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Introduction

In the last two decades, Cauchy integral equations have assumed an increasing rel-
evance. This is due to the great variety of problems arising in sciences, engineering
and technology, which can be described by such equations. Cauchy integral and
Integro-differential equations involve important mathematical techniques, because
they are encountered by mathematicians, and physical and social scientists, in their
investigations. These equations were described in many available books, concerning
theory and applications ( cf. [2], [7], [9], [10], [16], [20], [34], [37], [39], [45], [70], [89],
[92], [95], [108], [109], [117], [122], [125], [130], [139]-[141] ).

Several books include the latest questions related to high technology on solving very
important theoretical and practical problems on solid mechanics, fracture mechan-
ics, structural analysis, elastodynamics, fluid mechanis and aerodynamics, by using
singular integral equation methods ( cf. [1], [13], [48], [71], [90], [96]-[98], [118], [119],
[126] ). In ([132]-[138]), the author presented many papers relating to boundedness
of singular integral operators with Cauchy kernel in weighted spaces.

In ( [18], [14], [72]-[78] ), the authors have studied the Cauchy integral equations
in weigthted spaces of continuous functions, using Jacobi weights; they introduced
a certain number of polynomial approximation spaces. In ( [50]-[69] ), the authors
presented analytical theories and numerical evaluation methods for solving Cauchy
integral equations, in an accessible manner for a variety of applications to problems
in the theory of three-dimensional elasticity. In the last decades several papers have
been published on the convergence of the quadrature rules for evaluating Cauchy
singular integrals, (see [21]-[31], [32], [102]-[107]). In (|80]-[88]), the author has
investigated the algebra of Cauchy integral operators with piecewise continuous co-
efficients on reflexive Orlicz spaces, and he has presented the necessary conditions
for Fredholmness of singular integral operators in reflexive weighted rearrangement-
invariant spaces.

During the last 30 years, there has been a substantial increase in interest in the nu-
merical solution of the Fredholm singular integral and integro-differential equations
with Cauchy kernel (cf. [35, 40, 41]). These equations have important applications
in mathematical physics, applied mathematics, and numerical analysis. The math-
ematical formulation of physical phenomena often involves Cauchy type, see, for
example the excellent book by Muskhelishvili (cf. [110]), and the references therein.
Various of Fredholm singular integral equations with Cauchy kernel have been solved
numerically in recent times by several authors using approximate methods. Recently,
Chakrabarti, and Martha, have developed a straightforward method, involving ex-
pansion of the unknown function of a Fredholm integral equation of the second
kind, in terms of polynomials, and have used the method of least-squares (cf. [19]).
Eshkuvatov et al have described a special approximate method for solving Fredholm
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integral equation of the first kind, with Cauchy type (cf. [36]). Elliott, described a
classical collocation method for singular integral equations having a Cauchy kernel,
and showed that, under reasonable conditions, the approximate solutions converge
to the solution of the original equation (cf. [35]). Golberg, analyzed and obtained
convergence proofs of some numerical methods, for solving several classes of Cauchy
singular integral equations (cf. [40, 41, 42]). In 2007 Mandal and Bera employed
a simple method based on polynomial approximation of a function to obtain ap-
proximate solution of a class of singular integral equations of the second kind (cf.
[100]). Also Many different methods have been developed to obtain an approximate
solution of these equations (cf. [12, 91, 123, 131]). Other techniques for solving
Fredholm singular integro-differential equations with Cauchy kernel have been pre-
sented in several works. Badr, presented a Galerkin approach for solving the linear
integro-differential equation of the second kind with Cauchy kernel by using the or-
thogonal basis of Legendre polynomials (cf. [11]). In 2006 Maleknejad and Arzhang
have presented a Taylor-series expansion method for a class of Fredholm singular
integro-differential equation with Cauchy kernel, and used the truncated Taylor-
series polynomial of the unknown function and transform the integro-differential
equation into an nth order linear ordinary differential equation with variable co-
efficients (cf. [99]). In 2008 Subhra Bhattacharya, and Mandal have presented
a method based on polynomial approximation using Bernstein polynomial basis,
to obtain approximate numerical solutions of singular integro-differential equations
with Cauchy kernel, and compared their numerical results with those obtained by
various Galerkin methods (cf. [100]). So the polynomial approximation play an
important role in the numerical computation of the integral and integro-differential
equations (cf. [35, 40, 41, 120, 121]).

The purpose of this thesis, is to develop and illustrate various new methods for
solving many classes of Cauchy singular integral and integro-differential equations.
This work is organized as follows:

In the beginning, we briefly recall a few basic concepts from general theoretical
framework, such as bounded and compact operators, Hilbert spaces and adjoint op-
erators, spectral theory framework, convergence of operators, approximation based
on projections, and some classification of integral equations.

In chapter one, we study the successive approximation method for solving a
Cauchy singular integral equations of the first kind in the general case. We prove
the convergence of the method in this general case. The proposed method has been
tested for two kernels which are particularly important in practice.

In chapter two, we present two methods for solving Cauchy integral equation of
the second kind: Firstly we present a collocation method based on trigonometric
polynomials combined with a regularization procedure, for solving Cauchy integral
equations of the second kind, in L?([0,27],C). A system of linear equations is
involved. We prove the existence of the solution for a double projection scheme, and
we perform the error analysis. Numerical examples illustrate the theoretical results.
Secondly we solve directly Cauchy integral equation on the real line using Fourier
expansion in Sobolev spaces.

The purpose of chapter three, is to approximate the solution of an operator equa-
tion involving a non compact bounded operator in Hilbert spaces, using projection
methods. We prove the existence of the solution for the approximate equation, and

13



we perform the error analysis. We apply the method for solving the Cauchy integral
equations in L? (0,1) for two cases : Galerkin projections and Kulkarni projections
respectively, using a sequence of orthogonal finite rank projections. Numerical ex-
amples illustrate the theoretical results.

In chapter four, we introduce a collocation method for Cauchy integro-differential
equations, using airfoil polynomials of the first kind. According to this method, we
obtain a system of linear equations. We give some sufficient conditions for the con-
vergence of this method. In the end, we investigate the computational performance
of our approach through some numerical examples. w In chapter five, we propose
two methods for solving integro-differential equations with Cauchy kernel: First, we
present a modified projection method based on Legendre polynomials. A system of
linear equations is solved. Second, we present a Sloan projection method for solving
integro-differential equations with Cauchy kernel, using Legendre polynomials. We
give numerical examples.

The last chapter deals with regularization for Cauchy integral equation of the
second kind. We apply three projection methods to the regularized equation. First
we use Kantorovich projection, and perform the error analysis. After we study the
Sloan projection and prove some results about the error analysis. Finally Galerkin
projection is established and its error analysis is discussed.

14
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Preliminaries

We begin by recalling briefly a few basic concepts from general theoretical frame-
work, such as bounded and compact operators, Hilbert spaces and adjoint operators,
spectral theory framework, convergence of operators, approximation based on pro-
jections, and some classification of integral equations.

Linear Operators

Let X be a Banach space, and let T" be a linear operator defined on X. By the
nullspace of T, N(T') we mean the space of vectors annihilated by T, so

N(T)={peX:Tp=0}.
The image (or range) of T is defined by
R(T) ={Tp:pe X}.

A linear operator T from a normed space X into a normed space Y is called bounded
if there exists a positive number M such that

|Tz|| < M||z| forall xz € X,

and
|T|| == sup || T||,

[[=f|<1

is the norm of 7. BL(X,Y") will denote the space of bounded linear operators from
X into Y, and BL(X) those from X into itself.

T is called compact if it maps each bounded set in X into a relatively compact
set in Y. That is T is compact if the set {Tx : ||z|| < 1} has compact closure in
Y.

We recall that a subset U of a normed space X is called compact if every open
covering of U contains a finite subcovering.

A subset of a normed space is called relatively compact if its closure is compact.

Theorem 1. A bounded subset of a finite-dimensional normed space is relatively
compact.

Proof. See [91]. O
We have also:

1. Compact linear operators are bounded.
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2. A linear operator T' from a finite-dimensional normed space X into a normed
space Y is bounded.

3. The identity operator I : X — X is compact if and only if X has finite
dimension.

4. A bounded operator T from a normed space X into a normed space Y, with
finite-dimensional range 7'(X) is compact. Such an operator is called a finite-
rank one.

5. Linear combinations of compact operators are compact.

6. If (T,,) is a sequence of compact operators and ||T,, — T'|| — 0 as n — oo, then
T is compact.

Theorem 2. Let X be a Banach space, and let T' be a bounded linear operator from
X into X, with
T < 1.

Then the I —T has a bounded inverse on X that is given by the Neumann series
(I-7)"'=>) "1,
§=0

and satisfies
1

1|7
Proof. See [91]. O

Ir=1)7 <

A Banach space X is called a Hilbert space if the norm on X is induced by an
inner product, that is, by a Hermitian positive definite sesquilinear form (.,.), as

follows:
1/2

|lz|| ;== (x,z)""" for x € X.

Let X be a Hilbert space and 7" € BL(X). The adjoint of 7" is the unique operator
T* € BL(X) such that

(T'p,1) = (p, T*Y) for all p,¢ € X.

We say that 7" is normal if 7*T = TT™*, and that T is selfadjoint if 7" = T
The folowing results hold in a Hilbert space X:

1. Schwarz Inequality: For all x,y € X,

[z o) < Mzl yll -

2. Let T'e€ BL(X), then
IT) = 772

3. Let T € BL(X), then

N(T) = R(T*)* and R(T) = N(T*)*.
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4. Suppose that T' € BL(X) is compact. The linear equation
(T'—zlz =y,

has a unique solution z € X in the case where the corresponding homogenous
equation
(T — 2z =0,

has only the trivial solution.

Spectral Theory Framework

Let T'e€ BL(X), we recall the following definitions:
The resolvent of T' is defined by

re (T'):={z € C:T — zI is invertible} .
For z € re (T), the resolvent operator of T" at z is defined by
R(T,z) := (T — 2I)"".
The spectrum of T is the set
sp(T) ={z€C:2¢re(1)}.

If X is finite dimensional, then sp (T') consists of the eigenvalues of T'.
The spectral radius of T is defined by

p(T) :=sup {[Al: A esp (1)}
We have:
1. If z € re (T), then R(T, z) € BL(X).
2. f T* =T, then sp (T') C R.
3. If T* = =T, then sp (7)) CiR.
4. If T € BL(X) is normal, then p(T) = ||T||.
5. Let T'€ BL(X). If z € C is given, then for every y € X, the linear equation
(T —zl)z =y,

has a unique solution x € X determined by y if and only if z € re (T).

18



Sequences of Operators

Let (T},),>; be a sequence of bounded linear operators on a Banach space X. Let
T € BL(X). Unless otherwise mentioned, the convergence is as n — 0o.

Let us consider three well-known modes of convergence.

The pointwise convergence, denoted by 7,, = T

| Tz — Tz|| — 0 for every z € X.
The norm convergence, denoted by T, — T
T, —T| — 0.

The collectively compact convergence, denoted by T,, = T
T,, % T, and for some positive integer ng, the set

Unsng {(T, — Tz 1z € X, ||z|| < 1},

is a relatively compact subset of X.

If T, % T or T, < T, then clearly T, 2, T. But the converse is not true.

In [4], the authors have studied a new mode of convergence called: the v-
convergence, denoted by T,, = T

(IT.) is bounded , ||(T,, — T)T|| — 0, (T, —T)T,| — O.

Theorem 3. 1. IfT, % T, thenT, = T. Conversely, if 0 ¢ sp (T) and T,, > T,
then T, = T.

2. If T, ST and T is compact, then T, = T.
8. LetT, % T andU, % U. Then T,+U, = T+U if and only if (T,,—T)U = 0.
Proof. See [4] O

Approximation Based on Projections

Let (m,) be a sequence of bounded projections defined on X, that is each m, is
bounded linear operator and 72 = 7, hence ||m,|| > 1.

The following three conditions are equivalent one with each other if 7, is a
bounded projection defined on Hilbert space X:

=1 |ml <1, N(m) = R(Wn)L.

If one of these conditions is satisfied, then 7, is called an orthogonal projection.
Define

Tf =, T, Tr‘? =Tr,, TG .= Iy, Tf =1+ Tr, — m,Tm,.

n

The bounded operators T, T TS TX are known as the projection approximation

of T, the Sloan approximation of T, the Galerkin approximation of 7', and the
Kulkarni approximation of T', respectively.
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Theorem 4. Let T € BL(X) and 7, % I. Then
1. TP 5T, 75 5T and TG 5 T.
2. If T is a compact operator, then TT T, TS 5T, T¢ 5T
3. If T is a compact operator and 7, 2, I*, then 55T, T¢ & T.

Proof. See [4] O

Classification of Integral Equations

An integral equation is an equation for an unknown fuction ¢, where ¢ appears also
under the integral sign. The classification of integral equations centres on many
basic characteristics:

1. Limits of integration

e Both fixed: Fredholm equation.

e One variable: Volterra equation.
2. Placement of the unknown function

e Only inside integral: First kind.

e Both inside and outside integral: Second kind.

The Fredholm integral equation of the first kind is represented by

/bk(s,t)cp(t)dt =g(s), a<s<b

The Volterra integral equation of the second kind is represented by
pls) = [ ks thott)dt + 9(s), a<s <,

3. Nature of the known function

e Identically zero: Homogeneous.

e Not identically zero: Inhomogeneous.

For example, the equation

o(s) = / k(s,t)p(t)dt, a<s<b,

is referred to as the homogeneous Fredholm integral equation of the second
kind.

4. Linearity: The equation is linear with respect to the unknown function or not.

20



e Linear integral equations.

e Nonlinear integral equations.

For example, the equation

os) = [ Motop®)dt=g(s), a<s <
is a nonlinear Volterra integral equation of the second kind, where k is not a
linear function of its third variable.
5. Depending on the kind of the integral

e Regular integral equations.
e Singular integral equations.
A special and important example of a singular integral equation is the Cauchy or

strongly singular integral equation. In this case the integral must be understood as

the Cauchy principal value.
An example of a Cauchy singular kernel is

k(s,t) =

, S#t.
s—1 7
Sometimes, integral equations occur with additional derivatives of the unknown
function (under the integral or ouside). In this case, the problem is called an integro-
differential equation.

For example, the equation

gp’(s)-i—jgb 20 dt = f(s), a<s<b,

t—s

is an integro-differential equation with Cauchy kernel.
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Chapter 1

Solving Cauchy Integral Equations of
the First Kind by Iterations

1.1 Introduction

The successive approximation method is applied for the first time by N.I. Ioakimidis
(cf. |49]), to solve practical cases of a Cauchy singular integral equation: the airfoil
one (cf. [131]). In this chapter we study a more general case. We prove the conver-
gence of the method in this general case. The proposed method has been tested for
two kernels which are particularly important in practice.

Cauchy singular integral equations of the first kind are often encountered in con-
tact and fracture problems in solid mechanics. Sokhottski, Harnack, Mushkelishvili
(cf. [110]), Privalov, Magnaradze, Mikhlin, Khvedelidze, Vekua, Kupradze, Gakhov,
Golberg, Elliott, Srivastav, Sesko, Erdogan, Junghannes, Linz, loakimidis and oth-
ers have investigated such type of equation. The solutions of these problems may be
obtained analytically using the theory developed by Mushkelishvili. Cauchy integral
equations are usually difficult to solve analytically, and it is required to obtain ap-
proximate solutions. So many different methods have been developed to obtain an
approximate solution of a Cauchy integral equation (cf. [12], [91], [123]). In 1988,
loakimidis solved the airfoil equation with the successive approximation method for
the first time. In this chapter this method is applied for solving a Cauchy singu-
lar integral equations of the first kind in the general case. The convergence of the
method is investigated.

1.2 Development of the Method

We consider the Cauchy integral equation of the first kind

lj[l vt)e(t) b g(x), —l<z<1, (1.1)
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where v and ¢ are known functions and ¢ is the unknown. We shall assume that g

has derivatives of all orders on [—1,1], and that
1ot
—7{ PO g — 1 et
T)  t—x
1 1
—/ w@ldt < 1, —l<z<l,
T J-1
! 1

l% —dt = 1, —-l<z<1,
7w J_y v(t)(t — x)

1 o1
— —dt < 1, —-l<zx<l.
T )1 ()]

We substract the singularity of equation (1.1) at ¢t = x as follows:

lj{l v(t)e(@) 1%1 v(t) [p(t) — ¢(@)]
™ J_ 1 t—x

P - dt =g(z), —-l<z<l.
1

Using (1.2) we rewrite equation (1.5) as:

QO(Q?) + l f;l U(t) [90(t> — (p(l‘)]dt

=g(z), —-l<z<l.

T J_ t—x
We obtain
p(r) =g(z) - %%11 v() [gpt(?; SO(QU)]clht, —1l<z<l.

Now, we apply to this equation the successive approximation method:

l ]{1 v(t) [pn(t) — @n@j)]d

™) t—x

Oni1(z) = g(z) — t, —l<z<l

Using (1.2), we have:
1 M o(t)en(t
pon@) = gulo) + (@) - = § L0 cpan,
™), t—x

where
Let

From (1.6) we obtain, for —1 <z < 1,

Oni1() — (@) = @n(x) —@(r) + g(x)

i RUICUERO

t
T J_ t—ux

L e,

s t—=x
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From (1.7) and (1.1),

—R,i1(x) = =R, (z) + 1]41 Mdt, —l<z<l.

Then

Roi1(z) = Ru(x) — ljgl Mdt, —l<zx<l.

T, t—x

Now, using (1.2), equation (1.8) becomes:

oty = L OO Ry
and hence
AT A UEY L G P,

But following Taylor’s theorem with integral remainder,

R,(t) — Rp(z) — (t —2)R)(x) = /0 (1 —s)R!(z+ s(t —z))(t — x)*ds.

Hence,
/ 1 /!
IRl < SIERL
Recursively,
. 1 ) .
IRZL] < A IR7I jeN.
Thus
. 1 i1 )
IR0l = —FIREPI jen

Multiplying memberwise for j € [0,n], we get

1 n+1
[ Rl < mHRé ),

but from (1.7),
IRSV) = ™.
So

1 n
IRl < S ll™]l, neN.
n:

24
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From (1.1) and by the Sohngen inversion formula,

o(z) = —% fl %dt, l<az<l (1.9)

Equation (1.9) takes the form

oa) = —g(a)— 2 § KTy <oz

By standard calculus,

W) < (o] 4 L ||, 0D
el < g+ — g
Using (1.4),
1 n n
IRall < 91+ 7l me N
Hence, if
1 1
lim [ 11a™ @) — g
i (s + gyl 1) =0,

then the successive approximation method converges.

1.3 Numerical Experiments

The proposed method has been tested for the two following kernels which are par-
ticularly important in practice:

1.3.1 Case A:
Let

- [

All the hypotheses on v are satisfied. From (1.6) we obtain

—dt, —-l<z<lLl (1.10)

<’

L [Yon(t) [T+t
son+1(x)—%<$)+g(x)__f_1t—x 1—1¢

l%l p(1) / Zm: (1+1) tj)
m ) t— = 2m—|—1t

where the points ¢; and z; are given by

27 —1
t; = cos( J 7T>, jel,m],

2m+1

y
xr; = COS( il ), ie[l,m].

2m +1

3

But (cf. [94]),




From (1.10),

2(L+1t5) enlty)

) AS 17 )
2m+1t]—x2 ! [[ m]]

Oni1(®) = oulr) + g(w) —

M

1

J

2m+1 x, —ty o

NE

On1(te) = @n(tr) +g(tr) —

p

1.3.2 Case B:
Let
1—1¢

All the hypotheses on v are satisfied. This case has been investigated by loakimidis
in 1988. From (1.6),

On1(T) :gon(x)—g(x)—l—%]{l%\/ 11 dt, —1l<z<l1. (1.11)
Lt opt) [1—t 2(1—t;) tj)
;j{_lt—xi Z:: 2m—|—1t

where the points ¢; and z; are given by

o
t; = cos( J 7r>, jel,m],

2m+1

21 —1 ,
r; = cos m), ie[l,m].

2m +1

But

From (1.11),

2(1—t;) t) .
(PnJrl(xi) = ©n xz _gxz +Z 2m+1 t . ZE[[lam]]a

(1 —x,) onl(zy)
eni1(tr) = ¢nlte) — g(te) +§ 2m+1p . _Zk ke [l,m].
P
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Chapter 2

Fourier Expansion for Cauchy

Integral Equations of the Second
Kind

2.1 Introduction

In the first section of this chapter we present a collocation method based on trigono-
metric polynomials combined with a regularization procedure, for solving Cauchy
integral equations of the second kind, in L?([0, 2], C). A system of linear equations
is involved. We prove the existence of the solution for a double projection scheme,
and we perform the error analysis. Some numerical examples illustrate the theoreti-
cal results. In second section we present a direct method for solving Cauchy integral
equation on the real line.

Cauchy integral equations appear in many applications in scientific fields such as
unsteady aerodynamics and aero elastic phenomena, visco elasticity, fluid dynamics,
electrodynamics. There is a theoretical study on some kind of Cauchy integral equa-
tions in [110]. Many Cauchy integral equations are difficult to solve analytically, and
it is required to obtain approximate solutions. In ([128]), the author has studied a
reduction of some class of singular integral equations to regular Fredholm integral
equations in LP([—1,1],C). The purpose of this chapter is firstly to approximate
the solution of a Cauchy integral equation of the second kind in L?([0, 27] , C), using
collocation, trigonometric polynomials and a regularization procedure, secondly to
solve directly Cauchy integral equation on the real line using Fourier expansion in
Sobolev spaces.
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2.2 Collocation Method for Cauchy Integral Equa-
tions Using Trigonometric Polynomials in L*([0, 2], C)

2.2.1 Description of The Method

For each nonzero real constant i, and each real function f, consider the problem of
finding a function ¢, such that

wp(s) — 7€ ’ fitldt = f(s), 0<s<2n, (2.1)

where the integral is understood to be the Cauchy principal value:

2T s—e 27
jq{ ) 4y — i [/ 2lt) 4 +/ ﬂdt]
o t—s e—0LJy, t—3s sre b — S

—+€

Equation (2.1) is a Cauchy integral equation of the second kind. Letting

2T
Tp(s) = j{ (1) dt, 0<s<2m,
o t—s

equation (2.1) reads as
pp —To=f.

Theorem 5. For each f € L?([0,27],C), equation (2.1) has a unique solution ¢ €
L*([0,27],C), and the Cauchy integral operator T is bounded and skew-Hermitian
from L*([0,2n], C) into itself.

Proof. See [124]. O

Let X := L?([0,27],C), and X,, denote the space spanned by the first 2n + 1 of
trigonometric polynomials. Define o,, to be the orthogonal projection from X onto
X,. Hence, for ¢ € X,

Jim [l — s = 0.

Let be 0 < $p1 < Spa < ... < Spont1 < 27m. For each i € [1,2n + 1] consider the
hat function e, ; in C°([0, 27|, C), such that, for each j € [1,2n + 1],

en,i<3n,j) = (5i,j-

Let Y,, be the space spanned by these hat functions, which has dimension 2n + 1.
Define the interpolatory projection operator 7, from C°([0,27],C) onto Y,:

2n+1

Tah(s) == Z h(snj)en;(s), he C[0,2n],C).

We recall that (see [4, 8]):

lim ||mh — h|s = 0.
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Define the regularized operator T, for € > 0:
2w
(L —s)e(t)
T.o(s) := ~ P gt 0<s <2,
#(s) ?g (t — )2+ €2 o=

which is compact and skew-Hermitian from L?([0,27],C) into itself. Let o, be the
solution of the regularized integral equation

(,LL] - T€)<)0€ = f7
and consider the approximate operator

T =mn,1.0,.

€,n

Theorem 6. For n large enough, the operator pl — T, , is invertible, the constant
Be:=sup |[(ul — Tep) ™|

is finite, and the solution 1., of the equation

(,u] - Te,n)l/}s,n = fa
converges to the solution ¢ of equation (2.1) if, first, n — oo and then € — 0.

Proof. Since T, is compact, the theory developped in [4, 8] shows that the inverse
operator (I — T.,)" " exists and is uniformly bounded for n large enough. Since

Ve — e = (] — Te,n)il — (ul — T6>71]f
= (ul — Tem)_l[TE - Tan] (ud — Te)_lf
- (,u-[ - Te,n)_l[Te - Te,n]gpm
we get
wayn - (IDCHZ S BEH(TE - Te,n)@e“Z — O as n — OQ.
Since T, is skew-Hermitian,
1
[(uI =T~ < —,
|l

independently of €. Hence, the constant
v = sup||(ul = T)7'

is finite and from
pe— = (ul —T)7 [T —Tlp

we get
lee = ¢llz < AT = TJpll2 — 0 as e — 0.
Hence
||7v/167n - QOHQ < ||906 - SOHQ + ||¢6,n - 906H2 — 0,
if, first, n — oo, and then € — 0. O

The collocation method leads to the following linear system

(ul — Teop)en(Sni) = f(sni), 1€[1,2n+1].
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o Approxirate Solution

Exact Solution

Figure 2.1: n =9

[e Approxirate Solution

Exact Solution

Figure 2.2: n = 23

2.2.2 Numerical Example

Let 4 = —1 and, for s € [0, 27],
f(s):=—s[sin s+Si (s) cos s—sin(s)Ci (s) —Si (s—27) cos s+Ci (2mr—s) sin ],

where Si is the sine integral function, and Ci is the cosine integral function. The
exact solution of equation (2.1) is then

©o(s) :=ssins, 0<s <27,

For the regularization process, take e = 10~*. For the numerical approximation take
n =9 n =23 and n = 62. The results are exhibited in figures 2.1, 2.2 and 2.3

respectively.
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o Approxirate Solution

Exact Solution

Figure 2.3: n = 62

2.3 Direct Solution of Cauchy Integral Equation on
the Real Line

We consider the Cauchy integral equation of the second kind on the real line

o(x) + 1 7{_%0 40 dt =g(z), zeR (2.2)

TS o tT—2

We assume that g is 2m-periodic.
Let

bm(t) =™, meZ.

Theorem 7. For m € 7Z, we have

fﬂo (bm—@dt = —inpn(z), xR

o t—x

Proof. We have
+oo +oo
Om(t) dt = m]{ —¢m(t> dt,

e t—x o Mt —mx

+o00 +o0 iy
[ o Y— S

It is well known (cf.[79]) that
+o0 iy .
j{ ¢ dy = —ime'®,
—o0 Y— S

j{ﬁo ¢m(t)dt = —iTe™ = —iTg,(2).

t—=x

hence

so that

o0

31



Let

= Z am¢m(x)

Soient p > 0 et HP([0,27],C) lespace de Sobolev classique, for 0 < p < oo, the
Sobolev space of all functions ¢ € L*([0,27],C) such that

“+o00

Z(l +m2)P |a,|* < .

—0o0

We introduce the following norm in H?([0, 27|, C):

lell, = {Z(l +m?) !am\Q} :

—00

Let

™ t—x

Ap(z) = l}l{m 40

Theorem 8. Ifp > q the operator A is bounded from H?(|0,27], C) into H1([0, 27|, C).
Proof. 1f

—+00

‘P(x) = Zam¢m(x)a
we get
Z A %4_00 ¢m
t— x
But
AQm(x) = —ipm (),
so that
—+00 %
| Aell, = {Z(l +m?)? IamIQ} :
Since
(14m?)? < (1+m?)?,
we obtain
+oo
D (L+m?) |an|* < Z (1 +m2)? |am|*.
Thus

1A¢ll, < llell, -
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Theorem 9. If p > q then H?(]0,27],C) is dense in H([0,2x],C), with compact
imbedding from HP([0,2n],C) into H?([0,27],C).

Proof. (see [91]). O

We rewrite equation (2.2) as:

Son (o + 2 00—,

o t—

Hence
St {6 (@) — i9(@)} = g(a),
that is

+oo
> an (1=10) dm(x) = g(a).
On the space L*([0,27],C), the inner product

(0, ) = / T oot

{®m}mez is an orthogonal system, so

S (L= 0) (b 04) = (9, 64), k€ L.

But ) .
T m=
(O, dr) = { 0 otherwise.
Hence
ar (1 —1) (o, o) = (9, Dr) -
Thus
1
ap = (=1 (9, On) -
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Chapter 3

Two Projection Methods for
Skew-Hermitian Operator Equations

3.1 Introduction and Mathematical Background

In this chapter we present a projection method for solving an operator equations
with bounded operator in Hilbert spaces. We prove the existence of the solution for
the approximate equation, and we perform the error analysis. We apply the method
for solving the Cauchy integral equations in L?([0,1],C) for two cases: Galerkin
projections and Kulkarni projections respectivly, using a sequence of orthogonal
finite rank projections. Numerical examples illustrate the theoretical results.

Since 1980, many papers have been dedicated to the numerical solution of opera-
tor equations in the compact case, using Galerkin and other projection methods. In
[4], the authors have studied some finite rank approximations using bounded finite
rank projections. In [3], the authors have used a projection approximation for solving
weakly singular Fredholm integral equations of the second kind. In [93|, the author
has proposed a more accurate approximation for compact operator equations. The
goal of this chapter is to apply two projection methods to an integral equation with
singular kernel. The abstract framework is that of bounded but noncompact skew-
Hermitian operators in a Hilbert space. The application will deal with a Cauchy
integral equation in L?([0,1], C) with two discretizations: the classical Galerkin and
the new Kulkarni approximations built upon a sequence of orthogonal finite rank
sequence of projections.

Let H be a Hilbert space, and T a bounded operator from H into itself. For a
given function f € H, we consider the problem of finding a function ¢ € H such
that

p—Tp=f. (3.1)

Let T* be the adjoint of T. We assume that equation (3.1) has a unique solution
¢ € H, and that T is skew-Hermitian: is 7* = —T. Let (7},),>1 be a sequence of
skew-Hermitian operators from H into itself.

Theorem 10. For all n, the operator I — T,, is invertible, and

I(7-T)7 ' < 1.
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Proof. Since
(iT,)" = =T =1iT,,

the operator iT,, is self-adjoint, and hence sp (7,,) C iR, where sp denotes the
spectrum. This shows that 1 ¢ sp (7,,) and hence the operator I — T, is invertible.
On the other hand, for all z € H,

Re (I —T,)z,2) — % (I~ To)a, ) + (T~ T2y = {w.a),
hence
2] < Re (I = To)z, x)| < (I = To)z,z)| < ||(I = To)a|| |1,

so ||(I—T,)""| < 1. O

3.2 Cauchy Integral Equations of the Second Kind

Set H := L*(|0,1],C), and consider the following Cauchy integral equation of the
second kind

o(s) —7§ %dt —f(s), 0<s<I, (3.2)

where f is a known function. The above integral is understood to be the Cauchy

principal value:
1 s—e 1
]{ L0, / Mdz&+/ 0 4
o t—s e—0|Jy t—35 siel—S

Letting

equation (3.2) is equivalent to the equation (3.1). We recall that for each f € H,
equation (3.2) has a unique solution ¢ € H, and the Cauchy integral operator T is
bounded from H into itself, further 7% = —T (see [124]). Let (sn ;)7 be a grid on
[0, 1] such that

0<5p0<8p1<...<8, <1
Set
hn,i = Snji T Snji—1, (S [[17 n]]a hn = (hn,b hn,27 ) hn,n)-

Let us consider (II,),>1, a sequence of bounded projections each one of finite rank,
such that

n

I,z = Z (T, €nj) €nj,

J=1

where
1 for s €]snj—1,Snjl;

€nj = ——==, On, (s):= { ;
/D, 0 otherwise.
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Let
Jn = {Sn,j7 j € [[Oun]]} .

Define the modulus of continuity of the function ¢ € H relative to h,, as follows:

(W, Ju) = sup </ (7 +5) — (T)Fdf)é.

0<0<hn,

All functions are extended by 0 outside [0, 1]. We recall that
wa(1), Jn) — 0 as n — oo for all ¢ € H,

and that, for all v € H (cf. [5]),

17 = TL)[ly < wa (4, Jn). (3.3)

3.2.1 Galerkin Approximation

In the past two decades, several results have been established for solving compact
operator equations using the Galerkin method. In this section we use the Galerkin
method for approximate the solution of our bounded equation. Since II' = II,, we
get T = —T,, with T,, = T := 11, T1l,, hence the following Galerkin approximate
equation

gof — Tngof =1L, f, (3.4)

has a unique solution ¢, given by

n
= E Tn,jCn,j
J=1

for some scalars z,, ;. Equation (3.4) reads as

an,j [en,j - HnTen,j] = ana

J=1

so that

n n n
Z xn,j en,j - Z <T€n,j7 6n,i> en,i] = Z <f7 en,i> en,ia
7=1 i=1 i=1

that is to say, the coefficients z,, ; are obtained by solving the following linear system
(I — Ay)x, = by,

where

bo(k) = \/m/Sk_lf(s)ds
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Theorem 11. The following estimate holds:

||<10§ - SOHQ S W2(f, JTL) + WQ<TCP, ‘]TL) + WW2<Q07 Jn)
Proof. In fact

I =T Mf = (I=T)7'f

n

I-T7)" 1an I=THf+U-T) ' f=(I-T)7'f

(
( n
= ([-T) "M, -Df+IT-TH ' [U-T)-(I-TH] (I -T)"'f
I =T [, = 1) f + (T7 = T)e] -
It is proved in Theorem 1 that ||(/ — T,%)~!|| < 1. Since

(T —T)p = (11, — T + IL,T(IT,, — I)e,

n

and since ||II,]| = 1 and ||T'|| < 7 (cf. [124]), then using (3.3), we get the desired
result. O

3.2.2 Kulkarni Approximation

In |93] the author has proposed to approximate a linear operator 7" by the following
finite rank operator

K .=1,T + 111, — 11, T1L,.

Theory has been developped for the compact case. In this section, we propose to
approximate our noncompact bounded operator 1" by this finite rank operator. Let
©% be the approximate solution of the equation (3.2) using TX. As in [93], let

Uy, = Hnwf.

Since I, u,, = u,, there exist scalars c, ; such that

n
j=1

Following 93],
— [T, 4+ 1L, T( — IL,)TI,] w, = I, f 4+ 1L, T(1 —I1,) f,

so that

> cnjleny — (MTep; + ,T(1 = 11,)Te, ;)] = M f + LTI —11,,) f,

and hence

n

Z Cn,j en,j - Z(<T€n,j7 en,k> + <T(I - Hn>T€n,j7 en,k>)en,k =
7=1

k=1
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n

- fenk enk+z fenk>enk
k=1

Performing the inner product with e, ;, we obtain the linear system
Cni = > g [(Teng,eni) + (T =) Tep s, eni)] = (fens) + (T =1L frens), i€ [1,n],

which becomes

n n
Cn,i — Z <T6n,ja en,i) + <T26n,j7 en,i> - Z <T6n,ja 6n,k> <T€n,k7 en,i> Cn,j
j= k=1
n

= (f,eni) + (Tf, eni) — (f,enk) (Teng,eniy, i€[l,n]. (3.5)

k=1

The following computations are needed:

- 1 Si 5;
CnjsCni) =
(Tens, ens) hnjhm/f

2
<T en,ja en,i>

T

dtds,

d
\/hnjhnz/sllj{ t—S%

(Tf ens) = \/T/ 7{ t_t)sdtd
(s ens) m— | RCZ

Once the system (3.5) is solved, the solution ¥ is built through

O =y, + (I =) Tuy, + (I —11,) f.

Hence

o) = (o) § 2D 2%’“ [ ]{ D g p -3 el [ s

Theorem 12. The following estimate holds:

N

ok = @ll2 < [2wa(e, Ju) [|(I = TL)T* (I = 10) ||, * -
Proof. On one hand
oK —po=(F+TreE) = (f+Tp) =TE(pK — o)+ (TF = T)e.

Thus

so that



which lends to
len = elly < 17 =TT =D,
On the other hand,

(TF -T)o=[M,T(I—-1,) - T -1L,)] o =— (I —1L,) T (I —1I,,) .
Since ||(I = TK)7!|| <1,

lon — |, < NIT =TL) T (I = 1IL,) |y < wa(T (I —11,) @, Jn).

But
Wy (T (I = ma) . Jn) = Sup (T =) (o +0) =), T(T =) (p(- +0) = P))*
= sup (p(-+0) =, — (I~ L) T* (I = TL,) [p(. + ) — ])’
0<6<hn
1
< sup / lo(T + 8) — @(7)|? dr x
0<6<hn JO
1
| =TT (1 = 1L el + 6) — et ar
0
< 40‘)3(907 Jn) H(I - Hn)T2 (I - Hn) 90‘ z )
and we get the desired result. O]
3.3 Numerical Examples
Example 3.1
We consider the following Cauchy integral equation
1
_ e@t) . o _ 1 2 S
©o(s) %t_sdt—s 2$+2+(8 s)In ) 0<s<l.

The right hand side has been built so that the exact solution to this equation be

o(s) = s* —s.

We present in table (3.1) the corresponding absolute errors for this example.

Example 3.2

We consider the following Cauchy integral equation

1
t 4+1 2In2 —4In(1—
go(s)—]{ S0()dt: st ot n S), 0<s<1.
o t—s 4(s2+1)
The right hand side has been built so that the exact solution to this equation be
1
o= @31

We present in table (3.2) the corresponding absolute errors for this example.
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n | le=edll, | lo—enl,

3 6.69e-2 5.83e-3
5 3.82e-2 3.17e-3
7 2.64e-2 2.54e-3
15 1.17e-2 7.17e-4
25 6.88e-3 1.75e-4

Table 3.1: Ezxample 3.1

n | le—=edll, | lo—exl,

4 4.04e-2 6.44e-3
6 2.63e-2 3.12e-3
10 1.55e-2 1.00e-3
12 1.29e-2 9.54e-4
20 7.70e-3 3.35e-4

Table 3.2: Example 3.2

3.4 Conclusions

This work extends the application of projection methods to singular integral equa-
tions of Cauchy type. As it has already established for sufficiently differentiable
kernels (see [93]), the Kulkarni approximation gives more accurate results than the
classical Galerkin approximation. In exchange, from a computational point of view,
the complexity of Kulkarni approximation doubles Galerkin’s one since one more
evaluation of the integral operator is needed to build each coefficient of the matrix
associated to the auxiliary linear system.
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Chapter 4

Collocation Method for Solving
Integro-Differential Equations with
Cauchy Kernel

4.1 Introduction

This chapter investigates the numerical solution for a class of integro-differential
equations with Cauchy kernel by using airfoil polynomials of the first kind. Accord-
ing to this method, we obtain a system of linear algebraic equations. We give some
sufficient conditions for the convergence of this method. In the end, we investigate
the computational performance of our approach through some numerical examples.
The last two decades have been witnessing a strong interest among physicists, en-
gineers and mathematicians for the theory and numerical modeling of integral and
integro-differential equations. These equations are solved analytically see, for exam-
ple the excellent book by Muskhelishvili (cf. [110]), and the references therein. But
only special cases of these equations are solved analytically, so we should solve other
classes of these equations by using numerical methods, several methods have been
recently developed for the numerical solution of the integro-differential equations.
Specifically, in [11], Badr presented a Galerkin approach for solving the integro-
differential equation of the second kind with Cauchy kernel by using the orthogo-
nal basis of Legendre polynomials. In [46], the authors have considered a method
based on projector-splines for the numerical solution of integro-differential equa-
tion. In [99], the authors presented a Taylor-series expansion method for a class
of Fredholm singular integro-differential equation with Cauchy kernel, and used
the truncated Taylor-series polynomial of the unknown function, and transform the
integro-differential equation into a linear ordinary differential equation of order n
with variable coefficients. In [15], we find a method based on polynomial approxi-
mation using Bernstein polynomial basis, to obtain approximate numerical solution
of a singular integro-differential equation with Cauchy kernel, and compared the nu-
merical results obtained with those obtained by various Galerkin methods. A great
deal of effort has been made in the development of numerical techniques for the ap-
proximate solution of Cauchy integral equations, (cf. [12], [19], [35], [36], [40], [41],
[42], [43], [91], [94], [100], [123], [131]). Several methods use polynomial techniques,
(cf. [8], [35], [40], [42], [44], [120], [121]). So different kinds of polynomials play
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an essential role in approximation theory, and have many interesting applications,
particularly they may be applied to solve integro-differential equations.

In this chapter, we will propose to employ a method based on the airfoil polyno-
mials of the first kind, for solving the Fredholm singular integro-differential equation
with Cauchy kernel.

The chapter is organized as follows: In the next section we will discuss airfoil
polynomials and their key properties. In section 2 we give the description and
development of the method, and we discuss estimates for the rate of convergence of
the method. In section 3 for showing efficiency of this method, we use numerical
examples. Section 4 is devoted to the conclusion of this chapter.

We recall that the so-called airfoil polynomials are used as expansion functions
to compute the pressure on an airfoil in steady or unsteady subsonic flow.

The airfoil polynomail ¢, of the first kind is defined by

cos|(n + 3) arccos z]

tn(z)

cos(3 arccos x)

The airfoil polynomail u,, of the second kind is defined by

sin[(n + 3) arccos

up(x) =
n sin( arccos x)

4.2 The Approximate Solution

Given a function f and a constant A, consider the problem of finding a function ¢
such that

AT e(t)
! — dt = —-l<z<l. 4.1
(0 +2 ¢ Za—f@), -1<e (1)
The above equation called Fredholm integro-differential equation with Cauchy ker-
nel. We will propose an approximate solution for equation (4.1). For this purpose,
we will introduce an approximation using the airfoil polynomials of the first kind ¢,
as

n

pn() = w(@) Y aiti(x),

where
o) = 2
The formula (cf. [33])
(1 + )ti() = (i + 3 wila) — 5:(a),
gives
Al) = S ol @nte) + 2 1 o) - Sy (1.2



On the other hand (cf. [33]),

7{ \/? tt_ - (2). (4.3)

Consider the set of n + 1 collocation points x;, which are the zeros of u,1:

2j — 1
T
n+3"

Let us introduce the following notations

(Ap)(z) == ¢'(z), —-1<z<]l.

€ [0,n].

Tj = —Cos

(Tp)(z) = ijgl e(t) dt, —l<ux<l.

T) 4 t—x
Equation (4.1) can be written in the following operator form
Ap+Tp = f.

Denote by C%*([—1,1],R) the space of all functions ¢ defined on [—1, 1] satisfying
the following Hoélder condition: 3M > 0 such that

Var,xz € [11], Jp(en) = @(e2)] < M ey — 2o,

where 0 < A < 1.
Let

H:={pe L*([-1,1,R) : ¢ € L*([-1,1],R), ¢(-1)=0}.

The operator T is bounded from L?([—1, 1], R) into itself and also from C%*([—1, 1], R)
into itself (cf.[110]). We recall that

(A71y)(s) = / Cy(tydr,

-1

and that A~': L?[-1,1] — H is compact (cf.[17]).
Consider hat functions e, ey, €9, . .., €, in C°([-1,1],R) such that

ej(wr) = k-

Define the projection operators P, from C°([—1,1],R) into the space of continuous
functions by

= Z g9(zj)e;()
5=0
Let us define the operators
D, :=A"'P, T, D:=AT.
Consider the following approximate equation in the unknown ¢,:

On + Dppn = A_lf.
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Theorem 13. Assume that f € C°([—1,1],R). There exists a positive constant M,
such that

lon = ¢lloc < M|[Dnp = Dipl|oo-
for n large enough.

Proof. 1t is well-known that |P,g — g||., — 0, for all g € C°([-1,1],R). Since A™*
is compact, it is clear that D is compact. In (cf. [8] and [91]) it is shown that the
inverse operator (I + D,,)™! exists and is uniformly bounded for n large enough. On
the other hand,

Pn— ¥ = [A_lf_ Dngpn} - [A_lf - DSO} )

hence
on—¢ = [Dp— Dnpn].
This leads to
on—9¢ = [(D—=Dn)p— Dulpn—9)].
Thus
(I + Dn)(pn —¢) = (D =Dy
Consequently
on—¢ = (I+Dy) " [(D—Dyn)el,
lon = @l < MI[[(D = D)oo,
where
M = sup H(I + Dn)*lH ,
n>N
which is finite. [

Finally, the following system follows:
Ay (i) + Ton(z;) = f(z;), je[0,n].
By (4.2) and (4.3),

n

> a{w! ()ti(x;) +

1=0

w(x;) 1

S+ gute) - )]+ )} = S, € Dn)

4.3 Numerical Results and Discussion

In order to illustrate the performance of our method, we report in this section,
numerical results of some examples, selected integro-differential equations, solved
by the method of this study. In these numerical computations each table shows the
numerical error of our approximate solution.
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n=>5 n=20 | n=116
-0.8 | 0.1640e-1 | 0.183e-2 | 0.16e-3
-0.6 | 0.1855e-1 | 0.185e-2 | 0.15e-3
-0.4 | 0.2204e-1 | 0.181e-2 | 0.2e-4
-0.2 | 0.2119e-1 | 0.184e-2 | 0.12e-3
0.0 | 0.18%-1 | 0.19e-2 0.2e-4
0.2 | 0.1856e-1 | 0.171e-2 | 0.3e-4
0.4 | 0.1992e-1 | 0.179e-2 | 0.8e-4
0.6 | 0.2044e-1 | 0.174e-2 | 0.8e-4
0.8 | 0.2148e-1 | 0.177e-2 | 0.9e-4

Table 4.1: Ezample 4.1

T n=2>5 n =49 n =135
-0.8 | 0.737e-2 | 0.21001e-3 | 0.40012¢-4
-0.6 | 0.927e-2 0.23e-3 0.80002e-4
-0.4 | 0.1439e-1 0.17e-3 0.60007e-4
-0.2 | 0.1171e-1 | 0.23001e-3 | 0.90003e-4
0.0 | 0.59827e-2 | 0.17379e-3 | 0.45706e-4
0.2 | 0.52100e-2 | 0.14001e-3 | 0.60001e-4
0.4 | 0.1147e-1 | 0.21004e-3 | 0.60024e-4
0.6 | 0.1616e-1 | 0.26002e-3 0.6e-4
0.8 0.282e-2 | 0.22001e-3 | 0.30065e-4

Example 4.1

Table 4.2: Example 4.2

Let us first consider the following integro-differential equation

1

o

¢ () +

The exact solution is

1

p(t) L s 1 1

dt = — 22 +2(— + 1)z — —

jgl t—ux it + (7T5 + 1) 74
o(z) =2 — 1.

Table (4.1) gives the numerical results for Example 4.1.

Example 4.2

In this example we consider the following integro-differential equation

¢@+£@®

1t—ZL'

The exact solution for this equation is

p(z) =

—3 + .

dtzwx3—5x2—7m+g—i—(x?’—:z:)ln(x—i-l)—( P —x)Iln(z —1).

Table (4.2) shows the rate of convergence of the method. The results confirm the
convergence properties proved above.
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4.4 Concluding Remarks

Cauchy kernel are important in many fields of applied mathematics. The method can
be developed and applied to other class of integral and integro-differential equations.
The advantage of this method is that we can eliminate the singularity, and compute
an approximate solution through a system of linear equations.
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Chapter 5

Projection Methods for
Integro-Differential Equations with
Cauchy Kernel

5.1 Introduction and Mathematical Background

In this chapter we present two methods for solving Cauchy integro-differential equa-
tions. First, we present a projection method based on Legendre polynomials, for
solving integro-differential equations with Cauchy kernel, in L?*([—1, 1], C). The pro-
posed numerical procedure leads to solve a system of linear equations. We prove the
existence of the solution for the approximate equation, and we perform the error
analysis. Numerical examples illustrate the theoretical results. Next, we propose
a Sloan projection method for the approximate solution of an integro-differential
equations with Cauchy kernel in L?*([—1,1] x [~1,1],C) using Legendre polynomi-
als. A system of linear equations is to be solved.

The theory of integro-differential equations with Cauchy kernel has important ap-
plications in the mathematical modelling of many scientific fields such as fluid dy-
namics, electrodynamics, elasticity. Many integro-differential equations need to be
solved numerically. Several authors have been studied projection approximations
for solving integral equations with different numerical procedures, the theory of pro-
jection approximations is developed in [4]. In [4], the authors have studied some
finite rank approximations using bounded finite rank projections. Projection ap-
proximation methods play an essential role in approximation theory, and have many
interesting applications, particularly to solve integral equations. In [3], the authors
have used a projection approximation for solving weakly singular Fredholm integral
equations of the second kind. Let H := L?([—1,1],C), be the space of complex-
valued Lebesgue square integrable (classes of) functions on [—1,1]. The purpose
of this chapter is firstly to introduce a projection method based on the Legendre
polynomials, for solving integro-differential equations with Cauchy kernel in ‘H. The
purpose of the second method is to approximate the solution of integro-differential
equations with Cauchy Kernel using Sloan projection in the first time.

Let the universe of our discours be the Hilbert space H. Set

Di={peH : ¢ €H, p(-1)=0},
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and consider the integro-differential equation with Cauchy kernel

o'(s) + 7{1 Malt = f(s), —-1<s<l, (5.1)

1t—s5

where the integral is understood as the Cauchy principal value:

1 S—€ 1
L%f@mzm1/ £@m+/ EAONAY
1 t—s e—0\J_; T—3s siel— 5

Letting
1
t
To(s) = 90()dt, -1<s<1,
t
1 t—=S5
Ap(s) = ¢'(s), —-1<s<l,

the operator T is bounded from H into itself and

Almﬁz/"mmm <l

-1

is compact. Equation (5.1) can be rewritten as
o+ AT = ALY,
Let
K :=A"'T

which is compact. We assume that —1 is not an eigenvalue of K.
Let (L,)n>0 be the sequence of Legendre polynomials which is an orthogonal basis
for 'H:

2
Ly L) =6 —
< 79 k> ]k23+1,
and
2741
€j = J; Lj,

the corresponding normalized sequence.
Let (7,)n>0 be the sequence of bounded finite rank orthogonal projections defined
by

—_

n—

Tl = (z,e;)e€;.

i
o

Hence, for ¢ € H,
T [fr o — 6] = 0.



5.2 A Projection Method for Integro-Differential Equa-
tions with Cauchy Kernel

Let H,, denote the space spanned by the first n of Legendre polynomials. It is clear
that A='(H,) = H,+1. The approximate problem is the following equation for ¢,:

on+ A T, T, = A7, f.
Clearly ¢, € DN 'H,v1. We introduce the following notations:
K:=A"T K,:=A"'nT, ¢g=A"f ¢,:=A'n.f,
and we assume that —1 is not an eigenvalue of K. Hence the equation
(I+K)e=y,
is approximated by
(I + K,) on = gn.

For all x € H,
lim | K,z — Kz| =0,

and since A~! is compact,
lim || (K, - K)K| =0, lim | (K,—-K)K,|=0.
Writing

n
= E Ln,jCjs
j=0

an(j) ¢+ mTe;] = maf,

This leads to a linear system
Anxn = bna
where, for i € [0,n — 1] and j € [0,n],

anies) = P o [ (f 2]

-1

A, (n,j) = ej(-1),

FUR—EES [ remsas
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Since K is compact, the theory developped in [4] shows that for n large enough, the
operator I + K, is invertible, and its inverse is uniformly bounded with respect to
n.

Let s > 0 and H*([—1,1],C) be the classical Sobolev space, and let ||.||s denote
its norm. (For details, see [10].) Remark that

(I + AilT)(HS([_L 1]7 (C)) = HS([_L 1]7 C)
We recall that (cf. [10]) there exists ¢ > 0 such that, for all ¥ € H*([-1,1],C),

I =)l < en™[[]]s. (5.2)

Theorem 14. Assume that f € H*([—1,1],C) for some s > 0. Then, there exists
a > 0 such that

lon = @l < a[n' || Tplls—1 + 0" fs]-
Proof. We have

on—p = [U+K) " go—T+K) g +(I+K,) " 'g—(I+K,) g
= ([+K) ' (K—K)¢+0g,—9],

and hence
lon — @l < C I (K = K)ol + [A7 (T =) 1] -

On the other hand,
(K —K,)p=A"(I—m,)Te.

But f € H*([-1,1],C), so ¢ € H*([-1,1],C) and Ty € H*'([-1,1],C). Using
(5.2), the desired result follows. O

5.3 Sloan Projection Method

Consider the approximate problem of finding ¢ € D such that
05+ KmppS = A7V (5.3)

Clearly, if such a function exists, it belongs to D.
Applying the operator 7, to both sides of equation (5.3) we get

Wncp;? + WnKﬂngpg = WnA_lf,

or, equivalently,
n—1 n—1 n—1
> {eheyei+ > (@5 e)mKe; =Y (A7 fre) ey,
=0 =0 =0
and performing the inner product with e; we get the following system:
n—1
(ph )+ Z (ph,e;) (maKej,e;) = (A7 fer), i€[0,n—1].
=0
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Since 7} = m,, and T,e; = €;,
n—1

(o5, ei) + Z (o3, e;) (Kej,ei) = (A7 fe;), i€[0,n—1]. (5.4)

j=0

Since K is compact, (I, + A,) "' exists for n large enough (see [4]). Once the system
(5.4) is solved, o3 is recovered as

ao= | jf(t)dt—ga:no)\/@ [ § B

Let

M = sup||(I+ Km,) ",
n>N

which is finite.

Theorem 15. Assume that f € H*([—1,1],C) for some s > 0. Then, there exists
G > 0 such that

len — ol < MB K[ n~*|lells.
Proof. We have

i —p = (A = Kmup)) — (A7 f = Ko)
= K({I—m)o+Km, (p—¢)),
and hence
(o) —¢) =T+ Km) ' K (I —m,)e.

But f € H*([-1,1],C), so ¢ € H*([-1,1],C). Using (5.2), the desired result
follows. O

5.4 Numerical Example

In this section, we present a numerical example to illustrate the theoretical results
obtained in the above sections. Tables 5.1 shows the absolute error as a function of
n.

Example 5.1
Let f be defined so that the exact solution be

s+1
s241°

p(s) =

ol



n| e —enlly | |l — @i,
1 24062 | 2.1pe?
5| 9883 | 7923
6 | 4.08¢-3 | 2.59-3
7| 1.68-3 | 985¢4
8 | 6.99-4 | 3.44e4
9 | 2894 | 1.3%-4
10| 12004 | 481eb
11| 4.96e-5 | 1.88e-5
12| 2.05e-5 | 6.98¢-6

Table 5.1: Example 5.1

02




Chapter 6

Regularization and Projection
Approximations for Cauchy Integral
Equations of the Second Kind

6.1 Introduction and Mathematical Background

In this chapter, we derived the regularization to the solution of Cauchy integral
equation, and we apply the projection to the obtained equation. First we us Kan-
torovich projection, and we perform the error analysis. After we study the Sloan
projection and we prove some results about the error analysis. In the end of this
chapter Galerkin projection is estabished and its error analysis is discussed.

Let C%*([-1,1],C), 0 < o < 1 be the space of all a-Hélder continuous functions.
Let us denote by H*([—1,1],C), 0 < a < 1 the space of all functions ¢ which satisfy
the following conditions:

e ¢ is a-Holder continuous on every closed subinterval of (—1,1),

©*(t)
(t =)’

p(t) = 0<p<l,

*

near ¢ = £1. ¢* is Holder continuous function.

Consider the following Cauchy integral equation of the second kind

ad(z) + b %1 &dt - ,u/l k(x,t)0(t)dt = g(x), —1<xz<l1, (6.1)

T t—x 1

where a, b are constants, such that a®+b* = 1. We assume that g € C%([-1,1],C).
Following [110],

U(z) = w(@)p(w),

where the function ¢ is a Holder continuous function, and w is a weight function
defined as

w(z) = (1 —2)*(1 + )",
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where o and (3 are given by

1 a—1b 1 a—1b
-1 S|
« ;08 v B 8 T+ ib

o —1< < 1.
P i T p

v and 1/ are integers related to the following index
ki=—(a+p0)=—-(v+1).

Hence

aw(z)p(z) + éjg Mdt - u/ k(x, t)w(t)p(t)dt = g(x), —1<z<l1.

T, 1—X 1

Let K° be the operator defined by

K°(x) == aw(z)p(z) + E}[ Mdt, ¢ € C"*([-1,1],C), —l<uwz<l,

™), t—x
and K! be the operator defined by

Klo(x) == /_1 bz, Ow(t)pt)dt, ¢ e C%([-1,1],C), —1l<az<1.

1

First, we will discuss the solution of the following Cauchy integral equation of the
first kind

K°(x) = h(z), heC"(-1,1],C), —-l1<z<l1.
The solution of this equation has the following boundary behavior in [—1, 1]

o If -1 <a<0and0< < 1: Thesolution is continuous in (—1, 1), bounded
at © = —1 and may have a weak singularity at = = 1.

e If0<a<land —1 < (< 0: The solution is continuous in (—1, 1), bounded
at z = 1 and may have a weak singularity at z = —1.

e If0 <a<1land 0 < B < 1: The solution is continuous in (—1,1), and
bounded at both ends x = —1 and z = 1.

e If -1 <a<0and —1 < 8 < 0: The solution is continuous in (—1,1), and
may have a weak singularities both at = —1 and * = —1.

According to [47], the Cauchy integral equation of the first kind has the solution

h(x b (' h(t) dt b
(p(m):a()__f (t) be
wx) wmJiwlt)t—z 7
where
e For x = 1, the solution is unbounded at both ends x = —1 and z = 1, and not

unique since C' is an arbitrary constant.

e For k = 0, the solution is unique since C' = 0.
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e For k = —1, the equation has a solution if and only if
1
h(t
[ M0y
L w(t)
and in this case the solution is unique with C' = 0.

Let K be the operator defined by

1, %
Ko¢(x) := aw™(x)p(z) — %]{ %dz@ ¢ € C**([-1,1],C), —l<uxz<]1,
-1 -
where
() =
v =
If
h:=g+pK'e,

then we get the following equivalent equation with a similar discussion as above
1 b
v —uKK cp:Kg-I—%C'.

Let
-1 b

fi=—(Kg+-0), A==, T:=KK"
il ™

1
L
Then ¢ solves

(T —M)p = f. (6.2)
Using the Proposition 1.1.2 in [47], if we assume that k € C'([-1,1]*,C), g €
CY([-1,1],C), then the operator T is compact from X := C°([-1,1],C) into X.

6.2 Finite Rank Approximations and Regulariza-
tion
In this section we introduce a grid (z,;)j—, on [~1,1] such that
1 <zpg<xp1 <...<Tpp-1<Tpn <l
Consider hat functions eg, e, es, . .., e, in C%([—1,1],C) such that
€ (Tnk) = Ojik-

Define the projection 7, from C°([—1,1],C) into itself by

Tag(T) = Zg(xn,j)ej(ﬂf)-
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We recall that by [4, 8|
lim g — gl = 0.

The solution ¢ of (6.2) satisfies

1
p=Tv— 1)
Let
vi=Tp =X p+ f.
We get .
so that
1
V=50 -T]). (63
Hence
TRt = %(ﬂ'nTQ/} —m,Tf). (6.4)

Let us approximate the solution of (6.3) by " (P for Kantorovich) such that
1
wr}; = X(ﬂ'nquf —m, T f). (6.5)

Theorem 16. The inverse operator (I —+m,T)™" exists and it is uniformly bounded

)
for n large enough, and

[ = vF || < Mo [ — matd]] -
Proof. In fact

1 Py _ 17r Pt P
From (6.5),
1 Py _ L 1
(I — X?THT)(Q/} — )= )\WnTw + )\7‘(an.
Thus

(I = 3mT) = ¥F) = ¥ = £ (1T — mTS).

Using (6.4), we get
(I = $7aT)(W — ) = — 7

A
and the resulat follows, with
1 -1
My = sup ||({ — Xﬂ'nT>
Since T" is compact, lim,_.« |7, 7 — T'||, = 0, and hence M, < oco. O
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Let
_Lor

Theorem 17. The iterated approzimation @F satisfies

& = ll < T =Tl o - ol < 758 o = .

Proof. We have
1
(maT = AD)@y = (T = AWy = f),
SO

SETOE = XL = mTf 4 ),

(WnT - AI)@E =
But (6.5) implies
Ty, — My, = m Tf.
Hence
(1T = M)y, = f.

Thus
Gr—p = (mT X)) f—(T- M) f

= (T =X (T =X [(T =) — (m, T — X)| f
= (m, T = NX)"N(T = \X)"" [T — 7, 7] f.

Finally, we have
16 — ¢l < CilIT = mT|.

Where
Co = sup ||(m, T — A7
Cr = (T = AD) [ If Co.
Also
1 1
P P ey A
Pn = ¢ N = f) = W= f)
L. p
Using the above Theorem we get the desired bound. O
6.3 Sloan Projection
Using (6.3),
1
U =5 (T = Tf). (6.6)
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Theorem 18. The inverse operator (T'm, — N )™! exists, it is uniformaly bounded
for n large enough, and

| — o || < Mo||IT|| 7ty — |
where

M, = Slip (T, — )J)le .

Proof. We remark that
(T, = M) (W = ) = Tpt) — Mo — Trpihy + Ay
It follows from (6.6) that
(Tmy = AD)( = ) = Ty — Mp = Tf.
By (6.6),
(T = M) (W — ) = Tmp — T,

and the result follows. Since 7" is compact, lim,_. |7, 7 — T||, = 0, and hence M,
is finite. n

6.4 Galerkin Projection
By using Galerkin projection from (6.3),

VS = %(wnmwg" —m,Tf) (6.7)

Theorem 19. The inverse operator (I—5m,T) ™!

for n large enough, and

exists and it is uniformaly bounded

| =S| < v | (map — ¥,

where

1
X’/TnT)_l

-

v 1= sup
Proof. We have

(I — lﬂnT)(@Z) — ) = 1p — iwnw — € + lnnmfj.

A A
From (6.7),
1 G 1 1
(I - _ﬂ-nT) (¢ - 7T7’L77Z}n) = ¢Y—smIy+mTf
A A A
1
= Y- X(ﬂ-nTw - Wan)
By (6.4),
1
(I = S D) — ) = ¥ —
Hence,
1 _
Y= = (1= $mT) (6 = ),
and we get the desired result. Since T" is compact, lim,_. ||7,T —T'||, = 0, and
hence v < oo. O

o8
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Conclusions and perspectives

In this thesis, new numerical schemes based on the projection and collocation meth-
ods have been constructed and justified for approximate solutions of Cauchy integral
and integro-differential equations. We have developed a projection method for solv-
ing an operator equation with bounded noncompact operator in Hilbert spaces.

This work may be extended to other type of Cauchy integral and integro-differential
equations.
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RESUME

L’objectif de ce travail est la résolution des équations intégrales singuliéres a noyau
Cauchy. On y traite les équations singuliéres de Cauchy de premiére espéce par la
méthode des approximations successives. On s’intéresse aussi aux équations inté-
grales a noyau de Cauchy de seconde espéce, en utilisant les polyndmes trigonométriques
et les techniques de Fourier.

Dans la méme perspective, on utilise les polynomes de Tchebychev de quatriéme
degré pour résoudre une équation intégro-différentielle & noyau de Cauchy.

En suite, on s’intéresse & une autre équation intégro-différentielle a noyau de
Cauchy, en utilisant les polynémes de Legendre, ce qui a donné lieu a développer
deux méthodes basées sur une suite de projections qui converge simplement vers
I'identité.

En outre, on exploite les méthodes de projection pour les équations intégrales
avec des operateurs intégraux bornés non compacts et on a appliqué ces méthodes
a ’équation intégrale singuliére a noyau de Cauchy de deuxiéme espéce.

Mots clés: Equations intégrales, approximations successives, méthodes de projec-
tion, méthodes de collocation, noyau de Cauchy.

Summary

The purpose of this thesis is to develop and illustrate various new methods for
solving many classes of Cauchy singular integral and integro-differential equations.

We study the successive approximation method for solving Cauchy singular in-
tegral equations of the first kind in the general case, then we develop a collocation
method based on trigonometric polynomials combined with a regularization proce-
dure, for solving Cauchy integral equations of the second kind.

In the same perspective, we use a projection method for solving operator equation
with bounded noncompact operators in Hilbert spaces.

We apply a collocation and projection methods for solving Cauchy integro-
differential equations, using airfoil and Legendre polynomials.

Keywords: Integral equations, successive approximations, projection methods, col-
location methods, Cauchy kernel.
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Sur la Résolution des Equations Intégrales Singuliéres a Noyau de Cauchy

Résumé

A Biskra, le 27 avril 2011

Le domaine des équations intégrales, aussi vaste qu’il le soit, a connu ces derniéres années une attention con-
sidérable. En effet, les équations intégrales interviennent dans le traitement de différents problémes apparraissant
dans les domaines des sciences physiques et de la technologie tels que: le transfert radiatif, la diffusion, I’élasticité,
ou les équations intégrales singuliéres & noyau Cauchy trouvent leur place.

Concernant notre théme: équations intégrales singuliéres & noyau Cauchy, on s’intéresse a la résolution de ce
type d’équations par différentes méthodes telles que celles de projection et collocation.

On vise en premier lieu & généraliser une méthode des approximations successives pour résoudre une équation
intégrale singuliére a noyau de Cauchy de premiére espéce, appliquée a deux cas d’intérét pratique.

Puis, en se servant des méthodes de projection, on traite des équations fonctionnelles avec des opérateurs bornés
(non compacts); notamment la méthode de Galerkin et la méthode de Kulkarni.

D’autre part on traite les équations intégro-différentielles & noyau de Cauchy via la méthode de collocation et
la méthode de projection.

Un autre objectif réalisé est le traitement des équations intégrales singuliéres & noyau de Cauchy de deuxiéme
espéce en utilisant les polyndmes trigonométriques et une procédure de régularisation.

Le présent travail est organisé comme suit: On commence par un rappel général de la théorie des opérateurs
bornés, puis un rappel de théorie spectrale, enfin on donne briévement une classification des équations intégrales
et une introduction & notre théme.

Dans le premier chapitre on traite une équation intégrale singuliére & noyau de Cauchy de premiére espéce, en
utilisant la méthode des approximations successives.

Soit I’équation intégrale singuliére & noyau de Cauchy de premiére espéce

1
37{ Mdt:g(x), -l<x<l,
™ J_1 t—x



ol v et g sont deux fonctions connues, et ¢ est I'inconnue. On suppose que

1 (Y ot
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Par la méthode des approximations successives on obtient

1Y o) [on(t) — on

Vi 1 t—:L‘
Considérons

Ry (7) = ¢(x) — pn(z).
On a

IRall < S (19 + —— g™+ D], neN.
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alors la méthode des approximations successives converge.
La méthode proposée a été testée pour les deux cas suivants:

1+t
t) =4/ —
o) = /1
1—t
t) =4/ —
v(t) 1+t
respéctivement.

Le deuxiéme chapitre traite des equations intégrales singuliéres & noyau de Cauchy de deuxiéme éspéce en
utilisant les polynomes trigonométriques. Ce chapitre contient deux sections:

Dans la premiére section, nous présentons une méthode de collocation basée sur les polynémes trigonométriques
combinée A une procédure de régularisation, pour résoudre 1’équation intégrale de Cauchy de seconde espéce

et

wo(s) — 7€2ﬂ fft)sdt = f(s), 0<s<2m.



Cette équation s’écrit
pe =Ty = f,

ol

27
Tp(s) = 7{ 40 dt, 0<s<2m.
0 t—s

Soient X := L%([0,2n],C), et X,, I'espace engendré par les polynoémes trigonométriques de degré < 2n + 1. Soit
oy, la projection orthogonale de X sur X,,. Alors, pour tout ¢ € X,

m [los — > = 0.

Soient 0 < s5,1 < Sp2 < ... < Spant1 < 2m. Pour tout ¢ € [1,2n + 1] considérons la fonction chapeau e, ; dans
C°([0,27],C), telle que, pour chaque j € [1,2n + 1],

€n,i(8n,j) = 0i;j-

Soit Y, ’espace engendré par ces fonctions chapeau, qui est de dimension 2n + 1. Nous définissons la projection
interpolation 7, de C°([0,27],C) sur Yy:

2n+1
Tuh(s) == Y h(snj)en;(s), he CO([0,2x],C).

Jj=1

Définissons 'opérateur de régularisation T, pour € > 0:

27
(t — s)p(t)
= _— < <
T.o(s) 7€ st dt, 0<s<2m,

qui est compact et sesqui-hermitien de X dans lui-méme.
Soit ¢, la solution de ’équation intégrale régularisée:

(MI - Te)@e = fa

et considérons 'opérateur d’approximation
T =m,Tc0,.

€,n

Théoréme 0.1 Pour n assez grand, l'operateur I — T¢ ,, est inversible, la constante
fBe = sup || (ul — Te,n)_IH
n

est finie et la solution v ,, de l’equation
(,U/I - Te,n)"l)e,n - f,

converge vers la solution ¢ si, en premier lieu, n — oo puis € — 0.

La méthode de collocation conduit au systéme linéaire

(N’I - Tean)ws,n(sn,i) = f(sn,i)7 1€ [[1, 2n+1 ]]



Dans la deuxiéme section, nous présentons une méthode directe basée sur les polynomes trigonométriques pour
résoudre 1’équation intégrale singuliére de Cauchy de deuxiéme espéce

“+oo
o(x) + lj{ Mdt =g(z), xz€eR.

T ) o t—T

Supposons que g est 2m-periodique.

Soit

Om(t) = €™, meZ.
Alors

+oo
p(z) = Zam¢m($)v
ol
1
a = 1= (9, dr) -

Dans le troisiéme chapitre on applique les méthodes de projection & des opérateurs bornés non compacts.
Soit H un espace de Hilbert, et T un opérateur borné de H dans lui-méme. Pour une fonction donnée f € H,
le probléme est de trouver une fonction ¢ € H telle que

p—Tp=f

On suppose que cette équation admet une solution unique ¢ € H, et que T est sesqui-hermitien: i.e T* = —T. Soit
(Th)n>1 une suite d’opérateurs sesqui-hermitiens de H dans lui-méme.

Théoréme 0.2 Pour tout n, l'opérateur I — T,, est inversible et

I = T)7H < 1.

Soit H := L?([0,1],C), considérons I’équation intégrale singuliére de Cauchy

1
t
o) - ¢ 2 g9, 0ss<t
0 t—s
ou f est une fonction connue.
Cette équation s’écrit sous la forme:
(I=T)p =/,

ol

Rappelons que pour tout f € H, cette équation admet une solution unique ¢ € H, et 'opérateur intégral T est
borné de H dans lui-méme, de plus 7" = —T.



Soit (sn,j)j—o une grille sur [0, 1] telle que
0<8p0<8n1<...<8pn<Ll

Posons
hn,i = S8n,i T Sn,i—1, 1€ [[1,71]], hn = (hn,lv hn,Za R hnn)
Considérons la suite (II,,),>1, des projections bornées et de rang fini, telle que

n
I,z := Z (x,€n. ;i) €nj,
j=1

ol
L (bn,] o 1sis 6]5n,j—175n,j [a
Cn,j "= \/m’ n.j(s) = 0 sinon.
Soit

In :={snj, je€]0,n]}.
Nous définissons le module de L%—intégrabilité de la fonction v € H par rapport a h, comme suit:
1 N
aatvog)i= s ([ -wmar)
0<6< | hn |l oo 0
Toutes les fonctions sont prolongées par 0 en dehors de [0, 1]. Nous rappelons que
lim h, =0= lim ws(¢,J,) = 0 pour tout ¢ € H,
n—oo n—oo

et que, pour tout ¢ € H,
(I =) dlly < wa(¥, In).

Dans un premier temps considérons la projection de Galerkin
T, =TS :=11,TTl,,
alors ’equation d’approximation de Galerkin suivante:

05 — TS =11, f,

admet une solution unique ¢&, donnée par
n
G .
o =D wnli)en.
=1

En résolvant le systéme linéaire ci-dessous, on retrouve les coefficients x,,(j):

ou
An(k,j) = é/ ?{ s,
\/hn,jhn,k: Sn,k—1 sn,j,lt_s
1 Sk
bn(k) = 7/ f(s)ds.
\/hn,k Sk—1



Théoréme 0.3 L’estimation suivante a lieu:

HQDS — @l Swa(f, Jn) +wa(Tp, Jn) + mwa(p, Jn).

En deuxiéme lieu considérons la projection de Kulkarni
K .= 1,7+ 71, — I, T1L,.

La théorie a été développée pour le cas compact. Ici, nous proposons d’approcher notre opérateur borné non
compact 7.
Soit @& solution approchée de Kulkarni. On pose

uy, =11, @f .
Alors

n
Un =) Cnj€n-
j=1

En résolvant le systéme linéaire ci-dessous, on retrouve les coefficients c,, ;:

n

n
Cn,i — Z <T6n,j7 en,i> + <T26n,j7 en,i> - Z <Ten,j7 en,k> <Ten,k7 en,i> Cn,j
k=1

Jj=1

M=

= <f7 en,i> + <Tf7 en,i> - <fu en,k:> <Ten,ku en,i> 3 1 S Hl,ﬂ]]

e
Il

1

T n,js En,i -
<6’Je,> hnjhnz/ ‘%;]1
<T26n,jaen7i> - / f f E
0 ,]hm 0 Pms Tt
I F / f{ ft) S5 dts,
(freni) = W/f

Rappelons que

La solution ¢X est donnée par
SOTIf =ty + (I =) Tuy, + (1 — 1) f,

et donc

¢§(s)=un(s)+f t_sdt Z%’“ / fg ddt+f() _1W/s:ilf(t)dt

0



Théoréme 0.4 L’estimation suivante est vérifiée:

1
len = ¢llz < [2wa(p, Jn) [|(1 = L) T? (I — L) |, ] 7 -

Dans le quatriéme chapitre, on présente la méthode de collocation en utilisant les polynomes de Tchebychev pour
approcher la solution de I’équation intégro-différentielle

W(ﬂﬁ)*—)\?{l {0 dt = f(z), —-l<z<l1.

T 1t—1’

ou f est une fonction connue et A est une constante.
Cette équation s’écrit:

Ap+Te = f,
ol

(Ap)(z) == ¢'(x), —-1<z<l.

(Tp)(x) := Af (1) dt, —1<z<l.

™ 1t—.’£

Nous allons introduire une approximation en utilisant les polynémes de Tchebychev de troisiéme espéce t,, comme
suit:

ou

w(z) = \/ﬁ .

Nous rappelons que les polynomes de Tchebychev de troisiéme espéce t,, sont définis par:

cos|(n + 3) arccos z]

th(x) =
n(®) cos( arccos z)

et les polynomes de Tchebychev de quatriéme espéce u,, sont définis par:

sin[(n + 1) arccos z]
unp(x) = — .
sin(5 arccos x)

Considérons ’ensemble des zeros x; de u,41:




Soit C%*([—1,1],R) Iespace des fonctions ¢ sur [—1,1] satisfaisant la condition de Holder suivante: IM > 0 telle
que:

Voy,za € [-1,1],  o(z1) — ¢(z2)| < Mz — 20|,

oun 0 < A<,
On pose

H:={peLX([-1,1,R) : ¢ € L*(~1,1,R), o(—1)=0}.

L’opérateur T est borné de L?([—1,1],R) dans lui-méme et aussi de C%*([—1,1],R) dans lui-méme.
Rappelons que

(A~1y)(s) = / y(t)dt,

-1

et que A=!: L?([-1,1],R) — H est compact.
Considérons les fonctions chapeau eq, ey, e, . .., e, dans C°([—1,1],R) telles que

€; (xk) = 5j,k~

Soit la projection P, de C°([—1,1],R) sur l’espace des fonctions continues, définie par:
n
Pag(z) := Y gla;)e;(x).
§=0

On pose
D, :=A"'P, T, D:=A"'T.
Considérons 1’équation de I'inconnue ¢, suivante:
On 4+ Dpipp = AL
Théoréme 0.5 Soit f € C°([—1,1],R). I existe une constante positive M, telle que
lon —¢lloe < M| Dpy — Dol|so.

pour n assez grand.

On trouve, le systéme:
A‘pn(zj)‘FT‘pn(zj) :f(xj)v JE [[O,TLH
Et donc

- ! w(xj) . 1 1 B .
;ai{w (@)t (z;) + ﬁ[(l + i)uz(xj) - itl(x])] + ()} = fzy), jeo,n].

Lj



Dans le cinquiéme chapitre nous présentons deux méthodes pour résoudre ’équation intégro-différentielle a
noyau de Cauchy

©'(s) + fl o () dt = f(s), —-1<s<1.

1 t—s -
Cette équation s’écrit
o+ AT =AY,

ou

1

t

To(s) = i )dt, -1<s<1,
,1t—5

Ap(s) = ¢'(s), —-1<s<1.

Soient
H = Lz([ila l]aR)7

D:={p€eH : ¢ €H, o(-1)=0}.

Soit (Ly,)n>0 la suite des polynomes de Legendre. On pose

[2j +1
€j = B Lj7

Soit (7, )n>0 la projection orthogonale définie par:

n—1

T @ 1= Z (@, e5)e;.

j=0
En premier lieu, nous présentons le probléme d’approximation
on + A, To, = A, f.

Soit H,, sous-espace engendré par les n premiers polynémes de Legendre.
11 est clair que ¢, € DN H, 1. Cela conduit au systéme linéaire suivant:

Anxn = bna

ou, pouri € [0,n—1] et j€[0,n],

adig) = 2L 1[/_11L;<5>Li<s>ds+ /_11<7{_11§f_<2d%<3>d8,

An(nvj) = ej(_]-)v
ba(i) = ,/Zi;l/_lf(s)Li(s)ds,
bp(n) = 0.

Soient s > 0 et H*([—1,1],R) I’espace de Sobolev classique, muni de la norme ||.||5.



Théoréme 0.6 Soit f € H*([-1,1],R) pour un certain s > 0. Alors, il existe o > 0 telle que

len = ll < aln’ = Te@lls—1 +n~*[|£[ls]-

En deuxéme lieu, nous présentons le probléme d’approximation de Sloan:
Trouver o5 € D telle que

o+ Kmapn = A7,
On trouve le systéme linéaire

ol z,(j) := (5, e;), et

Anliyf) = ,/nglﬁfll/slj{llwtzrdtds,
bo(i) = W/ll/slf(t)Li(s)dtds.

M = sup|[(I+ Kﬂn)*ln .
n>N

On pose

Théoréme 0.7 Soit f € H*([—1,1],R) pour un certain s > 0. Il existe une constante positive 5 > 0, telle que

len — el < MBIK|n~*[¢ls,

pour n assez gmnd.

Le dernier chapitre est consacré & une régularisation de I’équation intégrale

' f{l tﬂitldt - H/ll k(z,t)9(t)dt = g(z), —1<uwz<1,

ad(x) + —
TJ-

oll a,b sont deux contantes, telles que a® + b*> = 1. On suppose que g € C%*([-1,1],C). Dans ce cas la solution
s’écrit
(z) = w(z)p(),
ot la fonction ¢ vérifie la condition de Hélder, et w est une fonction poids définie comme suit:
w(z) = (1 —2)*(1 +2)”,

ol

1 1 afibjL 3 1 | afib+ ,
o= — 10 v = —— 10 1%
omi Buxib D omi Catib

—“1l<a,pB<l1.

10



v et ' sont deux entiers liés a I’indice suivant:
ki=—(a+p8)=—(v+).

On pose

K(x) := aw(z)o(x) + % y{l %st)dt, 6 € CO(~1,1],C), -l<az<l,

Klo(z) == /_11 k(z, Owt)dt)dt, ¢ Co([-1,1],C), -1<z<1.

Ko(z) := aw*(z)p(z) — 97{ M

0 (1-1.1 -1 1
e dt, ¢eC”>*([-1,1],C), <z <l,

1
w* () := @)
h:=g+uK'e.

On trouve I’équation suivante:
b
p—pKK'o=Kg+—C,
s
que nous réécrivons

ol
-1 1
f= —(Kg—i—éC'), Ni=—, T:=KK".
1 m 7

On suppose que k € CL([-1,1]*,C), g € C([-1,1],C), alors Popérateur T est compact de X := C°([—1,1],C)

dans X.
On pose

v:=Tp=Xp+ f.
On trouve
1

Potp =+

Soit P I'approximation de Kantorovich
1
1/)5 = X(Pan}rIj - Pan)'

Théoréme 0.8 L’opérateur inverse (I — %P,LT)’1 eziste et est uniformément borné pour n assez grand. De plus
il existe My > 0 tel que

[ =0 || < Mo |l — Pavl.-

11



Notons

_ 1

@5 = X(Q/JTILD - f)
Théoréme 0.9
Mo

|8n — ¢l S CLIIT = BTl et || — ¢l <
A

||¢ - Pnd)” .

Notons
U5 = SRS T,

Théoréme 0.10 Il existe N € N tel que pour tout n > N, lopérateur (TP, — )\I)_l eziste, est uniformément
borné et

| = 3| < My||T|| | Parp — ]|,
ol
M, = sup H(TPn - )\I)’lH .

n>N

Notons

Y = %(PHTPWS ~ PuTf).

Théoréme 0.11 [ existe Ny € N tel que pour tout n > Ny, opérateur (I — %PHT)f1 eriste, est uniformément
borné et

| = wS|| < v I1Pav — ¥,
o

v = sup
nZN[)

1
I—-=p,1)!
( 5\ )

Les différentes méthodes proposées dans cette thése sont illustrées par un ensemble conséquent d’expériences
numériques.
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