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1.1 Motivations physiques et modélisations

1.1.1 Motivations physiques

Cette these est consacrée a 1’étude mathématique de phénomenes de localisa-
tion et délocalisation pour différents modeles de polymeres. Ces dernieres années
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ont vu un essor considérable de la littérature mathématique consacrée a 1’étude
des polymeres, citons par exemple les monographies [Bol02], [Gia07] et [dH09]. Les
modeles que nous étudierons au cours de cette these visent a décrire des phénomenes
physiques variés, comme l'interaction d’'un polymere avec une interface entre solvants
[DHV92|, le phénomene de dénaturation chimique de ’ADN dans I’approximation de
Poland-Sheraga [KMPO3]|, I’accrochage et le décrochage d’un polymere et d’un sub-
strat liquide. .. Un point commun a tous ces modeles est 'existence d'une transition
de phase, autrement dit I'existence d'une valeur critique de la température T, telle
que le comportement macroscopique du systeme differe suivant que sa température
T soit supérieure ou inférieure a T.. Une explication intuitive a l’existence d’une
telle transition provient du fait qu’a haute température, I'agitation thermique est
forte et que les interactions chimiques ou physiques avec ’environnement peuvent
étre négligées, et donc qu’il apparait un phénomene de délocalisation caractérisé
par le fait que l'influence de I'’environnement sur le systéeme devient macroscopique-
ment négligeable. A basse température par contre, la trajectoire du polymere est
fortement conditionnée par ’environnement, on parle alors de phase localisée. Ceci
justifie de maniere informelle I'existence d’une température critique marquant une
transition de la phase localisée vers la phase délocalisée.

1.1.2 Formalisme mathématique

Il est courant dans la littérature consacrée a la mécanique statistique d’utiliser le
formalisme de Boltzmann-Gibbs, il est utilisé ici pour donner la loi des configurations
spatiales de la chaine de polymeres.

On modélise la chaine de polymeres par un chemin de taille finie égale a un entier
N dans un ensemble de chemins donné (S, )nepo,n € 'y A chaque trajectoire S on
associe une énergie donnée par I'Hamiltonien Hy 5(S) ou 8 = (kgT)~ ' et la con-
stante kp désigne la constante de Boltzmann. Au cours de cette these, cette énergie
sera toujours donnée par la somme des énergies des sites visités, ou la signification
du terme ”visité” peut varier d’'un modele a 'autre. On dénote par P la loi de la
chaine a température infinie, c’est a dire lorsque le polymere n’interagit pas avec le
milieu. La trajectoire de la chaine de polymeres est alors donnée par une mesure
de probabilité Py 5(S) sur 'y :

dPnp o _ exp(Hyp(S5))
7p (S) = Ins (1.1.1)
ou Zy,pg vaut
ZNﬁ = E[GXP(HN,B(S))]. (112)

I est clair que ce formalisme peut donner lieu a une tres grande variété de modeles.
Nous considérons qu’une chaine de polymere est un objet physique de dimension 1
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qui se déploie dans un espace de dimension strictement supérieure et qui ne présente
pas d’auto-intersection. Il est donc naturel de prendre pour P la loi d'une marche
aléatoire auto-évitante dans Z< ou R? (d > 2). Il se trouve cependant qu’en pratique,
le traitement mathématique de tels objets se révele extremement ardu. Une possi-
bilité naturelle et couramment pratiquée est de se restreindre au cas des marches
aléatoires dirigées, autrement dit les marches aléatoires dont une des coordonnées
est toujours croissante. C’est ce point de vue que nous adopterons dans cette these.
Notons cependant que méme sous cette restriction, on peut encore avoir affaire a
bien des modeles présentant des caractéristiques distinctes les uns des autres (a
titre d’illustration, on peut se référer par exemple aux travaux de Hryniv et Velenik
[HV04] ou encore a ceux de Comets et Yoshida [CY05]).

Nous rencontrerons essentiellement deux modeles différents au cours de ce tra-

vail :

e Le modele d’accrochage homogeéne. Le polymere est modélisé par une
marche aléatoire aux plus proches voisins dans Z? et recoit une contribution
énergétique lorsque la marche passe par l'origine. En utilisant le formalisme
ci-dessus, on pose donc

N
Hyp(S) =8 Z 1is,=0- (1.1.3)
i=1

On peut considérer de maniere équivalente que 'on modélise le polymere par
le graphe de cette marche (n,S,), qui est un processus dans Z9t1 et que
le polymere regoit une contribution énergétique lorsque les d dernieres coor-
données s’annulent simultanément.

e Le modele de mouillage dans une bande. Dans ce cas, le polymere est
modélisé par une marche aléatoire a accroissements continus, autrement dit
S possede une densité h(-) continue par rapport a la mesure de Lebesgue. On
s’intéressera au cas ou les accroissements sont intégrables et de carré sommable
(ce qui implique en particulier la convergence de la marche aléatoire renor-
malisée vers le mouvement brownien). Le terme mouillage fait référence au
fait que la loi P est la loi d’'une marche aléatoire conditionnée a rester positive
sur l'intervalle [0, N]. D’autre part, les contributions énergétiques se trouvent
dans une bande R* x [0, a]. On pose donc :

N
Hnpa(S) =8 Z 1isicp0.a)} (1.1.4)
=1

et on définit la loi Py g, par une dérivée de Radon-Nykodym :

dPnpa _ exp(Hyp.a(S))
ap ZNBa

1i5,>0,....5y>0- (1.1.5)
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Pour ces deux modeles, on s’intéressera au comportement asymptotique de la mesure
du polymere lorsque N devient grand, et plus précisément on va s’attacher a car-
actériser 'influence du facteur d’accrochage sur le comportement macroscopique du
systeme en étudiant les limites d’échelle de la chaine de polymeres.

1.2 Modele de mouillage homogeéne

1.2.1 Le cadre de la marche (p, q).

On se propose dans cette partie de faire une étude sommaire du modele de mouil-
lage homogene inspirée des premiers chapitres de [Gia07]. Ce modele possede la pro-
priété remarquable d’étre exactement résoluble, au sens ou I’on connait précisément
I'ordre de sa transition de phase en fonction d’'un parametre clef du modele. On
rappelle d’abord la définition du modele en une dimension.

Considérons une suite de variables indépendantes identiquement distribuées (X;)
symétriques de loi P vérifiant

P[X,=0=¢ PX, =1=P[X,=-1]=p (1.2.1)

ou p et ¢ sont deux réels positifs non nuls vérifiant 2p + ¢ = 1. Le processus S
défini par S, := > " | X; est une (p,q) marche aléatoire. Pour n > 1, on définit
I'événement Cy := {S; > 0,...,Sy = 0}. Pour § € R, on modifie la mesure P
en attribuant un bonus ou un malus d’énergie (selon le signe de ) a la marche
S lorsqu’elle passe par l'origine. Ceci nous amene a définir la mesure de polymere
suivante : N

dP5

TN”B = ! exp <ﬁ252> oInley (1.2.2)

ou l'on définit §; := 15,9 et ou

ZKLB = E

exp (ﬁZéi) 5N1CN] . (1.2.3)

La quantité 7% ; est une constante de normalisation appelée fonction de parti-
tion dont le comportement asymptotique se révele étre tres riche d’informations sur
les caractéristiques macroscopiques du systeme. Notons que l'exposant ¢ que nous
utilisons pour ce modele fait référence a la contrainte {Sy = 0}. Il n’est a priori
pas indispensable d’utiliser cette contrainte, et de fait nous aurons aussi affaire au

modele suivant : ; N
dPy, 8 1

—2(9) = 0; | 1c.. 1.2.4

AP ( ) Z]}:[WB €xp (ﬁ; ) Cn ( )
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FIGURE 1.1. Une trajectoire de la marche aléatoire (p, ¢) qu’on interprete comme
étant la représentation d’un polymere dirigé. Les 3 contacts qui contribuent a
I’énergie totale de la trajectoire sont mis en évidence en noir.

En pratique, le modele contraint joue un role techniquement tres important.
Une premiere question naturelle est de savoir si la marche aléatoire S sous la
mesure P{V 5 s’accroche ala ligne d’interaction sous I'influence de la force d’attraction

5. Pour ce faire, on s’intéresse a la fraction de contact considérée sous la loi P{v,w
c’est & dire a la quantité py(B) := %E{VB [Zf\il (5i] et plus particulierement a son
comportement lorsque N devient grand.

Une formalisation utile pour traiter ce probleme est la suivante : pour n > 1,
posons K(n) :=P[S; >0,...,5,-1 > 0,5, = 0]. On considere alors le processus de
renouvellement 7 défini par 75 := 0 et pour k£ > 1,

Plry — 7,1 =n]:= K(n) si 74_1 < o0
Plry —1p1 =00] :=1— Z K(n) si 11 < 00 (1.2.5)
n>1

T, = 00 Sl Tj_1 = 00.

La symétrie et la récurrence de S impliquent que )~ K(n) = %, et donc en
particulier 7 est un renouvellement transitoire.

On peut montrer que K(n) ~ —m./Z ~ 5 lorsque n — oo (cest une
conséquence évidente de la Proposition A.10 [Gia07]). On s’autorisera a considérer
7 comme un sous-ensemble de N, autrement dit des notations telles que n € 7 ou
ANT pour A C N sont bien définies.

Notons F(3) 'unique solution de ’équation d’inconnue x( > 0) ci-dessous :

Y Km)e ™ =e’ (1.2.6)

si cette solution existe (autrement dit si § > log(2/(14¢q)) =: 5.) et F(5) =0
sinon. On a la propriété suivante :
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Proposition 1.2.1. Pour tout réel 3, on a la convergence :

F(8) = lim %mg(zjcw). (1.2.7)

N—oo

Notons que I'on pourrait démontrer I'existence de la limite du membre de droite
par suradditivité de maniere autonome.

Preuve de la Proposition[1.2.1 Le mécanisme de la preuve consiste a remarquer que
Zy p est la fonction de Green d’un processus de renouvellement bien choisi. Cette
idée sera exploitée dans le chapitre |3| dans le cadre plus général d'un renouvellement
Markovien.

Plus concretement, on a 1’égalité :

fw_z > HeﬁK (1.2.8)

n=1 [eN": j=1
T li=N

Considérons d’abord le cas ou 8 > . (et donc F(3) > 0). On introduit la distribu-
tion de probabilité suivante :

Kg(n) := K(n)ePe FOm (1.2.9)

On peut alors écrire :

VA4S 5= (BN

M=

ﬁ FONP (N e 7) (1.2.10)

leN

it li:
ou P 3 désigne la loi d'un processus de renouvellement dont les probabilités d’interar-
rivées sont données par K 5(+). Notons que ce nouveau processus de renouvellement
est récurrent positif, autrement dit qu’il vérifie que .7, iK 3(7) < 00. Le Théoreme
du renouvellement (cf [Asm03, Chapitre 1 Théoreme 2.2]) pour un énoncé de ce
résultat classique) nous indique alors que P4(N € 7) — 1/ pyat iK5(i) lorsque N
tend vers 'infini. Par conséquent :

F(5)N
Zi g~ = (1.2.11)

2 iy 1Hp(7)

et en particulier on retrouve la convergence .
Lorsque g < ., Z N  beut étre interprétée dlrectement comme étant une fonction
de Green : Z§ 5 = PB(N € 7). Pour g = 3., P[g est une probabilité, mais pour
B < B, la densité l?g(n) = K (n)eP est une sous-probabilité qui peut étre interprétée
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comme étant une probabilité sur NU{oco} ot la probabilité d'une interarrivée infinie
vaut 1 — exp(f — B.). Il est alors clair que

e’K(N)< Z§ 5 <1 (1.2.12)

ce qui conclut la preuve de la Proposition |1.2.1]
m

Quelques propriétés de I’énergie libre se déduisent immédiatement de cette propo-
sition. En particulier, la fonction 8 — & log(Z§ 4) étant convexe et croissante a N
fixé, la Proposition [1.2.1| nous indique que F' jouit elle-méme de ces propriétés. On
peut aisément relier la fraction de contact moyenne a l’énergie libre. Remarquons

d’abord que
Z 5] (1.2.13)

Par convexité, on peut passer a la limite dans ’équation ci-dessus, ce qui entraine
que

8 1

i@] (1.2.14)

lorsque la limite du membre de droite est bien définie. De la méme maniere, il est
facile de voir que la variance de la variable aléatoire |7 N[0, N]| =: Ny (7) (rappelons
que pour une partie A de N, |A| désigne le cardinal de A) vérifie :

aaz; jlvlog%w) ;VE?’W [(NN@)—Efw[ Nm])?] (1.2.15)

On voit ainsi que la dérivée et la dérivée seconde de l'énergie libre ont une in-
terprétation physique tres intuitive, et que I’étude de la régularité de F(-) joue un
role important dans le compréhension du comportement macroscopique du systeme.

Dans cet exemple concret, il est possible de calculer la transformée de Laplace
de K(-) et ainsi d’en déduire une expression explicite pour F () (et donc de ses
dérivées). De maniere plus intrinseque, le membre de gauche de est analytique
pour > (. et ceci implique que F' 'est aussi sur (8., 00), donc sur R\ {8.} tout
entier (évidemment F' ne peut étre analytique en f3.). Une question intéressante est
alors de déterminer I'ordre de la transition de phase (ie le plus petit entier & tel que
F soit k — 1 fois différentiable et ne le soit pas k fois) en f.. Pour ce faire, nous
établissons d’abord 1’équivalence suivante :

1— f: K(n)e™ ~ 2civwb (1.2.16)

j=z1
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valable pour b\ 0.

En sommant par parties, pour tout b positif, on obtient ’égalité suivante :

1= K(n)e ™ =(1—-exp(=b) > ( > K(j)) exp(—bn). (1.2.17)

ji=1 n=0 \j=n+1

L’équivalence K (n) ~ cxn=? implique alors Y372 | K(j) ~ 2cxn~'/2. On note que
dans la somme dans le terme de droite de I’'équivalence ci-dessus, on peut négliger
un nombre arbitrairement grand de termes (I’erreur que 'on commet ce faisant est
un O(b)). D’autre part, pour € > 0 fixé il existe ng assez grand tel que pour tout
n > ng, on ait ¢, — e < K(n)n*? < ¢ + £. En utilisant les sommes de Riemann, il
vient alors :

<1

Il)i\r“nobl/Q Z: n~Y2 exp(—bn) = /0 pyp exp(—z)dx = /7 (1.2.18)
n > ng

et on en déduit immédiatement ([1.2.16)). Il ne reste plus qu’a rappeler I’'équation

(1.2.6)) pour obtenir I’équivalence suivante, valable pour 5 N\ . (et donc F(3) N\, 0) :

2ex/TE(B) ~ (B = Be) (1.2.19)

dont on déduit immédiatement

F(B) ~ c(B — B.)? (1.2.20)

ou l'on a défini ¢ := ﬁ.
K
Il résulte de (1.2.20) que F est C! en 3. mais n’est pas C?. En particulier, ceci
implique que la fraction de contact N(/3) := F’'(f) est continue mais non dérivable

au point critique.

1.2.2 Du modele d’Ising anisotrope au modele de mouillage
dans une bande.

Le modele de mouillage dont nous venons d’esquisser I’étude permet de modéliser
ce qu’il se passe a la frontiere entre deux milieux. Un exemple de ce type de situation
est la description d’une interface entre un gaz et des goutelettes d’eau reposant sur
un mur impénétrable (voir [DGZ05] pour des détails). Une modélisation a priori
plus répandue pour ce genre de phénomenes est le modele d’Ising. Il s’avere cepen-
dant (et c’est ce que nous illustrons dans ce paragraphe) que le modele que nous
avons développé dans la partie précédente n’est rien d’autre qu'un modele d’Ising
anisotrope (pour une présentation exhaustive de ce type de modeles, on peut se
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FIGURE 1.2. L’énergie libre et la fraction de contact pour un modele d’accrochage
homogene. F(-) n’est pas analytique en 3 = B.. En 3., F(-) est C! mais pas C2,
la transition est donc de second ordre.

référer aux travaux classiques d’Abraham [Abr86], Fisher [Fis84] ou plus récemment
de Velenik [Vel06]).

On le définit dans une boite A := {1,..., L1} x{1,..., Ly} (ot Ly et Ly sont deux
entiers positifis) en se donnant une loi de probabilité P;{LJQ sur les configurations
o € {—1,+1}*% on J;, J, sont deux parametres strictement positifs. On fixe les
conditions de bord suivantes :

O(z,00 = +1 pour x1 € {0,..., L1 + 1} et

1.2.21
O(21,22) = —1 pour (w1, r3) € OA, 29 # 0. ( )
P72 est alors définie par :
1
P (0) == exp(—Hy""(0)) (1.2.22)

J1,J2
ZA

ou :
1
H{""(0) = -3 Sodi > o0y (1.2.23)
=12 (zy)EA;
et Ay = {(z,y) € 22, (2, y) NA £ 0, o —y| = L, Jas — | = 1},
Remarquons que deux spins interagissent si et seulement s’ils sont voisins et
qu’ils interagissent différemment selon qu’ils sont disposés de maniere verticale ou
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N
\+
_|_
/I

I W

03T§+++++++++++++

FI1GURE 1.3. Une configuration possible. La ligne en pointillés fins représente I'in-
terface. Dans la limite ou Jo 00, la configuration ci-dessus devient de probabilité
nulle, mais si on flippe les 4+ a l'intérieur des zones ombrées, on obtient une con-
figuration de probabilité positive. Dans la limite Ly — oo, la ligne en pointillés
gras devient I’excursion d’une marche aléatoire sur I'intervalle [0, L1].

de maniere horizontale I'un par rapport a I’autre. On peut considérer que leur inter-
action ne contribue de maniere effective a I’énergie totale de la configuration que s’ils
sont de signes différents. En effet, dans la définition de HA‘]l’JQ(-), on peut remplacer
les termes 0,0, par —%(0, — 0,)? sans changer la mesure P”2(.). En particulier,
les contributions énergétiques n’ont lieu qu’aux points de contact entre un spin +
et un spin — (autrement dit le long de la ligne en pointillés fins de la figure .
Plus précisément, a une constante pres, H Jl"]z( -) est égal a 2J; fois la longueur des
segments verticaux de la ligne en pointillés fins de la figure [1.3] additionné a 2.J5 fois
la longueur des segments horizontaux de cette méme ligne. On convient d’appeler
interface la ligne en pointillés fins.

Dans la limite J, — 0o, on voit alors que P/‘]\l"b(-) se concentre sur les configura-
tions qui minimisent la longueur horizontale de l'interface (qui vaut donc forcément
Li + 1). En particulier, les zones ombrées de la figure disparaissent totalement.
Dans cette limite, l'interface est donc réduite a une unique composante connexe.
On peut donc considérer l'interface comme le graphe d’une fonction, ou méme
comme 'image d’'une marche aléatoire (la ligne en gras dans la figure . L’énergie
résiduelle est alors simplement donnée par la longueur verticale de I'interface. Au vu
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des conditions de bord, on voit que cette marche aléatoire est clouée aux extrémités,
contrainte a étre positive et a ne pas dépasser L,. On voit aussi que la loi de son
accroissement est proportionnelle & exp(—2J;[t|). On en déduit que dans la limite
Ly oo, l'interface est décrite de maniere satisfaisante par ’excursion renormalisée
d’une marche aléatoire, autrement dit par le modele de mouillage sans interaction.

Pour un entier a € Z*, on peut alors ajouter des charges magnétiques au Hamil-

tonien de I’équation (|1.2.22)), autrement dit on peut considérer la loi P‘}\’Jl’h (+) définie
comme ci-dessus ou le Hamiltonien vaut :

HXle,JQ(O‘) = —% Z J; Z 0,0y +h Z o (1.2.24)

=12 (z,y)€A; 2B,

avec h € R et ou B, := {z € A,zy < a}. Dans le cas ou a = 0, en considérant
la limite des lois P‘KJLJQ pour Jy — oo puis Ly " oo, des considérations similaires
au paragraphe précédent illustrent le fait que I'interface est décrite de maniere sat-
isfaisante par un modele de mouillage homogene similaire a celui que nous avons
condidéré dans la partie|1.2.1

Plus généralement, dans le cas ou a > 1, on obtient de la méme maniere un
nouveau modele de mouillage qui regoit de 1’énergie lorsqu’il se trouve dans la région
B,, le modele de mouillage dans la bande B,. L’étude de ce modele dans le cadre
plus général ou la marche aléatoire sous-jacente n’est plus supposée a pas discret
fait 'objet du chapitre |3 de la présente these.

1.2.3 Une généralisation naturelle aux processus de renou-
vellement.

Une caractéristique de 1’analyse que nous avons menée au paragraphe est
que seule la loi des retours a l'origine intervient dans 1’étude de la régularité de
I’énergie libre proche du point critique. Il est facile de voir que la mesure de mouillage
homogene transforme la loi de la (p,q) marche aléatoire en changeant la loi des
retours en zéro mais ne modifie pas la loi des excursions hors de 'origine lorsque
leur taille a été fixée. Pour cette raison, il est naturel de considérer une généralisation
de ce modele. Celle-ci consiste a définir une suite de temps aléatoires (7,,), > o0 par :

1. 9:=0

2. les variables aléatoires (7, — 7,,_1)n > 1 sont indépendantes identiquement dis-
tribuées a valeurs dans N.

3. il existe a > 0 tel que

Pl =n] = K(n) = iffg (1.2.25)

ou L(-) désigne une fonction a variation lente, autrement dit une fonction

LL((C;C)) — 1 lorsque o — oo.

mesurable positive vérifiant que pour tout réel ¢ > 0,
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F1GURE 1.4. Une configuration dans laquelle on a déja considéré la limite J, — oo.
La ligne en pointillés représente le graphe d’une marche aléatoire dont la loi du
pas est proportionnelle & exp(—.Ji|t]). La zone en gris désigne la bande B, dans
laquelle le polymere recoit de I’énergie.

Notons que, comme dans le cas du mouillage, on autorise le renouvellement 7 a ne pas
étre récurrent (c’est aussi le cas par exemple lorsque 7 désigne 1’ensemble des temps
de retour & l'origine de la marche aléatoire symétrique simple dans Z<¢,d > 3, ou il
est bien connu que o = d/2—1), autrement dit il se peut que > ;- | K(k) =: g < 1.

Essentiellement tous les arguments que nous avons utilisés pour traiter le cas de
la (p, q) marche aléatoire sont transposables au modele ci-dessus. Plus précisément,

posons (. :=inf{f € R, F($) > 0}. On définit
L:={BeR,F(B)>0}; D:={FeR F(B) =0} (1.2.26)

La phase L est appelée phase phase localisée, la phase D la phase délocalisée. La
croissance et la convexité de F'(-) impliquent que £ = (f3.,0) et que D = (—o0, ).

De plus, 'équation ((1.2.6) implique immédiatement le fait que 8. = —log(Xk),
et par conséquent . € [0,00). De maniere similaire a ce que nous avons vu, on peut
donner l'ordre de la transition de phase dans ce modele de maniere explicite. Plus
précisément, on a le résultat (voir [Gia07, Théoreéme 2.1]) :

Théoreme 1.2.1. Pour [\, B¢, on a l’équivalence :

F(B— B.) ~ (8 — B> DL((B — 87 (1.2.27)
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ol E() est une fonction a variation lente. D’autre part, pour  — oo :

F(B8) = —log(K(1)) + o(1). (1.2.28)

1.2.4 Limites d’échelles du modele d’accrochage homogene.

On parle de limite d’échelle pour désigner l'objet aléatoire limite vers lequel
un processus convenablement renormalisé converge en loi (par exemple, le mouve-
ment Brownien est la limite d’échelle d’une marche aléatoire simple par le Théoreme
de Donsker). Dans cette section, nous nous intéresserons a la convergence en loi de
I'ensemble 7y := 7/N N[0, 1]. Il s’agit d’un sous ensemble fermé aléatoire de I'inter-
valle [0,1]. On peut définir une topologie sur ’ensemble des fermés de [0, 1] (qu’on
désigne par F), la topologie de Gromov-Hausdorff (ou de Matheron). Il est bien
connu que JF muni de cette topologie est un espace polonais, ie compact, métrisable
et séparable. On a alors les convergences en loi suivantes ([Gia07, Théoreme 2.5]) :

Théoreme 1.2.2. Supposons que le processus T suive la loi P, 5 ot a € {c, [}

1. Si B > B, ie f € L, alors la suite {T(xy}n converge en loi vers lintervalle
[0, 1] tout entier et ce aussi bien pour a = ¢ que pour a = f.

2. 8i B < B, ie B € D, alors la suite {T(x)}n converge en loi vers le singleton
{0} sia= f et vers {0,1} sia=c.

Ce résultat justifie de maniere satisfaisante la terminologie introduite dans I’équation
(1.2.26)). Notons aussi qu’il est obtenu en grande partie grace a des estimées fines sur
le comportement asymptotique des fonctions de partition aussi bien dans le cas libre
que dans le cas contraint, estimées qui découlent elles mémes de la représentation
[T2.10).

Pour décrire le comportement du systeme dans la phase critique, nous intro-
duisons la notion d’ensemble régénératif d’indice o( > 0) que I'on note A,.

Soit (0¢); > o un processus de Lévy a valeurs dans R*. Un tel processus est appelé
subordinateur. La littérature sur les subordinateurs est tres vaste, une référence
classique est [Ber99]. On peut caractériser entierement la loi d’un subordinateur a
'aide de sa transformée de Laplace, ie la fonction ®(-) définie par

Ele ] =: exp(—t®()\)). (1.2.29)

La fonction ®(-) ainsi définie est appelée exposant de Lévy du subordinateur.
L’ensemble {o,t > 0} (ol bien siir pour A € B(R), A désigne le plus petit fermé
contenant A) est appelé ensemble régénératif. Le cas particulier ou ®(A) = A* pour
a € (0,1) correspond au cas ou o est un subordinateur stable d’indice a noté
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(6, < o, et I'ensemble A, := {o\®, ¢ >0} est alors appelé ensemble régénératif
d’indice . Un processus associé a ¢(® dont nous allons avoir besoin est le temps
local d’indice «, (Lﬁ“))t >0 qui est défini comme étant I'inverse généralisé de (),
autrement dit L\® := inf{s > 0,0 > ¢}.

Notons que P[max .4, N0, 1] = 1] = 0 et que la variable aléatoire max .4, N0, 1]
suit la loi généralisée de I'arcsinus de parametre . Rappelons aussi que Ag = {0}
et que A; = [0,00). Pour v € (0,1), l'ensemble aléatoire A, est hautement non
trivial et correspond par exemple a I’ensemble des zéros du mouvement Brownien
pour v = 1/2.

Dans le cas critique, on peut finalement étendre le Théoreme [1.2.2] (on donne le
résultat dans le cas libre, voir [Gia07, Théoreme 2.7]) :

Théoreme 1.2.3. Supposons que T suive la loi P{V’B.

1. Si le renouvellement sous-jacent est récurrent (ie si i = 1), la suite {T(ny}n
converge en loi vers Amina,1) N [0,1] ot A, désigne Uensemble régénératif
d’indice vy € [0, 1].

2. Si le renouvellement sous-jacent est transient (ie si X < 1) et a € (0,1),
alors {T(ny} N converge vers A, € [0,1], ot pour o € (0,1), la loi de Ay est
absolument continue par rapport a celle de A, N [0,1] de dérivée de Radon
Nykodyn donnée par (an/sin(am))(1 — max(A, N [0,1]))*. D’autre part, si
Yg<let) " nK(n)<oo (cequiestle cas en particulier lorsque a > 1),
alors la suite {T(xy}n converge en loi vers Uintervalle [0,U] ou U est une
variable aléatoire de loi uniforme sur [0, 1].

1.3 La longueur de corrélation du modele d’ac-
crochage homogeéne.

On voit ainsi que le caractere totalement résoluble du modele d’accrochage ho-
mogene apporte une tres grande quantité d’informations quant au comportement
de sa limite d’échelle; il semble donc pertinent de s’en servir pour caractériser
de maniere physiquement satisfaisante une notion bien connue des physiciens, la
longueur de corrélation.

La longueur de corrélation & d’un systeme physique est une quantité qui joue
un role important dans la littérature consacrée a la physique statistique (citons
par exemple l'ouvrage de Cardy, [Car96]). Pour la définir, on introduit d’abord la
fonction de corrélation c(-) (voir a ce propos [Gia08]); on peut montrer (|Gia07,
Théoreme 2.3]) que pour tout 8 € R et pour a € {c, f}, la limite de volume infini
PZ 5 de la suite de lois {Pg, 5}y existe. La loi de P, 5 ne dépend pas de a et est
donnée par la loi du processus de renouvellement 7(3) de lois d'interarrivées

P [r(8) = k| :== Pe TORK (). (1.3.1)
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Au vu de I'équation (1.2.6)), il s’agit d’'un renouvellement transient des lors que 5 €D

et récurrent (et méme récurrent positif si f €£) sinon. Pour 8 € £, on définit alors
¢(+) par :

Pim € 7(8),m +n € 7(8)] — Plm € 7(8)[P[m + n € 7(5)]
oo /Plm € 7(8)](1 = P[m € 7(8)])Plm +n € 7(B)](1 — P[m +n € 7(5)])

(1.3.2)

ou 'on s’est servi du Théoreme du renouvellement. On peut alors définir la longueur
de corrélation comme l'inverse du taux de décroissance de ¢ dans I'asymptotique de
Laplace, autrement dit

g(ﬁ) := —1/limsupm ™" log(|c(m)|)

m su (1.3.3)
= _1/h21_§o%p m~ ! log (P[m e7(B)] - m) ‘

Il a été montré récemment [Gia08§| que, pour 5 N\, f., on a I’ équivalence () ~
1/F(B), autrement dit dans la phase localisée et proche du point critique, cette
longueur se comporte comme 'inverse de 1’énergie libre.

Ceci nous amene a définir £ de maniere plus pratique de la maniere suivante :

si B>p. et + oo sinon. (1.3.4)

Cette définition a priori différente de la précédente se justifie par le fait que
I'on s’attend a ce que, proche du point critique, quelle que soit la maniere dont on
la définisse, £ devienne la seule quantité pertinente du systeéme, au sens ou lorsque
la taille du systeme devient beaucoup plus grande ou beaucoup plus petite que &,
il n’apparait asymptotiquement pas d’effet de volume fini. Dans le cas du modele
d’accrochage homogene, on illustre ce concept de maniere plus quantitative.

On supposera dans la suite que a € (0,1) et pour alléger I’écriture, on suppose
que la fonction a variation lente dans la définition est identiquement con-
stante (disons égale a Cx > 0), les techniques que nous utilisons permettent de
traiter aussi bien le cas ou L(-) n’est pas constante et les limites d’échelle que nous
obtenons sont les mémes dans ce cas la. Le Théoreme [1.2.1| nous indique que proche
du point critique, £(-) se comporte de la maniére suivante :

£(8) "R calB— B (1.3.5)
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ou ¢, > 0. On s’attend a ce que des effets de volume fini apparaissent seulement
lorsque 'on maintient le systeme a une taille proportionnelle a &, autrement dit si
I'on contraint la quantité £(5)/N =: q a rester fixe lorsque N devient grand. Au vu
de I’équation , proche du point critique, ceci revient a supposer que la quantité
W reste fixe lorsque N devient grand, et donc in fine a ce qu’il existe un réel
e tel que

f=pB+eN"" (1.3.6)

On montre que si cette contrainte est satisfaite proche du point critique, les ob-
servables du systeme ont toutes un comportement différent de ce qu’elles ont dans
chacune des deux phases.

Il n’est pas difficile de le vérifier pour les quantités physiquement importantes
que nous avons déja mentionnées. Dans le cas de la fraction de contact de volume
fini et pour 7 supposé récurrent (et donc 3. = 0), pour N — 0o, on a I’ équivalence :

-NN (T)
pn(B) = Ef 4 T]

Nn(T) eNnN(T)
B |57 e (437) |

E :eXp (Mﬂ (1.3.7)

N«
E [Lgo‘) exp (deLﬁ‘”ﬂ
E [exp <c’5L§O‘)>]
ou I’ équivalence et l'existence des constantes ¢(q), ¢ (q) > 0 sont des conséquences

des résultats que nous démontrerons au chapitre 2l De maniére équivalente, on peut
voir qu'il existe une fonction p(q) telle que pour N — oo, on ait

~ cNe1 = N*"'j(q)

pn(B) ~ E(B)* " plq) (1.3.8)

autrement dit on peut exprimer la fraction de contact de volume fini comme une
fonction de la longueur de corrélation & exclusivement.

On montre que cet exemple n’est rien d’autre qu'un cas particulier d'un phénomene
beaucoup plus général, a savoir la convergence en loi de la mesure du systeme.

Pour formaliser cette assertion, on introduit une suite (b,),, de réels positifs telle
que Ny(7)/by = LY") (rappelons que pour une suite de variables aléatoires X,
X, = X signifie que X,, converge en loi vers X). Dans le cas ou la fonction a
variation lente dans est constante, b, est simplement la suite (n”=%), > 1. On
montre le résultat suivant :

Théoreme 1.3.1. Soit € un réel quelconque.
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1. SiXg =1 (donc B. =0) et si T suit la loi Py, alors :
T(N) = Ba’e (139)

ot B, . est un élément de F dont la loi est absolument continue par rapport a
la loi de A, de densité de Radon-Nykodym valant exp(eLga))/E [exp <5L§a)>] .

2. 81 Xk <1 etsit suitlaloi Pyg. ey, alors :
vy = Bae (1.3.10)

ot EM est un élément de F dont la loi est absolument continue par rapport a
la loi de A, de densité de Radon-Nykodym valant

(exp(nga))(l —max .4, N[0, 1])0‘) / (E [exp(ngo‘))(l —max.4, N[0, 1])a]> .

Ce résultat a fait I'objet d’une publication dans la revue ALEA ([Soh09]).

1.4 Limites d’échelle pour des modeles homogenes.

1.4.1 Le 6 modele de mouillage

Les Théoremes[1.2.2 et [1.2.3] traitent des limites d’échelle dans le cadre du modele
de renouvellement. Une problématique naturelle est alors de déterminer la limite
d’échelle de la (p, ¢) marche aléatoire S sous les lois P{V,B et Pfy 5. Cette question a
été traitée en grande généralité.

Plus concretement, on peut généraliser les modeles d’accrochage précédents basés
sur des marches aléatoires a pas discret au cas ou le pas de S n’est plus supposé a
valeurs entieres. On fait pour cela I’hypothese que S est a accroissements continus
(ie de densité h(-) continue) de moyenne nulle et de variance finie (E[S?] =: 02 €
(0,00)). Evidemment, définir précisément 1'analogue des lois Pg, 5 et P{V,ﬁ dans ce
cadre la est moins immédiat. Une approximation naturelle pour ce faire est de se
donner un réel a > 0 et de définir les lois suivantes :

APy, , 1 (ﬂil )1 141)
S = exp srefa | ey 4.
7 i
dP ZNa‘LB k‘zl
le modele d’accrochage dans une bande, et sa version contrainte :
dP?V a,B 1 al
= 1 a | 1eyl a 1.4.2
7p 75 exp (ﬁ ; spel0a | ey lsyeloa (1.4.2)

ou l'on rappelle que Cy :={S; > 0,...,Sv >0} et ou f € R, N € N.



26 CHAPITRE 1. INTRODUCTION

{Sn}

FIGURE 1.5. Une trajectoire de Pg; , 5 avec 12 sites accrochés. Le graphe de
(n, Sp) représente l'interface séparant une phase liquide d’une phase gazeuse, la
bande [0, a] étant une zone dans laquelle se trouvent des impuretés. L’interface
demeure conditionnée a rester au dessus d'un mur qui 'attire ou la repousse
lorsqu’elle passe proche du mur.

Ce modele se révele au premier abord malaisé a traiter, en particulier parce que la
suite des temps de retour de S dans la bande [0, c0) X [0, a] ne forme pas un processus
de renouvellement. C’est pourquoi la littérature dédiée aux limites d’échelle des
modeles de mouillage s’est d’abord consacré au modele de § mouillage homogéne
dans lequel la structure de renouvellement vue dans le paragraphe précédent est
encore présente. Dans le cadre du 6 mouillage, on modifie la loi de .S en attribuant
un bonus d’énergie pour les retours en zéro de la marche, de la forme €9y, ot 9y est
la mesure de Dirac en zéro (ce Dirac compense le fait que pour notre marche, la
probabilité de toucher zéro est nulle). Formellement, pour u € {c, f}, la mesure de
polymere P% est la loi de probabilité sur (R*)Y définie par :

P (dx) :

. 1.4.3
Zi (1.4.3)

N
vy, . H (daf + edo(dx;))
=1

ou € € R, dy(-) désigne la mesure de Dirac en 0, dz™ la mesure de Lebesgue sur R*
et

h{v(xla"'axN) = h(fE h(iL‘Q—LIH) h(mN_fol)a

) (1.4.4)
h?v(l‘l, Ce ,ZEN) = h(l’l)h(l’g — I’l) Ce h(—l‘N_l).

n
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Evidemment, les fonctions de partition de ces modeles s’écrivent :

Zl{f,s = / h{\/(xlv"wx]\/) (dxj_“gd()(dl‘l)) ,
i (1.4.5)

Z;:V,E - / h?\/(xh tee aIN) (dl’j_ + 550(6&[’1)) .
RN

Les exposants f et ¢ font encore référence respectivement au cas free et au cas
constrained. Pour u € {c, f}, les lois P}, _ ne sont rien d’autre que la limite pour
a N\, 0 des lois P%a,log(g/a).

On peut montrer que les caractéristiques des modeles définis par 1’équation
sont tres similaires au modele basé sur la (p,q) marche aléatoire. Par ex-
emple, on peut montrer I'existence d'un réel €. > 0 tel qu’il y ait une transition de
phase en ¢ = ¢, ([DGZ05]).

Les modeles de ¢ mouillage ont été tres étudiés dans la littérature physique con-
sacrée aux polymeres, citons les articles de Fisher [Fis84] et Upton [Upt99] dans
lesquels des preuves de la convergence en loi du processus renormalisé dans cha-
cune des phases ont été obtenues. Celles ci sont plus ou moins rigoureuses et essen-
tiellement basées sur des calculs explicites dans des cas particuliers. Dans le cadre
de la marche aléatoire (p,q), les limites d’échelle ont été prouvées par Isozaki et
Yoshida [IY01] en se servant d’identités combinatoires propres aux marches aléatoires
symétriques au plus proche voisin. Deuschel, Giacomin et Zambotti [DGZ05] ont
traité ce probleme dans un cadre général de maniere mathématiquement satis-
faisante.

De maniere plus quantitative, on définit la fonction XV : RN — C([0,1]) :

T[Nt TINt]+1 — T[N{]
XN(z) = S (N — [y S
e = L 4 (vt = Ve TN
ou [-] désigne la partie entiere. Pour u € {c, f}, on définit la mesure Q¢ 5, := P} _o
(XN)~L. Afin de caractériser la transition de phase & l'aide des limites d’échelle du
systeme, nous aurons besoin de processus bien connus :

te0,1] (1.4.6)

* le mouvement brownien (B;); > o.

* le pont brownien (Bt)t€[071], le mouvement brownien conditionné a s’annuler
ent=1.

* le méandre brownien (my)icp,1], le mouvement brownien conditionné a étre
positif sur [0, 1].

* l'excursion brownienne normalisée (e;):cp,1], le pont brownien conditionné a
étre positif sur [0, 1].

Etant donné que ces processus sont obtenus en conditionnant le mouvement brown-

ien par rapport a des événements de probabilité nulle, les définir rigoureusement
n’est pas évident, une référence classique pour ce faire est [RY99].
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Le résultat suivant a été montré par Deuschel, Giacomin et Zambotti dans
[DGZ05], il donne une caractérisation satisfaisante pour chacune des phases du
systeme :

Théoréme 1.4.1. Soit € € R.

1. Sie€l0,¢e.),
~ la suite Q¢  converge faiblement dans C([0,1]) vers e.
— la suite QiN converge faiblement dans C([0, 1]) vers m.

2. Sie=¢,,
— la suite Q;:’N converge faiblement dans C([0,1]) vers |B|.

— la suite Q¢ converge faiblement dans C([0,1]) vers 1B|.

3. Sie > e., alors pour a € {c, f}, les deux suites Q: v convergent en loi vers la
loi de la fonction identiquement nulle sur [0, 1].

Ce résultat a a son tour été étendu au cas ou S se trouve dans le domaine d’at-
traction d’une loi normale standard par Caravenna, Giacomin et Zambotti [CGZ06].

La preuve du Théoreme [1.4.1] utilise de maniere cruciale un découplage remar-
quable entre I’ensemble des points de contact Zy = {i € [0,N],S; = 0} et les
excursions de S entre 2 points de contact. Il est facile de voir que condionnellement
aZn = {t1,...,tx}, les excursions (€;); < k *= {St,+n}o <n < t;—t;_, sont indépendantes
sous la loi Pfc\L€ et ont la méme loi que le processus (S, P) conditionné par rapport
a I'événement {S;, = 0}.

Des résultats analogues au Théoreme [1.4.1] ont été obtenus dans des modeles
proches du 0 mouillage.

Convergences d’échelle en temps continu Considérons le modele suivant :

ap,r s (0 o))
Py Zon (1.4.7)

ot Py est la loi d’'un mouvement brownien standard dans R?, d > 1 considéré jusqu’a
Iinstant 7" > 0, 3 € RT et v(-) est une fonction C>°(R?, R). On introduit le processus

y'(t) == z(tT) VT, t € [0,1] (1.4.8)

ou le processus z(+) suit la loi Pz 7. Ce modele présente formellement de grandes sim-
ilarités avec la loi introduite dans I’équation ((1.4.1)) (en considérant v(-) = 1jgq(+)).
Cranston, Koralov, Molchanov et Vainberg ont montré récemment le résultat suivant

[CKMV09], qui est évidemment tres semblable au Théoréme [1.4.1] :
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Théoréme 1.4.2. Pourd > 3, il existe .. > 0 tel que pour 5 € [0, B.), le processus
yT'(-) converge en loi dans C([0,1],RY) lorsque T — oo wvers la loi du mouvement
brownien standard d-dimensionnel. De la méme maniére, lorsque x(-) suit la loi
Psr|-|x(T) = 0], la loi du processus y*(-) converge vers celle du pont brownien
d-dimensionnel.

Convergences d’échelle multidimensionnelles sous contrainte. Une autre
classe de modeles considérés récemment consiste en une généralisation multi dimen-
sionelle des lois de mouillage au cas ou le polymere recoit de 1’énergie dans une
région de I’espace. Pour d > 1, soit M un sous espace vectoriel de R? et soit v la
mesure définie par v(dy) = dyMdy(dy?) obtenue en étendant la mesure de surface
sur M en utilisant la décomposition y = (yV,y®) € R? 2 M x M*. Pour a,b € R%,
on considere les modeles suivants :

M{\}a,-&-(d(b) — 1 efHN(¢)5aN(¢O) H <€I/(d¢l> + d¢£+)) ’ (1.4.9)

fre+
ZN i=1,..,N

et sa version contrainte

iy (dg) = e 5. (00) ] <5V(d¢i) + d¢§+)> v (fn)  (1.4.10)

i=1,...,.N—1

c,e,+
ZN

ol dqbl(-ﬂ désigne la mesure de Lebesgue sur Ri et

e i
Hy(9) = B Z |Piv1 — @il (1.4.11)
i—1

Ce modele est une généralisation multidimensionelle des modeles définis dans I’équation
dans le cas ot le processus libre est gaussien et ou les extrémités du polymere
sont soumis a des contraintes de ’ordre de N. Bolthausen, Funaki et Otobe ont alors
prouvé l'existence d’une transition de phase en e, > 0 [BFOQ9] et déterminé son
ordre. D’autre part, ils ont en particulier mis en valeur la coexistence de deux limites
d’échelle distinctes dans le cas ou codim(M) = 2. Ces résultats ont a leur tour été
généralisés dans un cadre ou le processus libre n’est plus gaussien par Funaki et
Otobe [Fun0§].

1.4.2 Le modele de mouillage dans une bande.

Comme dans le paragraphe précédent, on définit les lois QY , 5 et Q{V’aﬁ sur
C([0,1]) associées a Pg;, 5 et a P{V,a,ﬁ :

Dans ce modele aussi on prouve l'existence d'une transition de phase en ¢ > 0.
On la caractérise de maniere tres similaire au cas du d-modele de mouillage. Plus
précisément, on montre le théoreme suivant :
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Théoreme 1.4.3. Les deux lois P{\,’aﬁ et Py, 5 possédent une transition de phase
en f=p£2>0 au sens ou :

1. Dans la phase sous-critique, ie pour 3 < B¢,
~ (Q% )N converge faiblement dans C([0, 1]) vers la loi de e.

- (Q{V,a,ﬁ)N converge faiblement dans C([0,1]) vers la loi de m.
2. Dans la phase surcritique, ie pour 3 > B¢, les deur lois (Qy . 5)n €t (Q{V@,B)N

(&
convergent dans C([0,1]) vers la mesure qui se concentre sur la fonction iden-

tiquement nulle sur [0, 1.

Le point manquant de ce résultat est bien sur la convergence du systeme au
point critique. Notons que la preuve des Théorémes et se base de maniere
cruciale sur des estimées asymptotiques des fonctions de partition dans chacune
des phases du systeme. Ces estimées se révelent nettement plus difficiles a obtenir
dans le cas critique, il faudrait pour ce faire étendre au cadre du renouvellement
markovien un résultat fin de Doney sur les processus de renouvellement récurrents
nuls ([Don97]). On peut cependant probablement traiter cette difficulté dans le cas
ou S est a valeurs discretes de maniere similaire a ce qui a étéfait dans le cas ou le
désordre est périodique (pour plus de précisions, voir [CGZ0T]).

On a déja remarqué que la différence fondamentale etre les lois définies par
, et les modeles considérés jusqu’alors dans la littérature aussi bien
physique que mathématique (et en particulier ceux que nous avons cités au para-
graphe précédent) provient du fait que la suite des temps de retour 7 := (7;); > o de
S dans la bande R x [0, a] (définie par 79 := 0, 7,41 := inf{k > 7,,Sx € [0,a]}) ne
forme pas une suite de variables aléatoires indépendantes identiquement distribuées.
Cette différence fait qu’il devient délicat d’appliquer les résultats tres puissants is-
sus de la littérature consacrée aux processus de renouvellement classiques. Malgré
tout, 7 conserve certaines propriétés utiles; en particulier, conditionnellement au
processus J défini par J; := S,,, les accroissements de 7 sont indépendants mais non
identiquement distribués. 7 est un processus de renouvellement markovien de chaine
modulante J.

Cette considération est I'ingrédient essentiel qui permet d’exprimer I’énergie libre
associée a ce systeme comme la valeur propre de Perron-Frobenius d’ un opérateur
hilbertien de L?([0,a]), une constatation qui se révele extrémement fructueuse.
Couplé a la connaissance du comportement asymptotique de l'overshoot ( c’est a
dire au comportement asymptotique de la loi jointe du premier instant d’entrée
dans la bande et du lieu de ce point d’entrée), comportement qui fait lui-méme
I'objet du chapitre 4| de la présente these, il permet d’obtenir des estimées précises
sur les fonctions de partition Z§ , 5 et Z]J:Laﬂ des lors que B # B2. Celles-ci im-
pliquent tres facilement la convergence du Théoréeme dans le régime surcri-
tique. Dans le régime sous-critique, on montre que I’ensemble des points de contact
du polymere avec la bande se concentre proche de 1’origine dans le cas libre et proche
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des extrémités du polymere dans le cas contraint. On utilise alors le pendant de la
propriété de découplage pour le )-modele de mouillage. Plus précisément, condi-
tionnellement & 7 N [0, N| = {t1,...,t;} et au vecteur (Sy,,...,S;, ), les excursions
e; = {ei(n) fn = {(St4nto < n < iy} sont indépendantes sous la loi Py, _ et suiv-
ent la loi (S, Pg, ) conditionnée par rapport a I'événement {S;, ., € [0,a], St,4; >
a,j €{1,... tiy;1 —t; —1}}.

En associant cette propriété au résultat de convergence vers ’excursion brown-
ienne que 'on montre dans le chapitre [5| de la présente these, on peut déduire
relativement aisément le Théoreme [[4.3]

1.5 Deux résultats issus de la théorie des fluctu-
ations.

Cette partie est consacrée a I'énoncé de deux résultats issus de la théorie des
fluctuations pour les marches aléatoires indispensables a la preuve du Théoreme
[1.4.3] On a choisi de les présenter de maniére séparée afin d’alléger le chapitre [3]
Notons que ces deux résultats présentent un intérét propre.

1.5.1 Comportement asymptotique de ’overshoot

On s’intéresse ici au comportement asymptotique de la loi du point d’entrée
dans le demi-plan supérieur pour une marche aléatoire partant d’'un réel —a ou
a > 0, ie a la quantité P_,[S; < 0,...,5,.1 < 0,5, > 0,5, € dz] on z > 0. On
montre que cette quantité convenablement renormalisée converge uniformément pour
x € RT. Ce résultat permet en particulier d’estimer uniformément le comportement
asymptotique du noyau F, 4,(n) défini par :

Fpay(n) :=P,[S1 >a,S2 > a,...,5, 1> a,5, € dy|lyycpoq sin>2,
Fx:dy(1> = h<y - x)]-m,yé[o,a]dy

et cette estimation forme la clef de votte de la preuve du Théoreme [1.4.3]

Déterminer le comportement en temps long de P_,[S; < 0,...,5,-1 < 0,5, >
0, S, € dx| fait appel a la théorie des fluctuations des marches aléatoires. Le résultat
que nous montrons ici est une extension au cas ot le pas de S est continu d’un résultat
montré par Alili et Doney [AD99].

Pour un entier n, on désigne par 7T;, le n-eme temps de renouvellement pour le
processus d’échelle, autrement dit Ty := 0 et, pour n > 1, T, := inf{k > T,,_1, Sk >
St._, }. On définit aussi le processus des hauteurs d’échelle, le processus H défini par
Hy := Sp,.. 1l est clair que le processus (T, H) est un processus de renouvellement
bivarié a valeurs dans (R*)2. On introduit alors la fonction de renouvellement U|(-)

(1.5.1)
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associée & H :

Uz) = iP[Hi < 1] = EN,] (1.5.2)

ou N, :=|{j =0, H; < x}|. Le résultat suivant est le résultat principal du chapitre
4

Théoreme 1.5.1. On a les propositions suivantes :

(i) pour tout a > 0, on a [’équivalence :

P_,[S <0,..,5,.<0,5,>0,S, € dz] ~U(a) -
oV 2mn3/?

dx pour n — o0,

(1.5.3)
et si l'on dénote par g, .(x) la densité du membre de gauche de la relation ci-dessus,
si a est firé, la convergence de o/2mn3/%g, o(x) vers U(a)P[H; > z] est uniforme
pour x € R ;

(ii) d’autre part, la suite de fonctions ov/2mn32g, .(z) est dominée par un mul-
tiple de sa limite, autrement dit il existe une constante C > 0 telle que pour tous

n,a,x, on ait l'inégalité n*?g, .(x) < CU(a)P[H, > x| ; par conséquent :

E[H]
oV 2mn3/?

L’autre résultat important dont nous avons besoin pour la preuve du Théoreme
concerne la convergence en loi d’'une marche aléatoire conditionnée a rester
positive.

P_,[S1<0,..,5,.1<0,5,>0] ~U(a) pour N — 00 .

1.5.2 Un théoreme fonctionnel sur des marches aléatoires
conditionnées a étre positives.

On supposera dans cette partie que S est une marche aléatoire a valeurs entieres
apériodique qui se trouve dans le domaine d’attraction de la loi normale standard,
autrement dit on suppose qu'il existe une suite a,, de réels positifs telle que S, /a,, =
Z ou Z est une loi normale standard. C’est alors un résultat classique que la suite de
processus (Spy/an)icpp,1] converge en loi vers le mouvement brownien (voir [Bil68]).

Si on dénote par (S*,P,) la marche aléatoire partant de x et conditionnée a
étre positive sur N tout entier, il n’a été montré que récemment que si x/a, — 0
lorsque n — o0, le processus rééchelonné correspondant converge en loi vers le
méandre brownien ([BJDO0G], [CCO8]). Il est alors naturel d’étudier la convergence
du méme processus conditionné & un retour tardif pres de l'origine (ie a I’événement
{S,, = yn} ot y,/a, — 0). On montre dans le chapitre [5| que ce processus converge
vers ’excursion brownienne e.
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Notons qu’étendre les résultats de convergence d’échelle classiques aux marches
conditionnées a étre positives est une tache loin d’étre immédiate. Parfois, une
représentation astucieuse rend les preuves faciles (citons la preuve de la convergence
vers le méandre de Bolthausen [Bol76] et son extension naturelle dans le cas ou S
se trouve dans le domaine d’attraction d’une loi stable [Don85|, ou encore la preuve
de la convergence vers l’excursion brownienne de Deuschel, Giacomin et Zambotti
dans [DGZ05]), mais en général la preuve d'une telle convergence est assez ardue et
repose le plus souvent sur la preuve de la convergence des lois fini-dimensionnelles
puis de la tension. Citons par exemple les travaux d’Iglehart [Igl74] pour la preuve
de la convergence de la marche aléatoire simple conditionnée a étre positive vers le
méandre ou ceux de Liggett [Ligh8] pour une convergence vers le pont brownien.
Le cas plus particulier de la convergence en loi vers I’excursion brownienne dans le
cas de la marche aléatoire simple symétrique conditionnée a revenir a l’origine a
Uinstant n a été traité par Durrett, Iglehart et Miller [DIMT77]. Ce cas a été étendu
au cas ou S possede un moment d’ordre 2 par Kaigh [Kai76].

Le processus S* a été introduit par Bertoin et Doney dans un cadre nettement
plus général que le notre. Notons 7(_ ) le temps d’atteinte du demi-plan inférieur
pour S, T = inf{k > 0,5, € (—00,0)}. On définit la suite des temps de
renouvellement descendants T par Ty := 0 et T, = inf{k > T, "}, Sk < Sp- } et
la suite des hauteurs d’échelle descendantes H~ définie par Hy := —S-. Soit enfin

V(+) la fonction de renouvellement associée au processus de renouvellement H~.
S* est alors une chaine de Markov dont les transitions sont données par :

P [BN{S, =y}] = %Px[B N{S, =y} NC,) (1.5.4)

ouC,:={520,...,5, >0} et Beo(Sy,...,S,). Rappelons que la terminologie
se justifie par le résultat suivant qui a été montré par Bertoin et Doney [BD94] :

P’ = lim P, (-|C,) (1.5.5)
n—oo

ou la convergence se fait au sens faible.
Notons P} la loi de S conditionnellement a ’événement {S; = z, S} = y} et

QY = PrY o (X™)! (1.5.6)

ou lapplication X™ : R™ — C([0, 1]) est définie dans I’équation (1.4.6)) en y rem-
placant les termes o+/n par a,.
Le résultat principal du chapitre 5| est alors le théoreme suivant :

Théoréme 1.5.2. Soient z,, ety, deux suites d’entiers positifs telles que x,,/a, — 0
et Yyn/a, — 0. Pour n — oo, on a la convergence en loi :

Qv = e. (1.5.7)
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Notons que I’on montre le Théoreme dans le cadre des marches aléatoires a
pas discret seulement. La preuve de ce résultat est cependant facilement adaptable
au cas continu.

Cette preuve repose essentiellement sur le lemme suivant :

Lemme 1.5.3. Soit K > 0. Uniformément sur l’ensemble des suites x telles que
Tp/a, — 0 lorsque n — oo et sur 'ensemble des suites y telles que y,/a, € [0, K],
on a l’équivalence suivante :

P, ({Sn = yn} N Cn) ~

—V(x”;U(y”)P(sn — ) (1.5.8)

pour n — 0.

Ce lemme combiné a plusieurs résultat de Bryn-Jones et Doney [BJDO6] permet
de montrer la convergence fini-dimensionnelle. La tension est facile a montrer en
utilisant des techniques développées au cours de la preuve du Lemme [1.5.3
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2.1 Introduction

The model of directed polymers interacting with a one dimensional defect turns
out to be quite satisfactory to describe various biological or physical phenomena,
such as (1+1) interface wetting [DHV9I], the problem of depinning of flux lines from
columnar defects in type II superconductors [NV93|] and the denaturation transition
of DNA in the Poland Sheraga approximation [KMP03]. The first results obtained by
the physical community have been summarized in [Fis84], a paper which received
a lot of attention from mathematicians. Since then, this model has been under
close scrutinity, including in the last few years (the recent mathematical monograph
[Gia07], but also [CGZ06], [IY01] or [DGZ05]). Here, we are going to deal with the
homogeneous version of the model ; this version is mathematically remarkable in the
sense that it is essentially completely solvable. For example, the model can have a
transition of any given order [Gia07] depending on the value of o, a parameter in the
definition of the system (1 + « is sometimes called loop exponent in the literature).

35
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A central role in statistical mechanics is played by the correlation length, a
quantity that we will denote by . Properly defining this quantity in an (infinite
volume) model requires some work and in most of the cases, such a concept does
not correspond to a unique mathematical object. All the same, it is essential that any
“reasonably defined” correlation length behaves in the same way close to criticality.
And precisely close to criticality, for a large class of models, £ becomes the only
“relevant” scale in the system (see below for a more precise explanation). This idea
is one of the basic concepts of the so called “finite size scaling” theory (see [Car96]).
Here we illustrate in very concrete terms this concept via the scaling limit of pinning
systems, obtaining a limiting behavior if the parameter is in a small, size dependent
window near criticality as the size of the system goes to oc.

In this first part, we will try to see in which way the above, rather unprecise
statements, can be made quantitative. The second part should be seen as a warm up
for the two last parts ; actually, in the one dimensional wetting, the existing literature
makes the statement quite easy. In the third part, we introduce our general return
model, and make the precise statements of our result in terms of scaling limits of
the zero level set of our system near criticality.

In this note, o will always be a real number in (0,1). For positive sequences
(an)n>o and (by)n >0, we will write a,, ~ b, if lim,_, a,/b, = 1, and for random
variables (X,,), > 0 and X with values in a Polish space (E, d), we will write X,, = X
if the sequence (X,,), > o converges in law towards X.

2.1.1 A first model

Let 7 be a recurrent renewal process with law P, that is 7 = {7,,},, > 0 where
70 = 0 and (7,11 — ;)i > o are iid with common law P, where P is N valued and
verifying, as k — oo,

C

klta '

P(Tprl — T; = k) ~ (211)

We will actually consider a slightly more general model in section 3, allowing in
particular 7 to be transient, but for simplicity, we will restrict ourselves temporarily
to this setup. The set 7N[0, N] can be considered as a random subset of {0,1,..., N}.
We define the law Py g on the subsets of {0,1,..., N} by

dPy. 1
(1) =
dP Zng

exp(BNN (7)), (2.1.2)

where Ny (7) is the cardinality of the set 7 N[0, N]. In (2.1.2)), Zy s is the partition

function of the model and of course

Zns = E[exp(BNn(T))] . (2.1.3)
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It is not difficult to show that the limit of the quantity Fx(f8) := + log Zy,s exists
and is non negative. We denote it by F(/3). F(-) is a convex, non decreasing and
non negative function, and there exists a critical value of 8 such that g < . implies
F(B) = 0 and 8 > (. implies the positivity of F(8). If F(8) = 0, the system is
said to be delocalized, and it is localized otherwise. As the underlying renewal is
recurrent, we actually have 5. = 0 (see [Gia07, Chapter 2] and section 3 below).

2.1.2 Finite size scaling

We define the correlation length of our system by

(2.1.4)

if 5> 0, and () = oo otherwise. This definition has first been introduced in the
physical literature in [Fis84], and its mathematical relevance with respect to other
quantities (in particular with the correlation function) is discussed in [Gia08]. Also
note that the concept of correlation length has been considered in depth in the
inhomogeneous case (that is when the reward-penalty become site-dependent and
random), see e.g. [Ton07]. It has been shown in [Gia07] that

(8) R co(B— BV, (2.1.5)

for some (explicit) constant ¢, > 0.

We expect finite size effects to appear only if the system is of the scale of the
correlation length, that is only if £(5)/N stays fixed (say equal to ¢). It is clear
(considering (2.1.5)) that this is equivalent to keeping (8 — 3.)/*N fixed (at least
close to criticality). In this case, the observables of our system have a different
behavior near criticality than their behavior in each of the two phases in the infinite
volume limit. In an alternative way, we could say that close to criticality, the only
relevant length scale is the correlation length. In order to make this precise, we need
two basic objects. The first one is the stable subordinator with index a. Recall that
a subordinator is an increasing Lévy process ; a subordinator (aéa))s > o is said to be
a stable (for a € (0,1)) if, for all M € R*, the process (01(\2)5 > 0 has the same law
than the process (Ml/o‘aga))s > 0. The second one is its local time (L§“>)t > 0, which

is simply the generalized inverse of (aéo‘))s > 0, that is
L = inf {s > 0,00 >t} (2.1.6)

It will be shown in the last part (Lemma [2.4.1]) that there exists C'x > 0 such that

(CKJJ\VLJZ) = L\, (2.1.7)
N=>0
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and moreover the sequence (C’K ) N0 18 uniformly integrable (Lemma [2.4.2)).
Using these two facts and , one gets that the finite size correlation length
En(B) :=1/Fn(B) verifies

5N]£[5) N3 (logE lexp (q%g/]\viz)} ) . fa), (2.1.8)

-1

where f(q) = (logE [exp (%L@)D
Let us now consider two very relevant observables (in the usual window) : the
(finite volume) contact fraction py(8) (that is the expectation of Ny /N with respect
to the finite polymer measure) and the (once again finite volume) specific heat xn(+)
(that is the second derivative of the finite volume free energy). In our setup, these
quantities can be written in an analogous way as above. Specifically, we get

1 E [L( ) exp (q Ca L(a)ﬂ
)

In an equivalent way, introducing p(z) := z'7%p(q), we get pn(B8) ~ £(B)* p(q),
that is we can express pn(-) (as N — 00) as a function of £(-). Analogously, we have

pn(B) ~ NoT1 = Npl). (219)

o 1 B[ - B e (5520)
8TFN(5) = Xxn(B) ~ N oz = . (2.1.10)
s K E [exp (fICIC{a Ly" )}
so that, once again, we get the following equivalence :
xn(B) ~ €(8)* ' X(a). (2.1.11)

We show here that these two particular (and physically relevant) examples are actu-
ally special cases for a much more general phenomenon, namely the convergence in
law of the whole rescaled system as £(3)/N stays fixed. We are able to compute the
scaling limit of the system in terms of a Radon Nykodym derivative with respect to
the o regenerative set.

2.2 A look at the wetting model

As a warm-up, we will deal with the case in which the underlying law of our
polymer model is the simple symmetric random walk conditioned to stay non neg-
ative, that is a sequence (S,), o where Sy = 0, the variables (S; — S;_1);>1 are
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i.i.d. and such that P[S; —S; ;1 =1] = P[S; — 5,1 = —1] = % We introduce the
following probability law on Z¥ :
dPg n 1
® =7

eXp<Hﬁ7N(x))1x1 >0,.,xxy =0 (221)

where the Hamiltonian of our system is given by

N
Hyn(z) = f Z 1,,—0 = BNn. (2.2.2)
=1

Here too, it is not hard to prove the existence of limy_, + log(Zs n) = F(f)
(see |[GiaQ7]). In particular, for N even, we have the inequality

Zsn = Eexp(Hg n(5)1s, > 0...5x > 0]

> E [GXP(HB,N<S))1S1>O SN>0] =P [Sl > 07 ) SN > 0] ~

(2.2.3)

1
""" V2rN’
where the last equivalence is well known (cf [Fel71]), which entails that for every
BeR, F(B)=0.
In this model, it is possible to show that 3, is actually equal to log(2) (see [Gia07,
Chapter 1] , or [IY01]). We are interested in the scaling limit of the system near
criticality. To be more explicit, we define the application : X : RN — ([0, 1]) by :

LNt

TNt]+1 — T[N
N1/2

(XtN(x))te[O,l} = N1/2

+ (Nt — [Nt]) (2.2.4)
and we introduce the sequence of measures Qs := Pgy o (XV)"L, N > 0. Of
course, in , [z] denotes the integer part of the real number x.

Let (By);>o be a standard Brownian motion defined on our probability space
(Q, F,P) in the sequel, and (L;); > ¢ denote its local time at zero. It has been proven
in [IY0I] that the sequence (Qs, n)n >0 converges weakly to the law of the process
(|Bt])t = 0. This result is actually very natural since it is quite easy to see that the
law of the process (Sy)n > o under Pg_x has the same law as (|S,|)n > o under P.

The following result gives some intuition about the more general theorem we are

going to prove in the next section in terms of zero level sets.

Theorem 2.2.1. Let ¢ € R. The sequence of measures (Qg_.n-1/2 )N >0 converges
weakly as N — oo ; the law of the limiting process is absolutely continuous with
respect to (|By|)¢ > o with Radon-Nykodym density given by e%1 /B [eELl}.

Proof. The following convergence in law is classical :

N L1, (2.2.5)
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but a much stronger statement can be proved : given a Brownian motion on (9, F, P),
one can construct a simple random walk (S,,),, > o on the same probability space such
that, for every nn > 0, one has :

lim N~Y4" Ly — Ny| =0, (2.2.6)
N—o0
almost surely as N — oo (see [Rév05, Theorem 10.1] ). In particular for n = 1/2,
and by the scaling property of (L;); > o, this implies immediately the convergence of
the joint law (Sinvy/VN,Ny/VN) = (B, L1).

A proof of the tightness of the sequence (QgCJrﬁ,N)N > o can be found in [CGZ].
We are therefore left with showing the convergence in law of the finite dimensional
marginals of the process, that is we have to show that, for every n € N and for
every continuous bounded function F(-) from [0, 1]™ to R, the following holds :

E [eaLlF <|Bt1|7 sy |Btn|>]

Qpot v [F (@ery 1)) = Bl ] . (2.2.7)

We already know by [IY01] that (2.2.7) holds for e = 0. The term in the left hand
side of (2.2.7) can be written as

Sivt] Sint ]) ENN} ey
Es; x| F o 20 TR R, [e\/ﬁ]. 2.2.8
Be,N |: ( \/N \/N / Be, N ( )
eN
Since by [2.2.5 we have e = efF1, to prove [2.2.7, we just have to show that the

eN
family <efllvv> is uniformly integrable. This is obvious if ¢ < 0, and will be
N>0

proved in the last section in a more general setup (see Lemma for e > 0,
although it could be also proven directly using the exact distribution of Ny, which
is actually well known in the simple symmetric random walk setup (see for example
[Rév05]). This completes the proof. O

2.3 The renewal setup

2.3.1 The model

As we did in the introduction, we denote by 7 the points of a renewal process,
that is the image set of a sequence of i.i.d. positive random variables (I;); > ¢ whose
law is P. More precisely, 7 := {79, 71, ..., } where 7, = Zle l;. In what follows, P
is an integer valued law verifying

K(n):=P(ly =n) = : (2.3.1)
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where L(.) is a slowly varying function. Furthermore, we allow transience for our
renewal process, that is we may have ) ., K(n) < 1 (or equivalently P(l; =
00) > 0). For N € N, we introduce K(N) := Y _\ K(n). We recall that a pos-
itive measurable function L(.) is called slowly varying if for all ¢ > 0, we have
lim, o L(cx)/L(x) = 1. Such functions are well known, see [BGT89|. One basic ex-
ample of slowly varying function (apart from the trivial case of constants) at infinity
is x — log(1+ ),z € (0,00); but logarithmic functions are not the only examples,
x +— exp(a(log(1l + x))) is also slowly varying for every a € R and ¢ < 1.

We then define the homogeneous pinning polymer law exactly as in . In
all what follows, we will denote by 7(ny the set (7 N[0, N])/N C [0,1]. When we use
this notation, it will be implicit in the sequel that the set 7 has the law Py g, where
£ will be obvious from the context.

This model has been essentially completely solved, see [Gia07] ; basic facts about
it are the existence of a localization delocalization transition for a critical 3, whose
value is given by 8. = —log(Xk), where Xg = >  _ | K(n). In particular, we
have the equivalence g. = 0 iff the underlying renewal process is recurrent. This
transition is actually defined in terms of the free energy, which is defined exactly as
in the previous sections. It is actually possible to give a very intuitive description
of both phases in terms of the scaling limit of the zero level set. Intuitively, if the
system is localized, we expect the set 7y to converge in a suitable way to the full
interval [0, 1]. Similarly, if 5 < ., we expect it to converge to {0}.

To make such statements quantitative, we introduce F the set of closed subsets of
0, 1]. We endow it with the topology of Matheron, which can be described as follows.
For FF € F and t € R™*, we set d,(F) := inf(F N (t,00)). Notice that t — d;(F) is a
right-continuous function and that F' can actually be identified with d(.)(F') because
F ={t e R":d-(F) =t} Then in terms of d.)(F'), the Matheron topology is
the standard Skorohod topology on cadlag functions taking values in R* U {4o00}.
We point out that with this topology, the space F is metrizable, separable and
compact, hence in particular Polish. We denote by p(-) the Hausdorff metric given
by p(F1, F5) := maxX;e(a,2),2,1)} SUDye infsep,, [t — s| where Fy, Fy € F. It is then
a well known result that this metric is equivalent to the metric engendered by the
Skorohod distance via the identification through d.) on F. Using this topology, both
of the above statements have actually been proven in [Gia07]. The scaling limit at
criticality (that is when g = f(.) is much richer than that. To describe it, we need
the notion of a stable sets.

2.3.2 « regenerative sets and subordinators.

Recall that a subordinator is a non decreasing Lévy process. A well-known fact
about a subordinator (oy); > ¢ is the existence of its so-called Lévy Khintchine expo-
nent ®(.), that is a measurable function verifying VA > 0,V¢t > 0, E [e’”ﬂ = e 1®M),
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When ®(t) =t for a € (0,1), the associated subordinator is referred to as a stable,

and we will denote it by (aga))s > o in what follows. We already introduced its local
time in (2.1.6]). These objects are very well-known and a classic reference is [Ber99].

We then define the set A, = {01 s >0} (€ F) the regenerative set of index o,
where for a subset A C R, A is the closure of A. An important property that will
turn out to be useful is the fact that P [1 € A,] = 0 (see [Kes69)]).

2.3.3 Scaling limits at and near criticality.

In |GiaQ7], it was shown that, if 8 = ., we have the convergence :
v = Ao (2.3.2)
in the recurrent case (that is K(oco) = 0), and in the transient case
Ty = Ag, (2.3.3)

where .Za is a random subset of [0, 1] whose law is absolutely continuous with respect
to the law of A, with Radon-Nykodym density equal to (an/sin(anr)) (1—max(A,N
0,1]))°.

A first step towards this convergence has been made in [IYO0I] in a discrete
random walk set-up; they actually proved the convergence of the entire process at
criticality towards the brownian motion. This work has been strongly generalized in
[DGZ05], actually being the most important part of the proof of the convergence of
more general pinning models towards the reflected brownian motion at criticality.
This was in turn generalized in [CGZ06] using powerful renewal techniques, on which
the present work is based.

Let us focus for the moment on the recurrent case, that is we assume for the
moment K (oco) = 0. First of all, we recall the following result (see [Fel71, XIII.6
Theorem 2]) : it is possible to choose a positive sequence (a,), > ¢ such that

nl'(1 —a)L(ay)

«
aal

1, (2.3.4)

and furthermore, as soon as a sequence (a,), > o verifies (2.3.4]), we have the conver-
gence :

7‘1 lz a
Zimh (2.3.5)
Qn
where the ([;); > o are iid with common law K(.) satisfying (2.3.1)). We then define
the sequence (by,), > o to be the inverse sequence of the (a,)n > o, that is the unique
sequence, up to asymptotic equivalence, which verifies

a[bn] ~ b[an} ~Tn (2.3.6)



2.4. PROOFS 43

as n — oo. Its existence is ensured by [BGT89, Theorem 1.5.12]. It is rather easy
to see that b, ~ (I'(1 — «)K(n))~! as n — oco. Let us quickly prove this fact. Using
the definition of (a,), > o, we get

bI'(1 — o) L(ap,)) N b, I'(1 —a)L(n)

(e (03
aa[bn] an

~1, (2.3.7)

and then we note that K(N) ~ L(N)(aN®)™! (see [Gia0T7, Page 201], ). We also
used the fact that z,, ~ y, yields L(x,) ~ L(y,) as n — oo for (z,,)n >0 and (Yn)n >0
positive sequences. For n large enough, =, /y, € [1 —n; 1+ n] for a given n > 0, and
the fact that the convergence L(cx)/L(z) — 1 is uniform in ¢ on every compact
subset of R (a basic result on slowly varying functions, see [BGT89]) yields the
assumption. _

To deal with the transient case, we introduce the recurrent law P given by

~ ~ n)ede n
P(ly =n):=K(n) = Lflp)ra = nlﬁ(o‘Z)IK

We have then exactly the same statements as in Eq.(2.3.4)) and (2.3.5)) making the

obvious changes, and we introduce the sequence (b,), > o, the analogous of (b,)n >0
for the new sequence (ay), > 0. We are now ready to state our main result :

(2.3.8)

Theorem 2.3.1. Let ¢ € R. The following statements hold :
1. if K(o0) =0, if T is distributed according to Pg_i./py N, then
T(N) = Bmg, (2.3.9)

where By (C [0,1]) is the random set whose law is absolutely continuous with
respect to the law of A, with Radon Nykodym density equal to exp(aLga))/E[exp(nga))].

2. if K(o0) >0, if T is distributed according to PBCJF&/EN N> then

7o) = Bas, (2.3.10)

where ga,a(c [0,1]) has a Radon-Nykodym density given by
(exp(eLi)(1 = max(A 1[0,11))) / (Elexp(eL{”)(1 — max(Aq 1[0, 11))°]).

2.4 Proofs

Lemma 2.4.1. If K(oc0) = 0, the following convergence holds :

17|

= L. (2.4.1)
bn
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Proof of Lemma[2.4.1. For M > 0, we have the equality :

[Mbn]

li > N

A[Mby]

1
P (M < M) —Pp (2.4.2)

by amobN]

The right hand side of (2.4.2)) is easily seen to converge towards P (M o a§a) > 1).

Actually, we have N/apm,) — M™% as N — oo (since Mby ~ b[ ), and it is

1
M@ N]
easy to see that, if X,, = X, if a deterministic sequence w,, — u and the distribution
of X is continuous, then P(X,, > u,) — P(X > u). So we just have to recall that

the distribution of O’%a) is continuous, which is actually a well known fact about
stable subordinators (see [Ber99, P.271]).
Because of the scaling property of the stable subordinator, we get

3 (M%@ > 1) — PO >1)

= P(L\™ < M), (2.4.3)

which proves our claim. O

Lemma 2.4.2. For K(oco) = 0 and for all € > 0, the family (exp(—dT(N"

by ))N S0 1
uniformly integrable.

Proof of Lemma[2.4.2. 1t is enough to show that, for all a > 0, we have

sup E [e“'”m‘/b”} < 00. (2.4.4)
NeN
As
E [ea\r(ml/bz\r} — / P UT(N)|/bN > 1/alog(x)} dux, (2.4.5)
1

to show [2.4.4] we just have to see that for all C; > 0, there exists Cy > 0 such that
fory > 1,
P [|I7n|/bn > y] < Crexp(—Chy), (2.4.6)

as soon as N is large enough. Using the Markov inequality, we see that for every
A>0andy>1:

[ybn]
P (‘T(N))l > y) - P Z ,<N| <E [e—All][be] MV (2.4‘7>

b
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Noting that 7 is recurrent, we have :

1 —e M L("—)\)‘)

e I /M) . (2.4.8)

log(E[e™1]) = log (1 — L(L/X)AF Y

n>1

For any n > 0 and using the uniform convergence property on compact sets for
slowly varying functions, one has the equivalence (for A \ 0)

1/n o—n L(n)\) nq _ er
A —d 2.4.
Z )i+ L(1/\) /n lta (2.4.9)

n>\>n

and it is easily seen that this implies the equivalence (still for A\ 0) :
—log(Ele ™)) ~ (1 — a)/aX*L(1/)). (2.4.10)

This entails that there exists c(a) > 0 and A\g(«) > 0 such that for all A € (0, Ag),
we have — log(E[e *1]) > ¢(a)X\*L(1/)). Note that (byL(N)N~%)y > ¢ is a positive
bounded sequence. Then, using [2.4.7, we get, for every N :

(67

P (—ngJVV))l > y) < _inf exp (—C(a)/\”L(l/A)yL](VN) + AN) , o (24.10)

X X N0

possibly modifying ¢(«) in doing so. Then we consider Ny such that for N > Ny,
C1/N < Ao, and we give us Cy € (C1; NogXg). For u in the compact set [C}, Cy], the
convergence of L(N/u)/L(N) towards 1 is uniform, so that, for n > 0, for N large
enough, L(N/AN)/L(N) > 1—n as long as C;/N < A < Cy/N. Thus, for N large :

7)) .
— < — — « : 4.
P ( b >y | < N g1r/\1fg N exp (—c(a)(1 —n)(AN)%y + AN) (2.4.12)

And this last inequality clearly entails [2.4.6] and thus implies the claim of Lemma
2.4.21 [

Lemma 2.4.3. For K(co) =0, we have the convergence :

(70 /b, 7)) = (LS, Aa). (2.4.13)

Proof of Lemma[2.4.3 We introduce the process (N, (t)): > o, a Poisson process of
rate yy where we define vy = (3, . (1 — e‘”/N)K(n))fl. We take (N, (t))e>0
independent from 7. It is easy to see that the process (TNW /N )t - is a subor-
dinator. In [Gia07], it was shown that the Lévy exponent of (7' /N )t> , con-

verges to the one of <U§Q)> , which implies {7y, (o/N,s >0} = A, as well
s>0
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as the convergence in law of the entire process (TN“{N(t) /N )t ~o towards <0§a)>
z s>0

(see [FEMSS]) in the Polish space D. Here, D denotes the space of cadlag func-
tions on [0,1] endowed with the standard Skorokhod topology (that is d(f,g) :=
infyep {max(||\ —id||,||foA—g||)} where A is the set of non-decreasing homeomor-
phisms from [0, 1] to [0, 1]) and of course || f|| = sup,¢o 1 [ f(¢)] for f € D.

We define the function (F,G): D — R x F by

(F.G)(f):  fr (supfs > 0[f(s) < 1}, Im(f)), (2.4.14)

where Im(f) is the image set of f where we endow the space R x F by the topology
o (B(R) ® F), and using the distance max(|.|, p) where p is the Hausdorff metric.
We will show that, for all continuous bounded G : R x F — R, we have :

E {Q (|7;§§)|7T(N)):| =E [g ((F’ G) <(TNXV[(S))320))] + (on(1)), (2.4.15)

that is that we can consider the joint law in the left hand side of (2.4.13)) as a
function of (7, (s)/IV)s >0 up to negligible corrections.
Assume for the moment that (2.4.15)) is true. Taking into account the convergence

(v, 0/ N), o= (d:”)s - and the fact that (F,G) ((aé‘”) is exactly the

s>0
limiting law we want, it is enough to show that (F, G) (+) is almost surely continuous

at <0§a)> to apply the continuous mapping theorem (see [Bil99]) to prove Lemma
s>0
2.4.3] So let us show this almost sure continuity first, then we will turn to the proof

of RA.13).
For n € (0,1), we denote by B, the subset of D defined by

B,:={f €D|1-n;1+n NIm(f) = 0}. (2.4.16)

We already pointed out that P(1 € A,) = 0, so that with probability one, (o0*), = ¢ €
Up>0B,. We show that (F,G) restricted to U,~B, is continuous.

Given f € B, with > 0, let us show that F' is continuous at f. We introduce
sy :=sup{s > 0|f(s) < 1}. Let g € D such that d(f,g) < /2 where p € (0,7), and
in the same way we define s, := sup{s > 0|g(s) < 1}. We consider A € A such that
||f —goAl| <pand ||A—id|| < p. Furthermore, for all £ > 0, and as f € B, we
have f(s; —&) <1—mnand f(sf) > 1+ 7. Then we get

gA(sp = &) < flsp =& +u<l—n+p<l, (2.4.17)

and similarly
9Nsp) = Flsp) —p > 14n—p>1, (2.4.18)
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which gives

Asp—€) < sy < Asy), (2.4.19)

and this entails the desired continuity since £ is arbitrarily small, A is continuous
and ||\ —id|| < p.

Note that, by the virtue of the continuous mapping’s theorem, this implies the
convergence

TN’YN (s)

=0,
sup{s N

< 1} = L\, (2.4.20)

For the second component, it is very easy also; for g as above, we have :

p (Im(f), Im(g)) = max (sup inf | £(t) — g(s)], sup inf | £(s) — g<t>|) C(421)
seR t€R seR €R

And for A as above and s € R, we have inficr [f(s) — g(t)] < |f(s) — g(A(s))| < p,

which achieves the proof of the continuity of the couple (F, G) on U,~ol3,,.

We now go to the proof of (2.4.15)). Let 6 > 0, there exists a compact set K5 C R
such that for all N € N, we have :

TN’YN (s)

max (P [@ € Kg] , P [sup {s > 0‘ N

N

< 1} € Kg]) <5 (24.22)

This is due to the fact that the sequences <sup {s > O‘TNW(S)/N < 1}) and

N >0
<sup {% |T—](;| < 1}>N>0 are tight because they converge in law (see (2.4.20)) and

Lemma [2.4.1)). Similarly, the convergence of the sequence (7(n))n >0 implies the
existence of a compact set Ls C F such that for every N € N,

P [y € L§] < 6. (2.4.23)
For N € N, we introduce the event

TN"/N (s)

N

Hys = { 70| € Ks,sup {s > O‘

< 1} € K5, mon € Lé} L (24.24)
by

Egs. and say that P [Hf\w} < 0.

Let M > 0 be an upper bound for |Q ’ For every N € N and taking into account
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the fact that yy ~ by (see [Gia07, Relation A.48]), we have :

TNy () |7
Glsup{s>0—2—=<1,;,T —Q(—,T
(P{ N () T

E

- .
<E||G <sup{s >0 N’YTN() < 1} 77'(]\[)) -G (|7§/Z)|7T(N)> 17.[1\,,5 +2Mo
- .
<E||G (sup{s >0 MTN() < 1} ,T(N)>
N. TNy (s
-G Sup{%(s)— SMTN()SI},T(N)> Ly s | +2M0.
(2.4.25)
For a given xk > 0, we introduce the event 7, ;5 defined by :
N.
Tes = {Sup N () _ s| > /4;} . (2.4.26)
sEKs YN

Note that the process (NWA/LN(S) — s) is a martingale, so that, applying Doob’s
s>0

inequality, we get :

N.
P|J.s5] =P |sup L@)—s > K
sEKg fYN
1 N i K
< swpE N () _ 3| = I (2.4.27)
K® seKs TN INK

Cutting once again the expectation appearing in Eq.(2.4.25)) with respect to the
fact that J, s occurs or not, we get :

TN,y (5) 1T
> NV <1 , — ,
Q(sup{s 0 N } 7'(N)) g( o T(N)
T
sup {'g <sup{s >0
lul < &

MTN(S) < 1} ,T(N)>
(2.4.28)
-G <u+sup{s>0

TN, (s)
K
oM (5+max ‘5) :

YN K2

v

< E
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In the last inequality, we consider first x very small, which deals with the expec-
tation term due to the uniform continuity of G on the compact set K5 x Ls. Then, we

consider ¢ small enough, and this achieves the proof of (2.4.15)), since vy N2 0.
Thus Lemma is proved. O

We are now ready to show the main part of Theorem [2.3.1

Proof of Theorem [2.3.1. We have just shown the following convergence : under the
law K(.), assuming K (oco) = 0, for all I continuous bounded function on F and for
all e € R, we have :

B [F(rn)el™/] = BF(A)eH"]. (2.4.29)

N—o00
Note that the case where ¢ > 0 actually uses the fact (see Lemma [2.4.2)) that the
sequence (ef"I/N) o o is uniformly integrable.
We then have

7 1
E [F(T(N))} = N.Be X

- E [F(7 ) )esTanl/en] 2.4.30
ZNﬁc-i-a/bN ZNﬂc [ ((N)) ] ( )

As in the case K(o0) = 0, Py g, is actually P (because . = —log(Xk) = 0) and

(@)
thanks to the easy remark that Zyg.1cny = E [e‘g'T(N)VbN} v E [eELl ], we have
—00

actually shown the first part of the claim. We also used the fact that Zy g, = 1 for
all N € N see ([Gia07, Relation (2.17)]).
We now deal finally with the case K(o0) > 0; we can write :

[F(mv)] = E F(T(N))eemN)'/EN K(N(1 = max(rix))) + K<SO)
J)

ZN755+5/EN Z]‘>N(1—”16”((7'(1\7))) K(
(2.4.31)
The justification for (2.4.31)) can be found in [GiaO7, Equality 2.48]. Then, on the

event max7(y) < 1 —n for a given n € (0,1), it is known that ([Gia07, Equality
2.50)))

K(N(1 —max(rn)))) + K (00) am

ZN 3. Zj>N(1_maX(T<N>)) K(j) N-—oo sin(ar)

E

N756+5/EN

(1 — max(7(ny))%, (2.4.32)

uniformly in the trajectories of 7. Using once again the convergence of the joint law
(T(v), [Ty | /b ), where this time 7 is distributed according to P, we get :

EN75€+EEN |:F(T(N) ) 1maXT(N)<1_77} —

N—oo

T (1 - max(A))*|. (2.4.33)

()
E | F « el ]-max -n . 7 N
{ (Aa)e Aa<l Tsin(a)
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The fact that max(A4,) < 1 almost surely allows us to take the above limit for
n N\ 0. Taking F' =1 in (2.4.33)), we get

N:ﬁcJFE/gN el QT «a
—— = E 1 —(1— o . 2.4.34
ZNp., N-oo c sin(om)( max(Aa)) ( )

This achieves the proof because we can write

Eys1e/py LF ()]

_ ZN 3. E F(T(N))es\f(mv'z?]v

ZN fote/bx ZN e 225N (1—max(ron)) K ()

K(N(1 = max(rw))) + K(c0) (2.4.35)

and the term in the right hand side converges towards the desired quantity.
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3.1 Introduction and main results

3.1.1 Definition of the models

We are going to define two strongly related models for a (1 + 1)—dimensional
random field. Let (S,), > o be a random walk such that Sy := 0 and S, := > | X;
where the X!s are i.i.d. and X; has a density h(-) with respect to the Lebesgue
measure. We denote by P the law of S, and by P, the law of the same process
where Sy = x. Our results will be obtained under the further conditions that h(-) is
continuous and bounded on R, that E[X] = 0 and that E[X?] := 02 € (0, 00). Note
that these conditions will allow us in particular to apply Gnedenko’s classical local
limit theorem. Note also that the boundedness of h(-) could be substituted without
much effort by the assumption that there exists n such that sup, h*"(y) < co where
for two positive measurable functions f, g, f * g denotes the standard convolution
operation, and A*™ :=hx...x h.

—_——

n times
We are now ready to introduce our first model. Let a > 0 be fixed in the sequel.

We define the probability law (the wetting model in a stripe) P{V,m 5 on RY by

Pivas ! (5%1 >1 (3.1.1)

—— = exp Sk€[0,a] Sy > 0,k=1..N -t

f k
P ZN,a,B k=1

where N € N, f € R and Z]J\c,yaﬂ is the normalization constant usually called the

partition function of the system. The second model we define is the constrained

counterpart of the above, that is

dP?\/aﬁ 1 al
dP’ == 7o Xp B Z 15, c0,0] | 15, > 0k=1..NLsye[o,a]- (3.1.2)
N,a,B k=1

Note in particular that
Pfas = Phasl- Sy € [0,d]], (3.1.3)

that P{V,Q,O is the law of (S, . .., Sy) under the constraint Cy := {S; > 0,...,Sy = 0}
and that Py, o is the law of the same vector under the additional constraint Sy €
[0, al.

Both P% , ; and P{\,’aﬁ are (1 + 1)—dimensional models for a linear chain of
length N which is attracted or repelled to a defect stripe of width a. The strength
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of this interaction with the stripe is tuned by the parameter 8. The use of the term
wetting has become somewhat customary to describe the positivity constraint and
refers to the interpretation of the field as an effective model for the interface of
separation between a liquid above a wall and a gas, see [DGZ05].

The purpose of this chapter is to investigate the behavior of Py, 5 and Pf\,’a”g
in the large N limit. In particular, we would like to understand when the reward g
is strong enough to pin the chain near the defect stripe, a phenomenon that we will
call localization, and what are the macroscopic effects of the reward on the system.
We point out that this kind of questions have been answered in depth in the case
of the standard wetting model, that is formally in the a = 0 case, and that the
problem of extending these results to the case where the defects are in a stripe has
been posed in [Gia07, Chapter 3].

Remark 3.1.1. In the sequel, we will assume without loss of generality that P[S; >
al| > 0. The main purpose of this assumption is to make the exposition lighter,
since the assumptions made on h imply that there exists a positive integer k such
that P[Sx, > a] > 0, and all the results we show by considering events of the kind
{S1 >a,...,S, > a} could be substituted without much efforts by events of the kind
{Sk > a,...,S, > a}, which have positive P probability.

3.1.2 The free energy.

A standard way to define localization for our models is by looking at the Laplace
asymptotic behavior of the partition function Z]]i,’m g and Z§ , 5 as N — oo. More
precisely, one may define the free energy F(/3) by

1
F():= lim ~log (Z{i,Ma) (3.1.4)

where the existence of the limit will follow as a by-product of our approach. Another
by-product of our proofs will be that, in the definition (3.1.4]) of the free energy, it
is actually irrelevant whether one considers the free or the constrained partition
function.

The basic observation is that the free energy is non-negative. Indeed, one has
the trivial inequality :

!
INap 2 E

N
€Xp (52 1Sk€[0,a]> ]—Sk>a,k1...N] (3 1 5)

k=1
ZP[Sj>CL,j:1...,N].

Choose some M > a such that P[S; € [a, M]] > 0. Integrating over Sy, one gets :

PIS, >a,j=1...,N] > / WP [S1 > a,...,Sy.1 > aldt.  (3.16)
[a,M]
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A consequence of fluctuation estimates developed in the chapter [5|of the present the-
sis (see Lemmal5.6.1)) is that for fixed M, the quantity N3/?P, [S; > a,...,Sy_1 > a] €

[c, d] for every N and every t € [a, M| where ¢, ¢ are positive constants. Thus :

C

f
Zas > 57 /[ |, e (3.1.7)

Therefore F/(5) > 0 for every . Since the lower bound has been obtained by ignoring
the contribution of the paths that touch the stripe, one is led to the following :

Definition 3.1.2. Forg € {c, f}, the model {PY, , 5} is said to be localized if F'(B) >
0.

It is easy to show that F'(-) is a convex function, in particular it is a continuous
function as long as it is finite. Obviously, F'(+) is increasing since for fixed N, Z }:,ja, 5
is increasing in 3. Therefore, there exists a critical value 8¢ € R such that the stripe
wetting model is localized for g > 3¢.

It is worth stressing that the free energy has a direct translation in terms of some
path properties of the field. For N € N and = € (RT)", we introduce A := A(zx) a
subset of Viy := {1,..., N} defined by :

A(z) .= {i,z; € [0,a]} (3.1.8)

and we denote by [y the cardinality of A. A standard computation shows that, for
g € {c, f}, for every 5 € R and every N € N, one has

l o 1
EN a5 [%] = a—ﬁﬁlog(me,ﬁ). (3.1.9)

A simple convexity argument shows that, as long as 8 # (¢,

01

%Nlog(Z]‘{,@ﬁ) — F'(B) as N — oo (3.1.10)
where we used the fact that F(-) is analytic on R\ {82} (see the considerations
following equation (3.3.6)). Adapting in a straightforward way techniques developed
in [CDO§| (see in particular their appendix A), one can show the stronger bounds :

e For > % we have F'(f) > 0; for g € {c, f} and for every 6 > 0, N € N, the
following inequality holds :

Iy pip)

o
N >

< exp(—cN) (3.1.11)

Pls |

where ¢ is a positive constant. This shows that when the model is localized,
its typical paths touch the defect stripe a positive fraction of the time.
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e On the other hand, for 5 < 4%, we have F'(f) = 0 and for g € {c¢, f}, for every
0 >0, N €N, the following holds :

ZNN > (51 < exp(—cN) (3.1.12)

g
PN,a,B

where c is a positive constant. Thus for 8 < ¢, the typical paths of the model
touch the defect stripe only o(/N) times; it is then costumary to say that the
model is delocalized.

3.1.3 Scaling limits.
We define the map XV : RY — C([0,1]) :

T|Nt|+1 — T|Nt|
oN1/2

XN(2) = 4 (Nt — | Nt))

where | Nt| denotes the integer part of Nt. Note that X/ (z) is the linear interpo-
lation of the process {x|ny /aNl/Z}teN/Nm[OJ]. Then we define the measures

Q%o = Plyag o (XY™ (3.1.14)

and in an analogous way Q{V% - These measures are defined on C([0, 1]) the space
of real continuous functions defined on [0, 1]. We will frequently use the following
standard processes :

x the Brownian motion (B;):c(0,1]-
* the Brownian bridge (Et)te[o,l]-

* the Brownian meander (my)¢cp,1) which is the Brownian motion conditioned
to stay positive on [0, 1].

* the normalized Brownian excursion (e¢)ejo,1) which is the brownian bridge
conditioned to stay positive on [0, 1].

Of course defining precisely the last two processes is not an obvious task, see [RY99]
for details.
Our main result is the following :

Theorem 3.1.3. Both the free and the constrained models undergo a wetting tran-
sition at B = B¢. More precisely :
1. In the subcritical regime, that is if B < 5%, then
~ (Q%.ap)N converges weakly in C([0,1]) to the law of e.
- (Q{V,a,ﬁ)N converges weakly in C([0,1]) to the law of m.
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2. In the supercritical regime, that is if 3 > B¢, then both (Q% , 3)n and (Q{V,a,ﬁ)N
converge in C([0,1]) to the measure concentrated on the constant function
taking value zero.

These results characterize the Brownian scaling of the model when 5 # (2.
Infinite scaling results like Theorem have been proved in different contexts in-
volving polymer measures. The first mathematical paper dealing with such an issue
is [IYO1] where the authors proved an analogous convergence in the homogeneous
pinning model for the case where S is a symmetric random walk with increments
taking values in {—1,0, 1}. Their results have been strongly generalized in [DGZ05]
where the same assumptions are made on S as in this paper, and a further gener-
alization of their results in the case where S is in the domain of attraction of the
standard normal law has been obtained in [CGZ06].

Analogous results have also been obtained in [CGZ0T] in the case of inhomoge-
neous, but periodic pinning models , and more recently in [CD09] in the case where
the interaction is of Laplacian type.

What is left by this analysis is the critical case. We believe this case to be
workable in the case where the law P is lattice, the computations being quite similar
to the periodic disorder setup for pinning models (see [CGZ06]). Indeed, in this case
one can apply the following deep result by Doney (see [Don97)) :

Theorem 3.1.4. Let 7 be a renewal process such that

L(n)

n1+o¢

P[r =n] ~ (3.1.15)
where a € (0,1) and L(+) is some slowly varying function. Then the following equiv-
alence on the Green function holds :

asin(ra)

Pn e 7] NW.

(3.1.16)

This fundamental result gives estimates on the partition function at criticality
in the standard homogeneous pinning model (see [Gia07, Chapter 2]) and moreover
it can be adapted to Markov renewals in the discrete setup. For the time being, such
a result is lacking in our continuous setup.

3.1.4 Infinite volume limits results.

Our results go beyond brownian scaling. In fact, in the supercritical regime,
on can show that the measure converges with no need of rescaling, thus leading
to a strong form of localization. Also in the subcritical regime one can go beyond

Theorem [B.1.3]
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The following result tells us that in the subcritical phase, the dry region reduces
to a finite number of points all being at a finite (or microscopic) distance from zero
in the free case, from zero and from /N in the constrained case.

Theorem 3.1.5. For 8 < 32, the following convergences hold :

lim limsup P} ;, [maxA > L] =0 (3.1.17)
L—oo Nooo "
and
Llim limsup Py 5, [max(AN[1,N/2]) > L] =0
T N , (3.1.18)
lim lim sup Py 5, [min(AN[N/2, N]) < N — L] = 0.

L= Nooo

Our main results concern the delocalized phase. For the localized phase, we prove
the convergence of the sequence of measures PY; 5 , and P{V B i RY endowed with
the product topology (and suitably redefining the measures Pg 5, (respectively

P{V,B,a)) as P% 5, H?’;NH do(dx;) (respectively P{V,ﬁ,a H;’;NH do(dz;)) where do()
denotes the Dirac mass on zero.

Proposition 3.1.6. Let § > 7. Then both Py 5, and P{\,ﬁ,a converge in law
towards the law of a finitely recurrent irreducible Markov chain on R*.

A more detailed description of the limiting Markov process will be made in the
section of the present chapter. Note in particular the exponential tails of the
limit probability of the law of the returns towards the contact set.

3.1.5 Organization of the chapter

The core of our approach is a precise pathwise description of the law Pf , 5
based on Markov renewal theory. In analogy to [CGZ06] and [CDO0S§]|, we would like
to stress the importance of Markov renewal theory to derive fundamental results on
the large scale behavior of the system. The other basic techniques we use are local
limit estimates, an infinite version of the Perron Frobenius Theorem and various
limit theorems. Let us describe more in detail the content of this chapter :

- in section [3.2] we recall some fluctuation theory that will be of basic importance
and we make a link between the estimates we give there and the tails of the
return probability to the stripe for large N.

- in section we show that the law P% , 5 admits a description in terms of
a Markov renewal process. More precisely, we show that the contact points
with the stripe under P , 5 are distributed according to the law of a Markov
renewal process conditioned to hit the stripe at time NN. This representation
implies in particular a very useful expression for the partition function Z§ , s
which will be the key to our main results.
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- in sections [3.4] and [3.5], we make use of Markov renewal theorems in the finite
mean case and of a uniform equivalence result in the infinite mean case ; these
theorems easily imply estimates on 2% , 5. Deducing the asymptotic behavior
of Z ]J:,’m 5 in both phases is then a standard procedure.

- in section 3.0}, we briefly show in which way the preceding sections easily resolve
the infinite volume limit of the system for large N.

- sections and are devoted to the proof of Theorems [3.1.5(and [3.1.3] The
proofs are carried out exploiting the asymptotic estimates obtained in section
combined with powerful limit theorems.

3.2 Some preliminary facts

3.2.1 Some recurrent notations and terminology

For a,,b, two positive sequences, we will write a,, ~ b, if lim,,_, a,/b, = 1.
More generally, for a,(z) a positive sequence depending on a parameter x € A
where A is a subset of RY,d > 1, @ € R and b(-) a measurable function on A, we
will often say that the equivalence

b(x)
n(x) ~ 2.1
an() ~ (321)
holds uniformly for x in A if the following holds :
lim sup [n%a,(x) — b(x)| = 0. (3.2.2)

n—o0 zEA

In this chapter, we will deal with kernels of two kind. Kernels of the first kind are
just o-finite kernels on R, that is functions A : R x B(R) — R* where B(R) denotes
the Borel o-field of R and such that for each z € R, A, . is a o-finite measure on R
and A. g is a Borel function for every F' € B(R). Given two such kernels A and B,
their composition is denoted by (A o B),q4y 1= fz g Azd-B- a4y and of course A°k

z,dy
denotes the k-fold composition of A with itself where A% = d,(dy). We also use
the standard notation

(1= A) =D Ak, (3.2.3)
k=0

which may be infinite in general.

The second kind of kernels is obtained by letting a kernel of the first kind depend
on a further parameter n € Z*, that is we consider objects of the form A, 4,(n)
with z,y € R,n € Z*. Given two such kernels A, 4,(n), By ay(n) we define their
convolution

n

(A% B)y.ay(n) := Z(A(m)oB(n—m))zﬁdy = Z/RAmﬁdz(m)Bz’dy(n—m). (3.2.4)

m=0
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and the k-fold convolution of the kernel A with itself will be denoted by A%, where

by definition A;?dy := 0,;(dy)1,—o. Finally given two kernels A, 4,(n) and B, 4, and

a positive sequence a,,, we will write

B,
Agay(n) ~ =22 (3.2.5)
Qn
to mean A, p(n) ~ B:—f for every x € R and for every bounded set F' C R.
3.2.2 A Markov renewal setup
Let us introduce the following transition kernel :
FLdy(n) = Px[Sl > a, SQ >a,... ,Sn,1 > a, Sn € dy]]-r,ye[o,a] if n > 2, (3 9 6)

F:c,dy(l) = h(y - ZL’) 1x,y€[0,a]dy'

We denote by (7,)n >0 the times of return to [0,a] of S, that is 75 := 0 and, for
n > 1, 7, .= inf{k > 7,,_1|Sk € [0,a]}. Note that (7,,),, >0 is NOT a true renewal
process, and this makes actually the fundamental difference with homogeneous pin-
ning. Introducing the process (J,), > o where J, := S, , the process 7 is a so called
Markov renewal process whose modulating chain is the Markov chain J. The topic
of Markov renewal theory is quite well known, a classical reference is [Asm03].

We finally denote by Iy the cardinality of {k < N|S, € [0,a]}. With these
notations, we can write the joint law of (I, (Tn)n < iy (Jn)n <1y ) under P% , 5 under
the following form :

?V,a,,BUN =k, =t;,J; €dy,i=1,... k]

ePk 3.2.7
= —Foadyl (tl)Fyl,dyQ (tQ - tl) s Fyk7dyk—1(N - tk—l) ( )

where k € N,0 <t; <... <ty =N and (y;)i=1,.,

It is then obvious that to get asymptotic estimates on the partition functions
75 a5 (and thus Z }\C,ﬂ’ ), one will need control on the asymptotic behavior of F..(n)
for large n. This control is obtained via fluctuation theory using the results of chapter
of the present thesis.

3.2.3 Sharp fluctuation theory estimates

For n an integer, we denote by T,, the nth ladder epoch; that is Ty := 0 and, for
n>1,T, :=inf{k > T, 1,5 > Sr,_, }. We also introduce the so-called ascending
ladder height (H,,)n >0, which, for k > 1, is given by Hj := Sp,. Note that the
process (T, H) is a bivariate renewal process on (RT)2. More details about it are
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given in a discrete setup (but the main features are the same) in the chapter [5| of
the present thesis. In a similar way, one may define the strict descending ladder
variables process (T~, H™) as (1, , Hy ) := (0,0) and

Trj = mf{k = Tnfl, Sk < STn—l} and H]; = _St;' (328)
It is well known (see [Fel71]) that the following relation holds
o = 2E[H,|E[H]]. (3.2.9)

In particular, it follows that both E[H;]| and E[H| | are finite. It is also a well known
fact that the continuity of h(-) implies the continuity of the distribution function of
H; (see [FelTl]).

The renewal function U(+) associated to the ascending ladder heights process will
be of basic importance in the sequel :

(e}

U(z) = > P[H, < z] = E[N] (3.2.10)

k=1

where N, is the cardinality of {k > 0, Hy < z}. It follows in particular from this
definition that U(-) is a subadditive increasing function, and in our context it is also a
continuous function. We denote by V' (x) the analogous quantity for the process H .
Finally, for a positive integer n, for (u,z) € (RT)?, we will often use the following
transition density :

Gnu(z) =P_,[51 <0,...5,01 0,5, > 0,85, € dzl. (3.2.11)

With these notations, we show the following result in the chapter 4 of the present
thesis :

Theorem 3.2.1. Assume that X is given by a bounded density, with zero mean and
variance 0. Then :

(i) for any fized u > 0 the following convergence holds uniformly for x >0 :

P (5 <0,..5, 1<0,5,>08, € di| ~ U(u) L2z
1% ! A U P

(3.2.12)

(ii) moreover, the sequence of functions ov/27n32g, . () is dominated by a mul-

tiple of its limit : n3/%g, .,(v) < CU(a)P[H, > x| for every n,u, v ; consequently, one
has also that

E[H,]

P_,5<0,....5,.1<0,5, >0 ~U(u)————.
[ 1 1 ] (U)U D32

(3.2.13)
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Remark 3.2.2. Of course, considering the random walk S whose transition are
giwen by P,[S1 € dy| := h(z —y), Theorem implies immediately that, for fized
u = 0, the following equivalence holds uniformly for x >0 :

g PlH >
Gna(z) =Py[S1 2 0,...,8,_1 2 0,—8, € dz] ~ V(u) [Hy > z]

U)———— 3.2.14
oV 2mn3/? ( )

and obviously a similar statement as (i1) of the above theorem also holds for the
quantity P,[S1 =2 0,...,5,-1 > 0,5, <0].

3.2.4 Linking Theorem to the stripe problem

We define the following function :

PH >a-—

oV 2T

“+oo
D, (x,y) = Y] / h(t — )V (t — a)dt 1, ycp0.q- (3.2.15)

Note that the integral defining ®,(z,y) is finite for every (z,y) € [0, a]?. Indeed,
making use of the classical renewal theorem and of the finiteness of E[H; ] , one has
V(t) ~ ﬁf] as t — oo, and then we use that X; € L'(R). Using the continuity and
the boundedness of h(-) (which follows from the continuity of the density function
of Hy , which is itself a consequence of the identity P[H, € I] = >, P[T} =
k, Sy € I] which is valid for every interval I), it is also quite easy to see that ®,(-,-)
is a continuous function on [0, a)?.

The next easy result provides estimates on F(+,-)(n) which will be the basis of
our sharp estimates on the partition functions :

Lemma 3.2.3. The following equivalence holds uniformly on (z,y) € [0,a]? :

Fy ay(n) ~ 32 dy. (3.2.16)

Moreover, uniformly on x € [0,a :

Jio.a) ®alz,y)dy

Px[Tl 2 TL] n1/2

(3.2.17)

Proof. For n > 2, integrating over the first step of S which is not in [0, a], one gets :

+oo
Fyay(n) = / Bt — 2)PL[Sy > 4,55 > @y ., Sus > @, St € dy] diLy yeioal
’ (3.2.18)
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Thanks to invariance by translation, by Theorem [3.2.1] for fixed ¢ > a, we get that
the following equivalence holds uniformly on y € [0, a] :

Pt [Sl > a, 52 > Q. .., Sn—2 > aasn—l € dy] - gn,t—a(y - (Z)
P[H[ >a—y] (3.2.19)

~V(t -
(t=a) o/ 2mn3/?

so that for fixed x € [0, a], one gets :

sup ]ng/QFx,dy(n) —O,(x,y)| <
y€[0,a]

+o00 N P~ S a—
u/ dth(t — ) sup |n*?Gy; o(y —a) = V(t - a) A >a—yl)
“ vel0.al oV 2w

(3.2.20)

The point (i¢) of Theorem allows us to use dominated convergence in the above
integral and thus for fixed x € [0, a], the quantity sup,c( o [*?Fy 4, (n) — ®o(z, y)]
vanishes as n — oo.

To get the uniform convergence for x € [0,al, one just has to find a suitable
domination to the integrand to apply the same argument as above. Using once
again point (i) of Theorem it is easy to see that this reduces to showing that

sup / h(t —x)V(t — a)dt < oo (3.2.21)
z€[0,a] Ja

t
E[H]

and using the asymptotic equivalence V' (t) ~ this will be implied by

sup / h(t — z)tdt < oo (3.2.22)

z€[0,a]
and of course the last term is bounded by
a-+ sup / th(t)dt < a +/ th(t)dt < oo (3.2.23)
z€[0,a] J x 0

thus implying equation (3.2.16)).
For equation (3.2.17)), we have immediately :

Pr>k=> j*° / 5P Fyay () (3.2.24)

j > k [O,Cl]

so that using the first point of Lemma (in particular the uniform convergence
part of it) and the standard equivalence Zj > kj*3/2 ~ 2k~1/2 we are done.

[]
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3.3 An infinite dimensional problem

3.3.1 Defining the free energy

In this section, we define the free energy in a way that allows us to make use of
the Markov renewal structure we already pointed at in section For A > 0, we
introduce the following kernel :

o0

Byay = Z ™" Fyay(n) (3.3.1)

n=1
and the associated the integral operator

(B*h)(z) := / B} 4,h(y). (3.3.2)

[0,a]
We then have the
Lemma 3.3.1. For A > 0, B}, is a compact operator on the Hilbert space L*([0, a]).

Proof. Note that for all n € N, F} 4,(n) has a density f,,(n) with respect to the

Lebesgue measure restricted to [0, a], and this implies that B;"dy also has one (we

denote it by b*(x,y)). To show Lemma m, it is sufficient to show that By, is
actually Hilbert-Schmidt, that is that

/b)‘(x,y)le,ye[Qa}dxdy < 00. (3.3.3)

Note that by the point (ii) from Theorem and taking into account the
fact that h(-) is bounded, there exists C’ > 0 such that, for all n € N and =,y €
0,a], foy(n) < C’% where ¢(-) is the density of H; .

It is then straightforward to show . Actually, we have the inequalities :

2
/bk(x,y) 1x7y€[0,a]dxdy

0o 2
:/<Ze_>mfw,y(n>> 1x7y€[0,a]dxdy

n=1

< a/ Z e MM g(y — a)?n 3 Pm T e g dy < 0. (3.3.4)

nm > 1

[]
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Lemma enables us to introduce 6*()\), the spectral radius of the operator
B*. One may define §*()\) more explicitly by :

a . - (Bé\,[o,a]ym
0*(\) =infd R>0,) — o — <0 (3.3.5)
n=0

It is easy to check that 0*(\) € (0,00) for A > 0; 6%(\) is an isolated and simple
eigenvalue of B}, (see Theorem 1 in [Zer87]). The function 6°(-) is non-increasing,
continuous on [0, c0) and analytic on (0, c0) because the operator By, has these
properties. The analyticity and the fact that 6*(-) is not constant (as 6*(A) — 0 as
A — 00) force §%(+) to be strictly decreasing.

We denote by (6*)7!(+) its inverse function, defined on (0, §%(0)]. We now define
g and Fo(5) by :

Be = —1log(6*(0)), F“B) = (6*)"(exp(B)) if B = B* and 0 otherwise. (3.3.6)

Note that this definition entails in particular the analyticity of F(-) on R\ {8%}.
Of course it is not clear a prior: that the quantity we define in (3.3.6]) actually
coincides with the classical definition of the free energy, that is the limit of the

quantity + log ( Z / . We will show in the next parts that this is the case. Indeed,
N N,a,B

this definition will entail a representation for the constrained partition function
of the system which is explicited in section [3.3.2] and this representation in turn
will provide estimates on the partition function of the system in both phases. These
estimates will finally validate the coherence of the definition given in equation (|3.3.6]).

3.3.2 A useful representation for ZJCVM@

The fact that b*®)(x,y) > 0 for every (x,y) € [0, a] implies the uniqueness (up
to a multiplication by a positive constant) and the positivity almost everywhere of
the so-called right and left Perron Frobenius eigenfunctions of Bﬂf ); more pre-
cisely, Theorem 1 in [Zer87] implies that there exist two functions vg(-) and wg(-)
in L%*([0,a]) such that vg(z) > 0 and wg(x) > 0 for almost every z € [0,al, and

moreover :

a 1 1
BEust) = (1 g ) vl@) (33.7)
/ZJ‘E[O,GA] ’dy 66 eﬂc
a 1 1
w (a:’)Bf By = (— A —a) ws(y)dy. (3.3.8)
/acE[O,a] ’ W ef el g

Spelling out these equalities, we get that

1 e
vle) = SO0 [ el (3.3.9)
eb y€([0,a]

efe n>0
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which implies in particular the fact that vg(-) is positive on the whole [0, a] and not
only almost everywhere. Similarly, the function wg(+) is everywhere positive. These
considerations lead us to define the new kernel

K[, (n) := & Fy gy (m)e PO 2Y). (3.3.10)

It is then straightforward to check that

/ Z Kf,dym) - / § :Fw ay(n Py (y)lye[o,a]
yeR neN

¢’ / Fo(8) 65
= B, . vs(y) = 1N —;.
vs(T) yeR dy =P el

With the help of the above considerations, we can define the law Pg under which
the joint process (7%, Ji )k > 0 is an inhomogeneous Markov chain (defective if 8 < 82)
on Z* x [0,a] by :

Ps [(Trt1, Jrt1) € ({n}, dy) (7, Jk) = (m, x)] := Ky ay(n — m). (3.3.12)

(3.3.11)

It is possible to define this object in a more intuitive way ; first, sample the J;’s as
a Markov chain following the law

Po(Jir1 € dylJe =) = Y K, (n (3.3.13)

n>1

Then, sample the increments (7, — Tx—1)k >1 as a sequence of independent but not
identically distributed variables according to the law

kgkfl,g]k (n>
0)

Zn >1 kgk_l,Jk (n)

where k7 (n) is the density of K7 A y( n) with respect to the Lebesgue measure. Recall
that the sequence (Th)k >0 18 what is called a Markov renewal, the process (J;); > o
being its modulating chain. We then have an analogous property as for homogeneous
pinning (see [Gia07]), its proof is contained in equality :

Ps(me = Tom1 = n|(J )k » (3.3.14)

Proposition 3.3.2. For any N € N, the vector (In,(Tn)n <in, (Jn)n <1y) has the
same law under P, 5 as under the conditional law Ps(-|Anx) where Ay = {3k €
N|7, = N}. Equivalently :

Saglly =k,7=t;,J; €dyiyi=1,... K]

| (3.3.15)
:Pﬁ [lN:k‘,Tj :tj,Jj Edyi,Z: 1,...,]{5|AN].
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Proposition [3.3.2] shows in particular that, similarly to the classical homogeneous
pinning model, the partition Z§ , 5 can be interpreted as the Green function asso-
ciated to the Markov renewal 7, that is Z§, , 5 = P3[N € 7] and more generally for
v € (0,a], 2%, 3(dv) = Pg[3k, 7, = N, Jp € dx]. Equivalently, we have the equality

¢ axp(F° v3(0) By wk
Ziag = eEON) | 20 kgom )6y (V) (3.3.16)

which is a consequence of the more general equality :

ZN,ap(dy) = exp<F”<ﬁ)N)ZZ—$ D (K, (N) (3.3.17)

which holds for y € [0, a.

3.4 The localized phase

3.4.1 A key Markov renewal theorem

Let f > (2. In this case, the two functions ws(-) and vg(-) are uniquely de-
fined up to a multiplicative constant, and we use this degree of freedom to fix
Jg va(@)ws(2)Lye0,q) = 1. Thus the measure pig defined by

ps(de) == vg(z)wg(x)yep,qde (3.4.1)

is a probability measure. It is not difficult to see that, if 8 > ¢, the probability pg
is invariant for the kernel | K f 4y(n), hence for the Markov process (Jy,).

To get estimates on the partition function of the Markov renewal process, we
need to show an analogous to the classical Markov renewal theorem (which can be
found in [Asm03]) in the case where the state space of the J;’s is not countable.

For such a convergence to hold, we need a stronger form of recurrence that in
the discrete case. For this we introduce the notion of so called Harris recurrence.

Definition 3.4.1. A Markov chain (X,,) on a measurable state space (E,F) with
positive invariant probability p 1s sard to be Harris recurrent if the following holds
forall Ae F and allx € E :

p(A) > 0= P14 < +00] =1 (3.4.2)
where T4 :=inf{n > 0, X,, € A}.

We introduce two definitions valid for Markov chains on general state space :
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Definition 3.4.2. Let X,, be a Markov chain on some topological state space
X, B(X).
— Given a non negative function VU defined on B(X), we say that X, is V-

irreducible if whenever W(A) > 0 (where A is an element of B(X)), there
exists some n such that P"(x, A) > 0.

~ We say that X,, is T-irreducible if there exists a kernel T, 4, such that there
exists some € > 0 verifying

> Pz, A) = T(x, A) (3.4.3)
n=0
for all A € B(X), where T(-, A) is a lower semi-continuous function for all

A e B(X).

Of course, in our case X will simply be the space [0,a] x N.
We then have the fundamental theorem (see [MT09, Theorem 9.0.2]) :

Theorem 3.4.3. Let X,, be a T-irreducible Markov chain with state space X. X,
is Harris recurrent if and only if P,[ X, — oo| = 0 for each x € X where the event
{X,, = oo} :={ the trajectory visits each compact set only finitely often }.

We recall the following very general result which holds for Harris recurrent
Markov chains (see [MT09, Theorem 13.3.3 ]) :

Theorem 3.4.4. Let X be a Markov chain with transition probability P(-,-) on a
measurable state space (E,F) with positive invariant probability u and denote by

|| -|| the total variation norm. Then the following convergence holds for every initial
distribution \(+) on E :

I //\(dx)P"(m, ) = pl| = 0. (3.4.4)

We are now ready to state the main result of this part :

Lemma 3.4.5. In the localized regime, for x € [0, a| the following convergence holds
in total variation norm :

d
lim Ps[3k €N, 7 = N, Jy € da] = pp(de) . (345)
N—oo f[o,a}Z pa(du) Y2, - ok, 4, (n)

Proof of Lemma . We consider the Markov process (A, J;)r >0 on N x [0, a]

whose transitions are given by :

Ps [Aj =k JicdylAj=1,J;_ | = :B] := 0k1—102(dy) (3.4.6)
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if [ > 2 (where §,(-) is the Dirac measure concentrated on {z}) and by
Py [Aj =k, J, € dylAj1 =1, J,_, = x| = K. , (k). (3.4.7)

Note that this Markov chain is nothing but the well known forward recurrence chain
associated to the Markov renewal. More specifically, A denotes the time one has to
wait at time ¢ until the next renewal happens, the Markov chain J’ containing the
last location of its modulating chain. Our proof is in a certain sense a generalization
of the well-known proof of the classical Renewal Theorem which uses the ergodic
properties of the forward recurrence chain (see [Asm03|, VIL.2] ).

We introduce the probability measure on N x [0, a| defined by :

1
11°(i, dy) := / 115(dz) e (3.4.8)
f[oﬂp pp(de) 3oy - o kadu(k) Jz;z y

Note that f 2p(dr)y o K xdu(k) < oo since 8 > (¢, so that in particular

I1°(-, ) is non degenerate. It is easy to see that I1°(-, ) is the invariant probability
of the Markov process (A, J}, )k > 0. Indeed, for all (7,y) € N x [0, a], we have easily :

11° Py(i, dy) =H5(¢+1,dy)+/ I°(1,dz) K7 (i) = TP (i, dy) (3.4.9)

where in the second equality we used the fact that pg(-) is the invariant probability
for the Markov process (Jg)k > 1 (noting that 11°(1, dx) is a multiple of pg(dzx), this is
exactly saying that fo s dz)Kw ay(1) = ps(dy), which is the second part of equation
B49)).

We note that, making use of the positivity of g on [0, a] x N, the Markov chain
(A, J') satisfies the hypothesis of Theorem [3.4.3] (it is s irreducible and its kernel
being positive and continuous it also trivially satisfies the T-condition), so that

||/ (d2) P} (z,) — TIP]| = 0 (3.4.10)

as n — oo, where || - || denotes the total variation norm on N x [0,a] and A()
any initial distribution. This implies in particular that, as j — oo, the following
convergence holds in total variation norm :

Py[A;=1,J, € da] — t () — = poldn) g 4y
f[o,a]z pp(du) >y o KK, dy(k) Cs

and since Pg [A 1,J; e dm} Ps 3k € N, 73, = j, Ji, € dz], the proof is complete.
[
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3.4.2 Deducing asymptotic estimates on the partition func-
tion

In the localized phase, this result provides an estimate for Z5 , 5.
For z,y € [0, a], we define :

Zf\,’aﬂ (z,dy) := E,

N
exp (5 Z ISkE[O,a]) 1g, > O,kl...N]-SNedy] ) (3.4.12)

k=1

Theorem 3.4.6. For 3 > B2, for every x € [0,a],y € RY, as N — oo, one has the
convergence :

Z5saplrdy) ~ P e e )N )y (3.4.13
B

where for a fized x € [0,a] (and more generally for any initial distribution of x),
the convergence of Z3, , 5(x,dy) exp(—F*(B)N) towards %Zﬁ(y)dy holds in total
variation norm.

These estimates imply in particular that there ezist two positive constants C*(3)
and C¢(B) such that, :

1. Z§,5 ~ C(B) exp(F*(B)N)
2. Z oy 5 ~ C4(B) exp(F(B)N).

Remark 3.4.7. Note that an immediate consequence of Theorem [3.4.6 is the con-
vergence of the quantity 1/N log(Z]{],a”B) towards F*(B) in the case where this last
quantity is positive.

Proof. Combining identity (3.3.17) and Lemma [3.4.5] we immediately get the fol-

lowing estimate :

75 (. dy) ~ exp(Fo(B)N) L) f15(dy) . 3.4.14
(T dy) p(F(8) )vﬁ(y>f[07a]2ﬂﬁ(dx)Zkglef,dy(k) ( )

The estimate in the free case is easy; we have the relation :

N
Z};aﬁ = BN Z ZN_t,aﬁ(dx)e_Fa('B)(N_t)ch[51 >a,..., S > a]e_Fa('B)t.
t=0

(3.4.15)
Using the total variation convergence part of Lemma [3.4.5 this entails :

a > a d
Z]J:faﬁ ~ Cy(B)e PN Z e’ ('B)t/ Mﬁé ™) P,[r >t +1]. (3.4.16)
h t=0 [0,q] B
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One just has to note that the integral in the equation above is convergent ; this is
the case because on the one hand 8 > % entails F*(3) > 0 and on the other hand,
making use of Lemma m (in particular the uniform statement part) , the term
in the integral is of order ¢~/2 for large t. We finally get the second statement of
Lemma [3.4.6]

O

3.5 The delocalized phase

In the delocalized phase, we can adapt in a quite straightforward way the proof
of [CGZ06] using techniques which have been developed in [CD08]. We first recall
the following proposition which has been proven in [CDO0S, Proposition 7.2] :

Proposition 3.5.1. Assume we are given a kernel A, 4,(n) satisfying the following
assumptions :
1. the spectral radius of G qy := ZneN A, ay(n) is strictly smaller than one ;
2. uniformly in x € [0,a] :
A:v,dy(n) ~ Lx,dy/n?’/Q- (351)
Furthermore, there exists a positive constant C such that for every z € [0, d]
and every closed set F C [0,a], A, p(n) < CL,p/n%?;

3. there exists v > 1 such that (1 —vG) ™ o Lo (1 —~G)™),.r < 0o for all
x € [0,a] and for all F' Borel subset of [0, a).

Then, as n — oo, the following relation holds uniformly in x € [0,a] :
(1=1G)ToLo(1-1G)™)

n3/2

Afp(n) ~ Y, (3.5.2)

Actually, the result proven in [CDOS] is slightly different, but can be transposed
in a straightforward way to our context. Proposition [3.5.1]easily implies the following
estimates :

Proposition 3.5.2. For § < %,as N — 0o, we have the following :

1. Z§ 45~ C"(B)/ N3/

2. s ~ CR(B) N
where C'*(B) and CF(B) are positive functions depending on 3.

Note that these estimates coincide (except of course for the precise values of

C"(B) and CF(B)) with the ones proven in the homogeneous pinning model case
(see |Gia07, Theorem 2.2]). They also complete the proof of the identification of

F%(B) as being the free energy (since they tell us that, for g < 5%, 1/N log (Zl{f,a,ﬁ)

converges to zero).
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Proof of Proposition [3.5.3. We apply Proposition [3.5.1| considering A, 4, := €’ F, 4,,.

As f < B, the spectral radius of >, A, qy(n)(= eﬁBg ay) 1s equal to e~Fe < 1.

The fact that the kernel A satisfies point (2) of Proposmon “ 1/ has been proven in
Lemma (3.2.3) with L, 4, := e’®,(x,y). Using equation (3 , it is then clear that
we are left with proving that A satisfies the third hypothesis of Proposition to
get the first estimate of Proposition [3.5.2]; concretely, we are left with showing that,
for all closed subset F' C [0, a],

-1 -1
/ 1 —vzeﬁBO Pd,(y, 2)dz | 1 —vzeﬁBO < oo (3.5.3)
y,2€[0,a],te F - .

neN dy neN Jdt

for some v > 1. We fix some v € (1,e% ) ; we note that

-1
(1—72 ﬂB‘)) =1+ e’ / > B .(ve’ B, (3.5.4)
y a

neN z,d neN

Making use of the explicit form of @, (see equation (3.2.15))), we can split the integral
appearing in equation (|3 in two parts, so that we are left with showing that

—+o00
/ (1 e Y BY, o0 fyeBBO)Zdy> / dth(t—y)V(t—a) <o (3.5.5)
[0,a] a

neN

and

/ / dz (1 + 766232 a0 (7P B dt) PH 2 a— 2] < o0. (3.5.6)
teF J[0,a

neN

It is easy to show (3.5.6)); in fact, making use of Cauchy Schwarz’s inequality, we
get immediately that the left hand side is smaller than :

/ (HZHBzdu veﬁBS,dt)"”H) (3.5.7)
telr

neN

where || -|| stands for the L? ([0, a]) operator norm. Recalling that 5% is the spectral
radius of the operator BY, a classical result gives ||(ye”BY ;)" ||/" — vef~Fe < 1
as n — oo (see [Kat76, Chapter III, 6.2]), and using the fact that |BY ;.|| < oo (see
Lemma 1} we get (3.5.6)).

To get , using the first point, it is enough to show that the function
y € [0,a] — f dth t —y)V(t —a) is in L*([0, a]), but we already noted that this
function is continuous on [0, a] ; thus the constrained case is proved.

z,du
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Conditioning on the last passage in [0, a] of our random walk before N, we finally
get :

N
N'YV2ZL = / > Zg, 5(de)NVPP[r > N — k + 1] (3.5.8)

[0,a] :.—g

and using the equivalence part of Proposition m (which gives an estimate on the
quantity Z , 5(dz)), this implies that N'/2Zy  , — C"(3) Jio.app ®al@,y)dady =

C(B)-
O

3.6 Infinite volume limits

With the above estimates, for i € {c, f}, it is quite easy to understand the infinite
volume limit of the laws Py, 5.

Theorem 3.6.1. For every € R such that 8 # 5% and for i € {c, f}, for every
k € N and for every (t1,...,tx) € N¥ 1) <ty < ... < ty,(z1,...,21) € [0,a], one
has the following convergence :

Pév,a,ﬁ (11, 1) € {t1},dxq), .. (Thy i) € ({tr}, dag)]
= Pgl(m,J1) € ({ta},dor), ... (7, Ji) € ({te}, dzr)] . (3.6.1)

Proof. Using the above equivalences and the representation |3.3.16} as N — oo, one
has both in the localized and in the delocalized regimes :

Pl]'\;,aﬂ [(7'1, J1> € ({tl}, dl‘l), - (Tk, Jk) S ({tk}, dxk)]
_ Pﬁ [(Tl, Jl) S ({tl}, dl’l), e (Tk, Jk) S ({tk}, de‘k)] R%(N — tk)
Rj(N)

(3.6.2)

where R'(-) is a positive function which converges towards a positive limit if 5 > 32
and whose limit is a rational function of NV if § < 8¢. Hence the result. O

3.7 The set of contact points in the subcritical
regime

The main goal of this part is to prove Lemma [3.1.5] which tells us that in the
subcritical regime, the set of contacts points is practically absent. More precisely, we
show that both in the constrained case and in the free case, the process visits only
finitely many times the interval [0, a] and that these visits are all at a finite distance
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from the origin for the free case, from the origin and from the fixed endpoint for the
constrained case.

Note that the estimates on the asymptotic behavior of the partition functions
being the same as in the classical homogeneous wetting case, the proofs in this part
are quite similar to the ones in [DGZ05].

3.7.1 The free case

We introduce a new law péﬁN(-, ) on Vy x (RT)N which is defined as :

|A]
pg’N(A, d:L') = ‘A| H th du t tj—l)lxtje[o,a]NjE{O ..... |A|}- (371)
N a,B 7=1

where we recall that Vy := P({1,...,N}) and where ¢y := 0, 29 := 0 and A :=
{t1 <ty <...<t,}. We can write :

PY sldr) = )~ / N(A, dy)P,, (dz) (3.7.2)
ACVy 0“]“4' -
where Py ,(-) is the law of (S1,...,Sy) conditioned on the event Ey 4, which is
defined by :
Enny = {Si —ysi€ AU {0}} N {Si > a,id A}. (3.7.3)
For A € Vi, we write £(A) := max A. The following lemma immediately implies

the first part of Lemma [3.1.5]:
Lemma 3.7.1. For § < B2, the following estimates hold :

lim limsup sup pﬂN(E(A) >L,x)=0 (3.7.4)

L—oco N_oo r€RN

Proof. For z € RV, we write :

Phn(L(A) = L) =) ph y(L(A) = k)

3.7.5
_ Z]kV:L Zt ap(@)Py 1 = N — k] ( )
Zgzl f[O,a] Zﬁ,a,ﬁ(duk)PUk (1> N — k]
where we defined (with the usual convention #j411 = k) :
|Al+1
Ziap(E) = > A T o, e, (6 = t5-1) 10, c0a) (3.7.6)

ACV}C_l,A:{t1<...<t‘A|} Jj=1
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which is simply the partition function Z , 5 restricted to the trajectories for which
(Ji)i < ja] = (2i)iea. Of course for every z € RV, the bound Zg , 4(z) < Zj,, 5 holds,
so that applying Lemmam (and in particular the uniform convergence statement),
we get that there exists a constant Cy > 0 such that for every x € RV :

Sis Zas(N+1—k)71/2
Z]kvzl f[o,a] Zﬁ,a,g(dzk)(N +1- k?)l/z.

Using the estimates of Lemmal[3.4.6] we get that the right hand side above is bounded
by

(3.7.7)

phn(L(A) > L,z) < C

/ZQ:L k32 (N 41— k)12

y ’]::1 RN SR (3.7.8)
For every fixed L and large N, we have :
Z 1
2R (N 4 1 k)2
2 R 1 1 (3.7.9)
\/_Z i N; GINPR (L= G — D)7
=1 + I,

Note that I; < (NL)~'/? while I, is + times a Riemann sum approximation of a
converging integral. On the other hand, it is easy to see that similar computations
yields that the denominator in ([3.7.8) is bounded from below by ¢N~'/2. Therefore

limsup VL lim sup sup pBN(E(A) > L,x) < oo (3.7.10)
L—oo N—oo geRN
which proves Lemma [3.7.1] which in turn implies easily Lemma [3.1.5 O

3.7.2 The constrained case

We introduce similar notations to the free case. More precisely, we introduce a
law p§ n (-, ) on Vy_y x (RT)Y which is defined as :

|[A|+1

Pan(A do) = —— Z POARD H Fay, yday, (t = 1-1) Loy cl0,alvieq0,. )y~ (3.7.11)
N,a,

where tg := 0, tjaj41 := N, 29 := 0 and A := {t; <ty < ... <tja}. We can write :

Py o s(de) = ) / PN (A, dy)PS ,(dx) (3.7.12)
Acvy / [0a]lA*
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where for y € (RT)Y, Py, () is the law of (Si,...,Sx) conditioned on the event
En.a,y Which is defined by :

Exny = {si —yie AU{O}U {N}} N {si >aid AU {N}}. (3.7.13)

For A C Viy_1, we recall that L(A) := max(A N[0, N/2]) and R(A) := min((AN
[N/2,N]) U{N}).
We show the following :

Lemma 3.7.2. For 8 < 3¢, the following estimates hold :
lim limsup sup p§ y(L(A) > L,x) =0 (3.7.14)

L—oco N300 z€RN

and
lim limsup sup pj y(R(A) < N - L,z) =0. (3.7.15)

L=00 Nooo zeRN

Proof. This proof heavily relies on the estimates on Z3, 5 ,(dy) in the 8 < 3¢ case
from Proposition [3.2.3]
For z € RV, we write :
N/2
Pon(L(A) > Lw) =y ph n(L(A) = k,2)
k=L

N/2 N-1
< val,a,g kZL Z a,p(dy) z—%ﬂ Fopda/(l = K) 2N q,(0, d ) (3.7.16)
N/2 N-1
CONEI Y ST (1= ) [y (N — 1)
k=L I=N/2+1
where of course ||®[|e 1= SUD, eq2 [Pal(,y)| < o0 because of the continuity

of ®,(-). Note that in the last inequality, we used Proposition and twice
Proposition [3.5.2] Thus the right hand side in the expression above is smaller than :

1/2 1
Cl N—1/2/ w2 du [N—W/ (s —1/2)32(1 +1/N — 5)~%ds
L/N 1/24+1/N
< C3L—1/2
(3.7.17)

and the first part of Lemma [3.7.2| is proven. For the second part, we simply use the
symmetry of S to get :

pin(RA) SN = L) = Y phn(R(A) = k) (3.7.18)



76 CHAPITRE 3. A HOMOGENEOUS WETTING MODEL

and we have already treated this quantity above. O]

3.8 Scaling limits in the subcritical regime

The goal of this part is to prove Theorem [3.1.3] We fix § < 7. We treat the
free case and the constrained case separately, the techniques we use for each case
are quite similar but the constrained case is at least notationally a little bit more
involved.

The main idea of both proofs is the same. Combining the estimates on the contact
set of Lemma and the very convenient representations of equations and
(3.7.11)), one just has to consider the trajectories whose contacts with the stripe are
very close to {0} (and from the endpoint in the constrained case). After integrating
over the first step after the last contact with the stripe and making use of Markov’s
property, the remaining process is simply the random walk conditioned to stay over
the stripe (and to come back in [0, a] close to the endpoint for the constrained case).
Finally, in the free case, the convergence towards brownian meander will simply be
a consequence of a result from Shimura [Shi83] (see Theorem below) and of
the results we show in the discrete setup in chapter [5| of the present thesis for the
constrained case.

We define 7(_oo ) := inf{j > 0,5; < 0}. Note that of course under P, one has
T(—s0,0) = 17 but this is not the case under the law P; for ¢ > 0.

3.8.1 The free case

The main tool in the first part of the proof of Theorem will be the following
result which has been proved in [Shi83, Example 4.1] :

Theorem 3.8.1. Let xn be a positive sequence such that ty N> =0 as N — oo.
One has the following weak convergence :

PIN[ - ’T(,OO,O) > N] ° (XN) (), (3.8.1)

For clarity, we summarize the steps of the first part of the proof of Theorem [3.1.3
in the next key lemma ; then we show that we may apply Lemma to our setup,
and finally we go to its proof.

Lemma 3.8.2. Let Iy be the random variable L(A) under P{V,a,ﬁ and let L be a
positive integer. Assume the following assumptions hold :



3.8. SCALING LIMITS IN THE SUBCRITICAL REGIME 77

1. For any € > 0, one has

lim Q{\,’aﬂ sup wy = ¢e| =0, (3.8.2)

N—
> tefo, N

2. For every A C Vi such that L(A) = L and for every x € RY, if X follows the
law P4 ., one has the convergence in law :

(V XNHO) =m (3.8.3)
t€0,1]

where m denotes the law of the brownian meander.

Then one has the weak convergence

Qlap=m (3.8.4)

Proof of Theorem [3.1.3] for the free case
The first point of Lemma is fulfilled. We write :

Q{\,’a’ﬁ sup wy = € P{\,aﬁ [ max S; > eoVN;ly > L} (3.8.5)

tefo, %y | U7

+PNQ6{ r?a)% S; = 60'\/_ N:ly < }

.....

so that choosing L large enough and making use of Lemma [3.1.5, for any fixed
n > 0, we can get the following bound which holds for every N and for every L > Ly :

Q{\,’aﬁ SUp W >e| — P{V,a,ﬁ L_r?a%]v S; =2 eoVN;ly < L} <n/2. (3.8.6)
tef0, -] o

Then we note that :

N
. 1g.
B2z Lsiclol 1lN < Lle>N

E |:1max S, >6O’\/76
P/, max S; 2 eoVN;ly <L|= I
70‘718 ]71 l Zf
N7a’/3

e

(3.8.7)
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so that using the estimates on Z zfva g from Proposition |3.5.2, we get that there exists
a constant C > 0 (which may vary from line to line) such that :

77777

< CePtP |:‘H11aXLSj > 50\/N|Tf >N

(3.8.8)
where in the last equation we made use of the well known fact that the sequence
(NY2P[S; >0,...,Sy = 0])n > 1 converges towards a positive limit as N — oo (see
[Felr]).

Then we consider some v > 0. As soon as N is large enough, we have of course
the bound :

Jj=1,.., Jj=L,...7N

P | max ;> ga\/N)T; > N} <P { max S; > Eam‘Tf > N} . (3.8.9)
We can rewrite the right hand side above as :

P | sup StN2€

t€[0,7]

T > N] . (3.8.10)

where of course SV is the image of (S;); <y under the map X*~. Making use of
Theorem [3.8.1], for every bounded continuous function ®(-) on C(]0, 1]), one has the
convergence

E[(I) ((SM)epo) |7 > N} — m(®) (3.8.11)
see [Bol76].
Finally, we note that the set of discontinuities of the functional
C([0,1,R) — R
([0, 1 R) 1 (3.8.12)
/ = Lsupp, S e

is of null m-measure, so that by the continuous mapping theorem (see [Bil68]) the
quantity (3.8.10) converges towards m(sup;ep,w: > €) which can be made arbi-
trarily small when -y is chosen accordingly. O]

The second point of Lemma is fulfilled. We first prove the second
statement in the case where A = (). Let ¢ > 0. We consider a Lipschitz bounded
functional ® on C([0,1],R), that is such that there exist two positive constants ¢,
and ¢y verifying that for every f, g € C(]0,1],R), one has :

[2(f)l < and |O(f) = D(g)| < el[f — gll- (3.8.13)
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Here, €y .4, is simply the event {S; > a,..., Sy > a}; conditioning on Sy, for every
M > a, one gets :

EA[® ("o |
_ /MP[S1 e dt
X E[@ (XV(1,5,,..., Sx))

+oo
+/ P@eﬁ

M

Sl>a,...,SN>a]

A$:t§5>@”wSN>4 (3.8.14)

Sl>a,...,SN>a}

X E[(I) (XN(t,SQ,...,SN)) ’Sl :t,Sg > CL,...,SN > CL].
Then we note that by the Markov property, for any ¢t > a :

E[(I)(XN(t,SQ,...,SN))‘Slzt,52>a,...,SN>a]
(3.8.15)
:ﬂﬁﬂxﬂa&+m“w&Wrumk@wm>N—q.

Considering the first part in the right hand side of (3.8.14)), it is then easy to see
that for any (z1,...,zy_1) € (RT)¥~! and t € [a, M], one has

‘@ (XN(t,xl +a,...,TN_1 +a)) - ® (XN_l(xl, e ,xN_l)) ‘

C28Up,—y, . N-1 |2j — @] a+ M

X \/N Co \/N

(3.8.16)

-1
Theorem [3.8.1| implies that for fixed ¢ > a,Et[ . ‘T(_OO’O) > N — 1} o <XN_1>

converges towards m. In particular, using the tightness criterion of Kolmogorov,

this implies the fact that *2i=le- v Sl y “\J/“% =: Yy converges towards zero

in probability when (.S;); < v is distributed according to Et[ : ‘T(_OQO) >N — 1].

Thus, one has :

FQF(XN@ST+QHWSN4+aDk@mm>JV—q
(3.8.17)
~Ey[® (XYUS1, o Shn) [reen > N 1|
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< Et[ O (XN(t,S1+a,...,9-1+a))

— & (XS, Sy 1)) [Ty o) > N — 1]
+E|[@ (XYL, S +a,. ., Sy +a))

—® (XS, Svn) [Ty < | o) > N — 1]

<26P [V > ¢ > N = 1] + e

where in the last inequality we made use of . We choose Nj large enough
such that the last term above is smaller than say (1 + c2)e (which is possible using
the convergence in probability we pointed right above).

Now, we have to show that one can choose M large uniformly in N so that the
second part in the right hand side of can be made uniformly negligible with
respect to the first one as N — oco. We prove in the appendix that for every M > 0,
the following convergence holds :

+oo
/ P[S1 c dt
M

Recall the equivalence V' (z) ~ z/E[H| | as x — 00, so that both integrands in the
right hand side of equation are finite. This implies that for M large enough
(and in particular independent from N), the left hand side in the inequality above
can be made smaller than €. Making use of the triangle inequality and considering
M large enough, we then have for every N :

te PIS, € dt]V(t —a)

M f;oo P[S; € du]V(u—a) (3:8.18)

Sl>a,...,SN>a] —

M
B4 [ (X iepo) | —m(®)| < / P[S, € dt|S) > a,...,Sn > a]

x ‘E[CD (XN(t, s, ..., Sn))

S2>a,...,SN>a]

— By [@ (XY (S1, o, Sv) [ > N = 1] (3.8.19)
—i—/MP[Sl € dt|S; > a,...,Sy > d
X ‘Et [cb (XY¥Y(Sy,... Sn_1)) ‘T(,OO,O) >N - 1] - m(CI))‘ + 2

The first term in the right hand side of can be made small using dom-
inated convergence and the considerations following equality , the second
one by using Theorem [3.8.1] and dominated convergence, and thus the A = ) case
is resolved.

For a generic A C Vy and z € (R*)Y, we just make use of the Markov property
of S and of what we just proved. More precisely, noting that AN [0,L] = A and
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making use of the Markov property, we get :

/ N
EA’JC ® ( SN+t N))
t€[0,1]

—E,, [ESL [@ (S50 ‘Sl >a,...,Snop > a” (3.8.20)
We integrate the numerator above on Sy ; it is equal to :
/ P4,[S; € dulE, [@ (5 o) ‘51 >a,...,Snop > a] (3.8.21)
0

and we note that for all x € [0, a], one has the equality :

E, [(D (S ")iepo.n)

Sl >a,..., SN,L > a] = E{O},O |:q) (StNiL)tE[O’l]) :| (3822)

and the right hand side in the above equality converges towards m(®) as we have
already shown.
Thus applying dominated convergence, we get the convergence :

/ L
El |® ( SJJXH 1_)) — m(®). (3.8.23)
te(0,1]

as N — oo, which is the second point of Lemma |3.8.2 O]

Proof of Lemma [3.8.2]

We consider €, > 0, Ly large and ® a continuous function on C([0,1],R). We
write :

5’N (A, dx) Py, [CI)(XN)} + Q{V,a,ﬁ [(I)(w)lg(A)>L0] .
(3.8.24)

Then we note that for each A and x appearing in the right hand side above, the

convergence P, , [(D(XN)} — m(®) holds. We note L for the quantity £(A) and for

notational convenience we write fy(t) := L/N +t(1 — L/N) and gn(t) := (i:%%)

its inverse function (and we set fo(t) = go(t) = t).
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We first note that for every n > 0, for every t; < ty < ... < t, € [0,1]" and for
every continuous bounded function F' : [0,1]" — R, one has the convergence

Pa, [F(X)Y, X))

TRELTERE

LX) = m [ Flwy,... w,)] . (3.8.25)

Of course, using the second assumption of Lemma this is quite obvious. We
just note that :

Pa | F (X, X0, X0) |

/ L N / L N
F ( 1 - NXfN(tl)’ e ey 1 - NXfN(tn))]

as N — oo by dominated convergence because F'(-) is continuous and bounded ; as
the convergence of the second term above towards m(F(wy,,...,w,)) is known by
hypothesis, the finite dimensional convergence is proven.

We are left with proving the tightness of the sequence X* under the law P4, for
A C Vy such that £(A) < L. For this, for n > 0 and for a continuous function f
on [0,1] — R* verifying sup;c(y, f(t) < €, we introduce its n-cut counterpart f ()
namely, [ (x) = zfén) Licjoy + f(2)1, 5. Clearly, we have ||f — f|| < e.

Note that by the very definition of the brownian meander and using standard
properties of the brownian motion, for C' large enough, one has m(B¢) > 1—¢ where

Bo={f e C0.1.B), swp |f(2)—f@) <Clz—yl*}.  (3827)

z,y€(0,1]

—Pu. —0 (3.8.26)

Therefore for such a C' and for N large enough, we have :

L

Py, ( 1 - NX}YV<0> €Bo| =1-2m. (3.8.28)
tel0,1]

Now we are ready to prove the Kolmogorov criterion for X under the law P4 .. We

have to show that given § > 0, there exists Ny such that :

]PA@[ sup | XN — XV > 5] <n N =N, (3.8.29)
sit,|s—t| < 6
Using the first hypothesis of Lemma, we can restrict ourselves to show (3.8.29))
by replacing X~ by (XV)E/N) and we write X~ for this new process. As the modulus
of continuity of X~ is obviously under control on [0, L/N], we just have to show
that there exists 9 > 0 such that for IV large enough, one has :

IPA@[ sup XN - XN > s] <. (3.8.30)
st>L/N,|s—t| < ¢
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Now we write :

v N v N v N v N v N v N v N v N
‘Xs - X7 < )Xfms) — Xvo| T ‘Xfw) — X+ ’XfN(t) — X (3.8.31)
so that, for every § > 0,
]P’A,x[ sup ‘)’Z;V—)?ﬁ 25}
st>L/N,|s—t| < ¢
< IP)A@[ sup ‘f(}fv Xf 5/3] —}—QIP’AI[ sup ‘Xf )?;V > 5/3}
[s—t]| <o s€[0,1]
(3.8.32)

The first term in the right hand side of the above inequality can be made smaller
than 7/2 for 6 small enough as soon as N is large enough using the second hypothesis

of Lemma [3.8.2| For the left hand side, we denote by gn(t) = (i:i%\\[r)’ so that
Pa x[ sup | X)) — X[Y| > 5/3]
s€[0,1]
A wN
- P“Lil[lopu Xivw = Xouinin| = /3 (XfN(t)>te[0,1} © BC}
P x[ ey TN 3<55N ) EBC]
T szl[%)pl] In(s) = “an(fn(s 8/ In(®) t€(0,1] ¢
(3.8.33)

The last term of equation (3.8.33) above can be made smaller than 7/3 for N
large enough since B¢ is a m continuity set (that is a set whose boundary is of null
m measure) and by using the Porte-Manteau theorem, which states that in this case

Pags [(X}Y\;(t))tE[O,I] S Bc] — m(B¢) (3.8.34)

as N — oo.
Finally, for (X ot ))te[O 1] € Be, we have

2/3

v N v N
Xins) ~ Xgn(fn(s)

(3.8.35)

< C sup |s—gn(s)

s€[0,1]

sup
s€[0,1]

‘2/3

and supe( ] ‘3 —gn(s)| < (L/N)?3. Thus for N large enough, one has :

Py x[ sup

s€[0,1]

XPt) = Xovtiw(s)

v N
<
> ¢/3; (XfN(t))te[o’ﬂ e BC] <n/3  (3.8.36)

which proves ([3.8.30). Thus we have shown that Py, [CD(XN)] — m(®P).



84 CHAPITRE 3. A HOMOGENEOUS WETTING MODEL

Now we make use of equation (3.8.24)) and the triangle equality to get that
\@{W o)) - m(@)|

Z 2 /Oa]m fa(A) [Paslo (X)) —m(@)|  (3837)

1=0 ACVy;L(A)=l
(1PN Q s [ Letaro o] + Qs || @) | Lecaroial

As ®(+) is bounded, using dominated convergence ( recall that

210 2 acvyica=t Jio.apa P v (A z) = 1) and the fact that P4, [‘I’(XN)] m(®)),
we are done by simply considering Ly large enough and by using Lemma |3.1.5, [

3.8.2 The constrained case

The strategy in this part is essentially the same as in the free case. The analogous
for Shimura’s theorem is proved in chapter [5| of the present thesis.

Theorem 3.8.3. Let xy and yy two positive sequences such that both xy /v N and
yN/\/N vanish as N — 0co. One has the following weak convergence :

P$N[ : ‘SN YN T(eo00) > N] o (XN> o). (3.8.38)

Remark 3.8.4. The result we show in chapter[J] is actually slightly more general
than that, since we show it for S in the domain of attraction of the normal law. On
the other hand, we only prove it in the lattice setup (that is in the case where S is
integer valued), although the proof should be very similar in our continuous setup.

Like we did in the free case, we first give a technical lemma which immediately
implies the convergence in the constrained case of Theorem |3.1.3|; its proof is very
similar to the free case, so that we choose to skip it.

Lemma 3.8.5. Let (I, 7n) denote the random variables (L(A), R(A)) under Py, 5.
Assume the following holds :

1. For any € > 0, one has

N—o0 t€[0,ln /N]U[rn /N 1]

lim QY. 5 [ sup wy = 5] =0. (3.8.39)

2. For every A C Vy_y such that (L(A), R(A)) = (L, R) and for every v € RY,

if X follows the law P ., one has the convergence in law :

R—L_y
( I XN+t( )> = e. (3.8.40)
te[0,1]

Then one has the second convergence of Theorem|3.1.5
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Proof of Theorem [3.1.3] in the constrained case.

Of course we simply show that the hypothesis of Lemma [3.8.5 are fulfilled.

The first point of Lemma is fulfilled. Making use of the convergence
(3.1.18) of Lemma |3.1.5] for any n > 0 and for Ry, Ly large enough, one has :

t€[0,In/N]U[rn /N,1]

‘Qi\f,a,ﬁ [ Sup Wt > 6]

—Pl.s [ max S; = 50\/N; Iy < Lo,mn < Ro}

<7n. (3.8.41)

Z]C\/,ﬂ,a
< eﬁ(LOJFRO)P max Sj > 80’\/N‘SN € [O,CL],T{ > N]

|j=1,....Lo,Ro,....N
y P [Sy €10,a];S; > 0,7 < N|

Z]c\f,ﬁ,a
(3.8.42)
Then we have the equivalence :
, S U (u)du
P|S 0,al;9:>0,j < N ~ 20—~ 3.8.43
[ N € [ aa]a 7 »J ] 27TO'N3/2 ( )
which follows from the more general equivalence
Ux)V(y)
P, 7oy >N—-1,8 dr| ~ ——= 3.8.44
y[T( ,0) N € :B] 27T0'N3/2 ( )

which holds for y,z > 0 . We prove this relation in chapter 5| and moreover we note
that it holds uniformly for z,y such that z/a, — 0 and y/a, € [0, K]. We are left
with proving that

lim P| max S, >e0VN|Sy€[0,a;T7 >N| =0. (3.8.45)

N—oo j=l ..... LQ,RO ..... N
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This is an easy consequence of Theorem [3.8.3] Actually, like in the free case, this
quantity can be rewritten as

P sup SN > e‘SN €[0,al; Ty > N (3.8.46)
SE[O,LQ/N]U[R()/N,H

and using the same trick as we did in the free case (and noting that by definition
the process (e¢):e(0,1) is continuous and e; = 0), we get that as N — oo, for every
A,y € (0,1), the term above can be made smaller than a sequence which converges
towards e(Sup;e(o \juy,1) Wt = €). Using the fact that here too the set of discontinuities

of the map
1R — K (3.847)
f = Laupg o £

is of null e-measure, choosing A small enough and v close enough to 1 we get our
first point. O

The second point of Lemma (3.8.5| is fulfilled. Here we make use of Theorem
in a crucial way. We first treat the A = () case. Once again we consider £ > 0
and ® a Lipschitz bounded functional on C([0, 1], R) verifying the same properties

as in (3.8.13)). For a given M > 0, we write :
c N
Az [(D (Xt )te[o,l] ]

:/ / P[Slzt,SN_I:t’,SN:u
t,t'€la,M]? Ju€(0,a]

XE[CI) (XN(t,SQ7...,t/,U/)) Slzt782>(l,...7SN_2 >G,SN_1 :t',SN:u}

+/ / P[Slzt,SN_lzt/,SN:u
t,t! > M Jue0,a]

X E[® (XV(t, S, ...t w) |S1 = 1,8, > a,..., Sz > a, Sy =¥, Sy = u].
(3.8.48)

Sy >CL,...,SN_1 >a,SN S [O,a]}

S >a,...7SN_1 >CL,SN€ [O,a]}

Using the Markov property and the homogeneity of S, we note that for every
(t,t',u) € (a,+00)? x [0, al, one has :

P[S, =t,Sy_1=t,Sy=u|lS; >a,...,Sv_1 > a,Sy € [0,a]]
_ P[SI =1t|P; o[T( o) > N —3,9v 2 =t —a]Py[S € duj
a P[S; >a,...,Sv_1 > a,Sy € ]0,d]]
B h(t)h(t' — u)Pio[T(—000) > N —3,Sy_2 =t —q]
- f[a7+oo)2 h(wW)Py_a[T(—oo0) > N — 3, Sn_o = 1] fTE[O’a] h(T —v)dr’
(3.8.49)




3.8. SCALING LIMITS IN THE SUBCRITICAL REGIME 87

For every t,t' > a, we already mentioned in (3.8.44)) that the following convergence
holds :

V(t—a)U(t' —a)
V2mo N3/2

and moreover for fixed positive K, this convergence holds uniformly for ¢,¢' €
la, Kv/N]?. From this, we can deduce that :

(3.8.50)

P o[Tcoop) >N —3,Sv0 =t —a] ~

P[Sl =t,Syv_1=1t,Sy = U‘Sl >a,...,Sv_1>a,Sy € [O,a]]
h(t)h(u — U (t — a)V (' — a) (3.8.51)

— o .
f[a,+oo)2 fo h(v)h(u — ")V (v — a)U(v' — a)dvdv'du

This convergence is somewhat lengthy and uses similar arguments as the proof of
the convergence in @ ; we show it in the appendix . Note that if we are
able to show (3.8.51)), the A = () case will be treated, the arguments being just the
same as in the free case; finally, in a similar way as in the free case, the general case
A # () will follow (one essentially just has to apply Markov’s property twice), and
thus we will be done. O]

3.8.3 Appendix
We show here the convergences appearing in (3.8.18) and (3.8.51)), that is

Lemma 3.8.6. For M > a, as N — o0, the following convergences hold :

+oo
/ P[Sledt|51>a,...,SN>a]

e P[S; € dt]V(t — a) (3.8.52)

M f:oo P[S; € dulV(u — a)

and
/ P[Sl = t, SN—l = t/,SN = UlSl > a,.. -,SN—l > a, SN € [O,CLH
[M,00)2x[0,a]

Jintoop o PO —=)U(t = a)V (¢ — a)

- f[a,-i-m)2 f()a h(v)h(u — v )V (v —a)U(v' — a)dvdv’du' (3.8.53)

Proof of (3.8.52))

We first prove the convergence appearing in (3.8.52)). For ¢ > 0, we define

_ PS1>0,...,5y >0

. .8.54
P[S; >0,...,Sy > 0] (3.8.54)

¢N(t) .
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Note that ¢y (-) is uniformly bounded by ¢N'/2. We recall that Lemma in
chapter [5] states that the convergence

PxN [7’(,0070) > N]

S~ V) (3.8.55)

holds uniformly for sequences xy such that xx/NY? — 0 as N — oo, so that we
just have to show that, as N — oo,

/ " h(w) b (u — a)du — / RV (i — a)du (3.8.56)

where we recall that h(-) is the density of S;. For any ¢ > a, using the Markov
property, we have :

P[5, € dt|S1 > a,..., Sy > d
 P[S edt]Py[Sy >a,...,Sv_1 > d]
PO P[S € dulP, [S1 > a,..., Sy 1 > d]
_ PISi€dt]Py g [T(—o0p) > N —1]
 [TEP[S) € dulPy_y [Too) > N — 1]
h(t)pn-1(t)
f;roo h(w)pn(u — a)du.

(3.8.57)
Making use of the triangle inequality, one gets :
“+o0o +oo
/ h(u)pn(u — a)du — / h(u)V(u — a)du
N1/4 o0
| e
a N1/4
N—— S—

(1) @

Let € > 0. Lemma [5.6.1| in chapter [5| entails that for NV large enough :

N1/4 N1/4
(1) < / h(u) |pn(u—a) — V(u—a)|du < 5/ h(u)du < €. (3.8.59)
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We have easily, still for NV large enough :

[ Coo
(2) < / h(w)V (u — a)du + / h(u)pn(u — a)du

N1/4 N1/4
= on(u—a)
< h(u)u® —————>d
= /Nm (wu Nz (3.8.60)
<e+ C/ u?h(u)du
N1/4
< 2¢

where in the third inequality we used the fact that E[S?] < oo. This concludes the
proof of the convergence ([3.8.52]). [

Proof of (3.8.53)

We use a bidimensional version of the above arguments, so the proof is somewhat
lengthy although technically not very involved. For ¢, > a, we define

Py (t,t) = V2rmo NPy, [T(—oop) > N — 3, Sy =t —a] . (3.8.61)

It is easy to see that in a similar way as the one dimensional case, we just have to
show that, for any M > a, as N — oo, the following convergence holds :

/ YRt )R h(u — ") dtdt du
[Moe)®<[0.a1 (3.8.62)
— h(v)h(u —0") V(v — a)U(v' — a)dvdv'du.
[M,00)2 x[0,a]
The following result is proved in chapter] it will be important in what follows. Note
that it is of crucial importance in the proof of Theorem |3.8.3]

Lemma 3.8.7. For K > 0, uniformly in x,n~"? — 0 as n — oo and in v, such

that y,n~'/2 € [0, K], one has the following equivalence :

V@)U prg — 1. (3.8.63)

Pmn [T(—oo,()) > M, Sn = yn] ~ n

We give us k, k" > 0 and we split the integral appearing in the left hand side of
(3.8.51)) into five parts, namely

/ / h(t)y% (¢, ") / h(u — t')dtdt' du
t,t'€la,+00)2 Juel0,a] u€[0,a]

S T (Y [ES RSy
DN x[0,a] DY x[0,a] DY x[0,a] DY x[0,a] DY x[0,a]

(3.8.64)
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where we define (recall the standard notations a A b := min(a,b) and a V b :=
max(a,b)) :
DY = {(t,t) € [a, kN"/*]*}
DY = {(t,t) e R®t At > kN4t v > k' N2}
DY = {(t,t) e R a <t At < kNY  tvH > /' NV} (3.8.65)
DY = ([kNY4 K NY2) x [a, kNY4]) U ([a, NY4] x [NV, 1/ NY2))

DY = [kNV* /' NV,

The domain DY

The uniform convergence of 9% (t,#') — V(t — a)U(#' — a) on DY (see Lemma
3.8.7)) is a consequence of the standard local limit theorem and implies immediately
that, as N — 0o :

/ D (6 V(D h(u — t')dtd du
DN x[0,a]

(3.8.66)
— h(v)h(u —v") V(v — a)U(v" — a)dvdv'du.
DN x[0,a]
The domain DY
One has the trivial bounds :
/ Yy ()R h(u — t')dtdt' du
DY x[0,a]
< \/27m/ N32h(t)h(u — t")dtdt du (3.8.67)
DY x[0,a]

210

/ (t V)2t AR h(u — t)dtd du
DY x[0,a]

X
K2K!2

and as E[S?] < oo, using Fubini’s theorem it is clear that the last term above
vanishes as N — oo.

The domain Dj

Note that DY is the union of [a, kN'/4] x [k'N'/2 00) and of its image by the
symmetry with respect to the line y = x, so that using symmetry arguments we

just have to show that the integral of h(t)y%(t,t') qu[O p h(u — t") vanishes over
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[a, kNY4] x [k'N'% 00). Note that for ¢, ¢ € [a, kN4 x [’ N2 00) x [0,a], the
following bound holds :

Pio [T(co0) > N, Sy —a = kN

a /
Unlt,t) S eN P[I; > N]|

(3.8.68)

and using the equivalence (3.8.55)) (and in particular the uniform part), we get :

NV ()Py_a[Sy — a > K'N'?|7_s0) > N]

<c
3.8.69
< eNV(t)m(w, > k') ( )

where in the last inequality we made use of Theorem [3.8.1L As V (t) ~ t/E[H| ], we
get that

V(RS (¢, 1) / h(u — t')dtdt' du

u€l0,a]

/[a,an/“}X[K’Nl/Q,oo)X[O,a]

t

< c/ =

h [a,k NY/4]x [k’ N1/2 00) x[0,d] E[HI ]
CE[Sl}

< ———m(w; > /{’)/ t?h(u — t')dt' du
h E[H| |x"? [’ N1/2 00)x[0,a]

and the last term vanishes as N — oo.

h(t)Nm(wy > k" )h(u —t')dtdt'du  (3.8.70)

The domain DY

We first consider the rectangle [a, kN'/4] x [k N'/4, k' N'/?], the other component
of DY will be treated in a similar way via time reversal. We use once again Lemma

3.8.7land the standard local limit theorem which show that the following convergence
holds uniformly for (¢,t') € [a, kNY*4] x [kNY*, &' N/?] :

V& (t, Y h(t)h(u —t') = h(t)h(u — )V (t — a)U(t' — a)p(t' N~V?) (3.8.71)

where we recall that ¢(-) is the density of the standard normal law ; since this density
is bounded over R, one concludes easily that the integral of % (¢, )h(t)h(u — t')
over [a, kN4 x [kNV4 k'N'/?] x [0, a] vanishes as N — oo.

The domain DY

Using the same trick as for the domains DY and DY, it is easy to see that once
we are able to prove that

lim sup sup NY2Py [1( a0y > N, Sy =1'] < 00 (387
N—oo (t7tl)€[ﬁN1/47h}/N1/2]2
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the integral of ¢% will vanish over the domain DY’. Note that the assumptions made
on h(-) imply that the convergence

Sy
NYZp [— :t] — o(t 3.8.73
VN o(1) ( )
holds uniformly for ¢ € R, thus in particular
N'PP, [TCs0) > N, Sy =t] < N'/°P [S—N _ 1= t} < 00 (3.8.74)
- 7 VN VN

is valid for ¢,¢" € R and thus we are done. O
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4.1 The setting and the main results

We collect some results about the large-time asymptotics of the density for a
random walk with continuous increments conditioned on the first entrance into the
positive half line when starting from a negative point. The main result of this part
is the key estimate to the results of the chapter |3| of the present thesis.

4.1.1 Definitions and hypothesis
The setting

We are concerned with a continuous random walk, that is a sequence {S,,},, > ¢ of
random variables where Sy = 0 and S,, — S,,_1 =: X,, are i.i.d., X,, ~ X ; we assume
that the law of X is absolutely continuous with respect to the Lebesgue measure,
with density f : X ~ f(x)dz. We denote by P the global law of the random walk,
and by P, (b € R) the law of {S,, + b} under P.

Our basic hypothesis is that X satisfies the hypothesis of the classical Local Limit
Theorem, namely :

— X is square integrable, with zero mean : E[X] =0, E[X?] = 0?;

— f(+) is a bounded function on R.

Under these assumptions, the Gnedenko’s classical local limit theorems holds, namely :

Theorem 4.1.1. Asn — oo, the following convergence holds uniformly for x € R :

ov/n P[US—\;LE € dx] = ¢(z)dx (4.1.1)

where ¢(-) denotes the density of the standard normal law.

We define f*™ := f x...* f where x denotes the standard convolution.
no times
A simple consequence of Theorem is that for every z € R, /nf,(z) —
1/(cv/27m) as n — oo , and the convergence is uniform for z € R.
Note that the hypothesis on the boundedness of f could be replaced without
much efforts by the assumption that there exists n, € N such that the density
fn, = f° of Sy, is a bounded function.

Some ladder theory

We recall some notions from fluctuation theory for random walks ([Fel71], ch.
XII). We denote by T} the k-th ascending ladder epoch, defined by Tp := 0 and

Ty, -=inf{n > Ty_1 : S, > S1,_,} k>1; (4.1.2)
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then Hy, := Sy, is the k-th strict ascending ladder height. Since (Ty, Hy) ~ (11, Hy)**,
the sequence {(Ty, Hy),k > 0} is a two-dimensional renewal process : we will call it
the (ascending) ladder variables process. Its marginals {7}, {Hy}r are of course
one-dimensional renewal processes, the ladder epochs and the ladder heights pro-
cesses.

In a similar way, one can define the descending ladder variables (7)., H, ), that
is

T, =inf{n>T,_,:S,<Sr_,} k>1 (4.1.3)

and H, = — T In principle all these variables may be defective, but this is not
the case in our setup : in fact, since E[X] = 0, the random walk is persistent ([Fel71],
ch. VI) and consequently both the ascending and descending ladder processes are
proper. It is also a known fact ([Fel71, ch. XVIIL.4 p. 611] or [Don80]) that the
existence of the variance for X is equivalent to -and hence implies- the existence of
the mean for the two overshoots Hy and H; , and the following relation holds :

o® = 2 E[H,|E[H]]. (4.1.4)
We will also need the renewal function U(-) :
U(z) = Y P[H; < ] = E[N(2)] (4.1.5)
j=z0

where N (z) denotes the number of renewals of H (including Hy) in the interval
[0, z]. It is clear that U(-) is increasing and subadditive, and that U(0) = 1.

4.1.2 An estimate about the overshoot

We are now ready to state our main result :

Theorem 4.1.2. Assume that X is given by a bounded density, with zero mean and
variance o*. Then :

(i) for any fized a > 0 the following asymptotic relation holds :

%P_G[Sl <0,..,8,.1<0,5,>0,8, € dzx] ~U(a) — o) asmn — 0o,

(4.1.6)
and denoting by gn..(x) the left hand side in the above relation, we have that the
convergence of a+/2mn*/%g, .(x) towards U(a)P[H, > x| is uniform for x € R (a is
fized) ;

(il) moreover, the sequence of functions ov/2mn*'?g, .(x) is dominated by a mul-
tiple of its limit : n®/2g, .(v) < CU(a)P[H, > x| for every n,a,x ; consequently, one
has also that

3/2

EH
P_Q[SlSO,...,Sn_l<075n>0]~U(a)¥ as n — 00.
o/ 2mn3/?
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4.1.3 Organization of the chapter

This chapter will be organized as follows :

- in section [4.2] we define properly some important tools and discuss some pre-
liminary facts.

- in section [4.3] for fixed k, we show an asymptotic equivalence on the quantity
P[H; 1 < x < Hy, “S,, = 2”] that will be the cornerstone of our proof.

- in section , we give asymptotics on the law (Hy, S,) as n — oo and these
estimates imply in particular our main result in the a = 0 case.

- in section [4.5] we finally deduce our main result as a consequence of the pre-
ceding section.

- the appendix are devoted to the proof of two technical lemmas which are both
an extension of Iglehart’s classical lemma.

4.2 Some preliminary facts

4.2.1 About the densities
A useful notation

In the sequel, we will often use the following formal notation : if Y is a random
variable with density and A is an event, the measure P[A,Y € dz] is absolutely
continuous, and we denote its density by P[A, “Y = z”] : it is simply the density of
the possibly defective random variable (of total mass P[A]) that equals Y on A and
is undefined otherwise. In the same way, sometimes we write P[“S,, = z”] for f,(z).

From almost sure equalities to equalities holding everywhere

The only densities we will encounter are that of the random variables { H} and

{S,} (maybe restricted on some events, as in the preceding relations). In general a
density is not uniquely defined pointwise, but in our case for S we have a privileged
representation, namely the one given by the explicit integral over the trajectories of
the random walk’
One could think that the equations between densities we are going to write should
be intended to hold only for almost every x. However, a closer examination of the
combinatorial proofs our relations shows that they hold for every x, provided that the
densities are chosen as above. It is also for this reason that in the following we always
implicitly make this choice. Furthermore, in this way all the density asymptotics we
are going to prove hold for every x and not only almost everywhere.
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4.2.2 The renewal measure

The renewal measure U associated to the ladder variables process will be of basic
importance. This measure is defined for an integer n and for a measurable subset
I C R by

U(n,I):= ZP[Tk =n, H, € I] = P[n is a ladder epoch, S, € I], (4.2.1)

k=0

whose distribution function we denote by U(n, x). It is a standard result of renewal
theory ([Fel7l, ch. VI] ) that U is a o-finite measure on N x R (supported by
N x [0, 4+00)).

Since by definition (7, Hy) = (0,0), U(0, -) is a Dirac measure at the origin. On
the other side, H; is absolutely continuous with respect to the Lebesgue measure
(and consequently so are the random variables Hy, ~ H;*, for all k > 1) : this follows
easily from the relation P[H; € I] = _,P[Ty =n, S, € I]. A look to Equation
then shows that for n > 1 the measure U(n, -) is absolutely continuous too :
we denote by u(n, z) the corresponding density, given by

u(n,x) == Z:P[T;.C =n, “H, =12"], (4.2.2)
k=0

o0

(notice that u(n,x) =0 for x < 0).

Note that, summing relation (4.2.1f) over n, we obtain the relation :

Ua) = YU 0ah) =1+ [ 3 ulnyiy. (423)
n>0 [0,7] , >1

4.2.3 Two combinatorial identities

The Duality Lemma

The power of the ladder theory for the study of random walk fluctuations is
linked to some surprising identities, of purely combinatorial nature, enjoyed by the
law of a generic random walk ([Fel7l, ch. XXII] ). The most famous one is the
“Duality Lemma”, which reads :

P[n is a ladder epoch, S, € I| =P[S; >0,...,5, >0, S, €[],

valid for every integer n > 1 and for every measurable I € [0,400). The left hand
side is exactly the renewal measure of the ladder process, so that with our notation
we can rewrite this identity as

Un,I)=P[S;>0,..,5,>0,S5,€ ] =P[T] >n, S, €l], (4.2.4)
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and of course a similar identity holds for the density :

u(n,x) =P[S; >0,...,5, >0, “S, =2"| =P[T] >n, “S, =2"]. (4.2.5)

A powerful combinatorial identity

It is another identity in the same spirit, which has been first proved in [AD99)
(and later by Marchal, [Mar01]), that will play a basic role in our analysis and will
be used a lot of times in the sequel. We write it in density form :

k
P[Tk =n, “Hk = (L’”] = —P[Hk_l <z < Hk, “Sn = l‘”] (426)
n
and for clarity we rewrite explicitely the k =1 case :

1
P[Ty =n,“H, = 2" = —P[H, >z, “S, = "] . (4.2.7)

n

Note that a simple proof of this identity can be made with the help of the so-
called “Spitzer-Baxter identity” ([Spi60], or [Fel71l, ch. XVIIIL.3]), concerning the
joint distribution of the first increasing ladder variables :

o Ty —pHy -1 _ - ﬁ —wSm
(1—E [rferh]) _exp<ZmE[el ,Sm>0]).

m=1

which is valid for r, u > 0. This identity may be itself derived with combinatorial
methods, or more easily with Fourier techniques.

We will show that the proof of theorem will be a consequence of two asymp-
totics which are interesting in themselves :

1. the one for the a = 0 case, that is for P[T} = n, “H; = 2”];
2. the asymptotic for the renewal density u(n, z) of the ladder variables process.

These two problems have been studied and solved in [AD99] in a slightly differ-
ent context, that is when S is an aperiodic integer valued random walk. Some of
their methods can be adapted to the continuum case with little modifications, while
some other are peculiar of the lattice case. The statement and the proof of these
asymptotics in the continuous setting is the object of the next sections.

4.3 Two preliminary estimates

In the following we will have to calculate the asymptotics for several quantities.
However, we will see that, thanks to the fundamental relation (4.2.6)), all these
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asymptotics can be simply expressed in terms of the limiting behavior as n — oo
of the sequence \/n P[H)_; < x < Hy, “S,, = 2”]. The study of this sequence is the
object of this section.

More precisely, we first prove the following domination :

Proposition 4.3.1. For everyn,k € N and for every x > 0, the following inequality
holds :

VnP[Hy 1 <x < Hy,“S, =2"] < Ckmin{P[H;_5 < z|,P[H, > x]} , (4.3.1)
where C is a positive constant.
Then we show the uniform convergence of the same quantity :

Theorem 4.3.2. For any k € N and for every x > 0, as n — oo,
1
oV2m\/n

Moreover, for any fized k, the convergence of ov/2m/nP[Hy 1 < x < Hy, “S,, = 2]
towards P[Hg_; < x < Hk] is uniform for v € R.

P[Hk_l <z < Hk, “Sn = I”] ~ P[Hk_l <z < Hk] (432)

The rest of this part is devoted to the proofs of the above results; we first
show the domination part (that is Proposition {4.3.1]), then we prove the uniform
convergence result.

4.3.1 Domination

Before going to the proof of Proposition 4.3.1}, we need some preliminary results
contained in the following two lemmas. The first one is just elementary analysis, the
second one is a direct consequence of the identity (4.2.6)).

Lemma 4.3.3. Let {d;};>1 be a non negative sequence, and for 0 < a < 1 define

another sequence
n—1

d;
Ap 1= —;
; (n—j)
then for every n the following relation holds :

2Zd +C sup (jdj), (4.3.3)

{4 2n/2}

where the constant C' does not depend on the sequence {d;}.
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In particular, if 2j>1dj < oo and supy; 5 13(jd;) < oo, Lemma implies
that the sequence n%a,, is bounded.

Proof. We write :

n—1 n/2 n—1
d d; d;
LR DY e rin DY rsar i) Sl e
ptl ) e B (R ) L )
The first sum is immediately estimated :
n/2 n/2 00
d; 2 2
— < — < — 4.3.4
Z (TL _ j)a ne Z ne Z ( )
j=1 7j=1 =1
For the second one, we get
n—1 n—1 n—1
d; 11 2 1
——— < sup (kdy) ————- < sup (kdg)— —
jzn;Q (n=5)% " (k>ns2 j%y (n=0)* " (k>ns2) njgn;g (n—J)
<2 (kdy,) 1% ! <= (kd)(/ld ! )
< — sup k) | — ——— | < — sup k y—-1,
N (k> n/2) n o (1—2)e N (k> n/2) e (I=y)e
(4.3.5)

where we used Riemann sums.

If we denote by C = c- f11/2 dyl/(1 — y)®, then relation (4.3.3)) easily follows

from and ( - O

Lemma 4.3.4. For every k,n > 1 and for every x > 0 the following inequalities
hold :

3|?>~3|w

P[T, =n,H, < 2] < —P[Hy_1 < 7] (4.3.7)
Proof. Using relation (4.2.6) one has :

P[T). = n, Hy, > ] :/ dy P[T, = n, “Hy, = "]

k [ k [
:E/ dy P[Hy-1 <y < Hy, “S, =y"] < n/ dy P[Hy > vy, “Sp = v”]

k [ k
< —/ dy P[H, > x,“S, =vy"| = =P[H, > x,S5, > z] <
nJ, n

SEES
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where all the inequalities follow by simple inclusion of events. In the same manner,

P[T, =n,H, < z] = / dy P[T}, = n, “Hy, = y”]
0

k [* kE [*
= ﬁ/ dy P[Hy 1 <y < Hy, “S, =y"] < ﬁ/ dy P[Hy 1 <y, “Sp =]
0 0
k * [44 79 k k
< E dy P[Hk,1 <z, Sn =y ] = EP[Hkil < .I',Sn € (O,IE)] < EP[Hkil < fﬂ] ,
0
and the proof is completed. O

Proof of proposition [{.3.1]

First note that a direct consequence of the LLT and of the fact that the density
of X is bounded is that there exists a positive constant () such that for every n € N
and for every z € R one has

P[5, = 2] < & (4.3.8)

NG

By conditioning on (7}, Hy), using the Markov property and the bound (4.3.8]), we
get

P[Hk_l << Hk, “S, = I”] = P[Tk <n, H, 1 <zx< Hk, “S, = l‘”]

<PT, <n H, >z S, =2"] = Z/ dy P[T}, = 7, “Hy, = y"|P[“Sp—j = v — V]
j=1 7z

n

) 1

j=1

and since ) _; o, P[T}, = j, Hy > ] = P[H}, > x| we can apply Lemma so that

for every n

VnP[Hy ; <z < Hy, “S, =2"] <2P[Hy, > 2]+ C sup (JP[T}, =j, Hp > 7)) .
{3 =n/2}

Now we just have to apply relation (4.3.6) to get
\/EP[Hk_l <z < H“S, = ZE”] < (2 + C’k)P[Hk = SB] < C]{?P[Hk = :L‘] , (439)

where C := C + 2.
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In a similar way, we have :

P[Hk,1 <z < Hk, “Sn = x”] < P[Hk,1 <z, “Sn = .%”]

— Z/ dy P[Tk_l — j; “Hk—l — y”]P[“Sn—j = — yn]
j=170

& 1
< QY Pl = j, Hyy < 7 -
=1 Vit

and applying again Lemma and relation (4.3.7) we obtain that, for every n,
\/ﬁP[Hk_l <z < Hk, “Sn = .f”] < 2P[Hk_1 < .CI?]—i—OkP[Hk_g < .CE] < Ck’P[Hk_z < .T] ,

so that the proof is concluded. O

4.3.2 Uniform convergence

The idea of the proof is essentially the same as the one of [AD99, Proposition
6], which deals with the discrete case : their proof essentially relies on a suitable
application of Iglehart’s lemma. In quite the same way, the basis of our proof will
be a refinement of the same lemma combined with an estimate on the asymptotic
behavior of the joint law (Hy, S, ) where k is fixed and n becomes large.

A refinement of Iglehart’s lemma

The statement of Iglehart’s lemma is the following : we are given two sequences
Cn, d, of non negative numbers, and we define a new sequence a,, := 27:_11 Cn—jdj;
if the following hypothesis are satisfied :

- ¢y ~¢/y/n asn — oo, with ¢ > 0;

-Y.di=:D <ooandd, =0(1/n) asn — oco;
then we have the explicit asymptotic behavior : a,, ~ De/y/n as n — oo.

In the study of the convergence of /nP[Hy_; < x < Hy, “S, = x”], we will
encounter sequences defined like the a,, above, but this time c¢,, d, will depend on
some parameters, and we will need to explicitly express the difference |v/na, — Dc|.
The following refinement of Iglehart’s Lemma goes exactly in this direction.

Lemma 4.3.5 (Refined Iglehart’s lemma). Let {c;(2)};>1,{d;}; > 1 be two sequences
of mon negative numbers, the first one depending on a parameter z that varies in a
set S. Define the new sequence a,(z) := Z;:ll Cn—j(2)d;. If the following conditions
hold :
- cn(2) ~c(z)/n® as n — oo, with ¢(z) > 0, 0 < a < 1, uniformly for z € S in
the sense that

lim (sup n%ea(2) — c(z)\) ~0; (4.3.10)

n—oo z€S
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- cn(2) < Ce(z)/n® for everyn =1 and z € S, for some positive constant C' ;

then we have the following explicit estimate (the relation is always valid, with the
usual conventions about the use of 0co) : for every § € (0,1/2), there exists ns such
that for every n > ns, z € S and for every non negative sequence{d;}; =1

n%an(z) — c(2) Zdj (Zd + { s;1p/2}(md > Zd
Z) Z dj,

Jj=né

where the function £(0) — 0 as § — 0. We stress that ns and & do not depend on
the sequence {d;}.

If in addition the function c(z) is bounded, sup,cgc(2) < 0o, then the preceding
relation reduces to :

n%a,(2) — c(z) Z d;j| <

for possibly another £(9) — 0 as § — 0, and Q) a constant depending only on the
sequence {c;}.

(Zd +  sup mdm)> +5% > dj, (43.11)

{m >n/2} j>ns

The proof of this Lemma [£.3.5 will be given in Appendix [4.7]

Note in particular that the original Iglehart’s lemma easily follows from equation
(4.3.11). In what follows, we shall use Lemma when ¢, (z) is P[“S,, = 2”] and 2
varies over a compact set K. The hypothesis are easily verified to hold in this case,
with o = 1/2 and ¢(z) = 1/0v/27 : in fact, as we recalled in the introduction, a
direct consequence of the LLT is that

lim sup (a\/%\/ﬁcn(z» =1,

n—o0 2eK

which is equivalent to (4.3.10f). For the second hypothesis, observe that a simple con-
sequence of the LLTis that there exists a constant ) such that P[“S, = 2”] < Q/v/n
for every n and every z € R.

Asymptotic behavior of the joint law (Hy, S,) as n — oo.

The other result we will need for the proof of Theorem is stated in the
following :
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Proposition 4.3.6. For any fized k € N and for every x > 0 one has that, as
n — oo,

P[H; < z,“S, = 2”] ~ P[Hy < z|P[“S,, = 27| ~ P[H} < z] (4.3.12)

1
oV2m/n’
where the convergence of ov2m\/nP[H, < x,“S, = x”] towards P[H, < x| is

uniform for x in a compact set.

Equation (4.3.12) is not an unexpected result : considering the Markov property
and the LLT, it seems reasonable that for large n the “event” [“S,, = x”] becomes
nearly independent from the event [Hy < z], and the factorization given in (4.3.12)
should consequently follow. More precisely, conditioning on the k-th ladder epoch
and height and using the Markov property, one obtains

n—1

P[H, < x,“S, =2"] = / dy ZP[Tk =J,“Hy=y",“Sp, = "]
- (4.3.13)
:/ dy ZP[Tk:ja “Hk:y”]P[“Sn—j:x_y”]-

For each fixed y, the integrand is exactly of the form Z;:ll d;jcnh—j, and we have
already observed that ¢, = P[“S, = = — y”] satisfies the hypothesis of Iglehart’s
lemma : since ) _; . | d; = P[“Hy = y”], we can thus conclude that the asymptotic
behavior of the integrand is given by P[“H) = y”"|P[“S, = 2”]. Now, in order to
perform the integration over y to obtain (4.3.12)), it only remains to find a domination
for the sequence of integrands, in order to apply dominated convergence.

Exhibiting such a domination is not hard (indeed, we have already found it in
the proof of Proposition . However, in our proof we will proceed in a slightly
different way : we will start directly with the finer result provided by Lemma
by which we will be able to prove not only , but also the stronger result by
which the convergence is uniform on compact sets ; furthermore, in the proof we will
carry out some estimates that will be useful later.

Proof of Proposition [f.3.6. We give a name to the integrand in (4.3.13)) :

n—1 n—1
b (z) =N P[T} = j, “Hy =y |P[“Suy = 27] = Y _die,j(z),  (4.3.14)
j=1 j=1

where dg-k’y} = P[T}, = j, “Hy = y”] and ¢,(z) := P[“S,—; = 2”]. Here k > 1 and

y € RT, while z belongs to the compact interval [0, x,], where x, is positive. Observe
k? 13 7

that 32, di" = P[“H, = y"].
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Since it has already been shown that ¢, (z) satisfies the hypothesis of Lemma

m, we can apply relation (4.3.11]), specialized to the present setting : given § €
(0,1/2), there exists ng such that for n > ng, z € [0,z,],y > 0 and k£ > 1 one has

jov2ry/nal(z) — P[Hy = 7]

< €(0) {P[“Hk =y’ + sup (md,[fb’y])}
m>n/2
Q

+ —=P[1}, > nd, “H, =y"],
W [Tk k=Y
(4.3.15)

where () = o(1) as § — 0, and @ is a constant. To estimate the second term in
brackets, we use equation (4.2.6) combined with Proposition :

md¥V = mP[T, = m, “Hy, = y"] = kP[H_1 <y < Hy, “Sp = y7]

Ck?
< NG min {P[Hy_» < y], P[Hy, > y]} <CK*P[Hy_o <]
(we use the convention P[Hy_» < y|] =1 for k = 1).
Since the right hand side of (4.3.15)) does not depend on z, we might set 2 = z—y
in the left hand side; note that for y < =z, af’y}(x —y) = P[“H, = y",“S, = 2”].
From this consideration and from (4.3.16|), we can write (4.3.15]) in a more convenient
way :

(4.3.16)

(a\/%\/ﬁP[“Hk =y, S, = 2"] — P[H,, = y”}‘ (4.3.17)

< €O Pt =)+ PPl < )b+ LP{TL > 0t =)
which is valid for every n > 75, € [0,2,], y € [0,z] and k£ > 1.By an integration
over y € [0, z], we get an explicit estimate for the tail :

(a\/%\/ﬁP[Hk < a,%8, = 27| — P[Hy < x])
0 (4.3.18)

< 5(5){P[Hk < IO] +C/€2JIDP[Hk_2 < $O]} + %P[Tk > n5, H, < ZEO} ,
which is valid for 6 € (0,1/2), n > 75, k > 1 and z € [0, ).

It remains to show that, for fixed k, this can be made arbitrarily small, uniformly
in x € [0, x,]. Notice that the variable = does not appear in the right hand side, and
that the term in brackets is simply a constant M. Furthermore, for fixed ¢ the last
term vanishes as n — oo, because P[T}, > nd] — 0.

Now, for any € > 0, we choose a d. € (0,1/2) such that £(6.) - M < ¢/2; then
choose an 75, such that for n > 75, one has P[T}, > nd., Hy < x,] < v9.¢/(2Q).
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Then for every n > ns. V ns., we can apply (4.3.18)), from which we get that for
every = € [0, z,]

oV2m\/nP[Hy < z,“S, = 27| — P[Hy < x}‘ <e,

so that the proof is concluded.

Proof of Theorem [4.3.2]

Since obviously
P[H, 1 <x < Hp, “S,=2"] =P[Hp_1 < x,“S, =2"] — P[H, < z,“S, =2"],

for any fixed k, Proposition guarantees the convergence of the sequence of func-
tions ov2m/nP[Hy 1 < 2 < Hy, “S, = 27 towards P[H,_; < z] — P[H, < 2] =
P[Hy_1 < x < Hy], uniformly on every compact set. To show that the same conver-
gence holds uniformly on the whole real line, we have to make use of Proposition
[4.3.1] which gives an appropriate bound to the sequence :

oV2rynPlHy 1 < x < Hy, “S, = 2] < oV21C kP[H} > 1].

For any ¢ > 0 choose an . such that P[Hy > z.] < min{e/2, ¢/(2Ckov/27)} : by
the triangle inequality and the preceding bound, we have that for every x > x.

oV2rynP[Hy 1 <2 < Hy, “S, =27 —PlHy_1 <x < H]| < ¢;

since we have convergence on compact sets, we can now choose an n such that, for
every n > n and x € [0, x.], the left hand side of the preceding relation is smaller
than e, and thus the proof is completed. O

4.4 Asymptotics for the ladder variables and the
renewal density

The asymptotics of Theorem will now be simple consequences of the results
of the preceding section. We first give the asymptotic for the ladder variables : the
following is a generalization of the continuous analogue of Proposition 6 of [AD99).

Theorem 4.4.1. Assume that X is given by a bounded density, with zero mean and
finite variance o*. Then :
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(i) for fixed k and for x > 0, the following asymptotic relation holds :

1
n3/2

P[Tk:’l’b, “Hk:l'”] ~ P[Hk—l <$<Hk‘] asn — 00,

o\ 21

and the convergence of o/2mn’/?*P[T}, = n, “H, = x”] towards kP[H;,_, <
x < Hy| is uniform for x € R;

(ii) one has the following domination : o+/27n®?P[T}, = n, “Hy = x”] < Ck*P[H}, > 7],
for every n, k and x (where C is a constant). It’s then possible to integrate the
asymptotic relation in (i), getting

KE[H,] 1

o QWW as n— Q.

Proof. We essentially just have to apply identity (4.2.6)), so that
o2 *PT, = n, “Hy = 2" = k- oV 2r/nP[Hy_y < x < Hy, “S,, = 2] ;

from this relation it is clear that the first part of the statement is an immediate conse-
quence of Theorem . Similarly, the domination part (ii) is a simple consequence
of Proposition [.3.1]; the asymptotic relation then easily follows from dominated
convergence, noting that

/ de P[Hy_1 < x < Hi] = / dz (P[Hy > 2| — P[Hx_1 > x|)
0 0
= E[H}] — B[] = kE[H] — (k — 1E[H)] = E[H],
and the proof is completed. ]

We explicitly rewrite the result for the £ = 1 case, which is the most interesting :

1 1

o 3 as n — 0o, (4.4.1)

P[T, = n, “H, = 2] ~

uniformly for £ € R in the sense specified in Theorem [4.4.1] and the rescaled se-
quence n*/?P[T} = n, “H, = 2”] is dominated by a multiple of its limit P[H; > x]
for every n € N and x € R.

Finally we show an asymptotic equivalence on u(-,-). Recall that

u(n,x) = Z P[T, = n, “Hy, = 2”], (4.4.2)

k>l
which by the Duality Lemma is the same as

u(n,z) =P[5 >0,...,5, >0, “S, =2"].
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Note that this quantity has also been studied in [AD99] for the lattice case, but
their proof cannot easily be adapted to the continuous setting, since it exploited
a property of the increasing ladder heights which is peculiar of the lattice case.
The proof given here uses Theorem and an appropriate bound from renewal
theory ; however, the result is weaker than in [AD99] (cf. Theorem 7 and equation
(35) therein) since the equivalence in Theorem [4.4.2| holds uniformly only for  in a
compact set.

Theorem 4.4.2. Assume that X is given by a bounded density, with zero mean
and finite variance 0. Let u(n,z), n > 1 be the density of the renewal measure
associated to the ascending ladder process of the random walk generated by X. Then
for any fixed x > 0 the following asymptotic relation holds :

1

oV 2mn3/?

u(n,z) ~ U(x) asn — oo,

and the convergence of o+/2mn®?u(n, z) towards U(x) is uniform for x in a compact
set.

Proof. Recall that the number of ladder heights in the interval [0, z] is given by the
random variable

k>0 k>1
and we have the equality

Uz) =EIN(2)] = Y kP[Hy <z < Hy. (4.4.4)

E>1

Now, directly by the definition (4.4.2)) we can write

(a\/ﬁn?’m) u(n,x) = Z (0\/%713/2) P[T, =n, “H, = 2"],

=

thus it is clear that the result will follow combining Theorem and equation
(4.4.4).

More precisely, from relation (4.2.6) one deduces :
’0\/ 2mn® u(n, ) — U(x)‘

<Y ‘a\/27rn3/2P[Tk —n,“Hy=a"] — kP[H,_, <z < Hk](

k>1

= Z k ‘O’\/ 27T\/EP[H1C_1 <x < Hk, “Sn = [L’”] — P[Hk_l <x < Hk]‘ ,

k>1
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and since [Hy_; < & < Hy] = [Hi—1 < 2] \ [Hy < x] we get

)a\/ﬁni)’ﬂu(n,a:) — U(x)‘
< Z k ‘U\/%\/EP[Hk,l <z, “S,=2"] —P[H,_1 < x]‘

k>1

+ Z k )U\/%\/EP[Hk <z, “Sp=2a"] —P[H, < :c]‘ :

k>1

We show how to treat the second term above, the second can obviously be treated
similarly ; by relation (4.3.18)), for any fixed positive x, and for every § € (0,1/2),
there exists ns such that for every n > ns and = € [0, z,), one has :

Sk (o—m\/ﬁpmk < 1,45, = 2] — PH, < x]‘ < (4.4.5)
k>1
<E0)> k{P[Hk < 2] + Ck*x,P[Hj_s < xo]} + % > P[T}, > nd, Hy < ] .

k>1 k>1

Since the next lemma from renewal theory guarantees that P[Hy < z,] = P[N (z,) >
k] has an exponential decay in k, the first series in the right hand side above con-
verges ; from the fact that £ = o(1) as § — 0, we can make the first term in the right
hand side as small as we like, and for € > 0 we can choose a d. to make it < ¢/2.
Now notice that for each fixed &k the summand in the last series P[T} > nd., Hy <
zo] < P[T, > nd.] — 0 as n — oo; moreover, for every n, P[T}, > nd., H, <
z,] < P[H) < z,] which is a summable sequence. By dominated convergence we can
make the second term in the right hand side of above < £/2 by choosing a
large enough n, and the proof is completed. O

We are left with proving the following easy lemma :

Lemma 4.4.3. Let {H,}, >0 be a renewal process, that is Hy =0 and h,, := H, —
H,_1 are positive i.i.d. random variables; let N'(x) be the number of renewal points
in the interval [0,z], defined by (4.4.3). Then, for any fized z, the tail PN (z) > ]
has an exponential decay in 1. In particular, the random variable N () has finite
moments of all orders.

Proof. Let F be the distribution function of H; (by the positivity assumption,
F(0) = 0). The distribution function of H,, is then F), := F*". For any non negative
z, we have

Fy(z) = / F(z— y)F(dy) = / “F(z— y)F(dy) < F(2) / " F(dy) = (=),
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and by a trivial recursion one deduces that F,(z) < F(2)" for every n and for every

non negative z.
If F(z) <1 we then have

PN (z) > 1] = P[H, < 2] = Fi(2) < (F(z))

and thus the exponential decay is proved. Otherwise, one can find an integer k, such
that Fy, (x) < 1, and in this case we have the exponential decay of the subsequence
PN (z) > k,l], since

PN (z) > kol] = P[Hy, < 7] = Fra(z) < (Fy, (2))".

The exponential decay for PNV (x) > ] then follows from the fact that this sequence
is decreasing in . O

4.5 Asymptotics for the first entrance in the pos-
itive half-line

We can finally prove our main result.

4.5.1 A last convolution result

As in the case of Proposition [4.3.6] the key idea is quite simple, and so is the
proof of the pointwise convergence. The proof of the uniform convergence is more
involved, and estimating the tails requires some technical efforts. To deal with them,
we will need the following lemma which is much in the spirit of Lemma Its
proof is given in Appendix [4.6|

Lemma 4.5.1. Let {e;(2)};>1,{d;};j>1 be two non negative sequences, the first
one depending on a parameter z which belongs to a set S. Define a new sequence
an(2) == Zn/2 djen—;(2). If the following hypothesis is satisfied :
- en(z) ~ e( )/n® as n — oo, with e(z) > 0, a > 1, uniformly for z € S in the
sense that
lim sup [n%,(z) —e(2)| =0, (4.5.1)

n—oo 2€8

then for every § € (0,1/2) there exists an ng such that for every n > ng,z € S, the
following holds :

n%an(z) — e(z) Z di| <C(1+e( Zd + —e Z d;, (4.5.2)
j=1

j=on

where C is a positive constant.
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Remark. We will use this lemma in the following situation : let e,,d, be non
negative sequences, and let a,, their convolution, that is

n—1
Ay = E en—jdj;
j=1

if the following hypothesis are satisfied :

- en ~e/n*? asn — oo, with e > 0;

- dp ~d/n*? as n — oo, with d > 0;
then, defining E := Zj; ej and D = Zj‘;l d;, the sequence a, has the following
asymptotic : a, ~ (De, + Ed,) = (De + Ed)/n?/?*; moreover, Lemma enables
us to give an estimate on the difference [n*2a,, — (De+ Ed)|. This estimate will turn
out to be the key in the proof of Theorem [.1.2]

4.5.2 Proof of Theorem [4.1.2]

We can write :

P_,[S1<0,..,5,.1<0,5,>0,“S, =2"]

=P[S1<a,....,5 1<a,S,>a"“S, =a+12"]

= P|n is a ladder epoch,“S,, = a + 2”7, the preceding ladder height is < a] .
(4.5.3)

Now we condition on the possible ladder epoch and heights, using the Markov prop-
erty ; recalling the definition (4.2.1)) of the renewal measure U, we get

P*G[Sl < OJ "'7Sn71 < O; Sn > 07 “STL = LU”] = ZP[E =n, “H’i =a-+ xﬂvHifl < a’}
i=1

n n—1

_ZZ/ Pl,.1=m,H;y € dy|P[Ti =n—m, “Hi =a+x—y"]
i=1 m=0"0
n—1 a 00
-8 [ (Sop =m0 ks
m=0"70 \i=1
n—1 a
= Z/ Um, dy)P[Ty =n—m,“Hi=a+z—y"]. (4.5.4)
m=0"0

The domination claimed in part (ii) easily follows from the above relation : using
the domination result already proved in the second part of Theorem [£.4.T] that in
our case reads as P[T} =n, “H; = 2”] < CP[H; > 2| for every n € N and z > 0, we



112 CHAPITRE 4. AN ASYMPTOTIC RESULT ABOUT THE OVERSHOOT
get

n—1 a

m=0 0

an—l a n—1
< C/ > U(m, dy)P[H, > a+z—y] <CP[H, > l‘]/ > U(m, dy)
0 m=0 0 m
< CP[H, > x]/ > U(m, dy) = CP[H, > |U(a),
0 =0

which is exactly the desired result.

Now we turn to the convergence. Recalling that (0, - ) = d( - ), we use equation

(4.5.4) to get

P_,[S1 <0,....,8,1<0,5, > 0,“S, = 2] (4.5.5)
n—1

m=1

= P[T; =n, “H1:a+a:”]—|—/ dy( u(m,y)P[Ty =n —m, “H1:a+x—y”]) .
0

Now notice that Theorem and Theorem [4.4.2| give the exact asymptotics of the
two sequences appearing in the sum inside the integral above; in particular, since

they are both of order n=3/2 as n — oo, for almost every fixed y, we can make use
of the Remark after Lemma to get the asymptotic behavior of the sum :

n—00
m=1

lim (0\/%7@3/2 ”i u(m,y) P[Th =n—m, “Hy =a+x — y”])
(4.5.6)
- (Z u(n,y)) PlHi >a+z—y|+P*Hi=a+2z—y"|U(y).

n =0

As usual, it is enough to find a suitable domination to deduce the convergence
of the integrals, but using Lemma , we will directly prove the stronger result
of the uniform convergence. However, we first want to check that the result we get
is really , so assume for the moment that the convergence of the integrals has

been proved. From equations (4.5.5) and (4.5.6)) and using again Theorem we

want to compute

P[H, > a—i—x}—i—/oa dy ((Z u(n,y)) PH >a+z—y|+P[*Hi=a+z— y”]U(y)) :
et (4.5.7)
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We first carry out the integration for the second term in the integral : from rela-
tion (4.2.3]), we deduce :

/ dyPl“H, = a+ 72— y'lUW)
0

a a Y
:/ dy P[“H; :a+aj—y”]—|—/ dyP[“H1:a+x—y”]/ dz <Z u(n,z))
0 0 0

n =0
:/ dyP[“lea—i—x—y”]—i—/ dz (Z u(n,z))/ dyP[“Hy =a+x —y"]
0 0 n>0 z
:U(a)P[H1>x]—P[H1>a+a:]—/ dz (Zu(n,z)) PH >a+z— 2,
0 n=>0

and a substitution in equation (4.5.7)) shows that

P[H1>a—|—x]—|—/ dy

0

((Z u(n, y)) PHi Za+z—y|+P[*Hi=a+x— y”]U(y>>
=U(a)P[H, > 2], /
(4.5.8)

which is exactly (4.1.6]).

We are left with the proof of the uniform convergence. We recall that the uniform
convergence of 0v/2mn3/?P[T} = n, “H, = a+ "] for x € R has already been proved
in Theorem , so that we can focus on the integral in equation . Note that
we just have to show that the uniform convergence holds for x in a compact set
[0, z,] : to extend the result to the whole real line, one can proceed as in Theorem
4.3.2] since the sequence of the integrals is dominated by a multiple of P[H; > x].

We first estimate the tails in the limit , with the help of Lemma ;
for conciseness, we write a, := u(n,y), b, := P[Ty = n, “H; = a + z — y”], and
accordingly we define a, b such that a, ~ a/(ocv27n®?), b, ~ b/(c\/2mn3/?).
Observe that the following holds :

n—1 o) o)
o/ 2mn®/? Z a;by,—; — b Z a; —a Z b;
j=1 j=1 j=1
/2 n/2 (4.5.9)

< oV 27TTL3/QZajbn,j —b a; + oV 277'713/22[)]'@”,]‘ —a bj
Jj=1 Jj=1 Jj=1 j=1

and to each of these two terms we can apply Lemma4.5.1] Indeed, hypothesis (4.5.1)
is satisfied by both sequences, as it has been proved in the preceding section. We
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apply to the first term : given § € (0,1/2), there exists 715 such that for every
n > nsy € [0,a] and x € [0, z,], one has :

n/2
oV2mn?/? Zu(m,y)P[Tl =n—-m,“H =a+z—y"]— <Z u(n,y)) P[H, > a+ z —y]
m=1

n=>0

SCS(1+P[H Za+x—1y]) (Z u(n,y)) +§P[H1 >a+x—1 Z u(j,y)

n>0 j=on
C .
<206 (Z u(n,y)) + 52 Z u(g,y), (4.5.10)
n=0 j=én

and analogously for the second term

n—1
oV2mn?/? Z um,y) Pllh=n—m,“Hy=a+x—y’| —P[*Hy =a+z—y"|U(y)
m=n/2

C N4 by
<C5(1+U(y))P[“H1:a+x—y”]+WU(y) Z PTh=j“H =a+xz—y"]

Jj=n

S PLT — a7

j=én

CU(a)

<1+ U(@)COP[Hy =a+z—y'|+ =75

Integrating over y € [0, a], we finally get

o/ 2mn?/? / dy

0

n—1

m=1

_ /Oa dy (Z u(n,y)P[Hy > a+x—y|+P[“H| = a+x—y”]U(y)> ‘

n>0

< /O“ dy{205 (Z u(n,y)) + % Z w(j,y) + (1+U(a))COP[“Hy =a+x —y" ]+

n >0 j=on

CU<G’) - ”
+ 63/2 ZP[leja H1:a+x—y]}
j=on

(4.5.11)
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) {QC(U(a) —1)+C(1 + U(a))P[H, < x]}

+§{ > U(j,(0,a)) +U(a) > P[Ty = j, H, @]}

j=n j=dn

<6 {2C(U(a) 1)+ C(1+U(a)P[H, < a:o]}

4_%{ Z U(j,(0,a]) + U(a) Z P[Ty = j, H, <$o]}v

j=on j=on

and we recall that this holds for every ¢ € (0,1/2),n > fis and = € [0, z,].

We consider the last line of the above relation ; choosing ¢ small enough, for fixed
xo, the first term can be made small (say smaller than £/2). Observe then that for
fixed ¢ the terms in the second brackets vanish as n — oo : in fact both series are
convergent (their sums are respectively U((0,a]) and P[H; < z,]) and consequently
their tails can be made arbitrarily small by choosing n large enough, so that the
proof is completed. O
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4.6 Proof of Lemma [4.5.1]

This section is devoted to the proof of Lemma [4.5.1] Evidently we may assume
that >, ., d; < oo. The difference in (4.5.2) can be splitted :

n/2 00 n/2
Zdenj Zd] <Zdj|n°‘en_j(z) 2)| + e(2) Zd], (4.6.1)
7=1 j=n/2

We first treat the first term in the right hand side of equation (4.6.1). Using the
triangle inequality, we get :

n/2 n/2

Zdﬂ”aenﬂ‘(z) —e(z)] = Zdj(nT_L—j)a (n—j)%en—j(2) — (n ?;j) e(2)
n/2 a n/2 o >
< ;dj(n—g)a [(n—j)%en—j(2) —e(2)| + e( );dj(n—j)a 1- =)
(4.6.2)

For any d € (0,1/2), by hypothesis (4.5.1)) we can find ns5 such that [m®e,,(z) —
e(z)] < o for every m > ns/2 and every z € S. In particular, if n > ng,

n/2

Zd (n—7)%n—j(z) —e(z)] <2% Zdj : (4.6.3)

On the other hand :

n/2

n/2

Zd

j=on

where C' is a positive contant (for example such that 1 — (1 — 0)* < C6/2 for
0<0<1/2).
Observing that the last term in (4.6.1)) trivially satisfies

DY d< o) Y,

j=n/2 j=on
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we can finally put everything together, concluding that for any § € (0,1/2) there
exists an s such that for every n > ns, 2 € § and for every non negative sequence

{d;}

n/2 (S)
S ISEEFEIIEIIRTE SRS HED 38
Jj=1 Jj=on
where C is a positive constant : hence the result. O

4.7 Refined Iglehart’s Lemma

Now we give the proof of Lemma [4.3.5, which is quite similar to the proof of
Lemma given in the preceding Sectlon Here too we may assume Z >, dj < o0,
We split the difference appearing in the left hand side of (4.3.11)) into three parts :

n%an(z) — c(z) Z d;

n—1 [e'e)
—annJ )d;j — c(z Z

(1-8)n - (4.7.1)
Z dj [n®cn—j(z) —c(2)| + n® Z en—j(2)d; + c(z Z dj,
j=(1-6)n j=(1-8)n

where § is a positive number in (0,1/2). We study separately the three terms ap-
pearing in the above relation.

4.7.1 First term

Using the triangle inequality, for every n, one gets :

(1-6)n (1-6)n no (Tl . j)a
Z dj|n®cn—j(2) —c(z)| = djm (n = J)%n—(2) = —7—c(2)
p pus j
—d)n (1-d)n ne ne
d (n—j)%n_i(z )| + c(z d —

Making use of hypothesis (4.3.10), we can find an ns such that |m®e,,(z)—e(2)| <
§ for every m > ns/2 and every z € S, so that

(1-6)n

Z d — )%n(2) — e(2)] < 2@52@. (4.7.2)
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On the other hand :

nOé

(n—j)°

(4.7.3)

4.7.2 Second term
For the second term in , since by hypothesis ¢,(z) < Qc(z)/n®, we have

n—1 n—1 n—1
o o 1 1
n Z Cn—j(2)d; < c(2)@Qn = ')adﬂ =¢(2)Q Z 1)
j=(1—d)m j=t—om Y j=(1—oyn = T
n—1 1 1
< c(2)Q sup  (kdg) - —
{k> (1-0)n) i—n (1 =3)

Q 1 n—1 1
<05 (o am,) 3 £ )

> (1-6)n i=(1—5)n oy

and in the last parenthesis one recognizes Riemann sums that converge to the finite
integral fl s Ay 1/(1 —y)*. Hence,there exists Q > 0 such that

ne nzl o s(2)d; < ()0 ( /1; ! dy) sup (kdy).  (47A)

j=(1—-8)n (1—y)e {k >n/2}

4.7.3 Third term
As § € (0,1/2), the following is immediate :

Z d; Z d; . (4.7.5)

j=n

Getting the conclusion is now easy. We define £(9) as being the maximum between

the prefactors in equations (4.7.2)), (4.7.3) and (4.7.4)), that is

we al—(1=08> ~ ! 1 }
d) := max ) —_— d
) = mos {2, 20 O f v
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and note that £(6) — 0 as § — 0. From relations (4.7.1)), (4.7.2)), (4.7.3)), (4.7.4)) and
(4.7.5) we finally get that for n > ns, k > 1, z € S and {d;}; > 1,

n%a,(z Zd (Zd —|—{ks>u}l)/2} (kdy) ) Zd
Z) Z dj,

j=nd

which is exactly the statement of the lemma, so that the proof is completed. O
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5.1 Introduction and the main result

It is a classical result that if a random walk S is in the domain of attraction of the
standard normal law with norming sequence a,, the rescaled process (S|nt|/a, )t > 0
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converges in law towards the brownian motion (see [Bil6§]). Denoting by S*, P, the
random walk starting from x and conditioned to stay always positive (one can make
sense of such a definition by means of a so called h-transform), it has recently been
shown in [BJD06] and in [CCO8] that if z/a,, vanishes as n — oo, the corresponding
rescaled process converges in law towards the brownian meander. A natural question
related to these results is whether conditioning on a late return near the origin (ie
on {S} =y} with y/a, — 0 as n — oo) implies the convergence of (S*, P,) towards
the brownian excursion.

Extending previous results from [BJDO0G], we show in this chapter that such a
convergence holds. Before stating precisely our main results, we recall the essentials
of the conditioning to stay positive for an oscillating random walk.

5.1.1 Conditioning a random walk to stay positive

Let S, = X1 + ...+ X, be an integer valued aperiodic random walk. We write
P, the law of S started at z and for convenience we put P = P,,.

Next we introduce the strict descending ladder process (1), Hy )i > o by setting
(Ty . Hy ) = (0,0) and

Ty, :=min{j > T,/|S; < STE}’ H = —STk—H. (5.1.1)

Note that under P, (T, H™) is a bivariate renewal process, that is a random walk
on (ZT)? with step law supported on the first quadrant. The sequence T~ is the
sequence of the so called (strictly) descending ladder epochs, the sequence H ™~ the
sequence of descending ladder heights.

We denote by V(-) the renewal function associated to H~, that is the positive
function defined by

V(z):=> P(H, <) (5.1.2)
k>0

Note in particular that V' (y) is the expected number of ladder points in the stripe
[0, 00) x [0,y]. It follows that it is a subadditive and increasing function.

The killed random walk S is a Markov chain defined in the following way. Let
T(—0,0) denote the first entrance time of S into the negative half plane. Introducing
{A} a cimetery state, for every n,

Sn = Sn]-'r(,oo70>>n + A]-TFOO’O) <n-: (513)

Then we denote S conditioned to stay non negative by S} = > " | X7, In our
integer valued oscillating case this is a Markov chain on Z* whose law is defined for
any n € N and for any B € o(S1,...,5,) by :

V(y)

PLBO{S, = y}] = WPI[BH{& =yyNCa] =

V(y)

pr[Bm{@L =y}, (5.1.4)
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where C,, = {S1 > 0,...,S, = 0}. The terminology is justified by the following weak
convergence result

P = lim P, (-|C,) (5.1.5)

n—oo

which is proved in [BD94], Theorem 1.

5.1.2 A convergence towards the brownian excursion

From now on, we will always assume that S lies in the domain of attraction of
the standard normal law. This means that the sequence (X}) is iid and that for a
suitable norming sequence (a,,) one has the weak convergence

e 1 —z2/2
Snfan = ¢(x)dz,  ¢(z): \/%6 : (5.1.6)
In particular this is the case when E[X;] = 0 and E[X?] =: 02 < oo with a,, = oy/n
by the central limit theorem.

By standard theory of stability, (see [Fel71] IX.8 and XVIL5) for to hold
it is necessary and sufficient that E[X;] = 0, that the truncated variance ®(t) :=
E[X{1 x,| <] is slowly varying at infinity (that is g&? — 1l ast — oo for any ¢ > 0
) and that the sequence a, satisfies a2 ~ n®(a,) as n — oo.

We define Q as being the space D([0, 1], R) the set of cadlag functions on [0, 1]
endowed with the standard Skorohod topology (see [Bil68]) and for n € Z*, we
define the application X" by :

7" — 0
XU, ) e (&) : (5.1.7)
o t€l0,1]

For z,y positive integers, we denote by P®¥ the law of S* conditionally on the
event {S§ = x, S’ =y}, and we define the probability laws on € :

QoY = PV o (X™) 7L (5.1.8)
We can now state our main result :

Theorem 5.1.1. Let z,, and y, be positive integer valued sequences such that x, /a, —
0 and y,/a, — 0. Then, as n — oo, the following convergence holds in Q :

Qv = e (5.1.9)
where e denotes the law of the normalized brownian excursion.

The proof of this result will follow the standard procedure of showing finite
dimensional convergence and tightness.
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5.1.3 Some motivations and a short overview of the litera-
ture

The study of invariance principles for random walks is a very classical topic
in probability (classical references are [Skob7], [Bil68]). Extending these invariance
principles to conditioned random walks is far from being straightforward. Sometimes
a clever representation can considerably simplify the proofs (like in [Bol76], [Don85]
for the convergence towards the meander) , but generally speaking such an issue
demands some technical efforts, see [[gl74] for a convergence towards the meander
or [Lig6§| for the brownian bridge.

The more particular case of convergence towards the brownian excursion for the
conditioned simple random walk conditioned by a late return to zero has first been
proved in [DIMT77]. Their results have been extended to the case where S has finite
variance in [Kai76].

A related result to ours that will turn out to be quite useful in our proofs is
the convergence towards the brownian meander of a random walk in the domain of
attraction of the normal law starting from x,, where z,, is o(a,) conditioned on C,
(see [Shi83, Remark 4]). Combining tightness arguments and local limit estimates,
this result has been extended to the case where S is conditioned to stay positive
by [BJDO06], and their results in turn have been extended by quite different and
somewhat lighter techniques in [CCO8] to the case where S is in the domain of
attraction of a stable law with index « € (0,2] and with positivity parameter p €
(0,1). Lacking a suitable representation under the form of an h-transform for the
brownian excursion, our methods follow the same path as in [BJD0G].

Besides the interest they have in their own, invariance principles are important
in view of their applications. Let us mention one of them which is actually the main
motivation of this chapter. Consider the following homogeneous polymer model (a
by now classical reference for polymer models is [Gia07]) : for N € N,y € RT,a > 0
and € € R, we set

ZN,a,e

P 1 al
N,a,e
P = exp (8 ZE 1 1Si€[0,a}> 1SN6[0,a] (5.1.10)

where P is an aperiodic Z valued random walk in the domain of attraction of the
standard normal law. The law P% , . may be viewed as an effective model for a
(14 1) dimensional interface above a wall with homogeneous impurities which are
concentrated in the stripe [0, 00) x [0, a]. These impurities are either attracting or
repelling the interface (depending on the sign of ¢).

One standard goal related to this kind of models is to find the asymptotic be-
havior of the typical paths in the limit N — oo and to study their dependence on ¢
and a. We study these limits in the chapter 2 of the present thesis.
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A common feature shared by this model and the classical homogeneous one
is that the measure PY% , . exhibits a remarkable decoupling between the contact

level set Zy = {i < N,S; € [0,a]} and the excursions of S between two consec-
utive contact points (see [DGZ05] for more details in the standard homogeneous
pinning case). In fact, conditionally on Iy = {ti,...,t:} and on (Si,...,St),

the bulk excursions e; = {e;(n)}, := {{Sh+n}o<n<ti,1—t} are independent under
P% . and are distributed like the random walk (S, P, ) conditioned on the event
{Stii1—t: €10,a], 8,15 > a,j € {1,... . ti;1 —t; — 1}}. It is therefore clear that to
extract scaling limits on P, ., one has to combine good control over the law of the
contact set Zy and suitable asymptotics properties of the excursions, and for this
the utility of Theorem emerges (see chapter (3| of the present thesis for more
details).

5.1.4 Outline of the chapter

The exposition of this chapter will be organized as follows :
- in Section [5.2], we collect some preliminary facts.

- in Section [5.3] we discuss finite dimensional convergence and state our main
technical lemma.

- in Section [5.4] we prove Lemma [5.3.1] which implies the finite dimensional
convergence in Theorem [5.1.1}

- in Section we show the tightness of the sequence of measures (Q7m¥),,
thus proving Theorem [5.1.1}

- in Section 5.6} we give a uniform equivalence for the tails of the random variable
T(—o00,0) under the law P, . This estimate is widely used in sections[5.4] and .

5.2 Some preliminary facts

5.2.1 Regular varying sequences

Throughout this chapter, for positive sequences «,, and ,,, we use the notation
ay, ~ By to indicate that a,, /8, — 1 as n — oo. Following Doney’s terminology, for
positive measurable functions g, h on RT, we will often say that the equivalence

9(xn) ~ h(zn) (5.2.1)

is true uniformly on the sequences x, such that x,/a, — 0. By this we mean that,
given any positive sequence ¢, such that €, — 0 as n — 0o, the convergence

g(y)
h(zn)

—1 (5.2.2)
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holds uniformly for every sequence z,, € A., where
A, ={yeZ"Yn >0y, €10,e,a,]}. (5.2.3)

A positive sequence d,, is said to be slowly varying with index aw € R (which we
denote by d,, € R,) if d,, ~ L,n® where L, is slowly varying at infinity that is for
every positive ¢, lim,,_,oo LL[’:] =1.If d, € R,, we can (and will always assume) that
d,, = d(n) where d(-) is a continuous strictly monotone function whose inverse will
be denoted d~1(-) (see [BGTRY, Theorem 1.5.3]). Observe that if d,, € R, d "' (n) €
Rija and 1/d, € R_,.

The following basic uniform convergence property ([BGT89, Theorem 1.2.1]) will
be often used in the sequel; if d,, € R, then for every fixed € > 0

din) = td, (1 + 0(1)) (5.2.4)

uniformly for ¢ € [, 1/¢].

5.2.2 Fluctuation theory

In a similar way as for the descending ladder process, one can define the weak

ascending bivariate renewal process (T, , H )y as Ty := 0, Tj11 = min{j >
TrS; > STJ}, Hf = T and
Ux) =Y P(H <) (5.2.5)
k=0

It is known that S; is in the domain of attraction (without centering) of a stable
law if and only if (77, H; ) lies in a bivariate domain of attraction (see for example
[DGI3]). We can specialize this fact to our setting. By hypothesis, S; lies in the
domain of attraction of the standard normal law, so that by standard fluctuation
theory, a, € Ri/2. We then define two sequences

n it P[Sm < 0] _m
log(—) = ——————¢ b, ¢,:=a(b,). 5.2.6
R () (526
Then b, € Rs, ¢, € R1 and we have the weak convergence
T B0\ L g iz e (dendy)] = 1, - o6i(d 2
(G- 0) =2 Pze(ndl= St (2]

where d1(dy) denotes the Dirac measure at y = 1. Note in particular that, like in
the simple random walk case, T} is attracted to Y, the stable law of index 1/2.

T —-1/2z
noy, PlYedd]=-2
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We recall also that b, is sharply linked to the tails of 7} by the relation

P[T > b,] ~ 21 (5.2.9)
™n
and it is known that this is a necessary and sufficient relation in order for b, to be
such that T*/b :> Y.
Equation (5 also 1mphes that the process (H ™) follows a generalized law of
large numbers, namely Zn = 1 (Hy is said to be relatively stable). Consequently
the following equlvalence "holds (see [BGTRY, Theorem 8.8.1])

x
I~ (x)
where [~ (+) is slowly varying at infinity. In a similar way, one can prove that the
equivalence

V(z) ~c ) = (5.2.10)

I*(x)

is verified for some slowly varying function [*(-).

U(z) ~

(5.2.11)

5.2.3 The duality lemma and local limit estimates

Let v(+, -) be the renewal mass function of the bivariate renewal process (H~,77),
that is
v(n, ) ZP T, =n,H, =1 (5.2.12)

and u(+,-) its counterpart for the process (H*,TT)

u(n, ) ZP T,7 =n,H =] (5.2.13)
k

The power of fluctuation theory for the study of random walks is linked to some

fundamental identities, the most famous one being the so called ”duality lemma”
(see [Fel71l, Chapter XII] ) :

P[C,, S, € dz] = Pn is a ladder epoch, S,, € dx] = u(n, z) (5.2.14)

where by the event {n is a ladder epoch} we mean of course the disjoint union of
the events Up{T,” = n}. The following equivalence about the asymptotics of u(-, )
has been shown independently in [Car05] and in [BJDO6]. Note that for the later, it
is the chore of the proof of their main result.

Lemma 5.2.1. Uniformly for 0 <y, < Ka,, one has the following equivalence :

P[S\n = yn] = u(”»:yn) ~ U%/n)

P[S, = y,]. (5.2.15)
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5.3 Finite dimensional convergence in Theorem

5.1.1]

5.3.1 The law of the renormalized brownian excursion

For z,y,t > 0, we define ¢, (z,y) the transition function of the killed Brownian
motion, that is

(0,9) = —r(, L)
x,y) = —r(—, ==
(5.3.1)
2 . u? + v?
where r(u,v) := 1/ — sinh(uv) exp(— 5 )
T
and the following transition function :
Iy
l = —ro(—==
)= ()
(5.3.2)
1 v?
where 79(v) := 1/ —vexp(——).
T 2

It is well known that (see [BS02]) for k € N,0 < t; < ... < tx < l and f €
C*([0,1]%,R), one has :

e(f(wy, - wy))
=2/ . fxr, ozl (1) - Gty (T—1, i) iy, (T )dy - . dy.
" (5.3.3)
To get Theorem we have to show finite dimensional convergence, that is
we show that for every positive integer k, (t1,...,t) € (0,1)%, f € C°((RT)*,R) :

st s*
E,, [f(=22, . =) 1g 0y, ]

Py, [Sh = yn] (5.3.4)
— 2V 21 fxe, oo )l (1) Gty (1, 22) -« Ly, (2p)dy . dg
R+

as n — o0.

5.3.2 Getting the convergence (/5.3.4))

Our main tool to get this convergence is the following result which we prove in

part [5.4] :
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Lemma 5.3.1. For K > 0, uniformly in x,/a, — 0 as n — oo and in y, such that
Yn/an € [0, K|, one has the following equivalence :

V(@)U (yn)

Pzn<§n = yn) ~ 0

P(S, = yn). (5.3.5)

The next result is a consequence of the Wiener Hopf factorization, it has been
shown in [BJDO06] and it will turn out to be useful numerous times in the sequel.

Lemma 5.3.2. Let K > 0. Uniformly in the sequences (Xn)n >0, (Yn)n >0 Such that
xnfan € [0, K|, yn/a, € [0, K], one has the following equivalence :

U@a)V(yn) _ o%n Y

1 — 5.3.6
- e +o(l) as n— o0 ( )

Lemma [5.3.1] straightforwardly implies the equivalence :

U(yn)V (yn)

P, (S, = yn) ~ P[S, = yn]. (5.3.7)

Of course, S* is not reversible. Nevertheless, using time reversal, combining Lemma

and the equivalence ((5.3.7)) straightforwardly imply the following :

Lemma 5.3.3. For K > 0, uniformly in z,/a, € [0, K] and iny, such that y,/a, —
0 as n — oo, one has the following equivalence :

2 2
P, (S5 =y ~ zz—gp(sn ) ~ 290 O/ n) (5.3.8)

2
n an a/TL

We finally recall the following proposition from [BJDO6] :
Proposition 5.3.4. Suppose x,, and y, are integers such that
Tp/a, — u >0, Yn/@n — v >0 (5.3.9)
as n — 0o. Then one has the convergence :
anP[S, = yn] — 7(u, ) (5.3.10)
It is then easy to check that combining the Lemmas [5.3.1] [5.3.2] [5.3.3] and the

Proposition one gets the convergence in (5.3.4), so that finite dimensional
convergence in Theorem holds.
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5.4 Proof of Lemma [5.3.1]

5.4.1 The case where y,/a, is bounded away from zero

We first assume that there exists € > 0 such that for every n,y,/a, > ¢.

We define m,, := inf{S;,j < n} and p, := inf{j < n,S; = m} and their all time
counterparts m = inf{S;, 7 > 0} and p :=inf{j > 0,S; = m}. Let n > 0 be fixed.

Alili and Doney have used the following equality in [ADOI], it is an easy conse-
quence of the duality lemma :

P, [§n = yn] =P,, [S\n = Yni Un < 77”] + Py, [gn = Yni tn = 77”]

nm  TnAyn
7=0 k=0
m  TnA\yn
7=0 k=0

(5.4.1)

We first treat the first term in the right hand side of the above equality. The as-
sumptions on x,,y, imply that for large enough n, x, A y, = x,. Using Lemma
5.2.1} for large enough n, we get that :

nmm  TnA\yn nm  xn
U(yn — k)Pr[Sn—j = Y
j? Tn — (TL .77 Ty — ;
(5.4.2)

as n — 00, so that :

nmm. - Tn nmm  xp
(YD 00 k) < ] 2 D o — )T S
=0 k=0 U(yn n = Yn §j=0 k=0 J
m Tn
< fa(n) v(j, k)
§=0 k=0
(5.4.3)

where we defined
U(yn - k)Pk[Sn—j = yn]
Jn(n) == sup
() i <mmkeaa] (1= 1U(Yn)P[Sy = yu

(5.4.4)

and U k)Pg|S,
gn(n) — inf (yn - ) k[ n—j — yn].

5.4.5
Jj < mn,ke(0,zn] U(yn)P[Sn = yn] ( )
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Using the standard local limit theorem and equivalence ((5.2.10f), one gets easily
that lim,~ o limsup,,_,. fn(n) = lim,~ o liminf, . ¢g,(n) = 1. Thus we are left with
showing that

sz(j, k) ~ V(x,). (5.4.6)

Note that of course

DY (k) = Vi), (5.4.7)
so that we just have to show that

Zj>77n Ziio v(j, k)
V(zn)

—0 (5.4.8)

as n — oo uniformly on z,, such that x,/a, — 0. For this, we note that Lemma
H.2.1| implies
V(z)P[S, = —1]

n

v(n,z) ~ (5.4.9)

as n — oo uniformly on x € [0, Ka,] where K > 0 , so that

> va(j, ~> Z = k| (5.4.10)

j>nn k=0 j>nn k=0

Using the fact that V'(-) is increasing and the standard local limit theorem (here
and later ¢ is a positive constant which may vary from line to line) :

ann‘%x ey Z ¢ k/aﬂ - (5.4.11)

a
7j>nn k=0 j>77n‘7 J

Finally, as a,, € R4z, using property ([5.2.4)) it is easy to see that

/ 73 dx (5.4.12)
Jaj

and this entails ((5.4.6). To conclude the case where vy, /a, is bounded away from
zero, we are left with showing that for any n > 0, one has :

i>nn

) 1S = Y fin = 1)

-0 (5.4.13)
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as n — 00. By the standard local limit theorem, there exists a,b > 0 such that

a < a,P[S,, = y,]) < b. Using Lemma |5.3.2) we get that :
nP,, [gn = Yp; tn =1n] NP [Sn = Yn; fin = 11 o ca, P} [Sp = Yn; i = 1]

In

(5.4.14)

so that we have to show that
lim sup a, P}, [Sn = yn; iy = nn] = 0. (5.4.15)

n—oo

Then we fix 0 € (n,1) and we have :
anP%, [Sn = yn; ptn = 1] = an P [nn < iy < 60
W (5.4.16)
+ a, P} [pn > 0n].

(2)

Making use of the Markov property, one gets :

on  xp
(1) =0 Y 3Pl = = P S,y = g i 51 1]
j=nn k=0 =

on =z
= e : V(Yn) o .a

(5.4.17)

~ ~

Noting that one has the equality Py, [Sn_j = Yp, MiN; < —; S; = k] =P [§n_j = UYp — k] ,
we get (note that V (k) > 1 for every k) :

(D<an Y Z P’ [t = j,m, = K] V(y,)P [§n_j =y — k} . (5.4.18)

Jj=nn k=0

Making use of Lemma [5.3.2) of Lemma and of the fact that z,,/a, — 0 as
n — 0o, we get :

on x
~ . : Uyn)V (Un
(1) S can Z ZPmn[Mn =71,Mp = k](n)fj(')]?[sn—j = Yn — k]
Jj=nn k=0
% ) (5.4.19)
< cK?® Z P;*pn[,un = .ﬂn _ ]anP[Sn—j = yn]

Jj=nn
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Making use of the standard local limit theorem, we have easily :
(1) < cK2(1— 0)7**P2 [, = 1n). (5.4.20)
Evidently, for every n, one has p, < u, so that
P2 lun = 1n] <Pg [ = n], (5.4.21)

and it has been shown in [BJDO06, Theorem 5.1] that for every n > 0, uniformly in
the sequences x,, such that x,,/a, — 0 as n — oo, the quantity P}, [1 > nn] vanishes
as n — oo.

For the second term in (5.4.16|), we will need the following result which has been
proved in [BJDO0G] :

Proposition 5.4.1. For any k > 0, for x,/a, — 0 as n — oo, one has the following
convergence :

X N
Tligsp

P; {max S; = /mn} — 0. (5.4.22)

We give us k € (0,¢) and for n > 0, we note 7 := inf{j > 0,5; > ka,}. Then we
have :

[Mn = nn, Sy = Yn, T = (97@1

y e (5.4.23)
[fn, =1, Sy = Y, T < Hnl.

(4)

Making use of the Markov property, we have :

<a, V(Yn) ZP% [max §Z < Kay,, §gn = j] P; [3\(1_9)” = yn]

V(:L’n) 0 i< On
V " Kan . .
< anvgz 3 P, Lfga;; Si < K, T(—o0,0) > 01, Spp = ]} P [Sa-6yn = yn — J]

(5.4.24)

where we recall that 7_w o = inf{j > 1,5; € (—00,0)}. Using the local limit
theorem and the fact that j € [0, ka,], we get :
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V(yn)Py, [7'(,00,0) > Gn]
V(zn)

(3)<ec

x P, [max Si < Ky |T(—o0y0) > 00 b ((5 —r)(1— 9)71/2) '

1
vV1—-20

1< 0n
(5.4.25)
Using the remark 4 in [Shi83], we note that, as n — oo,
K

P, |max S; < Kay|T(—ooo) > On| — m |supw; < — |, 5.4.26
L <on (=00,0) ] [[O,II]) ! \/51 ( )

where m(-) denotes the measure of the brownian meander.

We prove that the equivalence

P, [T(—oc0) > On] ~ V(z,)P[T} > 0On] (5.4.27)

holds uniformly on the sequences x,, such that z,/a, — 0 in Lemma so that
finally, using the convergence

V(Ka,)P[Ty > On] — c%, (5.4.28)

which one can deduce from part one gets :

- K 1 ~1/2
(3) < ¢V (Ka,)P[T] > Onlm [?&F])wt < %] mqﬁ ((e = K)(1—0)7?)

K 1 — )1 — g)-1/2
<cKm[s[$1p]>wt<\/§] —0(1_9)¢((6 )(1—6)"17?)

(5.4.29)

and for € > 0 fixed, the quantity in the right hand side above vanishes as xk \, 0.

We are left with the second term in equation . To get this, one notes that
looking at the proof of Lemma in [BJDOG], it is not difficult to see that, with
¢, > 0 fixed, the convergence in holds uniformly for (u,v) in the compact
set [c, ] X [e, K]. Note in particular the uniformity part in Lemma [5.3.1] the fact
that the convergence in the local limit theorem is uniform on the sets [ca,, ¢a,] and
finally the fact that the derivative of the function (z,u) — —z¢(x/u?) is uniformly
bounded for (z,u) € [¢, ] x (0,1) (to get the uniform convergence of the Riemann’s
sums in the proof of Lemma in [BJDO6]).

Making use once again of the Markov property, this implies that :
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(4) S an Z Z P;n[T =J Sj =k,pu> en]PZ[Sn—] = yn]
i< 0nk>kran

Vi ) (5.4.30)
< Z Z P, [1=174,5; =k pu>6n] V<(yk))anPk |:Sn_j = yn} )

J<6nk>kan

Note that one can restrict the range of summation of k in the above expression
over [ka,, K'a,| where K’ > 0 is large enough and independent of n. Thus, using
Proposition and the fact that r(-,-) is continuous, one obtains :

(4) < C%% sup r(u,v) Z Z P [1=7,5; =k, p, > 0n]

_uG[n,K’],UG[E,K} < Onk > ran

V(K) K’
0 sup r(u,v)| P, [max S; > ka,
V(ﬁ) 1-0 ¢ _ue[n,K’],ve[E,K} ( ) n[] < Hn J ]

<c

(5.4.31)

and as evidently the inclusion of events {max; < ,, S; > ka,} C {max; <, S; > Kka,}
holds, making use of Proposition the last term in the equation above vanishes
as n — oo since x,/a, — 0.

5.4.2 The case where y,/a, vanishes at infinity
This case relies heavily on the previous one. One has the equality :

Kan

P, [S\n = yn] = Z P., |:§n/2 = z} P. |:§n/2 = yn]

N J/

(‘53 (5.4.32)
+ P, [S\n = Yn, Sn/2 < €y, Sn/g P Kan]

(6)

We first show that the term in (5) yields the desired estimate, and then that the
term in (6) is negligible with respect to the first one.

For the term in (5) , using time reversal and the case we just treated, one has of
course :

& Ulyn)V(2)

B[Sz =yl ~ = 5 PlS,2 = 4 (5.4.33)
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so that, for n — 0o, we have the equivalence :

Kany, Kap

Z P, |:§n/2 = z} P. [3;/2 = yn} ~ Z V(x;Z;zU(z) U(y;}g@)P[Sn/z =z]?

z=¢can z=¢can
Kan

yn Z 82 QS Z/an/2)

Z=€an 7'L/2

(5.4.34)

where in the last equivalence we made use of the standard local limit theorem and
of Lemma [5.3.3| Thus we are left with showing that

Kan

2 2
lim  lim 8v2rwa, g Z—M =1 (5.4.35)
e\0,K /oo n—00 = a% ai/Z

We use Riemann’s sum and the fact that (a,) € Rq/, to get :

Ka Ka
< Z ¢ Z/an/Q < \/_Z/(Zn)
s 35 el g 35 Sl
16 % 22 ¢(2z/a,)
V2 z=¢a Un n (5.4.36)

- v 2ma,,

and thus (5.4.35)) is valid.
We are left with showing that :

na,
limsup lim

K oo 100 V(2n)U(yn)
na,,

Pa:n [S\n = Yn, § n/2 Kan] =0,
(5.4.37)

limsup lim

S0 oo V(In)U(yn> n |: Y /2 ga :|

We define S as being the time reversed version of S, that is the random walk whose
transitions are given by

P[S, =y :=P[S; = —y], yeZ (5.4.38)
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Note that
na,,

Tt P 5 =

§n/2 P Kan]
|:§n/2 = Z:| Pyn |:Sn/2 =z .

 na, S p ~ ] (5.4.39)
V()Uly) "

We recall that the following equivalences are shown in Lemma below :
P, [T(—c0) > n/2] ~ V(z,)P[T} >n/2],

— (5.4.40)
Pyn [T(,oo,o) > n/2] ~ V(yn)P[Tl_ > n/2]

and that they hold uniformly for x,,y, which are o(ay,).
Therefore, one deduces
na ~ ~
—ann Sn = Un, Sn = Kan
VUG s 2 K
~nP[Ty > n/2|P[T] > n/2]
XY 4Py, [Snjz = 2IT(—s00) > 1/2JPy, [Suyz = 2[F-ce0) > n/2).
z> Kan

(5.4.41)

By the local limit theorem for the random walk conditioned to stay positive (see
[Car05, Theorem 2]) :

sup an Py, [Sn/2 = 2|T(—o00) > n/2] =1 C < 00, (5.4.42)
2€Z

Recall that T} and T} are attracted to stable laws of index 1/2, so that by standard
Tauberian theorems (see [Fel71, XIII 5.]) :

P[T[ > n] ~ % (1 ~E [e—%TfD P[T] >n] ~ % (1 ~E [e—%ﬂ) . (5.4.43)

On the other hand, by the Wiener-Hopf factorization :

X _—An
1 —E[e™ ] = exp (— Y “—P[s, < 0])
n
. . (5.4.44)
1— E[eiATﬁ] = exp (— Z < P[S, > 0])
n
n=1

hence, for A 0,

(=B []) (=[] o (- ) 1 G
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therefore lim,,_,o nP[T > n]P[T; > n] = 1. Using finally the convergence towards
the brownian meander, we get that

~ ~ C ~
Pmn Sn = Un, Sn/2 2 Ka/n:| < _Pyn |:Sn/2 2 Kan
s

na,,

V{(@n)U (yn)

7 > n]
(5.4.46)
<cm [wl/g > K}

and the last term vanishes as K — oo. Proceeding in the same way, it is easy to see
that

~ -~

lim —"___p, [Sn = Y, Sz < san} <emfwys <e], (5.4.47)

n=voe V(2n)U(yn)

and this last quantity also vanishes when € \, 0, and this concludes the proof of

Lemma B.3.11

5.5 Tightness of the measures Q"

The proof of tightness is very similar to the one of [BJD06]. We first note that
the process S under P} [-|S, = yy] is still a Markov chain, so that according to
[Bil68, Theorem 8.4] , tightness will follow if we can show that for each positive e
and K € (0,1), there exists A > 0 and an integer ng such that

P, [max S; = Aa,

1< Kn

Sy = yn} <%z (5.5.1)

for all n > ny.
We proceed quite similarly as in the last part of the proof of Lemma We
write :

=) P, {fg% Si 2 A, Skn = J|Sn = ynl (5.5.2)
>0
na 3 3 3
~— Pxn max S,L = )\an, SKn = j‘| P, [Sn -K) — yn:|
V(zn)U(yn) ; L < Kn J (1-K)

Using the same considerations as in the last part of the proof of Lemma (by
simply replacing n/2 by Kn or (1 — K)n) , one gets that there exists a constant
C > 0 such that :

Lrga%l Si = A, Skn = J|T(—00,0) > Kn} (5.5.3)

C
v DI

j=0
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so that using the weak convergence towards the brownian meander, we get :

* < ——
vV1-K te[0,1] \/?

which for fixed K vanishes exponentially fast when A becomes large, and in particular
(5.5.1)) holds. This concludes the proof of Theorem [5.1.1 and thus we are done.

¢ m [sup wy = L] , (5.5.4)

5.6 Appendix

The following is the main result of this appendix :

1

Lemma 5.6.1. Uniformly in x, such that x,a," — 0 as n — oo, one has the

following convergence :
Pxn [T(,OQO) > n]

P[T > n]
Note that it has been proved in [BD94] that

~ V(). (5.6.1)

P70y >
lim inf {T( 0 "

minf — = > V() (5.6.2)

in full generality (that is for every oscillating random walk S verifying P[S; > 0] €
(0,1)). The convergence ((5.6.1)) has also been proved in [Kes63] in the lattice case

for fixed z.

Proof. For x > 0, we denote by 7, = inf{k > 1,5, < —x}. One has the following
identity :

P, [T(—00) > n] = Pl1, > n]

+oo
= ZP[Tk_ <n < Ty, 7 > 1
k=0

R R (5.6.3)
=> P[I; <n<Ty, H <z
k=0
+o0o n
=> > P[T, =1,H; <a2P[Ty >n—]]
k=0 1=0
where in the last equality we made use of the Markov property. Thus :
P, [T(—000) > 1 ", P[lis a descending ladder epoch, —S; < z] _
: = PT, >n—1.
CRE> V(o) fir>mn-d
(5.6.4)

We recall a strong version of Iglehart’s lemma (JAD99, Lemma 5] ) :
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Lemma 5.6.2. Let ¢,,d,(z)be two sequences where z belongs to a subset A of R .
Define e,, on A by :

n—1
en(2) =Y d;j(2)en;. (5.6.5)
=0
Assume that there exist ¢ > 0 such that the following condition holds uniformly on
zeA: .
Zdj(z) — d(z) < oo and nd,(z) < c (5.6.6)
j=1

Assume moreover that the sequence ¢, s reqularly varying with index —p where
p € (0,1). Then the equivalence e,(z) ~ d(2)c, holds uniformly on z € A.

We already pointed out that :

b~ (n)
V2mn

Recalling that b(-) € Ry, one has b~'(n)/n € R_j 2, which implies that the sequence
(PlTy > n])n verifies the hypothesis of the sequence ¢ of Lemma with p = 1/2.

On the other hand, we write

as n — oo. (5.6.7)

1= Z P [lis a descending ladder epoch, —S; < z] _ Z Zje[o,m] v(l, j)

(5.6.8)
1>0 V(.’L‘) 1>0 V(.’ﬂ)
and thus we want to prove that the sequence d;(x) = % satisfies the second

conditions of Lemma with Aq,) = {(a:n) € ZN,Vn, z, € [0, Enan]} where ¢,, is
a given positive sequence which vanishes at infinity.

We first note that the uniform convergence of the series on A, ) has already
been proved in the first part of the proof of Lemma [5.3.1]

For the second point, we consider a sequence (), € A,). For [ > 0 and making
use of Lemma m (note in particular the uniformity part of it) and of the local
limit theorem :

E v(l,7) <z, sup v(l,j)
JE[0,n]

L
<c

- V() (5.6.9)

En
g _V n
V()

and as €, — 0, both conditions of the first part of ((5.6.6|) are fulfilled by the sequence
Zje[o,z] v(l,j))
( V(z) I
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Thus we get that the following equivalence holds uniformly on A, :

Py, [T o) > 1]
V(x,)

~P [Ty >n]. (5.6.10)

This entails that the following equivalence holds uniformly on z,, such that z,a,* —
0asn— oo :
P, |70 >
nseo  P[T] > nl

which is equation ([5.6.1)). O

~ V(z,) (5.6.11)



142 CHAPITRE 5. A CONVERGENCE TOWARDS BROWNIAN EXCURSION



Bibliographie

[Abr86]

[AD99)

[ADO1]

[Asm03]

[BD94]

[Ber99]

[BFO09)]

[BGTSY]

[Bil68]

[Bil99)]

[BJDOG]

D. B. Abraham. Surface structures and phase transitions—exact re-
sults. In Phase transitions and critical phenomena, Vol. 10, pages 1-74.
Academic Press, London, 1986.

L. Alili and R. A. Doney. Wiener-Hopf factorization revisited and some
applications. Stochastics Stochastics Rep., 66(1-2) :87-102, 1999.

L. Alili and R. A. Doney. Martin boundaries associated with a killed
random walk. Ann. Inst. H. Poincaré Probab. Statist., 37(3) :313-338,
2001.

S. Asmussen. Applied probability and queues, volume 51 of Applications
of Mathematics (New York). Springer-Verlag, New York, second edition,
2003. Stochastic Modelling and Applied Probability.

J. Bertoin and R. A. Doney. On conditioning a random walk to stay
nonnegative. Ann. Probab., 22(4) :2152-2167, 1994.

J. Bertoin. Subordinators : examples and applications. In Lectures
on probability theory and statistics (Saint-Flour, 1997), volume 1717 of
Lecture Notes in Math., pages 1-91. Springer, Berlin, 1999.

E. Bolthausen, T. Funaki, and T. Otobe. Concentration under scaling
limits for weakly pinned Gaussian random walks. Probab. Theory Related
Fields, 143(3-4) :441-480, 20009.

N. H. Bingham, C. M. Goldie, and J. L. Teugels. Regular variation, vol-
ume 27 of Encyclopedia of Mathematics and its Applications. Cambridge
University Press, Cambridge, 1989.

P. Billingsley. Convergence of probability measures. John Wiley & Sons
Inc., New York, 1968.

P. Billingsley. Convergence of probability measures. Wiley Series in Prob-
ability and Statistics : Probability and Statistics. John Wiley & Sons
Inc., New York, second edition, 1999. A Wiley-Interscience Publication.
A. Bryn-Jones and R. A. Doney. A functional limit theorem for ran-

dom walk conditioned to stay non-negative. J. London Math. Soc. (2),
74(1) :244-258, 2006.

143



144

[Bol76]

[Bol02]

[BS02]

[Car96]

[Car05]

[CCO8]

[CDOS]

[CDO0Y]

(CGZ]

[CGZ06]

[CGZ07]

[CKMV09]
[CY05)

[DGY3]

BIBLIOGRAPHIE

E. Bolthausen. On a functional central limit theorem for random walks
conditioned to stay positive. Ann. Probability, 4(3) :480-485, 1976.

E. Bolthausen. Large deviations and interacting random walks. In
Lectures on probability theory and statistics (Saint-Flour, 1999), volume
1781 of Lecture Notes in Math., pages 1-124. Springer, Berlin, 2002.

A. N. Borodin and P. Salminen. Handbook of Brownian motion—facts
and formulae. Probability and its Applications. Birkhauser Verlag,
Basel, second edition, 2002.

J. Cardy. Scaling and renormalization wn statistical physics, volume 5
of Cambridge Lecture Notes in Physics. Cambridge University Press,
Cambridge, 1996.

F. Caravenna. A local limit theorem for random walks conditioned to
stay positive. Probab. Theory Related Fields, 133(4) :508-530, 2005.

F. Caravenna and L. Chaumont. Invariance principles for random walks
conditioned to stay positive. Ann. Inst. Henri Poincaré Probab. Stat.,
44(1) :170-190, 2008.

F. Caravenna and J.-D. Deuschel. Pinning and wetting transition for
(1 4+ 1)-dimensional fields with Laplacian interaction. Ann. Probab.,
36(6) :2388-2433, 2008.

F. Caravenna and J.-D. Deuschel. Scaling limits of (1 + 1)-dimensional
pinning models with Laplacian interaction. Ann. Probab., 37(3) :903-
945, 20009.

F. Caravenna, G. Giacomin, and L. Zambotti. Tightness conditions for
polymer measures. arXiv.org :0712.3426[math.PR}], 2007.

F. Caravenna, G. Giacomin, and L. Zambotti. Sharp asymptotic behav-
ior for wetting models in (14 1)-dimension. Electron. J. Probab., 11 :no.
14, 345-362 (electronic), 2006.

F. Caravenna, G. Giacomin, and L. Zambotti. Infinite volume limits of
polymer chains with periodic charges. Markov Process. Related Fields,
13(4) :697-730, 2007.

M. Cranston, L. Koralov, S. Molchanov, and B. Vainberg. Continuous
model for homopolymers. J. Funct. Anal., 256(8) :2656-2696, 2009.

F. Comets and N. Yoshida. Brownian directed polymers in random
environment. Comm. Math. Phys., 254(2) :257-287, 2005.

R. A. Doney and P. E. Greenwood. On the joint distribution of ladder
variables of random walk. Probab. Theory Related Fields, 94(4) :457-472,
1993.



BIBLIOGRAPHIE 145

[DGZ05]

[AHO9]

[DHV91]

[DHV92]

[DIM77]

[Don&0)]
[Dons?|

[Don97]

[Fel71]

[FFMS5]

[Fis84]

[Fun0g)]

[Gia07]

[Gia08]

J.-D. Deuschel, G. Giacomin, and L. Zambotti. Scaling limits of equi-
librium wetting models in (1 + 1)-dimension. Probab. Theory Related
Pields, 132(4) :471-500, 2005.

F. den Hollander. Random polymers, volume 1974 of Lecture Notes in
Mathematics. Springer-Verlag, Berlin, 2009. Lectures from the 37th
Probability Summer School held in Saint-Flour, 2007.

B. Derrida, V. Hakim, and J. Vannimenus. Growth histories and overlap
distributions of diffusion-limited-aggregation clusters. Phys. Rev. A,
43(2) :888-899, Jan 1991.

B. Derrida, V. Hakim, and J. Vannimenus. Effect of disorder on two-
dimensional wetting. J. Statist. Phys., 66(5-6) :1189-1213, 1992.

R. T. Durrett, D. L. Iglehart, and D. R. Miller. Weak convergence to
Brownian meander and Brownian excursion. Ann. Probability, 5(1) :117—
129, 1977.

R. A. Doney. Moments of ladder heights in random walks. J. Appl.
Probab., 17(1) :248-252, 1980.

R. A. Doney. Conditional limit theorems for asymptotically stable ran-
dom walks. Z. Wahrsch. Verw. Gebiete, 70(3) :351-360, 1985.

R. A. Doney. One-sided local large deviation and renewal theorems in
the case of infinite mean. Probab. Theory Related Fields, 107(4) :451-
465, 1997.

W. Feller. An introduction to probability theory and its applications.
Vol. II. Second edition. John Wiley & Sons Inc., New York, 1971.

P. J. Fitzsimmons, B. Fristedt, and B. Maisonneuve. Intersections and
limits of regenerative sets. Z. Wahrsch. Verw. Gebiete, 70(2) :157-173,
1985.

M. E. Fisher. Walks, walls, wetting, and melting. J. Statist. Phys.,
34(5-6) :667-729, 1984.

T. Funaki. A scaling limit for weakly pinned Gaussian random walks. In
Proceedings of RIMS Workshop on Stochastic Analysis and Applications,
RIMS Kokyturoku Bessatsu, B6, pages 97-109. Res. Inst. Math. Sci.
(RIMS), Kyoto, 2008.

G. Giacomin. Random polymer models. Imperial College Press, London,
2007.

G. Giacomin. Renewal convergence rates and correlation decay for ho-
mogeneous pinning models. FElectron. J. Probab., 13 mo. 18, 513-529,
2008.



146

[HV04]

[Ig174]

1Y01]

[Kai76]
[Kat76]
[Kes63]

[Kes69]

[KMPO03]
[Lig68|

[Mar01]

[MTO9]

INVO3]

[Rév05]

[RY99]

BIBLIOGRAPHIE

O. Hryniv and Y. Velenik. Universality of critical behaviour in a class
of recurrent random walks. Probab. Theory Related Fields, 130(2) :222—
258, 2004.

D. L. Iglehart. Functional central limit theorems for random walks
conditioned to stay positive. Ann. Probability, 2 :608-619, 1974.

Y. Isozaki and N. Yoshida. Weakly pinned random walk on the wall :
pathwise descriptions of the phase transition. Stochastic Process. Appl.,
96(2) :261-284, 2001.

W. D. Kaigh. An invariance principle for random walk conditioned by
a late return to zero. Ann. Probability, 4(1) :115-121, 1976.

T. Kato. Perturbation Theory for Linear Operators. Cambrige Univer-
sity Press. 1976.

H. Kesten. Ratio theorems for random walks. II. J. Analyse Math.,
11 :323-379, 1963.

H. Kesten. Hitting probabilities of single points for processes with sta-
tionary independent increments. Memoirs of the American Mathemat-
ical Society, No. 93. American Mathematical Society, Providence, R.I.,
1969.

Y. Kafri, D. Mukamel, and L. Peliti. Kafri, m., and peliti reply :. Phys.
Rev. Lett., 90(15) :159802, Apr 2003.

T. M. Liggett. An invariance principle for conditioned sums of indepen-
dent random variables. J. Math. Mech., 18 :559-570, 1968.

P. Marchal. On a new Wiener-Hopf factorization by Alili and Doney.
In Séminaire de Probabilités, XXXV, volume 1755 of Lecture Notes in
Math., pages 416-420. Springer, Berlin, 2001.

S. Meyn and R. L. Tweedie. Markov chains and stochastic stability.
Cambridge University Press, Cambridge, second edition, 2009. With a
prologue by P. W. Glynn.

David R. Nelson and V. M. Vinokur. Boson localization and correlated
pinning of superconducting vortex arrays. Phys. Rev. B, 48(17) :13060—
13097, Nov 1993.

P. Révész. Random walk in random and non-random environments.
World Scientific Publishing Co. Pte. Ltd., Hackensack, NJ, second edi-
tion, 2005.

D. Revuz and M. Yor. Continuous martingales and Brownian motion,
volume 293 of Grundlehren der Mathematischen Wissenschaften [Fun-
damental Principles of Mathematical Sciences]. Springer-Verlag, Berlin,
third edition, 1999.



BIBLIOGRAPHIE 147

[Shi83]
[Sko57]
[Soh09)]
[Spi60]

[Ton07]

[Upt99]
[Vel06]

[Zer87]

M. Shimura. A class of conditional limit theorems related to ruin prob-
lem. Ann. Probab., 11(1) :40-45, 1983.

A. V. Skorohod. Limit theorems for stochastic processes with indepen-
dent increments. Teor. Veroyatnost. 1 Primenen., 2 :145-177, 1957.

J. Sohier. Finite size scaling for homogeneous pinning models. ALFEA
Lat. Am. J. Probab. Math. Stat., 6 :163-177, 2009.

F. Spitzer. A Tauberian theorem and its probability interpretation.
Trans. Amer. Math. Soc., 94 :150-169, 1960.

F. L. Toninelli. Correlation lengths for random polymer models and
for some renewal sequences. FElectron. J. Probab., 12 :no. 21, 613-636
(electronic), 2007.

P. J. Upton. Exact interface model for wetting in the planar ising model.
Phys. Rev. E, 60(4) :R3475-R3478, Oct 1999.

Y. Velenik. Localization and delocalization of random interfaces. Probab.
Surv., 3 :112-169 (electronic), 2006.

M. Zerner. Quelques propriétés spectrales des opérateurs positifs. J.
Funct. Anal., 72(2) :381-417, 1987.



	Page de garde
	 Introduction
	 Motivations physiques et modélisations
	 Motivations physiques
	 Formalisme mathématique 

	 Modèle de mouillage homogène
	 Le cadre de la marche (p,q).
	 Du modèle d'Ising anisotrope au modèle de mouillage dans une bande.
	 Une généralisation naturelle aux processus de renouvellement.
	Limites d'échelles du modèle d'accrochage homogène.

	 La longueur de corrélation du modèle d'accrochage homogène. 
	 Limites d'échelle pour des modèles homogènes. 
	Le  modèle de mouillage
	Le modèle de mouillage dans une bande.

	Deux résultats issus de la théorie des fluctuations. 
	Comportement asymptotique de l'overshoot 
	Un théorème fonctionnel sur des marches aléatoires conditionnées à être positives.


	Finite size scaling
	Introduction
	A first model
	Finite size scaling

	 A look at the wetting model
	The renewal setup
	The model
	  regenerative sets and subordinators.
	Scaling limits at and near criticality.

	Proofs

	 A homogeneous wetting model
	Introduction and main results
	Definition of the models
	The free energy.
	Scaling limits. 
	Infinite volume limits results.
	 Organization of the chapter 

	Some preliminary facts
	Some recurrent notations and terminology
	A Markov renewal setup
	Sharp fluctuation theory estimates
	 Linking Theorem 3.2.1 to the stripe problem

	 An infinite dimensional problem
	Defining the free energy
	A useful representation for ZcN,a, 

	The localized phase
	 A key Markov renewal theorem 
	 Deducing asymptotic estimates on the partition function

	The delocalized phase
	Infinite volume limits
	 The set of contact points in the subcritical regime
	The free case
	The constrained case

	Scaling limits in the subcritical regime
	The free case
	The constrained case
	Appendix


	 An asymptotic result about the overshoot
	The setting and the main results
	Definitions and hypothesis
	 An estimate about the overshoot
	 Organization of the chapter

	 Some preliminary facts
	 About the densities
	 The renewal measure
	Two combinatorial identities

	 Two preliminary estimates 
	Domination 
	 Uniform convergence 

	Asymptotics for the ladder variables and the renewal density
	Asymptotics for the first entrance in the positive half-line 
	 A last convolution result 
	 Proof of Theorem 4.1.2

	Proof of Lemma 4.5.1
	Refined Iglehart's Lemma
	First term
	Second term
	Third term


	 A convergence towards brownian excursion
	 Introduction and the main result 
	 Conditioning a random walk to stay positive
	 A convergence towards the brownian excursion
	 Some motivations and a short overview of the literature 
	Outline of the chapter

	Some preliminary facts
	 Regular varying sequences
	 Fluctuation theory
	 The duality lemma and local limit estimates

	 Finite dimensional convergence in Theorem 5.1.1
	 The law of the renormalized brownian excursion
	 Getting the convergence (5.3.4) 

	Proof of Lemma 5.3.1
	 The case where yn/an is bounded away from zero 
	 The case where yn/an vanishes at infinity

	Tightness of the measures Qnxn,yn
	Appendix


