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Résumé

Nous étudions la transition de phase survenant dans le gaz de Bose pour des
systemes sans invariance par translation. Bien qu’il soit prouvé depuis les années
60 que la condensation de Bose Einstein (CBE) est absente des systémes invariants
par translation en dimension 1 ou 2, on peut néanmoins déclencher cette transition
de phase dans des gaz de Bose en faible dimension en ajoutant un potentiel ex-
terne approprié (et par conséquent, en perdant l'invariance par translation). Cepen-
dant, le condensat ainsi obtenu se trouve dans des états localisés, alors que la CBE
est généralement comprise comme l'occupation macroscopique d’états cinétiques
étendus. 1l n’est pas a priori évident que cette transition de phase obtenue grace a
la localisation est de la méme nature que celle reliée au concept habituel de CBE.

Dans cette these, nous considérons deux classes de systemes localisés. La premiere
est une famille de modeles aléatoires, pour lesquels le gaz de Bose est contenu dans
un milieu désordonné, ce que nous modélisons par un potentiel externe aléatoire. La
deuxieme est constituée de modeles incluant un potentiel externe faible (d’échelle).
Nous commengons par un rappel des conditions nécessaires sur ces potentiels pour
obtenir une condensation dans les états localisés.

Nous montrons sous certaines hypotheses tres générales que dans ces modeles, la
CBE au sens habituel est aussi présente, dans un sens généralisé. Cela signifie que les
particules sont condensées dans des états cinétiques ayant une énergie arbitrairement
faible. Pour le gaz de Bose sans interactions, nous pouvons en plus prouver que les
densités des deux condensats sont en fait égales.

Nous approfondissons ensuite notre étude de la CBE, en demandant si il est pos-
sible d’obtenir une condensation sur un seul état cinétique. Nous montrons qu’en
dépit de l'existence a la fois d'une transition de phase et de la CBE généralisée, au-
cune condensation ne survient sur un seul état cinétique. En particulier, la fameuse
condensation sur [’état fondamental est absente pour ces modeles localisés.

Finalement, nous établissons une généralisation possible de 'approximation de
nombres complexes de Bogoliubov pour prendre en compte les propriétés tres partic-
ulieres de la CBE en présence de localisation, et nous discutons la facon d’interpréter

le resultat du probleme variationnel correspondant.



Summary

We investigate the phase transition exhibited by the Bose gas in systems which
are not translation-invariant. Though it has been known since the sixties that
Bose-Einstein condensation (BEC) cannot occur in translation invariant systems
for dimension 1 or 2, one can nevertheless enhance this phase transition in low-
dimensional Bose gases by the addition of suitable external potentials (thus losing
translation invariance in the process). However, the resulting condensate is then
found to be in localised states, while BEC is usually understood to be the macro-
scopic occupation of extended kinetic eigenstates. It is therefore not clear whether
the phase transition obtained by means of localisation is of the same nature as the
one related to the usual concept of BEC.

In this thesis, we consider two classes of localised systems. The first one is a
family of random systems, where the Bose gas is contained in a disordered medium,
which is modelled by a random external potential. Our second model consists of weak
(scaled) external potentials. We first recall necessary conditions on these external
potentials to enhance condensation in the localised states.

We then show under very general assumptions that in these models; BEC in
the usual sense occurs also, in a generalised sense. This means that the particles
condense on kinetic eigenstates with arbitrary small energy. For the non-interacting
Bose gas, we can moreover show that the densities of both condensates are actually
equal.

Next, we investigate BEC on a finer scale, asking whether one can obtain con-
densation in a single kinetic eigenstate. We show that in spite of the existence of a
phase transition, and the occurence of generalised BEC, no condensation exists in
any single kinetic eigenstate. In particular, the so-called “ground-state condensa-
tion” does not occur in these localised systems.

Finally, we establish a possible generalisation of the Bogoliubov c-number ap-
proximation to take into account the very specific properties of BEC in the presence
of localisation, and discuss how to interpret the result of the corresponding varia-

tional problem.
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Introduction

The first prediction of the phenomenon of Bose Einstein Condensation (BEC) goes
back to an article by Einstein in 1925, [1]. In this seminal paper, he adopted a new
formalism of the quantisation of photons, suggested by Bose, to treat the case of a
gas of massive particles. He then predicted that there exists a critical temperature,
below which a fraction of the particles condenses on the quantum ground state,
essentially merging into one frozen macroscopic object, not contributing to either
the total entropy or the pressure of the gas. At zero temperature, all the particles
should fall into what is now called Bose Einstein condensate.

The class of particles having this behaviour later became known as “bosons”, as
opposed to “fermions”. In view of the Pauli exclusion principle, which states that
two fermions cannot be in the same quantum state, it is clear why only bosons
can condense in this way. The difference between these two class of particles has
to do with the value of their spin, integer for bosons and half integer for fermions.
Since most elementary particles constituting matter are fermions (electrons, protons
neutrons,...), it is easy to understand how features which are bosonic in nature

attracted little interest in the physics community.

However, criticism of that new theory emerged soon afterward, in a paper by
Uhlenbeck, [2]. This was centered on the fact that a gas formed by any finite number
of particles cannot exhibit a phase transition, hence casting doubt about the new
state of matter predicted by Einstein. Indeed, this opinion was correct, as Einstein
failed to mention that the singularities in the thermodynamic functions of the Bose
gas appear only in the so-called thermodynamic limit, that is the simultaneous limit
of infinite volume and infinite number of particles, in such a way that the density

remains constant.
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No breakthrough occured until 1938, when London proposed that the then for-
gotten concept of BEC could help to explain some experimental feature discovered
in liquid Helium. This has the surprising property of staying liquid under atmo-
spheric pressure even at zero temperature. In addition, below a critical temperature
of 2.18 K, the so-called lambda point, a range of striking features appears: the liquid
becomes superfluid, meaning that it can flow without any viscosity, practically de-
feating any attempt of containment, and moreover, the heat is conducted through it
at sound speed, instead of the diffusion process exhibited by any ordinary material.
In his paper [3], London was the first to conjecture a link between superfluidity
and Bose Einstein condensation. This was motivated in the first place by the fact
that the molecules of Helium 4 are indeed bosons, but the most interesting result in
that paper was that, if one considers the liquid Helium as a gas of non interacting
bosons, the critical temperature turns out to be 3.13 K, which is quite close to the
experimental value of the lambda point. Since then, it has been generally accepted
in the physics literature that superfluidity is strongly related to the occurrence of

Bose Einstein condensation.

This approach however had one weakness, which was that it did not take into
account the interactions between particles. This can be seen as a reasonable as-
sumption for dilute gases, as the particles are far away from each other, but in a
liquid like Helium at those temperatures, the interactions between particles should
be fairly strong, and hence, it was not clear what impact they would have on the
condensation. This has turned out to be a very difficult question, and even today;,
a rigorous description of a bosonic system with realistic interactions seems still out

of reach from the point of view of mathematical physics.

Before continuing, we shall introduce some notation. The one-particle kinetic
energy operator is defined as usual as —1 A on an open set A; C R?, with appropriate
boundary conditions. We shall denote by {it et} k > 1 its eigenfunctions and
corresponding eigenvalues. For convenience, let us order the eigenvalues in such
a way that ¢} < ¢, < .... In the case of periodic boundary conditions, these
eigenstates are the so-called momentum states, and it is for this reason that the

phenomenon of BEC is frequently referred as condensation in the momentum space
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(as opposed to position space). Indeed, the particles in the condensate are in the
quantum state 1} (ground state), which is constant in the periodic case. Hence, the
condensate is completely delocalised in position space, and completely localised in
the momentum space.

Now, we are in position to introduce the concept of generalised BEC. This was
first proposed by Girardeau in 1960, see [4], where he studied a model of bosons
with hard-core interactions in one dimension. He claimed that no condensation
could occur in the ground state in that model, but he noticed that one still had
condensation in an arbitrary narrow band of energy above the ground state. We
call this phenomenon generalised BEC, that is with the notation that we shall use
in this thesis,

lim lim —— > (NN >0,

310 1—oo |Ay] pel s
where (N;(¢)); is the mean value (at thermodynamic equilibrium) of the density of
particles in the state ¢!, and |A;| denotes the volume of the box A;. It is clear that,
if there is BEC in the ground state, that is if

) 1 !
lll,I?o ] (Ni(¥1)) > 0,

then there is also generalised BEC, but the other way is less trivial. The concept
of generalised BEC was further developed by the Dublin School in the eighties, see
e.g. [b]. They emphasised in particular that the occurrence and density of gener-
alised BEC is a very stable phenomena, being determined only by thermodynamic
properties of the system, namely the asymptotic behaviour of the density of states.
On the other hand, the actual condensation in the ground state as predicted by Ein-
stein turns out to be a very sensitive feature, depending strongly on subtle spectral
properties, in particular how fast the gap between two eigenvalues vanishes in limit.
Exploiting these properties, it was shown that in many systems, we can obtain gen-
eralised BEC, even though it is possible to “shift” part of the condensate outside
of the ground state. In some cases, it is even possible to obtain generalised BEC
without macroscopic occupation of the ground state. This led to the classification

of generalised BEC into three types:
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Type I : only a finite number of eigenstates are macroscopically occupied
Type II : an infinite number of eigenstates are macroscopically occupied

Type III : no eigenstates are macroscopically occupied

Note that in all three cases, the amount of generalised BEC is the same. Indeed,
it is easy to construct models which are thermodynamically equivalent, in the sense
that the pressure, density of free energy, etc ...are identical, which all exhibit a
phase transition, with the same density of generalised condensate, but of different
types.

One way to obtain such a situation is by considering anisotropic non interacting
Bose gases, where we let the boxes A; to be prisms of various shape (instead of
cubes). We refer the reader to [6] where a classification of the types of generalised
BEC is derived in terms of the geometry of the boxes. However, these models have
in common with the usual isotropic Bose gas that the phase transition associated
with Bose Einstein condensation does not occur in low dimensional systems. Indeed,
it has been known since [7] that for translation invariant systems in dimensions 1
or 2, spontaneous gauge symmetry breaking, which is generaly associated with the
occurrence of BEC, does not occur. This result is still true upon the introduction
of a superstable interaction between particles.

On the other hand, it is known that one can trigger Bose Einstein condensation in
low-dimensional systems by the addition of appropriate external potentials. In this
thesis, we are concerned with two classes of these potentials, random potentials and
weak (scaled) potentials. By defining the Schrodinger operator as the addition of the
kinetic part and these external potentials, one can change the asymptotic behaviour
of the density of states, making it vanish faster at the bottom of the spectrum than
its counterpart in the free Bose Gas (without external potential). This is responsible
for the occurrence of generalised BEC even in one- or two-dimensional systems.

In the weak potential case, the Schrodinger operator is of the form
—3A + (/1) (1)

where [ is the length of the side of the cubic box A;, and v is a non negative function

defined on a unit cube. If v is chosen in a suitable way, see e.g. [8], it is known that

4
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the perfect Bose gas defined by that Schrodinger operator exhibits a phase transition
associated with the occurrence of generalised BEC even in low dimension. The exact
expression of the density of states in terms of v has been derived in [8].

In the random case, we consider a Schrodinger operator of the form:
—1A + v¥(x), (2)

where w denotes a particular realisation of a random field on some probability space.
One may think of the random potential as a model of impurities, either distributed
randomly or of random strength. The first case would correspond to light particles
moving in an amorphous medium, the second to a crystal where atoms are of different
species. It was pointed out in [9] that generalised BEC could be triggered in any
dimension, due to the so-called Lifshitz tails. This behaviour, which is a fairly
general feature of random Schrodinger operators, see e.g. [10], essentialy means that
there are exponentially few eigenstates with energy near the bottom of spectrum.
This idea was first proposed by Lifshitz himself, see [11], who noticed that, for
an eigenvalue to vanish logarithmically in the thermodynamic limit, the random
potential should be identically zero on a region of typical size In [, and the probability
of such an “empty valley” turns out to be exponentially small.

In both the random and weak cases, the phase transition triggered by the change
in the density of states has to be understood as generalised BEC. However, if one
wants to obtain more knowledge about the occupation of single one-particle eigen-
states, more work is required. This has been done to a large extent in the weak case
by Van den Berg and Lewis, see [12], where conditions on the external potentials
have been established to distinguish between the three possible types of condensa-
tion. In the random case, far less is known. To our knowledge, the exact type of
generalised BEC has been determined in only one particular case, the Luttinger-Sy
model, see [13].

In view of these condensates obtained in low dimensional systems by means of
external potentials, one question arises. As we emphasised before, is has been rigor-
ously established that translation invariant systems do not exhibit BEC in dimension
1 or 2. And indeed, by adding an external potential, one breaks that translation

invariance. Therefore, it is not clear whether the phase transition obtained is re-
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lated to Bose Einstein condensation. To see this, notice that the generalised BEC
obtained in bosonic systems defined by either Schrédinger operator (1) or (2) is to
be found in the eigenstates ¢! of these operators, which are clearly not the same as

the kinetic eigenfunctions ! .

It is generally believed that the fast decay of the density of states is associated
with the corresponding eigenfunctions ¢! becoming localised. Hence, since BEC is
usually associated with the macroscopic occupation of the plane waves v, which
are spatially extended, the question of whether or not the condensation in localised
eigenstates is connected with the usual BEC phenomenon arises naturally. In partic-
ular, if we consider these systems without translation invariance, can we nevertheless

get some information about the occupation of the kinetic states?

This last question may be understood either from the point of view of generalised
BEC or from the occupation of the kinetic ground state itself. Note that the latter
is not any more the ground state in non translation invariant systems. In this thesis,

we shall answer both questions.

Our first result states that, under very general assumptions on the external
potentials, and for a class of Bose gas with diagonal interaction between the particles,
generalised BEC in localised eigenstates occurs if and only if the same happens in
the kinetic states. In the perfect Bose gas, our results are stronger, in the sense that
we show that both condensate densities are actually equal.

While this may not be so surprising in the weak potential case, since the system is
asymptotically translation invariant, it is less intuitive in the random case, as these
systems are translation invariant in the limit only in expectation with respect to the

randomness, and not for any given realisation.

Furthermore, we prove, for a class of weak potentials and a model of continuous
random models that, while it is true that generalised BEC occurs in the kinetic
eigenstates, it is impossible to obtain condensation in any single kinetic state. In
the Dublin school classification, this means that the kinetic generalised BEC in
these localised models is of type III, independently of the type of condensation in
the localised states. This leads to some comments about the meaning of BEC in

systems without translation invariance. The first one supports the claim that the
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so-called 0-mode condensation is too restrictive as a description of Bose Einstein
condensation. Indeed, these condensates in low dimensional systems do exhibit a
phase transition and a non-zero density of kinetic generalised BEC, but without
condensation on any kinetic mode. But moreover, our proof of type III kinetic
generalised BEC in these localised systems does hold in any dimension, and for
arbitrary small level of randomness or arbitrary small weak potential. In particular,
this means that, while a translation invariant system in dimension 3 may produce
condensation in the ground state only, this cannot happen in presence of disorder
or weak confinement, however small.

This then suggests that we should revisit the Bogoliubov theory, see e.g. [15].
This theory introduced by Bogoliubov in 1947 was an attempt to take into account
the interactions between particles, based on the assumption that the condensate
would be concentrated on the kinetic ground state. The first Ansatz was that one
can then neglect the interactions between particles outside of the condensate (i.e.,
the ground state), and hence truncate the full interaction term by keeping only the
terms with Feynman’s diagrams corresponding to scattering which either make one
particle leave the condensate or fall in it. The second Ansatz was to approximate
the corresponding operators by complex numbers, hence making the Hamiltonian
diagonalisable. The appropriate value of this complex number has then to be deter-
mined by a variational problem, with different solutions corresponding to different
densities of ground state condensate. The “effective” spectrum which was derived
in this way was the first to satisfy the Landau criteria of superfluidity, see [15],
assuming that Bose Einstein condensation does persist even in presence of the in-
teractions. In that model, superfluidity is therefore a consequence of BEC, giving
some support to London’s conjecture.

Now, in view of the likelihood of obtaining generalised BEC of type III in localised
systems, the validity of the first Ansatz is put in doubt. As a first step into a gener-
alised Bogoliubov theory, we establish the variational problem corresponding to the
substitution of complex numbers for all eigenstates involved in the generalised con-
densate (that is, infinitely many). This approach has the advantage of not requiring

any additional knowledge apart from the existence of generalised condensate.






Chapter 1

BEC in the eigenstates

The object of this chapter is to review the existing methods used to prove generalised
Bose-FEinstein condensation in the eigenstates.

We shall first introduce our models and briefly recall some standard settings of
quantum statistical mechanics. Next, we turn to the basic thermodynamic quanti-
ties, in particular the pressure and mean density of particles, and show that these
models exhibits a phase transition, which is due to the existence of a bounded crit-
ical density. This is associated with the occurence of generalised BEC, that is the
macroscopic occupation of an infinitesimal band of energy above the ground state.

We then provide two families of external potentials, either random or weak
(scaled), and give technical conditions on them for the critical density to be finite,
and hence enhance generalised BEC in the eigenstates.

Finally, we briefly review what can be said about the macroscopic occupation of

single eigenstates in these models.



CHAPTER 1. BEC IN THE EIGENSTATES

1.1 Definitions and notation

Let {A; := (—1/2,1/2)%};>1 be a sequence of hypercubes of side [ in R?, centered at
the origin of coordinates with volumes V; = [9. We consider a system of identical
bosons, of mass m, contained in A;. For simplicity, we use a system of units such
that A = m = 1. First we define the self-adjoint one-particle kinetic-energy operator

of our system by
h = —1Ap, (1.1)

acting in the Hilbert space 4 := L?*(/A;), where A is the usual Laplacian. The
subscript D stands for Dirichlet boundary conditions. We denote by {1!, el 1~ the
set of normalised eigenfunctions and eigenvalues corresponding to hY. By convention,
we order the eigenvalues (counting the multiplicity) as 0 < &} < e, < &}.... Note

that, since they are normalised sine waves, all kinetic states satisfy the following

bound
Wh(z) < v (1.2)

forall k > 1 and all z € A;.

Next we define the Hamiltonian with an external potential
hl = h? + v, (13)

also acting in 7, where the potential v; : A; — [0,00) is positive and bounded.
We denote by {¢}, E!};~1 the set of normalised eigenfunctions and corresponding
eigenvalues of h;. Again, we order the eigenvalues (counting the multiplicity) so
that B! < EY < EL.... Note that the non-negativity of the potential implies that
E! > 0.

Next, let us define the densities of states, the measures whose distributions are
the integrated densities of states (IDS). For the kinetic energy operator (1.1), we

use the following notation

1
V(A) = Vljj{k :el € A}, for all Borel subsets A C R, (1.4)
P(A) = Jim o (A),

10



1.1. DEFINITIONS AND NOTATION

where the limit is understood in the weak sense. Similarly for the Schrodinger

operator (1.3), we let

1
v(A) = vljj{k : B! € A}, for all Borel subsets A C R | (1.5)
v(A) = lliglo v(A) .

We shall assume in the present section that the limiting measure v exists. Later, we
shall give sufficient conditions on the external potential v; for this to be valid.
It follows from Weyl’s theorem that the density of states ¥ of the kinetic energy

operator has the following form
2
V0([0,¢]) = 7 Cy 2, (1.6)

with the constant Cy = ((27r)d/21“(d/2))71.
Clearly, the form for the density of state v in general depends on the external
potential v. We shall only consider external potential for which the density of states

0

v has the same support as the free density of states v”. The non-negativity of v

implies that
v(A) =0, for all Borel subsets A C (—00,0) ,
and we shall require in addition that
v([0,E]) >0, forall E>0. (1.7)

For the specific models considered in this thesis, we shall prove that this last as-
sumption is satisfied, see Section 1.3.
Now, we turn to the many-body problem. The n-particles space ] ™) for bosons is

defined as follows

A = {p e HRHGD - @ A oY =1},
n times

where O'S_n) is the symmetrisation operator

n 1
Ugr)(%@%@"-@%) = Z%(n@%(z)@“-@%(n) :
" wESn

By convention, J¢ 0 — ¢ (“zero particles space”).

In this thesis, we are interested in the grand canonical ensemble, where the total

11



CHAPTER 1. BEC IN THE EIGENSTATES

number of particles is not fixed. Hence, we need an appropriate Hilbert space. Let

F = F(A) be the symmetric Fock space constructed over .74, that is
T =P A" . (1.8)
n=0

We are now ready to introduce the second quantisation dI'. For a self-adjoint single-

particle operator A : Z(A) — 4, the map

dI'(A) : 2(dI'(4)) — %
(¢07¢17¢27"') = A(O)¢07A(1)¢17A(2)¢27"') )
where
AW = AR1®---®14+1Q0A4A®---Q1+---+101Q---QA

A9 =0 and A = A :
is essentially self-adjoint on the set

{(¢0,01,...) € F1: dn € ® Z(A)and ¢, = 0, for nlarge enough} .
m=1

The second quantisation dI'(A) is then defined as the closure of this map.
The operators for the total number of particles, NV;, and the operator for the number

of particles in a state ¢ € 7, N;(¢), are defined as follows

Nl = dF(lng),
Nl(‘P) = dF(P<P>7

where P, is the orthogonal projection onto the state ¢. In terms of the creation
and annihilation operators (satisfying the boson Canonical Commutation Relations)
a*(p),a(p) in the state p, one has N;(¢) = a*(¢)a(p). In particular, for any or-
thonormal basis {¢;},7 > 1, it follows from the linearity of the second quantisation
dI’ that the operator for the total number of particles NV; can be expanded as
N =) Nl .
i>1
We denote by H; := dI'(h;) the second quantisation of the one-particle Schréodinger

operator h; in .%;. Note that since the set {gbﬁ}i}l is an orthonormal basis of .77 it

12



1.1. DEFINITIONS AND NOTATION

follows from the spectral representation that the operator H; acting in .%; has the

form

H = Z Ej dF(qug) = Z Ezl Nl(Cbé),

j>1 i1

Then, the grand-canonical Hamiltonian of the perfect Bose gas in an external po-

tential is given by

H)(n) == Hy— pN, = Z(Ezl — 1) Ni(¢%) (1.9)

i>1
where p is the chemical potential. As usual, this thermodynamic parameter will
allow us to control the mean density of our models.

In addition to the perfect gas, we shall also consider the mean field Bose gas,

which is defined by the following Hamiltonian

A
Hp(n) = Hi () + 55 N7, (1.10)

where )\ is a non-negative parameter.
The thermodynamic equilibrium Gibbs state (—); associated with the Hamilto-

nian H(p) is given by

(AP, 1) = =T {exp(— BH (1)) A} |

=08, 1)

and the pressure is defined by

P(Bop) = = ImENBop) |

where

M8, p) = Trz exp(—BHN 1))

is the corresponding partition function. The parameter [ is the inverse temperature.
In the rest of this thesis, we shall work at fixed, non-zero temperature, and thus, we
will always omit the explicit dependence on . For simplicity, we shall sometimes

omit also the explicit mention of the dependence on p when no confusion arises.

13
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1.2 The pressure and mean density in the ther-
modynamic limit: the phase transition associ-
ated with generalised Bose-Einstein conden-

sation

1.2.1 The perfect Bose gas

In this section, we consider a Bose gas with Hamiltonian (1.9). It is well known
that, for the pressure of the perfect Bose gas to exist, the chemical potential p must

satisify the stability condition
n < B, (1.11)
and in the stability regime, the pressure of the perfect Bose gas can be computed

explicitly

p%u>=:—/g (1= e (B (1.12)

Hence, the density of the perfect gas can also be derived exactly

wm:@mm:[)wwwﬁwmwm
0,00

Let us introduce the sequence of occupation measure m! in the eigenstates

mp(A) == = Y (Ni(¢})){(B, ) for all Borel subsets A C [0,00) ,  (1.13)
! i:EZ!EA
and since the mean occupations numbers (N;(¢!));' can be computed explicitly in

the perfect Bose gas, one obtains the following expression
mi(A) = /(eﬂw—“) — 1)y (dE) . (1.14)
A

Note that m{([0,00)) coincides by definition with the mean density pf(u).

Let us now introduce the thermodynamic limit (TL), which is the limit of infinite
volume (that is, [ — oo) while the density of particles remains constant. In the rest
of this thesis, p will always denote the fixed density, which means that we require

the following equation to hold for all [

p=pn. (1.15)

14



1.2. THE PHASE TRANSITION AND GENERALISED BEC

Since the occupation measures depend on the chemical potential, see (1.13), this is
a condition on the chemical potential © and one can check that, in finite volume,
there always exists a solution g = (p) < E!. This can be seen from the fact
that the finite volume mean density p (i) diverges when pu — E!, hence allowing
arbitrarily large p. Thus, one can get an implicit expression for the finite volume
pressure (1.12) as a function of the density instead of the chemical potential

m@wzﬁwmnz—/ In(1 — e #E-H) (A E)

[0,00)
Since 1 = 1 (p) < B} for any p < oo, the finite volume pressure p{(p) is well defined.
In particular, there is no phase transition, as pY(p) is continuously differentiable with
respect to p for any finite /.
However, to study the thermodynamic limit, we must first determine whether
the critical density

pe = lim (ePE=1 _ 1)1y (dE)
HT0 J10,00)

is finite or not. Note that, since it follows from (1.7) that E! — 0 as | — oo, the
stability condition in the thermodynamic limit becomes p < 0. If p. = 400, then

one gets the asymptotic behaviour for the chemical potential, see Figure 1.1

lim ju(p) = polp) < 0
— 00

In particular, in view of (1.12), the pressure becomes in the thermodynamic limit

P0) =l fulp) = — [ a1l - e O)(aE)
—00 [0,00)

and again, since pi(p) < 0, there is no phase transition. One can obtain an explicit

expression for the occupation measure in the thermodynamic limit

mP(A) = lim m)(A) = /(eﬁ(E““’(ﬁ’p)) — 1) 'y(dE)
A

l—00

by uniform convergence. It follows immediately that the measure m is absolutely

continuous on [0, 00).

15
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(W)

el

Figure 1.1: Density constraint for unbounded critical density

If the critical density p. is finite, however, one needs a more careful analysis.
On the one hand, if one considers the low-density regime, that is p < p., then one
can follow the same procedure as in the case where p. = +00. Indeed, the density
constraint (1.15) has always a unique solution in finite volume, and this remains

true in the limit [ — oo, cf. Figure 1.2

lim u(p) = jioe(p) < 0,
—00

But for the high density regime, that is p > p., one can see that
i (p) = peo(p) = 0,
—00

cf. Figure 1.3, and hence the limiting value of the chemical potential is independent

of the density! For a rigorous version of this argument, we refer the reader to [5].

Therefore, we cannot take the limit of the fixed density constraint (1.15) directly,
since it would then have no solution in p. Let us rewrite this equation as follows,

for some § > 0
p = m([0,0]) + mj((6,00))

16
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AW
4./

I"ll UaO E11 u

Figure 1.2: Density constraint for bounded critical density in the low density regime

o gw
() .
.
L E
M0 By H

Figure 1.3: Density constraint for bounded critical density in the high density regime

and hence

lim mf((0.6)) = 7~ Jim mf((5,00)

l—00

17
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As 0 > 0, we have

lim m)((6,00)) = lim (ePE-m@) _ 1)1y (dE)

= / (eﬂ(E—uoo(ﬁ)) — 1) 'y(dE)
(6,00)

= / (e’ — 1) y(dE) .
(6,00)
Since we have assumed that p. < oo, it follows that

lim lim m} ([0,6)) = p — lim lim m)([0,4)) = p — p. ,

60 l—o0 640 l—o0

which means that the limiting occupation measure has an atom at zero-energy:
this is generalised Bose-Einstein condensation. Similarly, on can obtain an explicit

expression for the pressure in the high density regime, p > p.,
p"(p) = lim i (mu(p)) = p(0) -
We summarise the results detailled in this section in the following proposition.

Proposition 1.2.1 Let the critical density be defined by

Pe = / (" — 1) w(dE) .
[0,00)

The perfect Bose gas defined by the Hamiltonian (1.9) exhibits a phase transition in
the thermodynamic limit if and only if p. < oo. In that case, the pressure is constant

at large density

P(s(p)) if B < pe

e =9 o
p"(0) if 7> pe

and there is generalised Bose-Einstein condensation, i.e. the limiting occupation

measure has an atom at zero energy

(7= pe)do(dE) + (PP =)' v(dE) if 7= pe

m(dE) = .
(eﬁ(E_Noo) _ 1)_1 y(dE) if p < Pe -

18
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1.2.2 The mean field Bose gas

In this section, we consider a simple model of interacting Bose gas, defined by the
Hamiltonian (1.10). The main difference between this model and the perfect Bose
gas is that the former is superstable, which means that the correponding pressure
(B, i), for any A > 0, is well defined for all real value of the chemical potential .
This property implies that, for any fixed mean density p, the fixed density equation

p = p(n)
has not only a unique solution p; := u(p) for each I, but the limiting solution
foo = Hool(p) is also unique. Hence, it is not as crucial as in the perfect Bose

gas, see discussion in the previous section, to control carefully the finite-volume
behaviour of u.

Although it is not possible to compute explicitly the finite volume pressure and
density of the mean field gas, there exist many ways of obtaining them in the ther-
modynamic limit, see e.g. [17], [18], [19], in terms of the the pressure and mean

density of the perfect Bose gas. With our notation, this reads as follows.

Proposition 1.2.2 The pressure of the mean field Bose gas is given in the thermo-

dynamic limit by

5P +1"( = Ap(p)) if < pre
p(p) = lim pi(p) =

= 0 i >

5 TP ) if = p

and the mean density is

P —=Ap(p)) it p < pe
pMp) = 9upt(p) =
I

N f >c
3 if p=up

where p. = A\p. and p(p) is the unique solution of the equation p = p°(u — A\p).
Note that p*(jie) = pe.

The pressure p°(3, 1), the mean density p°(3, 1) and the critical density p,. cor-

respond to the ones established for the perfect Bose gas, see Proposition 1.2.1.
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It is already clear that the mean field gas exhibits a phase transition, as the
pressure is not twice differentiable at the critical value y = p.. We now show briefly
how this is actually due to generalised BEC.

Let us define a modified mean field Hamiltonian with a shift in a part of the spectrum

A
X ) l ! ! ! A ar2
H(1s€) = > (Bl=m)Ni(@) + D (Ei+ &= mNilel) + 55N
i:EfSJ i:Ef>6
and we denote by (—);¢ its associated equlibrium state. Using the same method as
in Proposition 1.2.2; one can show that its associated pressure is given by (in the

thermodynamic limit)

3001 ) + (1 — Ap(p: €):€) it < e
pM(:8) = lim p(p:€) =

aN %(0; f > c
2A+p(0,£) ifpu>p

where p°(u; &), p°(u; €) are the pressure and mean particle-density associated with
the modified perfect Bose gas Hamiltonian H}(u; &), pe := Ap. the corresponding
critical values, and p(u; €) is the solution in p of the equation p = p°(u — Ap; €). We

get the following expressions by a straightforward calculation

(&) = —/ In(1 — e PE-W)y(dE) — / In(1 — e PEH—1) L (E),

[0,0] (8,00)

1 1
(U —
pr(p:§) = /M S V(4B + /(5700) ey —1V(4E) - (1.16)
We have
A 1 I 1 l ~
Ocpi(1:€) = =17 D (Nildi)he = 77 D AN(ED)he — Alps ),
LBl b iBl<s

which gives

. ) 1 . o o .
lgﬁ)l lliglo ;6 v (Ni(@i))o = 15%1:0(#75) + 1;{{)1115(210 O 7 (115 €) =0 -
[HES

In view of (1.16), it is easy to see that
o P = Ap(p;0)) i o < pe
lim p(u; §) =
o Pe if > e

20



1.3. THE DENSITY OF STATES FOR SPECIFIC MODELS

As pp(p;€) is a convex function of £, we can exchange the TL and differentiation

using the Griffith lemma (see [20]). Using also the fact that p(p;€) is a minimizer
for pf(u; €), we get

5 T 21 =" (= Ap(11;0);0)) = =p"(n = Ap(w))  if p < pie
e i i (113 €)le=0 = 0(0;0) .
_p ’ = —pc 1 ,u/ = ,uc

Hence, we have proved the following:

Proposition 1.2.3 Let the critical density be defined as in Proposition 1.2.1. The
mean field Bose gas defined by the Hamiltonian (1.10) presents a phase transition
in the thermodynamic limit if and only if p. < oo. In that case, the pressure is not
twice differentiable at the critical value . = Ap., see Proposition 1.2.2, and there is
generalised Bose-Einstein condensation, i.e. the limiting occupation measure has an

atom at zero energy

= Ape if 2= e

m*({0}) =
() 0 if < phe

1.3 The density of states for specific models

As can be seen from Propositions 1.2.1 and 1.2.3, the occurrence of generalised Bose-
Einstein condensation in the perfect and mean field Bose gases is entirely controlled
by the density of states v (1.5) of the one-particle Schrodinger operator (1.3), as it
determines whether a phase transition occurs or not and the density of the associated
generalised condensation. More precisely, it is the ability of v to make the critical

density

pe — / (¢F — 1) 'w(dE)
[0,00)

finite that is required for the phase transition to occur. It can easily be seen from
the previous integral that only the asymptotic behaviour of v near zero energy is

responsible for making the critical density finite.

Lemma 1.3.1 The critical density p. is finite if there exist constants 0 < a < 00

and € > 0 such that

: —(1+e€) _
%ﬁ% E v([0,E]) = a
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The proof of that lemma is elementary, using a Taylor expansion near zero energy.

If we restrict ourselves to the free Bose gas, the behaviour of the density of states
Y is known explicitly, see (1.6), and it follows that p, is finite if and only if d > 2.

Now, one can obtain a wide range of behaviour for the density of states by the
addition of external potentials. In this section, we shall review classes of external
potential for which the IDS has the required behaviour to enhance generalised BEC
even in low dimensional systems. In addition, we shall also prove that the required

assumption on the density of states, see (1.7), holds for these models.

1.3.1 Random potentials: the Lifshitz tails
A simple model: the Luttinger-Sy model

In this subsection, we study a particular random system in dimension 1, the so-
called Luttinger-Sy model with point impurities [21]. Formally, the single-particle

Hamiltonian for this model is

hY =—1A+a) dx—aY),

J
where the z;’s are distributed according to a Poisson law and a = +00. We first recall
some definitions to make sense of this formal Hamiltonian. Let u(x) > 0, z € R,
be a continuous function with compact support called a (repulsive) single-impurity

potential. Let {¢}, . be the Poisson measure on R with intensity A > 0,

P{weQ:uf(A)=n}) = Me”‘w , ne€Nyo=NU{0}, (1.17)

n!

for any bounded Borel set A C R. Then the non-negative random potential v*
generated by the Poisson distributed local impurities has realisations

(@)= [ istnute =) = Y ule =) (1.18)

w w
x5 ex

Here the random set X*“ corresponds to impurity positions X« = {x‘; }j C R, which
are the atoms of the Poisson measure, i.e., ${X* [ A} = p{(A) is the number of
impurities in the set A. Since the expectation E ({(A)) = A|A[, the parameter A

coincides with the density of impurities on R.
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Luttinger and Sy defined their model by restriction of the single-impurity poten-
tial to the case of point d-potential with amplitude a — +o0o. Then the correspond-

ing random potential (1.18) takes the form

vl (x) == /Rl/ﬁf(dy)aé(x —y)=a Z o(x —xf) . (1.19)

w w
zjeX

Now the self-adjoint one-particle random Schrodinger operator h := h° + v¥ is
defined in the sense of the sum of quadratic forms. The strong resolvent limit
hy g = s.r.lim, 400 h¥ is the Luttinger-Sy model.
Equivalently, this model can be defined by imposing a Dirichlet boundary condition
at each impurity zj.

Since X* generates a set of intervals {I% := (z%_,, x?)}g of (random) lengths
{L‘j“ =z — x;-il}j, one gets the decomposition of the one-particle Luttinger-Sy

Hamiltonian

hs =@ hp(Iy) . dom(his) c PLIY) , weQ, (1.20)
; .

J

into random disjoint free Schrodinger operators {h p(I¥) }j,w with Dirichlet boundary
conditions at the end-points of intervals {IJ‘-"}]. . Then the Dirichlet restriction hy’,
of the Hamiltonian hYg to a fixed interval A; = (—{/2,1/2) and the corresponding
change of notation are evident: e.g., {I;f}j — {]J‘»"}j]\ill(w), where M!(w) is total num-
ber of subintervals in A; corresponding to the set X“. For comprehensive definitions
and some results concerning this model we refer the reader to [13].

The Luttinger-Sy model is special in the sense that its IDS can be computed

exactly for all E, and not only near £ = 0 as in the general case.

Lemma 1.3.2 (Lifshitz tails in the Luttinger-Sy model) The sequence of den-
sities of states vy’ defined by the Schrédinger operator (1.20) of the Luttinger-Sy
model converges a.s. (in the weak sense) in the limit | — oo to a non-random

measure v, and

e~ CAET/?

v([0,E]) = A

1 — e—CAE"Y/2 7
with the constant ¢ = 7/v/2.
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The proof of this lemma can be found in [13], see Proposition 3.2 in that reference.
Clearly, it also implies that the density of states of this model satisfies the condition

(1.7). In view of Lemma 1.3.1, we can state the following.

Corollary 1.3.1 Let the Schrodinger operator in a random potential be defined as
in (1.20). Then, the corresponding perfect and mean field Bose gases exhibits gen-
eralised BEC in the (random) eigenstates.

A general family of random models

We define an external random potential v()(:) : @ x RY = R, x + v*(z) as a non-
negative random field on a probability space (€2, F,P). The Schrodinger operator in

a random external potential is then given by
hyY = h) + vy, (1.21)

where v}’ denotes the restirction of the random potential v“ to the box A;. We
shall assume that v}’ is bounded, and then the Schrédinger operator (1.21) is almost
surely (a.s.) self-adjoint.

We shall adhere to the notation introduced in Section 1.1, adding an upper index
w to emphasise the randomness when necessary. We now turn to the density of states
of these random Schrodinger operators. Although at finite-volume, the densities of

states ;" defined by
1
VP (A) = v t{k : E' € A}, for all Borel subsets A C R (1.22)

are random measures, one can check that for homogeneous ergodic random potentials
the limiting measure v has the property of being self-averaging, see e.g. [10]. This
means that v* = v is almost surely a non-random measure.

We shall also assume that the following technical conditions hold
L p:=P{w:v¥(0)=0} <1

2. (a) On the probability space (€2, F,P) there exists a group of measure-preserving
metrically transitive transformations {7}, },cga of 2, such that v*(z+p) =

v () for all z,p € RY;
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(b) Eu{[,, dz [v*(2)[*} < oo, where £ > max(2,d/2), and A; the unit cube.

3. For any A C R? let ¥, be the o-algebra generated by the random field
v¥(x),z € A. For any two arbitrary random variables on €, f,g satisfying
(i) |gloo < 00, E,{|f|} < oo and (ii) the function g is ¥ ,-measurable, the
function f is X,,-measurable, where Ay, Ay are disjoint bounded subsets of

R?, the following holds

E{1S91} = BE{SBEg} < lgloo LIS 1} o(d(As, As))

with ¢(z) — 0 as x — oo, and d(A;,Ay) the Euclidean distance between A4

and As,.

Lemma 1.3.3 (Lifshitz tails) Under the above assumptions, the following holds

5. — liminf (= EY?)1 ED) > . 1.2
a.s. — lim inf ( ) In(v([0, E])) = a >0 (1.23)

A proof of this form of Lifshitz tails (1.23) can be found in a paper by Kirsch and

Martinelli [22], see Theorem 4 in that reference.

Corollary 1.3.2 Let the Schrodinger operator in a random potential be defined as
in (1.21), and assume the random potential satisfies the assumptions of Lemma
1.8.3. Then, the corresponding perfect and mean field Bose gases exhibit generalised
BEC in the (random) eigenstates for any d > 1.

Now, in order to prove our condition (1.7), we need the following additional

condition
P{w : / v(z)dz <t} >0, for all t > 0 and for any finite A . (1.24)
A

We can now prove the following

Lemma 1.3.4 Assume that a random potential satisfies the assumptions of Lemma
1.3.8 and the condition (1.24). Then, the density of states v of the corresponding
random Schrédinger operator (1.21) is such that

v([0,E]) >0 forall E>0.
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Proof:
Let us fix £ > 0. We start from the following inequality, see [22],

v([0,E]) > VLLE(#{@  EYE < FY) (1.25)

which is satisfied for any L > 0, with V the volume of a cube of side L centered
at some point x € R%, and E}’ L the eigenvalues corresponding to the restriction of
the random Schrodinger operator to that region. Note that since we consider only
expectations with respect to the random potential in (1.25), everything is actually
independent of x.

By computing the expectation, one gets
E,(#{i: ES" < F}) = inl@{#{i Bl < EY =n)
n=0
> P{#{i: B <E} > 1)
and we can then reduce the estimate in (1.25) to a condition on the first eigenvalue
v([0,E)) > L'P{w: EY" < E}. (1.26)
By the min-max principle, we have

b < ol / de [0 (2) 2o (2) < ¥ + Ld/ deo(z),  (1.27)
AL

AL

where el is the first kinetic eigenvalue and ¢* the corresponding eigenfunction of the
kinetic energy operator —1Ap restricted to a cube of side L with Dirichlet boundary
condition. Note that we have used the property (1.2) to estimate ¥ (z)].

Let L := 7(FE/2)~/2, and therefore, the first kinetic eigenvalue e/ = E/2. Hence,

the inequality (1.27) becomes

E. -
B < B2+ 7(5) vz dz v (z). (1.28)
Aﬂ<E/2)*1/2
In view of (1.26), we obtain
/BN —a2 _arE\—d2 w
v([0,E]) > (5) P{w: 7w (5) deov¥(z) < E/2} (1.29)
A

n(E/2)~1/2
and hence, it follows from (1.29) and the assumption (1.24) that

- E —d)2 " 7TclEl—d/Z
V([O, E]) Z e d(_) ]P{w: dzv (l‘) < W

.0
5 A }>O

n(E/2)~1/2

To finish this section, let us give some specific random potentials satisfying the

assumptions that we detailed in the present section.
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The Poisson potential This random potential is defined by

v (x) = Z u(xr — %),

i

where the x4’s are the atoms of a Poisson measure, and the function u : R? +— [0, q)
is the potential created by each impurity. In addition to the non-negativity, there
are some additional conditions on the function u to ensure a well-defined random
potential. For simplicity, one can assume that u has compact support, but the
assumptions of Lemma 1.3.3 can also be satisfied under suitable fast decay conditions
on u. The exact conditions have been the object of many studies, and we refer the
interested reader to [10] for a comprehensive review.

Moreover, it is straightforward to check that the condition (1.24) is satisfied in the
Poisson model with a compactly-supported function u. Indeed, it is sufficient to

estimate the probability to find “empty” boxes, that is
P{w:#{j:x?EAL}:()} :

and by the property of the Poisson distribution, this is non-zero for any finite L
(although exponentially small, as expected in view of the Lifshitz tails).

Finally, we want to point out that the Lifshitz tails in the Poisson potential can
be derived in a stronger form than in Lemma 1.3.3, see e.g. [10], in the sense that

the limit itself is established, instead of an upper bound.

The Stollmann model The second model that we shall consider in this thesis
is taken from [23], where the author calls it “the model (P + A)”. It consists of
impurities located at points of the lattice Z?, with appropriate assumptions over the
single-impurity potential, mainly designed to obtain independence between regions
which are sufficiently far away from each other. Let us make it more explicit by
giving some definitions. The single-site potential f, A;(0) — R has the following

properties:
1. fis bounded;

2. there exists 0 > 0 such that f(x) > o > 0 for all x € A;(0).
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The randomness in this model is given by varying the strength of each impurity. For
this purpose, we define a single-site (probability) measure p, with supp(u) = [0, a
for a finite a. We shall assume in the rest of this thesis that p is Holder-continuous,

that is for some a > 0,

sup {p([s,1]) : 0<t—s<n} <% VO<n<1. (1.30)
{s:t}

The random potential is then defined by

v(w) = Y ¢ (k) flz— k), (1.31)

kezd

where the ¢¥(k)’s are i.i.d. random variables distributed according to pu.

Since the impurities in that model are fixed on Z9lattice points, each of them
creating a compactly-supported potential, and the coefficients ¢*’s are i.i.d. random
variables, it is easy to see that the assumptions of Lemma 1.23 are satisfied. For the
additional condition (1.24), we can get the following estimate

/A v(z)de < ay Z q“ ()

x; €I,

where the non-random, bounded constant oy is defined by

o i /A dz f(z).

and Iy, C Z¢ is defined in such a way that the unions of unit cubes centered at the
points x; € I, is the minimal cover of the box A;. Hence, one needs to estimate the
probability of the following set, for arbitrary ¢ > 0

X o=A{w:ap Y ¢“(z;) < t}.

:l:7;€IL

Using the independence of the ¢“(z;)’s, one can estimate the probability of the set
X by considering the case where all ¢¥(z;) “contribute equally”, so to speak, that is
PX) > IP’( ﬂ {w: ¢“(z;) <

z, €l

= (P{w: ¢“(0) <

arnr,

D

where ny, := |I|. This can now be expressed in terms of the probability measure g,

t
arnr,

according to which the ¢“(x;)’s are distributed,

P(X) > u([o, aftnL])nL >0

since ny, < oo for any L < oo and the measure u has supp(u) = [0, al.
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1.3.2 Weak external potentials

Let v be a non-negative, continuous real-valued function defined on the closed unit

cube A; C R% We assume that the function v satisfies the two following conditions.

i) wo(r)=0 ifandonlyif =€ {y;}i, (1.32)
v(@)

- = Cy, Vj:1,2,...,n

where {y;}%_, is a sequence of points in Ay, and {a;}, {¢;} corresponding sequences
of positive parameters. We order the y; in such a way that 0 <oy < ... < a.
Roughly speaking, we consider any continuous, non-negative function v that vanishes
at only a finite number of points, and does so with some polynomial strength.

The one-particle Schrodinger operator with a weak external potential in a box

A; is defined by scaling the potential v, that is
by = —3Ap + vz /1, ... zq/l) . (1.33)
The low energy behaviour of the density of states is stated in the following lemma.

Lemma 1.3.5 Let h; to be as above, and v its asymptotic density of states. Then

the following holds

lb% E‘(d/2+d/a1)y([0’E]) = KOy .

The constant Cy is the same as in the Weyl formula (1.6), and K is given by

1 o
K:m/ dz (1= |2

with ¢y, 0q as in (1.32).

Proof:
In view of the condition (1.32) satisfied by the external potential v, for some

e > 0 small enough, there exists d; > 0,...,d, > 0 such that forall j=1,...,n

(¢ — &)l — gl < v(@) < (e + ) — I . (1.34)

for all « such that |z —y;| < J; .
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Let ¢ := min{d;}, and denote by B(y;,d) the ball of radius 0 centered at y;. Note

that by continuity, there exists a constant £ > 0 such that

n

v(x) > Kk, forallz e A;\ (U B(y;,0)) . (1.35)

=1

We now use a result due to Pulé, see [§],

v([0,E]) = lim y(F) = Cd/ﬂcEAl dz (E_U([L‘))d/Q’ (1.36)

l—o00
v(z)<E
where Cy is as in the Weyl formula (1.6). It follows from (1.35) and (1.36) that, for

all E' < K, we get

n 4/
v([0,E]) = Cd‘zl AEB(m) da (E —v(z))"*.
J= v(z)<FE

Since we know from (1.34) that on the one hand,
E—u(@) < B— (¢ o)lw— "
for any j =1,...,n and for all x € B(y;,0), and on the other hand
{z € B(y;,0) :v(z) < E} C{z € B(y;,0): (¢ +e)lz —y;|V < E} |

we can obtain the following upper bound from (1.36)

v ([0, E]) < C’dZ/ dz (E — (¢j — e)|z — yj|°‘j)d/2 .

=1 Y (cite)la—y;|"I<E

In each integral, we let z := E~Y/% (¢c; + )Y/ (z — y;) so that

= Ed/e cj—¢
v([0,E]) < Cy —/ dz B¥? (1 — 22— |z|%) . (1.37)
(10. 2] ; (cj+ )% Jia ¢j+e
We follow the same procedure to find the lower bound. For any j = 1,...,n, we

obtain from (1.34) that
E—v(z) =2 E—(¢;+e)lz —y[*,
for all x € B(y;, ), and we also have

{x € B(y;,9) :v(z) < E} D {x € B(y;,9) : (¢; —¢)|lz —y;|* < E} .
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In a similar way as we obtained (1.37), we get the lower bound

= Ed/es cj+e
0,E]) > C e dz E¥? (1 — 222 |2]%) . 1.38
V([ ) ]) djzl (Cj _ 8>d/aj /|z<1 < ( ¢;—€ |Z| ) ( )

Combining (1.37) and (1.38) leads to
C«dZEd/aj+d/2 K1<j, g) < I/([O,E]) < CdzEd/aj+d/2 Kz(j, 8) : (1.39)
j=1 j=1

for any F < k, with the constants

1 ci+¢ _
Ki(j = — dz (1 — L—|z|% 1.40
69 = o [ 20 (1.40)
1 c;i — €
Ks5(7 = — dz (1 — 2 ),
2(J.€) (cj + &) /|z<1 2 Cj+€’2‘ )

Only the first terms in the sums in (1.39) contribute in the limit £ | 0, since we

have assumed that 0 < ay < --- < «,, and thus

S —(d/a1+d/2
CaKi(l,e) < hI}IglilonfE @/ 1+/)1/([0,E])

< limsup B-@Wort 2 ([0, E]) < Oy Ka(l,€) .
EL0

As it is clear from (1.40) that we have
li Ki(1,9) = i Ka(Le) = e [ dz (1= )
L) = lpKale) = g [ de (-,

the lemma follows by letting ¢ — 0. 0
Note also that the proof of Lemma 1.3.5 yields directly the condition (1.7) for
the weak external potential.
It is now straightforward to derive the minimal requirements on the weak poten-
tial for it to make the critical density finite, that is to satisfy the requirements of

Lemma 1.3.1.

Corollary 1.3.3 Let the Schrodinger operator in the weak external potential be de-
fined as in (1.33). In the corresponding perfect and mean field Bose gases, the

necessary and sufficient condition for generalised BEC in the eigenstates is given by

d
— >1—d/2.
a1> /
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This condition is trivial if d > 2, because then even the free Bose gas (without
external potential) would exhibit generalised BEC. If d = 2, any weak potential
defined by (1.32) will also satisfy it, and this comes from the fact that the density
of states of the free gas is already on the edge, see (1.6), and the external potential
is in this case “the straw that broke the camel’s back”. Things get more interesting
if d = 1, since the weak external potential needs to be strong enough to create
condensation. Recall that the function v is defined on the unit cube, and hence it

is the smallest «; that is the most important.

1.4 BEC in single eigenstates

In this section, we are interested in classifying the generalised BEC into the type I, I1
or ITI. As we emphasised in the introduction, one cannot deduce from the generalised
BEC established in Propositions 1.2.1 and 1.2.3 in which particular eigenstate ¢} the
condensate is to be found, and indeed, it does not necessarily imply condensation
in the ground state ¢!. We shall give some examples of various types of generalised
BEC that have been rigorously established.

Let us start with the weak external case, which has been extensively studied by
the Dublin School. In a model studied in [12], the external potential was restricted

to vary in one direction only, that is with our notations
v(z) = v(xy) = |z1|*, a>0.

While this class of weak potentials does not satisfy the technical assumptions (1.32)
if d > 2, it is nevertheless possible to show that generalised BEC in the eigenstates

occurs if the parameter « is such that

+ > 1.

| Q.
Q|+

Note that this condition coincides with our result in Corollary 1.3.3 in the d = 1
case.
Moreover, the authors in [12] have proved that the condensate is concentrated on

the ground state ¢! in d = 1,3,4, ..., that is the common type I generalised BEC.
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1.4. BEC IN SINGLE EIGENSTATES

However, if d = 2, the condensate would be spread over infinitely many eigenstates
(all with arbitrary small energy), i.e. a type II condensation.

In the random case, while the occurence of generalised BEC in the eigenstates ¢!
is fairly easy to prove, thanks to the Lifshitz tails, it is far more difficult to obtain
more information about the actual spread of the condensate. As far as we know, it
has only been done in a simple case, the Luttinger-Sy model, see Section 1.3.1. It
was shown in [13] that the generalised BEC in the eigenstates is to be found in the

(random) groundstate only (that is, a type I condensation)

1 " 0 if p < pe
Lim < (Ni( T = .
> P = Pe if P2 pe
1
lim = (N, (¢2)) = 0, foralli>1.
l—soo [

Their proof relied on specific features of the Luttinger-Sy model, namely the fact
that, due to the infinite strength of the impurities, there is no tunnelling effect
between two regions separated by an impurity. One can see this as an “ideal” model
from the point of view of localisation, making computation of the eigenvalues much
simpler. Indeed, this is only a free Bose gas in a collection of intervals of random
length, the distribution of which lengths can be deduced from the properties of the
Poisson distribution. It is a very difficult problem to generalise this result to more
complicated random models.

To conclude this section, let us note that, as far as we know, no generalised BEC
in the eigenstates ¢! of type I1I has been obtained by means of an external potential.
This particular type of condensation has only been shown in two models. One is
the free Bose gas for which the thermodynamic limit is taken in a highly anisotropic
way, see e.g. [6]. The other model is a Bose gas with a very specific, tailor-made,
interaction between the particles to prevent accumulation of particles in any single

eigenstate, [15].
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Chapter 2

Generalised BEC in the kinetic

states

In this chapter, we investigate whether condensation can occur in the kinetic eigen-
states L. Indeed, the phenomenon of Bose-Einstein condensation is generally un-
derstood in the physics literature as the so-called 0-mode condensation, that is, the
macroscopic occupation of the kinetic eigenstate 1! in our notation. The generalised
BEC established in previous chapter is however to be found in the eigenstates ¢..

As a first step into the understanding of this unusual condensation, especially
in low dimensions where the standard BEC does not occur in translation invari-
ant systems, we investigate the occurence of generalised condensation in the kinetic
eigenstates k. Since these are not the eigenstates of the one-particle Schradinger
operator, the standards methods used in the previous chapter do not work, as the
many particles Hamiltonians of the perfect and mean field Bose gases are not di-
agonal if one performs the second quantisation in the basis defined by the kinetic
states.

The results of this chapter have been published in Journal of Statistical Physics
[24], a copy of this article is reproduced in Appendiz E.
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CHAPTER 2. GENERALISED BEC IN THE KINETIC STATES

Let us define the kinetic occupation measure by

1
mp(A) = — Z (N;(¢1))}, for all Borel subsets A C [0,00) , (2.1)

Vi
k:afceA

which is the analogue of the occupation measure (1.13) in the eigenstates, but instead
measuring the occupation densities in the kinetic states ¢!.

In the perfect Bose gas, we shall show that this sequence of measures, has a weak
limit and we derive an explicit expression for it. In particular, we show that it
has an atom at the origin, which answers the question of generalised BEC in the
kinetic eigenstates. Moreover, the density of that condensate is the same as in the
generalised BEC in the eigenstates.

We shall then investigate the mean field gas, and while the results that we obtain
for this case are weaker than for the perfect gas, we are nevertheless able to derive
lower and upper bounds for the density of kinetic condensate, in particular we shall
show that it can be no less than the density of generalised BEC in the eigenstates

and that it vanishes for densities below the critical value.

2.1 Some general results

We begin with some general results, the proofs of which require only the non-
negativity of the external potential and a general feature of the interaction between
particles (if any). The first result, though elementary, is crucial in all our analysis.
It may be understood as the analogue of momentum conservation in non translation
invariant systems. However, here it is not the total momentum which is conserved,
since there is no momentum in the first place. Indeed, only the number of particles

in each eigenstate ¢! is conserved.

Lemma 2.1.1 Let H;(p1) to be a many-particles Hamiltonian, and (—) its associated

equilibrium state. If
[Hy(), Ni(¢f)] = 0, foralli ,
then

(a*(¢)al(gy)) = 0, ifi#j.
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Proof :

Let us define a unitary transformation U;(#) in the Fock space .%; by
Ui(6) = SONI(@))
for a fixed i. Letting = := Trg, exp(—F8H;(u)), we have

Trz {e MW a* (6))a(¢))} (2:2)

Trz, {e_’BHl(“)a*(¢§)Ui(9)U—i(9)a(¢§)}

(1] — 1] =~ [1]] =

Trz {e P WU_(0)a* (6})Us(0)a(})}

where the last step follows from the fact that i # j, the assumption [H;(u), N;(¢l)] =

0 and the commutativity of the trace. Since

U-i(0)a" (6)Ui(0) = ea* () ,
the equation (2.2) becomes

(a*(@))a(ey)) = ¢”{a”(¢))a(e))) .

and the lemma follows. U
Note that the assumption of the Lemma 2.1.1 is not only satisfied by the per-
fect and mean field Bose gases, but also by a class of interacting Bose gases with

Hamiltonians of the form
A
H(p) = H(p) + sz bi; Ni(¢4) Ni(¢)) .
1,J

We shall refer to these Hamiltonians as diagonal models. Note that the case b; ; = 0
corresponds to the perfect gas, and b; ; = 0, ; to the mean field gas (with a shift in
the chemical potential). Some of the results of this section are applicable to diagonal
models with non-negative external potential without further assumptions.

We can use this result to expand the measure /m;' in terms of the equilibrium

mean-values of occupation numbers in the corresponding eigenstates ¢;. Using the

linearity (respectively conjugate linearity) of the creation and annihilation operators

37
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one obtains

) = 5 Y (@ wha(h)) (2:3)
k:afceA
D OB SR CRECALTl
4 kieleA
= T3 kP (@ @hateh?,
i k:EﬁCEA

where the last equality follows from Lemma 2.1.1.

We now prove two important lemmas. Let us introduce their meaning from

an heuristic point of view. In view of the generalised BEC in the eigenstates ¢!
established in Propositions 1.2.1 and 1.2.3, the total energy of the particles in the
condensate must be arbitrary low, and since the external potential is non-negative,
it follows that their kinetic energy must also be arbitrary low. Hence, the particles
involved in the generalised BEC in the eigenstates ¢! should also be condensed at
low kinetic energy, which is what we shall establish in the first lemma.
On the other hand, if condensation were to occur at non-zero kinetic energy, the
particles involved should have an even higher full energy. But since the condensation
in the eigenstates ¢! does occur only at low full energy, it should not be possible to
obtain kinetic BEC apart at zero kinetic energy, and we prove this in the second
lemma.

Let us also emphasise that these two lemmas do not require the existence of a
weak limit of the sequence of measures m;. Instead, we consider only some conver-
gent subsequence. Note that at least one such subsequence always exists, see [25],
Chapter VIII.6.

The first result states that if there is condensation in the lowest eigenstates ¢!,
then there is also condensation in the lowest kinetic-energy states ¢t. Moreover, the
amount of the latter condensate density has to be greater than or equal to that of

the former.

Lemma 2.1.2 Let {m},>1 be a convergent subsequence. We denote by m* its

(weak) limit. For non-negative potentials, the following holds
pP—pc if PZ=pe
0 if P <pe

m*({0}) = m*({0}) =

38



2.1. SOME GENERAL RESULTS

Proof:
Let v > 0. Using the expansion of the functions 1! in the basis {¢;}i>1, see
(2.3), we obtain:

mM[0,7]) = lim =z > (L (wp

r—00 WT -
ke <y
. 1
= Jim & DD M@ P (N (¢0)2
r—oo Vi k:.alr<’y i>1

> w3 ek el (VG

r—00
e 1y I
k.& <y ’L'Ez <o

for any 6 > 0. The non-negativity of the potential implies that

l 1
Yol el < Y %|< A IE T,

kel >y kel > k=1
1 1 E!
= (g M) < (0, o) = — .
y y 2

We then obtain

m*([0,7]) > lim x Z (N1, (9 Z (67, )P

B @B <S kel >y
_ 1
> dim o Y (N (@) (- B /)
r BT <6
_ 1
> lim (1-6/7)— Y (N &/ = (1—-6/7)m([0,8))>0.
r—o0 V;
" @Elr<s
But ¢ is arbitrary, and the lemma follows by letting § | 0. U

Remark 2.1.1 In the perfect Bose gas, we can actually show that the limit m>
exrists, see Section 2.2. However, even without knowing the existence of a limit,
this lemma is still quite interesting, since apart the non-negativity of the external
potential, its proof involves only the Lemma 2.1.1. Hence, it also applies to any

diagonal model in the following form

hmhmlnfml ([0,8]) = m*({0}),

640 l—o0
assuming that the sequence of measures m; has a limit m*. In the mean field case,
this can be shown with the techniques from Section 1.2.2 (noting that any measur-
able subset of the real line can be approximated by an at most countable union of

intervals).
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In the next lemma, we show that the kinetic states occupation measure (2.1) can

have an atom in the thermodynamic limit only at zero kinetic energy.

Lemma 2.1.3 Assume that the occupation number (Ni(¢;))} is a non-increasing
function of i. Let {m} },>1 be a convergent subsequence, and m* be its (weak) limit.
Then, for non-negative potential such that (1.7) holds, m> is absolutely continuous

on Ry = (0,00).

Proof :
Let A be a Borel subset of (0,00), with Lebesgue measure 0, and let a be such

that inf A > a > 0. Then

1
my (A) = v >N (W (2.4)

b k:EZEA
1

= = 2o D @ )P (N6
b kz—:“EA i
1

= 2 2l 2 (N ()0,
b ksl""EA zElT<a
1

+ v Z Z 2N (7)),

" kielreA B >a
for some o > 0. Next, we use the non-negativity of the external potential to get the
following estimate
Ej = (¢}, hd}) = (¢h. W) = D il(@hvi)P > a Y
k kier€A

Since the equilibrium values of the occupation numbers (Ny(¢!))} are decreasing
with 7, the estimate (2.4) implies

iy (A) < o= D Er (N (@) + N0 DL 1 (25)
#E"<a Y kel €A
where qbi; denotes the eigenstate of h;, with the smallest eigenvalue greater than a.
Using again the monotonicity and the finite-volume density of states v, see (1.5),
we can get an upper bound for the mean occupation number in the second term of
(2.5), since

1 1

P > (N = 7 AN = (N ) m([0,a]) - (2:6)

i i:El<a
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Combining (2.5) and (2.6) we obtain

- ap
;) (A) < Tp +

[=3hs

e (0.al) /A v (de) . (2.7)

vl
Since the measure 1° (1.4) is absolutely continuous with respect to the Lebesgue
measure, and 1/([0, a]) is strictly positive for any a > 0 by assumption, see (1.7),

the limit 7 — oo in (2.7) gives:

mM(A) <

s |§|

)

But o > 0 can be chosen arbitrary small and thus m(A) = 0. To finish the proof,
note that any Borel subset of (0, 00) can be expressed as a countable union of disjoint

subsets with non-zero infimum. Our arguments can then be applied to each of them.

O

Remark 2.1.2 In addition to the perfect and mean field Bose gas, this lemma is
again valid for any diagonal model, with the additional assumption of monotonicity.
This last property is trivial for the perfect gas, since the occupation numbers are

known explicitly

NN =

Bi—p) _ 1
We shall show that this monotonicity condition holds also for the mean field gas, see

Lemma 2.53.1.

2.2 The perfect Bose gas

In this section, we shall exploit a particular feature of the perfect Bose gas to show
that the sequence of kinetic occupation measures {m;}; converges weakly in the
thermodynamic limit. More precisely, we shall use the fact that the occupation
numbers (N;(¢}))Y are known explicitly.

While the general scheme of the proof is the same for both the random and weak
external potentials, some of the ingredients will differ substanstially.

We first decribe the proof for a general class of random potentials, and also provide
a proof of finite volume Lifshitz tails, that is an estimate for the (random) finite vol-

ume densities of states v}, instead of the asymptotic density of states v as discussed
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in Section 1.3.1.

Finally, we shall review separately the Luttinger-Sy model at the end of that subsec-
tion, since we can actually obtain a more explicit result than in the general random
case.

In the last subsection, we adapt our methods to cover the case of the weak external

potential.

2.2.1 The random case
The general case

In this section, we are concerned with the general class of random Schrodinger
operators satisfying the assumptions detailed in Section 1.3.1. The main result is

the following.

Theorem 2.2.1 Assume that the random potential satisfies the assumptions of
Lemma 1.8.8 and the condition (1.24). Then, the sequence of measures my con-

verges a.s. in a weak sense to a non-random measure m°, which is given by

(P — pe)do(de) + F(e)de if p = pe
F(€>d€ Zfﬁ < Pe

m(de) =

with density F(e) defined by

F(e) = (25)d/21/ do g(v2en,) .

S

Here, S} denotes the unit sphere in R? centered at the origin, n, the unit outward
drawn normal vector, and do the surface measure of Sy. The function g is defined

as follows

g(k): = (2—71r)d /]Rd dz ke Ze"ﬁ““ E, (KS’B(ZL‘,O)> : (2.8)

n>1

where E,, is the expectation on the probability space (Q, F,P) and Kt (x,z") is the

kernel of the operator e
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Proof of Theorem 2.2.1

Before proving this theorem, we need some intermediate results. The occupation

numbers in the perfect Bose gas are known explicitely

(Ni(@h))) = (P 1)~

where g is the (unique) solution of the fixed-density constraint

my ([0,00)) = . (2.9)

It then follows from (2.3) that the kinetic occupation measure can be expressed as

1 . 1
md(A) = v Ty Py (P07 — )7 = 7 Tr Py (e~ "8 =1y, (2.10)

n=1
where we denote by P4 the orthogonal projection onto the subspace spanned by the
one-particle kinetic energy states ¢! with kinetic energy &} in the set A. Now we

split the measure (2.10) into two parts:

m? _ ( ) + m(z) with (2'11)
mM(A) = Z TrP (e 1y < 1/m) |
n>1
) = 3L 77 Tr Pa (e 0TI 1y > 1)
n=1

Note that the chemical potential y; := pf” is actually a random variable. Therefore
the indicator functions 1(y; < 1/n) and 1(y > 1/n) split the range of n into the
sums (2.11) in a random and volume-dependent way.

We start with the existence of a weak limit of the sequence of random measures
> One important ingredient of the proof is a finite volume version of the Lifshitz

tails, the proof of which we postpone to the next subsection to keep this section more

readable.

Theorem 2.2.2 Assume that the random potential satisfies the assumptions of
Lemma 1.3.3 and the condition (1.24). Then for any d > 1, the sequence of Laplace

~ (0,1
transforms of the measures m§ )

filts ) = /*01 e (2.12)
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converges for any t > 0 to a (non-random) limit f(t; jio0) , which is given by:
o-llal?/2t

F(t; pos) Zenﬁﬂw/ v e Ew<ngﬁ(x,o)>. (2.13)

n>1

Note that the sum on the right-hand side converges for all (non-random) pis = 0,

including 0, which corresponds to the case p = pe.

Proof:

By definition of P, the Laplace transformation (2.12) can be written as:

filts ) = Z Tre M (e B0 Y 1y < 1/n) (2.14)

n>1
Now we have to show the uniform convergence of the sum over n to be able to take
the term by term limit with respect to [. Since for any bounded operator A and for
any trace-class non-negative operator B one has TrAB < ||Al| TrB, we get

an) = vlTre*th?e*nﬁ<hf*Mz>1<m<1/n) (2.15)

1 w
< VTr e MBI (1 < 1/n).
!

For 5 < p., the uniform convergence in (2.14) is immediate. Indeed, for [ large
enough, the chemical potential satisfies 1 < fi0o/2 < 0, and hence, we have the
following a.s. estimate (2.15):
a;(n) < e”ﬁ“"‘ﬁ/ VW(AE) e PP < Ky enfree/?, (2.16)
[0,00)
for some constant K.
However, for the case p > p., this approach does not work, since, in fact, for any
finite [ the (random) solution gy, = i’ of the constraint (2.9) could be positive with
some probability, event though it has to vanish a.s. in the TL, see the discussion in

Section 1.2.1. We use, therefore, the bound

a(n) < a(n)+ a(n),

a
1 w,
am) = gt 3 e

{i: E2'<1/nl-n}

w,l
e’ E e PET

{i: EZ'>1/nt=n}

at(n) =

==
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which follows, for some 0 < n < 1, from the constraint yyn < 1 due to the indicator

function in (2.15). Then the first term is bounded from above by
) < e (0,7))

Hence, we need to find an estimate for the finite volume 1DS v;, which turns out to
be a key ingredient of our proof. We obtain the required estimate in the Theorem
2.2.3 (finite-volume Lifshitz tails). To keep this section readable, we postpone the
statement and proof of that theorem to the next section.

Using that result, it follows that for & > 0 and 0 < v < d/2, there exists a subset
Q C Q of full measure, IP’(@) = 1, such that for any w € Q there exists a positive

finite energy €(w) := &, ,(w) > 0 for which one obtains
VZL;J([()’E]) < efa/E“/ :

for all E < &(w) and for any I. Therefore, for any configuration w € Q (i.e. almost

surely) we have the volume independent estimate for all n > N (w) 1= &(w)Y/ =Y
al(n) <efe e (2.17)
To estimate the coefficients a?(n) from above , we use the upper bound

G?(n) < /[1/ . : I/lw(dE) Q*TLBE < 6,37177/2/ Vf(dE) efnﬁE/2

[1/n1=1,00)

< 6_5”"/2/ v (dE) e PEZ
[0,00)
Then for some K, > 0 independent of [ we obtain
a?(n) < Kye /2 (2.18)

Therefore, by (2.16) in the case p < p., and by (2.17), (2.18) for p > p., we find

that there exists a sequence a(n) (independent of /) such that

a;(n) < a(n) and Za(n) <00 . (2.19)

n>1
Thus, the series (2.14) is uniformly convergent in [, and one can exchange the sum

and the limit
lliglo filt) = lliglo z; a(n) = z; llggo a(n) -
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The rest of the proof is largely inspired by the paper [9]. Let

) =1{€:€(0) =2, &(T) = 2'}

be the set of continuous trajectories (paths) {£(s)}L_, in R?, connecting the points
x, 2/, and let w? denote the conditional Wiener measure on this set. Using the

Feynman-Kac representation, see e.g. [27], we obtain the following limit

1
lim q;(n) = lim Tre thY g B =101 (1, < 1/n) (2.20)

=00 l—00

= lim —/ /dxdxet (z,2') e BT =1 (5! )
l—0o0 Ay A

5 e —llz—a'||?(1/2n8+1/2t)
= "l lim — xdz’ X
i g [, ), et

X/Qnﬁ n (dg) e_fo dsv¥ (£(s)) XAl,nﬁ(f) /t wt(dfl) XAht(f/),

(z/,x) Q(z,z’)

where we denote by xa, r(§) the characteristic function of paths £ such that £(t) € A,
for all 0 < t < T. Using Lemma A.2, see Appendix A, we can eliminate these

restrictions and also extend one spatial integration over the whole space

lim a(n) = e"ree hm/ dx—/ da’ x (2.21)
l—00 l—o0 Rd A
—|lz—2'||2(1/2nB+1/2t)
x = / nB(4g) e Jo” dsv(E@)
(42tn )/ Qe

(@/,2)
Now, by the ergodic theorem, we obtain

1
hm a;(n) = hm VTre W o=y —m) (2.22)

o | o o~ llz—a'[2(1/2nB+1/21)
e"PF>e lim — T X
I=o0 V) /Az /]Rd (472tn3)d/2

"B(de) e J? ds v (g( s))}

X

Qs

(z! )

—ll=?(1/2nB+1/2t)
—  "ProR { d € / w™(de) e o7 dsv“’(ﬁ(s))} )
¢ N /Rd g (Am2tnB)42  Jons (dg)e

(0,z)

We then get the explicit expression for the limiting Laplace transform

o llel2(1/2n8+1/20)

too 1B oo
i) = e [ ant e

n>1

< B [ wrtag e s,
Q"ﬁ

(0,z)

which finishes the proof. 0
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Corollary 2.2.1 For any p the sequence of random measures Th?’(l) converges a.s.

in the weak sense to a bounded, absolutely continuous non-random measure Mm%,

with density F(g) given by
Fle) = (2e)4271 / do g(v/Zny) .
¥

Here, S} denotes the unit sphere in RY, n, the outward drawn normal unit vector,

do the surface measure on S} and the function g has the form

g(k) = (271r y /Rd dz ke Ze"ﬁ“‘” (KS’B(I,O)>. (2.23)

n>1

Proof:
By Theorem 2.2.2, the existence of the weak limit m( follows from the exis-
tence of the limiting Laplace transform. Moreover, we have the following explicit

expression

—llzll?/2¢ —lz|1?/2np
200 () et — dz & npu €
freoaa e = [ an G e o
x B [ widge i aeen)
Qe

(0,z)
e el "

Using the identity

1 2 1 : 2
—llzll*/2t _ ke —t||k||*/2
(2nt)i2 € ~ 2n) /R dkee ’

we obtain

/m(),(l)(dg) e te — / dx / dk e —t||k||?/2 eik‘”Ze"B“Ew(KgB(I,OD
R d n>1
_ dk e kP72 o (1
/. o(k)
_ / r? pd— 1/ do g(rn,)
[0,00) S

= [ aeet@et [ dog(vEEn,)
[0,00) Sy

and the corollary follows. O

=

=

=)
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CHAPTER 2. GENERALISED BEC IN THE KINETIC STATES

Corollary 2.2.2 The measure m*>Y) satisfies the following property

P i p<pe
/ AWy = 3 7 fp<p
[0,00) pe YD Zpe
Proof:
By virtue of (2.14) we have

1 w
/ MW (de) = £(0; 8, proo) = lim Y = Tre ™1 (s < 1/m) .
[0,00) l—o00 o1 ‘/l

Note that by uniformity of convergence of the sum, see (2.17), (2.18), we can take
the limit term by term (for any value of p), and then

1 w
/ mo’(l)(dé) = lim — Tre ™0 —m) —
[0,00)

l—o0 1
nz

3 / V(dE) e~mPE-=0) _ / (dE) (P E-=) _ 1)1
[0,00) [0,00)

n=>1

where we use Fubini’s theorem for the last step. ([l
We are now ready for the proof of the main result of this section:
Proof of Theorem 2.2.1: We first treat the case p < p.. In this situation, the

0,(2)

measure 71, is equal to 0 for [ large enough, see (2.11), since the solution pf of the

equation (2.9) is a.s. strictly negative for [ large enough. Thus, the total occupation
measure m) is reduced to m?’(” and the Theorem follows from Corollary 2.2.1.
Now, consider the case p > p.. Choose a subsequence [, such that the total
kinetic-energy states occupation measures ﬁ”L?r converge weakly and a.s., and let
the measure m° be its limit. By Corollary 2.2.1, all subsequences of measures m}”
converge to the limiting measure m%("). Therefore, by (2.11), we obtain the weak

a.S. convergernce:

. ~0,(2 ~
lim m, @ — 0@
r—00 r

By Lemma 2.1.3, we know that the measure m" is absolutely continuous on (0, co),
and by Corollary 2.2.1 that m®™) is absolutely continuous on [0, 00). Therefore we

get:
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where a.c. denotes the absolute continuous components.

By definition of the total measure (2.11), m°([0,00)) = p and by Lemma 2.1.2,
m({0}) > p — pe. Thus, m((0,00)) < p. and by Corollary 2.2.2, we can then de-
duce that the measure %) has no absolutely continuous component and therefore

0

consists at most of an atom at ¢ = 0. Consequently, the full measure m” can be

expressed as
M0 = m% 4+ bsy = m®D + bd, |
and since by Corollary 2.2.2
b=p— [ mp*de)=p— [ mp(de) =75-p
R, R

for the converging subsequence m?r, we have

lim ) = m™Y + (5 p.)do -

l,—00
By (2.24) and Corollary 2.2.1, this limit is independent of the subsequence. Then,
the limit of any convergent subsequence is the same, and therefore, the total kinetic
states occupation measures m{ converge weakly to this limit (see [25], Chapter

VIIIL.6, Theorem 1). O

Finite volume Lifshitz tails

In this subsection, we give the proof of one important building block of our analysis,
Theorem 2.2.3 about the finite-volume Lifshitz tails. Recall that this behaviour is
a well-known feature of disordered systems, essentially meaning that for random
Schrodinger operators which are semi-bounded from below, there are exponentially
few eigenstates with energy close to the bottom of the spectrum. To our knowledge,
however, this is always shown only in the infinite-volume limit, see e.g. [10]. Here,
we derive a finite-volume estimate for the density of states, uniformly in [, though
it could be trivial for small volumes. As one would expect our result is weaker than
the asymptotic one, in the sense that we prove it for Lifshitz exponent smaller than

the limiting one.

Theorem 2.2.3 Let the random potential v* satisfy the assumptions of Lemma

1.3.3. Then for any a > 0 and 0 < v < d/2, there exists a set QcQ of full
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CHAPTER 2. GENERALISED BEC IN THE KINETIC STATES

measure, P(Q) = 1, such that for any configuration w € Q one can find a positive

finite energy E(w) := &, (w), for which one has the estimate
v ([0,E]) < e /F
for all E < E(w) and for all l.

Remark 2.2.1 We want to stress that the statement in Theorem 2.2.3 is valid for
all I, but of course, it can be trivial for small l. For example from the positivity of

the potential we know that v¥(E) = 0 for E < w2d/I* and therefore the estimate is

trivial for 1 < /y/E(w).

For the proof, we first need a result from [22].

Lemma 2.2.1 Assume that the random potential satisfy the assumptions of Lemma

1.3.3. In particular, recall that
p = P{w :v¥(0) :0} < 1

Let a >p/(1—p), B=n/(1+a), and EX"N be the first eigenvalue of the random
Schrédinger operator with Neumann (instead of Dirichlet ) boundary conditions on

a cube of side l. Then, for | large enough, there exists an independent of | constant

A = A(«), such that
P{w BN < B/l2} < eV (2.24)

A sketch of the proof of this lemma is given in Appendix B. In the rest of
this section, all eigenvalues will correspond to Schrodinger operators with Dirichlet
boundary conditions, unless they have an upper index N in which case they are the

Neumann eigenvalues. Now we use Lemma 2.2.1 to prove the following result:

Lemma 2.2.2 Assume that the random potential satisfies the assumptions of Lemma

1.83.3. Then for any o > 0 and 0 <y < d/2,

Z]P){jj{i:Ef’l < 1/n} > Vie ™' | for some [ > 1} < 00 .

n=1

20
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Proof: Notice that
Zp{ﬂ{z B < l/n} > Vie " | for some [ > 1} = Z]P’{U Sl”}, (2.25)
n>1 n>1 i1

where SJ* is the set

Sp = {w: ﬁ{zE;”l < %} >Vle_°”ﬂ} :

The right-hand side of (2.25) does not provide a very useful upper bound, since the
sets S]' are highly overlapping. We thus need to define a new refined family of sets
to avoid this difficulty.

To this end we let [a], be the smallest integer > a, and we define the family of
sets

w, keanw 1/d 1
Vk"::{w:jj{i:Ei[( ) ]+<—}2k‘}.

n

Let k := [V}e‘"‘”q We now use a monotonicity property associated with the

4
Dirichlet boundary condition, namely that hY > hY, whenever L' > L. We shall

use this fact intensively in the rest of the proof. Since V; = %, this implies that

htlu > h'(r(kean’Y)l/d] , we get
+
w, kean'y 1/d 1 1
iog T s e LY
n n

If now w € S}, then by the definition of k£ we obtain
1
ﬁ{i:Ef’l<—} >k,
n
since the left-hand side is itself an integer. Thus, S]' C V," and

]P(lgl Sf) < IP’(U v,y) . (2.26)

k>1

We define also the sets

Wi = {w ; ﬁ{z : E:J’[(keam)l/dh < l} = k} : (2.27)

n
L n n) Th w < hY
et w S (Vk‘ \Wk> en by h’[((k,_;’_l)eom’Y)l/d]_'— h’[(kean—y)l/dh— we get
w,|((k+1 ean'y 1/d 1 w, kean’y 1/d 1
ﬁ{z’:Ei[(( ) L<—}>ﬁ{i:Ei[( : ]+<—}>k:+1.
n n
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Hence, (V;* \ W}') C V[;, and therefore we have for any fixed n and k
VrC WrUVE, (2.28)

Applying this inclusion M times, for k = 1,..., M, we obtain

M M M M
v c (WI" ny V,:) c (Wln uwyul Vk”) e (U W,?) UV ,(2.29)
k=1 k=2 k=3 k=1

Then we take the limit M — oo to recover the infinite union that one needs in (2.26)

and we use the inclusion (2.29) to find the inequality

P(Jv) = lim P(LAjv,y) (2.30)

M — o0
E>1

< lim <ZIP W) + BV ) ZIP W) + Tim P(ViD).

M—o0

The limit in the last term can be calculated directly

B [(Mean'y)l/d]+ 1
Jim (V) = lim P{w u{ < H} > My (2.31)
M
—_= i N w > e ——
Nl{l{)noop{w : V[(Meanw)l/dLL ([07 l/n]) = [(]\/[eam)l/d]i}

= P{w: v([0,1/n]) > Ke_am} )

for some constant K. In the last step we used dominated convergence theorem.
Now we can use the Lifshitz tails representation for the asymptotics of the a.s.
non-random limiting density of states v, see (1.23), which implies that

limsup e’ v([0,1/n]) < 1, (2.32)

n—oo

for a > 0. Since we assumed that 0 < v < d/2, there exists ng < oo such that by
(2.31) and (2.32) for all n > ny we get

lim P(V}}) = 0.

M —oc0

This last result, along with (2.26) and (2.30), implies that

3 IP( U Sf) <Y i P(WD). (2.33)

n>ngo 1>y n>ng k=1

52



2.2. THE PERFECT BOSE GAS

Now, we show that the upper bound in (2.33) is finite. First we split up the box
A[(keam)ud] into m(k,n) disjoints sub-cubes of the side I(k,n), with the following
+

choice of parameters

m(k,n) = [kM,],, M,:=B "2 n= 4%
I(k,n) := [(keam)l/dh
S

Here B is the constant that comes from Lemma 2.2.1. Now by the Dirichlet-
Neumann inequality, see e.g. [32], Chapter XIII.15, we get

m(k,n)

D N N

h[(kemﬂ)l/d}Jr 2 h[(keo‘”w)l/d]Jr 2 @ h{(k,n)’ (234)
j=1

where h{(’an) denotes the Schrodinger operator defined in the j-th sub-cube of the
side {(k,n), with Neumann boundary conditions. Note that, by the positivity of the

random potential, we obtain

w,N N m 1
Ej,2 2 Ej,2 2 W 2 ; . (235)

Here E;féN denotes the second eigenvalue of the operator h{&gn), and 6;-\772 the second
eigenvalue of —A{é\{n) , i.e. the kinetic-energy operator defined in the j-th sub-cube
of the side [(k,n) with the Neumann boundary conditions.

By equation (2.35), we know that to estimate the probability of the set (2.27)

by using the Dirichlet-Neumann inequality (2.34), only the ground state of each

operator h{&fjn) is relevant. Since the sub-cubes are stochastically independent, we

have
]P’(W,?) < P{w:jj{j:E;j’lN< l/n}:k}

with ¢ being the probability P{w : E;j’lN < 1/n}. The latter can be estimated by

Lemma 2.2.1. So, finally we obtain the upper bound
P(Wy) < ™* 0y exp{—kA(l(k,n))"} . (2.36)
Using Stirling’s inequalities, see [26], Chapter 11.12
(2m) V2420 ol < 2(2m) Y 2t 2o

23
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we can give an upper bound for the binomial coefficients ™*™ (), in the form

2(2m)2 (kM,, + §)*RMn+0+1/2) expy(— kM, + 6)
(2m)k*F2 exp(—Fk) - (KM, + 6 — k)EMa+0-k+1/2) oxp(—kM, + 6 — k)

(2.37)
where 6 > 0 is defined by
m(k,n) = [kM,], = kM, +4¢ .

Then (2.37) implies the estimate

kM, + §)kMa+o+1/2 1 (kMp+6+3)

m(k,n) < K
Cr < 1kk+§(an — J)kMn+0—k+1/2 = (1- 02)(an+6+§—k)

for some K; > 0 and
o1 :=08(kM,)™", o9 := M 1.

Since §/k < 1 and 012 — 0 as n — oo, and also using the fact that xIn(1+1/z) — 1
as r — oo, we can find a constant ¢ > 0 such that, for n large enough one gets the

estimate

1 M1 (kMy)
(1+ M, ) ) < Ky (M) et . (2.38)

The side [(k,n) of sub-cubes has a lower bound

kean\1/d Lean”\1/d 1 1/d

(m(k,n))/e = (keen” (Bn)=4/2 + §)1/d =

Combining (2.38), (2.39) and (2.36) we obtain a sufficient upper bound

Z ]P)(WI?) < Z m(k,n) Ch ekald(k,n)

k>1 k>1
< Y Ky (MR ek ek ABYInE (ko)
k>1
< K, Z exp {k(arﬂ —(d/2)In(nB) + ¢ — ABd/Qnd/2> }
k>1
< Ks Z exp k:(cm7 — AB%?pd/? 4 K4> < K exp(—Kﬁnd/Q) )
k>1

Here the K;’s are some finite, positive constants independent of k, n, [, for any n

large enough. Now the lemma immediately follows from (2.33). O
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Proof of Theorem 2.2.3:
Let A(w,n) be the event in which 1°([0,1/n]) > e for some I.
By Lemma 2.2.2, we have
Z P{w : A(w,n) occurs) < oo,
n>1
and therefore, by the Borel-Cantelli lemma one gets that with probability one, only a
finite number of events A(w,n) occur. In other words, there is a subset Q C Q of full
measure, IP’(Q) = 1, such that for any w € Q one can find a finite and independent

on [ number ng(w) < oo for which, in contrast to the event A(w,n), we have
v ([0,1/n]) < e, for all n > ng(w) and for all [ > 1.

Define £(w) := 1/ng(w). For any E < £(w), we can find n > ng(w) such that

L cE<
2n

Y

S|

and the theorem follows with the constant o modified by a factor 277. 0

The Luttinger-Sy model

In this subsection, we come back to the Luttinger-Sy model introduced in Section
1.3.1. We now consider the corresponding BEC in the kinetic-energy states.

Let us first state the equivalent of Theorem 2.2.1 for this particular model.

Theorem 2.2.4 Theorem 2.2.1 holds with the function g defined as follows
1 , e~ llzl?(1/2n3)
k‘ — d ikx nB oo
9(k) (2m)d /Rd ve Ze (27nB)d/2 8

n=1

X /QM3 w™P(d€) exp ( - /\(sgpf(s) - ugfﬁ(s))) .

(0,2)
Proof:
The scheme of the proof is the same as for Theorem 2.2.1. First, we note that
Lemmas 2.1.2 and 2.1.3 apply immediately. Here, the positivity of the random

potential has to be understood in terms of quadratic forms, that is

(a) Q(hY) C Q(h{), @ being the quadratic form domain, (2.40)
(b)  (.hi'e) = (o, hp), for all o € Q(RY) .
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Before continuing, we need to highlight a minor change concerning the finite-volume
Lifshitz tails arguments. Although the Theorem 2.2.3 is valid for the Luttinger-Sy
model, its proof requires a minor modification. Indeed, the assumption of Lemma
2.2.1 is clearly not satisfied for the case of singular potentials, since the probability
of having an impurity at any given point is zero due to the properties of the Poisson
distribution. However, by direct calculation we can obtain the same estimate with
the constant B = 72/4 in (2.24). First, suppose that there is at least one impurity

in the box, then the eigenvalues will be of the form (for some j)
(n27r2)/(L;?)2, n=12...
if /7 is an inner interval (that is, its two endpoints correspond to impurities), and
((n+1/2°x%)/(LY)?, n=0,1,2,....

if I¥ is an outer interval (that is, one endpoint corresponds to an impurity, and the
other one to the boundary of A;). Therefore, """ > B/I? since obviously Ly <.
Now, if there is no impurity in the box A;, then Ef’l’N =0 < B/I%. But due to the
Poisson distribution (1.17), this happens with probability e, proving the same
estimate as in Lemma 2.2.1.
With this last observation, the proof of the Theorem 2.2.3 can be carried out without
any further changes.

Our next step is to split up the measure m; into two, ﬁzl(l) and ml@), see (2.11),

and prove the statement equivalent to the Theorem 2.2.2.

Theorem 2.2.5 The sequence of Laplace transforms of the measures Thl(l)

fl(t;ﬁa,ul) = /le(l)(dg) €,t5

converges for any t > 0 to a (non-random) limit f(t; 5, tiso) , which is given by

e~ llzl?(1/2np+1/2t)

f 8 1) = Zenﬁuoo /Rd dz (47r2tnﬂ)d/2

n=>1

X /Qnﬂ w™(d€) exp ( - )\(sgpﬁ(s) — 12f§(s)))

(0,2)
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2.2. THE PERFECT BOSE GAS

Proof:

We follow the proof of Theorem 2.2.2; using the same notation. The uniform
convergence is obtained the same way, since the bounds (2.16), (2.17), and (2.18)

are also valid in this case. As in (2.22), we can use the ergodic theorem to obtain

li nBuce g e—llzl|?(1/2nB+1/2t) y
fim ay(n) = e w /Rda: (4m2tnB)d/2 ;/%B) W' (AE) X1 mp(€) - (2.41)

We have used the fact that the Dirichlet boundary conditions at the impurities split
up the space H; into a direct sum of Hilbert spaces (see (1.20)). This can be seen

from the expression

—|lz||2(1/2n8+1/2t) nB w
. e — [P dsay wexw 0(E(s)—aY)
1 _ nfpco E np 0 zwWeX J

fim a(n) =e / dz A2y “/nﬁ w™ (d€)e ;

(0,z)

by formally putting the amplitude, a, of the point impurities (1.19) equal to +oco.
Because of the characteristic functions x« ;3, which constrain the paths ¢ to remain

in the interval ¥ in time n3, the sum in (2.41) reduces to only one term:

i _— q e—llzl?(1/2nB8+1/2t) . "
zf?oaz(n) =e /]R X (472tn3)4/? W/Q“ﬂ W™ (dE) X(aw ) ms(§) 5 (2.42)

(0,2)

where (ay,, b,) is the interval among the [¥’s which contains 0.

The expression in (2.42) can be simplified further by computing the expectation
E, explicitly.
First, note that the Poisson impurity positions a,,, b,, are independent random vari-
ables and by definition, a,, is negative while b,, is positive. For the random variable

b,, the distribution function is

P (b, < b) := P{(0,b) contains at least one impurity} = 1 — e,

and therefore its probability density is Ae=** on (0, 00). Similarly for a,, one gets

P (a, < a) := P{(a,0) contains no impurities} = e~ = ¢*¢,

o7
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and thus its density is Ae*® on (—o0, 0). Using these distributions in (2.42) we obtain

. nBitos 12 0 v [ —Ab e—llzl?(1/2nB8+1/2t)
llggoaz(n) = ¢ °°)\/ dae /0 dbe /Rdx (im2in )i X

—00

<[ w8 v ©

(0,z)

0 o0 e~ lI=lI*(1/2nB+1/2t)
= 6”5““’)\2/ dae’\a/ dbe_’\b/dx 5 5 X
—00 0 R (47T tnﬁ) /

< [ e Lsuple(s) < D Umt(E(s) > o
Q s

s
(0,z)

e )2 4 €*H93||2(1/2nﬁ+1/2t)
— NP Hoo X
€ /R . (4m2tn3)4/?

infs(&(s)) 00
X / w™?(d€) / da e / dbe ™
o’ —00 sup, (£(s))

(0,z)

and the Theorem 2.2.5 follows by explicit computation of the last two integrals. [
Proof of Theorem 2.2.4: Having proved Theorem 2.2.5, it is now straightforward
to derive the analogue of Corollary 2.2.1 for the Luttinger-Sy model. Note also
that the Corollary 2.2.2 remains unchanged, since only the uniform convergence was

used. With these results, the proof follows in the same way as for Theorem 2.2.1. [J

2.2.2 Weak external potentials

Let us recall that the Schrodinger operator with a weak external potential is of the

form
by = —3Ap + vz /l,... xq/l) , (2.43)

where v is a non-negative function defined on the unit cube A;. The only assump-
tion on v that we shall make in this section is that the first eigenvalue E! of the
Schrodinger operator (2.43) vanishes in the thermodynamic limit. In fact, we do not
even require the critical density p. to be finite, hence we do not need the technical
assumptions made in Section 1.3.2 to hold.

Let us state the main result of this section.

o8



2.2. THE PERFECT BOSE GAS

Theorem 2.2.6 The sequence {m)};>1 of the one-particle kinetic states occupation

measures has a weak limit m° given by

(P = pe)do(de) + F(e)’(de) , if 5= pe

m®(de) = o
F(e)v(de) , i P < pe

where the density F(e) is defined by

F(e) = / dz (Pl mpee) 1)_1 :
A

Note the similarity of this result with the free Bose gas. Indeed, the kinetic-
energy states occupation measure density is reduced to the free gas one, with the
energy shifted by the external potential v and then averaged over the unit cube.

Before proceeding with the proof, we need some intermediate results. Let us
first recall an estimate due to Van den Berg, [28]. For any ¢ > 0, it follows from the
Golden-Thompson inequality (see e.g. [16], chapter X, notes)

Tre ™ < Tre ™M et = / da (e (2, z) e~/ |
Ay
where the last step follows since the external potential is a multiplication oper-
ator. Now, since the finite-volume kernel (e=*"7)(x,y) is bounded above by the
infinite-volume kernel (e_t%A)(z, y), and moreover the diagonal part of the latter is

independent of x, one gets

1 1 1
—Tre ™t < = dz (e 122 T, T e tv(@/l) 2.44
- G e e 240

1 1
- - = d —tv(z /1)
(2r)72 V; / e

1
- - d —tv(x).
PLORE / e

Next, we show that the two quantities above actually coincide in the limit [ — oo,

that is

Lemma 2.2.3 Let the Schrédinger operator hy be defined as in (2.43). Then for
any t > 0, the following holds

: 1 —th; __ 1 —tv(x)
lll}lilo VlTre = W /Al dxe . (245)
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Proof:

We use the Feynman-Kac representation, see e.g. [27], to obtain

l—oco V) =00 ‘/2

1
lim — Tre ™ = lim —/ dy ———
A

where the notation for the paths and the conditional Wiener measure are the same
as in the proof of Theorem 2.2.2. Since the paths £ are closed, it is straightforward
to express them in terms of the Brownian bridge a(7),0 < 7 < 1. Let Q) be the set

of all such bridges and D be the associated measure. We then have
1 —th .1
lim —Tre™ = lim — [ do-—=5 X (2.46)
Vi A

X /{~2 D(da) exp ( — /t dsv[z/l + \/Tga(s/t)Dxl(a;m/l) ,

0

where («; /1) is the restriction on the Brownian bridge to insure that the argument

of the function v is well-defined, that is for a fixed x € Ay
Vit
xi(a;z) = {a: (z+ Toz(s/t)) € N, Vse [O,t]} : (2.47)
Letting y = x/l in (2.46), one gets

. 1 —thy 1
lim v Tre = /Al dy W X (248)

l—oo V)

X

l—o00 Q

lim [ D(da) exp < — /Ot dsoly + \/T%a(s/t)DXz(Oé;y) ;

and since it is clear from (2.47) that the characteristic function x(a;z) converges
pointwise to 1 when [ — oo, it follows from the dominated convergence theorem

that
: 1 —th; __ 1 —tu(y)
lli)rilo VlTre —W/Aldye .
Remark 2.2.2 Note that using the identity
1 o s _
an = (27T)d/20d/0 dset s@/271)
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where the constant Cy is as in the Weyl formula (1.6), we can obtain

1 00
d —tv(z) _ / dx C / d —ts (d/2—1) —tv(z)
—(27rt>d/2 /[;1 Te N T Cg ; se S (&
= / dz Cy / dye ™ (y — v(z)) @2~V
A1 y=>v(x)

= / dye_ty<C’d/ d$(y—v(x))(d/2_1)>.
[0,00) zv(z)<y

0,00

Since the left-hand side of (2.45) is simply the sequence of Laplace transforms of the
density of states v, this provides an alternative method of recovering the asymptotic
density of states v of the Schriodinger operator in the weak external potential, the
explicit form of which we used in (1.36). This was first derived in [8], where the

author used Dirichlet-Neuman bracketing techniques.

Using the last Lemma, we are in position to establish an explicit expression for

the density function of the perfect Bose gas in the weak external potential.

Corollary 2.2.3 Consider the perfect gas (1.9) constructed from the Schriodinger
operator defined as in (2.43). The density in the thermodynamic limit is given by

1
0 — - nB(p—v(z))
p(p) = E GrnB) i /A1 dze (2.49)

n=1
= / I/O(dE)/ dz (eB(EJr”(z)_“) —1)_1 ,
[0,00) A1

for any p < 0. Consequently, we get the following expression for the critical density

(possibly infinite)

1
c= Y [ dgemw 5
P (27nB)d/2 /A1 re (2:50)

n=>1

= / yo(dE)/ dx (eB(EJ”’(x)) —1)_1 .
[0,00) A1
Proof:

Since the occupation numbers of the perfect gas are known explicitely

1

(NJ(g)) = (PE i) 1)

we can express the finite-volume density as

1 1 1
0 !
— N (B — _E - 2.51
o (1) v, Z§>1:< (@) v - eBE—1) _ 1 ( )
1 ] 1
— E : § —nf(Ei—p) — § — Tre ™A=
= e = re .
W n=>1 i>1 n=1 W
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for any u < E!. Since u < 0 and v is non-negative, it follows from (2.44) that
the sum in the right-hand side of (2.51) is uniformly convergent with respect to .
Hence, we can take the limit term by term to obtain

1
P(p) = lim pP(p) = > " lim — Tre "M

=00 l—oco V)
n>1

and using Lemma 2.2.3 leads to

1
0 _ E nf —nBu(x
pin) = ‘ #(27mﬂ)d/2 //\1 do et (2:52)

Now, since

1 1 0
= _Tre "M = / v(dE) e PP
(277-”6)61/2 ‘/l [0,00)

the first statement (2.49) follows from (2.52) by Fubini’s theorem. Letting 1 0, we
directly recover the expression (2.50) for the critical density. O
We are now prepared to continue the proof of the main result of this section, Theorem

2.2.6. As in the random case, we split the occupation measure into two parts

m) = a4+ @t® with
1
m?’(1)<A) = Z V TI' PA (e—nﬁ(hl—#z)) 1(/’” < 1/n) 9
n=>1 !
1
P A4) = Y VlTr Py (e7™PMm=m 1y > 1/n)
n>1

and we prove the following statement.

0,(1)

Theorem 2.2.7 The sequence of measures m," "’ converges weakly to a measure

m®W | which is absolutely continuous with respect to v° with density F(g) given by

Fle) = / do (Herr@—e) _ 1)
Ay

Proof: We follow the line of reasoning of the proof of Theorem 2.2.2. Let g;(¢; 3, i)

be the Laplace transform of the measure rh?’(l)
gi(t; B, m) = / my" ! (de) e (2:53)
R
1
= Z v Tre M (e A=) 1y < 1/n)
n>1
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Again, our aim is to show the uniform convergence of the sum over n with respect

to [. Let

1
ai(n) = VlTr et emBln=m) 1 (1, < 1/n) (2.54)

1
< VlTre_”B(hl_’“)l(,ul <1/n).

Then for p < p. we can apply a similar argument as for the random case, since the
estimate 1 < fioo/2 < 0 still holds, to obtain
a;(n) < e”ﬁ““ﬁ/ e’ﬁgyl(dg) < Ky ePres/?
[0,00)

If 5 > pe, then py < 1/n in (2.54) implies that

B —nB B} < —npu(z)
)<e Z 27m6)d/2/ dze ,

where the last estimate follows from (2.44). Now the uniform convergence for the
sequence a;(n) follows from (2.50), since we assumed that p. < oco. The latter
implies also that for p > p., peo(B,7) = 0. Thus, we can take the limit of the
Laplace transform (2.53) term by term, that is

1
lim a;(n) = lim —Tre thi g=nBh=m)1 (1, < 1/n) (2.55)
l—o00 =00
= lim —/ / dz da’ et (z, 2") e A1) (5 )
l—o0 Ay A
e ] o—llo—a I (1/2n5+1/20)
- llglo v /Az /Az z dz (4m2tn3)d/2 x
n - np SvU S
<[ @) [ g e BT )
Q ar
(z,x’) (z!,x)

Here we have used the Feynman-Kac representation for free e " (x,y) and for
non-free e #"(x,y) Gibbs semi-group kernels, see e.g. [27], and w” stands for the
conditional Wiener measure on the path-space Q@,w

Note that by Lemma A.2, which demands only the non-negativity of the potential

v, we obtain for (2.55) the representation

1
lim —Tre M en80u—m) (2.56)
l—oco V)
—llz—a’|I*(1/2nB+1/2t) n
I=co Jpa Az (4m%tnf3) Qe

(z',x)

63



CHAPTER 2. GENERALISED BEC IN THE KINETIC STATES

Now we express the trajectories ¢ in terms of Brownian bridges o(7) € Q,0 <

7 < 1, we denote the corresponding measure by D. Letting & = 2/ /I, we obtain

1
lim —T Ry —nB(hy—pu)
i e e
Bu | d e —||lz—1%||?(1/2nB+1/2t)
= e"PF> lim x X
oo Jga /A (4mtnB)/2

/ D(da) eXp / dso[(1 — %)fé + %(m/l) + @a(s/nﬁ)]) :

Since the integration with respect to x is now over the whole space, we let y =z —I[2

to get

1
Hm —Tre th e—mBhi—m)
liglo re e

eBree 1 e —|lylI?(1/2nB+1/2t)

= lir& /Rd dy //\1 47r2tnﬁ)d/2 X

X / D(da) exp —/ ds (i + —(y/1) + _V”ﬂa(s/n/@)))
Q 0 np l

~yI2(1/208+1/20) :
_ e / dy © / die—@
R4 Aq

(n2tnB)i2

where the last step follows from dominated convergence. Therefore, we obtain by

(2.53) the following expression for the limiting Laplace transform

1
. . —nB(E—fico) —npvu(z)
lhm a(t; B, ) = E e o Or(n N /Al dxe .

n=1

It is now straightforward to invert this Laplace transform (for each term of the sum),

to find that

F(E) v*(dE) = lim iy} (AE) = Ze—nﬁw—uw)( /

n>1 Ay

dxe‘"ﬁv(w)>yo(dE) :
The Theorem then follows by Fubini’s theorem. 0

Corollary 2.2.4 The measure m>"Y satisfies the following property

P ifp<pe
/ AWy = fp<p
[0,00) pe Yp=p

The proof of that result is exactly the same as its analogue in the random case,

Corollary 2.2.2.
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Proof of Theorem 2.2.6:

The proof of the equivalent result in the random case, the Theorem 2.2.1, can
be used without any modifications, since both Lemmas 2.1.2 and 2.1.3 are valid for
any non-negative potentials, and the Corollary 2.2.4 plays the role of its analogue

result in the random case, the Corollary 2.2.2. U

2.3 The mean field Bose gas

Our results for the mean field Bose gas are weaker than for the perfect gas, as we do
not establish the existence of a limit for the sequence of kinetic occupation measures
m;. However, we do prove that kinetic generalised BEC must occur if generalised
condensation occurs in the generalised eigenstates, and both phenomena are absent
below the critical value p. of the chemical potential. Note that our result does
not say what happens at the critical point. The only assumption on the external
potential that we shall use in this section is the non negativity.

As we emphasised in Section 1.2.2, the mean field gas is superstable, which imply
that the pressure is well defined for any real value of the chemical potential ;. Hence,

the fixed density constraint

p=p
has always a unique solution y; for any given [, and this is still true in the thermo-
dynamic limit. In particular, we can without loss of generality consider that u is

kept fixed in the thermodynamic limit, instead of fixing the mean density p as in

the perfect gas, see Section 1.2.1.

Theorem 2.3.1 Consider a mean field Bose gas as defined in Section 1.1. Then,
the following holds

i) if 4 > p., then 1§ﬁ)111?11nfmf([0,5]) > m*({0}) > 0,
—00

i1) if p < fie, then lginlimsuprhl)‘([o,é]) =m*{0}) =0

0 |50

The proof requires some intermediate results. The first one is a monotonicity
result, which was first established by Fannes and Verbeure, see [29], using correlation

inequalities. Here, we prove it in a simpler way, using only a convexity argument.
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Lemma 2.3.1 The function i — (N;(¢;))} is non-increasing.

Proof:
Let us define f : R, — R by

f(t) = In Tre Pt

where H(u;t) = Hj(p) +t(Nl(¢in) - Nl(‘ﬁln)) 3

for some 1 < m < n. It follows that

f1(0) = B7H{NU&L) = Nul@n )i

and since the function f is convex, we have the following inequality

BTHNI(L) — Ni(oh)) < F(1) (2.57)

for any ¢ > 0. Now we set t = 1(E% — E! ). Note that with this choice ¢ > 0, since
we have assumed that m < n. From the explicit expression (1.10) for H;(u), we

have

A
Hi(p;t) = Z (B} — n)Ni(¢}) + 2_le2
i#Em,n

E., +E)
2

E!. + E!

5 - H)Nz((ﬁﬁz) .

+ — 1) Ni(h,) + (

Since the mean-field term 2AV1 N? is symmetric with respect to a permutation of any
two eigenstate indices i, 7, it follows that H;(u;t) is symmetric with respect to the

exchange of m and n. Hence

, Tr (Ni(¢h,) — Ni(¢l,)) e AHiliD)
f( ) - Tr e~ BHi(13t)

-0,
which in view of (2.57) gives

(Ni(#h) — Ni(ol,)) < 0,

and the lemma follows since m < n are arbitrary. U

Using that monotonicity property, we can now obtain the following estimate.
Lemma 2.3.2 If u < p., then there exists a constant K independent of | such that
(Ni(g) < K
for all | large enough and for all i.
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Proof:
In view of Lemma 2.3.1, it is sufficient to find an upper bound for the occupation
number of the ground state ¢/ .

We define an auxiliary Hamiltonian by
A 0 ! A
H} ;7 s) == H) (1) — sNi(¢7) + ArN; — 5" Vi, (2.58)

where 7, s are two strictly positive parameters. We want to use the Bogoliubov
convexity inequality

B(A _ ACA —
Tre (A= B) (4 B) <InTred —InTre? < Tre”(A = B) (4— B)

TreB TreA (2.59)

with
A= —BH(uw;r,s)  and  Bi=—SH)(u) .

In order to simplify the proof, we shall denote the equilibrium states corresponding
to H}(p) and H(u;r,s) by (=) and <_>Z\;r,s respectively. Applying the Bogoli-

ubov inequality (2.59) with our choice of A and B, we obtain by a straightforward

computation

A A
s(Ni(¢1)); + Y (N =rViPht < s(Ni(@n))its + W, (N = V1))

As we want an upper bound for the first term, we can neglect the second term in the
left hand-side (since it is positive), and we only have to compute the right-hand side.
This can be done explicitly, as our auxiliary Hamiltonian is quadratic, but we first
need to choose our parameters r,s. As usual with the approximating Hamiltonian
technique, see e.g. [18], we want the parameter r to “play the role” of the mean
density.

More precisely, let p'(x) be the limiting density of particles for the perfect Bose gas

at (strictly negative) chemical potential x, that is:

1
0 E -
p(z) = 47 )V(d )eﬁ(E—x) —1’

and consider the equation

P2 ). (2.60)

Since \p’(z) + z increases to Ap. as z 1 0, it follows that for any fixed p < p., there

exists a solution x,, < 0 to the equation (2.60), see Figure 2.1.
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Ap.

APY(=25) - 2s

-

Figure 2.1: Graph of the equation 2.60

Let us fix the parameter s > 0 such that the following two constraints hold
Too < =35 and p < Ap(—25) — 25 < Ap. . (2.61)

Let  := p — Ar, and consider the finite-volume equation

nw—x 1 1 / 1 1 \
= AB) ——— — (N
A ‘/l eB(Ei—I—s) —1 + [Eépo) Vl( ) eﬁ(E—m) -1 ‘/l< l)l,r,s

(2.62)

The right-hand of (2.62) side converges uniformly to p°(x) as [ — oo for any
xr € (—00,—2s), and hence, the equation (2.62) has a solution x; = u — Ar; which
converges to T, < —3s as | — oo. Hence, we have the following bound for [ large

enough
ATy —p > 2s . (2.63)

Now, we are ready to go back to the Bogoliubov inequality (2.60), and we choose

the parameters r;, s to be as above. We then have

A

s (Ni(e) < s (Ni(61)) s + M (N =2V)*)irs - (2.64)

First, we notice that the pressure py(u; 7, s) associated with the auxiliary Hamilto-
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nian H(p; 7y, s) (2.58), given by

1
psrs) = g T (- (B4 M= =)o (6)a(oh)

+ D (Bl + A= p)Ni(f) — %r?‘/z)

i>2
is well defined for all values of the chemical potential u < ., as the inequality (2.63)

holds in this case. Then, we can get the required estimates. The first one is now

straightforward
1 1
l _
<Nl(¢1)>l;rl,s — eB(Ei'l')\Tl—H—S) 1 < €ﬁ5 1 . (265)
For the second term, we get:
(N = Vs = 2 (N = (Vi)i)?)
2‘/2 l Vi liry,s — 2‘/[ l L)l ,s lyry,s

A
= 583 pl/\(:u;rlas) °

Note that the last step follows from the gauge invariance of the approximated Hamil-

tonian, that is [Hl)‘(,u; 1, S), Nl} = 0. Therefore, one gets:

A
Y (NL = rV) Vg5 =

>\ < 1 eﬂ(Ei‘F)\T‘l—H—S) 1 eB(E,f“l‘)\Tl_:u) >

5 Vz (eﬁ(EH,\m—#—s) _ 1)2 + Vl Z (eﬁ(Ezl.—&-)\n—y) _ 1)2

=

We then use the inequality

to get

A
2_‘/l <(Nl - le>2>l;rl,s < >\(1

1
+
El 4+ rp—pu—s

)7‘[ < )\(1 + %)Tl . (266)

We can finish the proof by inserting (2.65) and (2.66) into the Bogoliubov inequality
(2.64)

1 1
I\\A
(Ni(o1)) < e A1+ g)rl

where we note that s > 0 (and independent of [) and r; — 7o < oco. Therefore,
there exists a constant K, independent on [, such that (N;(¢}))} < K. O
We are now prepared to prove our main result concerning kinetic generalised

BEC in the mean field Bose gas.
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Proof of Theorem 2.3.1:
The statement i) follows directly from Lemma 2.1.2. For the second part of that
theorem, we use the expansion of the kinetic measure m into the general eigenstates
, see (2.3)
= Z (N = v ZZ| F(Ni(o))y-
ksk<7 ke§€<'y i>1

Since we have assumed that p < p., we can use Lemma 2.3.2 and the fact that the

functions ¢! are normalised to obtain
—wak K—Zwak K—Zl—m ).
kel <y kil <y 21 kel <y

Taking the thermodynamic limit leads to

lim sup Thl’\([O,y]) < KVO([O,’}/]) = K%Cdv‘m

l—o00

where the last step follows from the Weyl’s formula (1.6). Letting « | 0 proves the

second statement of the theorem. ]
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Chapter 3

Localisation and BEC in single

kinetic states

Having established the occurrence of kinetic generalised BEC in presence of an ez-
ternal potential in the previous chapter, the next question is to determine its type.
As we discussed in Section 1.4, it is in general more difficult to find out the type
of generalised BEC than to simply show the occurrence of generalised condensation,
even when one considers BEC in the eigenstates.

The main idea of this chapter is to notice that in our models, the density of states
is fast decreasing, which is generally believed to force the corresponding eigenstates
to become localised in the limit. However, the kinetic states are planes waves, hence
delocalised in space. Hence, since these two states are “asymptotically orthogonal”,
this should prevent condensation to occur in any kinetic states.

We first use the strong localisation property of the Luttinger-Sy model to prove
in a simple way that the kinetic generalised BEC in this model is of the type I1I. We
then extend that result to a more general class of localised systems, and establish that,
for a more realistic random model and a general family of weak external potential,
the required localisation criterion indeed holds.

The results of this chapter have been published in Journal of Mathematical Physics
[30], a copy of this article is reproduced in Appendiz E.
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In Section 1.4, we briefly reviewed what could be rigorously proved for the con-
densation in single eigenstates ¢!, and in particular, we emphasised that the classi-
fication of the generalised BEC in the eigenstates required a fine knowledge of the
spectrum, namely the speed at which the gap between any two eigenvalues vanishes
in the limit [ — oco. Clearly, this information cannot be extracted from the limiting
density of states v of the Schrédinger operator with a external potential. Hence, it
is in general very complicated to classify the generalised BEC in the eigenstates, in
particular in the random case where the required knowledge is quite hard to obtain
even in simple examples like the Luttinger-Sy model.

In view of these difficulties, asking the same question about the generalised
BEC in the kinetic states ¢} could seem to be an even harder problem, since the
Hamiltonians of the perfect and mean field Bose gas are not diagonal if one performs
the second quantisation in the basis defined by the kinetic states, and therefore all
the usuals tools for this kind of problem are unavailable. Nevertheless, in view of
our basic expansion (2.3), one has the following expression for the mean occupation

number in a given kinetic eigenfunction

1
TAGIGYN VZ\awk Ni(@))i- (3.1)

The main idea of this chapter is to notice that the coefficients |(¢;,¢y)| should
be very small, since on the one hand, the kinetic state 1! is a sine-wave, hence
spatially extended, while on the other hand, the eigenstates ¢! should be localised
in order for the density of states v to decrease fast enough near the bottom of
the spectrum, as this is the feature of the external potential responsible for the
occurrence of condensation, at least in low dimensions. Note also that apart from
these coefficients, the sum in (3.1) is just the mean density, and hence as these two
kinds of states are “asymptotically orthogonal”, it is reasonable to expect the right-
hand side in (3.1) to vanish in the limit [ — oo. Of course, since the said sum is
infinite, one needs to control it carefully, which is what we shall do in this section.

As an easy example, we shall first show how to make sense of this argument in
the Luttinger-Sy model, making use of a specific feature of that system. Indeed,
this model may be seen as “perfectly localised”, in the sense that there is no tun-

nelling effect between two regions separated by one impurity. Hence, it is possible
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to establish a uniform (with respect to i) localisation estimate in this model, which
allows us to work out the sum in (3.1), and prove that the kinetic generalised BEC

is of the type III in the Luttinger-Sy model.

Since this method relies heavily on this absence of a tunnelling effect, it cannot
be extended to more general models. To avoid this difficulty, we shall show that,
under a relatively weak localisation property, we can deal with the sum in (3.1) and
still conclude that the kinetic generalised BEC must be of the type III. The rest of
this section will then be devoted to specific studies of particular models for which
we can prove localisation. We shall first investigate a continuous random model,
in arbitrary dimension and with a bounded potential. Hence, the simple technique
that we used in the Luttinger-Sy model will not be sufficient, and we shall need
more work, using multiscale analysis methods developed in the area of localisation
for random Schrodinger operators. However, we note that our localisation property
turns out to be quite different from the usual concept in that field, and hence, some
modifications will be needed.

Finally, we shall come back to the general class of weak external potentials for which
we established the asymptotic behaviour of the density of states v in Section 1.3.2,
and prove our localisation estimate in any dimension and without any conditions on

the parameters a; introduced there.

These results, along with the presence of generalised BEC in the kinetic states
for any dimension, allow us to answer the main question of this thesis: what is
the nature of the condensation enhanced by localisation. First, for low-dimensional
systems, d = 1,2, while it makes sense to speak of Bose-Einstein condensation in
the generalised sense, the same mechanism that produces it, is also the one that
prevents macroscopic accumulation of particles into any single kinetic state, that is,
there is type III generalised BEC. But, in addition, since our results are valid even
for d > 3, it also implies that the presence of randomness or the addition of a weak
potential, however small, forces the kinetic generalised BEC to be of the type III,
even if the corresponding translation invariant system (for example, the isotropic
free Bose gas in R3) would produce condensation in the ground state only. Hence,

this shows that the latter is not a reliable criterion for Bose-Einstein condensation,

73



CHAPTER 3. LOCALISATION AND BEC IN SINGLE KINETIC STATES

while on the other hand, the concept of kinetic generalised BEC is more robust.

3.1 The Luttinger-Sy model

The main result of this section is the following.

Theorem 3.1.1 In the Luttinger-Sy model as defined in Section 1.5.1, for both the
perfect and mean field gases, none of the kinetic-energy eigenstates are macroscopi-
cally occupied:

1
lim — (Ny(¢%)); = 0 for all k > 1,

l—o00 [

that is, any kinetic generalised BEC must be of type III.

Note that since we are dealing with a one-dimensional model, V; = [.

Remark 3.1.1 This result may appear quite surprising in view of the fact that, if
one instead considers generalised BEC in the eigenstates, it turns out to be of the type
1, see discussion in Section 1.4, and moreover, the generalised BEC in the eigenstates
is entirely concentrated in the (random) groundstate. This difference in the exact
type of condensation between kinetic states and eigenstates occurs even though the
densities of generalised BEC in either kinetic states or (random) eigenstates are
actually equal (at least in the perfect gas), see Theorem 2.2.4, which emphasises the
fact that the concept of generalised condensation is a more reliable description of the

phenomenon of Bose-Finstein condensation.

Since the impurities split up the interval A; = (—1/2,1/2) into a finite number

L w . .
M'(w) of sub-intervals {1 ¥ }]Ail( ), by virtue of the corresponding orthogonal decom-
position of hp, cf. (1.20), the normalized random eigenfunctions = are in fact

sine-waves with supports in each of these sub-intervals and thus satisfy

[0 (2)] < ,/L%lz;s(x) , 1<) < M (w) . (3.2)

We require an estimate of the size L? of these random sub-intervals, which we obtain

in the following lemma.
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3.1. THE LUTTINGER-SY MODEL

Lemma 3.1.1 Let X > 0 be a mean concentration of the point Poisson impurities
on R. Then the eigenfunctions ¢ are localized in sub-intervals of logarithmic size,

in the sense that for any k > 4, one has a.s. the estimate

maXl gngl (w) L;d

lim sup <
=00 Ini

> =

Proof: Define the set

K
S) = : LY > — Inl}.
v s max B>

Let n := [2)\l/(/ilnl)]+, and define a new box

~ n, kK n, K
A= =2y B E o A,
v= =gy, 5Dl 5 A

Let us split up this bigger box into n identical disjoints intervals {I! }" _, of size
k(2\)7tnl. If w € S, then there exists at least one empty interval I! (interval

without any impurities), and therefore the set
S C U {w: I is empty} .
m=1
For the Poisson distribution (1.17), the probability for the interval I' to be empty

depends only on its size, and thus

K 2X1
< ~A—=1Inl) < /2
P(S;) < n exp( /\2)\ Inl) < [mlnl]Jr l

Since we chose k > 4, it follows that

ZP(Sl) < 0.

>1

Therefore, by the Borel-Cantelli lemma, there exists a subset Q C Q of full measure,
P(€) = 1, such that for each w € Q one can find ly(w) < oo with
P{w: max L < Elnl}zl,
1< <M (w) A
for all I > lp(w). O
Proof of Theorem 3.1.1:
Note that the fact that generalised BEC in the kinetic states occurs in this model

has been proved for the perfect Bose gas in Theorem 2.2.4, and in a weaker form for
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the mean field Bose gas in Theorem 2.3.1. We are now in position to prove that it
is actually of type III.

In view of our basic expansion (2.3), we have the following expression for any &

TV = %Z|<¢;”,wz>\2<zvz<¢:”>>?

- S
<! ;<Nz(¢f”>>? ; ( [ arierw)

where in the last step we have used the bound |¢%(x)] < 1/V/1, see (1.2) . Therefore,

2

dx V() ¢ (2)

by (3.2) and Lemma 3.1.1, we obtain a.s. the following estimate

1 ”
Z<lek \ZZNZ l ——lnl

which is valid for for large enough [ and for any x > 4. The theorem then follows

by taking the thermodynamic limit. O

3.2 A general localisation criterion

As we pointed out at the beginning of this chapter, the localisation estimate that we
obtained in the Luttinger-Sy model, see Lemma 3.1.1 and equation (3.2) is uniform
with respect to i (the index of the eigenstates). However, it turns out that in more
general models, while we still expect localisation to happen, it does not seem possible
to obtain a uniform estimate. Hence, we must find a way to deal with the infinite
sum in (3.1), which is the aim of this section.

Let us introduce the notation

1

v (Ni(¢9))7

With this notation we can write the standard fixed density condition as

D A=7

As we discussed in Section 1.2, this sum is not uniformily convergent. To avoid this

pr =

difficulty, we truncate it
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for some N < oo. Letting
pi = limsup p} ,
l—00

and taking the infinite volume limit, we then get

Letting N tend to infinity, this gives Y ., p; < p. Since this sum converges, it
follows that for any € > 0, there exists 9 < oo such that p;, < €.

Now, we can use the basic expansion (2.3) for any given kinetic state, that is with
the notation introduced in the present section

;lek Z’ Pl

i>1

We then split up this sum, and use the monotonicity property (see Lemma 2.3.1),

the bound (1.2) for the kinetic states and the fact that these states are normalised

to obtain
1
V<Nz(¢i)>? = D @ vl Pl + D 16k v (3.3)
! <19 1>170
< DL P b+ ol D (4
1<% 1>10
< p Z ‘ wk |2 + pzo
1<10
< 7Y () + Al
1<10

Since 1y is fixed, and independent on [, it follows that if I=%2||¢!||; — 0 as | — oo

for each 7, then

) 1
lim sup v <Nl(¢f€)>l’\ < e,

l—00 l

and since ¢ is arbitrary

1
lim - (N(U)7 =0

The above argument leads us to define the following localisation criterion for the

absence of single mode condensation in the kinetic energy states.
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Definition 3.2.1 We call an eigenfunction ¢! localised if it satisfies the following

condition

1 ,
i 7 [ dslglw)] = 0. (3.4

Let us emphasise that this localisation property does not need to be uniform with
respect to i for our argument, since we only deal with finite sums, see (3.3). Note also
that this localisation condition is not as strong as the usual localisation property,
in the following sense. While localisation is frequently understood to be associated
with the persistence of a pure point spectrum in the limit [ — oo, at least near the
bottom of the spectrum, the presence of a pure point spectrum is not necessary for
the condition (3.4) to hold for all eigenfunctions.

We summarise the results of this section in the following theorem.

Theorem 3.2.1 Assume that the eigenfunctions ¢ are localized in the sense of
(3.4) for alli. Then, no kinetic state ¢ can be macroscopically occupied, that is

1
fm = (M)} = 0, (35)

which tmplies in particular that any possible kinetic generalised BEC in these models

1s of type II1.

The rest of this chapter is devoted to a proof of localisation in the sense of
Definition 3.4 in some specific models.
In the weak external case, we are able to prove localisation for the general class of
potentials defined in Section 1.3.2.
In the random case, we are so far unable to establish this localisation criterion under
the sole assumptions of Lemma 1.3.3 and condition (1.24). Nevertheless, we can
prove the localisation criterion (3.4) in the Stollmann model that we introduced in
Section 1.3.1, and our proof holds in any dimension. Due to the fact that the random
potential in this model is bounded, it is not possible as in the Luttinger-Sy model,
see Section 3.1, to show that the eigenstates have support on a sufficiently small
region, and hence, the simple techniques that we used for the Luttinger-Sy model
are not sufficient, and we shall instead adapt the methods of multiscale analysis

developed in the field of localisation in random Schrédinger operators, see e.g. [23].
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3.3 Proof of localisation in some specific models

3.3.1 The Stollmann model

Let us emphasize again that the localisation property (3.4) is very different from
what is usually called “exponential localisation” in the literature about random
Schrodinger operators (see for example [23]). In the standard literature localisation
refers to the eigenfunctions of the infinite volume Hamiltonian and requires these
functions, with energies in some band, to decay very fast, in many cases exponen-
tially. This implies that the spectrum is pure point in that band. In our case we
are dealing with eigenstates in finite volume with energies tending to zero as the
volume increases and so these bear no relation to the infinite volume eigenfunctions.
In particular, our localisation condition (3.4) does not imply that the spectrum is
discrete in the thermodynamic limit. While we only need the L' norm not to di-
verge too fast, because our eigenfunction depends crucially on the volume and in
particular, because we do not work at a fixed energy but with volume dependent
eigenvalues, we have to deal with the additional problem of controlling the finite-
volume behaviour. However, we find that in fact the multiscale analysis developed
for the infinite volume case can be adapted to establish our localisation condition.

In the present section, we shall consider the random potential v* from the Stoll-
mann model, see Section 1.3.1 for detailed definitions. For convenience, let us recall
some notation. The one-particle random Schrodinger operator in finite volume is

then given by
hY = hi +vf (3.6)

where v} is the restriction of v* to the cubic box A;. As usual, the eigenfunctions
and eigenvalues of h are denoted by ¢! and E' respectively. Note that there
exists a non-random M < oo such that v“(z) < M for any = and all w.
In the rest of this section, h’(x) will denote the restriction of the Schrédinger
operator —3A + v¥ to the region A;(z), with Dirichlet boundary conditions.
Before we establish the localization criterion (3.4), we first prove that any given

eigenvalue of h’ tends to zero as [ tends to co.
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Lemma 3.3.1 The eigenvalues of the Schréidinger operator (3.6) vanishes with
probability one, that is

a.s.— lim E' =0 . (3.7)

=00

for any 1.

Proof:
Recall that v denote the limiting density of states for the Schrédinger operator
h{ (3.6), that is, for any Borel subset A C R,

v(A) := lim %#{z’ - Bl e AY. (3.8)
l

l—00

If the i-th eigenvalue E! were to not vanish in the infinite volume limit, it would be
possible to find 6 > 0 such that v([0,d]) = 0. Hence, it is clearly sufficient to prove
that for every E > 0, v([0, E]) > 0. Since the Stollmann model satisfies (1.24), the
proof follows from Lemma 1.3.4. O

We now introduce the concepts and results of multiscale analysis that we shall
use to prove localisation in the sense of (3.4).

Adhering to the terminology of [23], we first define so-called “good boxes”.

Definition 3.3.1 Given x € Z¢, a scale |, an energy E, a rate of decay v > 0, we
call the box Ai(z) (v, E')-good for a particular realization w of the random potential

(1.31) if E ¢ o(h{(x)) and
(™ (ki () = B)™ x|l < e (3.9)

Here o(h{(x)) denotes the spectrum of h{(x), the norm in (3.9) refers to the opera-

tor norm in L*(Ay(x)), and X", x7"* are the characteristic functions of the regions

A"t (), A9 () respectively, which we define as follows
A™M(z) = Nys(x) , AP (2) = N(2) \ Ai—a()

Our proof depends crucially on the following important multiscale analysis result

extracted from [23], where the author used an argument originally derived in [31].

Proposition 3.3.1 Assume that hY is as above with random potential given by

(1.31). Then for any ¢ > 0 and any o € (1,2 — (4d/(4d + ())], there ezist a
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sequence {l},k > 1, satisfying Iy > 2 and I | < lp < I{_,+6 for k > 2, and

constants r > 0 and v > 0 such that if I :=[0,7],
P{w :for all £ € I,either Ay (z) or Ay, (y) is (v, E)—good} > 1—(I)7%, (3.10)
for all k =1 and for all x,y € Z¢, satisfying |z — y| > I

As usual in the literature about localisation in random Schrodinger operators,

two key ingredients are required to establish this multiscale result.

1. The Wegner estimate, which controls the probability of some interval I of the
real line to intersect the spectrum hj’; note that this probabilistic estimate

must hold for all [.

2. The initial scale estimate, which establishes that the estimate (3.10) holds for

a given [ with large enough probability and appropriate constants.

We postpone to Appendix C a brief outline of the proof of these two assumptions
in the Stollmann model.

We shall also need the so-called Eigenfunction Decay Inequality. We state it in
a convenient form for our purpose, and give a sketch of the proof in Appendix C.

Note that this inequality has to be understood for a given realisation w.

Proposition 3.3.2 Let hy be defined as above, and qbf’l to be one eigenfunction
with eigenvalue EX' in some interval [0,s]. Let x € Ay, such that Ay, (z) C Ay, If

Ef’l does not belong to the spectrum of h;jc(x), then the following inequality holds
i () < mlxg () (g () — B2 ™ (@) (3.11)
where the norms are L*(A;)-norm, and the constant k depends only on M and s.
We shall also need the following technical result.

Lemma 3.3.2 Let {ly}r>1 be a sequence satisfying l; > 2 and 1§, <l <1, +6
for k > 2, with some constant o € (1,2). For any 0 < § < 1/7, the intervals

11 =
[lé*‘s,l,j] are a covering for the set [I{°, 00).
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Proof:

It is sufficient to show that each interval overlaps with the next one, that is,
1 1
Liyi <1} (3.12)

for all £ > 2. By assumption, we have the following estimates

k—1

e < (L 6) < Bt

where the last inequality follows from the fact that [y > 2. Hence, in order to prove

(3.12), it is enough to show that

This last condition is equivalent to

3ak k-1
< ,
1—96 1)

that is, we only need the condition §(1 + 3a) < 1, which is always satisfied as we
have assumed that o € (1,2) and § < 1/7. O
We are now ready to prove that for our model the localisation condition (3.4) is

satisfied.

Lemma 3.3.3 Assume that hy is as in (3.6) with random potential given by (1.31).

Then almost surely, for all 1,

lim —_ / dz |6 (2)| = 0. (3.13)

e ‘/11/2 A
Proof:
We first choose 0 < 0 < 1/7 and ¢ > (2d+1)/26 and then we take the constants
a, v and 7, and the sequence {l} to be those obtained in Proposition 3.3.1 for this
value of (.

For a given scale [ large enough, it follows from Lemma 3.3.2 that there exists

k = E(l) such that
P<ly<I'™. (3.14)

We now need to define the following “good event”. Roughly speaking, it consists in

excluding the possibity that too many cubes of side I}, could be not (v, E)-good.
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Definition 3.3.2 For a given realisation w and a given l, let A(w,l) be the event
in which, for all E € I, for all x,y € Ny NZ¢ such that |v — y| > Iy, either Ay, ()
or Ay, (y) is (v, E)-good.

We shall first use the Borel-Cantelli lemma to show that almost surely A(w, () occurs

for all [ large enough. Let us define
X, = {w : A(w, 1) is not true at scalel}.
Then we can write

X, = {w 3B e, 3o,y e ANZ with |z —y| > I,
such that both A, (z) and Ay, (y) are not (v, E)—good}
= U {w : 3E € I, such that both A, (z) and Ay, (y) are not (7, E)—good} ,

T, yeNNZ
lz—y|>1k

and by Proposition 3.3.1 we obtain
P(X)) < 124 (1) "% < 17206
where the last step follows from (3.14). Since 2(6¢ — d) > 1, it follows that
Y PX) < .
l

By the Borel-Cantelli lemma, almost surely there exists L(w) < oo such that the
event A(w, () occurs for all [ > L(w).

Since by Lemma 3.3.1, each eigenvalue E;‘)’l a.s. tends to 0 as [ tends to oo,
E¥! e I for [ large enough almost surely. Hence, since the good event A(w, 1) (see
Definition 3.3.2) happens a.s. for all | > L(w), there exists a subset Q C Q of full
probability P(Q) = 1 such that for each w € Q, there is L;(w, i) < oo such that for
all | > Ly(w,i) and for any z,y € A; N Z% satisfying |z — y| > Iy, either A, (z) or
Ay, (y) are (v, E2h-good.

Now we take w € Q, | > Ly(w,7) and partition the box A;(0) into the “interior
cube” A} := A;_;, (0) and the “corridor” A? := A;(0) \ A}, see figure 3.1. We then
split up the integral in (3.13) accordingly

dz |¢9(z)] = [ da e dz |¢ ()] .- .
/Al £]62(x) / £|62(x) +/A,2 £ |62 (@) (3.15)
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In the second term, we can use the Schwarz inequality and the fact that the eigen-

functions are L?(A;)-normalized to obtain

/ da [¢2! (z)] < |AZY? < 20D 2 odild=d)/2, (3.16)
A2

l

Note that we did not use any particular property of the eigenstates ¢! in the corridor
apart from the normalisation. Indeed, this estimate (3.16) does not require any kind
of localisation.

For the first term in (3.15), we shall use the eigenfunction decay inequality (3.11)
of Proposition 3.3.2.
We cover the “interior cube” A} with disjoints subcubes A; of side l;,/3. Let us call
{z;} their respective centers. Then for each j, the cube A; (x;) is included in A,
and A; coincides with A" (x;). In Figure 3.1, we show one of the subcubes A; with

the corresponding Ay, (x;). This makes clear why we need a corridor A7.

Using the Schwarz inequality and Proposition 3.3.2, we obtain for any j the

J

estimate:

1/2

delort(a)] < 1 ([ denaer @)

J Ay
1/2

<1 (Rl @) (B () = B2 @) )
Hence, for any j such that A, (x;) is (v,Ef’l)—good, one has the following upper
bound

/ dz |62 (z)] < 1#2e 27 < 192 e, (3.17)
A.

J
Now, we distinguish two cases.
The first one corresponds to the situation where all cubes Ay, (z;) are (v, B')-

good. It then follows directly from (3.16) and (3.17) that

—d/2 w;l cll(dié)/2 —d/2 dj2 —1~18
l do |6 (@) < 20— +1 > ez
A :EJEAZI
[—1%)4
< 2dl‘5/2+3d<lT)e—ﬂl“. (3.18)
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Figure 3.1: Subcubes for the multiscale analysis

The second case corresponds to the situation when there exists at least one
subcube A, (z;) which is not (v, E¥"')-good. Let us denote by Z the center of one
such bad cube. Since w € Q and | > L;(w, i), it follows from the fact that the
event A(w,l) (see Definition 3.3.2) happens that for any z,y € A; N Z? satisfying
|z — y| > I, either Ay (x) or Ay, (y) are (v, E¥")-good. We can therefore “isolate”
all the possibly bad subcubes, that is there exists a box of side 2/, centered at x
such that outside it, all other A (z;) are (v, E“')-good. We treat the good boxes

as above, and deal with Ay, (Z) by using the Schwarz inequality as we did for A,
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to obtain:

/ de |6 ()] = / de |6+ (2)] + / de |6+ ()
A AP\Agy, (2) Aoy ()
Z 42 =37 + ‘AQlk@)’dm

a; €M7\ Aoy, (7)

N

d/2qd (l_lé)d A d(1-6)/2
< e 4 (20) .

From that last bound and from (3.16), we get

- " a (l—lé)d 1.6 _ _
o /A da |6 ()] < 20702 437 em il 4 20T (3.19)
l

Therefore for any w € ) either (3.18) or (3.19) is satisfied for all  large enough and
the localisation property (3.13) follows. OJ

Remark 3.3.1 Let us stress that a crucial ingredient of our proof is the multiscale
analysis result detailed in Proposition 3.3.1. Our methods can be extended to any
model for which such a result is available, with some assumptions possibly weaker in

the following sense.

1. The constant ¢ does not need to be arbitrary, but it must be large enough in
such a way that the Borel Cantelli lemma argument works (see the first part

of the proof of Lemma 3.5.3).

2. The decay estimate for the “good” cubes, see Definition 3.3.1, could be only
polynomial instead of exponential, but still strong enough in order for the upper
bounds (3.18) and (3.19) to vanish in the limit | — co. Note that we can make
the “corridor” larger in order to limit the number the number of subcubes for

which this rate of decay is needed (and hence, relax the minimal decay).

We also want to point out that it is absolutely essential for our argument that the

set defined in Proposition 3.3.1 has to be like

P{w : for all E € I, either Aj, (x) or Ay, (y) is (7, E)-good} >1 - ()%,
and not like

for all £ € I, ]P’{w . either Ay (z) or Ay, (y) is (v,E)—good} > 1 — ()™,
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since we work for a fized realisation w and a fized i (the index of the eigenvalues), and
then take the limit | — oo. This means that the eigenvalue E;‘”l 15 1tself changing.
We controlled that problem with the help of the Lemma 3.3.1, which guarantees that
any given eigenvalue will eventually belong to the interval I = [0, 1] from Proposition
3.3.1.

This leads us to the last assumption we could relax, that is we may allow the interval
to be volume-dependent, i.e. consider the case r = r(l), as long as it does not vanish
too fast. We then need to find an upper bound for any given eigenvalue, which
can be done. However, due to the Lifshitz tails, it is reasonable to expect that the
eigenvalues will not vanish fast (at best logarithmically), and hence, while we may

allow the parameter r(l) to vanish, it must do so “very slowly”.

3.3.2 Weak external potentials

Here, we consider the weak external potential as defined in Section 1.3.2. Recall
that the Schrodinger operator with a weak external potential in a box A; is defined

by scaling the external potential v, that is
hl = —%AD + U(C(]l/l,...7$d/l) . (320)

We recall that the eigenfunctions and eigenvalues of h; are denoted by ¢! and E!
respectively. The aim of this section is to prove that our localization condition (3.4)

holds for this class of weak potentials.

Lemma 3.3.4 Let h; be as in (3.20). Then, for all i
im = [ delel(@)] = 0 (3.21)
= STEN N '

Proof: We start as in Lemma 1.3.5 by noting that the condition (1.32) implies that

for any € > 0 small enough, there exists d > 0 such that for all j =1,...,n
(¢j —e)w —y;|% < v(x) < (¢ + )l —y,l™, (3.22)

for all x € B(y;,0), the ball of radius § centered at y;. Note also that since the

function v is continuous and vanishes only on the finite set {y;}7_;, there exists
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a constant £ > 0 such that v(z) > k, for all z € Ay \ (U?le(yj,5)>. We let
K :=min(k,c; —¢,...,¢, —¢) and C := max(c; +¢,...,¢, + ).

The first step in our proof is to obtain an estimate for the eigenvalue E'. To this
end, let us denote by hl(") the restriction of the Schrodinger operator to the region

B(yn, 0l), with Dirichlet boundary conditions. Then we have
h < B (3.23)

in quadratic form sense (cf. [32], Chapter VIII, Proposition 4). From the inequality
(3.22), we obtain

Qn

, (3.24)

T = Yn

l
where the last operator acts on L?(B(y;,dl)). Let U : L*(B(y;, 6l)) — L*(B(0, 01* ™))

<R = 1A, +C

be the unitary transformation defined by

(Up)(a) = U2 (" (x —ya)) .

where v, = «a,/(2 + a,). By direct computation, one can check that izl(n) =
=2 U B™ U~ where

h" = (—5A + Clz|on)

acting on L?(B(0,61'77)). Let 0 < D} < D) < ... be the eigenvalues of Bl(n) and

0 < Dy < Dy < ... the eigenvalues of h(™ where
A = (=LA + Cla|*) |

acting on L?(R%). Since for each i, D! — D, as | — 0o, there are constants D; such
that D! < D; for all [. Using this and the operator inequalities (3.23) and (3.24) we

finally get
E! < DU=m < Dil=, (3.25)

The rest of our proof relies on the methods developed in [33]. We start with some
definitions. Let Q, for some ¢ > 0, to be the set of all continuous trajectories (paths)
{&(s)}_y in R? with £(0) = 0, and let w’ denote the normalized Wiener measure on

this set. For a given 2 € R?, we define the following characteristic function
Xog(€) = 1{&: &(s) € Ay — x, for all0 < s <t} .
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We now use the following identity (cf. [34]),

[ aso(@e + €)1
@)@ = [ v / Sz + () vaa )

Ot

from which, since E! is the eigenvalue of h; corresponding to ¢!, we get

7

t
= [ dsula )
il < ¢ [ wttage e+ EW) @) - (3.26)
Now, we insert into the right-hand side of (3.26) the following bound proved in [35],

[oi(2)] < ca(BDY,

/4

where ¢q := (e/m)%* and we obtain from (3.26) the following estimate

o | asutta+enn

B(0)] < eqelPH(EYY! / Yaa €)

(913

e —%/0 dsto((z + £()) /1)

P (B / | Yot €)
< e [ wtae ] [asePEHEN o),
Ot 0

where the last step follows from Jensen’s inequality. Therefore, integrating over A,

with respect to x, and then changing the order of integration, yields

[ / dz |g}(x)] < cql et Ei (B / dz x
Ay

Ay

% /Qt wt(dg)%/{] dse—tv((@+&(s)) /1) Xaa(€)

1 t
< gl Y2etEL(EHY / wt(dg)Z / ds x
t 0

Q

« / dz e~ tv((@ +&(s))/1)
{zeNy(

A—€(s")}

Letting y = x + £(s) in the second integral we get

1 t
=4/ / dz|gl(z)] < cql= V2P (B / wt(dg)g / ds x
Ay Ot 0

x / dye v/
{y=€()eN, (hi—E()}
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Since (N, (A; — &(s") + &(s)) € A; for all s, we can now extend the domain of
integration over y to A; and use the fact that the Wiener measure w' is normalized

to obtain

z—d/Q/ dalgl(x)] < cqe'PH(BWA I /ds/ dye~ W/ (3.27)
A A

= ¢4 etEf(El)d/Zl ld/? / dz e—tv z) )
Ay

Next, we obtain an upper bound for the last integral in (3.27). We have

/ dz e—tv(z) <
Ay

g e—tK + / dz e—tK\x—yﬂO‘j .
Z (y5,6)

J=1

n

Z/ dze ™™ 4 / dze ™) (3.28)
T JBy;.9) A\ (U, B, 6))

j=

For each j,

/ dz e tKlmwl™ gmdlos fed/eg / dze P < Ko
B(y;,9)

Rd

where K := K% max; Jpa dZ e " which, in view of (3.28), gives the following
bound

dze ™) L e 4 K e
/ >

J=1

Now, fixing t = (E!)~!, we get from the last inequality and (3.27)

[~ / dz|df(x)| < cqe(E)Y*19? (e*K<Eﬁ>‘1 + f(Z(Ef)d/“j> .
Ay

j=1
Since by (3.25), E! — 0 as | — 0o, and since we have ordered the o;’s such that
a; < ay < -+ < ay, there exist new constants A; such that the following bound

holds for [ large enough
l_d/2 / da:\gbi(:vﬂ < A ld/2 (Ef)d(1/4+1/an) = A, ld/2 (Ef)d@*’}’n)/(‘bfn) . (329)
Ay
Inserting the bound (3.25), we finally obtain for [ large enough
l_dﬂ/ dal¢i(z)] < ADFET/ ) 2
Al (2 (2
and the lemma follows since v, < 1. U
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Chapter 4

Generalised Bogoliubov

approximation

By showing that one can correctly describe the phenomenon of condensation in the
presence of suitable external potentials as one of “Bose-FEinstein type”, in the sense
that condensation does indeed occur in the kinetic states of low-energy (see Chapter
2), we have cleared one obstacle in the way of applying the Bogoliubov approzimation
to these systems.

Howewver, since the kinetic generalised BEC' is of type 111, this leads us to recon-
sider the usual one-mode substitution. Indeed, since we anticipate that condensation
does not occur in any given kinetic state, we should not expect the usual Bogoliubov
approximation to give an accurate description of the fine structure of the condensate.

We first establish a generalised Bogoliubov approximation, substituting c-numbers
for all modes involved in the generalised BEC (that is, infinitely many in the limit).
We show that this procedure does not affect the pressure of the system, if the complex
numbers are chosen according to a suitable variational problem. As a first step in
understanding the meaning of this new approach, we show by means of a very simple
example why the use of external sources is able to alter drastically the fine structure
of the condensate, but not the generalised condensate itself.

The results of this chapter have been accepted for publication in Journal of Math-
ematical Physics, [36].
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CHAPTER 4. GENERALISED BOGOLIUBOV APPROXIMATION

4.1 Heuristic discussion

In 1947 Bogoliubov [14] proposed the Ansatz that for large Boson systems the cre-
ation and annihilation operators corresponding to zero momentum, aj, ag, can be
replaced by complex numbers. This is called the Bogoliubov approximation. It is
based on the idea that these creation and annihilation operators, when divided by
the square root of the volume, V', of the region A containing the system, can be
expressed as space averages

a# 1

Wiz = V/Adxa#(x) ,

where a¥(z) are the usual local creation and annihilation operators. For transla-
tion invariant ergodic states these operators should converge in some weak sense to
multiples of the identity, see e.g. [37]

NiG — a? .

These ideas were exploited by the school of Bogoliubov to construct various ap-
proximations to the full interacting boson Hamiltonian. We refer the reader to [15]
for a review of these models. The most spectacular result of this Ansatz was its
application to a model of a weakly interacting Bose gas [14], which gave the first
microscopic theory of superfluidity and provided explicitly a spectrum of collective
excitations satisfying the Landau criterion of superfluidity, see e.g. [15]. Superfluid-
ity in these models is associated with the occurrence of Bose-Einstein condensation.

The first rigorous result concerning the Bogoliubov approximation was due to
Ginibre [38]. He proved that if the Bogoliubov Ansatz is supplemented by a self-
consistency equation which is obtained by maximizing the approximated pressure
with respect to «, the exact pressure and the approximated one converge to the
same value in the thermodynamic limit. A simpler proof of this result has recently
been given by Lieb et al [39], using the Berezin-Lieb inequalities. A more delicate
point is whether the value ay,,, maximizing the approximated pressure corresponds
to the condensate density in the ground state (or 0-mode condensation) in the
thermodynamic limit. To answer this question, Bogoliubov suggested to break the

gauge symmetry of the system, [14], by adding a source vV (na + 7jag). This forces
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the totality of the condensate to be concentrated in the zero-mode (ground state).
The source is then switched off (|n| — 0 with a fixed gauge ¢ := argn) after the
thermodynamic limit to produce a limiting Gibbs state. The expectation defined
by this state is called the Bogoliubov quasi-average with respect to this source, in
contrast to the average of the gauge-invariant system. It was proven in [39] that

|Ctmaz|? is equal to the ground state condensate density in the quasi-average sense.

In this chapter, we shall consider for simplicity the case when a random external
potential is added to the system. However, similar results can be obtained for weak
external potentials with only minor modifications to our arguments.

Following the general philosophy of the Bogoliubov transformation that the c-
number used in the substitution corresponds to the condensate density in that mode,
we would like to represent the likely presence of generalised BEC without single mo-
mentum mode macroscopic occupation by a generalised Bogoliubov approximation,
in which we replace all creation/annihilation operators corresponding to momentum
states with kinetic energy e, such that 0 < g, < 8 by complex numbers v/V. ozi. We
show that this procedure does not affect the pressure if we maximize the approx-
imated pressure with respect to these complex numbers, and then let § — 0 after
the thermodynamic limit.

Next, we discuss the interpretation of the variational problem established for the
pressure. In particular, we highlight the fact that the link between the c-numbers
that maximise the pressure and the condensate is far from straightforward. By
means of a simple example, we discuss the relevance of the quasi-average method,
and show that it is not very satisfactory when one suspects the generalised conden-
sate to be of the type III (see discussion in Chapter 3) in the presence of external

potentials.

4.2 Model and definitions

The one-particle operators are defined in the same way as in Section 1.1, apart
from the choice of boundary conditions. In the rest of this chapter, we shall assume

periodic boundary conditions. The kinetic-energy operator of our system is hence
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CHAPTER 4. GENERALISED BOGOLIUBOV APPROXIMATION

given by
Ry = —1A,,

acting in the Hilbert space 4 := L?(/;), with the subscript p denoting the choice
of periodic boundary conditions. We let {19!, &l 11+ be the set of normalized eigen-
functions (that is, the momentum states) and eigenvalues corresponding to A

kQ
Ea

1 .
Uhe) = e, e =

VVi

and A} is the usual dual space {k € R?: k? = "lf ,n € N2}, As before, we denote

by 1) the density of states of the kinetic-energy operator, and by ° its weak limit.
Note that the Weyl formula (1.6) holds in the case of periodic boundary conditions
(with a modified constant).

The external potential is the family of random potentials defined as in Section

1.3.1, with the corresponding Schrodinger operator
= 1

with periodic boundary conditions.

We assume that the particles interact through a two-body potential u(z,y) =
u(]z —y|). The second quantisation in the basis of momentum states {1! }rca~ leads
to the many-particles Hamiltonian

Hn) = 3 (Y60 o) Ww, 0)(EL - 1) ) ata (4.1)

k' EAr izl

1 ~ * *
+ Y Z Uy (q) g, g Orr Qg (4.2)
q,k,K €A}

acting in the Fock space .#; (1.8). We use the notation a := a#(¢}) for the
creation/annihilation operators in the momentum states, and the coefficients ;(q)

are defined by

~ 1 ik.x
y(q) = )i /Aldxe u(x) .

We shall assume that the function u satisfies the following conditions:

1. there exists 7 < oo such that |4;(q)| < 7, for all ¢,
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4.2. MODEL AND DEFINITIONS

2. u is superstable

3. u is tempered

The second and third conditions refer to the standard definitions in statistical me-
chanics, see e.g. [40], to ensure the existence of the thermodynamic limit of the
system. If u € L}(R?), the first condition is trivial, since we can take v = ||ul|;.
It was shown in [41] that, if one assumes in addition that u is positive-definite and
4;(0) > 0, then the superstability condition is satisfied.

Note that the creation and annihilation operators in the interaction term of (4.1)
are in the momentum eigenstates 1%, although the perfect Bose gas Hamiltonian
(1.9) is not diagonal if it is expressed in the same basis.

We denote by (—);(8, pt) the equilibrium state defined by the Hamiltonian H;(u)

1
AN (B, p) == =———— Trg exp(—H ,
(A)(B, ) =108, 1) 7 exp(—BH; (1))
and by p;(8, p) its associated pressure
1
1) = —InS(8, )
(B, 1) BV 1B, 1)

where

E1(B, 1) = Trz exp(—FH (1))

is the corresponding partition function. For simplicity, in the rest of this chapter we
shall omit the explicit mention of the dependence on the temperature .

It is known that the pressure of the corresponding non-random model (that is,
v¥(x) = 0) exists and is independent of the boundary conditions for a large class of
them, including the periodic case, see e.g. [42]. The proof of this statement consists

essentially in showing the existence of the Dirichlet pressure using sub-additivity

px () = py(p) +pE n(p)

where A’, A" are disjoints subsets of A, and 7, denotes the translation by z. The
exact value of x is chosen according to the usual tempering condition required of
the two-body interaction potential u. Then, using translation invariance of the

non-random model, one obtains

PR (1) = pio(p) + pin(p) - (4.3)
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The boundeness of the pressure provided by the superstability of the system thus
leads to the existence and finitness of the limiting pressure for any p. Then, one can
show using functional integration techniques, see [43], that the pressures defined
with the other boundary conditions (including the periodic case) converge to the
same limit.

The last part of this proof can be carried through verbatim in the presence of an
external random potential. However, because of the lack of translation invariance
in the random case, the inequality (4.3) for the Dirichlet pressure is modified as

follows:

Dw D,w D,w D,w D, mpw
pa (1) = P () +pr o (1) = Py (1) + ™ (1) (4.4)

We have used the stationarity of the random potential in the last identity. To prove
the existence of the thermodynamic limit one can use the Kingman sub-additive

ergodic theorem, see [44]:

Proposition 4.2.1 Let 7 be a measure-preserving transformation of the probability
space (0, F,P) and {gn}n>1 be a sequence of functions g, € L'(Q, F,P) satisfying
the condition:

Inrm(W) < gn(W) + gm(T"w) .

Then

a.s. — lim g,(w)/n = g(w) ,

n—oo
where the function g(w) is T-invariant: g(7°w) = g(w). If in addition, the functions

gn are ergodic, it follows that the limit g(w) is a.s. non random.

4.3 The approximated pressure

4.3.1 Exactness of the generalised Bogoliubov approxima-
tion

Following Bogoliubov’s approximation philosophy, we want to replace all creation

and annihilation operators in momentum states 1, with kinetic energy less than
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some 0 > 0 by c-numbers. We let I5 C A} be the set of all replaceable modes, that

1s
Iy == {k e A : K*/2< 6},

and we denote ng := #{k : k € I;}. Note that ns is of order V', since by definition
ns = Vi ([0,6]). We let % to be the subspace of .7 spanned by the set of 1}
with k € I5, and Ps the projection onto this subspace. Hence, we have the natural

representation for the Hilbert space and the associated symmetrised Fock space
=D H, F=F 2 F.

We then proceed to make the substitution ai — ¢ for all k € I5, which provides

an approximating Hamiltonian which we denote by H °%(u, {cx}). The reason for
the superscript Low will be made clear in the next section. To keep the present
chapter readable, we postpone the explicit form of this operator to Appendix D.

We then obtain a new partition function and its associated pressure

ElLow(M’ {Ck}) = ']__‘I‘ylL B_BHlLow(,Uy{Ck}) 7
ow 1 —_
pll:(i (:U’J {Ck}) = Vl In :l(,U/, {Ck}> .

Our main result is the following:

Theorem 4.3.1 The c-numbers substitution for all operators in the energy-band Is

does not affect the pressure in the following sense

lim lim inf max pf” (i, {cx}) = limlimsup max p;“ (i, {cx}) = lim p;(u) . (4.5)
510 1500 {ex} 510 1 heo fen} U [

Note that, since we let § | 0 after the thermodynamic limit, the number of substituted

modes is of order of the volume.

4.3.2 The main proof

Our method is a generalisation of the one used in [39]. We postpone to the next
section the proof of some technical lemmas in order to keep the main proof readable.
Let us first define the normalised coherent vector

c) = ® o lenl?/2+enaj;

kels

0), (4.6)
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CHAPTER 4. GENERALISED BOGOLIUBOV APPROXIMATION

where |0) is the vacuum state in .%; and the c-numbers {c} are as above. Note that
lc) € ZP. From these , we obtain the lower symbol AL for any operator A in .%;

by the partial inner product
A ({ep}) = (clAle)

which are then operators in .Z;-. Next, we define the upper symbol. AY? is called

an upper symbol if it satisfies

A= e den, AV({ed) 1)

T Jons
Here dc; := dRe(c;)dIm(c;)/m and [c)(c| := Qs |cx)(ck| is the projector on the
coherent vectors (4.6), with the completeness property [w., d*cy ... d%c,, |c)(c| = I.
Note that, contrary to the lower symbols, the upper symbols do not necessarily exist,
and may not be unique either.

We then define two approximated Hamiltonians, that we denote H[*"(u, {cx})

and H,® (i, {cx}), which are the lower and upper symbols of the Hamiltonian H; (1)
(4.1). The existence of an upper symbol follows from the fact this Hamiltonian
is polynomial in the creation/annihilation operators (although this does not imply
unicity). We postpone to Appendix D the explicit expressions of these approximated
Hamiltonians.
Note that H"(u, {cx}) is obtained simply by replacing all operators ai, k € I5; with
the corresponding complex number ci. That is, it corresponds to the Hamiltonian
obtained in the standard c-number substitution, which is the reason for using this
notation in Theorem 4.3.1.

As before, we denote by =% (i, {cx }) the partition function defined by the Hamil-
tonian H,® (11, {c}), and p%’(,u, {cy}) its corresponding pressure.

Finally, we define by (—)r.w and (—)y, the equilibrium states defined by the

following (integrated) partition functions

1 OwW
=) = = [ derde, Tre 0D
T Jons
1
Egjp(,u) = dey ... dey, Ir e’BHzUp(#’{Ck}) :

and we denote the associated pressures by p;g* (i), pff ().
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4.3. THE APPROXIMATED PRESSURE

By the Berezin-Lieb inequalities, see [39], we have

N
(1]

=) < Silw) < E7(0) - (4.7)

We then relate the integrals to the maximum of their integrand. To this end, we

first recall that the lower bound is fairly easy to obtain, since

Ty e BHI ({ex}) < < =R (p)

for any {cx}, which in particular implies that

max Tre 700D < =0 () (4.8)

To estimate the upper bound in (4.7), we note that H*¥(u, {cx}) and H;®(u, {cx})

are related in the following way,

H® (pAer}) = H (nA{ed) + wlp {en}) (4.9)

where the exact expression of k(u, {cx}) is derived in Appendix D. In view of the

Bogoliubov convexity inequality

1
I — [ der...de,, Tre 4 nterd) (4.10)
n Cns
1 ow
— In— dep ... dcnéTre*ﬁHzL (e )
T Jons

f(c"a deg .. .danTr( — K, {Ck}))e_ﬂHlUp(.“»{Ck})
Jons der .. dey, Tr e~ BH, P (u{ex})

~

we obtain from (4.9) the following inequality

p—‘Up(

= (1) — (sl {er b))y - (4.11)

In @) < In

Using the orthogonal projection Ps : J# — 5, and in view of (D.43), one can
estimate the last term in (4.11) explicitly:

w{ed) < T - mE (1.12)
+ (o 5]) %( ([0 61))2+vzv?<[o,5]>v?([o,zﬂ))
0]) +

1 (1,28])) " lewl?

4
kels

+ 2(1/2
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+ %(2;/{’([0, o) +207([0,0])) > ajax

< Te((hf — p)Ps)
— (0,8 (1~ Vi (0,28]) + 2/ od (0,6]) + Vi ([0,23]) )
+ 4y (10,20) (Y (jeul = 1) + D ajan)

kels kelg

Keeping in mind the upper symbol of the total number operator, we have the fol-

lowing

HP (i dad) +a( Yo (e = 1)+ Y aia) = HP(u—a{a}),  (413)

kels kelg
which together with the equation (4.11) provides the following estimate

1 ow
In — dey ... dey, Tr e PHI™ (mder]) (4.14)
T Jens

+ Tr((hy — p)b5)

— ([0, (1~ 4vinp (10,25)) + 21of ([0.8]) + Vinf (0. 25)

N

Zi(p)

+ 4y ([0,26])9, ln/ dey .. dey, Tr e PHI™ (der))
cre

To complete the proof, we shall need some lemmas, the proofs of which we

postpone to the next section.

Lemma 4.3.1 The physical systems described by the (integrated) partitions func-
—Low

tions =" (1) and ElUp(,u) have bounded mean densities for any fized i € R in the

following sense

: : 1 ow
lim sup lim sup —(%pf(; () < Oup(p) == p(p) , (4.15)
640 l—00 ﬁ

: , 1
lim sup lim sup —8Mpl[,]§(u) < Oup(p) == p(p) ,
610 l—0o0 B

where p(p), the mean density of the system without approzimation, is finite for any

i € R because of the superstability of the two-body interaction potentail .

Next, we show how to relate the integrated pressure pfé’“’(,u) to the maximum one.
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4.3. THE APPROXIMATED PRESSURE

Lemma 4.3.2 For any o > 1, the following holds

1 —Low
W In =7 (1) (4.16)
1 ow 1 9(0, 6
< B—VlnmaxTre BH{(p{en}) _ Wln(l —1/a) + %([’#Dln(aaupfgw(u))
1 1 InV 9(10,6 1
b (o) - O 0.a) - om0,

The last lemma is required because of the presence of the random external potential,

and uses some ergodicity properties.

Lemma 4.3.3 Under the assumptions on the random potential stated in Section

4.2, the following holds

lim sup %Tr(hf — u)Ps < 10(9) ((5 —u) +Ey (Uw(o))) ’

l—o0 l

where B, denotes the expectation with respect to the probability space (€2, F,P).

Going back to the proof of Theorem 4.3.1, we have from (4.8) and (4.14)

1
max pf§" (. eid) < ml) < w00 + 5 (T (7 = F)

— 2([0,8)) (1 — 4V + %vl (10,4]) + Vi ([0, 25])))
+ 4 ((0,20]) = x

xd, In / deg .. .dcnéTre*fBHzL"w(u,{Ck}) )
cns

By Lemma 4.3.2, this implies

max it (1 {ear}) < mi(p) < max it (w {en}) + K(1,6) (4.17)

where K (I,0) is given by

1

K(1,5) = W(Tr((h — )P — 71/?([0,6])(1—4V+%yl ([0, 5])+wy?([0,25])))

+ 4y17'([0,20]) Bva In [C dey ... dey, Tre PHI (o))
s

Note that, by Lemmas 4.3.1 and 4.3.3, we can control this error term in the following

way

lim liminf K'(1,0) = lélinhmsup K(l,0) =

510 1—oo o0
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and hence, in view of (4.17)

lim sup max pr”(u, {cx}) < p(p) < limsup max pr® (i, {cx}) + liminf K(1,6) .
l—00 ekt =00 et 7 l—00
Letting ¢ | 0, one finally obtains
lim sup lim sup max pre® (i, {cx}) < p(p) < liminf limsup max pio”(u, {ci}) ,
510 l—00 ek} 610 l—00 % B
which proves one of the two equalities in Theorem 4.3.1. The other is proved in the

same way.

4.3.3 Some technical results

In this section, we give detailed proofs of the lemmas used in the preceding section.
Proof of Lemma 4.3.1
Notice first that, for any fixed b € R

HE (e +6( DD Il + Y aja) = HF(u—b{a)),  (418)

kels keIg

and then, from equation (4.12), we obtain

HPP(p, {ee}) = HF(p+ 4907 ([0,26)), {ei})

(g — ) P) — 0 (0,6]) (1 + SR ([0,0]) + Vel (f0.29]) )

By the Bogoliubov convexity inequality and the Berezin-Lieb inequalities, we get

M(l, 6, p)

P (1) < pi(p) < ppE(p) < pig(p+ 4704 (0, 24))) + T

where
M(1,6, p) := Tr((hy — p)Ps) + 17 ([0,4]) (1 + %yﬁ([o, d]) + v ([0, 25])) . (4.19)

Then, we have

lim sup p/§* (1) < p(p) < liminf p;?(n) < limsupp;?(p) (4.20)

l—o0 l—o00 l—00

< liminf pfe* (u + 477/10([07 25]))
l—o0 ’

.. M(19)
+ hllgglf V. )
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Since p, % (1) is convex in p, we have for any ¢ > 0
1,6\ 1%

U 1 U U
Oupi5(n) < 5 (pisn+1) = pisn))
and thus,
1
limsup 9,p,5 (1) < = (limsupp;§(p+t) — liminf p;5(u))
l—o0 ’ t l—o00 ’ l—o0 ’
1 1
< =~ (liminfp%(p + t + 4y)(26)) + liminf —M (1,6, ) — p(p))
t l—o0 ’ l—o0 ‘/l
1 1
< E(p(,u +t + 49°(20)) + lilrginf VM(Z’ &, 1) — pp)) -
< 1

Since it follows from (4.19) and Lemma 4.3.3 that

1
lim liminf —M(l,0) = 0,
510 isoo V]

we obtain from (4.20)

~ | =

lim sup lim sup 9,p;5 (1) < < (p(p+1t) — p(p)) (4.21)

610 =00

which is valid for any ¢ > 0. Letting ¢ | 0 leads to the second inequality in (4.15).
The proof of the first inequality in (4.15) is similar, since we can use the fact that

low

Pi%’ (1) is convex with respect to p to get

: ow 1 : ow : : ow
lim sup 9,pi" (1) < 5 (limsup pif” (u + 1) — lim inf 5 (1))

l—00 l—00

1, ..
< ;(hmsuppz(uﬂ)

l—o0

1
— limsup p;§(p — 49(20)) — liminf —M (1, 6, p — 471 (26))) |
l—o0 ’

l—0o0 1

where we have used (4.20) twice. Using it one more time, we get

: ow 1 o1
limsup 9,p/%" (1) < ;(p(/vc +t) — p(p — 4y°(26)) — liminf — M(1, 8, u — 4y} (26)))

l—00 =00 Vg
and in view of (4.19) and Lemma 4.3.3, the result follows by letting ¢ | 0 and then,
letting ¢ | 0. U
Proof of Lemma 4.3.2
Let CF = {2z € C™ : |2|®> < &}, and denote the volume of this ball by

103



CHAPTER 4. GENERALISED BOGOLIUBOV APPROXIMATION

Vol(C¢?) = m"3¢™ [nsl'(ns). We then obtain the following bound

= (n)
_ L dey ... ey, Tre PP (dech) 1 dey .. . dey, Tre BHE™ (n:derd)
e Czé e (Cn(;\(c?s
ng
< %maXTre—ﬁH{“"w(u,{Ck})
e {ex}
1 ow
+ / deq . ..dcné(z Ick|2)Tre‘5HlL (rfer})
§ns Jons
kels
ns
< %maXTre—BHZLOW(M,{%})
7Tn5 {ex}

+ Erns Z|Ck| Low/ dc1...dcnéTre_BHzL(’W(M,{Ck})‘

kels cne
Notice than, by the form of the lower symbol for the total particle number operator,

see (4.18), we can further bound the expectation value in the last term

=1 (n)
ng
< w max TrePHI (n{ex)
e {ck}
1 oW
b (Vidpke () / der . dey, Tre—PHE™ (nfer)
§mns s
= & )maXTI'e_ﬁHlLDW(Na{Ck})
nsl'(ns)’ {ex}
1 oW
- Emns (Vaupfgw( ))/ dcl...dcnéTre_fBHzL (uy{c;c})’
C™s

that is,

‘/l gné _ Low
1 — _8 Low ELow < max Tre BH, (ps{er}) .
(1= L0l ) ) < (i) mos

Letting £ = aVl@Mpngw( ) for some o > 1, and using Stirling’s formula, one gets

L ns 5. pEow( )4 D)

e (vl ((odi(0)"™)
~ NS e

nsl(ng) n(;ng“ 12 ,—ng (VZVZO([O,6]))WV?([O’5])+1/2

—ng

Hence, one finally obtains

= (1)
1 y v
< 1 ((adupfg ) TV ) v
X (VZO([O,5]))_(V?([076DW+1/2)6V{)([0’5])W max Ir e_BHlLOW(“’{Ck}) )
{ek}
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which leads to the result

1 —Low
mln =77 (w) (4.22)
1 Low 1 ) 0,0 ow
< WlnrﬁficTre_ﬂHl (ufer}) _ Wln(l —1/a) + %([TDln(aﬁup{j(; (1))
1, 1 IV, v([0,0]) 0 1 0
+ Byl ([0,6]) — BV, 8 In (1([0,4])) — mln (v ([0,4])) -

Proof of Lemma 4.3.3
We start with

1 1 1
—Tr(hy —p)Ps = —Tr(h) — u)Ps + —=Tr(v* [4,)P,
v r(hi’ — ) Fs v r(hy — p) 6+Vi (v [a)Fs
1
< (06— w([0,6]) + v D (W v
kels

since the projection Ps is constructed with the basis of eigenvectors of h. We then

obtain

SIE - P < G- (0.0) + [ (whorulan
! [0,6)

— (5 - Wit ([0,9)) +/ yl0<dk)l/A dov® (z)

[0,6) t
= yf([o,é])((é—u) + %/A dwv“($)> ;

and thus, by the ergodic theorem

lim sup %Tr(hf —p)Ps < V0(5)<(5 —p) + E, (U“’(O))) .

l—o0 l

4.4 From the pressure to the Bose-Einstein con-
densate density

In this section, we discuss the meaning of our result, in particular how one should
interpret the solutions of the variational problem established in Theorem 4.3.1.
First we recall a result established in [39]. For a homogeneous system and a

single-mode substitution in the mode k£ = 0, the solution of the variational problem
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CHAPTER 4. GENERALISED BOGOLIUBOV APPROXIMATION

gives the total condensate density in the mode k& = 0, if one adds to the Hamiltonian

the zero-mode gauge-breaking term (quasi-average sources):

Hi(p;m) = Hi(i) + Vi (Mao+nag) .
This means that after the Bogoliubov e-number substitution the solution o*** (3, u; n)
of the (finite-volume) variational problem not only provides the right pressure in the
thermodynamic limit, but it also coincides with the quasi-average amount of con-
densate in the zero mode:

lim lim o™ (uwn) = lim lim (agao/Vi)i(uin) -
fin -l o™ (i) = lim Hm (agao/Vii(p; 1)

Here (—);(1;m) is the equilibrium state defined by H;(u;n).

Using a simple example, we discuss the relevance of this quasi-average approach
to more subtle cases in which the condensation is of type II or III. We show that
the Bogoliubov quasi-average sources breaking the gauge invariance [14] are able to
alter the fine structure of the condensate, reducing it to one-mode (type I).

To see this, consider the perfect Bose gas in a three-dimensional anisotropic
parallelepiped A; := V;** x V™ x V}**, with periodic boundary condition and a, >
ay > 0, Qg + oy + o, = 1. Using our notations, the Hamiltonian is given by

HY(1) = Y (eh — marax .

keA;
It is known, see e.g. [5], that this system exhibits a generalised condensation of
type II for o, = 1/2 and of type III for a,, > 1/2 for a standard critical density p,
whereas for a,, < 1/2, the whole condensate is sitting in the mode k = 0, i.e, in the
ground state (type I). Let us consider this model with the a quasi-average source in

a single mode k

H{(u5m) = HY () + VVi (T az +n a3)
and denote by (—)(u,n) the corresponding equilibrium state. Then for a fixed den-
sity p, the finite-volume equation which defines the corresponding chemical potential

w1 (p,m) takes the form

_ 1 .
po= plwn) = > (arar)) (1 m) (4.23)
l
kEA}
1 L1 1 n|?
— _ /B(Ek B _ 1 1 _ .
i g L e
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To investigate the occurence of condensation, we must take the thermodynamic limit
in the right-hand side of (4.23), and then switch off the source, that is let |n| — 0.
Let us denote by I(x) the limit of p;(u, 7 = 0), that is the limiting density function
of the gauge-invariant system,

R — 0 -
In) }Lrilovzeﬁew)—1 /R”(dg)eﬁwm_y

with critical density p. := sup,.o ().
Now we have to distinguish two cases:

(i) For any k such that lim;_.. e, > 0, we obtain from (4.23)

p = lim lim pi(p,n) = I(p) ,
[n]—0l—o0

i.e. the quasi-average coincides with the average and we return to the analysis of
the condensate equation (4.23) for n = 0. This gives again all possible types of
condensation as a function of a.

(ii) On the other hand, if k is such that lim;_,» €7 = 0, then the condensate equation

(4.23) yields for the quasi-average of the total particle density

2
p = lim lim pj(u,n) = I(p) + lim —- |77| :

(4.24)
[n]—0l—oc0 n—0 /L

If p < p,, then the asymptotic solution of (4.24) is e (p) = lim,,_o limy_, 1 (p, 1) <
0 and there is no condensation in any mode.
If p > pe, then lim, 0 1] ?/ oo (P, 1) 2 = p— pe. By explicit calculation, one also gets

that only the k-mode quasi-average is non-zero

lim lim - — lim lim { - ! |77|2 4.25
im lim — (afa;)] (s, ) = lim lim Vi ) + =D — pe ,(4.25)

n—0l—o0 ‘/l n—0Il—oc0 —1 [Ill

i.e. for any o, the condensation is of type I. Recall that the only condition on k is

that the corresponding eigenvalue ¢; vanishes in the infinite volume limit. Since

RS R N
by K - {agcto)y Gy ) = lim i 2 Z5ims— = 0.

and in view of (4.25), we see that the Bogoliubov quasi-average procedure not only
transforms the generalised condensates of type II or III into a one-mode condensate

(i.e., type I), but this mode does not even need to be the ground-state. Therefore,
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CHAPTER 4. GENERALISED BOGOLIUBOV APPROXIMATION

using the quasi-average approach [14], one can force the condensate to be in any
given mode k, as long as its energy €;, vanishes in the limit [ — oo.

We want to point out that the technique of using external sources requires some
a priori knowledge about the single modes spread of the condensate density. As it
has so far remained an open problem to establish whether condensation occurs at
all in a genuinely interacting Bose gas, one can at best “guess” the outcome.
This is why, for translation invariant, isotropic systems, it might be a reasonable
assumption that the condensate will still be concentrated in the 0-mode, since the
corresponding perfect gas does indeed exhibit ground-state condensation only. How-
ever, it turns out that the addition of an external potential (and hence, the breaking
of translation invariance) seems to prevent the condensate to accumulate into any
single mode, see discussion in Chapter 3. Hence, it is not clear at all why one should
force the condensate in any particular mode by the addition of sources, since we
have reasonable grounds to suspect that they will all be macroscopically empty.
On the other hand, if the condensation phenomena is understood from the gen-
eralised point of view, the c-numbers ¢, which solve the variational problem for
the generalised Bogoliubov approximation should give the amount of generalised
condensation, that is roughly speaking

lim lim izw ~ Tim lim — > ara(p) - (4.26)
Vi Vi

010 =00 V)
kels kels

Note that, for the previous relation not to be trivial, that is to obtain a non-zero
amount of generalised condensation, it is not necessary that any |¢x|* be of the
order of the volume V;, and therefore this approach would be more consistent with
a generalised BEC of type III.

The proof of this conjecture is however out of our reach at the moment. Apart
from some technical difficulties, in particular the fact that the variational problem
has to be solved in finite volume, it does not follow from our result that the maximum
value of the pressure depends only on the modulus of the c-number. This is due to
the fact that the usual canonical gauge transformation which eliminates the phase of
the c-number does not work in the generalised Bogoliubov approximation (indeed,

it does not even work in the case of only two substituted modes).
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Appendix A

Brownian motions

The goal of this section is to prove some technical results related to Brownian mo-

tions, which we used to establish kinetic generalised BEC, see Section 2.2.

Lemma A.1 Let the set an,) = {&(7) : €00) = z,&(T) = 2'} of continuous

trajectories from x to x’ with the proper time 0 < 7 < T, and with the conditional

T

Wiener measure w' on it. Let x,a' be in Ay, and xa, 7(§) the characteristic function

over Qa ) of tragectories & staying in Ay for all 0 < 7 < T. Then one gets the

estimate

@) (1 - xar(©) < O lmmtdeand )y )
Q

(w,2")

Proof:

Define a Brownian bridge a(s),0 < s < 1 by
§t)=0—=7/T)z+7/T ' +VT o(r)T) .

Let us consider first the one dimensional case, i.e. A; = [—1/2,1/2]. Without loss of

generality, we can assume that
d(x,@Al) < d(m’,aAZ) .
Suppose that x > 0, then we have

—rx <2 <x and d(z,0N) =1/2—1z.
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Assume that the path £ leaves the box on the right-hand side. Then, for some ¢, we

have

€0 > g
a(t)T) > % (é + ()T =)o — %x)
1 /1 t 1
a/T) > = (5 ()T — o — Tx) = (e, 0M) (A.2)

The case, when ¢ leaves the box on the left-hand side can be treated similarly.

Let x < 0, then we have

r<a’' < —z and d(z,0N)=1/2+x

Again, assume that the path leaves the box on the right hand-side. Then, for some

t, we have

£it) > 3
at/T) > %(éﬂt/:r—m—%x')
1/ ot 1
a(t/T) > ﬁ(é—@/T—m —Tx) > e, 0N) (A.3)

The case when £ leaves the box on the left hand-side can be considered similarly.
The relations (A.2), (A.3) imply that if £ leaves the box A; in one dimension, then

the Brownian bridge ov must satisfy the inequality
sup |a(t/T)| > C(T)min{d(z,0N\;),d(z', 0N}, (A.4)
t

for some constant C(T).

This observation can easily be extended to higher dimensions, when = := (z1, ..., z,)
and a(s) = (ay(s),...,aq(s)). Now, if £ leaves the (d-dimensional) box A;, there

exists at least one ¢ such that similar to (A.4)

sup | (t/T)| > C(T)min{d(x;, 0; ;) ,d(z;, O;\;)},
¢
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where we denote d(x;, 9;A;) := min{l/2 — z;,1/2 + z;}. Now, since A; are cubes, we

get d(x;, O;\; = d(x, 0\, for any x € A;. Then we obtain

lat/DI > la(t/T),  i=1,....d,
sup [la(t/T)|| > maxsup|a,;(¢/T)]
t g t

sup (/T

V

C(T) min{d(z;, 9;\r), d(x}, Oiy) }
> C(T)min{d(z,0N;),d(x', 0N} . (A.5)

Therefore, the probability for the path & to leave the box is dominated by the
probability for the one-dimensional Brownian bridge a to satisfy (A.5). The latter

we can estimate using the following result from [45]

]P’(supa(s) > 93) > Ae " |

S

for some positive constants A, C, which implies the bound (A.1). U
Now we establish a result that we use in the proof of Theorems 2.2.2 and 2.2.7.

Let us note that the only requirement on the external potential is its non-negativity.

Lemma A.2 Let v : R — [0,00) be a non-negative external potential, and let the
single-particle opertors hY, h; be defined as in Section 1.1. Let K(x, 1), K (v, 2"),
Ki(z,2) be the kernels of operators exp(—th;), exp(—th)), and exp(—tA/2) respec-

tively. Then

lim —/ / dz da’ K§,(x, o) K" (2) ) (A.6)
A I

= lim da:—/ da’ K (2 )/ w"?(dg) e” Jo? dsv(E(s))
R4 A Q?f I)

Proof:

By the Feynman-Kac representation, we obtain:
lim —/ / dz da’ K (x, o) K (2, x) (A7)
l—o0 V Al Al

. e —|lz—2'||2(1/2nB+1/2t)
— — X
v Vi /Az /Az v da! (472tn3)d/2

% /Qnﬁ nﬁ(df) B dsw(E(s)) XAl,nB(é) /t wt<d€/> XAl,t(£/> .

(2! ) (z,z")
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To eliminate the characteristic functions restricting the paths &, £’ in the last integral,
we shall use Lemma A.1. First, we estimate the error v(d) when we remove the

restriction on the path &:

e lle—aI2(1/208+1/20) R
V(d) = lim /Al dz /Al @n2inpyiz (A-8)
<[ e e B (1 a©) [t xal)
Q(:!?' ) Q(56,96')
1 ] € —lle—a'||2(1/2n8+1/2t) 54 (1
< 1 37 n - n,
ziglo N x /Al x 47r2tnﬁ)d/2 /Q?ﬂ, : ( 5)( XA, 6(5))
1 / \ N i Ckiadi
< lim —
< llgglo 7\ dz /Al da’ 1{d(z,0A;) > d(z',0\))} G2t X
x /Q () (1 xans(©)

e~ llz—2'l?(1/2nB+1/2t)

+ lim — /A, dz /A, da’ l{d x, aAl X ($ 7aAl>} ) (47r2tnﬂ)d/2 X

< w9 (1 xms(©)

(w ,T)

N

lim — / dm/ do’ K(z, 2/ ) K2P (2!, @) e~ C A 00)?
=00 V Al Al

+ lim —/ dx/ Ao’ Kl (z, o KPP (!, z)e Crdldlzon)?
Al Al

l—00
where the last step is due to Lemma A.1. Since all integrands are positive, we can
extend one of the spatial integrations to the whole space, and hence we get:

y(d) < lim — / dx / Az’ Kz, 2\ K2 (2, z)e=CP)dl 002
Rd Ay

l—o00

+ lim —/ dm/ dx'Kt x m ( )e—C(nﬁ)d(;r’aAl)Q
Al Rd

lim lKéJrn’B/ dz’ e~ C(mP)d(',0A:)?
=00 ‘/2 Al

Vi A

l—o0

N

where we have used the notation KSMB = KéJr"ﬂ (x,z) since these are independent

of x. Finally, using the fact that the boxes A; are cubes of side [, we obtain:

Kt+n6 /2 Kt+n,3 1/2 ,
y(d) < lim —° / da/e—CB/2=a")? hm / dre—CmB1/2-2)? _
=00 l 7l/2 — 00 l 7[/2
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We can estimate the error estimate due to the removal of the characteristic function

for ¢ in (A.7) in the same way. Therefore, we get:

) e € —lo—a[|2(1/2n8+1/2t) Ao
i W /Az /Az v da’ (42tn3)/? 8 (8.9)

<[ e e BT /

w'(dg’) xa,.4(€)

et )
| e —||lz— x’|| (1/2nB+1/2t)
= g e g @

Now we show that one can replace the first integration over the box A; by one over
the whole space. Let ¥

nB(4g)eJo” dsv(E(s)

(d) be the error caused by this substitution. Then by the
positivity of the potential we get the estimate

o ) ; el I2(1/2nB+1/20) A1
Vd) = i W /Rd\Al x/Al 47r2tnﬁ)d/2 8 (A.10)
X/ () e T Ao / w"(dg)

Qzlf ) o

(z,z")
i d L€ —llz—a'||?(1/2n8+1/2t)

< m — X

< pm g [ [ et

In the one-dimensional case the estimate of the error term (A.10) takes the form

/2 l/2—x 2(1/2np+1/2t)
(1) < 1 A1l
() lggo / dx/z/Q z WQtnﬁ)l/Z ( )

l/2—x 2(1/2nB+1/2t)
li d :
I T
For the first term one gets
1/2 1/2—x 2(1/2n8+1/2t)
lim — d
mif, o) - T
2(1/2n8+1/2t)  l/2
= fmg /0 dy- (47T2tn6)1/2 / de

—l/2—y

1 [ e~y (1/2nB+1/2t)  rl/2—y
lim — d dr = 0.
+ lirglo l /l J (47T2tnﬁ)1/2 /l/2y v

One obtains a similar identity for the second-term in (A.11). Direct calculation

shows that, the error term for higher dimensions (A.10) reduces to a sum of products
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of one-dimensional terms (A.11). Then (A.9) gives

i e —|lz—='||2(1/2nB-+1/2t)
- X
e Vi /Az /Az vd 47T2tnﬂ)d/2

X/Qw ”5(d§) — [ dswve ))XAz,nB(f)/Qt

(2! ,z) (z,x’)

I d e —llz—a'||>(1/2n8+1/2t)
- e R x_/Al (47%tn3)4/2 /Qnﬂ

(/)

which finishes the proof of (A.6).
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Appendix B

Probabilistic estimates

The Lemma 2.2.1 is due to Kirsch and Martinelli [22], but its proof in this reference
is embedded in a more sophisticated result. We give here the main ideas of its proof
in a compact way. To avoid unnecessary complications, we shall assume without
proof in this appendix a technical result about the geometric convergence of certain
random quantities, see Lemma 2 in [22].

Let b to be the Schrédinger operator (1.21), with Neumann boundary con-

ditions instead of Dirichlet, and denote by {E<HY ¢t

2% bis1 its ordered eigenval-

ues (including degeneracy) and the corresponding eigenvectors. Similarly we define
the kinetic energy operator h?’N with the same boundary condition, and denote
by {5§C’N, dJé’N}k)l its ordered eigenvalues (including degeneracy) and corresponding

eigenvectors. The following result is due to Thirring, see [46].

Lemma B.1 Let v, :=v“+ Aa, for A,a > 0. Then

. -1
ET’I’N > =)Ao + min{gé’N, |:VZ/A dz (U;Ja(ﬂﬂ))l} } :
l

Proof: Let P to be an orthogonal projection in 7. Then for any vector ¢ from

the intersection Q(v§ )N Q((v‘)*\”a)l/2P(v;ia)1/2), we have

(0,05a0) = ((15..)"%0, (15.4)"%0)
= ((W5a)"?0, P(13.,)'20) + (15.,)"20, (1 = P)(v54)""*0)
(V52)"%0, P(v54) %)

WV
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and therefore,
—3Ax + 180 = —3Ax + () PP(R) (B.1)
in the quadratic-form sense. Let us choose
w \=1/25 (LN 1w =1 LN\ =1 B/ w y—
P = (U)\,a) 1/2P ((wl 7(UA,a) 1¢1 )) P<v/\,o¢> 1/27

where P is the orthogonal projection onto the subspace spanned by the vector wll’N.
It can be easily checked that P is an orthogonal projection. Applying (B.1) to the

function ¢ one gets
wl,N wl,N w,N wlL,N 1N LN [ w \—1,LNy—1
Ey +Aa = (o777, (_%AN)% )+ (077 by >|2 (1/)1 ) (%,a) 1¢1 )

1 -1
> ol P+l ot [ [ detega@)]

k>1

But since the Neumann boundary conditions imply that 511’N = 0, we obtain
1 —1
w,l,N wl,N 1N I,N wl,N LN w -
BEY a3 (1= [0 P Lt R | [ et
l

To finish the proof, we have to study separately the two cases, namely, EIQ’N less than
and greater than [% Ja, dz (v o (2) ! - O
Proof of Lemma 2.2.1: By Lemma B.1, with A = B/I?> and « as defined in the
assumptions, i.e. for B =7/(1+ a), a > p/(1 — p), we have

aB .
T +min(n/1?,1/X;) ,

1 1
h X == d .
where & Vi Ja, xv“’(m) + Ba/I?

w,l,N

Therefore,

W B T i 3
FbN 5z pt min(7/1?,1/X}) .

Hence, the inequality £ < B/I? implies that X > (2/7 and consequently
P(ESYY < B/I?) < P(XF > 12/x) . (B.2)

Define a random variable Y*(4) := V; 7! fAz dz 6/(v¥(z) + ), which is an increasing
function of §. Then for the left-hand side of (B.2) one gets the estimate

w,l,N 2y w 2 o .
P(EYY < BJ?) < P(Yi*(Ba/i?) > 1+a>
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By Lemma 2 in [22], we know that for any positive d, the random variables {Y*(9)};
converges geometrically to a limit Y, (0) as [ — oo, that is, for any ¢ > 0, there

exists a constant M (d, €) such that
P(|Y(8) — Yae(0)] > €/2) < e MOV

for [ sufficiently large. By the ergodic theorem Y, (J) is non-random and can be

expressed as:

which is again a monotonic function of § > 0. Note that since we have assumed that
p =P{w: v¥(0) = 0}, we have lims_,o Yoo (0) = p.
Choose € > 0 such that p + ¢ < a/(1 + ). Then we have

B
BB < ) < P(W(Ba/ﬁ) > p—l—e) .

Now we choose 9 such that
Yo(d) —p<e€/2,
and let [y be defined by § = Ba/I2. Then for any | > Iy we have

P(ESYN < B/I?) < IP’(Yl“(Boz/lQ) >p+ e) < IP(Y,“’(&) —p> e)

< P<|Yzw(5) — Y (0)] > 6/2) < e MGV
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Appendix C

Some multiscale analysis results

C.1 Sketch of the proof of Proposition 3.3.1

The object of this section is to show that the necessary conditions for the multiscale
analysis result used in Section 3.3.1 are satisfied for the Stollmann model as defined
in Section 1.3.1. We follow the scheme of the proof established in [23].

The following result is a combination of Theorem 3.2.2 and Corollary 3.2.6 in

123].

Proposition C.1.1 Fiz an interval Iy C R. Let ¢ > d, (5 > 0, © € (0,1/2) and
B > 20 be given. Let a € (1,2) be such that:

o —
2 —

4d

1 1
- < min{Cojzl(q—d)} -

Assume that, for a given ly < oo, the following conditions are satisfied.
i) The Wegner estimate

For all E € Iy, for alll > ly, we have
P{w: d(o(h¥), E) < e—l@} <7 (C.1)

ii) The initial scale estimate
For some I* > ly, and for some I C Iy, there exists o > (1)1 such that for any

x,y € 74, satisfying |x — y| > I*,
]P’{w: VE € I, either Aj-(z) or Ay (y) is (70,E)—good} >1— (I . (C2)
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Then, there exist a constant v > 0 and a sequence {l;},k > 1, satisfying l; > 2 and

iy <l <y +6 fork > 2, such that
]P’{w : for all E € I*, either A, (x) or Ay, (y) is (”y,E)—good} >1-101.%, (C3)

for all k > 1 and for all x,y € 72, satisfying |z — y| > I
Note that the interval I* is the one for which one can prove the assumption (C.2),

and the constant ¢ is defined by

¢ = minfG, 3~ d)} ()

Sketch of the proof for the Wegner estimate
As it turns out, this is the simpler of the two assumptions. Let [y = [—1,1].

Next, we use the following result (see Theorem 2.3.2 in [23]).

Proposition C.1.2 Fiz R > 0. For any interval I C (—R, R) with length |I|, there

exists a constant C'r such that

Plw: {o(hf) N1} #0} < Cri® 1]
for all l, where v denotes the Holder-continuity exponent of the probability distribu-
tion .

Let R = 2, and fix an energy F € I. Define the interval [;(E), centered at E
of length e Then, [;(E) C [-2,2] for all [ > 1. By Proposition C.1.2, one can
find a constant C' such that

Plw: {o(h) NL(E)} #0} < CEUR(E)",
that is,
P{w: d(o(h?), E) < e_l1/4} < cpte—ol!

by the definition of the interval I;(E). Thus, for any ¢ > 0, there exists Iy = ly(q)
such that

_71/4
e l

P{w: d(o(h¥), E) < } <1

for all ¥ € Iy and for all [ > [. O
Sketch of the proof for the initial scale estimate

Let us start with the following result (Theorem 2.2.3 in [23]).
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Proposition C.1.3 For any (* > 0 and B € (0,1), there exists [ = i(ﬂ,c*) such
that

P{w: d(co(hy,0)) < "N} <17¢
for alll > 1.

We use this result in conjunction with the so-called Combes-Thomas estimate

(Theorem 2.4.1 in [23]). Note that this result is not probabilistic.

Proposition C.1.4 (Combes-Thomas Estimate) Let R > 0, and fix a scale L.
Let A,B C Ay, 60 >0 and r < s. Assume that

1. 6 :=d(A,B) >0 and {x € A : d(z,0Ar) < dp} C B,
2. (7’,5) - (p<h‘ld) N (_R7 R));

where p(.) denotes the resolvent set. Then there exist constants ¢; = c¢1(R), ca =

c2(R) such that, for all E € (r,s) with n:=d(F, (r,s)°) > 0, the following holds

xa(hs — B)'xp|| < cople 2V —TVN0

where ||.|| is the L*(Ar)-norm in the operator sense and x4, Xxp are the indicator

functions of these regions.

We can now prove the initial scale estimate. For any (; > 0, fix a scale [* > l~,
with [ as in Proposition C.1.3. Let A} and A% be any two disjoints subcubes of
side [*. Using the same notation as in Section 3.3.1, we split up the boxes Al into
A= AL /3 and A" = AL\ AL _,, where i = 1,2. This implies that

20"
—92>

1,0M i,0u 1
(A", A) > = 3

r, (C.5)
for I* > 6. For any (5 > 0, it follows from Proposition C.1.3 that the set
X = {w:d(o(hi2),0) = (")} (C.6)
has a large probability since we have assumed that [* > [, more precisely
P(Xp) > 1- (%), (C.7)
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Next, we want to apply Proposition C.1.4 for any realisation w € X-.

Let the regions A, B be defined by A = AL B = A% Tt follows from (C.5)
and the definition of the region B that the first condition in Proposition C.1.4 is
satisfied, with the constants 6 = %l* and g = 2.

Letting the constants r = —1,s = £(1*)#~! and choosing any realisation w € X;-
the second assumption is satisfied in view of (C.6).

Hence, for any E € (=1 + ()77, 2(1*)°71), we can apply Proposition C.1.4 with
the constant 7 := 3(*)?~!, which yields

||XAZ#*,mz(h;i — E)_leﬁyom” < Cln_le_CQ\/m\/ﬁ(s s
Lo 1y Loy
< 63(l*>17ﬁ6764(l*)2(5 1)l < 6705@ )2(ﬁ 1)l |

for [* large enough. In other words, for any w € X+, the box Al is (7o, E)-good for
all E € [0,1(1*)°"), with the rate of decay vo = 05(1*)%(6_1) as required in (C.2),
again for [* large enough. Note that we have restricted the interval for E, since we
are only interested in non-negative energy.

Therefore, since this argument works for any w € X;«, one can estimate the proba-

bility of the set
Vi = {w:VE €0, }L(l*)ﬁ‘l), Aj.is (70, E)-good }
by (C.7), which leads to
P(Y) = 1— ().

Let us stress the fact that last estimate is valid for either ¢+ = 1,2, and since the
boxes A}, and A} are disjoints, it follows that the events Y;! and Y;? are independent.

Hence, we have

P {w:3F €0, %l(l*)ﬁl), both Aj. and Aj. are not (vo, £)-good}

— P{ N)) < )
Note that the boxes Aj. and A}, are arbitrary apart from the fact that they must be
disjoints (hence, the distance between their centres must be at least [*). Since the

initial rate of decay 7 is as required in C.2, the proof of the initial scale estimate

follows immediately. O
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Remark C.1.1 As we emphasised in the proofs, both constants q (for the Wegner
estimate) and (o (for the initial scale estimate) can be chosen arbitrary large. Hence,
the constant (, see C.4, which controls the occurrence of “bad events” can also be
chosen arbitrary large. This fact played an important role in our proof of localisation

in the Stollmann model, see the proof of Lemma 3.3.3.

C.2 Sketch of the proof of the eigenfunction decay
inequality

In this section, we give a sketch of the proof of the technical result that allows us
to exploit the good boxes in the sense of Definition 3.3.1, roughly speaking to show
that they cannot contribute much to the norm of any eigenstate.

Sketch of the proof of Proposition 3.3.2

Let us first introduce some notation.

1. (.,.) denotes the usual scalar product in L?(A;),

2. for wy, ws vector-valued functions from L2(A;, C¢), with components wt, wi,

for i =1,...,d, we call (.,.) the associated scalar product, i.e.

d

(i, wy) = Z(wiawé) )

i=1
3. by ||.||, we denote the norm associated with either scalar product defined above

Let I’ < I, and assume that the cube Ay(z) C A; for some = € A;. Let h; to be

the quadratic form associated with hj’, that is
vl = [ de((To.V0)(a) + P b))
l

on the form domain Q(EZ), see e.g. [32], Chapter VIIL.15. Recall that ¢‘i”’l denotes
a normalised eigenfunction of h¥ with eigenvalue E¥"', and let u,v € Q(h;), with

u(z) € R. Hence, we can write

(e — B ug? 0] — (u— B2, ) ()
- / 42(V (ug?™).V0)(z) — / d2(Vo2 ¥ (un)) (2)

<¢f’qu,V’u) = <V<b‘f’l,'UVu> .
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(2

of h%, and therefore v also belongs to the form domain Q(hy). But Q(hy) C Q(hy)

since I < I, and hence v € Q(k;). Note also that (hy — E¥")~! is well defined since

)

Let v = (hy — E@’l)_le?t(m) ¢!, Tt is clear that v belongs to the operator domain

we have assumed that £ is not in the spectrum o(hy).

Let uw be such that

supp(Vr) € {Av_1ja(®) \ Arsa(e)} € AP (a) | (C.10)

|Vu||leo < K < 00 and Xaipt(yt =1
Then, we have
(he = ED[ug? ! o] = (ugf™, (B — EP) (g — B " X 657) » (C.11)

and, since hy and Ay’ coincide on Aj, it follows from the characteristic function

Xaipt(z) i (C.11) that

(he = B D[ug?™ 0] = (Xagpoyud™ g 97 (C.12)

w,l

w,l w,l
= (XA;,’Lt(:E)d)z 7XA7”($) ¢1 ) = HXA;]”(QU)QSi H2’

where we have used the assumption (C.10) on u. Thus, it follows from (C.9) and

(C.12) that

w,lHQ

i@ I = (= BP0 wo] + (67 Vu, Vo) — (Vi 0Vu) (C.13)

= ('Y, Vo) — (Vo vV | (C.14)
since ¢ is an eigenfunction of h¥ with eigenvalue E“'. Let

A(@) = Av_aya(2) \ Auspa(2) |

and denote by Y = x(z) the corresponding characteristic function. Using (C.13)

and the assumption (C.10), we obtain the estimate

a8 < 1RV, V(B = B xagen 6570 (C.15)
+ (XY Xhi = B o) 67 V)
= K156 1RV — B2 Mg 62
+ RV IR = B X 671
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where the last step follows from the Schwarz inequality. Note that the norms are

defined in L?(A;), but because of the characteristic function y, we can consider them

as norms in L?(A(x)). In the rest of the proof, we shall indicate with an index the
space on which the norms are defined. We now use the following result, which is a

simpler version of Lemma 2.5.3 in [23].

Proposition C.2.1 Let A, A, be as above. For any functions f € Q(ﬁl), g€ L*(N\)
such that

Bl[fvh] = (gah) )

for all h € C§°(A,;), there exists a constant K = K (M), independent of f and g,
such that

IV ey < K(IVFlzay + 11V9ll2ay) -
Applying this proposition for f = ¢! and g = E¥" leads to
w,l w,l w,l w,l
VO 2 ay < Kl ey + E77) < Kalldi |2y = K1, (C.16)

where the new constant K, depends on M and the interval [0, s| which contains the
eigenvalue E<' by assumption.

For any h € C§°(A;), we have

h[(hy — Efid’l)71XA§,"t(m) ¢ h) = (hy — E;u’l)AXA;‘,nt(x) ¢ hh)

w,l w w,l\— w,l
E@' (( l’ _Ez ) 1XAli/m(z) ¢’L 7h)7

where we have used the fact that the operators h¥ and (h$ — E¥')~! commute.

Hence, in view of Proposition C.2.1, it follows that

w w,l\ — w,l
I VR = B2 xapeo) 61 iy (C.17)
w w,l\ — w,l wl

w w,l\ — w,l
< K|(hy — E7) 1X/\;‘,mf(z) ?; ||L2(Al),

with the same constant K as in (C.16). Now, we are ready to come back to (C.15),

where we recall that the norms have to be understood in L*(A). Hence, we have the
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freedom to drop any X at our convenience. Thus, by (C.16) and (C.17), we get for

some constant K

w,l ~(1w w,l\ — w,l
||XA;‘pt(x)¢i ||%2(Al) < Ko|x(hy — E7) 1XA;’,M(3;) b ||L2(Az)‘

Since A C At (), we have x < x A% () in quadratic form sense, and hence

w,l w w,l w,l
IXairt @) @5 22 < K lIXagey (hy — B2 ™ Xagtw) 7 2y -

and the Proposition 3.3.2 follows by bounding in the right-hand side the vector-norm

by the operator norm, noting that the function gzﬁ‘;”l is normalised by definition. [J
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Appendix D

Coherents states: lower and upper

symbols

In this section, we classify the Hamiltonians in groups of terms according to their rel-
evance to the c-numbers substitution. That is, we split up the sums in the many par-
ticles interacting Hamiltonian (4.1) according to the number of creation/annihilation
operators with index k € I5. This lead to quite a large number of term, since, due to
the generalised approximation, it is now possible to have an odd number of operators

replaced, which is not the case in the standard one-mode substitution.

HY — it o 37 ila) (W) (e gJale)a(6)

l

@,k k €A}

= D> (D1 ) P(Ei — ) afa (D.1)
kels i1

- Z Z | (63, ) [* (B — ))akak (D.2)
kEI‘ i>1

> (v W, 6 (B — ) ajan (D.3)

kels kel i>1

Y (D660 (r 60)(B: — ) aja (D.4)

kelg k'els =1

Y (D) (e 8B — ) djan (D.5)

k.k'els k£ i1

+ Z Z Z ) W g — gk O (D.6)

kEI(s k'els q:k+q€lf
K —qelf
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" % YooY > ala) apyeigava (D7)

kels k'els q:k+q€ls
K —qel§

* QLVzZ YooY ile) apegaiqaway (D-8)

kels K'els q:k+qel§
k' —qels

+ 2V, Z Z (q) gy g gk (D.9)

kels k'els q:k+q€ls

k'—qels
! i(q) b al (D.10)
+ v W(q) gy garay :
Vkels kelg g hqels
K —qelg
1
~ * *
-+ W E E U(Q) ak+qak/_qak/ak. (Dll)
Ukels Kels qk+qels
K —qelI§
1
~ * *
+ v E g U(q) afy A Qray (D.12)
Ukels kerg g ktqelg
k'—qels
1
~ % *
+ 3V E E U(q) gy A arak (D.13)
Ukels eIy g ktqels
k'—qels
1
A~ * *
+ A E E W(q) af gy garay (D.14)
Ukelg wels g htqels
K —qEls
1
~ * *
+ = E E U(q) Ay gQrar, (D.15)
2V,
kels Kels g k+qels
K —qelI§
1
~ * *
+ YA E E U(q) gy g aray (D.16)
kEIS Kels g ktqell
k'—qels
1
~ * *
+ v E E U(q) gy gQrar (D.17)
Ukels kels qk+qels
k'—qels
1
~ * *
+ 3V g g U(q) gy gQiar (D.18)
Ukers welg g k+qels
K —qelf
1
~ * *
+ A g g W(q) gy gQrray (D.19)
Vrers kels g k+qels
K —qEls
1
~ * *
+ v E g U(q) Ay Qg ar, (D.20)
Vkers kels g ktqels
k'—q€els

128



_1 * *
2V, q) Aoy WOk,

kEIC k'el§ q: k+q€ls

K —qel;s

(D.21)

We now provide an explicit form of the upper and lower symbols for the Hamil-

tonian. We note that, as the coherent vector (4.6) is defined as a tensor product

i

of one-mode coherent states, its effect on each creation/annihilation operator a; is

independent of all the others operators ai,, k" # k. First, we give an explicit form

of the lower symbol of the full Hamiltonian, that is,

H (i, {e})

Z Z| szawk i_ﬂ))|ck|2

kels 1>1
Z Z | gbzawk E; — ))akak
kelg i>1

Z (Z<¢ivd}k>(¢k’a¢i)(Ez

kEls k'€l i>1

S (6w (e, 60 (E:

kelg k'els  i>1

S () (W, (B

kk'el§ k#k" i1

— 1)) Crars

))Ckak:

,U))aZak/

E E * *
Z Cka/ ak+qak/_q

kefg k'els q: k+q€]"
K —qelI§

Z Z Z ﬁ(q) Ch+qCkCh! aZ/,q

kEL; k'els q:k+q€ls
k' —qelf

Z Z Z U(q) Crr—qCrCrr g

kels k'els q:k+q€lf
k' —qels

Z Z Z 0(q) ChtqCh/—qCrChr

kEL; k'els q:k+q€ls
k' —q€ls

Z Z Z (q) cw Aot g Wr— O

keL; k'el§ q:k+qel§
K —qelg

Z Z Z W(q) CriqCrh az,_qak/

k€]5 k'els q:k+q€ls
k'—qel§

TS Y i) a i

kELs k’e[“ q: k+qely
k' —qels
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(D.22)

(D.23)
(D.24)
(D.25)

(D.26)

(D.27)

(D.28)

(D.29)

(D.30)

(D.31)

(D.32)

(D.33)
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+ QLVE Z Z Z ﬂ/(Q) Ek—&-qék’—qck Qg (D34>

kels k'el§ q:k+q€ls

k'—qels
! U Loar D.3
+ v U(q) Cr Ay g Ok (D.35)
Ukers wels g htqelg
k’—qelg
1 LN = .
+ v g E U(q) ChiqChr Aok (D.36)
Ukers wels g ktaels
K —gels
1 L «
+ W E E ’LL(C]) Cr/ —qCr Cl]H_q(Zk (D37)
Ukels Wels q ktqels
k'—q€els
1 AN
+ W E E U(Q) Clk+qCk'—qCk' Ok <D38>
Ukerg wels qktqels
k'—qels
TR i(q) i, g0} (D.39)
577 U(q) gy @hr_garar .
Ukels welg g k+qels
K —qelf
1 AN = %
+ v E E W(q) Chiq Qg Ok (D.40)
Ukers welg g k+qels
k/—qelg
1 Al N = %
-+ W E E u(q) Ck'—q ak+qakzak (D41)
Ukelg wels g k+qels
k'—q€ls

+ QLVIZ D> Q) Criglrg arar (D.42)

keIg Kel$ g k+qels
k' —qel;s

Now, we give an explicit form of the upper symbols. We recall the general form
of this symbols for polynomials in the creation/annihilation operators of some mode

ke Is

(@)™ =cr,  (ap)" =3,  (apar) = (a)? (aja))”? = (&)

(apan)”? = |e* =1, (agazarar)”? = [ex]" — 4lcp|* + 2

Note that, since the interaction term of the Hamiltonian term considered on its
own does have a momentum conservation law, since it “does not see” the external
potential, it is not possible to get exactly three out of four operators in the same
mode k. In view of this, it can be seen that the lower and upper symbols of the

Hamiltonian will differ only when two or four operators in the same mode appears,

that is only terms (D.22), (D.30), (D.33), (D.34), (D.36), (D.37) and (D.38) differs
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in both approximated Hamiltonians.
Splitting further the sums in these terms leads finally to the final upper symbol of

the Hamiltonian

H(u,{er}) = HE(w, {en}) + s, {en})

where

k(s {ex}) = Z (Z (i i) [P (Ei = 1)) (D.43)

kels <1
1 X X .
+ —W<2Zu(0)+ Z u(O)—l—Z Z u(q))
! kels kK €ls q#0 k€IsNI—q
ktk!
1
+ 2—w<42ﬁ(0)|0k|2+ 3" a(0) (el + Jew]?) +
kels kk'els
kAk!

3 Y @l + leel)

q#0 kelsNl—q

k'elsnI—q
k'—k=q
1 . N N N
+ v 2y a(0) ap g + u(q)ajar +
Y ety kel G0 kels
Kelgnl+q
k'—k=q

+Z Z ﬂ(q)a,tak> .
q£0 keIenI—q

kK'els
k'—k=q
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Abstract We study the perfect Bose gas in random external potentials and show that there
is generalized Bose-Einstein condensation in the random eigenstates if and only if the same
occurs in the one-particle kinetic-energy eigenstates, which corresponds to the generalized
condensation of the free Bose gas. Moreover, we prove that the amounts of both condensate
densities are equal. Our method is based on the derivation of an explicit formula for the oc-
cupation measure in the one-body kinetic-energy eigenstates which describes the repartition
of particles among these non-random states. This technique can be adapted to re-examine
the properties of the perfect Bose gas in the presence of weak (scaled) non-random poten-
tials, for which we establish similar results. In addition some of our results can be applied
to models with diagonal interactions, that is, models which conserve the occupation density
in each single particle eigenstate.

Keywords Generalized Bose-Einstein condensation - Random potentials - Integrated
density of states - Lifshitz tails - Diagonal particle interactions
1 Introduction

The study of Bose-Einstein Condensation (BEC) in random media has been an important
area for a long time, starting with the papers by Kac and Luttinger, see [1, 2], and then by
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Luttinger and Sy [3]. In the last reference, the authors studied a non-interacting (perfect) one
dimensional system with point impurities distributed according to the Poisson law, the so-
called Luttinger-Sy model. The authors conjectured a macroscopic occupation of the random
ground state, but this was not rigorously proved until [5]. Although the free Bose gas (i.e.,
the perfect gas without external potential) does not exhibit BEC for dimension less than
three, the randomness can enhance BEC even in one dimension, see e.g. [4]. This striking
phenomenon is a consequence of the exponential decay of the one particle density of states
at the bottom of the spectrum, known as Lifshitz tail , or “doublelogarithmic” asymptotics,
which is generally believed to be associated with the existence of localized eigenstates [16].

BEC, however, is usually associated with a macroscopic occupation of the lowest one-
particle kinetic-energy eigenstates, which are spatially extended (plane waves). Therefore,
it is not immediately clear whether the phenomenon discovered in random boson gases, i.e.
macroscopic occupations of localized one-particle states, has any relation to the standard
BEC. This is of particular interest in view of the applications of the well-known Bogoli-
ubov c-number approximation [6] to disordered boson systems, see e.g. [12, 13] where the
creation/annihilation operators for the kinetic energy ground state are replaced by complex
numbers. Although it has been known since the work of Ginibre [7] that this procedure gives
the correct pressure in the thermodynamic limit and moreover, it does not require translation
invariance, see [8], the associated variational equation (Condensate Equation) [9], has a triv-
ial solution unless there is generalized condensate in the lower momentum states. Since such
a condensate is not to be expected a priori in random systems, it is therefore interesting to
investigate if such type of BEC occurs in some random simple models. One should note that
even for translation invariant models, the relation between the solution of the condensate
equation and the occupation of the kinetic energy ground state is not straightforward [10].

In this paper, we prove that for the perfect Bose gas in a general class of non-negative
random potentials, BEC in the random localized one-particle states and BEC in the lowest
one-particle kinetic-energy states occur simultaneously, and moreover the density of the
condensate fractions are equal. Our line of reasoning is also applicable to some non-random
systems, for example to the case of the perfect gas in weak (scaled) external potentials
studied in [24]. We note that our proof for the fact that BEC in the random localized one-
particle states implies BEC in the lowest one-particle kinetic-energy states holds without
modification for a certain class of boson gases with diagonal interactions (i.e. invariant with
respect to the “local” gauge transformations), while the implication in the other direction
requires some additional arguments which will be given in a later work.

The structure of the paper is as follows: in Sect. 2 we describe our disordered system, and
in Sect. 3, we recall standard results about the corresponding perfect Bose gas. The existence
of generalized BEC in the eigenstates of the one-particle Schrodinger operator follows from
the finite value of the critical density for any dimension, which is a consequence of the
Lifshitz tail in the limiting Integrated Density of States (IDS). It is well-known that the IDS
is a non-random quantity, see e.g. [16], and therefore the BEC density is also non-random
in the thermodynamic limit. In Sect. 4, we turn to the main result of this paper: we show that
this phenomenon occurs if and only if there is also occupation of the lowest one-particle
kinetic-energy eigenstates. The latter corresponds to the usual generalized BEC in the free
Bose gas, that is a perfect gas without external potential. To establish this we prove the
existence of a non-random limiting occupation measure for kinetic energy eigenstates, and
moreover, we obtain an explicit expression for it. To this end, we need some estimates for
the IDS before the thermodynamic limit, namely a finite volume version of the Lifshitz tail
estimates, which we prove in Sect. 5, using techniques developed in [14, 15]. For any finite
but large enough system, these bounds hold almost surely with respect to random potential
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realizations. In Sect. 6, we look at the particular case of the Luttinger-Sy model and examine
the nature of the condensate in the one-particle kinetic energy eigenstates, showing that
although there is generalized BEC, no condensation occurs in any of them. In Sect. 7, we
describe briefly how the method developed in Sect. 4 applies with minor modifications to
a perfect Bose gas in a general class of weak (scaled), non-random external potentials. To
make the paper more accessible and easy to read, we postpone some technical estimates
concerning random potentials and Brownian motion to Appendices A and B, respectively.

2 Model, Notations and Definitions

Let {A; := (=1/2,1/2)%};>, be a sequence of hypercubes of side / in RY, d > 1, centered at
the origin of coordinates with volumes V; = /4. We consider a system of identical bosons,
of mass m, contained in A;. For simplicity, we use a system of units such that h =m = 1.
First we define the self-adjoint one-particle kinetic-energy operator of our system by:

o 1
h) :==—=Ap, 2.1
2
acting in the Hilbert space .74 := L?>(A;). The subscript D stands for Dirichlet boundary
conditions. We denote by {1, €} }x>1 the set of normalized eigenfunctions and eigenvalues
corresponding to h? By convention, we order the eigenvalues (counting the multiplicity) as
el <eh<el <.
We define an external random potential v (-) : @ x R — R, x > v®(x) as a random
field on a probability space (€2, F, IP), satisfying the following conditions:

(1) v”, w € 2, is non-negative;
() p:=Plw:v”0)=0}<1.

As usual, we assume that this field is regular, homogeneous and ergodic. These techni-
cal conditions are made more explicit in Appendix B. Then the corresponding random
Schrédinger operator acting in % := L*>(R?) is a perturbation of the kinetic-energy op-
erator:

1 .
he = _EA + v?, 2.2)

defined as a sum in the quadratic-forms sense. The restriction to the box A, is specified
by the Dirichlet boundary conditions and for regular potentials one gets the self-adjoint
operator:

1 .
he = (——A + v"’) =h) +v°, (2.3)
2 D

acting in 4. We denote by {qﬁf"‘l, Elf"‘l}i2 1 the set of normalized eigenfunctions and cor-
responding eigenvalues of ;. Again, we order the eigenvalues (counting the multiplicity)
so that E’l”’l <E7 < EY ..., Note that the non-negativity of the random potential implies
that E"' > 0. So, for convenience we assume also that in the thermodynamic limit almost
surely (a.s.) with respect to the probability P, the lowest edge of this random one-particle
spectrum is:

(iii) a.s.-lim;_o EY' =0.
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When no confusion arises, we shall omit the explicit mention of / and @ dependence.
Note that the non-negativity of the potential implies that:

(@ Q) C Q(h?), 0 being the quadratic form domain,
®) (@ hp) = (9. hip), Vo€ Q).

Now, we turn to the many-body problem. Let %, := %;(%) be the symmetric Fock
space constructed over .7¢]. Then H; := dI"(h{’) denotes the second quantization of the one-
particle Schrodinger operator i’ in %;. Note that the operator H; acting in %, has the
form:

24

Hy=Y E{'a*(¢,)a@)), 2.5)

Jj=1

where a*(¢;), a(¢;) are the creation and annihilation operators (satisfying the boson Canon-
ical Commutation Relations) in the one-particle eigenstates {¢; := ¢;”’l},-21 of h’. Then, the
grand-canonical Hamiltonian of the perfect Bose gas in a random external potential is given
by:

Hy(u) = Hy — uNy = ) (E{" = ))Ni(@0). (2.6)

i>1

where N;(¢;) := a*(¢;)a(¢;) is the operator for the number of particles in the eigenstate ¢;,
N =3 i N;(¢;) is the operator for the total number of particles in A; and y is the chemical
potential. Note that N, can be expanded over any basis in the space 747, and in particular
over the one defined by the free one-particle kinetic-energy eigenstates {w,ﬁ, &k k-

Although this paper is mainly devoted to the perfect Bose gas, some of our results can
be extended to a class of models with “diagonal interaction” in addition to the random
potential. By this we mean models with Hamiltonian HlU (n) := Hy(n) + Uy, where Uj is a
many-body interaction, satisfying the “local” gauge invariance:

[(HY (W), Ni($,)] =0 2.7)
for any j > 1, or equivalently:
eViN@D gU (e~ N0 = gY (), y; eR', j>1. (2.8)

The latter means that U, is a function of the occupation number operators {N;(¢;)};>1, and
for this reason it is called a “diagonal interaction”. We shall assume that U, is bounded
from below. A well-known example is the mean-field interaction U, := AN,Z 2V, A= 0.
[19, 20]. Our results for the general diagonal interaction are weaker than for the mean-field
interaction, see Remarks 4.1 and 4.2.

Note that in the free Bose gas, with periodic boundary conditions the “local” gauge in-
variance (2.7) gives the same selection rule as the momentum conservation law which en-
sures that the number of particles in each momentum state is conserved. In the random
model there is no such momentum selection rule but in our model it is the particle number
in each random eigenstate ¢; that is conserved.

We denote by (—) HY the equilibrium quantum Gibbs state defined by the Hamiltonian

H1U (n):
_ Trz {exp(—BH" (1) A}

A B = o exp(—BHE ()
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and we put (—); := (—) HY=0- For simplicity, we shall omit in the following the explicit
mention of the dependence on the thermodynamic parameters (3, ). Finally, we define the
Thermodynamic Limit (TL) as the limit, when / — oo.

3 Generalized BEC in One-Particle Random Eigenstates

In this section we consider the possibility of macroscopic occupation of the one-particle ran-
dom Schrodinger operator (2.3) eigenstates {¢; };>;. Recall that the corresponding limiting
IDS, v(E), is defined as:

1
wa:ﬁmvﬂEﬁimnVﬁﬁifJfE} (3.1
— 00 — 00 1

Although the finite-volume IDS, v;”(E), are random measures, one can check that for ho-
mogeneous ergodic random potentials the limit (3.1) has the property of self-averaging [16].
This means that v(E) is almost surely (a.s.) a non-random measure. Let us define a (random)
particle density occupation measures m; by:

1
mi(A)i= - Y (Ni@)), ACR. (3.2)

liEea

Then using standard methods, one can prove that this sequence of measures has (a.s.) a
non-random weak-limit m, see (3.8) below. Moreover, if the critical density

. °° 1

n—0

is finite, then one obtains a generalized Bose-Einstein condensation (g-BEC) in the sense
that this measure m has an atom at the bottom of the spectrum of the random Schrédinger
operator, which by (iii), Sect. 2, is assumed to be at 0:
1
(

m({0}) 218%1113?@';8 — (Ni(@i)) = (3.4)

0 lfﬁ<pL‘a
p—pc ifp=p,

Vi

where p denotes a (fixed) mean density [4, 5]. Physically, this corresponds to the macro-
scopic occupation of the set of eigenstates ¢; with energy close to the ground state ¢;.
However, we have to stress that BEC in this sense does not necessarily imply a macroscopic
occupation of the ground state. In fact, the condensate can be spread over many (and even
infinitely many) states.

These various situations correspond to classification of the g-BEC on the types 1, 11
and III, introduced in the eighties by van den Berg-Lewis-Pulé, see e.g. [17] or [6, 18].
The most striking case is type III when generalized BEC occurs in the sense of (3.4) even
though none of the eigenstates ¢; are macroscopically occupied. The realization of differ-
ent types depends on how the relative gaps between the eigenvalues E; at the bottom of the
spectrum vanishes in the TL. To our knowledge, analysis of this behaviour in random system
has only been realised in some particular cases, see [5] for a comprehensive presentation.
The concept of generalized BEC is more stable then the standard one-mode BEC, since it
depends on the global low-energy behaviour of the density of states, especially on its ability
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to make the critical density (3.3) finite. We note also that, since the IDS (3.1) is not random,
the same it true for the amount of the g-BEC (3.4).

We can also obtain an explicit expression for the limiting measure m. Note that we have
fixed the mean density p, which implies that we require the chemical potential w to satisfy
the equation:

_ 1 1 1
p= (N ) = - Yo —— (3.5)

w,l
Lo P w

for any /. Since the system is disordered, the unique solution pu{” := uy’(8, p) of this equation
is a random variable, which is a.s. non-random in the TL [4, 5]. In the rest of this paper we
denote the non-random pt := a.s.-lim;_, o pf’. By condition (iii), Sect. 2, and by (3.7) it is
a continuous function of p:

o ifpzp.
peBpy=1_ T P=P (3.6)
<0 ifp<p,

where 1t := (B, p) is a (unique) solution of the equation:

o0
_ 1
p:/O epE=m =1 4E), (3.7)
forp < p..

Remark 3.1 Note that (1 is non-positive (3.6), which is not true in general for the random
finite-volume solution uj’. Indeed, the only restriction we have is that u’ < Ei‘"l, which
is the well-known condition for the pressure of the perfect Bose gas to exist. We return to
this question in Sect. 4 when we study BEC in the free one-particle kinetic-energy operator
eigenfunctions in the presence of a random potential.

We also recall that for (3.6) the explicit expression of the weak limit for the general
particle density occupation measure is:

(P — p)8(E) + (ePF —1)W(dE) if p > o,

3.8
(ePE—He) — 1)~y (dE) if 0 < pe. G

m(dE):{

We end this section with a comment about the difference between the model of the perfect
Bose gas embedded into a random potential and the free Bose gas. In the latter case, one
should consider the IDS of the one-particle kinetic-energy operator (2.1), which is given by
the Weyl formula:

V(E) = C,E"?, (3.9)

where is C, is a constant term depending only on the dimensionality d. It is known that for
this IDS, the critical density (3.3) is finite only when d > 2, and hence the fact that BEC
does not occur for low dimensions. On the other hand, a common feature of Schrédinger
operators with regular, stationary, non-negative ergodic random potentials is the so-called
Lifshitz tails behaviour of the IDS near the bottom of the spectrum. When the lower edge of
the spectrum coincides with £ = 0 (condition (iii)), this means roughly that (see for example

[16]):
V(E) ~ ea/E" (3.10)
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for small E and a > 0. Hence, the critical density (3.3) is finite in any dimension, and there-
fore enhances BEC in the sense of (3.4) even for d = 1, 2. This was shown in [4, 5], where
some specific examples of one-dimensional Poisson disordered systems exhibiting g-BEC
in the sense of (3.4) were studied. In this article we require only the following rigorous upper
estimate:

}%ﬁ—EWHMWEDZa>O, 3.1D

for some constant a. This can be proved (see [14]) under the technical conditions detailed
in Appendix B, which are assumed throughout this paper. In particular these conditions are
satisfied in the case of Poisson random potentials with sufficiently fast decay of the potential
around each impurity.

4 Generalized BEC in One-Particle Kinetic Energy Eigenstates
4.1 Occupation Measure for One-Particle Kinetic Energy Eigenstates

Similar to (3.2), we introduce the sequence of particle occupation measure n; for kinetic
energy eigenfunctions {¥; := W }reas:

1
mi(A) = v Y N@), ACR, 4.1)

! k:epeA

but now in the random equilibrium states (—); corresponding to the perfect boson gas with
Hamiltonian (2.5).

Note that, contrary to the last section, the standard arguments used to prove the existence
of a limiting measure in TL are not valid for (4.1), since the kinetic energy operator (2.1)
and the random Schrodinger operator (2.3) do not commute.

We remark also that even if we know that the measure m (3.8) has an atom at the edge
of the spectrum (g-BEC), we cannot deduce that the limiting measure m (assuming that it
exists) also manifests g-BEC in the free kinetic energy eigenstates .

Now we formulate the main result of this section.

Theorem 4.1 The sequence of measures m; converges a.s. in a weak sense to a non-random
measure m, which is given by:

(0 — pc)do(de) + F(e)de  if p = pe,

= {F(s)de if7 < .

with density F (¢) defined by:

F(e) = (26)%2! / dog(v/2en,).
sl

Here, S é denotes the unit sphere in RY centered at the origin, n, the unit outward drawn
normal vector, and do the surface measure of S‘}. The function g is defined as follows

1
gk):

= g [, e B (K x.0) +2)

n>1
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where B, is the expectation on the probability space (2, F,P) and K! (x, x") is the kernel

of the operator e

—th®

Note that since the measures w"# on Q?g + are normalized, we recover from (4.2) the

expression for the free Bose gas if we put v* = 0.

(a)

(b)

©

Before proceeding with the proof, we give some comments about these results.

First, the existence of a non-trivial limiting kinetic energy states occupation measure
provides a rigorous basis for discussing the macroscopic occupation of the free Bose
gas eigenstates.

Moreover, both occupation measures (3.8) and (4.1) do not only exhibit simultaneously
an atom at the bottom of the spectrum, but these atoms have the same non-random
weights. It is quite surprising that the generalized BEC triggered by the Lifshitz tail in
a low dimension disordered system produces the same value of the generalized BEC in
the lowest one-particle kinetic-energy states.

In addition our proofs have the following consequence for models with diagonal interac-
tion U;. The occurrence of generalized BEC in random one-particle states implies there
is generalized BEC in the extended, i.e., kinetic-energy eigenstates and the density of
the former cannot exceed the density of the latter. Our proof also shows that in spite of
the lack of translation invariance in the random system, condensation always occurs in
the lower kinetic energy states provided we can prove monotonicity of the finite-volume
mean occupation numbers, (N;(¢;)) Hy asa function of j > 1, which can be done for
the mean-field case.

4.2 Proofs

We start by expanding the measure 2 in terms of the random equilibrium mean-values of
occupation numbers in the corresponding eigenstates ¢;. Using the linearity (respectively
conjugate linearity) of the creation and annihilation operators one obtains:

1
u(A) = o 3 (@ Wao)

! k:ereA

1 —
=32 2 @G V0@ Y@ @a@))

i,j kiexeA

1
= VZZ D7 1 ol a* (@a@i). (4.3)

i kiggeA

In the last equality, we have used the “local” gauge invariance (2.7) which implies that:

(@ (ppa(¢)) =0 ifi#].

We first prove two important lemmas.
The first result states that if there is condensation in the lowest random eigenstates {¢;};,

then there is also condensation in the lowest kinetic-energy states {1y };. Moreover, the
amount of the latter condensate density has to be not less than the former.
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Lemma 4.1 Let {m, },>1 be a convergent subsequence. We denote by m its (weak) limit.
Then:

0 —pe ifP=pc,

m({0}) =m({0}) = {0 if7 < o

Proof Let y > 0. Using the expansion of the functions 1 in the basis {¢;};>1, we obtain:

1
A0,y = lim o= > (N, (Vi)

" kg <y

1
= lim — > > 1@ v (N, @),

r—00
lr kieg<y i>1

1
> lim — Y Y 1 PN, (60,

r—00
Vl, kieg <y i:E; <8

for any § > 0. The non-negativity of the random potential (2.4) implies:

1 1
S 1@ vl = Y @ vl = =3 el @ vl = — (60, 106
kieg>y k:gg>y 14 4 k>1 14

E°¢
($is B i) = —-.
14

=

X | =

‘We then obtain:

1
(0, y]) = lim - <Nz,<¢,-)>lr<1— > |<¢i,wk>|2)
eV i:E; <8 kieg>y
1
> lim — D 0 (N, (@), (1= Ei/y)

e iE<s

1
= lim (1= 8/y) 5= D (N, (@), = (1 = 8/y)m(10.81)2 0.

IriE<s

But § is arbitrary, and the lemma follows by letting 6 — O. 0

Remark 4.1 (Diagonal Interaction) The proof of Lemma 4.1 can be readily extended to a
version which does not require the sequence of measures 72, to converge. This is valid for
models with Hamiltonian HIU , which satisfy the invariance condition (2.7) and for which
the random potential is non-negative. The equivalent statement is then:

Suppose that the sequence m; converges to m, then

;in(l)lilminfnﬁ;([o, 8]) > m({0}).

In the next lemma, we show that for the perfect gas the kinetic states occupation measure
(4.1) can have an atom in the thermodynamic limit only at zero kinetic energy. We shall not
assume that the sequence m,; has a weak limit, instead we consider only some convergent
subsequence. Note that at least one such subsequence always exists, see [21], Chap. VIIL.6.
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Lemma 4.2 Let {m,, },> be a convergent subsequence, and m be its (weak) limit. Then, it
is absolutely continuous on R := (0, 00).

Proof Let A to be a Borel subset of (0, co), with Lebesgue measure 0, and let a be such that
infA > a > 0. Then:

iy, (A) = — Z (N, (Yi)),

Vi, kiepeA

R R ARLACHN

’ kiegeA i

= L 1@ PN @),

l’ k:ex€eAiE; <a

+— DY 1@ PN, @0, (4.4)

l’ kiex€AiEi>a

for some o > 0. Next, we use (2.4) to get the following estimate:

- —(¢,,hw¢,>><¢,,h0¢,)—Zsk|(¢,,wk>|2>a > 1@ vl

k:epeA

Since the equilibrium value of the occupation numbers (N;(¢;)); = e — 1}7! are de-
creasing with i, the estimate (4.4) implies:

11
iy (A) = o D0 BN, @0l + (N, @) 7, Ly, 4.5)
" LEi<a " kiegeA

where ¢;, denotes the eigenstate of > with the smallest eigenvalue greater than «. Using
again the monotonicity and the finite-volume IDS (3.1) we can get an upper bound for the
mean occupation number in the second term of (4.5), since:

1 1
P=1 D@l = o D NN = (NI (@i vy (@), (4.6)

itEi<a

Combining (4.5) and (4.6) we obtain:

- oap
i, (A) < 22 4

0
o) /A v, (de). 4.7)

Since the measure v° (3.9) is absolutely continuous with respect to the Lebesgue measure,
and v(w) is strictly positive for any o > 0 the limit » — oo in (4.7) gives:

i) <22,
a

but o > 0 can be chosen arbitrary small and thus 7 (A) = 0. To finish the proof, note that
any Borel subset of (0, co) can be expressed as a countable union of disjoint subsets with
non-zero infimum. Our arguments than can be applied to each of them. O
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Remark 4.2 (Diagonal Interaction) Lemma 4.2 can also be extended in the same way as
proposed in Remark 4.1, for Lemma 4.1. Again we assume the invariance condition (2.7)
for interacting bosons with Hamiltonian H,U and the non-negativity of the random potential,
with the additional requirement that the occupation numbers (N (¢;)) Hy are monotonic in i.
This last property is valid for the Bose-gas with a mean-field interaction, see [11].

Above we exploited the fact that the sequence {n1;};>; has at least one accumulation
point. However, to prove convergence, we need to make use of some particular and explicit
features of the perfect Bose gas, as well as more detailed information about the properties of
the external (random) potential. In particular, we shall need some estimates of the (random)
finite volume integrated density of states, see Lemma 5.1.

To this end let us denote by P, the orthogonal projection onto the subspace spanned by
the one-particle kinetic energy states v, with kinetic energy €(k) in the set A. Then using
the explicit expression for the mean occupation (a*(¢;)a(¢;)); and (4.3) we obtain:

1 1
i (A) = - Tr Py (PO — Tt =) 7 TrPa (e BT =y, (4.8)
1

n>1
Now we split the measure (4.8) into two parts:

~ ~ (1 ~ (2
mlzm,()—l—ml(),

1 [}
g (4) 1= ) TP e G < 1),
1

n>1

1 w
P (A) = Y T Pa(e G > 1), (*+9)

n>1

Note that since the chemical potential satisfies (3.5), p; := p{’, the indicator functions
1(u; < 1/n) and 1(w; > 1/n) split the range of n into the sums (4.9) in a random and
volume-dependent way.

We start with the proof of existence of a weak limit of the sequence of random mea-

AR
sures m; ":

Theorem 4.2 Let random potential v* satisfy the assumptions (i)—(iii) of Sect. 2. Then for
any d > 1, the sequence of Laplace transforms of the measures ﬁz,(l :

fit: B ) = / " (de) e (4.10)
R

converges for any t > 0 to a (non-random) limit f(t; B, lheo), Which is given by:
b e Ixl2/2e o5
f(tQ,BaMoo):Ze ”/RddeEm(Kw (x,0)). (4.11)

n>1

Here E,, denotes the expectation with respect to realizations (configurations) w of the ran-
dom potential. Note that the sum on the right-hand side converges for all (non-random)
Moo <0, including 0, which corresponds to the case p > p..
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Proof By definition of P4 the Laplace transformation (4.10) can be written as:

1 w
IGYAMEDS 7 Tre™™ (e~ 10) 1y < 1/m). (4.12)

n>1

Now we have to show the uniform convergence of the sum over n to be able to take the term
by term limit with respect to /. Since for any bounded operator A and for any trace-class
non-negative operator B one has TrAB < ||A|| Tr B, we get

1 (0]
a(n) = — Tre_’h?e_”ﬂ(hl (g < 1/n)
1

1 w
< 7Tre—"f“hz 1 (uy < 1/n). (4.13)
]

For p < p., the uniform convergence in (4.11) is immediate. Indeed, for / large enough,
the chemical potential satisfies u; < (/2 < 0, which by (3.1) provides the following a.s.
estimate for (4.13):

a(n) < e"Preel? / v (dE)e PE < K e"Pre/?, (4.14)
[0,00)

with some constant K.

However, for the case p > p., this approach does not work, since, in fact, for any finite
[ the solutions p; = uy’ of (3.5) could be positive with some probability, event though by
condition (iii) (see Sect. 2) it has to vanish a.s. in the TL. We use, therefore, the bound:

ai(n) <a/(n) +aj (n),

1 .l
al(n) .= —e* Z e "PET

Vi i
(i:E{ <1/n'=n}
1 w,l
a,z(n) = ve‘s Z e PET
i
(i:E®! > 1/n1-7)

which follows, for some 0 < n < 1, from the constraint ;7 < 1 due to the indicator function
in (4.13). Then the first term is bounded from above by:

al' (n) < eﬂvl‘“(n"fl).
On the other hand, by Theorem 5.1 (finite-volume Lifshitz tails), fora > 0and 0 <y <
d /2, there exists a subset Q C Q of full measure, P(2) = 1, such that for any w € 2 there
exists a positive finite energy £(w) := &, (w) > 0 for which one obtains:

VO(E) < e ®/E

for all E < £(w). Therefore, for any configuration w € Q (i.e. almost surely) we have the
volume independent estimate for all n > N (w) := & (@)~ D:

al(n) <efe " (4.15)

@ Springer

145



APPENDIX E. PUBLICATIONS

On the Nature of Bose-Einstein Condensation in Disordered Systems

To estimate the coefficients a?(n) from above, we use the upper bound:

a12(n) =< / Ulw(dE) e_”ﬁE < g_ﬁ”n/zf V[w(dE) e—nﬁE/Z
[1/111*’7,00) [

1/n1=1,00)

< e—ﬁnn/z/ VO(dE) e PEP.
[0,00)

Then for some K, > 0 independent of / we obtain:
a’(n) < K,e P72, (4.16)

Therefore, by (4.14) in the case p < p., and by (4.15), (4.16) for p > p., we find that
there exists a sequence a(n) (independent of /) such that:

a(n) <a(m) and Y a(n)<oo. 4.17)

n>1

Thus, the series (4.12) is uniformly convergent in /, and one can exchange sum and the limit:

[e ] [e ]
li =1 = li .
fim it = fim 3 entn) = D fm
The rest of the proof is largely inspired by the paper [4]. Let
Q) =1 :£(0) =x,6(T) =x'}

be the set of continuous trajectories (paths) {.f(s)}ST=0 in R?, connecting the points x, x’,
and let w” denote the normalized Wiener measure on this set. Using the Feynman-Kac
representation, we obtain the following limit:

1 w
lim a;(n) = lim — Tre~" e="P" =101 (p; < 1/n)
=00 [—00 Vl

. 1 0 1
= lim —/ / dxdx’e™™ (x, x"ye MPH T (x| x)
=00 Vl A J A

1 e~k =x'I2(1/2nB+1/21)
= """ lim — / / dxdx’
1=00 Vi Ja, Ja, (4m2tnB)4/?

<[, ur@e ey, e [ @, @

Q(x’,)o (x,x")

where we denote by x, r(§) the characteristic function of paths & such that £(r) € A; for
all 0 <t < T. Using Lemma A.2, we can eliminate these restrictions, and also extend one
spatial integration over the whole space:

lim 1 Tre—" g B0 =1
=00 V)
e~ Ilx=x'I2(1/2nB+1/21)

= "’ lim dxif dx’ / w"ﬁ(d&')effélﬁ v EE)
I>oo Jra Vi Ju, (An2tnp)?/? o

»'.x)
4.19)

@ Springer

146



T. Jaeck et al.

Now, by the ergodic theorem, we obtain:
lim a;(n)
o0

= lim 1 Tre ' ¢ =Bt =)

=00 V)
1 e~ lx=x'I*(1/2n8+1/21) B o
=" lim — / dx’ / dx / w"? (dg)e o BUEW)
=00 V) Jy, RA (4r2tnB)4/? Q:'t}, )
5 e~ IxI7(1/2np+1/20) 5 8 4500 (60
= "I / dx—/ w" (dE)e™Jo GV 4.20
"’{ o (A Jou (@) *:20)

We then get the explicit expression for the limiting Laplace transform:

5 e~ IxIP/2np+1/20) 5 7 45 s
. — np oo d E n, d —Jo N s
B o)=Y e /Rd ST w{/?g))w (dé)e }

n>1
which finishes the proof. O

Corollary 4.1 For any p the sequence of random measures nil(l) converges a.s. in the weak

sense to a bounded, absolutely continuous non-random measure m D with density F(¢)
given by

F(g) := (2e)4/*! /1 dog(v2¢n,).
Sd

Here, St}, denotes the unit sphere in R4, n, the outward drawn normal unit vector, do the
surface measure on S ‘} and the function g has the form

1

gk) = W

ikx nB oo np
/Rddxe > PR, (K (x, 0)). (4.21)

n>1

Proof By Theorem 4.2, the existence of the weak limit 7" follows from the existence of
the limiting Laplace transform. Moreover, we have the following explicit expression:

/ mM (de)e™"®
R
e~ IxIP/2t O p 1 dsu (e (s))
. npu n, — N s
_/ ¥ Gy 2 (2nn/3)"/2E‘”{/ y V@D }
R¢ n>1 §

©0,x)
2
:/ dre "Il /zrd_I/ dog(rn,)
[0,00) iy

d

= / dee ¢ (26)%/?1 / dog(v2en,),
[0,00) Sy
which proves the corollary. O
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Corollary 4.2 The measure mV satisfies the following property:

/ ey = {7 TP=re
[0.00) Pe P = pe.

Proof By virtue of (4.12) we have:
1 (o}
/ AV (de) = FO; B, jtae) = lim 3 — Tre 07101 g1y < 1/m).
[0,00) |—00 e 4

Note that by uniformity of convergence of the sum, see (4.15), (4.16), we can take the limit
term by term (for any value of p), and then:

- .1 ®
/ mV(de) = Z lim — Tre "%’ —#)
[0,00) = l—o0 V]

— Z V(AE)e P E—1oo)

n>1 [0,00)

o R R
[0,00)
where we use Fubini’s theorem for the last step. |
We are now ready for the proof of the main result of this section:

Proof of Theorem 4.1 We first treat the case p < p.. In this situation, the measure n~11(2) is
equal to O for / large enough, see (4.9), since the solution lim;_, o, 1;” (3.5) in the TL is a.s.
strictly negative. Thus, the total occupation measure 71, is reduced to rh,m and the theorem
follows from Corollary 4.1.

Now, consider the case p > p.. Choose a subsequence /, such that the total kinetic-energy
states occupation measures 7;, converge weakly and a.s., and let the measure m be its limit.
By Corollary 4.1, all subsequences of measures ﬁil(rl) converge to the limiting measure .
Therefore, by (4.9), we obtain the weak a.s. convergence:

lim > =:m®@.

r—0o0
By Lemma 4.2, we know that the measure m is absolutely continuous on (0, co), and by
Corollary 4.1 that i is absolutely continuous on [0, c0). Therefore we get:

’;la.o — f;l(l) 4 rh(Z)a.c’

where a.c. denotes the absolute continuous components.
By definition of the total measure (4.9), m ([0, 00)) = p and by Lemma 4.1, m({0}) >
0 — pe. Thus, m((0, 00)) < p. and by Corollary 4.2, we can then deduce that the measure
@ has no absolutely continuous component and therefore consists at most of an atom at

& = 0. Consequently, the full measure 7 can be expressed as:

m=m* 4+ bsy =mV + b,

@ Springer

148



T. Jaeck et al.

and since by Corollary 4.2
b=ﬁ—/ i (de) =ﬁ—/ iy (de) =P — pe
Ry Ry

for the converging subsequence 1, , we have:

lim 7z, =m™" + (5 — pe)do.
I, —o0
By (4.22) and Corollary 4.1, this limit is independent of the subsequence. Then, the limit of
any convergent subsequence is the same, and therefore, using Feller’s selection theorem, see
[21], Chap. VIIL.6, the total kinetic states occupation measures 71; converge weakly to this
limit. O

5 Finite Volume Lifshitz Tails

In this section, we give the proof of one important building block of our analysis, Theo-
rem 5.1 about the finite-volume Lifshitz tails. Recall that this behaviour is a well-known
feature of disordered systems, essentially meaning that for Shrodinger operators which are
semi-bounded from below, there are exponentially few eigenstates with energy close to
the bottom of the spectrum. To our knowledge, however, this is always shown only in the
infinite-volume limit, see e.g. [16]. Here, we derive a finite-volume estimate for the density of
states, uniformly in /, though it could be trivial for small volumes. As one would expect our
result is weaker than the asymptotic one, in the sense that we prove it for Lifshitz exponent
smaller than the limiting one.

Theorem 5.1 Let the random potential v® satisfy the assumptions (1)—(iii) of Sect. 2. Then
forany o > 0 and 0 <y < d/2, there exists a set Qceo of full measure, ]P(?Z) =1, such
that for any configuration w € Q one can find a positive finite energy £(w) := &, ,, (@), for
which one has the estimate:

V'(E) < e E

forall E < £(w) and for all .

Remark 5.1 We want to stress that the statement in Theorem 5.1 is valid for all /, but of
course, it can be trivial for small /. For example from the positivity of the potential we know
that v’(E) =0 for E < %d /1% and therefore the estimate is trivial for I < //E(w).

For the proof, we first need a result from [14].
Lemma 5.1 By assumption (ii) (Sect. 2) one has,
p=Plw:v°0)=0} <1.
Leta > p/(1—p), B=n/(1+«a),and Elw’l’N = E;”’N be the first eigenvalue of the random

Schrodinger operator (2.3) with Neumann (instead of Dirichlet) boundary conditions. Then,
for l large enough, there exists an independent of | constant A = A(«), such that

Plo: EYN < B/IP} <e V. (5.1)
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Detailed conditions on the random potential and a sketch of the proof of this lemma are
given in Appendix B. Now we use Lemma 5.1 to prove the following result:

Lemma 5.2 Assume that the random potential satisfies the assumptions of Lemma 5.1. Then
foranyo >0and 0 <y <d/2,

ZIF’{j;T{i : Elf”’l < l/n} > Vie @, for some | > 1} < 00.

n>1
Proof Notice that
> P{g{i: EP' < 1/n} > Vie™”, forsomel> 1} = ZIP’{US{’}, (5.2)
n>1 n>1 =1

where S’ is the set
n . w,l 1 —an?
hY ::{w:ﬁ:z:Ei’<—}>Vle }
n

The sum in the right-hand side of (5.2) does not provide a very useful upper bound, since
the sets S}’ are highly overlapping. We thus need to define a new refined family of sets to
avoid this difficulty.

To this end we let [a]; be the smallest integer > a, and we define the family of sets:

an? 1
Vi = {w:tt{i:E,{D’[(ke e <—}Zk}.
n

o —an? . _1d .. .
Letk :=[V;e™®" ];. Since V; =1, this implies that z{> > h([Azke"‘”V)l/d]Jr

L‘l{i : E;‘)’[(kewy)w]* < l} > ﬁ{i LEP < l}
n n

, and therefore:

If now w € S}, then by the definition of k we obtain:
. w,l 1
ﬁ{z:Ei‘ <—}zk,
n

since the left-hand side is itself an integer. Thus, S} C V;" and:

]P’(U S,”) < IP’(U vk">‘ (5.3)
I>1 k>1
‘We define also the sets:

an? y1/a 1
W= {a) : ti{i L gl e _} =k}. (5.4)
n

Letw € (V' \ W"). Then by h we get:

w < w
(ke 7y, = Pigant 11ay,

w.[(ken? ) 1/d 1
—}zﬁ{i:Ei’[(k ! ]+<—}zk+1.

ﬁ{i , pederneydy, 1
n n

1
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Hence, (V! \ W}!) C V!, ,, and therefore we have for any fixed n and k:
VECWIUVL,. (5.5)
Applying this inclusion M times, fork =1, ..., M, we obtain:
M M M M
Uwrc (Wf vl v;) C (W{’ uwsulJ v,;’) C--C (ka"> UV, (5.6)
k=1 k=2 k=2 k=1

Then we take the limit M — oo to recover the infinite union that one needs in (5.3) and we
use the inclusion (5.6) to find the inequality:

P(U vk") = A}@@P(g v,;’)

k>1

M [ed]
< lim (ZP(W;)JFP(V(';M))) =D B(Wp)+ lim P(V;). (5.7)
k=1

M—o0
k=1

The limit in the last term can be calculated directly:
anV 1
lim P(V!) = lim ]P{w : ﬁ{i L o IMeED e _} > M}
M—o0 M— o0

al=

=l cp? >
A}linoop{w ’ v[(Mea”y)l/dH(l/n) -

[(Me"‘”y)”d]‘i}
=P{w:v(l/n) > Ke™™}, (5.8)

for some constant K. In the last step we used dominated convergence theorem.
Now we can use the Lifshitz tails representation for the asymptotics of the a.s. non-
random limiting IDS, v(E), see (3.11), which implies:

lim supe“"d/2v(1/n) <1, 5.9

n—0oo

for a > 0. Since we assumed that 0 < y < d/2, there exists ny < oo such that by (5.8) and
(5.9) for all n > ny we get:

lim P(Vy;) =0.

M—o0

This last result, along with (5.3) and (5.7), implies that:

ZIP’(U S;) < Zi]}v(wg’). (5.10)

n>ng 1=y n>nq k=1

Now, we show that the upper bound in (5.10) is finite. First we split the box A un? 174,
into m(k, n) disjoints sub-cubes of the side /(k, n), with the following choice of parameters:

m(k,n) = [kM,1y, M, =B~ n=12,
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[(keany)l/d]

fom= (m(k, n)'d -

Here B is the constant that comes from Lemma 5.1. Now by the Dirichlet-Neumann in-
equality, see e.g. [22], Chap. XIII.15, we get:

m(k,n)

D
h[(keanl’)]/d1+ il [(kcan}’)l/d] @ hl(k n)’ (511)

where h,’(,fv » denotes the Schrodinger operator defined in the j-th sub-cube of the side
[(k,n), with Neumann boundary conditions. Note that, by the positivity of the random po-
tential, we obtain:

b 1
E?Y > ¢V = 5.12
RERN T >-12)

Here E7, " denotes the second eigenvalue of the operator h; l(k > and 8?{2 the second eigen-

value of Al(k,n)’ i.e. the kinetic-energy operator defined in the j-th sub-cube of the side
[(k,n) with the Neumann boundary conditions.

By (5.12), we know that to estimate the probability of the set (5.4) by using the Dirichlet-
Neumann inequality (5.11), only the ground state of each operator hl/(,fv oy 1s relevant. Since
the sub-cubes are stochastically independent, we have:

P(Wp) <Plo:a{j: ESY < 1/n} =k} <"*"Cig (1 — gy"*P 7 <m0 gt

with g being the probability P{w : E ?‘IN < 1/n}. The latter can be estimated by Lemma 5.1.
So, finally we obtain the upper bound:

P(Wy) <™ " Cpexp{—kA(l(k,n))?}. (5.13)
Using Stirling’s inequalities, see [23], Chap. I1.12:
Q) 2126 < gt < 2(2) 2+ 2
we can give an upper bound for the binomial coefficients %™ C; in the form:

2027) 2 (kM,, + 8)«Ma+3+1/2) exp(—k M, + 8)

, (5.14)
(27T)kk+% exp(—k) - (kM,, + § — k) &Mn+d—=k+1/2) exp(—kM,, + 8 — k)
where § > 0 is defined by:
m(k,n) =[kM,]+ =kM, + 6.
Then (5.14) implies the estimate:
kM, +8+1/2 (kMy+5+1)
m(k,n)ck <K, Ean+8) SKI(Mn)k( (I+o01) 12 )
kk+7 kM, — k)kM,1+8—k+l/2 (1— 0.2)(an+6+7—/€)
for some K; > 0 and
oy :=8(kM,)™", 0y = M;l.
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Since §/k < 1 and 07, — 0 as n — o0, and also using the fact that xIn(1 + 1/x) — 1 as
x — oo, we can find a constant ¢ > 0 such that, for n large enough one gets the estimate:

(1 + Mfl)(kM,,)

mkm e, < Kl(Mn)k(—(l — M &

) < K1 (M) e*. (5.15)

The side I(k, n) of sub-cubes has a lower bound:

Wy < KD e e LN s
’ (mk,n))V/d = (ke (Bn)=4/2 4 §)1/d — 140

Combining (5.15), (5.16) and (5.13) we obtain a sufficient upper bound:

ZP(WI:I) < Zm(k,n)cke—kAld(k,n)

k>1 k>1

A d/2,d/2
< Z Kl (Mn)keake kABY“n%/ < /(1+07)
k=1

< Ky Y_explk(an” — (d/2)In(nB) +c — AB"*n')}

k>1

< K; Zexpk(any — AB*n?* + K,) < Ksexp(—Ken?).
k>1

Here K; are some finite, positive constants independent of k, n, [, for any n large enough.
Now the lemma immediately follows from (5.10). O

Proof of Theorem 5.1 Let A, to be the event:
Ay i={w:vP(1/n) > e~ for some I}. (5.17)

By Lemma 5.2, we have:

> P(A,) <o,

n>1

and therefore, by the Borel-Cantelli lemma one gets that with probability one, only a finite
number of events A,, occur. In other words, there is a subset Q C Q of full measure, ]P’(fi) =
1, such that for any w € €2 one can find a finite and independent on / number n(w) < oo for
which, in contrast to (5.17), we have:

v’ (1/n) < e foralln > no(w) and forall [/ > 1.

Define £(w) :=1/n¢(w). For any E < £(w), we can find n > ny(w) such that:

<E=<

3

S| =

1
2n
and the theorem follows with the constant @ modified by a factor 277. O
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6 On the Nature of the Generalized Condensates in the Luttinger-Sy Model

In this section, we study the van den Berg-Lewis-Pulé classification of generalized BE con-
densation (see discussion in Sect. 3) in a particular case of the so-called Luttinger-Sy model
with point impurities [3]. Formally the single particle Hamiltonian for this model is

1
hY=—2A+a) 8k —xp), 6.1)
J
where the x;’s are distributed according to a Poisson law and a = +o00.
We first recalls some definitions to make sense of this formal Hamiltonian. Let u(x) > 0,
x € R, be a continuous function with a compact support called a (repulsive) single-impurity
potential. Let {u$},cq be the random Poisson measure on R with intensity A > 0:

P({w € Q: u2(A) =n}) neNy=NU{0}, 6.2)

AlAD"
_GIAD"
n!
for any bounded Borel set A C R. Then the non-negative random potential v* generated by
the Poisson distributed local impurities has realizations

v i= [ ugdyute-n= Y utc-xp), (63)
R

(0]
x?PeX®
J

Here the random set X corresponds to impurity positions X* = {x?}; C R, which are the
atoms of the random point Poisson measure, i.e., #{X* [ A} = u{(A) is the number of
impurities in the set A. Since the expectation E(vy’(A)) = A|A], the parameter A coincides
with the density of impurities on R.

Luttinger and Sy defined their model by restriction of the single-impurity potential to
the case of point §-potential with amplitude @ — +oo. Then the corresponding random
potential (6.3) takes the form:

vy (x) = /R v (dy)ad(x —y)=a Z S(x —x;f)). (6.4)

x‘;’EX”’

Now the self-adjoint one-particle random Schrddinger operator hy := ho 4 vy is de-
fined in the sense of the sum of quadratic forms (2.2). The strong resolvent limit i¢g :=
s.r.lim,_, oo h¢ is the Luttinger-Sy model.

Since X“ generates a set of intervals {I]‘.” = (x;f’fl,x_‘]f))}j of lengths {L_‘;? =Xy - x;[l}j,
one gets decompositions of the one-particle Luttinger-Sy Hamiltonian:

hys=@ho?), dom(hys) c PLUY), we, (6.5)
; ;

J

into random disjoint free Schrodinger operators {hD(I]?’)}_,»qw with Dirichlet boundary con-

ditions at the end-points of intervals {/?’};. Then the Dirichlet restriction h{’j, of the Hamil-

tonian h{ to a fixed interval A; = (—1/2,1/2) and the corresponding change of notations
1

are evident: e.g., {/ j‘f’} i Jw}fiﬁ‘”) where M'(w) is total number of subintervals in A; cor-

responding to the set X“. For rigorous definitions and some results concerning this model

we refer the reader to [5].
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Since this particular choice of random potential is able to produce Lithsitz tails in the
sense of (3.11), see Proposition 3.2 in [5], it follows that such a model exhibits a generalized
BEC in random eigenstates, see (3.4). In fact, it was shown in [5] that only the random
ground state ¢i‘”l of hy’j, is macroscopically occupied. In our notations this means that

0 lfﬁ<p(‘7

1 Y
lim —(Ny (o)) =1 -
I—o0 | o—p. ifp=p,

(6.6)
1
lim ?(Nl(qﬁf"l)), =0, foralli>1.

According to the van den Berg-Lewis-Pulé classification this corresponds to the fype I Bose-
condensation in the random eigenstates {¢{"};>.

Following the line of reasoning of Sect. 4, we now consider the corresponding BEC in
the kinetic-energy eigenstates. We retain the notation used in that section and explain briefly
the minor changes required in the application of our method to the Luttinger-Sy model.

We first state the equivalent of Theorem 4.1 for this particular model.

Theorem 6.1 Theorem 4.1 holds with the function g defined as follows

e~ IxI7(1/2n8)

1 .
k) = d ikx nB oo
80 = /R ave ge S

x / L wdg) exp(—)»(stjpéj(s) - i?fs(s))).

(0,x)

The scheme of the proof is the same as above, cf. Sects. 4 and 5. First, we note that
Lemmas 4.1 and 4.2 apply immediately. The positivity of the random potential has to be
understood in terms of quadratic forms, see (2.4).

Before continuing, we need to highlight a minor change concerning the finite-volume
Lifshitz tails arguments. Although the Theorem 5.1 is valid for the Luttinger-Sy model, its
proof (see Sect. 5) requires a minor modification, as the assumption of Lemma 5.1 is clearly
not satisfied for the case of singular potentials. However, by direct calculation we can obtain
the same estimate with the constant B = 72 /4 in (5.1). First, suppose that there is at least
one impurity in the box, then the eigenvalues will be of the form (for some j)

(*m?)/(LY)’, n=1,2,...
if I? is an inner interval (that is, its two endpoints correspond to impurities), and
(n+1/2°7%)/(LY)*, n=0,1,2,....

If 17 is an outer interval (that is, one endpoint corresponds to an impurity, and the other one
to the boundary of A;). Therefore, E‘l’"l’N > B/ 12 since obviously L‘]‘.’ < [. Now, if there is
no impurity in the box A;, then E{""" =0 < B/I2. But due to the Poisson distribution (6.2)
this happens with probability e, proving the same estimate as in Lemma 5.1.

With this last observation, the proof of the Theorem 5.1 in Sect. 5 can be carried out
verbatim, without any further changes.

Our next step is to split the measure 1, into two, m
statement equivalent to the Theorem 4.2.

~(2)

1(') and m;”’, see (4.9), and prove the
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Theorem 6.2 For any d > 1, the sequence of Laplace transforms of the measures I’;il(l) :

fits B ) == /Rn%}”(ds) et

converges for any t > 0 to a (non-random) limit f(t; B, [teo) , Which is given by:

e~ Ixl12(1/2n8+1/20)

JGENTSED B f gy

d
n>1 R4

x / ., w"ﬂ(dg)exp(—x(sgps(s) - i?fg(s)».

0,x)

Proof We follow the proof of Theorem 4.2, using the same notation. The uniform conver-
gence is obtained the same way, since the bounds (4.14), (4.15), and (4.16) are also valid in
this case. As in (4.20), we can use the ergodic theorem to obtain:

e~ Ixl12(1/2n8+1/20)

; — pMBloco
zl—lglo a(n)=e Ew/Rdx An2inp)i

Z/nﬂ W (dE) xujonp (§). (6.7)
Q

J 0,x)

We have used the fact that the Dirichlet boundary conditions at the impurities split up the
space H; into a direct sum of Hilbert spaces (see (6.5)). This can be seen from the expression

—lxI2(1/2nB+1/21) i .

i ¢ —JiP dsa ¥ 0 oy 8(E(s)—x%)
lim Cl[(i’l)=€nﬂp'°°/d)(j—Ew/ wnﬂ(dg)e f() sa ,jeX 5)=x;
=00 R (4712tn,3)d/2

(0.x)
by formally putting the amplitude, a, of the point impurities (6.4) equal to +o00. Because of
the characteristic functions x; s, which constrain the paths § to remain in the interval /7’
in time nB, the sum in (6.7) reduces to only one term:

e~ IxI2(1/2np+1/20)

lim a;(n) = e"PHee / dx
[—o00

np
| v B / WP X ®, (68)

(0,x)

where (a,,, b,,), is the interval among the I ;”’s which contains 0.

The expression in (6.8) can be simplified further by computing the expectation E,, ex-
plicitly.
First, note that the Poisson impurity positions: a,,, b,, are independent random variables and
by definition, a,, is negative while b, is positive. For the random variable b,, the distribution
function is:

P (b, < b) :=P{(0, b) contains at least one impurity} =1 — e,

and therefore its probability density is Ae ™

on (0, 00). Similarly for a,, one gets:
P (a, < a) :=P{(a, 0) contains no impurities} = e 1% = ¢,

and thus its density is Ae** on (—o0, 0). Using these distributions in (6.8) we obtain:

0 0 e—|\xH2(l/2nﬁ+1/2t)
lim a;(n) = e"’s"“sz dae}‘“f dbe_xb/ dxﬁ
=00 0 ® (Ar2mp)d

—00
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X/nﬂ W™ (d€) X () (§)

0,x)

0 0o e~ IX12(1/2n8+1/20)
=e”/3“°°/\2/ dae“/ dbe’“’f dx ————>—
—o0 0 N G SR

x /Q 0@ (sup(E) = b)1(inf6(0)) = a)

(0,x)

e~ IxI2(1/2np+1/20)
:e"’s““szdx—
R

(4m2tnp)dr?
infy (§(s)) 0
x / w" (d§) [ dae™ / dbe ™",
SH —o0 sup, (6(5))
and the Theorem 6.2 follows by explicit computation of the last two integrals. 0

Proof of Theorem 6.1 Having proved Theorem 6.2, it is now straightforward to derive the
analogue of Corollary 4.1 for the Luttinger-Sy model. Note also that the Corollary 4.2 re-
mains unchanged, since only the uniform convergence was used. With these results, the
proof of Theorem 6.1 follows in the same way as for Theorem 4.1. O

We have proved, in Theorem 6.1, that the Luttinger-Sy model exhibits g-BEC in the ki-
netic energy states. But, in this particular case, we can go further and determine the particular
type of g-BEC in the kinetic energy states. Recall that the g-BEC in the random eigenstates
is only in the ground state, that is, of the type I, see (6.6) and [5] for a comprehensive review.
Here we shall show that the g-BEC in the kinetic-energy eigenstates is in fact of the type 111,
namely:

Theorem 6.3 In the Luttinger-Sy model none of the kinetic-energy eigenstates is macro-
scopically occupied:

1
llim I<N1(W)>’ =0 forallk e AJ,
—00
even though for p > p. there is a generalized BEC.
To prove this theorem we shall exploit the finite-volume localization properties of the

random eigenfunctions ¢f”l of the Hamiltonian Aj’j,. Since the impurities split up the box

1 . .
A, into a finite number M'(w) of sub-intervals {1 J‘-"}?S“’), by virtue of the corresponding
orthogonal decomposition of A{’j,, cf. (6.5), the normalized random eigenfunctions ¢! are
in fact sine-waves with supports in each of these sub-intervals and thus satisfy:

¢ @)l < Liwlzz x), 1=ji<M (). (6.9)
jS

We require an estimate of the size L‘;’ of these random sub-intervals, which we obtain in the
following lemma.
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Lemma 6.1 Let ). > 0 be a mean concentration of the point Poisson impurities on R. Then
eigenfunctions ¢ are localized in sub-intervals of logarithmic size, in the sense that for any
Kk > 4, one has a.s. the estimate:

. max, < <pl(w) LY
limsup ————

K
< —-.
1—00 In/ A

Proof Define the set

K
S = {w: max L’;’>—lnl}.
1<j<M! () A

Let n:=[2Ml/(k Inl)],, and define a new box:

~ n(« n(«
A= —=| =1 —| =1 A
=) 5G]

Split this bigger box into n identical disjoints intervals {I!, oy of size k @y 'Inl. fwe s,
then there exists at least one empty interval I,[n (interval without any impurities), and there-
fore the set

S C U {w: I,]n is empty}.

1<m<n

By the Poisson distribution (6.2), the probability for the interval I, to be empty depends
only on its size, and thus

K 2211
P(S) < —A—1Inl ) < | == | 172
( ’)—"eXp< T ) = |:Klnli|+

Since we choose k > 4, it follows that

Z]P’(S,) < 00.

I>1

Therefore, by the Borel-Cantelli lemma, there exists a subset Q C Q of full measure,
P(2) = 1, such that for each @ € 2 one can find /y(w) < oo with

P{w: max L“.’sflnl}=1,
1<j<Ml@ ' T A
forall [ > ly(w). O

Now we can prove the main statement of this section.

Proof of Theorem 6.3 The atom of the measure m has already been established in Theo-
rem 6.1. Concerning the macroscopic occupation of a single state, we have

1 1
TN = 7 Z 1@, P (N (@)
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2

1
7 2 (N

/ W (6 ()
Ay

A

1 1 2
< 72<N1(¢;“*l>>17( / dx|¢;””(x>|> ,
i A

where in the last step we have used the bound || < 1/+/I. Therefore, by (6.9) and
Lemma 6.1, we obtain a.s. the following estimate:

1 1
TN = 7 Z(N, @i § Inl,

—

which is valid for large enough / and for any « > 4. The theorem then follows by taking the
thermodynamic limit. 0

7 Application to Weak (Scaled) Non-random Potentials

It is known for a long time, see e.g. [24, 25], that BEC can be enhanced in low-dimensional
systems by imposing a weak (scaled) external potential. Recently this was a subject of a
new approach based on the Random Boson Point Field method [26]. In this section, we
show that, with some minor modifications our method can be extended to cover also the
case of these scaled non-random potentials.

Let v be a non-negative, continuous real-valued function defined on the closed unit cube
A, C RY. The one-particle Schrédinger operator with a weak (scaled) external potential in
abox A, is defined by:

1
h==38p v/l xaf D). 7.

Let {¢!, E'};=1 be the set of orthonormal eigenvectors and corresponding eigenvalues of the
operator (7.1). As usual we put E; < E, <--- by convention. The many-body Hamiltonian
for the perfect Bose gas is defined in the same way as in Sect. 2. We keep the notations
m and m for the occupation measures of the eigenstates {(pf}izl and of the kinetic-energy
states respectively. We denote the integrated density of states (IDS) of the Schrodinger op-
erator (7.1) by v;, and by v =lim,_, o, v; its weak limit. We assume that the first eigenvalue
E{ — 0 as [ — oo, which is the case, when e.g. v(0) = 0. This assumption is equivalent
to condition (iii), Sect. 2. It ensures that for a given mean particle density p the chemical
potential (B, p) satisfies the relation (3.6), where w := (8, p) is a (unique) solution of
the equation [24]:

_ 1 / _ _ -1
D= - - dxePu—v(x) =/ vo(dE) dx (ePETvI—) _ ,(7.2)
2 Qmnp)i/2 J4, [0.00) ( )

n>1 Ay

for p < p., where the boson critical density is given by:

1 /' _ -1
pe=Y ——— | dxe "W = / VOdE) | dx(PETE) 1) (7.3)
Z@nnﬁ)dﬂ A [0,00) ( )

n>1 A
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Here 19 is the IDS (3.9) of the kinetic-energy operator (2.1). In particular the value p. = 0o
is allowed in (7.3). If p. < oo, the existence of a generalized BEC in the states {<pf is1
follows by the same arguments as in Sect. 3. For example, the choice: v(x) = | x|, makes the
critical density finite even in dimension one, see e.g. [24].

Now, we prove the statements equivalent to the Theorem 4.1:

Theorem 7.1 The sequence {n;};>1 of the one-particle kinetic states occupation measures
has a weak limit m given by:

i(de) = | P~ Pdo(de) + F(e)de), if Pz pe.
Fev’de), if 5 < per

where the density F (¢) is defined by:
F(e) :/ dx (ePErr—ro) _ 1)*1’
A

and oo = oo (B, P) satisfies the relation (3.6).

We note the similarity of this result with the free Bose gas. Indeed, the kinetic-energy
states occupation measure density is reduced to the free gas one, with the energy shifted by
the external potential v and then averaged over the unit cube.

The proof requires the same tools as in the random case. As before, we split the occupa-
tion measure into two parts:

iy =m" +m®  with

1
i (4) i= Y o T Pale™ ) Gy < 1/m),
1

n>1

1
P (A) 1= o T PaGe My > 1/n),
l

n>1
and we prove the following statement:

Theorem 7.2 The sequence of measures ﬁi,(l) converges weakly to a measure mV, which is

absolutely continuous with respect to v° with density F (g) given by:
F(e) = / dx (ePerr@—no) _1)7"
Ay

Proof We follow the line of reasoning of the proof of Theorem 4.2. Let g;(¢; 8, ;) be the

Laplace transform of the measure rh}l):

ats Bo ) = / m® (dee "
R

1
=3 Tre M (e G < 1 /). (7.4
1

n>1
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Again, our aim is to show the uniform convergence of the sum over n with respect to /. Let

1
a(n) = - Tre e P01y < 1/m)
1

< %Tre*"ﬁ“'*w)l(u, <1/n). (7.5)
1

Then for p < p. we can apply a similar argument as for the random case, since the estimate
U < eo/2 < O still holds, to obtain:

a;(n) < e”ﬂ"‘”/z/ e Py (de) < K eProol?,
[0,00)

It p > p., then u; < 1/mn in (7.5) implies that:

B

I e

ai(n) <ef e "PE < 7/ dxe P
,Z Q@anp) J,,

where the last estimate can be found in [24] or [25]. Now the uniform convergence for the
sequence a;(n) follows from (7.3), since we assumed that p. < co. The latter implies also
that for p > p., oo (B, p) = 0. Thus, we can take the limit of the Laplace transform (7.4)
term by term, that is:

1
lim a)(n) = lim — Tre " e "PM=11 (1, < 1/n)
|—00 I-o00 V)

.1 0
= lim —/ / dxdx’e™ (x, x")e M= (x| x)
A J A

[—00 Vl

1 e~ Ilx=x'I2(1/2nB+1/21)
= "= lim —/ / dxdx’
-0 V) A A (47‘[2tn/3)d/2

<[ @) [ w6, 16)
! Q”

(x.x") (x',x)

Here we have used the Feynman-Kac representation for free e (x, ¥) and for non-free
e Phi(x, y) Gibbs semi-group kernels, where wT stands for the normalized Wiener measure
on the path-space Q(Tw), see Sect. 4.1.

Note that by Lemma A.2, which demands only the non-negativity of the potential v, we

obtain for (7.6) the representation:
o1 Zth® B —
lim — Tre ™" e=Bi—11)
=00 V)

1 e~ Ix=x"I7(1/2nB+1/21)
=¢"Pr>= lim dx—/ dx’
=00 Jra Vi Ja, (dm2tnp)4/2

g / L wdge B e, (7.7)

(x!,x)
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Now we express the trajectories £ in terms of Brownian bridges a(t) € Q.0<7t<1,we
denote the corresponding measure by D. Letting X = x’/[, we obtain:

lim iTre 17 g=nB =)

=00 V)

e —|lx—IF|2(1/2nB+1/21)
= ¢"Pio [im dx
-0 Jpd (47T2[I’l,3)d/2

x/ﬁD(da)exp< /O dsu[(l—%)H#(xﬂwr@a(s/nﬁ)}).

Since the integration with respect to x is now over the whole space, we let y = x — X to get

lim 1 Tre e=BUu=1)
=00V

P —lIyI2(1/2nB+1/21)
="t lim | d /
[=00 Jpd Y Al C(4m2mp)ir

x/@D(da)exp( /On dsv( ,B(y/l)—l—ﬁa(s/nﬁ)))

5 eI (1/2np+1/20) .
=e" “w/ dy—/ dxe ",
RA (47‘(2tn/3)d/2 Ay

where the last step follows from dominated convergence. Therefore, we obtain by (7.4) the
following expression for the limiting Laplace transform:

1
li t B, — —nB(E—jtoo) / dx *"ﬁv(x)'
Jim gi(t3 B, 1) De G T ), e

n>1

It is now straightforward to invert this Laplace transform (for each term of the sum), to find

that:
F(E)UO(dE) — lim l’;l]l (dE) — Ze*nﬁ(E*ll-oo) ( dxe*ﬂﬁU(X)) Vo(dE)
[—00 .y Ay
The theorem then follows by Fubini’s theorem. 0

Proof of Theorem 7.1 The proof of Theorem 4.1 can be applied directly. Note that Lem-
mas 4.1, 4.2 are still valid, since (as we emphasized in Remarks 4.1, 4.2), their proofs re-
quire only the non-negativity of the external potential. Similarly, Corollary 4.2 now can be
used directly, since we have proved Theorem 7.2. U

Appendix A: Brownian Paths

In this section, we first give an upper estimate of the probability of a Brownian path to leave
some spatial domain, cf. e.g. [27] and the references quoted therein.
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Lemma A.1 Let the set
Q) = {6(0) 16(0) = x, §(T) =x')
be continuous trajectories from x to x' with the proper time 0 < t < T, and with the normal-

ized Wiener measure w” on it. Let x, x" be in A;, and Xa,, (&) the characteristic function

over Q(TX’X,) of trajectories & staying in A; for all 0 <t < T. Then one gets the estimate:

- i X X/ 2
/T wT(d’;‘)(l _ XA[,T(“;:)) <e C(T)(min{d(x,0Ap),d(x, 0 ADH* (A1)
Q

(x,x")

Proof Define a Brownian bridge a(s),0 <s <1 by:
EN=1—1/T)x+7/T x' +~Ta(r/T).

Let us consider first the one dimensional case, i.e. A; =[—[/2,1/2]. Without loss of gener-
ality, we can assume that:

d(x,0A;) <d(x',0A)).
Suppose that x > 0, then we have:
—x<x'<x and d(x,0A)=1/2—x.

Assume that the path £ leaves the box on the right-hand side. Then, for some ¢, we have:
I
t =
§() > 5

at/T) > %(é +@/T —1x— %x’), (A.2)

a(t/T) > %(é +@/T —1x — %x) = %d(x, dA)).

The case, when £ leaves the box on the left-hand side can be treated similarly.
Let x < 0O, then we have:

x<x'<—x and d(x,0A;)=1/2+x.

Again, assume that the path leaves the box on the right hand-side. Then, for some ¢, we
have:

£ > L,
2
1 (1 r
a(t/T) > L<£ — (/T — x' — Lx/> > Ld(x, aA)).
VT \2 T ~T
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The case, when & leaves the box on the left hand-side can be considered similarly. The
relations (A.2), (A.3) imply that if £ leaves the box A; in one dimension, then the Brownian
bridge o must satisfy the inequality:

sup|a(t/T)| > C(T)min{d(x, dA;),d(x', 0A;)}, (A4
t
for some constant C (7).
This observation can easily be extended to higher dimensions, when x := (xy, ..., x4)
and a(s) := (a1 (s), ..., ag(s)). Now, if £ leaves the (d-dimensional) box A;, there exists at

least one i such that similar to (A.4):

sup |a; (t/T)| > C(T)min{d (x;, 3; A)), d(x;, ; A))},
t

where we denote d(x;, 9;A;) := min{l/2 — x;,1/2 + x;}. Now, since A; are cubes, we get
d(x;,0; A1) > d(x,dA;) for any x € A;. Then we obtain:

lae(@/TH| >l (¢/T)|, i=1,....d,

sup [la(z/T)|l > maxsup |e; (£/T),
t ¢ t

(A.5)
sup [le(t/T) || > C(T) min{d (x;, 3; Ap), d (x;, 8; Ap)}

> C(T)minf{d(x,dA;), d(x’, dA))}.

Therefore, the probability for the path & to leave the box is dominated by the probability for
the one-dimensional Brownian bridge « to satisfy (A.5). The latter we can estimate using
the following result from [27]:

IP’(supoz(s) > x) > AeC¥
valid for some positive constants A, C, which implies the bound (A.1). O
Now we establish a result, that we use in the proof of Theorem 4.2:

Lemma A.2 Let K/, ,(x,x), Ky, (x,x"), Kj(x, x") be the kernels of operators exp(—thy’),
exp(—th?), and exp(—t A /2) respectively. Then

1
lim —/ dxdx' K, (x, xVK)5 (x', x)
l—00 Vl A A ’ ’

[—o0 Rd 1

1 n ’ _ B w
=1lim [ dx— [ d'K)™(x,x) / , w (dg)e o BED - (AL6)
A QI(Z)c’.x‘)

Proof By the Feynman-Kac representation, we obtain:

1
1im—f / dx dx'K§,;(x, x)K\, (x', x)
A J A ' ’

[—00 Vl
1 e~ Ix=x/I2(1/2n8+1/20)
= lim —/ dx dx’
-0 V) A A (472tnB)4/?

> /”ﬁ wnﬁ (d%—)e*f(;w dww(é(x))XA[,nﬂ (S)/ w' (dg/)XA[,t (%-/)
Qf

(x',x) (x.x’)
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To eliminate the characteristic functions restricting the paths &, &’ in the last integral, we
shall use Lemma A.1. First, we estimate the error y (d) when we remove the restriction on
the path &:

1 e~ Ix=xI2(1/2np+1/20)
/

d):=lim— [ dx [ d
vidy=lim 3 /A, * /A, C T )

nf g w 0 / /
< [, w1 @) [ )
Q! Qf
' ,x) (x.x")

1 o~ Ix=xI2(1/2n8+1/21)
<lim— [ dx [ dx’
I-o00 'V A A (47T2tl’lﬂ)d/2

-/;Znﬁ w”ﬁ(df)(l - XAl,n,e(f))

(', x)
e~ lIx—=x'I2(1/2nB+1/21)

(4m2tnp)a/2

1
< lim —/ dr [ dx'I{d(x,0A)) > d(x', 9N}
Ay A

[—00 Vl

X /nﬂ w? (d€) (1 = xa;np(E))

(x',x)
e~ Ix=x'IP(1/2n8+1/20)

(47 2tnB)d/2

1
+ lim —/ dx/ dx'T{d(x,0A; <d(x',0A))}
Ay Ay

I-o00 V)

X/w W () (1 = xa . (6)
Q

(x',x)

[—00 Vl

o , ) -
< lim —/ dx/ dx'K{(x, x )Kgﬁ(x/,x)e COBEW, M)
A Ap

I—o00 V;

1 ‘
+ lim — / dr [ dx'Ki(x, X)) KPP (x', x)em COp@@inn? (A7)
A A

where the last step is due to Lemma A.1. Since all integrands are positive, we can extend
one of the spatial integrations to the whole space, and hence we get:

1 .
y(d) < lim — / dx / cbcur(g)(x,x/)Kg's(x/,x)e*a"f‘f’)(‘“xv"AD2
- ‘/l Rd Ay

.1 -
i _/ dr dx’K(’)(x’ x,)Kgﬂ(x’, x)e—C(nﬁ)(d(x 9A;)
I=o0 ‘/] A R4

< lim iKt+ﬂﬁ dx efC(nﬁ)(d(x’,BAl)z + lim iKr+nﬁ dxefC(nﬂ)(d(x’BA,)z
T V) 0 A I->o00 V) 0 A

where we have used the notation K([,Jr”ﬁ = K{f"ﬁ (x, x) since these are independent of x.
Finally, using the fact that the boxes A; are cubes of side /, we obtain:

t+nf nl/2 /2 Kt+nﬂ /2 )
y(d) < lim =2 / dx/e” COPU2=" 4 fjm =0 / dxe €A=" — 0,
[—00 [ 1/2 [—00 —1/2
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We can estimate the error estimate due to the removal of the characteristic function for £&” in

(4.18) in the same way. Therefore, we get:

—\|x—x/||2(l/2nﬁ+l/2t)

llinolo_f/\l /:\] dxdx’ (47-[2,”,3)(1/2
x / L, wrge W) / w' (") xa,.i (8
Q
{xr

(' .x)

e —llx=x12(1/2nB+1/2t)

dxdx’
= lim & /A, /A, Y T dn2mp)a?

X/ wnﬁ(dg)e*ﬁﬁdw‘”@(s‘))/ w (dg").
o Qf

(x.x")

(A.8)

'.x)
Now we show that one can replace the first integration over the box A; by one over the
whole space. Let ¥ (d) be the error caused by this substitution. Then by the positivity of the

random potential we get the estimate:
e Ix=x'IP(1/20B+1/20)

y(d) := lim —
7(d) I-o00 Vj /R"\A/ /A/ (4r2tnp)dr?
x / s wnﬂ(dé)e‘félﬂdé‘v‘”(ﬂs)ﬂ’)/ w" (d&")
Q< 1 %) Q:x )
e—nx—x’|\2<l/znﬂ+1/zn
(A9)

lim —
=00 ‘/I -/l;d\l\[ ‘/;l (47T2tn'ﬁ)d/2

In the one-dimensional case the estimate of the error term (A.9) takes the form

IA

1/2—x e —y2(1/2nB+1/2t)

12
1) < l d
r =g / o, s @)

1/2—x 7\2(1/2nt3+1/21)
lim dx . A.10
+’—l>°° 12 /1/2 x (4772”!,3)1/2 ( )

For the first term one gets:
eV 2(1/2nB+1/21)

—12 1/2—x
hm
=0 [ /1/2 x (47721‘",3)1/2

7v2(l/2nﬂ+l/2t) /2
= lim - _ dx
I=oo [ Jo (47'52U’l/3)1/2 -/71/27,\7

00 eﬂv2<|/2n5+l/2r) 12—y
/ dx=0

1
i s
tAm T Y @n2inp) 2

I—00 [ —1)2—y

One obtains a similar identity for the second-term in (A.10). Direct calculation shows that
the error term for higher dimensions (A.9) reduces to a product of one-dimensional terms

(A.10). Then (A.8) gives:
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1 e~ Ilx=x'I*(1/2nB+1/21)
lim —[ dxdx’ P
=00 Vi Jap Iy (dr2tnp)/

_ B )
x/nﬂ w™ (dg)e™ o dsv (E(‘Y))XA,,nﬂ(é)/.
Q

!

w' (A€ X, (&)
)

*',x) (x,x’

e~ Ilx=x'IP(1/2nB+1/21)

1 np @]
= li de— [ dx’ "B (dgyehom BVEED (AL
Jlim y xV; /AI (4n2tnp)ir? /5275_X) w" (d§)e ( )

which finishes the proof of (A.6). O

Appendix B: Some Probabilistic Estimates

First we recall the assumptions on the random potential v* used in [14], and which we also
adopt in this paper:

1. (a) On the probability space (€2, F, P) there exist a group of measure-preserving metri-
cally transitive transformations {7} ,cge of €2, such that v*(x + p) = v7r?(x) for all
x,peRY;

(b) I[Cw{fA1 dx|v?(x)|“} < oo, where x > max(2,d/2).

2. Forany A C R?,let £, be the o-algebra generated by the random field v*(x), x € A. For
any two arbitrary random variables on €2, f, g satisfying (i) |g|cc < 00, E,{|f|} < oo and
(ii) the function g is XA, -measurable, the function f is X A,-measurable, where A, A,
are disjoint bounded subsets of R?, the following holds

[E{f-g1} — E{I/DE{Ig} < I8l E{| f1}p(d (A1, A2))

with ¢ (x) — 0 as x — o0, and d(A, A;) the Euclidean distance between A and A,.

After recalling these conditions, we can give a sketch of the proof of Lemma 5.1.
Let hj‘)‘N to be the Schrodinger operator (2.3), with Neumann boundary conditions in-
stead of Dirichlet, and denote by {Ef‘”l’N , qb‘”’l’N }i>1 its ordered eigenvalues (including de-

generacy) and the corresponding eigenvectors. Similarly we define the kinetic energy op-
erator h?’N with the same boundary condition, and denote by {si'N s 1/f,f’N }i>1 its ordered
eigenvalues (including degeneracy) and corresponding eigenvectors. The following result is
due to Thirring, see [28]:

Lemma B.1 Let vy, :=v® + Aa, for A, a > 0. Then,

1 1
EVMN > —Aa+min{812'N, [7/ dx(v(xv,a(x))_l] }
Ap

1

Proof Let P to be an orthogonal projection in 7Z7. Then for any vector ¢ from the intersec-
tion Q(v¢,) N Q((Vy )'*P (g )'?), we have:

(@, V5 @) = (v )¢, (V5 )" )
= (07 ) 2h, Py ) ) + (5 )" *¢. (1 — PY5 ) )
> (2 ) 2, P(vP ) ?9),
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and therefore,
—%ANﬂ;{a > —%AN+(U§L¥)1/2P(U;&)1/2, (B.1)
in the quadratic-form sense. Let us choose:
P =) PR ( Y, wp )T ) T P )T,

where P is the orthogonal projection onto the subspace spanned by the vector 1//{’N. It can

be easily checked that P is an orthogonal projection. Applying (B.1) to the function qb’f"l‘N

one gets:

Eiu,l,N +)\.Ol > ((p;u,l,N’ <_%AN>¢EU,I,N> + |(¢(104,/,N’ Ilff,N)|2(w{,N’ (v)o:a)—lw{,N)—l

1 -1
> 1@ N PN + 1) %P[W f dx(v;“,C,(x))*'] .
A

k>1

But since the Neumann boundary conditions imply that ell’N =0, we obtain

1 -1
Ei""*”ﬂaz(l—|<¢T"'N,wi’”>|2>s’2’”+|<¢T”*N,w{'”>|2[vl / dx(Wx)fl} |
A

To finish the proof, we have to study separately the two cases, namely, sé‘N less than and
greater than [ [, dx(vy,(x)~'17" O

Proof of Lemma 5.1 By Lemma B.1,with A = B/I? and « as defined in assumptions, i.e. for
B=mn/(1+a),a> p/(1 — p), we have:

B
ECIN > _02_2 +min(r /1%, 1/X)),
where
1 1
XP = — dr————.
Vida v+ Ba/2
Therefore,
Y B b4 . ©
E&IN = > 5 + min(r /1%, 1/XP).

Hence, the inequality £ i"‘l‘N < B/I? implies that X > 12/ and consequently:
P(ECN < B/I?) <P(XP > 12 /7). (B.2)

Define a random variable Y,*(§) := V! f A dx §/(v”(x) + &), which is an increasing func-
tion of é. Then for the left-hand side of (B.2) one gets the estimate:

P(E“N < B/12) <P( Y®(Ba/I? L)
(E| </)_<1(Ol/)>1+a
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By Lemma 2 in [14], we know that for any positive § the random variables {Y¥;”(5)};, con-
verges geometrically to a limit Y, (8) as [ — oo, that is, for any € > 0, there exists a constant
M (8, €) such that

P(Y”(8) = Yoo (8)] > €/2) < e MM

for [ sufficiently large. By the ergodic theorem Y, (§) is non-random and can be expressed
as:

Yoo(3)=Ew<m>,

which is again a monotonic function of § > 0. Notice that by condition (ii), Sect. 2, we have
lim;s_,¢ Yoo (8) = p.
Choose € > 0 such that p + € < a/(1 + «). Then we have

B
IP(ET’I’N < 1‘2) <P(Y/"(Ba/I’) > p +¢).

Now we choose § such that
Yoo (8) — p < €/2,
and let [y be defined by 6 = Ba/lg. Then for any [ > [, we have:

P(EY"™ < B/IP) < P(Y{(Ba/I’) > p+€) <P(Y(8) — p > )
< P(IY(8) — Yoo ()] > €/2) < e MM, -
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2,c)

In a previous paper we established that for the perfect Bose gas and the mean-field
Bose gas with an external random or weak potential, whenever there is generalized
Bose-Einstein condensation in the eigenstates of the single particle Hamiltonian,
there is also generalized condensation in the kinetic-energy states. In these cases
Bose-FEinstein condensation is produced or enhanced by the external potential. In
the present paper we establish a criterion for the absence of condensation in single
kinetic-energy states and prove that this criterion is satisfied for a class of random
potentials and weak potentials. This means that the condensate is spread over an
infinite number of states with low kinetic-energy without any of them being mac-
roscopically occupied. © 2010 American Institute of Physics.
[doi:10.1063/1.3488965]

I. INTRODUCTION

It can be easily seen from the explicit formula for the occupation numbers in the noninteract-
ing (perfect) Bose gas that, the condition for Bose-Einstein condensation (BEC) to occur, is that
the density of states of the one particle Schrodinger operator decreases fast enough near the
bottom of the spectrum. In the absence of any external potential, it is known that this happens only
in three dimensions or higher. This is still true if one introduces a mean-field interaction between
particles. It has been known for some time that the behavior of the density of states can be altered
by the addition of suitable external potentials, in particular, weak potentials or random potentials.
The subject of this paper is the study of models of the Bose gas in the presence of such external
potentials. The first case has been extensively studied, see e.g., Refs. 1 and 2, where sufficient
conditions on the external potential were derived for the occurrence of BEC. In the random case,
it has been shown in Ref. 3 that the so-called Lifshitz tails, which are a general feature of
disordered systems, see, for instance, Ref. 4, are able to produce BEC. In both cases, it is possible
to obtain condensation even in dimensions 1 or 2.

While BEC has historically been associated with the macroscopic occupation of the ground-
state only, it was pointed out in Ref. 5 that this phenomena is more thermodynamically stable if it
is interpreted as the macroscopic accumulation of particles into an arbitrarily narrow band of
energy above the ground-state or generalized BEC. While it is clear that condensation in the
ground-state implies generalized BEC, there exist many situations in which the converse is not
true. For instance, it was shown in Ref. 2 that in the case of the weak potential, the condensate can
be in one state, in infinitely many states or even not in any state at all, depending on the external
potential. These situations correspond respectively to types I, II, III generalized BEC in the
classification established by Van den Berg et al., see, e.g., Ref. 6. In the random case, far less is
known. The only case for which a rigorous proof of the exact type of BEC has been established is
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the Luttinger—Sy model, see Ref. 7, where it was shown that the ground-state only is macroscopi-
cally occupied. As far as we know, for more complicated systems this is still an open question. The
difficulty lies in the fact that the characterization of the distribution of the condensate in individual
states requires much more detailed knowledge about the spectrum than the occurrence of gener-
alized condensate. Indeed, for the latter, it is enough to know the asymptotic behavior of the
density of states, while for the former, one needs in addition to know how fast the gap between
two eigenvalues vanishes in limit.

In the physics literature the phenomenon of BEC is generally understood to be the macro-
scopic occupation of the lowest kinetic-energy (momentum) state, commonly referred as zero-
mode condensation. We refer the reader to Ref. 9 for a discussion of the motivation for this type
of condensation. This leads naturally to two questions in the case condensation is produced or
enhanced by the addition of external potentials.

The first one comes from the fact the condensates referred to here are to be found in the
eigenstates of the one-particle Schrddinger operator and not the kinetic-energy (momentum) states.
Therefore, it is not immediately clear, and, in fact, counterintuitive in the random case because of
the lack of translation invariance, that condensation occurs in the kinetic-energy states as well.
This problem has been addressed in a previous paper, see Ref. 9, where we have shown under
fairly general assumptions on the external potential (random or weak) that the amount of gener-
alized BEC in the eigenstates in turn creates a generalized condensate in the kinetic states, and
moreover in the perfect gas the densities of condensed particles are identical. These results were
proven for the perfect Bose gas and can be partially extended to the mean-field Bose gas. Hence,
the (generalized) condensation produced in these models by the localization property of the one-
particle Schrodinger operator can be correctly described as of “Bose—Einstein” type in the tradi-
tional sense. This opens up the possibility of formulating a generalized version of the c-number
Bogoliubov approximation.g’10 In the case of the weak external potential, perhaps this result is not
so surprising since the model is asymptotically translation invariant, but in the random case, it is
less obvious since the system is translation invariant only in the sense that translates of the
potential are equally probable, and therefore for a given configuration, the system is not translation
invariant.

Having established generalized BEC in the kinetic states, the next question is about the fine
structure of that condensate. In our paper,9 we conjectured that the kinetic generalized BEC is of
type 111, that is, no single kinetic state is macroscopically occupied, even though the amount of
generalized condensation is nonzero. Our motivation came from the fact that the fast decrease of
the density of states is usually associated with the corresponding eigenstates becoming localized in
the infinite-volume limit. Hence, since the kinetic states (plane waves) and the (localized) general
eigenstates are “asymptotically orthogonal,” it should follow that no condensation in any single-
mode kinetic-energy state could occur, independently of whether the (localized) ground-state is
macroscopically occupied or not. In Ref. 9, we were able to prove this conjecture in a simple
example, the Luttinger—Sy model. Our proof in that case used the absence of tunneling effect
specific to that model, which we can interpret as “perfect localization.”

In this paper we give a proof of the conjecture under a fairly weak localization hypothesis and
then we consider a family of continuous random models and a general class of weak external
potentials for which we are able to establish this localization property. Our results hold for both
the perfect and mean-field Bose gas and for any dimension. Note that, in addition to clarifying the
nature of these condensates in low dimensions, we obtain an unexpected conclusion. Indeed, we
show that the presence of randomness or a weak potential, however small, prevents condensation
from occurring in any kinetic state, even if the corresponding free Bose gas (without external
potential) exhibits zero-mode condensation (isotropic system in dimension of 3, for example). This
emphasizes the importance of the concept of generalized BEC.

The structure of the paper is as follows. In Sec. II, we give the general setting for which our
results are applicable and discuss generalized condensation in the kinetic-energy states, while in

Author complimentary copy. Redistribution subject to AIP license or copyright, see http://jmp.aip.org/jmp/copyright.jsp

172



103302-3 Bose—Einstein condensation and localization J. Math. Phys. 51, 103302 (2010)

Sec. 11, we derive a criterion for the absence of condensation into any single kinetic-energy state.
In Sec. IV, we establish that this criterion is satisfied for a class of random potentials (Sec. IV A)
and for weak (scaled) potentials (Sec. IV B).

Il. NOTATION AND MODELS

Let {A;:=(=1/2,1/2)%},=, be a sequence of hypercubes of side / in R, centered at the origin
of coordinates with volumes V,;=1¢. We consider a system of identical bosons, of mass m, con-
tained in A;. For simplicity, we use a system of units such that A=m=1. First we define the
self-adjoint one-particle kinetic-energy operator of our system by

1
R = - EAD’ (2.1

acting in the Hilbert space H,:= L?(A,), where A is the usual Laplacian. The subscript D stands for
Dirichlet boundary conditions. We denote by {Wk,si},el the set of normalized eigenfunctions and
eigenvalues corresponding to h?. By convention, we order the eigenvalues (counting multiplicity)
as 0<g! =gh=gl.... Note that all kinetic states satisfy the following bound:

()| = 172, 2.2)

Next we define the Hamiltonian with an external potential,

=) +v,, (2.3)

also acting in H;, where v;: A;—[0,%) is positive and bounded. Let {(;55},-21 and {El};=, be,
respectively, the sets of normalized eigenfunctions and corresponding eigenvalues of /;. Again, we
order the eigenvalues (counting multiplicity) so that E’1 SEQSEQ. ... Note that the non-negativity
of the potential implies that El1 >0. We shall also assume that the lower end of the spectra of h?
and /; coincides in the limit /— oo, that is, lim;_,, E1, =0. This assumption will be proven for the
models considered in this paper.

Now, we turn to the many-body problem. Let F;:=F,(H, be the symmetric Fock space
constructed over H;. Then H,:=dI'(h;) denotes the second quantization of the one-particle
Schrodinger operator /; in F,. Note that the operator H, acting in F; has the form

H =2 Eja"(¢)a(4). (2.4)
i=1
where a*(¢),a(¢) are the creation and annihilation operators (satisfying the boson canonical
commutation relations) for the one-particle state ¢ € H,;. Then, the grand-canonical Hamiltonian of
the perfect Bose gas in an external potential is given by

Hy~ uN,= 2, (E{ = WN(4), (2.5)
i=1
where N/(®):=a*(¢)a(¢) is the operator for the number of particles in the normalized state ¢,
Nj:= E,N,(qﬁf) is the operator for the total number of particles in A;, and u is the chemical
potential.
The results in this paper hold for the mean-field Bose gas whose many particle Hamiltonian
H,(u) is obtained by adding a mean-field term to (2.5),

Ao
H = H,— uN;+ —Nj;, 2.6
() 1= MUV 2, l (2.6)

where A is a non-negative parameter. Of course the results are valid also for the perfect Bose gas
(A=0).
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We recall that the thermodynamic equilibrium Gibbs state (—); associated with the Hamil-
tonian H,(u) is defined by

(AY, = Trfl{exp(— BH (1,))A}
" Trp exp(- BH ()

where the value of w, u; is determined by fixing the mean density p>0,

1
E(NDI =p. (2.7

When referring specifically to the perfect Bose gas state, we shall use the notation (—)?. For
simplicity, in the sequel we shall omit the explicit mention of the dependence on the thermody-
namic parameters (3, u) unless it is necessary to refer to them.

A normalized single particle state ¢ is macroscopically occupied if

1
lim—(N/(¢)), > 0,
[— V]

and, in particular, there is condensation in the ground-state if

1
lim—(N/(})); > 0.
[— V]

The concept of generalized condensation consists in considering the possible macroscopic occu-
pation of an arbitrary small band of energies at the bottom of the spectrum. To be more precise, we
say that there is generalized condensation in the states gbf if

Jim lim— > (N> 0.
810 I—e V’i:Eﬁsﬁ
It is clear that the usual one-mode condensation implies generalized condensation, however, the
converse is not true. Indeed, as was first established by the Dublin School in 19805,6 it is possible
to classify generalized condensation into three types. Type I condensation, when a finite number of
states are macroscopically occupied (which includes the most commonly known notion of BEC as
condensation in the ground-state only), type I condensation, when condensation occurs in an
infinite number of states, and finally type III, when, although the amount of generalized conden-
sation is nonzero, no individual state is macroscopically occupied. One can easily show that in the
perfect Bose gas, under fairly general assumptions, for both random and weak positive potentials,
there is indeed generalized condensation in a suitable range of density (or temperature).

In Ref. 9 we discussed the possibility of generalized condensation not in the states q&f- but in
the kinetic-energy states g//k For both random and weak positive potentials, we established that for
models which are diagonal in the occupation numbers of the eigenstates of Hamiltonian (2.3), the
density of generalized BEC in the kinetic states is never less then that in the eigenstates of the
single particle Hamiltonian. To be more precise, we proved that

timlim=- 3 (V)= lim lim— 3 V(6

40 b= V’k:e’k<5 A0 ==Vl pl s

We also showed that in the case of the perfect gas, the two quantities in the above inequality are

equal. Here, we shall give a “localization criterion” on the states ¢§ so that the condensation in the

kinetic-energy states L//k is of type III, that is, no kinetic-energy state is macroscopically occupied.
It is easy to see that the mean-field gas satisfies the following commutation relation:
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[H/().N(¢})]=0 for all j. (2.8)

This property implies that <a*(¢£)a(¢)})),=0 if i#j and allows us to obtain a simple relation
between the mean occupation numbers for the s and ¢.’s,

1 1 1 .
VN = e Watu) = 2 (G e Bat =
1

1
v PRGNS
lij L

(2.9

Finally, we want to point out that it may be possible to extend the results of this paper to a more
general class of interacting Bose gases. More precisely, consider a class of “diagonal” interactions
defined by

A
U= VE ai,le(¢i)Nl(¢j)7

Lij

with suitable assumptions on the coefficients a;; in order to make the associated many-particle

Hamiltonian well-defined, that is, self-adjoint and bounded below. Note that the mean-field gas
(2.6) is a particular case of this class, in which a; ;= 6; ; (with a shift in the chemical potential). It
is easy to see that condition (2.8) is satisfied. However, we shall also need the monotonicity of the
mean occupation numbers (N,(qﬁf)), (see Lemma 3.1), which so far we are unable to prove beyond
the mean-field case.

In Sec. IIT we use expansion (2.9) to obtain a localization criterion for the absence of single-
mode condensation in the kinetic-energy states.

lll. LOCALIZATION AND KINETIC SINGLE-STATE BEC

First we shall prove the following lemma which is trivial for the perfect gas. For the mean-
field Bose gas, it was proven by Fannes and Verbeure,® using correlations inequalities. Here we
present an alternative proof, based only on a convexity argument.

Lemma 3.1: For the mean-field Bose gas, i.e., for a bosonic system with Hamiltonian (2.6), the
Sfunction i—(N,(¢,)), is nonincreasing.

Proof: Let us define f:R,—R by

f(O):=p"InTr e BRI

where  H(w:f) := H(u) + t(N(&,) = N(¢L))

for some 1 =m<n. It follows that

£1(0) = (N () = ().

and since the function f is convex, we have the following inequality:

(N[l = N( ) = f' (1) (3.1)

for any r=0. Now we set t—%(Efl—E,[n). Note that with this choice =0, since we have assumed
that m <n. From explicit expression (2.6) for H,(u), we have

by E +E! E +E
Hipsn= 2 (Ef—M)Nz(¢f)+ﬁN12+<7m2 "—M)Nz(¢ﬁn)+( "’2 L~ 1 |N().
i#Fm,n 1

Since the mean-field term in (2.6) is symmetric with respect to a permutation of any two eigenstate
indices i,j, it follows that H,(u;1) is symmetric with respect to the exchange of m and n. Hence
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L Tr(N() = N(,))ePHile
= [ Tr e—gﬂz(w) =0,

which in view of (3.1) gives

(NA(,) = Ni(),)) =0,
and the lemma follows since m <n are arbitrary. |

Let us introduce the notation

1
| |
= —(N ).
pli= 5 NS
With this notation we can write the standard fixed density condition (2.7) for a given density p as
2 pi=p.
i

and so for any N e N,

N
20=p
i=1

Letting

p; := lim sup pf.,
[—

and taking the infinite-volume limit, we then get

N N
2 pi=limsup > p = p.
i=1 [=» =1

Letting N tend to infinity, this gives 27 p;=p, and hence, for any & >0, there exists iy <, such
that p; <e. Splitting up the sum in (2.9) and using the monotonicity property (see Lemma 3.1),
property (2.2), and the fact that the kinetic eigenfunctions I,U,{ are normalized, we obtain

%wwk»l: S 18 dPol+ S 18Pl

i=<ig i>ig
= 2 (L) Poi+ ol 2 (00
=i i>iy
=52 (6L 1" +pf,
i=ig
=p2 (1) + g,
=i

Therefore, if l’d/2|\¢§||1—>0 as [— o for each i, then

. 1
lim sup*(N,(t//k)), =e,
[ Vl

and since ¢ is arbitrary
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1
lim (Vi) =0-

The above argument leads us to define the following localization criterion for the absence of single
mode condensation in the kinetic-energy states.

Definition 3.1: We call an eigenfunction qﬁf localized if it satisfies the following condition:

1
hml% dx|¢l(x)| = 0. (3.2)
[—o A

Note that this localization condition is not as strong as the usual localization property, in the
following sense. While, localization is frequently understood to be associated with the persistence
of a pure point spectrum in the limit /— o0, at least near the bottom of the spectrum, the presence
of a pure point spectrum is not necessary for condition (3.2) to hold for all eigenfunctions. Indeed
it may happen that (3.2) is satisfied and the infinite-volume Schrédinger operator has only abso-
lutely continuous spectrum.

In Ref. 9 we conjectured that the kinetic generalized BEC observed in the random models is,
in fact, of type IIl and gave a proof in a simple case, the Luttinger—Sy model. In the above
argument we proved that our conjecture is correct under fairly weak localization hypothesis (3.2).
We formulate this result in the following theorem.

Theorem 3.1: Assume that the eigenfunctions d)ll- are localized in the sense of (3.2) for all i.
Then, for the mean-field Bose gas, no kinetic state zﬁc can be macroscopically occupied, that is,

1
lim—(N;(¢}));=0, (3.3)
[— Vl

which implies, in particular, that any possible kinetic generalized BEC in these models is of type
111.

In this paper, we provide two classes of externals potential for which we can prove localiza-
tion in the sense of (3.2). The first one is a class of random external potentials, the second involves
weak external potentials.

IV. PROOF OF THE LOCALIZATION CONDITION
A. Random potentials

Before we specify the random model under consideration, let us emphasize again that the
localization property (3.2) is very different from what is usually called “exponential localization”
in the literature about random Schrédinger operators (see, for example, Ref. 12). In the standard
literature, localization refers to the eigenfunctions of the infinite-volume Hamiltonian and requires
these functions, with energies in some band, to decay very fast, in many cases exponentially. This
implies that the spectrum is pure point in that band. In our case we are dealing with eigenfunctions
in finite-volume with energies tending to zero as the volume increases and so these bear no
relation to the infinite-volume eigenfunctions. In particular, our localization condition (3.2) does
not imply that the spectrum is discrete in the thermodynamic limit. While we only need the L'
norm not to diverge too fast, because our eigenfunctions depend crucially on the volume and, in
particular, because we do not work at a fixed energy but with volume dependent eigenvalues, we
have to deal with the additional problem of controlling the finite-volume behavior. However, we
find that, in fact, the multiscale analysis developed for the infinite-volume case can be adapted to
establish our localization condition.

The model studied in this section is taken from Ref. 12. It consists of impurities located at
points of the lattice Z¢, with appropriate assumptions over the single-impurity potential, mainly
designed to obtain independence between regions which are sufficiently far away from each other.
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Let us make it more explicit by giving some definitions. In the rest of this section, we shall denote
by A,(x) the cubic box of side I centered at x. The single-site potential f, A;(0)— R, has the
following properties.

(1) f is bounded.
(2) There is >0 such that f(x) = o for all xe A,(0).

The randomness in this model is given by varying the strength of each impurity. For this
purpose, we define a single-site (probability) measure u, with supp(u)=[0,a] for a finite a. We
will assume that u is Holder-continuous, that is, for some >0,

sup{u((s,N:0=t-s=nt=9* VO=gy=1 (4.1
{s.1}
The random potential is then defined by

vx) = X g f(x k), (4.2)

kezd

where the ¢“(k)’s are independent and identically distributed random variables distributed accord-
ing to u. We denote by (Q,F,P) the associated probability space and by we () a particular
realization of the random potential. Note that by property (1) and the fact that a <oo, there exists
a nonrandom M <o, such that v®(x) <M for any x and all w.

The one-particle random Schrédinger operator in finite-volume is then given as in (2.3) by

he =h) + vy, (4.3)

where v}’ is the restriction of v® to A,. The eigenfunctions and eigenvalues of /" are denoted by
¢! and E¥', respectively. We denote by 4(x) the restriction of the Schridinger operator —%A
+v® to the region A,(x), with Dirichlet boundary conditions.

Before we establish localization criterion (3.2), we prove our assumption that the eigenvalues
of A}’ tend to zero as [ tends to .

Lemma 4.1: With probability 1, for each i,
lim E' = 0. (4.4)
[—»

Proof: Let v denote the limiting density of states for the Hamiltonians #,’, that is, for any
Borel subset AC R,

W(A) = lim— 4 {i:ES e A} 4.5)
=V

—o Vy

Since by ergodicity v is nonrandom (see, for example, Theorem 5.18 in Ref. 4), it is clearly
sufficient to prove that for every E>0, v([0,E])>0. To do this we start from the following
inequality (see Eq. (4) in Ref. 16):

v([0,E]) = Vina(ﬁ {ECt<E)) = VLP{(»:E‘I"’L < E}, (4.6)
L L

which is satisfied for any L>0. From the min-max principle, we obtain

Eyt = 811‘+J

x| [Pv(x), (4.7)
Ay

where af is the first kinetic eigenvalue and ;Zt,L the corresponding eigenfunction. Since |1,//1‘(x)|2
=1/V;, we have
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1 A
Et=gbe — | dw)=eh+— > ¢°0h), (4.8)
ViJa, Lrezdnn,

where A:= [ dxf(x). Letting L:= m(E/2)™"2 so that ef=E/2, (4.6) and (4.8) give

1
([0,E) = —Plw: > ¢“k)<EV,24\. (4.9)
Vi keZNAL
Since the right-hand side of the last inequality is strictly positive, the lemma is proven. |

The rest of this subsection is devoted to proving that this model satisfies our localization
assumption (3.2). For this purpose we need a result from multiscale analysis which exists in
various forms in the literature (see references in Ref. 12). For convenience here, we follow the
version in Ref. 12.

Adhering to the terminology of Ref. 12, we first define so-called “good boxes.”

Definition 4.1: Given x € 79, a scale | € 2N+1, an energy E, and a rate of decay y>0, we call
the box AJx) (y,E)-good for a particular realization o of the random potential (4.2) if
E ¢ o(hP(x)) and

U (Re () E)—IX;MH = (4.10)

Here a(hf(x)) denotes the spectrum of hj’(x), the norm in (4.10) refers to the operator norm in
L*(A(x)), and )(”” 7" are the characteristic functions of the regions A" (x), A" (x), respectively,
which we define as follows:

Aim(X) = A//3(x), A;)m(x) = Al(x) \AI—Z(X)'

Our proof depends crucially on the following important multiscale analysis result extracted
from Ref. 12. We refer the reader to Theorem 3.2.2 and Corollary 3.2.6 for the general multiscale
analysis argument and to Theorems 2.3.2, 2.2.3, and 2.4.1 for proving that this particular model
satisfies the necessary conditions required for multiscale analysis.

Proposition 4.1: Assume that hy’ is as above with random potential given by (4.2). Then for
any {>0 and any a e (1,2—(4d/(4d+ ()], there exist a sequence {I;},k=1, satisfying ;=2 and
[P =L=I,+6 for k=2 and constants r>0 and y>0, such that if I:=[0,r],

P{w:for all E € I, either A,k(x) or Alk(y) is (y,E)-good} = 1 —(1,)7%, (4.11)
for all k=1 and for all x,y € 7¢, satisfying |x—y|> .

For our proof, we need also the Eigenfunction decay inequality. We state it in a convenient
form for our purpose, and refer the reader to Ref. 12 (Lemma 3.3.2) for a detailed proof. Note that
this inequality has to be understood for a given realization w.

Proposition 4.2: Let h)’ be defined as above and qb:-’”l to be one eigenfunction with eigenvalue
E®! Let x e Ay, such that A, (x) C A, If E*! does not belong to the spectrum of h®(x), then the
i n i I
following inequality holds:

X" Gl = lx ) (i) = EPD ™ xi () (4.12)
where the norms are L*(A))-norm and « is a constant depending only on M.
We are now ready to prove that for our model localization condition (3.2) is satisfied.

Lemma 4.2: Assume that h}’ is as in (4.3) with random potential given by (4.2). Then almost
surely, for all i,
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hmmf dx| ! (x)| = 0. (4.13)

Proof: We first choose 0<<5<1/7 and {>(2d+1)/26 and then we take the constants «, v,
and r and the sequence {/;} to be those obtained in Proposition 4.1 for this value of {. For a given
scale [ large enough we pick k=k(I) satisfying

1 Slnl 1 (1-6)Inl
—In| — | <k-1<—In| —— .
Ina \Inl Ina \1In(/, +6)
The fact that §<<1/7 ensures that there exists such an integer k. Then, by Proposition 4.1, we have

P<i, <1 (4.14)

Now let us define A(w,]) to be the event in which, for all E € I, for any x,y € A,NZ¢, such that
[x=y[>1;, either A, (x) or A, (v) are (y,E)-good.

We shall first use the Borel-Cantelli lemma to show that almost surely A(w,/) occurs for all
[ large enough. Let us define

X; = {w:A(w,l) is not true at scale [}.

Then we can write

X;={w:AEel,3x,y e A\,N7Z with |x—y|>1,
such that both Alk(x) and A,k(y) are not (y,E)-good}

= U {w:3E €, such that both A,k(x) and Azk()’) are not (y,E)-good},
xye ANNZ

=y >

and by Proposition 4.1, we obtain

]P(X]) <= lZd(lk)fzé'S l—2(5{—d)’

where the last step follows from (4.14). Since 2(8{-d)> 1, it follows that

> P(X) < .
1

By the Borel-Cantelli lemma, almost surely there exists L(w) <o, such that the event A(w,])
occurs for all [>L(w).
Since by Lemma 4.1 with probability 1, El‘-’”[ tends to O as [ tends to o, E?”I e[ for [ large

enough almost surely. Therefore, there exists QCQ with P(ﬁ) =1, such that for each w Q there
is L;(w) <, such that for all />L,(w) and for any x,y € A,NZ% satisfying |x—y|>1,, either
Al (x) or A,k(y) are ('y,E‘”’l) -good.

Now we take we ) and [>L,(w) and partition the box A,(0) into A =AL ,(O) and A2
:= AJ(0)\A,. We then split up the integral in (4.13) into the interior cube A] and the corrldor Alz,

f | ()] = f | daf g0 + f L dxl o ()l. (4.15)
A A, A

In the second term, we can use the Schwarz inequality and the fact that the eigenfunctions are
L*(A))-normalized to obtain
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| Lasgrol = g = 2y < oo (4.16)
AI

For the first term in (4.15), we shall use the eigenfunction decay inequality (4.12) of Proposition
4.2. We cover the “interior cube” A1 by disjoints subcubes A; of side /,/3. Let us call {x;} their
respective centers. Then for each j, the cube A, (x;) is 1ncluded in A; and A; c01n01des with
Alnt( )

Using the Schwarz inequality and Proposition 4.2, we obtain for any j the estimate
_ 12 _
f drf ()] = l‘“( f dlx;"(x)) ¢>,‘-”"(X)|2) = 12X () = EPD X))
A, A
Hence, for any j, such that A; is (y,E,‘-"")—good, one has the following upper bound:
f dx|¢;u,l(x)| = [26-012)9; < ld/ze—u/z)yz"_ (4.17)
A

Now, we distinguish two cases.
The first one corresponds to the situation where all cubes Alk(xj) are (y,Ef””)—good. It then
follows directly from (4.16) and (4.17) that

—di2 w1, dl(d_(m —dI2 di2,.~(1/2)y1° dr-52 d(l_lé)d —(1/2)y1°
i x| (x)| = 20—+ 1712 X 17% =20+ 305 )
A xjeAl

(4.18)

The second case corresponds to the situation when there exists at least one subcube A,k( X;)

which is not (y,E} h- -good. Let us denote by X the center of one such bad cube. Since w e Q and
I>Ly(w), for x,y € AN 7 satistying [x—y[> I, either A; (x) or A, (y) are (y,E}* !)-good. It there-
fore follows that, outside of a box of side 2/, centered at X, all other A, (x;) are (y,E‘” !-good. We
treat the good boxes as above and deal with A2, (%) by using the Schwarz inequality as we did for
A? to obtain

f dx| (0] = f dx| ()] + f dx| ()]
A Al Mo, (8) Agy, (%)

5
= E ld/Ze—(l/Z)‘yl + |A21k(;)|d/2
ijA]I\AZIA()?)

d2 d(l_lﬁ)d -2y d(1-8)/2
=3 T e "+ (20) .
From that last bound and from (4.16), we get

~ " _ J=0 s —820m
I d/2 K dx‘(]s, ,l(x)| <= 2(1[ 82 +3 IlTe (1/2) 91 + 2d(l 5)/21 d5/2' (4]9)
1

Therefore, for any we Q either (4.18) or (4.19) is satisfied for all / large enough and (4.13)
follows. ||

B. Weak external potentials

In this section we consider a scaled external potential. Let v be a non-negative, continuous

real-valued function defined on the closed unit cube A, CR? which satisfies the following two
conditions.
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(1)  There is a finite, nonempty subset of A, D:={y;}\_,, such that v(x)=0 if and only if x € D.

(2) For each y; e D there are strictly positive numbers {a;}, {c;}, such that

Jim 20

b PR

c;. (4.20)

We order the y;’s in such a way that 0<a =, =... =«

ne

The one-particle Schrodinger operator with a weak (scaled) external potential in a box A, is
defined by

1
h,=—£AD+v(x1/l, cxgl). (4.21)

We recall that the eigenfunctions and eigenvalues of /; are denoted by ¢§ and Ef respectively. The
aim of this section is to prove that our localization condition (3.2) holds for this class of weak
potentials.

Lemma 4.3: Let h; be as in (4.21). Then, for all i,

1
lim 75 f X dx| ¢i(x)] =0. (4.22)
Al

Proof: We start by noting that in view of condition (4.20), for any & >0 small enough, there
exists 6>0, such that for all j=1,...,n,

(c;=e)x—yl¥=v(x) = (c;+8&)|x—y|9 (4.23)

for all x € B(y;, 6), the ball of radius & centered at y;. Note also that by continuity there exists a
constant k>0, such that v(x)=«, for all x e Al\(Uj'le(yjﬁ)). We let K:=min(k,c,—¢,...,c,
—¢) and C:=max(c,+¢,...,c,+¢).

The first step in our proof is to obtain an estimate for the eigenvalue Ei To this end, let us
denote by h;") the restriction of the Schrodinger operator to the region B(y,, dl), with Dirichlet
boundary conditions. Then we have

= Y (4.24)

in quadratic form sense (cf. Ref. 14, Chap. VIII, Proposition 4). From inequality (4.23), we obtain

s (4.25)

where the last operator acts on L*(B(y,, dl)). Let U:L*(B(y,, 8l))— L*(B(0, 6I'~")) be the unitary
transformation defined by

(UQ)(x) = 1"2p(I(x = y,),

where y,:=a,/(2+a,). By direct computation, one can check that fz?")=l’27"Ufz§") U™', where

A 1
h" = <— JA+ C\x|“”),

acting on L2(B(0, 8I'~")). Let 0<Dll SDIZS... be the eigenvalues of ﬁ;") and 0<D,=D,=...
the eigenvalues of ﬁ("), where
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. <- LYW c\x|an)
: :

acting on L*(R%). Since for each i, Df—>D,~ as [— e, there are constants ﬁi, such that Déiﬁi for
all /. Using this and operator inequalities (4.24) and (4.25), we finally get

El= D% = D™, (4.26)

The rest of our proof relies on the methods developed in Ref. 15. We start with some defini-
tions. Let ), for some >0, to be the set of all continuous trajectories (paths) {£(s)}._, in RY with
£(0)=0 and let w' denote the normalized Wiener measure on this set. For a given x € R4, we define
the following characteristic function:

Xei(8) = H&EE(s) e Aj—x, for all 0=s=1}.
We now use the following identity (cf. Ref. 13):

() = f WHdge D Gt ) x, (8,
QI

from which, since Ef is the eigenvalue of A, corresponding to ¢§, we get

|6l(0)| = f

wi(d)e oI D gl 4 (1)) x, (&) (4.27)
Q[

Now, we insert into the right-hand side of (4.27) the following bound proven in Ref. 11:

|(x)| = e (E)™,

where c,:= (e/m)¥* and we obtain from (4.27) the following estimate:

| 40| = e BB f wi(dg)e ooy ()
Ql

v,
— CdetE[(Ell_)(l/étf

1
l w’(df)e‘ p I"dm((x+§(s))/l)xx,z(§)
Q

! (!
<= CderEi(E£)¢1/4f Wt(df)?f dse—tv((x+§(s))/1)XxJ(§)’
o 0

where the last step follows from Jensen’s inequality. Therefore, integrating over A; with respect to
x, and then changing the order of integration, yields

1 t
re f dx| ()] = gl e Y f dx f wi(dé— f dse 8y (8)
A A o tJo

i ([
= cdl—dlzetEi(Eé)de Wt(df)fj‘ dsf doxe v (C+ED)
a tJo fre Ny (A6}

Letting y=x+&(s) in the second integral we get

! 1 ("
l—d/2 dx‘d(x)‘ = Cdl—d/ZetEi(El{)d/4J W[(dtf)*f ds . f dye_tv(y/l).
A QO tJy y—&(s) € N (A-&(s"))}

Since Ny (A;—&(s")+&(s)) C A, for all s, we can now extend the domain of integration over y to A;
and use the fact that the Wiener measure w' is normalized to obtain
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1
dr J' dx| qﬂf(x)\ = CdetE,{(Eﬁ)dMl—d/Z% f ds f dye—tv((.v)/l)= ¢ detEﬁ(Ei)d/Atld/Z f dze @,
A 0 A

Ay
(4.28)
Next, we obtain an upper bound for the last integral in (4.28). We have
f dze 0@ < é dze @ 4 f dze @ < K 4 é dze Kk =)l
A =1 B(y,0 ANUL B(;.8) =1 B(y,.0
(4.29)

For each J,

J dze—xk\x_yj\% = t—d/ajKd/ajf dZe"ﬂa/ = I’Et—d/ozj7
B(y;,0)

d
Vi R

where K:= K¥% max j fRddZNe‘ma’, which, in view of (4.29), gives the following bound:

n
J dze @ < K 4 K>
A

1 J=1

Now, fixing 7=(E")~!, we get from the last inequality and (4.28)

n
-2 dx|q’>§(x)| = Cde(Eg)dMld/Z(eK(Eﬁ)‘l + [?2 (El{)d/aj>.
A j=1

Since by (4.26), Ell-—>0 as [—, and since we have ordered the «;’s, such that a; <a,<...
< a,, there exist new constants A;, such that the following bound holds for / large enough:

l—d/Z dx|q§f(x)| SAild/2(E§)d(l/4+l/an) :A,-ld/z(Eﬁ)d(z‘Vn)/(”n). (430)
A

Inserting bound (4.26), we finally obtain for / large enough

l—d/2 dx|¢f(x)| SA-54(2_7”)/(47")1_‘/(1_7”)/2
L)

A
and the lemma follows since y,<1. |
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