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Sophie Tison, Professeur Université des Sciences et Technologies de Lille
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fn f n
V,F vrai faux

q

t
β
t× β β
T
Σ
Γ
Γ@ Γ
Bool {vrai, faux}
@
@s

@a

β0(t) t faux

TΣ Σ
Ts
Γ Γ

Ta
Γ Γ@

≡tsnRPNI TSN

tsnRPNI

∈tsnRPNI TSN

tsnRPNI

annotA(t) t TSN A
carbre

cdom(t) t
carbre(t)

crequete

caracterisex(L) L
x

compat(t1, t2) t1 t2
complete(t) Σ × Bool



dom(t) t
dome(t) t
elag(t) t
evalA(t) t A
QCA

runsA(t) A t
srunsA(t) A t
transA(t) t A
QE
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t

t dom(t)
t N

i i
ε

1.2

E t(n) π t



{ε, 1, 1.1, 1.2, 2} t(ε) = f t(1) = f
t(1.1) = a t(1.2) = b t(2) = b

t′ t π π ∈ dom(t) t|π

dom(t′) = {π′|π.π′ ∈ dom(t)}
t′(π′) = t(π.π′)

t′ t π dom(t) π′

t π

(Σ,Arit) Σ
Arit Σ N

0 n

fn f n Σ (Σ,Arit)

Σ TΣ

{a ∈ Σ|Arit(a) = 0} ⊂ TΣ

{f(t1, . . . , tn)|(f ∈ Σ) ∧ (Arit(f) = n) ∧ (t1 . . . tn ∈ TΣ)} ⊂ TΣ

Σ
Σ Σ

n dom(t)

{n.i|n.i ∈ dom(t)} = {n.1, . . . , n.Arit(n)}

Γ
Γ TΓ

{a ∈ Γ} ⊂ TΓ

{f(t1, . . . , tn)|f ∈ TΓ ∧ n ≥ 0 ∧ t1 . . . tn ∈ TΓ} ⊂ TΓ

Γ
Γ Γ



TΓ = {f, a} a(a, a) f(a) a
TΓ

{f(a, . . . , a
︸ ︷︷ ︸

ifois

)i>0} TΓ

Σ
Σ

A
etats(A)

finaux(A) finaux(A) ⊆ etats(A)

a→ q a Σ q A
f(q1, . . . , qn)→ q f n Σ q1 . . . qn, q A

A Σ TΣ

etats(A)

evalA() : TΣ → 2etats(A)

evalA(a) = {q | a→ q ∈ regles(A)}
evalA(f(t1, . . . , tn) = {q | q1 ∈ evalA(t1), . . . , qn ∈ evalA(tn),

f(q1, . . . , qn)→ q ∈ regles(A)}

A t q q evalA(t)

t A t A
Σ Σ

langage(A) = {t ∈ TΣ|∃q ∈ finaux(A), q ∈ evalA(t)}

Σ Σ



A {a0, b0, f2}

etats(A) = {1, 2, 3, 4}
finaux(A) = {4}
regles(A) = {a→ 1, a→ 2, b→ 2,

f(1, 2)→ 3, f(1, 1)→ 4, f(3, 4)→ 4, f(3, 3) → 3}

t A

f3,4

f3

a1,2 b2

f3,4

a1,2 a1,2

4
A

A t t
A A

A t
A A t

r A t dom(t) etats(A)
π π1 . . . πn f f(r(π1), . . . , r(πn))→ r(π) ∈ regles(A)

f(t1, . . . , tn) t1, . . . , tn

runsA(t) A t srunsA(t)
A t

evalA(t) = {q|∃r ∈ runsA(t) (r(ε) = q}

A t

f3

f3

a1 b2

f3

a1 a2

f4

f3

a1 b2

f4

a1 a1



4

ε

ε q1
ε
→ q2

q1 q2

ε

ε ε

ε
ε ε

ε

q t π t
r A t r(π) = q A



Γ
Γ

H
etats(H)

finaux(H) finaux(H) ⊆ etats(H)

Ha,q etats(A) a Γ q etats(A)
Ha,q a(q1 . . . qn)→ q

q1 . . . qn Ha,q

Ha,q

evalH(f(t1, . . . , tn)) = {q|∃q1 ∈ evalH(t1), . . . ,∃qn ∈ evalH(tn), q1 . . . qn ∈ L(Hf,q)}

H {a, b}

etats(A) = {1, 2, 3, 4}
finaux(A) = {4}

Ha,1 = ε
Hb,2 = ε
Ha,3 = 1+.2∗

Ha,4 = 3.3

Hw,q Hw,q

a 1 b
2 a(t1, . . . , tn) 3 i

1 n t1, . . . , ti 1 ti+1 . . . tn
2 a(t1, t2) 4 t1 t2

3

{a, b}
H

a4

a3

a1

a3

a1 a1 b2 b2 b2



F = {f(a, . . . , a
︸ ︷︷ ︸

ifois

)i>0}

f(a) f1

f(a, a) f2 . . .



a @s

t

=

a

t

a

t1

. . .

tn

@s

tn+1

=

a

t1

. . .

tn tn+1

t1 t2 t2
t1

Ts
Γ

Γ a(t1, . . . , tn) n ≥ 0 t′ Ts
Γ

@s

@s : Ts
Γ × Ts

Γ → Ts
Γ

@s(a(t1, . . . , tn), t′) = a(t1, . . . , tn, t′)

n = 0 @s(a, t′) = a(t′)

t@st′ @s(t, t′)
@s t1@st2@st3

t1@st2@st3 (t1@st2)@st3

Γ



a

b

c d e

f

@
@

a @
@

@
b c

d
e

f
a

b
c

⊥ d
⊥ e

f
⊥

a(t1, . . . , tn)
a@st1@s . . . @stn

Γ Γ
@s a(b(c, d, e), f) a@s(b@sc@sd@se)@sf

Γ@

Γ

Γ@ = {a0|a ∈ Γ} ∪ {@2}

Ta
Γ Γ@

@a(c1, c2) = @(c1, c2)



@a @

carbre Ts
Γ

Ta
Γ

carbre : Ts
Γ → Ta

Γ

carbre(a) = a avec a ∈ Γ
carbre(t1@st2) = carbre(t1)@acarbre(t2) avec t1 ∈ Ts

Γ

et t2 ∈ Ts
Γ

carbre(t)

carbre Ts
Γ Ta

Γ

H
Ts
Γ t1 t2

t1@st2 Ts
Γ

Ta
Γ

carbre Ts
Γ Ta

Γ

t t′ Ts
Γ carbre(t) = carbre(t′)

t t = t′

t = a carbre(t′) = a carbre(t) = a t′ = a t′ = t

t = t1@st2 carbre(t) = carbre(t1)@acarbre(t2) carbre carbre(t′) =
carbre(t1)@acarbre(t2) carbre(t′) carbre(t′) =
carbre(t′1)@

acarbre(t′2) t′ = t′1@
st′2 carbre(t′1) = carbre(t1) carbre(t′2) = carbre(t2)

t1 = t′1 t2 = t′2 t = t′

t t′ Ts
Γ

carbre Ts
Γ Ta

Γ

c′ Ta
Γ c′ t

carbre(t) = c′

c′ = a carbre(a) = a

c′ = c′1@
ac′2 t1 t2 t1 = carbre(c′1)

t2 = carbre(c′2) t = t1@st2 carbre(t) = c′

c′ Ta
Γ !



Γ A = (E,Γ) E Γ
En E

Ts
Γ Γ@

Γ@ (Ts
Γ,Γ@)

Γ@

@ a
Ts
Γ

a @ Ts
Γ × Ts

Γ Ts
Γ

@s !

Ta
Γ Γ@

Γ@ (Ta
Γ,Γ@)

@ @a !

carbre (Ts
Γ,Γ@)

(Ta
Γ,Γ@)

carbre carbre

Ts
Γ Ta

Γ (Ts
Γ,Γ@) (Ta

Γ,Γ@) !

t1@st2
t1 t2



a

b c

a

@

@

a b

@

c a

cdom(ε) = 1.1
cdom(1) = 1.2 cdom(arete(1)) = 1
cdom(2) = 2.1 cdom(arete(2)) = ε

cdom(2.1) = 2.2 cdom(arete(2.1)) = 2

π1 π2 arete(π2)
t

dome(t) = dom(t) ∪ {arete(π)|(π ∈ dom(t)) ∧ (π ,= ε)}

t
t carbre(t)

cdom(t) : dome(t) → dom(carbre(t))
cdom(a)(ε) = ε
cdom(t1@st2)(π) = Si π ∈ dome(t1) Alors cdom(t1)(π)

Si π ∈ dome(t2) Alors cdom(t2)(descente(π))
Sinon π = derniere arete(t)

descente u arete(u) n.u
arete(n.u) ε
t t′ t t derniere arete(t)

t

t Ts
Γ cdom(t) dome(t)

dom(carbre(t))

t

t = a dome(t) dom(carbre(t)) cdom(t)



t = t1@st2 cdom(t1) cdom(t2)

t dome(t1) dome(t2)
{derniere arete(t)}

carbre(t) dom(carbre(t1))
dom(carbre(t2)) ε

cdom(t1@st2) dome(t1) dom(carbre(t1)) dome(t1)
cdom(t1) dome(t1) dom(carbre(t1))

cdom(t1@st2) dome(t2) dom(carbre(t2))
cdom(t1@st2) {derniere arete(t1@st2}
{ε}

cdom(t1@st2) dome(t1@st2) dom(carbre(t1@st2)) !

Γ
Γ@

etats(A)
finaux(A) finaux(A) ⊆ etats(A)

a→ q a ∈ Γ q ∈ etats(A)
@(q1, q2) → q q1 ∈ etats(A) q2 ∈ etats(A) q ∈ etats(A)

q1@q2 → q



evalaA()

Ts
Γ Γ

evalsA() : Ts
Γ → 2etats(A)

evalsA(a) = {q | a→ q ∈ regles(A)}
evalsA(t1@αt2) = {q | q1 ∈ evalsA(t1), q2 ∈ evalsA(t2), q1@q2 → q ∈ regles(A)}

t Γ A Γ

evalaA(t) = evalsA(carbre(t))

t !

t = t1@at2
t1 t2

t = t1@st2 t1 t
t t

t

f(t1, . . . , tn) f(t1, . . . , tn−1) tn



0

0

21,2

1

0,1,2

a

b

Aa

a

b a

b a b

@

@

a b

@

@

@

a b

a

b

t

Aa

Γ = {a, b} a

Aa

etats(A) = {0, 1, 2}
finaux(A) = {1, 2}
regles(A) = {a→ 1, a→ 0, b→ 0,

0@0→ 0, 0@1→ 2, 0@2→ 2,
2@0→ 2, 2@1→ 2, 2@2→ 2}

q1
q2→ q3 q1@q2 → q3

Aa



a

b

@

a b

a

b a

@

@

a b

a

a

b a b

@

@

@

a b

a

b

a

b a

b a b

@

@

a b

@

@

@

a b

a

b

t carbre(t)

A

langages(A) = {t|∃q ∈ finaux(A) (q ∈ evalsA(t))}

A

langagea(A) = {c|∃q ∈ finaux(A) (q ∈ evalaA(c))}

A Γ



langagea(A) = carbre(langages(A))

langagea(A) = {c|∃q ∈ finaux(A) (q ∈ evalaA(c))}

= {c|∃q ∈ finaux(A) (q ∈ evalsA(carbre
−1(c)))}

= {carbre(t)|∃q ∈ finaux(A) (q ∈ evalsA(t))}

= carbre(langages(A))

evalsA() langages

!

f(a, b, c)
f a b c f(a) f(a, b) f(a, b, c)

f a b c
f(a) f(a, b) f(a, b, c)

f a b c

t Γ t
dome(t)

t = a tete(t) = racine(t)
t = f(t1, . . . , tn) tete(t) = derniere arete(t)



f

f

a b c

e a b

A Γ A t
Ts
Γ r : dome(t)→ etats(A) A

t = a (a→ r(tete(t))) ∈ regles(A)
t = t1@st2
r|doms(t1) A t1
r|doms(t2) A t2
(r(tete(t1))@r(tete(t2))→ r(tete(c))) ∈ regles(A)

runsA(t) A t

Aa

t Aa t

A t Ts
Γ r dome(t)

etats(A)

r ∈ runsA(t)⇔ r ◦ cdom(t)−1 ∈ runsA(carbre(t))



a0

b0

2

a

2

0

b

2

0 a

2

1 b

2

0

@ 2

@2

a0 b 0

@ 2

@2

@2

a0 b 0

a 1

b 0

Aa t

A t Ts
Γ

evalsA(t) = {r(tete(t))|r ∈ runsA(t)}

Γ@

a(q1, . . . , qn) → q a(L) → q L
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Σ Σ
TΣ Σ

Ta
Γ q t

q(t) dom(t)

vrai

faux

TBool

{vrai, faux}
t β TBool dom(β) = dom(t)

t t TΣ

q TΣ

q TΣ TBool

t TΣ annotq(t)

dom(annotq(t)) = dom(t)
π dom(t)

π q(t) annotq(t)(π) = vrai

annotq(t)(π) = faux

t Σ β t
Σ × Bool

Σ β t×β
t× β

dom(t× β) = dom(t)
π dom(t× β) (t× β)(π) = (t(π),β(π))



f

f

a f

b a

a

F

F

V F

F V

V

f

f

a f

b a

a

t β q t× β

q a
t q

q

q TΣ q

TΣ×Bool

langage(q) = {t× annotq(t)|t ∈ TΣ}

q TΣ langage(q)
A langage(A) = langage(q)

a a b



q TΣ A q

langage(A) = langage(q)

TΣ

TΣ

vrai β0(t) t

A Σ× Bool

∀t ∈ TΣ ∃β ∈ TBool (t× β ∈ langage(A)

Σ×Bool

complete 2TΣ×Bool 2TΣ×Bool

complete(L) = L ∪ {t× β0(t)|(t ∈ TΣ) ∧ ¬(∃β ∈ TBool (t× β ∈ L))}

q TΣ A q

complete(langage(A)) = langage(q)

Σ = {f2, a0, b0} q

a

A

etats(A) = {1, 2}
finaux(A) = {2}
regles(A) = {(a,V)→ 1, (b,F)→ 1, (f,F)(1, 1) → 2}

A q A

q



TSN

etats(A) = {1, 2, 3, 4, 5}
finaux(A) = {2, 3, 5}
regles(A) = {(a,V)→ 1, (b,F)→ 1, (f,F)(1, 1) → 2

(a,F)→ 3, (b,F)→ 3, (f,F)(3, 3) → 4,
(f,F)(4, 3)→ 5, (f,F)(3, 4) → 5, (f,F)(4, 4) → 5,
(f,F)(4, 5)→ 5, (f,F)(5, 4) → 5, (f,F)(5, 5) → 5}

TΣ Σ× Bool

L TΣ×Bool L1 = {t×β0(t)|∃β t×β ∈ L} L2 =
TΣ×faux−L1 L L1 L2 complete(L) = L∪L2

complete(L) L complete(L)

A q TΣ A′

complete(langage(A)) q

q TΣ

A q q !

TSN

TΣ

Σ×Bool

Σ×Bool

Σ

Σ × Bool

q(t) t
TΣ

Σ×Bool



Σ× Bool

Σ × Bool

TΣ TBool

A Σ × Bool transA(t) t
A

transA(t) =def {β|t× β ∈ langage(A)}

Σ× Bool

Σ× Bool

q A Σ × Bool

A

∀t ∈ TΣ (|transA(t)| ≤ 1)

q

langage(q) = {annotq(t)|t ∈ TΣ}
t× β t× β′ β ,= β′

q !

A Σ×Bool

A

A Σ× Bool

q TΣ A q

A Σ× Bool

q TΣ

∀t ∈ TΣ q(t) = {π|∃β ∈ TBool ∃t× β ∈ langage(A) (t× β)(π) = vrai}

langage(q) = complete(langage(A))



TSN

t TΣ annotq(t) complete(langage(A))

q(t) β t×β
langage(A)

β A β q(t) = {π|(t × β)(π) = vrai}
annotq(t) langage(A)

β q(t) = ∅ t × β0(t) complete(langage(A))
annotq(t) complete(langage(A))

t× β complete(langage(A))
t× β ∈ langage(A) A β′

t× β′ langage(A) q(t) = {π|(t× β)(π) = vrai} annotq(t) = t× β
t×β ,∈ langage(A) β = β0(t) β′ t×β′

langage(A) q(t) = ∅ annotq(t) = t× β0(t) = t× β
langage(q) = complete(langage(A)) A q

!

A
Σ×Bool

Σ
Σ× Bool

TSN

TSN

annotA(t) = β ⇔ t× β ∈ complete(langage(A))

TSN

TSN

TSN A Σ t Σ

t′ t
t′ × β′

t′ t
Σ× 2etats(A)

π

A β t A

aux



β

phase1
A(t)

TSN A Σ
t Σ
t Σ× 2etats(A)

Match t Avec

a
S ← {q|∃b ∈ Bool (a, b)→ q ∈ regles(A)}
Retour (a, S)

f(t1, t2)
t′1 ← phase1

A(t1)
t′2 ← phase1

A(t2)
(f1, S1) = t′1(racine)
(f2, S2) = t′2(racine)

S ← {q|∃b ∈ Bool ∃q1 ∈ S1 ∃q2 ∈ S2 (f, b)(q1, q2)→ q ∈ regles(A)}
Retour (f, S)(t′1, t

′
2)



TSN

phase2
A(t)

TSN A Σ
t Σ× 2etats(A)
t Σ× Bool

aux(t, S′)
t Σ× 2etats(A)

S
t Σ× Bool

Match t Avec

(a, S)
bSet← {b|∃q ∈ S′ ((a, b)→ q ∈ regles(A))
Si (vrai ∈ bSet) ∧ (faux ∈ bSet)
Alors

Sinon b← (vrai ∈ bSet)
Retour (a, b)

(f, S)(t1, t2)
(f1, S1) = t1(racine)
(f2, S2) = t2(racine)

S′
1 ← ∅

S′
2 ← ∅

bSet← ∅
PourTout ((f, b)(q1, q2)→ q) ∈ regles(A)|q1 ∈ S1, q2 ∈ S2, q ∈ S′

S′
1 ← S′

1 ∪ {q1}
S′

2 ← S′
2 ∪ {q2}

bSet← bSet ∪ {b}
t′1 ← aux(t1, S′

1)
t′2 ← aux(t2, S′

2)
Si (vrai ∈ bSet) ∧ (faux ∈ bSet)
Alors

Sinon b← (vrai ∈ bSet)
Retour (f, b)(t′1, t

′
2)

(f, S) = t(racine)
t′ ← aux(t, S ∩ finaux(A))
Retour t′

Aimpaire

TSN a TΣ

Σ = {f2, a0, b0} Aimpaire



f1,2

f1,2

a1,2 f1,2

b3 a1,2

a1,2

f2

f1

a2 f2

b3 a1

a1

f

f

a f

b a

a

TSN Aimpaire

etats(A) = {1, 2, 3}
finaux(A) = {2, 3}
regles(A) = {(a,F)→ 1, (a,V)→ 2, (b,F)→ 3

(f,F)(1, 1) → 2, (f,F)(2, 2) → 1,
(f,F)(1, 3) → 2, (f,F)(2, 3) → 1,
(f,F)(3, 1) → 2, (f,F)(3, 2) → 1}

TSN Σ
Aimpair

a
1 2

2
1 1

2 f(1, 1) → 2
A

A

A TSN Σ t TΣ annotA(t)
O(|regles(A)|× |t|)

S S1

S2

{q|∃b ∈ Bool ∃q1 ∈ S1 ∃q2 ∈ S2 (f, b)(q1, q2)→ q ∈ regles(A)}

O(|regles(A)|)
O(|regles(A)|× |t|)



TSN

O(|etats(A)|2)
O(|etats(A)|2 × |t|)

O(|regles(A)|× |t|) !

TSN

TSN

TSN

TSN

A Σ× Bool

O|etats(A)|.|regles(A)|2

A Σ × Bool A

simA(q, q′) q q′

t× β
drstA(q, q′) q q′

t×β t×β′ t Σ β β′

t
A

Σ× Bool drst A

drst sim

A Σ× Bool O|etats(A)|.|regles(A)|2

Σ × Bool

O|etats(A)|.|regles(A)|2 !

A Σ × Bool A
q q′ drstA(q, q′)

q q′ drstA(q, q′)
t × β t × β′ A β ,= β′

!

A Σ × Bool q q′ A



simA(q, q′)⇔

((a, b)→ q ∧ (a, b)→ q′)
∨ ((f, b)(q1, q2)→ q ∧ (f, b)(q′1, q

′
2)→ q′ ∧ simA(q1, q′1) ∧ simA(q2, q′2))

drst(q, q′)⇔

((a, b)→ q ∧ (a,¬b)→ q′)
∨ ((f, b)(q1, q2)→ q ∈ regles(A) ∧ (f, b′)(q′1, q

′
2)→ q′ ∈ regles(A) ∧ drstA(q1, q′1) ∧ drstA(q2, q′2))

∨ ((f, b)(q1, q2)→ q ∈ regles(A) ∧ (f, b′)(q′1, q
′
2)→ q′ ∈ regles(A) ∧ simA(q1, q′1) ∧ drstA(q2, q′2))

∨ ((f, b)(q1, q2)→ q ∈ regles(A) ∧ (f, b′)(q′1, q
′
2)→ q′ ∈ regles(A) ∧ drstA(q1, q′1) ∧ simA(q2, q′2))

∨ ((f, b)(q1, q2)→ q ∈ regles(A) ∧ (f,¬b)(q′1, q
′
2)→ q′ ∈ regles(A) ∧ simA(q1, q′1) ∧ simA(q2, q′2))

drst

drst sim

drst sim

Σ× Bool

Σ× Bool

affecte sim(q, q′)
sim(q, q′)← vrai

PourTout ((f, b)(q, q2)→ q0) ∈ regles(A)
PourTout ((f, b′)(q′, q′2)→ q′0) ∈ regles(A)

Si sim(q2, q′2) ∧ b = b′ Alors affecte sim(q0, q′0)
Si (sim(q2, q′2) ∧ b ,= b′) ∨ drst(q2, q′2) Alors affecte drst(q0, q′0)

PourTout ((f, b)(q1, q)→ q0) ∈ regles(A)
PourTout ((f, b′)(q′1, q

′)→ q′0) ∈ regles(A)
Si sim(q1, q′1) Alors affecte sim(q0, q′0)
Si (sim(q1, q′1) ∧ b ,= b′) ∨ drst(q1, q′1) Alors affecte drst(q0, q′0)

affecte drst(q, q′)
drst(q, q′)← vrai

PourTout ((f, b)(q, q2)→ q0) ∈ regles(A)
PourTout ((f, b′)(q′, q′2)→ q′0) ∈ regles(A)

Si sim(q2, q′2) ∨ drst(q2, q′2) Alors affecte drst(q0, q′0)
PourTout ((f, b)(q1, q)→ q0) ∈ regles(A)

PourTout ((f, b′)(q′1, q
′)→ q′0) ∈ regles(A)

Si sim(q1, q′1) ∨ drst(q1, q′1) Alors affecte drst(q0, q′0)



TSN

PourTout (q, q′)
drst(q, q′)← faux

sim(q, q′)← faux

PourTout ((a, b)→ q) ∈ regles(A)
PourTout ((a, b′)→ q′) ∈ regles(A)

Si b ,= b′ Alors affecte drst(q, q′) Sinon affecte sim(q, q′)
PourTout ((f, b)(q1, q2)→ q) ∈ regles(A)

PourTout ((f, b′)(q1, q2)→ q′) ∈ regles(A)
Si b ,= b′ Alors affecte drst(q, q′) Sinon affecte sim(q, q′)

PourTout q ∈ finaux(A)
PourTout q′ ∈ finaux(A)

Si drst(q, q′) Alors Retour

Retour

sim drst

Σ× Bool O|etats(A)|.|regles(A)|2

affecte drst |etats(A)|2

affecte sim

O(|regles(A)|2)
O(|etats(A)|2 ∗ |regles(A)|2)

q′ affecte drst(q, q′) q affecte drst(q, q′)
((f, b)(q, q2) → q0)

q′

|regles(A)|
|etats(A)|.|regles(A)|

affecte sim(q, q′)

affecte drst

O(|etats(A)|.|regles(A)|2)

!

TSN

TSN

MSO MSO



MSO TSN MSO

MSO

MSO

MSO

MSO

MSO

MSO

φ ::= Bn(x1, . . . , xn) | p(x) | φ ∧ φ′ | ¬φ | ∃xφ | ∃pφ

Bn n MSO x
p

MSO MSO

Σ

sigb = {fils1, fils2, racine, feuille} ∪ {etiqa | a ∈ Σ}

fils1(x, y) y x
fils2(x, y) y x racine(x) x feuille(x)

x etiqa(x) x a MSOb MSO

sigb

TΣ MSOb

qub
φ(x)(t) = {σ(x)|t,σ |= MSObφ}

MSOb

a φ(x) = etiqa(x)∧
feuille(x) a

φ(x) = ∃y (etiqa(y) ∧ fils1(y, x)



TSN

TSN MSO

TSN MSOb

MSO

Σ×Bool MSOb

MSOb

TSN

MSOb TSN

MSOb MSOb

t
MSOb

TSN MSOb

MSOb

MSOb

t TΣ p dom(t) σ
p dom() t σ annotσ(t) TΣ×Bool

dom(annotσ(t)) = dom(t)
π annotσ(t)(π) = (t(π), b) b = vrai π ∈ σ(p) b = faux

φ(p) MSOb φ
L(φ) Σ× Bool TΣ

p φ

L(φ) = {annotσ(t)|t,σ |= φ}

L Σ× Bool MSOb

φ L

Σ × Bool

Σ× Bool

L Σ×Bool MSOb φ(p)
L φ(p) L

q t φ(p) σ σ(p)
t q MSOb



q ψ(x) = ∃p, p(x) ∧ φ(p)
TSN MSOb

ψ(x) MSOb q φ(p) =
(p(x)⇔ ψ(x)) t φ(p) p

ψ
σ t σ(p) q

φ q q

TSN q

MSOb TSN

!

TSN

TSN

TSN

TSN

TSN

TSN

TSN

TSN

TSN

TSN

Σ@ × Bool

(@,V) (@,F)

TSN



TSN

TSN

TSN Σ
Σ× Bool

TSN Σ
Ta
Γ

Σ@×Bool

Ta
Γ (@,F) @

Σ×Bool Σ@×Bool

(@,V) TSN

!

TSN

q Ts
Γ crequete(q)

Ta
Γ

crequete(q)(t) = cdom(carbre
−1(t))(q(carbre

−1(t)))

q Ts
Γ crequete(q)

Ta
Γ q Ts

Γ

!

TSN

TSN

TSN

A q Ts
Γ

crequete(q) Ta
Γ

q Ts
Γ

langage(crequete(q)) = carbre(langage(q))



t Ta
Γ annotacrequete(q)(carbre(t)) = carbre(annotsq(t))

carbre(t) π′ carbre(t)
π = cdom

−1(π′)

carbre(annotsq(t))(π
′) = annotsq(t)(π) crequete

annota() annotacrequete(q)(carbre(t))(cdom(π)) = annotsq(t)(π)

annotacrequete(q)(carbre(t))(π′) = carbre(annotsq(t))(π
′)

annotacrequete(q)(carbre(t))(π′) = carbre(annotsq(t))(π
′) langagea(crequete(q))

carbre(langages(q))
!

TSN Ta
Γ

Ts
Γ

TSN

TSN

TSN

TSN

MSO sigb

TSN

TSN

MSO sigb

TSN

MSO

MSO

MSO

MSO MSO

sigb

sigs = {premiere arete, arete suivante, derniere arete, cible, racine, feuille} ∪ {etiqa | a ∈ Σ}

premiere arete(x, y) y
x arete suivante(x, y) x y

derniere arete(x, y) y
x cible(x, y) y x

x y y



TSN

MSOs MSO MSOa

MSOb Σ@

MSOs

MSOa

MSO

MSOs

MSOa

MSOs

MSOa

crequete

crequete

MSOs MSOa

MSOa MSOs

!

TSN MSOs

TSN MSOa

TSN MSOs

!

TSN

TSN

TSNe

TSN

TSN



TSNe

TSN

TSN

TSN

TSN

TSNe

Σ = {f2, g2, a0, b0, c0, d0}
a TΣ

. . .

TΣ TSN

0

etats(A) = {1, 2, 3, 4, 0}
finaux(A) = {4}
regles(A) = {(a,V)→ 1, (b,F)→ 2, (g,F)(1, 2) → 3, (f,F)(3, 0) → 4,

(a,F)→ 0, (b,F)→ 0, (c,F)→ 0, (d,F)→ 0,
(f,F)(0, 0)→ 0, (g,F)(0, 0) → 0}

TSN

b 2
b



TSN

etats(A) = {1, 2, 3, 4, 0}
finaux(A) = {4}
regles(A) = {(a,V)→ 1, (b,F)→ 2, (g,F)(1, 2) → 3, (f,F)(3, 0) → 4,

(a,F)→ 0, (c,F)→ 0, (d,F)→ 0,
(f,F)(0, 0) → 0, (g,F)(0, 0) → 0
(f,F)(0, 2) → 0, (g,F)(0, 2) → 0
(f,F)(2, 0) → 0, (g,F)(2, 0) → 0}

TSN T

TSN

TSNe

T

TSNe

etats(A) = {1, 2, 3, 4, T}
finaux(A) = {4}
regles(A) = {(a,V)→ 1, (b,F)→ 2, (g,F)(1, 2) → 3, T → T, (f,F)(3, T )→ 4}

TSNe

T
TSNe

Σ × Bool ∪ T
TSN

Σ



f

a f

b a

T f

T T

f

T f

T a

f

T f

b T

f

T f

T T

f

T f

b a

f

a T

f

a f

T a

f

a f

b T

f

a f

T T

f

a f

b a

Σ× Bool

TSNe

T

t Σ × Bool t
elag(t) t′ π dom(t)

(π ∈ dom(t′)) ∧ (t′(π) = t(π))
(π ∈ dom(t′)) ∧ (t′(π) = T ) ∧ (∀u ∈ N+ (π.u ,∈ dom(t′))
(π ,∈ dom(t′)) ∧ ∃u ∈ N∗ ∃v ∈ N+(π = u.v ∧ t′(u) = T )

Σ× Bool



TSN

f

f

a T

a

f

f

T b

a

f

f

a b

a

f

f

a b

a

t t

TSN Σ×Bool

TSNe

Σ×Bool∪T Σ

TSN

Σ×Bool∪{T}
Σ× Bool ∪ {T}

Γ t1 t2 Γ ∪ {T}

t1 t2 t Γ
t1 ∈ elag(t) t2 ∈ elag(t) compat(t1, t2)



A (Σ × Bool) ∪ {T} A

∀t1 × β1 ∈ langage(A) ∀t2 × β2 ∈ langage(A) (compat(t1, t2)⇒ compat(β1,β2))

T
Σ×Bool∪ T

Σ × Bool ∪ {T}
Σ TSNe

TSNe Σ
Σ× Bool ∪ {T}

TSNe

TSNe Σ Σ×Bool∪{T}
Σ ∪ {T} t Σ

π t TSNe A
t π A

t Σ TSNe

t

Σ TSNe

Σ
T

phase1
A(t)

TSN A Σ
t Σ
t Σ× 2etats(A)

Match t Avec

a
S ← {q|∃b ∈ Bool (a, b)→ q ∈ regles(A)} ∪ {q|T → q ∈ regles(A)}
Retour (a, S)

f(t1, t2)
t′1 ← phase1

A(t1)
t′2 ← phase1

A(t2)



TSN

(f1, S1) = t′1(racine)
(f2, S2) = t′2(racine)

S ← {q|∃b ∈ Bool ∃q1 ∈ S1 ∃q2 ∈ S2 (f, b)(q1, q2)→ q ∈ regles(A)} ∪ {q|T → q ∈ regles(A)}
Retour (f, S)(t′1, t

′
2)

TSN

TSNe

TSNe

sim drst

sime drste sim drst

A TSNe q q′ A
simeA(q, q′) q q′ t× β

t′ × β′ compat(t, t′) compat(β,β′)
drsteA(q, q′) q q′ t× β

t′ × β′ compat(t, t′) ¬compat(β,β′)
TSN

drste

A Σ × Bool A
q q′

drsteA(q, q′)

q q′ drsteA(q, q′)
t × β t′ × β′ A compat(t, t′) ¬compat(β,β′)

!

sime drste

simeA(q, q′)⇔

((a, b)→ q ∧ (a, b)→ q′)
∨ ((f, b)(q1, q2)→ q ∧ (f, b)(q′1, q

′
2)→ q′ ∧ simeA(q1, q′1) ∧ simeA(q2, q′2))

∨ (T → q)
∨ (T → q′)

drste(q, q
′)⇔

((a, b)→ q ∧ (a,¬b)→ q′)
∨ ((f, b)(q1, q2)→ q ∈ regles(A) ∧ (f, b′)(q′1, q

′
2)→ q′ ∈ regles(A) ∧ drsteA(q1, q′1) ∧ drsteA(q2, q′2))

∨ ((f, b)(q1, q2)→ q ∈ regles(A) ∧ (f, b′)(q′1, q
′
2)→ q′ ∈ regles(A) ∧ simeA(q1, q′1) ∧ drsteA(q2, q′2))

∨ ((f, b)(q1, q2)→ q ∈ regles(A) ∧ (f, b′)(q′1, q
′
2)→ q′ ∈ regles(A) ∧ drsteA(q1, q′1) ∧ simeA(q2, q′2))

∨ ((f, b)(q1, q2)→ q ∈ regles(A) ∧ (f,¬b)(q′1, q
′
2)→ q′ ∈ regles(A) ∧ simeA(q1, q′1) ∧ simeA(q2, q′2))



sim drst

T T

TSNe T

(Σ×Bool)∪{T}

T

Σ× Bool

Σ× Bool

affecte sime(q, q′)
sime(q, q′)← vrai

PourTout ((f, b)(q, q2)→ q0) ∈ regles(A)
PourTout ((f, b′)(q′, q′2)→ q′0) ∈ regles(A)

Si sime(q2, q′2) ∧ b = b′ Alors affecte sime(q0, q′0)
Si (sime(q2, q′2) ∧ b ,= b′) ∨ drste(q2, q′2) Alors affecte drste(q0, q′0)

PourTout ((f, b)(q1, q)→ q0) ∈ regles(A)
PourTout ((f, b′)(q′1, q

′)→ q′0) ∈ regles(A)
Si sime(q1, q′1) Alors affecte sime(q0, q′0)
Si (sime(q1, q′1) ∧ b ,= b′) ∨ drste(q1, q′1) Alors affecte drste(q0, q′0)

affecte drste(q, q′)
drste(q, q′)← vrai

PourTout ((f, b)(q, q2)→ q0) ∈ regles(A)
PourTout ((f, b′)(q′, q′2)→ q′0) ∈ regles(A)

Si sime(q2, q′2) ∨ drste(q2, q′2) Alors affecte drste(q0, q′0)
PourTout ((f, b)(q1, q)→ q0) ∈ regles(A)

PourTout ((f, b′)(q′1, q
′)→ q′0) ∈ regles(A)

Si sime(q1, q′1) ∨ drste(q1, q′1) Alors affecte drste(q0, q′0)

PourTout (q, q′)
drste(q, q′)← faux

sime(q, q′)← faux

PourTout (T → q) ∈ regles(A)
PourTout q′ ∈ etats(A)

affecte sime(q, q′)

PourTout ((a, b)→ q) ∈ regles(A)
PourTout ((a, b′)→ q′) ∈ regles(A)

Si b ,= b′ Alors affecte drste(q, q′) Sinon affecte sime(q, q′)



TSN

PourTout ((f, b)(q1, q2)→ q) ∈ regles(A)
PourTout ((f, b′)(q1, q2)→ q′) ∈ regles(A)

Si b ,= b′ Alors affecte drste(q, q′) Sinon affecte sime(q, q′)

PourTout q ∈ finaux(A)
PourTout q′ ∈ finaux(A)

Si drste(q, q′) Alors Retour

Retour

Σ× Bool

TSNe O|etats(A)|.|regles(A)|2

TSNe

TSNe A

etats(A) = {1, 2, 3, 4, 5, 6, 7}
finaux(A) = {5, 7}
regles(A) = {T → T, (a,V)→ 1, (a,F)→ 2,

(f,F)(1, 2) → 3, (f,F)(3, T )→ 4, (f,F)(4, T )→ 5,
(f,F)(T, 1)→ 6, (f,F)(6, T )→ 7}

TSNe

t1 t2

f5

f4

f3

a1 a2

T

T

f7

f6

T a1

T

TSNe t Σ× Bool

f

f

f

a a

a

f

a a



t1 t2 t
t

t1 t2
t1 t2 t1 t2

t2

t TSNe A

f3,4,5,6,7,T

f3,4,6,7,T

f3,6,T

a1,2,T a1,2,T

a1,2,T

f3,6,T

a1,2,T a1,2,T

f5,7

f4,6

f3,T

a1,T a2,T

a1,T

fT

aT aT

f

f

f

a a

a

f

a a

TSN

T
T



TSN TSNe

tRPNI

tsnRPNI TSN

tsneRPNI tsnRPNI TSNe



C E
L

L
L C

Σ
Σ

C
E L

L

L i i



L
C E

L C SL

L

exemples classe ∼
exemples classe ≡ classe rep

classe echantillons exemples

classe rep

exemples identifie : echantillons → classe caracterise :
classe→ echantillons

caracterise(L) L caracterise(L)
L

E L E L E
caracterise(L) identifie(E) ≡ L
identifie(E) E

caracterise(L) L
caracterise(L) rep(L)



RPNI

tRPNI RPNI

tRPNI

tRPNI

initial(S+)

S+

t1, . . . , tn S+

A
etats(A) {q1, . . . , qn}
finaux(A) {qi|ti ∈ S+}
regles(A) {f(qi1, . . . , qik)→ qj|tj = f(ti1, . . . , tik)}

A

fusion(A, q1, q2) q2

A q1



fusion deterministe(A, qa, qb)

A qa qb

PourTout r ∈ regles(A)
qb qa r

PourTout (f(q1, . . . , qn)→ q, f(q1, . . . , qn)→ q′) q ,= q′

fusion deterministe(A, q, q′)
A

q1 q2 h1 h2

max(h1, h2)

tRPNI (S+, S−)

S+

S−

A← initial(S+)
F = {(qi1 , qj1), . . . , (qin , qjn)} A

A
PourTout (qi, qj) F

A′ ← fusion deterministe(A, qi, qj)
A′ S−

A← A′

A′

tRPNI



f

a a

f

f

a b

b

f

b b

etats(A) = {1, 2, 3, 4, 5}
finaux(A) = {3, 5}
regles(A) = {a→ 1, b→ 2,

f(1, 1)→ 3, f(1, 2)→ 4, f(4, 2)→ 5}

f3

a1 a1

f5

f4

a1 b2

b2

1 2

1 3 1 4 1 5

etats(A) = {1, 2}
finaux(A) = {1}
regles(A) = {a→ 1, b→ 2,

f(1, 1)→ 1, f(1, 2)→ 1}

{f2, a0, b0} b

tRPNI

tRPNI

tRPNI

tRPNI



TSN

Ln Σ = {f2, a0}
n Σ L3 = {f(f(a, a), f(a, a))}

tRPNI

Ln

n Ln

n {Ln}n>0

TSN

TSN TSNe

TSN

tRPNI

TSNe

TSN

tRPNI

tRPNI

tsnRPNI

TSN

TSN



TSN

TSN

tsnRPNI

Σ× Bool

TSN Σ

tsnRPNI S

A S
l etats(A)

PourTout (q1, q2) l
A′ ← fusion deterministe(A, q1, q2)
Si A′ Alors

A← A′

Sortie :

tRPNI

tsnRPNI tRPNI

tRPNI tsnRPNI

tsnRPNI

tRPNI TSN

TSN

tRPNI tsnRPNI

TSN



TSN

tsnRPNI

tsnRPNI

n
tsnRPNI O(n5)

n

tsnRPNI

n
n2

n

O(n2) O(n3)
O(n3)

O(n5)

n n

drst

n
O(n3)

tsnRPNI O(n3)

tsnRPNI O(n5) !

|etats(A)|2



err err

tsnRPNI O(n3 +err.n3)

TSN

tsnRPNI

TSN

tsnRPNI

TSN

tRPNI

TSN

tsnRPNI

tRPNI tsnRPNI

TSN

TSN

TSN

tsnRPNI

pn(E) E

pn(E) = {(t× β′, b)|∃β t× β ∈ E ∧ (b⇔ (β = β′)}

A TSN E langage(A) chartRPNI(A)
langage(A) tRPNI chartRPNI(A) ⊆ pn(E)

tsnRPNI(E) = A

tRPNI(pn(E)) = A tRPNI(pn(E)) = tsnRPNI(E)

A pn(E)
A



TSN

tRPNI

t
t × β t × β′

β ,= β′

E chartRPNI(A) tRPNI(pn(E)) = A A

t×β′ pn(E) A
pn β β ,= β′ t× β ∈ E t× β A
A A

pn(E)
A tRPNI(pn(E)) = tsnRPNI(E) !

tRPNI tsnRPNI TSN

TSN

TSN tRPNI

tsnRPNI TSN

tRPNI

tsnRPNI

tsnRPNI

tRPNI A ≡ A′ ⇔ langage(A) = langage(A′)
t ∈ A ⇔ t ∈ langage(A) tsnRPNI

TSN

TSN TSN

TSN A A′

TSN Σ

A ≡tsnRPNI A′ ⇔ complete(langage(A)) = complete(langage(A′))

TSN

t× β TΣ×Bool A TSN Σ

t× β ∈tsnRPNI A⇔ t× β ∈ complete(langage(A))



tsnRPNI

TSN

tsnRPNI

TSN tsnRPNI A
TSN

A tRPNI A TSN

TSN

tsnRPNI

chartsnRPNI(A) = {t× β ∈ langage(A′)|
∃A′ ∃(t× β′, b) ∈ chartRPNI(A′) (complete(langage(A)) = langage(A′))}

TSN

tRPNI

chartsnRPNI ≡tsnRPNI ∈tsnRPNI

classTSN TSN Σ echantillonsTSN

TSN

tsnRPNI echantillonsTSN classTSN tsnRPNI

Σ × Bool

chartsnRPNI(A) A A echantillonsTSN

chartsnRPNI ∈tsnRPNI

E TSN A E ∈tsnRPNI A chartsnRPNI(A) ⊆ E
tsnRPNI(E) ≡tsnRPNI A

A TSN E E ∈tsnRPNI A chartsnRPNI(A) ⊆ E
A′ A TSN

Σ complete(langage(A)) = langage(A′) chartRPNI(A′) ⊆
pn(chartsnRPNI(A′)) chartRPNI(A′) ⊆ pn(E)
tsnRPNI(E) = A′ tsnRPNI(E) ≡tsnRPNI A

tsnRPNI

S

|etats(A)| A S
chartsnRPNI(A) A
chartsnRPNI(A) chartRPNI(A)

A
!

TSN

TSN

!
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T

TSNe

etats(A) = {1, 2, 3, 4, 5, T}
finaux(A) = {5}
regles(A) = {a→ 1, b→ 2, T → T,

f(2, 1)→ 3, f(3, 1)→ 4, f(4, T )→ 5}

f5

f4

f3

b2 a1

a1

aT

3 4 3
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etats(A) = {1, 2, 3, T}
finaux(A) = {3}
regles(A) = {a→ 1, b→ 2, T → T,

f(2, 1)→ 3, f(3, 1)→ 3, f(3, T )→ 3}

f3

f3

f3

b2 a1

a1,T

a1,T

f

f

f

b a

a

a

t× β β′

t TSNe β′ β



TSNe

t × β

t × β π β(π)
vrai faux

t× β
π β(π) = faux π

TSNe

TSNe

TSNe



TSNe tsneRPNI

tsnRPNI

< t, p+, p− >
p+ p−

annotmin(< t, p+, p− >) = {t× β|∀π ((π ∈ p+)⇔ (β(π) = vrai))}

p− TSNe

consist(A,S) = (∀ < t, p+, p− >∈ S∀π ∈ p− (annotA(t)(π) = faux))

tsnRPNI S

S′ ← {annotmin(elagage(t))|t ∈ S}
A S′

l etats(A)
PourTout (q1, q2) l

A′ ← fusion deterministe(A, q1, q2)
Si A′

Et consist(A′, S) Alors

A← A′

Sortie :

tsneRPNI

tsnRPNI

tsnRPNI

tsneRPNI

TSNe



TSNe

TSNe

tsneRPNI

n
S

< t, p+, p− >



TSNe

TSNe TSNe

A← TSNe

S ← ∅
TantQue QE(A) ,= vrai

t← sortie(QE)
p+ ← ∅
p− ← ∅
TantQue QCA(annotA(t)) ,= vrai

πerr = sortie(QCA)
Si annotA(t)(πerr) = vrai

Alors p− ← p− ∪ {πerr}
Sinon p+ ← p+ ∪ {πerr}

A← tsneRPNI(S ∪ {< t, p+, p−})
A
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pas haie

H pas(H)

etats(pas(H)) = etats(H) 9
⊎

a∈Γ,q∈etats(H) etats(Ha,q)

regles(pas(H)) =
⋃

a∈Γ,q∈etats(H){q1@q2 → q3|q1
q2→ q3 ∈ regles(Ha,q)}

∪ {p
ε
→ q | p ∈ finaux(Ha,q), q ∈ etats(H), a ∈ Γ}

∪ {a→ p | p ∈ initiaux(Ha,q), q ∈ etats(H)}
finaux(pas(H)) = finaux(H)

langage(H) = langages(pas(H))

pas(H) ε
epsilon



H pas(H)
Ha,q H

pas(H)
etats(H) Ha,q

pas(H) pas(H)
H pas(H)

H t Γ

evalH(t) = evalspas(H)(t) ∩ etats(H)

q ∈ evalH(t) q ∈ etats(H) q ∈ evalspas(H)(t)
t A = pas(H)

t = a ε langage(Ha,q) p

etats(Ha,q) p A a→ p p
ε
→ q

evalsA(a)

t = f(t1, . . . , tn) i 1 n qi ∈ evalH(ti)⇒
qi ∈ evalsA(ti)

q ∈ eval((f)(t1, . . . , tn)) q1 . . . qn langage(Hf,q) i
1 n qi eval((t)i) q′1, . . . , q

′
n+1 Hf,q

q′1 q′n+1 q′i
qi→ q′i+1 i 1 n

Hf,q

A f → q′1 q′i@qi → q′i+1 i

1 n q′n+1
epsilon
→ q

qi

q ∈ evalsA(f(t1, . . . , tn))

q ∈ evalH(t) ⇒ q ∈ evalspas(H)(t) ∩ etats(H)
t

q evalspas(H)(t) ∩ etats(H)
t q evalH(t) A = pas(H)

t = a a q a → q A
ε regles(A) a → p1 p1

ε
→

p2 . . . pm
ε
→ q

a → p A p

ε p1
epsilon
→ p2 p1 p2 q

q ∈ etats(H) a q a → p p
ε
→ q

p Ha,q

Ha,q q evalH(t)



t = f(t1, . . . , tn) i 1 n evalsA(ti) ⇒
qi ∈ evalH(ti) f(t1, . . . , tn) q

f → q′1 (q′i@qi → q′i+1)i∈[1...(n−1)] q′n@qn → q qi ∈ evalsA(ti) i
1 n q′i qi q

ε
f → q′1

(q′i@qi → q′i+1)i∈[1...n] q′n+1
ε
→ q q1 . . . qn

Hf,q qi evalH(ti) i 1 n q
eval((f)(t1 . . . tn))

q ∈ evalspas(H)(t) ∩ etats(H) ⇒ q ∈ evalH(t)
t

H pas(H) H H pas(H)

!

A haie(A)

etats(haie(A)) = etats(A)
finaux(haie(A)) = finaux(A)

a ∈ Γ q ∈ etats(A) :

etats(haie(A)a,q) = etats(A)

regles(haie(A)a,q) = {q1
q2→ q3 | q1@q2 → q3 ∈ regles(A)}

initiaux(haie(A)a,q) = {q′ | a→ q′ ∈ regles(A)}
finaux(haie(A)a,q) = {q}

langage(haie(A)) = langages(A)

A t

evalsA(t) = evalhaie(A)(t)

q ∈ evalsA(t) t q ∈ evalhaie(A)(t) H = haie(A)

t = a a→ q A haie

q initiaux(Ha,q) q Ha,q Ha,q

q ∈ evalH(a)

t = f(t1, . . . , tn) i 1 n qi ∈
evalsA(ti)⇒ qi ∈ evalH(ti)

q ∈ evalsA(f(t1, . . . , tn)) qi evalsA(()ti) i 1 n
A f → q′1 (q′i@qi → q′i+1)1≤i<n q′n@qn → q



haie q′1 Hf,q q Hf,q

Hf,q (q′i
qi→ q′i+1)1≤i<n q′n

qn→ q q1 . . . qn

Hf,q q ∈ evalH(t)

t q ∈ evalsA(t)⇒ q ∈ evalhaie(A)(t)

q ∈ evalhaie(A)(t) t q ∈ evalsA(t)
H = haie(A)

t = a langage(Ha,q) Ha,q q q
a→ q A q ∈ evalsA(a)

t = f(t1, . . . , tn) i 1 n qi ∈ evalH(ti)⇒
qi ∈ evalsA(ti)

q ∈ evalH(f(t1, . . . , tn)) q1 . . . qn langage(Hf,q) i
1 n qi eval((t)i) q′1, . . . , q

′
n Hf,q

q′1 (q′i
qi→ q′i+1)1≤i<n q′n

qn→ q Hf,q

haie A f → q′1 (q′i@qi →
q′i+1)1≤i<n q′n@qn → q

qi

q ∈ evalsA(f(t1, . . . , tn))

q ∈ evalhaie(A)(t) ⇒ q ∈ evalsA(t)
t

A haie(A)

!

TSN

phase1 phase2

phase1 Σ × 2etatsA Σ
phase1At dom(t) 2etats(A)

t Σ π t
π

phase1
A(t)(π) = {q|∃b ∈ Bool (t(π), b)→ q ∈ regles(A)}

π

phase1
A(t)(π) = {q|∃b ∈ Bool ∃q1 ∈ phase1

A(t)(fils1(π)) ∃q2 ∈ phase1
A(t)

(fils2(π)) (t(π), b)(q1, q2)→ q ∈ regles(A)}



TSN

phase2 Σ × Bool

phase1

phase1

phase′2At
S′ aux

t Σ π t
π

phase2
A(t)(π) = {q|(q ∈ phase1

A(t)(π)) ∧ (q ∈ finaux(A))}

π π0 π1 π2 π1 = fils1(π0) π2 = fils2(π0)
π π1 π2

phase2
A(t)(π1) phase2

A(t)(π2)

(phase2
A(t)(π1), phase2

A(t)(π2)) = {(q1, q2)|∃(f, b) ∈ Σ× Bool ∃q0 ∈ phase2
A(t)(π0)

(q1 ∈ phase1
A(t)(π1))∧

(q2 ∈ phase1
A(t)(π2))∧

(f, b)(q1, q2)→ q0 ∈ regles(A)}

phase′2A (t)
A t× β t

A t× β
β A β
phase2

A(t)

phase1
A(t)

phase′2A (t)

A TSN t TΣ t′ t π

phase1
A(t)(π) = phase1

A(t′)(π)

phase1A
phase1

A(t)(π) A
π A t π !

A TSN t TΣ

phase1
A(t)(racine(t)) = {q|∃β ∈ TBool dom(β) = dom(t) ∧ q ∈ evalA(t× β)}

P1(t) = phase1
A(t)(racine(t)) P2(t) = {q|∃β ∈ TBool dom(β) = dom(t)∧ q ∈

evalA(t× β)}

t q ∈ P1(t)⇒ q ∈ P2(t)

t a q P1(t) b
(a, b)→ q) ∈ regles(A) q evalA((a, b)) q P2(t)



t′

n q ∈ P1(t′)⇒ q ∈ P2(t′) t
n

q P1(t) π t π1 π2 π t1 t2
t π1 π2 f = t(π) q phase1

A(t)(racine(t))
b Bool q1 q2 phase1

A(t)(π1) phase1
A(t)(π2) (f, b)(q1, q2)→ q

A π1 t1 phase1
A(t1)(π1) phase1

A(t)(π1)
π2

β1 β2 Ta
Bool q1 ∈ evalA(t1 × β1) q2 ∈ evalA(t2 × β2) β = b(β1,β2)

t× β = (f, b)(t1 × β1, t2 × β2) (f, b)(q1, q2)→ q
A q evalA(t × β) q ∈ P2(t)

t q ∈ P1(t)⇒ q ∈ P2(t)

t q ∈ P2(t)⇒ q ∈ P1(t)

t a q P2(t) b
q evalA((a, b)) (a, b)→ q A q

P1(t)

t′

n q ∈ P2(t′)⇒ q ∈ P1(t′) t
n

q P2(t) β TBool q
evalA(t× β) t = f(t1, t2) β = b(β1,β2) q1

q2 A q1 evalA(t1× β1) q2 evalA(t2× β2)
(f, b)(q1, q2)→ q A π1 t1 π2 t2 π
t t1 q1 phase1

A(t1)(π1)
phase1

A(t)(π1) phase1
A(t1)(π1) q1

phase1
A(t)(π1) q2 phase1

A(t)(π2) (f, b)(q1, q2) → q
A q ∈ phase1

A(t)(π) q ∈ ¶1(t)
t q ∈ P2(t)⇒ q ∈ P1(t) !

A TSN t TΣ

phase′2A (t)(π) = {q|∃β ∈ TBool ∃r ∈ srunsA(t× β) r(π) = q}

t
P1(π) = phase′2A (t)(π) P2(π) = {q|∃β ∈ TBool ∃r ∈ srunsA(t× β) r(π) = q}

t q ∈ P1(π)⇒ q ∈ P2(π)

π t q ∈ P1(π) q phase′1A (t)(π)
t×β r A t×β

q π q r q ∈ P2(π)

π′

n t n > 1 q ∈ P1(π′) ⇒ q ∈ P2(π′)
π n

q P1(π) π0 π π1 π2 π0

π = π1 q1 = q f = t(π0) phase′2



TSN

b q2 q0 A (f, b)(q1, q2) → q0

A q0 ∈ phase′2A (t)(π0) q2 ∈ phase′2A (t)(π2) t0 t1 t2 t
π1 π2 q1 q2 phase′1A (t)(π)

phase′2A (t)(π2) β1 β2 TBool t1 × β1

t2 × β2 q1 q2 A r1 r2

t1 × β1 t2 × β2 r1(π1) = q1 r2(π2) = q2 β0 = b(β1,β2)
(f, b)(q1, q2)→ q0 A r0 A t0 r0|dom(t1) = r1

r0|dom(t2) = r2 r0(π0) = q0 π0

β t r A t× β r(π0) = q0

β′ t π′ dom(t) π′

t0 β′(π′) = β0(π′) β′(π′) = β(π′)
r′ dom(t) etats(A) r′|domt0

= r0 r′|domt−domt0
= r r′

A t × β′ r′(π1) = q1 π = π1 q = q1 q ∈ P2(π) π = π2

π t q A q ∈ P1(π)⇒ q ∈ P2(π)

q ∈ P2(π)⇒ q ∈ P1(π)

π t q P2(π) β
t r A t × β r(π) = q q evalA(t × β)

q q ∈ P1(π)

π′

n t n > 1 q ∈ P2(π′) ⇒ q ∈ P1(π′)
π n

q ¶2(π) β t r A t× β
r(π) = q π0 π π1 π2 π0 π = π1

q0 = r(π0) q1 = r(π1) q2 = r(π2) t0 × β0 t1 × β1 t2 × β2 t
π0 π1 π2 r r(π1) r(π2)
A t1 × β1 t2 × β2 q1 phase′1A (t1)(π1) q2

phase′1A (t2)(π2) phase′1A (t)(π1) q2

phase′1A (t)(π2) r(π0) = q0 q0

phase′2A (t)(π0) r f = t(π0) b = β(π0)
(f, b)(q1, q2) → q0 A phase′2 q1 q2

phase′2A (t)(π1) phase′2A (t)(π2) π = π1 q = q1

q ∈ P1(π) π = π2

π t q A q ∈ P2(π)⇒ q ∈ P1(π)
!

phase2

A t × β A
β



TSN

drst

Σ× Bool

A Σ× Bool q q′ A

simA(q, q′)⇔

((a, b)→ q ∧ (a, b)→ q′)
∨ ((f, b)(q1, q2)→ q ∧ (f, b)(q′1, q

′
2)→ q′ ∧ simA(q1, q′1) ∧ simA(q2, q′2))

drst(q, q′)⇔

((a, b)→ q ∧ (a,¬b)→ q′)
∨ ((f, b)(q1, q2)→ q ∈ regles(A) ∧ (f, b′)(q′1, q

′
2)→ q′ ∈ regles(A) ∧ drstA(q1, q′1) ∧ drstA(q2, q′2))

∨ ((f, b)(q1, q2)→ q ∈ regles(A) ∧ (f, b′)(q′1, q
′
2)→ q′ ∈ regles(A) ∧ drstA(q1, q′1) ∧ simA(q2, q′2))

∨ ((f, b)(q1, q2)→ q ∈ regles(A) ∧ (f, b′)(q′1, q
′
2)→ q′ ∈ regles(A) ∧ simA(q1, q′1) ∧ drstA(q2, q′2))

∨ ((f, b)(q1, q2)→ q ∈ regles(A) ∧ (f,¬b)(q′1, q
′
2)→ q′ ∈ regles(A) ∧ simA(q1, q′1) ∧ simA(q2, q′2))

sim A Σ × Bool q q′ simA(q, q′)

∃r × β ∈ TΣ×Bool ∃r ∈ runsA(t× β) ∃r′ ∈ runsA(t× β) (r(t× β) = q ∧ r′(t× β) = q′)

simA(q, q′) t β r r′ r(t×β) = q ∧ r′(t× β) = q′

t a b
β r r′ (a, b) → q

(a, b)→ q′ regles(A)

t t = f(t1, t2) β = b(β1,β2) π1

t1 π2 t2 q1 = r(π1) q2 = r(π2) q′1 = r′(π1) q′2 = r′(π2)
(f, b)(q1, q2) → q (f, b)(q′1, q

′
2) → q′ A

r1 r′1 r r′ t× β A t1 × β
simA(q1, q′1) simA(q2, q′2)

q q′

simA(q, q′)

((a, b) → q ∧ (a, b) → q′) t = (a, b) r r′ t
r(ε) = q r′(ε) = q′ simA(q, q′)

((f, b)(q1, q2)→ q∧ (f, b)(q′1, q
′
2)→ q′∧ simA(q1, q′1)∧ simA(q2, q′2)) sim1(q1, q′1)

t1 × β1 r1 r′1 A



TSN

t1 × β1 r1(ε) = q1 r′1(ε) = q′1 r2 r′2 t2 × β2

r2(ε) = q2 r′2(ε) = q′2 t = f(t1, t2) β = b(β1,β2)
r r′ t× β t1 × β r1 r′1
t2 × β2 r2 r′2 r(ε) = q r′(ε) = q′

simA(q, q′)

A
Σ× Bool q q′ drst(q, q′)

∃t ∈ TΣ ∃β,β′ ∈ TBool ∃r ∈ runsA(t) ∃r′ ∈ runsA(t× β′) (β ,= β′∧r(t×β) = q∧r′(t×β′) = q′)

drstA(q, q′) t β β′ r r′ β ,= β′∧r(t×β) = q∧r′(t×β′) = q′

t β β′ b b′

b b′

a r r′ A t × β t × β′ (a, b) → q
(a, b′)→ q′ A

t t = f(t1, t2) β = b(β1,β2) β′ =
b(β′

1,β
′
2) q1 = r(racine(t1 × β1)) q′1 = r′(racine(t1 × β′

1)) q2 = r(racine(t2 × β2))
q′2 = r′(racine(t2×β′

2)) r r′ A
(f, b)(q1, q2)→ q (f, b′)(q′1, q

′
2)→ q
β β′

β1 ,= β′
1 β2 ,= β′

2 r1 r′1
r r′ t1 drst drstA(q1, q′1) drstA(q2, q′2)
(f, b)(q1, q2) → q (f, b′)(q′1, q

′
2) → q A

β1 ,= β′
1 β2 = β′

2 drstA(q1, q′1)
β2 β′

2 r r′ t × β2 t × β′
2

sim simA(q2, q′2) (f, b)(q1, q2) → q
(f, b′)(q′1, q

′
2)→ q A

β1 = β′
1 β2 ,= β′

2

β1 = β′
1 β2 = β′

2 β β′

b = ¬b′ β1 β′
1

r r′ t × β1 t × β′
1 simA(q1, q′1)

simA(q2, q′2) (f, b)(q1, q2) → q (f, b′)(q′1, q
′
2) → q A

q q′

drstA(q, q′)
drstA(q, q′)



((a, b) → q ∧ (a, b′)→ q′ ∧ b ,= b′) r r′ A (a, b)
(a, b′) r(racine((a, b))) = q r′(racine((a, b′))) = q′ drstA(q, q′)

(f, b)(q1, q2) → q ∈ regles(A) ∧ (f, b′)(q′1, q
′
2) → q′ ∈ regles(A) ∧ drstA(q1, q′1) ∧

drstA(q2, q′2)) t1 β1 β′
1 r1 r′1

drst q1 q′1 t2 β2 β′
2 r2 r′2

q2 q′2 t = (f, b)(t1, t2) β = b(β1,β2) β′ = b′(β′
1,β

′
2) r

dom(t × β) etats(A) r|t1×β1
= r1 r|t2×β2

= r2 r(racine(t × β)) = q
r1(racine(t1 × β1)) = q1 r2(racine(t2 × β2)) = q2 (f, b)(q1, q2) → q A

r A t × β r′ A t × β′

r′(racine(t× β′)) = q′ β1 ,= β′
1 β ,= β′ drst(q, q′)

((f, b)(q1, q2) → q ∈ regles(A) ∧ (f, b′)(q′1, q
′
2) → q′ ∈ regles(A) ∧ drstA(q1, q′1) ∧

simA(q2, q′2) t1 β1 β′
1 r1 r′1

drst drst(q1, q′1) t2 β2 r2 r′2
sim sim(q2, q′2) t = (f, b)(t1, t2) β =

b(β1,β2) β′ = b′(β′
1,β2) r dom(t × β) etats(A) r|t1×β1

= r1

r|t2×β2
= r2 r(racine(t× β)) = q r1(racine(t1 × β1)) = q1 r2(racine(t2 × β2)) = q2

(f, b)(q1, q2)→ q A r A t× β
r′ A t×β′ r′(racine(t×β′)) = q′ β1 ,= β′

1 β ,= β′ drst(q, q′)

((f, b)(q1, q2)→ q ∈ regles(A) ∧ (f, b′)(q1, q′2)→ q′ ∈ regles(A) ∧ drstA(q2, q′2))

((f, b)(q1, q2) → q ∈ regles(A) ∧ (f,¬b)(q′1, q
′
2) → q′ ∈ regles(A) ∧ simA(q1, q′1) ∧

simA(q2, q′2) t1 β1 r1 r′1
sim(q1, q′1) t2 β2 r2 r′2 sim(q2, q′2)

t = f(t1, t2) β = b(β1,β2) β′ = (¬b)(β1,β2) r dom(t × β)
etats(A) r|t1×β1

= r1 r|t2×β2
= r2 r(racine(t× β)) = q (f, b)(q1, q2) → q

A r A t × β r′ A
t× β′ r′(racine(t× β′)) = q′ drst(q, q′)

!

crequete

MSOs MSOa

Enc() MSOs MSOa

φ(x) MSOs Enc(φ(x))
crequete φ(x)

Dec() MSOa MSOs

ψ(x) MSOa ψ(x)
crequete Dec(φ(x))



Enc()

Enc(∃x ψ) =def ∃x Enc(ψ)
Enc(∃p ψ) =def ∃p Enc(ψ)
Enc(ψ ∧ ψ′) =def Enc(ψ) ∧ Enc(ψ′)
Enc(¬ψ) =def ¬Enc(ψ)
Enc(p(x)) =def p(x)

Enc(premiere arete(x, y)) =def fils1(y, x) ∧ feuille(x)
Enc(arete suivante(x, y)) =def ∃z (fils1(y, x) ∧ fils1(x, z))
Enc(cible(x, y)) =def ∃z (fils2(x, z) ∧ lar(y, z))
Enc(etiqa(x)) =def etiqa(x) (a ∈ Σ)
Enc(derniere arete(x, y)) =def lar(x, y) ∧ (x ,= y)
Enc(racine(x)) =def ∃y (lar(x, y) ∧ racine(y))
Enc(feuille(x)) =def ∃y fils2(y, x) ∧ feuille(x)

lar

ar′(x, p) =def p(x) ∧ ∀y∀z((fils1(y, z) ∧ p(z))→ p(y))
ar(x, p) =def ar′(x, p) ∧ ∀p′(ar′(x, p′)→ p ⊂ p′)
lar(x, y) =def feuille(x) ∧ ∃p.p(y) ∧ ar(x, p) ∧ (racine(y) ∨ ∃y′ fils2(y′, y))

lar lar(x, y) y
x y x

Dec()

Dec(∃x ψ) =def ∃x Dec(ψ)
Dec(∃p ψ) =def ∃p Dec(ψ)
Dec(ψ ∧ ψ′) =def Dec(ψ) ∧Dec(ψ′)
Dec(¬ψ) =def ¬Dec(ψ)
Dec(p(x)) =def p(x)

Dec(fils1(x, y)) =def premiere arete(y, x) ∨ arete suivante(y, x)
Dec(fils2(x, y)) =def ∃z (cible(x, z) ∧ tete(z, y))
Dec(etiqa(x)) =def etiqa(x) (a ∈ Σ)
Dec(racine(x)) =def ∃z (racine(z) ∧ tete(z, x))
Dec(feuille(x)) =def racine(x) ∨ ∃z cible(z, x)

tete

tete(x, y) =def (feuille(x) ∧ (x = y)) ∨ (derniere arete(x, y))

tete

tete(x, y) y
x tete(x, y) Ts

Γ

lar(x, y)



φ
Enc(φ) φ MSOs ψ Dec(ψ) ψ

MSOa

t Ts
Γ t′ t

tete(racine(t′), cdom(t)−1(racine(carbre(t
′))))

t′ racine(t′) = cdom(t)−1(racine(carbre(t′))) π
tete(π,π)

t′ t′ = t1@st2 t1 t2
t′ carbre(t′) = carbre(t1)@acarbre(t2)

tete(racine(t′), cdom(t)−1(racine(carbre(t′))))

!

t Ts
Γ σ x y doms(t)

t,σ |=MSOs tete(x, y)⇔ carbre(t), cdom ◦ σ |=MSOa tete(x, y)

π π′ dom(t) tete(π,π′)
lar(cdom(t)(π), cdom(t)(π′))

π π = π′ π cdom(π)
carbre(t) t π

a t t′@sa t
π lar(π,π)

π π t0
t π1, . . . ,πn π t1, . . . , tn
π′1, . . . ,π

′
n π π1, . . . ,πn π′ = π′n a = t(π)

t0 = a@st1@s . . . @stn carbre(t0) = carbre(a)@acarbre(t1)@a . . . @acarbre(tn)
cdom(π) carbre(a) cdom(π′1) carbre(a)@acarbre(t1) . . . cdom(π′n)
carbre(a)@acarbre(t1)@a . . . @acarbre(tn) cdom(π) cdom(π′1) . . . cdom(π′n)

cdom(π)
cdom(π′n)

πn+1 π lar(π,π′n) π′ = π′n lar(π,π′)

c = carbre(t) π π′ dom(c)
lar(π,π′) tete(cdom(t)−1(π), cdom(t)−1)

π = π′ lar(π,π′) π
cdom

−1(π) cdom
−1(π) cdom

−1(π) = cdom
−1(π′)

tete(cdom
−1(π), cdom

−1(π))

π ,= π′ lar(π,π′) π ,= π′ c π′1 . . . π′n
fils1(π′1,π) fils1(π′i+1,π

′
i) i 1 n π′ = π′n π′i



π1, . . . ,πn

π′0 = π a = c(π) c1, . . . , cn c π1, . . . ,πn

c′ c π′ c′ = a@ac1@a . . . @acn t′

t c′ t′ = carbre
−1(c′) cdom(t)−1(π) = racine(t′) cdom

−1(π′) =
cdom

−1(racine(carbre(t))) tete(cdom(t)−1(π), cdom(t)−1(π′))

!

t φ MSOs σ

t,σ |=MSOs φ⇔ carbre(t), cdom ◦ σ |=MSOa Enc(φ)

φ

n
φ n + 1 φ
∃xφ′ ∃pφ′ , φ′ φ′ ∧ φ′′ φ′ φ′′

n
φ′ φ′′ φ

1
p(x) MSOs

φ = p(x) p x
cdom σ(x) ∈ σ(p) cdom(σ(x)) ∈ cdom(σ(p)

t Ts
Γ φ MSOs σ |= p(x)⇔ carbre(t), cdom ◦ σ |=MSOa

p(x)

φ = premiere arete(x, y) t Ts
Γ σ x y

t premiere arete(x, y) cdom ◦ σ x
y carbre(t) Enc(premiere arete(x, y)) t0 = t1@st2

t σ(x) t1 σ(y) t1 t2 σ(y)
σ(x) t1 carbre(t) cdom(t)(σ(x))

carbre(t1) cdom(t)(σ(y)) carbre(t1@at2) σ(x)
σ(y)

ψ = fils1(y, x)∧feuille(x) c Ta
Γ σ

x y ψ c0 = c1@ac2 c σ(y)
c0 σ(x) c1 σ(x) c1 carbre

−1(c1)
carbre

−1(c0) cdom
−1(σ(x))

carbre
−1(c0) carbre

−1(c1)@scarbre
−1(c2)

cdom
−1(σ(x)) cdom

−1(σ(y)
carbre

−1(c0) c cdom
−1(σ(y))

cdom
−1(σ(x))

t Ts
Γ σ x y t

t,σ |=MSOs premiere arete(x, y)⇔ carbre(t), cdom ◦ σ |=MSOa fils1(y, x) ∧ feuille(x)



φ = cible(x, y) t Ts
Γ σ x y t

cible(x, y) cdom ◦ σ x y carbre(t)
∃z fils2(x, z) ∧ lar(y, z) t0 t σ(x)

t0 σ(y) t0 t1
t σ(y) carbre(t0) carbre(t) cdom(σ(x))

carbre(t1) carbre(t) z′ fils2(cdom(σ(x)), z′)
z = cdom(t)−1(z′) t1 tete(σ(y),σ(z))

lar(cdom(σ(y)), cdom(σ(z)))

ψ = ∃z fils2(x, z) ∧ lar(y, z) c Ta
Γ Σ

x y ψ c0 c x c1

c x c2 c z
x c0 = c1@ac2 carbre

−1(c0) = carbre
−1(c1)@scarbre

−1(c2)
cdom(t)−1(x) carbre

−1(c1) carbre
−1(c2)

lar(y, z) tete(cdom(t)−1(σ(y)), cdom(t)−1(σ(z)))
tete(racine(carbre

−1(c2)), cdom(t)−1(σ(z)) tete(a, b) tete(a′, b) a = a′

y carbre
−1(c2) x carbre

−1(c1) y
cible(x, y)

arete suivante(x, y) premiere arete(x, y)
derniere arete(x, y) racine(x, y)

etiqa(x) feuille(x)

!

Enc() ψ
MSOa Dec(ψ)

ψ MSOa

Enc(Dec(ψ)) = ψ

ψ

ψ = fils1(x, y)

Enc(Dec(fils1(x, y))) = Enc(premiere arete(y, x) ∨ arete suivante(y, x))
= Enc(premiere arete(y, x)) ∨ Enc(arete suivante(y, x))
= (fils1(x, y) ∧ feuille(y)) ∨ (∃zfils1(x, y) ∧ fils1(y, z))
= fils1(x, y) ∧ (feuille(y) ∨ ∃zfils1(y, z))
= fils1(x, y)

y



ψ = fils2(x, y) lar tete

Enc(Dec(fils2(x, y))) = Enc(∃zcible(x, z) ∧ tete(z, y))
= ∃zEnc(cible(x, z)) ∧ Enc(tete(z, y))
= ∃z(∃z′fils2(x, z′) ∧ lar(z, z′)) ∧ lar(z, y)
= ∃zfils2(x, y) ∧ lar(z, y)
= ∃zfils2(x, y)

lar(z, y) lar(z, z′) y = z′

y z
lar(z, y)

ψ = racine(x)

Enc(Dec(racine(x))) = Enc(∃zracine(z) ∧ tete(z, x))
= ∃zEnc(racine(z)) ∧ Enc(tete(z, x))
= ∃z(∃yracine(y) ∧ lar(z, y)) ∧ lar(z, x)
= ∃zracine(x) ∧ lar(z, x)lar(z, x)
= racine(y)

ψ = feuille(x)

Enc(Dec(feuille(x))) = Enc(racine(x) ∨ ∃zcible(z, x))
= Enc(racine(x)) ∨ ∃z Enc(cible(z, x))
= (∃yracine(y) ∧ lar(x, y)) ∨ (∃z∃z′ fils2(z, z′) ∧ lar(x, z′))

feuille(x) lar(x, y) feuille(x) y
feuille(x) y lar(x, y) y

etiqa(x) p(x) !

c ψ MSOa σ

c,σ |=MSOa ψ ⇔ carbre
−1(t), cdom

−1 ◦ σ |=MSOs Dec(ψ)

φ = Dec(()ψ)
!

φ(x)
MSOs t Ts

Γ ψ(x) MSOa c Ta
Γ

crequete(qus
φ(x)(t)) = qua

Enc(φ(x))(carbre(t))

crequete
−1(qua

ψ(x)(c)) = qus
Dec(ψ(x))(carbre

−1(t))

!





A A



L t c c[t] L

L c t c[t] L

L



(F , ) F
F N p Fp 0 1

p p F

a f(, )
f F T (F) :
F

C(F)
: c[:] c

c[t] c[:] : t

↑ F A = (Q,F , Qf ,∆)
Q Qf ⊆ Q ∆

f(q1, . . . , qn) → q n ≥ 0 f ∈ Fn q, q1, . . . , qn ∈ Q

n = 0 a→ q a →A →∗
A

→A t q t→∗
A q

q c qf ∈ Qf c[q]→∗
A qf

A t qf ∈ Qf t→∗
A qf

A A L(A)

↑ ↑ A =
(Q,F , Qf ,∆)

↑ ↑

↑
↑

↑

L F t
L t t−1L C(F)

c[t] ∈ L
t−1L = {c ∈ C(F) | c[t] ∈ L}.



t t′

↓ F A = (Q,F , I,∆) Q
I ⊆ Q ∆

q(f)→ f(q1, . . . , qn) n ≥ 0 f ∈ Fn q, q1, . . . , qn ∈ Q n = 0
q(a)→ a →A →∗

A

→A q t q(t)→∗
A t A t

A
A L(A)

↓ ↓
↑ ↓ ↓

↑ ↓

L F c C(F)
L c c−1L t

c[t] ∈ L
c−1L = {t ∈ T (F) | c[t] ∈ L}.

L
L

↑

↑ ↑
↑

↑

↑



Cq q
q

Cq = {c ∈ C(F) | ∃qf ∈ Qf , c[q]→∗
A qf}.

L = {f(a1, b1), f(a1, b2), f(a2, b2)}
F = {f(, ), a1, b1, a2, b2} L A =
({q1, q2, q3, q4, q5},F , {q5},∆) ∆ = {a1 → q1, b1 → q2, b2 → q3, a2 → q4, a1 →
q4, f(q1, q2) → q5, f(q4, q3) → q5} L a−1

1 L = {f(:, b1), f(:, b2)}
b−1
1 L = {f(a1, :)} b−1

2 L = {f(a1, :), f(a2, :)} a−1
2 L = {f(:, b2)} f(a1, b1)−1L = {:}

q1 {f(:, b1)} a1 q1

q1 a−1
1 L

Cq1
⊂ a−1

1 L f(:, b2) Cq1

A

L A

∀t ∈ T (F), t−1L =
⋃

q∈Q, t→∗
A q

Cq.

A

↑ ↑ A =
(Q,F , Qf ,∆) ∀q ∈ Q ∃t ∈ T (F) Cq = t−1L(A).

↑ ↑ ↑

↑

↑ ↑
↑

(Ln)
Ln ↑ Ln n

↑ Ln n



↑
↑

F = {f(, ), a}
Ln n An = (Q,F , Qf ,∆)

↑ Q = {q∗, q0, . . . , qn}, Qf = {q0}

∆ = {a→ q∗, a→ qn, f(q∗, q∗)→ q∗}∪
n
⋃

k∈[1,...,n],q∈Q\{q0}

{

f(qk, q)→ qk−1, f(q, qk)→ qk−1, f(qk, q)→ q∗, f(q, qk)→ q∗
}

C∗ n Ci

: i t∗
n c c[t∗]

Ln C∗ t0 . . . tn i ≤ n ti
n n − i

t−1
i Ln C∗ ∪ Ci

Cq∗ t−1
∗ Ln = C∗ i ≤ n Cqi t−1

i Ln =
C∗∪Ci f(qk, q)→ q∗ f(q, qk)→ q∗

Ln ↑ Ci

Ln An ↑ Ln An n + 2

↑ L(An)
O(2n)

n

↑
↑

↑ ↑
↑

↑ ↑

L L

t−1L =
⋃

t′−1L!t−1L

t′−1L.

Qn An n + 2 q∗, q0, . . . , qn Qn

An ↑
Dn Q {qk1

. . . qkn}
t−1
qk1

L . . . t−1
qkn

L



↑

L ↑ Acan =
(Q,F , Qf ,∆)

Q L
tq q t−1

q L
Qf q Q t−1

q L :
∆ f(q1, . . . , qn)→ q t−1

q L ⊆ (f(tq1
, . . . , tqn))−1L

a→ q a ∈ F0 t−1
q L ⊆ a−1L

Acan ↑ ↑ L

↑
Acan = (Q,F , Qf ,∆) L L ↑

↑ L

L(Acan) = L (") ∀t, t−1L =
⋃

q∈Q, t→∗
Acan

q t−1
q L t

t ∈ L⇔ : ∈ t−1L⇔
!
: ∈

⋃

q∈Q, t→∗
Acan

q

t−1
q L⇔ ∃qf ∈ Qf , t→∗

Acan
qf ⇔ t ∈ L(Acan)

L L(Acan) ↑
t−1
q L = CAcan

q CAcan
q q Acan

↑

↑

↑

⋃n
k=1{f(qk, q0)→ qk−1, f(q0, qk)→ qk−1}

⋃

q∈Q{f(q, q0)→ q∗, f(q, q0)→ q∗}

↓
↑ ↑ ↓

↓
↓



↑
↑ ↑

↓ ↓

↓ ↑

L F A
L q

L q Lq q

Lq = {t ∈ T (F) | q(t)→∗
A t}.

Qc

Qc = {q | q ∈ Q,∃qi ∈ I, qi(c[:])→
∗
A c[q(:)]}.

L A = (Q,F , I,∆)
L ∀c ∈ C(F),

⋃

q∈Qc
Lq = c−1L.

↓
L ↓ A = (Q,F , I,∆) ∀q ∈ Q ∃c ∈ C(F) Lq = c−1L.

Ln

↑ An n A′
n ↓ Q =

{q∗, q0, . . . , qn}, Qi = {q0} ∆ = {q∗(a) → a, qn(a) → a, q∗(f) → f(q∗, q∗)} ∪
⋃n

k=1{qk−1(f)→ f(qk, q∗), qk−1(f)→ f(q∗, qk)}

k ≤ n qk Ln−k Ln−k

ck ck

: k ck n
q∗ T (F) T (F) Ln c∗

c∗ n A′
n ↓

A′
n Ln



L

∀c ∈ C(F), c[f(t1, t2)] ∈ L ∧ c[f(t′1, t
′
2)] ∈ L⇒ c[f(t1, t

′
2)] ∈ L.

n ↓

↓ A ↓
c ∈ C(F) Qc

L

∀c ∈ C(F), c[f(t1, t2)] ∈ L ∧ c[f(t1, t
′
2)] ∈ L ∧ c[f(t′1, t2)]⇒ c[f(t′1, t

′
2)] ∈ L.

n
↓

↓ ↓ ↓ ↓

↓ ↓

A = (Q,F , I,∆) ↓ L A
q c q ∈ Qc

↓ q c {q} = Qc

∀q ∈ Q,∃c ∈ C(F), Lq = c−1L.

A ↓ !

LC

C

L↓−DFTA ⊆ L↓−CFTA ⊆ L↓−RFTA ⊆ L↓−FTA



L = {f(a, b), f(b, a)} L1 L
↓ ↓

Ln ↓
Ln t

n−1 t′

n f(t, t) f(t, t′) f(t′, t) Ln f(t′, t′)
Ln ↓

L′ = {f(a, b), f(a, c), f(b, a), f(b, c), f(c, a), f(c, b)} L′

↓ L′

↓ A′ ↓ L′

L′ {a, b} {a, c} {b, c} L′ A′ L′

f(a, b) q1 q2 q3

q1(f) → f(q2, q3) q2(a) → a q3(b) → b A′ ↓ q2

q2 a {a, b} {a, c}
q3 {a, b} {b, c}

q1(f) → f(q2, q3) A′ f(a, a) f(b, b) f(c, c) A′

↓

L↓−DFTA ! L↓−CFTA ! L↓−RFTA ! L↓−FTA

↓

L

L L↓−RFTA ↓
Acan = (Q,F , I,∆)

Q L
cq q c−1

q L
I L
∆ q(a)→ a a cq[a] ∈ L
q(f)→ f(q1, . . . , qn) t1 . . . tn ti ∈ c−1

qi
L cq[f(t1, . . . , tn)] ∈ L

Acan ↓ ↓ L



t ∈ c−1
q L⇔ t ∈ LAcan

q

LAcan
q q Acan

t
↓ A′ L

Acan L
Acan

L
↑ L L

L

L (Q,F , Qf ,∆) ↑
∀t ∈ T (F), t−1L =

⋃

t→∗
A q Cq.

t ∈ T (F) c ∈ t−1L c[t] ∈ L qf ∈ Qf q ∈ Q
c[t]→∗

A c[q]→∗
A qf t→∗

A q c ∈ Cq c ∈
⋃

t→∗
A q Cq t−1L ⊆

⋃

t→∗
A q Cq



t ∈ T (F) c ∈
⋃

t→∗
A q Cq q ∈ Q t→∗

A q c ∈ Cq

qf ∈ Qf c[t]→∗
A c[q]→∗

A qf c ∈ t−1L
⋃

t→∗
A q Cq ⊆ t−1L

↑
↑ ↑

↑
L

L

∀i, 1 ≤ i ≤ n, t−1
i L ⊆ t′−1

i L⇒ f(t1, . . . , tn)−1L ⊆ f(t′1, . . . , t
′
n)−1L

i t1 . . . tn
i t−1

i L t′−1
i L c f(t1, . . . , tn)−1L

c[f(t′1, . . . , t
′
i−1, ti, . . . , tn)] ∈ L c[f(t′1, . . . , t

′
i−1, :, ti+1, . . . , tn)] ∈ t−1

i L

c[f(t′1, . . . , t
′
i−1, :, ti+1, . . . , tn)] ∈ t′−1

i L

c[f(t′1, . . . , t
′
i, ti+1, . . . , tn)] ∈ L c[f(t′1, . . . , t

′
n)] ∈ L

f(t1, . . . , tn)−1L ⊆ f(t′1, . . . , t
′
n)−1L

!

∀i, 1 ≤ i ≤ n, t−1
i L =

⋃

ji

t−1
i,ji

L⇒ f(t1, . . . , tn)−1L =
⋃

j1...jn

f(t1,j1, . . . , tn,jn)−1L

⋃

j1...jn
j1 . . . jn

t1 . . . tn i ≤ n ti,1 . . . ti,mi t−1
i L =

⋃

1≤ji≤mi
t−1
i,ji

L

∀t1,j1 . . . tn,jn ,∀i ≤ n, t−1
i,ji

L ⊆ t−1
i L⇒lemmaB.3

∀t1,j1 . . . tn,jn, f(t1,j1 . . . tn,jn)−1L ⊆ f(t1, . . . , tn)−1L⇒
⋃

j1...jn

f(t1,j1, . . . , tn,jn)−1L ⊆ f(t1, . . . , tn)−1L

c f(t1, . . . , tn)−1L

c[f(t1, . . . , tn)] ∈ L⇒ c[f(:, t2, . . . , tn)] ∈ t−1
1 L

t−1
1 L =

⋃

t−1
1,jL t1,m1

c[f(:, t2, . . . , tn)] ∈ t−1
1,m1

L
c[f(t1,m1

, t2, . . . , tn)] ∈ L



i t1,m1
. . . tn,mn

c[f(t1,k1
, . . . , tn,mn)] ∈ L c ∈ f(t1,m1

, . . . , tn,mn)−1L

f(t1, . . . , tn)−1L ⊆
⋃

j1...jn

f(t1,j1, . . . , tn,jn)−1L

!

L L(Acan)

∀t, t−1L =
⋃

t→∗
Acan

q

t−1
q L

h(t) t

h(t) = 1 t = a a

a−1L =
⋃

t−1
q L⊆a−1L

t−1
q L

t−1
q L ⊆ a−1L Acan a→ q

a−1L =
⋃

a→∗
Acan

q

t−1
q L

t h(t) ≤ k

t = f(t1, . . . , tn) h(t) = k + 1

h(t) = k + 1⇒ ∀i ≤ n, h(ti) = k ⇒ ∀i, t−1
i L =

⋃

ti →∗
Acan

qi,ji

t−1
qi,ji

L⇒lemmaB.4

t−1L =
⋃

ti →∗
Acan

qi,ji

f(t1,q1
, . . . , tn,qn)−1L

j1 . . . jn

f(tq1,j1
, . . . , tqn,jn

)−1L =
⋃

t−1
q L⊆f(tq1,j1

,...,tqn,jn
)−1L

t−1
q L

t−1L =
⋃

ti →∗
Acan

qi,ji

f(t1,q1
, . . . , tn,qn)−1L⇒

t−1L =
⋃

ti →∗
Acan

qi,ji

(
⋃

t−1
q L⊆f(tq1,j1

,...,tqn,jn
)−1L

t−1
q L)



t−1
q L ⊆ f(tq1,j1

, . . . , tqn,jn
)−1L Acan f(q1,j1, . . . , qn,jn)→

q

t−1L =
⋃

t→∗
Acan

q

t−1
q L

!

L L(Acan)

↑ Acan L L

∃qf ∈ Qf , t→∗
Acan

qf ⇔ t ∈ L

t ∈ T (F) qf ∈ Qf t→∗
Acan

qf

t→∗
Acan

qf ⇒ t−1
qf

L ⊂
⋃

t→∗
Acan

qj

t−1
qj

L⇒lemmaB.5 t−1
qf

L ⊂ t−1L

: ∈ t−1
qf

L : ∈ t−1L t ∈ L

t ∈ L

: ∈ t−1L⇒ ∃qj | t→∗
Acan

qj ∧ : ∈ t−1
qj

L⇒

∃qj | t→∗
Acan

qj ∧ qj ∈ Qf

!

↑ ↑

t−1
q L t−1

q′ L L CAcan
q

CAcan

q′ q q′ L Acan

t−1
q′ L ⊂ t−1

q L⇒ CAcan
q′ ⊂ CAcan

q

tq tq′ t−1
q′ L ⊂ t−1

q L tq1
. . . tqn

f(tq1
, . . . , tq′ , . . . , tqn)−1L ⊂ f(tq1

, . . . , tq, . . . , tqn)

f(q1, . . . , qn)→ q′ ∈ ∆⇔ t−1
q′ L ⊆ f(tq1

, . . . , tqn)−1L

f(q1, . . . , q
′, . . . , qn)→ q′′ ∈ ∆⇒

t−1
q′′ L ∈ f(tq1

, . . . , tq′ , . . . , tqn)−1L⇒

t−1
q′′ L ∈ f(tq1

, . . . , tq, . . . , tqn)−1L⇒



f(q1, . . . , q, . . . , qn)→ q′′ ∈ ∆

q′ q

CAcan

q′ ⊂ CAcan
q !

Acan L

t−1
q L L

t−1
q L =

⋃

tq →∗
Acan

q′

t−1
q′ L

t−1
q L t−1

q′ L

t−1
q L tq→∗

Acan
q

t−1
q L =

⋃

tq →∗
Acan

q′

Cq′

Cq ⊂ t−1
q L

q′ tq→∗
Acan

q′ t−1
q′ L ⊂ t−1

q L Cq′ ⊂ Cq

Cq′ t−1
q L t−1

q L ⊂ Cq

t−1
q L = Cq

Acan

!

Acan L
L

Acan L t "q ∈ Q, t−1L = Cq

t−1L =
⋃

t→∗
Acan

q t−1
q L "q ∈ Q, t−1L = t−1

q L t−1L

t−1L

t−1L q t−1L = Cq Acan

L L

!

L ↓
L ↓ L



A = (Q,F , I,∆) ↓ L
c−1L q ∈ Q Lq = c−1L

c L "q ∈ Q, c−1L = Lq

c−1L =
⋃

q∈Qc
Lq Lq c−1L

∀q ∈ Q,Lq = c−1
q L c−1L =

⋃

q∈Qc
c−1
q L c−1

q L c−1L

c−1L

!

↓

L ↓ Acan = (Q,F , I,∆)
q Q c−1

q L = Lq

Q
q c−1

q L t
t ∈ c−1

q L⇔ t ∈ LAcan,q H(n) h(t) ≤ n

H(1)

t h(t) = 1 t ∈ c−1
q L h(t) = 1 t = a a

t ∈ c−1
q L cq[a] ∈ L ∆ q(a) → a t ∈ LAcan,q

t ∈ LAcan,q t = a ∆ q(a) → a
a cq[a] ∈ L cq[a] ∈ L t ∈ c−1

q L

H(l) l < k H(k)

t = f(t1, . . . , tn) ∈ c−1
q L h(t) = k ti 1 ≤ i ≤ n ti ∈

cq[f(t1, . . . , ti−1, :, ti+1, . . . , tn)]−1L

A′ = (Q′,F , I ′,∆′) ↓ L L
↓ A′ q →

f(q1, . . . , qn) i qi[ti]→∗
A ti Acan

c−1
q L q′ ∈ Q′ LA′,q′ = c−1

q L t ∈ c−1
q L

∆′ q′ → f(q′1, . . . , q
′
n) i 1 ≤ i ≤ n ti ∈ LA′,q′i

t′1 . . . t′n t′i ∈ LA′,q′i
f(t′1, . . . , t

′
n) ∈ c−1

q L

LA′,q′i

qi ∈ Q LA′,q′i
= c−1

qi
L ti ∈ c−1

qi
L

qi ∈ Q c−1
qi

L ⊂ LA′,q′i
ti ∈ c−1

qi
L

q1 . . . qn ti ∈ c−1
qi

L ⊂ LA′,q′i
t′1 . . . t′n c−1

q1
L . . . c−1

qn
L

f(t′1, . . . , t
′
n) ∈ L−1

A′,q′L = c−1
q L q(f)→ f(q1, . . . , qn) ∆

ti h(ti) < k H(l) l < k H(h(ti))
i ti ∈ LAcan,qi q(f)→ f(q1, . . . , qn) t ∈ LAcan,q



t ∈ c−1
q L⇒ t ∈ LAcan,q t ∈ LAcan,q ⇒ t ∈ c−1

q L

t = f(t1, . . . , tn) ∈ LAcan,q h(t) = k

q1 . . . qt q(f(t1 . . . tn))→∗
A f(q1(t1), . . . , qn(tn))→∗

A f(t1, . . . , tn)
i ti ∈ LAcan,qi h(ti) < k H(h(ti)) ti ∈ c−1

qi
L

q(f)→ f(q1, . . . , qn) ∆ t′1 . . . t′n t′i ∈ c−1
qi

L
cq[f(t′1, . . . , t

′
n)] ∈ L t ∈ c−1

q L

t t ∈ LAcan,q ⇔ t ∈ c−1
q L

!

Acan =< Q,F , Qi,∆ > ↓ L

L(Acan) = L t ∈ L :−1L = L
qi ∈ Q t ∈ c−1

qi
L c−1

qi
L ⊆ L

c−1
qi

L = LAcan,qi t ∈ LAcan,qi c−1
qi

L ⊆ L qi t ∈ L(Acan)

t ∈ L(Acan) qi ∈ I t ∈ LAcan,qi c−1
qi

L = Lqi

t ∈ c−1
qi

L qi c−1
qi

L L t ∈ L L = L(Acan)

Acan L q Lq = c−1
q L Acan

L
Acan Acan

!







(F , ) F
F N p Fp F0

F T (F) t
t n + 1 t = f(t1, . . . , tn) n

ti n Tn(F)
n T≤n(F) :

F C(F)
: c[:] c

c[t] c[:] : t ht

h*

:

AFA↑ F A = 〈Q,F , Qf ,∆〉
Q Qf ⊆ Q ∆

f(q1, . . . , qn) → q a → q



→A →∗
A A

t qf t→∗
A qf L(A) A

A q c
qf c[q]→∗

A qf t q t→∗
A q

AFA↑ q t c
qf c[t] →∗

A c[q] →∗
A qf

AFA↑ AFAD↑

AFA↑ AFAD↑

L F t
L t t−1L c c[t] ∈ L

t−1L = {c ∈ C(F) | c[t] ∈ L}.

t−1L t′ t′−1L = t−1L
R↑(L)

L P↑(L)
L

AFAR↑ AFA↑

AFAR↑

AFAR↑ Acan↑ L
Acan↑ = 〈Q,F , Qf ,∆〉 Q = P↑(L) Qf = {t−1L | t ∈ P↑(L), : ∈ t−1L} ∆ = {a →
t | t−1L ⊆ a−1L} ∪ {f(t1, . . . , tn) → t | ∀i, ti ∈ P↑(L), t ∈ P↑(L), t−1L ⊆ f(t1, . . . , tn)−1L}

AFA↓ F A = 〈Q,F ,
Qi,∆〉 Q Qi ⊆ Q ∆

q(f)→ f(q1, . . . , qn) q(a)→ a
→A →∗

A

A t qi qi(t)→∗
A t L(A)

A A q t
q(t) →∗

A t c q qi qi(c) →∗
A c[q]

AFA↓ q t c
qi qi(c[t]) →∗

A c[q(t)] →∗
A c[t]

AFA↓ AFAD↓

AFA↓

c Qc

q(f) → f(q1, . . . , qn)
q(f) → f(q′1, . . . , q

′
n) i qi ,= q′i j ,= i

Lqj ∩ Lq′j
= ∅



L F c
L c c−1L t c[t] ∈ L

c−1L = {t ∈ T (F) | c[t] ∈ L}.

c−1L c′ c′−1L = c−1L
R↓(L)

L P↓(L)
L

AFAR↓ AFA↓

AFAR↓ Acan↓

L Acan↓ = 〈Q,F , Qi,∆〉 Q = P↓(L) Qi = {c | c ∈
P↓(L), c−1L ⊆ L} ∆ = {c(a) → a | c ∈ P↓(L), a ∈ c−1L} ∪ {c(f) → f(c1, . . . , cn) |
∀i, ∀ti ∈ c−1

i L, f(t1, . . . , tn) ∈ c−1L}

AFA↑ A = 〈Q,F , Qf ,∆〉 AFA↓ A′ = 〈Q,F , Qi,∆′〉 Qi = Qf

∆′ ∆ A A′

AFAD↑

f(q1, . . . , qn) → q
f(q′1, . . . , q

′
n)→ q i j qi ,= q′i qj ,= q′j

c1[:] c2[:] c[:]
c2[:] = c1[c[:]] c[:] t1

t2 t1 = c[t2] Pref↓(α)
α Pref↓(S)

S t1 t2
c t2 = c[t1] Pref↑(t) t

Pref↑(S) S
S AP↑(S)

S

A↓(S,P )



c1 c2 c1 ≤ c2

h*(c1) + ht(c1) < h*(c2) + ht(c2)

h*(c1) + ht(c1) = h*(c2) + ht(c2) h*(c1) < h*(c2)

h*(c1) = h*(c2) ht(c1) = ht(c2)

:

c1 c2 c1 c2 c1 < c2

c1, c2 ∈ P↓(L) c1 c2

t1 t2 T (F) t1 < t2 ht(t1) < ht(t2) ht(t1) =
ht(t2)

S
St t

S M
M

L L L
L T M(St)

L



L p L r
L p ∩ r ,= ∅ ⇒ p ⊆ r

c c′ c[c′]−1L c−1L

c c−1L cp < c
cp

−1L cp
−1L ⊂ c−1L

L↓

{f(a, b), f(a, c), f(d, c), f(e, d), f(b, e)} L↓

AFAR↓



L L↓ K↓(L) K↓(L) = P↓(L)∪
{c | c = c′[c], h*(c) = 1, c′ ∈ P↓(L), c < Max(P↓(L))} L

S↓car(L)

c K↓(L) t c[t] ∈ L c[t] ∈ S↓car(L)
c ∈ P↓(L) a ∈ F0 c[a] ∈ L c[a] ∈ S↓car(L)

c ∈ P↓(L) c′ ∈ K↓(L) c−1L ∩ c′−1L ,= ∅ t

c−1L ∩ c′−1L c[t] ∈ S↓car(L) c′[t] ∈ S↓car(L)
c ∈ P↓(L) c1, . . . , cn K↓(L)

f ∈ Fn t = f(t1, . . . , tn) c[t] ∈ L
i ci[ti] ∈ L t c[t] ∈ S↓car(L)

ci[ti] ∈ S↓car(L)

S↓car(L)
S↓car(L)

L L↓ S S↓car(L) ⊂ S

c ∈ P↓(L) c′ ∈ K↓(L) (c−1L∩c′−1L = ∅)⇔ (c−1S∩c′−1S′ = ∅)

AFAR↓

L↓

A↓(S,P )

S P
F = S
Q = P
Qi = {ci ∈ P | c−1

i S ⊆ S} = {:}
∆ c(f)→ f(c1, . . . , cn)

c ∈ P f ∈ Fn i ci ∈ P
t = f(t1, . . . , tn) c[t] ∈ S ∀i ci[ti] ∈ S

c(a)→ a c[a] ∈ S
A = 〈Q,F , Qi,∆〉

L L↓ S L S↓car(L)
A↓(S,P↓(L)) AFAR↓ L

c c′ c−1L
c−1L ⊆ c′−1L⇔ c−1L ∩ c′−1L ,= ∅ L

(∀t1, . . . , tn ∈ T (F) c[f(t1, . . . , tn)] ∈ L

K



∀i ci[ti] ∈ L) ⇔ (∃t1, . . . , tn ∈ T (F) c[f(t1, . . . , tn)] ∈ L ∀i ci[ti] ∈ L)
S

L : ∈ P (L) :−1L = L
L : c

c−1L ⊂ L
c ∈ P↓(L) a ∈ F0 c[a] ∈ L⇔ c[a] ∈ S

n ∈ N f ∈ Fn c ∈ P↓(L) c1, . . . , cn ∈ P↓(L) (∃t1, . . . , tn ∈
T (F) c[f(t1, . . . , tn)] ∈ L ∀i ci[ti] ∈ L) ⇔ (∃t1, . . . , tn ∈ T (F)
c[f(t1, . . . , tn)] ∈ S ∀i ci[ti] ∈ S)

AFAR↓ L !

L L↓ S L S↓car(L) P
P↓(L) A↓(S,P )

S

L↓

Apprend↓

i = 0
Pref↓(S) = {ci[:] | ∃ti ∈ T (F) ci[ti] ∈ S}

Pref↓(S)
P0 = {:}

i← i + 1
∀c ∈ Pref↓(ci) \ {ci} c ∈ Pi−1 ∀c ∈ Pi−1 c−1S ∩ c−1

i S = ∅
Pi = Pi−1 ∪ {ci}

Pi = Pi−1

A↓(S,Pi) S i < |Pref↓(S)|
A↓(S,Pi) S AP↑(S)

L L↓ S S↓car(L) ⊂ S
S ⊂ L Apprend↓ S AFAR↓

L

i Pi = P↓(L) ∩ {cj≤i}
0 P0 = {:} L : ∈ P↓(L) i−1

i

Pi ⊆ P↓(L) ∩ {cj≤i}



Pi = Pi−1 Pi = Pi−1 = P↓(L) ∩ {cj≤i−1} ⊆ P↓(L) ∩ {cj≤i}
Pi ,= Pi−1 ci ∈ Pi ci P↓(L)

ci
−1L

c ∈ P↓(L) c < ci c−1L = ci
−1L

c ∈ Pi−1 Pi ci ,∈ Pi

ci
−1L c ∈ Pref↓(ci) c ,∈ P↓(L)

ci ,∈ Pi K↓(L)
ci ∈ K↓(L) cp ∈
P↓(L) cp < ci cp

−1L ⊂ ci
−1L cp ∈ Pi−1

Pi ci ,∈ Pi

ci ∈ Pi ci ∈ P↓(L)

Pi ⊆ P↓(L) ∩ {cj≤i}

P↓(L)∩{cj≤i} ⊆ Pi ci ∈ P↓(L)
ci ,∈ P↓(L) ci ,∈ P↓(L) P↓(L)∩{cj≤i} = P↓(L)∩{cj≤i−1} P↓(L)∩{cj≤i−1} = Pi−1

Pi−1 ⊆ Pi P↓(L) ∩ {cj≤i} ⊆ Pi

ci ∈ P↓(L) Pref↓(ci)
P↓(L) ci Pi−1

c ∈ Pi = Pi−1 ∪ {ci} Pi−1

c ,= ci c−1L ∩ ci
−1L ,= ∅ ci ∈ Pi Pi ⊇ P↓(L) ∩ {cj≤i}

Pi = P↓(L) ∩ {cj≤i}

P↓(L) ⊂ Pref↓(S↓car(L)) S↓car(L) ⊂ S
AFAR↓ L !

L A = 〈Q,F , Qi,∆〉 F = {g(, ), f(, ),
h(), a, b} Qi = {q0} ∆ = {q0(g) → g(q1, q2), q1(f) → f(q1, q2), q1(f) → f(q1, q3), q1(f) →
f(q4, q2), q1(f) → f(q4, q3), q4(h) → h(q3), q2(b) → b, q3(a) → a} A
AFAR↓ L↓

{g(h(a), b) g(f(h(a), a), b) g(f(h(a), b), b) g(f(f(h(a), a), a), b)
g(f(f(h(a), b), a), b) g(f(f( h(a), a), b), b) g(f(f(h(a), b), b), b), ...}

:−1L =
L, g(:, b)−1L, g(h(a), :)−1L = {b}, g(h(:), b)−1L = {a}
g(f(h(a), :), b)−1L = {a, b}

K↓(L) = P↓(L) = {:, g(:, b), g(h(a), :), g(h(:), b)}

: g(:, b) g(h(a), :) g(h(:), b) g(h(a), b)

S↓car(L) = {g(h(a), b), g(f(h(a), a), b), g( f(h(a), b), b)}



P3 = K↓(L) = P↓(L)
L

AFAR↓

A↓ (S,P )
q1 c1 = g(:, b) q3 c3 = g(h(:), b)

q1(f) → f(q1, q3) g(f(h(a), a), b) S↓car(L)
c1[f(t1, t3)] c1[t1] c3[t3] S↓car(L)

AFAR↓ {q0(g) → g(q1, q2) q1(f) →
f(q1, q2) q1(f)→ f(q1, q3) q1(h)→ h(q3) q2(b)→ b q3(a)→ a}

L T T ⊂ Pref↑(L)
L T GT,L = 〈T,→L〉 →L →

T × T t → t′

t−1L∩ t′−1L ,= ∅ {t′′ | t′′−1L∩ t′−1L ,= ∅} ⊆ {t′′ | t′′−1L∩ t−1L ,= ∅}
t′−1L

t−1L

GT,L

t ∈ T tp ∈ P↑(L) t−1
p L ⊆ t−1L tp ∈ T

L
GT,L t

t′ ∈ T t→ t′ ⇔ t′−1L ⊆ t−1L

L T
GT,L P

P (GT,L) = {t ∈ T | ∀t′ ∈ T, t→ t′ ⇒ t′ → t}

P (GT,L)

L
GT,L = 〈T,→〉 L t ∈ T

t ∈ P (GT,L)⇔ t−1L

t ∈ P (GT,L) t−1L GT,L

tp ∈ P↑(L) tp ∈ T tp−1L ⊂ t−1L



t−1L ,⊂ tp−1L t → tp tp ,→ t t ∈ T
t−1L ⇒ t ,∈ P (GT,L) t ∈ P (GT,L)⇒ t−1L

tp ∈ T t−1
p L tp ,∈

P (GT,L) t ∈ T tp → t t ,→ tp
t−1L t−1

p L L
t ∈ T t−1L ⇒ t ∈ P (GT,L)

!

P (GT,L)
Carac Carac

P
Carac(P (GT,L)) = {t ∈ P (GT,L) | "t′ ∈ T, t → t′, t < t′}

L GT,L =
〈T,→〉 L t ∈ T
t−1L tp ∈ T tp t−1L
Carac(P (GT,L)) = P↑(L) ∩ T

r t
r′ t′ r′ ⊆ r h(t′) ≤ h(t)

r t t′−1L
t′ t

L↑

AFAR↑

AFAR↑

AFAR↑



L L↑ L K↑(L)
K↑(L) = P↑(L) ∪ {a ∈ F0} ∪ {t | t = f(t1, ..., tn)}, f ∈ Fn, ∀i, ti ∈ P↑(L)}

L S↑car(L) S↑car(L)

t K↑(L) c c[t] ∈ L c[t] ∈ S↑car(L)
t t′ K↑(L) t−1L∩ t′−1L ,= ∅ c

c[t] ∈ (t−1L ∩ t′−1L) c[t] ∈ S↑car(L) c[t′] ∈ S↑car(L)

AFAR↑ P↑(L)
Scar(L) A↓(S,P )

A↑(S,P )

S P
F = S
Q = P
Qf = {t ∈ P | t ∈ S}
∆ f(t1, . . . , tn)→ t

i ti ∈ P t ∈ P f ∈ Fn

c c[f(t1, . . . , tn)] ∈ S c[t] ∈ S
A = 〈Q,F , Qf ,∆〉

AFAR↑

L P = P↑(L) S

L L↑ S
S↑car(L) ⊂ S S ⊂ L P = P↑(L) A↑(S,P ) AFAR↑ L

t t′ t−1L t−1L ⊆
t′−1L ⇔ t−1L ∩ t′−1L ,= ∅ L

S P

t ∈ P t−1L ⊆ L⇔ t−1S ∩ S ,= ∅
n ∈ N f ∈ Fn t ∈ P t1, . . . , tn ∈ P t−1L ⊆ f(t1, . . . , tn)−1

L⇔ t−1S ∩ (f(t1, . . . , tn))−1S ,= ∅

AFAR↑ L !

L↑



AFAR↑ h
Kh

h Ph

Apprend↑

S
h = 0
K0 = {t | t ∈ Pref↑(S), h(t) = 0}

GKh,S

P ′
h = P (GKh,S)

Ph = Carac(P ′)
h = h + 1
Kh = Kh−1∪ Pref↑(S) h

Ph

Kh ,= Kh−1

A↑(S,Ph−1) S A↑(S,Ph−1) AP↑(S)

L L↑ S L
S ⊃ S↑car(L) Apprend↑(S) AFAR↑ L

h Kh = K↑(L) ∩ T≤h(F) Ph =
P↑(L) ∩ T≤h(F)

K0 = K↑(L) ∩ T0(F)

K0 = Pref↑(S) ∩ T0(F) S ⊃ S↑car(L) K(L) ⊆ Pref↑(S)
K↑(L) F0 K0 = F0 = K↑(L) ∩ T0(F)

h Kh = K↑(L) ∩ T≤h(F) h = 0 Ph−1 = P↑(L) ∩ T≤h−1(F)
Ph = P↑(L) ∩ T≤h(F)

S ⊃ S↑car(L) t t′ ∈ K↑(L) (t−1L ∩ t′−1L ,= ∅) ⇔ (t−1S ∩ t′−1S ,= ∅)
S↑car(L) GKh,S = GKh,L L

t ∈ Kh tp ∈ P↑(L) t−1
p L ⊂ t−1L h(tp) ≤

h(t) = h tp ∈ K↑(L)∩T≤h(F) Kh GKh,L

Carac(P (GKh,L)) =
P↑(L) ∩Kh K↑(L) P↑(L) ⊂ K↑(L) Kh =
K↑(L) ∩ T≤h(F) Ph = Carac(P (GKh,S)) = Carac(P (GKh,L)) = P↑(L) ∩ T≤h(F)

h > 0 Ph = P↑(L) ∩ T≤h(F) Kh = K↑(L) ∩ T≤h(F) Kh+1 =
K↑(L) ∩ T≤h+1(F)



Kh+1 = Kh∪{t ∈ Pref↑(S) | h(t) = h+1 t′

t Ph} Ph = P↑(L)∩T≤h(F) Kh = K↑(L)∩T≤h(F) Kh+1 = (K↑(L)∩
T≤h(F))∪{t ∈ Pref↑(S) | h(t) = h+1 t′ t P↑(L)∩T≤h(F)}

K↑(L) K↑(L) ∩ T≤h+1(F)
Kh+1 = K↑(L) ∩ T≤h+1(F)

Kh = K↑(L) ∩ T≤h(F) Ph = P↑(L) ∩ T≤h(F) Kh =
Kh−1 K↑(L)∩T≤h(F) = ∅ P↑(L)∩Th(F) = ∅ L

P↑(L) ∩ T≥h(F) = ∅
Ph−1 = P↑(L)

!

A = 〈Q,F , Qf ,∆〉 Q = {qart, qnom, qvt, qvnt, qgn, qS} Qf =
{qS} F = {le, renard, lapin, mange, dort, /(, ), \(, )} ∆
le → qart renard → qnom lapin → qnom mange → qvt|qvnt dort → qvnt regarde → qvt

/(qart, qnom)→ qgn /(qvt, qgn)→ qvnt \(qgn, qvnt)→ qS

L A \(/(le, lapin), dort) \(/(le,
renard), /(mange, /(le, lapin))) \(/(le, lapin), /(regarde, /(le, renard)))

L Cqart = (le)−1L Cqnom = (lapin)−1L Cqvt = (regarde)−1L
Cqvnt = (dort)−1L Cqgn = /(le, lapin)−1L CqS

= \(/(le lapin), dort)−1L L
(mange)−1L = (dort)−1 ∪(regarde)−1L

L
L L↑ A AFAR↑ L

L S↑car(L) = { \(/(le, lapin), dort)
\(/(le, lapin) /(regarde /(le lapin))) \(/(le, lapin), /(mange, /(le, lapin)))
\(/(le, lapin),mange) \(/(le, renard), dort)} S = S↑car(L)

K0 = {le, lapin, renard, regarde,mange, dort}

P0 = {le, lapin, regarde, dort}

K1 = {le, lapin, renard, regarde,mange, dort, /(le, lapin)}

P1 = {le, lapin, regarde, dort, /(le, lapin)}

K2 = {le, lapin, renard, regarde,mange, dort, /(le, lapin),
/(/(le, lapin), dort), /(regarde, /(le, lapin))}

P2 = {le, lapin, regarde, dort, /(le, lapin), /(/(le, lapin), dort)}

K3 = {le, lapin, renard, regarde,mange, dort, /(le, lapin),
/(/(le, lapin), dort), /(regarde, /(le, lapin))} = K2

/ \



A↑(S,P2) = A

L↑

L↑
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