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Abstract

Consider informative selection of a sample from a finite population. Responses are realized as independent
and identically distributed (iid) random variables with a probability density function (pdf) f, referred to as
the superpopulation model. The selection is informative in the sense that the sample responses, given that
they were selected, are not iid f. A limit sample pdf is defined, which corresponds to the limit distribution
of the response of a unit given it was selected, when population and sample sizes grow to co. It is a weighted
version p. f of the population pdf. In general, the informative selection mechanism may induce dependence
among the selected observations. The impact of the dependence among the selected observations on the
behavior of basic distribution estimators, the (unweighted) empirical cumulative distribution function (cdf)
and the kernel density estimator of the pdf, is studied. An asymptotic framework and weak conditions on the
informative selection mechanism are developed under which these statistics computed on sample responses
behave as if they were computed from an iid sample of observations from p. f. In particular, the empirical
cdf converges uniformly, in Lo and almost surely, to the corresponding version of the superpopulation cdf,
yielding an analogue of the Glivenko-Cantelli theorem. Further, we compute the rate of convergence of the
kernel density estimator to the limit sample pdf. When weak conditions on the selection are satisfied, one
can consider that the responses are iid p.f in order to make inference on the population distribution. For
example, if the response pdf belongs to a parametrized set {fy}, and the stochastic dependence between
the design and response variables is well known, then the likelihood derived as the product of limit sample
pdf’s can be used to compute a maximum sample likelihood estimator of §. Convergence and asymptotic
normality of this estimator is established.

The last part of the dissertation deals with balanced sampling. Consider a sampling design balanced on
a set of design variables z, which may depend on the inclusion probabilities. The variance of the Horvitz-
Thompson estimator of the total of a study variable y can be approximated by a function of ¥, z, and the
inclusion probabilities. We propose algorithms that compute the inclusion probabilities that minimize this
approximate variance.

Résumé

Considérons la sélection d’un échantillon d’une population finie selon un plan de sondage informatif, et le
modele de superpopulation suivant : a chaque élément de la population, correspond la réalisation d’une vari-
able aléatoire, les réalisations sur la population sont supposées indépendantes et idendiquement distribuées
(iid) selon une loi qui admet une densité f par rapport a la mesure de Lebesgue. Le plan de sondage est
informatif dans le sens ol le vecteur des réalisations qui correspondent aux éléments de 1’échantillon n’est
pas un vecteur de variables aléatoires indépendantes, et la loi d’une réalisation conditionnelle a la sélec-
tion de 1’élément correspondant n’est pas égale a la loi initiale des réalisations sur la population. Une loi
de probabilité limite et une densité de probabilité limite des réalisations sur I’échantillon sont définies ;
elles correspondent a la limite de la distribution d’une réalisation sur 1’échantillon lorsque les tailles de la
population et de I’échantillon tendent vers I'infini. La densité de la distribution limite de 1’échantillon est

vii
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une version pondérée, notée p.f, de la densité initiale f. En général, le processus aléatoire de sélection
peut induire une dépendance entre les réalisations correspondant aux éléments sélectionnés. L’ impact d’une
telle dépendance sur le comportement asymptotique d’estimateurs classiques, la fonction de répartition em-
pirique et un estimateur a noyau de la densité, est étudié. Un cadre asymptotique et des conditions faibles sur
le processus de sélection sont donnés, sous lesquels ces statistiques ont les mémes propriétés asymptotiques
que les mémes statistiques calculées a partir d’un vecteur de variables iid et de densité p. f par rapport a la
mesure de Lebesgue. En particulier, la fonction de répartition empirique converge uniformément, dans L?
et presque sirement, vers la version pondérée de la fonction de répartition des observations de la popula-
tion, ce qui constitue un résultat analogue au théoréme de Glivenko-Cantelli. Par ailleurs, nous donnons la
vitesse de convergence de 1’estimateur a noyau de la densité vers la densité limite de I’échantillon. Quand
des conditions faibles sur le processus de sélection sont vérifiées, ces résultats sont des premieres indica-
tions selon lesquelles il est possible de considérer que les réalisations sur I’échantillon sont iid et de densité
p.f approximativement, notamment dans une perspective d’inférence sur f. Par exemple, étant donné un
modele paramétrique f € {fp}oco pour la loi des réalisations sur la population, lorsque le lien de dépen-
dance stochastique entre le processus de sélection et les réalisations sur la population est connu, alors la
vraisemblance approchée de 1’échantillon, définie comme produit de densités limites, peut &tre utilisée pour
calculer un estimateur de maximum de vraisemblance de 6. La convergence et la normalité asymptotique
d’un tel estimateur sont établies.

La derniere partie de la these traite de tirage équilibré. Etant donné un sondage équilibré sur un jeu
de variables auxiliaires z, qui peuvent dépendre des probabilités d’inclusion, la variance de I’estimateur de
Horvitz-Thompson du total d’une variable d’intérét y peut étre approchée par une fonction de y, de z et des
probabilités d’inclusion. Des algorithmes de calcul de probabilités d’inclusion fonctions de y et de z qui
minimisent cette variance approchée sont proposés, puis adaptés au cas ol seule une information partielle
sur y et z est disponible.



Chapter 1

Introduction

English version

The aim of survey sampling is to draw conclusions about the characteristics of a complete finite population
from data corresponding to a sample from the population. For a statistician, drawing conclusions consists
of making statistical inference. In survey sampling, two kinds of inference are usually contrasted. In model-
based inference, the characteristics of the elements of the population are considered random, and the aim
of inference is the random process that generates those characteristics. This random process is known as a
superpopulation model. In design-based inference, the characteristics are considered fixed and constitute the
target of the inference, and only the randomness of the sample is used in making inference. This inferential
structure is then referred to as the fixed population model. Defining a general statistical model that is suitable
for both model-based and design-based inference is possible, but unfortunately, distinctions must often be
made when stating definitions and results.

Before we introduce the concept of informative selection, we define the basic concepts of survey sam-
pling: a finite population is defined as a finite set, composed of elements. Without loss of generality, let
U = {1... N} denote the finite population, with N the population size. A sample is a subset of U.

To any element in the population, are associated some characteristics. Some characteristics are of interest
to the analyst, and are called response variables or study variables. For example, gender and income could be
response variables in the case of a survey concerning a population of people. The analyst does not observe
the characteristics of all elements in the population, but only for the elements of a sample. This sample is
selected according to a random process, called the sampling design, constructed by those responsible for the
survey. In this construction, the survey designer may use some characteristics known for all elements of the
population. These characteristics are called design variables. For example, postal code might be known for
all households in a survey of human population.

In noninformative selection (e.g., Cassel et al. (1977, §1.4) or Séarndal et al. (1992, Remark 2.4.4)),
the probability of drawing the sample does not depend explicitly on the study variables. If instead there
is stochastic dependence between the design variables and the study variables, then the probability law of
a study variable in the sample can be different from the law of the same study variable in the population.
Specifically, suppose the response variables Y follow the superpopulation model in which they are realized
as iid random variables with probability density function (pdf) f. The selection is informative in the sense
that the sample responses, given that they were selected, are not iid f (a specification of informative selection
that includes the iid case described here is given in Pfeffermann and Sverchkov (2009, Remark 1.2)). Under
informative selection, the selection process has to be taken into account when making inference. Consider
for example a survey in which women are always overrepresented: if the aim of the survey is inference
on the distribution of the incomes in the entire population, then the selection process is informative, and



2 CHAPTER 1. INTRODUCTION

must be considered. Informative selection may also induce dependence among the selected observations.
Consider for example a selection mechanism balanced on a proportion of men equal to 50% in the sample.
Observations cannot be considered independent and identically distributed (iid) because of the constraint
introduced by the selection mechanism.

Nevertheless, a large body of current methodological literature treats the observations as if they were
independently distributed according to the sample pdf, defined as the conditional distribution of the ran-
dom variable Y, given that it was selected (under informative selection, the sample pdf differs from f). In
particular, Pfeffermann et al. (1998) (see some motivating work in Skinner, 1994) have developed a sam-
ple likelihood approach to estimation and inference for the superpopulation model, which maximizes the
criterion function formed by taking the product of the sample pdf’s, as if the responses were iid. This
methodology has been extended in a number of directions (Eideh and Nathan, 2006, 2007, 2009; Pfeffer-
mann et al., 2006; Pfeffermann and Sverchkov, 1999, 2003, 2007). An extensive review of these and other
approaches to inference under informative selection is given by Pfeffermann and Sverchkov (2009).

The aim of this dissertation is to study the implications of informative selection for inference on the
population model. More particularly we show that under some conditions on the sampling design, we can
treat observations on the sample as if they were independent and identically distributed, according to a
weighted version of their initial distribution.

The purpose of chapter 2 is the description of a general asymptotic model for survey sampling in the
case of informative selection. In chapter 2, basic notions on survey sampling are given, and the general
model (including both the superpopulation model and the fixed population model) for responses observed
on the sample is precisely described. Though the methodology that uses a sample likelihood is mainly used
in the context of model-based inference, an effort has been made for the general model to embrace both the
fixed population model used for design-based inference, and the superpopulation model, used for model-
based inference. Our framework also allows treatment of both with and without replacement sampling. A
definition of informative selection is proposed for design-based and model-based inference. In the model-
based approach, the definition of the sample pdf is generalized by taking into account sampling without
replacement and random sample size. A definition of the limit sample pdf is also proposed. The limit
sample pdf is a weighted version, p. f, of the pdf of the response value.

We consider the problem of identifying a suitable model using observed data under informative selection.
In an ordinary inference problem with iid observations, we often begin not by constructing a likelihood and
conducting inference, but by using basic sample statistics to help identify a suitable model. In particular,
under iid sampling the empirical cumulative distribution function (cdf) converges uniformly almost surely
to the population cdf, by the Glivenko-Cantelli theorem (e.g., van der Vaart, 1998, Theorem 19.1). What is
the behavior of the empirical cdf under informative selection from a finite population? In chapter 3, under
the general asymptotic framework presented in chapter 2, we propose weak conditions on the informative
selection mechanism under which the (unweighted) sample empirical cdf converges uniformly, in Ly and
almost surely, to the weighted version of the superpopulation cdf (the cdf corresponding to the pdf p.f);
that is, the empirical cdf behaves as if the observations were iid p. f. The convergence results are given for
both the fixed population model and the superpopulation model. The corresponding quantiles also converge
uniformly on compact sets. Our almost sure results rely on an embedding argument. Importantly, our
construction preserves the original response vector for the finite population, not some independent replicate.

The conditions we propose are verifiable for specified designs, and involve computing conditional ver-
sions of first and second-order inclusion probabilities. Motivated by real problems in surveys and other
observational studies, we give examples of where these conditions hold and where they fail. Where the
conditions hold, the convergence results we obtain may be useful in making inference about the superpop-
ulation model. For example, the results may be used in identifying a suitable parametric family for the
weighted cdf, from which a selection mechanism and a superpopulation pdf may be postulated using results



in Pfeffermann et al. (1998). The work presented in chapter 3 has been accepted for publication in Bernoulli
(see Bonnéry et al. (2011)).

Our results in chapter 4 continue the theme of non-parametric estimation of distributional properties,
this time via kernel density estimation. Under the asymptotic framework described in chapter 2, verifiable
conditions are given under which another class of non-parametric distribution estimators, the kernel density
estimators, behave as if the responses were iid p.f. We study the rate of convergence of such statistics to
the limit sample pdf. When the weighting function p is available, this offers opportunities to get alternative
estimators to survey-weighted estimators that use Horvitz-Thompson plug-in methods.

In chapter 5, we consider a parametric version of the superpopulation model described in chapter 2. As-
sume the response pdf is fy, and assume the law of the design variable conditional on the response is indexed
by a parameter £. The aim of the inference is the estimation of , the parameter that corresponds to the law
of the response values, and we assume we have a consistent estimator é of £. This estimator is plugged into
the approximation of the sample likelihood and we study the properties of the estimator 6 that maximizes
this criterion in €. Adapting Gong and Samaniego (1981), we prove the existence, consistency and rate of
convergence to a normal distribution of this estimator. As in chapter 3 and 4, the conditions we propose are
verifiable for a list of sampling designs, commonly encountered in real problems in surveys. Under a strong
set of assumptions (in particular, sample size remains fixed as population size goes to infinity), Pfeffermann
et al. (1998) have established the pointwise convergence of the joint distribution of the responses to the
product of the sample pdf’s. This is taken as partial justification of the sample likelihood approach. Alter-
natively, the full likelihood of the data (including selection indicators for the finite population and response
variables and inclusion probabilities for the sample) can be maximized (Breckling et al., 1994; Chambers
et al., 1998), or the pseudo-likelihood can be obtained by plugging in Horvitz-Thompson estimators for
unknown quantities in the log-likelihood for the entire finite population (e.g. Binder, 1983; Chambers and
Skinner, 2003; Kish and Frankel, 1974, §2.4). We show that using the likelihood derived as the product
of limit sample pdf’s is possible and can allow estimators with smaller variance than the pseudo-likelihood
estimators derived from Horvitz-Thompson plug-in methods. We illustrate this final result by simulations
applied to stratified sampling, for which we prove that the stated assumptions hold. This leads us to prove
a central limit theorem for estimators from the approximate likelihood in the particular case of stratified
sampling with fixed number of strata.

In chapter 6, results on balanced sampling (see Deville and Tillé (2004, 2005)) are presented. This work
is in collaboration with G. Chauvet and J.C. Deville. The results consist of the properties of two algorithms
that allow computation of optimum inclusion probabilities. Deville and Tillé (2005) propose an approximate
variance of the Horvitz-Thompson estimator of the total of a study variable y under balanced sampling.
Consider a sampling design balanced on a set of design variables z, which may depend on the inclusion
probabilities. The approximate variance is a function of y, 2, and the inclusion probabilities. The optimum
inclusion probabilities minimize this approximate variance. The first algorithm is proposed for a specific
case where the balancing characteristics are qualitative and do not depend on the inclusion probabilities.
The existence of a global solution to the optimization problem and the convergence of the algorithm to this
solution are proved. The second algorithm is proposed for a case where the balancing variables do depend
on the inclusion probabilities. The convergence to a local solution of the minimization problem is proved.
For the first algorithm, simulations are made, which show that in some cases, minimizing the approximation
of variance leads to a reduction of the true variance, as estimated by Monte Carlo. Part of this work has
been published in the Journal of Statistical Planning and Inference (Chauvet et al., 2011). Previously, a
more extended version, was published in the conference proceedings, Actes des Journées de Méthodologie
Statistique of the Insee (Bonnéry et al., 2009).

Long proofs are given in the appendices. Appendix A is dedicated to some necessary mathematical
background and notation used in the document. An index of notations and an index of terms are provided
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starting on p. 146.



Version francaise

Le but d’une enquéte par sondage est de tirer des conclusions sur des caractéristiques d’une population
finie a partir de données observées sur un échantillon de cette population. Pour un statisticien, tirer des
conclusions revient a faire de I'inférence statistique. En théorie des sondages, deux types d’inférence sont
habituellement présentées. Pour I’inférence basée sur le modele, les caractéristiques des éléments de la po-
pulation sont considérées comme aléatoires, et la cible de 1’inférence est le processus aléatoire qui génere
ces caractéristiques. Les hypotheses faites sur ce processus aléatoire avant la conduite de I’inférence cor-
respondent a un modele de superpopulation. Pour I’inférence basée sur le plan, les caractéristiques sont
considérées comme fixes et constituent la cible de I’inférence, et le seul processus aléatoire qui entre en
jeu est la sélection de I’échantillon. De ce fait, I’inférence est basée sur I’aléa introduit par la sélection de
I’échantillon. Le modele statistique correspondant est appelé modele de population fixe. Définir un modele
général qui contient les modeles de superpopulation et de population fixe est possible, mais 1’énoncé de
définitions ou de résultats nécessite souvent une distinction, pour plus de pertinence.

Avant d’introduire le concept de sélection informative, nous définissons les concepts fondamentaux de
la théorie des sondages : une population finie est définie comme un ensemble fini U, composé d’éléments.
Soit N € N une taille de population et soit U une population de taille /N. Sans perte de généralité, on
considere que U = {1... N}. Un échantillon est un sous ensemble de U.

A un élément quelconque de la population est associé une liste de caractéristiques. Certaines caractéris-
tiques sont des caractéristiquess d’intérét pour 1’analyste et sont appelées variables d’intérét. Par exemple,
le sexe et le revenu pourraient étre des variables d’intérét pour une enquéte sur une population humaine.
L’analyste n’observe pas les caractéristiques de tous les éléments dans la population, mais seulement pour
quelques éléments d’un échantillon. Cet échantillon est sélectionné selon un processus aléatoire appelé plan
de sondage, construit par le responsable de I’enquéte. Dans cette construction, le responsable de I’enquéte
peut étre amené a utiliser quelques caractéristiques connues pour chaque élément de la population. Ces
variables seront appelées variables auxiliaires.

Dans le cas de sélection non-informative, (e.g., Cassel et al. (1977, §1.4) or Sirndal et al. (1992, Remarque
2.4.4)), la probabilité de sélectionner un échantillon ne dépend pas explicitement des variables d’intérét. Si
en revanche, il existe une dépendance entre les variables d’intérét et les variables auxiliaires utilisées pour la
construction du plan, alors la loi de probabilité d’une variable d’intérét pour un individu de 1’échantillon peut
étre différente de la loi de probabilité de cette méme variable d’intérét pour un individu de la population.
Plus spécifiquement, supposons qu’une variable d’intérét Y suit le modele de superpopulation selon lequel
les valeurs de Y sont des variables aléatoires indépendantes et identiquement distribuées de densité f par
rapport a la mesure de Lebesgue. La densité f est appelée densité sur la population. La sélection est
informative dans le sens ou les valeurs des variables d’intérét pour les individus de I’échantillon ne sont pas
des réalisations iid d’une loi de densité f (voir Pfeffermann and Sverchkov (2009, Remarque 1.2)). Dans le
cas d’une sélection informative, le processus de sélection doit donc étre pris en compte lors de I’inférence.
Considérons un plan de sondage qui privilégie les échantillons ol les femmes sont surreprésentées. Si le but
de I’inférence est la distribution des revenus dans la population, alors le processus de sélection est informatif,
et doit étre pris en considération. Un processus de sélection informatif peut aussi induire une dépendance
entre les valeurs observées sur 1’échantillon. Par exemple, dans le cas d’un plan de sondage équilibré sur
une proportion d’hommes enquétés, les observations sur 1’échantillon ne peuvent €tre considérées comme
indépendantes et identiquement distribuées, du fait de la contrainte imposée par le mécanisme de sélection.

Cependant, certaines méthodes traitent les observations sur I’échantillon comme si elles étaient indépen-
dantes, et identiquement distribuées selon la densité de 1’échantillon, définie comme la densité condition-
nelle de la variable aléatoire Y, conditionnellement a sa sélection. Dans le cas de sélection informative,
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la densité de 1’échantillon peut étre différente de f. En particulier, Pfeffermann et al. (1998) (voir aussi
Skinner, 1994) ont développé une méthode d’estimation et d’inférence dans le cadre du modele de super-
population, basée sur une approximation de la vraisemblance des observations sur I’échantillon. La vraisem-
blance approximée est le produit des valeurs des densités d’échantillon prises pour les valeurs observées sur
I’échantillon, comme si les observations sur I’échantillon étaient iid. Cette méthodologie a été étendue dans
plusieurs directions (Eideh and Nathan, 2006, 2007, 2009; Pfeffermann et al., 2006; Pfeffermann and Sver-
chkov, 1999, 2003, 2007). Pour une revue des méthodes d’inférence dans le cas de sélection informative,
on pourra se référer & Pfeffermann and Sverchkov (2009).

L’objet de ce mémoire est d’étudier les implications d’une sélection informative dans la perspective
d’une inférence statistique sur le modele de superpopulation. Plus précisément, nous montrons que sous
certaines conditions sur le plan de sondage, les observations sur 1’échantillon peuvent étre traitées comme
indépendantes, et identiquement distribuées selon une version pondérée de leur distribution sur la popula-
tion.

Un des objets du chapitre 2 est la description d’'un modele statistique asymptotique général pour
I’inférence sur données d’enquéte dans le cas de sélection informative. Pour cela, nous considérons une
suite de populations (Um,)veN, et une suite de plans de sondages et d’échantillons. Nous notons [V, la taille
de la population U,, et I le nombre d’occurences de I’élément £ de U, dans le k¢ échantillon tiré. Y., est
le vecteur des variables d’intérét associé a I’élément k de la population U,. Nous supposons que le numéro
(k) de chaque individu n’apporte aucune information, ni méme apres sélection d’un échantillon, ce que nous
traduisons par une hypothese d’échangeabilité en ligne des vecteurs des variables d’intérét sur la population
et du vecteur des nombres d’occurence dans I’échantillon. Dans le chapitre 2, des notions fondamentales
sont données, et le modele général (qui inclut a la fois le modele de superpopulation et le modele de po-
pulation fixe) est décrit précisément. Une fois défini, ce cadre asymptotique permet de traiter a la fois la
sélection avec et sans remise.

Une définition de la sélection informative est proposée, valable pour I’'inférence basée sur le plan et
I’inférence basée sur le modele. Dans le cas de I'inférence basée sur le plan, cette définition ne corres-
pond pas a la définition de référence dans le cas du modele fixe de population (Cassel et al. (1977, §1.4)).
Nous soulignons que cette derniere définition est ambigiie, car elle traite de dépendance de variables non
aléatoires, (les variables utilisées pour définir le plan et les variables d’intérét), sans préciser clairement de
quelle dépendance il s’agit. Il ne peut s’agir de dépendance stochastique, il doit donc s’agir de dépendance
fonctionnelle, ce qui aurait nécessité une description détaillée de I’espace des paramétres de facon a faire ap-
paraitre une correspondance fonctionnelle entre les variables d’intérét et les variables utilisées pour le plan.
L’ambiguité de cette définition apparait avec des exemples choisis, pour lesquels le modele paramétrique du
modele fixe de population est donné de facon détaillée, avec variables d’intérét et variables utilisées pour le
plan vues comme paramétres du modele global. Toutefois, la définition de sélection informative que nous
proposons, si elle a un sens, revét peu d’intérét dans le cadre du modele fixe de population. La définition que
nous proposons généralise la définition de sélection informative existante dans le cas de I’'inférence basée
sur un modele. Le cas le plus simple de sélection non informative est celui du modele de superpopulation
iid, combiné avec un sondage aléatoire simple de taille n : la population coonstituent un échantillon (au sens
de la statistique inférentielle classique) de taille N de variables iid suivant une loi initiale, et les observations
sur I’échantillon sélectionné est un échantillon de taille n de variables aléatoires suivant aussi la loi initiale.
Dans ce cas, I’inférence sur la loi initiale peut donc étre menée sans se soucier du processus de sélection. Un
autre exemple de sélection non informative est celui ou sur la population sont définies deux variables, X et
Y, liées selon un modele de régression linéaire Yk € U, Y, = X0 + € ou les résidus €, sont indépendants
et identiquement distribués, et le vecteur des résidus est indépendant du vecteur des X. Si on considére un
plan de sondage sans remise dépendant (au sens de la dépendance de variables aléatoires, le plan de sondage



étant vu comme une variable aléatoire a valeur dans 1’espace des probabilités sur I’ensemble des échantil-
lons) de X mais indépendant du vecteur de résidus ¢, la sélection est non informative sur la loi des résidus,
et est non informative sur le paramétre (3, car la loi conditionnelle du vecteur des Y} pour k appartenant a
I’échantillon conditionnellement au vecteur des (X}) pour k appartenant a 1’échantillon, est, pour ce plan
de sondage, indépendante (au sens de I'indépendance de deux variables aléatoires) du plan de sondage. A
partir de cet exemple simple, on comprend I'utilité d’une définition qui permettrait, dans le cas de plans de
sondage avec ou sans remise, a taille variable ou fixe, de déterminer, étant donné un modele de population
et une loi d’intérét quelconques, si le plan de sondage doit étre pris en compte lors de I'inférence. Pour
dépasser le stade de la définition heuristique, il est nécessaire de faire apparaitre, de facon un peu lourde,
les différents niveaux d’aléa (génération de la population et du plan, puis conditionnellement a la réalisation
du plan de sondage, tirage d’un échantillon selon le plan), pour aboutir a la proposition d’une définition
générale ou le plan de sondage aléatoire simple joue un role de référence.

Toujours dans le chapitre 2, nous proposons une définition de la loi de distribution sur I’échantillon. Il
s’agit d’une définition d’une loi de distribution, valable dans le cas de plans avec ou sans remise, a taille
fixe ou variable, qui correspond, dans les cas ou celle-ci est définie, a la loi d’une observation associée a
un élément tiré au hasard (avec probabilités proportionnelles au nombre d’occurences) dans 1’échantillon.
Dans le cas de sondage sans remise et de taille fixe, la loi de distribution sur 1’échantillon correspond a
la loi de la variable d’intérét conditionnelle & 1’appartenance a 1’échantillon. Cette loi conditionnelle a été
utilisée (Pfeffermann et al. (1998)) pour approximer, lorsque la taille de la population est grande, la loi des
observations sur I’échantillon par la loi d’un vecteur de mé€me taille que I’échantillon constitué de variables
indépendantes distribuées selon cette loi conditionnelle. L’inférence est alors conduite en suivant cette
approximation. Le fil directeur des premiers chapitres de la these est le suivant : quand peut on considérer
que I’inférence basée sur cette approximation est valide ? Dans le cadre asymptotique général que nous
proposons, nous définissons aussi une loi de distribution limite sur 1’échantillon. Il s’agit d’une limite de
la loi précédente, au sens de la convergence faible des mesures. La distribution limite sur 1’échantillon est
présentée comme une version pondérée, de densité po.f, de la distribution de la variable d’intérét sur la
population.

Définition 1. Lorsque 0 < E[1,1] < 400, la densité de I’échantillon est définie comme : p- f-, oit

EllL|Yye =y
py(y) = B LY = o]
E [Ivk‘]
Définition 2. Lorsque po lim,_,o, p est défini, la densité limite de I’échantillon est définie comme la den-
sité de probabilité py. f.

Considérons le probleme d’identification d’un modele a partir de données observées dans le cas d’une
sélection informative. Dans le cas usuel d’échantillon de variables aléatoires indépendantes et identiquement
distribuées, la premiere étape consiste souvent non pas a calculer une vraisemblance et a ’utiliser pour
I’inférence, mais a utiliser des statistiques d’analyse descriptive pour tenter d’identifier un modele adéquat.
En particulier, dans le cas d’un échantillon iid d’une variable aléatoire, la fonction de répartition empirique
converge uniformément presque siirement vers la fonction de répartition de cette variable aléatoire, d’apres
le théoreme de Glivenko-Cantelli (e.g., van der Vaart, 1998, Théoréme 19.1). Quel est le comportement de la
fonction de répartition empirique dans le cas d’une sélection informative d’un échantillon d’une population
finie ? Dans le chapitre 3, sous le cadre asymptotique général du chapitre 2, dans le cas ou la variable
d’intérét est une variable uni-dimensionnelle Y, les valeurs de Y sur la population étant des réalisations
indépendantes et identiquement distribuées selon une loi de densité f par rapport a la mesure de Lebesgue,
nous proposons des conditions faibles sur le mécanisme de sélection sous lesquelles la fonction de répartition
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empirique converge uniformément, dans Lo vers la version pondérée de la fonction de répartition (la fonction
de répartition associée a la densité p. f).

Théoreme 1. Sous certaines conditions (cf. théoréme 3.1, p.32), la fonction de répartition empirique sur
I’échantillon, définie par

Ny Ny
Fy= > Ty | 7' 1o ) (Vi) Ik
k=1 k=1

vérifie :
L
Iy — Folloo — 0,
y—0
avec
1F% = Faoloo = sup {|Fy () — Fo(@)]}
aeR
et

Fw:aHJ Poof dA.
—Q0

Les conditions que nous proposons sont vérifiables pour des plans de sondage spécifiques, et portent sur
les versions conditionnelles des probabilités d’inclusion d’ordre 1 et 2. Ces conditions peuvent s’interpréter
comme une indépendance asymptotique des tirages des éléments de 1’échantillon deux a deux : nous définis-
sons les fonctions :

) = ElluY1=u]
) = E[L2Y1=uy1,Y2 =y
vy(y) = Var[ln|Y1 =y]
) = Cov [y, In|Y1 =y, Y2 = 4]
) = mi(yn, y2)ml (Y2, y1) — My (y1)me (y2)-

Ces fonctions sont utilisées pour controler la dépendance asymptotique des tirages, conditionnellement aux
valeurs de la variable d’intérét (via c, et d,), et la variabilité de I’espérance de la probabilité de sélection
(via v4). Les conditions que nous définissons impliquent que la taille de I’échantillon doit croitre presque
stirement vers +00, et nous nous démarquons donc des travaux de Pfeffermann et al. (1998) qui, dans
I’énoncé de leurs résultats, considerent une taille de population fixe et constante (i.e. ne variant pas avec vy
lorsque Ia taille de la population croit). Nous donnons ensuite des conditions pour obtenir la convergence
presque sire de la fonction de répartition. Une d’entre elle introduit une dépendance particuliere entre
les plans de sondages de la suite de plans de sondages. Un des intéréts de ce résultat est de mettre en
avant la particularité de 1I’asymptotique en sondage : la suite des échantillons ne peut étre vue comme une
suite emboitée ou sont simplement ajoutées de nouvelles réalisations indépendantes d’une certaine loi, et
la convergence presque slire est moins naturelle qu’en statistique inférentielle classique. Nous obtenons le
résultat suivant :

Théoreme 2. Sous certaines conditions sur la dépendance des tirages associés a la suite de plan de sondage,
et sous des conditions d’indépendance asymptotique de sélection de deux individus (cf. théoreme 3.2, p.33),
p.s.
| Fy = Fiolloo —— 0.
Y—00
Les résultats de convergence sont donnés pour a la fois le modele de superpopulation et le modele
de population fixe. Les quantiles empiriques convergent aussi uniformément sur les ensembles compacts.

Nous notons les quantiles empiriques &, (z) = inf {a|F,(a) > z}, et les quantiles de la distribution sur
I’échantillon £, () = inf {a|Fio () = x}.



Corollaire 1. Si Fy, est continue sur R et 5i 0 < Foo(y1) = Foo(y2) < 1 = y1 = yo, alors, sous des hy-
potheses d’indépendance asymptotique de sélection de deux éléments, (cf. corollaire 3.1, p.33) les quantiles
empiriques convergent uniformément sur tout compact, en probabilité, vers les quantiles de la loi limite de
distribution sur I’échantillon. Quelque soit K un sous-ensemble compact de )0, 1],

Yy—00

sup |6, (2) — Eo(z)] 5 0.
xeK

Dans le cas ot f a un support compact, la convergence est uniforme dans Lo:

sup [6(x) = Enla)] 3 0.

z€]0,1[ —©

Nous considérons des exemples, qui correspondent a des problémes de sondage recontrés en pratique,
ou ces conditions sont vérifiées et d’autres ol elles ne le sont pas. Ces conditions sont notamment vérifiées
dans des cas de plans de sondage non informatifs, tel le plan de sondage aléatoire simple, ou, de fagon tout
aussi triviale, tout plan de sondage de taille fixe sans remise indépendant de la variable d’intérét. Par ailleurs,
il est possible de construire une suite de plans de sondage informatifs ot I’indépendance asymptotique des
tirages n’est pas assurée, par exemple des plans en grappes ou les grappes sont tres liées a la variable
d’intérét. Lorsque les conditions sont remplies, les résultats de convergence obtenus peuvent étre utiles pour
I’inférence sur le modele de superpopulation. Par exemple, les résultats peuvent étre utiles pour identifier un
modele paramétrique convenable pour la fonction de répartition empirique pondérée (c’est a dire associée a
la distribution de 1’échantillon). A partir de ce modele, étant donné un mécanisme de sélection, une famille
paramétrique convenable pour la loi de densité associée a la distribution de 1’échantillon peut étre obtenue,
en utilisant les résultats de Pfeffermann et al. (1998).

Le travail présenté dans le chapitre 3 a été accepté pour publication dans Bernoulli (voir Bonnéry et al.
(2011)).

Les résultats du chapitre 4 portent aussi sur les propriétés d’estimateurs non paramétriques de la dis-
tribution. Sous le cadre asymptotique décrit dans le chapitre 2, des conditions vérifiables sont données
sous lesquelles les estimateurs a noyau de la densité se comportent comme si les valeurs observées sur
I’échantillon étaient des réalisations iid d’une loi de densité py.f par rapport a la mesure de Lebesgue.
Nous étudions la vitesse de convergence de telles statistiques vers la densité limite sur 1’échantillon. Nous
obtenons le résultat suivant :

Théoreme 3. Sous les conditions d’indépendance asymptotique de sélection de deux individus suivantes :
AV un voisinage de vy, et vy une fonction réelle mesurable continue en yq telle que

( hI%O sup |U7(y) - Uoo(y)| =0
yeV

Sytelﬂg{(vwf) ()} = 0,4(1), Sylelﬂg{(voof) ()} < +o0
1 sw (5,(w) + ()} = 05(1)
(y1,y2)eR?

sup  {0,(y1,92) + cy(y1,92)} = 0,
(yl,yg)erV

étant donné une séquence de fenétres (h~ ) en et un noyau K vérifiant des conditions standards, et sous des
conditions de régularité standards de la suite de densités (p f )VeN (cf proposition 4.6, p.54, proposition
4.5, p.52) et de la densité limite p f, nous obtenons la convergence de I’estimateur a noyau de la densité

paof
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Yyo € R, lestimateur a noyau de la densité ps, f en yo, défini par

Y, —
Zker Ika( khvyo)

p"/(yo) = h n Y
vy

onny = Zgll L, vérifie

E [py(v0) — (oo ) (wo)] = hj ((;;2(,07 x f)) (o) JuQK(u)du)

—i—ofy(h%)

et Var [p'y(yo)] = ((% + pgo) (y0)> ({V(Wy}?i JKQ(u)du>

1
()

Ce résultat permet le calcul de Var [p,(yo)/pwo(y0)]. Ce résultat est précédé d’une généralisation du
lemme de Bochner au cas de non indépendance des observations. Il est intéressant de noter que nous
retrouvons la vitesse de convergence classique du cas d’un plan de sondage non informatif car indépendant
de Y : dans ce cas, m,(y) ne dépend pas de y,

on T = {(limy m,) fdA

Voo

2 -1
— + =T
) Pao

et

02 02
(ayQ(Pv x f)) (o) = <0y2f> (Yo)-
Lorsque pe est connnu, p,(y)/po(y) peut étre comparé a I’estimateur de Horvitz-Thompson ou a
I’estimateur de type Hdjek de f(yo), defini dans le cas d’un sondage sans remplacement comme

y e Ly D (=)
keU, Tk hy keU, Tk

ol 7. est la probabilité d’inclusion du £ dans I’échantillon sur la ¢ population. Cela permet donc de
construire des estimateurs de la densité sur la population qui constituent une alternative aux estimateurs qui
utilisent des méthodes de substitution qui font intervenir I’estimateur de Horvitz-Thompson.

Dans le chapitre 5, nous considérons une version paramétrique du modele de superpopulation décrit dans
le chapitre 2. Nous supposons que la densité de la variable d’intérét Y sur la population est fy, et que la loi de
la variable auxiliaire Z utilisée pour le plan conditionnelle a la variable d’intérét est indexée par un paramétre
&. Le but de I’inférence est I’estimation de 6. Nous supposons que nggz’“ admet une densité par rapport a

la mesure de Lebesgue. Nous supposons que ng& ne dépend pas de £ et nous notons fy = d P;f’z JdA, cette

. Z1|Y < (o .
densit€. Nous supposons encore que P, ’2‘ * ne dépend pas de 6. Nous définissons, comme au chapitre 2, la

loi de distribution de I’échantillon, qui fait dorénavant intervenir une fonction de poids paramétrée par 6 et
&
Eg ¢ 1|V = y]
p’Y,@,E (y) = E - I N
0. [11]
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Nous définissons ensuite une approximation de la log-vraisemblance :

Z <97§7 (YRw(k))ke{l nw})

(ny + Ly (n4)) ZA YR k0, €)

= (ny +]1{0} TL7 Z kA Yk,e f)

avec A(y,0,8) = In (pu0.e(y) fo(y)), et Yr. (1) désigne le vecteurs des observations sur I’échantillon, ol
les valeurs des unités sélectionnées plusieurs fois apparaissent plusieurs fois. Autrement dit, on considere
que la vraisemblance de I’échantillon est celle d’un échantillon iid de loi p g ¢. f-

Pour £ donné, I’estimateur du maximum de la vraisemblance de 1’échantillon approchée de 6 adapté a &

est défini comme : . -
%(6) = argrmax {2 (06 OVrw)ieqom) -

Nous supposons que nous disposons d’un estimateur consistant f de &. Cet estimateur est alors substitué
a ¢ dans I’expression de 1’approximation de la vraisemblance de I’échantillon et nous étudions les propriétés
de I’estimateur 6 f qui maximise cette expression en 6. A partir d’une adaptation de Gong and Samaniego
(1981), nous prouvons I’existence, la consistance et le taux de convergence vers une loi normale de cet
estimateur :

Théoreme 4. Sous certaines conditions de régularité, et d’indépendance asymptotique de sélection de deux
individus (cf théoréme 5.1, p.62 et théoréme 5.2, p.62), étant donnés 0y, &y, A (resp. B) un voisinage de
Oy (resp. &), é,y une suite de variables aléatoires telle que f,y — & = 0Py ¢, (1), pour v € N,e € RT, en
notant C(g) I’événement

N.
{aé7 tel que 2 (0A/06) (Yk, e,gy) Ly =0et ‘éw - 90‘ < 5} ,

k=1
alors
Wh_I)IgO Poy. (C’Y(e)) =1
et si
T (£2) ((YRW(k )ke{l n },907€0> 2z (0 v [211 ElQD
& — & =00 ’ Yool /)’
alors X P
Jiy (97 - 90) Jo o H(0.1),
ou
b)) J
9 11 12
o° = (32712 — 2X12),
j121 j121
oA 2
jll = 69 (y7607€0) d(pOO,@Q,ﬁofHo')\p) (y)7
et

0A 0A
A= (af %) 00060 Ao oA )
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Comme dans les chaptires 3 et 4, les conditions que nous proposons sont vérifiables pour une liste
de plans de sondage, rencontrés couramment dans la pratique des enquétes par sondage. A partir d’un
jeu d’hypotheses fortes, (notamment 1I’hypothese selon laquelle la taille de I’échantillon doit rester fixe et la
taille de la population doit tendre vers I’infini), Pfeffermann et al. (1998) ont établi la convergence ponctuelle
de la loi jointe des réponses sur 1’échantillon vers le produit des densités de I’échantillon. Ce résultat a été
avancé comme une justification partielle de la méthode basée sur I’approximation de la vraisemblance de
I’échantillon par le produit des densités de 1’échantillon. D’autres méthodes de maximisation d’un critere
existent, notamment la maximisation de la vraisemblance exacte des données (Breckling et al., 1994; Cham-
bers et al., 1998), ou la maximisation de la pseudo-vraisemblance, qui résulte de la substitution de totaux par
leurs estimateurs de Horvitz-Thompson dans 1’expression de la vraisemblance des données sur toute la po-
pulation (e.g. Binder, 1983; Chambers and Skinner, 2003; Kish and Frankel, 1974, §2.4). Nous montrons
que I'utilisation de la vraisemblance obtenue comme produit de densités sur 1’échantillon est possible et
permet I’ obtention d’etimateurs qui ont une variance moindre que les estimateurs qui maximisent la pseudo-
vraisemblance. Nous illustrons ce résultat final avec des simulations appliquées au sondage stratifié, pour
lequel nous montrons que les conditions pour la convergence des estimateurs sont vérifiées. Pour celd, nous
montrons un théoreme de normalité asymptotique pour des sommes sur 1’échantillon dans le cas particulier
du sondage stratifié avec un nombre fixé (non aléatoire et ne variant pas avec la taille de la population) de
strates. Nous calculons dans ce cas les valeurs de o et comparons la variance ainsi calculée & un calcul de
la variance obtenu par la méthode de Monte Carlo a partir de simulations.

Dans le chapitre 6, des résultats sur le sondage équilibré (voir Deville and Tillé (2004, 2005)) sont présen-
tés, sous le modele fixe de population. Ce travail est le résultat d’une collaboration avec G. Chauvet et J.C.
Deville. Ce chapitre se démarque des chapitres précédents, car les résultats exposés ici correspondent a un
probleme différent du probleme principal posé dans la thése. Les résultats consistent en la présentation de
deux algorithmes de calcul de probabilités d’inclusion optimales pour un sondage équilibré.

Deville and Tillé (2005) ont proposé une formule d’approximation de la variance de 1’estimateur de
Horvitz-Thompson d’un total d’une variable d’intérét y, (y est un vecteur non aléatoire des valeur d’une
caractéristique pour tous les individus de la population) dans le cas d’un tirage équilibré. L’estimateur de
Horvitz-Thompson du total est :

N
- Iy,
ty = Yk
k=1 "k
sa variance est égale a :
- Yk Yl
Var [tyﬁ] = ;;(W}d —7Tk7Tl).
kleu kT
Un plan de sondage p est équilibré sur les variables x si
: ik
p —a.s(i), ka— = 1y,
keU k

ol tx désigne le vecteur des totaux sur la population des variables d’équilibrage.
Etant donné un tirage équilibré sur un ensemble de variables auxiliaires x, qui peuvent dépendre des
probabilités d’inclusion, la variance approximée est une fonction de ¥, x, et des probabilités d’inclusion :

N 2

D) (e — vk (m.%))

a qkeU

Vapp (y,ﬂ-, X) = N
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ol ¢ désigne le nombre de variables d’équilibrage, b(7y) = 1/m, — 1 et (y;i(7), X)rer = X B(m) est la
projection orthogonale de y sur I’espace engendré par les variables d’équilibrage, ou le produit scalaire est
donné par la matrice définie positive W () dépendant de 7, définie par

(mp) P —1 sik=F

[W(W)]k’k/ - sinon.

Autrement dit,

Vapp (4, 7, %) = H ((W(w))l/2 (IdN —x (T W(m)x) " xT W(ﬂ))) yH2 .

Lorsque les variables d’équilibrage dépendent elles-méme de 7, la variance approchée devient :

1 2

Vo G x(w) = (07" (1w —x () (x(0)" Wi x () x ol W) ) ) o

Etant donné un jeu de contraintes linéaires Awm = a sur les probabilités d’inclusions (par exemple,
contrainte d’espérance de taille d’échantillon égale an : Y, ; 7 = n, on appelle optimales les probabilités
d’inclusion pour lesquelles cette approximation de la variance est minimale, c’est a dire le vecteur :

¥ = arg min {Vapp(y,w,x (7)) |7 €10,1]" tel que Ar = a} .

Le premier des algorithmes de calcul est proposé pour le cas particulier ou les variables d’équilibrage sont
qualitatives et ne dépendent pas des probabilités d’inclusion. L’existence d’une solution globale au probléme
d’optimisation et la convergence de 1’algorithme vers ce minimum sont prouvées.

Le second algorithme est proposé pour le cas ou les variables d’équilibrage dépendent des probabilités
d’inclusion. La convergence vers un minimum local est prouvée.

Pour le premier algorithme, des simulations sont réalisées, qui montrent que dans certains cas, la mini-
misation de I’approximation de la variance s’accompagne de la minimisation de la vraie variance, estimée
a partir de la méthode de Monte-Carlo. Il est intéressant de noter que les résultats obtenus appliqués au
cas ou x est réduit a une variable qualitative a plusieurs modalités, et ol on impose la contrainte de taille
d’échantillon on retrouve approximativement le résultat de Neyman, a savoir que les probabilités d’inclusion
optimales sont proportionnelles a la racine carrée de la dispersion dans les strates formées selon les dif-
férentes modalités de x.

Une partie de ce travail a été publiée dans la revue Journal of Statistical Planning and Inference (Chau-
vet et al., 2011). Une version plus complete a été publiée dans les Actes des Journées de Méthodologie
Statistique of the Insee (Bonnéry et al., 2009).

Les preuves longues sont données en annexe. L’annexe A présente les concepts et notations mathéma-
tiques de base utilisées et non définies dans le reste du document. Un index des notations et un index des
termes est fourni a partir de la page 146.
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Chapter 2

Informative selection and sample
distribution

In this chapter, we define a general statistical model that is suitable for both model-based and design-based
inference. Here, model-based inference refers to inference based on the superpopulation model, in which
the characteristics of the elements of the population are considered random, and the aim of inference is the
random process that generates those characteristics. Design-based inference refers to inference based on
the fixed population model, in which the characteristics are considered fixed and constitute the target of the
inference, and only the randomness of the sample is used in making inference.

Here we define an exchangeable population model that includes both the superpopulation model and
the fixed population model. Under the exchangeable population model, we give a theoretical definition of
informative selection that generalizes the definition commonly accepted in model-based inference.

We also give a general definition of the sample distribution under both with and without replacement
sampling. We then introduce an asymptotic framework under which we define a limit sample distribution.

2.1 Population, samples, design measures and inclusion probabilities

Let N € N\{0}. A population of size N is a set U of cardinal number NV, and for simplicity, a population
of size N will always be the set U = {1,..., N} in the following. A sample ¢ from the population U is a
vector in N'V. Tt is standard in the survey literature to consider a sample as a subset of U/. For simplicity
of notation, we define a sample 4 from the population U as an element of NV. The kth coordinate of the
sample 7, i, indicates the number of times the element & is selected: for example, the vector i = (3,0, 5) is
a sample from the population U = {1, 2, 3}, in which the element labelled 1 has been selected 3 times, the
element labelled 2 has not been selected and the element labelled 3 has been selected 5 times.

In the literature, a design measure, is a function p mapping any subset of U to [0, 1]. In this dissertation,
p will instead denote a probability measure p on the measurable space (N, 22 (NV)), where & (NV) is
the power set of NV, This measure will be called the design measure. The set of design measures on U is
denoted [1.

Example 2.1. Simple random sampling
Let n € {0,...,N}. Simple random sampling without replacement of n elements from N elements is
characterized by:

MYt o _
Vie NV, SRSy ({i}) = g(n)> if Ygev i =nand i€ {0,1}7,

otherwise.

17
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Example 2.2. Poisson sampling
Let z € [0,1]". The Poisson sampling with inclusion probabilities z is the design measure Pois, character-
ized by:

TThly 2 (1 — z) =% ifie {0,1}",

Vi e NV, Pois, ({i}) =
? ({ }) 0 otherwise.

2.1)

A sample from the population U drawn according to the design measure p is a random vector Z =
(I1.) 4y With value in NV such that Z ~ p.
We distinguish with replacement and without replacement design measures :

Definition 2.1. For p € [, p is a design measure without replacement if p ({0, 1}N ) = 1, otherwise it is

with replacement.

For example, simple random sampling and Poisson sampling are design measures without replacement.

2.2 Study variables and design variables

In the following, if not otherwise specified, all random variables are defined on the same probability space
(Q, o, P).

We define two vectors of random variables: ) = (Yi)rev and Z = (Zi)kev, where for k € U,
Vit (Q, ) > (¥, %) and Zy, : (0, ) - (Z,Tz), with (¥, Fy) and (2, Fz) being measurable
spaces. For the kth element of U, Y}, corresponds to the characteristics of interest, and Zj, corresponds to
the design characteristics. We denote Y = (Yi)rer and 2 = (Zy)kev-

Let IT be a random design measure on the population U, such that II is a function of the design variable.
Such a description of the population model can be found in Skinner (1994, pp. 134-135). Assume that the
index of the element £ of the population plays no role in the way elements are selected. Specifically:

m:Q—-mn (2.2a)
3se 7 (ZN,MN) such that IT = D(Z2) (2.2b)
Vze N ra permutation of U, A c NV, (D(2)) (4) = (D(r.2)) (r.A), (2.2¢)

where r.z = (zr(l) e zT(N)), r.A = { (ar(l) e a,.(N))‘a € A} ,and % (ffN, I]'I) is the set of functions
from 27V to . In this notation, IT = D(Z) is a random design measure, D(z) is a realization of the random

design measure, and D is called the design measure function. Equation (2.2¢) implies that Vr a permutation
of U, A asubset of NV, wy,wy €

Z(wg) =1r.2(w1) = [I(wy) (A) = (Il{w2)) (r.A). (2.3)

That is, if the design information z were randomly reordered, then the measure of the reordered samples in
A would be invariant.

Example 2.3. Poisson sampling
Assume % = |0, 1]. Then by equation (2.1), Poisz, the Poisson sampling with inclusion probabilites Z,
verifies (2.2).
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The random vector Z continues to take values in NV, but now denotes a sample from U selected accord-
ing to the random design measure 11, with:

PULYZ _4.s.(p,y, z),PI‘H:p’y:y’Z:z = pZii=p (2.4a)
P —a.s.(p), PEM=P — p, (2.4b)

where PZIM=P — p, is the distribution of Z conditional on IT = p. Equation (2.4b) means that VA € & (NN )
and VB in the smallest o-algebra on [1 that contains IT(.</),

PIA x B) = [ p(4)dPT(p)
B
Equation (2.4) expresses the idea that those responsible for the sampling procedure have defined a design
measure as a function of the design variables at their disposal. Once the design measure was defined, the
sample was drawn without any further use of the design variables or study variables.

Definition 2.2. Inclusion and double inclusion probabilities
We define the inclusion probability of element k € U as the random variable:

m =1 ({i e NV|i, > 1}),
and the second order inclusion probability of elements k and | as the random variable:
=1 ({ie NV]ip > 1,4 > 1}).

Define the sample size as the random variable n = Zgzl I;;. We now define a random variable R that
allows distinction between labelled and unlabelled samples:

VweQ, R(w)e{r:{1,...,n} > U |VkeU,# ({le{l,...,n(w)} | r(l)=k}) =Ix(w)} (2.52)

pllT=iy=y.2=z _ pRI=ipLY.Z _; s(j y, 2) (2.5b)

PEZ=i is the uniform law on

{r:{1,...,n} > UVEe U #({le{l,....,n}|r(l) = k})=ir}. (2.5¢)

To a sample Z can be associated a list of observations that consists of a file of n lines, each line corresponding
to one sampled element of the population. When the sampling is with replacement, some lines may be
replicated. This file has its own labels, which are numbers from 1 to n. The equation k¥ = R(¢) means that
the (th observation (the ¢th line) corresponds to the kth element of the population ; equation (2.5a) means
that the number of observations £ that correspond to the kth element of the population equals I, ; equations
(2.5b) and (2.5c) mean that the order in which observations appear is totally random and does not depend
either on the random design measure, the design variables, or the study variables, given the number of times
each element is selected. The vector R.) = (YR(I) .. YR(n)) corresponds to the vector of the unlabelled
study variables for the selected elements: if the analyst just observes R.)), and does not know II, Z or
R, then the analyst does not know to which elements in the population the observations (YR(Z)) te{l,...n}
correspond. o
We can assume that (€2, &7, P) is of the form

(Q,4,P) = (Q) x Qs x U, o) @ @ ,P,OP,@Py),

where (€2, <7, P}), (25, , P,) and (€, o7, P,) are probability spaces. The elements of 2 are of the form
w = (wp,ws,wy), where wy, € O, ws € Ny, wyp € Q. Let X, X, X, denote the projections : X, : w — wp,
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Xs tw i ws, Xp 0w — wp. Assume that Vw, € Qp, wh, ws € Qs wp,wp, € Uy, V(wp,ws, wy) =
V(wp, wl,w)), Z(wp,ws,we) = Z(wp,ws,wy). We can then define Y*, Z* such that Y = Y* o X,
Z=2Z"0X,

Next, we assume that there exists a measurable function Z* : ([1x Q4 Z () ® ) —
(NN, 2 (NV)), (p,ws) — I*(p,ws) such that T(wp,ws,wy) = ZI* (I(wp,ws,wr),ws). Then,
Vp € MvA € 2 (NY), p(4) =P, ({ws € Q| T*(p,ws) € A}). Define . We assume that
(Qs, ,Ps) = ([0,1], Bpo11: \o.17)- We assume that there exists R* such that R = R*(X,,T).
The commutative diagram of figure 2.1 summarizes what precedes.

Figure 2.1: Commutative diagram for J, Z, I, Z, R

Random
generation

of the
population

(Q,o,P)

D Sample scheme

construction

Random draw

of a sample

Random

labelling

of sample

observations

What follows focuses on the concept of observation in survey sampling, to get finally to the definition
of the general model for survey sampling.

Definition 2.3. Observation
The observation is a random variable G that is a function, denoted g, of Z,), R:

G=y9Z ), R).
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Many types of observations are possible, in particular the following ones:

o In the case where the analyst just observes a list of responses to a survey, without knowing to which
element in the population each response on the list corresponds, or how many times a response is
replicated in the sample (the observed data are unlabelled), then G = R.Y.

e If, in addition, the analyst knows to which element the response corresponds and how many times
each element has been selected, then G = (Y, Ix) keU|I,>0 (the observed data are labelled).

Notice that the design variables and the study variables do not need to be separated: a variable can be
both a design variable and a study variable.

The probability law of the observations is then P“, and depending on the aim of inference, a statistical
model can be specified for PC. Due to (2.2) and (2.4), P can be deduced from PY:Z, g, and D. In all
the following examples, for a complete description of the model, we will just need to specify the population
model PY-Z, the design measure function D, and the observation function g.

2.3 Population model

2.3.1 Parametric fixed population model for design-based inference

In design-based inference for sampling from a finite population, (€2, o7, P) belongs to the following para-
metric model:

Q4 Py )y e

where © is a subset of ZV x 2N We now need to specify P”'Z. To keep track of the parameters, we
subscript PY'Z and write P%{ ZZ . The study variables and the design variables are not random: ng’ ZZ =
0¢(y,2)}» Where d¢(, .y is the Dirac measure in (y,z). The design measure is then not random: Yw € €,
II(w) = D (Z(w)) = D(z). This model is called the fixed population model.

We can distinguish whether the observed data are labelled or unlabelled:

o if G = (I, (Yx) keU| Ik>0) (we know who has been selected, and how many times), then we define

the function g, : NV — NV x Udeso.... vy RY, i (iv (yk)keU|ik>0)’

o if G = ((YR(Z)) tef1 n}> (we do not know neither who has been selected, nor how many
times each element in the sample has been selected), then we define g, as the function g,

Uden # ({1,...,d},U) — UdeNRd,T = Ty,
Then (see Gourieroux (1981, p. 52)) the model used for inference on y is:
Pyl = (D(2))". 26

This model is called the design-based model. In this parametric model, “the only stochastic element upon
which an inference can be made is the one introduced through the [design measure]” (Cassel et al., 1977,
p- 32). Usually z is known, the study characateristics are the parameters of the model, and the target of the
inference is a function of the parameter y.

Example 2.4. Simple random sampling of size n*
In this example, n is not random, and takes the value n*, with n* € N\{0}. The observation is G = R.)),
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and the design measure 11 is non-random: ¥z, D(z) = SRSy p+. Then the parametric model to consider
is:
Zreﬂ({l,...,n*},U) 57"-?/

G _
TTTTm
n*
where I ({1,...,n*},U) is the set of injective functions from {1,...,n*} to U.

Under the parametric model for design-based inference, a basic tool is the Horvitz-Thompson estimator
of the finite population total (Horvitz and Thompson, 1952).

Definition 2.4. Horvitz Thompson estimator of ij\;l Yk
If from G the analyst can extract (I, 7, Yi)kev.1,>1, if % is a R-vector space, if Vk € U, m, > 0, then
the totals of the study variables on the population can be unbiasedly estimated by the Horvitz-Thompson

. Y1 I
estimator: Zgil %O}(k)'

2.3.2 The iid superpopulation model for model-based inference

An important superpopulation model in model-based inference is one in which the random variables
(Y1,21),...,(Yn, Zn) are independent and identically distributed, which is denoted:

pY:Z — é\éPYk,Zk - (PY1,Z1)®N’ 2.7
k=1

where ® is the symbol for tensor product of measures. In model-based inference, specifying a model consists
of assuming that PY1-%1 belongs to a specific family of probability laws. Then the target of the inference is
p¥i

Example 2.5. Simple random sampling of size n*
In this example, PYZ follows the iid superpopulation model, the observation is G = R.)), and the design
measure 11 is non-random: ¥z, D(z) = SRSy ,,*, forn* € {1,... , N}. Then:

PC = (PY1)®”* .

Example 2.6. Sampling without replacement, independent from )
In this example, consider the case where Y and Z are independent random variables, and G = R.Y, Il is
without replacement. Then (see also (Fuller, 2009, Thm. 1.3.1)):

P" —q.s.(n*), PCIn=n* — (pY)&""

Example 2.7. Hdjek estimator of E [Y1]
If from G the analyst can extract (Ij,, T, Yy kev 1,1, if % is a R-vector space, if Vk € U, w1, > 0, then the

. )\ L Y, I
expected value of Y1 can be estimated by: (2],;[:1 M“ﬁii(k)) (Z,]Ll kﬂ%o}(kv

2.3.3 General case: exchangeable population model

We define an exchangeable population model as a model where the random variables (Y1, Z1), ..., (Y, Zk)
are exchangeable: Vr e {1,..., N}, k... k. € {1,..., N} distinct, [; ...l € {1,..., N} distinct,

p((Yey Zey ) (Vir Zi)) — p((Viy20)--(Vin 21,)) (2.8)
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Equations (2.4) and (2.8) induce exchangeability of the sequence: ((Y121,11),...,(YnZn,In)) and will
be refered to as the exchangeable assumption. Specifically, Vr € {1,..., N}, ki ...k, € {1,..., N} distinct,
li...l, e{l,..., N} distinct,

P((Yklzk1,1k1)---(YerkwIkr)) = P((Yhzll’fll)“'(YZTZZT’IZT)) . 2.9)

The iid superpopulation model is obviously a particular case of the exchangeable population model. The
fixed population model is not a particular case of the exchangeable population model (except when the
parameters y and z are constant vectors). We can propose an alternative to the fixed population model for the
design-based model to correspond to a population model that satisfies the exchangeability assumption. This
will allow us to extend the definition of the weighted density and the definition of non-informative selection
to the design-based case. We define the exchangeable fixed population model as: (2, .27, P, ) (4,2)€0 where

y7z
Oc ¥ x Z and )
Y.z _
Py = N! Z Or.yr.2)-
reGn
Consider now the fixed population model: (Q, A, Q,, Z)ye N eyNs Where

Q" = O
Then we have the following property:

Property 2.1.
Vie,y) e ¥ x 2, QY =P,

When G = R.)Y (the observations are unlabelled), the exchangeable fixed population model and the fixed
population model are equivalent.

To any population model can be associated an equivalent exchangeable population model. Consider the
statistical model: (€2, <7, Q)QEQ, The associated population model is: (@ X L, P Ty, QJJ,Z)QEQ, To
(Q, o, Q)Q, we associate the exchangeable model (€2, o7, P)pp, such that

QGQ}.

[P)},Z _ % Z QT.)),T.Z] = [PR.y _ QR.)}] ]

T’EGN

{Py’Z‘PEP} _ {]\1[' Z Qr.y,r.Z

TGGN

Those models are equivalent in the sense that:

So to the population model (5” X ¥, T ® Ty, Q7% ) Qeg» We can associate the exchangeable population

model (@ X ff, yy ® yz, Py’Z)Pep.

2.4 Informative selection

Informative selection has been defined under both the model (Pfeffermann and Sverchkov, 2009) and the
design (Cassel et al., 1977) approaches. It is possible to extend the definition used in the model-based case
to the general case, but we show that this extension does not match the common definition of informative
selection under the fixed population model.
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2.4.1 Informative selection in the general case

We propose a definition of informative selection that applies for a general case, that includes all exchange-
able population models, with and without replacement sampling, all observation functions, and that gener-
alizes the existing definitions stated for the iid superpopulation model.

Definition 2.5. Informative and non-informative selection
Consider a general exchangeable model (), o/ ,P)pep as described by (2.8). Consider some observation
function g, G = g(Z,), R). We will say that the selection is non-informative (on G) if

VPeP, P" —a.s.(n*), PCI—* = pI(T* (SRS . X ).V, R* (X, T* (SRS y X)) ) (2.10)
The selection is informative if it is not non-informative on G.

Remark In general, the law of G conditioned on a fixed sample size is:

pGln=n* _ pg(Z*(D(2),Xs), Y, R*(X,T*(D(Z),Xs)))In=n* (2.11)

Then the selection is non-informative if the law of G, given n = n*, is the law of G that would have been
obtained with a simple random sampling of n* elements from N instead of via D(Z).

Property 2.2. If G = R.)), then according to definition 2.5, if the selection is without replacement and if
vn* e {l,...,N} suchthat P (n = n*) > 0, pRYIn=n* _ pYiYox
then the selection is non-informative.

Definition 2.6. Non-informative selection conditional on some random variable
Consider the general exchangeable model. Consider some observation function g. Let C be a random
variable. We will say that the selection is non-informative conditional on C' if

PnC

€ _g.5.(n*,c), PCIn=n*C=c _ PI(T* (SRS # . Xs) V. R¥ (Xe, T¥(SRS v %, X)) ) |C=c (2.12)

Property 2.3.

The random variables Z and ) are independent and the selection is without replacement,
= Il and ) are independent and the selection is without replacement,
= 7 and )Y are independent and the selection is without replacement,

= the selection is non-informative.

Simple random sampling is always non-informative under the exchangeable population model and a
selection is non-informative if the law of Y in the sample, given that the sample size equals n*, equals the
law of Y in the sample that would be obtained if the design measure was a simple random sample of n*
elements from NV elements.
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2.4.2 Informative selection under the iid superpopulation model

Definitions 2.5 and 2.6 generalize the standard definition of non-informative selection under an iid super-
population model (see for example (Pfeffermann and Sverchkov, 2009, p. 455)).

Property 2.4. Under the iid superpopulation model, if G = R.Y, the selection is non-informative if
P" —a.s.(n*), pRY|n=n* _ (Pyl)®n* .

When the target of the inference is not PY1 pyut PY11901) | when  is a function on %/, definition 2.6
allows to determine whether the selection is informative. Consider the following example.

Example 28. Let % = ]RQ, and letY), = (Yk,h Yk’Q). LetY = (Ykl)keU’ Yo = (Yk2)keU’ @ Y. — Yk,l-
Assume PY1 = ¥ (0,1dy) and PY2YV1=Y = 4 (y,0%1dy), where Idy is the N x N identity matrix.
Assume Z = Y, and the selection is such that: I, = 1if Z;, > 0, 0 otherwise. In this example, the
selection is informative on R.) because it has to be taken into account when making inference on P¥'. But
it can be ignored when trying to estimate o by standard methods because:

PR.Y.2|n:n*,R.Y.1:y — «/V(y, o2 Idn*). (2.13)

According to definition 2.6, equation (2.13) means that conditional on C = R.Y, the sample is non-
informative on g(Z,Y, R) = R.Y5.

2.4.3 Informative selection under the fixed population model

Property 2.5. Informative selection under the fixed population model
Consider the exchangeable fixed population model. Assume G = R.). According to definition 2.5, the
selection is non-informative if the selection is without replacement, and if

N
V(y.2) €O, (D))" = > P(n=mn*).(SRSyus)"

i () ({11 S = n*})) - (SRSwe)™

Example 2.9. Consider the case where % = R, 2 = 10,1], and D(z) = Pois,. If © = ZN x {(a....a) |
a € [0,1]}, then the selection is non-informative. This design is known as Bernoulli sampling. If © =
AN x XN, then forall z ¢ ZM\{(a...a) | ae[0,1]}, ye ZN\{(B...8) | B € ¥}, the selection is

informative.

Remark Definition 2.5 of non-informative selection applied to the fixed population model is not consistent
with the definition proposed in Cassel et al. (1977, p. 12), which reads, after replacing their p by q for
consistency with our notation: “A sampling design [...] q(.) is called a non-informative design if and only
if (.) is a function that does not depend on the y-values associated with the labels in [the sample] s]...].”
This definition is ambiguous. The ambiguity comes from the fact that in Cassel et al. (1977), the model for
inference is not complete because the set of parameters is not given, and what is really meant by “does not
depend on” is not explained.

In Cassel et al. (1977), the design measure p is fixed, but may depend (non stochastically) on a function
of the parameter y. So we consider that in Cassel et al. (1977), the statistical model which is implicitly
referred to is parametrized by the couple (p, y) that belongs to some subset © of 1 x &% N The statement
that p does not depend on (Y, ) ker,1,>1 is not ambiguous in some particular cases:



26 CHAPTER 2. INFORMATIVE SELECTION AND SAMPLE DISTRIBUTION

e In the case where ©' = {p,} x B where py € I, B < %, then i > p({i}) is a constant function of
(yk)keU,ikzl-
e In the case where ©' = {(Poisy,y)|ye #V}, # = [0,1] then the definition indicates that the

sample is informative, as the probability to draw a sample depends in part on the values of y on the
sample.

But the definition can be ambiguous in cases where the dependence on y is not direct, but is indirectly
imposed by some non trivial correspondence between p and y. For example, in the case where ©' =
{(Pois.,y)|y € [0, 1]V, 2 € [0,1]", |y — z|* < £}, it is very difficult to apply the Cassel et al. (1977)
definition to determine whether the sample design is informative or not.

Nevertheless, according to a certain interpretation of “does not depend on”, the Cassel et al. (1977)
definition can be understood as:

The selection is non-informative if 34 < 1, B < #V such that ©' = A x B.

2.5 Asymptotic framework

To establish asymptotic properties in sampling from a finite population, it is necessary to deal with se-
quences of different populations, vectors of design variables, design measures, samples and vectors of study
variables.

Define (N’Y)fyeN a sequence of population sizes , such that lim, N, = +c0, and for v € N, we define
the ~yth population as the set U, = {1,..., N,}. If not otherwise specified, all random variables are still
defined on the probability space (2, <7, P). For all v € N, we define two matrices of random variables:
Yy = (Ypeev, and 2, = (Zyk)kev,, Wwhere fory € N, ke Uy, Yy (Q,4) — (%, %) and
Zy + () — (Z,77). The vector Y., corresponds to the study variables, and Z.;, to the design
variables associated to the kth element of the population U,. Let I, be a sequence of random design
measures such that ¥y € N:

I, : Q@ — Ny,
3D, e 7 (2™,N,) such that IL, = D, (Z,),
Vze 2™, r a permutation of U,, A < N" (D,(2)) (4) = (D (r.2)) (r.A).

For v € N, define the random variable Z,, with value in N N+ such that

{ P2y _g.s.(p,y, z), Pl =pIh=y.2y == _ pIlli=p
P —a.s.(p), phitl=p —
First and second order inclusion probabilities will be denoted
Tk =1L, ({ie NV [ip > 1}),
and
Ty =1y ({i e NM|iz1,4; > 1})

For v € N, define the sample size as the random variable n, = fovz”l L,j. Define a random variable 12,
that satisfies:

Ryw)efreZ({1,....ny(w)},Uy) Wk e Uy, # ({L e {1,...,ny (W)} [r() = k}) = Lyn(w)},
PRI =i =y.2y=2 _ pRy|T,=i.

P15=1 s the uniform law on {r € Uél’""n”} Vke Uy, #({le{l,...,n}|r(l) = k}) zik}.
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Figure 2.2: Commutative diagram for )., Z,,1L,,Z,, R,

(Q,,P)

The links between the random variables )., Z,,11,,Z,, R, are summarized by the commutative dia-
gram of figure 2.2.
The observation is a random variable G, that is a function of Z,,, V,, R:

Gy = gw(Iwwav)

In all the following examples, for a complete description of the model, we will just need to specify the
sequence of population models PY727, the sequence of design measure functions D, and the sequence of
observation functions g .

2.6 The sample pdf and the limit sample pdf

We consider the exchangeable population model. From now on, in order to consider weak convergence
of the sample distribution, which is defined below, we restrict ourselves to the case where % = RP, and
Py = Pre, with p € N\{0},Zrr denoting the o-algebra of Borel sets. We assume that Vy € N, Y,; has
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a density f, with respect to a Radon positive measure p1y on (%, 7y ). We define the sample probability
density function (pdf) as a weighted version of f,:

Definition 2.7. The sample pdf
Lety € N. Assume 0 < E[I,1] < +00. As L}, is a positive random variable, we can define E [ L, |Y,, = y].
The sample pdf is the function p- f.,, where

py: ¥ SR
E [I’yk|Y7k = y]
> = —

and the sample probability measure is the measure (p- f~). [ty

Remark In Pfeffermann and Sverchkov (2009), the sample pdf is defined in the case of sampling without
replacement, where % = R?, and is the function:

vy (P =1 Yy =y, Xop = 2) /P (I, = 1| X = 7)) (dPYMXwa/dAp) (v),

where X, = (X, &)rev, is a vector of covariate variables, and the analyst knows at least (X,x)rer,, L1
In this dissertation, for simplicity, we do not consider explicitly the covariates in the first sections, but in our
case, we can choose a dimension of % that allows consideration of models with covariates. We extend the
definition of the sample pdf to take into account the sampling with replacement case.

Property 2.6. The weighted pdf p- f is a probability density function.

The following two properties deal with the distribution of the responses in the sample. In the case of
sampling without replacement, the distribution of an observation can be characterized by its sample pdf,
defined in Pfeffermann and Krieger (1992) as the conditional density of Y}, given I, = 1. In the case of
with replacement sampling, the distribution of any coordinate of a vector whose size is random (and can
even be 0), cannot be defined without conditioning on the size of the sample. In both cases, the definition
2.7 of p., applies.

Property 2.7. Relation to sample pdf in the case of fixed sized sampling. If we suppose that n. is strictly
positive and not random then the sample pdf is the density of Y r_ 1y with respect to py :

PRy (1) = (p’yf'y)‘NYv

andVA e Fy, En ' 30 14 (Yor, )] = PR (A) = E [1a(Y R, (1)) = ((pyf5) -1y) (A), where
A n ! 2;:1 T4 (Y“/Rv(l)) is the sample empirical measure of A.

Proof. See appendix B.1. O

Property 2.8. Relation to sample pdf in the case of sampling without replacement.
In the case of sampling without replacement, the sample pdf is the conditional pdf of Y., given that the
kth element is selected:

PYHIA=t = (o) ).y
Proof. By Bayes’ rule,
dPrultnt o P =11 Yo = )5 ()
dpy §P (I = 1| Yo = y1) fy dpy
(See also (Pfeffermann and Sverchkov, 2009, eq.(1) p.457)) ]

= py(Y) 5 ()
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The following conditions will allow us to define the limit sample pdf.

*A2.0. 345 a Radon measure on (%', Fy ), and two measurable functions fo and ps from (%', Fy) to
(R*, Br+), such that:

weakly

Py 2 fopi (2.00
weakl
(Pyf+) -1y Tw@“ (oo foo) -5 - (2.0b)

Remark The distribution f.uy- is the limit population distribution. In the case of the fixed population
model, p1y is the counting measure and 13- can be different from py-. In the case of the iid superpopulation
model, 3f such that Vy € N, £, = f, and then foo.u5- = f.py.

Definition 2.8. Under A2.0, we define:
Poo f 0

as the limit sample pdf and
(Poo-foo) 115

as the limit sample distribution.

Conclusion

The specification of a model for responses that are the outcome of a survey requires the description of
the population model, the design measure function, and the observation function. Under a very general
population model, we propose a definition of non-informative selection, and give conditions where a limit
sample pdf can be defined. Under some conditions, the weighted distribution pg. foo ity may be used to
approximate the law of the observation in a context of inference on the distribution of the responses in the
population. We study some asymptotic properties of the probability laws of the sequence of observations

pRyYyIn=n* and compare them to those of the sequence of approximated probability laws (oo foo uf/)@”* .
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Chapter 3

Uniform convergence of the sample cdf

In this chapter we consider the case where Y is a random variable with a density with respect to the Lebesgue
measure on R, and establish conditions on the sequence of sampling schemes for the Glivenko-Cantelli
theorem to hold in the case of informative selection.

3.1 Results

3.1.1 Asymptotic framework and assumptions

In this chapter the population model considered is a particular case of the exchangeable population model
of section 2.3.3. Specifically, we assume that (%, %) = (R, %g) and that Vy € N, k € {1,...,N,},
Y. = Y) where (Y},)ren is a sequence of iid random variables, Y}, : (Q2, &) — (R, %r). We assume that
Y. admits a density f with respect to A, the Lebesgue measure on R.

Definition 3.1. For v € N, the empirical sample cdf is the random process F., : R — [0, 1] via

_ ZkGU»Y ]1]—00,04] (Yk)I'yk

F.
“/(a) 1L,=0 +n,

Definition 3.2. Given ~, let k,{ € U, with k # [. Let

my(y) = E[ly|Ye=y]
vy(y) = Var[ly | Yy =y]

m.(y1,y2) = E[Lk|Ye=y1,Yr = yo]
ey(y1,y2) = Cov Ly, Ly | Yi = y1, Y = yo]
dy(yi,y2) = mi(y1, y2)ml, (Y2, y1)my (y1)ms (y2).

(These definitions do not depend on the choice of k, { under the exchangeability conditions (2.4) and (2.8)).
We give conditions which, like A2.0, ensure the existence of a limit sample pdf:

eA3.0.

VyeN,m, <M
. + » My
iM : (R, Br) — (R ,,%’RJr) measurable, such that { [Mf A < o (3.0a)
Vy € R, lim, m~(y) = mo(y)
: * y UMMy Ty
Ime : (R, Br) — (R ,%’R+) measurable, such that { (1o f dA > 0. (3.0b)

31



32 CHAPTER 3. UNIFORM CONVERGENCE OF THE SAMPLE CDF

Definition 3.3. Under A3.0, ps is defined (see definition 2.8) and equals (S Moo f d)\)_l Meo. Define the
limit sample cdf

Fr :R—[0,1], a— J]l]oqa]poof dA.

The limit sample cdf may differ from the population cdf, defined as

F:R—|[0,1],F:a- F(a) =J]1]_oo,a]f dA.

For a sequence of real positive numbers (b,)__y. and a sequence of real numbers (a-)__y let a = o0 (b)
~veN Y/~eN .“/
denote Ve € ]0,+o0], II' € N such that ¥y € N,[y > T' = |a,| < €b,]. In the next two assumptions,
we define sufficient conditions for uniform Lo convergence and uniform a.s. convergence of the empirical
sample cdf.

¢A3.1. Uniform Ls convergence conditions:

[ 1,000 72 s = 0,0 61
) Jd’y(ylaiUZ)f(yl)f(iUZ) dy1 dy2 = 0,(1) (3.1b)
tk%+nﬁﬁdA=%UW) (3.1c)
L P ({Z, = 0}) = 0, (D). (3.1d)

¢A3.2. Uniform almost sure convergence conditions:

1. o/1\Yk
Vy € RN such that sup Zke{]” (~eo.)(9%)

—Jﬂ(mwﬁdA

a’eR Nw
Vo e R, Var | Y Lj_ooa)(We) k| Yy = W1, un,) | = 0y (N2) (3.2a)
keU,
<
Va e R, Z 1y 0,1 (yk) (E[Ly [ Yy = (wr---yn,)] = my(yr)) = 04 (N5) (3.2b)
keU,
PI’Y:()D)’Y:(ylmyN,Y) = 0,(1). (3.2¢)

Properties of sampling without replacement In the case of sampling without replacement, A3.0 and
A3.1 can be replaced by a simpler set of sufficient conditions for uniform L9 convergence.

¢A3.3. Uniform Lo convergence conditions under sampling without replacement:

M. — My pointwise as vy —

Ime : R > RT A-measurable s.t. { Smf d\ > 0 (3.3a)
Vy17y27c’y(y17y2) = O’y(l) (33b)
Yy1, y2, M4 (Y1, y2) — ma(y2) = 0(1) (3.3¢)
P(Z, =0) = 0,(1) (3.3d)
the selection is without replacement. (3.3e)

These conditions imply A3.0 and A3.1.
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Proof. Since I, € {0,1}, A3.0a and A3.1c always hold. By applying the Lebesgue dominated convergence
theorem, we obtain that A3.1a is verified when Vy1,v2, ¢, (y1,42) = 0(1) and A3.1b is verified when
Vy17y27 m%(yhy?) - mv(QQ) = O’y(l)-

O

An important special case of sampling without replacement is non-informative selection, with Z,, inde-
pendent of ), for all v € N. In this case, the sample obtained is an iid sample of size n, = Zker Ly

(Fuller, 2009, Thm. 1.3.1), and the classic Glivenko-Cantelli theorem can be applied as soon as nwaésfoo as
v — o¢. The assumptions of Theorem 3.1 and Theorem 3.2 will then just ensure that the expectation of the
sample size will grow to infinity, and that its variations are small enough to avoid very small samples. We
can thus replace A3.0-A3.2 by a simpler set of sufficient conditions.

¢A3.4. Uniform L- and a.s. convergence conditions under independent sampling without replacement:

Y, and 11, are independent

The selection is without replacement
lim, N, 'E[n,] =m #0

Var [n,] = 0,(N2).

34

A3.4 implies A3.0-A3.2.

Proof. We first show that A3.4 implies A3.3. Because Z, and ), are independent, the exchangeability
conditions (2.4) and (2.8) imply m.,(y) =E [I,1] = N,Y_1 E[n,] and N, ' E[n,] — m by A3.4, s0 A3.3a
holds. Exchangeability also implies

B (Ll = Der,wrt BlIkLyel [ Xk sev, me Lot | B [ ny(ny—l)]
14~y2] = = =
" N, (N, = 1) N, (N, = 1) N, (N, —1)
SO ( N ) _
n~(n~ — n
cy(y1,y2) = Cov[l1, 2] = E [W] + Var 7] = o0,(1) (3.5)
Y v vy N»%(N’y _ 1) _NV 0l

by A3.4, so A3.3 is obtained, and A3.4 holds by independence. Finally,
P(ny,=0)=P(ny<1) = P(ny—-E[n,] <1-E[n,])
P(lny = E[n,]| > E[n,] - 1)

G atl] oo

/N

/N

establishing A3.3e.
We next show that A3.4 implies A3.2. For all o € R,

Var Z ]1']_007a](Y1€)I"/k y’y = (y1 .. va)

keU,
= Z ]1]7oo,a](yk) Var [I'yk]
keUy
+ > )W) o) (We) Cov [Ty, L]
ke beU- kA

/N

Ny + Ny(Ny — 1)oy(1) = 0y (N?)
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by equation (3.5), so A3.2a holds. By independence,

E[Li | Yy = (1, yn,)] = E[Lw | Ya = w] = ms(ur),

so A3.2b holds. Finally,

P(Zy,=(0,...,0)[¥y = (y1,---,yn,)) = P (ny = 0) = 05(1)

by independence and (3.6), so A3.2¢ holds.
O

We have seen (see Example 2.6) that if ), and Z, are independent, then ), and II, are independent,
and ), and Z, are also independent. If in addition the sample is without replacement, then ph-YyIny=no —
(£ \)®". In that case, we also notice that F' = Fi, and Vn* € {1,...,N,} ,E[F,|n, = n*] = F.

Remark

In conventional finite population asymptotics (Breidt and Opsomer, 2000, 2008; Isaki and Fuller, 1982;
Robinson and Sirndal, 1983), conditions on design covariances Cov [1,, I,] are imposed to guarantee
that the Horvitz-Thompson estimator Zker yelyk(E[I,]) ! is consistent. Typically, these conditions

imply that the variance of the Horvitz-Thompson estimator is O (N72 /(NyTsvy)), Wwhere N, myy — 00 is a
sequence of lower bounds on the expected sample size, E [n,]. These same conditions can be used to show
that Var [n,] = O (N2/(Ny7sy)) = 0,(N2), agreeing with A3.4.

3.1.2 Uniform convergence of the empirical sample cdf

In this section, we state the main results of the chapter: uniform L9 convergence of the empirical sample
cdf and uniform almost sure convergence of the empirical sample cdf. Important corollaries yield uniform
convergence of sample quantiles on compact sets. Proofs are given in Appendix C.

3.1.2.1 Uniform L5 convergence of the empirical sample cdf
Theorem 3.1. Under A3.0 and A3.1, the empirical sample cdf converges uniformly in Lo in the sense that

L
SUP|F7(0‘) — Fo(a)| = HF’Y — Fooloo ,Y_)—io’ 0.

aeR

Proof. See Appendix C.1.1. O
Definition 3.4. The limit quantiles (, : |0, 1| — R are given by

Co(z) =inf{y e R: Fio(y) = x}
and the empirical quantiles C, : |0, 1] — R are given by

G(z) =inflye R: Fy(y) > z}.

With this definition, we have the following corollary:
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Corollary 3.1. Suppose that Fy, is continuous on R and 0 < Fo.(y1) = Foo(y2) < 1 = y1 = yo. Then,
under A3.0 and A3.1, the empirical quantiles converge uniformly in probability to the limit quantiles,

P

sup [(y(2) — (o) —— 0
zeK V—=®©

for all K a compact subset of (0,1). Under the further hypothesis that f has compact support, the conver-
gence is uniform in Lo:

sup [y (2) — Coo ()| =225 0.
zeK Y0

Proof. See Appendix C.2.1. O

3.1.2.2 Uniform almost sure convergence of the empirical cdf

The Glivenko-Cantelli theorem gives uniform almost sure convergence of the empirical sample cdf under
iid sampling. We now consider uniform almost sure convergence under dependent sampling satisfying the
second-order conditions of A3.2.

Asymptotic arguments in survey sampling consist first in embedding a specific sample scheme in a
sequence of sample schemes. In the proof of the following representation theorem, we link the elements of
the sequence of sample schemes in a way that ensures uniform almost sure convergence of the empirical cdf.
We stress that in our result the vector of responses for the population remains the original V., = (Y )rev, »
and not another set of identically distributed random variables.

Theorem 3.2. Under A3.0 and A3.2, there exist sequences of random variables (I ',yk)’YENakGU'y’ (Y ken
defined on the probability space
(Q % [0,1], & @ P17, P' = P 1) such that

* |F} — Fy|oo converges P'-a.s. to 0

e VyeN,(Z,).) and (Z,Y,) have the same law

e VyeN weQ zel0,1], VY (w,z) =V, (w)
where | 1 is the o-field of Borel sets, \[o 1] is the Lebesgue measure on [0,1], I = (I;l, ey I;Nw)’
V= (Y{, . ,Y](,W) and F/: R — [0,1] via

1 (Y )
Ff{(a) _ Zker ] ,00 1( yk) k- 3.7)
Yueer, L + 11 —0

Proof. See appendix C.1.2. O

Corollary 3.2. Suppose that Fy, is continuous and 0 < Fy,(y1) = Fo(y2) < 1 = y1 = yo. IfA3.0
and A3.2 hold, then for (1 ;kz)’YENJfEUw and (Y})) ren that satisfy the conditions of Theorem 3.2, the empirical
quantiles

¢ (z) = infly e R: Fi(y) > x}

converge uniformly almost surely,

sup |Gy (x) — Co(@)] 225 0
reK Y0

for all K a compact subset of (0, 1).
Proof. See appendix C.2.2. O
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3.2 Examples

We now consider a series of examples of selection mechanisms, motivated by real problems in surveys and
other observational studies. We give examples where conditions A3.0, A3.1, A3.2 hold and where they fail.

3.2.1 Non-informative selection without replacement

e For any sequence of fixed-size without-replacement designs with 7., independent of ), (e.g., simple
random sampling, stratified sampling with stratification variables independent of )., rejective sam-
pling (Hdjek, 1981) with inclusion probabilities independent of )., etc.), the condition A3.4 holds
provided that 1, N° ! converges to a strictly positive sampling rate.

Proof. When Z, and ), are independent, then with the exchangeability conditions (2.4) and (2.8),
m~(y) = E|I1] = N;lE[nV], and assumption (3.4) becomes :

lim Cov [L1, I2] = 04(1), (3.8)
’Y*)
E
Tm e RY st tim 20—, (3.9)
y—C0 v
In addition,
n n 1 n
L1, ] = E|L (-2 - X ot
Cov L, bl Ny (Nv 1 N’y)] e [Nv

|
[stm] v 3)

So assumption (3.4) is verified when

. E[n,]
Im e RY s.t. 711_1)15)10 TJ =m, (3.10)
. Var|n
11mN[2“’] =0. (3.11)
2l

The condition (3.10) ensures that the expectation of the sample size will grow to infinity, and the
condition (3.11), that its variations are small enough to avoid very small samples. O

e Consider a sequence of Bernoulli samples with parameter « € |0, 1]. For N € N\{0}, the Bernoulli
design measure on NV with parameter « is denoted Bern N, and is characterized by:

N
Vi e NV, Berny o ({i}) = H ]1{0’1}(%)&%(1 — q)l i,
k=1

Assume Vz € 2N, D.(z) = Berny, o. Then .1, ..., Iy, are iid Bernoulli(«) random variables,
independent from ). Furthermore, Var [n,]| = N,a(1 — «) and condition A3.4 holds.
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e Poisson sampling corresponds to a design in which 2 = [0, 1], Z, and ), are independent, and
Vz e 2N, D(z) = Pois,. In this case, 7., = Z, and the variance of n is given by

Var[n,] = Y E[Zy(1 = Zy)] + Var | Y Zy
keU, keU,

Note that the first term in this expression is always 07(N72), so it suffices to consider the second.

— In the case where the vector [ka]ker is just a random permutation of a non-random vector
z -1
and A3.4 is satisfied when Nafl >, kel Zyk CONVErges to a non-zero constant.
— Assume there exists a fixed sequence (n*),en € NV such that Vy € N, P —(a.s.), Dkerr, Lok =

n3. Then Var [ZkeUW ka] = 0 and A3.4 is satisfied when Nﬂflni converges to a non-zero
constant.

- Leta,,b, € (0,1] with a, # b,,. If

(ay...a,) with probability 1/2,

R/ =
( 71 'YN’Y) (b7 L b'y) with probability 1/27

then

V: Z 7 _ N2 (G"Y — b'Y)2 £ (NQ)
ar k| =Ny # 0 (Ny).
keUxy

Then A3.4 is not verified and in fact if Nya, = O,(1) we do not have uniform convergence of
the empirical sample cdf.

3.2.2 Length-biased sampling

Length-biased sampling, in which P(I,;, = 1 | Y}, = yi) = m,(yx)Cyy, is pervasive in real surveys and
observational studies. Cox (1969) gives a now-classic example of sampling fibers in textile manufacture,
in which m.,(y;)ocy, = fiber length. In surveys of wildlife abundance, “visibility bias” means that larger
individuals or groups are more noticeable (e.g., Patil and Rao, 1978), so m.,(y; )y, = size of individual
or group. “On-site surveys” are sometimes used to study people engaged in some activity like shopping in
a mall (Nowell and Stanley, 1991) or fishing at the seashore (Sullivan et al., 2006); the longer they spend
doing the activity, the more likely the field staff are to intercept and interview them, so m~(yx)Cyr =
activity time. In mark-recapture surveys of wildlife populations, individuals that live longer are more likely
to be recaptured, so m.(yx)ocy, = lifetime (e.g., Leigh, 1988). Similarly, in epidemiological studies of
latent diseases, individuals who become symptomatic seek treatment and drop out of eligibility for sampling,
while those with long latency periods are more likely to be sampled: 1., (yx)oc y, = latency period. Finally,
propensity to respond to a survey is often related to a variable of interest; e.g., higher response rates from
higher-income individuals.

Suppose that f has compact, positive support: S]I[Q apf dA = 1for some 0 < € < M < oo. For the
~th finite population, consider Poisson sampling with inclusion probability proportional to Y, in the sense
that {ka}ker are independent binary random variables, with

Py =1|Ys=uyx) =1-PLy=0]Ye =yx) = my(yr)Cys
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Let 7, = y,;l P (I,x = 1]Y} = y) be the common proportionality constant (independent of k), and as-
sume that 7, — 7 € (0, M '] as v — co. Then

my(y) =7y — Ty =m(y)

C'Y(yka yﬂ) = 07 mfy(ylmyé) - m’y(yk) =0
P(Z,=(0,...,0)) = E|[[0—7uwm)
keU,

< (1 -7, = exp(N, In(1 — 7€) = 0,(1),

so that A3.3 is verified. It then follows that the limiting cdf is given by
Fela) = Jn]_oo o= [ dA. (3.12)
TEM]

3.2.3 Cluster sampling

Here is presented an example of non convergence to the limit sample cdf: the limit sample cdf Fi, may
exist (A3.0 holds), but F, fails to converge to it (A3.1, A3.2 fail). Suppose Y is uniform on [0, 1]. Assume
Z =Y, and for a vector z € R, define (,(2) as the quantile of order a of the values of the vector
21 (afz) = inf{z, |ke {1,...,N} , N1 #{le{1,...,N} |2 < 2} = }. Assume the design measure
function is the function characterized by:

Vz e [0,1]V,i e N,

Ny A .
(D) i <<H (Lot ()™ (1= Lo.go ) (Z’“))l_%>

k=1
Ny
A 1—2
+ (H (1[C04s(z),1] (Zk)) § (1 - ll[Co.s(z)&] (Zk)) k)) . (3.13)
k=1

Equation (3.13) means that with probability 1/2 the sample consisting of the elements that correspond
to the smallest 20% of the values of ), are selected, and with probability 1/2 the sample consisting of the
elements that correspond to the largest 20% of the values of ), are selected.

Note that
1
Cov Lok, Le | Yo =y, Ye = 2] = 5110021 (y1) 1) -00.2)(42)
1 1
+§]1]0.2,00[(y1)]1]0‘2,00[(:92) 2
so that
1, 1 , 1
ex ) ) F() Ay dyy = S0+ S0 F(D) —
7 0’7(1)7

and A3.1 fails to hold.

We plot the superpopulation cdf F' in Figure 3.2(a) and the limit sample cdf Fi, in Figure 3.2(b). By
simulation, we generate ), and Z, with IV, = 50, according to the population model. We plot the popu-
lation empirical cdf (the function: o — N~ 1 Zker 11_c0,0](Y4x)) in Figure 3.2(c). Then we draw two
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independent samples, each according to the design measure IL,(Z,). It occurs that the first sample drawn
contains the elements corresponding to the smallest 20% of the response values, and the second to the el-
ements corresponding to the largest 20% of the response values. For both samples, we plot the sampled
units (Figures 3.2(d), 3.2(f)) and the empirical sample cdf (Figures 3.2(e), 3.2(g)). This example can be
regarded as a “worst-case” cluster sample: the sample consists of many elements but only one cluster, and
the population is made up of a small number of large clusters, none of which is fully representative of the
population.

Remark If we had taken 50% instead of 20%, we would have had F, = F', but even in that case, F’, would
have failed to converge to Fi.
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Figure 3.1: Cluster sampling example showing population cdf, limit sample cdf, empirical population cdf,

and empirical sample cdf.
N, =50,n, =10, Z, = ),

A A A
1+t 1+ ! ! 1
F 3 F. 3 L,
0.5 1 ; ! 0.5 T =
| | = F
> A SN . | . . >
1 02 04 06 08 1 1
(a) Plot of the population cdf F’ (b) Plot of the sample cdf Fl,, (c) Plot of the empirical population cdf.
Lok
1 +
ZV e
Co.2(25) Y,
1 .
(d) First draw. Plot of (Y, Z,1),c.,. - The large (e) First draw. Plot of F,
circles correspond to units selected, N = 50
Ik
17
Co.8(Zy) prrmmemrmramemsaneneanandie.
Yy
1

(f) Second draw. Plot of (Yi, Zyk)ey - The (g) Second draw. Plot of F,
large circles correspond to units selected, N =50
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3.2.4 Cut-off sampling and take-all strata

In cut-off sampling a part of the population is excluded from sampling, so that I, = 0 with probability one
for some subset of U,,. This may be due to physical limitations of the sampling apparatus, like a net that lets
small animals escape, or may be due to a deliberate design decision. For example, a statistical agency may
be willing to accept the bias inherent in cutting off small y-values if the y-distribution is highly skewed, as
is often the case in establishment surveys (e.g., Sdrndal et al., 1992, §14.4).

Consider cut-off sampling with 1., = 0 for {k € U, : y; < 7}, and simple random sampling without
replacement of size min{n., N, —>; e, L(—o0,1] (y;)} from the remaining population, {j € U, : y; > 7}.

Define Zj, = 1(_ 7(Yx) with corresponding realization 2 = 1(_o -1(yx). Let py = N;lnv and
assume that lim, ,, py = p. We now verify A3.3.

Define S, 4 = ZjeU,Y:jeéA Z;. By the weak law of large numbers, Nv_lS,YA LN F(r) as v — oo for
A = {k} or A = {k, ¢}, and so for those sets A we have

Py~ Nv_lst]l
1 - N, 15,4 {py>Ny 1Sy a}
(p = F(T)1{p=p(r)
1—F(7)

lim E[

Yy—00

by the uniform integrability of the integrand. With the same argument,

lim E (7 = Shry) (ny = 1= Syipy) s )
1= | (Ny = Syprgy) (Ny =1 =Sy g) U070k
p— F(T) 2
= \1= () Moy

Using conditional first and second-order inclusion probabilities under simple random sampling, we have

Ny = Sty 4 ]
Ny = Sy =S}
(p = F(7))L{p= ()}

1—F(r)

my(yr) = 2k + (1 — 2;) E [

— 2z + (1= 2)

Ny — S0y

N, — ket {n7>5—y{k,£}}:|

m’v(yg,yk) =zr+(1—2)(1—2)E [

ny —1- 5k
+ ZZ(]‘ - Zk) E |:N’y —1— S’y{k E}]l{n’Y*1>S'y{k,l}}]l{N’Y71>S’y{k,€}}

(p = F(T) L p(ry
1—F(r)

— zp + (1 — 2)
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dy(Yr,ye) = ElLyklye | Y = yr, Yo = el

n — Syik,0)
= zrze +{z(1 —20) + (1 — 21) 2} E N,—1-5 {k 0 Lin, 158, .0}

(ny = Syprgy) (ny Syke})
+(1—Zk)(1—Zg)E[ ]l”v S
(Ny = Syisy) (Nv Syioy) TSk}
2
— 2pz0 + (1 — 2) (1 — 2¢) < ; Lipsriry

(P F(T Lip>r(r))
1— F(r)

(Y ye) = do (Y, ye) — M (Yk, yo)m?, (Yo, yx) = 04(1),

+ {z1(1 = 2¢0) + (1 — 2p) 2¢}

and A3.3 is verified.

Cut-off sampling for y;, < 7 is essentially the complement of stratified sampling with a “take-all stra-
tum”: I,, = 1 for the set {k € U, : 2z, = 1}. Take-all strata are common in practice, particularly for
the highly-skewed populations in which cut-off sampling is attractive. Arguments nearly identical to those
above can be used to establish A3.3 in the take-all case. This take-all stratified design is analogous to the
well-known class of case-control studies in epidemiology. We specifically consider prospective case-control
studies (e.g. Arratia et al. (2005); Langholz and Goldstein (2001); Mantel (1973)), in which the finite popu-
lation of all disease cases and controls is stratified, disease cases (z; = 1) are selected with probability one,
and controls (z; = 0) are selected with probability less than one.

3.2.5 With-replacement sampling with probability proportional to size

Let {ni’;} be a non-random sequence of positive integers with nJ, < N, and suppose that f has strictly
positive support: S]l(,oo’o] J dA = 0. Consider the case of with-replacement sampling of n draws, with
probability of selecting element k on the hth draw equal pyy, € [0,1], >, Py = 1. While p,y, could
be constructed in many ways, a case of particular interest is p,,oCYy. This design is usually not feasible
in practice, but statistical agencies often attempt to draw samples with probability proportional to a size
measure (pps) that is highly correlated with Y. Such a design will be highly efficient for estimation of the
Y -total (indeed, a fixed-size pps design with probabilities proportional to Y, would exactly reproduce the

Y -total).
Assume Z, = ), and for z € (R+)N“/, Dy(z) = SWRW@, where for z e RV n* e N, i e NV,

SWR, s : {i} — (1{71*} (]ZV] )) ( )ﬁ(%)k

-1
with the convention 0° = 1 and (")) = n*! (Hivzl ik!>
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Define W, 4 = ]\77_1 2jeu,:jea Y5 Then

my (yx) = Ziyk E [nylyk i— Ww{k}]
m’v(yk,ye) = Z[iyk E [Nwl(yk + ylé) + Wv{k,é}]
vy (yr) = (Jr\iyk)?\/ar Ny i‘ Wv{k}] " JT\LZJ%IZ [(Nv_ly‘:/jf{ﬁfv{k}f]
cy (Yk» ye) = (nf; )2%3”{”2;\/” Ny (yk + ;Z)JFWWM}]

t; 7

1
Ny [(Nw_l(yk + y€)+W'y{k,£})2] } .

Under mild additional conditions, A3.1 and A3.2 can be established using straightforward bounding and
limiting arguments. A sufficient set of conditions for either A3.1 or A3.2 is ns N~ L 5 ref0,1]asy —
and E [Y{| < co. Under these conditions, m (y) = 7y(E [Y1])™" + 04(1), and the limiting cdf is the same
as in length-biased sampling, as given by equation (3.12). For details, see section C.3.1, appendix C.
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Assume for example that Y1 ~ x2(1). Then, A3.1 and A3.2 are verified. In that case, it is possible to
show that po (y) = y and Fip(y) = /2§ ¢1/2 et dt, which is the cdf of Gamma(3/2, 2) distribution. In
Figure 3.4(c), the response and study variables on the population and on the sample are plotted. In Figures
3.3(b)-3.4(d), F,, F, F and the population empirical cdf (R — [0,1], o — N;l ZkeUW 1)_c0,0](Yr)) are
plotted for large values of IV, (1000) and 7, (100).

Figure 3.2: With-replacement sampling with probability proportional to size
Y, ~ X2 Zy = Vi, N, = 1000, n, = 100.

A
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1 2 3 4 5 6 7 8 9 10 1 2 3 4 5 6 7 8 9 10
(a) Plot of (Y&, Zyk) keu, - The large circles correspond to units (b) Fand F...
selected more than once, the numbers below indicate the number
of times units that were selected.
1A 1A
F Y
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| | | | | | | | | | » | | | | | | | | | |
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Nej
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(c) Plot of population empirical cdf, ' and F'.. (d) Plot of sample empirical cdf F, F' and Fi..
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Assume now that the distribution of Y is the distribution of the absolute value of a random variable that
follows a Cauchy distribution. Then A3.0 is not verified, F is not defined, and the empirical sample cdf
does not converge to a limit sample cdf.

To illustrate that result, the response and design variables for two populations of size N, = 1000 are
simulated according to this superpopulation model. For each population, a sample of size n, = 100 is
drawn, according to the design measure II = D(Z,). In Figure 3.3, the response and design variables on
the population and on the sample, 7, and F' are plotted. In both cases, we notice that there exists an element
ko € U, such that Y, is large with respect to ) keU-\{ko} Y.k, so that ko will be selected many times. This
induces a high variability of the population responses and the random design measure, and consequently a
high variability of the empirical sample cdf.

Figure 3.3: With-replacement sampling with probability proportional to size and Cauchy distribution
P (]—00,y]) = 2n~ ! arctan (2y) Lo, 4+2[(y), Zyx = Yi, N = 1000, n = 100.

A
Z'yk ’ 1

Y,

% 2000 4000 6000 8000 ‘ 2000 4000 6000 8000
(a) First draw. Plot of (Y%, Z“fk)keU,y' The large circles cor- (b) First draw. Plot F’, and F'.

respond to units selected more than once, the numbers below
indicate the number of times units were selected.

»
!

A
Zo

Yy

1 2000 4000 6000 8000 ‘ 2000 4000 6000 8000
(c) Second draw. Plot of (Y, Zyk) keU., " The large circles (d) Second draw. Plot F’,, and F.

correspond to units selected more than once, the numbers
below indicate the number of times units were selected.

3.2.6 [Endogenous stratification

Endogenous stratification, in which the sample is effectively stratified on the value of the dependent variable,
is common in the health and social sciences (e.g., Hausman and Wise, 1981; Shaw, 1988). Often, it arises
by design when a screening sample is selected, the dependent variable is observed, and then covariates
are measured for a sub-sample that is stratified on the dependent variable: for example, undersampling the
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high-income stratum (Hausman and Wise, 1981). It can also arise through uncontrolled selection effects, in
much the same way as length-biased sampling. One such example comes from fisheries surveys, in which a
field interviewer is stationed at a dock for a fixed length of time, and intercepts recreational fishing boats as
they return to the dock. The interviewer tends to select high-catch boats and, while busy measuring the fish
caught on those boats, misses more of the low-catch boats. Thus, sampling effort is endogenously stratified
on catch (Sullivan et al., 2006).

We consider a sample endogenously stratified on the order statistics of Y. Let {H,} be a non-random
sequence of positive integers, which may remain bounded or go to infinity. For each v, let { N, }hHll be a set
of non-random positive integers with Zf;l N, = N, and let {nwh}»hH;1 be a set of non-random positive
integers with n,, < V5. Let

Yoy <Y < <Y
denote the order statistics for the yth population, which is stratified by taking the first [V, values as stratum
1, the next N.o as stratum 2, etc., with the last N,z values constituting stratum H.,. The ~yth sample is then
a stratified simple random sample without replacement of size n., from the N, elements in stratum /.
Define M, = 0 and M), = 22:1 N,p,. Because H.,, N, and n. are not random, we then have

H’Y
Tyh
m~(y) 2 Nih p (Y(Mmh,l) <Y, <Y, | Ye= y)
h=1"""7
H

.
% (R < i < 2t )
h=1''7h Y v

where F)y, _1(-) is the empirical cumulative distribution function for  {Y;} ey, .j2,. From the classical
Glivenko-Cantelli theorem, Fiv 1(y) converges uniformly almost surely to F'. Similar computations can
be used to derive m/ (y1,y2) and ¢, (y1,y2) and their limits. With such derivations, it is possible to establish
the following result.

Result 3.1. If G(a) = limy_, ZhHgl n’YhN'y_hl]l(N;lM%h_l,N;leh) () exists except for a finite number

of points and is a piecewise continuous non-null function, and the convergence is uniform in « then A3.3
and A3.2 hold.

Proof. See appendix C.3.2. O
Remark e The assumptions do not specify whether lim., H., = o0 or not. The limit 7 may exist in both
cases.

e Usually, strata are not based on the ordering of ), but on the ordering of a design variable Z,
supposed to be correlated to ). We have described two different cases: when ), is ordered like Z.,
and when ), and Z,, are independent. We can thus expect that in realistic cases, A3.1 will be satisfied
when appropriate assumptions on (n.4) and (N,;) hold.

It is also worth noting that our assumptions are not necessary. For example, we can construct a case
in which assumptions on (n.) and (N.;) hold and the dependence between )V, and Z, is chaotic:
we choose 7 = Idg [j0.1], Y& ~ o1 2+ = 10727 [102Y, — 107 [107, ]|, Ny, = 4% Hy = 7,
Nyn = v, ny, = h. In this case, we do not have a pointwise convergence of m., e.g. A3.0 fails.
Nevertheless, even in that case, we can show that A2.0 holds and that pYilly=1 M Py, by
showing that for all interval A, lim., PY1ll=1(4) = PY1(A). We can also show the uniform L2
and almost sure convergence of the sample cdf to F'. Therefore, our conditions are sufficient but not
necessary.
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3.3 Conclusion

Assumptions on the selection mechanism and the superpopulation model under which the unweighted em-
pirical sample cdf converges uniformly to a weighted version of the superpopulation cdf have been given.
Because the conditions that have been specified on the informative selection mechanism are closely tied
to first and second-order inclusion probabilities in a standard design-based survey sampling setting, the
conditions are verifiable. The given examples illustrate the computations for selection mechanisms en-
countered in real surveys and observational studies. The versions of Glivenko-Cantelli theorem adapted to
non-informative selection under the superpopulation and the fixed population models are a first indication
that the response values may behave asymptotically as if they were iid (poo f-A).
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Chapter 4

Kernel density estimation

In this chapter, we consider the same superpopulation model as defined in chapter 3, section 3.1.1. The
functions p-, m., m’V Cy, d~, ¢, and their limit versions are also defined as in section 3.1.1. We state some
conditions on the sequence of sample schemes under which the sample kernel density estimator converges
locally in Ly to the sample pdf. We adapt the Bochner Lemma (see Theorems 4.1, 4.2) to take into account
the non-independence of the observations on the sample, we prove the asymptotic unbiasedness of the
sample kernel density estimator of the limit sample pdf, and we give the rate of convergence of the sample
kernel density estimator in the case of informative selection to the limit sample pdf. The results are an
adaptation of Tsybakov (2009, chapter 1). We illustrate our results by showing that the conditions stated
can be easily verified or rejected for some specified designs. For these specified designs, we compare the
approximation of variance we obtain to a computation of the variance by Monte Carlo methods.

4.1 Definitions

Definition 4.1. Let T be an interval of R, 8 € |0,+[, L € ]0,+0o[. The Holder class on T, de-
noted X(B,L,T) is the set of functions g : T — R such that ¢! exists (with | = |8, denoting the
largest integer less than or equal to () and ¥(x,z') € T2, ‘g(l) (z) — g(l)(x')‘ < Lz —2°7 Let
P(ﬁ’L) = {g € E(ﬁvaRﬂg = nggd)‘ = 1}

Definition 4.2. A kernel K is a measurable function K : R — R such that { K d\ = 1. Forl€ N, K isa
kernel of order Lif K d\ = 1, and Vj € {1,...,1}, §w/ K (u) d\(u) = 0.
Definition 4.3. A sequence of bandwidths is a sequence (h~)en € 10, —i—oo[N.

In the following K is a kernel and (h.,)~en is a sequence of bandwidths such that lim,_,» hy = 0.

Definition 4.4. The kernel density estimator of p., f associated to K and (h-~)~en is

1 &

Yy —y)
Pyt Y K ( L.
! hy (ny + Lyop(ny)) /34 hey !

49
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4.2 Properties of the kernel estimator

Proposition 4.1. Yy € R,

[ supyer{(vy X )(y)} + supyer{(my x f)(y)} § K?dX
Y [E [nw]p”(yO)] s Nyhy (§me fdA)?

+(§1fd/\)2( su% {(cy(y1,y2) f(y1) f(y2))}
My y1,2)ER?

+(Slfd)\)2( su%oR {(m;(ym@h) —m,y(yl)mv(yQ)) f(yl)f(yz))}.
My y1,y2)ER?

Proof.

n
Var [Nv Sw;fdAp”(y“)]

Ny

h~y N, Smwfd)\kZK(Ykhﬁ/yO) ]

( h y0>1ﬂ]

con e (M) e (2 )
Ny (h’YSin'yfd)\) (JK (yh = ) vy (y) f(y)dA(y)

o[ (y;j/o) m2(5) F(y)dA(y)

- (JK (y ;Vyo) mv(y)f(y)dA(y))2>

(hNE;LjfdA) ([ (252 ) 6 (2572 et o) o)A )N
(s

= Var

=1
TN (b, vafd)\ ar[

(h g m., fd)\

oJre(s

—mv(yl) 2 (y2)) f

) ?Jl,yz) (y27y1)
(QQ)d)‘(yl)dA(QQ))

O

Proposition 4.2. Assume that K is a kernel of order | such that |u|6 |K (u)| du < +o0. If py f € P(B, L),
then

Vyo € R, Vy e N,

5 [%pm@] — oo (o) Fw0)| < G,

with Cy = % § Ju|?| K (u)|du.
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Proof.

E [Eﬁw]m(yo)] — py(Y0) f (yo)

ok [Mpv(yo)] 0 (50) (w0

J (y yO) @) dy — (o % o)

_ fK ((py % N)(yo + uhy) = (py x £)(0)) du

In addition, 37, : u — [0, 1] such that:

(j)(ZJO)(th)j I (py x f)(l)(yo + T'Y(U)Uhv)(Uhv)l
4! l! '

-1
(py x F)(yo +uby) = > oy > J)
=0

As K is of order [ = |3],

{E[ e ]
(uhy

- [rw™ (( < Do + 7 wuhs) — (o x O (wo) ) o

and

‘E [Jvﬂpv(yo)] ~ py 0) £ (00)

uh
< i L |, £)O (g0 + ) = (o, x £)O0)|
< L[ |'“Zf'| e o
< 2hﬁ

Proposition 4.3. If f € P(j3, L), then

Ty 2
;OUG%E [(wpv(yo) — (py % f)(?/o)) ]
_ subyer{(vy X N)@)} + supyep{(my x f)(y)} §K?dA

h Nyhy (S m f d)‘)z

+(Smlfd/\)2( suiRQ{(cy(yhy2)f(yl)f(y2))}

+(SlfdA)2( sup (v 1) = s () (42) £3) (02))}
My y1,y2)ER?

+C3R20.
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Proof. Let yp € R, v € N. Then by Propositions 4.1 and 4.2,

2
E [(%pw(yo) — (py % f)(yo)> ]

< var| e )] + | gm0 | - o) 00

supyer{(vy X )()} + supyer{(m, x f)(y)} § K2 dA
hy (X my f d)‘)2

2

~

+(Slfd>\)2( su?]R {(ey(y1,92) f(y1) f(y2))}

My y1,y2)ER?

+m sup (32 91) = () (42) () 42)}
mm{ yl Y2)€

+C3n2°.
]

Theorem 4.1. Bochner lemma in the case of informative sampling.

Let yg € R. Assume that g is a real function, continuous on a neighborhood of yp € R, @@ : R - R
is measurable, X |Q|dA < +oo, . is a sequence of real measurable functions, and r is a real measurable
function such that:

r, — 1 converges uniformly on a neighborhood of y to 0,

T Is continuous in o,
Sup(g X rw)(u) = 0’7(1)7

UER
sup(g x r) < +00.
UER

Then:

i - | Q(y y) 2 )9) IN) = r(un)gn) [ Q) AN + 0r (1)

y—00 h

Proof. We calculate:

f Q (y y“) () = 90+ (00) [ Q) )

\ [ (om0 0m) = (9 )0 @) )

< sup {[(g xy)(yo +uhy) — (g9 x ) (yo)|} f |Q (u) dA(u)

jul<hy

+J i/ (g x m)(yo + uhw) — (g x ) (yo)| Q] (w) dA(u)
|u|>hy

N

sup {1(9 % 7)o+ 0) = (g x PN} [ 1Q] () drca)
w|<hy/?

# (sup o ) ) +sup (% 1)) .. IR

ueR
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< sup. {I(g x ) (yo +v) = (g x 7)(yo + v)[}
\v|<h§2

+ sup {|(g x 7)(yo +v) = (9 x ) (o)} JIQI(U)d/\(U)

lo|<hY/?
# (sup (a2 )0} +sup (g ¢ 1)) [CIEEE
< | sw {1ty -+l s Lol + o))
[o|<h}/? jo|<hl/?

+ sup {|(g x 7)(yo +v) = (9 x ) (o)} JIQI(U)d/\(U)

o] <ht/?

Q1w axw).

ueR u|>hy

" (Sup{w x )} +sup g > ’")(“)}) J

When A, — 0 every summand tends to 0. O

Theorem 4.2. Let yg € R, Assume that g is a real function, continuous on a neighborhood of yp € R,
Q : R — R is measurable, §|Q| d\ < +o0, 7 : R? — R is a sequence of measurable functions and:

1~ converges uniformly on a neighborhood of (yo, yo) to 0,

sup {Jr (w1, us)g(ur)g(uz)]} = O,(1).

(ul,u2)6R2

Then:

,%JQ (ylh_ yO) Q (‘” h: y“) r (u1,92)9 ()9 (y2) dyn dys = o4 (1).

-
Proof. We calculate:

1 J Y1 — Yo
1o (
n hy

= UQ (Yo + urhy) Q (yo + u2hy) 7 (Yo + urhy, yo + uzh~)g(yo + u1hy)g(yo + uzhy) duy dus

) Q (W) (Y1, y2)9(y1) g(y2) dyr dys

2
< s {9+ unhy)glyo + wshy ) (yo + uihy, o + ush,)|} (J Q1) du)

max(u1,u2)<h, 1/2

(ul,u2)eR2

2
+osup {lg(un)glu)ry (ur,us)l) (f el du)

2
< s (oo + 09l + v (g0 + vrgo + )]} ( [1r du)

max(vi ,vg)ghE/Q

—1/2

(ul,uz)ERZ >hpy

2
+oswp {|g<u1>g<u2>m<u1,u2>|}(f |Q|<u>du>.

When 5., — 0 every summand tends to 0. O
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Proposition 4.4. Limit of the expected value of the sample kernel density estimator
Let yg € R. We assume A3.0 and.:

Var [n,] = OW(Nf), (4.3a)
Sylelﬂg{(mvf) y)} = 04(1), (4.3b)
Ad.3] WP {(meo f)(y)} < +o0, (4.3c)
M~ — Moo converges uniformly on a neighborhood of yg to 0, (4.3d)
Mo IS continuous in g, (4.3e)
f is continuous in 1. (4.3f)

Then
lim E [p(y0)] = po(y0) f(y0)-

y—a0

Proof. With A3.0, as lim,_,o, { m f > 0, then 3T € N such that Vy € N, v > I' = E[n,] > 0. Then,

Elapagen]| = (gt o) i[5 (5 mermao.

We apply Theorem 4.1, with g = f, r, = m., r = M, and obtain that:

nmE[ ny pw(yo)] — p(y0) (w0).

y—w [ Eln,]
Besides,
n E[ny] Ny
) = g 0) = (5 oy~ 1) g o)
v E[n,] v ny + ]l{o}(n,y) E[n4] v
and with A4.3a, E (M—QQ —0.(1) O
e ny+1o(ny) YA
Proposition 4.5. Let yg € R and K be a kernel.
We assume A3.0, A4.3 and that 3V a neighborhood of yq such that:
JKQ(U) du < +o0, (4.4a)
v a measurable real function such that vy — v converges uniformly to 0 on' V', (4.4b)
Voo IS continuous in g, (4.4¢)
A4S {v, (W) (W)} = O5(1), (4.4d)
sup {veo f(y)} < 400, (4.4e)
yeR
sup  {(dy(y1,92) + cy(y1,42))} = O4(1), (4.4f)
(y1,y2)ER?
¢y + d converges uniformly to 0 on 'V x V. 4.4g)

Then

Var [ 30)] = 4122 (( (S;‘”(Ji’fk)z + p§o<yo>) [ du) (14 0,(1),
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Proof. We calculate:

Var

1 h Yo
N SmyfdAZK< I >I”’“]

_ (Sn;fdA( K (52 v, ) )
v [ (1) mee) s )

( [ (52 v(y)f(y)dk(y)f)

. (h]?m ; o7 o ([ (252 1 (22 e+ ) n i) ) ) )

By application of Theorem 4.1 to Q = K, r,, = v, and r = v, We obtain that:

,; [ (y ;j”) 03 () F () AA(Y) = v (50) F30) + 05 (1).

By application of Theorem 4.1 to Q = K, r,, = m.,, and m = v, we obtain that:

,; [x (y ;f“) (1) £ () M) = m(y0) f (40) + 0 (1),

By application of Theorem 4.2 to @ = K, and r., = (¢, + d,), we obtain that:

G ([ (2 W ") k(2 = ) (e, 4 ) om0 () 02) AA) AAG) ) = 0, (1),

()
So
1 o Yir —wo
v o (5
1
T N gy o)
v () [ K2 du) (140, 0)
+Z\2 P2 (o) £2 (o) + 04(1))
+0,(1).
Thus

o e (T | Ly

2
and by A4.3a,E | [ o2~ — 1 = 0,(1), which together with the preceding implies the result. ]
y E[n,] y g p g imp
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Proposition 4.6. Let yg € R. We assume that K is a kernel of order | = 1. We assume A3.0 and:

Var [n,] = OV(N,g), (4.5a)

(py x [) €62, (4.5b)

(py x f )(2 ( x f ) converges uniformly to 0 on a neighborhood of yo,  (4.5¢)
eA4.5 4 SUD {I (py x ) } (4.5d)

ueR

JuQK(u) du < +o0, (4.5e)

J V2K (u) du # 0, (4.50)

Where 6 is the space of twice differentiable and continuous functions. Then
2

Bl )~ o) 0] = 5 (% D) [ 2K () +.0,(1)).

Proof. We use the calculations of Proposition 4.2 with [ = 2, and we the fact that K is a kernel of order
I =1:37, : u> [0, 1] such that:

o] »
_ JK

- I, Xf)(2 (QO)JUQK(U)dU+Aw(U)7

x 1Y (yo + 7(w)uhs) du

with
Byw) = [wK ) (o, 5 NP+ 7, (w)at) = (0, % HPon)) d
Al < sw [, < HD 0+ auh) = (o, % NO)} 02K () du
<h—1/2
+2sup {|(p, % NP1} | ALY
= 315/2{ (5 % Do +0) = (0 x NP} [ 2K (0)
2 ek {Kp” « D (u)|} L>h71/2 u K (u) du
= Oy(hy).
Then

2
h’Y

B |G = s f )| = 3 (0 % D) [ @K@ duto,0).

By A4.3a, E [( n

2
B[] — 1) ] = 0,(1), and then:

h2
Bl ) = o) )] = (2 D) [ 2Kl w0, 0).
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4.3 Link to the Horvitz Thompson estimator of the sample cdf

When po is known, p,(y)/peo(y) may be compared to a Horvitz-Thompson or Hdjek-type estimator of

f(y), defined as
~1

Fwo={ Y 2] (Y

T, TT.
keU,, "k " keU, vk

~

bk (52

When py(y) = lim, ]X—: E [7y,|Ys = y] is unknown, there are two natural ways to estimate it by using the
sampling weights when they are available. The first way to estimate po, consists of using the Hajek-type
kernel estimator of E [7,|Y} = y]:

ZkNlﬂrka (Ykh_yy0> ((]IN\{O}(I’C)) /va)

e K (Ykh;yo) (w0 (Ik)) /)

The second way consists of using the inverse of the Horvitz-Thompson plug-in kernel estimator of
B[ L1 = y:
vk

Poo = (n'y + ]1{0}(717))71 N,

Nl K [ Ye=wo 1 (Ix)) /7y
P = (n'y + ]1{0}(7%/))71 N, Nk 11 ( };“/y)o (( N\{0} Ak ) k?) ‘
Sy A B () (Lo (1)) /o)

Recall that:
N
1 A (Y=o
py(Yo) = K ( Iyk,
! hy (ny + Tyop(n9)) (54 hy !
so that
-1
Py (%0) Ly 2
~ = | N — J~(wo)
Pao(yo) ! k;UW Tk !
_ f : Ly, _
= fr(%0) if [ Y 2] =N, (4.6)
keU, Tk
Equation (4.6) means that if the selection is balanced on the population size, g: ((Zi)) is the Héjek type kernel

density estimator of f.

4.4 Examples

We consider some examples from the series of examples studied in chapter 3. We give examples where
conditions A4.3, A4.4, A4.5a hold and where they fail.
4.4.1 Non-informative selection

The following set of assumptions consist of a condition for the sample size to grow to oo (4.6a), classical
assumptions (e.g. classical for the case of a census) for the kernel density estimator to be asymptotically
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unbiased (4.6b and 4.6¢), and for the variance of the kernel density estimator to tend to O when IV, ., tends
to oo (4.6d):

Var [n,] = 07(N72) (4.6a)
sup f(y) < 4o (4.6b)
yeR

*A4.6 4 f is continuous in g (4.6¢)
JK2 d\ < © (4.6d)

In non-informative selection, A4.3 and A4.4 hold when A4.6 holds. In chapter 3, conditions for A3.0

and A3.1 have been given for a list of non-informative sample schemes of fixed or random size. Assumption
A3.1 implies A4.6a.

Figure 4.1: Independent stratified sampling
A

A

(a) Y, and Zj are independent. The selection is non- (b) Non-informative selection: the kernel density estimator
informative, po» = 1 and po f = f. (orange) is close to po..f = f (black).

4.4.2 Cluster sampling

Here is presented an example of non convergence of the kernel density estimator to the limit sample pdf:
Suppose Vi, ~ A (8, 1), PZP=y =y (£.y, Idy., ). For a vector z of RY, define (,(z) as the quantile
of order « of the values of the vector z: (,(z) = inf {zk ‘k: eUN#{le{l,... N} ze < 2.} = a}.
Assume the design measure function is the function characterized by:
vz e [0,1]V,i e N,

N, | |
(DV(Z)) | {2} - % ((H (H[O’CO'Q‘E’(Z)] (zk))lk (1 o ]1[07&),25(2)] (Zk))llk>
k=1
N, | |
" (H (]1[%75(2)’1] (zk))lk (1 - ]l[CoA75(z),1] (zk))llk)) .
k=1

(4.7) means that with probability 1/2 the sample constituted of the elements that correspond to the 25%
smallest values of Z, are selected, and with probability 1/2 the sample constituted of the elements that
correspond to the 25% largest values of Z., are selected.
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Note that
Cov [ Ly, Iye | Yie = y1, Ye = y2]

1
N (2 P(Zy, < Co.25(25) 0 Zy, < C.25(24)|Y1 = y1, Y2 = o)

1
+5 P (Zy, > Cur5(24) N Zyy > Cor5(24) Y1 = y1, Yo = yz))

NN

(P(Zy, < Co25(Z)IY1 =91, Y2 = y2) + P(Z,,(Z,) > Cors1Y1 = y1, Y2 = 12))
1

x = (P(Zy, <C025(24)|Y1 = y1,Y2 = y2) + P(Z,,(2,) > Co.751Y1 = y1, Yo = 12))

N |

Denote A(y) = ® («/1 T E201(0.25) + £(8 — y)), Bly) = 1-® ( 1+ €20 1(0.75) + £(8 — y)).
Then,

711_1?30 cy(y1,y2) = <; (A(y1)A(ye) + B(yl)B(yz))>
_ (; (A(y1) + B(yl))> (; (A(y2) + B(yz)))
T d(n,0m) =

lim (cy +dy)(y1,y2) =

yY—00

(A(y1)(A(y2) — B(y2) + B(y1)(B(y2) — A(y2))

S k= @

so that A4.4f fails to hold.

Figure 4.2: Kernel density estimation in the case of cluster sampling

A

C. 75 (Z'y) T

C.25(2+) A

—
‘ g

(a) At first stage, the first cluster has been selected. (b) Plot of population pdf (black), kernel density estimator
(orange), and sample pdf (blue).

4.4.3 With-replacement sampling with probability proportional to size

Let {n*} be a non-random sequence of positive integers such that lim, ., N 'n* = 7 € ]0, +0o0].
Assume Z, is a positive random variable. Assume (Y1, Z,1), ... (Yn,, Zyn, ) are iid couples of random
variables, and that P(*1%71) does not depend on . Assume that Vz € NV, D,(z) = SWRZW;L
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Under mild additional conditions (continuity of f, continuity of y +— E[Z|Y: =yl
supyer E [Zyk|Yi = y] f(y) < +00, existence of finite moment of order 6 for Z,;) , A3.0, A3.1, Ad.3,
and A4.4 can be established using straightforward bounding and limiting arguments, like in section C.3.1,
appendix C. Then,

E[Zk|Y: = y]
_ _E[Z[Ye = y]
Voo (Yk) = TW

Assume for example that Y1 ~ x?(1), PZw=¥Y5k=¥ = y2(1). In that case, it is possible to show that
peo(y) = U5+ and poo f(y) = 125 (72 +yP2) eV,

Figure 4.3: Sampling with replacement and probability proportional to size

A )
Zy,
Fo
Y
\
Y K
(a) Plot of (Yz, Zn,k)ker, for (b) Plot of the population pdf f (black), the sample kernel density
N, = 500. The large circles estimator p- (orange) and the limit sample pdf po f for N, =
correspond to units selected more 10000. The limit sample pdf p is close to pf

than once, the numbers below in-
dicate the number of times units
were selected.

References
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Chapter 5

Sample likelihood estimation

In this chapter, we use the iid superpopulation model and the asymptotic framework described in chapter
3, and further conditions on the selection mechanism and on the sample pdf regularity. We assume a para-
metric model of the law of Y, parametrized by 6, and a parametric model of the distribution of Z given Y,
parametrized by £. Assuming we have a consistent estimator of &, we plug this estimator into the approx-
imate likelihood based on the sample distribution. We refer to this approximate likelihood as the sample
likelihood. and we study the properties of the estimator of # that maximizes the sample likelihood in 6.
Adapting Gong and Samaniego (1981), we prove the existence, the consistency and the rate of convergence
to a normal distribution of the maximum sample likelihood estimator of §. When the design structure and
observation mechanism are well known by the analyst, using maximum likelihood derived from the sample
distribution is possible and can allow estimation with smaller variance than the pseudo-likelihood estimators
derived from Horvitz-Thompson likelihood estimation. We illustrate this final result by the analysis of an
example of stratified sampling, along with supporting simulations.

5.1 Notations and definitions

5.1.1 Assumptions

Let (N,) ~+eN be a sequence of population sizes such that lim,_,, N, = +o00. All random variables are
defined on a common measurable space (£2, <7 ), and we consider the statistical model (€2, o7, Py ¢) (0,6)eOx=

where © and = are open subsets of R. Let p, ¢ € N\{0}. We assume that (%', %) = (RY, ZRq). and

(Z,77) = (RY, Bra). We assume that ((Yy, Z1)),.cy is @ sequence of independent and iid pairs of random
variables, and Vy € N, ), = (Y1,...,YN,), 2y = (Z1,..., Zn,). We assume that P;/”z’z’“ admits a density
with respect to Ay 4, the Lebesgue measure on RPT7. We assume that ngg does not depend on ¢ and denote

by fo =d Pg,ké /dX, its density. Further we assume that PQZE'Y’“ does not depend on 6.

Definition 5.1. The sample pdf
ForyeN, 0 e 0, ez wedefinemyge:y— Egell1|Y1 =y| If0 < Eg¢ [Lk] < 400, then we
can define the sample pdf as the function p~ g ¢ fo, where

Ege [Lk|Yi = vl

Eg ¢ [Lyk]
Mry,0,&

B vaﬂ,& fodAy’

Y - pyecely) =

61
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and the sample distribution as the measure p~ g ¢ fo.\p.

The following conditions on p, will allow us to define the limit sample pdf:

e A5.0.
_ Vye N, myge < M,
= . TRP + )\ y h.,0,€ 0,5
VO e©,£eE,dMye: RP — R™ A\-measurable such that { [ Myefy dA, < o0, (5.0a)
M~Nge — M ge POINtWISe,
VO €O, €E,3my ge : RP —> RT A-measurable such that 108 ey 08 u (5.0b)
Smoo,G,ffO d)\p > 0.

Definition 5.2. The limit sample pdf
Under A5.0 we define the limit sample pdf: pe g ¢ = limy 00 py 0.
5.1.2 Further definitions
Definition 5.3. Given v, (k,¢) € {1,... 7N7}2 , k # £, we define the following functions:
myge Y= Bog[Ln|Y =u1,Yr = y],
vyeg oy Varge [Ly[Vi = y],
mige + y1y2 = By [LeYe = 1, Ye = go] |

croe YL, y2 > Covpe [ Ly, Lol Ye = y1,Ye = 32|,
dyoe = Y1,Y2 = mb g (Y1, y2)ml g ¢ (Y2, y1) — My 0.6(y1)my 0.6 (y2).

These definitions do not depend on the choice of k, £ under the exchangeability conditions (2.4) and (2.8).

5.1.3 Assumptions on the design measure: asymptotic independence of draws

eA5.1. L, convergence conditions: Let 0 € ©,§ € Z and u : (RP, Bry) — (R, Bra) a measurable
function.

[ A5.0 is satisfied and f lul| My¢ fod, < +0, (5.1a)

J|u| (y1) ull (2) ey 0.6 (W1, y2) fo(yr) fo(yz). dAp(y1) dAp(y2) = 04(1), (5.1b)

< JIUI (y1) lull (y2)dy 0,6 fo(y1) fo(yz)- dAp(y1) dAp(y2) = oy(1), (5.1c)
f [ul*(vy.0.6 + 03 9.6) fo dXp = 04(N), (5.1d)

[ Pog (Zy = 0) = 0y(1), (5.1e)

where ||.|| is the Euclidian norm on RY, and |u| : x — ||u(z)]|.

5.2 Maximum sample likelihood estimation

The following series of results follows closely the results of Gong and Samaniego (1981), adapted to the
context of informative selection which we have described above.
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5.2.1 Approximation of log-likelihood based on the sample distribution

Definition 5.4. Define A : RP x © x Z = R, (y,6,£) = A(y,0,&) = In(peo,9.¢(y) fo(y)) -
For v € N, we define the mean log sample likelihood as

gy <97§7 (YRw(k))ke{l nw})

(ny + Ly (n4)) Z A (Y, (k) 0, €)

(ny + Lio) (n4)) Z A (Y3, 6,6),
and the maximum sample likelihood estimator of 0 adapted to & is

6:(¢) = arg max {Z (9’5’ (YRv(k))ke{l,...7n7}>} :

0e®

5.2.2 Maximum likelihood estimation based on the sample distribution

Lemma 5.1. We assume A5.0. Let 6y € ©, &y € =. Let é,y be a random variable such that év — ¢ =
0Py, ¢, (1) Let A : RPxE > R, (y,€) = A(y, ), and let B be a neighborhood of §, such that A —a.s.(y),
Ay, .) is a differentiable function of £ for € in B. We assume that AR : (RP, Brr) — (R, Br) a measurable

function such that V¢ € B, ‘%A(y, f)‘ < R(y). We assume that A5.1 is satisfied at 0y, &y for u = lgo,
A(.,&), and R. Then

N ~
Zk;;l I’ykA(Y]ﬁ g’y) PGO!{O
ny + Lo (ny) -

fA (42 0) oot (1) fo () AA(w).

Proof. See appendix D.1. O

o A5.2. We will say that A5.2 is satisfied for g € ©, &y € =, A a neighborhood of 0y and B a neighborhood
of &o if
A5.1 is satisfied for u = 1y, (5.2a)
0 02 ok 0 02 03 03
Ap—a.s.(y),V0e A€ e B, %A, WA’ WA7 a—gA, 898§A’ 8928§A7 095§2A are defined, (5.2b)

Interchange of differentiation and integration of p g ¢ fo is valid for first and second

derivatives with respect to 0 and for the mixed partial derivative with respect to 0 and &, (5.2¢)

N 2
0< s = [ (5 0:00.8)) dbonahnd) o) <+,

0A 0A
JRP (6560) (ya 00)50) d(pOO,Qo,Eof@o‘)\p) (y) < +<137
0A 0A
and then deﬁne le J ( ag 00 ) (y7 0750) (pw,eo,&)f@o'Ap) (y)7 (52d)

K : R? x A — R such that K(.,0) satisfies A5.1 and ¥0,& € A x B,y € RP
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0 Poo,0.6(Y) fo(y) )‘
o [ L0EIVIN) V| ey 9, 5.2
g (pooeof(y)feo (y) ©.9) ©-2¢)
3L : R? x A — R" a measurable function such that
BA BA BA
W A, e BN~ sl |53 00.9)] < L0 | e (0:00.8)| < L), | s 00,9 < LG
and | L)oo 0) o (5) D) < (520

V(0,8) € © x E such that (0,£) # (6o, o), J]l{o} (A(y,0,8) — Ay, 00,80)) Pao,b0,0 (Y) foo (V) Ap(y) < 1,
(5.2g)

A 2 A A
(%9 ('7 €07§0)> and (%0 ('7 90760) aaé- ('7 907§O)> satisfyA5.]f0r 00750‘ (52h)

’

Theorem 5.1. Existence of a consistent root of the ML equation
We assume AQ. Let Oy € O, §o € E. Let A(resp. B)bea neighborhood of 0o (resp. &o). We assume AS5.2
is satisfied for 0y, &, A, B. Let &, be a random variable such that £ — &y = 0Py ¢ (1). Forye N,e e R,

let C(g) be the event that there exists a root 9} to the equation: Zi\zl (0A/00) (Yk., 0, 5}> Ly = 0 such
that ‘@ — 90‘ < &. Then, limy_,o Py, ¢, (Cy(€)) = 1.
Proof. See appendix D.2. 0

Theorem 5.2. We assume A5.0. Let 0y € O, {y € =. Let A (resp. B) be a neighborhood of b (resp. &o)-
We assume that A5.2 is satisfied for 0y, &o, A, B. We assume 0y, & is the true parameter. Let &, be random

9
variable such that &,—& = Op,_ . (1) Suppose /n~, [(590?) <(YR”(1€))’€€{L~~,M} ’90’&))] _Z,
’ v

v Ny fv - 50 —®
N (0, Y= [211 gu] ) Then the maximum sample likelihood estimator adapted to é,y is asymptotically
22

normal, that is
A &
i ((97 - 00) Jo = M (0,1),
where

Y B4
2 11 12
= — + —= (Y99 H10 — 22 .
o j121 f121( 2212 12)

Proof. See appendix D.3. O

5.3 Example: stratified sampling

5.3.1 Asymptotic framework

Let H € N\{0} be a fixed and non-random number of strata, and let (IV, gy be an array of

h)'yeN,hE{l,..
strictly positive integers such that Vy € N, N, = Zle Nyp,. For v € Nyh e {1,...,H}, N, denotes
the size of the hth stratum of the yth population. For v € N, h € {1,...,H}, let ny, € {1,..., Ny}
denote the number of elements selected from the hth stratum of the ~th population. We define v, the
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permutation such that Z,_ 1y <--- < Z,_(y,). The permutation v, is a random variable which is a function
of Z,. The hth stratum of the ~th population is the set: U, = vy ({Thn—1 + 1,...,T}), with Tg = 0,
T, = Zlgh'g,h N.p. For h € {0,..., H}, define t.), = T]\% The random design measure is stratified
simple random sampling without replacement:

[, (o)™ i Vhe (1. H} Yyer, ik = nyn, and i € {0, 1}V
0

1L, () =

K otherwise.
We assume that Vh € {0,...,H}, tn) = lim,_,t,, is defined. We also assume that Vi €
{1,....,H}, 7 = limye0 N;hlnvh is defined. We assume that 7 = Zthl Th (teoh — tao,h—1) =
im0 Nv_lni‘; > 0, with n} = ZkH:1 n,,. We assume that Yy, ~ 4(0,1), PZYe = 4 (£.Yy, 0?),

where o is known, i.e Z = £.Yy + 0. and ng, ~ A7(0, 1).

5.3.2 Maximum sample likelihood estimator

Result 5.1. Under the asymptotic framework described in section 5.3.1, the assumption A5.0 holds, and

o -1
Poge(y) = <Z Th (too,h — too,h—1)>

h=1
. ) £
A (G) + 10 (too ) + >(0-y)
h=1
—® £ 2+1¢>’1(t Si-
. w,h—1) + U( Y)

H—1 -1
= <TH+ Z 75007]1 (Th_Th+1)>

h=1

H-1 £\? ¢

TH + Z (Th — Th+1) @ () 10 (top) + 200 —w) | ],
= o o

where ® is the cdf of A (0, 1).

Proof. See appendix D.4.1. O

The sample likelihood is then defined and if we consider

£ = Yeli Zr () YR, (k) Tk
Ny = n
k1 Y}%W(k)/ﬁwk

Y

we can define é7 to be the maximum sample likelihood estimator of 6 adapted to éw ie.

év = ar%ergin {"?((YRW(k))ke{l,...,ny} 0, é”)} '

Result 5.2. The statistic éy is a consistent estimator of &.

Proof. See Appendix D.4.4. O
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5.3.3 Existence of a consistent root to the MLE equation and limiting variance

Result 5.3. Under the asymptotic framework described in section 5.3.1, the conditions of Theorem 5.1 are
satisfied.

Proof. See appendix D.4.2. O

Result 5.4. Under the asymptotic framework described in section 5.3.1, the conditions of Theorem 5.2 are
satisfied, we have

Yn = Su
ul 0
= ! Z (taoh — tooh—1) Taon Varg, g, [(%A> (Y1,60,&0) |21 € ]C(tooh—1),C(tooh)]]
h=1
H
Soo = 7 1Y (toon — toon1) Tipy
h=1
_ _ Y12 03 +1)7t
62 + 1)t 62 + 1)~ Vi H“]Z toon_1), C(t HO
[( 0 ) §ol( 0 ) ] algy,&o Y12 1 € [¢(toon—1), C(toon)] 50(93 +1)—1
H
¥ = 7'712 (tooh_toohfl)Tooh
h=1
1 0 0 (,%A) (Y1a90a50) 1 (1)
0 21 250 Var@o,ﬁo YIZI/Tooh A E]C(tooh—l)aC(tooh)] 0 0241 |,
Oh+1  O5+1 Y12/Tooh 0 0253-1
0
aA (Y1,6
% 1, 0750)
2
G —Th+1)§fo< (£) +107 (ton) +§<9—y>>
= (y - 6) + 3 )
i+ LA m—ml)@( (&) 10 <tw,h>+§<e—y>>
and

(aA) (Y1, 60, &o)

o
S (= Tha) (\/i/g%@_l (teo,n) + (G;y)> fo (\/ <§>2 + 107 (top) + £(0 — y))

4 X0 (Th = Tha1) @ ( (g)z + 107 (o) + £(0 — y))

Proof. See appendix D.4.3. O

We evaluate the value of the matrix > by Monte Carlo in section 5.3.5.
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5.3.4 Comparison to other estimators

Let 0, = (> YR, (k) Jmk) | (pty 1/Tyk). As we are in a case of fixed size without replacement
sampling, >'7 | 1/, is not random and >, | 1/7.), = N,.

Result 5.5. Under the asymptotic framework described in section 5.3.1,

H
Vi (8, -0) =L (o,f >, (oo = toon—1) Topp Var [V Zy € ]<<twh1>,c<tooh>]]> :
h=1

y—00
where for h e {1,...,H},
Var [Y1] Z1 € [((twn 1), C(teon)]]
- 1 —(y—0)? —n?
= (tooh — too,h—l) 1 Jy2 (]l]Bh—hBh] (fy + O’T])) % exp <(y2)> exp <%‘1_72> dy d77

- (tooh_toohl)lfy(]lB B, (€Y + o) L exp =0 exp - dy dn 2
, 1Bh—1,Bp] 2o 2 252 )

with B, = €0 + /&2 + o021 (toon)-
Proof. See appendix D.4.6. 0

We evaluate these expressions by Monte Carlo in section 5.3.5.

5.3.5 Simulations

The following figure illustrates the realization of the population and the realization of the sample for different
values of o.

Figure 5.1: Different degrees of informative selection

A A A
Zy, Z, Z, ;
'C'r
o ')?'
z Yoo .
C7(Zy) ) f

&) ‘ e ?!‘

. *-f*" Y,i
(a) o = 10, the selection is weakly b)yo=1 (c) o = 0.1, the selection is highly
informative informative

For the simulations, we use the model described in section 5.3.1.
We generate v = 1000 populations of N, = 5000 elements each, i.e. 1000 vectors of 5000 iid re-

alizations of the distribution .47(#, 1), with # = 1.5. We denote (y% le{1,....a} the sequence of vectors.
Then, for o € {0.1,1, 10}, and for each vector [ € {1,...,a}, we create Z,(f) = g.y? + o.n®, where
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(U(Z))leu,,,,,a} is a sequence of iid vectors, with n(©) ~ .4 (0,Ids000). Then for each L€ {1,...,a},

we draw Ig) according to 1) = D(Zg)), where D, is the design measure function that corresponds
to the sample selection described in 5.3.1, with H = 2, N,; = 3500, N,o = 1500, ny; = 50,

ny2 = 200. We denote wgek) the vector of inclusion probabilies that correspond to II¥). We compute
P9, by considering that limy o, N j'ny1 = 1/70, limy o0 N nyg = 2/15, limy e NN,y = 7/10
and lim, 0 N ' Ny = 3/10. Forall € {1, ..., a}, we compute

(¢ N, N2 (o), (¢ Y ¢
80 = (s (VO) 10) 5, AOHO

A g e
° QS,) = arg maXee@{ (9 fw , ( I;(g)(k)ke{la---v”v}) }
o 08 = (22, L)) /(50 1979,

o 0 = (n)) ' 30, VO,

Then we compute

Mean[f] = ™" 3,010, Mean[f] = a™* ) 617, Mean[f] = a=1 3 0,
=1 t=1 (=1

MSE[] = o' 316 —0)°,  MSE[f] =a™' 3107 ~0)%,  MSE[f] =a”" 3 (6 ~6)°
(=1 l=1 (=1

We repeat the operation three times, for three different values of o: ¢ € {0.1,1,10}. Independently, by
Monte Carlo simulations, with 30000 realisations, we compute for the different values of o the limiting
variances of \/nivév Wéw and WéV' The following table summarizes the results of the simulations and
allows comparison of the theoretical variances to the observed mean square deviations: the estimator that
maximizes the approximate likelihood has the smallest mean square error.

Table 5.1: Mean square error of different estimators

N, = 5000, H = 2, Ny = 3500, Nyp = 1500, nyy = 50, nyp = 200,0 = 1.5, = 2, 0 € {0.1,1,10}, & = 1000

0 & o Mean].] MSE[/] Ml\é[;](%) i lim, . n, Var[.]
15 2 016 1.502 | 7.643 104 1 2.962 102
0 1.5 | 4.8111073 2.509 1.023 1072
0 2.329 | 6.887 107! 30.02 3.979 1073
15 2 1 |46 1.5 | 1.97510°3 1 2.975 102
0 1.501 | 5.583 1073 1.681 1.024 1072
0 2.241 | 5.509 10! 16.7 3.971 1073
15 2 106 1.497 | 5.501 1073 1 2.943 102
0 1.5 | 1.031072 1.368 1.03 102
0 1.662 | 2.999 102 2.335 4.02710°3
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Chapter 6

Optimal inclusion probabilities for balanced
sampling

When auxiliary information is available at the design stage, samples may be selected by means of balanced
sampling. The variance of the Horvitz-Thompson estimator is then reduced, since it is approximately given
by that of the residuals of the variable of interest on the balancing variables. In this chapter, two methods for
computing optimal inclusion probabilities for balanced sampling on given auxiliary variables are studied.
We show that the method formerly suggested by Tillé and Favre (2005) enables the computation of inclusion
probabilities that lead to a decrease in variance under some conditions on the set of balancing variables. A
disadvantage is that the target optimal inclusion probabilities depend on the variable of interest. If the needed
quantities are unknown at the design stage, we propose to use estimates instead (e.g., arising from a previous
wave of the survey). A limited simulation study suggests that our method performs well as compared to that
suggested by Tillé and Favre (2005).

6.1 Introduction

A sampling design is said to be balanced if it leads to the selection of samples such that the Horvitz-
Thompson estimators of the totals for auxiliary variables exactly match the known population totals. Many
partial solutions were proposed for balanced sampling, before Deville and Tillé (2004) introduced the cube
method. This sampling algorithm enables the selection of balanced samples with any number of balancing
variables, and any prescribed set of inclusion probabilities.

Balanced sampling designs do not substitute for other classical and efficient sampling techniques, such
as unequal probability sampling for selecting primary sampling units (PSUs) in household surveys, or strat-
ification in business surveys. They may be thought of as a way to refine these techniques and obtain a
variance reduction, if auxiliary information is available at the design stage. In this chapter, we propose to
compute optimal inclusion probabilities for balanced sampling designs by means of a fixed-point algorithm,
previously suggested by Tillé and Favre (2005).

Under some conditions on the set of balancing variables, we give a proof of convergence of this algorithm
to a set of inclusion probabilities which correspond to a local minimum of the approximated variance. We
thus propose to iterate the algorithm until having almost reached the limit. Whereas several iterations of
the fixed-point algorithm are usually needed to get the target inclusion probabilities, we note that the set of
inclusion probabilities obtained after one iteration is close to the final one. Consequently, considering only
one iteration appears as a good trade-off between accuracy and simplicity. A disadvantage of the studied
method is that some knowledge on the variable of interest is required, since quantities depending on the

71
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variable of interest are needed for the fixed-point algorithm. If these quantities are unknown at the design
stage, we propose to use estimated arising from another survey instead. Also, we note that the computed
inclusion probabilities aim at minimizing, in some sense, an approximation of the variance. Consequently,
it seems of interest to evaluate the performance of the proposed method with respect to the exact variance,
through a limited simulation study. Our simulation results suggest that the proposed method performs well,
as compared to the approximation originally proposed by Tillé and Favre (2005).

This chapter is organized as follows. The notation is defined in Section 6.2. A first algorithm for
computing optimal inclusion probabilities is described in Section 6.3, and its properties are discussed. A
limited simulation study is proposed in Section 6.4. A second algorithm is proposed for the case where
the auxiliary variables are functions of the inclusion probabilities in Section 6.5. Our main conclusions are
drawn in Section 6.6.

6.2 Notation and balanced sampling

For the reader’s convenience, we recall the general notations that will be useful in this chapter. Let U denote
a finite labeled population of size N. A sample without replacement ¢ from the population U is a vector
in {0,1}". Tt is standard in the survey literature to consider a sample as a subset of U. For simplicity
of notation, we define a sample i from the population U as an element of {0,1}". The kth coordinate of
the sample i, i, indicates the number whether the element k is selected (i = 1) or not (i, = 0). In the
literature, a sample design is a function p mapping any subset of U to [0, 1]. In this chapter, p will instead
denote a probability measure p on the measurable space (N N @ (NN )), where & ({0, 1y ) is the power
set of {0, 1}V. This measure will be called the design measure. Let I denote a random sample selected from
U by means of a design measure p. I is a random variable with value in {0, 1}" such that I ~ p. Let
denote the inclusion probability of unit k, that is, the probability for unit £ to be included in the sample I:
we denote T = (7 )pe(1,..., N} the vector of inclusion probabilities, when E [I] = §idp(i) = 7. We assume
that >, .., T, = n, where n denotes the average sample size.
Let 7y,; denote the probability for distinct units k and [ to be jointly in the sample.

Let y denote some variable of interest. In this chapter, we are interested in estimating the population
total t, = >y Yk The Horvitz-Thompson (HT) estimator is defined when 7 € |0, 11" and is given by

N

N
A I
ty = Z Yp— = Z dryr Ly
k=1 "k =

where d = (di)pe1,.. N} = (1/7Tl<:)k;e{1,...,N} is the vector of sampling weights. This is a design-unbiased
estimator for the total ¢,. We look for a vector 7 of inclusion probabilities that minimizes, in some sense,
the variance of the HT estimator. This variance is given by the so-called Horvitz-Thompson (1952) formula:

Var [fyﬁ] = yfkﬂ(ﬂkl —7Tk7Tl). (61)

ey kT

We assume that a vector X = (), (1,..q} of q auxiliary variables is known at the design stage for each

unit k in the population. Then, x will denote the matrix [:ckl] - The rows of x correspond

ke{l,...,N},le{1,...
to the vectors xy, and the columns of x correspond to the auxili{afy 7va};ial{:)lés:qden0ted x ;. The matrix x is
assumed to be of full rank.
The sampling design may be improved by means of the cube method (Deville and Tillé, 2004) which
enables the selection of balanced samples. The sampling design p is said to be balanced on variables x if
p —a.s(i), xkz—k = ty, (6.2)
keU Tk
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where ty gives the (vector) population total of variables x;. That is, the HT-estimators exactly match the
known population totals. Consequently, the variance of the HT-estimator is zero for the balancing variables.

As an exact balanced sample may usually not be found, the cube method enables the selection of ap-
proximately balanced samples. The algorithm may be split into two phases, called the flight phase and the
landing phase. At each step of the flight phase, one unit is either selected in the sample or definitely rejected.
The result of the flight phase is given by a vector 7* = (7}}), (1N}’ where 7} equals 1 if unit k£ has been
selected in the sample, O if unit k£ has been rejected from the sample, and lies between 0 and 1 otherwise. At
the end of the flight phase, the balancing equations are exactly respected. That is,

3 =Y g (6.3)

weU Tk keU

In the case where some units are neither selected nor rejected after the flight phase, the landing phase
consists in defining a sampling design among the remaining units, so that the inclusion probabilities are
exactly respected and the variance due to the landing phase is minimized. Let I = ([j),, (1,..N} be the
vector that gives the result of the landing phase.

Let Cubey » be the corresponding design measure, i.e, the probability law of the resulting random
sample I.

Property 6.1. If I ~ p = Cubey r, then
E, 1] = J idp(i) =7 (6.4)
{0,1}N

and

N o~ Y g, 6.5)

e Tk keU

where Ey, [-] denotes the expectation with respect to the sampling design.

Equation (6.4) states that the inclusion probabilities are exactly respected. Equation (6.5) means that
the sample is only approximately balanced, as the HT-estimator . usually does not exactly match the real
total t«. If the sample is not exactly balanced, the sampling weights may be adjusted by means of calibration
techniques (Deville and Sirndal, 1992). The resulting calibration estimator of ¢, is given by

tyw = 2 d (X" x5 )y, (6.6)
keU

where F'(-) denotes the calibration function, and \ is a vector of R? that depends on x and ;. A special
case of (6.6) is obtained under the linear function F'(u) = 1 + u which leads to the generalized regression
estimator

~

ty.greg = Z WYLk, 6.7)
keU

where wy, = dj, [1 + (tx — fm)TT”xk] denotes the calibrated weight, with T’ = 3 dpx;I; x5 ". Dev-

ille and Tillé (2004, section 8) give a short comparison of balanced sampling and caligﬁa[ljtion. They advocate
for their joint use, since balanced sampling enables a reduction in the variability of the final weights, while
calibration enables to match the known totals exactly.

A variance approximation is also provided by Deville and Tillé (2005). They suppose that the sampling
design is exactly balanced, and performed with maximum entropy among sampling designs balanced on the
same balancing variables, with the same inclusion probabilities. Then, under an additional assumption of
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asymptotic normality of the multivariate HT-estimator under Poisson sampling, they derive the following
variance approximation:

Vipp (4, 7, %) = Tz b(m) (e — v (m, X)), (6.8)
keU

where ¢ denotes the number of balancing variables, b(7;,) = 1/m, — 1 and ¥ (7) = x;, B(7) is a weighted
prediction of y;, obtained with the balancing variables, with

-1
B(m,x) (Z b(mk XkXTk) > bl) Xk

keU leU

Other slightly different approximations are proposed in Deville and Tillé (2005), but their simulation results
suggest that approximation (6.8) performs well among variance approximations that may be computed in
the case of any set of inclusion probabilities.

We will retain that:

-1

Vapp (3, 7,%) = 5" W(m)y —y" W(m)x (x' W(m)x) " x" W(m)y (6.9)
B H( Y2 (1 —x (W) %) W) )| (6.10)
- H ) y’”X)HQ 6.11)

V (y,m,x) is the W (m)-square norm of & (y, 7, x). The vector £ (y,m,x) is given by & (y,m,x) =
(IdN —x (xT W(r)x) I xT W(T[')) y and is the residual of the regression of y by x weighted by W (n),

where [W ()] 5 = () ' — 1if k = k', 0 otherwise, and [(W(W))*lp]k L= A ()"t =1ifk =k,0
otherwise. The W ()-square norm of a vector ais ot W (7) a = | (I/V(7r))1/2 al?.

6.3 Optimal allocation for balanced sampling

In many cases, inclusion probabilities are fixed and chosen to be proportional to an auxiliary variable known
for any unit in the population at the design stage. Unequal probability sampling is then an efficient sampling
design for estimating the total ¢, if the variable of interest y is approximately proportional to this auxiliary
variable. However, if some information on variable y is known at the design stage, it may be of interest
to look for inclusion probabilities that minimize, at least approximately, the variance of the HT-estimator
fyﬂ. In what follows, section 6.3.1 mainly consists in a recall of Tillé and Favre (2005), apart from equation
(6.14) which was only stated by these authors, and for which we give an explicit proof.

6.3.1 Optimal allocation for an approximation of the variance

An optimal vector 7 of inclusion probabilities should minimize the variance given in formula (6.1), under
the constraints that
0 <7, < 1foranyunitk e U (6.12)

and

Z T = n. (6.13)
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Unfortunately, the variance formula (6.1) depends on second-order inclusion probabilities, and the link
between the first and the second-order inclusion probabilities is intricate in case of balanced sampling, even
in particular cases; see Chen et al. (1994); Deville (2000); Matei and Tillé (2005) for the special case of
balanced sampling on the sample size with maximum entropy, also denominated in the literature as rejective
sampling (Héjek, 1964).

Following Tillé and Favre (2005), we thus propose to minimize the variance approximation (6.8) instead.
This leads to the Approximated Optimization Problem (AOP): seek for inclusion probabilities that minimize
(6.8), under the constraints (6.12) and (6.13).

Property 6.2. Let

T = arg min {Vam,(y,wl,x) 7' €]0, 1]N such that Z ), = n} .
keU

Then .
[y — yj (7, %)|

>0 |ym =y (T, x)|

meU

VkeU, m, =n (6.14)

-1

where yj(m,x) = Xp L ( > bmxmme> > by XmYm and by, = 1/7, — 1.
melU meU

In words, the optimal inclusion probability T is proportional to the absolute value of the residuals of the

regression of y on x weighted by W ().
Proof. See Appendix E.1. O

This system of equations may not be used to compute directly the optimal inclusion probabilities, since
both parts of each equation depend on 7. Intuitively, this formula states that if the absolute value of the
residual |e;| = |y — yj ()| is large, the inclusion probability of unit £ should be large, too. Conversely, a
small inclusion probability should be associated with a small residual. In other words, there is no need to
give large inclusion probabilities for units &£ such that y;, may be well predicted by the balancing variables,
and attention should be paid to the remaining units instead.

A fixed-point algorithm may be used to compute the inclusion probabilities associated with formula
(6.14), but the value of the variable of interest ¥ is required for any unit in the population, and such detailed
information is unknown at the design stage. This first set of inclusion probabilities is thus difficult to
compute in practice.

6.3.2 Generalization of the approximated optimization problem

To overcome this difficulty, we propose a generalization of this optimization problem. Assume that a cate-
gorical variable z is known. This may be one of the balancing variables or any additional variable available
at the design stage for any unit in the population. This variable defines a partition of the population into J
non-overlapping subsets Uy, ..., Uy of sizes Ny, ..., N, respectively, where J denotes the number of cat-
egories of the variable. Then we impose that the target inclusion probabilities satisfy the following system
of equations:

7 = aj foranyunitke U;, j=1,...,J. (6.15)

That is, inclusion probabilities are assumed to be equal inside each subset U;. The variance approximation
given in formula (6.8) may then be alternatively written as

N J
Vapp(y, 7,%) = V(@) = 57— D iblag) Dy — dk(e)?, (6.16)
j=1 k‘EUj
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where a = (a1, ..., ), b(aj) = 1/aj — 1 and
J J
Je(a) = x," (O] b(ay)A) ™ Y blaj)er;(y)
j=1 j=1

with A = Zker xi, Xk " and cq;(y) = Zker x,Yk. The General Approximated Optimization Problem
(GAOP) may then be described as follows: find the J x 1 vector « that minimizes (6.16) under the constraints
(6.12), (6.13) and (6.15). Such a vector satisfies the system of equations

1 ) N 617
N nZ%]=1 Nioi(a)’ 17
where
1
gj(a) = N, D7 (e — dn(@)?. (6.18)
keU;

The proof is similar to that of (6.14), and is thus omitted. Note that the AOP is a special case of our setting,
obtained when J = N. In practice, the domains associated to the variable z should be chosen so that
the quantities needed for the computation of the inclusion probabilities may be either known or accurately
estimated from an external source, see section 3.3.

Once again, we note that the formula (6.17) may not be directly used to compute optimal inclusion
probabilities since both parts in (6.17) depend on the unknown «. The fixed-point Algoritm 6.1 may be
used instead.

Algorithm 6.1 Fixed-point algorithm to compute optimal inclusion probabilities

Require: o’ = (af,...,aY){Initialization}
Require: ¢ € |0, +oo[{Threshold specification}

t<—0

repeat

compute o}, ..., /! such that
t
Vie{l,...,J}, 04?”1 :n%.
=1 Nioi(at)

o+l (at}rl)
j je{17"'7J}
te—t+1
; it At
until max; |of — o) || <¢

return o

The following result states that Algoritm 6.1 always lead to a reduction in variance, as compared to the
variance associated with the original a’-vector.

Theorem 6.1. At any step t of the fixed point Algoritm 6.1, V (al) < V(a!™1).
Proof. The proof is given in Appendix E.2. O

As a consequence, the sequence (') tends to a local minimum, and the approximated variance is
always improved if the inclusion probabilities are given by the fixed-point algorithm. With the simulations
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performed and a bound of € = 1075, very few iterations are required, so that ! provides a good approxi-
mation of the target vector of inclusion probabilities.

We now consider the problem of the choice of the categorical variable z whose categories are used to
partition the population into domains with equal probabilities inside. Both the AOP and the GAOP should
give comparable results if the absolute value of the residuals |e;| = |y; — v} ()| are approximately equal
inside domains Uy, ..., U;. That is, the population U should be sorted according to the |e| variable, and
the domains separated by the fractiles of this variable. Since these residuals are practically unknown at the
design-stage, an alternative consists in using the available auxiliary information. For example, qualitative
variables used in the vector x; of balancing variables could also be used to define the domains. Also,
we previously assumed that the balancing variables did not depend on the inclusion probabilities, and in
particular that no constraint on fixed size was involved in the balancing problem. This latter assumption
may be relaxed if the domains inside which fixed sample size is required are used as the domains Uy, ..., Uy
in the GAOP. Let us suppose that the categorical variable z defining the domains belongs to the balancing
variables. The corresponding balancing equations may be written as

1y,

p —a.s.(i), Z TE

keU k keU

R)ik _ 3 1y, (k) (6.19)

for any domain U;, j = 1, ..., J, and the joint application of equations (6.15) and (6.19) leads to

D1 Iy = oy, (6.20)
kEUj

where Zker I, denotes the size of the sub-sample {k € U;|I}; = 1}. The set of equations (6.20) impose
that the sample size is fixed inside each domain U}, but since «;/N; may not be an integer the balancing
constraints (6.20) will usually be respected to within about one unit. Note that the summation of equations
(6.20) leads to
2kev Ik = Zj:l Zker I, = Zj:l a;N;
= Dkev Tk = n

by application of equation (6.13), so that if z belongs to the balancing variables, the condition of global
fixed sample size will be exactly respected.

6.3.3 Practical implementation of the optimization problem

Once again, we note that some knowledge about the variable of interest y is needed in the fixed-point
algorithm. More specifically, the knowledge of A; = Zker Xk Xk 1, c15(y) = Zker XYk and co;(y) =
>, keU; yz is needed for any subset U;. Though some of these quantities are usually unknown at the design
stage, they may be replaced by estimated quantities. This is a common practice to take advantage of accurate
estimated totals to improve the estimators arising from a survey, see Berger et al. (2009). For example,
these estimated totals may be obtained from a previous wave or occasion of the survey, or from a larger
survey; household surveys conducted in France are usually calibrated on estimates arising from the Labour
Force Survey. Let us suppose that another sample I’ has been selected in U with inclusion probabilities

' = (rl,... ,W;,%. ., 7). Let 6;(«) be obtained from (6.18) by reglacing Aj, cij(y) and co;(y) with
Al = 2keU; M-I, €5(y) = 2kev, /T and €5, (y) = 2kev, z—zll{C Algoritm 6.2 may then be used

7'I')C s
to compute approximately optimal inclusion probabilities, that we denote

= (R AE LAY (6.21)
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where 7} = & for any unitk € Uj, j = 1,...,J. Since the exact quantities A j, c1;(y) and c2;(y) are not
used in Algoritm 6.2, the computed inclusion probabilities do not necessarily lead to an optimal solution.
However, the use of unbiased estimators A, ¢1;(y) and &(y) should lead to a strong reduction of the
variance of the Horvitz-Thompson estimator, even if this variance is not minimized (see section 6.4.2).

Algorithm 6.2 Fixed-point algorithm to compute approximately optimal inclusion probabilities

Require: & = (&9, ...,4Y9){Initialization}
Require: ¢ € |0, +oo[{Threshold specification}
te—1
repeat
compute &, .. ., o?f] such that
t 7j (dt_ 1)

&k =n
TN Nis(a

foranyj =1,...,J.

At ~t
o — (aj)je{l,...,J}
t—t+1

. At oat—1
until max; a; — @ ‘<5

return &* = &'

We now briefly discuss the alternative solution proposed by Tillé and Favre (2005). For simplicity, we
assume that the same variable of interest y and auxiliary variables x are collected in both the samples I’ and
1. First, estimated residuals

e =yk—xi' B’ (6.22)

are computed for units k£ € U; such that I, = 1, where

—1
A 1—m T 1—m

!
keU \"'k keU 'k

Then, a linear model
x> = xpt 2 + € (6.23)

is postulated to predict the link between the square residuals and the auxiliary variables, where ) is a g-

~ 1
vector of unknown parameters and the es are residuals. An estimator 1 of the vector 1) is obtained from
sample I’, to get estimated square residuals

~t
lékal® = xi." 1 (6.24)

for any unit £ € U. Finally, the optimal inclusion probabilities are estimated by

T |2l

T, nZlEU enl (6.25)
If the quantities computed in (6.25) are larger than 1, Tillé and Favre (2005) propose to set the concerned
inclusion probabilities to 1, while the other inclusion probabilities are recalculated. The method proposed by
Tillé and Favre is less computer-intensive than the method that we propose, since no fixed-point algorithm
is required for the computation of the inclusion probabilities. However, formulas (6.24) and (6.25) may
lead to negative estimated square residuals and inclusion probabilities for some units in U. In that case,
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the associated inclusion probabilities may be set to 0, which results in biased HT-estimators. Moreover, the
quality of the prediction given in (6.24) highly depends on the predictive power of the auxiliary variables
xy, for the residuals. If this predictive power is poor, the estimated inclusion probabilities given in (6.25)
may fall far from the optimal probabilities, resulting in a possible loss of efficiency. The method proposed
by Tillé and Favre (2005) as well as the method that we propose are compared in section 6.4 into a small
simulation study.

6.4 A simulation study

We conducted a limited simulation study to test the performance of the procedures described in section
3. We first generated a finite population of size N = 1 000 containing 6 variables: three variables of
interest ¢ 1, y.2 and y 3 and three auxiliary variables xg, 1 and x2. First, the values of the variable xg
were generated independently from a uniform distribution. The population U was divided into four groups
Ui, ..., Uy according to the quartiles of the zg-values, and the population x5 and xo; were generated as

ifk‘EUluUz

Tk = )
2 otherwise

and
1 ifkel; UU3

Tk = .
2 otherwise.

Given the values of these auxiliary variables, the y 1, y.2 and y 3-values were generated inside each group
U; according to the model
Ykh = Pnj +Mkjsh =1,...,3. (6.26)

The 7;;’s were generated according to a normal distribution with mean 0 and variance 032-. The vector of
model parameters ¢, = (Pn1, Pho, Pr3, Pra) Was set to ¢1 = (0.5,0.5,1.5,1.5) for variable y 1, ¢po =
(0.5,1.5,0.5,1.5) for variable y 5 and ¢3 = (0.2,0.75,1.25,2.0) for variable y 3. That is, y; and y o are
related to the auxiliary variables x; and x5 respectively, whereas the variable y 3 is related to the interaction
of variables x; and z2. This last variable of interest is meant to evaluate (to some extent) the performance
of the computed inclusion probabilities when the auxiliary information used is not fully adequate. We used
two possible values for the vector o = (01, 09,03,04), namely o) = (0.2,0.3,0.4,0.5) and o =
(0.4,0.6,0.8,1.0).

6.4.1 Simulation 1: optimal inclusion probabilities

We first assume that, for each variable of interest y ,, h = 1,..., 3, the needed quantities A j, cy;(yp) and
c2;(yp) are exactly known. These quantities are given in Table 6.1.

The inclusion probabilities are assumed to be equal inside each group U;. For each variable of
interest y,, h = 1,...,3, we note ay; for the common inclusion probability for units in U; and
ap = (ap1, Qpo, ap3, apg)’. Algoritm 6.1 is initialized with equal probabilities a% = (0.1,0.1,0.1,0.1)
(EQUAL). Also, two other sets of inclusion probabilities are computed: (i) probabilities a}L obtained after
the first step (FSTEP) of Algoritm 6.1 and (ii) probabilities o} obtained at the end (LSTEP) of Algoritm
6.1. The corresponding o vectors are presented in Table 6.2. In line with formula (6.14), we note that
the optimal inclusion probabilities lead to larger sample sizes in domains where the variable of interest is
highly dispersed, or more precisely in domains where the balancing variables have a lower explanatory
power. The values taken by the variance approximation in formula (6.8) for the three different sets of inclu-
sion probabilities are presented in Table 6.3, as well as the totals of the variables of interest. As expected,
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Table 6.1: Exact quantities needed for the computation of optimal inclusion probabilities with Algoritm 6.1,
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for the vectors o) and o(?)

Uy ‘ Us ‘ Us ‘ Uy ‘
A (250 250) (250 500 ) (1000 500) (1000 1000)
J 250 250 500 1000 500 250 1000 1000
oD
ya | (122.16,122.16) | (124.53,249.05) | (752.32,376.16) | (754.93,754.93)
ci;i() | ya | (129.39,129.39) | (376.65,753.31) | (236.70,118.35) | (765.42,765.42)
ys | (63.75,63.75) | (188.15,376.30) | (620.97,310.49) | (1004.64,1004.64)
Y1 68.68 80.71 609.69 632.32
c2i (") | Y2 76.41 587.50 99.26 649.67
Y3 26.56 161.68 425.57 1059.42
o®
ya | (119.31,119.31) | (124.05,248.11) | (754.65,377.32) | (759.85,759.85)
ci;i(-) | ya | (133.78,133.78) | (378.31,756.62) | (223.40,111.70) | (780.83,780.83)
y3 | (65.00,65.00) | (188.80,377.60) | (616.94,308.47) | (1009.29,1009.29)
Y1 92.92 136.29 744.27 827.01
c2; (1) | Y2 109.35 652.56 222.84 864.91
Y3 58.11 222.91 540.47 1219.11

the approximated variance obtained with the final inclusion probabilities is systematically lower than the
approximated variance obtained with the initial equal inclusion probabilities. The FSTEP and LSTEP inclu-
sion probabilities give almost identical approximated variance, since the two sets of inclusion probabilities
are very close in any case considered in the simulation, see Table 6.2. Though the results obtained after the
first step may depend on the initial a%, the vector a}L may be expected to give a good compromise between
variance reduction and low algorithmic complexity.

Table 6.2: Three sets of inclusion probabilities obtained with the fixed-point algorithm for three variables of
interest, for the vectors o1 and @

The formula (6.8) which is minimized to compute optimal inclusion probabilities only gives an approx-
imation for the true variance, under conditions that may fail in practice. For example, Deville and Tillé

ey pe)

EQUAL (0.1,0.1,0.1,0.1) (0.1,0.1,0.1,0.1)
y1 | FSTEP | (0.055,0.079,0.121,0.145) | (0.055,0.079,0.121,0.145)

LSTEP | (0.055,0.079,0.121,0.145) | (0.055,0.079,0.121,0.145)

EQUAL (0.1,0.1,0.1,0.1) (0.1,0.1,0.1,0.1)
yo | FSTEP | (0.056,0.081,0.119,0.144) | (0.056,0.081,0.119, 0.144)

LSTEP | (0.056,0.081,0.119,0.144) | (0.056,0.081,0.119,0.144)

EQUAL (0.1,0.1,0.1,0.1) (0.1,0.1,0.1,0.1)
ys | FSTEP | (0.063,0.085,0.119,0.133) | (0.061,0.085,0.120, 0.134)

LSTEP | (0.061,0.085,0.120,0.134) | (0.061,0.085,0.120,0.134)
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Table 6.3: Total of the variables of interest and variance approximation for three sets of inclusion probabili-
ties

oD e
yvai | w2 | 3 yvi | w2 | ys
Total | 1000.31 [ 1007.10 | 1064.71 [ 1000.62 | 1014.21 | 1066.92

Variance EQUAL | 126997 | 134795 | 1277.54 | 5079.87 | 5391.80 | 5004.06
Approximation FSTEP | 1129.58 | 1189.98 | 1149.92 | 4518.31 | 4759.92 | 4 494.06
LSTEP | 112958 | 1189.98 | 1149.69 | 4518.31 | 4759.92 | 4493.99

(2005) assume that the sampling design is exactly balanced, which is often unlikely to occur. Thus, it seems
of interest to compare the performances of the different sets of inclusion probabilities with respect to the
exact variance. We selected B = 10 000 samples of size n = 100, by balanced sampling on variables x1
and x2 by means of the Cube method, with the procedures EQUAL and LSTEP. Under each procedure, we
computed the calibrated after balancing estimator, given by (6.6). As a measure of variability of an estimator
, we used the Monte Carlo Mean Square Error (MSE) given by

MSEnc(tyw) =

2 yw(Sh) —t,)° (6.27)

10 OOO

EQUAL)

where fyw(Ib) denotes the estimator fyw in the b-th sample I, b = 1,...,10 000. Let t( and

A(LSTEP) denote the estimator fyw under EQUAL and LSTEP, respectively. In order to compare the relative

var1ab111ty of the estimators, using t( QUAL) 45 the reference, we used the following measure:

MSE ol t(LSTEP))

RE =
MSE ol (EQUAL))

(6.28)

Table 6.4 shows the RE for the three variables. It is clear that the computed inclusion probabilities lead to a
more efficient estimator in all the scenarios with a value of RE varying from 0.89 to 0.92.

Table 6.4: Relative Efficiency of the optimal vector of inclusion probabilities

Y1 Y2 Y3
oD 1091]092]0.89
o 10.89 | 0.90 | 0.92

6.4.2 Simulation 2: approximately optimal inclusion probabilities

We conducted another simulation study to take into account the practical situation when the needed quanti-
ties A, c1;(yp) and co;(yp) are unknown. That is, the computation of optimal inclusion probabilities by
means of Algoritm 6.1 requires some knowledge on the variable of interest y, that may not be available at
the design stage. In that case, we assume that some information has been collected on a sample I’, prior
to the selection of the sample I. That is, a sample I’ is first selected in U, and the values of the variables
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of interest yy). and of the auxiliary variables x; are measured for any unit £ € U such that [ ,’C = 1. The
needed quantities are then replaced by unbiased estimates A;, ¢1;(yn) and €5, (ys) (see section 6.3.3), and
approximately optimal inclusion probabilities 7;; given in (6.21) are obtained by means of Algoritm 6.2.
The sample S is then selected by means of balanced sampling with inclusion probabilities 7. Alternatively,
the method proposed by Tillé and Favre (2005) may be used instead of Algoritm 6.2 to obtain inclusion
probabilities ﬁ,{F given by (6.25), and then to select the sample I.

We selected B = 10,000 samples I;, b = 1,...,10 000 by simple random sampling of size ng = 50
(respectively, ng = 100). Then, several sets of inclusion probabilities are computed for any unit £ € U.
The inclusion probabilities are equal inside each group U;. For each sample I;, Algoritm 6.2 is initialized
with equal probabilities d% = (0.1,0.1,0.1,0.1) (EQUAL). Two other sets of inclusion probabilities are
computed: (i) probabilities &, obtained at the end (APPROX) of Algoritm 6.2, and (ii) probabilities dehF
associated to the method of Tillé and Favre (MODEL). Then, a sample I, b = 1,...,10 000 of size
n = 100 is selected by balanced sampling on variables x; and x2 by means of the Cube method, with the
procedures EQUAL, APPROX and MODEL.

To compare the approximately optimal inclusion probabilities associated to the procedures APPROX
and MODEL with the true, optimal inclusion probabilities associated to the LSTEP procedure (see section
6.4.1), we used the Monte Carlo Mean (MEAN), given by

B
MEANyc (&) = oo Z al). (6.29)

We present in Table 6.5 the Monte Carlo Mean obtained with APPROX and MODEL and a size of ng = 50
for the prior sample. The results obtained with ng = 100 were almost identical, and are thus omitted.
Clearly, the Monte Carlo Bias associated to the proposed method is negligible so that APPROX may be ex-
pected to give results close to that of LSTEP. On the other hand, the Monte Carlo Bias associated to MODEL
is non-negligible, except for the variable y 3, which may result in a loss of efficiency. To evaluate the per-
formances of each procedure, we computed for each of them the calibrated after balancing estimator, given
by (6.6). As a measure of variability of an estimator , we used the Monte Carlo Mean Square Error (MSE)

given by equation (6.27) where fyw(Sb) denotes the estimator fyw in the b-th sample Sy, b = 1,...,10 000.
Let t(EQUAL) tg(,APPROX) nd f(MODEL) denote the estimator fyw under EQUAL, APPROX and MODEL,

t(EQUAL)

respectively. In order to compare the relative variability of the estimators, using as the reference,

we used the following measure:
MSE e (tyi)
MSEe(i (EQUAL))

The results are presented in Table 6.6. Once again, we note that the inclusion probabilities computed with
APPROX lead to a more efficient estimator than EQUAL, with values of RE ranging from 0.88 to 0.95. We
note that the RE is closer to one when the sample size decreases. That is, a smaller size of the external survey
used to estimate the needed quantities results in a loss of accuracy of the computed inclusion probabilities,
as could be expected. Therefore, we advocate for the use of domains in which these needed quantities may
be precisely estimated. Also, we note that MODEL gives quite poor results since it is outperformed by
APPROX in all cases, and by EQUAL in 10 out of 12 cases.

RE = (6.30)
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inclusion probabilities given by Algoritm 6.2 or by the method of Tillé and Favre for three variables of interest, obtained with

Table 6.5: Comparison of Algoritm 6.1 Tillé and Favre method

This table contains the optimal inclusion probabilities given by Algoritm 6.1 and Monte Carlo Mean of the approximately optimal

no = 50 for the vectors ") and o).

from a past survey.

ey @
LSTEP | (0.055,0.079,0.121,0.145) | (0.055,0.079,0.121, 0.145)
y1 | APPROX | (0.055,0.079,0.121,0.144) | (0.055,0.079,0.121,0.144)
MODEL | (0.047,0.084,0.126,0.143) | (0.047,0.084,0.126,0.143)
LSTEP | (0.056,0.081,0.119,0.144) | (0.056,0.081,0.119, 0.144)
y.2 | APPROX | (0.056,0.081,0.119,0.144) | (0.056,0.081,0.119,0.144)
MODEL | (0.047,0.086,0.124,0.143) | (0.047,0.086,0.124,0.143)
LSTEP | (0.061,0.085,0.120,0.134) | (0.061,0.085,0.120,0.134)
y.3 | APPROX | (0.061,0.085,0.121,0.134) | (0.061,0.085,0.120,0.134)
MODEL | (0.061,0.086,0.120,0.133) | (0.060,0.085,0.121,0.134)

Table 6.6: Relative Efficiency when prior information is available
We compare the relative efficiency for two vectors of inclusion probabilities computed with respect to prior information known

no = 100

y1 | ye | us

prey

APPROX | 0.93 | 0.95 | 0.95
MODEL | 1.13 | 1.20 | 1.31

0.88 | 0.91 | 0.89
1.00 | 1.04 | 0.98

pe)

APPROX | 0.93 | 0.89 | 0.94
MODEL | 1.13 | 1.22 | 1.17

0.92 | 0.88 | 0.90
1.03 | 1.01 | 0.96

83
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6.5 Optimal inclusion probabilities for probabilistic quota sampling

6.5.1 Probabilistic quota sampling

Suppose those responsible for the survey wish to sample a certain number of people, respecting marginal
constraints on age categories and gender, like in quota sampling. For all element of the population, the
probability to be selected is known and controlled.

We assume that the population U is divided in J x L groups, J, L € N. A group is denoted U;; and

N; =4 U;), Ny = # (U,) and Nj; = # (Uj)

Define the variables (xwl)le{l,...,J-&-L—l}: forle{l,...,J},x; = (wkl)ke{17...’N}, x.j= (wkj)k:e{l,...,N}’
with
1 if ke Uj.
Tkl = .
0 otherwise,
andforie {J+1,...,J+L—1},
1 ifkeU,
€T =
Rt 0 otherwise.

6.5.2 Optimal inclusion probabilities

We want to determine optimal inclusion probabilities, constant on the sub-populations U;;, that minimize
the approximate variance of a sample balanced on a number of elements selected within each sub-population
Uj,. equal to n; and on a number of elements selected within each sub-population U_; equal to n;, where
n;,n; €N, ijl n; = Zle n; = n. This is approximately obtained with p = Cube xur, Where x * 7
is the matrix x * 7 = [W’ka’l]ke{l,...,N},Ze{l,...,J+L—1}‘

We look for the inclusion probabilities that minimize the variance of such a design, and that is constant
on each subpopulation U}, that is the vector:

7% = arg min { Vapp (y, m,x % )| 7 € ]0, 1]N Am = a} , (6.31)
where A is a matrix, a is a vector such that

[Ar=a] & [Vje{l,...,J}, Vie{l,....,L}, kK € Uy, mp = mp and ), mp = ).
keU

In that case, the fixed point method cannot be applied, because x * 7 depends on 7w. The function
7+ Vapp(y, ™, x * ) can be defined by continuity on [0, 1]V, and is continuous. There exists a global
miminum to this function. To compute optimal inclusion probabilities, we will use an iterative method that
allows the computation of a local minimum of 7 +— Vg, (y, 7, % * y), in a more general case. We define

Vime Vopply, m,x % 7),
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%(w): RP & R
i (@) @)
- (di (yT W) (e ) (s ) Wm) (e ) e W(w)y) <7r>) (%)
- (@) ®)
20 (G @) @) e (600 W) (o) 0 " Wy
2y W(r) (0 0) ( (e )T W1 (x*ﬂ'))_l (x5 1) W)y
oy W) () (en )T Wi ><x*w>)*1
((x*a) Wi(r) (x )
+ (xxm)t ( )(5>(xm)
v (xxm) Wi )(x*5)>
(G m ™ Wim) (xm) ™ Genm)T Wimy
and

(@rad(v) (r) = 33 (% () (en)

k

where ey, is the vector (eg1 . ..egn), with eg; = 1if k = [, 0 otherwise. To get a local minimum, we use a
method of gradient descent (see Snyman (2005)):

Algorithm 6.3 Gradient descent to determine local optimal inclusion probabilities

Require: 7° € ]0, 1]" {Initialization}
Require: ¢ € |0, +oo[{Threshold specification}
7l — ( I— (A (AT 4) - AT>) 70 {Projection of 7 in the constrained space}
t—1
repeat
Al — (I — (A (AT A)f1 AT>> (—grad (V)) () {Descent direction calculation}

step! < min {k eN ‘Ft i AJ €011V, v (wt + %t) <V (") } {Step calculation}
t+1

a7t + stept {Calculation of next iteration }
t—t+1

until 7! — 7rt_1HOO <e

return 7'

Like in section 6.4, it is possible to show that the knowledge of ZkeUﬂ Yy and ZkeUﬂ y,% for all 5§ €

{1,...,J},le{1,..., L} is sufficient for the calculation of ¥ (7) when A7 = a.
If the quantities ZkeU Y, and ZkeU y? forall j € {1,...,J},l € {1,..., L} can be estimated, it is
possible to run the Algonthm 6.3 by using the estimates 1nstead of the true values As V' is a continuous
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function of these quantities, one can expect that the use of inclusion probabilities that will result from the
algrithm will lead to a smaller variance.

6.6 Concluding remarks

In this chapter, we studied the problem of computation of inclusion probabilities in the context of balanced
sampling. We showed that, under some conditions on the vector of balancing variables, the computation
earlier suggested by Tillé and Favre (2005) to obtain inclusion probabilities systematically leads to a de-
crease of the variance of the Horvitz-Thompson estimator. This algorithm requires that some quantities may
be known from an external source. If not, we proposed an alternative algorithm where the needed quantities
are estimated. This situation is not uncommon in practice; since most surveys are periodic, it may be of
interest to take advantage of the previous waves of a survey. Results from a limited simulation study have
shown that, even in the latter case, a significant decrease of the variance may be expected.

Further investigation on the matter is needed. First, the case where the balancing variables include some
fixed-size constraints on domains is not covered by the Tillé and Favre (2005) algorithm, if these domains
do not coincide with those used in the GAOP. Such constraints are frequently needed, for example if a given
level of precision is required for certain subdivisions of the population. We give an example where the Tillé
and Favre (2005) algorithm does not apply, the probabilistic quota sampling, and then we propose a second
algorithm that includes all kind of linear constraints on the inclusion probabilities and all balancing variables
that may depend on 7. This algorithm just allows to get local optimum inclusion probabilities. Secondly, the
approximation of variance of Deville and Tillé (2005) used to compute the inclusion probabilities is unlikely
to hold if the assumption of maximum entropy is not satisfied.
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Conclusion

If the analyst considers design variables as random, and postulates a model on the design-variable distri-
bution given the response, then, under weak conditions on the informative selection (weak dependence of
draws given the responses values), it is possible to consider sample responses as iid po f.\, Where poo(y)
is a weighted function, defined as the limit of the expectation of the number of times an element will be
selected given its associated response value equals y, divided by the global rate of selection. Under mild
assumptions, the empirical sample cdf converges to the weighted version of the population cdf, and kernel
density estimators converge to the sample pdf. These results may allow to make inference on the population
pdf, and are indications that the sample responses may behave asymptotically as if they were iid (poo f-)).
In addition, it offers the opportunity to replace the true sample likelihood by an approximate likelihood, de-
rived as the product of limit sample pdf’s. This is also an alternative to Horvitz-Thompson plug-in methods:
when the selection is weakly informative, and when the inclusion probabilities are highly variable, then the
inference based on the weighted distribution can prove more efficient.

Concerning the computation of optimal inclusion probabilities for balanced sampling, we propose an
algorithm that should lead to a reduced variance of the estimator of the total of a study variable when the
sample design is with maximum entropy and balanced on two qualitative design variables y, and those
responsible for the survey have a prior on the dispersion of y in the corresponding sub-populations.

&9
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Appendix A

Essential mathematical concepts and
notation used in the dissertation

A.1 Set theoretic notation and terminology

The symbols N, Z, Q, R denote the sets of natural integers, relative integers, rational numbers and
real numbers.  Given (a,b) € R?, we define the intervals [a,b] = {reR|a <z <b}, Ja,b] =
{reR|a<zxz<b}, [a,b] = {reR|a<z<b}and |a,b] = {reR|a <z <b}. Given a set A,
P (A) denotes the power set of A, i.e. set of subsets of A, #(A) is the cardinal number of A.

A function from a set A to a set B will often be defined by using the notation:

f:A— B,a— f(a).

The set of functions from a set A to a set B is denoted B4 or .% (A, B). The image set of a function f from
aset A to a set B is denoted f(A) or Im(f).

Given A a subset of a set F, 14 is the function: 14 : E — {0,1},a — 1if a € A, 0 otherwise. For
N e N\{0}, Gy is the set of permutations of {1, ..., N}. The cardinal number of Sy is factorial NV and is
denoted N!.

For N € N\{0},n € N, forr € & ({1,...,N},{1,...,n}), a € AN, r.a denotes the vector of A"
r.a = (aT(l) .. a,.(n)). Given two sets A, B, with #A < #B, Inj(A, B) is the set of injective functions
from A to B. The number Inj ({1,...,n},{1,...,N}) is denoted ().

A sequence of elements of a set A is an element a = (@) en € AN Given a sequence on R¢,

A.2 Derivation

The derivative of order [ of a real function f is denoted f(. For I € N, the set of [ differentiable functions
is denoted €.

A.3 Measure and probability

Given a set A, and a € A, d, is the Dirac measure defined on the measurable space (A, Z?(.A)) by:

1 ifacA

otherwise,

0o : P(A) - {0,1} : A —
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and for A € Z(A), d4 is the counting measure on A defined on the measurable space (A, Z(A)) by
94 = D 4ea Oa- The uniform probability measure on a finite set A is #(A) 104
Given a random variable Y defined on the measure space (€2, <7, P), with value in a measurable space,
PY is the probability distribution of Y, that is the probability measure on (%, Fy):

PY: % - [0,1],A—P (Y_I(A)) .

Given a topological space E with a topology, g denotes the smallest o-algebra that contains the open
sets of E.

A Radon measure on %pa is a measure which is finite on all the compact sets of Hpa

Given a probability measure 1, Y ~ p — PY = p. Given a density on the measure space (Q, o, 1),
that is a measurable positive function with value in (R, Z(R)) such that § fdu = 1, f.u is the probabil-
ity measure on (R, %(R)) defined by f.u : A — {Lafdu . A positive Radon measure 1 on a Polish
topological space is a positive measure on the Borel o-algebra, such that the measure of all compact sets is
finite.

Let A a countable set, (Y, )qea a collection of random variables defined on a probability space (€2, <7, P)
then (Y, )qe4 is exchangeable if Vr € N such that r < #A, k; ... k, € Adistinct, [; .. .1, € A distinct,

p((Vy)-- (Vi) — p((Yiy)(¥2,) (A1)

The Lebesgue measure on R is denoted A. For p € N, the Lebesgue measure on R” is denoted A, or Agp.
Given a Borel set B, the Lebesgue measure on B is denoted Ap.

Some probability laws The normal distribution with mean parameter 3, and variance parameter o2

is denoted .4 (3,0%). The cdf of .#7(0,1) is denoted ®, the density with respect to the Lebesgue
measure is denoted ¢, and the quantile function o1 The Gamma distribution of parameters with
shape parameter k, and scale parameter 6, is denoted Gamma(k, 6). The associated pdf is the function:

y — y* 1 (D(k) 9’“)71 exp (—y/0), where I is the Gamma function: I' : R\Z~ — R,z — {7 t* le~ dt.
Its cdf is the function: y — (T'(k)) " (y(k, y/0)), with y(s, z) = o t5 et dt.

Stochastic 0 and O Let (X, ), en a sequence of r.v. (R™, %rm) and f a positive function on N. Then
X, = op(f(v)) denotes
Ve e R Tim P (1, > (1)) = 0.
gl

and X, = Op(f(v)) denotes
Ve > 0,3M. > 0,T'; € N such that Vy > T'c, P | X, || > M. f(y) <e.

A.4 Algebra

For N € N, the identity matrix of order IV, is denoted Id . The image of a matrix M by a transpose operator
is denoted M.

A.5 Miscellaneous

We define the function: |.| : R - N,z — |z| = max{y € N|y < z}.



Appendix B

Proofs for chapter 2

B.1 Proof of Property 2.7

Proof. Let A € %,. The sample size n, is not random, and takes the value ny € N. There exists a relation
between n%, N, and {m. f, duy:

Letting ¢ € {1, cees nﬁ}, we calculate:
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Poe ({Yar, ) € A})

Then,

APPENDIX B. PROOFS FOR CHAPTER 2

Ny

3P ({Yor € A} A R (0) = k)
k=1

Ny
S P ({Y € A} o (R, (0) = k)
k=1

N, P ({Yy1 € A} {Ry(0) = 1})

Ny SUP (Vi € A} o (I = i} o (Ry(0) = 1))
1=0

N, TP (Y1 € AN (I = i[Yyr € A)P (RO =111 e il = i})
=0
Ny D P (Vi € ADP (L = Yoy € 4) -
1=0 v

N.
niz P({Yy1 € A E[L1 [Yy1 € A]

A
N SAE [11 Y1 = y] dP¥ (y)

Ny
nt P ({Y,1 € A}) P ({Y,1 € A})

SAELklYare = y] f1(y) duy (y)
vafv dpy

m
- f e f, dpy
A

§myfry duy

= [ ptidur.
A

YRy (0)
Pengw 0= (pyfy) -1y
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Proofs for chapter 3

C.1 Proofs of Theorems 3.1 and 3.2

The first subsection contains the proof of Theorem 3.1. The proof consists in showing the uniform Lo
convergence of the empirical cdf, seen as a ratio of two random variables. First, we show that from A3.3a
we can deduce the Lo convergence of both the numerator and denominator, then the classical proof of
Glivenko-Cantelli is adapted to obtain a uniform Lo convergence.

The second subsection contains the proof of Theorem 3.2. We first construct two sequences of random
variables (Z ) and Y such that Vv, (Z7, ) and (Z,, ), ) have the same distribution. We then prove uniform
Ly convergence of the empirical cdf defined from (Iiy) and Y’, almost surely in Y’. The result is “design-
based” in the sense that it is conditional on Y”, and is of independent interest. We conclude by showing the
almost sure convergence.

C.1.1 Proof of Theorem 3.1: uniform L, convergence of the empirical cdf

Lemma C.1. Given a bounded measurable function b : R — R, A3.0 and A3.3a imply that

b(Vi) L
Zier, ORIk 1y (1, Fdn.
]\f,y Y—00

Proof. Assume A3.0 and A3.3a. The exchangeability property (2.9) implies

) k] _ me,yfd/\ - mef d\

E 2ker, VYR k | Derr, B0V
N, - N,
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by A3.0a, A3.0b and the dominated convergence theorem. Further, (2.9) implies

Zker o(Yi) Ly

Var N,

1
= 7 2 {Cov(b(Yi) Ly | Ye, Ye] . b(Ye) B[ Ly | Yi, Yo])
7 keUy

+ E [b(Yi)b(Ye)Cov (Iyk, Ine | Vi, Y01}

. (1—];) (f b(y2)b(y2)m (y1 ) (s ) () f )y

2
- ( | b(ynmi,(yl,y2>f<y1>f<yz>dyldy2)

+ Jb(yl)b(ya)cv(yl, ya)f(yl)f(m)dyldm)

1 2
+E <Jb2u7fd>\+Jb2m3fd)\— (meﬂ"dA) >

- (1 - ]\1@> (Jb(yl)b(m) (m%(yl,m)m;(y% Y1)
—my(y1)my(y2)) f(y1) f(y2)dy1dy:

+ Jb(yl)b(yz)cw(yl, yg)f(yl)f(yg)dyldm)

1 2
+N—7 (Jzﬂ(w +m2)fdX — (meﬁdA) )
= 0y(1)
by A3.3a, A3.3b, and A3.3c, and the result is proved. O

Lemma C.2. Under A3.0 and A3.3a, the numerator of the empirical cdf converges uniformly in Lo:

2
lim E | | sup =0.
VP a€R

Proof. We first define G : R > R" and G5 : R —» RT as
il Z —w,0](Yi) L1k, and Gs(a) = J]l(_oo’a]mfd)\.

Ny keU,

Zker ]1(—oo,a] (Yk)lvk
N’Y

- f ]l(foo,a] mvf dA

With these definitions,

Zker ]l(foo,a] (Yk)I'yk
sup N
oy

=[Gy = Gs|oo-

- f L(_op.0]m f dX

aeR

Let n € N* index the positive integers and define a sequence of subdivisions {amq}gié of R via
a7770 = —00, anm-‘,—l = 00, and f0r q = 17 NN IS

ayq = inf {o € R|Gy(a) = 7~ 1qG4(0) }.
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We first show that for all positive integers 7,

sup {|G (@) — Go(@)]} < max  {|Gy(ayq) — Gslang)|} + Gs(OO)'

aeR 0<g<sn+1

Letn € Nand o € R. Then a € |y 4, @ty g+1] for some 0 < ¢ < 7, and

Gy(anq) < Gy(o) < Gy(agg+1)
Gs(ayq) < Gs(a) < Gs(aggr)
GS(an,q—s-l) - @ < Gs(a) < Gs(an,q) + @

Combining these inequalities, we have

Gs(oo
Gv(an,q) - Gs(o‘n,q) - 7(7 ) < Gv(a) —Gs(a)
Gs(o0
< Gy(aggr1) — Gs(agge) + 7(7 )v
so that
|G+ (a) — Gs(a)|
Gs(00)
< max {|Gy(anq) — Gs(ang)l, |Gy (ayg+1) — Gs(ang+1)]} + -
Gs(0)
S 0;;}2?“ {|G7(O‘n7q’) - GS(O‘W,Q’)H + n
Thus, for all @ € R,
2 2 GS(OO)2
6rfa) = Guta)f? < 2 max {|Gr(an) ~ Gulng) 7} + S0,
so that )
2 2 2G ()
B[IG, ~ Gl ] <28 | max {16 (ang) - Gt )} |+ 2555 1

Let ¢ > 0 be given. Choose 1 € N so large that 2G(00)?n~2 < £/2, then use Lemma C.1 to choose I'
so that v = T" implies

2E [ max {|Gv(an,q) - Gs(an,q)|2}] < %

0<g<sn+1

Hence, for all v > T, the right-hand side of (C.1) is bounded by ¢, which was arbitrary, so
: 2
lim, o0 B | (IG5 = Gsll,.)*| = 0. O

Proof of Theorem 3.1
By Definitions 3.1 and 3.3 and A3.0, for all o € R,

G, (a) Gs(a)

F =
7e) G (00) + 1 (o0)=0
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SO

G, G,

F, — Fpleo = -
155 = Feollo Gy(0) + 1 (0)=0  Gs(0)

Gy =Gy Gs(0) = (Gy(0) + g, (c0)=0)
Gs(0) 7 Gs(90)(GA(90) + 1, (c0)=0)

o0
o Gy = Gsly 1G4 G (0) + 1 (o0)—0 — Gs(0)]
G’S(OO) G,Y(OO) + ]lG.,(oo)=0 Gs(oo)
< 161 =Gl , [G+(0) + 16 ()0 — Cs(0)]
h Gs(0) Gs(0)
|Gy = G5l n |Gs(00) — G (0)] I L, (w)=0
Gs(0) G(00) Gs(0)

From Lemma C.2, the first two summands converge to 0 in Lo. From A3.3e, so does the third summand.
O]
C.1.2 Proof of Theorem 3.2: uniform almost sure convergence of the empirical cdf
C.1.2.1 Construction of a sequence of samples
We define Y and Z/ on the probability space (Qx[0,1], 7 ® B, P =P® )\[0,1]). Define
g,(i,y) = P(Z, = i|Y, = y). Define Y’ : Q x [0,1] - RY via
Y(w,z) = Y (w).
Let ). be the vector of random variables (Y7 ... Y](,W) and note that V) (w,z) = Y,(w). Let

S,y ={ie NV :g (i,y) # 0} and note that for a given y € RN, 2ies,, 9y(iy) = 1. Define
hy : RM x NV — R via

7% PR
I () = sup |t Lot (1)

- — Gsla)].
a€R 1;,—o + Z:keU,Y (Zk) ( )

We now impose an order on the M., vectors in S, by requiring /., to be non-increasing; that is, for
vectors i), i) € St < wif and only if A, (y,i)) = h.,(y,i™). Any ties can be resolved, e.g., by
randomization. For w €  and z € [0, 1], we then define 7’ (w,0) = i) and for 2 > 0

M’Yy
Ti(w.z) = D05 o 0.9 @), 00(10,3 )] &)

u=1

Because we use uniform measure on g 1), the vector i is sampled from S,y (w) With probability
g-,(i™), Y, (w)). Thus, by construction we have for all -,

P’(I;:H)/,’Y:y) =gy(i,y) =P (Zy =i | Yy =y)
and P’ (Y, = y) = P (Y = y), so that
P(Z, =i,V =y) =P (T, =i,)y =y).

This yields the following property:
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Property C.1. For all ~,

o(4,T3) = sup | Fi @) = Feofo)] = [ = Pl

has the same law as |, — Fu oo, where F is defined in (3.7).

Define Gi/ R > Rt via

_ Zker ]l(foo,a] (Yk,)];k

Gl (a) )
Y N’Y

—1
noting that I, = G, (G;(oo) + ]].ny(oo)zo) . We then have the following lemma.
Lemma C.3. Under A3.0 and A3.2, for all o € R,

lim (G (a)(w,z) — Gs(a))® dA(x) =0 P-as.(w).
7= Jpo,1]

Proof. Let

Qao = {w e Q) lim sup N,y_l Z ]l(—oo,a](yk:)(w) — J]l(—oo,a]fd)\ = 0} .

—00
v a€eR kel

From the Glivenko-Cantelli theorem, P (Qg¢) = 1. We will show that for all w € Qg e,
2
J[O 1 (ny(a)(wvx) - Gs(a)) d)\($) = 07(1).

Let w € Qgc. We then have

\/ f (G4 () (w, 2) — Gs(@))” dA(2)
[0,1]

, 2
< J f ( ’(a)(w,x)—ZkEUv L a.0] (Vi) §po 1y L (@5 u)d)\(u)> d\(x)
[0,1]

v N’Y

n Zker ]l(foo,a](yk(w)) S[o,l] Iflyk(wv u)d)\(u)

Ny
Zker ]1(—oo,a] (Ye(w))my (Yi(w))
_ N,
1.0 (Yi(w))mq (Yi(w
+‘Zkem ( ,](Ni( ))my (Yi(w)) —fﬂ(w,a]myfdA

+ ‘J]l(—oo,a]m'yfd)‘ — J]l(—oo,a]mfd)“ .
The first term is the square root of

Var [G;(a) |V, = (M(w),..., YN, ()] = N;QO,Y(N?) = 0,(1)
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by A3.2a. The second term is

Z ]l(—oo,cx] (Yi(w))

N.
keU, v

(B[ | V= (Miw) ... Y ()] —my (Vi(w)) [ =0,(1)

by A3.2b. The third term is o, (1) because the convergence of the empirical measure given by A3.2 implies
the convergence of the integral for all bounded random variables. Finally, the fourth term is o (1) by A3.0
and the dominated convergence theorem. O

The following lemma has its own interest, yielding design-based uniform Ly convergence of the empir-
ical cdf.

Lemma C.4. Under A3.0 and A3.2,

f (hy (V! (w0, 2), T, (0, 2)))? dA() = 05(1)  P-ais. ().

Proof. Starting from Lemma C.3 and adapting the proof of Lemma C.2, we have that: A3.2 =
§(1G(V(w, x), T, (w, x)) — GSHOO)2 d\(z) = o,(1) P-a:s.(w). We then adapt the end of the proof of
Theorem 3.1 and get the result. O

Definition C.1. Forw e ), ye Nand all € > 0, ac ~, € [0, 1] is defined as

Uy = f[o | Lin, (v 2 ) wa)ze) IN@) = Ao ({hy (Y, Z) (w, ) = €}).

)

Property C.2. Forall e > 0,

lim sup ]l{hw(yiy,ﬂy)(w,:p)>s} = ]l{O} P-a.s. (w)

y—C0

Proof. First note that Vx € [0, 1], L, 1,2 ) w.a)=e) = 190,q..., ] (%), because by construction of Z7, ),

{2 €[0,1] : hy( L) (w, ) > e} is a subinterval of [0, 1] containing O of measure a. . Further, Vz €
[0, 1],
lim sup ]l{hw(y,’y,l"v)(w,x)>s} = ]l[O,lim SUP. o0 Qe ,y,w] (x) (C2)
Y—>C0
By Lemma C.4, the random variable
hﬂ/(y’/w_’z,’y)(w’ ) : ([07 1]7 t@[071]7 )‘[0,1]) - R

converges in La(A) to 0, P-a.s.(w), hence it also converges in probability to 0, and so lim, e a0 = 0.
The result then follows from equation (C.2). ]

Proof of Theorem 3.2
Proof. We want to show that
A3.0,43.2 = |F, - Fplow ™3 0 asy — oo,

which is equivalent to showing that

A3.0,A32 =P ({,}E}o hv(ﬂ/,ﬂy) = O}) = 1.



C.2. PROOF OF COROLLARIES 3.1 AND 3.2 101

Assume A3.0 and A3.2. We calculate:

({amnorsr o]

= P (ﬂa>0 ur ﬁ,y>p{h7(y,ly,z,/y) < E})
= ii_lf[l)P/(UF N1 {0 (V7. T)) <e})

= lim1—P'(nr Upsr (b (V. Z)) = €})

e—0

= 1—1lim | limsup L, (vy, ) (w,z)2e} dP'(w, x).

e—0 ~—00
Let € > 0. Applying Fubini’s theorem,
Jhm sup ]l{]%/o;/7 )(w z)=ze} dP (w .CC)
’Y*)

= f(flimsup Lin, (31 2 )(w,2)>¢} d)‘[O,l](x)> dP(w).
N

Since we have lim sup,,_,, ﬂ{hw(y%l’w)(w@)%} = 10 () P-a.s.(w), we also have for all € > 0 that

Jhm sup ]l{h (y§7I' Y(w,z)=e} d)‘[() 1]( ) f[o 1 ]1{0} (.T) d)\[071] (:I,‘) =0

o
P ({1, 1027 = 0 ) =1

C.2 Proof of Corollaries 3.1 and 3.2

P-a.s.(w). Thus,

We state the following lemma which is a consequence of a theorem due to Pélya (e.g., Serfling, 1980, p. 18).
The proof is omitted.

Lemma C.5. Let {u(:)},en be a sequence of increasing step functions, u, : R — [0,1], that
converges pointwise to a continuous increasing function v : R — [0,1] with limy_,_u(y) = 0,
limy o u(y) = 1and 0 < u(y1) = u(y2) < 1 = y1 = y2. Define qy(p) = inf{y e R: u,(y) > p},
q(p) = inf{y € R : u(y) > p}. Then forall K a compact subset of (0, 1), lim o sup,ex {¢y(p) — a(p)} =
0.

C.2.1 Proof of Corollary 3.1

Proof. As m., f and m f may have different supports, we extend the definition of (s, by

Vp e R, (w(p) = inf{y e R: Fiu(y) = p}.

Let K be a compact subset of (0,1). Then

D |G, (1) = o () 50

pE y—00
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if from all subsequences one can extract a subsequence that converges a.s. to 0. Let7 : N — N be a
strictly increasing function. If | F, — Fis oo 3 0 then 1F7(4y — Foolloo %3 0 and [ Fr(7) — Foolloo Zo.
Then there exists p : N — N strictly increasing such that ||[Fr(,)) — Foollwo 23 0 and by Lemma C.5,

P (litny 00 SUPpe ¢ |Cr(p(y)) (P) = Coo(p)] = 0) = 1.
For the uniform L convergence, let p € (0,1) and o € R. Then |F, (o) — Fip(a)| < |Fy — Fip| o, SO
that

p}
b= HFV - Foouoo}a

{aeR: Fp(a) Z2p+||Fy — Folo} © {aeR:F/(a)

=
c {aeR: Fy(a)=

and

inflaeR: Fo(a) 2 p+ |Fy — Fo|w} = inflaeR: Fy(a) = p}
> inflaeR: Fyu(a) = p — [|Fy — Follwo}-

Hence Vp € (0,1), oo (p + [ By = Fiolloo) 2 4(P) 2 Goo (p — [y — Fiolloo) -

Further, f has compact support by hypothesis, so there exists b > 0 such that the supports of (1 f)en
and m f are included in [—b,b]. SoVp € (0,1), v e N, =b < (,(p) < b, —b < ((p) < b. By combining
these three inequalities, we have, Vp € (0, 1):

|C00(p) _Cw(p)| < min{b, Coo (p+ HF'y _FooHoo)} —max{—b, Coo (p_ HFw _FooHoo)}- (C.3)

Since K < (0,1) is compact, there exists a € (0,1) such that K < [a,1 — a]. With the assumed
continuity of Fi,, we have that (4, is uniformly continuous on any subinterval of [0, 1] that does not contain
zero. Thus, for e > 0, there exists 7 € (0, a/2) such that p € K implies |(o(p + 1) — Co(p — n)| < &.
If |[Fy — Follw < mythenp + |[Fy — Fplw < p+n < 1—a/2, and (oo(p + |Fy — Follw) < b,
p—|IFy = Fxlw = p—n>a/2and (x(p — |Fy — Flw) > —b, so equation (C.3) is bounded by ¢. If
|y — Fiollo > 1, then (C.3) is bounded by (2b)1 |z, £, .. >n;- Thus

2
E (Su[g &y(p) — Coo(p)|> <+ 4 P (|F; — Fooloo > 1)
pe

Since € was arbitrary and P (||Fy — Fip |0 > 1) — 0 as v — o0, the result follows.

C.2.2 Proof of Corollary 3.2

Proof. If |F) — Fuolloo 230, then for all K a compact subset of (0,1), and all (w,z) €

w,x): |F! — Fyllew — 0%, we apply Lemma C.5 with v, = F/(w,z), u = Fy, and obtain that
¥ pply Y ¥
P’ (limy o0 sUPefc [¢5(0) — Cip)| = 0) = 1. O

C.3 Proofs for specific designs

C.3.1 Proof of Al in the case of sampling with replacement

We consider the particular case of sampling with replacement that consists of a number of independent
draws (with replacement) of units where the probability of selecting the kth individual at each draw is given
by the kth coordinate of the random variable Z, : Q@ — {z € R+ | >z =1}
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The distribution of Z, conditional to Z., is P771%7=% = h(2).uyv, where h(2) : i — Iyi=n, (")
We can calculate:

my(y) nyE[Z1|Y1 = y]
mo(Y2,y1) = nyE[Za|Y1 =y1,Ya = ys]
vy(y) = n Var[Z|Ya =yl +ny E[Zn(1 = Z)|Ya =]
cy(y1,y2) = Cov [E[141]Z2y1, Z2], E[12|Z1, Zy2] Y1 = 31, Y2 = yo]

+E[Cov [Iy1, 112|Zy1, Zy2] [V = 41, Y2 = yo]
= n?/ Cov [Zy1, Zy2|Y1 = y1,Y2 = ya]
+ny E[-nZy1Zp|Y1 =41, Y2 = yo].

If Z,, = Niv and ]7\% — m € [0, 1] then A3.1 is verified (it corresponds to the case Y and I indepen-
dent).
We can consider another case: sampling with replacement with probability proportional to size: we

assume that Vk € N, Y > 0 and that 2, = ZNXW/*WY With stronger conditions on the sample scheme and
= k
on Y, we can show that A3.1 holds: =

Theorem C.1. We suppose that:

VkY >0
z - Y
K ZkNll Yk

T s.t. ]7% =74 0,(1)

Var [Y1] < 4+
E[Y] < +o.

Thenm : y — T% and A3.0, A3.1, A3.2 hold

N~y N~
Proof. LetU, = Z’“K,iiy'k, Vv, = Z’“K,i‘:yk We will show that Yy, m~(y) = m(y) + o(1):

my(y) = ”VE[%]

We want to show that: lim E [ — ] =K [Y,l]fl. By the strong law of large numbers, we get:

~ Uy
172
U, "= E[vi].
Then
E —E[Y ™" = E[Y4]'E ! 1
& + U | | L+ L B[Ya] '+ (U, —E[Ya)E[Y4] !

/N

M%]W1<yEWﬂ“H%—EmeWﬂg1

N’Y
= O’Y(l)a
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SO:

my(y) = TH [‘Z/l] + 0,(1).

We next show that 3M/ : R — Rsit. M(Y) € Ly and Yy m, < M. For example, M : y —

(e

}) y satisfies this equation. Note that

1
m! Y2,91) = N el O P ——
’Y( ) NW yl];i[_,ny + V7

m! (y1, y2)m’, (Y2, y1) — my (y1)m (y2)

— ﬁ2 E 1 E 1
o\ MR BT B

1 2
-E|—
[ylj\zyz + V’y]

Then, by using Vo > 0, (1 — ) < (1 +z)~! <1 — 2 + 22 we have:

< E|U; 1——U1—U
ot (-t )]

> E [le (1 = A%Uf)] ,
0

from which it follows that

m’ (y1, y2)m y27y1) My (Y1) (Y2)

A
< ylyz (( v, )+ (y1+y2EU E|U; ])

Y1 + 2 ,2 yl + y2 972
- (2ely ) B[v;?)
Y
Y+ y3 a1 ) (y >
+ ( E[U; 9] n
N3 v N? Uy
Y1y3 + yous ) ( ))
292 JLIl @ [U 192
( N3 N1
Y1Yy2 Y1+ Y2 (y1 + yz)
S Nz (07(1) TN 0y(1) = T%Ow(l)
2, .2 2 2 2.2
Y1+ Y Y1y2 Y1ya + Y2y Y1Y2
R0, ~ R0, ) - B0, ) - U 0,1).

We then conclude that

J(mfy(yla y2)m’, (y2,y1) — ma(y1)mq (y2)) F(1) f (y2)dyrdys = o, (1/N3) .
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We next show that { v, f d\ = o (N,):

2
Ny ) 1 ny Y 2l
= (2y) var 2L E
(N'y [1\7{ + U, N, N, <y +U7)2
L)
N, Y n N.
K (L + U. )2 (N”/y U’Y
N, v
n 1
< (= 1
@w@(Ewu+%“)
yN,U, Ny
n~ B d < — +o04(1
U y [(yJFNFyUV)Q f(y)dy N, (1)
= 0y (IN5)

Now we use the inequalities:

Ve,y >0, (y+x)~

E -
<y+
-

efa] e[ (-]
(B +0,(1)) -

2
- (Bl - BT+ 0,)

2

5
=]
—
‘22‘@
+ | =
S
[
I
2
—_
S
N——
N
—
A
+ | =
S

/A

Il
[\]
|
=
=
ol
&
|
N
|
N
[\
&)
=
=
.
+
)
=)
—~
N

where the o, () do not depend on y.
Then

2
J (o) v

SO

Y
4+,
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Next,

C (yl y2) = —n,E 1
) - Y
! (y1 + 2 + N, V)2

+ n2 Cov [ Y1 92 ]
v y1+y2+N7V7’y1+y2+N7V7

n,\? 1 1
~ ) |-y Bl o TV
v (ylf\zm + ny>

~

1 ]
y1+y ’
lN’Y 2 + V,y
and

Bl | < B[V,

ity
SN

1 ] Y1+ -3 g+ 4
Var| ————| < 2&=—=E|Y - E[Y 1),
ar [ylj\t/yz + V’Y NV [ -1] [ ~1] + O’Y( )

where the o, () do not depend on y1, ya.
It follows that

JCw(yl,yz)f(yl)f(QZ)dyldyQ < Oy <1>

Ty

" ( JTQ )2 (E [V1Ya (Y, ]+V j@)] E[Y,]®

_ (E[Y.IY.Q(Y.I }?2)2]E[Y1]_4>2 + 0,(1)
= 07(1).

O

Now we prove that A3.2 holds under the same conditions: Let Var[Z,|Y = y],, denote the (k,[)th
element of the conditional variance-covariance matrix of Z,.

Proof.

For k # [, Var [Z,|Y = y],,
YEYl

! (22\21 yh) i

< 0
Var [Z,|Y = y]kk

Yk (Zhe[[l,Nw]]\{k} yz)
(=)

= n,y
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For o € R
N’Y
Var [Z U o,a] (Vi) Lk [Yy = (31 - --yNA,)]
k=1
N
il Yk Y
< 3, B n)
k=1 (Zh;1 yh)
N, N, N,
2ok Yk (thl yh) — 2k yl%
X Ny ~ 5
(2}111 yh)
< nf1- Zk; 1yk
(Zh=1 yh>
Ty
= 0(N72)
and
N’Y
w0 (k) (B [TlYy = (1. yn,)] — my (k)
k=1
% 1 (yr)ny ( ! ! [ ! )
- ) ) _ -
= ] ] Y hN,yl Un N’Y yl,c\/ + l']’y
N
] 1 1
€ 1 (Y )1y Y (
Ll ! ] ! Zh LY - N,E[Y4]
L oe| (% @, -epa)
N. N, !
N
] 1 1
c 11_.a1(yr)n ( >
1—0,a]\Yk Yk
kz=:1 ” ! Zh 1Yn N’Y E [Yl]

~

o 2
+ [$n7aE [Y1] °E [(N +(U,-E [Y_l]))

|

< ny04y(1) + [Fn,0,(1)].

O]

C.3.2 Proof for stratified simple random sampling without replacement, with non random
number of strata stratum sizes, and stratum sample sizes

Let X, be a discrete variable with value in [[1 HV]]NW For each v, let N4q,... N, H, be a finite sequence
of integers such that Vh, #{k| X, = h} = Nyp. Let ny = (nq1,...nyq,) be a random vector of integers
such that n.j, < N,4. Given (X, ny), the sample is selected via a stratified sample with SRS of n.,;, from
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N, elements within the stratum h, and independence between strata, e.g.

1 . . . N.
—g—— if Yh, ;i = n~p and 7 € {0, 1}
H,y(@) _ 2{21 (N’vy) Zk\X.Yk h Y { }
0 otherwise.

Introduce the random variable (the order statistic) a.s. defined 7, the permutation of [[1, N,]| such that
Y, ) <... <Y, (v, and consider the case where X, is ordered like Yy:
N. 2l

X"fk - Z ]lZg<h Nyg<ny (k)<Y <, Nvg
h=1

Theorem C.2. If

Tia= hm 2 N ]—4(]<h Nyg Yg<h Nvg [(O&)

N~ ’ N~

exists except for a finite number of points and is a piecewise-continuous non null function, and the limit is
uniform in o on the set of continuity points of 7, then A3.3 and A3.2 hold.

Proof. e We first show that A3.3a holds

As H., N, and n., are not random,

Hy

Tyh
my(y) = Z ﬁP(le = hlYy1 =vy).
h=1"""7

Introduce the empirical cumulative distribution function given by the N — 1 (resp N — 2) Y1 Dy
Z"QIHN—;” (resp. Dyo @ o M) From the classic Glivenko-Cantelli

theorem, D, and D, 2 converge to I uniformly almost surely.

o

Then the pair (ai,a2) — Dyi(on), Dy2(an) do also uniformly converge to (a1, ) —
F(a), F(az), and

P(X'yl = h|Y'yl = y)

Sgco N S0V
- p (9]379 < Dy(y) < 29201
v

P(X'YQ = h|Y71 = yl,nyg = yg)
h—1 h
0 Vg 1 N
= P (Z <D72(y2) Y2>Y1 < 2: “/9)

= h1, Xy1 = he|Y,1 = y1, Y0 = 42)

Sy Nog e
1 N
({ < Dralyn) + =37 < ), ]\79}
Y g= Y

hl 1 h1
Noyg 1 N.
{ < Dysy) + =5 < > N}”})
Y — Y
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We show that for y s.t. 7 is continuous in F'(y), lim, m,(y) = 7(F(y)); i.e. that Ve € R**, I €
Ns.t. v >T = |my(y) —7(F(y))| < e: Letys.t. 7 is continuous in F'(y), e € R**, and let £1, 2, €3
such that e37(F(y)) + €1 + €2 + e3(e1 + €2) < e. Then v > 0 such that |7

Fly)—vFy)+v] —
7(F(y))|lo < €1 and 3Ty such that Vy > 'y, Va € [F(y) — v, F(y) + v],

H,
Tyh
§ Ly |
_ _ a) —Tla) <e
N’yh EZ:(%N’YQ :Z:(%Nvg ( ) ( ) 2
h=0 Nyg 7 Nyg

In addition, there exists I'y such that Vy > I's P(|F(y)—D51(y)| > v) < €3, so fory > max{I';, 2},

H’Y
N,
my(y) = Y, ZEP (X = h|Yy =)
h=1 Ny
H, h—1 h
T Yig=o Nog Yig—oV
= 2 — F(y) € Dp(y) — Fly) < =22 F(y) | .
“ N, J\A, N,

LetA, = {he [0 H DI 2028 %2 < Fy) +v. 30 R > F(y) —u}.ThenforhgéAW:

n h— 1N h N,
0 < F,F (Z A F<y><Dﬂ<y>—F<y><Zg;3—F<y>)

h— 1N h N,
< (Z A~ FW) < Dal) ~ F) < oo M F<y>) ,

SO:

H, h=1 5 h N
i p (20080 p) < D) - Pl < 200 R
heA., No Ny My
< mw(y)
H, Sl St N
-0 =0
< 2P| T - Fy) < Daly) - Fly) < = F(y)
h¢A Ny M
:
H, h—1 h
Noyh 229-0 Nag 2g-0 N
=P = — F(y) < Dly) — Fly) < =2 — F(y)
heAy N’Yh N’Y NA/
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Forhe Ay, 7(F(y)) —e1 —e2 < 72 < 7(F(y)) + €1 + €1, so:

~vh

T(F(y) —¢
< (1—e3)(r(F(y)) —e1 —e2)

H, h—1 h
< Y othp (Zg=o 9 _ ) < Doaty) - iy < 250000 F(y))

heA., No Ny Ny
< m'y(y)
H. h—1 h
< es i ]T\L[’Yh P (ZQA(;NW — F(y) < Dyi(y) — Fly) < ZQJSNW ~ F(y)>
hea, - b v v
< T(F(y)) +e1+e2+e3
< 7(Fy) +e,

and so A3.3a holds

e With quite the same proof, we can show that lim., m/ (y1,y2) = 7(F(y2)) and lim,, ¢, (y1,92) = 0

with
o
h
mh(yy2) = Y NLP(sz = h|Yy1 = y1, Yoo = y2)
h=1 "7
C’Y(y17 y2) = Cov [E [1'71|X’Yl? X"/27 Y’Yl? Y'y2] ; E [I’yQ|X’717 X’y?v Y’yl7 Y"/Q] |Y'71 = Y1, Y'72 = y2]
+E[Cov [Iy1, Ly2| X1, Xq2, Vo1, Yao] [Yo1 = y1, Va2 = yp]
H’Y
N~p NM~p!
= > T (P (X = h Xg = W[Ye1 = 1, Yag = 1)
nirer N Now

—P( 1 =hYy1 =y1, Y0 = 12) P (Xy2 = M |Yy1 = y1, Y0 = 12))

nhnh h
+Z il “f Ny )P(le = X2 = hYs1 = y1, Yoo = 12)
Noyp —1)

so that A3.3b and A3.3c hold.

e Vv, P(Z, = 0) = 0o A3.3d holds.
We can adapt the proof, which is based on an almost sure result, to show A3.2 0
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Appendix D

Proofs for chapter 5

D.1 Proof of Lemma 5.1

We begin the poof of Lemma 5.1 with the following lemma:

Lemma D.1. Let u : (RP, %,) — (RP, B),) a measurable function, § € ©,§ € Z. If u and 1 satisfy A5.1
for 0. &, then

N
Dopn1 W(YaR) vk Poe f

= — dA\gp.
e+ Ly (1) 7roe | o060 A

Nry
Proof. If u satisfies A5.1 for 0, &, then lim_,o, Eg ¢ [W] = Eo¢ [Iyk] § upoo,0.¢ fo, dAre

N.
If u satisfies A5.1a, A5.1b, A5.1c, then lim,_,o Varg ¢ [W] = 0. So if v and Tgp satisfy
A5.1 then

L — dA
(nw-i-]l{o} (ny) Z il A/k) fupcx)797§f9

1
- I - A
(Nv §mq 0.6 fo(y) dAre (y Z ot (Yo ) f“ﬂoo,e,gfe

. ( 1 - 1 ) Z L
Ny + ]1{0} (n,y) ny Sm%97§f9( d)\]Rp vk ’yk

— opg (1) + (opy (1) ( [0 9pmserotw) i) + om(l))

op, . (1).
O
We now prove Lemma 5.1. Consider the Taylor series expansion
1 i
D LeA Yoy, &) (D.1)

Ny + ]1{0} (n,y) e}

S A (V&) | (s :
= n + 1 (n) + (fw 50) n, +]1{0} ) Z ( ’Yk’ag’y) (D.2)
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with 57 € [{0, é,] From Lemma D.1,

N LA (Yo, &o)

TLW + ]l{O} (’rl7

f A, €0)pm 0.0 () Fo )N + 0, . (1),

Lete, d € ]0, +o0[, and define: S., = {w e Qé,(w) e B} and T, = {w e Q| ((n7 + 140y () ' SN LR (ka)) ()

There exists an integer I such that v > " = Py ¢, (S,) > 1—§ and Py, ¢, (T;) > 1— 5. We then have

N ~
Vy > T, Poy g ( m Zkll I”/k%A (Yvkvg’v)‘ < SRpOOﬁo,Eof%d)‘Rp + d) = Py, (SV N T’Y) >
1—-eso0

Ny + ]l{()} n,y 2 Lyk o0& < vk> 57) = Opaogo (1)7 (D.3)

completing the proof.

D.2 Proof of Theorem 5.1

Let 0 € A and define: Ag : R? — R, (,€) — A(y,6,€) — Ay, 6o, ) = In (%) By A5.2b, A

is differentiable in £ V¢ € B, and by A5.2e, V€ € B, Ag» —a.5.(y), |5 9o (y, 5)‘ K(y, ). Thus, by Lemma

5.1,

(0 é’Y’( ’Y%(k))keg ”v}) ,,ZT (90757’( ’Y@(k))ke{l, ,m,})

Pooso, Poo.0.60(Y) fo(y) )
Yo J@o,{o . (:000 00,50 (y)f ( ) Po0.00.£0 (y)f00 (y)d)\Rp (y)

From Jensen’s inequality and AS5.2g,

n pooﬂvﬁo( ) fo(y)
Lo,éol (Poo,@o,go( ) foo y)) Po 90760( ) foo, (y)dAre (y)

(
- UH ¢ piooo: iogz;fe(())p w’eo’io(y)f%(y)dmp(y)> = 0.

Let €,d € ]0, 400 such that [#y —e,0y + e[ < A, and let I' € N such that v > I' = Py ¢, (é}, € B) >

1 —d and Pgo £o < (9 577( 'ng(k))ke{l v}) ((90,57,( 'ng(k))ke{l, 7nﬂ{})) > 1 — d. Thus,
for v > T', Py, ¢, <0 = f (9 5’7’( ’Y<~/(k))ke{1 ony}
1= 3d. By ALaand ALb, 5 (Vo) ey 20 é) =0

Sy

) has a local maximum 6., € 16y — ¢, 6 + 5[) >

<
3
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D.3 Proof of Theorem 5.2

By condition A5.2 and the consistency of 97 and éw we can use Taylor to expand

0 = W;a? ((Ym(k))ke{l,...,m} ’é7’57>
= W%j((vak))ke{l,...,m}790’57)
/1y (év - 90) 08922"% ((Y'ng(k))ke{lw-’”“/} ’90’57)
iy (0 - 90)2 ;;;f (Vo) ety B 61
+op,, ¢, (1).

where 0., € [0, é,y], and rearrange to obtain

0 - .
_W@iﬂ <(Y’Y§v(k))ke{1,...,n7} ’00’§7>

- v (5,-) (G (

+ (9:, - 90) ;&’;’jf ((Y'ng(k))ke{l,...,nw} ’57’€V)>

T0Pg; ¢ (1).

Y’ygfy(k:))ke{l Tl—y} 79075’}/)

77777

We examine several terms in the previous equation separately. Using conditions A5.2b, A5.2¢,A5.2d,
AS5.2f, A5.2h and the consistency of 0, and £, we establish the following identities (D.7), (D.8) and (D.9).

First, we expand a%,,? ((Y“/gw(k))ke{l,...,nw} , 0o, év) about &y, yelding

a p ~
W%g <(Y’y§7(k))ke{17...,n.y} , 0o, f’y)

J - 2
v %'g <(Y’Y§7(k))ke{1,...,n7} ’90’50) Ty (5“/ - 50) 59553 <(Y’Y<w(k))ke{1,...,n7} ’90’50)
R 2 93
+4/My (f»y — fo) &T@éﬂg ((Y"/g“r(k))ke{l,...,nw} , 0o, 50) + OPg, ¢, (1) (D.4)
Arguing as in Lemma 5.1, one can show that %j is bounded in probability. This establishes that
R 2 93
A/ Ty (E’y - 50) 698523 ((Y"/Cv(k))ke{l,...,nv} , 6o, EO) = OPgq.¢0 (1) (D.5)
Next, AS5.1 is satisfied for u = %A, so that

0%
(5956"% <(Y’Y<w(k))ke{1,...,n7} ’90’€0> + jl?) = OPQO,so(l)a

and ) 2
N (fv - 50) (8955"% <(Y'Y<v(k))ke{1,...,n7} 79o,§0> + fu) = 0pg ¢, (1) (D.6)
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Next, from condition A5.2f, and Lemma 5.1.
2
7 (60,6,) + F11 = 0pyy ¢, (1), D.7)

Combining (D.4)-(D.7), we have

a 0 ~
m@iﬂ ((ng”’(k))kE{l,...,n,y} ,00,57)
a Z ~
Vg2 (G ieqs, g 00 60) = Vi (& = &) S + om0 D)

Further, - 253 iy ((Y ( )) kel ) 0}, fq,) is bounded in probability, by condition A5.2f and an argument

vy (k
similar to that made in proving Lemma 5.1. It then follows that
1/, »* 5.
5 (8 =00) 5552 (Vo) sepn, oy 0060 = 0Py (1) (D.9)
Applying the three identities above, we see that ( ) is asymptotically equivalent to
(4 /nw.f (( o (K )ke{l n },90,50) — /Ty (éy ) ) #11. This variable converges in distri-
ol

bution to .4 (O o ) establishing then Theorem 5.2.

D.4 Proofs for stratified sampling

D.4.1 Proof of Result 5.1
Proof. We first show that A5.0 is satisfied.

e A50a is satisfied: Mpe : y == sup,{n;'N,}, is convenient: Mye < 00 because
limv_,oo{ngle} < +o0.

e To show that A5.0b is satisfied, we calculate:
line,g( =0y =y, Zp=2) = 1imP9,5( e = 1|Zy)
]1 Zy — 0&
- Z Teoh Wtopne1), @ (oo n) | Ny

We deduce from the preceding that my g ¢ (y) is defined:

Moo,6, 5( )

= ZTth9§(§9+\/f2+O‘2¢‘ (toon) < &y +e < €0 + /€2 + 02071 too,h—1)>
-3 7o (@ (VE + 02 (07 () +6(0 =) = 2(VE + 020! (toe1) +E(0 — 1))

By assumption, § mq g ¢ fod\ = limy o N, 71, > 0, 50 pos g ¢ is defined:

poo.0.£(Y)

S 7o (B(VE + 02 (27 b0 ) +£(0 — 1)) — B(VE + 025 (to0-1) +£(0 — 1))
(Zthl Taoh (teo,n — too,hfl)) ‘
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D.4.2 Proof of Result 5.3
Proof. e We show that A5.2 is satisfied: AS5.2a is satisfied because

- AS.lais satisfied: § My ¢ fodAre < +00.
— A5.1b is satisfied:

07,9,5(1117 y2)

H
2 Yoo ({Zry ) <A< 2,0} o e, ) < 2252, 10 70)

h=1h'=1
(hzjl ik Pt ({Z( Tyn-1) <Zs Z(Twa)}‘yl’lé)>
(hil Tyh Pog ¢o ({Z(Twh—l) < 7y < Z(th)}‘ Yl,Y2)>
_ Z ”wh — Nyp)

Nyp —1)
Pooy ({thq) <2< 2 0) 0 {Z(r, ) < 22 < 2, | Vi Y2)

Besides, Yh e {1,...,H}:

H
on =t e o fi.re)
hZ=:1 WPQO@ Z(TWH) <7 $Z(Twh) N Z(TWH) < Zggz(th) ‘YLYQ

<3, st o, e

and it is possible to show that Vh, h’

‘Peo,go <{Z(Twh—1) < Zl S Z(th)} 2 {Z(Twh’—l) < 22 S Z(Twh’)}‘ Yl’Y2
Ponso ({Z(r,0-1) <2 <2100 Pros () <225 21,0 | Y1 79)
= [Pones (2, < 2152, 10002) P (01,0 ) < 225200, 110 72)

= Poeo ({Zr,,_) < 2 < 2 ) {200 ) < 20 < Zia, } 10 T0))|

~h! =1
= Ov(Ny_l)-;

— AS5.1c is satisfied: the proof is quite similar to the proof of AS.1b.

— AS5.1d is satisfied: we are in the case of sampling without replacement, and we can show that
Upog M2 g <1 =0y(N,)
— AS.leis satisfied: the probability to have an empty sample is 0.

e A5.2b is satisfied because F' € € (R, |0, 1]), so A is a composition of infinitely differentiable func-
tions.
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e AS5.2c is satisfied. Calculations are omitted.

e In order to verify A5.2d, we just have to observe that:

0A

2
00 (ya 00a 50)) dARP (y)

S < 7'_11}{1%{({7'0011} (

2
< it [, (G o) o

< 4o,

because

<086A> (}/17 007 60)

hH;l (Tooh - Too,thl) %fO (’\/ (g)z +10L (too,h) + 5(9 — y))

TH+ZhH;11 (Tooh_Too,h—i-l)q) ( <€> +1o- 1(tooh) 5(9_9)>

= (y—0)+

H-1 £ 1
< -0+ h=1 (Tooh'_Too,h+1)Eﬁ
min{7ep}
We have
0
Yi.,0
((% )( 1,60, &0)

) <«/ +10- <tw,h>+§<0—y>>

2

H-1 /o
h=1 (Tooh - 7'oo,h+1) <\/527(I)

7'H+Zh 1 (Tooh Too,h+1 ‘1>< %)

+ 1O (o) + 5(0 — y))

_ 2 _
ZhH=11 (Toon — 7'oo,h+1) (j‘%ﬁ + @) \/%

<
= min{7oop }

‘%% (y, 0o, 50)‘ Poo.60.¢, €an be upper bounded by a function of the form (ay? + by + ¢) so

Ego.¢0 H(%A) (%A) H < +00 and #15 is defined.

e AS5.2e is satisfied:
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o)

i+ i (Toon = Toonen) ® (VG + 0% (27 (1)) + &0(60 — )

h + i (Ton = Toons1) @ (VE 07 (8 (teon) + (60 — 1)
+(0 —6o) |

< K(y,0)=|In (W) + (0 — 6o)

ming’  {7eon}

= |In

The function K (., f) is constant, so, as 1 satisfies AS5.1, K (., ) satisfies A5.1.

e A5.2fis satisfied: 3L : R? x A — R™ a measurable function such that V6 € A, £ € B, A\gr — a.s(y),

ZAVAN A A
00 SLOL 000 L0, | 008 < 20)
and [ L)oo, (1) () i 1) < 0. ©.10)

e AS5.2g is satisfied, proof is omitted.

e AS5.2h is satisfied, proof is omitted.

D.4.3 Asymptotic normality

Lemma D.2. Consider the asymptotic framework described in section 5.1.1. Consider stratified sampling:
Let H € N\{0} be a fixed and non-random number of strata, and let (Nyp), o he(1,...m) be an array of

strictly positive integers such that ¥y € N, N, = Zh 1 Nyw. Forv € N, he {1,... H}, let ny, €

{1,...,Nyn}. We define v, the permutation such that Z w1y < v < Zyn,)- The permutation Uy IS
a mndom variable which is a function of Z.. The hth stratum of the ~yth population is the set: U.) =
T.

vy ({Tyha1 + 1, ., Typ}), with Tyg = 0, Ty, = ZKh'g,h Ny For h € {0,..., H}, define t,, = Ni:
The random design measure is stratified simple random sampling without replacement:

, nh LT YR {1, Y S, ik = nn, and i € {0,110
1L, ({i}) = "
otherwise.

For h € {0,...,H}, we define t,, = T]\% We assume that Yh € {0,...,H}, tep = limy o0ty
is defined, and that Yh € {0,...,H}, toh—1 < ton. We also define 1y, = N;hlnwh and we assume
that Yh € {1,...,H}, Toop = limy o 7y is defined and strictly positive. Together with the fact that
Vv, h, nyy > 0, this implies that m = min{r,,|y € N,h € {1,...,H}} > 0. We assume that T =
ZhH=1 Tooh (too,h — too,h—1) = limy 00 N;lni‘Y > 0, withn’, = ZkHzl Ny

Let p € N\{0}. We define a sequence of random vectors (Xv)yeN- For v € N, X, =
(X,Yl . "X'VN’Y)’ where for k € {1,...,N,}, Xy is with value in RP. We assume that there exists
g (I xZx[0,1], % QTz®%1) — (RP,PBrr) a measurable function such that ¥y € N,
Ve {1,...,Ny}, Xop = g(Yk, Zi, y1). We assume that there exists G : (% x 2, Fy ® Tz) = (R, #r)
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such that E|G(Y1, Z1)*| < +o0, and Vy,z,m € ¥ x Z x [m,1], |g(y,2,7)| < G(y,z). We as-
sume that Vy € %, g(y,.,.) : Zx]0,1] — R,(z,7) — g(y,z,7) is continuous. Then, we define
Syn = Zkerh Xklyr and Sy = Zthl Syh. We also define

Voo, = Var[g(Ye, Z, Twn)| Zi € 1¢(teon—1), ¢ (taon)]]
Ewn = E[9 Yk, Zk, 7eon)| Zk € J¢(taon—1), C(toon)]]

H
Vo = T_l Z (tooh - toohfl) Tooh Veoh
h=1
H
Eyx = 2 TohEwoh
h=1

We assume that the quantile function of Zy is continuous on |0, 1], and that Vzy € R, 30 an open
subset of R, AM : (¥, Fy) — (R, PBr) a positive and measurable function such that § M (y) d\ < +oo,
§sup.co{Gy, 2)}M(y) dA(y) < +o0, §sup.co{G?(y, 2)}M(y) dA(y) < o0 and Vz € K,y € ¥,

dPYl|Z1=z

o (v) < M(y). We assume thatVy € %, z — (dPYl\Zl:Z /d)\) (y) is continuous. Then

iy (518, = Ex) =2 #/(0, Vi)

y—a0

Proof. Let ( : y — inf {z|P(Z; < z) = y} be the quantile function of Z; (see Serfling (1980, p. 74)).
The continuity of ¢ ensures the strong consistency of the sample quantiles (see Serfling (1980, p. 75)), and

further: P (ﬂhH:_ll {w € Q|limy o0 Z,, (1. ,)(w) = {(twvh)}) = 1. Let ¢7 , be a sequence defined for all
vyeN hefl,...,H}, suchthat h < b’ = 0 < t¥, < t¥,, < 1, and such that Vh € {1,..., H},

PY?
lim, o t:’;’h = to,n. Then conditionally on Z,, (1 , ) = ¢ (ti‘y’}hl) 2y (o) = € (t:’;’h), we have
independence within the same stratum: Vh € {1,..., H — 1},
P(Zkak)kE“{how(U%h)\ZVW(T%h_l)=C(t:,h_1)7ZUW(T%h)=C(t$,h)
(p(Zl,Y1)|21€]C(t:':,h_1)7((t:,h)])®N’Y’h71 ® P(Z17Y1)‘Z1=C(t:7h)’ (D.11)
and
P(ley’yk)ker,yHoury(U,y’H)‘Z”’Y(Tw,Hfl):C(t:,Hfl) — (P(Zl,Yl)|Z1€]C(t:‘;,H_1),<(t:’h)]>®N’Y’H’ (D12)
where for h € {1,..., H — 1}, ry, is a random permutation of the ordered set v (U, ) such that 7., o
vy (Tyn) = Typ, and 7y is a random permutation of the ordered set v, (U, ). If we consider the
distribution of the sample responses on hth stratum, we have: Vh € {1,..., H — 1},
(Zk’Y’Yk)kEr,yhou—y(U%h),l,ykzl|ZV’Y(T'y,h71):C(t’q;yhfl)’Z”W(T'y,h>:4(t’ﬂ;,h)
(P(Zl,Y1)|ZIE]C(t:,h_1)7<(t:,h)])®n%h71
® (T/YhP(ZLYl)‘Zl:C(t:}:’h) + (1= 7o) (P(zl,yl)\Zle]g(t;h_l),g(tj,h)])) ’ (D.13)
and

— *
P(Zkvywk)kETwHo"V(U%H)"Ivk=1‘Z”V(T%Hfl)_g(t%}kl) = (P(Zl7Y1)|Z15]C(t:,H71)7+OO]>®n%H- (D.14)
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Equation (D.13) implies that Yh € {1,..., H — 1},
P(X'\/k)kEu-y(U%h),I,yk=l‘Z”'Y(T%h—l)zc(t:,h—l)’ZV’Y(Tfy,h):C(t:,h)

_ T’thg(yl’zlﬂ—vh)|ZU’y(T'y,h)=<(tj:,h) ® <P9(Y1’Zl»th)|215]C(t:,h71)f<(t:,h)]>®n%h_1
(-7 (Pg(Yl,le)\Zle]C(t:,h_M(ti‘,h)]>®"*” , (D.15)
and equation (D.14) implies that
P (0 r)oteml 2o 0 = ) = (prlrZmm) Bl 0 \F ()

We will show that

Vhe{0,...,H}, P fn"/h(n;}isﬂ/,h_E’yh)|Zufy(T,Y,h,1):C(t:_’h—1)7ZVW(T,YYh):C(t'T,h) _Z N (0, Vip). (D.17)

y—0

Using (D.15) we calculate, for h € {0,..., H — 1}:

Var [ Sal Zu ) = € (6 1) s Zuycry i = € (654])
= (n} —1) Var[g (Y1, Z1,7n)] Z1 € JC(85 m1), € (t50)]]

+7nE(997) V. Z1,mm)| 210 = ¢ (84)]
+ (1= E[(99") 1, Zi,mm)| 20 € 12 1), ¢ (25 0)]]

— (T Elg (Y1, Z1,mn)| 210 = ¢ (5]
+ (=) Elg(V1, Zu, 7o)l Z1 € [C(E2 1), ¢ (82 .0)11)

(T Elg (Y1, 2y, 790)1 21 = ¢ (t5) ]

+ (L= E[g (Y1, Ziomn) Z1 € 1C(E ), ¢ (201D T (D.18)

and
Var [ Syl 2y, r, ) = € (#ar1) | = n3 Var [g (V1 20, 7 20 € JG( o), 0] D19)
In addition,
Elg (Yl,Zl,th)|Zle] 1), ¢ ()11

= (P(Z1e ¢t ) lf gy, z,myn) 1 Jet* (e )] @) AP (y, 2),

E[(99") (1, Z1mn)| 21 € €05 1), € (85.0)]]

= (P(Zre e ) f (99") (s 2 mn) e, (e

v,h

() AP (y, 2).
Because V(y,2) € % x &,

lim gy, 2, T e, e )18 = 90 2 Taon) L )er, )¢ (t )] (3):

’y*)
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and Hg(y, z, T‘Yh)n]c(tj (1 )](z) H < G(y, z), we conclude by the Lebesgue dominated convergence

t
~,h
theorem that

vh_IEOE[ g (Y1, Z1,mm)| Z1 € |( t5 h—1 ,C(V )]]

= E[g(Y1,Z1,70n)| Z1 € 1{(teo,n—1), ¢ (teon)]] 5 (D.20)
vlijgloVar[ 9 (Y1, Zy, )| 2y € ¢ 1), ¢ (22 0)]]
= Var|g (Y1, Z1, Twon)| Z1 € |¢(too,n—1), ¢ (too,n)]] - (D.21)
Also,as Vy € % x %,
apY1121=¢(t,) ApY1121=¢(# )

Tim g (y. ¢ (85.4) :70) I W) =9 (¢ (o) m0) =)

dpyllzlzﬁi(t;I= h)
and for ~ large enough, ||g (y, ¢ (t;h> ,T,yh) E—a0——W)| < G(y,2)M(y), we conclude by the

Lebesgue dominated convergence theorem that:

lim B[ g (Y1, Z1,mn)| 20 = C(50)] = Elg (V1 21, 7e0n)| Z1 = € (Fo,n)] <+, (D22)

lim Var | g (Y1, Z1,7y0)| Z1 = ¢(t3 )] = Var[g (Y1, Z1, 7eon)| Z1 = ¢ (twon)] < 400, (D.23)

Y—00

Equations (D.18), (D.19) and the preceding imply that

lim (n,5,) " Var [Svhlzwm,hfl) =C(Bn1)s Zuyr,) =€ (t?h)]

y—0

= Var[g (Y1, Z1,T0on)| Z1 € ]g(too,hfl)v ¢ (too,h)]]

and

lim (nAYH)*1 Var I:S’yH|ZV,y(T%H71) =< (t:,h—l)]

y—00

= Var[g (Y1, 21, Toon)| Z1 € |¢(too,m-1), +o0]] -

Forye N, he {l,..., H — 1} introduce the random variables Xip1---XJ

ot that satisfy

PXi’Lvl"'X:fk’h”Wh _ (Pg(Z1,Y1,T~,h)|Z1€]C(tWh 1)4(75:,"7;1)])@"7@_1

® (Twhpg(zl,yl,m)IZFC(tj,h) +(1=7p) <Pg(21,Y1,th)|Zle]c(t:’h71),g(tjyh)]))

)

and the random variables X f; g1 X2

5 Hn,y that satisfy

* £
PX%HJ'”X%H’"WH _ (Pg(Zl7Y1’T’YH)|Zl>C(t:,H,1))®n’YH .

Forae RP,he{l,...,H},

Nyp @ S

P aTSvh sz
Where T is the transpose operator. For o € RP\{0}, ~ve € ]0, +00], we define

2
Nyh T T
25 B U @ (X;ihvk —E [X;hvk])‘ Y. yamvats Ta e (‘0‘ (X?h:k —E [thk])‘)]

A =
Vihe ol Var [Syp] o
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Let a € RP\{0}. To prove the asymptotic normality of o S+, we will show that the Lindeberg condition
Ve € 10, +oo[ , hIIolo Ay hea =0 (D.24)
’Y—)
is satisfied. Let ¢ € |0, +oo[, h € {1,..., H}. Then

A’Y,h,&,(}é

K Tyh, o Vena

In addition,

J‘ al (91, Z1,70) — E [Xihl])‘2

]l]sm,+oo] (aT (g(Yi7 71, T’yh) —E [X;‘hl])) dpY1 %

< j ol (IGOA, Z0)] + [E [X2]])?

| (1ol (1607, 201 + [B[X]])) ap¥2

E[G(Y1, Z,)] )

min{t%, —¢*, |7 € N}

E [G(Ylv Zl)] Y1,21
]1]6 aTVaI'[Sry]OZ,-FOO] <|a| (|G(}/17Z1)| + mln{t,ﬂ;h _ t* h_1|’)/ c N} dP

Y

1]5 ol Var[Sy]a,+0©

< j o] <|G<Y1721>| +

because, for h € {1,..., H}, with the convention ti g =1

§G(Y1, Z1) AP 4

P <Z1 € ]C(ﬁ;,hq)?C (t:,h)])
§a(vi, 2y)dp 2

[B (X5l <

t:h - t:,h—l
{G(11, Zy) AP
min{t*, —t*, ||y eN}’
because P(T:}L7T:JL71)WEN —a-s <(t:h - t;h—l)veN) lim,, t:h - t:,h—l = ton — t:o,h—1 and because

min{t*, —¢*, |y €N} > 0. As lim,eq/al Var[S,]a = +oo, and E[G(Y1, Z1)?] < +oo, we
conclude that

Vhﬁngoj“ al (g(Yl, Z1,7myn) — E [ %1])‘2 ]l]E aTVar[SA,]a,-i-OO} (OéT (9(Y1, Z1,Tyn) — E [Xf;m])) =0,

(D.26)
which implies via (D.25) that the Lindeberg condition (D.24) is satisfied. We apply the Lindeberg-Feller
theorem (see (Serfling, 1980, Theorem p. 31)), and conclude by the asymptotic normality of o Syn condi-
tionally on (7’,;,) Vo € RP (which terminates the proof of (D.17)).



122 APPENDIX D. PROOFS FOR CHAPTER 5

Then, we remark that conditionally on Z,, (7. , ) = ¢ (t:’h_1> s Zyyr, ) =6 (t: h), we have inde-
pendence between strata:

h#h

P(S%h’Svh’)‘ZVw(T%h—ﬂ:C(t:l;,h—l)’ZVW(Ty,h)=<(t:l;,h) vy (T 1)~ C( h— 1) VW(Twh/)=C(tjh')

— * — *
_ P(S’Y,h)|Zu7(T,\/7h71):C(t:’h_l)v ZU.Y(TW’h)=C(t:’h) ®P(S'Yh,)|ZV’Y(T«/h’—1)_C(t'yh’—1>’ ZW(T«Yh')_CGwh’)

= S, » and S, are independent conditionally on T’ p,, T p—1, Ty pLy jr—1.

77777

Py (03 Sy =B )ITy=t s Do =t 0 2, (0, V). (D.27)
y—00

The almost sure asymptotic normality implies the global asymptotic normality. Fory € N, x € R, a € R?
we define:

t* > E|exp|iz |0 ol (8 — Fy)
el )

_ 4% __ 4%
T»\/J - t,}/’l,. . .,Tf},’Hfl - t,Y’H_ll .

conver, gence theor cm:

(e ) )
nggoE[ [exp(x ( N (( \/M)_laT (S, — Ew)m Ty1=t3,,... ,T%leti;ﬂl]]
oo (i s et |

Jexp (iz — :132/2) P(T”h)weN he(l,. H=1} ({¥)

= exp (iz — x2/2) :

The convergence of the characteristic function implies the convergence to the normal distribution, which
ends the demonstration of the theorem.
O

D.4.4 Proof of Result 5.2
We apply Lemma D.2 with

9(y,z,m) = (y;z/'zf) -

Then we obtain the asymptotic normality of the vector , /1S,

—1 Ny
i ([nv ijzvl Yka/ﬂ'kaWk] _ Eoo> <, (0, Vo),

-1 ¥ 2
ny 2y Vi Tk 10
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with Bo = [€0(02 +1) 62 +1]".
By applying the Delta method (see van der Vaart (1998, Theorem 3.1 p. 26)), we obtain that

Vi (& —6) = (((93 1) g+ 1)) Vi (éf?%?;&) .

D.4.5 Proof of Result 5.4

We apply Lemma D.2 with:

(0A/00) (y, 6o, So)
g(y,Z,ﬂ')Z yXZ/TF
y*/m

Then we obtain the asymptotic normality of the vector ,/n (n ( 1S - EOO)

_12 (aA/ae) (Yk790750) vk P
VI ny! Zk ~i YiZk/ 7k Ly o N (Eoo, Veo),
_1 Zk’ 1 Yk STk Ly

with E, = [0 £(0%+1) 62+ 1]T. By applying the Delta method (see van der Vaart (1998, Theorem
3.1 p. 26)), we obtain that

[(69"?) (Gt M,eo,go)]

f — &
1 0
& 1 0 0 9 1
e 0 [o (02 + 1)~ —g0(93+1)—1] Voo | 0 (05 +1)

0 —&(0%+1)71

D.4.6 Proof of Result 5.5

Proof. We apply Lemma 3 with: g(y, z, m) = y/m. Then we obtain the asymptotic normality of the vector

0 =1/, (n;l Zgil Ikak/Trvk>:

Y—00

N’Y
N <n;1 Z LYy /T — E [Y]> EZEN (0, Vp),
k=1

with

=

Il

\]
M=

(tooh — toon—1) Tooh Var [ Y1/Toon| Z1 € |C(taon—1), C(teon)]]

>
Il
—

Il
oE

(tooh — toon—1) Togp, Var [Y1] Z1 € 1¢(toon—1), C(teon)]] -

>
Il
—
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Appendix E

Proofs for chapter 6

E.1 Proof of equation (6.14)

To simplify the notation, we note b(my) = by. First note that the optimization problem is equivalent to find

the vector b = (b1, ..., by)’ that minimizes

= Z bi (yk — yzg(b))2

keU
where y)(b) = x|, (X0 blxle)fl > iew bixiyr, under the constraints:
by = 0 for any unit k € U

and

> ri s
st b + 1
The partial derivative of W (b), with respect to by, is equal to
oWo(b 2 9 (yx — yp(b)
o(b) _ (v =90 ()" +2 3 b (yx — (b)) 2 — v (®))
ob; = ob;

Since y?(b) may alternatively be written as y(b) = x,A(b) 'c(b), with A(b)
c(b) = >}y bixyyi, and since x;, does not depend on b;, we have

6bl abl
_10A(b oc(b
=, (~AM) P Ab) e(b) + b))
= x,A(b) 'x; (v — xjA(b) 'c(b)).
By inserting this last expression into (E.3), we obtain

Wb = (y — ) (b))?

= (P (b + A )
/

(E.1)

(E.2)

(E.3)

/
= ZZEU lele and

=2 [ Xker be(vr — yi(b)x] A(b)™'x1 (3 — xA(b) Tlc(b))

2
= (y—y(b))
since D ey bk (yk — v, (b))x), = 0. Then under the constraint (E.2), we get

2
(yl_ylo(b))z_'Y(bl_,l_ly =0
< (w-y®) -y =0
& m = VIl —yi ()]

125
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where v denotes a Lagrange multiplier. The result follows by application of constraint (6.13).

E.2 Proof of Theorem 6.1

Forany ¢t = 0,...,T, denote b’ = [b(a’i), oob(ad), . b(a})]T. Letu = [ul, e Uy ,uI]T be any
I x 1 vector, and

N
Wi (u) = Niuio} (™).
1(“) N —gq ZZ:l iUi0y (a )
The minimization of /7 (u) in u, subject to
I
N.
Z ' —n (E4)
=i u; + 1

leads to u = bt. Since b*~! also satisfies equation (E.4), we have

Wi (bY) < Wi (b = V(at™h). (E.5)
Now, let
N I
Wa(B) = - 2, b(ed) D, (k= xi B)?
q =1 kEUi

where 3 denotes a ¢ x 1 vector. This is a standard fact that Wy(3) is minimized by Bt =
-1
(Zle b(aﬁ)Al) Zle b(at)e1i(y). Consequently, we obtain
W2(8") < Wa(B) (E.6)

-1
where 71 = <2{=1 b(affl)Ai) iy bal Meiy). Since Wa(8') = V(a!) and Wy(8'™') =
W1 (b?), the result follows by a joint application of (E.5) and (E.6).
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@-code used for simulations

0.Libraries
library (np)
library (ks)
library (sampling)
require (tikzDevice)
load (paste (getwd () ,"/.RData")
setwd ("~ /Dropbox/Travail /Recherche/Travaux/MAl’moire de thAlse/v10/Figures™")
save .image ()
Chapitre 1.
1.1. Definition of empirical cumulative distribution associated to a vector
FDR <—function (y){return (function (x){return (lapply (x,function (x,y){round(
sum (y<=x) /length(y) ,4) },y=vy))})}
1.2. Definition of a kernel density estimator applied to a vector
densite<—function (y){return (function (x){round(as.vector (kde(y,0.005,eval.
points=x)$estimate) ,4)})}
1.3. definition of some sampling designs
SRS<—function (tau){
list (
S=function (z){sample (1:length(z),size=floor (tauxlength(z)) ,replace=F)},
Pik=function (z){rep (floor (tauxlength(z))/length(z),length(z))},
demarc=function (z){NULL}) }
StratS<—function (proph ,tauh){
list (
Pik=function (z){
oo<—rank (z) ;
N=length (z)
Nh<—vector ()
nh<—vector ()
Pikk<—rep (NULL, length (z) ) ; cum=0
for (i in 1:(length (proph)—1)){
Nh[i]<—floor (proph[i]*N);
nh[i]<—floor (tauh[i]*Nh[i]);
Pikk [oo>cum&oo<=cum+Nh[ i ]]<—nh[i] /Nh[i ];cum<—cum+Nh[i]}
Nh|i+1]<—N-sum(Nh) ;nh[i+1]<—floor (tauh|[i+1]«Nh|i+1]);Pikk|oo>cum|<—nh|i
+1]/Nh[i+1];
return (Pikk) },
S=function (z){
oo<—rank (z) ;

127
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N=length (z)
Nh<—vector ()
nh<—vector ()
S<—vector () ;cum<—0
for (i in 1:(length(proph)—1)){Nh[i]<—floor (proph[i]=N);nh[i]<—floor (
tauh [i]«Nh[i]) ;
S=c (S, sample ((1:N) [(oo>cum)&(oo<=cum+Nh|[i]) ]|, size=nh[i],replace=FALSE));
cum<—cum+Nh[i]}
Nh[i+41]<—N—-sum(Nh) ;nh[i+1]<—floor (tauh [i+1]*Nh[i+1]);S=c (S, sample ((1:N)
[ (0o>cum)&(00<=N)], size=nh[i+1],replace=FALSE))
return (S) },
param=list (proph=proph , tauh=tauh) ,
demarc=function (z){
z<—sort (z);
N=length (z)
dem<—vector ()
Nh<—vector () ;cum<—0;
for (i in 1:(length (proph)—1)){Nh[i]<—floor (proph[i]*N);cum<—cum+Nh][i |;
dem[i]<—sort (z)[cum]}
return (dem) }) }
SWRPPS<—function (tau){
list (
Pik=function (z){z/sum(z)},
S=function (z){sample (1:length(z),size=floor (tauxlength(z)) ,prob=1—(1—z/sum
(z))~(floor (tauxlength(z))),replace=TRUE) },
demarc=function (z){NULL})}
ClusterS<—function (proph ,probh ,tauh){
list (
Pik=function (z){
oo<—order(z);
N=length (z)
Nh<—vector ()
nh<—vector ()
Pikk<—rep (NULL, length (z) ) ;cum=0
for (i in 1:(length(proph)—1)){Nh[i]<—floor (proph[i]xN);
cum<—cum+Nh|[1i|;nh[i]<—floor (tauh[i]*Nh[i]) ; Pikk[oo>cum&oo<=cum+Nh|
i |]<—proph [1 ]+ (nh[i] /Nn[i]);}
Nh[i+1]<—N-sum(Nh);nh[i+1]<—floor (tauh[i+1]*Nh[i+1]);Pikk[oo>cum]
<—proph|[i]*(nh[i+1]/Nh[i+1]);
return (Pikk) },
S=function (z){
oo<—order(z);
N=length (z)
nbclus<—length (proph)
clus<—sample (1:nbclus, size=1,prob=probh , replace=FALSE) ;
cum<—floor ((sum(proph|[1: clus])—proph[clus]) *N)
Nh<—floor (proph[clus]*N);
S=sample ((1:N) [oo>=cum&oo<cum+Nh] , size=floor (tauh[clus|=«Nh) ,
replace=F)
return (S) },
demarc=function (z){
oo<—order(z);
N=length (z)
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dem<—vector ()
Nh<—vector () ;cum<—0;
for (i in 1:(length(proph)—1)){Nh[i]<—floor (proph[i]*N) ;cum<—cum+
Nh[i];dem[i]<—z[oo=—cum]}
return (dem) }) }
1.4.population and sampling design models
model . unif.pps<—function (tau){
list (rloiy=function (N){2«runif(N)},
ploi=function (y){punif(y/2)},
ploilim=function (y){y/2x(y>0)x(y<=2)},
rloiz=function (y){y},
dloi=function (y){dunif(y/2)/2},
Scheme=SWRPPS(tau) ,
rho=function (y){y},
vinf=function (y) {tauxy},
En=function (N){tausN},
tau=tau,
supportY=c(—.1,2.1))}
model. chisq.pps<—function (tau){
list (rloiy=function (N){rchisq(N,1)},
ploi=function (y){pchisq(y,1) },
ploilim=function (y) {pgamma(y,3/2,2)},
rloiz=function (y){y},
dloi=function (y){dchisq(y,1)},
Scheme=SWRPPS(tau) ,
rho=function (y){y},
vinf=function (y){tauxy},
En=function (N){tausN},
tau=tau,
supportY=c(—.1,4.1))}
model . chisq2 .pps<—function (tau){
list (rloiy=function (N){rchisq(N,1) },
ploi=function (y){pchisq(y,1)},
ploilim=function (y) {(pgamma(y,3/2,2)+pgamma(y,5/2,2))/2},
rloiz=function (y){y+rchisq(N,1) },
dloi=function (y){dchisq(y,1)},
Scheme=SWRPPS(tau) ,
rho=function (y) {(y+1)/2},
vinf=function (y){tauxy},
En=function (N){tauxN},
tau=tau,
supportY=c(—.1,2.1))}
model . indep . strat<—function (proph,tauh){
tau=sum (proph*tauh)
return (list (
param=list (proph=proph ,tauh=tauh) ,
rloiy=function (N){rnorm (N,mean=2,sd=1) },
ploi=function (y){pnorm(y,mean=2,sd=1)},
ploilim=function (y){pnorm(y,mean=2,sd=1)},
rloiz=function (y){rnorm(length (y) ,mean=2,sd=1)},
dloi=function (y){dnorm(y,mean=2,sd=1) },
Scheme=StratS (proph ,tauh) ,
rho=function (y) {1},
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vinf=function (y){tau—tau "2},
En=function (N){tauxN},
tau=tau,
supportY=c(—.5,5)))}

model . unif .SRS<—function (tau){
return (list (

rloiy=function (N){runif (N)},
ploi=function (y){punif(y)},
rloiz=function (y){rnorm(length(y))},
dloi=function (y){dunif(y)},
Scheme=SRS(tau) ,

rho=function (y) {1},

vinf=function (y){tau—tau~2},
En=function (N) {tausN},

tau=tau,
supportY=c(—.1,1.1)))}
model .norm. cluster<—function (proph ,probh ,tauh ,xi){
tau=sum (proph=*probhxtauh)
Ninf=100000;Nhinf=floor ( Ninfxproph) ;
yinf<—rnorm ( Ninf) +2;
sinf<—StratS (proph*probh ,tauh)$S(xi*yinf+rnorm (Ninf));
dloilim<—densite (yinf[sinf])
return (list (
param=list (proph=proph ,probh=probh , tauh=tauh , xi=xi) ,
rloiy=function (N){rnorm(N,2) },
ploi=function (y){pnorm(y,2) },
rloiz=function (y){rnorm (y,mean=xixy,sd=1)},
dloi=function (y){dnorm(y,2) },
ploilim=FDR(yinf[sinf]) ,
dloilim=dloilim ,
Scheme=ClusterS (proph , tauh , probh) ,
rho=function (y){dloilim (y) /dnorm(y,2) },
vinf=function (y) {NULL},
En=function (N){tausN},
tau=tau,
supportY=c(—.5,4)))}
model . dep . strat<—function (proph ,tauh ,theta ,xi,sigma){
Ninf=100000; Nhinf=floor ( Ninfxproph) ;
yinf<—rnorm (Ninf) +2;
sinf<—StratS (proph,tauh)$S(rnorm (yinf ,mean=xi*yinf ,sd=sigma));
tau=sum ( proph=+tauh)
rho=function (y){
rhorho<—tauh|[length (tauh) |; t<—proph[1]
for(h in 1:(length(tauh)—1)){rhorho<—rhorho+(tauh[h]—tauh[h+1])*pnorm ((
sqrt (xi~2+sigma~2)xqnorm (t)+xix*(theta—y))/sigma);t<—t+proph[h+1]}
return (rhorho/tau)}
return (list (
param—list (proph=proph ,tauh=tauh ,theta=theta , xi=xi ,sigma—sigma) ,
rloiy=function (N){rnorm (N, theta ,1) },
ploi=function (y){pnorm(y,theta, 1)},
rloiz=function (y){rnorm(y,mean=xixy, sd=sigma) },
dloi=function (y){dnorm(y,theta 1)},
ploilim=FDR(yinf|sinf]) ,




131

dloilim=function (y){return (rho(y)+*dnorm(y,theta 1))},
Scheme=StratS (proph ,tauh) ,
rho=rho ,
vinf=function (y){tauxrho (y)—(tauxrho(y)) "2},
En—=function (N){tausN},
tau=tau,
supportY=c(—.5,5)))}
##1.5. Population and sample realisation
genere<—function (m=m,N=1000,Y=NA) {
Scheme=m$Scheme
Yeg<—m$rloiy (N);if (lis.na(Y)){Yg—Y}
Zg<—m$rloiz (Yg);
pik<—Scheme$Pik (Zg) ;
Sg<—Scheme$S(Zg) ;
demarc<—Scheme$demarc (Zg) ;
Ig<—rep (0,N);for(k in unique(Sg)){Ig[k]<—sum(Sg=k)}
NHT=sum (1 /pik [Sg])
n=sum (Ig)
Gg=list (N=N,Yg=Yg,Zg=7g, pik=pik ,Sg=Sg, Ig=Ig ,n=n ,NHT=NHT, demarc=demarc)
return (Gg)
}
1.6. Code tex pour graphiques
#1.6.1. fonctions gAInAlriques de tracAl.
fouverture de fichier
debutfic<—function (fic ,echellegraph=c(1,1),limites=c(—-0.35,—-0.13,1.1,1.1)){
write(paste ("\\begin{tikzpicture}[line cap=round,line join=round, >=
triangle 45,x=",echellegraph|[1],"cm,y=",echellegraph[2],"cm]"), file=
fic ,append=F)
write(paste("\\clip(",limites[1],",",limites[2],") rectangle (",limites
[3],",",limites[4],");"),file=fic ,append=T)}
#tracAl des axes
traceaxes<—function (fic ,limites=c(—-0.35,—-0.13,1.1,1.1) ,width=1.2){
write ("%Les axes",file=fic ,append=T)
styleaxe="->";aj="";if (styleaxe=—"->"){aj<—"->,"}
write(paste("\\draw[",aj,"line width=" ,width,"pt,color=black] (",limites

[1],",0) —— (",limites[3],",0);"),file=fic ,append=T)
write(paste ("\\draw[",aj,"line width=" width, "pt,color=black] (0,",limites
[2],™) —— (0,",limites[4],");"),file=fic ,append=T)}

#tracAl de courbes
tracecourbe<—function (fic ,x,Y, couleurcourbe=c("black") ,width=1.5){
write("%Les courbes",file=fic ,append=T)
for(i in 1:length(Y[1,])){xc<—x[!is.na(x)&!is .na(Y[,i])];ye<—(Y[,1i])['is.
na(x)&!is.na(Y[,i]) |;
if (sum(!is.na(yc))>2){lb<—(max(length(yc),length(xc))-1)
write(paste ("%Wcourbe ",i),file=fic ,append=T)
for (j in 1:1b){
write (paste ("\\draw[line width=",width,"pt, color=",couleurcourbei],
"1 (", formatC(xc[j], format="£"),", " formatC (yc|]
], format="f"),
") —— (" ,formatC (xc[j+1],format="£"),", " formatC (yc][]
+1],format="£") ,"); "), file=fic ,append=T) }}}
}

ttracAT d’une fonction de rAlpartition empirique
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tracefdr<—function (fic ,couleur="black",y,limites ,width=2){
write ("$FDR" , file=fic ,append=T)
nn=length (y)
ys=c(limites [1],sort(y),limites[2]) ;
for(i in (1:(nn+1))){
i (ys[1]1—ys [i+1])1
if (i < nn+1){
write (paste ( draw [color=",couleur ,"] (",ys[i+1],",",(i—1)/on,")
circle (3pt);"),file=fic ,append=T)
1}
if (i >1){
(ys|i]<ys[i+1]) {\\nt( paste ("\\ fill [color=",couleur ,"] (",ys|[i
1,",",(i=1)/nn,") circle (3pt);"),file=fic ,append=T)}

n

1}
for(i in (1:(nn+1))){
i (ys (1] 1—ys [i+1])1
write(paste("\\draw [line width=",width,"pt,color=" couleur,"] (" ,formatC(
ys[i],format="£"),"," formatC((i—1)/nn,format="£"),") —- (",formatC(ys
[i+1],format="£"),"," formatC ((i—1)/nn,format="£"),");"), file=fic ,
~ append=T) }}}
#tracAl de graduations sur les axes
tracegrades<—function (fic ,repx="",repy=""){
write("%grades",file=fic ,append=T)
xp=paste (repx, collapse=",");
if (xpl="m){
write(paste("\\foreach \\x in {" ,xp,"}"),file=fic ,append=T)
write(paste ("\\draw[shift={ (\\x,0)},color=black] (0Opt,2pt) -- (Opt,-2pt)
node [below] {\\footnotesize $\\x$};"),file=fic ,append=T)}
yp=paste (repy, collapse=",");
if (yp!=""){
write(paste("\\foreach \\y in {",yp,"}"),file=fic ,append=T)
write(paste ("\\draw[shift={ (0,\\y)},color=black] (2pt,0Opt) -- (-2pt,0pt)
node[left] {\\footnotesize $\\y$};"),file=fic ,append=T)}}
Alcriture de texte sur le graphique
tracetexte<—function (fic ,texte=c("$z_{\\gamma k}$" ,"$vY k$§")  posy=posy, posz=
posz){
write("stexte",file=fic ,append=T)
for (i in 1l:length(texte)){write(paste("\\draw[color=black] (",posy[i],"
,posz[i],") node {",texte[i],"};"),file=fic ,append=T)}}
tracAl de points
tracepts<—function (fic ,y,z,color="black",diam=1){
write ("$points", file=fic ,append=T)
for (i in 1: length (y)){write(paste("\\fill[color=",color ,"] (", ,formatC(y]|
i],format="£"),"," formatC(z[i],format="£f"),") circle (",diam,"pt);"
), file=fic ,append=T) }}
tracAl de points
traceptsrep<—function (fic ,y,z,s,couleurpoints="gray",diam=3){
write ("$points selectionnAl’s", file=fic ,append=T)
for (k in unique(s)){
ik<—sum (s=k)
if (ik >1){
write(paste("\\fill[color=",couleurpoints ,"] (",formatC(y[k],format="£") 6"
, " formatC(z[k],format="£"),") circle (",dilam,"pt) node[below] {\\
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footnotesize §" sum(s==k),"$};"),file=fic ,append=T)}
if (ik==1){
write (paste ("\\fill[color=",couleurpoints ,"] (" ,formatC(y[k],format="£") "
, " formatC(z k], format="£"),") circle (",diam,"pt);"),file=fic ,append=
T)}
I35 )
tracAl de lignes en pointillATs
tracepointillesh<—function (fic ,demarc,color="gray",limites ,width=2.4){
if (!is.null(demarc)){
write("%lignes",file=fic ,append=T)
for (demarq in demarc){
write(paste("\\draw[line width=",width,"pt,dash pattern=on 2pt off 2pt,
color=gray] (0,",demarq,") —— (",limites[3],",",demarq,");%axe de
separation des strates"),file=fic ,append=T)}}}/separation des strates
tracepointillesv<—function (fic ,demarc, color="gray",limites ,width=2.4){
if (!is.null(demarc)){
write("%lignes",file=fic ,append=T)
write(paste("\\draw[line width=",width,"pt,dash pattern=on 2pt off 2pt,
color=gray] (",demarc,",0) -- (",demarc,",",limites[4],");%axe de
separation des strates"),file=fic ,append=T)}}/separation des strates
gATnATlration de code pour un graphique
generecodetexgraph<—function (fic ,y,s,z, taillegraph ,prop,quoi,x,Y,repx=repx,
repy=repy ,leg ,couleurs=couleurs ,demarc=NULL, tailles=tailles ,maxy,maxz){
limites=prop=c (maxy, maxz,maxy ,maxz)
echellegraph<—taillegraph /c(limites[3] —limites[1],limites[4]—limites
[2])
leg$posy<—leg$posy xmaxy
leg$posz<—leg$poszxmaxz
if (max(quoi=="deb")){debutfic(fic ,echellegraph=echellegraph ,limites=
limites)}
if (max(quoi
)}
if (max(quoi=="courbe")){tracecourbe(fic ,x,Y,couleurcourbe=couleurs$
courbe ,width=tailles $courbe)}
if (max(quoi=="fdr")){tracefdr (fic ,couleur=couleurs$cdf,y,limites|c
(1,3)],width=tailles$cdf)}
if (max(quoi="fdremp")){tracefdr (fic ,couleur=couleurs$scdf y[s],
limites[c(1,3)],width=tailles$scdf)}
if (max(quoi—"grades")){tracegrades(fic ,repx=repx,repy=repy)}
if (max(quoi=—"ppts")){tracepts(fic ,y,z,color=couleurs$pts,diam=
tailles$pts)}
if (max(quoi="spts")){traceptsrep(fic ,y,z,s,couleurpoints=couleurs$
ptss ,diam=tailles$ptss)}
if (max(quoi="texte")){tracetexte (fic ,texte=leg$texte ,posy=leg$posy,
posz=leg$posz)}
if (max(quoi=="lignev")){tracepointillesv (fic ,demarc,color=couleurs$
ptl,limites ,width=tailles$ptl)}
if (max(quoi="ligneh")){tracepointillesh (fic ,demarc, color=couleurs$
ptl,limites ,width=tailles$ptl)}
if (max(quoi=—"strate")){
write ("\\usefont{T1} {ptm}{m}{n}",file=fic ,append=T);
write ("\\rput{-270.0} (-0.05,0.2) {\\rput (0.1,0) {strata 1}};",file
=fic ,append=T)

"axes")){traceaxes(fic ,limites=limites ,width=tailles$axe
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write ("\\usefont{T1}{ptm}{m}{n}",file=fic ,append=T);

write ("\\rput{-270.0} (-0.05,0.6) {\\rput (0.1,0) {strata 2}};",file
=fic ,append=T)}
if (max(quoi="fin")){write("\\end{tikzpicture}", file=fic ,append=T)}}
1.6.2 Graphic generation function
default parameters
legende<—list (

list (posy=c(0.09,0.95) ,posz=c(1,0.1) ,texte=c("$Z {k}$","$y k$") col=rep("
black",2)),

list (posy=c(0.12,0.45) ,posz=c(0.8,0.55,0.8,0.55,.1) ,texte=c("$F_{\\infty}$
" "8y k§"),col=rep("black",2)),

list (posy=c(0.12,0.45) ,posz=c(0.8,0.55,0.8,0.55,.1) ,texte=c("$F_ {\\infty}$
"8y k$"),col=rep("black",2)),

list (posy=c(0.12,0.45) ,posz=c(0.8,0.55,0.8,0.55,.1) ,texte=c("$F_ {\\infty}$
"8y k$"),col=rep("black",2)),
list (posy=c(0.12,0.45) ,posz=c(0.8,0.55,0.8,0.55,.1) ,texte=c("$F_{\\infty}$
"o"$Y k§"),col=rep("black",2)),
list (posy=c(0.12,0.45) ,posz=c(0.8,0.55,0.8,0.55,.1) ,texte=c("$F_ {\\infty}$
"8y k$"),col=rep("black",2)),
list (posy=c(0.12,0.45) ,posz=c(0.8,0.55,0.8,0.55,.1) ,texte=c("$F_ {\\infty}$
"o"$Y k§"),col=rep("black",2)),
list (posy=c (1) ,posz=c(.1) ,texte="", col="black"))
taillegraph<—list (c(4,5),c(8,5),c(8,5),c(8,5),c(8,5),c(8,5),c(8,5),c(8,5))
listcouleur<—list (sample="orangeensai" ,pop="black",lim="bleuensail"  soft="
gray")
listtaille<—list (fin—=0.6,axes=0.6,epais—=1.2,ptss—=2,pts—.6)
repy=list (NULL,NULL,NULL,NULL, NULL, NULL, NULL, NULL, NULL) ;
repz<—repy
fprocedure
plotgen<—function (fic3 ,Gg,b, ker=ker ,m=m, propl ,prop2, taillegraph ,demarc=NULL,
listcouleur=listcouleur ,listtaille=listtaille ,repy,repz ,maxy,maxz,maxz3,
quoigen ) {
tailles<—list (ptl=listtaille$fin ,axes=listtaille $axes,courbe=rep (listtaille$§
fin ,3) ,scdf=listtaille$epais ,cdf=listtaille $epais,ptss=listtaille$ptss,
pts=listtaille$pts)
couleurs<—1list (ptss=listcouleur $sample, pts=listcouleur$pop, cdf=listcouleur$
pop,scdf=listcouleur$sample,lim—listcouleur$lim, ptl=listcouleur $soft ,
courbe=c (listcouleur$pop, listcouleur $sample, listcouleur$lim))

x<—round (maxyxseq(propl[1] ,prop2[3],length.out = 300) ,4);
a.
if (max(quoigen==1)|max(quoigen==2)|max(quoigen==3) | max(quoigen==4)) {Y<—cbind
(m$ploi(x) ,m$ploilim (x) ,m$ploilim (x))}
if (max(quoigen==1)){fic=paste(fic3 ,"a.tex" ,sep="");
quoi<—c ("deb" ,"axes" ,"spts" ,"texte" ,"grades" ,"ppts","strate","ligneh" ,"fin")

generecodetexgraph (fic ,Gg$Yg,Gg$Sg ,Gg$Zg, taillegraph [[1]] , prop2, quoi,x,Y,
repy [[1]] ,repz [[1]] ,legende[[1]] , couleurs ,Gg$demarc, tailles ,maxy,maxz) }
b.limit sample cdf and population cdf
if (max(quoigen==2)){ quoi=c("deb" ,"axes" ,"courbe", "texte" ,"grades" ,"fin");
fic=paste(fic3 ,"b.tex" ;sep="");
texte<—c ("$F$" ,"$§F \\infty$"); tailles$courbe<—rep(listtaille$epais,?2)
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generecodetexgraph (fic ,Gg$Yg,Gg$Sg,GgdZg, taillegraph [[2]], propl,quoi,x,Y,
repy [[2]] , repz [[2]] ,legende [[2]] , couleurs ,Gg$demarc, tailles ,maxy,1)}
c.empirical population cdf
if (max(quoigen==3)){quoi<—c("deb" ,"axes" ,"courbe" ,"fdr" ,"grades" ,"fin");
fic<—paste(fic3 ,"c.tex" ,sep=""); tailles$courbe<—rep(listtaille$fin , 2)
generecodetexgraph (fic ,Gg$Yg,Gg$Sg,GgdZg, taillegraph [[3]], propl,quoi,x,Y,
repy [[3]] ,repz [[3]], legende [[2]] , couleurs ,Gg$demarc, tailles ,maxy,1)}
d.empirical sample cdf
if (max(quoigen==4)){quoi=c("deb" ,"axes" ,"courbe" ,"texte" ,"fdremp" ,"grades" ,"
fin")
fic=paste(fic3 ,"d.tex" ,sep="");
texte<—c ("$\\alpha$");texte<—c("")
generecodetexgraph (fic ,Gg$Yg,Gg$Sg ,Gg$Zg, taillegraph [[4]] , propl, quoi,x,Y,
repy [[4]] , repz [[4]] ,legende [[2]] , couleurs ,Gg$demarc, tailles ,maxy,1)}

if (max(quoigen==5)){kdey<—function (x){round(as.vector (kde(Gg$Yg[Gg$Sg], hpi(x
=Gg¥Yg[GgsSg]) /2,eval.points=x)$estimate) ,4)}

Y<—cbind (m$dloi (x) ,kdey(x) ,m$dloi (x)*m$rho(x));

quoi=c ("deb" ,"axes" ,"courbe" ,"texte" ,"fin")

fic=paste(fic3 ,"e.tex" ;sep="");

echelled<—max(Y)

texte<—c ("$\\alpha$");texte<—c("")

generecodetexgraph (fic ,Gg$Yg,Gg$Sg,GgdZg, taillegraph [[5]] , propl,quoi,x,Y,
repy [[5]] , repz [[5]] ,legende [[2]] , couleurs ,Gg$demarc, tailles ,maxy,1)

y0<—x
Gg<—list (Yg=y,Sg=s ,N=length (y) ,n=length (y[s]));ker=kergaus;m
if (max(quoigen==6)) {Y<—cbind (m$dloi(x),p2sr(y0,Gg,b, ker=ker ,m=m) ,fHT (y0,Gg,b
,ker=ker ,m=m) ) ;
quoi=c ("deb" ,"axes" ,"courbe" ,"texte" ,"fin")
fic=paste(fic3 ,"f.tex" ,sep="");
texte<—c ("$\\alphal$");
generecodetexgraph (fic ,Gg8Yg,Gg$Sg ,GgdZg, taillegraph [[6]] , propl,quoi,x,Y,
repy [[6]] , repz [[6]] ,legende [[2]] , couleurs ,Gg$demarc, tailles ,maxy,1)}
if (max(quoigen==7)){fic=paste(fic3 ,"g.tex" ,sep="");
Y<—cbind (m$ dloi (x) ,p2sr(y0,Gg,b, ker=ker ,ntm) ,p2(y0,Gg,b, ker=ker ,mrm) ) ;
generecodetexgraph (fic ,Gg$Yg,Gg$Sg,GgdZg, taillegraph [[7]] , propl,quoi,x,Y,
repy [[7]] ,repz [[7]] , legende [[2]] , couleurs ,Gg$demarc, tailles ,maxy,1)}
if (max(quoigen==8)){
couleurs$courbe<—c(listcouleur$lim,listcouleur$sample)
quoi=c("deb" ,"axes" ,"courbe" "texte" ,"fin")
yO0<—seq(m$support[1] ,m$support[2],length.out=100);
mmts<—moments (y0 ,b, ker=ker ,n=m, lafun=p ,N=Gg$N, nrep=1000) ;
vpemp<—mmts$var ;
vp<—varp (y0,b=b, ker=ker ,m=m ,N=N) ;
maxx—max (¢ (vpemp,vp) )
fic<—paste(fic3 ,"h.tex" ,sep="");
leg<—list (posy=c(0) ,posz=c (1) ,texte=c(paste (maxx,"",sep="")),col=c("black"
))
Y<—cbind (vpemp, vp) /maxx
repz=c (1)
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generecodetexgraph (fic ,Gg$Yg,Gg$Sg,Gg$Zg, taillegraph [[8]] , propl, quoi,y0,Y,
repy ,repz,leg ,couleurs ,Gg$demarc, tailles ,maxy,1)
I3

Chapitre 4. Kernel density estimation

4.1. Definitions

Kernels
kergaus<—list (K=dnorm,intK2=(1/(2*sqrt (pi))));
ker<—kergaus

bandwidths
b<—function (N){1/sqrt (N)}
varp<—function (y0,b, ker=ker ,m=m ,N) {(m$ dloi(y0)/(Nxb(N)))*(m$vinf(y0)/(m$tau"2)
+((m$rho(y0))"2))xker$intK2}
varpsr<—function (y0,b, ker=ker ,;m=m,N) {varp (y0,b, ker=ker ,m=m,N) / ((m$rho(y0))"2)}

Kernel density estimators definition of kde

p0 <—function (y0,Gg,b, ker=ker ,m=m) {sum (ker $K((Gg$Yg[Gg$Sg]—y0) /b(GgSN))) /(b(
Gg$N) xGg$n) }

fHTO<—function (y0,Gg,b, ker=ker ,m=m) {sum (ker $K((Gg$Yg[Gg$Sg]—y0) /hpi (x=Gg$Yg[Gg
$Sg]) *2)/GgSpik [Gg$Sg]) / (b (GgIN) «Gg$NHT) 2}

p <—function (y0,Gg,b, ker=ker ,m=m) {sapply (y0,p0,Gg=Gg,b=b, ker=ker ,m=m) }

p2 <—function (y0,Gg,b, ker=ker ,m=m){as.vector (kde(Gg$Yg[Gg$Sg] ,hpi(x=Gg$Yg|[Gg$
Sg|)/2,eval.points=y0)$estimate)}

psr <—function (y0,Gg,b, ker=ker ,nem) {p(y0,Gg,b, ker=ker ,m—m) /m$rho (y0)}

p2sr<—function (y0,Gg,b, ker=ker ,n=m) {p2(y0,Gg,b, ker=ker ,m=m) /m$rho (y0)}

fHT <—function (y0,Gg,b, ker=ker ,m=m) {sapply (y0,fHTO,Gg=Gg,b=b, ker=ker ,m=m) }

Calculus of variance
moments<—function (y0,b, ker=ker ,m—m, lafun=psr ,N=N, nrep =1000) {
XX<—matrix (NA, nrep , length (y0))
for (i in 1l:nrep){
Gg<—genere (m,N)
XX[i,]<—lafun (y0,Gg,b, ker=ker ,m-m) }
return (list (E=apply (XX,2 ;mean) ,var—apply (XX,2 ,var)))}
Simulations and verification of variance formula
Verif<—function (m,N,b,nrep=100,nbpts=30,fic , verifvp){
y0<—seq (m$support [1] ,m$support [2],length.out=nbpts);
mmts<—moments (y0,b, ker=ker ,m=m, lafun=p ,N=N, nrep=nrep) ;
vpemp<—mmts$ var ;
vp<—varp (y0,b=b, ker=ker ,m—=m,N=N) ;
png(paste(fic ," 1.png"))
plot (y0,vpemp/vp,type="1’ ,col="blue");
title ("v empirique/v theorique™")
dev.off ()
png(paste(fic ," 2.png"))
plot (yO,vp,type="1’ ,col="blue");
points (y0,vpemp, type="1’ ,col="orange");
points (y0, verifvp (y0) ,type='1" ,col="red");
title ("v empirique (orange) - v theorique (bleu) - v theorique verif (rouge

)n)
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dev. off ()
png(paste(fic ," 3.png"))
plot (yO,m$dloi(y0) ,type="1’,col="black");
plot (yO ,m$rho(y0)+«m$dloi(y0) ,type="1" ,col="blue");
points (y0,mmts$E, type="1" ,col="orange");
title ("E[p] empirique(orange) - £ (bleu)- rho £ (noir)")
dev. off ()
png(paste(fic ," 4.png"))
Gg<—genere (m,N)
plot (yO ,m$rho(y0)+«m$dloi(y0),type="1’ ,col="black");
points (y0,p(y0,Gg,b,ker=ker ;m—m) ,type="1" ,col="orange");

title ("p orange - rho f (bleu)- rho f (noir)")
dev.off ()

return (list (vp=vp,vpemp=vpemp, y0=y0 ,mmts=mmts ,m=m, verifvp=verifvp ,N=N, nrep=
nrep) )

}

1.2. Examples
fgeneral parameters for graphics
nrep=10;nbpts=100;
#4.2.1. Independent sampling
parameters
nrep=1000;nbpts=20;N<—10000;b<—function (N) {0.2}; ker<—kergaus;
proph<—c (.7 ,.3) ;tauh<—c (.5 ,.8) ;m<—model .indep . strat (proph ,tauh)
yO0<—seq (m$support [1] ,m$support [2],length.out=100);
mmts<—moments (y0 ,b, ker—=ker ,urm, lafun—p ,N=Gg$N, nrep —=1000) ;
vpemp<—mmts$var ;
vp<—varp (y0,b=b, ker=ker ,;m=m ,N=N) ;
maxx=max (¢ (vpemp,vp) )
tikz ( “ish.tex’ )
plot (y0,vpemp, col="black" ;type="1" ;xlab="" ylab="");points (y0,vp,col="gray",
type—'1")
axis (1, at=x,labels=x, las=0,pos=0)
axis (2, at=x,labels=x, las=2,pos=0)
dev.off ()

#£4.2.2. Cluster sampling

#4.2.3. With replacement sampling
global parameters
tau=.125; m<—model. chisq2.pps(tau);b<—function (N){0.1};ker<—kergaus;
#graphicl
N<—200;dodo=TRUE; k=1;while (dodo) {k=k+1;Gg<—genere (m—m,N-N) ; dodo<—(max (Gg$1g)
==1)&(k<5000) }
maxy=0.85*max (Gg$Yg) ;maxz=0.85«xmax (Gg$Zg) ;
propl<—c(—0.1,-0.12,1.05,1.2) ;prop2<—c(—0.1,-0.12,1.05,1.2) ;
plotgen ("wr" ,Gg,b, ker=ker ,m=m, propl ,prop2, taillegraph ,demarc=NULL, listcouleur=
listcouleur ,listtaille=listtaille ,repy,repz ,maxy,maxz,maxz3, quoigen=c (1 ,4)
)
N<—10000;Gg<—genere (m=m,N=N) ; maxy=0.8*max (Gg$Yg) ; maxz=0.85*max(Gg$Zg) ;
plotgen ("wr" ,Gg,b, ker=ker ,m=m, propl ,prop2, taillegraph ,demarc=NULL, listcouleur=
listcouleur ,listtaille=listtaille ,repy,repz ,maxy,maxz,maxz3, quoigen=c
(2,3,5,6,7))

fgraphic?2
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tau<—0.2
N-—10000;
y0<—seq (m$support [1] ,m$support [2],length.out=nrep);

mmts<—moments (y0 ,b, ker=ker ,m=m, lafun=p ,N=N, nrep=1000) ;
vpemp<—mmts$var ;
vp<—varp (y0,b=b, ker=ker ,m=m ,N=N) ;

tikz ( "wrh.tex’ )

plot (y0,vpemp, col="black" ,type="1" ,xlab="" ylab="");points (y0,vp, col="gray",
type='1")

axis (1, at—x,labels=x, las=0,pos=0)

axis (2, at=x,labels=x, las=2,pos=0)

dev. off ()

#Verification of formula.

# tau—.3;m—model . unif .SRS(tau) ;N=5000;nrep —=15000;nbpts—=50;fic="test1l";verifvp=
function (y){((y>0)*(y<1)/(tausNxb(N)))/(2*xsqrt (pi)) };

# siml<—Verif (m,N,b,nrep ,nbpts, fic ,verifvp);

# tau<—.65;m<—model .indep.strat (c(.5,.5) ,¢(.5,.8));N=5000;nrep=30000;nbpts=>50;
fic="test2";verifvp=function (y) {(dnorm(y,2) /(tausN«b(N)))/(2xsqrt(pi)) };

t sim2<—Verif (m,N,b,nrep ,nbpts, fic , verifvp);

£ tau<—.5;m<—model. unif.pps(tau) ;N=5000;nrep=30000;nbpts=>50;fic="test3";

verifvp=function (y) {(((y>0)*x(y<2)/2)/(N«b(N) )= (y/tau +y~2))/(2*xsqrt(pi)) };

# sim3<—Verif (m,N,b,nrep ,nbpts, fic , verifvp);

£ tau=.3;m=model . unif .SRS(tau) ;N=10000;nrep=30000;nbpts=100;fic="test4";
verifvp=function (y) {((y>0)x(y<1)/(tau*N«b(N)))/(2*sqrt (pi)) };
# simd4<—Verif (m,N,b,nrep ,nbpts, fic , verifvp);
save (sim4, file="sim4")

tau<—.65;b<—function (N) {.15};m<—model.indep.strat (c(.5,.5) ,c(.5,.8));N=25000;
nrep=3;nbpts=100;fic="test5";

verifvp=function (y) {(dnorm(y,2) /(tausN«b(N)))/(2xsqrt (pi)) };

simb<—Verif (m,N,b,nrep ,nbpts, fic , verifvp);

save (simb, file="sim5")

05, ... .5

tau<—.5;b<—function (N) {.15};m<—model. unif.pps(tau);N=50000;nrep=3;nbpts=100;
fic="test6";verifvp=function (y) {(((y>0)x(y<2)/2)/(Nxb(N))x*(y/tau +y~2)) /(2
#sqrt (pi)) };

sim6<—Verif (m,N,b,nrep ,nbpts, fic , verifvp);

save (sim6 , file="sim6")

tau<—.5;b<—function (N) {.05};m<—model. chisq2.pps(tau);N=50000;nrep=3;nbpts=100;
fic="test7";verifvp=function (y) {(((y>0)x(y<2)/2)/(N«b(N))*(y/tau +y~2)) /(2
ssqrt (pi)) b

sim6<—Verif (m,N,b,nrep ,nbpts, fic , verifvp);

save (sim6 , file="sim7")

(m$dloi(y0)/(N«b(N)))*(m$vinf(y0)/(m$tau"2)+((m$rho(y0))"2))*ker$intK2
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#5. Chapter 5 Pseudo maximum likelihood — stratified sampling and linear
model
£5.1. Calculus of the weight function
rhoh<—function (y,proph ,tauh,theta,xi,sigma){
rhorho<—tauh|[length (tauh) |; t<—proph[1]; tau=sum(proph=*tauh)
for(h in 1:(length(tauh)—1)){rhorho<—rhorho+(tauh[h]—tauh[h+1])*pnorm ((
sqrt (xi~2+sigma~2)xqnorm (t)+xix (theta—y))/sigma);t<—t+proph|[h+1]}
return (rhorho/tau)}
5.2. Calculus of the mean sample log likelihood
sample . like<—function (theta ,y,m, xi.hat=xi.hat){
We—model . dep. strat (proph=m$param$proph , tauh-m$param$tauh , theta=theta , xi=xi
.hat , sigma=m$param$sigma) $rho (y)
f<—model.dep.strat (proph-m$param$proph ,tauh-m$param$tauh , theta—theta , xi=xi
.hat , sigma—m$param$sigma)$dloi(y)
log . like<—sum (log (W)+log (f))
mlog.like<— —log.like
return (mlog. like)
}
+45.3. Calculus of differentiate(Delta)
deriveethetal<—function (y,proph,tauh,theta ,hxi,sigma){
H<—length (tauh); deno<—tauh [H] ; nume<—0
t=proph [1]
for(h in (1:(H-1))){
deno<—deno+(tauh [h]—tauh [h+1])*pnorm (( sqrt (xi~2+sigma ~2)*qnorm (t)-+xi
*(theta—y)) /sigma ,mean=0,sd=1);
nume<—nume+(tauh [h]—tauh [h+1])*(xi/sigma)*dnorm (( sqrt ( xi~2+sigma ~2)x
qnorm (t)+xi*(theta—y))/sigma ,mean=0,sd=1)
t<—t+proph[h+1]}
return ((y—theta)+(nume/deno))}
deriveetheta<—function (y,proph,tauh,theta ,xi,sigma){
return (sapply (y, deriveethetal ,proph=proph ,tauh=tauh ,theta=theta ,xi=
xi,sigma=sigma))}
deriveexil<—function (y,proph,tauh,theta  xi,sigma){
H<—length (tauh); deno<—tauh [H]; nume<—0
t=proph [1]
for(h in (1:(H-1))){
deno<—deno+(tauh [h]|—tauh [h+1]) *xpnorm ((sqrt (xi"2+sigma ~2)*qnorm ( t )+xi
*(theta—y)) /sigma ,mean=0,sd=1);
nume<—nume+(tauh [h]—tauh [h+1])* ((( xi/sigma~2)* ((xi~2/sigma~2+1)"(—-1/
2))sqnorm (t)+(theta—y))/sigma)*dnorm ((sqrt (xi~2+sigma ~2)xqnorm (t
)+xi*(theta—y))/sigma ,mean=0,sd=1)
t<—t+proph|[h+1]}
return ((nume/deno) )}
deriveexi<—function (y,proph,tauh,theta  xi,sigma){
return (sapply(y, deriveexil ,proph=proph ,tauh=tauh , theta=theta , xi=xi
sigma=sigma) )}
5.4. Calculus of asymtotic variance covariance matrix $\Sigma$
nrep<—10;theta<—1.5; xi<—2;sigma<—1;proph=c(.7,.3) ;tauh=c(1/70,2/15) ;N<—
5000
cav<—function (proph ,tauh,theta,xi, sigma ,nrep){

H=length (tauh) ;th=vector ()
Bh=vector () ;th[1l]=proph[1];

)
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for (h in 2:H){th|h]=proph|[h—1|+proph|h]|}

Bh=xixtheta+sqrt (xi~2+sigma ~2)xqnorm (th)

toto<—function (z,Bh) {(z>c(—Inf ,Bh[—H]) )*(z<=Bh)}

y=rnorm (nrep ,mean=theta ,sd=1);

eta=rnorm (nrep ,mean—0,sd=sigma) ;

z=xixy+eta

dd= deriveetheta (y,proph=proph,tauh=tauh ,theta=theta , xi=xi ,sigma=sigma
)

ddxi= deriveexi(y,proph=proph ,tauh=tauh ,theta=theta , xi=xi,sigma=sigma)

rhorho=model.dep.strat (proph ,tauh,theta ,xi,sigma)$rho(y)

ind<—sapply (z,toto ,Bh=Bh);

ind [ind==0]<-NA

w<—ind /tauh

ind<—t (ind) ;w<—t(w)

Vh.ypi_l<—apply (y*w,2,var ,na.rm=TRUE)
Vh.y<—apply (y*ind ,2 ,var ,na.rm=TRUE)
Vh.y2pi_l<—apply(y~2*w,2,var ,na.rm=TRUE)
Vh.yzpi l1<—apply (y*zxw,2,var ,na.rm=TRUE)
Vh.delta<—apply (dd*ind ,2 , var ,na.rm=TRUE)
Covh.y2pi lyzpi l<—apply ((y"3xz)*w"2,2 mean,na.rm=ITRUE)—apply (y "~ 2xw,2,
mean , na.rm=IRUE) xapply (y*z+w,2 ;mean, na.rm=TRUE)
Covh.y2pi ldelta<—apply (y~2xdd*w,2 ,mean,na.rm=TRUE)—apply (y~2%w,2 ,mean
,na.rm=TRUE) xapply (dd*ind ,2 ,mean , na .rm=TRUE)
Covh.yzpi ldelta<—apply (y*zxdd+w,2 ;mean,na.rm=TRUE)—apply (y*z*w,2 , mean
,na.Tm=IRUE) xapply (dd*ind ,2 ,mean ,na .rm=TRUE)
I11=mean(dd"2xrhorho)
I12=mean (dd*ddxi*rhorho)
Sigmah<—1list () ;
for (h in 1:H){
Sigmah [[h]]<—
matrix (c(Vh.delta[h],Covh.yzpi_ldelta[h],Covh.y2pi_1delta[h],Covh.
yzpi_ldelta[h],Vh.yzpi 1[h],Covh.y2pi lyzpi 1[h],Covh.y2pi 1
delta[h],Covh.y2pi lyzpi 1[h],Vh.y2pi 1[h]) ,3,3)}
Sigma<—0 ;
for (i in (1:H)){
Sigma<—tauh [h]*Sigmah [[h]] *proph [h]+Sigma}
MA<—matrix(c(1,0,0,0,1/(theta~2+1),—xi/(theta”~2+1)),3,2)
Sigma<—1/ (sum(tauh=*proph) )=t (MA)%+%Sigma%+7MA
V<—Sigma[1,1]/(111"°2)+112%(Sigma[2,2]*I12—-2%Sigma[l,2])/I111"2
Vi<—Sigma l,1]/(I11"2)
VHI<—(sum (tauh+proph) ) «sum (tauh*proph+«Vh.ypi 1)
Vniais<—1/(sum(tauh=*proph))s*sum(tauh*proph*Vh.y)
return (list (Sigma=Sigma ,I111=I11,112=I112 ,VHT=VHT,V=V,V1=V1, Vniais=
Vniais))}
#5.4.1.
affiche<—function (x){puis<—floor (log(x)/log(10));
af<—paste("",signif (10" (—puis)=*x,4) ,"\\ 10~{",puis,"}");
if (puis>=0&puis <4){af<—paste("",signif(x,4) ,sep="")}
return (af)}
5.5. Simulation procedure.
simule<—function (N,m, nbreps) {
initialization
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theta.hat<—rep (0,nbreps);theta.tilde<—rep (0,nbreps);theta.ht<—rep (0,nbreps
);xi.hat<—rep (0,nbreps);xi.ht<—rep (0,nbreps);theta.breve<—rep (0,nbreps
);theta.bar<—rep (0,nbreps)

for (i in l:nbreps){
Yeg<—m$rloiy (N); #Y generation
Zg<—m$rloiz (Yg); #Z generation
pik<—m$Scheme$Pik (Zg); /#inclusion probabilities
Sg<—m$Scheme$S(Zg); #sample selection
s.zy<—sum ((ZgxYg/pik) [Sg]) #HT estimator of §\sum {k—=1}"N Y k Z k§

s.y2<—sum ((Yg~2/pik)[Sg]) HT estimator of $\sum_{k=1}"N Y_k~2§
s.z<—sum ((Zg/pik)[Sg]) HT estimator of $\sum_{k=1}"N Z_k$
s.y<—sum ((Yg/pik)[Sg]) MAT estimator of $\sum {k=1}"N Y _k$
s.1<—sum((1/pik)[Sg]) AT estimator of $N§

xi. ht[i]<—(s.zy)/(s.y2) festimator of $\xi$

ys<—Yg|Sg]| tvector of sample responses

#calculus of three different estimators of theta
theta.hat[i]<—optimize (f=sample.like ,interval=c(0,5) ,y=ys,m=m, xi=xi.ht[i])
$minimum
theta.bar[i]<—mean(ys)
theta.ht[i]<—s.y/s.1}
return (list (
cebon=sqrt (mean ((theta.ht—theta) ~2)/mean((theta.hat—theta)~2)),
xi.ht=xi.ht,
theta.hat=theta.hat,
theta.bar=theta.bar,
theta.ht=theta.ht,
m. hat=mean(theta.hat),
m. ht=mean (theta.ht) ,
m. bar=mean (theta.bar) ,
mse . hat=mean ((theta.hat—theta) ~2),
mse . ht=mean ((theta.ht—theta) ~2),
mse . bar=mean ((theta.bar—theta)~2)))}

#4#5.6 procedure that launches simulations and produces an output:
a tex code for a table containing the results of simulation

generetableau<—function (nbreps ,tauh ,proph ,N, Theta,Xi,Sigma, fic){
write ("\\begin{tabular}{|ccclclrlr|r|r|}",file=fic ,append=F)
write("\\hline", 6 file=fic ,append=T)
write ("$\\theta$& $\\x1i$& $\\sigma$
&
&Mean.
&M.S.E.
&$\\sqgrt {\\frac{\\rm{MSE} } {\\rm{MSE} (\\hat{\\theta}) }}$
&$\\frac{l}{n {\\gamma}}\\1lim {\\gamma\\to\\infty}n {\\gamma}\\V{.}$
\\\\\\hline" file=fic ,append=T)
for(k in 1:length (Theta)){
tau<—sum(prophx*tauh)
theta<—Theta|k]; xi<—Xi[k]; sigma<—Sigma|k];
m<—model . dep. strat (proph=proph ,tauh=tauh ,theta=theta , xi=xi , sigma=sigma)
sim=simule (N=N,m, nbreps=nbreps)
save (sim, file=paste ("sim_ " ,k,sep=""))
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cave<—cav (proph=c (.7,.3) ,tauh=c(1/70,2/15) ,theta=theta ,xi—xi ,sigma=sigma ,
nrep=60000)
save(cave , file=paste("cave " k,sep=""))
write (paste ("$" ,Theta[k],"$& $" ,Xi[k],"$& $",Sigma[k] ,"$
&$\\hat {\\theta}$
&$" ,affiche (sim$m. hat) ,"$
&S, affiche (sim$mse. hat) ,"$&$18S
&$m",affiche (cave$V/(Nxtau)) ,"$
\\\\"), file=fic ,append=T)
write (paste ("&&
&$\\tilde{\\theta}$
&$",affiche (sim$m.ht) ,"$
&$" ,affiche (sim$mse.ht) ,"$
&$"  affiche (sqrt (sim$mse.ht/sim$mse.hat)) ,"$
&$m, affiche (cave$VHT/ (Nxtau)) ,"$ \\\\") ,file=fic ,append=T)
write (paste ("& &
&$\\bar{\\theta}$
&$",affiche (sim$m. bar) ,"$
&$",affiche (sim$mse.bar) ,"$
&$m,affiche (sqrt (sim$mse.bar/sim$mse.hat)) ,"$
&$m, affiche (cave$Vniais/(Nxtau)),"$ \\\\\\hline"),file=fic ,append=T)}
write("\\end{tabular}",file=fic ,append=T)}
generetableau (nbreps=30,tauh=c(1/70,2/15) ,proph=c(.7,.3) ,N=1000,Theta=c
(1.5,1.5,1.5) ,Xi=c(2,2,2),Sigma=c(0.1,1,10) ,fic="graph7.tex")

5.7. Graphs for chapter 5

maxy=max (Gg$Yg) ;maxz=max(Gg$Zg); fic3="figessai"
prople—c(—0.1,-0.12,1.05,1.2) ;prop2<—c(—0.2,—0.3,1.05,1.2) ;
maxz3=1
N=500;theta<—1.5; xi<—2;y<—rnorm (N, mean=theta) ; proph<—c (.7 ,.3) ;tauh<—c (.01 ,.08)
graphics for chapter)

m<—model.dep . strat (proph,tauh ,xi,theta ,sigma=5)

Gg<—genere (m=m,N=N, y) ;maxy=.95+xmax (Gg$Yg) ; maxz—max (Gg$Zg)

plotgen ("figessai3" ,Gg,b, ker=ker ,m=m, propl,prop2, taillegraph ,demarc=NULL,
listcouleur=listcouleur ,listtaille=listtaille ,repy,repz ,maxy,maxz,maxz3,
quoigen=c (1))

m<—model.dep. strat (proph ,tauh,xi,theta,sigma=.1)

Gg<—genere (m=m,N=N,y) ;maxz—.85+max (Gg$Zg)

plotgen ("figessai" ,Gg,b, ker=ker ,m=m, propl,prop2, taillegraph ,demarc=NULL,
listcouleur=listcouleur ,listtaille=listtaille ,repy,repz ,maxy,maxz,1,
quoigen=c (1))

m<—model.dep. strat (proph,tauh,xi,theta,sigma=1)

Gg<—genere (m=m,N=N,y) ;maxz—.85*max (Gg$Zg)

plotgen ("figessai2" ,Gg,b, ker=ker ,m=m, propl,prop2, taillegraph ,demarc=NULL,
listcouleur=listcouleur ,listtaille=listtaille ,repy,repz ,maxy,maxz,maxz3,
quoigen=c (1))
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