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Discrete algebra and geometry
applied to the Pauli group and mutually unbiased bases

in quantum information theory
Abstract

A maximal set of mutually unbiased bases (MUBs) in a d-dimensional Hilbert
space is known to have cardinality d + 1 whenever d is a power of a prime. For
a rectangular dimension, this is only known to be an upper-bound, but the actual
maximum is still an open issue. Pauli operators are among the many tools involved
in trying to answer this question: For d a power of a prime, diagonalising particular,
maximally commuting sets of them results in a complete set of MUBs. Moreover, in
order to account for their commutation relations, they were involved into various,
finite geometrical features. In particular, they were transcribed up to a global phase
as vectors in the Zgz-module Z?l”. The basic blocks for their commutation relations
are then projective points in Z?l”.

In our thesis, we begin by giving a way to build MUBs by means of Gauss sums,
in relation with a family of irreducible representations of the Lie algebra su(2).
We then study P(Z]'), the projective structure derived from ZJ'. For m = 2n
and endowed with a symplectic product, this symplectic, finite geometry appears
as a general framework that encompasses the preceding features as its algebraic or
combinatorial substructures. We also show with the help of P(Z2) that, to obtain
complete sets of MUBs by means of Pauli operators, tensorial products of them are
mandatory.

The maximally commuting sets of Pauli operators are accounted for by the La-
grangian submodules of Z2" that we fully classify. The interest in this classification
is twofold. On the one hand, it enables us to discriminate which maximally com-
muting sets of Pauli operators are likely to yield MUBs. These are accounted for by
Lagrangian half-modules. We see them as the isotropic points of the projective line
(P(Mat(n,Z4)?),w). We then establish an isomorphism between Pauli unbiased
bases and distant Lagrangian half-modules, which precises by the way the corre-
spondance between Gauss sums and MUBs. As a mathematical byproduct, we give
an algorithm to perform symplectic diagonalisation. Dynamical considerations are
also addressed with the Clifford group. On the other hand, the classification of La-
grangian submodules is readily applicable to the finite phase space over Z4, namely
Zz. We thus answer a technical point in the current problem of setting-up of discrete
Wigner distributions over that phase space.

Finally, we turn our attention from discrete to continuous algebra. We present
various tools inspired by the previous ones and confront them with classical quantum
information objects. Thus we deal with cross-ratio on the Bloch sphere and projec-
tive geometry in higher dimension, Pauli operators with continuous exponents and

we compare von Neumann entropy with a determinantal measure of entanglement.






Résumé

Il est connu qu'un ensemble maximal de bases décorrélées dans un espace de
Hilbert de dimension d compte d+ 1 bases lorsque d est une puissance d’un premier.
Mais en dimension rectangle, d41 n’est plus qu'une borne supérieure dont on ne sait
pas si elle est atteinte. Parmi les nombreux outils mis en ceuvre pour traiter cette
question figurent les opérateurs de Pauli : pour d puissance d’un premier, on obtient
des bases décorrélées en diagonalisant des ensembles maximalement commutant de
ces opérateurs. Leurs relations de commutation ont dés lors donné lieu a des études
variées en géométrie finie, en particulier aprés qu’ils ont été identifiés, & une phase
globale preés, a des vecteurs de Z?l". L’étude porte alors essentiellement sur les points
projectifs de ce Zgs-module.

Dans ce mémoire, nous commencons par donner une construction de bases dé-
corrélées en lien avec une famille de représentations irréductibles de 'algébre de Lie
su(2) et faisant appel aux sommes de Gauss. Puis nous étudions P(Z]}'), la structure
projective déduite de Z7'. Pour m = 2n et en munissant la structure d’un produit
symplectique, les études précédentes apparaissent comme des propriétés combina-
toires dans les sous-structures de cette géométrie finie symplectique. Nous montrons
aussi avec P(Z?l) que, pour obtenir des ensembles complets de bases décorrélées au
moyen d’opérateurs de Pauli, il est nécessaire de considérer des produits tensoriels
de ces opérateurs.

Les sous-modules lagrangiens de Zfl", dont nous donnons une classification com-
pléte, rendent compte des ensembles maximalement commutant d’opérateurs de
Pauli. Cette classification présente un double intérét. D’une part, elle permet de
savoir lesquels de ces ensembles sont susceptibles de donner des bases décorrélées :
ils correspondent aux demi-modules lagrangiens, qui s’interprétent encore comme les
points isotropes de la droite projective (P(Mat(n,Zg)?),w). Nous explicitons alors
un isomorphisme entre les bases décorrélées ainsi obtenues et les demi-modules la-
grangiens distants, ce qui précise aussi la correspondance entre sommes de Gauss et
bases décorrélées. Comme complément a cette étude, nous donnons un algorithme de
diagonalisation symplectique. Nous traitons également les aspects dynamiques avec
le groupe de Clifford. D’autre part, la classification des sous-modules lagrangiens
s’adapte aussitot a Z?l, I’espace des phases discret sur Z,. Nous résolvons ainsi un
point technique dans I’élaboration encore inachevée de fonctions de Wigner discrétes
sur cet espace.

Enfin, nous quittons 'algébre discréte pour la continue et présentons quelques
outils inspirés des précédents, avant de les confronter aux objets classiques de I'infor-
mation quantique. Nous traitons ainsi du rapport anharmonique sur la sphére de
Bloch, de géométrie projective en dimension supérieure, des opérateurs de Pauli
continus et nous comparons ’entropie de von Neumann & une mesure de 'intrication

par calcul d’un déterminant.
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Chapter 1

Introduction

An introduction classically consists of a brief historical account of the domain fol-
lowed by a presentation of the whole work. Without pretention to be exhaustive,
we resolve to enlarge the historical part to give a self-contained introduction to the
field. It is only aimed at giving to the nonspecialist a flavour of the background
material of our thesis. The last section about theoretical tools will naturally drive

us to our own martter.

1.1 Quantum physics is needed for the information cul-

ture

It has become commonplace today to talk about the information age. Information is
spread and processed ever faster. More and more people have access to a personnal
computer and to the Internet and in fact are dependent on them for their everyday
work. We even pay less attention to the computer itself than to the softwares we
can run on it.

It was about sixty or seventy years ago that this age arose with both theoretical
and technical breakthroughs. The mathematician Alan Turing launched modern
computer science in a 1936 article by defining rigorously what is meant by an al-
gorithmic process in full generality, at a time when the few available calculating
machines were still physically designed for specific tasks. This construction was
called a Turing machine and Turing also showed that all these machines can be sim-
ulated by a single universal one, the Universal Turing Machine. Today, even with
slight modifications, it still encompasses our conception of an algorithm.

Electrical hardwares were soon designed to embody the conceptual construction
of Turing, after a model by John von Neumann. But these systems came to a
satisfying practical use only as John Bardeen, Walter Brattain and Will Shockley
developed the transitor, in fact the first major supply of quantum physics to the
so-called information age. Since then, progress in our computer capacities has been
closely related to our ability in mastering the realisation of that component, making

it always smaller. In 1965, Gordon Moore encoded this progress in a celebrated

13



14 CHAPTER 1. INTRODUCTION

law dubbed after his name. Moore’s law states that computer power will double
approximately every two years. This law is so intimately linked to the story of
the miniaturisation of transitor that it is commonly restated as the doubling in the
number of transitors on a silicon chip. So far, it has been checked in this latter form.
But what as we now come to the atomic scale?

At the atomic level, the effects of quantum physics become unavoidable and
maybe they ought not to be avoided. Instead, if we want to keep on progressing, we
should take advantage of them. The way the computer we use deal with information
is typically based on our common life intuition. While transitor is quantum, it is
only used as a concrete device in order to realise a circuit conceived beforehand
with a classical way of thinking. The trick is to take into account the quantum
laws of nature to elaborate not only more efficient hardwares but also more efficient
algorithms and softwares. Before we take deeper insights in this latter idea, we have

a look at the relevant principles of quantum physics.

1.2 Quantum information fundamental features

At the beginning of the twentieth century, an increasing number of discrepancies be-
tween theory and experience arose in the physics of atoms and light. Independently
of the conceptual revolution brought about by general relativity, classical physics
was progressively and laboriously amended in order to solve them. This endeavour
resulted in a new theory of elementary particles and of their interactions. But it soon
appeared that it was much more than that. It provided a completely new framework
for physics as a whole, namely quantum physics. We stress that quantum physics is
not quite a theory by itself, but rather principles and guidelines for building up new
theories. Thus, if at first glance the standard model of particles involved in large
accelerators and the paradigms we seek after to improve computing powers seem
disconnected, they obey the same fundamental rules. We are going to have a look

at those rules from the point of view of quantum information.

Superposition

In our classical conception of encoding and processing information, we use bits, that
is to say variables that can take either one of only two values, 0 or 1. A message is
built up of a series of 0’s and 1’s. Let us denote these two states |0) and |1) for our
purpose. Then in the quantum realm, a bit as the unusual property that it can be

|0), |1) or any superposition of these two states:

[¥) = co|0) +ca[1). (L.1)

In this formula, |¢) is a possible state for the bit, described as a weighted sum of
the two fondamental states, with the coefficients cg and ¢; being complex numbers
not both 0. The states |0) and |1) form the computational basis and |¢) is dubbed

a qubit, a short for quantum bit. Then to the classical series of bits corresponds
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one multiple qubit. If for instance our message is coded over two bits, the four
computational states are
00),101), 110}, |11) (1.2)

and they give rise to the quantum states of the type
’¢> = Cpo ‘00> + ¢o1 ‘01> + c10 ‘10> +c11 ‘11) , (1.3)

where the ¢’s are again complex numbers not all of them 0. This state |¢) is made
up of two qubits. In each term, the first digit relates to the first qubit and the second

one to the second qubit. Then, what does superposition mean experimentally?

Projective measurements and projective structure

We will concentrate only on the case of a single qubit as given in (1.1). If we want
to test the value of |¢), we shall get either 0 or 1 as in the classical case. But in fact
the value 0 is to be obtained with probability

|col”

po = (1.4)

ol + [eaf?
and similarly the value 1 is to be obtained with probability p; as in the preceding
formula after inverting cg and c¢;. Of course we have pg + p1 = 1. It means that
if we prepare a series of qubits all of them in the same state [¢)) and measure on
them in exactly the same way for each one in order to get 0 or 1, these values shall
be obtained in proportions given by pg and p;. The measurement is in an essential
way probabilistic. After measurement, the qubit is no more in a superposition of
the computational states, but in either state |0) or |1), in accordance with the result
we got. One says that |¢)) was projected onto |0) or |1) and that a measurement in

quantum physics is also of projective nature.

One may notice with this simple example that if we multiply |¢)) by any nonzero

complex number A to get
AlY) = Aco[0) + Acy (1), (1.5)

the probabilities pp and p; when we perform a measurement on A [¢)) would remain
the same. In fact, no use was ever found since the inception of quantum physics in
distinguishing A [¢) from |¢)) and they are thus identified:

state A [¢)) = state [¢), VA #DO. (1.6)

1

One says that the set of quantum states has a projective structure'. So one may

conveniently suppose that |co|* + |¢1|* = 1. The state |¢) is said to be normalised

! This notion of projectivity has historically no bearing on the previous one.
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then and the probabilities reduce to

po = leo)* and p1 = el (1.7)

Entanglement

An entangled state involves at least two subsystems, as for instance a couple of
photons or of electrons arising from the decay of a nucleus. The subsystems are
described jointly by a single state. If the property we are interested in is the spin
that may be up or down with respect to some measurement apparatus, we may
code arbitrarily code for down with a 0 and for up with a 1. If there are actually
two subsystems, then the state is of the form |¢) indicated in (1.3). One says that
the subsystems are entangled or that they form an entangled state, if the dynamics
underwent by one of them may have some influence as such on the dynamics of the
other. In mathematical words, |¢)) cannot be written as a single tensor product. Let
us give a telling example. The most famous examples of entangled states are the

Bell states for two qubits:

Boo) = j§<roo>+rn>>, (1.8a)
o) = ;§<101>+110>>, (1.8b)
o) = ;i<roo>—|n>>, (1.8¢)
i) = —=(jo1) - 10)). (1.8d)

2

5

If one gets the output 0 after measuring on the first qubit in the state |5), then
one will also get the output 0 when measuring on the second qubit. Contrary to
appearances at that stage, this is not a classical correlation between the states of
each of the two qubits. In fact, none of the qubits has a state defined independently
of the other qubit. To see this, we take say four polarisors in order to measure the
polarisation of two coupled photons in the state |3yg), two polarisors for one of the
photons and the two other ones for the other photon. For each photon, we make use
at random of one the two polarisors dedicated to it and we repeat this experience a
great number of times with other couples of photons prepared in the same state. We
denote A, B the two random variables corresponding to the polarisors of the first

photon and C| D the other two ones. Then the function
F=AC+ AD+ BC - BD (1.9)

has always value £2. So, if the superposition |f,) accounted for our ignorance of

the photons having well-defined, separated states, then the mean value of F,

(F) = (AC) + (AD) + (BC) — (BD) (1.10)
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should lie in the range [—2;2]. But in 1982, when Alain Aspect and coworkers
realised the experience [1], they found that

(F) =22, (1.11)

in agreement with the prediction of quantum physics. This proves that entangled

states do account for physical states.

No-clonable information

Finally, a fourth major difference between classical and quantum informations is the
ability to copy information. In our classical computers, any bit of information is
stored on a magnetic cell and is readable without distroying it. On the contrary,
as we saw above about measurements, any attempt to read some quantum bit of
information, that is to say to measure it in order to get some output, irremediably
modifies it, without letting know its initial state. So, it is impossible to copy, or
clone, any qubit. This result is known as the no-cloning theorem.

This feature can be used to design secure communication protocols, such as the
BB84 protocol, elaborated in 1984 by Bennett and Brassard [2], by transmitting se-
quences of qubits instead of bits. Without describing such a protocol in details, we
give the idea and connect it with the no-cloning theorem. The two communicating
parties are traditionally called Allice and Bob. Alice sends some coded information
to Bob through a communication channel. If Alice sent classical bits, an eavesdrop-
per on the communication channel could learn about the state of the bits and send
them forward on the channel to Bob. A way to warrant an irremediable, detectable
disturbance in the message due to the presence of the eavesdropper is to relie on the
probabilistic character of any quantum measurement. Indeed, the protocol provides
Alice and Bob with a way to know if, on average, the qubits used in communicating

were disturbed.

1.3 Quantum algorithms and protocols

Can the main features of quantum physics, namely state superposition and entan-
glement be exploited in order to design specifically quantum algorithms? The point
in doing so is to enable one to perform impossible tasks with a classical support of
information or deal in reasonable time with classically tedious tasks. The answer
happens to be yes and this was the main incentive for quantum information in the
1980’s. Whereas to date, only a few quantum protocols and algorithms have been
found, some of them are of major importance whenever they can be realised.

As we have already seen, secure communications can be based on quantum in-
formation. In 1985, Deutsch designed the first example of quantum algorithm [3].

It was a toy algorithm in order to know whether a function

f:4{0,1} — {0,1} (1.12)



18 CHAPTER 1. INTRODUCTION

is constant (f(0) = f(1)) or balanced (f(0) # f(1)). Classically one has to perform
two calculations in order to answer the question: f(0) and f(1). With quantum
ressources, its is possible to evaluate the following logical sum, that is to say modulo

2, at once:

f0) e f(1), (1.13)

which gives the answer after a single calculation. But the next two algorithms
have more serious applications. In 1994, Shor showed by means of an explicit
algorithm [4], that with the help of a quantum computer with sufficiently many
ressources, one can factorise large numbers into their prime factors in minute’s time,
or to use the language of complexity theory, in polynomial time. Thus, if it could
be realised, it would break the RSA code on which most of our secure communi-
cations are grounded today, for example credit card transactions. In 1995, Grover
proposed an algorithm [5] to search an item within an unsorted list of N items with
only O(V/N) requests instead of O(N) as classically. Though the gain in time is less
impressive than in Shor’s algorithm, the constant call on search procedures in our

computing practices shows the interest in this speed-up.

1.4 Theoretical tools

Although few quantum algorithms are available till now, they exhibit a rather con-
stant mathematical feature. As shown for instance by the BB84 protocol and its
generalisations for secure communication or on the contrary by Shor’s algorithm,
that would highly unsecure many transactions, they often rely on the discrete Fourier
transform (DFT). This core transformation is only a particular case of another major
topic in quantum theory, namely mutually unbiased bases (MUBs). The characteris-
tic of such a set of bases is that a state picked out of one of them has equal amplitude
over the states of any other one in the set. In other words, a state in one of the
bases is a kind of optimal superposition or mix of the states in another one. Two

orthonormalised bases of a d-dimensional Hilbert space
A={lA, o)}, B={|B,B)} (1.14)

are MUBs iff they check the equalities

1

Va, B, [(A,alB,B)| = A (1.15)
In the matrix representing the DFT, every entry has the same modulus. Thus the

basis one gets by means of the DFT is unbiased with the computational basis.
Besides Fourier transform, the notion of MUBs is widespread both in classical
and quantum information theory. Schwinger unveiled them as soon as 1960 in a
paper about quantum complementarity and unitary operators, but he did not name
them [6]. They appear in quantum tomography [7] and in quantum games such as

the Mean King problem [8-10]. As to classical information theory, one finds them
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in the study of Kerdock codes [11] and spherical codes [12] or in the developpement
of network communication protocols [13,14]. Recent investigations upon Feynmann
path integrals also give MUBs a central role.

Since the beginning of their study in the 80’s [7] [15], we know that a set of
MUBs in a d-dimensional Hilbert space contains at most d+ 1 of them and that this
upper-bound can be reached if d is power of a prime. But whenever d is a composite
integer and despite an extensive range of mathematics involved, no conclusive infor-
mation is available about the achievement of the upper-bound. As a nonexhaustive
list of the mathematical tools that have been used, let us cite Galois fields and rings
in relation with Gaussian sums [7,16,17], combinatorics, latin squares [9], unitary
operator bases [6,18], discrete phase space [19-23] and Wigner functions [10,24,25],
DFT [26,27], finite ring geometry [28-30] and also SU(n) Lie groups and their corre-
sponding Lie algebras [31-33] with connection to positive operator-valued measures
(POVMs) [34]. Throughout their story, MUBs have also been approached by a num-
ber of numerical tests. We refer to [35,36] and references therein. All the studies
concerned with dimension 6 converge to the fact that there are no more than 3
MUBs in C°.

Of particular relevance to our thesis are, on the one hand, the works by Bandy-
opadhyay et al. [18] and on finite phase space cited above and, on the other hand,
the strand of finite geometry over rings. For d a power of a prime, Bandyopadhyay
et al. give a recipe to find maximally commuting sets of Pauli operators that will in
turn provide MUBs, but with no exhaustive correspondance between such sets and
MUBSs. Then studies of finite phase space enrich this construction by putting it into
a geometrical framework that extracts the essential about Pauli operators, namely
their commutation relations. As to finite geometry, let us cite only the two papers
by Planat and Saniga [37] and jointly with Kibler [38]. These latter papers acted
on us as incentives to supply a general framework encompassing the features therein
together with the previous ones. The notions of neighbourhood and distance will
particularly retain our attention. An extra source of inspiration that also ended in
the same framework is our joint work [33] with our thesis supervisor, about MUBs
and irreducible representations of the Lie algebra su(2).

Thus, we begin by presenting in Chapter 2 a simplified version of that latter work.
We explain how MUBs appear as the diagonalising bases of operators pertaining to
irreducible representations of the Lie algebra su(2), with Gauss sums as a central
calculational feature. We also say why all this will finally be reduced to the same
finite geometry as Pauli operators. In fact, Pauli operators prove having a richer
structure than the previous ones.

In Chapter 3, we first recall the definition and main features of the Pauli group in
relation with MUBs. In particular, it is explained how the problem of MUBs within
the scope of Pauli operators is completely translated in the language of projective and
symplectic geometry over Z,. Hence, we carry on in the strand of finite geometry

by studying the Zgj-module Z7' and its derived projective structure P(ZJ"). We
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generalise the notions of neighbourhood and distance in arbitrary dimension and we
introduce the wedge product in order to quantify neighbourness. Neighbourhood
classes will also turn up to be group orbits. However, we concentrate on picking
out the evidence to show that, to get a complete set of MUBs by means of Pauli
operators, tensorial products of them are mandatory. This result derives from the
structure of the projective line P(Z2), for which we provide the necessary counting

properties, together with illustrating diagrams.

In Chapter 4, we apply the latter features to the complete classification of maxi-
mally commuting sets of Pauli operators. This is achieved through the classification
of the Lagrangian submodules of Z?l”. From a technical point of view, it consists
in diagonalising specific matrices over Z,; when only symplectic changes of compu-
tational basis are allowed. In order to know which maximally commuting sets of
operators are likely to yield MUBs, we need a last step. In Chapter 5, we single out
Lagrangian half-modules as the only suitable candidates and we find a necessary and
sufficient condition for two of them to actually yield MUBs. We also give a geomet-
ric interpretation of this criterion: We see Lagrangian half-modules as the isotropic
points of the projective line over Mat(n,Zg), the set of n X n matrices over Zy, and
we establish an isomorphism between the unbiased bases thus obtained and distant
Lagrangian half-modules, thus completing the study initiated in Bandyopadhyay et
al.’s paper. We go on in the same chapter with an alternative graph interpretation
of the same result and we finally relate to quantum computation with the Clifford
group. We show how in some sense, our discrete, symplectic geometry accounts for

the symplectic part of the Clifford operators, as separated from their Pauli part.

The classification of Lagrangian submodules is readily applicable to the finite
phase space over Zg, namely Zfl. In Chapter 6, we thus answer a technical point
in the still in progress setting-up of discrete Wigner distributions over that phase
space. We show that the isotropic lines of Zfl are nothing but its Lagrangian sub-
modules. This identification enables us to count them under various conditions and

in particular to describe their orbits under the action of the symplectic group.

Besides the main stream we have just described, we give another mathematical
byproduct. The classification of Lagrangian submodules is clearly a part of the issue
of symplectic diagonalisation, without any assumption on the submodules or their
representing matrix. We complete this study for its own sake in Section 4.3, which

emphasizes how particular Lagrangian submodules are.

In the last chapter, Chapter 7, we turn our attention from discrete to continuous
algebra. We present various tools inspired by the previous ones and confront them
with classical quantum information objects. In the first three sections, we try to
find some notions and objects in order to account for any set of mutually unbiased
bases, not only those one can reach with the help of discrete Pauli operators as
above. We first answer this question for qubits as points on the Bloch sphere, which
is nothing but the projective line over C: In Section 7.1, we put forward the cross-

ratio and harmonic conjugated points, and in Section 7.2, we try Pauli operators
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with continuous exponents. In Section 7.3, we set out a general tool pertaining to
algebraic geometry, that accounts for every single vector unbiased with respect to a
given basis. However, if we are able to work out the cases d = 2 and d = 3, it is seen
to be clearly more difficult to handle in general. Finally in Section 7.4, we generalise
the idea behind the symplectic product as we explore a determinantal measure of
entanglement for pure states. We compare it with the classical von Neumann entropy

and Schmidt decomposition.

We put in five appendices all the discrete mathematics we need. Appendix A sets
the elementary arithmetics in the ring Z; of integers modulo d. The notions of gcd,
lcm, order of an element and above all the Chinese remainder theorem are stated
there. Then, vector spaces have a base field. Appendix B presents the analogue
of finite dimensional spaces over the base ring Z,;. Appendix C is about reduction
of vectors and matrices over Z,. In particular, we give an original proof of the
existence of a Smith normal form (or diagonalisation) of a matrix over Zg. The
traditional proof, as given in [39] or [40] for instance, is grounded exclusively upon
algebraic properties involving the notion of ideal. In the particular case of the ring
Z4, we can make it rely upon counting properties in Zs-modules. The developments
contained in that appendix are not readily used in the body of the thesis. So, with
the exception of Gauss algorithm stated at the end of the appendix, we will recall
any results in it when required in the main text. Appendix D is about the wedge
product and its particularities when considered over a ring. Though its material
is simpler than in the previous appendix, it will be treated quite in the same way.
Finally, Appendix E is a brief account of projective geometry over fields and ring. It
also contains a criterion to know whether a submodule of Z" is the join of projective
points.

For any details about the quantum physics or quantum communication and quan-

tum information, the reader is refered to classical treatises, such as [41-44].

Our thesis work was partially published in three papers:

e O. Albouy and M. Kibler, SU; Nonstandard bases: Case of Mutually Unbiased
Bases. SIGMA 3 (2007), 076

e O. Albouy and M. Kibler, A unified approach to SIC-POVMs and MUBs,
Journal of Russian Laser Research, Volume 28, Number 5, 2007

e O. Albouy, The isotropic lines of Z2, J. Phys. A: Math. Theor. 42 (2009)
072001

e O. Albouy, Determinantal measure for pure states entanglement, submitted to
J. Phys. A: Math. Theor.
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Chapter 2

Operator algebras and Gauss

SUINS

Gauss sums have been among the first tools for building MUBs as they appeared
in 1989 in a paper by Wootters and Fields [7]. After several investigations, they
were recently connected for this purpose with irreducible representations of the Lie
algebra su(2) of the group SU(2), a scheme that was partly brought into form in
a joint article with our thesis supervisor [33]. Though it is not our intention to
work with s1(2) representation in this thesis, we will give a very brief idea of the
background that led us to Gauss sums and MUBs. For further details, the reader is
refered to the latter paper. The arithmetical properties of Gauss sums we will come
across in this chapter are a particuliar incarnation of some commutation relations.
Those relations and their consequences will be studied through Pauli operators in

the following chapters.

2.1 Out of two quon algebras

Let us define two quon algebras A; = {a;—,a;+, N;}, i = 1,2, by

Ai— Qi+ — qai4+ QG;— = 1, [Ni, aii] = iaii, N;r = Ni (aii)k = 0, (2.1&)
Vi1 € A1, Vg € Ao, [.’L‘l,xﬂ =0, (2.1b)

where! o
q = exp <2Z> , keN\{0,1}. (2.2)

The generators a;+ and N; of A; are linear operators. As in the classical case where
g = 1, we say that a;4 is a creation operator, a;— an annihilation operator and
N; a number operator. The case k = 2 corresponds to fermion operators and the
case k — oo to boson operators. In other words, each of the algebras A; describes

fermions for ¢ = —1 and bosons for ¢ = 1. The nilpotency conditions (aii)k =0

'In any expression of the form ¢%, ¢ has to be formally replaced by its expression, so as to read
exp(2imxz/k). This is essential as we are to consider fractional values for x.

23
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can be understood as describing a generalised exclusion principle for particles of

fractional spin 1/k (the Pauli exclusion principle corresponds to k = 2).

Let F(7), i = 1,2, be two truncated Fock—Hilbert spaces of dimension k corre-
sponding to two truncated harmonic oscillators. We endow each space F (i) with an
orthonormalised basis {|n;); n; =0,1,...,k — 1}. With the notation

[CL’]q = ) z €R, (23)

we can give the following representations among many others of the algebras A; and
Ag over the F(i)’s:

a1+|n1) = [n1 + 1], [n1 + 1), ai+lk—1) =0, (2.4a)
a1-|n1) = [n1], Jn1 — 1), a;—|0) =0, (2.4b)
az+|n2) = [n2 + 1], |na + 1), az+|k —1) =0, (2.4c)
as—|ng) = [ng]q |ng — 1), asz—|0) =0, (2.4d)

and

Nllnl) = nl\nl), N2|n2) = n2|n2). (2.4e)

In that framework, we define two linear operators h and v,, a € R, acting on

Fi = F(1) ® F(2):
h[nl,ng) = nl(ng—l—l)]m,ng), n;=0,1,2,....k—1, +=1,2 (2.5&)

and

Va|n1,m2) = ¢ |n1 + 1,n9 — 1), n#k—1, ng #0, (2.5b)
Valk — 1,m9) = ¢~ *F1712)/20 ny — 1), ng # 0, (2.5¢)
Va|n1,0) = ¢@FHI2 41k — 1), ny #k—1, (2.5d)
valk —1,0) = [0,k — 1). (2.5e)

The operator h is Hermitian. v, is unitary and has a cyclic action since (v,)* = I,
with [ is the identity operator. The link with ordinary operators on harmonic
oscillators or angular momentum can be made after Schwinger’s work on angular

momentum [45]. Let us put

1 1
J=§(N1+N2), M=§(N1*N2)a (2.6a)
lj,m) = [j +m,j—m)=|ni,ng). (2.6b)

For a given, admissible value of j, let £(j) be the subspace of Fj, spanned by the

corresponding vectors |j,m), m ranging. MUBs will appear in the £(j) of maximal
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dimension, that is for
j=—. (2.7)

From now on, we shall assume that j is fixed to the latter particular value. The
label m can thus take k£ = 25 4+ 1 values, namely m = —j,—5 + 1,...,5. Let us
denote S; the computational basis of £(j) defined by the [j,m)’s:

Sj=A{lj,m); m=—j,—j+1,....j} (2.8)

With this condition, £(j) is stable under the action of h and v, and we may restrict

these operators to that space:

hlj,m) = V(G +m)(Gj—m+1)[5,m), (2.9)
valjym) = (1= 8my;) qU ™5, m + 1) + 8|5, —), (2.10)

with 6, ; the Kronecker symbol. Once restricted to €(j), h is still Hermitian and v,

unitary and cyclic, with (Ua)2j 1 — J. We can now connect the operators h and v,

with su(2).

Proposition 1 An irreducible representation of the Lie algebra su(2) can be built

out of h and v, if one puts

1
J+ = hvg, j_ =uln, j. = 5(112 —vih?u,). (2.11)
Then one has
jeliym) = g™/ (G —m)(G+m+1D)|jm+1), (2.12)
joliym) = ¢ U™ (G4 m)(j —m+ 1)|j,m — 1), (2.13)
Jzlg,m) = mlj,m). (2.14)

Indeed, these definitions are in agreement with the commutation relations

[jmj-i—] = J+, [jmj—] =—J-, [j-i-vj—] =2j,. (2'15)

The operators j; and j_ thus appear in their polar decompositions and the expres-

sion of j, is also tailored so that

P 1
=i+ §(J+J— +Jj_jy) = X(Nl + N2)(N1 + Na + 2). (2.16)

With this expression of j2, one may check that

2 = B*+j2—j. = vlhPu.+ 52+ 3. (2.17)
Plim)y = jG+1)5,m). (2.18)

The last ingredient in order to understand why the deformed cyclic operator v,
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has bearing on MUBs is the operator z defined on £(j) by

zlj,m) = ¢~ "5, m). (2.19)
If we now consider the operators v, for a = 0,1,...,27 only, we can express them as
Vg = v92%, a=0,1,...,27, (2.20)

and with the group theoretical commutator defined by

[z,ylg = zyz 'y, (2.21)
they satisfy the commutation relations

[va,2]lg = ¢ (2.22)
[Va, blg = qb_“. (2.23)

These relations should be compared with the commutation relations of Pauli op-
erators. Indeed, the results we will derive about Pauli operators in the following
chapters are essentially based on their commutation relations and thus will adapt to
the v,’s and z. In particular, it will be proved that if 25 4+ 1 is not prime, then the
v,’s and z cannot yield a maximal set of MUBs. But for now, we are going to see

how these results can be partially derived from Gauss sums.

2.2 Gauss sums and MUBs

In this part, we work with a fixed value of j. The eigenvalues and the common
eigenvectors of the complete set of commuting operators {j2, v,} can be easily found

by using standard techniques. This leads to the following result.

Proposition 2 The eigenvalues and the eigenvectors of the operators j% and v, are

given by
iPljesa) =30+ Dljosa),  waljosa) = ¢*|josa), (2.24)
where
1
lja;a) = N m;j qP(J:m:a,a)’j7 m), a=0,1,...,27, (2.25)
and
p(j,m,a,a) = %(j—i—m)(j—m—i—l)a—l—(j—i—m)a. (2.26)

The spectrum of v, is nondegenerate. For fixed j and a, the 25 + 1 eigenvectors

|jas a), with a = 0,1,...,25, of the operator v, generate an orthonormalised basis

Bo = {ljasa); a=0,1,...,2j} (2.27)
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of the space £(j). In addition, we have

. . 1
ymijosa)| = —Fm—/—,
(4, mljc; a) T

so that the bases B, and S; are mutually unbiased.

m=—j,—j+1,...,5, a=01,...,2j, (2.28)

Let us now consider the overlap between two bases B, and By corresponding to

the schemes {52, v,} and {j2, v}, respectively. We have

. 1 & o imbaba
(jasaljp;b) :m Z gPUmbab=e), (2.29)

m=—j
With the help of a generalised quadratic Gauss sum S(u, v, w) defined by

Jw|—1
S(u,v,w) = Z e/ m(uk? vk) fw (2.30)
k=0

where u, v, and w are integers such that uw # 0 and uw + v is an even integer [46],

we have the following result.

Proposition 3 For b # a, the overlap (ja;aljB;b) can be written as
(jas alB;b) = = S(u,v,w), (231)
where
u=a-—Db, v=(27+1)(b—a)+2(8 — ), w=2j+1, (2.32)
witha—b==+1,+2,..., 425 and o, =0,1,...,25. Furthermore, for 25+ 1 prime

we have
1

V2j+ 1
witha —b=+1,+2,...,£2j and o, 5 =0,1,...,25.

[(ja; aliB;b)| = (2.33)

We give a first proof involving only arithmetics in the ring Zsaj;q1 of residual
integers modulo 25+ 1. It is an adaptation, in the framework of angular momentum,
of the method developed in [18] in order to construct a complete set of MUBs in C¢
with d prime. Afterwards we will give a second proof involving the same arithmetics,

but more in relation with Gauss sums.

Proof. The proof of (2.31) is straightforward with a translation by j of the index
of the sum in (2.29).
As to (2.33), we start from

Va2 = vp, n=b—a€lZ, (2.34)
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which can be derived from (2.20). In view of Proposition 2, the action of the operator

12" on some vector |jf;b) leads to
vaz"|jB0; b) = ¢’ T 0]iBy; ). (2.35)
Furthermore, if we put

then formulae (2.19) and (2.25) give
2"[7B0; b) = ¢*"1581;b). (2.37)

Let us consider the scalar product (jo; alvgz™|j5g; b). This product can be calculated
in two different ways owing to (2.35) and (2.37). We thus obtain

(G alval7B1; b)| = [(Ga; aljBo; b)] - (2.38)

Since v, is unitary and (v,)%*! = I, we can write

va = (0))% (va) va = (V])% (va)¥ " = (W) (2.39)

a

Finally, the introduction of (2.39) into (2.38) produces

[(Fa; aljBq;0)| = [(ja; aliBo; b)) - (2.40)

The number of different 3, modulo 2j+1 that can be reached by repeated translations
of By is (2§ +1)/ged(25 + 1,n). The conclusion follows. m

The second proof uses arithmetics in Gauss sums. It is divided into two parts,
whether the first argument of the Gauss sum under consideration is even or odd.
But we shall see that in fact, the method for the odd case is general enough to
encompass the even case. The reader may also have a look at the following section

about arithmetics applied to Gauss sums.

Proof. We have

2j
(2 + 1) (jasaljBib) = S(u,v,2j +1) = Y g +h)/2) (2.41)
k=0

where u = a — b, v = (2§ + 1)(b — a) + 2(8 — a), and q = 7/ (27+1),

For j = 1/2, the generalised quadratic Gauss sum S(u,v,2) can be easily calcu-
lated and we then check that (2.33) is satisfied for 2j + 1 = 2.

We carry on with 25 + 1 equal to an odd prime number. In S(u,v,2j + 1), the
integer u is such that —25 < u < 2j and, for 2j + 1 prime with j # 1/2, the integer

v has the same parity as u. We shall thus consider in turn u even and u odd.
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In the case where u is even, we introduce the two integers £ = u/2 and n = v/2.

Then we have
27
S(u,v,2j+1) = Z q5k2+’7k, (2.42)
k=0

where the exponent of ¢ may be taken modulo 25 + 1. A translation of the index k

gives
25
S(u,v,2j +1) = Y gt hHOHHnlhtt), (2.43)
k=0

Since the elements appearing in the exponent of ¢ may be considered to be the

elements of a field, there exists ¢ such that 2§t+n = 0 (mod 2j+1). With this value

of t, we get
2j

>

k=0

1S (u, 0,2 + 1) = . (2.44)

The value of the rhs of (2.44) is /25 + 1 (see [46]). Therefore, (2.33) is proved for
2j 4+ 1 odd prime and u even.

In the case where u is odd, let us introduce the canonical additive character of
Z/(2(25+1))Z

¥ (Z)(22) + 1)Z,+) — (C, x), x+— ¢¥/2, (2.45)

with y € Z a representative of x modulo 2(2j + 1). Consequently, we have

2
S(u,v,2j+1) = Zv,b(qu + vk), (2.46)
k=0

where the argument of ¢ stands for a residue modulo 2(25 + 1). In order to apply
the translation trick and to get rid of the linear term, as in the even case, k has to
range over a complete set of residues modulo 2(25 + 1). For this purpose, we may

for instance consider the extra sum

2(2j+1)—1 2j
S w(ultol) =Y (uk® +2(2+ uk+u(2j+1)* +vk+v(2j+1)). (2.47)
0=2j+1 k=0

The second term of the argument of ¢ in the rhs of (2.47) vanishes under . More-

w(2j +1)2 +v(25 +1) =2(25 + Duj + (u+v)(2j+1) =0 (mod 2(25 +1)) (2.48)

since u + v is even. Hence, the extra sum is equal to S(u,v,2j + 1) so that

1 2(2j+1)—1
S(u,v,2j+1) = 5 > w(uk® + k). (2.49)
k=0
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Now let us carry out the translation:
u(k + )% + vk +t) = uk?® + (2ut 4 v)k + ut® + ot. (2.50)

Since u is odd and between —2j and 2j, it is invertible modulo 2(2j 4+ 1). Choosing
t=wu"t (mod 2(2j + 1)), we see that

|S(u,v,2j + 1)| = |S(u,v + 2,25 + 1), (2.51)

where an increase of v by 2 amounts for an increase of § — a by 1. Therefore,
the moduli in the lhs of (2.33) do not depend on  — a. To show that they are
independent of a — b, we need only remember that the overlaps (jo;aljf;b) are

coeflicients connecting two orthonormalised bases. Consequently

27
> ez alisb))? =1 (2.52)
a=0
and
Va€{0,1,...,25}, (27 +1)|(asaljB;b)|* =1, (2.53)

so that (2.33) is proved for 2j + 1 prime and u odd. =

At this point, it is interesting to emphasize that the method we have developed
to handle the odd case works in the even case too. Suppose u = 2"u/, with v’ not
divisible by 2. In the translation Relation (2.50), the term 2ut should be replaced
by 2"*1u/t, where u’ is invertible modulo 2(2j + 1). Thus v + 2 in (2.51) is replaced
by v 4 2"*! and an increase of v by 2"*! amounts for an increase of 3 — a by 2".
Since 2" is coprime with 2j 4 1, all values of § — a will be swept over modulo 25+ 1

and the result follows.

We now gather Propositions 2 and 3. It is known that for a d-dimensional
Hilbert space, with d prime (d = p) or a power of a prime (d = p®, with p prime and
s positive integer greater than 1), there exists a complete set of d+1 MUBs. In our

particular context, for d = p = 25 + 1 prime, the orthonormal bases
B, ={|ja); a=0,1,...,p—1}, a=0,1,...,p—1

satisfy (2.33), so that they constitute an incomplete set of p MUBs. But according

to Proposition 2, the bases S; and B,, with fixed a, are also unbiased. Therefore

Proposition 4 Forp = 2j+1 prime, the computational basis S; given by (2.8) and
the bases B, with a = 0,1,...,p — 1, given by (2.25), constitute a complete set of
p+1 MUBs in CP.

We close this section with a few remarks concerning the number of bases which
are unbiased with a given basis. In the second proof of Proposition 3, one of the key

arguments is that v or v/ must be invertible modulo 2(2j+1), which was immediately
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checked since 2j + 1 was prime. This argument cannot be used when the dimension
d = 2j + 1 is a power of a prime, d = p° (p prime and s integer greater than 1).
However, taking p # 2, let us consider the bases B, (a = 0,1,...,d — 1) whose
vectors are given by (2.25), with j = (d—1)/2. We remark that the number of bases

B, (a ranging) that are unbiased with one of them is at least p(p®) = p® —p*~ !, a

remark that is also valid for arbitrary dimension. If d = pi*p3? - - - pir, with p; # 2
for i =1,2,...,n, then the number of bases B, (a ranging) that are unbiased with

one of them is at least

n
o(d) =[] — 0y
=1

These considerations can be expressed in a geometrical way in the case of a prime
power dimension d = p°®, with p # 2. Any integer a between 0 and p® — 1 can be
written in the form

a=ay+ap+--+as1p” ",

with 0 < a; < p—1fori=0,1,...,s — 1. Thus, any basis B, corresponds to
the point of coordinates (ag, a1, ...,as—1) in an affine space of dimension s over the
Galois field Z,. Moreover, we see that two bases B, and Bj are mutually unbiased
if ag — by # 0, which excludes a hyperplane of the affine space. In fact, we will see in
Chapter 5, Theorem 21 p.71 that this is also a necessary condition. Whenever d is
a product of prime powers, all of the primes being different from 2, a generalisation
is straightforward by the use of the Chinese remainder theorem. We shall find again

such a geometrical pattern in Chapter 3.

2.3 Arithmetics and Gauss sums

As a byproduct of our study, it is worthwhile to mention that arithmetical methods
can be used to derive relations between generalised quadratic Gauss sums. We are
going to give an example in order to know whether some Gauss sums are 0 or not
without calculating them. By the way, we find and use a result (2.60) which is
usually demonstrated with the help of the reciprocity theorem.

The Gauss sum S(u,v,w) as defined in (2.30), with u, v, and w integers such

that w # 0 and uw + v even, can be rewritten as

|w|—1—t
S(U,’U, U}) — q(ut2+vt)/2 Z q(uk2+(v+2ut)k)/2’ te Z, (254)
k=—t

with ¢ = €2™/*_ This is again a simple translation in the index k. Moreover, as a

more general version of (2.48), we have
uw? + vw = (uw +v)w =0 (mod 2w), (2.55)

which, as we have already learnt, shows that, in spite of the factor 1/2 in the

exponent of ¢, a translation by w of any of the indices £ does not modify the sum
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in (2.54). Hence,
S(u,v,w) = q(“t2+”t)/2S(u, v+ 2ut, w). (2.56)

For ¢ ranging and fixed u, v, and w, the number of different values of v+ 2ut modulo
2(25 + 1) is |w|/ ged(u, w); the corresponding Gauss sums are equal up to a phase
factor.

If there exists ¢ such that ut + v = 0 modulo w, then (2.56) yields

S(u,v,w) = £S(u, —v,w). (2.57)

In details, whenever the equation

tu+ kw =wv (2.58)
has an integer solution in (¢, k), (2.56) simplifies to
S(u,v,w) = e ™S (u, —v, w). (2.59)

Besides, by using again the translation method, we see that

0
S(u,v,w) = Z g TR)/2 = S(u, —v,w), (2.60)
k=—|w|+1

a result that also follows by applying twice the reciprocity theorem [46] for gener-
alised quadratic Gauss sums whenever u # 0. So if kt is odd, S(u,v,w) = 0.

Let suppose kt is odd, so that k and ¢t are odd, and examine the system

(2.61)

uw + v even,
tu + kw = v.

If v is odd, then u and w are odd as well from the first condition. Then tu + kw
is even whereas v is odd. Thus v is even. If u is odd, then w is even from the first
condition. Then again tu 4 kw is odd whereas v is even. Thus w is even. u and w

having symmetric roles, w is even as well. In conclusion, we have

Proposition 5 S(u,v,w) = 0 whenever the following conditions are satisfied:

u, v, w even, (2.62a)
vp(v) > min(vy(u), vp(w)) for all prime p > 2, (2.62b)
and
va(u) # va(w) == wv2(v) = min(va(u), va(w)) (2.62c)
va(u) = va(w) == wa2(v) > min(va(u),va2(w)) (2.62d)

For instance, one may check that they are satified by (u,v,w) = (2,6,8). But
not by (4,10, 12), as both Conditions (2.62b) and (2.62d) are unchecked in that case.



Chapter 3

The projective structure P(Z}')

In this chapter, we begin by presenting the Pauli group, a subgroup of U(d). Sec-
tion 3.1 recalls all the known features about it that we shall need. The diagonalising
bases of Pauli operators are well-known to provide MUBs, which we will call Pauli
MUBs. Bandyopadhyay et al. gave a recipe for that in [18], resting on Galois fields
calculations in [7]. However, they did not give a complete isomorphism between
the unbiasedness relation among bases and the various maximally commuting sets
of Pauli operators to diagonalise. In order to establish a suitable relation among
maximally commuting sets of Pauli operators and then the desired isomorphism, we
are first led to study the projective structures P(Z}"). In Section 3.2, we introduce
the wedge product to quantify neighbourness between projective points. We also
derive there the counting properties we shall need to relate to MUBs in Section 3.3.

Section 3.4 is a mathematical complement relating neighbourhood to group theory.

3.1 The Pauli group

Let d be any integer greater than or equal to 2 and put
o
q = exp (?) ; (3.1)

the canonical primitive root of unity of order d. The Hilbert space C¢ is endowed
with a computational basis which we denote with the classical convention in quantum

information

{10),]1),...,]d—1)} (3.2)

where the indices are taken in Zg4, the ring of integers modulo d. We define on C%

two fundamental unitary operators: the shift operator X by

VieZyg, X|i)y=1i+1) (3.3)
and the clock operator Z by

Vi€ Zy, Z|i)=q"|i). (3.4)

33
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For any particular value of d, they may be written in matrix form. For d = 2, we

get the usual Pauli matrices o, and o, of spin 1/2 physics:

X_O'x_<01>, Z—az—<1 0). (3.5)
1 0 0 -1

For d = 4, one gets

000 1 10 0 0
1000 0 0 0

¥ — . Z= ¢ (3.6)
0100 00 -1 0
0010 00 0 —i

Thus Z is a diagonal operator with eigenvectors the vectors of the computational
basis and X operates a circular permutation among the eigenvectors of Z. Both

operators are idempotent:
Xi=7%=1,, (3.7)

with I, the identity operator on C?. So, in the expressions X¢ and Z° with a,b € Zg,
the exponents may be counted modulo d, which will be the case from now on. In

the same way, for any integer k, we will consider that k € Z,; in the expression ¢*.

We will call the operators of the form ¢°X®Z%, with a,b, ¢ € Zg, the elementary

Pauli operators and denote their set
P(d) = {¢°X" 2" a,b,c € Za}. (3.8)

This is indeed a subgroup of the group of unitary operators on C?. The fundamental
ingredient in the study of these operators is the following commutation relation that

can be easily checked from the definitions:
XZ=q'ZX. (3.9)

With the following notation for the group theoretic commutator,

[A,B], = ABA™'B™Y (3.10)

Relation (3.9) also reads
(X, Z)g =q ‘14 (3.11)

From (3.9), one derives:
Va,b,u,v € Zg, (XZ°)(X"Z%) = ¢ (X 2)(X2ZY), (3.12)

or equivalently

Va,bu,v € Zg, [X°Z°, X2y = "1, (3.13)
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We dropped the global phase factor ¢¢ that appears in the definition of Pauli op-
erators as it is irrelevant for commutation relations. The exponent of ¢ in (3.13) is
nothing but the opposite of the symplectic product of the vectors (a,b) and (u,v)
in Zfl. The symplectic inner product is defined by

a u

w((a’a b)?(ua U)) = b v

= av — bu. (3.14)

It is a bilinear form whose representative matrix in the canonical basis of Zg is

0 1
J = ( o 0). (3.15)

Therefore two elementary Pauli operators X®Z? and X*“Z¥ commute iff

w((a,b), (u,v)) =0. (3.16)

As a general rule from group theory, the set of commutators
D(P(d)) = {[X*Z°, X" Z")g; a,b,u,v € Zg}, (3.17)

called the derived group of P(d), may be used to factorise P(d) into a commutative
group. Namely, D(P(d)) is a normal subgroup of P(d) and P(d)/D(P(d)) is com-
mutative. In the particular case of elementary Pauli operators, the derived group
happens to be the center of P(d), that is to say the subset of operators in P(d) that

commute with any other one in P(d):
D(P(d)) ={q"la; ¢ € Za}, (3.18)

Thus the members of the quotient group P(d)/D(P(d)) depend only on the two
parameters a,b € Zg and may be represented by the two component vector (a,b) €

Z?l. In fact, we get the isomorphism
(P(d)/D(P(d)), x) =~ (Z3,+). (3.19)

Since commutation relations in P(d) depend only the exponents of X and Z,
all the information about commutation relations is contained the quotient group.
So, the isomorphism is a kind of logarithm that can be used to investigate these
relations on the basis of algebra in the Z -module Z?l, endowed with the symplectic

inner product w.

Now we define the Pauli group P(d,n) to be the set of the n-th tensorial products

of elementary Pauli operators in P(d):

n

P(d,n) = Q) P(d). (3.20)

=1
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A quotient group of P(d,n) is still obtained by getting rid of the global phase factor

and we get the isomorphism
class(X1Z" @ ... @ X" Z%) ~ (a1, by, . . ., an, by) € Z2". (3.21)

The Zg4-module Zfln is endowed with its canonical symplectic structure so as to

account for the commutation relations of the Pauli operators:

[XmZIn Q- ® Xaann’XCIZdl ® - ® chZdn]g =7
= w((a1,b1,...,an,by), (c1,d1,...,cn,dyn)) =0, (3.22)
where the bracket is the group theoretical commutator and w is now the symplectic

product over Zg”. In matrix form, w is defined by the 2n x 2n block diagonal matrix
Jn, with n blocks equal to J:

Jp = diag(J,...,J), n blocks, (3.23)
so that .
w((al, bl, ey Qpy, bn), (Cl, dl, ey Cpy dn)) = Z aidi — bici. (3.24)
=1

In this thesis, we are to make an extensive use of the latter Z4-module tran-
scription of the quotiented Pauli group. In brief, a Pauli operator on C%" up to a
complex multiplier can be represented by a vector in Z?l". The commutation relations
among these operators are transcribed in this algebraic framework into computing
a symplectic product. In particular, two operators commute iff the corresponding
symplectic product is 0.

A basic fact is that two colinear vectors have a zero symplectic product. Indeed,

for n = 1 for example, one has
w((ka, kb), (la,1b)) = 0. (3.25)

Since we will be interested in maximally commuting sets of Pauli operators, we are
thus led to consider the projective structure of Z2", namely P(Z2").

In the forthcoming sections of this chapter, we largely put aside the role of the
symplectic product and get more familiar with the projective structures in finitely
generated Zg-modules, by comparing with the field case. Moreover, in order to be
as general as possible, we will consider Z' instead of Z(Qi”, with m either even or
odd. In fact, another idea is behind the features we are going to investigate here, as

we shall see in Section 7.4.

3.2 Neighbourhood and distance

In a vector space, that is to say one uses a base field as R or C, any two linearly

independent vectors generate the same structure, namely a 2-dimensional subspace.
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Figure 3.1: Two lines over a base field, as R or C

— - o~

~ ~ p—

Figure 3.2: Two lines over a base ring, as Zg4

Two vectorial lines over a field intersect only at the origin (see Figure 3.1). In the
projective language, two distinct points of a vector space generate a projective line
and all the lines thus obtained are isomorphic. This is no more the case in general
over a ring, for instance Z; whenever d is not a prime. There two lines may intersect

at points other than the origin (see Figure 3.2).

We are specifically interested in the case of the ring Z;. The results we are going
to present were known in the particular case of qubits (d = 2) and qutrits (d = 3), as
well as for some other particular dimensions. These results were derived in [37,47—
49], in the framework of extensive computations with the group theoretical software
GAP and comparing with previous studies in projective geometry over various finite
rings [50,51]. In this thesis, we concentrate on the overarching projective structure
and prove these results mathematically so that they are valid in any dimension. We
remark that our results are stated in terms of Zg4 only. We also connect with the

wedge product, as a new tool for characterising neighbour or distant points.

Let d be any integer greater than or equal to 2 and m be a positive integer. We
first specialise in the case d a power of prime, say d = p®, with p a prime integer
and s a positive integer. The general case will be deduced from that latter one with
the use of the Chinese remainder theorem. Moreover, v(z) will denote the order of

any element x in a group G and v, (k) the p-valuation of any k € Zj.
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3.2.1 Special case: d a power of a prime

We consider Z7', d = p°®, endowed with its canonical structure of Zz-module. A
vector x € ZJ is said to be free iff v(z) = d, or in other words iff the canonical
map f: Zq — Z', k — k- is injective. If x is free, we say that (x) = Im f, the
submodule generated by z, is a projective point in Z7'. The set of all projective
points in Z}* will be called the projective net built over ZJ' and denoted P(Z}').
The cardinality of P(Z}") is the number of free vectors in Z}}* divided by the number

of invertible elements in Zg:

. d(P(Zm)) psm _ p(sfl)m (3 2% )
ar = ha
d ps _ ps—l
m—1 m—1
_ pskp(sfl)(mflfk) _ Z p(s—l)(mfl)+k (326b)
k=0 k=0
_ e-nm-pP" =1
» = (3.26¢)

What we said above in comparing "spaces" over fields and rings show the interest

of the following lemma.

Lemma 6 Let x1,x2 € Z' be two free vectors. Then the following three statements

are equivalent:
1. The following map is injective:

for T o— I (3.27)
(k1,k2) +— kiz1 + kowo.

2. (z1) N {x2) = {0}
3. x1 A xo is a free vector of /\2 VAN

Proof. (1) = (2) is obvious. If (xz1) N (x2) = {0}, then, according to Lemma 44
p.143 with x = 21 and y € (z3), the map

k— x1 A kxo (3.28)

is injective and so x; A xg is free. Finally, let us suppose that (3) is true and let
ki,ks € Z4 such that kixq + kexo = 0. Then kiz1 A x2 = 0 and so k; = 0. In the
same way ko = 0. Thus f5 is injective. m
With the notations of the lemma, there is in fact a one-to-one correspondance
between Card(Im f3) and v(z1 A z2). To see this, one may choose a computational
basis such that z1 has all its coefficients but the first one equal to 0 and =5 has all
its coefficients but the first two ones equal to 0 (see Lemma 38 p.132). Then it is
obvious that the order of x1 A x5 in /\2 7y is the order of the second coefficient of
x2 in Z7" and so
Card(Im f2) = v(z1 A x2)d. (3.29)
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We can now restate the definition of neighbourhood and distance (see Appen-
dix E).

Definition 7 Let (x1),(x2) € P(Z}). If one of the three properties of Lemma 6
is satisfied by the vectors x1,x2, then they are said to be distant and so are the
corresponding projective points. Otherwise the two vectors are said to be neighbour

and so are the two projective points, which is denoted V(z1,x2) or V({(z1), (x2)).

We have to check that the notion of distance and therefore that of neighbourhood
among projective points are well-defined. It has to be independent of the choice of
the free vectors 1, xo to generate the projective points under consideration. In fact,
Properties 2 and 3 of Lemma 6 are obviously independent of that choice. If one
wished to generalise the notion of distance into a quantitative way, then v(xzq A x3)

or v(xz1 A x2) - d would be possible candidates.

Proposition 8 Whenever d is a power of a prime, the neighbourhood relation V is

an equivalence relation both for vectors and projective points.

Proof. It is obviously reflexive and symmetric. To show that it is also transitive,
let ,y, z € Z be three free vectors such that V(z,y) and V(y, z) and let us suppose
that  and z are distant. We may suppose that x has all its coefficients but the first
one equal to 0 and z has all its coefficients but the first two ones equal to 0. By this
assumption and Property 3 of the lemma, 1 and 25 are units of Z4. Hence, according
to V(z,y) and Property 3, the y;’s, i € {2,...,m}, have to be noninvertible. Then in
the same way, y; has to be noninvertible according to V(y, z). But this contradicts
the fact that y is a free vector. The transitivity of V for projective points follows

immediately. m

From now on, we will be interested in the neighbourhood relation in P(Z"). Let
(z) € P(Z}). In order to find the cardinality of the class of (x), we may first choose

a basis of ZI' such that x reads
x=(1,0,...,0) (3.30)

as in the previous proof. Hence the points neighbour to x read (y) with some y of

the form

Y= (y1,0Y2:---»PYm)> Y1 & unit. (3.31)

Therefore the cardinality of any class of V is

s _ ps—1,(s—1)(m—1)
Card(class (z)) = 2= —P . Jp - = pls=D(m=1) (3.32)
p—=D
and according to (3.26¢) the number of classes is
m pm -1
Card(P(Z7)/V) = (3.33)

p—1"
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Examples: According to (3.26¢), P(Z3) has 3 points (Figure 3.3) and P(Z3) 4 points
(Figure 3.4). Relations (3.32) and (3.33) both shows that in those two projective
structures, no two points are neighbour. More generally, the projective net P(ZJ")
has as many classes as points, with one point per class. But P(Z32) has 6 points, 3
neighbourhood classes and 2 points per class (Figure 3.5). The projective net P(Z3)
is in fact a doubling (p(*~D(m=1) = 2) of P(Z3). More generally, P(Zp:) can be
arranged into a set of parallel lines where two points are neighbour iff they belong

to one and the same line. [J

(0,1)) ((1,0)) ((1,1))

Figure 3.3: Neighbourhood relations in P(Z%)

(0,1) ((1,0)) ((1,1)) ((1,3))

Figure 3.4: Neighbourhood relations in P(Z32)

(2, 0) ((1,2) ((1,3))

(0,1)) ((1,0)) ((1,1))

Figure 3.5: Neighbourhood relations in P(Z2)

3.2.2 General case: d any integer > 2

Now let us deal with the case of a general d = [[, p;*. With the use of the Chinese
remainder theorem, we first see that the points of P(Z]') can be arranged into a

multidimensional grid:

Pz~ [P (2). (3.34)

and so

Card(P(Z)) = [ Card (P ( g)) . (3.35)

Also Lemma 6 is still valid and so we take up the same definition of neigbourhood
and distance for a general d. With m; the canonical projections associated to de-
composition (3.34), we have for all (z1), (z2) € P(Z]})

V((21), (x2)) <= Fi, V((mi(21)) , (mi(22)))- (3.36)
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The neighbourhood relation is no more transitive and thus is no more an equivalence
relation. But the Chinese remainder theorem and what we know about the special
case of d a power of a prime are enough to give the structure of the projective net
P(Z}') for a general d. If we rule out the case m = 1, each prime factor p; of d
contributes one or two dimensions to the grid whether s; = 1 or s; > 1, respectively.
Whenever C; is a class in P (Z;%i), then the hyperplane 7, L(C;) is a set of pairwise
neighbour points in P(Z]'). More precisely, two points in P(Z') are neighbour iff

they belong to one and the same of those hyperplanes.

Examples: Starting from the structures of P(Z2) and P(Z3) (Figures 3.3 and 3.4),
one obtains the structure of the projective net P(Z2) (Figure 3.6). Since 6 has no
square factor, this is a grid. More generally, if d = Hle p; has no square factor,
then the projective net P(Z]') may be represented by a k-dimensional grid where
two points are neighbour iff they belong to one and the same hyperplane. On the
contrary, since 12 has a square factor, the projective structure of P(Z%2) is more
complicated (Figure 3.7). It may be represented by a (3 x 2) x 4 grid with only
two families of parallel hyperplanes accounting for neighbour points, namely the

hyperplanes orthogonal to the first and third canonical directions. [

((1,0)) ((1,2)) ((3,2)) ((5,2))

((2,3)) (2, 1)) (0, 1)) ((4,1))

Figure 3.6: Neighbourhood relations in P(Z2)

(3) /(’2 |

a (1)

Figure 3.7: Neighbourhood relations in P(Z2,): a is neighbour with b and ¢, but b
and c are distant.
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3.3 Neighbour points and MUBs

We here relate the features we have just developed to the study of MUBs. We have
to say in anticipation of the results presented in Chapter 5 that if one works with
Pauli operators that are tensorial products of k elementary Pauli operators, then
the maximally commuting sets of interest in order to get MUBs are generated by k
operators. Since in the present chapter, we look only at the projective points and so
at the monogenic sets of operators, we must have m = 2 in order to relate to MUBs.
That is to say we have to rule out any tensorial product. Moreover, Theorem 21
establishes that the key feature in the search for MUBs out of Pauli operators is
a symplectic product. But this notion coincide with the wedge product only for
m = 2.

In particular, it will follow from Theorem 21 that two Pauli operators X*Z% and
X¢Z4 define two unbiased bases by diagonalisation iff ad — be is a unit, that is to say
in the projective point language iff (a,b) and (¢, d) are distant. Thus, the structure
of a projective line over Z; we explicited above shows that if d = [, p;* and p; is the
minimum of the prime factors appearing in the decomposition of d, then the number
of MUBs one can get with such nontensorial Pauli operators is at most p; + 1. This
is in agreement with the more general, limiting results obtained by Archer in [17]:
We have no grasp on composite dimensions. In addition, we know how to build at
least min,; {p;’} +1 MUBs in C%, which shows that if one wants to build this number
of MUBs by diagonalising Pauli operators, then tensorial products are mandatory.
At this stage, we do not know how many factors must be involved in the tensor

product. So, we shall retain

Proposition 9 Let d = p® be a power of a prime, with s > 1. With the help of
P(d), one is able to get only p+ 1 MUBs, whereas a mazimal set of MUBs contains
p® + 1 of them. Thus tensorial products of Pauli operators are mandatory in order

to reach this mazimum.

The way to take this into account in a projective, geometrical framework will be
developed in Chapters 4 and 5. We already know after the work by Bandyopadhyay
et al. [18] that P(p, s) is a convenient Pauli group for the purpose of finding p® + 1
MUBs in CP". We shall prove that it is indeed the only one.

A final remark is in order. In case m = 2n, we may retain from our first naive
projective framework a very basic property. There exists a linear form ¢ : /\2 Zin —

Zg4 such that for all x1, 29 € Zgn, their symplectic product is
w(z1,x2) = p(T1 A 22). (3.37)

If w(z1,x2) is a unit, then x1 A xg is free. Thus Theorem 21 will show that in order

to build MUBSs, one needs a precise number of pairs of distant vectors or points.
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3.4 Neighbourhood classes as orbits

This last section is a mathematical complement relating neighbourhood in a projec-
tive net to group theory. However, its content will not be used in the forthcoming
chapters.

In Section 3.2, we gave a way to know whether two given vectors or projective
points are neighbour or distant. If only one vector or point is given, we are going to
show that its neighbourhood can be characterised in a geometrical way. Namely, the
equivalence classes of V can be obtained as the orbits of a convenient group action.
For simplicity, we take d = p®.

Let G = GL(m, Zg) act naturally on Z" and also on P(Z]") by

Vg e G, V{(x) e P(ZF), g-(x)=(9z). (3.38)
This action is compatible with V (see [52]):
Vg€ G, V(x1), (x2) € P(Z7), V((z1),(22)) == V((g21),(972)).  (3.39)

Therefore we build an action of G on the neighbourhood classes and we search for
the kernel K of that latter action. For any ® € K and any z € Z7', we must have
V(z,®x). In particular with = the canonical basis vectors of ZJ' or the sum of two

of them, we see that
1. Vie{l,...,m}, ¢, is a unit;
2. Vj# i, 3p; € Zay, 9y = Pl
3. Vi, j€{l,...,m}, Jvij € La, ¢y — b;; = Prij-

Those three conditions obviously define a subgroup Ky of G that contains K. Con-
versely, let ® € Ky, x € Z' and let us denote ocp any multiple of p. We may suppose

without loss of generality that x is of the form

T = (UL, ., Uky XD, ..., XD), (3.40)
where u1,...,u; are units with £ > 1. Then
Qx = (¢11U1+ O(p77¢kkul€+ xp, OCp,,OCp) (341)

and with Condition 3 we have, for all 4,5 € 1,... )k

Ui QUi+ oXp

u]' ¢jjuj+ xp 77 1) Y1ty

Therefore K = K.

In order to illustrate the use of Condition 3 once again, we can show directly
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that K is normal in G. Indeed, let U € G and ® € K. We have
(RU)kj = dprunj+ o<p (3.43)

and then, with ugj the coefficients of U1,

(UTRU)y; = Y uip(PU)kj = ) Spipunj+ oxp (3.44a)
k=1 k=1
- ¢llz“zk% Z% P11 ujpur+ oxp  (3.44b)
k=
= ¢115zg+ xXp- (3.44c)

Hence U~'®U satisfies the three conditions above.

In general G/K is a proper subgroup of the permutation group of the orbits. If
some g € G stabilises the 2m — 1 orbits determined by the canonical basis vectors e;
and the sums e +¢;, j # 1, for instance, then we saw that g € K. Let us see when

the following inequality is checked:

pm _ 1
—(2m—=1) > 2. 3.45
| (2m—1) > (3.45)
It also reads
(pmfl N 2) + (pm*2 _ 2) 4+t <p2 — 2) + (p — 2) > 2. (3.46)

This inequality is false only for:
e m=1,
e m=2andp=2,

e m=2and p=23.



Chapter 4
Lagrangian submodules

In the previous chapter, we saw that we have an isomorphism
(P(d,n)/D(P(d,n)), x) =~ (Zg",+) (4.1)

and that

(X1Zh @ @ Xz X979 g @ X Z™], =1
<> w((a1,b1,...,an,bp), (c1,d1,...,cn,dy)) =0, (4.2)

where the bracket is the group theoretic commutator and w is the symplectic product
over Z2". Therefore, on the one hand, maximally commuting sets of Pauli operators
are accounted for by special submodules in Zg”. On the other hand, for any sub-
module M of Z2", the notion of interest is the symplectic orthogonal of M defined
by

M* = {x € Z¥"; Vy € M, w(z,y) = 0}. (4.3)

Then a submodule M is called

e isotropic if M C M¥,
e coisotropic if M¥ C M,
e Lagrangian if M = MY.

e symplectic if M N M*“ = {0},

Let M be a Lagrangian submodule. M is isotropic. Let us suppose that there
exists an isotropic submodule N such that M C N. Then M ¢ N C N¥ C M¥
and hence M is not Lagrangian. Thus, a Lagrangian submodule is isotropic and
maximal for inclusion restricted to isotropic submodules. Theorem 13 below will
show that the converse is also true. We thus see that maximally commuting sets of
Pauli operators are transcribed in the module language into Lagrangian submodules,

since the corresponding modules are the maximally isotropic ones. Our goal will then

45
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be to characterise Lagrangian submodules and express them in as simple a way as
possible.

The general, arithmetical and algebraic tools we need are set out in the appen-
dices in details. We extract here only the essential features adapted to our particular

context.

Lemma 10 Let d > 2, aj,a0,...,a; € Zgq and § be one of their ged’s. For any
i€ {l,...,l}, one can find ki,ka, ...,k € Zq with k; € U(Zg) such that

l
5 = Z k‘jaj. (4.4)
j=1

In the following lemma, v1,v9s are the orders of the vectors aj,as € Z?l”, re-
spectively. Then v V va denotes the lem of v and vg, and (x,y) stands for the

submodule generated by  and y. By the way, x Ay will denote the ged of z,y € Zg4.

Lemma 11 Let ay,a9 € Z?l” of order vi,vy respectively. There exists a linear
combination a of a1,as of order v = v1 V vy and a linear combination b of a1, as
such that

(a,b) = (a1,az) . (4.5)

Proof. Refering to the Chinese remainder theorem we may assume that d is a power
of prime, say d = p®. In that case, with ¢ = 1 or 2 such that v; = max(v1,vs), we
simply put a = a; and b equal to the other one of the a;’s. =

Note that for any linear combination = = x1a1 + z2a2 of a1 and ao,
ve = x1(vay) + x2(vaz) = 0. (4.6)

Thus for all x € (a1, ag), the order of = divides v.

Now suppose that we are given a minimal basis b = (b1, ...,b,) of a submodule
M of Zg". That is to say that one cannot find a basis of M with less than r vectors
and we shall say that M is a rank-r submodule!. Let B be the matrix of size 2n x r
whose i-th column is b;. The matrix B is called a basis matrix for M and necessarily

r < 2n. Owing to Lemma 11 and associativity of lem, we may suppose that

T

v(br) = \/ v(by), (4.7a)

i=1
Vm € M, v(m)|v(b). (4.7b)

An algorithm which set any matrix M that way will be called <. It consists of an

appropriate right-multiplication by an invertible matrix R(M).

'"We use the notion of rank in an extended fashion as here it applies to any submodules, including
those that are not free.
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4.1 A first symplectic reduction algorithm

0 1
J=<_1 0) (4.8)

then in matrix form, w is defined with respect to the canonical basis by the 2n x 2n

If we put

block-diagonal matrix

Jp = diag(J,...,J). (4.9)
A basis (b, ..., ba,) represented by a matrix B with respect to the canonical basis
is called a symplectic basis whenever B”.J,, B = J,,, where B” is the transpose of B.
For instance, the canonical basis is symplectic. When one looks after the elementary
divisors of a submodule, the final computational basis may be any free basis of Zg”.
We are now interested in reduction of matrices where changes of computational basis
can only be symplectic, so that in the new computational basis, the inner product
w is still to be represented by J,,. Matrices L used for left-mutiplication thus have

to belong to the set of 2n x 2n symplectic matrices defined as:
Sp(n, Zq) = {L; LY J,L = J,}, (4.10)

The identity matrix is symplectic. A matrix that represents a symplectic basis
with respect to another symplectic basis is symplectic. Note that in Z, a symplectic
matrix has determinant +1. (In fact, one can prove that the determinant is equal
to 1.) The same is thus true for a symplectic matrix over Zg;. This proves that all
symplectic matrices are invertible. Moreover, the inverse of a symplectic matrix is
symplectic.

Our task in this chapter is then the following. Given an r X r basis matrix B
for a submodule of Zfl”, can we find a symplectic matrix S and an r X r invertible
matrix such that SBR is as simple as possible, that is to say diagonal. If yes, how
can we find S and R?

Example: If we take the following basis matrix of a submodule in Zé:

3 3 6 3
0 3 06
B= ) (4.11)
2 810
8 5 4 0
then with
5 0 6 3 0 3 51
7T 2 7 5 1 2 8 6
S = , R = ) (4.12)
4 3 80 7 5 6 4
0 0 4 8 2 3 2 6
where S is symplectic and R invertible, one obtains
SBR = diag(3,3,1,0). (4.13)
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We first address reduction of a single vector and afterwards that of a matrix.
The case n = 1 is trivial and is nothing but substep 2 below. Reduction of a
single vector when n > 2 relies itself on the fondamental case n = 2. The following
substeps are elementary operations that we shall use later on in the various steps of
our symplectic reduction algorithm for matrices. They form a sequence in order to
reduce a vector with four components (z,y, z,¢)? using only symplectic changes of
basis.

» Substep 1: Let x,y,2,t € Zgand § = zAyAzAt. According to corollary 10,
there exist ky, ko, ks € Zq and u € U(Zg) such that

U 0 0 O x T

ki wl ko ks Y B 1)
—ksu 0 1 O z B 21 (4.14)
kou 0 0 1 t t1

S1

where S is symplectic and x1, z1, t1 are byproducts of the choice of k1, ko, k3 and wu.
» Substep 2: Then, with Euclid’s algorithm to calculate a ged, we find

v, w, kg, ks € Zg such that
vz1 +wty = 21 ANty = 20, —ksz1 + kat1 =0, vkg+wks =1 (415)

and we perform a second left-multiplication

10 1 1
01 0 0 0 B )
00 v w 2 2 | (4.16)
0 0 —ky kg t1 0
So
where So is symplectic.
» Substep 3: Since
0= AYANzANt=21 ANIANzy Nty =21 N0 N 29, (4.17)

we also have

(5/\2:2:(.’1}1/\5/\2’2)/\22:5. (418)
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Thus we can find kg such that kgd + 29 = 0 and we perform a third left-mutiplication

1 0 0 kg X1 x1
01 0 0 ) B )
0 ke 1 2 0 | (4.19)
0 0 0 0 0
S3

where S3 is symplectic.

If n > 2, we apply the process defined by this sequence of substeps n — 1 times
in order to end with a vector whose components are null except maybe the first two
ones. At Step i, we set the (2n + 2 — 2¢)-th and the (2n 4 1 — 24)-th components to
0. For a single vector, we can go further and set the second component to 0 as in
the second substep above. We shall soon define a substep 4 to complete this list of

elementary operations.

It is in general not possible to diagonalise nor to trigonalise a matrix using only
a left-multiplication by a symplectic matrix. For instance, let us try to do even

weaker a job with the matrix B in the following equality over Zs, s > 1:

a x v Kk 10 ok
B x 0 ko 0 p B B *
0 = Lp = o1 ] oo (4.20)
0 % lap = 0 0 0 0
L B

Our aim is to find a symplectic matrix L so as to get rid of any nonzero term in
the last two rows. The first, third and fourth column vectors of L, let us call them
C4,Cs and Cy, must be as shown in (4.20). But as L is supposed to be sympletic, C3
must be free and w(C1,C3) = 0. So there exist ks, k4 € Zy such that ksy + k40 = 1
and ad = Bv. Hence («, ) is a multiple of (v, 9):

a = (ksy + kgd)a = (ksa + kaf5)7, (4.21a)
8= (kjg’y + k45)ﬁ = (k‘ga + k4ﬂ)5 (4.21b)

Since C; has to be free, (ksa + k4/3) has to be a unit. Then there exists [ € Zg4 such
that

w(C,Cy) = koao — k18 = (ks + kaf3) (kay — k10) = (ksa + kaf3)(w(C3, Cy) — Ip).
(4.22)
That quantity should be both 0 and invertible and L cannot be symplectic. Then we
shall make use of right-multiplications to complete the reduction. The matrices used

for right-mutiplication need not be symplectic. Still, it is only possible to lower-
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trigonalise that way. Despite that restrictive result, we are to find another way of
reducing that will prove sufficient to classify Lagrangian submodules in Section 4.2.
We shall also need the

Criterion 12 Let a,z,y,z € Zq , a # 0, x a multiple of a and

(4.23)

oS O O 2
o v e 8

There exists a symplectic matriz S such that Sm is upper-triangular iff z is a multiple
of y.
Proof. If z is a multiple of y, we can trigonalise m by applying substep 3.

Given a,x,y, z € Zq as specified in the criterion, § = y A z on the one hand and

k € Zg,v € U(Zg) on the other hand such that § = ky+wvz, we perform the following

left-mutiplication of m by a symplectic matrix Sy:

kvt

1 0 0 a T a x
01 0 0 0 vy B 0 y
0k v 0 0oz | ool (4.24)
000 ot 0 0 0 0
~ ——
Sy m m’

There exists k' € Z4 such that y = k' and let v be the order of § in Zg. In order not
to burden the argument with unessential details, we refer to the Chinese remainder
theorem to suppose that d is a power of a prime, say p°. Let t = vp(a) < s. If m/
is symplectically trigonalisable as set out in the criterion, the symplectic matrix to

use must be as shown in the following equation:

w+ kyp*~t * * * a T wa  *
kap*™"  w l 4 kaop®™t kogp®t koap®! 0 v | _ 0
ka1 pst @ —ak +hr B os]| | o o
k41p57t 9 —042]{/ + oy ﬂQ 0 0 0 O
(4.25)

with w € U(Zg). We leave the checking of that form to the reader. But the
symplectic inner product of the third and fourth columns of that matrix has to be

1, which proves with Bézout’s theorem that k' and v are coprime. Let «, 8 € Zg be
such that ak’ + fv =1. Then ay = ak’6 = (1 — fr)d =06. =

We can now state our

» Substep 4: Let x,9,2 € Zg, 0 =y A z and X = (x,9,2,0)” with respect to
some symplectic basis. One can find a new symplectic basis in which X is written
(x,7,6,0)T. The way to do so is given in (4.24).
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In what follows, we shall need a refined version of the algorithm /. Recall that
for any 2n x k matrix m, k > 1, there exists an k x k invertible matrix R(m) such
that o7 (m) = mR(m). For any 2n x k matrix m, i € {1,...,2n}, j € {1,...,k—1},
and my; ;) the (,...,2n;7,..., k) submatrix of m, <7 ; will be the algorithm defined
by

o j(m) =m ( liz1 Oj=tk—j+1 ) . (4.26)
Op—j+15-1  R(mp )
o7 ; does essentially the same job as & on columns j to k of m, but it takes into
account only the last 2n — ¢ 4+ 1 rows to maximise the order and combines those
columns on the other lines accordingly.
We now go on with the symplectic reduction algorithm for a single Chinese factor.

We suppose that d = p°.

Symplectic reduction algorithm .¥: Suppose we are given a basis b =
(b1,...,bg) of a submodule M of Z2" and B is the matrix of size 2n x k whose
i-th column is b;. To reduce B in a symplectic way, the starting point ist =35 =1
and B’ = B, where ¢ and j are some counters. Then while i <2n—3 and j < k—1,
that is to say while there remain at least four lines and two columns to deal with,
do:

1. Apply & ; to B' and perform a first left-multiplication by a symplectic matrix
in order to set to 0 all the coefficients in the j-th column sarting from the
(i 4 1)-th line. We obtain a matrix B,

2. Apply %4141 to B (1) and perform a second left-multiplication by a symplec-
tic matrix to set to 0 all the coefficients in the (j + 1)-th column sarting from
the (i 4+ 4)-th line. Indeed, as we see with the example above (Equation 4.20),

a step further as we planned to make it in the substeps could affect the j-th

column in a wrong way. We obtain a matrix B whose (i,...,i 4 3;4,j + 1)
submatrix is
pD )
(2% i,5+1
0 b(‘l)l j+1
oS (4.27)
0 bils 1
2
0 biYsjp

3. Performing substeps 2 and 4, we get a matrix B®) whose (4,...,i+3;5,7+1)

submatrix is of the form

1) (1)

bi,j b(i?;'-i-l

0 b/

o (428)
i+2,5+1

0 0

with = € Z4. Notice the line index on the second line.
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4. If z is a unit, apply substep 3 to get a matrix B®. If z is not a unit, just take
B@W = BB,

5. Since every coefficient in the (i,...,2n;5 + 1,...,k) submatrix of BW ig a
@ _ )
Z7j Z’] ?
Ry to set to 0 the coefficients on the i-th row starting from the (j + 1)-th

column. We obtain a matrix B®).

multiple of b right-multiply B (4) by an appropriate, invertible matrix

6. If = is a unit, since every coefficient in the (i + 1,...,2n;5 + 2,...,k) sub-
matrix of B®) is a multiple of bz(i-)l,j = bgfl’j 41, right-multiply B®) by an
appropriate, invertible matrix Ry to set to 0 the coefficients on the (i + 1)-th
row starting from the (j + 2)-th column. We obtain a new matrix B’. If x is

not a unit, just take B’ = B®).

7. If x is a unit, increase ¢ and j by 2. If not, increase ¢ by 2 and j by 1 only. In
this latter case, we need not perform Step 1 at the next pass: The new B®) is

just the new B'.

Once this repeating process is finished, if ¢ = 2n—1, we may reduce the last two rows
by means of substep 2 and a right-mutiplication, so as to have at most two nonzero
coefficients on them. If ¢ < 2n — 1 and j = k, apply a last left-multilplication by a
symplectic matrix to B’ so as to reduce the last column as far as possible without
modifying the others. As an example, if we started with a 2n x 2n matrix B with

n = 8, we may end up with a matrix of the form

*
*
*
*
*
R * % *x % * * *x *x % x
*
*
S (B) = * , (4.29)
R * x % x x x x
*
*
*
*
*
*

where the meaning of the letter R is explained below. ¢

Horizontal lines of stars in (4.29) beginning with an R will be called rent lines
and places marked with an R rent points. A rent line can occur only on an even
row. Suppose (i,7) is a rent point in the reduced matrix. Every coefficient in the
(i,...,2n;7,..., k) submatrix is a multiple of the coefficient underneath the rent
point, at position (i + 1,7). So, if this coefficient is 0, we may stop the algorithm.
Last but not least about rents, it was necessary to perform the algorithm in a single
Chinese factor, since a rent may occur at some position in some Chinese factor while
not in another one. This reduction procedure is thus linked in an essential way to

the Chinese remainder theorem.
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Example: We take again the basis matrix B of a submodule in Zg as defined in
(4.11). Since the first column vector is free, we may suppose that <7 ; leaves B
unchanged and so Step 1 gives

BY = B. (4.30)

Then in Step 2, we reduce the first column by applying substeps 1 to 3 plus Euclid’s
algorithm. We have:

1000 336 3
1180 1750
Sy = , $,B = . (431)
0010 2 8 1 0
800 1 5 2 7 6
1000 336 3
010 0 1750
Sy = , $58,B = . (4.32)
00 2 3 1450
00 7 8 000 3
100 8 336 0
0100 1750
Sy = , 555,51 B = o (4.33
s 08 10 3721 06 00 (433)
000 1 000 3
0100 1750
1600 0000
S = ., B®=¢9.59B= 4.34
2 0010 2730271 06 00 (4:34)
000 1 000 3

We get a matrix B(®) which is already under the form required at the end of Step 3.
Moreover x = 0, so that after Step 4 we get

BW = B®, (4.35)
We then perform Step 5 to get B®):
1 2 40 1 0 00
01 00 0000
Ry = , B®) = BWR, = (4.36)
0 010 0 6 00
0 001 0 00 3
In Step 6, we get
B = B®) (4.37)
since x is not a unit. Finally in Step 7, we put
1=3, j=2. (4.38)

Since i = 2n — 1, the process go out of the loop and we just have to right-multiply
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B’ to reorder its 2n — j + 1 = 3 last column vectors. We thus get

S(B) = (4.39)

o O O =
o o O O
w o o O
o O O O

There is a single rent with all coefficients on the rent line equal to 0. [

We see with that simple example that we could have reordered the 3 last columns
otherwise so as to get a diagonal matrix. But in case there are several rents or even
a single one with nonzero coeflicients, it may be more difficult to see. So we want to
improve our algorithm in order to automatically achieve diagonalisation whenever
possible. Indeed, the algorithm . consists in choosing basis vectors fi, ..., fo, one
after the other so as to obtain a basis matrix of a particular form with respect to
the free basis f thus constituted. But can we avoid rents by a judicious choice of
the f;’s so as to get a diagonal basis matrix? Is it a good strategy to choose a
vector of the greatest possible order as we did? If the issue of order has actually
to be addressed, is it of some use to discriminate between the vectors of a given
order? We answer these questions in Section 4.3, but we are now ready to classify

Lagrangian submodules.

4.2 Classification of Lagrangian submodules

We can now use the symplectic reduction algorithm to find a very simple form for a
minimal basis matrix of a Lagragian submodule M. As we saw, we are to suppose
that d = p® is a power of a prime. Let By be a basis matrix for M. The symplectic
reduction B = .(By) is still a basis matrix for M. Suppose some coefficient appears
on an even row, say at position (2i,j), without a rent. Since M is isotropic, the
symplectic product of the (2¢ — 1)-th and the (27)-th column vectors of .#(B) must

be zero, which can be written
Up(S (B)2i-1,j-1) + vp(L(B)2ij) = s. (4.40)

The maximality of M implies that this is in fact an equality. On the contrary, if
there is a rent point at position (2i,7) and if the coefficient of .#(B) at position
(2i — 1,5 — 1) has p-valuation ¢, then, by maximality of M, the vector

C=(0,...,0,p°%0,...,007 (4.41)

with p*~t at the (2i)-th position, is in M. We insert this column at position 2i,
that is to say between the (2¢ — 1)-th and the (2¢)-th columns of .(B). Since M

is isotropic, every coefficient on the (2i)-th line is a multiple of p~¢

and we may
set to 0 every coefficient on this line at right of the new column. We apply this
trick to each rent and obtain a diagonal matrix. So there exist k € {1,...,n} and

S1,...,8k € {0,...,s} so that the diagonal matrix
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D = diag(p®,p°~"1,p*2,p° =2, ..., p°F, p*= %) (4.42)

is a basis matrix for M. If k < n, then M would not be maximal. One could add
for instance the vector

(0,...,0,1,0,...,0)" (4.43)
with 1 at the (2k + 1)-th position and get a greater isotropic submodule. So k = n.
By construction of .”(B), s; < s; whenever i < j. Also note that C, as a vector of
M, has to be a linear combination of the column vectors of .(B). Since our trick
to make good a rent always yields a new basis matrix for M, the same is true for
every additional column. So, whether a diagonal coefficient of D on an even row
appeared while dealing with a rent or not, our use of the algorithm &/ warrants that
foralli e {1,...,n}, s; <s—s;.

Before we conclude, a remark is in order. Suppose the (2¢)-th diagonal coefficient
of D, 1 € {1,...,n — 1}, appeared while applying the algorithm . to By, that is
to say there was no rent on the (2i)-th line. Then s/2 > s;41 > s — s; > s/2 and
so, for j >4, s; = s/2. If s is odd, there is necessarily a rent on every even row of
#(Byp) except the last one.

Now, since these results do not depend on the Chinese factor we chose, we have

proved the

Theorem 13 Let M be a submodule of Z%" and d = [Licrpi* be the prime factor
decomposition of d. Then M 1is Lagrangian iff the following two conditions are

satisfied. There exists a unique family

Si/2 n
(di, ... dn) € {1,...,1_LelpiL /J} (4.44)
such that dy|da| ... |d,|d and there exists a 2n x 2n symplectic matriz S such that
S x diag(d1,d/d1,d2,d/d2,...,dn,d/dn) (4.45)
be a basis matriz for M.

Example: The reader may check that in the example set out in Relation (4.11) p.47,
the column vectors of B are pairwise orthogonal for the symplectic product. Thus
the submodule M whose basis matrix is B, or equivalently BR, is isotropic. It is in
fact Lagrangian. Indeed, if we take as a new computational basis the column vectors
of S71, a new basis matrix for M is SBR. Then a vector z = (21,2, 23,14) € M¥

has to verify
3z, =0, 3xg = 0, x4 =0, (4.46)

so that it is a member of M. Finally,
BR = S~ x diag(3,3,1,0), (4.47)

in agreement with Theorem 13. This could also be seen in the same way from . (B)
in (4.39). O
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As we have already pointed out, Theorem 13 classifies the maximaly commuting
sets of Pauli operators. Moreover, we shall see in Chapter 5 that it enables to know
which of these sets are likely to provide one with MUBs. It also finds a direct
application in the field of discrete Wigner distributions over a Zj-phase space as we
develop in Chapter 6.

Note that the proof we gave of Theorem 13 is algorithmic as it is an adaptation of
the algorithm . with the extra information that the input submodule is Lagrangian.
But this is unsatisfactory if we do not know a priori whether a given submodule is
Lagrangian. According to (4.45), the objects of interest are the elementary divisors
of the submodule together with a symplectic matrix S. Since we already know how
to compute the elementary divisors with the help of the algorithm ¢ (see Appendix C
p.140), we need another algorithm to find S that involves at most the knowledge of
the elementary divisors.

So, as a mathematical complement to the present study, we expose in the next
section how to diagonalise a given 2n X r matrix by means of a symplectic change of
computational basis. The results we get on symplectic diagonalisation will not be
used in the remaining chapters and may be skipped by the reader interested only in

applications.

4.3 Symplectic diagonalisation

Lagrangian submodules are quite a particular case. In this section, we first prove
with an example that it is not always possible, for some submodule M, to find a
symplectic basis f and a 2n x 2n diagonal matrix D such that fD be a basis of M.
The diagonal entries of the D need not be arranged by increasing valuations. If such
a pair (f, D) exists, we shall say that M is nearly symplectic. Our aim will then
be to provide a criterion to know if a given M is nearly symplectic. That will be
done with the algorithm %, that also yields the symplectic basis f if any. We shall
eventually see that as Lagrangian submodules, symplectic ones form a particular
kind of nearly symplectic submodules. For the sake of simplicity, we take again in

this section d = p°.
4.3.1 Preliminaries

We first recall the

Theorem 14 For any rank-r submodule M of Z?l”, there exist a free basis f of Z?l”

and a minimal basis b of M such that:
1. b is represented by a diagonal 2n X v matrix B with respect to f;
2. foralli,je{l,...,r}, i <j, we have bi|bj;.

Moreover, for any pair (f,b) as above, the sequence (d/v(bii))ieq1,...ry of the diagonal
entries of B "without unit factors"” is the same and therefore is a property of M.

That sequence is called the sequence of the elementary divisors of M.
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The pair (f,b) in Theorem 14 is not unique. For any submodule M of Z", we
denote F; the set of all free bases f of Zfl” such that M has a diagonal basis matrix
with respect to f as in the theorem. We also put ¥4 (M) the subgroup of GL(n,Z)

that consists of all the change of basis matrices P between the bases in F)y.

Let us study the relation between the various bases f € Fj;. With the notations
of Theorem 14, we will denote o4, i € {0,...,s — 1}, the number of diagonal entries
of B of the form up’/, u € U(Zys), j < i, and as intervals in N

Vi € {0,...,8—1}, KZ':{U,;_I—i—l,...,Ui}, (448&)
Ks={r+1,...,n}. (4.48b)

Some of these intervals may be empty. Let (f(,5(1) and (f®),5®3)) be two conve-
nient pairs and P the n x n change of basis matrix defined by fWP = £ For any
k€ {0,...,2n}, there exists some i € {0,...,s} so that k € Kj,. So pikf,?) e M
and hence

Vie {ip+1,...,s}, Vi€ K, p % P. (4.49)

Since P is invertible, we also deduce from that latter result that for any ¢ € {0,..., s},
the (K;; K;) diagonal block of P is an invertible matrix.

As a converse, for any convenient pair (f,b) and any invertible matrix P satis-
fying Relation (4.49), let b’ be the family represented by the matrix fP2(b) and N
be the submodule of M generated by b'. Since P is invertible, fP is a free family
and (fP, V') is a convenient pair for N. Hence M and N have the same sequence of
elementary divisors and with the help of corollary 42 of Appendix C, p.140, we see
that they have the same cardinality. So N = M and (fP,V’) is a convenient pair for
M.

Finally, the Gram matrix will be the crux of our symplectic reduction algorithm.
Let ¢ € {1,...,2n} and = = (21,...,%.) a family of vectors in Z2". The Gram

matrix of x, G = Gram(x), is the ¢ X ¢ matrix given by
Vi,je{l,...,c}, gij = w(xs, x5). (4.50)

With matrices, if B is the representative matrix of x with respect to the computa-
tional basis e, then G = BT.J,B and thus G is antisymmetric, but not necessarily
invertible, even if x is free. Yet, if ¢ = 2n and z is a free basis of Z?l”, then

B,G € GL(2n,Zg). The discriminant of z is the determinant of its Gram matrix:
A(x) = det(Gram(z)). (4.51)

By restriction, the K;’s defined above in (4.48a, 4.48b) determine a partition K’ of

{1,...,c}:
Vi e{0,...,s}, K;=K;n{l,...,c}. (4.52)
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For every (i,j) € {0,...,s}?, Gi; will be the (K}; K7) block of G. We also put éij
to be a matrix so that if G;; is not the empty matrix and if s;; = v,(Gj;), then
Up (@U) =0 and psij@ij = G;;. The matrix @ij thus pointed out is not unique if
si; > 0. If Gj; is the empty matrix, then so is (A;'”

4.3.2 A counter-example

For now we take ¢ = 2n only. A simplified study upon Gram matrices enables us to

give the simplest example of a non-nearly-symplectic submodule. The pattern we

catch a glimpse of here about those matrices will be seen in its plain form afterwards.

The reader who is interested only in the general case may skip to the next part.
Let f € Fjy. For alli € {1,...,2n}, we define

an(fi) = min(vy(w(fi, x)); © € M), (4.53)
B(f,i) =min(j € {0,...,s}; Ik € Kj, gir, € U(Zy)). (4.54)

Since f is a free basis of Z2", the matrix G is invertible and hence 3 is well-defined.
The graph on Figure 4.1 illustrates the meaning of a/(f;) and S(f,7). For any k

and v, a plain bullet at position (k,v) indicates that v,(gix) = v.

vp(w‘(fz‘, fr)) f € F, i is fixed
: a = apy(fi)
1 klEKj,j:ﬂ<f,i)
«
a—1
a—1 g
1
T ?
O 04.7.
Ky Ky K; Ko1 K, k1

Figure 4.1: The functions ay; and 3

So there must exist [ € {0,...,a} and kg € K; so that vp(gik,) = o — I. Let
i€ {l,...,2n}, j = B(f,i) and k1 € Kj so that g;z, € U(Zq). Then apn(fi) <
vp(w(fis P’ fry)) = j = B(f,i). This inequality is illustrated by the second plain
bullet at position (k1,0).
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We then consider a nearly symplectic submodule M with a convenient pair (f, D).
If (vp(dii))i=1,... 2n is nOt an increasing sequence, we use a 2n X 2n permutation matrix
@ so that the diagonal coefficients of QT DQ are arranged by increasing valuation.
Let f/ = fQ € Fy;. On each line of Gram(f’) = Q7 .J,,Q, there is only one nonzero
coefficient which is necessarily invertible, in fact 1 or —1, and it is clear that for all
ie{L,....2n}, apm(f]) = B(f',i). On Figure 4.1, the equality an(fi) = B(f,1) is
checked iff k1 € K.

We are now ready to find the announced non-nearly-symplectic submodule. Let
s > 1 and M be the submodule generated by the column vectors of the matrix B in

the following equation, with respect to e:

1 0 0 0 1000 1000
0 1 1-p 0 0po0o0]| 0100
0 -1 p 0 0100 0000 (4.55)
00 o0 1 0000 0000
L B

We left-multiply B by an invertible matrix L so as to obtain a diagonal matrix. Here,
the diagonal coefficients of that latter matrix are already arranged by increasing
valuation. Ky = {1,2} and K, = {3,4} are the only nonempty intervals K;. The

new computational basis is f = eL~! € Fj; and the Gram matrix of f is

G:LfTJanlz ,,_,,,,,+ 7777777 , (456)

with L=T = (L~1)T. Here, any matrix P € X4 (M) (see definition p.4.3.1) is of the

form
A A
pP= L (4.57)
022 A3
with Aq, A3 € GL(2,Zg). Then the Gram matrix of f' = fP is of the form
ATGooAr A A 0 1
PrGp = [ PRI 24 itk Goo = (4.58)
—Ay As -1 0

and ATGoA1, Ay € GL(2,Zg). But we sce that for any i € Ko = {1,2}, apm(f]) =
1 < B(f’,i) = s. Comparing to the result of the previous paragraph, this proves our

claim that M is not nearly symplectic.

What if s = 17 In that case, the matrix obtained by swapping the second and
third columns of B, namely diag(1,0,1,0), is a convenient diagonal basis matrix for

M with respect to the symplectic basis e.
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4.3.3 General case

Let us now tell how to know in the general case whether a given submodule M is
nearly symplectic or not and how to find a convenient pair (f, D) if any. We shall

need a little more vocabulary.

Let b be a free basis of ZZ”, o € Gy, a permutation of {1,...,2n} and @ the
representative matrix of o, that is to say the only nonzero coefficients of () are equal
to 1 and are located at the positions (i,0(7))i=1,...2n. We denote b, the free basis
(bo(1)s - -+ > bo(2n)) Of Z2%" and say that b is o-symplectic if b, = bQ” is symplectic. In
that case, the representative matrix of w in basis b is Q7 J,Q. A 2n x 2n matrix L

is said o-symplectic if QLQT is symplectic or equivalently if

LT(QT1,Q)L = Q" J.Q. (4.59)

Thus the conjugation by L preserves the matrix representative of w in b, L is in-
vertible and L~ is still o-symplectic. If b and L are o-symplectic, bL = bQT QL
is still a o-symplectic basis and if B is the representative matrix of b with respect
to a o-symplectic basis f, then B is a o-symplectic matrix. Indeed, fQ” and
QT = (fQT)(QBQT) are symplectic bases and hence QBQ7 is a symplectic ma-

trix.

The notions of scalar and set fringe we are going to define involve the K;’s
and thus are meanigless unless a reference submodule or a suitable partition of
{1,...,2n} is specified. Let M be a submodule of Z?l”. Define the K;’s accordingly
and let k be the map

ki {l,...,2n} — {0,...,s}, such thatic K.

i — k(1)

(4.60)

Then for any Gram matrix G of size < 2n and containing at least one unit, we define
the scalar (M-)fringe of G by

frar(G) = min(x(9) + £(5); gij € U(Za)) (4.61)

or equivalently
fl“M(G) = min(i + 7; ’Up(Gij) = 0). (4.62)

The (M-)fringe of G is the set of all coefficients g;; such that (i) + x(j) < fra(G).
A block Gjj is said to be in the fringe of G if 7,;; = fry(G) — i — j > 0. Whenever
all the blocks Gj; in the fringe of G verify v,(Gij) > 7,5, we shall say that the
(M-)fringe of G is good. If there exists 4,5 € {1,...,2n} such that

Vk < i’ Up(gkj) > 7/@(k)f@(j)7 (46319)
Vi < j, vp(gil) > V(i) k(1) (4.630)
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we shall say that the (M-)fringe of G is nice. Of course a good M-fringe is a nice
M-fringe. Let us give an example. If a block G;; with ¢ + 7 = 3 contains a unit,

then the following (Gram) matrix has a good fringe and scalar fringe 3:

p*Goo | p*Gor | pGoa | Gos
p*Go | pGu1 | pGro
G = p3égo Goy . (4.64)
Go

We shall need the following lemma and corollary.

Lemma 15 Let M be a submodule in Z2". Let b be a free basis of Z2" with Gram
matriz G and assume that G has a good M-fringe. Then for any P € ¥4(M),
PTGP has a good M-fringe with the same scalar M-fringe as G.

That is to say the form (4.64), with the particular scalar M-fringe required, is

preserved under conjugation by a matrix in ¥ (M).

Proof. The reference submodule is M. Let H = GP. For every block H;; of H, we

have

Jj—1 s
H;; = Z G Py + Gy Py + Z GikPyj. (4.65)
k=0 k=j+1

As to the first sum, for every k € {0,...,j — 1}, we have
Up(Gi) + vp(Prj) = vp(Gik) = Vi = 745 + 1 (4.66)
and we refer to Relations (A.29a) and (A.29b) of Appendix A.2 to see that
Up(Gik Prj) > min(vy(Gig) + vp(Prj), 8) > ;5 + 1. (4.67)

Since Pj; is invertible, the lines of G;;Pj; are of the same order as the lines of Gj;
respectively and then
up(GijPjj) = vp(Gij) = 7ij- (4.68)

As to the second sum, for every k € {j + 1, ..., s}, the inequality
up(Gik) + vp(Prj) = (Ir(G) —i — k) + (k — j) =735 (4.69)

implies that
So vp(Hij) = 7. Let (i,7) be such that v;; = 0 and v,(Gyj) = 0. Then the
inequality in (4.69) may be modified as

VEe{j+1,...,s8}, vp(Gi) +vp(Prj) >0+ (k—j)>1, (4.71)
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and we see that vy(H;;) = 0. So H has a good fringe with scalar fringe fr(G). In
the same manner, PTGP = PTH has a good fringe with scalar fringe fr(G). m

Corollary 16 Let M be a nearly symplectic submodule of Zﬁ” and f € Far. Then
the matriz Gram(f) has a good M -fringe.

Proof. By assumption, there exists 0 € Sy, and f’ a o-symplectic basis in Fj;.
We have already seen that G’ = Gram(f’) has a good fringe (with respect to any
submodule). Besides, there exists P € 3g(M) so that f = f'P. So, Gram(f) =
PTG'P has a good M-fringe. m

We can now give the algorithm for symplectic diagonalisation whenever possible:

Algorithm %,,: Let M be a submodule of Zfl”, b a basis of M and B its
representative basis matrix with respect to any computational basis €’.

Let f = ¢/L(B)~! € Fy, where L(B) is defined within the algorithm % (see
page 135), M = M and ¥ be the empty sequence with values in Z?l”. Let also ¢ be
a counter with initial value 0.

While ¢ < n and G = Gram(f) has a nice M-fringe, do

1. Choose a pair (i,5) € {1,...,2n — 2¢}? that verifies Conditions (4.63) and

perform the partial Gram-Schmidt orthogonalisation process:

fi="r, fi="F (4.72a)
Ve {l,....2n=2c}\{i,5}, fi=fe— 95 90ti + 95 9 ki (4.72D)

Owing to the nice fringe condition, the corresponding change of basis matrix
Risin Xg(M). With i < j and g;; = 1, it reads

1
1
gjir - Gii-1 1 ogjaer o0 gii-1 0 giien oo gjom
1
R: )
1
—gi1 - —Gii-1 0 —giit1 -0 —gij—1 1 —gijt1 0 —Gion
1
1
(4.73)

where the two special rows are the i-th one and the j-th one respectively.
w

For any k € {1,...,2n — 2¢} \ {i,j}, f1. € < l’,f]'> and since R € YX4(M),

f, = fR € Fy.

2. Let b’ be the concatenation of b’ and (gi;1 LI
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3. Rename Mﬂ< {,f;>w as M.
4. Rename f"\ {f], fi} as f.

5. Increase c by 1.

Whenever Z,,(b) = 9,(¢’, B) = V' has cardinality 2n, then it is a symplectic
basis of Zgn, M is nearly symplectic and there exists o € Gy, so that b, € Fpy. ¢

Example: Before we give the proof of the algorithm, let us process through an
example. We take over, in Z3, the submodule M defined in Relation (4.11) p.47 by
its basis matrix B with respect to the canonical computational basis, ¢/ = e. We

already know that
Ko={1}, K;={2,3}, Ky={4}. (4.74)

Knowing the K;’s is a requisite in order to apply the algorithm &,,. The column

vectors of the following matrix F' form a basis f in Fy:

. f=eFeFy. (4.75)

N Ot O O
S O Ot O
=g O
Tt O N W

Indeed, I~ B is clearly amenable to diag(1, 3, 3, 0) by means of a right-multiplication

by an invertible matrix:

(4.76)

S 00 =
S O N W
=~ W = 0o
o w ot O
o O O
S O O
S O O WL
S O O W

Note that it is not necessary to get P with the help of the algorithm %y. Any basis
f € F)y is convenient. Then M , b/ and c are initialised to M, the empty sequence

with values in Z?l” and 0, respectively.

The counter c is less than n = 2 and the Gram matrix of f = eF is

(4.77)

‘ ‘
| OO
oL T T
w, o O w
oloc w'w
I T

Slw ol
! !

It obviously has a good M-fringe.
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1. In Step 1 we choose

(1,7) = (2,3), (4.78)
which gives
9 =23 =4 (4.79)
and for R and f”:
10 00 0 0 46
6 1 0 3 0 5 0 4
R= , PR = (4.80)
3 01 3 8 6 70
0 001 5 6 1 8

Comparing to F', we see that the second and third columns have been left unchanged
in FR.

2. In Step 2, we collect 4f} and f; and find in matrix form:

v = (4.81)

S O NN O
— g O =

3. In Step 3, given the remark at the end of Step 1 in the statement of Z,,, the
new submodule M is generated by wy f1 and gy fy:

M = (p1 fi, paft) (4.82)
for some i, gy € Zg. Since 1 € Ky and 4 € Ka, we may choose
=1, =0, (4.83)

Thus
M={f}). (4.84)

4. In Step 4, we simply put, in matrix form,

f=U 1) = (4.85)

ot 00 O O
o O = O

5. Then in Step 5, ¢ is set to 1.

Since ¢ = n—1 = 1, the forthconing passage in the loop will be the last one after

we check the fringe condition. The new K;’s are

Ky = {1}a Ky = (D, Ky = {2a374} (486)
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and the new Gram matrix is

G = Gram(f], f1) = ( 2(1) ) , (4.87)

which again has a good M -fringe. This time, we have nothing to do in Step 1:
R=1, f=f (4.88)

Thus in Step 2, we get in matrix form

b =

|
v
I

(4.89)

S O NN O
g O
ot o O O
o O = O

Steps 3 and 4 do not matter: They simply exhaust M and f'. Then c is set to 2
and the algorithm stops.

We have
0 5 1 2
7 0 3 6
pl= (4.90)
4 3 8 0
0 0 4 8
So, in basis (e, B) =/, we obtain the following basis matrix for M:
0 6 0 3
3 3 6 3
PIM = , (4.91)
1 4 5 3
0000
which is diagonalisable via a right-miltiplication by an invertible matrix:
1 2 3 4
21 80
P iM = diag(3,3,1,0). 4.92
SR B EHER SRY (4.92)
0120

This finish proving that the algorithm &, works for the particular case we dealt
with. O

~1 is a free basis of

We now prove the algorithm in full generality. Since €' L(B)
Zfln, its Gram matrix is invertible and thus has a well-defined M-fringe. Then the

discriminant
ANASL I = 957 A7) = 95,7 A(f) (4.93)

being a unit, all the forthcoming matrices G have a well-defined M -fringe and 2,
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is a valid algorithm. Now if M is nearly symplectic, does this algorithm yields the
matrix b’ we search for? Besides, in Step 1, the pair (,5) is not unique. So we are
to prove that if M is nearly symplectic, the algorithm &,,, with any choice of the
pairs, builds a symplectic basis b’ that endows M with a diagonal basis matrix.

Let M be a nearly symplectic submodule of Zfl", o € Gy, with representative
matrix () and h a o-symplectic basis in F);. Let also B be a basis matrix of M with
respect to any computational basis e’ and let us carry out the algorithm. Corollary 16
shows that the first Gram matrix G has a nice M-fringe. We choose a convenient
pair (4, j) and find the first two vectors of b’ by performing Steps 1 and 2. Then with
N = Mﬂ< . f]’->w, we want to show that the Gram matrix of f°> = F\AS, £i} has
a nice N-fringe. From now on, we consider N as a submodule of < fb> exclusively.
With that convention, f’ € Fy, and Corollary 16 tells us that it suffices to show
that IV is nearly symplectic.

There exists P € ¥4 (M) such that f' = hP. For any m € {1,...,2n}, let £(m)
be the index defined by w(hm, hywm)) = £1. Since frys(h) = fras(f') as shown by

Lemma 15, we have

k(m) + K(£(m)) = k(i) + £(j) (4.94)

and hence
k(m) < k(i) = &{l(m)) > k(j), (4.95a)
k(m) < k(j) = r{l(m)) > k(7). (4.95b)

So, and because w(f/, f;) = gij is a unit, there exist k € Ky ;) and | = £(k) € Ky
so that the coefficients py; and p;; in P are units. So ()P has a unit at position
(67 1(k),i). Let L be a symplectic matrix so that the i-th column of LQP has all but
its 01 (k)-th coefficient equal to 0. Since we suppose we know where an invertible
coefficient is in the i-th column of P, the substeps of the symplectic reduction
algorithm are not necessary to find L. Instead, we form a symplectic matrix inspired
by the Gaussian reduction. For instance, if 0~!(k) = 1, then 0=!(I) = 2 and L is of

the form

1

ko 1 —kg kg -+ —kop kop_1
ks 1

L= ky 1 . (4.96)

kon—1 1
kon, 1

Then the i-th column of P’ = QTLQP has all but its k-th coefficient equal to 0.
The basis b’ = hQTL71Q is still o-symplectic and f’ = hP = h'P’. Moreover, the
matrix Z = QTLQ is in (M) and thus P’ € X (M). Indeed, the coefficients in
the k-th column of Z have the right valuations by construction. The coefficients on

the [-th row not in the k-th nor in the [-th columns were determined so that Z is
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o-symplectic. In particular:

Vm e {1,...,l =1} \{k}, w(Zm,Zk) = £2¢(m) % £ 2tm = 0, (4.97)

where for all ¢, Z; is the i-th column vector of Z. And according to Relation (4.94),

vm e {L,... .l =TI\{k}, op(2egm)k) = K(l(m)) — (1) > k(1) = K(m).  (4.98)

Thus vy(2im) > #(1) — £(m) and that proves that Z € X4 (M). The coefficient p;;
divides g;; and hence is a unit. So we apply the same kind of reduction as before to
the j-th column of P’ while preserving the i-th one and find a o-symplectic basis h”
and an invertible matrix P” € ¥4 (M) so that f' = h” P”. We may suppose without
loss of generality that g;; = 1. Then the vectors h} and h] may be redefined under
a multiplication by a unit factor so that p}, = pgg = 1. If we assume that ¢ < j and

k < [ for instance, P” is of the form

* * *
1 0 — k
P = * % *
0] |1 - 1 (4.99)
* % *
T T
{ J

Let = B\ {h/, 1/} and P’ be the matrix obtained by deleting the k-th and I-th
rows as well as the i-th and j-th columns of P”. Now f/ = hj and f; = hj’ so that
f* = W P". By construction, P’ € ¥4(N). So h* € Fy. But since h” is o-symplectic
and w(h, h!') = 1, there exists p € Gg,_s such that h” is p-symplectic. That proves

that N is nearly symplectic.

4.3.4 Symplectic submodules

We end this section with a proposition that shows the difference between symplectic

and nearly symplectic submodules.

Proposition 17 Let M be a submodule of Z?i”. Then M is symplectic iff M is
nearly symplectic and such that M + MY = ZZ". In that case, M 1is free and of even

rank.

Proof. If M = {0}, both terms of the equivalence are checked and M is obviously
free and of even rank. So let M be a nonzero symplectic submodule and let f € F)y.
Since p*~1f; € M\ {0} and M N M* = {0}, there exists = >.7" x;f; € M such
that w(p*~1f1,x) # 0. Thus z is free, w(f1,z) is a unit, there exists j € Ko \ {1} so
that w(f1, f;) is a unit and f; € M. That proves that Gram(f) has a good fringe.
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We then perform the partial Gram-Schmidt process and find a new basis f' € Fy:

Vk € {17"'72n}\{17j}a fl:; :fk_g;jlglkfj —l—gfjlgjkfy (4100b)

Since 2, j € Ko, we may rename without loss of generality f; as f; and f5 as f}. Let

N = Mn(f], f5)* and let y be some nonzero vector in N if any:
T
y=> ufi € N\{0}, (4.101)
i=3

with 7 the rank of M. Since M is symplectic, there exists z € M so that w(y, z) # 0:

r

2= zf{ €M (4.102)
i=1

But with 2’ = z — z1f] — z2f5 € N, we also have w(y,2') = w(y,z) # 0. Hence
y ¢ N“ and N is symplectic. If M is larger than (f], f}), then N # (. We carry
out again the same reasoning until we find a free basis h of Z?l" the first r vectors
of which form a symplectic basis of M. Moreover, the last 2n — r vectors of h form
a free basis h” of M“. Up to now, we proved that M is free, of even rank and such
that M & M“ = 73"

Since A(h’) = A(h) is a unit, then in the same manner as we showed the validity
of Z,,, we see that we can apply the entire Gram-Schmidt orthogonalisation process
to h°. Hence, M is nearly symplectic.

Let us show the converse. Let f be a symplectic basis of Z(%” and D the following

2n x 2n diagonal matrix such that fD is a basis matrix for M:
D = diag(p™,p*2,...,p"2" 1, pn). (4.103)
Then this other diagonal matrix D’ is such that fD’ is a basis matrix for M¥:
D' = diag(p® 2, p° =", ... p° %2 pt om0, (4.104)
Under the assumption that M + M = ZZ", we have
51<s=>8—58>1=28=0=>s5—8>1= 35 =0. (4.105)

The same reasoning is true starting with any 7 # 1 and thus M is free: Each of
the d;;’s is either 1 or 0. For any i € {1,...,n}, suppose that fo; € M and let
x € M,y € M so that fo;_1 = x +y. Then

w(z, f2i) = w(z +y, fi) = 1. (4.106)

That proves that the component of x along f2;_1 is 1 and hence fo;_1 € M. By the

same token, fo; is in M if fo; 1 is. Therefore M is symplectic and of even rank. m



Chapter 5

Lagrangian half-modules and
MUBs

In the first section of this chapter, we find a necessary and sufficient condition to
know whether two maximal commuting sets of Pauli operators yields unbiased bases
or not. This is achieved in Theorem 21. In the following sections, we express this
result as a projective geometrical feature, we translate it into a graph interpretation
and we give some basic properties of that graph. As Pauli operators and their
eigenstates play quite a role in quantum information and quantum communication
theory, and since the notion of a symplectic product appears to be central in their

behaviour, we also show how the symplectic structure relates to the Clifford group.

5.1 A criterion to get unbiased bases

Let d = p°® be a power of a prime, n a positive integer and D = p**. A vector
(a1,b1,...,an,by) € Z?l” codes for the tensor product of the n Pauli operators X Zb
over C%, i ranging from 1 to n, resulting in an operator on CP. We denote ¢ =
exp (2mi/d) the canonical root of unity of order d. Since the tensor Pauli operators
are unitary and their d-th power is the identity operator, their eigenvalues are integer
powers of q.

In order to determine a basis of CP with the help of such tensor Pauli operators,
we need a maximal set of commuting operators and diagonalise them simultane-
ously. In the vector language over Z4, we need a Lagrangian submodule of Z?l” and
we would like to know a necessary and sufficient condition bearing on those sub-
modules in order to check whether the corresponding operators give rise to unbiased
bases of CP. To get such bases, the intersection of the two maximal commuting
sets of Pauli operators has to be reduced to identity and so the intersection of the
two corresponding Lagrangian submodules have to be reduced to {0}. This latter

condition has a strong bearing on the form of the submodules we search for.

Definition 18 A half-module of the Zg4-module Zg” is a free submodule of rank n,

that is to say isomorphic to 7).

69
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Proposition 19 Let M and N be two Lagrangian submodules of Z3". If M NN =
{0}, then M and N are half-modules.

Proof. We suppose that one of the two Lagrangian submodules is not a half-module,
say N, and we are to show that we can build some nonzero vector x € M N N. Let
e be a symplectic basis of Z?l” such that M has a diagonal basis matrix with respect
to e as in Theorem 13 p.55 and let B be a basis matrix for N. The matrix B has

r > n -+ 1 columns. Let
so = min(vp(ba;); j € {1,...,7}) (5.1)

and let us reorder the columns of B so that v,(b21) = s2. We may then right-
multiply B by an r x r invertible matrix so as to set to 0 all the by ;’s, j € {2,...,7}.
We call the matrix we get B again. Now we do the same job on every even line from

the fourth line to the 2n-th one. One calculates
so; = min(vp(ba;); j € {4,...,7}), (5.2)

with ¢ ranging from 2 to n, and reorders the r — i 4+ 1 last columns. The coefficients
by; j are set to 0, with j ranging from i + 1 to . That way, we find in the (n+ 1)-th
column of B a nonzero vector xg of N whose coeflicients on even lines are all zero.
Let k = vy(20) and x = p*~ %z # 0. With § = [s/2], the floor part of s/2, we
know that for all ¢ € {0,...,n — 1}, the vector pesir1 is in M. As z is a linear

combination of them, the intersection of M and N is not reduced to {0}. m

Hence, we shall be interested only in Lagrangian half-modules. Secondly, we are
going to check that a Lagrangian half-module actually defines a basis of eigenvectors.
Indeed, since we restrict the operators for diagonalisation to be only Pauli operators,
it must be proved that a maximally commuting set of them corresponding to a

Lagrangian half-module yields a well-defined basis.
Lemma 20 Let M be a (2n x n) basis matriz of a Lagrangian half-module. Then:

1. M contains an n X n invertible submatrix.
2. There exists a 2n x n matriz N such that NTJM = 1I,,.

Proof. (1) Since the first column vector of M is free, it contains an invertible
coefficient, say on line 4;. We can right-multiply M by an invertible matrix R; so
that this coefficient becomes 1 and any other coefficient on this line is set to 0. Then,
since the column vectors of M} = M R; still generates the same Lagrangian half-
module, the second column vector of Mj is free and contains an invertible coefficient,
say on line i3. We can right-multiply M7 by an invertible matrix Rs so that this
latter coefficient becomes 1 and any other coefficient on line is is set to 0. The line
i1 is unchanged. We repeat this process until we get a matrix M,, whose (¢;1,...,n)
submatrix is the identity matrix. Thus the (¢;1,...,n) submatrix of M is invertible.
Let us call M’ this submatrix.
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(2) Let Ny be a 2n x n matrix such that N JM = M’ and let R = [[}_, Rx.
Then (NoRT)TJM = I,, and we put N = NoRT. =

With the notations of the lemma , let P, ..., P, be the Pauli operators corre-
sponding to the column vectors of M and Qq,...,Q, those corresponding to the

column vectors of N. Hence

Vi j €{0,....n}, i#j= QIPQ; =P, (5.3a)
Vie{0,...,n}, QIPQ;=qP. (5.3b)

Let also k € {0,...,p* — 1}". The operator

n d
m= 5 @Ry (54)

i=1 j=1
is the projector on the common eigenspace of Pi,..., P, with eigenvalues ¢*, re-
spectively. Then
n
. —k;
T, = Q'mQ,  with Q = @ Q; ", (5.5)
=1

which proves that all the 7;’s have the same rank. As a consequence, each set of
eigenvalues (qki)izl,_.,m does correspond to a one-dimensional eigenspace in CP.

We may now state our central theorem relating Pauli operators and MUBs.

Theorem 21 Let d = p® and D = p*". Then let B and C' be the basis matrices of
two Lagrangian submodules Mp and Mg of ZZ". The bases of CP they encode are
unbiased iff Mg and Mc are Lagrangian half-modules and BT JC' is invertible.

Proof. Let us suppose that Mp and Mo are Lagrangian half-modules and that
BT JC is invertible. In particular BY.JC is n x n. There exist L, R € GL(n,Zg) so
that (BL)T J(CR) is diagonal (see Theorem 40 p.139 and proof or also algorithm ¢
at the end of the same appendix). So we may assume that BT .JC is diagonal with
diagonal entries d;, ¢ € {1,...,n}. Let P; (resp. @), ¢ € {1,...,n}, be the Pauli
operators encoded in B (resp. in C) and let | B; k) (resp. |C;k)), k € {0,...,p*—1}",

denote the eigenvectors of the P;’s (resp. the @Q;’s) with eigenvalues ¢*i:
Vie{l,...,n}, Pi|B;k)=¢"|B;k) and Q;|C;k)=q"|C;k). (5.6)
Then for all i € {1,...,n},
PQi=q %Q:P, = P|C;l) =q "PQ;|C;l) = ¢ THQ P |Ci1)  (5.7)
and so

[(Bi k1o k|Gl bn)l = [(Bikas ook PGl ) (5.8a)
= |<B,k§1,,k}n|c,l1,,ll+dz,,ln>|(58b)
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Therefore, if all the d;’s are units, we get two unbiased bases.

If Mp or M¢ is not a half-module, Proposition 19 tells us that we cannot obtain
unbiased bases. Now suppose that they are half-modules and that BT JC is not
invertible. We may still assume that BT JC is diagonal with diagonal entries d;,
i€ {l,...,n}. At least one of the d;’s is not a unit. We have already seen that for
allt € {1,...,n},

Pi|C;ly, ... 1) =€ \Cily, . i+ ds, .. 1), 0 € R. (5.9)

Thus, if we neglect the factor ¢’ the P;’s induce an action on the |C;1)’s that now
breaks into several orbits, at least p of them. Let Oj;, j ranging, be the orbits and
for each index j and let 7; be the orthogonal projection onto the space generated
by the |C;1)’s in O;. Then for all i € {1,...,n},

> milBi1,..., 1) =|B;1,...,1) = Bi|B;1,...,1) = _Pm;|B;1,...,1) (5.10)
j j

and we find that for all j,
7 |B;1,...,1) = P |B;1,...,1). (5.11)

Since the eigenspace of the P;’s with eigenvalues all equal to 1 is one-dimensional,
7;|B;1,...,1) is nonzero for only one j and |B;1,...,1) cannot have equal ampli-
tude over all the |C;1)’'s. m

5.2 (Geometrical interpertation

In this part and the following, it will be convenient that the matrix representing the

symplectic inner product over Z?l" in the canonical basis be

0 I,
J = ( 1o ) . (5.12)

Thus the tensor product of n Pauli operators X% Z% over C¢, i ranging from 1 to

n, is now represented by the vector
(a1, .. an,b1,...,by) € Z2". (5.13)

Let also Mat(n,Zg) denote the set of all n x n matrices over Z;. Then our search
for MUBs by diagonalising Pauli operators can be summed up into two projective
geometrical features.

Theorem 21 states that in order to build MUBs in CP by diagonalising tensorial
products of n elementary Pauli operators over C?, one has to find n pairs of vectors
(z,2%) € (22)?, i € {1,...,n}, such that for all i, 2} and z} are distant vectors as

defined in Section 3.2 and for any i, j, i # 7, the vectors z} and l‘% are orthogonal.
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Because this rather peculiar configuration is only necessary and involves already
many conditions, we would like to restate and complete it into a more compact

form. This is achieved with a second geometrical interpretation:

Proposition 22 The Lagrangian half-modules of Z** may be identified with the
isotropic points of the projective line P(Mat(n,Zq)?) endowed with a suitable sym-
plectic product w to be defined in (5.16). Two Lagrangian half-modules yield MUBs

iff their corresponding points are distant for this geometry.

The surprise in such a result is that the symplectic product is involved only
in the definition of isotropic points standing for Lagrangian half-modules, not in
the MUB condition. In order to alleviate the various reasonings, the reader may
assume that d = p and so Z, is a field. They may verify with the help of the p-adic
decomposition that this assumption is harmless. Indeed, we are interested only in
invertibility conditions and whenever we multiply two numbers in Z 4, the coefficients
of least degree in p in their p-adic decompositions multiply together. We shall find

again such a simplification in the graph interpretation.

Lemma 23 Let M be a 2 x 1 matriz with coefficients in Mat(n,Zg). The following

conditions are equivalent:

1. There exists a 2 x 1 matrix N over Mat(n,Zg) such that the 2 x 2 matriz
( M N ) (in block matriz notation) over Mat(n,Zq) is invertible.

2. There exists a 2nxn matriz N over Zq such that the 2n x2n matriz ( M N )

over Zg s invertible.
3. M contains an invertible n X n invertible submatrix.

4. M is left-unimodular in Mat(n, Zg), that is to say there exist A, B € Mat(n, Zg)
such that

5. There exists a 2 x 1 matriz N over Mat(n, Zg) such that NTJM = I,,.

6. There exists a 2 x 1 matriv N over Mat(n, Zq) such that NTJM is invertible
(in Mat(n,Zg) ).

Proof. Condition (1) means that ( M N ) is a bijective linear map from Mat(n, Z;)?
onto itself. Condition (2) means that ( M N ) is a bijective map from the set of
2n X n matrices over Z4 onto itself. Since matrix products may be calculated by
blocks, Conditions (1) and (2) are obviously equivalent.

(2) = (3) is obvious by the way one can express a 2n x 2n determinant as a sum
of two-factor products of n xn determinants. Conversely, if M contains an invertible

n X n submatrix, we can suppose without loss of generality that M; is invertible.

Then
I '
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is a convenient choice to get (2).

If (3) is true, then we have already seen in the proof of Lemma 20 that there
exists a 2n x n matrix K (namely N7.J with the notations of that latter lemma)
such that KM = I,,. Writing K = ( A B ), we get Condition (4). Conversely, if
the rows of I, can be obtained as linear combinations of the rows of M, then the
row vectors of M generates Z]; as a whole, which is nothing but (3).

Finally, (5) is a mere rewriting of (4) and (5) < (6) is obvious with the help of
a left-multiplication. m

A matrix M satisfying those conditions is an admissible pair for a projective
geometry over Mat(n,Z;). Note that the existence of a complement and unimodu-

larity are equivalent though Mat(n,Z,;) is not a commutative ring. Also the map
(Mat(n,Zg)?)? — Mat(n,Zg), (M,N)+— MTJN (5.16)

defines a symplectic product over Mat(n,Zg)?. We still denote this map w. A
Lagrangian half-module is represented by a 2n x n matrix M over Zg up to a right-
multiplication by an n x n invertible matrix. Moreover, this matrix M has to verify
MTJM = 0. Thus, with the help of Lemma 20, a Lagrangian submodule can be
thought of as an isotropic point of the projective line over Mat(n, Z;) endowed with
the symplectic product derived from w and still denoted in the same way. Conversely,
if we take an admissible, isotropic vector of Mat(n, Z4)?, its column vectors generate
a submodule of Z" with rank n and maximal cardinality, that is a Lagrangian
submodule.

Two matrices M and N as in Condition (1) of Lemma 23 are called distant.
We would like to know under which condition the symplectic product w(M, N) of

1

the same two matrices is invertible as in Condition (6)'. A sufficient condition is

provided in the following lemma.

Lemma 24 Let M € Mat(n,Z4)? be an admissible vector. If M is isotropic with
respect to the symplectic product we have just defined, then

VN € Mat(n, Zq)?, det(MTJN)=det(( M N )). (5.17)

Together with Theorem 21, this lemma proves that two isotropic points in
(P(Mat(n,Z4)?),w) provide one with a pair of MUBs iff they are distant. This
latter condition is projectively well-defined, since it does not depend on the repre-

sentatives of the two points.

Proof. Let M be an isotropic vector, so that its column vectors generate a La-

grangian half-module. Theorem 13 (p.55) shows that there exist an invertible n x n

"Remark that NTJM = —(MTJN)T so that NTJM and MTJN are simultaneously invertible
or not.
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matrix K over Zg and a 2n X 2n symplectic matrix S over Z,4 such that

I

SMK>—< ). (5.18)
Then

det K -det(MTJN) = det(KTMTJN) = det((SMK)TJ(SN)) (5.19a)
= det((SN)2) (5.19b)
= det(( SMK SN )) (5.19¢)
= detS-det(( M N ))-detK (5.19d)

Taking into account that det .S = 1, we find that
det(MTJN) =det(( M N )). (5.20)

To end this section, we show that whenever d = p and thus Z, is a field, the
converse implication in Lemma 24 is true. Let us assume that Condition (5.17) holds
and M is not isotropic. Since M is admissible, we can use the symplectic reduction
algorithm . developed in Section 4.1 p.51 in order to find a symplectic matrix S

and an invertible n x n matrix K so that

SMK = | ———1 |, (5.21)

with M{ and M} being (n — 1) x (n — 2) matrices. Let us write a 2n X n matrix N

under the form
4

Ni
lo
N;

N=g"1

, (5.22)

where ¢; and {2 are rows and Nj and N} are (n — 1) x n matrices. Then we have

det(SMK)TJ(SN)) = detK -det(MTJN) (5.23a)
= detS-det(( M N ))-detK (5.23b)
= det(( SMK SN )) (5.23¢)

Indet(( SMK SN )), the rows ¢; and ¢3 do not matter and since M is admissible,
we can choose Ni and N} so that this latter determinant is a unit. But the first two
rows of (SMK)TJ(SN) are ¢3 and —/1, so that we get a null determinant whenever

we put £1 = fs, leading to a contradiction.
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5.3 Graph interpertation

In this part, we still have

0 I,
J = ( 1o ) . (5.24)

Let us consider the Lagrangian half-modules as the vertices of a graph. We shall say
that two of them, with basis matrices B and C, are at distance r if BT JC is of rank
r. Two vertices are the ends of an edge if they are at distance n in this latter sense
or in other words if they are distant projective points. From this point of view, our
aim is to find a maximal set of vertices pairwise connected on the graph. Such a set
is called a clique and the greatest cardinality a clique can have is the clique-number
of the graph:

clique-number = . max , Card(clique). (5.25)
cliques

The clique-number of the graph we are considering is the maximal number of MUBs
one can find in dimension d" with Pauli operators. To find this number for a given
graph is known to be an NP-complete problem, a kind of problem that cannot be
effeciently solved on our present-day computers. We will not try to solve it here,
even under the particular conditions of our problem, but we will give some other
counting properties of interest. Anyway, it must be stressed that we already know
what the clique-number of our graph is whenever d = p® is a power of a prime: p°+1.
So in prime-power dimension, the search for the clique-number is only a incentive to
further investigations with graph theoretical means. As for composite dimensions,
this graph interpretation is liable to the Chinese remainder theorem and so will be

of no help in overcoming the bound we saw in Section 3.3 or in [17].

If we still take d = p®, then according to Theorem 21, any multiple of p is
irrelevant for the question of MUBs and we are only left with a kind of a covering
of the graph one gets with d = p. So we will assume until the end of that part that
indeed d = p and so the coefficient ring Z, is a field. With r € {0,...,n}, let us also
put:

gr the number of r x r invertible matrices,

o, the number of symmetric, r X r matrices,

the number of symmetric, r X r invertible matrices,
k, the number of r x (n — r) matrices,

I, the number subspaces of dimension r in Z;.

It is easy to show that:

g = @ =D —p)---@ -p) (5.26a)

op = prtHP (5.26b)

ke = p7" (5.26¢)
1 —

L= —@"-D@"—p)-- " - (5.26d)
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With the notations

pr—1
[z], = -1 €k (5.27a)
n]py! = [nlpn—1],---[1]p,, neN*, (5.27b)
0! = 1, (5.27¢)
[, also reads |
I, = L. (5.28)

We are going to find an expression for o/. by induction. Obviously we have

oy, = 1, (5.29a)
o = p—1. (5.29b)

Then in a symmetric, r X r matrix, r > 2, the upper-left coefficient is either nonzero
or zero. In the first case, one may choose this coefficient in p — 1 ways and the other
coefficients on the first row and the first column in p"~! ways. In order to know
how to choose the remaining coefficients so as to get a symmetric, invertible matrix,
the upper-left coefficient can be used to perform a bilateral Gauss reduction. One
thus obtains a matrix with nul coefficients on the first row and the first column
save the upper-left one, without modifying the number of possibilities in choosing
the remaining coefficients. This number appears clearly to be o/._;. In the case
where the upper-left coefficient is zero, one has p"~! — 1 ways in choosing the other
coefficients on the first row and the first column. After choosing a unit among them
and performing a bilateral Gauss reduction with it, it works out that the coefficients
at positions (2,7) and (7,2), 2 < i < r, may be chosen arbitrarily but in a symmetric
fashion and the remaining coefficients form a symmetric, (r — 2) x (r — 2) invertible

matrix. So we get the induction formula:

o =p@-1p o+ =1p o, (5.30)

In particular
oy = (p— 1oy, (5.31a)
oy = (p—1*p+(p-1p = (p-1p* = p’ol. (5.31b)

We are to prove by induction that

oy = p*oby 1, t>1, (5.32a)
o1 = (¥ = 1)oby, t>0. (5.32Db)

Relation (5.32a) is true for ¢ = 1 and Relation (5.32b) is true for ¢ = 0. Now we
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perform a double induction. If r = 2¢, ¢ > 2, is even, then

ohy = (p— Dp* Lob_y + (p* 1 — 1)p*Loh, (5.33a)
/
g

= (p—Dp* oy + (¥ - 1P ﬁ (5.33b)

= p¥ oy 1. (5.33¢)

Ifr=2t+1,¢t>1,is odd, then

Ohiyr = (p— Dp*oh, + (p* — Dp*oh_, (5.33d)
/
ag
= (p—1)p* oy + (p* - 1)p2tp%f (5.33¢)
= (P* = 1)oh,. (5.33f)
Thus
o — { prpT_l — 1)pT_22(pT_3 —1) --- p?(p—1) ifris even, (5.34)

(p" = Dp" L2 = 1)pr3 . pP(p—1) if ris odd.

All the ingredients are now gathered in order to count Lagrangian half-modules

under distance conditions.

Proposition 25 Let M be a Lagrangian half-module. The number of Lagangian

half-modules at distance v from M is
b, = lyoky. (5.35)
In particular, the number of Pauli eigenbases that are unbiased with a given one is
by, = op. (5.36)

Proof. We know from Theorem 13 (p.55) that we can choose a symplectic compu-

tational basis of Z?i” so that a basis matrix for M be

I
basis matrix (M) = ( " > . (5.37)
On,
Then we want to find the number of admissible and isotropic, 2n X n matrices B of
the form
B
B = B , By, By € Mat(n, Zp), (5.38)
2

up to a right-multiplication by an invertible n X n matrix so that

T
(é’;) xe(?l):BQ (5.39)
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is of rank r. Therefore we get the factor [, since By has to be a basis matrix for an
r-dimensional subspace of Z;;. With a right-multiplication by an invertible matrix

and a change of symplectic, computational basis, we may suppose that B is of the

form
A1 Az
A, A
p=|—2"21. (5.40)
I, O
0 0

In doing so, we replace I,, by an invertible matrix in (5.37). But we do not need this
expression any more. With the isotropy condition one gets that A; is a symmetric,
r X r invertible matrix, Ag is any (n —r) X r matrix and A = 0. Therefore o,k,. As
to Ay, one has to refer to the admissibility condition to see, in the same way as we
did in the proof of Lemma 20, that A4 € GL(n — r,Z,). Hence a factor g,—,. But,
since we are interested only in the subspace generated by the column vectors of B,
we still have to divide by g,,—,. Therefore (5.35). m

Proposition 26 For any two Lagrangian half-modules at distance r from one an-
other, there exist
A =0 kpop_pr > 1 (5.41)

other Lagrangian half-modules which are distant from both of them. In particular, if

two Pauli eigenbases are unbiased, there exist

Ay =0l >1 (5.42)
other Pauli eigenbases that are unbiased with those two ones.
Proof. Let B and C be two basis matrices of two Lagrangian half-modules at

distance r from one another. After the previous discussion about b,., we may suppose
that

Ay 0
In A In—r
B = and C = - 2 y (543)
n I, 0
0 0

with A; a symmetric, 7 X r invertible matrix and Ay any (n — r) X r matrix. We
search for a 2n xn matrix M such that BT JM and CTJM are invertible, in addition

of suitable conditions for M to account for a Lagrangian half-module. Let M be of

My
(). o

Then Ms has to be invertible since BTJM is invertible and we may suppose that

the form

My = I,,. Thus, the admissibility condition is checked and the number A, we search
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for is the number of suitable matrices M;. With

M M
M, = A (5.45)
Mio Mg

we have the condition

AT — My AL — My

ctJM =
0 I

) € GL(n, Z,). (5.46)

At last, M7; and My4 have to be symmetric and Mlg — M3 = 0 in order to warrant
isotropy. Hence, the number of suitable matrices M is ol.. There are k, possibilities
in choosing Mj9 and Mj3 and o,,—, possibilities in choosing Mi4. Therefore (5.41).
[

5.4 The Clifford group

Lagrangian half-modules and distance relations among them are also suitable to have
a grasp on the Clifford group. The results presented in Proposition 27 have already
been studied in the works [19-23] about the discrete phase space or more recently
in [53], though with different names. However, these studies were concerned with
the phase space over Galois fields. We will consider the ring space Z?l" with d any
integer. On this basis, Proposition 28 will expose an original, alternative account
for the dynamics among Pauli states.

Let us consider a Pauli group P = P(d,n) with or without tensorial product.
The corresponding Clifford group Cliff (P) is the normaliser of P, that is to say the

set of all unitary operators that stabilise the Pauli group under conjugation:
U e Cliff(P) <= VPeP, 3P c¢P, UPUI =P (5.47)

Since the action of some U € Cliff(P) is one-to-one and P is a finite group, this latter
action is also onto, UT is also in Cliff(?) and hence Cliff(P) is indeed a subgroup of
the unitary group U(d"™). Since for any n, the derived group D(P) is isomorphic to

Ca={q" c € Za}, (5.48)
we may write the sequence of group inclusions:
Cq < P < Cliff(P) < U(d"). (5.49)

We thus have a group action of Cliff(P) on its normal subgroup P and we are going
to show that this action enables one to fully analyse the structure of Cliff(P). Just
before we do so, let us tell briefly about a physical application of the Clifford group.

Entanglement is one of the primary resources of quantum information theory.
The entangled states one usually refers to are entirely described as eigenvectors of

Pauli operators. That is to say a state is equivalent to a generating subset of a
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maximally commuting set of Pauli operators, with the convention that the state to
describe has eigenvalue 1 for all Pauli operators in the subset. In the course of a
computation, such a state is made to evolve by means of unitary gates into a state
of the same type. Such an evolution may of course be transcribed as an evolution of
the defining set of Pauli operators. If |¢) is the eigenvector of some Pauli operator
P with eigenvalue 1 and U is a unitary operator, then U |¢) is an eigenvector of

UPU? also with eigenvalue 1 since
UPUTU |¢p) = UP [¢) = U |)). (5.50)

This justifies our consideration for Cliff(P) as defined in (5.47). Our aim will also
be to see how the decomposition of Cliff (P) we are about to go through can account
for this physical application. This will be achieved in Proposition 28.

To investigate Cliff(P), we will refer to the following quotient groups:

P = P/Cy, (5.51)
Cliff'(P) = Cliff(P)/U(1), (5.52)
Clift"(P) = Cuff'(P)/P'. (5.53)

The quotient P’ is the group of Pauli operators up to a phase, or projective Pauli

group. It is the quotient set of the equivalence relation
Ve € Zgq, YP € P, P ~q°P. (5.54)

Then, the group U(1) being the group of unit modulus complex numbers, Cliff’(P)
is the group of Clifford operators up to a (continuous) phase. Finally, Cliff”(P) is
the group of Clifford operators when both phases and Pauli operators are discarded.

So we may identify it with the quotient set of the equivalence relation
V9 e R, VP € P, VU € Cliff(P), U ~€“PU. (5.55)

We now state and prove the

Proposition 27 Let P be a Pauli group. Any Clifford operator U € ClLiff(P) analy-
ses into three components: a global phase q(U) € U(1) (not nessecarily in Cy), a
projective Pauli operator P(U) € P’ and a symplectic operator o(U) € Sp(n,Zg).
Indeed,

Clift” (P) ~ Sp(n, Zq) (5.56)

and also, the map

o : Cliff (P) — Sp(n, Zg) (5.57)

s a group homomorphism.

Moreover, the Pauli and symplectic components, P(U) and o(U), are determined
by the action of U on X and Z, whereas q(U) is irrelevant to the action of U. So
we may consider that the maps P and o act on Cliff’(P).



82 CHAPTER 5. LAGRANGIAN HALF-MODULES AND MUBS

To simplify the following discussion, we will consider in any explicit formula

Pauli operators over a Hilbert space C? without tensorial product:
P ={¢°XZ"% a,b,c € Zy}. (5.58)

That is to say we will refer to the case n = 1. The generalisation to Pauli operators
with tensorial products is straightforward.
Let U € Cliff(P) and let us put

P = ¢ X1z = UXUT, (5.59a)
Py =q¢2X%27% =UzU", (5.59b)

Relation (5.59b) shows that U diagonalises P, so that the column vectors C; of
U are fixed by this relation up to a global phase, one phase ¢; for each of them.

Moreover, Relation (5.59a) shows that P is a circular shift operator among the C;’s:
Vi, Ciy1 = P1Ci. (5.60)

Therefore, once one of the ¢;’s is fixed, all the other ones are. In brief, through
Relations (5.59a) and (5.59b), P, and P, characterise U up to one continuous phase
factor q(U).

Remark 1 In particular, if

UXU'=¢"X and UZU' =2, (5.61)

then U = X~ Z° up to a continuous phase.
Then, by comparing the two following relations

[P, P]g = U2 mb2p (5.62a)
[P, P, = [UXU,UZU'g =q 1, (5.62b)

we see that

al a
oU) = ( b by > € Sp(n,Zyg). (5.63)

The matrix o(U) will be called the symplectic part of U.
Conversely, let P, P, € P such that

a1b2 — CLle =1. (564)

It is straightforward with what we have already said that we can find U € Cliff(P)
so as it fulfils (5.59a) and (5.59b). In details, U is a change of basis matrix that
diagonalises Py: We get UTP,U = Z and thus (5.59b) is checked. The relative phases
of the column vectors of U have then to be fixed, something that can be done with

the help of P;, which we can force to be a circulation operator among those vectors
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as in (5.60). Tt amounts to setting to 1 every nonzero coefficient of UTPU so that
it be equal to X and thus (5.59a) is checked. So U is uniquely determined up to the
phase ¢(U). But what if we are given only o(U) instead of P; and P»?

Let ¢1 and ¢y vary in the definition of P; and P,. In order to show that the
corresponding degree of freedom in U is nothing else than a projective Pauli operator,
we establish that the symplectic structure involved in Cliff(P) can be expressed as
Cliff”(P). Since ¢ and co are dropped out in Relation (5.64), the issue relates to
P’ and we consider the natural, reduced action p of Cliff(P) on P’

p: U -class(P) = class(UPUT). (5.65)

Then on the one hand, with two explicit elements P, Py € P, we have

class(X % Z%) = class(U) - class( X Z%) (5.66a)
— Xuzh n Uxas zbsyt (5.66b)
— Xuzb o (UXUT)3(UZUT) (5.66¢)
= Xuzhs (X9 z00)es( X2 zb2)bs (5.66d)
R

a4 . as
()= ( ). -

On the other hand, we know after Remark 1 that the kernel of the reduced action

is P up to a continuous phase, namely
kerp = {e’P; 0 e R, P € P}. (5.67)

Thus,
Cliff(P)/ ker p ~ Clift" (P) (5.68)

and two operators Uy, U € Cliff(P) act in the same way on P’, that is to say
o(Ur) = o(Us), iff they go down to the same class in Cliff”(P):

o(Uh) =0(l) <= 3eR, IPeP, Uy=eYPU;. (5.69)

Remark 2 Let us give another point of view on the kernel. Due to the commutation
relations among Pauli operators, then for any U € Cliff(P) and any Ps, Py € P, the
unitary operators U and P3U Py act in the same way on the projective Pauli group.
In particular, both of them diagonalise X% Z, so that the column vectors of PsU Py
form a permutation of the column vectors of U up to a system of phases. Under the
constraint given by (5.59a), the freedom in firing that system of phases is reduced to

one parameter. But we will not dwell on the details.

In summary, one first has to specify once for all a section from Cliff”(P) to
Cliff’(P) and another one from Cliff’(P) to Cliff(P). Then, any Clifford operator U
is specified with respect to these sections by the triplet

(q(U),P(U),o(U)) € U(1) x P" x Sp(n, Zq). (5.70)
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At this point, we proved the first part of Proposition 27 and we exhibited a
bijection
f: Clift"(P) — Sp(n, Z4) (5.71)

such that if
7 : Cliff(P) — Clift”(P) (5.72)

is the canonical projection from Cliff(P) onto Cliff”(P), then
fom=o. (5.73)
So we want to check that o is a morphism, that is
VU, Uy € Cliff(P), o(UUr) = o(Uz)o(Uy). (5.74)

It will show that f is also a morphism and it will be proved that ClLiff”(P) is iso-
morphic to Sp(n,Zg). In fact, if we consider the actions of Uy and Uy on the P,
refering to them by the superscripts (1) and (2), respectively, we have

frrt oD M t
DU XUIUS ~ Upx’ 2070 (5.75a)
~(xa” g el (el Z08 (5.75b)
~ xod a0 Zb el (5.75¢)

and similarly for the action on Z. That is nothing but the morphism relation we
were looking for. Whenever we consider the derived action of Cliff”(P) on P’, this

can also be written, for any P € P,
o(UyUn) - class(P) = o(Us) - (o(Uy) - class(P)). (5.76)

In Figure 5.1, we list the classical examples of Clifford operators for qubits,
together with their symplectic part o(U) and in the last but one column their Pauli
parts P(U). The parametrisation of Pauli operators is the one given in (5.13),
corresponding to J as given in (5.12). As to P(U), the reference section from
Cliff”(P) to Cliff’(P) is the natural one that brings for instance o(U) as in (5.63)

to the U defined in (5.59) with ¢; = ¢o = 0, up to an irrelevant continuous phase.

The practical use of the Pauli part P(U) is precisely to define ¢; and ¢y (see
Remark 1). But the function P : U — P(U) has the drawback not to be a morphism.
The trick is to replace P(U) by the ¢;’s or better, as we shall see, by their opposites:

v: Clff(P) — Z2"

(5.77)
U +— (—c1,—cC2,...,—Cop),

where Zﬁ” is of course endowed with its additive structure. The map v is a morphism
that in addition is section-free. For instance, we put it for classical Clifford operators
in the last column of Figure 5.1, in column form so as to parallel the Pauli inputs

and outputs.
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Operation Matrix Pauli Pauli Symplectic Pauli v(U)
p form U input output part o(U) part P(U)

1000 X1 X1Xo 1 000 0

0100 X Xo 1100 0

Nt 0001 Zy Zy 0011 L1z 0
0010 Zy Z1Zy 0001 0

1 1 1 VA 0 1 0

" 2<1—1> z X (1 0) L2 <0>
10 X Y 10 0

i ( 0 i ) z Z ( 11 > L2 ( 0 )
01 X X 1 0 0

+ ( 10 ) Z - ( 0 1 ) X < 1 )
0 —1 X —X 1 0 1

' ( i 0 ) z -7 ( 0 1 ) Y < ) )

1 0 X -X 1 0 1

7 (0 —1> z Z <o 1> Z (0)

Figure 5.1: Clifford operators with their symplectic and Pauli parts
Any pair
(z,5) € Z2 x Sp(n,Zyg) (5.78)

is enough to specify the action of a Clifford operator on P:
31U € Cliff'(P), (v(U),o(U)) = (x,89), (5.79)

(see the end of Proposition 27; the formulation in terms of Cliff(P) would be a
bit cumbersome). But if we consider the physical application we gave just after the
beginning of the present section, the pair (x, S) also enables us to precise completely
a state [1)).

Proposition 28 For any given pair
(x,9) € ZT" x Sp(n, Za), (5.80)

there exists a unique state 1) such that, for everyi € {n,...,2n}, it has eigenvalue
q”
S. Such a state is called a Pauli state.

with respect to the Pauli operator without phase, defined by the i-th column of

Moreover, the map

(v,0): ClLff'(P) — Z2" x Sp(n,Zyg)

(5.81)
U — (vU),e(0))

is a componentwise morphism. So the product group ZZ" X Sp(n,Zq) is an alternative

for describing the dynamics among Pauli states.
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For an example, just bring together (5.63) and (5.59): Whenever [¢) has eigen-
value 1 with respect to ¢®2X®Z% then it has eigenvalue ¢~ with respect to
Xa27%  Thus |¢) is determined by the pair

(=) s)

However, it should be noticed that aq, b1, ¢c; do not intervene in the determination
of |¢), but only in the dynamics from a Pauli state to another one. Thus, in a
series of transformations Uy, ..., U, where Uy is not to be followed by another
transformation, the coefficients agk), bgk), cgk) are of no use.

In fact, in the scheme proposed in the second part of Proposition 28, one may
avoid any reference to vector states, Pauli operators and Clifford operators. Both
the classical amount of entanglement and the way it evolves are captured in the
product group Z?l" X Sp(n,Zq), or in other words in the geometry of Lagrangian

half-modules with an extra set of phases.



Chapter 6

The isotropic lines of a discrete

phase space

In this chapter, we let aside the bearing of discrete geometry over Pauli operators to
apply Theorem 13 (Section 4.2 p.55) to another major tool of quantum mechanics,
namely discrete Wigner distributions. These distributions offer a useful, alternative
way besides density matrices of representing pure and mixed states of a quantum
system. But whereas in the continuous phase space those distributions are well-
defined [54] [55], there is still a need for a sound mathematical definition over a
discrete phase space. In particular, the structure of such a phase space is of some
importance. In 1974, Buot introduced a Wigner distribution over an dxd phase space
with d an odd integer [56]. In 1980, Hannay and Berry followed another approach
to build a Wigner distribution over a 2d x 2d lattice [57]. Still in another way, in
2004, Gibbons et al. constructed Wigner distributions over lattices parametrised by
finite fields [58].

More recently, in their way to set up discrete Wigner distributions on the discrete
phase space Z2, Chaturvedi et al. [59] encountered undetermined signs S(g,p), one
at each point (q,p) of the lattice. A natural question then arises: To what extent
can these signs be fixed by demanding that averages of Wigner distributions over
isotropic lines in the lattice yield probabilities, where an isotropic line is a set of
d points on the lattice such that the symplectic product of any two of them is 0
(modulo d). In order to answer this and related questions one needs a detailed
knowledge of the structure of the isotropic lines in Zfl. In particular, it would be
useful to know their number as a whole or with special conditions and also how they

are arranged in orbits under the action of the symplectic group Sp(1,Zg).

We will be concerned only with the mathematical properties of the isotropic
lines in Zz. In Section 6.1, we derive the number of isotropic lines in ZZ and then in
Section 6.2 the number of them through a given point of the lattice. This should be
compared with the results obtained by Havlicek and Saniga in [60] and [61] about the
number of projective points in the lattice and the number of them under the same

condition. In Section 6.3, we give a full description of the orbits of isotropic lines

87
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under the action of Sp(1,Z;) with the help of some parameters. In a fourth part,
we develop two group actions on the group X4 (M) relevant to the understanding of
that latter group, whenever M is a submodule of Z?i. To end this introduction, we
note that the results presented here do not depend on the parity of d, contrary to
what happened in [56] and [57].

6.1 The number of isotropic lines

Let w denote the symplectic product of two vectors of ZZ. In terms of matrices, it

consists in computing a determinant:

v

w((a,B), (7,9)) = ‘ g =ad — By. (6.1)

We have already defined at the beginning of Chapter 4 what the orthogonal of a
submodule and an isotropic submodule are. We recall that Lagrangian submodules
are the maximal isotropic submodules for inclusion, which is equivalent to M = M*%.

As a first step, we are going to find the number of isotropic lines in Z(Qi for d a
power of a prime, say d = p®, s > 1. This leads to a hint for Section 6.4, but we shall
also see that there exists a shortcut. We then address the case where d is arbitrary.

From now on, we shall also make use without further ado of the equality
Sp(1,Zq) = SL(2,Z4), (6.2)

where Sp(1,Zg) was defined in (4.10) and SL(2,Zg) is the group of 2 x 2 matrices

with determinant 1. This equality is specific to the two-dimensional phase space Zfl.

6.1.1 Special case: d a power of a prime

Let 5 = |s/2], the floor part of s/2. According to Theorem 13 p.55, for any La-
grangian submodule M, there exist S € Sp(1,Zg) and k € {0,...,s} such that M is

linearly generated by the column vectors of

0
S x ( 0 ptk ) . (6.3)

In other words, with S; and S the two column vectors of S, (S1,S2) is a symplectic
computational basis of (Z,:)? and M is the set of all linear combinations of p*S
and p*~*Sy with coefficients in Zyps. As a converse, any submodule thus generated
is Lagrangian. In fact, the number k is a property of M, that is to say for any
convenient pair (S,k’) in order to generate M as in (6.3), we have k' = k. We will
denote O (p®) the set of all Lagrangian submodules thus obtained for a given k and
S varying. The cardinality of any M € Og(p®) is

(s—l)—(k—l)p(s—l)—(s—k—l) s (64)

p =p-
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Let ¢ be an isotropic line and (¢) the submodule it generates, the set of all finite
linear combinations of vectors of £. Any two vectors in (¢) are orthogonal and hence
(¢) is an isotropic submodule containing at least p® vectors. Thus isotropic lines and

Lagrangian submodules are the same.

The number of free vectors x in Z,s is p?* — p2(5=1_ The number of vectors y
such that for a given free z we have w(z,y) = 1 is p®. The number of pairs (z,y)

such that w(x,y) =1 is the product of the two previous ones:
Ny, = [SL(2, Zps)| = p3* — p>*72. (6.5)

Several symplectic matrices S may give rise to the same submodule in Og(p®) ac-
cording to the form (6.3). Let k € {0,...,s} and M € O(p®). Let X4(M) be the
matrix group of the changes of computational basis such that if P € ¥4 (M) and if
M is generated by the column vectors of the matrix given in (6.3), then M is also

generated by the column vectors of the matrix

k
SP x (% So_k ) (6.6)
p

where SP need not be symplectic. The reader interested in details about ¥4 (M)
may look at the beginning of Section 4.3.1. In particular, we derive from there that
the group X4 (M) is completely determined by the value of k. So, the number of

symplectic matrices that give rise to a given M € Og(p®) is

no (k) = |£(M) N SL(2, Zye) (6.7)
and hence
04r')| = . (6.)

Let us suppose that 2k < s. In X4 (M), the number of matrices with determinant
1 is the same as the number of matrices with any other (invertible) determinant.
Indeed, if u € U(Zps) and P = (P1|P) € Yg(M) N SL(2,Zys), with P; and P
the first and second columns of P respectively, then (uP;|P2) € X4(M) but with
determinant u. This transformation is injective so that the number of matrices in
Y %(M) with determinant u is greater than or equal to the number of matrices in

Y 4(M) with determinant 1. The converse inequality may be shown the same way:.

So we have
Yo (M ps — psfl 2 .p(371)7(572k71) P . o1 s
e e =0 (69w
pS
= p?(* —p*h) (6.9b)
and so
s s—2

|0k (p®)] = o P p+1). (6.10)
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If 2k = s (which supposes that s is even), then ¥4 (M) N SL(2,Z,s) = SL(2, Zys)

and so

n
[0.o(p)] = 22 = 1. (6.11)
w
For s odd, then 25 =5 — 1,
i e 11— p 26+ p2G+) _q P 6.12)
p = —— = —— . — .
P 1—p 2 p2(s+1) _ p2s ps+1 —ps 1
and hence the number of isotropic lines is
s s+1 s+1
_ p -1 p -1
ne') = Y10k =" o+ 1) Fr oy =P (6.13)
k=0
If s is even, then 25 = s,
- . B
—2k_1_p 25_ p2s_1 _ ps_l 614
Zp C1l—p2 p2 _p25-2  ps _ps—2 (6.14)
k=0
and hence the number of isotropic lines is again
-1 b1
nL(p®) =Y |0k +1=p"""(p+ 1)],3_7]934 +1
k=0
s _1 s+1 +p—1 s+1_1
p—1 p—1 p—1

6.1.2 General case: d any integer > 2

Now let d be any integer greater than or equal to 2 and

d=]» (6.16)
i€l
be the prime factor decomposition of d. With the help of the Chinese remainder
theorem, we can study the structure of an isotropic line ¢ in each of the Chinese
factor (Zp?)?, For every i € I, let ¢; = mp,(¢) be the i-th Chinese projection of .
As a subgroup of (iji)Q, (¢;) has cardinality a power of p;, say pfl As an isotropic
submodule of (Zp:i)Q, (¢;) is included in a Lagrangian submodule and then ¢; < s;.
So
d= 0| <]l <J]ri <d, (6.17)
el iel
which proves that ¢; = s;. Moreover, if ¢; C (¢;) for some 4, the second inequality
just above would be strict, which is impossible and so ¢; = (¢;) is a Lagrangian
submodule of (Zp:i)Q. As to the converse, for all i € I, let ¢, be a Lagrangian
submodule of (ijl- ). The set ¢ of all vectors z € Z2 such that for all i, 7, (z) € £,

is an isotropic set with cardinality d, namely an isotropic line. The reader may
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check that the maps ¢ +— (¢;);cr and (¢;);cr — ¢ thus defined are reciprocal of one
another.
So, isotropic lines and Lagrangian submodules are the same sets of Z§ and the

number of isotropic lines of Zg is

p$i+1 1
np(d) = [[ne ) = [[ ——- (6.18)

i—1
iel el Pi

Remark 1 In (6.3), the left-hand-side factor was a symplectic matriz. But in fact,
any invertible matriz would be convenient since we are to consider all the linear
combinations of the columns in the product. Thus we could have calculated the

cardinality of an orbit as

)

(X2 (M) /U (Zpe)])

1 U (Zyps )|

S5 (0) (6.19)

instead of

and the argument between (6.8) and (6.9) could have been avoided.

Remark 2 Let us assume that s is even. It should be noticed that the formula
for the cardinality of Og(p®) given in (6.10) is not valid for k = s/2. Indeed,
FEquation (6.10) gives 1 + 1/p for that particular value of k, which is not even an
integer. Equivalently, ng(k) and |X4(M)| have no unique expression for all values
of k. This must be traced back to the behaviour of X.(M) when k is ranging up to
s/2.

6.2 The number of lines through a given point

We now give the number of isotropic lines through a given point of the lattice. We
suppose that d = p* is a power of a prime. Let z € Z2 and let ¢ = v,(z) be the p-
valuation of z. Since all the vectors in an isotropic line ¢ € O(p®) have p-valuation
at least k, the vector z cannot be in £ unless k£ < ¢t. Let us assume that k£ is such
that s — k < t, which implies that k£ < ¢. Then for any computational basis (f1, f2),

symplectic or not, z is a linear combination of p* f; and p*~* f,. Hence
VE €{0,...,s/2]}, V& € Ok(p®), (k>s—t=xz€l). (6.20)

That case can occur only if ¢t > [s/2], the ceiling part of s/2. Now, let us assume
that k is such that £ <t < s — k. Thus 2k < s and we search for the symplectic
computational bases (fi, fo) such that z is a linear combination of p* f; and p*~* fo.

Let (fi1, f2) be a symplectic computational basis and z = af; + bfa. Since
vp(w(z, f2)) = vp(a) = t > k, (6.21)
we have no extra conditions on the choice of fs. But we must have

vp(w(z, f1)) = vp(b) > s — k, (6.22)
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which shows that in a symplectic basis where x = (p?,0), f; must be of the form

1= (o, Bp" ), (6.23)
with «, 8 € Z4. The number of suitable vectors fi is

(s—1)—(s—k—t—1)

(P —p" ") -p = (p* — p*HpF*. (6.24)

The number of suitable vectors fo for a given fi is p®. Then the number of suitable,

s—l)ps+k+t'

symplectic computational bases (fi, f2) is (p® — p Moreover, if f is a

convenient basis and
<pkf1,ps_’“fz> = <pkf{,ps_kfé>, (6.25)
then f’ is convenient too. With (6.9a), we deduce that the number of isotropic lines
in Og(p®) containing z is
s—l) s+k+t

(p°—p°")p ok
(ps _ psfl)szer = : (626)

Thus, if t < [s/2], the number of isotropic lines containing z is

t
B 1— p—(t-‘rl) pt+l -1
D e e (6.27)
=0 p p
Ift > [s/2] and s = [s/2], the number of isotropic lines containing x is
s—t—1 s
Yo+ ) [0kY)- (6.28)
k=0 k=s—t
The first term is equal to
o 1—p(s—1) _ pitl — pt=stl 6.29)
1—pt p—1 ’
For s odd, then 25 = s — 1,
ZS: p_% _ p_2(s_t) ‘ 1— p—z(E—s+t+1) _ p2t—s+1 1 (6.50)
— 2 (2 _1)’ :
e 1—p pHp? = 1)
and the second term in (6.28) is equal to
2t—s—1 2t—s+1
-1 Vg -1 p —1
P (p+1)— = . 6.31
b1y Hp*—1) p—1 (631)
For s even, then 25 = s,
—1 _o(-1— _
DD e L B e A i (6.32)
1— p—2 ps—l(p2 _ 1)’

k=s—t
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and the second term in (6.28) is again

p2t—5+1 —p

1 p2t—s+l -1
B/ R R [ LRI —
(p )105*1(;02 -1

6.33
— (6:33)
Hence, in any case, the number of isotropic lines containing some given vector x

with p-valuation t is

p

nr(p®ix) = np(p’;t) = (6.34)

In particular,
nr(p’;t=0)=1 and np(p®t=s)=nr(p®. (6.35)

That is to say the sole isotropic line containing a free vector is the submodule it
generates and every isotropic line goes through the null vector.
If d is not necessarily a power of a prime, then with (6.16) and for all 7, t; = vy, (),

we obtain that the number of isotropic lines containing x is

ti+1
nr(d;z) = np(d; (ti)ier) le : (6.36)
el pi =

6.3 Orbits under the action of Sp(1,7Z,)

As in Section 6.1, we first suppose that d is a power of a prime, say d = p®, s > 1.
Then it is obvious from (6.3) that the orbits of the left-action of Sp(1,Z4) among
the isotropic lines are the O (p®). Their number is [s/2] + 1 and we have already
seen what their cardinalities are in (6.10) and (6.11).

Now if d is a composite integer as in (6.16), then the set of the orbits is para-

metrised by

k= (ki)icr € [J{O, .., [si/2]} (6.37)

el

and the orbit with index k is
Ox(d) = {¢ C Z% |{| =d, mp,(£) € Oy, (i)} - (6.38)

The number of orbits is

[T (Lsi/2) + 1), (6.39)

el
and the cardinality of one of them is
|0k(d)] = ] ] 10 (p}")]- (6.40)
el

Example: Let us suppose that d contains no square factor, that is to say in (6.16),
for all i € I, s; = 1. According to (6.3), with k necessarily equal to 0, the isotropic

lines are the submodules that can be generated by a single free vector. These
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submodules are called the projective points of Z?l. With (6.18), we find that the

number of isotropic lines is

ni(d) = [[ (i + 1) (6.41)
el
They all belong to the sole orbit under the action of Sp(1,Z,;) corresponding to
k; = 0 for all 4. (J

In conclusion, we counted the isotropic lines of Z?i as a whole or through a given
point and we saw how they are arranged under the action of Sp(1,Z4) = SL(2,Zy).
We used this latter equality between the symplectic group and the special linear
group as a counting argument in Section 6.1.1. But in the higher dimensional phase
space Z?i”, this equality does not hold any more. Thus the case of ZZ is quite a
simple one. Whenever Z?i” had to be considered, the method we used would have to
be modified. For the same reason, the content of the next section is also particular
to Zg.

6.4 Some group actions on Y4 (M)

In this additional section, we highlight the structure of the group ¥4 (M), whenever
M is a submodule of ZZ, by means of three group actions upon it. We also assume
that d = p® is a power of a prime.

In order to establish Equation (6.9), we showed that the number of matrices in
Y %(M) with determinant 1 is the same as the number of matrices in the same set
with any other (invertible) determinant. The simple reasoning we used was enough
in the context of Section 6.1. But we are going to introduce here two other group
actions that are linked to that point and to Remarks 1 and 2. Let py be the action
of U(Zys) on Xg(M) defined by

Vu € U(Zps), VP = (P1|Py) € X5(M), po(u) - P = (uP1|u"'Py) (6.42)
and p; the action of U(Zy)? on Y4(M) defined by

V(ur,uz) € U(Zys)?, VP = (P1|P2) € £o(M),  py(u1,u2) - P = (u1 Pi|uaPs).
(6.43)
All the orbits of p, (resp. p;) have the same cardinality, namely |U(Zps)| = p* —p*~!
(resp. |U(Zps)|?). In a given orbit of p,, every matrix has the same determinant.

Since Zys is a commutative ring, those two actions "commute":
p1(ur,uz) - (po(u) - P) = po(u) - (p1(u1,u2) - P). (6.44)
Let (uq,us), (v1,v2) € U(Zps)2 such that ujus = vivg, that is to say

VP € Xg(M), det(p;(ur,us)- P) = det(p;(vi,ve) - P). (6.45)
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With \ = ugvy ' = uy 'vy € U(Zps), we have
(Ul, UQ) = (Aul, )\_1’&2). (6.46)

Thus we have a kind of a discrete Hopf fibration. It is given by the action h of
U(Zyps) on U(Zyps)? defined by

YA € U(Zys), Y(ut,uz) € U(Zps)?,  h(A) - (ur,u2) = Aug, A ug). (6.47)

Moreover, the action p = py/(h, py) of U(Zps)?/h on T4(M)/p, is well-defined. For
any u € U(Zps), let
D,={PeXy(M); det P =u}. (6.48)

Every orbit of p is transversal to D, /p,. Indeed, let P be in some orbit O of p; with
some determinant v. Then (uv~!Pj|P,) is in O with determinant u so that there is
at least one orbit of py in D, N O. Then if P and @ = (u1P1|uaPs) are in O and

have the same determinant, then uy = ufl and thus P and @) are in the same orbit

of py.
As a conclusion, we have the

Proposition 29 The group ¥4 (M) can be partitioned into the family E = {F;;},
where the E;;’s are the orbits of py, the index i € U(Zys) is the determinant of every
matriz in E;; and the index j stands for an orbit of p; (or equivalently of p).

Let P € E;,5, and Q € E;,j,. On the one hand, det P = i1 and det Q) = i2. On
the other hand, j1 = jo iff Q1 and Qo are proportional to Py and Py respectively.

The number of different values that j can assume is

Xg (M)
p= . (6.49)
U (Zyps)|
If 2k < s, then n, = p**2¥ according to (6.9a). But if k = s/2, then
GL(2.Zs 2s _ o 2(s—=1)\ . (S _ ,S—1) . S
— | ( ) Hp )| — (p b ) (p p ) p :p28 _|_p28—1 >p28‘ (650)

n
T U@y (= p>1)?

In passing, we find again that the number of matrices in X4 (M) with some
determinant u is the same as the number of matrices in Y4 (M) with any other

(invertible) determinant v.
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Chapter 7

Towards continuous algebra and

geometry

Up to now, we have dealt with a discrete set of operators, namely Pauli operators,
and thus we got information only about a discrete set of bases. With this restric-
tion, we were constantly led to reduce the problem to the case of a power of a prime
dimension. The behaviour of Pauli operators is indeed liable to the Chinese remain-
der theorem. Thus, as far as Pauli operators are concerned, the lowest prime power
factor of d is a limiting factor in the number of MUBs. But can one find a similar,
algebraic or geometrical framework which would account for any set of bases or at
least for any set of MUBs? Can the limitation be thus removed. In this chapter,
we present some tools that are likely to provide an answer to these questions. In
order to give a flavour of their pertaining to algebraic geometry, we work them out

in dimensions 2 and 3.

7.1 Qubits and the cross-ratio

In this section, we put d = 2. Qubits are normalised vectors in C? or equivalently
lines through the origin in the same space. From this latter point of view, they
appear as points of the projective line over C which is nothing but the Bloch sphere
of physicists, or the Riemann sphere of mathematicians. It is well-known that or-
thonormal bases of qubits are represented by pairs of opposite points on the sphere.
As is usual, we shall take |0) and |1) to be the north and the south poles of the
Bloch sphere, respectively. In the projective, algebraic language, we fix a system of

homogeneous coordinates so that |0) is 0 and |1) is the point at infinity, denoted oo:
0) = (1,0), 1) < (0,1). (7.1)

This convention corresponds to the stereographic projection from the south pole.
The homogeneous coordinates of a vector are thus nothing but the coefficients of
that vector in the computational basis {|0),|1)} up to a nonzero, multiplicative

complex number:
al0) +b|1) < (a,b) < (ka,kd) for any k € C*. (7.2)

97
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Then any basis unbiased with the computational basis is of the form

L e e L
{|o>—ﬂ<|o>+ Pl 1y = (0 ‘Pl>>}, (7.3)

where ¢ is the azimuthal coordinate. This basis is represented by two opposite

points on the equator of the Bloch sphere or by the homogeneous coordinates
\0)' — (1, ei“’) , \1>' — (1, —ei‘P) , (7.4)

so that {|0),]1)} and {|0)",|1)'} are harmonic conjugated. In fact, let us calculate

their anharmonic ratio:

1 1 1 0 1 0 1 1
0),[1),]0), (1)) = . : . o . , 7.5
(10),11),10)", ]1)") <ewo ‘_ewl G 1 ‘_WO)(a)
= (=€, e¥)=(1,-1) (7.5b)
= -1 (7.5¢)

Conversely, if some orthonormal basis whose vectors have homogeneous coordi-
nates (a,b), (c,d) € C? is harmonic conjugated with {|0),|1)}, we have

(

So ad 4+ bc = 0. Writing a, b, ¢, d in terms of the spherical coordinates 6 and ¢

a 1
b 0

c 0
d 1

a 0
b 1

c 1
d 0

)

) = (=bec,—ad) = (1,-1). (7.6)

0 ; 0

a = cos 5, b:ewsin§, (7.7a)
0 ; 0

¢ = sin 2 d = —e'’ cos 3 (7.7b)

we get that § = 7/2 with no conditions on . Then the basis we started from is
of the form (7.3). Since our choice of a computational basis was arbitrary, we have

shown the

Proposition 30 Let (x1,22) and (y1,y2) be two orthonormal bases of C2. Then the

following properties are equivalent:

1. (z1,22) and (y1,y2) are unbiased;
2. On the Bloch sphere, the axis defined by (x1,x2) and (y1,y2) are orthogonal;
3. (x1,m2,91,y2) = —1, that is the two bases are harmonic conjugated.

The point is that any possible set of MUBs is accounted for in the latter propo-
sition. However, as we do not have at our disposal a suitable generalisation of the
Bloch sphere or of the anharmonic ratio in any dimension, we still have to find an-
other scheme. On the one hand, since in the pair (z1, z2), any one of the two vectors
can be deduced from the other, there is in fact a redundancy and we may search for

a tool that encode a basis in a single object. This is done in the next section where
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we try Pauli operators with continuous exponents. On the other hand, we may think
that the redundancy is specific to low dimension cases and so find a generalisation

that keeps track of each vector in a basis. We will try this way in Section 7.3.

7.2 Pauli operators with continuous exponents

This section is still devoted to qubits. Indeed, we shall see in conclusion that Pauli

operators with continuous, real exponents are essentially limited to qubits.

The definition of Z¢ for instance, with ¢ in R instead of Z, involves a matrix
logarithm, so that we must avoid any negative or null eigenvalue. Therefore, we
consider iP in replacement of any Pauli operator P over C2. Such a replacement

does not modify the eigenbasis under consideration and we may define

VaeR, (iP)* = e*(P), (7.8)

1 (1 1 10
H:ﬁ(l_1>, S—<Oi>, (7.9)

the so-called Hadamard and phase matrices respectively, we have

o fi0o (2 0 ) o« )
ln(zZ)—ln(O —z')_( 0 —i7r/2>_12Z’ (7.10a)

In particular, with

0 7T /2
WeX) = BmGz) g | 0 =il X, (7.10D)
it/2 0 2
0 2
In(iY) = Sln(iX)st = ™/ =i’y (7.10c)
—7/2 0 2
As a general feature, one has for any Pauli operator P,
. LT
In(iP) =i-P. (7.11)

2

With a,b € R, one has

(iZ)" = exp (ing) = cos (bg) + ¢sin (bg) Z

eibﬂ/2 0
= ( 0 e-itn2 | (7.12a)

™

(1 X)* = H(iZ)*H = cos (a%) + isin (a—) X

2
_ (FQS(aw/z) ’isin(aﬂ'/2)> (712)
isin(am/2) cos(am/2)
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and hence

™

(X)) (G2 = cos (a%) cos (b2> I+ isin (ag) cos (bg) X
+1 sin (ag) sin (bg) Y + cos (a%) sin (bg) A

( cos(am/2)et/? isin(aw/Q)e‘ib“/2>

i ; 7.12
isin(ar/2)e?™/?  cos(am/2)e T2 (7.12)

So we may restrict a and b to lie in [0, 4[. The characteristic polynomial of the latter

matrix, with formal variable ), is

(A — cos(am/2)e®™/2) (X — cos(am/2)e™™/2) 4 sin®(an /2)
= A2 —2cos(am/2) cos(br/2)A +1 (7.13a)

with reduced discriminant
A’ = cos?(am /2) cos®(br/2) — 1, (7.13b)

negative unless {a,b} C {0,2}, that is (1X)%(iZ)® = £1. If we exclude that case, we

have two conjugated complex eigenvalues

A+ = cos(am/2) cos(br/2) & ir/1 — cos?(am/2) cos?(br/2) (7.13¢)

with corresponding eigenvectors

isin(am/2)e~7/2 > , (7.13d)

abx) = .
lab) ( — cos(am/2)e™/2 4 \p
The basis {|ab+)} is unbiased with the computational basis iff

sin?(ar/2) = (cos(am/2)e™™/? — X\, )(cos(am/2)e ™®™/2 — X_), (7.14a)
sin?(ar/2) = (cos(am/2)e™™/? — X\_)(cos(am/2)e”™"/2 — ;). (7.14D)

Equating the right-hand sides of these equations, we get the following necessary

condition:

Re(cos(am/2)e™™/2 X, ) = Re(cos(am/2)e™™2)\_). (7.15)

If a # 1 and 3, we may get rid of the factor cos(an/2) and for (X )%(iZ)" nontrivial,
(7.15) reduces to
b=0 or 2. (7.16)

One may check that Conditions (7.14a) and (7.14b) are then verified. The corre-

sponding Pauli operator is (iX)“.

Now if a = 1 for instance, one gets

Z'e—ibw/2
1b+) = . 7.17
164) ( N ) (r.17
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o, 1

Figure 7.1: Solutions for a and b so that (iX)%(iZ)® provide an unbiased basis with
the canonical one. The points with a = 0,2, 4 are excluded.

This is nothing but (7.3) up to multiplicative factor with ¢ = brr/2. The case a = 3 is
similar: It describes the same set of bases but each of them with reverse orientation.
In summary, the solutions for a and b in order that (iX)%(iZ)® provide an unbiased
basis with the canonical one are given by the four red lines in Figure 7.1.

Thus, in dimension 2, Pauli operators provide us with a complete description
of the bases unbiased with a given basis. Unfortunately, when the dimension of
the Hilbert space increases, the dimension of the manifold of unbiased bases with a
given basis also increases, whereas the set of Pauli operators X®Z? still depends on
only two parameters. Therefore the pattern of Pauli operators with continuous, real

exponents is again specific to qubits.

7.3 MUBs as tori intersection

7.3.1 General set-up

We consider the Hilbert space C?, with d any integer greater than or equal to 2.
A orthonormal basis of that space consists of the vectors |i), with ¢ ranging from
0tod—11in Z4. As we saw in the historical overview as well as in Section 7.1, a
quantum state can be represented by a point in the corresponding projective space

P(C%). With this representation, the canonical computational basis is given by

0y, 1), ... |d—2), |d—1)
IR ! ! (7.18)

07 X1, -eey OOg—2, XOd—1
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A vector z € C? is said to be unbiased with the canonical basis if it has equal

amplitude over the canonical basis vectors:
Vi, j € L, |(ilx)] = |(jla)] - (7.19)
Since such an x is not 0, in particular
[(Ofz)| # 0 (7.20)

and z can be identified with a vector Z in C?~!. So a necessary and sufficient condi-
tion for x to be unbiased with the canonical basis is that z have all its coordinates
of unit modulus. That is to say Z has to lie on the unit torus T¢~! in C¢ .

We pick up a set of d vectors on T% ! that account for an orthonormal basis f
of C?. As we have just seen, f is unbiased with the canonical basis. We perform a
change of computational basis that takes the canonical basis to f. This induces a
transformation ¢ on P(C?) that is called an orthonormal projectivity. The set of
unbiased vectors with f is represented by ¢(T¢ 1) and the set of unbiased vectors
with both the computational basis and f is represented by T4~ N (T !). Let T

be the set of all images of T%~! under such orthonormal projectivities:
T = {p(T%1); ¢ orthonormal projectivity in P(C%)}. (7.21)

Thus the problem of finding unbiased bases is translated into the study of inter-
sections between elements of T, which is liable to algebraic geometry. Let us say
that two tori are orthogonal if one is the image of the other by an orthonormal pro-
jectivity. This is a symmetric relation and we search for maximal sets of pairwise

orthogonal tori. We treat the cases d = 2 and d = 3.

7.3.2 The case d =2

For d = 2, we have already seen in Section 7.1 that the canonical basis is represented
by the north and south poles on the Bloch sphere and that, via the stereographic
projection, T is the equator of the sphere. Here an orthonormal projectivity is only
a rotation on the sphere. This particularity helps visualize. But we will not prove
it as we are not to use it in our formal reasoning.

Let a € [0,2[ so that mwa is the angular coordinate of a point on the equator.
Such a point accounts for a vector unbiased with the canonical basis. We perform
an orthonormal projectivity ¢ that brings the canonical basis, namely the eigenstates
of Z, to the eigenstates of X on the equator. Then ¢(T?) is parametrised by a and

it contains the points with projective coordinates

1 1 1 14 e'm@
Co)(A)-Crmy e

Note that the matrix representing ¢ is the Fourier transform in two dimensions,



7.3. MUBS AS TORI INTERSECTION 103

namely H up to multiplicative factor. For a = 0, we get the north pole and for a = 1,
we get the south pole. This could be expected from the fact that unbiasedness is a
symmetric relation, so that (T!) has to go through the eigenstates of Z. In fact,
©(T%) is also a great circle and thus is orthogonal to the equator in the common
sense of the word orthogonal. So there is only one possibilty for the third unbiased
basis that will complete the two previous ones. Its vectors lie in T! N o(T*) which
contains only two points, accounting for the eigenstates of Y. To see this rigourously,
we search for the points of the form given in the right-hand-side of (7.22) that also

belong to the equator. So we need solve

|1 + eim{ = }1 - eim‘ , (7.23)

which admits only two solutions:

o= j:%. (7.24)

The corresponding states are indeed the eigenstates of Y:

1 ) .
NG (L£4)]0) + (1 Fi)[1)). (7.25)

Since the choice of the two first bases was in fact arbitrary, we have proved the
Proposition 31 Given an orthonormal basis by in C2, one vector unbiased with

respect to this latter basis is enough to determine the two other orthornormal bases

b1, be such that (by,b1,b2) is a complete set of unbiased bases.

7.3.3 The case d =3

Here we prove, with the help of numerical computations, the following rigidity propo-

sition which is a mere copy of the 2-dimensional case just above.

Proposition 32 Given an orthonormal basis by in C3, one vector unbiased with
respect to this latter basis is enough to determine the three other orthornormal bases

b1, b, by such that (by, b1, ba, bs) is a complete set of unbiased bases.

For d = 3, if we want to build a basis f which is unbiased with the canonical
basis e, we may choose a first vector anywhere on T2. So, without loss of generality,

we choose the vector whose every coefficient is equal to 1. In matrix form:

T
A=(1 1) (7.26)
Moreover, a vector of f is defined only up to a global phase. Thus we may put

1 1 1
f=11 fa fa |- (7.27)
1 fz2 f33
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Then, f being orthonormal,

1+ foo + faa =1+ fag + f33 =0, (7.28)

where the fj;’s have unit modulus. The order of the vectors in the basis does not
matter as well. So, we have no other choice than to take the Fourrier transform of

the canonical basis:
1

1
i s (7.29)
3*

with j the canonical root of unity of order 3. In other words, a basis unbiased with
the canonical one is determined by one of its vectors.

Now we search for unbiased bases with respect to both e and f. We know that
there are only two of them. Let ¢ be the orthonormal projectivity that brings e to
f- In matrix form, ¢ is given by the latter matrix f. As in the 2-dimensional case,
we parametrise ¢(T?) with parameters in T2?. Let a,b € [0, 3[ so that the generic

point of (T?) has projective coordinates

1 1+ eZiﬂa/?) + 62i7rb/3
f €2i7ra/3 — 1 _|_je2i7ra/3 _|_j2e2i7rb/3 (730)
e2i7rb/3 1 +j262i7ra/3 +j62iﬁb/3

In order to describe T? N ¢(T?), we need solve the two equations

‘1+e2i7ra/3+e2i7rb/3’ _ ’1 +je2i7ra/3 —i—j2€2mb/3’ (7.31&)
|1 4 eima/3 4 o2imb/3|  — |1 4 j2¢%ima/3  joRimb/3) (7.31b)

The solutions of (7.31a) form the set of three red, solid lines displayed in Figure 7.2.
The solutions of (7.31b) form the set of three blue, dashed lines displayed in the
same figure. This figure was obtained as an implicit plot by numerical computation.
From a topological point of view, each set of lines is the join of a parallel, a meridian
and a Hopf fiber intersecting in a common point!. The two sets of lines intersect
in six points that account for nothing but the two expected unbiased bases. One

obtains those bases by and bs under transformation by f:

1 1 1 i3 2452 2442

bi=f1| j 2 1=12+52 W3 2+ [, (7.32)
i 21 2452 2452 V3
1 11 —iV3 245 245

bo=f| 4% 45 1| = 2+5 —iv3 245 |. (7.33)
21 245 2+j —iV3

'With perhaps a far-fetched argument, we remark that f is symmetric, so that each of the
two intersecting points appears precisely as the point that gave rise to the equation with solutions
passing through it.
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Figure 7.2: Intersection of tori in P(C3)

To conclude the case d = 3, we remark that the parametrisations of b; and by on
T? can be obtained as translations of f on the discrete, 3 x 3 net obviously appearing
in Figure 7.2.

In higher dimensions, it can be seen that we have no more the same rigidity. So

the method of investigation has to change or improve.

7.4 Pure states entanglement measure

In Section 3.2, we saw that two lines over a ring may intersect at some point other
than the origin. If two lines intersect only at the origin, they are said distant. Oth-
erwise they are said to be neighbour. We also remarked that the notions of distance
and neighbourhood can be refined in considering the set of all linear combinations
of two vectors generating the lines. The greater the cardinality of that set, the more
the lines are distant or, we can say, different. What is more, the wedge product is a
suitable tool in order to measure that difference.

In a vector space over R or C, we may consider for any two vectors the area of
the parallelogram they determine. We suppose that the angle between the vectors
varies while their norms remain constant. Then the area of the parallelogram is
zero when the vectors are colinear and maximal when they are orthogonal. From
a quantum physical viewpoint and if the vectors are normalised, it means that this
area accounts for how much the states can be distinguished from one another. If we
recall that the area can be calculated as the modulus of the wedge or cross product
of the vectors, this is quite similar to the discrete case.

In the present section, we explore this idea and connect it to two usual tools of

quantum information, the von Neumann entropy and the Schmidt decomposition.
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7.4.1 A determinantal measure

Let us consider a discrete, bipartite quantum system, the first and second subsystems

having d; and ds levels, respectively:
W) = aijlij) € C" @ C®, (7.34)
.3

with |¢) being a normalised vector. In this section, we will restrict to
di =dy =d>2, (7.35)

but it will be worth thinking of the case di # do. Moreover, we suppose that the
kets |ij) are nondegenerate levels with respect to well-chosen measurements on each

of the subsystems. In particular, the |ij)’s have to be orthonormal.

An intuitive way to know how entangled |4)) is, is to know how much the state of
one of the subsystems varies according to the result of a measurement on the other
subsystem. To do so, we refer to the duality operator D that associates to any ket

the corresponding bra in the dual Hilbert space:
D:C% = (CH*, |z)+— (z]. (7.36)
Then the row vectors of the d x d matrix
U = (I®D)|y) (7.37)

stand for the various states of the second subsystem after a measurement has occured
on the first one. Indeed, a row is a bra, but under the action of D one obtains one
of the announced kets. Similarly, the column vectors of ¥ are the various states of
the first subsystem after a measurement has occured on the second one. Since [))

is normalised, ¥ is such that
[Py = 4/tr(TTT) = 1. (7.38)

We say that U is normalised for norm 2. Then our intuitive measurement of en-
tanglement is nothing but the volume of the parallelepiped whose defining edges
are the column vectors of ¥, or equivalently its row vectors. Thus we define the
entanglement of |¢)) by

E(|¢)) = d*|det U|? . (7.39)

Since

| det UT| = |det ¥, (7.40)

this definition is symmetric with respect to the two subsystems. The reasons for the

normalisation factor d% and for the square on the determinant will appear later on.

In the introduction of the section, we took two normalised vectors only. Here we
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take d vectors with a range of norms. The norm of the j-th column vector of W is the
probability for the j-th eigenvalue to come out when a measurement is performed
on the second subsystem. Similarly, the norm of the i-th row vector of ¥ is the
probability for the i-th eigenvalue to come out when a measurement is performed on
the first subsystem. So our determinantal measure of entanglement takes also into

account the statistics.

Example: We take a bipartite, 2-level system
’¢> = Coo ‘00> + ¢o1 ‘01> + C10 ‘10> + c11 ‘11> (7.41)

and apply I ® D to it:

v = (I®D)W) (7.42a)
= coo |0) (O] + co1]0) (1| + c10|1) (O + c11 |1) (1] (7.42b)
= [ ). (7.42¢)

€10 Ci11
Then
E(Jih)) = 4|det U|* = 4 |eoocr1 — corcrol” - (7.43)
O

In what range of values does E(|1)) lies? It is of course a nonnegative quantity,

so that we are to determine its upper-bound and show if it can be reached.

Theorem 33 For any bipartite, d-level system |1))
0 < B(l)) < 1. (7.44)

Moreover, the upper-bound is reached iff there exist two unitary operators Uy, Us €
U(d) such that

d
1
(1 @l) ) = —= ) lii). (7.45)
Vi
In that case, we say that 1) is maximally entangled.
This result explains the normalisation factor in the definition of F.

Proof. For a given |¢), we can find, by the singular value decomposition of ¥, two
unitary matrices Uy, Uy corresponding to two changes of basis in local measurements,
such that

v = U, 9U] (7.46)

is diagonal with nonnegative entries. Moreover

E([¢)) = d?|det ¥'|?, (7.47)
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where the determinant is now the mere product of the diagonal entries \; of W'.

Then
d

SN =[]y = w3 =1, (7.48)
=1

which indicates that A = (\;); is a point on the unit sphere. Let us parametrise the

Ai’s with the help of multidimensional spherical coordinates. We put

Vie{l,...,d—1}, 6;€[0;7/2] (7.49)
and
A = cosfy_1c0804_5---cosbscosbq (7.50a)
Ay = cosf4_1cosfy_o---cosbysinb (7.50b)
Ad—a = cosBy_1cosly_9sinby_ s (7.50c)
Ad—1 = cosfy_1sinf,_o (7.50d)
A = sinfy_1. (7.50e)

With the additional notation
f=|det ¥’

, (7.51)

we have to study

d—1 d—1
FO1,. . 0n1) =[] X =[] sini (cos)'. (7.52)
=1 =1

Since f is defined on a compact set and is continuous, it reaches its upper-bound.

But f is zero whenever for one ¢
0; =0 or m/2 (7.53)

and is positive othewise. So the upper-bound is positive and it is reached at some

point in the open set
d—1

I 10:7/21. (7.54)

i=1
At such a point, all the partial derivatives of f annihilate. The partial derivative of

f with respect to 6; is

fl= Hsin 0; (cosB;)? - ((cos ;)" —i(sin ;)% (cos §;)" ). (7.55)
J#
and it annihilates for

— 1
0, = 0; = arctan —. 7.56
7 (7.56)



7.4. PURE STATES ENTANGLEMENT MEASURE 109

We get
- tan 6, 1
sinf; = an — = - (7.57a)
\/1+tan201 V1+i
_ 1 )
cosl; = — = Vi , (7.57b)
\/l—i-tanzé?Z V14
and

(7.58)

So, there exists a unique point on the sphere with positive coordinates such that
E(]y)) is maximal. For all ¢ € {1,...,d},

Viti Vi

<

d—1 -
L 1 1
MO Ba) = 2 [T Vi . (7.59)
j=i

The corresponding state 1) is as announced in the theorem. The calculation of the

entanglement with this latter |¢) is straightforward and gives

E(l¢)) = 1. (7.60)

Remark 1 In this proof, we used a diagonalisation of V. But in order to calculate

the entanglement, it is sufficient to trigonalise V.

7.4.2 Comparison with von Neumann entropy

The determinantal measurement of entanglement we have set out is basically con-
cerned with the physical structure of a state, not with the informational using of the
state from the point of view of quantum information theory. So we now compare it
with the notion of entropy. However, we shall limit ourselves to the case of a bipar-
tite, 2-level system as in the example above. It will be obvious that the method we
use is not quite adapted to higher level systems.

The classical Shannon entropy H(X) measures the uncertainty in the outcome
of a random variable X. It depends only on the probability distribution of X. If
(pi)ier is the probability distribution, one has

H(X)=-> pilogp, (7.61)

i€l
where the logarithm is to be understood throughout this section in basis 2. In
quantum physics, the variable X is replaced by a density matrix p describing a
statistical set of states, also called a state for short. This gives rise to von Neumann’s

entropy defined as
S(p) = —tr(plog p). (7.62)
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If (p;)icr are the eigenvalues of p, one recovers

=—> pilogp. (7.63)
el

In the same spirit as to the definition of F(|1))), we are interested in the variations
of one of the subsystems when measurements are performed on the other one. So we
will calculate the von Neumann entropy of reduced density matrices and compare
to our measure of entanglement as defined in (7.39). Since for a bipartite system,
the eigenvalues of the two reduced density matrices are the same, we may choose
either of these matrices in order to calculate S. In other words, S is symmetric with

respect to the two subsystems.

As a general rule, since the basis for each of the subsystems is assumed orthonor-
mal, then the two reduced matrices of a bipartite, d-level system |¢)) are the Gram
matrices of the row and column vectors of the matrix W, respectively. If the L;’s are

the row vectors of ¥, the density matrix for the first subsystem is
m4www—m<z%lwﬂ0

.5,k
= ey li) (4] = ZI (Lj|Ls) (4], (7.64)

1,3,k

where tro denotes the partial trace over the second subsystem. Similarly, if the
C;’s are the column vectors of ¥ and tr; denotes the partial trace over the first

subsystem, the density matrix of the second subsystem is

ps = tra(|) ( }jmcmq (7.65)

Example: Let us take for |¢)) a separated state
%) = 00). (7.66)

The density matrix of the first subsystem is

m—mﬂm—<;g>, (7.67)

so that the entanglement of |¢)) and the entropy of p; are both null:
E([¢)) = S(p1) = 0. (7.68)
Now if we take for |¢) a Bell state

|Boo) = 7(\00> 1)), (7.69)
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the first reduced density matrix is

1 1/2 0
= —(|0) (0] + 1) (1)) = , 7.70
= (10) 0]+ 1) 1) (0 1/2) (7.10)
so that the entropy of p; is
S(py) = —2 Slog L =1 (7.71)
P1) = 9 0g2 =4 .
which matches the entanglement of |¢):
1/vV2 0 ?
E(|¢)) = 22 |det = 1. (7.72)
0 1/v2

In the case of the general pure state set out in (7.41), the density matrix is

p=1¥) (Y| (7.73)

and we consider the density matrix p; of the first subsystem after measurements on

the second one:

2 2 * *
L= |Cool + |Co1\* 00061(2) + 0010121 ‘ (7.74)
C10Cop 1 C11C01 ‘610| + |011’
Then p; has characteristic polynomial, with variable A,
9 1
X(pr) = A2 = A+ L B(9)) (7.75)

and eigenvalues .
A= 5(14T=B(9) (7.76)

The entropy is
S(py) = —AylogAL —A_logA_. (7.77)

It is interesting to compare S(p;) with E(|¢)) in two ways. In Figure 7.3, we
plot S(p;) and E(|¢)) as functions of |det ¥|, whereas in Figure 7.5, we plot them
as functions of E(|¢)). In Figures 7.4 and 7.6, we plot the difference S(p;) — E(|9)))
as function of the same variables, |det ¥| and E(|v))), respectively.

We notice that

E(jv)) =4ALA_. (7.78)

This is not a coincidence as we are going to see in the next section.
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Figure 7.3: S(p;) (dashed,

red) and E(|¢)) (solid, black) as functions of |det ¥|
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Figure 7.4: (S(p;) — E(|©)) as function of |det V|
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Figure 7.5: S(p;) (dashed, red) and E(|¢)) (solid, black) as functions of E(|v))
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7.4.3 Comparison with Schmidt decomposition

Let |1) be a bipartite, d-level system. According to Schmidt decomposition, there
exists an orthnormal basis (|17)); for the first subsystem, an orthonormal basis (]27));

for the second subsystem and a set of nonnegative real numbers ()\;); such that

d
) = > i |1i) ® |26). (7.79)
=1

That is to say |¢) can be written in a suitable basis as a sum of tensorial products.
The A;’s are called the Schmidt coefficients of this decomposition. This is a corollary
of the singular value decomposition we have already used in the proof of Theorem 33.

Then we have
d d
W= 3"\ (1) (24, pr=Y_ ML) (1,  (7.80)
i=1 i=1
and if we denote A; = A\? the eigenvalues of p;, we obtain
d d
E(|ly)) =d* T M S(p1) ==Y _ Ajlog A, (7.81)
i=1 1=1

If one of the A;’s is null, then E(|¢))) = 0, though |¢)) may contain some entan-
glement as a lower level bipartite sytem. Thus the number of nonzero \;’s is a first,
discrete evaluation of the entanglement, which is nothing but the rank of ¥, ranging
from 1 to d. Whenever it is d, but unfortunately only in that case, the determinan-
tal measure precises the amount of entanglement. In turn, von Neumann entropy
measures the entanglement continuously but does not supply obvious information
about the rank. So, in order to detect and evaluate localised entanglement in |1)),

we have also to consider the minors of W.

There are many ways to do so and indeed this is an intricate topic of algebraic
geometry. We here consider only an example as to 2 x 2 minors. If Ay is the set of

all 2 X 2 minors, let us define

By(l)) =3 3 1P (7.52)

I IAD

A factor 1/4 corrects for multiple counting of identical terms and an extra normali-
sation factor 2 that will be explained below is included. Es(|t))) is invariant under

local unitary transformations (see [52]), that is
VUL, Uz € U(d),  Ea((Ur @ Us) [¢) = Ex(|9)) (7.83)

Moreover, it is zero iff the rank of W is 1. Therefore, Fs(|¢))) is nonzero iff |¢)

is entangled in the common meaning of the word, that is to say |¢) cannot be
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written as a tensorial product. In a way, this is the most basic measurement in
the determinantal family. It can be applied to any bipartite system, even if the
subsystems do not have the same number of levels, i.e. di # ds. In the formal case
where dy = dy = d, if we take |¢) in its Schmidt decomposition form, Fs(]1))) reads

:<é/\> ZA? 1= tr(p2). (7.84a)

which is nothing but the linear entropy of |v).

If we set aside Schmidt decomposition, this can be proved in a way that relates
to scalar and wedge products in a simple manner. One may prove by induction on
d that, for any two z,y € C%,

() [* + [z A gll® = [l [y (7.85)
which is nothing but an analogue in higher dimension of
2 29
cos“ 6 +sin“ 0 = 1. (7.86)

So, denoting by L; the row vectors of ¥ and taking into account (7.64), we have

d d
Ex(lv) = Y ILinLil? = ST LR IL P - LdL)P (7.87a)
d 2 d
= (Z”Liﬂz> = > KLz (7.87b)
=1 i,j=1
= I~ il (7.570)
= 1—tr(p}) (7.87d)

A similar sequence of equalities is obtained if we consider the column vectors of W.

The quantity tr(p?) is well-known to range in ]0, 1]. Moreover, it is equal to 1 iff
the reduced state whose density matrix is p; is pure. We thus see that the measure
of localised entanglement at scale 2 (as we consider 2 x 2 minors) is related to the
amount of mixture in each of the subsystems. The localised entanglement measure
Es(J1)) is 0 iff the subsytems of 1)) appear as pure states whenever they are looked
at independently of one another, and we saw that this is equivalent to |1)) being a

separable state.

Remark 2 For a bipartite, two-level system, one has

E(|v)) = 2Ea(|¢))- (7.88)

To conclude this section, a final remark is in order. There are many other ways
of qualifying or quantifying entanglement, but the search for a convenient, universal

tool (if any) is still an open issue. In connection with determinants, one may see [62,
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63] for two other viewpoints. The relation between symplectic transformations and
entanglement is approached numerically in [64].In the previous section, we evoked
a Hopf fiber in the search for MUBs. Hopf fibers also intervene in the study of
entanglement [65]. But to date, all these tools are quite limited. For a review of more

classical tools, as entanglement witnesses, positive maps and partial transposition,

one may see [66].



Chapter 8

Conclusion

Quantum information theory requires a tremendous range of mathematics. But
if one looks at the educational treatises about basic quantum physics or quantum
information and communication, one can see nowhere a word on MUBs. As we
wrote in the introduction, only specific applications involve them. Nevertheless, as
a theoretical feature, they appear to be tied up to very common objects, such as
irreducible representations of the Lie algebra su(2) or the quite as much wide-spread
Pauli group, a discrete version of the Weyl-Heisenberg group. Any endeavour in
order to understand MUBs better is not only worth being carried on for the sake of
MUBSs themselves, but also to enlight those objects in a new fashion. We note that
the crux in those tools, whether they are considered for themselves or in connection

with physical applications, is the commutation relations of operators.

So, our thesis was concerned mainly, in Chapters 3, 4 and 5, with the connection
between maximally commuting sets of Pauli operators and the unbiasedness relation
among their diagonalising bases. The relevant mathematical framework was known
to be projective geometry over the ring Zg of integers modulo d. In Chapter 3,
we recalled how Pauli operators are encoded up to an irrelevant global phase as
the vectors of Zi”. Besides, their commutation relations are transcribed as the
symplectic product of the vectors. Maximally commuting sets are thus unions of
projective points. In that framework, we first generalised the notions of distance
and neighbourhood in arbitrary dimension and introduced the wedge product in
order to quantify neighbourness between two vectors or points. We then provided
counting properties in P(Z]') with respect to the neighbourhood relation. With
these properties applied to the projective line P(Zz), we proved that, in order to
build a complete set of MUBs in dimension d = p® a power of prime, with s > 1, by
means of Pauli operators, tensorial products of them are mandatory.

In Chapters 4 and 5, we fully classified Lagrangian submodules of Z?l" and se-
lected among them Lagrangian half-modules, as we showed that the latters are the
only ones for which the corresponding Pauli operators can yield MUBs. We estab-
lished an isomorphism between distant Lagrangian half-modules and Pauli unbiased
bases. The isomorphism was presented in three ways: 1) with regards to symplectic
algebra in Z2", 2) with regards to symplectic geometry in (P(Mat(n,Z4)?),w), 3)

embeded in a graph interpretation with various counting results.
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This mainstream study arose with five byproducts.

1) It completed the investigation of an alternative derivation of MUBs by means
of Gauss sums and in relation with a family of irreducible representations of the Lie
algebra su(2). In Chapter 2, we exposed the mechanism of this derivation and gave a
sufficient condition to get MUBs. Since the operators of interest satisfy commutation
relations analogous to those of Pauli operators, our main study enabled us to turn

this condition into also a necessary one.

2) As to pure mathematics, we gave in Section 4.3 an algorithm in order to
diagonalise a 2n X r matrix by means of a symplectic change of computational basis.
We also gave an example where such a reduction is impossible and we compared

with the case of symplectic submodules.

3) As to quantum information theory, we related in Section 5.4 to the Clifford
group in any dimension and exposed how it analyses into three parts: a phase,
a Pauli part and a symplectic part. We called Pauli states those states that are
obtained by diagonalising Pauli operators, and we showed that the product group
ZE x Sp(n,Zq) accounts for any dynamics among these states, thus providing an

alternative to the classical Clifford group expression of such a dynamics.

4) In Chapter 6, physical systems were addressed, as the classification of La-
grangian submodules was readily applicable to the finite phase space over Zg, namely
Zfl. We counted the isotropic lines in that space, not only as a whole but also under
the condition that they go through a given point. The way they arrange under the
action of Sp(1,Z4) = SL(2,Z4) was described in full. We thus answered a technical

point in the current problem of setting-up of discrete Wigner distributions over Zfl.

5) Finally, as we showed in Chapter 7, the ideas we developed in the framework
of discrete algebra and geometry were partially suitable for generalisation in con-
tinuous mathematics. Pauli operators with real exponents showed up to be specific
to qubits. But other tools adapt to higher dimensions. On the one hand, in pro-
jective geometry, harmonic conjugation accounts for unbiasedness among bases of
qubits, with an obvious geometrical translation on the Bloch sphere as orthogonal
great circles. A picture that we generalised in any dimension with the notion of
orthogonal tori. The cases d = 2 and d = 3 were worked out and thus we exhibited
a rigidity condition in those cases: once a basis is given, one vector unbiased with
respect to it is enough to determine the entire remaining bases in order to form a
complete set of MUBs. On the other hand, the symplectic and wedge products were
completed by the use of determinants. Measuring volumes is the counterpart of the
idea of distance in discrete geometry. But quite surprisingly, whereas the notion of
discrete distance related to unbiasedness, the use of determinants related to entan-
glement. We thus compared our determinantal measure of entanglement with the
von Neumann entropy and the Schmidt decomposition. The resemblance is striking
but in need for further investigations. We also saw that mixture of statistical states
can this way be approached. It will be uttermost interesting to fulfil this study, for

bipartite systems as well as in general for multipartite systems.



119

The question of the celebrated upper-bound to the number of MUBs, d + 1 in
dimension d, remains an open one. The most recent numerical tests by Brierley
and Weigert [36] tend to show that there are no more than 3 MUBs in dimension
6, that is the limiting factor 2 plus 1, a fact that have theoretical counterparts. In
our thesis, we refered to the perhaps best-known group theoretical tool in order to
build MUBs, namely the Pauli group. Since it is liable to the Chinese remainder
theorem, the building of MUBs with it is bound to prime power dimensions. This is
in agreement with the expression of MUBs issued from Pauli operators [18] and the
theoretical conclusion of Archer [17]. So, the problem was reduced to prime power
dimensions, that is to say in our case from Zg4, with a general d, to Z,s, with p a
prime. Moreover, all the conditions we found relate to invertibilty, so that only the
terms of lowest valuation are of interest. The problem thus reduced further to Z, as
the base ring. A recent paper by Kibler [67] investigates the connection between the
Heisenberg group and MUBs, with the same stubborn restriction on the base ring.
All this should be compared fruitfully to a work by Howe [68] connecting Lagrangian
submodules to the Heisenberg group, MUBs and nice error bases. He starts from a
general group theoretical point of view and finally comes to the conclusion that "In
some sense, the Heisenberg group over the field Z/p, of integers mod p, is the best

group for constructing mutually unbiased bases".
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Appendix A

Arithmetics in Z and Z,

A.1 gcd, lem and order

In Z, the notion of greatest common divisor (ged for short) has an intuitive meaning.
But it is equivalent to a little bit more abstract property which will generalise to
residue class rings Zg = Z/dZ, d > 2. This equivalence is called Bézout’s theorem.
To see how it works, note that the sets of the form kZ, k € Z, are the sole subrings
of Z. Bézout’s theorem states that if ¢ is the ged of aq,...,a, € Z:

5= Nas (A1)

=1

then § is characterised up to its sign by the set equation
n
0Z=" aiZ, (A.2)
i=1

that is to say 0Z is the set of all linear combinations of the a;’s over Z. We im-
mediately deduce from that theorem Gauss’s theorem for integers: If a divides the
product bc and is coprime with b then a divides c. It is also quite obvious from

Bézout’s theorem that the following three properties are equivalent:

1. a is coprime with d;

2. The residue class @ in the quotient ring Z, is invertible. In that case, we also

say that a is invertible modulo d;

3. @ is a generator of Zg4:
aly = {6:13; x € Zd} = Zg. (A?))
The invertible elements of Z; are also called its units and hence their set is denoted
U(Zq), or Z.
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In the case of Z;, Equation (A.2) is retained in order to define a notion of ged.

A residue § € Z, is a ged for a set of @;’s in Zg if
. n
0Zq =Y @ly. (A.4)
i=1

So, if § is the ged of the a;’s, § is a ged for the @;’s. As for Z, this ged is determined
only up to an invertible mutiplier as will be shown in Appendix A.2. The compu-
tation of a ged is still associative and commutative. As is the case for Z, the a;’s
will be said coprime if § is invertible. In this case, 6Z; = Z4. The interpretation in
terms of linear combinations is still valid. The intuive one in terms of prime factor
decomposition or division order is also still valid if one takes into account the slight

modification indicated by the following property:

6= N\ainZg iff 6/\d:</\ai>/\dinZ. (A.5)

=1

Indeed, if we come back to representatives of residue classes, definition (A.4) reads

n
$Z+ dZ = (Z aiZ> +dz, (A.6)
=1

which is nothing but the second member of equivalence (A.5). So, there is an
additional d in each member of that latter expression. It means that the power k of
a prime factor in § or in any one of the a;’s must first be replaced by the minimum
of k and the power of the same prime factor in d. Light is shed on that recipe in

Appendix A.2 with the Chinese remainder theorem and p-adic decomposition.

If 0 is a ged for the @;’s, we shall call § A d the ged of the @;’s. In fact, it is a ged
and if §; and &3 are two ged’s then according to (A.5)

01 Nd=0dy Nd. (A?)

That ged is also the first one according to the lexicographic order from 0 to d — 1
since for any positive ¢ such that ¢ is a ged, § A d < 6.

In the same manner, one defines a lowest common multiple (lem for short) of

ai,...,an € Z (resp. ai,...,a, € Zq) to be an element p (resp. fi) such that

w2 = ﬂ a; 7 (resp. Holq = m aiZd> . (A.8)
i=1

i=1

The lcm operation is associative and commutative in both case and is denoted by

the vee symbol V:

Wy = \/ a; (resp. Tl = \/ ai> . (A.9)
i=1

=1
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Those two notions of lcm are related by
n n
i=\a@inZ; iff u/\dz(\/aZ)/\dinZ. (A.10)
i=1 i=1
Indeed, since the map = — T is onto, the first equality means

n

pZ + dZ = ()(a:Z + dZ.) (A.11)
i=1
and the second one means
wZ + dZ. = (ﬂ aiZ> + dZ. (A.12)
i=1

We are thus to prove that
((@iZ + dz) = (ﬂ aiZ> + dZ. (A.13)
i=1 i=1

Since all operations involved here are associative and the intersection of two subrings
is still a subring, we can prove this equality by induction. So let us suppose that
n = 2 and let = be in the first set:

T = kiay + l1d = koas + lod. (A.14)
Divide each member by a1 A as A d:
= klall + lldl = k:ga'2 + lzdl. (A15)

Then a} A aby, divides kya) — kealy = (I2 — l1)d’ and is coprime with d’. So there exist
ni,ng € Z such that nja] — ngal = lo — l1. Let us call y = n1a) + 11 = naal + lo.
We have

7' —yd = (ky —nid)a) = (k2 — nad)dl (A.16)
and eventually
x—yd € ﬂ a;Z. (A.17)
i=1

The converse inclusion for (A.13) is trivial.

Note that (A.13) was quite obvious with the prime factor decomposition inter-
pretation of gcd and lem since each of those two operations in Z is distributive with

respect to the other.

Finally, the order v(a) of a € Z, is the cardinality of the subring aZgy = {ka; k €
Zq}. This is also the first positive natural number n such that na is a multiple of

d. The only residue whose order is 1 is 0, a is invertible modulo d iff v(a) = d, and



124 APPENDIX A. ARITHMETICS IN Z AND Zp
v(a)Z is the kernel of the linear map

7 — Zgq
k' +— ka. (A.18)

It is well known from group theory that the cardinality of a subgroup H of a finite
group G is a divisor of the cardinality of G. For any a € Z, since aZg4 is a subgroup
of Zgq, x = d/v(a) is a well-defined integer such that the order of T is v(a). Let us
carry out the Euclidean division of a by x: a = qx + r with 0 < r < z and suppose
that » # 0. From the definition of r and according to that latter assumption,
v(F) > v(Z) = v(a). But v(a)7 = v(a)a — g(v(a)z) = 0 so that v(7) < v(a) and
hence there is a contradiction. Thus a € ¥Z4 and aZy C TZ4. Since those two sets
have the same cardinality they are equal and we have just seen that no residue class
7 with 0 < r < z can generate this set, except for the case whena =7 =7=0. We
deduce that T is the ged of the one-element family (@). We shall say that it is the
ged of the element a.

So, we can compute the order of @ as

v(@) = aid. (A.19)

It means that if
n n m m
. / s
d= prz and a = prl 1_[10]-J (A.20)
im1 i=1  j=1

are the prime factor decompositions of d and a, then

v(@) =[] oy ™m0, (A.21)

=1

Hence one can find again the equivalence we first deduced from Bézout’s theorem.

A.2 The Chinese remainder theorem

In the previous section of this appendix, we saw that aZ; = TZ4 with £ = aAd. One
may wonder from v(a) = v(Z) and from (A.20) and (A.21) if there is no invertible
factor A € Z4 such that @ = A\x. Moreover, it will prove the claim after (A.4) that
the ged is determined up to an invertible factor. Since if §; and J2 are two possible

ged’s, then there shall exist two invertible A\; and As such that

d
= — ] A =1,2 A.22

and so dy = /\2)\1_151. It will also proves that for any ged § of the @;’s, d/v(d) is the
ged of the @;’s.

If for any i, s; < s;, the existence of A is obvious: A = g answers the question. But
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it is not any more so obvious when there is one ¢ for which s} > s;. A fundamental
idea to refer to and that we use many other times in this thesis is to prove a property
for d a power of prime (d = p®) and then deduce that it is true for any composite d

as in (A.20). This idea is carried out by the so-called Chinese remainder theorem.
Theorem 34 (Chinese remainder) Ifd =[], p;’ is the prime factor decompo-

sition of d, then we have the following isomorphism of rings:

~ n
T Lg — Hi:lpri

(A.23)

a (a’la""an)

where a; = mp, (@) is the residue class of a modulo p;*. Addition and multiplication

on the right-hand side of (A.23) are componentwise:

(@1,...,an) + (b1,...,b,) = (a1 +Db1,...,an+by), (A.24a)
(al,...,an)(bl,...,bn) = (albl,...,anbn). (A24b)

The Zp:i in the theorem are called the Chinese factors of Z;. According to
(A.24b), a is invertible iff all its Chinese components a; are. Thus, to solve our
problem, we can equivalently search for a A; in each Chinese factor such that a; =
Aix;. Moreover, we are going to give a first cumbersome proof of the existence of \;
to show the necessity for the p-adic decomposition in each Chinese factor. Let us
suppose that d = p*, let v = v(T) = v(a) and suppose that both ¢ and ¢ + v are
noninvertible modulo d, that is to say p divides ¢ and ¢ + v. We are to prove this is
impossible and thus there exists an invertible A modulo d such that @ = A\Z. Indeed,
since a = gz and p|q (p divides q) the properties p"|a and p™~!|z are true for n = 1.
Suppose they are true for some positive integer n. We know that T is a multiple
of @ in Zy and thus there exist k,l € Z such that x = ka + ld = ka + lvx. Since
pl(q+v) —q=v and p" !z, p"|ve and then p"|z due to the induction hypothethis
and to the previous expression for . And since p|¢ and a = gz, we deduce that
p"*1la. Hence the property p”|a should be true for all positive integer n, which is
clearly nonsense when a # 0. If a = 0, we can just replace it by d. We are now
going to introduce the p-adic decomposition in Zy,s and compare with a proof using
it.

Let a be a nonnegative integer and p be prime number. Writing a in numeration

basis p, we get the numbers r € N and «y,...,a, € {0,...,p} such that
a=oap+oap+---+ap. (A.25)

This is the p-adic decomposition of a. The p-valuation of a is

oo(a) = { min(i € {0,...,r};0; #£0) for a # 0, (A.26)

+o0o fora=0.

For instance, if a = [[;_, p;* # 0 is the prime factor decomposition of a then for any
ie{l,...,n}, vp(a) =s;.
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Every class @ € Zys is uniquely represented by an integer a € {0,...,p* —1}. So
there exist one single (o, ...,as—1) € {0,...,p}* such that

G=ogl +op+--+as_1p° L (A.27)

This is the p-adic decomposition of a. The p-valuation of @ is

A28
s for a=0. ( )

_ min(i € {0,...,s —1};a; #0) for a # 0,
vp(a) =

The order of @ is then p*~¥»(@) and @ is invertible iff its valuation is 0. Moreover, for
all @, b € Zys,

vp(@+0b) > min(vy(a),v,(b)), (A.29a)
vp(ab) = min(vy(a) + vy(b), s), (A.29b)

where equality in the latter formula relies on the fact that p is prime.

To check their understanding of p-adic decomposition, the reader should be able
to literally see the following equalities, for any finite set {a1,...,a,} C Z of divisors
of some d > 2:

(Ajzl ai) (V:;l d/ai> = d, (A.30a)
<\/?:1 ai) </\j:1 df a,») = d. (A.30b)

Now, let us hark back to our search for A;. Since they are of the same order,
a; and z; are both zero or nonzero. If they are nonzero, then according to (A.29b)
applied to a; = ¢;x;, ¢; is of p;-valuation 0. Hence it is invertible in pri and we
take \; = ¢;. If they are null, then v; = 7, (7) = 1 and either ¢; or ¢; + v; is of

pi-valuation 0 so that we get our ;. That is a simple proof of the
Lemma 35 Let d > 2 and a,b € Zg. The two following assertions are equivalent:

1. a,b are of the same order.

2. There exist A € U(Zq) such that a = N\b.

If one of them is satified, a and b are said to be associated. This is the case in

particular if a and b are two ged’s of a same set of elements in Zg.

What about the computation of the gcd of given aq,...,a,, € Zg using the
Chinese remainder theorem. Let a;; = mp;(a;) for any i € {1,...,m} and j €
{1,...,n}. In order to lighten notations, we avoid the bar over residue classes
in this paragraph. The set to which any element belongs will be known from the

context. Let also 6 = A a; in Zg and 0; = mp, (). It is quite obvious that in the
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j-th Chinese factor of Zg the ged of the a;;’s is

/\ ajj = p?j, with k; = min(vy, (ai;); i € {1,...,m}) < sj. (A.31)
=1

Indeed, if 49 is an index for which vy, (ai,;) = kj, then a;; = p;cju, where u is
invertible. Thus p?j may be obtained as a linear combination of the a;;’s and any
linear combination of them is a multiple of p?j . Moreover pfj = p?j A p;j in Z.
Since 0 is a linear combination of the a;’s, §; is a linear combination of the a;;’s
and so vp,(d;) > k;. Then, a;, being a multiple of J, a;,; is a multiple of J; and so
vp;(07) = kj. Hence § = H;n:l pfj. All this is nothing but the usual way to compute
ged’s by means of prime factor decomposition.

Another useful lemma is the following one. It is not often found in literature

maybe for the crux is easy to see.

Lemma 36 Let d > 2 and a,b,d € Zq such that § is a ged for a and b. If one of

the following conditions is verified:

e d is odd,
e d is even and va(a) # va(b),
e d is even and va(a) = va(b) = va(d);

then one can choose u,v € U(Zg) such that § = ua + vb. If not, then only u or v

can be chosen invertible.

Proof. In this proof, in order to distinguish classes and representatives, we shall note
@, b,0 instead of a,b,d as in the terms of the lemma. Using the Chinese remainder
theorem, we search for u and v in each Chinese factor separately. So suppose d = p®,
with p odd to begin with. Also note that owing to of Lemma 35, it suffices to prove
Lemma 36 for any gcd § of @ and b. So we will choose § = a A b, taking into account
the remark just following (A.4). By definition, there exist ug,vg € Z such that
0 = upa + vob, and dividing by § we obtain

1 = upa’ + vob’ (A.32)

where ' = a/d, b’ = b/§. We see that uy and vy cannot be both multiples of p. At
least one of ug and vg, say ug, is a unit. Suppose vg is not a unit, that is to say vy
is a multiple of p. If vy + a’ were a multiple of p, then so would a’, which would
contradict (A.32) once more. So vy + a’ is a unit and so is vy — a’. Besides, if ug £’
were both mutiples of p, so would be 2b', ¥ and then ug. We may now conclude that

at least one of the three pairs

(ui(]v %)7 (UO + b/a Vo — CLI), (Uo - blv vo + CL’) (A33)

is in U(Zg)?. That proves the lemma as to the first condition.
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If p = 2 and v2(@) # va(b), then in (A.32), one of a’ and ¥ is odd, say a’, and

the other is even, say b'. Moreover, ug has to be odd too. Then one of the two pairs
(up,vp), (up +b',v9 — a’) (A.34)

is in U(Zg)?.

If p=2 and ve(a@) = v2(b) = va(d), then @ =b =0 = 0 and u = v = 1 suit the
lemma.

Still with p = 2, if va(@) = va(b) # va(d), we have already seen that at least one
of ug and vy, say Ug, is a unit. But g cannot be a unit, since in that case uga’ +vod’
should be even. Because we only need uga’ + vgb’ to be odd, we can choose which
one of ug and 7y is invertible. m

By induction and associativity of gcd, we have the

Corollary 37 Let ay,a9,...,an € Zg and § be one of their gcd’s. For any i €
{1,...,n}, one can find k1, ks, ..., ky € Zq with k; € U(Zg) such that

5 = Zk‘jaj. (A.35)
j=1



Appendix B

Finitely generated modules over
L

Let d and n be two positive integers with d > 2. The set product Z/; is endowed with
its canonical structure of Z-module and its elements will be called vectors. Addition

is componentwise:

Znx It — IT

(B.1)
((al,...,an),(bl,...,bn)) — (a1 +bl,---,an+bn)
and the product map is
ZxT} — 7 ©.
(k,(a1,...,an)) +— (kaq,... kay).
This can also be denoted k - (ai,...,a,) or even k(ai,...,a,) without a symbol.

Obviously, such a product depends only on the residue class of £ modulo d, so that
we may consider Z either as a Z-module or a Zg-module. So, when the context is

clear or the distinction useless, one can avoid the bar to denote residue classes.

A submodule of Z[ is a module over Z, included in Z;. When n = 1, submodules
are called ideals of Z4. Let I be a finite index set and = = (z;);c; be a family of
vectors in Z;. The submodule those vectors generate is the set of all their linear
combinations over Z, and is noted (x), or (x1,...,x,) whenever I = {1,...,r}. It is
the tiniest submodule that contains all the x;’s. The family x is a generating system
or basis of that submodule. Moreover, any submodule of Z is generated by some
basis, since the whole submodule itself is such a basis. The family z is free if for all

family (c¢;)icr of elements of Zg,

» emi=0 = VieIlc=0. (B.3)
el
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In other words, the linear map

fo: Zé — 7}

B.4
(Ci)ier +— Zie[CifEi ( )

has kernel 0. A basis of a submodule which is also free is called a free basis of
that submodule, and a submodule for which there exists a free basis is called a free
submodule. The computational basis of Z[; is of course a free basis and it will be
denoted by e = (e;)i=1..n. For any vector a, ef(a) = a; is the i-th component of a
with respect to e.

A vector a such that the one-element family (a) is free is called a free vector. If
moreover n. = 1, then a is just said regular.

A submodule M is said to be of rank r if the minimal number of vectors needed
to generate it is 7. This notion of rank should not be confused with the rank of the
matrix whose columns are a set of generating vectors of M with respect to some free
basis of Z}; (see [40]). Those two notions of rank for submodules and matrices do
not overlap.

A minimal basis for a rank-r submodule M is a basis of M with r elements.
Such a basis need not be free. For instance in Z2, ((2,0)) is a basis for the rank-1
submodule {(0,0),(2,0)} but is not free. But if M is free, minimal and free bases
are the same ones. Indeed, let (m;);=1,.. , be a minimal basis of M and (m});cr be a
free basis of M. By minimality of m, r < |I| and by freedom of m’, [Im f,,| = dll.
So

|M| = [Tm f,| < d" < d"l = |Im fr| = |M]. (B.5)

Thus on the one hand |Im f,,,| = d” and f,;, must be injective, so that m is free. On
the other hand, |I| = r implies that m’ is minimal.

Let a = (a1,...,a,) € Z]. The order v(a) of a is the cardinality of the set
Zq-a={ka;k € Zs}. The only vector whose order is 1 is the null vector and a is a

free vector iff v(a) = d. Endly, we note that v(a)Z is the kernel of the linear map

f: Z — Zj

k — ka.

(B.6)

This kernel is the intersection of the ker(e} o f) = v(a;)Z and thus

(B.8)
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Matrix reduction

Let d be any integer > 2. As is the case for vector space theory over a field, vectors in
finitely generated modules and linear maps between such modules can be represented
by matrices. The canonical computational basis for vectors will be denoted e. A
k x | matrix m is upper-triangular (resp. lower-triangular) if for all ¢ € {1,...,k},
je{l,...,1}, 0> j (resp. i < j), we have m;; = 0. The matrix m is diagonal if for
all i € {1,...,k}, j € {1,...,1}, i # j, we have m;; = 0. The my;’s of any matrix
will be called its diagonal coefficients. We extend to matrices the factor projections
7, defined in the Chinese remainder theorem (see Appendix A.2): If m is a k x [
matrix over Zg4 and p is a prime factor of d, then m,(m) is the k x [ matrix over
Zps, s = vp(d), whose (3, ) coeflicient is m,(m;;). Also p-valuation is extended to
matrices:

vp(m) = min(v,(my;); i € {1,...,k}, je{l,...,1}). (C.1)

We will also adopt the conventions that a * in a matrix denotes an arbitrary or
unknown coefficient or submatrix, and a blank denotes a null coefficient or subma-
trix. The k£ x k indentity matrix will be written I}, and the k x [ null matrix O if

necessary.

In this appendix we address trigonalisation and diagonalisation of matrices whose
columns are basis vectors of a submodule of Z7;. A left-multiplication by an invertible
matrix is to be interpreted either as an active transformation, that is to say an
automorphism of Z7}, or as a passive transformation, that is to say a change of
computational (free) basis. A right-multiplication by an invertible matrix stands for
a change of basis of the submodule under consideration. The structure of the given
submodule will be much easier to study after reduction. The reader interested in
a more abstract treatment of matrix reduction and in particular diagonalisation of
matrices over more general rings may have a look to [39,40,69]. By the way, we shall
also have an insight into generalisation over Z; of the "Incomplete basis theorem".
The set of invertible matrices over Z is denoted GL(n,Z) and the set of invertible
matrices over Zg is denoted GL(n,Zg). Note that left-multiplication by an invertible
matrix does not modify the order of a column vector and hence does not modify the

ged of its coefficients. The same is true for right-multiplication and row vectors.
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The only preliminary result we shall admit is that a square matrix with coeffi-
cients in a commutative ring is invertible iff its determinant is an invertible element
of that ring (see [40]). In fact, the proof is a mere copy of the field case, using the
comatrix of the matrix under consideration.

Before we go on, a general remark is in order about the algorithms presented
here. Except the algorithm ¢, they are "blind" algorithms, that is to say we do
not suppose we know where invertible coefficients are located in the matrices, which

would be mandatory to use the classical Gaussian reduction for instance.

Lemma 38 Let a € Z}; be an n-dimensional vector. Then
AL € GL(n,Zq), 3k € Zq, La = ke;. (C.2)

The column vectors Ch,...,Cy of L1 form a free basis of Z" such that kCy = a.

Proof. Our calculations to prove this lemma will be in Z. The results will only
have to be sent onto residue classes at the end. Let a € Z", 0,1 = Gn_1 N ap,
al 1 = an-1/d, a,, = a,/d. There exist k1,11 € Z such that kja,—1 + lia, = 5,1

so that we have the active transformation on a:

I,—o ‘ * *
kl ll An—1 = 5n71
—al, al_4 an 0 (C.3)
—_————
L1 ¢ GL(n, Z) a am=1)

Repeating this trick on a(® ) with components n — 1 and n — 2 and so on, we bring
the vector a onto a multiple of e;. Of course, the order of k in Z, is the same as the
order of @ in Z[j. In details:

a™ = a8, = an,

On—i = Gn—iNOn_it1
!/
Qp_; = an—i/5n—i
Vie{l,...,n—1 ,
t g neitl = On—it1/0n—i

ki, li € Zg, kian—i + lidp—it1 = Op—i

In_i1 * *
ki Li i B On—i
—& ! Oni B 0 '
n—it1 Qp_; n—i+1 (04)
Ii 1 0i—1,1 0i—1,1
————
,(n—1) aln—i+1) an—1)

Each L® has determinant 1, so that the complete transformation given by the

product L = H?;ll L% also has and therefore is an automorphism. So we have
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shown what we were looking for:

L € GL(n,Z), 3k € Z, La = ke;. (C.5)

Lemma 39 Let a1,az € Z] of order v1,vs respectively. There exists a linear com-
bination a of a1,ay of order v1 V ve. Moreover, if d is odd, we can build a such
that

(a,a1) = (a,a2) = (a1, as) . (C.6)

If d is even, then in general we can have only
(a,a1) or (a,a2) = (a1, az). (C.7)

Proof. If a; or ay is equal to 0, the lemma is obvious. We now suppose that they
are not and that d is odd. Let A = (aj|az) be the n x 2 matrix whose columns are
a1, a2 and with the help of Lemma 38, left-multiply A by an invertible matrix L such
that Laq has all but its first coefficient equal to 0. The matrix L is to be interpreted
as a change of basis. If ki,...,k, are the coefficients of the second column of LA,
let 6 = k A ky. According to Lemma 36 of Appendix A.2, there exist u,v € U(Zy)
such that

0 = uk + vky. (C.8)

Then we put

(a|a) = LA( O_l Z > and (a|ah) = LA( Z (_)1 ) (C.9)

—Uu U

or

vl u —vl
(afla) = LA ( 0 ) and (alay) = LA < o 0 ) . (C.10)

In any case, a answers the lemma since, with Lemma 35 and Equations (A.19),
(A.30a) and (B.8), the order of a is

d d

v(a) = SN(Nig ki) ANd (KANd)A (N ki Nd)

And fori=1,2,
(a,a;) = (a,a;) = (a1, az) . (C.12)

To complete the proof, let us deal with the case where d = 2°. With i = 1 or 2

such that v(a;) = max(v(a1),v(az)), we simply put a = a;. =
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Note that for any linear combination b = biay + bsas of a1 and ao,
v(a)b =bi(v(a)ar) + ba(v(a)az) = 0. (C.13)

Thus for all b € (a1, as2), v(b) divides v(a).

Given two minimal bases f = (f1,..., fr) and ¢ = (91,...,9,) of a submodule
M, it is in general not possible to find an automorphism of M that brings f; onto

g; for all 4, even if v(f;) = v(g;) for all i. Indeed in Zg, we cannot find a € Zg and

b € U(Zg) so that
(1 a><1 1>:<1 2>. ©14)
0 b 0 3 0 3

We can take b to be 1 or 5. But a should be such that 14+ 3a = 2, which is impossible.
As to diagonalisation, left-multiplication is still not sufficient, especially because the

order of respective column vectors from one basis to the other is not preserved:

1 a 11 10
(o b)(() 3>7é<0 3)’ (C.15)

We shall make use of Lemma 39 to perform diagonalisation with left- and right-

multiplications. For instance, the latter inequation is solved trivially:

GOEDET)-() e

Suppose that we are given a minimal basis b = (b,...,b,) of a submodule M
of ZI; and B is the matrix of size n x r whose i-th column is b;. The matrix B is
called a basis matrix for M. With the help of Lemma 38, we could easily put B
in an upper-triangular form by means of left-multiplications. But we are going to
transform it into a new, diagonal matrix whose column vectors still generate M.

Because of Lemma 39 and associativity of lem, we may suppose that

v(b;), (C.17a)
Vm € M, v(m)|v(b). (C.17b)

An algorithm which set any matrix that way will be called /. It consists of an
appropriate right-multiplication by an invertible matrix. We left-multiply B by a
matrix L; with determinant 1 so that L1b; has all but its first coefficient equal to
0. Let B = L1B. If one of the coefficients of B but in the first column, say gij,
j > 2, were not a multiple of the upper-left coefficient 511, then v (EU> would not be

a divisor of v (311) = v(b1) and according to Relation (B.7) of Appendix B and to
Lemma 39 again, there would exist a linear combination of by and b; of order greater

than v(by), which is impossible by assumption. Since we are only interested in a
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basis of M we can put all but the first coefficient of the first row to 0 and obtain a
matrix Bj. This is equivalent to a right-multiplication by an appropriate invertible
matrix. Carrying on this process, we obtain a diagonal matrix B, whose column

vectors still form a minimal basis of M. Let us describe the algorithm in details.

Algorithm Zj: The starting point is the empty matrix Dy with no lines and
no columns, and as an argument a k x [ matrix B. Let By = B. Then for ¢ from 0

to p = min(k — 1,1 — 1), we go on the following steps:

I 0
1. Rl(i)l = (; B with R" a (I —4) x (I — 7) invertible matrix such that
o(B;) = B;R.
I; 0O . , . . . .
2. Liy1 = 0 I with L' an (k — i) x (k — 1), determinant-1 matrix given

by Lemma 38 such that B’ = L'/ (B;) has all its first column coefficients but
the first one equal to 0.

3. R fi 0

i = 0 B with R” a (I—14) x (I—1) invertible matrix such that B'R”

has all its first line coefficients but the first one equal to 0.

D; 0
4. Dipq = R

5. B;y1 is given from B’ by deleting the first row and the first column of this

latter one.

The results of the algorithm are the change of basis matrices L(B) = é‘jll Lyto—i,

R(B) = Hé’:ll Rl(-l)Rl(-z) and the k x [ diagonal matrix Z(B) defined to be

D
< p41 ) or ( ‘DM+1 Ok,l—k ) (018)

Ok—1,

whether k£ > [ or k < [ respectively. For all 7,5 € {1,...,7}, ¢ < j, we have
(Du+1)ii’(Du+1)jj' \

As to the minimal basis b, the second case for Zy(B) is impossible and thus
r < n. The minimality of b also implies that none of the diagonal coefficients of
D,+1 = D, is 0. Hence, the column vectors of Zy(B) still form a minimal basis
of M. Additionally, note that if we replace every diagonal entry of Zy(B) by 1,
the column vectors of the matrix we obtain form a free basis b of a free, rank-r
submodule M; containing M.

The remaining features stated in Theorem 40 below are already known from the
classification of finite, commutative groups and general commutative ring theory.
However, we prove them in a new way as an illustration of the material above, with

counting properties in Zg-modules.
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If we start with a nonminimal basis of M, say b’ with r + r’ vectors, r’ > 1, the

algorithm %y yields a matrix of the form

Zo(B)= (D s ), (C19)

where D is a diagonal matrix with k& columns, all of them nonzero. Since M is of rank
r, we have k > r. Suppose k£ > r and let D be the (1,...,n;1,...,r 4+ 1) submatrix
of D. There exists an r X (r + 1) matrix F whose j-th column, j € {1,...,r + 1},
contains the components of the j-th column vector of D with respect to the free
basis b. A linear combination of the column vectors of D with some factors is null iff
the linear combination of the respective column vectors of F with these same factors
is null. In other words, D and E have the same kernel as linear maps. Applying
the algorithm %, to E, we construct a null linear combination of its column vectors
the factors of which are located in the last column C of R(FE). Now, let us choose a
prime factor p of d such that ¢t = v,(dy41,41) < vp(d), so that no diagonal entry of
Tp (l~?) is null. There exists such a p because d,11,41 # 0. Since R(FE) is invertible,
at least one of the factors contained in 7,(C') is a unit. But in that case, 7, (EC)
cannot be null as expected. So k = r. Thus we may add to the algorithm % a final

step to get the

Simple reduction algorithm Z: Let M be a rank-r submodule of Z7, b a basis
of M containing s > r vectors and B the corresponding basis matrix. By deleting
the last s — r null columns of Zy(B), one gets a minimal basis matrix for M. The
matrix Z2(b) = Z(B) thus obtained is called the simple reduction of the basis b or
of the basis matrix B. ¢

Let b and 5@ be two bases of M. In the next three paragraphs, we are going
to work in a single Chinese factor, say with prime factor p, and we are to prove
that for every i € {1,...,7}, the i-th diagonal entries of 2(b())) and 2(b?) are
associated. In order to make notations lighter, we even suppose that d is a power
of a prime, say p®. There is a slight difference, since in the latter case, r may vary
with the Chinese factor one chose initially. The reader may check that such a trick
is allowed. Let B(® = L(b(@)~12(b@), a € {1,2}, B be the representative matrix
of b with respect to the computational basis and P'?, P?! and E be three r x r

matrices such that
pWp2 =g  p@px? - gl  Bp=pBW. (C.20)

So we have
BEP:?p? = pp12p2t — BU) — BE (C.21)

and then

2(E)P = 9(E), with P = R(E)"'P2P>R(E). (C.22)
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If some diagonal entry of Z(FE) were zero, then the column vectors of BHOR(E) =
BL(E)'2(E) would form a basis of M with at most r — 1 elements, which is
impossible. So there exists an r x r matrix ) such that P = I, + pQ). Hence P is

invertible, and so are P2 and P2?!. For a € {1,2}, consider the maps

(C.23)

where elements of (Z,s)" are presented as column vectors and let nga), 1€{0,...,s},

be the number of vectors X so that f(*)(X) is of order p*~*. For every X such that

BWX is of order p*~, the vector Y = P21X is such that B@Y is of order p**
@ 5,0

as well. Since P?! is injective as a linear map, we have n, . - The converse

inequality can be shown the same way and so ngl) = n§2).
Now let b be any basis of M and 7;, i € {0,...,s— 1}, be the number of diagonal
entries of D = 2(b) of the form up’, u € U(Z,). We also define the following two

related objects

i
Vie{-1,...,s=1}, oi=> rj (C.24)
=0
and as intervals in N
Vi € {O,...,S—l}, Ki:{Ui—1+1,---7Ui}- (C25)

The cardinality of a K; is of course r;. We are to prove by induction on 7 that the
r;’s do not depend on the choice of b and so are properties of M. As in the previous

paragraph, consider the map

fo Zp) — M

(C.26)
X — DX.

The number of vectors X such that f(X) is of order p*~% i € {0,...,s — 1}, is

%

j—1
=3 { [H p«sl)(z’k))rk] x [pOD=6 0 e D=in]
k=0

Jj=0

4 s—1
% H p((s—l)—(i—k—l))rk « H P (C.27)
k=j+1 I=it1

Indeed, one can consider the bar graph in Figure C.1 to see where that latter ex-

pression comes from.

The individual positions on the horizontal axis have not been displayed. Instead,
only the relevant intervals of them have been. For any X € (Zp,s)" and any a €
{0,...,r}, the vertical bars in plain or dashed lines and the horizontal dotted line
above the a-th position show lower bounds for the p-valuation of the a-th coefficient
of f(X). Thus as a property of D, if a € K, we have v,(f(X),) > [ as shown by
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Valuation
3—1‘
3—2__
i—l—l__
S
|
C]
0 4
Ky K ‘K2 K1 K; K Ky o Ks 4

Figure C.1: How to calculate the n;’s

the plain line bars. Since the order of f(X) is prescribed to be p*~%, v,(f(X)a) > i
as shown by the dotted line. Finally, we put

j=min(k € {0,...,s}; 3l € Ki, v,(f(X);) =1). (C.28)

There exists such a j (j = 2 in the example on the graph) and if a < 7 — 1,
vp(f(X)a) > i as shown by the dashed line bars. These various lower bounds
partition {0,...,7} into four subintervals corresponding to the four factors in the

above expression of n;. The sum amounts for all the possibilties for j.

For ¢ = 0, we have

1
_ (sr0 __ o (s—1)roy,.s(r—ro) _ . s7 -
o= (7 =t ) —p (1- ). (C.29)
This quantity, which is a property of M, would increase strictly with r9. Hence rg
does not depend on the choice of b. For ¢ > 1, we suppose that for j <1 —1, the r;’s
do not depend on b. Then there exist a nonnegative integer o and a positive integer
[ such that

n; = (ap™ + B(p*"i _p(sfl)m))ps(rfmqu) — ps(r=oi-1) <a + 0 - ];6;1) . (C.30)
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Again, we conclude that r; does not depend on b. The number n/ of vectors of order
p*~in M, i € {0,...,s}, would have been much more obvious a property of M. But
fori e {0,...,s—1}:

i

j—1
=3 { [H p«s—k—l)—(z‘—k»rk] x [pemI D (o33 ]
k=0

Jj=0

7 s—1
< | T pr-v-t-r=min | Lo T ple-r-n-(m

k=j+1 k=i+1
7 7—1 7 s—1
_ [H p(s—i—l)'rk] « [p(s—i)rj - p(s—i—l)rj] « H p(s—i)rk « H p(s—k)rk,
=0 k=0 k=j+1 k=i+1

(C.31)

with a cumbersome ZZ; 41 k7 appearing as an exponent in the last factor. Even
if we looked at n/n!_; to handle the induction, that exponent would stay for the
initialisation at ¢ = 0.

Finally, harking back to the case where d is not necessarily a power of a prime,
the number 7y = r — (rg + ... + rs_1) of diagonal entries of Z(b) with p-valuation

vp(d) is a property of M. We sum up our results about simple reduction in the

Theorem 40 For any rank-r submodule M of Z, there exist a free basis f of Z[

and a minimal basis b of M such that:
1. b is represented by a diagonal n X r matriz B with respect to f;
2. foralli,je{1,...,r}, i <j, we have b;|b;;.

Such a pair of bases (f,b) can be found from any basis by of M by the simple reduction
algorithm 9. Moreover, for any pair (f,b) as above, the sequence (d/v(bii))ic(1,...r}
of the diagonal entries of B "without unit factors” is the same and therefore is a

property of M. That sequence is called the sequence of the elementary divisors of

M.

The pair (f,b) is not unique and with the notations of the theorem, M is free
iff for all i« € {1,...,7}, by is a unit in Zg, or in other words iff its sequence of

elementary divisors contains only 1’s.

Corollary 41 Let 5y = (b1,...,b;) be a free family of Z}y. Then r < n and there
exist n — 1 vectors byy1,...,by € Z} so that B = (by,...,bp,bry1,...,by) is a free
basis of 7).

Proof. Indeed, with D the (1,...,7;1,...,7) submatrix of the r x n diagonal matrix
2(B,), a representative matrix for such a § with respect to the computational basis

1S

L(B,)~" diag(DR(Bo) ™", In—r)- (C.32)
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Corollary 42 For any two submodules M and N of Z}; with the same elementary
divisors, which implies that they have the same rank, there exists an automorphism
of Zy that brings M onto N.

Proof. Let (f,b) (resp. (h,c)) be a convenient pair for M (resp. N) as in theorem 40.
Then the automorphism of Z/; defined by b; — ¢;, i € {1,...,n}, brings M onto N.
[

To close this appendix, we give a simple algorithm ¢, which is in fact a adaptation
of Gaussian reduction of matrices, in order to find the elementary divisors of a given

submodule M together with a diagonalising basis f of Z;.

Algorithm ¥: Let B be a basis matrix for M. The following steps must be

performed in each Chinese factor separately.

1. Swap two rows on the one hand and two columns of the other hand so that
the new upper-left coefficient has p-valuation v,(B). This consists in a left-

and a right-multiplication by invertible matrices, respectively.

2. Apply the next step of classical Gaussian reduction so as to set to 0 every
other coefficient on the first column and on the fisrt row. It consists again in

left- and right-multiplication by invertible matrices.

3. Repeat the process with the submatrix obtained by deleting the first column

and the first row.

Each left-multiplication has to be interpreted as a change of computational basis
so that f can be deduced from the sequence of these multiplications. The right-

mutiplications only stands for a change of basis of M. ¢
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Submodules and wedge product

As we shall see with the lemmas and claim below, the notion of wedge product is
intimately related to that of a submodule and its bases on the one hand, and on the
other hand it can be a tool to show whether a vector is in a given submodule or not.

For that, we shall need the notion of a Zj-algebra.

Definition 43 A Zg-algebra A is a Zg-module endowed with an extra operation
such that:

1. x is distributive over addition in A;

2. VXN € Zg, Y,y e A, MNzxxy)=(Az)*xy=xx*(\y).

Over a vector space E, a first way to define the wedge product is to completely
antisymmetrise tensor products. But that requires to divide by some factorials in
order to warrant associativity for the wedge product. A second way is to define in
a first place the exterior algebra A E as a quotient of the tensor algebra Q) E by a

well-chosen ideal of it. If e is a basis of E, this ideal is generated by
{ei®ej+ej@e; e,e5 € el (D.1)

In the case of the Zs-module Z%, we have to prevent ourselves from refering to any
definition involving divisions and thus we retain the second one. So let us build up
the exterior algebra over Zj. But our construction will not use the notion of an ideal
nor of a quotient ring. We opt for an equivalent logical way.

Let F(Z}) be the free Zs-module a free basis of which consists of all finite se-
quences with values in Z}, including the empty sequence. This means that F(Z})
is the set of all formal, finite linear combinations of those sequences and is by the
same token endowed with a natural structure of Zg-module. Within F(Z}), for any
k € N, we single out the finitely generated submodule F k(Zg) which is generated by
the sequences with values in Z[} of length k. Thus, the rank of F' k(ZZ) is d™ and
for instance

FYZY) ~ 74, FYZ7) ~77. (D.2)
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We endow F(Z}) with a strucuture of Zg-algebra. Restricted to sequences, the
extra operation * is just concatenation. It is then extended to F(Z]}) as a whole by

linearity. For instance:

(a:l, . ,:L’k) * (Al(yl, . ,yl) + )\2(2:1, e ,Zm))
= )\1({1}1, ey Tl YLy e - 7yl) + )\2(.’1}1,. ey Thy Ry - - .,Zm). (D3)

If one prescribes the following scheme of equalities among vectors of F(Z) (resp.
FM(Zg)),

VAL, A2 € Zg, V1,22 € Zyy, (..., \iz1+Aexe,...) = Moo,z )+ A2 (e 22,00,

(D.4)
one obtains the tensor algebra &) Z (resp. the k-th tensor power QF Z1) of Zjj. In
the tensor algebra, the operation * is called the tensor product and is noted with the

tensor symbol ®. Any finite sequence (1, ..., x;) with values in Z}} is then denoted
1R Q T (D.5)
The rank of ®" Z7 is n* and a free basis for it is the set of all
e, - ey, (D.6)

with e = (e1,...,e,) the computational basis of Z} and ¢ any sequence of length k
with values in {1,...,n}. If in addition, one prescribes the following antisymmetry

scheme of equalities,
Ve, oo € Zy,  (cooyT1yee oy @2ye) = —(co, T2y, T1y . n), (D.7)

then one obtains the exterior algebra A Z} (resp. the k-th exterior power AP 7)) of
Z};. In the exterior algebra, the operation * is called the wedge product and is noted
with the wedge symbol A. Any finite sequence (x1,...,xy) with values in ZJ is then
denoted

1N ATk (D.8)

The rank of /\k Zy is (Z), the number of subsets of cardinality k£ within a set of n

elements, and a free basis for it whenever 1 < k < n is the set of all
T ANEAN =/ (D.g)

with ¢ any strictly increasing sequence of length k with values in {1,...,n}. Thence

A Z} is finitely generated with rank

rank (/\ Zg) i <Z> —om, (D.10)

k=0
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Let m be an n x k matrix over Zg4, 1 < k < n, and m; that of its square k X k
submatrices with j-th line the (i;)-th line of m. The reader may check that the

component on e; A...A e; of the wedge product of the column vectors of m is
det(mi).

Lemma 44 Let x,y € Zj; with x a free vector. Then
ye(r)<—=zNy=0 (D.11)
Proof. Since z =" | wje; is free, there exists (ki, ..., k,) € Z} such that

> kiwi = 1. (D.12)
1=1

Besides, with y = )" | y;€;, we suppose

TNy = Z(mlyj —zjyi)e; Nej =0 (D.13)
1<j
and then
Vi,je{l,...,n}, xiy; = ;Y. (D.14)
So

Vj € {1, ce ,TL}, Y; = (Z k1y1> Zj. (D15)
=1

The converse implication is obvious. m

Lemma 45 Let x1,22,y,2 € ZY so that y is a free vector of (x1,x2). Then
z € (r1,22) <= 3JkE€Zy yNz=krsAuzs. (D.16)

Proof. There exists (ki, ko) € Zg such that y = kyx1 + koxo. Then, if we suppose
that the right-hand side of the latter equivalence holds,

y A (kiz —kxa) =0 (D.17)

and according to Lemma (44), there exists Iy € Zg such that kiz = lyy + kze =
kilizy + (koly + k)xo € (x1,22). By the same token, koz € (z1,22). Since y is free,
ged(ki, ko) = 1 and hence z € (21, z2). The converse is obvious. =

Thus, Lemma (44) gives an equation for vectors in a free rank-1 submodule,
whereas Lemma (45) characterises vectors in a rank-2 submodule containing a free

vector.

Claim 46 Letr € {1,...,n} and x1,...,2, € Z}. Then x = (x1,...,2,) is a free
basis of M = (x1,...,x,) iff 1 A ... ANz, is a free vector of \Z].

Proof. Contrary to what happens to the sympletic product, a change of computa-

tional basis never changes the way of computing a wedge product. Hence we choose
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a computational basis f so that the representative matrix of x be upper-triangular.
x is a free basis for M iff all the diagonal coefficients of that matrix are invertible.
But this is equivalent to the fact that their product k is invertible. The conclusion
arises from the facts that x1 A ... Az, =kfi A... A fr and that f1 A... A f,. is free
according (D.9). m

These lemmas and claim are enough to see the importance of the notion of a free

vector in the use of the wedge product, in contrast to the field case.



Appendix E

Projective geometry

In this thesis, we make use of the notion of a projective structure over the rings
Zq and Mat(n,Zg). In order to show the difference of projective geometry over a
ring compared with the field case, we first recall briefly how a projective geometry
is build over a vector space. By the way, we also recall the notion of anharmonic

ratio (or cross-ratio) in projective geometry over a field.

E.1 The field case

Let k be a field and n € N. One defines the colinearity relation over k™ \ {0} by
Ve,y e k" \ {0}, z~y < INeck", z=A\y. (E.1)

This is an equivalence relation whose classes are the vectorial lines of k™ deprived
of 0. They are called the (projective) points of the projective structure P(k™). A

projective point is often identified with any of its representatives
class(z) «—— =z = (202!, ..., 2. (E.2)

For convenience, the coordinates of x are indexed by intergers ranging from 0 to

n — 1. Then the following notations are classical for projective points:

0 = (1,0,...,0), (E.3)
o0; = (0,...,0, (' =) 1,0,...,0), ie€{l,...,n—1}. (E.4)

(1,2, ..., 2" (E.5)

are in bijective correspondance with the vectors of an (n — 1)-dimensional vector
space over k, namely k™!, so that they are classically identified with those vectors
and denoted

(z1,..., 2" 1). (E.6)
Accordingly, the corresponding subset of P (k") is identified with k”~! and its com-
plement P (k") \ k” ! is called the hyperplane at infinity in P (k™).
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Whenever n = 2, one calls P(k?) the projective line over k. Let z; = (29, 2}) €
k2, i € {1,...,4}, be the representatives of four points on that line and let us denote
0 .0
o
wij—‘ Zl ]1 , i,jE{l,...,4}. (E?)

The anharmonic ratio of the z;’s is denoted (z1, z2,x3,z4) and is defined to be the

point in P(k?) with representative
(w3iwa , w3aw4a1 ). (E.8)

With the classical notations —1 for (1,—1) € P(k?), one says that the z;’s are
harmonic conjugated if
(1,22, 3, 74) = —1. (E.9)

E.2 The ring case

Now let R be a (not necessarily commutative) ring with unity and n € N. Let also
e1 be the first canonical basis vector of the R-module R™. A vector z € R" is called
an admissible vector iff there exists an invertible n x n matrix M over R such that
x = Mei. In other words, one can find n — 1 vectors such that together with = they
form a free basis of R"™. Then a projective point in R"™ is any set of the form zR,
with = an admissible vector. In this thesis, we call the set of all projective points
the projective net derived form R", which is denoted P(R").

Avector x = (2%, 2%, ... 2"71)
R such that

€ R" is said unimodular if there exist ag, . . ., an_1

aox’ + -+ a1z = 1. (E.10)

If R is commutative, then admissibility is equivalent to unimodularity. If R is a local
ring, that is to say unitary and commutative with only one maximal ideal, then the
admissiblity of x is also equivalent to one of the coordinates x* being a unit. Indeed,
the sole maximal ideal of a local ring is the set of the noninvertible elements of that
ring.

One the one hand, Z4, with d = p*® a power of a prime, is a local ring. This is the
simplest case one can encounter in projective geometry over a ring. On the other
hand, though Mat(n,Z4) is not even commutative, admissibility is still equivalent
to unimodularity, as we see in Section 5.2. Besides, for k € N\ {0, 1}, Mat(n, Zy)*
contains admissible vectors no coordinates of which are invertible.

If an arbitrary commutative ring R is given, two admissible vectors (a,b) and
(c,d) in R? are said to be distant if the matrix

( ) ) (E.11)

is invertible. In fact, this condition is equivalent to unimodularity of any of the two
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vectors: A vector (a,b) is admissible iff there exists another vector (¢, d) which is
distant from it; in that case, both (a,b) and (c,d) are admissible. Two vectors that
are not distant are said to be neighbour. In Section 3.2 of the thesis, we take up
these definitions of distance and neighbourhood. We generalise and extend them in

a quantitative way with the help of the wedge product.

We close this section by connecting projective geometry over Z; with Theorem 40
on elementary divisors. The following proposition is quite simple, which may explain
that it is not found in literature. As a consequence, we coined the name of a saturated
submodule. This latter notion and also that of an outliner the proposition refers to

are not used elsewhere in the thesis.

Proposition 47 Let M be a Z4-submodule of Z'. Then M 1is the join of the pro-
jective points it contains iff for any prime factor p of d and any elementary divisor
x of M,

vp(z) =0 or vy(d). (E.12)

In that case, we will say that M is saturated. Otherwise, the points that are not

parts of projective points are called the outliners of M.

Proof. Let us assume without loss of generality that d = p® is a power of a prime.
According to Theorem 40, there exists a computational basis f of Z]' such that M

has the following diagonal basis matrix with respect to f:
diag(p®t,...,p°"), (E.13)

with
51 <89 <o < S (E.14)

If there is an i € {1,...,m} such that 0 < s; < vp(d), then p* f; € M but is
colinear to no free vector in M. On the contrary, if Condition (E.12) holds, let z be

a vector of M:

m
=Y plif; witht; > s (E.15)
i=1
If we put
E = max(i; s; =0), (E.16a)
t = min(t; i € {1,...,m}), (E.16b)
then .
S (B.17
i=1

is a free vector in M and = = p'T € (Z). =

The reader with further interest in projective geometry over rings may consult
[70] and also [71,72].
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