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Abstract

This thesis consists of five articles mainly devoted to problems in dy-
namical systems and ergodic theory. We consider non-uniformly hyperbolic
two dimensional systems and limit distributions of point measures, which
are absolutely continuous with respect to Lebesgue measure.

Let fo,(7) = ag—2? be a quadratic map, where the parameter ag € (1,2)
is chosen such that the critical point 0 is pre-periodic (but not periodic). In
Papers A and B, we study skew-products (0, z) — F(0,x) = (g(0), fa, (x) +
as(f)), (0,z) € S x R. The functions g : S* — S! and s: S — [~1,1] are
the base dynamics and the coupling functions, respectively, and « is a small,
positive constant. Such quadratic skew-products are also called Viana maps.
In Papers A and B, we show for several choices of the base dynamics and the
coupling function that the map F' has two positive Lyapunov exponents and
for some cases we further show that F' admits also an absolutely continuous
invariant probability measure.

In Paper C we consider certain Bernoulli convolutions. By showing that
a specific transversality property is satisfied, we deduce absolute continuity
of the distributions associated to these Bernoulli convolutions.

In Papers D and E, we consider sequences of real numbers on the unit
interval and study how they are distributed. The sequences in Paper D are
given by the forward iterations of a point = € [0, 1] under a piecewise ex-
panding map 7y : [0,1] — [0, 1] depending on a parameter a contained in an
interval I. Under the assumption that each T, admits a unique absolutely
continuous invariant probability measure p, and that some technical condi-
tions are satisfied, we show that the distribution of the forward orbit T3 (z),
j > 1, is described by the distribution u, for Lebesgue almost every param-
eter a € I. In Paper E we apply the ideas in Paper D to certain sequences,
which are equidistributed in the unit interval and give a geometrical proof
of a well-known result by Koksma from 1935.
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Sammanfattning

Denna avhandling bestar av fem artiklar i vilka huvudsakligen pro-
blem inom dynamiska system och ergodteori studeras. Vi behandlar icke-
likformigt hyperboliska, tva dimensionella system och gransfordelningar av
punktmassor som ar absolutkontinuerliga med avseende pa Lebesguematt.

Lat fu(7) = ap — o2 vara en kvadratisk avbildning diir parametern
ap € (1,2) &r vald sadan att den kritiska punkten 0 &r preperiodisk (men
inte periodisk). I artiklarna A and B behandlar vi skevprodukter (6, z) —
F(0,2) = (g(0), fao (x) + as(0)), (0,2) € S x R. Funktionerna g : St — S1
och s : S' — [~1,1] benimns basavbildningen, respektive kopplingsfunktio-
nen och « ar en liten, positiv konstant. Sadana kvadratiska skevprodukter
kallas ocksa for Vianaavbildningar. I artiklarna A and B visar vi for olika
val av basfunktioner och kopplingsfunktioner att avbildningen F' har tva
positiva Lyapunovexponenter och i nagra fall visar vi dessutom att F' har
ett absolutkontinuerligt invariant sannolikhetsmatt.

I artikeln C studeras vissa Bernoullifaltningar. Genom att verifiera att
en speciell transversalitetsegenskap ar uppfylld, visar vi att de till de Ber-
noullifaltningarna relaterade férdelningarna ar absolutkontinuerliga.

I artiklarna D och E behandlar vi foljder av reella tal i enhetsintervallet
och studerar hur de ar fordelade. Foljderna i artikeln D ges av framatite-
rationer av en punkt = € [0, 1] under en styckvist expanderande avbildning
Te : [0,1] — [0,1] som &r beroende av en parameter a i ett intervall I. Under
antagandet att varje avbildning T}, har ett unikt absolutkontinuerligt invari-
ant sannolikhetsmatt 1, och att nagra tekniska villkor ar uppfyllda, visar vi
att fordelningen av framéatbanan Ty (z), j > 1, ar given av fordelningen
for Lebesgue nastan alla parametrar a € I. I artikeln E tillampar vi ideerna
i artikeln D pa nagra foljder, som ar likformigt fordelade i enhetsintervallet
och vi ger ett geometriskt bevis av ett valkant resultat av Koksma fran 1935.
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Introduction and summary






Chapter 1

Introduction

1.1 Viana maps
Consider the quadratic map
foao(x):a0_$27 [L'G]R,

where the parameter 1 < ay < 2 is chosen such that the critical
point 0 is pre-periodic (but not periodic). It is well-known that such
a quadratic map — also called Misiurewicz- Thurston map — has a
positive Lyapunov exponent, i.e. there exists a constant A > 0 such
that

lim inf 1 log [Dfo ()] > A,

n—oo n
for Lebesgue almost every x € R. Consider now the situation when
we add after every iteration step a small perturbation to the obtained
value and then continue the iteration with this perturbated value. The
main question in the first two papers of this thesis is under what kind
of perturbations we still have a positive Lyapunov exponent. The per-
turbations we are considering are correlated. The i.i.d. case is done in
[BBM] and [BY]. The maximal size of the perturbation in each step
will not exceed the value a, where « is a small, positive real number.
More precisely, the maps we are considering are skew-products of the
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form

F:S8'xR— S'xR,
(0, 2) = (9(0), fa, () + as(0)), (1.1)

where s : S' — [—1,1] is some coupling function and ¢ : S — S*
is the base dynamics in which choice we are mainly interested in. As
the title of this section suggests, the study of the ergodic properties
of such quadratic skew-product (also called Viana maps) traces back
to a paper by Viana [Vi]. In this paper the base dynamics ¢ is given
by the strongly expanding continuous (-transformation 6 +— df mod 1,
where d > 16 is an integer, and the coupling function s is a C? Morse
function, e.g., s(#) = sin(27#). Provided that « is sufficiently small,
it is shown that the associated map F' has almost everywhere w.r.t.
Lebesgue measure two positive Lyapunov exponents, i.e. there exists
a constant A > 0 such that

1
liminf — log||DF"™ (0, x)v||> A,
n—oo M,
for Lebesgue a.e. (0,7) € S x R and every non-zero vector v € R
Based on this result by Viana, Alves [Al] proved that the map F' ad-
mits an absolutely continuous invariant probability measure (a.c.i.p.)
o (this measure is unique and its basin has full Lebesgue measure in

the invariant cylinder J defined below; see [AV]).
Note that the Jacobian matrix of F™ is a lower triangular matrix
with the diagonal entries

DE(6,2) = < . ) ’

where z;, 7 > 0, is defined by (6;, z;) = F*(0, z). Clearly, if v is a vector
in R? whose first component is not equal to zero, then

1
liminf — log||DF" (0, z)v||> logd > 0,

n—oo M

for all (6,z) € S* x R. Hence, in order to show that F' has two positive
Lyapunov exponents, it is enough to focus on the wvertical Lyapunov
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exponent, i.e. it is enough to show that there exists a constant A > 0
such that

n—1
1
lim inf =1 20| > A, 1.2
ggggnog}l || (1.2)

for Lebesgue a.e. (A,z) € S' x R. Of course, if we start with an x
far from the origin then z; tends to infinity as i — oo and (1.2) is
trivially satisfied. But, since aq is strictly smaller than 2, it is easy to
check that there is an open interval (—1,1) C I C (—2,2) such that
F(S'xI) c S'x I, provided « is sufficiently small. Thus, it is sufficient
to consider the restriction of F' to the invariant region

~

J=S'x1.

The basic property of F' acting on 7 is that the expansion in the
horizontal direction, i.e. in the #-direction, is dominating. In other
words the endomorphism F' : J— Jisa partially hyperbolic system
by which we mean that there are constants A > 0, ¢" > 1 and a
continuous decomposition 7'J = E° @ E" with dim £° = dim E" =
such that

|DF" g |> Ce,

and
IDF peay|< Ce | DF™ gl (1.3)

for all z € J and n > 0. The subbundles E¢ and E" are called thg
central and unstable subbundle, respectively. Since ||0,F"|| < 4™ on J
and d > 16 > 4, we can choose F°(z) = {0} xR, E*(2) = Rx {0}, A =
logd and C' = 1. Notice that by condition (1.3) the central subbundle
E¢ is forward invariant and uniquely defined but E* is not. One can
show that for the Viana map F', there exist constants 0 < A < log?2
and C' < oo (independent on d) such that ||0,F"|| < Ce™ on J (see
Lemma 3.1 in [BST]). Hence, the system remains partially hyperbolic
if we choose d to be an integer greater or equal to 2. In [BST], Buzzi
et al showed that the corresponding map F' still admits two positive
Lyapunov exponents.

In Paper A we treat non-continuous Viana maps. More precisely,
instead of a continuous base dynamics, we let g be a #-transformation




where the expansion d is any real number d > 1 chosen so large that d
dominates the vertical expansion. Having such a non-continuous map
as the base dynamics, we show that we still have a positive vertical Lya-
punov exponent and existence of an a.c.i.p. The main technical novelty
in Paper A is that we introduce the concept of remainder intervals and
show that, roughly speaking, these intervals can be neglected. A re-
mainder interval is a monotonicity interval w for ¢" : [0,1) — [0,1)
such that w/d™ < 1. Observe that if d is an integer then each mono-
tonicity interval w for ¢" satisfies |w| = d", and if d is a non-integer
value then |w|/d™ may get arbitrarily small (when n increases). The
fact that we can neglect remainder intervals enables us then to prove
a positive vertical Lyapunov exponent for each considered real d. To
ensure the existence of an a.c.i.p., we have to exclude d-values for which
the remainder intervals get too small too fast. By using a result due to
Schmeling [Sch], we show that the set of d-values we have to exclude
is a Lebesgue measure zero set. In fact, in Section 5 of Paper D, we
generalize this result of Schmeling used in Paper A to more general
(-transformations. Thus, regarding the setting in Paper A, we could
even get positive Lyapunov exponents and existence of an a.c.i.p. for
certain Viana maps having a C%-version of the 3-transformation as the
base dynamics (cf. summary of Paper A, Remark 2.1.4).

In Paper B we prove positive Lyapunov exponents in the case
when the base dynamics is given by a sufficiently high iteration of
a Misiurewicz-Thurston map (i.e. a quadratic map of the same type
as fa,). More precisely, let 1 < a; < 2 be a parameter such that the
associated quadratic map f,, is Misiurewicz-Thurston and let p; be
the unique negative fixed point for f,,. In Paper B we prove positive
Lyapunov exponents for the map

Filpy,—pi] X R — [pr, —p1] X R
(0,2) = (f4,(0), fao () + as(0)),
where k > 1 is a sufficiently large integer and the coupling function s(6)
is chosen in such a way that we can conjugate F' to a map which has still

a dominating horizontal expansion (note that this makes s dependent
on the base dynamics f,,). Already Viana [Vi] pointed out that it is
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of interest to study quadratic skew-products where the base dynamics
is given by a non-uniformly hyperbolic map. Paper B provides us with
a first example of such a system having positive Lyapunov exponents.

We will give a brief sketch of the ideas in the proofs of Papers A
and B which are in common with the ideas in [Vi] and [BST]. For
simplicity, we consider the setting in [Vi], i.e g(f) = dfmod 1, where
d is a large integer. The main idea in [Vi] is to make use of certain
transversality properties (caused by the Morse function sin(276) and
the partial hyperbolicity) of the so-called admissible curves combined
with the mixing property of the underlying base dynamics. In short
terms, an admissible curve is a non-flat but nearly horizontal curve
defined on S*(=[0,1)) and with image in I. More precisely, if d > 16
is an integer and X = graph(X) = S' x {z}, z € I, is a constant
horizontal curve in J and ¥ = graph(Y), Y : [0,1) — [ is one of
the d’, 7 > 1, curves contained in the image Fj()?), then, by the
dominating horizontal expansion, Y is almost horizontal (its slope is
smaller than «) and, in particular, the curve Y inherits the property
of the Morse function sin(276), i.e. in each point § € S'\ {0} either
its first derivative or its second derivative is bounded away from zero.
A curve with these properties is called an admissible curve.

Since every point in F'(J) lies on an admissible curve, in order to
prove a positive vertical Lyapunov exponent it is sufficient to show

that there exists a constant A > 0 such that for an arbitrary admissible
curve X = graph(X), X : S' — I,

hgglf%log DF™0, X(6)) G’) ‘ > ), (1.4)
for Lebesgue a.e. # € S'. The main dynamical issue in proving (1.4)
is recurrence of criticalities, i.e. returns of the forward orbit of a point
(0, X(0)) close to the critical line S x {0}. Considering the unper-
turbed quadratic map z +— f,, (), the closer some iteration of a point
x € I comes to the critical point 0 the longer the subsequent iterations
of x stay close to the forward orbit of the critical point. By assumption,
the critical point of the map f,, is eventually mapped to an expanding
periodic point. It is easy to check that this expansion gained by fol-
lowing the critical orbit in fact compensates for the loss of expansion
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coming too close to the critical point (this is the main ingredient in
the proof that the map f,, has in Lebesgue a.e. point x € I a positive
Lyapunov exponent).

As for the map F', the situation is different. After every iteration
we add a perturbation of size smaller or equal than « which causes
that even if the iteration of a point (6, X(#)) comes very close to the
critical line S' x {z} it is possible that the projection to the z-axes
of the subsequent iterations of (6, X(0)) follow the forward orbit of
the critical point of the unperturbed map f,, only for a number of
iterations proportional to log(1/«). Hence, the loss of expansion due
to close returns to the critical line might not be compensated by the
expansion gained by the immediate subsequent iterations. The way to
deal with this obstacle is to do a large deviation argument (see [Vi],
Section 2.4; or also [BC2]), where one makes use of the mixing property
of the base dynamics and the above described non-flatness property of
the admissible curves to give a good upper estimate of the measure of
f-values such that the iteration of (6, X (0)) comes too often too close
to the critical line.)

In this paragraph we will explain roughly how the non-flatness (or
transversality) property of admissible curves and the mixing property
of the base dynamics are used in this large deviation argument. Note
that the distance between one iteration of the critical point 0 and one
iteration of the points /a or —y/a by the map f,, is a. Hence, one
can expect that if an iteration of the point (0, X (6)) comes not closer
than \/a to the critical line then the loss of expansion is compensated
during the immediate subsequent iterations as it is the case for the
unperturbed map. In fact, as it is shown in the large deviation argu-
ment by Viana there exists a constant 0 < 1 < 1/2 such that the loss
of expansion is compensated by the immediate subsequent iterations
if an iteration comes not closer than o'~ to the critical line. On the
other hand it turns out that very close returns to the critical line can be
neglected since, by the transversality property of an admissible curve
in the image F7(X), only a very small fraction of this admissible curve
can lie very close to the critical line. A technical difficulty in the large
deviation argument is caused by the shallow returns, i.e. returns of
the forward orbit of a point (0, X (6)) roughly speaking in distance less

8



or equal than o'~" to the critical line. Recall that the absolute value
of the slope of an admissible curve is bounded from above by a and
hence it is possible that the whole of an admissible curve is in distance
less or equal than a!~7 from the critical line. To tackle this technical
difficulty, one makes use of the mixing property of the base dynamics
combined with the property of the underlying Morse function sin(276).
If X = graph(X), X : S' — I, is an admissible curve then, by the non-
flatness of sin(276), one can show that at least two admissible curves
Y; and Y5 of the d admissible curves in the image F' ()? ) lie in vertical
distance a constant times « from each other. This property implies
the following. Assuming that the map F' is expanding in the vertical
direction during the next m iterations, where m is a sufficiently large
integer (which on the other hand cannot be larger than a constant
times log(1/a)), then it turns out that, roughly speaking, either all
admissible curves in F™(Y;) or all admissible curves in F™(Y3) cannot
be closer than a'™ to the critical line. By a repeated use of this fact
— essentially, the mixing property of the base dynamics is used here —
one can show that the fraction of an admissible curve which is mapped
by FM(®) (where M(a) is an integer proportional to log(1/a)) closer
than o'~ to the critical line is sufficiently small to deduce a good large
deviation estimate.

While one-dimensional (non-uniformly hyperbolic) dynamical systems,
in particular the quadratic family, are quite well-studied by now, there
are still many important open questions in higher dimensional dynam-
ical systems. The probably most prominent 2-dimensional example,
where very little is known, is the family of standard maps on the two-
dimensional torus T?:

(x,y) — (2 —y + ksin(2mz), x),

where k is a real parameter. Note that this map is area preserving,
and it is not hyperbolic nor partially hyperbolic. One open problem
for this family is if there is a positive Lebesgue measure set of param-
eters k such that the corresponding maps have a positive Lyapunov
exponent on a positive Lebesgue measure set on T2. More is known for
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higher dimensional dynamical systems having a certain hyperbolical
structure as, e.g., Viana maps, Hénon maps or more generally partially
hyperbolic maps (for a recent important work on partially hyperbolic
endomorphism on the torus see Tsujii [Ts]). In general it seems to be
very hard to treat higher dimensional systems without any hyperbolic
structure. Regarding the Viana maps, maybe the most interesting but
probably very hard case would be the proof of a positive vertical Lya-
punov exponent for the map F' where the base dynamics is replaced by
a rotation, 1.e.

F(0,2) = (0+ fmod1, f,,(x) + as(f)),

for 3 some generic irrational number (for some results on this map but
where one chooses the quadratic map f,, to have a negative Lyapunov
exponent see [Bj]). In general, the philosophy for all skew-products of
quadratic maps considered in this section seems to be that the more
randomness in the perturbations the easier it is to prove positive Lya-
punov exponents. A probably more realistic aim than taking a rotation
as the base dynamics would be to keep the S-transformation in the base
dynamics and allow the expansion d to be greater but arbitrarily close
to the Lyapunov exponent of the unperturbed map f,,. Even if for
such d-values the partial hyperbolicity of the system is not any longer
guaranteed, one still can hope to make use of an asymptotic domi-
nating horizontal expansion. Furthermore, the base dynamics in this
case is still mixing which is, as we have mentioned above, an essen-
tial ingredient of the technical part in [Vi]. Paper A might provide an
important step towards the proof of positive Lyapunov exponents and
the existence of an a.c.i.p. in this setting.

Regarding non-uniformly hyperbolic base dynamics, an interesting
case which is directly related to Paper B would be to drop the depen-
dence of the coupling function on the base dynamics and therefore to
break down any possible link to partial hyperbolicity. Furthermore, one
preferably would need to have as the base dynamics a quadratic map
satisfying the Misiurewicz condition or better (even if probably much
harder) a quadratic map with Collet-Eckmann or Benedicks-Carleson
parameter.

10



1.2 Transversality implies absolute
continuity

In the late 1930’s Erdos considered the random series

YA:Zi/\”, 0< A<,

n>1

where the signs are chosen independently with probability 1/2. A long
standing conjecture by Erdos was that, for Lebesgue almost every A €
[1/2,1), the distribution vy of Y) is absolutely continuous with respect
to Lebesgue measure m on R. This conjecture was finally proved to be
true by Solomyak [So] in 1995 using Fourier transform methods. One
year later in 1996, Peres and Solomyak [PS| gave a simpler proof of this
result by using differentiation of measures and by taking into account
a geometric transversality property of Y). We will roughly explain this
transversality property of Y, and how it can be used to prove absolute
continuity.

Let Q = {—1, 1} be the sequence space equipped with the product
topology and p the Bernoulli measure on ) with the weights (1/2,1/2).
For w € 2, we set

Yi(w) =) wa\", (1.5)

n>1

where w,, denotes the n-th coordinate of the element w. Clearly, v, is
the distribution of Y, : @ — R. In [PS] it is shown that there exists
a constant C' > 0 such that for any two different elements w and '
in  the following holds. If the curves A — Y)(w) and A — Y, (w'),
A € [271,272/3], intersect each other, then the absolute value of the
slope of the curve A — Yy (w) — Yy (w') close to the line 271, 27%/3] x {0}
is greater than CA\*, where k = max{k > 1; w;=w], 1 <1 <k} (see
Figure 1.1). This transversality property causes that the curves Y, (w),
w € , cannot cluster together too much in the strip [271,272/3] x
[—(1—272/3)71 (1 —27%3)71]. In other words, if v is the distribution:

V(E) = (mx p)({(\w) € 2752723 x Q; Vy(w) € E}),

11



then, by the transversality property of the curves on which v is sup-
ported, v should have some smoothness or uniformity in the vertical
direction and, thus, the measure v should be absolutely continuous with
respect to Lebesgue measure on R?, which then implies that vy is abso-
lutely continuous for a.e. A. In fact, having verified the transversality
property, this absolute continuity can be proved by a simple argument
using differentiation of measures.

055 056 057 0.58

Figure 1.1: Sample of 200 randomly chosen curves A +— Y), A €
[271,272/%], and a zoom on it.

Peres and Solomyak claimed that their simplified proof in [PS]
would be better suited to analyze more general random power series.
In Paper C we have shown that, indeed, the approach of Peres and
Solomyak does apply to certain variants of the original problem —
namely, when the \" are replaced by A¢( for certain well-behaved
functions ¢ : N — R. In the light of the tremendous amount of atten-
tion the )  £A™ problems have received and continuous to receive, it
is very natural to explore variants such as the ones proposed by Paper
C.

To conclude this section, we would like to mention a recent result
by Tsujii [Ts| already referred to in Section 1.1. In [Ts|, Tsujii applies
in an ingenious way the idea in Peres and Solomyak’s paper, that a
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geometric transversality condition implies absolute continuity, to par-
tially hyperbolic surface endomorphisms F': M — M, where M is, say,
the two-dimensional torus T? = R?/Z?. We call u a physical measure
for F' if the set of points x € M such that

n—1

1 6 weak-*

E E Fi(x) — W, as n — 00,
=0

has positive Lebesgue measure. (In the terms of Paper D, one could say
that u is a physical measure if the set of points € M which are typical
for p has positive Lebesgue measure.) In [Ts] it is shown that, gener-
ically, such a partially hyperbolic surface endomorphism has a finite
number of ergodic physical measures, whose basins cover Lebesgue a.e.
point of M. Furthermore — here appears essentially the idea in [PS]
— these physical measures are absolutely continuous w.r.t. Lebesgue
measure on M if the sum of their Lyapunov exponents is positive. This
is a true novelty since, usually, absolute continuity is a result of expan-
sion in all directions. To obtain absolute continuity in the case when
the central Lyapunov exponent is zero or even negative, Tsujii makes
use of a similar geometric transversality property as in [PS], which is
generically satisfied in the space of surface endomorphisms. More pre-
cisely, the intuitive picture is the following. Let F' : M — M be a
partially hyperbolic surface endomorphism and v an ergodic physical
measure with central Lyapunov exponent equal to zero or sufficiently
close to zero (it might be negative). It is shown, that, due to the
dominating expansion in the unstable directions E*, v is attained as a
weak-* limit point of the sequence

n—1
1 —i
— g vyo F, as n — oo,
"o

i

where v, is a smooth measure on a curve segment 7 of an unstable
manifold. Zooming in on a small neighborhood of a point in the support
of v, the image F™(~y) should roughly be comparable to the right figure
in Figure 1.1. The curves in this neighborhood would not concentrate
in the central direction strongly, as the central Lyapunov exponent is
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nearly neutral (almost everywhere w.r.t. v). By a certain control of
the angles between intersecting curves in F" () — this is generically
provided by the transversality property — Tsujii deduces that in fact
the measure v is absolutely continuous.

Heuristically, regarding the Bernoulli convolutions considered in
[PS], the numbers log 27! and log A™! correspond to the Lyapunov ex-
ponents in [Ts], where log2~! corresponds to the central Lyapunov
exponent (the 2 comes from the distribution of u). Their sum is pos-
itive for A > 27!, in which case one has indeed almost sure absolute
continuity. On the other hand, for A\ < 271, vy is singular as it is
mentioned in Paper C.

1.3 Absolutely continuous limit
distributions of sums of point
measures

The results in Papers D and E are essentially inspired by the last
chapter, Chapter III, of Benedicks and Carleson’s paper [BC1] on the
quadratic map f,(x) = 1 — ax?, x € (—1,1), where they prove that
for Lebesgue almost every parameter value a in a positive Lebesgue
measure set Ay, C (1,2), constructed in the previous two chapters in
[BC1], the map f, admits an a.c.i.p. u,. More precisely, in Chapters I
and IT in [BC1] they construct in an inductive way a positive Lebesgue
measure Cantor set A, of a-values such that the associated maps f,
have certain expansion properties along the forward orbit of the critical
point 0. An important ingredient of this construction is the fact that,
for j > 1, the a-derivative 0,f7(1) and the z-derivative 9, f7(1) are
comparable if a € A,. In Chapter III these expansion properties in
the a-direction are then used to show that for Lebesgue a.e. parameters
a € A, a limit distribution p, of the forward orbit of the critical point
exists and is absolutely continuous w.r.t. Lebesgue measure. Even if
the techniques in Chapter 11T of [BC1] turn out to be very powerful,
they have, to the best of the authors knowledge, not been used in other
contexts than the quadratic maps. Papers D and E provide us with
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several non-trivial, elementary, and important examples where these
techniques can be applied.

In the remaining part of this section we will present the main tech-
nical ingredient of the result in Chapter III in [BC1] — and as well
of the results in Papers D and E — by showing for the doubling map
T(x) =2zrmod1, x € [0, 1], the well-known fact that for Lebesgue a.e.
point = € [0, 1] the weak-* limit of the sequence

1 n
- Z 87 () (1.6)
7=1

exists and coincides with the Lebesgue measure m on [0, 1]. This exam-
ple provided by the doubling map can serve as a toy model for Paper D
as well as for Paper E (cf. summaries of Papers D and E below). The
Lebesgue measure m is the unique (and hence ergodic) a.c.i.p. for the
map 1'. Thus, the fact we are going to show with the techniques used
in [BC1] follows also straightforward from Birkhoft’s ergodic theorem.
Now, let

B .= {(x—r,x+7“)ﬂ[0,1] : er,r€Q+},

and for each B € B consider the function
1 & .
F,(z) = - leB(TJ(a:)), n>1, xcl01],
]:

which counts the average number of visits to the interval B during
the first n iterations of x. The main observation is summarized in
the following lemma. Its proof is elementary (see, e.g., Lemma A.1 in
Paper E).

Lemma 1.3.1. Let B € B and assume that there are positive constants
K and C such that for all h > 1 there is an integer ny, g such that

/M Fy(2)'dz < K(C|B|)", (1.7)
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whenever n > ny, g. If the sequence ny, g can be chosen to grow at most
exponentially in h, then it follows that
lim F,(z) < C|B|, (1.8)

for Lebesque a.e. x € [0,1].

If (1.8) holds for all B € B, then it follows, by standard measure
theory, that for a.e. x € [0, 1] every measure p, obtained as a weak-x

limit point of
1 n
- Z 073 (x)
7j=1

has a density, which is bounded above by C and, in particular, pu, is
absolutely continuous. Note that, by construction, pu, is an invariant
probability measure for 7. Since the Lebesgue measure m is the unique
a.c.i.p. for T, it follows that u, in fact coincides with m and that the
weak-* limit of (1.6) exists. Thus, we only have to show that for each
B € B inequality (1.7) is satisfied where the sequence n, p grows at
most exponentially in A. We write

/01 xB(T"(x)) - xg(T’"(z))dx. (1.9)

Assume that we have proven the following proposition.

Proposition 1.3.2. For all B € B and h > 1 there is an integer
nn.B, growing for fized B at most exponentially in h, such that, for all
n > np g and for all integer h-tuples (ji, ..., jn) with 1 < j; < jo < ... <
g <n and j— ji_1 > /n, L =2,...,h, we have

[ @) T < @B (110)

Remark 1.3.3. As we are going to see in the proof of this proposition, we
could state it in a stronger version. More precisely, we could drop the
dependence of nj, g on h and, hence, it would be enough to require that
the gaps between two consecutive j;’s are larger than some constant
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only dependent on B. This is due to the very special properties of
the doubling map. However, we are not able to prove such a stronger
version in the cases considered in Papers D and E. Since we want to
refer to such a toy model as provided by this example with the doubling
map, we stated Proposition 1.3.2 in this weaker form.

From a probabilistic point of view, Proposition 1.3.2 says that if
the distances between the j;’s are sufficiently large, then the functions
xa(T%(x))’s can be seen as independent random variables. In fact,
since the doubling map with the invariant measure m is exact and,
hence, mixing of all degrees, the integral in (1.10) converges to |B|" as
n tends to infinity (instead of 2 in the right hand side of (1.10), we could
take any real number strictly greater than 1). Note that, for h > 2, the
number of h-tuples (ji, ..., j5) in (1.9) for which ming |7k — 71| < v/
is bounded by 2h*n"~1/2. Hence, by Proposition 1.3.2, we obtain, for
h>1,

2h?
F.(z2)"dz < (2|B)" + =—= < 2(2|B|)",
[ Bl < B! + T2 <2001B)

n 2 max {nh,B, <(221};2)h>2} )

Since both terms in this lower bound for n grow at most exponentially
in h, this concludes the proof of (1.7).
To conclude this section we prove Proposition 1.3.2.

Proof. Set 75 = log(2/|B|)/log2, and let n, g(= np) be an integer
such that \/ny 5 > 75. By Pj, j = 1, we denote the open intervals of
monotonicity for 77 : [0,1] — [0,1], i.e. P; = {(k/27,(k+1)/27); 0 <
k < 27}, We set Py = (0,1) and if Q is a subset of monotonicity
intervals in P;, j > 0, then we write P, €2, [ > 0, for the intervals in
P;+1, which are also contained in an interval of Q. Set {2y = (0,1) and,
for 1 <[ < h, we define

= {w € Pyrrg|Uos : T9(w) N B+ 0},
Observe that the set we are interested in, i.e. the set

{xec[0,1]; TV(z) € B, 1 <1< h}
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is contained in 2, (disregarding a finite number of points). If n > n, g,
then we have j;— 7,1 > 75, 2 < | < h, and we obtain, by the definitions
of 7g and €, 1 <[ < h,

O c{reQ_,; TV (z) € 2B},

where 2B denotes the interval twice as long as B and having the same
midpoint as B. Thus, by the piecewise linearity of T7—7i-1 1 <[ < h
(where we set jo = 0), we get

] < 2/BI|2]. (L11)

which implies
Q| < (2[B])"0] = (2|B])".

This concludes the proof of Proposition 1.3.2. ]
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Chapter 2

Summary

2.1 Overview of Paper A —
Non-continuous weakly expanding
skew-products of quadratic maps
with two positive Lyapunov
exponents

We will use the notions from Section 1.1 above. Regarding (1.1), we
let F' be the Viana map with base dynamics ¢g(6) = dfmod1 and
coupling function s(f) = sin(27#). In Paper A, instead of integer d’s,
we allow d to be any real number provided that the expansion in the
base dynamics g dominates the vertical expansion. We show that, as in
the cases considered in [Vi] and [BST], we still have positive Lyapunov
exponents.

Theorem 2.1.1. There exists Ry = Ry(ag) < 2 such that for any real
number d > Ry, for every sufficiently small oo > 0, F has a positive
vertical Lyapunov exponent at Lebesgue almost every point in J.

Furthermore, for a full Lebesgue measure set of d’s considered in
Theorem 2.1.1, the existence of an a.c.i.p. is shown.

19



Theorem 2.1.2. For Lebesque a.e. d > Ry, for every sufficiently
small o > 0, F' admits a_unique a.c.i.p. p, where the basin of p has
full Lebesque measure in J.

The main technical novelty in Paper A is the introduction of the
concept of remainder intervals. Let ¢g : [0,1) — [0,1) be the map in
the base dynamics as defined above, i.e. g(f) = dd mod 1, and denote
by P, the monotonicity intervals of ¢" : [0,1) — [0,1). A remainder
interval in P,, is a monotonicity interval of ¢" having not full length, i.e.
its size is smaller than d~". The first observation, stated in Lemma 3.2
in Paper A, is that the number of remainder intervals in P, can grow
in n at most proportionally to the number of entire intervals in P,,
which are monotonicity intervals of g" of full length, i.e. their size is
equal to d~". This implies then that there is a constant C' > 1 such
that, for all d > R,

#{monotonicity intervals in P,} < Cd", (2.1)

for all n > 1. Furthermore, this fact persists when one zooms in on a
subinterval I of [0, 1], i.e.

#{monotonicity intervals w € P,, ; wN I # 0} < C'd"|I|, (2.2

for some constant ¢’ > 1 and provided that n is sufficiently large (see
Lemma 3.3 in Paper A). The facts (2.1) and (2.2) suggest that we can,
virtually, assume that the monotonicity intervals of g™ have full length,
and, thus, we are in a very similar situation as in the case when d is
an integer.

Remark 2.1.3. The property that one can neglect too short intervals is
also used in Paper D. It is reflected in condition (III) stated in Paper D,
which the one-parameter families therein have to fulfill.

Theorem 2.1.2 follows from a result due to Alves [Al]. In [Al] it is
shown that maps contained in a certain family of piecewise expanding
maps ¢ : T — J which have not a finite but a countable number of
pieces of continuity, admit an a.c.i.p. An essential property of maps ¢
contained in this family is that the image by ¢ of a domain of continuity
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for ¢ should be large. Regarding the Viana map F, in [Al] a piecewise
expanding map ¢ is constructed in a way such that its continuity do-
mains R are of the form R = w x I, w € P, and I an interval, and
such that ¢ restricted to R is identical to the n-th iteration of F', i.e.
¢|r = F™. Furthermore, the construction is made such that the ver-
tical length of ¢(R) is sufficiently large. Now, the additional difficulty
for non-integer d’s is that the horizontal length of ¢(R) = F™(w x I)
is small whenever |w| < d™". To avoid that elements w associated
to the continuity domains of ¢ are too small one has to prevent that
points 6 € [0, 1] are too often contained in a too short monotonicity
interval of ¢" when n increases. For this purpose it turns out that it is
enough to have a good control of the forward orbit by ¢ of the point 1
(see Lemma 8.3 in Paper A and its proof). Due to a result of Schmel-
ing [Sch], the distribution of the forward orbit of 1 coincides with the
a.c.i.p. of g for Lebesgue a.e. d > 1, which provides us then with a
sufficiently good information of the forward orbit of 1 — at least for
Lebesgue a.e. d > 1.

Remark 2.1.4. The key lemma in proving Theorem 2.1.2 is Lemma 8.3
in Paper A. A similar lemma could be proved for the C?-versions of
the (-transformation considered in Section 5 of Paper D. To do so, one
has to replace Lemma 8.4 in Paper A by condition (Ila) in Paper D
and Lemma 8.5 in Paper A, which is the above mentioned result due
to Schmeling [Sch], by Corollary 5.4 in Paper D, where the map X
in this corollary is taken as in its following Remark 5.5. Thus, if we
took, instead of the base dynamics g, a one-parameter family 7, as de-
scribed in Section 5 of Paper D, one could expect to get a result analog
to Theorem 2.1.2, provided of course that a corresponding version of
Theorem 2.1.1 holds. One obstacle of proving Theorem 2.1.1 in this
new setting is that one has to consider high derivatives of the admissi-
ble curves if the expansion of T} is too weak. However, assuming that
the family 7T}, is strongly expanding (as it is done in [Vi]) and taking as
the coupling function the linear map 6 — 26 — 1, instead of sin(276),
it would be sufficient, in the proof of an analog of Theorem 2.1.1, to
look only at the first derivative of an admissible curve. Combined with
standard distortion estimates for piecewise expanding interval maps,
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one should be able to derive a positive vertical Lyapunov exponent
also in the case when one has a C?-version of the S-transformation in
the base dynamics.

2.2 Overview of Paper B — Positive
Lyapunov exponents for quadratic
skew-products over a
Misiurewicz-Thurston map

We will use the same notations as in Section 1.1 above. Let 1 <
a; < 2 be a parameter such that the quadratic map f,, (z) = a; — z?
is Misiurewicz-Thurston. Regarding (1.1), we take the Misiurewicz-
Thurston map f,, as the base dynamics. But in order to have a strong
enough horizontal expansion, we choose instead of f,, a sufficiently
high iteration of f,,, i.e. we set g(x) = f; (x) for some k > 1. Let
p1 be the unique negative fixed point for f,,. In Paper B we consider
skew-products

F:p,—pi] xR — [p1, —p1] xR
(0, 2) = (f2,(0), fao(x) + as(8)),

where a > 0 is chosen sufficiently small and the coupling function
s [p1, —p1] — [—1,1] is a priori not fixed. Like for the map considered
in Paper A, there is an open interval (—1,1) C I C (—2,2) such that
F([p1,—p1] x I) C [p1,—p1] x I, provided « is sufficiently small. We
denote this F-invariant region [p;, —pi1] X I by J. The main result in
Paper B is the following.

Theorem 2.2.1. There exist a piecewise C' coupling function s :
[p1, —p1] — [—1,1] and an integer kg > 1 such that, for all sufficiently
small o > 0 and all k > kg, the map F: J — J:

F(0,2) = (f4,(0), fao () + as(0))

admits two positive Lyapunov exponents.
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For a short illustration of the proof of Theorem 2.2.1 we consider
the situation when a; = 2, in which case p; = —1 and the map f,, :
[—1,1] — [—1,1] is conjugated by the map p(0) = 27! arcsin(6), 0 €
[—1,1], to the symmetric tent map with slope 2, i.e. po f,, 0 *(0) =
1—-2|6|. Set T'(0) = 1—2|0| and let h : [-1,1] — [—1,1] be an arbitrary
C' map whose first derivative is uniformly bounded away from 0, i.e.
there exists a constant K; > 1 such that K;' < |[W(0)| < K3, 6 €
[—1,1]. Now, setting s() = h(¢(#)) and conjugating the associated
function F' with the conjugation function ®(0, x) = (¢(#), x), we obtain

F(f,2)=® o Fod1(0,x) = (T*0), fa,(z) + ah()).

Note that if we show two positive Lyapunov exponents for the map
F, then it immediately follows that F' admits two positive Lyapunov
exponents. In contrast to F', the base dynamics of F is now a piecewise
linear and uniformly expanding map and the coupling function A for
F has bounded derivatives. This makes F' very similar to the systems
studied by Viana and we are able to make use of the methods in [Vi]
to prove positive Lyapunov exponents for F. The fact that the deriva-
tive of h is bounded away from 0 makes it sufficient to look at the
first derivative of the admissible curves, provided that T* is strongly
expanding (which is the case if k is chosen so large that 2k > 5K, +4).

For general Misiurewicz-Thurston parameters a; we can apply a
similar conjugation for f,, as above to obtain in the base dynamics an
expanding map, which expansion is uniformly bounded away from 1.
The existence of such a conjugation function was firstly noted by Ognev
[Og]. In [Og] it is shown that for each Misiurewicz-Thurston parameter
a1 there exists a piecewise analytic function ¢ : [p;, —p1] — [—1, 1] such
that for every D > 1 there is an integer ky > 1 such that

(po fa, 09!)(0)] = D,

for all £ > 1 and all 0 for which the derivative is defined (see Propo-
sition 2.2 in Paper B). By piecewise analytic we mean here that, dis-
regarding a finite number of points, the interval [p;, —p1| can be par-
titioned into a finite number of open intervals on each of which the
function ¢ is analytic. If a; < 2 then the conjugated function T'(0) =
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Yo 51 o =1 is not any longer piecewise linear. Further, in contrast to
the case when a; = 2, there are more than two points in [p;, —p;| such
that |¢’(6)| tends to oo when approaching them (at least from one side).
This causes then that the derivative of T' is not any longer bounded
and, thus, we have to establish appropriate distortion estimates for the
map 7. Misiurewicz-Thurston or more generally Misiurewicz maps are
well-studied, going back to a fundamental paper by Misiurewicz [Mi].
In this paper we made use of some distortion estimates for Misiurewicz
maps due to van Strien [Str] (see Lemma 3.1 in Paper B).

2.3 Overview of Paper C — Almost sure
absolute continuity of Bernoulli
convolutions

This is joint work with M. Bjorklund. For a fixed o > 0 consider the
random series
Yi=) £M 0<A<l,

n>1

where the signs are chosen independently with probability 1/2. In
Paper C we are interested in the distribution v, of Y),. For the case
when 0 < a < 1/2, Wintner [Wi] considered the Fourier transform
of the measure vy, which can be represented as a convergent infinite
product: () = [[°2, cos(A""¢). Since cos(A\""¢) < 2/3,if 1 < X"t <
2, it follows that

(1] < (2/3)%,

where K(t) = #{n ; 1 < X"t < 2}. A minor calculation yields that,
for 0 < o < 1/2, the term (2/3)%X® decreases faster than polynomially
in £ and thus, for each 0 < A < 1 the distribution of v, is absolutely
continuous and the density is smooth. This method seems to break
down at a = 1/2. Other easy cases are when o« > 1 and A € (0,1) or
when o = 1 and A € (0,1/2). In these cases, the measure v, is singular
(see [KW], criteria (10)). In contrast, the situation when o = 1 and
A € (1/2,1) turns out to be much harder. It took over half a century
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until Solomyak [So] finally settled (with Fourier transform methods) a
conjecture by Erdos which claimed that in this case v, is absolutely
continuous for Lebesgue a.e. A € (1/2,1) (in [So] it is also shown that
the density of vy is in L?). Shortly after, Peres and Solomyak [PS] gave
a simpler proof of this result. The techniques of this simpler proof
are presented in Section 1.2 above. In Paper C we make use of these
methods, developed by Peres and Solomyak, and we are able to extend
their result to more general Bernoulli convolutions Y),. For instance,
we cover the intermediate case when 1/2 < a < 1, in which case we
show that v, is absolutely continuous and has a density in L?, for a.e.
A € (0,1). More generally, instead of the sequence n® in the power of
A, we consider sequences ¢(n) of real numbers and prove the following.

Theorem 2.3.1. Let vy be the distribution of the random series

Yi=) £,

n>1
where the signs are chosen independently with probability 1/2. If

lim p(n+1) —¢(n) =0, (2.3)

n—oo

then vy is absolutely continuous and has an L? density, for a.e. \ €
(0,1).
If there exists a constant 0 < 3 < oo such that

tim 20 _ g

n—oo M

and if the sequence p(n) — Pn satisfies (2.3) then there exists a (non-
empty) interval I C (0, 1) such that vy is absolutely continuous and has
an L? density, for a.e. A € I.

25



2.4 Overview of Paper D — Typical
points for one-parameter families of
piecewise expanding maps of the
interval

Let I C R be an interval and T, : [0, 1] — [0, 1], a € I, a one-parameter
family of maps of the unit interval, which are uniformly expanding and
piecewise C? or piecewise C! with a Lipschitz derivative. We assume
that the dependence of the family 7, on the parameter a is 'nice’. For
example, for each z € [0,1] the map a — T,(x) is piecewise C!' on
the interval /. Furthermore, we assume that for each parameter a € I
the map 7, has a unique absolutely continuous invariant probability
measure .. By Birkhoff’s ergodic theorem, the distribution of the
forward orbit of u,-almost every x € [0, 1] is described by the measure

L, 1.€.

n—1
1 weak-*
— E 07 () reaks; Lla, as n — o0o. (2.4)
n a

i=0

If (2.4) holds for a point x € [0, 1], then we say that z is typical for
the measure 1. In Paper D we address the question whether a similar
fact, as this one derived from Birkhoff’s ergodic theorem, holds when
we fix a point x € [0, 1] and vary the parameter a, i.e. whether a given
point = € [0,1] is typical for pu, for Lebesgue a.e. parameter values
a € I. Or more generally, if X : I — [0,1] is a C' map, what kind of
conditions are sufficient to put on X and 7, such that we are able to
deduce that X (a) is typical for p,, for Lebesgue a.e. a € I?

We will consider some examples. Given a map X : [ — [0,1] we
denote by z; : I — [0,1], 7 > 0, the map z;(a) = T?(X(a)). The most
simple example is the case when the family T}, is constant. Regarding
the example of the doubling map treated in Section 1.3 above, we set
for instance T,(x) = 2xmod 1, where a is contained in some interval
I. The a.ci.p. p, is in this case the Lebesgue measure m on the unit
interval. If x € [0,1] is a point which is not typical for m and if we
choose X (a) = x, then X (a) is not typical for m for any parameter
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a € I. Note that for this choice of X(a) the derivative of z; is zero
on [ for all j > 0. Let now X : I — [0,1] be a map whose derivative
does not vanish on I. On the one hand, it follows directly from the
fact that a.e. x € [0,1] are typical for m that also X(a) is typical
for m for a.e. parameter a € I. On the other hand, considering z;
instead of 7V in Section 1.3, it is possible to show that X (a) is typical
for m for a.e. parameter a € I by almost the very same proof as it
is given in Section 1.3 (one only has to replace TV : [0,1] — [0,1] by
x; : I — [0, 1] and adjust slightly the proof of Proposition 1.3.2). The
reason for this is that the map x; : I — [0, 1] inherits the properties
of T? : [0,1] — [0, 1], by which we mean, in particular, the expanding
and the mixing properties. More precisely, one can show that if the
derivative of X is uniformly bounded away from 0 then, for j sufficiently
large, for any interval w in I, which is mapped one-to-one onto [0, 1]
by x;, the map z;1 o ;]! : [0,1] — [0, 1] is almost the doubling map
T, itself. To make a similar kind of comparison of z;; and TV also work
for other families, it is sufficient to require that the a-derivative and
the z-derivative of T7(X (a)) are comparable, i.e. we require that there
exists a constant C' > 1 such that

1 _ |Duja)
C =10 Ti(X ()] ~

(2.5)

for all @ € I for which the derivatives are defined. This is the very
basic condition a map X : I — [0, 1] has to satisfy in Paper D in order
to obtain almost sure typicality (cf. condition (I) in Paper D).

Let us consider a first non-trivial example obtained by changing
the slopes of the doubling map. We define a family 7, : [0, 1] — [0, 1],
a€(0,1), as

L ifr<a,
Tu(z) = { % otherwise.
(This example is treated in a more general form in Example 7.2 in
Paper D.) Observe that, for all a € (0, 1), the a.c.i.p. pu, for T, coincides
with the Lebesgue measure on [0,1]. Let I C (0,1) be an interval not
adjacent to 0 nor to 1, e.g., we set I = (¢,1 — ¢) for some small € > 0.
If X : I — [0,1] has a non-positive derivative then it is shown in
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Example 7.2 in Paper D that (2.5) holds. Note that, considering the
map 1,, for a fixed a € I, we can follow verbatim the proof given in
Section 1.3 to deduce that Lebesgue a.e. x € [0, 1] are typical for p, (we
only have to replace T' by T, and set 75 equal to —log(2/|B|)/log(1—¢)
instead of log(2/|B|)/log2). Thus, since (2.5) holds, we can expect that
the same proof also applies for x;. Indeed, replacing 77 : [0, 1] — [0, 1]
by z; : I — [0,1] in Section 1.3, we only have to adjust slightly the
proof of Proposition 1.3.2 (by using (2.5) and by adding some simple
distortion estimates), in order to derive that X (a) is typical for p, for
Lebesgue a.e. parameter values a € I. Since ¢ in the choice of I was
arbitrary we obtain the following result.

Proposition 2.4.1. If a C* map X : (0,1) — (0, 1) satisfies X'(a) <0
then X (a) is typical for p,, for Lebesque a.e. parameter a € (0,1).

A similar proof applies if we compose the family 7, with a C?
homeomorphism ¢ : [0,1] — [0, 1] such that ¢’(x) =~ 1, i.e. we obtain
the same typicality result for the family T, o g, a € I. Note that for
this family the a.c.i.p. u, is not anymore the Lebesgue measure on the
unit interval.

All the examples considered by now consisted of Markov maps (cf.
Section 7 in Paper D) and as it is often the case for Markov maps related
models they are easier to treat than models or maps where the Markov
property is absent. A simple example of a family 7, : [0,1] — [0, 1]
which generically consists of non-Markov maps is given by the family
of f-transformations, i.e. T,(x) = armodl1, a > 1. In Section 5 in
Paper D, we treat C%-versions of (S-transformations. For instance, let
T,(z) = T,0g(z), where g : [0,1] — [0, 1] is a C* homeomorphism such
that the derivative of ¢ is, say, positive and uniformly bounded away
from zero. Let ap > 1 be so large that 7 (z) > 1, for all z € [0, 1],
and let fi,, a > ag, be the a.c.i.p. for T, (it is straightforward to show
that i, is unique). In Section 5 in Paper D, we show the following:

Theorem 2.4.2. If a C' map X : (ag,o0) — (0,1] satisfies X'(a) > 0,
then X (a) is typical for fi,, for Lebesque a.e. parameter a > ay.

Note that we came across the family of S-transformations already
in Section 2.1 (cf. also Remark 2.1.4).
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In the remaining part of this section, we will consider another ex-
ample consisting generically of non-Markov maps. It is provided by a
family of skew tent maps. For a fixed 0 < ¢ < 1, let T": [0,1] — [0, 1]
be defined as

L oifr<e,
T'(z) _{ L=z stherwise.

1—

(o)

For sufficiently small, positive parameters a, we obtain from this map
a one-parameter family 7, : [0, 1] — [0, 1] by setting T, (z) = T o h,(z),
where h,(z) = (1 — a)x + a maps the interval [0, 1] affinely onto [a, 1].
The slopes of T, are (1 — a)/c and —(1 — a)/(1 — ¢), respectively.
Hence, in order that T, is uniformly expanding, we require that a €
I = [0,min{c,1 — ¢}). It is well-known that for each skew tent map
T., a € I, there exists a unique a.c.i.p. p, (see [LaY] and [LiY]). One
main assertion of Paper D is that the turning point ¢, = h;'(c) of T,
is typical for the a.c.i.p. u,, for a.e. a € I.

Theorem 2.4.3. For Lebesque a.e. a € I, the turning point of the
skew tent map T, is typical for p,.

We will give a brief sketch of the proof of Theorem 2.4.3. For con-
venience, we consider only the subinterval of I consisting of parameters
a such that T, is non-renormalizable (what is meant by renormalizable
and why we can neglect renormalizable skew tent maps is explained in
detail in Section 6 in Paper D). We denote this subinterval again by
I. Tt is shown in Paper D that, for all a € I, the support of u, is the
whole unit interval. Hence, it follows directly from Birkhoft’s ergodic
theorem that Lebesgue a.e. x € [0, 1] is typical for p,. Let us consider
a sketch of the proof of this typicality result for the map T, by the
method in Section 1.3. Until the proof of Proposition 1.3.2, the proof
is verbatim the same (just replace T by T,). Then, after adjusting the
constant 7z, we can follow the proof of Proposition 1.3.2 verbatim until
inequality (1.11). To derive an analog to inequality (1.11) in the case
of the skew tent map T, (where a # 0), we have to be more careful. We
proceed in two steps. Let w € Pj,_,4r5|%-1, i.e. w is a monotonicity
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interval for 797" . Q,_; — [0, 1]. We have the following estimate:

73— ({r € w; T)(x) € BY)|
< [{z €0,1]; T 17"2(z) € BY|. (2.6)

It is shown in Subsection 6.2 in Paper D that there is a constant C' > 1
such that the density of u, is bounded from below by C~! and from
above by C. Hence, we derive from the Perron Frobenius equality (see
also the paragraph of inequality (3) in Paper D) that

1 2
2 T = =0

s [0,1]
Ta(z)=y

for a.e. y € [0,1]. Applied to (2.6) we get
Ti-e({z € w ; T (x) € BY)| < C?|B, (23)

This estimate is the first step in deriving an analog to inequality (1.11).
In the second step we want to pull back this estimate further j;_; + 75
iterations. Assuming that |72"*"™ (w)| > § for some constant § > 0,
then, by (2.8) and the linearity of T7""*"™?|,,, we obtain

2

. C
{z €w; Ti'(x) € BY| < —[Bllwl.

If the images by 77" of all elements in P, 4|1 Were greater

than ¢, then we would immediately get the following analog to inequal-
ity (1.11):
02

|€u] < 7|BHQZ—1|, (2.9)
which would imply then Proposition 1.3.2 (with the constant C?/d
instead of 2). But for general skew tent maps T, the image by 77 of
elements in P; can get arbitrarily small as j increases. Hence, in order
to obtain an inequality similar to (2.9), we have to show that elements
having a too small image are negligible. A sufficient assumption is
given in condition (IIT) in Paper D (condition (III) is formulated for
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the map z; instead of 77). That condition (III) is satisfied and, hence,
that we are indeed able to neglect too small elements is verified in
Subsection 6.4 in Paper D (it is verified for the map z;). A key idea in
this verification is to make use of appropriate approximations by skew
tent maps which are Markov. This concludes a sketch of the proof that
a.e. x € [0, 1] are typical for p,, by the method in Section 1.3.

Finally consider the turning point ¢, of T, and set X (a) = ¢,. It
is shown in Subsection 6.1 of Paper D that (2.5) is satisfied for the
associated map x; : I — [0,1]. Regarding the method of proof in
Section 1.3, as in the case for a fixed skew tent map 7,, in order to
show that X(a) is typical for p,, for a.e. a € I, it is essentially left to
prove an inequality analog to (1.11). Since x; is not the j-th iteration
of a fixed map, it is not any longer possible to derive straightforward
an inequality similar to (2.7). An analog of inequality (2.7) for the
map z; is formulated in condition (II) in Paper D. The verification
that condition (II) is satisfied for the map x; is a bit cumbersome. It
is verified in Subsections 6.2 and 6.3 in Paper D (instead of verifying
condition (II) directly, the for condition (II) sufficient conditions (Ila)
and (IIb) are verified). Combined with the above mentioned good
control of too small partition intervals, this implies then almost sure
typicality for the turning point as stated in Theorem 2.4.3.

2.5 Overview of Paper E — Almost sure
equidistribution in expansive families

This is joint work with M. Bjorklund. Using the method presented
in Section 1.3, we give a new proof of a well-known result by Koksma
[K]. In [K], Koksma studied the distributions of certain sequences of
real numbers in the unit interval. The main result in [K] is that, for
Lebesgue a.e. 6 > 1, the sequence &’ mod1, j > 1, is equidistributed
in [0, 1), i.e.

n

1 weak-*

5 § 59jmod1 > m, as n — oo,
Jj=1
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where m denotes the Lebesgue measure on [0, 1).

In Paper E, we consider one-to-one C* functions fj I —-R, 7>1
and I C R an interval, which are expanding, i.e. there is an at least
polynomially growing function g : N — R*, such that, for j > 1 and
k > 1, we have 3

|/541(0)]

W > g(k), (2.10)

for all 8 € I; and for which we have good distortion estimates, i.e. for
all € > 0 there is an integer j., such that for all j > j. we have

710
7]

for all 0,0 € fj_l(Tﬂ £(I)), where T = [I,1 4 1) for some [ € Z. In
Paper E we prove the following. Let f;(8) = f;(6) mod 1.

<1+e, (2.11)

Theorem 2.5.1. If the functions f] I — R, j>1, satisfy (2.10) and
(2.11), then the sequence f;(0), j > 1, is equidistributed in [0,1), for
Lebesque a.e. 0 € 1.

It is straightforward to check that the functions f;(f) = 67, re-
stricted to an interval I in (1,00) being not adjacent to 1, satisfy
(2.10) and (2.11). To include functions like f;(§) = 6v7, it is possi-
ble to sharpen the criteria (2.10) (see condition (I) in Paper E). In
Section 1.3 above, the proof of Theorem 2.5.1 is illustrated in the case
when ]‘3(9) = 270, 0 € [0,1] (just replace x by ). Compared to Pa-
per D the situation in Paper E is much easier. The main reason for
this is that the maps f; : I — S' are continuous while in Paper D,
after identifying the unit interval with S*, the maps z; : I — S* can
have many discontinuities. As it is the case with Koksma’s (Fourier
analytic) method, our geometric approach generalizes to higher dimen-
sional sequences (see Theorem 2.1 in Paper E).
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Abstract. We study an extension of the Viana map where the base dynamics is
a discontinuous expanding map, and prove the existence of two positive Lyapunov
exponents.

1. Introduction
This work is essentially inspired by the results of Viana [Vi] and Buzzi et al [BST]. Viana
[Vi] and Buzzi et al [BST] deal with ergodic properties of the Viana map F : S I'yR—
St x R:

F(0, x) = (g(0), a — x> + « sin(276)),

where g(f) =df0 mod 1 and d > 2 is an integer. « is a small positive real number, and
the parameter 1 <a <2 is such that the map f, =a — x has a pre-periodic (but not
periodic) critical point. Viana [Vi] showed that, for an integer d > 16, the map F has
almost everywhere with respect to Lebesgue measure two positive Lyapunov exponents.
Alves [Al] proved that F' admits an absolutely continuous invariant probability measure
(a.c.1.p.). Buzzi et al [BST] demonstrate the existence of two positive Lyapunov exponents
in the more natural case where d is an integer satisfying d > 2. In this case there also exists
an a.c.i.p. [Al]. The purpose of this paper is the extension of these results to the case where
d assumes non-integer values, which implies the driving map g is no longer continuous.

2. Main statements
The main result in this paper is the following theorem.

THEOREM 2.1. There exists Ry = Ro(a) < 2 such that for any real number d > Ry, for
every sufficiently small o > 0, F has two positive Lyapunov exponents at Lebesgue almost
every point.
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For simplicity, we write

¢ (6) = sin(27H),
£, x)=a—x>+ag(®).

For n > 1, let us define f, (6, x) by
F”(Q’ -x) = (gn(e)v fl’l(99 -x))

Since for d > 1, the horizontal Lyapunov exponent is obviously positive, we only have
to focus on the vertical Lyapunov exponent, i.e. we look at

1
— log |0, f(6, x)| for (8, x) € ST x R,
n

as n tends to infinity. Furthermore, if p; denotes the unique negative fixed point of f,
(p1 = (=1 — /1 +4a)/2), and if we take B € ]a, |pi1|[, then the interval B = [—p, 8]
satisfies: f,(B) Cint(B) and |f,| > 1 on R\ int(B). Then, writing J=5!x B, for
sufficiently small « we have:

° F (j\) C -/]\, and

e |3 f(6,x)| > 1 outside of J.

These facts imply that, for any point (6, x) on S' x R, either its orbit eventually comes
into the invariant strip 7 or the vertical Lyapunov exponent is positive. Thus, it is enough
to consider the restriction of the map F to the cylinder f, in other words we show that

1
lim inf — log |0y f5, (0, x)| > 0
n—oo n

for Lebesgue almost every (6, x) € 7.

Remark 1. Ry in Theorem 2.1 is chosen to ensure that, in the invariant strip f the
horizontal expansion dominates (after a finite number of iterations) the vertical expansion.
This enables us, as in Viana [Vi] and Buzzi et al [BST], to concentrate on nearly horizontal
curves: the so-called admissible curves. Since our driving map is not continuous those
curves are not necessarily defined on the whole of S!.

THEOREM 2.2. For Lebesgue almost every d > Ry, for every sufficiently small « > 0, F
admits an a.c.i.p. L. In fact, u is ergodic and the basin of u has full Lebesgue measure in
J, i.e. for Lebesgue almost every (0, x) € J

1 n—1

- Z Spig.x) — K weakly asn — oo.
niz0
The main part of this paper is dedicated to the proof of Theorem 2.1. In the last section
we make some comments on how we can apply the methods of Alves [Al] to show the
existence of an a.c.i.p. The ergodicity and the fact that the basin has full Lebesgue measure
in J can then be derived by applying the methods of Alves and Viana [AV, §§6 and 7]
verbatim.
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3. The base dynamics

The map we consider has three parameters 1 <a < 2,d > Ry and o > 0. We assume that
d is not an integer since the integer case has been investigated by Viana [Vi], respectively
by Buzzi et al [BST]. Henceforth, we fix the parameters a and d and, in almost any cases,
we do not specify the dependence on them. In contrast, the parameter « is not fixed but
always assumed to be sufficiently small and the dependence on it is always specified.

3.1. The constant Ry. As mentioned in Remark 1 the lower bound for d, i.e. Ry, should
be so large that the map F is partially hyperbolic in the cylinder J. From the proof of
Lemma 3.1 of Buzzi et al [BST] we get a bound which is sufficient for this to happen.

LEMMA 3.1. Let

Ro = Ro(a) = /2| p1] a/p
\/1 — (Ip11/2)(1 — a2/ p?)

(< /2|p1l). Then, for every Ry > Rq there exists a constant K| < oo such that, when « is
sufficiently small, we have

0, fu(6, x)| < K\R! foralln>1, and (8, x) € J.

Of course, if f, has a pre-periodic (but not periodic) critical point, a need to be at least
bigger than the value ap = 1.401 . .. for which f,, has Feigenbaum combinatorics. This
yields a general lower bound for Ry, and consequently also for d, which can be calculated
as

d > Ry > 1.82. (D)

3.2. Partitions of S'.  We consider the sequences of partitions of S! = [0, 1[ induced
by g:
j/d it j <[d],

‘P, = {connected components of g_1 (w) |we Py_1} forn=>2,

respectively, for n = 0, set Po = S'. If I € S' can be written as a union of elements in P,
then we use the following notation:

Pull ={w€Pn|wC I} and PulI={weP,|wcCS'\I].

Since d is not an integer there are w € Py, n > 1, from which g" is not a bijection onto § 1
In other words, the length of the w’s in P, can differ. We call an element w € P,, without
full length, i.e. || <d™", a remainder interval (rem. int.). An element w € P,, n >0,
with full length, i.e. |w| =d ™", is referred to as entire interval (ent. int.). Let

rem; = {d}, remp={d{d}}, rem3={d{d{d}}},...,

where {d} denotes the fractional part of the real number d. Observe, if w is a remainder
interval in PP,,, n > 1, then there exists 1 <i < n such that |w| =rem; d ", and, vice versa,
if 1 <i <n such that rem; # 0 then there exist w € P, such that |w| =rem; d~"*. We say
that w € P, is a remainder interval of type i, 1 <i <n, if |w| =rem; d".
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Remark 2. We observe the following.

(1) An entire interval in P,, n >0, contains exactly [d] entire interval(s) and one
remainder interval of type 1 of the partition P, 1.

(2) An arbitrary remainder interval in P,, n > 1, contains maximally one remainder
interval of the partition P,,1.

(3) If 1.82 <d < 2 then a remainder interval of type 1 in P,, n > 1, contains exactly
one entire interval and one remainder interval of type 2 of the partition P, 1.

(4) The set of d > 1 with rem; # 0 for all i > 1 has full Lebesgue measure in |1, oo
(cf. e.g. Parry [Pa]).

Actually, if in the second point of Remark 2, a remainder interval w in P, contains no
remainder interval of P, 1, this means that in P, 1, w is an entire interval or a union of
entire intervals. d’s with such a property are called simple S-numbers (cf. e.g. Parry [Pa]).
They build a countable and dense subset in |1, oo[. In fact, Viana maps where d is a simple
B-number would be easier to treat, since for some integer ng rem, = 0 for all n > ng, and
thus the relative sizes of the elements in P,, n > 1, are bounded. This implies that the
length of an admissible curve defined in the next section is bounded from below and this
case is very similar to that where d is an integer.

LEMMA 3.2. Forn >0,

#{remainder intervals in P,}

<2 2

#{entire intervals in P,}

In particular, it follows that #{w € P, } < 3#{ent. int. in P,} < 3d".

Proof. We prove Lemma 3.2 by induction. We consider first the case if d > 2. Equation (2)
is obviously true for Py. Fix j > 0. By Remark 2, we have

#{ent. int. in P11} > [d]#{ent. int. in P;},
and

#{rem. int. in P; 1} < #{rem. int. in P;} + #{ent. int. in P;}
< 3#{ent. int. in P;},
where in the second inequality we used the induction assumption. Since [d] > 2 this shows
equation (2).
Now assume 1.82 <d <2. Fix g €{0,1}. We do the induction considering the
partitions P24, j > 0. Obviously equation (2) is true for Py and P;. Fix j > 0 and let

e;, i =1, 2, be the number of entire intervals in P; 4 4+; which are contained in remainder
intervals in the partition P,;,4;—1. Hence, we can write

#{ent. int. in Py(j41)44) =#lent. int. in Py 4} + €1 + €.
By Remark 2, we see that, on the one hand, e; > #{ent. int. in P24} and thus

#{ent. int. in Pa(jt+1)+4} > 2#{ent. int. in Prj44} + ey,
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and, on the other hand,
#{rem. int. in Py(jy1)44) < #rem. int. in P24, } + 2#{ent. int. in P14} + €3
< 4#{ent. int. in P14} + €1,
where in the second inequality we used the induction assumption. Altogether

#{rem. int. in Py(j11)4¢} - 44t{ent. int. in Prj14} + e -

— k]

#ent. int. in P(j11)44} ~ 2#{ent. int. in P14} + €
which proves equation (2). O

Let I C S' be an interval. If the size of I is large compared to an entire interval in
Pn, i.e. |I]>d™", then the following lemma says that the number of elements in P,
intersecting [ is approximately equal to

#How e Py} ]
If d were an integer this would be obvious.

LEMMA 3.3. Let y > 0 such that ¢ <d. Fix C' > 0. If I C [0, 1[ is an interval with
|I| = C'e™ V)0, for some jo <1 and  sufficiently big, then we have

#HoeP |lonl £} <5d/Ce 0.
Proof. We will use the following observation.

CLAIM 1. Letn = 1. If Iy C [0, 1] is an arbitrary interval with [0, d™"[ C Iy then
#{rem. int. w € Py, |owNIly#0}+ 1 <3
#{ent. int. w € P, | w C Iy} -

Proof. Assume Iy # [0, d™"[, otherwise the claim is obvious. Let n; >0 be the
first time when 1/d € g"'(ly), j1 the maximal integer such that jj/d € g (ly) and
Iy =1p\ g "0, j1/d[). For k> 1, having defined the intervals Iy, ..., Iy and the
integers 71, ..., Nk, let ni41 be the first time when 1/d € g™+ (I). If ngy1 =n or
[0, d=—m=D[ 7 oM+ ([}) we stop. Otherwise, let ji4; be the maximal integer such
that jiy1/d € g™+ (Ix) and Ir4+1 = Ix \ g~ %+ ([0, jix/d[). Note that the left endpoint of
g™t (1) is 0 and x4 > nx + 1 so the stopping conditions make sense. We end up with
a finite sequence of intervals Ip D I1 D - - - D Iy where ny <n and the last interval I is
contained in one entire or one remainder interval in 7P,,. Observe that, for 1 <k <, g”k+1
is a jx-to-one map from I_1 \ I to S1 and the number of entire and remainder intervals
of Py|(Ix—1 \ Ir) is in ji-to-one correspondence to the number of entire and remainder
intervals in P,_,, 1. Hence we have, by Lemma 3.2, a control of the proportion of the
entire intervals in Py, |(Ix—1 \ Ix):

#{rem. int. in P, |(Ix—1 \ Ix)}/#{ent. int. in P, |(Ix—1 \ Ix)} < 2.
Summing up we get
#{rem. int. in P, |(Ip \ I)}/#{ent. int. in P, |({o \ I;)} < 2.

Now one easily sees that by attaching /; and adding 1 in the numerator we obtain the
claimed estimate. O
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Set [ large such that =/ « C'e™?! < C’e™ Vo = |]|. Since the size of an element in
P, is at most d ! and hence much smaller than the size of the interval I we can add to /
at the most two elements in P; intersecting the boundary of 7, which means that we can
consider / as a union of elements in P;. We assume that the left endpoint of 7 is not O
since otherwise Lemma 3.3 follows immediately from Claim 1. Moreover, we will only
consider the case where 1.82 < d < 2. The case d > 2 is similar.

Set I1 =1 and ny =min{n >0 1/d € g"(I1)}. We distinguish between the following
two situations:

(1) #we Py |[1/d, 1)) | @ N gM (1)) # B} = 1; and

@) #owe Py ll1/d, 1D | 0N g" () #0) > 1.

Define the index i; € {1, 2}, where i{ = 1 means that we are in the first situation and i} = 2
means that we are in the second situation. Let > C I such that

g () =g" )\ [1/d, 1[.

Now we repeat the procedure with the interval /> and continue until we obtain an interval
Iy C I;—1 such that g (I;) N [0, 1/d[ = (. Since the left endpoint of I} = I was assumed
to be different from 0, we know that s is finite, in particular s < [. We obtain a sequence of
intervals Iy C I;_; C---C I1 =1,asequence of integers 0 <n; <m <---<ny <land
a sequence of indices iy, . . ., i;. Divide I = I} into the following s disjoint intervals:

[i=;\1-, j=1,...,s—1, and I, = I,.
Note that, by construction, the I j’s can be considered as unions of elements in P;. Let
1 <j<s.1fij =2then g’71+1 (1;) =: Iy is an interval with [0, d=U=;=D[ c Iy. Observe

if we Pl ; and w is not the right-outermost element in I ;j then g +1 maps w one-to-one
to an element in P, i1 Thus,

#{rem. int. in 731|fj} <#{rem. int. w € Pj_p,—1 o N lo #V} + 1

(where the 1 on the right-hand side is added for the possibility that the right-outermost
element in 7;|/; is a remainder interval but is mapped to an entire interval in P, j_l).
Applying Claim 1, we obtain

#{rem. int. in 7|1;} /#{ent. int. in P|I;} < 3.
Using this result we have, for [ sufficiently large,
#HoePll}= Y #HoePllj}+ Y #oePll))
j.ij=1 j.ij=2
<s+ Y 4#fent int. in Py|I;} <1+ 4#{ent. int. in Py}
Jrij=2
<I+4d'C'e770 <54!C'e D, O

4. Admissible curves

We will analyse the dynamics by focusing on nearly horizontal curves, the so-called
admissible curves. Although in our case the admissible curves might be shorter, their
definition is much the same as in Buzzi ef al [BST, §4].



Non-continuous weakly expanding skew-products 251

Choose R such that Ry < R; < d and fix K as it is done in Lemma 3.1. We take an
integer Ng > 1 such that

KR <d™.

No\ -1 o© i
K]Rlo K]Rl
Ao = (1 o dNo ) Z s di

1=

Put

Then, fix an integer & > 2 so large that
d*~1 > 400A,. (3)

(These constants are mainly used in the proofs of Lemmas 4.1 and 4.3.)

In the following, let 7 = [0, ¢[, 0 < ¢ < 1, denote an arbitrary half-open interval in S 1
having the left endpoint at 0. Consider a curve X = graph(X), X : T — B, which is C% on
T \ {0} and continuous to the right at 0. If X satisfies

X (0) <2407 /d) « for6 €T and 1 <r <§, (4)

then X is called pre-admissible.

The following lemma, stated slightly differently by Buzzi et al [BST, Lemma 4.1],
allows us to define admissible curves. The proof in Buzzi et al [BST] can be adapted to
our version without any further efforts, so we will omit it.

LEMMA 4.1. Suppose a > 0 is sufficiently small. Let n > N. If)? =graph(X), X : T —
B, is a pre-admissible curve. Then for any interval @ C T, where @ is contained in an
element w € Py, the curve Y determined by the image Y = graph(Y) = F" ()? lz) satisfies
property (4).

Definition. We say that a curve Y= graph(Y), Y : T — B, is an admissible curve if, for
each 0 < n < Ny, there exists an interval & (where & is contained in an element w € P;)
and a pre-admissible curve X= graph(X) (where @ is contained in the domain of X)), such
that Y = F"(X|3).

The main property of this class of nearly horizontal curves is the following corollary.

COROLLARY 4.2. The curves determined by the image F" (5(\), n > 1, of an arbitrary
admissible curve X = graph(X) are again admissible.

The second fundamental property of admissible curves is that their images are non-flat.
LEMMA 4.3. Ifj(\ = graph(X), X : T — B, is an admissible curve, then it satisfies either
1XCD©@) > (m/d)s e or |XOO) > (n/d)a

foreach 6 € T. More precisely, T can be divided into at most four closed intervals on each
of which one of these two inequalities holds.

We can almost apply word-by-word the proof in Buzzi et al [BST, Lemma 4.4] to our
case, so we omit this proof.
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Remark 3. We observe the following.

° A flat curve X = constant is pre-admissible but not admissible.

° The image by F?Mo of a pre-admissible curve is admissible. In particular, if we look
at the invariant strip f = S! x B, which can be considered as a union of flat curves,
every point in F 2N‘)(j\), and hence every interesting point, lies on an admissible
curve.

° In order to prove the claim of Theorem 2.1 on the vertical Lyapunov exponent, it is
enough to show for an arbitrary admissible curve X = graph(X), X : T — B, that

1
lim inf — log |3, £,(6, X ()| > 0
n—oo n

for Lebesgue almost every 6 € T.

5. Critical returns
We turn now to the central fact about the returns of admissible curves to the critical line
S x {0}.

5.1.  Statement of the main technical tool. First we recall a fact about the map f,
(which in our case satisfies the Misiurewicz condition and has no periodic attractors)
[MS, Theorem II1.6.3].

LEMMA 5.1. If the parameter a is such that the critical point of f, is pre-periodic (but
not periodic) then there exist constants 6 > 0, o > 1 and u > 0 such that |(f£f)/(x)| > o'

if fi(x) € (=8, 5).

Define the constants

®)

M(a):[|logo¢|:|’ _ logo

log32 | 1T 8log32
Fix r >0, and let J(r) = {x € R | |x| < 4/ae™"}. Denote the critical strip St x J(r) by
J(@).

Our main technical tool is the following proposition that corresponds to Viana
[Vi, Lemma 2.6] and Buzzi et al [BST, Proposition 5.2].

PROPOSITION 5.2. Let ro(a) = (1/2 — 2n) log(1/a). There exist C < oo and B > 0 such
that, for all sufficiently small a > 0, for any admissible curve Y = graph(Y), Y : T — B,

#How € Py | FYO X)) N T(ro(a) —2) # 0} < 3dM @ CePro@ (6)

and for any admissible curve 2:graph(Z), Z:T'— B, and any r > (1/2+

2n) log(1/w), .
4.2

WeT | ZO)eTr -2t | 1. (7
j=1

where the 1 are intervals in T’ with
m(l;) < Ce™ P,

where m denotes Lebesgue measure on S'.



Non-continuous weakly expanding skew-products 253

5.2.  Preliminary lemmas for the proof of Proposition 5.2. 'The main ingredients in the
proof of Proposition 5.2 are the following two lemmas. The first is a general result on
the size of the pre-image of a small interval for C* functions, s > 1, whose sth derivative
is bounded away from zero. The second states that the images under F of two certain
components of an admissible curve, which is defined on Sl, are well separated over a
certain subset of the interval where the domains of these components are mapped to.

LEMMA 5.3. Let s be a positive integer and let I C R be an interval. Suppose that
h:1— Risa C* function such that |h®)(0)| > & for all 6 € I. Then,

m({0 €| |hO)] <e}) <25t (e/8)!/

for all ¢ > 0. More precisely, we have

25—1
{elllh@®)|=¢}C I
j=1

m(I;) gz(g)m.

The proof is in Buzzi et al [BST, Lemma 5.3]. Together with Lemma 4.3, this immediately
implies the following corollary.

where the 1; are intervals with

COROLLARY 5.4. Let X = graph(X), X : T — B, be an admissible curve and assume
that « is sufficiently small. Then, for 0 < e < o, we have

m{0eT | X©O)eT x (—¢, €)}) < Cy - (e/a)'/%,
where C1 =4 - 2511 (d /7).

The next lemma is the analog to Lemma 5.5 in Buzzi e al [BST] but, for simplicity, we
will only state and prove it in a more specific case. Let X= graph(X) be an admissible
curve with domain S'. For w € Pj, 1 <j, we set )?1 (w) = graph(X(w, +)) = F()?lw).
Letky=2if1.82 <d <2andkys=11ifd > 2.

LEMMA 5.5. Let mg be an integer so that
d™o > 200 @k425 !

and let a be sufficiently small. There exists a constant gy > 0 such that there are at least
two remainder intervals w1, @y € Pyy11 of type kq with the property that g(w1) = g(w>)
and, for all 0 € g(w1) = g(w»),

X1 (w1, 0) — X1 (w2, 0)] > goa.

Remark 4. The reason why we consider in this lemma remainder intervals of type k4 (and
not e.g. entire intervals) is that, in view of the proof of Lemma 3.2, we could take away an
arbitrary remainder interval w of type k4 (or also of a higher type) in a partition P,,, m > kg,
and be sure that we have, as in Lemma 3.2, maximally two times as many remainder
intervals as entire intervals in P, |w¢, for all n > m. We will use this fact in the proof of
Proposition 5.2.
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Proof. Define
. J(d]+1)/2 if [d]is odd,
"7 1412 otherwise.

Recall the definition of 6;, and set Y = graph(Y) = 3(\1([0, 1/d[) and 7= graph(Z) =
)?1 ([0}, €jo+1D). Note that Y is defined on S! and, since d > 1.82, Z is defined at least on
[0, 0.82]. We only look at the [0, 1/4] part of the domains of ¥ and Z (the reason for this
is that it is only important that w; and w;, as sought for in Lemma 5.5, have a fixed size
independent from « but not where they are located). We are going to apply Lemma 5.3 to
the function Y (6) — Z(6) on the interval [0, 1/4].

Let 6 € [0, 1/4]. We can write Y as

Y(0)=a—(X(©O/d))* +ad©/d),
respectively Z as
ZO)=a—(XO/d+ 9/0))2 +agp@/d +0j,).
So, for 1 <r <&, the rth derivative of Y can be expressed as
YOO)=d"agp(0/d) —2d7"X0/d) X0 /d) + O@?) (8)
and a similar expression holds for the rth derivative of Z. Note that 6/d € [0, 0.14] and

0/d+0j, €[1/3,3/4]aslongasd > 1.82and 6 € [0, 1/4]. Letr =& or§ — 1 be the odd
number. Then we have

10O /d) — ¢ (0/d +6))| = 27) (cos(27 - 0.14) — cos(2 - 3/4)) > (27)" /2.

Thus, using equation (8) and condition (3) in the choice of &,

r r r
YO @) — 20 @6)] > (%’) % — 8d"2A0(2§) o — 002 > <27”) %.

Applying Lemma 5.3 to the function Y (6) — Z(0) on the interval [0, 1/4] with ¢ = gy
and 6 = (2 /d)" « /4, we obtain

2—1

(0 €0, 1741 |Y(©) — Z(®)| < eoar} € | 1)

j=1
where the [; are intervals with m(1;) < (d /TL’)(480)1/ ”. 'We choose g( so small such that
m(I;) < (200-25)71.

By Remark 2, an entire interval in P,,,—x, contains (exactly) one remainder interval of
type kg from the partition P,,. Thus, to conclude the proof of Lemma 5.5, it is enough to
show that there exists an entire interval wg € Py,,—, such that wg C [0, 1/4] and w( does
not intersect any interval /;. Then, if w € P, denotes the remainder interval of type k4 in
w(, we can set wg in the statement of Lemma 5.5 equal to g*1 (w) N[0, 1/d[ and w;, equal
to g~ (w) N6}y, 0j,+1[. On the one hand, we have

or (U 1) 0]

#{ent. int. € Ppy—k,
j=1

dmo—kd dmo—kd
<
200 - 2€> =100

< - 1)(2 + max{|Ij|}/d_(m0_kd)) <28 (2 +
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where in the last inequality we used the condition in the choice of mg. On the other hand,
from the claim in Lemma 3.3, we derive
1
#{ent. int. w € Ppyy—i, | @ C [0, 1/4]} > Z#{a) € Pmy—k, | @ C [0, 1/4]}
dm()—kd

>
- 16
Comparing these two bounds, the claim follows. O

6. Proof of Proposition 5.2
To prove claim (7) notice that, for r > (1/2 + 2n) log(1 /@),

1/ <exp((1+4m)~"r) < exp((1 — nr)
From Lemmas 4.3 and 5.3 it follows that for any admissible curve Z= graph(Z),
Z:T' — B,
. R 4.28
0er |1ZO)elr—2tc |1
j=1
where the /; are intervals with

ﬁe—r+2 1/
(%)

m(lj) =2(d/m) < 2(d/m) (e TYVE < Cem )T

which implies (7).

The remaining part is dedicated to the proof of claim (6). Since the right-hand side of
claim (6) does not depend on the size of 7', without loss of generality we assume that 7" has
maximal size, i.e. T = S!. We may and do assume that there exists a point zg = (6p, x0)
on the admissible curve Y such that FM @) (z0) € T (0) since, otherwise, claim (6) is trivial.

Let x; = fcf (x0). Consider the horizontal strips

Si=S8"x[xj—5La,xi+5Lal, i=0,1,2,...,
where L = max{1, 2A0(2r/d)}. Note that these strips are defined so that the (vertical)
width |S;| satisfies
418i| +a <|Sit1] and |8 <2 -5MOLa <o for0<i<M(a),
provided that « is sufficiently small. From the first inequality, it follows that F(S;) C Si+1.
Since the slope of the admissible curve Y is bounded by 2A¢(27/d)a < Lo, we have
Y C Sp and hence F'(Y) C S’ for 0 <i < M(a).

The strips S;, 0 <i < M(«) — 1, do not meet the critical strip J(0). Indeed, otherwise
Sm(«) would intersect both J(0) and F M(«)=i(J(0)). However, this is impossible. In fact,
as before, we can see inductively that, for j > 1, F/(J(0)) is contained in the strip

J; =8" < [f10) = 5, £10) +5al.
The width of J; is bounded by Ja for 1 < j < M(a). Hence, the distance between J j and
J(0) is larger than
| £ (0)] — 24/ > constant — 2/&t > /& > [Sy (o]

(recall that 0 is non-recurrent for f,).
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Choosing « sufficiently small, from d(S;, S! x {0}) > /o and using 99, f =0 and
|8§ f| <2, we obtain the following distortion estimate, for all 0 <i < M(«) — 1:

M(a)—1
sup log
j=i €S|

dx f(2)
ax f(2')

2.2.5M@)] 4
<M(@)————

< NG <log?2, )

which allows us to consider the maps F M(@)=i 59 almost linear on S;. Since | faM(“) (x0)| <
| fve) (z0)| + IS | < 24/ < 8 if o is sufficiently small, Lemma 5.1 gives

M(a)—i—1 M(a)—i

/ Hno
19 fit ey (0, )1 > 5 ,11) fa@ippl > ——— (10)

for any (6, x) € §; with0 <i < M(x) — 1.

We introduce some more constants (for the definition of mq and &g see Lemma 4.3).
. Leto =4/o > 1.
° Fix a constant k > 40, independent of «, so that

keo/4 —dAgQr/d) —4(1 —6~H 7 > 1.

Set A = |9y fm)—; (F (z0))| /5 M@=D for 0 < j < M () — 1. Note that we have, from
equation (10),
Aj > MUM(OK)—j/zc—,(M(Ot)—j) — (M/2)5M(Ot)—j_ (11)

Let 1<ti<fp<---<ty; <M(ax)—1 be the (finite) sequence of integers defined
inductively by

fi=min{s | 1 <s, Ay > Agy; forall j > 1},

tiyr=min{s [ ; <s < M(a) — 1, A; > «Ayand Ay > Ayy;j forall j > 1}.
We have 1,11 > 1; +myg, forall 1 <i < g, because, by the definition of the A ; and «,

As
4mo <4 < N

t - -
= |0x fi 11— (F7 (z0)) [0 T0HE < 474170,
Lit1

Let ko(a) :=max{l <i <gq | A, >2e~0@+2/ /q}.
CLAIM 2. We have ko(a) > yro(a) for y = n/ log(4k) if a is sufficiently small.

Proof. Let o be so small such that kog(«) < g (observe that Ay <KAM(a)-1 < 4k and
2€_r0(a)+2/ﬁ ~ a—Zn)‘

On the one hand, since A; <4A;,1, we have for 1 <i <gq, A; < 4K)»z,-+1; hence,
Ay < (4K)k‘)(°‘)ktk0 @+1- From equation (11), it follows that

Mgy = () TO@0 > (die) TR (g 2) g M@0

< 2e7"0@+2/ /o, Combining these

On the other hand, by the definition of ko(a), Ay )
two bounds on )"ko @+1> WE derive

—ro(a) — (loga)/2 > M(a) log o — ko(a) log(4k) — C,
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where C = log(46"1 /1) + 2 is a constant independent of «. Recall the definitions (5) and
that ro(a) = (1/2 — 2n) log(1 /). We obtain

1 1 3 — 40
ko(a) log(4) > ro(a) — (5 — 477) log a — C =rp() <1 — 7 277) - C
2

— ro@) (21—} = € = nro(@),
12y

2

for sufficiently small «. This proves the claim. O

Let 1 <s < M(«). Two intervals @ and @> in Py are said to be incompatible if
inf{lx; — xa| | (01, x1) € FM@(¥|5), (62, x2) € FM (¥ |3,)} > 2702 /o,

If @1, w2 € Py are incompatible then obviously either all admissible curves contained
in FM (“)(ﬂg)l) or all admissible curves contained in FM (“)(?mz) do not intersect
7 (ro(@) —2). We are going to establish a sufficient condition for incompatibility. Let
1<t<M(x).ForweP;and 1 < j <t, we set

Yj(w) = graph(Y; (o, ) = F/ (Y ,,).

Let wy € Py,—1 be an entire interval. It follows that ?n _1(wp) is defined on the whole of S'.
We are therefore in a position to apply Lemma 5.5 to this curve. We determine that there
exist two remainder intervals oy, w2 € Py, ym,|wo of type kg such that gli(wy) = g" (w)
and, for all 0 € g'i (w) = g' (wy),

1Yy (w1, 0) — Yy, (w2, 0)] = goax.
Denote by inc(wy) all such pairs (w1, wy) which satisfy the properties above.

CLAIM 3. (A sufficient condition for incompatibility) Let 1 <i < ko(a), wp € P,—1 an
entire interval and (w1, @2) € inc(wo). If @1 € Py, —1lw1 and @z € Py, 1wy such that
gli(@) = g" (), then &1 and @ are incompatible.

Proof. Since (w1, w2) € inc(wp) we have
|Y; (w1, 0) — Yy, (w2, 0)| = o

forall 0 € g'i (wy) = g (wy). Also, since g’ (@1) = g' (@), we deduce from the distortion
estimate (9) that

Ay

~ - 1
|F Yy —1(@1, 0)) = F(Yy, —1(@2, 0))| = 5 g0

lit1
for all 0 € g'i(@1) = g'i(@,). Thus, the vertical distance between F(f/\tm,l(d)l)) =
F'it' (Y|5,) and F (Y, —1(@2)) = F'i+1(Y|3,) is bounded from below by

1 A

2 )‘fi-H

goa — d2A¢0(2m/d),

where the second term is a bound for the oscillation of the maximally [d] 4 1 admissible
curves contained in each of these two images.
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Forfiy1 < j < M(a), let

A =inf{lx; —x2| | (61, x1) € F/(Y|3,), (62, x2) € FI(Y3,)}.

In other words, A is the vertical distance between the two images F J (?l @) and F J (?|5)2).

We have

1 A,
Ali+1 Z 5)»

oot — d2A¢(27/d)a.

lit1

If we put
Di= min |0, (@, x)|= min |f/(x)|,
= i 00,01 = min |0

for 1 < j < M(a) — 1, then the distances A ; satisfy
A]’+1 > DjAj — 20,
where the last term 2« is the oscillation of a¢. Hence,

M(a)—1 M(a)—1 M(a)—1
swo=( 1 2)an - 2 (1 o)

J=tit1 J=tit1 I=j

From the definition of the A ; and the distortion estimate (9), we have

1 . M@-1 '
Exj(fM(“)—fg [[ Di=2ne™@.
I=j

Since, by the definition of #; 11, A; <A, for j > 111, we obtain

M(x)—1
Ap@) = )\.[i+10_'M(Ol)—ti+l Ati+1/2 _ Z )»j&M(a)_]4a
J=tit1
M(a)—1 .
> kti+15M(a)—ti+l <Ali+1/2 _ Z 4o —U—tiv1)
J=tit1

-M(x)—t;
> Ay O @ (A

/2 —4a(l -5~ H7h.

(12)

Recall that Ay, > 2e™" 0@+2/ /a. Using equation (12), the definition of x and ;, [ At

> i, we conclude that

Ay = e 02 o) (kepa /4 — dAgQRr/d)a — da(1 — 5~ 1) 1)

> 2e0@F2 [y

O

Consider an entire interval g € P;, —1 and one pair (w1, w;) € inc(wp). Applying the
criteria for incompatibility we can build a union u# C (w1 U w>) of elements in P,
such that # contains exactly one interval of each interval pair @; € P, —1|lw; and
@2 € Pyyy—1lwy with ghi(@1) = g" (&), such that FM@(Y),) does not intersect

J(ro(e) — 2) for all @ € Py (e ii. Observe that

remy,
diitmo’

m(u) = m(wy) =m(w2) =
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By Lemma 3.2, at least one-third of all intervals in P;, _; are entire intervals. Set Qg = § L
Building similar unions as above for each entire interval in P;, _; we obtain a set 0, C Qo,
which is a union of elements in P;,_1, such that, for all @ € Pa(q) 101, FM(@) (?|w) does
not intersect J (ro(ar) — 2) and

remy, I m(Qp) remy, _remy,
dhtmo — gd—(tl—l) dthi+mo - 3dm0+l :

— 1
m(Q;) = 5#{0) € Pry-1}

We take this set from Qo away and continue with the remaining part Q1 = Qg \ O;.
Obviously,

- 3dm0+1

m(Q1) < m(Qo)(l [OMk, )

As already mentioned in Remark 4 and in the induction step in the proof of Lemma 3.2,
we have not used remainder intervals of type k;. Thus, with a similar argument as in the
proof of Lemma 3.2, we see that we still have a control of the proportion of entire intervals
in P,—1|Q1 or, more precisely,

#{rem. int. in P,,_1|Q1}/#{ent. int. in P,,_1|01} < 2.

In other words, at least one-third of all intervals in P;,—1|Q; are entire intervals. We can
therefore apply the same reasoning again and exclude a ‘good’ set Q, C Qp, which is a
union of elements in P, 1, such that, for all ® € Py (q) |Q,, FM(@) (?|w) does not intersect
T (ro() — 2) and for Q> = Q1 \ O, we have

m(Qy) < m(Ql)(l _ )

3dmot]

We can continue this procedure a further ko() — 3 times, and we finally obtain a set
Qko(@)—1 C S such that

remy, ko(e)—1 remy, ko(a)—1
m(Qro@)—1) <m(Qo)| 1 — ——~ =(1 - —*

3dmo+l 3dmo+l

and, for all w e PM((X)|Q]C<0((X)_1’ FM(“)(?lw) does not intersect f(ro(a) —2). Let
0 ={w € Puw | F¥@Y|,) N J(ro(a) — 2) # B}. By construction, Q C Qj,(e)—1 and

#{rem. int. in PM((x)|Qk()(a)—l}/#{ent- int. in Ppy(a)| Oko(@)—1} < 2.

It follows that

m(Qy(@)—1)
#w € Pu@!Q} = #Ho € Pmw)| Qo)1) = 3d+‘4((xa)

34mo+1

As ko(a) > yro(a) by Claim 2, this concludes the proof of Proposition 5.2.

7. Large deviations
To conclude the proof that the vertical Lyapunov exponent is positive and thus the proof
of Theorem 2.1 we can follow the large deviation argument by Viana [Vi, §2.4]. Only in
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estimating the measure of the set 2, (oo, . . ., Pm q) defined below do we have to be more
cautious. Corollary 5.4 and Proposition 5.2 which we proved here are the counterparts to
Corollary 2.3 and Lemma 2.6 in Viana [Vi]. The other results, in particular Lemmas 2.4
and 2.5 from Viana [Vi, §2.4], depend neither on the condition that d is an integer nor that
d > 16; thus, they remain valid including their proofs.

In all that follows we let n > 1 be fixed and sufficiently large. We define m > 1
by m? <n < (m + 1)% and also take [ =2m — M(«). Note that [/2 2~ m ~ /n as long
as n > log(1/«a). We are considering an arbitrary admissible curve )?0 = graph(Xy),
Xo: T — B. We can assume that 7 has maximal measure, i.e. 7 = S'. Given0<v <n
and w, 4 € Py4y, we set y = F”(X0|wv+,) Then we say that v is:

° a I,,-situation for 6 € w,; if y N J(O) Z*Pbuty N J(m) #; and
. a Il,-situation for 0 € w4 if y N T(m) # 0.

Note that, by Corollary 4.2, y is the graph of a function defined on g"(w,4;) € P,
and whose derivative is bounded above by 2A0(27/d)a. Therefore, its diameter in the
x-direction is bounded by

2A0Q2 /d)ad ™" < Jae™ < Ja(em M —e7m) (13)

(recall that, by condition (1) d > 1.82). This means that, whenever v is a II,,-situation for
wy+], ¥ 1s contained in J (m — 1). Recall that F" (Xo) contains maximally 3d" curves. Let
By(n) ={0 € S' | some 0 < v <n is a II,-situation for 6}. Corollary 5.4 gives

<|J<m—1>|)“” o 1p
m(By(n)) < (m+ 1)3C; T < const(n + 1)(e™™)

< const e V1/2¢, (14)

From now on, we consider only values of 6 €S 1 \ Bz(n), that is, having no
II,,-situations in [0, n]. Let 0 < v; < - - - < vg < n be the I,,-situations fora 6 € S! \ Bx(n).
Foreachv =v; we fixr =r; € {1, ..., m} minimum such that y N f(r) =, and we set
G={i|ri>=(1/2—-2n)log(1/a)} (note that this set depends on ). Viana [Vi, §2.4]
shows that there exists a constant ¢ > 0 such that

log |8xfn(5(\0(9))| >cn foreveryf € s! \ Ej, (15)
where E,, = B1(n) U By(n) and

Bi(n) = {0 e S'\ Ba(n)

Zr,- zcn}.

ieG
In view of equation (14), we are left to prove that

m(B;(n)) < conste ¥V" (16)
for some y > 0. First we let 0 < g <2m — 1 be fixed and denote

={i € G| vi =g mod 2m}.

We also take my =max{j | 2mj + q <n} (note that 2m, ~m ~ J/n) and, for each
0<j<mgy, welet 7;=r; if 2mj + q =v;, for some i € G,, and 7; =0 otherwise.
Observe that G, and the r ;j are, in fact, functions of 6. Then we introduce

(0, -+ Pmy) =10 € S\ Ba(n) | 7j = pj for 0 < j < my},
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where for each j either p; =0 or p; > (1/2 — 2n) log(1/a); we also assume that the p;
are not simultaneously zero. With the help of Proposition 5.2 and Lemma 3.3 we will prove
the following lemma.

LEMMA 7.1. There exists B > 0 such that
Mq
m(824(po, - - - Pm,)) < CztexP(—ﬁ Z pj>,
j=0

where T =#{j | pj # 0} and C, = 60 - 2°C.

Having shown Lemma 7.1 and renaming 8 as 58 and C; as C4, we can follow verbatim
the remaining large deviation argument in Viana [Vi, §2.4] which proves equation (16)
and thus the existence of a positive vertical Lyapunov exponent at Lebesgue almost every
point. So, it is only left to prove the lemma above.

Proof. We assume p; # 0, for all 0 < j < m,. The other cases are similar. We introduce
the notation a; =2mj + g +1,for0 < j <m,. f w € P;, i > a;, then by 7;(w) = p; we
mean that for 6 € w, 7; = pj. Since Q,(po, . .., Pm,) C {a)amq € Pamq | fj(a)amq) =p;
VO<j=<my} (seta_ =0) we have

m(Qq(po, - s P <Y > > m(wa,, )

Aa)ao epao w:;] EPUI Ia)ao Damy, ep"’?ﬂq |w“mq—l
ro(wgo):po r (a)al )=p1 qu (wllmq ):pmq
1 5
<z [1 max  #Hoe Pylog ) 175@) =pj}.
j=0 @aj1€Paj

(%)
Let 1 < j <m,. We claim that
(%) < d*" Cre PPi. (17)

Note that, by inequality (13), F2"/*%(Xyl,) C J(p; —2) if w € Py, and 7(w) = p;.
Usinga; —aj1 =2mand 2mj + g =a;_1 + M(a), it follows that

(#) < #{o € (Pajloa,_,) | FP™T(Xolw) C T(p; — 2)}
< #{w € Py | FM@(Y|,) C T(pj —2)} = (%),

where Y = graph(Y) = F%-! (3(\0|w“j—1 ). To estimate (*%) we first consider the
case (1/2—2n)log(l/a) <p; <(1/2+2n)log(l/c). Recall that ro(a) = (1/2 —
2n) log(1/@) and [ =2m — M (). From Lemma 3.2 we derive for " € Pp(a)

#w € Pop o'} < #we P} <3d.
Thus,

(k%) < 3d"#{0 € Py | F*@ (Y1) N T(pj — 2) # 0}
< 3d'#w € Py | FM (Y1) N T(ro(ar) —2) # 0).
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Applying claim (6) in Proposition 5.2 to the last term yields

(x%) < 3d!3dM @ ce=Pro@) < d2mcze—ﬂro(01) < d2mCze—(/3(1/2—277)/(1/2+277))pj_

Renaming B(1/2 —2n)/(1/2 4+ 2n) by B, this proves claim (17). Now we consider the
case when (% +2n)log(l/a) < pj <m. Observe that FM@)(Y) consists of maximally
3dM @ admissible curves. We obtain

() < _ max 3dMYw e P | Z)w C T(pj — 2)).

Z adm. curve in FM("‘)(?)
By claim (7) in Proposition 5.2 we have

4.28
0T | ZO) e J(p; — DY C | J I,
i=1

where the I; are intervals with m(I;) < Ce™P?i. Applying Lemma 3.3, it follows that

#Hwe P | Zlo C T(p; —2))

<4.2 max  #HoeP |onl#p) <20-2%d Ce P,
1CJ0,1] interval
m(l)=Ce PPi
Thus,
(k%) < 3dM @20 . 25d! Ce™PPi < g¥m Cpe=PPi

With a similar argument, we obtain for j =0 that (x) < d? HCye PPo. (In fact, if
q < M(a), this is only true if (1/2 4 2n) log(1/a) < po < m. However, since n is very
large this case is negligible.) Altogether, we have

1 e
m(S24(pos - - -5 Pm,)) < Jang -1t Cre=Pm -dzmm"Clzn"exp<—,3 Z pj)
=1

g
:Cgexp(—ﬂz,oj). O
j=0

8. Existence of an a.c.i.p.

To show the existence of an absolutely continuous invariant probability measure we can
apply almost verbatim the methods of Alves [Al]. However, since the remainder intervals
in P, can get arbitrarily small we have to be a bit more careful. To ensure that the remainder
intervals do not get too small too fast we will exclude, using a result by Schmeling [Sch],
a zero Lebesgue measure set of parameter values for d.

Where d is assumed to be an integer [Al], Alves constructs a ‘good’ partition R =
Un2 » R, of J (mod 0), where p > 1 is some fixed, large integer and each R, consists
of finitely many partition elements R € R,, which are of the form R = w x I, where o is
an element in P, and / C B is some appropriate interval. It is then shown that the map
¢ J — 7T defined as

¢|R=F"|R ifReR,
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admits an a.c.i.p. One important property of ¢ is that it is expanding on each element
R € R and that the size of the images ¢ (R) does not fall below a fixed size. Note that if d
is an integer then, by the definition of ¢, the image ¢ (R) is stretched along the horizontal
direction over the whole of S!. Thus, one only has to ensure that the images by ¢ of
the vertical lines 8 x I, where R = w x I and 6 € w, are large enough. To elaborate this
expansion, an important tool is the so-called hyperbolic times for points (8, x) € 7. Letc
be the constant in equation (15) and 0 < ¢ < ¢/2 fixed. We say that n > 1 is a hyperbolic
time for (0, x) € f if for every 0 < k < n we have
Y 6.0 < (cte)n—h),
k<j<n

where 76, x) = r if FI(8, x) € J(r — 1)\ J(r) for some r > (1/2 — 2n) log(1/a) and
0 otherwise. Since almost every point in 7 has infinitely many hyperbolic times (cf.
Alves [Al, Proposition 2.6]) R can be constructed in a way such that every element R € R,
contains at least one point (8, x) having a hyperbolic time at n. This is then enough to
ensure a large size of the image ¢ (R). The estimates obtained by showing the existence of
a positive vertical Lyapunov exponent implicate good tail estimates, i.e.

m(f\ U Rj) < Ce_y‘/ﬁ,
J=p

which in turn implies that the map F also admits an a.c.i.p.

If d is not an integer we have the additional problem that even if the vertical size of ¢ (R)
is large enough, following the construction of Alves, the horizontal size of ¢ (R), which
corresponds to the size of g"”(w) where R = @ x I, might be arbitrarily small. To avoid
this problem we provide another version of Proposition 2.6 in Alves [Al] on the existence
and frequency of hyperbolic times.

For 6 € S!, let w,(#) denote the element in P, which contains 6. For 0 <8 < 1 we
define Hjs , to be the set of all points (0, x) € 7 for which n is the first hyperbolic time
greater than or equal to p such that |w,(0)| > §d~". The set E, C Tis similarly defined
as in the preceding section but with the difference that it is now defined on the whole of T
and not just on a single admissible curve.

PROPOSITION 8.1. For Lebesgue almost every d > Ry the following holds. There is a
6 =46(¢e,d) > 0and an integer no = no(p, €, 8, d) = p such that for every n > ng we have
J\E,CH;s,U---UHjs,.

Proof. We will use the following lemma due to Pliss [P1].

LEMMA 8.2. Given A>cy >cy, let k =(cp —c1)/(A —c1). Then, given any real
numbers ay, . . ., a, such that

n
Zachzn and aj <A foralll <j<n,
j=1

there arel > knand1 <ny <---<n; <n so that

ni
Z aj>ci(nj —k) forall0<k<n;jandi=1,...,1.
j=k+1
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Proof. See, for example, Alves et al [ABV, Lemma 3.1]. O

Setaj=—rj_y for j>1, A=0, co=—c, c;=—(c+¢) and k =¢/(c+¢). For
(6, x) € J \ E, we have, by the definition of the set E,,,

n—1
Z —Fj > —cn=cn.
Jj=0
Thus we can apply Lemma 8.2 and determine that there are [ > xn and 0 <n; <--- <

n; <n — 1 so that

Y <= —k)=(c+e&)(n —k),

k<j<n;

i.e.every (0, x) € 7 \ E, has at least xn hyperbolic times between 1 and n.

The next lemma shows that we have—for a full Lebesgue measure set of parameter
values for d—a good control of the number of times when the interval w, (6) gets too
small. We prove this lemma after completing the proof of Proposition 8.1.

LEMMA 8.3. There exists a set D C |1, oo[ having full Lebesgue measure such that the
following holds. Let d € D. For all k' > 0 there is a § > 0 such that, for every 6 € S' and
everyn > 1,

#l<k<n||ox®)| <8d™* <«'n.

Assuming d > Ry lies in D, fixing ¥’ < k and choosing § as in the lemma above we
can now obviously choose ng so large that, for all n > ng, the number of hyperbolic times
between p and n is for all (4, x) € 7 \ E, greater than the number of times between 1 and
n, where the partition element containing 6 falls below a fixed size. Hence

f\ E, CHs,U---UHs, foralln>ny.
To prove Lemma 8.3 we use the following two results. Let gO(l) =1, g1 (1) = {d} and,
forn =2, g"(1) = g"~' ({d}).

LEMMA 8.4. Let d €]1,00[. There exists a unique (ergodic) invariant probability
measure [ for the map g(0) = d6 mod 1 which is equivalent to the Lebesgue measure.
The density is given by h(0) = K h(0), where K is a normalizing constant and

~ 1
h©) =) = xi0.60 01 (©)-
Jj=0
Proof. See, for example, Rényi [R] and Parry [Pa]. O
Notethat 1 — 1/d <h(@) <d/(d —1).

LEMMA 8.5. There exists a full Lebesgue measure set D C ]1, oo[ such thatifd € D then

1 n

—E 8gi1y =~ M weakly as n — o0.
n 4

j=1

Proof. See Schmeling [Sch, Theorem C]. O
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Proof of Lemma 8.3. From Lemmas 8.4 and 8.5 it follows that, for «” € [0, 1],

lim l#{lfksnng(l)E[O,K/[}=M([0,K/[)< < _ 0.

n—o0o n “d-—1

Recall the definition of remg, k > 1, in §3 and set remg = 1. By definition, gk(l) e [0, k[
if and only if rem; < «’. Set Ny so large that
2d
d—1

#HO<k<I| remy <K'} < k'l (18)
for all [ > Ny. Set § = min{x’, min{rem; | k < Np}}. By the properties of the set D,
remy % O for all £ > 0 and therefore 6 > 0.

Fix an arbitrary 6 € § L By definition, if wg (@) is a remainder interval of type t > 0
then |w(0)|d¥ =rem, (we consider here an entire interval as a remainder interval of
type 0). Furthermore, if > 1, then wy—;(0), j=1,...,1¢, is a remainder interval of
type k — j. Thus, if #(6) denotes the remainder type of wi(0) then {#(6)}]_, is a
sequence starting with zero and #;4+1(0), k > 0, is either #(6) + 1 or 0, i.e. the sequence
is piecewise increasing where the increasing pieces always start with 0 and increase by 1

at each step. Let 0 <n; < - -- < ny = n be the times where these increasing pieces obtain
their maxima, i.e. foralli =1, ..., h—1, #,,41(0) =0, and vice versa, if 1;(8) =0 for
some k =1, ..., n then there exists i € {1, ..., h — 1} such that n; = k — 1. Observe, if

tn; () < Ny then, by the definition of 8§, #{0 < j < 1,,(6) | |@n,—;(0)| < 8d~ "=/} =0,
Further, if #,,(6) > No then #{0 < j <1,,(0) | |wy,—;(®)| < 8d~" =)} is bounded by
the left-hand side of equation (18) (setting [/ =t,,(6)) which is in turn bounded by
(2d/(d — 1))k't,, (0). Altogether, we obtain

#O<k<n||wg®)| <8d*) < «'n foralln> 1.

d—1
This concludes the proof of Lemma 8.3. O

To conclude the proof of Theorem 2.2 we now only have to replace Proposition 3.6
in Alves [Al] by our Proposition 8.1, use the sets Hs , instead of the sets H, for the
construction of the partition R and replace §; in Proposition 3.8 in Alves [Al] by §, in
the case of § < §;.
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Abstract

We study a class of skew-products of quadratic maps—also called Viana maps—
where the base dynamics is given by a high enough iteration of a Misiurewicz—
Thurston quadratic map. We show that these systems admit two positive
Lyapunov exponents.

Mathematics Subject Classification: 37D99, 37E99, 37C99

1. Introduction

Viana [Vi] studied the ergodic properties of the map F : S' x R — S! x R:
F(0,x) = (d0 mod 1, ag — x* + a sin(270)),

where d > 16 is an integer, « is a small positive real number and the parameter 1 < ag < 2
is such that the map f,,(x) = ag — x? has a pre-periodic (but not periodic) critical point.
Provided « is sufficiently small, there is an interval / C (—1, 1) such that the strip JT=S8'x1
is mapped 1nt0 itself, i.e. F (J ) C J (see section 2.2). Points outside 7 are either eventually
mapped into Jor Fis uniformly expanding along their orbits. Hence, from a dynamical
point of view the map F can be restricted to the 1nvar1ant cyhnder 7 where it is a partially
hyperbolic system. Viana [Vi] showed that the map F : 7 — 7T has almost everywhere w.r.t.
Lebesgue measure two positive Lyapunov exponents, and Alves [Al] proved that F' admits an
absolutely continuous invariant probability measure (a.c.i.p.). These results were refined by
Buzzi et al [BST], respectively Schnellmann [Sch] to maps F as above but with d > 2 an
integer, respectively d > 1 areal number such that the system remains partially hyperbolicin J.

Let now f, (6) = a; — 6% be a quadratic map of the same kind as the map f,,, above, i.e.
1 < a; < 2 is chosen, such that the critical point is pre-periodic but not periodic. Maps with
this property are also called Misiurewicz—Thurston.

0951-7715/09/112681+15$30.00  © 2009 IOP Publishing Ltd and London Mathematical Society Printed in the UK 2681



2682 D Schnellmann

Remark 1.1. In contrast to ay we allow a; to be equal to 2 in which case the critical point is
eventually mapped to the fixed point —1. Furthermore, if a; = 2then f,, : [-1, 1] = [—1, 1]
is conjugated by the conjugation map ¢(9) = 27! arcsin(8), € [—1, 1], to the tent map
with slope 2, i.e. ¢ o f, o ¢~ 1(#) = 1 — 2|9|. This special case can serve as a model along
the paper.

Set S = a2| (0), fo,(0)], and let the base dynamics be a high enough iteration of f,,, i.e.
0 — fak| (0), k > ko, where kg = ko(a;) > 1 is determined later. The purpose of this paper is
tostudy themap F : S x R - § x R:

F(O,%) = (f3(0), fay(x) +s(0)),

where the coupling function s : § — [—1, 1] is chosen in such a way that we can establish two
positive Lyapunov exponents for this system. We are going to prove the following statement.

Theorem 1.2. There is a piecewise C' function s : S — [—1, 1] and an integer ko > 1 such
that, for all sufficiently small @ > 0 and all k > ko, the map

F(0,%) = (f4(0), fa(x) +s(6))

admits two positive Lyapunov exponents.

Remark 1.3. Notice that the coupling function s is not a priori fixed. In fact it is dependent
on the base dynamics f;,. Roughly speaking the coupling function is identical to a function
conjugating fa"1 to a map whose absolute value of its first derivative is strictly greater than 1. For
example, in the case when a; = 2, s(0) can be taken as (27 ~! arcsin(@)), 6 € [—1, 1], where
h :[=1,1] = [—1, 1] is an arbitrary C' map whose first derivative is uniformly bounded
away from O (the closer |A'(0)| comes to 0 the larger we have to take ko).

It would be interesting to drop this dependence of the coupling function on the base
dynamics. For example, if we let s to be the affine one-to-one map from S to [—1, 1], can we
still prove two positive Lyapunov exponents when the base dynamics is given by a sufficiently
high iteration of a Misiurewicz—Thurston map?

2. Preliminaries

2.1. The base dynamics

We list some facts about the Misiurewicz—Thurston map f,,. The proofs of the statements in
this subsection can be found, e.g., in [Og]. Let b;, 0 < j < ki, be the ordered points in the
forward orbit of the critical point 0, i.e. {bo, . .., b, } = {f(f1 (0); i > 1}andb; < bj,. There
is aunique (and hence ergodic) a.c.i.p. u for f,, : S — S. For the density p of u the following
holds. There is a constant Ko > 1 such that, for all 0 < j < ky, p is analytic in (b}, bj41),
where either p = 0 or

1
Ky

1 1
< p@) <K + . 1
<p@) < 0<\/9—bj \/bj+1—9> (1
More precisely, there is an ¢ > 0 such that, for all 0 < j < k;—and by possibly increasing
the constant K from above—the following holds. In the intervals (b}, b;.1), where p > 0 we
have that, for 6 € (b;, b; + ¢), either

Ko 1
<p0) € ——= or — < p) < Ko; 2

1
K(),/Q—bj ‘/Q—bj KO
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for0 € (bj+1 — &, bj41), either

1 Ko 1
—F——— < p00) < — or — <pl® <Koy ()
Ko,/qu.l —0 1/bj“ —0 KO

and, for0 € (b; +¢,bj, — &),
1
— < p(6) < Ko. 4
%, < PO <Ko @

Observe that by the definition of b, the critical point 0 lies inside one of the intervals (b;, bj.1),
i.e. it is not a boundary point. On the interval (b;, b;.;) which contains the critical point the
density p is positive.

Let ¢ : S — [—1, 1] be the piecewise analytic map defined by

0
p0) = 2/ p()ydr — 1.
by
Example 2.1. If a; = 2 then the density p of the a.c.i.p. of f,, is given by

1
) = ———,
P() n«/li — 62

0 € (—1,1). The above definition of ¢ gives ¢(0) = 2m~" arcsin(9) which is the function
conjugating f,, to the tent map 6 — 1 — 210)|.

The inverse ¢! is defined everywhere except possibly in the points ¢(b,), 0 < j < k;. For
notational reasons define ¢! on the whole of [—1, 1], andinsuchaway thatp™' : [-1,1] = S
is say left continuous, and ¢! (1) = b (= fazl (0)). Note that the closure of the image by
¢~ of [—1, 1] is the support of .

Proposition 2.2. The conjugated map ¢ o f,, o ¢~ " fulfils

l@o fuop YO =1, ®)

forall0 € [-1, 1]\ {p®) ; b € U];‘:Ofa_ll{b_,-}}. Furthermore, for every D > 1 there is an
integer ko > 1 such that, for all k > ko, the map ¢ o ff o ¢~

l(@o fy 09~ (®) =D, (6)

forall 0 € [=1,11\ {p(b) : b e USL £ {(b;}).

satisfies

Proof. See [Og]. Il

Observe that g is a piecewise analytic map where the points in which g is not analytic
are contained in {¢(b) ; b € Ul;]:o fu’lk{b ;1}. The discontinuities of g lie in the points ¢(b;),
1 < j <k, with p|(bj, bj1) = 0.

2.2. The map F

Leth : [—1,1] — [—1, 1] be some fixed C' function for which there is a constant K; > 1
such that K| V< (0)| < K. Letky > 1 be the integer in (6), such that the expansion of the
conjugated map g = ¢ o ak] o <p’l, for k > ko, is at least 5K12 +4,1.e.

1g'(0)] = 5K7 +4, (7)
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forall® € [—1, 1]\ {p(®); b e U’;'zofaTk{b_j}}. For example, if #(0) = 6 then the expansion
of g must be at least 9. In theorem 1.2, we will choose / o ¢ as the coupling function s, i.e.
s(0) = h(p(0)). By this choice we can conjugate F tothemap F : [—1, I]xR — [—1, 1]xR:

F(0,x) = (8(0), fu(x) +ah(8)),

where the conjugation function ® is given by ® (6, x) = (¢(#), x), i.e. F=®oFo® ' Note
that if we have showed two positive Lyapunov exponents for the map F then it immediately
follows that F admits two positive Lyapunov exponents. We will restrict our consideration to
the conjugated map F. This map has four parameters 1 < ag < 2, 1 < a; < 2, k > ko and
a > 0. Henceforth, we fix the parameters ag, a; and k and we do not specify the dependence
on them. In contrast the parameter « is not fixed but always assumed to be sufficiently small
and the dependence on it is always specified.
Set f1(8,x) = f(0,x) = fu(x) +ah(P) and, for n > 1, let us define f, (6, x) by

F"(0,x) = (" (0), f,(6,x)).

Observe that by (6) the horizontal Lyapunov exponent is obviously positive. Hence, we have
only to focus on the vertical Lyapunov exponent, i.e. we look at

1
—log |0, fu (0, )|, for (6, x) € [-1, 1] x R,
n

as n tends to infinity. Let p; denote the unique negative fixed point of f,, (p1 = (=1 —
J1+44ap)/2), and take ap < B < |p’1\|. The interval I = [—p, B] satisfies f,,(I) C int(])
and [ f; | > Lon R\ int(/). Writing J = [—1, 1] x I, for sufficiently small o« > 0, we have

° F(f) C f, and
e |0, f(0,x)| > 1 outside J.

These facts imply that, for any point (0, x) in [—1, 1] x R, either its orbit eventually comes
into the invariant strip J or the vertical Lyapunov exponent is positive. Thus, it is enough to
consider the restriction of the map F' to the cylinder J, in other words we show that

1
liminf — log |3, £, (8, x)| > 0
n

n—0o0o

for Lebesgue almost every (0, x) € 7.

3. Partition and distortion

Let B;, 1 < i < k» < ky, denote the intervals (b;, bj.1), 0 < j < ky, on which the density p
does not vanish. Since f,, is pre-periodic, these intervals build a Markov partition for f,,. Set
L; = ¢(B;), 1 <i < ky, and define, for n > 1, the Markov partitions

P, ={w C (—1,1); wopen interval such that thereis 1 <i < k;
with ¢g" : @ — L; is one-to-one}.

Forn = 0,set Py = {Ly,...,Ly}. Aset E C P,, n > 0, we consider as a set of partition
elements in P, as well as an open setin (—1,1). If E C P,, n > 0, we denote by P, | E,
m > 0, the restriction of P,,,, to the set E, i.e. Pyim|E = {w € Puym ; @ C E}. Note that for
wePj,j=1,g:0— [—1,1]is analytic.

Misiurewicz maps (i.e. maps with non-recurrent critical points) are well studied, going
back to the fundamental paper by Misiurewicz [Mi]. We are going to use a result in [Str].
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Lemma 3.1. For the Misiurewicz—Thurston map f,, (0) = a; — 02, Jfa, 1 S — S, there exists
a constant K > 1 such that, for any n = 1, the following holds. Let S, = (pn,qn) C S be a
maximal interval for which f |S, is a diffeomorphism. There exist 1 < 1,1 < 2 such that

1| fa, (Sl Ifu"l( Su)l

- 6 — Sl o) < K 0 — -1

X5 @ e <1 @) T
forall 6 € S, with (0 — p,) < |Sul/2, and

L1 (S0l a2 | St ()] -

(g = O < S O] < K (g0 — 0)

K s 11

forall 6 € S, with (g, — 0) < |S,|/2.

Proof. By the Fatou theorem the Misiurewicz—Thurston map f,, has no periodic attractors.
Hence, lemma 3.1 follows immediately from proposition 10.1 in [Str]. O

This very precise information about the map f,,, implies the following distortion estimate
for the base dynamics g.

Lemma 3.2. There are constants k > 0 and K, > 1 such that the following holds. If w € P,
n > 1and J C wis measurable, then

1
?|g"<1)|””|w| < | < Kalg" () [f|o.
2

Proof. Recall that g = ¢ o akl o ¢~!. By the construction of the partitions P,, for an

element w € P,, n > 1, the interval ¢~'(w) must not be a maximal interval for which
f2¥l¢~ (@) is a diffeomorphism. To be able to apply lemma 3.1, we start with a maximal
interval S,x = (Puk, gnr) C S for which fa”llenk is a diffeomorphism, and get

nk(s, 9 —p, e —0 1k (S
[ f™( k)|min{( sz),(Qk 2)}<| ank/(9)|<K|f1( Ol
K | Skl | Skl : | Skl

for all @ € S,;. Thus, for a measurable set J C S, it follows that

"k(Snk)| 7172
nk J _/ nk/e dg /
L (D] | fa, (O] |Snk|2

’

£ (S (1]
> = 8
8K (|S11k|> ( )
and
nk Sn J
k) < g Lo Gl g o L ©)
[ Skl [ Skl

Let B = min;|B;| > 0, and note that B < Ifa"]k (¢~ (w))|, for all w € P,. Considering the set

¢ (w), where w € P, with o' (w) C Snk, we have |¢~!(w)| < |Su|, and by taking ¢~ (w)
as the set J in (9) we get | S| < 2K|¢~!(w)|/B. This combined with (8) and (9) implies that
for w € P, and a measurable set J C w,

B’ (I(pl(J)I
32K \ g™ ()]

|<p*‘(J)|
| lp~' (@)’

) <@ I < (10)
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Set J' = ¢~ !'(J) and @ = ¢~ (w). We have that ' C (b;, bj.1) for some 0 < j < ki
and the density p is positive on (b;, bj.1). To estimate | J'|/|w’| we use properties (2), (3) and
(4) of the density p = ¢'/2. For example, if o’ C (b;, b; +¢), and if, for 6 € (b;, b; + ¢),

1 Ko
i PO < e
then, we have, set A = dist(«’, b)),
1 _leWDl _ [, 200)d6 _ K2 2 VITTHA = VA s <|J’|>”2
lol ~ lp@)] — [,200)d0 " " ST+ A — VA ')
where the last inequality follows by the observation that the preceding term is a decreasing
function in A. Furthermore,

VI 1 VOTH 8 = VIT-TT+A _ 1 Vo= VoT-17]
ol T K§ T+ A - VA T K; VioT|
1 |J
= Tl(gm’
where the second inequality follows by the observation that the preceding term is an increasing

function in A. For the other cases the same or better estimates hold. Combined with (10), we
obtain

-1 < < 32K3K§ nk o —1 1/4
4KK2|f "o Ul <171 < ) Mo @ (DI el
By (1), we get
lg" (D] = le(f1 (0~ ()] =/ 2p(0) do
fik@= ()

FA ROV 16Ko ..o 4 "
<sko [ —=d0 < 20 T )
0 Vo V2 e
and [g"())| = & |25~ ())I.
Altogether, we conclude

1
E'gn(J)'l/K""' < | < Kalg" ()|,

where K, = max{(16K>Ky/B*)"* 2°K K} and k = 1/4. O

4. Admissible curves

For an interval @ € P; consider a C' curve X = graph(X), X : w — I, which fulfils
|X @) < oc/SKl, for 0 € w. LetY : g(w) — I be the curve determined by the image

= graph(Y) = F(X|w) Recall that, by (7), we have that |g' ()| > SK2 +4,6 € w. Hence,
for 6 € w, on the one hand

1
Y (g@)| = ——=1—2X(©)X'(0) +ah'(9)]
1g'(0)]
<#(4—°‘+ K)—i (11)
Ssk2+a\5Kk, ) T sk

and on the other hand

1 o
Y'(g0) > ———| — —4|X'(6 -_— 12
[Y'(g(@)| > 2 /(9)|( [X'( )I) A0 (12)
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Definition 4.1. We say that a curve Y =Agraph(Y), Y:L—> I Lel{L,....,L}, isan
admissible curve if there is a C' curve X = graph(X), X : o — I, where o € Py and
| X' (0)] < a/5K}, 0 € w, suchthat Y = F(X]|,).

R B~y Q 1),if X : L — I is an admissible curve and w C L for an element w in P, then
Y = F(X],) is also an admissible curve. The following lemma shows that admissible curves
are non-flat.

Lemma 4.2. There is a constant § > 0 such that if Y : L — I, L € {Ly,..., Ly}, isan
admissible curve then, for 0 € L,
[Y'(0)] =806 —D(r —6)a, (13)

where | and r denote the left and right boundary point of L.

Proof. By the definition of an admissible curve, we can write Y=F ()? |») for some curve
X:w— I, € P;. By (12) we have that, for 0 € w,
, o
Y (g(®)] > m
Hence, we have to show that g~! : L — w satisfies, for 8 € L,
lg7!"(0)] = 5K18(6 — D)(r —6),
for some 6 > 0. By the definition of g and by (1), we obtain

-1/ 1
g (O] =

lg'(& 16N lp" (@~ MO fX (= (g~ @~ (g1 ()]
1 1
> = .
20(p~1(0))44(Ko/2)  p(e~1(0))44 Ko
Take 0 < j < ki such that b; = ¢~ '(l) and bj,; = ¢~ '(r). Using (1), it follows, for
6 € (L),

9(0) <1+4K0 (8 —b; — /b1 — 0+ /by — b;) <1+8Koy/0 = b,

Thus, for 6 € L, we derive
1
-1 2
0)>b; + 0 —10D°,
¢ (0) =D 64K§( )
and a similar calculation yields
1
-1 2
¢ (0) <bjy — 764[(02(" —0)°.

Combined with (1), this gives us

(¢ '(0)) < 8K; Lo ) cske Il < 10K
pLe S 1T =) ST e —0) S0 -Der—0)
which concludes the proof by setting § = 5K/ 16[(34". |

Remark 4.3. The image by F of a constant curve, i.e. F (5(\ ), where X=wx {xo0}, fo/r\ some
w € Py and xo € I, is an admissible curve. It follows that almost every point in F (J), and
hence every interesting point, lies on an admissible curve. In order to prove the claim for
theorem 1.2 on the vertical Lyapunov exponent, it is enough to show that for an arbitrary
admissible curve X = graph(X), X : L — I, L € {Ly, ..., Ly},

1
lim inf — log |9, f,,(8, X (©))| > 0, (14)
n—oo n

for Lebesgue almost every 6 € L.
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5. Critical returns

We turn now to the central fact about the returns of admissible curves to the critical line
[—1, 1]x{0}. First werecall afactaboutthe map f,, (whichin our case satisfies the Misiurewicz
condition and has no periodic attractors) from [MS, theorem I11.6.3].

Lemma 5.1. If the parameter ay is such that the critical point of f,,(x) = ag — x? is pre-
periodic (but not periodic) then there exist constants § > 0, c > 1 and u > 0 such that

(£ Ol = wo’ if fi(x) € (=8.9).

Define the constants

M(x) = |:

| log | logo
2l = (15)
log 32 8log32

Forl >0,let J(r) = {x € R; |x| < 4/ae™"} and denote the critical strip [—1, 1] x J(r)
by J(r).

The main technical tool in the proof of theorem 1.2 is the following proposition. It
corresponds to lemma 2.6 in [Vi].

Proposition 5.2. Let ro(o) = (1/2 — 2n)log(1/a). There exist C < oo and f > 0 such
that, for all sufficiently small « > 0, for any admissible curve Y = graph(Y), Y : L — 1,
L e {L[,...,Lkz},

Ho € Pu@lL ; FM@(Y1],) N T(ro(@) —2) # B} < Ce P, (16)
and furthermore, if r > (1/2 + 2n) log(1/@),
HOeL:Y®) elr—2)<Ce?. 17

The proof of proposition 5.2 is given in the next section. The following lemma
will be an important ingredient in the proof of the estimate (16). Let X = graph(X),
X:L—>1ILEe€ {Ll,...,gkzhbe an admissible curve. For w € P;|L, t > 1, we set
X (@) = graph(X (e, ) = FI(X],), 1 < j < 1.

Lemma 5.3/.\ Let a be sufficiently small. There exists a constant &y > 0 such that the following
holds. Let X = graph(X), X : L — I, L € {Ly, ..., Ly,}, be an admissible curve. There is
aninteger 1 < j = j(L) < ko such that there are at least two elements wy, wy € Pju, |L with
the property that g/ (w1) = g’ (w>) and, for all § € g/ (wy),

|X(wr1,0) — Xj(w2,0)] = goor.

Proof. Recall that the critical point O lies inside one of the intervals B;, | < i < k. By
the ergodicity of p, the map f,, acting on the B; can be considered as an irreducible Markov
system. Hence we deduce that fa"f has at least one critical point (which is a turning point)
inside every B;. It follows that g© has at least one turning point inside every L;, 1 <i < k»
(instead of g© we could also take gl/k1+1y,

Let1 < j = j(L) < ko be minimal such that g/ : L — [—1, 1] has at least one turning
point. Let p be such a turning point and let @;, @> € P;|L be the two (disjoint) elements
adjacent to p. Since j is minimal @; and @, are contained in the same element of the partition

P;_1|L. Furthermore, we have that g/(&1) = g/(@,) = L' for some L' € {Ly,..., Ly},
sign(X;.(cbl, 0)) = —sign(X;. (@, 0)) for6 € L', and
lim  X;@.0) = lim  X;(@.0),
0 — g(p) 0 — g(p)

fel el
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i.e. the graphs X j(@1) and X (@) have a common endpoint. Let !’ and r’ be the left and right
endpoint of L’. g(p) is equal to I’ or r'; without loss of generality assume that g(p) = I'.
From lemma 4.2 it follows that

6
1X; (@, 0) — X, (@, 0)] > 2/ S — 1) — we du
’

IL | IL'|S 2
) T(e —g(p))a.

Since #{w € Pi,|L'} > 1, we can fix an element w € Py,|L’ not adjacent to g(p). Let
o = g {w}N®; and wy = g7/ {w} N @,. Note that w;, w, € Pjsk,|L. We can now choose
an gy > 0 (independent of the interval L and the turning point p we started with) such that
mingeqr,,.. L, L8
3
Thus, | X (w1, 0) — X (w2, 0)| > e, forall 6 € g’ (w1), which concludes the proof. O

@ — g(p))2 > & forf € w.

6. Proof of proposition 5.2

We prove first claim (17). This is the easier part. It deals with the deep returns near the critical
line [—1, 1] x {0}. We obtain the estimate (17) almost directly from the non-flatness property
of the admissible curves provided by lemma 4.2. Let ¢ > 0. We want to estimate the measure
of theset {6 € L ; X(0) € (—¢, ¢)}. Let! and r denote the left and right boundary point of
L. By lemma 4.2, we have

1Y' (@) =80 —D(r — ).
Without loss of generality we assume that sign(Y’(6)) = +1. We have,

0 S|L
YI+6)=Y() +/ Su(IL| —wadu =Y () + %eza > YD) + 2,
0

assoon as 0 > /12¢/5|L|«. Thus,

. 12 \"2 e\112
oeL; Y<e>e<—g,g)}|<(w> (5",

Now, we can take ¢ = \/&e*""z. Note that, for r > (1/2 + 2n)log(1/a),
1/ < exp((1+4n)~'r) < exp((1 — n)r).

Thus, we obtain

5 12
F©) e Ti 12¢ /2
{0 eL; Y®)eJr—-2}< . e
5mlﬂLe{L,,..4,Lk2]|L|

which implies (17).

The remaining part is dedicated to the proof of claim (16). We assume that there exists
a point zo = (6o, xo) on the admissible curve Y such that F¥@ (z0) € J (0) since, otherwise,
claim (16) is trivial. Fori > 0, let x; = fao (x0), and we define the horizontal strips

Si=[-1,11 x [xi — 5o, x; + 5.

‘We resume some facts from [BST].
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Lemma 6.1. For 0 <i < M(g), we have F! (?) C S; and the strips S;, 0 < i < M(a) — 1,
do not meet the critical strip J(0). Furthermore, for 0 < i < M(a) — 1, the map fa)—i is
in the x-direction almost linear, i.e.

M(a)—1

9, (0,
sup  log M < log2, (18)
o 0n.0.wes 0 (0, x")
and fy)—i is expanding in the x-direction, i.e.
o M@=
[0x fyr)—i (0, x)| = — (19

forany (0,x) € S;.

Proof. Lemma 6.1 is a summary of what is written in [BST] between page 1409 line 24 and
page 1410 line 11 (the constant L in [BST] in our case is equal to 1 and S! in our case is equal
to [—1, 1]). lemma 5.1 in [BST] is identical to our lemma 5.1. O

We introduce some more constants (see lemma 5.3 for the definition of gg).

o Leto =./o > 1.
e Fix a constant t > 4%, independent of «, so that

teo/4 —2/5K, —4/@G — 1) > 1.

PutA; = [, farca)—j (F7 (20))|/5 M@= for0 < j < M(a)—1. Note that we have, from (19),

M(a)—j 5M(@)—j
no _ no
Ry Ty (20)
Let0 =14 <t < -+ < t; < M(x) — 1, be the (finite) sequence of integers defined
inductively by

Ly =min{t; i +ky <t < M(a) — 1, Ay 2 Th, 1 < j < ko,

and A, > A, for all [ > t}.
Remark 6.2. The j in the definition of #;,; corresponds to the j in lemma 5.3, and a ¢; in our
setting corresponds to a ¢; + 1 in the definition given in [Vi] (in [Vi] j is constantly equal to 1).

Otherwise, disregarding the requirement A,,, > A;, for [ > t;,;, which is a technical and not
an essential requirement, our definition of #;,; and the definition given in [Vi] are the same.

We have t;,| > t; + 2k;, for all 1 < i < g, because, by the definition of the A; and t,

Airky _ |axft,+1—t,—kz(Ft'+k2(20))| < glini—ti—k2

o livi—ti—ka

L

tis1
Let ko(a) = max{l <i < g ; A, > 2e @2/ Ja}.
Sublemma. We have ko(a) > yro(e) for y = n/log(42*'1) if o is sufficiently small.
Proof. Observe that A; < 4Xi;,;. Let o be so small such that ky(e) < g (note that
2070 @*2 ) Jo ~ a7 and Ay +j < TAm -1 < 41, forsome 1 < j < ky, hence &, < 40%17).

On the one hand, we have for 1 < i < g, Ay4j < 4TAy,,, for some 1 < ji < k; hence,
Ao =y < (@0FIp)l@), . From (20), it follows that

)\'tk()(a)+] 2 (4k2+lz.)7ko(a))\0 2 (4k2+lr)7k0(a) ([L/Z)O_‘M(a)
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On the other hand, by the definition of ko(c), Ay, ., < 2¢7"°@*2/ /. Combining these two
bounds on Ay, ., we derive

—ro(a) — (logr)/2 > M(a)logé — ko(a) log(4¥*lt) — C

where C = log(4/u) + 2 is a constant independent of «. Recall the definitions (15) and that
ro(e) = (1/2 — 2n) log(1/a). We obtain

14
ko(o) log(4* 1) > ro(a) — (% - 4n> logé —-C= ro(a)<1 -2 ”) -C

2
= m(oe)( = ) = C = (),

for sufficiently small «. This proves the claim. g

Let 1 <t < M(«). Two intervals @; and @, in P, are said to be incompatible if
inf{lx; —xa| 5 (01,x1) € FY@ (Y5, (62,x2) € F¥ O (¥]5,)} > 26702/,

If @, w, € P, are incompatible then obviously either all admissible curves contained in
FM @ (Y|3,) or all admissible curves contained in FM@(Y|5,) do not intersect the critical
strip J (ro (@) —2). We are going to establish a sufficient condltlon for incompatibility. For
w € PL, 1 > 0, we set Y (w) = graph(¥;(w, -)) = Ff(Y|w) 0<j<t Forwy e P,|L,
Yt (wp) 1s an admissible curve. So we are in a position to apply lemma 5.3 to this curve and we
deduce that there exists an integer 1 < j = j(wo) < kz and two elements w;, wy € Py juk, |@wo
such that g"*/ (w;) = g"*/(w,) and, for all 6 € g"*/ (w),

|Yirj (w1, 0) — Yy (@2, 0)] 2= goa.
Denote by inc(wy) all such triples (j, w;, w,) which satisfy the properties above.

Sublemma (A sufficient condition for incompatibility). Let 1 < i < ko(x), wo € P, and
(j, @1, w) € inc(wy). If &y € P, |w; and @, € Py, |w, such that g7+ (@) = g/ (@,), then
@ and @, are incompatible.

Proof. Since (j, w;, w,) € inc(wy) we have

|Yirj(w1,0) = Yy j(@2, 0)] 2 goa.

for all 0 € g"*/(w;) = g"*/(w,). Since g"*/ (&) = g"*/ (@,), we deduce from the distortion
estimate (18) and from the definition of the A, that

1Y, (@1,0) = Yy, (@2, 0)] >

for all 0 € g+ (). Fort;1; <1 < M(a), let

Ay =inf{lx; — x2 ; (01.x1) € F'(Y]5). (62.x2) € F'(¥]3,)}.
In other words, A, is the vertical distance between the two images F! (?L;,l) and F! (?lg)z).
We have

1
A, = —t800 —4——o, (2D

where the last term is a bound for the oscillations of the two admissible curves Ym (&1) and
th (@7) (where the length of their domain is at most 2). If we put

D= min | f(8.x)] = min_|f;,()]
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for t;11 <1 < M(a) — 1, then the distances A; satisfy
A1 = DA = 2a,

where the last term 2« is a bound for the oscillation of «s(0). Hence,

M(@)—1 M@ , M@)-1
s> (T 2)s0 = 3 (1T 2o
I=tiy1 I=tiy1+1 m=l
From the definition of A; and the distortion estimate (18), we have
1 M(@)—1
51,5’” @< T Dm < 206"
m=l
Since, by the definition of #;,;, A; < A, for [ > t;,;, we obtain
M(@)

1
—y,, eM@=t A, Z 2,5 M@O-1y

Ay 2 7

I=ti+1

M (a)—tis
> A oM @)—tisy <Ati+1/2 — 4o Z 5_—[)

I=1
> by M OT(A, /2 — A/ (G — 1),
Recall that A,,, > 2e~"0@*2/ /a. Using (21) and the definition of 7, we conclude that
Apm) = Qe Ja)(tega/4 — 2a/5K| — 4a /(G — 1)) > 2670 /o,
It follows that @, and @, are incompatible. O

Let E; = L and observe that P, |L = Py|L = L. Assume we have constructed
the set E; C P,|L, 1 < i < ko(a). Consider an element wy € P,|E;, and a triple
(j, w1, w2) € inc(wp). Applying the criteria for incompatibility we can build a union
i C (w1 Uw,y) of elements in P, |wp such that & contains exactly one interval of each interval
pair @ € Py, o) and @, € P, lw, with gt (&) = g"*(@,), and such that FM(“)(Y| )
does not intersect J (ro(a) —2) for all w € Pyylii. Observe that |g"* (@)| = |g"* (wy)].
Since w; € Py+j4ky, Where j < kp and k; is fixed (it only depends on g) there is a positive
number gy > 0 which is only dependent on the base dynamics g, such that

18" @] = qo
By lemma 3.2, we obtain the following lower bound for the measure of the setit C wg € P, |E;:

IS B 1
M>44¢WWWWIAF%MML

Building similar unions as above for each element wy € P, |E; we obtaln asetU C E;, which
is a union of elements in P;,,, | E;, such that, forall o € Pp(a) U, FM@ (Y |») does not intersect
J(ro () —2) and

~ . I e Iy
al= Y il Zj;%|m|gwomm
wo€P;, | E; wo€P;, | E;

We exclude this ‘good” set U of partition elements from the partition P,
remaining partition elements by E;; C Py, |E;. Obviously,

ql/;{
IEM<G—°yEL
K>

|E; and denote the
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e ko(a)—1 e ko(@)—1
| Exy)| < <1 - I(Z'z) |Eq| = (1 - 10{2> |L]|.

The set Eyy@) C Py, |L is constructed in such a way that for every element @ € Py w)|L
which does not lie in Pys(a)| Ey(a)> M ("‘)(?lw) does not intersect J (ro(a) — 2). Hence,

and, thus

1/ \ ko@)—1
Hw € PuwlL; F*Y1,) NI (@) —2) # 0} < (1 - ql(;z) IL|.

As ko(a) = yro(a), by the first sublemma in this section this concludes the proof of claim (16)
in proposition 5.2.

7. Large deviations

To show (14) and thus to conclude the proof that the vertical Lyapunov exponent is positive we
can follow the large deviation argument by Viana (see [ Vi, section 2.4]). proposition 5.2 which
we proved here is the counterpart to corollary 2.3 and lemma 2.6 in [Vi] which were the only
parts where the properties of the base dynamics g and the coupling function s were relevant.
The ‘Building expansion’ lemmas, lemmas 2.4 and 2.5 in [Vi], remain valid including their
proofs. In the following, instead of retyping certain arguments which would be exactly the
same in our setting, we will refer to [Vi].

In all that follows let n > 1 be fixed and sufficiently large. Define m > 1 by
m?> < n < (m+1)? and take | = m — M(a). Note that l/\% m =~ /n as long as
n >> log(1/a). We are considering an arbitrary admissible curve X = graph(X), X : L — I,
where L € {L, ..., L;,}. Given0 < v < nand w,4; € Pyy|L, wesety = I:“”(X|wv+,). Then
we say that v is

e al,-situation for 6 € w,y if y N J(0) # @buty N T (m) = ;
e a Il -situation for 6 € w,,; if y N f(m) #+ 0.

Since the w,,; are open intervals in L there are some 6 € L for which I,-situations and II,-
situations are not defined. But they build a zero measure set; thus, they can be neglected. Since
y is a piece of the graph of an admissible curve, its diameter in the x-direction is bounded by

e (@) < 225K +4) <« Jae " < Jale "D —em). (22)

5K1 5K1
This means that, whenever v is a I,,-situation for w,;, ¥ is contained in T (m —1). Hence, the
set Ap(n) ={0 € [—1,1]; some 0 < v < nisallsituation for #}, is contained in the set
n
U U tbew: FFX®) e Tmn—1).
v=0 weP,|L

Applying the estimate (17) in proposition 5.2 to the admissible curves X v(w) =
graph(X,(w, -)) = F'(X|,), w € P,|L, we obtain

6 € g"(@) ; Xu(w,60) € J(m—1)}| < Ce P
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Thus, by the distortion estimate in lemma 3.2,

A <Y Y Ve #om) = (n+ 1)C*e O™ | L] < conste™ P2V (23)
v=0 weP,|L

Henceforth, we focus on the I,-situations forthe § € L. Let0 < vy < ... < v, < nbe
the I,-situations fora ¢ € L, and let ;, 1 < i < ¢, be the corresponding graph pieces. For
each v; we fix r;, > 1 minimal such that y; N J(r;) = ?. By the definition of I,-situations,
ri <m,1 <i <t Recall that ro(a) = (1/2 — 2n)log(1/a) and set G = {i ; r; = ro()}
(note that this set depends on #). Viana shows in section 2.4 in [Vi] that there exists a constant
¢ > 0 such that

log |8Xf,,(3(\(6))| > cn, forevery0 € L\ E,, (24)
where E, = Aj{(n) U Ay(n) and

A (n) = [9 eL; Y nz cn}.
ieG
If we show that
|A;(n)| < conste V" (25)

for some 6 > 0, then together with (23), this implies that the set E = N> U, >« E, has zero
Lebesgue measure and hence, we have shown (14). For the proof of (25)let0 < g <m — 1
be fixed and denote G, = {i € G ; v; = g mod m}. We also take m, = max{j ; mj+q < n}
(note that m, ~ m ~ J/n) and, foreach 0 < j < mg, we let 7 =r;if mj +q = v;, for some
i € G4, and 7; = 0 otherwise. Observe that G, and 7; are, in fact, functions of 6. With the
help of proposition 5.2 we will prove the following lemma.

Lemma 7.1. Let

Qo -+ Pm,) =10 € L5 7j = pjfor0 < j <myl,
where for each j either pj = 0 or ro(e) < pj < m. We have

194 (00, - - -+ pm)| < 2(K2C/¥)Te™ #2001,
where T =#{j ; p; # O}

Having shown lemma 7.1, renaming 8/2« as 58 and setting C;, = 2K,C'/*, we can follow
verbatim the remaining large deviation argument in [Vi, section 2.4] which proves (25) and
thus the existence of a positive vertical Lyapunov exponent at Lebesgue almost every point.
So, it is only left to prove the lemma above.

Proof. Fix a sequence (0o, ..., pm,) as in lemma 7.1. We assume that T > 1, i.e. the p; are
not simultaneously zero, otherwise the statement is trivial. Let0 < j; < ... < j; < m, such
that p;, #0,for 1 <i < 7. Set Q,(@) ={0 € L; fjk = p;for 1 < k < i}. Observe that,
for1 <i <71, Q@+1) C Q@) and (o, -, om,) C 24(7). Leta; = mj; +q, for
1 <i < 7. We can consider €2, (i) as a subset of the partition P, ;| L. By inequality (22),

Qi+hc | ew: F"X®)eTp,., -}
OEPy 1112 (D)

Notice that a;+1 — (a; +1) > M(a). If ro(a) < pj,,, < (1/2+2n) log(l/g), we are in
a position to apply claim (16) in proposition 5.2 to the admissible curves X, —m(@)(®),
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® € Py, Mm@ (i). Together with the distortion estimate in lemma 3.2, we obtain

QG+DI< D Kl € g MW (w);

©E€Py ~M@) |24 (D)
FYO (X - mey (@, 0)) € T(pji,, — 2} |0
< chl/Ke*(ﬁ/K)ro(a)|Qq(l~)| < KZCI/KC*(/3/2K)/>;,+l |Qq(i)|,

where in the last inequality we used that p;,, < ((1/2+n)/(1/2 — n)ro(a) < 2ro(@).
In the other case, when (1/2 + 2n)log(1/a) < pj,,, < m, claim (17) in proposition 5.2
combined with lemma 3.2 implies

2,G+DI< D Klf €8 @) Xa, (@.60) € T(pj, — DY o]
WE€Py;,, 194 (D)

< K, CVKe=BlPy, 12, ()|
Altogether, we have
19 (00. - -+ Pm)| < 1R4(D)] < (KoCV9) 1 BP0 X (1)

With a similar argument we obtain |£2,(1)| < K,C/ke=Pei/2¢|L | (In fact, if j; = 0 and
q < M(a), this is only true if (1/2+2n) log(1/a) < pj, < m. However, since n is very large
this is negligible.) Thus,

ng

194 (p0, -+, pm,)| < 2(K>CV)Te™ PO L2001, O
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ALMOST SURE ABSOLUTE CONTINUITY OF
BERNOULLI CONVOLUTIONS

MICHAEL BJORKLUND AND DANIEL SCHNELLMANN

ABSTRACT. We prove an extension of a result by Peres and Solo-
myak on almost sure absolute continuity in a class of symmetric
Bernoulli convolutions.

1. INTRODUCTION

For X € (0,1), define the random series

Yi=> £\,

n>1

where the signs are chosen independently with probability 1/2. It is
easy to see that the distribution v, of Y, is singular for A < 1/2, see
Kershner and Wintner [2]. Wintner [7] noted that v, is uniform on
[—1,1]. For Lebesgue almost every 1/2 < A < 1, Erdos conjectured
that v, is absolutely continuous with respect to the Lebesgue measure
on R. This conjecture has attracted a lot of attention during the years,
and was finally settled by Solomyak [4] in 1995, who also proved that
the densities are in L?(R). A simpler proof was later given by Peres
and Solomyak in [3].

In this paper we discuss one of the many possible applications of the
techniques developed in the paper of Peres and Solomyak. We will show
generic absolute continuity of the distribution of the random series

Yy = Z + NP

n>1

where, as above, the signs + are chosen independently and with prob-
ability 1/2, and where the function ¢ : N — R is assumed to satisfy

(1) OglimM<oo,
n

and some minor technical conditions. In particular, we treat the cases
when p(n) = n + r(n), where r is the logarithm of a slowly varying
function, and ¢(n) = n® for 0 < o < 1 (see Example 1 and Example 3).

D. Schnellmann is supported by grant KAW 2005.0098 from the Knut and Alice
Wallenberg Foundation.
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If the limit in (1) is infinite it follows that the measure v, is singular,
see e.g. [2], Criteria (10).

2. BERNOULLI CONVOLUTIONS AND EXAMPLES

For a function ¢ : N — R and 0 < A < 1 we consider the infinite
convolution product of (6_yem) + 0yem))/2 for n > 1. This convolution
product converges to a measure v, if and only if

2) X0 < oo,

n>1

and the finiteness of (2) implies furthermore that this infinite convo-
lution converges absolutely, i.e. the order of the terms in the convo-
lution is interchangeable (see e.g. Jessen and Wintner [1], Theorem 5
and Theorem 6). Let © = {—1,1}" be the sequence space equipped
with the product topology and p the Bernoulli measure on €2 with the
weights (1/2,1/2). The measure v, can be written as the push-forward
of p by the random series

(3) Valw) =Y wad?,

n>1

where w,, denotes the n-th coordinate of an element w in ). We are
interested in the set of A in the interval (0, 1) for which the measure v,
is absolutely continuous with respect to the Lebesgue measure m on
R. Our first result deals with the class of random series where

(4) Jim p(n +1) = p(n) = 0.
Observe that for functions ¢ with the property (4), it follows that
tim 27 g,

n—oo N
We begin by stating the following theorem.
Theorem 2.1. If ¢ : N — R satisfies property (4) and if there is a
A1 € (0,1] such that, for all A € (0, A1), condition (2) is fulfilled then,

for a.e. X € (0,\1), the measure vy induced by the random series (3)
is absolutely continuous and has an L?-density.

Example 1. If p(n) =n%, 0 < a < 1, it follows immediately that the

distribution of
Yy=) £\
n>1

is absolutely continuous for a.e. A € (0, 1), and that the density is in
L2
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Example 2. Observe that the function ¢(n) = n/logn fulfills (4) and
hence the distribution of

Y)\ _ Zi)\n/logn

n>1
is absolutely continuous for a.e. A € (0,1), and the density is in L.

The method used by Wintner in [5], [6] and [7] gives a better result in
Example 1 in the case when 0 < o < 1/2. In fact, if 0 < o < 1/2, then
the distribution of Y} is absolutely continuous for all A € (0,1) and,
furthermore, the density is smooth. Wintner considered the Fourier
transform of the measure v, which can be represented as a convergent
infinite product: 2, (t) = []2, cos(A?™¢t). Since cos(A¥*™Mt) < 2/3 if
1<\ < 2, it follows that

oA()] < (2/3)%1,

where K(t) = #{n ; 1 < X*™¢ < 2}, In Example 1 a minor cal-
culation yields that, for 0 < a < 1/2, (2/3)X® decreases faster than
polynomially and thus, v, is absolutely continuous and the density is
smooth. To guarantee a sufficiently fast growing of K(t), the func-
tion p(n) can not grow too fast. The method seems to break down at
a = 1/2. However, by taking the slowly growing function ¢(n) = logn,
Wintner’s method applies and one gets that the distribution of

1
V=Y +—
ne

n>1

is absolutely continuous for all « > 1/2 and the density is smooth.

3. ABSOLUTE CONTINUITY OF BERNOULLI CONVOLUTIONS
Theorem 2.1 will be derived from the following result.

Theorem 3.1. Suppose 7 : N — R is of the form 7(n) = fn + r(n),
where the function r(n) satisfies (4). Then the measure 1 induced by
the random series Zy =, -, +A™(" s absolutely continuous and has

an L?-density, for a.e. A € (2718 27%/35),

Example 3. If 7(n) =n+n* 0 < a < 1, it follows from Theorem 3.1
that, for a.e. A\ € (271,27%/3), the distribution of

7y = Z L\
n>1
is absolutely continuous and the density is in L?.

Proof of Theorem 2.1. Let {n; ; 7 > 1}, be a subset of N such that
w(njs1) < @(n;), 7 > 1, and such that for every n > 1 there is an
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j > 1 with ¢(n) = ¢(n;), i.e. the sequence n; should be thought of as
the times when ¢ makes a jump. Observe that we still have

(5) Jim o(n;11) — @(ng) = 0.

Let ¢ : [1,00) — R be the continuous function which satisfies @(j) =
©(n;) and which is linear on [j,7 + 1], j > 1. Fix 0 < 8 < oo and set
P(x) = ¢ 1(Bz). Since ¢(z+1) — @(x) — 0 as * — oo, we can choose
Ny such that ¥(z + 1) — ¢(x) > 1, for x > Ny. Let [z] denote the
integer part of the real number z. We split the random series Y, into

two parts:
W) =Y Wy WO 4 3 w, AP
j=>No n>1
n¢{npy()) 5 72N}
= Z)\(W) + R,\(w).

Note that this is possible since the infinite convolution Y is abso-
lutely convergent. We want to apply Theorem 3.1 to the function
T(n) = @([v(n)]). Let r(n) = &([(n)]) — Pn. By the definition of 1,
r(n) = @([¢(n)]) —@((n)) which, by (5) tends to 0 as n — co. Hence,
r(n) satisfies trivially condition (4). Let 7, be the measure induced
by the random series Z,. It follows from Theorem 3.1, that, for a.e.
A € (271/8,272/38) p, is absolutely continuous and has an L?-density.
The random variables Z, and R, are independent. Hence, for a.e.
A € (278 272/38) N (0, \;), we can write the measure v, as a convo-
lution of two measures where one of them is an absolutely continuous
measure having an L2-density. Thus, the measure vy itself is absolutely
continuous and the density of vy is in L*(R). Since 0 < 8 < oo was
arbitrary we can fill out the whole interval (0, A1), which concludes the
proof of Theorem 2.1. O

Remark 1. We have already noted that a function r : N — R sat-
isfying (4) also fulfills lim,,_,o r(n)/n = 0. Observe furthermore that
property (4) implies:

lim r(k +j) —r(k) =0, for all j > 1,

k—o00
and
LR LG

4. PROOF OF THEOREM 3.1

In [3], Peres and Solomyak studied power series of the form,

g\ =1+ bN, b e{-1,0,1},

Jj=21
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for A € (0, 1), and proved the following lemma:

Lemma 4.1. Suppose g is of the above form. There is a 6 > 0, such
that, if g(\) < 8, for some X in the interval [0,272/3], then ¢'(\) < —0.

We will study slight modifications of these series. Let ry ;, k,7 > 1 be
any sequence of real numbers, such that, for every j > 1,

(6) T — 0, as k — oo,
and
. log™(sup;sy |7e)
7 L
Define
(8) gr(A) =1+ ij)\j”kd = g(\) + ijAj()\% — 1),
izl j>1

where g(A) =1+ 3., b;M. Using Lemma 4.1, we can prove:
Lemma 4.2. There is a positive constant §' and a positive integer K,

such that, if k > K and gp(\) < & for some X\ in [0,27%/3], then
g.(\) < =4
Proof. We have
Ge(X) =D (G + i) N e
§>1
N+ D G+ )b N T A = 1)+ )y N
j>1 §>1

Let d be the constant in Lemma 4.1. Set ' = ¢/2 and pick 0 < e < §/8.
Since A < 272/% < 1 and because of (7), we can choose j. > 1 such that

(Y G+ N O™ =) <e and | m b N <,
i>je >je
and
1D bN(AR 1) <,
J2Jje

for all k& > 1. Furthermore, by condition (6), we can choose K. > 1
such that
Je Je
> G+ )N (A — 1) <e and | rbN T <e
j=1 j=1

and

wa (A% —1)| < e,
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for all £ > K.. Note that gx(\) < ¢ and k > K. implies, by (8),
gA) <&+ D BN (AR = 1) <6 + 26 < 6.
j>1
Hence, if gx(\) < 0’ and k > K., by Lemma 4.1,
GN) < =0+ 1) G A )b N T O = D D b A

7>1 7>1
< —d+4de < 0.
a
We can now finish the proof of Theorem 3.1. Let 7: N — R be as in
Theorem 3.1. We can without loss of generality assume that 3 = 1. The
case for general (§ follows immediately from a simple scaling argument.

The proof closely follows the ideas outlined in [3]. Suppose 7, is the
push—forward of the Bernoulli measure on €2 under the map

= Z wp AT
n>1

Setting r(n) = 7(n) — n, we note that, by Remark 1, the sequence
ri; = r(k + j7) — (k) satisfies condition (6) and (7). Let I denote the
interval [A\g, 272/%], where 27! < )\g < 2723 and let K and &' be the
constants in Lemma 4.2. It is enough to show that the distribution of
the random series

= Z wp AT

n>K

is absolutely continuous, for a.e. A € I, and has an L*-density. Let

O = {(wk,wk 41, -..) ; w € Q},

and denote by ux the Bernoulli measure on . Following [3], we need
to prove that

—hmlnf
r—0t T Qx JQx

m{A €T [ (wn —w)N ] < r}) dpg(w)dpg (W) < +0c.

n>K

For k > K, let Q denote the subset of elements (w,w’) in Qg x Qg
such that w; = w;- for all j <k —1, and wy, # w;,. Note that

(r % i) () = 27K and 7(k + j) — 7(k) = j + 14
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We obtain
1
S < liminf = —(k+1)+K
< liminf 32
E>K
- m{A e T s [ge(hw, )] < 27T dpe(w) dpc (o),
Qp
where
agNw,w) =1+ ij(k;w,w’))\j”’“’j, bj(k;w,w) € {—1,0,1},

Jj=1

for (w,w’) € Q. By Lemma 4.2, the functions g, satisfy a transversality
condition on the interval I, and thus,

m{X €15 [ge(hw, o) <2720} <Ay T,

It follows that
S < 5/712K71 Z 271€)\67'(k:)

k> K
Note now that the right-hand side is finite since Ay > 1/2 and 7(k) /k —
1 as £ — oco. Hence we have proved Theorem 3.1.
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TYPICAL POINTS FOR ONE-PARAMETER FAMILIES OF
PIECEWISE EXPANDING MAPS OF THE INTERVAL

ABSTRACT. Let I C R be an interval and T, : [0,1] — [0,1], a € I, a one-parameter
family of piecewise expanding maps such that for each a € I the map T, admits a
unique absolutely continuous invariant probability measure pq,. We establish sufficient
conditions on such a one-parameter family such that a given point x € [0, 1] is typical
for p, for a full Lebesgue measure set of parameters a, i.e.

n—1

1 5 weak-*
E E Té(z) — a, as n — o0,
=0

for Lebesgue almost every a € I. In particular, we consider C**(L)-versions of j-
transformations, skew tent maps, and Markov structure preserving one-parameter
families. For the skew tent maps we show that the turning point is almost surely
typical.

1. INTRODUCTION

Let I C R be an interval and Ty, : [0,1] — [0,1], a € I, a one-parameter family of maps
of the unit interval such that, for every a € I, T, is piecewise C* and inf ¢ (o 1] [0 T (2)| >
A > 1, where A is independent on a. Assume that, for all a € I, T, admits a unique (hence
ergodic) absolutely continuous invariant probability measure (a.c.i.p.) pq. According to
[8] and [9], for Lebesgue almost every x € [0, 1], some iteration of = by T, is contained
in the support of u,. From Birkhoff’s ergodic theorem we derive that Lebesgue almost
every point x € [0,1] is typical for pg, i.e.

n—1

1 weak-*

- E Ori(zy — Has as n — 0o.
=0

In this paper we are interested in the question if the same kind of statement holds in
the parameter space, i.e. if a chosen point = € [0, 1] is typical for u, for Lebesgue a.e.
a € I, or more general, if, for some given C! map X : I — [0,1], X (a) is typical for pq
for Lebesgue a.e. a in I. In Section 2 we try to establish some sufficient conditions on a
one-parameter family such that the following statement is true.

For Lebesgue a.e. a € I, X(a) is typical for pg.

The method we use in this paper is a dynamical one. It is essentially inspired by
the result of Benedicks and Carleson [1] where they prove that for the quadratic family
fa(x) =1 —az? on (—1,1) there is a set Ay, C (1,2) of a-values of positive Lebesgue
measure for which f, admits almost surely an a.c.i.p. and for which the critical point
is typical with respect to this a.c.i.p. The main tool in their work is to switch from
the parameter space to the dynamical interval by showing that the a-derivative 9, f4 (1)
is comparable to the x-derivative 0, f2(1). This will also be the essence of the basic
condition on our one-parameter family 7, with an associated map X, i.e. we require
that the a- and the z-derivatives of T3 (X (a)) are comparable (see condition (I) below).

1991 Mathematics Subject Classification. Primary: 37E05; 37A05; Secondary: 37D20.
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2 DANIEL SCHNELLMANN

Some typicality results related to this paper can be found in [14], [4], and [6]. The
one-parameter families T}, a € I, considered in these papers have in common that their
slopes are constant for a fixed parameter value, i.e. for each a € I there is a constant
Ag > 1 such that |T,| = A, on [0, 1]. The advantage of our method and the main novelty
of this paper is that we can drop this restriction and, thus, we are able to consider much
more general families. In the case when T, : ST — S is a smooth expanding map of the
circle, there are some recent results by Pollicott [12].

This paper consists mainly of two parts. In the first part, which corresponds to Sec-
tions 2-5, we establish a general criteria for typicality. In the second part, which cor-
responds to Sections 6-8, we apply this criteria to several well-studied one-parameter
families and derive various typicality results for these families. Some of these results are
presented in the following subsections of this introduction.

We will shortly give a motivation and an overview of our criteria for typicality. Let
B C [0,1] be a (small) interval and set z;(a) = T2 (X (a)), a € I, i.e. x(a) is the forward
iteration by T3 of the points we are interested in. For h > 1 fixed, the main estimate to
be established in the method we apply is roughly of the form:

1) a1 a,(0) € By (@) € BY < (C1B)"

where 1 < j; < ... < jp < n (n large) are h integers with large (> y/n) gaps between
each other and C' > 1 is some constant. Such an estimate is easier to establish for a
fixed map T, in the family, i.e. it is easier to verify the estimate

(2) {z €[0,1] ; T (z) € B, ..., T*(z) € B}| < (C|B)".

(See also inequality (12).) Hence, in order to prove (1), the main idea in the first part of
this paper is to imitate the proof of (2). This leads to three rather natural conditions,
conditions (I)-(III), on the sequence of maps x; : I — [0, 1]. Condition (I) roughly says
that 74 and x; are comparable, i.e. there exists a constant C' > 1 such that

BT (X (@)
= Dur@) =

for all j > 1, and a € I for which the derivatives are defined. Condition (II) ensures
that estimates of the following type apply: There exists a constant C' > 0 such that for
all intervals B C [0,1] and j > 1 we have

{a€I; zj(a) € B})| < C|B].

Since maps in one-parameter families of piecewise expanding maps have in general no
finite Markov partition, the image z;(w) of a (maximal) interval of smooth monotonicity
w for x; might be arbitrarily small. Condition (III) provides us we a certain control of
such 'too short’ intervals of smooth monotonicity.

Apart from condition (I), in order to apply our result to the examples in Sections 6-
8, we will not verify conditions (II) and (III) directly. Instead we will show that two
other conditions, conditions (ITa) and (IIb), are satisfied. Conditions (IIa) and (IIb) are
described in Section 4. Condition (ITa) should hold for general families. It only requires
that the densities for the a.c.i.p. p, are uniformly (in a) bounded above and below
away from zero. In contrast, condition (IIb) is more restrictive. It requires that there
is a kind of order relation in the one-parameter family in the sense that for each two
parameter values a,a’ € I satisfying a < a’ the following holds. The symbolic dynamics
of T, is contained in the symbolic dynamics of T, and, furthermore, if w is a (maximal)

C

interval of smooth monotonicity for TZ, then the image of the (maximal) interval of
smooth monotonicity w’ for T7, with the same combinatorics as w contains the image of
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w, i.e. Tg(w) C T2, (w'). It is interesting to find other ways of verifying conditions (II)
and (III). This might allow to treat more general examples of piecewise expanding one-
parameter families than the ones studied in Sections 6-8. The main obstacle seems
to be the verification of condition (II). As the labeling of conditions (IIa) and (IIb)
suggest, they are aimed for verifying condition (IT). More or less as a byproduct they
also imply condition (III); see Section 5. For a simple example of a family not satisfying
condition (IIb), see Remark 4.1.

1.1. B-transformations. The example in Section 6 is a C'!(L)-version of the 3-trans-
formation. By saying that a function is C'*(L), we mean that it is C* and its derivative
is in Lip(L), i.e. its derivative is Lipschitz continuous with Lipschitz constant L. For a
sequence 0 = by < by < ... of real numbers such that by — co as k — oo and a constant
L >0, let T :[0,00) — [0,1] be a right continuous function which is C1'(L) on each
interval (by, bgt+1), k > 0. Furthermore, we assume that:

e T(b;) =0 for each k > 0.
e For each a > 1,

1< inf 0;T(ax) and sup 0,T(ax) < occ.
‘TE[O71] 336[0,1]

See Figure 1.

0 I
0 1

FIGURE 1. A possible beginning of a graph for T": [0, 00) — [0, 1].

Given a map T as above, we obtain a C1!(L)-version of the S-transformation T}, :
[0,1] — [0,1], @ > 1, by defining T,(z) = T'(ax), x € [0,1]. As we will see in Section 6,
for each a > 1, T, admits a unique a.c.i.p. pg. In Section 6 we will show the following.

Theorem 1.1. If X : (1,00) — (0,1] is C* and X'(a) > 0, then X (a) is typical for piq
for Lebesgue a.e. a > 1.

If we choose X (a) = by/a then X’(a) < 0 and Ty (X (a)) = 0 for all j > 1. Hence, if
the condition X’(a) > 0 in Theorem 1.1 is not satisfied, we cannot any longer guarantee
almost sure typicality for the a.c.i.p. For an illustration of the curves on which we
have a.s. typicality see Figure 2 (when a is fixed, we can apply Birkhoft’s ergodic
theorem and get a.s. typicality on the associated vertical line). Observe that if we
choose T : [0,00) — [0,1] by T'(z) = xmod 1, then T,(z) = azxmod1 is the usual -
transformation. Theorem 1.1 generalizes a result due to Schmeling [14] where it is shown
that for the usual S-transformation the point 1 is typical for the associated a.c.i.p. for
Lebesgue a.e. a > 1.

1.2. Skew tent maps. In Section 7 we investigate unimodal maps with slopes constant
to the left and to the right of the turning point. Let these slopes be o and —f where
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FIGURE 2. Lines and curves on which we have a.s. typicality for the
CH1(L)-version of the S-transformation.

a, B> 1. For instance, let T, 5 : [0,1] — R be defined by

ax ifr < B
T = - a+ﬁ,
2,5(2) { B(1 —x) otherwise.
In order that T, 5 : [0,1] — [0, 1], we have also to assume that o~ 4+ 371 > 1 (see, e.g.,
Lemma 3.1 in [11]). The map T, g is called a skew tent map. Fix two points (g, Bp) and
(a1, B1) in the set {(a, ) ; @, > 1 and a~! + B~ > 1} such that a; > ag, 81 > Bo,
and at least one of these two inequalities is sharp. Let

a:[0,1] = [ap,a1] and B:[0,1] = [Bo, £1]

be functions in C([0,1]) such that («(0), 5(0)) = (a0, o), (a(1), B(1)) = (a1, B1), and,
for all a € [0,1], if ag # aq, then o/(a) > 0 and if Sy # B, then §'(a) > 0. Consider
the one-parameter family T, a € [0,1], where T, : [0,1] — [0,1] is the skew tent map
defined by Ty, = Ty (a),8(a)- By [9]; since T, has only two intervals of monotonicity, it
follows that there exists a unique a.c.i.p. pq for T,. In Section 7 we will show that the
turning point is a.s. typical for the a.c.i.p.

Theorem 1.2. The turning point for the skew tent map T, is typical for p, for Lebesgue
a.e. a €0,1].

Theorem 1.2 generalizes a result due to Bruin [4] where almost sure typicality is shown
for the turning point of symmetric tent maps (i.e. when «(a) = f(a)). It is possible to
extend the results in Section 7 to certain one-parameter families of C1'}(L) unimodal
maps (see Remark 7.5). In Section 7 we will use a slightly different representation of
skew tent maps.

1.3. One-parameter families of Markov maps. In Section 8 we consider one-para-
meter families, which preserve a certain Markov structure. A simple example for such a
family are the maps Ty, : [0,1] — [0, 1] defined by

z ifr<a
_ a 9
To(w) = { r—a otherwise,

1-a
where the parameter a € (0,1). See Figure 3. By [9], since this map has only one point
of discontinuity, it admits a unique a.c.i.p. p, (which coincides in this case with the
Lebesgue measure on [0, 1]). In Example 8.2 in Section 8 we will show the following.

Proposition 1.3. If X : (0,1) — (0,1) is a C' map such that X'(a) <0, then X (a) is
typical for pg for a.e. parameter a € (0,1).
Observe that if X (a) = p, where p, is the unique point of periodicity 2 in the interval

(0,a), then X’(a) > 0. Hence, if the condition X’(a) < 0 is violated in Proposition 1.3,
we cannot any longer guarantee almost sure typicality for the a.c.i.p. The very simple
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structure of the example in this subsection makes it to a good candidate for serving the
reader as a model along the paper. Example 8.2 in Section 8 is formulated slightly more
general by composing T, with a C*!(L) homeomorphism g : [0, 1] — [0, 1].

1

0 a 1

FicUure 3. A Markov structure preserving one-parameter family T,
where a € (0,1).

2. PIECEWISE EXPANDING ONE-PARAMETER FAMILIES

2.1. Preliminaries. In this subsection we introduce the basic notation and put up
a general model for one-parameter families of piecewise expanding maps of the unit
interval. A map 7T : [0,1] — R will be called piecewise C1:1(L) if there exists a partition
0 =bp < b <..<b,=1of the unit interval such that for each 1 < k£ < p the
restriction of T' to the open interval (by_1,by) is a CH1(L) function. Observe that, by
the Lipschitz property, it follows that T restricted to (by_1,bx) can be extended to the
closed interval [by_1,by] as a CY1(L) function. Let I C R be an interval of finite length
and T, : [0,1] — [0,1], a € I, a one-parameter family of piecewise C1'!(L) maps where
the Lipschitz constant 0 < L < oo is independent on the choice of the parameter a. We
assume that there are real numbers 1 < A < A < oo such that for every a € I,
(3) A< inf [0;T,(x)] and sup [0,T,(z)| <A.

z€[0,1] z€[0,1]
The parameter dependence is assumed to be piecewise C!, i.e. for all z € [0, 1], there
exists a partition agp < a1 < ... < ap(y) (Where ag is the left and a,,) the right boundary
point of I) of the parameter interval I such that for each 1 < k < p(z) the restriction
of the map a +— T,(z) to the open interval (ay_1,a;) is a C! function, which can be
extended to the closed interval [aj_1, ax] as a C! function. More precise requirements
on the parameter dependence will be given shortly (see (i)-(iii) below).

In the sequel, instead of referring to [8] and [9], we will refer to a paper by S. Wong
[17] who extended the results in [8] and [9] on piecewise C? maps to a broader class of
maps containing also piecewise C1'1 (L) maps. For a fixed a € I, by [17], there is a finite
collection of sets Ki(a), ..., Ky q)(a) such that each Ky(a), 1 < k < po(a), is a union
of finitely many disjoint closed intervals (each of positive length) and, for Lebesgue a.e.
x € [0, 1], the accumulation points of the forward orbit of x is identical with one of these
Kp(a)’s, i.e. to every z in a full Lebesgue measure set of [0, 1], there is a Kj(a) such
that

(4) Ki(a) = () {Te @)}y
N=
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Furthermore, for each Kj(a) there is a unique (hence ergodic) a.c.i.p. piq such that
supp(pta,x) = Kp(a). Since we are always interested in only one Kj(a), we can without
loss of generality assume that po(a) = 1, a € I. Henceforth, we write K(a) and p,
instead of K (a) and p,, 1, respectively. So, we have that i, is the unique a.c.i.p. for T,
and
K(a) = supp(pta)-

For a € I, let co(a) < c1(a) < ... < ¢y (a)(a) be the associated partition for the piecewise
CYY(L) map T, : K(a) — K(a), ie., if Di(a), ..., Dp,o)(a) (p2(a) < pi(a)) denote
the (maximal) open intervals in K (a) on which T, is C%1(L), then the ¢ (a)’s are the
boundary points of these C!(L) domains. For the sake of definition, assume that, for
1 < k < po, the domain Dg(a) is to the left of the domain Dy.1(a).

We assume that the number of c¢x(a)’s and Dg(a)’s are constant, i.e. pi(a) = p; and
pa2(a) = pe. Furthermore, we make the following three natural assumptions on our
one-parameter family.

(i) For all 0 < k < p;, the map a — c¢g(a) which maps I to [0,1] is Lip(L), and
there is a constant dg > 0 such that

|D(a)] > do,

foralll1 <k <psanda € I.

(ii) For each z € [0,1] and 1 < k < po, if J denotes the set of parameters a € I such
that € Dg(a), then if J is non-empty, it is an interval and the maps a — T, (x)
and a — 0,1, (z) from J to R are Lip(L).

(iii) For each z € [0,1] and 1 < k < po, if J denotes the set of parameters a € I such
that T, *{z} has a pre-image in Dy(a), then if J is non-empty, it is an interval
and the branch of T~!(x), which maps J to Dy, is Lip(L).

2.2. Partitions. For a fixed parameter value a € I, we denote by Pj(a), j > 1, the
partition on the dynamical interval consisting of the maximal open intervals of smooth
monotonicity for the map T3 : K(a) = K(a). In other words, Pj(a) denotes the set of
open intervals w in K (a) such that T3 : w — K(a) is CY1(L) and w is maximal, i.e. for
every other open interval @ C K(a) with w C @, T7 : @ — K(a) is no longer C11(L).
Clearly, Pi(a) = {D1(a), ..., Dp,(a)}. For an open set H C K(a), we denote by P;(a)|H
the restriction of P;(a) to the set H. For a set J C K(a), which lies completely in one
Di(a), 1 < k < po, we denote by symb,(J) the index (or symbol) k.

We will define similar partitions on the parameter interval I. Let X : I — [0,1] be a
C! map from I into the dynamical interval [0,1]. The points X (a), a € I, will be our
candidates for typical points. The forward orbit of a point X (a) under the map T, we
denote as

wj(a) = TI(X(a)), j>0.

Remark 2.1. Since a lot of informations for the dynamics of T, is contained in the forward

orbits of the partition points cx(a), 0 < k < py, it is of interest to know how the forward

orbits of these points are distributed. Hence, an evident choice of the map X would be
X(a) = lim T,(z),

z—cg(a)
rEW

where w € Pj(a) is an interval adjacent to cx(a).

Let J be an open set in the parameter space I. By P;|J, j > 1, we denote the
partition consisting of all open intervals w in J such that for each 0 < i < j, there exists
1 < k < po, such that z;(a) € Dg(a), for all a € w, and such that w is maximal, i.e. for
every other open interval @ C J with w C @, thereexista € 0,0 < i< j,and 1 <k < py
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such that z;(a) € 0Dg(a). Observe that this partition might be empty. This is, e.g.,
the case when X(a) ¢ K(a) for all a € I or when T, is the usual S-transformation and
the map X is chosen to be equivalently equal to 0. However, such trivial situations are
excluded by condition (I) formulated in the next subsection. Knowing that condition
(I) is satisfied, then the partition P;|J can be thought of as the set of the (maximal)
open intervals of smooth monotonicity for x; : J — [0,1] (in order that this is really
true one should also assume that |x;(a)| > L, for all j > 0 and parameter values a €
for which this derivative is defined). We set Py|J = J, and we will write P;|I instead of
P;lint(I). If for a set J' in the parameter space and for some integer j > 0 the symbol
symb, (z;(a)) exists for all @ € J', then it is constant and we denote this symbol by
symb(z;(J")). Finally, in view of condition (I) below, observe that if a parameter a € I
is contained in an element of P;|I, j > 1, then also the point X (a)(= zo(a)) is contained
in an element of P;(a).

2.3. Main statement. In this subsection we will state our main result, Theorem 2.2.
Let n be large. To ensure good distortion estimates we will, in the proof of Theorem 2.2,
split up the interval I into smaller intervals J C I of size 1/n. The main idea in this
paper is to switch from the map z; : J — [0,1], j < n, to the map T : [0,1] — [0, 1]
where a is, say, the right boundary point of J. By this, since the dynamics of the map T,
is well-understood, we derive similar dynamical properties for the map x;, which then
can be used to prove Theorem 2.2. To be able to switch from z; to T?, we put further
three rather natural conditions, conditions (I)-(III), on our one-parameter family.

In condition (I) we require that the derivatives of z; and T are comparable. This is
the very basic assumption in this paper. Of course, the choice of the map X : I — [0, 1]
plays here an important role. If, e.g., for every parameter a € I, X(a) is a periodic
point for the map 7, then z; will have bounded derivatives and the dynamics of z; is
completely different from the dynamics of T,. Henceforth, we will use the notations

T!(z) = 0:Ta(z) and 2%(a) = Doxj(a), j>1.

(I) There is a constant Cy > 1 such that for w € P;|I, j > 1, we have
wj(a)

i< — 4 | <C
Co = | (X ()|~ "

for all @ € w. Furthermore, the number of a € I, which are not contained in any
element w € P;|I is finite.

We turn to condition (II). For a € I, let ¢, denote the density for p,. Assume for
the moment that ¢, is bounded from below and from above by a constant C > 1, i.e
C~! < pu(z) < C for a.e. © € K(a). Note that, since the density ¢, is a fixed point of
the Perron-Frobenius operator, we have, for j > 1,

paly) = Y pal2)

z€K(a) |Tg ,(‘T>| ’
Ti(x)=y

for a.e. y € K(a). This implies that

1
5 — <7
“ 2 i)

z€K(a)
Ti(x)=y

for a.e. y € K(a). We require a similar estimate for the map x;.
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(IT) There exists a constant C1 > 1 such that the following holds. Let J C I be an
open interval of length 1/n. For @ € P;|J, i > 1, and 1 < j < n, we have

zj(a)
6 t <’
©) QEZ@ i, () '
ziyj(a)=y

for a.e. y € [0,1].

Let B C [0,1] be a (small) interval. Recall that in condition (I) it is required that, for
j > 1, there are only finitely many parameter values a € I not contained in any element
of P;|I. Thus, if in addition to condition (I), condition (II) is satisfied, then it follows
that

- zj(a)
7 z;({a € w; x;1i(a) € B :/ L dy < C1|B|,
I w@espi= [ 3 |2 <
zitj(a)=y

which will be the main estimate in the proof of Theorem 2.2. Now, we want to pull
back this estimate to the parameter interval 1. Assuming that z;(@) has a large size,
for instance, assuming that z;(©) = (0,1), then, by a minor distortion estimate for z;,
it follows (see (15) below) that

(8) {a€w; ziyj(a) € BY < C1GC3|Bl|w],

where C3 is a bound for the distortion of x;. If @ was a very small interval of smooth
monotonicity for x; then it might happen that & is mapped by z;y; entirely into the
interval B and not just a |B| fraction of it, as it is the case in (8). To avoid such cases we
want that the total measure of partition elements with a too small image is negligible.

Condition (III) requires that we are able to exclude elements w € P;|I, j > 1, whose
length of z;(w) is below a fixed constant, say, §; > 0. However, if w € P;|I is an element
such that |z;(w)| < 01, we will not exclude it immediately but, roughly speaking, we will
give w (or at least a part of it) a chance to grow during the following y/n iterations. The
formulation of condition (III) is rather technical.

(ITI) There is a constant d; > 0 such that to every € > 0 there is an integer n. growing
at most polynomially in 1/¢ such that for n > n. the following holds. Let J C I
be an open interval of length 1/n and fix an integer 1 < j < 2n. The exceptional
set

E:{wEPjH\/ﬁ]U; E(IJE’PJ;HAJ, 0<Ek<L [\/ﬁ],
such that @ D w and |xj44(@)] > 01},

satisfies -
|E| < —.
n

Finally, we state the main result of this paper.

Theorem 2.2. Let T, : [0,1] — [0,1], a € I, be a piecewise expanding one-parameter
family as described in Subsection 2.1, satisfying properties (i)-(iii), and let X : I — [0, 1]
be a C' map. If conditions (I)-(III) are fulfilled, then X (a) is typical for p, for Lebesgue
almost every a € 1.

As already pointed out in the introduction, for all the examples considered in this paper
we will not verify conditions (IT) and (III) directly. Instead we will verify conditions (Ila)
and (IIb) which are described in Section 4. Knowing that these two conditions are
satisfied is then sufficient to deduce that also conditions (IT) and (III) are satisfied
(provided that the basic condition (T) holds); see Propositions 4.5 and 5.1. Furthermore,
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in the considered examples, we will usually not verify conditions (I), (ITa) and (ITb) for
the whole interval I for which the corresponding family is defined. Instead we will cover
I by a countable number of smaller intervals and verify these conditions on these smaller
intervals.

3. PROOF OF THEOREM 2.2

The idea of the proof of Theorem 2.2 is inspired by Chapter III in [1] where Benedicks
and Carleson prove the existence of an a.c.i.p. for a.e. parameter in a certain parameter
set (the set Ay). Their argument implies that the critical point is in fact typical for
this a.c.i.p.

Let

B:={(g—r,q+r)N[0,1]; ¢eQreqQ’}.
We will show that there is a constant C' > 1 such that for each B € B the function

Fafa) = -3 xulesa), n> 1,
j=1

fulfills
9) h_}Tn F.(a) < C|B|, for a.e. a € 1.

By standard measure theory (see, e.g., [10]), (9) implies that, for a.e. a € I, every weak-x
limit point v, of

1
(10) ﬁz&cj(a)a
j=1

has a density which is bounded above by C'. In particular, v, is absolutely continuous.
Observe that, by the definition of z;(a), the measure v, is also invariant for 7, and,
hence, v, is an a.c.i.p. for T,. By the uniqueness of the a.c.i.p. for T}, we finally derive
that, for a.e. a € I, the weak-* limit of (10) exists and coincides with the a.c.i.p. pyq.
This concludes the proof of Theorem 2.2.

In order to prove (9), it is sufficient to show that for all (large) integers h > 1 there is
an integer nj g, growing for fixed B at most exponentially in h, such that

/Fn(a)hda < const(C|B|)",
I
for all n > ny, p (see Lemma A.1 in [2]).

In the remaining part of this section, we assume that B € B is fixed. For h > 1, we
have

(1) [F@raa= S [t st @)

1<j1,...7n<n

For a fixed parameter a, there exists an integer k such that (Tf , la) 1s exact and, hence,
this system is mixing of all degrees (see [13] and [16]). It follows that for sequences of

non-negative integers ji, ..., j;, r > 1, with

lim infl|5] — j/| = o0
=300 il |]1 ]l| )
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one has
) [ (@) s (07 @) du)
= g (Ta_kj{(B) n... ﬂTa_kj;;(B)) iy ﬂa(B)h < (H90a||OO|B|)h'

Since the maps 77 and x; are, by conditions (I)-(III), 'comparable’, it is natural to
expect similar mixing properties for the maps ;. In fact, in the next subsection, we are
going to prove the following statement.

Proposition 3.1. Under the assumption that conditions (I)-(II1) are satisfied, there is
a constant C' > 1 such that the following holds. For all h > 1, there is an integer ny p
growing at most exponentially in h such that, for alln > ny g and for all integer h-tuples

(jlv"')jh) with \/ﬁ < jl < j2 <. < jh <n and jl _jl—l > \/ﬁ} l= 25 "'7h}
Axmwx@w~xa%AMMaSQMCWWH

Seen from a more probabilistic point of view, Proposition 3.1 says that whenever the
distances between consecutive j;’s are sufficiently large, the behavior of the xp(z;,(.))’s
is comparable to that of independent random variables. Now, the number of h-tuples
(41, ---» Jn) in the sum in (11), for which min; j; < \/n or ming; [jr—Ji| < v/n, is bounded
by 2h2n"~1/2. Hence, by Proposition 3.1,

2h2
/Fn(a)hda <A4l1(c|B)" + WIII < 5[11(C|B))",

I
212 \?
> _ .
= e ”“B’<«7Bnh>

Since both terms in this lower bound for n grow at most exponentially in A, this concludes
the proof of Theorem 2.2.

whenever

3.1. Proof of Proposition 3.1. To be able to make use of conditions (II) and (III),
we split up the integral in Proposition 3.1 and integrate over smaller intervals of length
1/n. More precisely, under the assumptions of Proposition 3.1, we are going to show that
there exists an integer nj g growing at most exponentially in h such that, for n > ny, g,
we have

(1) | xotant@) - xalas, (@)da < L3(CIBI)".

where J C I is an arbitrary interval of length 1/n. This immediately implies that, for
n 2> Np,B,

Axﬂ%&®%~xM%A®MGSQMCBWZ

(if np,g > 1/|1|), which concludes the proof of Proposition 3.1.

Note that by condition (I), for j > 1, there are only finitely many parameter values
not contained in any element of P;|I. Hence, we can neglect such parameter values and
focus on the partitions P;|I. Let @ € P;|J, ¢ > 1, and 1 < j < n. By condition (II) (see
(7)), we have

(14) [zi({a € ©; wiyj(a) € BY)| < Ch|BJ.

We will give a rough idea of how condition (III) can be used to conclude the proof of
Proposition 3.1. If our one-parameter family satisfies condition (IIT), this means that we
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can neglect too small partition elements, and we can without loss of generality assume
that the following preferable picture is true: If w’ € Pj,|J, 1 < i < h — 1, then we can
write the subinterval of w’ which is mapped into B as a disjoint union of intervals & such
that each @ is an element of some partition Pj,1x|J, 1 < k < ji41 — ji, having a large
image, i.e. |zj,4x(@)| > 61. By Lemma 4.2 a), which is stated and proved in Section 4
and which follows essentially from condition (I), we have good distortion estimates on
w, i.e.

for a,a’ € @. Hence, combined with (14), we get

|2j;1(@))]

| Bl|«]-

Haew; zji,(a) € B} < Cs

C103
o1

So, of each such ’large’ @ only a fraction which is proportional to the length of B can be
mapped by z;,., into B. Observe that the argument for deriving (15) also applies when
@ € Prld, 1 <k < ji, satisfying |z (@)| > 1, in which case we obtain

C1C3
o1

From (16) combined with (15), applied h — 1 times, we can derive Proposition 3.1. In
the remaining part of this subsection, we will work this out in detail.

Fix an integer 7 > 1 such that C2A~7 < |B|, and assume that n is so large that
v/n > 7, which ensures that there are at least 7 iterations between two consecutive j;’s.
Let Qp = J and

(15) <

(16) Ho€w; zj,(a) € B} < | Bl|].

Q; = {W € ,Pji+7'|Qi71 ; mji(w) NB # @},

for 1 <4 < h. Notice that, by (I) and the assumption on 7, we have |z;,(w)| < |B| for
all w € Pj,4+-|J and, thus,

Q; C {a e Qi ; :Cji(a) S 3B},

where 3B denotes the interval being three times as long as B and sharing the same
midpoint. In each step we will exclude partition intervals with too short images. To this
end we define, for 0 <i < h — 1, the following exceptional sets (let jo = 0):

Ei={wePj |Q; o€ PjislU, 7 <k < jiy1 — i,
st. @ Dw and |zj,4k(@)] > 1}
As the € > 0 in condition (III) we take
c|B)"

h k)
where C'is the constant 3C1C3/01. By (III) we derive that there is an integer n. , growing
at most polynomially in 1/e such that for each 0 < i < h — 1, |E;| < e/(y/n — 7)2, for
n > n.r. (The need to introduce the integer 7 in this subsection is the reason why we
require in the formulation of condition (IIT) that 1 < j < 2n instead of 1 < j < n.) If
ner > (47)%, we get that |E;| < 2¢/n. 7 is only dependent on | B|. By the definition of ¢,
it follows that n, g = max{n. -, (47)%} grows at most exponentially in h. Disregarding
finitely many points, €; \ E; can be seen as a set of disjoint and open intervals & such
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that each @ is an element of a partition Pj,11|Q, 7 < k < jit1 — Ji, and |z, 44(@)] > 01.
By (15) and (16), we obtain
{a€w; xj,, (a) € 3B} < C|B||w],

which in turn implies that, for n > ny, g,
2e
Q1] < C|B|[\ Ei| + |Ei| < C|BJ|Q] + P
Hence, we have
h 2¢ 1 h
0] < (1B 00| + 2 < L3(CIB))",
where in the last inequality we used the definitions of {0y and €. Since

{a € J; xj,(a) € B,...,xj,(a) € B} CQy,
this implies (13).

4. ConbpITION (II)

As already mentioned in Subsection 2.3, in the examples considered in this paper,
we will not verify condition (II) directly. Instead we will verify two other conditions,
conditions (ITa) and (IIb) described below. We will show in this section that condi-
tions (ITa) and (IIb) imply condition (II). In fact, conditions (Ila) and (IIb) also imply
condition (IIT), see next section.

4.1. Conditions (IIa) and (IIb). Recall that for inequality (5) we assumed that the
density ¢, is bounded from below and from above. We require that this holds for each
density g, a € I, and with a constant independent on a.

(ITa) There is a constant Cy > 1 such that for each density ¢,, a € I, we have
C% < pa(r) < Co,
for a.e. z € K(a).

Even if condition (I1a) appears to be a natural requirement on a one-parameter family
of piecewise expanding maps, it will take us some effort to verify the lower bound for
the examples in Sections 6 and 7. The upper bound follows almost immediately from
[17] and [8] (see the proof of Lemma A.1).

We turn to condition (IIb). Let a; and ag be two arbitrary parameter values in [
such that a1 < ag and fix an integer j > 1. We require that, for a.e. y € K(a;) the
following holds. To each point = € K(ay) satisfying Ty, () = y there is an associated
point ' € K(ag) satisfying T2,(x') = y and having the same combinatorics as z, i.e.
symb,, (T¢,(z")) = symb, (T% (z)), 0 < i < j. In other words, we require that the
combinatorics of Ty, should be ’contained’ in the combinatorics of T, and, furthermore,
if w € Pj(a1) and W’ € Pj(ag) have the same combinatorics, then the image by T7, of w
should be contained in the image by ng of w’. Condition (IIb) is rather restrictive, see
Remark 4.1.

(ITb) For all ay,az € I, a; < ag, and j > 1 there is a mapping
ua17a27j : Pj(al) - Pj<a2))
such that, for all w € Pj(a1),
(17) symb,, (T (w)) = symb,, (T, Uay ay,j(w))), 0 <i <],
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and, in particular,
(18) T, (w) C T, Uay 0,5 (w))-

Remark 4.1. A simple example of a one-parameter family not satisfying (IIb) are the
maps To(z) = fr+amodl, f > 1 and o € (0,1), where the parameter a can be chosen
to be either 8 or a. These maps are studied, e.g., in [7] and [6]. However, using the
special property that for every fixed map T, the derivative of T, is constantly equal to f3,
it is possible to verify condition (II) directly (at least for large 8). The main ingredient
in verifying condition (II) for this one-parameter family is that one can show that the
number of elements in the partitions Pj(a), j > 1, are bounded above by a constant C
times 37 where the constant C' is independent on the parameter value a. This property,
that one, roughly speaking, can switch from considering the maps T, to counting the
number of partition elements, is also used in [15]. To keep this paper in a reasonable size
we will not investigate this family 7},. For the parameter choice a = f3, a.s. typicality in
the case when X (a) =z € [0,1] is shown in [6].

4.2. Conditions (I), (ITa), and (IIb) imply condition (II). We prove first a dis-
tortion lemma. Let T}, a € I, be a one-parameter family as described in Subsection 2.1,
satisfying properties (i)-(iii), and let X : I — [0,1] be a to this family associated C*
map. Let J C I be an interval of length 1/n. If condition (I) is satisfied, then, for large
n, the length of J is huge compared to the length of an element w € P, |J, which, by (I),
can be estimated from above as |w| < Cy/\". Nevertheless, as part b) of the following
lemma asserts, the interval J is small enough to have good distortion estimates which
will enable us to compare the map z; : J — [0, 1] with the map T3, : [0,1] — [0, 1] where
ay is the right boundary point of J.
Lemma 4.2. There erists a constant C3 > 1 such that the following holds.

a) If the one-parameter family T,, a € I, with the associated map X satisfies con-

dition (1), then for w € P;|I, j > 1,

1

C3 —

(o)
(@)

< C37

for all a,ad’ € w.

b) If the one-parameter family T,, a € I, satisfies condition (IIb), then we have the
following distortion estimate. Let n > 1 and ai,a2 € I such that a1 < as and
az —a; < 1/n. Forw € Pj(ar), 1 <j < 2n, we have

1 _|Td/(2)
Cs = | T, "(a)
for allz € w and ' € Uy, 45,5(w).

>~ L3,

Remark 4.3. If a1 = a9 in Lemma 4.2 b), then we get a well-known distortion estimate

for piecewise expanding C!(L) maps.

Proof. We proof first part b), which is the more difficult part. Fix 7 > 1 such that
max{4L/7,LA/(A — 1)1} < do.

The constant C3 in Lemma 4.2 b) will be greater than (A/A)". Hence, for 2n < 7,

the distortion estimate in b) is trivially satisfied and we can assume that 7 < j < 2n.

Observe that, by (IIb), the set T4, (w) is contained in the set T4, (Ua, a,,;(w)). Fix a point

y in T, (w) and let, for 1 <i < j,

r; € Tg;i(w)a 8; € Tg;i(ual,azyj(w))v
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be the pre-images of y, ie. T: (r;) = T (si) = y. Note that, by (IIb), we have
symb,, (r;) = symb,, (s;). Let k; = symb,, (r;).

Claim. The distance between r; and s;, 1 < i < j, satisfies

Lx 1
1 i =Sl S = —-
(19) i sl < s
Proof. In order to show (19), we will show
L1
(20) |ri - Si| < E lE_O N

for 1 < i < j. Since y has for both parameters a; and as a pre-image r1 = Ta_ll(y)
and s = Ta;l(y)7 which lies in Dy,, it follows, by (iii) in Subsection 2.1, that y has a
pre-image in Dy, (a) for all parameter values a in the interval [a;, ag] and, furthermore,
the corresponding map a + T, ! is Lip(L). Hence, we have

—1 ~1 L
(21) [r1 = s1l = 1Ta, () = To,” )] < Llaz —a1) < .
Assume now that we have shown (20) for some 1 < i < j. Since az —a; < 1/n
it follows, by (i), that the length of the intersection of Dy, (a1) and Dy, (a2) is at
least 0o — 2L/n. If z lies in this intersection, then, by (ii), the map a — Ty(z) is
Lip(L) on the interval [ai,az]. Thus, the length of the intersection of Ty, (Dg,,,(a1))
and Tg, (Dy,, (az2)) is at least 5o —4L/n. Since, by the assumption on 7, dg —4L/n =~ do
and |r; — s;| < LA/(A — 1)n < dp, we deduce that at least one of the following two
situations occurs:

e The branch of T,;' which maps r; to Dy, (a1) is defined on the whole interval
[rs, Si].
e The branch of T,,' which maps s; to Dy, ,(a2) is defined on the whole interval
[’I“Z‘, Si].
Assuming the first situation occurs, we obtain, by (3),

Ty (i) — Ta_ll(si) < <|ri — i,

al

and, as in (21), we derive that

75, (s0) = T3, (s4)] <

al

It follows that
Tit1 = Sit1| = Loy (1) =Ly (8i)| < I — 8
| | =175 (ri) = T, ()] < < |+

We can do a similar calculation when the second situation occurs, which concludes the
proof. O

By a similar reasoning as in the proof of (19), we note that at least one of the following
two situations occurs:

° [ri,si] C Dki(al).
e [1i,si] C Dy, (az).
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If the first situation occurs, we have, by (ii), that the map a + T (s;) is Lip(L) on
the interval [a;, as]. Combined with (19) and since x — Ty, (x) is C*1(L) on [ry, s;], we
obtain

Ty, (ro)] < [Ty, (si)l + Llri — si| < |T,,(s:)| + L(ag — a1) + L|r; — s

2L\ 1
< T’ = -
If the second situation occurs, it follows in a similar way that
2L)\ 1
T2 (s0)] 2 T2, )] = 5=

For 7 < i < j, let t; = r; and «; = a; if the first situation occurs and t; = s; and «a; = a9
otherwise. Altogether, we obtain

T3, (x) <<A)T H T3, (T4 ()]
To, ()|~ \A) S0 1T, (Td; ' ()]
- (A) H T3, ()| + LITd ()]
A i=r+1 T(;,Q(Si)‘ LngQ Z( ‘1171127J(w))|
22 . (A) H T4, (1)| + 2220 = 1)~ tn~! 4 D3
N A T )] = 2L = 1)t T — LA

(To ensure that the denominators are positive, we should also assume that 7 was chosen
so large that 2LA(A — 1)~'7~1 + LA™™ < \.) Since j < 2n, the product in the last term
of inequality (22) is clearly bounded above by a constant independent on n. Hence, this
shows the upper bound in the distortion estimate in part b). The lower bound is shown
in the same way. This concludes the proof of part b).

The proof of part a) is similar but easier than the proof of part b). We will give only
a sketch of the proof. Let w € Pj|I, j > 1, and a,d’ € w. By condition (I), we have

Co

!/
T:lcZ ‘

xl(a

The distance between z;(a) and xi(a ), 1 <i<j—1,satisfies, by (I),
[zi(a) — zi(d)] < |ai(w)] < CEA~UY,

This inequality is a counterpart to inequality (19), which is the part in b) where we used
condition (IIb). Similarly as in the proof of part b) we derive

2@ | g () il + 20707
Za)| = 70NN LT, ()] = 2LC3A-G)

where either a; = a and ¢; = z;(a) or a; = ' and t; = z;(d’), and 7 is chosen so
large that 2LC’§)\_T < A. The product in this inequality is clearly bounded above by a
constant independent on 7 > 1. This concludes the proof of Lemma 4.2. O

To prove Lemma 4.2 b), instead of property (18) in condition (IIb), it would be suffi-
cient to assume that dist(T7, (w), Ta, (Uay as,;(w))) < 1/n. However, to establish inequal-
ity (6) in condition (II), property (18) is essential.

Lemma 4.4. Under the assumption that conditions (I) and (IIb) are satisfied, there is
an integer ¢ > 1 such that the following holds. Let J C I be an open interval of length
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1/n such that the right boundary point ay of J is contained in I, and let i > 0. For each
element @ € P;|J and integer 1 < j < 2n, there is an at most g-to-one map

Us.ayj: Pitjlo — Pjlay),

such that, for w € Piyj|w, the image of w is contained in the image of Up.q, (W), i.e.

(23) -Ti+j(w) C Tz{,] (uo?,aJ7j<w))a
and we have the following distortion control:

1 1
(24) <

: >~ U3 : )
T3 ' (zi(a))] T2, (2)]
foralla € w and x € Uz q,,;(w).

Proof. We define the map
Us,ayj: Pivjlw = Pilas)

as follows. Let w € P;1j|@ and a € w. By the definition of the partitions associated to
the parameter interval, z;4;(a) ¢ {co(a), ...,cp, (a)}, for all 0 < < j. Hence, there exists
an element w(x;(a)) in the partition Pj(a) containing the point z;(a). We set

u&),aJ,j (w) = Z/[a,a,],j (W(l‘i (CL))),

where Uyq,,; © Pjla) — Pjlay) is the map given by (IIb). Note that the element
W' =Ugq, j(w(zi(a))) has the same combinatorics as w, i.e.

symb,, (Ty, (') = symb(i11(w)),

0 <1 < j. Since there cannot be two elements in P;j(as) with the same combinatorics, the
element w’ is independent on the choice of a € w. It follows that the map Uy 4, ; is well-
defined. By property (18) in condition (IIb), we have T¢ (w(z;(a))) C T2, (Us.a,.;(w)),
for all @ € w. This implies (23). Since j < 2n and ay —a < 1/n, for a € w, inequality
(24) follows immediately from the distortion estimate in Lemma 4.2 b). In order to
conclude the proof of Lemma 4.4, it is only left to show that the map U 4, ; is at most
g-to-one for some integer ¢ > 1. Let iy = io(Cp, A) > 0 be so large that |z}(a)] > L
for all ¢ > iy and parameter values a € I for which the derivative is defined (L is the
Lipschitz constant introduced in Subsection 2.1). If i > i, using that the partition points
co(a), ..., cp, (a) are Lip(L), it is easy to show that the map Uy 4, j : Pitjl@ — Pj(ay) is
one-to-one. For 0 < i < ig, recall that, by condition (I), the partition P;|I consists of
only finitely many elements. Hence, setting ¢ = #{w € P;,|I} we derive that the map
Uz,a,,j : Pivjlo — Pj(ay) is at most g-to-one. O

Using Lemma 4.2 and Lemma 4.4, we can easily deduce the main statement of this
section.

Proposition 4.5. If the one-parameter family T,, a € I, with the associated map X
satisfies conditions (I), (Ila), and (IIb), then it satisfies condition (II).

Proof. Let J C I be an open interval of length 1/n. We assume first that the right
endpoint ay of J lies in I. As in condition (IT), let & € P;|J, i > 1, and 1 < j < n.
Observe that, by condition (I), we have |z}(a)|/|z}, ;(a)] < C2|Ti " (zi(a))|. Let Uzayj:
Pitjlo — Pj(ays) be the map provided by Lemma 4.4. By inequality (23), for each
w € Piyjl@, whenever there is a parameter value a € w such that z;1;(a) = y, then
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there is also a point x € Uy 4, j(w) satisfying Td ,(z) = y. Combined with the distortion
estimate (24), we obtain

|z (a)] 2 2 1
o <0 ———— < qCC3 —
2 TG 2 @) ;) T, /()
zitj(a)=y zitj(a)=y T (2)=y

for all but finitely many y € [0, 1] (we exclude points y for which there exists a parameter
value a € @ which is not contained in any element of P;1 ;| and such that x;;;(a) = y;
by condition (I), the number of such points y is finite). Recall that condition (IIa) implies
inequality (5) with the upper bound C3. By applying (5) to the right hand side of the
inequality above, we obtain condition (II) with the constant C; = qC3C3C3. Since Cy
does not depend on aj, we can drop the assumption, that the right boundary point of
J is contained in I. This concludes the proof. O

5. ConpITION (III)

As already pointed out in the introduction, even if conditions (Ila) and (IIb) are in
particular designed for verifying condition (II), it turns out that if conditions (I), (Ila),
and (ITb) are satisfied, then also condition (I1T) is satisfied — at least on smaller intervals.

Proposition 5.1. If the one-parameter family T,, a € I, with the associated map X
satisfies conditions (1), (Ila), and (IIb), then, disregarding a finite number of parameter
values in I, we can cover I by countably many intervals such that on each such interval
condition (III) is satisfied.

Proof. Fix an integer 7 so large that 21/7 < v/X. Observe that, if we set for a fixed a € I,
0 = min{|w| ; w € Pr(a)},
then the following is trivially satisfied: For all w € P;(a), where 1 <t < 7, we have
| T3(w)] = 4.
We want that a similar property holds for the partition elements of the parameter space.

Claim. Disregarding a finite number of parameter values in I, we can cover I by a
countable number of intervals I C I such that for each interval I there exists a constant
61 = 61(I) > 0 such that the following holds. Let j > 1 and 1 <t < 7. If w € Pjyy|u’
for some W' € Pj|I~ and if w is not adjacent to a boundary point of W', then we have

(25) |zj1e(w)] = 1.
Proof. Even if the proof is rather straightforward, we have to be a bit careful. For a € I,
let

k(a) = min{|w| ; w € Pr(a)} > 0.
Since condition (IIb) holds, we can argue as in the proof of Lemma A.1l (see inequal-
ity (48)) and, disregarding a finite number of parameter values in I, we can cover I by a

countable~ number of intervals I C I such that for each such interval I there is a constant
ko = ko(I) > 0 such that

(26) k(a) > Ko,

for all @ € I. Fix such a parameter interval I and let a € 1. Recall that in Subsection 2.1
we defined Dg(a), 1 < k < pa, to be the elements of P;(a). Let C(I) denote the following
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set of functions:

C(I)={b:1—10,1]; b(a) = lirr(l) THx), 1<k <py, 1<t <,
r—cla
€Dk (a)

and c(a) € dDy(a) (s.t. ¢ € C°(I))}.

By the first claim in the proof of Lemma A.1, the functions in C(1) are continuous. Let
w € P(a), 1 <t < 7. Observe that the image of w by T¢ is of the form

Ty (w) = (b1(a),bz(a)),

for some functions by, by € C(I) (if by and by are not uniquely defined, we choose them
such that (27) below holds). By the continuity of the functions in C(I) and by (26),
we derive that for each parameter value a, € I there exists a to w associated element
ws € Pi(ay) such that

27)  Tg(we) = (bi(as), ba(ar)), and  symb, (T, (w.)) = symb, (T5(w)),
for 0 < i < t. By condition (IIb), it follows further that
(28) (b1(ax), b2(ax)) C (bi(a), ba(a)),

for all ay,a € I:such that a, < a. Observe that from (26) it follows also that for each
function b € C(I) there exists 1 < k < po such that

(29) b(a) € closure{Dy(a)},

forall a e I.

We turn to the partitions on the parameter space. Let jo = jo(Co, A) > 1 be so large
that [z (a)] > L, for all j > jo and parameter values a € I for which the derivative
is defined (L is the Lipschitz constant from Subsection 2.1). We consider first the case
when j > jo. Let ' € Pj|f, fix an integer 1 <t < 7, and denote by a. the left boundary
point of I. We will construct a map U : Pj+t|w’ — Ui<s<tPs(ax) such that for each
w € Pji+w’ not adjacent to a boundary point of w’ we have

(30) T; U(w)) C xjpe(w), forsomel < s <t

(Observe that for the construction of the map in Lemma 4.4 we consider instead of
the left the right boundary point of the parameter interval and the inclusion is in the
other direction. The construction regarding (30) is a bit more cumbersome.) Having
constructed such a map U, since the sizes of the elements in Py(as), 1 < s < ¢, are
bounded from below by kg, by setting d; = kg, this immediately implies the assertion of
the claim for the case j > jo. Fix w € Pjy+|w’ not adjacent to a boundary point of w’'.
Let

to=min{s > 1; I @ € Pjyw s.t. w C @, 00N =0 and d& N dw # 0},
and, for ¢ > 0, if w ¢ Pjyy, W, then let
tiy1 =min{s > t; ; 30 € Pjps|w s.t. w C & and @ ¢ Py, W'}

and otherwise, we do not define ;1. Let ¢ < ¢ be the maximal integer for which ¢, is
defined and set t;41 =t + 1. For 0 <14 < ¢, let w; be the element in P;, |w’ containing
w. Observe that w; is also an element of Pj 4, _1|w’. In particular, we have w, = w.
We will show that for each w; there is an element w} € Py, _4,+1(a) such that w; is also
an element of Py, 4, (ax) and if by, by € C (I) are the functions satisfying

(31) Tat 7 (wp) = (bi(ay), ba(ax)),
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then they satisfy also

(32)  wjpra—1(wi) = (baar), ba(ar)) or @jpy,,—1(wi) = (bi(ar), b2(ar)),

where ay, and ap are the boundary points of w;. Combined with (28), this immediately
implies (30) by setting U (w) = w;. Recall that by cp(a) < c1(a) < ... < ¢p, (a) we denote
the boundary points of the Dg(a), 1 < k < po, and these boundary points are Lipschitz
in @ with Lipschitz constant L. Since j > jo and since wy is not adjacent to a boundary
point of w’, we have that the image of wy by ;41 is of the form

Tjtto—1(wo) = (ck(ar), ckr1(ar)) or  wjriy—1(wo) = (cr(ar), cer1(ar))
where ay and apr are the boundary points of wy and 0 < k < p; (the assumption
J > jo we used to avoid that the image is, e.g., of the form (cx(ar),ck(ar))). Now, let
wi € P1(ax) be the element of the form (ci(ax), cr+1(ax)). By (26) and (29), we derive
immediately that w( is also an element of P;, 4, (a«) and properties (31) and (32) are
satisfied for wg and wj. If ¢ = 0 then we are done. Otherwise, assume that we have
shown (31) and (32) for 0 < i < ¢. Let ar, and ar denote the boundary points of wj1.
We have that one boundary point of ;4 4,,, —1(wit1) is equal to cx(ar) or cx(ag) for some
0 < k < p1, and the other coincides with a boundary point of x4, —1(w;) (this latter
fact follows since, by the definition of ¢y, wy and w have a common boundary point),
i.e. jit,,—1(wiy1) is of the form (b(ar,),cx(ar)) or (b(ag),ck(ar)) where b € C(I) (if
¢ < b then we mean by (b, c) the interval (c,b)). Since we assumed that (31) and (32)
are satisfied for the element w; with an associated element w; € Py, +1(ax), we can
apply (26) and (29) and we deduce that there is an element w} 1 €Py +1—to+1(ax) such
that 7ot~ (wi 1) = (b(as), cx(ax)). Applying (26) and (29) once more, we get that
w;, 1 is also an element of Py, , 4, (as) and, furthermore, we deduce that properties (31)
and (32) are satisfied for the elements w;;1 and wy, ;. This concludes the proof of the
claim in the case when j > jo. Observe that by condition (I) there are only finitely many
elements in a partition P;|I. Hence, by setting the constant & = &;(I) equal to

&1 = min{rp, min{|w| ; w € P;|I, 1 <j < jo}},
this concludes the proof of the claim. O

In the following, we restrict our considerations to an interval I C I with an associated
constant §; > 0, as described in the claim above, and verify condition (III) on this
interval I. As in condition (IIT), let J C I be an open interval of length 1/n, where we
assume n > 1, and fix an integer 1 < j < 2n. For each w’ € Pj|J, we define the set

E, = {w S Pj+[m|w/ ; ﬂd) € Pj+k|w',

0<k<[Vn], st.@Dwand |z;15(@)| > 1}

If 1 <t <7, we derive from the claim above that

#w € Piwl ;s |zjp(w)] <di} <2.

In other words only the element(s) in Pji+|w’ being adjacent to a boundary point of w’
can have a small image. By a repeated use of this fact we derive

#lw € Pjyyml B} <2 olval/T < 2ﬁw’

where in the last inequality we used the definition of 7. Applying condition (I), it follows
that

Cg#{w € Provml B} _ 2063

n-
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The exceptional set E in condition (I1T) is given by

Let a; denote the right boundary point of J. Without loss of generality we can assume
that ay € I. Set

Ci={b; be aTéJ(w), 1<i<yj, wePjlas)}
By (I), we obtain

B = Z/Z

e T (B |=’” ay)|

1
dy < Co/ ———dy,
2. 2 (B |Td, ' (X (ay))]

W' E€P;|J

where ay = (z;])"'(y). Since conditions (I) and (IIb) are satisfied, we can apply
Lemma 4.4 in the case where i = 0 and get

1
|E| < 0003/ ————dy
2 rw) T4, (zy)]

we{Uyay,i (W) 5 W EP;|J}

1
<q > 0003/ o

wEP;(ay) I'(w) ‘TO«J (l‘y)l

where z,, = (T4, ].,)"!(y), and
P(w) = [bu, b + ()],

where b, € Cj denotes the left boundary point of T7,(w). Recall that |z;(E.)| < vn.
Finally, we can move the sum over the partition elements inside the integral and we

derive that
1
|E| < qCyCs / —dy.
bezc [b,b4n) eK(a ) T2, ()]
T (x)=y

Since condition (IIa) is satisfied, we can apply inequality (5), and we get that the sum
inside the integral above is bounded by the constant 022. Recall that po is the number of
(maximal) smooth monotonicity domains for Ty, | (4,), and observe that for each b € C;
there is such a monotonicity domain D € P;(a) and a partition point ¢ € 9D such that

b=lim T, (z),
zeD

for some 1 < i < j. Thus, since j < 2n, we have
C;| < [Canl < 2n - 2po.
Finally, for each € > 0, we deduce that

&
|E| < 4paqCoC3Canyy < e

for n > ne, where n. can in fact be taken to grow less than polynomially in 1 /e. This
concludes the verification of condition (IIT) on the interval I. 0
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6. S-TRANSFORMATION

We apply Theorem 2.2 to a C!(L)-version of S-transformations. Let the map 7 :
[0,00) — [0,1] be piecewise C11(L) and 0 = by < by < ... be the associated partition,
where b, — 0o as k — co. We assume that:

a) T is right continuous and T'(b;) = 0, for each k > 0.
b) For each a > 1,
1< inf 0;T(ax) and sup 0,7 (ax) < occ.
‘TE[O71] 336[0,1]
See Figure 1. We define the one-parameter family T : [0,1] — [0,1], a > 1, by Ty(z) =
T(ax). There exists a unique a.c.i.p. p, for each T, as the following lemma asserts.

Lemma 6.1. For each a > 1 there exists a unique a.c.i.p. g for Ty. The support K(a)
is an interval adjacent to 0 and its length |K(a)| is piecewise constant in a where the
number of discontinuities is countable. Furthermore, the following holds. Let I C (1,00)
be a parameter interval on which |K(a)| is constant and such that the left endpoint of T
does not coincide with 1 or a point of discontinuity for a — |K(a)|. Then, there exists
an integer t > 1 (independent on the parameter value a € I), such that the support K (a),
a € I, is obtained by iterating t times the interval of monotonicity adjacent to 0, i.e.

K(a) = closure{T:((0,b1/a))}.

The proof of Lemma 6.1 is not difficult but tedious. For completeness we add the proof
in the end of this section. Henceforth in this section, I C (1,00) will always denote an
interval as described in Lemma 6.1 and such that, for a € I, the number of discontinuities
of T, inside K (a) is constant, i.e. the number #{k > 1 ; by/a € int(K(a))} is constant
on I. For a fixed interval I it is now straightforward to check that the one-parameter
family T, a € I, fits into the model described in Subsection 2.1 fulfilling properties
(i)-(iii). Now, we can state the main result of this section.

Theorem 6.2. If for a C* map X : I — [0,1] condition (I) is satisfied, then X (a) is
typical for g for a.e. a € 1.

Remark 6.3. As the family T, we could also consider other models as, e.g., x —
ag(z) mod 1 where g : [0,1] — [0,1] is a C11(L) homeomorphism with a strict positive
derivative. Even if this model is not included in the families described above, it would
be easier to treat since, seen as a map from the circle into itself, it is non-continuous
only in the point 0 which, in particular, implies that K(a) = [0, 1].

By Theorem 2.2 and Propositions 4.5 and 5.1, in order to proof Theorem 6.2, it is
sufficient to check conditions (I1a) and (IIb). As we will show in the following subsection,
there is a large class of maps X satisfying condition (I):

Corollary 6.4. If X : (1,00) — (0,1] is C' such that X'(a) > 0, then X(a) is typical
for pg for a.e. a > 1.

Remark 6.5. Observe that the map
X(a) = lim T(x),

m%bkf
a > 1, satisfies X (a) > 0 and X’(a) > 0, and, hence, Corollary 6.4 can be applied to
these from a dynamical point of view important values.

Obviously, we can cover (1,00) with a countable number of intervals I C (1, 00) as they
are used in Theorem 6.2. Thus, in order to prove Corollary 6.4, it is sufficient to verify
condition (I) for the family T, restricted to such a parameter interval I. Henceforth, we
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will use the notation of Subsection 2.1 related to the family T,, a € I. In particular,
recall that A > 1 is defined to be a lower bound for the expansion in the family, and
observe that here we have ci(a) = bg/a, for 0 < k < py. First we will prove Corollary 6.4.

6.1. Proof of Corollary 6.4. Note that if the map X in Corollary 6.4 satisfies X (a) ¢
int(K (a)) on I, then, by definition, the partition P;|/ would be empty for all j > 1 and,
hence, condition (I) is not fulfilled. However, the following calculations in this subsection
(see, in particular, (33)) show that, for j > 1, the derivative of z; exists and is strictly
positive for all but a finite number of points a € I. Combined with property (4), we
derive that, disregarding a countable number of points, we can cover I by a countable
number of intervals J C I such that for each such interval J there is an integer j > 0
such that z;|; is C1, z%(a) > 0, and z;(a) € int(K(a)) for all a € J. Thus, by possibly
redefining X as x; and focusing on smaller parameter intervals, we can without loss of
generality assume that X (a) € int(K(a)) for all a € I.
Let j > 1 and w € Pj|I. For a € w we have

j(a) = DoT(axj-1(a)) = T'(azj-1(a))(zj-1(a) + az}_;(a))
= T,(zj-1(a))(zj-1(a)/a + 2j_1(a)),
and, hence, we derive

-t (a)
:ZTg_”(mi(a i +T7'(X(a) X' (a),
i=0

(recall that xg(a) = X(a)). Furthermore, we obtain

2’ ( z;(a) /
T”(X _ZT“ X@) a + X'(a).

Let k = inf,er X (a) and M = sup,c; X'(a). By the assumptions on I and X, we have
k>0 and M < co. Thus, for a € w,

K / A
5 S o
where a; denotes the right boundary point of I. This provides us with a lower and an
upper bound in (I).

It is only left to show that the number of parameters a € I not contained in any element
of the partition P;|I is finite. We show this by induction. Note that the discontinuity
points cx(a), 1 < k < p; —1, are equal to by /a (the partition points co(a) = 0 and ¢, (a)
are constant) and, thus, strictly decreasing in a. Since X'(a) > 0 and X (a) € int(K (a)),
for all a € I, it follows that the number of parameters a € I such that X (a) = ¢ (a) for
some 0 < k < p; is finite. Hence, the number of parameters a € I not contained in any
element of P;|I is finite. Let j > 1 and assume that the number of a’s not contained in
any element of P;|I is finite. Let w € P;|I. By the first inequality in (33), it follows that
x;(a) > 0, a € w. Since the partition points cx(a), 0 < k < p1, of Ty, are decreasing or
constant in a it follows that the number of a € w such that z;(a) = cx(a), 0 < k < py,
is finite. We derive that the number of parameters a € I not contained in any element
of the partition P;j11|I is finite. This concludes the proof of Corollary 6.4.

6.2. Condition (IIa). The verification of condition (IIb) in the next subsection does
not make use of condition (ITa). Hence, by Lemma A.1, we can without loss of generality
assume that there is a constant C' = C(I) > 1 such that for each a € I the density ¢, is
bounded from above by C and, further, there exists an interval .J(a) of length C~! such
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that ¢, restricted to J(a) is bounded from below by C~! (otherwise, disregarding a finite
number of points, by Lemma A.1, we can cover the interval I by a countable number
of subintervals on each of which this is true and then proceed with these subintervals
instead of I). To conclude the verification of condition (Ila) it is left to show that there
exists a lower bound for ¢, on the whole of K(a).

To make the definition of the intervals J;(a) below work, we assume that the interval
J(a) is closed to the left. Recall that, by property (i) in Subsection 2.1, we have cy(a) >
ck—1(a)+3do, 1 < k < p1, for some constant o = Jp(I) > 0. Let ¢ = min{(A—1)/2C, \dp}
and take [ > 1 so large that A\!/2C > 1. We claim that [0,e) C T.(J(a)). Let Jo(a) =
J(a) and assume that we have defined the interval J;—1(a) C J(a), i > 1, where J;_1(a) is
a (not necessarily maximal) interval of monotonicity for T=1. If [0,&) C T¢(J;—1(a)), we
stop and do not define J;(a). If [0,¢) is not contained in T?(.J;—1(a)) then, since J;_1(a)
is a monotonicity interval for T.~1 and by the definition of ¢ (combined with property
(i) and property a) of Ty,), it follows that there can lie at most one partition point ci(a)
in the image T '(J;_1(a)). If there is no partition point in this image then we let
Ji(a) = J;_1(a), which is in this case also a monotonicity interval for T¢. If there is a
partition point c(a) € T:~(J;_1(a)), then we define J;(a) C J;_1(a) to be the interval
of monotonicity for T! such that Ti=!(J;(a)) = Ti~'(J;_1(a)) N [0,cx(a)). Note that
|Ti=1(J;_1(a)) N [cr(a),1]| < €/, since otherwise we would have [0,¢) C Ti(J;_1(a)).
Assuming that J;(a) is defined, we obtain

A1

TalA(@)] = MTe (Jiea(a)] = &/A) = N[ Jo(a)] = e5—

> M(1/C —1/20) > X /20 > 1,

where we used the definitions of € and [. Since .J;(a) is a monotonicity interval for T\,
this is a contradiction and it follows that the maximal integer ¢ > 0 such that J;(a) is
defined is strictly smaller than [. Hence, T!(J(a)) contains [0, ) as claimed above. This
immediately implies that there is an integer I’ > 1 independent on the parameter a € I
such that [0, ¢;(a)) € TV (J(a)).

Combined with Lemma 6.1 we derive that there is an integer j > 1 independent on
a € I such that, K(a) = closure{Ty(J(a))}. Now, by the Perron-Frobenius equality, it
follows that, for a € I,

o(T) 1
(34) Paly) 2 e ey
Ieg(a) |Ta /(x)| CA

T (x)=y

for a.e. y € K(a). This concludes the proof of a lower bound for ¢, on the whole of
K(a).

6.3. Condition (IIb). We can verify condition (IIb) by induction over j > 1. Let
aj,az € I such that a; < ag. Note that Pi(a) = {(cx(a),cr+1(a)) ; 0 < k < pa}
where cx(a) = br/a for 0 < k < p1. Thus, if 1 < k < po then we clearly have
Ta, ((ck-1(a1), er(a1))) = Tay((ck-1(az), ck(az))). The point ¢y (a) € (bp,-1/a, by, /a)
is constant since the length |K(a)| is constant. It follows that T,(cp, (a)) is increasing in
a, which implies that Ty, ((¢p,—1(a1), ¢p,(a1))) C Tay((cp,—1(a2), cp, (a2))). Hence, (IIb)
holds for j = 1. Assume that (IIb) holds for j > 1. Let @ € Pj(a1) and &' = Uy, 4,5 (@)
the corresponding element in P;(az). Note that the image by 7%, i > 1, of an ele-

ment in P;(a) is always adjacent to 0. Since T2, (@) C T2, (@) and the cx(a)’s are
decreasing (or constant in the case k = 0 and k = p;), it follows immediately that

for every element w € Pji1(a1)|@ there is a unique element w’ € Pjyq(az)|@’ fulfilling
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symb, (T% (w)) = symb,, (T% (w), 0 < i < j+ 1, and T4, (w) € T4, (w'). Defining
Uy, as,j+1(w) = W’ shows that (IIb) holds also for j + 1.

6.4. Proof of Lemma 6.1. For a > 1 let u, be an a.c.i.p. for T, with support K(a)
and let J C K(a) be an open interval. Since T, is expanding there exists an integer
j > 1 such that Ty : J — [0,1] is not any longer continuous. It follows that there exists
an ¢ > 0 such that T3 (J) contains [0, ). If T, had more than one a.c.i.p. then, by [17],
there would exists two a.c.i.p.’s with disjoint supports (disregarding a finite number of
points). This shows that the a.c.i.p. p, is unique.

For each a > 1 we define a number y(a) € (0,1] and an integer ¢(a) > 1. The number
y(a) will be the right boundary point of the support K (a) and t(a) will be so large that
the image by TH of the interval [0,b1/a) will be equal to [0,y(a)). Let

yi(a) = lim T(ac)( = lim Ta(:t)),

T—rb1— z—b1 /a—

and t1(a) = 1. Assume that, for i > 1, y;(a) and ¢;(a) are defined. Let
kii(a) = max{k >1; b—k < yi(a)}
a

and set

; = a li T(x).
yii(a) 131@121@1-,}(1((1) Pyl ()

Assume that both k; j(a) and y; j(a) are defined for j > 1. Let

b
kigai(a) =max {k > 15 = <y;;(a)}.
If k; j+1(a) = ki j(a) we do not define y; j41(a). Otherwise, let

i1 (a) = lim T(z).
vigrila) = max o tm ()
Since, for fixed a > 1, there are only finitely many k£ > 1 such that by /a € [0, 1], y; j(a) is
only defined for finitely many j > 1. Let j > 1 be maximal such that y; j(a) is defined.

1) If y; j(a) = yi(a) we do not define y;11(a) and t;y1(a).

2) If yij(a) > yi(a) and lim,_,,, ()- Ta(z) < yij(a) we set yir1(a) = yi;(a) and
tit1(a) = ti(a) +J.

3) If we are not in case 1) nor in case 2), it follows that

Yij(a) € (b, ;(a)/ @ br, ;(a)+1/a)
and T, (yi j(a)) > vij(a). We set
Yi+1(a) = lim T(x).

T=bp, (@)1~
Taking [ minimal such that T} (y; ;(a)) > br; j(a)+1/a; we set tip1(a) = ti(a)+j+
I < oo0.

Observe that if the cases 1) or 2) occur, y;1+2(a) will not be defined. Only when the
case 3) occurs, y;t+2(a) is possibly defined. Since, for fixed a > 1, there are only finitely
many k > 1 such that by/a € [0,1], case 3) can occur only a finite number of times,
which implies that y;(a) and ¢;(a) are defined only for a finite number of ¢ > 1. We set
y(a) = yi(a) and t(a) = t;(a) where 7 is the maximal number for which y;(a) and t;(a)
are defined. (Note that #(a) is finite.) By the constructions of y(a) and t(a) it follows
that

[0,y(a)) = Ta([0,b1/a)),
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for all | > t(a). Hence, the support K(a) of u(a) coincides with the interval [0,y(a)].
Furthermore, by the construction of y(a), we deduce that y(a) is not decreasing in a and
for each a > 1 there exists a k > 1 such that y(a) = lim,_,;, — T'(z). It follows that y(a)
is piecewise constant. It is straightforward to check that y(a) is right continuous and
a > 1 is a point of discontinuity for a — y(a) if and only if y(a) is a fixed point for T; and
different from 1. Furthermore, lim,_;4+ t(a) = oo and possibly also lim,_,14 t(a) = oo.
But on a parameter interval I C (1, 00) where y(a) is constant, ¢(a) is not increasing in a.
Hence, if the left boundary point of I is not adjacent to 1 or a point of discontinuity for
a — y(a) then t(a) is bounded from above on I. This concludes the proof of Lemma 6.1.

7. TENT MAPS

In this section we apply Theorem 2.2 to skew tent maps. Instead of considering skew
tent maps defined on the unit interval as it is done in the introduction, we take the same
representation as in [11], i.e. we define the skew tent map with slopes o and —f where
a, 3 > 1, by the formula

T, o(z) = 1+ azx if z <0,
@B\ = 1 - Ba otherwise,

(see Remark 7.3). The turning point of Ty g is 0, T, 3(0) = 1 and, by Lemma 3.1
n [11], if a7t + 871 > 1 then the interval [T, 5(1),1](= [1 — §,1]) is invariant under
Top (if o=t + 71 < 1 then there exists no invariant interval of finite positive length).
For two parameter couples (o, 3) and (o, ") we take the same order relation as the
one which appears in [11], i.e. we shall write (¢/,5") > (o, ) if ¢ > «, B/ > 8,
and at least one of these inequalities is sharp. Fix (ap, 8p) and («a1,81) in the set
{(a,8) ; @, >1and a~' + B! > 1} such that (ag,51) > (a0, o). Let

a: [07 1] — [a07a1] and 6 : [07 1] - [/807/81]
be functions in C([0,1]) such that («(0), 5(0)) = (a0, o), (a(1), B(1)) = (a1, B1), and,
for all a € [0, 1], if ap # 1 then o/(a) > 0 and if By # B1 then '(a) > 0. Observe that

a(a),B(a) > 1, and a(a)™t + B(a)~t > 1, for all a € [0,1]. We define the one-parameter
family T, as the family of skew tent maps given by

Tosa) 8(a) * [Taa),p(a)(1): 1] = [Ta() s (1), 1], a<€][0,1].
By [9], since Ty has only two intervals of monotonicity, there exists a unique a.c.i.p.
ta- Observe that even if Tj, is now defined on a larger interval than the one-parameter
families described in Subsection 2.1, the definitions of the partitions P;(a) and P;|[0, 1]
in Subsection 2.2 still apply. The main statement of this section is the following.

Theorem 7.1. For a.e. parameter a € [0,1] the turning point 0 is typical for pg.

In contrast to the g-transformation, it is more difficult to state typicality for other, not
so specific points as, e.g., the turning point. However, we will show that conditions (I1a)
and (IIb) are satisfied for the one-parameter family of skew tents maps Ty, a € [0, 1].
Hence, given a C! function Y : [0,1] — R (such that Y (a) € [T,(1),1]), it is sufficient to
check condition (I) in order to obtain a.s. typicality for Y.

Corollary 7.2. If the one-parameter family T,, a € [0,1], with the associated map
a — Y (a) satisfies condition (I), then Y (a) is typical for ug, for a.e. a € [0,1].

The calculations in Subsection 7.1 below show that if the function y;(a) = T2 (Y (a))
has, for some j > 1, a high enough initial expansion in a, it will imply condition (I) for
T, with the associated map a ~ Y (a) = y;(a). This makes it easy to check condition (I)
in Corollary 7.2 numerically.
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If a < /(8% — 1) then T, 4 is renormalizable, see, e.g., [11]. More precisely, T(zﬁ(l)
is greater or equal than the unique fixed point in (0,1) and T, 02[7 s restricted either to the
interval [Ta,g(l),Tj’ﬁ(l)] or to the interval [T(XQWB(l)7 1] is affinely conjugated to T2 4
restricted to the interval [Tj2 ,5(1),1]. Observe that the new slopes o/ = 3% and —f' =
—af still satisfy o/, 8’ > 1 and (/)1 +(8")~! > 1 (the latter inequality follows from the
assumption a < 3/(8? —1)). Since the function 8 — /(8% — 1) is decreasing for 5 > 1,
we have that if Ty is not renormalizable then not either Ty, a € [0, 1], is renormalizable.
Now, assume for the moment that T, is renormalizable for each a € [0,1] and consider
the one-parameter family defined by T, = T5(a)2,a(a)B(a)- Note that if we show typicality

of the turning point for the family T,, for a.e. a € [0, 1], this implies a.s. typicality of
the turning point for the original family 7,. Furthermore, if we verify conditions (Ila)
and (IIb) for the family T}, this implies that conditions (ITa) and (IIb) also hold for
the family T,. Since the a-derivative of a(a)B(a) is positive and the a-derivative of
(a)? is non-negative, the new one-parameter family T, fits into the family of skew tent
maps described in the beginning of this section. Furthermore, it is known that for each
a € [0,1], T, is at most a finite number of times renormalizable where this number is
bounded above by a constant only dependent on (g, 89) and not on the parameter a
(this can easily be derived by looking, e.g., at the topological entropy of Ty, see [11]
page 137). Altogether, we derive that in order to prove Theorem 7.1 (and therewith
also Corollary 7.2) we can without loss of generality restrict ourself to the case when Ty,
a € [0, 1], is not renormalizable, i.e. we assume that

(35) ao > fo/ (55 — 1).

Observe that it is only possible for the parameter a = 1 to satisfy the equality a(a) !+
B(a)~! = 1. Thus, since we are only interested in Lebesgue almost every parameter we
can neglect skew tent maps whose slopes satisfy a=! + 371 = 1, i.e. we assume that

(36) art+ Bt > L.

For non-renormalizable T, it will follow from Subsection 7.2 that the support K (a) of
the a.c.i.p. pg is the whole invariant interval [T, (1), 1]. Hence, if 1), is the affine map
from [0, 1] onto [T(1), 1] with, say, positive derivative it is straightforward to check that
the one-parameter family 1, o T, o ;1 : [0,1] — [0,1], a € [0, 1], fits into the model
described in Subsection 2.1, satisfying properties (i)-(iii).

Remark 7.3. Observe that the length of the invariant interval K (a) for T, is bounded
from below by 1 and from above by ;. Hence, the estimates to be established in
conditions (I), (ITa), and (IIb) for the family T, and the to it affinely conjugated family
on the unit interval will differ only by constants, which are uniformly in a bounded
above, and below away from zero. Therefore we will continue with the representation T,
and do not switch to skew tent maps defined on the unit interval. The partitions defined
in Subsection 2.2 are defined in an analog way for the family 75,.

Let X (a) = T2(0) (if we started with an iteration of 0 lower than the third, then by our
definition of the P;[[0, 1]’s, all of these partitions would be empty). To prove Theorem 7.1
it is sufficient to verify conditions (I), (Ila), and (IIb) for the family T, a € [0, 1], with
the associated map X. Henceforth, we will use the notations of Subsection 2.1 related
to the family Ty, a € [0,1]. The constants A and A can be chosen as

A = min{ag, 5o} and A = max{a, f1}.

The main computation needed for the verifications of (I) and (IIb) is already done in a
paper by Misiurewicz and Visinescu [11] (see Lemma 3.3 and 3.4 therein), where they
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show monotonicity of the kneading sequence for skew tent maps. (A reader not familiar
with the basic notions and facts of kneading theory can find them in [5].) For the later
use we state here the main result in [11].

Theorem 7.4. Let (o, 3) and (o/, ') be in the set {(o,8) ; o, >1 and ot + 571 >
1}. If (¢, ") > (a0, B) then the kneading sequence of Ty g is strictly greater than the
kneading sequence of Ty, 3.

Proof. See Theorem A in [11]. O

Since the derivatives of a(a) and §(a) are non-negative and at least one of them is
positive, we obtain strict monotonicity of the kneading sequence for our family T,

Remark 7.5. We could also formulate and prove certain C'*!(L)-versions of Theorem 7.1
and Corollary 7.2. But it is difficult for us to formulate very general statements as it is,
e.g., done in Section 6 for the S-transformation. To mention nevertheless an example,
one could show, by the methods in this section, almost sure typicality for the turning
point of one-parameter families T, of CY1(L) unimodal maps, which are of the form
Ta =Ty o g where T, is a fixed family of skew tent maps as described above but with a
representation such that the 7j,’s map the unit interval into itself, and ¢ : [0,1] — [0, 1]
is a CL1(L) homeomorphism satisfying ¢/(z) ~ 1. However, to keep this paper in a
reasonable size we will here not investigate such possible C1}(L)-versions of skew tent
maps.

7.1. Condition (I). We note first that, for j > 1, the number of parameter values
a € [0, 1] not contained in any partition element of P;|[0,1] is finite. In fact, if a € [0, 1]
is not contained in any element of P;|[0, 1], then z;(a) = T T3(0) = 0 for some 0 < i < j.
Hence, the kneading sequence of T, ends with C' and has length smaller than j + 3.
But, by the strict monotonicity of the kneading sequence, T, can have such a kneading
sequence only for finitely many parameters a € [0, 1].

Let j > 1,0 <7 < j, and w € P;][0,1]. For a € w, we have

(@) = DalTy(aya @) = { G e =

(a1 (a) — B'(a)ir; 1(a) otherwise,
_ ] @)+ W o/(a)zj1(a) if zj1(a) <O,
= Tu(zj1(a)) { xl_y(a) — wﬁ’(a)% 1(a) otherwise,

J=T .
1 o/ (a)x (a) if zrpi—1(a) <0
/ i T+i—1 T+i—1 =Y,
<$T(a) + ; T (z(a)) { —B'(a)xr+i-1(a) otherwise. '
(%)
Let M = max,ejo,11{a/(a)|1 — 1], #'(a)} < 0o and M’ = max,¢(o,1) | X' (a)|. We have
< —
(9] < 7o
and, by setting 7 = 0, we obtain in condition (I) the upper bound
z'(a M
'34 M + —
Ti'(X(a))| A1
To establish a lower bound in condition (I) is more delicate. We will use some derivative

estimates given in [11]. To this end we will look at the kneading sequences of the Tj’s.
Every kneading sequence of a map T, in our family starts with RL and is smaller or
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equal than the sequence RL>°. In fact, by (36) and by the monotonicity of the kneading
sequence (Theorem 7.4), the kneading sequence of T (= Ty, g,) is strictly smaller than
RL®°. Let 1 < my < oo be the integer such that the kneading sequence of T} starts with
RL™ R or is equal to RL™ C. From [11] we derive the following result.

Proposition 7.6. There exists a constant £ > 0 such that for w € P;|[0,1], j > 0, and
a € w, we have

3 3 [:£]
(37) OaTIES 51O 057268 sy ()] = 857
and, furthermore,
(38) Sign(9aT1 () 50 (0) = sign(9sT2 ) 5, (0)) = sign(TJH2'(1)).

Proof. The proof of Proposition 7.6 follows from Lemma 3.3 and 3.4 in [11]. For this
note that for each a € [0,1], the integer m > 1 such that the kneading sequence of Ty,
starts with RL™R or is equal to RL™C' is smaller or equal than m;. Observe also that
x; in [11] corresponds to ;_2 in our setting.

Actually, Lemma 3.4 in [11] is only formulated for the case when j > m. But con-
sidering Lemma 3.4 i) in [11] it is easy to deduce that Proposition 7.6 also holds when
0<j<m. O

Property (38) will be essential to verify condition (IIb).
For 7 > 0, we have

(39) 2(a) = o ()T 510y (0) + B (@)ITIS 510 (0),

for all a contained in an element of P;|[0,1]. Since at least one of the derivatives o/(a)
and f'(a) is uniformly bounded away from 0, by (37) and (38), || is uniformly growing
and we can fix an integer jo > 1 such that
M
|x90(a)| > 1 +1.
Thus, by setting 7 = jo in the formula for the derivative of z; in the beginning of this
subsection, we obtain that for all w € P;|[0,1], 7 > jo, and a € w,
| ()| > [T (ajy ()],
which implies
f |1
T (X(a)| A7
Furthermore, by (37), (38), and (39), there is a constant x' > 0 such that |2(a)| > #/,
for all 1 < j < jo. This concludes the proof of a lower bound in condition (I).

7.2. Condition (IIa). The verification of condition (IIb) in the next subsection does
not make use of condition (ITa). Hence, as in the first paragraph in Subsection 6.2,
by Lemma A.1, we can without loss of generality assume that there is a constant C' =
C([0,1]) > 1 such that for each a € [0,1] the density ¢, is bounded from above by C
and, further, there exists an interval J(a) of length C~! such that ¢, restricted to J(a)
is bounded from below by C~!. In the remaining part of this section we will establish a
lower bound for ¢, on the whole of K(a).

If a = 3/(B% — 1) then the kneading sequence of T,, g is RLR™ (see Lemma 3.2 and its
proof in [11]). By (35) and by the monotonicity of the kneading sequence (Theorem 7.4),
there exists a non-negative integer mg, which is either equal to 0 or even, such that the
kneading sequence of Ty = T, g, starts with RLR™L or is equal to RLR™°C'". This in
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turn implies that for each a € [0, 1] there exists an integer 0 < m < myg, which is either
equal to 0 or even, such that the kneading sequence of T, starts with RLR™L or is equal
to RLR™C'. Fix a € [0,1] and let 0 < m < myg be the corresponding integer.

Lemma 7.7. Let J C [T,(1),1] be an interval adjacent to 0 and let j > 1 be the first
time such that #{w € P;j(a)|J} = 2. If j < m + 2 then T;"**(J) D (Tu(1),1).

Proof. Since T,((0,1)) = (Tu(1),1) it is enough to show that T/ *3(.J) D (0,1). Observe
that, by the definition of j, 0 is contained in Ty (J). If j = 1 then, since 0 is a boundary
point of J, it follows that T,(J) contains the interval (0,1)(= (0,74(0))).

If j = 2, then T2(J) contains the interval (T2(0),0). If m = 0 then T2(0) < 0 and it
follows that T32(.J) D (0,1). If m > 2 (recall that m is even), then we derive inductively
that, for 2 < ¢ < m+ 2, Ti(J) D (T(0),1) if i is odd and T7(J) D (0,T:(0)) if i is
even. Hence, T™+2(.J) D (0,77*2(0)) and, by the fact that 7" 3(0) < 0, it follows that
T 3(J)  (0,1).

If 2 < j < m+ 2 then T7(0) > 0. Hence, Ty (J) contains the interval (0,7y(0)).
Observing that this implies that j is even, we can argue as in the case when j = 2 and
deduce that T;""3(J) D (0,1). O

Let J(a) be the interval of length C~! such that ¢, restricted to J(a) is bounded from
below by C~1. Let jo > 1 be the first time such that #{w € Pj,(a)|J(a)} = 2. We
define Jy(a) to be the interval in Pj,(a)|J(a) satisfying
(40) 732~ (Jo(a))| > [T~ (J (a)]/2

(if both intervals in Pj,(a)|J(a) satisfy this then we choose one arbitrarily). Let ji > jo
be the first time such that #{w € Pj (a)|Jo(a)} = 2. Assume now that J;_i(a) and
ji are defined for some ¢ > 1. If j; — j;—1 < m + 2 we stop and do not define J;(a).
Otherwise, let J;(a) be the interval in Pj,(a)|J;—1(a) satisfying

(41) T3 (Jia)| = T8 (Jima(a))] /2
if both intervals in P, (a)|J;—1(a) satisfy this then we choose one arbitrarily). We define
]’I/

Ji+1 > Ji to be the first time such that #{w € P;,,, (a)|Ji(a)} = 2. The size of the images
of the J;(a)’s is growing in i:

Lemma 7.8. There exists a constant A > 2 independent on the parameter a such that
if Ji(a) and jry1 are defined for some k > 1, then, for all 0 <i < k, we have

T3+ (Ji(a)| = MTE Y (Ji(a))].

Proof. Since there are at least m + 3 iterations between j; and j;+1 and since the right
boundary point of T3 (J;(a)) is 1, we have

|T],L+1 1(]( ))| _ |T]z+1 ]z*ll( )’ |TI|TJ1 (Ji(a))| . |ng_1(<]z(a))|

= [T (T2 (1)) (@) B(a) min{a(a), Bla)} | TY ! (Ji(a)]-
(%)
If m > 2 (recall that m is even), then j;+1 — j; — 3 > 2 and the kneading sequence
of T, starts with RLR?. Therefore (x) > a(a)B(a)? min{a(a),5(a)}. By (35), a(a) >
max{3(a)/(B(a)? —1),1}. Hence,

*) 2 inf {8” max{8/(8” — 1), 1} minfmax{B/(8* ~ 1), 1}, 8}} 2 4,
>
where it is straightforward to verify the last inequality.

If m = 0 then (x) = fB(a)a(a) min{a(a),S(a)}. In the case when 1 < f(a) < 2 we
have a better lower bound for a(a) than the one above. Given 1 < 8 < 2, note that
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the kneading sequence of T{3_1)-1 3 is equal to RLC. Since m = 0 it follows that
a(a) > max{(B(a) — 1)1, 1} and we obtain

(¥) = B(a) max{(8(a) — 1)~", 1} min{max{(5(a) — 1)}, 1}, S(a)}.
This lower bound is not good enough since the minimum of the function
Bmax{(8 —1)7", 1} min{max{(8 - 1)~",1}, 8},
which is attained in the point 8 = 2, is equal to 2. However, if 8(a) =~ 2 then, since

a(a) > ag > 1, we derive that () > 2 + ¢ for some ¢ > 0. Setting A = min{4,2 + ¢},
this concludes the proof. O

Assuming that Ji(a) and ji1 are defined for some k > 1, by (40), (41), and Lemma 7.8,
it follows that

, MNE|T(a A\ E 1

i )l = () s (3)'
where (A/2)* is growing in k. The length of the interval Tg’“fl(Jk_l(a)) is bounded
above by the length of the invariant interval [T (1), 1], which in turn is bounded by 5.
This implies that the number k& > 0 for which Ji(a) can be defined, is bounded above
by a number independent on a € [0,1]. Let k& be maximal such that J(a) and ji,1 are
defined. It follows that jjiq — ji < m + 2. Since the interval T9* ' (Jy(a)) is adjacent
to 0, we can apply Lemma 7.7 and we obtain

Tgk+m+3(Jk(a)) ) (Ta(l)v 1)'

Clearly, the number of iterations between successive j;’s is bounded above by a number
independent on a, and the integer m is bounded above by mg. Altogether, we derive
that there is an iteration j > 1 (independent on the parameter a), such that for each
a € [0,1], T2(J(a)) = [T,(1),1]. Finally, we can apply inequality (34) and we obtain a
lower bound for ¢, on the whole of [T, (1), 1]. Observe that Ty (J(a)) = [T,(1),1] implies
that K(a) = [T,(1),1].

7.3. Condition (ITb). The main ingredient in verifying condition (IIb) is property (38)
stated in Proposition 7.6. Observe that, by (38), (39), and the definition of x;, we have

(42) sign(DaT3"(0)) = sign(T;" "' (1)),

for all m > 3 and parameter values a contained in an element of P,,—_3[0, 1].

We verify condition (ITb) by induction over j > 1. In fact, we will show the following
statement. For each j > 1 there exists a map as described in condition (IIb) and
further, if a1,a2 € [0,1] such that a; < az and w € P,,, then the boundary points of
T3 (Uay a,(w)) are continuous in a € [a1,az]. For j = 1 this statement can easily be
verified observing that, by the properties of the maps « and §, T,(1) is constant or
continuously decreasing and T2(1) is continuously increasing in a € [0,1]. Assume now
that the statement holds for some j > 1. Take @ € Pj(a1) and, for a € [a1,az], let
@(a) = Uy, aj(@) be the to it associated element in P;(a). Since T2, (@) C Td(w(a))
and the turning point 0 is constant in a, it follows that for each (of the maximal two)
element w € Pj11(a1)|@ there is a unique element w(a) € Pjy1(a)|w(a) fulfilling

(43) symb, (15 (w(a))) = symby, (Tg, (w)),

for 0 < i < j+ 1. In particular this is true for a = ay. Setting Uy, g,,j+1(w) =
w(ag), this verifies property (17) in condition (ITb). Using the induction assumption
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it is straightforward to derive the continuity of the boundary points of T4 1! (w(a)) for
a € lay,az]. So, it is only left to show that property (18) is satisfied, i.e.

(44) T3 (w) € TE H (w(az)).

For a € [a1,az], let z, be, say, the left boundary point of w(a). Observe that, by (43),
we have sign(T7'|,q)) = sign(T, '|o,) for all 1 <i < j+1. Let o = sign(T4.).,). We
have to show that

(45) 0TLH (2ay) < oTL (2a))-

To this end, we make use of the following general fact for skew tent maps. For a € [0, 1],
the image by T7, ¢ > 1, of a boundary point z of an element in P;(a) is of the form

To(x) = T;7(0),

for some integer 1 < m < i+2. Applied to the boundary point x4, a € [a1, az], we denote
by 1 < m(a) < j + 3 the minimal integer such that T3 (z,) = T (0). By the strict
monotonicity of the kneading sequence there can only be finitely many ag € [a1, az] such
that TfO(O) = T(ﬁo (0), for 1 < k # 1 < j + 3. Hence, by the continuity of 79 (z,), it
follows that, disregarding an at most finite number of points, we can cover [a1,as] by
open intervals J € [a1, ag] on which the integer m(a) is constant. Fix such an interval .J
and let m denote the to it associated integer. In order to show (45), we prove that

(46) o3 (0) < oT3™(0),

for all a,a’ € J such that a < a’. Since a — Tg“(ma) is continuous on [aj, az], we
can extend (46) to parameters a and @ lying in the closure of .J, from which we deduce
(45). In order to establish (46), it is sufficient to show that, for all a € J, the derivative
D,T)"(0) exists and

(47) sign(D,T,"(0)) = —o or sign(D,T,"(0)) = 0.

The cases when m = 1,2 or 3 are a bit special, so we treat them one by one. If m =1
then T (2,) = 1 for all a € J, and (47) is satisfied. If m = 2 then, for a € J, we have
Ti ™ (24) = To(1) = 1 — aa) which is the left boundary point of K (a). It follows that
o = +1. The derivative of « is non-negative in a and, hence, (47) is satisfied. If m = 3
then T,{(xa) = Ty(1) for all a € J. Tt follows that Sign(Tg’|w(a)) and sign(TL’l|Tg(w(a)))
are both equal to +1 and, hence, we have o = +1. By (42), sign(D,72(0)) = —1 which
implies (47).

Finally, we turn to the case when m > 3. Observe that since m was chosen minimal,
we have that T(0) # 0 for all 1 <4 < m and all a € J. Tt follows that J C ' for
some element W’ € P,,—3|[0,1]. By (42), we deduce that the derivatives D,7"(0) and
D,T™1(0) exist and are non-zero on .J. Note that since T4 (x,) # 0 this implies that
Zq is in fact also the left boundary point of @(a). Thus, by the induction assumption,
we obtain

sign(Ty, '|u) T (zar) < sign(TY, |w)TY (za),
for all a,a’ € [ay,as] such that a < o/, which implies that sign(D,T"~1(0)) is equal to
—sign(T%,|,,). On the other hand, by (42), we derive that

sign(D,T,"(0)) sign(D, Ty (0)) = sign(T,(T7"~1(0))).
Since sign(T,(T;"~1(0))) = sign(Ty, | 4 (w)), it follows that sign(D,7,"(0)) = —o, which
ay

concludes the proof of (47) in the case when m > 3.
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If 24, a € [a1,az], denotes the right boundary point of w(a), we can do an analog
argument to show that

i+1 +1
0TI (24,) > T3 (2a,).

Combined with (45) this implies inequality (44) and, thus, this concludes the verification
of condition (IIb).

8. MARKOV PARTITION PRESERVING ONE-PARAMETER FAMILIES

Assume that we have a one-parameter family T, : [0,1] — [0,1], a € I, as described in
Subsection 2.1, satisfying properties (i)-(iii). We require additionally that for each a € I
the intervals D (a), ..., Dp,(a) have the following Markov property.

(M) For each 1 < k < p, there exists 0 < il < if! < p; (independent on a), such that,
for all a € I,

To(Dy(a)) = (e (a). eyu(a)).
and, furthermore, these images are constant, i.e.

Cik (a) = ¢;p and cikR(a) = ¢;n.

Theorem 8.1. If the one-parameter family Ty, a € I, satisfies the Markov property (M)
and if for a C* map X : I — [0,1] condition (I) is fulfilled, then X (a) is typical for ,,
fora.e. ael.

Example 8.2. Let

~ z if r <a,
— a
To(w) = { r—a otherwise,

Ju—

and g : [0,1] — [0,1] a C*'(L) homeomorphism such that inf, ¢’(x) > 0 and such that
the set
I'={a€(0,1); inf T;(g(x))g'(x) > 1}

is non-empty. Clearly, I is an (open) interval. We define the one-parameter family
T, :[0,1] — [0,1] as

To(z) = Talg(x)),  acl
By [17], since T, has only one point of discontinuity, there exists a unique a.c.i.p. pq.
From the verification of condition (IIa) in the proof of Theorem 8.1, it will follow that
supp(tia) = [0, 1].
Proposition 8.3. If X : I — (0,1) is a C' map such that X'(a) < 0, then X(a) is
typical for pg, for a.e. parameter a € I.

Proof. To fit the one-parameter family T, into the model described in Subsection 2.1,
we restrict the family to a smaller parameter interval I C I such that I does not have
a boundary point in common with I. Since I can be covered by a countable number of
such intervals I, in order to prove Proposition 8.3, it is sufficient to consider the family
T, acl. By the choice of I, it follows that there exist constants 1 < A < A < oo such
that for every a € I,

A< inf Ti(z) and sup Ti(z) <A.
z€[0,1] z€[0,1]

Furthermore, for a € I, T, is piecewise C11(L) where

L=1L-sup{a !, (1—a)"'}.
acl
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Now, one checks easily that the one-parameter family T,, a € I, fits into the model
described in Subsection 2.1 satisfying properties (i)-(iii). Hence, we can apply Theo-
rem 8.1 to this family. Clearly, T, satisfies the Markov property (M). In order to proof
a.s. typicality, it is only left to verify condition (I). By a similar calculation as it is done
in Subsections 6.1 and 7.1, we derive, for w € Pj|1: , j > 1, the following formula for the

derivative 7’ (a), a € w:

i1 9(zi(a)) if ,
j j—1 ag’(zi(a g(ml(a)) <a,
() = T3 (X (a)X'(a) = Y _TI 7" (i(a)) - { g/eida) o
i=0 T—a)g’(z:(a)) otherwise.
Note that this derivative is strictly negative. We obtain
50§ L [y @) <a
T '(X(a)) r T:' (X (a)) % otherwise.

Set
s=imfX'(a) and = inf{g(X(a)),1 - g(X(a))}.
acl acl
By the choice of I, the constant s is bounded from below and & is strictly positive. Thus,
for a € I and j > 1, we deduce that

/ 7j—1

'a?j(a) §s+zi';?
T /(X (a)) = A" inf, g'(2)
where the first term is positive and the last one bounded from above. Hence, to conclude
the verification of condition (I), it is only left to show that, for j > 1, the number of
a € I, which are not contained in any element of Pj\f is finite. By the choice of X
and since the point of discontinuity of T, is strictly increasing in a, there can only be
one point in the inner of the interval I not belonging to an element of the partition
P1 \f . Assume that for some j > 1 there are only finitely many points in I, which are not
contained in any element of the partition P; |I. Forw € Pj|f, we have that z;(w) C (0,1)
and the derivative of x; is negative. Hence, there is at most one point a € w satisfying
zj(a) = a and which has to be excluded in the partition P;y1|w. It follows that there
are only finitely many points not belonging to the partition P;4q \f , which concludes the
verification of condition (I) and, hence, the proof of the Proposition 8.3. U

K
sup, g'(x) ~

We turn to the proof of Theorem 8.1.

Proof. In order to proof Theorem 8.1, it is sufficient to verify conditions (ITa) and (IIb).
We first verify condition (ITa). To verify (IIb) we observe that, since T, is preserving a
Markov structure, there exists even a bijection

uahag,j : Pj(al) - Pj<a2))

for all aj,as € I and j > 1, satisfying (17). Since, by (M), the images T,(Dx(a)) are
constant, we have that, for all w € P;(a1),

T3, (w) = T4, (Uay az,5(w))-

As in the first paragraph in Subsection 6.2, by Lemma A.1, we can without loss of
generality assume that there is a constant C' = C(I) > 1 such that for each a € I the
density ¢, is bounded from above by C' and, further, there exists an interval J(a) of
length C~! such that ¢, restricted to J(a) is bounded from below by C~!. Since for
each a € I the expansion of T, is at least A, we derive that there is an integer i > 1
independent on @ such that the number of elements in P;|.J(a) is greater or equal than
3. An element w € P;|J(a), which is not adjacent to a boundary point of J(a), has, by
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(M), image T(w) = Tu(Dg(a)) for some 1 < k < py. By our assumption on the one-
parameter family 7}, the measure p, is ergodic. It follows that there is an integer j > 4
such that K (a) = closure{T7 '(Dg(a))}. Furthermore, we can take j > i not depending
on 1 < k < py. Thus, for almost every y € K (a), there exists a point x € J(a) such that «
is mapped to y after j iterations, i.e. 77 (z) = y. Now, inequality (34) provides us with a
lower bound for the density. Note that from this argument follows that supp(uq) = [0, 1]
in Example 8.2. O

APPENDIX A

Lemma A.1. Let T, : [0,1] — [0,1], a € I, be a one-parameter family as described in
Subsection 2.1, satisfying properties (i)-(iii) and condition (IIb). Disregarding a finite
number of parameters in I, we can cover I by a countable number of intervals IcI
such that on each interval I the following holds. There exists a constant C = C(I) > 1
such that for each a € I the density pq of lg s bounded above by C and, further, there
ezists an interval J(a) C [0,1] of size C~1 such that p, restricted to J(a) is bounded
from below by C~1.

Proof. For each a € I it follows from [17] p.496 line 5 and [8] p.484 line 6, that the
variation over the unit interval of the density ¢, is bounded above by a constant

B 3

 m(@)(A = 3)

where the integer 7 > 1 is chosen so large that 3/A\7 < 1 and the number x(a) is given
by

Cy(a)

k(a) = min{|w| ; w € Pr(a)} > 0.

Claim. For j > 1, let (so,...,sj—1) be a sequence of symbols s; € {1,...,pa2}, 0 < i < j.
If ag € I is a parameter value such that there exists an element w(ag) € Pj(ao) satisfying

symbg (Th, (w(ao))) = si,  0<i<j,
then there is a neighborhood U of ag in I such that for all a € U there is an element
w(a) € Pjla) having the same combinatorics as w(ag), i.e. symb,(Ti(w(a))) = s,
0 <14 < j. Furthermore, the boundary points of w(a) and Tg(w(a)) depend continuously
ona€cU.

Proof. We prove the claim by induction over j > 1. The proof is easy but a bit cum-
bersome, so we will give only a sketch of it. We do not make use of condition (IIb). For
j =1 the elements in P;(a) corresponding to the symbols sg € {1,...,p2} are the inter-
vals Di(a), 1 <k < py. The boundary points of these intervals are the partition points
ck(a), 0 <k < p1, which are, by property (i), continuous functions on I. Using property
(ii), one can show by an easy calculation that the boundary points of T,(Dg(a)) are
continuous on I. Now, assume that the statement holds for some j > 1. Fix a sequence
(50, ..., 55) of symbols in {1,...,po}. Let ag € I be a parameter such that there exists an
element w(ag) € Pjt1(ag) satisfying symb,, (7 (w(ag))) = s;, for all 0 < i < j+ 1 (if
there is no such a parameter ao for which the element w(ap) exists then there is noth-
ing to show). Let w(ag) € Pj(ap) be the element containing w(ag). By the induction
assumption there exists a neighborhood V' of ag in I such that for all @ € V' there is an
element @(a) € Pj(a) having the same combinatorics as @w(ag) and the boundary points
of @(a) and Ty (@(a)) depend continuously on a € V. Note that if y(ag) is a boundary
point of T3 (w(ag)) then it is equal to a partition point c(ag), 0 < k < py, or it is a
boundary point of T4, (@(ap)). By the continuity of the boundary points of T3 (w(a)) on
V' and the continuity of a — ¢x(a), we deduce that there exists a neighborhood U C V/
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of ag in I such that for each a € U there exists an element w(a) € Pj41(a) having the

same combinatorics as w(ag). Since the boundary points of T3 (w(a)) are continuous on
U, we can once more apply property (ii) to deduce that also the boundary points of
T2 (w(a)) are continuous on U. The continuity of the boundary points of w(a) follows
by a repeated use of property (iii). O

Let (so,...,sj—1) be a sequence of symbols s; € {1,...,p2}, and for each a € I let
w(a) € Pj(a) be — if it exists — the to it associated element as in the claim above.
Writing |w(a)| = 0 if such an element does not exists it follows immediately from the
claim that the map a — |w(a)| is continuous on I. Furthermore, by condition (IIb),
if |w(ag)| > 0 for some ag € I, then |w(a)| > 0 for all @ > ap. This implies that the
map a — £(a) is piecewise continuous on I with only a finite number of discontinuities.
Hence, disregarding a finite number of parameter values in I, we can cover I by a
countable number of intervals I C I such that for each such interval I there is a constant

ko = ko(I) > 0 such that
(48) K/(a) Z R0,

for all @ € I. Tt follows that that there is a constant C, = Cv(f ) > 1 such that the
variation of ¢, is bounded from above by C, for all a € I. Since fol Yq(x)dxr = 1, this
immediately implies that ¢, is bounded from above by C, + 1. To establish a lower
bound on a subinterval of K(a), we observe the following.

Claim. If the variation over [0,1] of a function ¢ : [0,1] — Ry is bounded from above

by a constant C, > 1, and if fol o(x)dx = 1, then there exists an interval J of length
1/2C, such that p(x) > 1/3C, for all x € J.

Proof. Let N = [2C}], divide the unit interval into N disjoint intervals Ji, ..., Jy of length
1/N, and, for 1 <1 < N, set m; = inf{p(x) ; = € J;} and M; = sup{p(z) ; = € J;}.
Since 1 = fol p(z)dz < SN My/N, it follows that N < ST M;. If my < 1/3C,,
for all 1 < I < N, it would follow that the variation of ¢ is strictly greater than
SV (M —1/3C,) > N(1-1/3C,) > C,, where the last inequality follows since C,, > 1.

Hence, at least for one 1 <1< N, m; > 1/3C,. U
Setting C' = 3C,, this concludes the proof of Lemma A.1. O
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ABSTRACT

In this paper we study generic equidistribution in families of sequences of points on tori. We assume that
the sequences are parameterized by some subset of a Euclidean space, and we formulate geometric
conditions on the dependence so that equidistribution holds almost everywhere with respect to the
Lebesgue measure on the parameter space. As a consequence, we can give a new proof of an old result
by Koksma.

1. INTRODUCTION

Equidistribution of sequences of real numbers modulo 1 is a very classical and
well-studied area of research (see e.g. [2,3,5] and the references therein). The main
inspiration for this paper is the following classical and well-known result by
Koksma [4] which can also be generalized to a larger class of real sequences:
For almost every 6 > 1, with respect to the Lebesgue measure on R, the sequence
6/ mod1, j > 1, is equidistributed in T, i.e. for any interval A of the unit circle T,

#{j;0/modle A, 1< j <N}
N

— |A|, as N — oo,

* D. Schnellmann was supported by grant KAW 2005.0098 from the Knut and Alice Wallenberg
Foundation.
E-mails: mickebj@math.kth.se (M. Bjorklund), dansch@math.kth.se (D. Schnellmann).
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where |-| denotes the Lebesgue measure on T = R/Z. Koksma proved this
result using Fourier analysis and reduced the statement to the combinatorics of
exponential sums.

In this paper we will discuss a geometric method to prove Koksma’s result based
on the techniques developed by Benedicks and Carleson [1] in one-dimensional
dynamics. This method can also be used to establish higher dimensional analogues
of Koksma’s theorem.

Let I be an open set in R?, and let f] be a sequence of maps on 7 into R?. Define,
for a fixed 6 in 1, the sequence of points f;(0) = f; (@) modZ? in T¢ = RY /7.

What are natural geometric conditions on the sequence f] so that we can ensure
equidistribution of the sequence f;(#) in T¢, for Lebesgue almost every 6 in ?

Koksma studied the case fj(G) =6/, and I = (1, 00) C R. Two special features
of this example are expansion and distortion. Here, expansion refers to the fact that

itk
0;

is growing sufficiently fast in &, for all j > 1, and distortion simply means that
the quotient of the derivatives of fj, restricted to the pre-image of a unit interval
in (1, 00) is close to 1, provided that j is sufficiently large. We will see that these
two properties are sufficient to conclude that, for almost every 6 in I, the sequence
£;(0) is equidistributed in T. It is straightforward to generalize these two conditions
to higher dimensions.

2. MAIN STATEMENT
Let

fNxI— R4

(j,0) — f(0),
where I ¢ R4 open and d > 1. For each j > 1 we assume that f jisaC ! function in

6 which is one-to-one and whose Jacobian is never 0. We put two conditions on f,
one concerning the expansion and one concerning the distortion properties of f.

(I) Thereis 0 < « < 1 and an at least polynomially growing function g : N — R+ U
{0}, i.e.

lim M >0, forsomey >0,

n—oo N

such that for 1 < j <n and k > n”

| Do fi+x(@)v]
T > g (n),
Dol

forall @ € I and v € R? \ {0}.
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(II) For each ¢ > 0 and r > O there is an integer j. , > 1 such that the following
holds. Let B(x, r) denote the open ball in R¢ with radius » and center x. For
all x e RY and all 6,6" € f ' (B(x,r) N f;(1)), j = je.r, We have

|D9]jj(9)| <1
[Dy f;(67)]
where |D9fj(0)| is the Jacobian of Dgfj(Q).

Remark. A weaker version of the first condition is:

(I)’ There is an at least polynomially growing function g:N — Rt U {0}, such that
forj>landk > 1,

Dy f4k(0)]
L T 1(3)
[Dg f(0)v]
forall @ € 7 and v € R \ {0}.
Obviously condition (I)’ implies condition (I) (with an arbitrarily chosen «).
The main reason for stating a refined version in condition (I) is that we want
to include examples as f;(0) = oV (see Example 4.1). The introduction of the

constant « in (I) is natural in view of the estimate of the exceptional terms in the
sum in (2).

Let I' be a lattice in R?. We define f:N x I — R?/T as
fi(6) = fj(®)modT.

Theorem 2.1. If f fulfills conditions (I) and (11), then the sequence f 10), j =1,
is equidistributed in R? /T, for Lebesgue almost every 6 € I, i.e.

n
1 s weak-%

;Z fj(9) —> m, asn— o0,
j=1

where m denotes the Haar measure on R¢/T.

3. PROOF OF THEOREM 2.1

Let Q be the set of open parallelepipeds in R¢ related to the lattice T, i.e. Q is
the set of all open parallelepipeds Q such that the intersection of the closure of Q
and I' is exactly the set of vertices of Q. Since we can cover / by a countable union
of open balls B(x, r) we can without loss of generality assume that 7 = B(xo, ro)
for some xp € R? and ro > 0.

Fix a parallelepiped Qg € Q. Let

B:= {B(x,r)modF; B(x,r)C Qo,x€ QoNQ?, re Q+}.
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We will show that, for B € B, the function
1 n
F,0)=-— (0 >1,
n®) = ;XB(f]( ). n
fulfills

) lim F,(0) <m(B), forae.0el.
n—oo

By a standard argument (see e.g. [6]), (1) implies that, for a.e. 6 € I, every weak-*
limit point pg of

1 n
5 2550
J=1

is absolutely continuous with respect to m in (R?/I") \ Qo where the density
satisfies d g /dm < 1. Observe that

({0 €1: f;(0) € 9QomodT, for some j > k}| =0,
k>1

where |- | denotes the Lebesgue measure in RY. Hence, for a.e. § € I, the probability
measure (g gives zero measure to d Qg mod I'. It follows that, fora.e.0 € I, ug =m
which implies Theorem 2.1.

From now B € B is fixed. Let rg = min{radius(B), ro}. In order to prove (1) it
is sufficient to show that there exists a constant C > 0 such that for all ¢y > 0 and
integers h > 1 there is an integer ny, ,, , growing at most exponentially in /, such
that [, F,(0)" d6 < C((1 + go)m(B))" for all n > nj g r,. See 4.2.

Henceforth, fix 7 > 1.

1
@ / F©'do= Y = / %8 (£1,©) - x5 (£, ) do.

)i 1< j1sJ2se s Jn s 7

Let 0 < k < 1 be the constant in condition (I). The number of i-tuples (ji, ..., ji)
in (2), for which min; j; < 7 or ming | jx — jil < n*, is bounded by 2h%n" =014
The sum over these (exceptional) terms in (2) is therefore bounded by
|112k>n=(1=) In the following proposition we treat all the other terms in (2), i.e.
the terms related to the A-tuples which are most likely to occur.

Proposition 3.1. For all eg > 0 and h > 1, there is an integer ny, ¢ r, growing at

most exponentially in h, such that for all n > ny, ¢ rp and for all h-tuples (ji, ..., jn)
withl < ji<jp<---<jn<<n, 1 2n“and ji— ji_1 >2n",1=2,...,h,

/XB(fj] ®)) - xz(f,(©))do <2/11((1 ~I—80)m(3))h-

1
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From a probabilistic point of view this proposition tells us that whenever
the distances between consecutive j;’s are sufficiently large, the behavior of the
xB(f),(.))’s is comparable to that of independent random variables.

Proposition 3.1 implies

f Fa(0)" d0 <211((1 +eo)m(B))" + 112k~ (17
1
<311((1 + eym(B))",

for all

242 v
> (T + eom(B)" .
n maX{nh,so, B (((1 +eo)m(3))h) }

Since both terms in this lower bound for n grow at most exponentially in £, this
concludes the proof of Theorem 2.1. Now we turn to the proof of Proposition 3.1.

Proof of Proposition 3.1. Let B denote the lift of B to RY. We have

/xB(fh(e))-~-xB(f,-,,(9))de=|{eel;fj] ) €B,..., f;,®) e B}

1

For J C I open and j > 1 we define the partition P;|J on J as
PilT:={f;"(@n fi(N); Qe Q}.

For j =0 we set Py|J = J and f5(9) = 6. We give first a sketch of the proof of
Proposition 3.1. Note that by the expansion property of the fj’s we have that for
large n a typical partition element w € P}, |1 is mapped by fjl onto the whole of
a parallelepiped Q € Q, i.e. we can neglect the elements in P, |I adjacent to the
boundary of I (the union of these boundary elements is the exceptional set Eg
defined below). By the distortion property of the fJ ’s we have that roughly speaking
only a |B|/|Q|(= m(B)) fraction of the element w is mapped by _fj] onto BN Q.
Considering only the part J of @ which is mapped onto BN Q we can now, by using
that j, — jj is large, repeat the argument for the elements in the partition P;,|J.
Going on like this we derive Proposition 3.1. In the remaining part we will work
this out in more detail.

We say that an element w € P;|J, j > 1,1is an entire element if there isa Q € Q
such that fj(w) = Q. Set

Iy = {entire w € P; |1},
I; = {entire w € leﬂ [1—1; fjl (w) C B},

for 1</ <h,and

Iy =16 € I_1; f;,(0) € B.
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We consider the set [, 0 </ < h, as a set of partition elements in P;,_, |/ as well as
an open setin /. Let

Ey={wePj|l;o¢ I},
and, for 1 <!/ < h,
Ei={we P |I-i;0 ¢, fj;(@) N B0}

Observe that the union of these sets contains (modulo a Lebesgue measure zero set)
the set we are interested in, i.e.

h—1
3) {9el;f}l(e)eé,...,ﬁh(e)eé}&hu(UEZ).

=0

We state two lemmas. Provided that n is sufficiently large, the first lemma
indicates that we can essentially deal with entire elements only, i.e. the E;’s are
exceptional sets which can be neglected, and, thus, if w € P;, 11, 1 <[ < h, and
fj (@) N B # ¥ then we can assume — without loss of generality — that w is an entire
element. The main ingredient in the proof of this lemma is condition (I). Using
condition (I), the second lemma gives a proof of Proposition 3.1 for the ‘nice’
set Ij,.

Lemma 3.2. For all ¢ > 0 and r > 0, there is an integer n., growing at most
polynomially in L such that for n = ng, the following holds. Assume j =0 or

e’

n* < j<n, andk=n*. For B(x,r) C f;(I) set J = f; ' (B(x,r)),
J' = {entire v € Pj x|},
and
Ej={wePjull;o¢ ), fj(@) NB(x,r) #0}.
We have that
Ej|<elJ].
Proof. By condition (1), for w € Pj 4|1, diam(fj(w)) < diam(Qo)/g(n). Hence,

2diam(Qg) Voly—1 (8B (x,r))

F B <
Lfj (EDI s

Let ji., be the integer in condition (II). Take n,, > (ji.,)'/* minimal such that for
nz= Regr,

4 diam(Qp) Voly_1(0B(x,r))
gn) =
e|B(x,r)|
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Recall that, by (I), g(n) is at least polynomially growing in n, hence n, , is at most
polynomially growing in é For n > n, ,, we obtain

Ifi(En| <27 e|B(x,r)l.

If j =0 we are done. Otherwise we have j > n* > j; ., and it follows by the
distortion estimate in condition (II) that |[E;| < e|J|. O

Lemma 3.3. Set rr = diam(Qy)/2 and let je, . be the integer in condition (1I). If
n“ = jeo.p then

1] < (1+eo)m(B)|fj—1], for 1 <I<h.

Proof. Let w € I;_1. By the definition of /;_1, w is an entire element in PP, |1. Since
ji =n* > jey.,» we have by condition (II),

|B N Qol

{6 € w; f;,(0) € BY| < (1 +&0) ————
Qo

lw| = (1+&0)m(B)|w].

Hence,
6 € Ii-1; fj € BY < (1 +e0)m(B)| 11|
Since ; c {0 € I_1; sz (6) € B} this concludes the proof. O

Recall that rp = min{radius(B), ro}. Let & = ((1 + eo)m(B))"/h and n,, ,, the
integer in Lemma 3.2, and set

: 1
”h,SO,rB = max{né‘l,rgv (Jao,rr) /K}

Since ng, r, is at most polynomially growing in 81—1, it follows that nj, 4 , is at most
exponentially growing in 4. Henceforth, assume n > nj, ¢, . Setting j =0, k = j|
and J = I (= B(xp,rp)) in Lemma 3.2, it follows immediately that |Eg| < &;]7].
Now letw € I;_1, 1 <I < h. By the definition of I;_1, w is an entire element in P}, |I.
Set, in Lemma 3.2, j = ji, k= ji+1 — jiand J = fjl’l(l? N f.iz (w)), i.e. J is the part
of w which is mapped by f}, onto B. Then J' = I; N w, and we obtain

{o' € P, w0 &1, fjy (o) N B#B}| <ellJ]| <eilol.
Observe that,

E= | {0/ ePj, loi0) ¢ 1. fj (/) N B #0}.

welj_
Thus |E;| < e1|11—1]| < &1]1|. By (3), Lemma 3.3 and the choice of ¢,

Hoel; f;,©) €B,..., f;,©) e B}

-1

h h

<l + Y IEN < ((1+20)|BI) ol + her| 1] < 2111((1+ £0) | BI)”,
=0
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which concludes the proof of Proposition 3.1. O

4. EXAMPLES

We give two simple examples which can be derived from Theorem 2.1. Note
that both examples also can be derived from a combination of Weyl’s lemma and
Koksma’s theorem.

Example 4.1. Let ' be a lattice in R?. Fix o = (ay, ..., aq) € (0, 00)¢. There
is a subset X, of (1,00)¢ of full Lebesgue measure, such that the sequence
@', ...,60 "y modT, j > 1, is equidistributed in R¢/T", for all 6 in X,.

Proof. Let f_,-(@) = (Qljal ,...,Ofd), defined on I = (6p, 00)¢ for some 6y > 1.
To apply Theorem 2.1, we have to check that (I) and (II) hold for the func-
tions f}:]—)Rd‘ Set g = min{l, ay, ..., ay}, and choose 0 < k¥ < 1 such that
ap + « > 1. Note that for large n,

a na0+ic

K% _ o =Y
(n+n) n 22 p

Thus, if j <nand k > n*,

1D fi+kO)0] _  (nin)®0_n%0
- = 2 00 N
|Dy f;(0)v]

is growing faster than polynomially, for all v € R? \ {0}. This implies (I).
To verify (I), we first observe that any points 6,6’ in fj_l (B(x,r)N fj(l)), are

on distance at most 2r/ jo‘O@({ o=t Thus,

= d j% —1 d j% —1
Dy (6 6\’ 2 i
o) e )
Do f0")] 11 \ 0] i\ jaog)

where the right-hand side converges uniformly to 1 when ; increases. This
implies (II). O

Even if the above result tells us that the sequence (0‘1"(11 s de ymodl', j > 1,
is almost surely equidistributed in R¢/T, it is very hard to determine whether
this sequence is equidistributed for some given 6 € (1, 00)?. For instance, in
one-dimension it is not known whether (%)f or ¢/ modulo 1 are equidistributed
in T. However, going in an other direction the next example asserts that j”-powers
of a fixed @ € (1, c0)? are equidistributed, for almost every 6:

Example 4.2. For any « € (1, 00)?, there is a full measure subset X, of (0, 00)?,
9 9
such that the sequence (o] 1,...,0:0], “YmodT, j > 1, is equidistributed in R /T,

forall 6 in X,.
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~ .0 .0
Proof. Let f;(6) = (o] 1,...,0151 ), defined on I = (6, 00)¢ for some 6 > 0.
Choosing 0 < « < 1 such that 6y + « > 1 condition (I) is verified as in Example 4.1.

Let g = min{«y, ..., agz}. To establish condition (II), we note that
d
| D@ fj (0) | 1_[ [’ 6; j()[
Do f O]

~ -6, ~
and for large j, |Dg f;(0)v]| > aé * for all v e RY \ {0}. For 0,0’ € fj_l(B(x,r) N

~ -0,
fj () the distance between 6 and 6 is less than 2re, 7 Hence, when j — oo,

]9 - converges to 1 and (assuming 6; < 6;)

o — < gl (6; —0/)logj — 0, j— oo.
We conclude that condition (II) holds. O

Remark. We have restrained from making very general statements. The methods
in this paper can probably be pushed without too much hard labor to nil-manifolds,
with conditions (I) and (II) replaced by natural expansion and distortion properties
of the cover maps. With some minor restrictions on the maps involved, the methods
should also apply to compact locally symmetric spaces of non-compact type.

APPENDIX

For the sake of completeness we add the following fact from measure theory,
which we believe has independent interest. Let I € B(RY), ej: 1 —[0,00), j 21,
measurable functions, and set

n

1
F,,(@):ZZej(o).

j=1
Lemma A.1. Assume that for all h > 1 there is an integer ny, such that
/ F,(0)"do < Ce",
1

forall n > ny, where C is some constant independent of h. If the sequence nj, grows
at most exponentially in h then it follows that 1im,—.c F,(0) < ¢ for Lebesgue a.e.
0el.

Proof. By possibly increasing the n;,’s we can assume that nj, = 2, for some fixed

integer k. Let 8 > 0 and I/, H be integers such that 27/(2F — 1) < 8, and Hk >
Consider the sequence m;, i > 0, defined as

m; = QHHI2TDE 4 (i — [i2—1]21)2(H+[i2”])k—l (2k —1).
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This sequence of integers is defined such that, for h > H
“) #isny <mp <nppr} =2,

and the distance between two successive m;’s lying in the interval [nj, np41] is
constant. Furthermore, one easily verifies that
(3) —= <1427 (2R - 1) < 1+,

for i > 0. Using (4), we get

() UJFw, > (1 +0)e)

J20i>]
Fo (0)H+11271 g9
< lim Y |{Fp, > (1 +8)e)| < lim Zf’ 0
ﬁoom jo0 ((1 4 8)g)H+li27]
H+[i271] 1
li < lim €2/ =
< jim Z((H—S}s) Jim €2 e

It follows that [im;_, o Fyu; (8) < (1+8)e forall @ in a set I’ which has full Lebesgue
measure in /. Fix 6 € I'. For sufficiently large i we have F,, (6) < (1 + 8)%e, and
using the definition of F;, and inequality (5), we obtain, for 1 < j <m;4+; —m;,

mi+1

T 2 3
it Fni0) < (1+8) < (14 68)s.

Fm,‘+j @) <
It follows that lim,_, o F,(8) < (1 + 8)3¢ for all 8 € I’. Thus, since § > 0 was
arbitrary, lim,—o0 Fy(0) <eforae.6ecl. O

To conclude this appendix we give an example showing that n;, cannot grow
arbitrarily fast inhh. Let 7 = [0, 1] and consider the super-exponentially growing
sequence ny, =32 h>1. Set ej(a)=0 for j <ny and for ny < j <npq1, h 21,
let

ej(a)= X[#’%](a)’
if 3%n, < j <3%*1n,, 0<k <271, and ¢;(a) = 0 otherwise. It can easily be
verified that for each n;, < n < nj41, the average function F, (a) is smaller or equal
than 1/3 everywhere except on an interval of length 1/2"~! and furthermore, for

every a € I, there exists an nj, < n < np4; such that F,(a) > 2/3. It follows that
1im,,— 00 Fy (@) >2/3, for all a € I. On the other hand, for h > 1,

Y 1 1\"
Fy(a)"da < 5 +F§3 5 ,
1

ifn>ny.
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