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&��� ��� ���������� � �����
���� 
�� �
���
���� �����������

�� ������� �%���� ��� �����	�� � ��� ���!��� ���� ���� �� ���������� ��� 
������$

���� �� ���!��� ����������� 
� �� ��������� ��� ������ �
���
� ��� ��������

���������	 �
� �	 ������ ������	� -� ���� ������������ �� ������ �������


���� 
������ ���!���� ρa ���−3� 
� ���������� �
���
����� 
� �"�� ������ �� ���


�.������� ��� ��� ���%����� 
��
��������� ���� μa ���−1�� /��� �� ��� ������� 
��

�����	��� �� ����� (

μa = ρaσa �))�0�

#� ���� ������� �� ������ �����	�� �� ��� 
�.����� 
���������� x ���� ��� �� !�������

��������� 
���������� I0� ����� �� ������ ��� ��������� I ��!������� � I0 ��������� 
�



s

I0 I

I = I0 exp(−μax)

la =
1

μa

•

•
•
•



����� �����	
�� �
���
	� ������	����	� ��

200 400 600 800 1000 2000
10

−4

10
−2

10
0

10
2

10
4

λ (μm)

μ a (
cm

−1
)

H
2
O

HbO
2

Hb

������ ���� � �������� �	
������
�� ��� ��
��
�
�� 
��������� �	�� �
��� �
����
��� �� �
�� ��
��
����� �� �
 ������� ����
����
���� �
 ������ ����� ���������� �� ������� �	
������
�� �� ����� �

����� ����� �� �� �� �
 ��
�� ����� �� �2�� �
 ������� ����
����
��� ��� �
 �
��� ������
�� �����
��
����� ��� ���� �
���� ��
��
������ ��� ������� ������������ ���� 
����� �� �
�� ����������	
���


�����
	����

�������� ��� ��	 
�����	 ����
��
� �� �� ��
����� ���
�� �����	��� ���	 �������
� ��

�� ������� �������� ��
	� ��� ��	 ��
�����
	 ��
	 ��	������	 ���
���	� � ��� ��
���

�� ����� ���� ���	�
�� �
 ������ �� 
�����	 ��	����	 �� �����

������ ����	
��

�


�
� �������� �����	��
��� �
 ������	��
� ��	���� �� �������  �� ��
����� ���
��

���!�������
 λx ���� �� ���������  �
� ��
����� ���
�� �� �����	��
�� λf > λx� ��

�����		��
 �� ������� ��� �
 �
	����� �� ����������	 �	� �	������� �
� ����	������


�	� ���	�
���  �� "���� ���#�

$� ���
���
� 	��!������ 	�� �� ���
 ���
������ %���	 ��	������
 �� �������� ��

���������� 	� ������
� ��
	 �
 ���� �������
������
� �!����� ��
�������
� ������ 	�
&

����� '1� �����		��
 �� ������� �����	��
�� �����	��
�  �� ����!����
 �������
� ( �
��

���		��
 ���
 �����
 ( �� ����������� �� 	�
 ���� �!���� '1  	�
 ���� )�
����
���

'0�

�
 ���������� ���� *��� ���������	� ��� ����	 ���������	 + 	� 	�����
 �,���� ��

�����	��
�� σf -��2.� 	�
 ��
����
� ���
����� η -&. �� 	�
 ����	 �� 
�� τ -
	.�



�� ��� ������	 
��	
���	 �� 
�����
� �
�
���

����� ���� � �������� ���	�
���� 
��������
�� 
� �������� �
���� ����
�� ������� �� ����� ���

������ ���� �
���� 
� ������ �� ����
�� ���� !�

����	 λ(nm) μa 
��−1
 ������������

���	 ��� ���� �

���� ��� ����� �������	� �����	� �� �����

������	 ��� ���� �

���� ���  �� �!"���� #$%2

���� ��� ���� &���!"���� #$

������� ���	�� 
� ���
������� ���� ��������	
 �� ���
��� �������	� 
� ������

����� � �� ��	����� 
��	
� λx� ��� ��	�����	�� �� ������	 ������ 
� ��������	�� ���


��	�� ��� ���������	 ���� 
� ���������� �����
�	�� �	 �������	� ���� �	� ��	��	����

���	 �	 ���������� 
�		�� �� ���� �	� �	��	���� 
�� �������	 
�		��� ���� �� ������	

������ 
� ��������	�� ���� ���	
�� ���� �� 	�!��� 
� ����������� � ����� ���� ���	
�

���	���� ��	������ ���� 
����� �� ���� 
� �����	� �������� ��� 
� "��� ��	
�����

�	 �����	� 
� ��������	��� #��� Na �� 	�!��� 
� �����	� �������� � �� ��	�����


��	
� λx �� Nf �� 	�!��� 
� �����	� �!�� � �� ��	����� 
��	
� λf � $	 
��	�� ��

��	
�!�	� ���	����� ��� %

η =
Nf

Na

. &���'(

)��������� ���	����� ��� ���*���� �	+������� � , �� ��-� 
������� ����	 ��� !��������

��	��
������

�� ����� 
� ��� 
� ���
������� )� ��!�� 
� 
�� 
� ��������	�� ��������	


�� ��!�� !�.�	 ��� ��� !�������� 
�!����	� 
�	� ������ � ����� /�	��
���	� �	�

��
�� ��	��	�	� �	 	�!��� �!�����	� 
� ������������ ��� ���	 ����!�	� ��� �	 �����


� ��!�-�� &!����!������!�	� �����	� �	� +�	����	 
� 0����(� #��� N0 �� 	�!���


� �����	� � ����� � ���	���	� �	������ $	 �����
� �	� 
��������	�� 
� 	�!��� 
�

����������� � ����� N(t) ���
�	� �� ��� &)�1�2��3� 4556� �������� 4� 78�,�,( %

N(t) = N0 exp

(
− t

τ

)
&���9(

)�� ��!�� 
� 
�� 
�� ����������� ��	� 
� ����
�� 
� �� 	�	�����	
�� ���� �� �������

��!���� �	��� , �� ,5 	��



����� �����	
�� �
���
	� ������	����	� ��

dV
λx

λf

λx

������ ���� � ����������	
 �� �� ��
���� �� ��	�����
�� �
��� � �� �	
����� ��	
�� λf ��� �

�
��
��� �� ��	�	��	��� �	
��
�� ��
� �
 �	��
� dV � ����� ��������	
 � �� �	
����� ��	
�� λx

������ ����	�
�

�� �������	 
�� �	 �
�	���	
 ��� �����
��
 ��������	 �������� �����
 �
� ��������
�

��	� �
� ���������� �����
	� �
 �
��
 �� �������� ������
��� �� �������	 �
 ��	��
��


��� �
 �
�	�
�
	� �
 ���
����	 �
 ���	�
 �	���
	�
 �� 	��
�� ���	 �����
�� ����
 �


��	��
 �� ����
 �����

�������� �	
 ��� �	
��
��� ������ �
 ��	���
 �	�����
 � �����������	 �	 
!����


�
 ������� �
 �������	 ���	 �����
�� ��
�����
 ����� ��� σs "��2# �� �
����	 
$���


�
 �������	� %
��
 ���	�
�� �
����
	�
 �
 ������� 
	��
 ���	�
	���� I0 "&���−2# ���	


�	�
 ���	
 
� ��	��
��������
 �	���
	�
 
� �� ������	�
 Pd "&# ������
 ���� ��

���	 ���	���
	�
 '

σs(ŝ) =
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P V = A r

ŝ

dP = dL(r, ŝ, t) dA

dP dV ŝ



����� �����	
� �
 
� �	���	�� ��

����� ���� � �������� ���	�
���� 
� 

���
�� ��
�
�� 
� �������� �
���� ����
�� ������� 	� �	���
��� 
������ ���� �
���� 
� ������ �� ����
�� ����� �

�	��� λ(nm) μ′
s ���−1� ����
���	�
�

�
�� ��� ���� �

�
	� ��� ��� �
���	 �
 ����
�
 
� �
���

�
��
�� !�" ��� �

���# !!� !�$$ �%&#��� '()�

���# !!� ��"� ����%&#��� '(

�� �������� ��	 
����
���	 
��	����	 
�	 �� ��� ���	 �� �� 
��
������� �� �� ��
�����

���	������	 ���� ������� ��	 
����	 �� 
��		���� ��� 	��� �� ���� �����	 �

�� ��	��
���� �� ��
���� ��������� 	���� ŝ� ���� 	���
��
� 
�� �� ������ �� ���!"

����� ����	��
���� 
�� � μa(r)L(r, ŝ, t)�V �

#� $�%�	��� �� ��
���� ��������� 	���� ŝ� ���� 	���
��
� 
�� �� ������ �� ���!�����

�� ��%�	��� 
�� � μs(r)L(r, ŝ, t)�V �

$��������	 & 
��	��� ��	 ����	 �� 
��		����' �����
��� �� ���� �����	�

�� $�%�	��� 	���� ŝ �� ��
���� ��������� 	���� ��	 �����	 ���������	 �� ���	
��� �

μs(r)
∫

4π
p(ŝ, ŝ′)L(r, ŝ′, t) dŝ′�V

#� (�����	 �� ��
���� 
��	����	 ���	 �� )���
� �V � S(r, ŝ, t)�V �* S �	� �� ��	���"

������ 	
������ �� ��������� ��	 	�����	 �� 
�����	' ��
��
�� �� +�
−3�	�−1

,�����)��	 �� )�������� ���
������� �� ��
������ �L(r, ŝ, t) �� �������� ��	 )����"

����	 ���
�������	 ���	
��� �r �� �� ��

	 �t = 1/ν�r' �* ν -
�	−1.' ��

����	"��'

��
��	���� �� )���		� �� 
��
������� �� �� ��
���� ���	 �� 
������ /� � �

�L(r, ŝ, t) =
∂L(r, ŝ, t)

∂t
�t + ∇L(r, ŝ, t) · ŝ�r -00��1.

�L(r, ŝ, t)�A =
1

ν

∂L(r, ŝ, t)

∂t
�V + ∇L(r, ŝ, t) · ŝ�V -00��2.

�� ����)��� �� )�������� �� 
��		���� ���	 dV ��

� �� ��%������ ����� ��	 ����	 ��

��	 
����	 �� 
��		����' �� ������� & ���������� �� ����	���� �������� 	��)���� �

1

ν

∂L(r, ŝ, t)

∂t
+ ∇L(r, ŝ, t) · ŝ = −[μa(r) + μs(r)]L(r, ŝ, t)

+ μs(r)

∫
4π

p(ŝ, ŝ′)L(r, ŝ′, t) dŝ′ + S(r, ŝ, t) -00��3.
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�
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p(ŝ · ŝ′) =
N∑

l=0

glPl(ŝ · ŝ′)

=
N∑

l=0

l∑
m=−l

glY
∗
l,m(ŝ′)Yl,m(ŝ) "))�&6$

L(r, ŝ, t) =
N∑

l=0

l∑
m=−l

φl,m(r, t)Yl,m(ŝ) "))�&'$

S(r, ŝ, t) =
N∑

l=0

l∑
m=−l

sl,m(r, t)Yl,m(ŝ) "))�./$
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� �	���	�� ��

�� ��� Pl ���� ��� ���	�
��� �� 
�������� � ������� l �� ��� Yl,m ��� �����������
�����������

�� ������������ ��� ��������� �������� ����� � ���������� ������ ��������� � �������
l = N ���� ���������� �� ����� ��� ������� �������� ����! �� �� ��������� "��������
���������� ��������#��� ��� ����������� ����������� �� �#����� � �� �	��$�� ��
(N + 1)2 ��������� "�������� %��� �� ���� ������ ������� "��"������ "�� "��"���� ��
��"���� ������ "�������� �� ��$�� �� &��� '�(()� " � �������* +, ����� ��� ������"��
��+������ '�(((� " � ��#��"� -��,�

.����� ��� �� ����"����� �� �� ��"����������� �� ����������� ���������� ��/����
� ������� �� "������ ��/��� �� ���������� ���� �� ��������"� ��������� ��� ���������
p� L �� S� 0�� ������������ ���  ������ �� ���������� ���/��� ���� �� "�� N = 1�

������ �����	
��

�� �1


������*������� %1 "������� � �*������ �� �������"� L �� �� ����$�� ��1��� ��  ��"2
���� �� ��� ���* �������� ������� 3

L(r, ŝ, t) =
1

4π
φ(r, t) +

3

4π
J(r, t) · ŝ '�����,

�� 3

φ(r, t) =

∫
4π

L(r, ŝ, t) dΩ 4 J(r, t) =

∫
4π

L(r, ŝ, t)ŝ dΩ '�����,

φ '5�"�−2, ��� �� 6���"� ��1���� �� ������� �� ������� ��1���� '������ ���� ��
	
���� ���
��� �� �������,� J '5��−2, ��� �� 6�* �� ������� ��1����� 0�� ������������
�� �� ��������"� ��������� �� �� �������"� ��� ������ � �� 7���� ���(�

8� �� �9��  �:��� �� ��/������ �� ����� ����"� ���� ��  ���� 3

S(r, ŝ, t) =
1

4π
S0(r, t) +

3

4π
S1(r, t) · ŝ, '����-,

�� S0 '5��−3, �� S1 '5��−3, ���� ��� ���* �������� ������� �� �� ����"��

;� ���� ����� ���������� �� ���	�� ����������� ��������� �� "���� �������*�������
%�� 
� �����$�� �������� �� "� "����� ���  �"������� �#����� �� ��������� ��<=> ����!
��� ���� ��� ������ ������� ���#���/������ �� /���� 3

∇J(r, t) +

[
1

ν

∂

∂t
+ μa(r)

]
φ(r, t). = S0(r, t) '����?,

.����� ��� "���� �������� ��� ��$� ��������� ���� ��� /���7�� ���� �� "���� �� ��<=>
������� ���	����$��  ���� ��� �� �������"� � ���������� ����� �������/���� ��� ���� ���
�#��������

���� Pl ���� ��� 	
��

� �� ��
������ �� ����� l� ���� ��������
�� ��� [−1, 1]�
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������ ���� � ���������	�
�� 	��
�	
�� �� �	 �
�
�	��� L(r, r̂, t)� ��
� ŝ �	�
	�� �� � � 2π� �	��
�� �	��� �� ��	�����
�	�
�� �1� �	 ���������	�
�� 	 �
�
 �	�� 
� ��	� ������	�� J � ��
� ||J || �	�
	��
�� � � φ�

��� ������� ��	
������ 
��		���	 � �� �����
� �������� 
� ������� ���� 
���� ����

����� �� ���� 
��� �� �	�
��	 ��
�� ���������	 
��� ����� ������ ��� �	������ 
�
�� ��
������ 
����� �������� ���!�� ������� �������� �������� � 
��������	 ��� 
�� 

�
�	�� ��	 ŝ� ���� � ����"	�	 ��	 ���� ��� ��"��� ����
��� #� ��	���� ��
�	� 
� ��
�
���$������� ���� ����	�%�	�� ��������� ��� � �	������� 
������ � �� ����� ���&� '�	(�
�������� �� ������� � )

1

3
∇φ(r, t) +

[
1

ν

∂

∂t
+ μa(r) + μ′

s(r)

]
J(r, t) = S1(r, t) *���!+,

'$� 
� 
���	� �� ���
���� 
�� ��
���$������� ��� ��	��� ���� ��	 �� ������ �� 	���	��
���������� �	���
���� ���� �� ��	
� )

∇φ(r, t) +

[
3

ν

∂

∂t
+

1

D(r)

]
J(r, t) = 3S1(r, t), *���!-,

�. �� ��������� 
� 
�/����� 0 *�� �
, ��� 
����� ��	 )

D(r) =
1

3[μa(r) + μ′
s(r)]

. *���!�,
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 �

����

∫
4π

dΩ = 4π�∫
4π

ŝ dΩ = ��∫
4π

(a · ŝ) dΩ = 0�∫
4π

(a · ŝ) · ŝ dΩ = 4π
3

a� �∫
4π

p(ŝ · ŝ′)ŝ · ŝ′ dΩ = g� �∫
4π

p(ŝ · ŝ′)ŝ dΩ = gŝ′�

�
��������� ��	 
���
��������
 ���� ������
 � (a · ŝ)ŝ �= a(ŝ · ŝ) = a

�
��� ��������� �� g� ���� �������� �����

������ ����	
�� 
� 	���������

������	
�� 
� 	��������� ��	 ��	���� �� 
��������	 ��� 
��� ����	
��� 
� ��������
�

��	
�� �1� ��		� �����	
�� ����
�	� 
��� �� ����
�� 	���� � ����
�� �� 

��������


� ������	
�� ���� �!� 
� "�
�� ������#	�� �� 	���� ∇J(r, t)� �� ����
��	 ����
	� 
�

����	
	��� �� 	���� 
��� ������	
�� 
��� ������	
�� ����$� %� �&��	���	 ���

	� ��������

�� ����	
	 � '

− D(r)∇2φ(r, t) +
3D(r)

ν2

∂2

∂t2
φ(r, t) + μa(r)φ(r, t) +

1

ν
[1 + 3μa(r)D(r)]

∂

∂t
φ(r, t)

=

[
3D(r)

ν

∂

∂t
+ 1

]
S0(r, t) − 3D(r)∇S1(r, t) − ∇D(r)

D(r)
J(r, t) (����)*

�� "��	 ��	�� ���� �� �	�
�� ��������
��	
�� �1 �	 ������	
�� 
� 	��������� ���	 ���
�

�����	��� ��		� "������	
�� ��	 �� ���
+�� ���	�
��� ������
��	
��� ��
 �����	 �&���

	���� 
��� �� ���	
�� �����,� ���� ����� �� ��� ���� ��
�� �� ���	 �������� ��� �������


� ���
+�� 
��	����� �	 �� �
�
�� �����+��� %� 
�-��	��	 ∇D(r) = � 
��� �������

	
�� ����.� �� � ���������
�� �
���
!�� ��
���	� '

− D∇2φ(r, t) +
3D

ν2

∂2

∂t2
φ(r, t) +

1

ν
[1 + 3μaD]

∂

∂t
φ(r, t) + μaφ(r, t)

=

[
3D(r)

ν

∂

∂t
+ 1

]
S0(r, t) − 3D(r)∇S1(r, t) (����.*

/�� ����	
��� ����0	
���� 
� ��		� 
���
+�� ����	
�� ���	 

����
���� ���� 
�� ����

��	�
�� �
������ ��	�����	 �� �
�
�� 
�!�
 (/��
�� �	 1�
�
�2� 3..4*�
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��
 ���%��� ��
 �� �����
 �
 ��	���
 
�
 ���
���
 ���
 &

S1(r, t) = o. �''�()�

*� $� ������
 �
 ���� ��
 �
 +�� ����
 �
�

	
�
 �� ����� �� 

	�� ���
 &

∂

∂t
J(r, t) = o. �''�(#�

,� ��!
�
��
 �
� �
�� "���
���� ���� ��"���
��� ''�*- �
 �
�

�� +�� J ��
����	
 ���
��
 ��	��
 ��� �
 .��/ &

J(r, t) = −D(r)∇φ(r, t). �''�(*�

.����
	
�
 
� �
������
 �



 ��� �
 .��/ ���� �
	����
� J ���� ��"���
��� ''�*0 ��
�����
 1 ��2���
��� �
 �������� �
 �� ��	���
 �2��� ��� ��"����
 &

−∇D(r)∇φ(r, t) +
1

ν

∂

∂t
φ(r, t) + μa(r)φ(r, t) = S0(r, t). �''�((�
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 ������
" 1 ������
������
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#� �
 	���
� 
�
 %
������ ���� �������
 ����%���%��
 ���
 μa � μ′
s� �
� "
��
�

��	����
��
� 
�
�
 ��265 
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�" ��
 ������
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�
 μa 


μ′

s "
��
 ���"��
�� 1 1/100 �
� �
�� �������
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��
�
 "������
�

� 	7	
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�
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/*00%� ����  ∫
ŝ·n̂<0

L(r, ŝ, t)ŝ · n̂ dΩ = 0 !""�#1%
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φPC(r, t) = 2D∇φPC(r, t) · n̂(r), ∀r ∈ S !""�#4%
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ŝ·n̂<0

L(r, ŝ, t)ŝ · n̂ dΩ =

∫
ŝ·n̂>0

R(ŝ · n̂)L(r, ŝ, t)ŝ · n̂ dΩ !""�#0%
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�������	

�� �������� �� ���	� 
���� �� ������� !"#$ ���� ������� %�# �� #�&�� '� ��	�����	

��� ������ ��� �� ��	���
 �� �(���	� �)�		��� * �	� �����	�� de �� �)�	������� S 

(��� �� ������ ��+���	�� ����� ������� ��� 	��
� Se� ,��� �� ��	�����	 -

φE(r, t) = 0, ∀r ∈ (Se). 
..�/"�

'� �����	�� ��������
� de 
��� ��� ��		
� ��� �� ������� �����	�� -

de = 2AD, 
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��� �)�	 �� ����� ��5�����	� ���	 ��� �	�������� 
3�������	 	� ��� !"6"�� ,��� ��

��	�����	 ��� -

φZ(r, t) = 0, ∀r ∈ S 
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3�������� 
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i iEi Ei Ei

S S S

S

ri

S0(r, ŝ, t) = Ei δ(r − ri)δ(ŝ − î)δ(t)

l

S0(r, t) = Ei δ(r − ri − lî)δ(t)

l l′s

l = 1.5 l′s l = l′s
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fibre
optique

Ωd

d

caméra

Ωd
Ad

Ad

S0(r, t) = Ei μt exp(−μt ri · ẑ)δ(t)

μt = μa + μ′
s
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��	�� ��� �� �������	�� �� ������� �� ����	�	� ������� �� d ' �����	��	 t

���
��	 ���
 (

MQ(d, t) =

∫
Ad

∫
Ωd

TF (ŝ · n̂)L(r, ŝ, t)ŝ · n̂ dŝ dr, #���%)&

�* TF (ŝ · n̂) ��	 �� 
��+
���	 �� 	����������� �� ,�������

-� ����	�	���	 ���� ��� �������� ���
����	� ��� �������� �� �� �������
� ���� ��


���� �� ��./ #
�� ����	��� ���0�&
 �� ��	���	 (

MQ(d, t) =
1

4π

∫
Ad

∫
Ωd

T (ŝ · n̂) [φ(r, t) − 3D∇φ(r, t) · ŝ] ŝ · n̂ dŝ dr #���%1&

2���������� ���3��	��� ��� �� �����	� �� ���	��� ��	 �������� �� ��3��� �� ������ ��
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	���� 4��	 ( φ(r, t) = cte, ∀r ∈ Ad� �� �����	 ����� �5��	���� ����������� ����

��� ��� ������ �� ��	�
	��� ���	 ������� �� ��	���	 ����� ��� ��������

MQ(d, t) =
Ad

4π

∫
Ω∈Ωd

T (ŝ · n̂) [φ(r, t) − 3D∇φ(r, t) · ŝ] ŝ · n̂ dΩ #���%6&

��� ���	 7	�� �����	� ���� �� ����� (

MQ(d, t) =
1

4π
Ad [Ωφ φ(d, t) − 3DΩF∇φ(d, t) · n̂] . #���%8&

�* Ωφ �	 ΩF ���	 ��� ������ ������� �� �����	� �	 �� 9� 
 �����
	�3����	
 ������ ���

��� �������� ���3��	�� (

Ωφ = 2π

∫ θm

0

TF (cos θ) cos θ sin θ dθ �	 ( ΩF = 2π

∫ θm

0

TF (cos θ) cos2 θ sin θ dθ.

#���%$&

�* θm ��	 �� ����:����� �� �����	 ������� ������ �� ��	�
	��� Ωd�
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��� ())*�� �
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‖y‖ ≤ ‖W ‖‖x†‖ �����+�
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�����
��	� �� �����
� % �

‖δx†‖
‖x†‖ ≤ κ(W )
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�
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0�� �� W � ����� σmax� ����
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����
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�
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#������
�� ����. ���	 ���	�
��� 	�� �� ��������
�� ��	 ������	 ���	 �� ������ �� ��
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� κ(W ) ����� �� 
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��� ��	���	
� ΣR ∈ MR,R(R)�

R = min{M, N} ��

�� ���

W = UΣV T , �� � Σ =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
(ΣR 0) �� M ≤ N

(
ΣR

0

)
�� M ≥ N

�������
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���������� ΣR = diag(σ1, σ2, . . . , σR) �� 
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��� ����

	���
��� ������� ��	
������� �� W �  
	����������� 
�� �	
��
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��	
�� α ���	 "	��


�	�����	� ����� ��
������ �� ���$�� ��
	���	
��� � α = 1/N � /� �0�	� �
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Φ(x) = ‖y − Wx‖2
2 + α‖x‖2

2, (+++�5:)
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Φ(x) = (y − Wx)T (y − Wx) + α xT x ������� 
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∂Φ(x)

∂x
= −2W T y + 2W T Wx + 2α x ������& 

'����� xα# �� ������	 ���	 ������ �� �������� Φ ��� 
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xα = (W T W + α I)−1W T y ������) 
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Photon density and photon flux are widely used to model the measurable quantity in diffuse optical tomogra-
phy problems. However, it is not these two quantities that are actually measured, but rather the radiance ac-
cepted by the detection system. We provide a theoretical analysis of the model deviations related to the choice
of the measurable quantity—either photon density or flux. By using the diffusion approximation to the radia-
tive transfer equation and its solution with extrapolated boundary conditions, an exact analytical expression of
the measurable quantity has been obtained. This expression has been employed as a reference to assess model
deviation when considering the photon density or the photon flux as the measurable quantity. For the case of
semi-infinite geometry and for both continuous wave and time domains, we show that the photon density ap-
proximates the measurable quantity better than the photon flux. We also demonstrate that the validity of this
approximation strongly depends on the optical parameters. © 2008 Optical Society of America

OCIS codes: 170.0170, 170.3660, 170.6920, 170.7050, 170.6960.

1. INTRODUCTION
The diffusion equation (DE) is known to model to good ap-
proximation the photon migration processes in biological
tissue. Solutions of the DE have been used extensively for
the optical characterization of turbid media, in diffuse op-
tical tomography (DOT) [1,2] and fluorescence diffuse op-
tical tomography (FDOT) [3,4]. Although one requires ex-
pressing the experimentally measurable quantity (MQ),
the solutions of the DE are given in terms of photon den-
sities. A question of interest, already addressed by differ-
ent authors, is to determine the relation between the pho-
ton density and the MQ. The two main approaches are (1)
the MQ is proportional to the photon density [1,3] and (2)
the MQ is proportional to the derivative of the photon
density normal to the boundary, namely, the photon flux
[5,6].

Lui et al. [7] suggested that the two approaches are
equivalent since the photon density and flux are propor-
tional. This assertion is valid when regarding solutions of
the DE obtained with the partial current boundary condi-
tion as shown by Martelli et al. [8]. However, the alterna-
tive extrapolated boundary condition (EBC) is often ap-
plied, since it leads to the derivation of analytical
solutions of the DE [6]. These EBC solutions are widely
employed and appreciated because of the short computa-
tion time they require. In that case, there is no a priori
proportionality between photon density and photon flux,
and both terms must be taken into account.

Kienle and Patterson [9] first reported improvement in
the determination of optical properties when density and
flux terms are both considered. The same hybrid expres-
sion has been used in the steady-state bioluminescence
problem by Comsa et al. [10]. Xu et al. [11] reported en-
hanced description of continuous wave (CW) light distri-
bution with a distinct expression involving density and
flux. Finally, Laidevant et al. [12] derived a hybrid expres-
sion for the time-resolved (TR) light distribution. How-
ever, the vast majority of authors consider either only
photon density or only photon flux. Indeed, it is also
claimed that there is no difference in taking one or the
other or both terms. For instance, Haskell et al. [13] re-
ported little difference in the simulated MQ when neglect-
ing the density term.

Since deviations between model and measurements can
dramatically affect ill-posed DOT and FDOT problems,
we propose an evaluation of model deviation due to the
choice of MQ. Our evaluation is carried out by comparing
the EBC photon density and the EBC photon flux at a sur-
face to a reference MQ. Tomographic schemes consist of
reconstructing quantities (absorption, diffusion, fluores-
cence yield) from surface excitations and measurements.
Whatever the quantity to be reconstructed, that implies
in practice the calculation of the MQ of light for any posi-
tion of excitation within the medium. Consequently, the
evaluation has been done simultaneously on a wide set of
source positions within the medium.
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Finally, we restrict the study to a semi-infinite geom-
etry, allowing the simplest description of a bounded me-
dium. However, a more complex geometry such as a slab
or a parallelepiped can be seen as the combination of
semi-infinite media. Such an expansion can be performed
by means of the method of images [14]. Therefore, the de-
viation trends observed in the semi-infinite geometry
could be reasonably extrapolated to those in the slab or
parallelepiped geometry.

In Section 2, we present the classical analytical expres-
sions of photon density and photon flux used to model
MQ. We also detail our reference MQ based on the diffu-
sion approximation and solution of the DE obtained with
EBC. We propose to address both the CW and the TR
case. Since the CW case can be derived from the TR case
by integration over all time, the problem is put into equa-
tions in the more general time domain.

In Section 3, we evaluate the deviation due to the mod-
eling of the MQ by photon density and photon flux. We
emphasize here the necessity to compare the MQ models
for a large variety of source positions. Comparisons based
only on the temporal shapes of the MQ underestimate the
deviation due to neglecting the influence of varying
source–detector separation. The evaluation is done in the
CW domain and in the TR domain. We see that CW de-
viations differ from TR deviations in some situations. Fi-
nally, the evaluation is done for several combinations of
optical parameters and for several numerical apertures
(NA) of the detection system. We observe a strong depen-
dence on some optical parameters.

2. THEORY
In this study, we consider a homogeneous semi-infinite
medium of absorption coefficient �a �cm−1�, diffusion con-
stant D=1/3�s� (cm) as recommended in [15], and refrac-
tive index n. As depicted in Fig. 1, this medium is sur-
rounded by a nonabsorbing and nondiffusing medium of
refractive index n0.

A. Photon Density with Extrapolated Boundary
Conditions
The photon density � �photon number/cm2/ns� in a dif-
fusing medium is defined as the integration of the radi-
ance L �photon number/cm2/ns/sr� over all solid angles
[16]:

��r,t� � �
4�

L�ŝ,r,t�dŝ. �1�

In diffusing media, analytical expressions of EBC photon
densities have been well established for simple geom-
etries [6]. In our semi-infinite problem, the photon density
� at position r=�û�+zûz and time t (ns) due to the injec-
tion of a light pulse at position rs=�sû�+zsûz and time t
=0 is given by

��r,rs,t� =
�

�4��Dt�3/2 exp�− �a�t −
��2

4�Dt�
��exp�−

�z2

4�Dt�
− exp�−

�z + 2de + zs�2

4�Dt �	 , �2�

where � �cm/ns� is the speed of light in the medium, ��
=�−�s (cm) and �z=z−zs (cm) represents the radial and
normal source–detector separation. The distance de (cm)
is the distance of extrapolation away from the physical in-
terface and where the photon density vanishes. The dis-
tance of extrapolation is calculated according to [13] and
[17], taking into account the index mismatch between the
diffusing and the nondiffusing medium (see [18] for fur-
ther discussion of that distance).

B. Photon Flux with Extrapolated Boundary Conditions
The photon flux F �photon number/cm3/ns� in the direc-
tion n̂ is defined from the photon density. Several expres-
sions, differing only in a multiplicative factor, have been
used [6,9]. Let us keep the simple definition

F�r,t� � ���r,t� · n̂. �3�

The photon flux normal to the boundary is easily given by
deriving Eq. (2) along ûz. The classical expression is then
obtained:

F�r,rs,t� =
1

2Dt�4��Dt�3/2 exp�− �a�t −
��2

4�Dt�
�
�z + 2de + zs�exp�−

�z + 2de + zs�2

4�Dt 	
− �z exp�−

�z2

4�Dt�� . �4�

It can be seen from Eq. (2) and Eq. (4), that photon den-
sity and photon flux are not proportional. Indeed, the ra-
tio between these two quantities is not a constant and de-
pends notably on the time and on the normal source–
detector separation.

C. Measurable Quantity
The MQ at the surface position r=�û� has been rigorously
defined by Haskell et al. [13]. It is stated that surface MQ
is proportional to the radiance L transmitted from the dif-
fuse medium to the detection system and integrated over
the angles accepted by the detection system:

Fig. 1. Position of the problem and notations. The lower semi-
infinite medium is absorbing and scattering. The position of the
source S expressed in cylindrical coordinates is ��s ,zs�, the posi-
tion of the detector D is �� ,z�. The relative position between S
and D is represented by �z and ��.
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MQ�r,rs,t� 	�

det

TF�ŝ�L�r,rs, ŝ,t�ŝ · n̂�r�dŝ, �5�

where 
det is the solid angle corresponding to the NA of
detection, ŝ is a unit vector indicating the direction of ra-
diance, and n̂ is a unit vector indicating the direction of
detection. We consider normal detection, leading to n̂=
−ẑ. All these parameters are represented in Fig. 2. TF is
the Fresnel transmission coefficient for unpolarized light
given by

TF��� = 1 −
1

2�n cos �� − n0 cos �

n cos �� + n0 cos �
�2

−
1

2�n cos � − n0 cos ��

n cos � + n0 cos ��
�2

, �6�

where � is the angle of incidence from within the medium
and �� is the refracted angle outside the medium (see Fig.
2) satisfying the Snell–Descartes law n0 sin ��=n sin �
[13].

To go further, the radiance L can be expanded in terms
of � according to the diffusion approximation [16]:

L�r,rs, ŝ,t� =
1

4�
��r,rs,t� −

3D

4�
���r,rs,t� · ŝ. �7�

Substituting Eq. (7) in Eq. (5) and after some algebra (see
[16] and [19] for details on the derivation) we derive the
general form

MQ�r,rs,t� 	 ��r,rs,t� + 3DCF�r,rs,t�. �8�

The general Eq. (8) describes the MQ as the weighted
sum of a density term and a flux term. The weight coeffi-
cients C give the relative amount of photon density and
flux that have to be considered. This coefficient depends
only on refractive indices n and n0 and on the NA of the
detection system, since they are analytically given by

C =

�
0

�m

TF����sin ���1 − n0
2/n2 sin2 ���d��

�
0

�m

TF����sin ���1 − n0
2/n2 sin2 ���1/2d��

, �9�

where �m=arcsin (NA) represents the angle of maximal
acceptance of the detection system. Note that the integra-

tion is performed on refracted angles corresponding to
photons leaving the medium.

Values of the weight coefficient C for different NAs and
refractive indices are gathered in Table 1. Equation (8)
generalizes for any numerical aperture and refractive in-
dex the hybrid expressions proposed by different authors.
The expression of Kienle and Patterson [9] and similar ex-
pressions are identical to Eq. (8) under conditions of large
NA. The expression proposed by Laidevant et al. [12] and
similar expressions can be retrieved considering a low
NA, for which C tends to 1.

3. MODEL DEVIATIONS
A. Continuous Wave Domain
In the CW domain, we propose to evaluate the following
deviations:

�d,CW�r,rs� =
� 
��r,rs,t�dt −�MQ�r,rs,t�dt

�MQ�r,rs,t�dt

,

�10a�

�f,CW�r,rs� =
� �F�r,rs,t�dt −�MQ�r,rs,t�dt

�MQ�r,rs,t�dt

.

�10b�

The model deviation due to the use of the photon density
as the MQ is given by Eq. (10a). The model deviation due
to the use of photon flux as the MQ is given by Eq. (10b).
The two quantities �d,CW and �f,CW can be analytically de-
termined by integration of Eq. (2) and Eq. (4) and use of
Eq. (8). Analytical expression of the integrals of Eq. (2)
and Eq. (4) can be found in [6]. CW deviations depend on
the depth of the source �z=−zs and on the radial source–
detector separation ��. The coefficients of proportionality

 and � are calibrated such that CW deviations are null
for large source–detector separations. For such long dis-
tances of propagation, the photon density and the photon
flux are proportional. This assertion is proved in Appen-
dix A.

An illustration of CW deviations is given on Fig. 3. To
investigate tomographic conditions, we represent devia-
tions for 143 different source–detector relative positions.

Table 1. Indicating Values of Coupling Coefficients
for Different NA and Refractive Indices na

n

NA 1.33 1.4 1.5 1.54

0.2 0.994 0.995 0.996 0.996
0.5 0.963 0.967 0.971 0.973
0.7 0.925 0.933 0.942 0.945
0.9 0.865 0.879 0.895 0.901

aHere n0 is set to 1.

Fig. 2. Determination of the MQ. ŝ · n̂=cos �. � and �� are re-
lated through the Snell–Descartes law. The radiance is inte-
grated over all refracted angles within the acceptance of the de-
tection system. All �� smaller than �m must be considered.
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The smallest zs investigated was chosen equal to 1/�s�.
This choice is based on external laser beam excitations, as
this type of excitation is commonly modeled by a source of
light positioned at depth 1/�s� below the surface [5]. We
investigate zs up to 5 cm and �� up to 4 cm. These dimen-
sions are large enough for DOT and FDOT problems.

It can be seen that for both photon density and flux, the
shallower the source is, the larger the deviations are. In
particular, the photon density and the photon flux due to
a surface excitation differ significantly from the MQ.
These deviations will be of particular consequence with
DOT and FDOT problems for which the quantity to be re-
constructed (absorption, diffusion, or fluorescence yield) is
close to the surface. Interestingly, it can be noted that
choosing photon density as the MQ leads to lower devia-
tions than choosing photon flux. We calculated the same
deviation pictures as in Fig. 3 for several �a
� �0.02,0.2
 cm−1, for several �s�� �2,20
 cm−1, for several
n� �1.33,1.54
 (from water to epoxy resin), and for sev-
eral NA� �0.2,0.9
. These sets of parameters cover most
of the situations encountered in DOT and FDOT prob-
lems.

The same trends in deviations with increased or re-
duced amplitudes were observed for all these configura-
tions. Some interesting results for zs=1/�s� cm are re-
ported in Table 2. We observed that the deviations were
mainly amplified by the parameter �s�. A low-diffusing
medium leads to large deviations. Deviations are accentu-

ated by high values of n, especially when the photon flux
is assumed to describe the MQ. Finally, deviations are af-
fected to a lower extent by the parameters �a and NA.

B. Time Domain
In the time domain, we introduce the following devia-
tions:

�d,TR�r,rs,t� =

��r,rs,t� − MQ�r,rs,t�

MQ�r,rs,t�
, �11a�

�f,TR�r,rs,t� =
�F�r,rs,t� − MQ�r,rs,t�

MQ�r,rs,t�
. �11b�

In the same way, the model deviations due to the use of
photon density as a model of the MQ is given by Eq. (11a).
The model deviation due to the use of flux as a model of
the MQ is given by Eq. (11b). The two quantities �d,TR and
�f,TR can be easily derived using Eq. (2), Eq. (4), and Eq.
(8). TR deviations depend also on the depth of the source
�z=−zs and on the time t but, contrary to the CW case,
not on the radial source–detector separation ��.

An illustration of TR deviations is given in Fig. 4. We
chose the same relative source–detector positions as in
the CW domain (see subsection 3.A). The coefficients of
proportionality 
 and � calibrated for the CW study were
also used in the time domain. For both photon density

Table 2. CW Deviations at zs=1/�s� cm for
�a=0.05 cm−1 and NA=0.7

�d,CW (%) �f,CW (%)
�s� �cm�−1 n Min Max Min Max

2 1.33 −18.9 14.1 −21.9 29.4
5 1.33 1.2 9.0 −17.0 −2.0

20 1.33 0.5 5.5 −9.5 −0.8
2 1.54 −23.3 18.9 −38.8 47.9
5 1.54 −2.4 12.0 −29.7 5.9

20 1.54 2.2 7.5 −20.3 −0.8

Table 3. TR Deviations at �s�=5 cm−1, �a=0.05 cm−1,
and NA=0.7

�d,TR (%) �f,TR (%)

t (ns) n Min Max Min Max

0.1 1.33 −70.0 11.9 −20.4 105.6
0.1 1.4 −64.9 14.0 −27.6 127.5
0.1 1.54 −61.5 16.1 −40.0 173.1
1.0 1.33 −1.2 2.9 −5.0 2.0
1.0 1.4 −1.9 3.7 −7.3 3.8
1.0 1.54 −4.2 5.5 −13.9 10.5

Fig. 4. (Color online) TR deviations in tomographic conditions.
MQ is approximated by the photon density (left) and by the pho-
ton flux (right). zs varies from 1/�s�, to 5 cm. TR deviations do not
depend on ��. Here �a=0.05 cm−1, �s�=5 cm−1, n=1.54, and NA
=0.7. The earlier the time, the larger the deviations.

Fig. 3. (Color online) CW deviations in tomographic conditions.
MQ is approximated by the photon density (left) and by the pho-
ton flux (right). zs varies from 1/�s� to 5 cm and �� from 0 to 4 cm.
Here �a=0.05 cm−1, �s�=2 cm−1, n=1.54, and NA=0.7. The closer
to the surface the source is, the larger the deviations are.
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and flux, the smaller t is, the larger the deviations. At
early time, deviations are particularly high, especially for
deep sources and when the MQ is modeled by the photon
flux. Here again, it can be seen that the use of photon den-
sity rather than photon flux results in smaller deviations.
Analogously to the CW case, deviations were evaluated
for several �a� �0.02,0.2
 cm−1, several �s�� �2,20
 cm−1,
several n� �1.33,1.54
, and several NA� �0.2,0.9
. As for
the CW domain, the trends of deviations remain the same
for all configurations but exhibit increased or reduced am-
plitudes. In the TR case the main amplifying parameter is
found to be n. The larger n is, the larger the deviations
are whether photon density if or photon flux is considered.
Examples of deviations for different n are shown in Table
3. Secondarily, low �s� leads to larger deviations. The pa-
rameters �a and NA have limited impact.

4. DISCUSSION AND CONCLUSION
In this study, we analyzed the impact of the approxima-
tion of the measurable quantity. The main contribution of
this work was to show that EBC photon density better de-
scribes the measurable quantity than EBC photon flux in
DOT and FDOT according to the diffusion approximation.
We saw that model deviations due to the approximation of
the MQ can be reduced by a factor of 2 when photon den-
sity is preferred to photon flux. That conclusion was found
to be true for CW and TR problems for a wide range of
optical properties. In addition, it, was proved that the de-
gree of accuracy of approximating the MQ to the photon
density strongly depends on the values of the optical pa-
rameters.

More precisely, we found for �s�=5 cm−1 that the CW
photon density differs by less than 15% from the MQ
whatever source position, absorption, refractive index, or
numerical aperture is considered. We identified that CW
deviations are larger when the source is close to the sur-
face and also larger if the medium is less diffusing. When
the propagation distances are short and when the diffu-
sion processes are limited, the directive (flux) component
of the MQ differs significantly from the isotopic (density)
component.

In the time domain, we found at t=1 ns that the TR
photon density deviation from the MQ is less than 15%
whatever source depth, absorption, diffusion, refractive
index or NA is considered. We observed that the largest
TR deviations occur at early time and are negative for the
photon density (underestimation of the MQ) and positive
for the photon flux (overestimation of the MQ). We inves-
tigated how large these deviations are by deriving the
limit of �d,TR and �f,TR when t tends to zero (see Appendix
B for details). It was shown that using the photon density
results in a 100% underestimation of the MQ at early
time. It was also shown that using photon flux results in
an overestimation of the MQ at early time. The amplitude
of this overestimation depends on the optical properties of
the medium and the NA of the detection system according
to formula Eq. (B6). For all the situations investigated in
the present paper, the amplitude of the early time photon
flux overestimation is always larger than the amplitude of
the early time photon density underestimation.

In the time domain, we also established that the stron-
ger n is, the larger the deviations are. This strong index
dependency, enhanced at early time, was not observed in
the CW domain. The index mismatch has high implica-
tions in terms of extrapolation distance. Although the im-
plications in terms of extrapolation distance are the same
in the CW domain, the dependency is limited in that do-
main. The determining aspect of the index dependency
may be explained in terms of speed of light in the me-
dium. Indeed, the speed of light affects only the time do-
main since it cancels out in the CW domain where phe-
nomena are integrated over time.

In the situations investigated, the NA of the detection
system is not a crucial parameter. However, we would like
to point out that the influence of this parameter grows
sensitive when a low-diffusing medium is considered, as
already noted by Martelli et al. [8] with partial current
boundary conditions.

In this paper we identified and quantified model devia-
tions due to the modeling of the MQ. Our analysis is
based entirely on the diffusion approximation. It may be
interesting to note that the situations for which the use of
photon density to model the MQ becomes questionable
are situations for which the diffusion approximation
starts to be invalid. Indeed, the diffusion approximation
breaks down when low-diffusing media, near-to-surface
source positions, and early time are examined. It can be
postulated that the diffusion approximation can hold in a
wider range of validity when the exact MQ expression
given in Eq. (5) is used. Further studies with experimen-
tal measurements could enlarge the discussion and pro-
vide an answer to this question.

APPENDIX A: LIMIT OF THE RATIO
BETWEEN PHOTON DENSITY AND PHOTON
FLUX FOR DEEP SOURCE OF LIGHT IN
THE CONTINUOUS WAVE DOMAIN
To evaluate

L� � lim
zs→+�

� ��r,rs,t�dt

� F�r,rs,t�dt

, �A1�

we make use of analytical expressions of ���r ,rs , t�dt and
�F�r ,rs , t�dt given by Eqs. (12) and (15) of [20]. With our
notations, the two equations are rewritten

� ��r,rs,t�dt =
1

4�D�exp�− kr1�

r1
−

exp�− k2�

r2
	 ,

�A2a�

� ��r,rs,t�dt =
1

4�D� �zs + 2de��kr2 + 1�

r2
3 exp�− kr2�

+
zs�kr1 + 1�

r1
3 exp�− kr1�	 , �A2b�

where r1
2=��2+zs

2, r2
2=��2+ �2de+zs�2, and k= ��a /D�1/2.

With no loss of generality when zs tends to infinity, �� is
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set to zero in Eqs. (A2a) and (A2b). Then the two quanti-
ties are factored into the form

� ��r,rs,t�dt =
1

4�D

exp�− kzs�

zs
�1 − exp�− 2dek�
A�r,rs�,

�A3a�

� F�r,rs,t�dt =
k

4�D

exp�− kzs�

zs
�1 + exp�− 2dek�
B�r,rs�,

�A3b�

where the terms A and B both tend to one when zs tends
to infinity. Taking the ratio between ���r ,rs , t�dt and
�F�r ,rs , t�dt in the form of Eqs. (A3a) and (A3b) leads to
the derivation of the finite limit as

L� =
1 − exp�− 2dek�

1 + exp�− 2dek�

1

k
. �A4�

L� has the dimensions of length. The strict positivity of de
and k guarantee that L� is also positive.

APPENDIX B: BOUNDS OF DEVIATIONS IN
THE TIME DOMAIN
In order to evaluate how large the deviations are at early
time, we are interested in deriving the following quanti-
ties:

lim
t→0+

�d,TR�r,rs,t� = lim
t→0+



��r,rs,t�

MQ�r,rs,t�
− 1, �B1a�

lim
t→0+

�f,TR�r,rs,t� = lim
t→0+

�
F�r,rs,t�

MQ�r,rs,t�
− 1. �B1b�

To derive the two limits in Eq. (B1a) and Eq. (B1b), we
rewrite Eqs. (2), (4), and (8) in the form

��r,rs,t� =
�

�4��Dt�3/2 exp�−
�� + zs

2

4�Dt �I�r,rs,t�,

�B2a�

F�r,rs,t� =
zs/2D

�4��Dt�3/2

1

t
exp�−

�� + zs
2

4�Dt �J�r,rs,t�,

�B2b�

MQ�r,rs,t� =
3Czs/2

�4��Dt�3/2

1

t
exp�−

�� + zs
2

4�Dt �K�r,rs,t�,

�B2c�

where the three terms I, J, and K tend to one when t
tends to 0+. Upon substitution of Eq. (B2a) and Eq. (B2c)
into Eq. (B1a) and substitution of Eq. (B2b) and Eq. (B2c)
into Eq. (B1b), we obtain the following limits:

lim
t→0+

�d,TR�r,rs,t� = − 1, �B3a�

lim
t→0+

�f,TR�r,rs,t� =
�

3CD
− 1. �B3b�

Using the fact that � is calibrated in the CW domain
such that �d,CW�r ,rs� tends to zero when zs tends to infin-
ity, we can write

lim
zs→�

�

� F�r,rs,t�dt

�MQ�r,rs,t�dt

− 1 = 0. �B4�

With expansion of MQ in terms of � and F and use of the
definition of L� given by Eq. (A1), we derive the simple
expression

� = L� + 3CD. �B5�

After substitution of Eq. (B5) into Eq. (B3b), we finally ob-
tain

lim
t→0+

�f,TR�r,rs,t� =
L�

3CD
� 0. �B6�
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ABSTRACT

Within the diffusion approximation, we recently showed that the classical measurable quantity models can lead to
significant deviations. Here, we show that the choice of the measurable quantity model can impact significantly
the reconstructions in fluorescence diffuse optical tomography. The problem arises when i) the extrapolated
boundary conditions are used and when ii) low diffusing media are considered.

Keywords: light propagation, turbid media, diffusion equation, measurable quantity, diffuse optical tomography.

1. INTRODUCTION

The diffusion approximation (DA) framework has been used extensively in diffuse optical tomography (DOT)
and fluorescence diffuse optical tomography (FDOT). Indeed, both problems require the description of the light
propagation in highly absorbing and diffusing media. The model given by the DA is based on the photon density.
This quantity can be easily calculated but it is not actually measurable. In this context, different approaches
have been used. Some authors have considered that the measurable quantity (MQ) is proportional to the photon
density.1 Other authors have rather considered that the MQ is proportional to the photon flux,2 a quantity
proportional to the derivative of the photon density. In the same time, it has also been reported that a more
rigorous treatment, for which the sum of both terms – density and flux – are regarded, should be used.3 The
question of the choice of the MQ has often been settled considering that all approaches were equivalent because
the photons density and flux were proportional – or nearly proportional.4

In a recent paper, we provided a theoretical analysis of the model deviations related to the choice of the MQ
– either photon density or flux – in the continuous and time domains.5 The deviations of both classical models
have turned out to be significant in some situations. The deviation pictures show a strong dependence on the
optical properties of the medium. It was also observed that preferring the photon density to the photon flux can
limit the deviations.

The inverse problem in DOT and FDOT is known to be ill-posed, meaning that a small deviation in the model
can lead to large deviations in the reconstructions. As a result, deviations in the MQ model can dramatically
affect the reconstructions. In this paper, we provide reconstructions of fluorescence markers in the semi-infinite
geometry and in the continuous domain. The rigorous MQ model, involving both photon density and flux,
is chosen to compute synthetic measurements. Then, continuous domain reconstructions are performed from
considering two simplified forward models. The first simplified forward model approximates the MQ by the
photon density while the second one approximates the MQ by the photons flux. Comparing the two results, we
show that the choice of the MQ affects the reconstruction.

E mail: nicolas.ducros@cea.fr



2. THEORY
2.1 Light propagation
In a medium with absorption coefficient μa and diffusion constant D, the photon density φ classically satisfies
the following partial derivative equation:6

−∇ [D(r)∇φ(rs, r)] + μa(r)φ(rs, r) = δ(r − rs) (1)

The diffusion equation, referred to as the diffusion equation, has to be coupled with another equation accounting
for the boundary conditions. Three types of boundary conditions can be used: the partial current boundary
conditions, the extrapolated boundary conditions (EBC) and the zero boundary conditions. The EBC is often
applied since i) it is a physically relevant condition originating from the resolution of the Milne problem7 and ii)
it allows for deriving analytical solutions of the DE.8 The EBC imposes the photon density to vanish at a given
distance de out of the medium. Mathematically:

φ(rs, r) = 0, ∀r ∈ (S + de). (2)

where S is the surface of the medium and de the extrapolated distance given by de = 2AD, A being a function
depending on the index mismatch at the boundary (see9 and10 for further details).

In the semi-infinite geometry, the analytical solution of (1) with the boundary condition specified in (2) is
available. In the following, the positions are expressed in the cylindrical coordinates, r = ρûρ + zûz, ρ being the
radial coordinate along the radial axis ûρ and z the height coordinate along the axis ûz. The diffusing medium
is assumed to lie within the half-space z > 0. With these notations, we have that:

φ(rs, r) =
1

4πD

[
1
r1

exp
(
−r1

l∗
)
− 1

r2
exp

(
−r2

l∗
)]

, (3)

where r1 = [(ρ − ρs)2 + (z − zs)2]1/2 is the distance to the source and r2 = [(ρ − ρs)2 + (z + zs + 2de)2]1/2 is
the distance to the image source – the symmetric of the source with respect to the virtual surface. We note:
l∗ = (D/μa)1/2.

2.2 Measurable quantity model
The diffusion approximation relies on the photon density. However, this quantity is not actually measured by the
acquisition set-up. As a result, there is a need for a model expressing the actually measured quantity as a function
of the photon density. In the following, this model is referred to as the measurable quantity (MQ) model. As
shown in a preliminary work, the choice of the MQ model is not obvious when the EBC are considered.5 Although
such a model is rarely stated explicitly in DOT/FDOT problems, three common approaches are classically used.

2.2.1 Photon density model

Within this approximation framework, the MQ mφ is assumed to be proportional to the photons density.11

Hence:
mφ(rs, r) = αφ(rs, r) (4)

where α is some constant.

2.2.2 Photon flux model

Within this approximation framework, the MQ mF is assumed to be proportional to the derivative of the photons
density along the normal to the boundary:8

mF (rs, r) = βF (rs, r) = β
∂

∂z
φ(rs, r). (5)

where F stands for the photon flux and β is some constant. Derivating (3) along the z-axis leads to the following
analytical expression for the photon flux:12

F (rs, r) =
1

4Dπ

[
z2(r2/l∗ + 1)

r3
2

exp
(
−r2

l∗
)

+
z1(r1/l∗ + 1)

r3
1

exp
(
−r1

l∗
)]

, (6)

where z1 = zs − z and z2 = z + 2de + zs.



2.2.3 Hybrid model

This is the more rigorous framework. It gives the measurable quantity as a function of the photon density and
the photon flux.3,5 Within this framework, the MQ mh is given by:

mh(rs, r) = φ(rs, r) + 3DC F (rs, r). (7)

where C is a constant depending on the index mismatch and the numerical aperture of the detection set-up.5

2.3 Forward model in DOT / FDOT
Let us now consider a set of Ns sources and Nd detectors at different positions at the interface. A set of NsNd

source-detector pairs can be formed. The i-th pair – i ∈ {1, .., NsNd} – is made of the source at position ri
s and

the detector at position ri
d. The semi-infinite medium is discretized into N voxels centered at positions {rj}, j ∈

{1, .., N}. The vector c stands for the fluorescent marker concentration vector. We have: c = [c1, ..., cN ]T , with
the notation cj = c(rj). The vector m stands for the measurement vector. We have : m = [m1, ...,mNsNd

]T ,
with the notation mi = m(ri

s, r
i
d). The measurement vector m is linearly related to concentration vector m by

the weight matrix W :13

m = Wc (8)

Depending on the MQ model that is chosen, the three following cases can be considered:

• Photon density case. In this case, the entries of weight matrix Wφ are given by: (Wφ)ij = φ(ri
s, r

j)φ(rj , ri
d).

The corresponding photon density measurements are: mφ = Wφc

• Photon flux case. In this case, the entries of weight matrix WF are given by: (WF )ij = φ(ri
s, r

j)F (rj , ri
d).

The corresponding photon flux measurements are: mF = WF c.

• Hybrid case, the entries of weight matrix WH are given by: (WH)ij = φ(ri
s, r

j)
[
φ(rj , ri

d) + 3DC F (rj , ri
d)
]
.

The corresponding hybrid measurements are: mH = WHc.

3. MATERIALS & METHODS

3.1 Description of the phantom
The optically homogeneous semi-infinite medium phantom used is shown in Fig. 3. Its absorption coefficient
μa is set to 0.02 cm−1 and its reduced scattering coefficients μ′

s = 1/(3D) to 2 cm−1. The homogeneity of the
phantom allows to use the analytical solutions of (1) given by (3), (6), and (7).
The fluorescence markers are concentrated preferentially around two sites at positions r1 = [1, 1.5, 0.75] and
r2 = [−1,−1, 1.75]. To simulate the auto-fluorescence of the tissue as well as the non-specificity of the markers,
a fluorescence background with a background-to-site ratio of 2.5:100 is also considered.
The medium is excited by 41 point-sources and probed by 40 point-detectors, the sources and detectors being
evenly arranged in the plan z = 0, in the so called reflexion geometry. The 1640 source-detector pairs that can
be formed are regarded. For the purpose of reconstruction, the medium is evenly discretized, resulting into 1089
voxels of size 0.5 × 0.5 × 0.25 cm3 covering a total volume of 5×5×2.25 cm3.

3.2 Reconstruction
The ill-posedness of the inverse problem implies to work within the framework of regularization. In this study,
the reconstructed vectors c∗ are obtained by minimizing the Tikhonov cost function instead of the standard
quadratic cost function. The general formulation of the Tikhonov regularization is:14

c∗ = arg min
c

||m − Wc||2 + α||Lc||2 (9)

where m is measurement vector, W the weight matrix, α the regularization parameter, and L a spatially variant
regularization operator.15 Practically, c∗ can directly be calculated from the singular value decomposition of
W .16



Figure 1. Synthetic phantom. The red dots indicate the source positions and the blue circle the detector positions. Optical
properties: μa = 0.02 cm−1, μ′

s = 2 cm−1, n = 1.4

Since the hybrid model is the most rigorous one, the hybrid measurements mH are used as the reference
measurements. Moreover, the hybrid measurements are corrupted by Poisson noise to mimic experimental
scenarios. To assess the impact of approximating the measurable quantity, three types of reconstructions are
considered. In the fist case, the MQ is approximated to the photon density. Thus, the weight matrix Wφ is used.
In the second case, the MQ is approximated to the photon flux. Thus, the weight matrix WF is used. In the
third case, we consider the rigorous hybrid MQ and the resulting hybrid weight matrix WH is used. Explicitly,
the three following reconstructed concentration vectors are computed:

c∗φ = arg min
c

||mH − Wφc||2 + α||Lc||2, (10a)

c∗F = arg min
c

||mH − WF c||2 + α||Lc||2, (10b)

c∗H = arg min
c

||mH − WHc||2 + α||Lc||2, (10c)

where c∗φ denotes the photons density reconstruction vector, c∗F the photons flux reconstruction vector, and c∗H
the hybrid reconstruction vector.

4. RESULTS

4.1 Impact of the model deviations on the measurement previsions

In a preliminary work, we observed that the deviations due to the approximation of the measurable quantity to
photon density or photon flux can be significant. To illustrate these deviations in our reconstruction scenario,
we plot on Fig. 2 the photon density, the photon flux, and the reference (hybrid) measurements as a function of
the detector position (only the central source has been considered). More specifically, Fig. 2 is a plot of some
adequately chosen components of vectors mφ, mF and mH .

It can be seen that the 3 models may differ noticeably in their previsions. For some detector positions, the
photon density overestimates the reference measurements, while for some other detector positions, the photon
density underestimates the reference measurements. The same observation can be made concerning the photon
flux. From closer inspection of Fig. 2, it can be seen than the photon flux is always further from the reference
than the photons density. This is consistent with our previous work showing that the photon density better
approximates the MQ.



Figure 2. Measurements for 40 different detector positions. Note that the measurements are plotted with a log scale. The
blue dots indicate the photon density, the red square the photon flux and the black cross the rigorous hybrid measurements.

4.2 Impact of the model deviations on the reconstructions

The concentrations reconstructed from the two approximated MQ models – density on and flux – as well as
from the reference hybrid MQ model are represented in Fig. 3. The phantom concentration and the reference
reconstruction vector c∗H are represented in the top row while the reconstruction vector c∗φ and c∗F are represented
in the bottom row. It can be seen that the two reconstructions differ significantly. In particular, the reconstruction
obtained from the photon density MQ model is of better quality that the one obtained from the photon flux MQ
model, which is consistent with the fact that the photons density deviations are smaller that the photon flux
deviations.

However, the impact of the MQ model is strongly related with the optical properties of the medium. Indeed,
we performed the same set of reconstructions for different values of μ′

s and observed that significant differences
between reconstructions from the photon MQ model, and from the photon flux MQ model, are no longer observed
when μ′

s is larger than 5 cm−1. The reason for this is quite clear since the photon density MQ model and the
photons flux MQ model provide closer and closer previsions for medium with higher and higher scattering
coefficient, as shown in a previous work.5

5. CONCLUSIONS

We consider the problem of FDOT applied to a homogeneous semi-infinite medium imaged in the reflexion
geometry. We used the analytical solutions of the diffusion approximation equation, which are available when
the extrapolated boundary conditions are considered, to account for light propagation.

In this study, we investigated the influence of the measurement model in terms of reconstructions. Although
it is commonly accepted that the different MQ models lead more or less to the same results, it is shown that
the choice of the MQ model can impact the reconstruction results. This is to the best of our knowledge the first
time that this effect is shown. Moreover, this study confirms that the photon density is a better approximated
model of the MQ than the photon flux from the reconstruction point-of-view.
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Figure 3. Reconstructions from different MQ model. a) phantom concentration; b) hybrid reconstruction; c) photon
density reconstruction; d) photon flux reconstruction.
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∂
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Gr,s(t)

S(r, s, t) = δ(r − s)δ(t)

s

d
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∂Ω

Ω
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μa, μs’

Ω
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Ω

∂Ω ∂Ω
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{cn}n=1...N

{rn}n=1...N

us,d(t) d s
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��� ����������� v� = 2ν(μaD)1/2 ��
 γ� = (μa/D)1/2�
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���� � ��"	� �	�� �� ��� ��	���� 	� #$%��

��� �	����� 	� � ������	� ��� �� �
�������	���� �&������
 �� ��� #	����� 
	�����

'�
��
( ��� k�� 	�
�� �	���� 	� � ������	� f �� ������
 �	 ��� #	����� ������	�� f̂ ��

���� ������	�  ) 	� ����
�� �� *��
�����(  ++!( �	� �&�������

mk[f ] = jk
dkf̂

dωk
(ω = 0) ���!�

#	� �� �	�	����	�� ��,���� ��
���( ���� ����	��� �� ������������ �����
 �	 	�� ��	�-

��� ����� ��� #	����� ������	�� 	� ��� .����/� ������	� �	� ������	� �� �� ����������

'������������( �� 	��� ��������� 
����
� 	� ��� ��	������	� 
������� l = ‖r − rs‖ ��


�� �	��
 Ĝl(ω)� 0&��������( Ĝl(ω) �� ����� 1 ����� �
������	� 	� ������	� )2 	� �����
��

�� ���(  ++)� �	 	�� �	����	�� 1 ���

Ĝl(ω) =
1

4πDl
exp

[−x(ω)1/2
]
, 
��� x(ω) = 2jω

γ�

v�
l2 + (γ�l)2 ���3�

��4��� ��� k�� 
���������� 	� ������	� ��3 ���
� �	�

dkĜl

dωk
=

1

4πDl

(
jl2

νD

)k
dk

dxk
exp

(−x1/2
)
, ���5�

�	 �	 �������( 
� ��� ��� ����� ���� �� ����������
 ���	
�

����� � � '� h(x) = exp(−x1/2)( �����

dkh

dxk
=

(−1)k

(2x)k
exp(−x1/2)

k∑
p=1

βk
pxp/2, ∀k ∈ N

∗ ���6��


����� βk
p =

2p

2k

(2k − p − 1)!

(k − p)! (p − 1)!
���6��

��� ��� 	� ��� �����  �� ������	� ��5 ��
 ������������	� �� jk ���
�( ����� �	��

�������( �	 ��� �	��	
��� ������� �	������

mk[Gl] =
1

4πD

1

l
exp(−γ�l)

(
1

γ�v�

)k

Pk(γ
�l), ∀k ∈ N. ���+�


���� Pk �� � �	���	���� 	� 	�
�� k( �������
 �	 �� ��� ������� 7����� �	���	����

�8�����9(  +!5�( ��
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 ���

Pk(x) =

{
1, �� k = 0∑k

p=1 βk
p xp,∀k ∈ N

∗ ��� :�
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m0[Gl] = 1
4πD

1
l
exp(−γ�l), m2[Gl] = m0[Gl]

(
1

γ�v�

)2 [
γ�l + (γ�l)2] ,

m1[Gl] = m0[Gl]
(

1
γ�v�

)
γ�l, m3[Gl] = m0[Gl]

(
1

γ�v�

)3 [
3γ�l + 3 (γ�l)2 + (γ�l)3] .
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������ lsn = ‖s−rn‖
	�� lnd = ‖rn − d‖! �
 �	

�

[Glsn ∗ Glnd
](t) =

lsn + lnd

lsnlnd

Glsn+lnd
(t) ����#�

���� ������	 �	� �

� ��
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mk[Glsn ∗ Glnd
] =

1

16π2D2

1

lsn lnd

exp[−γ�(lsn + lnd)]

(
1

γ�v�

)k

Pk[γ
�(lsn + lnd)], ∀k ∈ N
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1

16π2D2

(
1

γ�v�

)k N∑
n=1

cn
1

lsn lnd

exp[−γ�(lsn + lnd)]Pk[γ
�(lsn + lnd)], ∀k ∈ N
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��� e(t) �� ��� ����	�	�
�� 
���� �� ��� ��������	�� ����� �����	��� e(t) =

η exp(−t/τ)/τ � �� ��	 �� ����	 ���� ��� ����	�� �� e(t) ��� �
��	 ���

mk[e] = η k!τ k, ∀k ∈ N. ����� 
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!�� #$%! ����	�� mk[u
F
s,d] ��	 �� ����
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 �� � ��	��
�	 �� ��� $%! ����	�� ��

��
�� 0 �� k� �	
��
& ��
	� ��� ��������
�
�� �������� �� ��� ��	�����
�	& 
� ��	 ��
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�	 ��( �	
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�	 ��) �����

uF
s,d(t) = [us,d ∗ e](t). ����" 
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mk[u
F
s,d] =

k∑
p=0

(
k

p

)
η(k − p)!τ k−p mp[us,d]. ����+ 

�� ��	 �� ���
,�
 ���� ��� ���� τ = 0 �
���
,�� �� mk[u
F
s,d] = mk[us,d] �� �������
�
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�	��� ��� �����
�
 ���� � ,	
�� �
�� ��	�� t ∈ [0, T ] �	
 ������


�
�� � �
��	 �
�� ���� ΔT � ��� �� ��	�
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mk[f ] =

∫
f(t)tk dt =

Q∑
q=1

Nq(qΔt)k ����1 
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E(m̃k) =

Q∑
q=1

E(Ñq)(qΔt)k = E(m̃k) = mk, ��� !"

���

var(m̃k) =

Q∑
q=1

var(Ñq)(qΔt)2k =

Q∑
q=1

E(Ñq)(qΔt)2k = E(m̃2k) = m2k, ���#$"

���
� mk ������ ��
 ��� ��	������ k�� �
��
 �������

%��� ���� 	� ��� ��	������ �����
 �� ����
��� ������� Nq 	� ��
��
 ������ ���� ���
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	���� Ñq 
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���� ��� 
����� ��
	���� m̃k 	� � ��	����� ��� ��
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cov(m̃i, m̃j) = E(m̃i+j) = mi+j. ���# "
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��	�� �� �+���	�� ��# 	� �
��	��� 	� �� �.� )� 
�� �� ����	���� ����

�+���	�� ��#$ ��� �+���	�� ��# �
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���	�� �
��
 �
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���	���' ���2
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���'� ��� �� ����� ��� �	����2��2��	�� 
��	�

�/%3" �� � ������ �� �
��
 k �' Rk = 10 log[E(m̃k)
2/var(m̃k)] = 10 log(m2

k/m2k)�

)� ��	� ����	�	�� ��� /%3 	� �&�
����� 	� �4� 5
	�	����'� �� ���� ���� ��� /%3 ��

��� ������� ���	���� ��� ����� ����
��� 	��+���	�'-

Rk > Rk+1, ∀k ∈ N ���##"
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mk(rn) = Ak m0(rn)Pk(rn), 3���!4
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� ���������� �� ��� ����
� 
	�

Pk �� 
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� ��� �
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∫
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Φα(c) = ‖u − Wc‖2 + α‖c‖2,  !�"5$

α ���
� ��� ������������	
 ����
����� ��� �	����	
 c = arg min
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α(c) ���	
��� ����
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� ���
���	�� α = 0 �
� α = ∞� ��

α = 0� ���
 
	 ������������	
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ũ(t) = u(t) + N{μ = 0, σ2 = u(t)}, !.�//&
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� � �����(�	�
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mk[ũ] = mk[u] + N{μ = 0, σ2 = m2k[u]}, !.�/3&
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Φα(c) = ‖ũK − WKc‖2
L + α‖c‖2, ������
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��	�� ������ �� �������� ��� ������	 
����	�
����� !��������"�
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&�� cK(α) �� ��� 	������	����� �������	����� ����
 
�
���� �� �� �	��	 K� cK(α)

�� ��� 
���
���	 �� ��� ��'����# ���� �������� 
�#�� �" �(������ ����� )� ��� ��

�������� �����	 ����"������" �	 �" ���	���#� ��
�	���
��  �	�� ��� ����"����� 
�����

�� �	���		�� ����� �� �#���� ��� �	����
� �� ���#�	
���� ��� ��� ����	
������� �� ���

�������
 �	���	���� !��������"� cK(α) �� 
�#�� �"�

cK(α) = (W T
KLT LWK + α IN)−1W T

KLT ũK ����*�

+�	 ������������ �� ����� cK(α) = W α
KuK ���	� ��� ,��	�-.��	��� ������ ��#�	��

W α
K �� ������ ����	���
�" �� �(������ ���*� )���	�����
�"� W α

K ��� �� ��
����� �"

�	�
 ��� ���
���	 #���� ����
�������� �/�0� �� LWK � ��� /�0 �������� �� �	����


LWK �� LWK = UΣV T � ���	� U ��� V �	� ��� �	�����	
�� 
��	���� ��� Σ ��

� ���
���� 
��	��� /����������
 ���� ����
�������� �� �(������ ���*� �� ��� �� ����

���� cK(α) = V Σ(Σ2 + αI)−1UT ũK � ���	� I ������ ��	 ��� �������" 
��	�� ����

������� 1 ��  ������ 234*� ��	 ��������� )� ���� �	������ ��� /�0 �� '���� �� �� �

��
�-�����
��
 �����  ���#�	� ���� ��� /�0 ��� ���� ��	��	
��� ��� ��
��������

�� �(������ ���* ��	 
������� 	�
���	������� ��	�
���	� α �� ��
��� ���� �� ��� 5�
���

)������ �� ���" 	�(��	�� 	���
�����
 ��� ��#�	�� �� Σ2+αI� ����� �� � ��	��
����	��	�

����������� ����� Σ2 + αI �� � ���
���� 
��	���

������� ��
���	��
	�� �� 
�� �������	��
	�� ������
��

��� ���	���� �������� ����� ���� ��� 	�
���	������� ��	�
���	 �	�
 ��� ��������� ��

��
� ���������� 	������	������ #�	�������"� �� ������	��� ��� ���������" �� ��� �	���-

������� ��� �� �������	 � #�	" ��
��� ���
���� &�� ũ
(1)
K �� � 
�#�� ����" 
����	�-


��� #����	� ��� �������	����� #����	 	������	����� �	�
 ���� ����" 
����	�
���

�� c̃
(1)
K (α) = W α

Kũ
(1)
K � )� ��� ����	�
��� �� 	��	������ �� ��� ��
� ����������� ����

� ��� ����" 
����	�
��� #����	 ũ
(2)
K �� ��(��	��� ��� 	�������
 	������	����� ���-

����	����� �� ��� c̃
(2)
K (α) = W αũ(2)� )� �� 	��������� �� ������ ���� �� ���	��	����

α = α∗ ��� ����	� c̃
(1)
K (α∗) �� �� ����� �� c̃

(2)
K (α∗)�
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��� �� �	� ���������������� �� ���� ����� �	� ���� ������

��������� 
����� E[c̃K(α)] ��� �	� �������� ��
������ �������������� 
����� δ[c̃K(α)]�

���
����
�� ���� � ��� �� Ω ������������� ������������� 
������� �	� ��� ���������� ���

�������� ��������� �� �	� ��� �
������
 ���������� �����������

E[c̃K(α)] =
1

Ω

Ω∑
ω=1

c
(ω)
K ���� δ[c̃K(α)] =

(
1

Ω − 1

Ω∑
ω=1

{c̃(ω)
K − E[c̃K(α)]}2

)1/2

.
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∫ +∞
−∞ f(τ)g(t− τ) dτ f(t) f̂(ω)

f̂(ω) =
∫ +∞
−∞ f(t) exp(−jωt) dt j −1

x = (x1, ..., xn)T

‖.‖ �2 ‖x‖ = (xT x)1/2

�2 Q ‖x‖Q = (xT Qx)1/2

Ω

∂Ω Ω

s ∈ ∂Ω

d ∈ ∂Ω

λx

λf
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��� ����	��� ϕi �	 ���
� i �� ����� #�

ϕi(t) = h(t) − h(t − 2iTe), �+$!,-�

����� h(t) �� 	�� %������
� ���	��	�� ����	��� ��
 Te �� 	�� .���	 	��� �	��! *����

	�� ���
���� ��������
 �	 � ������� ���
� �� i ���������! *�� .���	 ���
� �� �#	����


��� i = 0! *�� ����
�	 ψi �	 ���
� i �� ����� #�

ψi+1(t) = ϕi(t) − ϕi(t − 2iTe). �+$!,/�

*�� ���������	��� ��������	� �	 ���
� i ��� ����� #� ai[k] = 〈u(t), ϕi(t−k2iTe)〉 ��

	�� ���������
��� 
�	��
 ��������	� ��� ����� #� di[k] = 〈u(t), ψi(t − k2iTe)〉!
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1���	� 
�	 �� 
�.�� � ������
 ���#
�� �� 	�� ������
 ���� y = Ac� ����� A ∈
R

M×N 
���	�� 	�� ���	�� ��	���� y ∈ R
M �� 	�� ����������	 ���	��� ��
 c ∈ R

N

�� 	�� ��(���� ������	��	��� ���	��! $	 �� ���	� �������)��� 	��	� �� 	�� ������	

�	�
�� 	�� ����������	 ���	�� y ������	� �� � ��	 �� 
�	� ���	����! $� �	��� ���
� 	��

��������	� �� 	�� ����������	 ���	�� ��� 	�� ������	���� �� 	�� ����������	� �� �

����� ��	 �� �1�! 6����
����� � ��	 �� P �1� {p1(t), . . . , pP (t)}� 	�� ���	�� y ∈ R
I×J×P

�� ����� #� y = [〈u1,1, p1〉, . . . , 〈u1,1, pP 〉, . . . , 〈uI,J , pP 〉]T ! �� ����(��� 
������	�� �	 ���

#� ���
�
� ����� ���� �5��	��� +$!,� 	��	 	�� n	� ��
��� �� 	�� ���	�� ��	��� A

�� ��)� IJP × N �� [〈w(1,1),n, p1〉, . . . , 〈w(1,1),n, pP 〉, . . . , 〈w(I,J),n, pP 〉]T



��� ��� �����	
��
�� � ���

� ����� 
���	������ �� ������

�	

�������� ���	
��
���
�� ��������

�� ������ �	� 
��	�
�� �������������
 ��������� �� ����� �	� �
����� �������� 
	��

�������	 	�� ������ �������� �� ��������� ���	
����� ��� ����
��������
 �
 �	� ��
����

�� ������ ������� ��������	� ��������� �� ����  !!!"� #� ��
����� �
 �	� ��
��������


�� �
 ��$������ ��
����
 Φ� %	��	 �� ��������� �� �	� ��� �� �%� �����& � ���� '������

���� �
� � �������������
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Φ(c) = ||y − Ac||2Q + α||c||22. �-#�)+"
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 -#�)+� ��
���� c∗
α� ��
 �� ���������� �������� #� 	�� �	�

�%� ����	���
� ������2���� ���������
� %	�
 α �= 0 �3�������	� �� ����  !!4"&

c∗
α = (ÂT Â + α IN)−1ÂT ŷ, �
� �-#�)4�"

c∗
α = ÂT (ÂÂT + α IM)−1ŷ, �-#�)4�"

%	��� Â = Q1/2A �
� ŷ = Q1/2y� 5������
 -#�)4� �� �
�%
 �� �	� ����2�������
��

�������
 %	����� �������
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 ���������

α �� �������
� ��
�� �	� �������
� �������
 ���������� ����
�� �
 ��� ������ ( ��
����

���	�� ��� �	����
� α �� � 	�� ����� �	�� 	�� ���
 �
��
������ ��������� �
� �� ��� ��

�	� ����� �� �	� �����
� ������ ( 
����� �� �����
������ ����
� �	�� �	� �������2

�
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�� �� 6����������� )** "� �	� 72����� �.�
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V(α) =
‖σ[c∗

α]‖
‖E[c∗
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α] ��� σ[c∗
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��� ���� �� ���
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�� $1
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�� ���� !  "(� ��� ������
�� ��� �
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� �#

��� �� S = 13 ��
�������
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��� ������ �� D = 13 ����
����� ��� ����
�� ��� ����
���� ��� ��
������ ��������

���� ��� ��
�� �� �
�� ' 
� ���
�� - 
� ������ ��� ���
�� �
�� ������� ��� ���
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�� ��� ��� �#
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��� ��� ���
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��� "-'3 	�#��� ��
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�3 
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�� � ����� 	����� �� �×�×- 
�3�
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��� � ��
4�� 5�����
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���
�� τ ��  �' ���

��� 5�����
��� ���6��� 
��
������� ���������
���� ������ ��� ����� ���
�
��� r1 =

[−1.5, 1, 2.25]� r2 = [1, 1, 3.75] ��� r3 = [1, 1, 1.25]� ��

� ��� �������� �� �� 5������
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 ����
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� �����

	�
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 �
��

	�
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	�
 ���
 �	 
-��	�	��� ��� ���

��
��
 ��0
�
��	��� ����� 	�
 ����	 �
�����	��� ��

��0

�
� �# � ���1�
 ��

�	�
 P = Px = Pf � 2�

�0

� 	�
  3 �� ������


�� ��
�

	�
 ����	 �
�����	��� ��

�	�
 P �� ��0
� �#"

P = − 1

3μ′
s

Δ +
1

ν

∂

∂t
+ μa. $4��(�&

5���������# ��
� 	�
  3 �� ������
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0�
	��� ���
�
 ����	��� s′ �	 1/μ′
s �
�
�	� 	�
 ��#����� ���
�
 ����	��� s $6�		

���

�� ���� %787&� 9�
�������#� ��	� 	�
 ��	�	��� �
��
� �� �
�	��� 4��%�(�%� �
 ��0
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����� ����	
���
� �� ���������	 �� ���� ���

Sx(r, t) = Nx δ

(
r − s − 1

μ′
s

Ω̂

)
δ(t). �������

�	 
�� 
�� ��
��
��� ����� �	 ���������� �� �	� 
�� ��
��
��� ����� ����� �� �����


��� ��� 

����������	�
 ����
�� !� ���	���� ��� "�		���� 	��������
��
�� �#$� ��������


���	 ������� 
� � 
�
�� �
 � % #$ ���"��	� &�� ��	��
��� �����
 ��
��' W (t) �	 �


	�(� � %×)�*� &�� 
����������� ��
���	 wj,n(t) = [gsj ,rn ∗ d ∗ grn,dj
](t) �
 
�� �����


��
��' ��� ���"�
�� �	 
�����	�

���� � + &�� �������
��� �
 
�� 
�� ,����-	 
���
���	 �	 �'"����
�� �������
�� �� 
��

.������ ������� ������� �� ��/��
� ������ 
�� ,����-	 
���
���	 �
 ����
��� ����*

��� ��������� �������� �� ���� �%%�� �	 ���� �	 
�� �������
��� �
 
�� ,����-	 
���
���	

�
 ����
��� ����* ������	
��
��� ��������� �� �""����' 0 �
 �$����	 �� ���� �**%����

!� ����+

ĝsj ,rn(ω)ĝrn,dj
(ω) =

3μ′
s

4πlj,nln,j

exp
[−b(ω)1/2

]
, �������

����� b(ω) = [3jωμ′
s/ν + 3μaμ

′
s] (lj,n + ln,j)

2 �	 
�� ���"��' ���� ������� lj,n =

‖sj − rn‖ �	 
�� �'��
�
��� ��	
����� ��� ln,j = ‖rn − dj‖ �	 
�� ���		��� ��	
�����

���� 	 + &�� "������	 ��	��
 �	 ���
�"���� �� 
�� .������ 
���	
��� �
 
�� ��������

�'"����
���+

ê(ω) =
ηστ

1 + jωτ
�����1�

���� 
 + &�� ŵj,n-	 ��� �����	��.������ 
���	
������

&�� 
�������� 	
�" ��� ����� ��� ���	�� 	� �	 
� ��
 � 
��� 	
�" Te �
 ��2 "	

���� �� ��	����
��� ����� T �
 � �	� &��	 ��	��
	 �� Ne = 128 
��� 	��"��	� &��

���"�
�
��� 
��� �
 
�� ��) 
��� 	��"��	 �
 
�� �����
 ��
��' �
 	�(� 169 × 1539

�	 ����
 ����
  	 �� ��� 	�	
�� �$��� "����	��� ���3	
�
��� ������� 4���' �� ��)

��
� ��)1 ,�( ��
�� 5��� "����		�� ��� 6,7 8�9�� �� 
�� 
��������� 
�� �����	�	 �	

��	
���
�� 
� 
�� 1� 
��� 	��"��	 �� 
�� ����� [0.5; 4.5] �	�

�������� ����� ����
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 ������� ������������ ��� �
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� �� � �������� ������������ �	��
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 ���� �	
 �
�� ����
 �
 �	


�
����
�
��� !
��
� �	
 ����� �
����
�
�� ũ �� ���
� ��

ũs,d(t) = us,d(t) + N{μ = 0, σ2 = us,d(t)}, "#��$%&

�	
�
 N (μ, σ2) �
���
� � �������� ������������ �
 �
�� μ ��� �������
 σ2�

'	
� ������� ����
 �� ������
�
�� �	
 ��������������
 ����� "()*& ����
��
� ���	

�
��
�� �� �	
 ��������
 �
 �	
 ����
�
�

 �
����
�
��� �� ��	
�� ������ �	
 ����
� �	


�
����
�
�� ��� �	
 �
��
� �	
 ()*� �� �	
 
��������� �	
 ()* �� ���
� �� �
�������

�	
 �* �
����
�
��� ��
�� �� +���� �	
 ������� ����
� �
 �	����� �
�
��
� �� ��


�
 �	
 (�, ����� �� � ��
�����
� ����
 �
���
� Cmax� �	�� ���	
������� ��
������

�� 
��
���
������ 
 �����
�� �� ����
����� �	
 ���
������� ���
 ����� Cmax �	�����

��
 ����
��
� �� ��
 �
 �	
 �
�
������ �� �	
 ��
�
�� ������ Cmax ��
� �� �	
 ����


[105, 109]�
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 �	
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+��
���� ��� ������������ �
 �	
 ����� ������� ��� +��
�� ��
 ��
�2 �	
 +��� ��
 ��

� �������� +��
� �	��
 ������� ��
 �	
 ������������� ��
3��
���4 �	
 �
���� ��
 ��

� 	��	����� +��
� �	��
 ������� ��
 �	
 �
���� ��
3��
����

'	
� !��� ���
�
�� ��
 ������
�
�� �	
 ���
�
� ��
3��
�� �� ����
 i �
���
� ��

���� ��� ��5
�
��
� �
 �	
 �������������� ��
3��
��� �� ����
 i−1� (�
��+������ �	


������������� ��� �
���� !��� ���
�
� ��
3��
��� �� ����
 i ��
 ���
� ��2

ai[q] =
1

2
(ai−1[2q − 1] + ai−1[2q]) , q ∈ {1, ..., Ne/2i}, ��� "#��$6�&

di[q] =
1

2
(ai−1[2q − 1] − ai−1[2q]) , q ∈ {1, ..., Ne/2i} "#��$6�&

�� ���������
 �	
 �������	�� �	
 ������������� ��
3��
��� �� ����
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�� �� ��� ���
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�� �� ��� 
������ 	������

��� ������	�
�	��� ���	�� c∗
α �
� �� ��	����	����� ����
	�� ���� 	�� ����
�
� �
�
�

���������	��� ����� �� Â� ���	��� Â 
� USV T � ����� U 
�� V 
�� 	�� ��	������

�
� �
	����� 
�� S �� 
 ��
���
� �
	�� � �	 �
� �� ��
���� ���� ������ 	� !
����

�"#$%� ��� ��	
��� 
��
	 	�� �����
	���� 	�
	

c∗
α = V S(S2 + αI)−1UT ŷ, ��&�'(�

����� I �	
��� ��� 	�� ����	�	� �
	�� �

��� ������	�
�	��� �� 	��� ��������� 
� �������� )���	 Â 
�� ŷ 
�� �
��
�
	���

������� 	�� ��� �� Â �� ��������� 
�� U � V � 
� ���� 
� S 
�� �	����� *
�	�

c∗
α �� �
��
�
	�� 
�������� 	� �+

	��� �&�'(� ��� ��������� �� 	�� ��
���
� �
	�� 

S2 +αI ����� �	�
���	����
��� �	 �������	
	�� ��		�� ����
	
	���
� ���	� &� 	��� 	�����

�	�� �������� 	�� ��� �� ,���� 	� �� 
 	��������
���� �	��� �� ������ �	� O =

min(MN2, M2N)� !������� ���� 	�� ��� �
� ���� ���������� 	�� ����
	
	��� ��

c∗
α ��� �
�	���� ���
�
��-
	��� �
�
��	��� 
�� ��
�
�����	 ���	��� �� 
����	 ���� ��

	�� .��

��� ��	��
� α �� ������ �
�� 	�
	 	�� �	
����	� �� 	�� ���
	��� �
	��/�� 
 ����������

�
�
�� �� ��
�� 	�� �
�
� V = 0.1 	� �� 
	 
� 
����	
��� ����� �� �	
����	��

0�
�	��
���� 	�� ������	�
�	�� ������	�
	��� c∗
α �� �
��
�
	�� ��� 12 ����� ��
��-
�

	���� �� 	�� ��
�
�����	� y� ��� ��	��
� α �� ��	
���� �	��
	������ ��� �
��
����	�

V �� /��	 ��
�

	�� ��� α = 10 
�� α = 1000� ����� ����� 	�� �
��
����	� �� ��������

	� �� ����	����
��� �����
���� ��	� ������	 	� 	�� ���
�
��-
	��� �
�
��	��� 	�� ���

	��
� α �� ��	
���� �� 	�� �����	��� ��	���� �����
���� 	��� ������� ��������� �� ����

	�
� '2 
��
	�� 	� 	�� ���������� �
�
� V = 0.1 ��	� 
 ��������� �� 2�2" 3� )�� 


�����	 �
	�� �� ��-� 5577 × 1539 �	�� �
����	 ��� �������� �� 	��� �	
���� 	�� �����

������	�
�	��� ������� 	
,�� (2 � �� �
� ���	���

������ ���	
��

&� 	��� ���	���� �� ������	 .
��������� �
�,�� ������	�
	��� ������	�
�	�� ���� 	��

��������� �
	
 ��
	
����

• 4����	� 
� 	� ����� k = 0, 1, 2� 
�� 3� !����� ������ 
�� �����	��� 	� ����� 
��

�� ����	�� 
�� �� ������	�
�	��� �
���� �� ��� �'22#
�� !����� ������	�
�	����
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� 	� ����� 5 �
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�� � ���

� ����� 
���	������ �� ������
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• ���� ��� ���	 
���
 i = 0 ���
 ��

�� �� 
���
 i = 5 ���
 ����


��� �� ��


���������� �
 ���
 hi ��
 

� �� ���� �
����

 ������
� �� 
���
 i�

��
 ���

 ��������� �
	���
 ��
 �	������� ��� ���
���
���� ��
 �

���
� � � ��
 ����

�����!�	����� �� 
���
 i = 5 �
 
"��#��
�� �� ��
 	�	
�� �� ���
� n = 0� ���


m0 = h5� �$� %�
� ��
 �� 
�����
 ��
 �

�����
� �� ��
�� ���� ��� �� 
���
 i = 0

��� 
"��#��
���& �� ��
�� '�� ���
� 	�	
��
� ��
 �� ()*� �
���

 �� +% ()*��

�,� ��
 ���� �����!�	����� �� 
���
 i = 5 �
 
"��#��
�� �� ���
���& ���
��
���� ��


�� 
������ ���
� �
���
��������
 ��

� �� ���� ��� �� 
���
 i = 5 ��
 ���
��
�
�

�
 ��
 �

� �
���
��������
 ����
#���
 ���� �� 	
�
��
	
��
�

�������� ���	
���
�� �������

�� ���
� �� "���������#
�& �������
��-
 ��
 "�����& �� � �
���
�������� c∗� �
 
	���&

��
 ��������� �
����	���
 	
����
.

• ��������	��
�� ����� εr. ���
 �
 � ������ 	
�
��
 ���� �
�
��
 �� ��
 ��
����


�
��

� ��
 ������	 ����
�������� cp ��� ��
 �
���
�����
� ����
�������� c∗�
��
 ���	���-
� �
������� �� ���
 	
���� �
.

εr =
||c∗ − cp||22

||cp||22
. �/��$0�

��
 ���

� �� -
�� ���
 	
���� �
� ��
 �
��
� �
 ��
 "�����& �� �
���
���������

• ��������	��
�� ������ Er. ���
 ������ 	
�
��
 �������
 ��� ��
 ������& �� ��
1



�#��� ��
 
�
��& �� ��
 ����
�������� ������ ��
 �
���
�������� ����


� ��1

�

�� �
���

 �� ��
 ���1��

��


 �� ��
 ��#
�

 �����
	� ��
 
�
��& �� ��
 �
1

���
�����
� ����
�������� ��� �
 

#
�
�& �
���
� 
� �
 ��


�#
 ��
 
�������&�

��
 �
���
�������� 
�
��& �
 �
��
� �&.

Er =
||c∗||22
||cp||22

. �/��$2�

��
 ���

� �� ��
 ���
 	
���� �
� ��
 �
��
� ��
 �
���
���������

%
 ��
� ��������
 ����� ����
���� ��

� �� ��
 �
���
�������� �������& �� ��
 ���



�����
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�������&� ��
 �
���
�����
� �����
��� ����
��������
 c∗1� c∗2� ��� c∗3
��
 ��������
�� �& 

������� ��
 ��
�����
 �� ��
 ����� 	�!�	�	 ����
��������


r∗
1� r∗

2� ��� r∗
3 �� ��
 #������& �� ��
 ���

 ������1����� ��
�����
 r1� r2� ��� r3�

�

�
���#
�&� ��
 ���

 �
���
�����
� �����
��� ����
��������
 ��
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ABSTRACT

This paper deals with the problem of time-resolved fluores-

cence diffuse optical tomography. We propose a new recon-

struction scheme based on a multi-resolution approximation

of the time-resolved signals. The underlying basis functions

are exponential B-splines that are matched to the decay of

fluorescence signals. We illustrate the applicability of the

method on phantom data.

Index Terms— Fluorescence diffuse optical tomography

(FDOT), time-resolved FDOT, exponential B-splines.

1. INTRODUCTION

Fluorescence Diffuse Optical Tomography (FDOT) aims at

localizing and quantifying fluorescent markers within biolog-

ical tissue, with light in the near infra-red range. The prin-

ciple of this method is to use the fluorescence light that exits

the medium at different points, and solve an inverse problem

to reconstruct the 3-dimensional (3D) marker concentration.

This method, which possesses potential application for can-

cerous tumor detection, is raising increasing interest.

There are three common approaches for performing

FDOT acquisitions: continuous wave (CW), frequency do-

main (FD) and time-resolved (TR). CW FDOT is based on

the measurement of the attenuation of a steady state exci-

tation light [1]. FD FDOT is based on the measurement of

the phase and amplitude of the modulated excitation light

[2]. TR FDOT is based on the temporal measurement of

the response to an excitation light pulse [3, 4, 5, 6, 7]. The

CW and FD approaches are inexpensive and easy to develop,

while TR-FDOT is more costly and difficult to implement.

This work has been supported by the Région Rhône-Alpes in the context

of project I3M ’Multiscale Medical Imaging and modeling: from the small

animal to the human being’ of cluster ISLE.

However, the TR approach is potentially able to reconstruct

markers embedded as deep as several centimeters within the

medium [7]. TR is a practical way of maximizing the amount

of information collected from the measurements.

Since the introduction of this modality, researchers have

looked for the best way to extract and compress the extra in-

formation provided by the TR signals. The focus was initially

set on early arriving photons [3]. This approach, however,

suffers from low signal-to-noise ratio and provides poor depth

resolution. A more recent trend has been to exploit some

global features of the time-resolved signals [4, 5, 6]. In par-

ticular, researchers have investigated the use of the Laplace

transform [4] as well as the moments of the TR fluorescence

signals [5, 6]. However, there is still a crucial need to opti-

mize and compress the extra information provided by the TR

signals.

In this paper, we introduce a novel feature extraction pro-

cess and develop a corresponding reconstruction algorithm.

Specifically, the TR signal is described by a sequence of in-

ner products with exponential B-splines [8]. The justification

for this type of representation is twofold. First, fluorescence

is physically related to exponentially decaying signals that

are well represented in terms of exponential splines. Second,

it provides a (non-stationary) multiresolution representation

where the level of detail is controlled via the knot spacing (or

the scale) of the spline [8].

2. THEORY

Physically, FDOT is a three-step process. The light is first

turned on and it propagates from the source to a given flu-

orescence marker within the medium. This excites the fluo-

rophore and induces an emission at a higher wavelength (Step

2). The emitted fluorescence light then eventually propagates



from the marker to the detector (Step 3).

2.1. Time-resolved forward model

Light propagation within biological tissues is strongly dom-

inated by absorption and scattering of light. Classically, the

light propagation in these so-called turbid media is modeled

as a diffusion process. This approximation relies on the as-

sumptions that the scattering probability is much larger than

the absorption. This assumption, although somewhat restric-

tive, holds in most practical FDOT scenarios. Moreover, the

relative simplicity of the diffusion approximation allows for a

significant reduction in the computational costs.

Within the framework of the diffusion approximation, the

photon density φ(r, t) (W.cm−2) at position r and time t can

be expressed by means of the following partial differential

equation [9]:

−∇D(r)∇φ(r, t) +
1
v

∂

∂t
φ(r, t) + μa(r)φ(r, t) = S(r, t),

(1)

where D(r) (cm) is the diffusion constant defined by D =
1/(3μ′

s); μ′
s(r) (cm−1) is the reduced scattering coefficient,

μa(r) (cm−1) is the absorption coefficient, v (cm.ns−1) is the

speed of light in the turbid medium, and S(r, t) (W.cm−3) is

the instantaneous power density of the source.

2.1.1. Fluorescence

In this work, the pulse response of the fluorescent markers is

modeled by a decaying exponential:

f(r, t) = c(r)η exp[−t/τ(r)]/τ(r), (2)

where c(r) (μM) is the local marker concentration at position

r, τ(r) (ns) is the fluorescence lifetime, and η is the quan-

tum yield. In the following, the lifetime τ is assumed to be a

constant. We denote e(t) = η exp(−t/τ)/τ .

2.1.2. FDOT signal

In the following analysis, the spatial dependence of a function

is indicated as a subscript. With this convention, the tempo-

ral measurement performed at the detection point d resulting

from the excitation of the medium at the source point s is de-

noted by ms,d(t).
In [10], we have shown that the signal measured by an acqui-

sition setup can be modeled—to a good approximation—by

the photon density at the detection point. Consequently, a

point marker at position rn, with local concentration cn =
c(rn), leads to the following measurement [11]:

ms,d(t) = cn (φs,rn
∗ e ∗ φrn,d) (t), (3)

where the symbol ∗ refers to the convolution along the time

axis, φs,rn
denotes the Green’s function of the light prop-

agation operator P = −∇D(r)∇ + 1
ν

∂
∂t + μa(r) at point

rn, the source term being δ(r − s)δ(t). Similarly, φrn,d is

the Green’s function of P at point d, the source term being

δ(r − rn)δ(t).
Equation (3) is the mathematical description of the three-step

physical process of FDOT. φs,rn
is the time course of the

amount of light at position rn due to the pulse excitation at

point s. The convolution (φs,rn ∗ e)(t) represents the time

course of the fluorescence light intensity that is re-emitted at

position rn due to the presence of the fluorescent marker. The

term φs,rn
∗ e ∗ φrn,d represents the amount of light leaving

the medium from the point d after propagation of the fluores-

cence light from the point rn. This quantity is weighted by

the local concentration of the marker to give the actual mea-

surement.

Considering a distribution of the point markers at positions

{rn ∈ Ω, n = 1, 2, 3, ..., N}, the effective measurement is

given by the sum of the individual contributions. Moreover,

considering a distribution of source points si, i ∈ [1, I] and

detector points dj , j ∈ [1, J ], a set of I×J measurement pairs

can be formed and consequently as many equations. This is

written into the form of a matrix equation:

m(t) = W (t)c, (4)

where the measurement vector m(t) ∈ R
I×J is such that

m(t) = [m1,1(t) . . . mi,j(t) . . . mI,J(t)]T , and the concen-

tration vector c ∈ R
N such that c = [c1, . . . cn, . . . cN ]T .

The weight matrix W (t) ∈ R
(I×J)×N that maps the concen-

tration vector to the measurement vector comprises the en-

tries: w(i,j),n(t) = [φsi,rn
∗ e ∗ φrn,dj

](t).

3. MATERIAL AND METHODS

3.1. Transformation of the TR signals

In this work we consider a MRA of the TR signals, along the

time axis. Explicitly, at scale i, we consider a transforma-

tion that compresses any signal s(t) to the set of coefficients

m̂i[k]. We define:

m̂i[k] =
∫

s(t)φk,i(t) dt, (5)

where φk,i(t) = βi(t − k 2iTs), βi being an exponential B-

spline of order 0 [8]. To tune the basis functions with the

physics, we consider an exponential B-spline with an expo-

nential decay corresponding to the fluorescence. Thus, we

define βi(t) = exp(−t/τ)[u(t)−u(t−2iTs)], where u is the

unit step function, and τ the fluorescence lifetime. The time

step Ts is set to 500 ps and the integration is performed over

the range [1, 5] ns. As a result, card (ŝi[k]) = 23−i.

Applying this transformation component-wise on both sides

of (4) leads to the following MRA system:

m̂i = Ŵic, (6)

where m̂i and Ŵi are the concatenation of the m̂i[k]’s and

the Ŵi[k]’s, respectively.



Fig. 1. Reconstructed concentration in the presence of 3% of gaussian noise. a) numerical phantom; b) reconstruction from

CW signals; reconstruction from exponential B-splines MRA at: c) scale 3, d) scale 2, e) scale 1, and f) scale 0.

3.2. Reconstruction

The inverse problem in FDOT is known to be ill-posed, mean-

ing that a small perturbation in the data can lead to a large

deviation in the reconstruction. To overcome this drawback,

the inverse problem must be solved within the framework of

regularization. Thus, the reconstructed vector c∗ is obtained

by minimizing the Tikhonov cost function instead of the stan-

dard quadratic cost. Thus we have that:

c∗ = arg min
c

||m̂i − Ŵic||2 + α||c||2, (7)

where m̂i and Ŵi are the MRA of m and W at scale i as

defined in (5) and (6); α is the regularization parameter. In

practice, our implementation is based on the singular value

decomposition of Ŵi.

4. NUMERICAL EVALUATION

4.1. Description of the synthetic phantom

We consider the optically homogeneous infinite medium

phantom shown in Fig. 1a). The absorption coefficient μa is

set to 0.04 cm−1 and the reduced scattering coefficients μ′
s to

9 cm−1. These values are in agreement with in vivo values of

Fig. 2. Reconstructed concentrations around site number 2,

along the z-axis (left) and the x-axis (right), for MRA scales

i = {0, 1, 2, 3}.



breast tissue [12]. The homogeneity of the phantom allows

to employ the analytical solutions of (1) [13]. The marker

we use has a lifetime τ of 0.7 ns corresponding to the widely

employed Alexa 750. The markers are concentrated prefer-

entially around three sites at positions r1 = [−1,−1, 1.25],
r2 = [0, 0, 2.75], and r3 = [1, 1, 4.25]. To simulate the aut-

ofluorescence of the tissue as well as the nonspecificity of the

markers, we also consider a fluorescence background with a

background-to-site ratio of 1:10.

For the purpose of reconstruction, the medium is evenly dis-

cretized, resulting into 810 cubic voxels of size 0.5 × 0.5 ×
0.5 cm3 covering a total volume of 4.5×4.5×5 cm3. The

medium is excited by 13 point-sources and probed by 13

point-detectors. The sources and detectors are evenly ar-

ranged in two grids of side 3 cm placed 5 cm apart. Finally,

the TR synthetic measurement vector m(t) is corrupted by

3% Gaussian noise.

4.2. Results

We present reconstructions of concentration vector in the ge-

ometry described in Section 4.1. In Fig. 1, we display the

reconstructed concentration vectors c∗ for the MRA scales

i = {0, 1, 2, 3}. In Fig. 2, we show the reconstructed vectors

along the x and z-axis around the fluorescence site number 2.

It can be seen on both Fig. 1 and Fig. 2 that the poor quality of

CW reconstruction can be enhanced by considering E-splines

MRA reconstruction. Note that the reconstruction quality gets

better when a finer MRA is considered.

5. CONCLUSION

We have proposed a new reconstruction scheme for TR FDOT

that uses exponential spline basis functions. The proposed

multiresolution E-spline framework is adapted to the repre-

sentation of TR signals and provides a direct control of the

resolution. The first results obtained on simulations show that

this TR approach improves the reconstruction of deeply em-

bedded markers compared with the CW approach. A detailed

comparative study between the proposed TR approach and

the gold-standard TR approach – based on the moments of

the signals – is in progress.
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sθ

dΩ

x
y

z

ϕ

ŝ

ŝ

ŝ = sin θ cos ϕ x̂ + sin θ sin ϕ ŷ + cos θ ẑ

dΩ
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������� ��	�� ŝ �
����� �

dΩ = sin θ dθ dϕ 
����

∫
4π

dΩ =

∫ 2π

ϕ=0

∫ π

θ=0

sin θ dθ dϕ =

∫ 2π

ϕ=0

dϕ

∫ π

θ=0

sin θ dθ = −2π [cos θ]π0 
����

���� � ∫
4π

dΩ = 4π 
����

∫
4π

ŝ dΩ =

∫ 2π

ϕ=0

∫ π

θ=0

sin2 θ cos ϕ dθ dϕ x̂ +

∫ 2π

ϕ=0

∫ π

θ=0

sin2 θ sin ϕ dθ dϕ ŷ

+

∫ 2π

ϕ=0

∫ π

θ=0

cos θ sin θ dθ dϕ ẑ
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�� ��������� 	�� �������	�� �� x̂ �� �� ŷ �� �� ������� �� ���������� �� ������	� ��

ẑ �� � �∫
4π

ŝ dΩ =

∫ π

θ=0

sin2 θ

∫ 2π

ϕ=0

cos ϕ dϕ dθ x̂ +

∫ π

θ=0

sin2 θ

∫ 2π

ϕ=0

sin ϕ dϕ dθ ŷ

+
1

4

∫ 2π

ϕ=0

∫ 2π

θ=0

sin θ dθ dϕ ẑ
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∫ 2π

ϕ=0
cos ϕ dϕ =

∫ 2π

ϕ=0
sin ϕ dϕ = 0� #� � ���� �

∫
4π

ŝ dΩ = 0 
��$�

���� �� ������� a "��	���"��� #� ������� 	� ��%&�� (x̂, ŷ, ẑ) �� ��		� ��'�� "�� a

���� ��	�� ẑ� ���� a = a ẑ� (�	��	��� �∫
4π

a · ŝ dΩ = a

∫
4π

ẑ · ŝ dΩ = a

∫ 2π

ϕ=0

∫ π

θ=0

cos θ sin θ dθ dϕ 
��)�

(���� �������	� "�� � ��*+ ��� ��	��	�� %����������� ��� ��		�� #� ������� ����

���� � ∫
4π

a · ŝ dΩ = 0 
��,�
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∫
4π

(a · ŝ)ŝ dΩ = a

∫
4π

(ẑ · ŝ)ŝ dΩ = a

∫
4π

cos θŝ dΩ ������

= a

∫ 2π

ϕ=0

∫ π

θ=0

sin2 θ cos θ cos ϕ dθ dϕ x̂ + a

∫ 2π

ϕ=0

∫ π

θ=0

sin2 θ cos θ sin ϕ dθ dϕ ŷ

������

+ a

∫ 2π

ϕ=0

∫ π

θ=0

cos2 θ sin θ dθ dϕ ẑ ������

�	

� 	� 
�� ���� ��� �
∫ 2π

ϕ=0
cos ϕ dϕ =

∫ 2π

ϕ=0
sin ϕ dϕ = 0� ��� �	��������� 
��

�������
�� �� x̂ �� �� ŷ ������
���� �
 ����� �

∫
4π

(a · ŝ)ŝ dΩ = a

∫ 2π

ϕ=0

∫ π

θ=0

cos2 θ sin θ dθ dϕ ẑ = 2πa

∫ π

θ=0

cos2 θ sin θ dθ ẑ ���� �

= −2πa

3

[
cos3 θ

]π

0
ẑ ����!�

"� �#	���� $��
�
��� #��� � � ∫
4π

(a · ŝ)ŝ dΩ =
4π

3
a ����%�
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