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Chapitre 1. Introduction et résultats

1.1 Introduction
L’équation de Korteweg-de Vries (KdV)
Oy + 0py + Oy + ydyy = 0, (1.1)

a été introduite par Korteweg et de Vries dans [31| pour modéliser la propagation d’une
vague de petite amplitude se propageant a droite dans un canal uniforme peu profond. Plus
généralement, cette équation sert & décrire I’évolution d’'une onde unidimensionnelle dans
certains modéles physiques ou il faut considérer un effet non linéaire. C’est précisément la
non linéarité présente dans I’équation qui rend possible I'existence de solutions particu-
lieres applées solitons. Ces solutions remarquables ont permis ’application de I’équation
de KdV a divers phénoménes physiques. Le livre [53] de Whitham est une bonne référence
pour comprendre la déduction et I'interprétation de cette équation a partir des lois de la
physique.

D’un point de vue mathématique, cette équation a été étudiée a partir des années 60,
lors de la découverte des solitons et de l'introduction de la méthode scattering inverse
transform pour résoudre le probléme de Cauchy associé a ’équation de KdV. La plupart
des travaux ont été consacrés a I’étude sur la droite réelle R ou sur un domaine périodique
T dans les espaces de Sobolev H*®. I’équation (1.1) est bien posée, lorsque I'on travaille
sur la droite, dans H*(R) pour s > —3 (voir [26] et [9]) et lorsque l'on travaille sur un
domaine périodique, dans H*(T) pour s > —1 (voir [25]).

Dans cette these, ’équation KdV sera considérée sur un domaine borné non périodique,
et les résultats les plus adaptés a cette étude seront ceux portant sur le systéme suivant,

posé sur U'intervalle (0, L),

{ Oy + Opy + By +yd,y =0, y(0,2) = ¢(x), (1.2)

y(t’ 0) = hl(t)7 y(tv L) - hQ(t)’ 8:ny(t7 L) = h3(t)7

ol ¢ est la condition initiale et h; pour j = 1,2, 3, sont les conditions aux bords. Dans
le cas homogene, c’est-a-dire lorsque h; = 0 pour j = 1,2,3, Zhang a démontré, dans
[54], que (1.2) est bien posé dans H3**1(0,L) avec k € N. Plus tard, dans [38], Perla
Menzala, Vasconcellos et Zuazua ont démontré le méme résultat dans L?(0, L). Dans le

cas des conditions aux bords non homogénes, Bona, Sun and Zhang obtient, dans [3],
H(s+1)/3

loc pour

que le systéme est bien posé dans H*(0,L) avec s > 0 pourvu que h; €
j=1,2 et hge H fo/cg. Dans [23], Holmer améliore ce dernier résultat en I'obtenant pour

tout s > —%.
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1.2. Probléeme de controlabilité exacte

Dans cette thése, nous allons donc considérer le systéme de controle suivant

{ Oy + 0y + By +yoy =0, y(0,2) =yo(z),
y(t,0) =y(t, L) =0, 9yy(t,L) =u(t),

ou 'état du systéme est y(¢,-) : [0,L] — R, le controle est u(t) € R et la condition

(1.3)

initiale est 9. Comme on peut le voir, on impose des conditions Dirichlet homogénes et
on a un controle sur la condition Neumann & droite de l'intervalle. D’aprés les résultats
mentionnés précédemment, pour un temps 7' > 0 arbitraire, un controle v € L*(0,T) et
une condition initiale yo € L?(0, L) suffisamment petits, on aura I'existence et 1'unicité
d’une solution de (1.3) dans lespace C([0,T7]; L*(0, L)).

Nous allons considérer deux types de problémes qui sont étroitement liés. Tout d’abord
la contrdlabilité, puis la stabilisation du systéme (1.3). On s’intéressera a 'existence de
controles permettant d’amener notre systéme d’un état initial & un état final. Si 'on est
capable de faire ceci en un temps fini, on parlera de contrélabilité exacte. Par contre si
I'on s’approche de 1’état cible asymptotiquement en temps et si la commande au temps ¢

ne dépend que de I’état au temps ¢, on parlera de stabilisation.

1.2 Probléme de contrélabilité exacte

Soient T, L > 0. Etant donnés un controle v € L*(0,7T) et une condition initiale
Yo € L?*(0, L) dans (1.3), nous sommes dans le cadre de régularité nécessaire pour pouvoir
parler de y(T,-), ot y est la solution de (1.3), comme d'un élément de 'espace d’états
L?(0, L). Cela s’avere fondamental pour poser la question de la controlabilité exacte : étant
donnés deux états yo et yr dans espace L*(0, L), existe-t-il une commande u € L?(0,T)
tel que la solution y = y(¢, z) de (1.3) satisfasse y(7,-) = yr?

Cette question a été étudiée pour le systéme de controle frontiere (1.3) par Rosier dans
[39]. Il a montré la controlabilité exacte locale pour des domaines (0, L) dits non critiques,

c’est-a-dire, le théoréme suivant.

Théoréme 1.2.1 (voir [39]) Soit T > 0 et L > 0 tel que

EETEE
L¢N~— {27,/%; k,lEN*}. (1.4)

Alors, il existe r > 0 tel que pour tout couple (yo,yr) € L*(0,L)* avec ||yoll12(0,0) < 7 et
lyrllz20.0) <, il existe w € L*(0,T) et

y € C([0,T],L*(0, L)) N L*(0, T, H*(0, L))
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satisfaisant (1.3) et y(T,-) = yr.

La premiére étape de la preuve consiste a montrer le résultat pour le systéme linéarisé

autour de l'origine :

3 — o) =
{ Oy + 0y + 05y =0, y(0,-) = o, (1.5)

y(tv O) = y(tv L) =0, 8xy(ta L) = u(t),

a l'aide de la méthode des multiplicateurs et de la méthode HUM introduite par J.-L Lions
(voir [34]). Rosier utilise ensuite un argument de point fixe pour revenir au probléme
non linéaire. Il montre de plus que lorsque L € N, le systéme linéaire (1.5) n’est plus
contrélable et ainsi la premiére étape de la preuve échoue. En effet, dés que L € N, il existe
un sous espace de L?(0, L) de dimension finie, noté M, tel que pour tout état 1) € M non
nul, pour tout contrdle u € L*(0,T) et pour tout y € C([0, T, L*(0, L))NL*(0,T, H'(0, L))
solution de (1.5) avec yo = 0, alors y(T,-) # 1. L’espace M est l'espace d’états qui ne
sont pas atteignables pour le systéme linéaire.

Ce probleme des domaines critiques n’apparait plus deés que 'on introduit d’autres

controles dans notre systéeme. Si l'on considére

Oy + Oyy + OBy + Yoy = 0,
{ Wy + Opy + O3y + YO,y (1.6)

y(t,0) = wi(t), y(t, L) =us(t), Owy(t, L) =us(t),

ol u; pour j = 1,2, 3, sont des controles, on a d’aprés Zhang dans [55], la controlabilité
exacte locale dans H*(0, L) pour s > 0 autour d’une solution réguliére pour n’importe
quelle valeur de L > 0. De plus, Rosier a remarqué dans [39] que dans le cas o on dispose
seulement des deux controles uy et ug (on impose u; = 0), on a le méme résultat dans
L*(0, L) autour de 'origine.

Dans les chapitres 2 et 3 de cette thése, nous nous intéressons précisément aux lon-
gueurs critiques. Notre but est de démontrer que malgré la perte de controlabilité du
systéme linéaire, le terme non linéaire y0,y nous permet d’obtenir la controlabilité pour
le systéme non linéaire. Pour faire ceci nous allons utiliser la méthode de développement
en séries entiéres introduite dans le cadre de la dimension infinie par Coron et Crépeau
dans [15] justement pour traiter le premier cas critique. Ils prouvent le Théoréme 1.2.1

pour les longueurs critiques L = 2k avec k € N* tel que
B(m,n) € N* x N* avec m? +mn +n? = 3k* et m # n. (1.7)

Dans ces cas-1a, le sous espace M est unidimensionel : M = (1 — cos(x)). Leur méthode

consiste & bouger le systéme le long de cette direction par des développements d’ordre
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1.2. Probléeme de controlabilité exacte

supérieur a un (un développement de premier ordre donne le systéme linéaire qui n’est
pas capable de bouger dans cette direction), et puis & appliquer un théoréme de point
fixe.

Nous allons expliquer d’abord le comportement du systéme linéaire, notamment la
perte de contrélabilité dans les cas critiques. Ensuite, nous expliquerons la méthode em-

ployée et les résultats obtenus.

1.2.1 Systéme de controle linéaire

Si on veut étudier la contrdlabilité du systéme de controle (1.5), il est bien connu
que I'on est ramené & montrer une inegalité d’observabilité pour ’équation adjointe. Plus
précisément il faut montrer qu’il existe une constante C' > 0 telle que tout oy € L*(0, L),

la solution de

Qo+ 0o+ 20 =0, ¢(0,-) = ¢y, (1.8)
90<t7 0) = Qp(t: L) = 07 &Ccp(t, L) = 07 .
satisfait
leollz2(0,) < Cll0z0(t, 0) || L20,1)- (1.9)

Rosier a montré dans [39] que (1.9) est vraie si L ¢ N. Par contre, cette inegalité n’est
plus satisfaite si L € N et ainsi I’équation (1.5) n’est plus controlable, ce qui justifie le
nom de longueurs critiques pour les éléments de I’ensemble N. Par exemple, si L = 2,
on peut prendre ¢ = (1 — cos(x)) qui est la solution de (1.8) avec ¢y = (1 — cos(x)),
mais l'inegalité d’observabilité n’est pas satisfaite car ¢y # 0 et 9,¢(+,0) = 0. Comme on
I'a dit auparavant, dans ce cas M = (1 — cos(x)). L’espace M+ C L?(0, L) est 'espace
des conditions initiales o pour lesquelles I'inegalité (1.9) est satisfaite, ou de maniére
équivalente I'espace ol le systéme est controlable.

Dans le cas critique général, le méme phénomeéne apparait . Soit L € N. On a un

nombre fini, n, de couples différents {(k;,1;)}7_; C N* x N* avec k; > [; tels que
k2 + k;l; + 12
PP LAR TR (1.10

T i={je{l, o} k> LY,

On introduit les notations
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J-={je{l,....n}; k;=1;}, n” =],

et on définit les nombres réels

1 21 2T

m =52k )+ 7 —%H@‘j L =7+ iT (1.11)
qui nous permettent de définir les espaces suivants
— Pour j € J~, soit
M; = {@] + dah; M, Ao € RY = (0], 63),
ot les fonctions ¢, ¢} sont données par
J = C < J '71 '73 + ’Yl ’72 >
Pl(2) i= C; (costrfe) — B2 cos(re) + B2 cos(rie) .

%w:0@mm»$%mm”+3%mmw
2 2

avec C; une constante choisie telle que ||¢{||L2(07L) = ||g0]2‘||L2(07L) =1.

— Pour j € J—, soit
M; == {1 —cosz); A € R} = (1 — cos(x)).

Finalement, on introduit les espaces

M::éMj et H:=M"

j=1
Le sous espace H contient les états atteignables pour le systéme linéaire. En effet,

d’aprés [39], on a le résultat suivant.

Théoréme 1.2.2 Pour tout couple (yo,yr) € H x H, il existe u € L*(0,T) tel que la
solution y € C([0,T], L*(0, L))NL*(0, T, H'(0, L)) de (1.5) satisfait y(T,-) = yr. De plus,
siyo € H, pour tout u € L*(0,T), la solution y de (1.5) vérifie y(t,-) € H pour tout temps
t.

Par contre, le sous espace M contient toutes les conditions initiales pour lesquelles la

solution de (1.8) ne satisfait pas I'inégalité d’observabilité (1.9).

1.2.2 Meéthode et résultats

Pour montrer que la non linéarité nous permet d’obtenir la controlabilité, nous allons

utiliser la méthode de développement en séries entiéres qui a été introduit dans [15].
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1.2. Probléeme de controlabilité exacte

Expliquons la méthode. Soit y = y(t,x) la solution de (1.3) avec un controle u = u(t).

Considérons formellement le développement suivant

Y= ey + Yy + Yz + ety + ..

u:eu1+62uQ+e3U3+e4y4+...
ou € est un parameétre petit. Le terme non linéaire s’écrit alors
YOay = EY10:y1 + € 10512 + Y205y + 0(€?)
et les trois premiers ordres sont donnés par

Ayr + Oy + O3y = 0,
yl(tv O) = yl(tv L) =0,
azyl(tv L) = U (t)a

Ory2 + Opyo + 02ys = —y10:41,
y2<t7 0) = y2<t7 L) =0,
axy2(ta L) = u2(t)7

et

Orys + Onyz + 03ys = —0u(Y192),
y1<t7 0) = y1<t7 L) - 07
&Cyl (t, L) = U3(t)

Puisque la trajectoire y; ne peut pas entrer dans ’espace M (y; est simplement la solution
du systéme linéaire), I'idée est de considérer des trajectoires y; allant de zéro a zéro qui
engendrent des trajectoires y, capables d’atteindre les états appartenant a M. Ensuite, en
se servant du premier ordre pour controler dans H et des ordres supérieurs pour controler
dans M, on utilise un argument de point fixe pour obtenir le résultat cherché pour le
systéme non linéaire.

Remarquons que pour faire jouer les ordres supérieurs, il faut absolument que y; (7, -)
soit nul. Sinon, “ey;(T) + 2y2(T) + 3y3(T) = ey, (T)”, c’est-a-dire, ce serait le premier
ordre qui ’emporterait.

Dans [15], Coron et Crépeau étudient le cas ou 'espace M est de dimension un. Ils
montrent qu’'un développement d’ordre deux n’est pas suffisant et ils doivent donc aller

jusqu’au troisiéme ordre. Dans le chapitre 2 de cette thése, on montre que dans le cas

7



Chapitre 1. Introduction et résultats

ou M est de dimension deux, un développement & l'ordre deux suffit pour obtenir la
controlabilité exacte locale autour de l'origine. Comme dans [15], on voit que 1'on peut
entrer dans l'espace M pour tout temps 7' > 0. Par contre, pour atteindre tous les
états dans M il nous faut, au moins avec notre métode, un certain temps. Ainsi, on voit
apparaitre une condition sur le temps de controle. Le cas critique général (M de dimension
supérieur a deux) fait 'objet du chapitre 3. Avec la méme méthode, on arrive & montrer

le théoréme suivant

Théoréme 1.2.3 Soit L € N. Alors, il existe Ty, > 0 tel que le systéme de controle (1.3)

est localement exactement contrélable en temps T pourvu que T > Tp,.

1.3 Probléme de stabilisation rapide

Le but de cette partie est de construire quelques lois de feedback pour le systéme
(1.3) tel que le systéme en boucle fermée ait une décroissance exponentielle vers zéro,
autrement dit, nous allons étudier la stabilisation exponentielle. Nous allons en plus,
imposer a l'avance le taux de décroissance souhaité pour le systéme bouclé, raison pour
laquelle on parle de stabilisation rapide.

La stabilisation exponentielle pour I’équation de KdV sur un domaine borné a d’abord
été étudiée pour le systéme avec des conditions aux bords périodiques. Dans [30], Komor-
nik, Russell et Zhang montrent qu’avec un controéle distribué tout au long du domaine, on
peut rendre exponentiellement stable le systéme. Plus tard, dans [44] et [46], les auteurs
montrent la méme proprieté mais avec un controle supporté dans un sous domaine ouvert.

Pour la stabilisation frontiére, Russell et Zhang ont étudié dans [45] le systéme

Oy + 0wy + 03y =0, y(0,-) = o, (1.13)
y(t,0) =y(t.m), By(t,0) =07yt m), Owy(t,L)= ady(t,0), '
ot —1 < a < 1. Ils montrent la stabilité exponentielle pourvu que o # —%. Le cas a = —%

a été traité par Sun dans [50] en utilisant une autre méthode.
Pour notre systéme de controle, Zhang, dans [54|, a considéré (1.3) dans le cas L = 1.

Il propose le feedback
u(t) = ady(t,0) (1.14)

avec 0 < |a] < 1. On voit qu’au moins formellement, les solutions du systéme bouclé

satisfont

d 1
G | ok == - )o( o
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et une décroissance vers zéro est donc espérée. Zhang montre en fait que le systéme est

bien posé dans L?(0,1) et qu’ils existent des constantes w > 0 et C' > 0 telles que
Yyo € L2(0,1),Yt >0, ly(t, )20 < Ce™ lyoll 200, (1.15)
ou y est la solution de

Oy + 0,y + 2y =0,

y(t,0) =y(t. L) =0,
axy(ta L) = a@xy(t, O)a

y(()? ) = Yo-

(1.16)

Ainsi, le feedback proposé rend stable le systéme (1.3). Il faut quand méme remarquer que
d’aprés [39], la valeur de la longueur L s’avére étre trés importante. En effet, comme on a
déja vu, Rosier montre qu’il existe un ensemble de valeurs critiques N (voir la définition
dans (1.4)), tel que si L € N, ils existent des conditions initiales y, telles que la solution
de (1.3) avec u = 0, a une norme L? constante (noter que 1 ¢ N). Ces solutions satisfont
aussi 0,y(t,0) = 0, et un feedback comme (1.14) ne stabilise donc pas le systeme.

Dans les cas des longueurs non critiques, on pourrait introduire un feedback comme
Zhang dans [54] pour montrer que le systéme est stabilisable, mais ce n’est pas nécessaire.
En fait, dans [38], Perla Menzala, Vasconcellos, et Zuazua montrent que I'on a (1.15) avec
tout simplement u = 0, c’est-a-dire, (1.3) est exponentiellement stable dans les cas non
critiques.

Afin de traiter les cas critiques, dans [38] les auteurs ont introduit un terme de damping

b(z)y qui permet de montrer (1.15) pour les solutions de

Oy + Opy + 02y + b(x)y = 0,
y(t,0) =y(t,L) =0,
Oxy(t,L) =0,

y(07 ) = Yo,

(1.17)

pourvu que b(z) > 0 sur un sous domaine I C (0, L) et que I contienne un ensemble de la
forme (0,9) U (L — 4§, L) avec 6 > 0. Cette derniére hypothése a été suprimée par Pazoto
dans [37], et réduit a ’hypothése que I soit un ouvert non vide. Ces résultats s’appliquent
aussi pour I’équation non linéaire de KdV et ils ont été étendus par Rosier et Zhang dans
[42] et par Linares et Pazoto dans [33| pour I’équation de KdV généralisée.

On s’intéressera dans cette thése au cas sans terme de damping. D’apreés les travaux

mentionnés ci-dessus, nous savons que le cas non critique est stable et 'on veut donc
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montrer que pour n’importe quelle valeur de w > 0, on peut construire une loi de feedback
telle que le systéme en boucle fermée a une décroissance exponentielle de taux au moins
w. En fait, la méthode dont nous allons nous servir nous permet de montrer que le taux
de décroissance est au moins égal a 2w, assurant la stabilisation exponentielle rapide pour
le systéme de controle étudié.

Dans la suite, nous allons présenter la méthode utilisée et les résultats obtenus.

1.3.1 Meéthode pour la stabilisation rapide

Pour des systémes de controle en dimension infinie, il y a peu de méthodes permettant
d’atteindre un taux de décroissance exponentielle aussi grand que 1’on veut. On peut citer
celle de Slemrod dans [48] pour des opérateurs de controle bornés (le cas d’'un controle
interne) et celle de Komornik dans [28]| pour des opérateurs de controle non bornés (le
cas d’'un controle frontiére). Ces méthodes sont des extensions a la dimension infinie de la
méthode introduite indépendamment par Kleinman dans [27] et par Luke dans [36] et qui
est basée sur le Gramien de controlabilité. Dans le méme esprit, Urquiza a généralisé a la
dimension infinie, dans [52], une méthode appelée Bass method par Russell (voir [43, pages
117-118]). Pour ce faire, il s’est inspiré des résultats numériques obtenus par Briffaut (voir
[4]) avec la méthode due a& Komornik. Numériquement, le taux de décroissance effective
était deux fois meilleur que celui prédit théoriquement. Pour arriver a déplacer de 2w la
partie réelle des modes du systéme, Urquiza utilise le Gramien de controlabilité sur un

horizon infini. Expliquons sa méthode sur le systéme de controle

{ i(t) = Ay(e) + Buld) (1.18)

y(0) = o,

ou 'état y(t) appartient a un espace de Hilbert Y et le controle u(t) appartient & un espace
de Hilbert U. On considére un opérateur A & domaine dense et antiadjoint, c’est-a-dire,
tel que A* = —A dans Y. L'opérateur B est un opérateur non borné de U a Y. Supposons
que A et B satisfassent les hypothéses suivantes

(H1) L’opérateur A génére un groupe fortement continu sur Y.

(H2) L'opérateur B : U — D(A)’ est borné.

(H3) Régularité. Pout tout 0 < T' < oo il existe une constante Cp > 0 telle que

T
/ |B*e™y
0

pdt < Crllylly, Vy € D(AY).

10
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(H4) Observabilité. 11 existe T > 0 et ¢r > 0 tels que

T
| sy
0

Urquiza a montré dans [52] le théoréme suivant dont la preuve utilise des résultats sur

[pdt > erllylly, Vy € D(AY).

les équations de Ricatti algébriques associées au probléme du régulateur linéaire quadra-

tique.

Théoréme 1.3.1 (voir [52, Theorem 2.1]) Considérons des opérateurs A et B satisfai-
sant (H1)-(H4). Alors, pour w > 0 quelconque,
(1) L’opérateur symétrique et positif A, défini par

(Aw$7 Z)Y _ / (B*G_T(A+wj)*$, B*e—T(A—i-wI)*Z)U dr, Vz,z€Y,
0

est coercif et un isomorphisme sur'Y .

(ii) Soit F, := —B*A'. L'opérateur A+ BF,, avec D(A+ BE,) = A, (D(A*)) génére
un semigroupe fortement continu sur'Y .

(i13) Le systéme en boucle fermée (le systeme (1.18) avec la loi de feedback u = F,(y))
est exponentiellement stable avec un taux de décroissance au moins égal a 2w, au-

trement dit,
3C>0,Vyg €Y, [P Ryly < Ce|yolly-

On peut voir que pour un parameétre w > 0 quelconque, un feedback est construit
explicitement. Cette loi de rétroaction force les solutions du systéme en boucle fermée a

avoir une décroissance exponentielle vers zéro avec une vitesse au moins égale a 2w.

1.3.2 Reésultats obtenus

Pour pouvoir appliquer le résultat ci-dessus, il faut d’abord mettre notre systéme de
controle sous la forme (1.18) avec des opérateurs A et B satisfaisant (H1)-(H4). Pour
satisfaire (H1) il faut le modifier afin de le rendre reversible en temps. Nous ferons donc

le changement de fonction de controle suivant :
u(t) = 0zy(t, 0) + v(t),
ol v sera le nouveau controle. Ainsi, le systéme devient

Oy + 0y + 02y =0,
y(t,0) =y(t, L) =0, (1.19)

11
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Nous écrivons maintenant (1.19) sous la forme abstraite (1.18) en prenant A et B

comme suit :
D(A) :={w e H*(0,L);w(0) = w(L) = 0,w'(0) = w'(L)},
Aw = —w' — ",
B:seRw— Lye D(AY),
Lg:z€ D(A*) — s2/(L) € R.

L’opérateur A satisfait ainsi A* = —A et
(Aw, w)LQ(O,L) = 0, Yw € D(A)

11 satisfait donc 'hypothése (H1) d’aprés la théorie classique des semigroupes. De plus, il
est a résolvante compacte, et son spectre contient donc seulement des valeurs propres com-
plexes pures (iAx)rez et les modes propres (¢ )rez forment une base de espace L?(0, L).
L’opérateur B satisfait quant a lui ’hypothése (H2). Pour montrer (H3) et (H4), nous
utiliserons dans le chapitre 4 une étude asymptotique des valeurs et modes propres de
lopérateur A et la technique des inégalités d’Ingham. Mais afin de pouvoir formuler les

résultats obtenus, il faut introduire les espaces suivants.

Définition 1.3.1 Soit Z l’ensemble de combinaisons finies des fonctions propres (¢p)rez.-
Alors Z est un sous espace dense dans L*(0, L). Pour s € R quelconque, on définit I’espace

H, comme étant la complétation de Z par rapport a la norme définie par
2 1/2
| S, = (+mehlar) (1.20)
kez 3 kez

De plus, dans chaque espace Hy, on a la base orthonormale ((1 - \)\k|)_§¢k)kez.

Nous savons que si L € N, l'inégalité d’observabilité (H4) n’est pas satisfaite. Par
contre, si L ¢ N, nous allons montrer dans le chapitre 4 qu’il existe deux contantes cr et

Cr telles que
T
crllalf, < [ 1zt Pt < Crllalf, Vao € B, (1.21)
0

ou z est la solution de I’équation homogeéne

Oz + 0pz+022=0, 2(0,.) = 2,
2(t,0) = z(t,L) =0, 0,2(t,L) — 0,2(t,0) =0

12
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Cela signifie, que les hypotheéses (H3) et (H4) sont satisfaites dans l'espace Hi, ce
qui entraine, par la dualité observabilité-controlabilité, un résultat de controélabilité dans
'espace H_; pour le systéme (1.19) avec des controles dans L?(0,T). De cette fagon nous
pouvons appliquer la méthode due & Urquiza & notre systéme de controle linéaire.

Afin de pouvoir définir la loi de feedback, nous introduisons d’abord la forme bilinéaire

0o (qo, o) = / " e, (7, L (7, L), (1.22)

ou ¢ et 1 sont les solutions de

q(7,0) = q(7,L) = 0, 0.q(7, L) — 0,q(7,0) =0 ‘
et
w(Tv 0) = ¢(T> L) = 07 8xw(7—7 L) - axw(7—7 0) = 0. .
Nous définisson alors 'opérateur
F,-H R
L (1.25)
z — Fy(z) = —qy(L),
ou qg est la solution du probléme variationnel
aw(QvaO) =< Zﬂﬂo >H71,H17 vwo € Hl- (126)

Finalement, nous obtenons la stabilisation rapide qui sera aussi illustrée par des simu-

lations numériques.

Théoréme 1.3.2 Soit w > 0. Le systéme en boucle fermée

{ hy + Oy + 0oy =0, y(0,.) = o, (1.27)

y(t,0) = y(t,L) =0, Oy(t, L) — 9,y(t,0) = F(y(1)),

est bien posé dans Hy. De plus, les solutions décroissent vers zéro avec un taux exponentiel

au moins égal a 2w, i.e.,

aC > O,Vyo € Hla ”y(tv )||H1 < Oe_QWtHyO”Hl'

13
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Exact controllability of a nonlinear
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critical spatial domain

This chapter is contained in [5].
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Chapitre 2. Controllability of a KdV equation on a critical spatial domain

2.1 Introduction

Let L > 0 be fixed. Let us consider the following Korteweg-de Vries (KdV) control

system with the Dirichlet boundary condition

Oy + Ouy + 02y + y0zy = 0,

y(t,0) =y(t,L) =0, (2.1)

Oay(t, L) = u(t),
where the state is y(¢,-) : [0, L] — R and the control is u(¢) € R. This is a well known
example of a nonlinear dispersive partial differential equation. This equation has been
introduced by Korteweg and de Vries in [31] to describe approximately long waves in water
of relatively shallow depth. A very good book to understand both physical motivation and
deduction of the KdV equation, is the book by Whitham [53].

We are concerned with the exact controllability properties of (2.1). In [39] Rosier has
proved that this control system is locally exactly controllable around the origin provided
that the length of the spatial domain is not critical. This was done using multiplier
techniques and the HUM method introduced by Lions (see [34]).

Theorem 2.1.1 (see [39, Theorem 1.3]) Let T > 0 and assume that

EEWrENE
LgéN::{Qm/%;k,leN*}. (2.2)

Then there exists r > 0 such that, for every (yo,yr) € L*(0, L)* with ||yo|r2(0,) < r and
lyrllz20,0) < 7, there exist u € L*(0,T) and

y € C([0,T), L*(0, L)) N L*(0, T, H'(0, L))

satisfying (2.1), y(0,-) = yo and y(T,-) = yr.

Moreover, Rosier proved that the linearized control system of (2.1) around the origin,

which is given by

aty + aacy + agy = 07
y(t,0) =y(t,L) =0, (2.3)
Ouy(t, L) = u(t),
is not controllable if L € N. Indeed, there exists a finite-dimensional subspace of L?(0, L),
denoted by M, which is unreachable for the linear system when starting from the origin.

More precisely, for every non zero state 1 € M, for every u € L*(0,T) and for every y €
C([0,T], L*(0, L)) N L*(0, T, H'(0, L)) satisfying (2.3) and y(0, -) = 0, one has y(T,-) # 1.

16
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Remark 2.1.2 If one is allowed to use more than one boundary control input, there is no
critical spatial domain and the exact controllability holds for any L > 0. More precisely,

let us consider the nonlinear control system

3 _

y(tv O) - ul(t)v y(t7 L) = u2<t)’ awy(ta L) = u3(t)7

where the controls are uy(t), us(t) and ug(t). As it has been pointed out by Rosier in [39)],
for every L > 0 the system (2.4) with u1 = 0 is locally exactly controllable in L*(0, L)
around the origin. Moreover, using all the three control inputs, Zhang proved in [55] that
for every L > 0 the system (2.4) is exactly controllable in the space H*(0, L) for any s > 0

in a neighborhood of a given smooth solution of the KdV equation.

Recently, Coron and Crépeau in [15] have proved Theorem 2.1.1 for the critical lengths
L = 2kn with k£ € N* satisfying

BA(m,n) € N* x N* with m* +mn +n? = 3k* and m # n. (2.5)

For these values of L, the subspace M of missed directions is one-dimensional and is
generated by the function f(z) = 1—cos(z). Their method consists, first, in moving along
this direction by performing a power series expansion of the solution and then, in using a

fixed point theorem.

Remark 2.1.3 The condition (2.5) has been communicated to the author by J.-M. Coron
and E. Crépeau. They pointed out that if it is not satisfied, then the dimension of the missed

directions subspace is higher than one and the proof given in [15] does not work anymore.

In this chapter, we follow the method of Coron and Crépeau to investigate the case of
critical lengths for which the subspace M is two-dimensional. The set of lengths for which
it holds is denoted by N’. We will see in section 2.2 that N’ contains an infinite number
of lengths.

This chapter is organized as follows. First, in section 2.2, we study the linearized
control system (2.3) and we provide a complete description of the space M in terms of the
length L of the spatial domain (0, L). Then, in section 2.3, we prove in the case L € N,
that the nonlinear term y0,y allows us to reach all the missed directions provided that
the time of control is large enough. We give an explicit expression of the minimal time
required by our method. Finally, in section 2.4, we get the local exact controllability by

means of a fixed point theorem, i.e. we prove our main result.
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Theorem 2.1.4 Let L € N'. There exists Tyy > 0 such that for any T > Ty, there
exist C > 0 and r > 0 such that for every (yo,yr) € L*(0,L)* with |[yollr20,0) < r and
lyrllL2(0,) <, there exist u € L*(0,T) with

ull 20y < Clloll 20,2y + lyrllz20,0)) (2.6)

and
y € C([0,7], L*(0, L)) N L*(0, T, H*(0, L))

satisfying (2.1), y(0,-) = yo and y(T'-) = yr.

Remark 2.1.5 The power 1/2 in the estimate (2.6) comes, as we will see, from perfor-
ming a power series expansion of second order to deal with the nonlinearity. The same
estimate holds with power 1/3 for the critical lengths studied in [15] (third order expansion)
and with power 1 for the noncritical lengths studied in [39] (first order expansion).

Remark 2.1.6 In order to complete the study of the exact controllability of system (2.1),
it 1is necessary to investigate the case where the dimension of the space M is bigger than
2. An approach would be to use the exact controllability of the nonlinear equation around
nontrivial stationary solutions proved by Crépeau (in [18] for the domains (0,27k) and in
[19] for any other domain (0,L)), and then to apply the method introduced in [12] (see
also [1, 2]), that is the return method (see [10, 11]) together with quasi-static deformations
(see also [16]). With such a method, one should obtain the exact controllability of (2.1) for
a large time. However, it seems that the minimal time required with this approach is far
from being optimal. In chapter 3 we propose a different approach relying again on power

Series erpansion.

Remark 2.1.7 In Theorem 2.1.4, we get the local controllability for (2.1) provided that
the time of control is large enough. However, we may wonder if this condition on the
time is really necessary. This is an interesting open problem since one knows that even
if the speed of propagation of the Korteweg-de Vries equation is infinite, it may exist a
minimal time of control. This is for example the case of a nonlinear control system for
the Schrodinger equation studied by Beauchard and Coron in [2]. They proved the local
controllability of this system along the ground state trajectory for a time large enough. And
more recently, Coron proved in [13] and [14, Theorem 9.8] that this local controllability
does mot hold in small time, even if the Schrodinger equation has an infinite speed of

propagation.
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Remark 2.1.8 In [1] and [2], there appear Schridinger linear control systems which are
not controllable. One could try to apply the method used in this chapter to prove the
local controllability of the corresponding nonlinear control systems. The main difficulty is
that in those cases, the subspace of missed directions for the linear system is not finite-

dimensional.

Remark 2.1.9 Concerning the stabilization of the KdV equation, some results in the case
of periodic boundary conditions can be found in [30] (damping distributed all along the
domain), [46] (damping distributed with localized support) and [45] (boundary damping).
In the case of Dirichlet boundary condition, exponential decay of the solution has been
obtained in [38] by adding a localized damping term (see also [42] for a generalization of
this result). However, the decay rate is unknown. A natural open problem is to design for
the control system (2.1) (or the linearized one (2.3)) stabilizing feedback laws which give us
explicit decay rate. This kind of results, even with a prescribed arbitrarily large decay rate,
has been obtained in [28] and [52] for a general class of second-order (in time) systems
including the wave equation and plate-like systems. It uses the fact that these systems are
time-reversible. This is not the case of the control system (2.1), but as we shall see in
chapter 4, we can slightly modify it in order to be able to apply this approach. Thus, we
will built some feedback laws forcing the linear system to have a exponential decay to zero

with decay rate as large as desired.

2.2 Linearized control system

We first recall some properties proved by Rosier in [39]. Let L > 0 and 7" > 0. In order
to study the following linear KdV equation

aty+a$y+agy:fa
y(t,0) = y(t, L) =0,
Owy(t, L) = u(t),
y(07 ) = Yo,

(2.7)

we define the space B := C([0,T], L*(0, L)) N L*(0, T, H'(0, L)) endowed with the norm
T 1/2
ol = s Do+ ([ 1060l

telo,

Let A denote the operator Aw = —w’ — w"” on the domain D(A) C L*(0, L) defined
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by
D(A) :={we H*(0,L); w(0) =w(L) = w' (L) =0}.

One can see that both A and its adjoint A* are closed and dissipative. Hence A generates a
strongly continuous semigroup of contractions. Using this fact and the multiplier method,

Rosier proved the following existence and uniqueness result.

Proposition 2.2.1 (see [39, Propositions 3.2 and 3.7|) There exist unique continuous

linear maps VU and ¢

W L2(0,L) x L2(0,T) x L'(0, T, L2(0,L)) — B,
(y()aua ) — \Ij(yoaumf)v
5 L2(0,1) x L2(0,T) x L'(0,T, [2(0,1)) — L2(0,T),
(y07u7f> — 5(y07u7f>7

such that, for yo € D(A), u € C*([0,T]) with u(0) =0 and f € C*([0,T], L*(0, L)), then
U (yo, u, f) is the unique classical solution of (2.7) and

6<y07 U, f) - al"\lj(y(h u, f)(? O)

The function U(yo,u, f) is called the mild solution or simply the solution of (2.7) in the
context of this thesis.

Now, we focus our attention on the domains of critical length. In particular, we describe
the space M of unreachable states for the linear control system (2.3). Let L € N. There
exist a finite number of pairs {(k;,[;)}7_; C N* x N* with k; > [; such that

j=1
[ k2 4 kjl; + 12
L=92m /L7 7 (2.8)
3
From the work of Rosier in [39], we know that for each j € {1,...,n} there exist two

non zero real-valued functions ¢ = ¢! (z) and ¢} = ¢} (x) such that ¢’ := ¢! + iyl is a
solution of
~ip(hy, ) + 7 + 7" =0,
¥’ (0) = ¢’ (L) =0, (2.9)
©’'(0) = ”(L) =0,
where, for (k,1) € N* x N*  p(k,[) is defined by

(2k + 1)(k —1)(21 + k)
3V3(k2 4+ kI +12)3/2

p(k,l) ==
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Easy computations lead to

o] = C (cos(rir) — 472 cos(rder) + 124 cos(nia))
2713 3

| | E St | (2.10)
7 = C (sin(rf) — =2 sin(oda) + 22 sin(of) )
2773 V2773

where C' is a constant and the numbers 7¢, with m = 1,2,3 are the three roots of z° —

x + p(kj,l;) = 0. One can easily verify that these roots are given by

; 2 (2k; + ; . 21k ; ;o 2ml;
d=-F (), =+ B =g TR 2.)

Moreover, by choosing the constant C, we can assume that

letllezo,n) = llezllzzo,n) = 1.
Roughly speaking, the functions gp{ and gp% for j = 1,...,n are unreachable states for the
linear KdV control system (2.3) since the following functions,

yi(t,z) = Re(e_ip(kj’lj)tgpj(x)) and  yo(t, x) = Im(e_ip(kj’lj)tgpj (x)),

are solutions of (2.3) with u(¢) = 0 but they do not satisfy the next observability inequality
leading to the exact controllability

1900, )l z20.0) < CllOxy(t, 0)lL20.7)-
Let us define the following subspaces of L?(0, L)
M = ({1,951, ¢5}) and H = M*.

Remark 2.2.2 If p(k;,1;) = 0 for some j € {1,...,n}, then ¢} = ¢} = 1 — cos(z). It
occurs when k; =1, i.e. if L = 2wk;. If k; satisfies the condition (2.5), then the space
M is one-dimensional. This is the case treated in [15]. It corresponds for example to the
length L = 2.

Remark 2.2.3 If p(k;,1;) # 0, it is easy to see that ¢l L @b. Moreover, for distinct
J1,J2 € {1,...,n}, @It L 2 for m,s = 1,2. Let us give some examples. The pair
(2,1) defines a critical length for which the space M is two-dimensional. The pair (11,8)
defines a critical length for which the space M is four-dimensional since the pairs (11,8)

and (16,1) define the same critical length.

At this point, we can state the following controllability result which follows directly

from the work of Rosier in [39, Propositions 3.3 and 3.9].
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Theorem 2.2.4 Let T > 0. For every (yo,yr) € H X H, there exist u € L*(0,T) and
y € B satisfying (2.3), y(0,-) = yo and y(T,-) = yr.

Now, let us define the set N’ by

[k2 + kil + 12
N = {27r %; (k,1) € N* x N* satisfying k > [, and (2.13)} . (2.12)

Vm,n € N\{k}, k* + kl +1* #m* + mn + n*. (2.13)

It is easy to see that N’ is the set of critical lengths for which the space of unreacha-
ble states is two-dimensional. Indeed, let L € N’ from (2.13) there exists a unique pair
(k1,01) := (k,1) satisfying (2.8) and since k; > [y, p(k1,{1) > 0 and therefore the functions
o1, s are orthogonal.

Let us follow the proof of Proposition 8.3 in [14] in order to see that N’ contains an

infinite number of elements. Let ¢ > 1 be an integer satisfying
vm,n € N*\{q}, m?+mn+n?# 7¢". (2.14)

Let us consider the critical length L, defined by the pair (2¢, ¢), that is

29)2+2¢> + ¢? 7
L, = 277'\/( 9 +3q +4 —QWQ\/;.

From (2.14), it is easy to see that L, € N'. One can verify that (2.14) holds for ¢ = 1,2,3

and therefore Ly, Loy, L3 € N'. Moreover, the following lemma says that the set N’ contains

an infinite number of lengths L.

Lemma 2.2.5 There are infinitely many positive integers q satisfying (2.14).

Proof. Let ¢ > 3 be a prime integer which does not satisfy (2.14). That is, such that
Im,n € N“\{¢}, m*+mn+n®="74¢ (2.15)
From (2.15) one gets
—3mn = (m —n)? (modq), mn = (m+n)? (modq). (2.16)
It is easy to see that m + n # 0 (mod ¢) and consequently from (2.16) we have
-3 =((m+n)""(m- n))2 (mod q), (2.17)
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2.2. Linearized control system

that is —3 is a square modulo ¢q. Let us introduce the Legendre symbol, where s is a prime

and x € Z is a integer not divisible by s

S

<x) o { 1 if z is a square modulo s,

—1 if x is not a square modulo s.

We have the quadratic reciprocity law due to Gauss for every prime integers z > 2, s > 2
(see [47, Chapter 3|)

(f) _ <E>(_1)s<z>e<s>, (2.18)

where

0 if z=1 (mod4),
e(z) =
1 if z=—1 (mod4).

From [47, Chapter 3|, we also have that for every x,y coprime to s

=)-O0 =

and for every s > 2 prime integer

(1)) = <_—1) (2.20)

Using (2.18), (2.20), (2.19), (2.17) with s = ¢, z = 3 and since €(3) = 1, one obtains

B-Qrr-())-)-

that is ¢ = 1 (mod 3).

Hence, if ¢ > 3 is a prime integer such that ¢ = 2 (mod 3), then ¢ satisfies (2.14).
As there are two possible non zero congruences modulo 3, the Dirichlet density theorem
(see |47, Chapter 4]) says that (2.14) holds on a set of prime integers of density 1/2. In
particular, there are infinitely many positive integers ¢ satisfying (2.14). [

From now on and until the end of this chapter, we consider L € N’. From (2.13), for

each L € N' we can define a unique

2k + 1D (k—1)(20 + k)
3vV3(k2 + ki + 12)3/2

and the space M is then defined by

M = <g01,(,02> = {OéQ01 ‘f’ﬁSOQ; a:ﬁ € R}
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Chapitre 2. Controllability of a KdV equation on a critical spatial domain

where ¢; and ¢, are given by (2.10) with +J replaced by 7,,, where 71,72 and 3 are the
three roots of #3 — x + p = 0. From (2.9) we also have that ¢, and ¢, satisfy

(

P1+ @ = P,
¢1(0) = ¢1(L) =0, (2.21)
| #1(0) =¢1(L) =0,
and
[ oh+ ) =pe,
©2(0) = ¢a(L) = 0, (2.22)
| 4(0) = (L) =0

Now, we investigate the evolution of the projection on the subspace M of a solution
of (2.3). Let us consider (y,u) € B x L*(0,T) satisfying (2.3). Let us multiply (2.21) by
y and integrate on [0, L]. Using integrations by parts we get

G ([ weonwir) = - [ vea (223

Similarly, multiplying (2.22) by y, we get
& ([ veaa@ar) = » [Cson@d. (220

Hence, from (2.23) and (2.24), we obtain
/0 y(t, ) () de = /0 y(0,2)(cos(pt)pr(x) — sin(pt)ipa(x)) d, (2.25)
/0 y(t, )pa(x) dw:/o y(0,z)(sin(pt)e1(x) + cos(pt)pa(x)) dr. (2.26)

From (2.25) and (2.26), we see that the projection on M of y(t, ), denoted by Py (y(t,-)),
only turns in this two-dimensional subspace and therefore conserves its L?(0, L)-norm.
The period of this rotation is 27 /p. Furthermore, we see that if the initial condition y(0, )
lies in H, the solution too for every time ¢. Combining this rotation with Theorem 2.2.4,

we obtain the following proposition.
Proposition 2.2.6 Let yo,y; € L*(0,L) be such that
1 Par(yo) | 220,y = [1Pae (y1) | 22(0,1)-

Then, there exists t* < 2?” and u € L*(0,t*) such that the solution y = y(t,z) of (2.3)
with y(0,) = yo, satisfies y(t*,) = .
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2.3. Motion in the missed directions

Proof. Let yy = yam(t, ) be the solution of (2.3) with y/(0,:) = Puy(yo) and without
control (u = 0). We know that there exists a time 0 < t* < 27” such that yp(t*, ) =
Pyr(y1). On the other hand, from Theorem 2.2.4 there exists a control ugy € L*(0,t*) such
that the corresponding solution yy = yg(t, x) of (2.3) satisfies

yu(0,-) = Py(y) € H and  yu(t,-) = Pu(y1).

Then y(t, z) := yu(t, z)+yn(t, x) satisfies (2.3) with u = ug, y(0, ) = yo and y(t*, ) = v,
which ends the proof of this proposition. [ ]

2.3 Motion in the missed directions

Let us first explain the general idea of the method. Let y = y(t, ) be a solution of
(2.1) with control u = u(t). We consider a power series expansion of (y,u) with the same

scaling on the state and on the control

Y=eyr+ Y+ Y3 ..

u:eu1+e2u2+e3u3...
In this way, we see that the nonlinear term is given by
YOay = €y10:y1 + €119,y2 + €Y20,y1 + (higher terms)

and therefore, for a small €, we have the expansion of second order y ~ ey; + €y, where

y1 and yo are given by

Oy + Opyr + By =0,
yl(ta O) = yl(ta L) = 07
amyl(tv L) =u (t)v

and

Oya + Ouyya + Dya = —110ui1,
y2<t7 0) = y2(t7 L) = 07
@cyg(t, L) = UQ(t)

The strategy consists first, in proving that the expansion to the second order of y = y(t, ),
i.e. ey, + €2y, can reach all the missed directions and then, in using a fixed point argument

to prove that it is sufficient to get Theorem 2.1.4. This is a classical approach to study
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Chapitre 2. Controllability of a KdV equation on a critical spatial domain

the local controllability of a finite-dimensional control system and it has been applied in
[15] to prove the local exact controllability around the origin of the control system (2.1)
for some critical domains.

Now, we see that we can “enter” into the subspace M. More precisely, the result we

prove is the following one.

Proposition 2.3.1 Let T > 0. There exists (u,v) € L*(0,T)* such that if o« = «(t, x)
and 3 = ((t,x) are the solutions of

O + Oy + P = 0,
a(t,0) =at,L) =0,
Oya(t, L) = u(t),
a(0,-) =0,

(2.27)

and

Oy + 0.0 + 023 = —ad,a,
B(t,0) = B(t, L) =0,
9uB(t, L) = v(t),

53(0,-) =0,

(2.28)

then

a(l,-)=0 and p(T,-) e M\{0}.
Proof. In order to study the trajectory 8 = ((t,x), we set = "+ ¥ where " =
G%(t,z) and B¥ = (%(t,x) are the solutions of

atﬂu + axﬁu + agﬁu = _aaa:aa
BU(t,0) = B“(t,L) =0,

(2.29)
0.5 (t, L) = 0,
B(0,-) =0,
and
QB + 0,8" + 056" = 0,
ﬁv(tv O) = ﬁv(tv L) =0, (23())

axﬁv(t7 L) = v(t)’
BU<0> ) =0
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2.3. Motion in the missed directions

If u e L*(0,T) is given, by Theorem 2.2.4 one can find v € L*(0,T) such that

ﬁv(Tv ) = _PH<BU(T7 ))

and thus B(T,-) = Py(8"(T,-)). From this fact, one sees that the proof of Proposition

2.3.1 can be reduced to prove

Ju € L*(0,T) such that o(7T,-)=0 and Py (8*“(T,-)) #0.

(2.31)

Let u € L*(0,T). Let us multiply (2.29) by ¢; and integrate the resulting equality on

[0, L]. Then, using integration by parts, (2.21), boundary and initial conditions in (2.29),

one gets

a4 ( / " m(t,w)wl(x)dx) = 5t a)pala)dn + 1 / (1,2} (x)d.

In a similar way, if we now multiply (2.29) by 9, we get

([ senee) =p [ senawis s [ e

If we call
L
nit) = [ S0t fork=12
0

we can write the system

(m(t)) _ (o —p> (m<t>> .\ ( 3 a?(t,xxoam)dx)
i®))  \p 0 ) \m))  \5fy e*(t2)¢h(x)d
m(0) =0, m(0)=0.

The solution of (2.32) is given by
(nl(t)> _ (cos(pt) —sin(pt)) (Il(t)>
n2(t) sin(pt) cos(pt) I(t)

h) =5 / / 02 (5, ) (cos(ps) g, (z) + sin(ps)g) () )dz ds,

where

L(t) == %/0 /0 a?(s, ) (—sin(ps) ¢} (x) + cos(ps)py(z))dz ds.

If we work with complex numbers calling ¢ := ¢ + ips, we get

1 . t L )
i (t) + ine(t) = 56“”/ / e "0 (s,x)¢ (z)dx ds.
0 Jo

(2.32)
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Chapitre 2. Controllability of a KdV equation on a critical spatial domain

Now, let us assume that (2.31) fails to be true, i.e. let us suppose that
Vue L*0,T), nm(T)=m(T)=0 or afT,-)#0. (2.33)
If we define
Uug := {u € L*(0,T); the solution a of (2.27) satisfies (T,-) =0},

then condition (2.33) implies that

T L
Vu € Uy, / / e~ (s, 2)¢ (x)dr ds = 0. (2.34)
o Jo

Let a; = oy (t, z) and as = as(t, z) be two solutions of (2.27) such that

Now, for (p1, p2) € R?, let o := pyay + paay and u := a,(+, L). By linearity, we see that
a = «(t, x) is a solution of (2.27) and u € U,4. Consequently, (2.34) implies that, for every
(/017 p2) € R27

T L
01/ / “502 (s, x) (:E)dxd8+2p102/ / e oy (s, ) an(s)y (x)dx ds
+p2/ / “sas(s, 1) (z)dx ds = 0.

Looking at the coefficient of p;py, we get

/ / Py (s, z)as(s, )¢ (z)dx ds = 0. (2.35)

Let t1,t5 be such that 0 < ¢t; < ty < T. We choose the trajectories a; = (¢, x) and

ay = as(t, ) such that

ay is not identically equal to 0, (2.36)

az(t, )| (ouguiax0.r] = 0 and a1 (t, @) | )xo,n = Re(eMya(x)), (2.37)

where A € C\{=%ip} and y\ = y\(z) is a complex-valued function which satisfies

Ay + + ///_0’
{ Yr+ Y+ U5 (2.38)

yr(0) = ya(L) = 0.
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2.3. Motion in the missed directions

If A # +ip, one can see that Re(y,), Im(y,) € H and then by Theorem 2.2.4 there exists
such a trajectory oy = oy (t, ).

Let us introduce the operator Aw = —w’ —w" on the domain D(A) c L*(0, L) defined
by

D(A) := {w e H*(0,L); w(0) = w(L) = 0,w'(0) = w'(L)}.

It is not difficult to see that iA4 is a self-adjoint operator on L?(0, L) with compact re-
solvent. Hence, the spectrum U(fl) of A consists only of eigenvalues. Furthermore, the
spectrum is a discrete subset of iR.

If we take \ such that (—ip 4+ \) & o(A), the operator (A — (—ip + \)I) is invertible,

and thus, there exists a unique complex-valued function ¢, = ¢, () solution of

(=ip + N)or + O\ + &Y = yae',
oA (0) = da(L) =0, (2.39)
P (0) = $\(L).

We multiply (2.39) by ay(t, z)e=P+V! integrate on [0, L] and use integrations by parts
together with (2.27), boundary and initial conditions in (2.39) to get

L
/ Miyras(t, 1) (2)dx =
0

L
a4 (/ e(_"p“)tqu(:x)%(t,x)dx) — PN (L), (t, )
0

L
dt

=0

Then, let us integrate this equality on [0,7] and use the fact that ay(0,-) = 0 and
as(T,-) = 0. We obtain

/ / “iteMy o (t, 1)@ (z)dr dt =

— ¢\(L) /O ' eI (9 an(t, L) — Dpas(t,0)) dt.  (2.40)
On the other hand, by (2.35) and (2.37), it follows that
/ / “PtRe(eMy\)ay(t, x)¢ (x)dr dt = 0, (2.41)
and, since one can also take a trajectory &; = &;(t,x) such that

an (t, @) o) xj0,0) = Im(eMya (),
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one deduces from (2.35) that

/ / Pt Im(eMyy) s (t, 1) (x)dx dt = 0. (2.42)

Therefore, from (2.41) and (2.42), one gets

/ / “teMys an(t, 2) ¢ (2)dr dt = 0

and consequently from (2.40), for every \ # ip such that (—ip + \) ¢ o(A), one has

o5\ (L) /0 ! PN (9 an(t, L) — Dpas(t,0)) dt = 0. (2.43)

Let a € R\[-1/v/3,1/v/3]. We take A = 2ai(4a® — 1). Let

y)\(x> _ Oe(—\/3a2—1—ai)m + (1 . C)e(\/SaQ—l—ai)m . 62(11'27 (244>

where
e2ail _ e(\/3a2—1—ai)L
e(—V3a?—1-ai)L _ o(V3a?—1—ai)L’

One easily checks that such a y, = y,(z) satisfies (2.38) and y, # 0. Let us define

5= {a e R\[-1/v3,1/V3]5 A ¢ 0(A),(\ —ip) ¢ (D)},

where A = 2ai(4a* — 1). Then the function S : ¥ — C, S(a) = ¢} (L) is continuous. Now
we use the fact that S is not identically equal to the function 0 (the proof of this statement

C:

will be given in Lemma 2.3.6 at the end of this section). Then, there exist @ € ¥ and
€ > 0 such that for every a € ¥ with |a —a| < ¢, S(a) # 0. From (2.43) one gets

T
VaeX, l|a—al<e, / e~ T20(a® =)t (5 ) (¢, L) — Dpaa(t,0)) dt = 0
0
and since the function § € C — fOT et (Opan(t, L) — Dpaa(t,0)) dt € C is holomorphic, it
follows that
V@ eC, / "(p02(t, L) — Dzaa(t,0))dt = 0,

which implies that 0,ay(t,0) — J,as(t, L) = 0 for every t. In summary, one has that
ag = ap(t, z) satisfies

Orvg + Opvy + Dy = 0,
Oég(t, O) = Oég(t, L) = O,

B,05(1,0) = st L), (2.45)
Oéz(o, ) = O,
as(T,-) = 0.

30



2.3. Motion in the missed directions

If we multiply (2.45) by o, integrate on [0, L] and use integration by parts together with

the boundary conditions, we obtain that

d L
E |042<t,$)|2d1’ =0,
0

which, together with a»(0,-) = 0, implies that
as(t,z) =0 VYzel0,L],Vtel0,T]. (2.46)

But this is in contradiction with (2.36). Thus, we have proved (2.31) and therefore Pro-
position 2.3.1. |

From now on, for each T, > 0, we denote by (u.,v.) € L*(0,T)? the controls given
by Proposition 2.3.1 and by (a., 5.) the corresponding trajectories. Let us define ¢y :=
Be(Te, -). Let us notice that by scaling the controls, we can assume that ||@1||z20,0) = 1.

We will prove now that in any time 7' > 7/p, we can reach all the states lying in M.

Proposition 2.3.2 Let T > n/p. Let v € M. There exists (u,v) € L*(0,T)* such that if
a=a(t,z) and B = B(t,x) are the solutions of (2.27) and (2.28), then

a(T,-) =0 and B(T, ) =1.

Proof. Let 7 > 0 be such that T = (n/p) + T. Let T, be such that 0 < T, < T. Let
T, =T —T,. If we take in (2.27) and (2.28) the controls

0,0 if £ € (0,7)),
(ul’ ’01)<t) — ( ) 1 ( )
(ue(t — Ty),v.(t = T,)) ift e (T,,T),
we obtain that 8'(T,-) = ¢, where ' = (¢, x) is the corresponding solution of (2.28).
Now, we use the rotation showed in section 2.2 (see in particular (2.25) and (2.26)) in

order to reach other states lying in M. Let us define ¢y := 3*(T),-), where 32 = (3%(¢, z)
is defined by the controls

(Oa 0) ift € (O7Ta - Qip)v
(W v)(t) = § (et = To+ 35), 0t = Tu+ 55)) ift € (T, — 55,7 = 3),
(0,0) iftG(T—Qip,T).
In a similar way, the controls
. (0,0) iftE(O,Ta—%),
(w?,0°)(t) = ¢ (u(t =T, + vt =To+ %)) ifte(Tu—73,T-7),
(0,0) iftE(T—%,T),
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Chapitre 2. Controllability of a KdV equation on a critical spatial domain

allow us to define @3 := 33(T, ). Notice that ¢3 = —@;.
Let Ty be such that 0 < Ty < min{r/(2p),T — T,} and let T}, := (7/p) + Ty. Let us
define ¢, := B4(T, ), where 3* = 3%(t, z) is the solution of (2.28) with

(0,0) if t € (0,T, —Tp),
(w0 (t) = (ue(t = Ty +Tp), vt — Ty +Ty)) ifte (T, —Tp, T —Tp),
(0,0) ift € (T — Ty, T).

We have thus proved that we can reach the missed directions {@y}i_;. Let us now

define the cones

My = {d1p1 + dapo; dy > 0,dy > 0},
My := {d1@s + dops; dy > 0,dy > 0},
M3 = {d1$3 + dapa; dy > 0,dy > 0},
My :={d1p4 + dopr;dy > 0,dy > 0}.

By construction of these cones, one has that M = U}_, Mj.

Remark 2.3.3 [t is easy to see that if one chooses T, Ty such that T, < Ty, then the

supports of the trajectories of = of(t,z) for k =1,...,4 are disjoint.

For each w = (wy,wy) € R?, let us define

Pw = \/w% —+ w% and Zw = (w1901 + w2<702)/pw € M.

We have that z, € M; for some i € {1,...,4} and hence there exist dy,, > 0 and dg,, > 0
such that z, = d1,Q; + dowpi1. If we take the control

(U, Vo) = (1220 + d220 Y, dyyv + dov™™)

and use the fact that the trajectories o for k = 1,...,4 are disjoints, then we see that
the corresponding solution (3, = ,(t, ) of (2.28) satisfies 3, (7}, -) = zy.

Finally, let ¢ € M. With R := [[¢)|| 20,1,y We can write ) = Rz, for a (wi,w;) € R
such that w? 4+ w2 = 1. It is easy to see that the control (u,v) = (RY?u,,, Rv,) allows us

to reach the state 1 and so the proof of this proposition is ended. W

Remark 2.3.4 The proof of Proposition 2.3.2 is the only part which needs a time large
enough. Hence, Theorem 2.1.4 holds for Ty := 7/p.
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2.3. Motion in the missed directions

Remark 2.3.5 In [15] an expansion to the second order is not sufficient and the authors
must go to the third order to “enter” into the subspace of missed directions. Since in their
case this subspace is one-dimensional and since they use an odd order expansion, one can
reach all the missed states with a scaling argument. Our case is different. We can also
“enter into the subspace of missed directions in any time, but in order to reach all these

states, our method needs a time large enough.

It remains to prove the following lemma to complete the proof of Proposition 2.3.1.

Lemma 2.3.6 The function S is not identically equal to 0.

Proof. Let a € ¥ and A = 2ai(4a? — 1). Let p € C and let y, = y,(x) be a solution of

{ W+ Y, +y, =0,
Yu(0) = yu(L) = 0.

We multiply (2.39) by y,, and integrate by parts on [0, L]. Thus, we get
L L
(A —ip+ p) / oAy dr — qﬁ’A(L)(yL(L) - yL(O)) = / ' yude. (2.47)
0 0

From now on, we set u = p(a) := —\ + ip. With this choice we obtain from (2.47)

—ﬂ@@ﬂ@—wﬂ®%=A oyl

Therefore, if we prove that the function

L
a€eX— Ja):= / @' yudr € C,
0

is not identically equal to 0, the proof of this lemma is ended. Let b € R be such that
p = 2bi(4b* — 1). We take the function y, given by

yu<$) _ De(—\/?)b?—l—bi)x + (1 o D)e(\/SbQ—l—bi)x o eQbia: (2.48)

Y

where
o2l _ (V32 —1-bi)L

(—VBV2—1-bi)L _ o(V36>—1-bi)L "

D—
e

In the next computations, we use the fact that et = ei2l = 3L (see (2.11)) and

the following formula

/L B(U—Hw)x@/ _ (1 + PY% - 2p/71) (1 - e(v—l—iw—i—im)L) (’UZ — ’LU)
: (i —w)' — (i —w) +p

(2.49)
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which holds if v + 1w # —iv,, for m =1,2,3.

We want to show that as a — oo, the following expression diverges, which is in

contradiction with the fact that J(a) =0

(e(—\/3a2—1—ai)L _ 6(\/3a2—1—ai)L)(e(—\/3b2—1—bi)L _ 6(\/362—1—bi)L)
R(a) = J(a).
(@) 1+9% —2p/m (@)

In fact, by using (2.49), one computes explicitly J(a) and thus one sees that as a tends
to infinity, the dominant term of R(a) is given by

(6(—ai—bz’)L _ 6(ai+bi+’y1i)L)(_2a _ 2b)
(—2a — 2b)3 — (—2a — 2b) +p
e(Ca=tL(_j\/3a2 — 1 — /302 — 14 a + b)
(—iv3a2 —1—iV/302 —1+a+b)? — (—iv3a2 —1—iV/302 —1+a+b)+p
el FbiF ML (/302 — 1 4 4y/3b2 — 1+ a + b)

(VB 14V —14a+bP — (ivV3a2 —1+iV3 —1+a+b)+p
@b ML (13 =T 4 0 — 2h)
(\/3(127—1%1—219) (iv3a2 —1+4+a —2b) +p
e(=a=b)L(_j\/302 — 1 — 2a + b)

(=B —1—2a+b)3 — (—iv/302 — 1 — 2a + b) +
bt L (/ST — 2.+ b)
T VAT — 20+ b) — (VB —T—2a+0) 7 p
e(-a=tL(_j\/3a2 — 1 + a — 2b)
B (—iv3a2 — 1 +a — 2b)3 —(—zm+a—2b)+p}

Z(a) == o (V3 —T4V3R-1)L {

+

Using that as a — 0o, b — —oo and a + b ~ —p/(24a?), we obtain the following asymp-
totical expression for the right hand factor of Z(a),

_P_; __P ; _eimL . ;
_(624(12 il omoaa2 ZLHWL) { _(d-emz) if emL # 1,
Y

12a2
12a? ipL if el = 1.

" 144a*

One can see that in both cases Z(a) diverges as a — oo and therefore R(a) does, which

implies that J(a) is not identically equal to 0. It ends the proof of this lemma. ]
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2.4 Proof of Theorem 2.1.4

2.4.1 Existence and uniqueness results

Let us recall the existence property proved by Coron and Crépeau in [15]| for the

following nonlinear KdV equation

Oy + Opy + Oy + yo,y = f,
y(t,0) =y(t,L) =0,

O.y(t, L) = u(t),

y<07 ) = Yo-

(2.50)

Proposition 2.4.1 (see [15, Proposition 14]) Let L > 0 and T > 0. There exist € > 0
and C' > 0 such that, for every f € L'(0,T,L*(0,L)), v € L*(0,T) and yo € L*(0,L)
such that

£z orz20,0)) + 1wl 20,0y + %ol z20,2) < €
there exists at least one solution of (2.50) which satisfies
lylls < CUfNzror,c20,0)) + lullrzom) + Yol r20,2))- (2.51)
And for the uniqueness, one has

Proposition 2.4.2 (see |15, Proposition 15]) Let T" > 0 and let L > 0. There ezists
C > 0 such that for every (yo1,y02) € L*(0,L)%, (uy,uz) € L*(0,T)* and (fi, f2) €
LY(0,7T,L*(0,L))?* for which there exist solutions yy, = y1(t, z) and yo = y2(t, z) of (2.50),

one has the following estimates :

T L
Cl+ 2 + 2
g/ /mﬁamagw—w%ma¢wFMﬂts6< lizoraom om0
0 0

(e = wlBaory + i = Pl omzzoiy + Ivor — v02l320.1))

L
/ 1 (t,2) — yo(t, 2)Pda < COHINE2 0 111 0,00y HI92 T2 0,111 0,1))
0
(e = wlBaory + i = Lol omzzoiy + ot — v02l320.0))
for every t € [0,T].
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2.4.2 Settings and a technical lemma

Until the end of this chapter, we adopt some important notations. Let us denote, for
D >0and R >0,

BR = {¢ € 12(0, D) €l 200) < R},
and recall that for each w = (wy, wy) € R?, we write p, := \/w? + w3 and z,, := (w11 +
Wopa)/ pw. We also write (u,,v,,) € L*(0,T) the controls defined in section 2.3 in order
to drive the solutions 3, = §,(t,z) from zero at t =0 to z, at t =T,
By the work of Rosier in [39], we know that for each yy € L?(0,L) there exists a

continuous linear affine map (it is a consequence of applying the HUM method to prove
Theorem 2.2.4)

[y:he€HCL*0,L) — Ty(h) € L*(0,T),
such that the solution of

aty + a:):y + 8539 = 07
y(t,0) =y(t, L) =0,
aa:y(tu L) = FO(h)a

y(0,-) = Pu(vo),

satisfies y(T,-) = h. Moreover, there exist constants Dy, Dy > 0 such that

Vyo € L*(0,L), Vh € H ||To(h)|lr20m) < Di(llhllzz0.0) + ol z2(0,1)) (2.52)
Yo € L2(O, L), Vh,g € H ||F0(h) - PO(Q)HLQ(O,T) < D2||h - 9||L2(0,L)- (2-53)
Let yo € L*(0, L) be such that ||yo||z2¢0,0) < r, 7 > 0 to be chosen later. Let us define
the functions G and F
G:L*0,L) — L*0,7),
2= Py(2) + wipr + waps = G(2) = o(Prr(2)) + pul "ty + putie,

F: BT 0 L20,T) — L2(0, L),
U= F(“) = y(T7 ')7
where y = y(t, z) is the solution of
Oy + Oy + Oy + yOpy = 0,
y(t,0) =y(t,L) =0,
9py(t, L) = u(t),
y(07 ) = Yo,

(2.54)
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and ¢ is small enough so that the function F'is well defined. It holds if €; + r < € where
€ is given by Proposition 2.4.1. The map F' is even continuous according to Proposition
2.4.2. Let yr € L*(0, L) be such that |lyr| < r. Let Ay, ,, denote the map

Ayony : BGI; N LQ(O,L) — L2(O,L),
2— Ay (2) =24+ yr — FoG(2),

where €, is small enough so that A, ,,. is well defined (e, exists according to Proposition
2.4.1 and to the continuity of G).

Let us notice that if we find a fixed point zZ € L*(0, L) of the map A, ,,, then we
will have F' o G(Z) = yr and this means that the control u := G(2) € L*(0,T) drives the
solution of (2.54) from yo at t =0 to yr at t =T

Let us assert the following technical result which will be needed to study the map
A

Yyo,yr -

Lemma 2.4.3 There exist e3 > 0 and C3 > 0 such that, for every z,yy € BEs, the

following estimate holds.

3/2
Iz = PG00 < Calllvollzon + 1217500 1,)-

Proof. Let z,y0 € L?(0,L). Let w = (wy,wy) € R? be such that z = Py(2) + puw2,. Let
y = y(t,x) be a solution of

Oy + 0,y + 2y + yd,y = 0,
y(t,0) =y(t, L) =0,

d.y(t, L) = G(z),

y(0,-) = yo.

(2.55)

From (2.52) and since p,, < ||z||12(0,1), one deduces that if ||z||12( 1) is small enough,

then there exists a constant D3 such that

1G () 200y < D3(llyollz20.) + HZH};/zzO L)) (2.56)

By using (2.51) and (2.56), one can find e, Co > 0 such that for every z,yo € BE the

unique solution of (2.55) satisfies

1/2
lylls < Calllvollzzo.z) + 121l 50 1)) (2.57)
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Chapitre 2. Controllability of a KdV equation on a critical spatial domain

Let § = g(t, ), a = a(t, ), Buw = Bu(t,z) and B° = 3°(t, z) be the solutions of

0y + 0,9 + 39 = 0,
g(t.0) =g(t,L) =0,
9:4(t, L) = To(Pu(z)),
9(0,+) = Pu (o),

Oyt + Optyy + Bavyy = 0,
ay(t,0) = ay, (¢, L) =0,
Opuy (t, L) = uy (1),
ay(0,+) =0,

OtBuw + 0ufu + 023y = —pOpiyy,
Bu(t,0) = Bu(t, L) =0,

OuBu(t, L) = vu(t),

Bu(0,-) =0,

0B° 4+ 0,0° + 925° = 0,
3°(t,0) = g°t, L) = 0,
0,3°(t, L) =0,

50(0, ) = Pu(vo)-

Let us define
p=y—y-— p%u/2aw - pwﬁw - ﬂo'
We have that ¢ = ¢(t, x) satisfies

ath + axqs + aggb + ¢a$¢ - _az(¢a) - b’
¢(t’ O) = ¢(t7 L) =0,

0,0(t, L) =0,
¢(0) =0,
Y 0
where a =Y+ puw aw_’_pwﬁw—'—ﬁ )

b= 50,7 + Ou((pi e + puf + 5°)) + pol 0 (B
02 B0 (Bw) + pid 00 (00 °) + pu0(BuB°) + 320,53,
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2.4. Proof of Theorem 2.1.4

It is easy to see that there exists Cy > 0 such that for every z,yq € Bf2

1/2
I8ll5 < Calllvollz2o.ny + 1201155, 1)- (2.58)
1/2
lalls < Calllyollz2o.m) + 121100 1)) (2.59)
16207, 22(0,)) < Cialllyollz20,2) + HZHLz(o ) (2.60)

One can also prove that there exists C'5 > 0 such that for every f,g € B

10:(f9) |10, 20,0)) < Csll fl5lgll5- (2.61)

By Proposition 2.4.2, (2.60) and (2.61), there exists Cs > 0 such that

I8l < Cs(llollsllalls + I1yollZ2.z) + 120 220.1))-
which, together with (2.58) and (2.59), implies the existence of €3 and C7 such that for

every z,Yop € BEI;

lolls < Colllgoll 0.0 + 1217200 1,)- (2.62)
Finally, from (2.62) one obtains with C3 := C7 + 1

Iz = FoG(2)lr20r) < llz—FoG(2) = B%D)l2,) + 18Tz,

16T 220,y + 18°(T) | 2200,

Cr(llyoll 2.0y + 12113550.0) + 9ol 20,0
Cs(l9oll 20,0y + 1207500.1,):

which ends the proof of Lemma 2.4.3. ]

VARVAN

2.4.3 Fixed point in the subspace H

For w = (wy,ws) € R? fixed, let us study the map II := Py o Ay, (- + pwzw) on the
subspace H (recall that p,z, = w1 + waps).

I:4H— H,
h+—— TI(h) = h+ Py(yr) — Py(F o G(h+ pwzw))-
In order to prove the existence of a fixed point of the map II, we will apply the Banach

fixed point theorem to the restriction of II to the closed ball B5 N H with R > 0 small

enough. By using Lemma 2.4.3 we see that
ITI(A)| z2(0,1) lyrllzz0.L) + 1h + pwzw — F o G(h + puwzw)llL2(0,1)

”yTHL2 0,L) T Cz(HZJo”L2(0 L)+ |h + ,OwaH%QoL )

C4(llgoll 20,0y + lyrllzzeo.ny + o) + Csllhlli/zio,m

3/2 3/2
Cy(2r + pil?) + Cs| B to 1)

IAIA N CIA
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Chapitre 2. Controllability of a KdV equation on a critical spatial domain

where C% := O3 + 1. Hence, if we choose R such that R%/2 < % and r, p,, such that

R
Cy(2r + Piﬂ) < o

then it follows that
ITL(R)|| 20y < R andso (BN H)C (BiNH).

It remains to prove that the map II is a contraction. Let g,h € BENH. Let y = y(t, z),
qg=q(t,x),y=7(t,x) and ¢ = ¢(t,x) be the solutions of the following problems

;

Oy + Oy + Ay + yoy = 0,
y(t,0) = y(t, L) =0,

Owy(t, L) = G(g + pwiw),

( y(0, ) = vo,

0vq + 02q + 02q + q0xq = 0,
q(t,0) = q(t, L) =0,

9.q(t, L) = G(h + pu2w),

L 4(0,°) = o,

at?j + ax?j + agﬂ =0,
y(t,0) =y(t,L) =0,
d:9(t, L) = I'o(g),
(0, ) = Pu(yo),

0hG + 0,4+ 034 = 0,
q(t,0) =q(t, L) =0,
aa:d(tv L) = FO(h)a
G(0,-) = Pr(yo).
Let us define ¢ :=y — 9, ¥ := q¢ — ¢ and v := ¢ — 1. One sees that ~ satisfies
Oy + 0uy + B2y + 0,y = —0:(ya) — b,
(t,0) =~(t, L) =0,
0.v(t, L) =0,
7(0) =0,

(2.63)
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2.4. Proof of Theorem 2.1.4

where
a=g+v¢ and b:=0,(¢(§—q)+ 7 - D%y — )
It is easy to see that there exists a constant Cg > 0 such that
10l 0.7, 220.0) < Cs (lalls + 191l + [14ll8) |7 — qlls, (2.64)
10z ()| L1 0,7,220,L)) < Cs (lalls + 171l + [1qlls) 175 (2.65)

By using Propositions 2.4.2, (2.64) and (2.65) we get the existence of Cy > 0 such that

171z < Colllalls + l19lls + llalls)* (g — allz + I1vllz)- (2.66)
In addition, since w := y — ¢ satisfies the following linear equation

dw + dyw + PBw = 0,
w(t,0) =w(t, L) =0,
dyw(t, L) =To(g) — To(h),
w(0,-) =0,

there exists Cg > 0 such that

17— dlls < CrollTolg) — Lo(h)lz2(0,1)

and so, from (2.53), one gets

17— Glls < CioD2|lg — hllL20,1)- (2.67)

Moreover, it is easy to see that there exists a constant C'; > 0 such that

lalls + ldlls + 17lls < Cuallyollzz,y + Ihllz20,0) + l9llz20,z) + Pi)- (2.68)
Thus, using (2.66), (2.67) and (2.68) we see that if R, p,,r are small enough, it follows
that

Il < llg — Allzzo.
Therefore, we have
ITL(g) = (M)l r20,) < llg = F oG9+ puwzw) = h+ FoG(h+ puzw)llr2o.r)
V(D) e20,) < 175
< %Hg — hllz20,1)

which implies the existence of a unique fixed point h(yo, yr, w1, we) € B5N H of the map

11| BLAH- Moreover, follows the more precise proposition.

Proposition 2.4.4 There exist Ry > 0, D > 1, such that for every 0 < R < Ry, for every
Yo, Yr € BIL%/D, (w1, ws) € R? with p, < R/D, there exists a unique h(yo, yr, wy,ws) €
BEN H fized point of the map H|B}%OH.
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Chapitre 2. Controllability of a KdV equation on a critical spatial domain

2.4.4 Fixed point in the subspace M

We now apply the Brouwer fixed point theorem to the restriction of the map

T:M— M,
w11 + wWaps — PM(Pwa +yr—Fo G(pwzw + h(’ym yr, w17w2)))>

to the closed ball B}g N M with R small enough. Using Lemma 2.4.3, the continuity (in a
neighborhood of 0 € (L?(0, L))? x R?) of the map (yo, yr, w1, ws) — h(yo, yr, w1, ws) and
choosing r small enough, we get the existence of a radius R > 0 such that T(BIL% NnM) cC
Bé N M. This inclusion and the continuity of the map 7 allow us to apply the Brouwer
fixed point theorem. Therefore, there exists (i, w,) € R? with @? + @2 < R? such that

h = h(yo, yr, W1, Ws) satisfies
Pu(yr — F o G(h +i1py + 1ia2)) = 0. (2.69)
Using the fact that
TI(h) = Py(h + yr — F o G(h + W1 + Wap2)) = I,

we obtain
Py(yr — F o G(il + Wyp1 + Ways)) =0,

which together with (2.69), implies that
yr = F o G(h + @11 + Wap3),

which ends the proof of Theorem 2.1.4. Let us remark that from our proof it follows that
if r is chosen small enough, one can take R :=rD where D > 0 is given by Proposition

2.4.4. By using this proposition one obtains the estimate (2.6).
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Chapitre 3. Controllability for the KdV equation on any critical domain

3.1 Introduction and main result

Let L > 0 be fixed. Let us consider the following Neumann boundary control system for

the Korteweg-de Vries (KdV) equation with homogeneous Dirichlet boundary conditions

Yt + Yo + Yoza + YYz = 07
y(t,0) = y(t,L) =0, (3.1)
yw(t7 L) - "i(t)v

where the state is y(¢,-) : [0, L] — R and the control is x(¢) € R. This equation has been
introduced by Korteweg and de Vries in [31] to describe the propagation of small amplitude
long waves in a uniform channel. The KdV equation also appears in the study of various
physical phenomena like long internal waves in a density-stratified ocean, ionic-acoustic
waves in a plasma, etc.

In this chapter, we are concerned with the controllability of (3.1). More precisely, for
a time T" > 0, we want to prove the following local exact controllability property.

P(T) There exists r > 0 such that, for every (yo,yr) € L*(0, L)* with ||yo|lr2(0,0) < T

and |lyr|lr20,0) <, there exist k € L*(0,T) and

y € O([0,T],L*(0, L)) N L*(0, T, H'(0, L))

satisfying (3.1), y(0,-) = yo and y(T.-) = yr.
In order to deal with the nonlinear term in (3.1), one can perform a power series
expansion of (y, ) around 0. To find the different terms of this development, one can

write, formally, for a parameter € small,

y = ea+eB+eEy+. ..

K = eutev+ew+. ..
thus, the nonlinear term can be written as
VYo = €€aay + € (af), + (higher terms)
and therefore the three main orders are given by

a; + Qg + 0ppe = 0,
a(t,0) =aft,L) =0, (3.2)
a,(t, L) = u(t),
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3.1. Introduction and main result

615 + ﬁx + 6zmm = —QQy,
B(t,0) = B(t, L) =0, (3.3)
Be(t, L) = v(t),

and

V¢ + Vo T Vozz = _(aﬁ)am
v(t,0) =~(t,L) =0, (3.4)
Ye(t, L) = w(t).

In [39] Rosier studies the control system (3.1) by using a first order expansion, i.e. he
considers the linear control system (3.2) where the state is «(t,-) : [0, L] — R and the
control is u(t) € R. First, by using multiplier technique and the HUM method (see [34]),
he proves that (3.2) is exactly controllable if and only if

1kl
L¢N~— {27”/%; k,lEN*}, (3.5)

and then, by means of a fixed point theorem, he gets the following result.

Theorem 3.1.1 (see |39, Theorem 1.3|) If L ¢ N, then property P(T') holds for every
T > 0.

Remark 3.1.2 If one is allowed to use more than one boundary control input, there is no
critical spatial domain and the exact controllability holds for any L > 0. More precisely,

let us consider the nonlinear control system

+ Yo + Yzza + x — Oa
{ YT Y Y vy (3.6)

y(t,0) = w(t), yt, L) =us(t), wu(t,L) = us(t),

where the controls are uy(t), us(t) and ug(t). As it has been pointed out by Rosier in [39],
for every L > 0 the system (3.6) with uy = 0 is locally exactly controllable in L?*(0, L)
around the origin. Moreover, using all the three control inputs, Zhang proves in [55] that
for every L > 0, the system (3.6) is exactly controllable in the space H*(0,L) for any

s >0, in a neighborhood of a given smooth solution of the KdV equation.

If L € N, one says that L is a critical length since the linear control system (3.2) is
no more controllable. Indeed, Rosier proves in [39] that there exists a finite-dimensional
subspace of L*(0, L), denoted by M = M(L), which is unreachable from 0 for the linear

system. More precisely, for every non zero state ¢ € M, for every u € L*(0,T) and for
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Chapitre 8. Controllability for the KdV equation on any critical domain

every a € C([0,T1], L*(0, L)) N L*(0,T, H*(0, L)) satisfying (3.2) and «(0,-) = 0, one has

Oé(T7 ) 7é ¢
Let us recall the description of M given in chapter 2. Let L € N. There exist n distinct
pairs (k;,1;) € N* x N* with k; > [; such that

k2 + kil; + 12
Vie{l,...,n}, L:m/%. (3.7)
k? + Kkl + 12 . ,
(L:QM/T,ICZZ, k€N = (3je€{l,...,n}st. k=k;jand [ =[;)(3.8)

Let us introduce the notation
J={je{l,....n}; k; > 1;}, J={je{l,...,n}; k; =0}, n=]|J7]. (3.9)

For every j € {1,...,n}, we define the real number

We have then, (see [39]),
&€ —E+p=E-ME-WE-7)

with,
"= =32k + )%,
B =+ kE, (3.11)
="+ 1%

Lemma 3.1.3 With the previous notations, we get
LifjeJ”, p#0,
2. ifj€J7,pj =0,

3. af i # J, pi # pj-
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Proof. Items 1. and 2. are obvious with (3.10). Let 4,5 € J such that p; = p;. Then,
vi = for k = 1,2,3. With the definitions of 77, (3.11) we obtain k; = k;, I; = /; and
hence i =j5. W

Remark 3.1.4 We can easily notice that |J=| < 1.
Thus we can reorganize the indexes such that
p1>p2 > >py 2 0.

With this notation, we define,
— for j € J~, the subspace of L?(0, L)

M; = {p] + dawhi M, As € R} = (¢, ),
where the real-valued functions gp{, gaé are given by

@) = C; (cos(rf) — 22 cos(odz) + =2 cos(1dr) )

. . BT } 2% . (3.12)
(@) i= C; (sin(rfx) — 2= sin(rd) + B2 sin(de) )
2773 2773
where C} is a constant chosen so that ||90{||L2(0,L) = ||g0g||Lz(07L) =1
— for j € J=, the subspace of L?(0, L)
M; = {\(1 —cosx); A € R} = (1 — cos(x)).
Then, one can define the following subspaces of L*(0, L)
M:=@M,; and H:=DM"
j=1
Note that
U{gp{, )} (if L # 27k for any k) or {1 — cos(z)} U{go{, )} (if L = 2k for some k)
j=1 j=1

is an orthogonal basis from M.
The subspace H is the space of reachable states for the linear control system. More
precisely, from the work of Rosier one has the exact controllability in H for the control

system (3.2).

Theorem 3.1.5 Let L > 0 and T > 0. For every (yo,yr) € H x H, there exist u €
L*(0,T) and o € C([0,T], L*(0,L)) N L*(0,T, H'(0, L)) satisfying (3.2), «(0,-) = yo and
OC(T, ) =Yr.
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In [15], Coron and Crépeau study the first critical case :
n=1 and k =1 =k.

In this case the subspace M is one-dimensional. First, they prove that one can reach all
the missed directions lying in M, i.e. (1 — cos(z)) and (cos(z) — 1), with a third order

power series expansion.

Proposition 3.1.6 (see |15, Proposition 8|) Let L € N be such that dimM (L) = 1. Let
T > 0. There exist (u*, vE w*) € L?(0,T)® such that if o*, 35, 4* are the solutions of
(3.2), (3.3) and (3.4) with initial conditions

O‘i(ov ) =0, ﬂi(oa ) =0, '}/i(()’ ) =0,
then
o (T,-) =0, BHT,-)=0, ~5T,-)==+(1—cos(x)).

Then, using Theorem 3.1.5 and a fixed point theorem, they prove that property P(T") holds
for every T > 0 (see [15, Theorem 2|). They also prove that for this first critical case, a
second order expansion is not sufficient to enter into the subspace M (see [15, Corollary
19)).

Remark 3.1.7 The proof of P(T) given in [15] requires that the subspace M is one-
dimensional, but this is not implied by the the fact that L = 2kw for some k € N*. It is

necessary to add a condition as the following one
(m*+mn+n* =3k meN neN)=(m=n=k). (3.13)

This condition, not explicitly given in [15], appears in [14]. In this book is also proved
that there are infinitely many positive integers k satisfying (3.13) and therefore there are

infinitely many lengths L such that M 1s one-dimensional.
In chapter 2, the same approach is used to treat the second critical case :
n=1 and k; >1;.

In this case, the space M is two-dimensional and a second order expansion allows to enter

into the subspace M.
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Proposition 3.1.8 (see Proposition 2.3.1 in chapter 2) Let L € N be such that dimM (L) =
2. Let T > 0. There exist u,v € L*(0,T) such that if o, 3 are the solutions of (3.2) and
(3.3) with initial conditions

then
Oé(T,') :Ov B(T7> EM\{O}

It is also proved that if the time of control is large enough, one can reach all the missed
directions. Using this and a fixed point argument, one obtains property P(7T) provided
that the time of control 7" is large enough (see Theorem 2.1.4 in chapter 2).

The aim of this chapter is to prove P(7T') in the critical cases for which n > 1, i.e. when
the dimension of the subspace M is higher than 2. We use an expansion to the second
order if L # 27k for any k € N* and an expansion to the third order if L = 27k for some

k € N*. Our main result is the following.

Theorem 3.1.9 Let L € N. Then, there exists Ty, > 0 such that P(T) holds provided
that T > T7,.

This chapter is organized as follows. First, in section 3.2, we recall the well-posedness
results for both linear and nonlinear KdV control systems. Next, in section 3.3, we prove
by using a second order power series expansion, that one can reach all the missed states
in the subspaces M; for j € J~. Then, in section 3.4, we prove that if L = 27k, one can
reach the missed states £(1 — cos(x)) with a third order expansion and finally, in section

3.5 we get Theorem 3.1.9 by using a fixed point argument.

Remark 3.1.10 From our proof of Theorem 3.1.9, it follows that there exists a constant
C > 0 such that for every yo,yr € L*(0, L) small enough, the solution y and the control
K giwven by property P(T) satisfy

1/3

lyllcqom,z2o0,0) + 1Wlle207,m10.0)) + |15l L200m) < C (||?Jo||L2(o,L) + ||yT||L2(o,L)) /
if L =2km for some k € N* and

1/2

lyllcom.z2o.0)) + |Wlle201,810.0)) + |15l L207) < C (H?JOHL?(O,L) + ||yTHL2(0,L)) /

if L # 2km for any k € N*. The power 1/3 and 1/2 come from the order of the series

expansion needed in each case.
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Chapitre 3. Controllability for the KdV equation on any critical domain

Remark 3.1.11 One can find other results on the controllability of KdV control systems
in [22, 40, 41, 46, 55] and the references therein.

Remark 3.1.12 The power series expansion method is a classical tool to study finite-
dimensional control systems. It has been used for the first time in infinite dimension
in [15]; see also [2] for a Schrodinger equation. This method and others such as quasi-
static deformations (see [1, 16, 17] and [14, Chapter 7]) and the return method (see
[1, 10, 11, 12] and [14, Chapter 6]) are very useful to deal with nonlinear systems and to

get properties which are not a consequence of the linearized system behavior.

3.2 Well-posedness results

The aim of this section is to precise what we mean by “a solution" of the KdV equations
appearing in this thesis and to recall the existence and uniqueness results we will use.

Let us introduce the space B := C([0,T], L*(0, L)) N L*(0, T, H*(0, L)) endowed with
the norm

1/2

T
ylls = max y(®) 2. + ( / uy<t>uip(o,mdt)

te€[0,7

Let us begin with the linear case.

Definition 3.2.1 Let T > 0, f € L'(0,T,L*(0, L)), yo € L*(0,L) and k € L*(0,T) be
giwen. A solution of the Cauchy problem

Yt + Yo + Yoz = [
y(t,0) = y(t, L) =0,
Yo (t, L) = k(1)
y(0,+) = o,

(3.14)

is a function y € B such that, for every 7 € [0,T] and for every ¢ € C3([0,7] x [0, L])
satisfying

¢(tv O) = ¢(t7 L) = ¢x(ta O) =0,Vte [077]7

one has

T L T
- / / (61 + o + buas )ydardt — / k() (t, L)dt
0 0 0
L L T L
+ / y(r, 2)(r, ©)dz — / yo(2)6(0, 2)dr / / Jodrt.
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3.2. Well-posedness results

With this definition and from the work of Rosier in [39], we have the following result.

Theorem 3.2.2 LetT >0, f € L'(0,T,L*(0,L)), yo € L*(0,L) and k € L*(0,T). Then,

there exists one and only one solution of the Cauchy problem (3.14).

Let us now give the definition of a solution for the nonlinear equation.

Definition 3.2.3 Let T > 0, g € L*(0,7T, L*(0, L)), yo € L*(0,L) and k € L*(0,T) be
given. A solution of the Cauchy problem

Yt T Yz + Yoza T YYz = G,
y(t,0) = y(t, L) =0,

Yo (t, L) = k(1)

y(0,+) = o,

(3.15)

is a function y € B satisfying (3.14) with f = g — yy,.

Remark 3.2.4 Note that if y € B, then yy, € L*(0,T,L*(0, L)) and therefore (g — yy.)

as well.

Theorem 3.2.5 |15, Appendix| Let T' > 0. Then there exists € > 0 such that, for every
g€ LY0,T,L*(0,L)), yo € L*(0, L) and x € L*(0,T) satisfying

lgll10,,2200,0)) + llWollz200,0) + || &l L2001y < €, (3.16)

the Cauchy problem (3.15) has one and only one solution. Furthermore, there exists a

constant C' > 0 such that this solution satisfies
1ylls < CUlgllror.r20,0)) + 1Yol z20,0) + £l 20,m))- (3.17)

Remark 3.2.6 In [3] and [23], one can find some well-posedness results in the case where

there are nonhomogeneous Dirichlet boundary conditions.

Remark 3.2.7 Recently, in [8] the author proved Theorem 3.2.5 with € = oo, that is,

without a smallness condition on the data.
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Chapitre 3. Controllability for the KdV equation on any critical domain

3.3 Motion in the missed subspaces M;, for j € J~

Here and in the sequel, we denote by L a critical length such that dim M (L) > 2 and
by P the orthogonal projection on a subspace A in L*(0, L). We also adopt the notations
introduced in section 3.1.

The first point is that for any j € J~, we can enter into the two-dimensional subspace
M;. The strategy is the same as in [15] and in chapter 2. We consider a power series
expansion of (y, k) with the same scaling on the state y and on the control . One has the

following result that can be proved in the same way as Proposition 2.3.1 in chapter 2.

Proposition 3.3.1 Let T > 0. For every i = 1,...,n”, there exists (u;,v;) € L*(0,T)?
such that if a; = a;(t,x) and B; = B;(t, x) are the solutions of

Qi + Qg + Qiggr = O,
Oéi(t, O) = Oéi(t, L) = O,

(3.18)
Oy (t, L) = Uj; (t),
OZZ‘(O, ) = O,
and
ﬁit + 6zx + ﬁzx:px = Qg
ﬁi(tv O) = ﬁi(tv L) =0, (319>
Biz(t, L) = vi(t),
ﬁz(ov ) = 07
then
a;(T,.) =0, Pg(6;(T,.)) =0 and Py, (6:(T,.)) # 0.
Let us denote, for j =1,...,n~,

¢l = P (Bi(T ).

From Proposition 3.3.1, ¢! # 0. Consequently, using scaling on the controls, we can assume
that ||¢%||12(0,.) = 1. Notice that the previous proposition says nothing about qb{ for j # 1.
Now, we shall prove that we can reach all the states lying in the subspace
M~ = M,
ieJ>

in any time 7' > T~ , where

52



3.8. Motion in the missed subspaces Mj, for j € J~

In order to do that, we will strongly use the fact (proved in chapter 2) that if there is no
control (i.e. x = 0) and if the initial condition lies in M; for j € J~ (i.e. yo € M;), then
the solution y of the linear KdV equation only turns in the two-dimensional subspace M,
with an angular velocity equal to p; (defined in (3.10)) and conserves its L?*-norm. More

precisely, we have the following result.
Lemma 3.3.2 Let j € J”. Let yo € M;. Let A >0 and 0 € [0,27) be such that

Yo = Acos(0)g] + Asin(8)). (3.20)
Then the solution of

Yt + Yz + Yoza = 07

y(t,0) = y(t, L) = y.(t, L) = 0, (3.21)
y(07 ) = Yo
1S given by
y(t,x) = Acos(p;t + 0)@l + Asin(p;t + §)g). (3.22)

For the sake of brevity we introduce, for j € J~, § € R and y, € M, reading as (3.20),

the notation
R (yo, 0) := Acos(0 + 8)@] + Asin(f + 6)?, (3.23)

i.e. R/(-,0) represents a rotation of an angle 6 in the subspace M;. Thus, the solution of

(3.21) can be written as

y(t,z) = R’ (yo, pjt).

Proposition 3.3.3 Let T > T~>. Let v € M~. There exists (uy,vy) € L*(0,T)? such
that if ay = cu(t, x) and By = By(t, x) are the solutions of (3.18) and (3.19), then

ay(T,.) =0, By(T,.) = .

Proof. First at all, let us notice that if L = 2kx for some k € N*, then M,, = (1 — cosx)
and a priori Py, (By(T,-)) may be non-null. However, we know from [15, Corollary 19|
that a second order expansion is not sufficient to enter into the subspace M,, and therefore
Py, By(T.-) = 0. That is the reason for which we do not care about the projection on M,

of second-order trajectories.
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Chapitre 8. Controllability for the KdV equation on any critical domain

The case n~ = 1 has already been studied in chapter 2. Let us consider the case
n~ = 2, i.e. where we have 2 subspaces, M; and M, associated to (ki,l1) and (ko,ls)
with p; > pa > 0 (for instance, L = 2791 leads to the couples (k1,l;) = (16,1) and
(ka, 1) = (11,8)).

2 7

Let T > — + —. Let T} be such that

pP1 D2

T1>1 and T—T1>£+£.
p1 P1 P2
Let Ty > 0 and T, > 0 be such that

T <Ty T,< -
P1

Tc—i—Tg<min<T—T1—1—1’£_17T1_1>_

Thanks to Proposition 3.3.1, there exist two pairs of controls, (uq,v;) and (ug,vs)
in L?(0,T.) such that the respective solutions of (3.18) and (3.19), (a1, 31) and (g, 52),
satisfy Py, (B1(Te,-)) # 0 and Py, (62(Te, -)) # 0. With the notations introduced before,

{ (61,61) = (Pany (Bo(T, ), Pary(B1(T. ),
(63, 03) = (Par, (Ba(T, ), Par, (B2(T', ).
We now use the rotation phenomena explained before and Proposition 3.3.1 to reach a

basis for the missed directions lying in M~. For the seek of clarity in our control strategy,

we define for a time ¢;,the following control in L?(0,T).

(0,0) if t € (0,t1),
(U, Vi )() == 4§ (ua(t —th),01(t —t1)) ift € (t1,61 +T,),
(0,0) ifte(t,+7,7).

This control becomes active at time ¢ = t1, between t = t; and t = t,, it drives the system
to enter into the space M; and after ¢t = ¢, it becomes inactive, producing a rotation in
M.

Now, we define the controls

(u%’ U%) = (Ut17 ‘/;1) Wlth tl = T — Tc’

(u%71}%) = (Ut17‘/;/1) Wlth tl :T_TC_ 2}%)
(uf, v}) == (U,,, Vi) withty =T —T,— T,
(uzll’vil) = (Ut17‘/;1) Wlth tl :T_TC_ pll _Te
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3.8. Motion in the missed subspaces Mj, for j € J~

Let o}, 3/ € B be the solutions of (3.18) and (3.19) with controls u] and v for j = 1,...,4

and let us denote
{ = PM1ﬁ{<T7 ) and '&j = PMQB{(T7 )
It is easy to see that
1?11 = (b%? w2 ¢2
77Z)1 R1(¢17 2) ¢2 - ( %7 %)
¢3 R1(¢1> ) _¢%7 ¢§ = R2( %7 p;_:r)
¢1 = (_¢17p1T9)7 w% = RQ( %7p2<T9 + pil))

Thus, we have constructed some controls allowing to reach the missed states
Uiy, s, Ui+, and Y+

Now, we define for a time t,, the following control in L?(0,T')

(

(0,0) if t € (0,ty),
(ur(t — t2), v1(t — t2)) ift € (ty,to+T,),

(U=, V2)(t) =< (0,0) ifte(t2+Tc,t2+ =),
(ua(t —ta = Z), 01t —ta— X)) ift € (o + =ty + = +T),
(0,0) ﬁte(m+» +7;T)

\

which is the superposition of two controls of type (Uy,, V;,)
(Ut2> VtQ)(t) = (Ut2+£7 ‘/tz-‘rﬁ) + (Utzﬁ W2)

This fact means that the solution corresponding to the controls (U*2, V*2) is the addition
of two trajectories which enter into M and then turn during different times.
We define the following controls in L?*(0, 7).

(ui,vf) = (U™, V") witht,=T - Ty — = —T,,

(ug,v3) = (U, V') withty =T —T1 — = =T, =Ty,
(uj, v3) = (U2, V™) withty =TTy — = - = —T,
(ubol) = (U2, V®)  withty =T —T, — = — = — T, —T,.

Let o), 3 € B be the solutions of (3.18) and (3.19) with controls u} and v} for j = 1,...,4

and let us denote
g = PM2ﬁg(T> )
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Chapitre 8. Controllability for the KdV equation on any critical domain

Here, it is very important to note that, by construction and since p; > ps, one has

Py B3(T,-) =0 and oy = R*(¢3,p2T1) + R*(¢7, po(Th + 7/p1)) # 0

Thus, we have constructed some controls allowing to reach the following missed states

vy, ¢35, Uh, and 9.

where
V3 = R*(¢Y3, paTp)
U3 = Ry, ) = —1y
¥y = R*(—v3, p2Ty)
Furthermore, we have for k = 1,2

4
M, =M} (3.24)

j=1

where

My = {dyiby, + digbis dj, > 0,di > 0},
Mg = {0 + dibys dj, > 0, di > 0},
M} = {dyj + diby; dy, > 0,d§ > 0},
M} = {dy + diaby; di > 0,d3 > 0}.

Let ¢ € M~. From (3.24), we know that Py, (1)) € M| for some i € {1,...,4}. Hence,
there exist dj > 0,d? > 0, such that

b = dyby + dipy + Pag (1)
Let us write 1 as follows
b = i+ BU+ i+ B+ (Pa(0) - dig - dRU)
Since the states wQ, it! lie in My, there exists j € {1,...,4} such that
P (4) = didy — dis € Mj
and therefore there exist d} > 0,d3 > 0 such that
¥ = di (W) + )+ di (Uit + ) + dyd + dyuy
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3.4. Motion in the missed directions £(1 — cosx)

Thus, we have decomposed v in terms of reachables directions for the second-order ex-

pansion. Now, we take the controls uy, vy, defined by

(ug, vy) = (\/d%ui + /Bt [dhud + [ dBub T djol + AT+ dyd + d%vé“) ,

and o, By € B the corresponding solutions of (3.18) and (3.19) respectively. Here, it is
important to note that, with the choices of T', 77, T, and T}, the supports of the trajectories
ai for k =1,2 and j = 1,...,4 are disjoint and that all these trajectories go from 0 at
t=0to0att="T,ie.

Thus, it is not difficult to verify that

ay(T,-) =0 and By(T, ) =1

which ends the proof in the case n” = 2. The previous method can be easily adapted to
the case where n~ > 2. In order to construct the controls needed in the general case, our

method requires a time of control T" greater than 7-. W

3.4 Motion in the missed directions +(1 — cosx)

We assume in this section that L = 2kw for some k£ € N*. Let us recall that in this

case we have
M, =(1l—cosz) and n”~ =n—1. (3.25)

Thanks to [15], we have the following result that one can prove in a similar way to
[15, Proposition §|.

Proposition 3.4.1 Let T, > 0. There exists (u,v,w) in L*(0,T.)3 such that, if o, 3,
are the mild solutions of
o + 0y + gy = 0,
a(t,0) = a(t, L) =0,

(3.26)
am(ta L) = u(t)’
a(0,.) =0,
ﬁt + 695 + ﬁx:mc = —QQy,
B(t,0) = B(t, L) = 0, (3.27)

Ba(t, L) = v(t),
6(07 ) =0,
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Chapitre 3. Controllability for the KdV equation on any critical domain

Vt + Yz + Yzzz = _(C(ﬁ)ma
v(t,0) =~(t, L) =0,

(3.28)
Ya(t, L) = w(t),
’7(07 ) =0,
then y
aag)zaﬁa;):ommyu;):(y—mwﬂ+§33mwa;».

The idea to vanish the projections of v(7,-) on M;, and thus to reach the direction
(1—cos(x)), is the same as before, that is, to use the rotation phenomena given in Lemma

3.3.2. In addition, we use the fact that the function (1 — cosx) satisfies

Yz + Yzzz = 0,
y(0) = y(2km) = y,(2km) = 0.

The case n = 1 has already been considered in [15]. We deal with the case n = 2 (for
example, L = 147 leads to the couples (ki,1;) = (11,2) and (ko, 1) = (7,7)).

Let us define the following control lying in L?*(0,T)3, where T > 7/p;. (Here, we omit
the time translation needed for the controls u, v and w which are defined in (0,7}))
0,0,0) ifte(0,T~T.— ),

w,v,w) ifte(T'—-T,— T = pll),
0,0,0) ifte(T— = T—T),
p1
u,v,w) ifte (T —-1T.,T).
By defining a, 34,74 € B as the solutions of (3.26) with control u,, (3.27) with

(
(1 01, )(1) = E
(

control v, and (3.28) with control w, respectively, it is not difficult to see that
ar(T,.)=0,8.(T,.) =0, v(T,.) =2(1 — cosx). (3.29)
Now, if we consider the control (u_,v_,w_) := (—u4, vy, —wy) we get
a_(T,)=0,8_(T,.)=0,v_(T,.) = —2(1 — cos z), (3.30)

where obviously a_, 3_,~_ € B are the solutions of (3.26), (3.27) and (3.28) with controls
u_,v_ and w_ respectively. Thus we can reach all directions in M, in a time T" > T
We can easily deduce the same result in the case n > 2. We just have to COIlStzlj‘lllCt a
control that vanishes the components in the other missed subspaces M;, j € J~. In order
to do that, a time of control T, with
n .__ — 1
T>T ._W;E, (3.31)

is sufficient.

o8



3.5. Fized point argument

3.5 Fixed point argument

If L # 2k7, then we can use the same proof as in chapter 2 and get property P(T") for
every T' > T~=. Thus the only interesting case we detail here is when L = 2k7 and
dim M (L) > 2.

3.5.1 Preliminaries
Recall that for L € N, we have n pairs (k;,[;) such that (3.7) and (3.8) hold. We have
introduced some important notations

n>
J7 i ={yk; > LY, nT=|J7|, M~ = @Mj.
j=1

In this section, we consider the case where n” = (n — 1) and consequently where M, =

(1 — cosx). Thus we can write any z € L?(0,L) as
z = Py(2) + p,1p. + d.(1 — cosx), (3.32)
where
p- = ||Pu>(2)|l2200,0), P20 = Py>(2), and d.(1 —cosx) = Py, (2).
Let us also denote, for D > 0 and R > 0,
BR = {¢ € L*(0,D); ¢l rzm) < R}.

From the work of Rosier in [39], we know that for every yo € L?*(0, L) there exists a

continuous linear affine map
Iy:heHCL*0,L) — Ty(h) € L*(0,7),
such that the solution of

Yt + Yz + Yoza = 0,
y(t,0) =yt L) =0,
y2(t, L) =To(h),
y(0,-) = Pu(vo),

satisfies y(T,-) = h. Moreover, there exist two constants Dy, Dy > 0 such that

Yyo € L*(0,L),Vhe H, |[To(h)llz20.r) < Dillhllz20.0) + %0l z2(0.1); (3.33)
Vyo S LQ(O, L), Vh,g € H, ||F0(h> — FO(g)||L2(O,T) S D2||]'L — g||L2(0,L)‘ (334)
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Chapitre 3. Controllability for the KdV equation on any critical domain

From sections 3.3 and 3.4, we have the existence of the controls u, vy, wy € L*(0,T™)
and for every ¢ € M~ the controls uy, v, € L*(0,77). As we shall see later, we need
that the corresponding trajectories of first order aey and oy, are disjoint and therefore for

every z € L?(0, L) written as (3.32), and for every T satisfying
T>T, =T +T>

we define the following controls lying in L?(0,T)

(0,0,0) if t € (0,7 —Ty),
(@, 0,W)(t) :== § (Usign(d.)» Vsign(d)s Wsign(do) )| t—1+1,) 1Lt € (T =T, T —T),
(0,0,0) ift e (I'—1>,7)
and
(i1, 8) (1) = { (0,0) if t € (0,7 —T>),
(g, v ) |t—r3r>y ifte (T =T>,T),

where we use the notation

(3.35)

it d, >0,
sign(d.) = { s

— ifd, <0.

Let yo € L*(0, L) be such that lyoll20,) < r, where r > 0 has to be chosen later.
Using (3.32), we define the functions G and F' by

G:L*0,L) — L*0,T),
2 G(z) :=To(Py(2)) + p 0 + p.o + |d.| /30 + |d.|*30 + |d.|@,

F: BT NI20,T) — L0, L),
K= F<’£) = y(Tv ')7

where y = y(t, z) is the solution of

Yt + Yo + Yzaz + YYz = 0,
y(t.0) =y(t,L) =0,
Yu(t, L) = (1),

y(0,+) = o,

(3.36)

and ¢; is small enough so that the function F' is well defined.
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3.5. Fized point argument

Let yr € L*(0, L) be such that |yr|| < r. Let Ay, ,, denotes the map

Ayoyr - BENL*(0,L) — L*(0,L),
2 — Ny (2) =24+ yr — F o G(z),
where €, is small enough so that Ay, ,, is well defined.
Let us remark that if we find a fixed point Z € L?(0, L) of the map A, ,,., then we

will have
F o G(E) =Yyr
which means that the control
k= G(2) € L*(0,T)

drives the solution of (3.36) from yq at t = 0 to yr at t = T. In the following sections, we

prove that such a fixed point does exist.

3.5.2 A technical lemma

Let us assert the following technical result which will be needed to study the map

A

Yo,yT*
Lemma 3.5.1 There exist e3 > 0 and C; > 0 such that, for every z,yy € 353> the
following estimate holds

Iz = F o G(2)llr20) < Crlllvollzaony + 1207155.1)-

Proof. Let z,yy € L*(0, L). Let y = y(¢, ) be the solution of

Yt + Yz + Yazz T YYo = 0,
y(t,0) =y(t,L) =0,
y(t, L) = G(2),

Z/(Oa ) = Yo-

(3.37)

From (3.33) and the fact that p. < ||z||2(0,1), one deduces that if ||z|| 20,z is smaller

than 1 (and therefore ||z||12¢,1) < ||z|]1L/22(0 1)), then there exists a constant Cy such that

IG () 20) < Calllvollzzo.ny + 1211755 1)) (3.38)

Thus, one can find ¢4, C3 > 0 such that for every z,yy € Bé, the unique solution of (3.37)

satisfies

1/3
Ilylls < Cs(llvollzo.n) + 121l 50, 1))- (3.39)
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Chapitre 3. Controllability for the KdV equation on any critical domain

Let 4, &, B, a, 3, 7 and g be the solutions of

(

Yt + Yo + Yuaz = 0,
g(t.0) =g(t, L) =0,
u(t, L) = To(Pu(2)),
4(0,+) = Pu(vo),

dt + dm + éézmx == O,
a(t,0) = a(t, L) =0,
G, (t, L) = a(t),

A(t,0) = B(t,L) = 0,
Bu(t, L) = 0(t),
B(0,-) =0,

Gy + Gig + Gy = 0,
a(t,0) = a(t, L) = 0,
a,(t, L) = u(t),
a(0,-) = 0,

Bt + B:B + Bm;tz = _d&a:a
B(tvo) = B(t7L) =0,

5(07 ) =0,

B + A + Yoz = — (@),
3(t,0) = 4(t, L) =0,

Y (t, L) = w(2),

7(0,-) =0,

gt + g:v + sz = 07
gz(ta L) = 07
(07 ) = PM(?/O)

<>
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3.5. Fized point argument

Let us define

¢:=y—7—pa

a— Py 6 |dz’1/3& - ’dz|2/35 - |dz|’? -9
Then ¢ = ¢(t, x) satisfies

¢t + ¢x + ¢zxx + ¢¢:c = _(¢a)x -

6(4,0) = 61, 1) =0, .
¢x(t, L) =0,
Qb(oa ) =0,

where a:=1vy— o,

b= i+ 9ia + P20, + p2 % (aB)s + 1d| V3 BB, + 1P (BY), + |3 (@7)at
4275, + (50 %0+ puB + da] V36 + |25 + |5 + 7)) +
(o0 + p.B)(|d: [0 + [du55 + dul5 +15)) +
(916 + .5 + |d.19))

Here, in order to use equation (3.47) we need some estimates on its right-hand side.

Lemma 3.5.2 There exists Cy > 0 such that for every z,yo € Bé,

16115 < Calllvollz2.0) + 1121 50,0 (3.48)
1/3
lalls < Calllyollz2o.ry + 121100 1) (3.49)
161207, 22(0,)) < Calllyollz2o,2) + HZHLz(o,L))- (3.50)

Proof of Lemma 3.5.2. Let us prove (3.48). One has

ylls + 17lls + o= 6lls + o113l + d:2Glls + |d=1>2[1 81l + d: 117115 + 1] 5
C(IG() 20,y + llvollz20,0)) + CUTo(Pr ()| 20,y + 190/l z2(0,2))

+Cp: 2Nt 2oy + Cpa (9]l 2oy + 14|z, r200,00) + Clda] V2|l 20,y

+Cd (0] 20,1y + |66 |1 0.1,22(0.2)))

+ Cld| (10 2oy + 1(63)zll L2 0,7,22(0,0)) + CllPar(wo) 220, -

9l

IA A

One needs at this point the following trivial estimate.
3Cs > 0,9f,g€ B, |[(f9)llzr 00,2200,y < Csll flsll9]l5- (3.51)
By noticing that if z = Py(z) + p., + d.(1 — cos(x)), then
120 Z20.0) = I1Pr(2)I20,1) + P2 + d2lIL — cos(@)[I72(0,1)
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and using (3.38) and (3.51), one gets (3.48). Estimate (3.49) follows from (3.48) and
the definition of the function a. To prove (3.50), one uses (3.51) being very careful with
the powers which appear. For instance, looking at the function b, one finds the term
(px'*6|d.|'/3&) which apparently is not bounded by C4HZHA£/2?EO7L) for z € BE. This is the
reason for which one takes the trajectories & and & disjoint. |

Thus, from (3.47) one obtains the existence of Cs > 0 such that

8/3
ol < ColllglBlals + lvoll a0y + 1217240 1)

i.e. one has

8/3
161151 = Collallz) < ColllyollZeo.r + 1217540 1)

which, together with (3.49), implies the existence of €5 and C; such that for every z,yo €
BL
€5
I6lls < Crlllvollz20.z) + 1207500 1,)- (3.52)

Finally, from (3.52) one obtains

|z = FoG(z)|2or < llz—FoG(2)+ (T, o) + | = 9(T )l 20,0
= [[¢(T, )20,y + 1900, )l 20,1
< olls+ llyollz2(0,)
< Cr(llyollz20,0) + 1211 20,)) + w0l z2(0,1)
< (Cr+ D(lyoll 2.0 + II2 ||i/;”“>
which ends the proof of Lemma 3.5.1 with C := C7; + 1 and €3 := €5. |

4/3

3.5.3 Fixed point in H

For w = (w},w},...,wl |, w2 |, w,) € R* ! fixed, let us denote

[y

Uy o= wp(l —cosz) + Y (wje; +wied), (3.53)
1

<.
Il

where the functions ¢} for i = 1,2, j = 1,...,n — 1 are given in (3.12). Let us study the
map
II:=Pyo Ayo,yT(' + \ij)

on the subspace H.

m:H— H,
hi— TI(h) = h+ Py(yr) — Pu(F o G(h+ 0,)).
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In order to prove the existence of a fixed point of the map II, we will apply the Banach
fixed point theorem to the restriction of IT to the closed ball B N H with R > 0 small

enough. Using Lemma 3.5.1 we see that

()| 220, 1)

A

< Nyrllzey + 17+ Vo — F o G(h+ Wy)| 22(0,1)

< lyrllzzor + Crlllvollzz.ny + b+ Wull 15 1)

< (G + D(llvollzzo.n) + lyrllz2(0,1) +\w\4/3)+01HhHAi/23(0L
<

(Ch + 1)(2r + |w]¥/3) + 01||h||‘;/23“

Hence, if we choose R,r and w such that

R

R
4/3 9 4/3 -
R <3 and (2r + |w| )_2(C+)

then it follows that
IT(R)||z20.) < R andso II(BfNH)C (BiNH).

[t remains to prove that the map II is a contraction. Let g, h € BENH. Let y = y(t, 1),
qg=q(t,x), g =179(t,z) and § = G(t,x) be the solutions of the following problems

(

Yt + Yo + Yoze + Yy = 0,
y(t,0) =y(t, L) =0,
yo(t, L) = G(g+ Vy),

\ y(0,) = vo,

Gt + @z + Quaz + qqz = 0,
q(t,0) =q(t,L) =0,
q:(t, L) = G(h + ),

. CI(O, ) = Yo,

Ut + Yz + Yzaz = 0,
g(t,0) =g(t, L) =0,
Jx(t, L) = To(g),

L 9(0,-) = Pu(yo),

Gt + Gz + Quax = 0,
q(t,0) =q(t,L) =0,
z(t, L) =To(h),

L G(0,-) = Pr(yo)-
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Let us define ¢ :=y — 9, ¥ := ¢ — ¢ and v := ¢ — 1. One sees that ~ satisfies

Ve T Vo + Vozz + VY2 = _(7a)$ — b,

(3.54)
P)/x(ta L) =0,
7(07 ) = 07
where
a:=gy+¢ and b:=(q(y—q), +@H— )G~ D
It is easy to see that there exists a constant Cg such that
162107, 22(0,0)) < Cs (lalls + 17lls + llalls) [1§ — lls, (3.55)
l(@)zllLror.c20,0)) < Cs (llalls + [19lls + ldlls) 17]ls- (3.56)
Thus, we get the existence of Cy > 0 such that
Il < Colllalls + 19lls + llalls)* (17 — allz + [1713)- (3.57)
In addition, since w := y — ¢ satisfies the following linear equation
Wy + Wy + Wage = 07
w(t,0) =w(t,L) =0,
ww(t7 L) = FO(g) - F0<h)7
w(0,-) =0,
there exists Cig > 0 such that
19 = dlls < CrollTo(g) — To(h)|z2(0,1)
and so, from (3.34), one gets
19 = dlls < CroD2llg — Rl r2(0,1).- (3.58)

Moreover, it is easy to see that there exists a constant C';; > 0 such that

lalls + 115 + [|7lls < Cui(lvoll 2.0y + IRl 2.0y + 119l 2200y + 0] ). (3.59)

Thus, using (3.57), (3.58) and (3.59) we see that if R, |w|,r are small enough, it follows
that

1
75 < §||9 — hl|z2(0,1)-
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Therefore, we have

TI(g) — ()| 2200,y < [lg— FoG(g+¥y) —h+FoG(h+Wy)|r20.1)
= [v(D)lz20,2) < IVlls
519 = P20,

IN

which implies the existence of a unique fixed point h(yo,yr,w) € B5 N H of the map

H|B§mH-

3.5.4 Fixed point in M

We now apply the Brouwer fixed point theorem to the restriction of the map

T:M— M,
\ij — PM(\ij+yT_FOG<\Dw+h(y07yT7w)))7

to the closed ball B}g N M with R small enough.

In section 3.5.1, the controls u,v,u,?v and w were chosen in such a way so that the
function G is continuous. Thus, it is easy to see that the map (yo, yr, w) — h(yo, yr, w) is
also continuous in a neighborhood of 0 € L?*(0, L)? x R?>"~1. Using this continuity, Lemma
3.5.1, and choosing r small enough, we get the existence of a radius R > 0 such that
T(B}% NM) C BIL% N M. This inclusion and the continuity of the map 7 allow us to apply
the Brouwer fixed point theorem. Therefore, there exists @ € R*~! with |@| < R such

that i := h(yo, yr, W) satisfies
Py(yr — FoG(h+Ug)) = 0. (3.60)
Using the fact that

11(h) = Py(h+yr — F o G(h+ Ug)) = h,

we obtain

PH(yT —FOG(h—F\IJﬂ))) = 0,

which together with (3.60), implies that
yr = FoG(h+Ty),
which ends the proof of Theorem 3.1.9.
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3.6 Conclusion

In this article, we have proved that in the last remaining critical cases, i.e. when
dim M > 2, the nonlinear KdV equation is controllable in a time large enough. First, we
have performed a power series expansion of the solution and of the control. Next, we have
constructed special controls allowing to reach a basis of missed directions and thus all
the missed states. Then if dim M is even, the fixed point theorems used in chapter 2 are
directly applicable. If dim M is odd, we prove the controllability using fixed point mixing
proofs of [15] and chapter 2.

The following open problem arises naturally from the results of this work.

Open Problem 1 Let L € N such that the dimension of the subspace M is higher than
1. Does P(T) holds for every T >0 ¢

This is an interesting question since even if the speed of propagation of the KdV equation
is infinite, it may exist a minimal time of control. For example, in [2|] Beauchard and
Coron proved, for a time large enough, the local exact controllability along the ground
state trajectory of a Schrédinger equation and Coron proved in [13] and [14, Theorem 9.§]
that this local controllability does not hold in small time, even if the Schrodinger equation
has an infinite speed of propagation. Our guess, based in second order computations in
some particular critical cases where the space M is two-dimensional, is that there exists a
minimal time of control, this means there exists a time Ty such that for any time T' < Ty,
P(T') does not hold. Thus, the answer to Open Problem 1 should be negative.

We have seen that the nonlinearity gives us the controllability in the critical cases
even if the linear system is not controllable. We may wonder if the nonlinearity gives us
the stability.

Open Problem 2 Let L € N. Let yo € L*(0, L) and y the solution of

Yt + Yo + Yoza + YYz = 07
y(t,0) =y(t,L) =0,
y(t, L) =0,

y(oa ) = Yo-

Does the solution y decay to zero as t goes to infinity ?

(3.61)

In order to answer this question, a really nonlinear method is needed because with a
first-order approximation one obtains the linear system which has some solution conser-
ving its L?-norm. On the other hand, it is not clear that our method applies. It strongly

needs the controls to be able to use higher-order approximations.
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Chapitre 4

Rapid exponential stabilization for a

linear KdV equation

This chapter is contained in [7] which has been written in collaboration with

Emmanuelle Crépeau.
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Chapitre 4. Rapid exponential stabilization for a linear KdV equation

4.1 Introduction

In this chapter we address the boundary stabilizability problem for a linear Korteweg-
de Vries (KdV) equation on a bounded domain. We consider a system with homogeneous
Dirichlet boundary conditions where the control acts on the Neumann boundary condition
at the right endpoint. This issue has been studied in the litterature firstly in the case of
periodic boundary conditions, mainly by adding a damping term to the equation. For
example, in [30] a damping term distributed all along the domain is considered ; in [46]
the authors use a damping term distributed with localized support and in [45] the authors
use a boundary damping term. In all these papers, an exponential decay of the solutions
is proved. In the case of homogeneous Dirichlet boundary conditions with a localized
damping term, the same stability property has been proved in [38] and in [42].

Here, we are interested in the case where there is no damping. In [54], Zhang considers
a feedback law which allows him to prove that solutions decay exponentially to zero. In
[38], Perla Menzala, Vasconcellos and Zuazua prove that the solutions decay exponentially
to zero even in the case without control. It is done when the length of the domain does
not belong to a countable set of critical values introduced by Rosier in [39]. In the case
of critical domains, it is known that there exist some initial conditions such that the
corresponding solutions conserve their L2-norm.

Our main aim in this work is to prove that for any w > 0, one can build a feedback
law such that the closed-loop system has an exponential decay rate w at least. This is
a big difference with the previous works, where one proves the exponential decay, but
nothing is said about its rate. There exist a few results of this kind for control systems
of partial differential equations. Among them, one can cite the works by Slemrod in [48|
for some bounded control operators (the case of distributed controls) and by Komornik in
[28] for some unbounded control operators (the case of point or boundary controls). Both
methods use a Gramian approach and are inspired by the one introduced independently
by Kleinman in [27] and by Luke in [36] in a finite-dimensional framework. Recently,
Urquiza in [52] has generalized to infinite-dimensional control systems a method called
the Bass method by Russell (see [43, pages 117-118]). Actually, Urquiza was inspired
on numerical computations with the Komornik’s approach performed by Briffaut (see
[4]). These numerical results showed a decay rate twice better than the one predicted by
Komornik’s theorem. This faster decay is exactly the decay achieved by the Urquiza’s
approach for a controllable system where one has an unbounded control operator and

where the free-control system is defined by a skew-operator which is the infinitesimal
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generator of a strongly continuous group. As we will see, the main task to do, in order to
be able to apply this method to our control system, is to obtain its exact controllability.
After proving that, we obtain the wanted result of stabilizability. We also perform some
numerical computations in order to verify in practice the exponential decay predicted by

our theoretical result.

Remark 4.1.1 In order to get rapid stabilization for some PDE control system, there
exists an other method, called backstepping method, which use neither a Gramian approach
nor operator Ricatti equations. We cite [49, 82| by Krstic and Smyshlyaev, [35] by Liu

and the references therein.

4.2 Statement of the problem and Urquiza’s method

Let L > 0 be fixed. Let us consider the following linear control system for the KdV

equation with homogeneous Dirichlet boundary conditions

Yi + Yo + Yoza = 07
y(t,0) = y(t, L) =0, (4.1)
yr(t7 L) - u(t)v

where the state is y(t,-) : [0, L] — R and the control is u(t) € R. In [54], Zhang considers
the following feedback law with a € (0,1) and L =1

u(t) = ay,(t,0). (4.2)

One obtains, for the closed-loop system, that the energy satisfies

%/0 ly(t, o) 2dz = —(1 — a)|ya(t, 0)[2.

Thus, a decay to zero of the solutions is naturally expected. In fact, Zhang proves that
the closed-loop system is well pos