
Équations de transport-fragmentation

et applications aux maladies à prions
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Laboratoire Jacques-Louis Lions, 20 Juin 2011

1 / 39



Prion diseases� Transmissible Spongiform Encephalopathies are infectious, fatal and
neurodegenerative diseases� Examples: madcow disease (BSE), Kreuzfeld Jakob disease, scrapie
disease

� The pathogenic agent, known as prion, is a protein� This protein has the ability to aggregate under an abnormal form
into polymers

2 / 39



µpxq
βpxq
τpxq

λ δ

polymer of size x

normal protein abnormal protein

Figure: Prion proliferation

3 / 39



Prion model

V ptq: quantity of monomers at time t,

upt, xq: quantity of polymers of size x at time t.$''''''&''''''% d

dt
V ptq � λ� δV ptq � V ptq » 8

0

τpxqupt, xq dx ,BBt upt, xq � �V ptq BBx �τpxqupt, xq�� µpxqupt, xq � Fupt, xq,
upt, 0q � 0, up0, xq � u0pxq ¥ 0, V p0q � V0 ¥ 0, t ¥ 0, x ¡ 0,

where Fupxq :� 2

» 8
x

βpyqupyqκpx , yq dy � βpxqupxq.
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References� Masel, Jansen, Nowak (1999): discrete model for prion
proliferation by polymerization� Engler, Greer, Prüss, Pujo-Menjouet, Webb, Zacher (2006):
continuous model and long-time behavior in the “constant” case
τpxq � τ, βpxq � βx and κpx , yq � 1

y� Laurençot, Simonett, Walker (2006): well-posedness� Calvez, Deslys, Laurent, Lenuzza, Mouthon, Oelz, Perthame

(2009): necessity to consider nonconstant coefficients� Doumic, Goudon, Lepoutre (2010): derivation of the continuous
model from the discrete model
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The linear growth-fragmentation equation

Steady states of the prion equation

Long-time behavior for prion-type equations

Optimization of an amplification technique
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The linear growth-fragmentation equationBBt upt, xq � BBx �τpxqupt, xq� � Fupt, xq

8 / 39



The linear growth-fragmentation equationBBt upt, xq � BBx �τpxqupt, xq� � Fupt, xq
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where F
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κpy , xqϕpyq dy � βpxqϕpxq.
8 / 39



The linear growth-fragmentation equationBBt upt, xq � BBx �τpxqupt, xq� � Fupt, xq
Dual equation: � BBtϕpt, xq � τpxq BBx ϕpt, xq � F

�ϕpt, xq
where F

�ϕpxq � 2βpxq » x

0

κpy , xqϕpyq dy � βpxqϕpxq.
General Relative Entropy (Michel, Mischler, Perthame 2004):» 8

0

ϕpt, xqvpt, xqH�upt, xq
vpt, xq	 dx

8 / 39



The linear growth-fragmentation equationBBt upt, xq � BBx �τpxqupt, xq� � Fupt, xq
Dual equation: � BBtϕpt, xq � τpxq BBx ϕpt, xq � F

�ϕpt, xq
where F

�ϕpxq � 2βpxq » x

0

κpy , xqϕpyq dy � βpxqϕpxq.
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dt

» 8
0

ϕpt, xqvpt, xqH�upt, xq
vpt, xq	 dx �� » 8

0

» 8
0

βpyqκpy , xqϕpt, xqvpt, yq�H�upt, xq
vpt, xq	� H

�upt, yq
vpt, yq	� H 1�upt, xq

vpt, xq	�upt, xq
vpt, xq � upt, yq

vpt, yq
� dxdy ¤ 0 for H convex
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Eigenproblem and convergence

ΛUpxq � Bx�τpxqUpxq� � F Upxq,
Λφpxq � τpxqBxφpxq � F�φpxq,
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ΛUpxq � Bx�τpxqUpxq� � F Upxq, ùñ UpxqeΛt
Λφpxq � τpxqBxφpxq � F�φpxq, ùñ φpxqe�Λt

Upxq ¥ 0, φpxq ¥ 0,

» 8
0

U � » 8
0

φU � 1.

Any solution upt, xq to the growth-fragmentation equation satisfies

upt, xqe�Λt ÝÝÝÝÑ
tÑ�8 ρ0 Upxq with ρ0 � » 8

0

u0pxqφpxq dx .
[Perthame, Ryzhik ; Michel, Mischler, Perthame ; Laurençot, Perthame ; Cáceres, Cañizo, Mischler]
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Assumptions

To avoid concentration at x � 0� β

τ
P L1locpR�q,
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τ
P L1locpR�q,� DC ¡ 0, γ̄ ¥ 0 s.t.

$'''&'''% » x

0

κpz , yq dz ¤ min
�
1,C

�x
y

	γ̄	
and

x γ̄

τpxq P L1locpR�q.
To avoid formation of infinitely long polymers� lim

xÑ8 xβpxq
τpxq � �8.
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Existence and uniqueness

Theorem (Doumic, G.)

Under the previous assumptions and some technical ones, there exists

a unique solutionpΛ,U , φq P R� L1pR�q �W
1,8
loc p0,8q

to the eigenvalue problem. Moreover we have: Λ ¡ 0,

xατ U P LppR�q, �α ¥ �γ̄, �p P r1,8s,
xατ U PW 1,1pR�q, �α ¥ 0,

and Dk ¡ 0 s.t.
φ

1� xk
P L8pR�q.

11 / 39



Sketch of the proof� Krein-Rutman on a truncated and regularized problem� Uniform estimates to obtain compacity and pass to the limit
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Details for U :� Uniform bound in W 1,1pR�q for xατpxqUpxq, α ¥ 0� To conclude in the cases when τ vanishes at x � 0, we prove that

x�γ̄τpxqUpxq is bounded at x � 0.

More precisely, we define

f pxq :� sup
yPp0,xqtτpyqUpyqu

and we prove that x�γ̄ f pxq is bounded at x � 0.
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f pxq :� sup
yPp0,xqtτpyqUpyqu, x�γ̄f pxq ¤ C .
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f pxq :� sup
yPp0,xqtτpyqUpyqu, x�γ̄f pxq ¤ C .

f pxq ¤ 2

» 8
0

βpyqUpyq » x
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κpz , yq dz dy
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f pxq :� sup
yPp0,xqtτpyqUpyqu, x�γ̄f pxq ¤ C .

f pxq ¤ 2

» 8
0

βpyqUpyq » x

0

κpz , yq dz dy¤ 2

» 8
0

βpyqUpyqmin
�
1,C

�x
y

	γ̄	
dy
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x
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» 8̄
x

β Uy�γ̄dy
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Choosing x̄ such that
³x̄
0

β
τ
� ρ   1

2 , we obtainp1� 2ρq x�γ̄ f pxq ¤ C1 � C2

» x̄

x

β

τ
y�γ̄ f pyq dy

and we conclude with Grönwall’s lemma.
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Prion equation$''&''% d
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Steady states$''&''% 0 � λ� δV � V

» 8
0

τpxqupxq dx,
0 � �V BBx �τpxqupxq� � µ upxq � Fupxq.
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δ

15 / 39



Steady states$''&''% 0 � λ� δV � V

» 8
0

τpxqupxq dx,
0 � �V BBx �τpxqupxq� � µ upxq � Fupxq.� disease-free steady state: ū � 0, V̄ � λ
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Powerlaw coefficients

If
τpxq � τxν and βpxq � βxγ ,

then the conditions which ensure the existence of eigenelements reduce to

k :� γ � 1� ν ¡ 0.
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Powerlaw coefficients

If
τpxq � τxν and βpxq � βxγ ,

then the conditions which ensure the existence of eigenelements reduce to

k :� γ � 1� ν ¡ 0.

If additionally κpx , yq � 1
y
κ0

�
x
y

�
, then we can compute explicitly

ΛpV q � Λp1qV γk�1

and UpV ; xq � V�k
Up1;V�kxq.

So there is a unique possible disease steady state given by

V8 � � µ

Λp1q	kγ�1

.
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Existence of multiple disease steady states

Theorem (Calvez, Doumic, G.)

For L � 0 or L � �8 , if

βpxq �
xÑL

βxγ and τpxq �
xÑL

τxν ,

then
lim
VÑL

ΛpV q � lim
xÑL

βpxq .
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βpxq �
xÑL

βxγ and τpxq �
xÑL

τxν ,

then
lim
VÑL

ΛpV q � lim
xÑL

βpxq .
Consequence: if

lim
xÑ0

βpxq � lim
xÑ8 βpxq � 0

then, for µ small enough, there exist at least two values of V such that

ΛpV q � µ.

17 / 39



Idea of the proof
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Constant case: τpxq � τ, βpxq � βx , κpx , y q � 1
y
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Stability results: Engler, Prüss, Pujo-Menjouet, Webb, Zacher 2006
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Case limxÑ0 βpxq � limxÑ8 βpxq � 0
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A prion-type equation with particular solutions

Consider the nonlinear growth-fragmentation equationBBt upt, xq � �f

�»
x
p
u


 BBx �xupt, xq�� g

�»
x
q
u



upt, xq � Fupt, xq (1)

with βpxq � βxγ and κpx , yq � 1
y
κ0

�
x
y

�
.

25 / 39



A prion-type equation with particular solutions

Consider the nonlinear growth-fragmentation equationBBt upt, xq � �f

�»
x
p
u
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x
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u



upt, xq � Fupt, xq (1)

with βpxq � βxγ and κpx , yq � 1
y
κ0

�
x
y

�
.

If pW ,Qq is a solution to the ODE system,# 9W � γW
�
f pW p{γQq �W

�
,9Q � Q

�
W � gpW q{γQq�,

then pt, xq ÞÑ QptqUpW ptq; xq is a solution to equation (1).
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Long-time behaviorBBt upt, xq � �f �» xpu


 BBx �xupt, xq�� µ upt, xq � Fupt, xq
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Long-time behaviorBBt upt, xq � �f �» xpu


 BBx �xupt, xq�� µ upt, xq � Fupt, xq� trivial steady state: u8 � 0,� nontrivial steady states: u8pxq � Q8 UpW8; xq
where W8 � µ and Q8 is such that f

�»
xpu8
 � µ.

Theorem (G.)� If lim sup
IÑ�8 f pI q   µ, then any solution converges to a steady state.� The trivial steady state is: � stable if f p0q   µ,� unstable if f p0q ¡ µ.� A positive steady state u8 is: � stable if f 1 �³ xpu8pxq dx�   0,� unstable if f 1 �³ xpu8pxq dx� ¡ 0.
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Steady states and stability
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f pI q
µ
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Long-time behaviorBBt upt, xq � �f

�»
x
p
u


 BBx �xupt, xq�� g

�»
x
q
u



upt, xq �Fupt, xq

Can we prove the same kind of behavior for general functions g?
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Long-time behaviorBBt upt, xq � �f

�»
x
p
u


 BBx �xupt, xq�� g

�»
x
q
u



upt, xq �Fupt, xq

Can we prove the same kind of behavior for general functions g?Ñ No

Theorem (G.)
There exist situations with increasing functions f and g where periodic
solutions appear. More precisely there exist solutions of the form

upt, xq � QptqUpW ptq; xq
with Q and W periodic functions.
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Periodic oscillations
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A generalized prion equation$'''&'''% d

dt
V ptq � λ� δV ptq � V ptq f �» xpu


» 8
0

xupt, xq dx ,BBt upt, xq � �V ptq f �» xpu


 BBx �xupt, xq� � µ upt, xq � Fupt, xq,
introduced by Greer, van den Driessche, Wang and Webb (2007).
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A generalized prion equation$'''&'''% d

dt
V ptq � λ� δV ptq � V ptq f �» xpu


» 8
0

xupt, xq dx ,BBt upt, xq � �V ptq f �» xpu


 BBx �xupt, xq� � µ upt, xq � Fupt, xq,
introduced by Greer, van den Driessche, Wang and Webb (2007).

Theorem (G.)

There exist functions f and parameters λ, δ, µ, γ and p for which
this equation admits periodic solutions.
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Protein Misfolded Cyclic Amplification

incubation

incubation

sonication

Figure: The PMCA principle.
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Modeling

We model the sonication by multiplying the fragmentation F by a
parameter αptq:BBt upx , tq � � BBx �τpxqupx , tq� � αptqFupx , tq
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Modeling

We model the sonication by multiplying the fragmentation F by a
parameter αptq:BBt upx , tq � � BBx �τpxqupx , tq� � αptqFupx , tq

sonication

incubation

αptq
αmax

1

0 tT

Problem: maximize the quantity

» 8
0

x upT , xq dx for a given time T .
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First approach: optimization for α constant

We consider a steady control αptq � α and we want to maximize the
eigenvalue Λpαq.
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First approach: optimization for α constant

We consider a steady control αptq � α and we want to maximize the
eigenvalue Λpαq.
Theorem (Calvez, Doumic, G.)
For L � 0 or L � �8, if β and τ are equivalent to powerlaws at x � 1

L

then

lim
αÑL

Λpαq � lim
xÑ 1

L

τpxq
x

.

Consequence: if

lim
xÑ0

τpxq
x

� lim
xÑ8 τpxq

x
� 0

then Dαopt ¡ 0 , �α ¡ 0 , Λpαq ¤ Λpαoptq .
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Figure: Existence of an optimal α.

35 / 39



Discrete model

d

dt
ui ptq � �rpαptqq�τiui ptq � τi�1ui�1ptq�� αptqβiui ptq � 2αptq ņ

j�i�1

βjκi ,jujptq, 1 ¤ i ¤ n,

where r represents the influence of the sonication on the polymerization.
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Discrete model

d

dt
ui ptq � �rpαptqq�τiui ptq � τi�1ui�1ptq�� αptqβiui ptq � 2αptq ņ

j�i�1

βjκi ,jujptq, 1 ¤ i ¤ n,

where r represents the influence of the sonication on the polymerization.

For the steady controls, we have

Theorem (Calvez, G.)
If r is nonincreasing and τ2 ¡ 2 τ1 , then Dαopt ¡ 0 such that�α ¡ 0 , Λpαq ¤ Λpαoptq .
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Periodic control

For αptq a periodic control, the Floquet theory allows to define, for the
discrete model, a principal eigenvalue

ΛF rαs.
Theorem (Calvez, G.)
If there exists an optimal value αopt for the Perron eigenvalue and if

r2pαoptq
rpαoptq � αopt r 1pαoptq ¡ 0,

then there exist periodic controls αptq such that ΛF rαs ¡ Λpαoptq.
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Optimal control

Problem: find a control αptq which maximizes, for a given time T , the
payoff

ņ

i�1

i ui pT q.

38 / 39



Optimal control

Problem: find a control αptq which maximizes, for a given time T , the
payoff

ņ
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Optimal control
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Figure: Optimal control for affine r .
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Optimal control

Problem: find a control αptq which maximizes, for a given time T , the
payoff

ņ

i�1

i ui pT q.
Lemma (G.) If r is affine, then there exists an optimal control.

Question: If r is not affine, is there an optimal control?
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Figure: Optimal control for r decreasing convex, with ∆t � 0.8.
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Figure: Optimal control for r decreasing convex, with ∆t � 0.4.
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Figure: Optimal control for r decreasing convex, with ∆t � 0.2.
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Figure: Optimal control for r decreasing convex, with ∆t � 0.1.
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Perspectives

Long-time asymptotics� Generalize the assumptions which ensure the exponential decay in
the linear case (in progress, with J. A. Cañizo and D. Balagué)� What happens when the assumptions which ensure the existence of
eigenelements are not satisfied? (with T. Lepoutre)� Obtain stability results for the disease steady states of the prion
equation with general coefficients� Introduce a coagulation operator and a space variable (post-doc)

Optimization� Prove that the optimal control is αopt when r is affine (with V. Calvez)� Investigate the Floquet problem for the continuous model

Age-structured models� The renewal equation to model and investigate a cancer treatment
(with G. F. Webb)
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