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Classical example: Calabi-Yau Candelas, Horowitz,
Strominger, Witten ’85

Ricci-flat metric
↓ ↓ ↓

solves 10d Einstein eq.
RMN = 0

∃! spinor η with ∇η = 0
↓ ↓ ↓

preserves a fraction of susy

• 4d effective theory:

Type II string theory → N = 2 supergravity

large number of fields. In particular: massless scalars

I MODULI PROBLEM J
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Moduli problem

Moduli:
• “shape and size” deformations of

the compact manifold
• parameterize degeneracy of 10d

vacua
• from 4d viewpoint:

propagating massless scalars

!! problem !!
I long range scalar interactions never detected

I loss of predictive power (vevs↔ 4d couplings)
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Flux compactifications

possible solution to moduli problem: generate a potential

⇒
{

stabilizes vevs

yields mass to fluctuations

mechanism for a potential : FLUXES

p-form field-strengths Fp

of 10d sugra

〈Fp〉 6= 0 along M6∫
Fp = n 6= 0

10d
sugra

: . . . −
∫

M4

. . .

∫
M6

d6y
√

g gm1n1 . . . gmpnp(Fp)m1...mp(Fp)n1...np︸ ︷︷ ︸
g(y, t) : metric on M6 V(t)



Flux compactifications

possible solution to moduli problem: generate a potential

⇒
{

stabilizes vevs

yields mass to fluctuations

mechanism for a potential : FLUXES

p-form field-strengths Fp

of 10d sugra

〈Fp〉 6= 0 along M6∫
Fp = n 6= 0

10d
sugra

: . . . −
∫

M4

. . .

∫
M6

d6y
√

g gm1n1 . . . gmpnp(Fp)m1...mp(Fp)n1...np︸ ︷︷ ︸
g(y, t) : metric on M6 V(t)



Flux compactifications

possible solution to moduli problem: generate a potential

⇒
{

stabilizes vevs

yields mass to fluctuations

mechanism for a potential : FLUXES

p-form field-strengths Fp

of 10d sugra

〈Fp〉 6= 0 along M6∫
Fp = n 6= 0

10d
sugra

: . . . −
∫

M4

. . .

∫
M6

d6y
√

g gm1n1 . . . gmpnp(Fp)m1...mp(Fp)n1...np︸ ︷︷ ︸
g(y, t) : metric on M6 V(t)



Flux compactifications

possible solution to moduli problem: generate a potential

⇒
{

stabilizes vevs

yields mass to fluctuations

mechanism for a potential : FLUXES

p-form field-strengths Fp

of 10d sugra

〈Fp〉 6= 0 along M6∫
Fp = n 6= 0

10d
sugra

: . . . −
∫

M4

. . .

∫
M6

d6y
√

g gm1n1 . . . gmpnp(Fp)m1...mp(Fp)n1...np︸ ︷︷ ︸
g(y, t) : metric on M6 V(t)



Fluxes & 4d gauged sugra
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Fluxes & 4d gauged sugra

Type II sugra on CY3 with fluxes

↓ ↓ ↓ ↓ ↓

gauged N = 2 sugra in 4d
↓

nontrivial scalar potential
↓

stabilizes (part of) the moduli



Flux compactifications

However, ‘Calabi-Yau with fluxes’ background :

� Not consistent with the (pure sugra) EoM

10d level → Fluxes backreact on the geometry

Fp → en.-mom. tensor TMN → RMN − 1
2 gMNR ∼ TMN

4d level → V has runaway behaviour

� Gaugings are limited
?? embed more general 4d supergravities in 10d ??
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M6 other than Calabi-Yau. Still preserve a fraction of susy

� General study
• Flux compactifications of type II leading to N = 2 sugra in 4d

• How N = 2 data are determined by the compact geometry

� Concrete examples
• Coset spaces G/H

� Tools
• 6d : generalized geometry (Hitchin)
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Type II sugra and SU(3)×SU(3) structures

To preserve 8 supercharges:
10d ↓ 4d ↓ ↓ 6d

ε1 = ε1 ⊗ η1 + c.c.

ε2 = ε2 ⊗ η2 + c.c.

⇓
a pair of spinors η1, η2 on M6

⇓
a pair of SU(3) structures on M6

↑ structure group

Best seen as an SU(3)×SU(3) structure on TM6⊕T∗M6

 Generalized Geometry Graña,Louis,Waldram ’05,’06

Hitchin ’02, Gualtieri’04

SU(3) structure on M6 → relevant for our cosets G/H
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Type II sugra and SU(3)×SU(3) structures

Basic objects: O(6, 6) pure spinors Φ+ and Φ−

• polyforms : Φ+ ∈ ∧evenT∗M6 , Φ− ∈ ∧oddT∗M6

• generalize J and Ω of a CY

• encode the whole internal NSNS sector (gmn, Bmn, φ)

• Φ± can be built as e−B(η1
+ ⊗ η

2†
± ) Graña,Minasian,

Petrini,Tomasiello’04’05

↪→ polyforms via fierzing



Moduli space of CY manifolds

CY3 characterized by

{
holomorphic (3,0)-form Ω
Kähler form J

δgmn

δΩ
complex structure moduli

δJ
Kähler structure moduli

Special Kähler

K− = − log i
∫

Ω ∧ Ω

Special Kähler

K+ = − log 4
3

∫
J ∧ J ∧ J

this fits into 4d, N = 2 sugra

More generic situations?
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Deformations of SU(3)×SU(3) structures

SU(3)×SU(3) structure Φ+ , Φ−

δΦ+ , δΦ− at a point of M6

ll
Special Kähler geometries Hitchin’02

Graña,Louis,Waldram

Kähler potentials : K± = − log i
∫
〈Φ±,Φ±〉

We computed:

e2ϕ

8

∫
vol6e−2φgmngpq(δgmpδgnq + δBmpδBnq)︸ ︷︷ ︸

metric on space of gmn and Bmn deform.

= δholoδantiK− + δholoδantiK+︸ ︷︷ ︸
sp. Kähler metrics for Φ+ and Φ− def.

⇓⇓
4d scalar kinetic terms DC,Bilal ’07
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Generalized diamond

Complex polyforms decompose in reps of SU(3)×SU(3) :

1, 1

1, 3 3, 1

1, 3 3, 3 3, 1

1, 1 3, 3 3, 3 1, 1

3, 1 3, 3 1, 3
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1, 1



Generalized diamond

Complex polyforms decompose in reps of SU(3)×SU(3) :

even

odd

1, 1

1, 3 3, 1

1, 3 3, 3 3, 1

1, 1 3, 3 3, 3 1, 1

3, 1 3, 3 1, 3

3, 1 1, 3

1, 1



Generalized diamond

SU(3)×SU(3) invariant polyforms :

1, 1

1, 3 3, 1

1, 3 3, 3 3, 1

1, 1 3, 3 3, 3 1, 1

3, 1 3, 3 1, 3

3, 1 1, 3

1, 1



Generalized diamond

SU(3)×SU(3) invariant polyforms :

Φ+

1, 3 3, 1

1, 3 3, 3 3, 1

1, 1 3, 3 3, 3 1, 1

3, 1 3, 3 1, 3

3, 1 1, 3

1, 1



Generalized diamond

SU(3)×SU(3) invariant polyforms :

Φ+

1, 3 3, 1

1, 3 3, 3 3, 1
Φ− 3, 3 3, 3 1, 1

3, 1 3, 3 1, 3

3, 1 1, 3

1, 1



Generalized diamond

SU(3)×SU(3) invariant polyforms :

Φ+

1, 3 3, 1

1, 3 3, 3 3, 1
Φ− 3, 3 3, 3 Φ−

3, 1 3, 3 1, 3

3, 1 1, 3

Φ+



Generalized diamond

SU(3)×SU(3) invariant polyforms :

η1
+η

2†
+

1, 3 3, 1

1, 3 3, 3 3, 1
η1

+η
2†
− 3, 3 3, 3

η1
−η

2†
+

3, 1 3, 3 1, 3

3, 1 1, 3

η1
−η

2†
−

act with (anti)holomorphic γ matrices→ build a basis for the repr space

Graña,Minasian,Petrini,Tomasiello’05



Deformations of SU(3)×SU(3) structures

Deformations of Φ+ (analogous for Φ−) :

Φ+
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Deformations of SU(3)×SU(3) structures

• δgmn , δBmn are expressed in terms of δχ+ ↔ 3, 3 , δχ− ↔ 3, 3

• we arrive at:

e2ϕ

8

∫
e−2φvol6gmngpq(δgmpδgnq + δBmpδBnq)=−

∫
〈δχ−, δχ̄−〉∫
〈Φ−, Φ̄−〉

−
∫
〈δχ+, δχ̄+〉∫
〈Φ+, Φ̄+〉

• contributions of δχ+ & δχ− are

{
independent (ok N = 2 in 4d)

symmetric

• Recall : K± = − log i
∫
〈Φ±,Φ±〉 . Then :

δholoδantiK−+ δholoδantiK+ = −
∫
〈δχ−, δχ̄−〉∫
〈Φ−, Φ̄−〉

−
∫
〈δχ+, δχ̄+〉∫
〈Φ+, Φ̄+〉

+ ♠♠
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Scalar potential

NSNS sector→ VNS ∼
∫

M6
vol6e−2φ

(
R6 + 4∂mφ∂

mφ− 1
12 HmnpHmnp

)

Recast in generalized geometry language
(4d variables from NSNS sector are encoded in Φ±)

• [Dm,Dn] η ∼ Rmnpqγ
pqη

• derive formula relating R6 and Φ± ∼ η1
+ ⊗ η

2†
±

• ‘dress’ it with φ and B

V =

VNS

+ VRR

=
e4ϕ

4

∫
〈 dΦ+, ∗B(dΦ+) 〉+ 〈 dΦ−, ∗B(dΦ−) 〉

− e4ϕ
∫ ∣∣〈dΦ+,Φ−〉

∣∣2 +
∣∣〈dΦ+,Φ−〉

∣∣2
i〈Φ,Φ〉

+
e4ϕ

2

∫
〈G, ∗BG〉

DC ’08

G : sum of internal RR fields
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Reducing to 4d

When
reducing

⇒ need to truncate
to a finite set of modes

� Truncation specified by a finite basis of (poly)forms

Σ+ =
(
ω̃A

ωA

)
, Σ− =

(
βI

αI

)

to be used in expansions like :

Φ+ = XAωA −FAω̃
A , Φ− = ZIαI − GIβ

I

Graña,Louis,Waldram

• for a CY : Φ+ = eB+iJ , Φ− = Ω and the forms span H•(M6)
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Reducing to 4d

� dΦ± 6= 0 ⇒ in general Σ± are not closed :

dΣ− = QΣ+

Q : ‘geometric fluxes’→ more gaugings than CY with fluxes

� Postulate this system of expansion forms

(satisfying a set of constraints)

I derive the full bosonic action of N = 2 gauged sugra
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Summary : Comparison with Calabi-Yau

CY & no fluxes SU(3)×SU(3) + fluxes

4d action N = 2 ungauged N = 2 gauged sugra
sugra charges: RR, NSNS-fluxes

dΣ− = QΣ+

Geometric δJ , δΩ δΦ+ , δΦ−
moduli δgmn (include δB , δφ)

Kähler K+ ∼ log
∫

J ∧ J ∧ J
potentials K− ∼ log i

∫
Ω ∧ Ω K± = log i

∫
〈Φ±,Φ±〉

Scalar potential V = 0 V = V(dΦ±, fluxes)

nontrivial N = 1
Susy vacua trivially N = 2 conditions.



Lifting N = 1 vacua Graña,Minasian,Petrini,
↙ Tomasiello’05

dΦ+ =−2µ̄Re(Φ−)

dΦ−=−3i Im(µΦ+) + i
2 eφ ∗BG

with |µ|2∼−Λ

〈δεgravitini〉= 0

〈δεgaugini〉 = 0

〈δεhyperini〉= 0

under a single

susy ε

F-flatness
D-flatness



Cosets with SU(3) structure DC, Kashani-Poor ’09

Concrete examples of M6 :

G2

SU(3)
Sp(2)

S(U(2)× U(1))
SU(3)

U(1)× U(1)

S 6 CP3 Flag F(1, 2; 3)

I Admit SU(3) structure not SU(2)

I Group action simplifies the problem

I Support N = 1 AdS4 vacua of massive type IIA
Behrndt,Cvetic’04, Tomasiello’07, Koerber,Lüst,Tsimpis’08
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The basis forms

Expansion basis = {Left-invariant forms }

SU(3)
U(1)×U(1)

Left-invariant metric :

gmn = diag(v1, v1, v2, v2, v3, v3) va > 0 : geometric moduli

Basis of left-invariant forms :

ω0 = 1 , ω1 = −e12 , ω2 = e34 , ω3 = −e56 ,

α =
1
2

(e135 + e146 − e236 + e245) , β =
1
2

(−e136 + e145 − e235 − e246) ,

ω̃0 = e123456 , ω̃1 = e3456 , ω̃2 = −e1256 , ω̃3 = e1234 .

Starting from type IIA, we derive the full 4d bosonic action
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Scalar potential V

V = VNS + VRR

= e2ϕ(. . .) + e4ϕ(. . .)

∂ϕV = 0 ⇒ 〈V〉 = −〈VRR〉 < 0 ⇒ just AdS vacua

• 4d version of Maldacena-Nunez no-go thm.

• Holds for any SU(3) structure compactification

• Interesting for AdS4/CFT3 ABJM ’08

• Mechanism for dS?

Idea: modify V(ϕ) by including string loop corrections
Establish the corrected V

♠ Don’t find any dS ♠
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Extremizing V

In the Nearly-Kähler limit (va all equal) :

given a choice of flux→ 3 extrema

← V for G2
SU(3)

Moduli are fixed

N = 1 : v =
√

15
2

` 1
20

˛̨
e
m

˛̨´1/3
, b = 1

2

` 1
20

e
m

´1/3
, ξ̃ = 24mb2

q , e2ϕ = 5q2

48m2v4

Stability

Breitenlohner-Freedman bound m2
tachyonic ≥ −

3
4〈V〉

all extrema are stable
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Consistency of the coset reduction

Can we trust solutions from 4d approach?

consistent truncation ↔ all solutions of the reduced theory

lift to solutions of the 10d theory

We analyze the EoM of massive type IIA
↓↓↓

precisely recover 4d N=2 gauged sugra EoM



Consistency of the coset reduction

Can we trust solutions from 4d approach?

consistent truncation ↔ all solutions of the reduced theory

lift to solutions of the 10d theory

We analyze the EoM of massive type IIA
↓↓↓

precisely recover 4d N=2 gauged sugra EoM



Consistency of the coset reduction

Can we trust solutions from 4d approach?

consistent truncation ↔ all solutions of the reduced theory

lift to solutions of the 10d theory

We analyze the EoM of massive type IIA
↓↓↓

precisely recover 4d N=2 gauged sugra EoM



Conclusions

I Flux compactifications demand new mathematical tools

For N = 2 in 4d from type II:

SU(3) and SU(3)×SU(3) structures, generalized geometry

I Generalized geometry provides the N = 2 data

I did a thorough analysis→ complete 4d gauged N = 2 action

IDimensional reduction on coset spaces:

• consistent reduction (justifying the truncation ansatz)

• both N = 1 and N = 0 string vacua via extremization of V

• stringy corrections to the 4d action

I Interplay between 10d and 4d
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Fluxes & 4d gauged sugra

Type II sugra on CY3

↓ ↓ ↓ ↓ ↓

ungauged

N = 2 sugra in 4d

↓
no scalar potential
↓

moduli problem

4d fields are defined
expanding in harmonic forms
E.g. in IIA:

C3 = ξIαI− ξ̃Iβ
I + . . . I=0,1,...,h2,1

F4 = dC3 − H ∧ C1

If no H fluxes, then:

F4 = dξI ∧ αI − dξ̃I ∧ βI + . . .
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Fluxes & 4d gauged sugra

Type II sugra on CY3 with fluxes

↓ ↓ ↓ ↓ ↓

ungauged N = 2 sugra in 4d
↓

no scalar potential
↓

moduli problem

4d fields are defined
expanding in harmonic forms
E.g. in IIA:

C3 = ξIαI− ξ̃Iβ
I + . . . I=0,1,...,h2,1

F4 = dC3 − H ∧ C1

If no H fluxes, then:

F4 = dξI ∧ αI − dξ̃I ∧ βI + . . .

DξI = dξI + pIC1

Dξ̃I = dξ̃I + qIC1 , C1 : graviphoton

scalar potential arises from
∫

M6
H ∧ ∗H
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4d fields are defined
expanding in harmonic forms
E.g. in IIA:

C3 = ξIαI− ξ̃Iβ
I + . . . I=0,1,...,h2,1

F4 = dC3 − H ∧ C1

With H flux: Hfl = pIαI − qIβ
I

F4 = DξI ∧ αI − Dξ̃I ∧ βI + . . .

DξI = dξI + pIC1

Dξ̃I = dξ̃I + qIC1 , C1 : graviphoton

scalar potential arises from
∫

M6
H ∧ ∗H



Deformations of SU(3)×SU(3) structures

compatible Φ+ , Φ−
↓↓↓

J Λ
± Σ = 4i

〈Re Φ± , ΓΛ
ΣRe Φ± 〉

〈Φ± , Φ± 〉
with [J+,J−] = 0

J± : T ⊕ T∗ → T ⊕ T∗ , (J±)2 = −idT⊕T∗
generalized almost
complex structure

where ΓΛ =
(

dxm∧

ι∂m

)
: O(6, 6) gamma matrices

Metric on T ⊕ T∗ : G = −J+J− =

(
g−1B g−1

g− Bg−1B −Bg−1

)
Deformations :

gmngpq(δgmpδgnq + δBmpδBnq) = − 1
2 Tr
[
δGδG

]
use : δG = −δJ+J− − J+(δJ−)



Special Kähler Geometry
Period matrices

Important ingredient : GI = MIJ ZJ , DGI = MIJDZJ

↖ period matrix ↗
R=ReM , I=ImM

M ≡
0BB@ I +RI−1R −RI−1

−I−1R I−1

1CCA =

(
−
∫
〈α, ∗Bα〉

∫
〈α, ∗Bβ〉∫

〈β, ∗Bα〉 −
∫
〈β, ∗Bβ〉

)

• uses ∗B • := e−B ∗ λ(eB •)
• generalizes a result valid for the harmonic 3-forms of CY
• parallel expression for even forms → N & N

(valid for CY as well)

• In e.g. IIA:
• ImN and ReN define kinetic & top. terms for gauge fields
• M enters in the hyperscalar kinetic terms
• Both M and N appear in the scalar potential
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The basis forms

Closed system under d :

dωa = qa α

dα = 0 dβ = qa ω̃
a

dω̃a = 0

qa : geometric fluxes→ new charges w.r.t. the CY case

Also closed under the Hodge ∗ :

∗α = β , ∗ ω̃0 ∼ ω0 , ∗ ω̃a ∼ ωa

Most general left-invariant SU(3) structure:

J = va ωa Ω ∼ α+ iβ



The 4d theory

Starting from type IIA, we derive the full 4d bosonic action

N = 2 gauged sugra with :

• gravitational multiplet ( gµν , A0 )

• at most 3 vector multiplets ( ba + iva , Aa )

• just the universal hypermultiplet ( Bµν , ϕ , ξ , ξ̃ )
(actually, tensor multiplet)

Fluxes→ Gaugings

scalar field electric ch. provided magnetic ch. provided
under A0,Aa by under A0,Aa by

ξ qa dωa = qaα – –

dual of Bµν e0, ea G4,G6︸ ︷︷ ︸
RR field-str.

m0,ma G0,G2︸ ︷︷ ︸
RR field-str.



Consistency of the coset space truncation

E.g. : (string frame) Einstein eq.

left-invariance⇒ all terms are constant along M6

dŝ2 = e2ϕ(x)gµν(x)dxµ ⊗ dxν + gmn(x)em(y)⊗ en(y)

gmn = diag(v1, v1, v2, v2, v3, v3)

R̂mn + 2∇̂m∂nφ = Rmn︸︷︷︸+ 1
2 e−2ϕ

(
gpq∂µgmp∂

µgnq −∇2gmn
)︸ ︷︷ ︸

↓ ↓
∂vaVNS +

[
∂va −∇µ ∂

∂(∂µva)

]
Gbc(v)∂µvb∂µvc

⇒ 4d EoM for the internal metric moduli ...etc...
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String loop corrections (exploiting N = 2)

AdS4 arises from dilaton dependence of V = e2ϕ(...) + e4ϕ(. . .)

Idea : modify it by string loop corrections ( gs = eφ )

Strominger’97, Antoniadis,Minasian,Theisen,Vanhove’03

1 one-loop correction to the 10d action : R4 terms

by dim.red. :
∫

d4x
√

g
(

e−2ϕ − 4ζ(2)
(2π)3χ(M6)

)
R4 + . . .

2 Quaternionic metric

universal hypermultiplet
3 isometries

}
→ Calderbank-Pedersen:

just one parameter c

two possibilities : c = 0 or c ∼ χ(M6)

3 Loop-corrected scalar potential follows by N = 2
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String loop corrections (exploiting N = 2)

• We establish the all loop corrected scalar potential.

• deSitter?

• Our tree-level no-go is evaded

• ♠♠ Don’t find any ♠♠
narrow is the way towards deSitter

• Uncover necessary condition :
1
12 HmnpHmnp − R6 > 0

• Destiny tree-level AdS Nearly-Kähler vacua?

Numerically : they are still there.

For N = 1 vacuum: analytic study
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