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∫
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1
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σ∈R

p(t, σ)dσ = 1, :L<
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∫

σ∈R
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∑

i,j

∂2
vivj

(pDij(v1, . . . , vn)),
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div (pv) + ∆p = div

(
M(v)∇

(
p

M(v)

))
,!" M #$% %0')-%-!((#&&#7#(% '44#&:# %&'()**")++)C M(v) =

1

(2π)n/2
e−|v|2/22L'($ # '$ -& #$% ?'-&# )# A!-0 ;/# &</(-;/# $!&/%-!( )# &<:;/'%-!( $%'%-!(('-0#$!/$ !(%0'-(%# ∫

p = 1 #$% p = M 2L'($ &# '$ )/ 7!)6&# )<M:50'/)83#;/#/IC !( 4#/% !($-):0#0 ;/# &<!( ''1'-0# N /(# :;/'%-!( )# O!PP#08Q&'(P )'($ &';/#&&# &<#$4'# )#$ 4@'$#$ #$%&<#$4'# )#$ !(%0'-(%#$ )# -$'-&&#7#(%2 3<:;/'%-!( +F. )<M:50'/)83#;/#/I40:$#(%# %!/%#?!-$ )#$ '0'%:0-$%-;/#$ %06$ )-1:0#(%#$ KR &<:;/'%-!( #$% (!(8&-(:'-0# '0 &# !#S-#(% )# )-1/$-!( αΓ(t) ):4#()&/-8797# )# &' $!&/%-!( ,"& +T. UR &<:;/'%-!( #$% (!(8!($#0A'%-A# K #( #1#%C N '/$# )/ %#07# )# $'/%
−1/T01R\[−σc,σc]p + Γ(t)δ0(σ)C (!/$ (# 4!/A!($ 4'$ 7#%%0# &<:;/'%-!($!/$ /(# ?!07# !" &' ):0-A:# %#74!0#&&# )# p ∂tp $#0'-% :,'&# N &' ):0-A:#4'0 0'44!0% N σ )</(# #0%'-(# #I40#$$-!(2 V& #( 0:$/&%# (!%'77#(% /(#7/&%-4&--%: )#$ :%'%$ $%'%-!(('-0#$2W(X(C 4!/0 '@#A#0 #%%# 7-$# #( !(%#I%# )/ 7!)6&# )<M:50'/)83#;/#/IC(!/$ 4!/A!($ :A!;/#0 )<'/%0#$ 7!)6&#$ 0@:!&!,-;/#$ $<'44/='(% $/0 /(# )#$80-4%-!( -(:%-;/# #( 4'0%-/&-#0 &# ?'7#/I 7!)6&# )#$ @'&%60#$ +#( '(,&'-$ -%.)**. 4!/0 &#$ $!&/%-!($ )# 4!&=760#$ )-&/:#$ ;/- #I-$%# $!/$ )-A#0$#$?!07#$ 4&/$ !/ 7!-($ !74&#I#$ +A!-0 4'0 #I#74&# .! 45$" EH ℄.2 L'($ #7!)6&#C /(# %06$ &!(,/# 7!&:/&# )# 4!&=760#$ #$% 0:)/-%# '/ A#%#/0 X ?!087'(% $#$ )#/I #I%0:7-%:$2 Y( ):0-% #($/-%# &' )-$%0-5/%-!( $%'%-$%-;/# )/A#%#/0 X N &<'-)# )</(# :;/'%-!( )# O!PP#08Q&'(P +!/ 4&/%�% )# $' A#0$-!(-(@!7!,6(# &<:;/'%-!( )# [&'$!A8O!PP#08Q&'(P. K

∂tp+ u · ∇xp = −div X

((
∇xuX − 1

2We
∇Π(X)

)
p

)
+

1

2WeM
∆Xp, +\.



 !"#$%&"($!  !" Π(X) #$&'( )* +!(*,('*) #* )- .!&* #* &-++*) /0' 12*3*&* 10& )24-)(5&* #0.-'( #*1 !,(&-',(*1 *,(&!+'/0*1 60, 7*(*0& (&51 )!,8 -4* 0,* 9!)$0)* (&51#$+)'$* /0' - #!, 9!',1 #* 9-&8* #* 9-,:07&* +!0& 1* #$.!&9*&;< =0'7-,()- !9+)*3'($ #0 +!(*,('*) !, !>('*,( #*1 9!#5)*1 +)01 !0 9!',1 &$-)'1(*1? )*1+)01 !,,01 $(-,( @A )* -1 #*1 4-)(5&*1 )',$-'&*1?
Π(X) =

1

2
|X|2.A )* -1 #*1 4-)(5&*1 B *3(*,1'!, C,'* 6DEFE;?

Π(X) = −bM
2

log

(
1 − |X|2

bM

)
℄< F!(!,1 /0* )20, #*1 +&*9'*&1 &$10)(-(1 9-(4$9-('/0*1 #2*3'1(*,* #*1!)0('!, +!0& )*1 9!#5)*1 #* S0'#*1 >-1$1 10& #*1 #*1&'+('!,1 ',$('/0*1 -$($ #!,,$ +-& )!*+#,- PTU℄<V-,1 )*1 4-+'(&*1 W? X *( U ,!01 ,!01 ',($&*11!,1 B )- 7*&1'!, 1(-('!,,-'&*#* 6X;A6Y;? 2*1(LBL#'&* -0 +&!>)59* 10'7-,( @

0 = −G0γ̇∂σp−
1

T0

1R\[−σc,σc]p+ Γδ0(σ) + αΓ∂σσp, 6Z;
p ≥ 0, 6[;∫

σ∈R

p(σ)dσ = 1. 6W\;*( +)01 +-&('0)'5&*9*,( B )- !9+!1$* #*1 -++)'-('!,1 @ γ̇ 7→ p )- 1!)0('!,#* 6Z;A6W\; *( #* )2-++)'-('!, p 7→ τ !" τ *1( -)0)$  !" 6T;< K0(&*9*,( #'(?!, 7*0( $(0#'*& )*1 !0&>*1 #* S!( -11!'$*1 -0 9!#5)* #2]$>&-0#L^*/0*031(-('!,,-'&*< _7'#*99*,( +0'1/02!, +-&)* #* ^K 1!)0('!, #* 6Z;A6W\; ') .-0(12-110&*& /0* *((* 1!)0('!, *3'1(* *( *1( 0,'/0* #-,1 0, -#&* .!,('!,,*)-++&!+&'$? * /0' *1( *3-( #51 )!&1 /0* γ̇ 6= 0 #2-+&51 0, (4$!&59* #* .+*/'%? .+112 *( 3+1$ PWT℄ #!,( ,!01 &*#!,,!,1 )- #$9!,1(&-('!, -0 !0&1
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Solutions stationnaires b=3

σ
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µ=0.3
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 !"# !" #$%&'(%) *% )+(,-.+/ *, )0)-1&% 2 342!53*, 78'.-9% !: ;/ '%,- <+.9 =,%(=,%) %$%&'(%) *% -%((%) )+(,-.+/) *8/) (8>?,9% !:@A./-B9C- '9./.'8( *% % 78'.-9% %)- (8 *B&+/)-98-.+/ *% (AB/+/B ),.<8/- " !"#$%&' ()  !"!#$ ηc = G0T0% &!'" p(γ̇, σ) ()*#'+*, $!(*"'!# -* ./!0(12,2 332!53 (!/$+*, (, "4*5 -, '$4'((,2,#" ,$" #!# #*( ),$"787-'/, γ̇ 6= 0% 9(!/$(,$ !2.!/",2,#"$ .!$$'0(,$ .!*/ τ(γ̇) =

∫

σ∈R

σp(γ̇, σ)dσ (!/$+*, γ̇ → 0 $!#"(,$ $*':4#"$ ;*+ α > σ2
c/2 <, =*'-, $, !2.!/", !22, *# =*'-, #,>"!#',# -, :'$!$'"?4..4/,#", η(α/σ2

c )% &' ()!# -?@#'" η∗(µ) .4/ (4 A!/2*(,
η∗(µ) = 1 +

3µ− 1 + 1/2(4µ− 1)3/2

24µ(µ− 1/2)2
,4(!/$ #!*$ 4:!#$

τ(γ̇) ∼ η(α/σ2
c )γ̇!B (4 :'$!$'"? 4..4/,#", η ,$" -!##?, .4/ η(α/σ2

c ) = η∗(α/σ2
c )ηc C*+ α < σ2

c/2 <, =*'-, ./?$,#", *# $,*'( -D#42'+*, τ0% E(*$ ./?'$?2,#" ; !#



 !"#$%&"($!   !"#$%  &'()* c(µ) ),,- .' /-0.- *'$#- 1)/$%$2-  - .&!30'%$)#
c(µ)(cosh(1/c(µ)) − 1)

sinh(1/c(µ))
= µ-% τ ∗(µ) 1'* .' 4)*,0.-

τ ∗(µ) =

(
1

2µ
− 1

)
c(µ),'.)*/ #)0/ '2)#/

τ(γ̇) → τ0(α/σ
2
c ))5 τ0 -/%  )##! τ0(α/σ2

c ) = τ ∗(α/σ2
c )σc 6 ! α = σ2

c/2 .- 70$ - /0$% 0#- .)$  - 10$//'#-  &-81)/'#% 1/5 - 30$ /$9#$"-30&)# '
τ(γ̇) ∼ 242/5

12
σ4/5

c η1/5
c γ̇1/5.!" #$%&'()" *'%,-" .&/ 0" &)*&'#")"/# ." 01 &2'3" (γ̇, τ(γ̇)) "/ 4&/5#,&/ .2 *1'1)(#'" µ6 !"##" &2'3" "-# 7'1,)"/# 082/ ."- &2#,0- 4&/.1)"/#129"/ '$%&0&:," ; " -&/# 0"- &2'3"- "9*%',)"/#10"- <2" 08&/ &3#,"/# .1/- 01*02*1'# ."- .,-*&-,#,4- "9*%',)"/#129 #"0- <2" 0"- "0020"- ." !&2"##"= &2 0"-'$%&)(#'"- �/"5*01/ ?*&2' *02- ." .%#1,0 -2' 08"9*%',)"/#1#,&/ "/ '$%&0&:,"=/&2- '"/7&@&/- A  !"#$% BCD℄= &'()#*% BFG℄ &2 +,-,. BFF℄H6 I/ #'&27"'1."- "9")*0"- ." #"00"- &2'3"- .1/- 081//"9" J *&2' <2"0<2"- )&.(0"- 01-5-,<2"- #"0- <2" "02, ." K,/:$1) ?L:2'" J6M *6 NMNH &2 .8O"'-$"05K20P0"@?L:2'" J6C *6 NMFH6Q8%/&/% "/ 02,5)R)" -,:/,L" <2" 0" )&.(0" .8O%3'12.5Q"<2"29 '"/.&)*#" .2 *$%/&)(/" ." 01 %*'#/$%$)# 2$%*-0/- .1/- 0" )1#%',12 ; 0" S2,."$1/:" ." #@*" '$%&0&:,<2" "/ 4&/#,&/ .82/" T#")*%'1#2'"U ." #'1/-,#,&/V&2%" ,, *1' 01 4'1:,0,#% αf(γ̇,Γ) = 0 <2" 08&/ '%-&2# :'^" 12 #$%&'()" ."-4&/#,&/- ,)*0,,#"-6 Q81/10@-" ." 081-@)*#&#,<2" γ̇ → 0 *1--" *1' 2/" %#2."'"01#,7")"/# &)*0,<2%" .2 &)*&'#")"/# ." 01 -&02#,&/ ,)*0,,#" Γ(γ̇) 1'



 !  !"#$%&"($!"# $%&()%& f *+( ,)%"*--*&( +)&./")01* #/ ,%)+)&#.* 2/ 3%)&( 24)&(516( (0, 0)7,%)1 3#1 *8*-3"* +%& *831*++)%& 39 :; 2#&+ 2*+ ,#1)#<"*+ #2)-*&+)%&&5*+= x5(#&( 31%3%1()%&&*" > Γ *( y 31%3%1()%&&*" > γ̇?9 @" $#/( 2%& 25+)&./"#1)+*1 "*31%<"0-* 3#1 /& A#&.*-*&( 2* ,#1)#<"*+ #331%31)5*+ 7*1(#)&+ A#&.*-*&(+2* ,#1)#<"*+ 3%/,#&( 3#1#B(1* &#(/1*"+ -#)+ &45(#&( 3#+ *C#*+ #/ D&#"?9 @"$#/( *&+/)(* #"/"*1 "# %&(1#)&(* #++%)5* #/ 3#1#-0(1* γ̇ *( -%&(1*1 E/* "*%-3%1(*-*&( #+F-3(%()E/* 2* Γ(γ̇) 3*1-*( 2* (1%/,*1 "* %-3%1(*-*&( 2*
τ 9 G*) &5*++)(* 2* &%/,*#/ /&* #&#"F+* #++*H -)&/()*/+* -6-* +) "*+ %/()"+(A5%1)E/*+ +%&( #++*H <#+)E/*+9 I& *J*(= "# 2)J51*&* *&(1* "# ,#"*/1 *8#(* 7>
γ̇ D85? *( +%& #+F-3(%()E/* +/33%+5* *+( %&(1�"5* 3#1 /& 31%2/)( 2* (*1-*+2%&( *1(#)&+ +%&( +)&./")*1+ 2#&+ "# ")-)(* γ̇ → 09L* A#3)(1*  # $#)( "4%<M*( 24/&* 3/<")#()%& 2#&+ "# 1*,/*  !"#$&'"(# )*'+,-!./,0#! 1/#&!2/#"3 4,0 5&6$"3= NO;℄Σ = (Σij)i≤j *( p *+( 2%& /&* $%&()%& 2*+%%12%&&5*+ Σ11= Σ22= Σ33= Σ12= Σ13= Σ239 U& "* -/&)( 2/ 31%2/)( +#"#)1*

Σ : Σ′ =
∑

i

ΣiiΣ
′
ii + 2

∑

i≤j

ΣijΣ
′
ij , 7  ?*( %& &%(* | · | "# &%1-* #++%)5*9 U& 25D&)( "*+ %351#(*/1+

∆Σp =
∑

i

∂ΣiiΣii
p+

1

2

∑

i≤j

∂ΣijΣij
p, 7 \?*(

∇Σp = (∂Σij
p)i,j. 7 ;?I&D& %& .5&51#")+* "# T/)2)(5 *&=

Γ(p) =

∫

|Σ|>1

p(Σ)
∏

i≤j

dΣij . 7 :?



 !"#$%&"($!   !" "#$%&' (#&)"'*'"$ dΣ =
∏

i≤j

dΣij +,#-& .% 0'12 (% *3$%44% u #" -$3.34% .%4 "#$'$3#"4 .'4435-%4 W (∇u) %$
D(∇u) 2#-& .%4 2'&$3%4 &%42%$3*%1%"$ '"$3461)$&35-% %$ 461)$&35-% (% ∇u+7. "#-4 &%4$% 8 ()9"3& 2#-& a '22'&$%"'"$ 8 [−1, 1]:

ga(Σ,∇u) = ΣW (∇u) −W (∇u)Σ− a(D(∇u)Σ + ΣD(∇u)). ; <=>% 1#(?.% 2&%"( '.#&4 .' @#&1% 4-3*'"$%:
∂tp(t, x,Σ) + u · ∇xp− ga(Σ,∇u) : ∇Σp =

− 2G0D(∇u) : ∇Σp(t, x,Σ)

− 1|Σ|>σc
(Σ)

T0

p(t, x,Σ) + Γ(p)(t, x)ρ(Σ)

+ αΓ(p)(t, x)∆Σp(t, x,Σ) ; A=#12.)$) '*% .' #"(3$3#"
∫

R6

p(t, x,Σ)dΣ = 1. ; B=C'"4 .D)5-'$3#" ; A=: #" ' 4)2'&) .% 4%#"( 1%1E&% %" .' 4#11% (% $&#34$%&1%4: 0'-" #&&%42#"('"$ '-F %G%$4  HI &%@)&%")4 2+ J+ 7. %4$ 8 "#$%&5-% ρ K#-% .% &�.% 5-3 )$'3$ ()*#.- 8 .' 1'44% (% C3&' %" 0 M % (#3$ N$&% -"%1%4-&% 8 4-22#&$ #"$%"- ('"4 .' E#-.% -"3$): 3"*'&3'"$% ('"4 -" 4%"4 5-34%&' 2&)34) ('"4 .% 0'23$&% J+ O"9" #" &)-2?&% .% $%"4%-& (%4 #"$&'3"$%41'&#4#235-%4 2'& 3"$)P&'$3#" M
Tij(t, x) =

∫

R6

p(t, x,Σ)ΣijdΣ
∂tτ +

1

T0
τ = G0γ̇. ; V=



 !  !"#$%&"($! ! "# $%%&!$ '$ ()#)*&+!%$* #&,-$.$#/ $//$ )12&/!"# $#
∂tT +

1

T0

T = G0D(∇u),"# /".3$ %2* 2#$ )12&/!"# 12! #4$%/ 5&% !#-&*!&#/$ 5&* 6&#($.$#/ '$ *)7)8*$#/!$+9 :+ $%/ "##2 ;-"!* +4&##$<$ = $/ +$% *)7)*$#$% 12! %4> /*"2-$#/? 12$@5"2* "3/$#!* 2#$ )12&/!"# 12! %"!/ '$ #"2-$&2 !#-&*!&#/$ 5&* 6&#($.$#/'$ *)7)*$#/!$+@  ! "#$% &A"2/$* '$% /$*.$% 12! %"#/ 5*)!%).$#/ ga(T,∇u)9 :+$<!%/$ !! 2# /*"2 $#/*$ "#'!/!"# #)$%%&!*$ $/ %2B%&#/$ &* "# %&!/ 12$ +4"#'"!/ 6&#($* +$% )12&/!"#% $/ "# %&!/ "..$#/ "# 5$2/ +$% 6&#($* .&!% "##$ %&!/ 5&% %4!+ $<!%/$ '4&2/*$% 7&C"#% '$ +$ 7&!*$ $/ 5"2*12"! "# '"!/ 2/!+!%$*
ga(T,∇u)9 D# "#%)12$#$@ +$ %$#% '$ $ 5&*&.E/*$ a #4$%/ 5&% +&!*9 F"..$#"2% +4&-"#% .$#/!"##)@ !+ $<!%/$ 2#$ A2%/!G&/!"# '&#% +$ &% '$% 5"+>.E*$%'!+2)% '$ +& -&+$2* a = 1 .&!% $*/&!#$% $<5)*!$#$% %2* '4&2/*$% .&/)*!&2<"#'2!%$#/ H 5*$#'*$ a 5*"6$ '$ −1 5"2* 2# .$!++$2* &"*' &-$ +$% '"#8#)$% $<5)*!.$#/&+$%9 D#G# !/"#% +$ *)%2+/&/ '$  !"#$ $/ %&$'"()! '&#%IJK℄ 12! ."#/*$ +$ &*&/E*$ 3!$# 5"%)@ (+"3&+ $# /$.5%@ '$% %"+2/!"#% 7&!3+$%'42# ."'E+$ 5*"6$ '2 ."'E+$ '$ M&<N$++ ;+$ ."'E+$ '4O+'*">'? '&#% +$ &%
a = 09 P"2* +$% *)%2+/&/% .&/6).&/!12$% '&#% +$ &% a 6= 0@ !+ #4$<!%/$ $%%$#8/!$++$.$#/ 12$ '$% *)%2+/&/% '4$<!%/$#$ +"&+$ $# /$.5% '$ %"+2/!"# 7"*/$ ;-"!*5&* $<$.5+$ *+#&,)- IQR℄?9 P"2* 2#$ *$-2$ '$% *)%2+/&/% .&/6).&/!12$%&%%"!)% H $ />5$ '$ ."'E+$@ #"2% *$#-">"#% H .&(/ IQS℄9T"2% *$/*"2-"#% $//$ 5*"3+).&/!12$ 5"2* +$ ."'E+$ '4U)3*&2'8V$12$2< W"#%!')*"#% +4)12&/!"# ;R? $/ σc = 09 X&#% $ &% #"2% &-"#% Γ(t) = 1 $/+4)12&/!"# %$ *))*!/ W

∂tp = −G0γ̇∂σp−
1

T0
p+ δ0 + α∂2

σσp.T"2% 5"2-"#% .2+/!5+!$* $//$ )12&/!"# 5&* σ $/ !#/)(*$* %2* R9 D# 2/!+!%&#/;Q? "# "3/!$#/ &+"*% W
∂tτ = G0γ̇ −

1

T0

τ,4$%/8H8'!*$ +4)12&/!"# '$ M&<N$++ ;YZ? [ $ 12! $<5+!12$ +4&55&*!/!"# '2 /$*.$
ga(Σ,∇u) : ∇Σp '&#% ;YQ?9:+ *$%/$ H %&-"!* %! $ ."'E+$ *$#' 3$+ $/ 3!$# ".5/$ '42# 56)#".E#$'$ />5$ /*&#%!/!"# -!/*$2%$ $/@ %! "2!@ '$ 12$++$ 7&C"# +& ()#)*&+!%&/!"# H '$%%!/2&/!"#% .2+/!'!.$#%!"##$++$% & ."'!G) $//$ /*&#%!/!"#9 P+2% 5*)!%).$#/@+& 12$%/!"# 12$ #"2% #"2% 5"%"#% $%/ +& %2!-&#/$ W %! #"2% #"2% 5+&C"#% '&#% 2#&'*$ %/&/!"##&!*$ $/ 6"."(E#$ ;5+2% '$ ')5$#'&#$ $# /$.5% $/ $# $%5&$?&-$ 2# \"/ 5*$%*!/ $/ 5$/!/ ;4$%/8H8'!*$ $# %255"%&#/ +& *$+&/!"# ∇u = εM"]M $%/ 2#$ .&/*!$ '"##)$? &+"*% 12$ 5$2/8"# '!*$ '$ +& +!.!/$ '$ T +"*%124ε



p #$ +30 :#':,$" 3$# ;6'1# ,$,+="023# 23# +96$ (,0" 0$"45'#' -63'$# ',0(6$$#' 23# (3' γ̇< Γ #" τ @ E63( ,++6$( -'4(#$"#' 1,0$"#$,$" 3$# $63&#++#,--'6:#< %4&#+6--4# ,3 :,-0"'# F< 230 -'#$% +# -,'"0 0$&#'(# %# %4&#+6--#',(=1-"6"023#1#$" +, (6+3"06$ p %# GHI>G JI -63' γ̇ -#"0"< #" %# $# ',0(6$$#'23# (3' #++# ,K$ %9#$ %4%30'# -,' (01-+# 0$"45',"06$ +# %4&#+6--#1#$" %# τ @L#""# $63&#++# 14":6%# $63( +9,&6$( "'63&4# -,' ,$,+650# ,&# 3$ -'6>M+/1#  !"#$"# (,$( ',--6'"< #+30 %# +, -4$,+0(,"06$ %96M(",+#@ *1,50$6$( 3$N30%# %# O"6P#( (9463+,$" %,$( 3$ %61,0$# Ω #" (3--6(6$( 23# # %61,0$#6$"0#$$# 3$ 6M(",+# ω@ D#( 423,"06$( (3' +, &0"#((# %3 N30%# (6$" ,+6'( Q




− ν∆u+ ∇π = f, %,$( Ω \ ω
div u = 0, %,$( Ω \ ω
u = 0, (3' ∂ω GFJI61-+4"4#( ,&# %#( 6$%0"06$( ,3R M6'%( %# Ω@ S63' %#( ',0(6$( %# 6116>%0"4< 6$ -#3" &63+60' -'4;4'#' "',&,0++#' %,$( +# %61,0$# Ω +30>171# #" $6$

Ω \ ω G-,' #R#1-+# (0 Ω #(" 3$ ,$,+ '#"0+05$#< 6$ -#3" &63+60' "0'#' -,'"0%# (#( (=14"'0#(I@ T,$( # ,( 6$ -#3" 16%0K#' +#( 423,"06$( -'44%#$"#( #$,U63",$" 3$ "#'1# %# !%& '#( )#$& Q




− ν∆uε + ∇πε +
1

ε
1ωu

ε = f, %,$( Ω

div uε = 0. %,$( Ω
GF ID9:#3'0("023# #(" 23#< +6'(23# ε #(" "'/( -#"0"< 6$ %60" ,&60' 1ωu

ε ≈ 0 -63'4&0"#' +9#R-+6(06$ %3 (=("/1#< # 230 '#&0#$" B %0'# 23# uε #(" $3+ %,$( ω #"%6$ (3' (6$ M6'%@ V$ '#"'63&# ,0$(0< B +, +010"#< +# (=("/1# 0$0"0,+@L#""# :#3'0("023# , 4"4 U3("0K4# %,$( +# ,( %#( 423,"06$( %# E,&0#'>O"6P#(0$61-'#((0M+# -,'  !"#$< %&'!()' ,$% *)+&,(< WF℄< -63' +, 6$&#'5#$#
L2 #" -)&+#' ,$% *)+&,( WFJ℄ -63' +, 6$&#'5#$# H1@ Y#1,'236$( 0114>%0,"#1#$" 23# +94"3%# %# +, 6$&#'5#$# H1 $4#((0"# %# -'#$%'# #$ 61-"# +#61-6'"#1#$" %# uε ,3 &60(0$,5# %# +96M(",+# ,' 0+ ;,3" "#$0' 61-"# %# +,$+,- '#.#)- G$314'023#I #" %# (6$ 4$#'50#@ L#""# ,--'6:# , ,3((0 4"4 U3("0>K4# -63' %#( -'6M+/1#( %96$%#( -,' *#&!($ #".'/0 W!J℄ #" *#&!($WFH< FZ℄@



 !  !"#$%&"($!"#$%$&'()* $+* &* -.'/&01* 23) %'34 '3-* *45 &$ 43)+$%5* 6 7 &$ 43)5*83 9$-)5.*  %'34 4$+)'%4 23* 8$%4 &$ &)1)5* γ̇ → 0 8* :;<=: >< 8$%4 &* $4
α < σ2

c/2? Γ @5$)5 @23)+$&*%5 7 cγ̇A B) %'34 .*1-&$C'%4 8$%4 :;<=: >< Γ -$.4'% @23)+$&*%5 *5 23* %'34 8)+)4'%4 -$. γ̇ %'34 '/5*%'%4 &#@23$5)'% 43)+$%5* 6
−αc∂2

σσp+G0dσp+
1

T0γ̇
1R\[−σc,σc]p = cδ0.D*55* @23$5)'% *45 E'.1*&&*1*%5 &$ 1F1* 23* :G < 'H &#'/45$&* 4*.$)5 &*'1-&@1*%5$).* 83 4*(1*%5 [−σc, σc]A I'34 $+'%4 8'% 9*.9@ 8*4 8@+*&'-J-*1*%54 $4K1-5'5)23*4 23) -.*%$)*%5 *% '1-5* * -9@%'10%* 8* '39*&)1)5* 8@L7 1*%5)'%%@A"$ 1)4* *% M3+.* %#*45 5'35*E')4 -$4 )11@8)$5* 6 -$. *N*1-&*? '% %*5.'3+* -$4 &* -.'/&01* +@.)O@ -$. &$ 4'&35)'% E'%8$1*%5$&* :#*45J7J8).* &*5*.1* 8* -&34 /$4 '.8.* '3 &$ &)1)5* -'5*%5)*&&*< 4)1-&*1*%5 *% .*1-&$C$%5

γ̇℄ V &* 9$-)5.* ! $81*5 3%* $%$&K4*1')%4 -'344@* 8* &$ '%+*.(*%* 1$)4 &*4 $&3&4 23) K 4'%5 1*%@4 4'%5 /*$3J'3- -&34 8)W)&*4 *5 )& *45 $344) %@*44$).* 8* E$).* $--*& 7 8*4 $.(31*%548#$%$&K4* 8*4 @23$5)'%4 $3N 8@.)+@*4 -$.5)*&&*4 -&34 O%4AI'34 8*+'%4 %'5$11*%5 @538)*. 8*4 @23$5)'%4 *&&)-5)23*4 8$%4 8*4 $8.*4
Lβ 'H β -*35 F5.* 45.)5*1*%5 -&34 -*5)5 23* G? 7 8'%%@*4 -*3 .@(3&)0.*4 :1*J43.*4<A X#$35.* -$.5? &#'-@.$5*3. 8* P5.$%4-'.5R :8$%4 &#*4-$* 8*4 '%5.$)%5*4<4* .@83)5 *%  8 7 ∂σ



 !"#$%&"($!  !"#$% &# %'()*+ &*% ,-%'&)#)% %.$) /.,0'&-% %', &* 0.12&*  !"#$%&"'%%( 3'(4,*$1 &# /.,0* %'(5#$)* 6
− φ∂σσp+ y∂σp+ 1R\[−1,1]p =

φ

µ
δ0(σ), 7889

p ≥ 0, 78:9∫

σ∈R

p(σ)dσ = 1. 78;9"#$% *))* -,()',* y =.'* &* ,�&* 1* γ̇+ µ =.'* &* ,�&* 1* α *) φ/µ =.'* &*,�&* 1* Γ 7φ *%) 1.$ &* .*?(*$) 1* 1(@'%(.$ 0-#$(3'*9A B.).$% 3'* $.'%#5.$% C(*$ &# ,*&#)(.$ 1D#')..$%(%)#$*
Γ =

φ

µ
=

∫

|σ|>1

p(σ)dσ, 78!9*) 3'* &# .$),#($)* #1(0*$%(.$$-* %* #&'&* ).'=.',% E &D#(1* 1* &# /.,0'&*
τ =

∫

R

σp(σ)dσ. 78F9G.', 4,-%*$)*, &*% ,-%'&)#)% 1' H#4(),* 8+ &* 0.12&* 7889I78;9 1.() J),*,*/.,0'&- *$ 1(%)($K'#$) &# %.&')(.$ E &D($)-,(*', *) E &D*L)-,(*', 1' %*K0*$)
[−1, 1]+ *) $.'% $.00.$% q = p|[−1,1] *) r = p|R\[−1,1]A M* %N%)20* %* ,--,()#&.,% 6

− φ∂2
σq + y∂σq =

φ

µ
δ0 1#$% ] − 1, 1[, 78O#9

− φ∂2
σr + y∂σr + r = 0 1#$% R \ [−1, 1], 78OC9

r(±∞) = 0, 78O9
q ≥ 0, 78O19
r ≥ 0, 78O*9
r(±1) = q(±1), 78O/9
∂σr(±1) = ∂σq(±1), 78OK9
∫

|σ|>1

r(σ)dσ +

∫ 1

−1

q(σ)dσ = 1, 78OH9%#$% .'C&(*, &# 1-P$()(.$ 1* &# Q'(1()-+
φ

µ
=

∫

|σ|>1

r(σ)dσ. 78R9



 !  !"#$%&"($!"# $%&#'())#*#+, -./*),(,012# )(2&-+, 3-04# -))-4-5,4# $#. ,#4*#. $#,/)# 6(28# '0*0,#9 )(24 r: +(2. 0+,4($20.(+. '- 3(+,0(+ $0.,-+# -2 ;(4$
{−1, 1}: θe(σ) = |σ| − 1< =(2. 3-0.(+. -'(4. '#.  !"#$%& .20&-+,. >

q(σ) =

+∞∑

k=0

yk/sQ
k
(σ), ?@A-B

r(σ) =
+∞∑

k=0

yk/sR
k
(σ) + yk/sRk

(
sign(σ),

θe(σ)

yl/s

)
, ?@A;B# 120 0*)'012#: #+ 2,0'0.-+, ?@CB: 12# φ/µ .# $%&#'())# $# '- 3-D(+ .20&-+,# >

φ(y)

µ
=

+∞∑

k=0

c̃ky
k/s. ?@ABE0 l #, s .(+, $#. #+,0#4. '!)!!*"< =(2. $#&(+. (**#+#4 )-4 '#. $%,#4*0+#4# 120 .# 3-0, -2 *(/#+ $# '- )4()(.0,0(+ .20&-+,# > !"#"$%&%"' ( ?)"!*+ ',+$$.%!+ /+$  !"#$%&B0 +&" , - ./$-&" 0&"-+.F,G# ")!$ 1&" "*'2 !$" 3$% µ > 1/2 1  1)-" s = 1 &$ '1 !45  , " 0& $&-.& 0& )*6& 1'.'$& 7l !4&"$ , "089!' &$ 1&" Rk ")!$ !*1": ;$% µ < 1/2 1  1)-" s = 2 &$ l = 1< & =*' 2&*$ 0'-& =*& 1 )*6& 1'.'$&  ,)*-$ '11& y1/2 &$ 1& 082&1),,&.&!$ "& > '$ &! ,*'"" !& 0& y1/2? @ 14&A$8-'&*-<1&" $&-.&" Rk ")!$ !*1" ;$% µ = 1/2 1  1)-" s = 5 &$ l = 2< & =*' 2&*$ 0'-& =*& 1 )*6& 1'.'$&  ,)*-$ '11& y2/5 &$ 1& 082&1),,&.&!$ "& > '$ &! ,*'"" !& 0& y1/5? @ 14&A$8-'&*-<1&" $&-.&" Rk ")!$ !*1"?H#,,# )4()(.0,0(+: ;0#+ 12# 3(4*#''# ?(+ +# $(++# I # .,-$# -22+# 0+3(4J*-,0(+ .24 '- &-'0$0,% $# #. -+.F,G#B: #., '# K24 $2 8-)0,4# -4 '- $%*(+.J,4-,0(+ $# #,,# )4()(.0,0(+ 3(24+0, 2+# *%,8($# 120 )(244- L,4# -))'012%#-2 -$4# *2',0$0*#+.0(++#'< M+ &(0, $N-2,4# )-4, 4#..(4,04 '- ,4-+.0,0(+ &0J,4#2.# )-4 '# 3-0, 12# 'N(+ $(0, 2,0'0.#4 $#. $%&#'())#*#+, $0O%4#+,. .20&-+,'- &-'#24 $2 )-4-*P,4# µ ?+N(2;'0(+. )-. ,(2,#3(0. 12# '# *($P'# #., (+,0+2)-4 4-))(4, I µ > 0B<=(2. +N-&(+. )-. 4#+(+,4% .(2&#+, # ,/)# $# (*)(4,#*#+, .24 '#.$%&#'())#*#+,. -./*),(,012#.< M+ )#2, ,(2,#3(0. +(,#4 $-+. 2+ -4,0'# $# !"#"$%&#"'( .24 '#. (28#. '0*0,#. $N(40Q0+# )8/.012# RS@℄: 2+# ,4-+.0J,0(+ .0*0'-04# .24 '- (28# '0*0,# $NUV*-++ $-+. '# -$4# $#. W20$#. 4-)0$#J*#+, ,(24+-+,.< U''# 8-+Q# $# ,-0''# .#'(+ 12N(+ .# ,4(2&# )4P. $# 'N%12-,#24



 !"#$%&"($!  !"# $"$ % &"'$ () &*+,#-.)#/ &- "#1) &'2'.) )3. () .-'&&) ε1/24 "$./) ε4/5&"/3,#) &*"$ )3. 5 &*+,#-.)#/67"#/ (+2"$./)/ )..) 8/"8"3'.'"$4 "$ '$./"(#'. &)3 -$39.:) ;<=->?;<=>(-$3 &)3 +,#-.'"$3 ;<!->?;<!1> ). "$ '()$.'@) &)3 8#'33-$)3 () y6 A$ 1)/1)-&"/3 5 '()$.'@)/ &) 8/"B&C2) D"$(-2)$.-& ;*)3.E5E('/) &)3 +,#-.'"$3 F+/'@+)38-/ &)3 .)/2)3 (*"/(/) &) 8&#3 B-3>4 ) ,#' (+8)$( ()3 1"'G () s ). l6 7#'3"$ -$-&H3) ) 8/"B&C2) ). "$ 2"$./) 3"$ -/-.C/) B')$ 8"3+ "# $"$ % "$2"$./) ,#) ) -/-.C/) B')$ 8"3+ (+8)$( () µ6 I'$-&)2)$.4 "$ '()$.'@) l ).
s )$ )G-2'$-$. &)3 8/"B&C2)3 (*"/(/) 8&#3 +&)F+6J"22) $"#3 &*-F"$3 ('.4 "$ 8)#. .'/)/ 8-/.' (# -/-.C/) 1d (# 2"(C&)8"#/ 2)$)/ #$) -$-&H3) "28&C.) () &- "$F)/K)$)4 ) ,#' "$(#'. -# .1+"E/C2) 3#'F-$. % !"#$%&' ()  ! "#$%&'#( )* ;<!->+;<!1> ,*%& -&.* )/0*$#,,/* *( %(* "/.'*"$F)/K)$.) )#(& $*" &*.1*" "#(& )/.'&" )* $! 3!4#( "%'0!(&* 5*+ µ > 1/2, '$ (67 ! ,!" )* &*.1* )* #%8* $'1'&* 9Q *& R "#(& )*" 3#(&'#(")* σ: *& (#%" !0#("

q = Q
0
+ yQ

1
+ y2Q

2
+ · · · ,

r = R
0
+ yR

1
+ y2R

2
+ · · · ,!'("' ;%*

φ

µ
= c0 + c1y + c2y

2 + · · · ;*+ µ < 1/2, $! #%8* $'1'&* *"& )* &!'$$* y1/2 *& (#%" !0#("
q = Q

0
+ y1/2Q

1
+ yQ

2
+ · · · ,

r =
√
yR1 + yR2 + · · · ,!'("' ;%*

φ

µ
= c1y + c2y

3/2 + · · · ,#< Rk )*,*() )* (|σ| − 1)/y1/2 =*+ µ = 1/2, $! #%8* $'1'&* *"& )* &!'$$* y1/5 *& (#%" !0#("
q = Q

0
+ y1/5Q

1
+ y2/5Q

2
+ · · · ,

r = y2/5R2 + y3/5R3 + · · · ,



 !  !"#$%&"($! !"#! $%&
φ

µ
= c2y

4/5 + c3y + · · · ,'( Rk )&*&") &,,& -'!# )& (|σ| − 1)/y2/5."#$#%& '() *+ #%-)./)%) 0) *+ &1.2) )&$ 013#%$.1) 0+%& (% )&4+) 0)$54) 6#7#*)- 8 4#20& )94#%)%$2)* 0) &#.$) '(): 0+%& )$ )&4+): *+ ;#.3)*2%1+2.)
(q, r) 7→

∫

[−1,1]

σq(σ)dσ +

∫

R\[−1,1]

σr(σ)dσ, <=>?)&$ (%) ;#.3) *2%1+2.) #%$2%()@ "#(& +-#%& 0#% /.+$(2$)3)%$ *) #.#**+2.)&(2-+%$ A !"!##$%"& '( /%0 1 '",0 !",&2 "'%#  3'"# 1 )!#%##!'" #%!3 ",& 4)% µ > 1/2* 1 '",0 !",& #& )53&1'**& &"
τ = η0y + η1y

2 + . . . ,)% µ < 1/2* 1 '",0 !",& #& )53&1'**& &"
τ = τ0 + A0

√
y + . . . ,)% µ = 1/2* 1 '",0 !",& #& )53&1'**& &"

τ = B0y
1/5 +B1y

2/5 + . . . ."#$#%& '() 0+%& *) #.#**+2.) 4.110)%$: *)& #%&$+%$)& η0: τ0 )$ B0 &#%$%#% %(**)& <)$ '(B#% .)$.#(-) +*#.& *)& -+*)(.& +*(*1)& 0+%& *) $C1#.D3)  (%) ;#2& .);#.3(*1)& )% #%&$+%$)& +023)%&2#%%1)&?@E) $C1#.D3) &) 013#%$.): )%$.) +($.)&: )% ($2*2&+%$ *+ $C1#.2) 0)& 4).$(.F7+$2#%& +%+*5$2'()& 0B#41.+$)(.& 0+%& *B)&4.2$ 0)  !"# GH=℄@ EB201) )%$.+*))&$ 0) #%&201.). *) 4.#7*D3) <JK+?L<JKC? #33) (% 4.#7*D3) 8 0)(9 4+.+F3D$.)& y )$ φ@ M% C+%/) )& 4+.+3D$.)& <) '(2 .+44)**) *+ 01&2%/(*+.2&+$2#%($2*2&1) 0+%& *) C+42$.)  ? 4(2& #% )94.23) (q, r) #33) *+ &#*($2#% 0B(%#41.+$)(. )**24$2'(): 0#%$ *+ 014)%0+%) )% &)& 4+.+3D$.)& )&$ +%+*5$2'()@M% #%*($ )% ($2*2&+%$ *) $C1#.D3) 0)& ;#%$2#%& 234*22$)& <$#(N#(.& 0+%&&+ -).&2#% +%+*5$2'()?@ O)$$) +44.#C) 4).3)$ 0) 3#%$.). *+ #%-)./)%) 0)*+ &1.2) <4+. +%+*5$22$1? +*#.& '() /1%1.+*)3)%$ 4#(. )& 4.#7*D3)& 0) $54)41%+*2&+$2#%: #% %) 3#%$.) '() 0)& 01-)*#44)3)%$& +&534$#$2'()& <1-)%F$()**)3)%$ 8 $#($ #.0.): -#2. 4+. )9)34*) *) C+42$.) P 0( *2-.) 0) $#%&' )$(!)'*& G J℄?@



 !"#$%&"($!  !"# %&'()*# + #,) )(*- ./01 &*)(2# &#')- .&1,  !"# $% "&&'% #()*%3 #1422&54*&)(41 &6#  !#$%& '%($)*+7840* (220,)*#* 2& ,40'2#,,# .# 2& 9-)%4.# 9(,# &0 '4(1) &0 %&'()*# +3 140,2/&641, &''2(:0-# &0 '*452;9# ,0(6&1) < :0#2 #,) 2# 49'4*)#9#1) .0 94.;2#./=-5*&0.>"#:0#0? 24*,:0#3 #))# @4(,3 2# )&0? .# (,&(22#9#1) γ̇ .#6(#1) )*;,A*&1.7 B0 '4(1) .# 60# 9&)%-9&)(:0#3 (2 ,/&A() .41 ./-)0.(#* 2& 2(9()# .0,C,);9# D++EFD+GE 24*,:0# y )#1. 6#*, 2/(1H1(7 B0 '4(1) .# 60# #?'-*(9#1)&232#, 9&)-*(&0? 6()*#0? )#1.#1) I .#6#1(* .# '20, #1 '20, 1#J)41(#1, 24*,:0# 2#(,&(22#9#1) #,) A*&1.7 B&1, KLM℄3 ,-.)$/* #) 0%1/%/2 &O*9&(#1) :0# 2#0*94.;2# *#'*4.0(,&() # @&()7 B# '20, 2& 6(,4,()- I 2& 2(9()# -)&() (1.-'#1.&1)#.# 2& )#9'-*&)0*# µ7 P40, &641, %#*%- I .-941)*#* #))# &O*9&)(41 #)45)#10 2# )%-4*;9# D41 14)# y = 1/εE < !"#$%&' () +,-./01 ε )123 41-. 05 '( ,2)-(72)1 τ 3,2281 &(- D+QE5 ,9 p1.) .,'0)7,2 31 D++E:D+GE5 (3;1) '<(.=;&),)7/01 .074(2)1 >
τ ∼ 1

ε
,,0 &'0. &-87.8;12)

τ =
1

ε
+ O(1).R1 6&*(&52#, .(9#1,(411-#,3 140, 45)#141, :0# 2& 41)*&(1)# #,) -:0(>6&2#1)# I G0T0γ̇ # :0( )*&.0()3 5#2 #) 5(#13 01 49'4*)#9#1) 1#J)41(#1 I6(,4,()- (1.-'#1.&1)# .# 2& )#9'-*&)0*# µ7840* 941)*#* # )%-4*;9#3 140, 0)(2(,41, 2# 9S9# '*(1('# :0# '40*2/-)0.# I @&(52# (,&(22#9#1) < 140, .-6#24''41, &,C9')4)(:0#9#1) 2& ,420>)(41 .# D++EFD+GE .&1, 01 #,'&# .&1, 2#:0#2 2& @4*9# 2(1-&(*# #1 p D+QE #,)41)(10#7 T# @&(,&1) 140, #1 .-.0(,41, '&* ,(9'2# (1)-A*&)(41 2# .-6#24''#>9#1) .# 2& 41)*&(1)# τ 7 T# *-,02)&) ,# )*&.0() .&1, 2& '*4'4,()(41 ,0(6&1)# <*$#+#,-.-#/ 0) +( .,'0)7,2 p 30 &-,?'@;1 D++E:D+GE &10) .<8-7-1 p = papp+

prem5 ,9 papp 1.) 38A271 &(-
papp =





ε exp

(
σ

µε

) .7 σ ≤ 0,

ε .7 0 ≤ σ ≤ 1,

ε exp (−ε(σ − 1)) .7 1 ≤ σ,

DL E



 !  !"#$%&"($! ! prem  "! #$ ! %& ' % "! ()%*+,$!
∥∥∥∥exp

(
− ·

2µε

)
prem

∥∥∥∥
L2(−∞,0)

= O(ε5/2), "# $
‖prem‖L2(0,1) = O(ε3/2), "##$

∥∥∥exp
(ε

2
(· − 1

)
prem

∥∥∥
L2(1,+∞

= O(ε3/2). "#%$&'( )**+,-./-)0' 1( ( -340.56( (,- 10''4 7/. *(, 89+.(,  (- # 0: *;0'/ .(7.4,('-4 .(,7(-)<(6('- */ ,0*+-)0' ,-/-)0''/).( (- ,0' *09/.)-36(= 70+.
µ = 1 (- 1)>4.('-(, </*(+., 1( ε /)',) ?+( *( *09/.)-36( 1( */ ,0*+-)0'@
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Solutions stationnaires µ=1

σ

b=0

b=10

b=50

b=100

 !"#  A B0*+-)0' ,-/-)0''/).( 1( " C$ 70+. 1(, </*(+., 1( b = 1/ε 1( 7*+, ('7*+, 9./'1(,D0+, /<0', 07-4 (--( E0), 70+. +'( /77.03( 7/. 14<(*077(6('-, /,F67G-0-)?+(, -.0'?+4, ")) H *;0.1.( I$ 0'-./).(6('- H ( ?+( '0+, /<)0', E/)- 1/',*( 3/7)-.(  @ J' (>(-= () '0+, / 7(.6), 1;)1('-)8(. *(, 1)K+*-4, )'34.('-(,H (--( 146/.3( (- 7(+- ,(.<). 1( 6/.3(7)(1 H +'( /'/*F,( ,)6)*/).( ,+. *(6015*( 6+*-)1)6(',)0''(* 1+ 3/7)-.( %@L(, 1)K+*-4,= ?+(**(, ,0'-G(**(, M L066( 0' 7(+- *( <0). 1/', *;4'0'41( */ 7.070,)-)0'  = *( 14<(*077(6('- '( 147('1 7/, 1( µ@ D0+, ';/<0',10' 7/, H '0+, ,0+)(. 1;+' 3/'9(6('- 1( 0670.-(6('- 066( 1/', *(3/7)-.(  @ N/ 1)K+*-4 7.)')7/*( .4,)1( 1/', *;0O-('-)0' 1;+' 14<(*077(6('-
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Solutions stationnaires µ=1

σ

b=0

b=10

b=50

b=100

 !"# "# $%&'()*+,- .- /' 0%/1*)%2 0*'*)%22')(- .- 3 45 6%1( .-0 7'/-1(0 .-
b = 1/ε .- 6/10 -2 6/10 &('2.-0'08,6*%*)91- .- Γ 91) 2:-0* .;<2) 91:),6/))*-,-2* 6'( /:;91'*)%2 3 >5? $'(;6%20- @ -**- 91-0*)%2 -0* .%22;- 6'( /- /-,,- 01)7'2* # !""! #$  ! "#$%$&' Γ !%()& *) %'+)*,--)().&

Γ = 1 + O(εε 6-*)* .- 3  5C3 >5 3,')0 %2 2:%P*)-2*6'0 /:12))*; 6'( -**- ,;*+%.-5?$- +'6)*(- " -0* *)(; .:12 '(*)/- 0%1,)0 6%1( 12 21,;(% 06;)'/ .-/$).) 12$.! 3!&2)(!&$4D .'20 /- '.(- .- /' 56).2712$.)4) /#(()6/2,,* 01( *)4 )8)&4 %) &).4)#6 %) ,.&6!$.&)4 4#6 *)4 "#$%)4?Q%10 0%,,-0 ,')2*-2'2* ,12)0 .:12 -(*')2 2%,P(- .:%1*)/0 6%1( 2%10'**'91-( @ /' 91-0*)%2 01)7'2*- # /- ,%.H/- ,1/*).),-20)%22-/ 3!45 91- 2%10



   !"#$%&"($!!"#$% #$'( !)*+,-./ )+% 01#01.2,2% %.*./!.1+% !( *#)3/+ .$.,.!/ )+ 4251!()-6+7(+(8 9 6! 120#$%+ 7(+ $#(% !00#1,#$% : +,,+ 7(+%,.#$ )!$% /+ ;!0.,1+ <$=+%, 0!% +$#1+ ,#(, : >!., #*0/3,+? *@*+ )=($ 0#.$, )+ "(+ >#1*+/A B#(%0+$%#$% +0+$)!$, !"#.1 !00#1,2 )+% 2/2*+$,% 7(. /!.%%+$, : 0+$%+1 7(+ =+%,5.+$ /+ !%AC!00+/#$% 7(+ $#(% $#(% %.,(#$% )!$% /+ !% )=($ D(.)+ !( 1+0#% Eu = 0F?%,!,.#$$!.1+ +, ;#*#G3$+ E0!% )+ )20+$)!$+ )+ p +$ t +, x? +, /! *!,1.+ ∇u+%, ($+ *!,1.+ #$%,!$,+F +, +$H$ : ($ >!.5/+ ,!(8 )+ )2>#1*!,.#$ E∇u =
εMFA 6! >#1*+ )+ /=27(!,.#$ EIJF +%, !G12!5/+ )=($ 0#.$, )+ "(+ *#)2/.%!,.#$0#(1 %! #$.%.#$ *!.%? 0#(1 0#("#.1 /=!$!/K%+1? $#(% )+"#$% ;#.%.1 ($+ 5!%+)+ /=+%0!+ )+% *!,1.+% %K*2,1.7(+% +, +801.*+1 /=27(!,.#$ )!$% +,,+ 5!%+AL$+ >#.% +. !#*0/.? $#(% !5#(,.%%#$% : /! >#1*(/!,.#$ %(."!$,+ M





− µΓ∆p+ ε(AΣ + A0) · ∇p+ h(|Σ|)p = Γρ,∫

Σ∈R6

p(Σ)dΣ = 23/2.
ENJFO!$% +,,+ >#1*(/!,.#$? Σ +%, /+ 0#.$, #(1!$, )+ R

6? ∆ +%, /+ /!0/!.+$(%(+/? ∇ /=#021!,+(1 )+ G1!).+$, (%(+/? | · | /! $#1*+ +(/.).+$$+ %(1 R
6 +, h+%, 1R\[−1,1]A A +%, ($+ *!,1.+ 7(. 1+G1#(0+ /+% .$>#1*!,.#$% 01#"+$!$, )(,+1*+ ga(Σ,∇u) : ∇Σp )!$% /! >#1*(/!,.#$ EIJF !/#1% 7(+ A0 +%, ($ "+,+(17(. 01#".+$, )+ G0D(∇u) : ∇Σp P A $+ )20+$) )#$ 7(+ )+ M +, a !/#1% 7(+


M =




0 1 0
0 0 0
0 0 0


 .V$ +S+, $#(% )+"#$% 1+,1#("+1 /+% *@*+% 12%(/,!,% 7(+ 0#(1 /+ *#)3/+)=4251!()-6+7(+(8 7(. +%, 21., +$ .%!.//+*+$, P



 !"#$%&"($!  ! !" #$!%&'"(!%%)$ * #$%& '$ (% ')*%+,$ '( -(&*.$ M /(,&
M =




2 0 0
0 −1 0
0 0 −1


 ), M =




1 0 0
0 −1 0
0 0 0


 .0$ %)1& 2$% %.&,(&.)1% '(%%.+,$% 2(1% '$%+,$''$% '$ -(&3*.(, 1$ %,4.&(,,1 .%(.''$-$1&56$% *3%,'&(&% 7$,/$1& %#3&$12*$ 8 2#(,&*$% (%9 -(.% $:7'..&$* '$% ;<7)&;=%$%13$%%(.*$% 1#3'(.*.*(.& 7(% 7(*&.,'.=*$-$1& '$ 7*)4'=-$ > .' /(,& -.$,:7(*),*.* '( 23-)1%&*(&.)1 $& %#(%%,*$* +,$ ;(+,$ ;<7)&;=%$ .1&$*-32.(.*$$%& /3*.?3$ 7),* ,1 @)& $1 7(*&.,'.$*5A),* 23*.*$ '$ *3%,'&(& 1),% 1)&)1% q = p|B $& r = p|R6\B )B B $%& '(4),'$ ,1.&3 2$ R

65 C),% 1)&)1% $1)*$ θe(Σ) = |Σ|−1 '( 2.%&(1$ $:&3*.$,*$8 '( %7;=*$ ,1.&35+,#!-./) 01  ! "#$ %&'#()**#+#,-$ .$/+*-)-012#$ %32,# $)(2-0), %# D!EF,# *#2'#,- .')04 12# -4)0$ 5)4+#$ 67 *4#+084# 5)4+#9
{
q(Σ) = Q

0
+ εQ

1
+ ε2Q

2
+ . . . ,

r(Σ) = R
0
+ εR

1
+ ε2R

2
+ . . . ,

D!GF): Qk #- Rk $),- %#$ 5),-0),$ %# Σ97 %#2<08+# 5)4+#9
{
q(Σ) = Q

0
+ ε1/2Q

1
+ εQ

2
+ . . . ,

r(Σ) = ε1/2R1 + εR2 + . . . ,
D!HF): Qk #$- 2,# 5),-0), %# Σ #- Rk 2,# 5),-0), %# (Σ/|Σ|, θe(Σ)/ε1/2)97 -4)0$08+# 5)4+#9

{
q(Σ) = Q

0
+ ε1/5Q

1
+ ε2/5Q

2
+ . . . ,

r(Σ) = ε2/5R2 + ε3/5R3 + . . . ,
D!IF): Qk #$- 2,# 5),-0), %# Σ #- Rk 2,# 5),-0), %# (Σ/|Σ|, θe(Σ)/ε2/5)!=! >&?,0$$),$ E (. $)(2-0), %#

{
− ∆E = ρ %.,$ |Σ| ≤ 19
E = 0 $24 |Σ| = 19 DJKF#- ,)-),$
µc = 2−3/2

∫

|Σ|≤1

E(Σ)dΣ; DJLF



 !  !"#$%&"($! ! µ > µc"  !"#$ ! $"!%&'"( () *)%&  +"'# %( ,-+)!"**).)(& /%) ,) &0*)"#$% "% "#&%1 ! µ = µc"  !"#$ ! $"!%&'"( () *)%&  +"'# %( ,-+)!"**).)(& /%) ,) &0*)"#'% "% "#&%1 ! µ < µc"  !"#$ ! $"!%&'"( () *)%&  +"'# %( ,-+)!"**).)(& /%) ,) &0*)"#&%2()**+ ), -+ .)/01 + 3456-070 +50 8-65 97/:-+ ;6+ 5), 7,7-)<6+ 1d1 -7 83)=8)5/0/),  1 73 /- ,+ 8+3*+0 875 >?755)/+3 @ 6,+ <7**+ >+ µ 6, 5+6- 0A8+>+ >4.+-)88+*+,0 75A*80)0/;6+ +B+804 >7,5 -+ 75 µ < µcC D7 37/5), +, +50-7 56/.7,0+ E +, 1d1 -+ 83):-F*+ 9),>7*+,07- >+ 0A8+ "#&% 97/0 /,0+3.+,/3 6,+4;670/), >+ 0A8+ F (c) = µ "-?/,),,6+ +50 c% +0 ,)65 57.),5 7-6-+3 -?+B=83+55/), 7,7-A0/;6+ >+ F E ,)65 57.),5 >), >4*),03+3 ;6+ +00+ 9),0/),+50 3)/557,0+ >+ 0 @ 1/2C (+ ,?+50 8-65 -+ 75 8)63 -+ *)>F-+ *6-0/>/*+,=5/),,+- 73 -7 *),)0),/+ ,)65 4G788+ E ), 57/0 >4*),03+3 ;6+ -+ 83):-F*+9),>7*+,07- 755)/4 76 >4.+-)88+*+,0 >+ 0A8+ "#&% +50 :/+, 8)54 8)63 µ 5/1+0 5+6-+*+,0 5/1 23/2µ +50 6,+ .7-+63 83/5+ 873 6,+ +307/,+ 9),0/), F C (+00+9),0/), +50 >4H,/+ >+ -7 97I), 56/.7,0+ E ,)0),5 Hν -7 5)-60/), >6 83):-F*+56/.7,0 E
{

− ν∆Hν + (AΣ + A0) · ∇Hν = νρ >7,5 |Σ| < 1,

Hν = 0 563 |Σ| = 1,
"! %7-)35 F (ν) +50 5/*8-+*+,0 -?/,04<37-+ >+ Hν 563 -7 :)6-+ 6,/04C J)65 +307/,+5GA8)0GF5+51 +,)3+ 6,+ 9)/5 .43/H4+5 8)63 -+5 75 8730/6-/+35 ;6/ ,)65 /,04=3+55+,0 "/57/--+*+,0 5/*8-+ +0 K)0 4-),<70/),,+-%1 ,)65 5)**+5 787:-+5 >+7-6-+3 -+5 -/*/0+5 >+ +00+ 9),0/), F E

lim
ν→0

F (ν) = 0, "!#%
lim

ν→+∞
F (ν) = 23/2µc. "!!%D+5 GA8)0GF5+5 +, ;6+50/), "+--+5 >+ -7 83)8)5/0/), !CL% 834/5+,0 +, 97/0-7 5036063+ >+ -?)84370+63 >+ 037,58)30 AΣ + A0 +, /*8)57,0 ;6+ -+5 7=37043/50/;6+5 /556+5 >+ 8)/,05 >+ -7 :)6-+ 6,/04 3)/5+,0 ):-/<70)/3+*+,0 -758GF3+CM+*73;6),5 76 87557<+ ;6?):0+,/3 +5 -/*/0+5 ,4+55/0+ >?406>/+3 >+5 8+3=063:70/),51 5/,<6-/F3+ )6 34<6-/F3+1 >6 5A50F*+ "! %C N3 // ,)65 ,+ 037.7/--),5875 ,4+557/3+*+,0 >7,5 6, 7>3+ 03F5 7<347:-+ 8)63 + 97/3+1 73 ρ 8+60 O03+8+6 34<6-/F3+ "8+,5+3 @ ρ = δ0 ;6/ 5+37/0 -7 <4,437-/570/), -7 8-65 /**4>/70+ >+-?4;670/), " %% +0 5+6-+*+,0 >7,5 -?+587+ >+ J):)-+. W−1,β 7.+ 1 < β ≤ 2CJ)30/ >6 7>3+ .73/70/),,+- -755/;6+ ρ ∈ W−1,21 /- 9760 60/-/5+3 >+5 3456-0705



 !"#$%&"($!  !"# $%" $&"' (#' '") &%' *+",-./#' %&&.$-.+"%' 0#/-,11%#-  !"#$% &#'!()*%- +),-$.-,! 23℄ /" /-0-,* 256℄789, /#-.#".-* ;% F *-,#- ,''")*% $,) &%' /#;.-./#' ;% )*<"&,).-* .1$/'*% =
ρ> #/"' ',?/#' ,&/)' +"% F (]0,+∞[) /#-.%#- ," 1/.#' &@.#-%)?,&&% ]0, 23/2µc[8A,) /#'*+"%#-> &% $)/B&C1% %'- B.%# $/'* $/") µ ;,#' &@.#-%)?,&&% ]0, µc−> H2CO3> C02> HCO−

3 %- CO2−




 !  !"#$%&"($!#$%&'($%)* +,--#.#$. )$ )/)% 0,1,$ 2)%),& X ∈ R
M .,(2) ,$) 30,'%(#$ 4)&3'%(#$ 4(/,.(#$ 4) 5' 6#&7) 8

∂tX − ∆X = S(X), 9:;<%#,% )$ 3%'$% #$%&'($% -'& 5). &)5'%(#$. Γ(X) = 0 #= Γ : RM → R
M−1* +( #$3&(% 5' #,&>) ? 5'0,)55) '--'&%()$% X 4) 6'@#$ )A-5((%) ? 51'(4) 4) φ )% 4,4)B&3 4) 5(>)&%3 κ ∈ RC #$ -),% 3&(&) X(t, x) = φ(κ(t, x))* D130,'%(#$ 9:;<4#$$) '5#&. 51($6#&7'%(#$ .,(2'$%) .,& κ 8

(∂tκ− ∆κ)φ′(κ) + |∇κ|2φ′′(κ) = (S ◦ φ)(κ). 9:!<E&C B3$3&(0,)7)$%C φ′(κ) )% φ′′(κ) .#$% 4). 2)%),&. ($43-)$4'$%. 4) 51).-')*F#(( 4#$ ) 0,( -),% .) -'..)& 8 41'>#&4 S ◦ φ -),% $) -'. .) 432)5#--)&4'$. 5' >'.) (φ′(κ), φ′′(κ))C ',0,)5 '. (5 $1G ' )&%'($)7)$% -'. 4) .#5,%(#$ H.( S ◦ φ ' 5' >#$$) 3&(%,&)C 9:!< 4#$$) )$ 6'(%  !"# 30,'%(#$. .,& κ 0,( ).%,$) 4#$$3) .'5'(&) )% 4#$ 5) -&#>5I7) ).% B3$3&(0,)7)$% .,&#$%&'($%* D).),5 &)7I4) .)&'(% 0,) φ′(κ) )% φ′′(κ
{
∂t
−→
C − div (D∇−→

C ) = νTσ

Γ(
−→
C ) = 0

9:U<#= ν ∈ MNM(R) ).% 5' 7'%&() 4). #)V()$%. .%WK(#73%&(0,). '5B3>&(0,).9K'0,) 5(B$) #&&).-#$4 ? ,$) &3'%(#$ )% K'0,) #5#$$) #&&).-#$4 ? ,$)).-I)< )% D ).% 5' 7'%&() 4('B#$'5) 4). #)V()$%. 4) 4(/,.(#$* D) .G.%I7)
Γ(
−→
C ) = 0 #$%()$% 5). 4(2)&.). 30,'%(#$. 4130,(5(>&) K(7(0,)* X#,. #>%)$#$.) 7#4I5) .#,. 51KG-#%KI.) 0,) 5' ($3%(0,) K(7(0,) ).% ($J$(7)$% -5,.&'-(4) 0,) 5) -&#)..,. 4) 4(/,.(#$ -KG.(0,)* Y()$ )$%)$4, .1(5 )A(.%) 4).&3'%(#$. 5)$%).C (5 .,V% 4) &'M#,%)& 5),& ($3%(0,) 4'$. 5) .)#$4 7)7>&)C



 !"#$%&"($!  !"# $%$# &' "()*+,#& -,.#&&*& -01&'2*#& 3#4+& &.4+ 5 3(6*7,# 8-,9&#4# "(*40)$- 939+,'2*# ):'&&)4+ &*, 3#& '.4& -), #;#$-3#<=>3 1 ) -3*&'#*,& )7)4+):#& 5 97)*#, 3) '49+'2*# ,)-'"# "# #++# $)4'?,# @A 4.*& 4()7.4& -)& 5 $."93'&#, #++# '49+'2*# # 2*' #&+ *4 -,.B3?$# "'CD'3# $%$# -.*, #,+)'4#& ,9)+'.4& &'$-3#&= E()*+,# -),+ 3#& .4&+)4+#&2*' -#*7#4+ )--),)F+,# ")4& "# +#3& $."?3#& -#*7#4+ %+,# "'C'3#& 5"9+#,$'4#, #;-9,'$#4+)3#$#4+ GA  "#$% %&" 4.*& 4(*+'3'&.4& ")4& Γσ # 2*' .4"*'+ 5 3(92*)+'.4 &*, −→C &*'7)4+# @
∂t
−→
C − (Id− χ(

−→
C ))div (D∇−→

C ) = 0, 8PQ<.R χ(
−→
C ) = νT

(
dΓ(

−→
C )νT

)−1

dΓ(
−→
C ) #&+ *4# $)+,'# 3.)3# "# -,.K#+'.4=S4 7.'+ 2*# 3(.4 +.$B# &*, *4# 92*)+'.4 4.4 3'49)',#I $)'& &*,+.*+ 4.4.4&#,7)+'7#= S, 4.*& 7.*3'.4& &'$*3#, # &1&+?$# "# ,9)+'.4D"'T*&'.4 -),*4# "9$),0# "# +1-# 7.3*$# J4' -.*, +',#, -),+' "# 3#*, &.*-3#&&# &*, 3)7),')+'.4 "#& .#C'#4+& "# "'T*&'.4 #4 #&-)# 89+)4+ ".449 2*# 3) -#)*#&+I 5 *4 4'7#)* +,?& &'$-3'J9I *4 $'3'#* B'.*0#I 0)2*# .*0# )1)4+ &)-,.-,# -.,.&'+9<= U.*& )7.4& +#4* .$-+# "# #++# "'C*3+9 #4 ,)'&.44)4+-3*+�+ &*, 3# &1&+?$# 8P!< @ &.*& #++# H.,$#I *4 &09$) 7.3*$# J4' &#,)'++.*+ 5 H)'+ 3)&&'2*# &' 4.*& .44)'&&'.4& 3(#;-,#&&'.4 "# σ #4 H.4+'.4 "#−→

C = W.$$# #++# '4.44*# 4(#&+ "9J4'# 2*('$-3''+#$#4+I '3 4.*& ,#&+# 5#;-3'2*#, .$$#4+ ".44#, "#& )--,.;'$)+'.4& "# &#& $.1#44#& &*, 0)*4"#& 7.3*$#& J4'&= U.*& -,.-.&.4& *4# )--,.;'$)+'.4 H.4"9# &*, 3#& '"9#& "#3) $."93'&)+'.4=X3*&'#*,& -,.B3?$#& 4*$9,'2*#& &# &.4+ -.&9&= O# -3*& '$-.,+)4+ ) -#*+D%+,# 9+9 "# .$-,#4",# # 2*# &':4'J)'+ 3) .4+,)'4+# Γ(
−→
C ) = 0 )* 4'7#)*4*$9,'2*#= W.$$#4+ "'&+'4:*#, #4+,# Γ(

−→
C ) = 10−7 #+ Γ(

−→
C ) = 10−14 ")4&*4 .4+#;+# .R 3#& .4#4+,)+'.4& #33#&D$%$#& -#*7#4+ )7.', "#& .,",#& "#



 !  !"#$%&"($!"#$%&'(#) *#+) &,-.#'%*) /&$%) %0) ),1(2$*,0%) 2$ 0%'%*#$*,0% &' H+ 4$#,''%*#' 10−7 '* 10−6mol ·L−15 2$ 0%'%*#$*,0% &' OH− '%*#' 10−8 '* 10−7mol ·
L−15 2$ 0%'%*#$*,0% &' CO2 '* &' HCO−

3 '%*#' 0 '* 10−3mol · L−16 7 8$0%*#$,%*' ')*9'22' :1,'(;< )$*,)=$,*' &$%) (% $) >(' &$%) 2?$(*#' 7 @0*#'=$A0% &' 40,# $ .*. &' &.*'#1,%'#5 ), B C$#*,# &?(%' 01C0),*,0% D,1,>(' −→−℄ $ .*. C(F2,. C$# 23%&!5 4'&56"5 73"1$.,35 893:,!&!5 7$1!6!.,3:23%&!52$&&3..:7!6 '* ),3$(!G \$%) 2'(# $#*,2'5 2')$(*'(#) 10&.2,)'%* 2$ =0#1$*,0% &') )(*(#') B 2?$,&' &' &'(; 4$#,$F2') u '* v5



 !"#$%&"($!  !
u "#$"%&#'()'( *+%()( ,- .%*)'/# #'("# 0& #( .%&#'23.#4 #( v "#$"%&#'()'(*) 0'#'(")(50' ,+-' 6)(#-" 25.57-# "%/-*)(#-" ,- $2%'0.8'#9 :' %"5;<)'( ,#& %7-)(50'& ,# "%)(50';,5=-&50' &-" #& ,#-> <)"5)?*#& #( #' -(5*5&)'(*#& (")<)-> ,#  !"#$%" #( &$%'( @AB℄ &)*%!  ! "#$ #' (5"#'( *+)$$)"5(50',# .0(56& *)?3"5'(257-#&9 D) 6#".#(-"# ,#& &-(-"#& #&(4 7-)'( E #**#4 (")5(%#$)" -'# #>(5'(50' ,# *) $)"(5# ,5=-&5<# #>$0'#'(5#**# #' (#.$&9 D#& )-(#-"&*)&&#'( *#-" .0,8*# ,)'& *) )(%/0"5# ,#& F.0,8*#&;G0-#(&H9 I#$#',)'( *#-".0,8*# ) *+)<)'()/# ,+J("# &-K&).#'( &5.$*# $0-" #' $#".#(("# -'# )');*3&# (2%0"57-#4 ,+-'# $)"(4 #( -(5*5&#'( ,#& 0'#$(& 0''-& ,#& ?50*0/5&(#& ,-,%<#*0$$#.#'(4 ,+)-("# $)"(9L0-& )<50'& -'# )$$"02# ,5=%"#'(#9 M' &+#&( )$#"N-4 @OP℄�



 !  !"#$%&"($!



 !"#$%!" &'!($")'(*!$'+, -$(!"+,

 !





 !"#$%&' ()##&*!' ,$&'%' ,' -" %&"./$%$*.0$%&'1/' ,"./ -' 2*,3-',4567&"1,89':1'1;
 !"#$! %# '()*+,- ! "#$%&'(' )"*+*)(& -! ! .()*'"! '*!+' (%/ -!%/ )"0)0$*'*0+$ 121 !'123 4(*$5 !+ "#(&*'#5 )&%$ 6 &!%" -#40+$'"('*0+ 7%86 &!%" #+0+#2 9+ !:!' !$-!%/ "#$%&'('$ '"(-%*$!+' &8!/*$'!+! -8%+! '"(+$*'*0+ ;*'"!%$! )0%" &!$ 4('#<"*(%/ "#=*$ )(" &! 40->&! -8?#@"(%-< !7%!%/5 ! 7%* #'(*' -#A6 (++0+# )(" !"#$%& !' '()%(%* !%/<4B4!$ -(+$ CDE℄2 9+ "!;(+.! *& +8!/*$'(*' )($-! -#40+$'"('*0+ 4('.#4('*7%! -! ! G(*'2 H(+$ ! .()*'"! +0%$ (-0)'0+$&!$ +0'('*0+$ (-*4!+$*0++#!$ -! +$,./5 +$001 !' 2$03 -(+$ C1I℄ !' -0+5)(" "())0"' (% $J$'>4! KLM )2 E5 &! "�&! -% '(%/ -! *$(*&&!4!+' γ̇ !$' A0%#)(" &! )("(4>'"! (-*4!+$*0++# b '(+-*$ 7%! &! )("(4>'"! -! G"(=*&*'# α !$'(-*4!+$*0++# !+ %+ )("(4>'"! µ2 ! 40->&! -8?#@"(%-< !7%!%/ K$'('*0++(*"!M -0*' B'"! ;% 044! %+ 40<->&! 6 -!%/ *+0++%!$5 Γ !' p5 !' -!%/ #7%('*0+$ 0%)&#!$ $%" !$ *+0++%!$ O%+! #7%('*0+ -*:#"!+'*!&&! 0"-*+(*"! 6 0!P*!+'$ +0+ 0+$'(+'$ K121M !' %+!#7%('*0+ Q(&=#@"*7%!R K)&%'�' +0+ -*:#"!+'*!&&! !+ "#(&*'#M K123M2 S!$ #7%(<'*0+$ $0+' 0+'"�&#!$ )(" -!%/ )("(4>'"!$ 7%* ())("(*$$!+' -(+$ &!$ 0!P<*!+'$ -! &8#7%('*0+ -*:#"!+'*!&&!5 b !' µ2 9+T+ &( 7%(+'*'# ).J$*7%! -8*+'#"B'-(+$ ! 40->&! !$' &( 0+'"(*+'! 4("0$0)*7%! τ -#T+*! !+ G0+'*0+ -! p )("K12UM2 V'%-*!" &8!/*$'!+! -8%+! '"(+$*'*0+ ;*'"!%$! "!;*!+' 6 #'%-*!" &! 04<)0"'!4!+' -% $J$'>4! &0"$7%! &! )("(4>'"! b '!+- ;!"$ 0 !' !+ )("'*%&*!" &!04)0"'!4!+' -! τ !+ G0+'*0+ -! b2 ( ).*&0$0).*! -! &8#'%-! -! ! )"!4*!" .()*'"! )0%""(*' $! "#$%4!"DD



 !  !!"#%& '("&)& '& *+ )"+,-()(#, .()"&/-& '& 01" $%&'()&%)'*& +,-.%/')$0 1)2-&*0')*++*3 40 *2*'5 *''* -.%/')$0 *6' /66*76)89+* 9$%& .%* +,$0 9%)66* &-6$%1&* p *0 :$0')$0 1* Γ 1* :/;$0 /0/+<').%*3=-6$%1&* *>/'*8*0' +* 6<6'?8* 1,@-A&/%1(B*.%*%> &*C)*0' 1$0 " &-6$%1&*+,-.%/')$0 /+D-A&).%* EF3GH 9$%& $A'*0)& +/ 6*%+* )0$00%* .%) &*6'*5 Γ3 I*6J-8/ *6' *0 :/)' +* 6J-8/ %')+)6- 9/&  !"$%  ! "#$  !"# $!%&#'# ()'*+,-&'%' '& ()"%++&/ 0' (1 ,!("&+!% 0" ,2,&3$'4 5!", #'0!%%!%, %/1%$!+%, '&&'0/$!%,&#1&+!% '% 0/&1+( 01%, ()1  '%0+'  !"# (1 !$$!0+&/ 0" ('&'"#45!", 6'#6!%, $1+%&'%1%& 7 /&"0+'# (1 (+$+&' b → 0 0" ,2,&3$'4 8% ,"+-91%& (' ,6/$1  #//0'%&: +( %!", ;1"& /&"0+'# ()/<"1&+!% <"+ 0/=%+& Γ '& !$- #'%0#' $1+%&'%1%& ,1 0/ '%01%' '% b4 >)'* #',,+!% 0' '&&' ;!%&+!% %!&/'
fµ ',& 0!%%/'  1# ?@4AB ?!C x '& y ,!%& 0', <"1%&+&/, #/0"+&',:  (", 1D#/1E(',7 $1%+ "('#: 0/=%+', '% ;!%&+!% 0' Γ '& b #', '&+9'$'%&B '& ()'*+,&'%' '&()"%++&/ 0' Γ %' ,!%& 0!%%/', <")7 &#19'#, (' &6/!#3$' 0', ;!%&+!%, +$ (+-+&',4 5!", %' 0+, !,!%, 0!%  1, 0)'* #',,+!% 1%1(2&+<"'  !"# Γ 9" !$$';!%&+!% 0' b4 F+#' '%!#': (1 ;!%&+!% ?@4AB %)',& E+'% #/D"(+3#' <")'% 0'6!#,0"  !+%& (0, 0) '& %!", 9!"(!%,  #!"9'# ?7 (1 ,"+&' 0) !"#$%& '& '()%(%*B<"': 01%, '#&1+%, 1, ?µ ≤ 1/2B: )',& G",&'$'%& 9'#, '  !+%& <"' 91 &'%0#'
(Γ(b), b)4 5!", 0'9!%, 0!% /&"0+'# ()1,2$ &!&+<"' 0)"%' ;!%&+!% 0/=%+' +$- (++&'$'%&  1# fµ 1" 9!+,+%1D' 0" E!#0 0" 0!$1+%' 0' 0/=%+&+!% 0' fµ '&$H$' 1" 9!+,+%1D' 0)"%' 0' ,', ,+%D"(1#+&/,4 I)',& ()!EG'& 0' (1 0/$!%,&#1-&+!% 0' (1  #! !,+&+!% @4@: <"+ #' !,' ',,'%&+'(('$'%& ,"# 0', 61%D'$'%&,0' 91#+1E(', 101 &/, J !% !E&+'%& 1+%,+ "% %!"9'1"  #!E(3$' 0' ;!%&+!% +$- (++&' $1+, '&&' ;!+, #/D"(+3#' 1" 9!+,+%1D' 0"  !+%& 0)+%&/#H&: '& 1"<"'( !% '"& 0!% 1  (+<"'# (' &6/!#3$' 0', ;!%&+!%, +$ (++&',4K%' ;!+, '&&' 0/$!%,&#1&+!% 16'9/': %!", ,!$$', $"%+, 0" !$ !#&'-$'%& 0' ()+%!%%" Γ '% ;!%&+!% 0' b  !"# b  '&+&4 L( %!", #',&' 7 0/$!%&#'#(' &6/!#3$' @4M4 F"+,<"' %!", 19!%, !"#&-+#"+&/ ()+%!%%"' p !%  '"& 9!+#(1 !%&#1+%&' τ !$$' /&1%& 0!%%/' '% ;!%&+!% 0',  1#1$3&#', ?0!% b '&
µB '& 0' ()+%!%%"' #',&1%&' Γ J (' !$ !#&'$'%& 0' (1 !%&#1+%&' τ 7  '&+&+,1+(('$'%& ',& 0!% (' !$ !#&'$'%& 0)"%' ;!%&+!% ?@4@NB 0' (Γ, b) $1+,<"' ()!% 0!+& 9!+# '% #/1(+&/ !$$' "%' ;!%&+!% 0' (Γ(b), b)4 O1(6'"#'"-,'$'%&: Γ(b) %)',&  1, !%%": ' <"' ()!% !%%1P& )',& ,!% 0/9'(!  '$'%&1,2$ &!&+<"' 1" 9!+,+%1D' 0' 04 L( ;1"& 0!% '*&#1+#' 0' ()'* #',,+!% 0' τ '%;!%&+!% 0' (Γ, b) '& 0' ()1,2$ &!&+<"' 0' Γ(b) '% ;!%&+!% 0' b (' !$ !#-&'$'%& 0' τ(Γ(b), b) '% ;!%&+!% 0' b4 F!"# ' ;1+#': !% ,)1  "+' ,+$ ('$'%&,"# ()+%/D1(+&/ 0' Q12(!#->1D#1%D' 0' @4@R4 5/1%$!+%,: +( ;1"& H&#' $+%"&+'"*01%, '&&' 1%1(2,' 1# 0)/&#1%D',  #!E(3$',  '"9'%& ,"#9'%+# (!#,<")!% #'$- (1' '#&1+%', '* #',,+!%,  1# 0)1"&#', 1(!#, <")'((', ,!%& /D1(', (' (!%D 0'(1 !"#E' (Γ(b), b)4 S)1"&#',  1#& %!", 0'9!%, !E&'%+# 0', $1G!#1&+!%, "%+-;!#$', ' <"+ %/',,+&' 0)1%1(2,'# #'(1&+9'$'%& =%'$'%& (', ,+%D"(1#+&/, 0''#&1+%', '* #',,+!%,4
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h(σ) = H(|σ| − 1) :-%&% &' $%,# ( M'-&$%N -&$% A(+7, J /7$'&., [−1, 1](#. O &#'&.,>P -, (+'/ #/$, <3 δ0 $%, Q&)( 1,('7),8 B%, ),(+ /#'$(#$' De(#. λ (), 0&A,# <,+/- -%&+, b &' ( ),(+ 4()(1,$,) 0&A,# <3 $%, ,=4,)&1,#$(+',$$&#0 :&$ (# $%7' A()3 <7$ -, (# /#'&.,) &$ ( ;#/-# .($( /2 $%, 4)/<+,1>8B%, ),(+ /#'$(#$ µ &' -%($ -, -&++ (++ &# $%, 2/++/-&#0  !" $% &$' ()&)*" "&(#.@ (' b@ 1(3 A()3 <7$ (# (+-(3' <, /#'&.,),. 0&A,#8 R&#(++3 +,$ 7' .,6#,
Γ(p) =

∫

|σ|>1

p(σ)dσ ( H7(#$&$3 '/1,$&1,' (++,. $%, +,-.- /8 L, (), $%,#+//;&#0 2/) ( .,#'&$3 /2 4)/<(<&+&$3 p $%($ '/+A,' $%, 2/++/-&#0 ,H7($&/#S
−λb∂σp−Deh(σ)p +DeΓ(p)δ0(σ) + µDeΓ(p)∂2

σp = 0. :J8J>B%&' 1/.,+ $%7' 4),',#$' ( $%),'%/+. :',$ $/ J &# #/#.&1,#'&/#(+ 2/)1> (#. (),+(=($&/# $/ ( T,)/ '$),'' '$($, :.,')&<,. <3 $%, Q&)( δ0> -%,# $%, '$),'' σ0)/-' <,3/#. $%, $%),'%/+.8 B%, ,H7($&/# &' '744+,1,#$,. -&$% $%, 2/++/-&#0/#.&$&/#'S
p ∈ H1(R), p ≥ 0,

∫

R

p(σ)dσ = 1. :J8K>"#.,,. p ),4),',#$' $%, .,#'&$3 /2 4)/<(<&+&$3 $/ 6#. ( <+/; /2 1($,)&(+ &#'$),'' σ8 L, $),($ %,), b (' ( 0&A,# &#.,4,#.,#$ A()&(<+, :($7(++3 -, '%(++)($%,) 7', y = λb/De (' (# &#.,4,#.,#$ A()&(<+,> (#. ;,,4 &$ 7#/#'$)(&#,.8B%, A()&(<+, b &' $%, #/#.&1,#'&/#(+ A,)'&/# /2 $%, 0!")& &) " γ̇8L%($ -, (), ),(++3 &#$,),'$,. &# &' $%,  $ )' 0 &"00 &# $%, 1($,)&(+ 0&A,#<3 τ =

∫
σpdσ <7$ ',,# (' ( 27#$&/# /2 γ̇ (#. ,'4,&(++3 &$' <,%(A&/7) ($+/- '%,() )($, $%($ &' $/ '(3 -%,# $%, '%,() )($, γ̇ $,#.' $/ O8 L%&+, $%&'<,%(A&/7) (# <, 2/7#. &# $%, 4%3'&' +&$,)($7), :(#. (+'/ %,), &# I,$&/#J8 >@ $%, 1(&# ),'7+$ /2 $%&' 4(4,) &' $/ 0&A, ( 1($%,1($&(+ 4)//2 /2 &$ &#



 !"! #$%&'()*+,-(,(. /0),1  !"#%&'( )*+ ,(- &. /,.#- '( %0# .%1-2 '3 , %4' 5,6&,/7# 31(%&'( ,7'(8.&-# ,165#*9'4#5#6: %0&. 165# &. %0# 86,;0 '3 , 31(%&'( φµp '5#6 %0# .%6#.. .;,#*I( , 4,2: %0# /7'H ,66&#. ,77 ;'..&/7# .%6#..#. 4&%0 , '#Q&#(% -#.6&/#- /2%0# -#(.&%2 '3 ;6'/,/&7&%2 p* J0# 9O/6,1-AP#E1#1M #E1,%&'( -#.6&/#. %0##5'71%&'( '3 %0&. -#(.&%2 p '5#6 %&<#* I( %0# 3'77'4&(8 #E1,%&'(: G0 ,(- T0,6# ;02.&,7 '(.%,(%.: γ̇ &. %0# .0#,6 6,%#: ,(- σc &. %0# 6#7,M,%&'( %06#.0'7-*G# ('%# Γ(q) =
1

T0

∫
H(|σ|−σc)q(σ)dσ ,(- D = αΓ 3'6 , ;02.&,7 '(.%,(%

α* G# %0#( 0,5#



∂tp = −G0γ̇∂σp+D(p)∂2

σp−
1

T0
H(|σ| − σc)p+ Γ(p(t))δ0(σ),

p(0, σ) = p0(σ).
=)* ?J0# .'71%&'( <1.% ,7.' 5#6&32 %0# 3'77'4&(8 '(-&%&'(.R

p ∈ L2
t (H

1
σ(R)) ,(- ∀t p(t, .) ≥ 0,

∫

R

p(t, σ)dσ = 1. =)*B?



 !  !!"#%& '("&)& '& *+ )"+,-()(#, .()"&/-& '& 01"#$ %&'()*)+ ,- *()$.$/) -,. )#$ 0#+/**/) */ )#$  ! "# $ %&$$ ,. '"%!$!)*$ %&$$ /*($ *) */ )#$ ,($ )#') '( ')&'22+ 3$ 4$'/&.$5 *( ' .#$,4$)$. 6/$$$78  !"#$% 9:;℄ -,. 5$)'*2/=7 >( )#$ '/$ ,- )#$ ?@ 4,5$2A )#$ ),)'2 /).$// τ') )*4$ t */ 2*(B$5 ), )#$ 5$(/*)+ ,- 0.,3'3*2*)+ p(t, .) C*' )#$ -,.4&2'
τ(p(t)) =

∫

σ∈R

σp(t, σ)dσ 6D7:=E$ .$-$. ), &'()#*% '(5 +,-*,*. *( 9 ;℄ -,. 5$)'*2/ ,( )#$ 0#+/*'2*()$.0.$)')*,( ,- )#*/ $%&')*,(7 E#') */ *40,.)'() ), (,)$ -,. )#*/ 0'0$.A */)#') )#$ ,().,2 0'.'4$)$. *( )#$ /+/)$4 */ α '(5 )#$ .*)*'2 C'2&$ ') F#*#)#$ ).'(/*)*,( )'B$/ 02'$ */ σ2
c/27"#*/ $%&')*,( #'/ 3$$( /)&5*$5 -.,4 ' 4')#$4')*'2 0,*() ,- C*$F 3+/#02!3 /#445 '(5 6#47 *( 9DG℄7 "#$+ #'C$ '55.$//$5 )#$ %&$/)*,( ,-F$22H0,/$5($// ,- 6D7 =H6D7I=7 J,. ,)#$. 4')#$4')*'2 /)&5*$/ ,( )#$ )*4$H5$0$(5$() ?@ 4,5$2 F$ .$-$. ), )#$ F,.B ,- /#02!3 /#4453 6#47 '(5+, 8)7! *( 9D;℄ -,. )#$ /)&5+ ,- ' 4*.,H4'., ,&02*(8 ,- ' ?K3.'&5H@$%&$&L $%&')*,( F*)# ' 4'.,/,0* C$2,*)+ M$25 F#*# '*4/ ') 5$/.*3*(8)#$ N,F ,- ' 4')$.*'2 *( ' O,&$))$ $227 "#$/$ /)&5*$/ .$2+ &0,( PQR 4$)#H,5/7 S(,)#$. '00.,'# */ ' 0.,3'3*2*/)* '00.,'# C*' )#$ )#$,.+ ,- /),#'/)*0.,$//$/ '(5 4'.)*(8'2$/ -,. F#*# F$ .$-$. ), )#$ F,.B ,- 8,0 9$#:# '(5;5*)%#70 *( 9:℄7/#02! ,4 #$< '2/, 2,,B$5 ') )#$ /)')*,('.+ /,2&)*,(/ ,- )#$ $%&')*,(A0.,C*(8 $L*/)$($ 3+ 8*C*(8 )#$ /,2&)*,( '(5 *)/ -,.4 6D7;= '(5 /)')*(8 &(*%&$H($// C*' )#$ 8.,F)# ,- ' -&()*,(7 T*($ )#$ &(*%&$($// 0'.) F'/ (,) /, 2$'.), &/ '(5 3$'&/$ F$ F,.B F*)# 5*U$.$() (,)')*,(/ 6/,4$ ,- )#$ (,(5*4$(H/*,('2 ,(/)'()/ )#') '00$'. #$.$ F#$.$ /$) ), D *( )#$*. 0'0$.= F$ 8*C$ '0.,,- ,- &(*%&$($// *( '00$(5*L D7;7 "#$ /)')*,('.+ /,2&)*,( /,2C$/ '( VQR*( σ F#*# F$ ,3)'*( 3+ -,.4'22+ .$4,C*(8 )#$ )$.4 ∂tp *( 6D7 =7 "#*/ */ )#$/)'.)*(8 0,*() ,- ,&. /)&5+7 E$ /#'22 ')&'22+ F,.B ,( )#$ (,(5*4$(/*,('2C$./*,( 6D7D= F#*# F$ 8*C$ '8'*( 3$2,F -,. ,(C$(*$($7E#') F$ /)&5+ *( )#$ -,22,F*(8 '.$ )#$ N,F &.C$/ 8*C$( 3+ )#$ 4,5$2A)#') */ ), /'+ )#$ .$2')*,( 3$)F$$( ' 8*C$( /#$'. .')$ γ̇ '(5 )#$ ,..$/0,(5*(84'.,/,0* /).$// F#*# */ τ(p) F*)# p )#$ /)')*,('.+ /,2&)*,( ,..$/0,(5*(8), γ̇7 "#$ ).'(/*)*,( F$ ,3/$.C$ */ *( )#$ 3$#'C*,&. '/ γ̇ → 0 ,- )#$ N,F &.C$7@$) &/ (,F $L02'*( #,F F$ ,3)'*( )#$ (,(5*4$(/*,('2 /+/)$4 6D7D= F$&/$ *( )#$ .$/) ,- )#*/ F,.B7 E$ )'B$ )#$ /'4$ (,)')*,(/ '/ 6#47 *( #$.P?Q )#$/*/ 9 D℄7 E$ #'C$ ), #,,/$ ' )*4$ /'2$ T F#*# */ )#$ 5&.')*,(,- )#$ 0#+/*'2 $L0$.*4$()')*,( 6)#&/ )#$ 4')$.*'2 4'+ (,) #'C$ )#$ /'4$0.,0$.)*$/ *- +,& ,3/$.C$ *) -,. ' 2,(8 ,. ' /#,.) )*4$=W )#$ /).$// /'2$ */8*C$( 3+ σc )#$( '22 ,- )#$ %&'()*)*$/ '00$'.*(8 *( 6D7 = 3$,4$X



 !"! #$%&%'()(*+' +, (-% .)*' /%&01(&  !
t′ = t/T, σ′ = σ/σc, b = T γ̇"#$

p′(t′, σ′) = σcp(Tt
′, σcσ

′), Γ′(p′(t′)) =

∫

|σ′|>1

p′(t′, σ′)dσ′ = T0Γ(p(Tt′))."#$ %&' ()**)+,#- #)#$,.'#/,)#"* )#/%"#%/ "11'"2 ,# %&' /3/%'.
De =T/T0 µ =α/σ2

c λ =G0/σc 456789' :#$ &'2' De %&' /);"**'$ <'=)2"& #>.='26 ?&'# %&' #)#$,.'#/,)#"*/%"%,)#"23 @A=2">$;B'C>'>D 'C>"%,)# +' &"E' )=%",#'$ ,/ 4+' &"E' $2)11'$%&' 12,.'/ ()2 %&' /"F' )( *"2,%38G
−λb∂σp−Deh(σ)p+DeΓ(p)δ0(σ) + µDeΓ(p)∂2

σp = 0.?&' )#$,%,)#/ )# p 2'"$ %&' /".' "/ ,# %&' %,.';$'1'#$'#% "/'H #".'*3G
p ∈ H1(R), p ≥ 0,

∫

R

p(σ)dσ = 1.I 2'*"%'$ %)1, %) %&' /%>$3 )( /%"%,)#"23 /)*>%,)#/ )( %&' @B .)$'* ,/%&' C>'/%,)# )( *)#-;%,.' ='&"E,)>2 )( %&' /)*>%,)# %) %&' %,.';$'1'#$'#%'C>"%,)#6 ?&,/ &"/ =''# "$$2'//'$ ,# /).' "/'/ =3  !"$% "#$ &' ()*%,# J5K℄ =3 "# '#%2)13;$'"3 .'%&)$6 !" #$%&%'()(*+' +, (-% .)*' /%&01(&M,2/%*3 +' -,E' "-",# %&' 'D,/%'#' "#$ >#,C>'#'// %&')2'. 4+&,& "# 1"2%*3=' ()>#$ ,# J57℄8 +' 2'*3 >1)#G !"#$"% &'&'  !"#" "$%&'& ( )*%+)" &,-)'%,* p ', "+)('%,* 45658 .%'! ,*01%'%,*& 456N8 .!%! %& ,2 '!" 2,#34
p(σ, b) =





α+ exp(β+(σ + 1)) %2 σ ≤ −1

α+(1 − ρβ+ + ρβ+ exp((σ + 1)/ρ)) %2 −1 < σ ≤ 0

α−(1 − ρβ− + ρβ− exp((σ − 1)/ρ)) %2 0 < σ ≤ 1

α− exp(β−(σ − 1)) %2 1 < σ

456O8



 !  !!"#%& '("&)& '& *+ )"+,-()(#, .()"&/-& '& 01 !"#" α+ $%& α− $%& '!" )%*'$%'* ρ, β+, β− &"+"%& )% b $%& $ ,$#-$./"
Γ0 1!" $'2$/ *)/2'-)% -* '!" )%" 3)#  !-!  " !$," '!" $&&-'-)%$/ #"/$'-)%
g(µΓ, λb/De) = µ ."' ""% Γ $%& b  !"#"
g(x, y) =

2x2

y2

(
cosh

(
y
x

)
− 1

)
+ x cosh

(
y
x

)
+

(
3x2

y
+ xy

)
sinh

(
y
x

)

√
y2 + 4x cosh

(
y
x

)
+

(
2x
y

+ y
)

sinh
(

y
x

)

+
√
y2 + 4x

(
x2

y2

(
cosh

(
y
x

)
− 1

)
+ x

y
sinh

(
y
x

)
+ x cosh

(
y
x

))

√
y2 + 4x cosh

(
y
x

)
+

(
2x
y

+ y
)

sinh
(

y
x

) .45-%6 Γ -% '"#7* )3 b0 8'2$//9  " !$," Γ = Γ(p)0 :)#"),"#; *-%" ∂xg(x, y) >
0 3)# $// x $%& y +)*-'-," '!"% '!"#" "5-*'* $ 32%'-)% φµ &"4%"& )% ]0,+∞['!$' 6-,"* Γ = φµ(λb/De)/µ0"#$ %&' ()*' #+ (',+-#/%)0/1'/%2 %&0( 3$#3#(0%0#/ 0( 3$#4'5 0/ 5'%)0,( 0/633'/507 89: ;<'' ),(# 633'/507 89= +#$ 5'%)0,( #/ %&' >/0?>'/'(( 3)$% @&0&$'?>0$'( ) (3'0), )$'A9 B&'/ C'+#$' @' )/ %>$/ %# %&' 1)0/ $'(>,% #+ %&0(3)3'$ @' &)4' %# 3$#4' %&' +#,,#@0/D !"#"$%&%"' ()() <"' φµ '!" 32%'-)% &"4%"& -% =#)+)*-'-)% >0>0 ?)# ","#9
µ  " -%'#)&2" φ̄µ; '!" 4#*' %)% @"#) '"#7 )3 '!" "5+$%*-)% )3 φµ $' y = 0'!$' -* ') *$9  " !$," φµ(y) ∼ φ̄µ(y)0 1!"% '!"#" "5-*'* $ +)*-'-," )%*'$%'
c(µ) *2! '!$'  !"% y &"#"$*"* ') A  " !$,"B%* µ > 1/2+ φ̄µ(y) = c(µ),%* µ < 1/2+ φ̄µ(y) = c(µ)y,%* µ = 1/2+ φ̄µ(y) = c(1/2)y4/5.B&'(' C'&)40#>$( )/ C' (''/ #/ "0D>$' 8989 B&' 5'E/0%0#/ #+ c(µ) 0/')& )(' 0( D04'/ ),#/D(05' %&' 3$##+ #+ %&0( #$#,,)$F 0/ <'%0#/ 89 9 G' )//#@ (%)%' ;0/ 3&F(0), 4)$0)C,'(A %&' 1)0/ $'(>,% #+ %&0( 3)3'$H,-."!./ ()0) C" %)'" ηc = G0T00 <"' p(γ̇, σ) ." '!" 2%-D2" *)/2'-)% 6-,"%.9 =#)+)*-'-)% >0> $' *!"$# #$'" γ̇0 1!"%  " !$," '!" 3)//) -%6 ."!$,-)2#*3)# '!" 32%'-)% τ(γ̇) =

∫

σ∈R

σp(γ̇, σ)dσ $' γ̇ → 0B1* α > σ2
c/2 '!" E2-& ."!$,"* /-F" $ G" ')%-$% E2-&  -'! $% $++$#"%' ,-*)*H-'9 η(α/σ2

c )0 <"' 2* 4#*' &"4%" η∗(µ) ,-$ '!" 3)#72/$
η∗(µ) = 1 +

3µ− 1 + 1/2(4µ− 1)3/2

24µ(µ− 1/2)2



 !"! #$%&%'()(*+' +, (-% .)*' /%&01(&  !

y=λ b/De

x
=

µ
Γ
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"#$%&' !(!) *%+'&#-. /'0&'1'23-3#42 45 φµ 54& µ = 0.3, 0.5 -26 0.8( ! "#!$ #%&!
τ(γ̇) ∼ η(α/σ2

c )γ̇'#!(! "#! %))%(!$" &*+-+*". η *+ /*&!$ 0. η(α/σ2
c ) = η∗(α/σ2

c )ηc1 ! α < σ2
c/2 "#! 23*4 )(!+!$"+ % +"(!++ "#(!+#-54 τ01  ! 6(+" 4!6$! c "- 0!"#! 3$*73! )-+*"*&! (--" -8 "#! 8-55-'*$/ !73%"*-$

c(cosh(1/c) − 1)

sinh(1/c)
=

α

σ2
c%$4 τ ∗ 0. "#! 8-(935%

τ ∗ =

(
α

2σ2
c

− 1

)
c. ! "#!$ #%&!

τ(γ̇) → τ0(α/σ
2
c )'*"# τ0 /*&!$ 0. τ0(α/σ2

c ) = τ ∗(α/σ2
c )σc1 ! α = σ2

c/2 "#! 23*4 8-55-'+ % )-'!( 5%' '*"# !:)-$!$" 1/5 9!%$*$/ "#%"
τ(γ̇) ∼ 242/5

12
σ4/5

c η1/5
c γ̇1/578#1 38'4&'+ #1 #+04&3-23 9'-%1' #3 6'1&#9'1 - 3&-21#3#42 :8#8 #1 42' 4538' 8-&-3'&#13# 5'-3%&'1 45 $.-11; +-3'&#-.1( "#$%&' !(< 184:1 38' 6#='&'23
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c $% '(%" )( *+, -" !./"0() µ > 1/2 η∗(µ) ∼ 1

12
(µ− 1

2
)−2() µ < 1/2 τ ∗(µ) ∼ 1√

6
(
1

2
− µ)1/2 !" #$%&'()(* ,-./0*)12 )3 φµ(y) /( y → 0F'65&' ?' .3 4%&3 45 4:' ,.#3 15#34 56 4:#2 1.1'&H 4:.4 #2 45 2.< 4:' 9'I:.;#5%& 56 4:' ,.&5251# 24&'22 .2 y 7'&'.2'2 45 JH ?' ?#// 3''7 4:' 9'I:.;#5%& 56 φµ K4:' 6%34#53 7'=3'7 #3 C&5152#4#53 ()(L .2 y 7'&'.2'2 45 J'M1/##4/<) N37''7H #4 #2 '.2#'& 45 4:#38 56 4:' 25/%4#53 45 K()(L .2 7'1'37#3$53 4?5 1.&.,'4'&2 x .37 y .37 ?:'3 /558#3$ 65& y 7'1'37'34 9':.;#5%&45 &',',9'& 4:.4 x .37 y .&' /#38'7 ;#. x = φµ(y) K2'' O11'37#M ()P 65&#324.3'L) Q'4 %2 &'.// :'&' 4:.4 φµ #2 7'=3'7 #,1/##4/< 9< 4:' &'/.4#53

fµ(φµ(y), y) = 0 .37



 !"! #$%&'()(* ,-./0*)12 )3 φµ(y) /( y → 0  !
fµ(x, y) =

1

µ

[
2x2

y2

(
cosh

(y
x

)
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)
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)
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y
+ xy

)
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+
√
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)
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)
+
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y
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)
+ x cosh
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−
√
y2 + 4x cosh

(y
x

)
−

(
2x

y
+ y

)
sinh

(y
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)
. "#$%&'() *+,./0, φµ (12 3/4)5),. 6)(17/0+52 8/.( 3/4)5),. 719+)2 0* µ 8(/(/2 .() :52. 2/;, 0* .() .51,2/./0,$ '() 5)2. 0* .(/2 2)./0, /2 3)70.)3 .00<=+.) .()2) 6)(17/0+52 1,3 .0 =507) .()< 5/;050+29> .(1. /2 .0 21> .0=507) ?50=02/./0, #$#$ !"! #$% &'()*%&+ -&% µ > 1/2'() *+,./0, fµ /, "#$%& (12 1 7)5> 8/93 6)(17/0+5 1. .() ,)/;60+5(003 0*

(0, 0)$ @08)7)5A /. 1, 6) 0,./,+)3 "8/.( .() 21<) *05<+91& 8/.( 1 C∞5);+915/.> 0, .() 30<1/, R
∗
+ × R$ B) .(), (17)C

fµ(c, 0) =
1 + 3

√
c+ 4c+ 2c

√
c

µ
− 2

√
c− 2*05 1,> =02/./7) c$ '() *+,./0, ζ : c 7→ (1 + 3

√
c + 4c + 2c

√
c)/(2

√
c + 2)A/2 2.5/.9> /,5)12/,; 07)5 R+ 1,3 .),32 .0 1/2 12 c → 0$ D0,2)E+),.9>A *05)7)5> µ > 1/2 .()5) )F/2.2 c(µ) > 0 2+( .(1. ζ(c(µ)) = µ 8(/( 1<0+,.2 .0

fµ(c(µ), 0) = 0$ G2 1 <1..)5 0* *1.A 0,) 1, )F=9//.9> 0<=+.)
c(µ) = µ−

√
4µ− 1

2
.H, .() 0.()5 2/3)A ∂xfµ(c(µ), 0) 1,,0. 6) I)50$ B) 1, .(), 1==9> .()/<=9//. *+,./0, .()05)< *05 fµ 1. =0/,. (c(µ), 0) 1,3 8/.( .() +,/E+),)22=50=)5.> 8) (17) <13) *05 φµ(y) 8) (17) .(1. ∀µ > 1/2, lim

y→0
φµ(y) = c(µ)$J05 µ > 1/2 8) =02) φ̄µ(y) = c(µ)$G2 1 <1..)5 0* *1. 8) 8/99 ,))3 1,0.()5 .)5< /, .() )F=1,2/0, 0* φµ 1.

y = 0 8(/( 8) 1, 06.1/, /, .(/2 12) 6> 0<=+./,; .() 3)5/71./7)2 0* φµ$B) :,3 .(1. 8) (17) φ′
µ(0) = 0 1,3 φ′′

µ(0) 6= 0$ '(+2 8) (17)
φµ(y) − φ̄µ(y) ∼ c1(µ)y2 "#$K&12 y ;0)2 .0 I)50$



   !!"#%& '("&)& '& *+ )"+,-()(#, .()"&/-& '& 01 !"!# $%&'()(*+%, .)/01+1(.* 2.% +3&3 µ ≤ 1/2!" $% %&'" '($' $) µ '"%*) '& +,-. c(µ) '"%*) '& /. 0"$*1%2 3) '& 4"01"5"'($' $) µ '"%*) '& +,-. φµ(y) '"%*) '& / $) y '"%*) '& /6 !" '(3) %""* '&7$8" $ ($%2" &9 5$:1$40" 1% &:*": '& $00"51$'" '(" *1;30'< 1% '(" 511%1'< &9=/./>6 !" '("% ?&)" X = x $%* Y = y/x6 @(" 7$? T : (x, y) 7→ (x, y/x) 1) $
C1A*1B"&7&:?(1)7 &9 R

∗
+ × R 1% 1')"09 C(&)" 1%5":)" 7$? 1) T−1 : (X, Y ) 7→

(X, Y X)6!" '("% 2"' $ %"C 93%'1&%D
Fµ(X, Y ) =(fµ ◦ T−1)(X, Y )

=
1

µ

[
2(cosh(Y ) − 1)

Y 2
+X cosh(Y ) + (3

X

Y
+X2Y ) sinh(Y )

]

− (
2

Y
+ Y X) sinh(Y )

+
√
Y 2X2 + 4X×(

1

µ

[
cosh(Y ) − 1

Y 2
+

sinh(Y )

Y
+X cosh(Y )

]
− cosh(Y )

)
.E"' 3) %&'" '($' '(1) 93%'1&% *&") %&' ($5" $ )1%230$:1'< $' Y = 06 F% '("

µ < 1/2 $)" C" C1)( '& )(&C '($' (X, Y ) = T (φµ(y), y) '"%*) '& (0, 1/c(µ))C1'( c(µ) > 0 $%* 1% '(" µ = 1/2 $)" C" C1)( '& )(&C '($' (X, Y ) '"%*)'& (0, 0)6 !" '(3) %""* '& )'3*< Fµ 1% $ %"12(4&:(&&* &9 '(" $G1) X = 06F%*""*. Fµ $% 4" &%'1%3&3)0< &%'1%3"* $' {X = 0}6 H&C"5":. *3" '& '(")I3$:" :&&'. '(" *":15$'15") &9 Fµ '"%*) '& +∞ $) X '"%*) '& /6 F' 1). '(3).%&' ?&))140" '& &%'1%3" Fµ C1'( $ C1 :"230$:1'< &% $ %"12(4&3:(&&* &9 '("$G1) {X = 0} $%* C" C100 %&' 4" $40" '& $??0< '(" 17?011' 93%'1&% '("&:"7*1:"'0< &% Fµ $) C" *1* &% fµ 9&: µ > 1/26!" :"7$:8 '($' 19 C" %&'"
Aµ(X, Y ) =

1

µ

[
2(cosh(Y ) − 1)

Y 2
+X cosh(Y ) + (3

X

Y
+X2Y ) sinh(Y )

]

− (
2

Y
+ Y X) sinh(Y )

B(X, Y ) =Y 2X2 + 4X

Cµ(X, Y ) =
1

µ

[
cosh(Y ) − 1

Y 2
+

sinh(Y )

Y
+X cosh(Y )

]
− cosh(Y )

Fµ 1) 1% :"$01'< &9 '(" 9&:7
Fµ(X, Y ) = Aµ(X, Y ) +

√
B(X, Y )Cµ(X, Y ).



 !"! #$%&'()(* ,-./0*)12 )3 φµ(y) /( y → 0  !"# $%&' '( )#*(+# ',# -./%)# )((' '( )#*(+# ',# 0)(12#* (3 ',# (&'56&/5'7 (3 ',# 8#)5+%'5+#9 "# ',/- 5&')(8/# ',# 3/&'5(& Gµ 8#:&#8 17
Gµ(X, Y ) = Aµ(X, Y )2 − B(X, Y )Cµ(X, Y )2.;,# )#2%'5(& Fµ(X, Y ) = 0 2#%)27 5*025#- Gµ(X, Y ) = 09 </' $# %)# 5&'#)6#-'#8 5& ',# )#+#)-# 5*025%'5(& %&8 0%7 %''#&'5(& '( ',# -5=&- (3 ',# '#)*-5& ',# #./%'5(&9 "# ,%+# 5& 3%' ',%' Fµ(X, Y ) = 0 5- #./5+%2#&' '(>

{
B(X, Y ) = 0

Aµ(X, Y ) = 0() 



B(X, Y ) > 0

Aµ(X, Y ) = 0

Cµ(X, Y ) = 0() 



B(X, Y ) > 0

Aµ(X, Y )Cµ(X, Y ) < 0

Aµ(X, Y )2 − B(X, Y )Cµ(X, Y )2 = 0

?@9@AB
"# ,%+# 02(''#8 (& C5=/)#- @9D %&8 @9 ',# /)+#- {Aµ = 0}E {B = 0} %&8

{Cµ = 0} %2(&= $5', ',# 0%)'- (3 ',# (X, Y ) 02%&# $,#)# $# ,%+# #./5+%2#&#1#'$##& ',# )#2%'5(&- Fµ = 0 %&8 Gµ = 09 C5&%227E 2#' /- &('# ',%' Gµ 5-%&%27'5 5& ',# $,(2# 02%&# (X, Y )9 !"!# $%& ()& µ < 1/2F& ',5- %-#E $# %)# 5&'#)#-'#8 5& ',# 0(5&'- (0, 1/c)E 3() $,5, B +%&5-,#-9G(&-#./#&'27E Gµ +%&5-,#- %' (0, 1/c) 53E %&8 (&27 53 Fµ +%&5-,#- %&8 53E %&8(&27 53E Aµ +%&5-,#-9 "# ,%+#>
Aµ(0, 1/c) =

2c2(cosh(1
c
) − 1)

µ
− 2c sinh

(
1

c

);,# 3/&'5(& χ : c 7→ c(cosh(1/c) − 1)/ sinh(1/c) 5- -')5'27 5&)#%-5&=E'#&8- '( A $,#& c '#&8- '( A %&8 '#&8- '( 1/2 $,#& c '#&8- '( +∞9 ;,#&3() %22 µ < 1/2E ',#)# #H5-'- % /&5./# c(µ) > 0E -/, ',%' Aµ(0, 1/c) = 09 "#)#*%)I ',%' $# ,%+# ',# 3(22($5&= 0)(0#)'7>
∂Gµ(X, Y ) = 2A(X, Y )∂A(X, Y ) − ∂B(X, Y )C(X, Y )2

− 2B(X, Y )C(X, Y )∂C(X, Y ).
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"#$%&' ()*+ ,'--#.$ /0 -1' A2B 3.4 C 0%.-#/.6 #. -1' 7X2Y 8 9:3.' 0/& µ = 0.3);1' $&'< 3&'3 /&&'69/.46 -/ -1' 93&-6 =1'&' Fµ(X, Y ) = 0 ⇔ Gµ(X, Y ) = 0);1' %&>'6 3&' 4'?.'4 /. -1' =1/:' 9:3.' '>'. #0 /.:< -1' 93&- X > 0 #691<6#3::< &':'>3.-)=1'&' ∂ 4'./-'6 3 4'&#>3-#>' =#-1 &'69'- -/ '#-1'& X /& Y@/= B(X, Y ) = Y 2X2 + 4X 6/ =' 13>' ∂XB(0, 1/c(µ)) = 4) A/.6'BC%'.-:<2 ∂XG(0, 1/c(µ)) #6 'C%3: -/ −4C(0, 1/c(µ))2 =1#1 #6 ./- D'&/ 7/. -1'/.-&3&<2 ∂YG(0, 1/c(µ)) #6 :'3&:< D'&/8 E'3%6' Cµ(0, 1/c(µ)) = c2 sinh(1/c)+
c =1#1 #6 9/6#-#>' 736 c #6 9/6#-#>'8) F' -1'. 13>' ψ 3 6G//-1 0%.-#/.73- :'36- C∞8 6%1 -13- ψ(1/c(µ)) = 0 3.4 Gµ(ψ(Y ), Y ) = 0 0/& Y #.3 .'#$1E/%&1//4 /0 1/c(µ)) H/&'/>'& =' 13>' ∂Y ψ(1/c(µ)) = 0 E'3%6'
∂YG(0, 1/c(µ)) = 0)F' ./= 13>' -/ 1'I #0 -1' 93&- Y 6= 0 /0 -1' %&>' Y 7→ (ψ(Y ), Y )2 #6&'3::< -1' %&>' Fµ(X, Y ) = 0 6/ =' 13>' -/ 1'I -1' 6#$.6 /0 Aµ(ψ(Y ), Y )2
B(ψ(Y ), Y ) 3.4 Cµ(ψ(Y ), Y ) 3.4 >'&#0< #0 =' 3&' #. /.' /0 -1' 36'6 /0JC%#>3:'.' 7()(K8) F' 61/= -13- =' 3&' #. -1' -1#&4 36')F' 63#4 -13- =' 13>' Cµ(0, 1/c(µ)) > 0) ;1'. E< /.-#.%#-<2 0/& Y ./--// 03& 0&/G 1/c(µ)2 Cµ(ψ(Y ), Y ) #6 9/6#-#>') F' ./= 1'I -1' 6#$. /0
Y 7→ B(ψ(Y ), Y )) L- 1/c(µ) -1#6 0%.-#/. #6 D'&/ 3.4 /.' 3. 1'I -13- #-6?&6- 4'&#>3-#>' 3:6/ >3.#61'6) M-6 6'/.4 4'&#>3-#>' 1/='>'& #6

4ψ′′(1/c(µ)) = ∂YAµ(0, 1/c(µ))2/(2Cµ(0, 1/c(µ))2).N. -1' /-1'& 13.4 Y 7→ Aµ(ψ(Y ), Y ) >3.#61'6 3- 1/c(µ) 3.4 #-6 ?&6- 4'&#>3B-#>' #6 ∂YAµ(0, 1/c(µ))) F' 3&' -1'. $/#.$ -/ 61/= -13- ∂YAµ(0, 1/c(µ)) < 02



 !"! #$%&'()(* ,-./0*)12 )3 φµ(y) /( y → 0  !"#$# "$&& '&&(" )* +( (,&)-. +#'+ /(0 Y > 1/c(µ)1 Aµ(ψ(Y ), Y ) < 01
Cµ(ψ(Y ), Y ) > 0 ',- B(ψ(Y ), Y ) > 0 ',- +#'+ Fµ(ψ(Y ), Y ) = 02 3. ,(+. c$,*+.'- (/ c(µ) /(0 +#. *'4. (/ *$56&$$+72 3. ,(" (56)+. ∂YAµ(0, 1/c(µ))8

∂YAµ(0, 1/c)) =
2

µ
(c2 sinh(1/c) − 2c3(cosh(1/c) − 1))

− 2(c cosh(1/c) − c2 sinh(1/c))

=
2c2

µ
sinh(1/c) − 2c cosh(1/c) − 2c3

µ
(cosh(1/c) − 1)9.')*. (2c3(cosh(1/c)− 1))/µ− 2c2 sinh (1/c) = 0 97 -.:,$+$(, (/ c(µ)2 ;.+)* ,(" (,*$-.0 +#. /),+$(,

α : t 7→ 2t2 sinh(1/t)2

t(cosh(1/t) − 1)
− 2t cosh(1/t)". #'<. +#'+ α(c(µ)) − 2c3

µ
(cosh(1/c) − 1) = ∂YAµ(0, 1/c) ',- +#'+ α(t) =

−2t2 3. ', +#)* (,&)-. +#'+ ∂YAµ(0, 1/c) < 02=#. 0.&'+$(, Fµ(ψ(Y ), Y ) = 0 &.'-* +( fµ(ψ(Y ), Y ψ(Y )) = 0 ',- +#.),$>).,.** 60(6.0+7 ". #'<. /(0 φµ '&&("* )* +( "0$+. ψ(Y ) = φµ(Y ψ(Y ))1/(0 '&& Y > 1/c(µ)2 ?7 &.++$,@ Y @($,@ +( 1/c(µ) ". *.. +#'+ ". 5)*+ #'<.
φµ(y) → 0 '* y → 02 A, +#. *'5. 5',,.0 ". #'<. φµ(Y ψ(Y ))

Y ψ(Y )
=

1

Y
/0(5"#$# ". ', (,&)-. +#'+ φµ(y)/y → c(µ)2 3. #'<. +#., *#(", +#'+

φµ(y) ∼ c(µ)y $, ' ,.$@#9()0#((- (/ y = 0 /(0 µ < 1/22 A, +#$* '*. ". 6(*.
φ̄µ(y) = c(µ)y2 B* $, +#. '*. µ > 1/2 ". &((4 /(0 5(0. $,/(05'+$(, (, +#..C6',*$(, (/ φµ(y)2 3. )*. +#. 0.&'+$(, φµ(y) = ψ(y/φµ(y)) ',- )*. +#'+
ψ(Y ) = 1/2ψ′′(1/c)(Y − 1/c)2 + o(Y − 1/c)22 3. ', (,&)-. '/+.0 *(5.(56)+'+$(, +#'+

|φµ(y) − φ̄µ(y)| ∼
√
c5/ψ′′(1/c)y3/2 DE2EEF'* y @(.* +( G2 A,+.0.*+$,@&7 .,()@#1 ". -( ,(+ #'<. ' *.(,- +.05 (/ +#..C6',*$(, *$,. ". -( ,(+ 4,(" +#. *$@, (/ +#. -$H.0.,.2 !"!" #$% '(% µ = 1/23. ', +0.'+ +#. '*. µ = 1/2 $, +#. *'5. "'7 +#'+ ". -$- /(0 µ < 1/2 97*+)-7$,@ +#. /),+$(, G1/22 I$0*+&7 ". ,(+$. +#'+ G1/2(0, 0) = 02 3#'+J*5(0. ". #'<. ∂XG1/2(0, 0) = −16 "#$# '&&("* )* +( )*. +#. $56&$$+ /),+$(,+#.(0.5 D(,&7 $, +#$* '*. $+ $* *$56&.0 *$,. ". -( ,(+ #'<. (,*+',+* +#'+
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"#$%&' () * +',,#-$ ./ ,0' A1B 2-3 C /%-,#.-5 #- ,0' 6X1Y 7 892-' /.&
µ = 0.5) :0' %&;' G1/2(X, Y ) = 0 -''35 ,. 5,2&, 2, (0, 0) 2-3 <' 5'' ,02,,0' ='02;#.%& ./ A 2-3 C 2, ,0#5 8.#-, #>8.5' 2 5,&.-$'& .&3'& ./ 2--%92,#.-/.& ψ3'8'-3 .- µ7) ?' 5,#99 -.,' ψ ,0' /%-,#.- 3'8'-3#-$ .- Y 5%0 ,02, ψ(0) =
0 2-3 <' 02;' #- ,0' ;##-#,@ ./ (0, 0)1 G1/2(X, Y ) = 0 ⇔ X = ψ(Y )) ?' -.<0'A =@ #>89##, 3#B'&'-,#2,#.- ,02, ,0' C&5, ,0&'' 3'&#;2,#;' ./ ψ 2, D ;2-#502-3 ,02, ψ(4)(0) = 1/24) E.-5'F%'-,9@ ψ #5 8.5#,#;' #- 2 -'#$0=.%&0..3 ./
Y = 0) ?' 02;' C1/2(0, 0) = 2 <0#0 $#;'5 %5 ,0' 5#$- ./ C1/2(ψ(Y ), Y ) /.&5>299 Y 2-3 <' -'G, 02;' ,. 0'A ,0' 5#$-5 ./ B(ψ(Y ), Y ) 2-3 A(ψ(Y ), Y ))?' 0'A ,02, Y 7→ B(ψ(Y ), Y ) 025 #,5 3'&#;2,#;'5 2, Y = 0 'F%29 ,. H'&. %8,. .&3'& I #-9%3'3 2-3 ,02, #,5 /.%&,0 3'&#;2,#;' #5 8.5#,#;' 2, Y = 0) :0%5
B(ψ(Y ), Y ) #5 8.5#,#;' /.& 5>299 Y ) J- ,0' .,0'& 02-31 ,0' C&5, 3'&#;2,#;' ./
Y 7→ A1/2(ψ(Y ), Y ) ;2-#50'5 2, Y = 0 2-3 #,5 5'.-3 3'&#;2,#;' #5 −1/3) ?',0%5 02;' ,02, A1/2(ψ(Y ), Y ) #5 -'$2,#;' /.& 5>299 Y ) ?' 2- -.< .-9%3',02, F1/2(ψ(Y ), Y ) = 0 /.& Y #- 2 -'#$0=.%&0..3 ./ D)?' 02;' 2$2#- ,02,1 φ1/2(Y ψ(Y )) = ψ(Y ) /.& 299 Y 5>299 '-.%$0) ?'.-9%3' #- ,0' 52>' >2--'& ,02, φ1/2(y) ,'-35 ,. D 2, y = 0) K.&'.;'&15#-' <' 02;' ψ(Y ) ∼ c0Y

4 <#,0 c0 = 1/2421 <' 02;' ,02, φ1/2(y)/y
4/5 ,'-35,. c(1/2) = c

1/5
0 <0'- y 3'&'25'5 ,. D) ?' 8.5' φ̄1/2(y) = c(1/2)y4/5)?' -.< 0'A ,02, ψ(5)(0) = 0 2-3 ψ(6)(0) 6= 0 /&.> <02, <' 2- .-9%3',02,

φ1/2(y) − φ̄1/2(y) ∼ c1y
6/5. 6()(L7



 !"! #$%&'()(*& *& τ )+, -%$*'*/( 0)$,''  ! !" #$%&'()(*& *& τ )+, -%$*'*/( 0)$,''"#$ %&'% $( &')( *+#)(, %&( -(&').#/+0 #1 %&( 1/2%.#2 φµ '0 .2 4+#*#0.%.#25657 #/+ '.8 .0 %# *+#)( %&( -(&').#/+0 #1 τ %&( %#%'9 0%+(006 :( $'2% %# 0&#$%&'% .% (;&.-.%0 ' %+'20.%.#2 '% µ = 1/26 <&( *'%& .0 2#$ 0%+'.=&%1#+$'+,>$( ?+0% #8*/%( %&( %#%'9 0%+(00 9.@( .2 A56BC -D .2%(=+'%.2= p '='.20% σ /0.2=.%0 1#+8 =.)(2 -D A56EC6 %&(2 $( %+D %# ?2, %&( -(&').#/+ #1 %&( %#%'9 0%+(00'0 ' 1/2%.#2 #1 y $&(2 y ,(+('0(0 %# F /0.2= #/+ *+().#/0 +(0/9%06 G#$()(+0#8( '+( 0&#/9, -( %'@(2 '0 %# $&D %&( -(&').#/+ .0 #++(%6 !"! #$% &'(%&& τ )& ) *+,'./, /* x ),0 yH0.2= %&( 1#+8 A56EC #1 %&( 0#9/%.#2 #2( '2 #8*/%( %&( 8'+#0#*. 0%+(00'%%'&(, %# %&( 0&('+ -D %&( 1#+8/9'
∫
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.A565 C:( +(1(+ %# J**(2,.; 56K 1#+ %&( ,(%'.90 #1 %&( #8*/%'%.#26 !"!1 2&345'/'.)6 7%$)8./+( /* τ(φ(y), y)L+#8 %&( *+().#/0 *'+'=+'*& $( '+( 2#$ '-9( %# #8*/%( %&( 8'+#0#*.0%+(00 τ '%%'&(, %# ' =.)(2 0&('+ +'%( y6 <&(#+(%.'99D7 $( M/0% &')( %##8*/%( %&( #++(0*#2,.2= x -D x = φµ(y) '2, %&(2 %# #8*/%( %&( )'9/( #1



 !  !!"#%& '("&)& '& *+ )"+,-()(#, .()"&/-& '& 01
τ(φµ(y), y) "#$%& '()(*+) ,-. ./01 .2 032 320445 $%1232#126 $% $# 1/2 72/08$-"3-9 1/2 -%2 803$0742 9"%1$-% y 7→ τ(φµ(y), y) 01 y = 0) ;21 .2 6- %-1 <%-. φµ#$%2 $1 $# -%45 &$82% $=>4$$145 75 '()?+) @-.2823 .2 6- <%-. 1/2 72/08$-"3-9 φµ 01 y = 0 &$82% 75 1/2 2A>4$$1 9"%1$-% φ̄µ 1/01 .2 -=>"126 $% B21$-%()C) D"3 /->2 $# 1- 630. 93-= 1/2 72/08$-"3 -9 τ(φ̄µ(y), y) 01 y = 0E 1/272/08$-"3 -9 τ(φµ(y), y)) F5 72/08$-"3 .2 =20% 1/01 .2 .0%1 1- G%6 1/2G3#1 %-% H23- 123= -9 1/2 2A>0%#$-% -9 τ(φµ(y), y)) !"#$"%&() &*"+,()&%-. I2 G3#1 4--< 01 1/2 <$%6 -9 $%2J"04$15 .2 032&-$%& 1- "#2) K21 "# 9-3&21 9-3 0 =-=2%1 1/2 -3$&$% -9 -"3 >3-742= 0%6#05 .2 032 &$82% 0 #=--1/ 1.- 803$0742 9"%1$-% τ̃ 1/01 .2 .0%1 1- #1"6504-%&#$62 0 "382 &$82% 75 (φ(y), y)) L##"=2 φ̄(y) $# 2J"$8042%1 1- φ(y)) F5"#$%& M054-3N# 9-3="40 .$1/ $%12&304 32=0$%623 -% τ̃ .2 &21 1/2 9-44-.$%&$%2J"04$15)
∣∣∣∣
τ̃ (φ(y), y)

τ̃ (φ̄(y), y)
− 1

∣∣∣∣ =

∣∣∣∣
τ̃ (φ(y), y)− τ̃ (φ̄(y), y)

τ̃(φ̄(y), y)

∣∣∣∣

≤
∣∣∣∣
φ(y) − φ̄(y)

τ̃ (φ̄(y), y)

∣∣∣∣
∫ 1

0

|∂xτ̃(sφ(y) + (1 − s)φ̄(y), y)|ds
'()( +I/2% .2 #22 1/$# $%2J"04$15 .2 #22 1/01 .2 %226 1/2 72/08$-"3 -9 |φ(y)−φ̄(y)|)L1"0445 .2 %226 $1 9-3 1.- 320#-%#) O$3#145 .2 %226 1/2 >32$#2 72/08$-"3 -9

|φ(y)− φ̄(y)

τ̃(φ̄(y), y)
|) B2-%645 $9 .2 /->2 1- -%13-4 1/2 $%12&304 .2 %226 1- /0820% 2#1$=01$-% -9 1/2 >-#$1$-% -9 1/2 #2&=2%1 [(φ(y), y), (φ̄(y), y)] $% 1/2 (x, y)>40%2 ./$/ $# &$82% 75 0 #2-%6 123= $% 1/2 2A>0%#$-% -9 φ)I/01 .2 .0%126 1- >-$%1 -"1 75 1/$# 4$1142 #1"65 $# 1/01 1/232 $# 07#-P4"1245 %- &"030%122 1/01 1/2 72/08$-"3 -9 τ̃ (φ(y), y) $# &$82% 75 τ̃(φ̄(y), y)729-32/0%6) I2 /082 1- >3-82 1/01 1/2 3$&/1 /0%6 #$62 -9 '()( + 12%6# 1- !./$/ $# %-1 -78$-"# 01 044 0%6 0% 72 904#2 282% $9 φ(y) ∼ φ̄(y)) !" /$#0)"1 2&%! τ 3&4"* 0- '()(*+ (*5 %!" &*%$#5,%&#* #6 τ̃ . I2%-. .0%1 1- 0>>45 '()( + 1- τ &$82% 75 '()(*+) L# 0 =01123 -9 901 $9 .2 "#2'()(C+ 0%6 '()(*+ -% 1/2 "382 (φ̄µ(y), y) 0# .2 >40%%26E .2 90$4 1- 32-8231/2 -3321 72/08$-"3 9-3 τ(φµ(y), y) 2A2>1 9-3 µ < 1/2) I2 0% $% 901-=>"12 1/01 $% 0#2 µ = 1/2E τ(φ̄µ(y), y) 9-44-.# 0 >-.23 40. .$1/ 2A>-%2%1

1/5 7"1 .$1/ 0 6$Q232%1 -%#10%1 1/0% 1/2 -%2 &$82% 75 M/2-32= ()R ./$42$% 1/2 0#2 µ > 1/2E τ(φ̄µ(y), y) 6$823&2# 0# 1/y ./2% $1 #/-"46 -%823&2 0# y'0&0$% 0-36$%& 1- M/2-32= ()R .3$112% $% (x, y) 803$0742#+) M/$# 42082# "#.$1/ 1/2 J"2#1$-% -9 /-. 1- >3-82 1/2 1/2-32=)



 !"! #$%&'()(*& *& τ )+, -%$*'*/( 0)$,''  !"#$#$%#& '()' *+ '(# #+, -()' -# )&# &#)../ *+'#&#0'#, *+ *0 '(# %#()1*23&24 τ(φµ(y), y) +2' τ(φ̄µ(y), y)5 6# +2- 30# '(# *$7.**' ,#9+*'*2+ 24 φµ '22+0'&3' ) '-2 1)&*)%.# 43+'*2+ τ̃ 03( '()' τ(φµ(y), y) = τ̃(φµ(y), y) )+,'()' τ̃ (φ̄µ(y), y) :*1#0 '(# 2&&#' %#()1*23& 42& φµ '()' *0 '2 0)/ '()' -# )+7&21# '()' '(# &*:(' ()+, 0*,# 24 ;!5! < '#+,0 '2 =56# $)># '(# 42..2-*+: &#$)&>? '(# #@3)'*2+ ;!5A< -(*( ,#9+#0 *$7.**'./
φµ )+ %# 73' *+ )+ #@3*1).#+' 42&$ ∆(x, y) = ∆̃(µ, x, y) -*'(
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+
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)))+, ∆ *0 :*1#+ %/ #@3)'*2+ ;!5!B< )+, *0 '(# @3)+'*'/ '()' )77#)&0 +)'3&)../*+ '(# #C7&#00*2+ 24 τ(x, y) :*1#+ %/ ;!5!D< ;0## E77#+,*C !5A )0 '2 -(/<5F(*0 *0 *+ 4)' (2- 2+# 2+0'&3'0 '(# 43+'*2+ fµ *+ '(# 9&0' 7.)# ;G##E77#+,*C !5H5D<5 I2+0#@3#+'./ *4 -# ,#9+# τ̃ %/
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-# >+2- '()' -# ()1# τ(φµ(y), y) = τ̃ (φµ(y), y) )+, -# -*.. 0(2- '()' τ̃ *0'(# 2&&#' 43+'*2+ '2 2+0*,#& '2 0'3,/ ;!5! <5 J2- '(*0 &)*0#0 '(# @3#0'*2+)0 '2 -(/ τ̃ -2&>0 )+, +2' τ )+, -(#'(#& '(*0 4)' -)0 7&#,*'*%.#5 !"#$%&'( &) ∣∣∣∣φ(y) − φ̄(y)

τ̃ (φ̄(y), y)

∣∣∣∣* F2 2+'&2. '(# &*:(' ()+, 0*,# 24 ;!5! < -#0## '()' -# +##, '(# %#()1*23& 24 τ̃(φ̄(y), y) -(*( -# :*1# +2-?+) µ > 1/2 τ̃ (φ(y), y) ∼ η(µ)y5+) µ < 1/2 τ̃ (φ(y), y) → τ0(µ)5+) µ = 1/2 τ̃ (φ(y), y) ∼ 242/5/12y1/55K+ '(# #+, '(#0# %#()1*23&0 -*.. ).02 %# '(# &#07#'*1# %#()1*23&0 24 τ(φµ(y), y)5L0*+: '(*0 *+42&$)'*2+ )+, '(# 2+# 4&2$ φµ − φ̄µ :*1#+ %/ #@3)'*2+0 ;!5M<N;!5!!< )+, ;!5!O< -# )+ 0)/ '()',(&-&.%/%&0 1*2*  ! "#$! %"! &'((')*+, -!"#$*'./0 1



 !  !!"#%& '("&)& '& *+ )"+,-()(#, .()"&/-& '& 01 ! µ > 1/2

∣∣∣∣
φ(y) − φ̄(y)

τ̃ (φ̄(y), y)

∣∣∣∣  !"#$!% &'(! y) ! µ < 1/2

∣∣∣∣
φ(y) − φ̄(y)

τ̃ (φ̄(y), y)

∣∣∣∣  !"#$!% &'(! y3/2) ! µ = 1/2

∣∣∣∣
φ(y) − φ̄(y)

τ̃ (φ̄(y), y)

∣∣∣∣ #&%*  !"#$!% &'(! y)"#$%$ "$ #&'$ (%)**$( +#$ )-.+&-+. /)% +#$ .&0$ )/ 1&%2+34 511 +#$.$)6*7+&+2)-. &%$ .+%&28#+/)%"&%( .2-$ $'$%3+#2-8 2. $9*122+4"#$ %! &'( )*%%!+ ,&-$. %! ∫ 1

0

|∂xτ̃ (sφ(y) + (1 − s)φ̄(y), y)|ds/'( 1,( µ > 1/22 5. 7.7&1: 1$+ 7. .+&%+ "2+# +#$ .26*1$.+ &.$ µ > 1/24;.2-8 <%)*).2+2)- =4= "$ #&'$ +#&+ φµ )-'$%8$. +) & )-.+&-+ c > 04 >#$/7-+2)- ∂xτ̃ &- ?$ )-+2-7$( ?3 )-+2-72+3 &+ (c, 0) "#$- c > 04 @+ 2.+#$- ?)7-($( 2- +#$ '22-2+3 )/ +#2. *)2-+4 A)" "$ 0-)" +#&+ /)% y 1).$$-)78# +) B: [(φµ(y), y), (φ̄µ(y), y)] 2. 2- &-3 1).$( ?&11 $-+$%$( &+ (c, 0)4 C3)6*&+-$.. dxτ̃ 2. ?)7-($( &-( +#7. +#$ 2-+$8%&1 2. 7-2/)%613 ?)7-($( &.
y ($%$&.$. +) D$%) &-( "$ +#$- #&'$ τ(φ(y), y) ∼ τ̃ (φ̄(y), y)4 5. & 6&++$% )//&+ 2/ "$ 1))0 &+ E=4= F "#&+ "$ #&'$ %$&113 *%)'$( 2. +#$ /)11)"2-8 $9*&-.2)-G

τ(φµ(y), y) = η(µ)y + O(y2)H)% +#$ )+#$% +") &.$. +#$ (2I71+3 2. 2-%$&.$( .2-$ "$ #&'$ φµ &-(
φ̄µ 1).2-8 2- +) B4 C7+ +#$ ($*$-($-$ 2- y/x )/ τ̃µ &-( +#7. )/ ∂xτ̃ 1$&'$7. -) #)*$ +) $'$% .#)" )-+2-72+3 &+ (0, 0) &-( 7-2/)%6 ?)7-($(-$.. )/ +#$2-+$8%&14 @- /&+ "$ &- .$$ -76$%2&113 +#&+ +#$ /7-+2)- (2'$%8$.4 J#&+ "$#&'$ +) *%)'$ 2. +#&+ +#$ (2'$%8$-$ )/ +#$ 2-+$8%&1 2. .)6$#)" )6*$-.&+$(?3 |φ(y) − φ̄(y)

τ̃(φ̄(y), y)
|4/'( 1,( µ < 1/22 @- +#$ µ < 1/2 &.$ "$ 0-)" ?3 <%)*).2+2)- =4= +#&+/)% y 1).$ +) B: +#$ 7%'$ {(φµ(y), y)} 2. +&-8$-+ +) & %&3 {(c(µ)y, y)}4 A)""$ 1))0 &+ +#$ $9*&-.2)- )/ ∂xτ̃(x, y) &1)-8.2($ & %&3 (y/t, y) &-( "$ K-(+#&+ 2+. K%.+ +$%6 2. )/ +#$ /)%6M(t)/y "2+#M(t) ?)7-($( 2/ t 2. 2- R4 >#2..788$.+. +#&+ +#$ (2'$%8$-$ )/ ∂xτ̃(x, y) 2. 7-2/)%613 2- 1/y 1).$ +) & %&34@-($$(: 2/ "$ #$0 +#$ /7-+2)- (t, y) 7→ y∂xτ̃ (y/t, y) "$ &- .$$ +#&+ 2+ &-?$ )-+2-7)7.13 )-+2-7$( 7* +) y = 0 &. 1)-8 &. t 2. *).2+2'$4 >#2. 6$&-.+#&+ &. 1)-8 &. (x, y) 2. 2- & 1).$( &-871&% .$+)% "2+# 2+. *$&0 &+ (0, 0) &-(



 !"! #$%&'()(*& *& τ )+, -%$*'*/( 0)$,''  !"#%&'(' "# )*( x > 0, y > 0 +,(# -&./)(/ ,%.#( 01*"* 2(.#3 )*.) #+#( +4")3 ('5(3 ./( .6"378 y∂xτ̃ (x, y) "3 9+&#'(':;*&38 1( <&3) *.=( )+ *(> )*.) .3 y '(/(.3(3 )+ ?8 )*( 3(52(#) [(φµ(y), y)8
(φ̄µ(y), y)] 3).@3 "# 3&* . %+3(' .#5&%./ 3()+/8 3+ .3 )+ *.=( ∫ 1

0

|∂xτ̃ (sφµ(y)+

(1 − s)φ̄µ(y), y)|ds ≤ M/y 4+/ . 5"=(# +#3).#) M 1*"* '+(3 #+) '(,(#'+# y 09&) .# '(,(#' +# µ7: ;*"3 "3 )/&( 9(.&3( +4 A/+,+3")"+# B:B 1*"*3).)(3 )*.) φµ(y)/y → c > 0:C"#( 9@ A/+,+3")"+# B:D ∣∣∣∣
φµ(y) − φ̄µ(y)

τ̃ (φ̄µ(y), y)

∣∣∣∣ "3 "# )*"3 .3( +4 +/'(/ y3/28 1*.)1( <&3) 3*+1 "3 (#+&5* )+ +#%&'( )*.) τ(φµ(y), y) ∼ τ̃(φ̄µ(y), y): E5."# 1(*.=( ,/+=(' 3%"5*)%@ 2+/( )*.# .##+&#(' 3"#( 1( *.=( )*( (6,.#3"+#
τ(φµ(y), y) = τ0(µ) + O(

√
y)F) 1+&%' .)&.%%@ 9( "#)(/(3)"#5 )+ >#+1 "4 τ(φµ(y), y)− τ0(µ) ∼ √

y )+ >#+11*.) G(/3*(%HI&%>%(@ J&"' %.1 9(3) K)3 )*( 9(*.="+&/ +4 . GL J&"' .) %+13*(./ /.)(: F) 3((23 #&2(/".%%@ )*.) ") "3 .)&.%%@ )*( .3(:
 !" $%" µ = 1/2& M*.) *.3 9((# 3."' 3*+&%' 2.>( &3 1+//@ +=(/ )*(
µ = 1/2 .3(: F#'((' "# )*"3 .3(8 9@ %++>"#5 9.> .) A/+,+3")"+# B:D8 1( 3(()*.) 1( #((' . '"=(/5(#( +4 )*( "#)(5/.% )*.) "3 3)/")%@ 1(.>(/ )*.) 1/y .#'") 3((23 )*.) 1( *.=( 3*+1# )*.) )*( '"=(/5(#( "3 +4 +/'(/ 1/y 1*(# %+3"#5"# )+ (0, 0): F# /(.%")@8 +#( 3*+&%' #+)"( )*.)M(t) )(#'3 )+ ? .3 t )(#'3 )+ ?8)*.) "3 )+ 3.@ 1*(# )*( *.%4H%"#( 1( ./( +#3"'(/"#5 9(+2(3 %+3( )+ )*( (Ox).6"3: F# )*( µ = 1/2 .3(8 φ̄1/2(y) = 1/242/5y4/5 1*"* 2(.#3 )*.) )*( (Ox).6"3 "3 ).#5(#) )+ )*( &/=(3: ;*( ,/(="+&3 '"=(/5(#( /.)( '+(3 #+) .,,%@*(/(: F# 4.) 1( *.=( ∂xτ̃(ty

4/5, y)) &#"4+/2%@ 9+&#'(' 9@ M/y3/5 .3 %+#5.3 t "3 .1.@ 4/+2 ? 1*"* "3 )*( .3( "# )*( /(5"+# 1*(/( [(φ(y), y)8(φ̄(y), y)]%"(3:M( 1"%% #+) 1/")( )*( 4&%% (6,/(33"+# +4 ∂xτ̃(ty
4/5, y) 9&) 1( 1"%% 3.@ )*.)") .# 9( 1/"))(# .3 )*( 3&2 +4 N )(/23 .#' .%% +4 )*(2 ./( '"=(/5"#5 4.3)(/)*.# y3/5: I&) .%% )*(3( )(/23 .# "# 4.) 9( ).>(# 9@ ,."/3 3+ .3 )+ .%%(=".)(
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5#+# #133$(% "' ;$ $<=+,14$(" "' −1/y 1% y "$(*% "' > 5+"# t ?0$*. @#$ %=2'A "#$%$ "5' "$&2% +% 14%' $<=+,14$(" "' 1/y3/5. B% +( "#$ 3&$,+'=% 31&1)&13#"#+% +% ('" $('=)# %+($ 5$ 51(" %'2$ =(+A'&2+"C +( t ;=" +" %=))$%"% "#1" ;C1**+() 1(* "#$( 2=4"+34C+() ;C y3/5 5$ 2+)#" )$" 5#1" 5$ 1&$ 4''D+() A'&.E$ ?&%" &$5&+"$ 78.89: +( '&*$& "' %=33&$%% 1(C ';,+'=% %+()=41&+"+$%6



 !"! #$%&'()(*& *& τ )+, -%$*'*/( 0)$,''   
T = −

t2



y4/5

t
−

2 cosh

(
y1/5

t

)
− 2

y2/5





1

2
y2/5

√
y6/5

t2
+

4

t
cosh

(
y1/5

t

)
+

(
1

y1/5
+
y

2t

)
sinh

(
y1/5

t

)


2×

[
1

4

cosh

(
y1/5

t

)

√
y6/5

t2
+ 4
t

(
−2y3/5

t3
− 4

t2y3/5

)
− 1

2

√
y6/5

t2
+

4

t

sinh

(
y1/5

t

)

y2/5t2

− 1

2

sinh

(
y1/5

t

)

t2
−

(
1

y
+
y1/5

2t

) cosh

(
y1/5

t

)

t2

] !"#"$%&'( )*+ ,+-'./-0)'12 (*/* (+ -')+ 45
D(t, y1/5) =


1

2
y2/5

√
y6/5

t2
+

4

t
cosh

(
y1/5

t

)
+

(
1

y1/5
+
y

2t

)
sinh

(
y1/5

t

)


2!"#"6%/7 -+8+1 9 7/-+ sinh(u)/u /7 4':-,+, 0(05 ;1'. 9 0-, 7' /7 t# <+ -'(7++ )*0) )*+ =01) )*0) /7 ,'./-0-) /- )*+ -:.+10)'1 '; T (*+- )0>/-? y )' 9(/)* t @A+, /7 cosh(y1/5/t)/y# <+ 0- )*+- 1+(1/)+ T 07
T =

S(t, y1/5) +

t2



y4/5

t
−

2 cosh

(
y1/5

t

)
− 2

y2/5




cosh

(
y1/5

t

)

yt2

D(t, y1/5)
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u3S(t, u) &( 0#'$1.1 28&8 -.*$( %8*% y3/5S(t, y1/5) &( 0#'$1.15:#2 )#+ %8. 1#-&$*$% 7*+% 2. $..1 %# +.1'. %# * #--#$ 1.$#-&$*%#+5;. .<7*$1 %8. 1.$#-&$*%#+=

D(t, y1/5) = D̂(t, y1/5) +




sinh

(
y1/5

t

)

y1/5




2 >?5@?A(# %8*% &$ D̂(t, u) 2. 8*9. #//.%.1 *// %8. %.+-( %8*% %.$1 %# 4 *( u %.$1( %#45 6$ )*% 2. *$ .9.$ 8.B %8*% D̂(t, u)/u2 &( * #'$%&$'#'( )'$%&#$5 :#22. #-7'%. y3/5(1/y + T ) '(&$, >?5@4A *$1 >?5@?A %# (.. %8*% 2. 8*9.=
y3/5 (1/y + T ) =

y3/5

D(t, y1/5)

[
D̂(t, y1/5)

y
+ S

(
t, y1/5

)

+




1

y




sinh

(
y1/5

t

)

y1/5




2

− 1

y




2 cosh

(
y1/5

t

)
− 2

y2/5




cosh

(
y1/5

t

)



]

>?5@@A6$ %8&( .<7+.((&#$ 2. 8*9. (..$ %8*% *// %8. %.+-( 8*9. 0..$ *#'$%.1 )#+.<.7% )#+ %8. /*(% #$.C 28&8 2*( %8. -#(% 7+#0/.-*%&5 D$. *$ 8.B %8*%&$ )*% %8&( /*(% %.+- *$ 0. (..$ *( * #$%&$'#'( )'$%&#$ #) y1/5/t >&% *$.9.$ 0. .<7*$1.1 &$ * 7#2.+ (.+&.( #) y1/5/tA *$1 %8'( &( */(# 0#'$1.1 *(/#$, *( t (%*3( *2*3 )+#- 45 E8. +.(% #) y3/5∂xτ̃(ty
4/5, y) *$ 0. %+.*%.1 &$%8. (*-. 2*35 *$1 *$ 0. #$(&1.+.1 * 0#'$1.1 )'$%&#$ '$&)#+-/3 &$ y*$1 t5 :#2 %8*$B( %# %8. )*% %8*% 03 F+#7#(&%&#$ ?5? )#+ µ = 1/2 2. 8*9.

φ̄1/2(y) = 1/242/5y4/5 *$1 %8*% 03 >?5?@A|φ1/2(y)− φ̄1/2(y)|/y4/5 &( 0#'$1.1 *(
y %.$1( %# 4C 2. 8*9. %8*% ∫ 1

0

|∂xτ̃ (sφ1/2(y) + (1− s)φ̄1/2(y), y)|ds ≤M/y3/5*$1 2. *$ #$/'1. &$ %8&( *(. %##C '(&$, *,*&$ >?5? A *$1 >?5@AC %8*%
τ(φ1/2(y), y) ∼ τ̃(φ̄1/2(y), y) *$1 2. .9.$ 8*9.=

τ̃(φ1/2(y), y) = c(µ)y1/5 + O(y2/5).



 !!"#$%& '( *+!'", -
 !" #$%&'()'+$% $, '-. /$0)'+$% '$ 12&  !"!#3 !"$# ! "#!$% &#!"!'()(!* +,-,. /% /(00 (* 12)4 !*05 %6"2*7 )8% !9":)2)(!*'!1 ;,<℄4 (* !:# !/* 1#29%/!#> +92(*05 /% 82$% 7(?%#%*) *!)2)(!*'. !*05 1!#)8% '2>% !1 '%01@!*)2(*9%*)-  8% (7%2 (' "#%))5 '(9"0%- A(#') !1 2004 )8%*!*0(*%2# 7(?%#%*)(20 %B:2)(!* (' 7%!:"0%7 2' 2 0(*%2# 7(?%#%*)(20 %B:2)(!*2*7 2 *!*0(*%2# !*'(')%*5 %B:2)(!*- C1 *!) 1!# )8% D(#2 9%2':#% +/8(8(' E%#! 209!') %$%#5/8%#% 2*5/25. )8% 0(*%2# 7(?%#%*)(20 %B:2)(!* !:07 F%%2'(05 '!0$%7 F5 9%2*' !1 )8% 82#2)%#(')( "!05*!9(20 !1 )8% %B:2)(!*- G%)8:' )#%2) 8%#% )8% D(#2 2' E%#! 2*7 '!0$% )8% %B:2)(!* !*R

∗-  8(' /(00 0%2$%:' )8#%% 7%H#%% !1 1#%%7!9 +F:) !*% /(00 F% )2>%* 2#% !1 F5 )8% !*'(')%*5%B:2)(!*. 2*7 /% I6 )8% !)8%# )/! F5 (9"!'(*H )8% !*')#2(*) !* #%H:02#()52*7 (*)%H#20- A(*2005 /% $%#(15 )82) )8% 1:*)(!* /% !*')#:) (' 2 '!0:)(!*)! )8% (*()(20 "#!F0%9-G% /!#> :*7%# )8% 2'':9")(!* )82) b (' "!'()($%-  8% %B:2)(!* +,-,.(' *!*0(*%2# F%2:'% !1 )8% !%J(%*) Γ(p)-  ! 200%$(2)% )8(' 7(J:0)5 /%'(9"05 #%/#()% +,-,. 2' +,-KL.@+,-KM.
0 = −λb∂σp−Deh(σ)p+DeΓδ0(σ) + µDeΓ∂2

σp +,-KL.
Γ = Γ(p). +,-KM. ! "#!%%7 1:#)8%# /% 2))2> )8% I#') %B:2)(!* !*'(7%#(*H )82) Γ (' 2 H($%*"!'()($% !*')2*) 2*7 /% 21)%#/2#7' I6 Γ :'(*H )8% '%!*7 %B:2)(!* !1 )8%2F!$% '5')%9- !"! #$%&'() *+, %'(,-. ,/0-*'$( '( D′(R∗)G% '!0$% +,-KL. I#') (* D′(R∗) /8(8 29!:*)' )! '25 )82) /% ):#* )8% D(#2)! N *29%05 /% 2#% 0!!>(*H 2) )8% %B:2)(!*OPQ



 !  !!"#%& '("&)& '& *+ )"+,-()(#, .()"&/-& '& 01
0 = −λb∂σp−Deh(σ)p+ µDeΓ∂2

σp"# R
∗$ %& (# )(*+,- .) *",/)0 "# )(1 "2)# +#&)3/(, ]−∞,−1[4]− 1, 0[4]0, 1[(#0 ]1,∞p (& @A "3 A4 &1+* 8"6,0 +#06) D+3( :)(*63)* (& &1)*)2"+#&* +# &1) *)"#0 "30)3 0)3+/(&+/) (#0 8) 1(/) #"&1+#9 +# &1) )56(&+"#&1(& 8"6,0 ":2)#*(&) &1)*) D+3( :)(*63)*$ !"#$%%&'( ') *+$ ,'-.*&'( ') EA$FGH/ I1) 76#&+"#* p 81+1 *",/) EA$FGH +#&1) *)#*) "7 0+*&3+.6&+"# "# R

∗ (#0 81+1 (3) +# C1(R∗) (#0 /)3+7-
∫

R∗

p2 +

∫

R∗

(∂σp)
2 <∞(3) 9+/)# .- &1) 7",,"8+#9 7"3:6,()J

p(σ) =





α+ exp(β+(σ + 1)) +7 σ ≤ −1

α+(1 − ρβ+ + ρβ+ exp(
1

ρ
(σ + 1))) +7 −1 < σ ≤ 0

α−(1 − ρβ− + ρβ− exp(
1

ρ
(σ − 1))) +7 0 < σ ≤ 1

α− exp(β−(σ − 1)) +7 1 < σ

EA$F H
81)3) β+4 β− (3) &1) 3""&* E3)*2)&+/),- 2"*+&+/) (#0 #"# 2"*+&+/)H "7 &1))56(&+"#

µDeΓX2 − λbX −De = 0 EA$FKH(#0 ρ +* µDeΓ/(λb) = 1/(β+ +β−)$ L- &1) 0)?#+&+"# "7 β± (#0 ρ 8) 3):(3B&1(& 8) 1(/)J
1 − ρβ± = ρβ ∓ . EA$FMHI1) 0)93))* "7 73))0": (3) #"8 α+ (#0 α−$0$*$#1&(2*&'( ') *+$ α± .%$3 &( EA$MH/ I" ?= α+ (#0 α− 8) +:2"*)"#&+#6+&- (& σ = 0 E.)(6*) (* 8) *(+04 8) (3) +#&)3)*&)0 +# *",6&+"#* +#



 !"! #$%&'()'+$% $, '-. /$0)'+$% '$ 12&  !"!#3 !"$# %&
H1(R) '()* ,-'.-),)*# /-0 ∫

p = 1" 1(2*2 '3, ,-0.'.,-* 4.52 )* '(26,77,3.-4 *8*'29 ,- α+:α−;




0 =
(
1 − ρβ+ + ρβ+e

1/ρ
)
α+ −

(
1 − ρβ− + ρβ−e

−1/ρ
)
α−

1 =

(
1

β+
+ (1 − ρβ+) + ρ2β+

(
e1/ρ − 1

))
α+

+

(−1

β−
+ (1 − ρβ−) + ρ2β−

(
1 − e−1/ρ

))
α−

 !"$<#
 !"#$%&% () α±* =>,5.020 '(/' '(2 02'2>9.-/-' ,6 '(.* *8*'29 .* -,' ?2>,32 (/52 @A20 / )-.B)2 ,)C72 (α+, α−)" D2' )* (2E '(/' '(.* .* '(2 /*2 F8,9C)'.-4 '(.* 02'2>9.-/-';
∆ =2 − ρ2β+β−

(
cosh

(
1

ρ

)
− 1

)
+ cosh

(
1

ρ

)
+

(
− 1

ρβ+β−
+ 3ρ

)
sinh

(
1

ρ

)

+ (β+ − β−)

[
ρ2

(
cosh

(
1

ρ

)
− 1

)
+ ρ sinh

(
1

ρ

)
− 1

β+β−
cosh

(
1

ρ

)]
. !"$&#G2 *22 '(/' .- 6/' ∆ > 0  >2929F2> '(/' β+ > 0: β− < 0 /-0 *.-2 b > 0:

1/ρ > 0#"+(#"$","$- () α±* H' '(.* C,.-' 72' )* /7*, (2E '(/' α± > 0" G2 (/52 F8I>/92>J* >)72 6,> 7.-2/> *8*'29*;
∆α+ = 1 − ρβ− + ρβ−e

−1/ρ /-0 ∆α− = 1 − ρβ+ + ρβ+e
1/ρ.  !"KL#M*.-4 N29/>E  !"$O#: 32 (/52 1−ρβ−+ρβ−e

−1/ρ 2B)/7 ', ρ(β++β−e
−1/ρ)"P)' *.-2 β− < 0 /-0 ρ > 0 32 (/52 e−1/ρ < 1 /-0 β−e

−1/ρ > β− /-0 '()*
β+ + β−e

−1/ρ > β+ + β− > 0" I,-*2B)2-'78: α+ > 0 /-0 '(2 */92 (,70* '>)26,> α−" N2')>-.-4 ', 2B)/'.,-  !"O# 32 *22 '(/' '(2 C,*.'.5.'8 ,6 α± 4.52*'(2 C,*.'.5.'8 ,6 '(2 6)-'.,- p ,- ]−∞,−1[ /-0 ]1,+∞[" P)' *.-2 α+: β+/-0 ρ />2 C,*.'.52: .' ')>-* ,)' '(/' p .* .->2/*.-4 ,- '(2 .-'2>5/7 ] − 1, 0[/-0 *.-2 .'* 5/7)2 /' −1 .* F8 ,-*'>)'.,- α+ > 0: p >29/.-* C,*.'.52 ,-
] − 1, 0[" H4/.- '(2 */92 (,70* '>)2 ,- ]0, 1[" Q,'2 '(/' 6>,9  !"$&#R !"KL#:
α± 02C2-0 ,- ρ /-0 β± 3(.( .- ')>- 02C2-0 ,- b /-0 Γ" !"!# $%&'()* +,- )%)&()-./ 0/%1&-2  !"#$%3 !"#&%."!"&/ Γ 0#"&/  !"$S#* D2' )* *)9 )C 3(/' 32 (/52 ,F'/.-20 *, 6/>" G2(/52 -,3 / 6)-'.,- p 3(.( 7.2* .- H1(R) '(/' *,752  !"$K# .- '(2 *C/2



 !  !!"#%& '("&)& '& *+ )"+,-()(#, .()"&/-& '& 01
D′(R∗) "#$" %& "' &$( %) "#* &*)&* '+ ,%&"-%./"%') ./" 0%"# "*&" +/)"%')&%,*)"%$22( 3*-' %) $ )*%4#.'/-#'', '+ 3*-'5 6* $2&' #$7* "#$" p > 0 $),∫
p = 18 "#* &*'), ')&"-$%)" .*%)4 *9$"2( "#* &*'), *:/$"%') '+ &(&"*;<=5>?@ $), 0* #$7* &'8 +'- *7*-( A'&%"%7* Γ5 6* )'0 $,B/&" Γ8 &' "#$" <=5>C@%& &$"%&D*,5 E' ,' "#%& 0* %)"*4-$"* p +'- |σ| > 1 /&%)4 <=5F@5 G) "*-;& '+ α±8<=5>C@ $;'/)"& "'H

α+

β+
− α−

β−
= Γ. <=5I=@E#%& %& $ )')2%)*$- %;A2%%" *:/$"%') ') Γ .*$/&* $& 0* ;*)"%'))*, .*+'-*

α± $), β± ,*A*), ') Γ5 J*" /& $,;%" +'- "#* ;';*)" "#$" "#%& *:/$"%') #$&$ /)%:/* &'2/"%') 0#%# ;*$)& "#$" $& 2')4 $& 0* 4%7* $ A'&%"%7* b 0* $)D), $ /)%:/* A'&%"%7* Γ "#$" &$"%&D*& <=5I=@5 J*" /& &** )'0 "#$" 0* #$7*+'/), $ &'2/"%') "' <=5=@5 !""# $%&$ p '"()*' <=5=@ +, D′(R)- 6* )'0 &#'0 "#$" p 7*-%D*& %) +$"<=5=@ ') "#* 0#'2* -*$2 2%)*5 6* )'"* "#$" p %& ')"%)'/& ') "#* -*$2 2%)* $),,%K*-*)"%$.2* *9*A" $" σ = 05 G"& ,*-%7$"%7* %) D′(R) %& "#/& %"& ,*-%7$"%7*$2;'&" *7*-(0#*-*5 E#* ,*-%7$"%7* ∂σp .*%)4 ')"%)'/& *9*A" $" σ = 0 $),,%K*-*)"%$.2* *9*A" $" σ ∈ {0,−1, 1} %"& ,*-%7$"%7* %& %"& ,*-%7$"%7* $2;'&"*7*-(0#*-* A2/& "#* B/;A $" !8 [∂σp]0δ0(σ)5 L%)* p 7*-%D*& <=5=@ $2;'&"*7*-(0#*-*8 %" %& ')2( 2*+" "' &#'0 "#$"H
−µDeΓ[∂σp]0 +DeΓ = µDeΓ(α−β−e

−1/ρ − α+β+e
1/ρ) +DeΓ

= 00#%# .*';*&
α+β+e

1/ρ − α−β−e
−1/ρ = 1/µ. <=5I>@6* ;/2"%A2( <=5I>@ .( ∆ $), /&* <=5I!@ "' '."$%)H

β+e
1/ρ(1 − ρβ− + ρβ−e

−1/ρ) − β−e
−1/ρ(1 − ρβ+ + ρβ+e

1/ρ) = ∆/µ0#%# %& *:/%7$2*)" "'
β+e

1/ρ(1 − ρβ−) − β−e
−1/ρ(1 − ρβ+) = ∆/µ$), "#*) "'

ρ(β2
+e

1/ρ − β2
−e

−1/ρ) = ∆/µ.E#$"M& 0#$" 0* 0$)" "' A-'7*56* )'0 /&* <=5I=@ "' '."$%)H
α+

β+
− α−

β−
= Γ ⇔ α+β− − α−β+ = Γβ+β−.



 !"! #$%&'()'+$% $, '-. /$0)'+$% '$ 12&  !"!#3 !"$# %!&')**+,- ./). β± )0' 011.2 13 '45).+1,  !"$%#6 7' /)8' β+β− = −1/µΓ),9 ./'0'310' α+β− − α−β+ = −1/µ" :' ;5*.+<*= >= −∆ ./+2 '45)*+.= ),952'  !"?@# .1 1>.)+,A
∆

µ
= β+(∆α−) − β−(∆α+)

= β+(1 − ρβ+ + ρβ+e
1/ρ) − β−(1 − ρβ− + ρβ−e

−1/ρ)

= β+(ρβ− + ρβ+e
1/ρ) − β−(ρβ+ + ρβ−e

−1/ρ)

= ρ(β2
+e

1/ρ − β2
−e

−1/ρ).B/' C5;< 1,9+.+1, +2 ./52 8'0+D'9" :' ), 2'' +, 3). ./).  !"?$# +2'45+8)*',. .1  !"?!#" B/52 ./' 1,*= 21*5.+1, +, D(R) 13  !"$?# )0' +, 3).21*5.+1,2 13  !"!#" B/+2 +2 ,1. ./). 250<0+2+,- 2+,' +3 1,' +,.'-0).'2 '45).+1, !"$?# 18'0 ./' 0')* *+,' =15 1>.)+,  !"#$"#  !" Γ = Γ(p)#$!" %& '() *+, %&  + -*.(/& "*. !+, ,( "* -&( 12#324  + 56 Γ "*. 7(&-/(  !" 8 "& ,( '"%9(.8  !(/( (6%& & " -*%:-( Γ  !" 5 &  !( +*&%& (*;(:-" %+*# !"!# $%&'((* +,'-*(./0 *1-* '(/2 Γ -/3 b<+ +7 "%* "* (6='%% )-* %+*  !" >%?(& %9='%% '; Γ ,( @-& !"?(  + -&(12#324 "*. -&(  !( ?"'-( +) α± >%?(* 7; 12#AB4 "*. 12#3C4 # D %& ("&%(/ + -&( *(, ?"/%"7'(& .(5*(. 7; x = µΓ "*. y = λb/De# E -"''; x %& !( *+*.%9(*&%+*"' .%F-&%+* +(G%(* %* & /(&& &="( ,!%'( y = γ̇/γ̇c ,% !
γ̇c = G0T0/σc  !( /% %"' &!("/ /" ( %*  !( &;& (9# H( -& 7(>%* 7; /(,/% %*>
∆ ,% !  !(&( ?"/%"7'(&I

∆(x, y) =
2x

y2

(
cosh

(y
x

)
− 1

)
+ cosh

(y
x

)
+

(
3x

y
+ y

)
sinh

(y
x

)

+

((y
x

)2

+
4

x

)1/2
[(

x

y

)2 (
cosh

(y
x

)
− 1

)
+
x

y
sinh

(y
x

)
+ x cosh

(y
x

)]
.J+, -&%*>  !( +*&%& (*; (:-" %+* 12#324 ,( 5*.  !" 

∆Γ =(2ρ− 1/(ρβ+β−)) sinh(1/ρ) − (β+ − β−)/(β+β−) cosh(1/ρ),!%! ,( ,/% ( %*  !( 1x8y4 ?"/%"7'(& -&%*>  !( " -"' ?"'-(& +) β± %*  (/9&+)  !( +(G%(* +) 12#AK4
1

µ
∆(x, y)x = x

((y
x

)2

+
4

x

)1/2

cosh
(y
x

)
+

(
2
x

y
+ y

)
sinh

(y
x

)
.



 !  !!"#%& '("&)& '& *+ )"+,-()(#, .()"&/-& '& 01"# $%& '()# *'# +#,-.#+ -/01--* 34$*-%$ 1-$5-$6 Γ ($+ b7
fµ(x, y) =

1

µ

[
2x2

y2

(
cosh

(y
x

)
− 1

)
+ x cosh

(y
x

)
+

(
3x2

y
+ xy

)
sinh

(y
x

)

+
√
y2 + 4x

(
x2

y2

(
cosh

(y
x

)
− 1

)
+
x

y
sinh

(y
x

)
+ x cosh

(y
x

))]

−
√
y2 + 4x cosh

(y
x

)
−

(
2x

y
+ y

)
sinh

(y
x

)
.($+ &# &($* fµ(x, y) = 08 9$*#.#,*-$61: #$%46'; *'-, 34$*-%$ +#0#$+, %$*'# $%$+-/#$,-%$(1 %$*.%1 0(.(/#*#.8<$ *'# %0#$ =4(.*#. 01($#{x > 0; y > 0} ; fµ(x, y) = 0 -, #=4-)(1#$* *%

g(x, y) = µ &-*'7
g(x, y) =

2x2

y2

(
cosh

(
y
x

)
− 1

)
+ x cosh

(
y
x

)
+

(
3x2

y
+ xy

)
sinh

(
y
x

)

√
y2 + 4x cosh

(
y
x

)
+

(
2x
y

+ y
)

sinh
(

y
x

)

+
√
y2 + 4x

(
x2

y2

(
cosh

(
y
x

)
− 1

)
+ x

y
sinh

(
y
x

)
+ x cosh

(
y
x

))

√
y2 + 4x cosh

(
y
x

)
+

(
2x
y

+ y
)

sinh
(

y
x

) .9* -, #(,: *% '#5 *'(* 3%. ( 6-)#$ y > 0 *'# 34$*-%$ x 7→ g(x, y) *#$+, *% >(, x *#$+, *% > ($+ *#$+, *% -$?$-*: (, x *#$+, *% -$?$-*:8 @-$# -* -, %A)-%4,1:%$*-$4%4,; *'-, 64(.($*##, *'(* *'#.# #B-,*, (* 1#(,* %$# Γ *'(* ,%1)#, *'#%$,-,*#$: #=4(*-%$ ($+ &# '()# (* 1#(,* %$# ,%14*-%$ *% %4. 0.%A1#/8 9$3(* &# ($ ,'%& *'(* ∂xg(x, y) > 0 3%. (11 x ($+ y 0%,-*-)#8 C'-, 6-)#, 4, (**'# ,(/# *-/# *'# 4$-=4#$#,, &# 1(-/#+ ($+ *'# .#641(.-*: %3 *'# 34$*-%$6-)-$6 x -$ *#./, %3 y8 "# $%& -$*.%+4# φµ *'# -/01--* 34$*-%$ ,(*-,3:-$6
∀y > 0 ∀µ > 0 fµ(x, y) = 0 ⇔ g(x, y) = µ⇔ x = φµ(y).



 !"! #$%%& %& '()*+,(,-- )( #$%.%-)/)%(  !  ! !" #$%%& %& '()*+,(,-- )( #$%.%-)/)%(  ! "# $%&# %' ()%* *#(%,' *,-# .#(/%0* ,' ()# ,-12(/(%,'* 3,4 ()# 2'%52#'#**1/4( ,3 64,1,*%(%,' 7878 9#-#-:#4 ()/( ;# )/&#<
g(x, y) =

2x2

y2

(
cosh

(
y
x

)
− 1

)
+ x cosh

(
y
x

)
+

(
3x2

y
+ xy

)
sinh

(
y
x

)

√
y2 + 4x cosh

(
y
x

)
+

(
2x
y

+ y
)

sinh
(

y
x

)

+
√
y2 + 4x

(
x2

y2

(
cosh

(
y
x

)
− 1

)
+ x

y
sinh

(
y
x

)
+ x cosh

(
y
x

))

√
y2 + 4x cosh

(
y
x

)
+

(
2x
y

+ y
)

sinh
(

y
x

)/'. ;# ;/'( (, 14,&# ()/( ∂xg(x, y) > 0 3,4 /'= $%&#' x /'. y :,() 1,*%(%&#8"# >4*( ,-12(# ∂xg(x, y)<
∂xg(x, y) =

1
√
y2 + 4x cosh

(y
x

)
+

(
2
x

y
+ y

)
sinh

(y
x

)×

[
4x

y2

(
cosh

(y
x

)
− 1

)
−2

y
sinh

(y
x

)
+cosh

(y
x

)
−y
x

sinh
(y
x

)
+

(
6x

y
+ y

)
sinh

(y
x

)

−
(

3 +
y2

x

)
cosh

(y
x

)
+

2

(
x2

y2

(
cosh

(y
x

)
− 1

)
+
x

y
sinh

(y
x

)
+ x cosh

(y
x

))

√
y2 + 4x

+
√
y2 + 4x


2x

y2

(
cosh

(y
x

)
− 1

)
−

cosh
(y
x

)

x
+ cosh

(y
x

)
− y

x
sinh

(y
x

)



]

− 1
(√

y2 + 4x cosh
(y
x

)
+

(
2
x

y
+ y

)
sinh

(y
x

))2×




2 cosh
(y
x

)

√
y2 + 4x

− y

x2

√
y2 + 4x sinh

(y
x

)
+

2

y
sinh

(y
x

)
−

(
2

x
+
y2

x2

)
cosh

(y
x

)

×

[
2
x2

y2

(
cosh

(y
x

)
− 1

)
+ x cosh

(y
x

)
+

(
3
x2

y
+ xy

)
sinh

(y
x

)

+
√
y2 + 4x

(
x2

y2

(
cosh

(y
x

)
− 1

)
+
x

y
sinh

(y
x

)
+ x cosh

(y
x

))]



 !  !!"#%& '("&)& '& *+ )"+,-()(#, .()"&/-& '& 01"# $%&'() *+$ %& )-./)**0#& 12$#*) *03& 0* %&45$0&3 6+5 #670#+*8 2) /)'+)5# 5$) *%9) ')&#90&%5#/ %&' 2/05) 5$) &+9)/%5#/ %&' 5$) ')&#90&%5#/%* .#(4&#90%(* #: 5$) 7%/0%6()* x; y; c = cosh(y/x); s = sinh(y/x); %&'
r =

√
y2 + 4x< =) #65%0&>

∂xg(x, y) =
1

y
(
rcy + 2xs+ sy2

)2
r
×

(
− 4xy3 + 4x2y + 2y5c2 − 12x3s− 2y4s− y5c− y5r + 14x2c2ry

+ 4x2rcs− 4xrcy − 8xy2rs− 2xy3rc− 8x2yrc− y5 + 8rxcsy2 + 2y5c2r

+ 2y6cs+ 2cy4rs+ 12xc2ry3 + 34x2y2cs+ 16xy4cs+ 12xc2y3 + 16x2c2y

− 6x2yr − 2xy4s− 8xy2s− 4x2rs+ 4xry + 12x3cs− 2y3rc− 6xy3r

− 12x2y2s− y4rs− 20x2cy − 10xy3c
)?* y %&' x %/) .#*0507) c; s %&' r %/) %(*# .#*0507)< @# 5$) ')&#90&%5#/ 0*.#*0507) %&' 0& 5$) &+9)/%5#/; % 9#&#90%( 0* .#*0507) 0: 05 $%* % .(+* %&'&)3%507) 0: 05 $%* % 90&+*< "$) 5/0A 5# *$#2 5$%5 5$) &+9)/%5#/ 0* .#*0507) 0*5# #960&) 9#&#90%( %&' +*) 5$) :%5 5$%5 c−1 > 0 %&' s−y/x > 0< B)5 +*307) %& )-%9.()< "$) &+9)/%5#/ #&5%0&* 16x2y2c2 +4x2y+12x3cs−8xy2−

12x3s − 20x2yc 1)-./)**0#& 2$0$ 0& :%5* #&5%0&* 5$) &)3%507) 9#&#90%(5$%5 2)/) 5$) 9#*5 '0C+(5 5# #960&) 5# #65%0& % .#*0507) D+%&50548< E&)%& $)A 5$%5 0& :%5 5$0* )-./)**0#& %& 6) 2/055)& +&')/ 5$) :#/9 8x2yc(c−
1) + 12x3(c− 1)(s− y/x) + 8x2ys(s− y/x) 2$0$ 0* &#2 ()%/(4 .#*0507)< ?*% /)*+(5 2) #65%0& 12) 2/05) t 0&*5)%' #: y/x8>
∂xg(x, y) =

1

y
(
rcy + 2xs+ sy2

)2
r
×

[
2xy3rc (c− 1) + 12x3 (c− 1) (s− t) + 2xy3

(
c2 − 1

)
+ y5r

(
c2 − 1

)

+ y5c (c− 1) + y5
(
c2 − 1

)
+ 2xy2rc (s− t) + 6x2yrs (s− t) + 2xy2rs (c− 1)

+ 8x2yrc (c− 1) + y4rs (c− 1) + 4x2r (c− 1) (s− t) + 12x2y2s (c− 1)

+ 2xy3s (s− t) + 8x2ys (s− t) + 2x2y2c (s− t) + 8x2yc (c− 1)

+ 8xy3c (c− 1) + 2xy4s (c− 1) + 6xy3r
(
c2 − 1

)
+ 4rxcsy2

+ y5c2r + 2y6cs+ cy4rs+ 4xc2ry3 + 20x2y2cs+ 14xy4cs

]2$0$ 0* &#2 5$) *+9 #: .#*0507) 5)/9; $)&) 5$) /)*+(5<



 !"! #$%&'()(*$+, -$. (/0 1(.0,, ), ) 23$ 4).*)560, 7'+(*$+  ! !" #$%&'()(*$+, -$. (/0 1(.0,, ), ) 23$ 4).*5)670, 8'+(*$+"# $%&' ()'# '*+' ,- .# /01',213 45657 83 σ +(9 ,('#:%+'# );#% '*# %#+1 1,(#.# $(9 '*+'< ∫

|σ|>1

σp(σ)dσ = λb/De = y 4'*,& +( 8# *#>#9 83 9,%#')/20'+',)( )( '*# -)%/ )- p :,;#( 83 456?7 80' ,' ,& 1)(:#%76 "# )(13 *+;#') )/20'# ∫

|σ|≤1

σp(σ)dσ +(9 '*+(>& ') 456?7 .# $(9 '*+'@
τ =

λb

De
+

1

2
(−α+ (1 − ρβ+) + α− (1 − ρβ−))

+ ρ2α+β+

(
1 − ρ(e1/ρ − 1)

)
+ ρ2α−β−

(
1 − ρ(1 − e−1/ρ)

)

= I1 + I2 + I3 + I4

456AA7B*,& -)%/01+ +( 8# &,/21,$#9 0&,(: '*# 9#$(,',)( )- ρ< β+ +(9 β− +(9'*# &3&'#/ 456CD7 9#$(,(: α+ +(9 α−@
2I2 = −α+(1 − ρβ+) + α−(1 − ρβ−)

= ρ(−α+β− + α−β+) 0&,(: 456C?7
= ρβ+β−

(
α−

β−
− α+

β+

)

= ρ
1

µ(−Γ)
(−Γ) 0&,(: 456C 7 +(9 456A57

=
ρ

µ

456AE7
+(9

I3 + I4 = ρ2α+β+

(
1 − ρ(e1/ρ − 1)

)
+ ρ2α−β−

(
1 − ρ(1 − e−1/ρ)

)

= ρ2 (α+β+ + α−β−) + ρ3 (α+β+ − α−β−)

− ρ3
(
α+β+e

1/ρ − α−β−e
−1/ρ

)

= J1 + J2 + J3

456A!7F&,(: 456AC7 .# *+;# α+β+e
1/ρ − α−β−e

−1/ρ = 1/µ +(9 '*0&
J3 = −ρ3/µ 456A 7G)% J1 +(9 J2 .# 0&# '*# ;+10#& )- α+ +(9 α− :,;#( 83 456AH76 "# '*0&



   !!"#%& '("&)& '& *+ )"+,-()(#, .()"&/-& '& 01!"#$%&#' J1 (' ∆ )*%+,- (' )./0122 $3 3($4%-5
∆J1

ρ2
= (∆α+)β+ + (∆α−)β−

= (ρβ+ + ρβ−e
−1/ρ)β+ + (ρβ− + ρβ+e

1/ρ)β−

= ρ(β2
+ + β2

−) + ρβ+β−(e1/ρ + e−1/ρ)

= ρ(β+ + β−)2 − 2ρβ+β− + 2ρβ+β− cosh(1/ρ)

=
1

ρ
+ 2ρβ+β−(cosh(1/ρ) − 1)

)./672
(,4"9, (' :,;-$%3- 3< β± 4-: ρ= >, ?4+, β+ + β− = 1/ρ/ @3> >, $"A- $3
J2

∆J2

ρ3
= (∆α+)β+ − (∆α−)β−

= (ρβ+ + ρβ−e
−1/ρ)β+ − (ρβ− + ρβ+e

1/ρ)β−

= ρ(β2
+ − β2

−) − ρβ+β−(e1/ρ − e−1/ρ)

= β+ − β− − 2ρβ+β− sinh(1/ρ)

)./6B2C,$ "9 ,!&?49%D, $?4$ >, "9, EA4!,AF9 A"#, 4-: ,G"4$%3- )./6H2/ I?4$ !,4-9$?4$ ∆ %- $?,9, ,J&A,99%3-9 %9 $?, :,$,A!%-4-$ 3< 9'9$,! )./0B2 4-: *%+,- (',G"4$%3- )./012/ K- $?, ,-:= "9%-* )./662 $3 )./6B2 >, ?4+,5
τ =

λb

De
+

ρ

2µ
− ρ3

µ

+
ρ2

∆

(
1

ρ
+ 2ρβ+β−(cosh(1/ρ) − 1)

)

+
ρ3

∆
(β+ − β− − 2ρβ+β− sinh(1/ρ))

)./612
L,4## $?4$ >, :,;-,: %- M,$%3- ./ /6 $?, +4A%4(#,9 x = µΓ = 4-: y =

λb/De 4-: $?4$ (' )./0 2 >, ?4+, β+β− = −1/x/ N#93 >, ?4+, ρ = x/y/O, -3> A,>A%$, $?%9 ,G"4#%$' %- $?, (x, y) +4A%4(#,9/
τ(x, y) =y +

x

2µy
− x3

µy3

+
x2

y3∆(x, y)

(
y2

x
− 2(cosh

(y
x

)
− 1)

)

+
x3

y4∆(x, y)

(
y

((y
x

)2

+
4

x

)1/2

+ 2 sinh
(y
x

))
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1R\[−1,1]p )((" 0'%#' ,# '"3(" 1" 20#%-&*%'&)# V#%',3"--"W 1" -EV)5*'%-"W
R\[−1, 1]6 X),* %4)#* 1)# 10&10 1" #),* %223)23&"3 -"* (0'/)1"* ("#'&)#D#0"* 23001"(("#' +,& 230)#&*"#' -% 1"*3&2'&)# 1" uε 2%3 1"* '"3("* +,&103&4"#' ,#" V),/" -&(&'"W =1E)3&@&#" #,(03&+,"?6 K%#* #)'3" )#'"O'":-" 2"'&' 2%3%(<'3" ε "*' #)'3" #)(53" 1" Y"&**"#5"3@ =), &*%&--"("#' %1&D("#*&)##0? y: -" 3�-" 1" VuεW "*' "# $%&' L),0 2%3 -E&#)##, p: "' uφ "# $)#D'&)# 1" y6 ^" +,& "*' %-)3* &#'03"**%#' E"*' +,": 5&"# +," -E)# *%/" +,E&-$%&--" 3"@%31"3 1%#* -% 1&3"'&)# 1"* 104"-)22"("#'* "# ),/" -&(&'": &- #),*(%#+,"  !"#$" & ,# 0-0("#' &(2)3'%#' 1" "* 104"-)22"("#'* +,& "*' -% '%&--"1" -% ),/" -&(&'"6 X),* #" *%4)#* 2%* #)# 2-,* 1%#* +,"--" 0/"--" 1" y 10D4"-)22"3 -% *)-,'&)# %3 -" 23)5-<(" #" *E03&' 2%* 1" $%_)# &((01&%'" )((",# 23)5-<(" -%**&+,"6 X),* %4)#* 1)# 3"),3* 1%#* ,# 23"(&"3 '"(2* A 1"*$)3("* 1" 104"-)22"("#'* %*;(2')'&+,"* '3<* @0#03%-"* +," #),* %3%'03&D*)#* A -E%&1" 1" -% 23)2)*&'&)# >69: "' &- %22%3%B' %-)3* ,# /%#@"("#' 1"'%&--" 1" ),/" -&(&'" "' 1E0/"--" 1" 104"-)22"("#' *,&4%#' -% 4%-",3 1" µ
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τ %,& $.-')&,-$0. -*&5* ; -*&5* 9*/ 9$J'&*.-/ 9'1*+0%%*5*.-/2 K* 0&0++,$&*G2L */- 90. )&,-#$-6 * "#$ */- ; 05%,&*& ,1* +, 9'50./-&,-$0. 9* FL2GI2C* >,%$-&* */- -$&' 9=#. ,&-$+* *. 0#&/ 9* &'1$/$0. %0#&  !"# $% "&&'%#()*%6 *. 0++,B0&,-$0. ,1*  !#$%& '%($)*+2



℄< >% %6, 7,&.99.9&D%6,-, 5() ( F.9,%.:%*0, #$ +#4,' $#- -,(' &'()),) 56.6 5() 0-#0#),4 7*+,%.$%&  ! "#$ .9 ILL℄< =6,9 #9).4,-.9& %6, ($#-,+,9%.#9,4 (9('#&*7,%5,,9 )#$% &'()),) (94 -,(' &'()),)D ( +#4,' 5() 4,).&9,4 7* /,001.  ! "#$.9 IMN℄ $#- )#$% &'()),)< O.9(''* %6, GP7-(34:Q,R3,31 +#4,' 5() .9%-#43,4() ( ).+0',- +#4,' %(F.9& %6, 0-,;.#3) .4,() .9%# (#39%<C9 ( 0-,;.#3) 0(0,- ISJ℄D 5, +(%6,+(%.(''* 0-#;,4 %6(% %6, GP7-(34:Q,R3,31 +#4,' T-,$,--,4 %# () GQ $#- %6, )(F, #$ 7-,;.%*U 4,)-.7,) %6, &'())%-(9).%.#9 () 5() (99#39,4 .9  !"#$%&V) WGX %6,).) IJM℄< =6.) 5#-F -,'.,4#9 (9('*%.(' #+03%(%.#9) #$ %6, )#'3%.#9) #$ %6, +#4,' 56.6 5() 0#)).7',7,(3), GQ 5() 4,).&9,4 %# 4,)-.7, ).+0', )6,(- 2#5 (94 .) %63)D $-#+ (+(%6,+(%.(' 0#.9% #$ ;.,5D ( L4 0-#7',+ &#;,-9,4 7* (9 HXY< =63) ('' %6,#+03%(%.#9) (9 7, 4#9, ?7* 6(94@ T9#%, %6(% $#- &.;,9 y (94 φD ,R3(%.#9TZ<LU 7,'#5 .) [3)% (9 HXY 5.%6 0.,,5.), #9)%(9% #,\.,9%)D 56.6 (97, )#';,4 ,10'..%'*U< E3% .9 (9 30#+.9& 5#-F ISZ℄D 5, .9%,94 %# ,1%,94%6, +#4,' %# +3'%.4.+,9).#9(' ).%3(%.#9) (94 %63) )%34* ( +#4,' ).+.'(-%# GQ 73% ),% #9 ),;,-(' 4.+,9).#9 #$ )0(,< =6.) +,(9) %6(% (9('*%.(')#'3%.#9) (-, 9#% (;(.'(7', (9*+#-,< =6.) ',4 3) %# ),(-6 $#- #%6,- %##')%# 0-#;, %6, )(+, -,)3'%)D %,69.R3,) %6(% 5#3'4 7, +#-, ,().'* &,9,-('.],4%# +3'%.4.+,9).#9(' ).%3(%.#9)< =6, %##' 5, $#394 %# 7, (00-#0-.(%, (-,()*+0%#%. ,10(9).#9)<Q,% 3) .9%-#43, %6, +#4,' (94 #3- 9#%(%.#9)< ,̂ (-, .9%,-,)%,4 .9 %6,)%(%.#9(-* 4.+,9).#9',)) ;,-).#9 #$ %6, GQ +#4,'< G,-, %6, 39F9#59 .) p56.6 .) ( 0-#7(7.'.%* 4,9).%* #9 %6, )%-,)) )0(,< =6, )%-,)) ;(-.(7', 5.''('5(*) 7, 4,9#%,4 σ< =6, )+('' 0(-(+,%,- .) y< C% .) ( 4.+,9).#9',)) )6,(-



 !"! #$%&'()%+'$  !"#$% #&' () +,)%& $, -% &,&&%.#$(/%0 1+% .2#)) 3#"#4%$%" () '%&,$%' -5 µ06(&#2257 $+% 4,'%2 8)%) # 98&$(,& φ ,9 y #22%' $+%  !"#"$%0 1+%& $+% 4,'%2"%#'):




− φ(y)∂2
σp+ y∂σp+ 1[−1,1]cp =

φ(y)

µ
δ0,

p ∈ H1(R),

p(±∞) = 0,

p ≥ 0,∫

R

p(σ)dσ = 1.

;<0!=
>%"% 1[−1,1]c '%&,$%) $+% +#"#$%"()$( 98&$(,& ,9 $+% ,432%4%&$ ,9 $+%(&$%"/#2 [−1, 1] #&' δ0 () $+% '%2$# 98&$(,& 2,#$%' #$ $+% ,"(.(&0 1+% ?8('($5() &,$ %@32(($25 '%A&%'0 B$ ,4%) 9",4 $+% ,&)$"#(&$ ,& $+% (&$%."#2 ,9 p0B&'%%'7 (9 (&)$%#' ,9 φ(y) (& $+% CDE F% +#' # .(/%& ,&)$#&$ Γ7 $+%& ),2/(&.$+% -,8&'#"5 /#28% 3",-2%4 () # )(432% 4#$$%"0 G8$ )(&% F% +#/% (& #''($(,&$+% (&$%."#2 ,&)$"#(&$7 $+%"% () ,&25 ,&% Γ $+#$ #22,F) 9," ),2/(&. $+% %H8#$(,&#&' $+% (&$%."#2 ,&)$"#(&$ )(482$#&%,8)25 F+%& y > 00 I%%  !"$%&  !''(#&' )!'* J!K℄ ," JMN℄ 9," 98"$+%" '%$#(2) ,& $+() H8%)$(,&0 O& $+% ,$+%" +#&'7-5 (&$%."#$(&. $+% %H8#$(,&7 ,&% +#) $+% 9,22,F(&. ,&&%$(,& -%$F%%& p #&'

φ :
φ

µ
=

∫

|σ|>1

p(σ)dσ. ;<0<=6(&#2257 $, ,&&%$ 4,"% )3%(A#225 $, $+% 3+5)() ,9 $+% 3+%&,4%&,& F%#"% $"5(&. $, 4,'%27 F% (&$",'8% $+% &')*+*," +$)-++
τ =

∫

R

σp(σ)dσ. ;<0N=1+%& τ () ,&25 # 98&$(,& ,9 y0 B& $+() )%$$(&. $+% .2#)) $"#&)($(,& ,8") #$$+% "($(#2 /#28% 1/2: F+%& µ > 1/27 $+% -%+#/(," () P%F$,&(#& τ ∼ ηy7F+%& µ = 1/27 F% F(22 +#/% # 3,F%"Q2#F ?8(' F($+ %@3,&%&$ 1/57 $+#$ ()
τ ∼ y1/57 #&' A&#225 F+%& µ < 1/27 F% ,-$#(& # >%")+%2QG82R2%5 ?8('F($+ %@3,&%&$ 1/27 $+#$ () $, )#5 τ ∼ τ0 + A

√
y7 F+%"% τ0 > 0 () #22%'$+% #%.'&" %"-/# +$)-++0 S% &,$% $+#$ $+% #)543$,$( %@3#&)(,&) 9," p$"#&)2#$% (&$, # )$"#(.+$9,"F#"' 4#&&%" (&$, %@3#&)(,&) 9," τ 7 #) 2,&. #) F%)+,F ,&/%".%&% (& # 98&$(,& )3#% $+#$ %4-%') (&$, # )3#% 9," F+(+

p 7→
∫
σp () # ,&$(&8,8) 2(&%#" 9,"401+% 3#3%" () ,".#&(T%' #) 9,22,F): (& I%$(,& <0<7 F% (&$",'8% $+% 3+5)(Q#2 -#R.",8&' ,9 $+% 4,'%2 #&' $+% 4,$(/#$(,& 9," $+% %H8#$(,&)0 B& I%$(,&



 !  !!"#%& '()*!+#+,-.& /& 0' +"'1(,+,#1 2,+"&.(&!"#$ %& '()+)) ,-& .(/(,(01 2345.&/ 643 y = 0 %-(- 2347('&) ,-& 64+0'8,(40643 ,-& 8)9/2,4,( 808.9)()" :+3 /8(0 3&)+., () ),8,&' (0 ;&,(40 !"<" ;&=,(40 !"> () '&74,&' ,4 ,-& '&3(78,(40 46 ,-& 8)9/2,4,( -(&383-9" ?& &@2.8(0-4% ,4 A0' ,-& 8223423(8,& )8.&) 46 &@280)(40) 80' ,-& )(B&) 46 ,-& 3&.&780,54+0'839 .89&3)" C0 ;&,(40 !"D %& E+),(69 ,-& 643/8. &@280)(40) 59 80 (/=2.((, 6+0,(40 831+/&0," C0 '4(01 )4$ %& A0' (, 8'780,81&4+) ,4 (0,34'+&8 23(43( ,%4 )/8.. 2838/&,&3) a = y/φ(y) 80' b =
√
φ(y)" F-() 8..4%) +),4 3&'+& 4+3 2345.&/ ,4 8 )(01.& &G+8,(40 46 ,-& 643/ F (µ, a, b) = 0" F-&5&-87(43 46 φ 8) 8 6+0,(40 46 y 83()&) 08,+38..9 634/ ,-& 808.9)() 46 ,-()6+0,(40" ! "#$%&() *(+,-./01 ! !" #$%'()*(+,C0 ,-() )&,(40 %& )-8.. 3&7(&% ,-& 2-9)(8. 6&8,+3&) 5&-(0' ,-& HI538+'=J&G+&+@ /4'&." F-& /4'&. '&)3(5&) %-8, 83& 8..&' )46, 1.8))9 /8,&3(8.)"F-&)& /8,&3(8.) 83& 8/432-4+)" K43 &@8/2.&$ 40)('&3 80 &/+.)(40$ ,-8,() 8 /8,&3(8. 40)(),(01 46 5+55.&) 46 40& .(G+(' 2.+01&' (0,4 804,-&3 .(G+('80' .&, +) (/81(0& ,-8, ,-& 5+55.&) '4 04, 48.&)&" F-&0 ,-& '()24)(,(4046 ,-& 5+55.&) 80 5& 7&39 4/2.(8,&' 80' '4&) 04, 64..4% 809 283,(+.8343'&3" F-& 3-&4.419 46 ,-&)& /8,&3(8.) 0&&') ,4 ,8L& (0,4 84+0, )4/& 46 ,-&4/2.&@(,9 (0 ,-& /8,&3(8." C0'&&' ,-&)& L(0' 46 /8,&3(8.) 83& )&0)(,(7& ,4%-8, 80 5& 8..&'  !" #"!%&'%( &)'*"M 5&8+)& 46 ,-& 4/24)(,(40 46 ,-&/8,&3(8.$ %-8, -822&0) ,4 ,-& 5+55.&) 8, )4/& 2.8& 80 -87& -87& /&-80=(8. 3&2&3+))(40) ,-34+1-4+, 8.. ,-& /8,&3(8." N&7&3,-&.&))$ ,-() 04()& /+),5& ,8L&0 (0,4 84+0, (0 8 /8081&85.& %89" C0 ,-& /4'&. 59  !"$%"& " %( OPP℄ 43 (0 ;RS ODT℄γ̇$ ,-& 40=,(0+4+) /&'(+/ -8) 8 -801& (0 (,) ),3&)) σ ,4 8'82, ,4 ,-& )-&83 38,& )4,-8, ,-& ),3&)) 80' ,-& )-&83 38,& 83& 8.%89) .(0L&'" F-& 08,+3& 46 ,-().(0L '&A0&) ,-& 3-&4.41(8. 2342&3,(&) 46 ,-& /8,&3(8." :0& 80 ,-&0 ),+'98 /834)42( )8/2.& X8))+/(01 ,-& )-&83 38,& () 40),80, ,-34+1-4+, ,-&)8/2.&Y 59 /&0,8..9 '(7('(01 (, (0 U&.&/&0,839V 5.4L)" Z+, 643 /(34)42(=



 ! ! "#$%&() *(+,-./01  !#$$% &'()*)+,',)-. *#/,0&#$. $&1, .-.2,'.&)'. )0 ,*-$.&)'. /(&. 20),3-0,&. ')/ 0,$,4#'/ .&', ,$,*,'/#0% 5$)1. #0, &' #$$ 1&'3. )6 ./#/,.78(, 9: *)3,$ #1');$,3+,. /(&. 3&<-$/% 5%= &' # .,'.,= #//0&5-/&'+# 3&./0&5-/&)' )6 ./0,..,. /) /(, >,$,*,'/#0%? 5$)1. 6)0 # +&4,' *#0).)2&.(,#0 0#/,7 @)0, #-0#/,$%= /(, *)3,$ 3,.0&5,. #  !"#%& >,$,*,'/#0%? 5$)15% +&4&'+ &/ # 3&./0&5-/&)' )6 ./0,.. p 6)0 # +&4,' .(,#0 0#/, /(#/ #)-'/. 6)0/(, 3&./0&5-/&)' )6 ./0,..,. )6 #$$ /(, >,$,*,'/#0%? 5$)1. A')/ /%2&#$ )',.5-/ 0,#$ )',.B )6 # *#0).)2& .#*2$,7 8(, 9: *)3,$ +&4,. /(, ,4)$-/&)')6 /(&. 3&./0&5-/&)' &' /&*,7 8(, C-#'/&/% p(t, σ)dσ #' 5, -'3,0./))3 #. /(,20)2)0/&)' )6 >,$,*,'/#0%? 5$)1. )6 # *#0).)2& .#*2$, /(#/ #0, &' /(,./0,.. ./#/, σ A;&/( *#0+&' dσB #/ /&*, t7 D/ &. )'.,C-,'/$% # 20)5#5&$&/%3,'.&/%7 8(, ./0,.. )6 /(, *#0).)2& .#*2$, #/ /&*, t= ;(&( ;, 3,')/, 5%
τ(t)= &. /(, #4,0#+, )6 #$$ /(, )'/0&5-/&)'. )6 /(, >,$,*,'/#0%? 5$)1. #'3 &./(,0,6)0, +&4,' 5% /(, ,C-#/&)'

τ(t) =

∫

σ∈R

σp(t, σ)dσ. AE7FBG, ')/, /(#/ 6)0*-$#/&'+ /(, *)3,$ &' /,0*. )6 )'$% )', ./0,.. )*2)','/&. #' )4,0.&*2$&H#/&)'7 I4,' &6 /(, J); &. 0,./0&/,3 /) 2#0#$$,$ .(,#0= ./0,..&. # /,'.)0 ;&/( .,4,0#$ )*2)','/.= #'3 #$$ )6 /(,* (#4, # ./#/&./&#$ 3&.K/0&5-/&)'7 8(, 6)0*-$#/&)' #'3 #'#$%.&. )6 .-( *)3,$. ;&$$ 5, #330,..,3 &'6-/-0, ;)017 I4,' &' /(, #., )6 .&*2$, .(,#0 J);= /(,% 3) ')/ .&*2$% 0,3-,/) /(, )0&+&'#$ 9L50#-3K:,C-,-M *)3,$7:,/ -. '); +&4, /(, ,4)$-/&)' ,C-#/&)' )6 p7 N-22)., /(#/ #/ /&*, t /(,.(,#0 0#/, /(0)-+()-/ /(, .#*2$, &. γ̇(t)7 8(,' ;, (#4,
∂tp(t, σ) = −G0γ̇(t)∂σp(t, σ)− 1

T0
1(σ)[−σc,σc]cp(t, σ)+Γ(p)(t)δ0(σ)+αΓ(p)(t)∂2

σp(t, σ),AE7OB;(,0, G0= σc= T0 #'3 α #0, *#/,0&#$ )'./#'/. 0,.2,/&4,$% #$$,3 ,$#./& *)3K-$-.= ./0,.. /(0,.()$3= 0,$#M#/&)' /&*, #'3 60#+&$&/%7 8(, /,0* 1[−σc,σc]c 3,.&+K'#/,. /(, (#0#/,0&./& 6-'/&)' )6 /(, )*2$,*,'/ )6 /(, .,+*,'/ [−σc, σc]&' /(, 0,#$ $&',7 8(, /,0* Γ(p)(t) &. #$$,3 /(, '(#)# ! #'3 3,2,'3. )' /(,./#/, )6 /(, .#*2$, &' /(, 6)$$);&'+ ;#%P
Γ(p)(t) =

1

T0

∫

|σ|>σc

p(t, σ)dσ. AE7QB ! ! "#$%&'&()*'+ *, (-. /.01+ *, (-. "23&()*':,/ -. '); ,M2$#&' (,-0&./&#$$% (); /(, ,C-#/&)' &. *)/&4#/,37



 !  !!"#%& '()*!+#+,-.& /& 0' +"'1(,+,#1 2,+"&.(&"# $%&# % '%)*+*,- +%',.# */ N 0#.#'#1$%)23 4.*&+ %15 /*) #%6 */$6-+ 4.*&+ 7# 1*$# Σi(t) -$+ +$)#++8 "# +%2 $6%$ 915#) $6# +6#%) )%$# γ̇(t)$6# +$)#++ */ %1 0#.#'#1$%)23 4.*& 7-.. #:*.:# 4#%9+# */ $6)## #;#$+< !"#$% '"%() $6# =)+$ ,*++-4-.-$2 -+ $6%$ $6# ,%)$-9.%) 4.*& 4#6%:#+ #.%+>$-%..2 76-6 '#%1+ $6%$ -$+ +$)#++ 7-.. #:*.:# .-1#%).2 -1 $-'#? %+ ,)#>+)-4#5 42 @**&#A+ .%7 */ .-1#%) #.%+$--$2<
Σi(t+ dt) − Σi(t) = G0γ̇(t)dt. BC8 DE62+-%..2? 7# *9.5 +%2 $6%$ $6# .*%. +$)9$9)# 7-$6+$%15+ $6# +6#%)42 -1)#%+-1F #.%+$-%..2 -$+ +$)#++8 G*) %1 #'9.+-*1 -$ *9.5 *))#+,*15$* 4944.#+ 5#/*)'-1F $* $%&# -1 $6# +6#%) )%$#8 H/ *9)+#? $6# %$9%.+*9)# */ #.%+$- /*)#+ -1 %1 #'9.+-*1 -+ $6# +9)/%# $#1+-*1 *1 $6#-1$#)/%#+? +* $6# %++9',$-*1 */ .-1#%) @**&#%1 #.%+$--$2 -+ % )%$6#))95# +-',.-=%$-*18*+!","$%-( $-."/0 0) 76#1 |Σi| -+ .%)F#) $6%1 % '%I-'%. :%.9# σcα/T0$6# ,)*,*)$-*1%.-$2 *1+$%1$8 "6#1 α -+ +'%..? $6#1 $6#)# 1##5+ $* 4#% .*$ */ )#.%I%$-*1 #:#1$+ /*) $6# )#%))%1F#'#1$ $* 4# ,#)#-:#5 %15*1 $6# *1$)%)2? -/ α -+ .%)F# $6#1 % /#7 )#.%I%$-*1 #:#1$+ 7-.. -159#.*$+ */ )#%))%1F#'#1$+ #:#)276#)#8 N6-+ %1 4# -1$#),)#$#5 %+ /*..*7<)#%))%1F#'#1$+ %)# 42 1%$9)# .*%. B-1 +,%#D8 O/ α -+ +'%.. $6#1 -$'#%1+ $6%$ $6# )#%))%1F#'#1$+ 7-.. $%&# ,.%# *1 % :#)2 +'%.. %)#%



 ! ! "#$%&() *(+,-./01  !"#$%&' ()* #*+","(-$& *.*&(/ 0$1 2$# " 3-.*& 4+$61 ()* *,(#" 7(#*77'%* ($ #*"##"&3*8*&( 9-++ 4* 78"++ 4*"%7* ()* 4+$6 '$*7 &$( 7** ()*4+$67 ()"( "#* 2"# 2#$8 -(/ :& ()* $()*# )"&'1 -2 α -7 +"#3*1 ()*& *.*& "2*9 #*+","(-$& *.*&(7 9-++ )".* $&7*;%*&*7 $& " +$( $2 4+$67 *.*& 2"#2#$8 ()* $#-3-&/ <& ()-7 -&(*#=#*("(-$&1 α -7 " 8*"7%#* $2 ()* 2#"3-+-(>$2 ()* 7(#%(%#*? 9)*& α -7 78"++1 " 4#*"6 7$8*9)*#* -& ()* 7(#%(%#*9-++ )".* +-((+* #*=*#%77-$&7 9)-) 8*"&7 ()"( ()* 7(#%(%#* -7 #$4%7(/:& ()* $()*# )"&'1 -2 α -7 +"#3*1 ()*& " 78"++ 4#*"6 "( 7$8* =+"* 9-++-&'%* " +$( $2 4#*"67 ()#$%3)$%( ()* 7(#%(%#* "&' ()* 7(#%(%#* "&-&'**' 4* "++*' 2#"3-+*/ ! !" #$%&'($)'*&(( +,-./$)'<( -7 %7%"++> *"7-*# ($ "&"+>@* 8$'*+7 7%) "7 AB/!C 4> #*7"+-&3 ."#-"4+*7/ D$'$ ()"( 9* &**' ($ )$$7* " 7"+* 2$# "++ ()* ."#-"4+*/ E$# ()* 7(#*77 ."#-"4+*19* )$$7* ()* 7"+* 3-.*& 4> ()* 7(#*77 ()#*7)$+' σc 7$ 9* 7*( σ′ = σ/σc/ D)*#*+","(-$& (-8* T0 =#$.-'*7 " (-8* 7"+*/0-&* p -7 " 7(#*77 '*&7-(>1 -(7 '-8*&7-$& -7 ()* -&.*#7* $2 " 7(#*77/ <( -7 ()%7&"(%#"+ ($ -&(#$'%* p′(t′, σ′) = σcp(t
′T, σ′σc)/ F$(* "+7$ ()"( 9)*& )"&3-&3."#-"4+*7 9* )".* δ0(σ) = (1/σc)δ0(σ/σc)/ :&* "& )*6 ()"( p′ 2$++$97 ()*2$++$9-&3 *;%"(-$&?

∂t′p
′(t′, σ′) = −G0

σc
(T0γ̇(t

′T0))∂σ′p′(t′, σ′) − 1(σ′)[−1,1]cp
′(t′, σ′)

+ Γ′(p′)(t′)δ0(σ
′) +

α

σ2
c

Γ′(p′)(t′)∂2
σ′p′(t′, σ′), AB/GC9)*#*

Γ′(p′)(t′) =

∫

|σ′|>1

p′(t′, σ′)dσ′.H* "+7$ )".*1 4> ()-7 )"&3* $2 ."#-"4+*71
∫

σ′∈R

p′(t′, σ′)dσ′ = 1.H* ()%7 '*I&* (9$ '-8*&7-$&+*77 &%84*#7? λ = G0/σc1 "&' 9)"( 9* "++()*  !"## $"%"&'('%1 µ = α/σ2
c / <& ()* 7*;%*+1 9* '#$= ()* =#-8*7 -& ()*."#-"4+*7 "&' $& ()* %&6&$9&7/<& ()-7 ="=*#1 9* 2$%7 $& ()* 7("(-$&"#> *;%"(-$&1 -/*/ "++ ."#-"4+*7 "#*-&'*=*&'*&( $2 (-8*/ D)-7 #*7%+(7 -& ()* 2$++$9-&3 8$'*+ A-& '-8*&7-$&+*772$#8C?



 !  !!"#%& '()*!+#+,-.& /& 0' +"'1(,+,#1 2,+"&.(&
0 = −λ(T0γ̇)∂σp(σ) − 1(σ)[−1,1]cp(σ) + Γ(p)δ0(σ) + µΓ(p)(t)∂2

σp(σ)."# $%&# &'(& &'# )'#(* *(&# (++#(*) %$,- .$ &'# %01.$(&.%$ λT0γ̇2 3'.)4.0#$).%$,#)) %01.$(&.%$ .) *#5#**#4 &% () ( "#.))#$1#*6 $701#*8 ($4 .& .)9'(& 9# '(:# 4#$%&#4 1- y .$ %7* ($(,-).)2 ;,)%8 9# 7)# φ = µΓ .$)&#(4%5 Γ8 9'.' .) &'# 4.<7).%$ %#=.#$& %5 &'# #>7(&.%$2 3'(& .) '%9 9# ?$4@A2BC 5*%0 @A2DC2 ! !" #$%&'()' +,-('.$&/)',-(3'# #))#$&.(, 4.0#$).%$,#)) +(*(0#&#* .$ &'# #>7(&.%$) .) &'#*#5%*# &'# 6,())&*($).&.%$ +(*(0#&#* µ2 E#& 7) ())#)) &'# *#,#:($# %5 &'.) +(*(0#&#*2 F5 µ .))0(,,8 9# '(:# #,()&. 1#'(:.%* 7$&., |σ| #G##4) B8 ($4 &'#$ 9# '(:# *#,(GH(&.%$2 3'# *#)7,& %5 &'.) .) ( -.#,4 )&*#)) 1#'(:.%*I ).$# ( *.&.(, )&*#)) 07)&1# *#('#4 1#5%*# *#,(G(&.%$ ($ %7*8 &'# J7.4 '() &% %:#*%0# &'.) *.&.(,)&*#)) &% J%98 $% 0(&&#* '%9 )0(,, &'# )'#(* *(&# .)2 K$ &'# %&'#* '($48 .5 µ.) ,(*6#8 &'# *($4%0 #<#& %5 *#(**($6#0#$&) ($ ,#(4 &% )&*#))#) #G##4.$6&'# *.&.(, )&*#))2 3'# 4.)&*.17&.%$ %5 0.*%)&*#))#) 1#%0#) 1*%(48 ($4 *#H,(G(&.%$ (,9(-) %7*)2 F$ &'.) )#$(*.%8 &'# -.#,4 )&*#)) 4.)(++#(*)8 ($4 &'#J7.4 ($ J%9 (& ($- )'#(* *(&#2 L#,%98 9# )'(,, )+#.?(,,- >7($&.5- &'#)#+'#$%0#$(2 !" #$%&'()* &+ ,&(- .*/$*F$ &'.) )#&.%$ 9# )'(,, 1*.#J- 4.)7)) &'# M57$4(0#$&(,N )%,7&.%$) &'(& 6%:H#*$ &'# ,.0.&.$6 1#'(:.%* %5 O-)&#0 @A2BC .$ &'# ,.0.& y = 02 ;) &'# 6,())&*($).&.%$ .0+,.#)8 &'#*# (*# &'*## +%)).1,# *#6.0#)2 3'# ?*)& %$# .) &'# P#9H&%$.($ *#6.0#2 F$ &'.) *#6.0# &'# 0(&#*.(, %$)&($&,- 7$4#*6%#) 1*#(Q) ($4*#(**($6#0#$&) @( +*%#)) )%0#&.0#) Q$%9$ ()  !"#$!%&'()% )##  !#$%&'(%#$!& )*+,-. ($4 /-+,-,0 RDS℄C8 #:#$ .$ &'# ,.0.& %5 :($.)'.$6 )'#(**(&#2 "# &'7) #G+#& (& &'# 0(.$ %*4#* ( )&(&.%$(*- )&*#)) 4.)&*.17&.%$ 9'.'.) $%$ U#*% 5%* |σ| > 12 3'# )+#.? #G+*#)).%$ .) %1&(.$#4 1- )#&&.$6 y = 0.$ &'# 6%:#*$.$6 #>7(&.%$8 9'.,# 9# #G+#& ( $%$U#*% ,.0.& @9'.' .) &% 1#4#&#*0.$#4C 5%* φ(y)2 F$ &'# )#>7#, 9# 7)# &'# $%&(&.%$)
q = p|]−1,1[, rg = p|]−∞,−1[ rd = p|]1,+∞[,($4 9# 7)# Q08R0

g ($4 R0

d 5%* &'# ,#(4.$6 %*4#* %5 q8 rg ($4 rd *#)+#&.:#,-2 F$&'# P#9&%$.($ *#6.0# &'# )&(&.%$(*- 4.)&*.17&.%$ (& 0(.$ %*4#* .) 6%:#*$#41- &'# 5%,,%9.$6 #>7(&.%$)V
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− µc0∂
2
σQ

0
= c0δ0,

− µc0∂
2
σR

0

g +R
0

g = 0,

− µc0∂
2
σR

0

d +R
0

d = 0,

Q
0
(−1) = R

0

g(−1),

Q
0
(1) = R

0

d(1),

∂σQ
0
(−1) = ∂σR

0

g(−1),

∂σQ
0
(1) = ∂σR

0

d(1),
∫ 1

−1

Q
0
(σ)dσ + c0 = 1,

c0 6= 0.

!"#$%
&'() *+,-./0 () )(0*.1 !"#2% 3(4' y = 0 567 φ/µ = c0 3'/6 )*.(4 (64, 4'/4'+// (64/+85.) ]−∞,−1[9 ]− 1, 1[ 567 ]1,+∞[# &'/ /:*.((4 ),.<4(,6 ,= 4'())1)4/09 3'(' 56 -/ =,<67 (6 >2?9 @A℄9 ()

Q
0
(σ) =





σ + 1

2µ
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1
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√
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µ

(= σ < 0

1 − σ
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+

1

2

√
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µ

(= σ > 0

R
0

g(σ) =
1
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√
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µ

exp

(
σ + 1√
c0µ

)

R
0

d(σ) =
1

2

√
c0
µ

exp

(
−σ − 1√

c0µ

)

!"#2C%
3'/+/ c0 )54()D/) 4'/ =,..,3(6E /F<54(,6 !3'(' () 5 )454/0/64 ,= 4'/ (64/E+5.,6)4+5(64%9

c0 +

√
c0
µ

+
1

2µ
= 1, !"#22%567 '5) 4'<) 4'/ =,..,3(6E ),.<4(,6

c0 = 1 − 1

2µ

√
4µ− 1.G) 566,<6/79 R0

g > 0 567 R
0

d > 0 567 )(6/ 4'/ =<64(,6 ,-45(6/7 -1E.<(6E 4'/ *+/8(,<) *(//) 4,E/4'/+ () /8/69 4'/+/ () 6, )4,+/7 )4+/)) (6 4'()=<6750/645. *+,-./0# H67//7 5**.1(6E =,+0<.5 !"#A% 4, 4'() =<64(,6 E(8/)
0# I(65..1 3/ +/05+J 4'54 (= µ ≤ 1/2 4'/6 !"#22% 7,/) 6,4 '58/ 5 *,)(4(8/
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Fundamental Solution

σ

µ=0.5

µ=1

µ=2

µ=5

"#$%&' ()*+ ,-./01'2 34 4%56./'57.1 231%7#352 43& µ ≥ 1/2231%7#35 .56 78.7 #2 98: ;&3<1'/ =()>? .5537 <' 78' 4%56./'57.1 0&3<1'/34 =()*? 98'5 µ ≤ 1/2)A8' 2'356 &'$#/' #2 78' B.//'6 &'$#/') C5 78#2 &'$#/'D 78' 'E'7 34 &'.&F&.5$'/'572 #2 537 27&35$ '53%$8 73 7.G' 78' 13.1 27&'22 <':356 78' 78&'28316)H7 78' 1#/#7D .11 78' <13G2 .&' 7&.00'6 #5 27.7'2 78.7 53 135$'& .1139 &'1.-F.7#35 'I'572) H2 y <'3/'2 2/.11'&D 78' '1.27# /'8.5#2/ <'3/'2 9'.G'&.56 .5537 <&#5$ 78' 27&'22 8#$8 '53%$8 43& &'1.-.7#352 73 3%&) C5 78''56 78' 27.7#35.&: 6#27&#<%7#35 34 27&'22 &'J'72 78.7 4.7 2#5' R0

g = R
0

dy = φ(y) = 0D 78'5 .1178' 7'&/2 #5 =()*? I.5#28 #5 78' #55'& &'$#35D .56 9' 3<7.#5 .<231%7'1: 53#543&/.7#35) P' .5D 839'I'&D 3<7.#5 . /'.5#5$4%1 1#/#7 <: .22%/#5$ 78.7
φ(y) #2 0&303&7#35.1 73 yD .56 78'5 6#I#6#5$ 78' 'N%.7#35 <: y) C4 9' 2'7
φ(y) = µc1yD 9' 3<7.#5 78' 431139#5$ 0&3<1'/ 43& Q0+
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− µc1∂
2
σQ

0
+ ∂σQ

0
= c1δ0,

Q
0
(±1) = 0,

∫ 1

−1

Q
0
(σ)dσ = 1,

c1 6= 0.

"#$%#&
'() *+,- -.-*/01 Q0 34 5/ (067*/8 ,4 */)0- (9 c1 348 *+/ ,4*/:)3; (4-*)3,4*:,</- 7- 34 /=73*,(4 (4 c1$ >30/;. ?/ +3</@
Q

0
(σ) =





c1

(
1 − exp

(
− 1

µc1

))

exp

(
1

µc1

)
− exp

(
− 1

µc1

)
(

exp

(
σ + 1

µc1

)
− 1

) ,9 σ ∈] − 1, 0[

c1

(
exp

(
1

µc1

)
− 1

)

exp

(
1

µc1

)
− exp

(
− 1

µc1

)
(

1 − exp

(
σ − 1

µc1

)) ,9 σ ∈]0, 1["#$%A&348 c1 ,- BC/8 5. *+/ 9(;;(?,4: /=73*,(4 "?+,+ 3:3,4 ,- 3 -*3*/0/4* (9 *+/,4*/:)3; (4-*)3,4*&1
c1 tanh

(
1

2µc1

)
= 1. "#$%D&E9 ?/ 07;*,6;. *+,- /=73*,(4 5. µ 348 -*78. x 7→ x tanh(1/(2x)) ,* ,- /3-.*( -// *+3* ,* 8(/- 4(* +3</ 3 -(;7*,(4 ,9 µ ≥ 1/2 348 *+3* ,- ?+. F)(5;/0"#$%#& 344(* -/)</ 3- 3 974830/4*3; 6)(5;/0 9() *+,- )34:/ (9 µ$ ',43;;.1*+/ -(;7*,(4 ,- ;/3);. 4(* /</4 348 7-,4: "#$A& (4 Q

0 ,4-*/38 (9 p (4/ 34(067*/ 3 6(-,*,</ <3;7/ τ0$ G+,- <3;7/ ,- 3;;/8 *+/  !"#$% !%'( )*+'))$G+/ B43; )/:,0/ ,- *+/ *)34-,*,(4 )/:,0/ ?+,+ ,- ,4 5/*?//4 *+/ *?(6)/<,(7- )/:,0/-$ E*- :(</)4,4: /=73*,(4- ?(7;8 5/@




− µ∂2
σQ

0
= δ0,

Q
0
(±1) = 0,

∫ 1

−1

Q
0
(σ)dσ = 1.

"#$%H&G+,- ;,0,* ,- (5*3,4/8 748/) *+/ 3--706*,(4 *+3* φ(y) → 01 57* φ(y)/y → ∞3- y → 0$ G+/ /C3* 5/+3<,() (9 φ(y) ,- 4(* (5*3,4/8 3* *+,- ;/</;1 348 34(4;. 5/ 8/*/)0,4/8 5. (4-,8/),4: +,:+/) ()8/)- ,4 *+/ /C634-,(4$ G+,- ?,;;5/ 67)-7/8 97)*+/) ,4 I/*,(4 #$H$
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1

Fundamental Solution

σ

µ=0.5

µ=0.4

µ=0.3

µ=0.2

"#$%&' ()(* +,-./0'1 23 3%45-.'46-0 120%6#241 32& µ ≤ 1/2728'9'&: #6 #1 '-1#0; 1''4 6<-6 =;16'. >()?@A -4 240; C' 1209'5 8<'4
µ = 1/2 C; 6<' 3%46#24

Q
0
(σ) =

{
σ + 1, #3 σ ∈ [−1, 0],

1 − σ, #3 σ ∈ [0, 1].
>()?DAE1 8' -4 1'' 6<#1 120%6#24 #1 &'-00; #4 C'68''4 6<' 682 /&'9#2%1 &'$#.'1*#61 1%//2&6 #1 [−1, 1] 12 #6 #1 #4 - F-..'5 16-6' -1 -&' 6<' 3%45-.'46-0 120%G6#241 23 6<' 6<' µ < 1/2 -1') 728'9'& 6<' 3%46#24 #1 '9'4 -1 #4 6<' µ > 1/2-1' -45 -1 1%<: 52'1 426 162&' -4; 16&'11) !" #$%&'()*+,-&. &% ,/$ 0'&1*$( +.2 3+-.#$4)*,E6 6<' 16-&6 23 6<#1 16%5; 8' 8'&' #41/#&'5 C; 6<' 1#.#0-&#6; 23 6<' /&2CG0'. $#9'4 C; 6<' 1;16'. >()?A 8#6< 6<' /&2C0'. 23 16-6#24-&; H-9#'&G=62I'1'J%-6#241 8#6< - /'4-0#K-6#24 6'&. 62 6-I' #462 -2%46 -4 2C16-0' #4 9#12%1L281 16%5#'5 C;  !"#$: %&'!()' -45 *)+&,(: M(℄: -)&+#' -45 *)+&,(M(!℄: 2& -)&+#' M?O℄ #4 6<' 246',6 23 /2&2%1 .-6'&#-01: 2& 6<' /&2C0'. 238-9' 'J%-6#241 8#6< - /'4-0#K-6#24 6'&. 16%5#'5 C; *#&!($ -45 .'/0 MP!℄



 !"! #$%&'()*+,-&. &% ,/$ 0'&1*$( +.2 3+-. #$4)*,  !"#$  !"#$% %&'( & ℄* +,-. /#123"4/$ 2. 51 .// -6 5,/ ."7/ 7/5,1$. 128$9/ "$":5/$ 51 123 :3198/7* ;# 5,/ <= ./55-#4( 5,/ 19.5"8/ >128$ 9/ 5,//?5/3-13 16 5,/ [−1, 1] -#5/3@"8*+,/ A3.5 5,-#4 51 $1 -. 51 ./:"3"5/ >,"5 ,"::/#. -#.-$/ "#$ 125.-$/ 5,/19.5"8/* +,-. 7/"#. >/ 3/>3-5/ B&*!C >-5, 2#D#1>#.
q = p|]−1,1[, r = p|[−1,1]c,"#$ 195"-#

− φ(y)∂2
σq + y∂σq =

φ(y)

µ
δ0 -# ] − 1, 1[, B&*!E"C

− φ(y)∂2
σr + y∂σr + r = 0 -# [−1, 1]c, B&*!E9C

r(±∞) = 0, B&*!EC
q ≥ 0, B&*!E$C
r ≥ 0, B&*!E/C
r(±1) = q(±1), B&*!E6C
∂σr(±1) = ∂σq(±1), B&*!E4C
∫

|σ|>1

r(σ)dσ +

∫ 1

−1

q(σ)dσ = 1. B&*!E,CF/ 3/6/3 51 B&*!E6C "#$ B&*!E4C ". 5,/  !"#$%&$$&'# '#)& &'#$ "#$ B&*!E,C ".5,/ &# *+!", '#$ !"&# *G1> 123 7"-# 3/.285 "# 9/ .5"5/$H !"#$"% &'(' -.* $',/ &'# '0 B&*!E"C1B&*!E,C2 0'! $%",, y2 "# 3* *45"#)*)&# " 1#@/34/#5 $*!&*$ 6.'$*  *!%$ "# 3* )*$!&3*) &#  *!%$ '0 3'/#)"!7,"7*!$8 9'!*':*!  .* *45"#$&'# ."#+*$ &0  .* 5"!"%* *! µ ."#+*$2 6.&.,*")$ %'!* 5!*&$*,7  '  .* 0',,'6&#+ )&$/$$&'#;)* µ > 1/2+  .*!* &$ #' 3'/#)"!7 ,"7*!  *!%$ <Q "#) R "!* 0/# &'#$ '0 σ="#) 6* .":*
q = Q

0
+ yQ

1
+ y2Q

2
+ · · · ,

r = R
0
+ yR

1
+ y2R

2
+ · · · ,"#) '#$*>/*# ,7

φ

µ
= c0 + c1y + c2y

2 + · · · .



 !  !!"#%& '()*!+#+,-.& /& 0' +"'1(,+,#1 2,+"&.(& ! µ < 1/2"  !" #$%&'()* +(*") ,- $. -,/" y1/2 (&'
q = Q

0
+ y1/2Q

1
+ yQ

2
+ · · · ,

r =
√
yR1 + yR2 + · · · ,(&' $&-"1%"& +*

φ

µ
= c1y + c2y

3/2 + · · · ,2, ! Rk '"3"&',&4 $& (|σ| − 1)/y1/25 ! µ = 1/2"  !" #$%&'()* +(*") ,- $. -,/" y1/5 (&'
q = Q

0
+ y1/5Q

1
+ y2/5Q

2
+ · · · ,

r = y2/5R2 + y3/5R3 + · · · ,(&' $&-"1%"& +*
φ

µ
= c2y

4/5 + c3y + · · · ,2, ! Rk '"3"&',&4 $& (|σ| − 1)/y2/55"#$%& '() *+),$-.# '()-+)/0 '() 1-22-3$%& +)#.2' +)24')5 '- '() /4+-7#-*$ #'+)## /48 9) 5)5.)5:#$%$&&'%( )*+* 6!" 3)"7,$%- "83(&-,$&- $&7")4" ,& ( -3(" ,& 2!,!  !"(33+,( ,$& p 7→
∫

R

σp ,- ( $& ,&%$%- +,&"() .$)95 6!%- #* ( -,93+" ,& ":4)( ,$& 2" !(7"  !" .$++$2,&4 "83(&-,$&-; ! µ > 1/2"  !" - )"-- "83(&'- (-
τ = η0y + η1y

2 + . . . ! µ < 1/2"  !" - )"-- "83(&'- (-
τ = τ0 + A0

√
y + . . . ! µ = 1/2"  !" - )"-- "83(&'- (-

τ = B0y
1/5 +B1y

2/5 + . . .



 !"! #$%&'()&*+ *, )-$ ./012)*)& 4&$%(%-0  !"#$ %&'()*+ )-+.&-.+ /0#(# 1&2 3$ 0 $4$5. 6)' .#$ 7'+. )-$ )6 .#)+$0$ #&%$ (-8(&.$89 &- 3$ )15*.$8 (- .$'1+ )6 .#$ 5')7:$+ )6 .#$ $45&-+()-)6 q &-8 r℄9; I)0$%$' (- <$.()- =;J 0$ +#&:: ?(%$ &+(15:$' 5'))6 0#(# $45:)(.+ .#$ 6&. .#&. .#$ 5')3:$1 (+ 1)'$ $&+(:2 &-&:2B$8(- & .0) 5&'&1$.$' +$..(-?; K- .#(+ +$..(-?@ a = y/φ(y) &-8 b =
√
φ(y) &'$.'$&.$8 & 5'()'( &+ (-8$5$-8$-. 5&'&1$.$'+; K. .*'-+ )*. .#&. .#$ +):*.()-)6 .#$ 8(L$'$-.(&: $D*&.()- (+ &.*&::2 &- &-&:2.( 6*-.()- )6 a &-8 b; "#$5'))6 *+$+ 5$'.*'3&.()- .#$)'2; M-$ )6 .#$ $++$-.(&: 8(L$'$-$+ 3$.0$$- .#$)-$N8(1$-+()-&: &-8 1*:.(N8(1$-+()-&: &+$ (+ .#&. .#$ :(1(. b→ 0 3$)1$+& +(-?*:&' 5$'.*'3&.()- 5')3:$1 (- +$%$'&: 8(1$-+()-+; "#$ 5$'.*'3&.()-&'?*1$-. 0)*:8 .#$'$6)'$ 3$)1$ 1)'$ )15:(&.$8@ &-8 .#$ +):*.()- 0)*:88$5$-8 )-:2 +1)).#:2@ 3*. -). &-&:2.(&::2@ )- b; K- & +$)-8 +.$5@ 0$&-&:2B$ .#$ '$1&(-(-? $D*&.()- '$+*:.(-? 6')1 .#$ (-.$?'&: )-+.'&(-.; "#(+(+ & 7-(.$ 8(1$-+()-&: 5')3:$1 )6 .#$ 6)'1 F (µ, a, b) = 0; "#$ (15:((.6*-.()- .#$)'$1 &- 3$ *+$8 .) $+.&3:(+# & '$:&.()-+#(5 3$.0$$- a &-8 b0#(# -&.*'&::2 2($:8+ .#$ $45&-+()-+ )6 "#$)'$1 =;G;

 !" #$%&'()&*+ *, )-$ ./012)*)& 4&$%(%-0K- .#(+ +$.()- 0$ +#&:: +#)0 .#$ 6)'1&: )15*.&.()-+ .#&. 0(:: 3$ O*+.(7$832 .#$ -$4. +$.()-; "#$ 6)'1&: )15*.&.()-+ &'$ )6 (-.$'$+. (- .#$(' )0-'(?#.@ +(-$ .#$ &55')5'(&.$ &-+&.B (+ -). )3%()*+  !"#$"#; M6 )*'+$ .#$'$+*:.+ 8$+'(3$8 32 )*"#!+, &-8 -%.+%+/ (- F!P℄ &-8 5')%$8 (- F>!℄ 0$'$& 5)0$'6*: ?*(8$; Q$. .#$2 8) -). ?(%$ .#$ &.*&: &-+&.B; "#$ .'&-+(.()-&:&+$ µ = 1/2 0&+ $+5$(&::2 #&'8 .) 8$%(+$;



 !  !!"#%& '()*!+#+,-.& /& 0' +"'1(,+,#1 2,+"&.(& !"!# $%&'()"# $%&()*% +,% *#-.$/(0 1/0%( 2,), 1)%& ). +,% %3+%()#( $#4/). [−1, 1]c52% .%%$ +,% $)&+/.% +# +,% *#-.$/(0 {−1, 1} /.$ 2% /11 +,)& $)&+/.% θe52,), )& &)4610
θe(σ) = |σ| − 1.7% 4/8% +,% 9#11#2).: /.&/+; 9#( q /.$ r<

q(σ) =

+∞∑

k=0

yk/sQ
k
(σ), =>?@ /A

r(σ) =

+∞∑

k=0

yk/sR
k
(σ) + yk/sRk

(
sign(σ),

θe(σ)

yl/s

)
, =>?@ *A2,), )461)%& +,/+ φ/µ ,/& +,% 9#11#2).: %36/.&)#. ). B)%2 #9 =>?>A<

φ(y)

µ
=

+∞∑

k=0

c̃ky
k/s. =>?@ AC%(% l /.$ s /(% +2# ).+%:%(& &/+)&90).: 1 ≤ l ≤ s? 7% ,/B% /1&# ).+(#$-%$<

c̃k =

{
ck, )9 0 ≤ k ≤ l − 1,

ck + ck−l, )9 k ≥ l,2)+,
ck =

∫

|σ|>1

R(σ)dσ, ck =

∫ +∞

0

y(k+l)/s[Rk(−1, z) +Rk(1, z)]dz. =>?@DA7% (%/11 +,/+ ). / *#-.$/(0 1/0%( &%++).: 2% ,/B%5 9(#4 / 9#(4/1 6#).+ #9B)%25 +,% 6(#6%(+0<
∀k ∀m lim

z→∞

∣∣∂m
z R

k(±1, z)
∣∣ = 0. =>?>EAF. 4#(% $%+/)1& 2% ,/B% +,% 9#11#2).:< !"#"$%&%"' ()* =G%%&&/(0 9#(4 #9 +,% /.&/+;A)  !" #$%$&"'"%( )* '!"#%"+),-( $*($'. )* "$! $(" $* ,*01 2"3%+ µ > 1/2, 4" !$+" s = 1 $*5 *, 2,-*5$%1 0$1"%6 4!)! &"$*( l )( -*5"7*"5$*5 $00 '!" Rk $%" ."%,8



 !"! #$%&'()&*+ *, )-$ ./012)*)& 4&$%(%-0  ! ! µ < 1/2"  ! "#$! s = 2 #%& l = 1'  "(" *!#%+ ,"#, ,"! -./%&#01 2#1!0(+ .3 +(4! y1/25 6% ,"! !7,!0(.0 #22 ,"! Rk #0! 4!0.8 ! µ = 1/2"  ! "#$! s = 5 #%& l = 2  "(" *!#%+ ,"#, ,"! -./%&#01 2#1!0 (+.3 +(4! y2/5  "(2! ,"! !79#%+(.% (+ (% 9. !0+ .3 y1/55 6% ,"! !7,!0(.0 #22,"! Rk #0! #:#(% 4!0.5"#$% &' ()*+, -, .''00$1, 2.3(%(2.0 (0 %#$% %$4(.5 2%#'1 *$1$)'%'10&(++ 1$*(3+, +'$3 %2 (++6*20'3 *12-+')0 721 %#' *128+'09 ':'. $% %#' +'$3(.5213'1; <.2%#'1 3'%$(+ %2 .2%' (0 %#$% 721 µ < 1/2 721 (.0%$.' 2.' 2=+3 %$4'
s = 4 $.3 l

0 ≤ k ≤ s− 1 : − µ
k∑

k′=0

c̃k′∂2
σQ

k−k′

= c̃kδ0,

s ≤ k : − µ
k∑

k′=0

c̃k′∂2
σQ

k−k′

+ ∂σQ
k−s

= c̃kδ0.

@J;JK$A
;</#,(.% @J;KL-AM "' *=% %#' $.0$%C @J;K -A $.3 %#' $.0$%C @J;K A (.@J;KL-A; "' $. %#'. 0'*$1$%' (. %#'0' 'I=$%(2.0 %#' 'I=$%(2.0 2-','3 -, %#'
R

k $.3 %#20' 2-','3 -, %#' Rk -, =0(.5 %#' *12*'1%, 0%$%'3 (. NI; @J;JOA;



 !  !!"#%& '()*!+#+,-.& /& 0' +"'1(,+,#1 2,+"&.(&"# $%#& '($)*&+
− 2l ≤ k ≤ −1 : − µ

k+2l∑

k′=0

c̃k′∂2
zR

k+2l−k′

= 0,

0 ≤ k ≤ s− l − 1 : − µ
k+2l∑

k′=0

c̃k′∂2
zR

k+2l−k′

+Rk = 0,

s− l ≤ k : − µ
k+2l∑

k′=0

c̃k′∂2
zR

k+2l−k′

+Rk = −θ′e∂zR
k−s+l,

,-.-/(0
)&1

0 ≤ k ≤ s− 1 : − µ

k∑

k′=0

c̃k′∂2
σR

k−k′

+R
k

= 0,

s ≤ k : − µ

k∑

k′=0

c̃k′∂2
zR

k−k′

+R
k

= −∂σR
k−s

.

,-.-/0 !"#$%&' ,-./30+ "*$% ,-.-40 *& 5*&16 78. ,-./30 '&9: $#99; <;
0 ≤ k : R

k
(±∞) = 0. ,-.-/10 !"#$%&' ,-./3=0+ >%# '&$*&<*$: ?#9)$*'& $?)&;9)$#; *&$'

0 ≤ k : Q
k
(±1) = R

k
(±1) +Rk(±1, 0). ,-.-/#0 !"#$%&' ,-./3@0+ >%# '&$*&<*$: '= $%# 1#?*A)$*A# $?)&;9)$#; *&$' ,@*A#& $%)$

θ′e *; &'& B#?'0+
0 ≤ k ≤ l − 1 : 0 = ∂zR

k(±1, 0), ,-.-/=0
0 ≤ k : ∂σQ

k
(±1) = ∂σR

k
(±1) + θ′e(±1)∂zR

k+l(±1, 0). ,-.-/@0 !"#$%&' ,-./3%0+ C*&)99: D# @#$ =?'5 78. ,-./3%0 $%# ='99'D*&@ '&;$?)*&$;='? $%# E?'F9#+
k = 0 :

∫ 1

−1

Q
0
(σ)dσ +

c̃0
µ

= 1,

k > 0 :

∫ 1

−1

Q
k
(σ)dσ +

c̃k
µ

= 0.

,-.-/%0(')"*'* &,  !-. ,-./310 #'/ ,-./3#0+ >%# $D' '&1*$*'&; ,-./310 )&1 ,-./3#0$?)&;9)$# *&$' $%# E';*$*A*$: '= $%# 9'D#;$ '?1#? $#?5 '= $%# #GE)&;*'&; ,-./ )0)&1 ,-./ (0. H'?#'A#?6 (: $)I*&@ *&$' )'<&$ ,-./J06 $%*; )9;' 5#)&; $%)$$%# F?;$ &'&B#?' c̃k 5<;$ (# E';*$*A#.



 !"! #$%&'()&*+ *, )-$ ./012)*)& 4&$%(%-0  ! !"!# $%&&' &' $%&(&)*+*&,  !-"#$ %&'% $( &')( %&( (*+'%,#-. .#/)(0 12 %&( 34#5/(.6 $( '- %+4- %# %&(34##8 #8 94#3: %&;&<;-((..'42: =( 14('> ,% 0#$- ,-%# .()(4'/ .%(3.: !""# $%&%  ! c̃0 6= 0 "#$% &'' "#$ Rk &($ %$$**&(+', -$(. /"#0* l +* 0%1$23%$1456(..!5 =( '4?+( 12 ,-0+%,#-: @'>( k = −2l ,- A<:<B1C '-0 k = 0 ,- A<:<B8C'-0 ,- A<:<DC: @&(- %&( 34#1/(E .#/)(0 12 R0 ,.




∀z > 0 −µc̃0∂2
zR

0(±1, z) = 0,

−∂zR
0(±1, 0) = 0,
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(y, φ) = (0, 0)) N$2'9'#6 y ,+- φ /,9' &',# "/A(0,& C',+0+3 ;./' %#(. 0(, (/',# #,.'6 ./' ('$+- 0( ./' O50-0.A?) 8' ./'+ -'%+' 1#$C ./' ($&5.0$+ p./' 15+.0$+(
q = p|[−1, 1],

rd(θ) = p(1 + bθ), 1$# θ > 0,

rg(θ) = p(−1 − bθ), 1$# θ > 0)



 !"! #$%&'(*&'+, +- &./ 0+12*3 456*,%'+,%  !"# $%&'& ()*+),-&' ./0 102 )# ,& 4*+$$&#5
− ∂2

σq + a∂σq =
1

µ
δ0, +# ] − 1, 1[, 61011)7

− ∂2
θrg − ab∂θrg + rg = 0, +# ]0,∞[, 61011,7

− ∂2
θrd + ab∂θrd + rd = 0, +# ]0,∞[, 610117

r(±∞) = 0, 6101187
q ≥ 0, 61011&7
r ≥ 0, 6101197
rg(0) = q(−1), 61011:7
rd(0) = q(1), 61011%7
− ∂θrg(0) = b∂σq(−1), 61011+7
∂θrd(0) = b∂σq(1), 61011;7
b

∫ +∞

0

rg(θ)dθ + b

∫ +∞

0

rd(θ)dθ +

∫ 1

−1

q(σ)dσ = 1. 61011<7= >);?* )8()#$):& ?9 $%+' 9?*>@-)$+?# +' $%)$ $%& *&9?*>@-)$&8 A*?,-&>#? -?#:&* +' ?9 ) '+#:@-)*-B A&*$@*,&8 #)$@*&0 C%+' +' $%& 8&&A&* *&)'?#4%B +# $%& 9?*>)- &DA)#'+?# ?9 $%& A*&(+?@' '&$+?# $%&*& 4)' #&(&* )#B$*@& $4?EA)*)>&$&* '&*+&'F &+$%&* )-- $%& Rk ?* )-- $%& R̄k 4&*& G&*?0 "#'&(&*)- 8+>&#'+?#'H $%& '+#:@-)*-B A&*$@*,&8 #)$@*& ?9 $%& A*?,-&> )##?$,& *&>?(&8 ,B ) >&*& *&')-+#: ?9 $%& +#8&A&#8&#$ ()*+),-&H )#8 $%+' 4+--?>A-+)$& $%& )#)-B'+'0 "# A)*$+@-)*H )#)-B$++$B ?9 $%& '?-@$+?# 4+$% *&'A&$$? a )#8 b )' '%?4# ,&-?4 )##?$ ,& &DA&$&80 !""# "# $%&"!&' ()*) "# $&*>' ?9 $%& $4? A)*)>&$&* &DA)#'+?#H $%& $%*&&)'&' &#?@#$&*&8 +# $%& A*&(+?@' '&$+?# )*& )' 9?--?4'520 µ > 1/25 a→ 0H b→ b0 > 0010 µ < 1/25 b→ 0H a→ a0 > 00I0 µ = 1/25 J?$% a )#8 b $&#8 $? 0 )#8 b +' ?9 $%& ')>& ?*8&* )' a20C%& '$*@$@*& ?9 ?@* )*:@>&#$ &''&#$+)--B A*?&&8' )' 9?--?4'5 K+*'$ 4&'%?4 $%)$ +9 &+$%&* a ?* b +' -?'& $? 0H 4& )# '?-(& $%& 'B'$&> 61011)7E61011;7 @#+/@&-B 9?* qH rd )#8 rg )' 9@#$+?#' ?9 µH a )#8 b0 C%& *&>)+#+#:&/@)$+?# 61011<7 +' $%&# ?9 $%& 9?*> F (µ, a, b) = 00 C%& 9@#$+?# F 8&A&#8')#)-B$+)--B ?# +$' )*:@>&#$'0+,-& µ > 1/2) L& )# '%?4 $%)$ ∂F/∂b(0, b0, µ) 6= 0H %&#& 4& '?-(& $%&&/@)$+?# F = 0 9?* b5 b = g(µ, a)0 "# $&*>' ?9 y $%+' *&)8' √
φ(y) =



 !  !!"#%& '()*!+#+,-.& /& 0' +"'1(,+,#1 2,+"&.(&
g(µ, y/φ(y))" #$ &' '() *+$ ,-$ ./01.., 2*',.(' ,-$(3$/ &4&.' ,( +(15$2(3 φ &+ &' &'&16,.&1 2*',.(' (2 y" !"# µ < 1/2$ #$ &' +-() ,-&, ∂F/∂a(a0, 0, µ) 6= 07 &'8 -$'$ +(15$2(3 a9 a = g(µ, b)" :' ,$3/+ (2 ,-$ (3.4.'&1 5&3.&;1$+7 ,-.+ 3$&8+ y =

φ(y)g(µ,
√
φ(y))" #$ &' '() &0016 &'(,-$3 ./01.., 2*',.(' &34*/$',,( +(15$ 2(3 √φ(y) &+ &' &'&16,.&1 2*',.(' (2 √y< ,-$ 1$&8.'4 (38$3 ,$3/ .+√

φ(y) ∼
√
y/g(µ, 0) =

√
y/a0" !"# µ = 1/2$ =(3 µ '$&3 1/27 )$ &' +(15$ F *'.>*$16 2(3 µ9 µ − 1/2 =

g(a, b)" ?-.+ ('@3/+ ,-&, µ = 1/2 .+ ,-$ ('16 &+$ .' )-.- a = b = 0" #$+-&11 +-() ,-&,7 ,( 1$&8.'4 (38$3 g(a, b) = c1b− c2a
2 ).,- 0(+.,.5$ ('+,&',+

c1 &'8 c2" ?-*+7 &, µ = 1/27 )$ -&5$ & ;&1&'$ (2 b &'8 a2" :2 )$ @A µ &,BCD7 )$ &' +(15$ 2(3 b .' ,$3/+ (2 a9
b = γ2a

2 + γ3a
3 + ..., γ2 = c2/c1.E() )$ +*;+,.,*,$ b = βy2/57 1$&8.'4 ,( a = β−2y1/5" #$ @'8 ,-$ 2(11().'4'$) $>*&,.(' 2(3 β9

β = γ2/β
4 + γ3y

1/5/β6 + ...F'(,-$3 ./01.., 2*',.(' &34*/$', +-()+ ,-&, β .+ &' &'&16,.&1 2*',.(' (2
y1/57 ).,- 1$&8.'4 ,$3/ β ∼ (γ2)

1/5" !"! #$% &'()*+%(,*- ./01-%+2#$ &3$ '() $A-.;.,.'4 ,-$ ,-3$$ 2*'8&/$',&1 +(1*,.('+ )$ ).11 0$3,*3;< ,-&,.+7 )$ ).11 *'.>*$16 +(15$ GD"DD&HIGD"DDJH 2(3 +0$.@ +$,+ (2 ,-$ 0&3&/$,$3+
(µ, a, b)" K2 (*3+$ )$ ).11 @'8 ,-$ ,-3$$ 2*'8&/$',&1 03(;1$/+ GD"BDH7 GD"BLH&'8 GD"BMH 3$)3.,,$' .' ,-$ '$) 5&3.&;1$+ G).,-(*, +&,.+26.'4 ,-$ .',$43&1('+,3&.', 6$,H"N$, a = 0 .' ,-$ 03$5.(*+ $>*&,.('+ &'8 1$, *+ @'8 µ &'8 b ,-&, +&,.+26,-$ $>*&,.('+" #$ &' +(15$ ,-$ KOP+ &'8 *+$ ,-$ 5&3.(*+ ('+,3&.',+ ,( +$,,-$ .',$43&,.(' ('+,&',+" ?-.+ 1$&8+ ,(

qµ,0,b(σ) =





1

2µ
(σ + 1) +

b

2µ
, .2 σ ∈] − 1, 0[7

1

2µ
(1 − σ) +

b

2µ
, .2 σ ∈]0, 1[7

rµ,0,b
g (θ) =

b

2µ
exp (−θ) ,

rµ,0,b
d (θ) =

b

2µ
exp (−θ) . GD"DQH



 !"! #$%&'(*&'+, +- &./ 0+12*3 456*,%'+,%  !"#$% $&'((' )$*(% +,. /01234 5#(& 6&( %(7% b =
√
µc018& 7#( 67#(9 #,&' %(7 b = 01 "#(& 7#( (:;,7$6&% 6< q 6& 6&( #,&' ,&'

rg= rd 6& 7#( 67#(9 #,&' '(6;>?(1 @( ,& %(7 rg = rd = 0 +A ?$&(,9$7A ,&'7#$% B,.(% 7#( >96+?(B %(7 6& 7#( $&7(9*,? [−1, 1] 6&?A= 5$7# #6B6)(&(6;%C$9$#?(7 +6;&',9A 6&'$7$6&%1 "#$% ?(,'% 76
qµ,a,0(σ) =





1 − exp (−a)
µa (exp (a) − exp (−a)) (exp (a (σ + 1)) − 1) , $< σ ∈] − 1, 0[=

exp (a) − 1

µa (exp (a) − exp (−a)) (1 − exp (a (σ − 1))) , $< σ ∈]0, 1[=
rµ,a,0
g = 0,

rµ,a,0
d = 0. /010D4@( E&' /012F4 ,),$& 5#(& a = 1/(µc1)1 G$&,??A= 7,.$&) 7#( ?$B$7 b→ 0 $& 7#(E9%7 ,%( 69 a→ 0 $& 7#( %(6&' 6&( ?(,'% 76 7#( %,B( %6?;7$6& <69 a = b = 0

qµ,0,0(σ) =





1

2µ
(σ + 1), $< σ ∈] − 1, 0[=

1

2µ
(1 − σ), $< σ ∈]0, 1[=5#$# )$*(% +,. /012H4 5#(& 5( %(7 µ = 1/21 !"!# $%&'() *+,-./&,&01 +2 03) 456 7170)8@( '(E&( 7#( 5($)#7(' I6+6?(* %>,(

Hs
ǫ (0,∞) = {u | exp(ǫθ)u(θ) ∈ Hs(0,∞)}.@( EJ , %B,?? ǫ > 0= ,&' 5( %((. %6?;7$6&% (q, rd, rg) $&H1(−1, 1)×(H1

ǫ (0,∞))21@( ,& )(7 9$' 6< 7#( 5($)#7 exp(ǫθ) +A %(77$&) rg,d = exp(−ǫθ)sg,d1 K69(L6*(9= 5( $%6?,7( 7#( %$&);?,9$7A 6< q ,7 7#( 69$)$& +A %(77$&) q̃(σ) = q(σ) −
(1 − |σ|)/(2µ)1 "#$% ?(,'% 76 7#( &(5 %A%7(B

− ∂2
σ q̃ + a∂σ q̃ =

a

2µ
sign σ $& ] − 1, 1[, /010M,4

− ∂2
θsg − (ab− 2ǫ)∂θsg + (1 − ǫ2 + abǫ)sg = 0 $& ]0,∞[, /010M+4

− ∂2
θsd + (ab− 2ǫ)∂θsd + (1 − ǫ2 − abǫ)sd = 0 $& ]0,∞[, /010M4

sg(0) = q̃(−1), /010M'4
sd(0) = q̃(1), /010M(4
− ∂θsg(0) + ǫsg(0) = b∂σ q̃(−1) + b/(2µ), /010M<4
∂θsd(0) − ǫsd(0) = b∂σ q̃(1) − b/(2µ). /010M)4



 !  !!"#%& '()*!+#+,-.& /& 0' +"'1(,+,#1 2,+"&.(&"# $%& '%%( )%* +%',-.%$+ .$ -/# ),$-.%$ +12#
X = {(q̃, sd, sg) ∈ H2(−1, 1)×(H2(0,∞))2/ sg(0)−q̃(−1) = 0, sd(0)−q̃(1) = 0}.3#4$# Y 2+

Y = L2(−1, 1) × (L2(0,∞))2 × (R)2."# 5#4$# -/# %1#*2-%* Lε,a,b )*%6 X -% Y 78
Lε,a,b(q̃, sd, sg) = (−q̃′′ + aq̃′,

−s′′g − (ab− 2ǫ)s′g + (1 − ǫ2 + abǫ)sg,

−s′′d + (ab− 2ǫ)s′d + (1 − ǫ2 − abǫ)sd,

−s′g(0) + ǫsg(0) − bq̃′(−1),

s′d(0) − ǫsd(0) − bq̃′(1)).9#- ,+ $%-# E = R×{0}∪{0}×R+: "# '2.6 -/# )%''%&.$; <*%1%+.-.%$: !"#"$%&%"' ()() •  !" #$#"% (a0, b0) ∈ E &'#"# #()*&* +, ε0 > 0 +,-+ ,#).'/!"'!!- V !0 (a0, b0) ), R × R+ *1' &'+& 0!" +,% (ε, a, b) ∈
[0, ε0[×V &'# !3#"+&!" Lε,a,b )* ),$#"&)/4#5

• 6'# 7+33),. (µ, a, b) 7→ (qµ,a,b, rµ,a,b
g , rµ,a,b

d ) )* +,+4%&)558"!!05 =%* -/# 1*%%) %) -/# 4*+- 1%.$-> .- '#2*'8 +,?#+ -% %$+.5#* ǫ = 02$5 #.-/#* a = 0 %* b = 0@ -/# *#+- )%''%&+ )*%6 2$2'8-. 1#*-,*72-.%$ -/#%*8A+## )%* .$+-2$#  !"#BCD> / EFF> 1: DGH℄J: F$5##5> 7#2,+# &# *#6%K#5 -/#+.$;,'2*.-8 2- 0> Lε,a,b .+ 2 7%,$5#5 %1#*2-%* )*%6 X -% Y : L%*#%K#*> )%* 2$8
(q̃, sd, sg) .$ X 2$5 f .$ Y ∗> 〈f,Lε,a,b(q̃, sd, sg)〉Y ∗,Y .+ 2 1%'8$%6.2' .$ (ε, a, b)2$5 -/,+ Lε,a,b .+ 2$2'8-. 2+ 2$ %1#*2-%*:F) ǫ = b = 0> -/# 1*%7'#6+ )%* q̃> sg 2$5 sd 5#%,1'#> 2$5 -/# 5#%,1'#51*%7'#6+ 2*# #2+8 -% 2$2'8M#N &# +%'K# #''.1-. O3P+ &.-/ .$/%6%;#$#%,+Q#,62$$ 7%,$52*8 %$5.-.%$+ )%* sg 2$5 sd 2$5 -/#$ ,+# -/# K2',#+ sg(0)2$5 sd(0) .$ -/# 7%,$52*8 %$5.-.%$+ )%* q̃: Q%&> '#- ǫ = a = 0> b > 0: Q%-#-/2- )%* (q̃, sd, sg) ∈ X &# /2K# -/# )%''%&.$; <%.$2*RS-81# #+-.62-#N

∫ 1

−1

q̃(σ)2dσ ≤ 4

∫ 1

−1

(q̃′(σ))2dσ + 4

∫ +∞

0

(s′g(θ))
2 + sg(θ)

2dθ.F- .+ -/#$ #2+.'8 /#(#5 -/2- -/# )%''%&.$; #''.1-. #+-.62-# .+ -*,#N
∫ 1

−1

(q̃′(σ))2 dσ +
1

b

∫ ∞

0

(s′g(θ))
2 + sg(θ)

2 + (s′d(θ))
2 + sd(θ)

2 dθ ≤ C ‖f‖2
Y .



 !"! #$%&'(*&'+, +- &./ 0+12*3 456*,%'+,%   !"# $%#&'($& L0,0,b )* ("#+ )+,#&()-.# -/ *('+0'&0 '&123#+(* 2*)+1 4'567).1&'3 !"#$&#3 '+0 &#12.'&)(/ $8 #..)%() $%#&'($&*:!"# *#$+0 %$)+( 2*#* ("# 8'( ("'( L−1
ε,a,b; '* ' 82+()$+ $8 a '+0 b; )*'+'./(); *$ )*

(µ, a, b) 7→ (
a

2µ
sign σ, 0, 0, 0, 0,

b

2µ
,− b

2µ
),'+0 <+'../ *$ '&# ("# ,'&)$2* "'+1# $8 ,'&)'-.#*: !"!# $%&'()*'(%+ ,- .=# +$> *#(

F (µ, a, b) =

∫ 1

−1

q(σ) dσ + b

∫ ∞

0

rg(θ) dθ + b

∫ ∞

0

rd(θ) dθ,>"#&# q; rd '+0 rg "',# -##+ 0#(#&3)+#0 '* *$.2()$+* $8 ("# ?@A */*(#3 '*0)*2**#0 )+ ("# %&#,)$2* *2-*#()$+:B8 a = 0; ># $3%2(#; 2*)+1 CD:DEF;
F (µ, 0, b) =

b+ b2

µ
+

1

2µ
.G +$++#1'(),# *$.2()$+ b0 $8 ("# #H2'()$+ F (µ, 0, b0) = 1 #5)*(* )8 '+0 $+./ )8

µ ≥ 1/2: 7$&#$,#&; ># <+0
∂F

∂b
(µ, 0, b0) =

1 + 2b0
µ

> 0,

∂F

∂µ
(µ, 0, b0) = −F (µ, 0, b0)

µ
= −1

µ
< 0.B8 b = 0; ># '.2.'(#; 2*)+1 CD:DIF;

F (µ, a, 0) =
tanh(a/2)

aµ
. CD:DJFG* a ,'&)#*; (")* 82+()$+ 0#&#'*#* 3$+$($+)'../ 8&$3 ' .)3)( $8 1/(2µ) '(

a = 0 ($ K#&$ '* a → ∞: L#+# ("# #H2'()$+ F (µ, a0, 0) = 1 "'* ' *$.2()$+
a0 )8 '+0 $+./ )8 µ ≤ 1/2: !"# 0#&),'(),# ∂F/∂a(µ, a, 0) )* +#1'(),# 8$& a > 0;-2( ∂F/∂a(µ, 0, 0) = 0: 7$&#$,#&; ># <+0

∂2F

∂a2
(µ, 0, 0) = − 1

12µ
< 0. CD:DMF!")* ,#&)<#* '.. ("# *)1+ %&$%#&()#* $8 0#&),'(),#* $8 F .')3#0 '-$,#:
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 !"#$%&' ( )*#)&%'*'+% ,- *),./',0123&"-,45'6-'-7 8 9)&% %"-7 ,'$;"$//'*'+%
 !"#$! %# '()*+,- ! #$%&'(! %)*(($&' +'(! ),-&./(/ )00! 1! %!,.$,' .* #$%&'(! 20$&- 3!-' !, (/$1&'/ -), .!-!,.$,'4 5, !6!'7 ,)*- ),-&./(),- 1! 0).81!.39/:($*.;<!=*!*> ?@4AB 0$&- !''! C)&- .$,- 1$ 1&0&'! y → +∞4 D)*- #)&;-&--),- 13$%%()#! .* #$%&'(! 2 =*& ),-&-'! E #!(#!( *, ./F!1)%%!0!,'$-G0%')'&=*! .! p !, C),'&), .! ε = 1/y %)*( !, ./.*&(! %$( -&0%1! &,;'/H($'&), *, ./F!1)%%!0!,' .! 1$ ),'($&,'! τ ./I,&! !, C),'&), .! p %$(?@4JB4 <! (/-*1'$' K%#G-&=*!L .* #$%&'(! !-' 13/=*&F$1!,' .! 1$ ),'($&,'!.),,/ .$,- 1! '#/)(80! @42 0$&-7 .! ,)*F!$*7 13/,),/ !>&-'$&' ./ME .$,-13$('&1! .3 !"#$%& !' '()%(%* N@O℄4 <3&,'/(+' .! ! #$%&'(! !-' .), 1$./0),-'($'&), .! ! (/-*1'$'  !" 1$ %()%)-&'&), @4A4Q* %)&,' .! F*! 0$'#/0$'&=*!7 1$ .&6/(!,! $F! 1! #$%&'(! 2 !-' =*!7.3*,! %$('7 1$ -&,H*1$(&'/ .! 1$ 1&0&'! $%%$($R' !>%1&&'!0!,' E '($F!(- 1! '!(0!
(1/ε)∂σp 0$&- =*!7 .3$*'(! %$('7 &1 ,3G $ %1*- .! .&-'&,'&), E C$&(! -*&F$,' 1$F$1!*( .! µ4  3!-' 1$ '($.*'&), 0$'#/0$'&=*! .3*, %#/,)08,! %#G-&=*! H/;,/($1 -*( 1!- 0$'/(&$*> F&'(!*> S 1)(-=*! 1! 0$'/(&$* !-' -*T-$00!,' &-$&11/&1 I,&' %$( -3/)*1!( .! C$U), ,!V'),&!,,!7 &,./%!,.$00!,' .! -$ '!0%/;($'*(!4 <$ 1&0&'! -&,H*1&8(! !-' %():1/0$'&=*! $(7 E 1$ 1&0&'!7 ), .!F($&''()*F!( p ),-'$,'7 !' /'$,' .),,/ =*! p .)&' ./()R'(! E 13&,I,&7 p ,*174  !&!-' :&!, /F&.!00!,' &,)0%$'&:1! $F! 1$ ),.&'&), .3&,'/H($1! =*& $%%$($R'.$,- ?@4AB4 W1 C$*' .), '($F$&11!( -$,- 1&0&'! 0$&- *,&=*!0!,' $F! .!- /=*&;F$1!,'- =*& ,! %$--!,' %$- E 1$ 1&0&'!4  !- .&T*1'/- -),' !%!,.$,' $--!XAYA



 !"  !"#$%&%'()* +* ,&-% %.)/ +* '!.'11*#*2%$%&&'()*&+ ,- .*/%-0*1 '$ 2%)31 455* 6%-& $* 0%7'3.* "1 3.%'3*. $8'-3*.%93'4- *-3.* Γ *3 p ()' *:'&3* ; 3.%/*.& $% 4-6'3'4- 68'-3<=.%$* 7.*&.'3*+ >*'7*.5*3 6* 3.4)/*. )- 6</*$477*5*-3 %&?57343'()* 24.5*$ 74). $% &4$)3'4-
p *3 74). ΓΓ+ M4). $*/*. *33* 6'N)$3<1 $8'6<* *&3 6* 6<4)7$*. $8<()%3'4- 6'G<.*-3'*$$*6* $% 4-3.%'-3*+ O- 4E3'*-3 %$4.& )- &?&3F5* 6'G<.*-3'*$ -4- 4-3.%'-3 *3 4-7*)3 .<*. )-* 24-3'4- 4-3'-)* F 1 64-3 $*& .%'-*& 64--*-3 '57$''3*5*-3$* 7%.%5F3.* 6* .*&3*+ O- 54-3.* %$4.& ()* F % )-* .%'-* 6%-& )- '-3*./%$$*4-3.�$< *- 24-3'4- 6* ε 7%. $% 7*.3).E%3'4- &'-=)$'F.* 6) &?&3F5* 6<4)97$<+ >* 0%7'3.* 4-3'*-3 64- E'*-  !"# %-%$?&*& 6* 7*.3).E%3'4- &'-=)$'F.*68<()%3'4- 6'G<.*-3'*$$*+>* 0%7'3.* *&3 3'.< 68)- %.3'$* &4)5'& 74). )- -)5<.4 &7<'%$ 6* $&!'!()&'* +*,)!-*,&.1 6%-& $* %6.* 6* $% /0!')1()&'!.! $"--!0 $)223 &).3!. !4!,.  ! ,!'.!"0  ! 2',0*&',!. ."0 3!. 5"& !.+



 !"! #$%&'()%+'$  !" !" #$%&'()%+'$#$ %&$ '()$&$*)$+ '( ),$ -$,%.'/0& %) 1%&2$ *,$%& &%)$* /3 ),$ 45-&%0+67$80$09 :/+$1 ;&$3$&&$+ )/ %* 47 '( ),$ *$80$1 3/& -&$.')<=> +$&'.$+ -< !"#$%& %(+ '()%(%* '( ?"@℄B C,'* :/+$1 '* % D/EE$&6F1%(E61'E$ :/+$1H,', %':* %) +$*&'-'(2 ),$ -$,%.'/0& /3 % 2$($&' */3) 21%**< :%)$&'%1B C,'*:/+$1 ,%* -$$( *)0+'$+ -< .%&'/0* %0),/&*> -/), '( ')* (/(*)%)'/(%&< .$&*'/(%(+ ')* *)%)'/(%&< /($B I($ %( ')$ +$,./0 +$112 %(+ 3$14 ? J℄ 3/&% FKL %MM&/%, /3 ),$ H$116M/*$+($** %(+ 5(, 67$8$ %(+ 92%#&$4, ?N℄3/& % *)/,%*)' %(%1<*'* /3 ),$ O%0,< M&/-1$:B C,$ H$116M/*$+($** /3 ),$*)%)'/(%&< M&/-1$: ,%* -$$( %+&$**$+ '( ? J℄ %(+ ?N"℄B C,$ *)0+< /3 ),$ 21%**)&%(*')'/( '( ),'* :/+$1 ,%* -$$( /(+0)$+ '( ?N"℄ H'), % +'&$) %MM&/%,H,', '* .$&< *M$'P )/ ),$ 1d *$))'(2 /3 ),$ 47 :/+$1 %(+ H%* &$.'*')$+'( ?NQ℄ H'), % :/&$ &/-0*) :$),/+ /( H,', ),'* M%M$& '* :/+$11$+B C,$($$+ 3/& % &/-0*) %MM&/%, )/ ),'* 80$*)'/( %&'*$ H,$( H$ )&< )/ R0*)'3< %:01)'+':$(*'/(%1 :/+$1 2$($&%1'S'(2 ),$ /($ /3  !"#$%& %(+ '()%(%* '(?NN℄B7$) 0* (/H &$.'$H ),$ +$*&'M)'/( /3 ),$ 47 :/+$1B T( ),'* :/+$1 ),$*)%)$ /3 % *%:M1$ /3 ),$ :%)$&'%1 0(+$&2/'(2 % *,$%& &%)$ γ̇ '* +$*&'-$+ -<:$%(* /3 % M&/-%-'1')< +$(*')< p /.$& ),$ *)&$** *M%$B C,$ *)&$** /3 ),$*%:M1$ '* (/)$+ τ B U$%0*$ /3 ),$ $1%*)/.'*/M1%*)' (%)0&$ /3 */3) 21%**<:%)$&'%1> H,$( *0-:'))$+ )/ % *,$%& &%)$> H$ $9M$) ') )/ ,%.$ % )&%(*')/&<M,%*$ 3/11/H$+ -< % *%)'/(%&< M,%*$B C,$ 47 :/+$1 %( ,%(+1$ -/), &$2':$*-0) H$ H'11 -$ '()$&$*)$+ /(1< /( ),$ P(%1 *)%)'/(%&< M,%*$B T( ),'* M,%*$> p'* % M&/-%-'1')< +$(*')< H,', 3/11/H* ),$ 3/11/H'(2 +':$(*'/(1$** $80%)'/(V




− µΓ∂2
σp+ hp+ y∂σp = Γδ0,∫

R

p(σ)dσ = 1,

p ≥ 0,

;"B =H,$&$ h *)%(+* 3/& ),$ ,%&%)$&'*)' 30()'/( /3 ),$ *$) R \ [−1, 1]B C,$)$&: δ0 '* ),$ K'&% :%**B C,$ M%&%:$)$& y '* % +':$(*'/(1$** *,$%& &%)$
γ̇/γ̇c H,$&$ γ̇c '* % &')'%1 *,$%& &%)$ +$M$(+'(2 /( ),$ :%)$&'%1B C,$ M/*')'.$&$%1 (0:-$& µ '* % :%)$&'%1 +':$(*'/(1$** /(*)%() +$*&'-'(2 ),$ :%)$&'%1H'), &$*M$) )/ ),$ 21%** )&%(*')'/(BT( ?NQ℄ H$ M&/.$+ ),%) H,$( ),$ *,$%& &%)$ '* *:%11> ),%) :$%(* H,$(
y ≪ 1 H$ %( 2$) .%&'/0* -$,%.'/0& 3/& ),$ :/+$1 +$M$(*'(2 /( ),$ .%10$/3 µB W/&$ M&$'*$1<> H$ M&/.$+ ),%) H,$( µ > 1/2 ),$ -$,%.'/0& /3 ),$:/+$1 '* %) :%'( /&+$& ),$ -$,%.'/0& /3 % X$H)/('%( Y0'+> H,$( µ < 1/2),$ -$,%.'/0& '* ),$ /($ /3 % ),&$*,/1+ Y0'+ /3 4$&*,$116U01E1$< )<M$ %(+



 !"  !"#$%&%'()* +* ,&-% %.)/ +* '!.'11*#*2%#$%& µ = 1/2 #% $'(% ' )*#%+,-'# ./01 #02$ %3)*&%&2 1/54 5& 2$% )+%6%&2)')%+ #% '+% 0&2%+%62%1 0& 2$% -'+7% 6$%'+ +'2% 8%$'(0*/+ *9 2$% ./01: 2$'2 062* 6'; y ≫ 1 '&1 #% #0-- )+*(% 2$'2 2$% 8%$'(0*/+ 06 2$% *&% *9 ' <%#2*&0'&./01 0&1%)%&1%&2-; *9 2$% ('-/% *9 µ: #$0$ 06 2$% %3)%+0>%&2'- 8%$'(0*/+%3)%2%1 9*+ 6*92 7-'66; >'2%+0'-6 ?6%% 9*+ 0&62'&%  !"#$% @AB℄D4E0&'--; Γ 06 '--%1 2$%  !"#"$% '&1 06 +%-'2%1 2* 2$% 0&2%7+'- *&62+'0&2∫
p = 14 F% '& 6%% 8; 0&2%7+'20&7 2$% 10G%+%&20'- %H/'20*& 2$'2

Γ =

∫

|σ|>1

p(σ)dσ. ?I4JDK%'/6% p 06 ' )+*8'80-02; 1%&602;: Γ 06 &*&% *2$%+ 2$'& 2$% )+*8'80-02; 2*L&1 |σ| > 1 '&1 2$/6
0 ≤ Γ ≤ 1. ?I4IDM$% 62+%66 *9 ' 6'>)-% *9 >'2%+0'- 0& 2$06 >*1%- 06 +%*(%+%1 8;

τ =

∫

R

σp(σ)dσ. ?I4"DN/+ '0> 06 2* 62/1; 2$% -0&O 8%2#%%& y: #$0$ 06 70(%&: '&1 τ : #$0$ 06*>)/2%1 &"' ?I4"D #$%+% p 06 2$% 6*-/20*& *9 ?I4 D4 F% $'(% '-+%'1; 1*&%6* 0& 2$% -0>020&7 '6% y → 0 0& '&*2$%+ )')%+ @A"℄ ?#02$ &' ()*#+%,D '&1#06$ 2* /&1%+62'&1 2$% *2$%+ -0>020&7 '6% y → +∞4 E*+ 2$% 6%H/%- *9 2$%)')%+ #% &*2% y = 1/ε4F% '+% 2$/6 0&2%+%62%1 0& 2$% 8%$'(0*/+ *9 '& %--0)20 NPQ #02$ ' )%+,2/+8'20*& *9 2$% 9*+> ∂σp/ε4 M$06 )+*8-%> *92%& '+06%6 0& 2$% 62/1; *9 2$%'6;>)2*20 8%$'(0*/+ *9 ('+0*/6 >*1%-64 N&% '& +%9%+ 9*+ 0&62'&% 2* 2$%('&06$0&7 R*668; &/>8%+ '))+*30>'20*& 0& *%'&*7+')$; '6 1%6+08%1 0&-.)/0*1 2)!3#+%0*!1 4#$$#5.)+ '&1 4+)*0)+ @JJ℄4 F$'2 06 6)%0L 0&*/+ >*1%- 06 L+62 2$'2 02 06 6%2 0& '& /&8*/&1%1 1*>'0& #$0-% 2$% 60&7/-'+-0>026 #% >%&20*&&%1 '+% 6%2 0& 8*/&1%1 1*>'0&64 M$% *&6%H/%&% 06 2$'2:09 #% 2+; 2* 2'O% 2$% &'S(% -0>02 ε → 0: #% %&1 /) #02$ 2$% -0>02 %H/'20*&
∂σp = 0 #$0$ $'6 *&-; 0 '6 ' 6*-/20*& *& '& /&8*/&1%1 1*>'0&4 M$06 -0>0206 &*2 (%+; +0$ 2* 1%6+08% 2$% -0>020&7 8%$'(0*/+ *9 2$% >*1%-4 T*+%*(%+:2$% 6%*&1 6)%0L 9%'2/+% *9 */+ >*1%- 06 2$'2 #% $'(% ∫

p = 1 #$0$ 06 2+/%9*+ '-- ε > 0 '&1 >/62 +%>'0& 2+/% '2 2$% -0>024 M$06 06 -%'+-; 0&*>)'208-%#02$ 2$% &'S(% -0>02 p = 0 2$'2 #% U/62 >%&20*&&%14 M$06 10V/-2; 06 +%-'2%12* 2$% 9'2 2$'2: 1%6)02% '))%'+'&%6: */+ )+*8-%> 06 2+/-; &*&-0&%'+ '&1 2$%0&2%7+'- *&62+'0&2 >'O%6 W;62%> ?I4 D H/02% +07014M* *(%+*>% 2$%6% 10V/-20%6 #% >/62 1%6+08% 2$% 6*-/20*& *9 ?I4 D >*+%'/+'2%-; 2$'& #02$ U/62 2$% &'S(% -0>024 M$06 06 #$; #% 1%*>)*6% 2$%



 !"! #$%& '()*+,)  !"#$%&'($) ()'$ '*+,, -.+'# $++,#-$)0()1 '$ '*, ()',+2.%# ] − ∞, 0[3 ]0, 1[ .)0
]1,+∞[ $4-%,',0 5('* '+.)#4(##($) $)0('($)# .' 0 .)0 1 5*(* .+, 1(2,)67 '*, ,8-,',0 1%$6.% +,1&%.+('7 $9 '*, #$%&'($) $9 :;< =< >, 5(%% #,, '*.''*,#, '*+,, -.+'# 6,*.2, 2,+7 0(?,+,)'%7 5*,) ε → 0< @*, #('&.'($) (# . 6('0(?,+,)' 9+$4 '*, %(4(' y → 0 5, #'&0(,0 () A"B℄ 9$+ 5*(* 5, 0(2(0,0 ()
]−∞,−1[3 ]− 1, 1[ .)0 ]1,+∞[ () $+0,+ '$ #'&07 '*, -.##.1, 9+$4 . 0,)#('75('* #&--$+' () R '$ . 0,)#('7 5('* #&--$+' () ] − 1, 1[<@$ $)%&0, '*(# ()'+$0&'($) 5, 5$&%0 .%#$ %(D, '$ -$()' $&' '*.' 5,&#,0 *,+, . #'.)0.+0 4,'*$0 $9  !"#$"# ,#'(4.',# $) '*, +,4.()0,+ $9 '*,,8-.)#($) $9 p '$ -+$2, '*, E$)2,+1,),F 5*(%, () A"B℄ 5, '$$D .02.)'.1,$9 '*, 1d #,''()1 '$ &#, '*, #()1&%.+ -,+'&+6.'($) '*,$+7 $9  !"# AB;℄ .)01,' 0(+,'%7 '*, $)2,+1,), $9 '*, .#74-'$'( ,8-.)#($)< @*, 4,'*$0 &#,0() '*(# -.-,+ .)3 *$5,2,+3 6, ,8',)0,0 9.(+%7 #'+.(1*'9$+5.+0%73 '$ 4&%'(0(4,)#($).% 2,+#($) $9 '*, GH 4$0,%< !" #$%& '()*+,)H,' &# I+#' +,.%% '*, 5,%%J-$#,0),## '*,$+,4 $) 5*(* '*, #,K&,% $9 '*, #'&07+,%(,# $)L !"#$"% &'(' %&' () )#$* "+ ,-." /012'3/'/4 5$0'67





− µΓ∂2
σp+ hp +

1

ε
∂σp = Γδ0,

∫

R

p(σ)dσ = 1,
:;<"=& (  /*#3/' ($6/)#$* p ∈ H1(R) 8&#& 0' +( '4!$*'*)# 66+ 8&'* |σ| → +∞7:$" ';'"+ ε > 0<M$+ '*, -+$$9 5, +,9,+ '$ A N3 ";℄< >, .) )$5 #'.', '*, 4.() +,#&%' $9'*(# -.-,+L !"#$"% &')' 2') /( *$)' p )&' ($6/)#$* )$ :;<"=  *0 τ =#;'* .+ :;<B= )&'*:$" ε→ 0 8' & ;'

τ ∼ 1

ε
,$" 5$"' !"'#('6+

τ =
1

ε
+ O(1).



 !"  !"#$%&%'()* +* ,&-% %.)/ +* '!.'11*#*2%#$% &'( )*&(%+*,- &'+. )(*/. &'*& 0'(/ &'( .'(*% %*&( +. ,*%1( &'( %'(2$,$1+*, ,*0 +. *& )*+/ $%4(% &'( ,*0 $5 6(0&$/+*/ 78+4 0+&' * 9+.$.+&:+/4(;(/4(/& $5 µ< ='+. &'($%() +. &'( )*+/ 1$*, $5 &'+. ;*;(% >8& +& 0+,,/((4 .$)( +/&(%)(4+*&( %(.8,&.< ='( )*+/ +4(* 0'+' 0( '*9( *,%(*4: 8.(4+/ ?@A℄ +. &$ 0$%C 4+%(&,: $/ p +/.&(*4 $5 0$%C+/1 $/ τ < #$% p 0( '*9( &'(5$,,$0+/1 *.:);&$&+ %(.8,&D !"#"$%&%"' ()*)  !" #$%&'($) p '$ '!" *+ ,-$.%"/ 0(1") .2  !"$-"/ 3457) ." "8,7)9"9 :!") ε → 0 7# p = papp + prem;:!"-" papp !7# '!" <$%%$:()0"8,-"##($)=
papp =





ε exp

(
σ

µε

) (< σ ≤ 0,

ε (< 0 ≤ σ ≤ 1,

ε exp (−ε(σ − 1)) (< 1 ≤ σ,

EF<"G7)9 prem 1"-(>"# '!" <$%%$:()0 "#'(/7'($)#=
∥∥∥∥exp

(
− ·

2µε

)
prem

∥∥∥∥
L2(−∞,0)

= O(ε5/2), EF<HG
‖prem‖L2(0,1) = O(ε3/2), EF<IG

∥∥∥exp
(ε

2
(· − 1

)
prem

∥∥∥
L2(1,+∞

= O(ε3/2). EF<JG='+. *.:);&$&+ (K;*/.+$/ %(,+(. $/ &'( 5$,,$0+/1 (.&+)*&+$/ $/ ΓD+,--. ()*)  !" <$%%$:()0 "8,7)#($) $< '!" ?&(9('2 Γ (# '-&"=
Γ = 1 + O(ε). EF< !G='+. ,())* $/,: %(L8+%(. papp< ='( .'()( $5 ;%$$5 +. &'(/ &'( 5$,,$0+/1D < M$);8&( 5$%)*,,: &'( )*+/ $%4(% $5 p- papp */4 &'( %()*+/4(% ;%$>,()EF<N@G<N< O%$9( O%$;$.+&+$/ F< *..8)+/1 P())* F< < ='+. Q8.&+R(. &'( 5$%)*,*.:);&$&+ (K;*/.+$/ */4 *,.$ 1+9(. (.&+)*&+$/ $/ &'( %()*+/4(% prem<F< O%$9( ='($%() F<N<A< O%$9( P())* F< <='( $%1*/+S*&+$/ $5 &'( ;*;(% 5$,,$0. &'( .'()( $5 ;%$$5D 0( *%%:$8& &'( 5$%)*, (K;*/.+$/. +/ T(&+$/ F<F */4 1+9( &'( %()*+/4(% ;%$>,() +/T(&+$/ F<A< ='(/ 0( ;%$9( U.&+)*&+$/. EF<HG2EF<IG *..8)+/1 P())* F< <



 ! ! "#$%&' ()*&+,-#+,  !"#$%& '% ()% *$% %)*+,-*+.&) ./*-+&%0 *. 12.3% *$% #$%.2%, +& 4%*+.& 6787#$%& *. .,19%*% *$% 12..: '% )$.' ;%,,- 67 +& 4%*+.& 67<7 =% 12%:%2%0*. 0%9-> *$% 12..: .: ;%,,- 67 /%-()% +* +) - /+* 9.&? -&0 '% 0+0 &.* '+)$*. +&*%22(1* *$% 12..: .: #$%.2%, 67@7 ! "#$%&' ()*&+,-#+,4+&% '% -2% +&*%2%)*%0 +& '$-* $-11%&) *. *$% )>)*%, '$%& y +) 9-2?%A '%)%* y = 1/ε -&0 )*(0> *$% /%$-3+.(2 -) ε → 0+7 B) '% 0+0 /%:.2% :.2 *$%9.' )$%-2 2-*% -)>,1*.*+)A '% ()% -)>,1*.*+ %C1-&)+.&) .& p +&)*%-0 .:'.2D+&? 0+2%*9> .& τ 7 =% ?%* *$%)% -)>,1*.*+) +& - )(+*-/9% )1-% ). *$-*'% -& ?. :2., p *. τ E()* /> +&*%?2-*+&? *$% %C1-&)+.& .: p -?-+&)* σ7 ! !" #$%&'(')* +, (-$ ./0($1=% -2% +&*%2%)*%0 +& *$% 9+,+* /%$-3+.(2 -) ε → 0 .: *$% ,.0%9 ?+3%& />F678GH




− µΓ∂2
σp+ hp +

1

ε
∂σp = Γδ0,

∫

R

p(σ)dσ = 1.
F67  GI.2 *$+) )*(0> '% $-3% *. 2%'2+*% *$% %J(-*+.&) +& *%2,) .: '$-* $-11%&) .&

R
∗
−A[0, 1] -&0 ]1,+∞[7 =% &.*%

p− = p|R∗

−
, p+,i = p|[0,1] p+,e = p|[1,+∞[.=% 2%'2+*% *$+) )>)*%, +& *%2,) .: *$%)% &%' 3-2+-/9%)H





− µΓ∂2
σp− + hp− +

1

ε
∂σp− = 0,

− µΓ∂2
σp+,i +

1

ε
∂σp+,i = 0,

− µΓ∂2
σp+,e + p+,e +

1

ε
∂σp+,e = 0,

p+,i(0) = p−(0),

p+,e(1) = p−,i(1),

∂σp+,i(0) = ∂σp−(0) − 1

µ
,

∂σp+,e(1) = ∂σp+,i(1),
∫ 0

−∞

p−(σ)dσ +

∫ 1

0

p+,i(σ)dσ +

∫ +∞

1

p+,e(σ)dσ = 1.

F67 @G



 !"  !"#$%&%'()* +* ,&-% %.)/ +* '!.'11*#*2%#$%&'()'')*& *&,)-)*&'
p+,i(0) = p−(0),

p+,e(1) = p−,i(1),*(. /$*( -0. /%- -0%- p )' *&-)&1*1'2 #0. *&,)-)*&
∂σp+,i(0) = ∂σp−(0) − 1

µ
,-%3.' )&-* %*1&- -0. 4)$% (%'' %- 0 50)6. -0. 6%'- -$%&'()'')*& *&,)-)*&

∂σp+,e(1) = ∂σp+,i(1),*(.' /$*( -0. /%- -0%- 5. %''1(. ∂σp -* 7. *&-)&1*1' %- 1 8&*-0)&9 )&8:2;< *16, 7%6%&. % =1(> )& -0. ,.$)?%-)?. %- 1<2 @*5 5. 0%&9. ?%$)%76.'-* A&, -0. $)90- >$*A6.' .B1%-)*&2 C. '.-
p−(σ) = q−

(σ
ε

)
, p+,i(σ) = q+,i(σ) + qbl

(
1 − σ

ε

)
,

p+,e(σ) = q+,e(ε(σ − 1)),%&, 5. &*-. z -0. ?%$)%76. */ q−Dqbl %&, q+,e 8%&, %6'* -0. *&. */ q+,i /*$')(>6))-E<2 F' qbl ,.'$)7.' % 7*1&,%$E 6%E.$ )& -0. &.)907*1$0**, */ σ = 15. %''1(. .G>*&.&-)%6 ,.$.%'. */ qbl %&, %66 )-' ,.$)?%-)?.' /*$ %66 z 6= 02 C.A&%66E 5$)-. -0. 'E'-.( 50)0 5)66 %66*5 1' -* *(>1-. -0. .B1%-)*&' */ -0.>$*A6.H




− 1

ε2
µΓ∂2

zq− + hεq− +
1

ε2
∂zq− = 0,

− µΓ∂2
zq+,i +

1

ε
∂zq+,i = 0,

− µΓ∂2
zqbl − ∂zqbl = 0,

− µΓε2∂2
z q+,e + q+,e + ∂zq+,e = 0,

q+,i(0) + qbl

(
1

ε

)
= q−(0),

q+,e(0) = q+,i(1) + qbl(0),

∂zq+,i(0) − 1

ε
∂zqbl

(
1

ε

)
=

1

ε
∂zq−(0) − 1

µ
,

∂zq+,e(0) =
1

ε
∂zq+,i(1) − 1

ε2
∂zqbl(0),

ε

∫ 0

−∞

q−(z)dz +

∫ 1

0

q+,i(z)dz + ε

∫ 1/ε

0

qbl(z)dz +
1

ε

∫ +∞

0

q+,e(z)dz = 1,8:2 :<



 ! ! "#$%&' ()*&+,-#+,  !"#$%&% #% $'(% )%*+%)
hε(z) = h(εz).,-.% .$'. /0+% h = 1R\[−1,1]2 #% $'(%

hε(z) =





1 03 |z| ≥ 1

ε
,

0 -.$%&#0/%.,-# 03 .$% %45'+/0-+ #% 6'7% 0/ %(%& .- 8% ('90) #% 6:/. $'(% q− %4;5-+%+.0'99< )%&%'/0+= #$%+ z )%&%'/%/ .- −∞> ?$%+ 03 #% -+/0)%& .$%3:+.0-+ z 7→ hε(z) exp(z) .$%+ 0. 0/ %'/< .- /%% .$'. 0. 0/ %45-+%+.0'99< /6'99@ ! ∼ exp(−λ/ε) 3-& /-6% λ > 0A 0+ '+< +-&6 #% -:9) -+/0)%&> ?$:/ 0+.$% 3-99-#0+= #% #099 .&%'. '99 .%&6/ 6:9.0590%) 8< hε .- 8% /6'99%& .$'+ '+<
εk 3-& '+< k ≥ 0> B/ ' &%6'&7 #% '++-. )- .$0/ -+ .$% -.$%& /0)% '+) $'(%.- 8&%'7 0. 0+.- .$% 0+.%&0-& 5'&. q+,i '+) .$% %4.%&0-& 5'&. q+,e> ! !" #$%&'()'C% 6'7% .$% 3-99-#0+= '+/'%.D%E

q− = εq1
− + ε2q2

− + ε3q3
− + . . . , @F> GA

q+,i = εq1
+,i + ε2q2

+,i + ε3q3
+,i + . . . , @F> HA

qbl = ε3q3
bl + ε4q4

bl + . . . , @F> IA
q+,e = εq1

+,e + ε2q2
+,e + ε3q3

+,e . . . . @F> JAK3 -:&/% #% -:9) $'(% 5:. .%&6/ -3 -&)%& 0 3-& q−2 q+,i '+) q+,e '+) .%&6/-3 -&)%& 021 '+) 2 3-& qbl> C$%+ -+% )%-/ .$'.2 8< 5:..0+= .$% '+/'%.D% 0+.$% %L:'.0-+/ -3 @F> MA2 #% #-:9) /%% .$'. .$%/% .%&6/ 6:/. 8% 0N 8%':/%.$%< /-9(% 90+%'& O0&0$9%. 5&-89%6/ #0.$ +- %4.%&0-& 3-&%/> C% &%'99 .$'.#% $'(% @F>MA #$0$ 0/ .$% 3-99-#0+= -+/0/.%+< %L:'.0-+ 8%.#%%+ Γ '+) pE
Γ =

∫

|σ|>1

p(σ)dσ#$0$ '+ 8% &%#&0..%+ 0+ .%&6/ -3 q− '+) q+,e

Γ =
1

ε

∫ +∞

0

q+,e(z)dz + ε

∫ −1/ε

−∞

q−(z)dz.C0.$ /:$ '+ %45&%//0-+2 03 #% '//:6% %+-:=$ &%=:9'&0.< -3 .$% 5&-*9%/ @#$0$#099 8% $%7%) '3.%& #% $'(% -65:.%) .$%6A2 #% '+ )%&0(% .$% 3-99-#0+='+/'.D -+ ΓE
Γ = c0 + c1ε+ c2ε

2 + c3ε
3 . . . . @F> PA



  !  !"#$%&%'()* +* ,&-% %.)/ +* '!.'11*#*2%"#$% ∀k, ck =

∫ +∞

0

qk+1
+,e (z)dz &')*+', )+ "' -'.)-/'0, $%' +'120 $'-. #+'3412'2$#)556 +.)557 ! ! "#$%&'(82 $%#+ +'$#12 "' 1256 1.4*$' $%' 4-195'+ qk

−, qk
+,i )20 qk

+,e :1- k = 1, 2 ';'2#: "' "#55 #2 $%' '20 1256 *+' $%' )44-13#.)$#12 <#;'2 &6 $%' $'-.+ 1: 1-0'-
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(prem

+,i )2(σ) =

∫ σ

0

2
√

2∂σp
rem
+,i (s)

1√
2
prem

+,i (s)ds + (prem
− (0))2

≤ 2

∫ σ

0

(∂σp
rem
+,i (s))2ds+

1

2

∫ σ

0

(prem
+,i (s))2ds+

(∫ 0

−∞

∂σp
rem
−

)2

≤ 2

∫ 1

0

(∂σp
rem
+,i )

2 +
1

2

∫ 1

0

(prem
+,i )2 +

(∫ 0

−∞

∂σp
rem
−

)2

. 2349!7"# &'( /&+#:-%+# +,/* /&#;)%</+= >#+(##& 0 %&0 1 +' '>+%/&8
∫ 1

0

(prem
+,i )2 ≤ 4

∫ 1

0

(∂σp
rem
+,i )2 + 2

(∫ 0

−∞

∂σp
rem
−

)2

. 2349?7@'( 1-'. 234997 (# %<-#%0= ,%A#8
∫ 1

0

(∂σp
rem
+,i )

2 = O(ε3). 2346B7C'-#'A#-D (# ,%A# *##& +,%+
∂σp

rem
− = exp

(
σ

2µε

)(
∂σp̃

rem
− (σ) +

1

2µε
p̃rem
− (σ)

)
.%&0 >= 234997 (# ,%A# >'+,

∥∥∥∥
1

2µε
p̃rem
−

∥∥∥∥
L2(−∞,0)

= O(ε3/2), 2346 7
∥∥∂σ p̃

rem
−

∥∥
L2(−∞,0)

= O(ε3/2), 234657*' +,%+ >= EF<0#- /&#;)%</+=D
∫ 0

−∞

∂σp
rem
− =

∫ 0

−∞

exp

(
σ

2µε

)(
∂σp̃

rem
− (σ) +

1

2µε
p̃rem
− (σ)

)
dσ

≤
(∫ 0

−∞

exp

(
σ

µε

))1/2 ∥∥∥∥∂σp̃
rem
− +

1

2µε
p̃rem
−

∥∥∥∥
L2(−∞,0)

≤ (µε)1/2

(
∥∥∂σ p̃

rem
−

∥∥
L2(−∞,0)

+

∥∥∥∥
1

2µε
p̃rem
−

∥∥∥∥
L2(−∞,0)

)
,

234637
%&0 +,)* (# ,%A#8 (∫ 0

−∞

∂σp
rem
−

)2

= O(ε4). 234697
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0

(prem
+,i )

2 = O(ε3), 012334)-.) 5% 012642 7& -./& )-(% 89#/&: ;9#8#%5)5#$ 12 2<$ . %5:& $#)&= )-& ),# &'(.*5)5&%=
∂σp

rem
− (σ) = exp

(
σ

2µε

)(
∂σp̃

rem
− (σ) +

1

2µε
p̃rem
− (σ)

)
,

∂σp
rem
+,e (σ) = exp

(
−ε

2
(σ − 1)

)(
∂σp̃

rem
+,e (σ) − ε

2
p̃rem

+,e (σ)
)
,)-& &$&9>+ &%)5?.)& 012@@4 .$: 01264 89#/& )-.) ,& .*%# -./& )-& &%)5?.)5#$

‖p− papp‖H1(R) = O(ε3/2). 0123A4 !" #$%%& %& '()%$)*  !+B$ )-5% %&)5#$= ,& :&:(& D-&#9&? 12E F9#? ;9#8#%5)5#$ 12 = ,-5- ,.%89#/&: 5$ )-& 89&/5#(% %&)5#$2G&) (% $#)& H9%) )-.) I+ . :59&) #?8().)5#$ ,& .$ %-#, )-.)J
∫

σ∈R

σpapp(σ)dσ ∼ 1

ε
. 0123K4L** )-.) 5% *&F) )# 89#/& 5% )-.) )-& %)9&%% .)).-&: )# )-& 9&?.5$:&9 5% ≀(1/ε)27& (%& )-& %+?I#* A . B )# &M89&%% )-.) )-&9& 5% . 8#%5)5/& #$%).$) C !"#$#!"#!% &' ε= %(- )-.)

A ≤ C · B.N5$& ,& -./& . ,&5>-)&: #$)9#* #F )-& $#9? #F prem
− .$: prem

+,e = ,& .$(%& )-& F#**#,5$> 5$&'(.*5)5&%= ,-5- .9& )9(& F#9 %?.** εJ
∣∣∣∣
∫ 0

−∞

σprem
− (σ)dσ

∣∣∣∣ ≤
(∫ 0

−∞

σ2 exp

(
σ

µε

)
dσ

)1/2 ∥∥p̃rem
−

∥∥
L2(−∞,0)

. (µε)3/2
∥∥p̃rem

−

∥∥
L2(−∞,0)

, 012364
∣∣∣∣
∫ +∞

1

σprem
+,e (σ)dσ

∣∣∣∣ ≤
(∫ +∞

1

σ2 exp (−ε(σ − 1)) dσ

)1/2 ∥∥p̃rem
−

∥∥
L2(1,+∞)

.
1

ε3/2

∥∥p̃rem
−

∥∥
L2(1,+∞)

, 0123!4
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∣∣∣∣
∫ 1

0

σprem
+,i (σ)dσ

∣∣∣∣ ≤
(∫ 1

0

σ2

)1/2 ∥∥prem
+,i

∥∥
L2(0,1)

.
∥∥prem

+,i

∥∥
L2(0,1)

+,-."/0)$1 23 '45$' 3( (7821$ 21$94%&232$' +,-:;/ <23) +,-=/> +,-:?/ <23) +,-?/%1@ +,-."/ <23) +,-;/ 3( (83%21A
∣∣∣∣
∫

σ∈R

σprem(σ)dσ

∣∣∣∣ ≤ O(1), +,-. /'( 3)%3 <$ )%*$ 3)$ $BC%1'2(1
τ =

1

ε
+ O(1), +,-.!/%1@ 0)$(D$7 ,-!- !" #$%%& %& '())*  !+0)2' '$32(1 2' @$*(3$@ 3( 3)$ CD((E (E F$77% ,- - #)%3G' 213$D$'321H 2' 3)%33)$ CD((E (E 3)2' &$77% D$942D$' 3)$ '34@I (E % '21H4&%D &2723 8I 23'$&E- J1@$$@3( H%21 %1 $'327%32(1 (1 Γ <$ 1$$@ 3( %CCD(B27%3$ 3)$ D$7%21@$D CD(8&$7+,-!:/ 8I % &21$%D %CCD(B27%3$ D$7%21@$D CD(8&$7 +,-.,/- K(13D%DI 3( <)%3)%CC$1' 21 3)$ '7%&& ')$%D D%3$ &2723 <$ %DD2$@ (43 21 L:M℄ 3)$ $BC%1'2(1 (E

p %1@ τ %D$ 412E(D7 21 µ %1@> %' '4)> 74) '27C&$D-F$3 4' OD'3 213D(@4$ 3)$ %CCD(B27%3$ D$7%21@$D CD(8&$7 %1@ $BC&%21 23'&21P 3( QI'3$7 +,-!:/A <$ @$O1$ 3)$ E4132(1' πC,ε
− > πC,ε

+,i %1@ πC,ε
+,e 3( 8$ 3)$'(&432(1' (E 3)$ E(&&(<21H 'I'3$7>





− µ(1 + Cε)∂2
σπ

C,ε
− + hπC,ε

− +
1

ε
∂σπ

C,ε
− = R−,

− µ(1 + Cε)∂2
σπ

C,ε
+,i +

1

ε
∂σπ

C,ε
+,i = 0,

− µ(1 + Cε)∂2
σπ

C,ε
+,e + πC,ε

+,e +
1

ε
∂σπ

C,ε
+,e = R+,e,

πC,ε
+,i (0) = πC,ε

− (0),

πC,ε
+,e(1) = πC,ε

+,i (1),

∂σπ
C,ε
+,i (0) = ∂σπ

C,ε
− (0),

∂σπ
C,ε
+,e(1) − ε2 = ∂σπ

C,ε
+,i (1),

+,-.,/



 !"! #$%%& %& '())*  !+  ! "#$%$
R− =

(
C

µ
− εh

)
exp

(
σ

µε

)
, &'()*+

R+,e = µ(1 + Cε)ε3 exp(−ε(σ − 1)). &'(),+-$ ./01 2$34$ 5#$ 5"1 6.%7.8/$ 9:45714
F (C, ε) =

∫ 0

−∞

πC,ε
− +

∫ 1

0

πC,ε
+,i +

∫ +∞

1

πC,ε
+,i + ε− µε2. &'())+<$=/.$> 74 &'()'+> C 8? Γrem .42 5#$ 0?05$@ 8$1@$0 &'(!,+ "75#1:5 5#$745$A%./ 1405%.745( B#:0 5#$ 01/:5714 51 &'()'+ "75# C = Γrem> "#7# 70 8?2$3475714 πΓrem,ε 70 ./01 5#$ 01/:5714 51 &'(!,+ prem( C140$D:$45/? 5#$ 745$A%./1405%.745 19 &'(!,+ 70 $E.5/? 5#$ $D:.5714 F (Γrem, ε) = 0( C146$%0$/?> 91%.4? C 6$%79?74A F (C, ε) = 0 "$ #.6$ 5#.5 πrem,C,ε 0.5703$0 1@=/$5$/? 5#$=%18/$@ &'(!,+> 74/:274A 5#$ 745$A%./ 1405%.745 .42 5#:0 "$ #.6$ C =

Γrem( B#70 .%A:@$45 %$/7$0 14 5#$ :47D:$ 01/6.87/75? 19 &'(!,+ 91% 3E$2 ε 1%>$D:76./$45/?> 14 5#$ :47D:$ 01/6.87/75? 19 &'(,+( B#70 =%1=$%5? #.0 ./%$.2?8$$4 =%16$2 74 F )℄ 1% F,'℄(H$5 :0 3%05 05.5$ 5#.5 "$ #.6$ 5#$ .4./1A1:0 51 I%1=1075714 '( 91% &'()'+(J74$ 5#$%$ "7// 8$ . 81:42.%? /.?$% 14 5#$ /$95 072$ 19 σ = 1 "$ 745%12:$
θ> . C∞ /1./7K.5714 9:45714 "#7# 70 1 14 [1/2, 1]> 0 14 [0, 1/3] .42 05%75/?74%$.074A 14 ]1/3, 1/2[( B#$4 "$ #.6$ 5#$ 91//1"74A .==%1E7@.5714 %$0:/5L !"#"$%&%"' ()*)  !" #$%&'($) '$ '!" *"+,()-"* .*$/%"+ &'()'+ )$'"- /0
(πC,ε

− , πC,ε
+,i , π

C,ε
+,e) ,) /" "2.,)-"-3 4!") ε → 03 ,# πC,ε = πC,ε,app + πC,ε,rem4!"*"5
πC,ε,app
− (σ) = Cε2

(
1 − Cσ

µε

)
exp

(σ
ε

)
,

πC,ε,app
+,i (σ) = Cε2 + µε3θ(σ)

(
1 − exp

(
σ − 1

µε

))
,

πC,ε,app
+,e (σ) = Cε2 exp (−ε(σ − 1)) ,

&'()M+4('! '!" 6$%%$4()7 "#'(+,'($)#5
∥∥∥∥exp

(
− ·

2µε

)
πC,ε,rem
−

∥∥∥∥
L2(−∞,0)

= O(ε7/2),

∥∥∥πC,ε,rem
+,i

∥∥∥
L2(0,1)

= O(ε5/2),
∥∥∥exp

(ε
2
(· − 1)

)
πC,ε,rem

+,e

∥∥∥
L2(1,∞)

= O(ε5/2).
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F (C, ε) = (C + 1)ε+ O(ε2).<#68-# )9 +,# &%.#6( 6.7 #&&%'+% .6+8(# )9 =1231> %+ %- &#6( +,6+ F 58-+;# 6+ &#6-+ ).+%.8)8- %. C, ε %. +,# 7)56%. 1 + Cε > 02 ?#+ 8- @A +$)).-+6.+ .85;#(- C1 6.7 C2 -8, +,6+ C1 < −1 < C22 B,#. ;#68-# )9C()')-%+%). 121 6.7 ;#68-# F %- ).+%.8)8- +,#(# %- 6. %.+#(*6& ]0, ε0[ ).$,%, $# ,6*#

∀ε ∈]0, ε0[, F (C1, ε) < 0 < F (C2, ε).D)$ 9)( 6.E @A#7 ε ∈]0, ε0[ $# 8-# +,# ).+%.8%+E %. C )9 F 6.7 +,# %.F+#(5#7%6+# *6&8# +,#)(#5 +) 6G(5 +,6+ +,#(# 58-+ ;# 6 0 )9 F (·, ε) ). +,#%.+#(*6& [C1, C2]2 <8+ 6- $# ')%.+#7 )8+H +,# ).&E 0 +,6+ F (·, ε) ,6- %- Γrem2I).-#J8#.+&EH
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πC,ε
− (σ) = χ−

(σ
ε

)
, πC,ε

+,i (σ) = χ+,i(σ) + χbl

(
1 − σ

ε

)
,

πC,ε
+,e(σ) = χ+,e(ε(σ − 1)),
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− µ(1 + Cε)∂2
zχ− + ε2hεχ− + ∂zχ− = ε2

(
C

µ
− εhε

)
exp

(
z

µ

)
,

− µ(1 + Cε)∂2
σχ+,i +

1

ε
∂σχ+,i = 0,

− µ(1 + Cε)∂2
zχbl − ∂zχbl = 0,

− µε2(1 + Cε)∂2
zχ+,e + χ+,e + ∂zχ+,e = µ(1 + Cε)ε3 exp(−z),

χ+,i(0) + χbl

(
1

ε

)
= χ−(0),

χ+,e(0) = χ+,i(1),

∂σχ+,i(0) =
1

ε
∂zχ−(0),

ε∂zχ+,e(0) − ε2 = ∂σχ+,i(1) − 1

ε
∂zχbl,

9":;<=
'+/ '##*7( '+ (>4'+#-$+ $) %&( )$57

χ− = ε2χ1
− + ε2χ2

− + ε3χ3
− + . . . ,

χ+,i = ε2χ1
+,i + ε2χ2

+,i + ε3χ3
+,i + . . . ,

χbl = ε3χ3
bl + ε4χ4

bl + . . . ,

χ+,e = ε2χ1
+,e + ε2χ2

+,e + ε3χ3
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ε

∫ 0

−∞

q−(z)dz +

∫ 1

0

q+,i(z)dz + ε

∫ 1/ε

0

qbl(z)dz +
1

ε

∫ +∞

0

q+,e(z)dz = 1.I*% #*& ' $+#%5'-+% &'# /-#'44('5(/ -+ 9":;<= '+/ %&( 7$#% #-+3*1'5 %(57+$2 $7(# )5$7
∂σχ+,i(0) =

1

ε
∂zχ−(0),
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πC,ε,app
− (σ) = Cε2

(
1 − Cσ

µε

)
exp

(σ
ε

)
, 0>5?@1

πC,ε,app
+,i (σ) = Cε2 + µε3θ(σ)

(
1 − exp

(
σ − 1

µε

))
, 0>5AB1

πC,ε,app
+,e (σ) = Cε2 exp (−ε(σ − 1)) . 0>5A 1C4'(' ';:-'((2)$( (4)9*% =' ).:#-'% /) /4' (')$% )-%'- :-)D*'( 32+'$ 2$E'/2)$ >5>5>5 F' $)& #3#2$ ('/ πC,ε,rem = πC,ε−πC,ε,app5 C4'$ πC,ε,rem

− GπC,ε,rem
+,i#$% πC,ε,rem

+,e ()*+' /4' ,)**)&2$3 :-)=*'.H




− µ(1 + Cε)∂2
σπ

C,ε,rem
− + hπC,ε,rem

− +
1

ε
∂σπ

C,ε,rem
− = R̃−,

− µ(1 + Cε)∂2
σπ

C,ε,rem
+,i +

1

ε
∂σπ

C,ε,rem
+,i = R̃+,i,

− µ(1 + Cε)∂2
σπ

C,ε,rem
+,e + πC,ε,rem

+,e +
1

ε
∂σπ

C,ε,rem
+,e = R̃+,e,

πC,ε,rem
+,i (0) = πC,ε,rem

− (0),

πC,ε,rem
+,e (1) = πC,ε,rem

+,i (1),

∂σπ
C,ε,rem
+,i (0) = ∂σπ

C,ε,rem
− (0),

∂σπ
C,ε,rem
+,e (1) = ∂σπ

C,ε,rem
+,i (1),

0>5A!1
&4'-'
R̃− = −C

(
σ

µ2
+
Cε

µ

)
exp

(
σ

2µε

)
−

(
Cε2

(
1 − σ

µε

)
+ ε

)
h exp

(
σ

2µε

)
,0>5A>1

R̃+,i = −µε2θ′ + µ2ε3θ′′ + 3µε2θ′ exp

(
σ − 1

µε

)
− µ2ε3θ′′ exp

(
σ − 1

µε

)
,0>5A"1

R̃+,e = µε3(1 + Cε) exp
(
−ε

2
(σ − 1)

)
+ Cε4(1 + Cε) exp

(
−ε

2
(σ − 1)

)
.0>5AI1J'/ 9( #3#2$ 2$/-)%9'

πC,ε,rem
− = exp

(
σ

2µε

)
π̃C,ε,rem
− ,

πC,ε,rem
+,e = exp

(
−ε

2
(σ − 1)

)
π̃C,ε,rem

+,e .

0>5A?1
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− 0 πC,ε,rem
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− µ(1 + Cε)∂2
σπ̃

C,ε,rem
− +

(
h +

1

4µε2
− C

4µε

)
π̃C,ε,rem
− − C

µ
∂σπ̃

C,ε,rem
− = R̃−,

− µ(1 + Cε)∂2
σπ

C,ε,rem
+,i +

1

ε
∂σπ

C,ε,rem
+,i = R̃+,i,

− µ(1 + Cε)∂2
σπ̃

C,ε,rem
+,e +

(
1

2
− µ(1 + Cε)ε2

4

)
π̃C,ε,rem

+,e

+

(
1

ε
− µ(1 + Cε)ε2

)
∂σπ̃

C,ε,rem
+,e = R̃+,e,

πC,ε,rem
+,i (0) = π̃C,ε,rem

− (0),

π̃C,ε,rem
+,e (1) = πC,ε,rem

+,i (1),

∂σπ
C,ε,rem
+,i (0) = ∂σπ̃

C,ε,rem
− (0) +

1

2µε
π̃C,ε,rem
− (0),

∂σπ̃
C,ε,rem
+,e (1) − ε

2
π̃C,ε,rem

+,e (1) = ∂σπ
C,ε,rem
+,i (1). <=5>>?@(8 8$ %* (9+%)* +.$ 1%:$ A)*/ (B $*$&'4 $1+):%+$ %1 <=5="?;

µ(1 + Cε)

(∫ 0

−∞

(∂σπ̃
C,ε,rem
− )2 +

∫ 1

0

(∂σπ
C,ε,rem
+,i )2 +

∫ +∞

1

(∂σπ̃
C,ε,rem
+,e )2

)

+
1

8µε2

∫ 0

−∞

(π̃C,ε,rem
− )2 +

1

2

∫ +∞

1

(π̃C,ε,rem
+,e )2

≤
∫ 0

−∞

R̃−π̃
C,ε,rem
− πC,ε,rem

+,i +

∫ 1

0

R̃+,i +

∫ +∞

1

R̃+,eπ̃
C,ε,rem
+,e , <=5>C?D*$ %'%)* 8$ %* %91(&9 +.$ &)'.+E.%*/ 1)/$ )*+( +.$ 3$B+ .%*/ 1)/$ 94*(+)*' +.%+;

∥∥∥R̃−

∥∥∥
L2(−∞,0)

= O(ε3/2), <=5>F?
∥∥∥R̃+,e

∥∥∥
L2(1,∞)

= O(ε5/2), <=5CG?
∥∥∥R̃+,i

∥∥∥
L2(0,1)

= O(ε2). <=5C ?



 !"  !"#$%&%'()* +* ,&-% %.)/ +* '!.'11*#*2%#$%& '&() (*+( ,) *+-) (*) .&$$&,/'0  !"#$"# )%(/1+()2
∫ 1

0

(πC,ε,rem
+,i )2 . (πC,ε,rem

+,i (0))2 +

∫ 1

0

(∂σπ
C,ε,rem
+,i )2

.

(∫ 0

−∞

∂σπ
C,ε,rem
−

)2

+

∫ 1

0

(∂σπ
C,ε,rem
+,i )2

.

(∫ 0

−∞

∂σ

(
exp

(
σ

2µε

)
π̃C,ε,rem
−

))2

+

∫ 1

0

(∂σπ
C,ε,rem
+,i )2

.

(∫ 0

−∞

exp

(
σ

2µε

)(
∂σπ̃

C,ε,rem
− +

1

2µε
π̃C,ε,rem
−

))2

+

∫ 1

0

(∂σπ
C,ε,rem
+,i )2

. ε1/2

(∫ 0

−∞

(∂σπ̃
C,ε,rem
− )2 +

1

4µε2

∫ 0

−∞

(π̃C,ε,rem
− )2

)

+

∫ 1

0

(∂σπ
C,ε,rem
+,i )2. 3456!78*)' ,) &1:/') (*) ;<)-/&=% )%(/1+(/&'%> ,) &:(+/' .&< ε %1+$$ )'&=0*>

∫ 0

−∞

(∂σπ̃
C,ε,rem
− )2 +

∫ 1

0

(∂σπ
C,ε,rem
+,i )2 +

∫ +∞

1

(∂σπ̃
C,ε,rem
+,e )2

+
1

µε2

∫ 0

−∞

(π̃C,ε,rem
− )2 +

1

2

∫ +∞

1

(π̃C,ε,rem
+,e )2

≤ O(ε5), 345647,*/* /' (=<' 0/-)% (*) .&$$&,/'0 )%(/1+()2
∥∥∥π̃C,ε,rem

−

∥∥∥
L2(−∞,0)

= O(ε7/2), 3456?7
∥∥∥πC,ε,rem

+,i

∥∥∥
L2(0,1)

= O(ε5/2), 3456@7
∥∥∥π̃C,ε,rem

+,e

∥∥∥
L2(1,∞)

= O(ε5/2), 3456"7+'A (*=% )'A% (*) ;<&&. &. B<&;&%/(/&' 45!



 !"! #$%%& %& '())*  !+  !" !"!# $%&&' &' ()**+  !,#$%&' ()* *+,-*$$%.&$ %& /012"3 %& /012234 5* 7& &.5 *+,7&8 F (C, ε) 9
F (C, ε) =

∫ 0

−∞

πC,ε
− +

∫ 1

0

πC,ε
+,i +

∫ +∞

1

πC,ε
+,i + ε− µε2

=

∫ 0

−∞

πC,ε,rem
− +

∫ 1

0

πC,ε,rem
+,i +

∫ +∞

1

πC,ε,rem
+,i

+

∫ 0

−∞

πC,ε,app
− +

∫ 1

0

πC,ε,app
+,i +

∫ +∞

1

πC,ε,app
+,i + ε− µε2

=

∫ 0

−∞

πC,ε,rem
− +

∫ 1

0

πC,ε,rem
+,i +

∫ +∞

1

πC,ε,rem
+,i

+ 2Cµε3 + Cε2 + ε3

∫ 1

0

θ(σ)

(
1 − exp

(
σ − 1

µε

))
dσ + Cε+ ε− µε2/01:"3;*( <$ =-$( &.(* ()7(

θ(σ)

(
1 − exp

(
σ − 1

µε

))

%$ >.<&8*8 >? 1 .& [0, 1] $. ()7(
ε3

∫ 1

0

θ(σ)

(
1 − exp

(
σ − 1

µε

))
dσ = O(ε3). /01::3@* &.5 *$(%A7(* ()* %&(*'-7B$ .C πC,ε,rem

− 4 πC,ε,rem
+,i 7&8 πC,ε,rem

+,e 1 D%&*E-.,.$%(%.& 01! '%F*$ <$ ()* .-8*- .C ()* -*$,*(%F* L2 &.-A$ .C π̃C,ε,rem
− 7&8

π̃C,ε,rem
+,e 4 5* 7& <$* ()*A %& ()* *$(%A7(%.& .C

∫ 0

−∞

πC,ε,rem
− +

∫ 1

0

πC,ε,rem
+,i +

∫ +∞

1

πC,ε,rem
+,i .



 !"  !"#$%&%'()* +* ,&-% %.)/ +* '!.'11*#*2%#$%&&% '& ()& *+,%&- #$&.(/,012 13 4&1 15& 63,,3'0$4 &)107/1&)
∫ 0

−∞

πC,ε,rem
− =

∫ 0

−∞

exp

(
σ

µε

)
π̃C,ε,rem
−

. ε1/2
∥∥∥π̃C,ε,rem

−

∥∥∥
L2(−∞,0)

. O(ε3), 89:";<
∫ 1

0

πC,ε,rem
+,i .

∥∥πC,ε,rem
∥∥

L2(0,1)
. O(ε5/2), 89:;=<

∫ +∞

1

πC,ε,rem
+,e =

∫ +∞

1

exp
(ε

2
(σ − 1)

)
π̃C,ε,rem

+,e

.
1

ε1/2

∥∥∥π̃C,ε,rem
+,e

∥∥∥
L2(1,∞)

. O(ε2). 89:; <)0$&? @2 &AB,001 0$1&4-/103$? '& 4&1
∥∥∥∥exp

( ·
2µε

)∥∥∥∥
L2(−∞,0)

= (µε)1/2,

∥∥∥exp
(ε

2
(· − 1)

)∥∥∥
L2(+1,∞)

=
1

ε1/2
.C0$/,,2 '& 5/D&

∫ 0

−∞

πC,ε,rem
− +

∫ 1

0

πC,ε,rem
+,i +

∫ +∞

1

πC,ε,rem
+,i = O(ε2). 89:;!<E3' '& ()& 89:""< /$% 89:;!< 0$ 89:"F< 13 3@1/0$G

F (C, ε) = (C + 1)ε+ O(ε2), 89:;9<'505 0) &A/1,2 '5/1 H-3B3)0103$ 9:9 )1/1&):



 !"#$%&' ()* +,-./' "0%,,*2$2%"*% #,0&/'2 3,%2 +0/%$-$+'*2$,**'/2 -'+"%4&$"05 6$%&'05




ν) 40*+ 0* *) 0**,A+ %,# &;)<%.)##-0* ,*,C&H+-/$)1 T,*# &) ,# 4$ (045&) 4;B'8.,$4CD)/$)$<@ *0$# '+-0*# ,%,8&)# 4)+.0$?). &;)<%.)##-0* ,*,&H+-/$) 4) &;,*,&0O$) 4) &, 30*+-0* F (ν) )+ )*#$-+)%,. $*) #-(%&) '+$4) 4) 30*+-0* 4) (0*+.). #, .0-##,*)1 U0$. &;-*#+,*+*0$# *) #0(()# ,%,8&)# /$) 4) ,&$&). &)# &-(-+)# 4) &, 30*+-0* F 1V*R* $*) ,$+.) -*#$I#,*) 4) &;'+$4) )#+ &;,8#)*) 4) N$#+-R,+-0* 4)#4'?)&0%%)()*+# ,#H(%+0+-/$)#1 S0+0*# +0$+)30-# /$) *0$# ,?0*# .)#+.)-*+ &),4.) 30*+-0**)& 4) *0+.) '+$4)@ )* ?$) 4;)E)+$). )++) N$#+-R,+-0* 4,*#&;,?)*-.1:) >,%-+.) )#+ 0*#+-+$' 4;$*) %.)(-5.) ?).#-0* 4;$* ,.+-&) '.-+ )*0&&,80.,+-0* ,?)  !#$%& '%($)*+1



 !"! #$%&'()*+($,  ! "#$% &#' ()%& *')%$+, +- ., /0+2$,3 0.0') $, +44.5+).&$+, 6$&# !#$%&'%($)*+ 0.0') #.% &6+ 0.)&%7 &#' ()%& 0.)& $% +,'),'8 6$&# &#' 2+89'44$,3 +- . -/44 &',%+)$.4 2+8'4 6#$# :''0% &#' 2.$, -'.&/)'% +- &#' %+9.44'8 ;<5)./89='>/'/? @;=A 2+8'4 -+) B+-& C4.%%D E.&')$.4 @,-.)$/*.,8 0%1/%/2 F!G℄AI &#' %'+,8 0.)& $% 8'*+&'8 &+ 3$*' %+2' 2.&#'2.&$.4J/%&$(.&$+, &+ &#' )'4'*.,' +- +/) 2+8'4 -+44+6$,3 &#' 2'&#+8 6' 8'*'49+00'8 -+) ;= $, FKL℄℄ -+) 8',%' 3).,/4.) R+6%+) &#' +,' 5D :-(!846 :)/(%$/6 ;4&!(6 <$+ .,8  4&!(4 FW℄℄ .,8 6.% +)$3$,.44D . 2+8'4 )'%&)$&'8 &+ %$204' %#'.) @.% $% /%&+2.)D $,)#'+4+3DAM "#$% 2+8'4 6.% 4.&') 3',').4$['8 &+ . &',%+)$.4 *')%$+, 5D  = @=;$8%? .,8 9= >4&&!# F\ ℄M ;+6'*') &#$% 2+8'4 %/]')% -)+2 +,' 8).65.:7&#' +,%&$&/&$*' )'4.&$+, 8'0',8% +, ., '+ ,$ 0#',+2',+4+3$.4 0.).2'&')@., ']'&$*' &'20').&/)'A 6#$# $% #.)8 &+ $,&')0)'&M "#$% $% 6#D ,-.)$/*.,8 0%1/%/2 .2' /0 6$&# . 2+8$('8 *')%$+, +- &#' BCY 2+8'4 F!G℄ 6#+%'0.).2'&') #.*' . 2+)' 8$)'& 0#D%$.4 $,&')0)'&.&$+,M ;+6'*') &#$% 2+8'4$% 8'%$3,'8 -+) %$204' %#'.) .,8 &#$% .)&$4' $% ., .&&'20& &+ 3$*' . &',%+)$.4



 !"  !"#$% &'$()")&%*()!**%$ + (,-*.)()!* /)(,%'.%#$%&'() (* +,'& -(.$/0 !"!# $&'&( &)* +,)-.(/&' 0.*,'1$+ 2& 3%$'&$ 5,6+ 5$ -$6) 78 +$)&(%'6/ (% &'-3/$ &,$6% -(.$/0 9+ '& 5$//:)(5) +,6+ ') 6 ()+')2(2& -$.'2- +,$%$ '& 6 +$)&(% T ; +,6+ '& 6 <$/. (*
d × d -6+%'$& =d '& +,$ &36$ .'-$)&'()> 5,', .$&%'7$& +,$ ')+$%)6/ *(%$+,6+ :$$3& +,$ -$.'2- ()+')(2&0 ?,'& +$)&(% '& 6//$. +,$  !"#  +$)&(%0@,8&'6//8 &3$6:')A; '* 6) $/$-$)+ (* &2%*6$ dS 5'+, (%'$)+6+'() n '& 3/6$.6+ x +,$) +,$ *(%$ +,6+ +,$ &2%*6$ 2).$%A($& *%(- ()$ &'.$ +( +,$ (+,$% '&
T (x)ndS0 B& 6 ()&$C2$)$; )(+')A ρ +,$ -6&& .$)&'+8 6). u '& +,$ D2/$%'6)<$/. (* #$/('+8; +,$ ()&$%#6+'() (* -(-$)+2- %$6.&E

ρ(∂tu+ u · ∇u) = div T,5,$%$ +,$ .'#$%A$)$ (* 6 -6+%'F +$)&(% '& +,$ #$+(% (* +,$ .'#$%A$)$ (* '+&/')$&0B ()&+'+2+'#$ /65 *(% 6 ()+')2(2& -6+$%'6/ '& 6 %$/6+'() 7$+5$$) T 6).:')$+' C26)+'+'$&0 G(% ')&+6)$ H$5+() /65 (* &'-3/$ I2'.& %$6.&
T = −ph(ρ, θ)Id+ λ(ρ, θ)(div u)Id+ 2µ(ρ, θ)D(∇u) =J0 >5,$%$ θ '& +,$ +$-3$%6+2%$; λ 6). µ 6%$ +,$ #'&(&'+'$& 6).

D(∇u) =
1

2
(∇u+ (∇u)T )'& +,$ $#%&"'(!)&* "(!# +$)&(%0 ?,$ +$%- phx 6). y +,$ 3/6)$ ()+6')')A (2% -6+$%'6/0 ?,$) 5$ 6) .$<)$

x 6& +,$ &,$6% .'%$+'() 6). y 6& '+& (%+,(A()6/0 9) +,'& ()<A2%6+'(); +,$#$/('+8 <$/. ,6& +,$ &3$'6/ *(%- u = (γ̇(t)y, 0)0 9) +,'& ()<A2%6+'(); γ̇(t)'& +,$  +#(" "(!# 6). &6/$& 6& +,$ ')#$%&$ (* 6 +'-$0 O$ +,$) &233(&$ +,6+)( C26)+'+8 .$3$).& () x 6). +,$ ()&$%#6+'() (* -(-$)+2- %$6.&E
ρ∂tu

x = ∂yT12. =J0">



 !"! #$%&'()*+($,  !!"# $% '( #%% )*% +%*'(,'- %.%) /0 )*% #)1%## ,( )*,# /(2341'),/( ,#3,5%( /(-6 76 /(% /0 )*% /+8/(%() /0 )*% #)1%## )%(#/19 :/(#%;4%()-6< ,0 ,(/41 +/=%--,(3 $% 1%#)1,) /41#%-5%# )/ #,+8-% #*%'1 #,)4'),/( $% /(-6 *'5% )/3,5% ' -'$ -,(>,(3 T12 '(= γ̇ )/ =%#1,7% )*% ?/$ #,)4'),/(9 @( )*,# '#% T12,# 4#4'--6 '--%=  !" #)1%## '(= ,# ' #,(3-% #'-'1 $*,* $% $,-- (/)% τ ,( )*%#%;4%-9 AB'+8-%# /0 -'$# ,( )*,# '#% '1% 0/1 %B'+8-% C%$)/(D# -'$ 0/1 ?4,=#<
τ = ηγ̇, EF9!G/1 H//>%D# -'$ 0/1 -,(%'1 %-'#),,)6
τ = G0γ EF9FG$*%1% γ =

∫ t

0

γ̇(t)dt ,# '--%= )*% #!"$%9 "(/)*%1 0/1+ /0 H//>%D# -'$ ,#
τ̇ = G0γ̇9I*% #,+8-% #*%'1 '( 7% #%) 48 %B8%1,+%()'--6 5%16 %'#,-6 $*,* ,# $*61*%/-/3,#) $,-- /0)%( +/=%- #,+8-% #*%'1 -'$#9 H/$%5%1< #,+8-% #*%'1 =/ (/)3,5% )*% 04-- +%*'(,'- 7%*'5,/41 /0 ' +')%1,'-9 I*,(> /0 )*% C%$)/(,'('#% /0 EF9 GJ ' C%$)/(,'( ?4,= *'# )$/ =,#),() 5,#/#,),%# 4#4'--6 (/)%= µ'(= λ 74) ' #,+8-% #*%'1 ?/$ /0 ' C%$)/(,'( ?/$ '( /(-6 3,5% '( ,(0/1K+'),/( /( µ9 I/ *'5% #8%,2 ,(0/1+'),/( /( λ



 !"  !"#$% &'$()")&%*()!**%$ + (,-*.)()!* /)(,%'.%
∂tp(t, σ) = −G0γ̇(t)∂σp−

1

T0

H(|σ| − σc)p(t, σ)

+ Γ(p(t))δ(σ) + αΓ(p(t))∂2
σp(t, σ),

Γ(p) =
1

T0

∫
H(|σ| − σc)p(t, σ)dσ,

∫

σ∈R

p(t, σ)dσ = 1#$% &' ()* +$'-./$ %0.' $1&2%.)(3 4.-'% ()%$ %02% p .' 2 5&(%.)( )5 %0$%.6$ t 2(+ )5 2 72-.2/8$ σ *0.0 02' ()%0.(9 %) +) *.%0 ':2$ /&% .' -2%0$-2 ;6$')'):. '%-$''<3 =0$( σc 2(+ α 2-$ )('%2(%' +$:$(+.(9 )( %0$ >&.+?
σc .' 2 '%-$'' %0-$'0)8+ 2/)7$ *0.0 %0$ >&.+ -$82@ .( 2 A$-) '%-$'' '%2%$ *.%0%B:.28 %.6$ T0 CD +$'.9(2%$' %0$ D$27.'.+$ 5&(%.)(E 2(+ α 2%' 2' 2 )(%-)8:2-26$%$-? %0$ 0.90$- αF %0$ 8$'' %0$ >&.+ 2( '%-&%-&-$ .%'$85 2(+ %0$ 6)-$.% /$027$' 8.G$ 2 H$*%)(.2( >&.+3=0$ .+$2 /$0.(+ %0.' 6)+$8 .' %) .629.($ %02% .( %0$ 62%$-.28 .' )6:)'$+)5 6$')'):. :2-%.8$' *0.0 &(+$-9) %0$ '0$2- -2%$ γ̇(t)3 I20 )5 %0$'$:2-%.8$ 02' .%' )*( '%-$''3 =0$( p(t, σ)dσ .' %0$ 82''.28B %0$ (&6$- )5:2-%.8$' *0)'$ '%-$'' .' 2-)&(+ σ *.%0 82%.%&+$ dσ3 H)* *0$( '&/6.%%$+%) 2 '0$2- -2%$ γ̇(t) %0$ '%-$'' )5 2 :2-%.8$ $7)87$' *.%0 %0$ 5)88)*.(9 -&8$?.5 .% .' '6288$- %02( %0$ '%-$'' %0-$'0)8+ σc %0$( .% $7)87$' 8.($2-8B .( %.6$3=0.' /$027.)&- .' 288$+ 2( $82'%. /$027.)&- '.($ .% 6.6.' %0$ /$027.)&-)5 62-)'):. $82'%. D))G$2( ')8.+'3 J5 %0$ '%-$'' 9-)*' /$B)(+ σc %0$(%0$ :2-%.8$ *.8 $(%$- .(%) 2 -$82@2%.)( :02'$ 2(+ .%' '%-$'' *.88 $@:)($(%.288B+$-$2'$ %) 03 =0$ 82'% 6$02(.'6 .' %0$ 5)88)*.(9? *0$( 2 :2-%.8$ -$82@$'%) 0 .% *.88 .(+&$ 2 6)+.K2%.)( )5 %0$ '%-$'' %) 288 %0$ )%0$- :2-%.8$'3 =0.'2)&(%' 5)- %0$ :82'%. /$027.)&- )5 %0$ 62%$-.283=0$ $1&2%.)( 9.7$' %0$ 6$')'):. '%2%$ p3 =0$ 27$-29$ :-)$+&-$ *$6$(%.)(($+ 288)*' %) -$)7$- %0$ 62-)'):. '%-$'' τ /B

∫

σ∈R

σp(t, σ)dσ.4)- 6)-$ +$%2.8' )( %0$ &(+$-8B.(9 :0B'.28 .+$2'F *$ -$5$- %) L!M℄ 2(+LO"℄3 !"! #$%% &'()*+,-% .*/'%,0-1,*(#$% &' .(%-)+&$ 0$-$ )&- ($* 6)+$83 P.($ %0.' .' 2 K-'% 2%%$6:% *$ 027$62+$ '.6:8.K2%.(9 2''&6:%.)('3 Q&- 6)+$8 )(8B *)-G' 5)- 7$8).%.B K$8+'



 !"! #$%&'()*+($,  !"
u #$%$ '() %*+,-()..%/0)1 2. .3$ 4$) 5'3$6 .4().. 4)*.+(7 /) %4 8,).+9.+-%: +( 8,'(+.+-%: .$+30; /) 4(')0)..1 <+#)=)( #) #%00 .)4 +3( ,+;)0+* 4$) >300 .-') +> .6,,)4(% ,'4(%).1 ?) @+4) Σ 4$) 8,).+.+-%: ='(%9'/0)1 A$) .4'4) %. .4%00 ;).(%/); /6 ' -(+/'/%0%46 ;)*.%46 p #%4$ ().-)4 4+4$) B)/).C3) ,)'.3() +* 4$) .6,,)4(% ,'4(%). D'00 4$) 4)$*%'0 ;)4'%0.'* /) >+3*; +* E)4%+* FG1 A$) *+(, 3.); %. |Σ|2 = Tr(ΣΣT )1 A$) ='(%'/0)
x %. 4$) .-') -+.%4%+* '*; '. .3$ ' =)4+( +> R

31 A$) )H3'4%+* ()';.I
∂tp(t, x,Σ) + u · ∇xp− ga(Σ,∇u) : ∇Σp =

− 2G0D(∇u) : ∇Σp(t, x,Σ)

− 1|Σ|>σc
(Σ)

T0
p(t, x,Σ) + Γ(p)(t, x)ρ(Σ)

+ αΓ(p)(t, x)∆Σp(t, x,Σ) DJ1"G#%4$ ga(T,∇u) = TW (∇u)−W (∇u)T −a(D(∇u)T +TD(∇u)) '*; D(M)7
W (M) '() 4$) .6,,)4(% '*; .K)#9.6,,)4(% -'(4 +> 4$) ,'4(%L M 1 A$)+-)('4+(. ∆Σ '*; ∇Σ '() ;).(%/); /)0+#1 ρ %. ' (';%'0 ;)*.%46 -(+/'/%0%46#%4$ +,-'4 .3--+(4 %* 4$) /'00 {|Σ| < σc}7 ()-0'%*C 4$) M%(' ,'.. 4$'4#'. %* 4$) 1dx∗ = Qx1 ?$)* +*) $'*C). >(',)7 4$) .4().. Σ '4 -+%*4 x%. 4('*.>+(,); %* 4+ Σ∗ '4 -+%*4 x∗ #%4$ 4$) >+00+#%*C ,'4(%%'0 ()0'4%+*
Σ∗ = QΣQT 1 @+# #$)* #) #'*4 4+ #(%4) )H3'4%+*. %*=+0=%*C 4$) .4().. +(H3'*4%4%). ()0'4); 4+ 4$) .4().. #) $'=) 4+ /) '()>30 4+ 3.) H3'*4%4%). 4$'4;+ *+4 ;)-)*; +* 4$) >(',)1B)4 3. *+4) Sd 4$) =)4+( .-') +> d9;%,)*.%+**); .6,,)4(% .-') #$%$#) '00 4$) .4().. .-') Dd %. )H3'0 4+ T +( ! #$%$ ,)'*. 4$'4 4$) .4().. .-')%. +> ;%,)*.%+* n )H3'0 ().-)4%=)06 4+ ! +( UG1 V+( ' C%=)* .6,,)4(% ,'4(%L
S ∈ Sd #) *+4) /6 |S|2 4$) >+00+#%*C W30%;)'* *+(,I



 !"  !"#$% &'$()")&%*()!**%$ + (,-*.)()!* /)(,%'.%
|S|2 =

∑

i

S2
ii + 2

∑

i<j

S2
ij = Tr(SST ). #$%"&'( )*+( +,-+ +,./ )*01 ./ 20-1( .)3.4(0()+ 2*0 +,( /+0(// /5-(% 7*0 Q .) Od#+,( /(+ *2 *0+,*8*)-9 1-+0.(/& :( )*+( φQ +,( ./*1*05,./1 *2 +,( /5-( *2

d;<=;d /=11(+0. 1-+0.(/ 3(>)(3 <= φQ(Σ) = QΣQT %?,() :( ,-@(
|Σ∗|2 = Tr(Σ∗(Σ∗)T )

= Tr(QΣQT (QΣQT )T )

= Tr(QΣQTQΣTQT )

= Tr(ΣΣT )

= |Σ|2

#$%A&
/.)( QT = Q−1% ?,B/ φQ ./ - 1(+0. 50(/(0@.)8 ./*1*05,./1% '( -) -9/*/,*: +,-+ detφQ = (detQ)d+1% ',() d ./ *33 :( +,() ,-@( detφQ = 1 -)3+,() φQ ./ - 0*+-+.*) .) +,( /5-( (Sd, | · |)% 7*0 +,( /-C( *2 <0(@.+= :( /,-99-99 φQ - 0*+-+.*) .) /+0(// /5-( (@() .2 d ./ (@()%'( :.99 )*: 9**C 2*0 - 3()/.+= *2 50*<-<.9.+= p(t, x,Σ) *@(0 Sd% ?,( (D+0-/+0(// +()/*0 :.99 <( *15B+(3 <= +,( 2*01B9-

T (t, x) =

∫
Σp(t, x,Σ)dΣ #$%E&:,(0( +,( 1(-/B0( dΣ ./ /.159= ∏

i≤j

dΣij #- 1(-/B0( :,., ./ -+B-99= .)@-0.;-)+ <= 0*+-+.*) .) /+0(// /5-(&% '( (D+()3 +,( 0(9-D-+.*) 5-0+ <= @.0+B-99=+,( /-1( 2*01B9- +,-) .) *)( 3.1()/.*) (D(5+ +,-+ 2*0 .)*150(//.<9( F*:/*)9= +,( 3(@.-+*0. 5-0+ *2 +,( /+0(// 1-+0.D /,*B93 <( +-C() .)+* -*B)+%7*0 -)= /=11(+0. 1-+0.D Σ :( :.99 )*+( <= Σdev +,( 3(@.-+*0. 5-0+ *2 +,(1-+0.DG Σdev = Σ − (TrΣ)/dId #Σ 7→ Σdev ./ +,( *0+,*8*)-9 50*H(+.*) *)+*+,( /5-( *2 +0-(9(// 1-+0.(/&% '( )*: )*+( Γ(p) =

∫

|Σdev|>σc

p(t, x,Σ)dΣ-)3 +,( 0(9-D-+.*) 5-0+ <(*1(/G
−1|Σdev|>σc

(Σ)

T0
p(t, x,Σ) + Γ(p)(t, x)ρ(Σ). #$%I&7*0 +(,).-9 -)3 5*//.<9= 1*3(9.J-+.*) 0(-/*) :( 3* )*+ :-)+ )((//-0.9= +*5B+ +,( K.0- 1-// /* :( 5B+ .)/+(-3 ρ :,., ./ - 0*+-+.*) .)@-0.-)+ 1(-/B0(:.+, *15-+ /B55*0+ .) +,( /(+ {|Σ| ≤ σc}% '( /B</(LB()+9= )*+( M +,(/(+ *2 +,(/( 1(-/B0(/% '( 0(59-( +,( 3.4B/.*) <= - M-59-.-);9.C( *5(0-+*0%



 !"! #$%&'()*+($,  !"#$ %&'( & )*+$,$'(*&- ./$,&(., %0*0 *2 *'3&,*&'( (0,.450 (0$ 5,.4/ (0&(/,$2$,3$2 (0$ 64-*)$&' '.,7 8&') 0$'$9.,(0 3$,*:$2 *'3&,*&'$ (0,.450 &9,&7$ 0&'5$;< =0$ ./$,&(., *2 (0$'
∆Σp =

3∑

i=1

∂2
Σii
p+ 1/2

∑

i<j

∂2
Σij
, 8>< ?;&') (0$ )*+42*.' (0$' @$.7$2

αΓ(p)∆Σp. 8><  ;A.% 9., (0$ $-&2(* /&,( %$ B42( %&'( (. .@(&*' C..D$E2 -&% 9., -*'$&,$-&2(**(F 2. %$ /4(G
2G0D(u) : ∇Σp. 8>< H;2. (0&( %0$' %$ *'($5,&($ &5&*'2( Σ %$ .@(&*' G0D(u) %0$,$ : *2 (0$ 424&-($'2., .'(,&(*.' A : B =

∑

i,j

AijBij 82$$ @$-.%;< I*'&--F %$ 0&3$ (. (,$&((0$ (*7$ )$,*3&(*3$< J2 424&- %$ 0&3$ (. 42$ &' .@B$(*3$ (*7$ )$,*3&(*3$&') 9., (0&( %$ 0&3$ (. &)) ($,72 (. (0$ $K4&(*.' @$&42$ %$ '$$) (. 7&D$24,$ (0&( (0$ ,$24-(*'5 ($'2., *2 9,&7$ *')*+$,$'(< J-.'5 (0$ -*'$ .9 (0$L//$,M.'3$($) N&O%$-- 8LPN; 7.)$-Q %$ %&'( (0$ *'$,(*&- /&,( (. -..D-*D$ G
dT

dt
+ ga(T,∇u) = ∂tT + u · ∇xT + ga(T,∇u), 8>< !;%0$,$ ga(T,∇u) = TW (∇u) − W (∇u)T − a(D(∇u)T + TD(∇u)) %*(0

D(∇u) = (∇u + (∇u)T )/2 &') W (∇u) = (∇u − (∇u)T )/2 &') a ∈ [−1, 1]<J(4&--F %0$' (0$ R.% *2 *'.7/,$22*@-$ 8*<$< %0$' %$ 0&3$ div u = Tr(D(∇u)) =
0 (0$ 2&7$ )$,*3&(*3$ &' @$ 42$) &( (0$ 7$2.2./* -$3$-< S')$$)Q -$( 42.'2*)$, (0$ ($,7 ga(Σ,∇u) : ∇Σp< S( *2 .7/.2$) .9 ($,72 .9 (0$ 9.,7
MΣ : ∇Σp ., ΣM : ∇Σp %0$,$ M *2 & (,&$-$22 7&(,*O 8$*(0$, @$&42$ N *22D$%M2F77$(,* ., @$&42$ *(2 (,&$ *2 div u = 0;< A.% 74-(*/-F @F Σ &')*'($5,&($ .3$, 2(,$22 2/&$< L2*'5 6*'2($*'E2 2477&(*.' .'3$'(*.' %$ 0&3$G

[∫

Σ

(MΣ : ∇Σp(Σ)) ΣdΣ

]

ij

=

∫

Σ

MklΣlm∂Σkm
p(Σ)ΣijdΣ

= −
∫

Σ

Mklp(Σ)∂Σkm
(ΣijΣlm)dΣ

= −
∫

Σ

Milp(Σ)ΣljdΣ −
∫

Σ

Mllp(Σ)ΣijdΣ8>< >;



 !"  !"#$% &'$()")&%*()!**%$ + (,-*.)()!* /)(,%'.%#$%& '%()*& +$( ,-))-.%/0 12+3%4 3()2+%-/5
∫

Σ

MΣ : ∇ΣpΣdΣ = −MT − Tr(M)T 678 9:;/%*(/+)' +$%& =3->(& +$2+ .$(/ -/( %/+(032+(& −G0D(∇u) : ∇Σp 202%/&+
Σ -/( ?/*& 2G0D(∇u)T 2& %/ +$( @AB B-*()8 C-. 2& .( /-+(*D +$(12+3%4 .( -/&%*(3 23( +32()(&& &- %, .( %/+(032+( +$( +(31 ga(Σ,∇u) : ∇Σp202%/&+ Σ .( ?/* −ga(T,∇u)8 E( 2/ 2)&- /-+( 2/-+$(3 ,2+ -/ +$( +(31
ga(Σ,∇u) : ∇p5 %+& %/+(032) %& 0 F/*(3 +$( -/&+32%/+ +$2+ div u %& 08 ;/*((* %,.( %/+(032+( -/( -, +$( +(31& -, ga(Σ,∇u) : ∇p 2& .( *%* G(,-3( GF+ .%+$-F+1F)+%=)'%/0 G' Σ .( -G+2%/5

∫

Σ

(MΣ : ∇Σp(Σ)) dΣ =

∫

Σ

MikΣkj∂Σij
p(Σ)dΣ

= −
∫

Σ

Miip(Σ)dΣ

678 H:.$%$ '%()*& +$( 0(/(32) 3()2+%-/5
∫

Σ∈Rn

ga(Σ,∇u) : ∇Σp(Σ)dΣ = 2a(div u)

∫

Rn

p. 678 I:E( ?/2))' -G+2%/ +$( ,-))-.%/0 1-*()5
∂tp(t, x,Σ) + u · ∇xp− ga(Σ,∇u) : ∇Σp =

− 2G0D(∇u) : ∇Σp(t, x,Σ)

− 1|Σ|>σc
(Σ)

T0
p(t, x,Σ) + Γ(p)(t, x)δ0(Σ)

+ αΓ(p)(t, x)∆Σp(t, x,Σ).%+$ ga(T,∇u) = TW (∇u)−W (∇u)T − a(D(∇u)T + TD(∇u))8 C-+( +$2+%/+(032+%/0 +$%& (JF2+%-/ 202%/&+ -/( '%()*& +$( 0(/(32) 3()2+%-/5
∂t

∫
p− 2a(div u)

∫
p = Γ − 1

T0

∫

|Σ|>σc

p 678 ":2/* +$F& ,-3 *%>(30(/(K,3(( >()-%+' ?()*& +$( -/&(3>2+%-/ -, +$( %/+(032)-, p %& (JF%>2)(/+ +- +$( ,-))-.%/0 3()2+%-/ G(+.((/ LF%*%+'
Γ =

1

T0

∫

|Σ|>σc

p. 678 M:



 !"! #$%& '()*+,)  !"#$% &'()*('+, '& ($%, %-*(/0 ($% &*1% *& ', ($% +,% 2'1%,&'+,*/ 345 4%( )&,+6 7%67'(% ($% &0&(%1 ', ,+, 2'1%,&'+,*/ 8*7'*9/%&5 :% &%(;
Σ′ =

Σ

σc
, p′ = σn

c p, Γ′ =

∫

|Σ′|>1

p′(Σ′)dΣ′, <=5>?@A+7 1%&+&+B' 8*7'*9/%& *,2
x′ =

x

L
, t′ =

t

T
, u′ =

T

L
u <=5> @A+7 1*7+&+B' 8*7'*9/%&5 C+6 ',(7+2)',D ($% ($7%% 2'1%,&'+,/%&& ,)19%7&

λ =
G0

σc
, We =

T0

T
, µ =

α

σ2
c

, <=5>>@6% 7%67'(% ($% &0&(%1 *&
∂tp(t, x,Σ) + u · ∇xp− ga(Σ,∇u) : ∇Σp =

− 2λD(u) : ∇Σp(t, x,Σ)

− 1|Σ|>1(Σ)

We
p(t, x,Σ) +

1

We
Γ(p)(t, x)δ0(Σ)

+
µ

We
Γ(p)(t, x)∆Σp(t, x,Σ) <=5>!@+1B/%(%2 6'($ ($% +,&(7*',(

∫

Rn

p = 1, <=5>=@*,2 &+1% ','('*/ +,2'('+,54%( )& B+',( +)( ($*( 6% 6+7E +, ($% &011%(7' 1*(7'%& &B*% ,+( ($%(7*%/%&& &011%(7' +,%5 :'($ +,/0 1',+7 $*,D%& 6% +)/2 6+7E ', ($'&&B*% <($'& 6+)/2 1%*, 6+7E',D ', *, n− 1F2'1%,&'+,*/ &B*% ',&(%*2 +A *,
nF2'1%,&'+,*/ &B*% 6'($ n = d(d+ 1)/2 *,2 d '& 2 +7 3 *,2 '& ($% B$0&'*/&B*% 2'1%,&'+,@ !" #$%& '()*+,)#+ &()20 ($% D/*&& (7*,&'('+, ', +)7 1+2%/ '& (+ &()20 ($% /+6 2%A+71*('+,7*(% /'1'( +A ($% &(*('+,*70 8%7&'+, +A <=5>!@5 #$% G)%&('+, '& %G)'8*/%,(



 !"  !"#$% &'$()")&%*()!**%$ + (,-*.)()!* /)(,%'.%#$ %#&'()*+ #,- .)/)# 0% ε → 0 $1 0 %$.&#)$* pε 2%&33$%-' #$ -4)%#56 $1 #,-1$..$7)*+ 38$9.-/




− µΓε∆pε + ε
(
AΣ + A0

)
· ∇pε + 1|Σ|>1(Σ)pε = Γερ,

Γε =

∫

|Σ|>1

pε(Σ)dΣ,

23/2 =

∫

R6

pε(Σ)dΣ.:# )% 0#&0..( /$8- $*<-*)-*# #$ 7$8= 7)#, #,- 1$..$7)*+ ->&)<0.-*# %(%#-/67,-8- 7- ,0<- %-3080#-' 7,0# ,033-*% )*%)'- 0*' $&#%)'- #,- &*)# 90..?




− µΓε∆qε + ε(AΣ + A0) · ∇qε = Γερ )* |Σ| < 1,

− µΓε∆rε + ε(AΣ + A0) · ∇rε + rε = 0 )* |Σ| > 1,

qε = rε $* |Σ| = 1,

∂nq
ε = ∂nr

ε $* |Σ| = 1,∫

|Σ|≤1

qε(Σ)dΣ +

∫

|Σ|>1

rε(Σ)dΣ = 23/2.

2!?@A5
B-# &% 38-)%- #,- /0#,-/0#)0. %-##)*+? C,- 0*0.(%)% $*'&#-' )* #,-303-8 )% *$# 1&..( D&%#)E-' 1$8 #7$ 8-0%$*%? F)8%#.(6 7- 0%%&/- -4)%#-*- 0*'&*)>&-*-%% $1 %$.&#)$*% $1 G(%#-/ 2!?@A5 )* 0 38$3-8 1&*#)$*0. %-*%-? C,)%)% *$# 0# 0.. 0 .)+,# $9D-#)$*H -<-* 1$8 #,- 1d /$'-. 7,-8- 7- 0* $/3&#-#,- 0*0.(#)0. %$.&#)$* $1 ')I-8-*#)0. ->&0#)$*%6 #,- &*)>&-*-%% $1 0 %$.&#)$*%0#)%1()*+ #,- )*#-+80. $*%#80)*# 8->&)8-% 0 .$# $1 ,-0<( $/3&#0#)$*% 2%--JAK℄ε #$ 9- #,- %(/3#$#) -430*%)$* 3.&% #,- 8-%#?B-# &% %#08# 7)#, #7$ /)*)/0. ,(3$#,-%-%H ? C,- /-0%&8- ρ 9-.$*+% #$ #,- %30- M∩W−1,β(B) 1$8 1 < β ≤ 2?@? Σ 7→ AΣ+A0 )% 0 ')<-8+-*-N18-- <-#$8 E-.'? O.. ,080#-8)%#) &8<-%$1 3$)*#% $1 #,- &*)# 90.. 8$%% #,- &*)# %3,-8- $&#708'.(?



 !"! #$%& '()*+,)  ! "#$%&'()*)  +,,%-) .%/ ρ = δ00 1%/(%2(/3 &'( .%,,%-*45 )#)&(6
{

− ∆E = ρ *4 |Σ| ≤ 13
E = 0 %4 |Σ| = 10 7!089:;(<4() + =4*>=( E *4 W1,β

0 (B) 7)((  !"!#$3 ?!@℄:0 B/%6 E -( ;(<4(
µc = 2−3/2

∫

|Σ|≤1

E(Σ)dΣ. 7!08C:D(& =) 4%- ;(<4( Y 3 + )$+( %. .=4&*%4 %4 &'( %6$,(6(4&+/# %. &'(=4*& F+,, )%3 &'+& 0 Y *) %4&*4=%=),# (6FF(;;(; *4 L1(B̄c)G80 B%/ (2(/# f ∈ W−1,β(B) +4; (2(/# κ > 0 &'( $/%F,(6




− κ∆q̄ = f *4 |Σ| < 1

− κ∆r̄ + r̄ = 0 *4 |Σ| > 1

q̄ = r̄ %4 |η| = 1

∂ν q̄ = ∂ν r̄ %4 |η| = 1*) -(,,H$%)(; *4 W1,β(B) × Y 0I. -( .%,,%- ?J!3 JJ℄3 -( K4%- &'+& &'(/( 6=)& F( + %4)&+4& ω > 0 )% &'+&-( %=,; &+K( Y &% F( {u, exp(ω|Σ|)u ∈ W1,β(B̄c)} F=& L/%$(/&*()  +4; 8+/( &'( %4,# %4( -( /(+,,# 4((;0D(& =) 4%&( θe(Σ) = |Σ| − 1 &'( (M&(/*%/ ;*)&+4( &% &'( =4*& )$'(/(0 N%-&'( 6+*4 /()=,& +4 F( )&+&(;O !"#$"% &'('  ! "# $ %&'() *+,-.&+) (qε, rε) +# 7!08J: &* .+ /$'( $) $*0123.+.& (52$)*&+) 6&./ .(71* &) W1,β #+7 qε $)8 &) Y #+7 rε ./() ./&*(52$)*&+) $) +),0 9( +# +)( +# ./( #+,,+6&)% .02(*
• :&7*. .02( {

q(Σ) = Q
0
+ εQ

1
+ ε2Q

2
+ . . . ,

r(Σ) = R
0
+ εR

1
+ ε2R

2
+ . . . ,

7!08P:6/(7( Qk $)8 Rk $7( #-).&+)* +# Σ!
• ;(+)8 .02(

{
q(Σ) = Q

0
+ ε1/2Q

1
+ εQ

2
+ . . . ,

r(Σ) = ε1/2R1 + εR2 + . . . ,
7!08@:6/(7( Qk &* $ #-).&+) +# Σ $)8 Rk &* $ #-).&+) +# (Σ/|Σ|, θe(Σ)/ε1/2)!



 !"  !"#$% &'$()")&%*()!**%$ + (,-*.)()!* /)(,%'.%
•  !"#$ %&'(

{
q(Σ) = Q

0
+ ε1/5Q

1
+ ε2/5Q

2
+ . . . ,

r(Σ) = ε2/5R2 + ε3/5R3 + . . . ,
#!$%&')!(#( Qk "* + ,-.%"0. 0, Σ +.$ Rk "* + ,-.%"0. 0, (Σ/|Σ|, θe(Σ)/ε2/5)121  ! µ > µc" %!( (3'+.*"0. +. 0.4& 5( 0, %&'( #!$"(' 0# #!$")'1 ! µ = µc" %!( (3'+.*"0. +. 0.4& 5( 0, %&'( #!$%&' 0# #!$")'1 ! µ < µc" %!( (3'+.*"0. +. 0.4& 5( 0, %&'( #!$")'1*+ ,+-.,/ 01.0 0123 01+4,+- 23 5+./+, 01.6 203 +7829.:+60 ;4, 01+ 1d-4<+: =>!? @,4A4320246 >$ ℄ C+.83+ 5+ .6640 ,+30,.26 +EA.632463 4; 0FA+#!$")' 04 01+ ,.6G+ 4; µ? ]0, µc[$ H1+ ,+.346 ;4, 01.0 23 -.<+ :+., 26 I+0246!$!$% !" #$%&'( )*+',-.$,- /$% 0&'(( 12/$%&'3.$,4'32-J6 0123 3+0246 5+ 5.60 04 <+0+,-26+ 01+ C+1.9248, 4; 01+ -4<+: ;4, 3-.::<+;4,-.0246 ,.0+3$ H4 /++A 20 32-A:+ 5+ 308<F 01+ 30.0246.,F 34:80246 #6402-+ <+A+6<+6+' 5201 .:34 . 3A.02.::F 14-4G+6+483 9+04, K+:< #∇u 23 .4630.60 -.0,2E .6< 01+,+ 23 64 3A.+ <+A+6<+6+'$ *+ 5.60 04 308<F 01+C+1.9248, 4; 01+ -4<+: .,486< 01+ ,+30 30.0+ #4,,+3A46<26G 04 ∇u = 0'$ L4,.:: :.332.: ,1+4:4G2.: M45 5+ .6 3+0 ∇u = εM 51+,+ M 23 . G29+6 -.0,2E.6< ε ∼ |∇u| 23 . A432029+ 68-C+, 0148G10 .3 3-.::$ L4, +E.-A:+ ;4, 01+ 2d+:46G.0246.: M45 5+ 1.9+ M =

[
1 0 0
0 −1 0
0 0 0

] .6< ε = |ε̇| = |∇u|/
√

2$ H1+6 51.05+ 5.60 04 308<F 23




− µ

We
Γ∆Σp+ ε(2λD(M) − ga(Σ,M)) : ∇Σp+

1

We
h(|Σ|)p =

1

We
Γδ0

∫

Σ∈S(Rd)

p(Σ)dΣ = 1 #!$% ' !"!# $%&'&(%)**+ K,30 1.9+ 04 ,+5,20+ 01+ -4<+: 5201 -4,+ 3820.C:+ 640.02463 .6< 9.,2.C:+3$



 !"! #$%&'( )*+',-.$,- /$% 0&'(( 12/$%&'3.$, 4'32-  !" !"$ "%& '!$(")*(+,#$%&'() *+ ,-.+ (/ ,//&+ - 1-&$& (/ *%$(+ (,+ 2-(%$+& Σ 1+-3&+ (,+4/(-($/4& -%+ 4/( .+%) /4.+4$+4( (/ 5/ 678 -4-')&$&9 :+ 3&+ (,+ -4/4$-'1-&$& /; (,+ &<-+ S(R3) (/ $5+4($;) $( *$(, R
6 .$- (,+ 2-<




Σ1999
Σ6


 7→




Σ1 Σ4 Σ5

Σ4 Σ2 Σ6

Σ5 Σ6 Σ3


 . =!9">?@,%/3A, (,$& $5+4($B-($/4C $4(+A%-($/4 /.+% (,+ &<-+ /; &)22+(%$ 2-(%$+&$& (,+ &-2+ -& $4(+A%-($/4 /.+% R

6 *$(, (,+ D+1+&A3+ 2+-&3%+ dΣ1 · · ·dΣ69E) 5+B4$($/4 /; (,+ 4/%2 /; (,+ 2-(%$+ *+ ,-.+
|Σ|2 = Σ2

1 + Σ3
2 + Σ2

3 + 2Σ2
4 + 2Σ2

5 + 2Σ2
6, =!9""?&/ *+ B4-'') &+( Σ′ ∈ R

6 $4 (,+ ;/''/*$4A *-)F
Σ′

i = Σi, =!9"!?;/% i = 1, 2, 3 -45
Σ′

i =
√

2Σi, =!9"G?;/% i = 4, 5, 69 H/* %+*%$($4A (,+ 2/5+' *$(, (,$& 4+* .-%$-1'+& *+ ,-.+=5%/<<$4A (,+ <%$2+?




− µΓ∆p+WeεL(Σ,∇)p+ h(|Σ|)p = Γρ∫

Σ∈S(Rd)

p(Σ)dΣ = 23/2 =!9"I?*,+%+ 4/* | · | $& (,+ '-&&$-' 83'$5+-4 4/%2 /4 R
6 -45 ∆ $& (,+ '-&&$-'D-<'-$-49 @,+ /<+%-(/% L $& B%&( /%5+% -45 $(& /+J$+4(& -%+ -J4+ ;34($/4&/; Σ9 K; *+ *-4( *+ -4 *%$(+ (,+ /<+%-(/% L(Σ,∇) = (AΣ + A0) · ∇ *,+%+

A $& - 2-(%$L /.+% R
6 -45 A0 $& - /4&(-4( .+(/% ;%/2 R

69 @,+ A+4+%-'+L<%+&&$/4 /; A -45 A0 $4 (+%2& /; M C a -45 λ -%+ A$.+4 $4 -<<+45$L9H/(+ /4+ .+%) $2</%(-4( ;-( $& (,-( (,+ 2-(%$+ A $& -'*-)& (%-+'+&&1+-3&+ M $&C /4&$5+%$4A (,-( *+ &(35) $4/2<%+&&$1'+ M/*&9-%)$(.*( "%& /0)$(.*( 1(*23$4,#/''/*$4A (,+ $5+-& /; (,+ 1d 2/5+' *+ *%$(+ q ;/% (,+ $4(+%$/% <-%( /; p-45 r ;/% $(& +L(+%$/% <-%(9 :+ -'&/ (-N+ (,+ :+$&&+41+%A 4321+% (/ 1+ 19 K;*+ *%$(+ (,+ &)&(+2 .+%$B+5 1) q -45 r *+ B45



 !!  !"#$% &'$()")&%*()!**%$ + (,-*.)()!* /)(,%'.%
− µΓ∆q + εL(Σ,∇)q = Γρ "# |Σ| < 1, $!%&'(
− µΓ∆r + εL(Σ,∇)r + r = 0 "# |Σ| > 1, $!%&)(
q = r *# |Σ| = 1, $!%&+(
∂nq = ∂nr *# |Σ| = 1, $!%!,(∫

|Σ|≤1

q(Σ)dΣ +

∫

|Σ|>1

r(Σ)dΣ = 23/2. $!%! (
 !"!# $%&'()*( '%+ ,-.')/0%& 01 23045(-. #*/ "#01*23. 05. 63#0"*# θe(Σ) = |Σ| − 17 05. .80.1"*1 2"90:#. 0* 05.3#"0 9;5.1.% -. :# #*/ /1"0. 9*<. :#9:0= 6*1 q :#2 r /5.# ε >*.9 0* 0% !"#"$!%& '!( ")* +(!,-*& -. /1"0.

q(Σ) =
∑

k

εk/sQ
k
(Σ), $!%!?(

r(Σ) =
∑

k

εk/sR
k
(Σ) +

∑

k

εk/sRk

(
Σ,
θe(Σ)

εl/s

)
, $!%!&(

Γ =
∑

k

c̃kε
k/s. $!%!!(@5. ;1*AB.9 Rk :1. C*3#2:1D ;1*AB.9 2.;.#2"#> *# 05. 2"1.0"*# η = Σ/|Σ|:#2 05. 6:90 E:1":CB. z = θe(Σ)/εl/s% -. .8;.0 05.< 0* C. .8;*#.#0":BBD2.1.:9"#> :0 "#A#"0D "# z :#2 /. <:F. 05. 6*BB*/"#> 6*1<:B :993<;0"*#G

∀k,m,m′, m′′ ≥ 0, ||Σ|m∇m′

Σ ∂m′

z Rk(η, z)| →z→0 0 $!%!H(-. 1.:BB 05:0 /. 5:E. 05. *#9"90.#D 1.B:0"*# Γ =

∫

|Σ|>1

r(Σ)dΣ 9*05.1. "9 : 1.B:0"*# C.0/..# 05. *.I".#09 c̃k :#2 05. ;1*AB.9 Rk :#2 Rk% -.:# 6*1<:BBD /1"0.



 !"! #$%&'( )*+',-.$,- /$% 0&'(( 12/$%&'3.$, 4'32-  !"
∫

|Σ|>1

Rk

(
Σ

|Σ| ,
θe(Σ)

εl/s

)
dΣ =

∫ +∞

1

∫

|η|=1

Rk

(
η,
ρ− 1

εl/s

)
ρ5dρdη,

=

∫ +∞

0

∫

|η|=1

Rk (η, z) (1 + εl/sz)5εl/sdzdη,

=

∫ +∞

0

∫

|η|=1

Rk (η, z)
∑

m

(
m

5

)
(εl/sz)mεl/sdzdη,

=
5∑

m=0

cmk ε
(ml+l)/s, #!$!%&'()*

cmk =

∫

|η|=1

∫ +∞

0

(
m

5

)
Rk (η, z) zmdzdη. #!$!+&,- ./01 2-34- ck )1 5-

ck =

∫

|Σ|>1

R
k
(Σ)dΣ. #!$!6&71' 80(49 )*-0- 4-'/: 2-34-2 1-<(-4)0= (> '- >1?@.//: (4)-9?.)- #!$!A& '-15).(4

Γ =
∑

k≥0

ckε
k/s +

∑

k≥0

5∑

m=0

cmk ε
(k+(m+1)l)/s

=
∑

k≥0

ckε
k/s +

5∑

m=0

∑

k≥(m+1)l

cmk−(m+1)lε
k/s.

#!$!B&C140-D8-4)/:= 9(E-4 )*- 2-34()(14 1> )*- -FG.40(14 1> Γ '- 342H
c̃k =





ck (> k < l,

ck +

min(6,m)∑

1≤m′

cm
′−1

k−m′l (> ml ≤ k < (m+ 1)l >1? m ≥ 1.
#!$"I& !"#$%&'( &) *+&,-(.,- 41' G8) )*-0- .40.-)J- (4 #!$A+&K#!$! & .42 .00-@5/- )*- )-?@0 1> )*-0.@- >1?@./ 1?2-?$ ,- 15).(4 )*- >1//1'(49 *(-?.?*: 1> -D8.)(140$



 !"  !"#$% &'$()")&%*()!**%$ + (,-*.)()!* /)(,%'.% !"#$%&' #!$%&'( )* +,- -.* /01/-2 #3$ 4/' /05 -.* /01/-2 #3$ 4' 70 #!$%&'(
0 ≤ k ≤ s− 1 : − µ

k∑

k′=0

c̃k′∆Q
k−k′

= c̃kρ,

s ≤ k : − µ
k∑

k′=0

c̃k′∆Q
k−k′

+ L(Σ,∇)Q
k−s

= c̃kρ.

#!$8 /'
 !"#$%&' #!$%4'( )* +,- -.* /01/-2 #3$ 49' /05 -.* /01/-2 #3$ 4' 70 #!$%4'$:; 5; -.* ;<+,-/-7;01 =* 0**5 1;<* 57>*?*0-7/@ /@,@,1 A;?<,@/*$ B;-* f/ A,0-7;0 ;A Σ ∈ R

n /05 z ∈ R$ :.*0 =* ./C*
∇

(
f

(
Σ

|Σ| ,
θe(Σ)

εl/s

))
=

1

|Σ|∇tanf

(
Σ

|Σ| ,
θe(Σ)

εl/s

)
+

1

εl/s
∂zf

(
Σ

|Σ| ,
θe(Σ)

εl/s

)
Σ

|Σ| ,

∆

(
f

(
Σ

|Σ| ,
θe(Σ)

εl/s

))
=

1

|Σ|2∆tanf

(
Σ

|Σ| ,
θe(Σ)

εl/s

)
+

1

εl/s

n− 1

|Σ| ∂zf

(
Σ

|Σ| ,
θe(Σ)

εl/s

)

+
1

ε2l/s
∂2

zf

(
Σ

|Σ| ,
θe(Σ)

εl/s

)
.:.* A;?<,@/ 71 C/@75 7A =* +@/* ;,?1*@C*1 70 / 1+/* ;A 57<*017;0 n 9,- .*?*

n = 6$ :.* ;+*?/-;?1 ∇tan /05 ∆tan ;+*?/-* ;0 -.* D?1- ;<+;0*0- ;A f;0@E$ :.*7? 5*D07-7;01 71 /1 A;@@;=(
(∇tan)f(η) = Πη⊥∇f, #!$8 9'=.*?* Πη⊥ 71 -.* ;?-.;F;0/@ +?;G*-7;0 ;0-; -.* C*-;? 1+/* {η}⊥ /05

(∆tanf)(η) = Tr(ΠT
η⊥d2f(η)Πη⊥) + ∇f · η. #!$8 'H5*0-7AE70F A;?</@ +;=*?1 ;A ε /05 ,170F -.* A;?</@ 5*/E ;A -.* 9;,05/?E+?;D@*1 ;0* D051 A;? -.* 0;0 IJ -*?<1 (

0 ≤ k < s : − µ

k∑

k′=0

c̃k′∆R
k−k′

+R
k

= 0

s ≤ k : − µ
k∑

k′=0

c̃k′∆R
k−k′

+R
k

= −L(Σ,∇)R
k−s

#!$8 5'



 !"! #$%&'( )*+',-.$,- /$% 0&'(( 12/$%&'3.$, 4'32-  !"#$% &'( )*+ ,'-$%#(. /#.+( )+(012
− 2l ≤ k < −l :

− µ
k+2l∑

k′=0

c̃k′∂2
zR

k+2l−k′

= 0,

− l ≤ k < 0 :

− µ

k+2l∑

k′=0

c̃k′∂2
zR

k+2l−k′ − 5µ

|Σ|

k+l∑

k′=0

c̃k′∂zR
k+l−k′

,

= 0

0 ≤ k < s− l :

− µ
k+2l∑

k′=0

c̃k′∂2
zR

k+2l−k′ − 5µ

|Σ|

k+l∑

k′=0

c̃k′∂zR
k+l−k′

− µ

|Σ|2
k∑

k′=0

c̃k′∆tanR
k−k′

+ Rk = 0,

s− l ≤ k < s :

− µ
k+2l∑

k′=0

c̃k′∂2
zR

k+2l−k′ − 5µ

|Σ|

k+l∑

k′=0

c̃k′∂zR
k+l−k′

− µ

|Σ|2
k∑

k′=0

c̃k′∆tanR
k−k′

+ Rk + L

(
Σ,

Σ

|Σ|

)
∂zR

k−(s−l) = 0,

s ≤ k :

− µ

k+2l∑

k′=0

c̃k′∂2
zR

k+2l−k′ − µ

k+l∑

k′=0

c̃k′

5

|Σ|∂zR
k+l−k′

− µ

|Σ|2
k∑

k′=0

c̃k′∆tanR
k−k′

+ Rk

+ L

(
Σ,

Σ

|Σ|

)
∂zR

k−(s−l) +
1

|Σ|L(Σ,∇tan)R
k−s = 0, 3!45 +6 !"#$%&' 3!47862 9*+ '$);$-;). (+/#);'$ )(#$1/#)+1 ;$)'

0 ≤ k : Q
k
(η) = R

k
(η) +Rk(η, 0) ∀η, |η| = 1. 3!45 &6 !"#$%&' 3!4!<62 9*+ '$);$-;). '& )*+ %+(;=#);=+ )(#$1/#)+1 ;$)' 3>;=+$ )*#)



 !"  !"#$% &'$()")&%*()!**%$ + (,-*.)()!* /)(,%'.%
θ′e #$ %&% '()&*+

0 ≤ k < l : 0 = ∂zR
k(η, 0) ∀η, |η| = 1, ,!-. /*

0 ≤ k : ∇Qk
(η) · η = ∇Rk

(η) · η + ∂zR
k+l(η, 0) ∀η, |η| = 1. ,!-. 0* !"#$%&' ,!-! *+ 1#%2334 5( /(6 7)&8 9:- ,!-! * 60( 7&33&5#%/ &%$6)2#%6$ 7&)60( <)&=3(+

k = 0 :

∫ 1

−1

Q
0
(σ)dσ + c̃0 = 23/2,

k > 0 :

∫ 1

−1

Q
k
(σ)dσ + c̃k = 0.

,!-. #*
 ! "#$ %&'()*$'+), -./0,$*1>0( =)$6 <2)6 &7 60( <)&&7 &7 >0(&)(8 !- #$ 6& 3&&? 7&) 60( 7@%A28(%623<)&B3(8$C 6026 #$ 60( <)&B3(8$ $&3D(A B4 60( 6()8$ &7 3&5() &)A() Q0C R0-1#)$6C 5( /#D( 0()( 2 <)&<&$#6#&% 50#0 6(3$ @$ &% 50#0 &%A#6#&% &% 60((E<2%$#&% &7 Γε 5( 5#33 02D( B&@%A2)4 324() 6()8$- !"#"$%&%"' ()*) () *#+) &',- &') #,$).'#$%+)/

• %0 c̃0 6= 0 #,, $*) Rk #.) %1)'$%#,,- 03
• %0 c̃0 = 0 #,, $*) Rk #.) %1)'$%#,,- 03 () #,4& *#+) $*#$ #,, $*) &)56%)'$4 c̃1, . . . , c̃2l−1 7"4$ 8) 0 9*%,) c̃2l 7"4$ 8) :&4%$%+)3 ;%'#,,- 9) *#+)$*#$ R0, . . . , Rl−1 7"4$ 8) %1)'$%#,,- 03<.&&03 1#)$6 3(6 @$ 2$$@8( 6026 c̃0 6= 0- F( 2% 62?( 9: ,!-. (* 5#60 k = −2l50#0 /#D($ 60( (:@26#&%

−µc̃0∂2
zR

0 = 0 ,!-.G*50#0 8(2%$ 6026 R0 #$ 2H%( #% z B@6 $#%( R0 8@$6 A(24 (E<&%(%6#2334 6&
0 50(% z /&($ 6& #%=%#64 60#$ /#D($ R0 = 0 #A(%6#2334- I&5 5( $(( 6026 $#%(
c̃0 6= 0 62?#%/ k = −2l + p #% 9: ,!-. (* &%( =%A$ 60( (:@26#&%+

−µc̃0∂2
zR

p = 6()8$ #%D&3D#%/ <)&=3($ Rj &7 &)A() j < p ,!-.J*50#0 8(2%$ 6026 5( 2% $0&5 B4 #%A@6#&% 6026 233 Rp 2)( '()& #% 60( $28(524 6026 5( A#A 7&) R0- I&5 $@<<&$( c̃0 6= 0- F( A(=%( K 6& B( 60( =)$6#%A(E 7&) 50#0 c̃k #$ %&% '()& 2%A 2$$@8( K > 0- >0(% =)$634 5( 02D( 6026233 82)&$&<# <)&=3($ Rk 2)( #A(%6#2334 '()&- K%A((A 60( (:@26#&% /#D#%/



 ! ! "#$ %&'()*$'+), -./0,$*1  !"#$% &'()*%+ Rk ,'% -!./ 01 ,20 '%,03*4 536% Rk
= 0 74 3208#3(2 +32% 32 #$%+8: −µ

k∑

k′=0

c̃k′∆R
k−k′; %3#$%' #$% (%<3%2# 3+ =%'( (' #$% &'()*% 3+ 30%2#3,**4=%'(. >(2+%?8%2#*4 #$% ck  !"  #$%  ## 0& '%( $)**%$" 0 < K < 2l& +,"- (" - ,"/ 0, 0 0," "1) 02%-$ 34&56"7 $ 02$8"9 :; 0," Rk  - :" (!200"-  $

−µcK∂2
zR

0 = 0,

−µcK∂2
zR

k = 0"!<$ 2-=%#=2-> *!%8#"$ Rj )* 0% %!9"! k − 1,(,2, >2="- 0," 9" ; ! 0"$  $/"9 %? 0," *!%8#"$  -9 (20,  #" ! 2-9)02%-2<*#2"$ 0, 0  ## Rk $,%)9 :" 0 (,2, 2$ %-0! 920%!; 0% c̃K 6= 0& @% K <)$0:" >!" 0"! %! "1) # 0, - 2l& A"0 )$ $,%( 0, 0 20  --%0 :" 92B"!"-0 ?!%< 2l&C$$)<" 20 2$ 0,"  $"& +,"- :; #%%/2->  0 34&56"7 ?%! k = 0 0% k = K−2l−1(" $"" 0, 0 0," "1) 02%-$ %-#; 2-=%#=" 0," %"D2"-0$ )* 0% c̃K−1 (,2,  !"  ##E"!% :; %)!  $$)<*02%-& +,"- (" , ="  0 #" $0 R0 29"-02 ##; 0& +,"- (" $""0, 0 0," "1) 02%-$ ?%! 0," ?%##%(2-> *!%8#"$  !" Rk = 0"!<$ 2-=%#=2-> *!%8#"$%? #%("! %!9"! $% 0, 0 %-"  > 2-F :; 2-9)02%-F  ## *!%8#"$  !" 29"-02 ##;E"!%&+,)$ (" -""9 0% , =" K = 2l& G2- ##; (" *!%=" 0, 0 2- 0,2$  $" (" <)$0, =" R0, . . . , Rl−1 "1) # 0% E"!%& H-%(2-> 0," 8!$0 -%- E"!% %"D2"-0 (" - 8-9 0," "1) 02%- $ 02$8"9 :; 0,"$" *!%8#"$& I" , =" 0% 0 /" k = 0 0%8-9 0," "1) 02%- %? R0 (,2, 2$
−µc̃2l∂

2
zR

0 +R0 = 0. 34&547'%( 0,2$ "1) 02%- 2$ %<* 02:#" (20, 0," 9" ; ! 0" ("  $/ %? 0," *!%8#" -9 >2="  $%#)02%- %? 0," ?%!< A(η) exp(−z/
√
µc̃2l)& J)0 %-$29"!2-> 0,":%)-9 !; %-9202%- 34&56,7 (" $"" 0, 0 ∂zR

0 <)$0 :" 0 %- 0," )-20 $*,"!"$% 0, 0 A <)$0 :" 0  0) ##; :" 29"-02 ##; 0  -9 $% 2$ R0& +," $ <" ,%#9$?%! R1, . . . , Rl−1 $2-" 0,"; $ 02$?; 0," $ <" *!%:#"<  $ R0 (20, 0," $ <":%)-9 !; %-9202%-$ %- 0," $*,"!"& K%("="! ("  --%0  **#; 0,2$ !" $%--2->0% Rl :" )$" 20$ :%)-9 !; %-9202%- 2$ >2="- :; 0," 0! " %? Q0 %- 0," $*,"!"2- =2"( %? 34&56,7&+,2$ $"%-9 *!%*%$202%- (2##  ##%( 0% 92$02->)2$,  ## 0," ?)-9 <"-0 # *!%:L#"<$ !"#"$%&%"' ()*)  !"# $!% $& '(% '()%% &$""$*+!, -$..+/+"+'+%. 1! $2)3



 !"  !"#$% &'$()")&%*()!**%$ + (,-*.)()!* /)(,%'.% !"# $% c̃0 6= 0  !" #$% &'!" (%!# ) *+,-)%( ./




− µ∆Q
0

= ρ .! |Σ| < 1

− µc̃0∆R
0
+R

0
= 0 .! |Σ| > 1

Q
0

= R
0 ,! |η| = 1

∂νQ
0

= ∂νR
0 ,! |η| = 1∫

|Σ|<1

Q
0
(Σ)dΣ = 23/2 − c̃0

c̃0 > 0

#$%!!&
 !"# &% c̃0 = 00 2l = s  !" #$% &'!" (%!# ) *+,-)%( ./





− µc̃2l∆Q
0
+ L(Σ,∇)Q

0
= c̃2lρ .! |Σ| < 1,

Q
0

= 0 ,! |Σ| = 1,

c̃2l > 0∫

|Σ|≤1

Q
0
(σ)dΣ = 23/2.

#$%!'&
 !"# '% c̃0 = 00 2l < s  !" #$% &'!" (%!# ) *+,-)%( ./





− µ∆Q
0

= ρ .! |Σ| < 1,

Q
0

= 0 ,! |Σ| = 1,

c̃2l > 0∫

|Σ|≤1

Q
0
(σ)dΣ = 23/2.

#$%!(&
1+,,&2 )* +,- ./0+ 1*2 +,3/2 10-0 +,-/- 30 *5+,3*6 +5 7/58-% )* +,- 0-5*2 10-9- *--2 +5 7/58- +,1+ 9- 1**5+ ,18- 2l > s :-;5/- 9/3+3*6 +,- ;<*21=-*+1>7/5:>-=% ?00<=- 2l > s +,-* +,- -@<1+35* 2-.*3*6 Q0 30 L(Σ,∇)Q

0
= 05=7>-+-2 93+, +,- :5<*21/A 5*23+35* 0 5* +,- <*3+ 07,-/-% B-+ <0 /-1>>+,1+ ;5/ C,-5/-= $% 9- 5*>A 5*032-/ +,- 75003:3>3+A +,1+ Q0 30 3* W1,β%D59 9- ,18- +,- ;5>>593*6 >-==1E(#))! *+$+ 3$% *+,-)%(

{
(AΣ + A0) · ∇q̄ = 0 .! |Σ| < 1,

q̄ = 0 ,! |Σ| = 1.
#$%!F&./ 4%))5*,/%" ,! W1,β

0 (B) 6 !" #$'/ 0 ./ #$% '!.7'% /,)'#.,!82



 ! ! "#$ %&'()*$'+), -./0,$*1  ! "#$ %$&&' )&$* +,)& -./)0#$*1* 23 4$'5*$ 0#$,$ ',$ 6) *0'01)6',./)160 +), 0#$ #','0$,1*01 *.*0$&7 0#$ #','0$,1*01 5,8$* ',$ %)'%%. /',9'%%$%1:'4%$ 4. ' *510'4%$ 0,'6*+),&'01)6 )+ */'$; "#5*7 <,)4%$& =>;!?@ +'%%*4'A 0) *05B.16C
{
∂y1
q̃ = 0 16 y1 > 0,

q̃ = 0 )6 y1 = 0.
=>;!D@E#1# %$',%. C18$* q̃ = 0;F$ '6 0#$,$+),$ )6%5B$ 0#'0 Q0

= 0 '6B 0#5*7 0#'0 0#$,$ 1* ' )60,'9B101)6 4$0E$$6 Q0 4$16C :$,) '6B )+ 160$C,'% 23/2; G16'%%.7 1+ 2l ≥ s 0#$6 16+'0 2l = s;H)E C$0016C ' #)%B )6 0#$ +56B'&$60'% /,)4%$&* 1* )6$ 0#16C 450 *)%816C0#$& 1* '6)0#$, &'00$,; G), $I'&/%$7 '* *0'0$B7 J.* >;!K 1* )481)5*%. 1%%9/)*$B *16$ E$ #'8$ '4*)%50$%. 6) %16A 4$0E$$6 Q
0 '6B c̃2l E#1# )5%B 4$'6. /)*1018$ ,$'% +), '%% E$ A6)E '0 0#1* /)160; L),$)8$,7 )5, '6*'$0:$ ',$ 6)0)&/%$0$%. B$M6$B .$0 *16$ E$ #'8$ 6)0 C18$6 l '6B s; N)0# 0#$*$ B1O5%01$*',$ *)%8$B 4. %))A16C '0 *$8$,'% /,)M%$* '6B 6)0 )6%. 0#$ +56B'&$60'% )6$;F#'0 E$ '6 B) +), 0#$ &)&$60 1* 0) '**)1'0$ $'# )+ 0#$ +56B'&$60'%/,)4%$& 0) 0#$ ,'6C$ )+ µ +), E#1# 10 '6 4$ *)%8$B; "#1* 1* C18$6 4. 0#$+)%%)E16C /,)/)*101)63 !"#"$%&%"' ()*)  ! "#$! %"! &'((')*+, +!!..#/0 '/ .12!+% '+3*%*'+. '&.'($#4*(*%0 '& %"! &1+3#5!+%#( 6/'4(!5.7

• 80. 9:;; #+ '+(0 4! .'($!3 *& µ > µc<
• 80. 9:;= #+ 4! .'($!3 *& µ < µc<
• 80. 9:;> #+ '+(0 4! .'($!3 *& µ = µc<F$ E1%% /,)8$ $'# /)160 *$/','0$%.; ! !" #$%%& %& #$%'  !() *+,$- #%,./"#$ 0#1,B /)160 1* 0#$ $'*1$*0; P6B$$B )6*1B$,16C 0#$ <QR '6B 0#$ 4)56B',.)6B101)6 E$ 1&&$B1'0$%. *$$ 0#'0 Q0

= E/µ; H)E 1+ E$ /%5C 10 160) 0#$160$C,'% )6*0,'160 E$ )40'16 '6 $S5'01)6 )6 µ E#1# +'%%* 4'A 0) µ = µc;
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AΣ + A0 "!22 (/# 4+1( 2)/#"# !4('*",6%7A',+ @.$@$+,&,$- ,+ (++(-&,044> -$&,-8 &'0& &'( ?(&$. 1(42 2(@(-2+ ?(.>+,/@4> $- λ +,-( ,& $-4> 0@@(0.+ ,- A0 = λA0 %'(.( A0 2$(+ -$& 2(@(-2 $-0->&',-8 (4+( &'0- &'( 8,?(- M 5 M$-+()*(-&4> %'(- λ ,+ 40.8(< &'( ?(&$.1(42 ,+ ,- &'( 4,/,& 0 $-+&0-& ?(&$. 1(42 0-2 '0.0&(.,+&, *.?(+ 0.( @0.044(44,-(+ 0-2 &'( .(04 '0.0&(.,+&, *.?(+ +'$*42 3( -(0. @0.044(4 $-(+< 0& 4(0+&,- 0 -(,8'3$*.'$$2 $= &'( *-,& 30445 N- O(&,$- G5P %( %,44 +&*2> @0.&,*40.0+(+ 0-2 8,?( (I@4,,& 4$%(. 3$*-2+58"!!- !- 8"!)!21(1!+ 97:7 K( '0?( &$ +&*2> &'( =$44$%,-8 M0*'> @.$34(/L





dΣλ(t)

dt
= AΣλ(t) + λA0,

Σλ(0) = Σ0 ∈ B.

FG5QRHK( +(& Σλ(t) = Σλ(λt) +$ &'0& %( '0?(




dΣλ(s)

ds
=

1

λ
AΣλ(s) + A0,

Σλ(0) = Σ0 ∈ B.

FG5QQHA'( +$4*&,$- &$ &',+ ()*0&,$- 0- 3( $/@*&(2L



 !"  !"#$% &'$()")&%*()!**%$ + (,-*.)()!* /)(,%'.%
Σλ(s) = exp

( s
λ
A
)

Σ0 +

(∫ s

0

exp
( r
λ
A
)

dr

)
A0

=
(
exp

( s
λ
A
)
− Id

)
Σ0 +

(∫ s

0

exp
( r
λ
A
)

dr − sId

)
A0 + Σ0 + sA0.#$%&'()* +,- .*/0.1 2302

∥∥∥exp
( s
λ
A
)
− Id

∥∥∥ ≤ exp

( |s|
λ

‖A‖
)
− 1, #$%'"(

∥∥∥∥
∫ s

0

exp
( r
λ
A
)

dr − sId

∥∥∥∥ ≤
+∞∑

k=1

|s|k+1

λk
‖A‖k . #$%' (4356 78 -* 9*:+* Σapp(s) = Σ0 + sA0 -* 30;* 8,. 0+< C > 0%

∥∥∥Σλ − Σapp

∥∥∥
L∞(−C,C)

= O
(

1

λ

)
. #$%'=(>,2* 2302 2376 ?,5+9 76 5+78,./ 7+ Σ0 ∈ B% >,- 201* C 653 2302 C ∥∥∥A0

∥∥∥−

1 > 3 0+9 8,. 2376 C -* 0+ 0665.* 2302 ∥∥∥Σλ − Σapp

∥∥∥
L∞(−C,C)

≤ 1% 43*+ -*0+ A.,;* 2302
∥∥Σλ(±C)

∥∥ ≥ ‖Σapp(±C)‖ −
∥∥Σλ(±C) − Σapp(±C)

∥∥

≥ C
∥∥∥A0

∥∥∥− 1 − 1

≥ 2.

#$%'B(43* ,+C567,+ 76 2356 2302 30.02*.7627 5.;*6 /562 .,66 23* 5+72 6A3*.*02 C*062 2-7* -373 /*0+6 02 C*062 ,+* ,52-0.9C<% !" #$%&'()* +(*,) -./,01 23, 2)(&0.4.$&(5 6(0,
µ = µcD+ 23* A.*;7,56 6*27,+E -* 30;* 7+9*+27:*9 -373 85+90/*+20C A.,?C*/ 0.*A,667?C*% )* 30;* 0C6, F7;*+ 6,/* ,+62.07+26 ,+ 23* 2<A* ,8 A.,:C*6 -* 0+:+9 7+ 23* 0+60*2G* 0+9 ,+ 23* 2-, A0.0/*2*.6 s 0+9 l% )* 30;* <*2 2, :+9-302 ;0C5*6 23*6* A0.0/*2*. 0+ 201*% H*2 56 :.62 09/72 23* 8,CC,-7+F .*65C2I



 !"! #$%&'()* +(*,) -./,01 23, 2)(&0.4.$&(5 6(0, µ = µc  !  !"#"$%&%"' ()*)  ! "#$%$&'('$! )*+,
•  - ./ 0#/ '! 0&/ )*+ ./ 0! (02/ s = 1*
•  - ./ 0#/ '! 0&/ )*+ ./ 0! (02/ l = 1 0!3 s = 2*"#$ %&''( )*$* $+,./0 .#$ *,1$ ,&2)1$3. ,34 '1%).,.5'3* .#,. 256$.#$ *,1$ &$*)/. 53 .#$ 1d ,*$ *' 7$ &$($& .' 89:℄< ='7 7$ ,&$ /$(. .' %&'6$> !"#"$%&%"' ()+)  ! "#$%$&'('$! )*+, '- ./ 0#/ '! 0&/ )*+ ./ 0! (02/ l = 20!3 s = 5*"#5* 5* ,/*' .#$ *,1$ &$*)/. ,* 53 .#$ 1d ,*$? #'7$6$& .#$ %&''( 5* 1)#1'&$ .$#35,/< @34$$4 53 1d 7$ ')/4 '1%).$ .#$ 45A$&$3. %&'B/$* Qk ,34

Rk 7#5# 7$ ,33'. 4' ,301'&$< C). (&'1 .#$ %&''( 53 1d 7$ ,3 *$$ .#,.7#,. 7$ 1'*./0 )*$4 5* .#$ *011$.&0 '( .#$ *'/).5'3*< D$ #,6$ .' )*$ .#$%&'%$&.5$* '( .#$ $E),.5'3* .' B34 .#$ *,1$ %&'%$&.5$* '( *011$.&0< D$ ,/*'3'7 #,6$ , B&*. '&4$& '%$&,.'& 75.# 3'3 '3*.,3. '$F5$3.* .' '3.$3475.#< !"!# $%&'%&( )*+ $%,-) ./)+,%0, 1,023+4D$ *.,&. G0 '1%).532 .#$ *#,%$ '( .#$ B&*. $+.$&5'& %&'B/$>
{

− µc̃2l∂
2
zR

l +Rl = 0 ('& ,// |η| = 1 ,34 z > 0

∂zR
l(η, 0) = ∇Q0

(η) · η ('& ,// |η| = 1
H:<I:JK*532 .#,. Q0 5* &,45,/? .#5* /$,4* .' , &,45,/ %&'B/$ '( .#$ ('&1

Rl(η, z) =

√
µc̃2l

µS5
exp

(
− z√

µc̃2l

)
. H:<I9J !"!5 6+0&' 8&)+,%0, 1,093+!,-./&%"' "0 &12 32"'5 6'&2!%"!  !"782D$ 3'7 /''L ('& .#$ B&*. 3'3 .&565,/ %&'G/$1 ('& Qk? k > 0< M* 53 .#$ 1d1'4$/ 7$ ,3 *$$ G0 , /$,& 534).5'3 G0 .,L532 H:<9 ,J 75.# k = 2l+ p .#,.('& p = 1, . . . ,min(s − 2l, l)? Qp ,.),//0 *,.5*B$* ,3 $//5%.5 /53$,& $E),.5'375.# 0 ,* , &52#. #,34 *54$ ,34 75.# N5&5#/$. '345.5'3 '3 .#$ G')34,&0 *'5. 5* 3$$**,&5/0 O$&'< @( s − 2l > l .#$3 .#$ B&*. 3'3 .&565,/ %&'G/$1 5* .#$'3$ ('& Ql 7#5# 5*
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− µc̃2l∆Q
l
= 0 #$ |Σ| < 1,

Q
l
= Rl(0) %$ |Σ| = 1,∫

|Σ|≤1

Q
l
(σ)dΣ = 0.

&'()!*+,- .%/01#%$ 1% 1,#. 23%4/-5 #. /-73/8 9#:-$ 48 1,- %$.17$1 ;0$1#%$ Rl(0)(<01 -$;%3#$9 1,- #$1-937/ %$.137#$1 /-7=. 1% c̃2l = 0 >,#, #. ;%34#==-$( ?%>- 50.1 ,7:- s− 2l ≤ l( ?022%.- s− 2l = l( +,-$ 1,- 23%4/-5 .71#.@-= 48
Q

s−2l #. 



− µc̃2l∆Q
s−2l

= −L(Σ,∇)Q
0 #$ |Σ| < 1,

Q
s−2l

= Rl(0) %$ |Σ| = 1,∫

|Σ|≤1

Q
s−2l

(σ)dΣ = 0.

&'()A*B- 7$ 9-1 3#= %; 1,- 4%0$=738 %$=#1#%$ 48 /#$-73#18 .% Qs−2l
= Rl(0) +G>,-3- G .71#.@-.

{
− µc̃2l∆G = −L(Σ,∇)Q

0 #$ |Σ| < 1,

G = 0 %$ |Σ| = 1,
&'()C* !"#$%&%'!( !) %*+ ,(%+-.&/ !) Qs−2lB- $%> #$13%=0- 1,- 1-.1 ;0$1#%$.

ψ0 =
1

12
(1 − |Σ|2), &'())*

ψ =
1

12µc̃2l

(1 − |Σ|2). &'( DD*+,#. ;0$1#%$ 7$ ,-/2 0. #$1-9371- G %$ 1,- 47//( E0/1#2/8#$9 1,- -F071#%$%$ G 48 ψ 7$= #$1-9371#$9 48 2731 1>#- 8#-/=.
∫

|Σ|≤1

G(Σ)(−µc̃2l∆ψ(Σ))dΣ = −
∫

|Σ|≤1

L(Σ,∇)Q
0
(Σ)ψ(Σ)dΣ, &'( D *



 !"! #$%&'()* +(*,) -./,01 23, 2)(&0.4.$&(5 6(0, µ = µc  !"#$% &$' #$ )'* +)#+ −µc̃2l∆ψ = 1, -& +& &./0+' +)' 1$+'23#4 &5 G 6'&$47 $''% +& &./0+' ∫

|Σ|≤1

L(Σ,∇)Q
0
(Σ)ψ(Σ)dΣ, 80+ 6' )#9'

∫

|Σ|≤1

L(Σ,∇)Q
0
(Σ)ψ(Σ)dΣ =

∫ 1

r=0

1 − r2

12µ2c̃2l

∂rQ
0
(r)r5

(∫

|η|=1

(Aη + A0) · ηdη
)

dr, :;, <=>#$% +)' 1$+'23#4 &$ +)' ?/)'3' 1? @'3& A'#0?' A 1? +3#'4'??, B)1? 1? +)'1$5&3.#+1&$ 6' $''% :#$% 1? 3'.1$1?'$+ &5 +)' 5#+ +)#+ +)' ?1.14#3 +'3.1$ +)' 1d .&%'4 6#? &%% #$% +)0? &5 @'3& 1$+'23#4 CD;℄>, F$%''% 6' $&6)#9' #2#1$ # &$+3#%1+1&$ A'+6''$ c̃2l 6= 0 #$% ∫
Q

s−2l
= 0, G&$?'H0'$+47

s − 2l < l #$% 1$ 5#+ Qs−2l
= G, F$ +)1? #?' +)' 50$+1&$ Q

s−2l I$#447?#+1?I'? +)' 5&44&61$2J
{

− µc̃2l∆Q
s−2l

= −L(Σ,∇)Q
0 1$ |Σ| < 1,

Q
s−2l

= 0 &$ |Σ| = 1,
:;, <"> !"!# $%&'( )*+,'&-' .'-/0,! !"#$%&' &( $)* +)%,- .'$*,%&, /,&01*K' $&6 4&&* 5&3 +)' $'L+ $&$ +3191#4 /3&A4'., K' #$ ?+144 4&&* #+ +)' 1$+'31&3/3&I4'?M ?1$' 6' )#9' $&+ 0?'% +)' A&0$%#37 &$%+1&$ Rl(0) 7'+, -0//&?'

l < 2s− 4l, B)'$ 6' )#9' # /3&A4'. &$ +)' /3&I4' Ql 6)1) 1?




− µc̃2l∆Q
l
= µc̃5s−l∆Q

s−2l
,

Q
l
(η) = Rl(0),∫

|Σ|≤1

Q
l
= 0.

:;, <;>B)1? ?7?+'. )#? # ?&40+1&$Ql
= Rl(0)+(c̃5s−l/c̃2l)Q

s−2l #$% 6' *$&6 +)#+ +)'1$+'23#4 &5Qs−2l 1? 0 ?& 6)#+'9'3 +)' 9#40' &5 c̃5s−l 6' ?+144 )#9' # &$+3#%1+1&$A'+6''$ ∫
Q

l
= 0 #$% c̃2l 6= 0, -& 6' .0?+ )#9' 2s − 4l ≤ l #$% +)' $'L+/3&I4' +& )#9' # $&$ +3191#4 /3&A4'. 1? Q2s−4l 6)1) )#? 'H0#+1&$
−µc̃2l∆Q

2s−4l
= −L(Σ,∇)Q

s−2l
+ µc̃s∆Q

s−2l
, :;, <D>



 !"  !"#$% &'$()")&%*()!**%$ + (,-*.)()!* /)(,%'.%#$% &'($%#)* '$%,-,'$ 0 ,. 2s − 4l < l #$% '$/-#$- ,. 2s − 4l = l0 12,$-)'%(2 # $23 -245')#)* .($-,'$ G̃ 36,6 /#-,/72/ -62 .'88'3,$9:
{

− µc̃2l∆G̃ = −L(Σ,∇)Q
s−2l

,

G̃(η) = 0,
;"0 <!=>* 8,$2#),-* 32 #$ %2'45'/2 -62 .($-,'$

Q
2s−4l

= 12s−4l=lR
l(0) + G̃+

c̃s
c̃2l
Q

s−2l
. ;"0 <?=@62 7)/- -2)4 -#A2/ ,$-' #'($- -62 5'//,&,8,-* '. 6#B,$9 # $'$ C2)' &'($%D#)* B#8(2 ,. 2s− 4l = l ;-62 &'($%#)* B#8(2 ,/ C2)' ,. 2s− 4l < l=#$% -62 8#/--3' -2)4/ #'($- .') -62 -3' 5#)-/ ,$ -62 ),96- 6#$% /,%2 '. -62 2E(#-,'$;"0 <F=0 @' /'8B2 -62 5)'&824 '$ Q2s−4l 32 6#B2 -' 62A -6#- ∫ Q

2s−4l ,/ 00>(- 32 6#B2:
∫

|Σ|≤1

Q
2s−4l

(Σ)dΣ = 0 =
S5

6
12s−4l=lR

l(0) +

∫

|Σ|≤1

G̃(Σ)dΣ, ;"0 <G=/,$2 32 #8)2#%* A$'3 -6#- -62 ∫ Q
s−2l ,/ C2)'0 H2#88 -6#- -62 B'8(42 '. -62($,- &#88 ,$ %,42$/,'$ n ,/ Sn−1/n0 12 -6(/ 6#B2 -' '45(-2 -62 ,$-29)#8 '.

G̃0 I/,$9 -62 -2/- .($-,'$ ψ 32 A$'3 -6#- -62 ,$-29)#8 '. G̃ ,/ 2E(#8 -'
∫

|Σ|≤1

G̃ = −
∫

|Σ|≤1

L(Σ,∇)Q
s−2l

(Σ)ψ(Σ)dΣ

= −
∫

|Σ|≤1

(
AΣ + A0

)
· ∇Qs−2l

(Σ)ψ(Σ)dΣ.

;"0 <J=12 %2'45'/2 A = As + Aa 362)2 As ,/ -62 /*442-), 5#)- '. A #$%
Aa ,-/ /A23D/*442-), 5#)-0 @6,/ %2'45'/,-,'$ ,/ /'4236#- )24,$,/2$-'. -62 %2'45'/,-,'$ '. ∇u ,$-' ,-/ /*442-), #$% /A23D/*442-), 5#)- ,$-62 /-(%* '. -62 3288 5'/2%$2// '. /'42 /-#-,'$#)* K'AA2)DL8#$A 2E(#-,'$#),/,$9 ,$ -62 /-(%* '. 5'8*42), M(,% -6#- ,/ %'$2 &*  !"#$%&'( )* +#&,()*-&./#* #$% 011! N"O℄ ') 2#'!-$( 3%#&--! #$% 4%'5&'& NQ℄0 12 #$-62$ 3),-2

AsΣ + A0 = ∇
(

1

2
AsΣ · Σ + A0 · Σ

)
, ;"0  <=



 !"! #$%&'()* +(*,) -./,01 23, 2)(&0.4.$&(5 6(0, µ = µc  !"#$% &$'()*#'( +, -#*' '. /$%0
−

∫

|Σ|≤1

L(Σ,∇)Q
s−2l

(Σ)ψ(Σ)dΣ

= −
∫

|Σ|≤1

(
AΣ + A0

)
· ∇Qs−2l

(Σ)ψ(Σ)dΣ

= −
∫

|Σ|≤1

∇
(

1

2
AsΣ · Σ + A0 · Σ

)
· ∇Qs−2l

(Σ)ψ(Σ)dΣ

−
∫

(AaΣ) · ∇Qs−2l
(Σ)ψ(Σ)dΣ

=

∫

|Σ|≤1

(
1

2
AsΣ · Σ + A0 · Σ

)
∆Q

s−2l
ψ(Σ)dΣ

+

∫

|Σ|≤1

(
1

2
AsΣ · Σ + A0 · Σ

)
∇Qs−2l · ∇ψ(Σ)dΣ

−
∫

|Σ|≤1

(AaΣ) · ∇Qs−2l
(Σ)ψ(Σ)dΣ

=I1 + I2 − I3

123   4
5( $.6 .8-9'( (#: .; ':( Ik <(-#*#'(=,3 !"#$%&%'!( !) I35( /*<' $.'( ':#'

I3 = −
∫
ψ(Σ)Σ · Aa∇Qs−2l

(Σ)dΣ#$% 9<&$) ':( ':( ;#' ':#'> ;*.8 123 ??4> ψ &< *#%&#=
= −

∫

|Σ|≤1

∇
(∫ |Σ|

rψ(r)dr

)
·Aa∇Qs−2l

(Σ)dΣ

=

∫

|Σ|≤1

(∫ |Σ|

rψ(r)dr

)
div

(
Aa∇Qs−2l

)
(Σ)dΣ

= 0 123  @4+(#9<( div (Aa∇Qs−2l
) = Aa : d2Q

s−2l #$% ':&< .$'*#'(% -*.%9' &< 0 <&$(&' &< ':( .$'*#'(% -*.%9' .; # <,88('*& 8#'*&A +, # <B(6C<,88('*& .$(3



 !!  !"#$% &'$()")&%*()!**%$ + (,-*.)()!* /)(,%'.% !"#$%&%'!( !) I1"# $%# &'# #($)&*+, -+..+/#0 12 Qs−2l -3+4 567 89: &+ /3*&#
I1 =

∫

|Σ|≤1

(
1

2
AsΣ · Σ + A0 · Σ

)
1

µc̃2l

(
AΣ + A0

)
· ∇Q0

(Σ)ψ(Σ)dΣ

=

∫

|Σ|≤1

(
1

2
AsΣ · Σ + A0 · Σ

)
1

µc̃2l

(
AΣ + A0

)
·
(
∂rQ

0
(|Σ|) Σ

|Σ|

)
ψ(Σ)dΣ567  9:"# ), %*4<.*-2 &'*% .)%& *,&#=3). 12 $%*,= &'# '),=# +- >)3*)1.# Σ → −Σ&+ 3#4+># &'# +00 <)3& +- &'# -$,&*+,7 ?'*% .#)0% &+@

∫

|Σ|≤1

(
1

2
AsΣ · Σ + A0 · Σ

)
1

µc̃2l

(
AΣ + A0

)
·
(
∂rQ

0
(|Σ|) Σ

|Σ|

)
ψ(Σ)dΣ

=
1

2µc̃2l

∫

|Σ|≤1

ψ(Σ)∂rQ
0
(|Σ|)

|Σ| (AsΣ · Σ)2 dΣ

+
1

µc̃2l

∫

|Σ|≤1

ψ(Σ)∂rQ
0
(|Σ|)

|Σ|
(
A0 · Σ

)2
dΣ 567  6:"# ,+&# &')& %*,# As *% %244#&3* /# ), $%# ), +3&'+=+,). 4)&3*A &+'),=# >)3*)1.#% ),0 /3*&#@

1

2µc̃2l

∫

|Σ|≤1

ψ(Σ)∂rQ
0
(|Σ|)

|Σ| (AsΣ · Σ)2 dΣ

=
1

2µc̃2l

∫

|Σ|≤1

ψ(Σ)∂rQ
0
(|Σ|)

|Σ|

(
∑

i

λiΣ
2
i

)2

dΣ

=
∑

i,j

λiλj
1

2µc̃2l

∫

|Σ|≤1

ψ(Σ)∂rQ
0
(|Σ|)

|Σ| Σ2
i Σ

2
jdΣ,

567  B:
/'#3# &'# λi )3# &'# #*=#,>).$#% +- &'# %244#&3* <)3& +- A7 C$& *& *% .#)3&')& ∫

|Σ|≤1

ψ(Σ)∂rQ
0
(|Σ|)

|Σ| Σ2
i Σ

2
jdΣ



 !"! #$%&'()* +(*,) -./,01 23, 2)(&0.4.$&(5 6(0, µ = µc  !"#$%& '$( #%)%'# $' (i, j) *+%' i 6= j ,'# #$%& '$( #%)%'# $' i *+%' i = j-.+%/%0$/% (+%/% ,/% (*$ $'&(,'(
C = − 1

2µc̃2l

∫

|Σ|≤1

ψ(Σ)∂rQ
0
(|Σ|)

|Σ| Σ2
1Σ

2
2dΣ, 23-  !4

C ′ = − 1

2µc̃2l

∫

|Σ|≤1

ψ(Σ)∂rQ
0
(|Σ|)

|Σ| Σ4
1dΣ, 23-  "423-  54&$ (+,( *% +,6%

1

2µc̃2l

∫

|Σ|≤1

ψ(Σ)∂rQ
0
(|Σ|)

|Σ| (AsΣ · Σ)2 dΣ = −C
∑

i

λ2
i − C ′

∑

i6=j

λiλj.23-  748% /%9,/: (+,( &;'% Q0
= (1/µc)E *% +,6% <= 9,>;9?9 )/;';)@% ∂rQ

0
< 0,'# $'&%A?%'(@=B C ,'# C ′ ,/% )$&;(;6%-C$(% (+,(B <%,?&% As ;& (/,%@%&& *+%' A ;&B *% +,6%∑

i6=j

λiλj = (
∑

i

λi)
2−

∑

i

λ2
i = −

∑

i

λ2
i - D;',@@= *% +,6%

1

2µc̃2l

∫

|Σ|≤1

ψ(Σ)∂rQ
0
(|Σ|)

|Σ| (AsΣ · Σ)2 dΣ = −(C − C ′)
∑

i

λ2
i . 23- EF4C$(% (+,(

2C − 2C ′ = − 1

2µc̃2l

∫

|Σ|≤1

ψ(Σ)∂rQ
0
(|Σ|)

|Σ|
(
Σ4

1 + Σ4
2 − 2Σ2

1Σ
2
2

)
dΣ 23- E 4,'# (+?& C − C ′ ;& )$&;(;6%- .$ @%,/ $?( (+% $9)@%(% #%)%'#%'% $' (+%),/,9%(%/ *% ?&% Q0

= (1/µ)E ,'# 23- FF4 ,' ;' 0,( &,= (+,( *% +,6%G
1

2µc̃2l

∫

|Σ|≤1

ψ(Σ)∂rQ
0
(|Σ|)

|Σ| (AsΣ · Σ)2 dΣ = − C2

µ3c̃22l

∑

i

λ2
i . 23- EE4



 !"  !"#$% &'$()")&%*()!**%$ + (,-*.)()!* /)(,%'.%#$%&% '(# C2 )* + ,-&%./ '-0%&)+. ('*2+'2 #)2$ %3,&%**)('4
C2 = −1

2

∫

|Σ|≤1

ψ0(|Σ|)E ′(|Σ|)
|Σ|

(
Σ2

1 − Σ2
2

)2
dΣ+'5 -*)'6 2$+2 E ′ < 0 +'5 2$% %3,&%**)(' (7 ψ0 7&(0 89:;;<

=
1

24

∫

|Σ|≤1

(1 − |Σ|2)|E ′(|Σ|)|
|Σ|

(
Σ2

1 − Σ2
2

)2
dΣ, 89: =><?' 2$% *+0% 7+*$)(' #% $+@% + ,-&%./ '-0%&)+. ,(*)2)@% ('*2+'2 C3 *-$2$+2

− 1

µc̃2l

∫

|Σ|≤1

ψ(Σ)∂rQ
0
(|Σ|)

|Σ|
(
A0 · Σ

)2
dΣ = − C3

µ3c̃22l

|A0|2. 89: =9<#$%&%
C3 =

1

12

∫

|Σ|≤1

(1 − |Σ|2)|E ′(|Σ|)|
|Σ| Σ2

1dΣ. 89: =A<B)'+../ #% $+@% ,&(@%' 2$+2 #% $+@%
I1 = − 1

µ3c̃22l

(
C2

∑

i

λ2
i + C3|A0|2

)
. 89: =!< !"#$%&%'!( !) I2C%+.. 2$+2 #% $+@%

I2 =

∫

|Σ|≤1

(
1

2
AsΣ · Σ + A0 · Σ

)
∇Qs−2l · ∇ψ(Σ)dΣ 89: =D<E% )'2%6&+2% F/ ,+&2* +6+)'4

I2 = −
∫

|Σ|≤1

Q
s−2l

div

((
1

2
AsΣ · Σ + A0 · Σ

)
∇ψ(Σ)

)
dΣ. 89: ="<E)2$ *(0% %.%0%'2+&/ 5)G%&%'2)+. +.-.-* #% H'5

div

((
1

2
AsΣ · Σ + A0 · Σ

)
∇ψ(Σ)

)
=

−7

6µc̃2l

(
1

2
AsΣ · Σ + A0 · Σ

) 89: =;<



 !"! #$%&'()* +(*,) -./,01 23, 2)(&0.4.$&(5 6(0, µ = µc  !"#$% &'()*
I2 =

7

6µc̃2l

∫

|Σ|≤1

(
1

2
AsΣ · Σ + A0 · Σ

)
Q

s−2l
dΣ +,- ./012 $22% &3 %23563)2 7$&3 282$ #$% 3%% 6#9&)- :2& () 7$&93%(2 &'2 &;3<($&73$) G1 #$% G2 )#&7)<=7$> &'2 <3??3;7$> 693@?25)*





− µc̃2l∆G1 = −∂rQ
0
(|Σ|)A

sΣ · Σ
|Σ| 7$ |Σ| < 1,

G1 = 0 3$ |Σ| = 1,

+,- . 0#$% 



− µc̃2l∆G2 = −∂rQ
0
(|Σ|)A

0 · Σ
|Σ| 7$ |Σ| < 1,

G2 = 0 3$ |Σ| = 1,

+,- .A0B< ;2 )(5 &'2 97>'&C'#$% )7%2) 3< &'2 2D(#&73$ 3<G1 #$%G2 ;2 E$%−L(Σ,∇)Q
0)3 &'#& @= ?7$2#97&= ;2 '#82 Qs−2l

= G1 +G2-F3; ;2 #$ ()2 &'#& G1 7) 7$8#97#$& &'93(>' &'2 '#$>2 Σ → −Σ ;'7?2($%29 &'2 )#52 '#$>2 G2 7) '#$>2% 7$ −G2 +&'7) 352) <935 &'2 <#& &'#&&'7) 7) &9(2 <39 &'279 :#6?#7#$)0- G3 ;2 #$ )6?7& &'2 7$&2>9#? 7$ &;3 &295)*
I2 =

7

6µc̃2l

∫

|Σ|≤1

(
1

2
AsΣ · Σ

)
G1(Σ)dΣ +

7

6µc̃2l

∫

|Σ|≤1

(
A0 · Σ

)
G2(Σ)dΣ

= J1 + J2. +,- ..0 !"#$%&%'!( !) J1*12 $3; 7$&93%(2 #$ 39&'3>3$#? 5#&97H Q )(' &'#& QTAsQ 7) # %7#>3$#?5#&97H- 12 '#$>2 8#97#@?2) @= )2&&7$> Σ = QS #$% 3$)7%29 &'2 <($&73$
G∗

1 )(' &'#& G∗
1(S) = G1(Σ)- I'2 <($&73$ G∗

1 &'() )#&7)E2) &'2 <3??3;7$>2D(#&73$*
−µc̃2l∆G

∗
1 = −

∑

i

λi
∂rQ

0
(|S|)

|S| S2
i . +,- .,0F3; 7$&93%(7$> G1 ;'7' )#&7)E2)*





− ∆G1 = −E
′(
√
y2 + |y′|2)√
y2 + |y′|2

y2

G1 = 0

+,- .J0



 !"  !"#$% &'$()")&%*()!**%$ + (,-*.)()!* /)(,%'.% !"#" (y, y′) $"%&'() *' +!" ,'*+ $-%% &. R6/ G1 -' $" )""' -) - .,'+*&' &.
y -'1 |y′| &# - 2"+&# .,'+*&' &2"# +!" ,'*+ $-%% &. R × R

5/ 3&+" +!-+ G11&") '&+ 1"4"'1 &' -'5 4-#-6"+"#/ 7" -' '&  #*+" $5 %*'"-#*+5 -'1 ,)*'(+!" .-+ +!-+ ∂rQ
0

= (1/µ)E ′8
G1 =

1

µ2c̃2l

∑

i

λiG1(Si, |Ŝi|) !"#" Ŝi 1"'&+") -'5 2"+&# &. R5  *+! &64&'"'+) Sj  *+! j 6= i/9)*'( '& +!" 6-+#*: Q +& !-'(" 2-#*-$%" *' +!" *'+"(#-%  " -'  #*+";
7

6µc̃2l

∫

|Σ|≤1

(
1

2
AsΣ · Σ

)
G1(Σ)dΣ =

7

12µc̃2l

∫

|S|≤1

(
∑

i

λiS
2
i

)
G∗

1(S)dS

=
7

12µ3c̃22l

∫

|S|≤1

(
∑

i

λiS
2
i

)(
∑

j

λjG1(Sj , |Ŝj|)
)

dS

=
7

12µ3c̃22l

∑

i,j

λiλj

∫

|S|≤1

S2
iG1(Sj , |Ŝj|)dS <=/>?@AB'" -(-*'  " )"" +!-+ ∫

|S|≤1

S2
iG1(Sj , |Ŝj|)dS 1&") '&+ 1"4"'1 &' (i, j) *.

i 6= j -'1 &' i .&# +!" +"#6) i = j/ C!*) 4#&2") +!-+ +!"#" *) - ',6"#*-%&')+-'+
C4 =

7

12

∫

|S|≤1

(S2
1 − S2

2)G1(S1, Ŝ1)dS. <=/>?DA)& +!-+
7

12µc̃2l

∫

|Σ|≤1

(AsΣ · Σ)G1(Σ)dΣ =
C4

µ3c̃22l

∑

i

λ2
i . <=/>?EAC& "2-%,-+" +!*) *'+"(#-%  " *'+#&1," +!" .&%%& *'( +")+ .,'+*&';

χ1(y, y
′) = − 3

64
y4 − 7

160
y2|y′|2 +

1

24
y2 +

1

320
|y′|4 − 1

120
|y′|2 +

1

192

= (1 − y2 − |y′|2)
(

3

64
y2 − 1

320
|y′|2 +

1

192

)
,

<=/>?FA !"#" y ∈ R -'1 y′ ∈ R
5/ B'" -' !"G +!-+ +!*) .,'+*&' )-+*)H") −∆χ1 =

y2 -'1 χ1 2-'*)!") &' +!" ,'*+ )4!"#"/ 3&  " !-2" +!" .&%%& *'( #"%-+*&';
∫

|S|≤1

(S2
1−S2

2)G1(S1, Ŝ1)dS = −
∫

|S|≤1

E ′(|S|)S2
1√

S2
1 + |Ŝ1|2

(χ1(S1, Ŝ1)−χ1(S2, Ŝ2))dS.<=/>=IA



 !"! #$%&'()* +(*,) -./,01 23, 2)(&0.4.$&(5 6(0, µ = µc  ! "#$ &# '$( )*+#, -'$ .$/#+-+0# 01 χ1 -'&-
χ1(S1, Ŝ1) − χ1(S2, Ŝ2) =

1

20
(S2

1 − S2
2)(1 − |S|2), 234 3 5*0 -'&- 6'&- +* 7$1- -0 089)-$ +*

∫

|S|≤1

(S2
1 − S2

2)G1(S1, Ŝ1)dS = −
∫

|S|≤1

E ′(|S|)S2
1(S

2
1 − S2

2)(1 − |S|2)
20|S| dS.234 3:5;06 )*+#, -'$ '&#,$ 01 <&=+&>7$ 6'+' $?'&#,$ -'$ <&=+&>7$* S1 &#. S2&#. 6=+-+#, -'$ &<$=&,$ 6$ '&<$ -'&- -'$ +#-$,=&7 +* &7*0

∫

|S|≤1

(S2
1 − S2

2)G1(S1, Ŝ1)dS = −
∫

|S|≤1

E ′(|S|)(S2
1 − S2

2)
2(1 − |S|2)

40|S| dS.234 3@5A'$=$10=$
C4 =

7

480

∫

|S|≤1

(S2
1 − S2

2)
2|E ′(|S|)|

|S| (1 − |S|2)dS. 234 335BC 089&=+#, -'+* $?9=$**+0# 6+-' -'$ $?9=$**+0# 01 C2 1=08 234 :@5 6$ '&<$
C4/C2 =

7

480
· 24 < 14 A'+* +897+$* -'&- C6 = C2 − C4 =

3

20
C2 > 04 !"#$%&%'!( !) J2*A'$ +#-$,=&7 J2 +* -=$&-$. )*+#, -'$ *&8$ 8$-'0.4 D$ +#-=0.)$ &#0=-'0,0#&7 8&-=+? Q0 *)' -'&- (Q0)TA0 +* -'$ <$-0= (|A0|, 0 . . . , 0) &#. 6$6=+-$ S = Q0Σ &#. G∗

2(S) = G2(Σ)4 D$ -')* '&<$ >C & '&#,$ 01 <&=+&>7$-'&-E
J2 =

7

6µc̃2l

∫

|Σ|≤1

(
A0 · Σ

)
G2(Σ)dΣ =

7|A0|
6µc̃2l

∫

|S|≤1

S1G
∗
2(S)dS, 234 3F5&#. -'&- 




− µc̃2l∆G
∗
2 = −|A0|∂rQ

0
(|S|)

|S| S1 +# |Σ| < 1,

G∗
2 = 0 0# |S| = 1,

234 3G5*0 -'$=$ +* & #)8$=+&7 0#*-&#- C5 *)' -'&- E
7

6µc̃2l

∫

|Σ|≤1

(
A0 · Σ

)
G2(Σ)dΣ =

C5

µ3c̃22l

|A0|2, 234 3!5&#. -'+* 0#*-&#- '&* -'$ 107706+#, $?9=$**+0#E
C5 =

7

6

∫

|S|≤1

S1G2(S1, Ŝ1)dS, 234 3H5



 !"  !"#$% &'$()")&%*()!**%$ + (,-*.)()!* /)(,%'.%#$%&% 



− ∆G2 = −E
′(
√
y2 + |y′|2)y√
y2 + |y′|2

,

G2 = 0.

'() (*+,% -.# /-0&.12% 0$% 0%40 52-0/.- χ2(y, y
′) =

1

16
y(1 − (y2 + |y′|2)) #$/$460/47%4 −∆χ2 = y 6-1 χ2 86-/4$%4 .- 0$% 49$%&%) :$24 #% $68%;

C5 =
7

6

∫

|S|≤1

S1G2(S1, Ŝ1)dS

= −7

6

∫

|S|≤1

E ′(|S|)S1

|S|
S1

16
(1 − |S|2)dS

=
7

96

∫

|S|≤1

|E ′(|S||)(1− |S|2)
|S| S2

1dS.

'() <=+
>.?96&/-@ C5 0. C3 5&.? '() "<+ #% 6- 4%% 0$60 C5/C3 =

7

96
· 12 < 1 6-10$24 C7 = C5 − C3 > 0)A/-6BBC #% $68% 9&.8%-D

I2 =
1

µ3c̃22l

(
C4

∑

i

λ2
i + C5|A0|2

)
. '() < + !"$%&'!" !" ()* +"(*,-.$ !/ G̃0>.?E/-/-@ '() =*+D '()   +D '()  "+D '() "F+ 6-1 '() < + #% 7-6BBC .E06/-

∫

|Σ|≤1

G̃(Σ)dΣ = − 1

µ3c̃22l

((C2 − C4)
∑

i

λ2
i + (C3 − C5)|A0|2), '() <"+6-1 0$24 /4 40&/0BC -%@60/8%) :$/4 ?%6-4 0$60 2s − 4l ?240 E% %G26B 0. l'0$60 /4 2s = 5l 64 /- 0$% 1d 64%+ 5.& '() =H+ 0. $68% 6 4.B20/.-) A2&0$%&?.&%/0 /4 B%6& 0$60 0. $68% 0$% B%640 -2?E%& .5 0&/8/6B 9&.7B%4 .-% ?240 06I%;

s = 5 l = 2.JB4. #% $68% 0$60 Γ ∼ c̃2lε̇
4/5) K.0% 0$60 0$% .-406-0 c̃2l 1%9%-1 .- 0$%G26-0/0/%4 ∑

i

λ2
i #$%&% λi 6&% 0$% %/@%-86B2%4 .5 As #$/$ ?%6-4 0$60 c̃2l1%9%-1 .- As : As) L0 6B4. 1%9%-14 .- |A0|2) ,% 6- %M9B//0 0$%4% 0#.



 !"! #$%&'()*  !"#$%&'('()* (& ')+,* -. '/) ,%'+(0M 1/(/ 3)*+(4)* '/) +/)-5-6(%5 *('$%'(-&78) /%9):
As : As = 13a2|D(M)|2 + 5a2|D(M) − diag(M11,M22,M33)|2 + |W (M)|2
|A0|2 = 4λ2|D(M)|2 !" #$%&'()*8) /%9) (& ,(&3 '/+)) ;%+'($5%+ +/)-5-6(%5 -&<6$+%'(-&*: '/) =-$)'') >-1%&3 '1- '?;)* -. )5-&6%'(-&%5 >-1*7 8) 1%&' '- *'$3? '/) %3)#$%'(-& -. -$+,-3)5 1('/ '/) -+(6(&%5 ,-3)5 -. @A4+%$3%&3 B)#$)$07 !"!# $%&'((' )*%+!8) %+) (&')+)*')3 (& -,;%+(&6 '/) +)*$5'* -. -$+ ,-3)5 1('/ '/) -+(6(&%5 @B,-3)57 C& *'%'(-&%+? =-$)'') >-1* 1) /%9) *))& '/%' '/) 9)5-('? <)53 /%*'/) .-+, u(x, y, z) = (γ̇y, 0, 0)7 C& '/(* %*) 1) /%9) !"#"$%& '( %)" *'+"!

∇u =




0 γ̇ 0
0 0 0
0 0 0


 , DE7 F"G*-H (& '/) &-'%'(-&* -. I)'(-& E7"H 1) /%9)

M =




0 1 0
0 0 0
0 0 0


 . DE7 FEGJ/(* 5)%3* '- % ,%'+(0 A 1/(/ (*

A =




0 0 0

√
2

2
(1 + a) 0 0

0 0 0

√
2

2
(−1 + a) 0 0

0 0 0 0 0 0√
2(−1 + a)

√
2(1 + a) 0 0 0 0

0 0 0 0 0 1 + a
0 0 0 0 −1 + a 0




,

DE7 FFG



 !"  !"#$% &'$()")&%*()!**%$ + (,-*.)()!* /)(,%'.%#$% # &')*+
A0 = (0, 0, 0, 2

√
2λ, 0, 0)T . ,"- ./012' '34'$&#56'7 *8 A #+' 3$ )237 #7'

eigenvalues(A) = {0, 0, i
√

2(1 − a2), −i
√

2(1 − a2), i
√

1 − a2, −i
√

1 − a2}.,"- .!012'9 #+' #55 :6+'59 3;#43$#+9 *+ 0- !"#$%"#&' &( λm &( )*&+ ,-.<*+ =*6'))' >*?7@ ?' $''% )* %37)3$46372 )2' %3A'+'$) #7'7B a = 0@ 0 <
|a| < 1 #$% a = ±1-
a = ±1C8 a = ±1 )2'$ D'#67' *8 ,"- .!0@ #55 )2' '34'$&#56'7 *8 A #+' 0 ?235' A 37$*) 0- 1237 ;'#$7 )2#) )2' 2#+#)'+37)3 6+&'7 Σ(t; Σ0) #+' :*59$*;3#57 *8 t-E*64259 )237 ;'#$7 )2#) '3)2'+ Σ0 37 # 7)#)3*$#+9 :*3$) *+ )2' 2#+#)'+37)353$' ;67) +*77 )2' 6$3) 7:2'+' ?2'$ t → +∞ #$% t → −∞- =*$7'F6'$)59@38 ?' #$ '$76+' )2#) $* 7)#)3*$#+9 :*3$) #+' 5*#)'% 3$73%' )2' D#55@ ?' #+'7')-G') 67 )+'#) )2' #7' a = 1- C$ )237 #7' )2' ;#)+3H A 8#557 )*

A =




0 0 0
√

2 0 0
0 0 0 0 0 0
0 0 0 0 0 0

0 2
√

2 0 0 0 0
0 0 0 0 0 2
0 0 0 0 0 0



. ,"- .I0J' #$ 43&' )2' 'H:+'773*$ *8 )2' 2#+#)'+37)3 6+&'7B

Σ(t; Σ0) = Σ0 + t




√
2Σ4

0

0
0

2
√

2(Σ2
0 + λ)

2Σ6
0

0




+ t2




2(Σ2
0 + λ)
0
0
0
0
0



. ,"- .K0

1267 ?' #$ 7'' )2#) 38 λ > 1 )2'$ )2' 2#+#)'+37)3 6+&'7 4* )* 3$L$3)9 3$D*)2 %3+')3*$7- 12' #7' a = −1 #$ D' )+'#)'% 3$ )2' 7#;' ?#9-
0 < |a| < 1



 !"! #$%&'()*  !"#$%&'()*'%+ ,-. "!/0 1) %$1 234) 52) )'+)%4367)& $8 a 5235 3*) 0 $* %$%9)*$ 3%( :7*)6; '<3+'%3*;. =$*) $4)* 1) 3% &)) 5235 52) *3%? $8 A '& 40&$ 5235 A '& ('3+$%3@6). A2'& )&&)%5'366; <)3%& 5235 &$<) :*$B)5'$%& $8 52)23*35)*'&5' 7*4)& 3*) )66':&'&. C&'%+ 52350 1) 1'66 52)% &2$1 5235 7%()* 3$%('5'$% λ > λm 52)% 52) 23*35)*'&5' 6'%) <7&5 234) 3 :$'%5 $75&'() 52)7%'5 &:2)*). A2'& <)3%& 5235 52) 23*35)*'&5' 6'%) <7&5 *$&& 52) @$7%(3*;@$52 '%13*(6; 3%( $7513*(6;.D) %$5) ω =
√

1 − a2. A2)% $%) 3% &2$1 5235 52) 23*35)*'&5' 6'%)3% @) ()$<:$&)( 3&E
Σ3(t; Σ0) = Σ3

0(
Σ5(t; Σ0)
Σ6(t; Σ0)

)
= cos(ωt)

(
Σ5

0

Σ6
0

)
+

sin(ωt)

ω

(
(1 + a)Σ6

0

(−1 + a)Σ5
0

)




Σ1(t; Σ0)
Σ2(t; Σ0)
Σ4(t; Σ0)


 = cos(

√
2ωt)




Σ1
0

Σ2
0

Σ4
0


 +

sin(
√

2ωt)√
2ω




1√
2
(1 + a)Σ4

0

1√
2
(−1 + a)Σ4

0
√

2(a− 1)Σ1
0 −

√
2(a+ 1)Σ2

0




− (1 − cos(
√

2ωt))




λ

a
λ

a
0


 +

sin(
√

2ωt)√
2ω




0
0

2
√

2λ




F5 '& :$&&'@6) 5$ )G:6''56; 8$*) 52) 52'*( :3*5 $8 52) 23*35)*'&5' 7*4)& 5$*)32 3 :$'%5 $75&'() 52) 7%'5 @366. F%())( 1) 3% 1*'5)E
∥∥(Σ1,Σ2,Σ3)T

∥∥ ≥ λ(I1(a)(1 − cos(
√

2ωt)) + I2(a)
∣∣∣sin(

√
2ωt)

∣∣∣) − I3(a),,-. HI/12)*) I1(a)0I2(a) 3%( I3(a) 3*) :$&'5'4) 87%5'$% $8 |a|E



 !"  !"#$% &'$()")&%*()!**%$ + (,-*.)()!* /)(,%'.%
I1(a) =

∥∥∥∥∥∥∥∥∥

1

a
1

a
0

∥∥∥∥∥∥∥∥∥
=

√
2

|a|

I2(a) =
1√
2ω

∥∥∥∥∥∥

0
0

2
√

2

∥∥∥∥∥∥
=

2

ω

I3(a) ≥

∥∥∥∥∥∥∥∥∥∥

1√
2
(1 + a)Σ4

0

1√
2
(−1 + a)Σ4

0
√

2(a− 1)Σ1
0 −

√
2(a+ 1)Σ2

0

∥∥∥∥∥∥∥∥∥∥

+

∥∥∥∥∥∥

Σ1
0

Σ2
0

Σ4
0

∥∥∥∥∥∥#$%' I1(a)(1 − cos(
√

2ωt)) + I2(a)
∣∣∣sin(

√
2ωt)

∣∣∣) $( )*+%,', -.*/ )'0*1 )23 4*($5$6' *%(53%57 58$( /'3%( 5835 1' 3% $/4*(' ∥∥(Σ1,Σ2,Σ3)T
∥∥ > 1+%$-*./02 $% Σ0 )2 3 *%,$5$*% *- 58' 524' λ > λm9

a = 0:8' 4.'6$*+( 3.;+/'%5 ,*'( %*5 34402 ($%' 1' 836' ,$6$,', )2 a 5*/3<' 58' 6'5*. B0 (+8 5835 AB0 = −A09 =+5 1' 3% 30(* 53<' 58' 6'5*.
B0 = (0, 2λ, 0, 0, 0, 0)T 3%, 58' .'(5 -*00*1(9 !"!# $%&'()*+&')% ,%&-. !"#"$%& '( %)" *'+"!>0*%;35$*%30 ?*1 3.' 03(($30 .8'*0*;$30 ?*1( 83.35'.$@', )2 3 ,$3;*%30,'-*./35$*% .35' 5'%(*.9 A' ,$(5$%;+$(8 51* /3$% 524'( *- '0*%;35$*%%30?*1(9 :8' B.(5 <$%, $( 3C$(2//'5.$ ?*1 $% 18$8 58' 6'0*$52 B'0, 83( 58''C4.'(($*% u(x, y, z) = (2ε̇x,−ε̇y,−ε̇z) 18$8 0'3,( 5*D

M =




2 0 0
0 −1 0
0 0 −1


 . EF9 " GH% 58$( 3(' 58' /35.$C A 83( 58' -*00*1$%; 'C4.'(($*%D



 !"! #$%&'()*  !!
A =




4a 0 0 0 0 0
0 −2a 0 0 0 0
0 0 −2a 0 0 0
0 0 0 2a 0 0
0 0 0 0 2a 0
0 0 0 0 0 −4a



, "#$ %&'()* +*-./ A0 01 231. 4*56*47

A0 = (4λ,−2λ,−2λ, 0, 0, 0)T . "#$ %8'9* 6.-* 0::*402-*3; -)2- -)* *0<*6+23=*1 .> A 2/* 06 -)01 21* 233 /*23 +23=*4"./ A = 0 0> ?* -2@* a = 0'$()* 1*.64 @064 .> *3.6<2-0.623 A.? 2/* B3262/ *3.6<2-0.623 A.? ?)0))2+* -)* +*3.0-; 5*34 u(x, y, z) = (ε̇x,−ε̇y, 0)$ ()=1
M =




1 0 0
0 −1 0
0 0 0


 . "#$ %#'()01 3*241 -. 2 :2-/0C A ?)0) 01

A =




2a 0 0 0 0 0
0 −2a 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 2a 0
0 0 0 0 0 −2a



, "#$ %D'264 2 +*-./

A0 = (2λ,−2λ, 0, 0, 0, 0)T . "#$ %%' !"#$%"#&' &( λm #' )*&+ ,-.E./ -)* -?. *3.6<2-0.623 A.?1 ?* ?26- -. 1-=4; ?* )2+* -?. B.110F030-0*17*0-)*/ a = 0 ./ a 6= 0$ G> a = 0 -)*6 -)* :2-/0C A 01 0$ ()*6 -)* -/261B./-+*-./ 5*34 01 -)* .61-26- +*-./ A0 264 -)* )2/2-*/01-0 =/+*1 2/* 1-/20<)-306*1 ?0-) 40/*-0.6 A0 ?)0) :*261 -)2- ?* 26 -2@* λm = 0 >./ H/.B #$%$G> a 6= 0 -)*6 -)* :2-/0CA 01 402<.623$ I./*.+*/ ?* 26 )*@ -)2- 1*--06<
B0 = −λ/a(1, 1, 1, 0, 0, 0)T ?* )2+* 2 +*-./ ?)0) +*/05*1 AB0 = −A0$ ()01+*-./ 1-2641 >./ -)* 04*6-0-; :2-/0C 06 .=/ ).0* .> ../4062-*1$ G64**4 ?*)2+* -)* /*32-0.6 ga(Id,M) = 2aD(M)$ ()=1 -)* )2/2-*/01-0 =/+*1 )2+*-)* >./: Σ(t; Σ0) = exp(tA)(Σ0 − B0) + B0$ 9* 6.? -2@* λ 32/<* *6.=<)



 !"  !"#$% &'$()")&%*()!**%$ + (,-*.)()!* /)(,%'.%#$ %&'% B0 + ker(A) ($)# *$% +))% %&) ,*-% .'//0 1% -# 2$##-./) #-*) B0 ($)#*$% .)/$*4 %$ ker(A)0 5&)* %&) &'6'%)6-#%- ,67)# #'%-#89 %&) &92$%&)#)#$8 :0;0



 !!"#$%& '( *+!'", -
 !"#$%%&'(% ') A *(+ A0

 ! "#$! %&'( )!*+&! ("! &!'#-./0 +* Σ ("! !12&!''.+/

A =

(
A11 A12

A21 A22

)
,

A11 =




2aM11 0 0
0 2aM22 0
0 0 2aM33


 , A12 =



a1

11 a1
12 a1

13

a1
21 a1

22 a1
23

a1
31 a1

32 a1
33




A21 =



a2

11 a2
12 a2

13

a2
21 a2

22 a2
23

a2
31 a2

32 a2
33


 A12 =



a3

11 a3
12 a3

13

a3
21 a3

22 a3
23

a3
31 a3

32 a3
33




3456789
68:



 !"  !"#$% &'$()")&%*()!**%$ + (,-*.)()!* /)(,%'.%#$%&
a1

11 = M12 −M21 + a(M12 +M21)

a1
12 = M13 −M31 + a(M13 +M31)

a1
13 = 0

a1
21 = −(M12 −M21) + a(M12 +M21))

a1
22 = 0

a1
23 = M23 −M32 + a(M23 +M32)

a1
31 = 0

a1
32 = −(M13 −M31) + a(M13 +M31)

a1
33 = −(M23 −M32) + a(M23 +M32)

a2
11 = −(M12 −M21) + a(M12 +M21)

a2
12 = (M12 −M21) + a(M12 +M21)

a2
13 = 0

a2
21 = −(M13 −M31) + a(M13 +M31)

a2
22 = 0

a2
23 = (M13 −M31) + a(M13 +M31)

a2
31 = 0

a2
32 = −(M23 −M32) + a(M23 +M32)

a2
33 = (M23 −M32) + a(M23 +M32)

a3
11 = 2a(M11 +M22)

a3
12 = M23 −M32 + a(M23 +M32)

a3
13 = M13 −M31 + a(M13 +M31)

a3
21 = −(M23 −M32) + a(M23 +M32)

a3
22 = 2a(M11 +M33)

a3
23 = M12 −M21 + a(M12 +M21)

a3
31 = −(M13 −M31) + a(M13 +M31)

a3
32 = −(M12 −M21) + a(M12 +M21)

a3
33 = 2a(M22 +M33)



 !"! #$%&'()*  ! "# %& %'() *+,-# -.# /#-)+
A0 =




2λM11

2λM22

2λM33

2λ(M12 +M21)
2λ(M13 +M31)
2λ(M23 +M32)



. 012 3!4

"# &)* .%/# -) +#(%'# Σ45 Σ5 %&6 Σ62 7.,( %8)9&-( -) 89'-,:'; -.# 8%-+,<
A12 =; -.# >%-)+ 1/

√
2 %&6 -.# 8%-+,< A21 =; -.# >%-)+ √22 ?9'-,:'; =;√

2 %'() -.# '%(- -.+## +)*( )> A02



 !"  !"#$% &'$()")&%*()!**%$ + (,-*.)()!* /)(,%'.%



 !"#$%&! '()*$! !"# &+,%-!. &(*/0&(*$1"!.'+") -( 2$+-+3$! !* -( /$&$!

 !"





 !"#$%&' ()$*+,$-. /0',#1', !$3$4+',&5"6$,,".% $.7.$3'.% &"#$/'3'.%
�



 !"  !"#$!%& '()$*+)$ -!.!/#)$ 0123!$$2&4 !&5&!.)&4 02*!').)&4$ %&'()*$+, -& '*$.(/*$ 01$2)(34 4312 45&''3*)342 '&2 6$ *7'342$ 6784()(9$+ :4 $;<;$)= .>.$ 2( 34$')1$--$.$4) (- '&*&?) -&(* 01$= -3*201$ -$2 7%$--$2 6$ )$.'2$4)*$ *7&)(34 $) 6(@12(34 234) 21A2&..$4) 27'&*7$2= -$ 2B2)/.$ '$1) >)*$342(67*7 3..$ 7)&4) C -5701(-(D*$ %(.(01$ $4 '$*.&4$4$= 79&-1$* $4 '*&<)(01$ -$ )$.'2 6$ *7&)(34 &*&)7*(2)(01$ 6$ '-12($1*2 *7&)(342 2(.1-)&47$245$2) '&2 )31E31*2 79(6$4)+ F&* 342701$4)= 79&-1$* '31* 01$--$2 $2'/$2 %(<.(01$2 $) 01$--$2 *7&)(342 14 701(-(D*$ '$*.&4$4) $2) E12)(87 45$2) '&2 ;&(-$+G312 9$**342 $))$ 6(A1-)7 41.7*(01$.$4) 21* -5$H$.'-$ 6$ -& 6(223(&)(346$ -5$&1+ I$))$ 6(A1-)7 $2) &122( -(7$ C -& 3.'-$H()7 6$ -& (47)(01$ %(.(01$$4 J747*&- &* -$2 63447$2 4$ 234) 3441$2 01$ 6&42 $*)&(42 34)$H)$2 01(234) 434 )*&42'32&D-$2 K'&* $H$.'-$ -& (47)(01$ 6$ -& 6(223(&)(34 61 6(<3HB6$ 6$ &*D34$ 45$2) '&2 61 )31) -& .>.$ 2( -534 $2) 6&42 14$ 23-1)(34&01$12$ L2)&46&*6M 31 6&42 -& .$* N 93(* '&* $H$.'-$  !"#$!# OPQ℄℄



ε
(Aj)8 =- $/%- Cj %&- &-5'), )%'C'%2 /4 Aj .&'& .- /$('1-* %/ >- -<0),%/ %&- /$-$%*)%'/$ /4 Aj -J-7% '4 Aj '( %&- (/,C)$% H2O '$ .&'& )(- '%()%'C'%2 '( ('57,2 1 8 L$ '$1-J i .',, ),.)2( >- 0(-1 %/ *-4-* %/ ) *-)%'/$.&',- )$ '$1-J j .',, ),.)2( >- 0(-1 4/* ) (7-'-(8 =- .*'%- %&'( &-5'),(2(%-5 0$1-* %&- /57)% 4/*5

∀i,
∑

j

αijAj ⇆
∑

j

αijAj , @H8 A%&- (αij) >-'$6 %&- *-10-1 (%/'&'/5-%*' /-M'-$%(D αij '( )$ '$%-6-*E αij =
0 '4 %&- (7-'-( j '( $/% '$C/,C-1 '$ *-)%'/$ i )$1 %&- *-5)'$'$6 (αij) 1/ $/%&)C- ) /55/$ 4)%/*8 B&- (7-'-( )77-)*'$6 '$ %&- ,-4%:&)$1 ('1- /4 @H8 A)*- ),,-1 %&- &)# #* + /4 %&- i:%& *-)%'/$ )$1 %&- (7-'-( '$ %&- *'6&%:&)$1('1- )*- ),,-1 %&- %&",- + /4 i8 B&- ),6->*)' (%/'&'/5-%*' /-M'-$%( )$



 !!  !"#$!%& '()$*+)$ -!.!/#)$ 0123!$$2&4 !&5&!.)&4 02*!').)&4"#$ %& '&("&' %) νij = αij *+ j *, - ./#'02 #+ i -"' νij = −αij #23&/$*,&453& N6%)6M 7-2/*8 ν = (νij) '&("&, 23& '*/&2*#", *" $3*3 23& 9-$ #+ 7-,,#",&/:-2*#" -99#$, 23& ,),2&7 2# &:#9:&4;/#7 23& (/,2 -"' ,&#"' ./*"*.9& #+ 23&/7#')"-7*,< &:&/) /&-2*#" i3-, -" &=0*9*%/*07 #",2-"2 "#2&' Ki> 23& i623 /&-2*#" '#&, "#2 3-"?& 23&#7.#,*2*#" $3&" 23& #"&"2/-2*#", ,-2*,+) 23& +#99#$*"? &=0-2*#">
Ki =

∏

j

C
νij

j . @A4BCD2 $*99 %& 0,&+09 2# *"2/#'0& 23& +#99#$*"? +0"2*#",>
Γi = Ki

∏

j, !"$"%$ &' i

C
|νij |
j −

∏

j,( &)*$ &' i

C
|νij |
j . @A4ECD"'&&' $*23 #0/ #":&"2*#", $& 3-:&> *+ Cj > 0 +#/ -99 j 23&" @A4BC *,2/0& *+< -"' #"9) *+< Γi = 04 F" 23& #23&/ 3-"' 23& Γi -/& $&99 '&("&' $3&",#7& #+ 23& #"&"2/-2*#", -/& 0 $3*9& 23& /*?3263-"' ,*'& #+ @A4BC @-99&'23&  !"$%&' ()&$%!'$ *, "#24 53&,& ,*"?09-/*2*&, -""#2 3-..&" *+ $& #",*'&/- 9#,&' ,),2&7 0"'&/?#*"? #"9) 3&7*-9 ./#&,,4 G#$&:&/ $& -/& "#2 *"23*, -,& ,*"& $& -/& "#2 9#,&'< -"' 23&/& -/& #23&/ .3),*-9 ./#&,,&, 2##",*'&/ 23-2 -99#$ 23& #7.9&2& '&.9&2*#" #+ #"& ,.&*&,4 53-2 *, $3) $&$*99 '&-9 $*23 Γ /-23&/ 23-" 23& =0#2*&"2, #+ /&-2*#"4H& $*99 -9,# 0,& &82&",*:&9) Φ = dΓ = (∂Cj

Γi)ij4 !"!# $%&'&(%)* +%, &-. /(01*(%) 2,%.**H& #",*'&/ - :&/) ,*7.9*(&' '*I0,*#" ./#&,,4 J&2 0, (/,2 "#2& Dj 23&* !! +!,*-.%/)+%&' &'+$"'$ #+ 23& ,.&*&, j



 !"! #$%&''()* +,-$.+&/&/ 0)% 1&)&20' 3$240'(/4  !"#$%& '()*+,-. '- 0, (,1,2'-. %- &3+, 3-.,4.5 63( ,4'+71, %- ' 0%3.%&&*,.$,(, '(, '18'9& 1'(), :*'-.%.%,& 36 -3- (,'.%2, 3*-.,(%3-& 1%;, Na+< Cl−'-=K+> ?%-'119< .$, +3&. '*('., 8'9 %& .3 3+, 0'; .3 .$, 0'&%& 36 =%@*A&%3-5 .$, ,4%&.,-, 36 ' =%@*&%2, B*4 Jj = −Dj∇Cj
∂t
−→
C =

(
IM − χ(

−→
C )

)(
div (D∇−→

C ) + S(t;
−→
C )

)
, GH>IJ8$,(, D = diag(Dj) %& .$, .,-&3( 63(+ 36 .$, =%@*&%3- 3-&.'-.& 36 .$,$,+%'1 &7,%,& %-2312,= '-= χ %& ' 13'1 7(3K,.%3- +'.(%4 =,F-,= 09

χ(
−→
C ) = νT (Φ(

−→
C )νT )−1Φ(

−→
C ). GH>HJL6 3*(&, .$%& =,F-%.%3- +';,& &,-&, 3-19 8$,- Φ(
−→
C )νT %& %-2,(.%01, 8$%$%& .(*, %- 7('.%, 63( +,'-%-)6*1 3-,-.('.%3-& −→C G&,, GH> MJ '-= GH> NJ 63(' 7('.%'1 ,4'+71, 36 .$%& 6'.J> #$, .,(+ S G8$%$ 8%11 0, 0 %- .$, &,:*,1J3*1= (,7(,&,-. '-9 3.$,( +'(3&37% 7(3,&& &*$ '&< 13'1 +3=%F'.%3- 36.$, 3+73&%.%3- G.3 +3=,1%O, ' &*==,- 0*(&. 36 $,+%'1 &7,%,&J 3( '=2,.%3-09 ' )%2,- 2,13%.9 F,1=>C, &'%= .$'. χ(

−→
C ) %& ' 13'1 7(3K,.%3- +'.(%4> #$%& %& .(*, 8$,- Γ = 0=,F-,& ' (,'1 M − NA=%+,-&%3-'1 +'-%631= G8$%$ 8, 8%11 '&&*+,J> L-.$, 3-, $'-=< '-9 v %- ker(Φ(

−→
C )) %& '1&3 %- .$, ;,(-,1 36 χ(

−→
C ) '-= .$*&

ker(χ(
−→
C )) %& '. 1,'&. 36 =%+,-&%3- M − N > L- .$, 3.$,( $'-= 8, 1,'(19$'2, χ(
−→
C )νT = νT '-= 8, '- '18'9& '&&*+, νT .3 $'2, +'4%+'1 ('-;8$%$ %& N > L.$,(8%&, %. 83*1= +,'- .$'. 8, 3*1= &%+71%69 3*( $,+%'1&9&.,+ 09 (,+32%-) &3+, $,+%'1 (,'.%3-&> D3-&,:*,-.19 χ(

−→
C ) %& .$,7(3K,.%3- +'.(%4 3-.3 R(νT ) 7'('11,1 .3 ker(Φ(

−→
C ))>



℄+ R61& :$ 4/(4(.$ ') &6'. 1/&'5$ '. 1 .&$4 ')&61& -'/$&'()H 1. :$ .6(: 6(: &( .&B-G &6$ -'DB.'() (9 /$1&'=$ .4$'$. .B61. CO2 ') 1 4(..'05G ()&/1.&$- 3$-'B3 .B6 1. &6$ .;') 51G$/+ A$& B. )(:.6(: 6(: &6'. .'&B1&'() $)&$/. ') &6$ 8$)$/15 9/13$:(/; :$ 61=$ (B&5')$- ')&6$ 4/$='(B. .$&'()+E( .&B-G &6$ 0151)$ (9 1/0()1&$- .4$'$. :$ 1) ().'-$/ &6$ 9(55(:')8&:( 6$3'15 .$)1/''M + F(B/ .4$'$. 1)- &:( /$1&'().+ E6$ .4$'$. :$ :'55 &1;$ ')&( 1(B)&1/$ H+H HO−H CO2 1)- HCO−
3 + E6$.$ 9(B/ .4$'$. 1) B)-$/8( &:(6$3'15 /$1&'().M

H2O ⇆ H+ +HO−, >*+S@
CO2 +H2O ⇆ H+ +HCO−

3 . >*+T@E6$ $LB'5'0/'B3 ().&1)& (9 >*+S@ '.  !"#$ %#&'()*+),!")*+ *+%"!+" Kw =
10−14 1& 25 ◦C+ E6$ $LB'5'0/'B3 ().&1)& (9 >*+T@ '. )(&$- K1 =
4.47 · 10−7 1& 25 ◦C+



 !"! #$$%&()&*+ )* ,(%+-*).-/($0  ! "# $%&' ()'%'( +,- ./0'' 0'+.%1,(# 2' +-- CO2−
3 +,- ./' ('1,- -%((13%+.%1,4

HCO−
3 ⇆ H+ + CO2−

3 . 56#789/ ':;%<%=0%;> 1,(.+,. %( K2 = 4.69 · 10−11 +. 25 ◦C# ?1.' ./+.(%,' K2 ∼ 10−11@ ./%( 0'+.%1, 1,<A >+..'0( B/', ./' pH %( &'0A /%C/B/%/ (/+<< ,1. /+))', %, =%1.%((;'(# 2' >'0'<A %,.01-;'- %. D10 ./'++-'>% );0)1(' 1D .'(.%,C 1;0 >1-'< %, + B%-'0 1,.'E. ./+, ./' 1,'B' +0' 0'+<<A %,.'0'(.'- %,#9/' ,1.+.%1,( 1D F'.%1, 6# %, ./' G0(. (',+0%1 +0' ./;(
Γ(
−→
C ) =

(
Kw − C1C2

K1C3 − C1C4

)
, 56#!8+,-

ν =

(
1 1 0 0
1 0 −1 1

)
. 56# H82' +<(1 /+&'

Φ(
−→
C ) =

(
−C2 −C1 0 0
−C4 0 K1 −C1

)
. 56#  8$%,+<<A 1,' +, /'I ./+.

det
(
Φ(

−→
C )νT

)
= K1C2 +K1C1 + C1C4 + C1C2 + C12, 56# "8(1 ./+. Φ(

−→
C )νT %( %,&'0.%=<' D10 +->%((%=<' 1,',.0+.%1,( 5B/%/ +0' ,1,,'C+.%&' ,;>='0(8 +( <1,C +( C1 10 C2 %( ,1, &+,%(/%,C#$10 ./' ('1,- (',+0%1 B' /+&'4

Γ(
−→
C ) =




Kw − C1C2

K1C3 − C1C4

K2C4 − C1C5


 , 56# J8+,-

ν =




1 1 0 0 0
1 0 −1 1 0
1 0 0 −1 1


 . 56# K8L10'1&'0@

Φ(
−→
C ) =



−C2 −C1 0 0 0
−C4 0 K1 −C1 0
−C5 0 0 K2 −C1


 , 56# 68



 !"  !"#$!%& '()$*+)$ -!.!/#)$ 0123!$$2&4 !&5&!.)&4 02*!').)&4#$%
− det

(
Φ(

−→
C )νT

)
= 2K1K2 + C1K1K2 + 2C1C4K2 + C1C5K1+

C1C2K1 + C2
1K1 + 2C2

1C5 + C2
1C4 + C2

1C2 + C3
1 . &'( )*+,#-$ ./ 0// 12#1 Φ(

−→
C )νT -0 -$3/41-56/ #0 67$, #0 C1 74 C2 -0 $7$ 3#$-02-$,(87. 6/1 90 /:#;-$/ 12/ </41-$/$/ 7> 794 1.7 0#6/ 2?<712/0-0( @2/ 1.7<47/00/0 -$ 7;</1-1-7$ #4/ 12/ %-A90-7$ 12479,2 12/ 0B-$ 6#?/40 #$% 12/2/;-#6 4/#1-7$0( C74 12/ 2/;-#6 0</-/0 ./ 7$0-%/4 ./ #$ /01-;#1/12/ 2#4#1/4-01- 1-;/ 7> %-A90-7$ 5? 1#B-$, # 1?<-#6 12-B$/00 7> 12/ 0B-$

L = 10−3m #$% # 1?<-#6 >4// %-A90-7$ 7/D-/$1 D = 10−9m2s−1 &0// @#56/'( * 07 12#1 ./ ,/1 12/ 1?<-#6 %-A90-7$ 1-;/ 0#6/ 7> L2/D = 103s( E?7;<#4-07$ 12/ 1?<-#6 1-;/ 0#6/ 7> 12/ 2/;-#6 B-$/1-0 ./ 7$0-%/4 -0
10−9s( @2/ 2?<712/0-0 -0 >#-46? 3#6-% -$ 12-0 7$1/:1(@#56/ '( F C4// %-A90-7$ 7/D-/$10G</-/0 H-A90-7$ 7/D-/$1 &m2s−1*

H+ 9.3046 · 10−9

HO− 5.2991 · 10−9

CO2 1.9 · 10−9

HCO−
3 1.4532 · 10−9

CO2−
3 0.92221 · 10−9

 !" #$%&& '()* +,-. -$& /.0&1I$ 12-0 0/1-7$ ./ <4/0/$1 12/ -%/#0 12#1 7$%91/% 90 17 019%? 12/ ;7%/6&'(J*( @2/ -%/#0 %/3/67</% 2/4/ /:<6#-$ 12/ $9;/4-#6 019%?( !"!# $%&%'()*'+,- ./,- 1/2'&,('/%@2/ K401 74-,-$ 7> 12/ ;7%/6 -0 #$ #4,9;/$1 12#1 -0 .-%/6? 90/% -$ $9;/4-#62/;-014? 591 2#0 $71 5//$ 4/#66? 1/01/% &17 794 B$7.6/%,/* -$ 12/ 7$1/:17> 4/#1-7$L%-A90-7$(G9<<70/ 12#1 #1 1-;/ t #$% 67#1-7$ xM −→C -0 #1 /N9-6-54-9; #$% 09<<70/12#1 5/1.//$ 1-;/ t #$% t + dt 12/4/ -0 # ;7%-K#1-7$ d
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 !"! #$%&& '()* +,-. -$& /.0&1  !"#$% &'('&)%*+ ,#-). )/% $%#)&1'- 2&** #34#'% -&56*)#'%16-*+ 2&)/ )/% 16)7-&3% 513&(#)&1'8 9/&- 2&** $%-6*) &' )/% &55%3&#)% #::#$&)&1' 1, #'1)/%$513&(#)&1' d̃
−→
C 8 ;%#6-% 1, )/% 5#-- <#*#'%. )/&-  !!"# 513&(#)&1' /#-'%%--#$&*+ )/% ,1$5 d̃

−→
C = νT dξ8 2/%$% dξ &- # 4%)1$ 2/1-% 15:1'%')-=1'% ,1$ %#/ $%#)&1'> &- )/% &'('&)%-&5#* /%5&#* %?)%')8 @1'-%A6%')*+ 2%#' 2$&)%B

−→
C (t+ dt, x) =

−→
C (t, x) + d

−→
C + νT dξ. =C8 D>E% '12 2$&)% )/#) )/% 1'-)$#&') &- :$%-%$4%3B

0 = Γ(
−→
C (t+ dt, x)) = Γ(

−→
C (t, x) + d

−→
C + νT dξ)

≈ Γ(
−→
C (t, x)) + Φ(

−→
C (t, x))d

−→
C + Φ(

−→
C (t, x))νT dξ

≈ Φ(
−→
C (t, x))d

−→
C + Φ(

−→
C (t, x))νT dξ. =C8 F>G- 2% 5%')&1''%3. 2% 1'-&3%$ )/% 5#)$&? Φ(
−→
C )νT )1 <% &'4%$)&<*%8 E% #')/6- 15:6)%

dξ = −(Φ(
−→
C )νT )−1Φ(

−→
C )d

−→
C =C8 !>#'3 2/%' $%&'H%)&'I 1'% ('3-B

−→
C (t+ dt, x) =

−→
C (t, x) + (IM − νT (Φ(

−→
C )νT )−1Φ(

−→
C ))d

−→
C . =C8JK>9/&- #$I65%')- $%5#&'- 4#*&3 ,1$ #'+ 513&(#)&1' 1, )/% 5&? =:$14&3%3 )/#)&) 15%- ,$15 )/% 16)-&3%> #'3 2% #' -#+ )/#) <%)2%%' t #'3 t+dt. <%#6-%1, )/% 3&L6-&1' 1, )/% -:%&%-. )/% *1#* 5&? 2&** <% 513&(%3 <+ #' #516')1, dC = −div (D∇−→

C )dt8 M&4&3&'I <+ dt #'3 )#N&'I )/% *&5&) dt → 0 +&%*3-=C8O>8 !"!# $%&'%(&) *+,-./,.)'0G'1)/%$ 2#+ )1 -%% )/% :$%4&16- #$I65%') &- <+ 2$&)&'I # -)#'3#$3 3&L6-&1'7$%#)&1' -+-)%5B
∂t
−→
C − div (D∇−→

C ) = S, =C8J >2/%$% S #$% )/% =41*65&> $%#)&1' -16$% )%$5-8 P12 1'% #I#&'. <+ ,1**127&'I )/% *#2- 1, /%5&#* N&'%)&-. )/% -16$% )%$5- #' 1'*+ /#4% )/% ,1$5
νTσ 2/%$% σ &- # 41*65& 3%'-&)+ 1, $%#)&1' $#)% =1'% ,1$ %#/ $%#)&1'>8



 !"  !"#$!%& '()$*+)$ -!.!/#)$ 0123!$$2&4 !&5&!.)&4 02*!').)&4#$% &'(* +,* -*.+'$(& .-* '(/('+*01 2.&+3 %* .-* 4*-5.(*(+01 $( +,* *67'80'9-'75 5.('2$0: :*/(*: 91 Γ(
−→
C ) = 0 .(: +,* -*.+'$( &$7-* +*-5& .-*,*-* +$ *(&7-* +,.+ %* &+.1 $( '+; σ .( +,7& 9* &**( .& . <*+$- $2 7(=($%(>.?-.(?* 570+'40'*-& .&&$'.+*: +$ +,* $(&+-.'(+ Γ(

−→
C ) = 0@ A,*( +,* -*.0&1&+*5 '& . &1&+*5 %'+, 7(=($%(& −→C .(: σ .(: *67.+'$(&

{
∂t
−→
C − div (D∇−→

C ) = νTσ,

Γ(
−→
C ) = 0.

BC@DDEF2 %* ($% +.=* . &$07+'$( +$ +,* 4-*<'$7& &1&+*5 +,*( %* .( $547+*
0 = ∂tΓ(

−→
C ) = Φ(

−→
C )∂t

−→
C = Φ(

−→
C )

(
div (D∇−→

C ) + νTσ
)
. BC@DGEH(* .?.'( %* .( .&&75* Φ(

−→
C )νT '& '(<*-+'90* &$ +,.+ %* .( *I4-*&& +,*-*.+'$( +*-5 .&

νTσ = −νT (Φ(
−→
C )νT )−1Φ(

−→
C )div (D∇−→

C ), BC@D"E.(: +,7& −→C .0&$ &.+'&/*& BC@"E@ #$+* +,.+ +,'& '& -*.001 +,* $(+'(7$7& <*-&'$($2 +,* .-?75*(+ BC@ JE@F+ '& '(+*-*&+'(? +$ ($+* +,.+ '+ '& +,* *0'5'(.+'$( $2 +,* 0.?-.(?'.( 5708+'40'*- σ +,.+ 1'*0:& +,* ($( $(&*-<.+'<* 2$-5 $2 +,* :'K7&'$(@ A,'& .(,.44*( '( $+,*- $(+*I+& ; 2$- '(&+.(*3  !"# '( L""℄ :*-'<*& . ($( $(&*-<.8+'<* :'K7&'$( &1&+*5 %,'0* &+7:1'(? $54-*&&'90* #.<'*-8N+$=*& %'+, &5.00<'&$&'+'*& .(: . ,'?,01 $&'00.+'(? 2$-'(? +*-5@#$+* +,.+ '(<*-+013 '2 %* +.=* −→
C +$ &.+'&21 BC@"E3 .(: '2 %* $547+*

∂tΓ(
−→
C )3 %* /(: +,.+

∂tΓ(
−→
C ) = Φ(

−→
C )∂t

−→
C = Φ(

−→
C )(IM − νT (Φ(

−→
C )νT )−1Φ(

−→
C ))div (D∇−→

C )

= (Φ(
−→
C ) − Φ(

−→
C )νT (Φ(

−→
C )νT )−1Φ(

−→
C ))div (D∇−→

C )

= 0, BC@DCE&$ +,.+ '2 +,* '('+'.0 :.+. .-* $( +,* *67'0'9-'75 5.('2$0:3 BC@"E ?7.-.(+**&+,.+ −→C &+.1& $( '+ 2$- .00 +'5* .(: $(&*67*(+01 BC@"E .(: BC@DDE .-* *67'<8.0*(+ 2$- ?$$: '('+'.0 :.+.@ !"!" #$%& '()*+%&,- .%-*/&0&+%O +,'-: %.1 +$ 7(:*-&+.(: BC@"E '& +$ $(&':*- . 2700 -*.+'$(8:'K7&'$( &1&+*5
∂t
−→
C ε − div (D∇−→

C ε) = νTσ(
−→
C ε). BC@DPE



 !"! #$%&& '()* +,-. -$& /.0&1  !"#$% &'()*'+ ,-#$./01 +*#. 0#&. *)(/#3 4/$)./& ()#$&5 6'.) .*#. σ *#&
N '(7'$)$.& 8)#-&) σi /& .*) 9)#./'$ 9#.) '0 .*) i:.* 9)#./'$; .*) <3'8#3=#3<)89/> 79'%-./'$ 9#.) '0 &7)/)& j /& .*)$ '(7-.)% 81 ∑

i

νijσi5 ?. #$8) @)91 *#9% /$ <)$)9#3 .' 4$'+ .*) 4/$)./ 3#+A .*#. /& .*) )B#. )B79)&&/'$'0 σ5 C$) /(7'9.#$. #&) /& .*) +*)$ .*) *)(/#3 &1&.)( /& 4$'+$ .' 8) # !"$%&'"( )!*"'%+)D +*)$ +) %)#3 +/.* # 9)#./'$#3 ()*#$/&(A +) 4$'+.*)9) #9) .+' 4/$)./ '$&.#$.& =&#3/$< #& .*) /$@)9&) '0 # ./()> ki #$% k−i&-* .*#.
σi(

−→
C ) = k−i

∏

j,productofi

−→
C

|νij |
j − ki

∏

j,reactantofi

−→
C

|νij |
J . ="5EF>G*) 9)#./'$ '$&.#$. /& %)H$)% 81 Ki = ki/k−i &' .*#. σi = 0 1/)3%& .*)-&-#3 ),-/3/89/-( 9)3#./'$

Ki =
∏

j

−→
C

νij

j . ="5EI>G*) 0#&. 4/$)./& *17'.*)&/& +) +#$. .' .#4) /$.' #'-$. '-3%A /$ .*/& #&)A8) %)H$)% /$ .*) 0'33'+/$< +#1D k±i = k′±i/ε +/.* ε .*'-<*. #& &(#33 #$% k′±i'0 '9%)9  5 J) .*)$ *#@) Ki = k′i/k
′
−i5 6'.) .*#. +/.* '-9 $'.#./'$&A +) #$+9/.)

σi = ki

(
Ki

∏

j, !"#$& "' i

−→
C

|νij |
j −

∏

j,!()&)*& "' i

−→
C

|νij |
j

)
= kiΓi =

1

ε
k′iΓi. ="5E!>K/$#331 /$ .*) #&) '0 # 9)#./'$#3 ()*#$/&(A L, ="5EI> #$ 8) +9/..)$D

∂t
−→
C ε − div (D∇−→

C ε) =
1

ε
νT diag(k′i)Γ(

−→
C ε), ="5MN>#$% +) #$ &.-%1 .*) 3/(/. ε→ 05 ?$ .*) <)$)9#3 #&) +) +9/.) σ = σ′/ε℄5 K'9 /$&.#$)A $%&'()A *'+)'(#$% ,'+-"+) '8.#/$ # $'$ 3/$)#9 =8-. '$&)9@#./@)> %/P-&/'$ .)9( '$ .*)(#9'&'7/ %)$&/.1 '0 # 3#&& '0 4/$)./ ('%)3& /$ SEM℄5 ?$ .*/& %/9)./'$ '$)



 !"  !"#$!%& '()$*+)$ -!.!/#)$ 0123!$$2&4 !&5&!.)&4 02*!').)&4$% $&'( )*+  !""! $%, #$%&$' -.( (/*$)% )% 01℄ $ 3$4('(5) ,)67')(%+87$*)(% -)*. $ %(% &($& ,)67')(% (+9)+%* :(4 '(3+ ;)%+*) 3(,+& </7*(%+ $=$)%> *.+ +87$*)(% )' (%'+4?$*)?+@AB% *.+ :4$3+-(4; (: 4+$*)(%C,)67')(% 'D'*+3> -.+4+ *.+ ')%=7&$4 (5+4C$*(4 )' (: (4,+4 E+4(> (%+ $% 3+%*)(% *.+ $4*)&+ /D  $()!* +,!--! $%,.$//0'& 0 F℄ <)*+, )% *.+ &+*74+ %(*+' 0"F> G.+(4+3 !℄℄ /D  ,",* 1$'2$-($ $%, 3!"4,//!((!":(4 $ 4)=(4(7' 54((: (: *.+ ?$&),)*D (: LHHM )% (%+ '7. 'D'*+3AS+ 3$;+ *.+ $%'$*E *.$*
−→
C ε =

−→
C 0 + ε

−→
C 1 + O(ε2). <IAT @S+ %(- ),+%*):D *.+ U4'* +2" (4,+4' (: *.+ :(43$& +K5$%')(% :(4 '3$&& ε> *.$*)' (4,+4 ε−1 $%, 1A G.)' D)+&,' *.+ 4+&$*)(%'

{
νTσ′(

−→
C 0) = 0,

∂t
−→
C 0 − div (D∇−→

C 0) = νT dσ′(
−→
C 0)

−→
C 1.

<IATJ@S+ $&-$D' $''73+ ν *( .$?+ 3$K)373 4$%; <-.). /$')$&&D 3+$%' -+,( %(* .$?+ -4)**+% 4+,7%,$%* .+3)$& )%:(43$*)(% $%, )' *47+ )% (74 +KC$35&+@ '( *.$* νT )' (%+C*(C(%+A V(%'+87+%*&D -+ .$?+ σ′(
−→
C 0) = 0 -.).)' +87)?$&+%* *( σ(

−→
C 0) = 0A M&'(> -+ %(*+ *.$* HD'*+3 <IATJ@ .$' *.+ '$3+'*47*74+ *.$% HD'*+3 <IAJJ@ -.+% '+**)%= Wσ = dσ′(

−→
C 0)

−→
C 1XAY+* 7' 3$;+ '(3+ 4+3$4;'A Z)4'* -+ %(*+ *.$* )% *.+ $'+ (: $ 4+$*)(%$&3+.$%)'3 *.+ 4+&$*)(% σ(

−→
C 0) = 0 )' +87)?$&+%* *( *.+ 4+&$*)(% Γ(

−→
C 0) = 0AB* )' 3(4+ $,?$%*$=+(7' *( 7'+ *.)' '+(%, :(437&$*)(% :(4 *-( 4+$'(%'A G.+U4'* )' *.$* *.+ +K54+'')(% (: σ (: <IAJ1@ 7'+' *.+ ?$&7+' (: ki $%, k−i -.).$% /+ .$4, *( (/*$)% +'5+)$&&D )% *.+ $'+' -+ $4+ )%*+4+'*+, )%> *.$* )' -.+%*.+D $4+ ?+4D &$4=+A B%?+4*&D> *.+ +K54+'')(% (: Γ (%&D 7'+' *.+ (%'*$%*' Ki-.). $4+ 3(4+ +$')&D :(7%,A G.+ '+(%, 4+$'(% )' *.$*> -.+% -+ $%%(*'$D *.$* -+ ,+$& -)*. $ 4+$& 4+$*)(%$& 3+.$%)'3> -+ $%%(* 7'+ <IAJ1@ )%<IAJ"@ /7* -+ $% #+&33 7'+ Γ = 0 *( ,+'4)/+ *.+ '*$*)(%$4D +87$*)(%A M%(*.+4



 !"! #$%&'(*+ ,-&%&  !"#$%&#' () *+,) *+&*- (. /$ &#$ 01* (0*$#$)*$2 (0 *+$ 2$*&(3) 1. *+$ +$%()*#5-*+$ .1#%,3&*(10 6789: () (0*$#$)*(0; <$&,)$ *+$ 2$*&(3$2 $=>#$))(10 1. σxl) 1. *+$ *+$ ,0(* (0*$#F&3 6/$ 10)(2$# *+&* /$+&F$ #$)&3$2 *+$ $@,&*(10 )1 *+&* *+$ 2$>*+ ()  : &02 & )$@,$0$ 1. >1(0*)
xl+1/2 ∈ [xl, xl+1]8 M$* ,) &3)1 <$ ;(F$0 & *(%$ )*$> δt8 P+$ %$2(,% () *+$02(F(2$2 (0 10*(;,1,) A0(*$ F13,%$) [xl, xl+1] /+(+ /(33 <$ 10)(2$#$2 &))%&33 +$%(&3 #$&*1#) /+(+ &#$ &3)1 $=+&0;(0; +$%(&3 )>$($) *+#1,;+*+$(# <1#2$# <5 2(J,)(108 P1 A02 *+$ A0(*$ F13,%$ .1#%,3&*(10- *&'$ *+$10*(0,1,) $@,&*(10 6f () ;(F$0 +$#$:

∂t

−→
C − ∂x(D∂x

−→
C ) = f, 678DD:&02 *&'$ (*) )>&*(&3 &F$#&;$ 10 & F13,%$ [xl, xl+1]8 L0$ 1<*&(0) *+$ .1331/(0;$@,&*(10Q

(xl+1 − xl)∂t

(
1

xl+1 − xl

∫

[xl,xl+1]

−→
C (t, x)dx

)

− (D(xl+1)∂x
−→
C (xl+1) −D(xl)∂x

−→
C (xl)) =

∫

[xl,xl+1]

f(t, x)dx. 678D9:



 !"  !"#$!%& '()$*+)$ -!.!/#)$ 0123!$$2&4 !&5&!.)&4 02*!').)&4#$% &' ()%$ −→
C k

l+1/2 *( *++,)-./*%.)( )0 1

xl+1 − xl

∫

[xl,xl+1]

−→
C (kδt, x)dx12)3 3$ )('.5$, %6*% −→C k

l+1/2 ≈
−→
C (kδt, xl+1/2) *(5 36*% 3$ 6*7$ %) 5) .' %)*++,)-./*%$ %6$ 8&-$' D(xl)∂x

−→
C (xl) *% %6$ 9)&(5*,: )0 $*6 ;(.%$ 7)<&/$1=% .' 3$<< >()3( %6*% * ?))5 *++,)-./*%.)( )0 %6$'$ 8&-$' .' ?.7$( 9:@

F k
l = Dl

1

xl+1/2 − xl−1/2

(−→
C k

l+1/2 −
−→
C k

l−1/2

)
, AB1CBD3.%6 Dl 5$;($5 9:

xl+1/2 − xl−1/2

Dl
=
xl − xl−1/2

D(xl−1/2)
+
xl+1/2 − xl

D(xl+1/2)
. AB1CEDF$ *<') ()%$ fk

l+1/2 * ?.7$( *++,)-./*%.)( )0 %6$ *7$,*?$ )0 f *% %./$ t )( %6$
lG%6$ ;(.%$ 7)<&/$1 H($ <*'% 6).$ 3$ 6*7$ %) /*>$ .' %6$ *++,)-./*%.)()0 %6$ %./$ 5$,.7*%.7$ 0), 36.6 3$ 6*7$ 9*'.*<<: %) 6).$' <$*5.(? %) *($-+<..%

−→
C k+1

l+1/2 =
−→
C k

l+1/2 +
δt

xl+1 − xl
(F k

l+1 − F k
l ) + δtfk

l AB1CID), *( ./+<..% .( %./$ '6$/$J
−→
C k+1

l+1/2 −
δt

xl+1 − xl

(F k+1
l+1 − F k+1

l ) =
−→
C k

l+1/2 + δtfk
l . AB1C"D !" #$%&'()*%"+ ,*%*'" -$./0" 1!"0" !"!#$ %&'()$ *&+!,.#!&"/F$ )('.5$, ()3 )&, '.%&*%.)( &(5$, %6$ 0),/ AB1KKD1 =0 3$ *++<: %6$;(.%$ 7)<&/$ )('%,&%.)( %) )&, +,)9<$/ *<< 3$ ($$5 %) ;(5 *,$ ?))5 *+G+,)-./*%.)(' )0 %6$ *7$,*?$' )0 νTσ1 =0 3$ ()%$ ξk

l+1/2 = σk
l+1/2δt 3$ *(3,.%$

−→
C k

l+1/2 =
−→
C k−1

l+1/2 +
δt

xl+1 − xl
(Fl+1 − Fl) + νT ξk

l+1/2. AB1C!DL)3$7$,J 3$ 5) ()% 6*7$ *( $-+,$''.)( )0 νTσ 36.6 .' )(<: 5$;($5 ./G+<..%<: 0!. %6$ )(5.%.)( Γ(
−→
C ) = 0 *(5 %6&' *(()% )/+&%$ *(*<:%.*<<:

ξk
l+1/21 M&% 3$ *( '$$ %6*% %6$ +,$7.)&' $N&*%.)( .' $-*%<: AB1 ID 3.%6

dC =
δt

xl+1 − xl
(Fl+1 − Fl)1 O) *++,)-./*%$ ξk

l+1/2J 3$ 0)<<)3 P$%.)( B1C1 *(5 ,$+,)5&$ %6$ *,?&/$(% AB1 "D1 O6.' <$*5' %) %6$ 0)<<)3.(? *++,)-./*G%.)( A36.6 .' %6$ ;(.%$ 7)<&/$ *(*<)?&$ )0 AB1 !DD@



 !"! #$%&'(*+ ,-&%&  !!
νT ξk

l+1/2 = −νT (Φ(
−→
C k−1

l+1/2)ν
T )−1Φ(

−→
C k−1

l+1/2)

[
δt

xl+1 − xl
(Fl+1 − Fl)

] "#$%&'() *+, -,./,0 1, +33-, *3 345/*, *+, 678/-79, :/;,- Fl <* *74, k + 11+7+ 0,<6- *3 < -,47=745077* -+,4,$ >7)<00? *+7- 0,<6- *3 < 07),<@ -?-*,43) (
−→
C k+1

l+1/2)l 1+7+ <) A, 5/* /)6,@ *+, B3@4C
−→
C k+1

l+1/2 + δt(IM − χ(
−→
C k

l+1/2))L[(
−→
C k+1

l+1/2)l] =
−→
C k+1

l+1/2, "#$% '1+,@, L 7- *+, 07),<@ 35,@<*3@ "7* 7- < 4<*@7; 1+,) 1, +<9, +3-,) <) 3@6,@7)DB3@ (
−→
C k+1

l+1/2)l' *+<* 13/06 <55,<@ 7) *+, /)3)-*@<7),6 E)7*, 930/4, -+,4,$F,</-, 1, +<9, < -,47=745077* -+,4,G 1, +<9, *3 -309, < 07),<@ -?-*,4*3 345/*, −→C k+1 1+70, H)317)D −→
C k$ I31,9,@G 1, 63 )3* +<9, *+,3@,*7<0 3@)/4,@7<0 5@35,@*7,- B3@ *+, 07),<@ -?-*,4 *+<* D/<@<)*,,- *+, )3) ),D<*797*?3B *+, @,-/0*7)D −→

C kk 1, 4<? A, *33 B<@ B@34 *+, ,./707A@7/4 4<)7B306 A/* E@-* 1, 4/-*5@,7-, 1+<* L*33 B<@M 4,<)-$ N3 63 *+7- 1, 34, A<H *3 *+, @,<*73)C 7) <03<0 @,<*3@ "17*+3/* 678/-73)' 1, H)31 *+<* 1+,) *+, +,47<0 3453-7*73)
(
−→
C j) 7- )3* <* ,./707A@7/4G *+, +,47<0 @,<*73)- 1700 <69<), *3 < ,@*<7),;*,)* <)6 *+7- 1700 @,-/0* 7) < 4367E<*73) 3B ,<+ 3453-7*73) (δ

−→
C j) 7)3@6,@ *3 A@7)D A<H *+, +,47<0 3453-7*73) *3 ,./707A@7/4$ O/553-, 1,H)31 +31 *3 345/*, ,;<*0? (δCj) 7) < 03<0 @,<*3@ <- < B/)*73) 3B (
−→
C j)$N+,) 1, <) 345/*, B3@ ,<+ -5,7,- 7*- @,0<*79, 4367E<*73) |δ−→C j|/
−→
C j C7B *+, @,0<*79, 4367E<*73) <@, <00 -4<00,@ *+<) < D79,) *30,@<),G -<? 10−4B3@ ,;<450,G 1, <) 3)-76,@ *+<* 1, +<9, )3* 439,6 A,</-, *+, @,<*73)13/06 4367B? *+, 3453-7*73) 3)0? *3 *+, %*+ 67D7*$ N+7- 4,<)- *+<* 1,<0@,<6? 1,@, <* ,./707A@7/4$



 !!  !"#$!%& '()$*+)$ -!.!/#)$ 0123!$$2&4 !&5&!.)&4 02*!').)&4"# $%&'()* #+ +&-.#% #/% &+0(1'#(+) +2 %'/ $%'#(+) () ' 3+'3 $%'#+$')0 .*.'334 #/(* '))+# 5% 0+)% ')'34#('334 5%'.*% (# &%')* +&-.#()6#/% *+3.#(+) +2 ' *4*#%& +2 '36%5$'( %7.'#(+)8 9+:%;%$ :% 0+ <)+: #/'# 54#/% 3': +2 +)*%$;'#(+) +2 &'** #/% &+0(1'#(+) /'* ' %$#'() *#$.#.$% ')0#/.* (# %=(*#* ') %=#%)# ξi 2+$ %'/ $%'#(+) *+> #/'# #/% &+0(1'#(+) δ−→C ')+)34 5% +2 #/% 2+$& νT ξ8 ?% +&-.#% ') '--$+=(&'#(+) +2 #/% %=#%)# ξ ;('' @%:#+) '36+$(#/&8 A.--+*% ()(#('334 #/% *4*#%& /'* #/% +&-+*(#(+) −→
C 08B/% %=#%)# ξi +2 %'/ $%'#(+) (* *./ #/'# Γ′(ξ) = Γ(

−→
C 0 +νT ξ) = 0C @%:#+)'36+$(#/& (* #/.* #/% +&-.#'#(+) +2 ' *%7.%)% ξn 54 #/% 2+33+:()6 */%&%C

{
ξ0 = 0,

ξn+1 = ξn − (∂ξΓ
′(ξn))

−1Γ′(ξn),
DE8F G')0 :% /';% ∂ξΓ

′(ξn) = Φ(
−→
C 0 + νT ξn)ν

T 8 "# (* #/.* &+$% +);%)(%)# #++&-.#% −→
C n =

−→
C 0 + νT ξn #/$+.6/
{−→
C 0 =

−→
C 0,

−→
C n+1 =

−→
C n − νT (Φ(

−→
C n)νT )−1Γ(

−→
C n),

DE8FHG"0%'334 :% :+.30 0%1)% #/% %=#%)# ξ = lim
n→+∞

ξn 5.# (# (* :%33I<)+:)#/'# @%:#+) '36+$(#/& 6%)%$('334 +);%$6% ;%$4 2'*#8 B+ 0%#%$&()% #/%0(*#')% #+ #/% %7.(3(5$(.& :% #'<% #/% '--$+=(&'#(+) 6(;%) 54 #/% 1$*# *#%-+2 @%:#+)J* '36+$(#/&C
δ
−→
C 0 = −νT (Φ(

−→
C 0)ν

T )−1Γ(
−→
C 0). DE8FFGB/% $(#%$(+) 2+$ ' +&-+*(#(+) −→

C #+ 5% '# %7.(3(5$(.& D:/(/ (* '3*+ #/%*#+- +)0(#(+) :% (&-3%&%)# +) @%:#+)J* '36+$(#/&G (* #/.*
∀j, |δ−→C j| ≤ δ !"−→C j . DE8FEGB/% +&-3%#% */%&% +)*(*# () 0+()6 +)% *#%- +2 0(K.*(+) 54 DE8FLG2+33+:%0 54 ' -$+M%#(+) DE8FHG .)#(3 :% *'#(*1%0 () '33 +)#$+3 ;+3.&%* #%$(#%$(+) DE8FEG8 N4 0%*(6)> #/% 0(K.*(+) *#%- *%)0* .* () #/% 6++0 0($%#(+) *+#/'# #/% -$+M%#(+) *#%- */+.30 )+# 5% ;%$4 *#$()6%)# ')0 :(#/ *+&% /%.$(*#(*&'4 )+# )%%0 #+ 5% 0+)% %;%$4 #(&% *#%-8 !"!# $%&'(%)'*+ *, )-. /-.1. *+ % /'12&.3 43*5&.1?% +)*(0%$ () #/(* *%#(+) +)34 #/% :'#%$ 0(**+('#(+)8 ?% #/.* /';% +)34#:+ /%&('3 *-%(%* H+ ')0 OH− ')0 +)% $%'#(+) #/'# :% :$(#%C



 !"! #$%&'(*+ ,-&%&  !"
H2O ⇆ H+ +OH−. #$%&'()*+ ,-./*/.1+-2/ 13-2/4 /, ,/1567

ν =
(
1 1

)
, #$%&8(39: ;+ ,+-

Γ(
−→
C ) = Kw − C1C2, #$%&<(39:

Φ(
−→
C ) = (−C2 − C1). #$%&=(>+ ;/66 .1532+ .?2 ,*+1+ -. 3 2+@+2+9+ ,.6?-/.9 A/B+9 C7 3 D2,- .2:+2E/9+-/,% F31+67 ;+ ,+-

σ(
−→
C ) =

(
kd − kr

−→
C 1

−→
C 2

kd − kr
−→
C 1

−→
C 2

) #$%$!(39: ;+ .1532+ .?2 9?1+2/36 ,*+1+ -. -*+ 9?1+2/36 ,.6?-/.9 .@ -*+ ,7,-+1
∂t
−→
C ′ − ∆

−→
C ′ = σ(

−→
C ′). #$%$"(>+ -3E+ -*+ B36?+, .@ -*+ *+1/36 .9,-39-, @2.1 G 8℄I

kd = 1.38 · 10−3mole · L−1 · s−1, kr = 1.40 · 1011mole−1 · L · s−1, #$%$ (
Kw = 1.00 · 10−14mole2 · s−2. #$%$J(>+ 9.-+ -*3- ;+ *3B+ |Kw − kd/kr|/Kw = 2%%)*+ 9?1+2/36 +45+2/1+9- /, -*+ @.66.;/9A% >+ .9,/:+2 .9+ 1+:/?1 .@6+9A-* .9+ /9 ;*/* -*+ -;. ,5+/+, *3B+ -*+ ,31+ :/K?,/.9 .+L/+9-, #;/-*3 :/1+9,/.96+,, B36?+ .@ 1(% M9 -*+ 1+:/?1N -*+ *+1/36 .15.,/-/.9 /,
[H+] = 3.98 · 10−8mole ·m−1, [OH−] = 2.51 · 10−7mole ·m−1, #$%$&(;*/* 31.?9-, -. 39 +O?/6/C2/?1 .15.,/-/.9 .@ /9/-/36 pH = 7.4% P9 -*+C.?9:32/+, ;+ ,+- 32-/D/36 Q/2/*6+- .9:/-/.9, .22+,5.9:/9A -. 39 +O?/R6/C2/?1 .15.,/-/.9 .@ pH = 6.4 .9 -*+ 6+@- C.?9:327 39: 39 +O?/6/C2/?1.15.,/-/.9 .@ pH = 7 .9 -*+ 2/A*- C.?9:327%M9 ,53+ ;+ -3E+ 70 *.1.A+9+.?, D9/-+ B.6?1+, 39: -*+ -32A+- -/1+ ,-+5/, 10−2 #9.-+ -*3- dt/dx2 = 49 ≫ 1/2(% >+ :. 100 /-+23-/.9, @.2 3 -32A+-+9:/9A -/1+ .@ 3C.?- 1 #;*/* .22+,5.9:, -. 3C.?- 15mn .@ 2+36 -/1+(%>+ 2?9 3 ,/1?63-/.9 .@ -*+ @?66 2+3-/.9 :/K?,/.9 ,*+1+ 39: ;+ D9: -*3--*+ +O?/6/C2/?1 .9,-23/9- Γ = 0 /, ,3-/,D+: /9 -*+ ,+9,+ -*3- ;+ *3B+ :+D9+:
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−3 Relative Extent for species 1
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• %/ Cb

j ≥ Cb min
j =0 $,+0 )$0 '(DB3; ('5%)%(' Dj∂xCj = 0 )$*(3:$ )$09094*,'0E Cb

j %& )$0 ('0')*,)%(' (/ &70%%0& '3940* j %' )$0 4-((5+0&&0-&8 ,'5 Cb min
j %& &(90 &70%@05 9%'%939 )$*0&$(-5 (' Cb

j E
• %/ Cb

j < Cb min
j 8 )$0'

Dj∂xCj =
Cj − Cb

j

rj
, >F1FF?=$0*0 rj =(3-5 40 )$0 *0&%&),'0 (/ )$0 9094*,'0 )( &70%0& j1 G(&&%4-68 )$%&*0&%&),'0 )( &70%0& j

A ,'5 B ,*0 )$0 4(3'5,*%0& (/ )$0 5(9,%'1 ,'5 %9,:%'0 )$,) )$0 &(-3)%('*0,$05 , &),)%(',*6 *0:%901 P/ =0 =0*0 %' , 73*0-6 5%C3&%+0 &0',*%(8 )$0')$0 &),)%(',*6 0J3,)%(' =(3-5 40 −∂x(D∂x
−→
C ) = 0 ,'5 46 %')0:*,)%': )$%&0J3,)%(' (+0* )$0 %')0*+,- [A,B] 6%0-5& )$,) )$0 (3)0* B3; ,) B 93&) 40 0J3,-



 !"! #$%&'(*+ ,-&%&  !"#$ #%& '((&) *+, -# A. /%'0 '0 ($# #)+& -(12$)& 3'#% 4".56 -0 #%& &7+-#'$('0 ($# $(0&)9-#'9&:;$)&$9&) $(0'<&) #%& =$>>$3'(? 0&##'(? @ -00+2& #%& %&2'0#)1 )&<+&0#$ #3$ 0A&'&0 a -(< b 3%'% )&-#0 #%)$+?% 2a ⇆ b =$) '(0#-(&. B00+2&#%-# #%& 2&<'+2 '0 -# %&2'-> &7+'>'C)'+2 &9&)13%&)&. B00+2& #%-#D C1&,%-(?'(? 2-##&) 3'#% '#0 (&'?%C$+)0D - ?'9&( 9$>+2& ?-'(0 1 +('# $= b -(<>$0&0 2 +('#0 $= a. E%&( #%-# %-AA&(0D #%& &7+'>'C)'+2 '0 C)$F&( -(< #%&9$>+2& )&-#0 #$ )&?-'( '#. G+# '# '0 &-01 #$ 0&& %&)& #%-# #%& %&2'-> )&-#'$(3'>> #-F& #%& &,#)- +('# $= b #$ A)$<+& #%& 2 2'00'(? +('#0 $= a
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 !"#$%&' ()*+,-$."%$*/ +0 #!,/*12/'+3$/%'&+$4$%"%$*/ +"/. -'. .0%0&'.&6/$'//'.
 !"#$! %# '()*+,- ! #$%&'(! !)' *+)$(, $- %#,+*./+! 01&+'!(0&2&'$'&*+ 0!) )-'-(!)341$%%(*#! 0,5!6*%%,! 0$+) ! #$%&'(! %*-(($&' 7'(! 0,(&'! *..! 61!8$'&+5!()! 0! 6$ 0,.$(#! 0! 9:;℄ = 0$+) !' $('&6!> !"#$  ! "#$ %(!++!+' 0$+)-+ %(!.&!( '!.%) $'! 0- %#,+*./+! 01&+'!(0&2&'$'&*+3 ?-&) %$( $+$6*2&!$5! 6!) .*'&@) 6$AB(&+'#&C-!) ,'-0&,) %$(  %#&' !' ($)*%#) 0$+) 9D:℄℄M *+' .*+'(, C-! 6!)*+'($&+'!) .,$+&C-!) C-! )-A&))$&!+' 6! (R+! L!' 0*+ 6!) )-'-(!)M $5$&!+'-+! &+S-!+! )-( 6! 0,5!6*%%!.!+' 0!) )-'-(!)3 41$-'(! &+2(,0&!+' C-! +*-).!''*+) 0*+ 0$+) +*'(! .*0/6! !)' $&+)& 6$ .,$+&C-!3T;U



 !"  !"#$%&'&"("&)! %(!* +#* *,",$#*#$ %$&'( )'(* ('+, '+./'(, 01'/'213 3* 45$(16+3 3,* /75/543(* )5*38941($(* )$(, /3 4'):/3; #$ 01'/'213 $21* ,+8 /$ 45$(16+3 $8 /3 41/13+ 3,*<5*58'2:(3 = 3( 3>3* /3, ?'1(*, 6+3 '(,*1*+3(* /3, ,+*+83, ,'(* 03$+'+. ./+,,'+./3, @73,*9A9)183 5/$,*16+3,B 6+3 /3, ',; C3**3 )1>583(3 3(*83 ,+*+83, 3* ',('+, $4:(3 A '(,1)5838 +( 4$*581$+ ,.$*1$/343(* <5*58'2:(3; D7+( $+*83�



℄ (./ 6,)7 (& %.*)(8-89)(.,3&9,.- =),6*$ &%*-& ;677.)8(& (% &+*K  !!!? MQN℄4 B3*3)-& ()- /-:%8%*-/ 9C*6, 9,.C 9,)/-)& (./ ,.*(%. (. 3./%R-)-.*%(*-/K ,&*-,=-.%K 8-&-.$C8-; *. (% &+*K  !!S? MNN℄4 #$- *6, 9,)/-)& ,2 *$- &3*3)- ()- &*),.=:C %.T*-),..-*-/ 9C ( /-.&- .-*6,)7 ,2 ,::(=-. 09)-& ;:5)%& (% &+*K  !!U?MOQ℄K ;;()).& (% &+*K  !!S? MVO℄4 W,.- /-',&%*%,. ,3)& ,. *$- 9,)/-)& ,2*$- &3*3)-& (./ %& &395-*-/ *, *$- %.X3-.- ,2 -Y*-).(: 8-$(.%(: &*%8T3:% ;".))*&<K  !!S?MLS℄4 <3)%.= =),6*$K &3*3)-& '),=)-&&%1-:C /-1-:,' (&*)%7%.= %.*-)/%=%*(*-/ '(**-). ; *.K  !!S? MNQ℄K 6$%$ $(& 9--. 8,/-::-/3&%.= ( &*)%*:C $-8%(: )-(*%,.T/%R3&%,. -Z3(*%,. ;=*/)( (% &+*K  !!"?MQ!℄ 9(&-/ ,. ( E%*[$3=$T\(=(., %.&*(9%:%*C ;;"(<>.)< (% &+*K O""U? MLQ℄?4\-1-)*$-:-&&K %2 8,)'$,=-.& ()- &*),.= /-*-)8%.(.*& ,2 -89)C,.% &3*3)- /-T1-:,'8-.*;677.)8(& (% &+*K  !!!? MQN℄K ; *.K  !!S? MNQ℄K 8-$(.%(: 2,)-&$(1- *, 9- *(7-. %.*, (,3.* %. ,)/-) *, -Y':(%. $,6 &3*3)-& =),6 (2*-) 9%)*$(./ /-1-:,' *$-%) '-3:%() ()$%*-*3)- ;".))*&<K  !!S? MLS℄4]- (''),($ *$%& '),9:-8 9C 3&%.= *$- =-,8-*)%(: /(*( (1(%:(9:- ,.&3*3)-& (& &-,./()C ,.0)8(*%,.& ,2 ( 8(*$-8(*%(: 8,/-: %.1,:1%.= &%8':-8-$(.,*)(.&/3*%,. '),-&&-&4 B3*3)-& ()- 7.,6. *, %.*-)/%=%*(*- %. *$-0)&* 6--7& (2*-) 9%)*$ ;=*/)( (% &+*K  !!"? MQ!℄4 W,.- /-',&%*%,. 8(%.:C,3)& (* *$- ,.1-Y%*%-& ,2 *$- %.*-)/%=%*(*%,.& ;:5)%& (% &+*K  !!U? MOQ℄K;?/& (% &+*K  !!U? MN"℄ 6$%:- *$- ,.1-Y%*%-& 6%*.-&& )-&,)'*%,. ;:5)%&K !!N? MOU℄4 E3)*$-)8,)-K ,::(=-. 09)-& )(/%(*-/ 2),8 *$- ,.1-Y%*%-& *, *$-,.(1%*%-& %. *$- %.*-)/%=%*(*-/ ()-(& ;".))*&<K  !!S? MLS℄K ;#%17(@%2(A"()4 (% &+*K  !!S? MUQ℄4]- *$3& '),',&- ( 8,/-:K (%8%.= *, 0./ %.&*(9%:%*%-& ,3))%.= /3)%.= &3T*3)(: =),6*$ 6$%$ ,)%=%.(*- 2),8 ( 9%,:,=%(:^8-$(.%(: ,3':%.=K 6%*$,3*& "$,#$, =-,8-*)%(: $C',*$-&-&4 ]- /-&)%9- -::3:() -1-.*& ;'),:%2-)(*%,.K8,*%,.K /%R-)-.*%(*%,.? %. ( &%8':- 6(C %.1,:1%.= ( 8%.%8(: .389-) ,2 '(T)(8-*-)& 9C ( &-* ,2 ,.*%.3,3& -Z3(*%,. ;*$3& /-&)%9%.= *$- 6$,:- &C&*-8,.:C (* ( 8(),&,'% :-1-:?4 ]- ,.&%/-) *6, *%&&3-& 6%*$ /%R-)-.* 8-$(.T



d :0#0 ,**6, 7%#(&/ I1,+#7/ 7()6 +0*)6'%(%+#<* &*25+0 .*+:**2 +0* -*'+0 )7 +0* ,1+1(* %2- +0* )+0*( &*25+0,%&*8 L):*<*(4 :* 61,+ ')#2+ )1+ +0%+ #+ #, K2):2 +0%+ +0* )6'&*=#+/ )7+0* #2+*(-#5#+%+#)2 '%++*(2 %+1%&&/ <%(/ #2 -*'+08 9&,) +0* 0/')+0*,#, +0%++0* +:) .)2* 7()2+, %(* 7%#25 *%0 )+0*( #2 % '&%2%( )2F51(%+#)2 #, 2)+ +(1*%, ,)6* )<*(&%''#25 %2 )1(8 @0* 2d 0/')+0*,#, #, +01, % (*,+(#+#)2 .1+:* 61,+ 5%#2 ,)6* #2,#50+ )2 +0* 5*2*(%& 6*0%2#,6 .*7)(* 5)#25 #2+) +0*F2*( -*+%#&, )7 +0* ,1+1(* #2+*(-#5#+%+#25 '()*,,8 !"!# $%'()*(+ ,-.,%-/*%0 .1 /'% 02/2-%G* ,+%(+ ./ '(*,*2+#25 +0* 6*0%2#%& %,,16'+#)2, :* 0%<* 6%-* )2 +0*,1+1(*,8 @0* F(,+ 0/')+0*,#, )2 +0* 6*0%2#%& 2%+1(* )7 +0* 6*-#16 #,+0%+ #+ %2 .* -*,(#.*- %+ % '1(*&/ )2+#21)1, &*<*&8 M)2,*C1*2+&/4 +0* .)2*)1'#*, +0* ,'%* Ωb ⊂ R
2 :0#&* +0* ,1+1(* )1'#*, +0* ,'%* Ωm ⊂ R

28@0#, #, &*%(&/ <%&#- 7)( +0* .)2* .1+ 6*%2, +0%+ ,)6* %<*(%5#25 )7 +0*&)%& '()'*(+#*, )7 +0* ,1+1(%& '%(+ #, #6'&##+&/ -)2*8 G* +0*2 %,,16* +0%++0* 6)-*& (*%+, 6*0%2#%&&/ %, % ,#6'&* *&%,+# 6%+*(#%& ?:0#0 6*%2,



 !"! #$%&')*+$*, &%-',,$+. %/ * 012$*, 34045'  !!"#$" "#% &$"%'($) (* &%#$,($))- (*."'./(0 12" "#% &$"%'($) .,*"$,"* "#$"3%*'(1% "#% &$"%'($) "$4% (,". $.2," "#% 3(5%'%,% .6 &%3(2& 1%"7%%,1.,% $,3 *2"2'% 8 "#% &$"%'($) (* $, (,#.&.9%,%.2* :..4%$, %)$*"( &$"%'($);<.&% $2"#.'* = !""#$% >  ??@0 AB@℄u $,3 "#% *"'%** "%,*.' σ $,3 "#% 9.D%',(,9 %G2$"(.,*$'% "#% G2$*(*"$"( %G2$"(.,* .6 &."(., J




− div σ = 0,

σ =

(
σxx σxy

σxy σyy

)
= 2µ

∇u+ (∇u)T

2
+ λdiv u,

=K;!07#(# 7#%, 7'(""%, $* $ *-*"%& %G2$"(., (, u 1%.&% "#% L$&M *-*"%&; N#%*"'$(, (* .,"(,2.2* $" "#% 1.,%O*2"2'% (,"%'6$%* $,3 "#% L$&M .%P(%,"*
λ $,3 µ $'% 1(D$)2$"%3> '%*/%"(D%)- (λo, µo) (, "#% 1.,% $,3 (λm, µm) (,"#% &%*%,#-&%; QR/%'(&%,"$) 3$"$ $'% .6"%, %R/'%**%3 (, "%'&* .6 S.2,9T*&.32)2* E $,3 U.(**.,T* '$"(. =$9$(, *%% N$1)% K;!0 $,3 "#% L$&M .%P(%,"*$'% .1"$(,%3 6'.& (E, ν) "#'.29#

λ =
Eν

(1 + ν)(1 − 2ν)
, µ =

E

2(1 + ν)
. =K; 0I, "#% *%G2%)> 7% "$4% νo = νm $,3 Eo ≫ Em;V* $, 1% *%%, (, QG; =K;!0 7% $**2&% "#$" "#%'% $'% ,. D.)2&( 6.'%J "#% %R"%',$) 6.'%* .,)- $" "#'.29# 1.2,3$'- .,3("(.,* $* (6 *.&%"#(,9$"2$))- $"%3 ., "#% 1.,%*T %,3*; <(,% 7% #$D% $, (&/)((" "#(, )$-%'$//'.R(&$"(., =$* 7% .,*(3%' "#% 1.,%* $,3 *2"2'% ". 1% 2d0 "#(* &$- ,."1% $2'$"% =(" $"2$))- &$- ,." 1% $2'$"% ., "#% '%$) 3d &%3(2&0;L%" 2* 1'(%W- 3(*2** 7#$" 7% &%$, 1- %R"%',$) 6.'%*; E% .,*(3%'"#$" "#% *2"2'% 2,3%'9. %R"%',$) *"'%** .&(,9 6'.& %**%,"($))- "#'%% *.2'%*"#% '%)$"(D% (&/.'"$,% .6 7#(#> 3%/%,3* ., "#% ).$"(., .6 "#% *2"2'% J(,"'$'$,($) /'%**2'% 6'.& 1'$(, 3%D%)./&%,"X &$*"($"(., %5%"*X (&/$"*;Q$# .6 "#(* %5%" (* 3(5%'%," $,3 $"* ., "#% *2"2'% (,"%'3(9("$"(., .&H/)%R("- = !""#$%>  ??@0 AB@℄ J (,"'$'$,($) /'%**2'% (* $ G2$*(*"$"( .,*"$,"6.'%X &$*"($"(., %5%"* $'% .*())$".'- (, ,$"2'%X (&/$"* $'% 1'(%6 $,3 (,H"%,*%; F,% .6 "#% 9.$)* .6 .2' &.3%) (* ". 1% $1)% ". 3%"%'&(,% "#% (,W2%,%



 !  !"#$%&'&"("&)! %(!* +#* *,",$#*"# $%' $($)* +", )'$ -"-$.) /$ /011 ".12 ".$.),%)$ ". )'$ 0.),%,%.0%13,$445,$ 6)'04 04 /'2 "5, -"7$1 04 %) )'$ -"-$.) #"54$7 ". )'$ 4%80))%1 459)5,$:* ;'04 $($) 04 -"7$11$7 %4 % ".4)%.) ),%)0". #",$ ". )'$ <"5.7%,2 "#)'$ <".$* =%)'$-%)0%112 /$ /,0)$ σn = Fn 6/'$,$ n 04 )'$ .",-%1 >$)",)" )'$ 1%)$,%1 407$4 3"0.)0.8 "5)/%,7: ". )'$ 1%)$,%1 407$4 "# )'$ <".$? /'$,$
ρ




{
∂tρ+ div j = 0 4%*1* x ∈ Ωm )'. t > 0,

j = −Dρ∇ρ+ ρF , HF:"I4%*1* F &/ #%* 8*#$1 6&8&'6 #%* 21*+*1*'#&)- .&1*#&$' $+ 3$8*3*'# H#*%'&<)--5 /&3&-)1 #$ %*3$#)K&/ 7 /**  !"#$%&! QGR℄f 4%&% )##1)#/ #%* $--)6*' >9*1/ '*)1 #%* 9$1.*1:;%* %&6%*1 #%* $'*'#1)#&$'? #%* 3$1* #%* >9*1/ $'*'#1)#*: W* )//,3*#%)# #%* $'*'#1)#&$' $+ >9*1/ &/ .&1*#-5 21$2$1#&$')- #$ #%* $'*'#1)#&$'$+ #%* /&6')-: N$#* #%)# #%* 9*%)8&$,1 f )' -)//&)--5 9* .*/1&9*. 95 #%*+$--$4&'6 .&Y,/&$' *O,)#&$'C
{

−Df∆f + αf = 0 +$1 x ∈ Ωm,

f = 1 $' #%* &'#*1+)* x ∈ ∂Ω,
HF:ZI4%*1* α &/ /$3* .*61).)#&$' 1)#*:



 !"  !"#$%&'&"("&)! %(!* +#* *,",$#*#$ %&' (%&') &*$+, %&' -.')/ *)' *0/( 1$23'$'+ .5 %&'  !# $%&#'(# )*+%))6 7&1/ 1/ 8*5.' %&' 9'5 :(1$% .'*3/' 1% 1/ $(; %&*% ;' (3:0' 8'<&*$1/ ;1%& .1(0(=56 >' ;100 '$(+' %&' '?'% (@ 8'&*$1*0 /%)'// ($ %&'()1'$%*%1($ (@ -.')/ 1$ * A'%() -'0+ e(t, xe1 *$+
e2 *//(1*%'+ %( %;( :)1$1:*0 /%)'//'/, )'/:'%1A'05 σ1 *$+ σ2 /( %&*% * /8*00/F3*)' ;&(/' '+='/ *)' *01=$'+ ;1%& e1 *$+ e2 @''0/ :)'//3)' @()'/ C:)'//3)'.'1$= *0='.)1, %&1/ *$ .' * %'$/10' @()' () * (8:)'//1($ @()'D %&*% *% ($1%/ '+='/6 7&' :)1$1:*0 /%)'//'/ *)' '*/105 (8:3%'+ 1$ %')8/ (@ %&' /%)'//8*%)1G (8:($'$%B

σ1,2 =
σxx + σyy ±

√
(σxx − σyy)2 + 4σ2

xy

2
e ;100 .'/8*006 >&'$ %&' /%)'// 1/ $(% 1/(%)(:1, %&' /%)($=') :)1$1:*0 /%)'// C1$ *./(<03%' A*03'D K;1$/ %&' ()1'$%*%1($ .*%%0'L *$+ ;' &((/' 1%/ :)1$1:*0 +1)'%1($*/ (00'%1A' ()1'$%*%1($, ;&10' 8*91$= %&' $()8 (@ e (8:*)*%1A'05 /8*00')%&*$ 1$ %&' K((:')*%1A' /%)'//L /'$*)1(6 >' (00'% %&' :)'A1(3/ )30'/ 1$ %&'@(00(;1$= 'F3*%1($ @() eB



 !"! #$%&')*+$*, &%-',,$+. %/ * 012$*, 34045'  !"




e = G−

(
σ1

σ2

)
e1 #$ 0 ≤ σ2 ≤ σ1

e = G−

(
σ1

σ2

)
e2 #$ σ1 ≤ σ2 ≤ 0

e = G+(σ1, σ2) e2 #$ σ1 < 0 < σ2

e = G+(σ2, σ1) e1 #$ σ2 < 0 < σ1

%&'&(
)*+ $,-/#0- G− 1+2-+1 0- [1; +∞) #3 #-4+53#-6 5-1 35/#32+3 G−(1) =
0 %#30/407# 53+( 5-1 G−(+∞) = 1 %5-#30/407# 53+(' 8-+ 5- /59+ $04#-3/5-+ G−(r) = | tanh r − 1|' )*+ $,-/#0- G+ #3 1+2-+1 :; G+(σ2, σ2) =
1 + |σ1| + |σ2| '<+ 5- -0= 6#>+ /*+ +?74+33#0- 0$ F @

F = (∇f · e) e

‖e‖ . %&'A(<+ *5>+ /*5/ F *53 /*+ 35B+ 1#4+/#0- /*5/ /*+ C05C 5>+456+ 2:+4 04#+-/5/#0-5-1 #3 740704/#0-5C /0 :0/* ∇f %=*#* #3 740704/#0-5C /0 /*+ 6451#+-/ 0$2:+4 0-+-/45/#0-( 53 #- *+B0/5?#3 :,/ 5C30 /0 e 30 /*5/ F #3 3B5CC #$ /*+04#+-/5/#0- 0$ /*+ 2:+43 #3 45-10B' D#-5CC; #$ /*+ 2:+43 54+ 3/40-6C; 04#+-/5/+1#- 0-+ 1#4+/#0- :,/ /*+ 6451#+-/ 0$ f /*5/ 14#>+3 /*+ B+3+-*;B5C +CC3 #304#+-/5/+1 04/*060-5CC; /*+- /*+ *57/0/5?#3 #3 5C30 -,CC')*+ B+*5-#3B3 0$ /*+ 0B7C+/+ B01+C #3 3,BB+1 ,7 0- D#6,4+ &'!

D#6,4+ &'!@ %E+$/( 6+0B+/4; F 5/043 G %H#6*/( 5/043 5-1 4+/405/#0- C007'



 !"  !"#$%&'&"("&)! %(!* +#* *,",$#* !" #$%&'()$*+, !"!# $%&'&()*)+,( ,- ).& /,0&1!#$ %&$'  !"" #$%% () *+'$+ ,* *./%,$ ,0$ '(&,+(1%,(*) *2 ,0$ .$&3$)04.$ $55& () ,0$ &%,%+$6 70$ 1%58 *2 ,0$ )%.$+(95 *'$ (& ,0$ )%.$+(95,+9)&59,(*) *2 :;&6 <"6!=><"6"=?!6  !"#$%& %'& ()*#+,&"&.% u ($& %! %'& "&',.),+ *%/,).01 234<"6!=5 $*).6 %'& #/&7)!$* *#,& /&#,/%)%)!. !8"&*&.'1"& ,.( 0!.& ,* ).#$% 6  !"#$%& %'& ,%%/,%).6 *)6.,+9!++,6&. !.&.%/,%)!. ). %'&*$%$/& 01 234<"6@=A6  !"#$%& %'& ',#%!%,:)* 7&%!/ F 01 23*4<"6"= ,.( <"6B=5$*).6 %'& $//&.% *%/&** σ ,.( %'& $//&.% f ,* ).#$%@6  !"#$%& %'& ,(7,.&"&.% !8 %'& ()*%/)0$%)!. !8"&*&.'1",+ &++* ). %'& *$%$/& 01 234<"6A=5$*).6 %'& $//&.% F ,* ).#$%C6  !"#$%& %'& ()*#+,&"&.% v
v G0(0 (& ,0$ &/$$' *2 ,0$ (),$+29$6 L9,%+95 9&&%./,(*)& *) v (& ,09, v (&'$M)$' *) ,0$ 1*+'$+ *)54H 9)' (& )*+.95 ,* ,0$ 1*+'$+ <,0$ 1*)$ (& +$9,$'()&('$ ,0$ &%,%+$=6 #$ ,98$ (, ,* 1$ /+*/*+,(*)95 ,* ,0$ 5*95 K95%$ *2 ρ



v7 E$% *6%%- (* #$%0 %56/0-%-(0 #$% &$',% <%*%0$2</, -'</(0 &(#$ %F+/#('0B




− ∆v + ∇⊥p = 0

rot v = 0,3'. x ∈Ωm

v · t = 0

v · n = ρ− 1

|Γ|

∫

Γ

ρdγ '0 Γ = ∂Ωm.

?G7H@E$(* %56/0*('0 (* </-% 3'. 6+.%,2 0+<%.(/, .%/*'0 ?#$% +*% '3  !"# #$% (0 !"" "#$$@ 1+# *(0% (# '+,- /C%# #$% 0+<%.(/, .%*+,#*> &% <%0#('0 (#78% </-% *'<% 0+<%.(/, *(<+,/#('0* +*(0= #$(* '-% /0- .%/,(*#( 6/./<%#%.*'3 E/1,% G7! &$($ &%.% %5#./#%- 3.'< 6.%4('+* *#+-(%*7I/./<%#%. J/,+%8(-#$ '3 #$% *+#+.% K7L M ! <<N+./#('0 '3 '0*#./(0# /66,(/#('0 OK -/2*P.%F+%02 '3 </*#(/#'.2 3'.%* ! QRE./#('0 3'.% !KK 9I/S'0% T'+0=U* <'-+,+* ?Eo@ G7103 VI/V%*%0$2<% T'+0=U* <'-+,+* ?Em@ LK VI/S'0% I'(**'0U* ./#(' ?no@ K7 HV%*%0$2<% I'(**'0U* ./#(' ?nm@ K7 HW',,/=%0 -(C+*('0 ?Df@ K7 L <<2D-/2W',,/=%0 *%.%#('0 ?α@ !V%*%0$2</, %,,* -(C+*('0 ?Dρ@ K7! <<2D-/2X6%%- '3 -%6'*(#('0 '3 1'0% '0 #$% 1'.-%. K7! <<D-/2E/1,% G7!B S(','=(/, 6/./<%#%.*7



℄4

U%';.0 34 V D0:,&%,* %&$1,(%*%1= 9;.%&' $;1;.,* '.)71: 7:0& , H;,$%W$1,1%<).0 %$ ,--*%09 1) 1:0 *,10.,* ().90.$ )< 1:0 9)/,%&4A0 <;.1:0./).0 <);&9 1:,1 1:0 /)90* $-)&1,&0);$*= -.09%1$ 1:,1 ()&090-)$%1%)& );.$ )& 1:0 1%- )< 1:0 %&10.9%'%1,1%)&$ ,&9 1:,1 )**,'0& 8(.0$7%1:%& 1:0 $;1;.0 ).%0&1,10 %& , .,9%,1%&' 7,= ,1 1:0 @)&0$ )< /,P%/;/;.>,1;.0 28';.0 34K54 L:%$ %$ %& ,).9,&0 7%1: 1:0 0P-0.%/0&1,* 9,1,,--0,.%&' %& U%' 34O 7:0.0 1:0 8(0.$ ,& (0 $00& %& 1:0 1;.&%&' -)%&1$ )< 1:0$;1;.04



 !"! #$%&'() %&+&%(),$-  !"

#$%&'( )*+, #$-$.( (/(0(-. 1-1/23$3 4('56'0(7 6- 1 3$04/( 3$-&36$71/ 3814(9$.8 .8( 4823$1/ 81'1.('$3.$3 65 3&.&'(3 4'(7$.3 .81. .8( 01;$0&0 656-3.'1$-. 1<(.3 .8( 6-1=$.$(3 65 $-.('7$%$.1.$6-3 1/6-% .8( x



y6D/'2#C1#',)4; -%#' 2,&+,('< 5+/" & 2,+&(<%, (',#+5&#; ,%# (',#+5&# 2%/1)0+#"&(' 2,+&(<%, 5/+ &)) ,("#6 E/ ('.#2,(<&,# ,%# ('2,&3()(,4 /5 /1+ "/0#) -#2,&+, 5+/" &' ('(,(&))4 *#+,1+3#0 2,+&(<%, (',#+5&# -(,% & 2('# 1+.#F &2,%# 2,+&(<%, (',#+5&# %&2 #C1&,(/' x = 0 =,%# )#5, )("(, /5 ,%# ,%# 21,1+#(2 ,%12 x = −1 &'0 ,%# +(<%, )("(, /5 ,%# 3/'# (2 x = 1B; ,%# *#+,1+3#0(',#+5&# %&2 #C1&,(/' x = ε sin(ky) -%#+# ε (2 & 2"&)) *&+&"#,#+6 G2('< ,%(2(',#+5&# &2 ('(,(&) 0&,& -# -&', ,/ 2,104 ,%# #./)1,(/' /5 ,%# &"*)(,10# /5,%# (',#+5&# -(,% +#2*#, ,/ k6 H'0##0; ,%# +#21),2 (' A(<6 ?6 21<<#2, ,%&,,%# 0#2,&3()(2&,(/' (2 '/, &'&+%(&) &'0 ,%&, /')4 2*#(I -&.#)#'<,% /1)03# &J#,#0 34 ,%# ('2,&3()(,46 !"!# $%&'(&)%* +%-./0.1 &%234/2%E%# '1"#+(&) 2%#"# /5 >#,(/' ?6@ 21<<#2, & KI9#0L*/(', *+/#01+#M ,/2,104 ,%# ='/' )('#&+B /1*)('< /5 /1+ "/0#)6 7# ,%12 2,&+, 34 /"*1,('<,%# +#2*/'2# (' ε /5 ,%# "#%&'(&) #C1&,(/'2 =?6NB; ,%&, (2 ,%# 5/+"&) I+2,/+0#+ #9*&'2(/' /5 ,%# 2/)1,(/'6 H' ,("#; -# -()) ('2#+, ,%# #9*&'2(/' -# I'0(' ,%# #C1&,(/'2 </.#+'('< ,%# 3(/)/<4 =?6@BO=?6PB &'0 34 /"*1,('< ,%# ,("##./)1,(/' /5 ,%# (',#+5&#; "&43# (0#',(54 ,%# /"*)#,# ('2,&3()(,4 "#%&'(2"Q#, 12 0#2+(3# ,%# R#+/,% /+0#+ ,#+"6 S2 -# "#',(/'#0; -# %&.# ,/ ,&8#& 3/1'0&+4 /'0(,(/' &, x = −1 &'0 -# ,&8#; &2 (' ,%# +#&) 21,1+# &2#;
σn = Fn6 7%#' ε = 0; 01# ,/ ,%# 24""#,+4; ,%# 2/)1,(/' /5 =?6NB 0/#2 '/,0#*#'0 /' ,%# y .&+(&3)# &'0 &0"(, ,%# 5/))/-('< 2("*)# #9*+#22(/'F




ūx

g,d(x, y) =
F

2µg,d + λg,d
x

ūy
g,d(x, y) = 0

=?6TB
σ =

(
F 0
0 0

) =?6N!BS2 -# -()) '##0 ,/ 2,104 %(<%#+ /+0#+ ,#+"; -# 2#, u = ū + εũ + O(ε2)-%#+# ũ (2 ('0#*#'0#', /5 ε6



 !"! #$%&'() %&+&%(),$-   ! !"!# $%& '()*(+,%-"#$ %# &%'() %*+ ,+-%'-.+( &#/'%0#12 0% 0& +3&0+- %# *315+ 63-03./+& 01 #-(+-%# 5+% 3 ,-#./+7 $0%* 3 89+( 01%+-:3+2 +&,+03//) &01+ %*+ #+;0+1%& #: %*+<37= +>'3%0#1& 3-+ (0&#1%01'#'& 3% %*+ 01%+-:3+? @+ %*'& &+%
x′ = x− ε sin(ky), y′ = y. AB?!!CD: #'-&+2 3:%+- %*0& *315+ #: 63-03./+&2 %*+ .#'1(3-0+& x = ±1 .+#7+

ε (+,+1(+1% 01 %*+ x′, y′ 63-03./+&? E'% 3& $+ 7+1%0#1+(2 $+ 3-+ 7301/)01%+-+&%+( 3% $*3% *3,,+1& 3% x′ = 0? @+ %*'& #7,/+%+/) F:#-5+%G %*+.#'1(3-0+& 01 %*+ &+>'+/? D'- 3,,-#9073%0#1 $0// %*+1 1#% *36+ %*+ -05*%#-(+- #1 %*+ .#'1(3-0+& 31( %*3% &*#'/( .+ #--+%+( .'% #1/) $0%* .#'1(3-)/3)+-& $*0* $0// 1#% 3H+% %*+ &#/'%0#1 1+3- %*+ 01%+-:3+? I# J++, %*+1#%3%0#1 3& /05*% 3& ,#&&0./+2 $+ $0// #70% %*+ ,-07+& 01 %*+ +>'3%0#1 31(+9,-+&& +6+-)%*015 01 %*+ 1+$ 63-03./+&2 +9+,% $*+1 $+ +9,/00%+/) &%3%+#%*+-$0&+?@+ 1#$ &+% A01 %*+ 1+$ 63-03./+&CK
ûy

g,d = ũy
g,d, AB?! C

ûx
g,d = ũx

g,d −
F

2µg,d + λg,d
sin(ky). AB?!LC"#%+ 01 AB?!LC %*+ &+#1( %+-7 #7015 :-#7 %*+ *315+ #: 63-03./+? @+ 1#$$-0%+ %*+ +>'3%0#1& #: %*+&+ '1J1#$1&K

{
(2µg,d + λg,d)∂xxû

x
g,d + (µg,d + λg,d)∂xyû

y
g,d + µg,d∂yyû

x
g,d = 0,

µg,d∂xxû
y
g,d + (µg,d + λg,d)∂xyû

x
g,d + (2µg,d + λg,d)∂yyû

y
g,d = 0,

AB?!MC%#5+%*+- $0%* %*+ #1%01'0%) #1(0%0#1 3% x = 02




[
ûx +

F

2µ+ λ
sin(ky)

]
= 0,

[ûy] = 0,

[− ((2µ+ λ)∂xû
x + λ∂yû

y)] = 0,[
−µ (∂xû

y + ∂yû
x) + k cos(ky)

λF

2µ+ λ

]
= 0.

AB?!NC
O1 %*+ ,-+60#'& +9,-+&&0#1 %*+ &>'3-+ .-3J+%& +9,-+&& %*+ P'7, 3% x = 0%*3% 0& [a] = ad − ag :#- 31) &3/3- :'1%0#1 $0%* 63/'+ ad #1 %*+ -05*% #: %*+01%+-:3+ 31( ag #1 %*+ /+:%?



    !"#$%&'&"("&)! %(!* +#* *,",$#* !"!" #$%&' (%)*% +*%',%-.'$(/0 &(12$/3 '4* )$5*%*/'$.1*6,.'$(/&  !"#$%!" #$$% &$' ( )$#*+,$- )(+,)&.,-/ +0" &$##$1,-/ (-)(+23
{
ûx = Ux(x) sin(ky),

ûy = Uy(x) cos(ky),
45675810"'" Ux (-9 Uy 0(:" +0" ;('+,*#(' &$'=3

Ux
g (x) = Ag exp(kx) + Cgx exp(kx), 4567>8
Uy

g (x) =

(
Ag +

3µ+ λ

k(λ+ µ)
Cg

)
exp(kx) + Cgx exp(kx), 4567?8

Ux
d (x) = Bd exp(−kx) +Ddx exp(−kx), 4567@8
Uy

d (x) =

(
−Bd +

3µ+ λ

k(λ+ µ)
Dd

)
exp(−kx) + −Ddx exp(−kx). 456 A8B0")" ;('+,*#(' &$'=) $& Ux (-9 Uy 0(:" +1$ ;'$;"'+,")3 C')+#.D +0"- "-)*'"+0(+ 9,E"'"-+,(# "F*(+,$-) 4567G8 ('" )$#:"9 H. ûx (-9 ûyI )"$-9#. +0".9"'"()" ,- x ,- +0",' '");"+,:" -",/0H$*'0$$9 $& x = 0 4+0(+ ,) x < 0 &$'

Ux,y
g (-9 x > 0 &$' Ux,y

d 6 !"!7 #$%&' (%)*% +*%',%-.'$(/0 &.'$&89$/3 (/)$'$(/&  !"#&%B$ 9"+"'=,-" +0" &$*' )(#(' ;('(="+"') Ag, Bd, Cg, (-9 Dd 1" )0(## *)" +0"&$*' $-+,-*,+. $-9,+,$-) 4567J8 $- +0" ,-+"'&(" x = 06 B0". /,:" 3
• K$-+,-*,+. $& 9,);#("="-+3

Ag = Bd +

[
F

2µ+ λ

]
, 456 78

Ag +

(
3µ+ λ

k(λ+ µ)

)

g

Cg = −Bd +

(
3µ+ λ

k(λ+ µ)

)

d

Dd, 456  8
• K$-+,-*,+. $& -$'=(# )+'"))3

(2µ+ λ)g(kAg + Cg) − λg(kAg + αgCg) =

(2µ+ λ)d(−kBd +Dd) − λd(−kBd + αdDd), 456 L8
− µg (kAg + αgCg + Cg) − µgkAg + k

(
λF

2µ+ λ

)

g

=

− µd (kBd − αdDd −Dd) − µdkBd + k

(
λF

2µ+ λ

)

d

,456 G8



 !"! #$%&'() %&+&%(),$-   !"#$%$ &'% (%$)*+, "$ #-)$ .'+$/
α =

3µ+ λ

µ+ λ
. 012 34567-+*'. 012 !4 *8 $67*)-9$.+ +'

2µgkAg +

(
2µ2

µ+ λ

)

g

Cg = −2µdkBd +

(
2µ2

µ+ λ

)

d

Dd, 012 14"#$%$-8 $67-+*'. 012 :4 *8 $67*)-9$.+ +'
−2µgkAg−

(
2µ2

µ+ λ
+ 2µ

)

g

Cg = −2µdkBd+

(
2µ2

µ+ λ
+ 2µ

)

d

Dd+

[
kλF

2µ+ λ

]
.012 ;4<$ -. %$>9-$ 012 14?012 ;4 "*+#

− µgCg = −2µdkBd +

(
2µ2

µ+ λ
+ µ

)

d

Dd +
1

2

[
kλF

2µ+ λ

]
, 012 @4

2µgkAg +

(
2µ2

µ+ λ
+ µ

)

g

Cg = −µdDd −
1

2

[
kλF

2µ+ λ

]
. 012 A4B%'C 012 D4?012  4 "$ E$+ (Ag, Bd)F

2Ag = −
(

3µ+ λ

k(λ + µ)

)

g

Cg +

(
3µ+ λ

k(λ+ µ)

)

d

Dd +

[
F

2µ+ λ

]
, 012!G4

2Bd = −
(

3µ+ λ

k(λ + µ)

)

g

Cg +

(
3µ+ λ

k(λ+ µ)

)

d

Dd −
[

F

2µ+ λ

]
. 012!D4<$ -. 8*C>9*&, 012 @4?012 A4H 78*.E

−µk 3µ+ λ

k(λ+ µ)
+

2µ2

µ+ λ
= −µ .<$ '(+-*.

−µgCg = µd

(
3µ+ λ

λ+ µ

)

g

Cg + µdk

[
F

2µ+ λ

]
+

1

2

[
kλF

2µ+ λ

]
,012! 4

µg

(
3µ+ λ

λ+ µ

)

d

Dd = −µdDd − µgk

[
F

2µ+ λ

]
− 1

2

[
kλF

2µ+ λ

]
. 012!!4



  !  !"#$%&'&"("&)! %(!* +#* *,",$#*"#$%&&' () *%+)
Cg = − k

µg + µdαg

(
µd

[
F

2µ+ λ

]
+

1

2

[
λF

2µ+ λ

])
=

kF

µg + µdαg
· µd − µg

2µg + λg
,,-./!0

Dd = − k

µd + µgαd

(
µg

[
F

2µ+ λ

]
+

1

2

[
λF

2µ+ λ

])
=

kF

µd + µgαd
· µd − µg

2µd + λd
,,-./10%$2

Ag =
(µd − µg)F

2

(
αd

(µd + µgαd)(2µd + λd)
− αg

(µg + µdαg)(2µg + λg)

)

+
1

2

[
F

2µ+ λ

]
,

=
F

2

(
2µd

(µd + µgαd)(µd + λd)
− 2µg

(µg + µdαg)(µg + λg)

)
, ,-./-0

Bd = Ag −
[

F

2µ+ λ

]
. ,-./30 !"! #$%&' (%)*% +*%',%-.'$(/ 0 &'%*&&4) 6$&72)8 69:7;#$< ;*) &#$)%=#>)2 &)?; @;=)@@ ;)$@6= ;*=67<* #;@ 2)A$#;#6$,-.B0. C6()+)= () 26 @6  ! "#$  ! " %& '%( %)&$* #$ ;*) (x, y) %=67$2 x = 0D

(σg)xx = F + ε ((2µg + λg) (kAg + Cg) − λg(kAg + αgCg)) sin(ky),

= F + ε

(
2µgkAg +

(
2µ2

µ+ λ

)

g

Cg

)
sin(ky),

= F + ε

(
−µgCg + µgαdDd + µg

[
kF

2µ+ λ

])
sin(ky),

= F + εkF

(
− 2µgµd

(µg + µdαg)(µg + λg)

+
2µgµd

(µd + µgαd)(µd + λd)

)
sin(ky),

,-./E0
%$2

(σg)xy = ε (µgkAg + µgkAg + µgαgCg + µgCg) cos(ky),

= ε

(
−µdDd + µgCg −

1

2

[
kλF

2µ+ λ

])
cos(ky),

,-./F0



 !"! #$%&'() %&+&%(),$-   !"#$%&'(
(σg)yy = ε (λg (kAg + Cg) − (2µg + λg)(kAg + αgCg)) sin(ky)

= ε (−2µgkAg + (λg − (2µg + λg)αg)Cg) sin(ky)

= ε

(
(µgαg + λg − (2µg + λg)αg)Cg − µgαdDd

− µg

[
kF

2µ+ λ

])
sin(ky)

= ε

(
−3µgCg − µgαdDd − µg

[
kF

2µ+ λ

])
sin(ky)

= εkF

(
3µg

µg − µd

(µg + µdαg)(2µg + λg)
+ µgαd

µg − µd

(µd + µgαd)(2µd + λd)

− µg

[
1

2µ+ λ

])
sin(ky)

= εkF

(
µg

2µg + λg
·
4µg − 2λg

µg+λg
µd

µg + µdαg
− 2µgµd

(µd + µgαd)(µd + λd)

)
sin(ky)

= εkF

(
2µ2

g + (µg − µd)
2µgλg

2µg+λg

(µg + µdαg)(µg + λg)
− 2µgµd

(µd + µgαd)(µd + λd)

)
sin(ky))*+,-./$ # 0120#1#%345 641 %72 $%89' 46 %72 35$%#:3&3%' 45 %72 68&& $'$%2;( <24;08%2 %72 >1$% 41921 2?0#5$345$ 46 %72 013530#& $%12$$ #59 %7231 #$$43#%29013530#& 9312%345+ @72 23A25B#&82$( A3B25 %7148A7 )*+!.( #12 #% 41921 O(ε)C

σ1 = F + εkF

(
− 2µgµd

(µg + µdαg)(µg + λg)
+

2µgµd

(µd + µgαd)(µd + λd)

)
sin(ky) ,

σ2 = εkF

(
2µ2

g + (µg − µd)
2µgλg

2µg+λg

(µg + µdαg)(µg + λg)
− 2µgµd

(µd + µgαd)(µd + λd)

)
sin(ky) .D2;#1E %7#% σxy 942$ 54% 25%21 35%4 #485% :26412 41921 ε2+ F% 3$ #&$4;#59#%41' %4 4;08%2 %72 23A25B2%41$ 35 41921 %4 92%21;352 %72 41325%#%34546 >:21$+ G4<2B21 %72 2?012$$345$ 46 %72 42H325%$ 46 %72 B#1348$ 2?0#5$345$#12 A2%%35A 3512#$35A&' 4;0&3#%29 %4 <13%2 #59 35 41921 %4 85921$%#59 %7235$%#:3&3%' <2 7#B2 %4 E54< %72 $3A5$ 46 $87 2?012$$345 <737 3$ 54% &2#135 A2521#&+ I352 481 A4#& 3$ %4 $%89' %72 014:&2; 641 %72 0#1#;2%21$ 46@#:&2 *+J <2 ;#E2 35 %72 $2K82& %72 64&&4<35A $3;0&3>#%345$ C νg = νd #59

Eg/Ed → 0+ L5921 %73$ 7'04%72$2$ <2 >59 %72 64&&4<35A 2?0#5$345$C



  !  !"#$%&'&"("&)! %(!* +#* *,",$#*
σ1 ≈ F + εkF

2(1 − 2ν)

3 − 4ν
sin(ky)

σ2 ≈ −εkF 2ν(1 − 2ν)(1 + ν)

(1 − ν)(3 − 4ν)
sin(ky)"#$

σxy ≈ − εkF

3 − 4ν
cos(ky).%&'(')*(' σ1 > 0 "#$ $'+'#$,#- *# y .' /#$ 0.* +*11,2,3,0,'1 0 < σ2 < σ1"#$ σ2 < 0 < σ14 %&51 /2('1 "(' *(,'#0'$ ,# 0&' e1 $,('0,*# .&'(' e1 ,1 0&'7'0*( .,0& &*(,8*#0"3 *9+*#'#0 -,7'# 2: σ1−σ2 "#$ 0&' 7'(0,"3 *#' -,7'#2: σxy4 %&' 9",# *($'( ('3"0'$ 0* σxy -,7' 51 ';"03: 0&' 2'&"7,*( 1,953"0'$,# <,-4 !4=4 !" #$%&'($*+ %&&',-. /'+*-'( -% &%('+$0*1-$%,%&' '#0("3 &:+*0&'1,1 ,# *5( 9*$'3 ,1 0&"0 0&' ,#)*(9"0,*# "2*50 ';0'(#"3)*(' ,1 0("#19,00'$ 0* 0&' 1505(' 7," 0&' *(,'#0"0,*# *) 0&' *33"-'# /2('14># *($'( 0* *#/(9 0&' (*3' *) 9'&"#*0("#1$50,*# *# 1505(' +"00'(#,#-"#$ *33"-'# /2(' *(,'#0"0,*#? .' 51'$ " 9*51' .,0& " *#$,0,*#"3 @#*@A*50*) B@$ ,# #'5("3 ('10 '331 CB@$ fl/flDE#0FAG('H4 B@$F "#$ B@$ )*(9 "*9+3'; .*(@,#- "1 " "3,59 &"##'3 "0,7"0'$ 2: 0&' 2'#$,#- *) +(,9"(:,3," "#$ "(' ';+('11'$ 2: *10'*+(*-'#,0*( '331 .,0&,# 1505('1 C !"#$%!&$'($)*  ! "#$?  IIJH KLM℄
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"#$%&' ()*+ β−$,-,/01#2,1' 301#/#4' 5'%&,- &'1/ 2'&#4'2 6'1'5786' '--1 #5/7' 1,$#//,- 1%/%&' ,&' 0&#'5/'2 90--0:#5$ /7' 0--,$'5 ;<&'1 13,55#5$ ,&011/7' 1%/%&' =,&&0:1>)
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 !"$%&'!"& () *(+&*()',(&  !"#$%& '()*$* +,)+.*/$* $0 $*')$1 +2%0$ #)0* +)3%$++$ +$ 4)5/6.)% *2/,%+$ $5+2)%56$ #)0* +)3%$++$ +$ 4)5/6.)% $*5 )% 6$',*7 8$ 4,#9+$ #2:/;6)%#<8$3%$%&0$ '$64$5 ')* #$ 6$0#6$ ,4'5$ #$ $ '(/0,490$7 8$* ;)0#$* #$ .*).++$4$05'$%=$05 '6,=$0.6 #2%0$ .0*5);.+.5/ #%$ > +) '+)*5..5/ > ()%5$ #/?,64)5.,0 #)0*+$ 4)5/6.)% 3%. )4'+.@$ +) 0,0 %0.?,64.5/ $5 +$* #/?)%5* +,)%& A !"#"$"%BCD℄F7 8$* ;)0#$* #$ .*).++$4$05 *,05 #,0 +./$* > #$* '6,'6./5/* 0,0 +,)+$*#)0* +$ 4)5/6.)% 3%2.+ ?)%5 )G,%5$6 )% 4,#9+$ #2:/;6)%#<8$3%$%&1 $ 3%2,05?).5 &')*+,- ./0"$1 $5 2'314 #)0* BH℄7 I2)%56$ ')651 .+ $&.*5$ #$* 4,#9+$*#.5* J*%6 6/*$)%K #/=$+,''/* ')6 51"$/- ./0"$1- &')*+, $5 6+)*+*7BLH℄℄7 R,%* ).4$6.,0* )%**. ',%=,.6 /5%#.$6 6/$++$4$05 +$ 4,#9+$ ,05.0%1 $3%. ',%66).5 /=$05%$++$4$05 *$ ?).6$ > +2).#$ #% )+%+ '*$%#,<#.N/6$05.$+7 Z0<@0 0,%* ).4$6.,0* ',%=,.6 #/=$+,''$6 +2)*'$5 ;.,+,M.3%$ #% '6,;+94$ #$ +);)+0/,5(/6)'.$ )@0 #2,;5$0.6 %0 4,#9+$ ,4'+$5 #$ +) #.N%*.,0 #$* .,0* >56)=$6* +) '$)%7Z0@01 $0 $ 3%. ,0$60$ +$* *%5%6$*1 0,%* )=,0* '6,',*/ %0 4,#9+$#2.05$6)5.,0 ,6.M.0)+ ',%6 6$0#6$ ,4'5$ #$ +2.05$6#.M.5)5.,0 )% ,%6* #%
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 !"  !"#$! %& $'%!()"*+)', %&" $*+!-)*#.
dT (x, n) = σ(x)dSn. #$%&'() *+,-./+0. *-/ 0,20/).3-/ *4 3-./-45 *-/ 0.35)+.3-/ -/3 *0. -66- *74.-25-//+0. #-66-/ /7-825+,-.3 *0. -. 9) 04 :9)'% !"!# $%&'()*+ ,- (+./+-) ,+/ 1.()2*.(+/;. 2-43 -825+,-5< = 2)53+5 *4 3-./-45 *-/ 0.35)+.3-/ σ< 6-/ 0426-/ +.>3-5.-/ ?4+ /7-8-5-.3 *)./ 6- ,)3@5+)4% A. B@.@5)6< -/ 0426-/ /0.3 .46/ C /0+3= )4/- *-/ /D,@35+-/ +.3-5.-/ *4 ,)3@5+)4< /0+3 2)5- ?4- 67-.-5B+- .@-/>/)+5- 2045 0E3-.+5 -/ 0426-/ -/3 3502 +,2053).3- #7-/3 6- )/ .03),,-.3*-/ /06+*-/ 5+/3)66+./ )5 4. 0426- *0+3 *+/305*5- 3043 6- 5@/-)4 *4 5+/3)6'%F)./ -/ )/>6=< 6- 3-./-45 *-/ 0.35)+.3-/ -/3 /D,@35+?4- #7-/3>=>*+5- ?47-.3043 20+.3 x 6) ,)35+- σ -/3 /D,@35+?4-'% G6 2-43 )55+H-5 .@).,0+./ ?4- 6-/0426-/ +.3-5.-/ .- /0+-.3 2)/ .46/ )4?4-6 )/ 6- 3-./-45 *-/ 0.35)+.3-/ .7-/32)/ /D,@35+?4- C 7-/3 6- )/ .03),,-.3 *- -53)+./ 5+/3)48 6+?4+*-/% !" #$%&'($)* +&,-'.$/012;. .- 0./+*I5-5) *)./ 6) /4+3- ?4- *-/ ,)3@5+)48 *@J05,)E6-/% A. -K-3<6- ,04H-,-.3 *-/ ,)3@5+)48 0.3+.4/ +.*@J05,)E6-/ 2-43 /7@34*+-5 2)5 *@>0,20/+3+0. -. ,04H-,-.3 *4 -.35- *- ,)//- *74. �x *0..@ *4 5@J@5-.3+-6 = 4. +./3).3 *0..@ t -/3 )605/ 6) H+3-//-*- 6) 2)53+46- ?4+ /- 3504H)+3 )4 20+.3 x = 67+./3).3 t%(- 6+-. -.35- 6-/ ?4).3+3@/ 6)B5).B+-..-/ -3 -46@5+-..-/ /- J0.3 *0. B5R-)48 35)O-30+5-/%



 !"! #$%&'($)* +&,-'.$/012  !" !"!" #$%&'(')* (&),%'(-$.* (,/01'%&'.*#$%& '(%)*+& ,+ -$%.+-+/( )+0 -1('&*1%2 )'3$&-14,+05 $/ %(*,*0+ ,61787&$:+ ,1;&1/;*+//+ < *, 31%( &+7'&+& = :1>%+ */0(1/( ,+ -1('&*1% 71& &177$&(= %/+ $/?;%&1(*$/ )+ 410+ Ω0 >%* +0( ,1 7$0*(*$/ >%6$%7+ ,+ -1('&*1% =,6*/0(1/( */*(*1,@ A %/ */0(1/( t )+ 0$/ -$%.+-+/(5 ,+ -1('&*1% $%7+ ,1$/?;%&1(*$/ Ωt@ B/ /$(+ -1*/(+/1/( φt : Ω0 → Ωt ,+  !"#$&'&() $*+,#- )%-1('&*1% +/(&+ ,+0 $/?;%&1(*$/0 Ω0 +( Ωt@ C$($/0 *--')*1(+-+/( >%6$/ 1
φ0 = idΩ0@ B/ /+ $/0*)D&+ ** >%+ )+0 )'7,1+-+/(0 &'.+&0*4,+0 Eφt +0( %/)*F'$-$&7:*0-+G >%10*0(1(*>%+0 Eφt )'7+/) &';%,*D&+-+/( )% (+-70G@ H* $/0+ )$//+ X %/+ 71&(*%,+ 1771&(+/1/( = Ω05 ,1 $%&4+ )+ ,6+071+ t 7→ φt(X)+0( )$/ ,1 (&1I+($*&+ +%,'&*+//+ )+ ,1 71&(*%,+ X@ J+ )'7,1+-+/( φt +0(,1 >%1/(*(' +/(&1,+ ,$&0>%+ ,6$/ '(%)*+ ,+0 0$,*)+0 ',10(*>%+0@ A 71&(*& )+ φ$/ 7+%( $/0(&%*&+ ,+ :1-7 )+ .+(+%& +%,'&*+/ )% -$%.+-+/( >%* +0( ,1>%1/(*(' +/(&1,+ )1/0 ,6'(%)+ )+0 K%*)+0 < 7$%& x 177&(+/1/( Ωt $/ )'?/*(

u(t, x) = φ̇t(φ
−1
t (x)) EL@ G$M ,+ 7$*/( )'0*;/+ ,1 )'&*.'+ 71& &177$&( = t )+0 >%1/(*('0 ,1;&1/;*+//+0 E$//$(+&1 ∂t 7$%& ,1 )'&*.'+ 71& &177$&( 1% (+-70 )+0 >%1/(*('0 +%,'&*+//+0G@#%*0>%+ ,6$/ '(%)*+ )+0 -1('&*1%2 )'3$&-14,+05 *, 31%( 7$%.$*& >%1/(*?+&,1 )'3$&-1(*$/@ #$%& +,15 $/ '(%)*+ ,1 -$)*?1(*$/ ,$1,+ )+0 )*0(1/+0 +()+0 1/;,+0 1% $%&0 )% -$%.+-+/( < $/ 0+ )$//+ )+%2 */0(1/(0 t′ < t5 )+%2.+(+%&0 ','-+/(1*&+0 dx′1 +( dx′2 1% .$*0*/1;+ )6%/ 7$*/( x′ )+ Ωt′ 5 +( $/*-1;*/+ >%+ x′5 x′+dx′1 +( x′+dx′2 0$/( 1((1:'0 1% 0$,*)+@ B/ 7+%( $--+/+&71& &+7'&+& ,1 (&1I+($*&+ )+ +0 (&$*0 7$*/(0 +/ '&*.1/(

x′ = φt′(X), $M X = φ−1
t′ (x′)5

x′ + dx′1 = φt′(X1), $M X1 = φ−1
t′ (x′ + dx′1)5

x′ + dx′2 = φt′(X2), $M X2 = φ−1
t′ (x′ + dx′2)@A ,6*/0(1/( t5 +0 (&$*0 7$*/(0 0+ &+(&$%.+/( +/ x5 x + dx1 +( x + dX2 1.+7$%& :1%/ ,6+27&+00*$/ <

x = φt(X)

dx1 = φt(X1) − φt(X)

dx2 = φt(X2) − φt(X).#%*0>%6$/ 0%77$0+ dx′1 +( dx′2 */?/*-+/(0 7+(*(05 $/ /+ ;1&)+ >%61% 7&+8-*+& $&)&+ <



 !"  !"#$! %& $'%!()"*+)', %&" $*+!-)*#.
dx1 · dx2 = dx′1

T
((

dx′

(
φt ◦ φ−1

t′

))T
dx′

(
φt ◦ φ−1

t′

))
dx′2 #$%!&'( ()*+ +( ,-(-./0

Ft′(t, x
′) = dx′(φt ◦ φ−1

t′ ) #$%1&0+ ,./23+(* 2+ 2-4).5/*3)( .+0/*34 +* Ct′ = F T
t′ Ft′ 0+ *+(6+7. 2+  !"$%&'())*+(,-.% 80 9 / 2-4).5/*3)( 63 0+ *+(6+7. 2+ :/7<9=>.++( +6* 23?-.+(* 2+ 0@32+(=*3*- #2/(6 0+ /6 )(*./3.+A 0+6 /(,0+6 +* 0+6 236*/(+6 6)(* )(6+.B-6 C 0@).2.+D.3(3D/0&% '( D+7* 2)( 3(*.)273.+ 0+ *+(6+7. 2+6 2-4).5/*3)(6 2+ '())*&/!0(!*0)A

Et′ =
1

2
(Ct′ − Id), #$%E&)55+ 5+67.+ 0)/0+ 2+ 0/ 2-4).5/*3)( 27 5/*-.3/7%F/36 30 4/7* .+5/.G7+. G7+ 0@)( /7./3* D7 .+(B+.6+. 0+ D)3(* 2+ B7+ H )(6+ D0/+ /7 D)3(* x C 0@3(6*/(* tA )( 6+ 2)((+ 2+7I B+*+7.6 -0-5+(*/3.+6

dx1 +* dx2 +* )( <+.<+ C 6/B)3. 2+ )5J3+( / </(,- 0+ D.)273* 6/0/3.+2+D736 0@3(6*/(* t′ < t% K( /2/D*/(* 0@/.,75+(* D.--2+(*A )( +( B3+(* C2-L(3. 0+ *+(6+7. 2+ :/7<9=>.++( ,/7<+ Bt′ = Ft′F
T
t′ /3(63 G7+ 0+ *+(6+7.2+6 2-4).5/*3)( 2@1"2)(&324!*5- (1/2)(Id− B−1

t ◦ (φt′ ◦ φ−1
t ))%80 +I36*+A +( 4/3*A 2+ ()5J.+76+6 5+67.+6 D+.*3(+(*+6 2+6 2-4).5/*3)(6 #)(/7./3* D7 -*723+. 0+ </(,+5+(* 2+ D+*3*+6 67.4/+6 D0)(,-+6 2/(6 0+ 5/*-.3/7&+* )( /7./3* /7663 D7 <)363. 0+ *+(6+7. 2+ 6-,2! 1/2(Id−C−1) )7 0+ *+(6+7.2+ 7-*0)(

Ht′(t, x
′) =

1

2
(Bt′(t, x

′) − Id) , #$%"&2)(* ()76 .+D/.0+.)(6 D076 J/6%80 4/7* (-/(5)3(6 23.+ G7+ 63 0@)( 6@/DD73+ ()( D/6 67. 0+ 5)7B+5+(* φt5/36 67. 0+ 2-D0/+5+(* ξ = φt − id +* G7+ 0@)( 67DD)6+ G7+ 0+6 2-4).5/*3)(66)(* D+*3*+6 #‖dXξ‖ ≪ 1&A *)76 0+6 *+(6+7.6 D.--2+(*6 6+ .-2736+(* /7 .)*5)"(+)5 8).-.)5 +9:,(4!.-,*5 ε
ε =

1

2

(
dXξ + (dXξ)

T
)
. #$%M&'( D+7* ()*/55+(* +( 2-273.+ G7+ 0+ */7I 2+ 2-4).5/*3)( 3(6*/(*/(-+6* 2D(∇u)(t, x) C 0@3(6*/(* t%



 !"! #$%&'($)* +(,-./+ 0 .1(+ .(2&$('/+  !" !"!# $%&'()*+, -. /' 01'+)%&.#$%& '&$%()& *)+ ,-%.'/$0+ 1) *. 2,.0/-%) 4$%& %0 2.',&/.% $0'/0%5 $0$0+/16&) %0 ,*,2)0' -%)*$0-%) V0 1.0+ Ω0 -%) *7$0 +%/' .% $%&+ 1) +$02$%()2)0' 8$0 0$') .*$&+ Vt = φt(V0)9 :0 $;'/)0' ./0+/ %0 +<+'62) =)&2,.%-%)* $0 4)%' .44*/-%)& *)+ 4&/0/4)+ 1) *. 2,.0/-%) 0)>'$0/)00)9 ?/0+/*)+ ,-%.'/$0+ 1) *. 2,.0/-%) 1)+ 2/*/)%@ $0'/0%+ +7,&/()0' 0.'%&)**)2)0'1.0+ %0) $4'/-%) )%*,&/)00)9:0 0$') ρ *. 1)0+/', ($*%2/-%) 1) 2.++) 8)%*,&/)00)A 1% 2.',&/.%9 B.$0+)&(.'/$0 1) *. 2.++) 1) V0 .% $%&+ 1% ')24+ 4&)01 *. =$&2) C
∫

Vt

(∂tρ+ div (ρu))dx = 0.D)'') ,-%.'/$0 1)(.0' E'&) (,&/F,) 4$%& '$%' ($*%2) Vt5 $0 )0 1,1%/' *7,-%.G'/$0 1) $0+)&(.'/$0 1) *. 2.++) 1/') .%++/ ,-%.'/$0 1) $0'/0%/', C
∂tρ+ div (ρu) = 0, 8?9HA)0 '$%' 4$/0' 1) Ωt9:0 ,&/' )0+%/') *7,I.*/', )0'&) *. (.&/.'/$0 1) -%.0'/', 1) 2$%()2)0' )'*. 4%/++.0) 1)+ =$&)+ -%/ +7)@)&)0' +%& %0 ($*%2) )0 2$%()2)0'9 D7)+'// -%) *7$0 1/+'/0I%) =$&) )@')&0) ($*%2/-%) f 5 =$&)+ )@')&0)+ +%&=./-%)+

f )' =$&)+ /0')&0)+ -%/5 $22) *) 2$0'&) *7,-%.'/$0 8?9JA5 +$0' 1) 0.'%&)+%&=./-%)9 :0 $;'/)0' .*$&+5 1) *. 2E2) =.K$0 -%) 4&,,1)22)0'5 *7,-%.'/$0+%/(.0') C
∂t(ρu) + div (ρu⊗ u) = f + div σ. 8?9LAD7)+' *. =$&2) *. 4*%+ I,0,&.*) 1) *7,-%.'/$0 1) $0+)&(.'/$0 1) *. -%.0'/',1) 2$%()2)0' 84.&=$/+ .44)*,) '&6+ .;%+/()2)0' ,-%.'/$0 1)+ 2$2)0'+A9 M0I,0,&.* /* =.%' )0+%/') .N$%')& %0) ,-%.'/$0 'O)&2$1<0.2/-%) +%& *7)0'&$4/)1% +<+'62) 2./+ 0$%+ 07,($-%)&$0+ -%) 1)+ +<+'62) /+$'O)&2)+9P.0+ *. +%/')5 +.%= 2)0'/$0 )@4*//') 1% $0'&./&)5 0$%+ 0$%+ */2/')&$0+ .%.+ $Q ρ )+' %0) $0+'.0') 8.&;/'&./&)2)0' F@,) R 1A9 P.0+ ) .+5 $0 1,1%/'1) 8?9HA -%) *) O.24 1) (/')++) u (,&/F) *. $01/'/$0 17/0$24&)++/;/*/',

div u = 09 !" #$%&'($)* +(,-./+ 0 .1(+ .(2&$('/+S,+$%1&) *)+ ,-%.'/$0+ 1) *. 2,.0/-%) &)(/)0' R O)&O)& *)+ /0$00%)+
ρ )' u 1)+ ,-%.'/$0+ 8?9HA )' 8?9LA5 ) -%/ &)-%/)&' ,(/1)22)0' 1) $00.T'&)
f )' σ9 B) ')&2) f 4)%' E'&) $0+/1,&, $22) $00% 4%/+-%7/* +7.I/' 1) *.



 !"  !"#$! %& $'%!()"*+)', %&" $*+!-)*#.#$%&'() #$ *+,$& $.(),'$/,$& 01'& %+/& #$2+%& $.34''($, $ 5/$ 21/( σ $%*+%('+% #$ (ρ, u)6 $ 5/' ,$2'$%( 7 #)($,0'%$, /%$ )5/1('+% +%&('(/('2$ 3+/,4$ 01(),'1/8 9,+/2$, #$& 4+'& +%&('(/('2$& #$ 01(),'1/. $&( 4:+;<$( #$ 41,=)+4+>'$8 !"!# $% '()'**%+%,- ('+.*%?% ,=)+4+>'$6 '4 @ 1 /% (@3$ #:)+/4$0$%( 5/' 1 /%$ (,A& >,1%#$ '03+,(1%$#1%& 41 3,1('5/$ B 4:)+/4$0$%( $% '&1'44$0$%( &'034$8 C4 @ 1 )+/4$0$%( $%'&1'44$0$%( &'034$ 4+,&5/$ 4$ =103 #$ 2'($&&$ #/ 01(),'1/ 16 #1%& /% ,$3A,$+,(=+%+,0)6 41 *+,0$ u(t, x, y, z) = (γ̇(t)y, 0, 0) D #1%& $(($ $.3,$&&'+%6 γ̇(t)&:133$44$ 4$ (1/. #$ '&1'44$0$%(8 E1%& $ 1&6 '4 $&( %1(/,$4 #$ &/33+&$, 31,&@0)(,'$ 5/$ (+/($& 4$& 5/1%('()& 3=@&'5/$& $% <$/ %$ #)3$%#$%( %' #$ x %'#$ z8 F$ ($%&$/, #$& (1/. #$ #)*+,01('+%& 1 14+,& 4:$.3,$&&'+% (,A& &'034$ B
2D(∇u) = γ̇(t)




0 1 0
1 0 0
0 0 0


 GH8IJKF1 5/1%('() γ $&( %1(/,$44$0$%( 133$4) '&1'44$0$%(8?% &/33+&1%( 5/:'4 %:@ 1 31& #$ *+,$& $.(),'$/,$&6 4:)5/1('+% #$ +%&$,L21('+% #$ 41 5/1%('() #$ 0+/2$0$%( &$ ,)#/'( 7 4:)5/1('+% #'M),$%('$44$ B

γ̈y = ∂yσ12. GH8IIKH'%&' 4+,&5/$ 4:+% &$ ,$&(,$'%( 7 4:)(/#$ #$& )+/4$0$%(& $% '&1'44$0$%( &'034$6+% 3$/( &$ +%($%($, #$ %$ #+%%$, 5/$ 41 4+' +%&('(/('2$ #$ σ12 5/'6 &+/2$%(63,$%# 14+,& 1;/&'2$0$%( 4$ %+0 #$ +%(,1'%($ G+/ #$ +%(,1'%($ &141',$K $(%+/& 41 %+($,+%& +00$ :$&( 4:=1;'(/#$ σ8F$& )+/4$0$%(& $% '&1'44$0$%( &'034$ &+%( 31,('/4'A,$0$%( )(/#')& 1,'4 $&( (,A& *1'4$ #$ 4$& 0$((,$ $% 341$ $.3),'0$%(14$0$%( #1%& $ 5/$ 4:+%133$44$ 4$& ,=)+0A(,$&8 !"!/ $0'( 1*1+%,-)'2%( 3% 2410*05'%F1 0+#)4'&1('+% #$& 01(),'1/. +%('%/& +00$%$ 7 41 N% #/ OPCCe &'A4$12$ 4$& (,121/. #$ Q$R(+% $% 0)1%'5/$ #$& S/'#$& $( #$ T++U$ $% )41&(''()#$& &+4'#$&8 V$& #$/. &121%(& 41'&&$,+%( 4$/, %+0 1/. (+/($& 3,$0'A,$& $(%)1%0+'%& *+%#10$%(14$& 4+'& +%&('(/('2$& #$ 01(),'1/ B +% 31,4$ #$ S/'#$%$R(+%'$% $( #$ &+4'#$ =++U)$%8 F1 4+' #$ T++U$ 0$( $% ,$41('+% 41 +%(,1'%($
σ 12$ 4$ '&1'44$0$% γ 1/ 0+@$% #:/%$ +%&(1%($ #$ 3,+3+,('+%%14'() G133$4)  !"#$% "&'$()*++*' B



 !"! #$%&'($)* +(,-./+ 0 .1(+ .(2&$('/+  !"
σ = Gγ. #$%& '() *+,-./+,0 0220 /3+ 4.), -) 4+.56.770 (γ, σ) 3- 4.), -) 4+.56.770 (t, σ)0) ,-883,.)2 γ̇ 3),2.)2%

93-6:0 40 6;83),0  !"#$% &'(!"*%+%,- . γ̇ /0( !"# 1234 5%6#78-7!, &% *9 *!7 &% :!!;%<9 *!7 &% =%>-!,? @"9,- . %**%? +%- %, #%*9-7!, *9 !,-#97,-% 9A% *% -9"0&% &(B!#+9-7!, γ̇ 9" +!C%, &'",% !,6-9,-% &% 8#!8!#-7!,,9*7-( η 988%*(% !"$"!%& &% 7697**%+%,- 4
σ = ηγ̇. D123EFG, A76"9*76% %--% *!7 &9,6 ", &79H#9++% (γ̇, σ) D988%*( !"#$% &% I!-F !"?&% ,!"A%9"? &9,6 ", &79H#9++% (t, σ) &9,6 *9 /H"#% 12J2

 !"#$% &% I!-  !"#$% &'(!"*%+%,- . γ̇ /0( !"# 12J4 5%6#78-7!, &% *9 *!7 &% =%>-!,<%"#6 -#9A9"0 6%#!,- 9+(*7!#(6 89# *9 6"7-%? ,!-9++%,- 9" KLKe 67M*%?89# =9A7%# 8!"# *'(*96-77-( %- 89# =9A7%# %- N-!;%6 %, +(9,7@"% &%6 I"7&%6?% @"7 9$!"-7#9 89# %0%+8*% . *'(@"9-7!, B!,&9+%,-9*% &% *9 +(9,7@"% &%6I"7&%6? *'(@"9-7!, &% =9A7%#ON-!;%62  %--% (@"9-7!,? $7%, @"'(-9,- %, ", 6%,6



e '(9#* +&* #$ 3('5(.5(-.*.51* '-#(3* /#$'5(+&* 3,&.* %$15 *5 2&(3* 6('+&*&7 3* #,$&51* .,/5$(5 %$'$&''( .*55* +&,-. %-&6$(5 #* %*.'*1 *54 )G)*4 +&* 5-&' #*' 2&(3*' 5*.$(*.53*' 3*&7 H-1)*' '()&#5$./)*.5 I ,*'5 #* -.*%5 3* 2&(3*  !"$%&'"(!)*+<=$7B*## (.51-3&(5 8 *55* -$'(-. &.* /J*##* $1$5/1('5(+&* 3* 5*)%' T0$&>3*''-&' 3* #$+&*##* #* -)%-15*)*.5 *'5 /#$'5(+&* *5 $&>3*''&' 3* #$+&*##*(# *'5 2&(3*< K* )-39#* %1*.3 $#-1' #$ H-1)* '&(6$.5* I
T0σ̇ + σ = ηγ̇. LM<N!OK-))* -. %*&5 #* 6-(1 '&1 #$ D:&1* M<P4 #* )$5/1($& 1/%-.3 -))*&. '-#(3* 3* ?--@* %-&1 3*' 5*)%' -&15' 3* #,-131* 3* T04 %&(' $3-%5* #*-)%-15*)*.5 3,&.* 2&(3* 3* A*B5-. $&7 5*)%' #-.:'<

 !"# M<PI K-&1;* 3,/-&#*)*.5 8 γ̇ D7/Q$.' #,*$&4 * 5*)%' $1$5/1('5(+&* T0 *'5 3* #,-131* 3* 10−12s4 * +&( H$(5+&,-. .,-;'*16*1$ R$)$(' #* -)%-15*)*.5 /#$'5(+&* 3* #,*$&< S. 1*6$.J*4 #$:#$* $4 *##*4 &. 5*)%' $1$5/1('5(+&* 3* 104s * +&( *7%#(+&* +&* #,-. %*&5)$1J*1 '&1 #*' :#$(*1' L$1 &. %$' .* 3&1* +&* +&*#+&*' '*-.3*' T &.* 3&1/*519' (.H/1(*&1* $& 5*)%' $1$5/1('5(+&*O )$(' +&* #*' :#$(*1' ',/-&#*.5 $&''('&1 #*' 5*)%' #-.:' L1/$.5 #*' 6$##/*' :#$($(1*'O< U$1$##9#*)*.54 (# *7('5* 3*')$5/1($&7 +&( '* -)%-15*1-.5 -))* 3*' 2&(3*' $&7 5*)%' -&15' *5 3*''-#(3*' /#$'5(+&*' $&7 5*)%' #-.:' L)-39#* 3* V*#6(.>W-(:5O I
σ = G(γ + T0γ̇). LM<NXO



 !"! #$%&'($)* ,-./0*01 2 /,(1 3,3 /(3&$('01  !"#$%$&' ()* *%%* ,$- .*)% '* /01-1* $22* )&* /0$2.$'-%-$& 3//-%-4* /*,3 $&%13-&%* *& )&* .31%-* 0,3'%-()* GΓ *% )&* .31%-* 5)-/* GT0γ̇
T0σ̇ + σ = η(T1γ̈ + γ̇σ = σ(γ̇)= &$)' $J%*&$&' )&* ,$- /*5)-/* $2.,*8*6 #$)' .$)4$&' A$-'-1 /* ,3 4$-1 $22* σ = η(γ̇)γ̇ 9*'%F>F/-1* $22* )& 5)-/* ()3'- &*I%$&-*& /$&% ,3 4-'$'-%0 /0.*&/13-% /) %3)8 /*-'3-,,*2*&% 4) .31 ,* 5)-/*6 R& $J%-*&% 3-&'- /*)8 %;.*' /* $2.$1%*2*&%'=,3  !"#$%&'&(*+&#, ,$1'()* η(γ̇) /-2-&)*= *% ,*  !"#"-*&..&../0/,+ /3&' ,* 3'$&%13-1* /9)&* 4-'$'-%0 ()- 1$W%6 7*' 5)-/*' %1N' $2.,*8*' .*)4*&% 34$-1 )&$2.$1%*2*&% 1A0$5)-/-U3&% /3&' *1%3-&*' :322*' /* %3)8 /* -'3-,,*2*&%*% 1A0$0.3-''-''3&% /3&' /93)%1*' E.31 *8*2.,*= ,* '3&:L6X&* ,3''* /* 2$/N,* .$)1 ,*' 5)-/*' 1A0$5)-/-U3&%'Y1A0$0.3-''-''3&%'*'% /$&&0* .31 ,*' ,$-' /* .)-''3&*' η(γ̇) = Aγ̇n−1 Z ,$1'()* n < 1 ,* 5)-/**'% 1A0$5)-/-U3&% 3,$1' ()* '- n > 1 ,* 5)-/* *'% 1A0$0.3-''-''3&%6



 !  !"#$! %& $'%!()"*+)', %&" $*+!-)*#. !"!# $%&' (& )&*+,"# $%&'( ()(& &*+,-%(.(#& #/# 0,#1$,'( (2& 03()(& 4(  !"#$ &(0 -%( .,2 (#15,4(#( +$' 7,#89$. $% 41:%& 4% ;;e 2,<0(= >0 $ '(.$'-%1 -%( ('&$,#2?%,4(2 #( 231/%0$,(#& +$2 &$#& -%3,02 #31&$,(#& +$2 2%@2$..(#& A/'12= B3(2&%# ()(& $#$0/8%( $% A'/&&(.(#& 4( B/%0/.: (#&'( 4(%C 2/0,4(2= D%E4(0F 4((&&( /#&'$,#&( 2(%,0 σcG 0( ?%,4( +(%& 231/%0(' F 03$,4( 43%#( 0/, 0,#1$,'( (&/# /:&,(#& 0$ 0/, 4( 7,#89$. H
|σ| ≤ σc, γ̇ = 0,

γ̇ 6= 0, σ = ηγ̇ + σc.
ID=JKLM$ /%':( 4( ?/& 43%# &(0 ?%,4( (2& 4/##1( N8%'( D=!=

 !"# D=!H B/%':( 4( ?/& 4% ./4<0( 4( 7,#89$.O# +(%& $%22, /%+0(' 03()(& 4( 2(%,0 $5( 4(2 /.+/'&(.(#&2 4( 0/,2 4(+%,22$#( H /# /:&,(#& $0/'2 0(2 ./4<0(2 43P('29(0E7%0Q0(*G
{
γ̇ = 0, σ ≤ σ0

σ = σ0 + Aγ̇n, γ̇ > 0
ID=JRL4/#& /# +(%& 5/,' 0(2 /%':(2 4( ?/&2 N8%'( D=S=T/%2 4(5/#2 A$,'( 4(%C '(.$'-%(2 2%' 0(2 ./4<0(2 F 2(%,0= U/%& 43$:/'4G ,0A$%& :,(# /.+'(#4'( -%( 0$ :'$#9( 5('&,$0( $% 4(22%2 4( γ̇ = 0 A$,& +$'&,(,#&18'$#&( 4( 0$ /%':( 4( ?/& V 0$ 0/, 4( /.+/'&(.(#& (2& :(0 (& :,(# .%0&,5$E0%1(= M$ /#&'$,#&( #3(2& +$2 %#,-%(.(#& 41N#,( &$#& -%( 0( ?%,4( #( 231/%0(+$2 H 3(2& %# /.+/'&(.(#& +$'A$,&(.(#& ',8,4(= D,#2, 0( .$&1',$% +(%& +$2E2(' :'%2-%(.(#& 43%# /.+/'&(.(#& 4( 2/0,4( ',8,4( F (0%, 4( ?%,4( H 3(2&%# /.+/'&(.(#& ,41$0,21 (& (# +'$&,-%( 0( ?%,4( '1$8,& 10$2&,-%(.(#& +0%&�&-%( 4( A$X/# ',8,4(=



 !"! #%&'()(*+, -.*./0&1 2( 3&42(,  !"

x ,/ A),G ->16 )1 *BLB*,1/@,4 ,1 2()M,2,1/ E>* *>EE(*/ >) *BLB*,1/@,4



 !!  !"#$! %& $'%!()"*+)', %&" $*+!-)*#."# $%&%$#'#) *# +,+# -./'0 1/0 *#2 ..$".''%#2 x∗3 4' "%"5/0 x∗ "# x -1$ 5'+.56#+#'0 $/7/"#) 8#209:9"/$# -1$ *1 .+-.2%# "85'# $.010/.' Q ;5/ "%-#'""5 0#+-2 #0 "85'# 0$1'2*10/.' a <;5/ "%-#'" 1522/ "5 0#+-2= >
x∗ = Ψt(x) = a(t) +Q(t)x. <?3@A=B1$ .'2%;5#'0) 2/ "1'2 *# $%&%$#'0/#* "# $%&%$#'# *# +10%$/15 1 5' +.596#+#'0 ".''% -1$ (φt)t≥>0) "1'2 *# $%&%$#'0/#* #' +.56#+#'0 /* 15$1 *# +.596#+#'0 ".''% -1$ *1 &1+/**#

φ∗
t (X) = ψ(t, φt(X)), <?3 C=.D .' 1 25--.2%) -.5$ 2/+-*/E#$) ;5# Ψ0 = Id3 FG-$/+.'2 +1/'0#'1'0 *#H1+- "# 6/0#22# "1'2 *# $%&%$#'0/#* #' +.56#+#'0 >

u∗(t, x∗) = ȧ(t) + Q̇(t)Ψ−1
t (x∗) +Q(t)u(t,Ψ−1

t (x∗)). <?3 @=I.52 #' "%"5/2.'2 ;5# '.52 16.'2 *1 $#*10/.'
dx∗u∗(t, x∗) = Q̇(t)Q(t)T +Q(t)∂xu(t,Ψ

−1
t (x∗))Q(t)T , <?3  =".'0 '.52 "%"5/2.'2 *1 $#*10/.' #'0$# *#2 0#'2#5$2 "#2 015G "# "%&.$+10/.'2 >

2D(∇x∗u∗) = Q̇(t)Q(t)T +Q(t)Q̇(t)T + 2Q(t)D(∇xu(t,Ψ
−1
t (x∗))Q(t)T

= (Q(t)Q(t)T )′ + 2Q(t)D(∇xu(t,Ψ
−1
t (x∗))Q(t)T

= 2Q(t)D(∇xu(t,Ψ
−1
t (x∗))Q(t)T , <?3 J=-5/2;5#) Q(t) %01'0 5'# +10$/# "# $.010/.') .' 1 Q(t)Q(t)T = Id -.5$ 0.50

t3 K05"/.'2 +1/'0#'1'0 *8#L#0 "85' H1'7#+#'0 "# $%&%$#'0/#* 25$ *# 0#'2#5$"#2 .'0$1/'0#23 4' 281--5/# -.5$ #*1 25$ *1 '.0/.' "# -5/221'# "#2 &.$#2/'0#$'#2 > *1 -5/221'# /'201'01'%# ;58#G#$# *#2 &.$#2 /'0#$'#2 : *8/'0%$/#5$"85'# -1$0/# O "1'2 *# $%&%$#'0/#* "# $%&%$#'# #20 ".''%# -1$ *1 &.$+5*#
P(O, u) =

∫

O

σ(t, x) : D(∇xu)(t, x)dx, <?3 !=#0 "1'2 *# $%&%$#'0/#* #' +.56#+#'0 -1$
P∗(O∗, u∗) =

∫

O∗

σ∗(t, x∗) : D(∇x∗u∗)(t, x∗)dx∗, <?3 M=.D *8.' 1 %6/"#++#'0 '.0% O∗ = Ψ(t,O) #0 σ∗ *# 0#'2#5$ "#2 .'0$1/'0# "5+10%$/15 "1'2 *# $%&%$#'0/#* #' +.56#+#'03 N1'2 #2 &.$+5*#2 '.52 16.'2'.0% O:P *# -$."5/0 21*1/$# "#2 0#'2#5$2 2Q+%0$/;5#2 ;5/ 1 -.5$ "%E'/0/.'



 !"! #%&'()(*+, -.*./0&1 2( 3&42(,  !"
A : B = Tr(AB).#$%& ')*+$,& -.*,/0,.,/ 1%02 34.5)6& 70 5)*,*50 34$890/*+*/'2 ,$%& 30+$,&.+$*) P(O, u) = P∗(O∗, u∗): ;4.%/)0 5.)/2 0, <.*&.,/ %, =.,>0-0,/ 3.,&74*,/'>).702 ,$%& $8/0,$,& ?

P∗(O∗, u∗) =

∫

O∗

σ∗(t, x∗) : D(∇x∗u∗)(t, x∗)dx∗

=

∫

O

σ∗(t,Ψt(x)) : D(∇x∗u∗)(t, ψ(t, x))dx.) ψt 5)'&0)+0 70 +$7%-0
=

∫

O

σ∗(t,Ψt(x)) : Q(t)D(∇xu)(t, x)Q(t)T dx 34.5)6& @A: BC
=

∫

O

Tr(σ∗(t,Ψt(x))
TQ(t)D(∇xu)(t, x)Q(t)T )dx

=

∫

O

Tr(Q(t)Tσ∗(t,Ψt(x))Q(t)D(∇xu)(t, x))dx. @A: DCA*,&* ,$%& $8/0,$,&2
σ(t, x) = Q(t)Tσ∗(t,Ψt(x))Q(t), @A: EC$% 30 -.,*6)0 '1%*+.70,/0

σ∗(t, x∗) = Q(t)σ(t,Ψ−1
t (x∗))Q(t



 !"  !"#$! %& $'%!()"*+)', %&" $*+!-)*#.
σ = −πh Id+ σ̃, #$% &'() πh *+,-./0 0 230 45(/ 6770440 0/ .+/+864 46  !"##$%& '()!%#*+*$,-"% 940:-,;0 768<(-, 3/0 08;6-/0 6=>-.3?;+ *6/, 46 *+@/-;-(/ *0 46 780,,-(/A *(/78+-,(/, 2304 ,0/, /(3, *(//(/, B 46 *+(=7(,-;-(/ #$% &' C 7(38 /(3, σ̃/50,; 76, /+0,,6-80=0/; B ;860 /3440% D304 0,; 45-/;+8E; 64(8, *0 *-,;-/.3083/0 768;-0 *-6.(/640 63 ;0/,038 *0, (/;86-/;0, F G5-=7(8;6/;A 7(38 /(3,A 0,;230A *53/0 768;A πh /0 *+70/* 76, *3 H6=7 *0 I-;0,,0 034+8-0/ uA 0; 230A*563;80 768;A σ̃ *(-; E;80 /34 4(8,230 40 H6=7 *0 I-;0,,0 u 0,; (/,;6/; #*(//34 B 3/ H6/.0=0/; *0 8+<+80/;-04 .644-4+0/ 78J,'% K0 230 /(3, *-,(/,A 0/-=7(,6/; +  !$%!$ 46 *+(=7(,-;-(/ #$% &'A 50,; 230A 4(8,230 40 L3-*0 0,; 63807(,A 40 H6=7 *0 <(80 -/;08/0 ,50:080 *0 <6M(/ /(8=640 #T (x, n)//n' (363;80=0/; *-;A 235-4 /50:-,;0 76, *0 <8(;;0=0/; ;6/.0/;-04 0/;80 *03: ,(3,N768;-0, *3 L3-*0 0/ (/;6;%O(3, 78(4(/.0(/, 64(8, 46 4(- *0 O0P;(/ #$%QR' 0/ -=7(,6/; *56>(8* 230

σ̃ ,(-; 4-/+6-80 0/ <(/;-(/ *3 ;63: *0 *+<(8=6;-(/ D(∇u) #73-,230 D(∇u)0,; (==0 /(3, 456I(/, *-; 46 .+/+864-,6;-(/ /6;380440 *0 γ̇'% S8-80 3/0 80N46;-(/ 4-/+6-80 0/;80 40 ;0/,038 *0, (/;86-/;0, σ 0; 40 ;0/,038 *0, ;63: *0*+<(8=6;-(/ 50,; +8-80 230 H6230 (0T-0/; σ̃ij *0 σ̃ ,5+8-; (==0 3/0(=>-/6-,(/ 4-/+6-80 *0, (0T-0/;, Akl *0 D(∇u)% 94 0:-,;0 *(/ +  !$%!$*0, (0T-0/;, ηkl
ij #<(8=6/; 0 235(/ 703; 6770408 3/ ;0/,038 *0 I-,(,-;+';04, 230 C

∀i, j σij =
∑

k,l

ηkl
ijAkl. #$%RU'V/ I(-; *(/ 2350/ ;(3;0 .+/+864-;+A -4 0:-,;0 0/ <6-; WQ I-,(,-;+, 7(38 3/L3-*0% V/ 703; 8+*3-80 0 /(=>80 0/ 80=68236/; 230 σ̃ 0; A ,(/; *0, ;0/,038,,X=+;8-230, 0 23- -=74-230A 768 (/,+230/;A 230 45(/ 6 ηkl

ij = ηlk
ij 0; ηkl

ij = ηkl
ji0 23- 46-,,0 ;(3; *0 =E=0 R" (0T-0/;,% O(3, 86Y(3;(/, 64(8, 45HX7(;HJ,0230 40 L3-*0 0,; -,(;8(70A 0 23- ,-./-@0 230 ,(/ .8(370 *0 ,X=+;8-0 0,; 40.8(370 *0 ;(3;0, 40, 8(;6;-(/, *0 450,760 C (/ 703; ;(38/08 3/ +H6/;-44(/ *0L3-*0 -,(;8(70 *6/, ;(3, 40, ,0/, ,6/, 688-I08 B 0/ *-,;-/.308 *0, 78(78-+;+,*-Z+80/;0,% [/ <6-,6/; 0;;0 HX7(;HJ,0 0; 0/ 0:74(-;6/; 0, /(3I0440, ,X=+N;8-0,A (/ 8+*3-; 40 /(=>80 *0 I-,(,-;+, B ,0340=0/; *03:A 230 /(3, /(;(/, µ0; λ 0; 45+236;-(/ #$%RU' ,0 8++8-; *0 <6M(/ (=76;0 C

σ̃ = 2µD(∇u) + λTr(D(∇u)) Id = 2µD(∇u) + λ(div u) Id. #$%RQ'[/ 3;-4-,6/; #$% &' 0; #$%R ' (/ (>;-0/; 40 ;0/,038 *0, (/;86-/;0, (=740; C



 !"! #%&'()(*+, -.*./0&1 2( 3&42(,  !"
σ = (−πh + λ(div u)) Id+ 2µD(∇u). #$%& '()*)+, -./ 01+, /**/ 3-.1*4)+5 πh5 µ /* λ ,)+* 0/, )/64/+*, -.4 +/ 0378/+0/+* -./ 0/ 91 0/+,4*3 0/ :1,,/ ρε% $L).7*)+, 0/ +).>/1. 91 8<)8<43*3 0=4,)*<)84/ 8).< 9/ :1*3<41. /* +)., )A*/+)+,91 9)4 0/ H))E/ M3+3<194,3/ N

σ(t, X) = 2µD(∇Xξ) + λ∇Xξ, #$%&&')O λ /* µu% ;/ 89., ,4:89/ ,/:A9/5 0=.+/ 81<*5 0/ </:891/< 91)+*<14+*/ 0/ 4,1499/:/+* 81< 9/ */+,/.< 0/, )+*<14+*/, 9.47:R:/ /*5 0=1.*</81<*5 0/ </:891/< 9/ *1.P 0/ 4,1499/:/+* 81< 9/ */+,/.< 0/, *1.P 0/ 03I)<7:1*4)+, ):89/* 2D(∇xu)% ;/ 4,1499/:/+* ,4:89/ ,.88<4:1+* 9/ */<:/ 0/)+>/*4)+ 8).< 0/, <14,)+, M3):3*<4-./,5 +)., 9/ <1L).*)+, 8).< 9/, X)*,M3+3<1.P% $4+,45 +)., 8).<<4)+, */+*/< 0/ M3+3<194,/< 9/ :)0B9/ 0/ S1PT/99G 9=140/ 0. :)0B9/ 04Q3</+*4/9 0)++3 81< 9=3-.1*4)+ N
T0(∂tσ + u · ∇σ) + σ = 2ηD(∇xu). #$%&!'



 !"  !"#$! %& $'%!()"*+)', %&" $*+!-)*#.#$% &' (%)*)(' ,-./0'1)2)134 &$ &.) .*51)161)2' ,.)1 71%' &$ 878' ,$*5 &'%393%'*1)'& '* 8.62'8'*1: ;/5'%2.*5 (.6%1$*1 .88'*1 <=:>!? 5' 1%$*59.%8'5.65 &-'@'1 ,6 A$*B'8'*1 ,' %393%'*1)'& C
∂tσ

∗ = Q̇σQT +QσQ̇T +Q(∂tσ + (Q̇T (x∗ − a) −QT ȧ) · ∇xσ)QT , <=:>D?
u∗ · ∇x∗σ∗ = Q((QT ȧ+QT Q̇QT (x∗ − a) + u) · ∇σ)QT , <=:>E?
∂tσ

∗ + u∗ · ∇x∗σ∗ = Q̇σQT +QσQ̇T +Q(∂tσ + u · ∇σ)QT . <=:>F?G.65 $2.*5 61)&)53
QT Q̇QT = −QTQQ̇T = −Q̇T , <=:>"?(.6% 5)8(&)H'% <=:>F?:G.65 2.I.*5 ,.* J6'4 5) .* $ <=:>!? ,$*5 &' %393%'*1)'& ,' %393%'*'4 *.65$2.*5 '* 9$)1

T0(∂tσ
∗ + u∗ · ∇x∗σ∗) + σ∗ = 2ηD(∇x∗u∗) + Q̇QTσ∗ + σ∗QQ̇T , <=:>K?,$*5 &' %393%'*1)'& '* 8.62'8'*1: L-3J6$1).* .*51)161)2' *-'51 ($5 )*2$%)$*1'($% A$*B'8'*1 ,' %393%'*1)'&4 ' *-'51 ,.* ($5 6*' 3J6$1).* $'(1$/&' (.6%6* 8.,M&' (AI5)J6':#.6% 5' 5.%1)% ,' '11' )8($55'4 6*' 8$*)M%' ,' (%.3,'% '51 ,' ($55'% ($%&$ 9.%8' )*13B%$&' ,' <=:N!? C (.6% 3%)%' &$ .*1%$)*1' '* 9.*1).* ,6 1$6O ,')5$)&&'8'*14 *.65 ,'2.*5 %35.6,%' &-3J6$1).* ,)@3%'*1)'&&' '1 *.65 ./1'*.*5<'* (.5$*1 G = η/T0? C

σ =

∫ t

−∞

G exp

(
−t− t′

T0

)
γ̇(t′)dt′. <=:!P?Q$*5 '11' )*13B%$&'4 .* 2.)1 $(($%$R1%' γ̇(t′)dt′ J6) '51 &' )5$)&&'8'*1)*H*)135)8$& $6 1'8(5 t′: S) *.65 )*13B%.*5 ($% ($%1)'54 *.65 (.62.*5 9$)%'$(($%$R1%' &' )5$)&&'8'*1 %'&$1)9 T ,'6O )*51$*15 γ(t, t′) = 1/2

∫ t

t′
γ̇(t′′)dt′′:;* ./1)'*1 $&.%5

σ = 2η

∫ t

−∞

exp

(
−t− t′

T0

)
γ(t, t′)dt′. <=:!N?#6)5J6' γ(t, t′) '51 &' )5$)&&'8'*1 '*1%' &'5 )*51$*15 t′ '1 t4 .* ('61 B3*3%$U&)5'% &-3J6$1).* (%33,'*1' '* %'8(&$V$*1 &' )5$)&&'8'*14 ($% 'O'8(&' ($% &'1'*5'6% ,' ,39.%8$1).* %'&$1)9 ,' W)*B'% Ht′ ,3H*) ($% <=:E?: G.65 ./1'*.*5$&.%5 '* 2$%)$/&'5 &$B%$*B)'**'5 C



 !"! #%&'()(*+, -.*./0&1 2( 3&42(,  !"
σ(t, X) = 2η

∫ t

−∞

exp

(
−t− t′

T0

)
Ht′(t, φt′(X))dt′. #$%! &'()*+,*(*+ *-./ 012)3-*/ ,++, 15.(+)-* 6(2 2(66-2+ (. +,76/ 6-.2 2,8+2-.3,2 .*, 9-27.:(+)-* 0);12,*+),::,% <-.2 ,:(= *-./ (.2-*/ >,/-)* 0, :(012)31, 0, Ft′(t, x

′) #01?*) 6(2 #$%!&& 6(2 2(66-2+ @ t A
∂tFt′(t, x

′) = dx′(φ̇t ◦ φ−1
t′ )(t, x′)

= dx′(φ̇t ◦ φ−1
t ◦ φt ◦ φ−1

t′ )(t, x′)

= dx(φ̇t ◦ φ−1
t )(t, φt ◦ φ−1

t′ (x′))dx′φt ◦ φ−1
t′ )(t, x′)

= dxu(t, φt ◦ φ−1
t′ (x′))Ft′(t, x

′),

#$%!B&-C -* ( .+):)/1 :( 01?*)+)-* 0. D(76 0, 3)+,//, ,.:12),* u 0-**1, 6(2 #$% &%$)*/)= ,* .+):)/(*+ :( 01?*)+)-* #$%E& 0. +,*/,.2 0, F)*G,2= -* ->+),*+ A
∂tHt′(t, φ

′
t(X)) =

1

2
(∂tFt′F

T
t′ + Ft′∂tF

T
t′ )

=
1

2
((dxu)Ft′F

T
t′ + Ft′F

T
t′ (dxu)

T )

= (dxu)Ht′ +Ht′(dxu)
T +

1

2

(
(dxu) + (dxu)

T
)

= (dxu)Ht′ +Ht′(dxu)
T +D(∇xu).

#$%!!&
'()*+,*(*+ *-./ 6-.3-*/ 012)3,2 #$%! & 6(2 2(66-2+ @ t ,+ *-./ ->+,*-*/
σ̇(t, X) = 2ηHt(t, φt(X)) − 1

T0

(
2η

∫ t

−∞

exp

(
−t− t′

T0

)
Ht′(t, φt′(X))dt′

)

+ 2η

∫ t

−∞

exp

(
−t− t′

T0

)
∂tHt′(t, φt′(X))dt′ #$%!H&I, 62,7),2 +,27, ,/+ *.: 6(2 01?*)+)-* 0, H ,+ :, /,-*0 3(.+ −1/T0σ%$)*/)= *-./ *-./ (6,2,3-*/ 5., :J-* 6,.+ G1*12(:)/,2 :, 7-0K:, 0, '(L8M,:: ,* .* 7-0K:, )*3(2)(*+ 6(2 D(*G,7,*+ 0, 21912,*+),: 6(2 :J15.(+)-*/.)3(*+, A

T0
▽

σ + σ = 2GD(∇xu), #$%!E&-C
▽

σ = ∂tσ + u · ∇xσ −∇xuσ − σ(∇xu)
T , #$%!N&



 !"  !"#$! %& $'%!()"*+)', %&" $*+!-)*#.#$%&'() *+ #$,&-$) .)/01,)**)  !"$%&'()' #2 .)(%)2, σ3 412, )..) ,+&%1(6*7$82+.&1( 9:3;<= )%. +00)*$) /1#>*) #) ?+@A)** %2,1(-).$3 B) /1#>*) +$.$ 0,101%$ 0+,  !"#$%" #+(% C!D℄3 F( G+&.6 H*#,1I# + /1(.,$ 827&* )@&%.+&.0*2%&)2,% 01%%&J&*&.$% 012, *+ '$($,+*&%+.&1( #2 /1#>*) #) ?+@A)** 0+, *) K1&@#72() J1(() #$,&-$) .)/01,)**) 012, *)% .)(%)2,% L 1( 0)2. K1&%&, (7&/01,.)82)**) #$,&-$) #) *+ G1,/)
Daσ

Dt = ∂tσ+u ·∇xσ+σW (∇u)−W (∇u)σ−a(D(∇u)σ+σD(∇u)), 9:3;M=1N *71( (1.) W (M) *+ 0+,.&) +(.&%I/$.,&82) #) *+ /+.,&) M ). 1N a )%. 2(,$)* 1/0,&% )(.,) [−1, 1]3 O1,82) a = 1 1( ,).,12-) *+ #$,&-$) %2,1(-).$)3O1,%82) a = −1 1( 0+,*) #) #$,&-$) %12%P1(-).$) L 7)%. *) /1#>*) 82)*71( 1J.&)(. %& 1( ,)/0*+) *) .)(%)2, #) Q&('), H 0+, *) .)(%)2, #) R,))(PO+',+(') E #+(% 9:3; =3 O1,%82) a = 0 1( 0+,*) #) #$,&-$) 1,1.+.&1(()**) 12#) S+2/+((3 412, -1&, 82) )% #$,&-$)% %1(. J&)( &(-+,&+(.)% 0+, K+(')/)(.#) ,$G$,)(.&)* &* %2T. #) +*2*), L
σ∗W (∇x∗u∗) −W (∇x∗u∗)σ∗ = Q(σW (∇u) −W (∇u)σ)QT −QσQ̇T − Q̇σQT ,9:3;U=
D(∇x∗u∗)σ∗ + σ∗D(∇x∗u∗) = Q(D(∇u)σ + σD(∇u))QT . 9:3!"=O+ ,)%.,&.&1( %2, a -&)(. #72( K+(')/)(. #) .I0) L *7$82+.&1( 0),# %1(KI0),J1*&&.$ *1,%82) |a| > 1 ) 82& )/0VK) #) ,$%12#,) *) 0,1J*>/) #)B+2KI 9-1&, &$'()*+ ,(-.#"% ). /.01 C;D℄=3B1//) (12% *7+-1(% +((1($ 0,$$#)//)(.6 *) /1#>*) #) S)W,)I% 9:3D<=0)2. %) '$($,+*&%), #) *+ /V/) G+X1( 82) *) /1#>*) #) ?+@A)**3 F( 2.&*&%+(.*+ #$,&-$) %2,1(-).$)6 1( 1J.&)(. *) $*>J,) /1#>*) #7H*#,1I#PY6 .,>% 2.&*&%$#+(% *) #1/+&() #)% 01*I/>,)% #&*2$% ). #+(% *7$.2#) #)% J+(#)% #) &%+&**)P/)(. L

T0
▽

σ + σ = 2η(T1

▽

D(∇xu) +D(∇xu)). 9:3!D= !" #$%&'$%( )*+( ($, &%( -$./%( 0.+,%$1O+ /+Z)2,) 0+,.&) #) )..) .K>%) $.+(. 1(%+,$) [ *7$.2#) #72( /1#>*)012, *)% /+.$,&+2@ -&.,)2@ /12%6 0,$%)(.1(%P*)% ,+0&#)/)(.3 \12% ,)(-1I1(%(1.+//)(. +2@ .K>%)% #) 2.13 C]D℄6 456#.0" C]<℄ ). 2$%$- C]]℄ 012, #)0*2% +/0*)% &(G1,/+.&1(%3



 !"! #$%&'$%( )*+( ($, &%( -$./%( 0.+,%$1  !" !"!# $% &'%()*&*+( ,*&'-.)-#$ %&&'($) *'+, *�℄ )( $( &%, )5'2'( 0=2$*58'%02*5 )/ &%IH,%8( )=5$('82( 02@'(7 1%2, )( $( 3$,2)5'(' ./( 0% )2,*'2@/*23$ ,*%*2,*2./( )(,@%''2+'(, )=5$('82(; G%$, /$( %&&'3O( )( O%1& 13I($7 0( ,I,*+1( (,* )5H'2* &%' 0% &'3@%@202*5 )( ,( *'3/4(' )%$, /$ &/2*, )( &'3B3$)(/' 5$('85*2./(
e D 0=2$,*%$* t; C(**( 5430/*23$ ,( B%2* %03', &%' 0=5./%*23$ ,/24%$*( 6



 !  !"#$! %& $'%!()"*+)', %&" $*+!-)*#.

 !"# "#$% &'()*+,+--'.'/0 ,123)4- 5# 67)92/# :'- ;49'- )*7<'- +/,+=7'/0>1?@*>70+*/ ,7 .20?)+27 A B2--' 0'.3?)207)'
∂tP (t, e) = −Γ0 exp

(
− e

x

)
P (t, e) + Γ(t)ρ(e),

Γ(t) = Γ0

∫

e≥0

exp
(
− e

x

)
P (t, e)de.

C"#! DE2/- >' -F-04.' C"#! DG ρ(e) '-0 >2 ,+-0)+B70+*/ ,' B2))+4)' ,' 3*0'/0+'> '0
x '-0 7/ 32)2.40)' =7+ H*7' >' )�>' ,17/' 0'.3?)207)' C3'/-') x = kbT *J kb'-0 >2 */-02/0' ,' K*>0L.2//D# :' 3)'.+') 0').' ,?)+0 >2 3*--+B+>+0? 3*7)>' -F-04.' ,' -*)0+) ,' >1?020 e 2@' 7/ 0'.3- ,' )'>2M20+*/ 1/Γ0 exp(e/x)02/,+- =7' >' -'*/, 0').' ,?)+0 7/' )?32)0+0+*/ 23)4- ()2/9+--'.'/0 ,'B2))+4)' 2@' 7/' ,+-0)+B70+*/ ρ# N' =7' $%&()&*  ! "#$ */0 )'.2)=7?G1'-0 =7' >*)-=7' >2 ,+-0)+B70+*/ ,' 3+4<' ρ ?02+0 'M3*/'/0+'>>' ,' 32)2.40)'
x0G >' -F-04.' @*F2+0 B'> '0 B+'/ 7/' 0)2/-+0+*/ @+0)'7-'# O/ 3'70 -1'/ )'/,)'*.30' '/ '--2F2/0 ,' 2>7>') >1?020 ,1?=7+>+B)' ,7 -F-04.'G 09?*)+=7'.'/0



 !"! #$%&'$%( )*+( ($, &%( -$./%( 0.+,%$1  !"#$%%& '()
Peq(e) =

Γeq

Γ0
exp

( e
x

)
ρ(e), *+,!"-$. Γeq /()(%010 234 Peq 450 #61%0&/)(74 1, 8$)5234 ρ(e) = x0 exp(−e/x0)9 $%:$10 234 '$3) x < x0 17 %6; ( 4% <(10 '(5 #6&23171=)4 40 74 5;50>?4 &:$7345(%5 @(?(15 56())A04) 0(%#15 234 7$)5234 x > x0 3% &23171=)4 4B1504, C% :$109#6(30)4 '()09 234 7$)5234 x < x0 (:4 x 56(''')$E(%0 #4 x0 7( #150)1=301$%#4:14%0 #4 '735 4% '735 &0(7&4 40 745 '3105 #4 /)(%#45 ')$<$%#43)5 #4:14%%4%0#4 '735 4% '735 <)&234%059 '1&/(%0 #4 '735 4% '735 74 5;50>?4 40 )(74%0155(%07( #;%(?1234, !"!# $%&'()%*+ ,)&(-*+ ./*0F6450 '() (%(7$/14 (:4 4 'E&%$?>%4 #4 0)(%5101$% :10)4354 234  !""#%&'()*+& ,*-.*./& 0123(.4 40 '()*+ $%0 $%G3 74 ?$#>74 HIJ '$3) 745?(0&)1(3B :10)43B ?$35 KLM℄�74 #45 ?$7&3745 4% #&5$)#)4, 8( 04?'&)(03)4 450(7$)5 71&4 Q 7( $%4%0)(01$% 4% '()01374, 8$)5234 7( $%4%0)(01$% 450 <(1=749745 '()013745 5$%0 0)>5 71=)45 #4 54 ?$3:$1) 40 743) 1%W34%4 54 <(10 '43 54%01) X74 ?(0&)1(3 450 ')45234 %4R0$%14%, Y% )4:(%E49 7$)5234 7( $%4%0)(01$% 4500)>5 &74:&49 745 '()013745 54 /A%4%0 40 3%4 '()01374 54 )40)$3:4 '1&/&4 '() 545:$151%45 X (:(%0 234 74 ?(0&)1(3 %4 56&$3749 17 <(30 4%0)4) 53Z5(??4%0 #6&%4)P/14 '$3) '$3:$1) =)154) 745 714%5 4%0)4 '()013745 40 74 ?(0&)1(3 450 3% W31#4Q 54317, 84 W31#4 53=10 #$% 3%4 0)(%5101$% 4% <$%01$% #4 5( $%4%0)(01$%$??4 )&53?& 53) 7( O/3)4 +,[,

5#67 +,[X \)(%5101$% :10)4354 '$3) 745 ?(0&)1(3B :10)43B ?$35




P (E, l, t) K

∂tP = −γ̇∂lP − Γ0 exp

(
−E − 1/2kl2

x

)
P + Γ(t)ρ(E)δ0(l). AN8!"CD& %,&3-&, (&,3& (,.)'-( 2. )*B4,3.(-4$ *2./(-5'& )' /M/(L3& &$ .'13&$(.$(

l &$ B4$(-4$ )& 2. )*B4,3.(-4$ 24.2&8 D& /&4$) (&,3& &/( /&3@2.@2& > &2'-)& AN8! C > 2. )-E*,&$& 5'& &((& @.,,-L,& &/( ,*)'-(& )' B.-( )& 26*$&,1-&*2./(-5'& /(4O*& 1/2kl28 H$G$< '$& B4-/ 2. @.,,-L,& )6*$&,1-& B,.$7-&< 2.)*B4,3.(-4$ *2./(-5'& ,&2.?& :&,/ 0 A> .'/& )& 2. 3.//& )& F-,. &$ 0< δ0(l)C(.$)-/ 5'& 2& /M/(L3& 74-/-( '$& *$&,1-& /'-:.$( 2. )-/(,-@'(-4$ ρ(E)8 P&34)L2& %,*)-( @-&$ '$& (,.$/-(-4$ :-(,&'/& 24,/5'& 2. )-/(,-@'(-4$ )& %'-(/ &/(&?%4$&$(-&22&8D&/ 34)L2&/ )& &!'%(')  ! "#$ 4'  !""#%  ! "#$ /6.%%'-&$( (4'/ )&'?/', 2& %.,.3L(,& x %4', 4$(,�2&, 2. (,.$/-(-4$ :-(,&'/&8 N-$/-< 2& $-:&.' )&@,'-( &/( G?* 1,R& > '$ %.,.3L(,& "% &'8 #,< ).$/ 2&/ 3.(*,-.'? .34,%7&/<2& @,'-( &/( 2-* .'? ,*.,,.$1&3&$(/ &( $6&/( )4$ %./ 4$$' " )*+'*+ 3.-/)*%&$) )& 26*(.( )' 3.(*,-.' 2'-;3S3&8P6&/( %4',5'4- *+,-(') &( ./0'/'1 4$( %,4%4/* '$ $4':&.' 34)L2&).$/ TUV℄< -$/%-,* %., 2& 34)L2& XYZ 3.-/ ).$/ 2&5'&2 2& @,'-( 3*.$-5'& &/(&E&(-:&3&$( 4,,*2* > 26*(.( )' /M/(L3& K 2& @,'-( 3*.$-5'& &/( )-,&(&3&$(2-* .'? ,*.,,.$1&3&$(/ 5'- /',:-&$$&$( ).$/ 2& /M/(L3& A4$ %.,2& )& 34)L2&",!''-.+.!"-!C8 D& 34)L2& &/( 14':&,$* %., 26*5'.(-4$ -$*(-5'& /'-:.$(& K



 !"! #$%&'$%( )*+( ($, &%( -$./%( 0.+,%$1  !!
∂tp = −G0γ̇(t)∂σp−

1

T0
1R\[−σc,σc]p+ Γ(t)δ0(σ) + αΓ(t)∂σσp. "#$!!%&'( )(*,-./-0' )1/2-331( )( ( 40)53( *( /,067( 26 82.-/,(  $



 !"  !"#!$%&'()!*
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