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Chapitre 1

Présentation

La méthode classique pour étudier un fluide en situation diphasique est
de considérer les deux phases comme deux milieux continus différents
(deux fluides, compressibles ou non), chacun possédant une énergie
(fonction convexe de la densité de masse). L’interface est une surface
de discontinuité porteuse d’une énergie o (la tension superficielle). Les
interfaces fluide-paroi sont aussi porteuses des énergies o, ct g,. Cette
théorie est tres connue et donne satisfaction dans la plupart des cas.
L’équilibre, par exemple, est donné par la minimisation de 1’énergie
totale sous une contrainte de masse fixée, 'angle de contact 8 formé
par 'interface et la paroi (cf. Figure 1.1) est alors donné par la loi de

Young
Ty

cos(f) = -9
o

Il 0’y a cependant pas de consensus sur la modélisation des wilicux
diphasiques dans des situations moins classiques, par exemple sur I’exis-
tence de termes de viscosité de surface, sur la définition d'un angle de
contact en situation dynamique, sur ’existence de tension de ligne le
long de la ligne de contact, sur I'interprétation de hystéresis de Pangle
de contact . ..

En fait, on sait que les deux phases sont deuv états d’nn méme flui-
de et que l'interface est la zone de forte variation de la densité qui les
sépare. Cette zone est une couche trés mince et le modele classique de
capillarité est le modeéle asymptotique obtenu quand les longueurs ca-
ractéristiques d'un probléme sont grandes devant 1’épaisseur de la zone
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4 1. PRESENTATION
interfaciale (c’est un modele ”macroscopique”).

angle de_contact

interface

liquide vapeur

paroi

ligne de contact
Figure 1.1: Un syteme diphasique en théorie classique

surfaces
d'isodensité

paroi

Figure 1.2: Un sytéeme diphasique en théorie de Cahn-Hilliard

Depuis les travaux de Gibbs on cherche & prévoir le comportement
des interfaces & partir du comportement du fluide contenu dans la zone
interfaciale. On se heurte alors a une difficulté fondamentale: on ne
peut pas obtenir de tension superficielle si ’on suppose que le flu-
ide contenu dans la zone interfaciale est un fluide classique. En ef-
fet si le tenseur des contraintes ne contient qu’un terme de pression
a D’équilibre, cette pression ne peut qu’étre constante (en l'absence
d’efforts extérieurs) dans tout le fluide et le saut caractéristique de
pression a la traversée de l'interface ne peut pas étre retrouvé. Il faut
utiliser un modele de fluide capable d’exercer des tensions non isotropes

dans les zones ou la densité de masse varie rapidement.

Le modele de Cahn-Hilliard (cf. J. W. Cahn, J. E. Hilliard, J. chem.
Phys., 31, N.3, 688, 1959 et J. W. Cahn, J. chem. Phys., 8, 66, 3667,
1977) répond & ce besoin!. Les fluides de Cahn-Hilliard sont des fluides
dont 1’énergie volumique est la somme de deux termes, une fonction
non convexe de la densité de masse W (p) et un terme A(Vp)? prenant
en compte les effets de 'inhomogénéité du fluide. Le premier terme,
correspondant par exemple & une énergie de Van der Waals en dessous
de la température critique, tend & séparer le fluide en deux phases. Le
deuxiéme tend a régulariser le champ de densité en transformant ses
discontinuités en fines couches de transition. La figure 1.2 montre les
surfaces d’isodensité dans une situation semblable & celle de la figure
1.1. La densité du fluide dans les phases est voisine des valeurs de
contact de la fonction W et de sa bitangente (cf. figure 1.3).

Les travaux de P.Casal et H.Gouin (cf. P. Casal, C. R. Acad. Sci.
Paris, 274, série A, 1571, 1972 et P.Casal, H.Gouin, C. R. Acad. Scu.
Paris, t. 300, Série II, N.7, p. 231-233, 1985) ont montré que les fluides
de Cahn-Hilliard doivent &tre modélisés en utilisant la théorie du second
gradient développée par P.Germain (cf. J. Mécan., 12, 235, 1973). C'est
la que réside l'intérét théorique de ces fluides: ils ne peuvent pas étre
modélisés dans le cadre de la théorie de Cauchy des milieux continus.

|
!
|
|

Py 2 P

Figure 1.3: énergie volumique d’un fluide homogéne.

!Les fluides de Cahn-Hilliard sont aussi appelés fluides doués de capillarité in-
terne ou fluides de Korteweg ou fluides de second gradient.
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Les travaux que je présente dans ce mémoire cherchent & mettre en
évidence les particularités des fluides de Cahn-Hilliard et a vérifier si
ces particularités sont conformes & la réalité. Ces travaux sont classés
par thémes plutdt que de maniére chronologique. Dans la partie 2 j'ai
regroupé les études ayant trait & la modélisation mécanique des fluides
de Cahn-Hilliard, c’est & dire au sytéme d’équations et aux conditions
aux limites qu’ils vérifient. On y trouve aussi une étude construisant la
théorie du second gradient d’une maniere analogue & la maniére suivie
par Cauchy pour construire la théorie (de Cauchy) des milieux continus.
Dans les parties 3 et 4 j’ai regroupé les études de situations particuliéres
mettant en évidence des comportements spécifiques des fluides de Cahn-
Hilliard, la partie 4 contenant les résultats asymptotiques rigoureux
obtenus par la I-convergence de l'énergie et donc limités & des cas
d’équilibre. Le lien de la derniére partie avec les fluides de Cahn-Hilliard
est plus ténu: 1'étude qui y est présentée est une réflexion sur la fagon
dont la T-limite d’énergies locales peut étre une énergie non locale,
phénomeéne qui est rencontré dans 'une des situations étudiées dans la
partie 4.

J'ai choisi, afin de rendre la lecture de ce mémoire plus facile,
d’introduire chacune des parties, puis chacun des articles de maniére
détaillée et de limiter cette présentation générale & un bref résumé des
résultats obtenus.

La partie 2 commence par un rappel des équations des fluides de
Cahn-Hilliard obtenues en utilisant la théorie du second gradient. Cette
théorie est particulitrement adaptée & Pétude des fluides de Cahn-
Hilliard mais elle n’en donne pas une idée intuitive. Pour bien connaitre
la physique de ces fluides, il faut comprendre comment ils interagis-
sent avec leur environnement (qu’il soit constitué du méme matériau
ou pas). En un mot, il faut connaitre les conditions aux limites qui
léui’sont naturellement associées. Les conditions aux limites obtenues
au paragraphe 2.4 sont non classiques: une distribution de force d’'un
type spécial est présente sur les parois dun récipient, distiibution non
interprétable en terme de forces et dont les effets ont une grande im-
portance pratique puisque qu’elle fixe 'angle de contact formé par une
interface et une paroi.

La coustatation d'une réticence d’une partie des mécaniciens & ad-
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mettre la validité du systéme d’équations vérifiés par les fluides de
Cahn-Hilliard (une réticence provenant d’un refus d’utiliser le principe
des puissances virtuelles et donc la théorie du second gradient) m’a in-
duit a rechercher une présentation différente du modele, la plus proche
possible de la présentation de Cauchy. Dans le paragraphe 2.5, nous
construisons la théorie du second gradient & partir d’hypothéses sur
la puissance des efforts extérieurs a la place d’hypothéses sur la puis-
sance des efforts intérieurs. La construction explicite des deux tenseurs
de contraintes de la théorie du second gradient par lutilisation du
"tetraédre de Cauchy” est obtenue. La référence au principe des puis-
sances virtuelles n’a pas pu étre supprimée entiérement: c’est une car-
actéristique des fluides de Cahn-Hilliard que d’échanger des actions
mécaniques qui ne sont pas assimilables & des mesures sur les parois
(ce sont des distributions d’ordre 1, au sens mathématique) et qui ne
peuvent donc étre représentées par des ”"densités de force”.

Les situations qui peuvent mettre en évidence les spécificités des
fluides de Cahn-Hilliard sont celles comportant de petites distances ca-
ractéristiques. Au paragraphe 3.2, j’étudie Péquilibre d’un film liquide
de faible épaisseur posé sur (ou sous) un plan horizontal ainsi que sa
stabilité sous ’action de la pesanteur. La comparaison avec les résultats
classiques de I'instabilité de Rayleigh-Taylor met en évidence une in-
teraction spécifique entre 'interface et la paroi toute proche.

Le paragraphe 3.3 est consacré a 'étude de I’équilibre de toutes
petites gouttes ou bulles. Un décalage entre 1'énergie de ces gouttes
et I'énergie prévue par la théorie classique de la capillarité est mis en
évidence. Ce décalage est en concordance avec les mesures expérimen-
tales.

Une troiseme idée fut d’étudier le mouvement d’une interface sur
une paroi plane. La théorie classique de capillarité est incapable de
modéliser ce mouvement (elle prédit une dissipation infinie lors de ce
mouvement!). L’étude présentée au paragraphe 3.4 est numeérique.
Elle montre I'influence de la vitesse sur I’angle de contact formé par
I'mterface et la paroi.

) Un tournant dans mes recherches a eu lieu lorsque jai appris les
resyltats de I'-convergence obtenus par L. Modica (Ann. Inst. H.
Poincaré, Anal. Non Linéaire, 5, 453 , 1987). Bien que limités aux
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études d’équilibre, ces résultats sont tres satisfaisants: ils correspondent
parfaitement & la notion intuitive de convergence des modeles. s
démontrent que les fluides de Cahn-Hilliard se comportent, & grande
échelle, comme le décrit la théorie classique de la capillarité. La re-
lative pauvreté du modele limite est cependant un peu décevante: les
phases y sont incompressibles, la tension superficielle constante, itn'y
a pas de tension de ligne sur la ligne de contact ni d’hystéresis de
'angle de contact ...En fait la présentation asymptotique choisie par

L. Modica n'est pas neutre et cache de nombreuses hypotheses sur les |

comportements des différentes quantités physiques qui interviennent.
De nouveaux problémes asymptotiques obtenus en changeant certaines
de ces hypotheses sont étudiés dans la partie 4.

L’étude de l'équilibre dans un domaine dont une des parois est
rugueuse (elle oscille avec une longueur d’onde comparable & I’épaisseur
de l'interface) est faite au paragraphe 4.2. Une technique d’homogénéi-
sation montre comment la rugosité influe sur I'angle de contact formé
par Vinterface et la paroi. La rugosité peut augmenter la mouillabilité
de la paroi jusqu’a la rendre complétement mouillante?.

Au paragraphe 4.3 on montre que les modeles de fluides de Cahn-
Hilliard peuvent converger vers un modele de capillarité avec tension
de ligne. Cette étude, assez longue, a fait apparaitre des problemes
mathématiques originaux. Les résultats obtenus montrent que la ten-
sion de ligne est liée & une transition de phases de surface et non a
la ligne de contact. La ligne de séparation des phases de surface et
la ligne de contact peuvent coincider fréquemment mais cette coinci-
dence n’est jamais assurée a priori. L’énergie du systéme n’est pas une
fonctionnelle locale du chainp de densité a intérieur du domaine.

Létude des gouttes (ou bulles) de tres petite taille déja entreprise
au paragraphe 3.3 est reprise au paragraphe 4.4. Cette étude est pour
Vinstant limitée & la dimension un, c’est & dire qu’elle correspond en
fait’d 'étude de films minces. Nos résultats montrent que la masse se
répartit suivant une mesure atomique (somme de masses de Dirac) et
comment I'énergie de chacune des masses de Dirac dépend de sa masse.

Dans le paragraphe 5.1 on considéere une famille de fonctionelles

20n dit que la paroi est complétement mouillante si le liquide s'étale entiérement
sur la paroi (angle de contact égal & ).

L

stexcam|
womaric |
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locales dont les relaxées sont, en général, non locales. Nos résultats
mo}ntrent que ce phénomeéne est purement artificiel, di a un choix no£1
adéquat des espaces fonctionnels de travail. Aprés avoir défini les es-
paces de Sobolev convenables, nous identifions les relaxées (fonction-

nelles locales) dans ces es i
paces et la relation entre ces relaxé
relaxées habituelles. el et les

'Ce mémoire est basé sur les articles suivants (par ordre de présen-
tation dans ce mémoire):

Thermodynamique des zones capillai
: pillaires, P.Se h
Physique, vol. 18, p 13-22, 1088. ppecher, Annales de
Ettude d(ids conditions aux limites en théorie du second gradi-
ent: cas de la capillarité, P.Seppecher, C.R. Acad. Sci g
et , C.R.Acad.Sci., t. 309, Série
The felationship between edge contact forces and intersticial
working allowed by the principle of virtual power, F.dell’Isola
and P.Seppecher, C.R.Acad Sci., t 321, série IIb, 1995.
Edge Contact Forces and Quasi-Balanced Power, F.dell’Isola
and PA.Seppecher, soumis a Meccanica, 1995. ‘
Equxllbn‘um of a Cahn and Hilliard fluid on a wall: Influence of
I:.he ze;tlxng properties of the fluid upon the stability of a thin
iqui m, P.Seppecher, European Journal ? ] }
15 e g e rnal of Mechanics B/Fluids,
Radl'us and surface tension of microscopic bubbles by second
grgdxent theory, F.dell'Isola, H.Gouin and P.Seppecher, C. R. Acad
Sci, t. 320, Série IIb, p. 211-216, 1995. L 4
:}lnume;cgl study of a moving contact line in Cahn-Hilliard
eory, P. Seppecher, & paraitre dans Internati
ginering Science, 1995. wional Joumal of En-
Cthr)lSand H}illiard fluid on an oscillating boundary, G.Bouchitté
and P.Seppecher, in Motion b er I
o oy otion by Mean Curvature, de Gruyter Ed., p. 25-
grlzlli)ésultgt de perturbations singuliéres avec la norme H/?
-Alberti, G.Bouchitté and P.Seppecher, C.R.A 3 frie I
0,355,995, 1001 P » C.R.Acad.Sci., t.319, Série I,
Phase transition with line tension effect, G. Alberti, G. Bouchitté
P. Seppecher, soumis & Arch. Ration. Mech, An., 1995. )
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Transitions de phases avec un potentiel dégénéré a l’inﬁvniZ
application a 1'équilibre de petites gouttes., C.Dubs, G.Bouchitté
and P.Seppecher, soumis auzr C.R.Acad.Sci., 1995. '

Energies with respect to a measure and applications to 1ovxf
dimensional structures, G. Buttazzo, G.Bouchitté, P. Seppecher, d

paraitre dans Calcovar, 1995.

Chapitre 2

La Modélisation Mécanique

2.1 Introduction

Les fluides de Cahn-Hilliard sont des fluides dont la densité volumique
d’énergie libre e dépend de la densité de masse p ainsi que du gradient
de cette densité Vp !. Le principe d’isotropie indique que e ne peut
dépendre que du module de Vp. Dans tous nos travaux nous n’étudions
que la forme particuliére de e:

(5, V0) = W(p) + S (21)

qui apparalt comme la premiére approximation de Iénergie d’un milieu
non homogeéne en mécanique statistique et dont I'intérét est évidem-
ment la simplicité mathématique. La fonction W correspond & I’énergie
libre volumique d’un milieu homogene, une énergie de type Van der
Waals par exemple. Dans tout les cas que nous considérons, la fonction
W est une fonction non convexe ce qui tend 4 séparer le fluide en deux
phases. Le terme %sz est un terme correctif prenant en compte la non
homogénéité du fluide, le coefficient A étant un coefficient physique ap-
pelé coefficient de capillarité. Ce terme tend a réduire I'inhomogénéité

'D’une maniére générale nous n’étudierons que des situations isothermes et
P'influence de la température peut étre oubliée. Si la température intervient parfois
dans ce mémoire, ce n’est qu’un paramétre extérieur modifiant la fonction e. En
effet, la forme de la fonction e différe fondamentalement suivant que la température
est supérieure ou inférieure a la température critique.

11



12 2. LA MODELISATION MECANIQUE

du fluide.
L’étude des fluides de Cahn-Hilliard demande la remise en cause

des notions les plus élémentaires de la mécanique des milieux conti-
nus. Les notions de forces de contact et de contraintes n’y sont pas
les mémes que dans la plupart des milieux étudiés par les mécaniciens.
Les notions utilisées étant moins habituelles, I'intuition est plus difficile
et nombre de questions sc posent. Du point de vue de la modélisation
thermo-mécanique, il faut approfondir i) la relation liant la densité
d’énergie dépensée dans le milieu aux efforts qui y sont présents, ii)
la représentation des forces de contact exercées par une partie du mi-
lieu sur une partie voisine et, en particulier, 'influence de la forme de
la surface de séparation sur ces forces, iii) les conditions aux limites
naturelles que 'on doit écrire lorsqu’on étudie le mouvement de ces
milieux.

Les fluides de Cahn-Hilliard font partie d’un ensemble plus vaste de
milieux continus: les milieux de second gradient, ¢’est & dire des milieux
dont, I’énergie dépend du second gradient du champ de déplacement {en
effet la densité p est elle-méme liée au gradient du déplacement). Les
études de modélisation décrites dans cette partie se généralisent sans
difficulté & ces milieux.

La nécessité de remettre en cause nos connaissances de base de mé-
canique des milieux continus apparait rapidement lorsqu’on envisage un
mouvement isotherme et non dissipatif d’un fluide de Cahn-Hilliard. En
effet calculons la variation au cours du temps de I’énergie libre £ d’une
partie du fluide 2 que Pon suit dans son mouvement. On a

. d de
E:_/  d :/ L Lev.U)do
dt Ja ¢ W= folg TV U
ou U désigne le champ des vitesses et en utilisant I'expression de e (2.1):
- dW dp dVp Ao o
E= [ 15224200 SL 4 (W(p) + SV U d
Q[dpdt+ P T W)+ 5V0°) v
En utilisant I'équation de conservation de la quantité de mouvement
d
d*i + pV - U = 0, on obtient:

: aw A, ‘
E—/Q{KW(P)—Pd—p—-Q-VP)1—/\Vp®Vp} : VU+
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~p(1® Vp):VVU} dv (2.2)

ou 1, :, ! désignent le tenseur identité et les produits de contraction
double et triple. D’autre part, le théoreme de I'énergie cinétique indique
que

EC — Pint + Pezt (23)

ou E°, P et Pt désignent respectivement I’énergie cinétique, la puis-
sance des efforts intérieurs et la puissance des efforts extérieurs. En
Pabsence d’échanges thermiques le premier principe de la thermody-
namique s'énonce:

E + Ee = pest, (2.4)

La comparaison de (2.4) et de (2.3) implique
E=_—pm (2.5)

L’incompatibilité est alors évidente entre les équations (2.2), (2.5) et
Iexpression habituellement admise de P en fonction du tenseur des
contraintes 7:

Prt== [ r: VU (2.6)

Deux familles de méthodes peuvent étre utilisées pour résoudre ce
probleme. L’une consiste & modifier 'équation (2.5), l'autre a modifier
Pexpression de P™. La premitre, due & Dunn et Serrin (cf. J.E. Dunn
and J. Serrin, Arch. Rational Mech. Anal., 88, 95, 1985 et J.E.Dunn,
New perspectives in Thermodynamics, J. Serrin Fd., Springer Verlag.
Berlin, p. 187-222, 1986), consiste & ajouter dans (2.5) ou dans (2.4)
un apport d’énergie, dit travail interstitiel ("interstitial working”), dont
la forme est déterminée par ce besoin de compatibilité 2. La deuxieme
(théorie du second gradient) suivie par P.Germain (cf. J. Mécan., 12,
235, 1973), P.Casal (cf. C.R.Acad.Sci. Paris, 274, série A, 1571, 1972)

*Citons la méthode dite de ”thermodynamique raticnnelle” (cf. 1. Miiller, Ther-
modynamics, Pitman Ed., London., 1985), dans laquelle la forme du second principe
est modifiée  la place de la forme du premier principe. Le flux d’entropie n’a plus
la forme habituelle. Cela revient dans notre présentation a introduire des flux de
chaleur non dissipatifs dans I'’équation (2.5). Au nom de ce flux prés, la méthode
est la méme que celle suivie par Dunn et Serrin. '
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et H.Gouin (cf. C. R. Acad. Sci. Paris, t. 300, Série I, N.7, p. 231-
233, 1985) consiste & remettre en cause la forme communément admise
pour la puissance des efforts intérieurs, en posant

pint _ _/n(b VU + ¢ VVU) d, (2.7)

expression naturelle quand on la compare avec (2.2). Une méthode
voisine que nous développons au paragraphe 2.5 consiste a remettre en
cause les hypotheses fondamentales faites par Cauchy pour construire
le tenseur des contraintes, pour finir par obtenir la méme expression
(2.7) pour la puissance intérieure.

Les deux familles de méthodes peuvent paraitre équivalentes: a ce
point de notre propos, elles le sont. Mais la deuxiéme méthode est
beaucoup plus puissante car, non seulement la forme de la puissance des
efforts intérieurs est modifiée, mais aussi celle de la puissance virtuelle
des efforts intérieurs

pint _ _/Q(b cVU + ¢ VYD) do (2.8)

pour tout champ de vitesse virtuelle U suffisamment régulier. Cette
hypothese permet d’obtenir 'expression du tenseur des contraintes ap-
paraissant dans 'équation de conservation de la quantité de mouve-
ment. Elle permet surtout d’obtenir les bonnes conditions aux limites
pour les milieux de second gradient, chose qu’a ma connaissance la
méthode du travail interstitiel est incapable de faire. C’est la théorie
du second gradient qui est utilisée au paragraphe 2.2 ou l'on rap-
pelle brievement les équations thermomécaniques des Huides de Cahn-
Hilliard.

Le lien entre les fluides de Cahn-Hilliard et la description classique
des milieux diphasiques dans laquelle les interfaces sont considérées
comme des surfaces de discontinuité (éventuellement porteuses de pro-
priétés matérielles) est primordial pour la compréhension de notre tra-
vail. Les fluides de Cal-Iilliard sont la description a une échelle trec
fine de zones de fortes transitions qui apparaissent comme des surfaces
bidimensionnelles a une échelle macroscopique. Ce passage asympto-
tique des fluides de Cahn-Hilliard aux modéles que j'appellerai modeéles
capillaires classiques est décrit de maniére formelle au paragraphe 2.3.
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Tous nos résultats sur les fluides de Cahn-Hilliard seront, interprétés a
travers leurs conséquences sur le modele capillaire classique.

Dans le paragraphe 2.4 nous étudions les conditions aux limites
naturellement associées aux fluides de Cahn-Hilliard. L’une d’entre
elles est d’un type nouveau et nous montrons son lien avec la donnée de
I'angle de contact, angle formé par une interface et une paroi. L’angle
de contact est une donnée physique nécessaire pour qu'un probleme
diphasique soit bien posé. Son interprétation physique n’est pas claire
et son correspondant en théorie des fluides de Cahn-Hilliard est peu
intuitif: c’est la donnée sur la paroi d’un effort qui n’est pas une force
mais plutdt une distribution de force (au sens mathématique). Clest un
aspect essentiel des fluides de Cahn-Hilliard que d’échanger a travers
des surfaces des efforts qui ne sont pas des forces.

D’antre part nous montrons que des forces d’arétes sont exercées sur
toute partie du fluide dont la frontiere contient des arétes. Rappelons
que ces forces d’arétes sont interdites dans un milieu continu classique.

Dans le paragraphe 2.5 nous montrons comment la théorie du se-
cond gradient peut étre reconstruite & partir d’hypothéses sur les efforts
de contact. C’est une approche voisine de celle de Cauchy. Ce travail
est né de deux constatations: i) de nombreux mécaniciens tiennent & ce
que les efforts a I’intérieur d’un milieu continu soient décrits en terme de
forces ii) la modélisation des milieux dans lesquels des forces d’arétes
sont présentes n’était pas connue (cf. W.Noll and E.G.Virga, Arch.
Rational Mech. Anal., vol.111, N.1, p.1-31, 1990). Nous avons montré
qu’il ne pouvait étre envisagé de forces d’aréte sans introduction de dis-
tributions de forces (au sens mathématique), distributions déja décrites
par Germain sous le nom de “double forces”. Qui dit distributions dit
dualité, ou puissances virtuelles et nous sommes ramenés 2 la théorie
du second gradient.
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2.2 Thermodynamique

Dans cette partie nous établissons les équations locales vérifiées par un
fluide visqueux de Cahn-Hilliard en situation isotherme. Ces résultats
ont pour l'essentiel déja été présentés dans ma thése de I'Université
Paris VI (Etude d’une modélisation des zones capillaires fluides: in-
terfaces et lignes de contact, 1987). Nous les rappelons igi pour la
cohérence de ce mémoire.

2.2.1 Lois de comportement

Comume nous n’étudions que des situations isothermes, les équations de
bilan d’énergie et d’entropie ne nous intéressent que par les restrictions
qu’elles entrainent sur les lois de comportement. La maniére la plus
directe pour obtenir ces restrictions est d’écrire I'inégalité de Clausius-
Duhem. Celle-ci s’écrit, lorque la température T est constante,
dle/p

T = V(TJ, — J.) =~ P" —p % >0, (2.9)
ou Js et J, désignent respectivement le flux d’entropie et le flux de
chaleur. Nous nous placons dans le cadre de la théorie du second gradi-

dle/p)

ent et admettons 'expression (2.7) pour P™. L’expression de p e
a déja été calculée en (2.2) et en définissant les tenseurs d’ordre deux
et trois, b" et ", par:

oW A
b = (W(p) - g(w)?) 1= AVp@Vp, (210)
= =2p(1® Vp), (2.11)

A

I'inégalité (2.9) s’écrit

[= VAT, — J)+ (b= ") : VU + (c— *)VIU > 0°  (2.12)

3Notre raisonnement précédent pour montrer la nécessité d’utiliser une modé-
lisation non classique pour les fluides de Cahn-Hilliard utilisait des mouvements
isothermes non dissipatifs. Pour les lecteurs que ce cadre trop restrictif n’aurait
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Sous Phypotheése habituellement admise J, = T'J;, la dissipation est
purement intrinseque et s’écrit:

T=(b—b"): VU + (c— *):VVU > 0. (2.13)

Dans I’approximation de la thermodynamique linéaire I" est une forme
quadratique positive de (VU,VVU). Cependant, méme dans ce cas
particulier, les lois de comportement font intervenir un nombre tres
élevé de coefficients (n’oublions pas que le parametre thermostatique
vectoriel Vp permet de nombreux couplages entrc tenseurs d’ordre
différent). C’est pourquoi nous supposerons que le second gradient
VVU ne provoque aucune dissipation et qu'il n’y a pas d’anisotropie
due & Vp. Les lois de comportement ne contiennent alors que les deux
coefficients de viscosité classiques v et £ et la dissipation a la forme
habituelle:

F=vtr(D)?+26D: D, (2.14)

ot ID = (VU + VU?) et les tenseurs de contraintes b et ¢ verifient les
lois de comportement:

c=c" , b=0"+1 avecl=vtr(D)1+21DD. (2.15)

2.2.2 Bilan des forces

Nous établissons ici I’équation locale de conservation de la quantité de
mouvement, les conditions aux limites étant ¢tudides dans la partie 2.4.
Nous utilisons le principe des puissances virtuelles sur un domaine ou-
vert 1 avec des champs de vitesse virtuels dont le support est intérieur
a 2. Ces champs étant nuls au voisinage du bord 99 de Q, la puissance

pas convaincu, notons que l'inégalité (2.12) est incompatible avec les hypotheses
Je =TJ, et ¢ =0 (i.e. la puissance des efforts intérieurs est le produit du tenseur
des contraintes de Cauchy par e eradient du champ de vitesse). 1 rst clair que
Pon peut lever cette incompatibilité en modifiant le flux d’énergie (cf. J.E. Dunn,
J. Serrin, Arch. Rational Mech. Anal., 88, 95, 1985 et J.E.Dunn, New perspectives
in Thermodynamics, J. Serrin Ed., Springer Verlag, Berlin, p. 187-222, 1986), le
flux d’entropie (cf. 1. Miiller, Thermodynamics, Pitman Ed., London., 1985) ou en
introduisant un tenseur ¢ non nul (théorie du second gradient).
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des efforts extérieurs de contact est nulle. La puissance virtuelle des
efforts extérieurs se résume a:

pest = [ o0 o
0

Le champ d’accélération étant noté v, le principe des puissances virtu-
elles s’énonce:

/ﬂp'y-UdU:/nfe“.Udv~/Q (b: VU +cVVD)dv  (216)

pour tout champ U de classe C* & support intérieur & 2. En utilisant
le théoreme de la divergence, cette équation devient

/ oy — £ = V(b= Ve(e))] - U dw =0 (2.17)

Q

qui entraine I'’équation locale de bilan de la quantité de mouvement
py=V-(b—V{c))+ [ dans €. (2.18)

Cette équation a la forme de I'équation habituelle de bilan de la quantité
de mouvement si ’on définit un tenseur de contrainte 7 par

r=b-V-c) (2.19)

Si Von utilise les lois de comportement (2.15), ’équation du mouvement
d’un fluide de Cahn-Hilliard isotherme visqueux devient:

8”/ 7 exl 2.20
py=-pV Gp—/\Ap + VIl + f (2.20)

avec [ = v tr(ID) 1426 ID .

P

2.2.3 Les tenseurs de contraintes

Les contraintes dans un fluide de Cahn-Hilliard ou plus généralement
dans un milieu de second gradient sont donc déterminés par deux ten-
seurs de contraintes d’ordre deux et trois. On peut choisir le cou-
ple (b,c) ou le couple (r,c). Ils sont la représentation de la forme
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linéaire P™ portant sur le couple (VU,VVU). Cette représentation
n’est pas unique car le tenseur VVU n’est pas un tenseur quelconque:
il est symétrique & gauche . Le tenseur ¢ est donc déterminé 4 un
tenseur antisymétrique a droite prés. De maniére & supprimer cette
indétermination on peut imposer a c une condition supplémentaire: on
envisagera d’'imposer soit i) la symétrie & droite soit ii) la symétrie a
gauche. Le choix i) est le plus naturel par dualité. Le choix ii) est plus
complexe (la possibilité de ce choix est démontrée dans P.Seppecher,
Etude d’une modélisation des zones capillaires fluides: interfaces et
lignes de contact, Thése de ’Universite Paris VI, 1987) mais présente
des avantages que nous allons maintenant décrire:

Remarquons tout d’abord que I'indétermination sur ¢ (qui par con-
struction n’a pas d’influence sur P***) n’a pas d’influence sur ’équation
de conservation de la quantité de mouvement (2.18). En effet I’ajout
a ¢ d’un tenseur antisymétrique a droite ne modifie pas la quantité
V-(V-(c)).

_ Rappelons ensuite que le principe d’objectivité impose la nullité de
P pour tout champ de vitesse rigide. Cela équivaut & la symétrie du
tenseur b.

Remarquons enfin que 7 dépend du choix que I'on a fait pour c.
Seul le choix ii) assure la symétrie de 7. Or 7 étant le tenseur qui
apparait dans I’équation de conservation de la quantité de mouvement,
on conserve au maximum les habitudes des mécaniciens des milieux
continus par ce choix.

2.2.4 Flux supplémentaire d’énergie
L’équation de conservation de I’énergie s'écrit:

E=-P"+Q (2.21)

ot Q désigne 'apport extérieur de chaleur. En supposant que I’apport
de chaleur n'est du qu’a la conduction et en notant J, le Hux de chaleur,

4Symétrique & gauche signifie symétrique en ses deux premiers indices. Notons
que pour nous la composante d’indice ijk du tenseur VVU est 5‘2—3%(%) et que
i dT;

le produit de contraction ¢:VVU signifie ik (VYD ) 5.
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I’équation locale de conservation de I'énergie s’écrit:

%+ev.U:b:VU+CEVVU+V~(Je) (2.22)

Si I'on utilise le couple de tenseurs de contrainte (7,¢) & la place du
couple (b, ¢), cette équation s’écrit:

%+EVU:TVU+V(h)+V(Je) (223)
avec
AUy .
h; = szckjla‘ifj pour tout ¢ € {1, 2,3} (2.24)

Ainsi apparait naturellement un flux suppémentaire d’énergie qui cor-
respond au travail interstitiel introduit par Dunn et Serrin (cf. Arch.
Rational Mech. Anal., 88, 95, 1985). Ce flux supplémentaire dépend
du choix de représentation de ¢ (cf. le paragraphe précédent). Cela est
compensé par le fait que le terme 7 : VU dépend lui aussi de ce choix
(la somme V-(h) + 7 : VU n’en dépend pas). Sil'on a opté pour le
choix rendant 7 symétrique alors h est uniquement déterminé.

.-
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2.3 Modélisation des interfaces

L’article qui suit commence par exposer la généralisation des résultats
que nous venons d’établir au cas des mélanges des fluides de Cahn-
Hilliard. 1l fait ensuite le lien entre ce modéle et le modele classique
d’interface.

Si 'on admet que le fluide se sépare en zones de faibles gradient de
densité (les phases) et en fines couches de transition entre les phases (les
zones interfaciales), alors le terme correcteur AVp® peut étre négligé
dans les phases et celles-ci se comportent comme des fluides com-
pressibles classiques. Reste & comprendre le lien entre les zones in-
terfaciales et les interfaces bidimensionnelles du modele classique. Ce
lien est obtenu par une analyse asymptotique dans laquelle le rap-
port de Iépaisseur des zones interfaciales sur les autres longueurs car-
actéristiques tend vers zéro.

Ce passage d’une couche de transition a une interface bidimension-
nelle a été trés étudié mais toujours en supposant que la zone interfa-
ciale était un milieu continu classique. Ce passage 3D-2D est 2 la base
de la compréhension de la mécanique des interfaces depuis les travaux
de Gibbs (cf. J.W.Gibbs, The scientific Papers of J.W. Gibbs, Dover
Publications, INC New York, 1961). Bien qu'on ne l'utilise jamais
pour étudier des milieux multiphasiques dans des situations pratiques,
c’est en se référant plus ou moins explicitement a lui qu’on postule la
forme des lois de comportement des interfaces. La vérification de sa
cohérence est donc un objectif important. Or il est généralement admis
(au moins implicitement) que la zone interfaciale est constituée d’un
milieu continu classique (de Cauchy) et cela est incomipatible avec la
présence de tension superficielle dans le modele limite. Il faut donc
supposer que la zone est constituée de fluide de Cahn-Hilliard (ou d’un
mélange de ces fluides). Par intégration & travers la couche des lois
de bilan de la théorie du second gradient, on s’attendrait a obtenir un
modele bidimensionnel de type second gradient. L’intérét du processus
d’intégration que nous utilisons est de faire disparaitre le flux intersti-
tiel h. Ainsi le modeéle limite que nous obtenons un modele de milieu
continu bidimensionnel " classique” (de premier gradient).

L’analysc asymptotique présentée ici est purement formelle. La par-
tie 4 du mémoire sera consacrée a une analyse asymptotique rigoureuse.
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L’article qui suit a été publié sous la référence: ” Thermodynamique
des zomes capillaires, P. Seppecher, Annales de Physique, vol. 18, P
13-22, 1988. 7.

Attention: Les notations de cet article different de celles utilisées dans
P’introduction.

ANNALES DE PHYSIQUE
Colloque n®2, supplément au n°3, vol. 13, juin 1988 2 3

THERMODYNAMIQUE DES ZONES CAPILLAIRES

P. SEPPECHER

Laboratoire de Modélisation en Mécanique, UA-229,
Université de Paris VI, T-66, 4., place Jussieu,
F-75230 Paris Cedex 05, France

Résumé - Nous considérons les interfaces comme des zones tridimensionnelles
de faible épaisseur. Nous étudions le processus asymptotique qui permet de
les assimiler a des surfaces porteuses de propriétés matérielles. Nous
cherchons sous quelles hypothéses les lois vérifiées par ces surfaces sont
les wmémes que celles obtenues par application des principes thermodynami-
ques a des milieux bidimensionnels. Nous montrons en particulier qu'il est
difficile d'attacher une masse aux interfaces et que leur vitesse tangen-—
tielle doit avoir une définition purement thermodynamique.

Abstract - The interfaces are seen as thin three-dimensional layers. By an
asymptotic process they may be considered as carrier surfaces of material
quantities. Do these surfaces verify the same laws than thoses given by a
direct application of the principles of thermodynamic to bidimensionnal ma-
terials ? Specially we show the difficulty to construct a model for an in-
terface with mass density. We show that the definition for the tangential
velocity of the interface must be purely thermodynamical.

1 - INTRODUCTION

Au premier abord, les interfaces apparaissent comme des surfaces de discon-
tinuité - discontinuité de densité ou d'autres propriétés du milieu fluide.
Les expériences les plus simples wmontrent cependant qu'une telle modeélisa-
tion est insuffisante et qu'il est nécessaire de doter 1'interface d'une
densité superficielle d'énergie pour comprendre la présence de tension su-
perficielle. Pour comprendre des phénoménes plus complexes, il faut imagi-
ner de nouvelles propriétés. C'est ainsi que, pour expliquer 1'écart entre
les prédictions théoriques et les mesures des vitesses de chute d'une gout-
te plongée dans un fluide au repos, Beussinesy /1/ introduit des viscosités
de surface, que Levich /2/ introduit des concentrations et des diffusions
de surfactants 4 1'interface. Cox /3/ introduit des glissements relatifs
des milieux de part et d'autre d'une interface au voisinage d'une ligne de
contact pour expliguer que le mouvement de cette ligne ne provoque pas une
dissipation infinie. Bien d'autres propriétés peuvent étre envisagées.
C'est pourquoi les théoriciens cherchent a donner un cadre dans lequel la
forme des équations d'interface doit étre recherchée. Ils cherchent en par-
ticulier & exprimer les contraintes imposées par les principes de la méca-
nigue et de la thermodynamique.

La méthode la plus classique est de considérer 1'interface comme un vérita-
ble milieu bidimensionnel. On parlera alors d'interface singuliére. Ce mi-
lieu posséde une densité surfacique d'énergie, éventuellement des densités
de masse, d'entropie, des flux surfaciques de masse, d'énergie,
d'entropie, ... et peut avoir des échanges avec 1les fluides présents de
part et d'autre de 1'interface. De nombreux auteurs /4/, /5/, /6/, /7/ ont
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appliqué a un tel systéme, o0 voisinent densités surfaciques et densités
volumiques, les principes de conservation de la masse, du torseur cinétique
ainsi que les deux principes de la thermodynamique.

Une méthode plus réaliste, semble étre de considérer que les propriétés du
milieu fluide ne subissent pas de discontinuité mais varient continuement
et trés rapidement a la traversée de l'interface. On parlera alors d'inter-
face épaisse. Celle-ci est une zone tridimensionnelle de faible épaisseur
qui n'apparait comme une surface que macroscopiquement, c'est-a-dire au
cours d'u nrocessus asymptotique. Au cours de ce processus sont définies
des quantités interfaciales analogues & celles définies sur les interfaces
singuliéres. On peut alors se demander si les lois que vérifient ces para-
métres sont équivalentes & celles obtenues par application des principes
thermodynamigues aux interfaces singuliéres. En d'autres termes le proces-
sus asymptotique et 1'application des principes thermodynamiques commutent-
-ils ?

L'etude de ce processus asymptotique n'est pas nouvelle. Gibbs /8/ a intro-
duit les quantités en excés pour ramener sur une unique surface les condi-
tions aux limites écrites de part et d'autre d'une interface épaisse.
D'autres auteurs, plus récemment, ont montré comment, par intégration, des
équations de bilan locales valables & 1l'intérieur de la zone capillaire,
pouvaient se transformer en des éguations écrites sur une surface géomé-
trique /9/, /10/. Les équations obtenues sont de la méme forme que celles
obtenues par application des principes de conservation a une interface
singuliére.

Dans cette étude, nous reprenons cette méthode en utilisant, & 1'intérieur
de la zone capillaire, des équations qui permettent de comprendre la pré-
sence de tension superficielle : celles des mélanges de fluides doués de
capillarité interne /11/. L'utilisation de ces éguations rend plus délicate
la technique d'intégration. Nous montrons qu'il est nécessaire de négliger
la densité de masse totale de 1'interface et qu'alors le choix d'une vites-
se tangentielle adéquate pour 1'interface rend valable la relation, habi-
tuellement postulée, liant le flux interfacial d'entropie au flux inter-
facial de <chaleur. Ainsi, pour obtenir une description thermodynamique
compléte de l'interface, une seule hypothése est nécessaire : celle d'une
équation de Gibbs interfaciale dont la validité ne peut étre gu'approxi-
mative au voisinage de 1'équilibre.

2 - MELANGES DE FLUIDES DOUES DE CAPILLARITE INTERNE

Les équations des fluides newtoniens ou des mélanges de ces fluides utili-
sées & 1l'intérieur de la zone capillaire ne peuvent pas conduire & un
modéle satisfaisant : & 1'équilibre le tenseur des contraintes est toujours
sphérique, 1la présence de tension superficielle n'est pas explicable. Il
faut construire un modéle de mélange {car en général plusieurs constituants
sont en présence au voisinage d'une interface) dont 1'énergie augmente &
1'approche des changements de densités. Il est donc naturel de supposer que
1'énergie interne du milieu est fonction de son entropie, des densités des
divers constituants, mais aussi des gradients de ces densités. L'étude d'un
tel milieu s'est longtemps heurtée & une importante difficulté : une appa-
rente incompatibilité avec le second principe de la thermodynamique. En
falt ‘Wous avons montré /12/ qu'il y avait seulement incompatibilité avec la
description classique des contraintes internes. En effet la théorie clas-
sique suppose que les efforts exercés par une particule élémentaire sur une
particule voisine sont des forces de contcct exercées sur la frontiére de
la particule. Cette hypothése est incompatible avec une énergie dépendant
des gradients de densité. L'utilisation du principe des puissances virtuel-
les dans le cadre de la théorie du second gradient /13/ est nécessaire.
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ation obtenues /12/, /14/ qui ne différent des
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Les bilans d'énergie et d'entropie s'écrivent

n n n
(5) Qu uVV = -Vg+ T:W - v~(z pigiy - v-(z Z NI (VT 4piV.v)Tpd )
dat i=1 i=1j=1
ds
(6) E’SV'V='V'(Q/T)¢U i o020

o est la production d'entropie, q le flux de chaleur. Il faut remarquer
qu'on appelle habituellement flux de chaleur (notée alors, q) la quantite

n
que nous notons (q + Z :L‘Ji) . C'est grace a ce changement {purement
i=1

formel) qu'on retrouve les éguations classiques des mélanges en posant
A= 0 pour tout i et 3.
L'expression de la dissipation est usuelle

(7 Ta=-%-VI‘—J‘»Vﬂi4]r°:W

I1 faut cependant noter que les lois de comportement obtenues dans le cadre
de 1'approximation linéaire de la thermodynamique des phénoménes irréver-
sibles sont fortement modifiées par la présence dans les paramétres
thermostatiques des paramétres vectoriels Vp',

Ce systéme d'équations permet - en théorie - d'étudier 1'évolution d'un
systéme multiphasique comme celle d’'un fluide unigue. Sa complexité le rend
cependant peu utilisable directement. Il faut séparer le domaine d'étude en
phases, zones ol les équations des fluides newtoniens peuvent étre utili-
sées, et en zones capillaires ol ce systéme doit étre utilisé.

3 - DESCRIPTION DES ZONES CAPILLAIRES

Soit L° une dimension caractéristique de 1'écoulement considéré, p° une
densité caractéristique du milieu. Dans les phases les gradients de densité

sont d'ordre L_ et 1'on suppose que les coefficients Ald sont suffisament

petits pour que les termes A'1Vpl.d(Vp') puissent étre négligés dans 1'équa-
tion (#). Dans 1les zones capillaires la distance caractéristique de
variation des densités est 1°, les termes AliVpi +d(Vp! )ne peuvent plus étre
négligés. Il apparait ainsi un petit paramétre € = 1°/L° et nous nous limi-

tons dans cette étude a 1'approximation d'ordre 0 en €.

Les zones capillaires sont de petite dimension. Les zones interfaciales
auxqueI¥es nous nous intéressons plus particuliérement sont des couches
d'épaisseur d'ordre 1°. Nous admettons que les gradients des densités des
divers constituants y sont colinéaires (a4 l'ordre O en €) et nous notons &
leur direction commune, L les lignes du champ £ , I les surfaces orthogo-
nales c'est-a-dire les surfaces d'isodensité. On note X et Z° des surfaces
Z encadrant la zone capillaire, I* une surface X choisie comme référence, z
un  coordonnée normale aux surfaces X et h = [Vzll. Ainsi la surface Z*
(resp. £°,5*) a pour équation z = O (resp. z=z",z=2").

Vue en "coupe" d'une zone interfaciale

On note W un champ de vitesse (dite géométrique) conservant les surfaces I
et les lignes L. Seule la composante normale W, = W& est bien définie. On
donne cependant une composante tangentielle & W en choisissant une compo-
sante tangentielle arbitraire pour W®, restriction de W a 5. Ce choix sera
fixé pour la commodité de la modélisation.

On note IFx. l'application linéaire tangente 4 la projection de 3* sur la
surface I d'équation z = z°, le long des lignes L. Pour toute quantité X on
définit en tout point M5 de X%:

x> :Jz X det (F,) h'' dz
-

EXD=X(z') det (F ) - X (z°) det F )

et pour tout tenseur Y d'ordre au moins 1 :

<Y< f’ Yo F;' det (F,) h'' dz
z

Les intégrales désignent des intégrales le long de la ligne L passant par
M* . Remarquons que ces deux types d'intégration ne peuvent é&tre identifiés
a l'ordre O en € que si 1l'on suppose que VE est d'ordre 1/L*, (hypotheése
que nous ne ferons pas).

On montre /12/ que les surfaces 3~ et I' peuvent étre choisies de maniére &
ce que det(Fz') = det(Fz") = 1 et qu'ainsi le terme 0 X I apparaisse comme
un terme de saut & travers l'interface : [ X I = X(z°) - X(z").

Soit # une partie de I* se déplagant avec la vitesse W5, ¥ le volume en-
gendré par les lignes L passant par # et limité par les surfaces 5 et 5°.
v® est la normale extérieure au bord 3 de # et n la normale extérieure
au bord 3V de V (cf. figure).
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0 de=J‘ <X> ds
e fy xor- Lo

Y'n ds = I {Y-ED ds + J <Y<y vs dl
ja‘v 5 3

ou # désigne la projection sur le plan tangent a Z°.

4~ INTEGRATION DES LOIS DE BILAN

(6) peuvent se mettre sous la
&

srivée sui i e DA
forme (8) ou Bt désigne la dérivée suivant la vitesse W : it 3t

Les équations de bilan (1), (2}, (3), (5},

&
— YVW+ VI =D
(8) S:W‘

i ¢ intégrée & wers la zone interfaciale suivant la

ette équation peut étr2 intégrée a travers
i:Zh:iqae utilisée par A.M. ALBANO, D. BEDEAUX, J. VLIEGER /?(.lCependagt
ici é i inté olume ¥ du type défini au para-
il est ici nécessaire d'intégrer sur un v ; . P -
;raphe précédent et ceci de maniére & ce que le flux supplémentaire d'éner

n n
gie z Z A (V-3is pt V-V) Vp! disparaisse lors de l'intégration. En
i=1 j=1

d'autres termes, il faut intégrer le long des lignes L et.c‘estlpourclleglu;
apparait les deux types d'intégration <.> et <.< On obtient alors q

s+ 9 . . s o ates
i i Qo = = <.V ¥ désigne l'oupérateur
tion de bilan interfacial (9) ol it 3t + W et €51k
de divergence surfacique de Z*.

(9) ?t W o W T s [IED ¢ W QI =
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Dans 1'étude d'un systéme multiphasique, 1'équation (9) est utilisée comme
condition aux limites pour le flux J de 1'équation {8). On peut donc négli-
ger les termes de 1'équation {9) qui sont d'un ordre de grandeur inférieur
aux flux J(z')-E et J(z")-E.

Soit ¥° la grandeur caractéristique de ¥ dans les phases et t° le temps
caractéristique, les termes de (8) sont d'ordre ¥ /t*, J est d'ordre
WL'/tT . Si ¢ reste d'ordre ' dans la zone interfaciale, <y> d'ordre
¥'l® = e¥’L" peut &tre négligé dans 1'équation (9). C'est grace a cette
remarque qu'il n'est pas utile de faire intervenir des quantités en excés
et que l'arbitraire introduit par le choix des surfaces I, I, £*
disparait.

L'application de ce qui précéde au bilan de masse totale (2) et au bilan de
quantité de mouvement (3) conduit aux équations

s

&
(10)  FT @ v > VW« T (V- W) e Dp(V - W), =0

&
(1) 7 PV + <oV> W o® - ViTos DoV oV - W) - TI, = <£oxt>

avec T* = <T - p Ve (V- <y

Ces deux équations montrent qu'il faut définir sur 1'interface deux vites-
ses "matérielles"”, l'une liée au flux de wmasse PV <, l'autre liée a la
quantité de mouvement interfaciale <pV>, En particulier, on ne peut choisir
W, tel que <p(V - W}<y = 0 et <pV> = <p> W° . Pour surmonter cette diffi~
culté on peut supposer que P et V restent du méme ordre de grandeur a
l'intérieur et & l'extérieur des zones interfaciales et donc négliger <p>,
<P {V - W)< dans (10) et <pv>, <p V® (V- W)dans (11). On négligera
aussi <f***>, les équations (10) et {11) se réduisent a

(12) Tp(v - w)I, =0

{13} VS"{I‘=I[p\l®(V—w5)—lﬂl‘L

Avec ces hypothéses 1le tenseur T° (appelé tenseur des contraintes inter—
faciales) est symétrigque, aucune vitesse "matérielle" n'est définie a
l'interface et la composante tangentielle de W® roste arbitraire.

Le fait d'avoir négligé la masse totale interfaciale n'entraine pas d'obli-

gation de négliger les masses interfaciales des divers constituants dont on
peut écrire le bilan sous la forme suivante :

6 . - .
(14) FE PO D T T Ll (V- W) s D =0

avec J'* = < pf (V- ) » J <,

Cette équation peut servir a décrire 1'évolution de la quantité d'un sur-
factant présent a 1'interface.
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Le flux supplémentaire d'énergie z Z AHL (U - gt 4 pl VV) Vopd est négli-

i3
geable a l'extérieur de la zone interfaciale, donc sur les surfaces I et
Py De plus il reste colinéaire au vecteur &, il n'apparait pas dans le

bilan interfacial d'énergie interne :

(15) 5—s<u>~<u>v*-w*—U‘:VSW5*V"Ji'
5t
n

1 s - Ws) 4 ooJ¥yD, =0
uq-v~<v-w=)~(u*zo(v-w>2) (V- w) El(u Iy

n

. ~ P
avech:(q‘Tf'(V—Ws)‘glu’y*u(v W) <y

Le bilan interfacial d'entropie s'écrit :
: -
(16) %(s) + K> V- W o+ - T8 + 0g/T + s(V - W)B, =< o>

avec J5 = <q/T + s{V - W) <,

5 - THERMODYNAMIQUE DES INTERFACES

La relation de Gibbs (4) ne peut pas étre intégrée. -Nous. sommes d;ns
1'obligation d'admettre - et ce ne peut étre qu'ur_\e appxjoxlmatlon - que_ es
paramétres <p'> et <s> sont suffisants pour décrlre‘l'etét thermc.ydynalfuque
de 1'interface. Nous admettons donc la relation de Gibbs interfaciale :

n

(17) d<u>=T5d<s>+z uis g <pi>
i=1

La vitesse W* ayant jusqu'a présent une composante tangentielle arb%trairz,
nous pouvons choisir celle-ci de telle maniére que 1la relatlor‘xv(l }
(habituellement postulée guelque soit le choix de‘Wf) 'er?tre le flux dlznes—
gie et le flux d'entropie soit vérifiée. (lesldehnltlons {15) et (16) de
J¢ et J: montrent que ces flux dépendent du choix de W)

n
(18) i avee o eg- 2wt
i=1

Ainsi“hous définissons la vitesse tangentielle c.ie l‘i?terface, nor} plgs
comme une vitesse matérielle mais comme une vitesse Fh?rmodynamvxque .
Cette vitesse ne sera pas donnée par l'équation de quantité de mouvement,
mais par les luis de comportement ue l'interface.
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Les équations (17) et (18) permettent d'obtenir une expression pour la
dissipation TS<o> et d'écrire les lois de comportement de 1l'interface dans
le cadre de 1'approximation linéaire des phénoménes irréversibles. Nous
n'écrirons pas celles-ci dans toute leur généralité. Regardons, par exem-
ple, les lois obtenues pour une interface séparant deux fluides (indices 1
et 2) non miscibles en présence d'un surfactant (indice 3) insoluble dans
les deux fluides, a 1'équilibre thermique

Notons avec les indices * et - les quantités de part et d'autre de 1'inter-
face : p*" = 3" =0, p2 =3 =g,
Il n'y a pas de transfert de masse : Vi = Vyo=w

L'équation de conservation de la masse du surfactant est :

s

8
(19) §<p3>.<p3>v=~w5.v>»ﬁs:o

L'équation de conservation de la quantité de mouvement

(20) VT = T -8 - 7 -&

Les lois de comportement donnent alors TS, 13“ et W° par

(21) TEoaqy w0 Oty (1- E@E) + o VW (1 -E®E)
(22) J3 = - KT VW3S 4 oK' BN, - K¢ g1,

(23) (V' - W) = K ¥ e ek B -k BT

(24) (V- W) = K" Wuds 4 KT R - ko BT

Dans (21) ¥* est la tension superficiele, v® et p° les coefficients de
viscosité de dilatation et de cisaillement de surface. Les équations (20)
et (21) permettent d'écrire des généralisations des éguations de Laplace et
de Marangoni tenant compte des effets de viscosité de surface. Dans les
équations (22}, {(23) et (2U4) K* est le coefficient de diffusion du surfac-
tant sur 1'interface, XK' et K- sont des coefficients de frottement permet~
tant le calcul de WS ainsi que le calcul d'un éventuel "glissement"
(v, - Vz) & 1l'interface, enfin K, K", K" sont des coefficients de couplage
(éventuellement nuls).
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2.4 Conditions aux limites

Dans la section 2.2 nous avons évité de considérer les efforts extérieurs
de contact exercés sur la partie Q du fluide, en utilisant le principe
des puissances virtuelles avec des champs de vitesses virtuelles nuls
au voisinage du bord 9Q. Pourtant la description de ces efforts est
particuliérement intéressante, & la fois pour la compréhension physique
du modeéle et d’un point de vue pratique pour écrire des problémes
bien posés. Les efforts exercés par un milieu différent (une paroi en
général) sur un fluide de Cahn-Hilliard modélisent les effets de paroi
des phénomenes capillaires. Ces effets sont primordiaux dans la plupart
des situations, tant statiques que dynamiques. La plupart des travaux
présentés dans ce mémoire sont consacrés & ’étude de ces effets.

La forme de la puissance virtuelle des efforts extérieurs de contact
n'est pas évidente en théorie du second gradient. A priori, il serait
normal de ne faire intervenir que des distributions supportées par le
bord du domaine. La méthode utilisée dans Particle qui suit peut donc
sembler artificielle: nous supposons d’abord que la puissance virtuelle
des eflorts extérieurs est d’une forme comparable & celle de la puissance
virtuelle des efforts intérieurs:

peat / (- U+ VU + VYD) dv (2.25)
Q
En utilisant deux fois le théoréme de la divergence on obtient
ﬁext — fQ [aea:t _ V_(be::t _ V-(c"‘))] . 0 dv+
+ oo [(€ - n) - VU + (b2t - V(c7t)) - 7] ds  (2.26)

ol n désigne la normale extérieure sur le bord 99 (supposé étre de classe
C? par morceaux). Décomposons le tenseur VI en partic tangentielle
et partie normale: VU = P-VU +n® (n-VU), ou P désigne le tenseur
de projection sur le plan de normale n: P = 1—n ® n. En utilisant
le théoreme de la divergence sur chaque face (partie C?) du bord on
obti=nt:

pext _ ezt | 1] ert | 1
P —/Qf Udv++/aanf- T di +

+ /a TG (n D)) ds (2.27)
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avec

fezt — aezt - v.(bezt _ v.(cezt)) ,

Fezt — (ben _ V_(cezt)) n - Vs R ((Cezt . 71) . IP)
Fert — L ottt gy
gsxt =n- Cezt ‘n

et ot I'on a noté V°- 'opérateur de divergence surfacique sur 9, v
la normale & 00N tangente & une face de 890 (U'intégrale sur 990 :est
comptée deux fois: une pour chaque face dont 899 est Paréte)
Autant les quantités a®?, bt et ¢®** introduites dans l’ex;.)ression
(2.25) ont peu de sens physique, autant les quantités fext, fest est
et G* correspondent & l'idée d’efforts de contact. Mais i’ex r;e i
(2.27) ne pouvait étre écrite qu’a partir de (2.25). presen
’L’expression (2.27) donne & réfléchir: des forces d’arétes F¢* sont
presgntes dans le milieu. De telles forces sont interdites dans la mé-
canique classique des milieux continus. D’autre part la distribution de
force G°** est particulizre: c’est une distribution au sens mathématique
et non simplement une mesure comme % Fest gu Fet, ) o
La distribution G*** étant d’un type nouveau, il m’'a parut intéres-
sapt de comprendre son influence sur la statique d’un fluide de Cahn-
Hilliard. C’est pourquoi dans Particle qui suit on montre que la donnée
de G** équivaut & la donnée d’une condition de Neunan non homogene
sur le \Champ de densité. Par une étude numérique on voit qui ce
parameétre détermine 'angle de contact & ’équilibre (i.e. I'angle formé
par une paroi et par I'interface dans une vue macroscopique de I'équi-
libre}. Enfin on montre comment I'équilibre de la ligne triple peut étre

P n ence S
l, erprété e erme de forc es: I'influ ence des forces d'a etes n’est as
8 p

-

. L’articlg qpi suit a été publié sous la référence: ” Etude des condi-
tions aux limites en théorie du second gradient : cas de la capillarité
P.Seppecher, C.R.Acad.Sci., t. 309, Série II, p. 497-502, 1989 7. "

Attentlon. LeS notations de cet aIthle eren (18 e leS 1 l]]SeeS da 1S
dlﬁ C
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Mécanique des milicux continus/Continuum Mechanics
(Physique des surfaces et des interfaces/Surface and Interface Physics)

f-tude des conditions aux limites en théorie du second
gradient : cas de la capillarité

Pierre SEPPECHER

Résumé — On donne les conditions aux limites dans le cadre J’une théorie de second gradient ou
les contraintes de second ordre sont représentées par un unique tenseur d’ordre 3 symétrique en ses
deux premiers indices. Dans le cas de la capillarité ces conditions sont liées aux interactions entre
la paroi et le fluide. Elles permettent d’interpréter en termes de forces I'équilibre d’une ligne triple.
L'une de ces conditions, d'un type nouveau, est la traduction en mécanique des milieux continus de
la donnée ~ classique dans I'étude des problémes diphasiques — d'un angle de contact a la ligne

triple.

The limit conditions for a fluid described by the second gradient theory: the case
of capillarity

Abstract — The limit conditions in the second gradient theory using a second order stress tensor
symmetric in its two first indices are given. Two conditions give the density of forces exerted on
walls and the density of forces exerted on edges. Another condition is of a new type. It is the
continuum condition equivalent to the classical limit condition used in diphasic problems: a fixed angle

at the contact line.

Abridged English Version — We apply the virtual power principle to a fluid whose volumic
internal energy depends on the gradient of mass density. It has been shown ([3], [5]) that
the second gradient theory removes any incompatibility between such a form of internal
energy and the second principle of thermodynamics. This theory gives non—classical limit
conditions [6]). Thesc conditions are unimportant when studying the structure of the interfa-

cial layer away from the walls. However they have to be known in order to study the

structure of the contact line.

We write first the virtual power principle. The virtual power of acceleration P is
represented by (1). The virtual powers of internal and external strengths are linear forms
on the space of virtual velocities V. In the sccond gradient theory we choose for them
expression (2) and (3) (the classic theory or first gradient theory is the restrictive case:
c=¢"=0) where ¢, b and ¢ arc tensors of order one, two and three. The contraction
products are described in note (1). The uniqueness of expression (2) is obtained by assuming
that the three-order tensor ¢ is svmmetric in its two first indices [7] : it is a different choice
of a representation for the second order strengths from P. Germain [6]. Moreover P must
be an objective quantity. So a is null and b is symmetric.

The contact strengths are usually taken into account in the virtual power of external
strengths by surface integrals on the boundary 2. Such integrals as well as line integrals
on the edges 802 may be written as volume integrals of type (3). So we keep the simple
cxpression (3) where the physical meaning of a®, & and ¢**' is not yet given.

Integrating by parts the terms with vV and VVV in the application of the virtual power
principle we obtain equation (4) which gives the local equations (5)-(8). Equation (5) is the
classical balance law for momentum and the stress tensor T is symmetric. Equation 6) is
a generalization of the classical limit condition: it gives the surface density of

forces. Equation (8) is new: there is a line density of forces on edges. Equation (7) is of

Note présentée par Paul GERMAIN.
0249-6313/89/03090497 § 2.00 © Académie des Sciences

C. R.. 1989, 2% Semestre (T. 309) Série 11 — 34
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a2 new type and ¥ cannot be interpreted in terms of forces. The case of capillarity will
give an interpretation for it. For a fluid in a fixed rigid container condition V=0 on 02
replaces conditions (6) and (8).

In the case of capillarity (a fluid with free energy: ¥ =¢(p, T)+(A2)(Vp)? in non
dissipative processes we have {5], [7] for m and ¢ the expressions (9). Equations (5-8)
become (10-13). Then we study the equilibrium in a rigid container and assume that the
interactions between the fluid and the walls may be modelled by a surface density of free
energy €. The mass density at equilibrium minimizes E (14) and is solution of the system
(15, 16). The comparison between system (10, 12) and system (15, 16) gives a first interpre-
tation for ' : %' =pd&°(0pn.

The second gradient theory adds in the balance equation of energy an extra energy
flux. Now the normal component of this flux on the walls (17) can be given. ‘The mechani-
cal nature of this flux clearly appears [4].

We have carried out a numerical study of the equilibrium in a rigid bidimensionnal
container using for & and &° simple forms: (& and &* are polynomial functions of degree
four and one). The effect of parameter d6%/3p on the equilibrium is clear: the contact angle
depends on it. The values obtained for this angle agree quite well with those obtained by
calculating the interfacial energies (with a monodimensional model valid far from the contact
line) and by applying Young’s law [1]. The figures show a drop on a solid surface (Fig. 1),
2 meniscus in a solid container (Fig. 2) and the structure of a contact line (Fig. 3). (The

lines drawn are the isodensity curves).

I. INTRODUCTION. — Iutilisation de la méthode des puissances virtuelles dans le cadre
de la théorie du second gradient s'est avérée indispensable & I'étude des fluides doués de
capillarité interne, c’est-d-dire des fluides dont Pénergie interne dépend du gradient de
masse volumique. En effet I'apparente incompatibilité entre une telle forme d’énergie
interne et le sccond principe de la thermodynamique disparait avec I'utilisation d'une
théorie de second gradient ([3], (5]).

Cette théorie développée par P. Germain [6] présente des conditions aux limites assez
complexes. Ces conditions aux limites n’interviennent pas lorsqu’on s'intéresse au fluide
loin des parois, en particulier lorsqu'on étudie la structure de I'interface séparant les
phases liquides et gazeuses du fluide {7). Mais leur connaissance est nécessaire si on
cherche a connaitre le comportement de ce fluide au voisinage des parois, la structure de
la ligne triple paroi-gaz-liquide par exemple. Nous donnons dans une premiére partic
une formulation relativement simple de ces conditions aux limites en utilisant une
représentation des contraintes intrinséques d’ordre 2 différente de celle utilisée par
P. Germain-[6}#Dans la deuxiéme partiec nous montrons que ces conditions conviennent
parfaitement 4 la modélisation d’un fluide dou¢ de capillarité interne dont les interactions
avec une paroi rigide sont représentées par une dersité svperficielle d’énergie. L'une de
ces conditions décrit les propriétés de mouillabilité¢ de la paroi, les autres décrivent les
efforts exercés par la paroi sur le fluide. Ces conditions permettent d’autre part une
interprétation simple, 4 la paroi, du flux supplémentaire d’énergic que la théorie du
second gradient introduit naturellement dans le bilan d’énergie [5]. Les figures ont été
obtenues par une étude numérique directe d’un probléme de minimisation, elles permettent
une visualisation des zones capillaires : interfaces et ligne triple.
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II. LE)’RINCIPE DES PUISSANCES VIRTUELLES EN THEORIE DU SECOND GRADIENT. — Celui-ci
4 it . ace __ Gpint Zpext ~ M \V/ )
s,ecnt’ g P ‘ -.“/: + 2%, pour tout champ de vitesses virtuelles V. La puissance virtuelle
d’accélération P est :

(1) .7""“=J pT.Vdv  avec l—=d—\:
2

dt
Les puissance: intéri éri 74 Z inéai
];3 s des efforts 1n1e.ncurs el.exleneurs, P et P, sont des formes linéaires
sur ‘espace des champs de vitesses virtuelles. Dans le cadre d’une théorie de second
gradient on se limite a des vitesses deux fois continuement différentiables -

2 @‘"':—J.{aAV+b:V\7+chVV)dv
2

3) é"*':f (@ Vb VT 465 97 ¥) do
2

a, b,.c sont les tenseurs des contraintes intrinséques d’ordre 0, | et 2; on désigne par
-, %, ¢ les produits de concentration (') et par V I'opérateur de dérivation.

L’écriture (2) peut étre rendue unique en imposant & ¢ d’étre symétrique en ses deux
premiers indices (choix d’une représentation des contraintes d’ordre 2) {7]. Le principe
d’objectivité impose a a d’étre nul et a b d’étre symétrique.

pans l‘lexpression (3) nous ne séparons pas les efforts extérieurs en une partie due au
fluide e)ftericur a 2 et une partie due aux efforts a longue portée provenant de I'extérieur
fiu systéme étudié (tels que les efforts de pesanteur). Nous ne faisons pas non plus
mtervefur d’intégrales de surface ou de ligne pour représenter des efforts de contact.
Ceux-ci peuvent trés bien étre représentés par I'expression (3). L’interprétation physique
des termes de (3) intervient a posteriori.

En intégrant par parties les termesen VV et VVV e principe des puissances virtuelles

s’écrit :

(4) L {pT—V.m—f} Vdo+ f {n.n—V* (c.n),—F>} Vds

+J {n.c.n*@"‘}.(n.VV)dsqu {vie.n—F=} Vdl=0
2 peleied

ou I'on a noté
n=b—divc(');
S =a — div (b — div ¢**);
Fo = n (b = div c™) = V*. (¢ n)
gcx(:nv C:XI. n; ‘g@‘cxl =v. C:xt' n.
n est la normale extérieure & 62, v la normale & 662 tangente 4 09, P I'opérateur de

projection sur 09 (P1—-n®n), V'=P.V; X, désigne la quantité P.X.
De (4) on deduit les équations locales :

(5) pI=V.n+/ sur 9@
(6) n.n—Ve.(c.n),=F*" sur 42
(7 n.c.n=9" sur 02

(8) [v.c.n]# < sur les arrétes de 62
([. ] désignant le saut a travers une arréte de 4%).

CoRL 1989, 2 Semestre (1. 309) Série 11
érie Il — 35
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Fig. 2
Fig |

Fig. 3

Fig. 1. — Goutte posée sur une paroi peu mouillante.
Fig. 1. — Droplet on a poorly wettable wall.
Fig. 2. — Menisque dans un capillaire.
Fig. 2. — Meniscus.
Fig. 3. — Structure d'une ligne de contact.

Fig. 3. — Structure of a contact line.

Remarquons que le tenseur des contraintes 7 reste sy.métrique. Le.s vecteur‘s ’f:’“, | S
F ' peuvent étre interprétés comme des densités volumiques, s’urf.amques et ?menquesI de
forces appliquées sur &, 02 et 802. Dans ie cadre d’une theone‘ de. Prerruer gra.dlent
(c=0) on retrouve les équations classiques. Dans le c’as dg parois ngldes{ gxecv vitesse
nulle 4 la paroi, la condition v=0 sur 0% remplace les cguatlons (6) ct’(S). %™ nest pas
lie 2 V dans P'application du principe des puissances. virtuelles. Ce rllest pas une force
mais plutdt une « double force » selon la tcrminol.ogle de P. Germain [6]. Le cas de la
capillarité va permettre d’en donner une interprétation.

1I1. CAS DE 14 CAPILLARITE. — 1. Conditions aux limites. — Consiidérons un fluide ’dont
'énergie libre s'écrit y=£&(p, ) +(A/2)(Vp)? (l‘érlergie,libre du flulde? 1-10mogene & étant
donnée par une loi de Van der Waals, par exemple; A €tant un C(?efflClCI:lt constant). En
J'absence de dissipation on obtient ([5], [7}) pour = et ¢ les expressions suivantes :

% m=—pl-AVp®@Vp;, c¢=—-2pl@Vp

avec
p=028 _s 2y p—apap.
dp 2
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I.es équations (5-8) s’écrivent alors

&
(10) pF:—pV(Z—>+J\pV(Ap)+I“' sur 4
P
(11) —p*n+ApV(n.Vp)=F sur 02
(12) —Ap(n.Vpn=%= sur 02
(13) [-Xp(n.Vp)vl=F sur 302

avec p*=p+X(n.Vp)2+2xp(n.Vp)H, H étant la courbure moyenne de 99.

Dans le cas de I'équilibre ces aquations peuvent aussi étre obtenues directement par
minimisation de I’énergie libre totale E [2].

Etudions I'équilibre d’un fluide de ce type contenu dans un récipient rigide et admettons
que les interactions entre la paroi et le fluide se traduisent par une densité surfacique
d’énergie libre &*(p, T). La minimisation de E sur Pensemble des champs p d’intégrale
donnée donne le systéme d’équations :

A
(14) E=J‘(é"(p,T)+7(VP)2)dU+J &£, Tds
2 2 29
(15) — g + X Ap=Constante sur @
. P
(16) n_sz_)(‘ai sur 09.
op

Les équations (15) et (16) sont équivalentes aux équations (10) et (12) dans le cadre de
I'équilibre avec f**=0 (les effets de pesanteur peuvent facilement étre pris en compte en
complétant I'expression de I'éncrgic libre E) et avec 9%'=pd&*/dpn. ¥ est donc une
donnée nécessaire pour le calcul de I’équilibre.

2. Conditions aux limites pour Pénergie. — Dans le cadre d’une théorie de second
gradient il apparait naturellement dans I'équation d'énergie un flux supplémentaire
d’énergie h=VV : C {5). Dans le cas d’un fluide doué de capillarité interne [c’est-a-dire
vérifiant (9)] on a h= —Apdiv(v) Vp. En utilisant I'équation (16) (en admettant qu'elle
reste valable hors équilibre) on obtient pour k la condition aux limites :

(17 h.n:aipdiv(\/)=——di sur 09
ap dt

Cest la donnée de I'énergie fournie au fluide par les interactions paroi-fluide. 11 est donc
clair que le flux h est un flux d’énergie mécanique et doit étre, ainsi que ['ont fait
J. E. Dunn et J. Serrin [4], nettement séparé du flux de chaleur.

3. Structure de la ligne triple. — En utilisant une forme simplifiée pour & (poiynéme
de degré 4) et pour &° (polyndme de degré 1), nous avons étudié numériquement les
solutions du probléme (14) pour une domaine 2 bidimensionnel. La forme choisie pour
¢ ne doit pas influencer qualitativement les résultats, elle permet lors de I'étude par
éléments finis de ramener le probléme a celui de la minimisation d’un polynéme de
degré 4 4 N variables et d’accélérer ainsi I'algorithme de résolution. L’organisation globale
du champ de densité p correspond a I'organisation habituelle d’un milicu diphasique en
présence de parois : formes de ménisques ou de gouttes posées ( fig. 1 et 2). Les zones a
fort gradient apparaissent comme des couches de faible épaisseur et de faible courbure.



40 C. R. Acad. Sci. Paris, t. 309, Série 11, p. 497-502, 1989

Les densités surfaciques d’énergie des interfaces paroi-liquide, liquide-vapeur, vapeur-
paroi peuvent donc étre calculées par un modéle unidimensionnel. L'angle de contact
calculé en utilisant la loi de Young [1] coincide alors avec celui obtenu numériquement.
Les équations (12) ou (16) sont les conditions aux limites locales correspondant a la
donnée macroscopique d'un angle de contact & la ligne triple.

Les équations (11) et (13) donnent une interprétation de I'équilibre de la ligne triple
en termes de forces. La figure 3 est une représentation en coupe d’une ligne triple pour
une paroi plane et d6*/dp constant. En négligeant les effets de pression dans les phases
([CD], {EF)) les efforts appliqués au demi-disque (A, B, E, A) sont : des densités surfaci-
ques de force —pn sur [BC], [DE], [FA] responsables des tensions superficielles des
diverses interfaces, une densité surfacique de force —p*n sur [A, B] et des densités
linéiques de force en A et B :

577\"'=—p5—gjv et ?;":p@v.
ap ap
La théorie du second gradient permet une description continue de phénomeénes jusque-la
inaccessibles. Cette capacité démontrée par I'étude de I'équilibre de la ligne triple s’étend
au cas du mouvement. Les équations (5-8) doivent permettre d’étudier le mouvement de
cette ligne et de comprendre un certain nombre de problémes que ce mouvement pose.

(") Les produits de contraction désignent des contractions sur les indices voisins. A
titre d’exemple, en notation indicielle P gécrit

_ 3 _ 33 5. 3 3 3 0 4.
Pn= *J < Z (a; Vi) + Z Z (bij_vi>+ E Z Z (Cijk_— '_—Vi>>du
P ox; dx, Ox

i=1 i=1 j=1 i=1 j=1 k=1 j

La notation div désigne une dérivation sur le dernier indice, par exemple :
. 0
(dive);= —cin
0x,

Note remise le 24 avril 1989, acceptée aprés révision le 8 juin 1989.
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2.5 Forces d’arétes

Le désavantage de 1'étude présentée dans le paragraphe précédent est
le coté artificiel de la forme initiale postulée pour la puissance virtuelle
des efforts extérieurs. D’autre part Putilisation du principe des puis-
sances virtuelles semble & certains mécaniciens quelque peu magique,
physiquement mal justifiée ou devant se limiter au cas de problemes
variationnels. Ces mécaniciens tiennent & ce que les efforts & l'intérieur
d’un milieu continu soient décrits en terme de forces. Clest le vieux
conflit entre les approches duales de Newton et de d’Alembert et ’on
entend dire que "d’Alembert n’avait pas compris la notion de force
introduite par Newton”.

Bien que persuadés de I'équivalence fondamentale entre les deux
approches, nous avons donc recherché une approche 3 la Cauchy” des
milieux de second gradient, c’est & dire une approche construisant les
tenseurs de contraintes & partir d’hypotheses sur les efforts extérieurs
(a la place d’hypothéses sur la puissance des efforts intérieurs).

D’autre part un article récent (W.Noll and E.G.Virga, Arch. Ra-
tional Mech. Anal., vol.111, N.1, p.1-31, 1990) nous a montré que la
modélisation des milieux dans lesquels des forces d’arétes sont présentes
en était & ses balbutiements. Or les fluides de Cahn-Hilliard, d’aprés
I'article précédent, sont un exemple d’'un tel milieu. Dans les fluides de
Cahn-Hilliard la présence de force d’arétes est lice 4 la présence d’une
distribution G***. La question fut finalement la suivante: la présence
de force d’arétes implique-t-elle toujours la présence d’un autre type de
distribution de forces? Les articles qui suivent apportent une réponse
positive.

Malheureusement parler de distribution revient i parler de puis-
sance virtuelle. Les puissances virtuelles sont donc incontournables.
I?ans le Compte Rendu & I’ Académie des Sciences qui suit nous les uti-
lisons de maniére explicite alors que dans l'article Edge contact forces
and quasi-balanced power nous nous contentons d’une forme faible: le
quasi-équilibre de la puissarce des efforts de contact pour tout champ
de vitesse. Pour justifier et illustrer lintroduction d’une distribution
d’efforts qui n'est pas une mesure nous donnons un exemple simple
d’un milieu ayant des interactions mécaniques non locales & trés courte
portée et qui, dans une analyse limite dans laquelle la portée des forces
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tend vers zéro, devient un milieu capable d’exercer de telles distribu-
tions. .

Une fois admis le besoin d’une telle distribution, nous établissons
des théoremes analogues aux théorémes de Noll 5 et de Cauchy © pour
construire le couple (7, ¢) de tenseurs représentant 1'état des contraintes
dans le milieu. Ces théorémes montrent donc que le cadre nam/lrel de
description des milieux dans lesquels des forces d’arétes sont présentes
est la théorie du second gradient.

Il faut noter l'introduction d’une notion nouvelle: la notion de for-
mes prescrites, un ensemble de formes étant dit ensemblg de formes
prescrites si ces formes sont celles prises par un nombre fini de surfaces
données. En effet nous avons besoin d’une forme du théoréme de Noil
qui n’utilise pas ’hypothése que la densité surfacique de force de co.ntact
est bornée uniformément pour toutes les surfaces de contact possibles.
Nous limiterons donc cette hypothése aux familles de surfaces prenant

des formes prescrites.

Les articles qui suivent ont été publiés ou soumis & publication sous
les références: ” The relationship between edge contact forces and in-
tersticial working allowed by the principle of virtual power, F.dell’Isola
and P.Seppecher, C.R.Acad.Sci., t 321, série b, 1995 et ” Edge Con-
tact Forces and Quasi-Balanced Power, F.dell’Isola and P.Seppecher,
soumis & Meccanica, 1995. 7.

Attention: Les notations de ces articles different de celles utilisées
dans I'introduction.

5T théoreme de Noll établit que la densité surfacique de force de contact ne

dépend que de la normale a la surface au point étudié.
6Le théoreme de Cauchy établit que la densité surfacique de force de contact

dépend linéairement de cette normale.

Mécanique des milieux continus Continuum Mechanics

The relationship between edge contact forces, double forces
and interstitial working allowed by the principle of virtual power

Francesco DELL'ISOLA and Pierre SEPPECHER

Abstract- We consider continuous media in which contact edge forces are present. Introducing the notion of
quasi-balanced contact force distribution, we are able to prove the conjectures made in {Noll, 1990) concerning
the representation of contact edge forces. We first generalise the Noll theorem on Cauchy postulate. Then
we adapt the celebrated Cauchy tetrahedron construction to find a representation theorem for stress states.
Moreover we find the relationship between double forces Germain (Germain, 1973a,b), interstitial working
(Dunn, 1985) and contact edge forces

Relation entre forces d’arétes, double forces et flux supplémentaire d’énergie
induite par le principe des puissances virtuelles

Résumé- Nous étudions la modélisation de milieuz i dans lesquels des int. ti d’arétes ont lieu.
En introduisant le concept de distribution de forces quasi-équilibrée, nous prouvons les conjectures énoncées
dans (Noll, 1990) concernant l'ezpression des forces agissant sur ces arétes. Nous généralisons le théoreme
de Noll et nous adaptons la démonstration du tétraédre de Cauchy pour obtenir une représentation des états
de contrainte. Notre travail montre le lien étroit entre double forces (Germain, 1973a,b), fluz d'énergie sup-
plémentaire (Dunn, 1985) et forces d’arétes.

Version frangaise abrégée - Il existe deux maniéres de modéliser un milieu
continu. La premiere est de postuler une expression pour la puissance virtuelle des
efforts intérieurs (Germain, 1973a,b) et d’obtenir ainsi la representation des états de
contraintes. La deuxiéme originellement développée par Cauchy est de postuler une
expression pour la puissance virtuelle des efforts extérieurs. Cauchy, raisonnant sur
des forces, n’a en fait utilisé que la puissance de ces efforts dans des champs constants.
En postulant que les forces surfaciques de contact ne dépendent que de la normale
a la surface de contact, il a montré que cette dépendance est linéaire (cf. {Germain,
1973c)). Son postulat a été démontré par (Noll, 1959) sous I’hypothése d’une den-
sité surfacique de forces uniformement bornée (Cela reste vrai avec des hypotheéses
plus faibles, voir notre théoreme 2). Ces résultats ne sont valables qu’en absence
de forces d’arétes. Notre but est de montrer comment un raisonnement analogue &
celui de Cauchy permet en présence de forces d’arétes de définir un second tenseur
des contraintes, nous plagant ainsi dans le cadre d’une théorie de second gradient.
Notre hypothese fondamentale est que la puissance virtuelle des efforts de contact est
quasi-équilibrée au sens de (Noll, 1959} (Noll, 1990) (équation (2)).

Nous disons que la forme (S,x) de S en z est la méme que la forme de S’ en
z' si les deux surfaces coincident localement modulo une translation. Nous appelons
coupure plane de S par un plan de normale u (notée Cut((S,z),u)) la forme d’aréte
obtenue a I'intersection de S et du plan. Les domaines admissibles que nous considérons
ont une surface admissible formée de faces C® et d’arétes C°. Les sommets sont
ignorés et en tout point interieur d'une aréte il existe un diedre tangent a la surface
d’angle différent de 0, = ou 2n. Un ensemble de formes contenu dans l’ensemble
des formes prises par un nombre fini de surfaces admissibles est appelé ensemble de
formes prescrites. De la méme manitre les coupures produites par un nombre fini de
surfaces admissibles et de vecteurs unitaires sont appelées coupures planes prescrites.
Ces définitions sont nécessaires pour énoncer des hypotheses de régularité ((i)-(iv) de
la partie 2) suffisament faibles pour permettre d’envisager des forces surfaciques non
uniformément bornées.

Les forces de contact sont représentées par des densités de surface ct de ligne (eq.
(1)). Dans la partie 3 (théoreme 1) nous montrons que la puissance virtuelle des
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efforts de contact ne peut se résumer & la somme des puissances de ces forces (eq.
(3). L4 preuve est obtenue en appliquant I'inégalité (3) & un petit domaine autour
de 'aréte. Nous rappelons les résultats de Noll et Cauchy (théoréme 2) valables en
Pabsence de forces d’arétes. Notre démonstration, utilisant un petit cylindre de base
carrée, se contente d’une hypothése de majoration des forces de contact pour des formes
prescrites.

Dans la partie 4 nous ajoutons aux forces de contact une densité surfacique de
double forces G. L’hypothése (2) s’écrit alors (6). Une démonstration analogue a
celle du théoréme 2 montre que G ne peut dépendre que de la normale a la surface
de contact (théoréme 3). Une démonstration analogue a celle de Cauchy nous permet
de définir un tenseur d’ordre 3, C (eq. (9)) permettant de représenter G (théoréme
4). La représentation des densités de forces (théoréme 5) est alors obtenue comme
conséquence du théoréme 1. Le flux supplémentaire d’énergie ¢ lié a C apparaissant
dans I’équation de I’énergie correspond a la somume des puissances des forces d’arétes,
de la partie des forces de surfaces qui dépend de la courbure ainsi que des doubles
forces.

1. INTRODUCTION - This paper is devoted to contact interactions in which
contact edge forces are present. Studying such interactions, Noll and Virga pointed
out the lack of physical ground for some of the numerous assumptions they used to
represent stress state. Here we face this difficulty by considering the virtual power
of contact forces. We assume (which is physically reasonable) that, for each velocity
field U, the power P§ of contact forces is ”quasi-balanced” (Noll, 1959). We show that
edge forces can be present only in conjunction with double forces (Germain, 1973a,b)
(whose power is related to the ”interstitial working” (Dunn, 1985) (Dunn, 1986)).
This relationship perfects the relationship between edge forces and the dependence of
surface forces on surface curvature pointed out in (Noll, 1990)

2. HYPOTHESES AND NOTATIONS - We say that the shape of the oriented
surface S at the point z (€ S) is the same than the shape of " at the point 2/ (€ ')
if and only if it exists a neighbourhood of the origin in which t_;(S) coincides (as
oriented surface) with ¢_,/(S’) (¢, denoting the translation of vector u). We call shape
of § at the point z € S the equivalence class of (S,z) in this relation and denote it
(S,z). The shape of a plane P of normal n is simply denoted n. Let us consider a
dihedron and denote by n; and ns the normals to the half-planes forming it, by 11 and
vy the external normals to these half-planes tangent to the planes and by 7 the unit
vector tangent to the edge such that vy = 7 X n; and v = —7 X ny. On the edge of
this dihedron, the shape (dihedral shape) is constant and is determined by nq, no and
7. This shape is denoted,(n1,n2, 7). The angle (—ny, ny) following 7 is called dihedral
angle of (ny,ng, 7).

Let V and V' be two domains whose boundaries are the surfaces S and S’. Let §”
be the boundary of V NV'. At each point x in § NS NS” the shape of S” depends
only on the shape of § and §’. We denote it Cut((S,z), (5, z)). We will only use
cuts of S with surfaces whose shape is a plane shape u. We call them plane cuts and
denote them Cut((S,z),u).

We only consider as admissible domains, bounded domains whose boundary S
(admissible surface) is a finite union of two-dimensional C* manifolds with boundary
(called faces of S) and such that the union of the boundaries of these faces is a finite
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union of one-dimensional C* manifolds with boundary (called edges of S). The set of
al} internal points of the faces (regular points of the surface) is denoted ST and the set
of all internal points of the edges (regular points of the edges) is denoted L”. Moreover
we assume that, everywhere in L7, S is tangent to a dihedron whose angle is different
from 0, 7 or 27.

A set of shapes E is called a set of prescribed shapes if there exists a finite sequence
(8:), of admissible surfaces such that E C Un {(Shz)z € Si}. Tt is called a set of
prescribed plane cuts if there exist a finite sequence (S:) of admissible surfaces and a
finite sequence (u;) of unit vectors such that E C Ui‘]{Cut((S,';,vx),uj); z € S;}.

We assume that: (i) the contact forces F© exerted on V are represented by

(1) FV) = [ P o) ds+ [ Fe Gy a

(n) F(z,(S,z)) or F(z,(S,z)) depend continuously on z on a given face or edge,
(iii) on a given face S, for a given unit vector u nowhere parallel to the normal to
S, F(z,Cut((S,x),u)) is a continuous function of the variable z, (iv) the families
{F(z,f) : f € B} and {F(z, f) : f € E®} of functions of the variable z are equi-
continuous on B: (where B is a bounded domain, E” is a set of regular prescribed
shapes, E¢ is a set of prescribed edge shapes or prescribed plane cuts).

As a consequence the functions F(z, (S, y)), F(z,(S,y)) and F(z, Cut((g,vy), u)) are
uniformly continuous on B x (BNS), Bx (BNL) and B x (BN S). Hence F(z, (.5?,;))
gnd F(z,(S,)) are uniformly bounded on every family of admissible surfaces included
in a bounded domain and whose shapes are prescribed shapes or prescribed plane cuts.
Notice that they are not uniformly bounded for all possible shapes. E.g. any continuous
dependence on the curvature tensor is possible. .

We strengthen the hypothesis of ”quasi-balance” of contact forces usually used
(Noll, 1990), (Noll, 197 3} to get restrictions upon possible contact forces by assuming
that the power P of contact forces distribution in a given C* velocity field U(z) is
quasi-balanced (this hypothesis reduces to the previous one when considering constant
fields U). Then, for every C™ ficld U/ (2), we assume the existence of a constant K
such that, for every V, the following inequality holds:

(2) | PG (V) 1< K[V
3. A NAIVE EXPRESSION FOR THE VIRTUAL POWER OF CONTACT FOR.-

CES.— In this section assuming that contact force distribution is the sum of a surface
density on S” and a line density on L" we prove that quasi-balance hypothesis

@ 1RV 1= ][ PG bt [ Fe(Soe af < kv

is not compatible with non vanishing contact edge forces.
Theorem 1: Inequality (3) wmplies that, at every regular point of an edge xg,

(4) F(z0,(S,%0)) = 0
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Proof’ Let (ny,n2,7) be the dihedral shape tangent to S at zg whose angle belongs
to 10, 7| (The proof has to be slightly modified otherwise). We use the coordinate
system (zg = 0,e1,e2 = T,e3 = H—Zfﬂiﬂ) Let € > 0, V' = toz,,(V), § = te2.,(5),
L' = tag,(L), Pe = [—ce?,ce?) x [0,de] x [0, 2¢2] and V¢ = V' N P.. c and d may be
chosen in such a way that, for ¢ small enough: i) L’ meets 9F; only on the lateral
surfaces {z.e; = 0} and {z.ez = d €}, ii) S’ meets OF; only on these lateral surfaces
and on the lower surface {x.e3 = 0}. We denote S, the boundary of V; and by L. the
upper edge of V. (Le = L' N F;). Let us consider the vectors field U(z) = (z.e3) Up. In
V., =2 U(z) is bounded independently of €. Considering the measures of each faces
and edges, we get from the inequality (3):

E@OE-S{AE Flz, (Serz).Ulx) di} =0

The result is obtained recalling our regularity assumptions. m}

Theorem 2 When edge forces are vanishing, there ezists a continuous field T(z) such
that for all reqular shape f tangent to the plane shape n

(5) F(z, f) = F(z,n) = T(z)n.

Proof: The first part is known as Noll theorem. As we deal with forces which are
not uniformly bounded we modify the proof of Noll theorem (Noll, 1959) by using a
cylinder whose basis is a square instead of a circle. Then we use only prescribed shapes.
Let zg be a regular point of S boundary of V' and ng the normal to S at zg. Using the
coordinate system (g = 0,1, €2, €3 = ng). We define C, = [0.2] x [0,¢] x [—ce?, +ce?,
V.=VNnC, and Sc = SN C.. A c can be found such that, for € small enough, S
does not meet the lower and upper faces {z3 = £ce?} of C. Inequality (3) applied to
C. and then to V; with constant fields U implies F(zo,n0) = —F(zo, —ngp) and then
that F(zo, (S/,\J;())) = —F(zg, —ng). The second part of (5) is the well known result of
Cauchy. a

4. CONTACT DOUBLE FORCES (Germain, 1973a,b) - We assume now that
contact force distribution is endowed with a more complex structure: we add a surface
double force density G (i.e. the distribution U — [g G(z.(S, 1‘))%%(:1‘) ds). We
assume the same regularity properties for G as we did for F" and 7. The quasi-balance
assumption now reads:

(6)

Jjet, @»g—%x) + Pz, (5,0) V(@) ds+ [ Fla (S2) Ula) | < K1V
ST K ‘77&! Lr

4.1. Dependence of double force density on the shape of the contact
surface - We are now able to prove a theorem analogous Lo the theorem of Noll (Noll,

1959).
Theorem 3. For every shape f tangent to the plane shape n we have

(M) G(z,n) = G(z,~-n) 5  Glz.f)=GClzn)

Proof : Apply the inequality (6) to the domains C; and V; defined in the proof of
theorem 2, using a vector field U(z) = 2.n Up. i
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4.2. A theorem analoguous to Cauchy theorem.

iTheorem 4. It exists a continuous third order tensor field C such that at every point
zg and for every plane shape n

(8) G(zg,n) = (Czg).n).n

Proof: Using an orthonormal coordinate system (zq = 0, ey, €2, e3), we define a tetra-
hedron V' with faces S, Si, Sy and S3 whose normals are n, —eyp, —ep and —ej and
§ucl1 that zo € S. Let f; be the shapes of the edge L;. Let V,, S, Sie and L;. be the
image of V, S, S; and L; under an homothetic transformation of ratio . W;use the
field U(z) = (z.n)Up. We multiply by €72 the inequality (6) applied to the domain V,
and evaluate the limit as ¢ tends to 0. We get ’

3 3
2|81 G(0,n) = Y {F(0, fi)(ne:) | Li [P} + 23 {G(0,—e:) | Si | (n.e;)}
i=1

i=1

which reads G(0,n) = (C(0).n).n, C being the third order tensor defined by

1 1
9) C(z) = §f(1, N ®(e2®ez+es®er) + Ef(r,fz) ®(e3®er +er @es)+
1 3
+§.7:(I, fg) ® (61 Qe +er 61) + Z{G(.’E, &)®e; ® ei}
i=1
Remarks: (i) Tensor C is not uniquely determined as only its right side products by
symmetric two order tensors are determined. (ii) If F is vanishing, th ists a v
field W such that C(z) = W(z) @ Id. ) & et esta g vector
4.3. Represgntation theorem for contact forces - Assuming that G(., f) and
F(.,d) are .functlons of class C! we can now solve the open problem pointed' out by
Noll and Virga when stating their assumption III on page 21 of (Noll, 1990).

Theorem 5. Let z be a regular point of an edge of S. Denoting by (n1,ng, 7) the
tangent dihedral shape, vy =T X ny and vy = —7 X ny we have

(10) F(z,(5,7)) = (C(z).m)w + (C(z).ma) vy

Moreover it ez?sts a second order tensor field T such that (n denoting the normal to S
at a regular point z, I1 the projector on the tangent plane and V*° the surface gradient)

1 F(z,(8,2)) = T(z).n - V°.((C(z).n).1)

_Remark: the arbitrariness in C has no influence on the representation formula (10) as
it can be easily verified that nj @ 1) + ny ® Vo is a symmetric tensor.

Proof: Because of divergence theorem Jor VU : (C.n) ds is quasi-balanced. Subtract-
ing this term to the inequality (6), using (8) and using the divergence theorem on each
face of S we find that the following quantities verify inequality (3):

F(2.(5,2)) = F(z,(8,2)) = (Ola)m)ns - (Cla)ma)
F'(z,(8,7)) = F(z,(8,2)) + V°.(C(z).n).IN).
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Theqrem 3 and 4 state that F'(z, (5‘3)) is vanishing and F'(z, (S, x)) = T(x)n .EI
5.CONCLUSION - Our representation theorems shlow tl-lat a contmuouskxnefdxumrig
which edge contact forces are present has to be described in the framewor (2 soer(lzz)act
gradient theory (Germain, 1973a,b) which needs two stres§ tensors .to repr.e'seln C e
forces and mechanical energy transport. In such a medium the 111terst-1t}a gvor i gr,
due to the flux ¢ = VU : C can be interpreted as the sum of three terms.dl) t Z.[;low:n
of edge contact forces, ii) the power of a part of surface forces (the parl: _(.epexg ;Cgtion
the curvature), iii) the power expended by double foTc'es. The remar} (i) cl> sforces
4.2 makes explicit the possible expressions for interstitial work flux when edge

are vanishing.
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Abstract. We consider continuous media in which contact edge forces are present. Introducing
the notion of quasi-balanced contact force distribution, we are able to prove the conjectures made
by Noll and Virga {1} concerning the representation of contact.edge forces. We first generalise the
Noll theorem on Cauchy postulate. Then we adapt the celebrated tetrahedron construction due
to Cauchy in order to find a representation theorem for stress states. Indeed we show that two
stress tensors of order two and three are necessary for such a representation. Moreover we find
the relationship between the notion of “interstitial working” introduced by Dunn and Serrin {2
and the notion of contact edge forces.

Sommario. Si considerano continui in cui sono presenti forze di contatto di spigolo. Una volta
introdotta la nozione di distribuzione di forza di contatto quasi-bilanciata diventa possibile la
dimostrazione delle congetture avanzate da Noll e Virga {1] riguardo la rappresentazione delle forze
di spigolo. I nostri ragionamenti si basano sulla generalizzazione del teorema di Noll sul postulato
di Cauchy e sulla rielaborazione della celebre costruzione del tetraedro di Cauchy. In tal modo
¢ dimostrato un teorema di rappresentazione degli stati di tensione in cui appaiono due tensori
uno del secondo, 'altro del terzo ordine. Come corollario di tale teorema di rappresentazione
si determina la relazione fra la nozione di lavoro interstiziale (interstitial working) introdotta da
Dunn e Serrin [2] e le forze di contatto di spigolo.

Key words: Continuum Mechanics, Contact Forces, Edge Forces, Interstitial Working

1 Introduction

A crucial concept in continuum mechanics is that of stress. Engineers working
in strength of materials have used this concept so frequently that it has become
as intuitive as the notion of force. However its introduction was not trivial, and
was based on some fundamental assumptions whose weakening raises interesting
problems. In this paper we address the case in which contact force interactions
are due not only to a surface density, but also to a line density on the edges on
the contact surface (if any).

Stress tensor and contact force are interrelated notions. Cauchy postulated (cf.
[3],[4]) that the contact force exerted on a body can be represented by a surface
density of forces on the contact surface depending only on the normal (and on the
position). He then showed, using a family of tetrahedrons with vanishing size, that
balance of force implies a linear dependence of surface density of contact force on
the normal to the contact surface. The stress tensor is the representation of this
linear function.
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Noll [5] proved the Cauchy postulate assuming that the surface density of con-
tact forces is bounded independently of the shape of the contact surface. In [1]
Noll and Virga announced a generalisation under weaker hypotheses. In this paper,
needing such a generalisation, we propose a proof (theorem 4) valid without assum-
ing a priori that the contact force density is bounded independently of the shape
of the contact surface.

The results of Cauchy and Noll strongly depend on the implicit assumption
of vanishing contact edge forces. Noll and Virga in [1] developed a theory in
which general edge contact interactions are considered. Here we limit ourselves to
interactions between a body and its exterior so that the geometry of the problem
is greatly simplified (for a discussion of the more general case see (6]). Moreover
we limit our study to relatively regular contact surfaces (see section 2).

Noll and Virga [1] pointed out the lack of physical ground for some of the
numerous assumptions they used to represent stress states. Here we face this
difficulty by studying the power expended by contact forces. The theorem of
kinetic energy states that the power of contact forces is balanced by the power
of internal stresses, the power of inertial forces and the power of external body
forces [3]. It is physically reasonable to assume that these three quantitics are
volume continuous. Therefore we assume that the power P expended by contact
force distribution against every C™ velocity field U is quasi-balanced: it exists a
scalar Ky such that, for all body V, the inequality PS(V) < Ky |V | holds, | V|
denoting the volume of V.

The problem is now to determine a correct expression for the power of contact
force. We first show that it cannot simply be the sum of the power of surface
and edge forces. Then we show how the edge force can be present in conjunction
with a supplementary mechanical energy supply. This supply corresponds to the
»interstitial working” introduced by Dunn and Serrin [2] [7]. In the literature it
is recognised that the modelling of some media needs the introduction of such
a supply: this is the case, for instance, of Cahn-Hilliard fluids [8] {9]. However,
to our knowledge, the hypothesis (made by Dunn and Serrin [2]) that this encrgy
supply can be represented as a flux is nowhere justified. Moreover, the relationship
between interstitial working and edge forces has not yet been pointed out, while

we show in this paper that contact edge forces imply interstitial energy flux. We
give also the possible forms of interstitial working when no edge force is present.

Instead of introducing the notion of interstitial working from the beginning, we
prefer to describe mechanical contact interactions in terms of force distribution
(which are not necessarily measures). This approach is close to the one of Dunn
and Serrin. It seems to have the following advantages: i) we do not assume a priori
that the supplementary, energy supply is a flux, ii) the linear dependence of the
supplementary energy sﬁpply on the velocity field is for us a basic assumption (for
a discussion about this dependence, refer to [7]), so that the mechanical nature of
interstitial working is clearly stated, iii) it makes clearer the nature of boundary
conditions [10] [11).
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Force distribution may be interpreted as the asymptotic limit of non local short
range forces. Generally this limit is a distribution (in the mathematical sense)
whose support is contained in the contact surface and whose order may be greater
than zero. We give a trivial example of such an asymptotic analysis in section 4.1.
Remark that the introduction of force distributions of order greater than zero is
not new in continuum mechanics: e.g., in Cosserat [12] a surface density of couples
(a special type of first order surface force distribution) is introduced. )

From a mathematical point of view, the fundamental assumption of this paper
(that surface and edge forces are present) can be stated as follows: the zero order
part (with respect to the normal derivative) of contact force distribution is the
sum of two measures absolutely continuous with respect to H%(S™) and H(L")
where S” is the regular part of the contact surface, L is the regular part of contact’
e(?lges and ‘H denotes the Hausdorff measure. Indeed, a decomposition theorem for
distributions whose support is a € manifold [13] uniquely determines the zero
order part (with respect to transverse derivatives) of a contact distribution.

Section 3 is devoted to proving that such a sum of measures cannot be a quasi-
balanced distribution unless the (line) measure on the edges vanishes.

In section 4 we add to the quoted sum of measures a distribution which is of
order one in the transverse derivative. Such a term was first introduced by Ger-
main [14] [15], who called it surface normal double traction. Under the assumption
of quasi-balance of the contact force distribution we find the relationship between
surface normal double traction and contact edge force. This relationship comple-
ments the relationship between edge force and the dependence of surface force on

surface curvature pointed out in [1). We show that: i) the transverse distribution
depends only on the normal to the surface (Theorem 6), ii) there exists a three
tensor field C' (a hyper-stress tensor) which represents the transverse dist,ributio‘n
(Theorem 7), iii) edge force is expressed in term of the tensor C, and depends on
the shape of the contact edge only through the dihedron tange'nt to the surface
(Theorem 8), iv) there exists a two-tensor field T (ordinary stress tensor) which
determines that part of the surface contact force which depends linearly on the

Eorgal to the contact surface (Theorem 9), the remaining part being determined
v N

2 Hypotheses and notations

We want to describe contact forces exerted on a body through its boundary S (the
contact surface). We are interested in their dependence on the shape of S. Then
we have to define precisely what we call shape of S at a point z € §.

We say that the shape of the oriented surface S at the point z € S is the same
as the shape of S’ at the point 2’ € S’ if and only if there exists a neighbourhood
of the origin O in which to_(S) coincides (as an oriented surface) with ¢ (S)
(t, denoting the trauslation by the vector u) o

Definition 1. We call shape of S at the point z € S the equivalence class of
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(S, z) in the quoted relation. We denote it (S,z). Note that, according to this
definition, rotations change shape. . |
Definition 2. Plane shape: The shape of a plane P' at.t.he point x dfape??dslonby
on the normal n to the plane. When there is no ambiguity we denote it simply by
- .
Definition 3. Dihedral shape: Let us consider a non dggenfarateddgledroz;ldwye
denote by nq and ng the normals to the half-planes forming it, B.I\IA[ 3/ v and 72—
the external normals to these half-planes tangent to the planes. —e er;o 36 r
the unit vector tangent to the edge such that vy =7 ‘x n andyz d—b‘”f 22; o
the edge of this dihedron, the shape is constant and is determine _}2 nl,n 2_7)
7. This shape is denoted by (n1,n2,7). Remark that (n1,n2,7) -) q;iﬁsl,anglé
The angle (—ny,ng) following 7 is called dihedral angle of (n1,m2,7).
is different from 0, = or 2. A
Definition 4. Cuts: In this paper we will call domains the sets V\//}Ech are(;l?:;sz
of open Kellog regular regions (see Truesdell [3]) . I;et V and V' de txjvof 3 nain
whose boundaries are the surfaces S and S’. Let S” be the boundary 3 e S
At each point z in SN S' N S” the shape of/.i” dzz@d; only on the shape o

' the shape of S” by Cut((S,=), (S, z))- .
;I;?xlirictw\i': i:i?feonly usepcuts of S with surfaces whosAe/shape is a plane shépe
u. We call them plane cuts and denote them by C'ut((S,z),'u). In tlﬁs followxlr;%
proofs we will always deal with surfaces which are boundarlesAof Kellog regu
regions, also when these surfaces are obtained by means of cuttings.

Definition 5. Admissible domains: We study a bounded contl'nuum gnd we onl};
consider subdomains whose boundary S (admissible surface) is a ﬁm;c u[lzlon (?h
two-dimensional C® compact manifolds with boundary (callfed facesof ) and suc )
that the union of the boundaries of these faces is a finite union of one—fdlrlrlle?n:u;gz;l
C> compact manifolds with boundary (called edges of S) The set g }a ﬂmeeumr
points of the faces (regular points of the surface'or points where 1alzrr gomts
shape) is denoted S™ and the set of all internalv points of thre ‘;(iges (Vreguve aﬁsume
of the edges or points where S has edge shape) is denoted L h doremer ¥

that, everywhere in L”, S is tangent to a non degenerate dihe {on. )
Definition 6. Sets of shapes: Let S be an admissible surface. We denote bytfPSFS)
the set of all regular shapes on S and by ®(S) the set of all edge shapes of .5:

®7(5) = {(S,2)z € 5} $°(8) = {(S,z)yiz € L7}

As vertices are not inwelved in our reasoning we will call set of shapes of a surface
S the set ®(S) = 7(S) U ¢(S5). .
Definition 7. Prescribed shapes: A set of shapes E is 'ca}led a set of prescnt})le(:
shapes if there exists a finite set {S1,...,Sm} of admissible surfaces such tha
EC Zil ‘I’(S,)
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Examples: for ¢ € 0,1}, the family of cubes C; images of a cube C; under an
homothetic transformation of ratio ¢ have prescribed shapes; the family of cubes
C image of a cube C; under a rotation of angle t around the axis u have not
prescribed shapes; the family of spheres S, of centre zp and radius ¢ have not
prescribed shapes.

A set of shapes E is called a set of prescribed plane cuts if there exist a finite
sequence (.5;) of admissible surfaces and a finite sequence (u;) of unit vectors such
that:

Ec{Cut(f,w); fe (s}
i

Remark: These definitions are urged by the lack of topological structure on the
set of shapes and by the need of considering surface contact forces depending
continuously on curvature. Such forces will be bounded on a set of prescribed
shapes but not on the set of all shapes.

Definition 8. Contact force: The contact forces F© exerted on any admissible
domain V through its boundary S will be determined by two vector functions F'
and F defined respectively on any face or edge of V:

(V) :/Sr Flz,(8,z)) ds+/u F(z,(S,z)) dl » (1)

Remark: we assume that F and F depend only on the position z and on the shape
of S at z.

Remark:We do not assume uniform boundedness of these forces with respect to all
possible shapes.

Remark: A priori, # may depend not only on the geometrical properties of the edge
but also on the limit geometrical properties of the faces whose common boundary
is the considered edge.

Regularity assumptions. In the same way as the Cauchy’s construction of
the stress tensor presumes the continuity of contact forces, our study needs the
following regularity hypotheses:

i) On any face and edge of an admissible surface, F(z,(S,z)) and F(z, (Sr',vx))
depend continuously on z.

ii) Let E be a set of prescribed shapes or prescribed plane cuts. We partition I
into the two disjoint subsets £¢ and E™ which contain respectively the edge and
regular shapes in E. We assume the equi-continuity of the families of functions
{F(.f):fe€E}and {F(,f): f€ E°} that is, we assume that for all € > 0, for
all zo, there exits a ball By(zo) of radius n > 0 such that, Vz ¢ By(zq),

VI€E" || F(z,f) = Flzo,f) [<e and VfeE® M F(z, f) = Flzo, f) 1< &

iii) Let S be a given tace of an admissible surface, let u be a unit vector nowherc

parallel to the normal to S. We assume that F(z, Cut((S, z), w)) is a continuous
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function of the variable z: Ve > 0, Vzg € S, 3n>0: Vz €5,
| = — o ||< 1 ==|| F(z, Cut((S,z),u) — F(zo, Cut((S, zu),u) ||< ¢ .

Proposition 1: Let S and L be a face and an edge of an admissible surface, let
u be a unit vector nowhere parallel to the normal to S and let B be a C(?mpact
set. The function F(z, (S, 1)), F(z, (S,v)) and F(z, Cut((8,y),v)) are unlforfrirll)t'
continuous on B x (BN S), Bx (BNL)and Bx (BN S).’ To prove the rs,
part of this proposition let us denote the translated surface S’ = t;_y(S) and the
translated point ¢ = t;_y(t). It is then enough to remark that

I Fla, (5,9)) = F(z (5,0) [I=l| F(z, (5 2)) = Fz, (S IS
<Il P, (8h2)) = F(E(ST0) || + | F(,(871)) = Pz (S I
and to use the equi-uniform continuity (ii) and the 11r£f£)rm continuity (i). The
same reasoning holds for F(z, (S, y)) or for F(z, Cut((S, y),‘u)).
Proposition 2: The regularity hypotheses imply the uniform boundedness of
F(z (.S:,\a/v)) and F(z, (5‘:;:)) on every family of admissible surfaces whose shapes
are prescribed shapes or prescribed plane cuts. .
Indeed, Proposition 1 implies that, for every admissible surface S, F(z, (S,y)),
! o . r

F(z (5’\,2/)) and F(z, Cut((S,y),u)) are bounded respectively on B x (B ﬂ_S )
B xy(B NL") and B x (BN S™). The proposition is proved recalling the definition
of prescribed shapes and prescribed plane cuts. N .
Remark: Proposition 2 states the relative compactness of'the families {F(z, f) :
f€E} and {F(z, ) : f € E¢} (Corollary of Arzeld-Ascoli theorem [16]).

Remark: Our hypotheses do not imply the uniform boundedness of the forces
for all possible shapes. For instance, we allow for any continuous dependence on
the curvature tensor or on any other higher order shape operator of the contact
surface.

3 A Seeming Impossibility For Edge Forces

An important assumption for obtaining restrictions upon the dependenge of con-
tact forces on shape is the hypothesis of ” quasi-balance of contact forces .[1],/'[17]7.
It states that there exists a scalar & such that, for any admissible domain V' the
following inequality holds:
| FE(V) fl< K|V, (2)
We strengthen the preceding hypothesis, assuming that the power Pf; of contact
forces distribution in a, given C* velocity field U is quasi-balanced. Then, for
every C™ field U, we assume the existence of a constant Ky such that, for every
admissible domain V', the following inequality holds:

| PV) 1= | [, Fa (S0 06 ds+ [ Pl (G a)v@ df < KoVl ()
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Remark: The fact that this hypothesis is stronger than the preceding one can be
verified by considering three linearly independent constant fields U. We do not
need any assumption on the behaviour of Ky with respect to U.

Remark: The quasi-balance of torque can be obtained by considering three inde-
pendent rigid motion velocity fields.

As hypothesis (3) is stronger than (2) it will imply strict restrictions upon pos-
sible dependence of contact forces on shape. Our goal is to study its consequences
for the functions £ and F. We begin by considering edges whose shape is dihedral.
In a second step we extend our result to generic edges.

3.1 FORCES ON DIHEDRAL EDGES

Theorem 1 Ineguality (8) is not compatible with the presence of contact line
forces on dihedral edges: for each dihedral shape d

F(,d)=0. (4)

Proof: Let d = (n1,n2,7). We use orthogonal co-ordinate system (20, 1,62, €3)
(with e = 7 and e3 = ”—:i%) For every positive integer N (large enough),
we consider a domain Viy of boundary Sy. It is a thin slab with a grooved upper
surface (see figure 1). This domain is a polyhedron conceived in such a way that the
set of shapes of its boundary is finite and does not depend on N (This set contains
exactly 7 different plane shapes and 16 different dihedral shapes). Its volume
[Vi| is of the same order as N=* when N tends to infinity, the total area of its
boundary |Sy| is of the same order as N~2. Let us define the following unions of
edges: Ly = {z € Sy : (S,z) = (ny,n2,7)}, L = {x € Sy : (S, z) = (n2,n1,7)}
and LY = Ly \ (LY U L2). The total length of L3, is of the same order as N1
and the total lengths of L} and L% tend to 1. Then the forces on the double
array of edges L}, U L%, are dominant. As the shapes of Vjy are prescribed then

contact force densities are bounded independently of N . Inequality (2) applied
to Viy implies:

lim {/ Flz,(n1, n2, 7)) dl T/ F oz, (ng,ny, 7)) di} = 0.
Ny, 2

Using mean value theorem for each component of the last equality and again

the continuity of F with respect to = we get a special case of the action-reaction
principle:

F(zo, (n1,n2,7)) = =F(z0, (n2,n1, 7). (5)

Cousider the field U : z — (z.e3) Uy, Up being any vector. On VN, N2 U is
bounded independently of N. The same reasoning as before shows that inequality
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¢/N

Figure 1. Grooved surface close to a plane
(3) implies:
. 2 4
Jim N {/Lh F(z, (n1, na,7)).U(z) dl +/Lz F(z, (ng,ny, 7)).U(z) dl} = 0 .
N

1 2 2 -
On LN' and L§, N? U does not depend neither on N nor on z as it is equal
respectively to Uy and 2Up. Then, we obtain, because of arbitrariness of Up:

lim {/L;v F(z, (ny,n2, 7)) dz+2/L2 Flz,(n2,n1,7)) dl} = 0.

N—o0

Using the continuity of F with respect to z, the mean value theorem for each
component of the previous equality and equation (5) we get

Fzo. (n1.n2, 7)) = 0.

. . . . D
Remark: This proof is not the simplest one (see the proof of Theorem 2). However

V\;le deci(-ie f:o prese‘nt it here because it is suggestive: in our construction it is shown
t ‘at a limit <.)f pairs of opposite edge forces cannot be quasi-balanced. In fact we
will see (section 4) that another type of force distribution has to be present on the
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lower surface. Our construction illustrates the name ”double forces” or ”double
normal traction” given by Germain [14] to such a distribution.

Remark: The existence of the constant Ky allows us to prove the equation after
equation (5). In all subsequent reasonings Ky does not appear anymore, and its
dependence on U is immaterial.

3.2 FORCES ON GENERAL EDGES

Theorem 2 Let S be an admissible surface, inequality (3) implies that, at every
reqular point of an edge To, we have:

F(x0,(5,%0)) =0 - ®)
(Inequality (3) is not compatible with the existence of contact edge foréé’é)'

Proof: Let V be an admissible domain whose boundary S contains an edge L, let
zo be a regular point of this edge. S is tangent at the point zg to the dihedral shape
(ny,n2,7). In this proof we consider the case when the dihedral angle belongs to
]0, 7[ (The proof has to be slightly modified if the angle is greater than 7). We
use the co-ordinate system (g, e1, €2, €3) (with ez = 7 and e3 = ﬂ%ﬁ%ﬁﬂ) For any
£ > 0, let us translate V of vector e2e3: V' = t2,,(V), S = te20,(S), L' = teze, (L)
and let us define V¢ as the intersection of the domain V’ and of the parallelepiped
P, = [—ce?,c£?] x [0, €e] x [0,2¢?] (cf. figure 2). The dihedral angle belongs to
10, 7[ and the curvatures of the faces of S and of the edge L are bounded. Then ¢
and ¢ may be chosen in such a way that, for € small enough: i) L' meets OF: on
the lateral surfaces {z.e; = 0} and {z.e; = € €}, then at every point z on L'0 P,
z.e3 > 0 holds, ii) S’ meets AP, on lateral surfaces {z.e = 0}, {z.ez = £ €} and
on the lower surface {z.e3 = 0}. These properties are represented in figure 2. We
denote by S, the boundary of V; and by L. the upper edge of V: (Le = L' N FPe).
The shapes of the boundary S. of V; are either prescribed shapes or prescribed
plane cuts. Then the surface force density F' and the line force density F are
bounded independently of .

Let us consider the vector field U : z — (z.e3) Up, Up being any vector. The
geometry of V. assures that €72 U is bounded independently of €. On the other
hand, as U vanishes on the plane (zg, €1, €2), we do not have to consider the forces
exerted on the edges which are included in this plane. Considering the measure of
each face and edge, we get from inequality (3):

i e /L Fl, (So2)).U(z) di} =0 .

The length of L, is £¢ to within higher order terms. On the other hand, there
exists a positive scalar k (depending on the curvature of the edge at zo and on 14
but independent of ¢) such that

lim 673/ (ze3)dl=k .
e~—0 Le
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Figure 2. The vicinity of an edge

Let § > 0, the geometry of the domain and proposition 1 -consequence of the
’ N
regularity assumptions- imply that, for € small enough,

Vre Lo, || F(x,(Sx)) — Flzo, (S,20)) 1< 6 .
Then A A B
k F(zo, (S.70)).Uo n_xgoe*{/L Pl (Soz)U) d}f <k & || Ul -

This result holds for any é and for any Uy, so that:
F(z0,(S,70)) = 0.

3.3 NoLL THEOREM

Theorem 2 states that there is no contact edge forces. Then Noll theorem dcan .lze
proved. Here we give a proof valid in the case when the surface conta(it 'force en51u}rf
is not bounded independently of the considered contact surface (for 1nstar1€e,f oCe
assumptions do not exclude, a priori, a linear dependence 'of the contz;c . I(zIr :
on the curvature of copkact surface). We just have to n'loc.hfy the proo ;) dof
theorem reproduced in [3] by using a cylinder Yvhose basis is a square mst.ea 2(;
a circle. Then we use orly prescribed shapes (in the sense defined in C?ec 10: Sé
In the proof of Noll theorem as in the proof of Cauchy theorem we do not u
assumption (3) but only assumption (2).
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Theorem 3 When no edge forces are present and under the reqularity assumptions
listed in section 2, for all regular shape f tangent to the plane shape n we have

F(z,f) = F(z,n) . (7)
Proof: Let S be the boundary of an admissible domain V and let zg be a regular
point of S". We call ng the normal to S at Zo. We use the co-ordinate system
(w0, e1,e2,€3) (with e3 = np). Let us consider the family of parallelepipeds C. =
0,€] x [0,¢€] x [—ce?, +ce?]. We define V, = VNCe and Sc = SNC.. As the
curvature of S is bounded in a neighbourhood of zg, a positive scalar ¢ can be
found such that, for ¢ sufficiently small, S. does not intersect the upper face
(8% = {23 = ce?}) or the lower face (S~ = {z3 = —ce?}) of C.. (cf. figure 3).The

shapes of the boundary of V, are either prescribed shapes or prescribed plane cuts.
Inequality (2) when applied to C. implies:

513105—2/5+ Fz,ng) ds + 5@05-2/5_ F(z,~ng) ds = 0
which together with regularity assumptions leads to
F(z,n0) = = F(z, —ng) (8)
Inequality (2) when applied to V. implies:
glirilo g2 /Sg F(z, (Sf’,\;)) ds +Eliinoe’2 /S¥ F(z,—ng) ds =0
which together with regularity assumptions lead to
F(zo,(8,20)) + F(z0, —n) = 0.
Equation (7) is then obtained when recalling (8). O

3.4 CAUCHY THEOREM

Theorem 2 states that there is no contact edge forces. Then the Cauchy’s con-
struction of stress tensor (refer to [3] [4]) is valid.

Theorem 4 When no edge force is present, there ezists a continuous two-tensor
field T such that, for any plane shape n,

Fz,n) = T(z).n . 9)
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no |

X0 7

Figure 3. The domain used in the proof of Noll theorem

4 Contact Force Distribution of Order One with respect to
Transverse Derivative

4.1 ON CONTACT FORCE DISTRIBUTIONS OF ORDER ONE WITH RESPECT TO
TRANSVERSE DERIVATIVE, EXAMPLES, HYPOTHESES

The previous section has shown the impossibility of introducigg contact edge forces
under the assumption (3). The idea we will develop now is the following: Fhe
power of contact force distribution is actually quasi-balanced bu.t tl}e expression
for this power used in inequality (3) is naive, the contact force distribution must
be endowed with a more complex structure. We assume that F(z,(S,z)) and
Flz, (idz)) represent only the zero order part of a more gene.ral distribution vsfhosg
support is §. In this paper we add to the considered d}sm'xbutlo'n another one W-h(.)be
order is one with respect to transverse derivative of test functlonS.Moreagrec1sely
we add a distribution whose value at a vector field U is fgr G(z, (S, z))- 55 (2) dt&

A decomposition theorem [13) states that every distribution D whose support is
a smooth surface (i-e. a C°° submanifold of codimension one) can be decomposed

as follows:

N
U .
J = (= 10
DU =Y D) (10)
1=0

Edge Contact Forces and Quasi-Balanced Power 61

where D; are uniquely determined surface distributions. We limit ourselves to
distributions of order one (N = 1) and we postpone the discussion on the influence
of higher order distributions until section 5.

Let us remark that, from a physical point of view, the introduction of a contact
force distribution ”1-transverse” can be interpreted as follows: in the balance of
energy an additional term is needed which does not appear in the balance of forces.
An alternative approach satisfying this need is due to Dunn and Serrin (2], who
introduced directly a supplementary flux of energy ("interstitial working”). Our
presentation, based on the concept of distributions has the following features: i)
it does not assumne a priori that the extra cnergetic term is a flux, ii) it shows
the mechanical nature of this term, its linear dependence on the velocity field
being a basic assumption, iii) it naturally yields general and physically meaningful
boundary conditions [10).

Most mechanicians will not be surprised by the introduction of contact forces
distributions (in the mathematical sense) as contact couples are needed already
in the standard theories of beams and shells. Another example of ”1-transverse”
contact forces distribution found in the literature (this time for 3-D continua) is
given by couple stresses introduced by Cosserat [12]. The microscopic meaning
of a distribution of order greater than zero can be understood by considering the
asymptotic limit of non-local short range interactions ! .

Then we relax the hypothesis formulated in section 3, in order to allow the pres-
ence of a 7 1-transverse” distribution on the boundary S of an ~admissible domain V.
Contact forces interaction is described, in addition to F(z,(S,z)) and F(z, (S, z))
introduced in section 2, by a surface density G(z, (S, z)) on the regular part of the
contact surface. The power P£(V) of this interaction in a velocity field U is given
by the following expression:

/Sr Clz, (ﬂ)).g—g(z) ds+/sr F(z,(5,2)).U(z) ds+/Lr.7:(z, (5,2).U(z) dl .

We assume the same regularity properties for G as we did for F in section 2.

The assumption of ”quasi-balance” of contact forces distribution becomes: for
all C* field U, there exists a scalar Ky such that, for any admissible domain V/,

! A trivial example of non-local short range forces converging to a " 1-transverse”
distribution:

Using the Cartesian co-ordinates {z1,72,73), the domain V = {z : 1 < 0} is divided from the
external world by the plane S = {z : z; = 0}. Assume that the external forces exerted on V'
have short range € << 1 (compared with some other characteristic length) and that these forces
are represented by the volume density f.(z) = fo e (e z1) where @ is a function whose
support is a compact set included in | — 00,0[ and fo is a given vector. If v = 1 and pis a
non negative function whose integral is equal to 1, the distribution tends, as £ tends to 0, to the
vector measure on S whose surface density is fo: this is the classical case of surface force density.
However, if v = 2 and ¢ is the derivative of a non negative function whose integral is equal to 1,
the distribution tends to a ”I-transverse” di-tribution D such that D(U) = fs fo.% ws. This
force distribution i) is localized on S, ii) has no influence upon balance of forces, iii) supplies
energy in presence of velocity fields in V, even when these fields vanish on S.
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we ha\ge:
1/5 (s, (5,‘;))%—5(1) ds + /S F(z,(5,2)).U(z) ds+
+/ Flz, (5,2).U(e) di| < KylV] . (11)
.

Remark: This assumption is less stringent on F than the corresponding hypothesis
(3). It will imply less Draconian restrictions upon edge contact forces. o
Remark: The fact that (11) is stronger than the quasi-balance of forces (2) is still
true (it can be verified by considering three linearly independent c011§tant fields
U). Again, we do not need any assumption on the behaviour of Ky with respect
to U.

Remark: Note that, in each proof in this paper, we pass to the limit in inequality
(11) with a fixed field U. That is why we do not need any assumption on the
behaviour of Ky with respect to U.

4.2 DEPENDENCE OF TRANSVERSE DISTRIBUTION ON THE SHAPE OF THE CON-
TACT SURFACE, A THEOREM ANALOGUOUS 10 NOLL THEOREM.

We first prove an action-reaction principle which, at this stage, concerns only plane
shapes.

Theorem 5 At every point  and for all plane shape n we have:

G(z,n) = G(z,—n) . (12)

Proof : Using the co-ordinate system (zg, 1, €2, €3) (with e3 = n), let us consider
the domain C; = [0, €] x [0, €] x [0,£?] and the vectors field U : ¢ — z.n Uy where
Uy is a given vector. The shapes of dC; are prescribed shapes. Moreover ¢ 72U is
bounded on C; independently of . Considering the area or length of each face or
edge, the inequality (11) applied to C¢ implies:

lim 5_2/ Glz,n).Us ds+ lim 5"2/ G(r,—n).(-Us) ds =0
e—0 S+ e—0 5—

where ST and S~ denote the upper and lower faces of P, (S* = {z: z.e3 = +£?},
S~ = {z : z.e3 = 0}). The continuity properties and the arbitrariness of Uy imply:
G(zo,n) = G(z0,—7)

]
" We are now able to prove a theorem for ”1-transverse” distributions analogous
to the theorem of Noll [3] [17].
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Theorem 6 At every point = and for every regular shape f tangent to the plane
shape n we have

G(z, f) = G(z,n) . (13)

(G depends on the shape of the contact surface only through its normal).

Proof : The proof is close to that we have given for Noll theorem. At a regular
point zo of the boundary S of an admissible domain, we consider the family of
domains V; described in the proof of Noll theorem or in figure 3. We consider the
vector field U : z — z.ng Uy where ng denotes the normal to S at zg9 and Up is any
vector. The shapes of OV, are either prescribed shapes or prescribed plane cuts.
Moreover e~2U is bounded in V. independently of ¢. The inequality (11) applied
to V¢ leads to
5@05_2 /Sncg G(z, (S, z)).Us(n.ng) ds + enﬁ}oE—Q /s» G(z, —ng).(~Upy) ds = 0

As n.ng is a continuous function with respect to z on S, the regularity properties
and arbitrariness of Uy imply

G(zo, (S, 20)) = Glz0, —ng) = G(z0, no).

4.3 A CaucHY THEOREM FORrR HYPERSTRESS

Theorem 7 It exists a continuous three-tensor field C such that, at any point xq
and for any plane shape n,

G(zo,n) = (C(zo).n)m . (14)

Proof: We follow the tetrahedron construction due to Cauchy. In an orthonormal
co-ordinate system (zg, ey, €2, e3), we define the tetrahedron V whose faces S, S1,
Sz and S are respectively normal to n, —e;, —ep and —e3 and whose height (in the
n direction) is h. In our construction the origin of the co-ordinate system belongs
to the face S. We denote respectively by f; = (~e2, —es,e1), fo = (—e3, —ey, e2)
and f3 = (—e, —ey, e3) the shapes of the edges L1, Ly, and L3. Let V, be the image
of V under an homothetic transformation of ratio €, we denote by S., S;. and L.,
the faces and edges images of S, S; and L; (i =1,2,3) under this transformation.
We consider the field U : z — (z.n)U;, where Uy is any vector. As this field
vanishes on S, the inequality (11) applied to the domain V, implies

!E?:l {Js, (z.0) Flz,—ei).Uo ds} + 301 { [, (z.0) Flz, £;).Up dl}+
+Z?:1{fsw(—€a~n) Gz, —e:).Up ds} + [g, G(z,n).Uy dsl < Ke® .
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Figure 4. Cauchy’s tetrahedron

Let us multiply this inequality by ¢~2 and, changing variables in the integrals in
order to transform them into integrals on the boundary of V:

IEZ?ﬂ{fSi(z.n) Flex, —e;).Up ds} + Sy {Jy (z.0) Flez, fi).Uo di}+
53 s, (—€m) Gles, —e0) Uo ds} + fs Glez,n).Uo ds| < K=

As F(., f) and F(., f) are continuous, evaluating the limit as ¢ tends to 0, we get

~

3 3
; ) z.n Sil(—ei.n)G (o, —ei) Ug} + 151Gz, n) Up = 0
EiZI:{f(Iowfl)-(/o/L'( ) di} + 3 (IS (—eem)Glwo, =) Vo

i=1
This being valid for any Up, we obtain:

3
2|8 G(zo,n) =.§3;.{f<zo,fi><n.ez> | Li [} + 2 _{Glzo, —e) | Si | (n-ei)} -
i=1 i=1

Using tiie geometrical rclationships:

h=| Ly | (n.e;) =| Lz | (n-€2) =| L3 | (n-€3) ,
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2ISTh=2[5ILi]=2]S2 | L2 =21 S5 || Ls = L1 |} L2 || Ls |

and theorem 5 we get

G(zo,n) = Flzo, f1)(n-e2)(n.e3) + F(zo, f2)(n.ez)(n.e;)+
+F (0, f3)(n.e1)(n.ez) + 0, {G(zo, e:)(n.e:)?} . (15)
"Thus we are led to define a three-tensor field C such that G(zg,n) = (C(zo).n).1.

This tensor is not uniquely determined as only its right side products by symmetric
two order tensors are determined. We may impose its right side symmetry, setting:

Clz) = 3F(2, /1) @ (2@ c3+ e3®@ex) + AF (2, 2) ® (e3 @ e1 + €1 @ €3)+
3 F (2, f3) @ (e ®er+ e ®er) + Lo {G(z,e) ®es@e}. (16)

or its left side symmetry, setting:

Clz)=3F(z, fi)®(e2®e3+ €3 @ e3) — Flea®es+e3®e) @ Fz, fi)+
+3(e2® F(x, f1) ® €3+ e3 @ F(x, f1) @ e2) + L1F(2, £2)® (ea®er + €1 @ e3)+
—3(es®e1+e1@es) ® F(z, fo) + 1(es ® Flz, fr) ® €1 + €1 ® F(x, fo) ® e3)+

1P )o@ ®atede)-Lea®eteade)®Fl fi)+
+3(e1 ® F(z, f3) ®er + 2 ® F(z, f2) @ e1)+
—{G(re)®e®e — Glz,e) ®ei @6 + 6 ® Gz, 6) ® e} (17)

m}

Remark 1: The tensor C will be called the hyperstress tensor.

Remark 2: Imposing the left side symetry of C scems complicate {18] and artificial
but Theorem 9 will show the advantage of such a definition.

Remark 3: Equation (15) reduces to G(zo,n) = >2_,{G(zo, €;)}(n.;)?} when F is
vanishing. As this expression is valid for every orthonormal vector basis (e1,e2,€3),
then G does not depend on n: this is the only case in which the 1-transverse
distribution can be non-zero with vanishing edge forces.

4.4 REPRESENTATION THEOREMS FOR CONTACT FoORrCES, CAUCHY STRESS
TENSOR

In this section we add the following:

Hypothesis of C! regularity: For every given regular shape f and every dihedral
shape d, G(., f) and F(.,d) are C! functions. In this way C(z) is a field of class
clL

We now can show how our hypothesis (11), which implies hypothesis (2) put
forward by Noll and Virga, allows us to propose a solution of the open problem
pointed out by Noll and Virga when stating their assumption III on page 21 of [1],
and to show that the example they treated in their section 9 actually exhausts all
possible cases.
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Theorem 8 Let S be the boundary of an admissible domain V. Let z be a regular
point 3f an edge of S. Let (ny,no, 7) be the tangent dihedml‘shape to S at x. Then
the edge force density at x depends only on (n1,ng,7) and is represented in terms
of the second order stress tensor by

F(z, (5, 1)) = (C(z).m).vy + (Clz).n2).va (18)
where we denote vy =7 x ny and vy = —T X Ny

Remark: The arbitrariness in C has no influence on the representation formula
(18) as n1 ® v1 + n2 ® vy is a symmetric tensor.

Theorem 9 It exists a continuous second order tensor field T' such that
F(z,(5,2)) = T(z).n — V°.(((C(z).n).TT) (19)

where I1 denotes the projector on the tangent plane to the surface (Il = Id—n®n)
and V*- the surface divergence.

Remark: The arbitrariness in C has an influence on T. With the choice (17), the

tensor 1" is symmetric. ) ‘ .
Proof of theorems 8 and 9: Because of theorem 7, inequality (11) may be

written
|fur (Flz, (8,2).U(2) dL+ [sr F(2,(5,2)).U(x) ds +
+ [ ((C(z).n) ). L (z) ds| <Ky|V].
Due to the inequality

< HylV| (20)

’/vdiu(VU:C) dv =l/$rVU:(CAn) ds

the quantity
VU : (C.n) ds
Sr

is quasi-balanced. Then the scalar K, = K + Hy is such that:
ir(Fle,(8,2))-U () dL+ Jgr Flz,(8,2)).U(z) ds+
+ for{((C(2)m).1). Z () ~ VU (z) : (Cn)} ds| < Ky | V .

Using now the decompgsition VU : (C.n) = %Q.((C.n).n)-FVSU : ((Cn).I) where
V¢ denotes the surface gradient on 5, we get
|fir (F(2,(8,2) U ) di+ g F(z,(8,2)).U(z) ds +
— f5- VU (z) : ((Cz).m).IT) ds| < K | V|
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We apply the divergence theorem on every face of S, so obtaining
l/ F(z, (ST;:))U(z) dl +/ F'(z, (ST,JI)).U(JZ) ds| < Ki; | V| (21)
Lr i
where we used the following definitions:

F'(z,(8,2)) = F(z,(5,2)) - (C(&)m1) w1 ~ (Cla).mg) g
F'(z,(8,2)) = F(z,(5,2)) + V*.(C(z).n).IT).

Because of the regularity hypotheses added in this section, F' and F' verify the
assumptions of section 3. Because of inequality (2121 we may apply to them our

results of section 3. Theorem 2 implies that F'(z,(S, z)) is vanishing and Theorem
4 establishes the existence of a continuous second order tensor field T'(z) such that

F'(z,(8,2)) = T(z)n .

5 Conclusions

The most important concepts introduced in this paper are: i) the concept of quasi-
balanced power of contact force distribution and ii) that of prescribed shapes. They
allowed us to develop an system of axioms "2 la Cauchy” for continua in which
edge contact forces are present, fully justifying the conjectures of Noll and Virga
(1.

In these media, stress states are described by two tensor fields, one (T} of order
two and one (C) of order three. One may easily verify that the resultant contact
force exerted on an admissible domain is only due to the tensor T. Then, in the
local form of balance of forces, only the divergence of T' appears (10]. In this
sense T plays the role of Cauchy stress tensor. On the contrary 7 is not able
to describe surface contact forces locally, even when the contact surface is plane.
For this description and for the description of contact edge forces the tensor ¢
is needed. This class of continua has already been described by Germain [14]
who called them second gradient media. His starting assumption concerns the
form of internal power and the form of the power of contact forces is obtained via
D’Alembert principle of virtual powers. Our quasi-balance assumption of contact
force distributions is a weak form of this principle.

It is easy to verify that the density of internal power is not equal to T : VU
but that a supplementary term equal to diw(VU : C) appears [10]. This term, due
to a flux ¢ = VU : C, can be identified with the interstitial working introduced
by Dunn and Serrin. Our results show that the interstitial work flux through
a contact surface can be interpreted as the sum of three terms: i) the power of
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edge contact forces, ii) the power of a part of surface forces (the part depending
on C)iii) the power expended by the transverse distribution. We thus obtain
a mechanical interpretation of interstitial working. ‘I'he remark 3 of section 4.3
make explicit the possible expressions for interstitial work flux when edge forces
are vanishing.

We obtained our results under the assumption that the transverse contact force
distribution was of order one. As we did not give any physical justification for
this hypothesis, one could wonder if the representation theorems we have found
for surface and edge forces are simply consequences of this assumption. This is
not the case. Indeed our theorems are true when the contact force distribution is
of higher order with respect to transverse derivative: i.e. if in inequality (11) we
substitute the expression of P§(V) by

[ P, (S a)UE dst [ Fa Em)0@) dz+§ [ 6w G2 ) as

the functions G; for ¢ > 1 do not play any role in our demonstrations as we only
use affine vector fields U.

We also assumed that there are no transverse distributions on the edges. One

could wonder how our results are influenced by this assumption. If we add to

5(V) the term S, [, Hi(z, (S, z)) ViU (z)dl, where Vr denotes transverse
gradient on the edge whose tangent is 7 (Vy = (Id — 7 ® 7).V), then also the
functions H; for ¢ > 1 do not play any role for the same reason. We did not yet
studied the influence of a non vanishing H, on our results.

The remaining open problems are the study the influence of a non vanishing
distribution of order one on the edges (H;) and the study of the influence of forces
concentrated at vertices (intersections of edges). Indeed the results expressed as
theorems 6 and 7 are most likely due to the assumption of absence of forces con-
centrated at vertices in the same way as Noll theorem and Cauchy representation
theorem are valid only when edge forces are vanishing. A general classification of
quasi-balanced distributions seems an interesting development of this paper.
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Chapitre 3

Situations particuliéres

3.1 Introduction

Avant d’utiliser le modsle que nous avons décrit dans la partie précé-
dente, il faut s’interroger sur ses domaines d’applicabilité.
Il est clair que le modale des fluides de Cahn-Hilliard est un modéle

(c’est pourquoi nous n’étudions que le cas d’interfaces liquide-vapeur
d’un fuide ne comportant qu’un seul constituant).

D’autre part ’épaisseur de la zone interfaciale est trag faible et I’on
peut s’inquiéter de I'utilisation de la mécanique des milieux continus
dans de telles circonstances. Peut-on considérer I'interface elle-méme
comme un milieu continy tridimensionnel? Cette question entre dans le
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chimie: doit-on limiter I'intervention de la mécanique des milieux con-
tinus & ses domaines d’application habituels? Plusieurs remarques mili-
tent en faveur d'une attitude pragmatique. i) Le'domaine d’application
de la mécanique des milieux continus n’est pas connu avec précision,
surtout dans des zones fortement hétérogénes. ii) La mécanique des mi-
lieux continus est utilisée quotidiennement dans des circonstances ana-
logues. Citons un exemple proche de nos préoccupations: l'utilisation
de la mécanique des milieux continus ('approximation de lubrification)
pour décrire le comportement du fluide dans un film précurseur d’une
ligne de contact en mouvement (cf. P. G. De Gennes, Reviews of Mod-
ern Physics, 57, N.3, Part I, 827, 1985). L’épaisseur caractéristique de
ce film précurseur est du méme ordre de grandeur que les épaisscurs

apparaissant dans cet article (100 fk) iii) Il est admis que seule la con-
frontation avec 'expérience permet d’éliminer un modele physique non
pertinent. Or les résultats connus sur le modele de Cahn et Hilliard
se limitent jusqu’a présent & montrer que ce modele rejoint le modéle
classique de capillarité & une échelle macroscopique.

En conclusion, pour ¢tudier la pertinence du modele, il est nécessaire
d’étudier des situations qui le différencient du modéle classique. C’est
l'objet des études qui sont décrites dans cette partie. Le modele des flui-
des de Cahn-Hilliard semble converger vers le modéle classique lorsque
Pépaisseur de linterface est d'un ordre de grandeur inférieur a I'ordre
de grandeur de toutes les autres longueurs caractéristiques. Il semble
donc intéressant d'étudier des situations dans lesquelles il existe une
autre trés petite longueur caractéristique.

Dans le premier paragraphe nous étudions I'équilibre d’un fil trés
mince posé sur (ou plutdt sous) une paroi plane. Lorsque ce film est
suffisamment mince une interaction a lieu entre la paroi et l'interface
fluide-vapeur. . Cette interaction dépend des propriétés de mouillabilité
de_la,paroi et modifie la stabilité du film.

Dans le deuxiéme paragraphe nous étudions 1’équilibre de bulles de
taille trés petite (quand le rayon cst proche du rayon de nucléation).
Nous montrons comment la tension superficielle dépend de ce rayon.
Cette dépendance mesurée depuis longtemps expérimentalement (cf. la
formule de R.C.Tolman, J.Chem. Phys., 16, p.758-774,1948) ne peut
étre expliquée en théorie classique des interfaces.
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'Dans le dernier paragraphe nous étudions le mouvement station-
naire d’une interface sur une surface plane. L’utilisation de la théorie
classique de la capillarité pour décrire ce mouvement entraine un résul-
tgt inacceptable: si les deux fluides de part et d’autre de l'interface sont
visqueux, la dissipation est infinie. Il faudrait donc une énergie infinie
pour provoquer ce mouvement que nous observons quotidiennement!
On interprete habituellement ce phénomeéne en disant que le modele
classique n’est plus valable dans le voisinage de la ligne de contact. Il
n’y a pas dans ce probléme de petite longueur caractéristique a propre-
ment parler mais le modeéle de Cahn et Hilliard prédit que le modele
classique n’est plus valable & des échelles de I'ordre de I’épaisseur in-
terfgcia.]e. Notre étude est numérique, elle montre que le mouvement
stationnaire de la ligne de contact est possible et établit une relation
entre 'angle de contact et la vitesse.

Ces deux dernitres études montrent que le modele des fluides de
Cahn-Hilliard donne des résultats qualitativement conformes  la réalité

‘experlmentale dans des cas ou la théorie classique des interfaces est
inopérante.
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3.2 Film mince liquide

Dans ce paragraphe, nous étudions I'équilibre d’un film mince de liquide
en présence de sa vapeur et posé sur une paroi plane infinie et horizon-
tale. Si le film est sufisamment mince les interactions entre la paroi et
Vinterface liquide-vapeur peuvent influencer la stabilité de V'équilibre.
La description de ces interactions dépend du modgle utilisé.

Dans la théorie classique de la capillarité, il n’y a aucune interaction
(3 moins que des forces a longues portées soient introduites a travers
la notion de pression de disjonction). La gravité est alors ['unique
paramétre reglant la stabilité. On parle d’instabilité de Rayleigh-Tay-
lor. Nous montrons que, dans la théorie de Cahn-Hilliard, une interac-
tion a lieu sans qu'aucune force a longue portée ne soit introduite.

Pour éviter des problemes d’écriture de conditions & linfini, on sup-
pose le fluide compris entre deux plans horizontaux {z = —A} et
{z = B}. La recherche de I'équilibre est un probléme variationnel
unidirectionnel. L'énergie par unité de surface de la couche est

F= /AB(W(P) + %(VP)Q + pgz) dz — m_ap(—A)

oll g désigne l'accélération de la pesanteur et m_, est un coeflicient
lié aux propriétés de mouillabilité de la paroi {z = —A}. L’épaisseur
du film liquide ne peut pas étre fixée directement, aussi nous fixons la
masse M par unité de surface de la couche, quantité qui lui est lie.

Le probleme cst rendu adimensionnel en utilisant comme énergie
surfacique caractéristique o I'énergie surfacique d’une interface plane
loin de toute paroi et en 'abscence de gravité et comme longueur car-
actéristique Dépaisseur L de cette interface. Il apparait alors un petit
parametre sans dimension g, représentatif du rapport des efforts de
gravité sur les forces capillaires. La solution d’équilibre u, est ensuite
reché¥chée sous forme d’un développement asymptotique en puissances
de €.

On étudie la stabilité linéaire de Péquilibie relativement & des per-
turbations bidimensionnelles périodiques d’amplitude ® et de longueur
d’onde /—a. La recherche de la valeur de a pour laquelle la per-
turbation est neutre conduit & un probléme aux valeurs propres. Les
solutions de ce probleme sont elles-aussi cherchées sous la forme de
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développements asymptotiques en puissances de €. On montre d’abord
qu’en I’absence de paroi proche la premiére approximation pour « cor-
responFi au résultat classique de Rayleigh-Taylor. On obtient ensuite
dgs estimations de o en ’absence de gravité mais pour une paroi proche
faiblement puis fortement mouillante. ’

Les résultats sont schématisés dans la figure 5 de I'article. On note
une’transitjon tres rapide quand le paramétre de mouillabilité change
de signe. Si 'on interpréte ce résultat en terme de I'angle de contact que
ferait V'interface avec la paroi (si contact il y avait), la stabilité dépend
essentiellement du fait que cet angle soit inférieur ou supérieur & 7/2
De plus I'influence de la paroi sur la stabilité dépend de 1’épaisseu£
du film et décroit exponentiellement quand cette distance augmente
Cette décroissance semble étre un point caractéristique des fluides dé
Cahn-Hilliard et étre lide A la convergence exponentielle de la densité
vers la densité d’une phase lorsqu’on s'éloigne de V'interface.

Dans la derniére partie on compare les effets de la gravité a l'influ-
ence de la paroi. Dans un cas typique on s'apergoit que ces effets ne
s(?nt comparables que si I’épaisseur du film est de I’ordre d’une centaine
d’Angstrom. Ce résultat reste vrai dans des conditions de microgravité
Par contre on montre que les effets de paroi deviennent prépondéranté
quand la température est proche de la température critique.
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Larticle qui suit a été publié sous la référence: ” Equilvﬁbriumv of o
Cahn and Hilliard fluid on a wall: Influence of the wetting properties of
the fluid upon the stability of a thin liquid film, P. Seppecher, European
Journal of Mechanics B/Fluids, 12, n.1, p.69-84, 19987

Attention: Les notations de cet article different de celles utilisées dans
Pintroduction.

77

Err. J. Mech., BfFluids, 12, n° 1, €9-84, 1993

Equilibrium of a Cahn-Hilliard fluid on a wall: influence
of the wetting properties of the fluid upon the stability
of a thin liquid film

P. SEPPECHER *

ABSTRACT. — A thin liquid film rests on a plane substratum. We study the linear stability of this equilibrium.
Usually the stability properties depend upon gravity (as in the Rayleigh-Taylor instability) and not upon the
thickness of the film or upon the wetting properties of the fluid. Using the Cahn-Hilliard model for multiphase
fluid we show that such influences can be important. These influences decrease exponentially as the film
thickness increases and become more important if the gravity is weak and the fluid is close to its critical point.

1. Introduction

We analyze the equilibrium of a thin film of liquid surrounded by its vapor and resting
on an infinite plane (cf. Fig. 1). If the film of liquid is very thin the interactions between
the wall and the liquid-vapor interface may influence the stability of the equilibrium.
The description of such interactions depends upon the model used to describe the fluid.

There are no such interactions in the classical theory of capiilarity (unless the notion
of disjointing pressure is introduced, i.e., long-range forces between the wall and the
liquid-vapor interface). Then gravity is then the only parameter which influences the
equilibrium governed by the Rayleigh-Taylor instability [Taylor, 1950].

Here, our goal is to study these interactions within the framework of Cahn-Hilliard
theory [Cahn-Hilliard, 1959], [Casal, 1972], [Gatignol & Seppecher, 1986]. The Cahn-
Hilliard model treats both phases (vapor and liquid) as a single fluid. Its free energy
density depends not only on the mass density and the temperature but also on the
gradient of the mass density. We will not introduce any long range force.

This model is of mathematical interest (problem of minimizing a surface considered as
a limit of a more regular problem [Evans et al., 1992], [Modica, 1987 b], study of non-
convex functional, application of I'-convergence [Bouchitte, 1990)). It is also of mechani-
cal importance. As the consistency of this model with the second law of thermodynamics
is not obvious, it has been shown that we should add an unusual energy flux into the
energy balance equation [Dunn & Serrin, 1985] and that a suitable description of the

* Université de Toulon et du Var, B.P. n° 132, 83957 La Garde Cedex, France.
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forces in such a fluid is obtainable by using the virtual power principle in the case of the
second gradient theory [G & S, 1986}, (Germain, 1973]. In this theory the usual stress
tensor is no longer sufficient to describe the forces, an additional stress tensor (of order
three) is needed. This extra stress tensor is not intuitive in origin. The boundary conditions
in second gradient theory are very complex in the general case [G, 1973]. They can be
summarized in case of a Cahn-Hilliard fluid on a rigid wall, by the classical stick
condition and a sccond, unusual, condition: the normal derivative of the mass density is
to be given on the boundaries [Seppecher, 1989]. The last condition may be viewed as
giving information about the interactions between the fluid and the wall. It is connected
with the wetting properties of the fluid on the wall: when a liquid-vapor interface is in
contact with the wall the contact angle 0 formed at the common line is associated with
this data [Cahn, 1977}, [Modica, 1987 a}, [S, 1989].

The pratical value of the mode! is not clear. The exponential convergence of the mass
density to its values in the two phases has been criticized [De Gennes, 1985]. The accuracy
of the continuum mechanics approximation, in thin layers such as interfaces is not clear.
This objection is irrelevant when the fluid is close to its critical point {[Rowlinson &
Widom, 1984]. On the other hand, the coefficients used in the model are not known.
For example, the capillarity coefficient A {cf. Eq. (1)] is assumed to be constant since it
gives the model mathematical simplicity. Nevertheless this model is the simplest one
which describes interfaces.

The dependence of the free energy density upon the gradient of mass density introduces
a small characteristic length L (the characteristic thickness of the liquid-vapor interface).
It has been shown that, for a fixed domain, the problem of the equilibrium of a Cahn-
Hilliard fluid converges, as L tends to zero, to the classical problem of equilibrium with
interfaces (The Plateau problem) [M, 1987 a). So, we can expect different phenomena
only when this limiting procedure cannot be performed, i.e., if another characteristic
length is very small. For example, if the wall is not plane but oscillates with a small
wavelength we may expect a hysteresis phenomenon [Bouchitte & Seppecher, 1992}, when
studying the vicinity of 2 moving contact line we may expect the removal of the
dissipation singularity [Seppecher, 1991]). In the problem we deal with here, we expect
some new phenomena when the film is very thin. We emphasize that the study of
problems which may predict different results to the classical model of capillarity is the
only way to investigate the usefuiness of the Cahn-Hilliard model.

In the first section we recall the one-dimensional solution for the equilibrium of a
Cahn-Hilliard fluig (C, 1977]. Of the dimensionless variables of this equilibrium, three
are especially sigﬁif’lcant: the first denoted by &, is the ratio of gravity forces to capillarity
strengths inside the interface. the second, denoted by a, is the ratio of the thickness of
the liquid film to the thickness of the interface, the last, denoted by p characterizes the
wetting properties of the fluid at the wall. The sign of p is particularly significant. If p is
positive we will call the fluid a wetting fluid, if p is negative we will call it a slightly
wetting fluid. These two cases correspond to a contact angle smaller or larger than m/2.
The case where p is close to zero, i.e. if the contact angle is close to n/2, is called the
neutral case.
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In the second section we study the linear stability of this equilibrium in three cases. In
the first case the liquid film is much thicker than the interface (a=w). We show then
that the first approximation for the critical wavenumber is the classical value given by
the Rayleigh-Taylor theory. In the two other cases the thickness of the liquid film is
finite and there is no gravity. We show that the equilibrium is unstable if p<0, i.e., if
the fluid is slightly wetting. The equilibrium is stable if u>0. The influence of the wall
decreases exponentially as the thickness of the liquid film increases.

In the last part we compare the effects of gravity relative to the effects of the wall.
We show that, in usual conditions, and even in micro-gravity conditions, the effects of
the wall are insignificant. These effects may only become important for extremely thin
(some hundred Angstroms). However, when the temperature is close to the critical
temperature of the fluid, these effects may become important even for thick films.

2. The one-dimensional equilibrium

We consider a fluid resting between two infinite plane walls {z=~A} and {z=B}

(Fig. 1). At a given temperature the free energy per unit volume of the fluid is:
A 2
) E=W(p)+(Vp)?
i

lg i vapor

0

Al liguid film

/" / subscrate

Fig. |

=

energy

T
|
1
mass density v
Fig. 2
where p is the density of the fluid, W (p) is a non convex function (Fig.2)and A is a

coefficicnt assumed to be a constant (the capillarity coefficicnt).
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£

The surface energy of the layer is

@ F=Jm (W(p)+1/2(Vp)+pgzydz—m_sp(~A)=myp(B)

—-A

where g is the acceleration due to gravity, and m_, et my are coefficients related to the
wetting properties of the walls.

A one-dimensional equilibrium solution is the function p,(z) which minimizes F,
B
subject to the constraint j pdz=M.
—A
As we intend only to study the influence of the wall {z= — A} upon the equilibrium
we assume that my=0. M is the mass per unit area in the whole layer { —A<z<B‘}.
This data fixes the thickness of the liquid layer. This mass constraint is needed to obta{n
the Euler equation associated with the minimization problem (2). Afterwards we will
replace it with a given liquid film thickness.

The function p minimizing F is a solution of the differential equation
3) OW[dp — 18* p/dz* + gz=Const.
8 -
where J p=M, dp/8z=—m_,/k at z= — A and Gp/dz=0 at z=B.
-A
2.1. THE DIMENSIONLESS QUANTITIES AND ASSUMPTIONS

Let p - p p+q be the equation of the bitangent to the graph of the function W (Fig. 2)
and p, and p, be the values of the mass density at the contact points. We denote by ¢
the quantity (which is a surface energy):

€3] c=\/;rL(W(p)—pp—q)”’dp

3%

Further, we set p,=((p.— pv)/2) and p,=((p.+pv)/2)-
We choose as our characteristic length L=(p,)?A/c and define the dimensionless

quantities

5 X z a=— b=— u—p w
() L’ ’ ) .
\WY py—rp—4q Z)\, m_

W () )(pd) s = A’

02 20

2M Lpl
M, = a=g———i"

“Lp, o
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The problem is then to minimize the functional

(6) f=jb (w(u)+%u’2+eux>dx—pu(—a),

b
such that J udx=M,,
or to solve the differential equation

) 0—‘v—u"+8x=Consl.
Ju

b
with J udx=M,, ' (b)=0 and u'(—a)= —y,

where u' and u” denote du/dx and d* u/dx?, respectively.

Let u, be the solution of (7). The intervals where u, are close to +1 or — 1 coincide
with the liquid and vapor phases, the zone where u, varies from —1 to +1 coincides
with the interfacial zone. We study the solutions which correspond to an equilibrium of
a liquid film on the wall {x=—a}. We assume therefore that M, is such that the
solution w, is close to +1 near the wall x= —a and close to — 1 elsewhere (cf. Fig. 3
or 4 depending on the sign of p). We assume that «(0)=0 (this is not a restriction since
the origin x=0 may be chosen to be in the interfacial zone). With this choice for the
origin, @ and b are no longer free parameters for the problem but unknown quantities.
The width a+b of the layer is given but the ratio a/(a+b) is related to the parameter
M,. For large values of a and b we have approximately: My=ap, + 5 p,. From now on
we will choose a to be a parameter of our problem instead of M,.

The transition from the value +1 to the value —1 occurs in an interval of length of
order one. The characteristic length L which we have chosen is the characteristic thickness
of the interface.

We shall investigate the influence of the parameters a, p, € upon the equilibrium. Here
a is the ratio of the liquid film thickness to the interface thickness; generally it is a large
quantity; b is the ratio of the vapor phase thickness to the interface thickness. We assume
that b is large enough for its influence to be negligible: b=cc (A finite value for & was
necessary only to write the problem in the form (2)). ¢ is the ratio of the gravitational
energy of the interfacial zone to the surface tension: it is a small quantity even in the
case of large gravity. Finally p is the ratio of the surface energy of the wall-liquid
interface to the surface tension: this parameter is of order of one. Thus we have

b=oc, a>l, e<l, p=0().

2.2. BASIC EQUILIBRIUM SOLUTION

Under the conditions of no-gravity and with infinite boundaries (=0, a=b= o0, p=0)
it is easy to integrate the Eq. (7) to give

®) x=h(u) <« uy(x)=h"'(x)
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where h is the primitive: h(u)=j Q@w() Y2de.

o

This basic solution u, satisfies

’w

) ——Z(uo) uy=uy’ [by differentiation of (7))
Ou

and at the boundaries

(10) wp(£)=TF1,  up(x00)=0, ug(zo0)=0.

The surface energy of the fluid under these conditions is called the (dimensionless)

surface tension, denoted by €. Its value is 1. This is due to our choice of o as the

characteristic quantity for the energy, ¢ is actually the surface tension:

+w 1 +w "
&= J (w (o) + 3 u(')2> dx= ug dx

]

(11 e’=J+l(2»¢’(u))”zdu:1.

-1

2.3. THE EQUILIBRIUM WITH FINITE BOUNDARIES AND NO GRAVITY

If 4 <0 the equilibrium solution u, (x) looks like that in Figure 3. There isa _maximum
in u, at x=c (. (c)=0) (c<0). As the value of a is large but still finite, ' (c) is a small,

u

liquid film 1

T

1
o i %
2 ! —
? 8
. [ c

-1 vapor
-
interface

Fig. 3. — The density profile for a slightly wetting fluid.

non zero, negative quantity denoted by . As b is equal to infinity, we have u,(b)=— 1,
u, (by=0, u"" (b)=0.
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liguid film
- 1
- 1
=
© H H
3 -
a C b
-1
vapor
interface

Fig. 4. ~ The density for a wetting fluid.

If p>0 the equilibrium solution u,(x) is of the type presented in Figure 4. It is a
decreasing function with a point of inflexion at x=c : . (c)=0(c<0). As the value of a
is large but finite, u(c) is a small, non zero, negative quantity denoted k. As b is equal
to infinity, we have u,(b)= — 1, u,(b)=0, u)' (b)=0.

We remark that these descriptions are valid only if y is not close to zero. If 0<p <1
the function «, may have neither a maximum or a point of inflection. Also if |u|= O(1)
then ¢ is approximately a/2 so we have 1 <|c|, 1 <a—|c|.

3. Stability

We study the linear stability of the equilibrium to two-dimensional perturbations. The
equilibrium is stable if the variation of the surface energy due to a perturbation which is
periodic in the horizontal coordinate is positive for every wavelength. Computing this
variation and denoting by ®(x) the amplitude of the perturbation, we look for the
solutions (o, @) of the eigenvalue problem:

(’)Z
(12) —0—2’(ue)®+®"=-a¢', ' (—a)=' (b)=0,
u
or, for the value a, for the minimum of the functional:

Jb (82 wiou?) (u,) D + D'?) dx
[=2za

b
j D2 dx

where o> 0 (x <0) means that the equilibrium is stable (unstable).

(13) a=min T (D),
o

3. 1. THE CASE OF INFINITE BOUNDARIES: THE RAYLEIGH-TAYLOR INSTABILITY

When the liquid-vapor interface is sufficiently distant from the wall then gravity is the
only parameter which influences the stability.
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Under conditions of no gravity (¢=0) the equilibrium density u,(x) is given by the

equation (8) and ujy is equal to zero at the boundaries. Then the problem (12) has the

following simple solution:

%=0,  Dg(x)=u5(x).
With gravity small (0<¢<!) we can compute the equilibrium solution as an asymptotic
expansion in & : u,=u,+eu, + ..., u; is given by

52
(14) T (g (X)) 1y — u + x=0.

ou?
In the same way we look for the solution of the problem (12) as an asymptotic expansion
ing

=P, +ed + ..., a=ooten;+ ...

o, and @, are solutions of

Pw . w . ,
(15) ﬁ(%)“l“o’rﬁ(uo)q}x‘q’x‘flx“o:(l
By differentiation of (14) we get

3w , *w e m
7(”0)“0”1 +a—uz‘(”o(x))“1‘“1 +1=0,

So that (15) becomes

3w e o w " ,
ey (ug) uy + 1y = 1+ — (ug) @~ Y ~ 0 up=0,
Ou ou
and using (9)
(16) —ufy u Fuguy —up g @ —ug Y oy ug =0.

Integrating this equation from — oo to + o we get
R + o
- [u‘o’+u6'u'1—u},u'l'-i’u()d)’,—ugd)l]_:—Fa,J ug dx=0.
Finally, using (10) and (11), we have
a,=+2.

The first approximation for « is then a=2¢. This is the classical result for Rayleigh
Taylor instability: if € is positive, i.e. if g is positive, the equilibrium of the interface is
stable. If € is negative this equilibrium is unstable and the critical wave number n_ is
given by: n,=(— )2 =(~2¢)"? i.e. in dimensional the critical wave number is n.=n,L
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or
(17 S22 [lg|(o—py)
= —

3.2. THE CASE OF A FINITE BOUNDARY AND NO GRAVITY FOR A SLIGHTLY WETTING FLUID: m <0

Now we study the case pu<0. The equilibri it i i i
X quilibrium solution u, (x) is described in 2
the parameters ¢ and v are also defined. ) rbedin 2.3 where

We denote by ® e H'! ({— a, b]) the function defined by

D, (x)=0, Vxe[~a, ],
Do (X)=uyx), Vxelc, b].

We have
b
J (9 wjou®) @Y+ d2) dx
T (@g)==

b
f @3 dx
Since

b /3% b /52 b
24 a2 _ W, o
£ (auz 5+ P )dX = J <‘&‘u_z Ul +u] 2) dx:J‘ (" up+ ) w) dxe=[u w))t =0,

then I'(®g)=0 and «a <0 i.e. the equilibrium is unstable.

Let us now search for an approximation to o. Defining ¥ =@~ ®,, we have
b
'[ (@ w/Au?)u't+ ') dx
¢

b b
+ zj (@ wjou?)u, ¥ + uw, ¥’ dx+J' (9* widu?) W2+ Y2y dx

a=min
v b
J (D, + W) dx
.€
b b
zf (az“’/a"zui‘*’ﬂLuL"i")d“f (0 w)ou?) ¥+ %) dx
o =min—=< -a

v b
j (‘Do + \*;)2 dx
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b
2[u' ¥ "—J (8% w/ou?) ¥ +¥' %) dx
(18) o= min e B

¥ b b v
J ugzdﬁj (2u;‘{")dx+J W2 dx

As a>1 we have v<1 and the function ¥ minimizing the functional (18) is such that
¥ <1 [Eq. (22) is an a posteriori justification of this assumption). The first approximation
for o is then given by

—20¥ (c)+ jb (8% wjour)¥* + W2y dx

-a

(19) azmin b
¥ J u'dx

Defining s* = 82 w/du? (4, (¢)) and taking a number d such that
(20 led<lcl, |ctal,

Then u, is almost constant in Jc—d, c+df. Therefore 82 wfou? (u,) is almost constant:

w,ouz (1) =s?=0(1). The function ¥ minimizing the functional decreases exponen-
tlally with the distance from c. The distance characterizing this decrease is of order one.
We have the successive approximations

c+d
~2w<c)+f (P W2+ ¥ dx

. c—d
o=mm-—m———_—

b
¥
J ultdx
c

and

+ o
Vzv‘{"(c)-%J‘ (P2 + ) dx

)

@ ., osmin ]
. v j 2 de

The function minimizing (21) is then given by:

¥ (x)=0v/25 exp (+s(x—¢)), on [—o,d],
(22) {

W (x)=1/2s exp(—s(x—¢)), on [c, +co],
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b + o
moreover J u.? dx;J ug? dx=e*=1 so that
c

—w

(23) ax -2

We now estimate the value of v. When u=1 we have w(u)=s?(1—u). Let us denote
u.(c)—u by 8. When §=0, § is given by the differential equation

52 s 82
24 Z =2
(24) SR

Its solution has the following form:

25) 5(x)=2(ch(s(x=c)~1).
S

When ]p| is of order one we have —c=a+c=a/2, so § is of order one at the wall and
in the liquid-vapor interface. Thus we have

v sa

—{ch|=}-1]=0Q

52( (2> > o
with v<l, a> 1, s=0(1). Also

26) v=0 (232 exp (7%)) .

27 a=0(—2s% exp (—sa)).

In order to write (27) interms of dimensional quantities, let us introduce a=o/L? and S
the speed of sound in the liquid phase: S2=p, (6% W/dp?) (p) =5 (p, 0%/ps1).We have

2g3
28) a=-0(-2PS_ (-3 _A)).
07\112 pzlz XXIZ plL/Z

3.3. THE CASE OF A FINITE BOUNDARY AND NO GRAVITY FOR A WETTING FLUID: m > (.

Nov we study the case p>0. The equilibrivm solution. u, (x) is described in 2.3 where
the parameters ¢ and k are also defined. We denote by ®,eH'([—a, b)) the function
defined by

Qo (x)=k, Vxe[-ad
Do (x) =1, (x), Vxele, b).
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¥

As in the previous case let us take @ =®,+ ¥:
c alw < azw
=mi k? )dx+2 —kW¥ |dx
e e mJ"{U‘.(auz )x J(a )
b 2 b 2
(b axr2 uu;‘{’+u;"{/')dx
C\aw? ¢ .\ ou?
b BZW b ) -1
+ — W2+ 92 ) dx (g + W) dx X
—o\Ou? -a

however
b 2
Tt u;'z> dx=[u =0,
.\ au?
and
b 2
O iy ‘F‘) dx=[u ¥ =0,
o \au? .
and
b b
J (¢0+‘P)zdx;J. (W) dx=e=1,
SO

c(Pw , < (w b Pw,, 2
— i - —= W2+ W2 | ds
(30) oc—n::n{(ﬁa<au2k>dx+2~£a<au2k‘l’ dx+ . auz‘{’ X
The function ¥ minimizing this functional decreases exponentially with distance ¢ in
[c, ] and ‘¥ + k decreases exponentially with distance from ¢ in [—a, ¢}. The characteristic
distances for the decrease is of order one [¢f. Eq. (32)].
wWith the same notation as in (20), (21) we have

< (0w P w 2
o min — (P+E)P+ P +E)? Jde+ —— PP dx
e—a\ Ou? . du

Y
. wl

+ w
(+* \;/1+\y'2)}

¢

31 a;min),f (fz(W+k)2+(T+k)’2)+J
v o
The function minimizing (31) is then given by

32) { Y(x)=—k/2(2—exp(+s(x—¢))) in [—o,c]

V()= k2 exp (—s(x—¢)) in [, +o0]

EUROPEAN JOURNAL OF MECHANICS, B/FLUIDS. VOL. 12, N¢ 1, 1993

EQUILIBRIUM OF A CAHN-HILLIARD FLUID 89
(33) o —

We now estimate k. With the same notation as in (24), when 8=0, 8 is given by the
differential equation

(34 8'2=528%+k2

The solution has the following form:

(3%) 5(x~c)=;~(xh(3(x-—c)).
s

When p is of order one we have —c¢=a+c=al?, so that § is of order one at the wall
and in the liquid-vapor interface. Thus

’55/1@):0(1) with k<1, a>1,  s=0(l).
s

2
Also
(36) k=0(2xexp (7“))
and
37 =025 exp(—sa))

i.e. in dimensional terms

- j'j
a=0(2§ exp (—_va))

or
_ 2 2¢Q3
(38) a=0 pésexp 7LA .
G)\IIZ pill lIIZ ptll

3.4. THE CASE OF A FINITE BOUNDARY AND NO GRAVITY FOR THE NEUTRAL CASE m = ()

If || <1 the approximations (26) and (56) are no longer appropriate.

When p=0, the density profile «, has a maximum when x= —q. The computations
are similar to those in 3.2. The approximations (21) and (26) are suitably modified and
we get the approximation:

39) o — 0 (45 exp (—2sa))
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We now calculate the value of p for which o=0. If =0 the solution (_)f (12) is D=u,.
Then u)(—a)=0 and the density profile has a point of inflexion at x=-—a.
u,(—a)=k= -y, where k may be estimated in the same way as led to (34), (35), (36).
We get the approximation

(40) pu=O0(2s exp (—sa)).
| a)
[P Ty SN
- *E eTa T T Lo - - =
A
13
¥
a STABLE
>‘5< N
LN m
"
518 UNSTASLE
a8
|
I -
[ R et -
no wetting Islightly wecting[_ wetting

Fig. S. — The influence of the wetting properties
of the fluid upon its stability.

These results are recorded in Figure 5. We notice that outside of the vicinity of the zero,
the actual value of p is unimportant, the important parameter is the sign of p.

4. A comparison of gravitational effects with wall proximity effects

4.1. THE CASE OF PURE WATER IN ORDINARY CONDITIONS OR IN MICRO-GRAVITY CONDITIONS
We use the units of internal capillarity (U.C.L) defined in [Casgl & Gf)u-in, 1988_]:1;116
length unit is 5 10719 m, the mass unit is 1,5 % 1072% kg, and the time unitis 7x 107" s.
Following the computation by [C & G, 1988], using a van der Waals function for W,
we get:
A=1U.C.L; 0©=0.22UCIL; p,=0.5UCIL;
41) _L=1UCI; g=10""*U.CI; S$S=1.4U.CL;
e=2x 10714,

The wall proximity effects are comparable with the gravitational effects when the
liquid film thickness is of order of L/S|Ln (e)| i.e. when

A=0(2U.CL)=0(10A).

We emphasize that the effects of the proximity of the wall are weak in the case of
liquid films of ordinary thickness. This result is true even in microgravity conditions:
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For example, if the gravity is 107° g we have
e=2x10"2%  A=0@31U.CL)=0(160A)

We remark that the use of continuum mechanics in such thin films is typical for the
Cahn-Hilliard model and has already been discussed in the introduction.

4.2. THE VICINITY OF THE CRITICAL POINT

We follow here [Rowlinson & Widom, 1984]. These authors studied interfaces in the
vicinity of the critical point. Every parameter of the fluid depends upon the “distance
from the critical point”™: T—T,. (Where T, denotes the critical temperature of the fluid).
The results of [R& W, 1984] are

2w _ s
(42) P pv~|T-T,|% o—pz(mth*Tf! 5 G~ |T—T 7" 28,

Thus, for the quantities we have defined,
43) S~|T-T.| "% L~|T-T. ™ e~|T~T, | v s~|T~T,|°.

The maximum film thickness for which the wall effects are substantial is

A~k Lo(e)~|T=T.| "*Ln(T-T.]).
s .

The exponents are, according to mean field theory, B=1/2, y=1, v=1/2, but are
actually [R & W, 1984] closer to

B=0.32; y=1.24; v=0.63.

The thickness A therefore diverges at the critical temperature. Moreover it diverges
faster than does the characteristic thickness of the interface.

The wall effects which are negligible in usual conditions, may become very important
when gravity is weak and when the temperature is close to the critical temperature.

There is some uncertainty about these results. The approximations (12)-(17) we used
are accurate if e<l. But e diverges at the critical temperature [see (43)]. We must
therefore assume that some value of the temperature exists such that both approximations
£<1 and (43) are valid.

On the other hand the model we use to describe the fluid is a very simple one which
does not take into account long-range interactions. The exponential decrease of the wall’s
influence is a characteristic phenomenon for this model. It is associated with the exponen-
tial convergence of the density to the density in the phases, and this exponential
convergence has been criticized [De G, 1985].
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3.3 Bulles microscopiques

Dans ce paragraphe on s’intéresse a Péquilibre de bulles de tres pe-
tite taille (quand le rayon de la bulle est du méme ordre de grandeur
que P'épaisseur caractéristique de l'interface). Pour de si petit:s bulles
le rayon R est en fait mal défini puisque I'incertitude sur la positiori
C?(? l’mt.erface est du méme ordre de grandeur. De la méme manitre
l énergie superficielle o (celle qui est contenue dans I'interface) est mal
définie puisque la séparation entre interface et bulle proprement dite
n’est pas précise. Or des données expérimentales existent qui relient ces
Fieux quantités pour de treés faibles valeurs du rayon. Nous cherchons &
.Interpréter ces données et a les comparer & des prédictions théoriques
issues du modele de Cahn-Hilliard. Ces données sont généralement
ohbtenues par mesure de la différence des contraintes p, — Py entre l'inté-
rieur et I'extérieur de la bulle et par mesure de I'énergie W de nucléation
de la bulle, or, dans la théorie classique des interfaces, ces deux quan-
tités sont liées & R et o grace & 'utilisation de Péquation de Laplace!:

b=y = vQU
t — Do R
W =4/3 7R%

Ainsi R et o sont-ils estimés en résolvant ce systéme de deux équations:

b [BW—p)?\
167

R = (i) d
277(17! _pv)

Nous calculons les expressions de W et de Pi — Py en théorie de Cahn-
Hilliard, puis nous définissons le rayon et la tension superficielle a
trayers les équations précédentes. Précisons que la différence dus con-
traintes (pressions) p; — p, ne doit pas étre confondue avec la différence

17 o4 - )
; I:fequatxon de Laplace énonce que le saut de pression entre I'intérieur et
extérieur de la bulle est égal au produit de la tension superficielle par la cour-
bure moyenne de I'interface.
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des pressions thermodynamiques: en effet, dar'ls une bulle de trés pe-
tite taille, ’homogénéité n’est pas atteinte et l’1nﬂuen?e’de la variation
de densité (du Laplacien de p) ne peut pas étre néghgee. N.o.tons que
des calculs numériques ont étés effectués par G. Rotoli en utilisant nos
résultats (cf. G.Rotoli, Report. Dip. Energetica, Un.w, dell Aqyzitlz,
Italy, 1994). Il montrent un comportement de la tenfmn /Sl.lperﬁCIO e
en fonction du rayon qualitativement en accord avec l'expérience.

.

L’article qui suit a été publié sous la référence: ” Radius and surface
tencion of microscopic bubbles by second gradient theory, F.dell’Isola,
H.Gouin and P.Seppecher, C.R.Acad.Sct, t. 320, Série 1Ib, p. 211-216,
1995

Attention: Les notations de cet article different de celles utilisées dans
Pintroduction.

C. R. Acad. Sci. Paris, t. 320, Série Il b, p. 211-216, 1995 95

Meécanique des milieux continus/Continuum Mechanics
(Physique des surfaces et des interfaces/Surface and Interface Physics)

Radius and surface tension of microscopic bubbles
by second gradient theory

Francesco peLL’IsoLa, Henri Goun and Pierre SEPPECHER

Abstract - The classical theory of Laplace is not suitable for describing the behaviour of microscopic
bubbles. The theory of second gradient fluids (which are able to exert shear stresses in equi]ibrium

Rayon et tension superficielle des bulles microscopiques
en théorie du second gradient
Résumé ~ La théorie de Laplace est inadaptée pour étudier les bulles de dimensions moléculaires. La
théorie des fluides doués de capillarité interne nous permet de proposer une expression de la tension

superficielle et du rayon des bulles comme fonctionnelles du potentiel chimique. Cette expression, en
accord avec I'expérience, améliore les résultats obtemus par Cahn-Hilliard et Tolman.

Version frangaise abrégée —~ Pour étudier le comportement d’un fluide fortement hétérogéne
on ajoute i Pexpression de la densité d’énergie libre d’un fluide homogéne un terme limité, le
plus souvent, 4 un développement au second ordre en gradients (Cahn, 1959; Serrin, 1986).
Les équations du mouvement de ces fluides sont obtenues par Ja théorie du second gradient
(Casal, 1961; Germain, 1973).

Tolman (1948) a étudié la tension superficielle des bulles en fonction de leur rayon. Des
mesures expérimentales ont été faites pour des bulles de dimensions quasi moléculaires (Fisher,
1980; Kumar, 1991). Pour de telles dimensions la théorie de Laplace est disqualifice car la
bulle de vapeur devient linterface elle-méme. I est néanmoins important de donner une
dimension et une énergie pour des germes microscopiques puis de les comparer 2 un modéle
équivalent de type Laplace. On peut ainsi interpréter les résultats des expériences. Le modéle
le plus simple de fluide de second gradient ne fait intervenis qu'une seule constante physique
supplémentaire C. L’équation de I'équilibre est alors (1) (Serrin, 1986) ot 7 S’interpréte comme
le tenseur des contraintes, (2, p et P désignent respectivernent le potentiel des forces de masse,
la densité de masse et la pression thermodynamique. Si les forces de masse sont négligeables,
Péquilibre isotherme d’une bulle supposée sphérique dans une phase liquide de densité p;
est représenté par une solution de Péquation (4). Pour chaque valeur de p; dans une plage
convenable on obtient un profil croissant unique et donc une valeur p,, de la densité au centre
de la bulle. La régle de Gibbs est donc bien vérifiee. Nous comparons Pénergie libre d'un
fluide homogeéne de densité pg contenu dans un domaine D et P'énergie libre de la méme masse
de fluide dans D formée par un liquide homogéne contenant une petite bulle V. Cela nous
conduit aux expressions (7) et (8) pour I'énergie de nucléation W d’une bulle dans un domaine
infini, respectivement en théorie de Laplace et en théorie de second gradient. Les conditions
d’équilibre liquide-vapeur en théorie de Laplace permettent d’écrire W sous la forme (11). La
série d’égalités (5), (6), (12), (13). (14) montre que ce résultat se généralise sous la forme (15)
o RZ, désigne la valeur moyenne de 2 relativement i la mesure 0. En théoric du second

Note présentée par Paul Germany.

1251-8069/95/03200211 $ 2.00 © Académie des Sciences
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¥

gradient, le tenseur des contraintes est sphérique a Porigine ainsi qu'a Pinfini mais, alors qu’a
Pinfini la pression se confond avec la pression thermodynamique p; = P (p1), cela est faux a
Porigine ot p, = P (p,) — C py Apy,. En identifiant la différence de pression entre Porigine et
I'infini ainsi que I'énergie de nucléation dans les deux théories, on obtient les définitions (17),
(18) pour le rayon R et la tension superficielle o de la bulle. Notre raisonnement est basé sur
I’équation (1) obtenue par un modéle de mécanique des milicux continus. 1] faut noter que van
Kampen (1964) a obtenu la méme équation par des considérations de mécanique statistique.
L'équation (14) nous permet d’évaluer P’énergic de nucléation 2 partir du profil de densité donc
de p;. La détermination du rayon et de la tension de surface d’une bulle microscopique par
identification de 1'énergie de nucléation et du saut de pression donné par la théorie de Laplace
avec les quantités correspondantes en théorie du second gradient n’a jamais été utilisée dans la
littérature : par exemple Cabn (1959) et Evans (1979) ont utilisé une expression de la tension
superficielle valable pour une interface plane uniquement et n'ont pas étudié la relation liant
le rayon et la tension superficielle. Nos équations (17), (18) forment une telle relation sous
forme implicite : le rayon et la tension superficielle dépendent tous deux du profil de densité
qui lui-méme dépend de p;. Notre expression de la tension de la tension de surface se réduit
quand le rayon de la bulle R tend vers 'infini (.e. quand py tend vers la valeur plp valable pour
une interface plane) a Pexpression usuelle (Cahn, 1959). L’¢tude des variations de la tension
superficielle en fonction du rayon nécessite le choix d’une loi d’état. En utilisant les potentiels
chimiques du type van der Vaals proposés par van Kampen (1964), Rocard (1967) ou Peng
(1976), des expériences numériques ont €té menées par G. Rotoli (1994). Elles montrent que,
pour des bulles de rayon voisin du rayon critique, la variation prévﬁc de la tension superficielle
correspond aux mesures expérimentales de Katz (1976) et Fisher (1980) ce qui n'est pas le cas
pour les prévisions de Tolman (1947) et Kumar (1991).

1. InTrODUCTION. — The microscopic bubbles we consider in this paper contain enough
molecules to be modelled as a continuous strongly non-homogeneous system. To the
classical expression for the free energy valid for homogeneous continua has to be added a
term depending on the variation of mass density. Usually the additional term is assumed to
depend on the gradient of density only (Cahn, 1959; Serrin, 1986). Hence the expression
for stress tensor differs from that valid for elastic fluids as even in equilibdium conditions
shear components also appear. The form of balance equation of force valid for second
gradient fluids is found in Germain (1973), Casal (1962). In 1948, Tolman established,
using a Gibbs-like approach to Laplace theory, some relationships between the radius and
the surface tension of bubbles in equilibrium with their liquid phase. This work produced
many theoretical and experimental investigations concerning bubbles of quasi-molecular
dimensions (lfiéﬁér, 1980; Kumar, 1991). In this case the theory of Laplace is not suitable
as the vapour bubble consists mainly or exclusively of the interfacial phase. However, to
interpret the experimental evidence it 1s still important to attribute a radius and an energy
to microscopic germs: we do this by means of an equivalent model of Laplace type.
We note that Cahn and Hilliard did not consider the mechanical aspect of the nucleation
phenomenon. They only considered the thermodynamic pressure (i.e. the spherical part of
stress tensor deriving from the classical expression for free energy) while in Casal (1985)
is shown, for second gradient fluids, the existence of a capillary non-spherical stress tensor
whose trace includes-but does not reduce to—quoted thermodynamic pressure. The analysis
of some preliminary numerical calculations allows us to conclude that the theory of second

Microscopic bubbles by second gradient theory ' a 7
grafilen[ fluids, rein_terpreted through a comparison with Laplace theory, leads to predictions
Lloscr' l.o the experimental evidence than those available in the literature for radii close to
the cm-lcal one. A further improvement is conceivable considering non-constant capillarity
coefficient as suggested by De Gennes (1981).

2. EQUILIBRIUM OF BUBBLES AND GIBBS RULE BY THE SECOND GRADIENT THEORY. — The balance
equations of force for capillary fluids are available in the literature (see e.g. Serrin 1986)
Th; most simple model taking into account the non-homogeneity effegts intro&uces z;
unique additional physical constant C (Casal, 1985). Its value in mks units is very small:
its effects are notable only inside interfaces. Balance of forces, in equiibrium conditions;

reads (7, p, Q denoting stress tensor of non-dissipati i i i
( pative capillary fluids,
potential of body forces): i s density and

(n divr — pgrad Q=0

with
¢ C (g[adp)
7*—7)11‘1“ glad/)@gxadp, wherep~P~C‘+CpAp,

P and A are the thermodynamic pressure and the Laplace operator. Equation (1) implies:

) grad P + pgrad (2 — C Ap) = 0.

Assuming isothermnal equilibrium conditions, this last relationship becomes:

©) u(p)— CAp+ Q = const.

‘whcre # is the specific free enthalpy (i.e. the chemical Gibbs potential) relative to the fluid
ina howogeneous state with mass density p and temperature 7. If 2 is negligible, the
equ111_bnum of a bubble surrounded by its liquid phase with density py is reprcse:ted b a
spherically symmetric profile of density verifying (Rocard, 1952; Cahn, 1959): g

d? C d
" P p
@ Cgr';+275;:l‘(ﬂ)‘u(/h)-

Equat-ion (4) 1s 10 be supplemented with appropriate boundary conditions: (a) because of
spherical symmetry, the derivative of p vanishes at the origin: (b) as we have assumed that
th: _bubb]c 1s surrounded by a homogencous liquid the same condition holds at infinity. I1f
pr s the d?nsity of the liquid phase in the equilibrium state with plane interface and ;he
functx('m 4 is smooth enough then the theory of Fuchs equations (Valiron, 1950) implies
that: (1? for every p; in an interval [Pms p,P[ equation (4) and conditions (a)-(b) uniquely
de'terrnlne an increasing mass density profile p (r) and in particular its value po at the
origin: we say that p (r) verifies the capillary fluids version of the Gibbs Pha;e Rule;
(i) p is tvw1ce differentiable at the origin; (iii) as (du/dp) (m) > 0, p converges at leas;
exponentially to p; when 7 tends to infinity. Denoting with a prim= the radial derivative
and with ¢ the free energy per unit volume equation (4) implies:

v, 20, /
) Co" '+ —=p=pu(p)p' — (o)

9 /" r2c 72
© 27 [ @ =0 ()0 () + o) (5 - 0



98 F. dell’Isola, H. Gouin and P. Seppecher

3. NUCLEATION ENERGY OF BUBBLES. — We deal here with bubbles which are small with
respect to a typical size of the liquid phase. More precisely, a mass density field p, whose
mean value is po. in a domain D of volume v (D) represents a small bubble if p; and € € 1
exist such that B := {z € D/ |(p(z) — p1)/po| > €} satisfies v (B)/v (D) < €. We note

that, as /D (p— po)dV =0, |{po— p1)/po| = O (€). We now evaluate (in the absence

of capillarity effects and at the first order of approximation in ¢) the difference between
the free energy of such a small bubble configuration and the homogeneous configuration
of density po. This difference, which is part of the nucleation energy of the bubble, is

w= (¥ (p) = % (po)) dV.

As'/DpodV= /DpdV, the energyw:/ (¥ (p) —ap—1(po) +apo)dV does not
. D

depend on the choice of the constant a. The total energy is well defined but its localization
is somewhat arbitrary. This indetermination is related to the arbitrariness in the choice of
chemical potentials. With the choice a = p (p1) the energy is localized inside B. Indeed,
using the previous estimation for pg — o1 we obtain:

w=/B(w(P)-M(m)(ﬂ~pz)*w(m))dV+O(fg)-

To the non-capillary part of nucleation energy of a bubble in an unbounded domain we
have to add the interfacial (capillary) energy. In the Gibbs-Laplace theory we have for
bubbles of radius R and surface tension o:

0] W=4dnRo+4/3n R (p) — ¥ (o) + (o) (o0 = po))-

In the theory of second gradient fluids, following Cahn and Hilliard, we have:
C

® W= [ [0 =00 +r () (=) + 5 (erad o]0V

Let P := pu — 1 denote the thermodynamic pressure. The conditions

) (o)) = u(p),

(10 Po) - P (0=

valid - for isothermal equilibrium ~ only in Laplace theory, transtorm equation (7) into:

an W =4/37 R0

and imply that the nucleation energy of the bubble is the third of the creation energy
of its interface. }Ve can extend this result to the theory of second gradient fluids. Let
& (p) := ¥ (9) =% (p1) — 1 (p1) (p ~ m); multiplying equation (6) by r?, integrating it
over [0, 0o}, and using (6) again, we obtain:

- e . .
a  [Te(Gorew)a | o+ [ 2wy de| ar =0

(3 [ (Grrom)irs 5 (o0 gp”)r —0.
:
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Because of (i)-(iii) of section 2 the last addend vanishes so that we obtain

= 2 ¢ 12 4 < 2 12
(14) W=4mn Plep+ oo dr=357 Crep*dr
0 2 3 Jo
Denoting R2, the mean value of 7* with respect to the measure p’2 dr, equation (14) reads
4 = C
(15) W= §ﬂ%f,,/o —2—p'2d'r
For a large enough bubble (i.e. when p; tends to pf): (i) Ry, is the radius (it), equation (15)

o
reduces to (11), as surface tension for plane interfaces is / C p%dr.
0

4. COMPARISON BETWEEN LAPLACE AND SECOND GRADIENT THEORIES. EQUIVALENT BUBBLES. —
In second gradient theory the stress tensor in the centre of a spherical bubble takes the value
7 = —p, Id where p, = P (p,)). As equation (4) implies C'py Apy = pu (p (o) — 1 (p1))
we have

(16) pu—pz:1&(9:)—w(pu)+#(m)(p»~pz)~

Let us note that this difference is not equal to the corresponding difference of
thermodynamic pressures as. for microscopic bubbles, (p1) differs from p (p.). As
experimental results (Fisher, 1980) deal with measures of stresses, then we have to use
p, — i instead of P (p,)~ P {p1) in the comparison between Laplace and second gradient
theory. We can now define the surface tension and the radius of a bubble by identifying
the nucleation energies and the pressure differences computed in both theories. Indeed

p, —p =20/R and (4/3)1r/ Cr? p? dr = (4/3) © R* o imply
0

oo 1/3
an R:[2C/ sz'ZdT] [11)(/::)*_'«ll(pu)+u(m)(pv—p:)]'”3

C [* 5 » 3 2/3
(18) o= [Z/ rp dr] W (o) = ¥ () + 1 (o) (P = pi)]
0

5. CONCLUSIONS. — Let us notice that our treatment is based on equation (1) obtained
by a continuum model. However, van Kampen (1964) has obtained the same differential
equation using ideas and methods of statistical mechanics. Equation (14) has allowed
us to evaluate the nucleation free energy of a bubble, once the mass density profile is
known, i.e. once the liquid phase density p; has been assigned. Equation (16) allows
us to understand the difference between thermodynamic and stress pressure. These two
equations do not depend on a particular constitutive law and determine the radius and
surface tension for a microscopic bubble. This is done by idenufying the piessure jump and
nucleation energy of Laplace theory with the comresponding quantities in second gradient
theory. This method has never been used in the literature: for example, Cahn (1959) and
Evans (1979) used for surface tension the expression valid for plane interfaces, and did not
jinvestigate the relationship between surface tension and radius. Our equations (17)-(18)
give such a relationship in an implicit form: in fact, both surface tension and radius depend
on the density profile, which, in wrn, depends on pi. When the radius tends to infinity,
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Sur expression for surface tension reduces to that for plane interfaces. We observe that
the relationship between ¢ and R depends on thermodynamic potential. Some numerical
experiments were performed by Rotoli (1994), using our equations (17)-(18) and van
der Waals-type potential proposed by van Kampen (1964), Rocard (1967), Peng (1976).
He was able to observe that, for bubbles whose radius is close to the critical one, the
predicted variations of the surface tension (for water and cyclohexane at 20°C) are in good
agreement with the experimental observations (Katz, 1976; Fisher, 1980). This is not the
case for the theoretical treatment proposed by Tolman (1947) and Kumar (1991).

The author thanks Dr. Giacomo Rotoli for letting him know his preliminary results and Prof. A. Di Carlo
for his criticism.

Note remise le 22 aoit 1994, acceptée aprés révision le 6 janvier 1995.
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3.4 Ligne de contact en mouvement

Dans ce paragraphe on étudie le mouvement d’une interface relative-
ment a un paroi plane. Notre but est de comprendre comment ce mou-
vement est possible, avec quelle dissipation il se produit et comment
I'angle de contact varie suivant la vitesse.

L’angle de contact formé par une interface et une paroi avec laquel-
le elle est en contact est un paramétre physique trés important (en
dépendent, par exemple: la forme d’une goutte posée sur un plan, la
hauteur atteinte par un fluide dans un tube capillaire, la difficulté a
extraire un fluide d’un milieu poreux). Ce paramétre modélise les in-
teractions mécaniques entre la paroi et le fluide & 'équilibre. Quand
linterface est en mouvement relativement a la paroi ces interactions
ne peuvent pas étre modélisées de maniére simple. On sait que les hy-
pothéses que i) les deux phases sont visqueuses et ii} qu’elles ne glissent
pas sur la paroi, conduisent & une singularité de force & la ligne de con-
tact. La raison fondamentale de ce phénoméne est que la condition de
non glissement des fluides & la paroi ajoutée & la loi de conservation de
la masse implique une discontinuité du champ des vitesses a la ligne
de contact: le champ des vitesses ne peut donc appartenir & 1’espace
fonctionnel H'. Or la dissipation totale dans le milieu est équivalente
4 la norme H!, elle est donc infinie. 11 y a donc la un paradoxe di a
la modélisation: une énergic infinie serait nécessaire pour déplacer une
interface le long d’une paroci. Cela est contraire 3 Pexpérience quoti-
dienne. Notons que ce probléme demeure quand le transfert de masse
est autorisé & travers I'interface. Un autre point est aussi paradoxal,
bien que moins souvent remarqué: le saut de pression divergerait au
voisinage de la ligne de contact. Or ce saut est 1ié & la courbure de la
surface (par la loi de Laplace), ’angle formé par la tangente & l'interface
et la paroi divergerait aussi, situation qui n’a pas de sens physique.

Les méthodes utilisées habituellement pour résoudre ce paradoxe
consistent a relaxer certaines hypothéses de comportement: 'un des
fluides est supposé non visqueux ou les fluides sont autorisés & glisser
sur la paroi. On peut encore admettre que I'interface n’atteint pas la
paroi mais qu’'un film mince de liquide (le film précurseur) la recouvre
(dans ce cas le probléme est en fait repoussé & extrémité du film).

Dans I'article qui suit on utilise le modéle de Cahn et Hilliard (qui
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présente l'avantage de n’avoir pas été concu pour résoudre ce para-
doxe). Le premier probleme est de restreindre ’étude au voisinage de
la ligne de contact. On sépare donc trois zones. La premiere est la
zone extérieure dans laquelle Vinertie, les efforts extérieurs ainsi que
la géométrie compléte du probleme sont influents. La deuxiéme est la
zone intermédiaire olt ces paramétres sont d’influence négligeables mais
ot la théorie classique des interfaces est encore valable. La troisieme
est 1a zone interne, petit voisinage de la ligne de contact ou la théorie
des fluides de Cahn-Hilliard doit étre utilisée.

Dans la zone intermédiaire une solution analytique est recherchée
en supposant que l'interface est quasi plane (formant un angle ® avec
la paroi), que les phases sont faiblement compressibles et que le trans-
fert de masse & travers l'interface est négligeable dans cette zone. La
solution obtenue tient compte d’un éventuel flux de masse D (effet
d'un éventuel transfert de masse & travers I'interface dans la zone in-
terne). Ainsi la solution dépend de deux parametres D et ® que nous
interprétons comme traduisant I'influence de I’écoulement externe sur
Pécoulement au voisinage de la ligne de contact. Cette solution est utile
pour écrire les conditions aux limites du probleme interne.

Le probleme interne est alors un probleme de type Stokes station-
naire pour un fluide de Cahn-Hilliard. Les conditions aux limites étant
de type Dirichlet pour le champ de vitesse, de type Neumann pour le
chamip de densité. De plus la masse totale M contenue dans le domaine
est donnée.

La solution est recherchée par une méthode numérique consistant a
minimiser 'énergie et la dissipation alternativement. Les parametres
M, D, et ® sont adaptés de maniere a ce que, sur la frontiere avec la
zone intermédiaire, la tangente a linterface fasse un angle ® avec la
paroi et que la courbure de linterface amnsi que le transfert de masse
soient nuls.

. Le champ de densité dans la zone interne, dans un cas typique,
est représenté dans la figure 4 de l'article, les lignes de courant cor-
respondantes étant reprisentées clans la figure 5. On voit comment la
singularité est supprimée, de plus les variations importantes de direc-
tion de Vinterface restent confinées au voisinage de la paroi et l'angle
de contact apparent semble bien défini (il correspond a langle ®). Cet
angle dépend de la vitesse de l'interface relativement a la paroi, cette
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dépendance est illustrée dans la figure 6 (le nombre capillaire C, est le
parametre sans dimension représentatif de cette vitesse).

Diverses théories de I'angle de contact dynamique considérent deux
angles, I'un apparent (dans une vue macroscopique), l'autre local. Sou-
vent cet angle local est supposé étre égal & 'angle statique. Les résultats
de notre étude s’opposent & ces théories, en effet seul ’angle apparent
dépendant de la vitesse semble bien défini, aucun angle égal & l’angle)
statique n’apparait.

. L’articlg qui suit a été accepté pour publication sous la référence:
A nurierical study of a moving contact line in Cubn-Hilliard theory
P. Seppecher, International Journal of Enginering Science, 1995". ]

Attention: Les notations de cet article different de celles utilisées dans

Pintroduction.
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Moving Contact Lines in the Cahn-Hilliard Theory

Pierre Seppecher
Laboratoire d’Analyse Non Linéaire Appliquée,
Untversité de Toulon et du Var, BP 132, 83957 La Garde (France)

e-mail: seppeche@malte. univ-tin.fr

Abstract. We establish the equations of motion of an isothermal viscous Cahu-Hilliard fluid and
we investigate the dynamics of fluids having moving contact lines under this theory. The force
singularity arising in the classical model of capillarity is no more present. This removal is due to
a mass transfer across the interface combined with a finite thickness of the interface. A numerical
simulation of the flow in the imnmediate vicinity of the contact line shows the connection between

the static contact angle, the dynamic contact angle and points out the influence of the velocity.

Key words: Contact line, Dynamic contact angle, Cahn Hilliard fluid
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1 Introduction

Capillary phenomena are important in many circumstances. For instance the
shape of the interface of a drop lying on a smooth horizontal surface depends
on gravity and surface tension. But to compute this shape, one needs to know
another parameter: a boundary condition for the interface must be written. In
general, the angle made by the interface and the surface is given. This contact
angle is the parameter which models the physical interactions between the surface
and the fluids. These interactions may have great influence upon the statics or
the dynamics of the fluids. For instance they are responsible for the rising of a
fluid in a capillary tube. When the interface is moving with respect to the surface,
these interactions cannot be modelled in a simple way: it is well known [1], 2], [3]
that the assumptions that the phases are both viscous fluids and that the no-slip
condition holds on the boundary, lead to a force singularity at the contact line.
The fundamental reason for this paradox is that the no-slip condition combined
with the balance of mass across the interface implies a discontinuity of the velocity
field at the contact line: the velocity cannot belong to the functional space H!.
The total dissipation which is equivalent to the H'-norm is infinite. It must be
noted that the problem remains when allowing mass transfer across the interface
[4]. Another problem.must be emphasized: the curvature of the interface is related
to the pressure jump and, according to the theory, this jump tends to infinity when

approaching the contact line. Such a situation is physically impossible.
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There are different ways to overcome this difficulty. A first one is to consider
that a thin film made by one of the phases covers the surface so that the interface
does not reach the surface [5]. Then the apparent contact line can be studied using
classical continuum mechanics but the difficulty arises again at the tip of the film.

The second one, the most popular, is to relax the no-slip condition by intro-
ducing a new parameter, the slip length [6], [7], [8], [9]. This parameter as well as
the dynamic contact angle must be determined experimentally. They may depend
on the velocity of the contact line. The difficulty is to make a distinction between
the contact angle and an apparent contact angle [10] [11].

‘The third one, frequently used, is to assume that one of the phases is a perfect
fluid. The paradox disappears. The flow in the viscous phase near the contact
line is a rolling-like motion. But, however small the viscosity coefficients of the
phases may be, the dissipation is infinite. Assuming that one of these coefficients
vanishes means passing carelessly to the limit in a singular perturbation problem.
Some important phenomena may be missed.

Finally, the continuum model used may be questioned. It is itself an approxi-
mation which may not be valid in the vicinity of the contact line. Then one may
use molecular simulations [12] or a continuum model able to describe the interface
as a layer of finite thickness. This is the way chosen in this paper. We use the
Cahn-Hilliard model (or the Van der Waals model). This model was not built
in order to solve the contact line paradox; its parameters can be estimated from

situations irrelevant to the problem. It is clear that it is a simple model likely
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superséded in most practical situations but it is the first continuum model which
describes the flow at a moving contact line.

The statics of the Cahn-Hilliard fluid is well known. But the nature of the
internal forces in such a fluid is not trivial. One needs the second gradient theory
[13] or the theory of continua with edge forces (14) to understand it. Tn the following
section we establish the equations and boundary conditions for a viscous isothermal
Cahn-Hilliard fluid. In section 3 we restrict our study to the vicinity of a contact
line. We define the zone (the inner zone) where the Cahn-Hilliard model will be
used. In an intermediate zone where the classical model can be used we develop
an analytic solution. Then in section 4 we show how this intermediate solution
matches the external and inner solutions and fixes the boundary conditions for the
inner problem. We point out the dimensionless parameters for the inner problem.
This problem is nonlinear. We study it by mumerical simulation which is the
subject of section 5 where we split the problem into two minimization problems.
The minimization of the dissipation is a linear problem solved in a classic way
while the minimization of the energy is a nonlinear problem solved by a steepest-
descent method. The dependence of the dynamic contact angle upon the velocity

of the contact line is clearly exhibited.
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2 The Isothermal Viscous Cahn-Hilliard Fluid

2.1 FREE ENERGY, DISSIPATION AND CONSTITUTIVE LAWS

The model of Cahn and Hilliard [15] is the simplest continuum model for multi-
phase fluids. It is assumed that the volume free energy E of a fluid whose mass
density is denoted p is the sum of a non-convex volume energy W{p) and a term

taking into account the non-homogeneity of the fluid.
E=W(p)+2 (Vp)?
p)+5 (V) (2.1)

The function W is a two-well positive function vanishing only for p € {p,, p}.
Because of the shape of W, the fluid tends to divide into two phases p = v and
p = pr and the term (A/2) (pr)2 tends to reduce the variation of the field p,
turning the interface into a thin layer and endowing it with an energy (the surface
tension).

The most interesting theoretical feature of this model is the fact that it is not
compatible with classical continuum mechanics [16]. A direct way to point out
this fact is to write the Clausius-Duhem inequality without making any assump-
tion upon internal forces power P™ cnergy flux J, or entropy flux J,. Under
isothermal conditions (I" = Constant) this inequality reads

J dE
[ =TV.(Js -2y pint _ (E/p)
s =) P20 (2.2)

Let us define the following tensors of order two and three:

™= (W) - 05 - 5(vp)
B 2(J))) d=AVp®Vp, C"=-2p(Id® Vp), (2.3)
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d
where Hd denotes the identity tensor. Using the balance of mass (d—i =-—-p V(‘N/))

d(E/p)
dt

we can compute and we get:

) d(E.d__t/P) = VV 4O IVVY (2.4)

where : and : denote the contraction products of tensors of order two and three.

1t is then clear that inequality (2.2) is incompatible with the assumptions that
the entropy flux is equal to the energy flux divided by the temperature and that
the power of internal forces is the product of Cauchy stress tensor times velocity
gradient. This incompatibility can be removed by changing i) the form of the
energy flux [16}, or ii) the form of the entropy flux following Miiller {17], or iii) the
form of the power of internal forces [18], [19], {20].

These different ways are formally equivalent but we claim that the last is the
most natural one as, for a Cahn-Hilliard fluid, internal forces cannot be represented
by the Cauchy stress tensor alone. Indeed a fundamental postulate in Cauchy’s
construction of the stress tensor (using a tetrahedron) is that no line forces are
present on the edges of a domain: this postulate is violated by a Cahn-Hilliard
fluid [21]. On the other hand, when studying the equilibrium of a Cahn-Hilliard
fuid i.e. the minimization of free energy, an extra boundary condition appears
which cannot be explained by means of the Cauchy stress tensor.

Then we assume {hat J. = T'J, and that P*™ has the form

Pim:—T:VZ——CEVV!.
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The Clausius-Duhem inequality becomes

D=(r—1"):VV+(C~C"iVVV >0. (2.5)

In the approximation of linear thermodynamics the dissipation T is a non-negative
quadratic form of (V vV,vv L/) Even with this approximation the general consti-
tutive laws involve many coefficients so we admit that there is no dissipation due
to VV L/ and no anisotropy due to the presence of the thermostatic parameter Vp.
Then the constitutive law involves only two viscosity coefficients v and ¢ and tle

dissipation has the usual form
F=vtr(D)P?+2D:D, (2.6)
—1
where D = 3(V V+v Ii‘) and stress tensors T and C verify the constitutive laws:

C=C" , 7=7"+11 withO=vtr(D)Id+2(D . (2.7)

2.2 BALANCE OF FORCES AND BOUNDARY CONDITIONS

The casiest way to write the balance of forces and the boundary conditions for
a Cahn-Hilliard fluid is to use the virtual power principle in the framework of
the second gradient theory [13]. An alternative (and equivalent) way, closer to
Cauchy’s approach, is to consider the fluid as a continuum in which edge forces
are present [14]. This makes the nature of the boundary conditions clearer. The
external medium (the container) exerts on the fluid three types of contact force
distributions (in this paper we do not need to consider any body force): a surface

density of forces on the whole boundary, a line density of forces on the edges of
i=3
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the boundary (if any), and a surface density of double forces (i.e. a distribution
2

of order one with respect to transverse derivatives) on the boundary (see [14] for

a discussion upon the nature of this distribution).

We admit that the no-slip condition holds on the whole boundary. Then, when
the boundary is not moving, the velocity of the fluid v vanishes on the boundary.
The power of contact force distribution P®® is reduced to the power of double
forces and takes the form

Pt = H .(n.VV)ds (2.8)
op ~ ™
where n denotes the external normal to the boundary D. Let 7 be the acceleration

of the fluid, the principle of virtual powers reads
/ p v dv= H.(n.Vv)ds—/ (T:VU+CEVVv)dv (2.9)
Do~ op ~ o~ D ~ ~

for all fields v such that v = 0 on 9D. Using the divergence theorem, this equation

becomes

/ [p N =V(r — v-(C))] v dv— / [H-nCon] (nVuv)ds=0 (210)
D ~ ~ oD ~
which implies the local balance of forces

pv7=V(r-V(C)) inD, (2.11)
and the boundary condition

n-C-n=H ondD. (2.12)
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Taking the constitutive laws (2.7) into account, the equations of motion of the

isothermal viscous Cahn-Hilliard fluid read

py=-pV (%L: - /\Ap) + V() inD, (2.13)
H=-X (EY’O)E on 9D. (2.14)

The last equation shows that a Cahn-Hilliard fluid can only support double forces
which are perpendicular to the boundary. This is due to the fact that the free
energy depends only on p (it is a model of fluid) and to our assumption that the
dissipation does not depend on VV V. This phenomenon is analoguous to the fact
that a perfect fluid cannot support contact forces which are not perpendicular to
the boundary. In a sense our model is a model of a "semi-perfect” fluid. Defining

G by I~1 =—-Ap GQ, equation (2.14) reads
n-Vp=G ondD. (2.15)

Before using the system of equations (2.13), (2.15), let us see its connection

with the classical theory of capillary phenomena.

2.3 CONNECTION WITH THE CLASSICAL THEORY OF CAPILLARITY

‘The connection between the model of Cahn-Hilliard and the classical model of
capillarity has been established rigorously in the static case [22].

The model has its own characteristic length L (see definition (4.9) of L). This
length is actually characteristic of the thickness of the interface. It is in general

much smaller than the characteristic size of the container: a small dimensionless
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parameter is introduced. Then an asymptotic study of the model of Cahn-Hilliard
L
is possible. This study was carried out first by Cahn and Hilliard [23] and rig-
orously, using the notion of I'-convergence, by Modica {22]. This study has only
been made in the static case where the problem is to find a minimizer p of the free
energy. The boundary condition (2.15) is taken into account by an extra energy
term: — f35 AGp ds. Some standard assumptions on the behaviour of all physical
quantities with respect to the small parameter (see {24], [25] or [26] for examples
where these assumptions do not hold) are necessary to find the expected limit

model which can be summarized by:

i} the fluid is divided into two incompressible homogeneous phases .4 and B whose
mass densities are p, and py,

ii} a surface energy o = ftflf V2AW (p) dp is associated with the surface Z dividing
A and B {(the interface).

iil) surface energies o4 and op are associated with the boundaries 9D N A and

9D N B of the phases. Let p; < p2 < p3 < pa be the four solutions of the equation
y 227 W(p) =| G| (2.16)

Then o4 and o are given by

p
o4 =-AGps +/ f W) dp iG>0, (2.17)
2

o .

o4 = -\Gpy +/ J2AW(p) dp i G <0, (2.18)
M
p

o5 = -\Gps +/ Y W) dp iG>0, (2.19)
ot
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ot
o5 = —\Gps +] JDW () dp G <0, (2.20)
P3

The static contact angle ®; is then determined by the Young law:

cos(®s) = "f‘_;"_‘% (2.21)

Ezample: When G = 0 we have p; = py = p, and P3=p4=p;, 8004 =0 =0,

hence

s
&= (2.22)

When equation (2.16) has not four solutions or when equation (2.21) has no
solution, the wetting is complete. We will not consider these cases in this paper.
To our knowledge no result has been obtained in the dynamical case. We think

that this asymptotic model is likely to be valid far from a moving contact line.

This paper is devoted to the study of the vicinity of the contact line.

3 Description of a Moving Contact Line

3.1 GEOMETRICAL DESCRIPTION, LOCALIZATION

We consider a contact line moving on a plane rigid surface and we divide the
domain in three parts. The first part called ”external zone” is the region far away
from the contact line where the whole geometry of the domain and the external
forces determine the flow. The classical model of capillarity can be used there.

We are not interested in the flow in this region while we assume that it has a
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wealk influence upon the flow near the contact line. The second part called ”inner
>

zone” is the vicinity of the contact line; its size is so small that the thickness of the

interface cannot be neglected there, the Cahn-Hilliard model has to be applied.

We assume that there exists a third region called ”intermediate zone” close enough

to the contact line for the influence of the external flow to be yveak and far enough

from the contact line for the classical model of capillarity to be valid.

However it is clear that external conditions may have an influence upon the
behaviour of the whole interface and therefore upon the flow in the inner zone.
Let us consider for instance the equilibrium of a small bubble lying on a plane.
For a given static contact angle, the curvature of the interface depends on the size
of the bubble: the shape of the interface in the inner zone depends on it. In order
to get rid of this influence we assume that the curvature radius of the interface
in the external zone is much larger than the characteristic size of the inner or
intermediate zones.

On the other hand, in the dynamical case, a possible jump of chemical potential
between the two phases in the external zone leads to a transfer of mass across the
interface, i.e. a non-vanishing normal velocity on the interface. In order to get rid
of this influence we assume that this normal velocity in the external zone is much
smaller than the velocity of the contact line. On these two assumptions we can
study the flow near~t}'1£ moving contact line without considering the flow in the
whole domain.

While the flow in the external zone is three-dimensional, we assume that it is

Moving Contact Lines 117

two-dimensional in the inner and intermediate zones (here we assume implicitly
that the curvature radius of the contact line is much larger than the characteristic
size of the inner or intermediate zones). So we reduce our study to a plane per-
pendicular to the contact line (the plane of figure 1). Moreover we assume that,
in a system of coordinates tied to the contact line, the interface is not moving
and the flow is stationary. In such a system of coordinates it is the boundary of
the domain which is moving (with a velocity tangent to the boundary). Only the
normal component (normal to the contact line) of this velocity is well defined: we
can state that this velocity lies in the plane perpendicular to the contact line. We

denote it V, z;.

More precisely we assume that (in a vicinity of the contact line) every tangent
line (O, P) to the interface intersects the boundary. Let R; be a length much
larger than the characteristic thickness of the interface and much smaller than the
characteristic length of the external flow and let R be a length much larger than
R; but much smaller than the characteristic length of the external flow, let us
consider the tangent line (O, P) such that |} OP|| = R; and let us choose O as the
origin of the system of coordinates (O, r1,) (21 is a unit vector tangent to the
boundary and normal to the contact line, see fig 1). This system of coordinates
is tied to the contact line. Using polar coordinates (r,8), we define the inner
zone as the set {r < Ry, 0 < 8 < 7} and the intermediate zone as the set

{flh <7 < Ry, 0 <8 < 7}. The angle (Il,ONP), denoted @, is called the
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Figure 1. Partition of the domain

apparent contact angle.

The curvature radius of the interface in the external zone is much larger than
Rj, we assume that this is true also in the intermediate zone, thus the interface is
assumed to be near plane in this zone. In fact Ry must be large enough because we
know that the curvature increases (diverges) in the classical theory of capillarity
when approaching the contact line.

The following section is devoted to the study of the flow in the intermediate

zone in order to get a boundary condition for the inner zone.

3.2 INTERMEDIATE FLOW

In the intermediate gone we use the classical theory of capillarity. The interface is a
near plane sirface and no mass transfer occurs. The two phases are homogeneous

and incompressible. For the sake of simplicity we assune that their viscosity
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coefficients are identical (no particular difficulty should arise if different viscosity

coeflicients are cousidered).

In the plane (O, 1, {2) we use polar coordinates (r, §) and we study a stationary
two-dimensional flow in the domain D = {0<b<m Ry<r< Ry}. We assume
that two phases A = {6 > &} and B = {# < &} with mass densities p 4 and pg are

divided by a plane interface 7 = {§ = ®} (sce fig. 2). The normal to T pointing

into A is denoted n.

, -
Let 1:1, 123, 74, and 73 be the velocities and stress tensors in each phase, let us

recall our assumptions:

i) both phases are homogeneous incompressible fluids:

V(Ig) =0in A, V-(Vg)=0inB. (3.1)

ii) no mass transfer occurs across the interface:

Vin=0, Vg.n=0 onZ, (3.2)

iii) both phases are viscous with the same viscosity coefficient £. The Reynolds

number is small, so we use the Stokes equation which reads:
V(14) = 0 inA, V() =0 inB (3.3)

where 74 = {(VV4+VV}) and 75 = £(V Vg +V V)
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iv) the yelocity and the tangential component of the stress are continuous across

the interface
‘9 = ‘:13 onZ, (3.4)
(ta-n)y = (r.n)y onZI, (3.5)
where / denotes the projection to the plane tangent to the interface.

v) the no-slip condition is valid on the plane.

Va=Vezy, Vp=Vezy ons, (3.6)

In order to consider the possibility of a mass transfer D across the interface in
the inner zone, we introduce the flow rates D4 and Dp in each phase across the

arcs Sgy={r=Ry, d< b <7}and Sg={r =Ry, 0<0<P} (seefig. 2):

Vi .n dl, (3.7)

DA:/ Vaindl, D=

S~ S~

where n denotes the normal to Sy or S pointing into A or B respectively.
Because of equations (3.1) we can use the flow functions ¥ 4 and ¥ such that,

for each phase, polar coordinates of the velocity ficlds verify

10¥¢ oV

(Vi, Vo) = (—;%7 &

)s (3.8)

The problem reads

.

AAV 4 =0 inA, AAYp=0 inbB, (3.9)

Vi=0 onSNA, V¥y4=D4 onlZ, (3.10)
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S o R, S R,

Figure 2. Flow in the intermediate zone

Yp=0 onSNB, ¥Yp=-Dp onlZ, (3.11)
oV, 0¥y
—59—~%T on SN A, E~—Ver on SNB (3.12)
oV 8Yp V4 Vg
% = T e T ae onZ. (3.13)

The solution of this problem is not uniquely determined as no condition on the
boundaries {r = R} and {r = Ry} is given. When D4 = 0 and Dg = 0 similarity
solutions (when the functions ¥ have the form ¥(r,8) = rF(6)) are known to
represent correctly the flow in a corner [27). When V. = 0 we use radial flows (¥
having the form ¥(r,8) = F(6)). Using the linearity of the problem with respect

to the parameters D 4, Dg and V,, we get

U 4(r,8) =7 [agsin(8) + bacos(8) + cabsin(8) + d 4bcos(8)] +

+ga(m — 8)% + ha(r - 6)%] (3.14)
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Up(r,0) = rlagsin(8) + cgfsin(9) + dpbcos(8)} +

+]gs6? + hst?) (3.15)

where

(m — ®)(sin(®) cos(P) — @) + nP sin(P)?

3.16
@4 = Ve r T 3) — sin(®) cos(®)(r — 28) — sin?(3)’ o
—(r — ®) — sin(®) cos(®) (3.17)
Veq>(7r — @) —sin(®) cos(®)(r — 2&) — sin*(®)’
—71® sin(®) cos(P) + sin(P)? 3.18)
ba = Veq)(7r - ) — sin(@) cos(®)(m — 2d) - SiI)Q((D)»
—®sin(®)? 3.19
ca= Ve(b(‘fr — @) — sin(®) cos(®)(w — 2®) — sin*(P)’ e
(m — ®)sin(3)? 3.20
cp = Ve(b(rrf ®) — sin{®P) cos(®)(m — 2) —Sir12((I>)7 (
—@cos(@)sin(q)) + sin((I))Q 3.21
da = Veq)(ﬂ— — @) — sin(®) cos(P)(r — 28) — sin?(P)’ 2
(7r — @) cos(®) sin(®) + sin(P)? 3.22
I8 = Ve g = 9)  sin(@) cos(®)(n — 28) — s ()’ o
- o -3 24
ga=Da QS;F(QT# +Ds 5o o2
—3(® + )
_3(7-( — @) — 7 5
ha= Dy 271’(7(—@)3 + Dg 271.@)(77_@)’ (3.2 )
— 30+
hs = Da 27r(1>(7r3~ D) Do 277;3 ’ (320

This solution cannot be the physical solution for a moving interface in the
vicinity of the contact line (R; = 0) as i) the dissipation in any open part of
the domain containing ) would be infinite, ii) the normal stress jump across the
interface would diverge when approaching O, thus the Laplace law binding this

jump to the interface curvature could not be satisfied even approximatively.
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However, this solution can be a good approximation for the flow in an interme-
diate zone (far enough from O for the normal stress jump to be small and close
enough to O for the external flow to have a weak influence). We will use it in sec-
tion 4 to write the boundary conditions for the inner problem. For this purpose,
we denote by |14 }/‘”D"DB"?(G) the velocity on S4 U Sg corresponding to ¥ 4 or g
depending whether § < ® or § > ® (the superscripts recall the dependence of this

boundary velocity field on the parameters Ve, D4, Dg and ®).

4 Inner Problem

In the inner zone the characteristic length is so small that the classical theory
of capillarity is no more valid: we cannot neglect the thickness of the interface.
A non-zero thickness is fundamental because it removes the discontinuity of the
mass density field, then it removes the discontinuity of the velocity field when
mass transfer occurs, and finally removes the singularity of the dissipation at the

contact line.

4.1 BOUNDARY CONDITIONS

The inner domain and the expected solution are represented in figure 3. The
domain is a half disk Dp, limited by a half circle g, and a segment Sg,. n
denotes the external normal to the boundary. In this drawing the thickness of
the interface (i.e. the zone where the isodensity curves are concentrated) was

exaggerated. In fact the interface at r = R; looks like a line in a Ry-scale.
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Figure 3. Geometry of the inner problem, expected solution

Let us discuss the static boundary conditions first :

i) Due to our definition of inner zone (see figure 1), the interface intersects g,
orthogonally. It is known from the equilibrium theory of a Cahn-Hilliard fluid
(equation (2.22)) that this condition is obtained by setting G = 0 on Xpg,.

ii) At equilibrium the contact angle ®; is connected with the value of G on Sg,
(equation {2.21)). This value is given by the physics of wall-fluid interactions.
Fixing G is equivalent in the Cahn-Hilliard theory to fixing the static contact
angle in the classical theory of capillarity.

iil) At this point the static problem is not well-posed. We must write an extra
condition deriving fr:);,the external solution. We already discussed this point in

section 3.1 and concluded that the interface curvature should be fixed. As such a
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condition raises technical difficulties we prefer to fix the total amount M of mass
lying inside the inner zone. The parameter M will then be adjusted to make the
curvature of the interface vanish at r = R; (therefore the interface fits with a plane
interface in the intermediate zone).

Conditions i), ii) and iii) lead to a well posed static problem whose solution
corresponds to a plane interface intersecting the wall at the origin with an angle
compatible with Young law. This situation is used for a first validation of the
numerical simulation we describe in section 5. It must be noted that, due to its

non-linearity, this problem has not in general a unique solution.

Let us now consider dynamical conditions:
i) On Sg, we admit the no-slip condition V = Ve 21,
ii) On the boundary LRy, V coincides with a solution V; Ye:P4:.08:% ohtained for
the intermediate zone (see section 3.2).

As the parameters ®, D4 and Dg are unknown (the study of @ is one of our
main objectives), we must write some supplementary conditions:
ili) We deal only with mass density fields p whose variations are concentrated in a
thin layer. Then we can measure the apparent contact angle (see fig. 3 or fig. 4)
and we state that @ coincides with this angle.
iv) As we study stationary flows, the total mass supply in Dpg, must vanish

(fER] p ViVePaDlel . g — o), so:

Dg = ~{/ p Vi Ve0l® g [/ p VIYel0® 0 1Dy (4.1)
LRy ~ r, ~
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v) The,mass transfer from phase A to phase B is unknown. This uncertainty comes
from external conditions (see section 3.1). We assume that the phases are close
enough to the chemical equilibrium for the mass transfer across the interface to be
negligible for » > R;. Thus D4 will be adjusted to make mass transfer vanish at
r = Rj.

These last three conditions allow us to compute the parameters &, D4 and
Dp when the field p is known. Then, using ii), we know the velocity field on the
boundary Zp,.

Let us sum up our boundary conditions: we write a non-homogeneous Neumann
condition for the mass density field p, plus a global condition upon the mass M
contained in the inner zone. For the velocity field, we write a non-homogeneous
Dirichlet condition which depends on the mass density field and on a mass transfer
D 4. The two parameters M and D 4 represent the influence of external conditions
upon the flow in the inner zone. An adequate selection of these parameters will

lead to a near plane interface without mass transfer at r = R;.

4.2 EQUATIONS OF THE INNER PROBLEM, DIMENSIONLESS PARAMETERS

Recalling the set of equations stated in section 2 and the boundary conditions
discussed in the previous section, the problem is to find a vector field V and a

scalar field p such that:

v

p V(BY ~ X Ap) = V() in Dy, (4.2)

V(pV)=0 in Dg, (4.3)
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V="V 1 on Sg, (4.4)
7N1~VN,OZG on Sg, (4.5)
g~V~p:() on g, (4.6)
V=" Ve.DaDs:®(9)  on Tp, (4.7)
jDRl pds =M, (4.8)

the parameters ®, M, D4 and Dy being such that
i) @ is the apparent contact angle,

ii) the curvature vanishes at r = Ry,

iii) no mass transfer occurs at r = R;,

iv) total mass supply vanishes.

We define the characteristic surface energy o, mass density pg and length L by

P - 2
c=VA [T\ Wyap  p=BTE patih g
v (22

The length L is characteristic of the thickness of the interface and o is the surface

tension. We define the dimensionless parameters

Ry pL+p GpgA 2 M
R:— s U :—-—U :——pd =
L m 2y g pn , m Ton (4.10)
A v D
Co = , K=2 | du=2A dg = —&
- £ ATV L BTy L (4.11)

By construction R >> 1. Far enough from the critical point u, is of order 1. g is
of order 1 and fixes the static contact angle. The capillary number C, i< the ratio

of the viscous forces to the surface tension. It is the most important parameter.



128 P. Seppecher

Using the dimensionless mass density u = (2pq) "1(2p—(p1+p»)), the dimension-
E
2y —2
less velocity v = V,”! V and the dimensionless free energy w(u) = p3ro =% W(p)

the problem (4.3)-(4.8) reads

(4 +um) V (%%’ — Aw) = C, V-(II) in Dg (4.12)
Ve((u+um)v) =0 in Dg (4.13)

v =1 on Sp (4.14)

n-Vu=g on Sg (4.15)

n-Vu=0 on Sg (4.16)

v = Vj Ldads®(g) on g (4.17)

Jp, uds=m (4.18)

where I1 = K tr(ID) Id+ 2 ID and D = %(Vv + Vot).

5 Numerical Simulation

5.1 TwoO AUXILIARY MINIMIZATION PROBLEMS

Let p be a given scalar field in Dg, consider the following minimization problem:

1 5 . = 5.1)
i () — - =Vulds - g / udl / u ds m}, (5.
uefllxll(fDR) {/DR o) = pus 2 ] SR Dr

As w is a non-convex function, this problem has not in general a unique solution.
If u is a local minimizer of (5.1), for every § € H*(Dpg) such that Jp, 6ds=0,

it verifies:

/ (22 ()5 — p5 + Vu - V5] ds~g/ §dl =0 (5.2)
Dr Ou Sr
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and then Euler equations:

?(u)—p~&u:Constant in Dg , (5.3)
u
anNu—g =0 onSg , LrVNu:O on Xp . (5.4)

By differentiation (5.3) implies:
ow . -
Y(%(u) ~Au)=Vp inDp. (5.5)
Now let u be a given scalar field, let & €]0,7[, d4 and dg be three given
parameters such that fEn (um +u) Vi 14448.2. 0 g1 — 0 and consider the following

minimization problem:

g {/DR [vg;v3+§ v-(v)? zis} (5.6)

where X = {v € HY(Dr); V{(um + u) v) = 0in DR, v = z; on Sg, v =

v, Ldads,®

on £g }. The minimizer v of (5.6) verifies the linear system of partial

differential equations:

V~£H)—(u+um) VNq=Q (5.7)
V-((m +u) v)=0in Dg (5.8)
v =21z on Sk (5.9)
v="V Ldads® on Bp (5.10)

2

Here the field ¢ is the Lagrange multiplier of the constraint V-{{um +u) v) = 0.

It is defined up to a constant. Setting p = C, ¢, equation (5.7) may be written

Ce V-(II) ~(u+um)Vp:Q (5.11)
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5.2 ALGORITHM
2

It is clear from (5.8)-(5.11) and (5.4)-(5.5) that solving simultaneously problems
(5.1) and (5.6) leads to a solution of the inner problem (4.12)-(4.18). Such is the

principle of our algorithm:

For given parameters m and d 4,
- i) we first set p = 0, solve (5.1) and get an equilibrium configuration wu,
- ii) we compute the apparent contact angle @, the value of dg such that the total
mass supply vanishes and then we get the boundary velocity field ‘:1 Ldads.®
- iii) we solve (5.8)-(5.11) and get a new field p,
- iv) we solve (5.1) and get a new mass density field u.
- Then we repeat steps ii) iii) and iv) until they converge.
- Finally we adjust parameters m and d 4 and repeat the whole procedure in order

to have a near plane interface without mass transfer when r = R;.

Problems (5.1) and (5.6) are discretized by a finite difference method. Problem
(5.10) is linear. We solve it by using a bi-conjugate gradient method. The problem
(5.1) is strongly nonlinear. We solve it by a steepest descent method. We know
that, in general, it has not a unique solution. In order to find the expected solution
we need to initialize the mass density field u with a ficld which is not too far from
the solution. This is not, very difficult for the equilibrium configuration and, in the
dynamical case, we use as an initializing field the solution u obtained for a slightly

smaller capillary number C;. Otherwise the most likely disaster is the inversion
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Figure 4. Density field in the inner zone

of the position of phases A and 5 which tends to happen when one of the phases

tends to wet the boundary completely.

5.3 DEPENDENCE OF THE DYNAMIC CONTACT ANGLE ON THE PARAMETERS

The dimensionless free energy w is a positive function such that w(-1)=w(l)=0

and f_ll V2 w(t)dt = 1. In our simulation we use the polynomial w(u) = 3%(1 -
2\2 o B =

u”). Such a form for the free energy is valid when the fluid is not too far from

the critical point. We hope that, qualitatively, our results do not depend on the

form of w.

In figure 4 we show the density field in a typical situation: R = 20, u,, = 2,

K =10, 9 =0, C, = 20 x 107%. In figure 5 we show the flow lines in the same
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éQ\%

Figure 5. Flow lines in the inner zone
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Figure 6. Dependence of the contact angle on the capillary number

situation. We notice that the curvature of the interface and the wransfor of mass

across the interface are concentrated in the immediate vicinity of the contact line.
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Figure 7. Dependence of the contact angle on the parameter K

So the dynamic contact angle is well determined: here it is about 1.9 while the
static contact angle is /2.

In figure 6 we show the dependence of the contact angle on the capillary number
Co in two cases (R =20, up, =2, K = 10, g = 0) and (R = 20, um, = 2, K = 10,
g = —0.3). When Ca = 0 the apparent contact angle coincides with the theoretical
static angle predicted by equation (2.21) then its increase is almost linear with
respect to the capillary number. The growth rate does not depend on the static
angle (see fig. 6).

We have noted a weak influence of parameter u,: the growth rate decreases
slightly when w,, increases. This dependence can be interpreted in the follow-
ing way: when approaching the critical temperature, u,, increases, the difference
between the mass densities of the phases decreases and the mass transfer is easier.

As expected, the growth rate depends strongly on the parameter K which is
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responsible for mass transfer dissipation. Fig. 7 shows the influence of K in the
2

situation R =20, uy =2, g =0, Cy = 20 x 1073

6 Conclusion

The Cahn-Hilliard model used in this paper is very simple and comparisons with
experiments would be difficult. However it gives an enlightening view of the flow at
a contact line. First of all, mass transfer is the fundamental fact which removes the
force singularity (in this connection it would be interesting to extend this study to
the motion of an interface dividing two slightly mixable fluids). Secondly, it shows
that the main change in the direction of the interface lies in the immediate vicinity
of the contact line (the same region where mass transfer occurs). In this region
the interface cannot in any way be considered a dividing surface and the classical
model of capillarity cannot be applied. Thus, any study considering the interface
a bidimensional surface must use a velocity-dependent contact angle: our results
are in favour of model "D” following the notation and discussion of Hocking [11].
Indeed no real angle equal to the static angle can be defined.

We found a near linear relation between the angle and the velocity of the contact
line. This linear dependence gives reasonable results if there is no hysteresis of the
static contact angle {8]. Indeed, there is no hysteresis in our model. The way to
model contact angle hysteresis in the Cahn-Hilliard theory is to consider rough
surfaces. This has not been done here (and would be incompatible with the steady

flow assumption).

Moving Contact Lines 135

For a large capillary number, some problems of convergence of our algorithm
arise. That is why in figure 6 the apparent contact angle does not reach the values
® =0o0r & = 7. It might be a purely numerical phenomenon. It might be
connected with the non-uniqueness of the solution of (5.1). But it might also be
due to the physics: a steady flow may not exist for a large velocity or a small
angle. Indeed experiments (as reported in [9]) seem to point out a maximum value
for the contact angle.

Our study is valid in isothermal conditions. It is also valid in adiabatic condi-
tions (it is enough to replace the frec energy E by the internal energy). But the
energy transport may be the factor which limits phase transition near the mov-
ing contact line. It should be necessary to add the heat equation to our problem
(4.3-4.8).
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Chapitre 4

Approche variationnelle

4.1 Introduction

La recherche de I’équilibre d’une masse M d’un fluide de Cahn-Hilliard
a l'intérieur d’un domaine { revient & minimiser son énergie F qui est
donnée par

Fi) = |, (W(p)+%(w)2> a4 [ Wio) i (4)

sous la contrainte

pdH® = M. (4.2)
Q

Ici H* désigne la mesure de Hausdorff de dimension k. Rappelons que
W est un fonction non convexe. Dii 4 la contrainte de masse (4.2). on ne
modifie pas le probleme en ajoutant & W une fonction affine. On peut
donc supposer que W est une fonction positive s’annulant seulement
pour deux valeurs de la densité p, et p; (en considérant la ditférence de
W et de la fonction affine qui lui est bitangente).

L’étude asymptotique de ce probléme variationnel a motivé de nom-
breux travaux. L’un des plus complets est celui de L. Modica (Ann.
Inst. H. Poincaré Anal. Non Lineawre, 5, 453, 1987) qui a étudié la
[-convergence quand ¢ tend vers zéro de ’énergie

Flu) =¢ /Q | Du 12+§ /Q Wi (u) dH® + /ém Wa(w) dH®  (4.3)
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ou Wy est une fonction positive s’annulant seulement en deux valeurs
) et By, Il a montré que 'énergie limite est de la forme:

Fo(u) = ey H2OANQ) + GH (AN Q) (4.4)

si u est constante, égale a a; dans A et constante, égale & §; dans
le complémentaire O \ A, I'énergie étant infinie si u est d’une forme
différente. Les coeflicients ¢; et ¢ sont déterminés explicitement en
fonction de 1, et W.

La liaison entre ce résultat asymptotique et le modele des fluides
de Cahn-Hilliard est réalisée par 'adimensionnalisation du probléme
(4.1-4.2). Définissons I'énergie surfacique caractéristique o, la densité
de masse caractéristique py et la longueur caractéristique L par

2
e L PL= Py _ Pad
g = 2/\/U vWip)de Pa= "5 L*7' (4.5)

Définissons les quantités sans dimension

2 7
20 W

, P
Wy = , — . 4.0
: a? ’ g Pd ( )

Soit £ une longueur caractéristique du domaine, divisons toutes les
longueurs par £ (sans changer de notations): on dira qu’on se place a
Péchelle " macroscopique”. On obtient alors:

e | (i )+ o6

L F{pqu) Al
En posant € = —, Fo(u) = o7z M= m’

7 on retrouve 'énergie
F.(u) étudiée par Modica. Comme la longueur L est en général beau-
coup plus petite que £, le paramétre € est trés petit ce qui justifie
Papproche asymptotique.

“L& résultat de T-convergence est particulierement puissant: il reste
vrai si 'on ajoute au prohleme la contrainte de masse / w dH® = m

et si Pon ajoute dans l'expression de 'énergie une pcrt{(llrbation con-
tinue (liée & une force extérieure comme la gravité, par exemple). Clest
véritablement un résultat de convergence des modeles au sens intuitif
de la mécanique.
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Le modele limite (4.4) est un modele classique de capillarité dans
lequel les phases sont incompressibles de densité ay et §;, la tension
superficielle est constante égale & ¢; et 'angle  de contact & P’équilibre
entre 'interface et la paroi est fixé par la Loi de Young:

cos(f) = 2 . (4.8)
Cy

Ce résultat est trés satisfaisant car il prouve que le modéle des Aui-
des de Cahn-Hilliard est en accord avec tous les résultats d’expériences
macroscopiques. On peut cependant étre un peu décu par la relative
pauvreté du modele limite. Pourquoi les phases ne sont-elles pas com-
pressibles? Pourquoi la tension cst-elle une constante et ne dépend-elle
pas, par exemple, du rayon pour de toutes petites gouttes ou bulles?
Pourquoi n’y a-t-il jamais d’interaction entre une interface et une paroil
proche? Pourquoi n’y a-t-il pas de tension de ligne le long de la ligne
de contact? En fait le processus asymptotique choisi n'est pas neu-
tre. La quantité ¢ est petite mais ne tend pas naturellement vers zéro.
La faire tendre vers zéro est un procédé qui sous-entend quelques hy-
pothéses physiques: il faut donner un comportement en fonction de &
pour toutes les quantités qui interviennent dans le probleme. La liste
en est vite faite: le domaine Q, I’énergie volumique W7, Pénergie sur-
facique W, et enfin la masse m. Ces quantités devraient, a priori, étre
notées 2., Wy, W, et m,. La présentation (4.1) étudiée par Modi-
ca revient a supposer qu’elles sont indépendantes de €. Modifier cette
hypothése conduit & des modeéles limites différents.

Une premiére idée a été de modifier le comportement de Pénergie
volumigue de maniere & pouvoir obtenir des phases compressibles. En
effet, admettre que I'énergie volumique se comporte en e "W (u), re-
vient & admettre que I'énergie volumique est trés grande sauf dans des
voisinages extrémement petits des phases o3 et ;. En écrivant 'énergie
volumique sous une forme plus complexe, du type Wi(u) + e~ W, (u),
olt W, est une fonction dont le support S est inclus dans lai, Bi], on
s'attend 4 obtenir un modele limite & deux phases comprescibles, ces
deux phases étant constituées 1'une, des densités majorant S, Pautre,
des densités minorant S. Clest ainsi que des énergies du type W (u) +
€W (e~ u) ont été considérées (cf. Alberti G., Ambrosio L. and But-
tazzo G.,Asymptotic Analysis, 1995). Dans le modele limite, les deux
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phases sont alors compressibles et constituées des densités positives ou
des densités négatives!.

Dans le premier article que nous présentons, nous considérons un
domaine dont une paroi oscille avec une trés petite longueur d’onde et
une treés petite amplitude. Dans ce cas c’est le comportement du do-
maine €2, qui change. Le but est de modéliser le contact d’une interface
avec une paroi rugueuse. La rugosité de la paroi est souvent invoquée
pour expliquer le phénomene de I’hystéresis de I'angle de contact? et
notre but initial était de comprendre ce phénomene. Malheureusement
notre modele limite ne présente pas d’hystéresis. Nos résultats sont
ccpendant intéressants car ils montrent comment 'énergie de surface
(ou de manijére équivalente, I'angle de contact) est modifiée par le ca-
ractére rugueux de la surface.

Dans le deuxiéme article, nous nous intéressons a la possibilité
d’obtenir un modeéle avec tension de ligne le long de la ligne de con-
tact (intersection de l'interface et de la paroi). Une telle tension de
ligne est parfois utilisée et mesurée. Nous montrons qu'il est possible
d’obtenir un tel modele & partir du modéle des fluides de Cahn-Hilliard
sans faire intervenir de modele d’ordre supérieur. Nous sommes partis
de la constatation que la densité de masse u prenait des valeurs trés
différentes au voisinage de la ligne de contact qu’ailleurs sur la paroi.
On suppose alors que 'énergie de paroi est trés grande pour ces valeurs
intermédiaires en 'écrivant sous la forme AWo(u) ot A, — oo et Wo
est une fonction positive & deux puits (comme W), s’annulant en a»
et B,. La trace de u sur la paroi tend & prendre ces deux valeurs et
a former des phases de surface, elle va donc tendre 4 étre discontinne.
Or, pour € > 0 fixé, une telle discontinuité est interdite par le fait que
u doit appartenir & Vespace de traces H/2(8Q). On s’attend donc,

"Lors de la définition de la densité u du probléme adimensionnel, une constante
arbitraire peut étre ajoutée & la densité de masse. C’est pourquoi il ne faut pas
s’étonner que u puisse atteindre des valeurs négatives.

2Lorsqu’on mesure Pangle de contact form s par la surface d'une goutte avee le
plan sur lequel elle est posé, on s’apergoit que cet angle n’est pas fixé: si la goutte
vient de s'étaler I'angle prend une valeur appelée angle d’avancement, si la goutte
vient de se rétracter, I'angle prend une autre valeur appelée angle de recul. Toutes
tes valeurs entre ces deux angles peuvent étre atteintes & Véquilibre. Ce phénomene
s’appelle I'hystéresis de I’angle de contact.
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dans ce cas, & une concentration d’énergie le long de la ligne de contact.
lorsque £ tend vers zéro. Nos résultats montrent en effet 'existence (a
la limite) de deux phases sur la surface 99 séparées par une courbe
rectifiable sur laquelle se concentre de I’énergie. De plus nous mettons
en évidence un phénomene qui, & notre connaissance n’avait pas encore
été signalé: la ligne séparant les phases de surface peut ne pas coincider
avec la ligne de contact. Cette possible dissociation est importante sur
le plan physique et pratique. En effet nous montrons qu’un probléme
d’équilibre capillaire avec tension de ligne est un probléme mal posé si
I'on n’envisage pas le découplage de la ligne de contact et de la ligne
de séparation de phases (ccla n'est pas lié a l'utilisation du modele
de Cahn-Hilliard). En appliquant ce nouveau modéle 3 des exemples
précis (comme 1’équilibre de gouttes de volume croissant posées sur un
plan}, nous montrons que la possibilité de ce découplage entraine une
discontinuité de I’angle de contact.

Dans le troisitme paragraphe nous nous intéressons aux gouttes de
trés faible rayon. C’est la version mathématique de 'étude effectude
au paragraphe 3.3%. Quand le domaine contient une trés petite goutte,
la masse M est trés voisine de p,[€2]. Si l'on utilise le procédé d’adi-
mensionnalisation décrit précédemment il faut considérer une masse m,
tendant vers o,/ quand ¢ tend vers zéro. Nous évitons de traiter un
probléme avec une contrainte de masse variable en reconsidérant Iadi-
mensionnalisation de Pénergie: nous utilisons comme densité de masse

s .M .
caractéristique gy = I—Q—| — pv & la place de py dans les définitions (4.5

P Py
ha
pour I'énergie et la contrainte de masse devient, J;, u dH3 = |Q] (elle ne
dépend plus de £). En contrepartie le comportement de W) est modifié
par le fait que son deuxiéme puits 8; tend vers l'infini quand ¢ tend
vers zéro. Il s’agit d’un probléme & deux paramétres (e et B1) que nous
ne traitons pas dans toute sa généralité. Nous considérons le cas oil B
est d’un ordre de grandeur infiniment snpérieur & €71, on considsrant
une fonction W) indépendante de ¢ et dont le second puits est directe-
ment porté & l'infini, ce que nous traduisons par la dégénérescence:

4.6) et nous posons u = - De nouveau on obtient la forme (4.7)

%En théorie de Cahn-Hilliard, p, et p; jouent un réle symétrique et il est
équivalent d’étudier Iéquilibre de bulles ou de gouttes.
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Wit . . . . N
lim 5 = 0. De plus nous nous limitons & la dimension 1. Nous
t—00

mettons en évidence I'ordre de grandeur A, de I'énergie lorsque ¢ tend
vers zéro et nous étudions la limite des énergies rescalées (A\.)7'F.. 1l
apparait que les seules limites permises pour la deusité de la ”phase
liquide” sont des masses de Dirac (des "gouttes”)

Nous montrons comment |'énergie de chaque goutte dépend de la
fonction Wy et de sa masse?.

“D’un point de vue physique une goutte de dimension 1 correspond a un film
plan liquide. Rappelons qu’en théorie classique de la capillarité 'énergie est alors
indépendante de la nasse et égale & deux fois la tension superficielle.
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4.2 Paroi rugueuse

L’objectif initial du travail présenté dans cette partie était la compré-
hension du phénoméne d’hystéresis de I'angle de contact. En théorie
classique de capillarité, cet hystéresis est habituellement compris com-
me Peffet de la rugosité de la paroi®. Cela se comprend aisément en
comparant les deux équilibres possibles d’une goutte posée sur une sur-
face périodique représentés dans la figure 4.1.

GO

Figure 4.1: différents équilibres d’une goutte sur une paroi rugueuse

Sila longueur d’onde et I'amplitude des oscillations sont tres petites,
a grande échelle (dans un processus d’homogénéisation) la surface de-
vient plane et 'angle de contact présente un hystéresis (cf. figure 4.2).

Cependant, si la longueur d’onde et Pamplitude des oscillations
sont du méme ordre de grandenr que [ (définie par (4.5)), ce raison-
nement n’est plus valable car le modéle de capillarité classique ne peut
étre utilisé & I’échelle des rugosités. Nous étudions donc Iéquilibre
d’un fluide de Cahn-Hilliard dans un domaine dont une partie de la
parol est rugueuse, rugosité que nous modélisons par des oscillations
périodiques de courte longueur d’onde (cf. figure 2 de Particle). Plus
précisément, soit f une fonction de IR? & valeur dans [0,1], Y-périodique
(Y =] —1/2,1/2[%) et Q un ouvert borné de IR®, dans un systéme de
coordonnées orthogonales (), 73, 73), nous définissons N, = QN {z3 >

®On peut aussi invoquer des inhomogénéités a petite échelle des propriétés
physico-chimiques de la surface.
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—hef(z'/de)}, . = 0N {z3 = —hf(z'/de)}, Qy = 0 N {25 > 0} et
Fo=0n{z,= 0} (les suites he et 6, sont respectivement équivalentes
aebylet ey les parametres §, + caractérisent la forme des rugosités,
ils appartiennent & 10, +o0]). ’

\%%

Figure 4.2: différents équilibres sur la paroi homogénéisée

Nous cherchons 3 minimiser ['énergie Suivante:
1
_ 2 4 3 ;
Fi(u) _e/m | Du | += /Q Wi(w) dH +/m£ Wolu) dH?  (4.9)

sous la contrainte Jo. udH? = m. Sous certaines hypotheses techniques
concernant les fonctions W1 et W; nous montrons que I'énergie limite
est de la forme

Folw) = e H 94N qy) +EAH (AN (80 - Ty)) +AHANTy) (4.10)

si u est constante, égale 3 ) dans A4 et constante, égale 4 A1 dans
le complémentaire D\ A (Iénergie étant infinie si 4 est d’une forme
différente).

Les coefficients 1 et & sont détermings explicitement en fonction
de W, et Wa, le coefficient & est déterminé modulo la résolution d’un
probléme local (équation (2.5) de Particle). Nous montrons que ce
pro})}%ne local peut &tre trajté Sur une unique période®. Nous montrons

. f’:Le fait de pouvoir étudier le probleme local sur une utique période n'est pas
trivial cai notre fonctionnelle est non convexe. Plusieurs exemples en théorie de
P'homogénéisation font apparaitre une différence entre Pénergie moyennée sur de
nombreuses périodes et I'énergie minimale calculée sur une période unique.
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que & dépend continuement des parametres de rugosité (6,7) et que
toutes les valeurs de l'intervalle [c],cl] peuvent étre atteintes. Cela,
signifie d’un point de vue pratique que, pour un matériau de paroi
donné, la rugosité de la paroi peut accroitre sa mouillablité jusqu’a
atteindre la mouillabilité parfaite’.

Nos résultats ne mettent pas en évidence de phénomene d’hystéresis.
Cela provient du fait que la technique mathématique utilisée (la I-
convergence) ne garde pas trace des minima locaux de la fonctionnelle.
Or, tel que le phénomene est habituellement interprété, il provient de
existence de minima locaux en grand nombre et ”trés voisins”. Nos
résultats permettent de s’interroger sur la pertinence physique de cette
Interprétation car les barriéres energétiques séparant ces différents mini-
ma locaux sont treés faibles (elles tendent vers zéro avec €). Cela signifie
que les solutions d’équilibre correspondantes sont trés peu stables ce qui
est contraire & expérience. Je pense que le phénomene d’hystéresis
n’est pas seulement di & la rugosité (ou Pinhomogénéité) de la paroi,
mais & la conjonction de cette rugosité et de la forte dissipation lide
& tout mouvement de la ligne de contact (mouvement que nous avons
étudié au paragraphe 3.3). Cette étude reste & faire.

"On dit qu’une paroi est parfaitement mouillante si le liquide s’étale compléte-
ment sur la paroi 4 I’équilibre. Cela correspond a une valeur de P'angle de contact
égale & 7 et & une valeur de I'énergie de paroi égale 4 la tension superficielle: dans

notre cas & = ¢;.



146 4. APPROCHE VARIATIONNELLE

L’article qui suit a été publié sous la référence: ” Cahn and Hilliqrd
fluid on an oscillating boundary, G.Bouchitté and P.Seppecher, Motion
by Mean Curvature, de Gruyter Ed., p. 23-42, 1992”.

Attention: Les notations de cet article different de celles utilisées dans
Pintroduction.

[Page 147]

Cahn and Hilliard fluid on
an oscillating boundary

G.Bouchitté and P.Seppecher

Abstract. A Cahn and Hilliard fluid is in equilibrium in a solid container. The rugosity
of the boundaries is taken into account through the assumption of an oscillating boundary
whose period and amplitude are of the same order of magnitude as the thickness of the
interface. We study the I-limit of this problem when this length tends to zero. We obtain
a homogenized boundary energy and we show that rugosity may modify the wetting
property of the wall until it is completely wet.

1.Introduction

In 1959 Cahn and Hilliard [1] wrote a continuum model for two-phase fluids. The
postulated energy was of the form:

= u) dz ul? o N-1
E(u)—/nW( ) d +/\/Q[D| dx+/m (w) dH

u is the density of the fluid. u is positive, fﬂu dx = m. W(u) is the volumic
free energy for an homogeneous fluid of density u. It is a non convex function
(for example the energy associated with the Van der Waals pressure). See figure
1 which defines a; and as, values of 4 in the phases. A is a physical parameter
which may be deduced from experimental surface tension as far as the function W
is known. o(u) is a surfacic energy which characterizes the interactions between a
fluid of density u and the wall (o(u) is positive). This model has its own length
Le .
as — oy

-l
2]012 VW (u) du
which is characteristic of the thickness of the transition layer between the two
phases u = a; and u = Qg

As L€ is very small it is natural to study the asymptotic behaviour of the model
as L€ tends to zero. This procedure is purely mathematical and the model does
not include assumptions on the behaviour of the other physical quantities W, o, m
and § itself with respe-t to [€. We emphusize that the postulated behaviour for
these quantities are primordial for the resulting model.

Le=Vx
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If W,o,m,Q are constant, we lose every surface tension effect. For that the
usual as¥mptotic problem is concerned with the limit as ¢ tends to zero of the
rescaled energy :

E4(u) :/ Wolu) d:r+5/ | Dul? dz+/ o(u) dHN-1
a € 1] an
where Wo > 0, Wo(an) = Wo(az) = 0 (Wo(u) = W(u) — I(u) see figure 1)

This problem was completely solved in 1987 by L. Modica [2]. The resulting
energy is given by:

Eo(u) =c HN"Y3*ANQ) - ¢ HN-H(8" AN Q)
ifu=011a+0a2 Ig\s4 and perq(A) < +oo
Ey(u) = +oo otherwise,

where

c:gf“\/mds

1

2= () - F(ay)
F(t) = inf{o(s) + 2| / VWolu) du|,s € R}

c is the surface tension. Note that | ¢ |< ¢ and that the ratio ¢/c = cos 8 gives the
contact angle § between the interface and the wall, following Young’s law.

Let us now list some other dependances of W,o, m and Q with respect to ¢,
which lead to different models.

The form chosen by L. Modica for W (W = Wy/e) ensure that ¢ is a finite
non vanishing quantity, but it avoids any compressibility effect (the values of u
in the phases are prescribed). A way to include some compressibility effects is to
consider a family of functions W, so that, as € tends to zero, f:’ VWe(u) du tends
to infinity and d*W, /du®(c;) remains finite. That was done by Buttazo and AL[3]
who considered the family W (u) = Wo(u) + 1/¢3 ¥(u/e) where Wy is of the type
described in figure 1 and 9 is a positive function with supp(¥) CC [ay, az).

When a liquid film lies on a wall, the vicinity of the interface and the wall
leads to strengths which may stabilize or not the film [4]. The dependence of the
total energy with respect to the thickness of the film can be obtained by letting
m depend on ¢ in such a way that it converges to fﬂ ap dz.

- T

In this paper we concentrate on the effects due to the rugosity of the wall
already pointed out for their relationship with friction and hvsteresis phenomenon
[5] (i.e. the difference between the receeding and the advancing contact angle).
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We will then assume that the boundary of Q2 is oscillating with period d, and
amplitude h. tending to zero with e: Q depends upon &.

In the second section we will give a precise mathematical setting of the problem
and state the main theorem of convergence (I'-convergence of associated function-

als). We are led to a relaxed boundary contact energy ¢ which is related to a local
problem.

In section 3 we study the influence of the surface parameters (rugosity param-
eters) upon this energy 5. We show that, for a given fluid and a given material
for the wall, the rugosity parameters can increase the contact angle continuously
from its value on a flat wall to 7 (complete wetting).

Section 4 is devoted to proofs.

wj w()
i(u)
I
! ! .
) -—
al o2
figure 1

2.The main theorem

Let Q be a bounded open subset RN with a smooth boundary. An element z €
RY is described by its coordinates in an orthogonal basis. As the last coordinate
zn plays a special role in our problem we shall write z — (z',zn) where z' =
(z1, 22,y TN ).

The oscillating boundary is expressed in terms of a function f:RN=1 (0, 1}
which is assumed to be C! and Y-periodic where ¥ =] —1/2,1/2{N-1. Define for
every positive d and h:

A(d,h) = {zx > ~hf(z' /d)}
A(d k) = {zn = —hf(z'/d)}
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Let d. iand he be two sequences of positive parameters tending to zero as € — 0
. We consider the following subsets of RN (see figure 2):

Q. = Alde,h)NQ Q = A0,1)NQ
e = A(de,he)NQ o = A0 1)NQ
e = reur” ; iy = Toul’
Q
r
XN
T'o
0 .
I'e
figure 2

A zooming of a part of I'; brings us to consider, A and « being two real pa-
rameters, the subset: By = AY x R (see figure 3) and the following subsets of
L2

loc’

Ab(e) = {u € HL (A(1,1)); w AY periodic in z'; w = a for zy > L}
Bi(a) = {u € AX(a); u = on 8By N {zy > 0}}

u=a AXN U=a

------- xn=L

rrmrmm—m -

figure 3
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The multiphase problem with the rough boundary I, reads as:
(P*) inf {E(u), u € L*(Q), / u=m}  where:
Q

E€(u) :/ﬂ le] Duf? 4—2117(:;)]&1; + /m‘o(u) aqN!

e

if weHYQ)and u=0o0n\Q;,

E®(u) = +o00 otherwise.

We will make the following assumptions:
h

(H1) lim =% = §; lim £ 7 8,7 €]0, +oof
de de
(H2a) W is C%, W >0 and satisfies :
(b W(u) =0 <= ue {aj,as}
( ¢ W — W™ < M for a suitable constant M
( a Wiu) > Ao | u|? —po where Ag > 0
( e W"(a;) > 0 (finite compressibility of the two phases )
(H3) o{u) is continuous; o(u) >0and o — o™ < M

Here W** and o** denote the convexification of W and a.

Our main result states that solutions of P¢ converge in L%(Q) to the solutions
of a problem P°. To express this limit problem P° we need the space BV (Qp)
of functions u € L'(Q) such that | Du | (Q) = sup{fo v div g dz ; g €
C3(BRN). gl <1} < +00.

We also use the following surface energies:

c:z/m\/mds (2.1)

a1

C=0(az) - () (2.2)
G(a) =inf{o(s) + 2| / VW(u)dul|,seR} (2.3)
2= 5(as) - 7o) (2.4)
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= . 4 ¥ ou , Ju
ala) = i -w = | == 1" 47| = "} dx +
7(e) 5 i uEi{l{‘f(ﬁ) {/B‘nA(l,l) {'Y ) +35 ! Ozn s 4 "} dz

+ /Bm(w as(z') o(u)dHN"1} (2.5)

where a4 is a distortion factor defined as:

1+ VS

= 2.6
= AV P 20
Now P reads as:
() inf {E%(u), u e Lz(Q),/ u=m} where:
Q
o) = —C / | Du | dx+/ &) dHN‘1+/ 5(u) dHN!
Qz — 01 Jq, r To

if we BV(Q) , u(z) € {o1,a2} a.e. on g, u(z) =0 a.e on N\,

E°%u) = + oo otherwise.

Theorem 2.1. Under (H1), (H2), (H3), the sequence E¢ T'-converges to E® in
L2(Q), that is:

(?) For every sequence (u;) converging to v € L%(Q), one has :
hmi%f Ef(u.) > E%w)
(27) For every u € L*(), there exists a sequence (uc) such that :
ue — win L2(Q) , limsup Ef(u.) < E°(u)
e—0

Moreover we can choose ue s0 that [y u. dz = [ u dz holds for every e.

We notice that for E°(u) < + oo, u takes the form u = a; 14+ Lo\ 4 where
A C Qg is a measurable subset with a finite perimeter in Qg that is: fnn [D1a] <
4+ o0. Denoting by %A the reduced boundary of A (see the book by Giusti [6] for
all related concepts), we find that (P°) reduces to a purely geometrical problem
with respect to A (liquid drop problem}:

inf {c HN" Y8 AN Q) - SHY Y& ANT )+
(P TIZHNYB ANT) ; ACQ, [Al=m)

1 ar—m

where m =Sy ™ € [0, 1].
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As a consequence of theorem 2.1 we get the convergence of (P*¢):

Theorem 2.2. Fiz m € o |Q, a2|Q[ (ezistence of two phases). Let (u.) be a
sequence in L2(Q) such that:

Ef(u.) —inf P* =o(c) , / ue dz =m
Q

Then (ue) is relatively compact and every cluster point u is a solution of (P°) that
isu=a) la+ o 1g,\a where A is solution of the liguid drop problem (P°).

Comment: The wetting properties of the rough wall Iy will be deduced from
the ratio ¢/c and compared with that of the flat wall I characterized by ¢/c. These
ratios will be shown to be in [-1,1} (see Sec. 3) and have a precise geometrical
meaning: they are the cosine of the contact angle between the fluid phase a; and
the wall in case this contact occurs on I'y or on IV,

3. Estimates on the local problem and
dependence of the homogenized boundary
energy with respect to the rugosity parameters.

In what follows, o is assigned to take value a; or an. Given 8, ~y €]0, 00|, it is
convenient to define for every u € H}_ and B Borel subset of RN:

é v, Ou Ju
Gu,B:/ - W)+ < | 5— > +6y %) dx
B = [ W g ey g )
+/ ags(z')o(ut) dHNY (3.1
A(LLNB
u™ denoting the trace from above of u on AL, 1).
We will use (also in sec. 4), the following local problems:
. G(u, B
of(a) = inf {%_;H*) ;e Ab{a)} (3.2)
. G(u, B
E(a) = inf {—/(\,-VTA) . u € BE(a)} (3.3)

where 1\’ L are positive reals.
As G (see (2.5)) and the last expressions depend on 6 and v, we will sometimes
write 7 (v,6), of(a,7,8), 7¥(e,v,6) and G, s(u, B).
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It is gasy to check that ot (a) and 7£(a) are decreasing functions of L. More-
over:

G(a) = lim  of(a) 3.4
of(e) <7i(a) VYA VL. (3.5)

The first estimate (Proposition 3.1) will be crucial for the proof of theorem 2.1.
Proposition 3.1
i) For every 6, v, L €]0, +00[ and every integer A, one has:

ok (@) = ot(a) (3.6)

ii) Let I a compact interval in |0, +00. Then the following inequalities hold uni-
formly for 4,6 € I and for suitable C, C'(L):

oHo) + e < E@) < oF @) + yrirs (5.1
ot(a) < 5(a) < ok(a) +o(L) (3.8)

Comments:

a) Let us stress the fact that the equality (3.6) is not trivial since the functional
involved G is non-convex. In the homogenization theory, several non-convex ex-
amples exhibit a gap between the average energy on periodic cells of length A € N
and the minimal energy taken on a unit cell (see S. Miiller [7]). Fortunately this
gap does not appear in our problem.

b) The first inequality in (3.7) is straightforward. The procedure to obtain the
second one consists in taking the solution u” associated with of (@) and in using
cutt-off functions on By\By: (where X' € N) and A’ < A — 1) in order to fit the
boundary condition v = a on 8By N {zy > 0} (cf. the definition of B (a) in sec.
2). The parameter C'(L) depends on the norm of (ul — @) in L3(B,).

To prove prosition 3.1 we need the following lemma:

Lemma 3.2 The variational problem associated with Uf((a) has at least one solu-
tion. Moreover:

i) If A\ = k is an integer and u is a solution, so is w(z' — i,zn) for every 1 €
{1, k-1}V!

ii) If u and v are two solutions, so are uAv and uVv.

Proof. The existence of a solution is obtained classically by the weak compactness
of minimizing sequences ifi'the closed subset Aﬂ‘(a) of H}. and by the lowersemi-
continuity of G(., By) for this topology.

-Asscrtion (i) is obvious since w(a’ —1,cn) is still Y periodic in 2 and agrecs
with a for zx > L.
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Let us prove that w = u Av and w' = u V v are also solutions associated with
of(a). Let:
A={zeBynAL1); ulz) <v(z)}U{z € BANA(L1); ut(z) < v (2)}

{(u*, v* denote the traces of u, v on A(1,1) from above)
We have:

Dw =14 Du+14c Dv ae. on ByNA(L1)
wh =14 ut + 14 vt HY Dae on ByNA(1,1)
Hence:
G(w, BA) = G(u, BANE) + G(v, By N A°)
G(w',B)) = G(v, BN E) + G(u, By N A°)
By adding these two equalities, one gets:
G(w,By) + G(w', By) = G(u, B)) + G(v,By) = 2 0¥(a)

Since w and w' are also in the admissible set A’/\‘(a): one has:

G(w, By) = G(u', By) = 0¥ {a)

Proof of Proposition 3.1

Define : u(z',zy) = inf
1€{1,2,. k=1} N1

u(z' —i,zy)

From le'mma 3.2 we deduce that % is a solution associated with 0% (@) (A € N)

~ Obviously @ satisfies @ = o for oy > L and @(.,2x) is Y-periodic. Hence
7€ Al(a) and:

_ G, B))

ok(e) = S

=G(@, B)) = of (@)

Let us just outline the proof of (it}. Let &1, <y in I. As I is compact, we can
abtsunlebtl)at, as L —s 00, 6 — 8, v, — 7 and that u;, a solution associated
thh of(a, YL, 6.) converges weakly to some u in H].. Using the weak lower
semicontinuity in H,loc of G(., By), one gets:

VR Ly s 1 N
7(a) L—]Ln:\m or(a) = Lﬂxiw Guy, By) > G(u,B)) (3.9)

Let us define:
8
v =2 [ VW@t v = v, v =vw)
[+3
Since, for suitable Cy > 0:

G(ur,By) > Cy / | Dy | du
BiNA(1,1)
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we obtain:
?
/ { Dv| dz < liminf | Dvg | dz < + o0
B1nA(1,1) L—+o Jgna(t1)

From assumptions (H2c), (H2d) and (H2e), we can show that ¢(s) > C; |s—a |2
for some suitable C| > 0. Then:

/|u~a]?(:c',t)ciz’§cL { Du |
Y

1 JY x{zn>t}

Integrating this inequality between L — 1 and L gives:
ﬂL=/ [u—a|? dz — 0 as L — +oo
Y x{L-1,L]
We conclude by multiplying u by a suitable cutt-off function ¢(zn) on [L —1,L]
(see the proof of lemma 4.2 below for a similar construction). That yields:
of(a) < Glu, By) + o(BL)
Combined with (3.9), we obtain (3.7). 0

Proposition 3.3
1) g(a,'y,é) is continuous with respect to 8, v €]0, +oo|.
1) For every v, & €]0, +oo[, we have:

[2(7,6)] = 15 (2,7, 6) ~ 5 (a1, 7, 8)| < ¢

Proof. The continuity of af(q, .,.) for every L > 0 is straightfor:vard. Tl}\en (i) is
deduced by using estimate (3.8). For (ii) we prove the inequality 5(a;) < &) +¢
for i # j by extending a solution associated with the definition of of(a;) (L
being fixed) by a function ¢ depending only on zy such that ¢(L) = a; and
p(+00) = as. o

Now we have to pay attention to the ratio :c:/f which determines the contact
angle on the rough surface associated with v and 6. This ratio is ruled by the
propositions 3.4 and 3.5 below, for which we leave out the proofs in order to be
concise.
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Proposition 3.4
i) Let us fix v €]0, 4-00[. Then:

lim & =5(a), lim 2(v.6) =¢
m 9(a,y,8) = 5(a) Jim e(7.6) =¢

1) Assume that o does not reach a minimum on )ay, asl. Then:

lim  3(+,6) =
s, S0 =

Proof. Assertion (i) is obtained by approximating the infimum associated with
o¥(a,7,6) by a function depending only on zy and constant for z < 0. o
1

Comment: By the continuity of/?:('yt .), we see that %(7, .) ranges onto the interval
[¢,€). In other words, every situation between the case of a flat surface (?: ¢) and
the perfectly wetting case (5: ¢) is reached by increasing the slope factor 6 from
0 to +oo.

When the scale of rugosity is large with respect to the thickness of the phase
transition (y << 1), we are led to a local anisotropic Plateau problem:

Recalling that as is given by (2.6), we define, for every fixed § €]0, 4+00|, the
quantity Rs and the positively 1-homogeneous convex function hs(p) on RN by:

hs(p) = (pn? + 8% p*)/? | Rs= / A+ &V da?
Yy
Proposition 3.5:
= c
7 lim &(a,v,8) = inf —/ hg(Du) dz +
) y—0+ (@.7,8) uEC(a){ﬂz*m BinA(1,1) o(Dw)

+ / a5 F(u)dHN"1}
BiNA(L1)

where

Cla) = {u € BVjo.(A(1,1)); u(z) € {ay, a2} ae; u=a for zy > 0}

i) ?(-f—oo, 6) is continuously increasing with respect to 6. Moreover:
Stoos) = B (%) - 2
(400,68 =RsC foro<és< ——
Lip(f)

lim §(+oo,6) =c
§—+00

Proof. For assertion (i), we refer to Bouchitte [9] where limits of phase transition
models with general anisotropic perturvations are described. a
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4. Proofs of theorems 2.1 and 2.2

It will be convenient to localize the energy associated with E® as follows; let
us define for every u € L?(f2) and every Borel subset B C {:

N—
[e] Dul® + £W(u)] dz + / o(ut) dH™!
3 BN(A(d,h)UT")

Feanlu, B) = /

BNA(d,h)

if ue HY(B N A(d, k),

Fegn(u, B) = +00 otherwise.
For simplicity F 4c.he Will be denoted F. so that, if u = 0 on Q\§, one has
Pf(u) = F.(u, Qz).
We will use the following lemmas:
Lemma 4.1 (scaling) Let e, h, d > 0, real parameters. Then, for every A >0
and every v in L*(Q), one has:
Freanaav,Qa) = A7 Fona(va, Q)

where vy(z) = v{Ax).

Proof. We use the change of variable y = z/X so that Vu(z) = ATt Vu(y). O

Lemma 4.2 Let ug = « forzy > 0 andug =0 forzy <0 withaf {ay, a2} and
assume that h/e remains bounded. Then for every sequence ue € LYQ) such that
ue — ug there exists v, € L1(Q) such that:

(%) ve € HY(Q N {zn >0}); ve=aondQnN{zy >0}
(i1) liminf F€(ve, Q) < liminf Ff(u., Q)
(4i1) ve —= ug in L'(Q)

Proof. First, possibly by extracting a subsequence, we can assume:

liminf Fe(v,,Q) = lim F*(u,,Q)=f < +00 (4.1)
£ e—

Hence

lim W(ue) dz =0
e—0 Jo
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and from growth condition (H2c), the sequence | u, |2 is uniformly integrable.
Thus:

ue — ug in L2(Q) (4.2)
Let ke, ke be sequences such that:
ke €N, ekc — 1 (hence ke — +4c0) (4.3)
he = oflue ~ uol)r2(q) (4.4)
Then we define a boundary layer on Q by setting:
Te = Q\(1 - he)Q (4.5)
We divide T, into k. slices of width h, /k..
Se=Q\QT, Qi=(0-ih/k)Q i€ {01, k} (4.6)

so that: T, = Ufil St
Let @} be a smooth function such that:

; ; A
0S@l<1, ph=lonQl ¢l=000Q\Q | Dofls 25 (47)
€

For a suitable i (we shall choose later), let us consider v, = el +a (1 —¢i). We
have v, = & on 8Q N {zy > 0}, and owing to assumptions (H2c¢) and (H3), the
following inequalities hold:

W) < W(ue) +C, (W(a) =0) (48)

o(ve) <o(ue)+C, onl,.NQ (4.9)

On the other hand from (4.7) v, = u, on QLve = a on Q\Q: ! and Duv, =
¢eDue + (u: — o) Dyt so we have:

| Dve P< 2] Due * + luc —a [ (ke/he)* on St (4.10)

Fve, Q) = F¥(ue, Q1) + F* (v, S + F¥(a, Q\Qi™Y)

S F(ue, Q) + RL (411)
where
o 2¢ek? ) . c N
R :25/. | Du, >+ / lue—a P +S18t |+ c HY-Y(SiAT,)
Sinae h? Jsina, €
(4.12)
Choose i such that R < Efil R /k,. One gets from (4.12):
2¢e 2 ek?
R, < — {Duer‘*' 625/ |u5~u0|2
ke Jrena. Rz Jrenae

+

¢ hN-1 c fe
g k—u" HienTe)
€ '€
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Noticing that: € f7. | Du, [°< F(u, Q) and HN-YT.nT,) < HY-Y(Qn
Te) < gup (1 4+ ho/d. | Df |2)Y/? we obtain owing to (4.1).(4.3),(4.4) and to the
assumption that h./d. is bounded:

m R; =0

limsup R; = lir
e—0

e—0

which yields by (4.11) to the inequality (ii). The assertion (iii) is trivial since
| ve —uo | <] ue — ug |. u]

Lemma 4.3 Let Q =) ~ 1/2,1/2[N~1, « € {a1, a2} and (e, de, he) a sequence
such that (H1) holds. Define uo(x) = o if ay > 0, up(z) =0 if oy < 0. Then:
i) For every sequence (u) such that u. — ug in L%(Q), one has:
liminf F,(u, Q) > (e, 7,8)
1) There exists (ue) such that u, = o on 8Q N {zny > 0} and:
we —ug in L*(Q), limsup Fe(u,,Q) < 5(a,7,6)

P

Proof. By lemma 4.2, one can assume that u. = o on 8Q N {zy > 0}. Apply the
lemma 4.1 with A = 1/d,; one gets:

Fegene (e, Q) = de™ ™ Fupa 1meae (ve, Quya.)
where v (z) = u(x/de)-
Noticing that v, belongs to B,ﬁg (a) with L, = 1/d,, we deduce from proposition
3.1 (cf. (3.7)):
Fedene(ue, Q) 2 715 (an6/de, hefde) 2
= C
> G(a,efde hefde) — TNT
€
The conclusion (i) follows by letting e tend to 0 and using the continuity of 5((1, o)
at (v, 6) proved in proposition 3.2.
Now, let us prove assertion (ii): Let w € Bi(a) be the solution associated with
the definition of 7{(a, v, §). Define u, by:
ue(z) = w(z'/de,xn /he) if T € Alde, he)
=0 otherwise

Through the dEY—periédigty of u. with respect to 2/, we discover:

/[ el dx = o)
zn|<he
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Since u, = ug for |u.| > he, one gets u, — ug in L*(Q). Now using the scaling
lemma 4.1 with A = 1/d.:

Ne
Fede e (e, Q) = d ™™ Fryao 1 me jae (ve, Quya,)

where

ve(z) = w(z, ;Z—EIN)
e

Since w = « for ox > h./d,, we have v, € Bf(a) for every L > sup(he/de).
According to proposition 3.1, we have:

Fede he (e, Q) < {7y, (0, 7e, 8¢)
< of(aye,6) + C'(L) 4. F
Finally from the continuity of ol (a, ., ):

limsup F,(u.) < af“(a, v,6)
e—0

which reduces to the inequality of (iiy when L — co. o

4.1. Lowerbound for the I-limit of the energy
We are going to prove the assertion (i) of theorem 2.1.

Let (uc) be a sequence in L2(f2) such that:
ue — u in LA(), (= lism_i.%f E(u;) < +o0 (4.13)
Define the Borel non-negative measure e on Q by setting:
be(A) = Fe(ue, A)

From (4.13), the sequence {4.) is bounded and tight on  ( Q is compact). We
can write, possibly only for a subsequence still denoted by e:

- " o 3 _
hexg%f Ef(u,) _Eh_gao Ef(ue) =1
e = pg for the narrow convergence on
As supp p. C Q, we have supp pp C g, hence:
b= lim p1e(9) = po(So) (419)

In fact, by using the narrow convergence of i, for every Borel subset 4 of & such
that 1o(0A4) =0, one has:

i Fo(ue, A) = lim jeo(4) = po(A) (4.15)
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Since g = 0 on 2\, and:
1
Ef(u,) > ¢ / |Duc)? dz + A/ Wue) dx
Qo € Jn
we already know that the limit u lies in BV(S2) and has the form: u = a; 14nq, +
a2 1g\a where A is a subset of Qo with finite perimeter. Moreover, by applying

Modica’s results [2], on the open set Q7 = QN {zn > n}, with n > 0, one gets:

/ | Dul dz++/ Fut)y dHN"Y  (4.16)
Qn jaiaieid

c

L 7 >
ILYE%f Fe(ue, Q") > @ —ay

where ¢ and & are given by (2.1} and (2.3). Choosing a sequence 7 tending to 0
such that po({zy =n}) = 0 and using (4.15) and (4.16) we are led to:

1= po(Q0) = po(To) + nl_ig}o #o(27)

> po(Do) + < / | Du| dz+/ F(ut) dHN !
Qg — Oy Qo r

So the lowerbound of theorem 2.1 is obtained provided we can prove:

o 1p, > 8(ut) HN"1(Ton )

Denoting 8 = HN~1(I'y N .), the last inequality reads as:

o 1y > St (x)) ) 6 ae. w €Ty (4.17)
dby

Let Qs be the interval | — §/2, +-6/2[". By the Besicovitch differentiation theorem,

one has:

B dpo o polQs)
N1 _
H ae zr€ly, 2o 51 ) EN1

On the other hand, as the limit u of u. satisfies u(z) € {a1, a2} a.e. on Q\Qy,
the traces on I'y from 2 > 0 and from 2 < 0 satisfy :

ut € {{o1, as} HN"laezelg, u =0

(4.18)

Let us fix zg € I'g such that the equality in (4.18) holds and let us set:
we s (y) = u-(7o + fy)
wo,s(y) = u(xo + 6y)
It is well known that for HN-! a.e. 2¢ € I'g, one has:
w5 ~— ug in LY(Q) as § — 0 (4.19)

where:

up(y) = o if y»- >0 and ut(7g) = ; (4.200
uo(y) =0 if yv <0
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“rom now on we assume that zg has been chosen in such a way that (4.18) and
(4.19) hold.

Let us go on with the blow-up argument at zq as done in another situation
by Fonseca-Miiller [8]. Take a sequence (6y) tending to 0 such that 10(0Qs, ) = 0.
Owing to (4.15) one has:

dpo

. . Fede ne (e, mo + Qs;.)
d—&o(ro) =, lim  lim ——— 7k’

— 400 £—0 5;?’*1 (4.21)

Assuming that %%g(xo) < +oo (otherwise the inequality (4.17) is trivial), we can
choose for every k, some e(k) > 0 such that:

1
€k = é <z (4.22)
1
I We, 6, — Uo ”LJ(Q) <li wo,s, — o {I21(Q) +E (4.23)
Fedene(ue, Qs,)  duo 1
—_———— < — put
T Sag, )Tk (4.24)

For this ¢ (depending on k), let us set:
ve(Y) = ue(zo + bry)

d, h,
— £ A = -

By lemma 4.1 we may rewrite (4.22) as:
d,ll,()
dfy

We notice that dp ~— 0, A — 0, g5 — 0, while hy/dy — 6, er/di — 7.
Since vy — ug in L'(Q) where ug has the particular form given by (4.20), we
may apply lemma 4.3 (i) with Q = Q. Combined with (4.24) that yields (4.17):

1
Fep iy (Vs Q) < —=(x0) + 7

q, . =
T (0) 2 nint Fuyay n, (00, Q) 2 5(u*(z0))

4.2 Upperbound for the I'-limit

‘We prove the assertion (ii) of theorem 2.1 in case u = o lagna + a2 1oy 4 where
A is an open set of RN with smooth boundary 84 such that HN-1(0AN80) = 0.
The conclusion in the general case is then deduced by an approximation procedure
for functions u such that E%(u) < +oc. This procedure is completely described in
Modica (2] or Bouchitté [9] to which we refer for this part of the proof.
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(To obtain (4.27), we notice that, according to the growth condition on W (H2d),
the infimum associated with the definition (2.3) of 7(c;) is reached for some value

Set A1 = AN and A; = Q\A. For every > 0 let us define:
2 si: then we can choose %, so that e € oy, ap) U [s1,82])

Ly = {weTondi d@09) >0, dz.04) > 1}

T = I‘ﬁ] x [=n/2,n/2] From (4.28), we get @, = a; on X}, so that we can modify 4, inside L), using the

lemma 4.3 (ii). Let us consider a covering of E,’, U E,ZI by cells of size 7 by setting:

Qy=nk+Q), kezV
L={keZ""'; Qtcxi}

Noticing that
h -
HNTHLA(Sh U S5) < 25 B! (To\(T; uT2),
€

Jlim HY=1(C\(T} UT2)) = H¥ (o 0 (I U 94)) = 0, To simplify, we assume that T = 37, Q& .
By an easy rescaling, lemma 4.3 (i) leads to the existence for each & € I of a

we can write: sequence (w¥) such that:

timsup HN"1 (L \(E5 U L)) = o(n) (4.25) wf — agin L(QE) , w¥ = a, on 9Q% N {zy > 0} (4.31)
£~—0 —_
Mlim F(wf, QF) = G(au) nV !
Define:
@ on Q\TlUX?
ue =< w* on Qk, kelyur?
0 on O\,

It is easy to check that ue — u in L4($)). Moreover:
Fe(ue, Q) < Fuo(@ie, Q77U I'\T.) + Fe (4., T\(ZL un2))+ (4.32)
+ Y RuhQh)

1072
kerlur?

From (4.27), o(i) is bounded. Thus from (4.29), (4.31) and (4.32):

figure 4

limsup F, (u, %) <1, + o(n) +/ F(ut) dgN (4.33)
=0 riurg
Let us apply Modica’s construction [2] to approach @ = a; 14, + as la, on
the open subset 277 = QN {zy > —n} taking into account the boundary energy

on I'". We find a sequence @ in L2(~") such that:

We conclude by passing to the limit as 7 — 0 using (4.30) and the fact that
Ji, 1D = 0 due to HN~1(84Ty) = 0.

G — i in LHQ) (4.26) Finally, in order to fit the constraint on the total mass ([, ue dz = Jou dz),
we use Modica’s method which consists in changing u, slightly inside one of the
o e two phases (see {2]). 0
@ is bounded in L™(Q™7) (4.27) 2)
Acknowledgements: The research of the first author is part of the project "EU-
Ge =14 if d(z,04) >7 and d(z,807") > 7 (4.28) RHomogenization”, contract SC1-CT91-0732 of the program SCIENCE of the
Commission of the European Communities.
Fe(te, Q0 UDN\D,) — 1, as € — 0 where: (4.29)

lp =

/ |1)m+/ G(u) dHY1 (4.30)
Q2 — a1 Jao-n I
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4.3 Tension de ligne

Dans I’étude de systemes diphasiques, on tient parfois compte d’une
"tension de ligne”. Des mesures expérimentales existent, relatives &
cette énergie concentrée sur la ligne de contact. Cette notion semble
une généralisation naturelle de la notion de tension superficielle.

Lorsqu'on tient compte de la présence d'une tension de ligne, la
recherche d’un équilibre se ramene & la minimisation de 1’énergie

Fo(u) = ey H2(0A; N Q) + GH2(OQ N A + eaHY(C) (4.11)

siu = a; dans A, et u = ) dans B; = Q\ A;, Pénergie étant infinie
si u n’est pas de cette forme. La ligne de contact C est définie comme
la frontiére de Vinterface A; N Q ou de maniére équivalente comme
Uinterface unidimensionnelle séparant les traces des ensembles A; et
By sur la paroi 99Q2.

L’équilibre est influencé par la présence de la tension de ligne a
travers la modification de I’angle de contact. En effet I’équilibre des
forces a la ligne de contact tient compte, outre des tensions superficielles
de P'interface et des interfaces fluide-paroi, du produit de la tension de
ligne par la courbure de cette ligne: la loi de Young est modifiée.

Des hypotheses convenables peuvent-elles faire converger le modele
de Cahn-Hilliard vers un modéle avec tension de ligne? L’article qui
suit répond a cette question.

Nous commencons par remarquer qu'un probléme d’équilibre avec
tension de ligne est un probléeme mal posé: considérons une suite de
configurations u,, dont 1'énergie s’approche de la valeur minimale de
énergie (4.11) (une suite minimisante), notons A;™ 1’ ensemble sur
lequel u, vaut a;. La ligne de contact C correspondant & la config-
uration limite A; peut étre trés éloignée des lignes de contact L cor-
respondant aux configurations A;™ phénoméne illustré dans la figure
4.3.

D’un point de vue mathématique, I'energie Fy n’est pas semicon-
tinue inférieurement (pour la topologie de L(Q)) et I’existence d’un
minimum n’est pas assurée. Cette remarque élimine tout espoir que F,
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soit la I'-limite de I'énergie de Cahn-Hilliard.

Figure 4.3: suite minimisante de configurations

Comment bien poser un probleme d’équilibre avec tension de ligne?
De maniére intuitive, disons qu’il faut prendre en compte le fait que
les traces de u, ne convergent pas forcément vers la trace de la limite
en écrivant I'énergie fonction de la valeur de v a l'intérieur de Q et de
sa valeur v sur le bord (en envisageant une ”valeur sur le bord” v qui
ne soit pas la trace Tu de u). On peut se persuader en considérant la
figure 4.3 que I'énergie & minimiser est:

@(u,v) = C1H2(8A1 n Q) + aH2(A2 N 8A1)+
+01H2(BQ n 5A1) + (C1 + a)HZ(AQ N 6B1) -+ Cng (aAz) (412)

st est égal & og sur 4, & By sur le complémentaire By, et si v est égal
a; sur Ay C A9, 4 B sur le complémentaire B, = 9} \ Ay, Iénergie
étant infinie si u et v ne sont pas de cette forme.

Les valeurs de u qui réalisent Péquilibre sont celles qui minimisent
I'énergie F définie par

B

Flu) = inf (u, 1) (4.13)

Il faut remarquer que la tension superficielle ¢, est attachée 3 la frontiere
de Ay et non 4 la ligne de contact. Or, pour une configuration u donnége,
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Aj ne peut étre calculé qu’a travers un probléme de minimisation global.
L’énergie F est donc non locale.

La fonctionnelle F est la relaxée de Fo pour la topologie LYQ).
C’est la candidate idéale pour étre la Ilimite d’un modele de Cahn-
Hilliard.

Nous avons ensuite cherché quelle modification des hypothéses de
Modica conduiraient & un probléme asymptotique dont la limite pour-
rait étre F. Sachant que la trace de la densité prend des valeurs trés
différentes au voisinage de la ligne de contact qu’ailleurs sur la paroi,
l'idée naturelle est de supposer que I'énergie de surface W, est trés
grande pour ces valeurs intermédiaires. Ainsi nous supposons que Wy
est une fonction continue positive s’annullant seulement en deux valeurs
Qg et [y, que ). tend vers I'infini quand ¢ tend vers zéro et nous étudions
la limite de

Fow) =e [ | Du +§ [ Wiware +a, [ Wataar  (a1a)

Aprés quelques tatonnements il est apparut que le comportement inté-
ressant (entrainant ume énergic limite finic non nulle) de A, est quand
elog(A.) tend vers une limite finie non nulle.

Notre résultat principal établit la convergence {quite & extraire une
sous suite) des suites u, d’énergie bornée vers une fonction v & variation
bornée prenant ses valeurs dans {a1,8,). De plus la suite des traces
converge vers une fonction v de 9Q 3 variation bornée prenant ses
valeurs dans {ay, Ba}. L’énergie limite est exprimée en fonction de
et v. L'expression est comparable (4.12), les coefficients facteurs de
H2(A,NnHA, ), H3(ByndA,) et H?(AzﬂaBl) Stant exprimés en fonction
de Wy, ay et f,. L’expression (4.12) n’est retrouvée exactement que
sous certaines hypothéses portant sur les positions relatives de ay, B,
Qg et Gy

Comme habituellement, V’estimation supérieure de I'énergie est ob-
tenue par construction explicite d’une suite approximante. Cette con-
struction est technique, mais elle montre Porganisation essentiellemen
radiale du champ de densité au voisinage de la ligne ot se concentre
Pénergie (cf. figure 2 de Particle). L’estimation inférieure de I'énergie
est plus délicate et longue: apres avoir localisé Pénergie, on remarque
que la démonstration de Modica peut étre reprise pour étudier la partie
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interne, le probléme principal se situe sur le voisinage de la paroi. Dans
de trés petits voisinages du bord (intersection de boules de tres faible
rayon et de (1), énergie volumique peut 8tre négligée. Les voisinages
peuvent étre transformés en une demi boules par des isomorphismes
trés voisins d’isométries. Par un argument de "slicing” on se rameéne
au probléme de la minoration sur un demi disque D de diamétre £ de

GHu) = e/D | Du |? +/\5/EW2(Tu) (4.15)

ol Tu désigne la trace de u sur E. Lénergie de Dirichlet est ensuite
minorée par le carré de la norme H'/2 de T sur E. On est donc réduit
au probléme unidimensionnel de la minoration de

a¥ 27r// 1”(’: ( )12 d’ dz 42, /W2 (4.16)

Ce probleme, bien que de dimension un, présente encore des diffi-
cultés. De plus, comme il a son propre intérét, il a fait I'objet d’une
publication séparée au Comptes Rendus de PAcadémie des Sciences
dans laquelle on montre que G? T'-converge dans L'(E) vers G3 défini
par: G*(v) = cyH’(Sv) (Sv désignant 'ensemble des sauts de v) si v
est & variation bornée et & valeurs dans {a,, B2}, G3(v) = 400 sinon.

Dans la derniére partie nous étudions sur quelques exemples les ef-
fets de la tension de ligne sur les équilibres diphasiques et en particulier
les effets de la dissociation possible entre la ligne de contact et la ligne
de séparation des phases de surface.

Les articles qui suivent ont été publiés ou soumis & publication sous
les références: ” Un résultat de perturbations singulieres avec la norme
Hi/2; G.Alberti, G.Bouchitté and P.Seppecher, C.R.Acad.Sci., ¢.319,
Série I, p.338-8358, 1994” et ” Phase transition with line tension effect,
G. Alberti, G. Bouchitté, P. Seppecher, soumis & Arch. Ration. Mech.
An.

Attention: Les notations de ces articles different de celles utilisées
dans l'introduction.

C. R. Acad. Sci. Paris, t. 319, Série I, p. 333-338, 1994 171
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Un résultat de perturbations singulieres avec la norme HY/?2
Giovanni ALBERTI, Guy BOUCHITTE et Pierre SEPPECHER

Résumé - Soit I un intervalle borné de R et W une fonction positive continue s*annulant seulement
aux points @, 8 € R. Nous obtenons le comportement limite des fonctionnelles

m u)‘—s//;] uiz) - u) |* dzdy+,\£/‘W(u)4x

T-y
lorsque € — 0, A — 400 et clog A — k(0 < k < +oc).

A singular perturbation result involving the H'? norm

Abstract — Let | be a bounded interval of B and W a continuous non-negative function vanishing
only ar a, B € R. We obtain the asymptotic behaviour of the functionals

when € — 0, A. — +oc and elogA. — k(0 < k < o)

1) - ”(”)‘ d.rdy+/\:/W(u)d1
1

T —q

Abridged English Version — Let £, A, be sequences in ]0, +oc[ such thate — 0, A, — +oc
and consider functions W :R — [0, +oc] satisfying the assumptions:

(H]) Wu)=0 & ue{a, s} (a < B)

(H2) Wy 2C(u2-1) (C>o0).

Our motivation is to study the asymptotic behaviour of the functional

1 .
@ E* (u) ::e/ IVu]Qd:chg/Wg(u)dz—(»z\e/Wx(u)dHh_‘
Q Q r

where Wy, Wy satisfy (H1), (H2), and € is a bounded open subset of RN with boundary I'. The
case Ac = 0 or A = constant is well-known [1], [2] and leads to a mathemarical justification
of the usual two-phases transition model with minimal interface criterium and contact Young’s
law. Here we expect that, for A. tending to +oc with a suitable scale, the sequences (ue) of
finite energy have subsequences whose traces on I strongly converge to a function of bounded
variations ranging into {a, 8} and we expect that the associated (N-2)-dimensional interface on
I between {u = a} and {u = B} is taken into account in the limit energy (line tension effect).
A first step of this program is the estimate of the boundary energy on I" given by

@ B (1) o= el + e [ Wi ()

- r
where || |,/2 is the intrinsic norm of the space H'/? (I") [3]. This problem has its own intcrest
and is solved in this note in the one dimensional case (ie., T is an open bounded interval ).

For every function u in L (I} we denote by S,, the jump set of u, i. e., the set of all points

Note présentée par Luc TarTar.

0764-4442/94/03190333 $ 2.00 © Académic des Sciences
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2

where u has no approximate limit. We denote by BV (I, {a, }) the space of functions u with

bounded variations on 1 such that u € {a, B} aej it is well-known that a function u, such
that u € {a, B} ae, belongs to BV if and only if Sy is finite, ie, HO(S.) < o0 We prove
that if £ log e — k, the limit energy associated to F¢ defined by (1) is given by

4
Q) +00 otherwise.

F(u) = {‘Zk(ﬁ-—a)?’Ho(Su) if weBV(, {a, B},
THEOREM. — Assuming (H1), (H2) and elog Ae — k(0 < k < +oo), then:
(i) Every sequence (ue) such that sup Fe (ue) < +00 i strongly relatively compact in L (I)
and every cluster point u belongs to BV (I, {a, 8})
(i) Every sequence (ue) converging 10 U in LY (1) satisfies
lirErLilx)xf F€ (ug) = F(u).

(iit) For every u in LY (1) there exists (e) converging 10 U in L
lixra Fe (ue) = F (u).

(1) such that:

Comments:

1) In the ’-convergence theory setting,
F in L! (I). Note that F* and F are both lower semicontinuous i
on every closed subset of LY (1)

2) in assertion (i) we may mo

wedr = [udz. Asa consequence (setting 1 = elAre

assertions (i) and (iii) mean that F¢ I'-converges to
n LI (I) and have minimizers

dify (uc) in such a way that it satisfies the constraint

), we get the estimate as 7 — 0 for

2
dz dy, / udr =Y
f0.1)

he behaviour of W between and 3.
ent of the regularity: informations upon the
the first order derivative of the

i 1
the variational problems (v €la, Bh -

inf{ W(u)dz+n//
[0.1) (0,1)°

~2(f - )’ nlogn

u(z) —uly)
-y

Note that this estimate does not depend on t

3) In the limit process we get an improvem
half-derivative of e (H'? norm) lead to informations upon
limit u (v s 2 bounded atomic measure).

4) A similar result can be deduced in high
paper [4] where we propose a new model of phase transition with line tension effects.

5) The proof essentially relies on the estimate (6) which follows from a rearrangement lemma
(lemma 2). When writing the final draft of this note, we were told that another proof of this

lemma has b‘cc_rlgproposed by F. Brock.

er dimension and will be used in a forthcoming

- —

L. INTRODUCTION ET ENONCE DU RESULTAT. — SOIt €, Ac des suites réelles positives telles que
€ — 0, Ae — 00, €log Ae — kou k €]0, +oof. La motivation de ce travail est P’étude
du comportement asymptotique de la fonctionnelle (2) dans laquelle Wo, Wi vérifient les
hypotheses (H1) and (H2), Q étant un ouvert borné de RN de fronticre I'Lecas Ae =0
bien connu ({17, [2)) et donne une justification mathématique du

ou A = constant est
laire et un angle de contact

modele usuel d’un milieu diphasique avec une énergie capi
donné par la loi de Young.
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Quand A ié ’
L ane il:?:;d \gfrs +o_o de .mamere convenable, le résultat attendu est que les traces
e \b s d’énergie finie convergent fortement dans L' (T") vers une fonctio
ions bornées prenant ses valeurs dan: i \ )
N s {a, B}, linterface (de di i
séparant les ensembles {u = a} e éan e encrgie
€p: = t{u = s! é i 'é i
s e oo e Ty { B} sur I' étant prise en compte dans I'énergie
N ulellel premiere eta]pg est d’estimer 1'énergie sur le bord I' définie par I'équation (3) d
p:, ll]iem||A l1/2 de,51gne la norme intrinséque de H'/2 (") [3]. Ce probleme intér)es anst
par 1 éme, est résolu dans cette Note dans le cas de la dimension 1 (I an i ali
e R e T est un intervalle
Pour tou ! ’ ‘
aPPrOXima[;V: gL (I) on note S, I'ensemble des points de [ o » n’a pas de limite
approximati {.a %;o;fe}ztvbgl, {a, B}) I'ensemble des fonctions a variations bornées a
! , Bh ien connu qu’une fonction u, telle
danNs BV si et seulement si S,, est fini, i. e., H°(S,) < ;xs ue € {00 O ppn et
ous montrons que si € log A, — &, I'é coie limi
domte a8 g Ae k, I’énergie limite associée a ¢ définie par (1) est
THEOREME. — ;
6 E]O.OREIME. - Sous les hypothéses (H1) et (H2) et elog e — k{0 < k < +00), on
ute Suit 5 € : -
sy LoDy e (u) telle q'ue ':.ElpF (ue) < +oc est fortement relativement compact
oL et toute valeur d'adhérence u appartient a BV (1, {«, 8}) pece
(ii) Pour toute suite (u.) tendant vers u dans L' (I) on a I"inég;n[ilé‘

ligli(?f F (ue) 2 F(u).
(iii) Pour tout u dans L' (1) il existe une suite (u.) tendant vers u dans L' (1) telle que:
lim F* (1) = F (1), _
II. COMPACITE ET ESTIMATION DE LA LIMITE INFERIEURE DES ENERGIES. — Définissons tout

d’abord les fonctionnelles localisées en posant pour tout € 0, u e LI et pour tout
O sees
ouvert JC1 : © > ( ) Y

) Fe (u, J) ;:5//
IxJ

LemMmE 1. — Soir € > 0, u, 1
,ue € L), er un int !
0<6 < _ o ) intervalle J C 1. Pour tout § tel
respecti (B — a)/2, définissons A. et B, les ensembles des points x de 1 vé que
pectivement ue (z) < a + 8 et uc (z) = B — 6, et posons vérifiant

o= Aendl B _
b Sy or=inf (Wt :a+86§<t < 8-6}.

u(z) —u(y)

r—y

2
drdy + A / W (u)dz.
J

Nous avons:

®) F(ue, ) 22(0 - a - 26)%¢
X [log (arbe) + log (Ae) — log (5 M
aJi '
LeMME 2. — Soi ‘
EMME 2. — Soit ¢ une fonction positive décroissante sur |0, +oo[, étant donné
, , né

4 -
eux boréliens A et B dans R de mesure de Lebesgue a er b, on pose ® (A, B)
I — . . ' -
. (] yl)dzdy. Alors si AUB C [X, Y] er ANB = @, on a 'inégalité :

) (A, B)2 &([X, X+a), [Y -0, Y]



174 G. Alberti, G. Bouchitté et P. Seppecher

Démonstration du lemme 2. — On note A < B si z < y pour tout (x, y) dans A x B.
On note d; (A) := [r, z + a, 9. (B) := [z — b, z]. Remarquons tout d’abord que si
{X} <A <B < {Y} on a:

(8) ®(A. B) 2 ®(dx (A). B) et ® (A, B). 2 & (A, gv (B)).

En effet posons h (r) := X + / A (£)dt. On a h(z) £ z sur {X, +oo[ d’ob:

(A, B) // p(y~7)dedy 2 // p(y = h(z))1a(z)drdy

// y—uw)dudy = ® (dx (A), B).

Ceci démontre la premiére inégalité, 'autre se démontre de la méme maniére.
Montrons maintenant le lemme dans le cas o A C A’ et B C B’, A’ et B’ étant des
ng

réunions d’intervalles fermés A’ = U Al U B;, A’UB C [X, Y], A] et B} étant

des intervalles fermés disjoints. La dumonstratlon se fait par récurrence sur ny + np. Au
rang 1, A ou B est vide et la proposition est triviale. Supposons le résultat vrai pour
nM\ +ng < N. On peut supposer sans nuire 2 Ja généralité que A est non vide et que

U AU (UB On note A; = AN A/ eta; =|A,|. D’aprés (8) on a:

i#1

® (A, B) = (A, B)+ & (| J A, B) 2 d(dx (A1), B) + 9 (| A, B)

i#l i

ct

P(dx (A1), B) 2 @ (dx (A1), gv (B))
et dapres I'hypothese de récurrence appliquée a U A; et B dans X +a;, Y] :

i#1
o (| Ai B) 2 @ (dysa, (1 Ay 9v (B)).
i#1 i#1
Le résultat découle alors du fait que dx (A1) Udxya, (U A;) = dx (A). Le lemme s’étend
i#l

au cas de deux boréliens disjoints par approximation intérieure. (3
Démonstration du lemme 1. — En appliquant le lemme 2 avec = 1/t? on obtient:

Fe(ue. J)=c¢ /
JIxJ

.

, 1
5(B~a—2é)z/ ———dzdy + A o|J\ (A UB.)|
(A: xBHU(B, xA,) |z —y|?

ue () = ue () |
T-y

dr dy + Ae / W (u.) dz
J

AYS

v

2e(B—a—25)
A |

Tea-mpE e

X [log(aE be) — log (1 —ac —be) +

On applique alors I'inégalité
~logz + Mz 2 logM
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avec Aol
M= -—""""—— et z=(l—-a —b) O
2:(f—a—26)2 ¢ e=(l-q )
Démonstration de (i) et (i1). — Remarquons d’abord que, si F¢ (u., I) £ M pour tout
€, alors:

/W(ue)dz'g% = Wi(u)—0 dans L*(I).
1 .

Grice a I’hypothése (H2), (u.) est faiblement relativement compacte dans L' (I). Soit
(vz) la mesure de Young associée 2 une sous-suite convergente [notée encore (u.)] de
limite faible u. Comme W (u.) — 0 on a:

u{z) = / tv, (dt) et / W (t) v (dt) =0 p.p.
K R
Grace a ’hypothese (H1), il existe une fonction # a valeurs dans [0, 1] telle que:
v (dt) = 6(x) 8 (dt) + (1 — 6 (x)) 85 (dt) et u(z)=60(z)a+(1-6(x))p

Il s’agit maintenant de montrer que ¢ € BV (I, {0. 1}). Soit J un intervalle ouvert de I et
6 €]0, (8 — a)/2[. D’aprés le lemme 1, nous avons:

%) F(ue, J) 2 2(8 — o — 26)% ¢ [log (a b.) + log (Ae) — log (Ce)).

/(l —8) dr
a. —a:= et by » b= —
‘ 1] ]

Dans le cas oi ab > 0, en utilisant le fait que elogA. — k et que ¢ est arbitraire, le
passage a la limite quand € tend vers O dans (9) conduit a:

D’autre part on vérifie aisément que:

/Hd:::
il

(10) lirriiélf Fe(u., 1) 2 2k(8 - a)24

Considérons 'ensemble S des points ol la limite approximative de 8 est ni 0 ni 1. Pour tout
entier N < H%(S) il existe des intervalles disjoints I, n = 1,..., N, tels que I, NS # &
pour tout n, et pour lesquels les quantités a et b associées sont non nulles. Grice a (10)
et 2 la sur-additivité de F€ on obtient:

N
: N €/, > . . '3 > _ 2
(11) lllsrl}élf Fu, I) 2 zl: ll[env'lélf F{ue. 1,) 2 2k (8 - a)*N

En conséquence S est fini, § € {0, 1} p.p. ce qui prouve (i). De plus (11) implique (ii). O

ITI. ESTIMATION DE LA LIMITE SUPERIEURE DES ENERGIES. — La proposition (iii) du théoreme
est obtenue en dém~ntrant par ~fcurrence sur N la proposition suivante : T étant un irtervalle
tel que H® (S, NJ) = N, il existe py tel que, pour tout p €0, pgl, on peut trouver une
suite (u.) telle que:

Ue =+ U,

Fe(ue, J) = 2kN(B—0a)?2 et d(2.S)>p = u(z)=u(z)
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* Pour N = 1, posons S, NJ = {z,} et:

Définissons u. comme la fonction continue, égale a u sur A, UB, et affine sur C,. Ona:

: . e (2) ~ue (9) |
F (ue, J) 25//&%:
~2e(f —a)?|log (e/re)] ~ 2k (8 - @)

-y

Pour N > 1, posons
TN+l — TN

SuNJ={z) <29 <... <IN < TN41}s §:= 5

et:

J =] - o0, T~ + 26], J = IN|zngr — 26, +o0, C=J\(Jul

En utilisant I"hypotheése de récurrence au rang N sur J' et au rang 1 sur J” avec po < 6. On
obtient u, et u” deux suites approximantes de w sur J et J”'. On définit u, par: ue = u,
sur V', ue = u sur J’, v, = uwsur C. On a:
u, (z) —u () |°

T -y

F (ue, J) ~ B2 (ul, ) + FE (ul, J") + € //
I xJTUCK (I'0I)

L'intégrale sur J' x J” est majorée par (a — $)?/6%. Dans la deuxizme intégrale
C x (JYUJ") peut étre remplacé par C x (J\ [zn + 6, Zny1 — 6]), cette intégrale est
done aussi majorée par (o — 3)2/6%. Ainsi ¥ (u, J) converge vers 2k (8 — ) (N + 1)
et la proposition est démontrée a P'ordre N+ 1. [

Note remise le 6 mai 1994, acceptée lec 26 mai 1994,
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Abstract: we study the asymptotic behaviour of Cahn-Hilliard model under the assump-
tion that the boundary surface energy W is, like the volume energy Wi, a two-wells positive
function very large for intermediate values. We show that the singular limit associated to
the energies

F.(u):= 6/ |Duf? + l/ Wi (u) + A Wo(u)
Q €Ja Joa

as € tends to 0 and A, tends to infinity depends on the limit of elog A.. If the limit
of elog A, is finite and strictly positive, the limit of F. is non-local, taking into account
boundary surface phases. When these phases coincide with the trace of the volume phases,
we obtain the classical capillary energy with an extra term corresponding to line tension.
These results were announced in [ABS1] and {ABS2].
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1. Introduction

In the classical model for two-phase fluids, it is assumed that the mass density u takes
only two values a; and ;. We denote the phases 4; := {u = oy} and B; := {u=p1}.
Let 2 be the open set in which the fluid lies, the interface is the dividing surface 0A1 NA.
The equilibrium configuration minimizes the capillary energy

Fp(u) = ey H*(BA, N Q) + GHA(00 N 0.4;) (1.1)

where ¢; is the surface tension coefficient, €] represents wall-fluid interactions and H*
stands for the k-dimensional Hausdorff measure. Let us define the contact line C as the
boundary of the interface (or equivalently as the one-dimensional interface dividing the
traces of A; and By on Q) and, at every point of C, the contact angle 6 as the angle
between the interface and the wall 8Q (more precisely the angle between the outward
normals to A, and 2 on C). At equilibrium @ is given by the Young’s law (see for instance
[RW] or [F])

crcos(f) =& (1.2)

In fact, physicists frequently add an extra term in (1.1) to take into account line tension
(RW]. This term corresponds to a concentration of energy (with line density denoted here
¢2) along the contact line C. The capillary energy becomes:

() = ey} (041 N Q) + AHA(INN DA + e HY(C) (1.3)

An alternative way to study two-phase fluids is to use a continuum model as done
in Cahn-Hilliard theory. The Cahn and Hilliard model ({CH1], [CH2]) is the simplest
continuum model for phase transition. It is assumed that the volume energy of the fluid is
the sum of a non-convex volume energy W, (1) (where W is a two-well potential vanishing
only at o« and $;) and a term ¢ [Du|? taking into account the non-homogeneity of the
fluid. Moreover a surface energy Wy(T'u) concentrated on the boundary takes into account
the interactions between the fluid and the container (here T'u denotes the trace of u on
the boundary Q). The cocfficient § introduces an intrinsic length (caracteristic of the
thickness of the interface). As this length is in general much smaller than the size of the
container, it is natural to study the equilibrium of such a fluid in an asymptotic way, i.e.,
to consider the limits as € — 0 of the sequence of minimizers ue (subject to some volume
constraint) of the rescaled energies

| 1 S . )
F (u):= 5/ |Duj? + —/ Wilu) + /\/ Wo(lu) . (1.4)
Q €Ja an

In the case A = 0 (that is, when no boundary energy is considered) this problem was
studied by several authors (see for istance [Gu], [M1], [Ba]). When A = 1, the problem
was solved by Modica [M2] Ly studying the linit (in the sense of I'-convergence) of the
functionals Fy. He proved that the limit energy is finite only when u takes only the values

178

sy
e o

I EEEESEEEEE

aq and B; which correspond to the two phases A; := {u = a1} and By := {u =} and
when the interface is suitably regular and has finite area (see section 2 for more precise
statements). Then, up to an additional constant, the limit energy takes the form (1.1),
where the coefficients ¢; and & are explicitly determined in term of W; and W,. Owing
to variational properties of I'-convergence, every minimizing sequence (u. ) of F. converges
to a minimizer u of Fy. This way the convergence result of Modica makes the connection
between the classical model for capillarity and the model of Cahn and Hilliard.

However the behaviour with respect to € of the various quantities appearing in (1.4) has
no physical ground and a lot of variants can be considered which can lead to different models
for capillarity. For instance, in [BS] a rough wall with asperities of size ¢ was considered
(in this case O depends upon ¢). Using homogenization techniques, a dependence of the
contact angle on the roughness parameters of the boundary was explicited.

In this paper we show how the Cahn-Hilliard model can lead to a model for capillarity
with line tension. To that aim we propose a new variant: we postulate that W is a two-
well potential vanishing only at a, and 3; and that A in (1.4) depends on & (we denote it
Ac) and tends to infinity with an appropriate scaling as € tends to 0. Indeed, let u, be a
minimizer of F;, the values of the trace Tu, in the vicinity of C differ from its values far
away on the wall and our postulate makes the surface energy become very large for these
intermediate values. Thus we expect a limit energy with a concentration on the contact
line like in (1.3).

Unfortunately Fy defined by (1.3) is not lower semicontinuous with respect to L(€2)-
convergence. An important consequence is that the existence of a minimizer for Fy is
not assurcd. On the other hand, Fy cannot be the right limit of F, in the sense of I'-
convergence. The point is that the limit v of the traces on the boundary of the functions
ue may not coincide with the trace of the limit . From a mechanical point of view, a
surface phase separation may appear on the boundary: v takes values in {a2, 8}, defining
boundary phases A, := {v = a2} and By := {v = B2} and the dividing line £ := Sv does
not necessarily coincide with the contact line C (see figure 3). In fact, our results show
that the limit energy ® cannot be simply described in term of u but needs the knowledge
of the pair (u,v) (Theorem 2.1). In this theorem, the interesting scaling for A. is brought.
to the fore:

Eli_I?(l)ElOg)\E:K with 0 < K < oo, (1.5)

The assumption (1.5) prevents an oscillating behaviour of the traces of minimizing se-
quences u. and assures the convergence of (u.,Tu.) in LYQ) x L}(89) to some (u,v).
Then we show that the limit energy ¢ is

B(u,v) := HY 184, N Q) +/ [H(Tu) — H(v)| +caHN2(L) (1.6)

a0
if (u,v) belongs to BV(, {a1,4}) x BV(9Q, {a2,82}). Here H denotes a primitive
of 2\/TV;. This theorem is the main result of this paper and its proof, rather long, is

developped in sections 3 and 4.
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As an immediate consequence of Theorem 2.1, Corollary 2.2 states that the limit of
F, in the sense of I-convergence is non local and reads as
.

F(u) := inf {®(u, Uj : v e BV(9Q, {a2,82)) } - (1.7)

for all v in BV(Q, {1, 61}) (F(u) = 400 otherwise). In Theorem 2.4 we show that F is
nothing else but the relaxed functional associated with the functional F, defined in (1.3).
In that sense we claim that the model for capillarity with line tension is mathematically
justified as the singular limit of Cahn-Hilliard model.

We state precisely all these results in section 2. Sections 3 and 4 are devoted to prove
them. Some consequences for equilibrium and contact angle are discussed in section 5 (see
also [ABS2]). In the appendix (section 6) we develop some auxiliary results used in the
previous sections.

2. The Main Result

First we recall some basic notation we use in this paper.

In the following we consider integration on bounded open subsets A of some euclidean
space IR" or some h-dimensional embedded manifold: in both cases, unless differently
stated, the measure associated to A is the h-dimensional Hausdorff measure H" (i.e., the
h-dimensional Lebesgue measure on the euclidean space) and when no doubt can arise, we
often write [, f instead of [, fdH", and |A] instead of 7" (A).

By H'(A) we denote the Sobolev space of all real functions in L2(A) whose distribu-
tional derivatives are represented by functions in L2(4) (when u € H'(A) and A is an open
subset of R", Du takes values in IR" and when A4 is a subset of an embedded manifold M .
then Du takes values in the tangent space of M in z for almost all ).

We denote by BV (A) the space of all real functions in L!(A) with bounded variation,
ie., whose distributional derivatives are represented by bounded Borel measures on A
(when u € BV(A) and A is an open subset of IR", the measure Du takes values in IR® and
when A is an open subset of a manifold M embedded in IR¥, then Du takes values in IR*
and the density of Du with respect to the total variation |Du| takes values in the tangent
space of M in z for |Du| almost all z).

When A has Lipschitz boundary and u belongs to H*(A), or BV (A) as well, we denote
by Tu the trace of u on 9A.

The jump set Su¢f a real function u is the set of all points where u has no approximate
limit (with respect to the natural measure associated to A). When u belongs to BV, the
jump set Su is thl-countably rectifiable and this means that it may be covered, except,
for an H"l-negligible subset, by countably many (h — 1)-dimensional submanifolds of
class C1.

When I is a subset of IR, we define BV (A, 1) as the class of all functions u € BV(A)
which take values in I almost everywhere; we notice that if I := {a, 8}, then a function
u : A — I has bounded variation if and only its jump set Su has finite HA~1 measure;
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moreover ||Dul| = |8 — a] H*~(Su)). In particular, if w € BV(A) is the characteristic
function of some Borel subset E, we say that F has finite perimeter in A. In this case the
jump set Su coincides with the so-called essential boundary of E denoted by 8E N A. For
{uther properties of BV and Sobolev spaces, we refer to [EG] and [Z].

When p is a measure on the set B and C is a subset of B, u L C is the restriction of
u to C. When f is a function on IR, we say that f has growth at least linear at infinity if
there exist positive real numbers a and b such that f(t) > a|t| — b for all ¢.

Let us now define some specific notations for our problem. § is a bounded open subset
of RY with boundary of class C2, W, and W, are non-negative continuous functions on IR
with growth at least linear at infinity such that W;(¢) = 0 if and only if ¢ € [; := {a, B}
(with a; < ;) for ¢ = 1,2. The symbol ¢ denotes a parameter decreasing to 0, while ),
goes to infinity and satisfies

lin(l)glog)\gzl( with 0 < K < oo, (2.1)
e
H is a function on IR such that H' = 2\/W; and we set
B
1= |H(By) ~ H(oy)| =2 VW, (2.2)
a
K
co = (B2 — 02)2; . (2.3)

We consider the following functionals defined for every £ > 0 and every u € H(§)):

‘u'zsl 2, ! V1 (u /o(Tu .
Fw): /leu1+6/nul()+&/mu (Tu) (2.4)

The asymptotic behaviour of the functionals Fi(u) as € — 0 is described by a functional
® which depends on two variables u and v. The variable u (volume density) ranges into
It := {aj, 51} and is related to the limit of minimizers u, of F.; the variable v (surface
density) ranges into I := {o3, 82} and corresponds to the limit of T, (the traces of v, on
dQ). Since this limit v may differs from the trace Tu, a boundary layer appears contributing
to the global encrgy Ly an equivalent surface deusity on 99 equal to ,H(Tu) — H(u)' The
interface energy in Q is concentrated on the surface Su dividing the volume phases {u =01}
and {u = $;} and is described as in [M2] by the capillary coefficient ¢, defined in (2.2).

The main feature of our model is that a minimal interface criterium appears between
the surface phases {v = a3} and {v = (.} represented by the line tension coefficient c,
defined in (2.3).

The Hmit energy ¢ ascociated with I, reads as:

MY (Su) + foo [H(Tu) = H)| +caHN=2(Sv)
®(u,v) = ifue BV L), ve BV(OQ, L),

+o00 otherwise.
(2.5)
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Indeed, the following theorem holds:

Theorem 2.1.
(i) Compactness: let (ue) C HY(Q) be a sequence such that F(u.) is bounded. Then the

2

point belongs to BV(Q,1) x BV (09, I).

(ii) Lower bound inequality: for every (u,v) in BV (Q, L)xBV (69, I3) and every sequence
(ue) € HY(Q) such that Ue = uin LNQ) and Tu, — v in LY(89), we have

lim iélf Ie(ue) > @(u,v) .

(iii) Upper bound Inequality: for every (u,v) in BV(Q, 1) x BV(9Q, 1) there exists an
approzimating sequence (u,) C HYQ) such that u, — v in LYY, Tu, — v in LY(60)
and

limsup Fo(u.) < P (u,v)
0

£—

This theorem is the main result of this paper; statements (i) and (ii) are proved in
sections 3.11 and 3.12 respectively, statement (iii) is proved in section 4.

We may easily reformulate statements (ii) and (iii) of Theorem 2.1 in term of I-
convergence. For the convenience of the reader, we recall here the definition and the basic

properties of I‘—convergenco, for more general definitions and further details we refer to
[DM], chapters 3-9.

Definition of I-convergence

Let X be a metric space and for every € > ( let be given functions F. : X —, [0, 00].
We say that the functions F, T-converge to F : X —, [0,00] (on the space X) if the
following properties are fulfilled:
(i) Lower bound inequality: Vu e X, Y(ue) € X such that Ue — u there holds
liminf F, (ue) > F(u),
(1) Upper bound inequality: Yu € X, J(ue) C X such that Ue = w and limsup F, () <
This notion of convergence is characterized by the following variational property: the I'-
limit F is always a lower semicontinuous function and if U are minimizers of F, for every
€ >0, any cluster point of the sequence (%, ) is a minimizer of F.

In order to reformulate Theorem 2.1 we extend every functional F. to [, (2) by setting
Fy = 400 outside A2 (82) and we eliminate the variable v in (2.5) by setting

inf {®(u,0) : ve BV(O0, 1)} ifu e BV(Q, 1),
Flu) = (2.6)
+00 elsewhere in L1(0).

Then Theorem 2.1 immediately yields the following corollary:
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sequence (ug, Tu,) is strongly relatively compact in LY(Q) x LY(89) and every cluster

oy
i
i

Corollary 2.2. The sequence F, T'-converges to F in LY(Q).

Note that the functional F (u) defined by (2.6) is non-local with respect to u, in
the sense that it cannot be expressed by integration of a local density depending on the
variables u and Du. Moreover we remark that statement (iii) of Theorem 2.1 may be
refined by choosing the approximating sequence (u.) so that fQ Ue = fQu for everyv €
(we will not prove this refinement of statement (iii), in fact one has to shght.ly modify
the construction of the approximating sequence (u.) given in section 4). This way we
can fit with a prescribed total mass constraint: if we take a real number m such that
o < m < B0, then the functionals F, T'-converge to F also on the subgpace of
all w € L1(Q) which satisfy the mass constraint fQu = m. Using .the properties of I'-
convergence mentioned above and the compactness property of functionals F, (statement
(i) of Theorem 2.1), we immediately obtain the following:

Corollary 2.3. For every € > 0 let u. be a solution of the problem
min {F (u) : f,u= m} . (2.7

Then the sequence (ue) is strongly relatively compact in L'(Q) (as the seque-nce of th? traces
(Tue) is in LY(89)) and every cluster point of belongs to BV(Q, I1) and is a solution of

min { F(u) : Jou= m} . (2.8)

Now, let us define p: I, — I, by
plar) ==ay, p(B1) == fa s (2.9)
and for every u € L1(f)
P(u, p(Tw) if (u,Tu) € BV(Q,11) x BV (99),
Fo(u) = { (2.10)
+0G otherwise.

The following statement will be useful in the discussion of the mechanical model explained
in section 5; it describes the functional F' as the relaxation of Fy.

Theorem 2.4. Assume that the following inequalities hold:
Gz S0 < By <4p . (2.11)

Then I'is the relazation of Fy with respect to the strong topology of L*()) and this means
that for cvery w in LY(Q)

£'(u) = inf { Ilrlrljoioll Fo(un) © un — w in LYQ) . (2.12)
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Proof of Theorem 2.4 may be found in section 4. We remark that, as for statement
(ii1) of Theorem 2.1, the approximating sequences (u,) in (2.12) can be taken so that
fﬂ Up &= fﬂ u for every n. Therefore the problem

min { Fy(u) : Jqu=m} . (2.13)

have the same infimum as problem (2.8) and every minimizer for (2.13) (if any) minimizes
(2.8) too (see section 5 for further details).

3. Compactness and Lower Bound Inequality

This section is devoted to the proof of statements (i) and (ii) of Theorem 2.1. The proof
will be divided in several steps by introducing the following localized localized functionals
(defined for every ¢ > 0, u € HY(Q) and for every Borel set B c IRV):

2 l u u
Felw.B) .:e/nt [P+ € /mB Walu) + 2 /z-mnB Wa(Tw) (3.1)

Clearly the behaviour of Fe(u, B) depends heavily on whether the set B intersects or not
the boundary 89).

We give first a lower estimate which is relative to the case B does not intersect
the boundary. In this case, the third integral in the right side of definition (3.1) simply
disappears. Then we may consider the following functionals: for every bounded open set
ACRY >0, and u € H(A), we set

l 7.
Gl(u, A) ::E/A |Du]2+;/4 1 (u) . (3.2)

Proposition 3.1.

(i} Compactness: every sequence (u;) C H(A), such that Gi(uE,A) 18 bounded, is
strongly relatively compact in LY(4) and every cluster point belongs to BV (A, I).

(i) Lower bound inequality: for every u ¢ BV(A, 1) and every sequence (u.) C H(A)
such that ue — u in L'(A) we have

lim i(I)lf Glue, A) > ¢; HN‘I(Su) .
P e—

(iii) Moreover, assuming that A has boundary of class C? and that the traces Tu, on 9A
converges to some v strongly in L(B) (where B is a Borel subset of A endowed with
the measure HN-1 | B), the previous inequality is strengthened as Sollows:

liminf G2 (ue, 4) > ey HN =1 (Su) +/ [H(Tw) — H(v)| a1V
e B
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Assertions (i) and (ii) are the first part of a theorem proved by Modica and Mortola in
[MM] (see also [M1], [M2]): the complete statement says that the functionals G! (extended
to L'(A) by setting G! = +o0 outside H'(A)) I-converge in L'(A) to the functional G
given by Gl(u) := aHN=Y(Su) if u € BV(A, 1) and +oo elsewhere. Assertion (iil) was
first proved by Modica in [M2]. We remark that since u belongs to BV (A), the trace Tu
is a well-defined function in L'(0A). This statement can be immediately extended by a
localization argument to all open sets A whose boundary is a manifold of class O except
for an HN ~I-negligible closed subset. For the convenience of the reader, a short proof of
Proposition 3.1 is given in sections 3.4 and 3.5.

The second preliminary estimate is relative to the cases where B intersects the bound-
ary. Since we will only estimate the energy of very small balls B, we do not consider the
contribution of the bulk energy [ W, (u) (this will be justified a posteriori by the upper
bound inequality proved in section 4). Moreover we may assume that there exists a dif-
feomorphism very close to an isometry which maps B M) into an half-ball D and BNoN
into an hyperplane.

Therefore we denote by D the N-dimensional half-ball of radius > 0 {z € RV, lz| <
7, Tx > 0} and by E the (N — 1)-dimensional ball {z ¢ R", [z] <7, T =0} (see fig.1)
and introduce the functionals G%(u) defined for every u € H'(D), € > 0, by

G%(u) ::E/D|Du]2+/\e/E1'Vg(Tu). (3.3)

Proposition 3.2.

(i) Compactness: for every sequence (u.) C HY(D) such that G2(u.) s bounded, the
sequence of traces (Tu.) is strongly relatively compact in LY(E), and cvery cluster
point belongs to BV (E, I).

(ii) Lower bound inequality: for every v € BV(E, L) and every sequence (ue) C HY(D)
such that Tu. — v in LY(E) we have

lim i{I)lfG?(’LLe) > oMY 2(Sy) .

We prove this proposition is sections 3.8 and 3.9. We first reduce to the bidimensional
case using a slicing argument and then we minorize the Dirichlet energy by the square of
the H'/2-norm of Tw on E (cf. Corollary 6 4). Precisely, we set for every v &€ LY(E)

u(

T,
G3(v) zéjl”(z)\_xl) dr'dr+/\5/EI1’2(v), (3.4)

and then we show that for every u e HY(D), G¥(u) > G3(Tu). This way we deal with a
new one-dimensional functional for which we prove the following key result:
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Proposition 3.3.
(i) Compactness: every sequence (v.) C LY(E) such that G3(ve) is bounded is strongly
relatively compact in LY(E) and every cluster point belongs to BV(E, I,).
(i1) Lower bound inequality: for every v € BV(E, L) and every sequence (ve) C LY(E)
such that ve — v in LY(E) there holds

limiélng(uE) > e HO(Sw) .

Proposition 3.3 is part of the result proved in [ABS]: the complete statement says that
the functional G2 I-converge in LY(E) to the functional G* given by G*(v) := ¢, HO(Sv)
ifve BV(E, I) and +o0 elsewhere. We prove this proposition in section 3.7.

3.4. Proof of statements (i) and (ii) of Proposition 3.1

We begin with a basic inequality involving the functionals G Let u be a bounded
function in H'(A) and set w = H oy (recall that H is a primitive of 2V/W1); then w
belongs to H(A4) and for every ¢ > (

Gl )2 [ 1Du). (3.5)
A
Indeed we have

1 2 _ ' —
G;(U,A):./A [ngu! +5W1(u)J Z(I)A2mlDul~AlH(u)Du[_/Alle.

Now, let (e,) and (un) be sequences such that en — 0 and G} (u,) < C < oo for all n;
we want to extract a subsequence {(uk) = (un,) which converges to some u € BV(4, I))
in the L' norm and moreover we want to show that liminf, G;k (ug, A) > Gl(u,A)A We
begin assuming that the functions Un are uniformly bounded and we set Wy = H ou, for
every n. The functions w,, are uniformly bounded too and by (3.5) we have

C> Gz (un, A) > / [Dw,| ¥n .
) A
Thus the sequence (wn) is relatively compact in the weak* topology of BV(A) and we
may exiract a subsequence (wy) = (wn, ) which converges almost everywhere in A to some
w € BV(A). Since H is one-to-one, the functions wuy converge to u := H~1 o w almost

" everywhere in 4 and tHen also for the L' norm because they are uniformly bounded.
Moreover, from (3.2) we have

/ Wi(u,) < Encgln (un) < Cey, . (3.6)
A

-
M Apply the inequality a? 4 b% > 2ab with q : = ﬁ;DM and b := /e W (u).
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Since Wi (t) = 0 if and only if ¢ € I;, from (3.6) and the strong convergence of ug in LV(A)
we find that u(z) € I ae. (and then w(z) € {0,c1} ae.). Since w belongs to BV(A4),
u belongs to BV(A,I ), Su = Sw and HN=1(Su) = HN1(Sw) = e HDuwl < oo.
Furthermore

liminfG;k(uk,A) > likminf/ | Dwy| 2/ [Dw| = c;HN (AN Su) .
k—oo —>0 Ja A

Now we have to relax the uniform boundedness assumption on functions Uny: we take
positive real numbers ¢ and r such that Wi(t) > cft] v Wi(r) when t > r and Wi(t) >
clt| v Wi(—r) when t < —r (such ¢ and r can always be found because W), has growth at
least linear at infinity) and we take the truncated functions uy, := (u, V —7) Ar. These
functions are uniformly bounded and one readily checks that

Gz, (un) 2 G (uy) .

Moreover ] :
Jpe—wl< [l [ < > [ Wit (37)
¢ A
4 {lunlzr} {lunl>r}
and then inequality (3.6) yields that llun = unllh — 0 as n — co. Eventually it is enough
to apply the assertions (i) and (ii) to the sequence (ul, ). 0O

3.5. Proof of statement (iii) of Proposition 3.1

Let A’ a relatively compact open subset of A and assume that A is of class C2. Let
n(z) denote the inner normal of 84 in the point x, we may find r > 0 so that the map
Y : A [0,7] — " defined by Y(z,t) := z + tn(z) is an embedding ranging into 4\ A’.

For every n, we set w,, = upnoV¥ and w:= uwo V. Since each wy, belongs to
H'(8Ax]0, r[), we may modify it in a negligible set so that for every z € 94, w, (z,-) is
a continuous function in H1(0,r).

Take § < r and ¢(6) smaller than Dy}~ (z,t) and [J9Y(z,t)| for every (z,t) in HA x
[0,8]. As D(x,t) converges uniformly to the identity as ¢ — 0, we obtain that ¢(6)
converges to 1 as 6 — 0. Then, using inequality (3.5) and change of variables formula, we
get

GLluns AT > [ DG 0w
¥(8AX)0,6])

> [ DG 0w, DY ) are

8AX]0,6(

> c(6) / |D(H o wy)| dHN

JAXx]0,6]

$10(H o, 1
20 [ ([ P a) e
> 0(6)/ [H (w, (2, 6)) - H(w, (2,0))|dHN -1 (3.8)
B

187



By assumption we have wy(z,0) = Tu,(z) tends to v{z) in L(B) and, as w, — w in
LY(Bx]0,r]), for almost every § < 7, wn(-,6) tends to w(-,8) in LY(B). Thus, passing to
the lirglinf in (3.8), for suitable §,

lim inf Gl (un, A\A') > c(6) /B |H(w(z,8)) — H(v(z))|dHN 1. (3.9)

Now, as 6 — 0, w(z, §) tends to w(z,0) = Tu(z) in L'(B). Passing to the limit in (3.9)
and applying separately our statement (ii) on A’, we get

Hminf G (un, A) > liminf G! (u,, A\A') + liminf G (u,, A')
0 n n—00 n n—o0 n

n—

> / [H(Tu(z)) — H(v(z))| dHN ! + G (u, A")
84

The conclusion follows by taking the supremum over all open subset A’ relatively compact
in A. O

In order to prove Proposition 3.3 we introduce the following localized functionals: for
every € > 0, v € LY(E) and every Borel set J C IR

G3(w, J) := i/
( ) 2w (ENJ)?

We have the following estimate:

MY i v [ wa) . @a0)

!
r =z ENJ

Lemma 8.6. Let § such that 0 < 6 < (B2 — az)/2. For every interval J C E, € > 0 and
v € LNE), let A= A(J,e,v) and B = B(J,€,v) be the sets of all points z € J such that
v(z) < ag + 6 and v(z) > Bo — & respectively and set

|ANJ| BN J|

a=a(J,g,v) = , b=0b(J,e,v) = ,
( ) I ( ) i1 (3.11)
a:=inf{W2(t): a2+5§t§,82—6} .

Then, if ¢ < —= e have
(B2—az—26)2
£
_Ggﬂue, J) > ;(ﬁz -y — 26)° [Iog(ab) + log(/\E)J . (3.12)

Proof. The proof relies on the following key inequality obtained by applying Lemma 6.1
stated in the Appendix (with ¥(s) =1/s% and [t,y] = J):

_ 1 ab ‘
/AXB Jx,_wlzalgg/do:Zlog [l+—1—a—b] . (3.13)
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Then by definitions (3.10) and (3.11), we get

G, 1) > £ / [Mrdz’dzme / Wa(v)

' —z

(AxB)U(BxA) J\(AUB)

€ 1
> —(By — ap — 26)* ———dz'dz + \.o|J\ (AUB
= 71'(ﬁZ Qz ) AxB ‘Z’—Ilz Z aT U! \( )l

@ (8 _ o 962 log |1 4+ — 20 Ca—
>® 28, — ay — 26)° log [1+ 1~a—b] 4 Ao(l—a—b)J]

£ . 26)? Cdop(l—a—b) 4 ey
2 (B2~ 02— 26) [1og(ab) log(l ~a ~b) + 52 (1 —a =)
>® 5(8, — a —26)2[log(ab)+log (—ﬂ—)\sgm—)]
= prTe e(f2 — ag — 26)?
>® Z(8, — ay — 26)? [log(ab) + log A] - O

™

3.7. Proof of Proposition 3.3

Let (en) and (vn) be sequences such that &, — 0 and G2 (v,, E) < C < oo for all n.
We want to show that there exists a subsequence (vg) = (vp,) which converges to some
v € BV(E, I5) in the L'(E) norm and that liminf G2, (v, E) > coH(Sv).

We begin assuming that the functions v, are uniformly bounded. Then they are
relatively compact in the weak* topology of L>°(F). We may find a subsequence (vy) =
(vn,) so that the functions vy weakly* converge to some v € L®(FE) and there exists a
Young measure = — v, associated with (vg). Set Ag := A.,.

Then we have that

v(x) :/ tdug(t) foraa. z€F. (3.14)
R
Moreover (3.10) yields for every Borel subset J C E
[ Wt < G2 o) € (3.15)
J

and since Ay — 00 as k — 0o, passing to the limit we get
/ (/ Wa(t) dux(t)) dz =0.
E MR

TAco|J|
e(f2—az—26)?

) By (3.13).

® Apply the incquality — logt+ Mt > log M with M = and t:=1-a-0.

nolJ| ylelds wAealJ) >

4 The hypothesis ¢ < >
(B2—02—-25)? e(B2—az—26)?

£
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Then [ Wy(t) dv.(t) = 0 for almost all x € E. Since W2(t) = 0if and only if t € [, —
{a2, B2} the probability measure v, is supported in I, for a.a. z: it exists a Borel function
0 : E +°[0,1] such that

vz = 6(x) - bay + (1 — 0(z)) - 85,
v(z) = az6(z) + Bo(1 — 6(x))
Now we claim that 6 belongs to BV(E, {0,1}): Let J be an interval in E, § such that

0 <6 < (B2 — a)/2 and set, for every k, ax := a(J, e, vk) and by := b(J, ek, vi) (cf.
(3.11)). By Lemma 3.6 we obtain that, for k large enough,

fora.a. z € E. (3.16)

G2, (v, J) 2 258y — @ — 26)° log(awbe) + log Ax] ; (3.17)

Fuarthermore, recalling (3.11) and (3.14), one readily checks that, when k — oo,

1 1
a,ﬁau).:m/ﬂ, bkab(J).—m/J(l—B).

Assume a(J)b(J) > 0. Then, passing to the limit in (3.17), taking into account that
€logAs — K as € — 0 and that § may be taken arbitrary small, we get

K
likm inngk (v, J) > ;(ﬁg —m)=c,. (3.18)

Consider now the set S of all z € E such that the approximate limit of € in z is neither
0 mor 1 (i.e. it belongs to ]0,1[ or does not exist). For every finite integer m < H%(S)
we can find pairwise disjoint open intervals J;, i = 1,...,m, such that J; NS # @. Then
a(J;) b(J;) > 0 and (3.18) yields

e 3
hkrglcgf Gz (v, Ji) 2 ¢ca

and since G2(v, J) is super-additive on disjoint sets,

lim inf G: (v, B) =) lim inf G2 (vk, Ji) > mey (3.19)

i=1

Then S is finite because the first term in (3.19) is finite. Since § has approximate limit
equal to 0 or 1 outsidc the finite set S: 6 belongs to BV(E, {0,1}) and S8 = S. The claim
is proved.

" Then, by (3.16), v belongs to BV(E, I5), Sv = S and by taking m = HO(S) in (3.19)

liminf G2 (vk) = caH(S) = caH°(Sv) .
k—o0

Eventually, v in (3.16) is a Dirac mass for a.a. z. The strong convergence of vy to v in
L* follows. The proof is complete.
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Finally, to relax the boundedness assumption on v, we follow the same way as in the
proof of Proposition 3.1: we take positive real numbers ¢ and r such that Wa(t) > c|t| V
Wa(r) for t > r and Wa(t) > c|t|VWa(—7) for t < —r and we set v/, := (v, V—7)Ar for all n.
These functions are uniformly bounded and one readily checks that G2 _(vn) > G2 _(v},) for
all n. Moreover, using inequality (3.15) with J := {Ju,| > r}, we get that ||v], — v,|[1 — O
as n — co. It is enough to apply Proposition 3.3 to the bounded sequence (vL,). O

3.8. Proof of Proposition 3.2, Case N=2

We recall that D is the half-disk of radius r given by {z € R?, |z| < r, zo > 0} and
E is the interval {z € IR?, |z1| <, 25 = 0}; we identify E with the interval ] — r, 7 (see
fig. 1).

By the trace inequality given in the Appendix (Corollary 6.4), for every u € H!(D)
we get

G?(u):e/DlDu|2+/\E/EW2(Tu)

€ Tu(z') — Tu(z)
Z o /E I

' —x
where G? is taken as in (3.4) with E :=] — 7,7, Then it is cnough to apply Proposition
3.3. O

2 .
| dz'dz + A, / Wo(Tw) = G3(Tu) |
E

3.9. Proof of Proposition 3.2, Case N>2

In the following we assume that the functions u,, are uniformly bounded; we can easily
get rid of this assumption in the same way we did in the proofs of Propositions 3.1 and
3.3.

Our aim is to reduce to the case N = 2 by a slicing argument. Therefore we identify
the subspace IR ™! x {0} with IR¥ ™" and the set E with the ball of center 0 and radius
7 in RY~1; we denote by v the vector (0,...,0,1) € R (sec fig.1).

Claim 1: The sequence (Tuy) is relatively compact in L'(E)

We usc a slicing technique. Let us fix a positive real number & and a direction e in
RN e, e e RV and le] =1). Let M be the orthogonal complement of e in RV ™!,
12 the projection of E on M (i.e., the ball of radius 7 and center 0 in M). For all y € M,
let 127 be the straight line y + Span{ec} and EY the interval £ RY. Let PY be the affine
planc y + Span{e, v} and DY the 2-dimensional hali-disk D n V.
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figure 1: slicing

Now, for every function u € H}(D) and every y € E’, set u¥ := u L DY: the function u¥
belongs to H*(DV) for a.a. y. Its trace on EY agrees with Tu L. E¥. Moreover, for every

e > 0 we have
G*(u) = 5/ | Dul? +/\€/ Wo(Tw)
D E

Zs/D(@%l” %‘2) +A€/EW2(Tu)

:// [e/Dv|Duy|2 + A [Ev VVz(T’LLy)] dHN 2 (y) :/E, G2 () dH ()

where G2V is taken as in (3.4) with DY instead of D and EY instead of E. Since the
sequence G2 (u,,) is bounded, there exists a constant C such that

0262 (w)2 [ GR I Hy)  vn. (3.20)
.

Let us define the folldwing subsets:

Ba={yeE; G2(u)>C/6) I"i={neN;y¢B) F:={Tu};nel}
Clearly (3.20) implies that |B,| < & and that, for every y € E', sup{GZ¥(u}) ; n €
1Y} < C. We can apply Proposition 3.2 already proved in the case N = 2 to infer the

relative compactness in L'(EY) of the family F7. The direction e and § being arbitrary,
the conditions of Lemma 6.5 are fulfilled and the claim is proved.
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Claim 2: Any cluster point of (T'un) belongs to BV (E, I,)

Let (Tug) = (Tun,) a subsequence which converges to some v in L}(E). In fact,
by using Fubini’s theorem and possibly passing to a subsequence, Tuz converges to v¥ in
LY(EY) for HV -2 ae. y € E' and

6w = [ G a2
By (3.20) and using Fatou’s Lemma, we deduce:
€2 lmint G2, (u) > [ h(y) "), (3.21)
— 00 El

where we set
h(y) == limkinf G2¥(uY) . (3.22)

Thus h(y) is finite HV~2 a.e. on E' and we may apply to the sequence Gﬁ;}/ the result
already proved for N = 2: for every y such that h(y) < oo, the function v¥ belongs to
BV(EY, I,) and satisfies

C:

h(y) 2 2O (507) = o= Do ‘ (3.23)

B2

Consequently v takes values in I a.e. on E. Moreover, the direction e being arbitrary,
by a well-known characterization of functions with bounded variation (see for instance
[EG], section 5.10), v belongs to BV (E, I5). The distibutional derivative of v is a Radon
measure Dv which satisfies: [}, [(e; Dv)| = S 1DV dHN=2(y). Using (3.23), we can
rewrite (3.21) as:

.. 2 Ca 3
c> hkrgg.}fGEk(uk) > [ /E Ies DU)’ . (3.24)

Claim 3: liminf,_ o G'_?k (ur) > o HN=2(Sw)

Let us define for every function u € H(D) and every Borel set B ¢ IR" the localized
functionals:

G%(u,B) := 8/ 1Dul? + )\5/ Wa(Tu) .
DNB EnB

Now we take directions ey, ..., e, in RY ™} pairwise disjoint (N — 1)-dimensional open
balls f5y, ..., B, included in E and we denote by B; the N-dimensional open ball in RY
with the same center and the same radius as E;. The balls B; are pairwise disjoint and

for every 4 inequality (3.24) becomes

lim inf G2, (ug, By) > —2 / 0|z 2| [ (e, )|
ke i 1>_/f32—112 .!s,ﬂl(ezY v)l—ﬁz—az E;<61’D1> .
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Since G%(u, B) is a measure with respect to B

Ny m m
iminf G2 > im inf G2 2,) > —2 o ‘ . 3.25
Yiminf GZ, (u) > ;Iggf@gk(uh B) 2 g ;1 . (es; Do) (3.25)

Now, it is enough to recall that for every IR* valued Borel measure A on the open set
Qc th, there holds

A= sup 3 [(ess ACE)

where the supremum is taken over all finite families of directions e; in IR* and pairwise
disjoint open balls E; included in 2. Thus (3.25) yields

. . 2 Co _ N-1/¢
11kn—l>g.}fGE‘°(uk) > o D]l = e2H™ ~H(Sw)

which is our last claim. The proof of Proposition 3.2 is achieved. 0

Remark 3.10 In the proof of statements (i) and (ii) of Theorem 2.1, we shall use the
following fact: if A4 is an open subset of IR”Y and ¥ is a diffeomorphism which maps A into
IR™ and satisfies | DU — I} < 6§ everywhere, then (1-+8) |a—b] > [¥(a)—¥(b)| > (1-6)|a—b]
for every a,b € A. Tt follows immediately from the definition of Hausdorff measures that
for every Borel set B C A

(1+8)HH(B) > H*(¥(B)) = (1 - 6)F HM(B) (3.26)

and for every positive Borel function f on RV

(1+5)kAfOWdezANdekz(1—5)kaOWde. (3.27)

3.11. Proof of statement (i) of Theorem 2.1

Let (gq) and (u,) C H'(?) so that €, — 0 and F._(uy) is bounded. We have to
prove that the sequence (u,) is strongly relatively compact in L(2) and that all cluster
points belong to BV(Q, I;) (Interior Compactness). Similarly, we have to prove that the
sequence (T'up) is strofigly relatively compact in L'(92) and that all cluster points belong
to BV(9Q, I;) (Boundary Compactness).

Proof of Interior Compactness: this proof is immediate since, by definitions (3.1) and
(3.2), we have F. (un) = F; (un, ) > Gl (u,, Q). It is enough to apply the statement
(i) of Proposition 3.1. 0

Proof of Boundary Compactness: Let B be an open subset of IR™Y such that BNoQ # o.
Let ¥ be a bi-Lipschitz diffeomorphism mapping the D := {xE]RN Dzl<r, N> 0} onto
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N 3, mapping the (N —1)-dimensional ball F := {IE]RN Czl<r, 2N :O} onto 9NN B
and satisfying |DW — I| < § for some § < 1.

We claim that the sequence (T'u,) is strongly relatively compact in L!(82 N B) and
that cvery cluster points belongs to BV(9Q N B, I,). Since 9Q can be covered by finitely
many open sets B of this kind, the boundary compactness will follow immediately. To
prove the claim we remark that, for every u € H!(2), the function w defined by w := uo ¥
belongs to H*(D) and

F.(u) ze/n E;Du{z +A€/8Q I‘;VZ(TU)
—6) (1—5)%/ |Duo\Il|2+(l—6)N“/\5/ Wa(Tuo ¥)
D E
>© (1-5)%] !lele\Ill“2+(1—6)N“‘)\5/ Wa(Tu o ¥)
D E
(M) (1 = §)N+2 24 x| Wo(Tw)| = (1 —6)N 262 3.23
>® (1= 2[e [ 1Duf 4. [ Wa(rw)] = (- 9V62w) (329

where G? is taken as in (3.4). Hence, if we set w, := u, o ¥ for all n, the sequence
G2 (w,) is bounded because F., (u,) is. The Proposition 3.2 applies: we may extract a
subsequence (wg) = (wp, ) such that the traces Twy converge to some v € BV (E,I,) in
the L'(E) norm. This means that the traces Tuy converge to v o ¥~1 in the L1(8Q N B)
norm and v o W' belongs to BV(0Q N B, I,). O

3.12. Proof of statement (ii) of Theorem 2.1

Let be given u € BV (Q, 1), v € BV(9Q,I,) and sequences (g,) and (u,) C H}(Q)
such that €, — 0, up — u, Tup, — v, and F,._(u,) is bounded. We want to prove that
liminf F, (un) > ®(u,v).

Let us fix some 6 > 0 and define the following open sets in R”":

A is an open set with smooth boundary in IR" such that 9A and 9S2 are transversal
and
HN2(Sv\A) <6, HYH@QUSWNA)<s ® (3.29)
A" = Q\A. Then 04" = (00 \ A) U (OAN ) U (82 N JA). Since A and I are
transversal, the boundary of A’ is a C? manifold except for the HN~1 negligible
closed set I N JA. Since INNIJA' C QN A, by (3.29) we have:

HNTY O\ 04) <6,  HN Y Su\A)<$ (3.30)

) We apply inequality (3.27) in Remark 3.10

) Since Dw = (Duo W) DV, then |Dw|<|Duoc¥|-|DU|.

M Since |D¥ — I| < 6, we obtain that [DU|72 > (146)72> (1-6)%

™) Lot € C Sv a compact set such that H¥~2(Sv\ K) < §. Hence HNYK) =0 and
then A may be any open neighbourhood of K such that HY¥~1((9Q U Su) N A) < & and
AA is smooth and transversal to 9Q.
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{B;} is a countable family of open balls in A chosen in the following way: we cousider
the family F of all open balls B included in A such that BN 92 # @ and such
there exists a positive real number r and a diffeomorphism ¥ mapping the half-ball
D .= {.L e RN : |z} < 7, zx > 0} onto 2N B, mapping the (N — 1)-dinensional
ball E:= {z € RY: |z| <7 zy = 0} onto 902N B and satisfying

|Dyp — I1 < § everywhere.
One checks easily that for every x € 9Q2 " A there exist balls B € F with arbitrary
small radius centered in z and satisfying H"V~2(SvN8B) = 0. Then we may apply
Besicovitch Covering Lemma(® to extract countably many pairwise disjoint balls
B; € F (with corresponding 7, ¥;, D;, F;) which cover V=2 almost all of Svn A
and then (3.29) yields _
HN=2(Su\UB;) <6 . (3.31)
Lower bound on B;

Let us fix some ¢ and define w, := ¥, o u, . Then its trace Tw, on 8D; coincides
with ¥; o Tu, on E;, w, tends to ue ¥; in L!(D;) and Tw, tends to vo ¥; in L'(E;). Let
us apply inequality (3.28):

Fe (un, Bi) > (1 = O)N2G2H (wy) (3.32)

where G2 is taken as in (3.4) with D := D; and E := E;. Recalling statement (ii) of
Proposition 3.2, we obtain from (3.32) that

liminf F, (un, B;) > (1 — 6)N+2cz HN’z(S(v o \Di))

>0 (1 _N+2(1 4 )N 2, HV2(Sv N By)
> (1 =8Ny HN3(Sv N By) (3.33)

Lower bound on A’

By (3.28), u, tends to u in L'(A’) and Tu, tends to v in L}(84’ N 3Q). We can
apply the statement (iii) of Proposition 3.1 with A:= A" and B := 94’ N 9

liminf Fy, (tn, A") > liminf G} (un, A")

zclHN"l(SuﬂA’)+/|H(Tu)—H(v)|dHN‘1. (3.34)
OONBA!

-

) Let A be a finite positive Borel measure on IR”™ and let F be a family of open
balls such that \(OB) = 0 and for X almost all x there exist balls in F centered in x with
arbitrary small radius; then there exist a countable disjoint subfamily of F which cover A
almost all of RY. This version of Besicovitch Lemma may be deduced immediately by
the usual one (see for istance [EG], section 1.5); in our case A = HN=2 {_ (Svn A).

(10) recall (3.26) of Remark 3.10.
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(lobal lower bound

Since F; (un,-) is a non-negative measure, we have that

an(un) = Fen(unyﬁ) 2 Fe"(una A/) + ZFen(unyBi)

Hence, by (3.33) and (3.34):

o - , S
liln_l)géf F. (un) > llgrlgf Fe (un, A') + z lﬂgf Fe, (un, B;)
1

> cHN Y (Sun A') +/|H(Tu) — H(v)| dH N1
INNBA’
+(1-6)Ne, Y HNH(Sun By)

Eventually we take the limit as § — 0, recalling (3.29) and (3.30)

hnn_l.golfF“(u") > oy HY ~1(Sw) +/ |H(Tw) - H@)| + c;HVN"2(Sv) = ®(u,v) . O
a0

4. The Upper Bound Inequality

The aim of this section is to prove statement (iii) of Theorem 2.1 and Theorem
2.4. First we recall that every function v in BV(f, 1) may be approximated in L(Q)
by functions u, € BV(Q,I,) whose jump sets Su, are smooth manifolds in § transversal
to 90 and so that HN~}(Su,,) converge to HN=1(Su) (that is, the total variation of Up
converges to the total variation of u). Similarly, every function v in B V (99, I>) may be
approximated in L'(8Q) by functions v, € BV(852, I) whose jump sets Swv, are smooth
manifolds in 9§ and so that H"~2(Sv,,) converge to HN=2(Sw).

By using a diagoualization argument, we can easily deduce the statement (iii) of
Theorem 2.1 from the following proposition:

Proposition 4.1.  Letu € BV(Q,I)) and v € BV(0Q, I2) such that Su is a smooth
manifold in Q transversal to 00 and Sv is a smooth (N — 2)-dimensional manifold in
OS2, For every § > 0, € > 0, it ezist functions ue € HY(Q) such that ue — u in LY(Q),
Tue — v in L}(8Q), and

liInSl)Jp Fe(ue) < @(u,v) +0(6) . (4.1)
e—(

Let us fix %, v and § > 0. For every v > 0, D, is the half-disk {z € IRQ;II( <
7,23 > 0} and E; is the segment | — r,7[x {0}. We can extend the function u to the whole
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IR™, 50 that Su is still a bounded smooth manifold (without boundary in IR™) transversal
to 0. We fix also a positive constant M so that

) sup {6 =+ ”71(2‘/) , IVl(t) 3 IVQ(l)} < M fort e [(11 A Q'Q,ﬁl \Y% /32], (42)

—1
|s—~' <M for s,t € I} U I5. (4.3)

Since, Su and 9Q are transversal manifolds, we may find a constant 7 €]0, 1], so that for
every z € Su

dist(z,0Q) > n dist(z,Sun Q) . (4.4)

The proof of Proposition 4.1 is organized as follows: we construct a partition P, of
§2 (section 4.5) and define the approximating functions u. on each element of the partition
{section 4.6). To that aim we need to construct auxiliary functions of one or two variables
(sections 4.2 and 4.3). Notice that our partition P, is not fixed, but depends on . Of
course, one has to check that the different definitions for u. agree on the intersection of
the boundaries of the elements of P,. In fine (section 4.7), we estimate the energies F. (w,)
in order to obtain (4.1).

4.2. Construction of the auxiliary functions g,

Let g be a (maximal) solution of the ordinary differential equation ¢’ = §++/W1(g).
It may be easily verified that ¢ is defined on some interval I and is one-to-one from 7 to
IR, with é-Lipschitz inverse (the dowain I of g is bounded or unbounded according to the
behaviour of Wy at infinity). Now, for every a,b € IR, we set cqp := |9~ 1(b) — g Y(a)| and

a ifx <0,
_ Jglz+g7a)) ifz€(0,co) and a < b,
Jar(@) = g(g7 @)~ =) ifz€[0,co) and b <a,
b if 2 < cgp-

(4.5)

We may easily check that cpo < b —al6, gup is an M-Lipschitz monotone function which

satisfies g, = 6 + /Wi(ga) in ]0,cpe[, and

[ Lty +
R

.

(gab)] = /0% (906 (VW1(gab) + ) + VWi(gas) (gl — 8)]
= J/Cbu [2 Vv VVI (guh) gz/lb + 62]

=2[H(b) — H(a)| + cpad?
<2|H(b) — H(a)| +|b—al6® . (4.6)

4.3. Construction of the auxiliary functions h,
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In 1R % [0, co[ we use polar coordinates by setting z = (pcost, psin @) (with0 < 6 <
i, p =), and we set

g — 0\ A
(a2—+ﬁ2 ) L f0<p<e/A,
3 ™ s £
he(z) := 9 P (4.7)
T
(012; + B2 - ) ife/de <p<e.

Then he(t,0) = ap when —e < ¢t < ~e/Ac and h.(t,0) = B, when efhe <t < e
Moreover the restriction of h, to the set of all x such that |z} = € is (1/€)-Lipschitz. We
have the following estimate:

£—0

. 1
lim sup [e/ [Dhe|? + ~/ Wl(h£)+)\5/ Wz(hs)} < e (4.8)
D € JD. E.

where c; is given by (2.3). Indeed
1 1
~/ Wihe) 4. [ Walho) < IMID.| 4 AMIE,| = 0(e)
e Jp. E. €

and we can estimate the gradient part by direct computation

10h:\2
e[ DR <O +5/ 10k
/DE © DD, s, (/) a0 )

&

< Ole) JHs/E/A (ﬁz = az)gnpdp

™o
3y — 2
(’[_27;1“2)51(%/\5 — .

=0(g) +

4.4. Construction of the tubular neighbourhoods of Su, Sv and 8Q

Since Sv is a smooth manifold. we may find a positive constant 19 and a bi-Lipschitz
diffeomorphism W, which maps Sv x Dy, into (Sv),,NQ and SvxE,, into (Sv)r, NON
(where (Sv),, is the set of all points z €  such that dist (z, Sv) < r) and satisfies

Uo(y,0) =y, DUy(y,0) =1 for every y € Sv. (4.9)

Moreover we ask that ©(¥q(y,1,0)) = as for # < 0 and v(To(y,t,0)) = A, for t > 0.

Since Su is a smooth manifold, we may find a positive constant 7, and a bi-Lipschitz
diffeomorphism ¥, which maps Sux] —ry,71[ into the set (Su)r, of all points z € RN
such that dist (z, Su) < r; and satisfies

Ui(y,0) =y, DU(y,0)=1 for every y € Su. (4.10)
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Moreover we ask that (V1 (z,t)) = ay for ¢t < 0 and w(U1(z,t)) = B for t >0 (1.

Since 9 is a smooth manifold, we may find a positive constant r, and a bi-Lipschitz

diffeomorphism W, ) which ma i
: ps 90x]0,7,] into the set (50 i
th:lt dist (z, Sv) < ry and satisfies ! et (9 ofall pnts 2. 0 such
Ya(y,0) =y , DV,y(y,0) =1 for every y € 0. (4.11)

In the following 7 := ry A i
"=ToAT1Ary and m s a constant so that all the di isins
U, and their inverses are m-Lipschitz. ¢ feormombisins

4.5. Construction of the partition P,

Let us fix e such that 0 <€ < 37 and define the following open sets (see fig. 2)
Co .= Wo(Sv x D.),

A= {zen\e? . dist (2,50 U (Sun o) < Ms} ,
n

2 := 0\ (C] UA,)
Cr:=Q.n Uy (Sux] ~ Me, Mel) |
C2 = Q. 1 W, (900, Mef) |
Cl=q:\ (CluT?) .
Then we denote by P, the collection {A.,c0 1 CZ,C3}.

PR

figure 2: asymptotic configuration and associated boundary layers

M If we see Su as the boundary of the set

nor(mz)al of Su, we may take Ui, 1) ==y + tu(y).
If v is the inner normal of 0Q, we may take Voly, t) =y +1¢ v(y).

{u = [31} and we denote by v the inner
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By construction, all sets in P, are disjoint open sets whose closures cover (1. As the
diffeomorphisms ¥; are m-Lipschitz, inequality (4.4) and definition of A., imply that these
sels ave disjoint (more precisely we have dist(Cg,QE) > 2Me and dist(Csl7 03) > e).

1.6. Construction of the function u,
—0
We define u, separately on every element of the partition P,. We write every z € C .
s o= Wo(y, t,s) with y € Sv and (¢, 5) € D (cf. the definition of C?) and then we set
—0
ue(z) := he(t, s) for every z € C,, (4.12)
. =0
where he is taken as in (4.7). Then u, is a Lipschitz function on C, and the trace of u. on
I N'A, is (m/e)-Lipschitz. Moreover u. = v for every z € 8C2 N 8N except all z of the
: : )
form z = Wo(y,t,0) with y € Sv and [t] < e/X.. We write every z € C, as z = ¥;(y, t)
with y € Su and t € [-Me, Me| (cf. the definition of C1) and then we set
—1
Ue(T) 1= ga, 5, (t/€) for every z € C, (4.13)
where go,p, is taken as in (4.5). Since ga,g, is M-Lipschitz, u, is (Mm/e)-Lipschitz on
C} and moreover u, = u on C! N Q..
— — =2
Since Sun C’: =@ and Sv N Ci = @, for every connected component C of C,, v

is equal to some constant constant a on OC and u is equal to some constant b on C. We
write every « € C as z = Uy (y,t) with y € 8Q and t € [0, Me] (cf. the definition of C?).

Then we set
U (z) 1= gap(t/€) for every z € C. (4.14)
Since gqp is M-Lipschitz, then u, is (Mm/e)-Lipschitz on each connected component C of
55. Moreover u, = u on 9C? N, and u. = v on 8C?* N an.
Eventually we set
for every z € 5:, (4.15)
ue(z) = v(z) for every z € 902\ d (4.16)
So far, we have defined the function u. on ﬁ\ A, and one readily checks that these
definitions of u, agree on the intersections of the boundaries of the sets 2 and C? (actually
one has to check only 9CI NOCE, dC2NAC? and 9NN aC?).
Moreover u. is a Lipschitz function such that ue = v on Of) except on the set
Wo(Sux] — €/Ae,€/Ac[x{0}). Since the restriction of u, to 94, is (Mm/e)-Lipschitz, we
can extend u. on A (i.e. to the whole Q) by taking any (Mm/e)-Lipschitz extension.

uc(z) = u(z)

4.7. Upper estimate of F_(u,)
Let I (u, B} be the localized functional given in (3.1). The following cstimates hold
on CY:
I (e, Ug) <® ¢

Wo(SuxDg)

Duct+ 2 [ W) +a [ W)

Uo(SvxD,) Yo (Svx Ee)

" By definition of co.
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=9 (14 0(e)) MV (5) [¢ / \Dh.|? + / Wi(he) + A / Wa(h,)
Hence gy inequality (4.8)

limsup Fi (ue, C2) < co HN2(Sv) . (1.17)

e—0

On C}, we have the following estimate:
1
Fwe 0l =< [ 1Dul+1 [ W)
c & Je
) 2, 1
< (el Ducl? + =W (u)
€

‘I’l(S’uX]—ME,ME[)
Me
<O (1 1 0(e)) 1Y (Sw) /41 [|gw;1 /)] + = W (galﬁl(t/c))]
(7 (1+O(e))HN—1(S“)/1R ig‘/hﬂx (s)[ + Wy (galﬁl(s))] ds .
Now by inequality (4.6)

limsup Fe(ue, C) < (|H(B1) — H(a)| + |8y — o | 8%) HY 1 (Su)

£—0

{er + O(8)) HN ~1(Sw) . (4.18)

In a quite similar way we obtain

limsup F; (u.,C?) < c]/ |H(Tu) - H{w)| +0(8) . (4.19)
-0 on
Moreover
Fe(ue, C2) =0, (4.20)
2
Fulue, 40 <O (Z) (4 + 24, = 0(e) (1.21)

() By (4.9) we obtain that |D¥o—I] < O(e) in Sv x D, and then we apply (3.27) and
definition (4.12).
) By definition of C.
) By (4.10) we obtain that [D¥y ~I| < Ofe) in Su x [—Me, Me] and then we apply
(3. 21) and definition (4.13).
) We make the change of variable s = t/e
(8) Recall that u, = w on C2 and then u, is locally constant and takes values in 1.
) Because u, is (Mm/e)-Lipschitz on A.,.
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Fe(ue, 00\ 0C?) =09 ¢ (4.22)
Since F(u, B} is a measure with respect to B, one checks easily that

FE(UE) = Fe(us:—g)
3
= Fu(ue, Co) + 3 Fe(ue,C1) + Folue, Ac) + Fa(ue, 02\ 9CY).  (4.23)

=1

Passing to the limsup in (4.23) and taking into account (4.17 — 4.22) we get

limsup Fe (ue) < ey MY " (Su) +] |H(Tu) - H(v)l + ey HN ~2(Sw) + 0(6)
o0

e—0

< @(u,v) +0(5) .
The proof of Proposition 4.1 is complete. a

4.8. Proof of Theorem 2.4

The inequality F < Fj is trivial. To prove the opposite inequality, it is enough
to show that, for every (u,v) € BV(Q, ;) x BV(8Q,I;), we can find an approximating
sequence (uy) such that u, — u in L(Q)), Tu, — v in LY(69) and

limsup Fo(un) < (u,v) . (4.24)

n—0oC

To that aim, we apply Lemma 6.6 with 6 = p~!(xv) (where p is defined in (2.9)) to obtain
an approximating sequence (un) C BV(Q, 1)) such that u, — u in LY(§2), Tu, = v for
every n and

MY (Sup) — HN X (Su) + MY ({Tu # 6})

We get
limsup Fy(u,) =
n—00

= limsup {clHN Y(Sun) + caHN"2(Sv) + / fH(@) H(”)I}

n—oo

< aHNTH(Su) + p HYTH(S0) + e HY T ({Tu # 0}) + /an |H(8) - H(v)|

=00 ¢, HN =1 (Su) + ¢y HN2(Sw) + /m [|H(Tu) — HO)| +|H(®) - H(v)l]

(10) Since u, = v on NN A., then u, takes values in /.
(1 Since Twu and 6 take values in I, taking into account (2.2) we have that

aHN = ({Tu # 6}) ) = Jaq |H(6) — H(v)|.
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=12 o HV Y (Su) + ¢ HY72(Sv) +/ |H(Tu) — H@w)| = 2(u,v) (1
a0
.
5. Application to Capillary Equilibrium with Line Tension

Throughout this section, we keep all the notations defined in sections 1 and 2.

From a mechanical point of view, line tension is usually understood as a line density
of energy concentrated on the contact line C. Of course this makes sense only if C is H™ ~2-
rectifiable (i.e., Tu belongs to BV (00, I;)). In that case the expected energy should take
the form (1.3). To recover this form in our limit model, we must assume that C coincides
with £ which means that the infimum of ®(u,-) in (1.7) is achieved for some v such that
Sv = S(Tw). Let us assume in this section that

az <oy < B <P (5.1)

Then in an equilibrium configuration, £ and C coincide if and only if 4, = 94; N I
Indeed the other possible configuration Ay = 9B; N 9 cannot be optimal since, due to
(5.1), one of the configurations A, = §4; N AN, Ay = @, A, = 90 has lower energy.
Therefore the relation v = p(T'u) holds (where p is defined by (2.9)).

When £ and C coincide in an equilibrium configuration, the energy is Fy defined by
(2.10). Here it can be written in the geometric form:

Fo(u) = ecyHN "1 (0A; N Q) + EHV YA N8Q) + coHY 2(C) + d | (5.2)

where ¢ = [H(az) - H(al)i — 'H([}g) - H(ﬁl)l and d := |H(ﬁ2) - H(ﬁl)l HN-H90).
In Theorem 2.4 we showed that the functional F' defined by (2.6) is the relaxation
(with respect to the L1(2) strong topology) of Fy. Therefore the problem

min { Fo(v) : Jov=m}. (5.3)

has the same infimum as problem (2.8) and every minimizer for (5.3) is also a minimizer
for (2.8). Let us remark that, by the lower semicontinuity of F, (2.8) has always a solution.
It is not the case for (5.3) (see examples in section 5.2).

5.1. Equilibrium conditions

Let us consider two phases A; and B; in equilibrium in a container  as partially
drawn in fig. 3.

(2) Since @ <y <Py < B, H(Tu) — H(6) and H(8) — H(v) have the same sign.
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1]
B2~

Boundary phase

transition Interface

B3

Contact line
figure 3: ezample of equilibrium
Assuming everything smooth, we define ¢ on the curve £ as the angle between the outward
normal to A, (tangent to 89) and the principal normal to £ and we denote by K the

curvature of £ (see fig. 4). We want to write the conditions for equilibrium (i.e. a
stationary point for the energy ®). Two cases have to be considered:

Case 1: L and C do not coincide

In this case the equilibrium conditions read as

ot

wt
[SANN*SN
P

|H(a1)—H(a2)‘—iH(al)vH(,ﬁg)lvqcoscp:O on L, (
IH(,@l)~H(52)]—]H(al)—H(,ﬁ’z)|+clc056:O on C. (5.

These optimality conditions may be interpreted in term of forces as shown in fig. 4.

Cc1

IH(ot1)-H(B 2)1 8 JH(B1)-HB 2

IH(o1)-H(o2 )1 IH(et)-H(B2)!

Q2
oQ

figure 4: equilibrium of forces

Equation (5.4) fixes the value of the contact angle §. Then for a prescribed volume of
the phase Aj, the position of the interface is given. Equation (5.3) fixes the position
of the curve £ through the purely geometrical quantities K and ¢. When C and L are
aisconnected the position of £ dous not depend on the position of the interface.

Case 2: L and C coincide

In this case the equilibrium conditions read as
[11(cvy) = M{co)| = |H(B)) — 1 (B2)] — 2K cosp — ¢y cosd =0 (5.6)
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2K cosyp > |H(a1)—H e 7] l— |H 1) ﬁ2)|
2K cos p < |H(By) — H(az)| — [H(B1) —H(ﬁaﬂ

We remark that in the general case (i.e., without assuming that C and £ are smooth), it
-I5 a difficult problem to write down explicitely conditions (5.4) -- (5.7).

(5.7)

5.2. Example: a bubble growing in a cylinder

Let us consider a bubble (which corresponds to the phase A;) of volume V in a
cylinder Q of radius R and assume that V is large enough for the bubble to reach the
boundary (i.e., V > 4rR3/3).

Ophaee @ phase phase R
B1

figure 5: a bubble growing in a cylinder

Let us show that the dissociation between the contact line C and the surface phase tran-
sition £ occurs when V is small. We have two possible equilibrium configurations:
(1) there is a unique boundary phase By = 8Q (i.e. v = B2),
(2) the boundary phases 4, and B, coincide with the volume phases 4; and 4, (ie.
v = p(Tu)).
In the first case the contact angle is

6, = arccos (|H((11) - H(ﬁz)f; |H(ﬁ1) - H(ﬁz)[) Y (5.8)
1
while in the second case the contact angle is
03 = arccos (|H(Ql) — H(ag)i; IH('BI) — H(ﬁ2)|) (5.9)
1

{due to the geometry of the container the line tension does not appear in this formula since
@ =m/2). -

For small bubbles only the first configuration is less energetic. Indeed let us compute
the corresponding energies in the very simple case a; = a3 < ff; = 8,. We get 6, = 0,
02 = 7/2. The energy of the first configuration is given by E; = (27 Rh + 4w R?)c; where
h =V/(wR?) — 4R/3. Hence
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E,
R

—V + —01R2
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‘I'he energy of the second configuration is

Ey = 2nR%c; + 4wRes .

Thus the first configuration is less energetic when

V<Vopi=n .R?(Qccf +§) .

[ this case problem (5.3) has no solution. Our practical conclusion is the following: the
contact angle of the increasing bubble jumps from 6; to 6, when the volume reaches the
critical value Vg. This example can be extended to a growing bubble on a plane boundary.
The explicit computation is tedious in that case. The bubble first grows with a constant
contact angle 8; given by (5.8) (and a unique boundary phase), then reaches a critical
volume V where conditions (5.7) hold. The contact angle suddenly changes. For a larger
bubble the effect of line tension in the balance equation (5.6) decreases while the contact
angle increases continuously up to 8 given by (5.9).

This example shows that capillary equilibrium with line tension cannot be stud-
icd forgetting boundary phases: it can happen that line tension is not supported by the
geometrical contact line.

6. Appendix

We give here some results we used in the previous sections. We begin with a
rearrangement result.

Let ¢ be a positive decreasing function on 10, +oof. For every couple of Borel sets
A and B in IR, we set

V(A B) = / #(le’ —z)) de'dr . (6.1)

Now, for every ¢,y € IR, we denote by L;(A) the interval [t,¢+a] and by R (B) the interval
[y — b, y], where a and b are the measures of A and B respectiv ely.

Proposition 6.1. If AUB C [t,y] and AN B = @, the following inequality holds:

U(4,B) > U(L,(A). Ry(B)) . (62)

Iroof. We write A < B if sup A < inf B. We remark that when t < 4 < B < Y,
V(A B) 2 ¥(L(A),B) and U(4,B) > U(A, Ry(B)) . (6.3)
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Indeed, by setting h(z) :=1 + ff 14(s) ds, we have that h(z) < z for all z > ¢, and then,
taking into account that ¢ is decreasing

s

\I/(A,B):/B [/tm(,b(xux)u(x)dx] da’

> /B [ /t e o(a’ ~ h(@)) ' (2) da) d’
:/B [/tt+“¢(x’—u)du] dz' = U(Ly(A), B) .

This proves the first inequality in (6.3). The second one may be proved in the same way.

Now, let us prove the proposition when A and B are finite unions of closed intervals,
ie, A=A UAU...UA,,, B=BUByU...UB,,, where A; and B; are pairwise
disjoint closed intervals in [t,y]. The proof is achieved by induction on the total number
of intervals n =n4 +np.

When n = 1, either A or B is empty and the proposition is trivial. Now, let’s
assume the proposition true for n and let’s prove it for n + 1.

Let be given A and B such that ng + ng = n + 1; with no loss in generality, we
may suppose that A is non-empty and A; < A; for all i > 1 and A4; < B, for all j
and we set ¢ = [Ay] and A’ 1= Ay UA3U...UA,,. Then we may write ¥(A4,B) as
U (Ay, B) + U(A’, B), and since t < Ay < B < y, inequalities (6.3) yield

U(Ay, B) > U(Li(Ar), B) > U(L(A1), Ry(B))

moreover, A, B C [t+c,y], A/NB = @ and na-+np = n, and then the inductive hypothesis
yields
V(A B) > U (Lo o(A), Ry (B)) .

Hence
V(A, B) > ¥(Li(A1), Ry(B)) + ¥ (Li+e(A"), Ry(B))

and (6.2) follows for A and B because Li( A1) U Ly o(A) = L (A).

Eventually we prove the proposition when A and B are (disjoint) compact sets by
outer approximation with finite unions of closed intervals and when A and B are (disjoint)
Borel sets by inner approximation with compact sets. O

The next three statements are concerned with the best constant in some trace
inequalities involving the L? norm of the gradient of a function and the H'/2 norm of its
trace on a line. The proofs are standard application of Fourier Transform techniques (cf.
[N], chapter 2, section 5).

In the following, u = u(z,y) is a real function on IR?, v = v(z) denotes the trace of
u on the line IR x {0}, & = &(£, v) denotes the Fourier Transform of v and & = (¢) the
Fourier Transform of v.
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Lemma 6. Z Let u be a function in LL_(R?) such that Du belongs to L*. Then u
(IR?) and the trace v of u on IR x {0} is a well-defined function in LY (IR).

Je

Proof. First we prove (6.4) when u is a smeoth function with compact support by Fourier
Transform:

/1112 Mrdz’da::/ / lu(z + h) —U(T)|2d33]§“§

-z
=0 [ [ jateyee - nfae] 5
= [ [ 220 oo pag

MO / 16(6) 1€ de
R

and taking into account that 9(¢) = fm (&, v)dv for every &,

=at [ [ [ ate i) e
:4W2/R[/IR(ﬁ(g‘y)(€2+l/2)1/2) (%ﬂ‘i)]ﬂdurd{
<® 47r2/m [/}Ri-ali’(guui’)du”/m = Iiilﬁdu] de

=4 ar? / [af?(6% + v*) d€ dv
w2

=) 11'/ |Du)? dx dy .
RZ

belongs to H,
Moreover

loc

ol

/ pu—
(=) “(I)| dr'ds < = / |Duf? dzdy . (6.9)
R?

Now we want to prove that inequality (6.4) holds for all functions in the Beppo-Levi space
X :={ue Ll (R? : Due [*} ©.

First of all, we remark that (6.4) is stable under convergence in this space. Indeed,
if a sequence (un) converge to u and satisfies (6.4) for all n, then [|Du,|?> — [|Dul?

) Apply Plancherel Theorem, recalling that TRu(€) = 2™ hég(¢).
@ / (2 — 2cos(2rh€)) h™2dh = 47r1§|/ (1 —cos(t)) t2dt = 4n®|¢| for all €.
@ A%ply Schwariz-Hélder inequality. "

/ 1E1(€2 + 3"ty = = for all £ # 0.

) Apply Plancherel theorem, recalling that Du({ v) =2mia(€,v) - (€,v).
X is endowed with the topology induced by the L} topology and the semi-norm
| 120c]:2, this is a Fréchet topology

(6)
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Uy, — u in the Hltc topology and then v, — v in the Ll20r: topology. Then, possibly passing

to a suitable subsequence, v, tends to v a.e. and by Fatou’s Lemma we get
2 V !
v(z") —v(x)|? vp(2') — v,
/ —QE—L dz'dzr < liminf —M‘ dz'dz
R2 r —x n—oo  fR2

z’ —

<7 lim |Dug|? = 7r/ | Dun|? .
R? R?

n—0oc

Eventually, we want to prove that the space D(IR?) of all smooth functions with compact
support is dense in X. Since D(IR?) is dense in HY(IR?) and X N L™ is dense in X (7, it
is enough to prove that H' is dense in X N L™ (with respect to the X topology).

For every bounded function w in X and every integer n, set u,(z) := gp(z)u(z)

where
1 if |z| < nl/
gn(z) = ¢ log(logn) — log(log |z}) if ni/e < III <n,
0 - ifn <|z|.

Each u,, belongs to H?, u,, tends to u in Llloc, Du, = g Du+u Dg,,. Moreover g,Du — Du
in L? and we claim that u Dg, — 0 in L2. Indeed,

Jpa < vy |Dg-n|2=uunio?%*O

and so u, tends to v in X. )

Corollary 6.3. Let A be the half-plane {(z,y) : y > 0} and let u be a function in L .(A4)
such that Du € L?. Then u belongs to H] _(A) and the trace v of u on IR x {0} s a
well-defined function in LL _(IR). Moreover

/ v(z’) ~v(z))?
R?

z' —z
Proof. Extend the function u to the whole IR? by reflection and then apply Lemma 6.2. [J

dzr'dr < 27r/ |Dul? dx dy . (6.5)
A

Corollary 6.4. Let r be a positive real number, D the half-disk { z,y) 2 4+ 92 <
7, y >0} and u a function in H'()). Then the trace v of u on the interval E x {0} (with
E =] —r,r() belongs.te:H*(E) and

/ v(e') - viz)?
E?

’
(M Any u € X may be approximated by the truncated functions u, 1= (uAn) Vv (—=n).

dzdz’ < 27r/ |Du|? dz dy . (6.6)

r —
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Proof. First we extend the function « to the whole half-plane A := {(z,y) : y > 0} by
setting

- u(z) if |z <7,

(z) = {u(rz/z) if |zf > r
(we identify the point (z,y) with the complex number z = z + 1y). Taking into account
that z v 7%/ is a conformal mapping, we have [, {Duf? = [, |Da|* = [ |Dul*. Thus
D1 belongs to L? and by Corollary 6.3 we get

47r/ |Dul? :zﬂ/ \Daf? 2/2 “(””I x"")) da'dz
D A R -
. / (z") — o(z) zdx'dx N /' o(z’) - v(x) ‘Zdrldx
- E? -z (IR\ E)? o —x
U(l‘!) ’ 1)( ) - U(Q?) T4 7
= e S e 'dz
/Ez '~z | da'dz +/E2 r/z’ —r/z (z’r)le ’
_ 2/ L(I),;”(xl dr'dr . O
E2 r -

The next result of this appendix is a lemma which allow us to study the compactness
in the L' norm of a family of functions on IR" by checking the compactness of the traces
of these functions on 1-dimensional affine subspaces.

Let A be an open bounded subset of IR", let e be a direction in R" (e e€ RY,
le] = 1), M the orthogonal complement of e and A’ the projection of A on M. For every
y € M, let RY be the straight line y + Span{e}, AY := AN RY and for every function v on
A let v¥ := v L AY. Then the following statement holds:

Lemma 6.5. Let F be a family of uniformly bounded functions in L*(A) and let S be the
set of all directions e which satisfy the following property:
For every § > 0 and for every v € F, there exists a Borel set B,, C M
(P) such that H"Y(B,) < 6 and such that for H" ! a.a. y € A':
F{ :={v¥ ,veF, B, #y} is relatively compact inL1(AY).
Then, if S spans R®, F is relatively compact in L' (A).

Remark. This statement admits the following weaker version: let F be a set of uniformly
bounded functions in L1(A) and let S be set of all directions e such that for all y € A’
the set F¥ := {v¥ : v € F} is relatively compact in L}(AY). Then, if S spans R" Fis
relatively compact in L1(A).
Proof of Lemma 6.5:

With no loss in generality, we may assume that {v| < 1 for all v € F, |[AY]| < 1 for
all y and |A’] < 1. We extend each function v to 0 in IR" \ A and each function ©¥ to 0 in
[\ AV, For all y € A, and all £ > 0, set

W (1) := sup {/ [0 (x4 he) - oV(x) de s v € FYL b€ [~t, f]} .
Jny
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Since |[v¥] < 1 for all v € F, wy(t) < 2 for all t > 0 and since F} is relatively compact
in L1(AY), Fréchet-Kolmogorov Theorem yields that wy(t) 1 0 ast | 0. Then, for cvery
veF, .

/ |v¥(z + he) —v¥(z)|dz < wi(|h]) VheR,ye A"\ B,.
Ry

Integrating with respect to y, we get
/ |v(z + he) — v(z)|dz =
Rk
= / (/ [v¥(z + he) — v¥(z)| da:) dy
M Ry
= L) d +/ ..o ) d
LG ae [ ()

< [ o+ [ a2 [ s, 6

v v

For every § > 0, t > 0, we set ws(t) == [, w¥(t)dy. Then ws < 2 and ws(t) {Oast |0
because the same holds for all w{ (apply Dominated Convergence Theorem). Eventually,
if we set for all t > 0
= inf (2 t)) ,
w(t) inf (26 + ws(t))

w is bounded, w(t) | 0 as ¢t | 0 and by (6.7):

/ [v(z + he) — v(z)| dz < w(lh]) VheR,ve F.
Rb

Now, if we take vectors ey,...,eq in S which span R, we may apply Fréchet-Kolmogorov
Theorem and we obtain that F is relatively compact in L*(A). ]

The last result of this appendix is used in the proof of Theorem 2.4.

Lemma 6.6. Let be given u € BV(Q) and 6 € LY(0Q). Then there exists an approzi-
mating sequence (un) C BV() such that u, — u in L}Q), Tu, = 6 for every n and

limsup || Du, || < [|[Du]| +/ [Tu— 6] . (6.8)
7 n—oo an

Morcover if u and 8 takes values o I := {w, f}, we may tuke the upproLimating sequence
(un) in BV(S,I) and (6.8) becomes

limsup HY 71 (Su,,) < HN7H(Su) + HN L ({Tu # 6)) . (6.9)

n—oc
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Proof. Using a well-known result by Gagliardo (see for instance [Gi]) we may find a scquence
of smooth functions (v,) such that v,, — 0 everywhere in Q, Tv,, = 6 — T for every n and

1Dun ) — / Tu -]
o0

Hence, if we set u, := u + v, for every n, the sequence (u,) satisfies the thesis.

Now, let I := {0,1} and assume that u and 6 take values in the set I. We take a
sequence (w,) such that w, — v in L1(Q2), Tw, = 0 and (6.8) holds. Using a truncation
argument it may be easily proved that we can assume 0 < w, < 1 everywhere.

For every n and every t €]0,1[, we denote by w?, the characteristic function of the
sub-level {z € Q : wn(z) > t}. Then (possibily passing to a subsequence) w!, — w in L'(£2)
and Tw}, = 6 for almost every ¢ €]0, 1[ (we recall that both v and 6 take values in I). By
using coarea formula (sce for istance [Gi]) and Fatou’s lemma, we may write

1 1
limsup || Du,|| = limsup/ [|Dwht || dt > / (liminf | Dwt||) dt
4] 0 n—oc

n—00 n—00

so that (6.8) yields
1 g
/ (lim inf | Dw ) de < N ~1(Su) + HV 1 ({Tu # 6}) . (6.10)
0 n—oo

Now we choose ¢ €]0, 1] so that

1 R .

/ (Liminf || Dwt ||) dt = liminf | Dw! || = lim inf HYY(SWE) .
0 n—oc n—oc n—00

Thus, as we know that w}, — u in L'(Q), we deduce (6.9) from (6.10) by taking for (u,)
a suitable subsequence of (w}). O
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4.4 Gouttes 1-D microscopiques

Dans ce paragraphe nous étudions un modéle asymptotique capablfz
de modéliser des gouttes dont le rayon est tres petit, compgrablg a
L, I'épaisseur interfaciale. La question qui a motivé ce travail a déja
été abordée au paragraphe 3.3: quelle est l'influence de la taille de la
goutte sur la tension superficielle ou plus précisément sur l’énergie de
la goutte? L’article qui suit ne constitue qu’une réponse partlglle: nous
nous y limitons & la dimension 1. D’un point de vue physique cela
correspond a ’énergie par unité de surface d’un fihn liquide plan. En
théorie classique de la capillarité (quand I’épaisseur est beaucoup plus
grande que L), cette énergie ne dépend pas de I’épaisseur dP film: elle
est toujours égale au double de la tension superficielle. L’objet de notre
travail est d’estimer cette énergie pour de faibles épaisseurs en théorie
de Cahn-Hilliard. .
Dire qu'un intervalle 2 contient une petite goutte, est équivaler}t a
dire que la densité de masse moyenne sur 2 est proche de la densité p,
de la phase vapeur:
Pi= gy << iy (4.17)
1
Si ’on utilise 'adimensionnalisation décrite précédemment, la rela-
tion (4.17) s’écrit
m-—af <<1.

11 nous faut donc considérer un probleme avec une contrainte de masse
m,. tendant vers o |Q| quand = tend vers zéro. Ce comportement de
m, peut etre transféré artificiellement en un comportement de W, par
le choix de gy & la place de py comme densité caractéristique. Dans
les définitions (4.5), (4.6) remplagons py par py, sauf dans la définition
PP

de u que nous remplagons par u = . Le probléme variationnel

d
s’écrit de nouveau sous la forme (4.7) avec une contrainte de masse
Jou dH? = [Q] ne contenant plus de petit parameétre. En contrepartie

. pL—p
W) est une fonction qui s’annule en O et 3, = *[5—" >> 1. On a donc
d
un probléme asymptotique & deux parametres ¢ — 0 et 3, — +o0.
Considerer que € tend vers 0 infiniment plus vite que §;! revient &
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utiliser le résultat de Modica et donc la théorie classique de capillarité:
I'énergie de la goutte est alors le double de la tension superficielle. Dans
I’article qui suit, qui n’cst qu’une premiére approche, nous étudions le
cas ou f tend vers l'infini infiniment plus vite que €~! en considérant
une fonction Wi indépendante de €, ayant un puits en 0 et un puits a
I'infini.

Nous traduisons 'idée de puits & P'infini par une hypothese de dégé-
Wi(t)

t

nérescence tlim = 0. Nous étudions les cas o Wy(t) ~ ct” pour
—00
p < 1. L’interprétation physique des différents comportements & I'infini
de W reste encore a élucider.
L’ordre de grandeur de I’énergie limite dépend de p, ¢’est pourquoi

nous étudions une énergie rescalée par un facteur A\, dépendant de p:
1 2
—/ (Wilu(z)) + eu(z)) dz (4.18)
A Ja

ol A, = G p# —2, A = Jeloge si p= 2.

Nous montrons qu’une suite u. d’énergie bornée ne peut converger
que vers une mesure atomique, i.e. une somme de mesures de Dirac.
L’énergie de chaque mesure de Dirac (i.e. de chaque goutte) est ex-
primée en fonction de W) et de la masse de la goutte. On ne retrouve

le double de la tension superficielle que dans le cas ot [ /W, (¢) dt
est une intégrale convergente.

" Larticle qui suit a été soumis aux Comptes Rendus & I’Académie des
Sciences (C.Dube, G.Pouchitté and P.Seppecher, C.R.Acad.Sci., 1095).

Attention: Les notations de cet article different de celles utilisées dans
I'introduction.
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I’roblemes mathématiques de la Mécanique

Transitions de phases avec un potentiel dégénéré a I'infini,
application a I’équilibre de petites gouttes.

Guy Bouchitté, Christophe Dubs et Pierre Seppecher

Résumé- Dans le but de modéliser I'équilibre de gouttes de trés petite taille, nous étudions le comportement
limite des solutions lorsque ¢ tend vers 0 des problémes de minimisation:

(Pe) inf{/ W(u(z)) +eu'?(z)dz / udr = M‘}
Q Q

ou W est une fonction positive nulle seulement en un point ug € R et telle que lim;— o Wtﬁ = 0. La config-
uration limite fait apparaitre une mesure atomique correspondant & une répartition de masse en gouttelettes.
Phase transition with a potential degenerated at infinity,
application to droplets equilibrium.

Abstract- In order to modelize the equilibrium of very small drops, we study the asymptotic behaviour as e
tends to 0 of the minimizers of:

(Pe) inf{/ﬂ’(u(z)) +euw'?(z)dx / udz = M}
it} Q

The function W is non negative, vanishes only at up € IR and satisfies limy—, 4o W — 6. In the limit
configuration, the mass distribution contains an atomic measure which corresponds to éropte!s.

Abridged english version - Let up and M > 0 be two real numbers,  a compact
subset of IR and W a fonction on IR satisfying the assumptions:

(H) W>0, W) =0 u=up,

(H2) W is continuous on [ug, +oo[, W = +0c0 on | — o0, ug! ,

(H3) 3p<1, Jc>0, such that Lilﬂc W(t).i™? = c,

s . W
(H4) W is increasing on [ug,u1] (u1 > ug) and lim Wiu) > 0.
u—ud U — Ug
We study the asymtotic behaviour as £ tends to 0 of the minimization problems:

(Pe) inf {/ W(u(z)) +eu(z)dz / u(z) dr = 1\/1} .
Q Q
In this note, we show that the value of inf P, behaves like A, defined by A, = 7 with

v = inf (;—:—;, 12) if p# —2and A, = ¢!/? logz if p = —2 and we identify the limit of
the rescaled energies:

Fe(u) = {j?%fn W(u(z)) +eu?(z)de if;u € HY(Q)
eise.

"This problem is close to the classical problem solved by Modica (Modica, 1987) where
the finction W is a two-wells function (in this case 4 = 1/2). Tn our case, the degen-
crated behaviour of W oat infinity (limy—oo t7'W(t) = 0) replaces the second well. The
limit problem still exhibits two ”phases”: a ”vapour phase” represented by the mea-
sure ug i and a "liquid phase” represented by a purely atomic measure o= mibs,.
Iu part 3, we show how this problem arises from the mechanical study of very small
(one-dimensional) drops. In this model a drop of mass m located at = is represented
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by the measure mé;. We show that the contribution of such a drop to the total energy
depends on the mass at the position through the function f defined byv:

flaom) =22 Em) ™ if 2 ¢ 09, flz,m) =k(m)' " if z €90

where k is a scalar depending on the shape of W:

+o0
2/ Wi(s)ds ifp< -2,
o VWi(s) .
+o0 —2p
(1—27)&—"(1 2p/ (t2+1)“%-—§%dt> ifpel-21],
- 0
Ve/3 if p=—2.

More precisely, F being defined by (5), our convergence result is the following:

k=ky:=

Theorem : Under the assumptions (H1)-(H4) we have :
(i) For every measure p in M(Q), for every sequence (u.) tending to p in M(Q) weakx,
we have

lirsll‘iglf Fo(ue) > F(p).

(i) For every p in M(SQ) there exists a sequence {uc) such that

ue — pin M(Q) weak * and lin%)FE(uE) = F(u),
e

moreover we can choose this sequence such that foue dx = u(Q2).

To obtain the lowerbound (i) for the energyv, we prove that the energy on almost
every interval can be estimated by imposing, in addition, Dirichlet conditions on its
boundary (Lemma 1). This estimate is given by Lemma 2. Then an argument of
concentration-compactness for measures implies that the limit liquid mass distribution
is purely atomic. The explicit construction of an approximating sequence gives the
upperbound (ii) for the cnergy.

1. INTRODUCTION ET ENONCE DU RESULTAT - Soit deux réels ug et M > 0,
€2 un intervalle compact de IR et W une fonction sur IR vérifiant les hypotheses:
HL) W>0Wu=0< u=ug,

(H2) W est continue sur [ug,+oo[, W = +00 sur ] — o0, ugf ,

(H3) 3p<l, 3c¢>0, tel que tlérllm W)t =g,

W(u)

(H4) W est croissante sur un intervalle [ug, u1] (u1 > up) et lim ——— > 0.
u—ud U — Uo

On étudie le compﬁf?ément limite quand ¢ tend vers 0 des problemes de minimisa-
tion:

(Pe) inf {/ W(u(z)) +eu*(z)dx / udr = Al}
a o
Dans cette note nous montrons que la valeur de inf P, se comporte comme

e =

(1) _ {5”’ avec v = inf (}%,%) sip# —2
e/?oge sip=—2.
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Nous identifions la limite des énergies rescalées:

) Folu) = {jéoojg W(a(z)) +eu(c)de siue HY(Q)

sinomn.

Ce probléme est voisin du probléme classique traité par Modica (Modica, 1987)
dans lequel la fonction W est une fonction & deux puits (dans ce cas ¥ = 1/2). Dans
notre cas c'est la dégénérescence de W a Pinfini (limy—oe 711 (¢) = 0) qui joue le
role du deuxiéme puits. Le probléme limite fait encore apparaitre deux ”"phases”,
la répartition de la masse étant, pour 'une, la mesure de densité ug par rapport a
la mesure de Lebesgue, pour 'autre, une mesure purement atomique g = Y m;dy;.
La partie 3 montre comment ce probleéme dérive de I'étude mécanique de gouttes
(unidimensionnelles) de taille trés petite ce qui conduit & appeler "goutte” chacune
des mesures m;6;,. Nous montrons que la contribution d’une goutte mé, a ’énergie
du systeme dépend en général de sa masse m et de sa position z. Cette contribution
cst égale & f(z, m) défini par:

(3) flo,m) =227 km) "™ P siz €dQ, flz,m)=k(m) > sizedQ

ou k est un scalaire dépendant de la forme de la fonction W:

+oo
2/ JW(s) ds sip<—2,
ug
4) k=k,:= 2 fEeo = 2
“@ P (1 29) i (1—;/ (2 +1) f?idt) sipel-2,1],
- o
Ve/3 sip=—2.

Plus précisément, définissons F par:

n n
(5) Flu) = ;f(zl,'mi) sipu=ugdz + th‘sxw m; > 0 (x; distincts),

i=1
+00o si g n'est pas de la forme ci-dessus.

Theoréme : Sous les hypothéses (H1)-(H{) on a :
(i) Pour toute mesurc p de M(Q), pour toute suite (ue) tendant vers p dans M(Q)
*faible, on a

lim iélf Fo(ue) > F(p).

(ii) Pour tout u dans M(Q) il eziste une suite (u.) telle que
ue — 4t dans M(Q) * faible et lir% Fo(ue) = Fp),
e

on peut de plus imposer a cette suite de vérifier la contrainte Jque dz = pu(9).

Remarque: - La relative compacité faible d’une suite u, est assurée lorsque celle-ci
vérifie la contrainte de masse foue dr = M (comme dans le probleme (P.)). On
en déduit immédiatement qu'il existe C tel que inf Pe ~ CA.. En effet, d’aprés le
Lhéoreme, tonte solution 1, du probleme Pe converge (4 une suite extraite prés) vers
e wmesure gede o forme upde + 371 miby, qui minimise F(p) sous la contrainte
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S mi= M —uglf. La sous aditivité de f(z,-) montre que p — ugdz est une unique
masse de Dirac (située sur le bord de ).

- En I'absence de contrainte intégrale, la relative compacité des suites u. ne peut se
déduire (exepté dans le cas p > 0) du simple fait que sup Fe(ue) < +o00.

- Le théoreme peut étre appliqué & d’autres problémes de minimisation du méme type
que P, par exemple: inf{f, [W(|«/|) +eu” +|u—gl*] dz; u € H*()} (dont la
limite fait apparaitre la fonctionnelle de Munford et Shah (Munfor, 1989) introduite
dans les problémes de segmentation d’images).

2. PREUVE DU THEOREME - Soit (u.) une suite vérifiant sup F.(uc) < 400 et
convergeant *-faiblement vers une mesure . Il est facile de déduire des hypotheses
(H1) et (H2) qu'il existe une sous-suite de u. (encore notée uc) telle que ue — ug
Lebesgue p.p. Dorénavant, nous supposons sans perte de généralité que 1o = 0. On
définit les fonctionnelles localisées en posant pour toute fonction v de H L(IR), pour
tout intervalle I, Fy(v,I) = ¢~ [, W(v) + zv?dz . On cherche & estimer la limite
inférieure de F.(.,I) pour tout intervalle I. Le lemme 1 montre que, pour la plupart
des intervalles, cette limite ne varie pas si 'on impose de plus & la suite u. de vérifier
ue = 0 sur 8I. On peut alors minorer Fr(ue,I) par 'infimum d’un probleme de
Dirichlet dont le calcul précis est donné par le Lemme 2.

Lemme 1 : Soit un intervalle I € 0 tel que ue — 0 sur 8I\OQ. Alors il existe un
intervalle Is O I et une suite (ud) définie sur Is vérifiant :
(i) ud =0 sur8ls, ue =u sur I, [\, uldz — 0.
(i) liminf F.(u2, I;n Q) = lim inf Fe(ue, 1)
£— £—

(i4i) Dans le cas ou I rencontre le bord de Q, on peut imposer de plus ul d’étre
symélrique par rapport au point d’intersection de I avec §1.

Preuve : Dans le cas ol 8] N8N = @, on prolonge de maniére affine la fonction u. en
dehors de I jusqu’a ce qu'elle atteigne la valeur 0 sur une distance adaptée pour que
F(uQ, I\I) tende vers 0 lorsque € — 0. Dans le cas ot 91 N OS) # 8, on prolonge u.
par réflexion et on se rameéne au cas précédent. a

Lemme 2 : Soit a € R*, (m.) une suite de réels positifs tendant vers m > 0.
a

On note K¢ = {v € HY(R) : v(zxa) =0, / v(z)dzr = mE}. Alors le probléme
—a

inf{F.(v,[—a,a]);v € K.} admet une solution U, paire croissante sur [~a,0]. De plus,

k étant défini par (4):

lim F (3, (-0, 0]) = 227 | (m)t™% .
e

Preuve : L’existence-€une solution paire croissante sur [—a,0] se déduit d'un argu-
ment de réarrangement (Mossino, 1984). Pour l'estimation de I'énergie minimale, on
limite denc notre étude 2 [ -a,0]. Nous supposons' qu'il existe b tel que TV (u) = ¢ P
pour v > b. Lintégration de 1’équation d’Euler W/(T,) — 2¢T." = C., vérifiée sur
I'intervalle ouvert {7, > 0}, conduit &:

(6) £ (@' (z))? = W@e(z)) — Ceve(z) — D, Yz € [-a,0] N {T: > 0}

! La généralisation a une fonction guelconque vérifiant (H3) est obtenue en construisant pour tout
encadrement ¢; < ¢ < ¢z, un encadrement W, < W < Wy tel que Wi(t)/t = ¢ pour t suffisament
grand.
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ol C cst le multiplicateur de Lagrange associé a la contrainte m. et D, est une
constante d’intégration. La croissance de T, exclut en fait une discontinuité de 7.’ sur la
frontiere du support {~2,0] de T.. Ainsi I’équation (6) est satisfaite sur tout l'intervalle
[--a,0]. En particulier, en —a, on obtient D, < 0. Par ailleurs, la convergence p.p.
vers O de T entraine que T, converge faiblement vers mép, que b := T.(0) tend
vers Pinfini (avec 7./(0) = 0). De I'équation (6) on déduit que la longueur 4. du
support de T, vérifie & =| {T. > a} | +vE [ (W () ~ Ceu — D,)" /2 du pour tout a
positif. Le premier terme tend vers 0. D, étant négatif, le second peut étre majoré
par lintégrale [ /e(W(u) — Clu)™1/2 du (ot C! = b'W(b.) — 0) qui tend vers 0
du fait que Pintégrale de W=1/2 est convergente en 0 (cf. (H4)). Comme £, tend vers
0, D¢'(—a) = 0 et donc D, = 0 pour ¢ suffisament petit. En réutilisant (6), on obtient
Ce = b71W(be) — 0 et les égalités suivantes:

be
7 e =2 5/ ___,,.u—__ ’
@) " Ve o W(u) — Cu du,
be 2W (u) — Ceu
VW (u) — Ceu

Lorsque p < —2 (y = 1/2) l'intégrale f0+°°\/Li’(s) ds est convergente. Dans la
décomposition I = 2 [0 (W (u) — Ceu)/? du+ [ Cou(W (u) - Ceu) ™2 du | le premier
terme converge vers k = 2 [;F°3/W(s) ds et le deuxieme, di au comportement de W a
Pinfini, tend vers zéro. De ce fait la limite de I, est indépendante de m. Dans le cas ol
—2 < p < 1, comme vy < 1/2, les intégrales I, et m, sont équivalentes aux contributions
sur Pintervalle [, b.]. En posant t, = (C-1cb~! — 1)}/2 et le changement de variable
t = (C7leuP~! — 1)1/2 on obtient:

(8) I. = 2F.(%,,[~a,0]) = 25%—7/
[¢]

L]

_ 3 24 2t L N\
Fe(Te) ~ 2¢% J(m/{) (£ +1) ZlT‘gtlt)la (me/2)

s{p+2} _3 4 'ty 3 oz
odED s 4 b (L/ (2 dt)" 7 (mej2) 5 |
d-p@2417m \1-pJlo

i, tendant vers l'infini, le résultat est obtenu par passage & la limite £ — 0. O

Fin de la preuve du théoréme. Quitte & extraire une sous suite on peut supposer
que liminf Fy(uc) = lim o Fe(ue) < +00 et que la suite fo := e77[W () + eu'?],
bornée dans L'(f2), converge *-faiblement vers une mesure de Radon v. Comume u.
converge vers 0 sauf sur un ensemble A de mesure de Lebesgue nulle, on peut appliquer
les lemmes 1 et 2 & tout intervalle I tel que &I N A = §. En se restreignant de plus a
des intervalles dont le bord n’est chargé ni par y ni par v, on obtient:

9 D=1 Vgtdt> -2y — k247 siInoQ =0
(O) w0 = fim [ fel0) de 2 (D)= avec o= { {27 S 100020

17inégalité (9) s'¢tend & tout Borélien B par approximation: v(B) > ¢(u(B))!~27. Du

lait que 0 << 1 -2y < 1 on peut appliquer l'argument de concentration des mesures di
a P LoLions (el (Fvans, 1989)): v est une combinaison de masses de Dirac. L’inégalité
(9) donne alors immédiatement la minoration de Passertion (i). Soit maintenant 4 une
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' n
mesure de Radon de la forme Zmiéz' et (I;) des intervalles deux & deux disjoints
=1
centrés sur les points z;. La suite (u.) égale sur chaque I; & la fonction ¥, définie dans
le lemme 2 (et nulle en dehors) vérifie la proposition (ii) du théoréme. a

3. ORIGINE MECANIQUE DU PROBLEME - L’étude de ’équilibre diphasique
d’'une masse M de fluide confiné dans un domaine borné § ¢ R et d’énergie libre
volumique W correspond au probléeme variationnel (P;). La fonction W est conti-
nue, positive et s’annule seulement en deux valeurs « et 8 correspondant aux deux
phases. Ce modele de fluide (dit de Cahn-Hilliard (Cahn, 1959)) posséde sa propre
longueur caractéristique (I'épaisseur de la couche de transition ), en général beaucoup
plus petite que la taille de 2. Dans le probléme adimentionnel, £ apparait comme un
petit parametre caractéristique du rapport entre ces deux longueurs. Sil’on cherche &
étudier le comportement de petites gouttes dans un grand domaine, la densité moyenne
Pm — &

Pm = Té_l Jo pdv est proche de a. Le rapport n = introduit un nouveau petit

parametre. Le choix de p,, — a comme densité caractéristique nous amene & considérer
des fonctions W dont le deuxieme puits est ™! qui tend vers I'infini. Cette note
constitue une premieére étape dans I’étude de ce probléme & deux parameétres: nous
considérons une fonction W dont le deuxieéme puits est directement porté & l'infini
(hypothéses (H1)-(H4)).
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Chapitre 5

Digression

5.1 Relaxation et non localité

L’article présenté dans cette partie n’est pas directement lié aux fluides
de Cahn-Hilliard. Il est né d’une réflexion sur Papparition de la non
localité dans les modeéles variationnels. La question posée était de com-
prendre quand et comment la non localité apparaissait lors du calcul
de la T-limite d'une suite de fonctionnelles locales ou plus simplement
lors du calcul de la relaxée d’une fonctionnelle locale'. Nous avons vu
un exemple de ces situations dans le paragraphe 4.3 ot la relaxée d’une
fonctionnelle locale (I'énergie capillaire avec tension de ligne (4.11)) est
une fonctionnelle non locale. De plus cette fonctionnelle non locale
est la I'-limite d'une suite d’énergies de Cahn-Hilliard (qui sont, bien
évidemment, des éncrgies locales).

Raisonnons sur un exemple trés simple pour lequel le méme phéno-
mene se produit. Considérons une couronne plane € conductrice de la
chaleur associée a un fil conducteur S sur son diamétre [AD] (cf. figure
5.1).

Un probleme thermique dans ce systéme est lié & la minimisation

'Précisons que nous disons qu’une fonctionnelle F dans un domaine Q est locale
si et sculement si il existe une fonctionnelle "localisée” }?'(u:A) définie pour tout
onvert, A telle que i) F(u, -} soit la restriction aux ouverts d’une mesure de Borel
i) 1'(u, Q) = F(u) et iii) f‘(u, A) = f(v,A) dés que v = v sur A
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de la fonctionnelle

F(u) =/Q(Vu)2dH2+/S(%> dH! (5.1)

Figure 5.1 Un probleme simple de conduction de la chaleur

La relaxée dans L*((2) de F' est

Flu) = inf { }a(Va)'dH? + fiapy (32) 4P
W[BC) € H([BC)), v = usur [ABJU[CDJ}.  (5.2)

Ce probléme se résoud trivialement en v et on a:

a_“) art 4 LAB) (€ g o

Fluy= /n(vu)QdH2 * [ABJU[CD) (81 | BC|}

Cette derniére fonctionnelle est non locale. L’apparition de la non
localité ressemble beaucoup & ce qui se produit lors de la relaxation
de énergie capillaire avec tension de ligne. Mais sur cet exemple, le
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phénomene est trés clair: d’un point de vue intuitif le probleme ther-
mique est local et c’est la disparition ”artificielle” de la trace de u sur le
segment [BC] qui est responsable de la non localité. Cette disparition
est dile au choix artificiel” de la topologie de L?(£2). Remarquons que
si I'on avait choisit la topologie de L2(S) on aurait trouvé une fonction-
nelle relaxée tout & fait différente (non locale elle aussi). L’apparition
de la non localité semble étre, de maniére générale, la conséquence d’un
choix non adapté des espaces fonctionels.

La question qui se pose naturellement aprés ces remarques est celle
de I'identification des espaces fonctionnels adaptés & traiter les proble-
mes de relaxation du type précédent et la détermination des énergies
relaxées dans ces espaces. C'est 'objet de Darticle qui suit dans lequel
nous considérons des fonctionnelles du type F(u) = [ f(x, Du) du, p
étant une mesure de Borel finie, f(.,2) une fonction p-mesurable et
f(z,.) une fonction convexe de croissance d’ordre p (c;|z|? < f(z,2) <
cao(1 + |2/P)). En pratique p est la mesure portée par une variété de
dimension k plongée dans R" (k < n) ou plus généralement par une
réunion de telles variétés. La possibilité que ces variétés soient de di-
mensions différentes permet de traiter le probléme des jonctions.

Apres avoir défini de maniére générale, I’espace vectoriel tangent
en un point a une mesure, T[L’(z), nous définissons le gradient tangen-
tiel D,u d’une fonction réguliére u, en effectuant la projection ortho-
gonale sur T?(z) du gradient usuel. Nous définissons alors la norme
llullip = [fullz + {|Dyullzz. Lespace de Sobolev adapté & notre
probléme variationnel, W} ?, sera défini comme le complété de D(R")
pour cette norme. Nous montrons que la relaxée de F' dans cet espace
est la fonctionnelle locale

Fw) = [ fule, Dyu) dy (5.4)

ou
fu(z, 2) = inf {f(r, z4+€): €€ (Tﬁ(z))l} (5.5)
[ie lien avec la relaxée habituelle dans L2(9), F, (Q contenant le

support. de 1) est donné par la relation suivante

F(u) = inf {F(v) T vE W‘}"’ , U =up.p.sur Q} , (5.6)
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fonctionnelle en général non locale.

L’article qui suit a été publié sous la référence: ” Energies with re-
spect to a measure and applications to low dimensional structures, G.
Buttazzo, G. Bouchitté, P. Seppecher, a paraitre dans Calcovar ™.
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Energies with Respect to a Measure and
Applications to Low Dimensional Structures
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Département de Mathématiques  Dipartimento di Matematica Département de Mathématiques
Université de Toulon et du Var Universita di Pisa Université de Toulon et du Var
BP 132 Via Buonarroti, 2 BP 132

83957 LA GARDE Cedex 56127 PISA 83957 LA GARDE Cedex
(FRANCE) (ITALY) (FRANCE)

Abstract. We consider functionals of the form
F(u) = /f(z,Du) m (u € D(R™))

where 4 is a finite Borel measure on R™, and their relaxation F with respect to weak convergence we
characterize in a suitable Sobolev space W17, Applications to low dimensional structures and junctions are
given.

1. Introduction

The problem of finding variational models for low dimensional elastic structures has been widely
considered in the literature (see, for instance, the classical books of Landau and Lifchitz [10], and Love
[12}). More recently, the justification of some classical models has been obtained via I’ -convergence (see, for
instance, Acerbi, Buttazzo and Percivale [1},[2], Percivale [15)), or via asymptotic development of solutions
(see, for instance, Ciarlet [7], Ciarlet and Destuynder [8], Le Dret and Raoult {11]); this method consists in
fattening the structure S into a n-dimensional (n = 3 in the applications) one, S, having ¢ as a thickness
parameter, and then in passing to the limit as ¢ — 0, obtaining in this way the description of the limit
problem.

Here we adopt another, more intrinsic, point of view which consists in describing the structure by means
of a measure j2 on R™; the energy functional will be initially defined by

P = [ feDidn (w0 RrRm)

where [ is the n-dimensional energy density integrand. The low dimensional elastic model will be sunply
obtained by a suitable rclaxation F of the functional F7; this will give

F = [fu@Daddn (we wie ey R™)
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where IV‘}'P 1s the space of functions with finite energy, f,, is the relaxed integrand, and D,, stands for the
“tangential gradient” operator with respect to u. Given a low dimensional manifold S of dimension k, it
will guffice to take 1 = H*L_5 to obtain the desired elasticity model on S.

In Section 2 we introduce the concept of tangential gradient with respect 1o a measure & which enables
us to construct the associated Sobolev space W’}}"’. in Section 3 we state and prove the relaxation result,
and in Section 4 we consider some examples of measures which describe junctions of elastic materials with
different dimensions. Also, the occurrence of nonlocal effects is pointed out, with possible links to the
theory of Dirichlet forms (see Mosco {13},[14]).

2. Notation and Preliminary Results

Let n be a positive integer, let p €)1, +00], and let 1 be a nonnegative finite Borel measure on R™. As
usual, we denote by p’ the conjugate exponent of p given by 1/p + 1/p’ = 1. We consider the space

X = {¢ e LV (R R™ : div(dp) € LE (RM))},

where the divergence operator div is intended in the sense of distributions on R™. In other words, a function
¢ belongs to X® if and only if ¢ € Lﬁ'(R"; R™) and there exists K > 0 such that

[o-Dvdss iy veenEY.
For yi-a.e. z € R™ we define
THz) = p— essU{¢(z) i g€ X":'}

where the p-cssential union is defined as a p—easurable closed valued multifunction such that (see for
instance Bouchitté and Valadier {4]):

-¢€ ij' = ¢(z) € TP(z) p~ae.

- TR(z) C T'(z) p a.e. for all multifunctions I'(z) satisfying the properties above.

- There exists a sequence (Vh— o0 ) In ij' such that T%(z) = cl({vn(x); h € N}) p—ae.
Itis immediate to see that for p-ae. x € R" the set T?(z) is a linear subspace of R™ that we call the
tangent space of p at x. We denote by P, (, -) the orthogonal projection on TE(z).

Given u € D(R™) we define, for y-a.c. z € R™, the tangential derivative D, u(z) as the projection of
Du(z) on T?(z):
Dyu(r) = P“<.T,, Du(r)).

We remark that Dy u(x), as an element of (L), depends only on the equivalence class of u in the space
L7, Then we can consider the operator on L%: u — D, u whose domain is D(R"). To extend this operator
we need

Proposition 2.1. Let«{us) in D(R") and v in (L7)" be such that
up =0, Dyuy, — v wenkly in I_ﬁ.

Thenv =0 p-ae..

Before proving this result, we remark that it enables us to introduce the smallest closed extension of
D, (still denoted D,,) by setting

w = Dyu <= 3up € DR"); (un, Dyup) = (v, w) in (LB)"+1
We define the Sobolev space W 1* as the domain of this extension endowed with the norm
el po = Hluller + 12uullrr.
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We notice that WP is the completion of D(R™) with respect o || - ||1,p,,.- On this separable Banach space
the weak convergence is defined by

uj, — u weakly in LF,

. oyl .
up — u weakly in W, = { Dyup, — D, weakly in L7,

Using Proposition 2.1, it can be easily checked that for every p €]1, 40| the space W17 is refiexive. In

order to describe the formula of integration by parts on W17, we notice that if ¢ € X}Z' then ¢(x) € T7(x)
for p-ace. z, and so, for every u € D(R™),

/D,,u~d>d,u=/Pu(x,Du)~¢dp

/Du~¢>dy

—(u, div(gp)).

il

which, by means of a density argument, yields
1) [ P o = (. divion)
forevery u € W7,

Proof of Proposition 2.1. Using the integration by parts formula (2.1) for every ¢ € Xﬁ', we obtain

/v Spdpe = hﬂrfm/ Dyuy - ¢pdp=— hEToo/“h div(¢pu) di = 0.
We notice that Xﬁl verifies the following locality property:
$eXl, pe DR") = ¢pe XZ.

Hence, by using an argument of commutation between [ and sup (cf. Lemma 4.3 of Bouchitté and Dal
Maso [3], or Bouchitté and Valadier [4]), we get

0= sup /v»(bdu:/ufess sup (v-¢) du.

sexy sexy’
We can choose a sequence ¢, in Xi‘(" such that yo - ess sup (v- @) (x) = sup(e- ¢4)(r) and such that the
g h

PeX]
set {¢n(z); h € N} is dense in T?(z), p a.e. We deduce

0= [supto-enrau= [ sup (viz)- 2y
h 2€TE (z)
which implies that

(2.2) v(z) € (Tf"(r))l for pi-ae. z.

Since the inear space X = {v € (Lh)" v(z) e TE(z) for p-ace. 1} is closed, and since D, uy € X, we
have v € X This, together with (2.2), implies that v = 0 y. a.e. |

Remark 2.2, Here we list some properties of the tangent space T (x), recélling that T7(z) is only
je-almost every defined. Proofs are straightforward and left to the reader.
(i) Forcvery open subset A C R, the following locality property holds:
pbA=vLA = THz)=T,(z) p-ae onA
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(i) If p < g, then TP(z) C Ti(x). For all the measures ;2 we considered (see examples 2.3-2.5) we find
that the space T%(x) does not depend on p. We think that, in general, the inclusion could be strict,
although we were not able to find any counterexample.

(ii1) If v is absolutely continuous with respect to y, then T7(z) C Th(z) forv-ae. z.

(iv) If p1, po are Radon measures on R™ and R™2, respectively, then the tensor product i = p; ® o
satisfies

To(z,y) = TF (x) x T2, (y) for p-ae. (z,y) € R™ x R™2.

Some other useful properties of the tangent space Tj(z) are included in the Appendix (Lemma 5.2.and
Corollaries 5.4, 5.5).

In the following cxamples we denote 15 the function defined by lp(z) = 1ifz € E, 1g(z) = 0
otherwise.

Example 2.3. Let  be a bounded open subset of R™ with Lipschitz boundary, and let g4 = H™*[_Q.
Then we get

Xy = {6 e I(UR") : dive e L”(Q), - v =00n 00}, WI? = WIP(Q), Dyu = 1qDu.

Example 2.4. Let S be a smooth compact manifold in R™, of dimension k < n, with smooth boundary
88, and let y1 = H¥LLS. Then (see Appendix, Corollary 5.4)

T7(z) = Ts(z) (do not depend on p),

X2 ={p e LP(SiR") : divsgs € LP(S), ¢, =0on S, ¢ - 75 = 0 on AS},

WP =W'P(S), D,u=1sDgu,
where the subscript S and the subscript v denote respectively the tangential and normal components to S,
and 7y is the versor tangential to S and normal to 85.

Having in mind the problem of junctions between multi-dimensional structures, we can generalize this

example to the case where S is a finite union of smooth compact manifolds S; (i = 1,... , V). Assume

that S; has dimension k; and that the corresponding measures ; = H* | S; are mutually singular. Then,
setting p = 5 u;, we can prove (see Appendix, Corollary 5.5) that

Ti(z) =Ts(z) piae, Wi? ={u: Us, € WhP(8;) for every i}, D,u = Z 1s,Ds,u.

Example 2.5. Let C be a closed subset of R such that R\ C is dense in R, let o € [0, 1] be such that
H*(C) < +o0, and let u = H*_C. Then for every p, the tangent space TZE(z) reduces to {0}, so that

W = L2 and D,u = 0 for every u & WP, Indeed, if ¢ € X2 we have that, for some suitable g € L',

(2.3) o %(w) =gp

As gu is a Radon measure, we deduce from (2.3) that the measure @ can be written as fH', where fisa
fiinction with bounded variation.

In the case a < 1, the measure ¢y is singular with respect to H'; hence it vanishes and ¢ =0 p—aec. (in
fact the same conclusion holds for all measures u which are singular with respect to H1).

In the case o = 1, from (2.3) we get that f = ¢lc is absolutely continuous. As it vanishes on the dense set
R\ C, by continuity we have ¢ = 0on C and 50 ¢ = 0 p-ace..

230

G. BOUCHITTE. G. BUTTAZZO, P. SEPPECHER: Energies with Respect 10 a Measure

3. The Relaxation Result

Given a function f : R™ x R™ — R such that
(3.1) for every z € R™ the function f(-, z) is y-measurable,
(3.2) for p-ae. z € R™ the function f(z,-) is convex,
(3.3) there exist ¢; > 0, ¢p > 0 such that
alzlP < f(z,2) < eo(1 4+ [2[P)  V(z,z) € R* x R",

we consider the associated functional defined on WP by

Flu) = {{—géx,Du) dp ifue DR")

otherwise.
Our goal is to represent the relaxed functional
F =max{G: H";"’ — R : Gisweakly Lsc.,, G < F}
in a suitable integral form. To this aim, we introduce the function f,, : R® x R™ — R defined by
fulm2) =inf {(z,2+€) 5 €€ (T2)"}.
We are now in a position to state our relaxation resuit.

Theorem 3.1. For every u € VV‘{"’ we have

Flu) = -/f“(:t, D,u)dp.

Proof. By assumption (3.3) and by the reflexivity of W‘}"’, the relaxed functional F does not change if we
substitute the weak W‘i*”-convergence by the weak L% -convergence, and since F' is convex, this last one
can be substituted by the strong L -convergence. Then, a well known result of convex analysis (see for

example [6]) states that F is the bipolar functional of F in the duality (Lﬁ, Lzl):

(3.4) Fu) = F**(u) == sup {{u,v) - F*(v) : ve LE }

where
F*(v) = sup {(w,v) — F(w) : we Lb}.
Let us consider A : u € D(R™) — Du the densily defined linear operator from L?, to (L7)™ and A” its
adjoint operator. For ¢ € D(A*) and ¥ € D(R™), we have
(476,9) = (640~ [ ¢ Dy,

so that D(A*) = X?' and, using (2.1), we get A*¢ = — div(¢p).

Denate Ty the functional w € LB — [ f(z.w(x)) dp which by (3.3) is convex continuous. Its polar
I} tsee |61y is given by T3(¢) = [ f7(z.¢(x)) du. Then, by Theorem 5.1 of the Appendix, the pelar of
F(u)  1p(Au) is given by

F*(v) :mr{/r(x,mdﬂ DA = U}A
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Thus equation (3.4) becomes

+ F(u) = sup sup {(u,v)—/f'(r.d;(z))du}

v At¢=v

—sup{ - [udivton)du— [ fzo)du c 0 e X)

it

sup{/(gb-Duu—f"(z,@)) d - pe X2}

Using the localization property (6, ¢) € D(R™) xX{j' = 0p € Xﬁ' and the same argument of commutation
as in the proof of Proposition 2.1 (see [3], [4]), we get

F(w = [ u-ess sup (¢ Dy f(x,6)) dit.
beX?

We can choose a sequence ¢y, such that the set {¢n(z); A € N} is dense in T2 (x) p a.e. and such that
F(w) = [ sup (0n Dy = (e, 9n(e) .
Then, by the continuity of f* due to (3.3), we get for every u € W7

Flu) = /g(I,Duu) du.

where
g(z,2) =sup{w z — fr{z,w) : weTl(x)}

Let us define f, by
. L
fulz,z) =inf {f(z,2+ &) : £€ (TH{x) },
An easy computation shows that
i @a) =sup [zt —suwp - fute )]
z* t
= sup [zzz'—sup{t»z* ~ flz,t+s), te R™, sETﬁ’lH
P
=g(z,2)
Since f,(z, ) is convex and f, < f, fu(x,-) is a continuous function. Hence f;* = fyandg = f,. ®

Remark 3.2. A result similar to Theorem 3.1 holds for vector valued functions u : R — R™. In this
case D, u is am X n matax which satisfies the formula

/(b .Dyudy = w/wdiv(gm)du = 7Z/uzu](z;)uu) du
ij

for every matrix ¢(z) = ¢;;(z) such that ¢; . € Xﬁl for all ¢. In this case
fulz,z) =inf {f(z,z+ &) : keré D TH(2)}.
Let  be a bounded open subset of R™ with a Lipschitz boundary, and let ;2 be a measure vanishing
outside Q such that ¢ > H™LQ, so that (see Example 2.3) W? C WLP(Q). Taking into account (3.3),
we may consider the relaxation problem for F* with respect to the weak W1?(Q) convergence, and this will

232

G. BOUCHITTE, G. BUTTAZZO, P. SEPPECHER: Energies with Respect to a Measure

provide a relaxed functional that we denote by F. The relation between F and F is given by the following
resalt.

Theorem 3.3. For every u € WHH(Q) we have

(3.5) Fu) =inf{F(v) : ve Wy?, v=uH"-ae onQ}.

I’roof. Denote by Fy the right-hand side of (3.5), take u € W1P(Q), and take a sequence (u),) of smooth
functions such that up, — u weakly in W1P(Q) and F(uy) is bounded. Then, by (3.3) and the reflexivity
of’ W,f"’, (a subsequence of) (ux) converges weakly in W;"’ to some v € VV:"’. and, since g > H"L€,
we have v = u H™-a.e. on . By using Theorem 3.1 we get

Fo(u) < F(v) < liminf F(up)
h—4o0

so that, by the arbitrariness of (uy,), inequality Fo < F is proved. In order to prove the opposite inequality,
for fixed w € W'P(Q) and € > 0, take v € W27 with v = u H™-a.e. on Q such that Fo(u) > F(v) — €
(this if there exists at least one of such v, otherwise the inequality Fo(u) > F(u) is trivial). By the relaxation
result of Theorem 3.1 there exists a sequence (uy ) of smooth functions such that u;, — v weakly in H/ﬁ"‘
and

F(v) = hBToo F(uy).
Since g > H™L 2 the sequence (uy) converges to u weakly in W1P(Q), so that
Folu) >F(w) —e> Flu) —e

and, by the arbitrariness of &, we get Fo(u) > F(u), and the proof is concluded. m

Remark 3.4, A formula analogous to (3.5) holds if 4 > v and F,, is the relaxed functional of F with
respect to the L? convergence, that is

Fo(u) =inf {F(v) : ve WP, v=uvael).

. . i
In particular, this is true for the measure v = El—dz.
T

4. Some Examples

In this section we present some examples which fall within the framework considered in this paper. We
start with an example similar to the one already considered in Buttazzo and Dal Maso [5), Section 6.

lixauinple 4.1. Let §2 be a bounded open subset of R™ (n > 3), let z; and 2 be two points in Q and T be
asmooth simple patii in Q joining 23 10 9. Fix p > i, define the function

ar)=lz-nl'+lz -z  (¢<p-n),

leth: 1"+ R be a positive H'-measurable function, set 4 = a(z)H? L Q + b(z)H! LT, and consider the
miteprand

f(z,z) = |27
A application of the results of Section 3, we get

f(u):/Qa(z)|Du|”d1+/rb(:c)|D,u|”dHl Yu e WP,
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We compute now the relaxed functional F of Theorem 3.3. It should be noticed that a function w € W7((})
with F(u) < 400 must be defined in z; and in x3; indeed, the capacity in §2 of the two points 1, 5 with
respget to the energy [, a(z)| Duj? dx is positive. Therefore, the equality v = v in the inf of formula (3.5)

must hold at z; and at 5, whereas, being I" of capacity zero in €2, u and v are completely independent on
I'\ {21, z2}. Hence, formula (3.5) gives

Flu) = /Q a{z)|DulP dx + inf{/rb(z)lDrvP’ dH! v{z;) = u(z;), i = 1,2},

and, after an easy computation, one obtains

1-
Fu) = /na(z)[Dul” dz + |u(za) — u(z)|P (/r b(z)/(1-») dH‘) ’

Simvilar results hold if the coefficient a “charges” a finite number of points z;, . .. ,zn of [, that is a(z) =
211»:1 |z — 24 (g < p — n). For instance, in the case of Figure 4.1 we get

r
31
Figure 4.1.

Flu) = /Q a(z)| Dul? dz + |u(z:1) - u(za)|? (/I

iz

1-p
b(r)’/(l‘p)dH1> +
1-p
Hlutaa) ~utza)p ([ by /iow a)
F2a

+ lu(zs) — u(zy)|? ( b(z)/(1-P dH1> -

sy
whereas in the case of Figure 4.2

Figure 4.2,
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3

i-p
F(u) :Aa(z)|Du|sz+§g£{Z|u(zi) —slP (fr b(x)t/ (=) dH1> }

i=1

In all examples above, when p = 2, we may rewrite F in the form

Flu) = /Q a@IDu da+ [ [ fu(z) - ) iz, )

where the measure j on 2 x  is a suitable symmetric combination of Dirac masses laying outside the
diagonal {z = y}. This is the standard integral representation of F in Dirichlet form (see for instance
Mosco [13],{14}, for further examples).

Example 4.2. Let 21,72 € R, let S}, S, be the 2-dimensional disks in R3

Si={(z,y,2) 1 z=m, y? +2% < 1}
S = {(z,4,2) : T =19, ¥ + 22 < 1},

let Iy, I'1, 'z be the 1-dimensional segments

Po={(z,9,2) : z€ [z, 22}, y =2 =0}
Ti={(z,v,2) : z=11, [yl < 1/2, z = 0}
I'y= {(I,y,z) T =1, lyl <1/2, 2 :0},

let ©2 be an open set containing S; U Sy U Tg (see Figure 4.3), and let

n=HLQ+H>(S;US) +H'L(TouT, uTy).

p
N/ /r
@ rO @
\_ Sl - 2

\

J

Figure 4.3.
Then we have, with f(z, z) = |z|P,
Fv) = / |Dv[P dx + / |DvlP dH? + / 1D P dH.
Q SiuS, DUl Ul
In order to characterize the functional £ through formula (3.5), we remark that every u € W1P(Q) with
F(u) = +oo belongs to WP(S; U S,), hence to WIP(Py UT,). Hence u is defined at the points
Go (#1,0.0) and €3 = (22.0,0), and the equality v = » in formula (3.5) occurs on S; U Sy, on Ty U T,

and at &4 and €5, We obtain

#e) - | |Duf P dn? bt 4 ) —uE)lP
# - [ 10ul d”/s,us;"g R

Ul lzy — 2 [P=1
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We notice that the elimination of the two disks 51 and S5 from the structure would make the set I'eUIUT,
of capacity zero, so that F would become
Y

f(u):/n[DuF’dz.

Analogously, the elimination of the two junctions Iy and Iy would make u and v completely independent
on Iy, so that

f(u):/]Du|”dz+/ |D;ulPdH?.
Q 51US;

Example 4.3, Let  be a bounded open subset of R™ (n > 2), let A CC Q be a smooth open set, and let
S be asmooth (n ~ 1)-dimensional manifold intersecting OA transversally (see Figure 4.4).

( N

N J

Figure 4.4,

Take f(x,2) = |z|P and ’
w=H'L(Q\A)+H*'LgS.
Then, by Theorem 3.1 we have for every v € wie

F(v) :/ |DulP de +/1D,u1PdH”~1.
o\A s

Moreover, if u € W1P(Q\ A) is such that F(u) < +oc, then v admits a trace on S N (Q2\ A) which is in
WhP(Q\ 4), so that equality = v in formula (3.5) occurs on S N (2\ A), hence on § N dA, whereas u
and v are completely independent on S 1 A, Therefore we obtain

Flu) :/ | DufP dx +/ |Dulp dH™? +mf{/ ID,vlP dHP-1 . v:uonSﬁBA}.
on\A SN\ A) snA

Let us take, for instance, n = 3 and p = 2. Then the surface S is divided into two parts S = SN A and
Sz =5\ A, separated by the curve ' = & N S. As an element of I1'(S;), the function u has a trace on I,
still denoted by u. Then the solution v € H*(S) of the problem

min{/ |D;v?dH? . v:uonf}
SI

can be represented in terms of a function G : I x I — R (Poisson kernel), i.e.,

v(a) = /F Gz, y)uly) dH(3).

Therefore, denoting by + the vector tangential to Sy but normal to I (pointing outward). and setting

190G
K(z,y) = 3%,
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we get

|D,v|? dH? :/v? dH?!
r oY

S1

=2 / K (z, yyu(z)uly) dH () dH (y)
I'xI"

= [ K@wiutz) - ) di @) i ).
rxr
Hence we may write F as a traditional Dirichlet form

_ 2 2 yprn-1 K(z, ) — u(y)|? dH (z) dH (3).
f(u)_/wwul dx+]S\A [D-ul*dH +/rxr (@ y)lu(z) - u(y)| (=

Example 4.4. Consider an elastic 2-dimensional medium on S, where S is.a smooth 2-dimensional
manifold of R3. Let p be the measure H2L S, and as energy density we take an integrand

J(z,2) = g(z,2°)
where 2° denotes the symmetric part of the 3 x 3 matrix z. We assume that g(z, -} is convex and
allél? < g(z,€) < 21+ 117)

forevery z € R? and every symmetric 3 x 3 matrix £. It is easy to check that the results of previous sections
still hold if the coerciveness assumption (3.3) is weakened as follows:

cl/]Du[”d;,z < ]f(x, Du}du < 02/ (1 + |Du|”) du
for every u € C'{R™; R™). By Theorem 3.1 we have that
Flu) = / fs{z, Dsu)dH?
s
where Dy is the tangential gradient on .S and f is given by
fs{z,2) =inf{f(z,z4+a®v) : ae Rg}
=inf {g(z,2° + (a®v)°) : a € R®}
where v denotes the normal to S at z.
Asz® = (I —v@v)2°(I —v@v) +[(22°v — (v2°v)r) ® V]°, itis casy to see that fg(z, -) actually
depends only on the matrix
=T -vev):l-veuv).
For instance, in the linear isotropic model, where
A ;
(4.1) glz. &) = EI'IYEII +plz]?

we obtain the usual 2-dimensional membrane energy density (see Landau and Lifchitz [10])

Ap
fs(z,2) = Xt 2

Analogously, for an elastic string modellized by a smooth 1-dimensional manifold S we obtain
Fu) = / fs(x, Dsu)dH*
s
where, denoting by 7 the tangent vector to S,
fs(z,2) =inf {f(z,2 +€) : & =0}
inf {g(z,2°+€°) : &r =0}
For nstance, in the linear isotropic case (4.1) we get

oy 3u(BA + 2 2
fs(x,z) = ml” |

PTr 2812 + pleg .

]
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5. Appendix

?‘ 5.1. A Convex Analysis Lemma

In this section we prove under very general assumptions a convex analysis result which we found in
the literature under more restrictive hypotheses (see for instance Castaing and Valadier (6.

Theorem 5.1. Let X,Y be Banach spaces, let A: X - Y be a linear operator with dense domain
D(A4), and Jet f . v =) — 00, +00] be a convex function which we assume to be continuous in at
least a point of the image of A. Then we have for every ¥ € X*

(5.1) (fo A) (z*) = inf{f(z*) : Ay =z

and, when the quantities above are finite, the infimum at the right-hand side is achieved.

Proof. As usual, we use the conventions that (fo A)(z) = +00 whenever z & D(A), and thatinf § = + o0,
Moreover, it is not restrictive to assume that the point of A(X) where f is continuous is the origin. Let us
fixz* € X* and for every y € Y define

(5.2) h(y) = inf { f(Az + y) — (z,z7)}.

Then we have:

(0) (foA)*(z") = ~h(0);
(i) h(y) < fly) for everyy € Y (take z = 0 in (5.2));
(i44) A is convex on ¥V (indeed the function (z,9) = f(Az +y) - (x,z*) is convex on D(4) xY)
(iv) R (y*) = sup sup [(y, ')+ (z,z%) - f(Ax + y)]
v

3

= sup [(wyz”) *9up ({0 y") - f(Az + y))J

= sup (@2 — (A2, v") + 1 (v7)).

Let us now prove inequality <in (5.1). We ma

y assume that the right-hand side is finite, so that there exists
Yo € Y™ with A'ys = 2*. That yields, by (iv)

M= U sl g — gy < {70 Ay =
W= )ngpp S V) {+oo otherwise.
Hence
inf{f*(y*} : A™y* = ="} =infh* = —h™(0) > ~h(0) = (foA)*(z*)
which proves inequality <in(5.1).

Let us now prove the opposite inequality. We may assumc th
) h0) > —co. As h 1s convex, h < f, and £ is continuou
subdifferentiable at 0. In particular, there exists z* such that

at the left-hand side is finite, so that by
s at 0, we have that # is continuous and

h*(2*) = —h(0) < +oc,
and so, by iv),
f(2") < 40, sup [{z,z") ~ (Az,27)] < +o00.
x
Hence

sup ](Ax., z")
llzi(<1

< M+ 2] < +oo,
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. * . . Ais
which implies that z* € D(A*). Therefore, we can write (Az,2*) = {(z, A*z"), so that (since D(4) i

dense in X) . o () iAo
(") = £7(7) + suplr, 2t — A7) = +00 otherwise.
T
Since h*(2*) < 400, we have A*z* = z*, and so

(foA) () = ~h(0) = [*(=") 2 inf(J*(y’) : A"y ="} m

5.2. Different Notions of Tangent Space

In the literature we found different notions of tangent space relative to a measure (sec Drc f‘norgel g]n.
Simon [16]). In [16] the following definition was proposed,using blow-up of the measure . Let zg
and for every p > 0 define the measure 1z by

2 oy - L i AP CO(R™)).
(5.3) ITANDES m/w( ; ) d (v € CJ(

Then the k-dimensional subspace P of R™ is said to be tangent to 41 at x if there exist p;, | Oand 8 > 0
such that

h—+oo

k . 0R™Y.
(5.4) lim (20, ) = G/PwdH forevery ¢ € CO{R")

; K
i E i i 7o arranted (in case u = HM_S,
Let us notice that the existence of such a P, unlike our r?o.uon T}, is not guarr T; (1 ; be[v;:een s,
the existence of P u a.c. is equivalent to the k-rectifiability of the sct S [16}). The lin
notions is given through the following result.

Lemma 5.2. Assume that there exists a u—measurable multifunction P(z) such that (5.4) holds
p-a.e. Then for every p € (1, +o0[, we have

Ti(z) C P(x) for ji-a.e. € R™.

. o
Proof. Let & € X? . We only need to show that @(z0) € TE(z0) p ac. By deﬁm.uon of the ‘spacthu R
we know that m = j“div(ll)u)i 1s a pi-absolutely continuous Radon measure. Hence, for g-a.e. 2o we have
m(By(o)
(5.5) lim sup

ot wBy(zo) ~

Let ¥ be a smooth function such that spt & C B, (0) and set ¢,(z) = P(2=22), M = sup|¥|. We have

1
m((Byfeo) 257 | [ @ D

1 T — Ip
& . Dy d“l
ZpM’ l/ h’o( 0 )

By (5.5) and (5.4), we deduce that

1 X
=lim————0 [ &. Dy,
0 "i-“u(Bp.m))/ Vel

(5.6) =0(z0) - (z0) /P DU(y) H =) (dy)

(zy)

L0 ay
f).
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Now integrating by parts the orthogonal projecti i
projection on P(zg) of DY, we find easily that (P(zo))* is
spanned by the set {fP(zo) D¥(y) H*=)(dy), ¥ € D(R"), spt ¥ Bi(z0)}. Hence by (5.6), we have
(z0) € P(zo) for p-ae. zo.m

Remark 5.3. The inclusion T7(z) C P(z) can be strict; indeed, taking a = 1 in Example 2.5, we get

P(z) = R on all poi 1 i i
o a)“ Le an all points of C' with density 1 (with respect to the Lebesgue measure), whereas T (z) =0

Now we justify the results stated in Example 2.4.

Corollary 5.4. Let S be a C? manifold in R™ of di i y
imension k < n, let T5(z) be the tangent space
ateveryz € S, and let u = H*LLS. Then for every p € (1, +o0o[ we have N e

TP(z) = Ts(z) fi-a.e.

Proof. By Lemma 5.2 and the rectifiabilit

. y of S, we have T?(z) C Ts(z) for y-ae. z. Using inte ratio
by]panf onsS, we find that every C2 vector field ¥ such that W(?c) € Ts(z)foreveryz € Sand \1% = Ogon 8;
belongs 1o X2 (for every p > 1). Hence (as H*(8S) = 0), we have Ts(z) C TE(z) p~ae. ]

C(;orollz'iry 5.5. Let S be a finite union of C? manifolds S; (i = 1,...,N); assume that S; has
imension k; and that the measures wi = H51_S; are mutually singular. Setting p = >, i and
i

denoting by Ts,(z) the tangent space to Sy at x, we have for every p ¢ [1, +o0f

o) = Ts,(x) pi-ae.

Proof. Since "> Hi, 1L IS easy to see tha - :
f y see that TP (¢ TP(x Hi-a.c ile, by Cor. 5.4, 7 z Ts,(z
. . 7 ( ) - l,( ) l w > DY ’ ( ) ( )
piae. T prove the opposite inclusion, we consider the blown-up measure Hy defined in (5.3). We have

T _ #5(Bp(z)) RE
i = 2B, ) M

Since the measures #; are mutually singular, we have that for every ¢ and for y;-ae. z € R™

i 22(Bp(@) _ [1 5=
o B = {o i # j.

Ibflercljce, f50r4u.z- almos( all z, the Yveak limit of 47 in the sense of measures is the same as that of ()%, which
¢ y(h or. 5.4 is given byi(své) with P = T, (z) and k = k;. We deduce that T’s,(z) is the tangent pll)ane to;;
In the sense of the definition (5.4), and so, by Lemma 5.2, we conclude that S;(z) contains T,(z),pae. m
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