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9

Introduction

This thesis is a presentation of the research I have done during the last three years in colla-
boration with Driss Essouabri, Bruno Iochum and Andrzej Sitarz.

Noncommutative geometry is a vast field of mathematics which aims at extending classical
geometry in a noncommutative setting. Specifically, using functional analysis, operator algebras,
spectral theory and spin geometry, noncommutative geometry extends for instance concepts of
locally compact topological space, and spin Riemannian manifold.

The interest for this mathematical field goes beyond the purely mathematical. There are
profound physical motivations behind the concepts of noncommutative geometry, which suggest
that it can be a used to describe the basic elements of physics such as spacetime and quantum
fields. More specifically, noncommutative geometry appears, as a mathematical framework, well-
suited to a geometric formulation of quantum concepts.

One may consider that noncommutative geometry was born with the following theorem of
Gelfand–Naimark: any commutative C∗-algebra is isomorphic to the C∗-algebra of continuous
functions on a compact space, namely the space of characters of the algebra. Since all the topo-
logical information of a space is contained in the set of continuous functions on the space, we can
see that the notion of C∗-algebra is a generalization of the notion of compact topological space.

From this fundamental result, it has been possible to go beyond purely topological concepts
and construct a full noncommutative Riemannian differential geometry, with its own version
of differential and integral calculus, fiber bundles, measures, spin manifolds, etc... This colossal
work has been pioneered and essentially done by Alain Connes [26–30].

Noncommutative geometry makes us change our point of view: it is not the set of points (the
topological space) that is fundamental, but the set of functions (defined on the set of points).
While equivalent in the commutative world, these two points of view are unequivalent in the
noncommutative world.

Noncommutativity and this change of point of view are two crucial characteristics of the
fundamental structure of quantum physics. Indeed, in quantum physics, observables do not always
commute, contrarily to the case of classical physics. Moreover, f(x), namely the evaluation of
an observable f at a point x, is not defined. However, the notion of observable still exists and
x(f) has a meaning, provided that x is a state, a noncommutative equivalent of the notion of
character of an algebra that can evaluate the observables f .

This striking similarity between noncommutative geometry and quantum theory is very im-
portant and constitutes a source of the development of noncommutative geometry and its ap-
plications in physics. In fact, any C∗-algebra (commutative or not) is isomorphic to a closed
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subalgebra of the algebra of bounded operators on a Hilbert space. This shows that noncommu-
tative geometry is well suited to the formalism of quantum physics.

Noncommutative geometry provides new mathematical notions that can be used to extend
the fundamental aspect of noncommutativity of observables to spacetime itself. The two theories
of fundamental interactions, namely quantum field theory (standard model) for the strong and
electroweak interactions and general relativity for the gravitational interaction, are not based on
the same mathematical formalism. The first one is based on a quantum point of view, while the
latter one is classical. Moreover, spacetime itself is not considered the same way by these two
theories. In quantum field theory, spacetime is fixed (Minkowskian flat spacetime) while in general
relativity, spacetime is dynamical and gravitational effects are consequences of the curvature of
the spacetime metric. These fundamental differences are not problematic if we study a physical
phenomenon for which gravitational interaction can be neglected or inversely for which quantum
effects can be neglected. Indeed, both theories are very powerful in their respective domain of
application.

However, for the study of phenomena that manifestly involve all known interactions (compact
objects, black holes, big-bang), it is necessary to make these theories compatible, and to reunite
them under a unique coherent mathematical formalism. The main idea that has been conside-
red by theoretical physicists is to develop a generalization of quantum field theory in order to
incorporate gravitation, or in other words, to quantize gravity.

The pursuit of this goal has been realized through various approaches. One of these approaches
is string theory, which is based on an increase in the number of dimensions, certain dimensions
being compactified, and another approach is loop quantum gravity, which uses a spin foam
structure for spacetime without using a background spacetime metric, contrarily to string theory.
None of these theories have been confirmed by experiments yet, and theoretical predictions are
difficult to obtain.

The approach suggested by noncommutative geometry is based on a noncommutative gene-
ralization of the Lorentzian manifold which represents spacetime. By introducing noncommuta-
tivity at the spacetime level, this approach allows to apprehend the impossibility of spacetime
continuity, as suggested by quantum mechanics, and the intrinsic limit associated to Planck
length lp =

√
G~
c3
≈ 10−33 cm. Actually, this approach successfully unified, at the classical level,

the three interactions of the standard model with gravitation, and provided a geometric inter-
pretation of the Higgs mechanism in particle physics. The fundamental object at the interface
between noncommutative geometry and quantum field theory is the notion of spectral triple,
which is a noncommutative generalization of the notion of spin Riemannian manifold, the star-
ting point for the construction of physical theories. By considering an “almost commutative”
spectral triple, that is to say the product of a commutative spectral triple (a compact Rie-
mannian spin manifold, describing the “continuous” spacetime), by a zero dimensional spectral
triple (based on a matricial algebra), it is possible to simultaneously recover the standard model
and general relativity. The fundamental ingredient in this unifying theory is the Chamseddine–
Connes spectral action S = Tr Φ(D/Λ), which is an action functional defined on the preceding
almost commutative spectral triple and which is defined through the spectrum of the Dirac ope-
rator D associated to this spectral triple, where Φ is a cut-off function and Λ is a mass scale
parameter. Specifically, the spectral action unifies the electroweak, strong and gravitational in-
teractions [17,21–25,33,37,86,87,131,136], and corresponds to the number of eigenvalues of the
Dirac operator that are less or equal to a given mass scale Λ. By proceeding to a fluctuation
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of the metric, that is to say, a generalized gauge transformation associated to the unitary ele-
ments of the spectral triple algebra, it is possible, by expanding the spectral action in powers
of Λ, to recover the standard model Lagrangian, coupled to the Einstein–Hilbert gravitational
Lagrangian.

Another very important question associated to applications in physics of noncommutative
geometry concepts concerns the renormalization in quantum field theory. Renormalization is a
fundamental mathematical process that extracts physical information (finite numerical quanti-
ties) from mathematical expressions corresponding to infinite quantities. It has been shown [35,95]
that the combinatorics of the perturbative renormalization in quantum field theory are related
to the theory of Hopf algebras, which are the noncommutative Lie groups of symmetry in the
language of noncommutative geometry. Moreover, Dixmier trace and Wodzicki residue, which
are related to renormalization, have been extended by Connes [28, 29] in the noncommutative
setting of spectral triples. Thus, we expect that conceptual aspects of renormalization can be
incorporated in a noncommutative formalism of quantum field theory.

In this thesis, we discussed certain mathematical issues related to the computation of the
spectral action on some fundamental noncommutative spectral triples, such as the noncommu-
tative torus and the quantum 3-sphere SUq(2). We also studied the question of existence of
tadpoles (linear terms in the potential A of the fluctuation of the metric in the spectral action)
in the case of commutative Riemannian geometries, and the construction of a symbolic global
pseudodifferential calculus allowing a generalization of the Weyl–Moyal product on a Schwartz
space of rapidly decaying sections on a cotangent bundle of a manifold with linearization.

This text is divided into 5 chapters.
The first and second chapters present the work done in collaboration with Driss Essouabri,

Bruno Iochum and Andrzej Sitarz in the paper Spectral action on noncommutative torus [53].
The first chapter is a review of definitions and properties about spectral triples, pseudodif-

ferential calculus and spectral action. We establish in section 1.3 some results about residues of
zeta functions ζDA that will be used subsequently in chapter 2, 3. We also see some properties
about linear terms in spectral actions (tadpoles) which will be used in chapter 4.

We compute, in the second chapter, the spectral action on noncommutative torus through
heat kernel expansion and residues of Hurwitz–Epstein zeta functions. The computation is based
on expansions of terms

∫
|DA|−k, ζDA(0), as noncommutative integrals of certain pseudodifferen-

tial operators. We applied these results to the n-noncommutative torus
(
C∞(T nΘ ),H,D

)
, which

is a simple spectral triple. The full spectral action obtained on the noncommutative torus is, in
dimension 4,

S(DA,Φ,Λ) = 8π2 Φ4 Λ4 − 4π2

3 Φ(0) τ(FµνFµν) +O(Λ−2),

which shows that a new noncommutative Yang–Mills term τ(FµνFµν), where Fµν := δµ(Aν) −
δν(Aµ) − [Aµ, Aν ], replaces the standard one. For the computation, we had to investigate holo-
morphic continuation of certain series of zeta functions. In particular, we saw that a Diophantine
constraint on the Θ matrix of deformation naturally appears as crucial in the computation of the
spectral action, when the reality operator J is taken into account. In other words, a Diophantine
condition on Θ appears when the perturbation D → D + A+ εJAJ−1 is considered, but is not
needed for a perturbation of the type D → D +A, where A is a selfadjoint one form.

The third chapter presents the work done in collaboration with Bruno Iochum and Andrzej
Sitarz in the paper Spectral action on SUq(2) [82]. The spectral triple based on the SUq(2)
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quantum group can be seen as q-deformed noncommutative 3-sphere [48]. We compute the full
spectral action on SUq(2) by taking into account the real structure J . The dimension spectrum of
SUq(2) being a finite set, there is only a finite number of terms in the spectral action expansion.
Moreover, it appears that tadpoles exist on SUq(2). We show that the action depends on q and
the limit q → 1 does not exist automatically. When it exists, such limit does not lead to the
associated action on the commutative sphere S3. On SUq(2), we show that the sign F of the
Dirac operator has very special properties: first, it commutes modulo OP−∞ with the algebra,
and second, it can be seen as a selfadjoint one-form, giving terms which are independent of q in
the spectral action. In order to obtain the spectral action, we used the previous pseudodifferential
calculus defined in chapter 1 and a Poincaré–Birkhoff–Witt decomposition of 1-forms. It appears
that a very special multiplicative behavior of noncommutative integrals with the real structure
J holds on SUq(2): indeed, we show in section 2.4.6 that∫

− AJBJ−1|D|−3 = 1
2

∫
− A|D|−3

∫
− B|D|−3

where A and B are δ-1-forms (linear combinations of terms of the form a[|D|, b] with a, b ∈ A).
These results prove that the spectral action on SUq(2) is completely determined by the terms∫

− Aq|D|−p, 1 ≤ q ≤ p ≤ 3 ,

where A is a δ-1-form. We then tackle the precise computation of these noncommutative integrals.
In order to realize these computations, we establish a differential calculus up to some ideal R in
pseudodifferential operators.

The fourth chapter presents the work done in collaboration with Bruno Iochum in the paper
Tadpoles and commutative spectral triples [83]. In quantum field theory, a tadpole is a one-loop
Feynman diagram with one external line, giving a contribution to the vacuum expectation value
of the field. In the setting of noncommutative geometry, these diagrams are represented by linear
terms in the Chamseddine–Connes spectral action. We show in this chapter that there are no
tadpoles of any order in the spectral action of compact spin manifolds without boundary, and no
tadpoles of order less that 5 on manifolds with boundary with chiral boundary condition. Using
pseudodifferential techniques and Wodzicki residue, we track zero terms in spectral actions of
compact spin manifolds. We expect that most of these results can be extended to manifolds with
boundary under very general boundary conditions.

The fifth chapter presents a work [101] about global pseudodifferential calculus on manifold
with linearization. In [59], Gayral et al. have established a remarkable link between deformation
quantization and Connes’ noncommutative geometry. It has been proven that Moyal planes are
(noncompact) spectral triples. The Moyal product is a star-product defined on the Schwartz space
S(R2n) and yields a Fréchet pre-C∗-algebra structure on that space. The noncompact spectral
triple described in [59] was built on this algebra.

We propose in this chapter the construction of a global pseudodifferential calculus that allows
to extend the construction of the Moyal product to more general spaces, the main goal being the
construction of new noncommutative spectral triples based on deformation quantization star-
products. Specifically, the Moyal product that we obtain is defined on the Schwartz space of
rapidly decaying functions on the cotangent bundle of a manifold. It corresponds to the transfer
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in the symbol space of the kernel convolution product through a quantization isomorphism.
We consider the case of manifolds M with linearization in the sense of Bokobza-Haggiag [9],
such that the associated (abstract) exponential map provides global diffeomorphisms of M with
Rn at any point. Cartan–Hadamard manifolds are special cases of such manifolds. The abstract
exponential map encodes a notion of infinity on the manifold that allows, modulo some hypothesis
of Sσ-bounded geometry, to define the Schwartz space of rapidly decaying functions, globally
defined Fourier transformation and classes of symbols with uniform and decaying control over
the x variable. Given a linearization on the manifold with some properties of control at infinity,
we construct symbol maps and λ-quantization, explicit Moyal star-product on the cotangent
bundle, and classes of pseudodifferential operators. We show that these classes are stable under
composition, and that the λ-quantization map gives an algebra isomorphism (which depends
on the linearization) between symbols and pseudodifferential operators. We study L2-continuity
and give some examples. We show in particular that the hyperbolic 2-space H has a S1-bounded
geometry, allowing the construction of a global symbol calculus of pseudodifferential operators,
and an intrinsic Moyal product on S(H).

A summary in French of this thesis is given in appendix.
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Chapitre 1

Spectral action on spectral triples

1.1 Introduction

The spectral action introduced by Chamseddine–Connes [21] plays an important role in non-
commutative geometry. More precisely, given a spectral triple (A,H,D) where A is an algebra
acting on the Hilbert space H and D is a Dirac-like operator (see [28, 68]), they proposed a
physical action depending only on the spectrum of the covariant Dirac operator

DA := D +A+ ε JAJ−1 (1.1)

where A is a one-form represented on H, so has the decomposition

A =
∑
i

ai[D, bi], (1.2)

with ai, bi ∈ A, J is a real structure on the triple corresponding to charge conjugation and
ε ∈ { 1,−1 } depending on the dimension of this triple and comes from the commutation relation

JD = εDJ. (1.3)

In this chapter, we revisit the notions of pseudodifferential operators on spectral triples,
zeta functions, noncommutative integral, dimension spectrum and spectral action. The reality
operator J is incorporated and we pay a particular attention to kernels of operators which can
play a role in the constant (scale invariant) term of the spectral action.

1.2 Noncommutative integration on a simple spectral triple

1.2.1 Pseudodifferential operators on spectral triples

Noncommutative geometry, with its notion of spectral triple, provides a minimal data which
allows to start doing quantum field theory.

Definition 1.2.1. A triplet (A,H,D) is called a spectral triple if A is a unital ∗-algebra faithfully
represented as bounded operators on the Hilbert space H, and D is a selfadjoint operator with
compact resolvent such that all commutators [D, a] are bounded for a ∈ A.

A spectral triple is finitely summable, with dimension n, if the resolvent set of D has charac-
teristic values λj = O(j−1/n) when j →∞.

A spectral triple is said regular if A and [D,A] are in ∩k∈N Dom δk where δ(T ) := [|D|, T ].
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If n is even, we shall suppose that there is a Z/2-grading χ (the chirality operator) which
commutes with any element of A and anticommutes with D. In this formalism, D plays the role
of the Dirac operator in classical Riemannian spin geometry. In other words, D−1 will represent
the (Euclidean) fermion propagator. In order to have a charge conjugation in our theory, one
adds a real structure, which brings an antiunitary operator J which commutes or anticommutes
with D. In this setting, the gauge bosons will be seen as inner fluctuation of the Dirac operator
D → DA := D +A+ εJAJ−1, where A is a selfadjoint 1-form, which is an operator of the form∑
ai [D, bi], where ai and bi are in A.
The notion of real structure on a finite summable spectral triple is related to realK-homology,

and is defined by:

Definition 1.2.2. A real structure J on a finitely summable spectral triple (A,H,D) of dimen-
sion n is an antilinear isometry J such that JD = εDJ , J2 = ε′, Jχ = ε′′χJ (even case), where
ε, ε′, ε′′ ∈ {−1, 1 } and satisfy the following table

n mod 8 0 1 2 3 4 5 6 7
J2 = ±1 + + − − − − + +

JD = ±DJ + − + + + − + +
Jχ = ±χJ + − + −

Moreover, any element of JAJ−1 commutes with any element of A ∪ [D,A].
A spectral triple (A,H,D) endowed with a real structure J is called a real spectral triple.

Remark that the notion of spectral triple can actually be extended to the framework of von
Neumann algebras [6].

For a given 1-form A on a spectral triple (A,H,D), we will have to compare here the kernels
of D and DA. Note first that they are finite dimensional:

Lemma 1.2.3. Let (A,H,D) be a spectral triple with a reality operator J and chirality χ. If
A ∈ Ω1

D is a one-form, the fluctuated Dirac operator

DA := D +A+ εJAJ−1

is an operator with compact resolvent, and in particular its kernel KerDA is a finite dimensional
space. This space is invariant by J and χ.

Proof. Let T be a bounded operator and let z be in the resolvent set of D + T and z′ be in the
resolvent set of D. Then

(D + T − z)−1 = (D − z′)−1 [1− (T + z′ − z)(D + T − z)−1].

Since (D − z′)−1 is compact by hypothesis and since the term in bracket is bounded, D+ T has
compact resolvent. Applying this to T = A + εJAJ−1, DA has a finite dimensional kernel (see
for instance [91, Theorem 6.29]).

Since according to the dimension, J2 = ±1, J commutes or anticommutes with χ, χ commutes
with the elements in the algebra A and Dχ = −χD (see [30] or [68, p. 405]), we get DAχ = −χDA
and DAJ = ±JDA which gives the result.
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We now set (A,D,H, J) a given real regular spectral triple of dimension n and A a selfadjoint
one-form. We denote

P0 the projection on KerD , PA the projection on KerDA ,
D := D + P0 , DA := DA + PA .

P0 and PA are thus finite-rank selfadjoint bounded operators. Remark that D and DA are
selfadjoint invertible operators with compact inverses.

Remark 1.2.4. Since we only need to compute the residues and the value at 0 of the ζD, ζDA
functions, it is not necessary to define the operators D−1 or D−1

A and the associated zeta functions.
However, we can remark that all the work presented here could be done using the process of Higson
in [79] which proves that we can add any smoothing operator to D or DA such that the result
is invertible without changing anything to the computation of residues (see also [37], where this
question is considered).

Define for any α ∈ R

OP 0 := {T : t 7→ Ft(T ) ∈ C∞
(
R,B(H)

)
},

OPα := {T : T |D|−α ∈ OP 0 }.

where Ft(T ) := eit|D| T e−it|D| = eit|D| T e−it|D| since |D| = |D|+ P0. Define

δ(T ) := [|D|, T ],

∇(T ) := [D2, T ],
σs(T ) := |D|sT |D|−s, s ∈ C.

It has been shown in [38] that OP 0 =
⋂
p≥0 Dom(δp). In particular, OP 0 is a subalgebra of B(H)

(while elements of OPα are not necessarily bounded for α > 0) and A ⊆ OP 0, JAJ−1 ⊆ OP 0,
[D,A] ⊆ OP 0. Note that P0 ∈ OP−∞ and δ(OP 0) ⊆ OP 0.

For any t > 0, Dt and |D|t are in OP t and for any α ∈ R, Dα and |D|α are in OPα. By
hypothesis, |D|−n ∈ L(1,∞)(H) so for any α > n, OP−α ⊆ L1(H).

Lemma 1.2.5. [38]
(i) For any T ∈ OP 0 and s ∈ C, σs(T ) ∈ OP 0.
(ii) For any α, β ∈ R, OPαOP β ⊆ OPα+β.
(iii) If α ≤ β, OPα ⊆ OP β.
(iv) For any α, δ(OPα) ⊆ OPα.
(v) For any α and T ∈ OPα, ∇(T ) ∈ OPα+1.

Proof. (i) We have |D|T |D|−1 = T + δ(T )|D|−1 and |D|−1T |D| = T − |D|−1δ(T ). A recur-
rence proves that for any k ∈ N, |D|kT |D|−k =

∑k
q=0

(
q
k

)
δq(T )|D|−q and we get |D|−kT |D|k =∑k

q=0(−1)q
(
q
k

)
|D|−qδq(T ).

As a consequence, since T , |D|−q and δq(T ) are in OP 0 for any q ∈ N, for any k ∈ Z,
|D|kT |D|−k ∈ OP 0. Let us fix p ∈ N0 and define Fp(s) := δp(|D|sT |D|−s) for s ∈ C. Since for
k ∈ Z, Fp(k) is bounded, a complex interpolation proves that Fp(s) is bounded, which gives
|D|sT |D|−s ∈ OP 0.
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(ii) Let T ∈ OPα and T ′ ∈ OP β . Thus, T |D|−α, T ′|D|−β are in OP 0. By (i) we get
|D|βT |D|−α|D|−β ∈ OP 0, so T ′|D|−β|D|βT |D|−β−α ∈ OP 0. Thus, T ′T |D|−(α+β) ∈ OP 0.
(iii) For T ∈ OPα, |D|α−β and T |D|−α are in OP 0, thus T |D|−β = T |D|−α|D|α−β ∈ OP 0.
(iv) follows from δ(OP 0) ⊆ OP 0.
(v) Since ∇(T ) = δ(T )|D|+ |D|δ(T )− [P0, T ], the result follows from (ii), (iv) and the fact that
P0 is in OP−∞.

Remark 1.2.6. Any operator in OPα, where α ∈ R, extends as a continuous linear operator
from Dom |D|α+1 to Dom |D| where the Dom |D|α spaces have their natural norms (see [38,79]).

We now introduce a definition of pseudodifferential operators in a slightly different way than
in [29, 38, 79] which in particular pays attention to the reality operator J and the kernel of D
and allows D and |D|−1 to be pseudodifferential operators. It is more in the spirit of [22].

Definition 1.2.7. Let us define D(A) as the polynomial algebra generated by A, JAJ−1, D
and |D|.

A pseudodifferential operator is an operator T such that there exists d ∈ Z such that for any
N ∈ N, there exist p ∈ N0, P ∈ D(A) and R ∈ OP−N (p, P and R may depend on N) such that
P D−2p ∈ OP d and

T = P D−2p +R .

Define Ψ(A) as the set of pseudodifferential operators and Ψ(A)k := Ψ(A) ∩OP k.

Note that if A is a 1-form, A and JAJ−1 are in D(A) and moreover D(A) ⊆ ∪p∈N0OP
p.

Since |D| ∈ D(A) by construction and P0 is a pseudodifferential operator, for any p ∈ Z, |D|p is
a pseudodifferential operator (in OP p). Let us remark also that D(A) ⊆ Ψ(A) ⊆ ∪k∈ZOP

k.

Lemma 1.2.8. [29,38] The set of all pseudodifferential operators Ψ(A) is an algebra. Moreover,
if T ∈ Ψ(A)d and T ∈ Ψ(A)d

′ , then TT ′ ∈ Ψ(A)d+d′.

Proof. The non-trivial part of the proof is the stability under the product of operators. Let
T, T ′ ∈ Ψ(A). There exist d, d′ ∈ Z such that for any N ∈ N, N > |d|+ |d′|, there exist P, P ′ in
D(A), p, p′ ∈ N0, R ∈ OP−N−d

′ , R′ ∈ OP−N−d such that T = PD−2p +R, T ′ = P ′D−2p′ +R′,
PD−2p ∈ OP d and P ′D−2p′ ∈ OP d′ .

Thus, TT ′ = PD−2pP ′D−2p′ +RP ′D−2p′ + PD−2pR′ +RR′.
We also have RP ′D−2p′ ∈ OP−N−d′+d′ = OP−N and similarly, PD−2pR′ ∈ OP−N . Since

RR′ ∈ OP−2N , we get
TT ′ ∼ PD−2pP ′D−2p′ mod OP−N .

If p = 0, then TT ′ ∼ QD−2p′ mod OP−N where Q = PP ′ ∈ D(A) and QD−2p′ ∈ OP d+d′ .
Suppose p 6= 0. A recurrence proves that for any q ∈ N0,

D−2P ′ ∼
q∑

k=0

(−1)k∇k(P ′)D−2k−2 + (−1)q+1D−2∇q+1(P ′)D−2q−2 mod OP−∞ .

By Lemma 1.2.5 (v), the remainder is in OP d′+2p′−q−3, since P ′ ∈ OP d′+2p′ . Another recurrence
gives for any q ∈ N0,

D−2pP ′ ∼
q∑

k1,··· ,kp=0

(−1)|k|1∇|k|1(P ′)D−2|k|1−2p mod OP d
′+2p′−q−1−2p.
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Thus, with qN = N + d+ d′ − 1,

TT ′ ∼
qN∑

k1,··· ,kp=0

(−1)|k|1P∇|k|1(P ′)D−2|k|1−2(p+p′) mod OP−N .

The last sum can be written QND
−2rN where rN := p qN + (p + p′). Since QN ∈ D(A) and

QND
−2rN ∈ OP d+d′ , the result follows.

It is convenient to also introduce

Definition 1.2.9. Let D1(A) be the algebra generated by A, JAJ−1 and D, and Ψ1(A) be the
set of pseudodifferential operators constructed as before with D1(A) instead of D(A). Note that
Ψ1(A) is subalgebra of Ψ(A).

Remark that Ψ1(A) does not necessarily contain operators such as |D|k where k ∈ Z is odd.
This algebra is similar to the one defined in [22].

1.2.2 Zeta functions, noncommutative integral and spectral action

For any operator B and if X is either D or DA, we define

ζBX(s) := Tr
(
B|X|−s

)
,

ζX(s) := Tr
(
|X|−s

)
.

The dimension spectrum Sd(A,H,D) of a spectral triple has been defined in [29, 38]. It is
extended here to pay attention to the operator J and to our definition of pseudodifferential
operator.

Definition 1.2.10. The spectrum dimension of the spectral triple is the subset Sd(A,H,D) of
all poles of the functions ζPD : s 7→ Tr

(
P |D|−s

)
where P is any pseudodifferential operator in

OP 0. The spectral triple (A,H,D) is simple when these poles are all simple.

Remark 1.2.11. If Sp(A,H,D) denotes the set of all poles of the functions s 7→ Tr
(
P |D|−s

)
where P is any pseudodifferential operator, then, Sd(A,H,D) ⊆ Sp(A,H,D).

When Sp(A,H,D) = Z, Sd(A,H,D) = {n−k : k ∈ N0 }: indeed, if P is a pseudodifferential
operator in OP 0, and q ∈ N is such that q > n, P |D|−s is in OP−<(s) so is trace-class for s in
a neighborhood of q; as a consequence, q cannot be a pole of s 7→ Tr

(
P |D|−s

)
.

Remark 1.2.12. Sp(A,H,D) is also the set of poles of functions s 7→ Tr
(
B|D|−s−2p

)
where

p ∈ N0 and B ∈ D(A).

Introducing the notation (recall that ∇(T ) = [D2, T ]) for an operator T ,

ε(T ) := ∇(T )D−2,

we get from [22, (2.44)] the following expansion for T ∈ OP q

σz(T ) ∼
N∑
r=0

g(z, r) εr(T ) mod OP−N−1+q (1.4)
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where g(z, r) := 1
r!(

z
2) · · · ( z2 − (r − 1)) =

(
z/2
r

)
with the convention g(z, 0) := 1.

We define the noncommutative integral by∫
− T := Res

s=0
ζTD(s) = Res

s=0
Tr
(
T |D|−s

)
.

The noncommutative integral plays the role of the Wodzicki residue in a spectral triple setting.

Proposition 1.2.13. [38] If the spectral triple is simple,
∫
is a trace on Ψ(A).

Proof. Let P ∈ OP k1 , Q ∈ OP k2 ∈ Ψ(A). With [Q, |D|−s] =
(
Q − σ−s(Q)

)
|D|−s and the

equivalence Q− σ−s(Q) ∼ −
∑N

r=1 g(−s, r) εr(Q) mod OP−N−1+k2 , we get

P [Q, |D|−s] ∼ −
N∑
r=1

g(−s, r)Pεr(Q)|D|−s mod OP−N−1+k1+k2−<(s)

which gives, if we choose N = n+ k1 + k2,

Res
s=0

Tr
(
P [Q, |D|−s]

)
= −

n+k1+k2∑
r=1

Res
s=0

g(−s, r) Tr
(
Pεr(Q)|D|−s

)
.

By hypothesis s 7→ Tr
(
Pεr(Q)|D|−s

)
has only simple poles. Thus, since s = 0 is a zero of the

analytic function s 7→ g(−s, r) for any r ≥ 1, we have Res
s=0

g(−s, r) Tr
(
Pεr(Q)|D|−s

)
= 0, which

entails that Res
s=0

Tr
(
P [Q, |D|−s]

)
= 0 and thus

∫
− PQ = Res

s=0
Tr
(
P |D|−sQ

)
.

When s ∈ C with <(s) > 2 max(k1 + n + 1, k2), the operator P |D|−s/2 is trace-class while
|D|−s/2Q is bounded, so Tr

(
P |D|−sQ

)
= Tr

(
|D|−s/2QP |D|−s/2

)
= Tr

(
σ−s/2(QP )|D|−s

)
. Thus,

using (1.4) again,

Res
s=0

Tr
(
P |D|−sQ

)
=
∫
− QP +

n+k1+k2∑
r=1

Res
s=0

g(−s/2, r) Tr
(
εr(QP )|D|−s

)
.

As before, for any r ≥ 1, Res
s=0

g(−s/2, r) Tr
(
εr(QP )|D|−s

)
= 0 since g(0, r) = 0 and the spectral

triple is simple. Finally,

Res
s=0

Tr
(
P |D|−sQ

)
=
∫
− QP.

which yields the result.

On a spectral triple (A,H,D), the role of the action is played by the “spectral action” as
introduced by A. Chamseddine and A. Connes:

S(DA,Φ,Λ) := Tr
(
Φ(DA/Λ)

)
(1.5)
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where Φ is any even positive cut-off function which could be replaced by a step function up
to some mathematical difficulties investigated in [54] and Λ fixes the mass scale. This means
that S counts the spectral values of |DA| less than the mass scale Λ (note that the resolvent set
of DA is compact since, by assumption, the same is true for D, see Lemma 1.2.3 below). The
Chamseddine–Connes spectral action principle asserts that (see [37, p. 197]) the spectral action
is the fundamental action functional S that can be used both at the classical level to compare
different geometric spaces and at the quantum level in the functional integral formulation, after
Wick rotation to Euclidean signature. In other words, the functional S(DA,Φ,Λ) which is related
to the spectrum of the Dirac operator D, contains all physical information of the (geometrized)
quantum field theory associated to the triple (A,H,D). It is therefore crucial to be able to
compute it on some fundamental examples. This spectral action is known on few examples:
[17, 22, 24, 37, 53, 60–62, 69, 93]. We will study the case of the noncommutative torus in chapter
2, and the case of SUq(2) in chapter 3. We shall investigate in chapter 4 some questions about
tadpoles, which are the linear terms in A in the spectral action. In the case of a spectral triple
with simple dimension spectrum, we have (see for instance [37, Theorem 1.145])

S(DA,Φ,Λ) =
∑

0<k∈Sd+

Φk Λk
∫
− |DA|−k + Φ(0) ζDA(0) +O(Λ−1), (1.6)

where Φk = 1
2

∫∞
0 Φ(t) tk/2−1 dt and Sd+ is the strictly positive part of the spectrum dimension

of (A,H,D). Thus, the main problem is the computation of the
∫
|DA|−k, ζDA(0) terms. We

consider this question in the following section.

1.3 Residues of ζDA
for a spectral triple with simple dimension

spectrum

We fix a regular real spectral triple (A,H,D, J) of dimension n and a self-adjoint 1-form A.
Recall that

DA := D + Ã where Ã := A+ εJAJ−1,

DA := DA + PA

where PA is the projection on KerDA. Remark that Ã ∈ D(A) ∩OP 0 and DA ∈ D(A) ∩OP 1.
We denote

VA := PA − P0.

As the following lemma shows, VA is a smoothing operator:

Lemma 1.3.1. (i)
⋂
k≥1 Dom(DA)k ⊆

⋂
k≥1 Dom |D|k.

(ii) KerDA ⊆
⋂
k≥1 Dom |D|k.

(iii) For any α, β ∈ R, |D|βPA|D|α is bounded.
(iv) PA ∈ OP−∞.

Proof. (i) Let us define for any p ∈ N, Rp := (DA)p −Dp, so Rp ∈ OP p−1 and Rp
(

Dom |D|p
)
⊆

Dom |D| (see Remark 1.2.6).
Let us fix k ∈ N, k ≥ 2. Since DomDA = DomD = Dom |D|, we have

Dom(DA)k = {φ ∈ Dom |D| : (Dj +Rj)φ ∈ Dom |D| , ∀j 1 ≤ j ≤ k − 1 }.
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Let φ ∈ Dom(DA)k. We prove by recurrence that for any j ∈ { 1, · · · , k − 1 }, φ ∈ Dom |D|j+1:
We have φ ∈ Dom |D| and (D+R1)φ ∈ Dom |D|. Thus, sinceR1 φ ∈ Dom |D|,Dφ ∈ Dom |D|,

which proves that φ ∈ Dom |D|2. Hence, case j = 1 is done.
Suppose now that φ ∈ Dom |D|j+1 for a j ∈ { 1, · · · , k−2 }. Since (Dj+1+Rj+1)φ ∈ Dom |D|,

and Rj+1 φ ∈ Dom |D|, we get Dj+1 φ ∈ Dom |D|, which proves that φ ∈ Dom |D|j+2.
Finally, if we set j = k − 1, we get φ ∈ Dom |D|k, so Dom(DA)k ⊆ Dom |D|k.
(ii) follows from KerDA ⊆

⋂
k≥1 Dom(DA)k and (i).

(iii) Let us first check that |D|αPA is bounded. We define D0 as the operator with domain
DomD0 = ImPA ∩Dom |D|α and such that D0 φ = |D|α φ. Since DomD0 is finite dimensional,
D0 extends as a bounded operator on H with finite rank. We have

sup
φ∈Dom |D|αPA, ‖φ‖≤1

‖|D|αPA φ‖ ≤ sup
φ∈DomD0, ‖φ‖≤1

‖|D|α φ‖ = ‖D0‖ <∞

so |D|αPA is bounded. We can remark that by (ii), DomD0 = ImPA and Dom |D|αPA = H.
Let us prove now that PA|D|α is bounded: Let φ ∈ DomPA|D|α = Dom |D|α. By (ii), we

have ImPA ⊆ Dom |D|α so we get

‖PA|D|α φ‖ ≤ sup
ψ∈ImPA, ‖ψ‖≤1

| < ψ, |D|α φ > | ≤ sup
ψ∈ImPA, ‖ψ‖≤1

| < |D|αψ, φ > |

≤ sup
ψ∈ImPA, ‖ψ‖≤1

‖|D|αψ‖ ‖φ‖ = ‖D0‖ ‖φ‖ .

(iv) For any k ∈ N0 and t ∈ R, δk(PA)|D|t is a linear combination of terms of the form
|D|βPA|D|α, so the result follows from (iii).

Remark 1.3.2. We will see later on the noncommutative torus example how important is the
difference between DA and D+A. In particular, the inclusion KerD ⊆ KerD+A is not satisfied
since A does not preserve KerD contrarily to Ã.

The coefficient of the nonconstant term Λk (k > 0) in the expansion (1.6) of the spectral
action S(DA,Φ,Λ) is equal to the residue of ζDA(s) at k. We will see in this section how we can
compute these residues in term of noncommutative integral of certain operators.

Define for any operator T , p ∈ N, s ∈ C,

Kp(T, s) := (− s
2)p
∫

0≤t1≤···≤tp≤1
σ−st1(T ) · · ·σ−stp(T ) dt

with dt := dt1 · · · dtp.
Remark that if T ∈ OPα, then σz(T ) ∈ OPα for z ∈ C and Kp(T, s) ∈ OPαp.
Let us define

X := D2
A −D2 = ÃD +DÃ+ Ã2,

XV := X + VA,

thus X ∈ D1(A) ∩OP 1 and by Lemma 1.3.1,

XV ∼ X mod OP−∞. (1.7)
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We will use
Y := log(D2

A)− log(D2)

which makes sense since D2
A = D2

A + PA is invertible for any A.
By definition of XV , we get

Y = log(D2 +XV )− log(D2).

Remark that most of the results that we will present here are based on the fact that DA −D is
a pseudodifferential operator of order 0.

Lemma 1.3.3. [22]
(i) Y is a pseudodifferential operator in OP−1 with the following expansion for any N ∈ N

Y ∼
N∑
p=1

N−p∑
k1,··· ,kp=0

(−1)|k|1+p+1

|k|1+p ∇kp(X∇kp−1(· · ·X∇k1(X) · · · ))D−2(|k|1+p) mod OP−N−1.

(ii) For any N ∈ N and s ∈ C,

|DA|−s ∼ |D|−s +
N∑
p=1

Kp(Y, s)|D|−s mod OP−N−1−<(s). (1.8)

Proof. (i) We follow [22, Lemma 2.2]. By functional calculus, Y =
∫∞

0 I(λ) dλ, where

I(λ) ∼
N∑
p=1

(−1)p+1
(
(D2 + λ)−1XV

)p(D2 + λ)−1 mod OP−N−3.

By (1.7),
(
(D2 + λ)−1XV

)p ∼ ((D2 + λ)−1X
)p mod OP−∞ and we get

I(λ) ∼
N∑
p=1

(−1)p+1
(
(D2 + λ)−1X

)p(D2 + λ)−1 mod OP−N−3.

We set Ap(X) :=
(
(D2 + λ)−1X

)p(D2 + λ)−1 and L := (D2 + λ)−1 ∈ OP−2 for a fixed λ. Since
[D2 +λ,X] ∼ ∇(X) mod OP−∞, a recurrence proves that if T is an operator in OP r, then, for
q ∈ N0,

A1(T ) = LTL ∼
q∑

k=0

(−1)k∇k(T )Lk+2 mod OP r−q−5.

With Ap(X) = LXAp−1(X), another recurrence gives, for any q ∈ N0,

Ap(X) ∼
q∑

k1,··· ,kp=0

(−1)|k|1∇kp(X∇kp−1(· · ·X∇k1(X) · · · ))L|k|1+p+1 mod OP−q−p−3,

which entails that

I(λ) ∼
N∑
p=1

(−1)p+1
N−p∑

k1,··· ,kp=0

(−1)|k|1∇kp(X∇kp−1(· · ·X∇k1(X) · · · ))L|k|1+p+1 mod OP−N−3.
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With
∫∞

0 (D2 +λ)−(|k|1+p+1)dλ = 1
|k|1+pD

−2(|k|1+p), we get the result provided we control the
remainders. Such a control is given in [22, (2.27)].
(ii) We have |DA|−s = eB−(s/2)Y e−B |D|−s where B := (−s/2) log(D2). Following [22, Theorem
2.4], we get

|DA|−s = |D|−s +
∞∑
p=1

Kp(Y, s)|D|−s . (1.9)

and each Kp(Y, s) is in OP−p.

Corollary 1.3.4. For any p ∈ N and r1, · · · , rp ∈ N0, εr1(Y ) · · · εrp(Y ) ∈ Ψ1(A).

Proof. If for any q ∈ N and k = (k1, · · · , kq) ∈ Nq
0,

Γkq (X) := (−1)|k|1+q+1

|k|1+q ∇kq(X∇kq−1(· · ·X∇k1(X) · · · )),

then, Γkq (X) ∈ OP |k|1+q. For any N ∈ N,

Y ∼
N∑
q=1

N−q∑
k1,··· ,kq=0

Γkq (X)D−2(|k|1+q) mod OP−N−1. (1.10)

Note that the Γkq (X) are in D1(A), which, with (1.10) proves that Y and thus εr(Y ) =
∇r(Y )D−2r, are also in Ψ1(A).

We remark, as in [32], that the fluctuations leave invariant the first term of the spectral action
(1.6). This is a generalization of the fact that in the commutative case, the noncommutative
integral

∫
|D|−n, where n is the dimension of the manifold, only depends on the principal symbol

of the Dirac operator D and this symbol is stable by adding a gauge potential like in D + A.
Note however that the symmetrized gauge potential A+ εJAJ−1 is always zero in this case for
any selfadjoint one-form A.

Lemma 1.3.5. If the spectral triple is simple,

ζDA(0)− ζD(0) =
n∑
q=1

(−1)q

q

∫
−(ÃD−1)q. (1.11)

Proof. Since the spectral triple is simple, equation (1.9) entails that

ζDA(0)− ζD(0) = Tr(K1(Y, s)|D|−s)|s=0 .

Thus, with (1.4), we get ζDA(0)− ζD(0) = −1
2

∫
Y . Replacing A by Ã, the same proof as in [22]

gives

−1
2

∫
− Y =

n∑
q=1

(−1)q

q

∫
−(ÃD−1)q.
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Lemma 1.3.6. For any k ∈ N0,

Res
s=n−k

ζDA(s) = Res
s=n−k

ζD(s) +
k∑
p=1

k−p∑
r1,··· ,rp=0

Res
s=n−k

h(s, r, p) Tr
(
εr1(Y ) · · · εrp(Y )|D|−s

)
,

where
h(s, r, p) := (−s/2)p

∫
0≤t1≤···≤tp≤1

g(−st1, r1) · · · g(−stp, rp) dt .

Proof. By Lemma 1.3.3 (ii), |DA|−s ∼ |D|−s +
∑k

p=1Kp(Y, s)|D|−s mod OP−(k+1)−<(s), where
the convention

∑
∅ = 0 is used. Thus, we get for s in a neighborhood of n− k,

|DA|−s − |D|−s −
k∑
p=1

Kp(Y, s)|D|−s ∈ OP−(k+1)−<(s) ⊆ L1(H)

which gives

Res
s=n−k

ζDA(s) = Res
s=n−k

ζD(s) +
k∑
p=1

Res
s=n−k

Tr
(
Kp(Y, s)|D|−s

)
. (1.12)

Let us fix 1 ≤ p ≤ k and N ∈ N. By (1.4) we get

Kp(Y, s) ∼ (− s
2)p
∫

0≤t1≤···tp≤1

N∑
r1,··· ,rp=0

g(−st1, r1) · · · g(−stp, rp)

εr1(Y ) · · · εrp(Y ) dt mod OP−N−p−1.
(1.13)

If we now take N = k − p, we get for s in a neighborhood of n− k

Kp(Y, s)|D|−s −
k−p∑

r1,··· ,rp=0

h(s, r, p) εr1(Y ) · · · εrp(Y )|D|−s ∈ OP−k−1−<(s) ⊆ L1(H)

so (1.12) gives the result.

Our operators |DA|k are pseudodifferential operators:

Lemma 1.3.7. For any k ∈ Z, |DA|k ∈ Ψk(A).

Proof. Using (1.13), we see thatKp(Y, s) is a pseudodifferential operator in OP−p, so (1.8) proves
that |DA|k is a pseudodifferential operator in OP k.

The following result is quite important since it shows that one can use
∫
for D or DA:

Proposition 1.3.8. If the spectral triple is simple, Res
s=0

Tr
(
P |DA|−s

)
=
∫
P for any pseudodif-

ferential operator P . In particular, for any k ∈ N0∫
− |DA|−(n−k) = Res

s=n−k
ζDA(s).
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Proof. Suppose P ∈ OP k with k ∈ Z and let us fix p ≥ 1. With (1.13), we see that for any
N ∈ N,

PKp(Y, s)|D|−s ∼
N∑

r1,··· ,rp=0

h(s, r, p)Pεr1(Y ) · · · εrp(Y )|D|−s mod OP−N−p−1+k−<(s).

Thus if we take N = n− p+ k, we get

Res
s=0

Tr
(
PKp(Y, s)|D|−s

)
=

n−p+k∑
r1,··· ,rp=0

Res
s=0

h(s, r, p) Tr
(
Pεr1(Y ) · · · εrp(Y )|D|−s

)
.

Since s = 0 is a zero of the analytic function s 7→ h(s, r, p) and s 7→ TrPεr1(Y ) · · · εrp(Y )|D|−s
has only simple poles by hypothesis, we see that Res

s=0
h(s, r, p) Tr

(
Pεr1(Y ) · · · εrp(Y )|D|−s

)
= 0

and
Res
s=0

Tr
(
PKp(Y, s)|D|−s

)
= 0. (1.14)

Using (1.8), P |DA|−s ∼ P |D|−s +
∑k+n

p=1 PKp(Y, s)|D|−s mod OP−n−1−<(s) and thus,

Res
s=0

Tr(P |DA|−s) =
∫
− P +

k+n∑
p=1

Res
s=0

Tr
(
PKp(Y, s)|D|−s

)
. (1.15)

The result now follows from (1.14) and (1.15). To get the last equality, one uses the pseudodif-
ferential operator |DA|−(n−k).

Proposition 1.3.9. If the spectral triple is simple, then∫
− |DA|−n =

∫
− |D|−n. (1.16)

Proof. Lemma 1.3.6 and previous proposition for k = 0.

Lemma 1.3.10. If the spectral triple is simple,

(i)
∫
− |DA|−(n−1) =

∫
− |D|−(n−1) − (n−1

2 )
∫
− X|D|−n−1.

(ii)
∫
− |DA|−(n−2) =

∫
− |D|−(n−2) + n−2

2

(
−
∫
− X|D|−n + n

4

∫
− X2|D|−2−n).

Proof. (i) By (1.8),

Res
s=n−1

ζDA(s)− ζD(s) = Res
s=n−1

(−s/2) Tr
(
Y |D|−s

)
= −n−1

2 Res
s=0

Tr
(
Y |D|−(n−1)|D|−s

)
where for the last equality we use the simple dimension spectrum hypothesis. Lemma 1.3.3 (i)
yields Y ∼ XD−2 mod OP−2 and Y |D|−(n−1) ∼ X|D|−n−1 mod OP−n−1 ⊆ L1(H). Thus,

Res
s=0

Tr
(
Y |D|−(n−1)|D|−s

)
= Res

s=0
Tr
(
X|D|−n−1|D|−s

)
=
∫
− X|D|−n−1.
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(ii) Lemma 1.3.6 (ii) gives

Res
s=n−2

ζDA(s) = Res
s=n−2

ζD(s) + Res
s=n−2

1∑
r=0

h(s, r, 1) Tr
(
εr(Y )|D|−s

)
+ h(s, 0, 2) Tr

(
Y 2|D|−s

)
.

We have h(s, 0, 1) = − s
2 , h(s, 1, 1) = 1

2( s2)2 and h(s, 0, 2) = 1
2( s2)2. Using again Lemma 1.3.3 (i),

Y ∼ XD−2 − 1
2∇(X)D−4 − 1

2X
2D−4 mod OP−3.

Thus,

Res
s=n−2

Tr
(
Y |D|−s

)
=
∫
− X|D|−n − 1

2

∫
−(∇(X) +X2)|D|−2−n.

Moreover, using
∫
∇(X)|D|−k = 0 for any k ≥ 0 since

∫
is a trace,

Res
s=n−2

Tr
(
ε(Y )|D|−s

)
= Res

s=n−2
Tr
(
∇(X)D−4|D|−s

)
=
∫
− ∇(X)|D|−2−n = 0.

Similarly, since Y ∼ XD−2 mod OP−2 and Y 2 ∼ X2D−4 mod OP−3, we get

Res
s=n−2

Tr
(
Y 2|D|−s

)
= Res

s=n−2
Tr
(
X2D−4|D|−s

)
=
∫
− X2|D|−2−n.

Thus,

Res
s=n−2

ζDA(s) = Res
s=n−2

ζD(s)+(−n−2
2 )(

∫
− X|D|−n − 1

2

∫
−(∇(X) +X2)|D|−2−n)

+ 1
2(n−2

2 )2

∫
− ∇(X)|D|−2−n + 1

2(n−2
2 )2

∫
− X2|D|−2−n.

Finally,

Res
s=n−2

ζDA(s) = Res
s=n−2

ζD(s) + (−n−2
2 )
(∫
− X|D|−n − 1

2

∫
− X2|D|−2−n)+ 1

2(n−2
2 )2

∫
− X2|D|−2−n

and the result follows from Proposition 1.3.8.

Corollary 1.3.11. If the spectral triple is simple and satisfies
∫
|D|−(n−2) =

∫
ÃD|D|−n =∫

DÃ|D|−n = 0, then∫
− |DA|−(n−2) = n(n−2)

4

(∫
− ÃDÃD|D|−n−2 + n−2

n

∫
− Ã2|D|−n

)
.

Proof. By previous lemma,

Res
s=n−2

ζDA(s) = n−2
2

(
−
∫
− Ã2|D|−n + n

4

∫
−( ÃDÃD +DÃDÃ+ ÃD2Ã+DÃ2D )|D|−n−2

)
.

Since ∇(Ã) ∈ OP 1, the trace property of
∫
yields the result.
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1.4 Noncommutative integrals and tadpoles

Let (A,D,H, J) be a real regular spectral triple of dimension d. Recall that a one-form A is
a finite sum of operators like a1[D, a2] where ai ∈ A. The set of one-forms is denoted by Ω1

D(A).

Lemma 1.4.1. Let (A,D,H) be a spectral triple and X ∈ Ψ(A). Then∫
− X∗ =

∫
− X.

If the spectral triple is real, then, for X ∈ Ψ(A), JXJ−1 ∈ Ψ(A) and∫
− JXJ−1 =

∫
− X∗ =

∫
− X.

Proof. The first result follows from (for s large enough, so the operators are traceable)

Tr(X∗|D|−s) = Tr
(
(|D|−s̄)X)∗

)
= Tr(|D|−s̄X) = Tr(X|D|−s̄).

The second result is due to the anti-linearity of J , Tr(JY J−1) = Tr(Y ), and J |D| = |D|J , so

Tr(X|D|−s) = Tr(JX|D|−sJ−1) = Tr(JXJ−1|D|−s̄).

Corollary 1.4.2. For any one-form A = A∗, and for k, l ∈ N,∫
− AlD−k ∈ R,

∫
−
(
AD−1

)k ∈ R,
∫
− Al |D|−k ∈ R,

∫
− χAl |D|−k ∈ R,

∫
− AlD |D|−k ∈ R.

In [37], is introduced the following

Definition 1.4.3. In (A, H, D), the tadpole TadD+A(k) of order k, for k ∈ { d− l : l ∈ N } is
the term linear in A = A∗ ∈ Ω1

D, in the Λk term of (1.6) (considered as an infinite series) where
DA = D +A.

If moreover, the triple (A, H, D, J) is real, the tadpole TadD+Ã(k) is the term linear in A,
in the Λk term of (1.6) where DA = D + Ã.

Proposition 1.4.4. Let (A, H, D) be a spectral triple of dimension d with simple dimension
spectrum. Then

TadD+A(d− k) = −(d− k)
∫
− AD|D|−(d−k)−2, ∀k 6= d, (1.17)

TadD+A(0) = −
∫
− AD−1. (1.18)

Moreover, if the triple is real, TadD+Ã
= 2 TadD+A.

Proof. By Lemma 1.3.6 and Proposition 1.3.8, we have the following formula, for any k ∈ N,∫
− |DA|−(d−k) =

∫
− |D|−(d−k) +

k∑
p=1

k−p∑
r1,··· ,rp=0

Res
s=d−k

h(s, r, p) Tr
(
εr1(Y ) · · · εrp(Y )|D|−s

)
,
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where

h(s, r, p) := (−s/2)p
∫

0≤t1≤···≤tp≤1
g(−st1, r1) · · · g(−stp, rp) dt,

εr(T ) := ∇(T )D−2r, ∇(T ) := [D2, T ],

g(z, r) :=
(
z/2
r

)
with g(z, 0) := 1,

Y ∼
N∑
q=1

N−q∑
k1,··· ,kq=0

Γkq (X)D−2(|k|1+q) mod OP−N−1 for any N ∈ N∗,

X := ÃD +DÃ+ Ã2, Ã := A+ εJAJ−1,

Γkq (X) := (−1)|k|1+q+1

|k|1+q ∇kq
(
X∇kq−1(· · ·X∇k1(X) · · · )

)
, ∀q ∈ N∗ , k = (k1, · · · , kq) ∈ Nq.

As a consequence, for k 6= n, only the terms with p = 1 contribute to the linear part:

TadD+Ã
(d− k) = LinA(

∫
− |DA|−(d−k)) =

k−1∑
r=0

Res
s=d−k

h(s, r, 1) Tr
(
εr(LinA(Y ))|D|−s

)
.

We check that for any N ∈ N∗,

LinA(Y ) ∼
N−1∑
l=0

Γl1(ÃD +DÃ)D−2(l+1) mod OP−N−1.

Since Γl1(ÃD + DÃ) = (−1)l

l+1 ∇
l(ÃD + DÃ) = (−1)l

l+1 {∇
l(Ã),D}, we get, assuming the dimension

spectrum to be simple

TadD+Ã
(d− k) =

k−1∑
r=0

Res
s=d−k

h(s, r, p) Tr
(
εr(LinA(Y ))|D|−s

)
=

k−1∑
r=0

h(d− k, r, 1)
k−1−r∑
l=0

(−1)l

l+1 Res
s=d−k

Tr
(
εr({∇l(Ã),D})|D|−s−2(l+1)

)
= 2

k−1∑
r=0

h(d− k, r, 1)
k−1−r∑
l=0

(−1)l

l+1

∫
− ∇r+l(Ã)D|D|−(d−k+2(r+l))−2

= −(d− k)
∫
− ÃD|D|−(d−k)−2,

because in the last sum, only the case r + l = 0 remains, so r = l = 0.
Formula (1.18) is a direct application of (1.11).
The link between TadD+Ã

and TadD+A follows from JD = εDJ and Lemma 1.4.1.

Corollary 1.4.5. In a real spectral triple (A, H,D), if A = A∗ ∈ Ω1
D(A) is such that Ã = 0,

then TadD+A(k) = 0 for any k ∈ Z, k ≤ d.

Remark 1.4.6. Note that Ã = 0 for all A = A∗ ∈ Ω1
D, when A is commutative and JaJ−1 = a∗,

for all a ∈ A, see (4.10), so one can only use DA = D +A.
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But we can have A commutative and JaJ−1 6= a∗ [33,94]:
Let A1 = C⊕ C represented on H1 = C3 with, for some complex number m 6= 0,

π1(a) :=

 b1 0 0
0 b1 0
0 0 b2

 , for a = (b1, b2) ∈ A

D1 :=

 0 m m
m̄ 0 0
m̄ 0 b

 , χ1 :=

 1 0 0
0 −1 0
0 0 −1

 , J1 :=

 1 0 0
0 0 1
0 1 0

 ◦ cc
where cc is the complex conjugation. Then (A1, H1, D1) is a commutative real spectral triple of
dimension d = 0 with non zero one-forms and such that J1π1(a)J−1

1 = π1(a∗) only if a = (b1, b1).
Take a commutative geometry

(
A2 = C∞(M), H = L2(M,S), D2, χ2, J2

)
defined in 4.3.1

where d = dimM is even, and then the tensor product of the two spectral triples, namely A =
A1 ⊗ A2, H = H1 ⊗ H2, D = D1 ⊗ χ2 + 1 ⊗ D2, χ = χ1 ⊗ χ2 and J is either χ1J1 ⊗ J2 when
d ∈ { 2, 6 } mod 8 or J1 ⊗ J2 in other cases, see [33,140].

Then (A, H, D) is a real commutative triple of dimension d such that Ã 6= 0 for some
selfadjoint one-forms A, so is not exactly like in definition 4.3.1.

The vanishing tadpole of order 0 has the following equivalence (see [22])∫
− AD−1 = 0, ∀A ∈ Ω1

D(A) ⇐⇒
∫
− ab =

∫
− aα(b), ∀a, b ∈ A, (1.19)

where α(b) := DbD−1, equivalence which can be generalized as

Lemma 1.4.7. In a spectral triple (A, H, D), for any k ∈ N,∫
−(AD−1)n = 0, ∀A ∈ Ω1

D(A), ∀n ∈ { 1, · · · , k } ⇐⇒
∫
−

k∏
j=1

ajα(bj) =
∫
−

k∏
j=1

ajbj , ∀aj , bj ∈ A.

Proof. Note that a[D, b]D−1 = a α̃(b) where α̃(b) := α(b)− b.
Assuming the left hand-side, we get

0 =
∫
−(AD−1)n =

∫
− a1α̃(b1) . . . ajα̃(bj) . . . anα̃(bn)

=
∫
− a1α̃(b1) . . . ajα(bj)aj+1α̃(bj+1) . . . akα̃(bk)−

∫
− a1α̃(b1) . . . ajbjaj+1α̃(bj) . . . anα̃(bn)

∀ aj , bj ∈ A. But the last term is zero if
∫

(AD−1)n−1 = 0 for all A. By induction, we end
up with 0 =

∫
a1α(b1) · · · an−1α(bn−1) anα̃(bn). Varying n between 1 and k, we get the right

hand-side.
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Chapitre 2

Spectral action on noncommutative
torus

2.1 Introduction

In [60], the spectral action on NC-tori was only computed only for operators of the form
D+A and computed for DA in [62]. It appears that the implementation of the real structure via
J , does not change the spectral action, up to a coefficient, when the torus has dimension 4. Here
we prove that this can be also directly obtained from the Chamseddine–Connes analysis of [22]
that we follow quite closely. Let us recall that

S(DA,Φ,Λ) =
∑

0<k∈Sd+

Φk Λk
∫
− |DA|−k + Φ(0) ζDA(0) +O(Λ−1)

where DA = DA + PA, PA the projection on KerDA, Φk = 1
2

∫∞
0 Φ(t) tk/2−1 dt and Sd+ is the

strictly positive part of the spectrum dimension of (A,H,D).
In section 2, all previous technical points are widely used for the computation of terms in

(1.6) or (1.11) on noncommutative torus. Most of the terms are based on residues of certain zeta
functions and series of zeta functions that are studied in section 4. We show in particular that
the vanishing tadpole hypothesis is satisfied on the torus.

The spectral action is obtained in section 3 and we conjecture that the noncommutative
spectral action of DA has terms proportional to the spectral action of D+A on the commutative
torus.

Since the computation of zeta functions is crucial here, we investigate in section 4 residues
of series and integrals. This section contains independent interesting results on the holomorphy
of series of holomorphic functions. In particular, the necessity of a Diophantine constraint is
naturally emphasized.

All these results on spectral action are quite important in physics, especially in quantum field
theory and particle physics, where one adds to the effective action some counterterms explicitly
given by (1.11), see for instance [17,21,22,24,58,60,62,66,93,135,142–144].
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2.2 The noncommutative torus

2.2.1 Notations

Let C∞(T nΘ ) be the smooth noncommutative n-torus associated to a non-zero skew-symmetric
deformation matrix Θ ∈ Mn(R) (see [26], [115]). This means that C∞(T nΘ ) is the algebra gene-
rated by n unitaries ui, i = 1, . . . , n subject to the relations

ui uj = eiΘij uj ui, (2.1)

and with Schwartz coefficients: an element a ∈ C∞(T nΘ ) can be written as a =
∑

k∈Zn ak Uk,
where {ak} ∈ S(Zn) with the Weyl elements defined by Uk := e−

i
2
k.χk uk1

1 · · ·uknn , k ∈ Zn,
relation (2.1) reads

UkUq = e−
i
2
k.Θq Uk+q, and UkUq = e−ik.Θq UqUk (2.2)

where χ is the matrix restriction of Θ to its upper triangular part. Thus unitary operators Uk
satisfy U∗k = U−k and [Uk, Ul] = −2i sin(1

2k.Θl)Uk+l.
Let τ be the trace on C∞(T nΘ ) defined by τ

(∑
k∈Zn ak Uk

)
:= a0 and Hτ be the GNS

Hilbert space obtained by completion of C∞(T nΘ ) with respect of the norm induced by the scalar
product 〈a, b〉 := τ(a∗b). On Hτ = {

∑
k∈Zn ak Uk : {ak}k ∈ l2(Zn) }, we consider the left and

right regular representations of C∞(T nΘ ) by bounded operators, that we denote respectively by
L(.) and R(.).

Let also δµ, µ ∈ { 1, . . . , n }, be the n (pairwise commuting) canonical derivations, defined by

δµ(Uk) := ikµUk. (2.3)

We need to fix notations: let AΘ := C∞(T nΘ ) acting on H := Hτ ⊗ C2m with n = 2m or
n = 2m+ 1 (i.e., m = bn2 c is the integer part of n2 ), the square integrable sections of the trivial
spin bundle over T n.

Each element of AΘ is represented on H as L(a) ⊗ 12m where L (resp. R) is the left (resp.
right) multiplication. The Tomita conjugation J0(a) := a∗ satisfies [J0, δµ] = 0 and we define
J := J0 ⊗ C0 where C0 is an operator on C2m . The Dirac operator is given by

D := −i δµ ⊗ γµ, (2.4)

where we use hermitian Dirac matrices γ. It is defined and symmetric on the dense subset of H
given by C∞(T nΘ )⊗ C2m . We still note D its selfadjoint extension. This implies

C0γ
α = −εγαC0, (2.5)

and
D Uk ⊗ ei = kµUk ⊗ γµei,

where (ei) is the canonical basis of C2m . Moreover, C2
0 = ±12m depending on the parity of m.

Finally, one introduces the chirality (which in the even case is χ := id⊗ (−i)mγ1 · · · γn) and this
yields that (AΘ,H,D, J, χ) satisfies all axioms of a spectral triple, see [28,68].

The perturbed Dirac operator VuDV ∗u by the unitary

Vu :=
(
L(u)⊗ 12m

)
J
(
L(u)⊗ 12m

)
J−1,
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defined for every unitary u ∈ A, uu∗ = u∗u = U0, must satisfy condition (1.3) (which is equivalent
toH being endowed with a structure of AΘ-bimodule). This yields the necessity of a symmetrized
covariant Dirac operator:

DA := D +A+ εJ AJ−1

since VuDV ∗u = DL(u)⊗12m [D,L(u∗)⊗12m ]: in fact, for a ∈ AΘ, using J0L(a)J−1
0 = R(a∗), we get

εJ
(
L(a)⊗ γα

)
J−1 = −R(a∗)⊗ γα

and that the representation L and the anti-representation R are C-linear, commute and satisfy

[δα, L(a)] = L(δαa), [δα, R(a)] = R(δαa).

This induces some covariance property for the Dirac operator: one checks that for all k ∈ Zn,

L(Uk)⊗ 12m [D, L(U∗k )⊗ 12m ] = 1⊗ (−kµγµ), (2.6)

so with (2.5), we get Uk[D, U∗k ] + εJUk[D, U∗k ]J−1 = 0 and

VUk D V
∗
Uk

= D = DL(Uk)⊗12m [D,L(U∗k )⊗12m ]. (2.7)

Moreover, we get the gauge transformation:

VuDAV ∗u = Dγu(A) (2.8)

where the gauged transform one-form of A is

γu(A) := u[D, u∗] + uAu∗, (2.9)

with the shorthand L(u)⊗ 12m −→ u.
As a consequence, the spectral action is gauge invariant:

S(DA,Φ,Λ) = S(Dγu(A),Φ,Λ).

An arbitrary selfadjoint one-form A, can be written as

A = L(−iAα)⊗ γα, Aα = −A∗α ∈ AΘ, (2.10)

thus
DA = −i

(
δα + L(Aα)−R(Aα)

)
⊗ γα. (2.11)

Defining
Ãα := L(Aα)−R(Aα),

we get D2
A = −gα1α2(δα1 + Ãα1)(δα2 + Ãα2)⊗ 12m − 1

2Ωα1α2 ⊗ γα1α2 where

γα1α2 := 1
2(γα1γα2 − γα2γα1),

Ωα1α2 := [δα1 + Ãα1 , δα2 + Ãα2 ] = L(Fα1α2)−R(Fα1α2)

with

Fα1α2 := δα1(Aα2)− δα2(Aα1) + [Aα1 , Aα2 ]. (2.12)

In summary,

D2
A = −δα1α2

(
δα1 + L(Aα1)−R(Aα1)

)(
δα2 + L(Aα2)−R(Aα2)

)
⊗ 12m

−1
2

(
L(Fα1α2)−R(Fα1α2)

)
⊗ γα1α2 . (2.13)
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2.2.2 Kernels and dimension spectrum

We now compute the kernel of the perturbed Dirac operator:

Proposition 2.2.1. (i) KerD = U0 ⊗ C2m , so dim KerD = 2m.
(ii) For any selfadjoint one-form A, KerD ⊆ KerDA.
(iii) For any unitary u ∈ A, KerDγu(A) = Vu KerDA.

Proof. (i) Let ψ =
∑

k,j ck,j Uk⊗ej ∈ KerD. Thus, 0 = D2ψ =
∑

k,i ck,j |k|2 Uk⊗ej which entails
that ck,j |k|2 = 0 for any k ∈ Zn and 1 ≤ j ≤ 2m. The result follows.

(ii) Let ψ ∈ KerD. So, ψ = U0 ⊗ v with v ∈ C2m and from (2.11), we get

DAψ = Dψ + (A+ εJAJ−1)ψ = (A+ εJAJ−1)ψ = −i[Aα, U0]⊗ γαv = 0

since U0 is the unit of the algebra, which proves that ψ ∈ KerDA.
(iii) This is a direct consequence of (2.8).

Corollary 2.2.2. Let A be a selfadjoint one-form. Then KerDA = KerD in the following cases:
(i) Au := L(u)⊗ 12m [D, L(u∗)⊗ 12m ] when u is a unitary in A.
(ii) ||A|| < 1

2 .
(iii) The matrix 1

2πΘ has only integral coefficients.

Proof. (i) This follows from previous result because Vu(U0 ⊗ v) = U0 ⊗ v for any v ∈ C2m .
(ii) Let ψ =

∑
k,j ck,j Uk ⊗ ej be in KerDA (so

∑
k,j |ck,j |2 < ∞) and φ :=

∑
j c0,j U0 ⊗ ej .

Thus ψ′ := ψ − φ ∈ Ker DA since φ ∈ KerD ⊆ KerDA and

||
∑

06=k∈Zn, j
ck,j kα Uk ⊗ γαej ||2 = ||Dψ′||2 = || − (A+ εJAJ−1)ψ′||2 ≤ 4||A||2||ψ′||2 < ||ψ′||2.

Defining Xk :=
∑

α kαγα, X
2
k =

∑
α |kα|2 12m is invertible and the vectors {Uk ⊗Xkej }06=k∈Zn, j

are orthogonal in H, so ∑
06=k∈Zn, j

(∑
α

|kα|2
)
|ck,j |2 <

∑
06=k∈Zn, j

|ck,j |2

which is possible only if ck,j = 0, ∀k, j that is ψ′ = 0 et ψ = φ ∈ Ker D.
(iii) This is a consequence of the fact that the algebra is commutative, thus A+ εJAJ−1 =

0.

Note that if Ãu := Au + εJAuJ
−1, then by (2.6), ÃUk = 0 for all k ∈ Zn and ‖AUk‖ = |k|,

but for an arbitrary unitary u ∈ A, Ãu 6= 0 so DAu 6= D.
Naturally the above result is also a direct consequence of the fact that the eigenspace of

an isolated eigenvalue of an operator is not modified by small perturbations. However, it is
interesting to compute the last result directly to emphasize the difficulty of the general case:

Let ψ =
∑

l∈Zn,1≤j≤2m cl,j Ul ⊗ ej ∈ KerDA, so
∑

l∈Zn,1≤j≤2m |cl,j |2 < ∞. We have to show
that ψ ∈ Ker D that is cl,j = 0 when l 6= 0.

Taking the scalar product of 〈Uk ⊗ ei| with

0 = DAψ =
∑
l, α, j

cl, j(lαUl − i[Aα, Ul])⊗ γαej ,
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we obtain
0 =

∑
l, α, j

cl, j
(
lαδk,l − i〈Uk, [Aα, Ul]〉

)
〈ei, γαej〉.

If Aα =
∑

α,l aα,l Ul ⊗ γα with { aα,l }l ∈ S(Zn), note that [Ul, Um] = −2i sin(1
2 l.Θm)Ul+m and

〈Uk, [Aα, Ul]〉 =
∑
l′∈Zn

aα,l′(−2i sin(1
2 l
′.Θl)〈Uk, Ul′+l〉 = −2i aα,k−l sin(1

2k.Θl).

Thus

0 =
∑
l∈Zn

n∑
α=1

2m∑
j=1

cl, j
(
lαδk,l − 2aα,k−l sin(1

2k.Θl)
)
〈ei, γαej〉, ∀k ∈ Zn, ∀i, 1 ≤ i ≤ 2m. (2.14)

We conjecture that KerD = KerDA at least for generic Θ’s:
the constraints (2.14) should imply cl,j = 0 for all j and all l 6= 0 meaning ψ ∈ KerD. When

1
2πΘ has only integer coefficients, the sin part of these constraints disappears giving the result.
We shall use the following

Definition 2.2.3. (i) Let δ > 0. A vector a ∈ Rn is said to be δ−diophantine if there exists
c > 0 such that |q.a−m| ≥ c |q|−δ, ∀q ∈ Zn \ { 0 } and ∀m ∈ Z.
We note BV(δ) the set of δ−diophantine vectors and BV := ∪δ>0BV(δ) the set of diophantine
vectors.

(ii) A matrix Θ ∈Mn(R) (real n× n matrices) will be said to be diophantine if there exists
u ∈ Zn such that tΘ(u) is a diophantine vector of Rn.

Lemma 2.2.4. If 1
2πΘ is diophantine, Sp

(
C∞(T nΘ ),H,D

)
= Z and all these poles are simple.

Proof. Let B ∈ D(A) and p ∈ N0. Suppose that B is of the form

B = arbrDqr−1 |D|pr−1ar−1br−1 · · · Dq1 |D|p1a1b1

where r ∈ N, ai ∈ A, bi ∈ JAJ−1, qi, pi ∈ N0. We note ai =:
∑

l ai,l Ul and bi =:
∑

i bi,l Ul. With
the shorthand kµ1,µqi

:= kµ1 · · · kµqi and γ
µ1,µqi = γµ1 · · · γµqi , we get

Dq1 |D|p1a1b1 Uk ⊗ ej =
∑
l1, l′1

a1,l1b1,l′1Ul1UkUl′1 |k + l1 + l′1|p1 (k + l1 + l′1)µ1,µq1
⊗ γµ1,µq1ej

which gives, after r iterations,

BUk⊗ej =
∑
l,l′

ãlb̃lUlr · · ·Ul1UkUl′1 · · ·Ul′r
r−1∏
i=1

|k+ l̂i+ l̂′i|pi(k+ l̂i+ l̂′i)µi1,µiqi
⊗γµ

r−1
1 ,µr−1

qr−1 · · · γµ
1
1,µ

1
q1ej

where ãl := a1,l1 · · · ar,lr and b̃l′ := b1,l′1 · · · br,l′r .
Let us note Fµ(k, l, l′) :=

∏r−1
i=1 |k+ l̂i + l̂′i|pi(k+ l̂i + l̂′i)µi1,µiqi

and γµ := γµ
r−1
1 ,µr−1

qr−1 · · · γµ
1
1,µ

1
q1 .

Thus, with the shorthand ∼c meaning modulo a constant function towards the variable s,

Tr
(
B|D|−2p−s) ∼c∑

k

′∑
l,l′

ãlb̃l′ τ
(
U−kUlr · · ·Ul1UkUl′1 · · ·Ul′r

)Fµ(k,l,l′)
|k|s+2p Tr(γµ) .
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Since Ulr · · ·Ul1Uk = UkUlr · · ·Ul1e−i
∑r

1 li.Θk we get

τ
(
U−kUlr · · ·Ul1UkUl′1 · · ·Ul′r

)
= δ∑r

1 li+l
′
i,0
eiφ(l,l′) e−i

∑r
1 li.Θk

where φ is a real valued function. Thus,

Tr
(
B|D|−2p−s) ∼c∑

k

′∑
l,l′

eiφ(l,l′) δ∑r
1 li+l

′
i,0
ãlb̃l′

Fµ(k,l,l′) e−i
∑r

1 li.Θk

|k|s+2p Tr(γµ)

∼c fµ(s) Tr(γµ).

The function fµ(s) can be decomposed has a linear combination of zeta function of type described
in Theorem 2.4.16 (or, if r = 1 or all the pi are zero, in Theorem 2.4.4). Thus, s 7→ Tr

(
B|D|−2p−s)

has only poles in Z and each pole is simple. Finally, by linearity, we get the result.

The dimension spectrum of the noncommutative torus is simple:

Proposition 2.2.5. (i) If 1
2πΘ is diophantine, the spectrum dimension of

(
C∞(T nΘ ),H,D

)
is

equal to the set {n− k : k ∈ N0 } and all these poles are simple.
(ii) ζD(0) = 0.

Proof. (i) Lemma 2.2.4 and Remark 1.2.11.
(ii) ζD(s) =

∑
k∈Zn

∑
1≤j≤2m〈Uk⊗ ej , |D|−sUk⊗ ej〉 = 2m(

∑′
k∈Zn

1
|k|s + 1) = 2m(Zn(s) + 1).

By (2.42), we get the result.

We have computed ζD(0) relatively easily but the main difficulty of the present work is
precisely to calculate ζDA(0).

2.2.3 Noncommutative integral computations

We fix a self-adjoint 1-form A on the noncommutative torus of dimension n.

Proposition 2.2.6. If 1
2πΘ is diophantine, then the first elements of the expansion (1.6) are

given by ∫
− |DA|−n =

∫
− |D|−n = 2m+1πn/2 Γ(n2 )−1. (2.15)∫

− |DA|n−k = 0 for k odd.∫
− |DA|n−2 = 0.

We need few technical lemmas:

Lemma 2.2.7. On the noncommutative torus, for any t ∈ R,∫
− ÃD|D|−t =

∫
− DÃ|D|−t = 0.
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Proof. Using notations of (2.10), we have

Tr(ÃD|D|−s) ∼c
∑

j

∑′

k
〈Uk ⊗ ej ,−ikµ|k|−s[Aα, Uk]⊗ γαγµej〉

∼c −iTr(γαγµ)
∑′

k
kµ|k|−s〈Uk, [Aα, Uk]〉 = 0

since 〈Uk, [Aα, Uk]〉 = 0. Similarly

Tr(DÃ|D|−s) ∼c
∑

j

∑′

k
〈Uk ⊗ ej , |k|−s

∑
l
aα,l 2 sin k.Θl

2 (l + k)µUl+k ⊗ γµγαej〉

∼c 2 Tr(γµγα)
∑′

k

∑
l
aα,l sin k.Θl

2 (l + k)µ |k|−s〈Uk, Ul+k〉 = 0.

Any element h in the algebra generated byA and [D,A] can be written as a linear combination
of terms of the form a1

p1 · · · anpr where ai are elements of A or [D,A]. Such a term can be written
as a series b :=

∑
a1,α1,l1 · · · aq,αq ,lqUl1 · · ·Ulq ⊗ γα1 · · · γαq where ai,αi are Schwartz sequences

and when ai =:
∑

l alUl ∈ A, we set ai,α,l = ai,l with γα = 1. We define

L(b) := τ
(∑

l
a1,α1,l1 · · · aq,αq ,lqUl1 · · ·Ulq

)
Tr(γα1 · · · γαq).

By linearity, L is defined as a linear form on the whole algebra generated by A and [D,A].

Lemma 2.2.8. If h is an element of the algebra generated by A and [D,A],

Tr
(
h|D|−s

)
∼c L(h)Zn(s).

In particular, Tr
(
h|D|−s

)
has at most one pole at s = n.

Proof. We get with b of the form
∑
a1,α1,l1 · · · aq,αq ,lqUl1 · · ·Ulq ⊗ γα1 · · · γαq ,

Tr
(
b|D|−s

)
∼c

∑
k∈Zn

′
〈Uk,

∑
l

a1,α1,l1 · · · aq,αq ,lqUl1 · · ·UlqUk〉 Tr(γα1 · · · γαq)|k|−s

∼c τ(
∑
l

a1,α1,l1 · · · aq,αq ,lqUl1 · · ·Ulq) Tr(γα1 · · · γαq)Zn(s) = L(b)Zn(s).

The results follows now from linearity of the trace.

Lemma 2.2.9. If 1
2πΘ is diophantine, the function s 7→ Tr

(
εJAJ−1A|D|−s

)
extends meromor-

phically on the whole plane with only one possible pole at s = n. Moreover, this pole is simple
and

Res
s=n

Tr
(
εJAJ−1A|D|−s

)
= aα,0 a

α
0 2m+1πn/2 Γ(n/2)−1.

Proof. With A = L(−iAα) ⊗ γα, we get εJAJ−1 = R(iAα) ⊗ γα, and by multiplication
εJAJ−1A = R(Aβ)L(Aα)⊗ γβγα. Thus,

Tr
(
εJAJ−1A|D|−s

)
∼c

∑
k∈Zn

′
〈Uk, AαUkAβ〉 |k|−s Tr(γβγα)

∼c
∑
k∈Zn

′∑
l

aα,l aβ,−l e
ik.Θl |k|−s Tr(γβγα)

∼c 2m
∑
k∈Zn

′∑
l

aα,l a
α
−l e

ik.Θl |k|−s.
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Theorem 2.4.4 (ii) entails that
∑′

k∈Zn
∑

l aα,l a
α
−l e

ik.Θl |k|−s extends meromorphically on the
whole plane C with only one possible pole at s = n. Moreover, this pole is simple and we have

Res
s=n

∑
k∈Zn

′∑
l

aα,l a
α
−l e

ik.Θl |k|−s = aα,0 a
α
0 Res
s=n

Zn(s).

Equation (2.41) now gives the result.

Lemma 2.2.10. If 1
2πΘ is diophantine, then for any t ∈ R,∫

− X|D|−t = δt,n 2m+1
(
−
∑
l

aα,l a
α
−l + aα,0 a

α
0

)
2πn/2 Γ(n/2)−1.

where X = ÃD +DÃ+ Ã2 and A =: −i
∑

l aα,l Ul ⊗ γα.

Proof. By Lemma 2.2.7, we get
∫
X|D|−t = Ress=0 Tr(Ã2|D|−s−t). Since A and εJAJ−1 com-

mute, we have Ã2 = A2 + JA2J−1 + 2εJAJ−1A. Thus,

Tr(Ã2|D|−s−t) = Tr(A2|D|−s−t) + Tr(JA2J−1|D|−s−t) + 2 Tr(εJAJ−1A|D|−s−t).

Since |D| and J commute, we have with Lemma 2.2.8,

Tr
(
Ã2|D|−s−t

)
∼c 2L(A2)Zn(s+ t) + 2 Tr

(
εJAJ−1A|D|−s−t

)
.

Thus Lemma 2.2.9 entails that Tr(Ã2|D|−s−t) is holomorphic at 0 if t 6= n. When t = n,

Res
s=0

Tr
(
Ã2|D|−s−t

)
= 2m+1

(
−
∑
l

aα,l a
α
−l + aα,0 a

α
0

)
2πn/2 Γ(n/2)−1, (2.16)

which gives the result.

Lemma 2.2.11. If 1
2πΘ is diophantine, then∫

− ÃDÃD|D|−2−n = −n−2
n

∫
− Ã2|D|−n.

Proof. With DJ = εJD, we get∫
− ÃDÃD|D|−2−n = 2

∫
− ADAD|D|−2−n + 2

∫
− εJAJ−1DAD|D|−2−n.

Let us first compute
∫
ADAD|D|−2−n. We have, with A =: −iL(Aα)⊗ γα =: −i

∑
l aα,lUl ⊗ γα,

Tr
(
ADAD|D|−s−2−n) ∼c −∑

k

′∑
l1,l2

aα2,l2 aα1,l1 τ(U−kUl2Ul1Uk)
kµ1 (k+l1)µ2
|k|s+2+n Tr(γα,µ)

where γα,µ := γα2γµ2γα1γµ1 . Thus,∫
− ADAD|D|−2−n = −

∑
l

aα2,−l aα1,l Res
s=0

(∑
k

′ kµ1kµ2
|k|s+2+n

)
Tr(γα,µ).
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We have also, with εJAJ−1 = iR(Aα)⊗ γa,

Tr
(
εJAJ−1DAD|D|−s−2−n) ∼c∑

k

′∑
l1,l2

aα2,l2aα1,l1τ(U−kUl1UkUl2)kµ1 (k+l1)µ2
|k|s+2+n Tr(γα,µ).

which gives ∫
− εJAJ−1DAD|D|−2−n = aα2,0aα1,0 Res

s=0

(∑
k

′ kµ1kµ2
|k|s+2+n

)
Tr(γα,µ).

Thus,

1
2

∫
− ÃDÃD|D|−2−n =

(
aα2,0aα1,0 −

∑
l

aα2,−laα1,l

)
Ress=0

(∑
k

′ kµ1kµ2
|k|s+2+n

)
Tr(γα,µ).

With
∑′

k
kµ1kµ2
|k|s+2+n = δµ1µ2

n Zn(s+ n) and Cn := Ress=0 Zn(s+ n) = 2πn/2Γ(n/2)−1 we obtain

1
2

∫
− ÃDÃD|D|−2−n =

(
aα2,0aα1,0 −

∑
l

aα2,−laα1,l

)
Cn
n Tr(γα2γµγα1γµ).

Since Tr(γα2γµγα1γµ) = 2m(2− n)δα2,α1 , we get

1
2

∫
− ÃDÃD|D|−2−n = 2m

(
− aα,0 aα0 +

∑
l

aα,−l a
α
l

)Cn(n−2)
n .

Lemma 2.2.10 now proves the result.

Lemma 2.2.12. If 1
2πΘ is diophantine, then for any P ∈ Ψ1(A) and q ∈ N, q odd,∫

− P |D|−(n−q) = 0.

Proof. There exist B ∈ D1(A) and p ∈ N0 such that P = BD−2p + R where R is in OP−q−1.
As a consequence,

∫
P |D|−(n−q) =

∫
B|D|−n−2p+q. Assume B = arbrDqr−1ar−1br−1 · · · Dq1a1b1

where r ∈ N, ai ∈ A, bi ∈ JAJ−1, qi ∈ N. If we prove that
∫
B|D|−n−2p+q = 0, then the general

case will follow by linearity. We note ai =:
∑

l ai,l Ul and bi =:
∑

l bi,l Ul. With the shorthand
kµ1,µqi

:= kµ1 · · · kµqi and γ
µ1,µqi = γµ1 · · · γµqi , we get

Dq1a1b1Uk ⊗ ej =
∑
l1,l′1

a1,l1 b1,l′1 Ul1UkUl′1 (k + l1 + l′1)µ1,µq1
⊗ γµ1,µq1ej

which gives, after iteration,

B Uk ⊗ ej =
∑
l,l′

ãlb̃lUlr · · ·Ul1UkUl′1 · · ·Ul′r
r−1∏
i=1

(k + l̂i + l̂′i)µi1,µiqi
⊗ γµ

r−1
1 ,µr−1

qr−1 · · · γµ
1
1,µ

1
q1ej

where ãl := a1,l1 · · · ar,lr and b̃l′ := b1,l′1 · · · br,l′r . Let’s note Qµ(k, l, l′) :=
∏r−1
i=1 (k + l̂i + l̂′i)µi1,µiqi

and γµ := γµ
r−1
1 ,µr−1

qr−1 · · · γµ
1
1,µ

1
q1 . Thus,∫

− B |D|−n−2p+q = Res
s=0

∑
k

′∑
l,l′

ãl b̃l′ τ
(
U−kUlr · · ·Ul1UkUl′1 · · ·Ul′r

) Qµ(k,l,l′)
|k|s+2p+n−q Tr(γµ) .
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Since Ulr · · ·Ul1Uk = UkUlr · · ·Ul1e−i
∑r

1 li.Θk, we get

τ
(
U−kUlr · · ·Ul1UkUl′1 · · ·Ul′r

)
= δ∑r

1 li+l
′
i,0
eiφ(l,l′) e−i

∑r
1 li.Θk

where φ is a real valued function. Thus,∫
− B |D|−n−2p+q = Res

s=0

∑
k

′∑
l,l′

eiφ(l,l′) δ∑r
1 li+l

′
i,0
ãl b̃l′

Qµ(k,l,l′)e−i
∑r

1 li.Θk

|k|s+2p+n−q Tr(γµ)

=: Res
s=0

fµ(s) Tr(γµ).

We decompose Qµ(k, l, l′) as a sum
∑r

h=0Mh,µ(l, l′)Qh,µ(k) where Qh,µ is a homogeneous
polynomial in (k1, · · · , kn) and Mh,µ(l, l′) is a polynomial in

(
(l1)1, · · · , (lr)n, (l′1)1, · · · , (l′r)n

)
.

Similarly, we decompose fµ(s) as
∑r

h=0 fh,µ(s). Theorem 2.4.4 (ii) entails that fh,µ(s) extends
meromorphically to the whole complex plane C with only one possible pole for s+2p+n−q = n+d
where d := deg Qh,µ. In other words, if d+ q − 2p 6= 0, fh,µ(s) is holomorphic at s = 0. Suppose
now d+ q − 2p = 0 (note that this implies that d is odd, since q is odd by hypothesis), then, by
Theorem 2.4.4 (ii)

Res
s=0

fh,µ(s) = V

∫
u∈Sn−1

Qh,µ(u) dS(u)

where V :=
∑

l,l′∈ZMh,µ(l, l′) eiφ(l,l′) δ∑r
1 li+l

′
i,0
ãl b̃l′ and Z := { l, l′ :

∑r
i=1 li = 0 }. Since d is

odd, Qh,µ(−u) = −Qh,µ(u) and
∫
u∈Sn−1 Qh,µ(u) dS(u) = 0. Thus, Res

s=0
fh,µ(s) = 0 in any case,

which gives the result.

As we have seen, the crucial point of the preceding lemma is the decomposition of the nume-
rator of the series fµ(s) as polynomials in k. This has been possible because we restricted our
pseudodifferential operators to Ψ1(A).

Proof of Proposition 2.2.6. The top element follows from Proposition 1.3.9 and according to
(2.41), ∫

− |D|−n = Res
s=0

Tr
(
|D|−s−n

)
= 2m Res

s=0
Zn(s+ n) = 2m+1πn/2

Γ(n/2) .

For the second equality, we get from Lemmas 2.2.8 and 1.3.6

Res
s=n−k

ζDA(s) =
k∑
p=1

k−p∑
r1,··· ,rp=0

h(n− k, r, p)
∫
− εr1(Y ) · · · εrp(Y )|D|−(n−k).

Corollary 1.3.4 and Lemma 2.2.12 imply that
∫
εr1(Y ) · · · εrp(Y )|D|−(n−k) = 0, which gives the

result.
Last equality follows from Lemma 2.2.11 and Corollary 1.3.11.

2.3 The spectral action

Here is the main result:
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Theorem 2.3.1. Consider the n-NC-torus
(
C∞(T nΘ ),H,D

)
where n ∈ N and 1

2πΘ is a n × n
skew-symmetric real diophantine matrix, and a selfadjoint one-form A = L(−iAα) ⊗ γα. Then,
the full spectral action of DA = D +A+ εJAJ−1 is
(i) for n = 2,

S(DA,Φ,Λ) = 4πΦ2 Λ2 +O(Λ−2),

(ii) for n = 4,

S(DA,Φ,Λ) = 8π2 Φ4 Λ4 − 4π2

3 Φ(0) τ(FµνFµν) +O(Λ−2),

(iii) More generally, in

S(DA,Φ,Λ) =
n∑
k=0

Φn−k cn−k(A) Λn−k +O(Λ−1),

cn−2(A) = 0, cn−k(A) = 0 for k odd. In particular, c0(A) = 0 when n is odd.

This result (for n = 4) has also been obtained in [62] using the heat kernel method. It
is however interesting to get the result via direct computations of (1.6) since it shows how this
formula is efficient. As we will see, the computation of all the noncommutative integrals require a
lot of technical steps. One of the main points, namely to isolate where the Diophantine condition
on Θ is assumed, is outlined here.

Remark 2.3.2. Note that all terms must be gauge invariants, namely, according to (2.9), in-
variant by Aα −→ γu(Aα) = uAαu

∗ + uδα(u∗). A particular case is u = Uk where Ukδα(U∗k ) =
−ikαU0.

In the same way, note that there is no contradiction with the commutative case where, for
any selfadjoint one-form A, DA = D (so A is equivalent to 0!), since we assume in Theorem
2.3.1 that Θ is diophantine, so A cannot be commutative.

Conjecture 2.3.3. The constant term of the spectral action of DA on the noncommutative n-
torus is proportional to the constant term of the spectral action of D + A on the commutative
n-torus.

Remark 2.3.4. The appearance of a Diophantine condition for Θ has been characterized in
dimension 2 by Connes [27, Prop. 49] where in this case, Θ = θ

(
0 1
−1 0

)
with θ ∈ R. In fact, the

Hochschild cohomology H(AΘ,AΘ
∗) satisfies dim Hj(AΘ,AΘ

∗) = 2 (or 1) for j = 1 (or j = 2)
if and only if the irrational number θ satisfies a Diophantine condition like |1−ei2πnθ|−1 = O(nk)
for some k.

Recall that when the matrix Θ is quite irrational (see [68, Cor. 2.12]), then the C∗-algebra
generated by AΘ is simple.

Remark 2.3.5. It is possible to generalize above theorem to the case D = −i gµν δµ⊗ γν instead
of (2.4) when g is a positive definite constant matrix. The formulae in Theorem 2.3.1 are still
valid.
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2.3.1 Computations of
∫

In order to get this theorem, let us prove a few technical lemmas.
We suppose from now on that Θ is a skew-symmetric matrix inMn(R). No other hypothesis

is assumed for Θ, except when it is explicitly stated.
When A is a selfadjoint one-form, we define for n ∈ N , q ∈ N, 2 ≤ q ≤ n and σ ∈ {−,+}q

A+ := ADD−2,

A− := εJAJ−1DD−2,

Aσ := Aσq · · ·Aσ1 .

Lemma 2.3.6. We have for any q ∈ N,∫
−(ÃD−1)q =

∫
−(ÃDD−2)q =

∑
σ∈{+,−}q

∫
− Aσ.

Proof. Since P0 ∈ OP−∞, D−1 = DD−2 mod OP−∞ and
∫

(ÃD−1)q =
∫

(ÃDD−2)q.

Lemma 2.3.7. Let A be a selfadjoint one-form, n ∈ N and q ∈ N with 2 ≤ q ≤ n and σ ∈
{−,+}q. Then ∫

− Aσ =
∫
− A−σ.

Proof. Let us first check that JP0 = P0J . Since DJ = εJD, we get DJP0 = 0 so JP0 =
P0JP0. Since J is an antiunitary operator, we get P0J = P0JP0 and finally, P0J = JP0. As a
consequence, we get JD2 = D2J , JDD−2 = εDD−2J , JA+J−1 = A− and JA−J−1 = A+.

In summary, JAσiJ−1 = A−σi .
The trace property of

∫
now gives∫

− Aσ =
∫
− Aσq · · ·Aσ1 =

∫
− JAσqJ−1 · · · JAσ1J−1

∫
− A−σq · · ·A−σ1 =

∫
− A−σ.

Definition 2.3.8. In [22] has been introduced the vanishing tadpole hypothesis:∫
− AD−1 = 0, for all A ∈ Ω1

D(A). (2.17)

By the following lemma, this condition is satisfied for the noncommutative torus, a fact more
or less already known within the noncommutative community [137].

Lemma 2.3.9. Let n ∈ N, A = L(−iAα) ⊗ γα = −i
∑

l∈Zn aα,l Ul ⊗ γα, Aα ∈ AΘ, { aα,l }l ∈
S(Zn), be a hermitian one-form. Then,
(i)
∫
ApD−q =

∫
(εJAJ−1)pD−q = 0 for p ≥ 0 and 1 ≤ q < n (case p = q = 1 is tadpole

hypothesis).
(ii) If 1

2πΘ is diophantine, then
∫
BD−q = 0 for 1 ≤ q < n and any B in the algebra generated

by A, [D,A], JAJ−1 and J [D,A]J−1.
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Proof. (i) Let us compute ∫
− Ap(εJAJ−1)p

′
D−q.

With A = L(−iAα)⊗ γα and εJAJ−1 = R(iAα)⊗ γα, we get

Ap = L(−iAα1) · · ·L(−iAαp)⊗ γα1 · · · γαp

and
(εJAJ−1)p

′
= R(iAα′1) · · ·R(iAα′

p′
)⊗ γα′1 · · · γα

′
p′ .

We note ãα,l := aα1,l1 · · · aαp,lp . Since

L(−iAα1) · · ·L(−iAαp)R(iAα′1) · · ·R(iAα′
p′

)Uk = (−i)p ip′
∑
l,l′

ãα,l ãα′,l′ Ul1 · · ·UlpUkUl′
p′
· · ·Ul′1 ,

and
Ul1 · · ·UlpUk = UkUl1 · · ·Ulp e−i(

∑
i li).Θk,

we get, with

Ul,l′ := Ul1 · · ·UlpUl′
p′
· · ·Ul′1 ,

gµ,α,α′(s, k, l, l′) := eik.Θ
∑
j lj

kµ1 ...kµq
|k|s+2q ãα,l ãα′,l′ ,

γα,α
′,µ := γα1 · · · γαpγα′1 · · · γα

′
p′γµ1 · · · γµq ,

Ap(εJAJ−1)p
′
D−q|D|−sUk ⊗ ei ∼c (−i)p ip′

∑
l,l′

gµ,α,α′(s, k, l, l′)UkUl,l′ ⊗ γα,α
′,µei.

Thus,
∫
Ap(εJAJ−1)p

′
D−q = Res

s=0
f(s) where

f(s) : = Tr
(
Ap(εJAJ−1)p

′
D−q|D|−s

)
∼c (−i)p ip′

∑
k∈Zn

′
〈Uk ⊗ ei,

∑
l,l′

gµ,α,α′(s, k, l, l′)UkUl,l′ ⊗ γα,α
′,µei〉

∼c (−i)p ip′
∑
k∈Zn

′
τ
(∑
l,l′

gµ,α,α′(s, k, l, l′)Ul,l′
)

Tr(γµ,α,α
′
)

∼c (−i)p ip′
∑
k∈Zn

′∑
l,l′

gµ,α,α′(s, k, l, l′) τ
(
Ul,l′

)
Tr(γµ,α,α

′
).

It is straightforward to check that the series
∑′

k,l,l′gµ,α,α′(s, k, l, l
′) τ
(
Ul,l′

)
is absolutely summable

if <(s) > R for a R > 0. Thus, we can exchange the summation on k and l, l′, which gives

f(s) ∼c (−i)p ip′
∑
l,l′

∑
k∈Zn

′
gµ,α,α′(s, k, l, l′) τ

(
Ul,l′

)
Tr(γµ,α,α

′
).

If we suppose now that p′ = 0, we see that,

f(s) ∼c (−i)p
∑
l

∑
k∈Zn

′ kµ1 ...kµq
|k|s+2q ãα,l δ∑p

i=1 li,0
Tr(γµ,α,α

′
)
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which is, by Proposition 2.4.15, analytic at 0. In particular, for p = q = 1, we see that
∫
AD−1 = 0,

i.e. the vanishing tadpole hypothesis is satisfied. Similarly, if we suppose p = 0, we get

f(s) ∼c (−i)p′
∑
l′

∑
k∈Zn

′ kµ1 ...kµq
|k|s+2q ãα,l′ δ∑p′

i=1 l
′
i,0

Tr(γµ,α,α
′
)

which is holomorphic at 0.
(ii) Adapting the proof of Lemma 2.2.12 to our setting (taking qi = 0, and adding gamma

matrices components), we see that∫
− BD−q = Res

s=0

∑
k

′∑
l,l′

eiφ(l,l′) δ∑r
1 li+l

′
i,0
ãα,l b̃β,l′

kµ1 ···kµq e
−i

∑r
1 li.Θk

|k|s+2q Tr(γ(µ,α,β))

where γ(µ,α,β) is a complicated product of gamma matrices. By Theorem 2.4.4 (ii), since we
suppose here that 1

2πΘ is diophantine, this residue is 0.

Even dimensional case

Corollary 2.3.10. Same hypothesis as in Lemma 2.3.9.
(i) Case n = 2: ∫

− AqD−q = −δq,2 4π τ
(
AαA

α
)
.

(ii) Case n = 4: with the shorthand δµ1,...,µ4 := δµ1µ2δµ3µ4 + δµ1µ3δµ2µ4 + δµ1µ4δµ2µ3 ,∫
− AqD−q = δq,4

π2

12 τ
(
Aα1 · · ·Aα4

)
Tr(γα1 · · · γα4γµ1 · · · γµ4)δµ1,...,µ4 .

Proof. (i, ii) The same computation as in Lemma 2.3.9 (i) (with p′ = 0, p = q = n) gives∫
− AnD−n = Res

s=0
(−i)n

(∑
k∈Zn

′ kµ1 ...kµn
|k|s+2n

)
τ
( ∑
l∈(Zn)n

ãα,lUl1 · · ·Uln
)

Tr(γα1 · · · γαnγµ1 · · · γµn)

and the result follows from Proposition 2.4.15.

We will use few notations:
If n ∈ N, q ≥ 2, l := (l1, · · · , lq−1) ∈ (Zn)q−1, α := (α1, · · · , αq) ∈ {1, · · · , n}q, k ∈ Zn\{0},

σ ∈ {−,+}q, (ai)1≤i≤n ∈ (S(Zn))n,

lq := −
∑

1≤j≤q−1

lj , λσ := (−i)q
∏

j=1...q

σj , ãα,l := aα1,l1 . . . aαq ,lq ,

φσ(k, l) :=
∑

1≤j≤q−1

(σj − σq) k.Θlj +
∑

2≤j≤q−1

σj (l1 + . . .+ lj−1).Θlj ,

gµ(s, k, l) := kµ1 (k+l1)µ2 ...(k+l1+...+lq−1)µq
|k|s+2|k+l1|2...|k+l1+...+lq−1|2 ,

with the convention
∑

2≤j≤q−1 = 0 when q = 2, and gµ(s, k, l) = 0 whenever l̂i = −k for a
1 ≤ i ≤ q − 1.
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Lemma 2.3.11. Let A = L(−iAα) ⊗ γα = −i
∑

l∈Zn aα,l Ul ⊗ γα where Aα = −A∗α ∈ AΘ and
{ aα,l }l ∈ S(Zn), with n ∈ N, be a hermitian one-form, and let 2 ≤ q ≤ n, σ ∈ {−,+}q.

Then,
∫

Aσ = Res
s=0

f(s) where

f(s) :=
∑

l∈(Zn)q−1

∑
k∈Zn

′
λσ e

i
2φσ(k,l) gµ(s, k, l) ãα,l Tr(γαqγµq · · · γα1γµ1).

Proof. By definition,
∫

Aσ = Res
s=0

f(s) where

Tr(Aσq · · ·Aσ1 |D|−s) ∼c
∑
k∈Zn

′
〈Uk ⊗ ei, |k|−s Aσq · · ·Aσ1Uk ⊗ ei〉 =: f(s).

Let r ∈ Zn and v ∈ C2m . Since A = L(−iAα)⊗ γα, and εJAJ−1 = R(iAα)⊗ γα, we get

A+Ur ⊗ v = ADD−2Ur ⊗ v = A
rµ

|r|2+δr,0
Ur ⊗ γµv = −i rµ

|r|2+δr,0
AαUr ⊗ γαγµv ,

A−Ur ⊗ v = εJAJ−1DD−2Ur ⊗ v = εJAJ−1 rµ
|r|2+δr,0

Ur ⊗ γµv = i
rµ

|r|2+δr,0
UrAα ⊗ γαγµv.

With UlUr = e
i
2 r.ΘlUr+l and UrUl = e−

i
2 r.ΘlUr+l, we obtain, for any 1 ≤ j ≤ q,

AσjUr ⊗ v =
∑
l∈Zn

(−σj) i eσj
i
2 r.Θl

rµ
|r|2+δr,0

aα,l Ur+l ⊗ γαγµv.

We now apply q times this formula to get

|k|−sAσq · · ·Aσ1Uk ⊗ ei = λσ
∑

l∈(Zn)q

e
i
2φσ(k,l) gµ(s, k, l) ãα,l Uk+

∑
j lj
⊗ γαqγµq · · · γα1γµ1ei

with

φσ(k, l) := σ1 k.Θl1 + σ2 (k + l1).Θl2 + . . .+ σq (k + l1 + . . .+ lq−1).Θlq.

Thus,

f(s) =
∑
k∈Zn

′
τ
(
λσ

∑
l∈(Zn)q

e
i
2φσ(k,l) gµ(s, k, l) ãα,l U∑

j lj
e
i
2k.Θ

∑
j lj
)

Tr(γαqγµq · · · γα1γµ1)

=
∑
k∈Zn

′
λσ

∑
l∈(Zn)q

e
i
2φσ(k,l) gµ(s, k, l) ãα,l δ(

∑
j

lj) Tr(γαqγµq · · · γα1γµ1)

=
∑
k∈Zn

′
λσ

∑
l∈(Zn)q−1

e
i
2φσ(k,l) gµ(s, k, l) ãα,l Tr(γαqγµq · · · γα1γµ1)

where in the last sum lq is fixed to −
∑

1≤j≤q−1 lj and thus,

φσ(k, l) =
∑

1≤j≤q−1

(σj − σq) k.Θlj +
∑

2≤j≤q−1

σj (l1 + . . .+ lj−1).Θlj .

By Lemma 2.4.9, there exists a R > 0 such that for any s ∈ C with <(s) > R, the family(
e
i
2φσ(k,l) gµ(s, k, l) ãα,l

)
(k,l)∈(Zn\{ 0 })×(Zn)q−1

is absolutely summable as a linear combination of families of the type considered in that lemma.
As a consequence, we can exchange the summations on k and l, which gives the result.
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In the following, we will use the shorthand

c := 4π2

3 .

Lemma 2.3.12. Suppose n = 4. Then, with the same hypothesis of Lemma 2.3.11,

(i) 1
2

∫
−(A+)2 = 1

2

∫
−(A−)2 = c

∑
l∈Z4

aα1,l aα2,−l
(
lα1 lα2 − δα1α2 |l|2

)
.

(ii) − 1
3

∫
−(A+)3 = −1

3

∫
−(A−)3 = 4c

∑
li∈Z4

aα3,−l1−l2 a
α1
l2
aα1,l1 sin l1.Θl2

2 lα3
1 .

(iii) 1
4

∫
−(A+)4 = 1

4

∫
−(A−)4 = 2c

∑
li∈Z4

aα1,−l1−l2−l3 aα2,l3 a
α1
l2
aα2
l1

sin l1.Θ(l2+l3)
2 sin l2.Θl3

2 .

(iv) Suppose 1
2πΘ diophantine. Then the crossed terms in

∫
(A+ + A−)q vanish: if C is the

set of all σ ∈ {−,+}q with 2 ≤ q ≤ 4, such that there exist i, j satisfying σi 6= σj, we have∑
σ∈C

∫
Aσ = 0.

Proof. (i) Lemma 2.3.11 entails that
∫

A++ = Res
s=0

∑
l∈Zn −f(s, l) where

f(s, l) :=
∑
k∈Zn

′ kµ1 (k+l)µ2
|k|s+2|k+l|2 ãα,l Tr(γα2γµ2γα1γµ1) and ãα,l := aα1,l aα2,−l .

We will now reduce the computation of the residue of an expression involving terms like |k+l|2 in
the denominator to the computation of residues of zeta functions. To proceed, we use (2.37) into
an expression like the one appearing in f(s, l). We see that the last term on the righthandside
yields a Zn(s) while the first one is less divergent by one power of k. If this is not enough, we
repeat this operation for the new factor of |k + l|2 in the denominator. For f(s, l), which is
quadratically divergent at s = 0, we have to repeat this operation three times before ending with
a convergent result. All the remaining terms are expressible in terms of Zn functions. We get,
using three times (2.37),

1
|k+l|2 = 1

|k|2 −
2k.l+|l|2
|k|4 + (2k.l+|l|2)2

|k|6 − (2k.l+|l|2)3

|k|6|k+l|2 . (2.18)

Let us define
fα,µ(s, l) :=

∑
k∈Zn

′ kµ1 (k+l)µ2
|k|s+2|k+l|2 ãα,l

so that f(s, l) = fα,µ(s, l) Tr(γα2γµ2γα1γµ1). Equation (2.18) gives

fα,µ(s, l) = f1(s, l)− f2(s, l) + f3(s, l)− r(s, l)

with obvious identifications. Note that the function

r(s, l) =
∑
k∈Zn

′ kµ1 (k+l)µ2 (2kl+|l|2)3

|k|s+8|k+l|2 ãα,l

is a linear combination of functions of the type H(s, l) satisfying the hypothesis of Corollary
2.4.12. Thus, r(s, l) satisfies (H1) and with the previously seen equivalence relation modulo
functions satisfying this hypothesis we get fα,µ(s, l) ∼ f1(s, l)− f2(s, l) + f3(s, l).
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Let’s now compute f1(s, l).

f1(s, l) =
∑
k∈Zn

′ kµ1 (k+l)µ2
|k|s+4 ãα,l = ãα,l

∑
k∈Zn

′ kµ1kµ2
|k|s+4 + 0.

Proposition 2.4.1 entails that s 7→
∑

k∈Zn
′ kµ1kµ2
|k|s+4 is holomorphic at 0. Thus, f1(s, l) satisfies (H1),

and fα,µ(s, l) ∼ −f2(s, l) + f3(s, l).
Let’s now compute f2(s, l) modulo (H1). We get, using several times Proposition 2.4.1,

f2(s, l) =
∑
k∈Zn

′ kµ1 (k+l)µ2 (2kl+|l|2)

|k|s+6 ãα,l =
∑
k∈Zn

′ (2kl)kµ1kµ2+(2kl)kµ1 lµ2+|l|2kµ1kµ2+lµ2 |l|
2kµ1

|k|s+6 ãα,l

∼ 0 +
∑
k∈Zn

′ (2kl)kµ1 lµ2
|k|s+6 ãα,l +

∑
k∈Zn

′ |l|2kµ1kµ2
|k|s+6 ãα,l + 0 .

Recall that
∑′

k∈Zn
kikj
|k|s+6 = δij

n Zn(s+ 4). Thus,

f2(s, l) ∼ 2lilµ2 ãα,l
δiµ1
n Zn(s+ 4) + |l|2 ãα,l

δµ1µ2
n Zn(s+ 4).

Finally, let us compute f3(s, l) modulo (H1) following the same principles:

f3(s, l) =
∑
k∈Zn

′ kµ1 (k+l)µ2 (2kl+|l|2)2

|k|s+8 ãα,l

=
∑
k∈Zn

′ (2kl)2kµ1kµ2+(2kl)2kµ1 lµ2+|l|4kµ1kµ2+|l|4kµ1 lµ2+(4kl)|l|2kµ1kµ2+(4kl)|l|2kµ1 lµ2
|k|s+8 ãα,l

∼ 4lilj
∑
k∈Zn

′ kikjkµ1kµ2
|k|s+8 ãα,l + 0.

In conclusion,

fα,µ(s, l) ∼ −1
4(2lµ1 lµ2 + |l|2 δµ1µ2)ãα,lZn(s+ 4) + 4lilj ãα,l

∑
k∈Zn

′ kikjkµ1kµ2
|k|s+8 =: gα,µ(s, l).

Proposition (2.4.1) entails that Zn(s + 4) and s 7→
∑

k∈Zn
′ kikjkµ1kµ2
|k|s+8 extend holomorphically in

a punctured open disk centered at 0. Thus, gα,µ(s, l) satisfies (H2) and we can apply Lemma
2.4.13 to get

−
∫
−(A+)2 = Res

s=0

∑
l∈Zn

f(s, l) =
∑
l∈Zn

Res
s=0

gα,µ(s, l) Tr(γα2γµ2γα1γµ1) =:
∑
l∈Zn

Res
s=0

g(s, l).

The problem is now reduced to the computation of Res
s=0

g(s, l). Recall that Ress=0 Z4(s+4) = 2π2

by (2.41) or (2.38), and

Ress=0

∑
k∈Zn

′ kikjklkm
|k|s+8 = (δijδlm + δilδjm + δimδjl) π

2

12 .

Thus,
Res
s=0

gα,µ(s, l) = −π2

3 ãα,l (lµ1 lµ2 + 1
2 |l|

2δµ1µ2).
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We will use

Tr(γµ1 · · · γµ2j ) = Tr(1)
∑

all pairings of { 1···2j }

s(P ) δµP1
µP2

δµP3
µP4
· · · δµP2j−1

µP2j
(2.19)

where s(P ) is the signature of the permutation P when P2m−1 < P2m for 1 ≤ m ≤ n. This gives

Tr(γα2γµ2γα1γµ1) = 2m(δα2µ2δα1µ1 − δα1α2δµ2µ1 + δα2µ1δµ2α1). (2.20)

Thus,

Res
s=0

g(s, l) = −c ãα,l (lµ1 lµ2 + 1
2 |l|

2δµ1µ2)(δα2µ2δα1µ1 − δα1α2δµ2µ1 + δα2µ1δµ2α1)

= −2c ãα,l (lα1 lα2 − δα1α2 |l|2).

Finally,
1
2

∫
−(A+)2 = 1

2

∫
−(A−)2 = c

∑
l∈Zn

aα1,l aα2,−l
(
lα1 lα2 − δα1α2 |l|2

)
.

(ii) Lemma 2.3.11 entails that
∫

A+++ = Res
s=0

∑
(l1,l2)∈(Zn)2 f(s, l) where

f(s, l) :=
∑
k∈Zn

′
i e

i
2 l1Θl2 kµ1 (k+l1)µ2 (k+l̂2)µ3

|k|s+2|k+l1|2|k+l̂2|2
ãα,l Tr(γα3γµ3γα2γµ2γα1γµ1)

=: fα,µ(s, l) Tr(γα3γµ3γα2γµ2γα1γµ1),

and ãα,l := aα1,l1 aα2,l2 aα3,−l̂2 with l̂2 := l1 + l2.
We use the same technique as in (i):

1
|k+l1|2 = 1

|k|2 −
2k.l1+|l1|2
|k|4 + (2k.l1+|l1|2)2

|k|4|k+l1|2 ,

1

|k+l̂2|2
=

1
|k|2
− 2k.l̂2+|l̂2|2

|k|4 + (2k.l̂2+|l̂2|2)2

|k|4|k+l̂2|2

and thus,
1

|k+l1|2|k+l̂2|2
= 1
|k|4 −

2k.l1
|k|6 −

2k.l̂2
|k|6 +R(k, l) (2.21)

where the remain R(k, l) is a term of order at most −6 in k. Equation (2.21) gives

fα,µ(s, l) = f1(s, l) + r(s, l)

where r(s, l) corresponds to R(k, l). Note that the function

r(s, l) =
∑
k∈Zn

′
i e

i
2 l1Θl2 kµ1 (k+l)µ2 (k+l̂2)µ3R(k,l)

|k|s+2 ãα,l

is a linear combination of functions of the type H(s, l) satisfying the hypothesis of Corollary
(2.4.12). Thus, r(s, l) satisfies (H1) and fα,µ(s, l) ∼ f1(s, l).
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Let us compute f1(s, l) modulo (H1)

f1(s, l) =
∑
k∈Zn

′
i e

i
2 l1Θl2 kµ1 (k+l1)µ2 (k+l̂2)µ3

|k|s+6 ãα,l −
∑
k∈Zn

′
i e

i
2 l1Θl2 kµ1 (k+l1)µ2 (k+l̂2)µ3 (2k.l1+2k.l̂2)

|k|s+8 ãα,l

∼
∑
k∈Zn

′
i e

i
2 l1Θl2 kµ1kµ2 l̂2µ3

+kµ1kµ3 l1µ2
|k|s+6 ãα,l −

∑
k∈Zn

′
i e

i
2 l1Θl2 kµ1kµ2kµ3 (2k.l1+2k.l̂2)

|k|s+8 ãα,l

= i e
i
2 l1Θl2 ãα,l

(
(l1µ2

δµ1µ3 + l̂2µ3
δµ1µ2) 1

4Z4(s+ 4)− 2(li1 + l̂i2)
∑
k∈Zn

′ kµ1kµ2kµ3ki
|k|s+8

)
=: gα,µ(s, l).

Since gα,µ(s, l) satisfies (H2), we can apply Lemma 2.4.13 to get∫
−(A+)3 = Res

s=0

∑
(l1,l2)∈(Zn)2

f(s, l)

=
∑

(l1,l2)∈(Zn)2

Res
s=0

gα,µ(s, l) Tr(γα3γµ3γα2γµ2γα1γµ1) =:
∑
l

Xl.

Recall that l3 := −l1 − l2 = −l̂2. By (2.38) and (2.40),

Res
s=0

gα,µ(s, l)i e
i
2 l1Θl2 ãα,l

(
2(−li1 + li3)π

2

12 (δµ1µ2δµ3i + δµ1µ3δµ2i + δµ1iδµ2µ3)

+ (l1µ2
δµ1µ3 − l3µ3

δµ1µ2)π
2

2

)
.

We decompose Xl in five terms: Xl = 2m π2

2 i e
i
2 l1Θl2 ãα,l (T1 + T2 + T3 + T4 + T5) where

T0 := 1
3(−li1 + li3)(δµνδρi + δµρδνi + δµiδνρ) + l1νδµρ − l3ρδµν ,

T1 := (δα3ρδα2νδα1µ − δα3ρδα2α1δµν + δα3ρδα2µδα1ν)T0,

T2 := (−δα2α3δρνδα1µ + δα2α3δα1ρδµν − δα2α3δρµδα1ν)T0,

T3 := (δα3νδα2ρδα1µ − δα3νδα1ρδα2µ + δα3νδρµδα1α2)T0,

T4 := (−δα1α3δα2ρδµν + δα1α3δρνδα2µ − δα1α3δρµδα2ν)T0,

T5 := (δα3µδα2ρδα1ν − δα3µδρνδα1α2 + δα3µδα1ρδα2ν)T0.

With the shorthand p := −l1 − 2l3, q := 2l1 + l3, r := −p − q = −l1 + l3, we compute each Ti,
and find

3T1 = δα1α2(2− 2m)pα3 + δα3α1qα2 − δα2α1qα3 + δα3α2qα1 + δα3α2rα1 − δα2α1rα3 + δα3α1rα2 ,

3T2 = (2m − 2)δα2α3pα1 − 2mδα2α3qα1 − 2mδα2α3rα1 ,

3T3 = δα1α3pα2 − δα2α3pα1 + δα1α2pα3 + 2mδα2α1qα3 + δα3α2rα1 − δα3α1rα2 + δα1α2rα3 ,

3T4 = −δα1α32mpα2 − δα1α32mqα2 + δα1α3(2m − 2)rα2 ,

3T5 = δα1α3pα2 − δα1α2pα3 + δα3α2pα1 + δα3α2qα1 − δα1α2qα3 + δα3α1qα2 + (2− 2m)δα1α2rα3 .

Thus,

Xl = 2m 2π2

3 i e
i
2 l1.Θl2 ãα,l (qα3δα1α2 + rα2δα1α3 + pα1δα2α3) (2.22)
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and ∫
−(A+)3 = i 2c (S1 + S2 + S3),

where S1, S2 and S3 correspond to respectively qα3δα1α2 , rα2δα1α3 and pα1δα2α3 . In S1, we
permute the li variables the following way: l1 7→ l3, l2 7→ l1, l3 7→ l2. Therefore, l3.Θ l1 7→ l3.Θ l1
and q 7→ r. With a similar permutation of the αi, we see that S1 = S2. We apply the same
principles to prove that S1 = S3 (using permutation l1 7→ l2, l2 7→ l3, l3 7→ l1). Thus,

1
3

∫
−(A+)3 = i 2c

∑
li

ãα,l e
i
2 l1.Θl2 (l1 − l2)α3δα1α2 = S4 − S5,

where S4 correspond to l1 and S5 to l2. We permute the li variables in S5 the following way:
l1 7→ l2, l2 7→ l1, l3 7→ l3, with a similar permutation on the αi. Since l1.Θ l2 7→ −l1.Θ l2, we
finally get

1
3

∫
−(A+)3 = −4c

∑
li

aα1,l1 aα2,l2 aα3,−l1−l2 sin l1.Θl2
2 lα3

1 δα1α2 .

(iii) Lemma 2.3.11 entails that
∫

A++++ = Res
s=0

∑
(l1,l2,l3)∈(Zn)3 fµ,α(s, l) Tr γµ,α where

θ := l1.Θl2 + l1.Θl3 + l2.Θl3,

Tr γµ,α := Tr(γα4γµ4γα3γµ3γα2γµ2γα1γµ1),

fµ,α(s, l) :=
∑
k∈Zn

′
e
i
2 θ

kµ1 (k+l1)µ2 (k+l̂2)µ3 (k+l̂3)µ4

|k|s+2|k+l1|2|k+l̂2|2|k+l̂3|2
ãα,l,

ãα,l := aα1,l1 aα2,l2 aα3,l3 aα4,−l1−l2−l3 .

Using (2.37) and Corollary 2.4.12 successively, we find

fµ,α(s, l) ∼
∑
k∈Zn

′
e
i
2 θ

kµ1kµ2kµ3kµ4
|k|s+2|k+l1|2|k+l1+l2|2|k+l1+l2+l3|2 ãα,l ∼

∑
k∈Zn

′
e
i
2 θ

kµ1kµ2kµ3kµ4
|k|s+8 ãα,l.

Since the function
∑

k∈Zn
′e
i
2 θ

kµ1kµ2kµ3kµ4
|k|s+8 ãα,l satisfies (H2), Lemma 2.4.13 entails that∫

−(A+)4 =
∑

(l1,l2,l3)∈(Zn)3

e
i
2 θ ãα,l Res

s=0

∑
k∈Zn

′ kµ1kµ2kµ3kµ4
|k|s+8 Tr γµ,α =:

∑
l

Xl.

Therefore, with (2.40), we get Xl = π2

12 ãα,l e
i
2 θ (A+B + C), where

A := Tr(γα4γµ4γα3γµ4γ
α2γµ2γα1γµ2),

B := Tr(γα4γµ4γα3γµ2γα2γµ4γ
α1γµ2),

C := Tr(γα4γµ4γα3γµ2γ
α2γµ2γα1γµ4).

Using successively {γµ, γν} = 2δµν and γµγµ = 2m 12m , we see that

A = C = 4 Tr(γα4γα3γα2γα1),
B = −4

(
Tr(γα4γα3γα1γα2) + Tr(γα4γα2γα3γα1)

)
.
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Thus, A+B + C = 8 2m
(
δα4α3δα2α1 + δα4α1δα3α2 − 2δα4α2δα3α1

)
, and

Xl = 2π2

3 2m e
i
2 θ ãα,l

(
δα4α3δα2α1 + δα4α1δα3α2 − 2δα4α2δα3α1

)
. (2.23)

By (2.23), we get ∫
−(A+)4 = 2c (−2T1 + T2 + T3),

where

T1 :=
∑
l1,...,l4

aα4,l4 aα3,l3 aα2,l2 aα1,l1 e
i
2 θ δ0,

∑
i li

δα4α2 δα3α1 ,

T2 :=
∑
l1,...,l4

aα4,l4 aα3,l3 aα2,l2 aα1,l1 e
i
2 θ δ0,

∑
i li

δα4α3 δα2α1 ,

T3 :=
∑
l1,...,l4

aα4,l4 aα3,l3 aα2,l2 aα1,l1 e
i
2 θ δ0,

∑
i li

δα4α1 δα3α2 .

We now proceed to the following permutations of the li variables in the T1 term : l1 7→ l2, l2 7→ l1,
l3 7→ l4, l4 7→ l3. While

∑
i li is invariant, θ is modified : θ 7→ l2.Θl1 + l2.Θl4 + l1.Θl4. With δ0,

∑
i li

in factor, we can let l4 be −l1 − l2 − l3, so that θ 7→ −θ. We also permute the αi in the same
way. Thus,

T1 =
∑
l1,...,l4

aα3,l3 aα4,l4 aα1,l1 aα2,l2 e
− i2 θ δ0,

∑
i li

δα3α1 δα4α2 .

Therefore,
2T1 = 2

∑
l1,...,l4

aα4,l4 aα3,l3 aα2,l2 aα1,l1 cos θ2 δ0,
∑
i li

δα4α2 δα3α1 . (2.24)

The same principles are applied to T2 and T3. Namely, the permutation l1 7→ l1, l2 7→ l3, l3 7→ l2,
l4 7→ l4 in T2 and the permutation l1 7→ l2, l2 7→ l3, l3 7→ l1, l4 7→ l4 in T3 (the αi variables are
permuted the same way) give

T2 =
∑
l1,...,l4

aα4,l4aα3,l3aα2,l2 aα1,l1 e
i
2φ δ0,

∑
i li

δα4α2 δα3α1 ,

T3 =
∑
l1,...,l4

aα4,l4 aα3,l3aα2,l2 aα1,l1 e
− i2φ δ0,

∑
i li

δα4α2 δα3α1

where φ := l1.Θ l2 + l1.Θ l3 − l2.Θ l3. Finally, we get∫
−(A+)4 = 4c

∑
l1,...,l4

aα1,l4 aα2,l3 a
α1
l2
aα2
l1
δ0,

∑
i li

(cos φ2 − cos θ2)

= 8c
∑
l1,...,l3

aα1,−l1−l2−l3 aα2,l3 a
α1
l2
aα2
l1

sin l1.Θ(l2+l3)
2 sin l2.Θl3

2 . (2.25)

(iv) Suppose q = 2. By Lemma 2.3.11, we get∫
− Aσ = Res

s=0

∑
l∈Zn

λσfα,µ(s, l) Tr(γα2γµ2γα1γµ1)
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where
fα,µ(s, l) :=

∑
k∈Zn

′ kµ1 (k+l)µ2
|k|s+2|k+l|2 e

iη k.Θl ãα,l

and η := 1
2(σ1 − σ2) ∈ {−1, 1}. As in the proof of (i), since the presence of the phase does not

change the fact that r(s, l) satisfies (H1), we get

fα,µ(s, l) ∼ f1(s, l)− f2(s, l) + f3(s, l)

where

f1(s, l) =
∑
k∈Zn

′ kµ1 (k+l)µ2
|k|s+4 eiη k.Θl ãα,l,

f2(s, l) =
∑
k∈Zn

′ kµ1 (k+l)µ2 (2k.l+|l|2)

|k|s+6 eiη k.Θl ãα,l,

f3(s, l) =
∑
k∈Zn

′ kµ1 (k+l)µ2 (2k.l+|l|2)2

|k|s+8 eiη k.Θl ãα,l.

Suppose that l = 0. Then f2(s, 0) = f3(s, 0) = 0 and Proposition 2.4.1 entails that

f1(s, 0) =
∑′

k∈Zn
kµ1kµ2
|k|s+4 ãα,0

is holomorphic at 0 and so is fα,µ(s, 0).
Since 1

2πΘ is diophantine, Theorem 2.4.4 3 gives us the result.
Suppose q = 3. Then Lemma 2.3.11 implies that∫

− Aσ = Res
s=0

∑
l∈(Zn)2

fµ,α(s, l) Tr(γµ3γα3 · · · γµ1γα1)

where
fµ,α(s, l) :=

∑′

k∈Zn
λσe

ik.Θ(ε1l1+ε2l2)e
i
2σ2l1.Θl2 kµ1 (k+l1)µ2 (k+l1+l2)µ3

|k|s+2|k+l1|2|k+l1+l2|2 ãα,l,

and εi := 1
2(σi − σ3) ∈ {−1, 0, 1}. By hypothesis (ε1, ε2) 6= (0, 0). There are six possibilities

for the values of (ε1, ε2), corresponding to the six possibilities for the values of σ: (−,−,+),
(−,+,+), (+,−,+), (+,+,−), (−,+,−), and (+,−,−). As in (ii), we see that

fµ,α(s, l) ∼
(∑
k∈Zn

′ eik.Θ(ε1l1+ε2l2)kµ1 (k+l1)µ2 (k+l̂2)µ3
|k|s+6

−
∑
k∈Zn

′ eik.Θ(ε1l1+ε2l2)kµ1 (k+l1)µ2 (k+l̂2)µ3 (2k.l1+2k.l̂2)

|k|s+8 λσ ãα,l e
i
2σ2l1.Θl2 .

With Z := {(l1, l2) : ε1l1 + ε2l2 = 0}, Theorem 2.4.4 (iii) entails that
∑

l∈(Zn)2\Z fµ,α(s, l) is
holomorphic at 0. To conclude we need to prove that∑

σ

g(σ) :=
∑
σ

∑
l∈Z

fµ,α(s, l) Tr(γµ3γα3 · · · γµ1γα1)

is holomorphic at 0. By definition, λσ = iσ1σ2σ3 and as a consequence, we check that

g(−,−,+) = −g(+,+,−), g(+,−,+) = −g(+,−,−), g(−,+,+) = −g(−,+,−),
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which implies that
∑

σ g(σ) = 0. The result follows.
Suppose finally that q = 4. Again, Lemma 2.3.11 implies that∫

− Aσ = Res
s=0

∑
l∈(Zn)3

fµ,α(s, l) Tr(γµ4γα4 · · · γµ1γα1)

where

fµ,α(s, l) :=
∑
k∈Zn

′
λσ e

ik.Θ
∑3
i=1 εili e

i
2 (σ2l1.Θl2+σ3(l1+l2).Θl3) kµ1 (k+l1)µ2 (k+l1+l2)µ3 (k+l1+l2+l3)µ4

|k|s+2|k+l1|2|k+l1+l2|2|k+l1+l2+l3|2 ãα,l

and εi := 1
2(σi − σ4) ∈ {−1, 0, 1}. By hypothesis (ε1, ε2, ε3) 6= (0, 0, 0). There are fourteen possi-

bilities for the values of (ε1, ε2, ε3), corresponding to the fourteen possibilities for the values of
σ: (−,−,−,+), (−,−,+,+), (−,+,−,+), (+,−,−,+), (−,+,+,+), (+,−,+,+), (+,+,−,+),
(+,+,+,−), (−,−,+,−), (−,+,−,−), (+,−,−,−), (−,+,+,−), (+,−,+,−) and (+,+,−,−).
As in (ii), we see that, with the shorthand θσ := σ2l1.Θl2 + σ3(l1 + l2).Θl3,

fµ,α(s, l) ∼
∑′

k∈Zn
λσ e

ik.Θ
∑3
i=1 εili e

i
2 θσ

kµ1kµ2kµ3kµ4
|k|s+8 ãα,l =: gµ,α(s, l) .

With Zσ := {(l1, l2, l3) :
∑3

i=1 εili = 0}, Theorem 2.4.4 (iii), the series
∑

l∈(Zn)3\Zσ fµ,α(s, l) is
holomorphic at 0. To conclude, we need to prove that∑

σ

g(σ) :=
∑
σ

Res
s=0

∑
l∈Zσ

gµ,α(s, l) Tr(γµ4γα4 · · · γµ1γα1) = 0.

Let C be the set of the fourteen values of σ and C7 be the set of the seven first values of σ given
above. Lemma 2.3.7 implies ∑

σ∈C
g(σ) = 2

∑
σ∈C7

g(σ).

Thus, in the following, we restrict to these seven values. Let us note Fµ(s) :=
∑′

k∈Zn
kµ1kµ2kµ3kµ4
|k|s+8

so that
g(σ) = Res

s=0
Fµ(s)λσ

∑
l∈Zσ

e
i
2 θσ ãα,l Tr(γµ4γα4 · · · γµ1γα1).

Recall from (2.23) that

Res
s=0

Fµ(s) Tr(γµ4γα4 · · · γµ1γα1) = 2c
(
δα4α3δα2α1 + δα4α1δα3α2 − 2δα4α2δα3α1

)
.

As a consequence, we get, with ãα,l := aα1,l1 · · · aα4,l4 ,

g(σ) = 2cλσ
∑

l∈(Zn)4

e
i
2 θσ ãα,l δ∑4

i=1 li,0
δ∑3

i=1 εili,0

(
δα4α3δα2α1 + δα4α1δα3α2 − 2δα4α2δα3α1

)
=: 2cλσ(T1 + T2 − 2T3).

We proceed to the following change of variable in T1: l1 7→ l1, l2 7→ l3, l3 7→ l2, l4 7→ l4. Thus, we
get θσ 7→ ψσ := σ2l1.Θl3 + σ3(l1 + l3).Θl2, and

∑3
i=1 εili 7→ ε1l1 + ε3l2 + ε2l3 =: uσ(l). With a

similar permutation on the αi, we get

T1 =
∑

l∈(Zn)4

e
i
2ψσ ãα,l δ∑4

i=1 li,0
δε1l1+ε3l2+ε2l3,0 δ

α4α2δα3α1 .
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We proceed to the following change of variable in T2: l1 7→ l2, l2 7→ l3, l3 7→ l1, l4 7→ l4. Thus, we
get θσ 7→ φσ := σ2l2.Θl3 + σ3(l2 + l3).Θl1, and

∑3
i=1 εili 7→ ε3l1 + ε1l2 + ε2l3 =: vσ(l). After a

similar permutation on the αi, we get

T2 =
∑

l∈(Zn)4
e
i
2φσ ãα,l δ∑4

i=1 li,0
δε3l1+ε1l2+ε2l3,0 δ

α4α2δα3α1 .

Finally, we proceed to the following change of variable in T3: l1 7→ l2, l2 7→ l1, l3 7→ l4, l4 7→ l3.
Thus, we get θσ 7→ −θσ, and

∑3
i=1 εili 7→ (ε2− ε3)l1 + (ε1− ε3)l2− ε3l3 =: wσ(l). With a similar

permutation on the αi, we get

T3 =
∑

l∈(Zn)4
e−

i
2 θσ ãα,l δ∑4

i=1 li,0
δ(ε2−ε3)l1+(ε1−ε3)l2−ε3l3,0δ

α4α2δα3α1 .

As a consequence, we get

g(σ) = 2c
∑

l∈(Zn)4
Kσ(l1, l2, l3) ãα,l δ∑4

i=1 li,0
δα4α2δα3α1 ,

where Kσ(l1, l2, l3) = λσ
(
e
i
2ψσ δuσ(l),0 + e

i
2φσ δvσ(l),0 − e

i
2 θσ δ∑3

i=1 εili,0
− e−

i
2 θσ δwσ(l),0

)
.

The computation of Kσ(l1, l2, l3) for the seven values of σ yields

K−−++(l1, l2, l3) = δl1+l3,0 + δl2+l3,0 − δl1+l2,0 − δl1+l2,0,

K−+−+(l1, l2, l3) = δl1+l2,0 + δl1+l2,0 − δl1+l3,0 − δl1+l3,0,

K−−++(l1, l2, l3) = δl2+l3,0 + δl1+l3,0 − δl2+l3,0 − δl2+l3,0,

K−−−+(l1, l2, l3) = −
(
e
i
2 l1.Θl2δ∑3

i=1 li,0
+ e

i
2 l2.Θl1δ∑3

i=1 li,0
− e

i
2 l2.Θl1δ∑3

i=1 li,0
− e

i
2 l1.Θl2δl3,0

)
,

K−+++(l1, l2, l3) = −
(
e
i
2 l3.Θl2δl1,0 + e

i
2 l3.Θl1δl2,0 − e

i
2 l2.Θl3δl1,0 − e

i
2 l3.Θl1δl2,0

)
,

K+−++(l1, l2, l3) = −
(
e
i
2 l1.Θl2δl3,0 + e

i
2 l2.Θl1δl3,0 − e

i
2 l1.Θl3δl2,0 − e

i
2 l3.Θl2δl1,0

)
,

K++−+(l1, l2, l3) = −
(
e
i
2 l1.Θl3δl2,0 + e

i
2 l2.Θl3δl1,0 − e

i
2 l1.Θl2δl3,0 − e

i
2 l2.Θl1δ∑3

i=1 li,0

)
.

Thus, ∑
σ∈C7

Kσ(l1, l2, l3) = 2i(δl3,0 − δ∑3
i=1 li,0

) sin l1.Θl2
2

and ∑
σ∈C7

g(σ) = i4c
∑

l∈(Zn)4

(δl3,0 − δ∑3
i=1 li,0

) sin l1.Θl2
2 ãα,l δ∑4

i=1 li,0
δα4α2δα3α1 .

The following change of variables: l1 7→ l2, l1 7→ l2, l3 7→ l4, l4 7→ l3 gives∑
l∈(Zn)4

δ∑3
1 li,0

sin l1.Θl2
2 ãα,l δ∑4

1 li,0
δα4α2δα3α1 = −

∑
l∈(Zn)4

δl3,0 sin l1.Θl2
2 ãα,l δ∑4

1 li,0
δα4α2δα3α1

so ∑
σ∈C7

g(σ) = i8c
∑

l∈(Zn)4

δl3,0 sin l1.Θl2
2 ãα,l δ∑4

1 li,0
δα4α2δα3α1 .
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Finally, the change of variables: l2 7→ l4, l4 7→ l2 gives∑
l∈(Zn)4

δl3,0 sin l1.Θl2
2 ãα,l δ∑4

1 li,0
δα4α2δα3α1 = −

∑
l∈(Zn)4

δl3,0 sin l1.Θl2
2 ãα,l δ∑4

1 li,0
δα4α2δα3α1

which entails that
∑

σ∈C7
g(σ) = 0.

Lemma 2.3.13. Suppose n = 4 and 1
2πΘ diophantine. For any self-adjoint one-form A,

ζDA(0)− ζD(0) = −c τ(Fα1,α2F
α1α2).

Proof. By (1.11) and Lemma 2.3.6 we get

ζDA(0)− ζD(0) =
n∑
q=1

(−1)q

q

∑
σ∈{+,−}q

∫
− Aσ.

By Lemma 2.3.12 (iv), we see that the crossed terms all vanish. Thus, with Lemma 2.3.7, we get

ζDA(0)− ζD(0) = 2
n∑
q=1

(−1)q

q

∫
−(A+)q. (2.26)

By definition,

Fα1α2 = i
∑
k

(
aα2,k kα1 − aα1,k kα2

)
Uk +

∑
k, l

aα1,k aα2,l [Uk, Ul]

= i
∑
k

[
(aα2,k kα1 − aα1,k kα2)− 2

∑
l

aα1,k−l aα2,l sin(k.Θl2 )
]
Uk.

Thus

τ(Fα1α2F
α1α2) =

2m∑
α1, α2=1

∑
k∈Z4

[
(aα2,k kα1 − aα1,k kα2)− 2

∑
l′∈Z4

aα1,k−l′ aα2,l′ sin(k.Θl
′

2 )
]

[
(aα2,−k kα1 − aα1,−k kα2)− 2

∑
l”∈Z4

aα1,−k−l” aα2,l” sin(k.Θl”2 )
]
.

One checks that the term in aq of τ(Fα1α2F
α1α2) corresponds to the term

∫
(A+)q given by Lemma

2.3.12. For q = 2, this is

−2
∑

l∈Z4, α1, α2

aα1,l aα2,−l
(
lα1 lα2 − δα1α2 |l|2

)
.

For q = 3, we compute the crossed terms:

i
∑
k,k′,l

(aα2,k kα1 − aα1,k kα2) aα1
k′ a

α2
l

(
Uk[Uk′ , l] + [Uk′ , Ul]Uk

)
,

which gives the following a3-term in τ(Fα1α2F
α1α2)

−8
∑
li

aα3,−l1−l2 a
α1
l2
aα1,l1 sin l1.Θl2

2 lα3
1 .
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For q = 4, this is

−4
∑
li

aα1,−l1−l2−l3 aα2,l3 a
α1
l2
aα2
l1

sin l1.Θ(l2+l3)
2 sin l2.Θl3

2

which corresponds to the term
∫

(A+)4. We get finally,

n∑
q=1

(−1)q

q

∫
−(A+)q = − c

2τ(Fα1,α2F
α1α2). (2.27)

Equations (2.26) and (2.27) yield the result.

Lemma 2.3.14. Suppose n = 2. Then, with the same hypothesis as in Lemma 2.3.11,

(i)
∫
−(A+)2 =

∫
−(A−)2 = 0.

(ii) Suppose 1
2πΘ diophantine. Then∫

− A+A− =
∫
− A−A+ = 0.

Proof. (i) Lemma 2.3.11 entails that
∫

A++ = Res
s=0

∑
l∈Z2 −f(s, l) where

f(s, l) :=
∑′

k∈Z2

kµ1 (k+l)µ2
|k|s+2|k+l|2 ãα,l Tr(γα2γµ2γα1γµ1) =: fµ,α(s, l) Tr(γα2γµ2γα1γµ1)

and ãα,l := aα1,l aα2,−l. This time, since n = 2, it is enough to apply just once (2.37) to obtain
an absolutely convergent series. Indeed, we get with (2.37)

fµ,α(s, l) =
∑
k∈Z2

′ kµ1 (k+l)µ2
|k|s+4 ãα,l −

∑
k∈Z2

′ kµ1 (k+l)µ2 (2k.l+|l|2)

|k|s+4|k+l|2 ãα,l.

and the function r(s, l) :=
∑′

k∈Z2
kµ1 (k+l)µ2 (2k.l+|l|2)

|k|s+4|k+l|2 ãα,l is a linear combination of functions of
the type H(s, l) satisfying the hypothesis of Corollary 2.4.12. As a consequence, r(s, l) satisfies
(H1) and

fµ,α(s, l) ∼
∑
k∈Z2

′ kµ1 (k+l)µ2
|k|s+4 ãα,l ∼

∑
k∈Z2

′ kµ1kµ2
|k|s+4 ãα,l

Note that the function (s, l) 7→ hµ,α(s, l) :=
∑′

k∈Z2
kµ1kµ2
|k|s+4 ãα,l satisfies (H2). Thus, Lemma 2.4.13

yields
Res
s=0

f(s, l) =
∑
l∈Z2

Res
s=0

hµ,α(s, l) Tr(γα2γµ2γα1γµ1).

By Proposition 2.4.15, we get Res
s=0

hµ,α(s, l) = δµ1µ2 π ãα,l. Therefore,∫
− A++ = −π

∑
l∈Z2

ãα,l Tr(γα2γµγα1γµ) = 0
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according to (2.20).
(ii) By Lemma 2.3.11, we obtain that

∫
A−+ = Res

s=0

∑
l∈Z2 λσfα,µ(s, l) Tr(γα2γµ2γα1γµ1)

where λσ = −(−i)2 = 1 and

fα,µ(s, l) :=
∑
k∈Z2

′ kµ1 (k+l)µ2
|k|s+2|k+l|2 e

iη k.Θl ãα,l

and η := 1
2(σ1−σ2) = −1. As in the proof of (i), since the presence of the phase does not change

the fact that r(s, l) satisfies (H1), we get

fα,µ(s, l) ∼
∑
k∈Z2

′ kµ1 (k+l)µ2
|k|s+4 eiη k.Θl ãα,l := gα,µ(s, l) .

Since 1
2πΘ is diophantine, the functions s 7→

∑
l∈Z2\{0} gα,µ(s, l) are holomorphic at s = 0 by

Theorem 2.4.4 3. As a consequence,∫
− A−+ = Res

s=0
gα,µ(s, 0) Tr(γα2γµ2γα1γµ1) = Res

s=0

∑
k∈Z2

′ kµ1kµ2
|k|s+4 ãα,0 Tr(γα2γµ2γα1γµ1).

Recall from Proposition 2.4.1 that Ress=0
∑′

k∈Z2
kikj
|k|s+4 = δij π. Thus, again with (2.20),∫

− A−+ = ãα,0 π Tr(γα2γµγα1γµ) = 0.

Lemma 2.3.15. Suppose n = 2 and 1
2πΘ diophantine. For any self-adjoint one-form A,

ζDA(0)− ζD(0) = 0.

Proof. As in Lemma 2.3.13, we use (1.11) and Lemma 2.3.6 so the result follows from Lemma
2.3.14.

Odd dimensional case

Lemma 2.3.16. Suppose n odd and 1
2πΘ diophantine. Then for any self-adjoint 1-form A and

σ ∈ {−,+}q with 2 ≤ q ≤ n, ∫
− Aσ = 0 .

Proof. Since Aσ ∈ Ψ1(A), Lemma 2.2.12 with k = n gives the result.

Corollary 2.3.17. With the same hypothesis of Lemma 2.3.16, for any self-adjoint one-form A,
ζDA(0)− ζD(0) = 0.

Proof. As in Lemma 2.3.13, we use (1.11) and Lemma 2.3.6 so the result follows from Lemma
2.3.16.
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2.3.2 Proof of the main result

Proof of Theorem 2.3.1. (i) By (1.6) and Proposition 2.2.6, we get

S(DA,Φ,Λ) = 4πΦ2 Λ2 + Φ(0) ζDA(0) +O(Λ−2),

where Φ2 = 1
2

∫∞
0 Φ(t) dt. By Lemma 2.3.15, ζDA(0) − ζD(0) = 0 and from Proposition 2.2.5,

ζD(0) = 0, so we get the result.
(ii) Similarly, S(DA,Φ,Λ) = 8π2 Φ4 Λ4 + Φ(0) ζDA(0) + O(Λ−2) with Φ4 = 1

2

∫∞
0 Φ(t) t dt.

Lemma 2.3.13 implies that ζDA(0)− ζD(0) = −c τ(FµνFµν) and by Proposition 2.2.5, ζDA(0) =
−c τ(FµνFµν) leading to the result.
(iii) is a direct consequence of (1.6), Propositions 2.2.5, 2.2.6, and Corollary 2.3.17.

2.4 Holomorphic continuation and residues of series of zeta func-
tions

In the following, the prime in
∑′ means that we omit terms with division by zero in the

summand. Bn (resp. Sn−1) is the closed ball (resp. the sphere) of Rn with center 0 and radius 1
and the Lebesgue measure on Sn−1 will be noted dS.

For any x = (x1, . . . , xn) ∈ Rn we denote by |x| =
√
x2

1 + · · ·+ x2
n the euclidean norm and

|x|1 := |x1|+ · · ·+ |xn|.
N = {1, 2, . . .} is the set of positive integers and N0 = N∪{0} the set of non negative integers.
By f(x, y) �y g(x) uniformly in x, we mean that |f(x, y)| ≤ a(y) |g(x)| for all x and y for

some a(y) > 0.

2.4.1 Residues of series and integral

In order to be able to compute later the residues of certain series, we prove here the following

Theorem 2.4.1. Let P (X) =
∑d

j=0 Pj(X) ∈ C[X1, · · · , Xn] be a polynomial function where Pj
is the homogeneous part of P of degree j. The function

ζP (s) :=
∑′

k∈Zn
P (k)
|k|s , s ∈ C

has a meromorphic continuation to the whole complex plane C.
Moreover ζP (s) is not entire if and only if PP := {j :

∫
u∈Sn−1 Pj(u) dS(u) 6= 0} 6= ∅. In

that case, ζP has only simple poles at the points j + n, j ∈ PP , with

Res
s=j+n

ζP (s) =
∫
u∈Sn−1

Pj(u) dS(u).

The proof of this theorem is based on the following lemmas.

Lemma 2.4.2. For any polynomial P ∈ C[X1, . . . , Xn] of total degree δ(P ) :=
∑n

i=1 degXiP and
any α ∈ Nn

0 , we have

∂α
(
P (x)|x|−s

)
�P,α,n (1 + |s|)|α|1 |x|−σ−|α|1+δ(P )

uniformly in x ∈ Rn verifying |x| ≥ 1, where σ = <(s).
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Proof. By linearity, we may assume without loss of generality that P (X) = Xγ is a monomial.
It is easy to prove (for example by induction on |α|1) that for all α ∈ Nn

0 and x ∈ Rn \ {0}:

∂α
(
|x|−s

)
= α!

∑
β,µ∈Nn0
β+2µ=α

( −s/2
|β|1+|µ|1

) (|β|1+|µ|1)!
β! µ!

xβ

|x|σ+2(|β|1+|µ|1) .

It follows that for all α ∈ Nn
0 , we have uniformly in x ∈ Rn verifying |x| ≥ 1:

∂α
(
|x|−s

)
�α,n (1 + |s|)|α|1 |x|−σ−|α|1 . (2.28)

By Leibniz formula and (2.28), we have uniformly in x ∈ Rn verifying |x| ≥ 1:

∂α
(
xγ |x|−s

)
=
∑
β≤α

(
α
β

)
∂β(xγ) ∂α−β

(
|x|−s

)
�γ,α,n

∑
β≤α;β≤γ

xγ−β (1 + |s|)|α|1−|β|1 |x|−σ−|α|1+|β|1

�γ,α,n (1 + |s|)|α|1 |x|−σ−|α|1+|γ|1 .

Lemma 2.4.3. Let P ∈ C[X1, . . . , Xn] be a polynomial of degree d. Then, the difference

∆P (s) :=
∑′

k∈Zn
P (k)
|k|s −

∫
Rn\Bn

P (x)
|x|s dx

which is defined for <(s) > d+ n, extends holomorphically on the whole complex plane C.

Proof. We fix in the sequel a function ψ ∈ C∞(Rn,R) verifying for all x ∈ Rn

0 ≤ ψ(x) ≤ 1, ψ(x) = 1 if |x| ≥ 1 and ψ(x) = 0 if |x| ≤ 1/2.

The function f(x, s) := ψ(x) P (x) |x|−s, x ∈ Rn and s ∈ C, is in C∞(Rn × C) and depends
holomorphically on s.

Lemma 2.4.2 above shows that f is a “gauged symbol” in the terminology of [73, p. 4].
Thus [73, Theorem 2.1] implies that ∆P (s) extends holomorphically on the whole complex plane
C. However, to be complete, we will give here a short proof of Lemma 2.4.3:

It follows from the classical Euler–Maclaurin formula that for any function h : R→ C of class
CN+1 verifying lim|t|→+∞ h

(k)(t) = 0 and
∫

R |h
(k)(t)| dt < +∞ for any k = 0 . . . , N + 1, that we

have ∑
k∈Z

h(k) =
∫

R
h(t) + (−1)N

(N+1)!

∫
R
BN+1(t) h(N+1)(t) dt

where BN+1 is the Bernoulli function of order N + 1 (it is a bounded periodic function).
Fix m′ ∈ Zn−1 and s ∈ C. Applying this to the function h(t) := ψ(m′, t) P (m′, t) |(m′, t)|−s

(we use Lemma 2.4.2 to verify hypothesis), we obtain that for any N ∈ N0:∑
mn∈Z

ψ(m′,mn) P (m′,mn) |(m′,mn)|−s =
∫

R
ψ(m′, t) P (m′, t) |(m′, t)|−s dt+RN (m′; s) (2.29)
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where RN (m′; s) := (−1)N

(N+1)!

∫
RBN+1(t) ∂N+1

∂xn
N+1 (ψ(m′, t) P (m′, t) |(m′, t)|−s) dt.

By Lemma 2.4.2,∫
R

∣∣∣BN+1(t) ∂N+1

∂xn
N+1

(
ψ(m′, t) P (m′, t) |(m′, t)|−s

) ∣∣∣ dt�P,n,N (1 + |s|)N+1 (|m′|+ 1)−σ−N+δ(P ).

Thus
∑

m′∈Zn−1 RN (m′; s) converges absolutely and define a holomorphic function in the half
plane {σ = <(s) > δ(P ) + n−N}.

Since N is an arbitrary integer, by letting N →∞ and using (2.29) above, we conclude that:

s 7→
∑

(m′,mn)∈Zn−1×Z

ψ(m′,mn) P (m′,mn) |(m′,mn)|−s−
∑

m′∈Zn−1

∫
R
ψ(m′, t) P (m′, t) |(m′, t)|−s dt

has a holomorphic continuation to the whole complex plane C.
After n iterations, we obtain that

s 7→
∑

m∈Zn
ψ(m) P (m) |m|−s −

∫
Rn
ψ(x) P (x) |x|−s dx

has a holomorphic continuation to the whole C.
To finish the proof of Lemma 2.4.3, it is enough to notice that:

• ψ(0) = 0 and ψ(m) = 1, ∀m ∈ Zn \ {0};
• s 7→

∫
Bn ψ(x) P (x) |x|−s dx =

∫
{x∈Rn:1/2≤|x|≤1} ψ(x) P (x) |x|−s dx is a holomorphic

function on C.

Proof of Theorem 2.4.1. Using the polar decomposition of the volume form dx = ρn−1 dρ dS in
Rn, we get for <(s) > d+ n,∫

Rn\Bn
Pj(x)
|x|s dx =

∫ ∞
1

ρj+n−1

ρs

∫
Sn−1

Pj(u) dS(u) = 1
j+n−s

∫
Sn−1

Pj(u) dS(u).

Lemma 2.4.3 now gives the result.

2.4.2 Holomorphy of certain series

Before stating the main result of this section, we give first in the following some preliminaries
from Diophantine approximation theory:

Let us recall Definition 2.2.3. Let δ > 0. A vector a ∈ Rn is said to be δ−diophantine if there
exists c > 0 such that |q.a−m| ≥ c |q|−δ, ∀q ∈ Zn \ { 0 } and ∀m ∈ Z. We note BV(δ) the set of
δ−diophantine vectors and BV := ∪δ>0BV(δ) the set of diophantine vectors.

A matrix Θ ∈ Mn(R) (real n × n matrices) will be said to be diophantine if there exists
u ∈ Zn such that tΘ(u) is a diophantine vector of Rn.

Remark. A classical result from Diophantine approximation asserts that for all δ > n, the
Lebesgue measure of Rn \ BV(δ) is zero (i.e almost any element of Rn is δ−diophantine).

Let Θ ∈ Mn(R). If its row of index i is a diophantine vector of Rn (i.e. if Li ∈ BV) then
tΘ(ei) ∈ BV and thus Θ is a diophantine matrix. It follows that almost any matrix ofMn(R) ≈
Rn2 is diophantine.

The goal of this section is to show the following



2.4. Holomorphic continuation and residues of series of zeta functions 61

Theorem 2.4.4. Let P ∈ C[X1, · · · , Xn] be a homogeneous polynomial of degree d and let b be
in S(Zn × · · · × Zn) (q times, q ∈ N). Then,

(i) Let a ∈ Rn. We define fa(s) :=
∑′

k∈Zn
P (k)
|k|s e

2πik.a.
1. If a ∈ Zn, then fa has a meromorphic continuation to the whole complex plane C.

Moreover fa is not entire if and only if
∫
u∈Sn−1 P (u) dS(u) 6= 0. In that case, fa has only a

simple pole at the point d+ n, with Res
s=d+n

fa(s) =
∫
u∈Sn−1 P (u) dS(u).

2. If a ∈ Rn \ Zn, then fa(s) extends holomorphically to the whole complex plane C.
(ii) Suppose that Θ ∈Mn(R) is diophantine. For any (εi)i ∈ {−1, 0, 1}q, the function

g(s) :=
∑

l∈(Zn)q
b(l) fΘ

∑
i εili

(s)

extends meromorphically to the whole complex plane C with only one possible pole on s = d+ n.
Moreover, if we set Z := {l ∈ (Zn)q :

∑q
i=1 εili = 0} and V :=

∑
l∈Z b(l), then

1. If V
∫
Sn−1 P (u) dS(u) 6= 0, then s = d+ n is a simple pole of g(s) and

Res
s=d+n

g(s) = V

∫
u∈Sn−1

P (u) dS(u).

2. If V
∫
Sn−1 P (u) dS(u) = 0, then g(s) extends holomorphically to the whole complex plane

C.
(iii) Suppose that Θ ∈Mn(R) is diophantine. For any (εi)i ∈ {−1, 0, 1}q, the function

g0(s) :=
∑

l∈(Zn)q\Z
b(l) fΘ

∑q
i=1 εili

(s)

where Z := {l ∈ (Zn)q :
∑q

i=1 εili = 0} extends holomorphically to the whole complex plane C.

Proof of Theorem 2.4.4: First we remark that
If a ∈ Zn then fa(s) =

∑′
k∈Zn

P (k)
|k|s . So, the point (i.1) follows from Theorem 2.4.1;

g(s) :=
∑

l∈(Zn)q\Z b(l) fΘ
∑
i εili

(s) +
(∑

l∈Z b(l)
)∑′

k∈Zn
P (k)
|k|s . Thus, the point (ii)

rises
easily from (iii) and Theorem 2.4.1.

So, to complete the proof, it remains to prove the items (i.2) and (iii).
The direct proof of (i.2) is easy but is not sufficient to deduce (iii) of which the proof is more

delicate and requires a more precise (i.e. more effective) version of (i.2). The next lemma gives
such crucial version, but before, let us give some notations:

F := { P (X)

(X2
1 +···+X2

n+1)r/2
: P (X) ∈ C[X1, . . . , Xn] and r ∈ N0}.

We set g =deg(G) =deg(P )− r ∈ Z, the degree of G = P (X)

(X2
1 +···+X2

n+1)r/2
∈ F .

By convention we set deg(0) = −∞.

Lemma 2.4.5. Let a ∈ Rn. We assume that d (a.u,Z) := infm∈Z |a.u−m| > 0 for some u ∈ Zn.
For all G ∈ F , we define formally,

F0(G; a; s) :=
∑′

k∈Zn
G(k)
|k|s e

2πi k.a and F1(G; a; s) :=
∑

k∈Zn
G(k)

(|k|2+1)s/2
e2πi k.a.
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Then for all N ∈ N, all G ∈ F and all i ∈ {0, 1}, there exist positive constants Ci :=
Ci(G,N, u), Bi := Bi(G,N, u) and Ai := Ai(G,N, u) such that s 7→ Fi(G;α; s) extends holo-
morphically to the half-plane {<(s) > −N} and verifies in it:

Fi(G; a; s) ≤ Ci(1 + |s|)Bi
(
d (a.u,Z)

)−Ai .
Remark 2.4.6. The important point here is that we obtain an explicit bound of Fi(G;α; s)
in {<(s) > −N} which depends on the vector a only through d(a.u,Z), so depends on u and
indirectly on a (in the sequel, a will vary). In particular the constants Ci := Ci(G,N, u), Bi =
Bi(G,N) and Ai := Ai(G,N) do not depend on the vector a but only on u. This is crucial for
the proof of items (ii) and (iii) of Theorem 2.4.4!

Proof of Lemma 2.4.5 for i = 1:

Let N ∈ N0 be a fixed integer, and set g0 := n+N + 1.
We will prove Lemma 2.4.5 by induction on g =deg(G) ∈ Z. More precisely, in order to prove
case i = 1, it suffices to prove that:

Lemma 2.4.5 is true for all G ∈ F verifying deg(G) ≤ −g0.
Let g ∈ Z with g ≥ −g0 + 1. If Lemma 2.4.5 is true for all G ∈ F such that deg(G) ≤

g − 1,
then it is also true for all G ∈ F satisfying deg(G) = g.

• Step 1: Checking Lemma 2.4.5 for deg(G) ≤ −g0 := −(n+N + 1).
Let G(X) = P (X)

(X2
1 +···+X2

n+1)r/2
∈ F verifying deg(G) ≤ −g0. It is easy to see that we have

uniformly in s = σ + iτ ∈ C and in k ∈ Zn:

|G(k) e2πi k.a|
(|k|2+1)σ/2

= |P (k)|
(|k|2+1)(r+σ)/2 �G

1
(|k|2+1)(r+σ−deg(P ))/2 �G

1
(|k|2+1)(σ−deg(G))/2 �G

1
(|k|2+1)(σ+g0)/2 .

It follows that F1(G; a; s) =
∑

k∈Zn
G(k)

(|k|2+1)s/2
e2πi k.a converges absolutely and defines a holomor-

phic function in the half plane {σ > −N}. Therefore, we have for any s ∈ {<(s) > −N}:

|F1(G; a; s)| �G

∑
k∈Zn

1
(|k|2+1)(−N+g0)/2 �G

∑
k∈Zn

1
(|k|2+1)(n+1)/2 �G 1.

Thus, Lemma 2.4.5 is true when deg(G) ≤ −g0.
• Step 2: Induction.

Now let g ∈ Z satisfying g ≥ −g0 + 1 and suppose that Lemma 2.4.5 is valid for all G ∈ F
verifying deg(G) ≤ g − 1. Let G ∈ F with deg(G) = g. We will prove that G also verifies
conclusions of Lemma 2.4.5:
There exist P ∈ C[X1, . . . , Xn] of degree d ≥ 0 and r ∈ N0 such that G(X) = P (X)

(X2
1 +···+X2

n+1)r/2

and g =deg(G) = d− r.
Since G(k)� (|k|2 + 1)g/2 uniformly in k ∈ Zn, we deduce that F1(G; a; s) converges absolutely
in {σ = <(s) > n+ g}.
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Since k 7→ k + u is a bijection from Zn into Zn, it follows that we also have for <(s) > n+ g

F1(G; a; s) =
∑
k∈Zn

P (k)

(|k|2+1)(s+r)/2 e
2πi k.a =

∑
k∈Zn

P (k+u)

(|k+u|2+1)(s+r)/2 e
2πi (k+u).a

= e2πi u.a
∑
k∈Zn

P (k+u)

(|k|2+2k.u+|u|2+1)(s+r)/2 e
2πi k.a

= e2πi u.a
∑

α∈Nn0 ;|α|1=α1+···+αn≤d

uα

α!

∑
k∈Zn

∂αP (k)

(|k|2+2k.u+|u|2+1)(s+r)/2 e
2πi k.a

= e2πi u.a
∑
|α|1≤d

uα

α!

∑
k∈Zn

∂αP (k)

(|k|2+1)(s+r)/2

(
1 + 2k.u+|u|2

(|k|2+1)

)−(s+r)/2
e2πi k.a.

Let M := sup(N + n+ g, 0) ∈ N0. We have uniformly in k ∈ Zn

(
1 + 2k.u+|u|2

(|k|2+1)

)−(s+r)/2 =
M∑
j=0

(−(s+r)/2
j

)(2k.u+|u|2)j
(|k|2+1)j

+OM,u

( (1+|s|)M+1

(|k|2+1)(M+1)/2

)
.

Thus, for σ = <(s) > n+ d,

F1(G; a; s) = e2πi u.a
∑
|α|1≤d

uα

α!

∑
k∈Zn

∂αP (k)

(|k|2+1)(s+r)/2

(
1 + 2k.u+|u|2

(|k|2+1)

)−(s+r)/2
e2πi k.a

= e2πi u.a
∑
|α|1≤d

M∑
j=0

uα

α!

(−(s+r)/2
j

) ∑
k∈Zn

∂αP (k)(2k.u+|u|2)j
(|k|2+1)(s+r+2j)/2 e2πi k.a

+OG,M,u

(
(1 + |s|)M+1

∑
k∈Zn

1
(|k|2+1)(σ+M+1−g)/2

)
. (2.30)

Set I := {(α, j) ∈ Nn
0 × {0, . . . ,M} | |α|1 ≤ d} and I∗ := I \ { (0, 0) }.

Set also G(α,j);u(X) :=
∂αP (X)(2X.u+|u|2)j

(|X|2+1)(r+2j)/2 ∈ F for all (α, j) ∈ I∗.
Since M ≥ N + n+ g, it follows from (2.30) that

(1− e2πi u.a) F1(G; a; s) = e2πi u.a
∑

(α,j)∈I∗

uα

α!

(−(s+r)/2
j

)
F1

(
G(α,j);u;α; s

)
+RN (G; a;u; s) (2.31)

where s 7→ RN (G; a;u; s) is a holomorphic function in the half plane {σ = <(s) > −N}, in which
it satisfies the bound RN (G; a;u; s)�G,N,u 1.
Moreover it is easy to see that, for any (α, j) ∈ I∗,

deg
(
G(α,j);u

)
= deg(∂αP ) + j − (r + 2j) ≤ d− |α|1 + j − (r + 2j) = g − |α|1 − j ≤ g − 1.

Relation (2.31) and the induction hypothesis imply then that

(1− e2πi u.a) F1(G; a; s) verifies the conclusions of Lemma 2.4.5. (2.32)

Since |1−e2πi u.a| = 2| sin(πu.a)| ≥ d (u.a,Z), then (2.32) implies that F1(G; a; s) satisfies conclu-
sions of Lemma 2.4.5. This completes the induction and the proof for i = 1.
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Proof of Lemma 2.4.5 for i = 0:

Let N ∈ N be a fixed integer. Let G(X) = P (X)

(X2
1 +···+X2

n+1)r/2
∈ F and g = deg(G) = d − r

where d ≥ 0 is the degree of the polynomial P . Set also M := sup(N + g + n, 0) ∈ N0.
Since P (k) � |k|d for k ∈ Zn \ { 0 }, it follows that F0(G; a; s) and F1(G; a; s) converge

absolutely in the half plane {σ = <(s) > n+ g}.
Moreover, we have for s = σ + iτ ∈ C verifying σ > n+ g:

F0(G; a; s) =
∑

k∈Zn\{ 0 }

G(k)

(|k|2+1−1)s/2
e2πi k.a =

∑
k∈Zn

′ G(k)

(|k|2+1)s/2

(
1− 1

|k|2+1

)−s/2
e2πi k.a

=
∑
k∈Zn

′ M∑
j=0

(−s/2
j

)
(−1)j G(k)

(|k|2+1)(s+2j)/2 e
2πi k.a

+OM
(
(1 + |s|)M+1

∑
k∈Zn

′ |G(k)|
(|k|2+1)(σ+2M+2)/2

)
=

M∑
j=0

(−s/2
j

)
(−1)jF1(G; a; s+ 2j)

+OM
[
(1 + |s|)M+1

(
1 +

∑
k∈Zn

′ |G(k)|
(|k|2+1)(σ+2M+2)/2

)]
. (2.33)

In addition we have uniformly in s = σ + iτ ∈ C verifying σ > −N ,∑
k∈Zn

′ |G(k)|
(|k|2+1)(σ+2M+2)/2 �

∑
k∈Zn

′ |k|g
(|k|2+1)(−N+2M+2)/2 �

∑
k∈Zn

′
1

|k|n+1 < +∞.

So (2.33) and Lemma 2.4.5 for i = 1 imply that Lemma 2.4.5 is also true for i = 0. This completes
the proof of Lemma 2.4.5.

Proof of item (i.2) of Theorem 2.4.4:

Since a ∈ Rn \ Zn, there exists i0 ∈ {1, . . . , n} such that ai0 6∈ Z. In particular d(a.ei0 ,Z) =
d(ai0 ,Z) > 0. Therefore, a satisfies the assumption of Lemma 2.4.5 with u = ei0 . Thus, for all
N ∈ N, s 7→ fa(s) = F0(P ; a; s) has a holomorphic continuation to the half-plane {<(s) > −N}.
It follows, by letting N → ∞, that s 7→ fa(s) has a holomorphic continuation to the whole
complex plane C.

Proof of item (iii) of Theorem 2.4.4:

Let Θ ∈Mn(R), (εi)i ∈ {−1, 0, 1}q and b ∈ S(Zn ×Zn). We assume that Θ is a diophantine
matrix. Set Z := { l = (l1, . . . , lq) ∈ (Zn)q :

∑
i εili = 0 } and P ∈ C[X1, . . . , Xn] of degree

d ≥ 0.
It is easy to see that for σ > n+ d:∑

l∈(Zn)q\Z

|b(l)|
∑
k∈Zn

′ |P (k)|
|k|σ |e

2πi k.Θ
∑
i εili | �P

∑
l∈(Zn)q\Z

|b(l)|
∑
k∈Zn

′
1

|k|σ−d �P,σ

∑
l∈(Zn)q\Z

|b(l)|

< +∞.
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So
g0(s) :=

∑
l∈(Zn)q\Z

b(l) fΘ
∑
i εili

(s) =
∑

l∈(Zn)q\Z

b(l)
∑
k∈Zn

′ P (k)
|k|s e

2πi k.Θ
∑
i εili

converges absolutely in the half plane {<(s) > n+ d}.
Moreover with the notations of Lemma 2.4.5, we have for all s = σ+ iτ ∈ C verifying σ > n+ d:

g0(s) =
∑

l∈(Zn)q\Z

b(l)fΘ
∑
i εili

(s) =
∑

l∈(Zn)q\Z

b(l)F0(P ; Θ
∑

i
εili; s) (2.34)

But Θ is diophantine, so there exists u ∈ Zn and δ, c > 0 such

|q. tΘu−m| ≥ c (1 + |q|)−δ, ∀q ∈ Zn \ { 0 }, ∀m ∈ Z.

We deduce that ∀l ∈ (Zn)q \ Z,

|
(
Θ
∑

i
εili
)
.u−m| = |

(∑
i
εili
)
.tΘu−m| ≥ c

(
1 + |

∑
i
εili|

)−δ ≥ c (1 + |l|)−δ.

It follows that there exists u ∈ Zn, δ > 0 and c > 0 such that

∀l ∈ (Zn)q \ Z, d
(
(Θ
∑

i
εili).u; Z

)
≥ c (1 + |l|)−δ. (2.35)

Therefore, for any l ∈ (Zn)q \ Z, the vector a = Θ
∑

i εili verifies the assumption of Lemma
2.4.5 with the same u. Moreover δ and c in (2.35) are also independent on l.
We fix now N ∈ N. Lemma 2.4.5 implies that there exist positive constants C0 := C0(P,N, u),
B0 := Bi(P,N, u) and A0 := A0(P,N, u) such that for all l ∈ (Zn)q \ Z, s 7→ F0(P ; Θ

∑
i εili; s)

extends holomorphically to the half plane {<(s) > −N} and verifies in it the bound

F0(P ; Θ
∑
i

εili; s) ≤ C0 (1 + |s|)B0 d
(
(Θ
∑

i
εili).u; Z

)−A0 .

This and (2.35) imply that for any compact set K included in the half plane {<(s) > −N},
there exist two constants C := C(P,N, c, δ, u,K) and D := D(P,N, c, δ, u) (independent on
l ∈ (Zn)q \ Z) such that

∀s ∈ K and ∀l ∈ (Zn)q \ Z, F0(P ; Θ
∑
i

εili; s) ≤ C (1 + |l|)D . (2.36)

It follows that s 7→
∑

l∈(Zn)q\Z b(l)F0(P ; Θ
∑

iεili; s) has a holomorphic continuation to the half
plane {<(s) > −N}.
This and ( 2.34) imply that s 7→ g0(s) =

∑
l∈(Zn)q\Z b(l)fΘ

∑
i εili

(s) has a holomorphic conti-
nuation to {<(s) > −N}. Since N is an arbitrary integer, by letting N → ∞, it follows that
s 7→ g0(s) has a holomorphic continuation to the whole complex plane C which completes the
proof of the theorem.

Remark 2.4.7. By equation (2.32), we see that a Diophantine condition is sufficient to get
Lemma 2.4.5. Our Diophantine condition appears also (in equivalent form) in Connes [27, Prop.
49] (see Remark 4.2 below). The following heuristic argument shows that our condition seems to
be necessary in order to get the result of Theorem 2.4.4:
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For simplicity we assume n = 1 (but the argument extends easily to any n).
Let θ ∈ R \Q. We know (see this reflection formula in [52, p. 6]) that for any l ∈ Z \ {0},

gθl(s) :=
∑
k∈Z

′
e2πiθlk

|k|s = πs−1/2

Γ(
1−s

2 )
Γ( s2) hθl(1− s) where hθl(s) :=

∑
k∈Z

′
1

|θl+k|s .

So, for any (al) ∈ S(Z), the existence of meromorphic continuation of g0(s) :=
∑′

l∈Z al gθl(s) is
equivalent to the existence of meromorphic continuation of

h0(s) :=
∑
l∈Z

′
al hθl(s) =

∑
l∈Z

′
al
∑
k∈Z

′
1

|θl+k|s .

So, for at least one σ0 ∈ R, we must have |al|
|θl+k|σ0

= O(1) uniformly in k, l ∈ Z∗.
It follows that for any (al) ∈ S(Z), |θl + k| � |al|1/σ0 uniformly in k, l ∈ Z∗. Therefore, our

Diophantine condition seems to be necessary.

Commutation between sum and residue

Let p ∈ N. Recall that S((Zn)p) is the set of the Schwartz sequences on (Zn)p. In other
words, b ∈ S((Zn)p) if and only if for all r ∈ N0, (1 + |l1|2 + · · · |lp|2)r |b(l1, · · · , lp)|2 is bounded
on (Zn)p. We note that if Q ∈ R[X1, · · · , Xnp] is a polynomial, (aj) ∈ S(Zn)p, b ∈ S(Zn) and φ
a real-valued function, then l := (l1, · · · , lp) 7→ ã(l) b(−l̂p)Q(l) eiφ(l) is a Schwartz sequence on
(Zn)p, where

ã(l) := a1(l1) · · · ap(lp),

l̂i := l1 + . . .+ li.

In the following, we will use several times the fact that for any (k, l) ∈ (Zn)2 such that k 6= 0
and k 6= −l, we have

1
|k + l|2

=
1
|k|2
− 2k.l + |l|2

|k|2|k + l|2
. (2.37)

Lemma 2.4.8. There exists a polynomial P ∈ R[X1, · · · , Xp] of degree 4p and with positive
coefficients such that for any k ∈ Zn, and l := (l1, · · · , lp) ∈ (Zn)p such that k 6= 0 and k 6= −l̂i
for all 1 ≤ i ≤ p, the following holds:

1

|k + l̂1|2 . . . |k + l̂p|2
≤ 1
|k|2p

P (|l1|, · · · , |lp|).

Proof. Let’s fix i such that 1 ≤ i ≤ p. Using two times (2.37), Cauchy–Schwarz inequality and
the fact that |k + l̂i|2 ≥ 1, we get

1

|k+l̂i|2
≤ 1
|k|2 + 2|k||l̂i|+|l̂i|2

|k|4 + (2|k||l̂i|+|l̂i|2)2

|k|4|k+l̂i|2

≤ 1
|k|2 + 2

|k|3 |l̂i|+
(

1
|k|4 + 4

|k|2
)
|l̂i|2 + 4

|k|3 |l̂i|
3 + 1

|k|4 |l̂i|
4.
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Since |k| ≥ 1, and |l̂i|j ≤ |l̂i|4 if 1 ≤ j ≤ 4, we find

1

|k+l̂i|2
≤ 5
|k|2
∑4

j=0
|l̂i|j ≤ 5

|k|2
(
1 + 4|l̂i|4

)
≤ 5
|k|2
(
1 + 4(

∑p

j=1
|lj |)4

)
,

1

|k+l̂1|2...|k+l̂p|2
≤ 5p

|k|2p
(
1 + 4(

∑p

j=1
|lj |)4

)p
.

Taking P (X1, · · · , Xp) := 5p
(
1 + 4(

∑p
j=1Xj)4

)p now gives the result.

Lemma 2.4.9. Let b ∈ S((Zn)p), p ∈ N, Pj ∈ R[X1, · · · , Xn] be a homogeneous polynomial
function of degree j, k ∈ Zn, l := (l1, · · · , lp) ∈ (Zn)p, r ∈ N0, φ be a real-valued function on
Zn × (Zn)p and

h(s, k, l) :=
b(l)Pj(k) eiφ(k,l)

|k|s+r|k + l̂1|2 · · · |k + l̂p|2
,

with h(s, k, l) := 0 if, for k 6= 0, one of the denominators is zero.
For all s ∈ C such that <(s) > n+ j − r − 2p, the series

H(s) :=
∑′

(k,l)∈(Zn)p+1
h(s, k, l)

is absolutely summable. In particular,∑
k∈Zn

′ ∑
l∈(Zn)p

h(s, k, l) =
∑

l∈(Zn)p

∑
k∈Zn

′
h(s, k, l) .

Proof. Let s = σ + iτ ∈ C such that σ > n+ j − r − 2p. By Lemma 2.4.8 we get, for k 6= 0,

|h(s, k, l)| ≤ |b(l)Pj(k)| |k|−r−σ−2p P (l),

where P (l) := P (|l1|, · · · , |lp|) and P is a polynomial of degree 4p with positive coefficients.
Thus, |h(s, k, l)| ≤ F (l)G(k) where F (l) := |b(l)|P (l) and G(k) := |Pj(k)||k|−r−σ−2p. The
summability of

∑
l∈(Zn)p F (l) is implied by the fact that b ∈ S((Zn)p). The summability of∑′

k∈ZnG(k) is a consequence of the fact that σ > n + j − r − 2p. Finally, as a product of two
summable series,

∑
k,lF (l)G(k) is a summable series, which proves that

∑
k,lh(s, k, l) is also

absolutely summable.

Definition 2.4.10. Let f be a function on D× (Zn)p where D is an open neighborhood of 0 in
C.

We say that f satisfies (H1) if and only if there exists ρ > 0 such that
(i) for any l, s 7→ f(s, l) extends as a holomorphic function on Uρ, where Uρ is the

open disk of center 0 and radius ρ,
(ii) the series

∑
l∈(Zn)p ‖H(·, l)‖∞,ρ is a summable series, where ‖H(·, l)‖∞,ρ :=

sups∈Uρ |H(s, l)|.
We say that f satisfies (H2) if and only if there exists ρ > 0 such that

(i) for any l, s 7→ f(s, l) extends as a holomorphic function on Uρ − {0},
(ii) for any δ such that 0 < δ < ρ, the series

∑
l∈(Zn)p ‖H(·, l)‖∞,δ,ρ is summable, where

‖H(·, l)‖∞,δ,ρ := supδ<|s|<ρ |H(s, l)|.
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Remark 2.4.11. Note that (H1) implies (H2). Moreover, if f satisfies (H1) (resp. (H2) for
ρ > 0, then it is straightforward to check that f : s 7→

∑
l∈(Zn)p f(s, l) extends as an holomorphic

function on Uρ (resp. on Uρ \ { 0 }).
Corollary 2.4.12. With the same notations of Lemma 2.4.9, suppose that r+ 2p− j > n, then,
the function H(s, l) :=

∑′
k∈Znh(s, k, l) satisfies (H1).

Proof. (i) Let’s fix ρ > 0 such that ρ < r+ 2p− j−n. Since r+ 2p− j > n, Uρ is inside the half-
plane of absolute convergence of the series defined by H(s, l). Thus, s 7→ H(s, l) is holomorphic
on Uρ.
(ii) Since

∣∣|k|−s∣∣ ≤ |k|ρ for all s ∈ Uρ and k ∈ Zn \ { 0 }, we get as in the above proof

|h(s, k, l)| ≤ |b(l)Pj(k)| |k|−r+ρ−2p P (|l1|, · · · , |lp|).

Since ρ < r + 2p− j − n, the series
∑′

k∈Zn |Pj(k)||k|−r+ρ−2p is summable.
Thus, ‖H(·, l)‖∞,ρ ≤ K F (l) where K :=

∑
k
′|Pj(k)||k|−r+ρ−2p < ∞. We have already seen

that the series
∑

l F (l) is summable, so we get the result.

We note that if f and g both satisfy (H1) (or (H2)), then so does f + g. In the following, we
will use the equivalence relation

f ∼ g ⇐⇒ f − g satisfies (H1).

Lemma 2.4.13. Let f and g be two functions on D × (Zn)p where D is an open neighborhood
of 0 in C, such that f ∼ g and such that g satisfies (H2). Then

Res
s=0

∑
l∈(Zn)p

f(s, l) =
∑

l∈(Zn)p

Res
s=0

g(s, l) .

Proof. Since f ∼ g, f satisfies (H2) for a certain ρ > 0. Let’s fix η such that 0 < η < ρ and
define Cη as the circle of center 0 and radius η. We have

Res
s=0

g(s, l) = Res
s=0

f(s, l) = 1
2πi

∮
Cη

f(s, l) ds =
∫
I
u(t, l)dt .

where I = [0, 2π] and u(t, l) := 1
2πηe

itf(η eit, l). The fact that f satisfies (H2) entails that the
series

∑
l∈(Zn)p ‖f(·, l)‖∞,Cη is summable. Thus, since ‖u(·, l)‖∞ = 1

2πη ‖f(·, l)‖∞,Cη , the series∑
l∈(Zn)p ‖u(·, l)‖∞ is summable, so, as a consequence,

∫
I

∑
l∈(Zn)p u(t, l)dt =

∑
l∈(Zn)p

∫
I u(t, l)dt

which gives the result.

2.4.3 Computation of residues of zeta functions

Since, we will have to compute residues of series, let us introduce the following

Definition 2.4.14.

ζ(s) :=
∞∑
n=1

n−s,

Zn(s) :=
∑
k∈Zn

′
|k|−s,

ζp1,...,pn(s) :=
∑
k∈Zn

′ kp1
1 · · · k

pn
n

|k|s
, for pi ∈ N,
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where ζ(s) is the Riemann zeta function (see [76] or [51]).
By the symmetry k → −k, it is clear that these functions ζp1,...,pn all vanish for odd values

of pi.
Let us now compute ζ0,··· ,0,1i,0··· ,0,1j ,0··· ,0(s) in terms of Zn(s):

Since ζ0,··· ,0,1i,0··· ,0,1j ,0··· ,0(s) = Ai(s) δij , exchanging the components ki and kj , we get

ζ0,··· ,0,1i,0··· ,0,1j ,0··· ,0(s) = δij
n Zn(s− 2).

Similarly, ∑′

Zn
k2

1k
2
2

|k|s+8 = 1
n(n−1)Zn(s+ 4)− 1

n−1

∑′

Zn
k4

1
|k|s+8

but it is difficult to write explicitly ζp1,...,pn(s) in terms of Zn(s− 4) and other Zn(s−m) when
at least four indices pi are non zero.

When all pi are even, ζp1,...,pn(s) is a nonzero series of fractions P (k)
|k|s where P is a homogeneous

polynomial of degree p1 + · · ·+ pn. Theorem 2.4.1 now gives us the following

Proposition 2.4.15. ζp1,...,pn has a meromorphic extension to the whole plane with a unique
pole at n+ p1 + · · ·+ pn. This pole is simple and the residue at this pole is

Res
s=n+p1+···+pn

ζp1,...,pn(s) = 2
Γ(
p1+1

2 )···Γ(
pn+1

2 )

Γ(
n+p1+···+pn

2 )
(2.38)

when all pi are even or this residue is zero otherwise.
In particular, for n = 2,

Res
s=0

∑
k∈Z2

′ kikj
|k|s+4 = δij π , (2.39)

and for n = 4,

Res
s=0

∑
k∈Z4

′ kikj
|k|s+6 = δij

π2

2 ,

Res
s=0

∑
k∈Z4

′ kikjklkm
|k|s+8 = (δijδlm + δilδjm + δimδjl) π

2

12 . (2.40)

Proof. Equation (2.38) follows from Theorem (2.4.1)

Res
s=n+p1+···+pn

ζp1,...,pn(s) =
∫
k∈Sn−1

kp1
1 · · · k

pn
n dS(k)

and standard formulae (see for instance [133, VIII,1;22]). Equation (2.39) is a straightforward
consequence of Equation (2.38). Equation (2.40) can be checked for the cases i = j 6= l = m and
i = j = l = m.

Note that Zn(s) is an Epstein zeta function associated to the quadratic form q(x) := x2
1 +

...+ x2
n, so Zn satisfies the following functional equation

Zn(s) = πs−n/2Γ(n/2− s/2)Γ(s/2)−1 Zn(n− s).



70 Chapitre 2. Spectral action on noncommutative torus

Since πs−n/2Γ(n/2−s/2) Γ(s/2)−1 = 0 for any negative even integer n and Zn(s) is meromorphic
on C with only one pole at s = n with residue 2πn/2Γ(n/2)−1 according to previous proposition,
so we get Zn(0) = −1. We have proved that

Res
s=0

Zn(s+ n) = 2πn/2 Γ(n/2)−1, (2.41)

Zn(0) = −1. (2.42)

2.4.4 Meromorphic continuation of a class of zeta functions

Let n, q ∈ N, q ≥ 2, and p = (p1, . . . , pq−1) ∈ Nq−1
0 .

Set I := {i | pi 6= 0} and assume that I 6= ∅ and

I := {α = (αi)i∈I | ∀i ∈ I αi = (αi,1, . . . , αi,pi) ∈ Npi
0 } =

∏
i∈I

Npi
0 .

We will use in the sequel also the following notations:
- for x = (x1, . . . , xt) ∈ Rt recall that |x|1 = |x1|+ · · ·+ |xt| and |x| =

√
x2

1 + · · ·+ x2
t ;

- for all α = (αi)i∈I ∈ I =
∏
i∈I Npi

0 ,

|α|1 =
∑
i∈I
|αi|1 =

∑
i∈I

pi∑
j=1

|αi,j | and
(

1/2
α

)
=
∏
i∈I

(
1/2
αi

)
=
∏
i∈I

pi∏
j=1

(
1/2
αi,j

)
.

A family of polynomials

In this paragraph we define a family of polynomials which plays an important role later.
Consider first the variables:
- for X1, . . . , Xn we set X = (X1, . . . , Xn);
- for any i = 1, . . . , 2q, we consider the variables Yi,1, . . . , Yi,n and set Yi := (Yi,1, . . . , Yi,n)

and Y := (Y1, . . . , Y2q);
- for Y = (Y1, . . . , Y2q), we set for any 1 ≤ j ≤ q, Ỹj := Y1 + · · ·+ Yj + Yq+1 + · · ·+ Yq+j .
We define for all α = (αi)i∈I ∈ I =

∏
i∈I Npi

0 the polynomial

Pα(X,Y ) :=
∏
i∈I

pi∏
j=1

(2〈X, Ỹi〉+ |Ỹi|2)αi,j . (2.43)

It is clear that Pα(X,Y ) ∈ Z[X,Y ], degXPα ≤ |α|1 and degY Pα ≤ 2|α|1.
Let us fix a polynomial Q ∈ R[X1, · · · , Xn] and note d := degQ. For α ∈ I, we want to

expand Pα(X,Y )Q(X) in homogeneous polynomials in X and Y so defining

L(α) := {β ∈ N(2q+1)n
0 : |β|1 − dβ ≤ 2|α|1 and dβ ≤ |α|1 + d }

where dβ :=
∑n

1 βi, we set (
1/2
α

)
Pα(X,Y )Q(X) =:

∑
β∈L(α)

cα,β X
βY β

where cα,β ∈ R, Xβ := Xβ1
1 · · ·X

βn
n and Y β := Y

βn+1

1,1 · · ·Y β(2q+1)n

2q,n . By definition, Xβ is a
homogeneous polynomial of degree in X equals to dβ . We note

Mα,β(Y ) := cα,β Y
β.
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Residues of a class of zeta functions

In this section we will prove the following result, used in Proposition 2.2.5 for the computation
of the spectrum dimension of the noncommutative torus:

Theorem 2.4.16. (i) Let 1
2πΘ be a diophantine matrix, and ã ∈ S

(
(Zn)2q

)
. Then

s 7→ f(s) :=
∑

l∈[(Zn)q ]2

ãl
∑
k∈Zn

′
q−1∏
i=1

|k + l̃i|pi |k|−sQ(k) eik.Θ
∑q

1 lj

has a meromorphic continuation to the whole complex plane C with at most simple possible poles
at the points s = n+ d+ |p|1 −m where m ∈ N0.

(ii) Let m ∈ N0 and set I(m) := { (α, β) ∈ I×N(2q+1)n
0 : β ∈ L(α) and m = 2|α|1−dβ +d }.

Then I(m) is a finite set and s = n+ d+ |p|1 −m is a pole of f if and only if

C(f,m) :=
∑
l∈Z

ãl
∑

(α,β)∈I(m)

Mα,β(l)
∫
u∈Sn−1

uβ dS(u) 6= 0,

with Z := {l :
∑q

1 lj = 0} and the convention
∑
∅ = 0. In that case s = n + d + |p|1 −m is a

simple pole of residue Res
s=n+d+|p|1−m

f(s) = C(f,m).

In order to prove the theorem above we need the following

Lemma 2.4.17. For all N ∈ N we have

q−1∏
i=1

|k + l̃i|pi =
∑

α=(αi)i∈I∈
∏
i∈I{0,...,N}pi

(
1/2
α

) Pα(k,l)

|k|2|α|1−|p|1 +ON (|k||p|1−(N+1)/2)

uniformly in k ∈ Zn and l ∈ (Zn)2q verifying |k| > U(l) := 36 (
∑2q−1

i=1, i 6=q |li|)
4.

Proof. For i = 1, . . . , q − 1, we have uniformly in k ∈ Zn and l ∈ (Zn)2q verifying |k| > U(l),∣∣2〈k,l̃i〉+|l̃i|2∣∣
|k|2 ≤

√
U(l)

2|k| < 1

2
√
|k|
. (2.44)

In that case,

|k + l̃i| =
(
|k|2 + 2〈k, l̃i〉+ |l̃i|2

)1/2 = |k|
(
1 + 2〈k,l̃i〉+|l̃i|2

|k|2
)1/2 =

∞∑
u=0

(
1/2
u

)
1

|k|2u−1P
i
u(k, l)

where for all i = 1, . . . , q − 1 and for all u ∈ N0,

P iu(k, l) :=
(
2〈k, l̃i〉+ |l̃i|2

)u
,

with the convention P i0(k, l) := 1.
In particular P iu(k, l) ∈ Z[k, l], degk P iu ≤ u and degl P iu ≤ 2u. Inequality (2.44) implies that

for all i = 1, . . . , q − 1 and for all u ∈ N,

1
|k|2u |P

i
u(k, l)| ≤

(
2
√
|k|
)−u
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uniformly in k ∈ Zn and l ∈ (Zn)2q verifying |k| > U(l).
Let N ∈ N. We deduce from the previous that for any k ∈ Zn and l ∈ (Zn)2q verifying

|k| > U(l) and for all i = 1, . . . , q − 1, we have

|k + l̃i| =
N∑
u=0

(
1/2
u

)
1

|k|2u−1P
i
u(k, l) +O

( ∑
u>N

|k| |
(

1/2
u

)
| (2
√
|k|)−u

)
=

N∑
u=0

(
1/2
u

)
1

|k|2u−1P
i
u(k, l) +ON

(
1

|k|(N−1)/2

)
.

It follows that for any N ∈ N, we have uniformly in k ∈ Zn and l ∈ (Zn)2q verifying |k| > U(l)
and for all i ∈ I,

|k + l̃i|pi =
∑

αi∈{0,...,N}pi

(
1/2
αi

)
1

|k|2|αi|1−pi P
i
αi(k, l) +ON

(
1

|k|(N+1)/2−pi

)
where P iαi(k, l) =

∏pi
j=1 P

i
αi,j (k, l) for all αi = (αi,1, . . . , αi,pi) ∈ {0, . . . , N}pi and∏

i∈I
|k + l̃i|pi =

∑
α=(αi)∈

∏
i∈I{0,...,N}pi

(
1/2
α

)
1

|k|2|α|1−|p|1 Pα(k, l) +ON
(

1
|k|(N+1)/2−|p|1

)
where Pα(k, l) =

∏
i∈I P

i
αi(k, l) =

∏
i∈I
∏pi
j=1 P

i
αi,j (k, l).

Proof of Theorem 2.4.16.
(i) All n, q, p = (p1, . . . , pq−1) and ã ∈ S

(
(Zn)2q

)
are fixed as above and we define formally

for any l ∈ (Zn)2q

F (l, s) :=
∑
k∈Zn

′
q−1∏
i=1

|k + l̃i|pi Q(k) eik.Θ
∑q

1 lj |k|−s. (2.45)

Thus, still formally,
f(s) :=

∑
l∈(Zn)2q

ãl F (l, s). (2.46)

It is clear that F (l, s) converges absolutely in the half plane {σ = <(s) > n + d + |p|1} where
d = degQ.

Let N ∈ N. Lemma 2.4.17 implies that for any l ∈ (Zn)2q and for s ∈ C such that σ >
n+ |p|1 + d,

F (l, s) =
∑
|k|≤U(l)

′
q−1∏
i=1

|k + l̃i|pi Q(k) eik.Θ
∑q

1 lj |k|−s

+
∑

α=(αi)i∈I∈
∏
i∈I{0,...,N}pi

(
1/2
α

) ∑
|k|>U(l)

1
|k|s+2|α|1−|p|1

Pα(k, l)Q(k) eik.Θ
∑q

1 lj +GN (l, s).

where s 7→ GN (l, s) is a holomorphic function in the half-plane DN := {σ > n+ d+ |p|1− N+1
2 }

and verifies in it the bound GN (l, s)�N,σ 1 uniformly in l.
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It follows that

F (l, s) =
∑

α=(αi)i∈I∈
∏
i∈I{0,...,N}pi

Hα(l, s) +RN (l, s), (2.47)

where

Hα(l, s) :=
∑
k∈Zn

′ (1/2
α

)
1

|k|s+2|α|1−|p|1
Pα(k, l)Q(k) eik.Θ

∑q
1 lj ,

RN (l, s) :=
∑
|k|≤U(l)

′
q−1∏
i=1

|k + l̃i|pi Q(k) eik.Θ
∑q

1 lj |k|−s

−
∑
|k|≤U(l)

′ ∑
α=(αi)i∈I∈

∏
i∈I{0,...,N}pi

(
1/2
α

) Pα(k,l)

|k|s+2|α|1−|p|1
Q(k) eik.Θ

∑q
1 lj +GN (l, s).

In particular there exists A(N) > 0 such that s 7→ RN (l, s) extends holomorphically to the
half-plane DN and verifies in it the bound RN (l, s)�N,σ 1 + |l|A(N) uniformly in l.

Let us note formally
hα(s) :=

∑
l

ãlHα(l, s).

Equation (2.47) and RN (l, s)�N,σ 1 + |l|A(N) imply that

f(s) ∼N
∑

α=(αi)i∈I∈
∏
i∈I{0,...,N}pi

hα(s), (2.48)

where ∼N means modulo a holomorphic function in DN .
Recall the decomposition

(
1/2
α

)
Pα(k, l)Q(k) =

∑
β∈L(α)Mα,β(l) kβ and we decompose si-

milarly hα(s) =
∑

β∈L(α) hα,β(s). Theorem 2.4.4 now implies that for all α = (αi)i∈I ∈∏
i∈I{0, . . . , N}pi and β ∈ L(α),

- the map s 7→ hα,β(s) has a meromorphic continuation to the whole complex plane C with
only one simple possible pole at s = n+ |p|1 − 2|α|1 + dβ ,

- the residue at this point is equal to

Res
s=n+|p|1−2|α|1+dβ

hα,β(s) =
∑
l∈Z

ãlMα,β(l)
∫
u∈Sn−1

uβdS(u) (2.49)

where Z := {l ∈ (Z)n)2q :
∑q

1 lj = 0}. If the right hand side is zero, hα,β(s) is holomorphic on
C.

By (2.48), we deduce therefore that f(s) has a meromorphic continuation on the halfplane
DN , with only simple possible poles in the set {n + |p|1 + k : −2N |p|1 ≤ k ≤ d }. Taking now
N →∞ yields the result.

(ii) Let m ∈ N0 and set I(m) := { (α, β) ∈ I×N(2q+1)n
0 : β ∈ L(α) and m = 2|α|1−dβ +d }.

If (α, β) ∈ I(m), then |α|1 ≤ m and |β|1 ≤ 3m+ d, so I(m) is finite.
With a chosen N such that 2N |p|1 + d > m, we get by (2.48) and (2.49)

Res
s=n+d+|p|1−m

f(s) =
∑
l∈Z

ãl
∑

(α,β)∈I(m)

Mα,β(l)
∫
u∈Sn−1

uβ dS(u) = C(f,m)

with the convention
∑
∅ = 0. Thus, n+ d+ |p|1−m is a pole of f if and only if C(f,m) 6= 0.
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Chapitre 3

Spectral action on SUq(2)

3.1 Introduction

The quantum group SUq(2) has already a rather long history of studies [92] being one of
the finest examples of quantum deformation. This includes an approach via the noncommutative
notion of spectral triple introduced by Connes [28, 37] and various notions of Dirac operators
were introduced in [8, 18, 20, 31, 67]. Finally, a real spectral triple, which was exhibited in [48],
is invariant by left and right action of Uq(su(2)) and satisfies almost all postulated axioms of
triples except the commutant and first-order properties. These, however, remain valid only up to
infinitesimal of arbitrary high order. The last presentation generalizes in a straightforward way
all geometric construction details of the spinorial spectral triple for the classical three-sphere. In
particular, both the equivariant representation and the symmetries have a q → 1 proper classical
limit.

The goal of this chapter is to obtain the spectral action on SUq(2) which is a spectral triple
with an invertible Dirac operator, with the control of the differential calculus generated by the
Dirac operator arising as the main difficulty. This issue of computing the spectral action was
addressed in the epilogue of [137]. In the case of SUq(2), we have Sd+ = Sd = { 1, 2, 3 }, so

S(DA,Φ,Λ) =
∑

1≤k≤3

Φk Λk
∫
− |DA|−k + Φ(0) ζDA(0). (3.1)

Note that in the case of SUq(2) there are no terms in Λ−k, k > 0 because the dimension
spectrum is bounded below by 1.

To proceed with the computation of (3.1), we introduce two presentations of one-forms. The
main ingredient is F = sign (D) which appears to be a one-form up to OP−∞.

In section 2, we discuss the spectral action of an arbitrary 3-dimensional spectral triple using
cocycles.

In sections 3 and 4 we recall the main results on SUq(2) of [48] and show that the full spectral
action with reality operator given by (1.6) is completely determined by the terms∫

− Aq|D|−p, 1 ≤ q ≤ p ≤ 3 .

where A is a linear combination of terms of the form a[|D|, b] with a, b ∈ A.
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In section 5, we establish a differential calculus up to some ideal in pseudodifferential operators
and apply these results to the precise computation of previous noncommutative integrals.

Section 6 is devoted to explicit examples, while in next section are given different comparisons
with the commutative case of the 3-sphere corresponding to SU(2).

3.2 Spectral action in 3-dimension

3.2.1 Tadpole and cocycles

Let (A,H,D) be a spectral triple of dimension 3. We refer to [22,37] for the definition of the
OPα spaces and the algebra of pseudodifferential operators Ψ(A) on a spectral triple.

For n ∈ N∗ and ai ∈ A, define

φn(a0, · · · , an) :=
∫
− a0[D, a1]D−1 · · · [D, an]D−1.

We also use notational integrals on the universal n-forms Ωn
u(A) defined by∫

φn

a0da1 · · · dan := φn(a0, a1, · · · , an).

and the reordering fact that (da0)a1 = d(a0a1)− a0da1.
We use the b − B bicomplex defined in [28]: b is the Hochschild coboundary map (and b′ is

truncated one) defined on n-cochains φ by

bφ(a0, . . . , an+1) := b′φ(a0, . . . , an+1) + (−1)n+1φ(an+1a0, a1, . . . , an),

b′φ(a0, . . . , an+1) :=
n∑
j=0

(−1)jφ(a0, . . . , ajaj+1, . . . , an+1).

Recall that B0 is defined on the normalized cochains φn by

B0φn(a0, a1, . . . , an−1) := φn(1, a0, . . . , an−1), thus
∫
φn

dω =
∫
B0φn

ω for ω ∈ Ωn−1
u (A).

Then B := NB0, where N := 1 +λ+ . . . λn is the cyclic skewsymmetrizer on the n-cochains and
λ is the cyclic permutation λφ(a0, . . . , an) := (−1)nφ(an, a0, . . . , an−1).

We will also encounter the cyclic 1-cochain Nφ1:

Nφ1(a0, a1) := φ1(a0, a1)− φ1(a1, a0) and
∫
Nφ1

a0da1 := Nφ1(a0, a1).

Remark 3.2.1. Assume the integrand of
∫

is in OP−3. Since [D−1, a] = −D−1[D, a]D−1 ∈
OP−2, this commutator introduces an integrand in OP−4 so has a vanishing integral: under the
integral, we can commute D−1 with all a ∈ A, but not with one-forms. Note also that since
P0 ∈ OP−∞, any integrand containing P0 has a vanishing integral.
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Lemma 3.2.2. We have

(i) bφ1 = −φ2.

(ii) bφ2 = 0.
(iii) bφ3 = 0.
(iv) Bφ1 = 0.
(v) B0φ2 = −(1− λ)φ1.

(vi) bB0φ2 = 2φ2 +B0φ3.

(vii) Bφ2 = 0.
(viii) B0φ3 = Nb′φ1.

(ix) Bφ3 = 3B0φ3.

Proof. (i)

bφ1(a0, a1, a2) =
∫
− a0a1[D, a2]D−1 −

∫
− a0 (a1[D, a2] + [D, a1]a2)D−1 +

∫
− a2a0[D, a1]D−1

=
∫
− a0[D, a1]

(
D−1a2 − a2D

−1
)

= −
∫
− a0[D, a1]D−1[D, a2]D−1

= −φ2(a0, a1, a2)

where we have used the trace property of the noncommutative integral.
(ii) bφ2(a0, a1, a2, a3)

=
∫
− a0a1[D, a2]D−1[D, a3]D−1 −

∫
− a0 (a1[D, a2] + [D, a1]a2)D−1[D, a3]D−1

+
∫
− a0[D, a1]D−1(a2[D, a3] + [D, a2]a3)D−1 −

∫
− a3a0[D, a1]D−1[D, a2]D−1

=
∫
− a0[D, a1]

(
D−1a2 − a2D

−1
)

[D, a3]D−1 +
∫
− a0[D, a1]D−1[D, a2]

(
a3D

−1 −D−1a3

)
= −

∫
− a0[D, a1]D−1[D, a2]D−1[D, a3]D−1 +

∫
− a0[D, a1]D−1[D, a2]D−1[D, a3]D−1

= 0.

(iii) Using Remark 3.2.1, we get φ3(a0, a1, a2, a3) =
∫
a0[D, a1][D, a2][D, a3]|D|−3, so similar

computations as for φ2 gives bφ3 = 0.
(iv) B0φ1(a0) =

∫
[D, a0]D−1 =

∫ (
Da0D

−1 − a0

)
= 0.

(v) B0φ2(a0, a1) =
∫
− [D, a0]D−1[D, a1]D−1 =

∫
− a0D

−1[D, a1]−
∫
− a0[D, a1]D−1

=
∫
− a0a1 −

∫
− a0D

−1a1D −
∫
− a0[D, a1]D−1

=−
∫
− a1[D, a0]D−1 −

∫
− a0[D, a1]D−1 = −φ1(a1, a0)− φ1(a0, a1).

(vi) Since −bλφ1(a0, a1, a2) = φ1(a2, a0a1)− φ1(a1a2, a0) + φ1(a1, a2a0), one obtains that

−bλφ1(a0, a1, a2) =
∫
− a0a1D

−1a2D + a0D
−1a1Da2 − a0D

−1a1a2D − a0a1a2.
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So by direct expansion, this is equal to −
∫
a0D

−1[D, a1]D−1[D, a2] which means that

−bλφ1(a0, a1, a2) =
∫
− [D−1, a0][D, a1]D−1[D, a2]− a0[D, a1]D−1[D, a2]D−1

= −B0φ3(a0, a1, a2)− φ2(a0, a1, a2).

Now the result follows from (i), (v).
(vii) Bφ2 = NB0φ2 = −N(1− λ)φ1 = 0 since N(1− λ) = 0.

(viii) B0φ3(a0, a1, a2) =
∫
− [D, a0]D−1[D, a1]D−1[D, a2]D−1

=
∫
− a0D

−1[D, a1]D−1[D, a2]−
∫
− a0[D, a1]D−1[D, a2]D−1

=
∫
− a0a1D

−1[D, a2]−
∫
− a0D

−1a1[D, a2]−
∫
− a0[D, a1]D−1[D, a2]D−1

=
∫
− a0a1a2 −

∫
− a0a1D

−1a2D −
∫
− a0D

−1a1Da2 +
∫
− a0D

−1a1a2D

−
∫
− a0[D, a1]D−1[D, a2]D−1

=
∫
− a0a1a2 − a2Da1a0D

−1 + a1a2Da0D
−1 + a2Da0a1D

−1

−
(
a0Da1a2D

−1 − a0Da1D
−1 − a0a1Da2D

−1 + a0a1a2

)
.

Expanding (id+ λ+ λ2)b′φ1(a0, a1, a2), we recover previous expression.
(ix) Consequence of (viii).

3.2.2 Scale-invariant term of the spectral action

We know from [22] that the scale-invariant term of the action can be written as

ζDA(0)− ζD(0) = −
∫
− AD−1 + 1

2

∫
− AD−1AD−1 − 1

3

∫
− AD−1AD−1AD−1. (3.2)

In fact, this action can be expressed in dimension 3 as contributions corresponding to tadpoles
and the Yang–Mills and Chern–Simons actions in dimension 4:

Proposition 3.2.3. For any one-form A,

ζDA(0)− ζD(0) = −1
2

∫
Nφ1

A+ 1
2

∫
φ2

(dA+A2)− 1
2

∫
φ3

(AdA+ 2
3A

3). (3.3)

To prove this, we calculate now each terms of the action.

Lemma 3.2.4. For any one-form A, we have
(i)
∫
φ2
dA =

∫
B0φ2

A = −
∫
φ1
A+

∫
λφ1

A.
(ii)

∫
AD−1 =

∫
φ1
A = 1

2

∫
Nφ1

A− 1
2

∫
φ2
dA.

(iii)
∫
AD−1AD−1 = −

∫
φ3
AdA+

∫
φ2
A2.

(iv)
∫
AD−1AD−1AD−1 =

∫
φ3
A3.
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Proof. (i) and (ii) follow directly from Lemma 3.2.2 (v).
(iii) With the shorthand A = aidbi (summation on i)∫

− AD−1AD−1 =
∫
− a0[D, b0]D−1a1[D, b1]D−1

=−
∫
φ3

AdA+
∫
− a0[D, b0]a1b1D

−1 −
∫
− a0[D, b0]a1D

−1b1.

We calculate further the remaining terms∫
− a0[D, b0]a1b1D

−1 −
∫
− a0[D, b0]a1D

−1b1 =
∫
− a0Db0a1b1D

−1 −
∫
− a0b0Da1b1D

−1

−
∫
− a0Db0a1D

−1b1 +
∫
− a0b0Da1D

−1b1,

which are compared with
∫
φ2
A2 =

∫
φ2
a0(db0)a1db1 =

∫
φ2
a0d(b0a1)db1 − a0b0da1db1:∫

φ2

A2 =
∫
− a0[D, b0a1]D−1[D, b1]D−1 −

∫
− a0b0[D, a1]D−1[D, b1]D−1

=
∫
− a0Db0a1b1D

−1 −
∫
− a0Db0a1D

−1b1 −
∫
− a0b0a1Db1D−1 +

∫
− a0b0a1b1

−
∫
− a0b0Da1b1D

−1 +
∫
− a0b0Da1D

−1b1 +
∫
− a0b0a1Db1D−1 −

∫
− a0b0a1b1

=
∫
− a0Db0a1b1D

−1 −
∫
− b1a0Db0a1D

−1 −
∫
− a0b0Da1b1D

−1 +
∫
− b1a0b0Da1D

−1.

(iv) Note that∫
φ3

A3 =
∫
φ3

a0(db0)a1(db1)a2db2 =
∫
φ3

a0d(b0a1)d(b1a2)db2 − a0b0da1d(b1a2)db2

− a0d(b0a1b1)d(a2db2 + a0b0d(a1b1)da2db2

=
∫
− a0[D, b0a1]D−1[D, b1a2]D−1[D, b2]D−1 − a0b0[D, a1]D−1[D, b1a2]D−1[D, b2]D−1

− a0[D, b0a1b1]D−1[D, a2]D−1[D, b2]D−1 + a0b0[D, a1b1]D−1[D, a2]D−1[D, b2]D−1.

Summing up the first two terms and the last two ones gives∫
φ3

A3 =
∫
− a0[D, b0]a1D

−1[D, b1a2]D−1[D, b2]D−1 − a0[D, b0]a1b1D
−1[D, a2]D−1[D, b2]D−1.

Using Remark 3.2.1, we can commute under the integral D−1 with all a ∈ A and similarly∫
− AD−1AD−1AD−1 =

∫
− a0[D, b0]a1D

−1[D, b1]a2D
−1[D, b2]D−1

which proves (iv).

We deduce Proposition 3.2.3 from (3.2) using the previous lemma.
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3.3 The SUq(2) triple

3.3.1 The spectral triple

We briefly recall the main facts of the real spectral triple
(
A(SUq(2)),H,D

)
introduced

in [48], see also [18,19,31].

The algebra:
Let A := A(SUq(2)) be the ∗-algebra generated polynomially by a and b, subject to the

following commutation rules with 0 < q < 1:

ba = q ab, b∗a = q ab∗, bb∗ = b∗b, a∗a+ q2 b∗b = 1, aa∗ + bb∗ = 1 . (3.4)

We recall the following lemma from [153, Lemma A2.1]:

Lemma 3.3.1. For any representation π of A,

Spect
(
π(bb∗)

)
= { 0, q2k | |k ∈ N } or π(b) = 0,

Spect
(
π(aa∗)

)
= { 1, 1− q2k | k ∈ N } or π(b) = 0 and π(a) is a unitary.

This result is interesting since it shows the appearance of discreteness for 0 ≤ q < 1 while for
q = 1, SUq(2) = SU(2) ' S3 and the spectrum of the commuting operator π(aa∗) and π(bb∗)
are equal to [0, 1]. Moreover, all foregoing results on noncommutative integrals will involve q2

and not q.

Any element of A can be uniquely decomposed as a linear combination of terms of the form
aαbβb∗γ where α ∈ Z, β, γ ∈ N, with the convention

a−|α| := a∗|α|.

The spinorial Hilbert space:
H = H↑ ⊕ H↓ has an orthonormal basis consisting of vectors |jµn↑〉 with j = 0, 1

2 , 1, . . . ,
µ = −j, . . . , j and n = −j+, . . . , j+, together with |jµn↓〉 for j = 1

2 , 1, . . . , µ = −j, . . . , j and
n = −j−, . . . , j− (here x± := x± 1

2).
It is convenient to use a vector notation, setting:

|jµn〉〉 :=
( |jµn↑〉
|jµn↓〉

)
(3.5)

and with the convention that the lower component is zero when n = ±(j + 1
2) or j = 0.

The representation π and its approximate π:
It is known that representation theory of SUq(2) is similar to that of SU(2) [153]. The

representation π given in [48] is:

π(a) |jµn〉〉 := α+
jµn |j

+µ+n+〉〉+ α−jµn |j
−µ+n+〉〉,

π(b) |jµn〉〉 := β+
jµn |j

+µ+n−〉〉+ β−jµn |j
−µ+n−〉〉,

π(a∗) |jµn〉〉 := α̃+
jµn |j

+µ−n−〉〉+ α̃−jµn |j
−µ−n−〉〉,

π(b∗) |jµn〉〉 := β̃+
jµn |j

+µ−n+〉〉+ β̃−jµn |j
−µ−n+〉〉 (3.6)
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where

α+
jµn :=

√
qµ+n−1/2[j + µ+ 1]

 q−j−1/2
√

[j+n+3/2]

[2j+2] 0

q1/2
√

[j−n+1/2]

[2j+1][2j+2] q−j
√

[j+n+1/2]

[2j+1]

 ,

α−jµn :=
√
qµ+n+1/2[j − µ]

 qj+1
√

[j−n+1/2]

[2j+1] −q1/2
√

[j+n+1/2]

[2j][2j+1]

0 qj+1/2
√

[j−n−1/2]

[2j]

 ,

β+
jµn :=

√
qµ+n−1/2[j + µ+ 1]

 √
[j−n+3/2]

[2j+2] 0

−q−j−1
√

[j+n+1/2]

[2j+1][2j+2] q−1/2
√

[j−n+1/2]

[2j+1]

 ,

β−jµn :=
√
qµ+n−1/2[j − µ]

 −q−1/2
√

[j+n+1/2]

[2j+1] −qj
√

[j−n+1/2]

[2j][2j+1]

0 −
√

[j+n−1/2]

[2j]


with α̃±jµn := (α∓

j±µ−n−)∗, β̃±jµn := (β∓
j±µ−n+)∗ and with the q-number of α ∈ R be defined as

[α] := qα−q−α
q−q−1 .

For the purpose of this chapter it is sufficient to use the approximate spinorial ∗-representation
π of SUq(2) presented in [48,138] instead of the full spinorial one π.

This approximate representation is

π(a) := a+ + a−, π(b) := b+ + b−

with the following definitions, where qn :=
√

1− q2n:

a+ |jµn〉〉 := qj++µ+

( qj++n++1 0

0 qj++n

)
|j+µ+n+〉〉,

a− |jµn〉〉 := q2j+µ+n+ 1
2
(
q 0
0 1

)
|j−µ+n+〉〉,

b+ |jµn〉〉 := qj+n−
1
2 qj++µ+

(
q 0
0 1

)
|j+µ+n−〉〉,

b− |jµn〉〉 := −qj+µ
(qj++n 0

0 qj−+n

)
|j−µ+n−〉〉. (3.7)

All disregarded terms are trace-class and do not influence residue calculations. More precisely,
π(x)− π(x) ∈ Kq where Kq is the principal ideal generated by the operator

Jq |jµn〉〉 := qj |jµn〉〉. (3.8)

Actually, Kq is independent of q and is contained in all ideals of operators such that µn = o(n−α)
(infinitesimal of order α) for any α > 0, and Kq ⊂ OP−∞.

We define the alternative orthonormal basis vj↑m,l and v
j↓
m,l and the vector notation

vjm,l :=
( vj↑m,l
vj↓m,l

)
where vj↑m,l := |j,m− j, l − j+, ↑〉, vj↓m,l := |j,m− j, l − j−, ↓〉.
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Here j ∈ 1
2N, 0 ≤ m ≤ 2j, 0 ≤ l ≤ 2j + 1 and v↓,jm,l is zero whenever j = 0 or l = 2j or 2j + 1.

The interest is that now, the operators a± and b± assume simpler form:

a+ v
j
m,l = qm+1 ql+1 v

j+

m+1,l+1 , a− v
j
m,l = qm+l+1 vj

−

m,l ,

b+ v
j
m,l = ql qm+1 v

j+

m+1,l , b− v
j
m,l = −qm ql vj

−

m,l−1 . (3.9)

Thus

a∗+ v
j
m,l = qm ql v

j−

m−1,l−1 , a∗− v
j
m,l = qm+l+1 vj

+

m,l ,

b∗+ v
j
m,l = ql qm v

j−

m−1,l , b∗− v
j
m,l = −qm ql+1 v

j+

m,l+1 . (3.10)

Moreover, we have

a−a+ = q2 a+ a− , b−b+ = q2 b+b− , b+a+ = q a+b+ , b−a− = q a−b− ,

a∗−a+ = q2 a+a
∗
− , a∗−a− = a−a

∗
− , a∗−b+ = q b+a

∗
− , a∗−b− = q b−a

∗
− ,

a∗+a− = q2 a−a
∗
+ , b∗−b+ = b+b

∗
− , b∗−a+ = q a+b

∗
− , a−b+ = q b+a− . (3.11)

Note for instance that

a+a
∗
+ v

j
m,l = q2

mq
2
l v

j
m,l , a∗+a+ v

j
m,l = q2

m+1q
2
l+1 v

j
m,l ,

b+b
∗
+ v

j
m,l = q2lq2

m v
j
m,l , b∗+b+ v

j
m,l = q2lq2

m+1 v
j
m,l ,

so applied to vjm,l, we get the first relation (and similarly for the others)

a∗+a+ − q2 a+a
∗
+ + q2 (b∗+b+ − b+b∗+) = 1− q2, (3.12)

a+a
∗
+ + a−a

∗
− + b+b

∗
+ + b−b

∗
− = 1, (3.13)

a∗+a+ + a∗−a− + q2 (b∗+b+ + b∗−b−) = 1, (3.14)

a∗−a− − q2 a−a
∗
− + q2 b∗−b− − q2 b−b

∗
− = 0, (3.15)

a+a
∗
− + b∗−b+ = 0, a∗−a+ + q2 b∗−b+ = 0, (3.16)

a−a
∗
+ + b∗+b− = 0, a∗+a− + q2 b∗+b− = 0, (3.17)

b+b
∗
+ − b∗+b+ + b−b

∗
− − b∗−b− = 0, (3.18)

q a+b− − b−a+ + q a−b+ − b+a− = 0. (3.19)

And two others:
Note that we also use two other infinite dimensional ∗-representations π± of A on `2(N)

defined as follows on the orthonormal basis { εn : n ∈ N } of `2(N) by

π±(a) εn := qn+1 εn+1, π±(b) εn := ±qn εn . (3.20)

These representations are irreducible but not faithful since for instance π±(b− b∗) = 0.

The Dirac operator:
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It is chosen as in the classical case of a 3-sphere with the round metric:

D |jµn〉〉 :=
( 2j+ 3

2
0

0 −2j− 1
2

)
|jµn〉〉, (3.21)

which means, with our convention, that D vjml =
( 2j+ 3

2
0

0 −2j− 1
2

)
vjml. Note that this operator is

invertible (and thusD = D, P0 = 0). Moreover, it is asymptotically diagonal with linear spectrum
and

the eigenvalues 2j + 1
2 for j ∈ 1

2N, have multiplicities (2j + 1)(2j + 2),
the eigenvalues −(2j + 1

2) for j ∈ 1
2N∗, have multiplicities 2j(2j + 1).

So this Dirac operator coincides exactly with the classical one on the 3-sphere (see [4, 80])
with a gap around 0.

Let D = F |D| be the polar decomposition of D, thus

|D| |jµn〉〉 =
(dj+ 0

0 dj

)
|jµn〉〉, dj := 2j + 1

2 , (3.22)

F |jµn〉〉 =
(

1 0
0 −1

)
|jµn〉〉, (3.23)

and it follows from (3.7) and (3.23) that

F commutes with a±, b±. (3.24)

The reality operator:
This antilinear operator J is defined on the basis of H by

J |j, µ, n, ↑〉 := i2(2j+µ+n) |j,−µ,−n, ↑〉, J |j, µ, n, ↓〉 := i2(2j−µ−n) |j,−µ,−n, ↓〉 (3.25)

thus it satisfies

J−1 = −J = J∗ and DJ = JD,

J vj↑m,l = i2(m+l)−1vj↑2j−m,2j+1−l , J vj↓m,l = i−2(m+l)+1vj↓2j−m,2j−1−l .

We denote
B the ∗-subalgebra of B(H) generated by the operators in δk(π(A)) for all k ∈ N,
Ψ0

0(A) the algebra generated by δk
(
π(A)

)
and δk([D, π(A)]) for all k ∈ N,

X the ∗-subalgebra of B(H) algebraically generated by the set { a±, b± }.
Note that Ψ0

0(A) is a subalgebra of Ψ0(A) (the space of pseudodifferential operators of order
less or equal to zero).

The Hopf map r
For the explicit calculations of residues, we need a ∗-homomorphism r : X → π+(A)⊗π−(A)

defined by the tensor product in the sense of Hopf algebras of representations π+ and π−:

r(a+) := π+(a)⊗ π−(a), r(a−) := −q π+(b)⊗ π−(b∗),
r(b+) := −π+(a)⊗ π−(b), r(b−) := −π+(b)⊗ π−(a∗). (3.26)
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In fact, A is a Hopf ∗-algebra under the coproduct ∆(a) := a⊗a−q b⊗b∗, ∆(b) := a⊗b+b⊗a∗.
These homomorphisms appeared in [153] with the translation α↔ a∗, γ ↔ −b. In particular, if
U :=

(
a b
−qb∗ a∗

)
is the canonical generator of the K1(A)-group (∆a, ∆b) = (a, b)⊗̇U where the

last ⊗̇ means the matrix product of tensors of components.

The grading:
According to the shift j → j± appearing in formulae (3.9), (3.10), we get a Z-grading on X

defined by the degree +1 on a+, b+, a−
∗, b−

∗ and −1 on a−, b−, a+
∗, b+

∗.
Any operator T ∈ X can be (uniquely) decomposed as T =

∑
j∈J⊂Z Tj where Tj is homoge-

neous of degree j.
For T ∈ X, T ◦ will denote the 0-degree part of T for this grading and by a slight abuse of

notations, we write r(T )◦ instead of r(T ◦).

The symbol map:
We also use the ∗-homomorphism σ: π±(A)→ C∞(S1) defined for z ∈ S1 on the generators

by
σ
(
π±(a)

)
(z) := z, σ

(
π±(a∗)

)
(z) := z̄, σ

(
π±(b)

)
(z) = σ

(
π±(b∗)

)
(z) := 0.

The application (σ ⊗ σ) ◦ r is defined on X (and so on B) with values in C∞(S1)⊗ C∞(S1).

We define
dT := [D, T ] and δ(T ) := [|D|, T ].

Lemma 3.3.2. a±, b± are bounded operators on H such that for all p ∈ N,
(i) δ(a±) = ±a± , δ(b±) = ±b± ,
(ii) δp(π(a)) = a+ + (−1)pa− , δp(π(b)) = b+ + (−1)pb− ,
(iii) δ(ap±) = ±p ap± , δ(bp±) = ±p bp± .

Proof. (i) By definition, a± |jµn〉〉 =
(α± 0

0 β±

)
|j±µ+n+〉〉 where the numbers α± and β± depend

on j, µ, n and q, so we get by (3.22)

δ(a±)|jµn〉〉 =
( (dj+± )α± 0

0 dj± β±

)
|j±µ+n+〉〉 −

( (dj+ )α± 0

0 dj β±

)
|j±µ+n+〉〉

=
(±α± 0

0 ±β±

)
|j±µ+n+〉〉 = ±a± |jµn〉〉

and similar proofs for b±.
(ii) and (iii) are straightforward consequences of (i) and definition of π.

Remark 3.3.3. By Lemma 3.3.2, we see that, modulo OP−∞, X is equal to B and in particular
contains π(A).

Using (3.24), we get that B ⊂ Ψ0
0(A) ⊂ algebra generated by B and BF .

Note that, despite the last inclusion, F is not a priori in Ψ0
0(A).
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3.3.2 The noncommutative integrals

Recall that for any pseudodifferential operator T ,
∫
T := Res

s=0
ζTD(s) where ζTD(s) :=

Tr(T |D|−s).

Theorem 3.3.4. The dimension spectrum (without reality structure given by J) of the spectral
triple

(
A(SUq(2)),H,D

)
is simple and equal to {1, 2, 3}.

Moreover, the corresponding residues for T ∈ B are∫
− T |D|−3 = 2(τ1 ⊗ τ1)

(
r(T )◦

)
,∫

− T |D|−2 = 2
(
τ1 ⊗ τ0 + τ0 ⊗ τ1

)(
r(T )◦

)
,∫

− T |D|−1 =
(
2 τ0 ⊗ τ0 − 1

2 τ1 ⊗ τ1

)(
r(T )◦

)
,∫

− F T |D|−3 = 0,∫
− F T |D|−2 = 0,∫
− F T |D|−1 =

(
τ0 ⊗ τ1 − τ1 ⊗ τ0

)(
r(T )◦

)
,

where the functionals τ0, τ1 are defined for x ∈ π±(A) by

τ0(x) := lim
N→∞

(
TrN x− (N + 1) τ1(x)

)
, τ1(x) := 1

2π

∫ 2π

0
σ(x)(eiθ) dθ,

with TrN x =
∑N

n=0〈εn, x εn〉.

Proof. Consequence of [138, Theorem 4.1 and (4.3)].

Remark 3.3.5. Since F is not in B, the equations of Theorem 3.3.4 are not valid for all T ∈
Ψ0

0(A).
But when T ∈ Ψ0

0(A),
∫
T |D|−k = 0 for k /∈ { 1, 2, 3 } since the dimension spectrum is { 1, 2, 3 }

[138].

Compared to [138] where we had

τ↑0 (x) := lim
N→∞

TrN x− (N + 3
2) τ1(x), τ↓0 (x) := lim

N→∞
TrN x− (N + 1

2) τ1(x),

we replaced them with τ0:
τ↑0 = τ0 − 1

2τ1, τ↓0 = τ0 + 1
2τ1.

Note that τ1 is a trace on π±(A) such that τ1(1) = 1 and τ1

(
π+(aa∗)

)
= 1

2π

∫ 2π
0 1 dθ = 1, while

τ0 is not since τ0(1) = 0 and

τ0

(
π±(aa∗)

)
= lim

N→∞

∞∑
n=0

(1− q2n)− (N + 1) = − 1
1−q2 , (3.27)

so, because of the shift, the substitution a↔ a∗ gives

τ0

(
π±(a∗a)

)
= q2 τ0

(
π±(aa∗)

)
. (3.28)
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3.3.3 The tadpole

Lemma 3.3.6. For SUq(2), the condition of the vanishing tadpole (see [37]) is not satisfied.

Proof. For example, an explicit calculation gives
∫
π(b)[D, π(b∗)]D−1 = 2

1−q2 :
Let x, y ∈ π(A). Since [F, x] = 0, we have∫

− x[D, y]D−1 =
∫
− xδ(y)|D|−1 = τ ′

(
r(xδ(y)

)0)

where τ ′ := 2 τ0 ⊗ τ0 − 1
2 τ1 ⊗ τ1.

By Lemma 3.3.2, π(b)δ
(
π(b∗)

)
= (b++b−)

(
(b−)∗−(b+)∗

)
= −b+b+∗+b−b−∗+b+b−∗−b−b+∗.

Since only the first two terms have degree 0, we get, using the formulae from Theorem 3.3.4

τ ′
(
r(−b+b+∗)

)
= −τ ′

(
π+(aa∗)⊗ π−(bb∗)

)
= −2τ0

(
π+(aa∗)

)
τ0

(
π−(bb∗)

)
+ 1

2τ1

(
π+(aa∗)

)
τ1

(
π−(bb∗)

)
and τ1

(
π−(bb∗)

)
= 0. Similarly, using (3.28)

τ ′
(
r(b−b−∗)

)
= 2τ0

(
π+(bb∗)

)
τ0

(
π−(a∗a)

)
= 2q2τ0

(
π−(aa∗)

)
τ0

(
π+(bb∗

)
.

Since τ0

(
π±(bb∗)

)
= Tr

(
π±(bb∗)

)
=
∑∞

n=0 q
2n = 1

1−q2 and (3.27),∫
− π(b)[D, π(b∗)]D−1 = 2 1

1−q2
1

1−q2 + 2q2 −1
1−q2

1
1−q2 = 2

1−q2 .

In particular the pairing of the tadpole cyclic cocycle φ1 with the generator of K1-group is
nontrivial:

Remark 3.3.7. Other examples: with the shorthand x instead of π(x),

(τ1 ⊗ τ1) r
(
aδ(a∗)◦

)
= −1, (τ1 ⊗ τ1)r

(
a∗δ(a)◦

)
= 1,

(τ0 ⊗ τ0) r
(
aδ(a∗)◦

)
= 1

q2−1
, (τ0 ⊗ τ0) r

(
a∗δ(a)◦

)
= q2

q2−1
,∫

− aδ(a∗)|D|−1 = q2+3
2(q2−1)

,

∫
− a∗δ(a)|D|−1 = 3q2+1

2(q2−1)
,∫

− bδ(b)|D|−1 = 0,
∫
− b∗δ(b∗)|D|−1 = 0,∫

− bδ(b∗)|D|−1 = −2
q2−1

,

∫
− b∗δ(b)|D|−1 = −2

q2−1
.

In particular, Nφ1 does not vanish on 1-forms since
∫
Nφ1

ada∗ = Nφ1(a, a∗) = −1.

Let U be the canonical generator of the K1(A)-group, U =
(
a b
−qb∗ a∗

)
acting on H⊗C2. Then

for AU :=
∑2

k,l=1 π(Ukl) dπ(U∗kl), using above remark,
∫
φ1
AU = −2 as obtained in [138, page

391]: in fact, with P := 1
2(1 + F ),

ψ1(U,U∗) := 2
∑
k,l

∫
− Uklδ(U∗kl)P |D|−1 −

∫
− Uklδ2(U∗kl)P |D|−2 + 2

3

∫
− Uklδ3(U∗kl)P |D|−3

satisfies ψ1(U,U∗) = 2
∑

k,l

∫
Uklδ(U∗kl)P |D|−1 =

∫
φ1
AU .
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3.4 Reality operator and spectral action on SUq(2)

3.4.1 Spectral action in dimension 3 with [F,A] ∈ OP−∞

Let (A,H,D) a be real spectral triple of dimension 3. Assume that [F,A] ∈ OP−∞, where
F := D|D|−1 (we suppose D invertible). Let A be a selfadjoint one form, so A is of the form
A =

∑
i aidbi where ai, bi ∈ A.

Thus, A ' AF mod OP−∞ where A :=
∑

i aiδ(bi) is the δ-one-form associated to A. Note
that A and F commute modulo OP−∞.

We define

DA := DA + PA, PA the projection on KerDA,

DA := D + Ã, Ã := A + JAJ−1.

Theorem 3.4.1. The coefficients of the full spectral action (with reality operator) on any real
spectral triple (A,H,D) of dimension 3 such that [F,A] ∈ OP−∞ are

(i)
∫
− |DA|−3 =

∫
− |D|−3.

(ii)
∫
− |DA|−2 =

∫
− |D|−2 − 4

∫
− A|D|−3.

(iii)
∫
− |DA|−1 =

∫
− |D|−1 − 2

∫
− A|D|−2 + 2

∫
− A2|D|−3 + 2

∫
− AJAJ−1|D|−3.

(iv) ζDA(0) = ζD(0)− 2
∫
− A|D|−1 +

∫
− A(A+ JAJ−1)|D|−2 +

∫
− δ(A)(A+ JAJ−1)|D|−3

− 2
3

∫
− A3|D|−3 − 2

∫
− A2JAJ−1|D|−3.

Proof. (i) We apply Proposition 1.3.9.
(ii) By Lemma 1.3.10, we have

∫
|DA|−2 =

∫
|D|−2 −

∫
(ÃD + DÃ + Ã2)|D|−4. By the

trace property of the noncommutative integral and the fact that Ã2|D|−4 is trace-class, we get∫
|DA|−2 =

∫
|D|−2 − 2

∫
ÃD|D|−4 =

∫
|D|−2 − 4

∫
AD|D|−4. Since AD ∼ A|D| mod OP−∞, we

get the result.
(iii) By Lemma 1.3.10 (ii), we have∫
− |DA|−1 =

∫
− |D|−1 − 1

2

∫
−(ÃD +DÃ + Ã2)|D|−3 + 3

8

∫
−(ÃD +DÃ + Ã2)2|D|−5.

Following arguments of (ii), we get∫
−(ÃD +DÃ + Ã2)|D|−3 = 4

∫
− A|D|−2 + 2

∫
− A2|D|−3 + 2

∫
− AJAJ−1|D|−3,∫

−(ÃD +DÃ + Ã2)2|D|−5 = 8
∫
− A2|D|−3 + 8

∫
− AJAJ−1|D|−3,

and the result follows.
(iv) By (1.11), ζDA(0) =

∑3
j=1

(−1)j

j

∫
(ÃD−1)j .

Moreover, the following holds:
∫

ÃD−1 = 2
∫
A|D|−1 and

∫
(ÃD−1)2 = 2

∫
(A|D|−1)2 +

2
∫
A|D|−1JAJ−1|D|−1. Since δ(A) ∈ OP 0, we can check that

∫
(A|D|−1)2 =

∫
A2|D|−2 +
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∫
δ(A)A|D|−3 and, with the same argument, that

∫
A|D|−1JAJ−1|D|−1 =

∫
AJAJ−1|D|−2 +∫

δ(A)JAJ−1|D|−3. Thus, we get∫
−(ÃD−1)2 = 2

∫
− A(A+ JAJ−1)|D|−2 + 2

∫
− δ(A)(A+ JAJ−1)|D|−3. (3.29)

The third term to be computed is∫
−(ÃD−1)3 = 2

∫
−(A|D|−1)3 + 4

∫
−(A|D|−1)2JAJ−1|D|−1 + 2

∫
− A|D|−1JAJ−1|D|−1A|D|−1.

Any operator in OP−4 being trace-class here, we get∫
−(ÃD−1)3 = 2

∫
− A3|D|−3 + 4

∫
− A2JAJ−1|D|−3 + 2

∫
− AJAJ−1A|D|−3. (3.30)

Since
∫
AJAJ−1A|D|−3 =

∫
A2JAJ−1|D|−3 by trace property and the fact that δ(A) ∈ OP 0, the

result follows then from (3.29) and (3.30).

Corollary 3.4.2. For the spectral action of A without the reality operator (i.e. DA = D + A),
we get ∫

− |DA|−2 =
∫
− |D|−2 − 2

∫
− A|D|−3,∫

− |DA|−1 =
∫
− |D|−1 −

∫
− A|D|−2 +

∫
− A2|D|−3,

ζDA(0) = ζD(0)−
∫
− A|D|−1 + 1

2

∫
− A2|D|−2 + 1

2

∫
− δ(A)A|D|−3 − 1

3

∫
− A3|D|−3.

3.4.2 Spectral action on SUq(2): main result

On SUq(2), since F commutes with a± and b±, Theorem 3.4.1 can be used for the spectral
action computation.

Here is the main result of this section

Theorem 3.4.3. In the full spectral action (1.6) (with the reality operator) of SUq(2) for a
one-form A and A its associated δ-one-form, the coefficients are:∫

− |DA|−3 = 2 ,∫
− |DA|−2 = −4

∫
− A|D|−3,∫

− |DA|−1 = −1
2 + 2

(∫
− A2|D|−3 −

∫
− A|D|−2

)
+
∣∣∫− A|D|−3

∣∣2,
ζDA(0) = −2

∫
− A|D|−1 +

∫
− A2|D|−2 − 2

3

∫
− A3|D|−3

+
∫
− A|D|−3

(
1
2

∫
− A|D|−2 −

∫
− A2|D|−3

)
+ 1

2

∫
− A|D|−3

∫
− A|D|−2 .

In order to prove this theorem (in section 4.7), we will use a decomposition of one-forms in
the Poincaré-Birkhoff–Witt basis of A with an extension of previous representations to operators
like TJT ′J−1 where T and T ′ are in X.
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3.4.3 Balanced components and Poincaré–Birkhoff–Witt basis of A

Our objective is to compute all integrals in term of A and the computation will lead to
functions of A which capture certain symmetries on A.

Let A =
∑

i π(xi)dπ(yi) on SUq(2) be a one-form and A the associated δ-one-form. The xi

and yi are in A and as such they can be uniquely written as finite sums xi =
∑

α x
i
αm

α and
yi =

∑
β y

i
βm

β where mα := aα1bα2b∗α3 is the canonical monomial of A with α, β ∈ Z × N × N
based on a fixed Poincaré–Birkhoff–Witt type basis of A.

Remark 3.4.4. Any one-form A =
∑

i π(xi)dπ(yi) on SUq(2) is characterized by a complex
valued matrix Aβα =

∑
i x

i
α y

i
β where α, β ∈ Z× N× N. This matrix is such that

A = AβαM
α
β

where Mα
β := π(mα)δ

(
π(mβ)

)
.

In the following, we note
Ā := ĀβαM

α
β

so for any p ∈ N,
∫
Ā|D|−p =

∫
A|D|−p.

This presentation of one-forms is not unique modulo OP−∞ since, as we will see in section 5,
F =

∑
i xidyi where xi, yi ∈ A, thus for any generator z, [F, z] =

∑
i xid(yiz)−xiyidz−zxidyi = 0

mod OP−∞. We do not know however if this presentation is unique when the OP−∞ part is
taken into account.

The δ-one-formsMα
β are said to be canonical. Any product of n canonical δ-one forms, where

n ∈ N∗, is called a canonical δn-one-form. Thus, if A is a δ-one-form, An = (An)β̄ᾱM ᾱ
β̄

where

ᾱ = (α, α′, · · · , α(n−1)), β̄ = (β, β′, · · · , β(n−1)) are in Zn×Nn×Nn, (An)β̄ᾱ := Aβα · · ·Aβ
(n−1)

α(n−1) and
M ᾱ
β̄
is the canonical δn-one form equal to Mα

β · · ·Mα(n−1)

β(n−1) .

Definition 3.4.5. A canonical δn-one-form is a-balanced if it is of the form

aα1δ(aβ1) · · · aα
(n−1)
1 δ(aβ

(n−1)
1 )

where
∑n−1

i=0 α
(i)
1 + β

(i)
1 = 0.

For any δ-one-form A, the a-balanced components of An are denoted Ba(An)β̄ᾱ.

Note that
Ba(A)β̄ᾱ = Aβ100

−β100 δα1+β1,0 δα2+α3+β2+β3,0.

Definition 3.4.6. A canonical δn-one-form is balanced if it is of the form

mαδ(mβ) · · ·mα(n−1)
δ(mβ(n−1)

)

where
∑n−1

i=0 α
(i)
1 + β

(i)
1 = 0 and

∑n−1
i=0 α

(i)
2 + β

(i)
2 =

∑n−1
i=0 α

(i)
3 + β

(i)
3 .

For any δ-one-form A, the balanced components of An are denoted B(An)β̄ᾱ.
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Note that
B(A)β̄ᾱ = Aβ1β2β3

−β1α2α3
δα1+β1,0 δα2+β2,α3+β3 .

As we will show, a contribution to the kth-coefficient in the spectral action, is only brought by
one-forms A such that Ak is balanced (and even a-balanced in the case k = 1).

Note also that if A is balanced, then Ak for k ≥ 1 is also balanced, whereas the converse is
false.

3.4.4 The reality operator J on SUq(2)

Let for any n, p ∈ N,

qn :=
√

1− q2n, q−n := 0 if n > 0,

q↑n,p := qn+1 · · · qn+p , q↓n,p := qn · · · qn−(p−1) ,

with the convention q↑n,0 = q↓n,0 := 1. Thus, we have the relations

π±(ap) εn = q↑n,p εn+p , π±(a∗p) εn = q↓n,p εn−p ,

π±(bp) εn = (±qn)p εn , π±(b∗p) εn = (±qn)p εn ,

where εk := 0 if k < 0.
The sign of x ∈ R is denoted ηx. By convention, aj := a, a±,j := a± if j ≥ 0 and aj := a∗,

a±,j := a∗± if j < 0. Note that, with convention

q
↑α1
n,p := q↑n,p if α1 > 0, q

↑α1
n,p := q↓n,p if α1 < 0, and q↑0n,p := 1,

we have for any α1 ∈ Z and p ≤ α1, π±(apα1) εn = q
↑α1
n,p εn+ηα1p

.
Recall that the reality operator J is defined by

J vj↑m,l = i2(m+l)−1vj↑2j−m,2j+1−l , J vj↓m,l = i−2(m+l)+1vj↓2j−m,2j−1−l ,

thus the real conjugate operators

â± := Ja±J
−1, b̂± := Jb±J

−1

satisfy

â+ v
j
m,l := −q2j+1−m

(q2j+2−l 0
0 q2j−l

)
vj

+

m,l , â− v
j
m,l := −q2j−m (q2j+2−l 0

0 q2j−l

)
vj
−

m−1,l−1,

b̂+ v
j
m,l := q2j+1−m

(q2j+1−l 0
0 q2j−1−l

)
vj

+

m,l+1 , b̂− v
j
m,l := −q2j−m (q2j+1−l 0

0 q2j−1−l

)
vj
−

m−1,l .

So the real conjugate operator behaves differently on the up and down part of the Hilbert space.
The difference comes from the fact that the index l is not treated uniformly by J on up and
down parts.

We denote X̂ the algebra generated by { â±, b̂± }, X̃ the algebra generated by { a±, b±, â±, b̂± }
and H′ := `2(N)⊗ `2(Z) and we construct two ∗-representations π̂± of A:

The representation π̂+ gives bounded operators on H′ while π̂− represents A into B(H′⊗C2).
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The representation π̂+ is defined on the generators by:

π̂+(a) εm ⊗ ε2j := q2j+1−m εm ⊗ ε2j+1, π̂+(b) εm ⊗ ε2j := −q2j−m εm+1 ⊗ ε2j+1

while π̂− is defined by:

π̂−(a) εl ⊗ ε2j ⊗ ε↑↓ := −q2j+1±1−l εl ⊗ ε2j+1 ⊗ ε↑↓ ,
π̂−(b) εl ⊗ ε2j ⊗ ε↑↓ := −q2j±1−l εl+1 ⊗ ε2j+1 ⊗ ε↑↓ ,

where ε↑↓ is the canonical basis of C2 and the + in ± corresponds to ↑ in ↑↓.
The link between π̂± and π± which explains the notations about these intermediate objects

and the fact that π̂± are representations on different Hilbert spaces, is in the parallel between
equations (3.26), (3.31) and (3.32).

Let us give immediately a few properties (xβ equals x if the sign β is positive and equals x∗

otherwise)

π̂+(aβ)p εm ⊗ ε2j = q
↑β
2j−m,p εm ⊗ ε2j+ηβp ,

π̂−(aβ)p εl ⊗ ε2j ⊗ ε↑↓ = (−1)p q
↑β
2j±1−l,p εl ⊗ ε2j+ηβp ⊗ ε↑↓ ,

π̂+(bβ)p εm ⊗ ε2j = (−1)p q(2j−m)p εm+ηβp ⊗ ε2j+ηβp ,

π̂−(bβ)p εl ⊗ ε2j ⊗ ε↑↓ = (−1)p q(2j±1−l)p εl+ηβp ⊗ ε2j+ηβp ⊗ ε↑↓ .

Note that the π̂± representations still contain the shift information, contrary to representa-
tions π±. Moreover, π̂±(b) 6= π̂±(b∗) while π±(b) = π±(b∗).

The operators â±, b̂± are coded on H′ ⊗H′ ⊗ C2 as the correspondence

â+ ←→ π̂+(a)⊗ π̂−(a), â− ←→ −q π̂+(b∗)⊗ π̂−(b∗),

b̂+ ←→ −π̂+(a)⊗ π̂−(b), b̂− ←→ −π̂+(b∗)⊗ π̂−(a∗). (3.31)

We now set the following extension to B(H′) of π+ and to B(H′ ⊗ C2) of π− by

π′+(a) := π+(a)⊗ V, π′+(b) := π+(b)⊗ V (V is the shift of `2(Z)),
π′−(a) := π−(a)⊗ V ⊗ 12, π′−(b) := π−(b)⊗ V ⊗ 12.

So, we can define a canonical algebra morphism ρ̃ from X̃ into the bounded operators onH′⊗H′⊗
C2. This morphism is defined on the generators part { â±, b̂± } of X̃ by preceding correspondence
and on the generators part { a±, b± } by −see (3.26):

a+ ←→ π′+(a)⊗ π′−(a), a− ←→ −q π′+(b∗)⊗ π′−(b∗),
b+ ←→ −π′+(a)⊗ π′−(b), b− ←→ −π′+(b∗)⊗ π′−(a∗). (3.32)

We denote S the canonical surjection from H′⊗H′⊗C2 onto H. This surjection is associated
to the parameters restrictions on m, j, l, j′. In particular, the index j′ associated to the second
`2(N) in H′ ⊗ H′ ⊗ C2 is set to be equal to j. Any vector in H′ ⊗ H′ ⊗ C2 not satisfying these
restrictions is sent to 0 in H.

Denote by I the canonical injection of H into H′ ⊗H′ ⊗ C2 (the index j is doubled). Thus,
Sρ̃(·)I is the identity on X̃.
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In the computation of residues of ζTD functions, we can therefore replace the operator T by
Sρ̃(T )I.

We now extend τ0 on π′±(A)π̂±(A): For x, y ∈ A, we set

TrN
(
π′+(x)π̂+(y)

)
:=

N∑
m=0

〈εm ⊗ εN , π′+(x)π̂+(y) εm ⊗ εN 〉 ,

Tr↑N
(
π′−(x)π̂−(y)

)
:=

N∑
l=0

〈εl ⊗ εN−1 ⊗ ε↑ , π′−(x)π̂−(y) εl ⊗ εN−1 ⊗ ε↑〉 ,

Tr↓N
(
π′−(x)π̂−(y)

)
:=

N∑
l=0

〈εl ⊗ εN+1 ⊗ ε↓ , π′−(x)π̂−(y) εl ⊗ εN+1 ⊗ ε↓〉 .

Actually, a computation on monomials of A shows that Tr↓N
(
π′−(x)π̂−(y)

)
= Tr↑N

(
π′−(x)π̂−(y)

)
.

For convenience, we shall note TrN
(
π′−(x)π̂−(y)

)
this functional.

Lemma 3.4.7. Let x, y ∈ A. Then,
(i) τ0

(
π′±(x)π̂±(y)

)
:= limN→∞ UN exists where

UN := TrN
(
π′±(x)π̂±(y)

)
− (N + 1)τ1

(
π±(x)

)
τ1

(
π±(y)

)
.

(ii) UN = τ0

(
π′±(x)π̂±(y)

)
+O(N−k) for all k > 0.

Proof. (i) We can suppose that x and y are monomials, since the result will follow by linearity.
We will give a proof for the case of the π+ representations, the case π− being similar, with minor
changes.

We have π̂+(y) = (π̂+aβ1)|β1| (π̂+b)β2 (π̂+b
∗)β3 . A computation gives

π̂+(y) εm ⊗ ε2j = (−1)β2+β3 q(2j−m)(β2+β3) q
↑β1

2j−m,|β1| εm−β3+β2 ⊗ ε2j−β3+β2+β1

and with the notation t2j,m := 〈εm ⊗ ε2j , π
′
±(x)π̂±(y) εm ⊗ ε2j〉 and T2j :=

∑2j
m=0 t2j,m, we get

t2j,m = (−1)β2+β3 q(2j−m)(β2+β3) q
↑β1

2j−m,|β1| q
↑α1

m−β3+β2,|α1| q
(m+β2−β3)(α2+α3) δα1+β2−β3,0

× δ−α3+α2+β1,0

= (−1)α1 q(2j−m)(β2+β3)+(m−α1)(α2+α3) q
↑β1

2j−m,|β1| q
↑α1

m−α1,|α1| δα1+β2−β3,0 δα2−α3+β1,0

=: fα,β q2jλ t′2j,m =: fα,β q2jκ t′′2j,2j−m

where

t′2j,m := qm(κ−λ) q
↑β1

2j−m,|β1| q
↑α1

m−α1,|α1| , (3.33)

t′′2j,m := qm(λ−κ) q
↑β1

m,|β1| q
↑α1

2j−m−α1,|α1| , (3.34)

with λ := β2 + β3 ≥ 0 and κ := α2 + α3 ≥ 0. We will now prove that if λ 6= κ, then (T2j) is a
convergent sequence. Suppose κ > λ. Let us note U ′2j :=

∑2j
m=0 t

′
2j,m. Since the t

′
2j,m are positive

and t′2j+1,m ≥ t′2j,m for all j,m, U ′2j is an increasing real sequence. The estimate

U ′2j ≤
2j∑
m=0

qm(κ−λ) ≤ 1
1−qκ−λ <∞
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proves then that U ′2j is a convergent sequence. With T2j = fα,β q
2jλ U ′2j , we obtain our result.

Suppose now that λ > κ. Let us note U ′′2j :=
∑2j

m=0 t
′′
2j,m. Since the t′′2j,m are positive and

t′′2j+1,m ≥ t′′2j,m for all j,m, U ′′2j is an increasing real sequence. The estimate

U ′′2j ≤
2j∑
m=0

qm(λ−κ) ≤ 1
1−qλ−κ <∞

proves then that U ′′2j is a convergent sequence. With T2j = fα,β q
2jκ U ′′2j , we have again our result.

Moreover, note that if λ and κ are both different from zero, the limit of (T2j) is zero and more
precisely,

T2j = O(q2jλ) if κ > λ > 0, (3.35)

T2j = O(q2jκ) if λ > κ > 0. (3.36)

Suppose now that λ = κ 6= 0. In that case, (T2j) also converges rapidly to zero. Indeed, let us fix

q < ε < 1. we have ε−2jλ T2j =
∑2j

m=0 cmd2j−m = c ∗ d(2j) where cm := fα,β (q/ε)λm q
↑α1

m−α1,|α1|

and dm := (q/ε)λmq
↑β1

m,|β1|. Since both
∑

m cm and
∑

m dm are absolutely convergent series, their
Cauchy product

∑
2j ε
−2jλ T2j is convergent. In particular, limj→∞ ε

−2jλ T2j = 0, and

T2j = O(ε2jλ). (3.37)

Finally, T2j has a finite limit in all cases except possibly when λ = κ = 0, which is the case when
α1 = α2 = α3 = β1 = β2 = β3 = 0. In that case, t2j,m = 1.

A straightforward computation gives τ1

(
π±(x)

)
τ1

(
π±(y)

)
= δα1,0 δβ1,0 δα2,0 δβ2,0 δα3,0 δβ3,0.

Thus,
U2j = T2j − (2j + 1)δα1,0 δβ1,0 δα2,0 δβ2,0 δα3,0 δβ3,0

has always a finite limit when j →∞.
(ii) The result is clear if λ = κ = 0 (in that case UN = τ0 = 0). Suppose λ or κ is not zero.

In that case U2j = T2j . By (3.36), (3.35) and (3.37), we see that if λ > κ > 0 or κ > λ > 0 or
κ = λ, (T2j) converges to 0 with a rate in O(ε2jα) where α > 0 and q ≤ ε < 1. Thus, it only
remains to check the cases (κ > 0, λ = 0) and (κ = 0, λ > 0). In the first one, we get from (3.33),
U2j = fα,β

∑2j
m=0 q

mκq
↑β1

2j−m,|β1|. If β1 = 0, we are done.

Suppose β1 > 0. We have q
↑β1

2j−m,|β1| =
∑∞

p=0 lp q
rp q2|p|1(2j−m) where p = (p1, · · · , pβ1) and

lp = (−1)|p|1
( 1

2
p

)
, rp := 2p1 + · · · + 2β1pβ1 . Thus, cutting the sum in two, we get, noting L2j :=

fα,β
∑2j

m=0 q
mκ,

U2j − L2j = fα,β
∑

|p|1>κ/2

lp q
rp q

4|p|1j−q(2j+1)κ−2|p|1

1−qκ−2|p|1
+ fα,β

∑
06=|p|1≤κ/2

lp q
rp q4|p|1j

2j∑
m=0

qm(κ−2|p|1).

Since
∑

06=|p|1≤κ/2 lp q
rp q4|p|1j∑2j

m=0 q
m(κ−2|p|1) is in Oj→∞(jq4j), we have, modulo a rapidly

decreasing sequence,

U2j − L2j ∼ fα,β
∑

|p|1>κ/2

lp q
rp q

4|p|1j−q(2j+1)κ−2|p|1

1−qκ−2|p|1
=: fα,βq2κjV2j
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with

V2j =
∑

|p|1>κ/2

lp q
rp 1−q(2|p|1−κ)(2j+1)

1−q2|p|1−κ
=

∑
|p|1>κ/2

2j∑
m=0

lp q
rp q(2|p|1−κ)m.

The family vm,p := (lp qrp q(2|p|1−κ)m)(p,m)∈I , where I = { (p,m) ∈ Nβ1 × N : |p|1 > κ/2 } is
(absolutely) summable. Indeed |vm,p| ≤ |lp|qrp qm so |vm,p| is summable as the product of two
summable families. As a consequence, limj→∞ V2j exists and is finite, which proves that (q2κjV2j),
and thus (U2j − L2j) converge rapidly to 0.

Suppose now that β1 < 0. In that case, q
↑β1

2j−m,|β1| = q↓2j−m,|β1| = q↑2j−(m+|β1|),|β1| and by

(3.33), we get U2j = fα,β
∑2j

m=0 q
mκq↑2j−(m+|β1|),|β1| = fα,β q

−|β1|κ ∑2j+|β1|
m=|β1| q

mκq↑2j−m,|β1|, so the
same arguments as in case β1 > 0 apply here, the summation on m simply shifted of |β1|.

The same proof can be applied for the other case (κ = 0, λ > 0). This time, we only need to
use (3.34) instead of (3.33) and the preceding arguments follow by replacing κ by λ and β1 by
α1.

Remark 3.4.8. Contrary to the preceding τ0, the new functional contains the shift information.
In particular, it filters the parts of nonzero degree.

If T ∈ XX̂, ρ̃(T ) ∈ π+(A)π̂+(A)⊗ π−(A)π̂−(A).
For notational convenience, we define τ1 on π′±(A)π̂±(A) as

τ1

(
π′±(x)π̂±(y)

)
:= τ1

(
π±(x)

)
τ1

(
π±(y)

)
.

In the following, the symbol ∼e means equals modulo a entire function.

Theorem 3.4.9. Let T ∈ XX̂. Then

(i) ζTD(s) ∼e 2(τ1 ⊗ τ1)
(
ρ̃(T )

)
ζ(s− 2) + 2(τ0 ⊗ τ1 + τ1 ⊗ τ0)

(
ρ̃(T )

)
ζ(s− 1)

+ 2(τ0 ⊗ τ0 − 1
2τ1 ⊗ τ1)

(
ρ̃(T )

)
ζ(s),

(ii)
∫
− T |D|−3 = 2(τ1 ⊗ τ1)

(
ρ̃(T )

)
,

(iii)
∫
− T |D|−2 = 2(τ0 ⊗ τ1 + τ1 ⊗ τ0)

(
ρ̃(T )

)
,

(iv)
∫
− T |D|−1 = 2(τ0 ⊗ τ0 − 1

2τ1 ⊗ τ1)
(
ρ̃(T )

)
.

Proof. (i) Since T ∈ XX̂, ρ̃(T ) is a linear combination of terms like π′+(x)π̂+(y) ⊗ π′−(z)π̂−(t),
where x, y, z, t ∈ A. Such a term is noted in the following T+ ⊗ T−. Linear combination of these
term is implicit. With the shorthand Tc1,··· ,cp := 〈εc1 ⊗ · · · ⊗ εcp , T εc1 ⊗ · · · ⊗ εcp〉, recalling that
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vj,↓m,l is 0 when j = 0, or l ≥ 2j, we get

ζTD(s) =
∞∑

2j=0

2j∑
m=0

2j+1∑
l=0

〈
(vj,↑m,l

0

)
, Sρ̃(T )I

(vj,↑m,l
0

)
〉 d−s

j+
+ 〈
( 0
vj,↓m,l

)
, Sρ̃(T )I

( 0
vj,↓m,l

)
〉 d−sj

=
∞∑

2j=0

2j∑
m=0

2j+1∑
l=0

ρ̃(T )m,2j,l,2j,↑ d−sj+ +
∞∑

2j=1

2j∑
m=0

2j−1∑
l=0

ρ̃(T )m,2j,l,2j,↓ d−sj

=
∞∑

2j=0

(
Tr2j(T+) Tr↑2j+1(T−) + Tr2j+1(T+) Tr↓2j(T−)

)
d−s
j+
.

By Lemma 3.4.7 (ii), for all k > 0,

Tr2j(T±) = (2j + 3
2)τ1(T±) + τ0(T±)− 1

2τ1(T±) +O
(
(2j)−k

)
,

Tr2j+1(T±) = (2j + 3
2)τ1(T±) + τ0(T±) + 1

2τ1(T±) +O
(
(2j)−k

)
.

The result follows by noting that the difference of the Hurwitz zeta function ζ(s, 3
2) and Riemann

zeta function ζ(s) is an entire function.
(ii, iii, iv) are direct consequences of (i).

3.4.5 The smooth algebra C∞(SUq(2))

In [31, 138], the smooth algebra C∞(SUq(2) is defined by pulling back the smooth structure
C∞(D2

q±) into the C∗-algebra generated by A, through the morphism ρ and the application λ
(the compression which gives an operator on H from an operator on l2(N)⊗ l2(N)⊗ l2(Z)⊗C2).
The important point is that with [31, Lemma 2, p. 69], this algebra is stable by holomorphic
calculus. By defining ρ := ρ̃ ◦ c and λ(·) := S(·)I, the same lemma (with same notation) can be
applied to our setting, with c := π(x) 7→ π(x) and

C := C∞(D2
q+)⊗ C∞(S1)⊗ C∞(D2

q+)⊗ C∞(S1)⊗M2(C)

as algebra stable by holomorphic calculus containing the image of ρ̃. Here, we use Schwartz
sequences to define the smooth structures. We finally obtain C∞(SUq(2)) with real structure as
a subalgebra stable by holomorphic calculus of the C∗-algebra generated by π(A) ∪ Jπ(A)J−1

and containing π(A) ∪ Jπ(A)J−1 .

Corollary 3.4.10. The dimension spectrum of the real spectral triple
(
C∞(SUq(2)),H, D

)
is

simple and given by {1, 2, 3}. Its KO-dimension is 3.

Proof. Since F commutes with π(A), the pseudodifferential operators of order 0 (without the
real structure) are exactly (modulo OP−∞) the operators in B + BF . From Theorem 3.3.4 we
see that the dimension spectrum of SUq(2) without taking into account the reality operator J is
{ 1, 2, 3 }, in other words, the possible poles of ζbD : s 7→ Tr(bF ε|D|−s) (with ε ∈ { 0, 1 }, b ∈ B)
are in { 1, 2, 3 }. Theorem 3.4.9 (i) shows that the possible poles are still { 1, 2, 3 } when we take
into account the real structure of SUq(2), that is to say, when B is enlarged to BJBJ−1. Indeed,
any element of BJBJ−1 is in XX̂ and it is clear from the preceding proof that adding F in the
previous zeta function do not add any pole to { 1, 2, 3 }.



96 Chapitre 3. Spectral action on SUq(2)

All arguments go true from the polynomial algebra A(SUq(2)) to the smooth pre-C∗-algebra
C∞(SUq(2)).

KO-dimension refers just to J2 = −1 and D J = J D since there is no chirality because
spectral dimension is 3.

3.4.6 Noncommutative integrals with reality operator and one-forms on
SUq(2)

The goal of this section is to obtain the following suppression of J :

Theorem 3.4.11. Let A and B be δ-one-forms. Then

(i)
∫
− AJBJ−1|D|−3 = 1

2

∫
− A|D|−3

∫
− B|D|−3,

(ii)
∫
− AJBJ−1|D|−2 = 1

2

∫
− A|D|−2

∫
− B|D|−3 + 1

2

∫
− A|D|−3

∫
− B|D|−2,

(iii)
∫
− A2JBJ−1|D|−3 = 1

2

∫
− A2|D|−3

∫
− B|D|−3,

(iv)
∫
− δ(A)A|D|−3 =

∫
− δ(A)JAJ−1|D|−3 = 0.

We gather at the beginning of this section the main notations for technical lemmas which
will follow.

For any pair (k, p) ∈ N3×N3 such that ki ≤ |αi|, pi ≤ |βi|, where α, β ∈ Z×N×N, we define

vk,p := g(p)
(|α1|
k1

)
q2ηα1

(
α2

k2

)(
α3

k3

)(|β1|
p1

)
q
2ηβ1

(
β2

p2

)(
β3

p3

)
(−1)k1+p1+α2+α3+β2+β3 qσk,p ,

hk,p := α1 + α2 − α3 − 2(ηα1k1 + k2 − k3) + g(p) ,
g(p) := β1 + β2 − β3 − 2(ηβ1p1 + p2 − p3) ,
σk,p := k1 + p1 + σtk,p + σuk,p ,

σtk,p := k1k̂2 − k̂3(k1 + k2) + ηβ1 p̂1|k|1 + p̂2(|k|1 + p1)− p̂3(|k|1 + p1 + p2) ,

σuk,p := (k3 + ηβ1 p̂1 − p2 + p3)(k1 + k̂2 + k̂3)− k2(k1 + k̂2) + (p1 + p̂2)(−p2 + p3) + p̂3p3 ,

tk,p = ak̂1
α1
ak̂2 a∗k̂3 ap̂1

β1
ap̂2 a∗p̂3 b|k|1+|p|1 ,

uk,p = ak̂1
α1
a∗k2 ak3 ap̂1

β1
a∗p2 ap3 b|k̃|1+|p̃|1 .

where we used the notation
k̂i := |αi| − ki, p̂i := |βi| − pi,

so 0 ≤ k̂i ≤ |αi|, 0 ≤ p̂i ≤ |βi|. We will also use the shorthand k̃ := (k1, k̂2, k̂3).
For β1 ∈ Z and j ∈ N, we define

w1(β1, j) :=
∞∑
n=0

(
q2jn(q

↑β1

n,|β1|)
2 − δj,0

)
,

wαβ := 2β1 q
β1(2α3+β3−β2)w1(β1, α3 + β3).
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We introduce the following notations:

q+
k,p,n := qn(|k|1+|p|1)q

↑α1

n+r+
k,p−ηα1 k̂1,k̂1

q↑
n−k̂3+ηβ1

p̂1+p̂2−p̂3,k̂2
q↓
n+ηβ1

p̂1+p̂2−p̂3,k̂3
q
↑β1

n+p̂2−p̂3,p̂1
q↑n−p̂3,p̂2

q↓n,p̂3
,

q−k,p,n := qn(|k̃|1+|p̃|1)q
↑α1

n+r−k,p−ηα1 k̂1,k̂1
q↓n+k3+ηβ1

p̂1−p2+p3,k2
q↑n+ηβ1

p̂1−p2+p3,k3
q
↑β1

n−p2+p3,p̂1
q↓n+p3,p2

q↑n,p3

× (−1)|k̃|1+|p̃|1 ,

r+
k,p := ηα1 k̂1 + k̂2 − k̂3 + ηβ1 p̂1 + p̂2 − p̂3 ,

r−k,p := ηα1 k̂1 − k2 + k3 + ηβ1 p̂1 − p2 + p3 .

Thus, π+(tk,p)εn = q+
k,p,nεn+r+

k,p
and π−(uk,p)εn = q−k,p,nεn+r−k,p

.

Lemma 3.4.12. We have

r
(
(Mα

β )◦
)

=
∑
k,p

δhk,p,0 vk,p π+(tk,p)⊗ π−(uk,p)

where the summation is done on ki, pi in N such that ki ≤ |αi|, pi ≤ |βi| for i ∈ { 1, 2, 3 }.

Proof. Since π(mα) = (a+ + a−)α1(b+ + b−)α2(b∗+ + b∗−)α3 , with vk :=
(|α1|
k1

)
q2ηα1

(
α2

k2

)(
α3

k3

)
,

π(mα) =
∑

k
vk ck where ck := a

|α1|−k1
+,α1

ak1
−,α1

bα2−k2
+ bk2

− b
∗
+
α3−k3 b∗−

k3 .

By Lemma 3.3.2 (iii) we see that δ(π(mβ)) =
∑

pwp dp where we introduce

wp :=
(|β1|
p1

)
q
2ηβ1

(
β2

p2

)(
β3

p3

)
and dp := g(p) a|β1|−p1

+,β1
ap1

−,β1
bβ2−p2
+ bp2

− b
∗
+
β3−p3 b∗−

p3 .
As a consequence, (Mα

β )◦ =
∑

k,p δh(k,p),0 g(p) vk wp ck,p where

ck,p = ak̂1
+,α1

ak1
−,α1

bk̂2
+ bk2
− b
∗
+
k̂3 b∗−

k3 ap̂1

+,β1
ap1

−,β1
bp̂2
+ bp2
− b
∗
+
p̂3 b∗−

p3 (3.38)

With (3.38), we get r(ck,p) = (−1)k1+p1+α2+α3+β2+β3 qk1+p1 π+(t′k,p)⊗ π−(u′k,p) where

t′k,p = ak̂1
α1
bk1 ak̂2 bk2 a∗k̂3 bk3ap̂1

β1
bp1 ap̂2 bp2 a∗p̂3 bp3 ,

u′k,p = ak̂1
α1
bk1 bk̂2 a∗k2 bk̂3ak3 ap̂1

β1
bp1 bp̂2 a∗p2 bp̂3 ap3 .

A recursive use of relation baj = qηjajb yields the result.

Lemma 3.4.13. We have
(i) (τ1 ⊗ τ1)

(
r(Mα

β )◦
)

= β1 δα1,−β1 δα2,0 δα3,0 δβ2,0 δβ3,0 .

(ii) (τ1 ⊗ τ0 + τ0 ⊗ τ1)
(
r(Mα

β )◦
)

= δα1,−β1 δα2+β2,α3+β3 w
α
β .

In particular, if A is a δ-one-form, we have∫
− A|D|−3 = 2β1A

β100
−β100 ,∫

− A|D|−2 = 2wαβ B(A)βα .

where we implicitly summed on all α, β indices.
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Proof. See Appendix A.

With notations of Lemma 3.4.12, it is direct to check that for given ᾱ = (α, α′, · · · , α(n−1))
and β̄ = (β, β′, · · · , β(n−1)),

r
(
(M ᾱ

β̄ )◦
)

=
∑
K,P

δhK,P ,0 vK,P π+(tK,P )⊗ π−(uK,P ) (3.39)

where K = (k, k′, · · · k(n−1)), P = (p, p′, · · · , p(n−1)) with 0 ≤ k(j)
i ≤ |α

(j)
i |, 0 ≤ p(j)

i ≤ |β
(j)
i |,

tK,P := tk,p tk′,p′ · · · tk(n−1),p(n−1) , uK,P := uk,puk′,p′ · · ·uk(n−1),p(n−1) ,

vK,P := vk,p vk′,p′ · · · vk(n−1),p(n−1) , hK,P := hk,p + hk′,p′ + · · ·hk(n−1),p(n−1) .

In the following, we will use the shorthands Ai := αi +α′i + · · ·+α
(n−1)
i , Bi := βi +β′i + · · ·+

β
(n−1)
i .
In the case n = 2, we also note r±K,P := r±k,p + r±k′,p′ and q

±
K,P,n := q±k′,p′,n q

±
k,p,n+r±

k′,p′
.

Thus, we have π+(tK,P ) εm = q+
K,P,m εm+r+

K,P
and π−(uK,P ) εm = q−K,P,n εm+r−K,P

.
We also introduce, still for n = 2,

vβ1,α′1,β
′
1
(l, j) :=

∞∑
n=0

(
ql+2nj q

↑−β′1−α′1−β1

n+β′1+α′1+β1,|β′1+α′1+β1|q
↑β1

n+β′1+α′1,|β1|q
↑α′1
n+β′1,|α′1|

q
↑β′1
n,|β′1|

− δj,0
)
,

V ᾱ
β̄ := 2[β1β

′
1 + (β2 − β3)(β′2 − β′3)] q2β1(α2+α3)+2β′1(α′2+α′3)

× vβ1,α′1,β
′
1
((α2 + β2 + α3 + β3)(α′1 + β′1), A3 +B3).

Lemma 3.4.14. We have
(i) (τ1 ⊗ τ1)

(
r(Mα

βM
α′
β′ )
◦) = β1β

′
1 δA1,−B1 δA2,0 δA3,0 δB2,0δB3,0 .

(ii) (τ1 ⊗ τ0 + τ0 ⊗ τ1)
(
r(Mα

βM
α′
β′ )
◦) = δA2+B2,A3+B3δA1,−B1V

ᾱ
β̄
.

(iii) (τ1 ⊗ τ1)
(
r(Mα

βM
α′
β′M

α′′
β′′ )

0
)

= β1β
′
1β
′′
1 δA1,−B1 δA2,0 δA3,0 δB2,0δB3,0.

(iv) (τ1 ⊗ τ1)
(
r(δ(Mα

β )Mα′
β′ )

0
)

= −(α′1 + β′1)β1β
′
1 δA1,−B1 δA2,0 δA3,0 δB2,0δB3,0.

(v) In particular, if A is a δ-one-form,∫
− A2|D|−3 = 2β1β

′
1 Ba(A

2)β̄ᾱ ,∫
− A2|D|−2 = 2V ᾱ

β̄ B(A2)β̄ᾱ ,∫
− A3|D|−3 = 2β1β

′
1β
′′
1 Ba(A3)β̄ᾱ ,∫

− δ(A)A|D|−3 =
∫
− Aδ(A)|D|−3 = 0.

Proof. See Appendix B.

For a given δ-1-form A, we say that A is homogeneous of degree in a equal to n ∈ Z if it is a
linear combination of Mα

β such that α1 + β1 = n. From Lemma 3.4.14 (iv) we get,
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Corollary 3.4.15. Let A, A′ be two δ-1-forms, then∫
−(A|D|−1)2 =

∫
− A2|D|−2 ,∫

− A|D|−1A′|D|−1 =
∫
− AA′|D|−2 − n

∫
− AA′|D|−3 , when A′ homogenous of degree n.

Lemma 3.4.16. We have
(i) (τ1 ⊗ τ1) ρ̃

(
Mα
β JM

α′
β′ J
−1
)

= β1β
′
1 δα1,−β1 δα′1,−β′1 δA2,0 δA3,0 δB2,0δB3,0 .

(ii) (τ0 ⊗ τ1 + τ1 ⊗ τ0) ρ̃
(
Mα
β JM

α′
β′ J
−1
)

= δα1,−β1 δα′1,−β′1

(
β′1w

α
β δα′2+β′2+α′3+β′3,0

δα2+β2,α3+β3

+β1w
α′
β′ δα2+β2+α3+β3,0 δα′2+β′2,α

′
3+β′3

)
.

(iii) (τ1 ⊗ τ1) ρ̃
(
Mα
βM

α′
β′ JM

α′′
β′′ J

−1
)

= β1β
′
1β
′′
1 δα1+α′1,−β1−β′1 δα′′1 ,−β′′1 δA2,0 δA3,0 δB2,0δB3,0 .

(iv) (τ1 ⊗ τ1) ρ̃
(
δ(Mα

β )JMα′
β′ J
−1
)

= −(α′1 + β′1)β1β
′
1 δα1,−β1 δα′1,−β′1 δA2,0 δA3,0 δB2,0δB3,0 .

(v) In particular, if A and A′ are δ-one forms,∫
− AJA′J−1|D|−3 = 2(β1A

β100
−β100)(β1Ā′

β100
−β100),∫

− AJA′J−1|D|−2 = 2(β1Ā′
β100
−β100)(wαβB(A)βα) + 2(β1A

β100
−β100)(wαβB(Ā′)βα),∫

− A2JA′J−1|D|−3 = 2(β1Ā′
β100
−β100)(β1β

′
1Ba(A

2)β̄ᾱ),∫
− δ(A)JAJ−1 = 0.

Proof. See Appendix C.

Lemma 3.4.17. Let β, β′ ∈ Z. Then,

lim
2j→∞

2j∑
m=0

(
(q
↑β
m,|β|q

↑β′
2j−m,|β′|)

2 − 1
)

=
∞∑
m=0

(
(q
↑β
m,|β|)

2 − 1
)

+
∞∑
m=0

(
(q
↑β′
m,|β′|)

2 − 1
)
.

Proof. See Appendix D.

Proof of Theorem 3.4.11. The result follows from Lemmas 3.4.13, 3.4.14 (v) and 3.4.16 (v).

3.4.7 Proof of Theorem 3.4.3 and corollaries

Lemma 3.4.18. We have on SUq(2),
(i)

∫
|D|−3 = 2.

(ii)
∫
|D|−2 = 0.

(iii)
∫
|D|−1 = −1

2 .
(iv) ζD(0) = 0.

Proof. (iv) We have by definition

ζD(s) := Tr(|D|−s) =
∞∑

2j=0

2j∑
m=0

2j+1∑
l=0

〈vjm,l , |D|
−s vjm,l〉.
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Since |D|−svjm,l =
(d−s
j+

0

0 d−sj

)
vjm,l where dj := 2j + 1

2 , we get

ζD(s) =
∞∑

2j=0

(2j + 1)(2j + 2) d−s
j+

+
∞∑

2j=1

(2j + 1)(2j) d−sj = 2
∞∑

2j=0

(2j + 1)(2j) d−sj .

With the equalities (2j+ 1)(2j) = d2
j − 1

4 and ζ(s, 1
2) = (2s−1)ζ(s) (here ζ(s, x) :=

∑
n∈N

1
(n+x)s

is the Hurwitz zeta function and ζ(s) := ζ(s, 1) is the Riemann zeta function) we get

ζD(s) = 2(2s−2 − 1)ζ(s− 2)− 1
2(2s − 1)ζ(s) (3.40)

which entails that ζD(0) = 0.
(i, ii, iii) are direct consequences of equation (3.40).

Proof of Theorem 3.4.3. It is a consequence of Lemma 3.4.18 and Theorems 3.4.1, 3.4.11.

As we have seen, the computation of the noncommutative integral on SUq(2) leads to cer-
tain functions of A which filter some symmetry on the degree in a, a∗, b, b∗ of the canonical
decomposition. Precisely, it is the balanced features that appear and the following functions of
An, n ∈ { 1, 2, 3 }: ∫

− An|D|−p (3.41)

where 1 ≤ n ≤ p ≤ 3. In the next section, we describe a method to compute these integrals.

Corollary 3.4.19. Let u be a unitary in C∞
(
SUq(2)

)
and γu(A) := π(u)Aπ(u∗) + π(u)dπ(u∗)

be a gauge-variant of A. Then the following terms of Theorem 3.4.3 are gauge invariant∫
− A|D|−3 ,

∫
− A2|D|−3 −

∫
− A|D|−2 , −2

∫
− A|D|−1 +

∫
− A2|D|−2 − 2

3

∫
− A3|D|−3.

Proof. It is sufficient to remark that all terms
∫
|DA|−k and ζDA(0) in the spectral action (1.6)

are gauge invariant. This can also be seen via the computation Dγu(A) = VuDV ∗u +VuP0V
∗
u where

P0 is the projection on KerD and Vu = π(u)Jπ(u)J−1 and
∫
|DA|n−k = Ress=n−k Tr

(
|DA|n−k

)
(see Proposition 2.2.1 (iii) and Proposition 1.3.8).

Corollary 3.4.20. In the case of the spectral action without the reality operator (i.e. DA =
D + A), we get∫
− |DA|−3 = 2,

∫
− |DA|−2 = −2

∫
− A|D|−3 ,

∫
− |DA|−1 = −1

2 −
∫
− A|D|−2 +

∫
− A2|D|−3,

ζDA(0) = −
∫
− A|D|−1 + 1

2

∫
− A2|D|−2 − 1

3

∫
− A3|D|−3 .

As a consequence, if A is a one-form such that
∫
A|D|−3 = 0, then the scale invariant term of

the spectral action with or without J is exactly the same modulo a global factor of 2.
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3.5 Differential calculus on SUq(2) and applications

3.5.1 The sign of D

There are multiple differential calculi on SUq(2), see [92,153]. Due to [121, Theorem 3], the 3D
and 4D± differential calculi do not coincide with the one considered here: the right multiplication
of one-forms by an element in the algebra A is a consequence of the chosen Dirac operator which
was introduced according to some equivariance properties with respect to the duality between
the two Hopf algebras SUq(2) and Uq(su(2)).

It is known that the Fredholm module associated to (A, H, D) is one-summable since [F, π(x)]
is trace-class for all x ∈ A. In fact, more can be said about F 1:

Proposition 3.5.1. Since

1
1−q2

(
π(a∗) dπ(a) + q2 π(b) dπ(b∗) + q2 π(a) dπ(a∗) + q2 π(b∗) dπ(b)

)
= F, (3.42)

F is a central one-form modulo OP−∞.

Proof. Forgetting π, this follows from

a∗ δa+ q2 b δb∗ + q2 a δa∗ + q2 b∗ δb

= (a∗+ + a∗−)(a+ − a−) + q2 (b+ + b−)(b∗− − b∗+) + q2 (a+ + a−)(a∗− − a∗+)

+ q2 (b∗+ + b∗−)(b+ − b−)

= [a∗+a+ − q2 a+a
∗
+ + q2 b∗+b+ − q2 b+b

∗
+] +R = (1− q2) +R (3.43)

by (3.12) where we check that the remainder R is zero:

R =− [a∗+a− + q2 b∗+b−] + [a∗−a+ + q2 b∗−b+]− [a∗−a− − q2 a−a
∗
− + q2 b∗−b− − q2 b−b

∗
−]

+ (q2 a+a
∗
− + q2 q∗−b+)− (a∗+a− + q2 b∗+b−),

thus, applying (3.15), (3.16), (3.17), R = +(q2 a+a
∗
− + q2 q∗−b+) − (a∗+a− + q2 b∗+b−) = 0 using

commutation relations (3.11).
Now, replacing δ by d in (3.43) gives (3.42) since F commute with a±, b± and F is central

by (3.24).

Proposition 3.5.2. The one-form in (3.42) is in fact exactly a function of the Dirac operator
D:

π(a∗) dπ(a) + q2 π(b) dπ(b∗) + q2 π(a) dπ(a∗) + q2 π(b∗) dπ(b) = ξq(D) = F ξq(|D|), (3.44)

where ξq(s) := q [2s]−2s
[s+1/2][s−1/2] .

Moreover, F = limq→0 ξq(D).

1. Note that a similar result for a different spectral triple over SUq(2) when q = 0 was obtained in [31, eq.
(48)]
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Proof. First, let us observe that the one-form ω in (3.44) is invariant under the action of the
Uq(su(2)) × Uq(su(2)): h . ω = ε(h)ω for any h ∈ Uq(su(2)) × Uq(su(2)). For instance, using
notations of [48]

e . ω = q
1
2a∗db+ q2

(
−q

1
2−1bda∗ + q−

1
2 bda∗ − q−1−1

2a∗db

)
= 0 = ε(e)ω.

Therefore, since both the representation π as well as the operator D are equivariant, the image
of ω must be diagonal in the spinorial base. A tedious computation with the full spinorial repre-
sentation π given in (3.6) yields

〈vj↑ml, ω v
j↑
ml〉 = q8j+8−q8j+6−(4j+3) q4j+6+(8j+6) q4j+4−(4j+3) q4j+2−q2+1

(q4j+4−1)(q4j+2−1)
= ξq(2j + 3

2),

〈vj↓ml, ω v
j↓
ml〉 = −q8j+4+q8j+2+(4j+1) q4j+4−(8j+2) q4j+2+(4j+1) q4j+q2−1

(q4j+2−1)(q4j−1)
= −ξq(2j + 1

2).

These expressions have a clear q = 0 limit equal respectively to 1 and -1, so ω → F as q → 0.

In the q = 1 limit, these expressions yields identically 0, which is confirmed by the fact that
all one-forms are central, it could be expressed as d(aa∗ + bb∗) = d 1.

Note that since the invariant one-form we constructed differs by OP−∞ from F , hence any
commutator with it will be itself in OP−∞.

We do not know if a central form ω is automatically invariant by the action of both Uq(su(2)),
that is: h . ω = ε(h)ω.

Proposition 3.5.3. The order one calculus up to OP−∞ is not universal.

Proof. Let us take the one-form ωF from (3.42), which gives F . Then, for any x ∈ A(SUq(2))
we have π(xωF − ωFx) = 0.

Note that since ωF ∼ (1− q2)−1ω mod OP−∞, we get 1 ∼ (1− q2)−1ξq(|D|) mod OP−∞.

Corollary 3.5.4. Still modulo OP−∞, 1 ∈ π
(
Ω2
u(A)

)
.

Proof. 1 = F 2 is by definition in π
(
Ω2
u(A)

)
.

In fact, one checks, using (3.12), (3.15), (3.18) that

q2 da da∗ − da∗ da = 1− q2 (3.45)

showing again that 1 ∈ π
(
Ω2
u(A)

)
.

Similarly, using (3.11) and (3.13), (3.18), (3.19), we get still up to OP−∞

q da db = db da, q da db∗ = db∗ da,

da∗ db = q db da∗, da∗ db∗ = q db∗ da∗

db db∗ = db∗ db, da da∗ + db db∗ = −1. (3.46)

The use of the last equality of (3.46) and (3.45) gives

Proposition 3.5.5. Up to OP−∞, F is not a (universal) closed one-form, as

da∗ da+ q2 da da∗ + q2 db∗ db+ q2 db db∗ = −1− q2. (3.47)
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3.5.2 The ideal R

In order to perform explicit calculations of all terms of the spectral action, we observe that
each δ-one-form could be expressed in terms of xδ(z)y, where z is one of the generators a, a∗, b, b∗

and x, y are some elements of the algebra A(SUq(2)).
Then, for the computation of

∫
xdzy|D|−1 we can use the trace property of the noncommu-

tative integral to get:∫
− xδ(z)y |D|−1 =

∫
− yxδ(z) |D|−1 +

∫
− xδ(z) |D|−1δ(y) |D|−1.

Therefore, the problem of calculating the tadpole-like integral could be in effect reduced to
the calculation of much simpler integrals:

∫
xδ(z)|D|−1 for all generators z and the integrals of

higher order in |D|−1.
However, it appears that the calculations of higher-order terms simplify a lot, when we further

restrict the algebra by introducing an ideal, which is invisible to the parts of integral at dimension
2 and 3. For instance, consider the space of pseudodifferential operators T ∈ Ψ0(A) of order less
or equal to zero (see [38]), which satisfy∫

− T t |D|−2 =
∫
− t T |D|−2 =

∫
− T t |D|−3 =

∫
− t T |D|−3 = 0, ∀t ∈ Ψ0

0(A). (3.48)

The elements a−, b−b+, b−b∗+ and their adjoints are in this space up to OP−∞: this is due to the
fact that in Theorem 3.3.4, τ1⊗ τ1

(
r(x)

)
= 0 when r(x) ∈ π±(A)⊗ π±(A) mod OP−∞ contains

tensor products of π±(b) or π±(b∗) since these elements are in the kernel of σ.

Definition 3.5.6. Let R be the kernel in X of (σ ⊗ σ) ◦ r where r is the Hopf-map defined in
(3.26) and σ is the symbol map and let R be the vector space generated by R and RF .

Note that R is a ∗-ideal in X and

a−, b−b+(= q2 b+b−), b−b∗+ are in R.

By construction and Theorem 3.3.4, any T ∈ R satisfies (3.48) and R is invariant by F .
Moreover, by (3.15), [b−, b∗−] ∈ R, so by (3.12) and (3.18), a∗+a+ − q2 a+a

∗
+ − (1 − q2) ∈ R

and by (3.19), q a+b− − b−a+ ∈ R.
It is interesting to quote, thanks to Theorem 3.3.4 that if x ∈ R, then

∫
F x |D|−1 = 0 while

a priori,
∫
x |D|−1 6= 0.

Note that F ∈ Ψ0(A) also satisfies (3.48) by Theorem 3.3.4 while F /∈ R since F 2 = 1.
Moreover other elements are in R like for instance d(b∗b) = d(bb∗):

δ(bb∗) = −δ(aa∗) = −δa a∗ − a δa∗ = −(a+ − a−)(a∗+ + a∗−)− (a+ + a−)(a∗− − a∗+)
= 2(a+a

∗
− − a−a∗+)

is in R since a− ∈ R yielding d(bb∗) ∈ RF .
We do not know if R is equal to the subset of the algebra generated by B and B F satisfying

(3.48).

Lemma 3.5.7. R is a ∗-ideal in Ψ0(A) which is invariant by F , d, δ.
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Proof. Since R is an ideal in X = B mod OP−∞ (see Remark 3.3.3), R appears to be an ideal in
Ψ0(A) ⊂ algebra generated by B and B F . Since R is invariant by F , its invariance by d follows
from its invariance by δ which is true on the generators of R.

Note that, according to Theorem 3.4.13,
∫
da |D|−2 =

∫
da |D|−3 = 0 while

∫
a∗da |D|−3 = 2

which emphasizes the importance the quantifiers "for all" in (3.48).

Lemma 3.5.8. For any t ∈ Ψ0
0(A) and T ∈ R, we have

∫
t T |D|−1 =

∫
T t |D|−1.

Proof. For any t ∈ B, we have
∫
T t |D|−1 =

∫
t T |D|−1 +

∫
T |D|−1 δ(t) |D|−1 and moreover∫

T |D|−1 δ(t) |D|−1 =
∫
T δ(t) |D|−2 −

∫
T δ2(t) |D|−3 which comes from

|D|−1δ(t)|D|−1 = δ(t)|D|−2 + [|D|−1, δ(t)]|D|−1 = δ(t)|D|−2 − |D|−1δ2(t)|D|−2

= δ(t)|D|−2 − δ2(t)|D|−3 + |D|−1δ3(t)|D|−3.

So we get the result because T satisfies (3.48).

Lemma 3.5.9. If ' means equality up to the ideal R, the following rules with d(.) = [D, .] of
the first-order differential calculus hold (suppressing π)

a da ' da a, a∗ da ' −da∗ a, b da ' q da b, b∗ da ' q da b∗,
a da∗ ' −da a∗, a∗ da∗ ' da∗ a∗, b da∗ ' q−1 da∗ b, b∗ da∗ ' q−1 da∗ b∗,
a db ' q−1 db a, a∗ db ' q db a∗, b db ' db b, b∗ db ' db b∗ ' −b db∗,
a db∗ ' q−1 db∗ a, a∗ db∗ ' q db∗ a∗, b db∗ ' db∗ b ' −b∗ db, b∗ db∗ ' db∗ b∗.

Moreover

a∗ da− q2da a∗ ' (1− q2)F, q2 a da∗ − da∗ a ' (1− q2)F. (3.49)

Proof. The table follows from relations (3.4) and Lemma 3.3.2 with (3.24) (one can also use
(3.11)). For instance, since a− ∈ R, using the fact that R is invariant by F ,

b da = (b+ + b−)(a+ − a−)F ' (b+ + b−)(a+ + a−)F = baF = q ab F ' q (a+ − a−)F b
= q da b

or similarly, a∗ da = (a∗+ + a∗−)(a+ − a−)F ' (a∗+ − a∗−)(a+ + a−)F = −da∗ a.
The second equivalence of (3.49) is just the adjoint of the first one that we prove now:

a∗ da− q2da a∗ = (a∗+ + a∗−)(a+ − a−)F − q2 (a+ − a−)F (a∗+ + a∗−)

' (a∗+ + a∗−)(a+ + a−)F − q2 (a+ + a−)(a∗+ + a∗−)F = (a∗a− q2 aa∗)F

= (1− q2)F.

Remark 3.5.10. The rule written above remains if dx is replaced by δ(x) and F by 1.

Working modulo R simplifies the writing of a one-form:

Lemma 3.5.11. (i) Every one-form A can be, up to elements from R, presented as

A ' xa da+ da∗ xa∗ + xb db+ db∗ xb∗ ,

where all x∗ are the elements of A.
(ii) When A is selfadjoint, A can be written up to R (not in a unique way, though) as

A ' xa da− da∗ (xa)∗ + xb db− db∗ (xb)∗ ,

where xa, xb are arbitrary elements of A.
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Proof. (i) A basis for one-forms consists of the following forms: aαbβ(b∗)γ d
(
aα
′
bβ
′
(b∗)γ

′), where
α, α′ ∈ Z and β, γ, β′, γ′ ∈ N.

Using the Leibniz rule and the commutation rules within the algebra (up to the R according
to Lemma 3.5.9), we reduce the problem to the case of the forms:

(
aαbβ(b∗)γ

)
dx
(
aα
′
bβ
′
(b∗)γ

′),
where x can be either of the generators a, a∗, b, b∗. If x = b or x = b∗, the straightforward
application of the rules of the differential calculus leads to the answer that the one-form could
be expressed as: aαbβ(b∗)γ db and db∗ aαbβ(b∗)γ .

Similar considerations for the case x = a, a∗ lead to the remaining terms.
Note that the presentation is not unique, since there still might remain terms, which are in

R, for example: b∗db+ db∗b = d(bb∗) ∈ R.
(ii) is direct.

Next we can start explicit calculation of the integrals, beginning with the tadpole terms.
Application of the Leibniz rule yields a presentation of one-forms which is different from the

one of the previous lemma. Each δ-one-form could be expressed, as a finite sum of the terms
xδ(z)y, where z is one of the generators a, a∗, b, b∗ and x, y are some elements of the algebra
A
(
SUq(2)

)
.

Proposition 3.5.12. For all x, y ∈ A
(
SUq(2)

)
and z ∈ {a, a∗, b, b∗} we have∫

− xδ(z)y |D|−1 =
∫
− yxδ(z) |D|−1 +

∫
− xδ(z)δ(y) |D|−2 −

∫
− xδ(z)δ2(y) |D|−3.

Proof. This is just the application of the trace property of the noncommutative integral, together
with the identity: |D|−1δ(z)|D|−1 = −

[
|D|−1, z

]
.

Remark 3.5.13. The computation of tadpole-like integrals is reduced to the following integrals:∫
xδ(z)|D|−1 for all generators z and the integrals of higher order in |D|−2. However, the calcu-

lations of higher-order terms simplify a lot when we use the relations which hold up to the ideal
R: this erases parts of the integral depending on |D|−2 and |D|−3. Thus, beside

∫
xδ(z) |D|−1,

we only need to compute
∫
xδ(z)δ(z′) |D|−2 where z and z′ are generators, since all the |D|−3

integrals have already been explicitly computed in section 4.6 (these integrals do not depend on
q).

Besides the tadpole, the only integrals that need to be computed are
∫
A |D|−2 and

∫
A2 |D|−2

where A is a δ-1-form. Working modulo R and using again Leibniz rule, we only need to compute∫
xδ(z) |D|−2 and the previous integrals

∫
xδ(z)δ(z′) |D|−2.

Operators Lq and Mq

In the notation vjl,m of H, we have already used the j dependence in (3.8) with Jq v
j
m,l :=

qj vjm,l.
Let Lq and Mq be the similar diagonal operators

Lq v
j
m,l := q2l vjm,l ,

Mq v
j
m,l := q2m vjm,l .

We immediately get
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Lemma 3.5.14. For n ∈ N∗,
∫

(Lq)n |D−2| =
∫

(Mq)n |D−2| = 2
1−q2n .

Proof. We have

Tr
(
Lnq |D|−2−s) =

∞∑
2j=0

2j∑
m=0

2j+1∑
l=0

〈vjm,l, L
n
q |D|−2−svjm,l〉

=
∞∑

2j=0

(2j + 1)1−q2n(2j+2)

1−q2n d−2−s
j+

+
∞∑

2j=0

(2j + 1)1−q2n(2j+2)

1−q2n d−2−s
j

∼0
1

1−q2n

(
ζ(s+ 1, 3

2) + ζ(s+ 1, 1
2

)
∼e 2

1−q2n ζ(s+ 1) .

where ∼0 means modulo a function holomorphic at 0. This gives the result for Lnq and a similar
computation can be done for Mn

q .

The interest of these operators stems from

Lemma 3.5.15. We have LqMq ∈ R. Moreover,

b δb∗ 'Mq − Lq, b∗δb ' Lq −Mq, bb∗ ' Lq +Mq,

a δ(a∗) ' −aa∗ ' Lq +Mq − 1, a∗ δa ' a∗a ' 1− q2(Lq +Mq),

da da∗ ' Lq +Mq − 1, da∗ da ' q2(Lq +Mq)− 1,

bn−2(b∗)n db db ' (Lq)n + (Mq)n,

bn−1 (b∗)n−1 db db∗ ' −(Lq)n − (Mq)n,

bn(b∗)n−2 db∗ db∗ ' (Lq)n + (Mq)n.

Proof. Since LqMq = q2 a−a
∗
− ∈ R, we compute up to the ideal R

b δb∗ = (b+ + b−)(b∗− − b∗+) ' −b+b∗+ + b−b
∗
− = Mq − Lq + LqMq(1− q2) 'Mq − Lq

and similarly for the other relations.

Automorphisms of the algebra and symmetries of integrals

Proposition 3.5.16. For any n ∈ N∗,∫
−(bb∗)n |D|−1 = −2(1+q2n)

(1−q2n)2 ,∫
−(bb∗)nb∗ δb |D|−1 =

∫
−(bb∗)nb δb∗ |D|−1 = 2

1−q2n+2 ,∫
−(bb∗)na δa∗ |D|−1 = −2q4n+2−2q4n−2q2n+2+6q2n

(1−q2n)2(1−q2n+2)
,∫

−(bb∗)na∗ δa |D|−1 = 6q2n+2−2q2n−2q2−2
(1−q2n)2(1−q2n+2)

.

Note that the knowledge of these integrals is enough for the computation of any term of the
form

∫
xδ(z)|D|−1, where z is a generator, since any other δ-one-form will be unbalanced.
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To show this proposition, we will use few symmetries, properties of the ideal R and replace-
ment of δ-one-forms in terms of Lq, Mq as above.

Let U be the following unitary operator on the Hilbert space:

U vj↑m,l = (−1)m+l vj
+↓
l,m , U vj↓m,l = (−1)m+l vj

−↑
l,m .

Then, by explicit computations we have

U∗aU = a, U∗a∗U = a∗, U∗bU = b∗, U∗b∗U = b, and U∗DU = −D.

Lemma 3.5.17. Each noncommutative integral (3.41) of an element of the algebra or differential
forms is (up to sign) invariant under the algebra automorphism ρ defined by

ρ(a) := a, ρ(a∗) := a∗, ρ(b) := b∗, ρ(b∗) := b. (3.50)

Proof. For any homogeneous polynomial p and any k ∈ N,∫
− p(a, a∗, b, b∗,D)D−k =

∫
− U∗p(a, a∗, b, b∗,D)D−kU

= (−1)k
∫
− p(U∗aU,U∗a∗U,U∗bU, U∗b∗U,U∗DU)D−k

= (−1)k+d

∫
− p(ρ(a), ρ(a∗), ρ(b), ρ(b∗),D)D−k,

where d is the degree of p with respect to D.

Corollary 3.5.18. For any n ∈ N,
∫

(bb∗)n b∗ dbD−1 =
∫

(bb∗)n b db∗D−1.

Lemma 3.5.19. For any x, y ∈ Ψ0(A),

(i)
∫
− xy|D|−1 =

∫
− yx|D|−1 +

∫
− xδ(y)|D|−2 −

∫
− xδ2(y) |D|−2.

(ii)
∫
− z xD−1yD−1 =

∫
− z xyD−2, if z ∈ A contains b or b∗.

Proof. (i) is direct consequence of the trace property of
∫
and the fact that OP−4 operators are

trace-class.
(ii) We calculate:∫
− z xD−1yD−1 =

∫
− z x

(
yD−1 −D−1[D, y]D−1

)
D−1 =

∫
− z xyD−2 −

∫
− z xD−1[D, y]D−2

=
∫
− z xyD−2.

The last step is based on the observation that any integral with D−3 vanishes if the expression
integrated contains b or b∗.
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Lemma 3.5.20. For any n ∈ N,

(i)
∫
−(bb∗)n b∗ dbD−1 = 2

1−q2n+2 .

(ii)
∫
−(bb∗)nd(bb∗)D−1 = 0.

(iii)
∫
−(bb∗)n|D|−1 = −2(1+q2n)

(1−q2n)2 .

Proof. (i) With n > 1, we begin with
∫
d ((b b∗)n)D−1 = 0, which follows directly from the trace

property of the noncommutative integral. Expanding the expression using the Leibniz rule and
the commutation

xD−1 = D−1x+D−1[D, x]D−1, (3.51)

we obtain

0 =
n−1∑
k=0

∫
− bk db bn−k−1(b∗)nD−1 +

n−1∑
k=0

∫
− bn(b∗)k db∗ (b∗)n−k−1D−1

=n
(∫
− bn−1(b∗)n dbD−1 +

∫
− bn(b∗)n−1 db∗D−1

)
+
n−1∑
k=0

∫
−
(
bk dbD−1d(bn−k−1(b∗)n)D−1 + bn(b∗)k db∗D−1d((b∗)n−k−1)D−1

)
.

Using Lemma 3.5.19,

0 =n
∫
−(bb∗)n−1(b∗ db+ b db∗)D−1

+
∫
−
(

1
2n(n− 1)bn−2(b∗)n db db+ n2bn−1 (b∗)n−1 db db∗ + 1

2n(n− 1)bn(b∗)n−2 db∗ db∗
)
D−2.

The integrals with D−2 could be easily calculated when we restrict ourselves to calculations
modulo the ideal R:

n

∫
−(bb∗)n−1(b∗ db+ b db∗)D−1 = −2

(
n(n− 1)− 2n2 + n(n− 1)

)
1

1−q2n = 4n 1
1−q2n .

Hence
∫

(bb∗)n−1(b∗ db+ b db∗)D−1 = 4
1−q2n , which together with Corollary 3.5.18 proves (i).

(ii) In a similar way,
∫

(bb∗)n−1d(bb∗)D−1 = 0 =
∫

(bb∗)n−1d(aa∗)D−1 implies:

0 =
n−1∑
k=0

(bb∗)n−k−1d(bb∗)(bb∗)k D−1

=n
∫
−(bb∗)n−1d(bb∗)D−1 + 1

2n(n− 1)
∫
−(bb∗)n−2d(bb∗) d(bb∗)D−2

=n
∫
−(bb∗)n−1d(bb∗)D−1,

where in the last step we used that d(bb∗) ∈ R. The identity (ii) now follows from the equality
aa∗ = 1− bb∗.
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(iii) Using Lemma 3.5.19, we get

An :=
∫
−(bb∗)n|D|−1 =

∫
−(bb∗)n(aa∗ + bb∗)|D|−1

and we push now a∗ through |D|−1 and from cyclicity of the trace through (bb∗)n,

= An+1 +
∫
−(bb∗)nq2na∗a |D|−1 +

∫
−(bb∗)nq2naδ(a∗) |D|−2

the last term being calculated explicitly, since up to ideal R, aδ(a∗) ' Lq +Mq − 1,

= An+1(1− q2n+2) + q2nAn + 4
(

1
1−q2n+2 − 1

1−q2n

)
,

which leads to
An(1− q2n) + 4

1−q2n = An+1(1− q2n+2) + 4
1−q2n+2 .

Assuming An = fn
(1−q2n)2 we have fn+4

1−q2n = fn+1+4
1−q2n+2 , and taking into account that A0 = −2 1+q2

(1−q2)2 ,

we obtain An = −2 1+q2n

(1−q2n)2 .

Finally, to get Proposition 3.5.16, it remains to prove

Lemma 3.5.21. For n ≥ 1,∫
−(bb∗)na da∗D−1 = −2q4n+2−2q4n−2q2n+2+6q2n

(1−q2n)2(1−q2n+2)
,∫

−(bb∗)na∗ daD−1 = 6q2n+2−2q2n−2q2−2
(1−q2n)2(1−q2n+2)

.

Proof. First, using the Leibniz rule, (3.51) and Lemma 3.5.19 we have (for n ≥ 1)∫
−(bb∗)na da∗D−1 = −q2n

∫
−(bb∗)na∗ da−

∫
−(bb∗)nda da∗D−2.

Further, we use the identity (3.42):∫
−(bb∗)n

(
a∗ da+ q2a da∗ + q2b db∗ + q2b∗ db

)
D−1 = (1− q2)

∫
−(bb∗)n |D|−1.

taking into account that F D = |D|.
These equations give together a system of linear equations∫

−(bb∗)na da∗D−1 + q2n

∫
−(bb∗)na∗ daD−1 = −4

(
1

1−q2n+2 − 1
1−q2n

)
,

q2

∫
−(bb∗)na da∗D−1 +

∫
−(bb∗)na∗ daD−1 = −2(1− q2) 1+q2n

(1−q2n)2 − 4q2

1−q2n+2

which is solved by the expressions stated in the lemma.
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The noncommutative integrals at |D|−2

We need to separate this task into two problems. First, we shall calculate all integrals of the
type

∫
x δ(z)|D|−2, with x ∈ A(SUq(2)) and z being one of the generators. The second problem

is to calculate
∫
x δ(y) δ(z) |D|−2, with both y and z being the generators {a, a∗, b, b∗}.

Lemma 3.5.22. The only a priori non-vanishing integrals of the type
∫
x δ(z) |D|−2 are for

n ∈ N: ∫
−(bb∗)nb∗δ(b) |D|−2 =

∫
−(bb∗)nbδ(b∗) |D|−2 = 0,∫

−(bb∗)naδ(a∗) |D|−2 = 4q2n(1−q2)
(q2n+2−1)(1−q2n)

, n > 0∫
−(bb∗)na∗δ(a) |D|−2 = 4(1−q2)

(1−q2n+2)(1−q2n)
.

Proof. Since aδ(a∗) ' Lq +Mq − 1 and (bb∗)n ' Lnq +Mn
q , we get

(bb∗)naδ(a∗) ' Ln+1
q +Mn+1

q − Lnq −Mn
q

and the second result is obtained from Lemma 3.5.14. The other integrals are computed in a
similar way.

Lemma 3.5.23. The only a priori non-vanishing integrals of the type
∫
x dy dz |D|−2 are for

n ∈ N: ∫
−(bb∗)n (b∗)2db db |D|−2 = 4

1−q2n+4 ,∫
−(bb∗)n db db∗ |D|−2 = 4

1−q2n+2 ,∫
−(bb∗)n (a∗b∗)(da db) |D|−2 = 0,∫
−(bb∗)n (ab∗)(da∗ db) |D|−2 = 0,∫
−(bb∗)n (a∗b)(da db∗) |D|−2 = 0,∫
−(bb∗)n (ab)(da∗ db∗) |D|−2 = 0,∫
−(bb∗)n (da da∗) |D|−2 = 4(q2n+2−q2n)

(1−q2n+2)(1−q2n)
, n > 0∫

−(bb∗)n (da∗ da) |D|−2 = 4(q2−1)
(1−q2n+2)(1−q2n)

.

Proof. This follows from Lemma 3.5.14 with the equivalences up to R gathered in Lemma 3.5.15.
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3.6 Examples of spectral action

It is clear from Theorem 3.4.3 that any one-form of the form ada, bdb, adb, a∗db, etc... do not
contribute to the spectral action. Indeed, only the balanced parts of one-forms give a possibly
nonzero term in the coefficients. We give in the following table the values of the terms

∫
An |D|−p

and the full ζDA(0) for a few examples.

Table 3.1 – Values of noncommutative integrals

A
∫
A |D|−3

∫
A2 |D|−3

∫
A3 |D|−3

∫
A |D|−2

∫
A2 |D|−2

∫
A |D|−1 ζDA(0)

a∗da 2 2 2 4q2

q2−1
4q2(q2+2)
q4−1

3q2+1
2(q2−1)

11q4+36q2+13
3(q4−1)

b∗db 0 0 0 0 −4
q4−1

−2
q2−1

4q2

q4−1

ada∗ −2 2 −2 −4
q2−1

4(2q2+1)
q4−1

q2+3
2(q2−1)

13q4+36q2+11
3(q4−1)

bdb∗ 0 0 0 0 −4
q4−1

−2
q2−1

4q2

q4−1

1) Clearly the spectral action depends on q: for instance,

S(Da∗da,Φ,Λ) = 2 Φ3 Λ3 − 8 Φ2 Λ2 + q2+15
2(1−q2)

Φ1 Λ1 + 11q4+36q2+13
3(q4−1)

Φ(0).

2) Moreover, for B := a δa∗ and A := B +B∗, we get since B ' B∗ mod R,∫
− Ap|D|−k = 2p

∫
− Bp|D|−k, 1 ≤ p ≤ k ≤ 3 . (3.52)

Thus the spectral action of the selfadjoint one-form A := ada∗ + (ada∗)∗ is

S(DA,Φ,Λ) = 2 Φ3 Λ3 + 16 Φ2 Λ2 + q2−33
2(1−q2)

Φ1 Λ1 + 122q4+168q2−2
3(q4−1)

Φ(0).

3) When Bn := (bb∗)n b δb∗, then by Lemma (3.5.15), Bn ' B∗n, so for An := Bn + B∗n, the
equation (3.52) is still valid and

∫
Bp
n |D|−k are all zero but

∫
Bn |D|−1 = 2

1−q2n+2 and
∫
B2
n |D|−2 =

4
1−q4n+4 , so

S(DAn ,Φ,Λ) = 2 Φ3 Λ3 − 1
2 Φ1Λ1 + 8

1+q2n+2 Φ(0). (3.53)

Remark that this spectral action still exists as q → 1!
Note however that the symmetrization process (3.52) does not work in general, for instance if

B := a δb and A := B+B∗, then
∫
A2|D|−1 = 8(q4−q2−1)

(1−q4)2 while
∫
B2|D|−1 = 0 or

∫
[B, B∗]|D|−1 =

4
1−q4 .
4) The spectral action can be also independent of q: for instance, if A = 1

1−q2 ξ(D) is the q-
dependent selfadjoint one-form given in (3.44), then,

S(DA,Φ,Λ) = 2 Φ3 Λ3 − 8 Φ2 Λ2 + 15
2 Φ1 Λ1 − 13

3 .
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3.7 The commutative sphere S3

Since SU(2) ' S3, we get a concrete spinorial representation of the algebra A := C∞(S3) on
the same Hilbert space H and same Dirac operator D with (3.6) where q = 1 which means that
q-numbers are trivial: [α] = α. So

π(a) |jµn〉〉 := α+
jµn |j

+µ+n+〉〉+ α−jµn |j
−µ+n+〉〉,

π(b) |jµn〉〉 := β+
jµn |j

+µ+n−〉〉+ β−jµn |j
−µ+n−〉〉,

π(a∗) |jµn〉〉 := α̃+
jµn |j

+µ−n−〉〉+ α̃−jµn |j
−µ−n−〉〉,

π(b∗) |jµn〉〉 := β̃+
jµn |j

+µ−n+〉〉+ β̃−jµn |j
−µ−n+〉〉 (3.54)

where

α+
jµn :=

√
j + µ+ 1

 √
j+n+3/2

2j+2 0√
j−n+1/2

(2j+1)(2j+2

√
j+n+1/2]

2j+1

 ,

α−jµn :=
√
j − µ

 √j−n+1/2

2j+1 −
√
j+n+1/2

2j(2j+1)

0
√
j−n−1/2

2j

 ,

β+
jµn :=

√
j + µ+ 1

 √
j−n+3/2

2j+2 0

−
√
j+n+1/2

(2j+1)(2j+2)

√
j−n+1/2

2j+1

 ,

β−jµn :=
√
j − µ

 −√j+n+1/2

2j+1 −
√
j−n+1/2

2j(2j+1

0 −
√
j+n−1/2

2j


with α̃±jµn := (α∓

j±µ−n−)∗, β̃±jµn := (β∓
j±µ−n+)∗.

Note that the representation on the vectors vjm,l is not as convenient as in (3.7).
One can check that the generators π(a), π(b) and their adjoint commute and that [x, [D, y]] =

0 for any x, y ∈ A.

3.7.1 Translation of Dirac operator

In general the Dirac operator is defined in a more symmetric way than what we did. So,
although not absolutely necessary here, we define for the interested reader the unbounded self-
adjoint translated operator D′ on H by the constant λ as

D′ := D + λ.

For instance, this gives for λ = −1
2 in the case of S3, see [80], D′ vjm,l = (2j+ 1)

(
1 0
0 −1

)
vjm,l so v

j
m,l

is an eigenvector of |D′|. We define D := D + P0 and D′ := D′ + P ′0 where P0 is the projection
on KerD and P ′0 is the projection on KerD′.

As the following lemma shows, the computation of the noncommutative integrals involving
D can be reduced to the computation of certain noncommutative integrals involving D′:
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Lemma 3.7.1. If
∫ ′
T := Ress=0 Tr

(
T |D′|−s

)
, then for any 1-form A on a spectral triple of

dimension n,∫
− A |D|−(n−2) =

∫
−
′
A |D′|−(n−2) + λ (n− 2)

∫
−
′
AD′|D′|−n + λ2 (n−1)(n−2)

2

∫
−
′
A |D′|−n,∫

− AD−(n−2) =
∫
−
′
AD′−(n−2) + λ (n− 2)

∫
−
′
AD′−(n−1) + λ2 (n−1)(n−2)

2

∫
−
′
AD′−n.

Proof. Recall from Proposition 1.3.8 that for any pseudodifferential operator P ,∫
− P |D|−r = Ress=0 Tr

(
P |D|−r|D′|−s

)
.

Moreover by Lemma 1.3.3, for any s ∈ C and N ∈ N∗

|D|−s = |D′|−s +
N∑
p=1

Kp,s Y
p |D′|−s mod OP−N−1−<(s) (3.55)

where Y =
∑N

k=1
(−1)k+1

k (−2λD′+λ2)kD′−2k mod OP−N−1 andKp,s are complex numbers that
can be explicitly computed. Precisely, we find Kp,s = (− s

2)p V (p) where V (p) is the volume of the
p-simplex. Since the spectral dimension is n, we work modulo OP−(n+1), and for s = n− 2, we
get from (3.55): |D|−(n−2) = |D′|−(n−2) +λ(n−2)D′|D′|−n+λ2 (n−1)(n−2)

2 |D′|−n mod OP−(n+1).
As a consequence, we have for P ∈ OP 0 (the OP 0 spaces are the same for D or D′),∫
− P |D|−(n−2) =

∫
−
′
P |D′|−(n−2) + λ(n− 2)

∫
−
′
PD′|D′|−n + λ2 (n−1)(n−2)

2

∫
−
′
P |D′|−n.

Since A and AF are in OP 0, we get both formulae.

3.7.2 Tadpole and spectral action on S3

We consider now the commutative spectral triple (C∞(S3), H, D). It is 1-summable since
〈〈jµn s | [F, π(x)] |jµn s〉〉 = 0 when x = a, a∗, b, b∗ for any j, µ, n, s = ↑, ↓.

All integrals of above lemma are zero for S3:

Proposition 3.7.2. There is no tadpole of any order on the commutative real spectral triple
(C∞(S3), H, D). More generally, for any one-form A,

∫
AF |D|−p = 0 for p ∈ N.

Proof. Since the representation is real, that is any matrix elements of the generators are real, so
must be the trace of AF |D|−p. Hence

∫
AF |D|−p =

∫
A∗F |D|−p.

The reality operator J introduced in (3.25) satisfies, when q = 1, the commutative rela-
tion JxJ−1 = x∗ for x ∈ A. Thus JAJ−1 = −A∗ and

∫
AF |D|−p =

∫
J (A∗F |D|−p) J−1 =

−
∫

AF |D|−p and
∫

AF |D|−p = 0.

For any selfadjoint one-form A, DA := D + Ã = D. Thus, the spectral action for the real
spectral triple

(
C∞(S3), H, D

)
for DA is trivialized by

S(DA,Φ,Λ) = 2 Φ3 Λ3 − 1
2 Φ1 Λ1 +O(Λ−1). (3.56)
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But it is more natural to compare with the spectral action of D+A. This is obtained respectively
from Lemma 3.4.18 and general heat kernel approach [65]:

S(D + A,Φ,Λ) = 2 Φ3 Λ3 +
∫
− |D + A|−1 Φ1 Λ1 +O(Λ−1)

since all terms of (1.6) in Λn−k are zero for k odd and ζD+A(0) = 0 when n is odd: as a verification,∫
|D + A|−2 is zero according to Lemma 1.3.10, Lemmas 3.4.18 and Proposition 3.7.2. Similarly,
ζD+A(0) = 0 because in (1.11), all terms with k odd are zero (same proof as in Proposition 3.7.2)
but for k even, it is not that easy to show that

∫
AD−1AD−1 = 0.

Moreover, the curvature term does not depend on A:

Lemma 3.7.3. For any one-form A on a commutative spectral triple of dimension n based on a
compact Riemannian spinc manifold without boundary, we have∫

− |D + A|−(n−2) =
∫
− |D|−(n−2). (3.57)

Proof. Follows from [68, first formula page 511] with ρ := A = A∗, N(ρ) = ρ (the constraint
JρJ−1 = ±ρ is not used).

One can also use [37, Proposition 1.149].

From Lemma 1.3.10,
∫
|D+ A|−(n−2) =

∫
|D|−(n−2) + n(n−2)

4

∫
(AF )2|D|−3 + (n−2)2

4

∫
A2|D|−3

using X := AD + DA + A2 and [|D|,A] ∈ OP 0, but again, it is not that easy to show that the
last two terms cancel: for instance here, for B = b[D, b∗], we obtain by direct computation (using
the easiest translated Dirac operator D′)

Tr
(
B2|D′|−3−s) = Tr

(
(B∗)2|D′|−3−s) = 1

2 Tr
(
BB∗|D′|−3−s) = 1

2 Tr
(
B∗B|D′|−3−s)

= 4
3

∑
2j∈N

j+1
(2j+1)2+s ,

so
∫

B2|D′|−3 = 2
3 . Similarly, one checks that

∫
(BF )2|D|−3 = 1

2

∫
BFB∗F |D|−3 = −2

9 . Thus if
A := B + B∗,

∫
A2|D|−3 =

∫
A2|D′|−3 = 4 and

∫
(AF )2|D|−3 = −4

3 which yields (3.57).
Thus for any one-form A on the 3-sphere,

S(D + A,Φ,Λ) = 2 Φ3 Λ3 − 1
2 Φ1 Λ1 +O(Λ−1,A)

which as (3.56) is not identical to (3.53) which contains a nonzero constant term Λ0 for q = 1.

3.8 Appendix

A. Proof of Lemma 3.4.13

(i) Using same notations of Lemma 3.4.12, we obtain by definition of τ1,

τ1

(
π+(tk,p)

)
= δk,0 δp,0 δα1+α2−α3+β1+β2−β3,0 , (3.58)

τ1

(
π−(uk,p)

)
= δ

k̃,0
δp̃,0 δα1−α2+α3+β1−β2+β3,0 . (3.59)
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We get τ1

(
π+(tk,p)

)
τ1

(
π−(uk,p)

)
= δk,0 δp,0 δα2,0 δα3,0 δβ2,0 δβ3,0 δα1,−β1 , so Lemma 3.4.12 gives

the result.
(ii) Since π+(tk,p)εn = q+

k,p,nεn+r+
k,p

and π−(uk,p)εn = q−k,p,nεn+r−k,p
, we get,

τ0

(
π+(tk,p)

)
= δr+

k,p,0

∞∑
n=0

(
q+
k,p,n − δk,0 δp,0 δα1+α2−α3+β1+β2−β3,0

)
, (3.60)

τ0

(
π−(uk,p)

)
= δr−k,p,0

∞∑
n=0

(
q−k,p,n − δ

k̃,0
δp̃,0 δα1−α2+α3+β1−β2+β3,0

)
. (3.61)

With (3.58) and (3.61) we get

τ1

(
π+(tk,p)

)
τ0

(
π−(uk,p)

)
= δk,0 δp,0 δα2+β2,α3+β3 δα1,−β1

∞∑
n=0

(
δk,0 δp,0 q

−
k,p,n − δα3+β3,0

)
= δk,0 δp,0 δα2+β2,α3+β3 δα1,−β1w1(β1, α3 + β3).

Using (3.59) and (3.60),

τ0

(
π+(tk,p)

)
τ1

(
π−(uk,p)

)
= δ

k̃,0
δp̃,0 δα2+β2,α3+β3 δα1,−β1

∞∑
n=0

(
δ
k̃,0
δp̃,0 q

+
k,p,n − δα3+β3,0

)
= δ

k̃,0
δp̃,0 δα2+β2,α3+β3 δα1,−β1w1(β1, α3 + β3).

Lemma 3.4.12 yields the result.

B. Proof of Lemma 3.4.14

We have

τ1(π+(tK,P )) = δK,0 δP,0 δA1+A2−A3+B1+B2−B3,0 , (3.62)
τ1(π−(uK,P )) = δ

K̃,0
δ
P̃ ,0

δA1−A2+A3+B1−B2+B3,0 . (3.63)

and

τ0(π+(tK,P )) = δr+
K,P ,0

∞∑
n=0

(
q+
K,P,n − δK,0 δP,0 δA1+A2−A3+B1+B2−B3,0

)
, (3.64)

τ0(π−(uK,P )) = δr−K,P ,0

∞∑
n=0

(
q−K,P,n − δK̃,0 δP̃ ,0 δA1−A2+A3+B1−B2+B3,0

)
. (3.65)

(i) Equations (3.62) and (3.63) give (τ1 ⊗ τ1) r(AA′)0 = δA1,−B1δA2,0δA3,0δB2,0δB3,0 λ0,0. A com-
putation of v0,0 with δA1,−B1 δA2,0 δA3,0 δB2,0 δB3,0 = 1 gives the result.

(ii) Equations (3.62) and (3.65) yield

τ1(π+(tK,P )) τ0(π−(uK,P )) = δK,0 δP,0 δA2+B2,A3+B3 δA1,−B1

× vβ1,α′1,β
′
1
((α2 + β2 + α3 + β3)(α′1 + β′1), A3 +B3).
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Equations (3.64) and (3.63) yield

τ0(π+(tK,P )) τ1(π−(uK,P )) = δ
K̃,0

δ
P̃ ,0

δA2+B2,A3+B3 δA1,−B1

× vβ1,α′1,β
′
1
((α2 + β2 + α3 + β3)(α′1 + β′1), A3 +B3)

and the result follows.
(iii) With (3.39) a direct computation gives

τ1(π+(tK,P )) = δK,0 δP,0 δA1+A2−A3+B1+B2−B3,0 , (3.66)
τ1(π−(uK,P )) = δ

K̃,0
δ
P̃ ,0

δA1−A2+A3+B1−B2+B3,0 . (3.67)

Using (3.66) and (3.67), (τ1 ⊗ τ1)
(
r(AA′A′′)◦

)
= δA1,−B1 δA2,0 δA3,0 δB2,0 δB3,0 v0,0. A computa-

tion of v0,0 with δA1,−B1 δA2,0 δA3,0 δB2,0 δB3,0 = 1 gives the result.
(iv) We have δ(Mα

β )Mα′
β′ = δ(x)δ(y)x′δ(y′) + xδ2(y)x′δ(y′) where x, x′, y, y′ are monomials

(π omitted). Since

π(x) =
∑
k

(
α
k

)
ak̂1

+,α1
ak1
−,α1

bk̂2
+ b

k2
− b
∗
+
k̂3b∗−

k3 =:
∑
k

(
α
k

)
ck,

we get δ(π(x)) =
∑

k g(k)
(
α
k

)
ck.

Similarly, δ(π(y)) =
∑

p g(p)
(
β
p

)
cp and δ2(π(y)) =

∑
p g(p)2

(
β
p

)
cp.

Thus, with cK,P := ck cp ck′ cp′ ,

δ(x)δ(y)x′δ(y′) =
∑
K,P

g(k) g(p) g(p′)
(
α
K

)(
β
P

)
cK,P ,

xδ2(y)x′δ(y′) =
∑
K,P

g(p)2g(p′)
(
α
K

)(
β
P

)
cK,P ,

r(δ(Mα
β )Mα′

β′ )
0 =

∑
K,P

δhK,P ,0
(
g(k) + g(p)

)
g(p) g(p′)

(
α
K

)(
β
P

)
r(cK,P ) =:

∑
K,P

λK,P r(cK,P ) .

Since r(ck) = (−q)k1(−1)α2+α3π+(tk)⊗ π−(uk) with tk, uk defined by

tk := ak̂1
α1
bk1 ak̂2 bk2 a∗k̂3 bk3 and uk := ak̂1

α1
bk1 bk̂2 a∗k2 bk̂3 ak3 ,

we get

r(δ(Mα
β )Mα′

β′ )
0 =

∑
K,P

λK,P (−q)k1+k′1+p1+p′1(−1)A2+A3+B2+B3π+(tK,P )⊗ π−(uK,P )

where tK,P = tktptk′tp′ and uK,P = ukupuk′up′ . Direct computations yield

τ1

(
π+(tK,P )

)
= δK,0 δP,0 δA1+A2−A3+B1+B2−B3,0 ,

τ1

(
π−(uK,P )

)
= δ

K̃,0
δ
P̃ ,0

δA1−A2+A3+B1−B2+B3,0 .

The result follows.
(v) For the last equality, note that by (iv)∫

− δ(A)A|D|−3 = −2
∑

α1,α′1,β1,β′1

(α′1 + β′1)β1β
′
1A

β100
α1000A

β′100

α′100
δα1+α′1+β1+β′1,0

.

The following change of variables α1 ↔ α′1, β1 ↔ β′1, implies by symmetry that this is equal to
zero.
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C. Proof of Lemma 3.4.16

(i) Following notations of Lemma 3.4.12, we have

Mα
β JM

α′
β′ J
−1 =

∑
K,P

vK,P ck,pJck′,p′J
−1

where K = (k, k′), P = (p, p′), λK,P = g(p)g(p′)vkvk′wpwp′ . Thus,

ρ̃(Mα
β JM

α′
β′ J
−1) = (−1)A2+A3+B2+B3

∑
K,P

(−q)k1+k′1+p1+p′1λK,P T
+
K,P ⊗ T

−
K,P

where T+
K,P := π′+(tktp)π̂+(tk′tp′) and T−K,P := π′−(ukup)π̂−(uk′up′) with

tk := ak̂1
α1
b∗k1
α1
ak̂2 b∗k2 a∗k̂3bk3 ,

uk := ak̂1
α1
b∗k1
α1
bk̂2 a∗k2 b∗k̂3ak3 .

A direct computation leads to

τ1(T+
K,P ) = δK,0 δP,0 δα1+α2−α3+β1+β2−β3,0 δα′1+α′2−α′3+β′1+β′2−β′3,0 ,

τ1(T−K,P ) = δ
K̃,0

δ
P̃ ,0

δα1−α2+α3+β1−β2+β3,0 δα′1−α′2+α′3+β′1−β′2+β′3,0

which gives the result.
(ii) Using the commutation relations on A, we see that there are real functions of (K,P ),

denoted σtK,P and σuK,P such that

T+
K,P = qσ

t
K,P π′+(tk,p)π̂+(tk′,p′),

T−K,P = qσ
u
K,P π′−(uk,p)π̂−(uk′,p′),

tk,p := ak̂1
α1
ak̂2 a∗k̂3 ap̂1

β1
ap̂2 a∗p̂3 b∗k1

α1
b∗p1

β1
b∗k2+p2bk3+p3 ,

uk,p := ak̂1
α1
a∗k2 ak3 ap̂1

β1
a∗p2 ap3 b∗k1

α1
b∗p1

β1
bk̂2+p̂2b∗k̂3+p̂3 .

We have, under the hypothesis τ1(T−K,P ) = 1,

π̂+(tk′,p′)εm,2j = (−1)λ
′
q(2j−m)λ′ q

↑α′1
2j−m−s+β′1,|α′1|

q
↑β′1
2j−m−s,|β′1|

εm+s,2j ,

s := −α′2 + α′3 − β′2 + β′3 = α′1 + β′1 ,

λ′ := α′2 + α′3 + β′2 + β′3 ,

λ := α2 + α3 + β2 + β3

τ1(T+
K,P ) = δλ,0 δλ′,0 .

and then,

(T+
K,P )m,2j = qσ

t
K,P+sλ(−1)λ

′
q(2j−m)λ′+mλ Fm F

′
2j−m δA1+B1,0 ,

F ′2j−m := q
↑α′1
2j−m−α′1,|α′1|

q
↑β′1
2j−m−α′1−β′1,|β′1|

,

Fm := q
↑α1

m−α1,|α1|q
↑β1

m−β1−α1,|β1| .
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Following the proof of Lemma 3.4.7, we see that τ0(T+
K,P ) is possibly nonzero only in the two

cases λ′ = 0 or λ = 0.
Suppose first λ = λ′ = 0. In that case, we have

τ0(T+
K,P ) = lim

2j→∞

2j∑
m=0

(
(q
↑β1

m,|β1|q
↑β′1
2j−m,|β′1|

)2 − 1
)

=
∞∑
m=0

(
(q
↑β1

m,|β1|)
2 − 1

)
+
∞∑
m=0

(
(q
↑β′1
m,|β′1|

)2 − 1
)

where the second equality comes from Lemma 3.4.17.
In the case (λ = 0, λ′ > 0), we get α′1 = −β′1 and thus,

(T+
K,P )m,2j = qσ

t
K,P qmλ (q

↑β1

m,|β1|q
↑β′1
2j−m,|β′1|

)2δα1+β1,0.

Let us note U2j =
∑2j

m=0 q
mλ (q

↑β1

m,|β1|q
↑β′1
2j−m,|β′1|

)2 and L2j =
∑2j

m=0 q
mλ (q

↑β1

m,|β1|)
2.

Suppose β′1 > 0. Since (q
↑β′1
2j−m,|β′1|

)2 − 1 =
∑
|p|1 6=0,pi∈{ 0,1 }(−1)|p|1qrp q2(2j−m)|p|1 where we

have rp = 2 + · · · + 2β′1. As in the proof of Lemma 3.4.7 (ii), we can conclude that U2j − L2j

converges to 0. The case β′1 ≤ 0 is similar.
In the other case (λ > 0, λ′ = 0), the arguments are the same, replacing λ by λ′ and α1, β1

by α′1, β′1. Finally,

τ0(T+
K,P )τ1(T−K,P ) = δ

K̃,0
δ
P̃ ,0

δα1,−β1 δα′1,−β′1(δλ′,0 δα2+β2,α3+β3 sα,β + δλ,0 δα′2+β′2,α
′
3+β′3

sα′,β′),

sαβ := qβ1(α3−α2)
∞∑
m=0

(
qmλ (q

↑β1

m,|β1|)
2 − δλ,0

)
.

A similar computation of τ0(T−K,P ) can be done following the same arguments. We find eventually

τ1(T+
K,P )τ0(T−K,P ) = δK,0 δP,0 δα1,−β1 δα′1,−β′1(δλ′,0 δα2+β2,α3+β3 sα,β + δλ,0 δα′2+β′2,α

′
3+β′3

sα′,β′)

and the result follows.
(iii) The same arguments of (i) apply here with minor changes.
(iv) follows from a slight modification of the proof of Lemma 3.4.14 (iv).
(v) is a straightforward consequence of (i, ii, iii, iv).

D. Proof of Lemma 3.4.17

We give a proof for β and β′ > 0, the other cases being similar.
Since (q

↑β
m,|β|)

2 =
∑

pi∈{ 0,1 }(−1)|p|1qrpq2|p|1m where p = (p1, · · · , pβ) and rp := 2(p1 + · · · +

βpβ), we get, with the notations λp,p′ := (−1)|p+p
′|1qrp+rp′ and U2j :=

∑2j
m=0 (q

↑β
m,|β|q

↑β′
2j−m,|β′|)

2−
1,

U2j =
2j∑
m=0

∑
|p+p′|1>0

λp,p′q
2|p|1m+2|p′|1(2j−m)

=
∑

|p|1≥|p′|1,|p|1>0

λp,p′V2j,p,p′ +
∑

|p|1<|p′|1,|p′|1>0

λp,p′V
′

2j,p,p′
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where

V2j,p,p′ = q4j|p′|1
2j∑
m=0

q2(|p|1−|p′|1)m, V ′2j,p,p′ = q4j|p|1
2j∑
m=0

q2(|p′|1−|p|1)m.

It is clear that V2j,p,p′ has 0 for limit when j → ∞ when |p′|1 > 0, and V ′2j,p,p′ has 0 for limit
when j →∞ when |p|1 > 0. As a consequence,

U2j =
∑
|p|1>0

λp,0V2j,p,0 +
∑
|p′|1>0

λ0,p′V
′

2j,0,p′ + o(1).

The result follows as∑2j
m=0

(
(q
↑β
m,|β|)

2 − 1
)

=
∑
|p|1>0 λp,0V2j,p,0 and

∑2j
m=0

(
(q
↑β′
m,|β′|)

2 − 1
)

=
∑
|p′|1>0 λ0,p′V

′
2j,0,p′ .
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Chapitre 4

Tadpoles and commutative spectral
triples

4.1 Introduction

The history of the noncommutative residue is now rather long [89], so we sketch it only brie-
fly: after some approaches by Adler [2] and Manin [103] on the Korteweg-de Vries equation using
a trace on the algebra of formal pseudodifferential operators in one dimension, and of Guillemin
with his "soft" proof of Weyl’s law on the eigenvalues of an elliptic operator [72], the noncom-
mutative residue in any dimension was essentially initiated par Wodzicki in his thesis [150]. This
residue gives, up to a multiplicative factor, the unique non-trivial trace on the algebra of pseu-
dodifferential operators. Then, a link between this residue and the Dixmier trace was given by
Connes in [25]. Thanks to Connes again [28,29], the setting of classical pseudodifferential opera-
tors on Riemannian manifolds without boundary was extended to a noncommutative geometry
where the manifold is replaced by a not necessarily commutative algebra A plus a Dirac-like ope-
rator D via the notion of spectral triple (A, H, D) where H is the Hilbert space acted upon by
A and D. The previous Dixmier trace is extended to the algebra of pseudodifferential operators
naturally associated to the triple (A, H, D). This spectral point of view appears quite natural in
the general framework of noncommutative geometry which goes beyond Riemannian geometry.
From a physicist’s point of view, this framework has many advantages: the spectral approach
is motivated by quantum physics but not only since classical observables and infinitesimals are
now on the same footing and even Dixmier’s trace is related to renormalization. It is amazing to
observe that most of classical geometrical notions like those defined in relativity or particle phy-
sics can be extended in this really noncommutative setting. Among others, some physical actions
still make sense as in [25] where Dixmier’s trace is used to compute the Yang–Mills action in
the context of noncommutative differential geometry. Another example is the Einstein–Hilbert
action: on a compact spin Riemannian 4-manifold,

∫
D−2 coincides (up to a universal scalar)

with the Einstein–Hilbert action, where
∫
is precisely the noncommutative residue, a point first

noticed by Connes; then, there was a brute force proof [90] and generalization [88] (see also [1])
of this fact which is particularly relevant here.

Since then, the case of compact manifolds with boundary has been studied, making clearer
the links between noncommutative residues, Dixmier’s trace and heat kernel expansion. This
was achieved using Boutet de Monvel’s algebra [55, 71, 124], in the case of conical singularities
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[99,123] or when the symbols are log-polyhomogeneous [98]. Besides, there are some applications
of noncommutative residues for such manifolds to classical gravity [147] and to the unification
of gravity with fundamental interactions [23]. Needless to say that in field theory, the one-loop
divergencies, anomalies and different asymptotics of the effective action are directly obtained
from the heat kernel method [141], so all of the above quoted mathematical results have profound
applications to physics.

We are interested in possible cancellation of terms in the Chamseddine–Connes spectral action
formula (1.6). We focus essentially on commutative spectral triples, for which we show that there
are no tadpoles (see Definition 1.4.3). In particular, terms like

∫
AD−1 are zero: in field theory,

D−1 is the Feynman propagator and AD−1 is a one-loop graph with fermionic internal line and
only one external bosonic line A looking like a tadpole. More generally, the tadpoles are the
A-linear terms in (1.6).

�

D−1

A

In [114], computations of
∫
|D|−k for some values of k are presented and formula like (1.11)

also appear in [100] in the context of pseudodifferential elliptic operators. As a starting point,
we investigate in section 4.2 the existence of tadpoles for manifolds with boundaries, considering
following Chamseddine and Connes [23] the case of a chiral boundary condition on the Dirac
operator. One of their original motivations was to show that the first two terms in the spectral
action come with the right ratio and sign for their coefficients as in the modified Euclidean action
used in gravitation. We generalize this approach to the perturbed Dirac operator by an internal
fluctuation, ending up with no tadpoles up to order 5.

However, this approach stems from explicit computations of first heat kernel coefficients, so
we cannot conclude that other integrals of the same type as tadpoles are zero. It is then natural
to restrict to manifolds without boundary via a different method.

After some useful facts using the link between, we conclude in section 4.3, and using the
results of section 1.4 and pseudodifferential techniques, that a lot of terms in (1.6) are zero.

4.2 Tadpoles and compact spin manifolds with boundary

Let M be a smooth compact Riemannian d-dimensional manifold with smooth boundary
∂M and let V be a given smooth vector bundle on M . We denote dx (resp. dy) the Riemannian
volume form on M (resp. on ∂M).

Recall that a differential operator P is of Laplace type if it has locally the form

P = −(gµν∂µ∂ν + Aµ∂µ + B) (4.1)

where (gµν)1≤µ,ν≤d is the inverse matrix associated to the metric g on M , and Aµ and B are
smooth L(V )-sections on M (endomorphisms). A differential operator D is of Dirac type if D2

is of Laplace type, or equivalently if it has locally the following form

D = −iγµ∂µ + φ

where (γµ)1≤µ≤d gives V a Clifford module structure: { γµ, γν } = 2gµν IdV , (γµ)∗ = γµ.
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A particular case of Dirac operator is given by the following formula

D = −iγµ(∂µ + ωµ) (4.2)

where the ωµ are in C∞
(
L(V )

)
.

If P is a Laplace type operator of the form (4.1), then (see [65, Lemma 1.2.1]) there is an
unique connection ∇ on V and an unique endomorphism E such that P = L(∇, E) where by
definition

L(∇, E) := −(Trg∇2 + E), ∇2(X,Y ) := [∇X ,∇Y ]−∇∇gXY ,

X, Y are vector fields on M and ∇g is the Levi-Civita connection on M . Locally

Trg∇2 := gµν(∇µ∇ν − Γρµν∇ρ)

where Γρµν are the Christoffel coefficients of ∇g. Moreover (with local frames of T ∗M and V ),
∇ = dxµ ⊗ (∂µ + ωµ) and E are related to gµν , Aµ and B through

ων = 1
2gνµ(Aµ + gσεΓµσε Id) , (4.3)

E = B− gνµ(∂νωµ + ωνωµ − ωσΓσνµ) . (4.4)

Suppose that P = L(∇, E) is a Laplace type operator on M , and assume that χ is an
endomorphism of V∂M so that χ2 = IdV . We extend χ on a collar neighborhood C of ∂M in
M with the condition ∇d (χ) = 0 where the dth-coordinate here is the radial coordinate (the
geodesic distance of a point in M to the boundary ∂M).

Let V± := Π±V be the sub-bundles of V on C where Π± := 1
2(IdV ±χ) are the projections

on the ±1 eigenvalues of χ. We also fix an auxiliary endomorphism S on V+∂M extended to C.
This allows to define the mixed boundary operator B = B(χ, S) as

Bs := Π+(∇d + S)Π+s|∂M ⊕Π−s|∂M , s ∈ C∞(V ). (4.5)

These boundary conditions generalize Dirichlet (Π− = IdV ) and Neumann–Robin (Π+ = IdV )
conditions.

We define PB as the realization of P on B, that is to say the closure of P defined on the space
of smooth sections of V satisfying the boundary condition Bs = 0.

We are interested in the behavior of the heat kernel coefficients ad−n defined through its
expansion as Λ→∞ (see [65, Theorem 1.4.5])

Tr(e−Λ−2D2
B) ∼

∑
n≥0

Λd−n ad−n(D,B)

where D is a self-adjoint Dirac type operator. Moreover, we will use a perturbation D → D+A,
where A is a 1-form (a linear combination of terms of the type f [D, g], where f and g are smooth
functions on M). More precisely, we investigate the linear dependence of these coefficients with
respect toA. It is clear that, sinceA is a differential operator of order 0, a perturbationD 7→ D+A
transforms a Dirac type operator into another Dirac type operator.

This perturbation has consequences on the E and ∇ terms:
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Lemma 4.2.1. Let D be a Dirac type operator locally of the form (4.2) such that ∇µ := ∂µ+ωµ
is connection compatible with the Clifford action γ. Let A be a 1-form associated to D, so that
A is locally of the form −iγµaµ with aµ ∈ C∞(U), (U, xµ) being a local coordinate frame on M .

Then (D +A)2 = L(∇A, EA) and D2 = L(∇, E) where,

ωAµ = ωµ + aµ , thus ∇Aµ = ∇µ + aµ IdV ,

EA = E + 1
4 [γµ, γν ]Fµν , E = 1

2γ
µγν [∇µ,∇ν ], Fµν := ∂µ(aν)− ∂ν(aµ)

Moreover, the curvature of the connection ∇A is ΩA
µν = Ωµν + Fµν , where Ωµν = [∇µ,∇ν ].

In particular TrEA = TrE.

Proof. This is quoted in [141, equation (3.27)].
(D+A)2 = L(∇A, EA) := −gµν(∇Aµ∇Aν −Γρµν∇Aρ )−EA and we get with ∇Aµ := ∇µ+aµIdV :

−(D +A)2 = γµ∇Aµ γν∇Aν = γµ[∇Aµ , γν ]∇Aν + γµγν∇Aµ∇Aν
= γµ[∇µ, γν ]∇Aν + 1

2(γµγν + γνγν)∇Aµ∇Aν + 1
2γ

µγν [∇Aµ ,∇Aν ]

= −γµγρΓµρν∇Aν + gµν∇Aµ∇Aν + 1
2γ

µγν [∇µ + aµIdV ,∇ν + aνIdV ]. (4.6)

Since Γρµν = Γρνµ, we get by comparison,

EA = 1
2γ

µγν [∇µ + aµ IdV ,∇ν + aν IdV ] = 1
2γ

µγν
(
[∇µ,∇ν ] + ∂µ(aν)− ∂ν(aµ)

)
= 1

2γ
µγν [∇µ,∇ν ] + 1

4 [γµ, γν ]
(
∂µ(aν)− ∂ν(aµ)

)
.

Remark that even if quadratic terms in A2 appear in the local presentation of the perturbation
D2 → (D + A)2 (in the b term), these terms do not appear in the invariant formulation (∇, E)
since they are hidden in ∇Aµ∇Aν of (4.6).

In the following, D and A are fixed and satisfy the hypothesis of Lemma 4.2.1. Indices i, j,
k, and l range from 1 through the dimension d of the manifold and index a local orthonormal
frame {e1, ..., ed} for the tangent bundle. Roman indices a, b, c, range from 1 through d− 1 and
index a local orthonormal frame for the tangent bundle of the boundary ∂M . The vector field
ed is chosen to be the inward-pointing unit normal vector field. Greek indices are associated to
coordinate frames.

Let Rijkl, ρij := Rikkj and τ := ρii be respectively the components of the Riemann tensor,
Ricci tensor and scalar curvature of the Levi-Civita connection. Let Lab := (∇eaeb, ed) be the
second fundamental form of the hypersurface ∂M in M . Let “;” denote multiple covariant diffe-
rentiations with respect to ∇A and “:” denote multiple covariant differentiations with respect to
∇ and the Levi-Civita connection of M .

We will look at a chiral boundary condition. This is a mixed boundary condition natural to
consider in order to preserve the existence of chirality on M and its boundary ∂M which are
compatible with the (selfadjoint) Clifford action: we assume that the operator χ is selfadjoint
and satisfies the following relations:

{χ, γd} = 0 , [χ, γa] = 0, ∀a ∈ { 1, · · · , d− 1 } . (4.7)

This condition was shown in [23] a natural assumption to enforce the hermiticity of the
realization of the Dirac operator. It is known [65, Lemma 1.5.3] that ellipticity is preserved.
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Since γd is invertible, dimV+ = dimV− and Trχ = 0.
For an even-dimensional oriented manifold, there is a natural candidate χ satisfying (4.7),

namely
χ := χ∂M = (−i)d/2−1γ(e1) · · · γ(ed−1) .

This notation is compatible with (4.9). Recall that

Tr(γi1 · · · γi2k+1) = 0 , ∀k ∈ N, Tr(γiγj) = dimV δij . (4.8)

The natural realization of this boundary condition for the Dirac type operator D +A is the
operator (D + A)χ which acts as D + A on the domain { s ∈ C∞(V ) : Π−s|∂M = 0 }. It turns
out (see [12, Lemma 7]) that the natural boundary operator BA

χ defined by

BAχ s := Π−(D +A)s|∂M ⊕Π−s|∂M

is a boundary operator of the form (4.5) provided that S = 1
2Π+(−i[γd, A]− Laaχ)Π+.

Lemma 4.2.2. Actually, S and χ;a are independent of the perturbation A:
(i) S = −1

2Laa Π+ .
(ii) χ;a = χ:a.

Proof. (i) Since A is locally of the form −iγjaj with aj ∈ C∞(U), we obtain from (4.7),

χ[γd, A] = −iaj χ[γd, γj ] = −i
∑
j<d

aj χ[γd, γj ] = i
∑
j<d

aj [γd, γj ]χ = −[γd, A]χ

and the result as a consequence of Π+ [γd, A] = [γd, A] Π− and Π+Π− = 0.
(ii) We have ∇Ai = ∇i + ai IdV where A =: −iγjaj , and since (∇Ai χ)s = ∇Ai (χs)− χ(∇Ai s)

for any s ∈ C∞(V ), using Lemma 4.2.1, ∇Ai (χ) = [∇i + ai IdV , χ] = [∇i, χ] = ∇i(χ).

While S is not sensitive to the perturbation A, the boundary operator BAχ depends a priori
on A. We shall denote Bχ the boundary operator BAχ when A = 0.

The coefficients ad−k for 0 ≤ k ≤ 4 have been computed in [11] for general mixed boundary
conditions in the case of Laplace type operators and in [12, Lemma 8] for Dirac type operators
with chiral boundary conditions. We recall here these coefficients in our setting:

Proposition 4.2.3.

ad(D +A,BAχ ) = (4π)−d/2
∫
M

TrV 1 dx ,

ad−1(D +A,BAχ ) = 0 ,

ad−2(D +A,BAχ ) = (4π)−d/2

6

{∫
M

TrV (6EA + τ) dx+
∫
∂M

TrV (2Laa + 12S) dy
}
,

ad−3(D +A,BAχ ) = (4π)−(d−1)/2

384

∫
∂M

TrV
{

96χEA + 3L2
aa + 6L2

ab + 96SLaa + 192S2 − 12χ2
;a} dy,

ad−4(D +A,BAχ ) = (4π)−d/2

360

{∫
M

TrV
{

60τEA + 180(EA)2 + 30(ΩA
ij)

2 + 5τ2 − 2ρ2 + 2R2
}
dx

+
∫
∂M

TrV
{

180χEA;d + 120EALaa + 720SEA + 60χχ;aΩA
ad + T

}
dy
}
.
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where

T := 20τLaa + 4RadadLbb − 12RadbdLab + 4RabcbLac + 1
21

(
160L3

aa − 48L2
abLcc + 272LabLbcLac

+ 120τS + 144SL2
aa + 48SL2

ab + 480(S2Laa + S3)− 42χ2
;aLbb + 6χ;aχ;bLab − 120χ2

;aS
)

is independent of A.

The following proposition shows that there are no tadpoles up to order 5 in manifolds endowed
with a chiral boundary condition.

Theorem 4.2.4. Let M be an even d-dimensional compact oriented spin Riemannian manifold
with smooth boundary ∂M and spin bundle V . Let D := −iγj∇j be the classical Dirac operator,
and χ = χ∂M = (−i)d/2−1γ(e1) · · · γ(ed−1) where (ei)1≤i≤d is a local orthonormal frame of TM .

The perturbation D → D + A where A = −iγjaj is a 1-form for D, induces, under the
chiral boundary condition, the following perturbations on the heat kernel coefficients where we set
cd−k(A) := ad−k(D +A,BAχ )− ad−k(D,Bχ):

(i) cd(A) = cd−1(A) = cd−2(A) = cd−3(A) = 0.
(ii) cd−4(A) = − 1

6(2π)d/2

∫
M FµνF

µν dx.

In other words, the coefficients ad−k for 0 ≤ k ≤ 3 are unperturbed, ad−4 is only perturbed by
quadratic terms in A and there are no linear terms in A in ad−k(D +A,BAχ ) for k ≤ 5.

Remark 4.2.5. When A is selfadjoint, all coefficients ad−k(D + A,BAχ ) and ad−k(D,Bχ) are
real while linear contributions in A are purely imaginary, modulo traces of γ and χ matrices and
their covariant derivatives. Since the invariant terms appearing as integrands of

∫
M and

∫
∂M

in the coefficients at higher order are polynomial in S, χ, R, EA and ΩA, and their covariant
derivatives, one expects no linear terms in A at any order.

Proof. (i) The fact that cd(A) = cd−1(A) = 0 follows from Proposition 4.2.3.
Since by Lemma 4.2.2, cd−2(A) = (4π)−d/2

∫
M TrV (EA−EA) dx, we get cd−2(A) = 0 because

TrV EA = TrV E by Lemma 4.2.1.
From Proposition 4.2.3 and Lemma 4.2.2, we get cd−3(A) = 1

4(4π)−(d−1)/2
∫
∂M TrV

{
χ(EA−

E)
}
.
Since χ(EA − E) = (−i)d/2γ1 · · · γd−1[γj , γk]Fjk, (4.8) yields TrV χ(EA − E) = 0 because d

is even.
(ii) Since TrV (EA − E) = 0 and TrV χ(EA − E) = 0, we obtain TrV S(EA − E) = 0 from

Lemma 4.2.2. Thus, using Proposition 4.2.3 and Lemma 4.2.2,

cd−4(A) = (4π)−d/2

360

{∫
M

TrV
{

180((EA)2 − E2) + 30
(
(ΩA

ij)
2 − (Ωij)2

)}
dx

+
∫
∂M

TrV
{

180χ(EA;d − E:d) + 60χχ;a(ΩA
ad − Ωad)} dy

}
.

We obtain locally TrV
(
(EA)2−E2

)
= 1

16 Tr([γµ, γν ][γρ, γσ])FµνFρσ using Lichnérowicz’ formula
E = −1

4τ . Since TrV ([γµ, γν ][γρ, γσ]) = 4.2d/2(gµσgνρ − gµρgνσ),

TrV
(
(EA)2 − E2

)
= − 2d/2−1FµνF

µν .
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∇ being the spin connection associated to the spin structure of M , we have Ωij = 1
4γ

kγlRijkl.
So Rijkl = −Rijlk implies TrV Ωij = 0. Hence, with Lemma 4.2.1,

TrV
(
(ΩA

ij)
2 − Ω2

ij

)
= 2d/2F 2

ij = 2d/2FµνFµν .

Moreover, EA;d = [∇d + ad, E
A] = [∇d, E + 1

4 [γi, γj ]Fij ] = E:d + 1
4 [∇d, [γi, γj ]]Fij .

Using [∇i, γi] = γ(∇iej) and (4.8),

TrV
(
χ(EA;d − E:d)

)
= (−i)d/2 1

2 Fij TrV
{
γ1 · · · γd−1

(
γ(∇dei)γj + γiγ(∇dej)

)}
= 0 .

It remains to check that TrV
(
χχ:a(ΩA

ad − Ωad)
)

= 0. Let χM = −iχγd be the grading operator
(see (4.9)). Since χM commutes with the spin connection operator ∇ (see [68, p. 396]),

0 = [∇a, χM ] = [∇a, χγd] = χ:aγ
d + χ[∇a, γd] = χ:aγ

d + χγ(∇aed)

and thus χχ:a = −γ(∇aed)γd = −Γjadγ
jγd, where Γjad = −Γdaj since (ej) is an orthonormal

frame. So TrV (χχ:a) = −Γjadδ
jd = −Γdad = 0. Finally, the result on cd−4 follows from Lemma

4.2.1 as TrV
(
χχ:a(ΩA

ad − Ωad)
)

= TrV (χχ:a)Fad.
The coefficient ad−5(D + A,BAχ ) is computed in [13]. One can check directly as above that

linear terms in A are not present. The computation uses the fact that the trace of the following
terms χEA;dd, E

A
;dS, χ(EA)2, EAS2, χ;aχ;bΩA

ab, χ
2
;aE

A, do not have linear terms in A.

In the following, we investigate the above conjecture with Chamseddine–Connes pseudodif-
ferential calculus applied to compact spin manifolds without boundary and Riemannian spectral
triples. We also see, using Wodzicki residue, how to compute some noncommutative integrals in
this setting.

4.3 Commutative spectral triples

4.3.1 Commutative geometry

Definition 4.3.1. Consider a commutative spectral triple given by a compact Riemannian spin
manifold M of dimension d without boundary and its Dirac operator D associated to the Levi-
Civita connection. This means

(
A := C∞(M), H := L2(M,S), D

)
where S is the spinor bundle

over M . This triple is real since, due to the existence of a spin structure, the charge conjugation
operator generates an anti-linear isometry J on H such that

JaJ−1 = a∗, ∀a ∈ A,

and when d is even, the grading is given by the chirality matrix

χM := (−i)d/2 γ1γ2 · · · γd. (4.9)

Such a triple is said to be a commutative geometry (see [33] and [34] for the role of J in the
nuance between spin and spinc manifold).

Since JaJ−1 = a∗ for a ∈ A, we get that in a commutative geometry,

JAJ−1 = −εA∗, ∀A ∈ Ω1
D(A). (4.10)
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4.3.2 No tadpoles

The appearance of tadpoles never occurs in commutative geometries, as quoted in [37, Lemma
1.145] for the dimension d = 4. This fact means that a given geometry (A, H, D) is a critical
point for the spectral action (1.6).

Theorem 4.3.2. There are no tadpoles on a commutative geometry, namely, for any one-form
A = A∗ ∈ Ω1

D(A), TadD+A(k) = 0, for any k ∈ Z, k ≤ d.

Proof. Since Ã = 0 when A = A∗ by (4.10), the result follows from Corollary 1.4.5.

There are similar results in the following

Lemma 4.3.3. Under same hypothesis, for any k, l ∈ N
(i)
∫
AD−k = −εk+1

∫
AD−k,

(ii)
∫
χAD−k = −εk+1

∫
χAD−k,

(iii)
∫
Al|D|−k = (−ε)l

∫
Al|D|−k,

(iv)
∫
χAl|D|−k = (−ε)l

∫
χAl|D|−k.

Proof.∫
− AD−k =

∫
− JAD−kJ−1 =

∫
− JAJ−1(εkD−k) = −εk+1

∫
− A∗D−k = −εk+1

∫
− D−kA

= −εk+1

∫
− AD−k.

The same argument gives the other equalities using χA = −Aχ and χ|D| = |D|χ.

Lemma 4.3.4. For any one-form A,
∫ (
AD−1

)k = 0 when k ∈ N is odd.

Proof. We have∫
−
(
AD−1

)k =
∫
− J

(
AD−1

)k
J−1 =

∫
−
(
JAJ−1 JD−1J−1

)k = (−1)kε2k
∫
−
(
A∗D−1

)k
= (−1)k

∫
−(AD−1)k (4.11)

(which shows again that
∫
AD−1 = 0).

4.3.3 Miscellaneous for commutative geometries

To show that more noncommutative integrals, where the use of the operator J in the trick
(4.11) is not sufficient, are nevertheless zero, we need to use the Wodzicki residue (see [151,152]):
in a chosen coordinate system and local trivialization (x, ξ) of T ∗M , this residue is

wresx(X) :=
∫
S∗xM

Tr
(
σX−d (x, ξ)

)
|dξ| |dx1 ∧ · · · ∧ dxd|, (4.12)

where σX−d (x, ξ) is the symbol of the classical pseudodifferential operator X in the chosen co-
ordinate frame (x1, · · · , xd), which is homogeneous of degree −d := −dim(M) and taken at
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point (x, ξ) ∈ T ∗(M), dξ is the normalized restriction of the volume form to the unit sphere
S∗xM ' Sd−1, so we assume d ≥ 2 to get S∗xM connected.

This wresx(X) appears to be a one-density not depending on the local representation of the
symbol (see [68,152]), so

Wres(X) :=
∫
M
wresx(X) (4.13)

is well defined.
The noncommutative integral

∫
coincides with the Wodzicki residue, up to a scalar: since

both
∫

and Wres are traces on the set of pseudodifferential operators, the uniqueness of the
trace [152] gives the proportionality ∫

− X = cdWres(X) (4.14)

where cd is a constant depending only on d. Computing separately
∫
|D|−d and Wres(|D|−d), we

get cd > 0. (Note that
∫
is not a positive functional, see Lemma 4.3.18.)

Lemma 1.4.1 follows for instance from the fact that
∫
M wresx(X∗) =

∫
M wresx(X).

Note that Wres is independent of the metric.
As noticed by Wodzicki,

∫
X is equal to −2 times the coefficient in log t of the asymptotics

of Tr(X e−tD
2) as t → 0. It is remarkable that this coefficient is independent of D and this

gives a close relation between the ζ function and the heat-kernel expansion with Wres. Actually,
by [70, Theorem 2.7]

Tr(X e−tD
2
) ∼t→0+

∞∑
k=0

ak t
(j−ord(X)−d)/2 +

∞∑
k=0

(−a′k log t+ bk) tk, (4.15)

so
∫
X = 2a′0. Since, via Mellin transform, Tr(X D−2s) = 1

Γ(s)

∫∞
0 ts−1 Tr(X e−tD

2
) dt, the non-

zero coefficient a′k, k 6= 0 create a pole of Tr(X D−2s) of order k+2 since
∫ 1

0 t
s−1 log(t)k = (−1)kk!

sk+1

and

Γ(s) =
1
s

+ γ + s g(s) (4.16)

where γ is the Euler constant and the function g is also holomorphic around zero.
We have

∫
1 = 0 and more generally, Wres(P ) = 0 for all zero-order pseudodifferential

projections [151].
For extension to log-polyhomogeneous pseudodifferential operators, see [98].
When M has a boundary, some a′k are non zero, the dimension spectrum can be non simple

(even if it is simple for the Dirac operator, see for instance [99]).
On a spectral triple (A, H, D), changing the product on A may or not affect the dimension

spectrum: for instance, there is no change when one goes from the commutative torus to the
noncommutative one, while the dimension spectrum of SUq(2) which is bounded from below,
does not coincide with the dimension spectrum of the sphere S3 corresponding to q = 1 .

We first introduce few necessary notations. In the following we fix a local coordinate frame
(U, (xi)1≤i≤n) which is normal at x0 ∈ M , and denote σXk the k-homogeneous symbol of any
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classical pseudodifferential operator X on M , in this local coordinate frame. The Dirac operator
is locally of the form—compatible with (4.2)

D = −iγ(dxj)
(
∂xj + ωj(x)

)
(4.17)

where ωj is the spin connection, γ is the Clifford multiplication of one-forms [68, page 392]. Here
we make the choice of gauge given by h :=

√
g which gives [68, Exercise 9.6]

ωi = −1
4

(
Γkij gkl − ∂xj (hαj )δαβ h

β
l

)
γ(dxj) γ(dxl), γ(dxj) =

√
g−1

jk
γk

where γj = γj are the selfadjoint constant γ matrices satisfying { γi, γj } = δij . Thus

σD(x, ξ) =
√
g−1

jk
γk
(
ξj − i ωj(x)

)
.

We have chosen normal (or geodesic) coordinates around the base point x0. Since

gij(x) = gij(x0) + 1
3Rijkl x

kxl + o(||x||3),

gij(x) = gij(x0)− 1
3R

i
k
j
l x

kxl + o(||x||3),

gij(x0) = δij , Γkij(x0) = 0,

the matrices h(x) and h−1(x) have no linear terms in x. Thus

ωi(x0) = 0.

We could also have said that parallel translation of a basis of the cotangent bundle along the radial
geodesics emanating from x0 yields a trivialization (this is the radial gauge) such that ωi(x0) = 0.
In particular, using product formulae for symbols and the fact that in the decomposition D =
D + P , P ∈ OP−∞, we get for k ∈ N

σD1 (x, ξ) =
√
g−1

jk
(x) γkξj = γ(ξ), σD1 (x0, ξ) = γjξj , (4.18)

σD0 (x, ξ) = −i
√
g−1

jk
(x) γkωj(x), σD0 (x0, ξ) = 0, (4.19)

∂xkσ
D
1 (x0, ξ) = 0, (4.20)

σD
−1

−1 (x, ξ) =
√
g−1

jk
(x) γjξk ||ξ||−2

x , ||ξ||2x := gjk(x) ξjξk (4.21)

∂xkσ
D−1

−1 (x0, ξ) = 0. (4.22)

We will use freely the fact that the symbol of a one-form A can be written as

σA(x, ξ) = σA0 (x) = −i ak(x) γk (4.23)

with ak(x) ∈ iR when A = A∗.
When d is even (so ε = 1), remark that for k = l and Ai = ai[D, bi] and a =

∏k
i=1 ai, then

by [38, page 231 (actually, χ is missing)], [113] or [68, p. 479] when k = d, (M is supposed to be
oriented) ∫

− χA1 · · ·Ak|D|−k = c′k

∫
M
Â(R)(d−k) ∧ adb1 ∧ · · · ∧ dbk
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where Â(R) is the Â-genus associated to the Riemannian curvature R. Since we have Â(R) ∈
⊕j∈NΩ4j(M,R),

∫
χAk|D|−k can be non zero only when k = d − 4j. For instance in dimension

d =2, for j = 0,

σχA1A2D−2

−2 (x, ξ) = σχA1A2
0 (x)σD

−2

−2 (x, ξ) = −a1(x) a2(x)χgjk(x)γjγk 1
glm(x)ξlξm

.

Thus wresx(χA1A2D−2) = −2 a1(x) a2(x)
√
det gx Tr(χγjγk), so if νg is the Riemannian density,∫

− χA1A2D−2 = −2cd Tr(χγjγk)
∫
M
a1a2 νg. (4.24)

Actually, this last equality is nothing else than Wodzicki–Connes’ trace theorem, see [68, section
7.6], and this is equal to c′d

∫
M a1a2db1 ∧ db2 as claimed above.

We introduce a few subspaces of the pseudodifferential operators space Ψ(M). Let

Be := {P ∈ Ψ(M) : σPj ∈ Ej , ∀j ∈ Z } e for even,

Bo := {P ∈ Ψ(M) : σPj ∈ Oj , ∀j ∈ Z } o for odd,

such that, for m = 2[d/2],

Ej := { f ∈ C∞
(
U × Rd\{ 0 },Mm(C)

)
: f(x, ξ) =

∑
i∈I

ξβ
i

‖ξ‖2kix

hi(x) , I 6= ∅,

ki ∈ N, βi ∈ Nd , |βi| − 2ki = j , hi ∈ C∞(U,Mm(C)) } ,

Oj := { f ∈ C∞
(
U × Rd\{ 0 },Mm(C)

)
: f(x, ξ) =

∑
i∈I

ξβ
i

‖ξ‖2ki+1
x

hi(x) , I 6= ∅,

ki ∈ N, βi ∈ Nd, |βi| − (2ki + 1) = j , hi ∈ C∞(U,Mm(C)) } .

Lemma 4.3.5. For any j, j′ ∈ Z and α ∈ Nd,
(i) EjEj′ ⊆ Ej+j′ and ∂αξ Ej ⊆ Ej−|α|, ∂αxEj ⊆ Ej.
(ii) OjOj′ ⊆ Ej+j′ and ∂αξ Oj ⊆ Oj−|α|, ∂αxOj ⊆ Oj.
(iii) OjEj′ and Ej′Oj are included in Oj+j′ .
(iv) Be is a sub-algebra of Ψ(M).
(v) BeBe, BoBo are included in Be, and BeBo, BoBe are included in Bo.

Proof. (i) Let f ∈ Ej and α ∈ Nd. We have, if f(x, ξ) =
∑

i∈I
ξβ
i

‖ξ‖2kix

hi(x),

∂αξ f =
∑
i∈I

∂αξ ( ξβ
i

‖ξ‖2kix

)hi(x) =
∑
i∈I

∑
γ≤α

(
α
γ

)
∂α−γξ (ξβ

i
)∂γξ ( 1

‖ξ‖2kix

)hi(x).

We check by induction that we can write

∂γξ ( 1
‖ξ‖2kix

) = 1

‖ξ‖2ki(|γ|+1)
x

∑
p

λp

|γ|∏
j=1

∂β
j,p

ξ ‖ξ‖2kix
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where λp are real numbers, the sum on indices p is finite, and
∑|γ|

j=1 β
j,p = γ. As a consequence,

since ‖ξ‖2kix = (gkl(x)ξkξl)ki is a homogeneous polynomial in ξ of degree 2ki, we get ∂αξ f ∈ Ej−|α|.
The inclusions EjEj′ ⊆ Ej+j′ , ∂αxEj ⊆ Ej are straightforward.

(ii) The proof is similar to (i) since by induction

∂γξ ( 1
‖ξ‖x

) = 1

‖ξ‖2|γ|+1
x

∑
p

λp

|γ|∏
j=1

∂β
j,p

ξ ‖ξ‖2x

where λp are real numbers, the sum on the indices p is finite and
∑|γ|

j=1 β
j,p = γ.

(iii) Straightforward.
(iv) The product symbol formula for two classical pseudodifferential operators P ∈ Ψp(M),

Q ∈ Ψq(M) gives

σPQp+q−j =
∑
α∈Nd

∑
k≥0, |α|+k≤j

i|α| (−1)|α|

α! ∂αξ σ
P
p−j+|α|+k ∂

α
xσ

Q
q−k . (4.25)

The presence of the factor i|α| that will be crucial in later arguments like Lemma 4.3.10.
If P,Q ∈ Be, we see that by (i), ∂αξ σ

P
p−j+|α|+k ∈ Ep−j+k and ∂αxσ

Q
q−k ∈ Eq−k. Again by (i),

we obtain ∂αξ σ
P
p−j+|α|+k ∂

α
xσ

Q
q−k ∈ Ep+q−j , so the result follows from (4.25).

(v) A similar argument as (iv) can be applied, using (ii) to obtain BoBo ⊆ Be and (iii) to
get BoBe ⊆ Bo, BeBo ⊆ Bo.

Be and Bo are stable by inverse:

Lemma 4.3.6. Let P ∈ Be (resp. Bo) be an elliptic classical pseudodifferential operator in Ψp(M)
with σPp (x, ξ) = ‖ξ‖px, p ∈ N. Then any parametrix P−1 of P is in Be (resp. Bo).

Proof. Assume P ∈ Be so p is even. From the parametrix equation PP−1 = 1, we obtain
σP
−1

−p = (σPp )−1 = ‖ξ‖−px ∈ E−p. Moreover, using (4.25), we see that for any j ∈ N∗,

σP
−1

−p−j = −(σPp )−1
( ∑

0≤k<j
σPp−j+k σ

P−1

−p−k +
∑

0<|α|≤j

j−|α|∑
k=0

i|α| (−1)|α|

α! ∂αξ σ
P
p−j+|α|+k ∂

α
xσ

P−1

−p−k
)

(4.26)

We prove by induction that for any j ∈ N, σP−1

−p−j ∈ E−p−j : suppose that for a j ∈ N∗, we have
for any j′ < j, σP−1

−p−j′ ∈ E−p−j′ . We then directly check with Lemma 4.3.5 and (4.26) that
σP
−1

−p−j ∈ E−p−j .
The case P ∈ Bo is similar.

Lemma 4.3.7. For any k ∈ Z, Dk ∈ Be and when k is odd, |D|k ∈ Bo.

Proof. Since D ∈ Be, D−2 is in Be by Lemma 4.3.6 and 4.3.5 and so is Dk.
Using (4.25) for the equation |D||D| = D2, we check that σ|D|1 (x, ξ) = ‖ξ‖x and for any

j ∈ N∗,

σ
|D|
1−j = 1

2‖ξ‖x

(
σD

2

2−j −
∑

0<k<j

σ
|D|
1−j+k σ

|D|
1−k +

∑
0<|α|≤j

j−|α|∑
k=0

i|α| (−1)|α|

α! ∂αξ σ
|D|
1−j+|α|+k∂

α
xσ
|D|
1−k

)
. (4.27)
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Again, a straightforward induction argument shows that for any j ∈ N, σ|D|1−j ∈ O1−j , and thus
|D| ∈ Bo. The result follows as above.

In the next four lemmas, we emphasize the fact that only some of the results could be obtained
using the trick (4.11) with the operator J .

Lemma 4.3.8. (i) If d is odd, then for any P ∈ Be,
∫
P = 0.

(ii) If d is even, then for any P ∈ Bo,
∫
P = 0.

(iii) For any pseudodifferential operator P ∈ Ψ1(A),
- when d is odd, then

∫
P = 0,

- when d is even, then
∫
P |D|−1 = 0.

Proof. (i) Since σP−d ∈ E−d, σP−d(x, ξ) =
∑

i∈I
ξβ
i

‖ξ‖2kix

hi(x) where |βi| are odd. The integration on

the cosphere in (4.12) therefore vanishes.
(ii) The same argument can be applied.
(iii) Direct consequence of (i) and (ii).

Remark 4.3.9. Lemma 4.3.8 (iii) entails for instance that
∫
B|D|−(2k+1) where B is a polynomial

in A and D and k ∈ N, always vanish in even dimension, while
∫
BD−2k always vanish in odd

dimension. In other words,
∫
B|D|−(d−q) = 0 for any odd integer q.

We shall now pay attention to the real or purely imaginary nature (independently of the
appearance of gamma matrices) of homogeneous symbols of a given pseudodifferential operator.
Let

C := {P ∈ Ψp(M) : σPp−j ∈ Ij , ∀j ∈ N }

where Ik = Ie if k is even and Ik = Io if k is odd, with

Ie := { f ∈ C∞
(
U × Rn,Mm(C)

)
: f = γk1 · · · γkq h(x, ξ) , h real valued },

Io := { f ∈ C∞
(
U × Rn,Mm(C)

)
: f = i γk1 · · · γkq h(x, ξ) , h real valued }.

Lemma 4.3.10. (i) C is a sub-algebra of Ψ(M).
(ii) If P ∈ C is hypo-elliptic then P−1 ∈ C.
(iii) Dk ∈ C and |D|k ∈ C for any k ∈ Z.

Proof. (i) Consequence of (4.25).
(ii) Consequence of (4.26).
(iii) It is clear that D ∈ C and the fact that |D| ∈ C is a consequence of (4.27).

Lemma 4.3.11. Let k ∈ N odd. Then any element B of the polynomial algebra generated by A
and [D,A] satisfies

∫
B|D|−(d−k) =

∫
BF |D|−(d−k) = 0.

Proof. We may assume that B is selfadjoint so
∫
BD−(d−k) ∈ R.

By Lemma 4.3.10, σBD−(d−k)

−d = σB0 σ
D−(d−k)

−d ∈ Ik. Thus
∫
AD−k ∈ iR and the result follows.

The case
∫
BF |D|−(d−k) is similar.

We now look at the information given by the gamma matrices.
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Lemma 4.3.12. For any one-form A,
∫
A|D|−q = 0, q ∈ N in either of the following cases:

- d 6= 1 mod 8 and d 6= 5 mod 8,
- (d = 1 mod 8 or d = 5 mod 8) and (q is even or q ≥ d+3

2 ).

Proof. In the case d 6= 1 mod 8 and d 6= 5 mod 8, the result follows from the fact that ε = 1.
The case d even and q odd or d odd and q even is done by Lemma 4.3.8 (iii).
Suppose that d is even and q is even. If q = 2k, with a recurrence and the symbol product

formula, we see that σD2k

2k−j and all its derivatives are linear combinations of terms of the form
f(x, ξ)⊗ γj1 · · · γji where i is even and less than 2j (with the convention γj1 · · · γji = 1 if i = 0).
We call (Pj) this property. The parametrix equation D2kD−2k = 1 entails that σD−2k

−2k = (σD
2k

2k )−1

and for any j ≥ 1,

σD
−2k

−2k−j = −σD−2k

−2k

( j−1∑
r=max{j−2k,0}

σD
2k

2k−(j−r) σ
D−2k

−2k−r

+
∑

1≤|α|≤2k

j−|α|∑
r=max{j−2k,0}

(−i)|α|
α! ∂αξ σ

D2k

2k−(j−|α|−r) ∂
α
xσ
D−2k

−2k−r
)
.

Note that σD−2k

−2k satisfies (P0). By recurrence, this formula shows that σD−2k

−2k−j satisfies (Pj) for
any j ∈ N. In particular, σD−2k

−d satisfies (P−2k+d) and the result follows then from (4.23) and
the product of an odd number (different from the dimension) of gamma matrices is traceless.

Suppose now that d is odd, q is odd and d ≥ q. In that situation, any odd number of gamma
matrices γi1 · · · γir is traceless when r < d.

Using (4.25) for the equation |D|−q|D|−q = D−2q, we check that σ|D|
−q

−q (x, ξ) = ‖ξ‖−qx and for
any j ∈ N∗,

σ
|D|−q
−q−j = 1

2‖ξ‖−qx

(
σD
−2q

−2q−j −
∑

0<k<j

σ
|D|−q
−q−j+k σ

|D|−q
−q−k +

∑
0<|α|≤j

j−|α|∑
k=0

i|α| (−1)|α|

α! ∂αξ σ
|D|−q
−q−j+|α|+k∂

α
xσ
|D|−q
−q−k

)
.

We saw that each σ
|D|−2q

−2q−j satisfies (Pj), that is to say, is a linear combination of terms of the
form f(x, ξ) ⊗ γj1 · · · γji where i is even and less than 2j. Again, a straightforward induction
argument shows that for any j ∈ N, σ|D|

−q

−q−j satisfies (Pj). In particular σ−d(A|D|−q) is a linear
combination of terms of the form f(x, ξ)⊗ γj1 · · · γjr where r ≤ 2(d− q) + 1 is odd. This yields
the result.

The fact that
∫
AD−d+1 = 0, consequence of Lemmas 4.3.8 and 4.3.11 is also a consequence

of the fact that σD−d+1

−d (x0, ξ) = 0:

Lemma 4.3.13. For all k ∈ N∗, we have σDkk−1(x0, ξ) = σD
−k
−k−1(x0, ξ) = 0.

Proof. We already know that σD0 (x0, ξ) = 0, see (4.19). We proceed by recurrence, assuming
σD

k

k−1(x0, ξ) = 0 for k = 1, · · · , n. Then σD
n+1

n = σD
n

n σD0 + σD
n

n−1σ
D
1 − i ∂ξkσD

n

n ∂xkσ
D
1 , thus by

(4.19) and (4.20), σDn+1

n (x0, ξ) = 0.
Since DD−1 = 1 yields σD−1

−2 (x0, ξ) = −
(
σD
−1

−1 σD0
)
(x0, ξ) = 0, we assume σD−k−k−1(x0, ξ) = 0

for k = 1, · · ·n. Then σD−n−1

−n−2 = σD
−n
−n σD

−1

−2 + σD
−n
−n−1σ

D−1

−1 − i ∂ξkσD
−n
−n ∂xkσ

D−1

−1 . Using (4.22) and
recurrence hypothesis, σD−n−1

−n−2 (x0, ξ) = 0.
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Remark 4.3.14. Regularity of ζX(s) := Tr(|X|−s) at point 0 when X is an elliptic selfadjoint
differential operator of order one (see [64]):

One checks that ζX(s) = 1
Γ(s)

∫∞
0 ts−1 Tr(e−t|X|) dt for <(s) > d. Because of the asymptotic

expansion

Tr(e−t|X|) = t−d
N∑
n=0

tn an[X] +O(tN+1−d) (4.28)

and meromorphic extension to the whole complex plane, Res
s=d−n

ζX(s) = an[X]
Γ(d−n) . In particular,

ζX(s) = Γ(s)−1
(ad[X]

s +f(s)
)
, where f is holomorphic around s = 0. By (4.16) we get that ζX(s)

is regular around zero and ζX(0) = ad[X] if d is even and ζX(0) = 0 if d is odd.

Corollary 4.3.15. ζD+A(0) = ζD(0) = 0 when d = dim(M) is odd.
When d is even, ζD+A(0)− ζD(0) =

∑d/2
k=1

1
2k

∫
(AD−1)2k.

Proof. The result follows from (1.11) and Lemma 4.3.4.

A proof of (1.11) also follows from σlog(1+AD−1) ∼
∑∞

k=1
(−1)k

k σ(AD−1)
k

with log(X) :=
∂
∂z |z=0

Xz, soWres
(

log(1+AD−1)
)

=
∑d

k=1
(−1)k

k Wres
(
AD−1)k

)
since (AD−1)k has zero Wod-

zicki residue if k > d and moreover ζD+A(0) = −Wres
(

log(D + A)
)
. Actually, the important

point is that det(X) := eWres
(

log(X)
)
is multiplicative (see [100]). Moreover, such determinant is

different from the ζ-determinant e−ζ′X(0) used for instance by Hawking [77] in his regularization
via the partition function which suffers from conformal anomalies.

The fact that in the asymptotic expansion of the heat kernel (4.28), the term a2[D + A]
depends only on the scalar curvature, so independent of A is reflected in

Lemma 4.3.16. In any spectral triple of dimension 2 (commutative or not) with vanishing
tadpoles of order zero (i.e. (1.19) is satisfied), ζD+A(0) = ζD(0) for any one-form A.

Proof. Let a1, a2, b1, b2 ∈ A. Then, with A1 = a1[D, b1],∫
− A1D−1 a2[D, b2]D−1 =

∫
− A1[D−1, a2][D, b2]D−1 +

∫
− A1a2D−1[D, b2]D−1 .

The first term is zero since the integrand is in OP−3, while the second term is equal to∫ (
a1α(b1a2) − a1b1α(a2)

)(
α(b2) − b2

)
, so is zero using α(x)α(y) = α(xy),

∫
xy =

∫
xα(y) by

(1.19) and the fact that
∫

is a trace. Thus
∫ (
AD−1

)2 = 0 and Corollary 4.3.15 yields the
result.

Note that ζD+A(0) − ζD(0) is usually non zero: consider for instance the flat 4-torus and as
a generic selfadjoint one-form A, take

A := φ ∈ [0, 2π[4 7→ −iγα
∑

l∈Z4
aα,l e

i lkφk ,
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where aα,l is in the Schwartz space S(Z4) and aα,l = −aα,−l. We have by Lemma 2.3.12, (with
c = 8π2

3 , |l|2 =
∑

kl
k2 and Θ = 0)

ζD+A(0)− ζD(0) =
∫
−(AD−1)2 = c

∑
l∈Z4

aα1,l aα2,−l (l
α1 lα2 − δα1α2 |l|2)

since
∫

(AD−1)4 = 0.
This last equality suggests that Lemma 4.3.16 can be extended:

Proposition 4.3.17. For any one-form A,
∫

(AD−1)d = 0 if d = dim(M).

Proof. As in the proof of Lemma 4.3.16, D−1 commutes with the element in the algebra as the
integrand is in OP−d. So for a family of ai, bi ∈ A and using a :=

∏d
i=1 ai,∫

−
d∏
i=1

(
ai[D, bi]D−1

)
=
∫
−
( d∏
i=1

ai
) d∏
i=1

(
[D, bi]D−1

)
=
∫
− a

d∏
i=1

(
α(bi)− bi

)
.

We obtain, since α(bi)− bi ∈ OP−1,

σ
a

∏d
i=1 α(bi)−bi

−d = a
d∏
i=1

σ
α(bi)−bi
−1 = a

d∏
i=1

σ
α(bi)
−1 .

Moreover, σDbiD
−1

−1 (x0, ξ) = 0: we already know by Lemma 4.3.13 that σD−1

−2 (x0, ξ) = 0, by (4.21)
that ∂xkσD

−1

−1 (x0, ξ) = 0 for all k, and σDbi0 (x0, ξ) = bi(x0)σD0 (x0, ξ) = 0 giving the claim and
the result.

This proposition does not survive in noncommutative spectral triples, see for instance [82,
Table 1].

Note that for a one-form A,
∫
AdD−d 6=

∫
(AD−1)−d = 0: in dimension d = 2, as in (4.24),∫

− A2D−2 = −2cd Tr(γkγl)
∫
M
akal νg.

It is known (see [37, Proposition 1.153]) that the d−2 term (for d = 4) in the spectral action
expansion

∫
|D + A|−2 is independent of the perturbation A. This is why the Einstein–Hilbert

action S(D) =
∫
|D|−d+2 = −c

∫
M τ
√
g dx (see [68, Theorem 11.2]) is so fundamental. Here τ is

the scalar curvature (positive on the sphere) and c is a positive constant.
We give here another proof of this result.

Lemma 4.3.18. We have
∫
|D +A|−d+2 =

∫
|D|−d+2 = −c

∫
M τ
√
g dx with c = d−2

24

∫
|D|−d.

Proof. We get from Lemma 1.3.10 (ii), the following equality, where X := AD +DA+A2:∫
− |D +A|−d+2 −

∫
− |D|−d+2 = (d−2)

2

(
d
4

∫
− X2|D|−d−2 −

∫
− X|D|−d

)
.
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Since the tadpole terms vanish, we have
∫
X|D|−d =

∫
A2|D|−d. Moreover, since mod OP 1,

X2 = (AD)2 + (DA)2 +AD2A+DA2D, we get with [D2, A] ∈ OP 1,∫
− X2|D|−d−2 = 2

∫
−(AD)2|D|−d−2 + 2

∫
− A2|D|−d

which yields∫
− |D +A|−d+2 −

∫
− |D|−d+2 = d(d−2)

4

(∫
−(AD)2|D|−d−2 − 2−d

d

∫
− A2|D|−d

)
.

Thus, it is sufficient to check that∫
S∗x0

M
Tr
(
σ−d((AD)2|D|−d−2)(x0, ξ)

)
dξ = 2−d

d

∫
S∗x0

M
Tr
(
σ−d(A2|D|−d) (x0, ξ)

)
dξ.

A straightforward computation yields, with A =: −iaµγµ, and σD1 (x0, ξ) = γµξµ,∫
S∗x0

M
σ−d((AD)2|D|−d−2)(x0, ξ) dξ = −1

d aµaτ Tr(γµγνγτγν)Vol(Sd−1) ,∫
S∗x0

M
σ−d(A2|D|−d)(x0, ξ) dξ = −aµaτ Tr(γµγτ )Vol(Sd−1) .

Now,
∫
|D+A|−d+2 =

∫
|D|−d+2 follows from the equality Tr(γµγνγτγν) = (2−d) Tr(γµγτ ). The

constant c is given in [68, Theorem 11.2 and normalization (11.2)].

Remark 4.3.19. In [37, Definition 1.143], the above result justifies the definition of a scalar
curvature for (A,H,D) as R(a) :=

∫
a|D|−d+2 for a ∈ A. This map is of course a trace on A for

a commutative geometry. But for the triple associated to SUq(2), this not a trace since

R(aa∗) =
∫
− aa∗ |D|−1 = −q4+6q2+3

2(1−q2)2 while R(a∗a) =
∫
− a∗a |D|−1 = 3q4+6q2−1

2(1−q2)2 .



138 Chapitre 4. Tadpoles and commutative spectral triples



139

Chapitre 5

Global pseudodifferential calculus on
manifolds with linearization

5.1 Introduction

It has been proven by Gayral et al. in [59] that Moyal planes are (noncompact) spectral
triples. In other words, one can consider Moyal planes as noncommutative Riemannian spin
noncompact manifolds. A bridge between the world of deformation quantization and the world
of noncommutative geometry has thus been constructed. This suggests that the paradigm of
spectral triples is a good environment to deal with quantization problems. The Moyal product
is defined on the Schwartz space S(R2n) of rapidly decaying functions by

f ? g(x) := (πθ)−2n

∫
R4n

dy dz f(y) g(z) e
2i
θ

(x−y) ·S(x−z) (5.1)

where θ ∈ R∗ and S =
(

0 −1n
1n 0

)
, and gives to S(R2n) a Fréchet pre-C∗-algebra structure. The

noncompact spectral triple described in [59] is based on this algebra, and extensions to isospectral
deformations have been established [61,154].

The extension of this remarkable construction to more general symplectic manifolds, for
instance when R2n is replaced by the cotangent bundle T ∗M of a general manifold M is an
open problem. We propose here the study of a pseudodifferential calculus that allows to extend
the construction of the Moyal product to more general spaces. The main idea is to use a global
pseudodifferential calculus on a manifold M that gives us a full algebra isomorphism between
symbols and operators.

Classically, a pseudodifferential operator on a (smooth, finite dimensional) manifold is defined
through local charts and the notion of pseudodifferential operator on open subsets of Rn [127,
139]. In this setting, the full symbol of a pseudodifferential operator is a coordinate dependent
notion. However, the principal symbol can be globally defined as a function on the cotangent
bundle. Naturally, the question of a full coordinate free definition of the symbol calculus of
pseudodifferential operators on a manifold has been considered. One approach, based on the ideas
of Bokobza-Haggiag [9], Widom [148,149] and Drager [49] allows such a calculus if one provides
the manifold with a linear connection. Parallel transport along geodesics and the exponential map
to connect any two points sufficiently close on the manifold are then used for the definitions and
properties of local phase functions and oscillatory integrals. Safarov [120] has formulated a version
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of a full coordinate free symbol calculus and λ-quantization (0 ≤ λ ≤ 1) using invariant oscillatory
integral over the cotangent bundle and determined by the linear connection. Pflaum [111, 112]
developed a complete symbol calculus on any Riemannian manifold using normal coordinates and
microlocal lift on the test functions on manifolds with arbitrary Hermitian bundles. Sharafutdinov
[125,126] constructed a similar global pseudodifferential calculus, based on coordinate invariant
geometric symbols. Further results in the same direction, connection to Weyl quantization and
application to physics has been considered in Fulling and Kennedy [57], Fulling [56] and Güntürk
[74]. Connection between complete symbol calculus, deformation quantization and star-products
on the cotangent bundle has also been made (see for instance Gutt [75], Bordemann, Neumaier
and Waldmann [10] and Voronov [145,146]). Getzler [63] used a global pseudodifferential calculus
in the context of the Atiyah-Singer index theorem on supermanifolds.

All these pseudodifferential calculi are based on symbol (functions of (x, θ) ∈ T ∗M) estimates
over the covariable θ while the dependence on the variable x is only controlled locally uniformly on
compact sets. This is well suited for the case of a compact manifold. For non-compact manifolds,
we have to impose a uniform control over x in order to obtain L2(M) continuity of operators of
order 0 and compactness of the remainder operators if the control over x is decaying. In other
words, any global pseudodifferential calculus adapted to non-compact manifolds and sensitive to
non-local effects needs to encode the behaviour “at infinity” of symbols. On the Euclidean space
Rn, several types of pseudodifferential calculi have been defined: standard pseudodifferential
calculus with uniform control over x (see for instance Hörmander [81], Beals [5], Shubin [129]),
isotropic calculus with simultaneous decay of the x and θ variables (Shubin [127, 128], Melrose
[105]), and SG-pseudodifferential calculus with separated decay of the x and θ variables (Shubin
[128], Parenti [109], Cordes [40, 41], Schrohe [122]), which is invariant under a special class
of diffeomorphisms and can be extended to an adapted class of manifolds, namely the SG-
manifolds (Schrohe [122]). This class of manifolds contains the non-compact manifolds “with
exits” and adapted pseudodifferential calculus has been developed (see for instance Cordes [40],
Schulze [132], Maniccia and Panarese [102]). Another approach, based on Lie structures at infinity,
has been investigated to study the geometry of pseudodifferential operators on non-compact
manifolds. Describing the geometry at infinity of the basis manifold by a Lie algebra of vector
fields, an adapted pseudodifferential calculus has been constructed (see for instance Melrose [106],
Mazzeo and Melrose [104], Ammann, Lauter and Nistor [3]). Let us also mention the groupoid
approach: by associating to any manifold with corners a smooth Lie groupoid and by building a
pseudodifferential calculus on Lie groupoids, the b-calculus of Melrose on manifolds with corners
can be generalized (see Monthubert [107]).

Our purpose is to construct a global pseudodifferential calculus that generalizes the standard
and SG calculi on Rn, on manifolds with linearization. These manifolds provide a natural geome-
tric setting to deal simultaneously with the questions of a global isomorphism between symbols
and pseudodifferential operators, and the non-local effects associated to non-compact manifolds.

We define in section 2 a manifold with linearization (or exponential manifold) as a pair
(M, exp) whereM is a smooth real finite-dimensional manifold and exp is an abstract exponential
map, a smooth map from the tangent bundle ontoM that satisfies, besides the usual properties of
an exponential map associated to a connection ∇ on TM , the property that at each point x ∈M ,
expx is a diffeomorphism. Any Cartan–Hadamard manifold with its canonical exponential map
is an exponential manifold. These diffeomorphisms are used to define topological vector spaces of
functions on the manifold (or on TM , T ∗M ,M×M) that generalize, for instance, the notions of
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rapidly decaying function on Rn or of tempered distribution, provided that we add a hypothesis
of “OM -bounded geometry” on the exponential map. In section 3, we use linearizations in the
spirit of Bokobza-Haggiag [9], to define symbol and quantization maps. This leads to topological
isomorphisms between tempered distributional sections on T ∗M and M × M , if we consider
polynomially controlled (at infinity) linearizations (OM -linearizations). In particular, we extend
the usual (explicit) Moyal product (or λ-product, for the λ-quantization) on any exponential
manifold with OM -bounded geometry on which we set a OM -linearization. We get the following
λ-product formula, giving a Fréchet algebra structure to S(T ∗M),

a ◦λ b (x, η) =
∫
Tx(M)×M

dµx(ξ)dµ(y)
∫
V λx,ξ,y

dµ∗x,ξ,y(θ, θ
′) gλx,ξ,y e

2πiωλx,ξ,y(η,θ,θ′)a(yλx,ξ, θ) b(y
1−λ
x,−ξ, θ

′)

where a, b ∈ S(T ∗M) and the other notations are detailed in Proposition 5.3.11.
In section 4, we define the symbol and amplitudes spaces for our pseudodifferential calculus.

Symbol spaces can be defined in an intrinsic way on the exponential manifold with the help
of "symbol-like" control (Sσ-bounded geometry, see Definition 5.2.8) of the coordinate change
diffeomorphisms ψb,b′

z,z′ associated to the exponential map exp on M . For practical reasons the
definition of amplitudes here is slightly different from the usual functions of the parameters x, y
and θ. Instead, our amplitudes generalize functions of the form (x, ζ, ϑ) 7→ a(x, x + ζ, ϑ), where
a is a standard amplitude of the Euclidian pseudodifferential calculus. We establish continuity
and regularity results for operators of the following form (which can be seen, for some forms of
Γ, as special Fourier integral operators on Rn):

〈OpΓ(a), u〉 :=
∫

R3n

e2πi〈ϑ,ζ〉Tr
(
a(x, ζ, ϑ) Γ(u)∗(x, ζ)) dζ dϑ dx

where Γ is a topological isomorphism on S(R2n, L(Ez)) (here Ez is a fixed fiber of the Hermitian
bundle E →M , so L(Ez) can be identified withMdimEz(C)), a is in a Of,z space (see Definition
5.4.13) and u ∈ S(Rn, Ez). In particular, results of Proposition 5.4.14 and 5.4.17 and Lemma
5.4.18 are believed to be new.

With the help of a hypothesis of a control of symbol type over the derivative of the lineari-
zation (Sσ-linearizations), we obtain in section 5.4.4 an intrinsic definition (Theorem 5.4.30) of
pseudodifferential operators Ψl,m

σ on M . We see in section 5.4.5 a condition (HV ) on the lineari-
zation that entails that any pseudodifferential operator onM , when transferred in a frame (z, b),
is a standard pseudodifferential operator on Rn. This condition yields a L2-continuity result in
Proposition 5.4.36. The last part of section 4 is devoted to the derivation of a symbol product
asymptotic formula for the composition of two pseudodifferential operators. The main result is
Theorem 5.4.47: under a special hypothesis (Cσ) on the linearization (see Definition 5.4.37), we
have the following asymptotic formula for the normal symbol (transferred in a frame (z, b)) of
the product of two pseudodifferential operators

σ0(AB)z,b ∼
∑

β,γ∈Nn
cβcγ∂

γ,γ
ζ,ϑ

(
a(x, ϑ)∂βζ′

(
e2πi〈ϑ,ϕx,ζ(ζ′)〉(∂βϑ′fb)(x, ζ, ζ

′, Lx,ζ(ϑ))
)
ζ′=0

τ−1
x,ζ

)
ζ=0

where a := σ0(A)z,b, b := σ0(B)z,b, and other notations are defined in section 5.4.6.
Finally, we give in Section 5.5 two possible settings (besides the usual standard calculus on

the Euclidian Rn) in which the previous calculus applies. The first is based on the Euclidian
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space Rn, with a “deformed” (non-bilinear, non-flat) Sσ-linearization. The second example is the
hyperbolic plane (or Poincaré half-plane) H. We prove in particular that H has a S1-bounded
geometry. This allows to define a global Fourier transform, Schwartz spaces S(H), S(T ∗H),
S(TH), B(H) and the space of symbols Sl,m1 (T ∗H). Moreover we can then define in an intrinsic
way a global complete pseudodifferential calculus on H, and Moyal product, for any specified
Sσ-linearization on H.

5.2 Manifolds with linearization and basic function spaces

5.2.1 Abstract exponential maps, definitions and notations

The notion of linearization on a manifold was first introduced by Bokobza-Haggiag in [9] and
corresponds to a smooth map ν from M ×M into TM such that π ◦ ν = π1, ν(x, x) = 0 for any
x ∈M and (dyν)y=x = IdTxM . In all the following, we shall work with “global” linearizations, in
the following sense:

Definition 5.2.1. A manifold with linearization (or exponential manifold) is a pair (M, exp)
where M is a smooth manifold and exp a smooth map from TM into M such that:
(i) for any x ∈M , expx : TxM →M defined as expx(ξ) := exp(x, ξ), is a global diffeomorphism
between TxM and M ,
(ii) for any x ∈M , expx(0) = x and (d expx)0 = IdTxM .
The map exp will be called the exponential map, and (x, y) 7→ exp−1

x (y) the linearization, of the
exponential manifold (M, exp). We shall sometimes use the shorthand eξx := expx(ξ).

Note that the term “exponential manifold” used here is not to be confused with the notion of
“exponential statistical manifold” used in stochastic analysis. Remark that if exp ∈ C∞(TM,M)
satisfies (i), then defining Exp := exp ◦ T where T (x, ξ) := exp−1

x (x) + (d exp−1
x )xξ, we see that

(M,Exp) is an exponential manifold.
We will say that (M,∇) (resp. (M, g)) is exponential, where M is a smooth manifold with

connection ∇ on TM (resp. with pseudo-Riemannian metric g), if (M, exp) where exp is the
canonical exponential map associated to ∇ (resp. to g) is an exponential manifold, or in other
words, if for any x ∈ M , expx is a diffeomorphism from TxM onto M . Note that (M,∇) (resp.
(M, g)) is exponential if and only if

– M is geodesically complete
– For any x, y ∈ M , there exists one and only one maximal geodesic γ such that γ(0) = x

and γ(1) = y.
– For any x ∈M , expx is a local diffeomorphism.

Remark 5.2.2. Rn (with its standard metric of signature (p, n − p)) is an exponential ma-
nifold and any n-dimensional real exponential manifold is diffeomorphic to Rn. In particular,
an exponential manifold cannot be compact. A Cartan–Hadamard manifold is a Riemannian,
complete, simply connected manifold with nonpositive sectional curvature. It is a consequence of
the Cartan–Hadamard theorem (see for instance [97, Theorem 3.8]) that any Cartan–Hadamard
manifold is exponential.

Remark 5.2.3. The exponential structure can be transported by diffeomorphism: if (M, expM )
is an exponential manifold, N a smooth manifold and ϕ : M → N is a diffeomorphism, then
(N, expN := ϕ ◦ expM ◦ Tϕ−1) is an exponential manifold.
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Assumption 5.2.4. We suppose from now on that (M, exp) is an exponential n-dimensional
real manifold.

For any x, y ∈ M , we define γxy as the curve R → M , t 7→ expx(t exp−1
x y), and γ̃xy(t) :=

γyx(1− t). Note that γxy(0) = x and γxy(1) = y. If the exponential map is derived from a linear
connection, we have for any t ∈ R, γxy(t) = γ̃xy(t). In the general case, this is only true for t = 0
and t = 1.

The abstract exponential map exp provides the manifold M with a notion of “points at
infinity” and “straight lines” (γxy). It can be seen as a generalization to manifolds of the useful
properties of Rn for the study of the behaviour of functions at infinity. The abstract exponential
map exp formalizes the fact that our straight lines never stop and connect any two different
points.

The diffeomorphism exp−1
z , for a given z ∈M , is not stricto sensu a chart, since it maps M

onto TzM , which is diffeormorphic but not equal to Rn. In order to obtain a chart, one needs
to choose a linear basis of TzM . If z ∈ M and b is a basis of TzM we will call the pair (z, b) a
(normal) frame. For any frame (z, b), we define nb

z := Lb ◦ exp−1
z with Lb the linear isomorphism

from TzM onto Rn associated to b. As a consequence, the pair (M,nb
z) is a chart which is a

global diffeomorphism from M onto Rn.
We denote ψb,b′

z,z′ := nb
z ◦ (nb′

z′)
−1 the normal coordinate change diffeomorphism from Rn onto

Rn and (∂i,z,b)i∈Nn and (dxi,z,b)i∈Nn (whith Nn := { 1, · · · , n }) the global frame vector fields
and 1-forms associated to the chart nb

z. We also note nb
z,∗ the diffeomorphism from T ∗M onto

R2n defined by nb
z,∗(x, θ) = (nb

z(x), M̃b
z,x(θ)) where (M̃b

z,x(θ)i)i∈Nn are the components of θ in
(dxi,z,bx )i∈Nn and nb

z,T : (x, ξ)→ (nb
z(x),Mb

z,x(ξ)) the diffeomorphism from TM onto R2n, where
(Mb

z,x(ξ)i)i∈Nn are the coordinates of ξ in the basis (∂i,z,bx)i∈Nn . We have Mb
z,x = (dnb

z)x and
M̃b
z,x = t(dnb

z)
−1
x . The diffeomorphism from M ×M onto R2n defined by (x, y) 7→ (nb

z(x), nb
z(y))

will be noted nb
z,M2 .

We denote (∂i,z,b)i∈N2n the family of vector fields on T ∗M (resp. TM , M ×M) associated
to the chart nb

z,∗ (resp. nb
z,T , n

b
z,M2) onto R2n. We suppose in all the following that E is an

arbitrary normed finite dimensional complex vector space. If ν is a (2n)-multi-index, we define
the following operator on C∞(T ∗M,E) (resp. C∞(TM,E), C∞(M ×M,E)):

∂νz,b :=
2n∏
k=1

∂νkk,z,b.

If α and β are n-multi-indices, we denote (α, β) the 2n-multi-index obtained by concatenation. If
α is a n-multi-index, ∂αz,b is a linear operator on C

∞(M,E). We fix the shorcut 〈x〉 := (1+‖x‖2)1/2

for any x ∈ Rp, p ∈ N. We will use the convention xα := xα1
1 · · · x

αp
p for x ∈ Rp and α p-multi-

index, with 00 := 1. If f is continuous function from Rp to a normed vector space and g is a
continuous function from Rp to R, we denote f = O(g) if and only if there exist r > 0, C > 0
such that for any x ∈ Rp\B(0, r), ‖f(x)‖ ≤ C|g(x)|. In the case where g is strictly positive on
Rp, this is equivalent to: there exists C > 0 such that for any x ∈ Rp, ‖f(x)‖ ≤ Cg(x). We also
introduce the following shorthands, for given (z, b), x, y ∈M , θ ∈ T ∗x (M), ξ ∈ Tx(M):

〈x〉z,b := 〈nb
z(x)〉, 〈θ〉z,b,x := 〈M̃b

z,x(θ)〉, 〈ξ〉z,b,x := 〈Mb
z,x(ξ)〉,

〈x, y〉z,b := 〈(nb
z(x), nb

z(y))〉, 〈x, θ〉z,b := 〈(nb
z(x), M̃b

z,x(θ))〉, 〈x, ξ〉z,b := 〈(nb
z(x),Mb

z,x(ξ))〉 .
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If f and g are in C0(Rp,Rp′) we denote f � g the equivalence relation defined by: 〈f〉 = O(〈g〉)
and 〈g〉 = O(〈f〉).

5.2.2 Parallel transport on an Hermitian bundle

Let E be an hermitian vector bundle (with typical fiber E as a finite dimensional complex
vector space) on the exponential manifold (M, exp). E admits a (non-unique) connection ∇E
compatible with the hermitian metric [7]. It is a differential operator from C∞(M,E) (the space
of smooth sections of E →M) to C∞(M,T ∗M ⊗E) such that for any smooth function f on M
and smooth E-sections ψ, ψ′,

∇E(fψ) = df ⊗ ψ + f∇Eψ ,
d(ψ|ψ′) = (∇Eψ|ψ′) + (ψ|∇Eψ′) ,

where (ψ|ψ′) is the hermitian pairing of ψ and ψ′. We will note |ψ|2 := (ψ|ψ). The sesquilinear
form (·|·)x of Ex is antilinear in the second variable by convention. The operator ∇E can be
(uniquely) extended as an operator acting on E-valued differential forms onM . If γ is a curve on
M defined on an interval J and γ∗E the associated pullback bundle on J , there exists a natural
connection (the pullback of ∇E) on γ∗E, noted ∇γ∗E compatible with ∇E .

Let us fix x, y ∈ M and γ : J → M a curve such that γ(0) = x and γ(1) = y. For any
v ∈ Ex, there exists an unique smooth section β of γ∗E → J such that β(0) = v and ∇γ∗Eβ = 0.
Clearly, β(1) ∈ Ey and we can define a linear isomorphism τγ from Ex to Ey as τγ(v) = β(1).
The map τγ is the parallel transport map associated to γ from Ex to Ey. The compatibility of
∇E with the hermitian metric entails that the maps τγ are in fact isometries for the hermitian
structures on Ex and Ey.

The vector bundle L(E)→M , defined by L(E)x := L(Ex) (the space of endomorphisms on
Ex), is lifted to T ∗M , TM and M ×M by setting the fiber at (x, θ) to L(Ex) for T ∗M or TM ,
and the fiber at (x, y) to L(Ey, Ex) for M ×M . The canonical projection from T ∗M or TM to
M is noted π.

We denote τxy := τγxy . Remark that τ−1
xy = τγ̃yx . We define τz : x 7→ τzx and τ−1

z : x 7→ τ−1
zx =

τ∗zx.
If u ∈ C∞(M,E) and z ∈ M , we denote uz(x) := (τ−1

z u)(x) for any x ∈ M . If a is a
section of L(E) → T ∗M or L(E) → TM , we denote az := (τ−1

z ◦ π) a (τz ◦ π). If a is a section
of L(E) → M ×M , we denote az(x, y) := τ−1

z (x) a(x, y) τz(y). We also define τ z := (x, y) 7→
τ−1
z (y)τ(x, y)τz(x) ∈ L(Ez). Noting π1(x, y) := x, π2(x, y) := y, we get az = (τ−1

z ◦π1) a (τz ◦π2)
and τ z = (τ−1

z ◦ π2) a (τz ◦ π1).
Parallel transport on E has the following smoothness property:

Lemma 5.2.5. (i) The map τ : (x, y) 7→ τxy (resp. τ−1 : (x, y) 7→ τ−1
xy ) is a smooth section of

the vector bundle L(E)∨ → M ×M where the fiber at (x, y) is L(Ex, Ey) (resp. of the vector
bundle L(E)→M ×M).
(ii) τz ∈ C∞(M,L(Ez, E)) and τ−1

z ∈ C∞(M,L(E,Ez)).
(iii) τ z ∈ C∞(M ×M,L(Ez)).

Proof. (i) The map G : TM → M × M defined by G(v) := (π(v), exp(v)) is a local diffeo-
morphism since the Jacobian of G at v0 = (x0, ξ0) ∈ TM is equal to the Jacobian of expx0
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at ξ0. Since it is also bijective (with inverse G−1(x, y) := (x, exp−1
x (y))), it is a (global) diffeo-

morphism TM → M × M . The map b(x, y, t) := (x, t exp−1
x (y)) is thus a smooth map from

M ×M × R to TM , and we get a smooth parametrization by M ×M of the following family
of curves: c(x, y) 7→

(
γxy : t 7→ exp b(x, y, t)). This parametrization leads (see [50, p. 17]) to a

smooth bundle homomorphism between c∗(·)(0)E → M ×M and c∗(·)(1)E → M ×M , so a
smooth section τ : (x, y) 7→ τxy of L(Ex, Ey) → M ×M . The case of τ−1 is similar, by taking
b−1(x, y, t) := b(x, y, 1− t).
(ii, iii) are straightforward consequences of (i).

Corollary 5.2.6. If u is in the space C∞(M,E), then uz ∈ C∞(M,Ez). Similarly, if a ∈
C∞(T ∗M,L(E)) (resp. C∞(TM,L(E)), C∞(M×M,L(E))), then az ∈ C∞(T ∗M,L(Ez)) (resp.
C∞(TM,L(Ez)), C∞(M ×M,L(Ez))).

Remark 5.2.7. The vector bundle E on M is trivializable and the parallel transport provides
a M -indexed family of trivializations, since for any z ∈ M , the pair fz : E 7→ M × E, (x, v) 7→
(x, τxz(v)), Id : M 7→M,x 7→ x, is a vector bundle isomorphism from E →M onto M×E→M .
Note that if exp is derived from a connection, τ−1

xy = τyx for any x, y ∈M .

5.2.3 OM and Sσ-bounded geometry

Classically, in Riemannian geometry, bounded geometry hypothesis gives boundedness on the
covariant derivative of the Riemann curvature of the basis manifold. For the following pseudodif-
ferential calculus, we shall need some hypothesis of that kind, formulated not with the curvature
but with the exponential diffeomorphisms (“normal” coordinate transition maps). The hypothesis
that we will need for pseudodifferential symbol calculus is actually not simply the boundedness
condition on the derivatives of the transition maps, which is a classical consequence of bounded
geometry. For symbol calculus, we will require that the nth-derivatives are not only bounded, but
decrease to zero at infinity as ‖x‖−σ(n−1) where σ is a parameter in [0, 1]. Or, in other words, the
normal coordinate change maps behave as “symbols” or order 1. Thus, we introduce the following

Definition 5.2.8. Let σ ∈ [0, 1]. The exponential manifold (M, exp) is said to have a Sσ-bounded
geometry if for any (z, b), (z′, b′), and any n-multi-index α 6= 0,

(Sσ1) ∂αψb,b′

z,z′ (x) = O(〈x〉−σ(|α|−1)) ,

and a OM -bounded geometry if for any (z, b), (z′, b′), and any n-multi-index α, there exist pα ≥ 1
such that

(OM1) ∂αψb,b′

z,z′ (x) = O(〈x〉pα) .

We shall be working with OM -bounded geometry for the definition of function spaces and
Fourier transform and with Sσ-bounded geometry (for a σ ∈ [0, 1]) for pseudodifferential symbol
calculus.

Definition 5.2.9. The triple (M, exp, E) where (M, exp) is exponential and E is a hermitian
vector bundle on M has a Sσ-bounded geometry if (M, exp) has a Sσ-bounded geometry and for
any (z, b), z′, z′′, and any n-multi-index α,

(Sσ2) ∂αz,bτ
−1
z′ τz′′(x) = O(〈x〉−σ|α|z,b ) ,
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and a OM -bounded geometry if (M, exp) has a OM -bounded geometry and for any (z, b), (z′, b′),
and any n-multi-index α, there exist pα ≥ 1 such that

(OM2) ∂αz,bτ
−1
z′ τz′′(x) = O(〈x〉pαz,b) .

Clearly, if σ ≤ σ′, since (Sσ′i)⇒ (Sσi), we have Sσ′-bounded⇒ Sσ-bounded⇒OM -bounded.
Note that Sσ-bounded geometry on the vector bundle entails that the derivatives of the transport
transition maps τ−1

z τz′ (smooth from M to L(Ez′ , Ez)) are bounded (for S0-bounded geometry)
or decrease to zero with an order equal to the order of the derivative (for S1-bounded geometry).
Remark also that if E is a trivial bundle and ∇E = d, then (S12) is automatically satisfied since
the maps τz are all equal to the constant x 7→ IdE.

Lemma 5.2.10. Let σ ∈ [0, 1] and (z, b), (z′, b′) be given frames.
(i) If (M, exp) has a Sσ-bounded geometry, there exist K,C,C ′ > 0 such that for any x ∈ Rn,
x ∈M , θ ∈ T ∗x (M), ξ ∈ Tx(M),

ψb,b′

z,z′ � IdRn and 〈x〉z,b ≤ K〈x〉z′,b′ , (5.2)

〈θ〉z,b,x ≤ C〈θ〉z′,b′,x and 〈ξ〉z,b,x ≤ C ′〈ξ〉z′,b′,x , (5.3)

and if (M, exp) has a OM -bounded geometry, there exist K,K ′,K ′′, C, C ′ > 0 and q ≥ 1 such
that for any x ∈ Rn, x ∈M , θ ∈ T ∗x (M), ξ ∈ Tx(M),

K ′〈x〉1/q ≤ 〈ψb,b′

z,z′ (x)〉 ≤ K ′′〈x〉q and 〈x〉z,b ≤ K〈x〉qz′,b′ , (5.4)

〈θ〉z,b,x ≤ C〈x〉qz′,b′〈θ〉z′,b′,x and 〈ξ〉z,b,x ≤ C ′〈x〉qz′,b′〈ξ〉z′,b′,x , (5.5)

(ii) For any given n-multi-indice α, we can write

∂αz,b =
∑

0≤|α′|≤|α|

fα,α′ ∂
α′
z′,b′

where the (fα,α′) are smooth real functions on M such that for each n-multi-indices α, α′,
(a) if (M, exp) has a Sσ-bounded geometry, there exists Cα > 0 such that for any x ∈ M ,

|fα,α′(x)| ≤ Cα〈x〉−σ(|α|−|α′|)
z,b ,

(b) if (M, exp) has a OM -bounded geometry, there exist Cα > 0 and qα ≥ 1 such that for any
x ∈M , |fα,α′(x)| ≤ Cα〈x〉qαz,b.

Proof. (i) Suppose that (M, exp) has a Sσ-bounded geometry. Taylor formula implies that∥∥∥ψb,b′

z,z′ (x)
∥∥∥ ≤ ∥∥∥ψb,b′

z,z′ (0)
∥∥∥ + C0 ‖x‖ for any x ∈ Rn, where C0 := supx∈Rn

∥∥∥(dψb,b′

z,z′ )x

∥∥∥. As a conse-

quence ψb,b′

z,z′ (x) = O(‖x‖) and thus, there is K ′′ > 0 such that 〈ψb,b′

z,z′ (x)〉 ≤ K ′′〈x〉. The same

argument for ψb′,b
z′,z = (ψb,b′

z,z′ )
−1 gives ψb,b′

z,z′ � IdRn and 〈x〉z,b ≤ K〈x〉z′,b′ follows immediately.

Since x 7→
∥∥∥M̃b

z,x(M̃b′
z′,x)−1

∥∥∥ =
∥∥∥(dψb′,b

z′,z)nb
z(x)

∥∥∥ and x 7→
∥∥∥Mb

z,x(Mb′
z′,x)−1

∥∥∥ =
∥∥∥(dψb,b′

z,z′ )nb′
z′ (x)

∥∥∥
are bounded functions, (5.3) follows. The case where (M, exp) has a OM -bounded geometry is
similar.
(ii) We have for any f ∈ C∞(M,E),

∂αz,b(f) = ∂α(f ◦ (nb
z)
−1) ◦ nb

z = ∂α(f ◦ (nb′
z′)
−1 ◦ ψb′,b

z′,z) ◦ n
b
z .
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We now apply the multivariate Faa di Bruno formula obtained by G.M. Constantine and T.H.
Savits in [39], that we reformulated for convenience in Theorem 5.2.11. This formula entails that
for any n-multi-index α 6= 0,

∂α(f ◦ (nb′
z′)
−1 ◦ ψb′,b

z′,z) =
∑

1≤|α′|≤|α|

Pα,α′(ψ
b′,b
z′,z) (∂α

′
f ◦ (nb′

z′)
−1) ◦ ψb′,b

z′,z

and thus
∂αz,b =

∑
1≤|α′|≤|α|

(Pα,α′(ψ
b′,b
z′,z) ◦ n

b
z) ∂

α′
z′,b′ =:

∑
1≤|α′|≤|α|

fα,α′ ∂
α′
z′,b′

where Pα,α′(g) is a linear combination of terms of the form
∏s
j=1(∂l

j
g)k

j , where 1 ≤ s ≤ |α| and
the kj and lj are n-multi-indices with |kj | > 0, |lj | > 0,

∑s
j=1 |kj | = |α′| and

∑s
j=1 |kj ||lj | = |α|.

In the case where (M, exp) has a Sσ-bounded geometry, for each s, (kj), (lj), there is K > 0 such
that for any x ∈ Rn,

|
s∏
j=1

(∂l
j
ψb′,b
z′,z)

kj (x)| ≤ K〈x〉−σ
∑s
j=1(|lj |−1)|kj | = K〈x〉−σ(|α|−|α′|)

which gives the result. The case where (M, exp) has a OM -bounded geometry is similar.

Theorem 5.2.11. [39] Let f ∈ C∞(Rp,E) and g ∈ C∞(Rn,Rp). Then for any n-multi-index
ν 6= 0,

∂ν(f ◦ g) =
∑

1≤|λ|≤|ν|

(∂λf) ◦ g
|ν|∑
s=1

∑
ps(ν,λ)

ν!
s∏
j=1

1

kj !(lj !)|k
j | (∂

ljg)k
j

where ps(ν, λ) is the set of p-multi-indices kj and n-multi-indices lj (1 ≤ j ≤ s) such that
0 ≺ l1 ≺ · · · ≺ ls (l ≺ l′ being defined as “|l| < |l′| or |l| = |l′| and l <L l′” where <L is the strict
lexicographical order), |kj | > 0,

∑s
j=1 k

j = λ and
∑s

j=1 |kj |lj = ν.

Note that by Lemma 5.2.10, if (M, exp) satisfies (Sσ1) (resp. (OM1)), then (Sσ2) (resp.
(OM2)) is equivalent to: for any z′, z′′ ∈M , there exists a frame (z, b) such that ∂αz,bτ

−1
z′ τz′′(x) =

O(〈x〉−σ|α|z,b ) (resp. O(〈x〉pαz,b) for a pα ≥ 1) for any n-multi-index α.
As the following proposition shows, Sσ or OM -bounded geometry properties can be trans-

ported by any diffeomorphism.

Proposition 5.2.12. If (M, expM ) has a Sσ (resp. OM ) bounded geometry, N a smooth manifold
and ϕ : M → N is a diffeomorphism, then (N, expN := ϕ ◦ expM ◦ dϕ−1) has a Sσ (resp. OM )
bounded geometry.

Proof. Let us note ψb,b′

z,z′,N := nb
z,N ◦ (nb′

z′,N )−1 where nb
z,N := Lb ◦ exp−1

N,z and (z, b), (z′, b′)
are two frames on N . Since expz′,N = ϕ ◦ expM,ϕ−1(z′) ◦(dϕ−1)z′ and exp−1

N,z = (dϕ−1)−1
z ◦

exp−1
M,ϕ−1(z)

◦ ϕ−1, we obtain ψb,b′

z,z′,N = ψ
bz ,b′z′
ϕ−1(z),ϕ−1(z′),M

where bz is the basis of Tϕ−1(z)(M) such
that Lbz = Lb ◦ (dϕ)ϕ−1(z). The result follows.

The following technical lemma will be used for Fourier transform and the definition of rapidly
decreasing section spaces over the tangent and cotangent bundle in section 3. It will also give
the behaviour of symbols under coordinate change.
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Lemma 5.2.13. Let (z, b), (z′, b′) be given frames.
(i) We can express ∂(α,β)

z,b as an operator on C∞(T ∗M,E) (resp. C∞(TM,E)) , where (α, β) is a
2n-multi-index, with the following finite sum:

∂
(α,β)
z,b =

∑
0≤|(α′,β′)|≤|(α,β)|

|β′|≥|β|

fα,β,α′,β′ ∂
(α′,β′)
z′,b′

where the fα,β,α′,β′ are smooth functions on T ∗M (resp. TM) such that
(a) if (M, exp) has a Sσ-bounded geometry for a given σ ∈ [0, 1], there exists Cα,β > 0 such

that for any (x, θ) ∈ T ∗M (resp. TM),

|fα,β,α′,β′(x, θ)| ≤ Cα,β〈x〉
σ(|α′|−|α|)
z,b 〈θ〉|β

′|−|β|
z,b,x . (5.6)

(b) if (M, exp) has a OM -bounded geometry, there exist Cα,β > 0 and qα,β ≥ 1 such that for
any (x, θ) ∈ T ∗M (resp. TM),

|fα,β,α′,β′(x, θ)| ≤ Cα,β〈x〉
qα,β
z,b 〈θ〉

|β′|−|β|
z,b,x . (5.7)

(ii) We can express ∂(α,β)
z,b as an operator on C∞(M ×M,E), with the following finite sum:

∂
(α,β)
z,b =

∑
0≤|α′|≤|α|
0≤|β′|≤|β|

fα,β,α′,β′ ∂
(α′,β′)
z′,b′

where the fα,β,α′,β′ are smooth functions on M ×M such that
(a) if (M, exp) has a Sσ-bounded geometry for a given σ ∈ [0, 1], there exists Cα,β > 0 such

that for any (x, y) ∈M ×M ,

|fα,β,α′,β′(x, y)| ≤ Cα,β 〈x〉
σ(|α′|−|α|)
z,b 〈y〉σ(|β′|−|β|)

z,b . (5.8)

(b) if (M, exp) has a OM -bounded geometry, there exist Cα,β > 0 and qα, qβ ≥ 1 such that
for any (x, y) ∈M ×M ,

|fα,β,α′,β′(x, y)| ≤ Cα,β 〈x〉qαz,b 〈y〉
qβ
z,b. (5.9)

Proof. (i) Suppose that (M, exp) has a Sσ-bounded geometry. Let us note ψ∗ := nb′
z′,∗ ◦ (nb

z,∗)
−1

and ψT := nb′
z′,T ◦ (nb

z,T )−1. We have ψ∗ = (ψb′,b
z′,z ◦ π1, L) where π1 is the projection from R2n

onto the first copy of Rn in R2n and L is the smooth map from R2n to Rn defined as L(x, ϑ) :=
t(dψb′,b

z′,z)
−1
x (ϑ) = t(dψb,b′

z,z′ )ψb′,b
z′,z (x)

(ϑ). Noting (Li)1≤i≤n the components of L, we have Li(x, ϑ) =∑
1≤p≤n Li,p(x)ϑp, where Li,p := (∂iψ

b,b′

z,z′ )p ◦ ψ
b′,b
z′,z . As a consequence, for 1 ≤ i ≤ n and α, β,

n-multi-indices such that |(α, β)| > 0

(∂(α,β)ψ∗)i = δβ,0(∂αψb′,b
z′,z)i ◦ π1 , (∂(α,β)ψ∗)n+i = (∂(α,β)L)i ,

(∂(α,β)L)i(x, ϑ) =
∑

1≤p≤n
(∂αLi,p)(x) Fβ,p(ϑ) ,

∂αLi,p =
∑

1≤|α′|≤|α|

Pα,α′(ψ
b′,b
z′,z) ((∂α

′+eiψb,b′

z,z′ )p ◦ ψ
b′,b
z′,z) if |α| > 0 ,



5.2. Manifolds with linearization and basic function spaces 149

where Fβ,p(ϑ) is equal to ϑp if β = 0, to δp,r if β = er, and to 0 otherwise. We get from the proof
of Lemma 5.2.10 that (for 1 ≤ |α′| ≤ |α|) Pα,α′(ψb′,b

z′,z)(x) = O(〈x〉−σ(|α|−|α′|)). As a consequence,
using (5.2), we see that ∂αLi,p(x) = O(〈x〉−σ|α|). Thus, if |β| > 1, ∂(α,β)ψ∗ = 0 and

if β = 0 , (∂(α,β)ψ∗)i(x, ϑ) = O(〈x〉−σ(|α|−1)) and (∂(α,β)ψ∗)n+i(x, ϑ) = O(〈x〉−σ|α|〈ϑ〉) ,
if |β| = 1 , (∂(α,β)ψ∗)i = 0 and (∂(α,β)ψ∗)n+i(x, ϑ) = O(〈x〉−σ|α|) .

Similar results hold for ψT , the only difference is that we just have to take L̃ := (dψb′,b
z′,z)x(ϑ)

instead of L.
We have for any f ∈ C∞(T ∗M,E),

∂νz,b(f) = ∂ν(f ◦ (nb
z,∗)
−1) ◦ nb

z,∗ = ∂ν(f ◦ (nb′
z′,∗)

−1 ◦ ψ∗) ◦ nb
z,∗ .

Using again the Faa di Bruno formula in Theorem 5.2.11, we get

∂νz,b =
∑

1≤|ν′|≤|ν|

(Pν,ν′(ψ∗) ◦ nb
z,∗) ∂

ν′
z′,b′ =:

∑
1≤|ν′|≤|ν|

fν,ν′ ∂
ν′
z′,b′

where Pν,ν′(ψ∗) is a linear combination of terms of the form
∏s
j=1(∂l

j
ψ∗)k

j , where 1 ≤ s ≤ |ν|,
the kj and lj are 2n-multi-indices with |kj | > 0, |lj | > 0,

∑s
j=1 k

j = ν ′ and
∑s

j=1 |kj |lj = ν.
Let us note lj =: (lj,1, lj,2), kj =: (kj,1, kj,2) where lj,1, lj,2, kj,1, kj,2 are n-multi-indices. Thus,

(∂l
j
ψ∗)k

j
=

n∏
i=1

((∂l
j
ψ∗)i)k

j,1
i ((∂l

j
ψ∗)n+i)k

j,2
i

and we get, for a given s, (lj), (kj) such that (∂l
j
ψ∗)k

j 6= 0 for all 1 ≤ j ≤ s,

if lj,2 = 0 , (∂l
j
ψ∗)k

j
= O(〈x〉−σ(|lj |−1)|kj |−σ|kj,2|〈ϑ〉|kj,2|) ,

if |lj,2| = 1 , kj,1 = 0 and (∂l
j
ψ∗)k

j
= O(〈x〉−σ(|lj |−1)|kj |) .

Since kj 6= 0 and (∂l
j
ψ∗)k

j 6= 0, lj,2 always satisfies |lj,2| ≤ 1. By permutation on the j
indices, we can suppose that for 1 ≤ j ≤ j1 − 1, we have lj,2 = 0, for j1 ≤ j ≤ s, we have
|lj,2| = 1, where 1 ≤ j1 ≤ s+ 1. Thus,

s∏
j=1

(∂l
j
ψ∗)k

j
= O(〈x〉−σ(

∑s
j=1(|lj |−1)|kj |+

∑j1−1
j=1 |k

j,2|)〈ϑ〉
∑j1−1
j=1 |k

j,2|) .

Since, with ν = (α, β), ν ′ = (α′, β′),
j1−1∑
j=1

|kj,2| =
s∑
j=1

|kj,2| −
s∑

j=j1

|kj,2| = |β′| −
s∑

j=j1

|kj ||lj,2| = |β′| − |β| ,

(5.6) follows. If we set f0,0,0,0 := 1 and fα,0,0,0 := 0 if α 6= 0, then for any 2n-multi-index (α, β),

∂
(α,β)
z,b =

∑
0≤|(α′,β′)|≤|(α,β)|

|β′|≥|β|

fα,β,α′,β′ ∂
(α′,β′)
z′,b′

and the estimate (5.6) holds for any fα,β,α′,β′ . In the case of OM -bounded geometry, the proof is
similar, and we obtain for a rν ≥ 1,

∏s
j=1(∂l

j
ψ∗)k

j
= O(〈x〉rν 〈ϑ〉|β′|−|β|), which gives the result.

(ii) Replacing ψ∗ by ψ
b′,b
z′,z,M2 := nb′

z′,M2 ◦ (nb
z,M2)−1 in (i), we obtain the result by similar argu-

ments.
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5.2.4 Basic function and distribution spaces

We suppose in this section that E is an hermitian vector bundle on the exponential manifold
(M, exp). Recall that if u ∈ C∞(M ;E) (resp. C∞c (M ;E)) the Fréchet space of smooth sections
(resp. the LF -space of compactly supported smooth sections) of E →M , we have for any z ∈M ,
uz := τ−1

z u ∈ C∞(M,Ez) (resp. C∞c (M,Ez)). We define for any frame (z, b) on M ,

Tz,b(u) := uz ◦ (nb
z)
−1.

Thus, Tz,b sends sections of E → M to functions from Rn to Ez and is in fact a topological
isomorphism from C∞(M ;E) (resp. C∞c (M ;E)) onto C∞(Rn, Ez) (resp. C∞c (Rn, Ez)).

In the following, a density (resp. a codensity) is a smooth section of the complex line bundle
over M defined by the disjoint union over x ∈ M of the complex lines formed by the 1-twisted
forms on TxM (resp. T ∗x (M)). Recall that a 1-twisted form on a n-dimensional vector space V
is a function on F on ΛnV \{0} such that

F (cv) = |c|F (v) for all v ∈ ΛnV \{0} and c ∈ R∗.

For a given frame (z, b), let us note |dxz,b| the density associated to the volume form on M :
dxz,b := dx1,z,b ∧ · · · ∧ dxn,z,b and |∂z,b| the codensity defined as |∂1,z,b ∧ · · · ∧ ∂n,z,b|.

Any density (resp. codensity) is of the form c|dxz,b| (resp. c|∂z,b|) where c is a smooth function
onM , and by definition is strictly positive if c(x) > 0 for any x ∈M . For a given strictly positive
density dµ, we also note by dµ its associated (positive, Borel–Radon, σ-finite) measure on M .
This allows to define the following Banach spaces of (equivalence classes of) functions on M :
Lp(M,dµ) (1 ≤ p ≤ ∞). Actually, L∞(M) := L∞(M,dµ) does not depend on the chosen dµ,
since the null sets for dµ are exactly the null sets for any other strictly positive density dµ′ on
M .

For a given z ∈ M , we denote Lp(M,Ez, dµ) (1 ≤ p < ∞) and L∞(M,Ez) the Bochner
spaces on M with values in Ez. Ez is a hermitian complex vector space, so we can identify Ez
with its antidual E′z. There is a natural anti-isomorphism between E′z and the dual of Ez but
there is in general no canonical way to identify Ez with its dual with a linear isomorphism. Thus,
we shall use antiduals rather than duals in the following. However, Ez is anti-isomorphic with
its dual by complex conjugaison on E′z. We shall note x the image under this anti-isomorphism
of x ∈ Ez and Ez the dual of Ez.

We denote Lp(M ;E, dµ) := {ψ section of E → M such that |ψ|p ∈ L1(M,dµ) }/ ∼a.e.
and L∞(M ;E) := {ψ section of E → M such that |ψ| ∈ L∞(M) }/ ∼a.e. where ∼a.e. the
standard “almost everywhere” equivalence relation. Since the τxy maps are isometries, for any
z ∈ M , the map ψ → τ−1

z ψ defines linear isometries: Lp(M ;E, dµ) ' Lp(M,Ez, dµ), and
L∞(M ;E) ' L∞(M,Ez). In particular, Lp(M ;E, dµ) and L∞(M ;E) are Banach spaces and
L2(M ;E, dµ) a Hilbert space. Moreover, we can define for any ψ ∈ L1(M ;E, dµ) and z ∈M the
following Bochner integral

∫
τ−1
z ψ ∈ Ez. We can canonically identify L∞(M ;E) as the antidual

of L1(M ;E, dµ) and L2(M ;E, dµ) as its own antidual. The (strong) antiduals of C∞c (M ;E) and
C∞(M ;E) are noted respectively D′(M ;E) and E ′(M ;E).

We define Gσ(Rp,E) (resp. Sσ(Rp)), where σ ∈ [0, 1], as the space of smooth functions g from
Rp into E (resp. R) such that for any p-multi-index ν 6= 0 (resp. any p-multi-index ν), there exists
Cν > 0 such that ‖∂νg(v)‖ ≤ Cν〈v〉−σ(|ν|−1) (resp. |∂νg(v)| ≤ Cν〈v〉−σ|ν|) for any v ∈ Rp. We
note OM (Rp,E) the space of smooth E-valued functions with polynomially bounded derivatives.
We use the shorcuts Gσ(Rp) := Gσ(Rp,Rp) and OM (Rp) := OM (Rp,R).
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We have the following lemma which will give an equivalent formulation of Sσ or OM -bounded
geometry.

Lemma 5.2.14. (i) Let f ∈ Gσ(Rp,E) (resp. Sσ(Rp)) and g ∈ Gσ(Rn,Rp) such that, if σ > 0,
there exists ε > 0 such that 〈g(v)〉 ≥ ε〈v〉 for any v ∈ Rn. Then f ◦g ∈ Gσ(Rn,E) (resp. Sσ(Rn)).
(ii) The set G×σ (Rp) of diffeomorphisms g on Rp such that g and g−1 are in Gσ(Rp) is a subgroup
of Diff(Rp) and contains GLp(R) as a subgroup.
(iii) We have OM (Rp,E) ◦ OM (Rn,Rp) ⊆ OM (Rn,E). In particular, the space OM (Rp,Rp) is
a monoid under the composition of functions. The set of inversible elements of the monoid
OM (Rp,Rp), noted O×M (Rp,Rp), is a subgroup of Diff(Rp) and contains G×σ (Rp) as a subgroup.
(iv) (M, exp) has a Sσ (resp. OM )-bounded geometry if and only if there exists a frame (z0, b0)
such that for any frame (z, b), ψb0,b

z0,z ∈ G×σ (Rn) (resp. O×M (Rn,Rn)).
(v) The set, noted S×σ (Rp) (resp. O×M (Rp)), of smooth functions f : Rp → R∗ such that f and
1/f are in Sσ(Rp) (resp. OM (Rp)) is a commutative group under pointwise multiplication of
functions. Moreover, S×σ (Rp) ≤ S×σ′(R

p) ≤ O×M (Rp) if 1 ≥ σ ≥ σ′ ≥ 0.
(vi) If g ∈ G×σ (Rp) (resp. O×M (Rp,Rp)) then its Jacobian determinant J(g) is in S×σ (Rp) (resp.
O×M (Rp)).

Proof. (i) The Faa di Bruno formula yields for any n-multi-index ν 6= 0,

∂ν(f ◦ g) =
∑

1≤|λ|≤|ν|

(∂λf) ◦ g Pν,λ(g) (5.10)

where Pν,λ(g) is a linear combination (with coefficients independent on f and g) of functions
of the form

∏s
j=1(∂l

j
g)k

j where s ∈ { 1, · · · , |ν| }. The kj are p-multi-indices and the lj are n-
multi-indices (for 1 ≤ j ≤ s) such that |kj | > 0, |lj | > 0,

∑s
j=1 k

j = λ and
∑s

j=1 |kj |lj = ν. As
a consequence, since g ∈ Gσ(Rn,Rp), for each ν, λ with 1 ≤ |λ| ≤ |ν| there exists Cν,λ > 0 such
that for any v ∈ Rn,

|Pν,λ(g)(v)| ≤ Cν,λ〈v〉−σ(|ν|−|λ|) . (5.11)

Moreover, if f ∈ Gσ(Rp,E) (resp. Sσ(Rp)), there is C ′λ > 0 such that for any v ∈ Rn,∥∥(∂λf) ◦ g(v)
∥∥ ≤ C ′λ〈v〉−σ(|λ|−1) (resp. |(∂λf) ◦ g(v)| ≤ C ′λ〈v〉−σ|λ|). The result now follows

from (5.10) and (5.11).
(ii) Let f and g in G×σ (Rp). We have ∂ig−1 = O(1) for any i ∈ { 1, · · · , p }. Taylor–Lagrange
inequality of order 1 entails that 〈g−1(v)〉 = O(〈v〉) and thus there is ε > 0 such that 〈g(v)〉 ≥ ε〈v〉
for any v ∈ Rn. With (i), we get f ◦ g ∈ Gσ(Rp). The same argument shows that g−1 ◦ f−1 ∈
Gσ(Rp).
(iii) Direct consequence of Theorem 5.2.11.
(iv) The only if part is obvious. Suppose then that for any frame (z, b), ψb0,b

z0,z ∈ G×σ (Rn) (resp.
O×M (Rn,Rn). Let (z, b), (z′, b′) be two frames. We have ψb,b′

z,z′ = ψb,b0
z,z0 ◦ ψ

b0,b′

z0,z′
. So, by (ii) (resp.

(iii)), ψb,b′

z,z′ ∈ G
×
σ (Rn) (resp. O×M (Rn,Rn)), which yields the result.

(v) By Leibniz rule, the spaces Sσ(Rp) and OM (Rp) are R-algebras under the pointwise product
of functions. The result follows.
(vi) Consequence of (ii), (iii), 1/J(g) = J(g−1) ◦ g and the fact that Sσ(Rp) (resp. OM (Rp)) is
stable under the pointwise product of functions.
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Remark that for any g ∈ G×σ (Rp), we have g � IdRp . The multiplication by a function
in O×M (Rn) is a topological isomorphism from the Fréchet space of rapidly decaying Ez-valued
functions S(Rn, Ez) onto itself. If we denote Jb,b′

z,z′ the Jacobian of ψb,b′

z,z′ , then 1/Jb,b′

z,z′ = Jb′,b
z′,z ◦ψ

b,b′

z,z′

and Jb,b′

z,z′ ◦ n
b′
z′(x) = dxz,b/dxz

′,b′(x) = detMb
z,x(Mb′

z′,x)−1 = det(Mb′
z′,x)−1Mb

z,x. We deduce from

Lemma 5.2.14 (vi) that if (M, exp) has a Sσ (resp. OM ) bounded geometry then Jb,b′

z,z′ is in
S×σ (Rn) (resp. O×M (Rn)).

Definition 5.2.15. Any smooth function f is in Sσ (resp.OM ) if for any frame (z, b), f◦(nb
z)
−1 ∈

Sσ(Rn) (resp. OM (Rn)). Similarly, any smooth function f is in S×σ (resp. O×M ) if for any frame
(z, b), f ◦ (nb

z)
−1 ∈ S×σ (Rn) (resp. O×M (Rn)).

Lemma 5.2.16. If (M, exp) has a Sσ-bounded geometry then a smooth function f on M is in Sσ
(resp. S×σ ) if there exists a frame (z, b) such that f ◦ (nb

z)
−1 ∈ Sσ(Rn) (resp. S×σ (Rn)). Similarly,

If (M, exp) has a OM -bounded geometry then f is in OM (resp. O×M ) if there exists a frame (z, b)
such that f ◦ (nb

z)
−1 ∈ OM (Rn) (resp. O×M (Rn)).

Proof. Let (z′, b′) be a frame such that f ◦ (nb′
z′)
−1 ∈ Sσ(Rn), and let (z, b) be another frame. By

Lemma 5.2.10 (ii), if (M, exp) has a Sσ-bounded geometry then for any n-multi-index α,

∂α(f ◦ (nb
z)
−1) =

∑
0≤|α′|≤|α|

fα,α′ ◦ (nb
z)
−1 (∂α

′
f ◦ (nb′

z′)
−1) ◦ ψb′,b

z′,z

where (fα,α′ ◦ (nb
z)
−1)(x) = O(〈x〉−σ(|α|−|α′|)). As a consequence ∂α(f ◦ (nb

z)
−1)(x) = O(〈x〉−σ|α|)

and the result follows. The case of OM bounded geometry is similar.

Definition 5.2.17. A smooth strictly positive density dµ is a S×σ -density (resp. O×M -density) if
for any frame (z, b), the unique smooth strictly positive function fz,b such that dµ = fz,b|dxz,b| is
in S×σ (resp. O×M ). In this case, we shall note µz,b the smooth stricly positive function in S×σ (Rn)
(resp. O×M (Rn)) such that dµ = (µz,b ◦ nb

z) |dxz,b|.

We shall say that (M, exp, dµ) has a Sσ (resp. OM ) bounded geometry if (M, exp) has a Sσ
(resp. OM ) bounded geometry and dµ is a S×σ (resp. O×M ) density.

Lemma 5.2.18. If (M, exp) has a Sσ (resp. OM ) bounded geometry then any density of the
form u ◦ nb′

z′ |dxz,b| where u is a smooth strictly positive function in S×σ (Rn) (resp. OM (Rn)) and
(z, b), (z′, b′) are frames, is a S×σ -density (resp. O×M -density).

Proof. Let (z′′, b′′) be an arbitrary frame. Noting dµ := u◦nb′
z′ |dxz,b|, we get dµ = (u◦nb′

z′)|J
b,b′′

z,z′′ |◦
nb′′
z′′ |dxz

′′,b′′ |. We already saw that the function Jb,b′′

z,z′′ is in S×σ (Rn) (resp. O×M (Rn)). By Lemma

5.2.16, (u ◦ nb′
z′)(|J

b,b′′

z,z′′ | ◦ n
b′′
z′′) is in S×σ (resp. O×M ).

Remark 5.2.19. By taking u := x 7→ 1 in the previous lemma, we see that for any exponential
manifold (M, exp) with Sσ (resp. OM ) bounded geometry, we can define a canonical family of
S×σ -densities (resp. O×M -densities) on M : D := (|dxz,b|)(z,b)∈I where I is the set of frames on M .
If the map exp is the exponential map associated to a pseudo-Riemannian metric g on M , we
can also define a canonical subfamily of D by Dg := (|dxz|)z∈M where |dxz| := |dxz,b| with b any
orthonormal basis (in the sense gz(bi, bj) = ηiδi,j where ηi = 1 for 1 ≤ i ≤ m and ηi = −1 for
i > m, where g has signature (m,n −m)) of Tz(M) (|dxz| is then independent of b). A priori,
the Riemannian density does not belong to the canonical M -indexed family Dg.
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We shall need integrations over tangent and cotangent fibers and manifolds. We thus define
dµ∗ := (µ−1

z,b ◦ n
b
z) |∂z,b| the codensity associated to dµ, where µ−1

z,b := 1
µz,b

and (z, b) is a frame.

Note that since |∂z,b|/|∂z′,b′ | = |dxz
′,b′ |/|dxz,b| = (µz,b ◦ nb

z)/(µz′,b′ ◦ nb′
z′), dµ

∗ is independent of
(z, b). For a given x ∈M , the density on Tx(M) associated to dµ is dµx := (µz,b ◦ nb

z(x)) |dxz,bx |
and the associated density on T ∗x (M) is dµ∗x := (µ−1

z,b ◦ n
b
z(x)) |∂z,bx|. For a function f defined on

Tx(M) or T ∗x (M), we have formally:∫
Tx(M)

f(ξ) dµx(ξ) = µz,b ◦ nb
z(x)

∫
Rn
f ◦ (Mb

z,x)−1(ζ) dζ ,∫
T ∗x (M)

f(θ) dµ∗x(θ) = µ−1
z,b ◦ n

b
z(x)

∫
Rn
f ◦ (M̃b

z,x)−1(ϑ) dϑ ,

and it is straightforward to check that these integrals are independent of the chosen frame (z, b).

5.2.5 Schwartz spaces and operators

Assumption 5.2.20. We suppose in this section and in section 5.2.6 that (M, exp, E, dµ), where
E is an hermitian vector bundle on M , has a OM -bounded geometry.

The main consequence of the exponential structure is the possibility to define Schwartz func-
tions on M .

Definition 5.2.21. A section u ∈ C∞(M,E) is rapidly decaying at infinity if for any (z, b), any
n-multi-index α and p ∈ N, there exists Kα,p > 0 such that the following estimate∥∥∂αz,buz(x)

∥∥
Ez
< Kα,p〈x〉−pz,b (5.12)

holds uniformly in x ∈M . We note S(M,E) the space of such sections.

With the hypothesis of OM -bounded geometry, we see that the requirement “any (z, b)” can
be reduced to a simple existence:

Lemma 5.2.22. A section u ∈ C∞(M,E) is in S(M,E) if and only if there exists a frame (z, b)
such that (5.12) is valid.

Proof. Suppose that (5.12) is valid for (z′, b′) and let (z, b) be another frame. Thus, with Lemma
5.2.10 (ii) and Leibniz rule,

∂αz,bu
z(x) =

∑
0≤|α′|≤|α|

∑
β≤α′

fα,α′
(
α′

β

)
∂α
′−β

z′,b′ (τ−1
z τz′) ∂

β
z′,b′u

z′(x). (5.13)

Moreover |fα,α′
(
α′

β

)
∂α
′−β

z′,b′ (τ−1
z τz′)| ≤ Cα〈x〉qαz,b for a Cα > 0 and a qα ≥ 1. Now (5.12) and

(5.4) entail that for any p ∈ N, there is K > 0 such that
∥∥∥∂αz,buz(x)

∥∥∥
Ez
≤ K〈x〉−pz,b. The result

follows.

Remark 5.2.23. Let u ∈ C∞(M,E) and (z, b) a frame. Then u ∈ S(M,E) if and only if
(τ−1
z u) ◦ (nb

z)
−1 ∈ S(Rn, Ez). In other words, if v ∈ S(Rn, Ez) then τz(v ◦ nb

z) ∈ S(M,E).

The following lemma shows that we can define canonical Fréchet topologies on S(M,E).
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Lemma 5.2.24. Let (z, b) a frame. Then
(i) The following set of semi-norms:

qα,p(u) := sup
x∈M
〈x〉pz,b

∥∥∂αz,buz(x)
∥∥
Ez

.

defines a locally convex metrizable topology T on S(M,E).
(ii) The application Tz,b is a topological isomorphism from the space S(M,E) onto S(Rn, Ez).
(iii) The topology T is Fréchet and independent of the chosen frame (z, b).

Proof. (i) and (ii) are obvious.
(iii) Since Tz,b is a topological isomorphism, T is complete. Following the arguments of the proof
of Lemma 5.2.22, we see that there is r ∈ N∗ such that for any n-multi-index α and p ∈ N, there
exist Cα,p > 0, rα,p ∈ N∗, such for any u ∈ S(M,E),

q(z,b)
α,p (u) ≤ Cα,p

∑
|β|≤|α|

q
(z′,b′)
β,rα,p

(u) .

The independence on (z, b) follows.

Remark 5.2.25. If (M, exp, E, dµ) has a S0-bounded geometry, then it is possible to define
the Fréchet space of smooth sections with bounded derivatives B(M,E) by following the same
procedure of S(M,E), with Lemma 5.2.10.

Classical results of distribution theory [139] and the previous topological isomorphisms Tz,b
entail the following diagrams of continuous linear injections ((M ;E) ommitted and 1 ≤ p <∞):

C∞c //

��

S //

��

C∞

��
E ′ // S ′ // D′

B // L∞

""DDDDDDDD

S //

@@��������
Lp(dµ) // S ′ .

The injections S → B → L∞ are valid in the case whereM has a S0-bounded geometry. In the
case of a general OM -bounded geometry, only the injection S → L∞ holds a priori. The injection
from functions into distribution spaces is given here by u 7→ 〈u, ·〉 where 〈u, v〉 :=

∫
(u|v) dµ.

Note that the following continuous injections S → S ′ and S → Lp(dµ)→ S ′, (1 ≤ p <∞) have
a dense image.

Using the same principles of the definition of S together with the OM -bounded geometry
hypothesis and Lemma 5.2.13 (ii), we define the Fréchet space S(M×M,L(E)) such that for any
(z, b) the applications Tz,b,M2 := K 7→ Kz ◦ (nb

z,M2)−1 are topological isomorphisms from S(M×
M,L(E)) onto S(R2n, L(Ez)). Noting jM2 the continous dense injection from S(M ×M,L(E))
into its antidual S ′(M ×M,L(E)) defined as 〈jM2(K),K ′〉 =

∫
M×M Tr(K(x, y)(K ′(x, y))∗) dµ⊗

dµ(x, y), we have the following commutative diagram, where j is the classical continuous dense
inclusion from S(R2n, L(Ez)) into its antidual, and Mµ⊗µ is the multiplication operator from
S(R2n, L(Ez)) onto itself by the O×M (R2n) function µz,b ⊗ µz,b:

S(M ×M,L(E))
jM2 //

Tz,b,M2

��

// S ′(M ×M,L(E))

S(R2n, L(Ez)) Mµ⊗µ
// S(R2n, L(Ez)) j

// S ′(R2n, L(Ez)) .

T ∗
z,b,M2

OO
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Since S is nuclear, L(S,S ′) ' S ′(M ×M,L(E)) and S(M ×M,L(E)) ' S ⊗̂ S where S :=
S(M,E). Thus, S ′(M ×M,L(E)) ' S ′⊗̂ S ′, where S ′ is the dual of S which is also the antidual
of S. Note that the isomorphism L(S,S ′) ' S ′(M ×M,L(E)) is given by

〈AK(v), u〉 = K(u⊗ v)

where AK is operator associated to the kernel K, u, v ∈ S, and v(y) := v(y). Formally,

〈AK(v), u〉 =
∫
M×M

(K(x, y)v(y)|u(x))dµ⊗ dµ(x, y) , (AKv)(x) =
∫
M
K(x, y)v(y)dµ(y).

Thus any continuous linear operator A : S → S ′ is uniquely determined by its kernel KA ∈
S ′(M ×M,L(E)). The transfert of A into the frame (z, b) is the operator Az,b from S(Rn, Ez)
into S ′(Rn, Ez) such that

〈Az,b(v), u〉 := 〈A(T−1
z,b (v)), T−1

z,b (u)〉.

Thus, if KA is the kernel of A, we have KAz,b := T̃z,b,M2(KA) as the kernel of Az,b, where
T̃z,b,M2 here is the inverse of the adjoint of Tz,b,M2 . T̃z,b,M2 is a topological isomorphism from
S ′(M ×M,L(E)) onto S ′(R2n, L(Ez)).

Definition 5.2.26. An operator A ∈ L(S,S ′) is regular if A and its adjoint A† send continously
S into itself. An isotropic smoothing operator is an operator with kernel in S(M×M,L(E)). The
space regular operators and the space of isotropic smoothing operators are respectively noted
<(S) and Ψ−∞.

Note that this definition of isotropic smoothing operators differs from the standard smoothing
operators one where only local effects are taken into account, since in this case, a smoothing
operator is just an operator with smooth kernel. Clearly, A is regular if and only if for any frame
(z, b), Az,b is regular as an operator from S(Rn, Ez) into S ′(Rn, Ez). Remark that the space
of regular operators forms a ∗-algebra under composition and the space of isotropic smoothing
operators Ψ−∞ is a ∗-ideal of this algebra.

Let us record the following important fact:

Proposition 5.2.27. Any isotropic smoothing operator extends (uniquely) as a Hilbert–Schmidt
operator on L2(dµ).

Proof. An isotropic smoothing operator A (with kernel K) extends as a continous linear operator
from S ′ to S, and thus it also extends as a bounded operator on L2(dµ). Let (z, b) be a frame. If
U is the unitary associated to the isomorphism L2(dµ) onto Hz,b := L2(Rn, Ez, µz,b dx) we have
A = U∗Az,bU where Az,b is a bounded operator on Hz,b given by the kernel Kz ◦ (nb

z, n
b
z)
−1.

Since this kernel is in Hz,b⊗Hz,b = L2(R2n, Ez⊗Ez, (µz,b dx)⊗2), it follows that Az,b is Hilbert–
Schmidt on Hz,b, which gives the result.

5.2.6 Fourier transform

Fourier transform is the fundamental element that will allow the passage from operators to
their symbols. In our setting, it is natural to extend the classical Fourier transform on Rn to
Schwartz spaces of rapidly decreasing sections on the tangent and cotangent bundles of M , and
use the fibers Tx(M), T ∗x (M) as support of integration.
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Definition 5.2.28. A smooth section a ∈ C∞(T ∗M,L(E)) is in S(T ∗M,L(E)) if for any (z, b),
any 2n-multi-index ν and any p ∈ N, there exists Kp,ν > 0 such that∥∥∂νz,baz(x, θ)∥∥L(Ez)

≤ Kp,ν〈x, θ〉−pz,b (5.14)

uniformly in (x, θ) ∈ T ∗M . A similar definition is set for S(TM,L(E)).

Following the same technique as for the space S(M,E), using the coordinate invariance given
by Lemma 5.2.13 we obtain the

Proposition 5.2.29. (i) A section u ∈ C∞(T ∗M,L(E)) is in S(T ∗M,L(E)) if and only if there
exists a frame (z, b) such that (5.14) is valid. A similar property holds for S(TM,L(E)).
(ii) There is a Fréchet topology on S(T ∗M,L(E)) such that each

Tz,b,∗ : a 7→ az ◦ (nb
z,∗)
−1

is a topological isomorphism from S(T ∗M,L(E)) onto S(R2n, L(Ez)). A similar property holds
for S(TM,L(E)) and the applications Tz,b,T := a 7→ az ◦ (nb

z,T )−1.

Proof. (i, ii) Suppose that (5.14) is valid for (z′, b′) and a ∈ C∞(T ∗M,L(E)) and let (z, b)
another frame. With Lemma 5.2.13 and Leibniz rule, noting ν = (α, β), ν ′ = (α′, β′), λ = (λ1, λ2)
and ρ = (ρ1, ρ2), we get

∂νz,ba
z =

∑
0≤|ν′|≤|ν|
|β′|≥|β|

∑
ρ≤λ≤ν′

fν,ν′Cν′,λ,ρ ∂
α′−λ1

z′,b′ (τ−1
z τz′) ∂

(ρ1,β′)
z′,b′ (az

′
) ∂λ

1−ρ1

z′,b′ (τ−1
z′ τz) (5.15)

where Cν′,λ,ρ = δβ′,λ2δβ′,ρ2

(
ν′

λ

)(
λ
ρ

)
. Using now the fact that for any x, ϑ ∈ Rn, 〈x〉1/2〈ϑ〉1/2 ≤

〈(x, ϑ)〉 ≤ 〈x〉〈ϑ〉, and (5.4), (5.5), we see that for any 2n-multi-index ν, and p ∈ N, there is
rν,p ∈ N∗ and Cν,p > 0 such that q(z,b)

ν,p (a) ≤ Cν,p
∑
|ρ|≤|ν| q

(z′,b′)
ρ,rν,p (a), where

q(z,b)
ν,p (a) := sup

(x,θ)∈T ∗M
〈x, θ〉pz,b

∥∥∂νz,baz(x, θ)∥∥L(Ez)
.

The results follow, as in the case of S(M,E), by taking the topology given by the seminorms
qz,bν,p for an arbitrary frame (z, b).

Remark 5.2.30. If (M, exp, E) has a S0-bounded geometry, we saw in Remark 5.2.25 that a
coordinate free (independent of the frame (z, b)) definition of a space of smooth E-sections on
M with bounded derivatives is possible. However, a similar definition cannot be given in the
same manner for L(E)-sections on TM or T ∗M with bounded derivatives, due to the fact that
the change of coordinates of Lemma 5.2.13 impose an increasing power of 〈θ〉 (when |β′| > |β|).
However, the independence over (z, b) would still hold for the space of smooth sections of L(E)→
T ∗M (resp. TM) with polynomially bounded derivatives.

We note S ′(T ∗M,L(E)) and S ′(TM,L(E)) the strong antiduals of S(T ∗M,L(E)) and
S(TM,L(E)), respectively. We have the following continuous inclusion with dense image

jT ∗M : S(T ∗M,L(E))→ S ′(T ∗M,L(E))
(
resp. jTM : S(TM,L(E))→ S ′(TM,L(E))

)
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defined by

〈jT ∗M (a), b〉 :=
∫
TM∗

Tr(ab∗)dµ∗
(
resp. 〈jTM (a), b〉 :=

∫
TM

Tr(ab∗)dµT
)

where dµ∗ is the measure on T ∗M given by dµ∗(x, θ) := dµ∗x(θ)dµ(x) and dµT is the measure on
TM given by dµT (x, ξ) := dµx(ξ)dµ(x). Note that for any (z, b), dµ∗(x, θ) = |∂z,bx|(θ)|dx

z,b|(x)
(this is the Liouville measure on T ∗M) and dµT (x, θ) = µ2

z,b ◦ nb
z(x)|dxz,bx |(ξ)|dxz,b|(x). We have

the following commutative diagram, where Mµ2 is the multiplication operator by the O×M (R2n)
function (x, ζ) 7→ µ2

z,b(x),

S(TM,L(E))
jTM //

Tz,b,T
��

// S ′(TM,L(E))

S(R2n, L(Ez)) Mµ2

// S(R2n, L(Ez)) j
// S ′(R2n, L(Ez))

T ∗z,b,T

OO

and, in the case of S(T ∗M,L(E)) a similar diagram is valid if Mµ2 is replaced by the identity.

Definition 5.2.31. The Fourier transform of a ∈ S(TM,L(E)) is

F(a) : (x, θ) 7→
∫
Tx(M)

e−2πi〈θ,ξ〉 a(x, ξ) dµx(ξ) .

Proposition 5.2.32. F is a topological isomorphism from S(TM,L(E)) onto S(T ∗M,L(E))
with inverse

F(a) := (x, ξ) 7→
∫
T ∗x (M)

e2πi〈θ,ξ〉 a(x, θ) dµ∗x(θ) .

The adjoint F∗ of F coincides with F on S(TM,L(E)), so we still note F∗ by F and F∗ by F .

Proof. Let (z, b) be a frame. It is straightforward to check that the following diagram commutes

S(TM,L(E)) F //

Tz,b,T
��

S(T ∗M,L(E))

S(R2n, L(Ez)) Fz,b
// S(R2n, L(Ez))

T−1
z,b,∗

OO

where Fz,b = FP ◦ Mµ = Mµ ◦ FP , with Mµ the multiplication operator on S(R2n, L(Ez))
defined by Mµ(a) := (x, ζ) 7→ µz,b(x) a(x, ζ) and FP the partial Fourier transform on the space
S(R2n, L(Ez)) (only the variables in the second copy of Rn in R2n being Fourier transformed).
It is clear that Fz,b is a topological isomorphism from S(R2n, L(Ez)) onto itself with inverse
F−1
z,b = M1/µ ◦ FP . The fact that F∗ coincides with F on S(TM,L(E)) is a consequence of the

following equality ∫
TM

Tr(a(F(b))∗) dµT =
∫
T ∗M

Tr(F(a)b∗) dµ∗

for any a ∈ S(TM,L(E)) and b ∈ S(T ∗M,L(E)), that is a direct consequence of the Parseval
formula for FP .
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5.3 Linearization and symbol maps

5.3.1 Linearization and the Φλ, Υt diffeomorphisms

Recall that a linearization (Bokobza-Haggiag [9]) on a smooth manifold M is defined as a
smooth map ν from M ×M into TM such that π ◦ ν = π1, ν(x, x) = 0 for any x ∈ M and
(dyν)y=x = IdTxM . Using this map, it is then possible by restricting ν on a small neighborhood of
the diagonal ofM×M , to obtain a diffeomorphism onto a neighborhood of the zero section of TM
and obtain an isomorphism between symbols (with a local control of the x variables on compact)
and pseudodifferential operators modulo smoothing ideals. These isomorphisms depend on the
linearization, as shown in [9, Proposition V.3]. We follow here the same idea, with a global point
of view, since we are interested in the behavior at infinity. We thus consider, on the exponential
manifold (M, exp, E, dµ) a fixed linearization ψ that comes from an (abstract) exponential map
ψ on M (also called linearization map in the following), so that ψ(x, y) = ψ−1

x y, and ψx is a
diffeomorphism from TxM onto M , with ψx(0) = x, (dψx)0 = IdTxM . For example, ψ may be
the exponential map exp.

Let λ ∈ [0, 1] and Φλ be the smooth map from TM onto M ×M defined by

Φλ : (x, ξ) 7→
(
ψx(λξ), ψx(−(1− λ)ξ)

)
.

Assumption 5.3.1. We suppose from now on that whenever the parameters λ, λ′, are in ]0, 1[,
it is implied that the linearization map ψ satisfies for any x, y ∈ M and t ∈ R, ψx(tψ−1

x (y)) =
ψy((1− t)ψ−1

y (x)). This hypothesis, called (Hψ) in the following, is automatically satisfied if the
linearization is derived from a exponential map of a connection on the manifold.

A computation shows that Φλ is a diffeomorphism with the following inverse Φ−1
λ : (x, y) 7→

α′yx(1 − λ) for λ 6= 0 and Φ−1
0 (x, y) : 7→ −α′xy(0), where αxy(t) := ψx(tψ−1

x (y)). Noting
Φ−1
λ (x, y) =: (mλ(x, y), ξλ(x, y)), we see that mλ(x, y) = αxy(λ) and, if λ 6= 0, ξλ(x, y) =

1
λψ
−1
mλ(x,y)(x), while ξ0(x, y) = −ψ−1

x (y). In all the following, we shall use the symbol W (for
Weyl) for the value λ = 1

2 , so that mW := m 1
2
, ΦW := Φ 1

2
, and similar conventions for the

other mathematical symbols containing λ. Note that mλ is a smooth function from M ×M onto
M , with mλ(x, x) = x for any x ∈ M . Moreover, for any x, y ∈ M , mλ(x, y) = m1−λ(y, x),
mW (x, y) = mW (y, x) (the “middle point” of x and y), ξλ(x, y) = −ξ1−λ(y, x), ξW (x, y) =
−ξW (y, x) and x 7→ Φ−1

λ (x, x) is the zero section of TM → M . Noting j the involution on
M ×M : (x, y) 7→ (y, x), we have Φλ = j ◦ Φ1−λ ◦ − IdTM .

For any t ∈ [−1, 1] (with the convention that if (Hψ) is not satisfied, we are restricted to
t ∈ {−1, 0, 1 }), we define,

Υt : (x, ξ) 7→
(
ψx(tξ), −1

t ψ
−1
ψx(tξ)(x)

)
with the convention −1

t ψ
−1
ψx(tξ)(x) := ξ if t = 0, so that Υ0 = IdTM . A computation shows that

Υ−1
t = Υ−t. The Φλ and Υt diffeomorphisms are related by the following property: for any

λ, λ′ ∈ [0, 1], Φ−1
λ ◦ Φλ′ = Υλ′−λ. We will use the shorthand Υt,T (x, ξ) := −1

t ψ
−1
ψx(tξ)(x), so that

Υt = (ψ ◦ t IdTM ,Υt,T ).

Remark 5.3.2. Note that (Hψ) entails that (Υt)t∈R is a one parameter subgroup of Diff(TM).
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Remark 5.3.3. Suppose that ψ is the exponential map associated to a connection ∇ on TM , and
αx,ξ the unique maximal geodesic such that α′x,ξ(0) = (x, ξ). It is a standard result of differential
geometry (see for instance [97, Theorem 3.3, p.206]) that for any v := (x, η) ∈ TM , and ξ ∈
Tx(M), there exists an unique curve βξv : R → TM such that ∇α′vβ

ξ
v = 0, π ◦ βξv = αv (in other

words, βξv is αv-parallel lift of αv) and βξv(0) = (x, ξ). By definition of geodesics, βηx,η = α′x,η.
Moreover, βξx,η(1) ∈ Tψηx(M), so we can define the following linear isomorphism of tangent fibers:
Px,η : Tx(M)→ Tψηx(M), ξ 7→ βξx,η(1) . Note that P−1

x,η = Pψηx,ψ−1

ψ
η
x

(x) = P−Υ1(x,η) = PΥ−1(x,−η).

The Px,ξ are the parallel transport maps along geodesics on the tangent bundle. These maps are
related to the Υt diffeomorphisms, since a computation shows that for any (x, η) ∈ TM and
t ∈ R, Px,tη(η) = Υt,T (x, η).

If (z, b) is a frame, we define Φλ,z,b := nb
z,M2 ◦Φλ ◦ (nb

z,T )−1 and we denote Jλ,z,b its Jacobian.
We also define Υt,z,b = nb

z,T ◦Υt ◦ (nb
z,T )−1 and the smooth maps from R2n to Rn:

ψb
z : (x, ζ) 7→ nb

z ◦ ψ ◦ (nb
z,T )−1(x, ζ) ,

ψb
z : (x, y) 7→Mb

z,(nb
z)−1(x) ◦ ψ

−1
(nb
z)−1(x)

◦ (nb
z)
−1(y).

Noting ψb
z,x(ζ) := ψb

z(x, ζ) and ψb
z,x(y) := ψb

z(x, y), we have (ψb
z,x)−1 = ψb

z,x. A computation
shows that for any (x, ζ, y) ∈ R3n,

Φλ,z,b(x, ζ) = (ψb
z(x, λζ), ψb

z(x,−(1− λ)ζ)) , Φ−1
λ,z,b(x, y) = (mλ,z,b(x, y), ξλ,z,b(x, y)) (5.16)

where we defined the following functions: mλ,z,b(x, y) := ψb
z(x, λ ψb

z(x, y)), ξ0,z,b := −ψb
z and for

λ 6= 0, ξλ,z,b(x, y) := 1
λψ

b
z(mλ,z,b(x, y), x). We also obtain for t ∈ [−1, 1], (x, ζ) ∈ R2n,

Υt,z,b(x, ζ) =
(
ψb
z(x, tζ), −1

t ψ
b
z(ψ

b
z(x, tζ), x)) =: (ψb

z(x, tζ),Υz,b
t,T (x, ζ)

)
, (5.17)

and Υ0,z,b = IdR2n . Note that Υt,z,b(x, 0) = (x, 0) for any x ∈ Rn and Υz,b
t,T = 1

tΥ
z,b
1,T ◦ I1,t where

Ir,r′ is the diagonal matrix with coefficients Iii = r for i ≤ n for 1 ≤ i ≤ n and Iii = r′ for
n+ 1 ≤ i ≤ 2n.

5.3.2 OM -linearizations

We intent to use the linearization to define topological isomorphisms between rapidly decaying
section on TM and M × M . We thus need a control at infinity over the derivatives of the
linearization ψ.

We note τ z,b = τ z ◦(nb
z,M2)−1 ∈ C∞(R2n, L(Ez)). Remark that for any (x, y) ∈ R2n, τ z,b(x, y)

is an unitary operator on Ez. We will also need the following functions parametrized by t ∈ R:
τt(x, η) := τx(ψx(tη)) for any (x, η) ∈ TM and τ z,bt (x, ζ) := τ z,b(x, ψb

z(x, tζ)).

Definition 5.3.4. A linearization ψ on the exponential manifold (M, exp, E, dµ) is said to be
a OM -linearization if for any frame (z, b) the functions ψb

z and ψb
z are in OM (R2n,Rn) and the

functions τ z,b1 and (τ z,b1 )−1 are in OM (R2n, L(Ez)). We will say that (M, exp, E, dµ, ψ) has a
OM -bounded geometry, if it the case of (M, exp, E, dµ) and ψ is a OM -linearization.
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Lemma 5.3.5. Suppose that ψ is a OM -linearization. Then for any frame (z, b), λ ∈ [0, 1] and
t ∈ [−1, 1],
(i) Φλ,z,b ∈ O×M (R2n,R2n) and Jλ,z,b ∈ O×M (R2n),
(ii) Υt,z,b ∈ O×M (R2n,R2n) and J(Υt,z,b) ∈ O×M (R2n),
(iii) τ z,bt and (τ z,bt )−1 are in OM (R2n, L(Ez)).

Proof. (i) By (5.16), we have Φλ,z,b = (ψb
z ◦ I1,λ, ψ

b
z ◦ I1,λ−1) and Φ−1

λ,z,b = (mλ,z,b, ξλ,z,b) where
mλ,z,b = ψb

z ◦ I1,λ ◦ (π1, ψb
z) and if λ 6= 0, ξλ = 1

λψ
b
z ◦ (mλ,z,b, π1), while ξ0,z,b = −ψb

z . Thus, the
result is a consequence Lemma 5.2.14 (iii) and (vi).
(ii) By (5.17), we have for t 6= 0, Υt,z,b = (ψb

z ◦ I1,t,
−1
t ψ

b
z ◦ (ψb

z ◦ I1,t, π1)). The result follows
again from Lemma 5.2.14 (iii) and (vi).
(iii) We have τ z,bt = τ z,b1 ◦ I1,t and (τ z,bt )−1 = (τ z,b1 )−1 ◦ I1,t so the result follows from Lemma
5.2.14 (iii).

The following lemma shows that we can obtain topological isomorphisms on spaces of rapidly
decaying functions from the functions τt and Φλ.

Lemma 5.3.6. Let p ∈ N∗, τ ∈ O×M (Rp, GL(Ez)) and Φ ∈ O×M (Rp,Rp). Then the maps Lτ :=
u 7→ τu, Rτ := u 7→ uτ and CΦ := u 7→ u ◦ Φ are topological isomorphisms of S(Rp, L(Ez)).

Proof. Since L−1
τ = Lτ−1 , R−1

τ = Rτ−1 and C−1
Φ = CΦ−1 , we only need to check the continuity

of Lτ , Rτ and CΦ. The continuity of Lτ and Rτ is a direct application of Leibniz formula. Let ν
be a p-multi-index and r ∈ N. Theorem 5.2.11 implies that for any u ∈ S(Rp, L(Ez)),

qν,N (u ◦ Φ) ≤
∑
|λ|≤|ν|

sup
x∈Rp
〈x〉N |Pν,λ(Φ)(x)|

∥∥∥(∂λu) ◦ Φ(x)
∥∥∥
L(Ez)

where the functions Pν,λ(Φ) are such that |Pν,λ(Φ)(x)| ≤ Cν〈x〉qν for a qν ∈ N∗ and a Cν > 0.
Since 〈Φ−1(x)〉 ≤ C〈x〉r for a r ∈ N∗ and a C > 0, we see that there is C ′ν > 0 such that
qν,N (u ◦ Φ) ≤ C ′ν

∑
|λ|≤|ν| qλ,(qν+N)r(u), which gives the result.

Lemma 5.3.7. If (M, exp, E, dµ) has a OM -bounded geometry and ψ is a linearization such that
there exists (z0, b0) such that the functions ψb0

z0 , ψ
b0

z0 are in OM (R2n,Rn) and τ z0,b0
1 , (τ z0,b0

1 )−1

are in OM (R2n, L(Ez0)), then ψ is a OM -linearization.

Proof. The result is a direct consequence of the formulas ψb
z = ψb,b0

z,z0 ◦ ψb0
z0 ◦ ψ

b0,b
z0,z,T

, ψb
z,x(y) =

(dψb0,b
z0,z )−1

x ψ
b0

z0 ◦ ψ
b0,b
z0,z,M2(x, y) and τ z,b = (τ−1

z τz0) ◦ π2 ◦ (nb
z,M2)−1 τ z0,b0 ◦ ψb0,b

z0,z,M2 (τ−1
z0 τz) ◦ π1 ◦

(nb
z,M2)−1.

5.3.3 Symbol maps and λ-quantization

Assumption 5.3.8. We suppose in this section and in section 5.3.4 that (M, exp, E, dµ, ψ) has
a OM -bounded geometry.

The operator F is a topological isomorphism from S ′(TM,L(E)) onto S ′(T ∗M,L(E)). We
shall now introduce a topological isomorphism between S ′(M ×M,L(E)) and S ′(TM,L(E)).
We define the linear application Γλ from C∞(M ×M,L(E)) into C∞(TM,L(E))):

Γλ(K) : v 7→ Kπ(v) ◦ Φλ(v) .
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As a consequence, Γλ(K) = τ−1
λ (K ◦Φλ) τλ−1 and Γ−1

λ (a) = (τλ a τ−1
λ−1) ◦Φ−1

λ . For a given frame
(z, b), we denote Γλ,z,b := Tz,b,T ◦Γλ◦T−1

z,b,M2 . A computation shows that for any smooth function

u ∈ C∞(R2n, L(Ez)), Γλ,z,b(u) = (τ z,bλ )−1(u ◦ Φλ,z,b)τ z,bλ−1.
Let us define the smooth strictly positive functions on R2n and M ×M respectively:

µλ,z,b(x, y) := µz,b(x)µz,b(y)

µ2
z,b(mλ,z,b(x,y))

|Jλ,z,b| ◦ Φ−1
λ,z,b(x, y) µλ := µλ,z,b ◦ (nb

z, n
b
z). (5.18)

It is straithtforward to check that µλ is indeed independent of (z, b). Note that µ1−λ(x, y) =
µλ(y, x). Since µλ,z,b ∈ O×M (R2n), the operator of multiplicationMµλ is a topological isomorphism
on S(M ×M,L(E)). Note also that Γλ ◦Mµλ = Mµλ◦Φλ ◦ Γλ.

Proposition 5.3.9. Γλ is a topological isomorphism from S(M ×M,L(E)) onto S(TM,L(E)).
Moreover, Γ̃λ ◦ jM2 = jTM ◦ Γλ ◦Mµλ, where Γ̃λ := Γ−1

λ

∗.

Proof. Let (z, b) be a frame. It suffices to prove that Γλ,z,b is a topological isomorphism from
S(R2n, L(Ez)) onto itself. Since Γλ,z,b = L

(τz,bλ )−1 ◦Rτz,bλ−1
◦CΦλ,z,b , the result follows from Lemma

5.3.6 and Lemma 5.3.5 (i) and (iii). Let u, v ∈ S(R2n, L(Ez)). We have (with j the canonical
inclusion from S(R2n, L(Ez)) into S ′(R2n, L(Ez)):

(Γ̃λ,z,b ◦ j(u))(v) =
∫

R2n

Tr
(
u(x, y)(Γ−1

λ,z,b(v)(x, y))∗
)
dx dy

=
∫

R2n

Tr
(
(τ z,bλ )−1 ◦ Φ−1

λ,z,b(x, y) u(x, y) τ z,bλ−1 ◦ Φ−1
λ,z,b(x, y)

v∗ ◦ Φ−1
λ,z,b(x, y)

)
dx dy

=
∫

R2n

Tr(Γλ,z,b(u)(m, ζ)v∗(m, ζ))|Jλ,z,b|(m, ζ) dmdζ

= (j ◦M|Jλ,z,b| ◦ Γλ,z,b(u))(v)

where we used the following change of variables (m, ζ) := Φ−1
λ,z,b(x, y). Thus, we have Γ̃λ,z,b ◦ j =

j ◦M|Jλ,z,b| ◦Γλ,z,b. The relation Γ̃λ ◦ jM2 = jTM ◦Γλ ◦Mµλ now follows since M|Jλ,z,b| ◦Γλ,z,b =
Γλ,z,b◦M|Jλ,z,b|◦Φ−1

λ,z,b
, T ∗z,b,T ◦j◦Mµ2

z,b
= jTM◦T−1

z,b,T and T ∗z,b,M2◦j◦Mµz,b⊗µz,b = jM2◦T−1
z,b,M2 .

As a consequence, Γ̃λ is a topological isomorphism from the space of tempered distributional
L(E)-sections on M ×M , S ′(M ×M,L(E)) onto S ′(TM,L(E)) and when restricted (in the
sense of the previous continous inclusions) to S(M ×M,L(E)), is equal to Γλ ◦M−1

µλ
, so provides

a topological isomorphism from S(M ×M,L(E)) onto S(TM,L(E)). Fourier transform coupled
with Γ̃λ lead us to the following natural isomorphism from S ′(M×M,L(E)) onto S ′(T ∗M,L(E)).

Definition 5.3.10. Let λ ∈ [0, 1]. The λ-symbol map is the topological isomorphism from
S ′(M ×M,L(E)) onto S ′(T ∗M,L(E)): σλ := F ◦ Γ̃λ. The λ-quantization map is the inverse of
σλ, noted Opλ.

Thus, the data of a tempered distributional section on the cotangent bundle (i.e. an element
of S ′(T ∗M,L(E))) determines in an unique way (for a given λ), an operator continuous from
S to S ′, and vice versa. Remark that σλ ◦ jM2 = jT ∗M ◦ F ◦ Γλ ◦ Mµλ and Opλ ◦jT ∗M =
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jM2 ◦M1/µλ ◦Γ−1
λ ◦F . If (z, b) is a frame then, noting Opλ,z,b := T̃z,b,M2 ◦Opλ ◦T̃−1

z,b,∗, we obtain
Opλ,z,b = Γ∗λ,z,b ◦M∗µz,b ◦ F

∗
P so that for any u ∈ S(R2n, L(Ez)) and b ∈ OM (R2n, L(Ez)),

〈Opλ,z,b(b), u〉 =
∫

R3n

e2πi〈ζ,ϑ〉Tr
(
µb(x, ϑ)(Γλ,z,b(u))∗(x, ζ)

)
dζ dϑ dx . (5.19)

where µb : (x, ϑ) 7→ µz,b(x) b(x, ϑ).

5.3.4 Moyal product

The applications Op0, Op1, OpW := Op 1
2
are respectively the normal, antinormal and Weyl

quantization maps. Remark that for any T ∈ S ′(T ∗M,L(E)), Opλ(T ∗) = (Op1−λ(T ))†. In
particular

Op0(T ∗) = (Op1(T ))† , OpW (T ∗) = (OpW (T ))†

where † is the topological isomorphism of S ′(M ×M,L(E)) defined as 〈K†, u〉 := 〈K,u∗ ◦ j〉
with j the diffeomorphism on M ×M : (x, y) 7→ (y, x) and u ∈ S(M ×M,L(E)). The kernel
of the adjoint A† of any operator A ∈ L(S,S ′) is (KA)†. As a consequence, σλ is a linear
topological isomorphism (and a ∗-isomorphism in the case of the Weyl quantization) from the
algebra <(S) = L(S, S)∩L(S′, S′) of regular operators onto its image Mλ := σλ(<(S)). We can
transport the operator composition in the world of functions, by defining the λ-product on Mλ

as
T ◦λ T ′ := σλ(Opλ(T ) Opλ(T ′))

so that Mλ forms an algebra, and M∗λ = M1−λ. In the case of λ = 1
2 , we recover the Moyal

∗-algebra MW and the Moyal product ◦W . The space Ψ−∞(M) ' S(M ×M,L(E)) of isotropic
smoothing operators being an ∗-ideal of <(S), the space S(T ∗M,L(E)) = σλ(Ψ−∞(M)) forms
an ideal of Mλ. Since we will focus on the pseudodifferential calculus over M , we shall not
investigate in this chapter the full analysis of the Moyal product over T ∗M . Note however the
following property on S(T ∗M) := S(T ∗M,L(M × C)) ' S(T ∗M,C):

Proposition 5.3.11. (S(T ∗M), ◦λ) is a (noncommutative, nonunital) Fréchet algebra. Moreover,

a ◦λ b (x, η) =
∫
Tx(M)×M

dµx(ξ)dµ(y)
∫
V λx,ξ,y

dµ∗x,ξ,y(θ, θ
′) gλx,ξ,y e

2πiωλx,ξ,y(η,θ,θ′)a(yλx,ξ, θ) b(y
1−λ
x,−ξ, θ

′)

where yλx,ξ := mλ(ψλξx , z), yλx,ξ := ξλ(ψλξx , z) and

V λ
x,ξ,y := T ∗

yλx,ξ
(M)× T ∗

y1−λ
x,−ξ

(M) , dµ∗x,ξ,y(θ, θ
′) := dµ∗

yλx,ξ
(θ) dµ∗

y1−λ
x,−ξ

(θ′) ,

gλx,ξ,y := µλ(ψλξx ,ψ
(λ−1)ξ
x )

µλ(ψλξx ,y)µλ(y,ψ
(λ−1)ξ
x )

,

ωλx,ξ,y(η, θ, θ
′) := 〈θ, yλx,ξ〉 − 〈θ′, y1−λ

x,−ξ〉 − 〈η, ξ〉 .

Proof. The product a ◦λ b on S(T ∗M) is obtained by computation of F ◦ Γλ ◦Mµλ ◦
(
(M−1

µλ
◦

Γ−1
λ ◦ F(a)) ◦V (M−1

µλ
◦ Γ−1

λ ◦ F(b))
)
, where ◦V is the Volterra product of kernels. Since σλ is a

topological isomorphism between S(M2) and S(T ∗M), the continuity of the Moyal product is
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equivalent to the continuity of ◦V , which is equivalent to the continuity of the following product
on S(R2n):

K ·K ′(x, y) :=
∫

Rn
K(x, t)K(t, y)µz,b(t)dt.

The continuity of this product is obtained by the following estimates

qp,(α,β)(K ·K ′) ≤ C q2(p+r),(α,0)(K) qp,(0,β)(K
′), qp,ν(K) := sup

(x,y)∈R2n

〈(x, y)〉p|∂νK(x, y)|

where |µz,b(t)| ≤ C1〈t〉r−n−1 and C := C1

∫
Rn〈t〉

−(n+1)dt.

Remark 5.3.12. (S(T ∗M), ◦W ) is a ∗-algebra since (a◦W b)∗ = b∗◦W a∗ for any a, b ∈ S(T ∗M).
We can also construct another ∗-algebra on S(T ∗M) with the product a ? b := 1

2(a ◦0 b+ a ◦1 b).
This proves that when (Hψ) (see Assumption 5.3.1) is not satisfied (so that no middle point
exist in the classical world) we can still have a canonical star-product on S(T ∗M) which satisfies
(a ? b)∗ = b∗ ? a∗.

5.4 Symbol calculus of pseudodifferential operators

5.4.1 Symbols

Assumption 5.4.1. Let σ ∈ [0, 1]. We suppose in this section that (M, exp, E) has a Sσ-bounded
geometry.

The algebra <(S) and Ψ−∞ are respectively too big and too small to develop a satisfac-
tory pseudodifferential calculus that allows an efficient utilization of symbol maps. We shall in
this section define some spaces of symbols that will be used to define later special algebras of
pseudodifferential operators that lie between <(S) and Ψ−∞.

Definition 5.4.2. A symbol of degree (l,m) ∈ R2 of type σ, on M is a smooth section a ∈
C∞(T ∗M,L(E)) such that for any (z, b) and any n-multi-indices α, β, there exists K > 0 such
that ∥∥∥∂(α,β)

z,b az(x, θ)
∥∥∥
L(Ez)

≤ K〈x〉σ(l−|α|)
z,b 〈θ〉m−|β|z,b,x (5.20)

is valid for all (x, θ) ∈ T ∗M . The space of symbols of degree (l,m) and type σ is noted Sl,mσ .

Remark that Sl,m0 is independent of l, so we denote this space Sm0 . We note S−∞σ := ∩l,mSl,mσ
and in the case σ > 0, we define S−∞ := S−∞σ = S(T ∗M,L(E)) (it is independent of σ > 0). We
set S∞σ := ∪l,mSl,mσ . We define similarly Sl,mσ,z := Sl,mσ (R2n, L(Ez)), without reference to a frame.

Since M has a Sσ-bounded geometry, we get the following coordinate independence of the
previous definition:

Proposition 5.4.3. Let a ∈ C∞(T ∗M,L(E)). Then a ∈ Sl,mσ if and only if there exists a frame
(z, b) such that a satisfies (5.20).
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Proof. Suppose that (5.20) is satisfied for (z′, b′) and let (z, b) be another frame. For (x, θ) ∈ T ∗M
and α, β two n-multi-indices with ν = (α, β) 6= 0, we get from Equation (5.15) and Lemma 5.2.13,∥∥∂νz,baz(x, θ)∥∥L(Ez)

≤ K
∑
α′,β′

∑
ρ≤λ≤ν′

〈x〉σ(|α′|−|α|)
z,b 〈θ〉|β

′|−|β|
z,b,x 〈x〉σ(|λ1|−|α′|)

z′,b′

×〈x〉σ(l−|ρ1|)
z′,b′ 〈θ〉m−|β

′|
z′,b′,x 〈x〉

σ(|ρ1|−|λ1|)
z′,b′ .

Using (5.2), (5.3) and the fact that |α| ≥ |ρ1|, we get the result.

Corollary 5.4.4. If a ∈ C∞(T ∗M,L(E)), then a ∈ Sl,mσ if and only if for any (z, b),
az ◦ (nb

z,∗)
−1 ∈ Sl,mσ (R2n, L(Ez)), or equivalently, there exists (z, b) such that az ◦ (nb

z,∗)
−1 ∈

Sl,mσ (R2n, L(Ez)).

We see that Sl,mσ · Sl
′,m′
σ ⊆ Sl+l

′,m+m′
σ where · is the composition of sections induced by the

matrix product on the fibers of L(E). Moreover, Sl,mσ ⊆ Sl
′,m′
σ for m ≤ m′ and l ≤ l′. Thus, S∞σ is

a ∗-algebra, which is bigraduated for σ > 0 and graduated for σ = 0. Remark also that S−∞ ·Sm0
and Sm0 ·S−∞ are included in S−∞. Note that if f ∈ Sl,mσ (T ∗M) (a symbol whereM has its trivial
bundleM×C), then af (x, θ) := f(x, θ)IL(Ex) defines a symbol in Sl,mσ . Such symbols will be called
scalar symbols. Note also that if a ∈ Sl,mσ , then ∂(α,β)

z,b a := (τz◦π)(∂(α,β)
z,b az)(τ−1

z ◦π) ∈ Sl−|α|,m−|β|σ .

If f ∈ Sσ(Rn) then (x, ϑ) 7→ f(x) IdL(Ez) ∈ S0,0
σ (Rn, L(Ez)). In particular (x, ϑ) 7→

µ±1
z,b(x) IdL(Ez) ∈ S

0,0
σ (Rn, L(Ez)) if dµ is a S×σ -density.

Remark 5.4.5. We note PSl,mσ (R2n, L(Ez)) the subspace of Sl,mσ (R2n, L(Ez)) consisting of
functions of the form

∑
1≤i≤(dimEz)2 Piei where (ei) is a linear basis of L(Ez) and Pi are of

the form
∑

β ci,β(x)ϑβ (finite sum over the n-multi-indices β), where for any i, β, ∂αci,β(x) =
O(〈x〉σ(l−|α|)) for any n-multi-indices α, and m = maxi degϑ Pi. We check that this definition is
independent of the chosen basis (ei).

We call polynomial symbol of order l,m and type σ any section of the form (τz ◦ π)(P ◦
nb
z,∗)(τ

−1
z ◦π) where P ∈ PSl,mσ (R2n, L(Ez)) and (z, b) is a frame. This definition is independent

of (z, b). We note PSl,mσ the subspace of Sl,mσ consisting of polynomial symbols of order l,m and
type σ. Remark that the section I : (x, θ) 7→ IL(Ex) is in PS0,0

1 .

We now topologize the symbol spaces:

Lemma 5.4.6. The following semi-norms on Sl,mσ , for N ∈ N,

q(α,β)(a) := sup
(x,θ)∈T ∗M

〈x〉σ(|α|−l)
z,b 〈θ〉|β|−mz,b,x

∥∥∥∂(α,β)
z,b az(x, θ)

∥∥∥
L(Ez)

determine a Fréchet topology on Sl,mσ , which is independent of (z, b). The applications Tz,b,∗ are
topological isomorphisms from Sl,mσ onto Sl,mσ (R2n, L(Ez)). The following inclusions are continous
for these topologies: Sl,mσ ·Sl

′,m′
σ ⊆ Sl+l

′,m+m′
σ , Sl,mσ ⊆ Sl

′,m′
σ (m ≤ m′ and l ≤ l′) and S−∞σ ⊆ Sl,mσ .

Moreover, the last inclusion is dense when Sl,mσ has the topology of Sl
′,m′
σ for m < m′ and l < l′.
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Proof. The independence of the topology for (z, b) follows from the easily checked estimate for
any (α, β),

q
(z,b)
(α,β)(a) ≤ Kα,β

∑
0≤|(α′,β′)|≤|(α,β)|
|β′|≥|β| ,γ≤α′

q
(z′,b′)
(γ,β′) (a).

whereKα,β > 0. By construction the applications Tz,b,∗ are clearly topological isomorphisms from
Sl,mσ onto Sl,mσ (R2n, L(Ez)). The continuity of Sl,mσ · Sl

′,m′
σ ⊆ Sl+l

′,m+m′
σ , Sl,mσ ⊆ Sl

′,m′
σ (m ≤ m′

and l ≤ l′) and S−∞σ ⊆ Sl,mσ are straightforward. Following [105], to prove the density result, we
shall prove the stronger property: for any a ∈ Sl,mσ (R2n, L(Ez)) the sequence

ap(x, ϑ) := (ρ(x/p))1−δσ,0 ρ(ϑ/p) a(x, ϑ)

converges to a for the topology of Sl
′,m′
σ (R2n, L(Ez)) where m′ > m and l′ > l. Here ρ ∈

C∞c (Rn, [0, 1]) with ρ = 1 on B(0, 1) and ρ = 0 on Rn\B(0, 2). First, it is clear that ap ∈
S−∞σ (R2n, L(Ez)). Noting Rp(x, ϑ) := 〈x〉σ(|α|−l′)〈ϑ〉|β|−m′

∥∥∂(α,β)(a− ap)(x, ϑ)
∥∥
L(Ez)

for a given
2n-multi-index ν := (α, β), we get with Leibniz rule, for a K > 0 (by convention ν ′ < ν if and
only if ν ′ ≤ ν and ν ′ 6= ν):

1
K Rp(x, ϑ) ≤ ∆p(x, ϑ)〈x〉σ(l−l′)〈ϑ〉m−m′ +

∑
ν′<ν

|∂ν−ν′∆p(x, ϑ)|〈x〉σ(l−l′+|α|−|α′|)〈ϑ〉m−m′+|β|−|β′|

where ∆p(x, ϑ) := 1 − (ρ(x/p))1−δσ,0ρ(ϑ/p). Suppose that σ = 0. In that case, |∆p(x, ϑ)| ≤
1[p,+∞[(ϑ) and if ν ′ < ν,

|∂ν−ν′∆p(x, ϑ)| ≤ δα,α′ Kβ p
−|β|+|β′| 1[p,2p](ϑ) (5.21)

where 1[r,r′] is the characteristic function of the annulus Ar,r′ := {ϑ ∈ Rn : r ≤ ‖ϑ‖ ≤ r′ } and
Kβ := supβ′<β

∥∥∥∂β−β′ρ∥∥∥
∞
. As a consequence, for K ′ > 0,

1
K Rp(x, ϑ) ≤ 〈p〉m−m′ +Kβ

∑
ν′<ν

δα,α′ 1[p,2p](ϑ) p−|β|+|β
′| 〈ϑ〉m−m′+|β|−|β′| ≤ K ′〈p〉m−m′

and the result follows. Suppose now σ 6= 0. In that case |∆p(x, ϑ)| ≤ 1Fp(x, ϑ) where Fp :=
R2n −B(0, p)2 and if ν ′ < ν, for a constant Kν > 0

|∂ν−ν′∆p(x, ϑ)| ≤ Kν 1[sgn(α−α′)p,2p](x) 1[sgn(β−β′)p,2p](ϑ) p−|ν|+|ν
′| . (5.22)

As a consequence, for K ′,K ′′ > 0, and with r := max{m−m′, σ(l − l′)} < 0,

1
K Rp(x, ϑ) ≤ 〈p〉r +K ′

∑
ν′<ν

1[sgn(α−α′)p,2p](x) 1[sgn(β−β′)p,2p](ϑ) 〈x〉σ(l−l′)〈ϑ〉m−m′ ≤ K ′′〈p〉r

and the result follows.

Note that S−∞ := ∩l,mS−∞σ>0 = S(T ∗M,L(E)) and the equality is also valid for the topologies.
The following lemma shows that the symbols of Sl,mσ are tempered distributional sections on
T ∗M .
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Lemma 5.4.7. The application jT ∗M is injective and continuous from Sl,mσ into S ′(T ∗M,L(E)).

Proof. Since we have the following commutative diagram

Sl,mσ
jT∗M //

Tz,b,∗
��

S ′(T ∗M,L(E))

Sl,mσ (R2n, L(Ez)) i
// OM (R2n, L(Ez)) j

// S ′(R2n, L(Ez))

T ∗z,b,∗

OO

where T ∗z,b,∗ is the adjoint of Tz,b,∗ on S(T ∗M,L(E)) and OM (R2n, L(Ez)) is the locally convex
complete Hausdorff space of L(Ez)-valued functions on R2n with polynomially bounded deriva-
tives, it is sufficient to check that the natural injection i is continuous from Sl,mσ (R2n, L(Ez)) into
OM (R2n, L(Ez)). This is obtained by the following estimate, for any ϕ ∈ S(R2n) and ν = (α, β)
2n-multi-index,

sup
(x,ϑ)∈R2n

‖ϕ∂νa(x, ϑ)‖L(Ez) ≤ Kϕ,ν qν(a)

where Kϕ,ν := sup(x,ϑ)∈R2n |ϕ(x, ϑ)〈x〉σ(l−|α|)〈ϑ〉m−|β||.

Definition 5.4.8. Let (aj)j∈N∗ be a sequence in S
lj ,mj
σ where (lj) and (mj) are real strictly

decreasing sequences such that limj→∞ lj = limj→∞mj = −∞. We say that a is an asymptotic
expansion of (aj)j∈N∗ and we denote

a ∼
∞∑
j=1

aj

if a ∈ C∞(T ∗M,L(E)) is such that a−
∑k−1

j=1 aj ∈ S
lk,mk
σ for any k ∈ N with k ≥ 2. In particular,

we have a ∈ Sl1,m1
σ .

We need asymptotic summation of symbols modulo S−∞σ . The following result of asymptotic
completeness is based on a classical method [127] of approximation of series by weightening
summands aj(x, θ) with functions which “cut” a neighborhood of zero in the domain of x (if
σ 6= 0) and θ. The idea is that the part we cut is bigger and bigger when j → ∞ so that
convergence occurs.

Lemma 5.4.9. Let (aj)j∈N∗ be a sequence in Slj ,mjσ where (lj) and (mj) are real strictly decrea-
sing sequences such that limj→∞ lj = limj→∞mj = −∞. Then
(i) There exists a ∈ Sl1,m1

σ such that a ∼
∑∞

j=1 aj.
(ii) If another a′ satisfies a′ ∼

∑∞
j=1 aj, then a− a′ ∈ S−∞σ .

Proof. (ii) is obvious. Let us prove (i) for a sequence (aj)j∈N∗ in S
lj ,mj
σ (R2n, L(Ez)) and with

a ∼
∑∞

j=1 aj ∈ S
l1,m1
σ (R2n, L(Ez)). The result will then follows for a sequence (bj) in Sl,mσ by

taking b := T−1
z,b,∗(a) where aj := Tz,b,∗(bj). Define

a′j(x, ϑ) := ∆pj (x, ϑ) aj(x, ϑ)
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where ∆pj is defined in the proof of Lemma 5.4.6 and (pj) is a real sequence in [1,+∞[. For any
j ∈ N, a′j − aj ∈ S−∞σ (R2n, L(Ez)). Thus, the result will follow if we prove that for a specified
sequence (pj) and for any N ≥ 0, there exists k0(N) ≥ 2 such that for any k ≥ k0(N),

∞∑
j=k+1

qN,lk,mk(a′j) <∞ (5.23)

where qN,lk,mk := sup|ν|≤N qν,lk,mk , and qν,lk,mk are the semi-norms of Slk,mkσ (R2n, L(Ez)). Indeed,

with
∥∥∥∂νa′j∥∥∥∞ ≤ q|ν|,lk,mk(a′j) for k ≥ k1(ν), a′ :=

∑∞
j=1 a

′
j is a well defined smooth function

and we have then a′ −
∑k−1

j=1 aj ∈ S
lk,mk
σ (R2n, L(Ez)). Using Leibniz rule, we see that for any

2n-multi-index ν := (α, β), and any j ∈ N∗, there is Kν,j > 0 such that

1
Kν,j

∥∥∂νa′j(x, ϑ)
∥∥
L(Ez)

≤ ∆p(x, ϑ)〈x〉σ(lj−|α|)〈ϑ〉mj−|β|

+
∑
ν′<ν

|∂ν−ν′∆p(x, ϑ)|〈x〉σ(lj−|α′|)〈ϑ〉mj−|β′|.

Let us suppose that σ = 0. The estimate (5.21) yields for any N ≥ 0, k ≥ 2, j ≥ k + 1,

qN,lk,mk(a′j) ≤ KN,j〈pj〉mj−mj−1

for a constant KN,j > 0. If we now fix pj as pj = (2j supN≤j{KN,j , 1 })1/(mj−1−mj), then we see
that for any N ≥ 0, k ≥ N + 2, j ≥ k + 1, we have qN,lk,mk(a′j) ≤ 2−j and (5.23) is satisfied.
Suppose now σ 6= 0. The estimate (5.22) yields for any N ≥ 0, k ≥ 2, j ≥ k + 1,

qN,lk,mk(a′j) ≤ K ′N,j〈pj〉rj

for a constant K ′N,j > 0 and with rj := max{mj −m′j−1, σ(lj − l′j−1)} < 0. If we now fix pj as

pj = (2j supN≤j{K ′N,j , 1 })
−r−1

j , then we see that for any N ≥ 0, k ≥ N + 2, (5.23) is satisfied
as for the case σ = 0.

5.4.2 Amplitudes and associated operators on S(Rn, Ez)

We shall see in this section amplitudes as generalizations of symbols of the type Sl,mσ,z :=
Sl,mσ (R2n, L(Ez)) where z ∈M is fixed. For each amplitude, a continuous operator from S(Rn, Ez)
into itself will be defined. Here the spaces L(Ez) and Ez can simply be considered as Mn(C)
and Cn. The results in this section will be important for pseudodifferential operators on M in
the next section.

Definition 5.4.10. An amplitude of order l, w,m and type σ ∈ [0, 1], κ ≥ 0, is a smooth function
a ∈ C∞(R3n, L(Ez)) such that for any 3n-multi-index ν = (α, β, γ), there exists Cν > 0 such
that ∥∥∥∂(α,β,γ)a(x, ζ, ϑ)

∥∥∥
L(Ez)

≤ Cν 〈x〉σ(l−|α+β|) 〈ζ〉w+κ|α+β| 〈ϑ〉m−|γ| (5.24)

for any (x, ζ, ϑ) ∈ R3n. We note Πl,w,m
σ,κ,z := Πl,w,m

σ,κ (R3n, L(Ez)) the space of amplitudes of order
l, w,m and type σ, κ.
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Remark that Πl,w,m
0,κ,z is independent of l, we denote this space Π0,w,m

0,κ,z . We note Π−∞,wσ,κ,z :=
∩l,mΠl,w,m

σ,κ,z . We set Π∞σ,κ,z := ∪l,w,mΠl,w,m
σ,κ,z and Π−∞σ,z := ∩l,m ∪w,κ Πl,w,m

σ,κ,z . We see that Πl,w,m
σ,κ,z ·

Πl′,w′,m′
σ,κ,z ⊆ Πl+l′,w+w′,m+m′

σ,κ,z and Πl,w,m
σ,κ,z ⊆ Πl′,w′,m′

σ,κ,z for m ≤ m′, w ≤ w′, and l ≤ l′. Thus, Π∞σ,κ,z
is a ∗-algebra, which is trigraduated for σ > 0 and bigraduated for σ = 0. Note also that if
a ∈ Πl,w,m

σ,κ,z , then ∂(α,β,γ)a ∈ Πl−|α+β|,w+κ|α+β|,m−|γ|
σ,κ,z .

Amplitudes and symbols in Sl,mσ,z are related by the following lemma:

Lemma 5.4.11. (i) For any a ∈ Πl,w,m
σ,κ,z we have aζ=0 := (x, ϑ) 7→ a(x, 0, ϑ) in Sl,mσ,z .

(ii) For any s ∈ Sl,mσ,z , the function (x, ζ, ϑ) 7→ s(x, ϑ) is in Πl,0,m
σ,0,z .

(iii) For any f ∈ Sσ(Rn), the function (x, ζ, ϑ) 7→ f(x) IdL(Ez) is in Π0,0,0
σ,0,z.

Proof. (i) follows from the fact that ∂ν(a ◦ P ) = (∂P (ν)a) ◦ P where P (x, ϑ) := (x, 0, ϑ).
(ii) Noting Q(x, ζ, ϑ) := (x, ϑ), the result follows from ∂α,β,γ(s ◦Q) = δβ,0(∂α,γs) ◦Q.
(iii) follows from (ii) and the fact that (x, ϑ) 7→ f(x) IdL(Ez) ∈ S

0,0
σ,z .

As the spaces of symbols, the Πl,w,m
σ,κ,z are naturally Fréchet spaces:

Lemma 5.4.12. The following semi-norms on Πl,w,m
σ,κ,z :

ql,w,m(α,β,γ)(a) := sup
(x,ζ,ϑ)∈R3n

〈x〉σ(|α+β|−l)〈ζ〉−w−κ|α+β|〈ϑ〉|γ|−m
∥∥∥∂(α,β,γ)a(x, ζ, ϑ)

∥∥∥
L(Ez)

determine a Fréchet topology on Πl,w,m
σ,κ,z . The following inclusions are continous for these topolo-

gies: Πl,w,m
σ,κ,z · Πl′,w′,m′

σ,κ,z ⊆ Πl+l′,w+w′,m+m′
σ,κ,z , Πl,w,m

σ,κ,z ⊆ Πl′,w′,m′
σ,κ,z (m ≤ m′, w ≤ w′ and l ≤ l′) and

Π−∞,wσ,κ,z ⊆ Πl,w,m
σ,κ,z . Moreover, the last inclusion is dense when Πl,w,m

σ,κ,z has the topology of Πl′,w,m′
σ,κ,z

for m < m′ and l < l′.

Proof. The continuity results are straightforward. For the density result, we prove as in Lemma
5.4.6, that for any a ∈ Πl,w,m

σ,κ,z the sequence

ap(x, ζ, ϑ) := (ρ(x/p))1−δσ,0 ρ(ϑ/p) a(x, ζ, ϑ) =: (1−∆p(x, ϑ)) a(x, ζ, ϑ)

converges to a for the topology of Πl′,w,m′
σ,κ (R2n, L(Ez)) where m′ > m and l′ > l. First note

that the application (x, ζ, ϑ) 7→ (ρ(x/p))1−δσ,0 ρ(ϑ/p) IdL(Ez) is an amplitude in Π−∞,0σ,0,z . Thus,
(ap)p∈N∗ is a sequence in Π−∞,wσ,κ,z . We define the function Rp such that ql

′,w,m′

(α,β,γ)(a − ap) =
sup(x,ζ,ϑ)∈R3n Rp(x, ζ, ϑ), where m′ > m and l′ > l. For a given 3n-multi-index ν := (α, β, γ), we
get with Leibniz rule, for a K > 0,

1
K Rp(x, ζ, ϑ) ≤ ∆p(x, ϑ) 〈x〉σ(l−l′) 〈ϑ〉m−m′ +

∑
ν′<ν

|∂ν−ν′∆p(x, ϑ)|

× 〈x〉σ(l−l′+|α+β|−|α′+β′|)〈ζ〉κ(|α′+β′|−|α+β|)〈ϑ〉m−m′+|γ|−|γ′| .

Suppose that σ = 0. In that case, |∆p(x, ϑ)| ≤ 1[p,+∞[(ϑ) and if ν ′ < ν,

|∂ν−ν′∆p(x, ϑ)| ≤ δα,α′ δβ,β′ Kγ p
−|γ|+|γ′| 1[p,2p](ϑ) .
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As a consequence we find Rp(x, ζ, ϑ) = Op→∞(〈p〉m−m′), as in Lemma 5.4.6. Suppose now σ 6= 0.
In that case |∆p(x, ϑ)| ≤ 1Fp(x, ϑ) where Fp := R2n − Bn(0, p) × Bn(0, p) and if ν ′ < ν, for a
constant Kν > 0

|∂ν−ν′∆p(x, ϑ)| ≤ δβ−β′,0Kν 1[sgn(α−α′)p,2p](x) 1[sgn(γ−γ′)p,2p](ϑ) p−|ν|+|ν
′| .

As a consequence, we find Rp(x, ζ, ϑ) = Op→∞(〈p〉r) where r := max{m−m′, σ(l− l′)} < 0 and
the result follows.

We shall note ∆ζ the differential operator
∑n

i=1 ∂
2
ζi
. The following formula is valid for any

ϑ, ζ ∈ Rn and p ∈ N,

〈ϑ〉2pe2πi〈ϑ,ζ〉 = (1− (2π)−2∆ζ)p e2πi〈ϑ,ζ〉 =: Lpζ e
2πi〈ϑ,ζ〉 . (5.25)

A computation shows that (1− (2π)−2∆ζ)p =
∑

0≤|β|≤p cp,β ∂
2β
ζ , where the summation is on n-

multi-indices β and cp,β :=
( p
|β|
)
(−1)|β|(2π)−2|β|β!. We shall also use the following useful formula

valid for any ϑ ∈ Rn, ζ ∈ Rn\{ 0 } and p ∈ N,

e2πi〈ϑ,ζ〉 =
∑
|β|=p

λβ
ζβ

‖ζ‖2p ∂
β
ϑ e

2πi〈ϑ,ζ〉 =: Mp,ζ
ϑ e2πi〈ϑ,ζ〉 (5.26)

where λβ := β!(2π)−|β|i|β|. We define tMp,ζ
ϑ :=

∑
|β|=p λβ(−1)p ζβ

‖ζ‖2p∂
β
ϑ .

Definition 5.4.13. We note Of,z, where f1, f2, f3 : N3n → R, and f := (f1, f2, f3), the space
of smooth functions in C∞(R3n, L(Ez)) such that for any 3n-multi-index ν = (α, β, γ), there is
Cν > 0 such that

‖∂νa(x, ζ, ϑ)‖L(Ez) ≤ Cν〈x〉
f1(ν)〈ζ〉f2(ν)〈ϑ〉f3(ν)

uniformly in (x, ζ, ϑ) ∈ R3n.

The vector space Of,z has a natural family of seminorms qfν given by the best constants Cν in
the previous estimate. With this family, Of,z is a Fréchet space. Obviously, amplitudes in Πl,w,m

σ,κ,z

form an Of,z space where f1(ν) := σ(l − |α + β|), f2(ν) := w + κ|α + β| and f3(ν) := m − |γ|.
For a given triple f := (f1, f2, f3) and ρ ∈ R, we will note f3,ρ,α,γ := supβ f3(α, β, γ) − ρ|β|,
f2,ρ,α,β := supγ f2(α, β, γ)− ρ|γ| and f1,ρ,α,β := supγ f1(α, β, γ)− ρ|γ|.

Proposition 5.4.14. Let Γ a continuous linear operator on the space S(R2n, L(Ez)), and f :=
(f1, f2, f3) a triple such that there exists ρ < 1 such that f3,ρ,0,0 <∞.
(i) For any function a ∈ Of,z the following antilinear form on S(R2n, L(Ez))

〈OpΓ(a), u〉 :=
∫

R3n

e2πi〈ϑ,ζ〉Tr(a(x, ζ, ϑ) Γ(u)∗(x, ζ)) dζ dϑ dx

is in S ′(R2n, L(Ez)).
(ii) For any given u ∈ S(R2n, L(Ez)), the linear form Lu,Γ := a 7→ 〈OpΓ(a), u〉 is continuous on
Of,z. In particular Lu,Γ is continuous on any amplitude space Πl,w,m

σ,κ,z .
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Proof. (i) We have OpΓ(a) = I(a) ◦ Γ, where I(a) is the antilinear form on S(R2n, L(Ez)):

〈I(a), u〉 :=
∫

R3n

e2πi〈ϑ,ζ〉Tr(a(x, ζ, ϑ)u∗(x, ζ)) dζ dϑ dx .

We shall prove that I(a) ∈ S ′(R2n, L(Ez)), which will give the result. Let u ∈ S(R2n, L(Ez))
and let us fix for now x and ϑ ∈ Rn. We can check that the map ζ 7→ a(x, ζ, ϑ)u∗(x, ζ) is in
S(Rn, L(Ez)). As a consequence, with (5.25) and integration by parts, we get with R(x, ϑ) :=∫

Rn e
2πi〈ϑ,ζ〉a(x, ζ, ϑ)u∗(x, ζ) dζ,

R(x, ϑ) =
∫

Rn
e2πi〈ϑ,ζ〉〈ϑ〉−2p(1− (2π)−2∆ζ)p a(x, ζ, ϑ)u∗(x, ζ) dζ

=
∑

0≤|β|≤p

∑
β′≤2β

cp,β
(

2β
β′

)
〈ϑ〉−2p

∫
Rn
e2πi〈ϑ,ζ〉(∂(0,β′,0) a(x, ζ, ϑ)) (∂(0,2β−β′)u∗(x, ζ)) dζ .

Thus, for any x, ϑ ∈ Rn, we get by fixing p such that 2(ρ− 1)p+ f3,ρ,0,0 ≤ −2n (this is possible
since ρ < 1) that for any N ∈ N,

‖R(x, ϑ)‖L(Ez) ≤ Cp〈ϑ〉
−2n

∫
Rn
〈x, ζ〉−N+rp dζ

∑
0≤|β|≤p

∑
β′≤2β

qf0,β′,0(a) qN,(0,2β−β′)(u)

for a Cp > 0, where rp := max|β′|≤2p |f1(0, β′, 0)| + |f2(0, β′, 0)|. If we now fix N such that
−N + rp ≤ −4n, we see, using the inequality 〈x, ζ〉−2 ≤ 〈x〉−1〈ζ〉−1, that there is Cρ,f > 0 such
that

|〈I(a), u〉| ≤ Cρ,f
∑

0≤|β|≤p

∑
β′≤2β

qf0,β′,0(a) qN,(0,2β−β′)(u) (5.27)

which yields the result.
(ii) The continuity of Lu,Γ on Of,z follows directly from (5.27) since Lu,Γ(a) = 〈I(a),Γ(u)〉.
Since Πl,w,m

σ,κ,z = Of,z for a triple f = (f1, f2, f3) such that f3,0,0,0 < ∞, Lu,Γ is continous on any
amplitude space.

For any amplitude a, we will also note OpΓ(a) the continous linear map from S(Rn, Ez) into
S ′(Rn, Ez), associated to the tempered distribution u 7→ 〈OpΓ(a), u〉.

Remark 5.4.15. If (M, exp, E, dµ, ψ) has a OM -bounded geometry, we saw that for any frame
(z, b) and λ ∈ [0, 1], the Γλ,z,b maps are topological isomorphisms on S ′(R2n, L(Ez)). Thus,
Lemma 5.4.14 implies that for a given a ∈ Πl,w,m

σ,κ,z , we can define a family indexed by λ ∈ [0, 1]
of operators OpΓλ,z,b(a) which are continous from S(Rn, Ez) into S ′(Rn, Ez).

Remark 5.4.16. Suppose that (M, exp, E, dµ) has a Sσ bounded geometry and that ψ is a
OM -linearization. We deduce from (5.19) that if s is a symbol in Sl,mσ and λ ∈ [0, 1], we have
(Opλ(s))z,b = OpΓλ,z,b(µsz,b) where (z, b) is a frame, sz,b := Tz,b,∗(s) and µsz,b := (x, ζ, ϑ) 7→
µz,b(x) sz,b(x, ϑ) ∈ Πl,0,m

σ,0,z . We will also note µ−1sz,b(x, ζ, ϑ) := µ−1
z,b(x)sz,b(x, ϑ) ∈ Πl,0,m

σ,0,z .

We now establish a sufficient condition on Γ and a in order to have OpΓ(a) stable (and
continuous) on S(Rn, Ez). The result will be used to establish regularity of pseudodifferential
operators.
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Lemma 5.4.17. Let Γ be a continuous linear operator on S(R2n, L(Ez)) of the form Γ = Lτ1 ◦
Rτ2 ◦ CΦ, where τi ∈ OM (R2n, L(Ez)) (for 1 ≤ i ≤ 2), and Φ := (π1, ψ) ∈ C∞(R2n,R2n) is such
that ψ ∈ OM (R2n,Rn) and there exist c, ε, r > 0, such that for any (x, ζ) ∈ R2n, 〈ψ(x, ζ)〉 ≥
c〈x〉ε〈ζ〉−r and for any x ∈ Rn, there is cx > 0 such that 〈ψ(x, ζ)〉 ≥ cx〈ζ〉ε uniformly in ζ ∈ Rn.

Suppose that f = (f1, f2, f3) is such that there exist (ρ1, ρ2, ρ3) ∈ R3 such that ρ3 < 1,
(r/ε)ρ1 + ρ2 < 1 and for any 2n-multi-index µ, f1,ρ1,µ < ∞, f2,ρ2,µ < ∞, f3,ρ3,µ < ∞ and for
any n-multi-index α f3,ρ3,α := supγ f3,ρ3,α,γ < ∞. Then for any function a ∈ Of,z, the operator
OpΓ(a) is continuous from S(Rn, Ez) into itself. In particular, this is the case for any amplitude
a ∈ Πl,w,m

σ,κ,z .

Proof. Let u, v ∈ S(Rn, Ez). By definition, 〈OpΓ(a)(v), u〉 = OpΓ(a)(u⊗ v) and Γ(K) = τ1 (K ◦
Φ) τ2. Noting a′(x, ζ, ϑ) := τ∗1 (x, ζ) a(x, ζ, ϑ) τ∗2 (x, ζ), we obtain

〈OpΓ(a)(v), u〉 :=
∫

R3n

e2πi〈ϑ,ζ〉( a′(x, ζ, ϑ) v(ψ(x, ζ))
∣∣u(x)

)
dζ dϑ dx

=
∫

Rn

(
g(x)

∣∣u(x)
)
dx

where g(x) :=
∫

R2n e
2πi〈ϑ,ζ〉 a′(x, ζ, ϑ) v ◦ ψ(x, ζ) dζ dϑ.

A computation with the Faa di Bruno formula shows that for any 2n-multi-index ν, anyN ∈ N
and any x ∈ Rn there is Cx,N,ν > 0 such that ‖∂ν(v ◦ ψ)(x, ζ)‖Ez ≤ Cx,N,ν〈ζ〉−N uniformly in
ζ ∈ Rn. As a consequence, the map ζ 7→ ∂α

′,0a′(x, ζ, ϑ) ∂α−α
′
(v ◦ ψ)(x, ζ) is in S(Rn, Ez). We

can thus successively integrate by parts in g(x) so that for any p ∈ N∗,

g(x) =
∫

R2n

e2πi〈ϑ,ζ〉〈ϑ〉−2pLpζ(a
′(v ◦ ψ))(x, ζ, ϑ) dζ dϑ .

By taking p such that (ρ3−1)2p+c0 ≤ −2n where cα := supα′≤α f3,ρ3,α′ , we see that the previous
integrand is absolutely integrable, and we can permute the order of integrations dζdϑ → dϑdζ.
Since all the successive ϑ-derivatives of 〈ϑ〉−2pLpζ(a

′(v ◦ ψ))(x, ζ, ϑ) converge to 0 when 〈ϑ〉 goes
to infinity, we can then integrate by parts in ϑ so that for any q ∈ N and p ≥ p0

g(x) =
∫

R2n

e2πi〈ϑ,ζ〉〈ζ〉−2qLqϑ(〈ϑ〉−2pLpζ(a
′(v ◦ ψ)))(x, ζ, ϑ) dζ dϑ .

Noting hp,q the previous integrand, we see that for any n-multi-index α, ∂αhp,q is a linear com-
bination of terms of the form

e2πi〈ϑ,ζ〉〈ζ〉−2q〈ϑ〉−2p−|γ−γ′|∂α
′,β′,γ′a′∂α−α

′,β−β′v ◦ ψ

where |γ| ≤ 2p, γ′ ≤ γ, |β| ≤ 2q, β′ ≤ β and α′ ≤ α. A computation with the Faa di Bruno
formula shows that for any 2n-multi-index ν there is rν ∈ N∗ such that for any N > 0, there
is Cν,N > 0 such that for any w ∈ S(Rn, Ez) and any (x, ζ) ∈ R2n, ‖∂ν(w ◦ ψ)(x, ζ)‖Ez ≤
Cν,N 〈x, ζ〉rν−N 〈ζ〉rν+(r/ε)N

∑
|ν′|≤|ν| q[N/ε]+1,ν′(w). Moreover, we check that there is Kα,p > 0

such that ∥∥∥∂(α′,β′,γ′)a′(x, ζ, ϑ)
∥∥∥
L(Ez)

≤ Cα,p,q〈x〉Kα,p+ρ12q〈ζ〉Kα,p+ρ22q〈ϑ〉cα+ρ32p .
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As a consequence, we get the estimate

‖∂αhp,q‖ ≤ Cα,p,q,N 〈x〉K
′
α,p+ρ12q−N 〈ζ〉K′α,p+(ρ2−1)2q+(r/ε)N 〈ϑ〉cα+(ρ3−1)2p

∑
|ν′|≤|ν|

q[N/ε]+1,ν′(v) .

or equivalently, replacing K ′α,p + ρ12q −N by −N ,

‖∂αhp,q‖ ≤ Cα,p,q,N 〈x〉−N 〈ζ〉K
′′
α,p+(ρ2−1+(r/ε)ρ1)2q+(r/ε)N 〈ϑ〉cα+(ρ3−1)2p∑

|ν′|≤|ν|

q[N+K′α,p+ρ12q/ε]+1,ν′(v) .

Fixing now, for a given N , p such that (ρ3 − 1)2p+ cα ≤ −2n and q such that K ′′α,p + (ρ2 − 1 +
(r/ε)ρ1)2q + (r/ε)N ≤ −2n, we obtain the result.

The following lemma gives a characterization of smoothing kernels in the cases σ = 0 and
σ 6= 0. If s is in a space of symbols and Γ is a continuous linear map on S(R2n, L(Ez)), we
will note OpΓ(s) := OpΓ((x, ζ, ϑ) 7→ s(x, ϑ)). We shall use the Fréchet space Ol,mσ,f,z of smooth
functions a in C∞(R3n, L(Ez)) such that for any ν := (µ, γ) ∈ N2n × Nn

‖∂νa(x, ζ, ϑ)‖L(Ez) ≤ Cν〈x〉
σ(l+f1(µ))〈ζ〉f2(ν)〈ϑ〉m+f3(µ) .

We will note Ol,m0,f,z =: Omf2,f3,z
. Clearly, OpΓ(a) (see Lemma 5.4.14) is defined as an antilinear

form on S(R2n, L(Ez)) whenever a ∈ Ol,mf,z with m+ f3(0) < −n. We note F the set of functions
f2 : N3n → R such that there is ρ < 1 such that for any (α, β) ∈ N2n f2,ρ,α,β := supγ f2(α, β, γ)−
ρ|γ| <∞.

Lemma 5.4.18. Let K ∈ S ′(R2n, L(Ez)), and Γ a topological isomorphim on S(R2n, L(Ez)) of
the form Γ = Lτ1 ◦Rτ2 ◦ CΦ with τ1, τ2 ∈ O×M (R2n, GL(Ez)), Φ ∈ O×M (R2n,R2n). Then
(i) Case σ = 0. The following are equivalent:

(i-1) There is f3 : N2n → R such that for any m ≤ −f3(0) − 2n, there exist f2,m ∈ F ,
am ∈ Omf2,m,f3,z

such that K = OpΓ(am).
(i-2) K ∈ C∞(R2n, L(Ez)) and for any 2n-multi-index ν, N ∈ N, there is Cν,N > 0 such that

for any (x, ζ) ∈ R2n, ‖∂νKΓ(x, ζ)‖L(Ez) ≤ Cν,N 〈ζ〉−N , where KΓ := K ◦ Γ = τ̃1K ◦ Φ τ̃2 |J(Φ)|.
(i-3) There is s ∈ S−∞0,z such that K = OpΓ(s).

(ii) Case σ > 0. The following are equivalent:
(ii-1) There is f1, f3 : N2n → R such that for any m ≤ −f3(0)− 2n, there exist f2,m ∈ F and

am ∈ Om,mσ,f1,f2,m,f3,z
such that K = OpΓ(am).

(ii-2) K ∈ S(R2n, L(Ez)).
(ii-3) There is s ∈ S−∞z such that K = OpΓ(s).

Proof. (i) The implication (i-3) ⇒ (i-1) is trivial. We will prove (i-1) ⇒ (i-2) ⇒ (i-3). Suppose
(i-1). Thus, for any m ≤ −2n − f3(0), there is f2,m ∈ F , am ∈ Omf2,m,f3,z

such that for any
u ∈ S(R2n, L(Ez)),

〈K ◦ Γ−1, u〉 =
∫

R3n

e2πi〈ϑ,ζ〉Tr
(
am(x, ζ, ϑ)u∗(x, ζ)

)
dζ dϑ dx .
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Since m ≤ −2n− f3(0), the preceding integral is absolutely convergent and we can permute the
order of integration. As a consequence, we get 〈K ◦ Γ−1, u〉 =

∫
R2n Tr

(
Um(x, ζ)u∗(x, ζ)

)
dζ dx

where Um(x, ζ) :=
∫

Rn e
2πi〈ϑ,ζ〉 am(x, ζ, ϑ) dϑ, we check easily that Um is a continous function

on R2n, so we deduce that Um =: U is independent of m and K ◦ Γ−1 is a distribution which
is continous function equal to U . Noting bm := e2πi〈ϑ,ζ〉 am(x, ζ, ϑ) we see that for any 2n-
multi-index µ := (α, β), ∂µx,ζbm = e2πi〈ϑ,ζ〉∑

β′≤β
(
β
β′

)
(2πiϑ)β−β

′
∂α,β

′,0am and we have then the
estimates

‖∂µbm‖ ≤ Cµ,m〈ζ〉supβ′≤β f2,m(α,β′,0)〈ϑ〉m+cµ

where cµ = supβ′≤β f3(α, β′) + |β|. Defining mµ := −2n− sup|µ′|≤|µ| cµ′ , we see that U is smooth
and

∂µU =
∫

R2n

∂µbmµdϑ =
∑
β′≤β

(
β
β′

)
(2πi)|β−β

′|
∫

Rn
e2πi〈ϑ,ζ〉ϑβ−β

′
∂α,β

′,0amµ(x, ζ, ϑ) dϑ .

All the ϑ-derivatives of ϑ 7→ ϑβ−β
′
∂α,β

′,0amµ(x, ζ, ϑ) converge to zero when ‖ϑ‖ → ∞ so we can
we integrate by parts in ϑ so that for any p ∈ N:

∂µU =
∑
β′≤β

(
β
β′

)
(2πi)|β−β

′|
∫

Rn
e2πi〈ϑ,ζ〉〈ζ〉−2pLpϑ

(
ϑβ−β

′
∂α,β

′,0amµ
)
(x, ζ, ϑ) dϑ .

Since amµ ∈ O
mµ
f2,mµ ,f3,z

and f2,mµ,ρµ,λ < ∞ for a ρµ < 1, we see that the integrand hp of the
previous integral satisfies the estimate

‖hp(x, ζ, ϑ)‖ ≤ Cp,µ〈ζ〉−2p+supβ′≤β f2,mµ,ρµ,α,β′+2pρµ〈ϑ〉−2n .

Given N > 0 and fixing p such that (ρµ − 1)2p + supβ′≤β f2,mµ,ρµ,α,β′ ≤ −N , we finally obtain
that K ◦Γ−1 = U is smooth and satisfies for any µ ∈ N2n and N > 0,

∥∥∂µK ◦ Γ−1(x, ζ)
∥∥
L(Ez)

≤
Cµ,N 〈ζ〉−N . We also have for any u ∈ S(R2n, L(Ez)), 〈K,u〉 = 〈U,Γ(u)〉 =

∫
R2n Tr(U ′(x, ζ)u∗ ◦

Φ(x, ζ))dx dζ where U ′(x, ζ) := τ∗1 (x, ζ)U(x, ζ)τ∗2 (x, ζ). Using the change of variables provided
by the diffeomorphism Φ, we get 〈K,u〉 =

∫
R2n Tr(K(x, y)u∗(x, y)) dx dy where K(x, y) :=

(|J(Φ−1)|(x, y))U ′ ◦ Φ−1(x, y). The result follows.
Suppose now (i-2). It is not difficult to see that FP sends S−∞0,z (seen as a subspace of
S ′(R2n, L(Ez))) into S−∞0,z . In particular, we have s := FP (KΓ) ∈ S−∞0,z . A computation shows
that 〈K,u〉 = 〈OpΓ(s), u〉 for any u ∈ S(R2n, L(Ez)).
(ii) Suppose (i-1). Following the proof of (i), we see that it is sufficient to prove that U is in
S(R2n, L(Ez)), where U(x, ζ) :=

∫
Rn e

2πi〈ϑ,ζ〉am(x, ζ, ϑ) dϑ (independent of m). Let us fix N > 0.
For any 2n-multi-index µ := (α, β), ∂µx,ζbm = e2πi〈ϑ,ζ〉∑

β′≤β
(
β
β′

)
(2πiϑ)β−β

′
∂α,β

′,0am and we
have the estimates

‖∂µbm‖ ≤ Cµ,m〈x〉σm+σdµ〈ζ〉supβ′≤β f2,m(α,β′,0)〈ϑ〉m+cµ

where cµ = supβ′≤β f3(α, β′) + |β| and dµ := supβ′≤β f1(α, β′). Defining

mµ,N := min{−2n− sup
|µ′|≤|µ|

cµ′ ,−N/σ − sup
|µ′|≤|µ|

dµ′}
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we see that U is smooth and

∂µU =
∫

R2n

∂µbmµ,Ndϑ =
∑
β′≤β

(
β
β′

)
(2πi)|β−β

′|
∫

Rn
e2πi〈ϑ,ζ〉ϑβ−β

′
∂α,β

′,0amµ,N (x, ζ, ϑ) dϑ .

All the ϑ-derivatives of ϑ 7→ ϑβ−β
′
∂α,β

′,0amµ,N (x, ζ, ϑ) converge to zero when ‖ϑ‖ → ∞ so we
can we integrate by parts in ϑ so that for any p ∈ N:

∂µU =
∑
β′≤β

(
β
β′

)
(2πi)|β−β

′|
∫

Rn
e2πi〈ϑ,ζ〉〈ζ〉−2pLpϑ

(
ϑβ−β

′
∂α,β

′,0amµ,N
)
(x, ζ, ϑ) dϑ .

Since amµ,N ∈ O
mµ,N ,mµ,N
σ,f1,f2,mµ,N

,f3,z
and f2,mµ,N ,ρµ,N ,λ <∞ for a ρµ,N < 1, we see that the integrand

hp of the previous integral satisfies the estimate

‖hp(x, ζ, ϑ)‖ ≤ Cp,µ,N 〈x〉−N 〈ζ〉
−2p+supβ′≤β f2,mµ,N ,ρµ,N ,α,β

′+2pρµ,N 〈ϑ〉−2n .

Fixing p such that (ρµ,N − 1)2p + supβ′≤β f2,mµ,N ,ρµ,N ,α,β′ ≤ −N , we finally obtain the follo-
wing estimate ‖∂µU‖L(Ez) ≤ Cµ,N 〈x〉−N 〈ζ〉−N , which yields (i-2). The other implications are
straightforward.

Corollary 5.4.19. Same hypothesis. We have (for σ = 0 or σ > 0), OpΓ(S−∞σ,z ) = ∩l,m ∪w,κ
OpΓ(Πl,w,m

σ,κ,z ) = OpΓ(Π−∞σ,z ).

Lemma 5.4.20. Let u ∈ S(R2n, L(Ez)) and β a n-multi-index.
(i) For any triple f := (f1, f2, f3) such that there exists ρ < 1 such that for any 2n-multi-index
(α, γ), f3,ρ,α,γ <∞, the following linear forms are continuous on Of,z

Rβ,u : a 7→
∫

R3n

ζβe2πi〈ϑ,ζ〉Tr(a(x, ζ, ϑ)u(x, ζ)) dζ dϑ dx ,

Sβ,u : a 7→ (i/2π)|β|
∫

R3n

e2πi〈ϑ,ζ〉Tr(∂βϑa(x, ζ, ϑ)u(x, ζ)) dζ dϑ dx .

(ii) Rβ,u = Sβ,u on any Πl,w,m
σ,κ,z space.

Proof. (i) The continuity of Rβ,u is a direct consequence of Proposition 5.4.14 since Rβ,u = Luβ ,Id
where uβ(x, ζ) := ζβu(x, ζ). Suppose that ν0 is a 3n-multi-index, we denote fν0 := ν 7→ f(ν+ν0).
A computation shows for any ρ, and n-multi-indices α, γ, fν0

3,ρ,α,γ ≤ f3,ρ,α+α0,γ+γ0 +ρ|β0|. Thus if
there is ρ < 1 such that for any 2n-multi-index (α, γ), f3,ρ,α,γ <∞, then for any 2n-multi-index
(α, γ), fν0

3,ρ,α,γ < ∞. If a ∈ Of,z then ∂ν0a ∈ Ofν0 ,z and the linear map a 7→ ∂ν0a is continuous.
As a consequence, since Sβ,u = Lu,Id ◦ Dβ , where Dβ := (i/2π)β∂βϑ , the continuity of Sβ,u on
Of,z follows from Proposition 5.4.14.
(ii) The equality is easily obtained on Π−∞,wσ,κ,z by an integration by parts in ϑ and permutations
of the order of integration dζdϑ→ dϑdζ in Rβ,u(a) (authorized for a ∈ Π−∞,wσ,κ,z ). The result now
follows from (i) and the density result of Lemma 5.4.12.

If N ≥ 1 and β, γ, n-multi-indices, we denote for any amplitude a ∈ Πl,w,m
σ,κ,z , the smooth

function aβ,γ,N as aβ,γ,N (x, ζ, ϑ) :=
∫ 1

0 (1 − t)N (∂(0,β,γ)a)(x, tζ, ϑ) dt. It is straightforward to
check that the linear map a 7→ aβ,γ,N is continuous from Πl,w,m

σ,κ,z into Πl−|β|,|w|+κ|β|,m−|γ|
σ,κ,z .
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The following lemma shows that λ-quantization of amplitudes and symbols yields the same
operators. This result of “reduction” of amplitudes to symbols will be important for Theorem
5.4.30 and thus, for a λ-invariant definition of pseudodifferential operators.

Lemma 5.4.21. (i) For any a ∈ Πl,w,m
σ,κ,z , (∂0,β,βa)ζ=0 ∈ S

l−|β|,m−|β|
σ,z for any n-multi-index β.

(ii) Let Γ be as in Lemma 5.4.18 and let a ∈ Πl,w,m
σ,κ,z . Then for any symbol s ∈ Sl,mσ,z such that

s ∼
∑

β
(i/2π)|β|

β! (∂0,β,βa)ζ=0, there is r ∈ S−∞σ,z such that OpΓ(a) = OpΓ(s + r). In particular

there exists an unique symbol s(a) ∈ Sl,mσ,z such that OpΓ(a) = OpΓ(s(a)). Moreover, we have
s(a) ∼

∑
β

(i/2π)|β|

β! (∂0,β,βa)ζ=0.
(iii) Suppose that (M, exp, E, dµ) has a Sσ-bounded geometry and ψ is a OM -linearization.
Let a ∈ Πl,w,m

σ,κ,z , λ ∈ [0, 1] and (z, b) be given a frame. Then there exists an unique sym-
bol sλ(a) ∈ Sl,mσ such that OpΓλ,z,b(a) = (Opλ(sλ(a))z,b. Moreover, we have Tz,b,∗(sλ(a)) ∼∑

β
(i/2π)|β|

β! µ−1(∂0,β,βa)ζ=0.

Proof. (i) is a direct consequence of Lemma 5.4.11 (i).
(ii) Using a Taylor expansion of a at ζ = 0, we find that for any u ∈ S(R2n, L(Ez)), N ∈ N∗,
〈OpΓ(a), u〉 =

∑
0≤|β|≤N Iβ +

∑
|β|=N+1

N+1
β! Rβ,N where

Iβ :=
∫

R3n

ζβe2πi〈ϑ,ζ〉Tr
(

1
β!(∂

(0,β,0)a)ζ=0(x, ϑ)Γ(u)∗(x, ζ)
)
dζ dϑ dx ,

Rβ,N :=
∫

R3n

ζβe2πi〈ϑ,ζ〉Tr
(
aβ,0,N (x, ζ, ϑ) Γ(u)∗(x, ζ)

)
dζ dϑ dx .

We get from Lemma 5.4.20 (ii),

Iβ =
∫

R3n

e2πi〈ϑ,ζ〉Tr
( (i/2π)|β|

β! (∂(0,β,β)a)ζ=0(x, ϑ)Γ(u)∗(x, ζ)
)
dζ dϑ dx .

Let s ∈ Sl,mσ,z be a symbol such that s ∼
∑

β
(i/2π)|β|

β! (∂0,β,βa)ζ=0. Then noting sN :=

s −
∑
|β|≤N

(i/2π)|β|

β! (∂0,β,βa)ζ=0 ∈ S
l−(N+1),m−(N+1)
σ,z , we find with Lemma 5.4.20 (ii) that

OpΓ(a− s) = OpΓ(rN ) where

rN :=
∑

|β|=N+1

(N+1)(i/2π)N+1

β! aβ,β,N − sN .

We check that rN ∈ Πl−(N+1),wN ,m−(N+1)
σ,κ,z where wN = |w|+κ(N+1). Corollary 5.4.19 applied to

OpΓ(a−s) now implies that there is r ∈ S−∞σ,z such that OpΓ(a) = OpΓ(s+r). As a consequence,
there exists s(a) ∈ Sl,mσ,z such that OpΓ(a) = (OpΓ(s(a)). The unicity is a direct consequence of
the fact that OpΓ = Γ∗ ◦ F∗P on S ′(R2n, L(Ez)).
(iii) Direct consequence of (ii) and that fact that (Opλ(s))z,b = OpΓλ,z,b(µz,bsz,b).

5.4.3 Sσ-linearizations

In order to have a full symbol-operator isomorphism, a polynomial control at infinity on the
linearization is not enough. As we shall see, a stronger, “amplitude-like” control on the ψb

z maps
and a local equivalent of the Px,ξ parallel transport linear isomorphisms (see Remark 5.3.3)
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appears to be crucial for pseudodifferential calculus on (M, exp, E) and the λ-invariance (see
Theorem 5.4.30).

We define Hw
σ,κ(E) (resp. Ewσ,κ(E)), where w ∈ R, σ ∈ [0, 1] and κ ≥ 0, as the space of

smooth functions g from R2n into E such that for any 2n-multi-index ν, there exists Cν >
0 such that for any (x, ζ) ∈ R2n, ‖∂νg(x, ζ)‖ ≤ Cν〈x〉−σ(|ν|−1)〈ζ〉w+κ(|ν|−1) (if ν 6= 0) (resp.
‖∂νg(x, ζ)‖ ≤ Cν〈x〉−σ|ν|〈ζ〉w+κ|ν|). We note Hσ,κ(E) := ∪w∈RH

w
σ,κ(E), Hσ(E) := ∪κ≥0Hσ,κ(E),

Eσ,κ(E) = ∪w∈RE
w
σ,κ(E) and Eσ(E) = ∪κ≥0Eσ,κ(E). Remark that by Leibniz rule, Eσ,κ(R) and

Eσ,κ(Mp(R)) are R-algebras (graduated by the parameter w) while Eσ,κ,z := Eσ,κ(L(Ez)) is a
C-algebra (under pointwise matricial product). Thus, if P ∈ Eσ,κ(Mp(R)), then detP ∈ Eσ,κ(R).
Note also that f ∈ Hσ,κ(E) if and only if for any i ∈ { 1, · · · , 2n }, ∂if ∈ Eσ,κ(E). In particular,
f ∈ Hσ,κ(Rp) if and only if df := (x, ζ) 7→ (df)x,ζ is in Eσ,κ(Mp,2n(R)). As a consequence, if
f ∈ Hσ,κ(R2n), its Jacobian determinant J(g) is in Eσ,κ(R). Note that any function in E0

σ,κ(E)
is bounded and if f ∈ H0

σ,κ(E) then there is C > 0 such that ‖f(x, ζ)‖E ≤ C〈x, ζ〉 for any
(x, ζ) ∈ R2n. The following lemma will give us the behaviour of the Eσ,κ and Hσ,κ spaces under
composition.

Lemma 5.4.22. (i) Let f ∈ Hw′
σ,κ(E) (resp. Ew′σ,κ(E)) and g ∈ Hw

σ,κ(R2n) such that there exists
C, c > 0, r ≥ 0, such that 〈g1(x, ζ)〉 ≥ c〈x〉〈ζ〉−r (if σ 6= 0) and 〈g2(x, ζ)〉 ≤ C〈ζ〉 for any
(x, ζ) ∈ R2n, where g =: (g1, g2). Then f ◦ g ∈ H |w|+|w

′|
σ,κ+|w|+rσ(E) (resp. E|w

′|
σ,κ+|w|+rσ(E)).

(ii) If P ∈ Ewσ,κ(Mn(R)), then (x, ζ) 7→ Px,ζ(ζ) ∈ Hw+κ+1
σ,κ (Rn).

(iii) Let f ∈ Gσ(Rn,E) and g ∈ Hw
σ,κ(Rn) such that there exists c > 0, r ≥ 0, such that, if

σ 6= 0, 〈g(x, ζ)〉 ≥ c〈x〉〈ζ〉−r for any (x, ζ) ∈ R2n. Then f ◦ g ∈ H |w|σ,max{ rσ,κ }+|w|(E). Moreover,
if f ∈ Gσ(Rn,Rp), then df ◦ g ∈ E0

σ,max{ rσ,κ }+|w|(Mp,n(R)).

Proof. (i) The Faa di Bruno formula yields for any 2n-multi-index ν 6= 0,

∂ν(f ◦ g) =
∑

1≤|λ|≤|ν|

(∂λf) ◦ g Pν,λ(g) (5.28)

where Pν,λ(g) is a linear combination (with coefficients independent of f and g) of functions of the
form

∏s
j=1(∂l

j
g)k

j where s ∈ { 1, · · · , |ν| }. The kj and lj are 2n-multi-indices (for 1 ≤ j ≤ s) such
that |kj | > 0, |lj | > 0,

∑s
j=1 k

j = λ and
∑s

j=1 |kj |lj = ν. As a consequence, since g ∈ Hw
σ,κ(R2n),

we see that for each ν, λ with 1 ≤ |λ| ≤ |ν| there exists Cν,λ > 0 such that for any (x, ζ) ∈ Rn,

|Pν,λ(g)(x, ζ)| ≤ Cν,λ〈x〉−σ(|ν|−|λ|)〈ζ〉w|λ|+κ(|ν|−|λ|) . (5.29)

Moreover, since f ∈ Hw′
σ,κ(R2n) (resp. Ew′σ,κ(R2n)), there is C ′λ > 0 such that for any (x, ζ) ∈ R2n,

the estimate
∥∥(∂λf) ◦ g(x, ζ)

∥∥ ≤ C ′λ〈x〉−σ(|λ|−1)〈ζ〉|w′|+(κ+rσ)(|λ|−1) (resp.
∥∥(∂λf) ◦ g(x, ζ)

∥∥ ≤
C ′λ〈x〉−σ|λ|〈ζ〉|w

′|+(κ+rσ)|λ|) is valid. We deduce then from (5.28) and (5.29) that f ◦ g belongs to
H
w+|w′|
σ,κ+|w|+rσ(E) (resp. E|w

′|
σ,κ+|w|+rσ(E)).

(ii) We note P i,jx,ζ the matrix entries of Px,ζ . Each component (f i)1≤i≤n of the map f := (x, ζ) 7→
Px,ζ(ζ) is of the form f i =

∑n
j=1 P

i,j ζj . It is straightforward to check that the applications
(x, ζ) 7→ ζj satify for any ν ∈ N2n, ∂νζj = O(〈ζ〉1−|ν|〈x〉σ(1−|ν|)). The result now follows from an
application of the Leibniz rule.
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(iii) Following the proof of (i), (5.29) is still valid, this time with λ as n-multi-indices and ν as
2n-multi-indices with 1 ≤ |λ| ≤ |ν|. Using the fact that 〈g(x, ζ)〉 ≥ c〈x〉〈ζ〉−r for any (x, ζ) ∈ R2n,
we obtain the following estimate∥∥∥(∂λf) ◦ g(x, ζ)

∥∥∥ ≤ C ′λ〈x〉−σ(|λ|−1)〈ζ〉rσ(|λ|−1) ≤ C ′λ〈x〉−σ(|λ|−1)〈ζ〉max{ rσ,κ }(|λ|−1)

which, with (5.29) and (5.28), yields f ◦ g belongs to H |w|σ,max{ rσ,κ }+|w|(E). The fact that df ◦ g is
in E0

σ,max{ rσ,κ }+|w|(Mp,n(R)) when f ∈ Gσ(Rn,Rp) is based on the same argument.

The Hσ,κ and Eσ,κ spaces are related to the symbol and amplitude spaces by the following
lemma.

Lemma 5.4.23. (i) If f ∈ Ewσ,κ,z, then (x, ζ, ϑ) 7→ f(x, ζ) is in Π0,w,0
σ,κ,z .

(ii) Let s ∈ Sl,mσ,z , m ∈ Hw
σ,κ(Rn) such that there exist C, c, r > 0 such that, if σ 6= 0, for

any (x, ζ) ∈ R2n, c〈x〉〈ζ〉−r ≤ 〈m(x, ζ)〉 ≤ C〈x〉〈ζ〉r, and P ∈ E0
σ,κ(Mn(R)) such that for any

(x, ζ, ϑ) ∈ R3n, 〈Px,ζ(ϑ)〉 ≥ c〈ϑ〉. Then (x, ζ, ϑ) 7→ s(m(x, ζ), Px,ζ(ϑ)) is in Πl,σr|l|,m
σ,κ+|σr−κ+w|,z.

(iii) If s ∈ Sσ(Rn), m ∈ Hw
σ,κ(Rn) such that, if σ 6= 0, there exists c, r > 0 such that for any

(x, ζ) ∈ R2n 〈m(x, ζ)〉 ≥ c〈x〉〈ζ〉−r, then (x, ζ, ϑ) 7→ s(m(x, ζ)) IdL(Ez) is in Π0,0,0
σ,κ+|σr−κ+w|,z.

(iv) If a ∈ Πl,w,m
σ,κ,z and P ∈ E0

σ,κ(Mn(R)) is such that there is c > 0 such that for any (x, ζ, ϑ) ∈
R3n, 〈Px,ζ(ϑ)〉 ≥ c〈ϑ〉, then aP : (x, ζ, ϑ) 7→ a(x, ζ, Px,ζ(ϑ)) ∈ Πl,w,m

σ,κ,z .

Proof. (i) is straightforward.
(ii) Let us note g(x, ζ, ϑ) := (m(x, ζ), Px,ζ(ϑ)). For any i, j ∈ { 1, · · · , n }, we denote P i,jx,ζ the (i, j)

matrix entry of Px,ζ . Since P ∈ E0
σ,κ(Mn(R)), we have P i,j·,· ∈ E0

σ,κ(R). Faa di Bruno formula in
Theorem 5.2.11 yields for any ν 6= 0

∂ν(s ◦ g) =
∑

1≤|λ|≤|ν|

(Pν,λ(g)) (∂λs) ◦ g (5.30)

where Pν,λ(g) is a linear combination of terms of the form
∏s
j=1(∂l

j
g)k

j , where 1 ≤ s ≤ |ν|, the
kj (resp. lj) are 2n-multi-indices (resp. 3n-multi-indices) with |kj | > 0, |lj | > 0,

∑s
j=1 k

j = λ

and
∑s

j=1 |kj |lj = ν. Let us note lj =: (lj,1, lj,2, lj,3), kj =: (kj,1, kj,2) where lj,1, lj,2, lj,3, kj,1, kj,2

are n-multi-indices. We have, noting Q(x, ζ, ϑ) := (x, ζ),

(∂l
j
g)k

j
=

n∏
i=1

(δlj,3,0(∂(lj,1,lj,2)m)i ◦Q)k
j,1
i

n∏
i=1

( n∑
k=1

∂(lj,1,lj,2)P i,k·,· ∂
lj,3ϑk

)kj,2i
and we get, for a given s, (lj), (kj) such that (∂l

j
g)k

j 6= 0 for all 1 ≤ j ≤ s,

if lj,3 = 0 , (∂l
j
g)k

j
= O(〈x〉−σ|lj ||kj |+σ|kj,1|〈ζ〉κ|lj ||kj |−κ|kj,1|+w|kj,1|〈ϑ〉|kj,2|) ,

if |lj,3| = 1 , kj,1 = 0 and (∂l
j
g)k

j
= O(〈x〉−σ|lj ||kj |+σ|kj |〈ζ〉κ|lj ||kj |−κ|kj |) .

The case |lj,3| > 1 is excluded since kj 6= 0 and (∂l
j
g)k

j 6= 0. By permutation on the j indices,
we can suppose as in the proof of Lemma 5.2.13 that for 1 ≤ j ≤ j1− 1, we have lj,3 = 0 and for
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j1 ≤ j ≤ s, we have |lj,3| = 1, where 1 ≤ j1 ≤ s+ 1. Thus, we get
s∏
j=1

(∂l
j
g)k

j
= O(〈x〉−σ(

∑s
j=1(|lj |−1)|kj |+

∑j1−1
j=1 |k

j,2|)

× 〈ζ〉w
∑s
j=1 |kj,1|+κ(

∑s
j=1(|lj |−1)|kj |+

∑j1−1
j=1 |k

j,2|)〈ϑ〉
∑j1−1
j=1 |k

j,2|) .

We check that
∑j1−1

j=1 |kj,2| = |λ2| − |γ| and
∑s

j=1(|lj | − 1)|kj | = |ν| − |λ| where λ = (λ1, λ2) and
ν = (α, β, γ). As a consequence,

Pν,λ(g) = O(〈x〉−σ(|α+β|−|λ1|)〈ζ〉w|λ1|+κ(|α+β|−|λ1|)〈ϑ〉|λ2|−|γ|) . (5.31)

Since there exist C, c > 0 such that for any (x, ζ) ∈ R2n 〈m(x, ζ)〉 ≤ C〈x〉〈ζ〉r and 〈m(x, ζ)〉 ≥
c〈x〉〈ζ〉−r, we see that there is Kν > 0 such that for any 1 ≤ |λ| ≤ |ν| and any (x, ζ) ∈ R2n,
〈m(x, ζ)〉σ(l−|λ1|) ≤ Kν〈x〉σ(l−|λ1|)〈ζ〉σr|l|+σr|λ1|. As a consequence, we see that there is Cν > 0
such that for any 1 ≤ |λ| ≤ |ν| and any (x, ζ, ϑ) ∈ R3n,∥∥∥(∂λs) ◦ g(x, ζ, ϑ)

∥∥∥
L(Ez)

≤ Cν〈x〉σ(l−|λ1|)〈ζ〉σr|l|+σr|λ1|〈ϑ〉m−|λ2|.

Thus, since we can reduce the sum in (5.30) to 2n-multi-indices λ such that |λ2| ≥ |γ| (and thus
|λ1| ≤ |α + β|), we obtain the result from (5.31) and a straightforward verification of the case
ν = 0.
(iii) is obtain exactly as (ii) (with Px,ζ = Id), since (x, ζ) 7→ µz,b(x) IdL(Ez) ∈ S

0,0
σ,z . The hypo-

thesis m(x, ζ) = O(〈x〉〈ζ〉r) is not necessary since l = 0 here.
(iv) We have, noting g(x, ζ, ϑ) := (x, ζ, Px,ζ(ϑ)), for any 3n-multi-indices ν 6= 0, 1 ≤ |ν ′| ≤ |ν|,
Pν,ν′(g) as a linear combination of terms of the form

∏s
j=1(∂l

j
g)k

j , with
∑s

j=1 |kj |lj = ν and∑s
j=1 k

j = ν ′, noting kj = (kj,1, kj,2), lj = (lj,1, lj,2), where kj,1 and lj,1 are 2n-multi-indices, we
get, following the proof of (ii),

Pν,ν′(g) = O(〈x〉−σ(|α+β|−|α′+β′|)〈ζ〉κ(|α+β|−|α′+β′|)〈ϑ〉|γ′|−|γ|) .

Since Px,ζ = O(1) and 〈Px,ζ(ϑ)〉 ≥ ε〈ϑ〉 we get the result.

Definition 5.4.24. Let σ ∈ [0, 1] and ψ a linearization on (M, exp, E, dµ). We say that ψ is a
Sσ-linearization if for any frame (z, b), there is κz,b ≥ 0 such that
(i) ψb

z ∈ Hσ,κz,b(Rn) with ψb
z(x, ζ) = O(〈x〉〈ζ〉r) for a r ≥ 1 and ψb

z ∈ OM (R2n,Rn) ,
(ii) there is P z,b ∈ C∞(R2n, GLn(R)) such that P z,b and (P z,b)−1 are in E0

σ,κz,b
(Mn(R)), and

for any (x, ζ) ∈ R2n, P z,bx,ζ (ζ) = Υz,b
1,T (x, ζ) and P z,bx,0 = IdRn .

(iii) τ z,b1 and (τ z,b1 )−1 are in E0
σ,κz,b

(L(Ez)).
We shall say that the combo (M, exp, E, dµ, ψ) has a Sσ-bounded geometry if this is the case of
(M, exp, E, dµ) and ψ is a Sσ-linearization.

It is clear that a Sσ-linearization is also a OM -linearization. Moreover, in case of Sσ-bounded
geometry, we check the properties (i), (ii) and (iii) in just one frame:

Lemma 5.4.25. If (M, exp, E, dµ) has a Sσ-bounded geometry and ψ is a linearization such that
there exists (z0, b0), κz0,b0 ≥ 0, such that the functions ψb0

z0 , ψ
b0

z0 satisfy (i), (ii) and (iii), then
ψ is a Sσ-linearization.
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Proof. This follows from applications of Lemma 5.4.22.

Remark 5.4.26. The condition (ii) in Definition 5.4.24 encodes an abstract parallel trans-
port isomorphisms in normal coordinates. Indeed, in the case where the linearization ψ is de-
rived from a connection on M , the GLn(R)-valued smooth functions on R2n: P z,b := (x, ζ) 7→
Mb
z,exp ◦(nb

z,T )−1(x,ζ)
P(nb

z,T )−1(x,ζ)(M
b
z,(nb

z)−1(x)
)−1 where the applications Px,ξ are the parallel trans-

port isomorphisms on the tangent bundle (see Remark 5.3.3), satisfy for any (x, ζ) ∈ R2n,
P z,bx,ζ (ζ) = Υz,b

1,T (x, ζ) and P z,bx,0 = IdRn. Thus, in this case, (ii) is satisfied if P z,b and (P z,b)−1

are in E0
σ,κz,b

(Mn(R)) for a κz,b ≥ 0.

Remark that for any t ∈ R and (x, ζ) ∈ R2n, if P z,b ∈ C∞(R2n, GLn(R)) satisfies (ii), then
P z,bx,tζ(ζ) = Υz,b

t,T (x, ζ). We shall note P z,bt := (x, ζ) 7→ P z,bx,tζ , so that P z,b1 = P z,b and P z,b0 = IdRn .
Thus, Υt,z,b(x, ζ) = (ψb

z(x, tζ), P z,bt,x,ζ(ζ)) and we define the following diffeomorphism on R3n,

Ξt,z,b := (x, ζ, ϑ) 7→ (Υt,z,b(x, ζ), P̃ z,bt,x,ζ(ϑ)) . (5.32)

We also define the R2n-valued function Ξ̂t,z,b : (x, ζ, ϑ) 7→ (ψb
z(x, tζ), P̃ z,bt,x,ζ(ϑ)). We check that

J(Ξt,z,b) = J(Υt,z,b) (det(P z,bt )−1) and J(Ξ−1
t,z,b) = J(Υ−t,z,b) (det(P z,bt ◦Υ−t,z,b)). Note also that

for any (x, y) ∈ R2n, ψb
z(y, x) = −P z,b

x,ψb
z (x,y)

(ψb
z(x, y)).

Lemma 5.4.27. Let (z, b) be a given frame, λ, λ′ ∈ [0, 1] and t ∈ [−1, 1]. Suppose also that
(M, exp, E, dµ, ψ) has a Sσ-bounded geometry. Then
(i) P z,bt , (P z,bt )−1 are in E0

σ,κz,b
(Mn(R)), and τ z,bt , (τ z,bt )−1 are in E0

σ,κz,b
(L(Ez)).

(ii) mz,b
t := ψb

z ◦ I1,t ∈ Hσ,κz,b(Rn) and there is c > 0, r ≥ 1 such that for any (x, ζ) ∈ R2n,
〈mz,b

t (x, ζ)〉 ≥ c〈x〉〈ζ〉−r.
(iii) There is c, ε > 0 such that for any (x, ζ) ∈ R2n, 〈ψb

z(x, ζ)〉 ≥ c〈ζ〉ε〈x〉−1.
(iv) Φλ,z,b ∈ Hσ,κz,b(R2n). In particular Jλ,z,b ∈ Eσ,κz,b(R).
(v) Υt,z,b ∈ Hσ,κz,b(R2n). In particular J(Υt,z,b) ∈ Eσ,κz,b(R). Moreover, there is C > 0 such that
〈(Υz,b

t,T )(x, ζ)〉 ≤ C〈ζ〉 for any (x, ζ) ∈ R2n.
(vi) J(Ξt,z,b) and J(Ξ−1

t,z,b) are in Eσ,κz,b(R).

Proof. (i) The case t = 0 is obvious. Suppose t 6= 0. Since P z,bt = P z,b ◦ I1,t and I1,t ∈ H0
σ,κz,b

the result follows from Lemma 5.4.22 (i). The same argument is applied to (P z,bt )−1, τ z,bt and
(τ z,bt )−1.
(ii) We shall use the shorthand mt := mz,b

t . In the case t = 0, m0 = π1, so we obtain the
result. Suppose t 6= 0. In that case Lemma 5.4.22 (i) entails that mt ∈ Hσ,κz,b(Rn). Since
Υt,z,b = (mt,Υ

z,b
t,T ), we see that 〈Υt,z,b(x, ζ)〉 = O(〈x〉〈ζ〉r) for a r ≥ 1. Thus, there is C > 0 such

that for any (x, ζ) ∈ R2n, we have 〈mt(x, ζ)〉〈Pt,x,ζ(ζ)〉r ≥ C〈x, ζ〉. Since there is K > 0 such
that for any (x, ζ) ∈ R2n, 〈P z,bt,x,ζ(ζ)〉 ≤ K〈ζ〉, we obtain the desired estimate.
(iii) V := (π1, ψ

b
z) is a diffeomorphism on R2n with inverse V −1 = (π1, ψb

z). Since ψb
z = O(〈x, y〉r)

for a r ≥ 1 by hypothesis, we see that there is c > 0 such that 〈x, ψb
z(x, ζ)〉 ≥ c〈x, ζ〉 for any

(x, ζ) ∈ R2n. This yields the result.
(iv) Direct consequence of (ii) and the fact that Φλ,z,b = (mλ,mλ−1).
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(v) follows from a straithforward application of (ii), Lemma 5.4.22 (ii) and the fact that for any
(x, ζ) ∈ R2n, Υt,z,b(x, ζ) = (mt(x, ζ), P z,bt,x,ζ(ζ)).

(vi) By (i), (v) and Lemma 5.4.22 (i), P z,bt ◦Υ−t,z,b ∈ E0
σ,κ(Mn(R)). Thus the result follows from

(i), (v), and the formulas J(Ξt,z,b) = J(Υt,z,b) (det(P z,bt )−1) and J(Ξ−1
t,z,b) = J(Υ−t,z,b) (det(P z,bt ◦

Υ−t,z,b)).

5.4.4 Pseudodifferential operators

Assumption 5.4.28. We suppose in this section and until section 5.5 that (M, exp, E, dµ, ψ)
has a Sσ-bounded geometry.

Definition 5.4.29. A pseudodifferential operator of order l,m and type σ is an element of
Ψl,m
σ := Opλ(Sl,mσ ), where λ ∈ [0, 1].

By Lemma 5.4.7, Sl,mσ can be seen as included in S ′(T ∗M,L(E)), so Opλ(Sl,mσ ) is well defined.
The following theorem shows that it does not depend on λ, and thus justify the notation Ψl,m

σ .
We note τλ,λ

′

R := (τ z,bλ )−1 ◦Υλ′−λ,z,b τ
z,b
λ′ and τλ,λ

′

L := (τ z,bλ′−1)−1τ z,bλ−1 ◦Υz,b
λ′−λ. If ψ = exp, we have

τλ,λ
′

R = τR,λ′−λ and τλ,λ
′

L = (τL,λ′−λ)−1 where τL,t := τ z,bt if t 6= 1 and τL,t := (τ z,b−1 )−1 ◦ Υ1,z,b if
t = 1, and τR,t := τ z,bt if t 6= −1 and τR,t := (τ z,b1 )−1 ◦Υ−1,z,b if t = −1.

Theorem 5.4.30. Let λ, λ′ ∈ [0, 1] and K = Opλ(a), with a ∈ Sl,mσ . Then there exists (an
unique) a′ ∈ Sl,mσ such that K = Opλ′(a′). Moreover, for any frame (z, b),

a′z,b ∼
∑
β

(i/2π)|β|

β!

(
∂(0,β,β)τλ,λ

′

L az,bλ′−λτ
λ,λ′

R

)
ζ=0

where az,b := Tz,b,∗(a), a′z,b := Tz,b,∗(a′), and a
z,b
t is the amplitude defined for any t ∈ [−1, 1] as

az,bt (x, ζ, ϑ) := µz,b(mz,bt (x,ζ))
µz,b(x) |JΞt,z,b(x, ζ)| (az,b ◦ Ξ̂t,z,b(x, ζ, ϑ)) .

Proof. Let us fix a frame (z, b) and note az,b := Tz,b,∗(a). We saw in Remark 5.4.16 that
Opλ(a)z,b = OpΓλ,z,b(µaz,b)). Thus, for any u ∈ S(M × M,L(E)), we have with uz,b :=
Tz,b,M2(u) ∈ S(R2n, L(Ez)),

〈K,u〉 =
∫

R3n

e2πi〈ϑ,ζ〉Tr
(
µaz,b(x, ϑ) (Γλ,z,b(uz,b)(x, ζ))∗

)
dζ dϑ dx .

Suppose thatm ≤ −2n so that the integral is absolutely convergent. We now proceed to the global
change of variables provided by the diffeomorphism Ξz,bλ′−λ of R3n (Ξt,z,b is defined at (5.32)). We
get 〈K,u〉 = 〈Opλ′,z,b(µτλ,λ

′

L az,bλ′−λτ
λ,λ′

R ), uz,b〉. We check with Lemmas 5.4.27 and 5.4.23 that
τλ,λ

′

L az,bλ′−λτ
λ,λ′

R is an amplitude in Πl,w,m
σ,κ,z for a κ ≥ 0 and a w ∈ R. We also see that the linear

map az,b 7→ µτλ,λ
′

L az,bλ′−λτ
λ,λ′

R is continuous on Sl,mσ,z , which yields, using Proposition 5.4.14 (ii)

and the density result of Lemma 5.4.6, the equality 〈K,u〉 = 〈Opλ′,z,b(µτλ,λ
′

L az,bλ′−λτ
λ,λ′

R ), uz,b〉,
for any order m of the symbol a. The result now follows from Lemma 5.4.21 (iii).
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Proposition 5.4.31. For each λ ∈ [0, 1] and l,m ∈ R, σλ is a linear isomophism from Ψl,m
σ

onto Sl,mσ and σλ(A†) = (σ1−λ(A))∗ for any A ∈ Ψl,m
σ . In particular a pseudodifferential operator

A is formally selfadjoint (i.e A = A† as operators on S) if and only if its Weyl symbol σW (A) is
selfadjoint (as a L(E)→ T ∗M section).

Proof. The fact that σλ is a linear isomophism from Ψl,m
σ onto Sl,mσ is a consequence Theo-

rem 5.4.30 and the fact that σλ is a topological isomorphism from S ′(M × M,L(E)) onto
S ′(T ∗M,L(E)). We check that for any T ∈ S ′(T ∗M,L(E)), Opλ(T )† = Op1−λ(T ∗) which is
a direct consequence of the fact that Φλ(x,−ξ) = j ◦ Φ1−λ(x, ξ) where j(x, y) = (y, x).

Proposition 5.4.32. Any operator in Ψl,m
σ is regular. Moreover, for any A ∈ Ψl,m

σ and v ∈ S,
we have

A(v) : x 7→
∫
T ∗x (M)

dµ∗x(θ)
∫
Tx(M)

dµx(ξ) e2πi〈θ,ξ〉 σ0(A)(x, θ) τ−1
−1 (x, ξ) v(ψ−ξx ) .

Proof. Let A ∈ Ψl,m
σ and a := σ0(A). Thus, for any frame (z, b), Az,b = OpΓ0,z,b

(µaz,b) so by
Lemmas 5.4.17, 5.4.27 (ii) and (iii), Az,b is continuous from S(Rn, Ez) into itself. By Proposition
5.4.31, A† is a pseudodifferential operator in Ψl,m

σ , so we also obtain (A†)z,b continuous from
S(Rn, Ez) into itself. The result follows.

5.4.5 Link with standard pseudodifferential calculus on Rn and L2-continuity

We suppose in this section that E is the scalar bundle. If A ∈ Ψσ, then Az,b belongs to the
space, noted Ψσ,ψ, of regular operators B on S(Rn), of the form

B(v)(x) =
∫

R2n

e2πi〈ϑ,ζ〉a(x, ϑ)v(ψb
z(x,−ζ))dζdϑ

where a ∈ S∞σ (R2n). We study in this section a sufficient condition on ψ, such that this space
Ψσ,ψ is in fact equal to the usual algebra Ψσ,std pseudodifferential operators on Rn with the
standard linearization ψ(x, ζ) = x + ζ. Here Ψ0,std corresponds to the Hörmander calculus [81]
on Rn and Ψ1,std is the SG-calculus on Rn.

We will note ψ := ψb
z , Vx(ζ) := −ψ(x,−ζ) + x, Mx,ζ := [

∫ 1
0 ∂j(V

−1
x )i(tζ)dt]i,j and Nx,ζ :=

[
∫ 1

0 ∂jV
i
x(tζ)dt]i,j . We consider the following hypothesis, noted (HV ):

(i) there is ε, δ, η > 0 such that for any (x, ζ) ∈ R2n with ‖ζ‖ ≤ ε〈x〉ση, we have detMx,ζ ≥ δ
and detNx,ζ ≥ δ,
(ii) the functions (dVx)x,ζ and (dV −1

x )x,ζ are in E0
σ(Mn(R)).

Proposition 5.4.33. If the hypothesis (HV ) holds, we have Ψσ,ψ = Ψσ,std.

We set χε,η(x, ζ) := b( ‖ζ‖2
ε2〈x〉2ση ) where b ∈ C∞c (R, [0, 1]) is such that b = 0 on R\] − 1, 1[ and

b = 1 on [−1/4, 1/4].

Lemma 5.4.34. Suppose (HV ). If a ∈ Sl,mσ (R2n), then the application

aχ,M : (x, ζ, ϑ) 7→ χε,η(x, ζ)a(x, M̃x,ζϑ)|J(V −1
x |(ζ) (detMx,ζ)−1
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is an amplitude in ∪k,w Πl,w,m
σ,κ,z (R3n). Similarly,

aχ,N : (x, ζ, ϑ) 7→ χε,η(x, ζ)a(x, Ñx,ζϑ)|J(Vx)|(ζ) (detNx,ζ)−1

is in
⋃
k,w Πl,w,m

σ,κ,z (R3n).

Proof. The result follows from Lemma 5.4.23 (ii) and applications of Proposition 5.5.4.

Proof of Proposition 5.4.33. Suppose that a ∈ Sl,mσ (R2n) and define A as the operator in Ψσ,ψ

with normal symbol a. We obtain for any v ∈ S(R2n)

A(v)(x) :=
∫

R2n

e2πi〈ϑ,ζ〉a(x, ϑ)v(ψ(x,−ζ))dζdϑ .

We suppose first that a ∈ S−∞σ (R2n). We have after a change of variable, and cutting the integral
in two parts A(v)(x) = A1(v)(x) +A2(v)(x) where

A1(v)(x) =
∫

R2n

e2πi〈ϑ,Mx,ζ(ζ)〉χε,η(x, ζ)a(x, ϑ)|J(V −1
x )|(ζ)v(x− ζ)dζdϑ ,

A2(v)(x) =
∫

R2n

e2πi〈ϑ,V −1
x (ζ)〉(1− χε,η)(x, ζ)a(x, ϑ)|J(V −1

x )|(ζ)v(x− ζ)dζdϑ .

In A1, we permute the integrations dζ and dϑ and proceed to a change of the variable ϑ, while
in A2 we integrate by parts in ϑ using formula (5.26) so that for any p ∈ N,

A1(v)(x) =
∫

R2n

e2πi〈ϑ,ζ〉aχ,M (x, ζ, ϑ)v(x− ζ)dζdϑ ,

A2(v)(x) =
∫

R2n

e2πi〈ϑ,V −1
x (ζ)〉(1− χε,η)(x, ζ) tMp,V −1

x (ζ)
ϑ (a)|J(V −1

x )|(ζ)v(x− ζ)dζdϑ .

As a consequence with Lemma 5.4.34, and with the density of S−∞σ (R2n) in Sl,mσ (R2n), we see
that A is the sum of two pseudodifferential operators in Ψσ,std: A = Aχ + R where R ∈ Ψ−∞σ,std
and Aχ has aχ,M as (standard) amplitude. The implication in the other sense is similar.

Remark 5.4.35. In the case of pseudodifferential operator with local compact control over the x
variable and with ψ coming from a connection, by cutting-off in the ζ-variable or in other words
taking y := ψ(x,−ζ) and x sufficiently close to each other, we have in fact Ψσ,ψ equal to Ψσ,std

modulo smoothing elements (see [125]).

As a consequence, we see that if the hypothesis (HV ) is satisfied for a frame (z, b), then
Ψσ,ψ(= Ψσ,std) is stable under composition of operators and the symbol composition formula is
then given by a quadruple asympotic summation modulo smoothing symbols.

We will show in the next section that we can also obtain stability under composition directly,
without using a reduction to the standard calculus on Rn. We shall obtain with this method a
simpler symbol composition formula on Ψσ,ψ, analog to the usual one on Ψσ,std.

As a direct consequence of the previous proposition, we have the following L2-continuity
result for pseudodifferential operators on M .

Proposition 5.4.36. If (HV ) is satisfied for the function V −1
x in a frame (z, b), then any pseu-

dodifferential operators on M of order (0, 0) extends as a bounded operator on L2(M,dµ).

Proof. Since (HV ) is satisfied for V −1
x , the proof of the previous proposition entails that Ψ0,0

σ,ψ ⊆
Ψ0,0
σ,std, so the result follows from the L2-continuity of standard pseudodifferential operators [81].
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5.4.6 Composition of pseudodifferential operators

The goal of this section is to prove that pseudodifferential operators of Ψ∞σ are stable under
composition without using the hypothesis of the previous section, and to obtain an adapated
symbol composition formula. We shall adapt to our situation a technique used for Fourier integral
operators in Coriasco [42], Ruzhansky and Sugimoto [117,119].

Let us note for (x, ξ) ∈ TM and ξ′ ∈ T
ψ−ξx

(M), ψx,ξ,ξ′ := ψ−ξ
′

ψ−ξx
, rx(ξ, ξ′) := ψ−1

x (ψx,ξ,ξ′) and

qx(ξ, ξ′) := ψ−1
ψx,ξ,ξ′

(ψ−ξx ). We define Vx the 2n dimensional smooth manifold as Vx := { (ξ, ξ′) ∈
Tx(M) × ∪y∈MTy(M) | ξ′ ∈ T

ψ−ξx
(M) }. Each Vx manifold is diffeomorphic to R2n via the

map, defined for any fixed frame (z, b), nb
z,Vx

(ξ, ξ′) := (Mb
z,x(ξ),Mb

z,ψ−ξx
(ξ′)), and has a canonical

involutive diffeomorphism Rx defined as

Rx : (ξ, ξ′) 7→ (rx(ξ, ξ′), qx(ξ, ξ′)) .

In all the following we fix a frame (z, b), and note also ψ the function mz,b
−1. We note xζ,ζ

′
:=

ψ(ψ(x, ζ), ζ ′). For each x ∈ Rn,Rx := nb
z,V

(nb
z )−1(x)

◦R(nb
z)−1(x)◦(nb

z,V
(nb
z )−1(x)

)−1 is a diffeomorphism

on R2n, and we define Rx =: (rx, qx), r = rz,b := (x, ζ, ζ ′) 7→ rx(ζ, ζ ′) and q = qz,b := (x, ζ, ζ ′) 7→
qx(ζ, ζ ′). Remark that rx(ζ, ζ ′) = −ψb

z(x, x
ζ,ζ′) =: ψx◦ψψx(ζ)(ζ ′) and qx(ζ, ζ ′) = −P z,b−1,ψ(x,ζ),ζ′(ζ

′).
The map rx,ζ : ζ ′ 7→ rx(ζ, ζ ′) is a diffeomorphism on Rn such that r−1

x,ζ = rψx(ζ),ψψ(x,ζ)(x) so that

(drx,ζ)−1
ζ′ = (drψx(ζ),ψψ(x,ζ)(x))rx,ζ(ζ′). We will use the shorthand τ := (τ z,b−1 )−1.

We note s(x, ζ, ζ ′) := r(x, ζ, ζ ′)−ζ. We have s(x, ζ, ζ ′) = sx,ζ(ζ ′) where sx,ζ = T−ζ ◦ψx◦ψψx(ζ)

is a diffeomorphism on Rn such that sx,ζ(0) = 0. We also define

ϕx,ζ(ζ ′) := rx,ζ(ζ ′)− ζ − (drx,ζ)0(ζ ′)

so that ϕx,ζ(0) = 0 and (dϕx,ζ)0 = 0, and

V (x, ζ, ζ ′) := (drx,ζ)ζ′

as a smooth function from R3n intoMn(R). We shall note (x, ζ) 7→ Lx,ζ := − t(drx,ζ)0.
We define Ol,w0,w1

σ,κ,ε0,ε1,c(E), where c ∈ N, l ∈ R, w := (w0, w1) ∈ R2
+, ε := (ε0, ε1), ε0 ≥ 0,

ε1 > 0, σ ∈ [0, 1] and κ ≥ 0, as the space of smooth functions g from R3n into E such that for
any 3n-multi-index ν = (µ, γ) ∈ N2n×Nn, there exists Cν > 0 such that for any (x, ζ, ζ ′) ∈ R3n,
‖∂νg(x, ζ, ζ ′)‖ ≤ Cν〈x〉σ(l−|µ|−ε1|γ|c)〈ζ〉w0+κ|µ|+ε0|γ|〈ζ ′〉w1+κ|ν|. Here, we denoted |γ|c := 0 if |γ| <
c and |γ|c := |γ|−c if |γ| ≥ c. We note Oσ,κ,ε(E) := ∪c,l,wOl,wσ,κ,ε,c(E). We check that for any multi-
indices γ, γ′ and c, c′ ∈ N, |γ|c + |γ′|c ≥ |γ + γ′|c+c′ , and |γ + γ′|c ≥ |γ|c + |γ′|c. Thus, Oσ,κ,ε(R),
Oσ,κ,ε(Mp(R)) and Oσ,κ,ε,z := Oσ,κ,ε(L(Ez)) are algebras (graduated by the parameters c, l,
w0 and w1) and ∂νOl,wσ,κ,ε,c(E) ⊆ Ol−|µ|−ε1|γ|c,w0+κ|µ|+ε0|γ|,w1+κ|ν|

σ,κ,ε,c (E). If f ∈ O0,w
σ,κ,ε,c(E), then

(x, ζ) 7→ f(x, ζ, 0) ∈ Ew0
σ,κ(E), and if f ∈ Ol,wσ,κ,ε,c,z, then (x, ζ, ϑ) 7→ f(x, ζ, 0) ∈ Πl,w0,0

σ,κ,z . Remark
that any monomial of the form (x, ζ, ζ ′) 7→ ζ ′β where β ∈ Nn, is in O0,0,|β|

σ,κ,ε,|β|(R) for any κ ≥ 0
and ε0 ≥ 0, ε1 > 0.

In the definition of S′σ bounded geometry, we only require a polynomial control over the ψb
z

functions. It appears that for the theorem of composition, a stronger control over these functions
is important. We thus introduce the following:



184 Chapitre 5. Global pseudodifferential calculus on manifolds with linearization

Definition 5.4.37. We shall say that (Cσ) is satisfied if there is a frame (z, b), (κv, wv) ∈ R2
+

with κv ≥ 1, and εv ∈]0, 1[, such that

V ∈ O0,0,wv
σ,κv ,εv ,εv ,0

(Mn(R)) , and (dψb
z,x)ζ , (dψb

z,x)y = O(1) . (5.33)

In particular (Cσ) entails that (drx,ζ)0 and thus L are in E0
σ,κv(Mn(R)).

We note Rw0,w1
σ,κ,ε1 (E) (ε1 > 0) as the space of smooth functions g such that for any nonzero

ν = (µ, γ) ∈ N2n × Nn, ∂νg = O(〈x〉σ(1−|µ|−ε1|γ|)〈ζ〉w0+κ(|ν|−1)〈ζ ′〉w1+κ(|ν|−1)). It follows from
(Cσ) that r ∈ ∪w0,w1R

w0,w1

σ,κv ,εv/2
(Rn).

The following lemma will give us the link between the the O, R, H, E spaces and the
behaviour under composition.

Lemma 5.4.38. (i) Let f ∈ Hw
σ,κ(E) (resp. Ewσ,κ(E)) and g ∈ Rw0,w1

σ,κ,ε1 (R2n) such that g2(x, ζ, ζ ′) =
O(〈ζ〉k2〈ζ ′〉k′2) for a (k2, k

′
2) ∈ R2

+ and, if σ 6= 0, 〈g1(x, ζ, ζ ′)〉 ≥ c〈x〉〈ζ〉−k1〈ζ ′〉−k′1, for a (k1, k
′
1) ∈

R2
+ and c > 0. Then, f ◦ g ∈ Rw0+k2w,w1+k′2w

σ,κH ,ε1 (E) (resp. O0,k2w,k′2w
σ,κE ,κE ,ε1,0

(E)) where κH := κ +
max{ |w0 +k1σ+k2κ|, |w1 +k′1σ+k′2κ| } and κE := κ+ max{ |w0 +k1σ+ (k2− 1)κ|, |w1 +k′1σ+
(k′2 − 1)κ| }.
(ii) (x, ζ, ζ ′) 7→ (ψ(x, ζ), ζ ′) ∈ Rwψ ,0σ,κψ ,1

(R2n) and (x, ζ, ζ ′) 7→ xζ,ζ
′ ∈ Rσ,κψ ,1 for a (κψ, wψ) ∈ R2

+.

(iii) The functions q, (x, ζ, ζ ′) 7→ (P z,b−1,ψ(x,ζ),ζ′)
−1 and (x, ζ, ζ ′) 7→ det(P z,b−1,ψ(x,ζ),ζ′)

−1 are res-

pectively in Rσ,κq ,1(Rn), O0,0,0
σ,κq ,κq ,1,0

(Mn(R)), and O0,0,0
σ,κq ,κq ,1,0

(R), for a κq ≥ 0. Moreover, there
exists C > 0 such that for any (x, ζ, ζ ′) ∈ R3n, ‖qx(ζ, ζ ′)‖ ≤ C〈ζ ′〉.
(iv) (x, ζ, ζ ′) 7→ τ(xζ,ζ

′
, qx(ζ, ζ ′)) is in O0,0,0

σ,κτ ,κτ ,1,0,z
for a κτ ≥ 0.

Proof. (i) If ν = (α, β, γ) 6= 0 is a 3n-multi-index, we have ∂νf ◦g =
∑

1≤|ν′|≤|ν| Pν,ν′(g)(∂ν
′
f)◦g,

with Pν,ν′(g) a linear combination of terms of the form
∏s
j=1(∂l

j
g)k

j , with 1 ≤ s ≤ |ν|,∑s
1 l
j |kj | = ν,

∑s
1 k

j = ν ′. As a consequence, we get the following estimate for any 1 ≤
|ν| ≤ |ν ′|, Pν,ν′(g) = O(〈x〉σ(|ν′|−|µ|−ε1|γ|)〈ζ〉w0|ν′|+κ(|ν|−|ν′|)〈ζ ′〉w1|ν′|+κ(|ν|−|ν′|)). Moreover, for any
1 ≤ |ν ′| ≤ |ν|, there is Cν > 0 such that for any (x, ζ, ζ ′) ∈ R3n, the following estimate is
valid

∥∥∥(∂ν
′
f) ◦ g(x, ζ, ζ ′)

∥∥∥ ≤ Cν〈x〉−σ(|ν′|−1)〈ζ〉(k1σ+k2κ)(|ν′|−1)+k2w〈ζ ′〉(k′1σ+k′2κ)(|ν′|−1)+k′2w (resp.∥∥∥(∂ν
′
f) ◦ g(x, ζ, ζ ′)

∥∥∥ ≤ Cν〈x〉−σ|ν′|〈ζ〉(k1σ+k2κ)|ν′|+k2w〈ζ ′〉(k′1σ+k′2κ)|ν′|+k′2w). The result follows.

(ii) By hypothesis, ψ ∈ H
wψ
σ,κψ . We deduce that (x, ζ, ζ ′) 7→ ψ(x, ζ) ∈ Rwψ ,0σ,κψ ,1

and the first
statement now follows from (x, ζ, ζ ′) 7→ ζ ′ ∈ R0,0

σ,κψ ,1
. The second statement follows from (i).

(iii) Since qx(ζ, ζ ′) = −P z,b−1,ψ(x,ζ),ζ′(ζ
′), the fact that qx ∈ Rσ,κq ,1(Rn) for a κq ≥ 0 is a conse-

quence of (i), (ii) and Lemma 5.4.22 (iii). We also have by (i) and (ii), (P z,b−1,ψ(x,ζ),ζ′)
−1 ∈

O0,0,0
σ,κq ,κq ,1,0

(Mn(R)).
(iv) Since τ ∈ E0

σ,κ(L(Ez)) for a κ ≥ 0, the result follows (i), (ii), (iii) and the estimate
〈xζ,ζ′〉 ≥ c〈x〉〈ζ〉−k〈ζ ′〉−k for c, k > 0.

Lemma 5.4.39. Suppose (Cσ). Then
(i) s, ϕ ∈ O0,0,ws

σ,κv ,εv ,εv ,1
(Rn) and ϕ ∈ O−εv ,εv ,wϕσ,κv ,εv ,εv ,2

(Rn) where ws := wv + 1 and wϕ := 2 +wv + κv.
(ii) V = (drx,ζ)ζ′ and (drx,ζ)−1

ζ′ are bounded on R3n.
(iii) The function J(R) : (x, ζ, ζ ′) 7→ J(Rx)(ζ, ζ ′) is in ∪κ,w0,w1,ε0,ε1O

0,w0,w1
σ,κ,ε0,ε1,0

(R) and (x, ζ, ζ ′) 7→
τ(x, rx(ζ, ζ ′)) is in O0,0,0

σ,κτ ,κτ ,εv/2,0,z
for κτ ≥ 0.
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Proof. (i) We have sx,ζ(ζ ′) =
∑n

i=1 ζ
′
i

∫ 1
0 ∂ζ′irx,ζ(tζ ′) dt. Since V ∈ O0,0,wv

σ,κv ,εv ,0
(Mn(R)) each func-

tion (x, ζ, ζ ′) 7→
∫ 1

0 ∂ζ′irx,ζ(tζ ′) dt is inO0,0,wv
σ,κv ,εv ,0

(Rn) and thus, since (x, ζ, ζ ′) 7→ ζ ′i ∈ O
0,0,1
σ,κv ,εv ,1

(R),
we see that s ∈ O0,0,ws

σ,κv ,εv ,1
(Rn). We have also ϕx,ζ(ζ ′) =

∑
|β|=2

2
β!(ζ

′)β
∫ 1

0 (1− t) ∂βζ′rx,ζ(tζ ′) dt and
each function (x, ζ, ζ ′) 7→

∫ 1
0 (1−t) ∂βζ′rx,ζ(tζ ′) dt is in O−εv ,εv ,wv+κv

σ,κv ,εv ,0
(Rn). With (x, ζ, ζ ′) 7→ (ζ ′)β ∈

O0,0,2
σ,κv ,εv ,2

(R), we get ϕ ∈ O−εv ,εv ,wϕσ,κv ,εv ,2
(Rn).

(ii) Direct consequence of (Cσ) and the following equalities for any (x, ζ, ζ ′) ∈ R3n, (drx,ζ)ζ′ =
(dψx)xζ,ζ′ (dψψx(ζ))ζ′ and (drx,ζ)−1

ζ′ = (dψψx(ζ))xζ,ζ′ (dψx)rx,ζ(ζ′).
(iii) The first statement follows from Lemma 5.4.38 (ii). The second statement follows from
Lemma 5.4.38 (i) and the estimate rx(ζ, ζ ′) = O(〈ζ〉〈ζ ′〉wv).

We shall use a generalization to four variables of the Πl,w,m
σ,κ,z spaces of amplitude. We define

Π̃l,w0,w1,m
σ,κ,ε1,z (0 < ε1 ≤ 1) as the space of smooth functions a ∈ C∞(R4n, L(Ez)) such that for any

4n-multi-index (ν, δ) ∈ N3n × Nn, (with ν = (µ, γ) ∈ N2n × Nn) there is Cν,δ > 0 such that for
any (x, ζ, ζ ′, ϑ) ∈ R4n,∥∥∥∂(ν,δ)a(x, ζ, ζ ′, ϑ)

∥∥∥
L(Ez)

≤ Cν,δ〈x〉σ(l−|µ|−ε1|γ|)〈ζ〉w0+κ|ν|〈ζ ′〉w1+κ|ν|〈ϑ〉m−|δ| .

These spaces have natural Fréchet topologies and form a graded topological algebra under point-
wise composition.

Lemma 5.4.40. (i) If a ∈ Π̃l,w0,w1,m
σ,κ,ε1,z , then aζ′=0 : (x, ζ, ϑ) 7→ a(x, ζ, 0, ϑ) is in Πl,w0,m

σ,κ,z .
(ii) If h ∈ Ol,w0,w1

σ,κ,ε0,ε1,0,z
, then (x, ζ, ζ ′, ϑ) 7→ h(x, ζ, ζ ′) is in Π̃l,w0,w1,0

σ,max{κ,ε0 },ε1,z.

(iii) There is κΞ, k1 ≥ 0 such that for any b ∈ Sl,mσ,z , the application b ◦ Ξ̃, where Ξ̃(x, ζ, ζ ′, ϑ) :=
(xζ,ζ

′
,−P̃ z,b−1,ψ(x,ζ),ζ′(ϑ)), is in Π̃l,σk1|l|,σk1|l|,m

σ,κΞ,1,z
.

Proof. (i) and (ii) are direct.
(iii) If µ = (ν, δ) 6= 0 is a 4n-multi-index, we have ∂µ(b ◦ Ξ̃) =

∑
1≤|µ′|≤|µ| Pµ,µ′(Ξ̃) (∂µ

′
b) ◦ Ξ̃

with Pµ,µ′(Ξ̃) a linear combination of terms of the form
∏s
j=1(∂l

j
Ξ̃)k

j , with 1 ≤ s ≤ |µ|, lj =
(lj,1, lj,2) ∈ N3n × Nn, kj = (kj,1, kj,2) ∈ Nn × Nn, such that lj,2 = 0 for 1 ≤ j ≤ j1 ≤ s, and∑s

1 l
j |kj | = µ,

∑s
1 k

j = µ′. We have

(∂l
j
Ξ̃)k

j
=

n∏
i=1

(δlj,2,0(∂l
j,1

xζ,ζ
′
)i)k

j,1
i

n∏
i=1

( n∑
k=1

∂l
j,1
P i,k ∂l

j,2
ϑk
)kj,2i

where P i,k are the matrix entries of −P̃ z,b−1,ψ(x,ζ),ζ′ . By Lemma 5.4.38 (ii) and (iii), xζ,ζ
′ ∈

Rw0,w1
σ,κψ ,1

(Rn) and the P i,k are in O0,0,0
σ,κψ ,κψ ,1,0

(R) for a (κψ, w0, w1) ∈ R3
+. We obtain thus the

following estimate

|Pµ,µ′(Ξ̃)(x, ζ, ζ ′, ϑ)| ≤ Cµ〈x〉−σ(|ν|−|α′|)〈ζ〉w0|α′|+κψ(|ν|−|α′|)〈ζ ′〉w1|α′|+κψ(|ν|−|α′|)〈ϑ〉|β′|−|δ|

with µ′ =: (α′, β′). Since b ∈ Sl,mσ,z we also have the estimate∥∥∥(∂µ
′
b) ◦ Ξ̃(x, ζ, ζ ′)

∥∥∥ ≤ C ′µ〈xζ,ζ′〉σ(l−|α′|)〈ϑ〉m−|β′|

so the result follows now from the estimate 〈xζ,ζ′〉σ(l−|α′|) = O(〈x〉σ(l−|α′|)(〈ζ〉〈ζ ′〉)σk1|l|+σk1|α′|),
with κΞ := κψ + max{ |w0 + σk1 − κψ|, |w1 + σk1 − κψ| }.
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Lemma 5.4.41. Let s ∈ C∞(Rp,Rn). Then for any p+ n-multi-index ν = (α, β) 6= 0, we have

∂νx,ϑ e
i〈ϑ,s(x)〉 = Pν(x, ϑ) ei〈ϑ,s(x)〉

where Pν is of the form
∑
|γ|≤|α| ϑ

γ Tν,γ(x), and Tν,γ is a linear combination of terms of the form∏m
j=1(∂l

j
s)µ

j where 1 ≤ m ≤ |ν|, (lj) are p-multi-indices and (µj) are n-multi-indices. Moreover,
they satisfy |µj | > 0,

∑m
j=1 |µj | = |γ| + |β|,

∑m
j=1 |µj ||lj | = |α| and if |β| = 0, then |lj | > 0 and

|γ| > 0.

Proof. We note g(x, ϑ) := 〈ϑ, s(x)〉. By Theorem 5.2.11, we get the following equality for any
ν 6= 0, ∂νx,ϑ e

i〈ϑ,s(x)〉 = Pν(x, ϑ)ei〈ϑ,s(x)〉 where Pν(x, ϑ) =
∑

1≤k≤|ν| Pν,k(g) and Pν,k is a linear
combination of terms of the form

∏m
j=1(∂l

j
g)k

j such that |lj | > 0, kj > 0,
∑m

1 kj = k and∑m
1 kjlj = ν. If we suppose that the term

∏m
j=1(∂l

j
g)k

j is non-zero, then |lj | ≤ 1 and if we
define j1 such that for any 1 ≤ j ≤ j1, lj,2 = 0, we obtain, noting lj = (lj,1, lj,2),

m∏
j=1

(∂l
j
g)k

j
=

j1∏
j=1

〈ϑ, ∂lj,1s〉kj
m∏

j=j1+1

(∂l
j,1
sqj )k

j

=
∑

|γj |=kj , 1≤j≤j1

γ1! · · · γj ! ϑ
∑j1

1 γj
j1∏
j=1

(∂l
j,1
s)γ

j
m∏

j=j1+1

(∂l
j,1
sqj )k

j
.

Thus, we have Pν,k =
∑
|γ|=k−|β| ϑ

γ Tν,γ,k(x) where Tν,γ,k is a linear combination of terms of
the form

∏j1
j=1(∂l

j,1
s)µ

j ∏m
j=j1+1(∂l

j,1
sqj )k

j , where 1 ≤ qj ≤ n, 1 ≤ j ≤ m ≤ |ν|, 1 ≤ j1 ≤ m,
lj,1 ∈ Np, kj ∈ N∗, λj ∈ Nn are such that

∑m
1 kj = k,

∑j1
1 |λj ||lj,1|+

∑m
j1+1 k

j |lj,1 + 1| = |ν| and∑m
j1+1 k

j = |β|. The result follows.

Lemma 5.4.42. Suppose that (Cσ) is satisfied. Then
(i) Representing by u the letter s or ϕ, for any 3n-multi-index ν = (µ, γ) ∈ N2n × Nn, we
have the equality ∂νx,ζ,ϑe

2πi〈ϑ,ux,ζ(ζ′)〉 = (
∑
|ω|≤|µ| ϑ

ωTν,ω,u(x, ζ, ζ ′)) e2πi〈ϑ,ux,ζ(ζ′)〉 where each term

Tν,ω,s ∈ O−|µ|,κv |µ|,ws|ω+γ|+κv |µ|
σ,κv ,εv ,εv ,|ω+γ| (R) and Tν,ω,ϕ ∈ O

−|µ|−εv |ω+γ|,εv |ω+γ|+κv |µ|,wϕ|ω+γ|+κv |µ|
σ,κv ,εv ,εv ,2|ω+γ| (R). In

particular, it satisfies the following estimate valid for any (x, ζ, ζ ′) ∈ R3n, and any n-multi-index
ρ,

|∂ρζ′Tν,ω,s(x, ζ, ζ
′)| ≤ Cν,ω,ρ〈x〉−σ(|µ|+εv |ρ||ω+γ|)〈ζ〉κv |µ|+εv |ρ|〈ζ ′〉ws|ω+γ|+κv(|µ|+|ρ|) ,

|∂ρζ′Tν,ω,ϕ(x, ζ, ζ ′)| ≤ Cν,ω,ρ〈x〉−σ(|µ|+(εv/2)|ρ|)〈ζ〉εv |ω+γ|+κv |µ|+εv |ρ|〈ζ ′〉wϕ|ω+γ|+κv(|µ|+|ρ|) .

(ii) For any n-multi-index β, we have ∂βζ′e
2πi〈ϑ,ϕx,ζ(ζ′)〉 = Pβ,ϕ(x, ζ, ζ ′, ϑ)e2πi〈ϑ,ϕx,ζ(ζ′)〉 where

Pβ,ϕ(x, ζ, ζ ′, ϑ) is a linear combination of terms of the form ϑωζ ′λtω,λ(x, ζ, ζ ′) where ω and λ
are n-multi-indices satifying |ω| ≤ |β|, (2|ω| − |β|)+ ≤ |λ| ≤ |ω|, and tω,λ are functions in
O−εv |β|/2,2εv ,w

′
s|β|

σ,κv ,εv ,εv ,|β| (R). In particular they are estimated by

tω,λ(x, ζ, ζ ′) = O(〈x〉−σεv |β|/2〈ζ〉2εv |β|〈ζ ′〉w′s|β|)

where w′s := ws + 2κv. Moreover, (x, ζ, ϑ) 7→ Pβ,ϕ(x, ζ, 0, ϑ) 1L(Ez) ∈ Π−εv |β|/2,εv |β|,|β|/2σ,κv ,z .
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(iii) If β ∈ Nn and f ∈ Π̃l,w0,w1,m
σ,κ,ε1,z then the function

fβ,ϕ : (x, ζ, ϑ) 7→ ∂βζ′
(
e2πi〈ϑ,ϕx,ζ(ζ′)〉∂0,0,0,βf(x, ζ, ζ ′, Lx,ζ(ϑ))

)
ζ′=0

belongs to Πl−ε′1|β|,w0+κ2|β|,m−|β|/2
σ,κ1,z , where ε′1 := min{ ε1/2, εv/2 } > 0, κ1 := max{κv, κ }, κ2 :=

κ+ |εv − κ|, and the application f 7→ fβ,ϕ is continuous.

Proof. (i) By Lemma 5.4.41, if ν 6= 0, we have the following equality, valid for any (x, ζ, ζ ′, ϑ) ∈
R4n, ∂νx,ζ,ϑe

2πi〈ϑ,ux,ζ(ζ′)〉 = (
∑
|ω|≤|µ| ϑ

ωTν,ω,u(x, ζ, ζ ′)) e2πi〈ϑ,ux,ζ(ζ′)〉 where Tν,ω,u is a linear com-
bination of terms of the form

∏m
j=1(∂l

j

x,ζu)µ
j with 1 ≤ m ≤ |ν|, µj 6= 0,

∑m
j=1 |µj | = |ω + γ|

and
∑m

j=1 |µj ||lj | = |µ|. Since by Lemma 5.4.39 (i), s ∈ O0,0,ws
σ,κv ,εv ,εv ,1

(Rn), it is straightforward

to check that Tν,ω,s ∈ O−|µ|,κv |µ|,ws|ω+γ|+κv |µ|
σ,κv ,εv ,εv ,|ω+γ| (R). Moreover, since ϕ ∈ O−εv ,εv ,wϕσ,κv ,εv ,εv ,2

(Rn), we get

Tν,ω,ϕ ∈ O
−|µ|−εv |ω+γ|,εv |ω+γ|+κv |µ|,wϕ|ω+γ|+κv |µ|
σ,κv ,εv ,εv ,2|ω+γ| (R). The first estimate is direct and the second

estimate follows from the inequality |ω + γ|+ |ρ|2|ω+γ| ≥ |ρ|/2.
(ii) By Lemma 5.4.41, if β 6= 0, we have for any (x, ζ, ζ ′, ϑ) ∈ R4n, the following re-
lation ∂βζ′e

2πi〈ϑ,ϕx,ζ(ζ′)〉 = (
∑

1≤|ω|≤|β| ϑ
ωTβ,ω,ϕ(x, ζ, ζ ′))e2πi〈ϑ,ϕx,ζ(ζ′)〉 where Tβ,ω,ϕ is a linear

combination of terms of the form
∏m
j=1(∂l

j
ϕx,ζ)µ

j with 1 ≤ m ≤ |β|, µj 6= 0, lj 6= 0,∑m
j=1 |µj | = |ω| and

∑m
j=1 |µj ||lj | = |β|. Let us reorder the lj indices so that for any 1 ≤ j ≤ j1,

|lj | = 1 and for any j ≥ j1 + 1, |lj | > 1, where j1 ∈ { 0, · · ·m }. Thus
∏m
j=1(∂l

j
ϕx,ζ)µ

j
=∏j1

j=1(∂l
j
ϕx,ζ)µ

j ∏
j≥j1+1(∂l

j
ϕx,ζ)µ

j and with a Taylor expansion at order 1 of ∂ljϕx,ζ in ζ ′ around

0 when 1 ≤ j ≤ j1, we get ∂ljϕx,ζ =
∑

1≤i≤n ζ
′
it
k
i,j where tki,j =

∫ 1
0 ∂

ei+l
j

ζ′ ϕx,ζ(tζ ′)dt. Thus, using
the fact that ϕ ∈ O0,0,ws

σ,κv ,εv ,εv ,1
(Rn), we see that

∏j1
j=1(∂l

j
ϕx,ζ)µ

j is a linear combination of terms
of the form ζ ′λVλ where |λ| =

∑j1
j=1 |µj | and

Vλ = O(〈x〉−σεv
∑j1

1 |lj ||µj |〈ζ〉εv |λ|+εv
∑j1

1 |µj ||lj |〈ζ ′〉(kv+ws)|λ|+κv
∑j1

1 |lj ||µj |).

As a consequence, we see that
∏m
j=1(∂l

j
ϕx,ζ)µ

j is a linear combination of terms of the form ζ ′λWλ

where |λ| =
∑j1

j=1 |µj | and

Wλ = O(〈x〉−σεv(|β|−v)〈ζ〉2εv |β|〈ζ ′〉w′s|β|)

where v :=
∑m

j=j1+1 |µj | = |ω| − |λ|. The first statement now follows from the inequality 2v ≤
|β| − |λ|.

Since ϕx,ζ(0) = 0 and (dϕx,ζ)0 = 0, Pβ,ϕ(x, ζ, 0, ϑ) is a linear combination of terms of
the form ϑω

∏m
j=1(∂0,0,ljϕ(x, ζ, 0))µ

j with 1 ≤ |ω| ≤ |β|/2, 1 ≤ m ≤ |β|, µj 6= 0, |lj | ≥ 2,∑m
j=1 |µj | = |ω| and

∑m
j=1 |µj ||lj | = |β|. We check with Lemma 5.4.39 (i) that any function

of the form
∏m
j=1(∂0,0,ljϕ(x, ζ, ζ ′))µ

j is in O−εv |β|/2,εv |β|,(ws/2+κv)|β|
σ,κv ,εv ,|β|/2 (R), and thus, (x, ζ, ϑ) 7→∏m

j=1(∂0,0,ljϕ(x, ζ, 0))µ
j

1L(Ez) ∈ Π−εv |β|/2,εv |β|,0σ,κv ,z . Since (x, ζ, ϑ) 7→ ϑω 1L(Ez) ∈ Π0,0,|β|/2
σ,κv ,z we ob-

tain (x, ζ, ϑ) 7→ Pβ,ϕ(x, ζ, 0, ϑ) 1L(Ez) ∈ Π−ε|β|/2,εv |β|,|β|/2σ,κv ,z .
(iii) We have

fβ,ϕ(x, ζ, ϑ) =
∑
β′≤β

(
β
β′

)
∂β
′

ζ′ (e
2πi〈ϑ,ϕx,ζ(ζ′)〉)ζ′=0 ∂

0,0,β−β′,βf(x, ζ, 0, Lx,ζ(ϑ))

=
∑
β′≤β

(
β
β′

)
Pβ′,ϕ(x, ζ, 0, ϑ) ∂0,0,β−β′,βf(x, ζ, 0, Lx,ζ(ϑ)) .
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Since (x, ζ) 7→ Lx,ζ ∈ E0
σ,κv(Mn(R)) and L−1

x,ζ = O(1), we deduce from Lemma 5.4.40 (i) and
Lemma 5.4.23 (iv) that (x, ζ, ϑ) 7→ ∂0,0,β−β′,βf(x, ζ, 0, Lx,ζ(ϑ)) belongs to the amplitude space
Πl−ε1|β−β′|,w0+κ|β−β′|,m−|β|
σ,max{κ,κv },z . The result now follows from (ii).

We now introduce two parametrized cut-off functions that will be used later. Let b ∈
C∞c (R, [0, 1]) such that b = 1 on [−1/4, 1/4] and b = 0 on R\]−1, 1[. We define for ε, δ, η1, η2 > 0
with ε, δ < 1,

χε(ϑ, ϑ′) := b( ‖ϑ
′‖2

ε2〈ϑ〉2 ) ,

χδ,η(x, ζ, ζ ′) := b( ‖ζ′‖2
δ2〈x〉2ση1 〈ζ〉−2η2

).

Lemma 5.4.43. The cut-off functions χε and χδ,η are repectively in the spaces C∞(R2n, [0, 1])
and C∞(R3n, [0, 1]) and satisfy:
(i) For any (x, ζ, ζ ′) ∈ R3n, if ‖ζ ′‖ ≤ 1

2δ〈x〉
ση1〈ζ〉−η2, then χδ,η(x, ζ, ζ ′) = 1, and if ‖ζ ′‖ ≥

δ〈x〉ση1〈ζ〉−η2, then χδ,η(x, ζ, ζ ′) = 0. In particular, for any (x, ζ) ∈ R2n, χδ,η(x, ζ, 0) = 1 and for
any 3n-multi-index ν 6= 0, (∂νχδ,η)(x, ζ, 0) = 0.
(ii) For any (ϑ, ϑ′) ∈ R2n, if ‖ϑ′‖ ≤ 1

2ε〈ϑ〉, then χε(ϑ, ϑ′) = 1, and if ‖ϑ′‖ ≥ ε〈ϑ〉, then
χε(ϑ, ϑ′) = 0. In particular, for any ϑ ∈ Rn, χε(ϑ, 0) = 1 and for any 2n-multi-index ν 6= 0,
(∂νχε)(ϑ, 0) = 0.
(iii) For any 3n-muti-index ν = (α, β, γ), we have ∂νχδ,η(x, ζ, ζ ′) = O(〈x〉−|α|〈ζ〉−β〈ζ ′〉−|γ|),
and ∂νχδ,η(x, ζ, ζ ′) = O(〈x〉−σ|ν|〈ζ〉(−1+η2/η1)|β|+(η2/η1)|γ|〈ζ ′〉(η

−1
1 −1)|γ|+η−1

1 |β|). In particular, the
function χδ,η is in O0,0,0

σ,κ′η ,κ
′
η ,1,0

(R) for a κ′η > 0.

(iv) For any 2n-muti-index ν, ∂νχε(ϑ, ϑ′) = O(〈ϑ〉−|ν|) and ∂νχε(ϑ, ϑ′) = O(〈ϑ′〉−|ν|).

Proof. (i) and (ii) are straightforward. For any ν 6= 0, ∂νχδ,η =
∑

1≤ν′≤|ν| Pν,ν′(g) (∂ν
′
b) ◦ g

where g(x, ζ, ζ ′) := ‖ζ‖2
δ2〈x〉2ση1 〈ζ〉−2η2

. We obtain from a direct computation the estimate Pν,ν′(g) =

O(〈x〉−2ση1ν′−|α|〈ζ〉2η2ν′−|β|〈ζ ′〉2ν′−|γ|). Since for any ν ∈ N, we have ∂ν′b = O(1) we obtain
∂νχδ,η = O(〈x〉−|α|〈ζ〉−β〈ζ ′〉−|γ|1Dδ) where Dδ is the set of triples (x, ζ, ζ ′) satifying the inequa-
lities δ/2 ≤ 〈ζ ′〉〈x〉−ση1〈ζ〉η2 ≤

√
2. The estimates of (iii) follow. The proof of (iv) is similar.

We will use in the following lemma the space Ot0,t1,jκ (κ ≥ 0, j ∈ N, (t0, t1) ∈ R2
+) of functions

f ∈ C∞(R4n,C) such that for any α ∈ Nn, there is Cα > 0 such that for any (x, ζ, ζ ′, ϑ) ∈ R4n,
|∂αζ′f(x, ζ, ζ ′, ϑ)| ≤ Cα〈ζ〉t0+κ|α|〈ζ ′〉t1+κ|α|〈ϑ〉−2j . Clearly, Ot0,t1,jκ Ot

′
0,t
′
1,j
′

κ ⊆ Ot0+t′0,t1+t′1,j+j
′

κ and

∂αζ′O
t0,t1,j
κ ⊆ Ot0+κ|α|,t1+κ|α|,j

κ .

Lemma 5.4.44. . Defining h(x, ζ, ζ ′, ϑ) :=
(
1 +

∥∥t(dsx,ζ)ζ′(ϑ)
∥∥2 − (i/2π)〈ϑ, (∆sx,ζ)(ζ ′)〉

)−1, we
have the following relation, valid for any (x, ζ, ζ ′, ϑ) ∈ R4n, p ∈ N,

e2πi〈ϑ,sx,ζ(ζ′)〉 = (h(x, ζ, ζ ′, ϑ)Lζ′)pe2πi〈ϑ,sx,ζ(ζ′)〉

where Lζ′ := 1 − (2π)−2∆ζ′. Moreover, if (Cσ) holds, there is κL ≥ 0 such that for any p ∈ N,
there is Np ∈ N∗, (hpk)1≤k≤Np functions in O2pκL,2pκL,p

κL , (βk,p)1≤k≤Np n-multi-indices satisfying

|βk,p| ≤ 2p, such that (Lζ′ h)p =
∑Np

k=1 h
p
k ∂

βk,p

ζ′ .
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Proof. We obtain Lζ′e
2πi〈ϑ,sx,ζ(ζ′)〉 = (1/h)e2πi〈ϑ,sx,ζ(ζ′)〉 through a direct computation. Let us

show the remaining statement by induction on p. Note that by Lemma 5.4.39 (ii), we have
|1/h| ≥ c〈ϑ〉2 for a c > 0 and we check that 1/h ∈ Π̃0,εv ,w′v ,2

σ,κv ,εv ,z where w′v = max{ 2wv, wv+κv }. With
a reccurence or using Proposition 5.5.4, we check that h ∈ O0,0,1

κL where κL := max{ 2εv, w′v+κv }.
The property is obviously true for p = 0. Suppose now that the property is true for p ≥ 0, so that
(Lζ′ h)p =

∑Np
k=1 h

p
k ∂

βk,p

ζ′ with Np ∈ N∗, (hpk)1≤k≤Np functions in O2pκL,2pκL,p
κL and (βk,p)1≤k≤Np

n-multi-indices satisfying |βk,p| ≤ 2p. We also have

(Lζ′h)p+1 = (Lζ′h)
Np∑
k=1

hpk ∂
βk,p

ζ′ =
Np∑
k=1

hhpk∂
βk,p

ζ′ − (2π)−2
(
∆ζ′(hh

p
k)∂

βk,p

ζ′

+ 2
n∑
i=1

∂ζ′i(hh
p
k)∂

βk,p+ei
ζ′ + hhpk∆ζ′∂

βk,p

ζ′
)

so the property holds for p+ 1.

We note Sσ,c(R3n, L(Ez)) the space of smooth functions f such that for any N ∈ N∗ and
ν = (µ, γ) ∈ N2n × Nn, ∂νf(x, ζ, ϑ) = O(〈x〉−σN 〈ζ〉c0+c1N+c2|µ|〈ϑ〉−N ). It follows from Lemma
5.4.18 that if f ∈ Sσ,c(R3n, L(Ez)), then OpΓ(f) ∈ OpΓ(S−∞σ,z ). Here and thereafter Γ satisfies
the hypothesis of Lemma 5.4.18.

Lemma 5.4.45. Assume that (Cσ) holds.
(i) For any l, w0, w1,m, κ, Sm,w1(Π̃l,w0,w1,,m

σ,κ,ε1,z ) ⊆ Sσ,c(R3n, L(Ez)) for a triple c := (c0, c1, c2) and
the linear map Sm,w1 : f 7→ Sm,w1(f) is continuous, where

Sm,w1(f) : (x, ζ, ϑ) 7→
∫

R2n

e2πi(〈ϑ′,ζ′〉+〈ϑ,sx,ζ(ζ′)〉) tM
pm,w1 ,ζ

′

ϑ′ (f)(x, ζ, ζ ′, ϑ′)(1−χδ,η)(x, ζ, ζ ′) dϑ′ dζ ′

and pm,w1 := max{m+ 2n, [|w1|] + 1 + 2n }.
(ii) For any u ∈ S(R2n, L(Ez)), the linear application f 7→ 〈OpΓ Sm,w1(f), u〉 is continuous.

Proof. We fix N ∈ N∗. First note that Sm,w1(f) is well-defined since for any (x, ζ) ∈ R2n, there
is Cx,ζ > 0 such that

∥∥∥ tMpm,w1 ,ζ
′

ϑ′ (f)(x, ζ, ζ ′, ϑ′)(1− χδ,η)(x, ζ, ζ ′)
∥∥∥ ≤ Cx,ζ〈ϑ′〉−2n〈ζ ′〉−2n. Since

for any n-multi-index δ, ∂δϑ′
tM

pm,w1 ,ζ
′

ϑ′ (f) decrease to zero with ϑ′, we can successively integrate
by parts with (5.26), which is valid since 1 − χδ,η assures that ‖ζ ′‖ ≥ 1

2δ on the domain of
integration. We obtain thus for any q ∈ N∗,

Sm,w1(f) : (x, ζ, ϑ) 7→
∫

R2n

e2πi(〈ϑ′,ζ′〉+〈ϑ,sx,ζ(ζ′)〉) tM
pm,w1+q,ζ′

ϑ′ (f)(1− χδ,η) dϑ′ dζ ′ .

We note fq the integrand of the previous integral. If ν = (α, β, γ) = (µ, γ) is a 3n-multi-index,
we see with Lemma 5.4.41 that

∂νx,ζ,ϑfq = e2πi〈ϑ′,ζ′〉
∑
µ′≤µ

(
µ
µ′

)
e2πi〈ϑ,sx,ζ(ζ′)〉

∑
|ω|≤|µ′|

ϑωTν′,ω,s(x, ζ, ζ ′)

∑
|δ̃|=pm,w+q

λδ(−1)|δ̃| ζ′δ̃

‖ζ′‖2(pm,w1+q)∂
µ−µ′
x,ζ ∂ δ̃ϑ′(f(1− χδ,η)) .
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By Lemma 5.4.43 (iii), (x, ζ, ζ ′, ϑ′) 7→ χδ,η(x, ζ, ζ ′) 1L(Ez) is in Π̃0,0,0,0
σ,κ′η ,1,z

, so the multiplication

operator f 7→ f(1− χδ,η) is continuous from Π̃l,w0,w1,m
σ,κ,ε1,z into Π̃l,w0,w1,m

σ,κη ,ε1,z , where κη = max{κ, κ′η }.
Since ‖ζ ′‖ ≥ δ/2 in the support of f(1 − χδ,η), we get from Lemma 5.4.42 (i) the following
estimates, where κ′′η := κv + ws + κη,∥∥∂νx,ζ,ϑfq(x, ζ, ϑ, ζ ′, ϑ′)∥∥ ≤ Cν,q〈ϑ〉|µ|〈ϑ′〉m−pm,w1−q

∑
µ′≤µ
〈ζ〉κv |µ′|+w0+κη |µ|

× 〈ζ ′〉w1+(κv+ws)|µ′|+κη |µ|−(pm,w1+q)+ws|γ|〈x〉σ|l|

≤ C ′ν,q〈x〉σ|l|〈ζ〉w0+κ′′η |µ|〈ϑ〉|µ|〈ϑ′〉m−pm,w1−q〈ζ ′〉w1+κ′′η |ν|−pm,w1−q .

If k ∈ N∗, and if we set q := qk such that w1 + κ′′ηk − pm,w1 − qk ≤ −2n, we see by applying the
theorem of derivation under the integral sign that Sm,w(f) is smooth and for any 3n-multi-index
ν = (α, β, γ) and q ∈ N∗, after integrations by parts in ϑ′, with ν ′ := (µ′, γ),

∂νSm,w1(f)(x, ζ, ϑ) =
∑
µ′≤µ

∑
|ω|≤|µ′|

(
µ
µ′

)
ϑω
∫

R2n

e2πi(〈ϑ′,ζ′〉+〈ϑ,sx,ζ(ζ′)〉)Tν′,ω,s(x, ζ, ζ ′)

tM
pm,w1+q|ν|+q,ζ

′

ϑ′ ∂µ−µ
′

x,ζ (f(1− χδ,η)) dϑ′ dζ ′ .

We note gq(x, ζ, ζ ′, ϑ′) := e2πi〈ϑ′,ζ′〉Tν′,ω,s(x, ζ, ζ ′)tM
pm,w1+q|ν|+q,ζ

′

ϑ′ ∂µ−µ
′

x,ζ (f(1 − χδ,η)). Using now
Lemma 5.4.44, we get the estimates for any p ∈ N,

∥∥(Lζ′h)pgq(x, ζ, ζ ′, ϑ′)
∥∥ ≤ Cp〈ζ ′〉2pκL〈ζ〉2pκL〈ϑ〉−2p

Np∑
k=1

∥∥∥∂βk,pζ′ gq(x, ζ, ζ ′, ϑ′)
∥∥∥ .

Thus, with Lemma 5.4.42 (i), we obtain with k1 := ws + κv + κη + κL,∥∥(Lζ′h)pgq(x, ζ, ζ ′, ϑ′)
∥∥ ≤ C ′p〈x〉σ|l|〈ζ ′〉w1+(2p+|ν|)k1−pm,w1−q|ν|−q〈ϑ〉−2p

〈ϑ′〉2p+m−pm,w1−q|ν|−q〈ζ〉(2p+|µ|)k1+w0
∑
|β̃|≤2p

∑
µ′≤µ

∑
|δ̃|=pm,w1+q|ν|+q

q
µ′,β̃,δ̃

(f(1− χδ,η)) 1D(x, ζ, ζ ′)

where D := { (x, ζ, ζ ′) ∈ R2n | ‖ζ ′‖ ≥ 1
2δ〈x〉

ση1〈ζ〉−η2 }. If we now fix p such that −N − 2 ≤
−2p+ |µ| ≤ −N , we see that by taking q such that Aq ≤ −N/η1−|l|/η1 where Aq := w1 + (2p+
|ν|)k1− pm,w1 − q|ν|− q+ 2n, and 2p+m− pm,w1 − q|ν|− q ≤ −2n, we can successively integrate
by parts in ζ ′ (p times) using the formula of Lemma 5.4.44. We obtain then the estimate for
given constants c0, c1, c2 > 0,

‖∂νSm,w1(f)(x, ζ, ϑ)‖ ≤ Cν,N 〈x〉−σN 〈ζ〉c0+c1N+c2|µ|〈ϑ〉−N∑
|β̃|≤2p

∑
µ′≤µ

∑
|δ̃|=pm,w1+q|ν|+q

q
µ′,β̃,δ̃

(f(1− χδ,η))

which yields the result.
(ii) This statement follows from (i) and Lemma 5.4.14 (ii).
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Lemma 5.4.46. Suppose (Cσ).
(i) Defining for any f ∈ Π̃l,w0,w1,m

σ,κ,ε1,z ,

Π(f) : (x, ζ, ϑ) 7→
∫

R2n

e2πi(〈ϑ′,ζ′〉+〈ϑ,ϕx,ζ(ζ′)〉)f(x, ζ, ζ ′, ϑ′ + Lx,ζ(ϑ))χδ,η(x, ζ, ζ ′) dζ ′ dϑ′ ,

there is δ, η, such that for any N ≥ |m|, we have Π(f) = ΠN (f) + ΠR,N (f) where ΠN (f) =∑
0≤|β|≤N

(i/2π)|β|

β! fβ,ϕ and there is such that ΠR,N (f) satisfies the estimates for any 3n-multi-
index ν = (µ, γ) ∈ N2n × Nn,

∂νΠR,N (f) = O(〈x〉σ(l−ε′1(N+1))〈ζ〉k0+k1(N+1+|µ|)+εv |γ|〈ϑ〉m+|µ|−(N+1)/2+n)

where ε′1, k0, k1 > 0.
(ii) We have for any 3n-multi-index ν = (µ, γ) ∈ N2n × Nn,

∂νΠ(f) = O(〈x〉σl〈ζ〉k′0+k′1|µ|+εv |γ|〈ϑ〉m)

where k′0, k
′
1 > 0. In particular, for any u ∈ S(R2n, L(Ez)), the linear application f 7→

〈OpΓ Π(f), u〉 is continuous.

Proof. (i) We proceed to a Taylor expansion of f̃(x, ζ, ζ ′, ϑ′, ϑ) := f(x, ζ, ζ ′, ϑ′ + Lx,ζ(ϑ)) in ϑ′

around zero at order N ∈ N∗, so that

Π(f) =
∑

0≤|β|≤N

1
β!Iβ(f) +

∑
|β|=N+1

N+1
β! Rβ,N (f) =: ΠN (f) + ΠR,N (f)

where

Iβ(f) =
∫

R2n

ϑ′βe2πi(〈ϑ′,ζ′〉+〈ϑ,ϕx,ζ(ζ′)〉)∂0,0,0,βf(x, ζ, ζ ′, Lx,ζ(ϑ))χδ,η(x, ζ, ζ ′) dζ ′ dϑ′ ,

Rβ,N (f) =
∫

R2n

ϑ′βe2πi(〈ϑ′,ζ′〉+〈ϑ,ϕx,ζ(ζ′)〉)rβ,N,f (x, ζ, ζ ′, ϑ′, ϑ) dζ ′ dϑ′ ,

and rβ,N,f :=
∫ 1

0 (1− t)N∂0,0,0,βfχ(x, ζ, ζ ′, tϑ′ + Lx,ζ(ϑ)) dt, fχ := fχδ,η ∈ Π̃l,w0,w1,m
σ,κη ,z . By integra-

tion by parts in ζ ′ in the integrals Iβ(f), we get

ΠN (f) =
∑

0≤|β|≤N

(i/2π)|β|

β! ∂βζ′
(
e2πi〈ϑ,ϕx,ζ(ζ′)〉∂0,0,0,βf(x, ζ, ζ ′, Lx,ζ(ϑ))

)
ζ′=0

=
∑

0≤|β|≤N

(i/2π)|β|

β! fβ,ϕ .

Using integration by parts in ζ ′, we obtain Rβ,N,f = (i/2π)|β|If , where for any p ∈ N,

If (x, ζ, ϑ) :=
∫

R2n

e2πi〈ϑ′,ζ′〉∂βζ′G(x, ζ, ζ ′, ϑ′, ϑ) dζ ′ dϑ′ ,

G(x, ζ, ζ ′, ϑ′, ϑ) := e2πi〈ϑ,ϕx,ζ(ζ′)〉rβ,N,f (x, ζ, ζ ′, ϑ′, ϑ) .

Using integration by parts in ζ ′ and e2πi〈ϑ′,ζ′〉 = 〈ϑ′〉−2pLpζ′e
2πi〈ϑ′,ζ′〉, we check that If is smooth

on R3n and if ν is a 3n-multi-index, we see that ∂νIf is a linear combination of terms of the form

Jf := ϑω̃
∫

R2n

e2πi(〈ϑ′,ζ′〉+〈ϑ,ϕx,ζ(ζ′)〉)∂β
1

ζ′ Tν′,ω̃,ϕPβ2,ϕ∂
ν−ν′
x,ζ,ϑ∂

β3

ζ′ rβ,N,f dζ
′ dϑ′
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where |ω̃| ≤ |µ′|, ν ′ ≤ ν,
∑
βi = β, |β| = N + 1. We now cut the integral Jf in two parts

Jχ + J1−χ, where the cut-off function χε(ϑ, ϑ′) appears in Jχ.
Analysis of Jχ

Using Lemma 5.4.42 (ii) and integration by parts in ζ ′, we see that Jχ is a linear combination
of terms of the form

Jχ,ω = ϑω̃ϑω
∫

R2n

e2πi(〈ϑ′,ζ′〉+〈ϑ,ϕx,ζ(ζ′)〉)〈ζ ′〉−2ptω,λ ∂
′β1

ζ Tν′,ω̃,ϕ ∂
λ′
ϑ′∂

ν−ν′
x,ζ,ϑ∂

β3
rβ,N,f ∂

λ+ρ−λ′χε dζ
′ dϑ′

where p ∈ N, |ρ| ≤ 2p, |ω| ≤ |β2|, (2|ω| − |β2|)+ ≤ |λ| ≤ |ω|, λ′ ≤ λ+ ρ. We now fix ε such that
ε < c/2 where c is a constant such that c〈ϑ〉 ≤ 〈Lx,ζ(ϑ)〉. Thus, in the domain of integration of
Jχ,ω, we have for any t ∈ [0, 1], 〈tϑ′+Lx,ζ(ϑ)〉 ≥ c1〈ϑ〉 for a c1 > 0. As a consequence, we obtain
the following estimate:∥∥∥∂λ′ϑ′∂ν−ν′x,ζ,ϑ∂

β3

ζ′ rβ,N,f

∥∥∥ ≤ C〈x〉σ(l−ε1|β3|)〈ζ〉(κv+κη)|µ−µ′|+w0+κη |β3|

〈ζ ′〉w1+κη(|µ−µ′|+|β3|)〈ϑ〉|µ−µ′|+m−|β|−|λ′| .

We also deduce from Lemma 5.4.42 the estimate

|tω,λ ∂′β
1

ζ Tν′,ω̃,ϕ| ≤ C ′〈x〉−σ(|µ′|+(ε/2)|β1+β2|)〈ζ〉2εv |β1+β2|+(κv+εv)|µ|+εv |γ|〈ζ ′〉c1(N+1)+c2|ν| .

As a consequence, by taking p sufficiently big, the integrand j(x, ζ, ζ ′, ϑ, ϑ′) of Jχ,ω satisfies the
estimate, for a ε′1 > 0 and a k1 > 0,

‖j‖ ≤ C ′′〈x〉σ(l−ε′1(N+1))〈ζ〉w0+k1(N+1+|µ|)+εv |γ|〈ζ ′〉−2n〈ϑ〉m+|µ|−(N+1)/2 1Dε(ϑ, ϑ
′)

where Dε is the set of (ϑ, ϑ′) in R2n such that ‖ϑ′‖ ≤ ε〈ϑ〉. We deduce finally that for any
ν ∈ N3n,

Jχ = O(〈x〉σ(l−ε′1(N+1))〈ζ〉w0+k1(N+1+|µ|)+εv |γ|〈ϑ〉m+|µ|−(N+1)/2+n) .

Analysis of J1−χ

We set ω := 〈ζ ′, ϑ′〉 + 〈ϑ, ϕx,ζ(ζ ′)〉. By Lemma 5.4.39 (i), we have
∑

i

∥∥∥∂ζ′iϕx,ζ(ζ ′)
∥∥∥ ≤

C〈x〉−σεv〈ζ〉c1〈ζ ′〉c2) for C, c1, c2 > 0. The presence of χδ,η in the integrand of J1−χ allows to use
the estimate 〈ζ ′〉 ≤

√
2δ〈x〉ση1〈ζ〉−η2 , so that

∑
i

∥∥∥∂ζ′iϕx,ζ(ζ ′)
∥∥∥ ≤ C 2c2/2 δc2 by taking η1 ≤ εv/c2

and η2 ≥ c1/c2. As a consequence, we obtain the following estimate in the domain of integration
of J1−χ,

|∇ζ′ω|2 ≥
∥∥ϑ′∥∥2 (1− 4

ε C 2c2/2 δc2) .

We now fix δ such that 4
ε C 2c2/2 δc2 < 1 so that there is k > 0 such that |∇ζ′ω| ≥ k ‖ϑ′‖. Noting

Uζ′ := (2πi|∇ζ′ω|2)−1
∑

i(∂ζ′iω)∂ζ′i we have (see for instance [119]) Uζ′e2πiω = e2πiω and

(tUζ′)r = 1
|∇ζ′ω|4r

∑
|ρ|≤r

Pωρ,r∂
ρ
ζ′

where Pωρ,r is a linear combination of terms of the form (∇ζ′ω)π∂δ
1

ζ′ ω · · · ∂δ
r

ζ′ ω, with |π| = 2r,
|δi| > 0 and

∑r
j=1 |δj |+ |ρ| = 2r. We thus obtain after integration by parts in ζ ′, for any r ∈ N∗,

that J1−χ is a linear combination of integrals of the form

ϑω̃+ω̂

∫
R2n

e2πiω(tUζ′)r
(
∂β

1

ζ′ Tν′,ω̃,ϕPω̂,β2,ϕ∂
ν−ν′
x,ζ,ϑ∂

β3

ζ′ rβ,N,f
)
(1− χε)dζ ′ dϑ′
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where |ω̂| ≤ |β2|. We noted Pβ2,ϕ =:
∑

ω̂ Pω̂,β2,ϕϑ
ω̂. By Lemma 5.4.42 (ii), we see that Pω̂,β2,ϕ ∈

O−εv |β
2|/2,2εv |β2|,(w′s+1)|β2|

σ,κv ,εv ,εv ,2|β2| . Let us note T̃ := ∂β
1

ζ′ Tν′,ω̃,ϕPω̂,β2,ϕ. Lemma 5.4.42 (i) yields T̃ ∈

O−(εv/2)|β1+β2|,c0(|µ|+N)+εv |γ|,c0(|ν|+N)
σ,κv ,εv ,εv ,2(|ν|+N) (R) for a constant c0 > 0. With our choice of the parameters

η1 and η2, we also have the following estimate, valid in the domain of integration of J1−χ,

∂λϑ′∂
γ+ei
ζ′ ω = O

(
〈ζ〉εv |γ|〈ζ ′〉κv |γ|〈ϑ′〉1−|λ|

)
.

In particular, noting Ol,mκv the space of smooth functions f such that for any n-multi-indices λ, γ,
∂λϑ′∂

γ
ζ′f = O

(
(〈ζ〉〈ζ ′〉)l+κv |γ|〈ϑ′〉m

)
, we see that |∇ζ′ω|2 ∈ O0,2

κv , and for any λ ∈ Nn, ∂λϑ′ |∇ζ′ω|−4r

= O(〈ϑ′〉−4r). Moreover, each term Pωρ,r is in Oκvr,3rκv so that finally, for any λ ∈ Nn

∂λϑ′
Pωρ,r
|∇ζ′ω|4r

= O
(
(〈ζ〉〈ζ ′〉)κvr〈ϑ′〉−r

)
.

We easily check that if r ≥ 2n, then h := (tUζ′)r
(
∂β

1

ζ′ T̃ ∂
ν−ν′
x,ζ,ϑ∂

β3

ζ′ rβ,N,f
)
(1 − χε) satisfies the

estimates for any q ∈ N,
∥∥Lqϑ′h∥∥ ≤ Cx,ζ,ζ′,ϑ,q〈ϑ′〉−2n. As a consequence, we can permute the

integration dζ ′dϑ′ → dϑ′dζ ′ and successively integrate by parts in ϑ′, so that finally J1−χ is a
linear combination of terms of the form

ϑω̃+ω̂

∫
R2n

e2πiω〈ζ ′〉−2q∂λ
1

ϑ′
Pωρ,r
|∇ζ′ω|4r

∂ρ
1

ζ′ T̃ ∂
λ2

ϑ′ ∂
ν−ν′
x,ζ,ϑ∂

β3+ρ2

ζ′ rβ,N,f ∂
λ3

ϑ′ (1− χε)dϑ′ dζ ′

where
∑

i λ
i = λ, |λ| ≤ 2q,

∑
i ρ
i = ρ, |ρ| ≤ r. We also have the following estimate for c′0, c′1 > 0,

∂λ
2

ϑ′ ∂
ν−ν′
x,ζ,ϑ∂

β3+ρ2

ζ′ rβ,N,f = O
(
〈x〉σ(l−|β3|)(〈ζ〉〈ζ〉)c′0+c′1(|µ−µ′|+|β3|+|ρ2|)) .

With Lemma 5.4.43 (iv) we now see that the integrand j′ of the previous integral is estimated
by ∥∥j′∥∥ ≤ C〈ϑ′〉−r+|µ|+N+1〈x〉σ(l−ε′1(N+1))〈ζ〉k0+k1N+k2r+k3|µ|+εv |γ|〈ζ ′〉−2q+k0+k1N+k2r+k3|ν|

for constants k0, k1, k2, k3 > 0. If we now fix r ≥ 2n such that −r + |µ| + N + 1 + 2n =
m + |µ| − (N + 1) + n, and q such that −2q + k0 + k1N + k2r + k3|ν| ≤ −2n we finally obtain
the estimate ν ∈ N3n,

J1−χ = O(〈x〉σ(l−ε′1(N+1))〈ζ〉k′0+k′1(N+1+|µ|)+εv |γ|〈ϑ〉m+|µ|−(N+1)+n) .

The result follows now from this estimate and the one obtained for Jχ.
(ii) The estimate is obtained by applying (i) and N + 1 = max{ 2(n + |µ|), |m| }. The second
statement is then a consequence of Lemma 5.4.14 (ii).

Theorem 5.4.47. If (Cσ) holds, Ψ∞σ is a ∗-subalgebra of <(S). Moreover, if A ∈ Ψl′,m′
σ and

B ∈ Ψl,m
σ , then AB ∈ Ψl+l′,m+m′

σ with the following asymptotic expansion of the normal symbol
of AB, in a frame (z, b):

σ0(AB)z,b ∼
∑

β,γ∈Nn
cβcγ∂

γ,γ
ζ,ϑ

(
a(x, ϑ)∂βζ′

(
e2πi〈ϑ,ϕx,ζ(ζ′)〉(∂βϑ′fb)(x, ζ, ζ

′, Lx,ζ(ϑ))
)
ζ′=0

τ−1
x,ζ

)
ζ=0

where a := σ0(A)z,b, b := σ0(B)z,b, cβ := (i/2π)|β|/β! and

fb(x, ζ, ζ ′, ϑ′) := τx,rx,ζ(ζ′) b ◦ Ξ̃(x, ζ, ζ ′, ϑ′) τxζ,ζ′ ,qx,ζ(ζ′) |J(R)|(x, ζ, ζ ′) |det(P z,b−1,ψ(x,ζ),ζ′)
−1| .
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Proof. We fix a frame (z, b). We note KAB the kernel of the operator AB. As a consequence of
Proposition 5.4.32 we have for any u, v ∈ S(Rn, Ez), 〈(KAB)z,b, u ⊗ v〉 =

(
Az,b(µ−1Bz,b(v))|u

)
.

We shall note g := Az,b(µ−1Bz,b(v)). A computation shows that for any x ∈ Rn, g(x) =∫
Rn µa(x, ϑ) b̃(x, ϑ) dϑ, and

b̃(x, ϑ) :=
∫

R3n

e2πi(〈ϑ,ζ〉+〈ϑ′,ζ′〉)τx,ζb(ψ(x, ζ), ϑ′)τψ(x,ζ),ζ′v(xζ,ζ
′
) dζ ′ dϑ′ dζ .

We suppose at first that b ∈ Sl,−2n
σ,z . Since ζ ′ 7→ v(xζ,ζ

′
) ∈ S(Rn, Ez), we can permute the order

integration dζ ′dϑ′ 7→ dϑ′ dζ ′ in b̃(x, ϑ). Thus, after integrations by parts in ϑ′, we get for any
p ∈ N∗,

b̃(x, ϑ) =
∫

R2n

e2πi〈ϑ,ζ〉τx,ζ

( ∫
Rn
e2πi〈ϑ′,ζ′〉〈ζ ′〉−2p(Lpϑ′b)(ψ(x, ζ), ϑ′) dϑ′

)
τψ(x,ζ),ζ′ v(xζ,ζ

′
) dζ ′ dζ .

With the estimate 〈xζ,ζ′〉 ≥ c〈ζ〉〈x〉−1〈ζ ′〉−1 for a c > 0, we see that for any N ∈ N,∥∥∥v(xζ,ζ
′
)
∥∥∥ ≤ cNq0,N (v)〈x〉N 〈ζ ′〉N 〈ζ〉−N . As a consequence, we get the following estimates for the

integrands bp of b̃(x, ϑ): for any x, ζ, ζ ′, ϑ, ϑ′, any p ∈ N∗ and any N ∈ N∗, ‖bp(x, ζ, ζ ′, ϑ, ϑ′)‖ ≤
Cp,N 〈ζ ′〉N−2p〈x〉σ|l|+N 〈ζ〉σ|l|−N 〈ϑ′〉−2n. Taking N such that σ|l| − N ≤ −2n and then taking p
such that N−2p ≤ −2n, we see that (ϑ′, ζ ′, ζ) 7→ bp(x, ζ, ζ ′, ϑ′, ϑ) is absolutely integrable and we
can thus apply the following change of variable (ζ, ζ ′, ϑ′) 7→ (Rx(ζ, ζ ′), ϑ′) to b̃(x, ϑ). After rever-
sing the integration by parts in ϑ′ and applying the change of variable ϑ′ = −P̃ z,b−1,ψ(x,ζ),ζ′(ϑ

′′),
we get

b̃(x, ϑ) =
∫

R3n

e2πi(〈ϑ,rx,ζ(ζ′)〉+〈ϑ′,ζ′〉)fb(x, ζ, ζ ′, ϑ′) v(ψ(x, ζ)) dϑ′ dζ ′ dζ .

By Lemma 5.4.40 (ii) and (iii), Lemma 5.4.38 (iii) and (iv) and Lemma 5.4.39 (iii),
we see that fb ∈ Π̃l,wl,wl,m

σ,κ,ε1,z for a (wl, κ) ∈ R2
+ and ε1 > 0, and the linear applica-

tion b 7→ fb is continuous on any symbol space Sl,mσ,z into Π̃l,wl,wl,m
σ,κ,ε1,z . We have g(x) =∫

Rn e
2πi〈ζ,ϑ〉µa(x, ϑ) cb(x, ζ, ϑ)v(ψ(x, ζ) dζ dϑ and 〈(KAB)z,b, u⊗ v〉 = 〈OpΓ0,z,b

(db), u⊗ v〉 where
db(x, ζ, ϑ) := µa(x, ϑ) cb(x, ζ, ϑ) τ−1(x, ζ) and

cb(x, ζ, ϑ) :=
∫

R2n

e2πi(〈ϑ,sx,ζ(ζ′)〉+〈ϑ′,ζ′〉)fb(x, ζ, ζ ′, ϑ′) dϑ′ dζ ′ .

Using now the cut-off function (x, ζ, ζ ′) 7→ χδ,η(x, ζ, ζ ′) we see that

cb(x, ζ, ϑ) = Π(fb)(x, ζ, ϑ) + Sm,wl(fb)(x, ζ, ϑ) .

For this equality, we used the formula of Lemma 5.26 and integration by parts in ϑ′ in the integral∫
R2n e

2πi(〈ϑ,sx,ζ(ζ′)〉+〈ϑ′,ζ′〉)fb(x, ζ, ζ ′, ϑ′)(1 − χδ,η(x, ζ, ζ ′)) dϑ′ dζ ′ , which are authorized since b ∈
Sl,−2n
σ,z by hypothesis. In

∫
R2n e

2πi(〈ϑ,sx,ζ(ζ′)〉+〈ϑ′,ζ′〉)fb(x, ζ, ζ ′, ϑ′)χδ,η(x, ζ, ζ ′) dϑ′ dζ ′ , we translated
the ϑ′ variable by −Lx,ζ(ϑ) and permuted the order of integration dϑ′ dζ ′ → dζ ′ dϑ′, which is
legal since b ∈ Sl,−2n

σ,z and ζ ′ 7→ χ(x, ζ, ζ ′) is of compact support. We deduce from Lemma 5.4.45
(ii) and Lemma 5.4.46 (ii) that b 7→ 〈OpΓ0,z,b

(db), u ⊗ v〉 is continuous on Sl,mσ,z , and thus, by
the density result of Lemma 5.4.6, we have the equality 〈(KAB)z,b, u⊗ v〉 = 〈OpΓ0,z,b

(db), u⊗ v〉
even when the hypothesis b ∈ Sl,−2n

σ,z does not hold.



5.5. Examples 195

Let us recall the linear map s : a 7→ s(a) given in Lemma 5.4.21 (ii) (for Γ = Γ0,z,b) which
is such that OpΓ0,z,b

(f) = OpΓ0,z,b(s(f)) for any f ∈ Πl,w,m
σ,κ,z . We define fa,b,β := µa(fb)β,ϕτ−1,

rN := µaΠR,N (fb)τ−1, s0 := µaSm,wl(fb)τ
−1. We now consider a symbol sa,b such that

sa,b ∼
∑
β∈Nn

(i/2π)|β|

β! s
(
fa,b,β

)
.

Such a symbol exists since by Lemma 5.4.42 (iii), s(fa,b,β) ∈ Sl+l
′−ε′1|β|,m+m′−|β|/2

σ,z . By Lemma
5.4.46 (i), we have for any N ≥ |m|, uN := s(µaΠN (fb)τ−1)−sa,b ∈ S

l+l′−ε′1(N+1),m+m′−(N+1)/2
σ,z .

Thus, noting S0 := OpΓ0,z,b
(s0), which is in OpΓ0,z,b

(S−∞σ,z ) by Lemma 5.4.45, RN := OpΓ0,z,b
(rN )

and UN := OpΓ0,z,b
(uN ) we have

(KAB)z,b = OpΓ0,z,b
(db) = OpΓ0,z,b

(s(µaΠN (fb)τ−1)) +RN + S0

= OpΓ0,z,b
(sa,b) + UN +RN + S0 .

Lemma 5.4.18 and Lemma 5.4.46 (i) now implies that the kernel UN + RN (which independent
of N) is in OpΓ0,z,b

(S−∞σ,z ). As a consequence, (KAB)z,b = OpΓ0,z,b
(sa,b + r) where r ∈ S−∞σ,z and

the symbol product asymptotic formula is entailed by Lemma 5.4.21 (ii).

5.5 Examples

In order to be able to apply the previous results about the pseudodifferential and symbolic
calculi on some concrete cases, we shall see in this section examples of exponential manifolds
and associated linearizations that satisfy the hypothesis Sσ-bounded geometry. The Euclidean
space Rn seen as exponential manifold, has its own exponential map ψ := exp(x, ξ) 7→ x + ξ
as a S1-linearization, leading to the usual pseudodifferential SG calculus (if σ = 1) or standard
(if σ = 0) pseudodifferential calulus on Rn. However, we can define other kinds of linearization,
leading to new kind of pseudodifferential and symbol calculi, with a non-bilinear linearization
map. We will see in particular that we can construct on the flat Rn, a family of Sσ-linearizations
that generalize the case of the flat euclidian geometry, and we obtain a extension of the normal
(λ = 0) and antinormal (λ = 1) quantization on Rn.

We will also prove that the 2-dimensional hyperbolic space, which is a Cartan–Hadamard
manifold (and thus an exponential Riemannian manifold) has S1-bounded geometry. This allows
to define a global Fourier transform, Schwartz spaces S(H), S(T ∗H), S(TH), B(H) and the space
of symbols Sl,m1 (T ∗H). As a consequence, we can define in an intrinsic way a global complete
pseudodifferential calculus on H, if one chose a fixed Sσ-linearization ψ on TH. There are many
possible linearizations, for instance one can take ψ such that in a frame (z, b) ψb

z is the standard
linearization x+ ξ of Rn.

5.5.1 A family of Sσ-linearizations on the euclidean space

Recall that G×σ (Rn) (0 ≤ σ ≤ 1) is defined as the subgroup of diffeomorphisms s on Rn

such that for any n-multi-index α 6= 0, there are Cα, C ′α > 0, such that for any x ∈ Rn,
‖∂αs(x)‖ ≤ Cα〈x〉σ(1−|α|) and

∥∥∂αs−1(x)
∥∥ ≤ C ′α〈x〉σ(1−|α|). G×σ (Rn) contains GLn(R) and the

translations Tv := w 7→ v + w.
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We fix η ∈]0, 1[ such that for any matrix A ∈Mn(R) such that ‖A‖1 ≤ η, we have det(In +
A) ≥ 1

2 , where ‖A‖1 := maxi,j |Ai,j |. Taking now h ∈ G0(Rn,Rn) such that for any 1 ≤ i, j ≤ n,
|∂jhi| ≤ η/16, and g(x) := h(x) − h(0) − dh0(x) we see that s := Id +g is a diffeomorphism on
Rn which belongs to G×0 (Rn), satisfying s(0) = 0 and ds0 = Id.
We set, for σ ∈ [0, 1],

ψ(x, ξ) := x+ ξ + 〈x〉σg( ξ
〈x〉σ ) = x+ 〈x〉σs( ξ

〈x〉σ ).

We obtain the following

Proposition 5.5.1. (Rn,+, dλ, ψ) has a Sσ-bounded geometry and satisfies (Cσ) (see Definition
5.4.37).

Proof. A computation shows that ψ ∈ Hσ(Rn) and ψ(x, ζ) = O(〈x〉〈ξ〉). We have ψ(x, y) =
〈x〉σs−1( y−x〈x〉σ ), and thus ψ ∈ OM (R2n,Rn). Noting ĝ := g ◦ (g + Id)−1 ◦ − Id ∈ G0(Rn), we also
have

Υ1,T (x, ξ) = ξ + 〈x〉σg( ξ
〈x〉σ ) + 〈ψ(x, ξ)〉σ ĝ

(
〈ψ(x, ξ)〉−σ〈x〉σs( ξ

〈x〉σ )
)

= (Id +Vx,ξ +Wx,ξ)(ξ)

where Vx,ξ := [
∫ 1

0 ∂jv
i
x(tξ)dt]i,j , Wx,ξ := [

∫ 1
0 ∂jw

i
x,ξ(tξ)dt]i,j , and vx := Mx ◦ g ◦M−1

x , wx,ξ :=
Mψ(x,ξ) ◦ ĝ ◦M−1

ψ(x,ξ) ◦Mx ◦s◦M−1
x , Mx being the multiplication by 〈x〉σ. We get dvx = dg ◦M−1

x

and dwx,ξ = dĝ ◦ (M−1
ψ(x,ξ) ◦Mx ◦ s ◦M−1

x ) ds ◦M−1
x . and thus, after computations we check

that Vx,ξ and Wx,ξ are in E0
σ. Moreover, we have ‖Vx,ξ‖1 ≤ η/2 and ‖Wx,ξ‖1 ≤ η/2, which

proves that Px,ξ := Id +Vx,ξ +Wx,ξ is invertible with detPx,ξ ≥ 1
2 . As a consequence its inverse

P−1
x,ξ = (detPx,ξ)−1 t cof(Px,ξ) is also in E0

σ. We deduce then that (Rn,+, dλ, ψ) has a Sσ-bounded
geometry. With r(x, ξ, ξ′) = −ψ(x, ψ(ψ(x,−ξ),−ξ′)), we get

r(x, ξ, ξ′) = −〈x〉σs−1
(
s( −ξ〈x〉σ ) + 〈ψ(x,−ξ)〉σ

〈x〉σ s( −ξ′
〈ψ(x,−ξ)〉σ )

)
.

so that (drx,ξ)ξ′ = (ds−1 ◦ w) (ds ◦ u) where w(x, ξ, ξ′) := s( −ξ〈x〉σ ) + v(x, ξ, ξ′), v(x, ξ, ξ) :=
〈ψ(x,−ξ)〉σ
〈x〉σ s( −ξ′

〈ψ(x,−ξ)〉σ ), u(x, ξ, ξ′) := − ξ′

〈ψ(x,−ξ)〉σ . We check that v satisfies

∂(µ,γ)v = O
(
〈ψ(x,−ξ)〉−σ|γ|〈x〉−σ(|µ|+1)〈ζ〉κ1|µ|〈ζ ′〉|µ|+1

)
.

It follows from Peetre’s inequality that for any ε ∈ [0, 1] and x, y ∈ Rn, 〈x + y〉 ≥ 2−ε/2 〈x〉
ε

〈y〉ε ,
which implies that 〈ψ(x,−ξ)〉σ = O

(
〈x〉−σε〈ξ〉σε

)
. As a consequence we get the estimates

∂(µ,γ)w = O
(
〈x〉−σ(1+|µ|+ε|γ|)〈ζ〉κ1|µ|+ε|γ|+δγ,0〈ζ ′〉|µ|+1

)
,

∂(µ,γ)u = O
(
〈x〉−σ(|µ|+ε|γ|)〈ζ〉κ1|µ|+ε|γ|〈ζ ′〉1−|γ|

)
.

We deduce from this that (Cσ) is satisfied.

We also check that the hypothesis (HV ) of section 5.4.5 is satisfied so that the previous pseu-
dodifferential calculus (for λ ∈ { 0, 1 }) is then valid on (Rn,+, dλ, ψ), and proves in particular
the space of operators of the form

A(v)(x) =
∫

R2n

e2πi〈θ,ξ〉a(x, θ)v(ψ(x,−ξ)) dξ dθ =
∫

R2n

e−2πi〈θ,ψx(y)〉a(x, θ)v(y)|J(ψx)|(y) dy dθ
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where a ∈ S∞σ (R2n), is equal to the standard algebra of pseudodifferential operators Rn. However,
since (Cσ) is satisfied, we have now at our disposal a new symbol composition formula given by
Theorem 5.4.47, adapted to the new linearization ψ.

5.5.2 S1-geometry of the Hyperbolic plane

The (hyperboloid model of the) 2-dimensional hyperbolic space is defined as the submanifold
H := {x = (x1, x2, x3) ∈ R3 : x2

1 + x2
2 − x2

3 = −1 and x3 > 0 } of the (2, 1)-Minkowski
space R2,1 with the bilinear symmetric form 〈v, w〉2,1 = v1w1 + v2w2− v3w3. The induced metric
on H: ds2 = (dx1)2 + (dx2)2 − (dx3)2 is Riemannian and it is known that H is a symmetric
Cartan–Hadamard manifold with constant negative sectional curvature (equal to −1). The map
ϕ : R2 → H given by

ϕ(x, y) := (sinhx, coshx sinh y, coshx cosh y)

is a diffeomorphism with inverse ϕ−1(x1, x2, x3) = (argshx1, argsh( x2
cosh(argshx1))). As a conse-

quence we can construct another model of the hyperbolic space, noted R2 with domain R2 and
metric obtained by pulling back the metric on H onto R2. A computation shows that this metric
is ds2 := (dx)2 + cosh2 x (dy)2. We will note ‖·‖p the norm on TpR2 ' R2 given by this metric,
where p is a point in R2, and ‖·‖ is the Euclidian norm. The geodesic equation on R2 leads to
the following system of ordinary differential equations:

x′′ − coshx sinhx (y′)2 = 0 ,
y′′ + 2 tanhxx′ y′ = 0 . (5.34)

For each p = (x, y) ∈ R2 and v ∈ R2 such that ‖v‖p = 1 there exists an unique solution on R
γp,v = (x(t), y(t)) of (5.34) such that γp,v(0) = p and γ′p,v(0) = v.

At each point p = (x, y) ∈ R2, we can define the ellipse of unit vectors centered at 0 in
TpR

2 ' R2 with equation X2 + (cosh2 x)Y 2 = 1. The polar equation of this ellipse is

ep(θ) := 1√
1+sinh2 x sin2 θ

.

Thus, any tangent vector v ∈ TpR
2 with decompostion v = ‖v‖ (cos θ, sin θ) also admits the

following polar decomposition v = ‖v‖p (cosp θ, sinp θ) where cosp θ := ep(θ) cos θ and sinp θ :=
ep(θ) sin θ. Remark that ep, cosp, sinp and ‖·‖p are in fact independent of the second coordinate
y of p. We shall therefore also use the notations ex := e(x,y) and similarly for cosx, sinx and ‖·‖x.
Note that for any vector v := ‖v‖ (cos θ, sin θ), we have ‖v‖x = ‖v‖ /ex(θ).

If p ∈ H and v ∈ R2,1 are such that 〈p, v〉2,1 = 0 and 〈v, v〉2,1 = 1, then the unique geodesic
αp,v on H such that αp,v(0) = p and α′p,v(0) = v is αp,v(t) = cosh t p+sinh t v (see for instance [85,
p.195]). As a consequence, the geodesics γp,v on the R2 hyperbolic space can be obtained by
pushing forward the αp,v geodesics with the diffeomorphic isometry ϕ. We check after tedious
calculations that for any given p = (x, y) ∈ R2 and θ ∈ R, the following curve

γ1
p,θ(t) = argsh

(
cosh t sinhx+ sinh t coshx cosx θ

)
,

γ2
p,θ(t) = argsh

( cosh t coshx sinh y+sinh t (sinhx sinh y cosx θ+coshx cosh y sinx θ)

cosh
(

argsh(cosh t sinhx+sinh t coshx cosx θ)
) )

, (5.35)
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where t ∈ R, is the unique maximal solution of the geodesic system (5.34) satisfying the initial
conditions: γp,θ(0) = p and γ′p,θ(0) = (cosx(θ), sinx(θ)). An explicit formula for the exponential
map at any point can therefore be obtained, since we have expp(v) = γp,θ(‖v‖x) where v ∈
TpR

2 − { 0 } and θ ∈ R such that v = ‖v‖ (cos θ, sin θ). The main interest of this hyperbolic
model with domain equal to R2 is that it is possible to find explicitely the logarithmic map (the
inverse of the exponential map) at any point. We find, after an elementary but long computation,
the following inverse, for any p = (x, y) and p′ = (x′, y′) ∈ R2,

exp−1
p (p′) = argch fp(p′)√

(fp(p′))2−1

(
−gp(p′)

coshx′ sechx sinh(y′ − y)

)
, (5.36)

fp(p′) := cosh(x′) cosh(y′ − y) cosh(x)− sinh(x′) sinh(x) ,
gp(p′) := cosh(x′) cosh(y′ − y) sinh(x)− sinh(x′) cosh(x) .

We have
∥∥exp−1

p (p′)
∥∥
p

= argch fp(p′) which is the geodesic distance between two arbitrary points
p, p′ in the R2 hyperbolic model. The goal of this section is to prove the following result.

Theorem 5.5.2. H has a S1-bounded geometry.

We note R2
C := R2\] −∞, 0] × { 0 } and R2

P :=]0,+∞[×] − π, π[. For any x ∈ R, the map
χx : R2

C → R2
P given by χx(v1, v2) := (‖v‖x , arctan(v1, v2)) where arctan(v1, v2) is the unique

element θ of ]−π, π[ such that v1+iv2 = ‖v‖ exp(iθ), is a diffeomorphism with inverse χ−1
x (r, θ) =

(r cosx θ, r sinx θ).

Lemma 5.5.3. Let x ∈ R and f ∈ C∞(R2,R) such that f ◦ χ−1
x ∈ C∞(R2

P ,R) satisfies for any
(α, β) ∈ N2\{ (0, 0) }, and (r, θ) ∈ R2

P , |∂α,βf ◦ χ−1
x (r, θ)| ≤ Cα,β〈r〉1−α where Cα,β > 0. Then

f ∈ G1(R2,R).

Proof. By Theorem 5.2.11, for any (α, β) ∈ N2\{ (0, 0) }, ∂α,βf =
∑

1≤|(α′,β′)|≤|(α,β)|(∂
α′,β′f ◦

χ−1
x ) ◦ χx Pα,β,α′,β′(χx) on R2

C , where Pα,β,α′,β′(χx) is a linear combination of functions of the
form

∏s
j=1(∂l

j
χx)k

j where s ∈ { 1, · · · , α + β }. The kj and lj are 2-multi-indices (for 1 ≤ j ≤
s) such that |kj | > 0,

∑s
j=1 k

j = (α′, β′) and
∑s

j=1 |kj |lj = (α, β). By definition, χx(v) =
(χ1
x(v), χ2

x(v)) = (‖v‖x , arctan(v1, v2)). It is straightforward to check that for any 2-multi-index
ν, |∂νχ1

x(v)| ≤ Cν〈v〉1−|ν| and |∂νχ2
x(v)| ≤ C ′ν〈v〉−|ν| on R2

C . As a consequence, for each α, β, α
′, β′

with 1 ≤ α′ + β′ ≤ α+ β there exists Cα,β,α′,β′ > 0 such that for any v ∈ R2
C ,

|Pα,β,α′,β′(χx)(v)| ≤ Cα,β,α′,β′〈v〉α
′−(α+β) .

Moreover, by hypothesis, there is Cα′,β′ > 0 such that for any v ∈ R2
C , |(∂α

′,β′f ◦χ−1
x ) ◦χx(v)| ≤

Cα′,β′〈v〉1−α
′ . This gives f ∈ G1(R2

C ,R). The extension to G1(R2,R) is a direct consequence of
the smoothness of f on R2 and the fact that R2

C is dense in R2.

We shall use the following proposition, which gives a formal expression of the successive
derivatives of the inverse (and its real powers) of a smooth function.

Proposition 5.5.4. Let s > 0 be given. For any nonzero n-multi-index (n ∈ N∗) α, there exist a
finite nonempty set Jα, nonzero real numbers (λs,α,p)p∈Jα and n-multi-indices βα,p,j (with p ∈ Jα,
1 ≤ j ≤ |α|) such that
- for any p ∈ Jα,

∑
1≤j≤|α| β

α,p,j = α,
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- for any smooth function f ∈ C∞(Rn,R∗+),

∂α 1
fs = 1

f |α|+s

∑
p∈Jα

λs,α,p

|α|∏
j=1

∂β
α,p,j

f .

Proof. The result is true for the case |α| = 1. Suppose then that the result holds for any n-multi-
index α such that |α| = k, where k ∈ N∗ and let α′ be a n-multi-index such that |α′| = k + 1.
Let i be the smallest element of { 1, · · · , n } such that α′i ≥ 1, and set α := (α′1, · · · , α′i−1, α

′
i −

1, α′i+1, · · · , α′n). Thus for any f ∈ C∞(Rn,R∗+), ∂α′ 1
fs = ∂i∂

α 1
fs . Since |α| = k, there exist

a finite nonempty set Jα, nonzero real numbers (λs,α,p)p∈Jα and n-multi-indices βα,p,j (with
p ∈ Jα, 1 ≤ j ≤ |α|) such that for any p ∈ Jα,

∑
1≤j≤|α| β

α,p,j = α, and such that for any

f ∈ C∞(Rn,R∗+), ∂α 1
fs = 1

f |α|+s

∑
p∈Jα λs,α,p

∏|α|
j=1 ∂

βα,p,jf . As a consequence, with the formula

∂i
∏|α|
j=1 gj =

∑|α|
q=1

∏|α|
j=1 ∂

δq,jeigj , we obtain for any f ∈ C∞(Rn,R∗+),

∂α
′ 1
fs = 1

f |α′|+s

( ∑
p∈Jα

−(|α|+ s)λs,α,p(
|α|∏
j=1

∂β
α,p,j

f)∂if +
∑

(p,q)∈Jα×N|α|

λs,α,p(
|α|∏
j=1

∂δq,jei+β
α,p,j

f)f
)
.

Thus, if we take Jα′ = Jα
∐

(Jα × N|α|), λs,α′,p̃ := −(s+ |α|)λs,α,p if p̃ = p ∈ Jα, λs,α′,p̃ := λs,α,p

if p̃ = (p, q) ∈ Jα×N|α|, βα
′,p̃,j := βα,p,j if p̃ = p ∈ Jα and 1 ≤ j ≤ |α|, βα′,p̃,j := ei if p̃ = p ∈ Jα

and j = |α| + 1 = |α′|, βα′,p̃,j := δq,jei + βα,p,j if p̃ = (p, q) ∈ Jα × N|α| and 1 ≤ j ≤ |α| and
βα
′,p̃,j := 0 if p̃ = (p, q) ∈ Jα × N|α| and j = |α|+ 1 = |α′|, the result now holds for α′.

In the following we set the convention J0 := { 1 }, λs,0,1 := 1 and
∏0
j=1 := 1, so that the

formula giving ∂α 1
fs in the previous lemma is still valid when α = 0. When s ∈ N∗, the result is

also valid for complex valued nowhere zero smooth functions.
We note HP the space of C∞(R2

P ,R) functions of the form (r, θ) 7→ a(θ) cosh r + b(θ) sinh r
where a, b ∈ B(R), andAP,k the space of functions f ∈ C∞(R2

P ,R) such that for any 2-multi-index
(α, β) with α ≤ k ∈ N, there is Cα,β > 0 such that for any (r, θ) ∈ R2

P , |∂α,βf(r, θ)| ≤ Cα,β〈r〉k−α,
and also such that for any 2-multi-index (α, β) with α ≥ k+1, there is C ′α,β > 0 such that for any
(r, θ) ∈ R2

P , |∂α,βf(r, θ)| ≤ C ′α,βe
−2r. Clearly, AP,k ⊂ SP,k where SP,k is the space of functions

f ∈ C∞(R2
P ,R) such that for any 2-multi-index (α, β), there is Cα,β > 0 such that for any

(r, θ) ∈ R2
P , |∂α,βf(r, θ)| ≤ Cα,β〈r〉k−α. By Leibniz rule, SP,kSP,k′ ⊆ SP,k+k′ . We note NP the

space of functions f ∈ C∞(R2
P ,R) such that for any 2-multi-index (α, β) there is Cα,β > 0

such that for any (r, θ) ∈ R2
P , |∂α,βf(r, θ)| ≤ Cα,βe

−2r. If r0 > 0 we define the spaces HP,r0 ,
AP,k,r0 , SP,k,r0 and NP,r0 exactly as before, except that we now replace the domain R2

P by
R2
P,r0

:=]r0,+∞[×]− π, π[.

Lemma 5.5.5. Let f, g, h, w ∈ HP,r0 where r0 > 0, such that there is ε > 0, C > 1 such that for
any (r, θ) ∈ R2

P,r0
, f ≥ C, f ≥ ε er and h2 + g2 ≥ ε e2r.

(i) The functions w
(h2+g2)3/2 , w

(f2−1)3/2 and any function of the form (r, θ) 7→
∑4
k=−4 bk(θ)ekr

((h2+g2)(1+h2+g2))3/2 ,
where bk ∈ B(R), are in NP,r0 .
(ii) The functions argch

√
1 + h2 + g2 and argch f are in AP,1,r0.

(iii) The functions w√
h2+g2

and w√
f2−1

are in AP,0,r0 .
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Proof. (i) We give a proof for w
(h2+g2)3/2 . The other cases are similar. By Proposition 5.5.4 and

Leibniz rule, we have for any 2-multi-index ν,

∂ν w
(h2+g2)3/2 =

∑
ν′≤ν

(
ν
ν′

)
∂ν−ν

′
w

(h2+g2)3/2+|ν′|

∑
p∈Jν′

λ3/2,ν′,p

|ν′|∏
j=1

∂β
ν′,p,j

(h2 + g2) .

Note that we have for any 2-multi-index ν, ∂ν(h2 + g2) = O(e2r) and ∂νw = O(er). The result
follows.
(ii) By (i), since ∂2

r argch
√

1 + h2 + g2 is of the form (r, θ) 7→
∑4
k=−4 bk(θ)ekr

((h2+g2)(1+h2+g2))3/2 where bk ∈
B(R), and ∂2

r argch f is of the form w
(f2−1)3/2 where w ∈ HP,r0 , we only need to check that for

0 ≤ α ≤ 1, and β ∈ N, ∂α,β argch
√

1 + h2 + g2 = O(〈r〉1−α) and ∂α,β argch f = O(〈r〉1−α).
Since ∂r argch

√
1 + h2 + g2 = (∂rh)h+(∂rg)g√

(h2+g2)(1+h2+g2)
, ∂r argch f = ∂rf√

f2−1
, ∂θ argch

√
1 + h2 + g2 =

(∂θh)h+(∂θg)g√
(h2+g2)(1+h2+g2)

and ∂θ argch f = ∂θf√
f2−1

, the result follows from an application of Proposition

5.5.4.
(iii) By (i), since ∂r w√

h2+g2
is of the form w1

(h2+g2)3/2 where w1 ∈ HP,r0 , and ∂r
w√
f2−1

is of the

form w2

(f2−1)3/2 where w2 ∈ HP,r0 , we only need to check that for β ∈ N, ∂0,β w√
h2+g2

= O(1) and

∂0,β w√
f2−1

= O(1). This is a direct consequence of Proposition 5.5.4.

Proof of Theorem 5.5.2. By Lemma 5.2.14 (iii) and Proposition 5.2.12, it is sufficient to prove
that for any p := (x, y) ∈ R2\{ 0 }, exp−1

p ◦ exp0 and exp−1
0 ◦ expp are in G1(R2). A computation

based on (5.35) and (5.36) shows that on R2
P ,

exp−1
p ◦ exp0 ◦χ−1

0 = (argch f)
(

w1√
f2−1

, w2√
f2−1

)
,

exp−1
0 ◦ expp ◦χ−1

x = (argch
√

1 + h2 + g2)
(

h√
h2+g2

, g√
h2+g2

)
,

where

f(r, θ) := cosh r cosh y coshx− sinh r(sinhx cos θ + sinh y coshx sin θ) ,
w1(r, θ) := − cosh r cosh y sinhx+ sinh r(coshx cos θ + sinh y sinhx sin θ) ,
w2(r, θ) := − cosh r sinh y sechx+ sinh r sin θ cosh y sechx ,
h(r, θ) := cosh r sinhx+ sinh r coshx cosx θ ,
g(r, θ) := cosh r coshx sinh y + sinh r(sinhx sinh y cosx θ + coshx cosh y sinx θ) .

All these functions belong toHP and f ≥ 1. Note that f(r, θ) = 1 if any only if exp0 χ
−1
0 (r, θ) = p,

in which case exp−1
p ◦ exp0 ◦χ−1

0 (r, θ) = 0, so that exp−1
p ◦ exp0 ◦χ−1

0 is well defined as a smooth
function on the whole R2

P . The same argument holds for exp−1
0 ◦ expp ◦χ−1

x . We check that

1
2(coshx cosh y −

√
cosh2 x cosh2 y − 1)er ≤ f(r, θ) ≤ cosh r eargch(coshx cosh y)

so that by defining r0 := log 2/ε where 0 < ε < min{ 1, 1
2(coshx cosh y −

√
cosh2 x cosh2 y − 1) }

we have for any (r, θ) ∈ R2
P,r0

, f(r, θ) ≥ εer ≥ 2. Note also that for any v ∈ R2
C , we have
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argch f(χ0(v)) =
∥∥exp−1

p ◦ exp0(v)
∥∥
p
and

argch
√

1 + h2(χx(v)) + g2(χx(v)) =
∥∥exp−1

0 ◦ expp(v)
∥∥

0
.

The first equality entails (since exp−1
p ◦ exp0(R2

C) is a dense open subset of R2) that for any v in
R2, cosh ‖v‖p ≤ cosh

∥∥exp−1
0 ◦ expp(v)

∥∥
0
eargch(coshx cosh y). We then obtain for any (r, θ) ∈ R2

P ,√
1 + h2 + g2 ≥ cosh r e− argch(coshx cosh y). In particular, defining

r′0 := argch(
√

2 exp(argch(coshx cosh y))),

we get for any r ≥ r′0, the following estimate h2 + g2 ≥ 1
8e
−2 argch(coshx cosh y)e2r. If we now apply

Lemma 5.5.5 for the space HP,r′′0
where r′′0 := max{ r0, r

′
0 }, we see that exp−1

p ◦ exp0 ◦χ−1
0 and

exp−1
0 ◦ expp ◦χ−1

x are in SP,1. The result then follows from Lemma 5.5.3.
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Conclusion

The Chamseddine–Connes spectral action is a fundamental object that lies at the interface
of noncommutative geometry and its applications in particle physics. In this thesis, we stu-
died the spectral action in noncommutative spaces such as the noncommutative torus and the
quantum group SUq(2). We have also been interested in some mathematical questions about
commutative geometries (compact spin manifolds) and deformation quantization on manifolds
with linearization. In all these works, pseudodifferential calculus (on abstract spectral triples or
on manifolds) has played a crucial role. It is with the help of the fundamental notion of pseu-
dodifferential operators that the spectral actions on the noncommutative torus and on SUq(2)
have been computed.

In chapter 2, we presented a computation of the spectral action on the n-noncommutative
torus

(
C∞(T nΘ ),H,D

)
, which is a simple spectral triple, even when pseudodifferential operators

take into account the JAJ−1 operators. The spectral action in dimension 4 shows that a new
noncommutative Yang-Mills term appears: τ(FµνFµν), where Fµν := δµ(Aν)−δν(Aµ)− [Aµ, Aν ],
which extends the usual commutative Fµν := δµ(Aν) − δν(Aµ). A number theoretical condition
on the deformation matrix Θ, related to Diophantine approximation theory, is crucial in the
computation of the spectral action, when the perturbation D → D+A+ εJAJ−1 is considered.
An interesting question remains: is this Diophantine condition really necessary to obtain this
spectral action, with exactly the same Yang-Mills term τ(FµνFµν)? We conjecture that it is, as
suggested by some heuristic arguments (Remark 2.4.7).

We presented in chapter 3 the computation of the spectral action on the spectral triple of [48]
associated to the quantum group SUq(2). Once again, we took into account the real structure J
and used the pseudodifferential techniques previously described in sections 1.2 and 1.3. However,
contrarily to the case of the noncommutative torus, some remarkable new phenomena appear
in this q-deformed noncommutative space. First, the dimension spectrum of SUq(2) is bounded
below, which implies that there is only a finite number of terms in the spectral action expansion.
Moreover, in this space, tadpoles do exist whereas they vanish on the noncommutative torus. We
also found that the limit q → 1 (which corresponds to a limit from the quantum 3-sphere towards
the commutative 3-sphere) of the spectral action does not exist automatically, and when it exists,
such limit does not lead to the associated action on the commutative sphere S3. All these facts
show that there is a “wall” between q-deformed geometries and the commutative world, that is
nonexistent in the Θ-deformation of tori or Moyal planes. Naturally, it would be interesting to
investigate other related cases like the quantum projective plane [45], Podleś spheres [43, 46] or
the Euclidean quantum spheres [47,96], especially the 4-sphere [44].
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In the fourth chapter, we investigated possible cancellations of terms in the Chamseddine–
Connes spectral action formula in commutative Riemannian spectral triples. We showed in par-
ticular that there are no tadpoles, i.e. terms of the form

∫
AD−1 are zero. More generally, the

tadpoles are the A-linear terms in the internal fluctuation of the spectral action S(DA,Φ,Λ).
We considered, after Chamseddine and Connes [23], the case of a chiral boundary condition on
the Dirac operator in a spin manifold with boundary. It turns out that, in this case, there are
no tadpoles up to order 5. However, this approach is based on explicit computations of first
heat kernel coefficients associated to a mixed boundary condition. We expect that there are no
tadpoles at any order for a chiral boundary condition and shall investigate this question, using
a spectral triple approach, in a subsequent paper [84].

We have seen, in chapter 5, certain hypotheses on the geometry (Sσ or OM -bounded geo-
metry) of a manifold with linearization that allow a coordinate free definition of most of the
topological vector spaces needed for Fourier analysis and global complete symbol calculus with
uniform and decaying control over the x variable. Given a linearization on the manifold with
some properties of control at infinity, we constructed symbol maps and λ-quantization, expli-
cit Moyal star-products on the cotangent bundle, and classes of pseudodifferential operators.
We proved a result of stability under composition, and an associated symbol product asymp-
totic formula under a hypothesis (Cσ) of control at infinity of the linearization. The calculus
presented here is a generalization of the standard and SG symbol calculi over the Euclidean
space Rn and can be applied to the hyperbolic 2-space since, as proven in section 5.2, it has
a S1-bounded geometry. L2-continuity of pseudodifferential operators of order (0, 0) has been
established in section 5.4.5 under the hypothesis (HV ). We do not know however if this result
still holds without this hypothesis. The full analysis of the obtained Moyal product on S(T ∗M)
and spectral properties of pseudodifferential operators in Ψl,m

σ remain to be studied. The main
goal would be the construction of noncommutative noncompact spectral triples based on the
algebra (S(T ∗M), ◦W ), which could extend the spectral triple described in [58]. Moreover, ex-
tension and connection of the symbol calculus presented here could be made with Fourier integral
operators [42,117,118], regularized traces [110] and Gelfand–Shilov spaces [15].

Finally, the spectral actions that we computed are classical, and quantization through func-
tional integration of these actions still remains an open and challenging problem.
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Résumé de la thèse en français

Cette thèse constitue un recueil des travaux de recherche que j’ai effectués ces trois dernières
années en collaboration avec Driss Essouabri, Bruno Iochum et Andrzej Sitarz.

La géométrie non commutative est un vaste domaine des mathématiques dont l’objet est
la généralisation de l’ensemble des concepts apparaissant en géométrie classique. Plus particu-
lièrement, à l’aide d’un formalisme issu de l’analyse fonctionnelle, de la théorie des algèbres
d’opérateurs, de la théorie spectrale et de la géométrie spinorielle, la géométrie non commu-
tative généralise notamment les concepts d’espace topologique localement compact, de variété
riemannienne orientée compacte à spin et les calculs différentiels et intégraux de la géométrie
différentielle. Au-delà de l’intérêt purement mathématique de la géométrie non commutative, il
existe des motivations physiques profondes qui poussent les physiciens théoriciens à utiliser ces
concepts pour décrire les éléments fondamentaux de la physique (l’espace-temps et les champs).
Plus spécifiquement, la géométrie non commutative apparaît comme un cadre mathématique
particulièrement adapté à la formulation des concepts quantiques et des processus de quantifica-
tion.

Il est possible de considérer que la géométrie non commutative (ou tout au moins sa compo-
sante topologique) est née lorsqu’a été établi le théorème suivant (premier théorème de Gelfand–
Naimark) : toute C∗-algèbre commutative unifère est isométriquement isomorphe à la C∗-algèbre
des fonctions continues sur un compact, à savoir l’espace des caractères sur l’algèbre. Étant donné
que toute l’information topologique d’un espace est contenue dans l’ensemble des fonctions conti-
nues sur cet espace, on peut constater que la notion de C∗-algèbre unifère permet de généraliser la
notion d’espace topologique compact. La généralisation non commutative nous fait donc changer
de point de vue : ce n’est plus l’ensemble des points (l’espace topologique) qui est fondamental,
mais plutôt l’ensemble des fonctions sur l’ensemble des points.

Ce théorème de Gelfand–Naimark a été le point de départ de la géométrie non commutative. À
partir de ce résultat fondamental, il a été possible d’étendre la généralisation au-delà des concepts
purement topologiques et de construire une véritable géométrie riemannienne non commutative
avec ses propres versions non commutatives des notions classiques de calcul différentiel, de calcul
intégral, de fibré vectoriel, de mesure, de variétés riemanniennes à spin, etc. Ce travail colossal a
été réalisé principalement par Alain Connes [26–30].

Les deux aspects de la géométrie non commutative (non-commutativité et "perte" de la
notion de point) ne sont pas sans rappeler la structure fondamentale de la physique quantique.
En effet, en physique quantique, les observables ne commutent pas forcément et l’évaluation f(x)
d’une observable f en un point x, n’est pas définie. En revanche, la notion d’observable existe
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toujours et x(f) a un sens, pourvu que x soit un état, c’est à dire l’équivalent non commutatif
du caractère (du point) pouvant évaluer les observables f .

Cette ressemblance frappante entre la géométrie non commutative et la structure de la phy-
sique quantique n’est pas anodine et constitue même la source principale qui a motivé le déve-
loppement de la géométrie non commutative et son application en physique. En particulier, la
géométrie non commutative fournit les concepts permettant d’appliquer l’idée fondamentale de
la non-commutativité des observables à l’espace-temps lui-même, donnant par là même une de
ses motivations fondamentales à la physique.

Les deux théories des interactions fondamentales, à savoir la théorie quantique des champs
(modèle standard) pour les interactions électrofaibles et fortes, et la relativité générale pour
l’interaction gravitationnelle, n’utilisent pas le même formalisme (la première est quantique, la
seconde est classique) et ne voient pas l’espace-temps de la même façon (celui-ci est fixe et
minkowskien pour la première, et dynamique pour la seconde). Ces différences fondamentales ne
sont pas gênantes pour l’étude des phénomènes favorisant l’interaction gravitationnelle devant
les autres ou réciproquement, car ces théories ont chacune un grand succès expérimental dans
leur domaine d’application. Cependant, pour l’étude des phénomènes mettant manifestement en
jeu toutes les interactions (objets compacts, trous noirs, big-bang), il est nécessaire de rendre
compatible ces deux théories, et de les réunir sous un même formalisme. L’idée généralement
poursuivie par les théoriciens consiste à généraliser le formalisme de la théorie quantique des
champs à la gravitation, autrement dit, réaliser une gravitation quantique. La poursuite de cet
objectif s’est développée à travers plusieurs approches différentes, dont notamment la théorie des
cordes, qui utilise une augmentation du nombre de dimensions, dont certaines sont compactifiées,
et la théorie de la gravité quantique à boucle, qui utilise une structure en "spin foam" pour
l’espace-temps sans utiliser de métrique spatio-temporelle en "background" comme le fait la
théorie des cordes. Aucune de ces théories n’a reçu de confirmation expérimentale, les prédictions
théoriques étant elles-mêmes difficiles.

L’approche suggérée par la géométrie non commutative consiste à utiliser une généralisation
non commutative de la variété lorentzienne modélisant l’espace-temps. En introduisant la non-
commutativité au niveau même de la structure de l’espace-temps, cette approche permet d’appré-
hender l’impossibilité de la continuité de l’espace-temps suggérée par la mécanique quantique et
la limite intrinsèque que constitue la longueur de Planck lp =

√
G~
c3
≈ 10−33 cm. Cette approche a

notamment permis d’unifier, au niveau classique, les trois interactions du modèle standard avec la
gravitation, et d’interpréter géométriquement le mécanisme de Higgs en physique des particules.
L’objet central dans l’interface entre la GNC et la physique fondamentale est celui de triplet
spectral, généralisation non commutative de la notion de variété riemannienne à spin, point de
départ naturel pour l’élaboration de théories physiques. En considérant un triplet spectral dit
“presque commutatif”, c’est-à-dire un produit d’un triplet spectral commutatif (variété rieman-
nienne compacte, modélisant l’espace-temps “continu”) avec un triplet spectral de dimension nulle
(une algèbre matricielle), on peut, à l’aide d’une fonctionnelle d’action particulière sur le produit
obtenu, appelée action spectrale de Chamseddine–Connes, retrouver le modèle standard et la re-
lativité générale. Plus précisément, l’action spectrale S = Tr Φ(D/Λ) permet d’unifier au niveau
classique les interactions électro-faible, forte et gravitationnelle [17,21–25,33,37,86,87,131,136].
Elle est définie à partir du spectre d’un opérateur de Dirac D et correspond au nombre des valeurs
propres de l’opérateur de Dirac inférieures ou égales à une certaine échelle de masse Λ. En procé-
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dant à une fluctuation de la métrique, c’est-à-dire, au niveau algébrique, à une transformation de
jauge généralisée au groupe des unitaires de l’algèbre du triplet spectral, il est possible d’obtenir
le Lagrangien du modèle standard couplé au Lagrangien gravitationnel d’Einstein–Hilbert, en
développant cette fonctionnelle d’action en puissances de Λ.

Dans cette thèse, nous nous sommes intéressés à certaines questions mathématiques associées
au calcul d’action spectrale sur certains espaces non commutatifs tels que le tore non commu-
tatif et la 3-sphère non commutative SUq(2). Nous nous sommes aussi intéressés à l’existence
de tadpoles (termes linéaires associés au potentiel A de la fluctuation métrique dans l’action
spectrale) dans le cas de géométries riemanniennes commutatives et à la construction d’un calcul
symbolique global générant un produit de Wey–Moyal sur les sections rapidement décroissantes
d’un fibré d’une variété avec linéarisation. Dans tous ces travaux, l’outil fondamental a été le
calcul pseudodifférentiel, qu’il soit abstrait (sur un triplet spectral quelconque), ou symbolique
(sur les variétés).

Cette thèse est divisée en cinq parties. Voici un résumé de chacune de ces parties :

1. Action spectrale sur triplets spectraux

Ce chapitre, ainsi que le chapitre suivant, a fait l’objet de la publication Spectral action
on noncommutative torus [53], qui est un travail en collaboration avec Driss Essouabri, Bruno
Iochum et Andrzej Sitarz.

Un triplet spectral est la donnée d’une algèbre involutive A représentée fidèlement par des
opérateurs bornés sur un espace de Hilbert H et d’un opérateur autoadjoint D sur H à résolvante
compacte. On demande d’autre part que les commutateurs de [D,A] soient bornés. Afin de
pouvoir construire un calcul pseudodifférentiel et une théorie de champ non commutative, il est
utile d’introduire des hypothèses supplémentaires sur le triplet (A,H,D). On dit notamment
que le triplet est de dimension n si les valeurs singulières (λj)j de l’operateur D sont du type
λj = O(j−1/n) et qu’il est régulier si A et [D,A] sont dans ∩k Dom δk, où δ(T ) := [|D|, T ] (c’est à
dire, qu’il est possible de "dériver" tout élément de l’algèbre). Afin d’avoir une théorie contenant
un opérateur de conjugaison de charge, il est nécessaire d’introduire une notion de structure réelle
sur le triplet spectral: il s’agit d’un opérateur anti-unitaire J qui commute ou anticommute avec
D, selon la dimension du triplet: DJ = εJD, avec ε ∈ { 0, 1 }. Dans cet environnement, les bosons
de jauge sont vus comme des fluctuations internes de l’opérateur de Dirac (c’est-à-dire, au niveau
classique, de la métrique): D → DA := D +A+ εJAJ−1, où ici A est une 1-forme autoadjointe,
c’est à dire une combinaison linéaire d’opérateurs du type a[D, b], où a et b sont des éléments de
l’algèbre A.

Étant donné un triplet régulier (A,H,D) avec structure réelle J , un point fondamental pour
faire le lien avec la physique, est d’obtenir une fonctionnelle d’action. Le principe de l’action
spectrale de A. Chamseddine et A. Connes dit que la fonctionnelle suivante

S(DA,Φ,Λ) := Tr
(
Φ(DA/Λ)

)
où Φ est une fonction de cut-off et Λ un paramètre d’échelle de masse, est la fonctionnelle fon-
damentale qui peut être utilisée à la fois au niveau classique pour comparer différents espaces
géométriques et au niveau quantique dans la formulation par intégrale fonctionnelle, après rota-
tion de Wick à partir de la signature euclidienne.
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Afin de pouvoir calculer précisément cette fonctionnelle en fonction de A et en retirer le maxi-
mum d’information, il apparait fondamental de pouvoir développer un calcul pseudodifférentiel
abstrait sur le triplet (A,H,D).

En posant D := D + P0, où P0 est la projection orthogonale sur KerD, et

OP 0 := {T : t 7→ Ft(T ) ∈ C∞
(
R,B(H)

)
},

OPα := {T : T |D|−α ∈ OP 0 },

où Ft(T ) := eit|D| T e−it|D|, on peut introduire la définition suivante des opérateurs pseudodiffé-
rentiels, qui forment une algèbre Z-graduée, en tenant compte à la fois de la valeur absolue de
l’opérateur de Dirac, et de la structure réelle J :

Définition. SoitD(A) l’algèbre générée parA, JAJ−1,D et |D|. Un operateur pseudodifférentiel
est un opérateur T tel qu’il existe d ∈ Z tel que pour tout N ∈ N, il existe p ∈ N0, P ∈ D(A) et
R ∈ OP−N tels que P D−2p ∈ OP d et

T = P D−2p +R .

Il se trouve que si le triplet spectral est simple, c’est dire si les fonctions s 7→ ζPD(s) :=
Tr(P |D|−s), où P est un opérateur pseudodifférentiel d’ordre zéro (la structure réelle J étant prise
en compte), sont méromorphes sur C avec uniquement des pôles simples, alors la fonctionnelle
suivante (appelée intégrale non commutative)∫

− P := Ress=0 TrP |D|−s

est une trace sur l’algèbre des opérateurs pseudodifférentiels. Etant donné qu’un développement
du type "noyau de la chaleur" (voir par exemple [37, Theorem 1.145]) implique

S(DA,Φ,Λ) =
∑

0<k∈Sd+

Φk Λk
∫
− |DA|−k + Φ(0) ζDA(0) +O(Λ−1),

où Φk = 1
2

∫∞
0 Φ(t) tk/2−1 dt et Sd+ est la partie strictement positive du spectre de dimension de

(A,H,D) (ensemble des pôles des fonctions ζPD), la principale difficulté est le calcul des termes∫
|DA|−k, ζDA(0). En utilisant le calcul pseudodifférentiel précédent et le fait que l’intégrale non

commutative est nulle sur l’espace des opérateurs dans L1(H), on peut alors établir les résultats
suivants, en notant Ã := A+ εJAJ−1, X := { Ã,D }+ Ã2, ∇(T ) := [D2, T ], ε(T ) := ∇(T )D−2,
g(s, r) :=

(
s/2
r

)
:

ζDA(0)− ζD(0) =
n∑
q=1

(−1)q

q

∫
−(ÃD−1)q ,

∫
− |DA|−(n−k) =

∫
− |D|−(n−k) +

k∑
p=1

k−p∑
r1,··· ,rp=0

Res
s=n−k

h(s, r, p) Tr
(
εr1(Y ) · · · εrp(Y )|D|−s

)
,

h(s, r, p) := (−s/2)p
∫

0≤t1≤···≤tp≤1
g(−st1, r1) · · · g(−stp, rp) dt ,

Y ∼
N∑
p=1

N−p∑
k1,··· ,kp=0

(−1)|k|1+p+1

|k|1+p ∇kp(X∇kp−1(· · ·X∇k1(X) · · · ))D−2(|k|1+p) mod OP−N−1 .
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2. Action spectrale sur le tore non commutatif

Nous avons appliqué ces résultats au tore non commutatif. Il s’agit du triplet spectral non
commutatif le plus simple possible. Il est basé sur l’algèbre C∞(T nΘ ) représentée par des fonc-
tions rapidements décroissantes du type

∑
l∈Zn alUl où (al) ∈ S(Zn) et les éléments Ul sont des

unitaires vérifiant la loi de commutation

UlUk = e−i l·ΘkUkUl

où Θ est une matrice antisymétrique de déformation. L’opérateur de Dirac est de la forme
D = −iγµδµ, où les γµ sont les matrices gamma usuelles agissant sur C2[n/2] et δµ(Uk) := ikµUk.
La fonctionnelle τ(a) := a0 où a :=

∑
l alUl génère un espace de Hilbert H de type GNS à

partir duquel un triplet spectral réel régulier de dimension n peut être construit. Le calcul des
intégrales non commutatives précédentes fait intervenir des termes du type JAJ−1. Il en résulte
que nous sommes alors amenés à étudier des résidus de séries de fonctions zêta pondérées par des
suites rapidement décroissantes et faisant intervenir une phase dépendante de la pondération.
Plus précisément, nous avons à étudier du point de vue de l’analyse complexe, les fonctions du
type

g(s) :=
∑

l∈(Zn)q
b(l) fΘ

∑q
i=1 εili

(s)

où εi ∈ {−1, 1 }, b ∈ S((Zn)q), fa(s) :=
∑′

k∈Zn
P (k)
|k|s e

2πik.a, a ∈ Rn et P un polynôme homogène
de degré d. Il apparait alors que nous pouvons connaitre précisément les pôles de ces fonctions et
calculer précisément les résidus correspondants si nous faisons une hypothèse reliée à la théorie
de l’approximation diophantienne sur la matrice de déformation Θ. Plus exactement, on établit
que si 1

2πΘ est une matrice diophantienne, la fonction précédente g est méromorphe sur C, avec
au plus un pôle simple en s = d+ n. Le résidu en ce pôle est (Theorem 2.4.4)

Res
s=d+n

g(s) =
(∑
l∈Z

b(l)
) ∫

u∈Sn−1

P (u) dS(u) =
∑

l∈(Zn)q

b(l) Ress=d+n fΘ
∑q
i=1 εili

(s)

où Z := {l ∈ (Zn)q :
∑q

i=1 εili = 0}. Finalement, nous obtenons grâce a ces résultats, le
théorème suivant:

Théorème. Si 1
2πΘ est une matrice réelle antisymétrique diophantienne, alors le tore non com-

mutatif (avec structure réelle) est un triplet spectral simple et son action spectrale est:
(i) pour n = 2,

S(DA,Φ,Λ) = 4πΦ2 Λ2 +O(Λ−2),

(ii) pour n = 4,

S(DA,Φ,Λ) = 8π2 Φ4 Λ4 − 4π2

3 Φ(0) τ(FµνFµν) +O(Λ−2),

(iii) de façon générale:

S(DA,Φ,Λ) =
n∑
k=0

Φn−k cn−k(A) Λn−k +O(Λ−1),

où cn−2(A) = 0, cn−k(A) = 0 pour k impair. En particulier, c0(A) = 0 quand n est impair.
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Lorsque n = 4, un terme de type Yang-Mills non commutatif apparait au niveau du terme in-
variant d’échelle (en Λ0): τ(FµνFµν), où Fµν := δµ(Aν)− δν(Aµ)− [Aµ, Aν ]. La forme de l’action
spectrale du tore non commutatif est donc très fortement similaire à celle du tore commuta-
tif, à condition que la déformation Θ vérifie une condition diophantienne. Nous ne savons pas
cependant si cette condition, bien que suffisante, est effectivement nécessaire pour obtenir une
telle action. Nous conjecturons que c’est bien le cas, comme le suggère un argument heuristique
(Remark 2.4.7).

3. Action spectrale sur SUq(2)

Le troisième chapitre correspond à un travail en collaboration avec Bruno Iochum et Andrzej
Sitarz: Spectral action on SUq(2) [82].

L’objectif consiste à appliquer les techniques pseudodifférentielles vues précédemment au cal-
cul de l’action spectrale sur le triplet spectral de Da̧browski et al. [48] basé sur le groupe quantique
SUq(2). Ce groupe quantique (ou algèbre de Hopf) peut être vu comme une q-déformation de la
3-sphère commutative.

L’algèbre A := A(SUq(2)) de ce triplet est définie comme étant l’algèbre polynomialement
engendrée par deux éléments a et b qui sont assujettis aux règles de commutation suivantes, où
0 < q < 1:

ba = q ab, b∗a = q ab∗, bb∗ = b∗b, a∗a+ q2 b∗b = 1, aa∗ + bb∗ = 1 .

On définit un espace de Hilbert H = H↑⊕H↓ avec les bases orthonormales vj↑m,l et v
j↓
m,l où j ∈

1
2N,

0 ≤ m ≤ 2j, 0 ≤ l ≤ 2j + 1 et v↓,jm,l est nul si j = 0 ou l = 2j or 2j + 1.
On représente alors A avec l’application π initialement définie sur a, b et qui est donnée à la

section 2.2. Cette représentation faisant intervenir des coefficients assez compliqués α±jµn, β
±
jµn,

et non diagonaux, il apparait très utile de définir une représentation approximée π telle que

π(a) := a+ + a−, π(b) := b+ + b−

où on a posé (ici qn :=
√

1− q2n):

a+ v
j
m,l = qm+1 ql+1 v

j+

m+1,l+1 , a− v
j
m,l = qm+l+1 vj

−

m,l ,

b+ v
j
m,l = ql qm+1 v

j+

m+1,l , b− v
j
m,l = −qm ql vj

−

m,l−1 .

Cette approximation ne modifiera pas les calculs d’intégrale non commutative puisque pour tout
x ∈ A, π(x)−π(x) ∈ Kq où Kq est un idéal inclus dans les opérateurs de type OP−∞. Autrement
dit, π(x)− π(x) est un opérateur pseudodifférentiel régularisant.

L’opérateur de Dirac est défini de la façon suivante: D vjml =
( 2j+ 3

2
0

0 −2j− 1
2

)
vjml. Il possède donc

le même spectre que l’opérateur de Dirac associé à la structure spinorielle de la 3-sphère stan-
dard. Cependant, l’opérateur de Dirac sur SUq(2) possède une caractéristique très particulière
qui n’existe pas sur la 3-sphère commutative: le signe de D, noté F := D|D|−1, commute mo-
dulo OP−∞ avec les éléments de l’algèbre A. Ceci a pour conséquence que les 1-formes a[D, b]
sont essentiellement équivalentes aux δ-1-formes a[|D|, b] dans les calculs d’intégrales non com-
mutatives. On peut construire avec cet opérateur de Dirac un triplet spectral (A,H,D) régulier
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et de spectre de dimension { 1, 2, 3 } sur SUq(2). D’autre part, une structure réelle J peut être
construite sur ce triplet, avec la relation JD = DJ . Cette structure réelle est définie par

J vj↑m,l = i2(m+l)−1vj↑2j−m,2j+1−l , J vj↓m,l = i−2(m+l)+1vj↓2j−m,2j−1−l .

En utilisant une décomposition de type Poincaré–Birkhoff–Witt sur les δ-1-formes pour calculer
les intégrales

∫
|DA|−k, nous avons été amenés à étudier certains produits de séries faisant inter-

venir une inversion d’indice m 7→ 2j−m (sections 2.4.4 et 2.8.C, 2.8.D). Ces résultats ont permis
de montrer que la structure réelle ne modifie pas le spectre de dimension { 1, 2, 3 } de SUq(2),
et que l’action spectrale du triplet (A,H,D) qui tient compte de la structure réelle, c’est à dire
associée à la perturbation D → D + A + JAJ−1, est totalement déterminée par les intégrales
suivantes (qui ne font plus intervenir la structure réelle J)∫

− Aqδ|D|
−p, 1 ≤ q ≤ p ≤ 3 ,

où Aδ est une δ-1-forme. Afin de calculer précisément ces intégrales, un calcul différentiel sur
SUq(2) modulo un idéalR a été défini. Cet idéal est conçu de telle sorte que tout opérateur T dans
R est invisible par intégration non commutative avec |D|−2, |D|−3:

∫
T |D|−2 =

∫
T |D|−3 = 0. Le

calcul d’intégrale du type
∫
Aqδ|D|

−p est alors réduit à certains types particuliers de δ− 1-formes
Aδ. Par exemple, il est possible d’obtenir toutes ces intégrales avec p = 1 à partir des intégrales
suivantes (Proposition 3.5.16):∫

−(bb∗)n |D|−1 = −2(1+q2n)
(1−q2n)2 ,∫

−(bb∗)nb∗ δb |D|−1 =
∫
−(bb∗)nb δb∗ |D|−1 = 2

1−q2n+2 ,∫
−(bb∗)na δa∗ |D|−1 = −2q4n+2−2q4n−2q2n+2+6q2n

(1−q2n)2(1−q2n+2)
,∫

−(bb∗)na∗ δa |D|−1 = 6q2n+2−2q2n−2q2−2
(1−q2n)2(1−q2n+2)

.

Ces résultats permettent finalement de retrouver toutes les actions spectrales possibles sur
SUq(2). Nous avons constaté, à l’aide de certains exemples, que les termes de l’action spec-
trale n’ont pas toujours une limite finie lorsque q → 1, c’est à dire lorsque SUq(2) "s’approche"
de la 3-sphère commutative S3. D’autre part, même lorsque cette limite existe, le terme obtenu
n’est pas égal au terme correspondant à la 3-sphère. Il existe donc un "mur" entre la q-géométrie
de SUq(2) et S3 qui n’apparait pas au niveau des déformations du tore ou des plans de Moyal.
Le calcul d’action spectrale sur d’autres géométries, telles que les sphères de Podleś [43, 46], le
plan projectif [45], ou les q-sphères euclidiennes [44,47,96] pourrait faire l’objet d’investigations
futures.

4. Tadpoles et triplets spectraux commutatifs

Ce chapitre présente un travail fait en collaboration avec Bruno Iochum: Tadpoles and com-
mutatives spectral triples [83]. Nous nous sommes intéressés à certaines questions concernant
l’annulation d’intégrales non commutatives apparaissant dans l’action spectrale de Chamseddine–
Connes. Plus particulièrement, nous avons étudié les intégrales du type

∫
AD−1 (linéaires en A,
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où A est une 1-forme) qui correspondent, en théorie des champs, à des tadpoles. Ici, D−1 est
le propagateur fermionique de Feynman et AD−1 est un graphe à une boucle avec une ligne
fermionique interne et une ligne bosonique externe :

�

D−1

A

Plus généralement, on définit un tadpole comme étant un terme linéaire en A apparaissant
dans l’action spectrale S(D + A,Φ,Λ). Si d est la dimension d’un triplet spectral (A,H,D), on
peut montrer que la partie linéaire en A du terme en Λd−k de l’action spectrale, que l’on note
TadD+A(d− k) (tadpole d’ordre k) vérifie:

TadD+A(d− k) = −(d− k)
∫
− AD|D|−(d−k)−2, ∀k 6= d,

TadD+A(0) = −
∫
− AD−1.

Il apparait alors que pour tout triplet spectral riemannien, c’est à dire du type
(
A :=

C∞(M), H := L2(M,S), D
)
où M est une variété compacte sans bord riemannienne à spin

de dimension d, H l’espace de Hilbert des spineurs de carré intégrable et D l’opérateur de Dirac
associé à la structure spin, tous ces termes sont nuls. Cette propriété est basée sur le fait que ce
triplet est réel et commutatif. La structure réelle de

(
A := C∞(M), H := L2(M,S), D

)
provient

de l’existence de la structure spin, car celle-ci implique l’existence d’un opérateur de conjugaison
de charge J , qui est une isométrie antilinéaire satisfaisant:

JaJ−1 = a∗, ∀a ∈ A .

De façon plus générale, on peut montrer, en utilisant le résidu de Wodzicki, que
∫
B|D|−(2k+1),

où B est un polynôme généré par A et D, est toujours nul si la dimension est paire, alors que∫
BD−2k est toujours nul en dimension impaire. Dit autrement,

∫
B|D|−(d−q) = 0 pour tout q

impair.
Nous nous sommes aussi intéressés au cas d’une variété de dimension paire compacte avec

bord, et d’une condition au bord de type chirale, c’est-à-dire telle que l’opérateur de Dirac
perturbé D + A agit sur le domaine { s ∈ C∞(V ) : Π−s|∂M = 0 } où Π± := 1

2(1± χ). Ici χ est
un opérateur de chiralité sur le bord, c’est-à-dire tel que χ2 = 1 et

{χ, γd} = 0 , [χ, γa] = 0, ∀a ∈ { 1, · · · , d− 1 } .

On obtient alors une condition au bord mixte naturelle sur l’opérateur de type Laplace (D+A)2:

BAχ s := Π−(D +A)2s|∂M ⊕Π−s|∂M .

En se basant sur les formes explicites des coefficients du noyau de la chaleur dans le cadre des
conditions aux bords mixtes [11, 12], on peut alors montrer qu’aucun tadpole ne peut exister
dans l’action Tr(Φ((D + A)2

BAχ
/Λ2)), au moins jusqu’à l’ordre 5. Nous nous attendons à ce que

ceci se généralise à tous les ordres, et à d’autres types de conditions aux bords, notamment
celles d’Atiyah-Patodi-Singer. Une approche de cette question, associée aux triplets spectraux
commutatifs, fait l’objet d’un travail en cours [84].
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5. Calcul pseudodifférentiel global sur variétés avec linéarisation

Le cinquième et dernier chapitre présente la construction d’un calcul symbolique et pseudo-
différentiel global sur les variétés avec linéarisation.

Il a été montré par Gayral et al. [59] que les plans de Moyal sont des triplets spectraux non
compacts. En d’autres termes, les plans de Moyal peuvent être vus comme des variétés à spin non
compactes et non commutatives. Ce lien entre la théorie de la quantification par déformation et
la géométrie non commutative montre en particulier que le paradigme des triplets spectraux est
adapté aux questions de quantification. Le produit de Moyal est défini sur l’espace de Schwartz
S(R2n) des fonctions rapidement décroissantes

f ? g(x) := (πθ)−2n

∫
R4n

dy dz f(y) g(z) e
2i
θ

(x−y) ·S(x−z)

où θ ∈ R∗ et S =
(

0 −1n
1n 0

)
, et donne à S(R2n) une structure de pré-C∗-algèbre de Fréchet. Le

triplet spectral décrit dans [59] est basé sur cette algèbre. L’extension de cette construction
remarquable à un fibré cotangent T ∗M d’une variété M non isométrique à Rn reste un problème
ouvert. Nous proposons dans ce chapitre la construction d’un calcul pseudodifférentiel global afin
d’obtenir un produit de Moyal plus général que celui défini sur S(R2n).

Le calcul pseudodifférentiel global [9, 49, 148, 149] permet d’établir une notion globale de
symbole total d’un opérateur pseudodifférentiel, modulo l’algèbre résiduelle des opérateurs régu-
larisant Ψ−∞ (à noyau lisse). Il est basé sur la définition d’une connexion sur la variété (ou plus
généralement, d’une linéarisation [9]), et utilise l’application exponentielle, ainsi que le transport
parallèle sur les géodésiques associées, pour obtenir un isomorphisme global (modulo Ψ−∞) entre
les algèbres symboliques et opératorielles.

Lorsque la variétéM n’est pas compacte, il apparaît utile, afin d’avoir une continuité de type
L2(M) pour les opérateurs d’ordre 0, de considérer des espaces de symboles qui contrôlent à la
fois la variable x et la covariable θ. Ces contrôles ont été utilisés sur Rn dans le cadre du calcul
pseudodifférentiel de type SG (voir par exemple [124]). Nous avons été amenés à définir un tel
calcul dans le cadre des variétés à linéarisation, c’est à dire telles qu’il existe une application
exponentielle abstraite (ou linéarisation) exp : TM →M établissant un difféomorphisme expx :
TxM →M en chaque point x ∈M . Ce cadre est suffisamment général pour contenir les variétés
de Cartan–Hadamard, qui sont les variétés simplement connexes, complètes, et de courbure
négative.

L’outil essentiel de la définition du calcul global dans le cadre des variétés à linéarisation est
la combinatoire liée à la formule de Faa-di-Bruno à plusieurs variables [39]. Celle-ci s’exprime de
la façon suivante: si f ∈ C∞(Rp) et g ∈ C∞(Rn,Rp) alors pour tout n-multi-indice ν 6= 0,

∂ν(f ◦ g) =
∑

1≤|λ|≤|ν|

(∂λf) ◦ g
|ν|∑
s=1

∑
ps(ν,λ)

ν!
s∏
j=1

1

kj !(lj !)|k
j | (∂

ljg)k
j

où les multi-indices kj , lj appartenant à l’ensemble ps(ν, λ) vérifient
∑s

j=1 k
j = λ et

∑s
j=1 |kj |lj =

ν. A l’aide de cette formule, il est possible de définir, de façon intrinsèque et dans le cadre des
variétés à linéarisation, des espaces de Fréchet nucléaires de fonctions rapidement décroissantes
S(M), S(M ×M), S(TM), S(T ∗M) pourvu que l’application exponentielle satisfasse une hy-
pothèse de contrôle à l’infini de type polynomial. Cette hypothèse dit plus précisément que les
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applications de changement de coordonnées normales ψb,b′

z,z′ := Lb exp−1
z expz′ L

−1
b′ (où z, z′ ∈M ,

b, b′ bases de TzM , Tz′M et Lb isomorphisme linéaire associé à b) sont dans l’espace OM (Rn,Rn)
des fonctions (avec leurs dérivées) polynomialement dominées à l’infini.

Il est d’autre part possible de définir, sous ces conditions, des isomorphismes topologiques de
quantifications Opλ paramétrés par λ ∈ [0, 1] qui permettent de passer de l’espace des opérateurs
(plus exactement des noyaux) S ′(M×M) à l’espace des "symboles" S ′(T ∗M). Ces isomorphismes
envoient S(M×M) dans S(T ∗M) et il apparait alors possible de définir un λ-produit (ou produit
de Moyal si λ = 1

2) sur S(T ∗M) simplement par transfert de la convolution de noyau dans
S(M ×M). Plus précisément, le produit

a ◦λ b (x, η) =
∫
Tx(M)×M

dµx(ξ)dµ(y)
∫
V λx,ξ,y

dµ∗x,ξ,y(θ, θ
′) gλx,ξ,y e

2πiωλx,ξ,y(η,θ,θ′)a(yλx,ξ, θ) b(y
1−λ
x,−ξ, θ

′)

où les applications V , g, ω sont déterminées (Proposition 5.3.11) par l’application exponentielle
et la densité dµ considérée sur la variété, donne à S(T ∗M) une structure d’algèbre de Fréchet,
et se réduit précisément au produit de Moyal classique lorsque λ = 1

2 et M = Rn.
Nous avons ensuite étudié l’extension du SG-calcul sur les variétés à linéarisation. Les es-

paces de symboles Sl,m (ayant un controle séparé en x et θ) peuvent être définis si on ren-
force l’hypothèse précédente de controle polynomial sur les difféomorphismes ψb,b′

z,z′ . Plus préci-

sément, si les applications ψb,b′

z,z′ vérifient (S1), c’est-à-dire si pour tout n-multi-indice α 6= 0 (ici
〈x〉 := (1 + ‖x‖2)1/2)

∂αψb,b′

z,z′ (x) = O
(
〈x〉1−|α|

)
,

alors les espaces Sl,m de symboles a, définis par les estimations suivantes, pour tout système de
coordonées normal (z, b),

∂
(α,β)
z,b a(x, θ) = O

(
〈x〉l−|α|z,b 〈θ〉m−|β|z,b,x

)
,

sont des espaces de Fréchet homéomorphes aux espaces de SG-symboles classiques sur Rn.
A partir de ces espaces, on peut définir les opérateurs pseudodifférentiels sur M en posant
Ψl,m := Opλ(Sl,m) pourvu que cet espace ne dépende pas du paramètre de quantification λ et
qu’il stabilise à la fois S(M) et S ′(M). Ceci a été rendu possible par une analyse des espaces
d’amplitudes a et des opérateurs associés

〈OpΓ(a), u〉 :=
∫

R3n

e2πi〈ϑ,ζ〉Tr
(
a(x, ζ, ϑ) Γ(u)∗(x, ζ)) dζ dϑ dx

où Γ est un isomorphisme topologique de S(R2n) vérifiant certaines hypothèses de contrôle à
l’infini (Proposition 5.4.14, 5.4.17 et Lemma 5.4.18).

La partie suivante est consacrée à un résultat sur la composition des opérateurs pseudodiffé-
rentiels. Il est établi (Theorem 5.4.47) sous une hypothèse particulière (Cσ) (Definition 5.4.37)
sur l’application exponentielle, que Ψ := ∪l,mΨl,m est une ∗-algèbre sous la composition d’opé-
rateurs et le symbole (pour λ = 0) du produit de deux opérateurs A,B satisfait la relation
asymptotique

σ0(AB)z,b ∼
∑

β,γ∈Nn
cβcγ∂

γ,γ
ζ,ϑ

(
a(x, ϑ)∂βζ′

(
e2πi〈ϑ,ϕx,ζ(ζ′)〉(∂βϑ′fb)(x, ζ, ζ

′, Lx,ζ(ϑ))
)
ζ′=0

)
ζ=0
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où a := σ0(A)z,b, b := σ0(B)z,b, et les termes L, φ capturent la "courbure" liée à l’application
exponentielle abstraite exp. Nous montrons en dernière partie que l’espace hyperbolique H de
dimension 2 est une variété avec linéarisation (l’application exponentielle étant celle venant de
la structure riemanienne) vérifiant l’hypothèse de contrôle (S1). Ceci permet de définir de façon
globale et intrinsèque les espaces de Schwartz S(H), S(T ∗H), S(TH) ainsi que les espaces de
symboles Sl,m1 (T ∗H).

L’analyse détaillée des λ-produits sur S(T ∗H) (ou plus généralement sur S(T ∗M), pour
M avec OM -linéarisation) et les propriétés spectrales associées restent à étudier. Il serait par
exemple intéressant de voir sous quelle condition les algèbres (S(T ∗M), ◦λ) peuvent générer un
triplet spectral non compact. D’autre part, il est possible d’envisager de connecter ou d’étendre
le calcul symbolique présenté ici avec les opérateurs de Fourier intégraux [42,117,118], les traces
régularisées [110] et les espaces de Gelfand–Shilov [15].
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