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Water wave problem

¢ Continuity equation
ASO = 0’ (X? y) € Q X [_dvn]’
e Kinematic bottom condition

Jp 1 |
a—y—l—Vgo-Vd—O, y = —d,

e Kinematic free surface condition

on _ Oy =
5t +Vep-Vn= 2y’ y=n(X1),

e Dynamic free surface condition

dp 1 5
ot Tl Vryel +9"7+UV'<

Vn

V1+|Vnf2

) =0 y=n&1.
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Hamiltonian structure
A. Petrov (1964) [Pet64]; V. Zakharov (1968) [Zak68]

Canonical variables :

n(X,t) : free surface elevation

P(X, 1) : velocity potential at the free surface

95(27 t) = QD(X,y = 77(7’ t)?t)

Evolution equations :

O _oX 95 _ oA
Par = %e  Pat~ o

Hamiltonian :

n
_[1 2 1 2 / 2
%—/E\nygﬂ dy + Egn —i—a( 1+ |V —1)

—d
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Luke’s variational principles
J.C. Luke, JFM (1967) [Luk67]

to n
1
c://pg dR E::/(éwxy@\z—i—wt—kgy)dy
th Q —d

dp:t Ap=0, (Ry)€Qx[-dn],
Sply g G2+ Ve-Vd=0, y=—d,
Oply_y G+ Ve Vn—52=0, y=n(x1),

on: 224 VP +gn=0, y=nXt).

¢ We obtain the water wave problem by varying n and ¢ J
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Generalization of the Lagrangian density
D. Clamond & D. Dutykh (2010), [CD10]

© = p(X,y = n(X t),1) : quantity at the free surface
© = p(Xy=—d(X t),t) : value at the bottom

Equivalent form of Luke’s lagrangian :

n
- Lol o f1lo 2 1
2 = o+ ot 591 +29d /[Z\st)\ +290y]dy
“d

Explicitly introduce the velocity field : U= Vi, v = ¢y

1 mrl
2 = gncrioh—gori— [ [P (Vo) oy

<

ii,v . Lagrange multipliers or pseudo-velocity field J
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Generalization of the Lagrangian density
D. Clamond & D. Dutykh (2010), [CD10]

Relaxed variational principle :

y ~\ o . . 1
g:(nt+”'vn_y)90+(dt"H"Vd"‘V)SO—59772

n
1 1
+/[ﬁ-U—§Uz+uv—§v2+(V-ﬁ+uy)go} dy
—d
Classical formulation :
n
I S 1. » 1,
2L = om+ gt — Son° — /[§|V¢| + Esoy] dy

—d

Degrees of freedom : n, p; U, Vv; i, v
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Shallow water regime
Choice of a simple ansatz in shallow water

Ansatz :

U(K Y, ) ~ U(X t) (

Y, t) = (y+d)(n +d)
X,y 1) =~ ¢(X

“1ux )
), 0%y, )~ (y+d)(n +d) 7 (X 1)

Lagrangian density :

Z = som——gn +(n+d)[u 0— 50°+

\

Nonlinear Shallow Water Equations :

0+ (0-V)u+gVh = 0.
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Constraining with free surface impermeability
Constraint : J

v=m+ -V

e Generalized Serre equations :

hh+V-[hu = 0
1
O +0-VO+gVh+ éh—lwh?fy] = (o-Vh)V(hV-0)
—[o-V(hV - 0)]Vh
F=%+0-Vv=h((V-02-V -0 —0-V(V-0))
This model cannot be obtained from Luke’s lagrangian :
§fi: U=Vg— UVn#Ve
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Constraining with free surface impermeability
Constraint :

v=nt -V

e Generalized Serre equations :

hh+V-[hu] = 0,
Ut—I—U-VU—i-th—i-%h_lV[hz’y] = (u-Vh)V(hV-0)
—[0-V(hV -0)]Vh
F=%+0-Vv=h(V-0?-V -0 -0 V(V-0)

Solitary wave solution (+ cnoidal wave) :

n= asecﬁg(x —ct), ?=g(d+a), (kd)?=3ad+a)?!
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Incompressibility and partial potential flow
Ansatz and constraints (v # ¢y) :

L=00=V,0=VpV=—(n+dVa

1 1 1
L == 591° = 50+ d)(VE)* + <(n+d)*(V2p)?

e Generalized Kaup-Boussinesq equations :

V- [+ Ve + 3920+ %93 = 0,

(Vo) — 5+ d2(V?5? = 0

T 1
ot+on+ 5 >

2

n = acosk(x—ct), ¢%=gd(1— %(md)z)
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Incompressibility and partial potential flow
Ansatz and constraints (v # ¢y) :

E=00=V0=VpV=—(n+dV3p

1 1 1
L == S91° = 50+ d)(V)* + <(n+d)*(V2p)*

e Generalized Kaup-Boussinesq equations :

n+ Ve [(n+d)Ve] + %Vz (n+d)3(V3%p)] = o

1 1
»t+agn + E(V@)Z = 5(77 +d)2(V%p)? = 0.
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Deep water approximation
Choice of the ansatz :

1
25.L = 2 — Gk’ + S0 + SV — - (VG — KGVn) — kWP

e generalized Klein-Gordon equations :

DN 1.
M+ s8IV — skp = =3[V + k(Vn)F
2 2 2
N 1 110 1
GOy = —EV-[soVso—Wan]
_ 1 5, 1 4. R
’H—/Q{Zgn +4/<a V@ — kpVn)] —1—4/<ag0 }d? J
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Comparison with exact Stokes wave

e Cubic Zakharov Equations (CZE) :

n—0p = —=V-(nVp)—0nog)+
IV2(0%0p) + 2(p(mp)) + $0(1PV3),
Gtan = 3000)—3(VE)?— () V35 — (04)d(ndg).

e Phase speed :

Exact: g~ 2k c:1+%a2+%a4+£&7‘a6+0( 8)
=1+ 202+ 8o+ 205 + 0(ad)

=1+ 1a?+ 1ot + £ab + O(a®)

|\>H—l |\>H—l NIES

@]
N
I'I'I
(Q
I\)H—l I\)H—l |\>n—\

o n-th Fourier coefficient to the leading order : 5= P Iyl i 1' (the
same in gKG & Stokes but not in CZE)
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Industrial examples of two-phase flows

e Pressurized Water Reactors
e Liguefied Natural Gas (LNG) carriers

Typical Pressurized Water Reactor
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Two-phase flows in nature

Some typical examples

e Wave breaking phenomena
e Powder-snow avalanches
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Derivation of two-phase models
Great lines of derivation procedure : Ishii (1975) [Ish75]; Rovarch (2006) [Rov06]

e Consider governing equations in each phase (+ interface
conditions) :

W00 g (puit) =V o8 veltber P

¢ Introduce the characteristic function of each phase :

_L 1, Xe Qk(t) . Ixk 2 L
X%t = { 0, otherwise = gp o VX=0 ke{H )

e Combination of two equations :

A(xkpv)
ot

+V-(xkpyl) = V-(xko)+ (0 —pp(U—0h)) -+ xxpS
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Derivation of the six-equations model
Averaging of governing equations Ishii (1975), [Ish75]

Reynolds axioms : ‘ ‘ (&

Linearity : M\ + ug = M\ + ug

Idempotency : Tg =fg

Commutativity : 24 =92 99 — %

Volume fraction definition :
at = Xk, a+(i, t)+a (Xt)=1 J

o Apply this average operator to governing equations :

A(xxpi)
ot

+V-(xkptbl) = V-(xk0)+ (0 — pp (U — T;)) - Ficdk+xkpS
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Six-equations model (in simplified form)
Governing equations are to be completed by EOS
e Mass conservation :
+ +
I(a~p™) + V- (afptet) =T
ot
e Momentum conservation :

+ g
OlaZp07) ; ) + V- (oFprtt @ F) + ot Vp=

o pFg+ V- (o) + MFE
e Energy conservation

o +
+ V- (aFptHETF) + p% =

atptg- 0 + V- (oF ) - V- (oFFF) + QF

a(aipiEi)
ot

DENYS DUTYKH (CNRS — LAMA) Math modeling in environment



Reduce the number of variables
Y. Meyapin et al. (2010), [MDG10]

Method :
e Add relaxation terms into momentum and energy
conservation equations :
k atpta p~

Fy—— — P = F (gr—a Eq:=Fq-0
d 5a+p+—|—a_p—( )7 d d

e Quasilinear form :

OVe +B(V.)VV. =V -T(V.) +S(V.) + R(Ve)

AVe) ot €

e Take singular limit when ¢ — 0 using Chapman-Enskog
expansion :
V. =V +eW+ 0O(?)
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Single velocity two-phase model

Formal justification of four-equations model proposed in F. Dias et al (2010), [DDG10]

After computations we get the following system :

S (ap*) +V - (aFp*0) = 0,
O(pl) +V - (pi@U) +Vp=pd+ V-,
Ot(pE) + V- (pHU) = pg- U+ V - (70) — V - 0.

p:p:t(pi?e:t)v T:Ti(pivei)

pi=apt+ap, pe=apte’ +a pe

ri=atrtt+a 17, H:= E+E
p
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Single velocity two-phase model

Formal justification of four-equations model proposed in F. Dias et al (2010), [DDG10]

After computations we get the following system :

A(atpE) + V- (aFp*l) = 0,
O(pt) + V- (pU@ W) + ==Vp=pd+ V-7,
(pE) + V- (pHU) = pg- U+ V - () = V - q.

p:pi(pi?ei)v T:Ti(pivei)

p:=atpt+ap, pe=atptet +ape
o, H::E—I-E
p

Ti=at

Scaling parameter :
Mach number : Ma:= % (importance of compressible effects)
c
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Two-fluid incompressible Navier-Stokes equations

Formal low Mach number limit Ma — 0 of the four-equations model (see [MDG10])

e Mass conservation equation :
Op+ V- (ptl) =0
e Incompressibility condition :
V.-u=0
e Momentum conservation :

X(pt) + V- (pU® U) + Vp= V- (2uD(T)) + pgd

where p:= a+p3' +a py, Mi= oz"'pb"u"' +a pgv

The volume fraction is simply advected :

dat +0-Vat =0
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Two-fluid Navier-Stokes equations with mixing

In view of applications to powder-snow avalanches

Diffuse interfaces with Fick’s law
(A. Majda, [Maj84]) :

V.u=-V-(kVlogp)
Op+ V- (pll) =0

O(pl) + V- (pU@U) + Vp =
V- (2uD(0)) + pg

Fluid volume velocity (after H. Brenner, [Bre06]) :
Change of variables : V:=U+kxVlogp = V-V=0 J
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Modified Navier-Stokes equations
A novel model for highly inhomogeneous two-fluid flows (see DD et al (2010),
[DARB10])

Governing equations :

V-V = 0
Op+V-Vp = kAp
POV + p(V- VWV + Vi + k'VVVp — kVpVV = pg+ V- (2uD(V))

Fick’s constant is chosen specifically : k = 20

This model is energetically consistent :

2
at/p% dx:/pg.de_/2u|]D)(V)|ZdX—//@p|A(V)|2dK
Q Q

Q Q
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Sliding mass interaction with obstacle

Some numerical illustrations

i \
%. ’ a:hs

parameter value
slope, ¢ 3z
heavy fluid density, p*, kg/m® 20
light fluid density, p—, kg/m® 1
heavy fluid kinematic viscosity, v, m/s* | 4.8x10~4
light fluid kinematic viscosity, v—, m/s* | 1.0x10~*
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Sliding mass interaction with obstacle

Snapshots of the volume fraction evolution, see [DARB10]

FIGURE: Avalanche att = 10s. The color scale ranges from 0 to the
maximum value 1.0.
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Sliding mass interaction with obstacle

Snapshots of the volume fraction evolution, see [DARB10]

———— e —

FIGURE: Avalanche att = 25s. The color scale ranges from 0 to the
maximum value 0.984.
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Sliding mass interaction with obstacle

Snapshots of the volume fraction evolution, see [DARB10]

FIGURE: Avalanche at t = 60s. The color scale ranges from 0 to the
maximum value 0.553
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Impact pressures on the obstacle
see DD et al. 2010, [DARB10]

Empiric law (Beghin & Closet, 1990, [BC90]) :

K 10, z< 0.1h,

2 1, 2> 0.2h,

P = =Ka(2)pU?Z, Ka(2) = { 19—90z, 0.1h < z< 0.2h,

FIGURE: Dynamic pressure att = 60s.
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Conclusions

Water waves :

e We presented a generalized
Lagrangian variational principle

e Several novel approximate
models are derived

e Analytical solutions are found in
some cases

Two-phase flows :
¢ A hierarchy of two-phase models is presented

¢ Formal justification of the four-equations model is provided

¢ A novel model for highly-inhomogeneous incompressible

flows is proposed
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Recent developments
October — November 2010

Submitted papers :

e D. Dutykh, D. Mitsotakis, L. Chubarov, Yu. Shokin. Horizontal
displacements contribution to tsunami wave energy balance.
Submitted, 2010
http://hal.archives-ouvertes.fr/hal-00530999/

e D. Dutykh, Th. Katsaounis, D. Mitsotakis. Finite volume methods
for unidirectional dispersive wave models. Submitted, 2010
http://hal.archives-ouvertes.fr/hal-00538043/

In preparation :

e D. Dutykh, D. Clamond. Improved nonlinear shallow water
equations for varying bathymetries. In preparation, 2010

NSWE with non-zero vertical acceleration!
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Thank you for your attention!

http://www.lama.univ-savoie.fr/ ~dutykh/ )
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