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Université de Paris-Sud

U.F.R. Scientifique d’Orsay

THÈSE
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Henri Retard, contrôleur SNCF.





Remerciements
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pour m’avoir donné la chance incroyable d’effectuer un stage de M2 puis cette thèse
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entre pommier et escaliers, pour les bols d’air pur et pour leurs souvenirs.
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À Pierre pour son soutien et sa tendresse, ses questions existentielles, ses imitations
(caricaturales, avoue !) de mes quoi et mais dis donc, et tout simplement pour sa
présence. Merci pour le bonheur que je vis à tes côtés.
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équation de KdV non linéaire . . . . . . . . . . . . . . . . . . . 38
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5.2 À propos de l’équation de Korteweg-de Vries . . . . . . . . . . . 54
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1 Introduction

Dans cette thèse, on présente des résultats sur la contrôlabilité de quelques équations
aux dérivées partielles non linéaires issues de la mécanique des fluides : des équations
de type Burgers, une équation de Korteweg-de Vries et un système de Navier-Stokes
2-D. Chacune de ces équations modélise un système dynamique sur lequel on peut agir
au moyen de commandes, que l’on appelle les contrôles, et qui sont représentés par des
conditions aux limites ou des forces extérieures. Nous faisons référence aux surveys [36]
de E. Fernandez-Cara et E. Zuazua et [77] de E. Zuazua ainsi qu’aux livres [23] de J.-M.
Coron et [72] de M. Tucksnak et G. Weiss pour des ouvrages généraux sur la théorie
du contrôle.

Dans un premier temps, nous rappelons les différentes définitions de contrôlabilité qui
seront considérées ultérieurement et nous décrivons la stratégie d’étude employée.

Afin de faciliter la compréhension du lecteur, nous choisissons d’illustrer nos propos sur
la poussette-canne, modélisée par le système de contrôle suivant







ẋ1 = u1 cosx3,
ẋ2 = u1 sin x3,
ẋ3 = u2,

(1.1)

où (̇) désigne la dérivée par rapport au temps.
L’état de ce système est x = (x1, x2, x3) ∈ R3 et le contrôle est u = (u1, u2) ∈ R2. La
composante u1 du contrôle u représente une force rectiligne et u2 est le couple appliqué
au système. Dans la suite, on fera appel au système (1.1) en l’écrivant ẋ = f(x, u) pour
plus de simplicité.

1.1 Definitions

Comme le système de contrôle considéré est non linéaire, on doit distinguer les
résultats de contrôlabilité locale des résultats de contrôlabilité globale.

- On dit que le système (1.1) est localement exactement contrôlable (resp. localement
contrôlable à zéro) au temps T > 0, si pour toutes conditions initiale x0 et finale x1

assez petites (resp. pour toute condition initiale x0 assez petite), on peut trouver un
contrôle u qui permet d’amener l’état x du système (1.1) de x0 à x1 (resp. à 0) en temps
T .

- On parle de contrôlabilité globale exacte (resp. globale à 0) si la propriété ci-dessus est
valable pour tous x0 et x1 ∈ R3 (resp. pour tout x0 ∈ R3).

- Une question intéressante est la contrôlabilité locale (resp. globale) exacte aux trajec-
toires au temps T > 0. Etant donnée une solution particulière (une trajectoire) (x̄, ū)
du système (1.1), et une condition initiale x0 assez proche de x̄(0) (resp. x0 quelconque),
il s’agit de trouver un contrôle u qui amène l’état x du système de x0 à x̄(T ) en temps
T .

- On peut enfin reprendre ces différentes notions de contrôlabilité exacte pour les trans-
poser dans un cadre approché. Il ne s’agit alors plus d’atteindre exactement l’état sou-
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16 Introduction

haité x1 ou x̄(T ), mais de pouvoir, pour tout ǫ > 0 très petit, construire un contrôle
qui permet à l’état du système d’approcher cet état à une distance ǫ.

Remarque 1.1. Dans les définitions ci-dessus, lorsque nous avons mentionné la
contrôlabilité locale, nous avons implicitement sous-entendu “contrôlabilité locale au-
tour de l’origine”. Cette définition s’étend de façon évidente au cas de la contrôlabilité
autour d’un état d’équilibre quelconque du système, i.e. un état (xe, ue) vérifiant f(xe, ue) =
0 ou autour d’une trajectoire (x̄, ū) du système ẋ = f(x, u).

1.2 Stratégie d’étude d’un système de contrôle

Lorsque l’on cherche à étudier la contrôlabilité d’un système non linéaire, on essaie
souvent dans un premier temps de se “débarrasser” de la non linéarité en linéarisant
le système autour d’un état d’équilibre du système, car on a en général une meilleure
connaissance des systèmes linéaires. Ensuite, si le système linéaire est contrôlable, on
essaie d’en déduire un résultat de contrôlabilité pour le système non linéaire en utilisant
par exemple un théorème d’inversion locale ou de point fixe. Cette méthode - résoudre
d’abord un problème linéaire puis utiliser un théorème de point fixe pour passer au non
linéaire - est classique en dimension finie. En dimension infinie, si la non linéarité n’est
pas trop forte, on peut parfois obtenir un résultat de contrôlabilité globale, comme l’a
montré pour la première fois E. Zuazua dans [75, 76] lors de l’étude de la contrôlabilité
d’une équation des ondes non linéaire.

Linéarisation autour d’un état d’équilibre Si on linéarise (1.1) autour de l’équilibre
(0, 0) ∈ R

5, on obtient le système suivant






ẋ1 = u1,
ẋ2 = 0,
ẋ3 = u2,

qui n’est pas contrôlable. On doit donc utiliser une autre méthode pour linéariser le
système (1.1) et pouvoir en déduire un résultat pour le système non linéaire.

Méthode du retour La méthode que nous allons employer, et qui sera appliquée par
la suite pour obtenir des résultats sur la contrôlabilité globale exacte de l’équation de
Burgers non visqueuse (Chapitre 2) et sur la contrôlabilité globale à zéro d’un système
de Navier Stokes (Chapitre 4), est connue sous le nom de méthode du retour. Elle a
été introduite par J.-M. Coron dans [17] pour résoudre un problème de stabilisation, et
a ensuite été appliquée avec succès à l’étude de la contrôlabilité de diverses équations
aux dérivées partielles, notamment par J.-M. Coron dans [18, 20, 21], par T. Horsin
dans [48], par O. Glass dans [40, 41] et par K. Beauchard dans [3] ; voir aussi [23] pour
d’autres équations. Elle consiste à trouver des trajectoires qui partent de 0 et se rendent
à 0, et qui ont de “bonnes” propriétés de contrôlabilité autour d’elles.

Illustrons ceci dans le cas du système (1.1). Pour un temps δ > 0 fixé, on se donne une
application ū : [0, δ] → R2 qui vérifie, pour tout temps t ∈ [0, δ/2],

ū(δ − t) = −ū(t). (1.2)

16



1 Introduction 17

Si x̄ désigne la solution du système
{

˙̄x = f(x̄, ū),
x̄(0) = 0,

(rappelons que la notation ẋ = f(x, u) désigne le système (1.1)) alors on a l’égalité

x̄(δ) = 0.

En effet, définissons pour tout temps t ∈ [0, δ],

y(t) := x̄(δ − t).

Alors

y(δ/2) = x̄(δ/2) (1.3)

et

ẏ = − ˙̄x(δ − t)
= −f(x̄(δ − t), ū(δ − t))
= f(x̄(δ − t),−ū(δ − t)),

car f(x,−u) = −f(x, u) (voir (1.1)). On obtient finalement en utilisant (1.2)

ẏ = f(y, ū).

Ainsi, x̄ et y sont solutions de la même équation différentielle ordinaire, sont égales en
δ/2 (voir (1.3)) donc, pour tout temps t ∈ [0, δ],

y(t) = x̄(t).

En particulier,
x̄(δ) = y(0) = x̄(0) = 0.

On vient de construire une trajectoire de (1.1) qui part de 0 à l’instant t = 0 et arrive
à 0 au temps t = δ. Vérifions maintenant que le linéarisé du système (1.1) autour de
cette trajectoire est contrôlable. Ce système est le suivant







ẋ1 = u1 cos x̄3 − ū1x3 sin x̄3,
ẋ2 = u1 sin x̄3 + ū1x3 cos x̄3,
ẋ3 = u2.

(1.4)

Afin de vérifier le critère de Kalman (voir ci-dessous) pour les systèmes non station-
naires, on écrit le système (1.4) sous la forme

ẋ = A(t)x+B(t)u(t) (1.5)

avec

A(t) :=





0 0 −ū1 sin x̄3

0 0 ū1 cos x̄3

0 0 0



 et B(t) :=





cos x̄3 0
sin x̄3 0

0 1



 . (1.6)

On rappelle que le critère de Kalman s’énonce comme suit (voir [23, Theorem 1.18 page
11] pour deux preuves différentes de ce résultat)

17



18 Introduction

Lemme 1.2. On suppose que pour un t̄ ∈ [0, δ],

Vect {Bi(t̄)u, u ∈ R
2, i ∈ N} = R

3, (1.7)

où on a défini, par récurrence sur i ∈ N,

B0(t) := B(t), Bi(t) := Ḃi−1(t) −A(t)Bi−1(t), ∀t ∈ [0, δ].

Alors le système de contrôle (1.5) est contrôlable sur [0, δ].

Dans le cas du système (1.4), on utilise (1.6) pour trouver

B1(t) =





−ū2 sin x̄3 ū1 sin x̄3

ū2 cos x̄3 −ū1 cos x̄3

0 0



 .

Ainsi, la matrice formée par la concaténation de B0 = B et B1 est la suivante





cos x̄3 0 −ū2 sin x̄3 ū1 sin x̄3

sin x̄3 0 ū2 cos x̄3 −ū1 cos x̄3

0 1 0 0



 .

Il suffit de choisir ū2 6= 0 et t̄ tels que u2(t̄) 6= 0 pour avoir 3 colonnes indépendantes :
le système (1.4) est alors contrôlable.

Contrôlabilité locale du système non linéaire L’utilisation du théorème d’inversion
locale permet alors d’obtenir de façon immédiate la contrôlabilité locale du système
(1.1) autour de (x̄, ū). Pour plus de détails, nous renvoyons le lecteur à [23, Proof of
Theorem 3.6 page 127].

Au Chapitre 2 (qui correspond à [13]), on utilise la méthode du retour puis le
théorème de point fixe de Schauder pour obtenir la contrôlabilité globale d’équations
de type Burgers non visqueuses. On utilise ensuite ce résultat pour obtenir un résultat de
contrôlabilité approchée pour l’équation de Burgers visqueuse. Comme la contrôlabilité
locale aux trajectoires a déjà été démontrée par A. V. Fursikov et O. Yu. Imanuvilov
dans [37], on en déduit la contrôlabilité globale aux trajectoires de cette équation.

Au Chapitre 3, correspondant à [14], on applique la même stratégie pour obtenir la
contrôlabilité globale aux trajectoires de l’équation de Korteweg-de Vries non linéaire,
en utilisant cette fois un résultat local de O. Glass et S. Guerrero [42].

Enfin, au Chapitre 4 ([15]), on montre, toujours avec la méthode du retour, un résultat
de contrôlabilité approchée pour un système de Navier-Stokes 2-D avec conditions de
Navier et on utilise un résultat local de A. V. Fursikov et O. Imanuvilov [38] (voir aussi
[45] de S. Guerrero) pour en déduire un résultat global, à zéro.

Dans la suite de l’introduction, on présente de manière plus détaillée les différentes
parties de cette thèse.

18
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2 Équations de Burgers

2.1 Introduction

On s’intéresse dans un premier temps à la contrôlabilité des équations de Burgers,
non visqueuse (Bnv)

yt + yyx = 0 (2.1)

et visqueuse (Bv)

yt − νyxx + yyx = 0, (2.2)

où ν > 0 représente la viscosité du fluide considéré, sur un intervalle borné de longueur
L > 0. Les équations (2.1) et (2.2), introduites par J.-M. Burgers dans [8, 9], sont en
quelque sorte le “toy model” des équations de la mécanique des fluides et modélisent
un écoulement de fluides en dimension 1, y représentant la vitesse du fluide considéré
au temps t et au point x, ν étant sa viscosité.

Résultats de contrôlabilité antérieurs Ces résultats sont des résultats de contrôle
par le bord. Rappelons dans un premier temps les deux principaux travaux qui concernent
la contrôlabilité de l’équation de Burgers non visqueuse. Pour plus de simplicité, nous
ne donnons pas ici la régularité des fonctions considérées et renvoyons le lecteur aux
articles concernés pour cette régularité.
Dans [2], F. Ancona et A. Marson décrivent l’ensemble des états atteignables pour une
loi de conservation scalaire non linéaire de la forme yt + {f(y)}x = 0, avec donnée
initiale nulle, et pour des fonctions f strictement convexes et de classe C2. Ils montrent
en particulier que dans le cas de l’équation de Burgers non visqueuse, partant de l’état
nul, on ne peut pas atteindre un état final constant y1 := C > 0 en un temps plus petit
que L/C au moyen d’un seul contrôle frontière. En d’autres termes, pour tout temps
0 < T < L/C, pour tout u ∈ L∞(0, T ) et pour tout y : (0, T ) × (0, L) → R qui vérifie

yt + yyx = 0,

y(0, .) = 0,

y(., 0) = u(.),

on a y(T, .) 6= C.
Dans [48], T. Horsin utilise la méthode du retour pour décrire l’ensemble des états
atteignables pour l’équation de Burgers non visqueuse. Il démontre que partant de 0,
tout état final constant y1 := C 6= 0 peut être atteint en un temps T ≥ L/|C| au moyen
d’un seul contrôle frontière.
Nous passons maintenant aux résultats qui concernent l’équation de Burgers visqueuse.
Tout d’abord dans [37], A. V. Fursikov et O. Yu. Imanuvilov montrent que pour tous
(a, b) ∈ (0, L)2 qui satisfont 0 < a < b < L, on n’a pas contrôlabilité approchée dans
L2(0, L) vers des états “grands” du système







yt − yxx + yyx = v(t, x),
y(t, 0) = y(t, L) = 0,
y(0, x) = y0,

(2.3)
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où v(t, x) ∈ L2((0, T ) × (0, L))) est telle que, pour tout t ∈ (0, T ),

Supp (v(t, .)) ⊂ (a, b), 0 < a < b < L.

Dans le même temps, J.I. Diaz, dans [28], utilise le principe du maximum pour montrer
que la contrôlabilité approchée de l’équation (2.2) n’est pas vérifiée pour certains états
lorsque y(t, 0) := 0, t ∈ (0, T ), y0 ∈ L∞(0, L) et au moyen d’un unique contrôle frontière
y(t, L) := ũ(t).
Dans [32], E. Fernández-Cara et S. Guerrero démontrent que le système (2.3) n’est pas
contrôlable à zéro pour des temps petits. Ils donnent aussi des estimations optimales
pour le temps minimal de contrôlabilité à zéro, noté T (r), qui correspond à des données
initiales de norme ≤ r dans L2.
Finalement, J.-M. Coron montre dans [22] l’existence d’un temps T > 0 tel que le
problème

yt − yxx + yyx = 0,

y(t, 0) = 0,

y(0, x) = y0, y(T, x) = 0

a une solution quelle que soit la donnée initiale y0 ∈ L2(0, L).
Concernant les résultats de contrôlabilité de l’équation (2.2) au moyen de deux contrôles
frontière y(t, 0 et y(t, L), rappelons tout d’abord que A.V. Fursikov et O. Yu. Imanu-
vilov obtiennent dans [37] la contrôlabilité exacte locale de (2.2) au moyen de deux
contrôles frontière.
Ensuite, dans [22], J.-M. Coron utilise la transformation de Hopf-Cole pour montrer
que l’on peut amener la solution de (2.2) de l’état nul à des états constants grands.
Plus récemment, dans [46], S. Guerrero et O. Yu. Imanuvilov ont montré que si l’on
contrôle seulement les deux extrémités de l’intervalle, alors non seulement la contrôlabilité
globale à zéro en temps petit n’est pas vérifiée, mais on n’a pas non plus contrôlabilité
globale approchée pour des temps grands.
Finalement, dans [42], O. Glass et S. Guerrero montrent la contrôlabilité globale exacte
de (2.2) à des états non nuls, lorsque la viscosité ν est petite. Ce résultat est obtenu
pour un temps assez grand, et pour des contrôles qui tendent vers 0 comme e−c/ν .
Enfin, on trouve dans les travaux [31] de C. Fabre, J.-P. Puel et E. Zuazua, [29] de A.
Doubova, E. Fernandez-Cara, M. Gonzalez-Burgos et E. Zuazua et [35] de E. Fernandez-
Cara et E. Zuazua, et le survey [33] de E. Fernandez-Cara et S. Guerrero des résultats
qui concernent plus généralement les équations paraboliques non linéaires.

Le but du Chapitre 2 est d’obtenir des résultats de contrôlabilité “positifs” pour les
équations (2.1) et (2.2), c’est-à-dire que nous souhaitons obtenir des résultats globaux,
valables en temps arbitrairement petit. En effet, rappelons que l’équation (2.1) est
souvent considérée comme l’analogue pour la dimension 1 de l’équation d’Euler des
fluides incompressibles, et nous savons d’après des travaux de J.-M. Coron [18, 20] et
d’O. Glass [40, 41] que cette dernière équation est contrôlable, même en temps petit. Il
semble donc naturel d’obtenir des résultats similaires pour l’équation de Burgers non
visqueuse. Nous verrons que cela est possible grâce à l’introduction dans le membre de
droite de l’équation d’un nouveau contrôle, dépendant seulement du temps. On peut
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penser que ce nouveau contrôle joue un rôle équivalent à celui du gradient de pression
dans l’équation d’Euler.
Le premier système considéré ici est le suivant

yt + α(x)yyx = u(t), t ∈ [0, T ], x ∈ [0, L], (2.4)

où α ∈ C1([0, L], (0,+∞)). L’état du système au temps t ∈ [0, T ] est y(t, .) ∈ C1([0, L])
et les contrôles sont y(t, 0), y(t, L) et u(t) ∈ R.
Le second système est

yt − yxx + yyx = u(t), t ∈ [0, T ], x ∈ [0, L], (2.5)

y(t, 0) = v1(t), t ∈ [0, T ], (2.6)

y(t, L) = v2(t), t ∈ [0, T ]. (2.7)

Ici, l’état au temps t ∈ [0, T ] est y(t, .) ∈ H2(0, L) et les contrôles sont v1(t), v2(t) et
u(t) ∈ R.

2.2 Contrôlabilité globale exacte de l’équation de Burgers non visqueuse

Étant donnés un temps arbitraire T > 0, une longueur L > 0, un état initial
y0 ∈ C1([0, L]) et un état final y1 ∈ C1([0, L]) on veut construire un contrôle u(t) et
une solution y de (2.4) qui passe de l’état y0 à l’état y1 en temps T . Il s’agit d’un
problème sous-déterminé puisque les conditions aux bords ne sont pas prescrites, mais
ces dernières découleront naturellement de la construction de la solution y. Au Chapitre
2 on obtient le résultat suivant (Theorem 6.1)

Théorème 2.1. Pour tous T et L > 0, pour tous y0 et y1 ∈ C1([0, L]) et pour tout
α ∈ C1([0, L], (0,+∞)), il existe u ∈ C0([0, T ]) s’annulant au voisinage de 0 et de T et
il existe y ∈ C1([0, T ] × [0, L]) qui satisfait (2.4) et

y(0, x) = y0(x), x ∈ [0, L],

y(T, x) = y1(x), x ∈ [0, L].

Stratégie On procède comme indiqué dans la section 1 de cette introduction et on
commence par linéariser le système autour d’un état d’équilibre : le linéarisé de (2.4)
autour de (0, 0) est

yt = u(t),

où, au temps t ∈ [0, T ], l’état du système est y(t, .) ∈ C1([0, L]) et les contrôles sont
y(t, 0), y(t, L) et u(t) ∈ R. Il est évident que ce dernier système n’est pas contrôlable.
Nous allons donc utiliser la méthode du retour de J.-M. Coron, dont le principe a été
rappelé précédemment. Dans un premier temps, on introduit une trajectoire particulière
(ȳ, ū) autour de laquelle on linéarisera le système. Soit donc a ∈ C∞([0, T ], [0,+∞)),
telle que

a ≡ 0 dans un voisinage de 0 et de T, (2.8)
T

∫

0

a(t) dt >

L
∫

0

1/α(x) dx (2.9)
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(voir Fig. 1).

0 T

Fig. 1 – a(t)

Il est clair que le couple (ȳ, ū) défini par

ȳ(t, x) := a(t), t ∈ [0, T ], x ∈ [0, L],

et
ū(t) := a′(t), t ∈ [0, T ],

est une trajectoire du système (2.4). Le système linéarisé autour de cette trajectoire est
le suivant

zt + a(t)α(x)zx = v(t), t ∈ [0, T ], x ∈ [0, L], (2.10)

qui est contrôlable à zéro (avec v ≡ 0) d’après l’inégalité (2.9) (voir Proposition 7.4 du
Chapitre 2). Remarquons que même si l’équation (2.4) a une vitesse de propagation
finie, le fait de pouvoir choisir la “taille” de a permet d’avoir une vitesse de propagation
aussi grande que l’on veut.

Schéma de preuve Nous commençons par quelques remarques préliminaires. Comme
l’équation (2.4) est réversible par rapport au temps et comme la contrôlabilité locale de
cette équation entrâıne sa contrôlabilité globale (voir Chapitre 2 Lemma 7.1 et Lemma
7.3), il nous suffit d’obtenir un résultat de contrôlabilité locale à zéro pour le système
(2.4). Plus exactement, nous voulons montrer que pour toute condition initiale y0 assez
petite en norme C1, il existe un contrôle u(t) et une solution y de (2.4) qui part de y0

au temps t = 0 et arrive à 0 au temps t = T . C’est ici que nous allons faire intervenir la
trajectoire (ȳ, ū) précédemment introduite. Au lieu de montrer la contrôlabilité locale à
zéro de l’équation (2.4), nous allons montrer le même résultat pour l’équation suivante

zt + α(x)(a(t) + z)zx = 0, t ∈ [0, T ], x ∈ [0, L]. (2.11)
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En effet, supposons que l’on sache construire, pour tout y0 assez petit, une solution z de
(2.11) ayant comme condition initiale z(0, .) = y0 et comme condition finale z(T, .) = 0.
Alors définissant y et u par

y(t, x) = a(t) + z(t, x), t ∈ [0, T ], x ∈ [0, L],

u(t) = a′(t), t ∈ [0, T ]

et utilisant l’hypothèse (2.8) et l’équation (2.11), on vérifie aisément que

yt + α(x)yyx = a′(t) + zt + α(x)(a(t) + z)zx

= a′(t)
= u(t),

y(0, .) = y0,

y(T, .) = 0.

Pour montrer la contrôlabilité locale à zéro de l’équation (2.11), nous allons utiliser le
théorème de point fixe de Schauder en considérant le système suivant

zt + α(x)(a(t) + y(t, x))zx = 0, t ∈ [0, T ], x ∈ [0, L], (2.12)

z(0, x) = y0(x), x ∈ [0, L], (2.13)

où y0 ∈ C1([0, L]) et y ∈ C1([0, T ] × [0, L]) sont supposés fixés. On cherche donc à

construire, en utilisant le flot de l’équation ξ̇ = α(ξ)(a(t) + y(t, ξ)), une solution z de
ce système qui dépende continûment de y et telle que z(T, .) = 0.
Pour éviter certains problèmes de définition du flot, on étend y0 (resp. y) par une
fonction C1(R) (resp. C1([0, T ]×R)) à support compact dans R (resp. [0, T ]×R) et α
en une fonction C1(R) bornée et à dérivée bornée (voir Chapitre 2 Paragraphe “Proof
of Proposition 7.6” pour plus de précisions). Par commodité, on désigne encore par y0,
y et α les fonctions étendues. Soit alors

φ : D(φ) ⊂ [0, T ] × [0, T ] × R → R

(t1, t2, x) 7→ φ(t1, t2, x),

le flot associé à l’équation différentielle ordinaire ξ̇ = α(ξ)(a(t) + y(t, ξ)) :

∂φ

∂t1
(t1, t2, x) = α(φ)(a(t1) + y(t1, φ(t1, t2, x))), (t1, t2, x) ∈ D(φ),

φ(t2, t2, x) = x, t2 ∈ [0, T ], x ∈ R.

Ce flot est défini sur [0, T ]×[0, T ]×R et on peut définir z pour tout (t, x) ∈ [0, T ]×[0, L]
par

z(t, x) := y0(φ(0, t, x)). (2.14)

De rapides calculs montrent que z ∈ C1([0, T ] × [0, L]) satisfait

zt + α(x)(a(t) + y(t, x))zx = 0, t ∈ [0, T ], x ∈ [0, L],

z(0, x) = y0(x), x ∈ [0, L].
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Le point le plus délicat à vérifier est l’égalité

z(T, x) = 0, x ∈ [0, L] (2.15)

qui est démontrée dans la preuve de la Proposition 7.10 du Chapitre 2. Rappelons que
par définition (voir (2.14)), z(T, x) = y0(φ(0, T, x)), et y0 est une fonction à support
compact. L’égalité (2.15) peut donc se résumer ainsi : au temps T , tout le flot est “sorti”
du domaine.
Pour terminer, on montre que pour un R > 0 bien choisi, l’application

F : BR → C1([0, T ] × [0, L])
y 7→ z,

(2.16)

où z est défini par (2.14) et

BR := {y ∈ C1([0, T ] × [0, L]); |y|C1([0,T ]×[0,L]) ≤ R},
est continue (voir Chapitre 2 Appendix A). Il ne reste plus qu’à exhiber K ⊂ C1([0, T ]×
[0, L]) convexe, compact dans C1([0, T ] × [0, L]) et tel que F(K) ⊂ K pour pouvoir
conclure d’après le théorème de Schauder.
On montre tout d’abord (voir Proposition 7.13 du Chapitre 2) que pour toute condition
initiale y0 assez petite, F(BR) ⊂ BR. Ensuite, on introduit, pour toute fonction g :
Q → R, où Q est un sous-ensemble compact de Rn, et pour tout ρ ≥ 0, le module de
continuité de g,

ωρ(g) := max{|g(ξ2) − g(ξ1)|; (ξ1, ξ2) ∈ Q2 et |ξ2 − ξ1| ≤ ρ},
où |.| désigne la norme euclidienne sur R

n. On prouve dans la Proposition 7.14 du
Chapitre 2 l’existence d’une constante C0 := C0(R, T, |α|C1([0,L], |a|C1([0,T ])) > 0 telle
que pour tout ρ > 0, pour tout y ∈ BR,

ωρ(zt) + ωρ(zx) ≤ C0 |y0|C1([0,L])(ρ+ ωρ(yx) + ωρ(yt) + ωρ(α
′)) + C0 ωρ(y

0
x),

où z = F(y).
Pour finir, on définit

Ω : ρ ∈ [0,+∞[7→ 2C0 ωρ(y
0
x) + ρ+ ωρ(α

′) ∈ [0,+∞[

et

K :={y ∈ BR; pour tout ρ > 0, ωρ(yt) + ωρ(yx) ≤ Ω(ρ)}.
Ainsi défini,K est clairement convexe, fermé et borné dansBR. PuisqueK est équicontinu
dans C1([0, T ] × [0, L]), il s’ensuit par le théorème d’Ascoli que K est compact dans
BR. De plus, on vérifie facilement que si |y0|C1([0,L]) est assez petite, alors F(K) ⊂ K.
Par le théorème de Schauder, ceci implique que F a un point fixe. Mais si y est un
point fixe de F alors

yt + (a(t) + y)yx = 0, t ∈ [0, T ], x ∈ [0, L],

y(0, x) = y0(x), x ∈ [0, L],

y(T, x) = 0, x ∈ [0, L],

autrement dit le système (2.11) est localement contrôlable à zéro, et le Théorème 2.1
suit. Voyons maintenant comment déduire de ce résultat un résultat de contrôlabilité
pour l’équation de Burgers visqueuse.
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2.3 Contrôlabilité globale aux trajectoires de l’équation de Burgers vis-
queuse

Le problème est maintenant le suivant : étant donnés un temps arbitraire T > 0,
une longueur de domaine L > 0, une condition initiale y0 ∈ H1(0, L) et une solution

(ŷ, û) ∈ (L2(0, T ;H2(0, L)) ∩H1(0, T ;L2(0, L))) × L2(0, T )

de

ŷt − ŷxx + ŷŷx = û(t), t ∈ [0, T ], x ∈ [0, L], (2.17)

peut-on trouver des contrôles v1(t), v2(t) et u(t) tels qu’il existe une solution du système
(2.5)-(2.7) qui part à l’instant initial de y0 et arrive au temps t = T en ŷ(T, .) ?

On obtient au Chapitre 2 le résultat suivant (Theorem 6.2)

Théorème 2.2. Pour tous T , L > 0, pour tout y0 ∈ H1(0, L) et pour tout

(ŷ, û) ∈ (L2(0, T ;H2(0, L)) ∩H1(0, T ;L2(0, L))) × L2(0, T )

qui satisfait (2.17), il existe y ∈ L2(0, T ;H2(0, L)) ∩ H1(0, T ;L2(0, L)), u ∈ L2(0, T ),
v1 et v2 ∈ H3/4(0, T ) qui satisfont (2.5)-(2.7),

y(0, x) = y0(x), x ∈ (0, L),

et

y(T, x) = ŷ(T, x), x ∈ (0, L).

Dans [22], J.-M. Coron avait souligné le fait qu’il devait être possible de déduire des
propriétés de contrôlabilité pour l’équation de Burgers visqueuse à partir de propriétés
similaires pour l’équation non visqueuse. Il expliquait en effet que pour un temps fixé
et des états grands, ou pour un temps petit et des états fixés, le terme non linéaire
yyx était certainement un terme clé en comparaison du terme linéaire yxx. Si l’on tient
l’équation de Burgers non visqueuse pour l’analogue de l’équation d’Euler des fluides
incompressibles, on peut de la même manière considérer que l’équation de Burgers vis-
queuse est l’analogue des équations incompressibles de Navier-Stokes en 2-D. Or J.-M.
Coron, dans [20], et J.-M. Coron et A. V. Fursikov, dans [25], ont obtenu des résultats de
contrôlabilité pour Navier-Stokes 2-D en utilisant des résultats de contrôlabilité pour
l’équation d’Euler [19, 40, 41]. On peut donc penser qu’il est possible d’obtenir des
résultats pour l’équation de Burgers visqueuse en utilisant l’équation non visqueuse.
Dans [37], A. V. Fursikov et O. Yu. Imanuvilov établissent le résultat suivant de
contrôlabilité locale aux trajectoires

Proposition 2.3. Pour tout (ŷ, û) ∈ (L2(0, T ;H2(0, L))∩H1(0, T ;L2(0, L)))×L2(0, T )
satisfaisant (2.17), il existe R > 0 tel que pour tout y0 ∈ H1(0, L) qui satisfait

|y0(.) − ŷ(0, .)|H1(0,L) < R,

25



26 Introduction

il existe des contrôles (v−(t), v+(t)) ∈ (H3/4(0, T ))2 tels que la solution y de

yt − yxx + yyx = û(t), t ∈ [0, T ], x ∈ [0, L], (2.18)

y(t, 0) = v−(t), t ∈ [0, T ], (2.19)

y(t, L) = v+(t), t ∈ [0, T ], (2.20)

y(0, x) = y0(x), x ∈ [0, L] (2.21)

appartient à l’espace L2(0, T/4;H2(0, L))∩H1(0, T/4;L2(0, L)) et satisfait l’égalité sui-
vante

y(T, .) = ŷ(T, .).

Afin d’obtenir la contrôlabilité globale aux trajectoires du système (2.5)-(2.7), il
nous suffit donc de montrer un résultat de contrôlabilité approchée pour ce système.
Nous allons maintenant voir comment intervient la contrôlabilité de l’équation (2.4).

Schéma de preuve On introduit de nouveau une fonction a ∈ C∞([0, 1]; [0,+∞))
telle que a s’annule dans un voisinage de 0 et dans un voisinage de 1 et telle que

1/2
∫

0

a(s) ds > L, (2.22)

a(t) = a(1 − t) pour tout t ∈ [0, 1/2]. (2.23)

On a montré précédemment la contrôlabilité locale à zéro de l’équation (2.11) dans
l’espace C1([0, T ]× [0, L]). La preuve s’adapte clairement à l’espace C2([0, T ]× [0, L]).
Maintenant, si on se place dans le cas où α ≡ 1 sur [0, L] et si on utilise la réversibilité
de l’équation

zt + (a+ z)zx = 0

par rapport au temps, (ayons (2.23) en mémoire), le résultat suivant (Chapitre 2 Lemma
8.9) suit immédiatement

Lemme 2.4. Il existe ǫ > 0 et C > 0 tels que pour tous z0, z1 ∈ C2([0, L]) qui satisfont

|z0|C2([0,L]) ≤ ǫ

et
|z1|C2([0,L]) ≤ ǫ,

il existe z ∈ C2([0, 1] × [0, L]) tel que

zt + (a+ z)zx = 0, t ∈ [0, 1], x ∈ [0, L],

z(0, x) = z0(x), x ∈ [0, L],

z(1, x) = z1(x), x ∈ [0, L]

et

|z|C2([0,1]×[0,L]) ≤ C(|z0|C2([0,L]) + |z1|C2([0,L])).
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Un changement d’échelle adéquat donne ensuite le résultat suivant (Chapitre 2
Lemma 8.6)

Lemme 2.5. Il existe une constante C > 0 telle que pour tout M > 0 il existe un
temps δ0 > 0 tel que pour tous z0, z1 ∈ C2([0, L]) qui satisfont

|z0|C2([0,L]) ≤M, (2.24)

|z1|C2([0,L]) ≤M, (2.25)

pour tout δ ∈ (0, δ0], il existe yδ ∈ C2([0, δ] × [0, L]) qui satisfait

yδ
t + (aδ + yδ)yδ

x = 0, t ∈ [0, δ], x ∈ [0, L],

yδ(0, x) = z0(x), x ∈ [0, L],

yδ(δ, x) = z1(x), x ∈ [0, L]

et

|yδ|C0([0,δ];C2([0,L])) ≤ CM,

où

aδ : [0, δ] → [0,+∞)

t 7→ 1

δ
a

(

t

δ

)

.

Pour chaque δ ∈ (0, δ0], où δ0 est défini dans le Lemme 2.5, on désigne par y1,δ la
solution de











y1,δ
t − y1,δ

xx + y1,δy1,δ
x = (aδ)′(t), t ∈ (0, δ), x ∈ (0, L),

y1,δ(t, 0) = yδ(t, 0) + aδ(t), y1,δ(t, L) = yδ(t, L) + aδ(t), t ∈ (0, δ),

y1,δ(0, x) = z0(x), x ∈ (0, L),

et on définit Rδ par

Rδ := y1,δ − yδ − aδ. (2.26)

Il est alors facile de voir que Rδ est solution du système suivant

Rδ
t − Rδ

xx +Rδyδ
x +RδRδ

x + (yδ + aδ(t))Rδ
x − yδ

xx = 0, t ∈ [0, δ], x ∈ [0, L],

Rδ(0, x) = 0, x ∈ [0, L],

Rδ(t, 0) = Rδ
x(t, L) = 0, t ∈ [0, δ].

On établit alors en utilisant la méthode des multiplicateurs (on prend −2Rδ
xx comme

multiplicateur), des intégrations par parties et le lemme de Gronwall, le lemme suivant
(Chapitre 2 Lemma 8.8)

27



28 Introduction

Lemme 2.6. Pour tout M > 0, il existe K > 0 et δ1 ∈ (0, δ0], où δ0 est défini dans
le lemme 2.5. tels que pour tous z0, z1 ∈ C2([0, L]) qui satisfont (2.24) et (2.25), pour
tout δ ∈ (0, δ1] et pour tout t ∈ (0, δ],

|Rδ(t, .)|H1(0,L) ≤ K
√
t.

En utilisant la définition de Rδ (voir (2.26)) et le lemme précédent, on obtient
la contrôlabilité approchée du système (2.5)-(2.7) pour des conditions initiale et finale
assez régulières. Plus précisément, on montre le résultat suivant (Chapitre 2 Proposition
8.5)

Proposition 2.7. Pour tout M > 0, il existe une constante K > 0 et il existe un
temps δ1 > 0 tels que pour tout 0 < δ ≤ δ1 et pour tous z0, z1 ∈ C2([0, L]) qui satisfont
(2.24) et (2.25), il existe y2 ∈ L2(0, δ;H2(0, L)) ∩ H1(0, δ;L2(0, L)) et il existe u2, v2

1

et v2
2 ∈ C0((0, δ)) ∩ L2(0, δ) tels que

y2
t − y2

xx + y2y2
x = u2(t), t ∈ [0, δ], x ∈ [0, L],

y2(t, 0) = v2
1(t), t ∈ [0, δ],

y2(t, L) = v2
2(t), t ∈ [0, δ]

et

y2(0, x) = z0(x), x ∈ [0, L],

|y2(δ, .) − z1(.)|H1(0,L) ≤ K
√
δ.

0 T0 T0 + δ T

(ŷ, û)

y0

(a)

(b)

(c)
R

Fig. 2 – Stratégie

Afin d’obtenir la contrôlabilité globale aux trajectoires du système (2.24)-(2.25), on
procède comme suit :
- partant d’une condition initiale y0 ∈ H1(0, L), on utilise un effet régularisant de
l’équation de Burgers visqueuse qui permet de se placer dans un cadre plus régulier
(voir Chapitre 2 Proposition 8.1) (Fig 2 étape (a)),
- on utilise ensuite la Proposition 2.7 pour se rapprocher de la trajectoire prescrite ŷ
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(Fig 2 étape (b)),
- on conclut avec la Proposition 2.3 pour arriver au temps T en ŷ(T, .) (Fig 2 étape
(c)).

3 Équation de Korteweg-de Vries

3.1 Introduction

Modélisation En 1834, J. S. Russell observe pour la première fois un soliton, onde so-
litaire qui se propage sans se déformer dans un milieu non linéaire et dispersif. Soixante
et un ans plus tard, en 1895, D. Korteweg et G. de Vries déduisent dans [54] l’équation

yt + yx + yxxx + yyx = 0, (3.1)

qui décrit la propagation vers la droite de vagues de petite amplitude, dans un canal
uniforme de faible profondeur, où y(t, x) représente l’écart entre la hauteur de la vague
au temps t et à l’abscisse x, et la hauteur au repos notée h0 (voir Fig. 3).
L’équation (3.1) est désormais bien connue sous le nom d’équation de Korteweg-de
Vries (KdV) mais semble pourtant avoir déjà été étudiée par Boussinesq en 1877 dans
[7]. On doit au caractère dispersif et non linéaire de l’équation (3.1) l’existence de so-
lutions particulières, calculables explicitement, qui permettent de décrire d’un point de
vue théorique le phénomène naturel des solitons précédemment mentionné.
Les applications de cette équation dans des domaines variés (collision d’ondes hydro-
magnétiques [39], étude des tiges élastiques [58], plasmas [5]...) ont depuis été montrées,
justifiant ainsi la recherche mathématique importante dont l’équation (3.1) fait l’objet.
Nous renvoyons à [73] pour l’obtention de cette équation.

y(t, x)

0 x L

h0

sens de propagation

Fig. 3 – Propagation de vagues dans un canal

Problème de Cauchy L’étude du problème de Cauchy associé à l’équation (3.1) a
fait l’objet de nombreux travaux dans lesquels sont principalement employées deux
méthodes : la méthode du scattering inverse et les inégalités d’énergie. La plupart du
temps, l’équation de KdV est considérée sur la droite réelle, sur un domaine périodique
ou sur un intervalle borné. Les résultats les plus récents montrent que (3.1) est bien
posée dans Hs(R) pour s > −3/4 (voir [53] et [16]) et dans Hs(T) pour s ≥ −1 (voir
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[51]).

Dans cette thèse, on considére l’équation (3.1) sur un intervalle de longueur L > 0, et
les résultats dont nous nous servirons concernent le système suivant







yt + yx + yxxx + yyx = f(t, x),
y(t, 0) = h1(t), y(t, L) = h2(t), yx(t, L) = h3(t),
y(0, x) = φ(x),

(3.2)

où φ est la condition initiale et h1, h2 et h3 sont les conditions aux bords.

On remarque que si y est une solution régulière du système (3.2), alors φ, h1, h2 et h3

doivent vérifier les relations de compatibilité suivantes

φk(0) = h
(k)
1 (0), φk(L) = h

(k)
2 (0), φ′

k(L) = h
(k)
3 (0), ∀k ∈ N,

où les fontions φk, k ∈ N, sont définies de manière récursive comme suit










φ0(x) := φ(x),

φk(x) := −φ(3)
k−1(x) − φ′

k−1(x) −
1

2

k−1
∑

j=0

(

k − 1
j

)

(φj(x)φk−j−1(x))
′.

À partir de maintenant, pour chaque r ∈ R, on désigne par [r] l’unique entier tel que

[r] ≤ r < [r] + 1.

Si l’on considère alors le problème de Cauchy relatif à (3.2) dans Hs(0, L), s ≥ 0 fixé,
les conditions de compatibilité associées deviennent :

Définition 3.1. Soient T > 0 et s ≥ 0. Un quatre-uplet (φ,~h) = (φ, h1, h2, h3) ∈
Hs(0, L)×H(s+1)/3(0, T )×H(s+1)/3(0, T )×Hs/3(0, T ) est dit s-compatible si les égalités

φk(0) = h
(k)
1 (0), φk(L) = h

(k)
2 (0) (3.3)

sont vérifiées pour
- k = 0, ..., [s/3] − 1 lorsque s− 3[s/3] ≤ 1/2
- k = 0, ..., [s/3] lorsque s− 3[s/3] > 1/2
et si l’égalité

φ′
k(L) = h

(k)
3 (0) (3.4)

est vérifiée pour
- k = 0, ..., [s/3] − 1 lorsque s− 3[s/3] ≤ 3/2
- k = 0, ..., [s/3] lorsque s− 3[s/3] > 3/2.
Notons que si s ≤ 1/2 les égalités (3.3) n’ont pas lieu, de même que (3.4) si s ≤ 3/2.

Pour chaque ǫ > 0 on définit

µ1(s) :=

{

ǫ+ (5s+ 9)/18 si 0 ≤ s < 3,

(s+ 1)/3 si s ≥ 3;

µ2(s) :=

{

ǫ+ (5s+ 3)/18 si 0 ≤ s < 3,

s/3 si s ≥ 3.

On a alors le résultat suivant
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Théorème 3.2. [6, Theorem 1.3 page 1396] Pour tout s ≥ 0, pour tous T , L > 0 et

pour tout (φ,~h) ∈ Hs(0, L) ×Hµ1(s)(0, T )×Hµ1(s)(0, T )×Hµ2(s)(0, T ) s-compatible, le
système (3.2) avec f ≡ 0 est globalement bien posé dans l’espace

C0([0, T ];Hs(0, L)) ∩ L2(0, T ;Hs+1(0, L)).

La Proposition 3.3 qui suit est une conséquence immédiate du Théorème 3.2 (voir [52]
et [64] pour des résultats similaires). Pour la preuve, nous renvoyons le lecteur à la
Proposition 11.4 du Chapitre 3.

Proposition 3.3. Soient T et L > 0 et soit y0 ∈ L2(0, L). Il existe 0 < η < T/4 tel que

la solution y ∈ C0([0, T ];L2(0, L))∩L2(0, T ;H1(0, L)) de (3.2) avec (ỹ,~h) := (y0, 0, 0, 0)
et f ≡ 0 satisfait la propriété suivante

y ∈ C0([η, T ];H4(0, L)) ∩ L2(η, T ;H5(0, L)).

Remarque 3.4. On voit facilement que pour chaque l ∈ N∗, il existe aussi 0 < ηl < T/4
tel que

y ∈ C0([ηl, T ];H l(0, L)) ∩ L2(ηl, T ;H l+1(0, L)).

On termine ce paragraphe par le cas où une force extérieure agit sur le système (3.2)
(i.e. f 6= 0). Le théorème suivant est démontré en Annexe du Chapitre 3

Théorème 3.5. Pour tous T , L > 0, pour tout φ ∈ L2(0, L), pour tout (h1, h2, h3) ∈
H1(0, T )×H1(0, T )×L2(0, T ) et pour tout f ∈ L1(0, T ;L2(0, L)), le problème de Cauchy
associé au système (3.2) est globalement bien posé dans l’espace C0([0, T ];L2(0, L)) ∩
L2(0, T ;H1(0, L)). De plus, la solution y de (3.2) satisfait la proriété de régularité
cachée

yx(., 0) ∈ L2(0, T ).

Évoquons maintenant les résultats antérieurs de contrôlabilité de l’équation de KdV
sur un intervalle borné.

Résultats de contrôlabilité antérieurs Ces résultats sont tous des résultats de contrôle
par le bord. Considérons dans un premier temps le système de contrôle suivant

{

yt + yx + yxxx + yyx = 0, (t, x) ∈ (0, T ) × (0, L),
y(t, 0) = 0, y(t, L) = 0, yx(t, L) = w(t), t ∈ (0, T ),

(3.5)

où, au temps t ∈ [0, T ], l’état du système est y(t, .) : [0, L] → R et le contrôle w(t) ∈ R

agit sur la condition de Neumann à droite.

- Dans [64], L. Rosier prouve l’existence d’un ensemble de longueurs critiques pour le
domaine spatial,

N :=

{

2π

√

k2 + kl + l2

3
; k, l ∈ N

∗

}

, (3.6)
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qui joue un rôle primordial dans la contrôlabilité du système (3.5). Il utilise la méthode
des multiplicateurs, la méthode HUM introduite par J.-L. Lions et un théorème de
point fixe pour montrer que le système de contrôle (3.5) est localement exactement
contrôlable dans L2(0, L) autour de l’origine à condition que L /∈ N . Il démontre aussi
que si L ∈ N , alors le linéarisé de (3.5) autour de l’origine, à savoir,

{

yt + yx + yxxx = 0, (t, x) ∈ (0, T ) × (0, L),
y(t, 0) = 0, y(t, L) = 0, yx(t, L) = w(t), t ∈ (0, T ),

n’est pas exactement contrôlable dans L2(0, L), à cause de l’existence d’un sous-espace
de dimension finie, M ⊂ L2(0, L), composé d’états non atteignables pour le système
linéaire.
- Dans [24], J.-M. Coron et E. Crépeau utilisent un développement en série afin de jouer
sur la non linéarité et démontrent la contrôlabilité exacte locale du système (3.5) dans
L2(0, L), autour de l’origine, dans le cas où dim M = 1.
- Dans [10], E. Cerpa emploie la même méthode pour montrer le même résultat dans
le cas où le sous-espace M précédemment introduit est de dimension 2, mais pour un
temps assez grand.
- E. Cerpa et E. Crépeau ont plus récemment étendu ce résultat à n’importe quel do-
maine critique [11].
- Enfin, L. Rosier d’une part, O. Glass et S. Guerrero d’autre part, démontrent respecti-
vement dans [67] et dans [43] un résultat de contrôlabilité exacte locale aux trajectoires
pour le système suivant

{

yt + yx + yxxx + yyx = 0, (t, x) ∈ (0, T ) × (0, L),
y(t, 0) = h1(t), y(t, L) = 0, yx(t, L) = 0, t ∈ (0, T ).

Dans le cas où plusieurs contrôles sont autorisés, il faut rappeler que L. Rosier montre
dans [64] que le système

{

yt + yx + yxxx + yyx = 0, (t, x) ∈ (0, T ) × (0, L),
y(t, 0) = 0, y(t, L) = h2(t), yx(t, L) = h3(t), t ∈ (0, T ),

est localement exactement contrôlable dans L2(0, L) autour de l’origine, et ce, quels
que soient T et L.
- O. Glass et S. Guerrero obtiennent dans [43] la contrôlabilité exacte locale du système
suivant

{

yt + yx + yxxx + yyx = 0, (t, x) ∈ (0, T ) × (0, L),
y(t, 0) = h1(t), y(t, L) = h2(t), yx(t, L) = 0, t ∈ (0, T ).

- Dans [74], B.-Y. Zhang prouve que le système

{

yt + yx + yxxx + yyx = 0, (t, x) ∈ (0, T ) × (0, L),
y(t, 0) = h1(t), y(t, L) = h2(t), yx(t, L) = h3(t), t ∈ (0, T ),

est exactement contrôlable dans le voisinage de n’importe quelle solution régulière
donnée de l’équation de KdV, dans Hs(0, L), pour tout s ≥ 0.
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- Finalement, L. Rosier montre dans [65] que le système

{

yt + yx + yxxx + yyx = 0, (t, x) ∈ (0, T ) × (0, L),
y(t, 0) = h1(t), y(t, L) = h2(t), yx(t, L) = h3(t), t ∈ (0, T ),

est globalement exactement contrôlable pour un temps assez grand dépendant des
conditions initiale et finale. Il soulève donc la question de l’existence d’un temps mini-
mal de contrôlabilité pour ce dernier système.
Cette question est toujours ouverte à notre connaissance.

Remarque 3.6. On trouvera d’autres résultats sur la contrôlabilité ou la stabilisation
d’équations de KdV dans les articles [11, 60, 61, 66, 68, 69].

Le but du Chapitre 3 est d’obtenir des résultats globaux sur la contrôlabilité de
l’équation de KdV, sans condition sur le temps de contrôlabilité. Au vu des résultats
énoncés précédemment, il semble judicieux de ne pas se contenter de contrôles frontière
mais d’introduire un contrôle interne, par exemple dans le membre de droite de l’équation.
Rappelons aussi qu’un tel contrôle permet d’obtenir des résultats de contrôlabilité glo-
bale pour des équations du type Burgers (voir section 2 de la présente introduction et
le Chapitre 2), et la nonlinéarité est la même.

Le premier système de KdV que nous considérerons ici est le suivant,

yt + yx + yxxx + yyx = u(t), (t, x) ∈ (0, T ) × (0, L), (3.7)

y(t, 0) = v1(t), y(t, L) = v2(t), t ∈ (0, T ), (3.8)

yx(t, L) = 0, t ∈ (0, T ), (3.9)

où, au temps t ∈ [0, T ], l’état du système est y(t, .) : [0, L] → R et les contrôles sont
v1(t), v2(t) et u(t) ∈ R.

Le second système qui nous intéresse est constitué de (3.7), (3.8) et

yx(t, L) = w(t), t ∈ (0, T ), . (3.10)

Cette fois-ci, au temps t ∈ [0, T ], l’état du système est y(t, .) : [0, L] → R et les contrôles
sont v1(t), v2(t), w(t) et u(t) ∈ R.

3.2 Contrôlabilité globale aux trajectoires

Le problème est le suivant : étant donnés un temps arbitraire T > 0, une longueur
de domaine L > 0, une condition initiale y0 ∈ L2(0, L) et une trajectoire de KdV (ŷ, 0),
i.e. une solution de

{

ŷt + ŷx + ŷxxx + ŷŷx = 0, (t, x) ∈ (0, T ) × (0, L),
ŷ(t, 0) = 0, ŷ(t, L) = 0, ŷx(t, L) = 0, t ∈ (0, T ),

(3.11)

peut-on trouver des contrôles v1(t), v2(t) et u(t) tels qu’il existe une solution du
système (3.7)-(3.9) qui part à l’instant initial de y0 et arrive au temps T à ŷ(T, .) ?
Plus précisément, on établit au Chapitre 3 le résultat suivant (Theorem 10.1)
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Théorème 3.7. Pour tous T , L > 0, pour tout y0 ∈ L2(0, L) et pour tout ŷ ∈
C0([0, T ];L2(0, L)) ∩ L2(0, T ;H1

0(0, L)) qui satisfait

{

ŷt + ŷx + ŷxxx + ŷŷx = 0, (t, x) ∈ (0, T ) × (0, L),
ŷ(t, 0) = 0, ŷ(t, L) = 0, ŷx(t, L) = 0, t ∈ (0, T ),

il existe v1, v2 ∈ ∩
ǫ∈(0,1/2)

H1/2−ǫ(0, T ) et il existe u ∈ C∞([0, T ]) nulle au voisinage de 0

et de T tels qu’il existe un unique y ∈ C0([0, T ];L2(0, L)) ∩ L2(0, T ;H1(0, L)) solution
de (3.7)-(3.9), avec

y(0, x) = y0(x), x ∈ (0, L), (3.12)

et

y(T, x) = ŷ(T, x), x ∈ (0, L).

Dans [43], O. Glass et S. Guerrero montrent qu’un seul contrôle sur la condition de
Dirichlet gauche est suffisant pour obtenir une réponse positive pour des états initiaux
y0 suffisamment proches de ŷ(0, .). Plus précisément, ils établissent le résultat suivant
(voir [17])

Proposition 3.8. Soit ŷ ∈ C0([0, T ];L2(0, L))∩L2(0, T ;H1
0(0, L)) satisfaisant (3.11).

Alors il existe R > 0 tel que pour tout y0 tel que

|y0 − ŷ(0, .)|L2(0,L) ≤ R, (3.13)

il existe v1 ∈ ∩
ǫ∈(0,1/2)

H1/2−ǫ(0, T ) et il existe un unique

y ∈ C0([0, T ];L2(0, L)) ∩ L2(0, T ;H1(0, L))

de






yt + yx + yxxx + yyx = 0, t ∈ (0, T ), x ∈ (0, L),
y(t, 0) = v1(t), y(t, L) = 0, yx(t, L) = 0, t ∈ (0, T ),

y(0, x) = y0(x), x ∈ (0, L),

(3.14)

satisfait

y(T, x) = ŷ(T, .), x ∈ (0, L).

La stratégie employée pour démontrer la Proposition 3.8 est la suivante : les auteurs
commencent par établir un premier résultat de contrôlabilité pour le système linéaire
par des inégalités de Carleman, puis ils utilisent un théorème de point fixe pour passer
au non linéaire. Cependant, il n’est pas évident d’obtenir de la même manière un résultat
global, c’est-à-dire sans condition sur y0. Nous allons maintenant décrire brièvement la
méthode employée au Chapitre 3 pour obtenir un résultat global.
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0 T0 T0 + δ T

(ŷ, 0)

y0

(a)

(b)

(c)
R

Fig. 4 – Stratégie

Idée générale L’idée est la même que celle que nous avons expliquée précédemment
pour montrer la contrôlabilité globale aux trajectoires de l’équation de Burgers non
visqueuse : on montre un résultat de contrôlabilité approchée pour passer du local au
global. Plus précisément, dans une première étape, on utilise la Proposition 3.3 pour
régulariser la condition initiale (Fig. 4 étape (a)). Ensuite, on considère que, pour des
temps petits et à état fixé, le terme linéaire yx+yxxx est négligeable par rapport au terme
non linéaire. Ce dernier étant le même que celui de l’équation de Burgers non visqueuse,
on utilise de nouveau la contrôlabilité de cette dernière équation pour “approcher” en
un certain sens la solution de l’équation de KdV recherchée (Fig. 4 étape (b)). Pour
finir, on applique la Proposition 3.8 (Fig. 4 étape (c)).

Contrôlabilité approchée Soit a ∈ C∞([0, 1]; [0,+∞)) telle que

supp(a) ⊂ (0, 1),

1/2
∫

0

a(s) ds > L et a(t) = a(1 − t) pour tout t ∈ [0, 1/2].

On montre de la même manière que le Lemme 2.5 du paragraphe 2 le résultat suivant

Lemme 3.9. Il existe une constante C > 0 telle que pour tout M > 0, il existe un
temps δ1 > 0 tel que pour tous z0, z1 ∈ C3([0, L]) qui satisfont

|z0|C3([0,L]) ≤M, (3.15)

|z1|C3([0,L]) ≤M (3.16)

et pour tout δ ∈ (0, δ1], il existe yδ ∈ C3([0, δ] × [0, L]) solution de






yδ
t + (aδ + yδ)yδ

x = 0, t ∈ [0, δ], x ∈ [0, L],
yδ(0, x) = z0(x), x ∈ [0, L],
yδ(δ, x) = z1(x), x ∈ [0, L]

et

|yδ|C0([0,δ];C3([0,L])) ≤ C(|z0|C3([0,L]) + |z1|C3([0,L])),
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où

aδ : [0, δ] → [0,+∞)

t 7→ 1

δ
a

(

t

δ

)

.

Pour chaque δ ∈ (0, δ1], où δ1 est défini dans le Lemme 3.9, on désigne par y2,δ la
solution de



















y2,δ
t + y2,δ

x + y2,δ
xxx + y2,δy2,δ

x = (aδ)′(t), t ∈ (0, δ), x ∈ (0, L),

y2,δ(t, 0) = yδ(t, 0) + aδ(t), y2,δ(t, L) = yδ(t, L) + aδ(t), t ∈ (0, δ),

y2,δ
x (t, L) = 0, t ∈ (0, δ),

y2,δ(0, x) = z0(x), x ∈ (0, L),

et on définit Rδ par

Rδ := y2,δ − yδ − aδ. (3.17)

Il est alors facile de voir que Rδ est solution du système suivant

Rδ
t +Rδ

x +Rδ
xxx +RδRδ

x +Rδyδ
x + (yδ + aδ(t))Rδ

x + yδ
x + yδ

xxx = 0, t ∈ (0, δ), x ∈ (0, L),

Rδ(t, 0) = 0, Rδ(t, L) = 0, t ∈ (0, δ),

Rδ
x(t, L) = −yδ

x(t, L), t ∈ (0, δ),

Rδ(0, x) = 0, x ∈ (0, L).

En utilisant la méthode des multiplicateurs (on prend 2Rδ comme multiplicateur),
des intégrations par parties et le lemme de Gronwall, on obtient le lemme suivant
(Chapitre 3 Lemma 12.5)

Lemma 3.10. Pour tout M > 0, il existe K > 0 tel que pour tous z0, z1 ∈ C3([0, L])
qui satisfont (3.15) et (3.16), pour tout δ ∈ (0, δ1] et pour tout t ∈ (0, δ],

|Rδ(t, .)|L2(0,L) ≤ K
√
t,

où δ1 est défini dans le Lemme 3.9.

La Proposition 3.11 qui suit découle alors de la définition de Rδ (voir (3.17)) et du
lemme précédent. (Voir Chapitre 3 Proposition 12.3)

Proposition 3.11. Pour tout M > 0, il existe K > 0 et il existe δ1 > 0 tels que
pour tout 0 < δ ≤ δ1 et pour tous z0, z1 ∈ C3([0, L]) qui satisfont (3.15) et (3.16),
il existe une fonction u ∈ C∞([0, δ]) nulle au voisinage de 0 et de δ et il existe v2

1 et
v2
2 ∈ H2(0, δ) tels que la solution y2 ∈ C0([0, δ];L2(0, L)) ∩ L2(0, δ;H1(0, L)) de

{

y2
t + y2

x + y2
xxx + y2y2

x = u(t), t ∈ (0, δ), x ∈ (0, L),

y2(t, 0) = v2
1(t), y

2(t, L) = v2
2(t), y

2
x(t, L) = 0, t ∈ (0, δ)
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et

y2(0, x) = z0(x), x ∈ (0, L),

satisfait

|y2(δ, .) − z1|L2(0,L) ≤ K
√
δ.

Autrement dit, on a obtenu un résultat global de contrôlabilité approchée pour le
système (3.7)-(3.9), pour des conditions initiale et finale assez régulières. On obtient
alors le Théorème 3.7 en suivant la stratégie illustrée par la figure 4.

3.3 Contrôlabilité exacte globale

On déduit alors facilement du Théorème 3.7 le résultat suivant (Chapitre 3 Theorem
10.2)

Théorème 3.12. Pour tous T , L > 0, pour tous y0 et yT ∈ L2(0, L), il existe

v1, v2 ∈ ∩
ǫ∈(0,1/2)

H1/2−ǫ(0, T ),

il existe w ∈ L2(0, T ) et il existe u ∈ C∞([0, T ]) nulle au voisinage de 0 et de T tels qu’il
existe un unique y ∈ C0([0, T ];L2(0, L)) ∩ L2(0, T ;H1(0, L)) solution de (3.7), (3.8),
(3.10), (3.12) et

y(T, x) = yT (x), x ∈ (0, L).

En effet, il est facile de voir que le système de contrôle constitué de (3.7), (3.8)
et (3.10) est réversible par rapport au temps (si (y, u, v1, v2, w) est une trajectoire du
système (3.7), (3.8), (3.10), alors

(y(T − t, L− x),−u(T − t), v2(T − t), v1(T − t),−yx(T − t, 0))

est aussi une trajectoire de ce système). Pour montrer que le système est globalement
exactement contrôlable, il suffit donc de montrer qu’il est globalement contrôlable à
zéro. Ceci est une conséquence triviale du Théorème 3.7.

3.4 Modélisation

Le but de ce paragraphe est de donner une interprétation possible du contrôle u(t)
qui intervient dans le second membre de l’équation (3.7).

Rappelons tout d’abord que l’équation de Korteweg-de Vries obtenue en suivant les lois
physiques n’est pas exactement l’équation

yt + yx + yxxx + yyx = 0

mais l’équation suivante (voir [73, (13.99) page 463])

yt + c0

(

1 +
3y

2h0

)

yx + γyxxx = 0.
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Ici le profil spatio-temporel de profondeur est h(x, t) = h0+y(x, t) avec |y| ≪ h0. h0 > 0
est un paramètre constant correspondant à la profondeur d’équilibre et c0 =

√
gh0 > 0

un autre paramètre constant correspondant à la vitesse des ondes sur le linéarisé autour
de l’équilibre. γ > 0 est aussi un paramètre constant.

Cependant, quitte à faire des changements de variables, on peut supposer que les
constantes physiques sont égales à 1.

Considérons donc maintenant l’équation (3.7), où l’on a ajouté le contrôle u(t). Ici u
est homogène à une vitesse. On pose

d

dt
ȳ = u(t),

d

dt
x̄ = ȳ.

Alors la transformation

(t, x, y) 7→ (τ = t, z = x− x̄(t), w = y − ȳ(t))

donne
wτ + wwz + wz + wzzz = 0.

Il s’agit de l’équation de KdV dans le repère non galiléen de vitesse v(t) = ȳ(t) par
rapport au repère galiléen associé à la variable x. La profondeur de l’eau est donnée par
h(z, t) = h0 + w(z, t) + ȳ(t). Ainsi le contrôle u(t) = d

dt
v(t) est en fait, dans la bonne

échelle, l’accélération, d
dt
v(t) = d2

dt2
x̄(t), du récipient contenant le liquide.

3.5 Contrôlabilité d’un bac contenant un fluide modélisé par une équation
de KdV non linéaire

On termine cette section relative à l’équation de Korteweg-de Vries en donnant une
aplication des résultats précédents à la contrôlabilité d’un récipient contenant un liquide
modélisé par cette équation. En effet, puisque le contrôle u(t) représente l’accélération
du récipient, on a envie d’étudier la contrôlabilité du système suivant

yt + yx + yxxx + yyx = u(t), (t, x) ∈ (0, T ) × (0, L), (3.18)

y(t, 0) = v1(t), y(t, L) = v2(t), t ∈ (0, T ), (3.19)

yx(t, L) = 0, t ∈ (0, T ), (3.20)

ṡ(t) = u(t), t ∈ (0, T ), (3.21)

Ḋ(t) = s(t), t ∈ (0, T ), (3.22)

où (̇) désigne la dérivée par rapport au temps. Ce système prend en compte le déplacement

D du bac et sa vitesse s. À l’instant t ∈ [0, T ], l’état du système est (y(t, .), u(t), s(t), D(t))
et les contrôles sont v1(t) et v2(t) ∈ R. Un tel système a notamment été étudié par J.-M.
Coron dans [21] dans le cadre des équations de Saint-Venant.

Le but est alors le suivant : trouver des contrôles v1 et v2 qui permettent d’amener
le système de l’état initial

(y(0, .), u(0), s(0), D(0)) := (y0, 0, 0, 0), (3.23)
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où y0 ∈ L2(0, L), à l’état final

(y(T, .), u(T ), s(T ), D(T )) := (0, 0, 0, 0), (3.24)

où T > 0 est arbitraire. On procède en deux temps. Tout d’abord, d’après le Théorème
3.7 (Chapitre 3 Theorem 10.1), on sait qu’il existe des contrôles v1, v2 et u1 tels que la
solution y de

yt + yx + yxxx + yyx = u1(t), (t, x) ∈ (0, T ) × (0, L), (3.25)

y(t, 0) = v1(t), y(t, L) = v2(t), t ∈ (0, T ), (3.26)

yx(t, L) = 0, t ∈ (0, T ), (3.27)

y(0, x) = y0(x), x ∈ (0, L), (3.28)

vérifie

y(T/2, .) = 0. (3.29)

De plus, si l’on reprend la démonstration du résultat, on voit que l’on peut choisir u1

tel que

∫ T/2

0

u1(t) dt = 0, (3.30)

u1(0) = u1(T/2) = 0. (3.31)

Au temps t = T/2, l’état du système (3.18)-(3.21) est donc

(y(T/2), u1(T/2), s(T/2), D(T/2)) = (0, 0, 0,

∫ T/2

0

∫ t

0

u1(τ) dτ dt).

En effet, les deux premières égalités viennent de (3.29) et (3.31), puis d’après (3.21),
(3.23) et (3.30),

s(T/2) = s(0) +

∫ T/2

0

u1(τ) dτ

= 0

et d’après (3.22)-(3.23) et l’égalité précédente,

D(T/2) = D(0) +

∫ T/2

0

s(t) dt

=

∫ T/2

0

(s(0) +

∫ t

0

u1(τ) dτ) dt

=

∫ T/2

0

∫ t

0

u1(τ) dτ dt.

On se sert maintenant du lemme suivant
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Lemme 3.13. Il existe u2(t) ∈ C∞([0, T/2]) tel que















u2(0) = 0,
u2(T/2) = 0,
∫ T/2

0
u2(t) = 0,

∫ T/2

0

∫ t

0
u2(τ) dτ dt = −

∫ T/2

0

∫ t

0
u1(τ) dτ dt.

Pour construire un tel u2, on peut par exemple le chercher sous la forme d’un
polynôme de degré 3, l’existence suit alors par calcul d’un déterminant de Cramer.
Maintenant, en définissant (Y, U, S,D) par

Y (t, x) :=

{

y(t, x) t ∈ [0, T/2], x ∈ [0, L],
∫ t−T/2

0
u2(τ) dτ t ∈ [T/2, T ], x ∈ [0, L].

U(t) :=

{

u1(t) t ∈ [0, T/2],

u2(t− T/2) t ∈ [T/2, T ],

S(t) :=

{

∫ t

0
u1(τ) dτ t ∈ [0, T/2],

∫ t−T/2

0
u2(τ) dτ t ∈ [T/2, T ],

D(t) :=

{

∫ t

0

∫ s

0
u1(τ) dτ ds t ∈ [0, T/2],

∫ t−T/2

0

∫ s

0
u2(τ) dτ ds+

∫ T/2

0

∫ s

0
u1(τ) dτ ds t ∈ [T/2, T ],

et V1, V2 par

V1(t) :=

{

v1(t) t ∈ [0, T/2],
∫ t−T/2

0
u2(τ) dτ t ∈ [T/2, T ],

V2(t) :=

{

v2(t) t ∈ [0, T/2],
∫ t−T/2

0
u2(τ) dτ t ∈ [T/2, T ],

on a construit une solution de























Yt + Yx + Yxxx + Y Yx = U(t), (t, x) ∈ (0, T ) × (0, L),
Y (t, 0) = V1(t), Y (t, L) = V2(t), t ∈ (0, T ),
Yx(t, L) = 0, t ∈ (0, T ),

Ṡ(t) = U(t), t ∈ (0, T ),

Ḋ(t) = S(t), t ∈ (0, T )

qui vérifie

(Y (T, .), U(T ), S(T ), D(T )) := (0, 0, 0, 0).
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4 Équations de Navier-Stokes

4.1 Introduction

En mécanique des milieux continus, les équations les plus simples pour décrire le
comportement de fluides comme l’eau ou l’air sont celles de Navier-Stokes (NS). Ces
équations apparaissent dans l’étude de nombreux phénomènes (écoulement de l’eau
dans un tuyau, mouvements de l’air de l’atmosphère, turbulences aéronautiques) et sont
obtenues à partir de l’hypothèse physique d’existence d’une relation entre le tenseur
des contraintes et le tenseur des déformations. Dans la suite, on s’intéressera seulement
aux fluides incompressibles.

Commençons par introduire quelques notations. Soit T > 0. Soit Ω̃ ⊂ R2 un ouvert
connexe non vide borné de frontière Γ̃ au moins C2. On désigne par n le vecteur normal
sortant unitaire de Γ̃ et par τ le vecteur tangent unitaire de Γ̃ tel que (τ, n) est une
base directe de R2. Dans la suite, ∂i désigne la dérivée partielle par rapport à xi,
i ∈ {1, 2}. Pour y = (y1, y2) : (0, T ) × Ω̃ → R2 et z = (z1, z2) : (0, T ) × Ω̃ → R2,
div y : (0, T ) × Ω̃ → R est défini par

div y = ∂1y1 + ∂2y2,

de même rot y : (0, T ) × Ω̃ → R est défini par

rot y = ∂1y2 − ∂2y1

et (y · ∇)z : (0, T ) × Ω̃ → R2 est défini par

(y · ∇)z = (y1∂1z1 + y2∂2z1, y1∂1z2 + y2∂2z2).

Soit enfin y0 ∈ L2(Ω̃)2 une condition initiale telle que

div y0 = 0 dans Ω̃, (4.1)

y0 · n = 0 sur Γ̃. (4.2)

Remarque 4.1. On rappelle que divu = 0 implique que u · n = 0 a un sens même si
u ∈ L2(Ω̃)2. Ceci découle des égalités suivantes, qui ont un sens pour toute fonction

scalaire φ ∈ C1( ¯̃Ω)

0 =
∫

Ω̃
divu · φ =

∫

Ω̃
(∂1u1 + ∂2u2)φ

=
∫

∂Ω̃
(u · n)φ−

∫

Ω̃
(u1∂1φ+ u2∂2φ).

Problème de Cauchy Dans ce paragraphe, on rappelle un résultat d’existence et
d’unicité pour un système de Navier-Stokes 2-D dans un domaine borné régulier. On
choisit volontairement de ne pas écrire ce résultat dans le cadre habituel de conditions
aux bords de Dirichlet mais dans le cas des conditions aux bords que nous considérerons
par la suite (conditions (4.5) et (4.6)).
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Définition 4.2. On dit que y est une solution faible des équations de Navier-Stokes

yt − ∆y + (y · ∇)y = −∇p dans (0, T ) × Ω̃, (4.3)

div y = 0 dans (0, T ) × Ω̃, (4.4)

y · n = 0 sur (0, T ) × Γ̃, (4.5)

rot y = 0 sur (0, T ) × Γ̃, (4.6)

y(0, .) = y0 dans Ω̃, (4.7)

si
div y = 0 dans D′((0, T ) × Ω̃)

et si, pour tout φ ∈ C∞([0, T ] × ¯̃Ω)2 à support compact dans [0, T ) × ¯̃Ω et tel que
divφ = 0, on a

∫ T

0

∫

Ω̃

(∇y · ∇φ− yiyj∂iφj − y · φt) dt dx =

∫

Ω̃

y0 · φ(0, .) dx,

où l’on a adopté la convention de sommation usuelle.

On voit en particulier que cette formulation implique que (4.3) est vérifiée au sens
des distributions pour un certain champ de pression qui est une distribution. On a alors
le théorème suivant (voir [57, pages 129-130])

Théorème 4.3. Il existe une unique solution faible y de (4.3)-(4.7) qui satisfait :

y ∈ L2(0, T ;H1(Ω̃))2 ∩ C0([0, T ];L2(Ω̃))2.

De plus, il existe un unique
p ∈ L2((0, T ) × Ω̃)

tel que
∫

Ω̃

p dx = 0

et tel que (4.3) a lieu au sens des distributions. Enfin, pour tout t ∈ [0, T ],

1

2

∫

Ω̃

|y(t, x)|2 dx+

∫ t

0

∫

Ω̃

|∇y|2 dx ds =
1

2

∫

Ω̃

|y0|2.

Une conséquence immédiate du Théorème 4.3 est la Proposition 4.4 (voir l’annexe
du Chapitre 4 pour la preuve).

Proposition 4.4. La solution y du système (4.3)-(4.7) satisfait la propriété de régularité
suivante

y ∈ C0((0, T ];H3(Ω̃))2.

De plus, il existe η > 0 et α > 0 tels que pour tout y0 ∈ L2(Ω̃)2 vérifiant (4.1) et (4.2)
et tel que |y0|L2(Ω̃)2 ≤ η, pour tout t ∈ [T/3, T ],

|y(t, .)|H3(Ω̃)2 ≤ α|y0|L2(Ω̃)2 .
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Résultats antérieurs

Du fait du caractère dissipatif et non réversible des équations de Navier-Stokes on
ne peut s’attendre à montrer un résultat de contrôlabilité exacte au sens usuel, à savoir,

“étant donnés deux éléments distincts y0 et y1 de l’espace des états et un temps arbi-
traire T , il existe une trajectoire du système qui part à l’instant initial de y0 et arrive
au temps T en y1”.

Cependant, il est naturel de s’interroger sur la contrôlabilité locale exacte aux tra-
jectoires d’un système de Navier-Stokes. Cette question a fait l’objet de diverses études.
Citons notamment les travaux [49] de O. Yu. Imanuvilov et [34] de E. Fernandez-Cara,
S. Guerrero, O. Yu. Imanuvilov et J.-P. Puel où la contrôlabilité exacte locale aux tra-
jectoires est établie dans le cas de conditions au bord du type Dirichlet, [38] de A. V.
Fursikov et O. Yu. Imanuvilov et [45] de S. Guerrero où un résultat similaire est obtenu
dans le cadre de conditions au bord de type Navier rappelées ci-dessous dans (4.8). La
différence majeure entre ces articles provient des conditions demandées sur les états à
atteindre. Les preuves reposent toutes sur des inégalités de Carleman.
Dans [26] J.-M. Coron et S. Guerrero obtiennent la contrôlabilité locale à zéro d’un
système de Navier-Stokes 2-D sur un tore au moyen d’un seul contrôle scalaire.
Dans [19], J.-M. Coron montre la contrôlabilité globale approchée d’un système de NS
2-D avec conditions de Navier en utilisant la méthode du retour et en conjugant ce
résultat avec un résultat local, J.-M. Coron et A. V. Fursikov obtiennent dans [25] la
contrôlabilité globale exacte aux trajectoires d’un système de NS 2-D sur une variété
sans bord.
Dans [56], J.-L. Lions et E. Zuazua étudient la contrôlabilité exacte des approximations
de Galerkin des équations de Navier-Stokes 2-D et 3-D, en utilisant la méthode HUM
de J.-L. Lions et un théorème de point fixe.
Dans [47], S. Guerrero, O. Yu. Imanuvilov et J.-P. Puel prouvent un résultat de contrôlabilité
pour un système de Navier-Stokes sur un carré avec une seule condition de Dirichlet en
s’inspirant de la méthode du retour.
Plus récemment, O. Yu. Imanuvilov et J.-P. Puel ont obtenu dans [50] la contrôlabilité
globale à zéro de l’équation de Burgers 2-D au moyen d’un contrôle agissant sur une
partie du bord, lorsque certaines conditions géométriques sont satisfaites.
Pour d’autres résultats sur la contrôlabilité et la stabilisation des équations de Navier-
Stokes, voir aussi [1, 62, 63, 70, 71].

Remarque 4.5. ([59]) Rappelons que les conditions de glissement de Navier s’écrivent

σ̄y · τ + (1 − σ̄)ni(∂jyi + ∂iyj)τj = 0 sur Γ0, (4.8)

où σ̄ est une constante de [0, 1), n = (n1, n2) et τ = (τ1, τ2).

Dans le Chapitre 4 de ce mémoire, on s’intéresse à la contrôlabilité d’un système de
Navier-Stokes sur un rectangle, avec conditions de type Navier sur les bords horizon-
taux : soit L > 0, on considère le domaine Ω := (0, L) × (−1, 1) de frontière Γ, et on
définit Γ0 ⊂ Γ par

Γ0 = Γ+
0 ∪ Γ−

0
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avec

Γ+
0 := {x = (x1, x2) ∈ Γ; x2 = 1} et Γ−

0 := {x = (x1, x2) ∈ Γ; x2 = −1}.

La question qui nous intéresse est alors la suivante : étant donnés un temps T > 0
et une condition initiale y0 ∈ L2(Ω)2 qui satisfait

div y0 = 0 dans Ω, (4.9)

y0 · n = 0 sur Γ0, (4.10)

existe-t-il y = (y1, y2) : (0, T ) × Ω → R2 et p : (0, T ) × Ω → R tels que

yt − ∆y + (y · ∇)y + ∇p = 0 dans (0, T ) × Ω, (4.11)

div y = 0 dans (0, T ) × Ω, (4.12)

y · n = 0 sur (0, T ) × Γ0, (4.13)

∂1y2 + ∂2y1 = 0 sur (0, T ) × Γ0, (4.14)

y(0, .) = y0 dans Ω, (4.15)

y(T, .) = 0 dans Ω ? (4.16)

Si un tel couple (y, p) existe, on dit que le système de contrôle (4.11)-(4.14) est globa-
lement contrôlable à zéro.

Au Chapitre 4, on établit le résultat suivant (Theorem 16.2)

Théorème 4.6. Le système de contrôle (4.11)-(4.14) est globalement contrôlable à zéro
pour tout temps T > 0.

Remarque 4.7. a) Les contrôles n’apparaissent pas dans la formulation précédente,
mais le choix le plus naturel consiste à prendre y · n et rot y sur Γ\Γ0.
b) Comme le bord du domaine Ω est plat, les conditions aux limites (4.13) et (4.14)
sont équivalentes aux conditions suivantes

{

y · n = 0 sur (0, T ) × Γ0,
rot y = 0 sur (0, T ) × Γ0.

c) La condition (4.13) signifie que le fluide ne peut traverser la frontière du domaine.
La condition (4.14) correspond au cas particulier des conditions de Navier où σ̄ = 0
(voir (4.8)). Autrement dit, on suppose que le fluide glisse sans frottement le long de
la paroi.

4.2 Stratégie

Bien que le linéarisé du système (4.11)-(4.14) autour de (0, 0) soit contrôlable, il
n’est pas évident d’en déduire des résultats globaux pour le système non linéaire, et
nous allons donc utiliser la méthode du retour pour obtenir un résultat de contrôlabilité
approchée pour le système (4.11)-(4.14). Ce dernier, combiné avec un résultat de
contrôlabilité locale exacte dû à A. V. Fursikov et O. Yu. Imanuvilov donnera la pro-
priété cherchée. (Voir Fig. 5).
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0 T
δ

c−1/4c3/4

(a) (b) (c) (d) (e)

y0

ȳ

y̆

y

Fig. 5 – Schéma de preuve

Extension du domaine (Fig 5 (a) ) Le résultat de A. V. Fursikov et O. Yu. Imanuvilov
(Proposition 4.10 ci-après) est valable sur un domaine régulier (de frontière au moins
C2), ce qui n’est pas le cas du domaine Ω que l’on considère ici. On commence donc
par introduire un nouveau domaine Ω̃, régulier, sur lequel on se placera désormais afin
de pouvoir utiliser les résultats connus sur les équations de Navier-Stokes.

Soit S := R/7LZ. On définit Ω̃ par

Ω̃ := S × (−1, 1) (4.17)

et on appelle Γ̃ sa frontière. On peut noter que

Γ̃ = Γ̃+ ∪ Γ̃−

avec

Γ̃+ := {x = (x1, x2) ∈ Ω̃, x2 = 1} et Γ̃− := {x = (x1, x2) ∈ Ω̃, x2 = −1}.
Remarque 4.8. a) Le domaine Ω̃ défini par (4.17) est régulier, a un bord plat et le
problème de Cauchy associé au système (4.3), (4.4), (4.7) et

{

y · n = 0 sur (0, T ) × Γ̃,

∂1y2 + ∂2y1 = 0 sur (0, T ) × Ω̃,

est donc bien posé (voir Théorème 4.3 et Remarque 4.7 b).

À partir de maintenant, on identifie un point x̄ = (x̄1, x̄2) ∈ Ω̃ avec son représentant

x qui se trouve dans Ω̂ := (−3L, 4L)× (−1, 1), et par commodité, on écrit x au lieu de
x̄. De la même manière, on définit les espaces suivants

L2(Ω̃)2 := {y ∈ L2(Ω̂)2},
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H1(Ω̃)2 := {y ∈ H1(Ω̂)2 : y(−3L, x2) = y(4L, x2), ∀x2 ∈ (−1, 1)},

H2(Ω̃)2 := {y ∈ H2(Ω̂)2 : ∂k
1y(−3L, x2) = ∂k

1y(4L, x2), ∀x2 ∈ (−1, 1) et k = 0, 1},
et, pour tout ǫ ∈ (0, 1/2),

H2+ǫ(Ω̃)2 := {y ∈ H2+ǫ(Ω̂)2 : ∂k
1y(−3L, x2) = ∂k

1y(4L, x2), ∀x2 ∈ (−1, 1) et k = 0..2},

H3+ǫ(Ω̃)2 := {y ∈ H3+ǫ(Ω̂)2 : ∂k
1y(−3L, x2) = ∂k

1y(4L, x2), ∀x2 ∈ (−1, 1) et k = 0..3}.
Enfin, on introduit les espaces H et W suivants, usuels dans les problèmes relatifs aux
fluides incompressibles,

H := {y ∈ L2(Ω̃)2, div y = 0 dans Ω̃, y · n = 0 sur Γ̃}, (4.18)

W := {y ∈ H1(Ω̃)2, div y = 0 dans Ω̃, y · n = 0 sur Γ̃}. (4.19)

Nous terminons ce paragraphe par le lemme suivant, dont la preuve est donnée au
Chapitre 4 (voir Lemma 18.2), qui permet d’étendre des fonctions définies sur Ω en des
fonctions de la même régularité, mais définies sur Ω̃.

Lemme 4.9. Il existe un opérateur linéaire continu, Π, qui étend toute fonction y0 ∈
Hs(Ω)2 satisfaisant (4.9) et (4.10) en une fonction Π(y0) ∈ Hs(Ω̃)2 ∩ H, et toute
fonction y ∈ C0([0, T ];Hs(Ω))2 satisfaisant (4.12) et (4.13) en une fonction Π(y) ∈
C0([0, T ];Hs(Ω̃))2 qui satisfait divΠ(y) = 0 dans Ω̃ et Π(y) · n = 0 sur Γ̃, ceci pour
tout s ∈ [0, 3]. Si y0 ∈ Hs(Ω)2 (resp. y ∈ C0([0, T ];Hs(Ω))2), avec s ∈ (2, 3], satisfait
aussi rot y0 = 0 sur Γ0 (resp. rot y = 0 sur (0, T ) × Γ0) alors rot (Π(y0)) = 0 sur Γ̃
(resp. rot (Π(y)) = 0 sur (0, T ) × Γ̃). De plus, cet opérateur Π peut-être construit tel
que

rot (Π(y0)) = 0 dans (−3L,−L/4) × (−1, 1) ∪ (2L, 4L) × (−1, 1),

(resp.

rot (Π(y)) = 0 dans (0, T ) × ((−3L,−L/4) × (−1, 1) ∪ (2L, 4L) × (−1, 1))),

pour tout y0 ∈ Hs(Ω)2 satisfaisant (4.9) et (4.10) (resp. y ∈ C0([0, T ];Hs(Ω))2 satifai-
sant (4.12) et (4.13)) et pour tout s ∈ (2, 3]. Finalement, pour tout s ∈ [0, 3], il existe
Cs > 0 tel que

|Π(y0)|Hs(Ω̃)2 ≤ Cs|y0|Hs(Ω)2 ,

(resp.

|Π(y)|C0([0,T ];Hs(Ω̃))2 ≤ Cs|y|C0([0,T ];Hs(Ω))2),

pour tout y0 ∈ Hs(Ω)2 (resp. y ∈ C0([0, T ];Hs(Ω))2).
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Contrôlabilité locale exacte (Fig. 5 (e)) Définissons ω ⊂ Ω̃ par

ω := {x ∈ Ω̃, −5L/2 < x1 < −L/2 et − 1/2 < x2 < 1/2}

et notons 1ω : Ω̃ → R la fonction caractéristique de ω, i.e. 1ω(x) := 0 si x ∈ Ω̃\ω,
1ω(x) := 1 si x ∈ ω. On peut alors montrer le résultat suivant d’une manière similaire
à [38, Theorem 1.2 page 98]

Proposition 4.10. Pour tout temps T > 0, il existe δ > 0 tel que pour toute condition
initiale ỹ ∈ H2(Ω̃)2 ∩W (où W est défini par (4.19)) qui satisfait

rot ỹ = 0 sur Γ̃

et

|ỹ|H2(Ω̃)2∩W ≤ δ,

il existe un contrôle localement distribué v ∈ L2(0, T ;L2(Ω̃)) tel que la solution z ∈
C0([0, T ];H1(Ω̃)2 ∩ L2(0, T ;H2(Ω̃)2 de























zt − ∆z + (z · ∇)z = −∇pz + v1ω dans (0, T ) × Ω̃,

div z = 0 dans (0, T ) × Ω̃,

z · n = 0 sur (0, T ) × Γ̃,

rot z = 0 sur (0, T ) × Γ̃,

z(0, .) = ỹ dans Ω̃,

existe et satisfait
z(T, x) = 0 dans Ω̃,

pour un certain pz ∈ L2(0, T ;H1(Ω̃)).

Contrôlabilité approchée Dans le but d’appliquer la méthode du retour, on doit
trouver une trajectoire (y̆, p̆) du système de Navier-Stokes avec de ‘bonnes’ propriétés
de contrôlabilité autour d’elle. On la construit en trois phases. On introduit tout d’abord
une constante c > 0 dont la valeur sera choisie ultérieurement. Il est clair que

(ȳ, p̄) := ((c, 0), 0) (4.20)

est solution du système (4.11)-(4.14). Il s’agit du deuxième morceau de (y̆, p̆) (Fig. 5
partie (c)). Le premier morceau (Fig. 5 partie (b)) relie (0, 0) à ȳ et le troisième (Fig.
5 partie (d)) relie ȳ à (0, 0). Ils sont tous les deux construits indépendamment de la
variable d’espace. Nous n’allons pas vérifier la contrôlabilité du système linéarisé autour
de cette trajectoire, mais nous allons directement prouver que pour un choix judicieux
de c, on peut montrer un résultat de contrôlabilité approchée pour le système (4.11)-
(4.14) en utilisant (y̆, p̆). Expliquons brièvement les principales idées de la preuve.

Étape 1(Fig. 5 (b)) Nous introduisons une trajectoire de (4.11)-(4.14) qui relie (0, 0) à
(c, 0), et grâce à laquelle nous construisons un contrôle qui nous permet de trouver une
solution de (4.11)-(4.14) qui part de 0 et arrive à une distance de l’ordre de O(c3/4) de
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ȳ pour une norme bien choisie.
Soit 0 < T2 < T/18. Soit φ ∈ C∞([−3L; 4L]) une fonction positive qui s’annule dans
un voisinage de −3L et 4L et qui vérifie

φ ≡ 0 dans Ω̄, (4.21)
∫ 4L

−3L

φ = 1. (4.22)

On définit alors (f, pf) par

f(t, x) :=











(

4c

T2
t(1 − t

T2
), 0

)

si t ∈ [0, T2/2],

(c, 0) si t ∈ [T2/2, T2]

et

pf (t, x) :=











4c

T2
(1 − 2t

T2
)(7L

∫ x1

−3L

φ(s) ds− x1) si t ∈ [0, T2/2],

0 si t ∈ [T2/2, T2].

On vérifie facilement que

(f, pf) ∈ (C0([0, T2];L
2(Ω̃)) ∩ L2(0, T2;H

1(Ω̃)))2 × L2(0, T2;L
2(Ω̃))

satisfait






























ft − ∆f + (f · ∇)f = −∇pf + 7Lftφ(x1) dans (0, T2) × Ω̃,

div f = 0 dans (0, T2) × Ω̃,

f · n = 0 sur (0, T2) × Γ̃,

rot f = 0 sur (0, T2) × Γ̃,

f(0, .) = 0 dans Ω̃,

f(t, .) = ȳ dans (T2/2, T2) × Ω̃.

On montre alors, en utilisant la technique des multiplicateurs, le lemme de Gronwall
et des résultats d’interpolation que, pour chaque condition initiale y0 ∈ H3(Ω̃)2 ∩H , si
c > 0 est assez grand, il existe un temps T2 et une solution (y, py) de























yt − ∆y + (y · ∇)y = −∇py + 7Lftφ(x1) sur (0, T2) × Ω̃,

div y = 0 sur (0, T2) × Ω̃,

y · n = 0 sur (0, T2) × Γ̃,

rot y = 0 sur (0, T2) × Γ̃,

y(0, .) = y0 sur Ω̃

qui vérifie
|y(δ1, .) − ȳ|H17/8(Ω̃)2 ≤ Kc3/4

pour un certain δ1 ∈ (0, T2). D’après (4.21), 7Lftφ(x1) ≡ 0 sur [0, T2] × Ω̄. On a donc
le résultat suivant (Chapitre 4 Lemma 19.2)
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Lemme 4.11. Il existe une constante K > 0 telle que pour tout y0 ∈ H3(Ω̃)2 ∩H, il
existe une constante c̃ > 0 telle que pour tout c ≥ c̃, il existe un temps T2 ∈ (0, T/18),

un temps δ1 ∈ (0, T2), un contrôle φ̃ ∈ C∞([0, T2] × ¯̃Ω) tel que

φ̃(t, x) = 0, (t, x) ∈ [0, T2] × Ω̄

et une solution

(y, p) ∈ C0([0, T2];L
2(Ω̃)2 ∩ L2(0, T2;H

1(Ω̃))2 × L2(0, T2;L
2(Ω̃))

de






















yt − ∆y + (y · ∇)y = −∇p + φ̃ dans (0, T2) × Ω̃,

div y = 0 dans (0, T2) × Ω̃,

y · n = 0 sur (0, T2) × Γ̃,

rot y = 0 sur (0, T2) × Γ̃,

y(0, .) = y0 dans Ω̃,

telle que

|y(δ1, .) − ȳ|H17/8(Ω̃)2 ≤ Kc3/4,

où ȳ est définie par (4.20).

Étape 2 (Fig. 5 (c)) La méthode utilisée dans cette étape est la même que celle
qui nous a permis d’obtenir la contrôlabilité de l’équation de Burgers visqueuse et de
l’équation de Korteweg-de Vries à partir de la contrôlabilité de l’équation de Burgers
non visqueuse. Il est en effet naturel de considérer que pour un temps petit et des états
fixés, le terme non linéaire (y · ∇)y est prépondérant par rapport au terme linéaire
−∆y (rappelons que cette stratégie a été suivie par J.-M. Coron dans [20]). Ainsi, nous
allons nous servir de l’équation d’Euler des fluides incompressibles pour “approcher”
l’équation de Navier-Stokes : partant d’une condition initiale à une distance O(c3/4) de
ȳ nous voulons arriver en un temps très petit à une distance O(c−1/4) de ȳ (signalons
ici que la constante c est supposée très grande devant 1 et l’estimation désirée est donc
plus fine que celle de départ).
On commence par montrer que pour toute condition initiale ŷ0 assez petite qui vérifie

rot ŷ0 = 0 dans (−3L,−L/4) × (−1, 1) et sur Γ̃, (4.23)

il existe ŷ : (0, 1)×Ω̃ → R2 solution d’une équation d’Euler et dont la vorticité au temps
t = 1 est nulle, partout dans Ω. Plus précisément, on a le lemme suivant (Chapitre 4
Lemma 19.6)

Lemme 4.12. Il existe ǫ > 0 et β > 0 tels que pour tout ŷ0 ∈ H17/8(Ω̃)2 ∩H vérifiant
(4.23) et tel que |ŷ0|H17/8(Ω̃)2 < ǫ, il existe (ŷ, p̂) solution de































ŷt + ((ˆ̄y + ŷ) · ∇)ŷ = −∇p̂ dans (0, 1) × Ω̃,

div ŷ = 0 dans (0, 1) × Ω̃,

ŷ · n = 0 sur (0, 1) × Γ̃,

rot ŷ = 0 sur (0, 1) × Γ̃,

ŷ(0, .) = ŷ0 dans Ω̃,
rot ŷ(1, .) = 0 dans Ω,

(4.24)
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où

(ˆ̄y, ˆ̄p) := ((2L, 0), 0) dans (0, 1) × Ω̃.

De plus ŷ ∈ C0([0, 1];H17/8(Ω̃))2 et

|ŷ|C0([0,1];H17/8(Ω̃))2 ≤ β|ŷ0|H17/8(Ω̃)2 .

Le point clé de la preuve de ce résultat consiste à établir la dernière égalité du
système (4.24). Pour cela, on montre que pour tout x ∈ Ω,

f̃1(0, 1, x) ∈ (−5L/2,−L/2),

où f̃ = (f̃1, f̃2) désigne le flot de l’équation différentielle ordinaire ξ̇ = ˆ̄y(t, ξ) + ŷ(t, ξ)
et on utilise l’identité suivante, valable pour tout x ∈ Ω̃,

rot ŷ(1, x) = rot ŷ0(f̃(0, 1, x)).

Le résultat suit d’après (4.23). Un changement d’échelle adéquat permet alors d’obtenir
la proposition suivante (Chapitre 4 Proposition 19.5)

Proposition 4.13. Il existe deux constantes c0 > 0 et M0 > 0 telles que pour tout
c ≥ c0, pour tout z0 ∈ H17/8(Ω̃)2 ∩H vérifiant

|z0|H17/8(Ω̃)2 ≤ KC17/8c
3/4,

où C17/8 est défini dans le Lemme 4.9 et K est défini au Lemme 4.11, et tel que

rot z0 = 0 dans (−3L,−L/4) × (−1, 1) et sur Γ̃,

il existe (ž, p̌z) solution de































žt + ((ȳ + ž) · ∇)ž = −∇p̌z dans (0, 2L
c

) × Ω̃,

div ž = 0 dans (0, 2L
c

) × Ω̃,

ž · n = 0 sur (0, 2L
c

) × Γ̃,

rot ž = 0 sur (0, 2L
c

) × Γ̃,

ž(0, .) = z0 dans Ω̃,
rot ž(2L

c
, .) = 0 dans Ω.

De plus, ž ∈ C0([0, 2L/c];H17/8(Ω̃))2 et

|ž|C0([0,2L/c];H17/8(Ω̃))2 ≤M0c
3/4.

Si l’on définit alors

R ∈ (C0([0, 2L/c];L2(Ω̃)) ∩ L2(0, 2L/c;H1(Ω̃))2
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comme la solution de






























Rt − ∆R + (R · ∇)R + (R · ∇)ž + (ȳ · ∇)R + (ž · ∇)R− ∆ž

= −∇P dans (0, 2L/c) × Ω̃,

divR = 0 dans (0, 2L/c) × Ω̃,

R · n = 0 sur (0, 2L/c) × Γ̃,

rotR = 0 sur (0, 2L/c) × Γ̃,

R(0, .) = 0 dans Ω̃,
(4.25)

pour un certain P ∈ D′((0, 2L/c)× L2(Ω̃)), on montre par des intégrations par parties
et l’inégalité de Gronwall que

|R(2L/c, .)|L2(Ω̃)2 . c−1/4.

Finalement soit z ∈ (C0([0, 2L/c];L2(Ω)) ∩ L2(0, 2L/c;H1(Ω))2 défini par

z(t, x) = R(t, x) + ž(t, x) + ȳ(t, x), (t, x) ∈ (0, 2L/c) × Ω,

où R est solution de (4.25), ž est défini dans la Proposition 4.13 et ȳ est défini par
(4.20). On vérifie facilement que z est solution de























zt − ∆z + (z · ∇)z = −∇(P + p̌z) dans (0, 2L/c) × Ω,
div z = 0 dans (0, 2L/c) × Ω,
z · n = 0 sur (0, 2L/c) × Γ0,
rot z = 0 sur (0, 2L/c) × Γ0,
z(0, .) = z0 dans Ω

(4.26)

et que

|z(2L/c, .) − ž(2L/c, .) − ȳ|2L2(Ω)2 . c−1/4.

Pour finir, utilisant le fait que rot ž(2L/c, .) = 0 dans Ω connexe (voir Proposition 4.13),
on construit une solution (u, pu) de



























ut + ((ȳ + u) · ∇)u = −∇pu dans (0, 1/c3) × Ω,
divu = 0 dans (0, 1/c3) × Ω,
u · n = 0 sur (0, 1/c3) × Γ0,
rotu = 0 sur (0, 1/c3) × Γ0,
u(0, .) = ž(2L/c, .) dans Ω,
u(1/c3, .) = 0 dans Ω,

et on en déduit d’une manière similaire à la méthode employée précédemment pour
construire z solution de (4.26) l’existence de (ζ, pζ) solution de























ζt − ∆ζ + (ζ · ∇)ζ = −∇pζ dans (0, 1/c3) × Ω,
div ζ = 0 dans (0, 1/c3) × Ω,
ζ · n = 0 sur (0, 1/c3) × Γ0,
rot ζ = 0 sur (0, 1/c3) × Γ0,
ζ(0, .) = z(2L/c, .) dans Ω
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et
|ζ(1/c3) − ȳ|L2(Ω)2) . c−1/4.

On a finalement obtenu le résultat suivant (Chapitre 4 Proposition 19.4)

Proposition 4.14. Il existe c1 > max(72L/T, (18/T )1/3) et M1 > 0 tels que pour tout
c ≥ c1, il existe δc > 0 tel que pour tout z0 ∈ H17/8(Ω̃)2 ∩H qui satisfait

|z0 − ȳ|H17/8(Ω̃)2 ≤ KC17/8c
3/4,

où C17/8 est défini Lemme 4.9 et K est défini Lemme 4.11, et

rot z0 = 0 dans (−3L,−L/4) × (−1, 1) et sur Γ̃,

il existe

(Z, pZ) ∈ C0([0, δc];L
2(Ω))2 ∩ L2(0, δc;H

1(Ω))2 ×D′((0, δc) × L2(Ω))

solution de






















Zt − ∆Z + (Z · ∇)Z = −∇pZ dans (0, δc) × Ω,
divZ = 0 dans (0, δc) × Ω,
Z · n = 0 sur (0, δc) × Γ0,
rotZ = 0 sur (0, δc) × Γ0,
Z(0, .) = z0 dans Ω,

et qui satisfait de plus

|Z(δc, .) − ȳ|L2(Ω)2 ≤
M1

c1/4
.

Étape 3 (Fig. 5 (d)) On montre de la même manière qu’à l’étape 1 le résultat suivant
(voir Chapitre 4 Lemma 19.8)

Lemme 4.15. Il existe deux constantes K̃ > 0 et c2 > 0 telles que pour tout c ≥ c2, il

existe un temps T4 ∈ (0, T/18) et φ̂ ∈ C∞([0, T4] × ¯̃Ω) satisfaisant

φ̂(t, x) = 0, (t, x) ∈ [0, T4] × Ω̄,

tels que pour tout ỹ ∈ H vérifiant |ỹ− ȳ|L2(Ω̃)2 ≤ C0M1/c
1/4, où C0 est défini au Lemme

4.9 et M1 est défini Proposition (4.14), il existe

(ζ, ρ) ∈ C0([0, T4];L
2(Ω̃)2 ∩ L2(0, T4;H

1(Ω̃))2 × L2(0, T4;L
2(Ω̃))

solution de






















ζt − ∆ζ + (ζ · ∇)ζ = −∇ρ+ φ̂ dans (0, T4) × Ω̃,

div ζ = 0 dans (0, T4) × Ω̃,

ζ · n = 0 sur (0, T4) × Γ̃,

rot ζ = 0 sur (0, T4) × Γ̃,

ζ(0, .) = ỹ dans Ω̃.

De plus,

|ζ(T4, .)|L2(Ω̃)2 ≤ K̃/c1/4.
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Étape 4 On obtient finalement en utilisant la Proposition 4.4, le Lemme 4.18 et
les trois étapes précédentes le résultat de contrôlabilité approchée suivant (Proposition
18.1)

Proposition 4.16. Pour tout ǫ > 0, pour tout y0 ∈ L2(Ω)2 satisfaisant (4.9)-(4.10), il
existe δ0 ∈ (0, T/3) et il existe

(y, p) ∈ (C0([0, δ0];L
2(Ω)) ∩ L2(0, δ0;H

1(Ω)))2 × L2((0, δ0) × L2(Ω))

solution de






















yt − ∆y + (y · ∇)y = −∇p dans (0, δ0) × Ω,
div y = 0 dans (0, δ0) × Ω,
y · n = 0 sur (0, δ0) × Γ0,
rot y = 0 sur (0, δ0) × Γ0,
y(0, .) = y0 dans Ω,

tel que

|y(δ0, .)|L2(Ω)2 ≤ ǫ.

De ce dernier résultat combiné avec le résultat de contrôlabilité exacte locale de A.
V. Fursikov et O. Yu. Imanuvilov on déduit le théorème 4.6.

5 Perspectives

À partir des travaux effectués dans cette thèse, certains problèmes se posent natu-
rellement. Nous allons les décrire brièvement.

5.1 À propos des équations de Burgers

Lois de conservation scalaires Dans la première partie du Chapitre 2, on étudie la
contrôlabilité de l’équation de Burgers non visqueuse dans l’espace régulier C1([0, T ]×
[0, L]). Les travaux antérieurs [2] et [48] concernaient le cadre plus général des lois de
conservation scalaires. Considérons les solutions d’entropie de l’équation

yt + yyx = u(t).

Peut-on espérer montrer un résultat de contrôlabilité globale ? Une méthode d’étude
serait certainement la méthode de suivi de fronts (voir [44] et les références associées).

Nécessité des trois contrôles ? Toujours dans le Chapitre 2, on montre que l’équation
de Burgers visqueuse est contrôlable avec 3 contrôles, le premier est un contrôle interne,
u(t), les deux autres sont les conditions de Dirichlet. S. Guerrero et O. Yu. Imanuvilov
ont montré dans [46] que dans le cas où u ≡ 0, l’équation n’est plus globalement
contrôlable à zéro en temps petit. On peut donc se demander ce qu’il se passe si on
applique maintenant un contrôle interne u(t) et un seul contrôle de type Dirichlet. Par
exemple, on peut s’intéresser à la contrôlabilité globale à zéro du système suivant

{

yt − yxx + yyx = u(t), (t, x) ∈ (0, T ) × (0, L),
y(t, 0) = 0, y(t, L) = v2(t), t ∈ (0, T ).
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La stratégie suivie dans cette thèse ne semble pas s’appliquer pour ce nouveau système.
On peut donc se demander si le système ne serait plus globalement contrôlable en temps
petit. Dans ce cas, l’idée est d’utiliser la méthode employée dans [46] et de tranformer
le système de contrôle précédent en un problème de contrôlabilité pour une équation de
la chaleur, et de passer ensuite au problème adjoint pour pouvoir utiliser des résultats
de [4]. Ce travail est actuellement en cours en collaboration avec S. Guerrero.

5.2 À propos de l’équation de Korteweg-de Vries

Temps de contrôlabilité minimal Un problème intéressant concerne la contrôlabilité
globale de l’équation de KdV non linéaire avec 3 contrôles frontière : on sait que ce
système est globalement exactement contrôlable pour un temps qui dépend des condi-
tions initiale et finale. Peut-on montrer le même résultat pour tout temps T > 0 ?
Autrement dit, existe-t-il un temps minimal de contrôlabilité ?

Une question similaire se pose pour un système avec un seul contrôle frontière. On se
donne une longueur critique L (L ∈ N où N est défini par (3.6)) telle que dimM ≥ 2,
où M ⊂ L2(0, L) désigne l’espace des états non atteignables pour le système linéaire)
(voir section 3.1 paragraphe “Résultats de contrôlabilité antérieurs”). On sait que le
système

{

yt + yx + yxxx + yyx = 0, (t, x) ∈ (0, T ) × (0, L),
y(t, 0) = 0, y(t, L) = 0, yx(t, L) = w(t), t ∈ (0, T )

est localement exactement contrôlable autour de l’origine, pour un temps assez grand
dépendant des conditions initiale et finale. Peut-on montrer le même résultat pour tout
temps T > 0 ?

Contrôlabilité du bac Dans la section 3.5, on a étudié la contrôlabilité au moyen
de contrôles frontière d’un bac contenant un fluide modélisé par une équation de KdV
non linéaire. Que se passe-t-il si l’on prend maintenant y(t, 0) = y(t, L) = 0, i.e., que
peut-on dire quant à la contrôlabilité du système suivant

yt + yx + yxxx + yyx = u(t), (t, x) ∈ (0, T ) × (0, L),

y(t, 0) = 0, y(t, L) = 0, t ∈ (0, T ),

yx(t, L) = 0, t ∈ (0, T ),

ṡ(t) = u(t), t ∈ (0, T ),

Ḋ(t) = s(t), t ∈ (0, T ),

où, au temps t ∈ [0, T ], l’état du système est (y(t, .), s(t), D(t)) et le contrôle est u(t) ∈
R. Voir [30] de F. Dubois, N. Petit et P. Rouchon et [21] de J.-M. Coron pour un
problème similaire sur les équations de Saint-Venant.
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5.3 À propos des équations de Navier-Stokes

Au Chapitre 4, on montre la contrôlabilité globale à zéro d’un système de Navier-
Stokes 2-D avec les conditions

y · n = 0,

∂1y2 + ∂2y1 = 0,

sur les bords horizontaux (voir système (4.11)-(4.14)). Ces conditions correspondent au
cas où σ̄ = 0 dans l’expression générale des conditions de Navier

σ̄y · τ + (1 − σ̄)ni(∂jyi + ∂iyj)τj = 0,

où σ̄ est une constante de [0, 1), n = (n1, n2) est le vecteur normal unitaire sortant, et
τ = (τ1, τ2) est le vecteur tangent unitaire tel que (τ, n) est une base directe de R2 et où
l’on a adopté la convention de sommation habituelle. Une question naturelle est donc
de savoir si on peut montrer le même résultat pour tout σ̄ ∈ [0, 1). Autrement dit, on
se demande si le système

yt − ∆y + (y · ∇)y + ∇p = 0 dans (0, T ) × Ω,

div y = 0 dans (0, T ) × Ω,

y · n = 0 sur (0, T ) × Γ0,

σ̄y · τ + (1 − σ̄)ni(∂jyi + ∂iyj)τj = 0 sur (0, T ) × Γ0

est globalement contrôlable à zéro. On peut aussi se poser la question pour σ̄ = 1 qui
correspond à la condition de non glissement de Stokes.
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In this paper, we deal with both nonviscous and viscous Burgers type equations
on a bounded interval. We study the global exact controllability of these equations
when we have three controls: one control is the right member of the equation and is
constant with respect to the space variable, the two others are the boundary values.
In a first time, we are interested in nonviscous Burgers type equations and we prove
their global exact controllability for every time T > 0 with such controls thanks to the
return method. Then we prove the global exact controllability of the viscous Burgers
equation, for every time T > 0.

6 Introduction and main results

Let T , L > 0. Let α ∈ C1([0, L], (0,+∞)). The first control system we are interested
in is the following

yt + α(x)yyx = u(t), t ∈ [0, T ], x ∈ [0, L]. (6.1)

This is a control system, where, at time t ∈ [0, T ], the state is y(t, .) ∈ C1([0, L]) and
the controls are y(t, 0), y(t, L) and u(t) ∈ R. One can remark that when α := 1, (6.1)
is the nonviscous Burgers equation.
The second one is

yt − yxx + yyx = u(t), t ∈ [0, T ], x ∈ [0, L], (6.2)

y(t, 0) = v1(t), t ∈ [0, T ], (6.3)

y(t, L) = v2(t), t ∈ [0, T ]. (6.4)

Here, at time t ∈ [0, T ], the state is y(t, .) ∈ H2(0, L) and the controls are v1(t), v2(t)
and u(t) ∈ R. Note that (6.2) is the viscous Burgers equation.

To begin with, let us recall some results concerning the exact controllability of the
nonviscous Burgers equation (i.e. α := 1) when u := 0.
Two works must be pointed out (for simplicity we refer to the mentionned papers for
the regularity of y : (0, T ) × (0, L) → R):
- in [1], F. Ancona and A. Marson describe the attainable set for general scalar nonlinear
conservation laws of the type yt + {f(y)}x = 0 when starting from a null initial data
and where f is a strictly convex function of class C2. In particular, they show that for
the nonviscous Burgers equation, as long as the controllability time is lower than L/C
(C > 0 constant), we do not have exact controllability from 0 to the state y1 := C by
means of a boundary control, i.e, for every 0 < T < L/C, for every y : (0, T )× (0, L) →
R and u ∈ L∞(0, T ) which satisfy

yt + yyx = 0,

y(0, .) = 0,

y(., 0) = u(.),

one has y(T, .) 6= C.
- in [18], T. Horsin uses the return method, introduced and used by J.-M. Coron in
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[3, 4, 6], to describe the attainable set of the nonviscous Burgers equation. He proves
that every constant final state y1 := C can be reached from y0 := 0 in a time T ≥ L/|C|
by means of a boundary control.

Some more results have been obtained on the controllability of the viscous Burgers
equation

yt − νyxx + yyx = 0,

where ν > 0.
First, in [13], A.V. Fursikov and O. Yu. Imanuvilov prove that for every (a, b) ∈ (0, L)2

with 0 < a < b < L, the system

yt − yxx + yyx = v(t, x),

y(t, 0) = y(t, L) = 0,

y(0, x) = 0,

where v(t, x) ∈ L2((0, T ) × (0, L))) is assumed to satisfy for every t ∈ (0, T ),

Supp (v(t, .)) ⊂ (a, b), 0 < a < b < L,

is not approximately controllable in L2(0, L).
In [10], J.I. Diaz proves, by using the maximum principle, that the approximate con-
trollability to some states does not hold for the viscous Burgers equation with y(t, 0) :=
0, t ∈ (0, T ) and y0 ∈ L∞(0, L) and by means of a boundary control y(t, L) := ũ(t).
Finally, E. Fernández-Cara and S. Guerrero present in [12] optimal estimates for the
minimal time of null controllability T (r) of the initial data of norm ≤ r in L2, for
the precedent control system whereas J.-M. Coron proves in [8] the existence of a time
T > 0 such that the problem

yt − yxx + yyx = 0,

y(t, 0) = 0,

y(0, x) = y0, y(T, x) = 0

has a solution whatever y0 ∈ L2(0, L) is.
For the viscous Burgers equation with two boundary controls (i.e. in the case where
u := 0), let us first recall that A.V. Fursikov and O. Yu. Imanuvilov prove in [13] a
theorem of local exact controllability.
Next, in [8], J.-M. Coron uses the Hopf-Cole transformation to prove that one can drive
the solution of the Burgers equation with null initial data to large constant states.
More recently, S. Guerrero and O. Yu. Imanuvilov proved in [17] that not only the
global exact null controllability when controlling both ends of the interval does not
hold for small time, but even the exact controllability does not hold even for large
time. Finally, one can find in the recent work [16] of O. Glass and S. Guerrero a proof
of the global exact controllability to nonzero states for the viscous Burgers equation
with a small dissipation coefficient ν. This result is obtained for a sufficiently large
time and with control functions bounded independently of ν.
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The aim of this paper is to prove that the global controllability of the nonviscous and
viscous Burgers equations holds when three controls are acting over the system. These
three controls are the boundary values and the right member of the equation which is
constant with respect to the space variable.
The precise results are given in the following theorems.

Theorem 6.1. For every T > 0, for every L > 0, for every y0 ∈ C1([0, L]), for every
y1 ∈ C1([0, L]), for every α ∈ C1([0, L], (0,+∞)), there exists y ∈ C1([0, T ] × [0, L])
and there exists u ∈ C0([0, T ]) vanishing on 0 and T which satisfy (6.1) and

y(0, x) = y0(x), x ∈ [0, L], (6.5)

y(T, x) = y1(x), x ∈ [0, L]. (6.6)

Theorem 6.2. Let T , L > 0. Let y0 ∈ H1(0, L). Let

(ŷ, û) ∈ (L2(0, T ;H2(0, L)) ∩H1(0, T ;L2(0, L))) × L2(0, T )

be a solution (also called a trajectory) of

ŷt − ŷxx + ŷŷx = û(t), t ∈ [0, T ], x ∈ [0, L]. (6.7)

Then there exist y ∈ L2(0, T ;H2(0, L)) ∩H1(0, T ;L2(0, L)), u ∈ L2(0, T ), v1 and v2 ∈
H3/4(0, T ) which satisfy (6.2), (6.3), (6.4), (6.5) and

y(T, x) = ŷ(T, x), x ∈ [0, L]. (6.8)

Remark 6.3. As it follows from our proof of Theorem 6.1, this theorem also holds in
the case where α depends on t and x.

Remark 6.4. One easily sees that if Theorem 6.2 is proved, then one has the same
theorem with a coefficient of dissipation ν > 0 in (6.2), i.e. for the following viscous
Burgers equation

zt − νzxx + zzx = v(t).

Indeed one only has to perform a scaling of the following type

z(t, x) := y

(

t

ν
,
x

ν

)

which is valid since Theorem 6.2 holds whatever T > 0 and L > 0 are.

The paper is organised as follows.
Section 2 is dedicated to the proof of Theorem 6.1. In section 2.1, we give the main
idea of the proof of this theorem. We detail in section 2.2.1 the changes of variable
which allow to transform control system (6.1) into another one, whose global exact
controllability is equivalent to the one of control system (6.1) but easier to obtain. In
section 2.2.2, we give the proof of the global exact controllability of the control system
obtained in section 2.2.1 by means of a fixed point theorem.
Section 3 is devoted to the proof of Theorem 6.2. In section 3.1, we explain why
it is certainly important to have a good understanding of the controllability of the
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nonviscous Burgers equation to study the one of the viscous Burgers equation. In
section 3.2, we recall two results concerning the viscous Burgers equation thanks to
which one can reduce the problem of global exact controllability of the viscous Burgers
equation to proving a global approximate controllability result. In section 3.3, we prove
Theorem 6.2 assuming that this last property holds. Finally, in section 3.4, we prove
this global approximate controllability result by using the local exact controllability of
the nonviscous Burgers equation.
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7 Global controllability of nonviscous Burgers type equations

7.1 Main idea

The nonviscous Burgers equation is often considered as the analogue in dimension 1
of the Euler equation for the incompressible inviscid fluids. We know that this last
equation is globally controllable, as it has been proved by J.-M. Coron in [4, 6] and
by O. Glass in [14, 15]. It thus seems strange that one does not obtain similar results
for the Burgers equation (see section 1). Hence, we compared the nonviscous Burgers
equation and the Euler equation of incompressible inviscid fluids and we thought that
a control u(t) in the right member of the nonviscous Burgers equation may play the
role of the pressure in the Euler equation. This hypothesis might be true, since this
control u(t) is the major difference between this work and the previous ones (where it
vanished). This fact should explain why the results we obtain here are of quite different
nature than theirs, since we prove the global controllability of the nonviscous Burgers
equation (even in arbitrary small time).

The first natural idea to study the controllability of the control system (6.1) is to
look at the linearized control system around the null solution. This control system is

yt = u(t),

where at time t ∈ [0, T ] the state is y(t, .) ∈ C1([0, L]) and the controls are y(t, 0),
y(t, L) and u(t) ∈ R. Unfortunately, this linearized control system is obviously not
controllable.

Then, as the nonviscous Burgers equation has many common points with the Euler
equation of incompressible inviscid fluids, one may expect from a method giving con-
trollability results for the Euler equation of incompressible inviscid fluids to give also
results for the nonviscous Burgers equation. Therefore, in this work, we use the return
method, introduced by J.-M. Coron in [3] and used by him in [4, 6] and by O. Glass in
[14, 15] to show global controllability results for the Euler equation of incompressible
inviscid fluids. It consists in looking for trajectories going from 0 to 0 such that the
linearized control systems around these trajectories are controllable (or have “good”
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controllability properties around them). Therefore, we look at the linearized control
system around a particular trajectory (ȳ, ū), with

ȳ(t, x) := a(t), t ∈ [0, T ], x ∈ [0, L]

and
ū(t) := a′(t), t ∈ [0, T ],

where a ∈ C∞([0, T ], [0,+∞)) vanishes on a neighborhood of 0 and T . As we shall
see, the linear control system, yt + α(x)a(t)yx = v(t), is controllable provided that
T
∫

0

a(t) dt >
L
∫

0

1/α(x) dx. One may consequently hope that the nonlinear control system

is, at least locally, controllable too. In fact, this holds and moreover implies the global
controllability.

7.2 Proof of Theorem 6.1

Preliminaries

Lemma 7.1. Theorem 6.1 holds if (6.1) is null controllable in arbitrary time T > 0
with control u ∈ C0([0, T ]) vanishing at t = 0 and t = T , i.e. if for every L > 0, for
every T > 0, for every α ∈ C1([0, L], (0,+∞)) and y0 ∈ C1([0, L]) one can reach the
origin from y0 in time T .

Proof of Lemma 7.1. This comes from the fact that (6.1) is time-reversible.
Indeed, let us fix T > 0, L > 0, α ∈ C1([0, L], (0,+∞)), y0 and y1 in C1([0, L]). There
exist y, z ∈ C1([0, T/2] × [0, L]), and there exist uy, uz ∈ C0([0, T/2]) vanishing on 0
and T/2 such that

yt + α(x)yyx = uy, t ∈ [0, T/2], x ∈ [0, L], (7.1)

y(0, x) = y0(x), x ∈ [0, L], (7.2)

y(T/2, x) = 0, x ∈ [0, L], (7.3)

zt + α(L− x)zzx = uz, t ∈ [0, T/2], x ∈ [0, L], (7.4)

z(0, x) = y1(L− x), x ∈ [0, L], (7.5)

z(T/2, x) = 0, x ∈ [0, L]. (7.6)

We define Y and U by

Y (t, x) :=

{

y(t, x) t ∈ [0, T/2], x ∈ [0, L],

z(T − t, L− x) t ∈ [T/2, T ], x ∈ [0, L].

U(t) :=

{

uy(t) t ∈ [0, T/2],

−uz(T − t) t ∈ [T/2, T ].

Using the facts that uy and uz are continuous and that uy(T/2)=uz(T/2)=0, we get
the continuity of U on [0, T ]. We get the one of Y in a similar way.
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Moreover,

Y (0, x) = y0(x), x ∈ [0, L], (7.7)

Y (T, x) = z(0, L− x) = y1(x), x ∈ [0, L]. (7.8)

Finally, the fact that Y is of class C1 on [0, T ]× [0, L] and satisfies Yt + αY Yx = U
on [0, T ]× [0, L] comes from its definition and the one of U , and from (7.1), (7.3), (7.4)
and (7.6).

We are now going to see that instead of proving the global null controllability of the
control system (6.1), it suffices to prove the following local null controllability result.

Proposition 7.2. For every T > 0, for every L > 0, for every α ∈ C1([0, L], (0,+∞)),
there exists ǫ > 0 such that for every y0 ∈ C1([0, L]) satisfying |y0|C1([0,L]) ≤ ǫ, there
exists y ∈ C1([0, T ]× [0, L]) and there exists u ∈ C0([0, T ]) vanishing on 0 and T which
satisfy (6.1), (6.5), and (6.6) with y1 := 0.

Lemma 7.3. Theorem 6.1 is a consequence of Proposition 7.2.

Proof of Lemma 7.3. Let us fix T > 0, L > 0, α ∈ C1([0, L], (0,+∞)), y0 ∈
C1([0, L]). Let 0 < λ < 1 be such that |λy0|C1([0,L]) ≤ ǫ, where ǫ > 0 is given by
Proposition 7.2. There exists y ∈ C1([0, T ] × [0, L]) and there exists u ∈ C0([0, T ])
vanishing on 0 and T such that

yt + α(x)yyx = u(t), t ∈ [0, T ], x ∈ [0, L], (7.9)

y(0, x) = λy0(x), x ∈ [0, L], (7.10)

y(T, x) = 0, x ∈ [0, L]. (7.11)

We define

z : [0, λT ] × [0, L] → R

(t, x) 7→ z(t, x) =
1

λ
y(
t

λ
, x).

Then z ∈ C1([0, λT ] × [0, L]) and

zt + α(x)zzx =
1

λ2
u(
t

λ
), t ∈ [0, λT ], x ∈ [0, L], (7.12)

z(0, x) = y0(x), x ∈ [0, L], (7.13)

z(λT, x) = 0, x ∈ [0, L]. (7.14)

Since λT < T , we can define

Z(t, x) :=

{

z(t, x) t ∈ [0, λT ], x ∈ [0, L],

0 t ∈ [λT, T ]

and

V (t) :=







1

λ2
u(
t

λ
) t ∈ [0, λT ],

0 t ∈ [λT, T ].
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The continuity of Z and V comes from the continuity of z, u, and the facts that
z(λT, .) = 0 and u(T ) = 0.
The function Z is clearly of class C1 on [0, λT ) × [0, L] and on (λT, T ] × [0, L]. Fur-
thermore, using its definition, (7.12) and (7.14), one sees that Z is in fact of class C1

on [0, T ] × [0, L].

Lastly, Zt + α(x)ZZx = V comes from equation (7.12) and the definitions of Z and V .

We are now able to apply the return method. Let T, L > 0. Let α ∈ C1([0, L], (0,+∞)).
Let us recall that the idea of this method is to look at the linearized control system
around a trajectory vanishing at the times 0 and T .

Thus, let a ∈ C∞([0, T ], [0,+∞)) vanish on a neighborhood of 0 and T . It is clear
that (ȳ, ū) defined by

ȳ(t, x) := a(t), t ∈ [0, T ], x ∈ [0, L]

and
ū(t) := a′(t), t ∈ [0, T ],

represents a trajectory of the control system (6.1) vanishing on 0 and T . We ask
whether, for every z0 ∈ C1([0, L]), there exists z ∈ C1([0, T ] × [0, L]) and there exists
v ∈ C0([0, T ]) vanishing on 0 and T , such that

zt + a(t)α(x)zx = v(t), t ∈ [0, T ], x ∈ [0, L], (7.15)

z(0, x) = z0(x), x ∈ [0, L], (7.16)

z(T, x) = 0, x ∈ [0, L]. (7.17)

Indeed, (7.15) is nothing but the linearized control system of (6.1) around (ȳ, ū).
Let us also prove the following proposition.

Proposition 7.4. Let T > 0, L > 0. Let α ∈ C1([0, L], (0,+∞)) and let a ∈
C∞([0, T ], [0,+∞)) vanish on a neighborhood of 0 and T and be such that

T
∫

0

a(s) ds >

L
∫

0

1/α(x) dx. Then, for every z0 ∈ C1([0, L]), there exists z ∈ C1([0, T ] × [0, L]) which

satisfies (7.16), (7.17) and

zt + a(t)α(x)zx = 0, t ∈ [0, T ], x ∈ [0, L]. (7.18)

Remark 7.5. The equation (6.1) has a finite speed of propagation. However, taking a
as large as we do later on allows to have a finite speed of propagation as large as we
want.

Proof of Proposition 7.4. Let T > 0, L > 0, α ∈ C1([0, L], (0,+∞)). Let
a ∈ C∞([0, T ], [0,+∞)) satisfy conditions of Proposition 7.4 (see Figure 1). We fix z0
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0 T

Figure 1: a(t)

in C1([0, L]). First of all, we extend α by α̃ ∈ C1(R, (0,+∞)) bounded and such that
α̃x is also bounded. Let

0 < η < L/2, (7.19)

be such that

T
∫

0

a(s) ds >

L
∫

−2η

1/α̃(x) dx. (7.20)

We define z̄0 ∈ C1([−η, L+ η]) by

z̄0(x) :=











−z0(−x) + 2z0(0) x ∈ [−η, 0],

z0(x) x ∈ [0, L],

−z0(2L− x) + 2z0(L) x ∈ [L,L+ η].

(7.21)

Let

χ ∈ C∞([−η, L+ η]), (7.22)

be such that

0 ≤ χ(x) ≤ 1, x ∈ [−η, L+ η], (7.23)

χ(x) = 1, x ∈ [0, L], (7.24)

χ(x) = 0, x ∈ [−η,−η/2] ∪ [L+ η/2, L+ η] (7.25)

and let z̃0 ∈ C1([−η, L+ η]) be defined by

z̃0 := χz̄0. (7.26)
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The function z̃0 is clearly of class C1 on [−η, L+η]. We still call z̃0 the function defined
on R by

z̃0(t, x) :=

{

z̃0(t, x) if x ∈ [−η, L+ η],

0 if not.
(7.27)

Then we introduce

φ : D(φ) ⊂ [0, T ] × [0, T ] × R → R

(t1, t2, x) 7→ φ(t1, t2, x),
(7.28)

the flow associated to the ordinary differential equation ξ̇ = a(t)α̃(ξ):

∂φ

∂t1
= a(t1)α̃(φ), (7.29)

φ(t2, t2, x) = x, t2 ∈ [0, T ], x ∈ R. (7.30)

It comes from the different properties of α̃ that D(φ) = [0, T ] × [0, T ] × R. Moreover,
if β is a primitive of 1/α̃ on R, then, for every (t1, t2, x) ∈ [0, T ] × [0, T ] × R, we get

φ(t1, t2, x) = β−1



β(x) −
t2

∫

t1

a(t) dt



 . (7.31)

Let now

z(t, x) := z̃0(φ(0, t, x)), (t, x) ∈ [0, T ] × [0, L]. (7.32)

It is clear that with such a definition, z ∈ C1([0, L]) and satisfies (7.16) and (7.18). It
remains to see that (7.17) is also satisfied. As

Supp(z̃0) ⊂ [−η,L + η],

it suffices to prove that
φ(0, T, L) < −η.

We know from (7.20) and (7.31) that

φ(T, 0,−2η) > L

i.e.

φ(0, T, L) < −2η (7.33)

which gives us (7.17).

We have just proved the null-controllability of the linearized control system associated
to the control system (6.1) around some particular trajectories vanishing on 0 and T .
It is thus natural to expect that (6.1) is locally null controllable i.e. that we have the
following proposition, which will be proved in the next section.
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Proposition 7.6. Let T > 0, L > 0. Let α ∈ C1([0, L], (0,+∞)).
Let a ∈ C∞([0, T ], [0,+∞)) vanish on a neighborhood of 0 and T and be such that
T
∫

0

a(s) ds >
L
∫

0

1/α(x) dx. Then, there exists ǫ > 0 such that for every y0 ∈ C1([0, L])

which satisfies |y0|C1([0,L]) ≤ ǫ, there exists y ∈ C1([0, T ] × [0, L]) such that

yt + α(x)(a(t) + y)yx = 0, t ∈ [0, T ], x ∈ [0, L], (7.34)

y(0, x) = y0(x), x ∈ [0, L], (7.35)

y(T, x) = 0, x ∈ [0, L]. (7.36)

Remark 7.7. In the case where α also depends on t, it suffices to take a such that
T
∫

0

a(s) ds >
L
∫

0

|1/α(., x)|C0([0,T ]) dx.

Remark 7.8. For related results, see Cirina [2] and Ta-tsien Li and Bo-Peng Rao [19].

Let us point out that Proposition 7.6 implies Proposition 7.2. Indeed, let L, T >
0. Let α ∈ C1([0, L], (0,+∞)). Let a ∈ C∞([0, T ], [0,+∞)) satisfy conditions of
Proposition 7.6. We fix y0 in C1([0, L]) with |y0|C1([0,L]) small enough to have the
existence of y ∈ C1([0, T ] × [0, L]) which satisfies the equations (7.34), (7.35) and
(7.36).
We define z and u as follows:

z(t, x) = a(t) + y(t, x), t ∈ [0, T ], x ∈ [0, L],

u(t) = a′(t), t ∈ [0, T ].

Then, z ∈ C1([0, T ] × [0, L]), u ∈ C0([0, T ]), and

zt + α(x)zzx = a′(t) + yt + α(x)(a(t) + y)yx

= a′(t)
= u(t),

z(0, x) = y(0, x) = y0(x), x ∈ [0, L],

z(T, x) = y(T, x) = 0, x ∈ [0, L].

Moreover, the fact that u(0) = u(T ) = 0 comes from the nullity of a in a neighborhood
of 0 and T .

Proof of Proposition 7.6

Main idea Let T , L > 0. Let α ∈ C1([0, L], (0,+∞)) and let a ∈ C∞([0, T ], [0,+∞))
satisfy conditions of Proposition 7.6 (see Figure 1). We consider, for y ∈ C1([0, T ] ×
[0, L]) and y0 ∈ C1([0, L]) with |y0|C1([0,L]) small enough, the following Cauchy problem:

zt + α(x)(a(t) + y(t, x))zx = 0, t ∈ [0, T ], x ∈ [0, L], (7.37)

z(0, x) = y0(x), x ∈ [0, L]. (7.38)
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Let us explain, first of all in a formal way, the main idea of the proof of Proposition
7.6.
We want to use Schauder’s fixed point theorem, in a manner similar to the one intro-
duced by Ta-tsien Li and Wen Ci Yu in [20]. To this aim, we need to construct at least
one solution of (7.37) and (7.38) which depends continuously on y. This solution will

depend on the flow of the ordinary differential equation ξ̇ = α(ξ)(a(t) + y(t, ξ)). In
order to avoid any problems of definition of the flow of this equation, we begin with ex-
tending y0 ∈ C1([0, L]) by ỹ0 ∈ C1(R), y ∈ C1([0, T ]× [0, L]) by ỹ ∈ C1([0, T ]×R) and
α ∈ C1([0, L], (0,+∞)) by α̃ ∈ C1(R, (0,+∞)) such that ỹ0 and ỹ have compact sup-
port on R and [0, T ]×R respectively and such that α̃ and α̃x are bounded on R. In this

way, the flow, φ̃, associated to the ordinary differential equation ξ̇ = α̃(ξ)(a(t)+ ỹ(t, ξ))
is defined on [0, T ] × [0, T ] × R. If we now define z by, for all (t, x) ∈ [0, T ] × [0, L],

z(t, x) := ỹ0(φ̃(0, t, x)) (7.39)

and

F : C1([0, T ] × [0, L]) → C1([0, T ] × [0, L])
y 7→ z,

(7.40)

we ask whether F admits a fixed point y, which moreover satisfies y(T, .) = 0.
The point is that if |y|C1([0,T ]×[0,L]) ≤ ǫ, with ǫ > 0 small enough, we expect from the

characteristics of the ordinary differential equation ξ̇ = α̃(ξ)(a(t)+ỹ(t, ξ)) to behave like
on Figure 2, where φ denotes the flow associated to the ordinary differential equation
ξ̇ = α̃(ξ)a(t) and φ̃ the one of ξ̇ = α̃(ξ)(a(t)+ ỹ(t, ξ)). That is, φ and φ̃ will be “closed”

in some sense and we will deduce from the behavior of φ the one of φ̃ and thus the
value of y(T, .).

0

T
φ

φ̃

L

Figure 2: Behavior of φ and φ̃
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Proof of proposition 7.6 Let T, L > 0. Let α ∈ C1([0, L], (0,+∞)) and let a ∈
C∞([0, T ], [0,+∞)) satisfy conditions of Proposition 7.6. We extend α by
α̃ ∈ C1(R, (0,+∞)) such that α̃ and α̃x are bounded on R and we fix η > 0 which
satisfies (7.19) and (7.20). Let us recall that we have already seen in Proposition 7.4

that the flow φ associated to the ordinary differential equation ξ̇ = a(t)α̃(ξ) is defined
on [0, T ] × [0, T ] × R.
For every y0 ∈ C1([0, L]), we define ȳ0 ∈ C1([−η, L+ η]) by

ȳ0(x) :=











−y0(−x) + 2y0(0) x ∈ [−η, 0],

y0(x) x ∈ [0, L],

−y0(2L− x) + 2y0(L) x ∈ [L,L+ η].

(7.41)

Let now χ ∈ C∞([−η, L+ η]) satisfy (7.23), (7.24) and (7.25) and let

ỹ0 := χȳ0. (7.42)

The function ỹ0 is clearly of class C1 on [−η, L+η]. We still call ỹ0 the function defined
on R by

ỹ0(t, x) :=

{

ỹ0(t, x) if x ∈ [−η, L+ η],

0 if not.
(7.43)

It comes from (7.42) and (7.43) that ỹ0 ∈ C1
c (R), where

C1
c (R) := {f ∈ C1(R); ∃K ⊂ R, compact, such that f ≡ 0 on R \K}.

We can thus define

‖ỹ0‖ := max{|ỹ0(x)|, x ∈ R} + max{|ỹ0
x(x)|, x ∈ R},

and according to (7.22)-(7.25), (7.41), (7.42) and (7.43),

‖ỹ0‖ ≤ 3|y0|C1([0,L]). (7.44)

For every y ∈ C1([0, T ] × [0, L]) we define ȳ ∈ C1([0, T ] × [−η, L+ η]) by

ȳ(t, x) :=











−y(t,−x) + 2y(t, 0) t ∈ [0, T ], x ∈ [−η, 0],

y(t, x) t ∈ [0, T ], x ∈ [0, L],

−y(t, 2L− x) + 2y(t, L) t ∈ [0, T ], x ∈ [L,L+ η].

(7.45)

Let

ỹ := χȳ. (7.46)

The function ỹ is clearly of class C1 on [0, T ]× [−η, L+ η]. We still call ỹ the function
defined on [0, T ] × R by

ỹ(t, x) :=

{

ỹ(t, x) if t ∈ [0, T ], x ∈ [−η, L+ η],

0 if not.
(7.47)

It comes from (7.46) and (7.47) that ỹ ∈ C1
c ([0, T ] × R), where
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C1
c ([0, T ] × R) := {f ∈ C1([0, T ] × R); ∃K ⊂ R, compact, such that f ≡ 0 on

[0, T ] × (R \K)}.

Then, if we define

‖ỹ‖ := max{|ỹ(t, x)|, t ∈ [0, T ], x ∈ R} + max{|ỹt(t, x)|, t ∈ [0, T ], x ∈ R}
+ max{|ỹx(t, x)|, t ∈ [0, T ], x ∈ R},

it follows from (7.22)-(7.25), (7.45), (7.46) and (7.47) that

‖ỹ‖ ≤ 3|y|C1([0,T ]×[0,L]). (7.48)

From now on, we suppose that

|y|C1([0,T ]×[0,L]) ≤ η exp

(

−‖α̃‖
∫ T

0

a(t) dt)

)

/(3T‖α̃‖), (7.49)

where, as defined above,

‖α̃‖ := max{|α̃(x)|, x ∈ R} + max{|α̃′(x)|, x ∈ R}.

It comes from (7.48) and (7.49) that

‖ỹ‖ ≤ η exp

(

−‖α̃‖
∫ T

0

a(t) dt

)

/(T‖α̃‖). (7.50)

Finally, let

φ̃ : D(φ̃) ⊂ [0, T ] × [0, T ] × R → R

(t1, t2, x) 7→ φ̃(t1, t2, x),
(7.51)

be the flow associated to the ordinary differential equation ξ̇ = α̃(ξ)(a(t) + ỹ(t, ξ)):

∂φ̃

∂t1
(t1, t2, x) = α̃(φ̃)(a(t1) + ỹ(t1, φ̃(t1, t2, x))), (t1, t2, x) ∈ D(φ̃), (7.52)

φ̃(t2, t2, x) = x, t2 ∈ [0, T ], x ∈ R. (7.53)

Lemma 7.9. The flow φ̃ is defined on [0, T ] × [0, T ] × R.

Proof of Lemma 7.9. This comes from the fact that D(φ) = [0, T ] × [0, T ] × R

and the following inequalities. For any (t1, t2, x) ∈ D(φ̃) ⊂ [0, T ]× [0, T ]×R, we have,
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according to (7.29) and (7.52),

|φ̃(t1, t2, x) − φ(t1, t2, x)| = |φ̃(t2, t2, x) − φ(t2, t2, x)

+

t1
∫

t2

(
∂φ̃

∂t1
(s, t2, x) −

∂φ

∂t1
(s, t2, x)) ds|

≤
t1

∫

t2

| ∂φ̃
∂t1

(s, t2, x) −
∂φ

∂t1
(s, t2, x)| ds

≤
t1

∫

t2

|α̃(φ̃(s, t2, x))(a(s) + ỹ(s, φ̃(s, t2, x)))

− α̃(φ(s, t2, x))a(s)| ds

≤
t1

∫

t2

a(s)|α̃(φ̃(s, t2, x)) − α̃(φ(s, t2, x)| ds+ T‖α̃‖‖ỹ‖

≤
t1

∫

0

a(s)‖α̃‖|φ̃(s, t2, x)) − φ(s, t2, x)| ds+ T‖α̃‖‖ỹ‖.

Thus, applying now Gronwall’s lemma and using (7.50) we get that,

|φ̃(t1, t2, x) − φ(t1, t2, x)| ≤ T‖α̃‖‖ỹ‖ exp(‖α̃‖
T
∫

0

a(t) dt)

≤ η.

(7.54)

Let now z be defined for every (t, x) ∈ [0, T ] × [0, L] by

z(t, x) := ỹ0(φ̃(0, t, x)), (7.55)

where ỹ0 is given by (7.43).

Proposition 7.10. The function z, defined by (7.55), satisfies z ∈ C1([0, T ] × [0, L])
and

zt + α(x)(a(t) + y(t, x))zx = 0, t ∈ [0, T ], x ∈ [0, L], (7.56)

z(0, x) = y0(x), x ∈ [0, L], (7.57)

z(T, x) = 0, x ∈ [0, L]. (7.58)

Proof of Proposition 7.10. First of all, it comes from its definition that z is of
class C1 on [0, T ] × [0, L]. Moreover, we can remark that (7.56) and (7.57) are trivial.
Let us now prove (7.58).
In fact, we know from (7.25), (7.42) and (7.43), that

Supp (ỹ0) ⊂ [−η, L+ η].
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Consequently, it suffices to prove that for any x ∈ [0, L],

φ̃(0, T, x) < −η

which is an obvious consequence of (7.33), (7.54) and the fact (see Figure 3) that, for
any x ∈ [0, L],

φ̃(0, T, x) ≤ φ̃(0, T, L).

0

T

φ̃(0, T, x)

φ̃(0, T, x′)

φ̃(0, T, L)
−η

x

x′

L

Figure 3: Behavior of the flow φ̃

Let R := η exp

(

−‖α̃‖
∫ T

0

a(t) dt)

)

/(3T‖α̃‖) and let

BR := {y ∈ C1([0, T ] × [0, L]); |y|C1([0,T ]×[0,L]) ≤ R}.

Let

F : BR → C1([0, T ] × [0, L])
y 7→ z,

(7.59)

where z is defined by (7.55).

We have the following result, whose proof is essentially given in Appendix A.
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Proposition 7.11. F is continuous.

Let us now prove the following lemma.

Lemma 7.12. We have the following inequalities:
∣

∣

∣

∣

∣

∂φ̃

∂t1

∣

∣

∣

∣

∣

∞

≤ (|a|C1([0,T ]) + ‖ỹ‖)‖α̃‖, (7.60)

∣

∣

∣

∣

∣

∂φ̃

∂x

∣

∣

∣

∣

∣

∞

≤ eT‖α̃‖(|a|C1([0,T ])+2‖ỹ‖), (7.61)

∣

∣

∣

∣

∣

∂φ̃

∂t2

∣

∣

∣

∣

∣

∞

≤ (|a|C1([0,T ]) + ‖ỹ‖)‖α̃‖eT‖α̃‖(|a|C1([0,T ])+2‖ỹ‖), (7.62)

where, for every bounded function f : [0, T ] × [0, T ] × R → R,

|f |∞ := sup{|f(t1, t2, x)|, t1 ∈ [0, T ], t2 ∈ [0, T ], x ∈ R}.
Proof of Lemma 7.12. Inequality (7.60) is a consequence of (7.52).

From (7.52) and (7.53), we have

∂2φ̃

∂t1∂x
= α̃′(φ̃)(a(t1) + ỹ(t1, φ̃))

∂φ̃

∂x
+ α̃(φ̃)ỹx(t1, φ̃)

∂φ̃

∂x
, (7.63)

∂φ̃

∂x
(t1, t1, x) = 1, t1 ∈ [0, T ], x ∈ R, (7.64)

∂2φ̃

∂t1∂t2
= α̃′(φ̃)(a(t1) + ỹ(t1, φ̃))

∂φ̃

∂t2
+ α̃(φ̃)ỹx(t1, φ̃)

∂φ̃

∂t2
, (7.65)

∂φ̃

∂t1
(t1, t1, x) +

∂φ̃

∂t2
(t1, t1, x) = 0, t1 ∈ [0, T ], x ∈ R. (7.66)

Then,

∂φ̃

∂x
(τ, t, x) = exp(

τ
∫

t

(α̃′(φ̃(τ1, t, x))(a(τ1) + ỹ(τ1, φ̃(τ1, t, x)))

+ α̃(φ̃(τ1, t, x))ỹx(τ1, φ̃(τ1, t, x))) dτ1),

∂φ̃

∂t2
(τ, t, x) = −α̃(x)(a(t) + ỹ(t, x))

exp(

τ
∫

t

(α̃′(φ̃(τ1, t, x))(a(τ1) + ỹ(τ1, φ̃(τ1, t, x))

+ α̃(φ̃(τ1, t, x))ỹx(τ1, φ̃(τ1, t, x))) dτ1)

and Lemma 7.12 follows easily.
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7 Global controllability of nonviscous Burgers type equations 83

Proposition 7.13. There exists C := C(R, T, ‖α̃‖, |a|C1([0,T ])) > 0 such that, for any
y ∈ BR,

|F(y)|C1([0,T ]×[0,L]) ≤ C|y0|C1([0,L]). (7.67)

Proof of Proposition 7.13. It is a trivial consequence of (7.44), (7.55), (7.59)
and Lemma 7.12.

Thus, if |y0|C1([0,L]) ≤ R/C, then F(BR) ⊂ BR.

For any function g : Q→ R where Q is a compact subset of Rn, for any ρ ≥ 0, let

ωρ(g) := max{|g(ξ2) − g(ξ1)|; (ξ1, ξ2) ∈ Q2 and |ξ2 − ξ1| ≤ ρ}, (7.68)

where |.| denotes the usual euclidian norm in Rn. One can thus use this quantity for
z := F(y) and the compact set Q := [0, T ] × [0, L].

Let us assume, for the moment, that the following lemma holds.

Lemma 7.14. There exists C0 := C0(R, T, ‖α̃‖, |a|C1([0,T ])) > 0 such that, for any
ρ > 0, for any y ∈ BR,

ωρ(zt) + ωρ(zx) ≤ C0 |y0|C1([0,L])(ρ+ ωρ(yx) + ωρ(yt) + ωρ(α̃
′)) + C0 ωρ(ỹ

0
x),

where z = F(y).

Let us recall that our aim is to apply the Schauder’s fixed point theorem. Consequently,
we are now going to define a subset K ⊂ C1([0, T ] × [0, L]), that we will prove to be
convex, compact in C1([0, T ] × [0, L]) and such that F(K) ⊂ K. For that purpose, let

Ω : ρ ∈ [0,+∞[7→ 2C0 ωρ(ỹ
0
x) + ρ+ ωρ(α̃

′) ∈ [0,+∞[.

One can note that Ω(ρ) does not depend on y but only on R T , ||α̃|| and |a|C1([0,T ]).
Let

K :={y ∈ BR; for every ρ > 0, ωρ(yt) + ωρ(yx) ≤ Ω(ρ)}.
Note that K is bounded and closed in BR. Let us check that K is equicontinuous
in C1([0, T ] × [0, L]) (and therefore, by Ascoli’s theorem K is a compact subset of
BR). Let γ > 0. Let (t0, x0) ∈ [0, T ] × [0, L]. Let y ∈ K. Let (t, x) ∈ [0, T ] × [0, L];
|(t, x) − (t0, x0)| ≤ β, with β > 0. We have

|y(t, x) − y(t0, x0)| ≤ 2βR,

|yt(t, x) − yt(t0, x0)| ≤ ωβ(yt),

|yx(t, x) − yx(t0, x0)| ≤ ωβ(yx).

Thus,

|y(t, x) − y(t0, x0)|C1([0,T ]×[0,L]) ≤ 2βR+ ωβ(yt) + ωβ(yx)

≤ 2βR+ 2C0ωβ(ỹ0
x) + β + ωβ(α̃′).
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Then, if we choose β > 0 such that β ≤ γ/4, 2βR ≤ γ/4, 2C0ωβ(ỹ
0
x) ≤ γ/4 and

ωβ(α̃′) ≤ γ/4, we have

|y(t, x) − y(t0, x0)|C1([0,T2]×[0,L]) ≤ γ,

which concludes for the equicontinuity of K.
Clearly, K is convex.
Moreover, if |y0|C1([0,L]) ≤ min(R/C, 1/(2C0)), then, F(K) ⊂ K. Indeed,

ωρ(zt) + ωρ(zx) ≤ C0|y0|C1([0,L])(ρ+ ωρ(yt) + ωρ(yx) + ωρ(α̃
′)) + C0ωρ(ỹ

0
x)

≤ C0|y0|C1([0,L])(ρ+ ωρ(α̃
′))

+C0|y0|C1([0,L])(2C0ωρ(ỹ
0
x) + ρ+ ωρ(α̃

′)) + C0ωρ(ỹ
0
x)

≤ ρ+ ωρ(α̃
′) + 2C0ωρ(ỹ

0
x)

This, with Schauder’s theorem, implies that F has a fixed point. But if y is a fixed
point of F , then

yt + (a(t) + y)yx = 0, t ∈ [0, T ], x ∈ [0, L],

y(0, x) = y0(x), x ∈ [0, L],

y(T, x) = 0, x ∈ [0, L].

Hence, Proposition 7.6 is proved, and Theorem 6.1 follows, showing the global control-
lability of our control system (1).

It remains to prove Lemma 7.14. We first estimate ωρ(zx). Let ρ > 0 and
((t, x), (t′, x′)) ∈ ([0, T ] × [0, L])2 such that |(t, x) − (t′, x′)| ≤ ρ. Then,

|zx(t, x) − zx(t
′, x′)| ≤ |y0|C1([0,L])

∣

∣

∣

∣

∣

∂φ̃

∂x
(0, t, x) − ∂φ̃

∂x
(0, t′, x′)

∣

∣

∣

∣

∣

+ ωρ(ỹ
0
x ◦ φ̃)

∣

∣

∣

∣

∣

∂φ̃

∂x

∣

∣

∣

∣

∣

∞

.

(7.69)

Throughout all the following, Ci, i ≥ 1, denotes various positive constants which may
vary from line to line, depend on R, T, ‖α̃‖ and |a|C1([0,T ]) but do not depend on y ∈ BR

and ρ ∈ (0,+∞).
Step 1. It follows from a property of the modulus of continuity that

ωρ(ỹ
0
x ◦ φ̃) ≤ ωωρ(φ̃)(ỹ

0
x).

But from Lemma 7.12, for any ((t1, t2, x), (t
′
1, t

′
2, x

′)) ∈ ([0, T ] × [0, T ] × [0, L])2 such
that |(t1, t2, x) − (t′1, t

′
2, x

′)| ≤ ρ,

|φ̃(t1, t2, x) − φ̃(t′1, t
′
2, x

′)| ≤ ρ

∣

∣

∣

∣

∣

∂φ̃

∂t1

∣

∣

∣

∣

∣

∞

+ ρ

∣

∣

∣

∣

∣

∂φ̃

∂t2

∣

∣

∣

∣

∣

∞

+ ρ

∣

∣

∣

∣

∣

∂φ̃

∂x

∣

∣

∣

∣

∣

∞
≤ ρ(|a|C1([0,T ]) + ‖ỹ‖)‖α̃‖

+ ρ(|a|C1([0,T ]) + ‖ỹ‖)‖α̃‖eT‖α̃‖(|a|C1([0,T ])+2‖ỹ‖)

+ ρeT‖α̃‖(|a|C1([0,T ])+2‖ỹ‖)

≤ ρC1.

(7.70)
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Thus, using this last inequality, we get

ωρ(ỹ
0
x ◦ φ̃) ≤ ωρC1(ỹ

0
x) ≤ ([C1] + 1)ωρ(ỹ

0
x) = C2ωρ(ỹ

0
x), (7.71)

where [C1] denotes the integer part of C1.

Step 2. Let now ψ :=
∂φ̃

∂x
. For any (t1, t2, x) ∈ [0, T ] × [0, T ] × [0, L],

∂ψ

∂t1
(t1, t2, x) = (α̃′(φ̃(t1, t2, x))(a(t1) + ỹ(t1, φ̃(t1, t2, x)))

+ α̃(φ̃(t1, t2, x))ỹx(t1, φ̃(t1, t2, x)))ψ(t1, t2, x).

Then, for any t1 ∈ [0, T ] and for any (t, x), (t′, x′) ∈ [0, T ] × [0, L] such that

|(t, x) − (t′, x′)| ≤ ρ,

it comes from Lemma 7.12 and the regularity of a, α and ỹ, that
∣

∣

∣

∣

∂ψ

∂t1
(t1, t, x) −

∂ψ

∂t1
(t1, t

′, x′)

∣

∣

∣

∣

≤ C3|ỹx(t1, φ̃(t1, t, x)) − ỹx(t1, φ̃(t1, t
′, x′))|

+ C4ρ+ C5ωρ(α̃
′) + C6|ψ(t1, t

′, x′) − ψ(t1, t, x)|.
(7.72)

We now prove the following lemma.

Lemma 7.15. There exists C7 := C7(R, T, ‖α̃‖, |a|C1([0,T ])) > 0 such that, for any
y ∈ BR, for any ρ > 0, for any t1 ∈ [0, T ] and for any (t, x), (t′, x′) ∈ [0, T ] × [0, L]
such that |(t, x) − (t′, x′)| ≤ ρ,

|ỹx(t1, φ̃(t1, t, x)) − ỹx(t1, φ̃(t1, t
′, x′))| ≤ C7(ρ+ ωρ(yx)).

Proof of Lemma 7.15. Let us fix ρ > 0, t1 ∈ [0, T ] and (t, x), (t′, x′) ∈ [0, T ]×[0, L]
such that

|(t, x) − (t′, x′)| ≤ ρ. (7.73)

Let us denote X := φ̃(t1, t, x) and X ′ := φ̃(t1, t
′, x′).

We are going to study the two different cases which are C1ρ ≤ η/2 and C1ρ > η/2,
where C1 is defined in (7.70).
1st case: C1ρ ≤ η/2.

If X and X ′ ∈ (−∞,−η/2) ∪ (L + η/2,+∞), there is nothing to prove, according
to (7.25), (7.46) and (7.47).
If not, it comes from (7.70) and the fact that C1ρ ≤ η/2, that both X and X ′ ∈
[−η, L+ η]. Consequently, using (7.46), it follows

ỹx(t1, X) − ỹx(t1, X
′) = χ′(X)ȳ(t1, X) + χ(X)ȳx(t1, X)

−χ′(X ′)ȳ(t1, X
′) − χ(X ′)ȳx(t1, X

′)
= χ′(X)(ȳ(t1, X) − ȳ(t1, X

′))
+(χ′(X) − χ′(X ′))ȳ(t1, X

′)
+χ(X)(ȳx(t1, X) − ȳx(t1, X

′))
+(χ(X) − χ(X ′))ȳ(t1, X

′).

(7.74)
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Easy computations lead to the existence of C8 := C8(R, T, ‖α̃‖, |a|C1([0,T ])) > 0 which
does not depend of y ∈ BR, ρ > 0, t1 ∈ [0, T ] and (t, x), (t′, x′) ∈ [0, T ] × [0, L], such
that

|ỹx(t1, X) − ỹx(t1, X
′)| ≤ C8(ρ+ ωρ(yx)). (7.75)

Hence, we deduce from (7.74), (7.75) and the regularity of χ and ȳ that there exist
C9 > 0 such that

|ỹx(t1, X) − ỹx(t1, X
′)| ≤ C9(ρ+ ωρ(yx)). (7.76)

2nd case: C1ρ > η/2.

We have
|ỹ(t1, X) − ỹ(t1, X

′)| ≤ 2‖ỹ‖ ≤ 2‖ỹ‖2C1ρ/η.

It suffices to take C7 := max(C9, 4‖ỹ‖C1/η) and the proof of Lemma 7.15 is ended.

Applying Lemma 7.15, we obtain, according to (7.72) that
∣

∣

∣

∣

∂ψ

∂t1
(t1, t, x) −

∂ψ

∂t1
(t1, t

′, x′)

∣

∣

∣

∣

≤ C10(ρ+ ωρ(yx) + ωρ(α̃
′)) + C6|ψ(t1, t

′, x′) − ψ(t1, t, x)|.
(7.77)

Furthermore, using the definition of ψ, (7.63) and (7.64), we get

|ψ(t, t, x) − ψ(t, t′, x′)| = |∂φ̃
∂x

(t, t, x) − ∂φ̃

∂x
(t′, t′, x′)

+
∂φ̃

∂x
(t′, t′, x′) − ∂φ̃

∂x
(t, t′, x′)|

≤ |1 − 1| + |∂φ̃
∂x

(t′, t′, x′) − ∂φ̃

∂x
(t, t′, x′)|

≤ ρ

∣

∣

∣

∣

∣

∂2φ̃

∂t1∂x

∣

∣

∣

∣

∣

∞
≤ ρC11.

(7.78)

Consequently, by Gronwall’s lemma, (7.77) and (7.78),

|ψ(0, t′, x′) − ψ(0, t, x)| ≤ C12(ρ+ ωρ(yx) + ωρ(α̃
′)).

Hence, (7.69), Step 1 and Step 2 allow us to conclude on the existence of C0 > 0 such
that

|zx(t, x) − zx(t
′, x′)| ≤ C0|y0|C1([0,L])(ρ+ ωρ(yx) + ωρ(α̃

′)) + C0ωρ(ỹ
0
x)

≤ C0|y0|C1([0,L])(ρ+ ωρ(yx) + ωρ(yt) + ωρ(α̃
′)) + C0ωρ(ỹ

0
x).

It remains to estimate ωρ(zt). We use (7.56) and the regularity of a and y. For any
ρ > 0,

ωρ(zt) ≤ C13ωρ(zx) + C14(ωρ(a) + ωρ(y))
≤ C13ωρ(zx) + C15ρ.
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8 Global controllability of the viscous Burgers equation 87

Then it suffices to use the previous estimation of ωρ(zx) to conclude our proof of Lemma
7.14.

8 Global controllability of the viscous Burgers equation

8.1 Main idea

In [8], J.-M. Coron had underlined the fact that it was surely important to have a good
understanding of the controllability of the nonviscous Burgers equation if one wanted
to study the global controllability of the viscous Burgers equation in small time. He
pointed out that for large states and fixed time or fixed states and small time, the non-
linear term yyx was surely a key term compared with yxx. (See also [7, section 3.5.2],
for control systems in finite dimension.)
As long as the nonviscous Burgers equation is the analogue of the Euler equation of
incompressible inviscid fluids in one dimension, the viscous Burgers equation can be
considered as the analogue of the 2-D incompressible Navier-Stokes equations. Con-
sequently, we thought that similarly to J.-M. Coron in [5], and J.-M. Coron and A.
V. Fursikov in [9] who obtained results for the global controllability of the 2-D incom-
pressible Navier-Stokes equations by using results on the controllability of the Euler
equation (see [4, 6, 15]), it may be possible to deduce controllability results of the vis-
cous Burgers equation from controllability results of the nonviscous Burgers equation.

The proof of Theorem 6.2 uses three different properties of the viscous Burgers equa-
tion. The first one is a regularity result concerning a solution of the viscous Burgers
equation with smooth controls. The second one is a local exact controllability result
and the last one, but not the least, consists in a global approximate controllability
result for the viscous Burgers equation when the initial and final states are smooth
enough.
In a first section, we will recall the two first results we have just mentionned. Then,
we will see how we can use them to reduce the proof of Theorem 6.2 to proving the
third one, i.e. the global approximate controllability of the viscous Burgers equation
for smooth initial and final states. Finally, we will prove this last result.

8.2 Preliminaries

Let T , L > 0. Let y0 ∈ H1(0, L). Let us begin with the following proposition which
will allow us to reduce Theorem 6.2 to the case of a smooth initial state.

Proposition 8.1. There exists (v1
1, v

1
2) ∈ (H3/4(0, T ))2 such that the solution y1 ∈

L2(0, T ;H2(0, L)) ∩H1(0, T ;L2(0, L)) of (6.5),

y1
t − y1

xx + y1y1
x = 0, t ∈ [0, T ], x ∈ [0, L],

y1(t, 0) = v1
1(t), t ∈ [0, T ],

y1(t, L) = v1
2(t), t ∈ [0, T ],
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satisfies the following regularity property

y1 ∈ C∞((0, T ] × [0, L]).

Proof of Proposition 8.1. This is a consequence of the following lemma which
one can find in [21].

Lemma 8.2. [21, Proposition 1.5 page 276] Let M := Tn. If y0 ∈ L∞(M), then there
exists a unique solution y ∈ L∞([0,∞)×M)∩C∞((0,∞)×M) of the following problem

yt − yxx + yyx = 0,

y(0, .) = y0.

Indeed, the fact that y0 ∈ H1(0, L) implies that y0 ∈ L∞(0, L). Then, we extend y0 by
ỹ0 ∈ L∞(R/LZ) (see Figure 4). We now apply Lemma 8.2 and Proposition 8.1 follows
taking

v1
1(t) := y(t, 0), t ∈ [0, T ],

v1
2(t) := y(t, L), t ∈ [0, T ].

0 L 2L

y0 ỹ0

Figure 4: ỹ0

From now on, we denote by

M̂ := max{|y1(t, .)|C2([0,L]), t ∈ [T/4, 3T/4]}, (8.1)

where y1 is given by Proposition 8.1. Let us now recall the following local exact con-
trollability result due to A. V. Fursikov and O. Yu. Imanuvilov (see [13]).

Proposition 8.3. For any (ŷ, û) ∈ (L2(0, T ;H2(0, L))∩H1(0, T ;L2(0, L)))×L2(0, T )
satisfiying (6.7), there exists R > 0 such that, for any ȳ0 ∈ H1(0, L) which satisfies

|ȳ0(.) − ŷ(3T/4, .)|H1(0,L) < R,

there exist controls (v−(t), v+(t)) ∈ (H3/4(0, T/4))2 such that the solution y of

yt − yxx + yyx = û(t+ 3T/4), t ∈ [0, T/4], x ∈ [0, L], (8.2)

y(t, 0) = v−(t), t ∈ [0, T/4], (8.3)

y(t, L) = v+(t), t ∈ [0, T/4], (8.4)

y(0, x) = ȳ0(x), x ∈ [0, L] (8.5)

belongs to L2(0, T/4;H2(0, L)) ∩H1(0, T/4;L2(0, L)) and satisfies

y(T/4, .) = ŷ(T, .).
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8 Global controllability of the viscous Burgers equation 89

Let also
(ŷ, û) ∈ (L2(0, T ;H2(0, L)) ∩H1(0, T ;L2(0, L))) × L2(0, T )

satisfy (6.7). We define, for any n ≥ 0, yn ∈ C2([0, T ]× [0, L]) such that, as n −→ +∞,

yn −→ ŷ in L2((0, T );H2(0, L)) ∩H1((0, T );L2(0, L)). (8.6)

We recall the following result that one can find in [11].

Lemma 8.4. [11, Theorem 4 page 288] Let X := L2(0, T ;H2(0, L))∩H1(0, T ;L2(0, L))
equipped with the norm

|y|X := |y|L2(0,T ;H2(0,L)) + |y|H1(0,T ;L2(0,L)).

Suppose that y ∈ X. Then y ∈ C0([0, T ];H1(0, L)) and

max{|y(t, .)|H1(0,L), t ∈ [0, T ]} ≤ C|y|X,

the constant C depending only on T and L.

From Lemma 8.4 and (8.6), one can find n0 ≥ 0 such that, for every t ∈ [0, T ],

|yn0(t, .) − ŷ(t, .)|H1(0,L) < R/2, (8.7)

where R is as in Proposition 8.3.

We are now able to prove Theorem 6.2.

8.3 Proof of Theorem 6.2.

Let us assume, for the moment being, that the following main proposition holds.

Proposition 8.5. For every M > 0, there exists K > 0 and there exists δ1 > 0 such
that, for every 0 < δ ≤ δ1, for every z0 ∈ C2([0, L]) and for every z1 ∈ C2([0, L]) which
satisfy

|z0|C2([0,L]) ≤M, (8.8)

|z1|C2([0,L]) ≤M, (8.9)

there exists y2 ∈ L2(0, δ;H2(0, L)) ∩ H1(0, δ;L2(0, L)) and there exist u2, v2
1 and v2

2 ∈
C0((0, δ)) ∩ L2(0, δ) such that

y2
t − y2

xx + y2y2
x = u2(t), t ∈ [0, δ], x ∈ [0, L], (8.10)

y2(t, 0) = v2
1(t), t ∈ [0, δ], (8.11)

y2(t, L) = v2
2(t), t ∈ [0, δ] (8.12)

and

y2(0, x) = z0(x), x ∈ [0, L],

|y2(δ, .) − z1(.)|H1(0,L) ≤ K
√
δ.
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Then let M := M̂ + |yn0|C2([0,T ]×[0,L]), where M̂ is defined by (8.1) and yn0 satisfies
(8.7). Let

0 < δ < min(δ1, R
2/(4K2), T/2), (8.13)

where R is as in Proposition 8.3 and where δ1 and K are as in Proposition 8.5. From
Proposition 8.5, (8.1) and (8.13), there exists y2 ∈ L2(0, δ;H2(0, L))∩H1(0, δ;L2(0, L))
and there exist u2, v2

1 and v2
2 ∈ C0((0, δ)) ∩ L2(0, δ) which satisfy (8.10), (8.11), (8.12)

and such that

y2(0, x) = y1(3T/4 − δ, x), x ∈ [0, L], (8.14)

|y2(δ, .) − yn0(3T/4, .)|H1(0,L) ≤ K
√
δ < R/2. (8.15)

From (8.7) and (8.15), we obtain

|y2(δ, .) − ŷ(3T/4, .)|H1(0,L) < R.

Consequently, from Proposition 8.3 applied for ȳ0 := y2(δ, .), there exist v3
1 and v3

2

defined on [0, T/4] such that the solution y3 of problem (8.2)-(8.5) with ȳ0 := y2(δ, .),
v− := v3

1 and v+ := v3
2 satisfies

y3(T/4, .) = ŷ(T, .).

Then we define Y , U , V1 and V2 by

Y (t, x) :=











y1(t, x) t ∈ [0, 3T/4 − δ], x ∈ [0, L],

y2(t− 3T/4 + δ, x) t ∈ [3T/4 − δ, 3T/4], x ∈ [0, L],

y3(t− 3T/4, x) t ∈ [3T/4, T ], x ∈ [0, L],

U(t) :=











0 t ∈ [0, 3T/4 − δ],

u2(t− 3T/4 + δ) t ∈ [3T/4 − δ, 3T/4],

û(t) t ∈ [3T/4, T ]

V1(t) :=











v1
1(t) t ∈ [0, 3T/4 − δ],

v2
1(t− 3T/4 + δ) t ∈ [3T/4 − δ, 3T/4],

v3
1(t− 3T/4) t ∈ [3T/4, T ]

V2(t) :=











v1
2(t) t ∈ [0, 3T/4 − δ],

v2
2(t− 3T/4 + δ) t ∈ [3T/4 − δ, 3T/4],

v3
2(t− 3T/4) t ∈ [3T/4, T ]

It is easy to see that

Yt − Yxx + Y Yx = U(t), t ∈ [0, T ], x ∈ [0, L],

Y (t, 0) = V1(t), t ∈ [0, T ],

Y (t, L) = V2(t), t ∈ [0, T ],

Y (0, x) = y0(x), x ∈ [0, L],

Y (T, x) = ŷ(T, x), x ∈ [0, L]

and hence the proof of Theorem 6.2 is ended.
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8.4 Proof of Proposition 8.5.

Let a ∈ C∞([0, 1], [0,+∞)) be such that a(t) = 0 on a neighborhood of 0 and 1, such

that
1/2
∫

0

a(s) ds > L and such that for any t ∈ [0, 1/2], a(t) = a(T − t). Let us assume,

for the moment being, that the two following lemmas hold.

Lemma 8.6. There exists C > 0 such that, for every M > 0 there exists δ0 > 0 such
that, for every z0, z1 ∈ C2([0, L]) which satisfy (8.8) and (8.9), for every δ ∈ (0, δ0],
there exists yδ ∈ C2([0, δ] × [0, L]) such that

yδ
t + (aδ + yδ)yδ

x = 0, t ∈ [0, δ], x ∈ [0, L], (8.16)

yδ(0, x) = z0(x), x ∈ [0, L], (8.17)

yδ(δ, x) = z1(x), x ∈ [0, L] (8.18)

and

|yδ|C0([0,δ];C2([0,L])) ≤ CM, (8.19)

where

aδ : [0, δ] → [0,+∞)

t 7→ 1

δ
a

(

t

δ

)

.

Remark 8.7. Here, we can see that the nonviscous case is very important to deal with
the viscous one.

Lemma 8.8. Let M > 0. Let C and δ0 be as in Lemma 8.6. Let δ ∈ (0, δ0]. Let z0,
z1 ∈ C2([0, L]) satisfy (8.8) and (8.9) and let yδ, defined on [0, δ]× [0, L], satisfy (8.16),
(8.17), (8.18) and (8.19). The Cauchy problem

Rδ
t − Rδ

xx +Rδyδ
x +RδRδ

x + (yδ + aδ(t))Rδ
x − yδ

xx = 0, t ∈ [0, δ], x ∈ [0, L], (8.20)

Rδ(0, x) = 0, x ∈ [0, L], (8.21)

Rδ(t, 0) = Rδ
x(t, L) = 0, t ∈ [0, δ], (8.22)

is well-posed in L2(0, δ;H2(0, L))∩H1(0, δ;L2(0, L)). Moreover, there exist K > 0 and
δ1 ∈ (0, δ0] such that for every z0, z1 ∈ C2([0, L]) which satisfy (8.8) and (8.9), for
every δ ∈ (0, δ1] and for every t ∈ (0, δ],

|Rδ(t, .)|H1(0,L) ≤ K
√
t. (8.23)

Let us now prove Proposition 8.5. LetM > 0. Let K and δ1 be as in Lemma 8.8. Let z0,
z1 ∈ C2([0, L]) satisfy (8.8) and (8.9). For every δ ∈ (0, δ1], let y ∈ L2(0, δ;H2(0, L)) ∩
H1(0, δ;L2(0, L)) be defined on [0, δ] × [0, L] by

y := Rδ + yδ + aδ,
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where yδ, defined in Lemma 8.6, satisfies (8.16), (8.17), (8.18) and (8.19) on [0, δ]×[0, L]
and where Rδ denotes the solution of (8.20), (8.21) and (8.22) on [0, δ] × [0, L].
It comes from (8.16), (8.17), (8.18), (8.20), (8.21), (8.22) and the fact that

aδ(0) = aδ(δ) = 0,

that y satisfies

y(0, x) = z0(x), x ∈ [0, L],

yt − yxx + yyx = (aδ)′(t), t ∈ [0, δ], x ∈ [0, L],

y(δ, x) = Rδ(δ, x) + z1(x), x ∈ [0, L].

Moreover, thanks to (8.23), we obtain

|y(δ, .) − z1(.)|2H1(0,L) ≤ Kδ.

This ends the proof of Proposition 8.5.

It remains to prove Lemma 8.6 and Lemma 8.8.
Proof of Lemma 8.6. We have the following result.

Lemma 8.9. There exist ǫ > 0 and C > 0 such that for every z0, z1 ∈ C2([0, L]) which
satisfy

|z0|C2([0,L]) ≤ ǫ

and
|z1|C2([0,L]) ≤ ǫ,

there exists z ∈ C2([0, 1] × [0, L]) such that

zt + (a+ z)zx = 0, t ∈ [0, 1], x ∈ [0, L], (8.24)

z(0, x) = z0(x), x ∈ [0, L], (8.25)

z(1, x) = z1(x), x ∈ [0, L]. (8.26)

and

|z|C2([0,1]×[0,L]) ≤ C(|z0|C2([0,L]) + |z1|C2([0,L])).

Proof of Lemma 8.9. This is a consequence of the following lemma, which can
be proved in a manner similar to the one of Proposition 7.6 (let us recall that we have

assumed that
∫ 1/2

0
a(t) dt > L).

Lemma 8.10. There exist ǫ > 0 and C > 0 such that for any z0 ∈ C2([0, L]) which
satisfies

|z0|C2([0,L]) ≤ ǫ,

there exists z ∈ C2([0, 1/2] × [0, L]) such that

zt + (a+ z)zx = 0, t ∈ [0, 1/2], x ∈ [0, L], (8.27)

z(0, x) = z0(x), x ∈ [0, L], (8.28)

z(1/2, x) = 0, x ∈ [0, L] (8.29)
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and

|z|C2([0,1/2]×[0,L]) ≤ C|z0|C2([0,L]). (8.30)

Let also ǫ and C be as in Lemma 8.10. Let z0, z1 ∈ C2([0, L]) satisfy |z0|C2([0,L]) ≤ ǫ
and |z1|C2([0,L]) ≤ ǫ. From Lemma 8.10, there exists Z0, Z1 ∈ C2([0, 1/2] × [0, L])
solutions of















Z0
t + (a+ Z0)Z0

x = 0, t ∈ [0, 1/2], x ∈ [0, L],
Z0(0, x) = z0(x), x ∈ [0, L],
Z0(1/2, x) = 0, x ∈ [0, L],
|Z0|C2([0,1/2]×[0,L]) ≤ C|z0|C2([0,L])

(8.31)

and














Z1
t + (a+ Z1)Z1

x = 0, t ∈ [0, 1/2], x ∈ [0, L],
Z1(0, x) = z1(L− x), x ∈ [0, L],
Z1(1/2, x) = 0, x ∈ [0, L],
|Z1|C2([0,1/2]×[0,L]) ≤ C|z1|C2([0,L]).

(8.32)

We define z by

z(t, x) :=

{

Z0(t, x) t ∈ [0, 1/2], x ∈ [0, L],

Z1(1 − t, L− x) t ∈ [1/2, 1], x ∈ [0, L].

Lemma 8.9 follows using the definition of z, (8.31), (8.32) and the fact that a(t) =
a(1 − t) for any t ∈ [0, T ].

Let us now end the proof of Lemma 8.6. Let ǫ, C > 0 be as in Lemma 8.9. Let
M > 0. Let 0 < δ0 < 1 be such that

δ0M ≤ ǫ.

From Lemma 8.9, for every z0, z1 ∈ C2([0, L]) which satisfy (8.8) and (8.9), for every
δ ∈ (0, δ0], there exists z, defined on [0, 1] × [0, L], which satisfies (8.24) and

z(0, x) = δz0(x), x ∈ [0, L], (8.33)

z(1, x) = δz1(x), x ∈ [0, L] (8.34)

|z|C2([0,1]×[0,L]) ≤ δC(|z0|C2([0,L]) + |z1|C2([0,L])). (8.35)

Lemma 8.6 follows by defining y on [0, δ] × [0, L] by

y(t, x) :=
1

δ
z

(

t

δ
, x

)

.

Proof of Lemma 8.8. Let M > 0. Let C and δ0 as in Lemma 8.6. Let z0,
z1 ∈ C2([0, L]) satisfy (8.8) and (8.9). The well-posedness of the Cauchy problem is
classical. We need to evaluate Rδ(t, .), for δ > 0 small enough and 0 < t ≤ δ. Let also
0 < δ ≤ δ0. Let us first remark that the fact that

Rδ(t, 0) = 0, t ∈ [0, δ],
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implies that

|Rδ(t, .)|L∞(0,L) ≤
√
L





L
∫

0

(Rδ
x)

2





1/2

, t ∈ [0, δ]. (8.36)

We multiply (8.20) by −2Rδ
xx and integrate on (0, L).

− 2

L
∫

0

Rδ
xxR

δ
t + 2

L
∫

0

(Rδ
xx)

2 − 2

L
∫

0

Rδ
xxR

δyδ
x − 2

L
∫

0

Rδ
xxR

δRδ
x

− 2

L
∫

0

Rδ
xxy

δRδ
x − 2

L
∫

0

Rδ
xxa

δRδ
x + 2

L
∫

0

Rδ
xxy

δ
xx = 0. (8.37)

One easily obtains

−2

L
∫

0

Rδ
xxR

δ
t = 2

L
∫

0

Rδ
xR

δ
tx − 2[Rδ

xR
δ
t ]

L
0 = 2

L
∫

0

Rδ
xR

δ
tx =

d

dt

L
∫

0

(Rδ
x)

2,

−2

L
∫

0

aδ(t)Rδ
xR

δ
xx = −aδ(t)[(Rδ

x)
2]L0 = aδ(t)(Rδ

x(t, 0))2

and the following estimates (see in particular (8.36))

2

L
∫

0

Rδ
xxR

δyδ
x ≤ |yδ|C0([0,δ];C2([0,L]))



ǫ1

L
∫

0

(Rδ
xx)

2 +
1

ǫ1

L
∫

0

(Rδ)2





≤ |yδ|C0([0,δ];C2([0,L]))



ǫ1

L
∫

0

(Rδ
xx)

2 +
L2

ǫ1

L
∫

0

(Rδ
x)

2



 ,

2

L
∫

0

RδRδ
xR

δ
xx ≤ 1

ǫ2

L
∫

0

(Rδ)2(Rδ
x)

2 + ǫ2

L
∫

0

(Rδ
xx)

2

≤ L

ǫ2





L
∫

0

(Rδ
x)

2





2

+ ǫ2

L
∫

0

(Rδ
xx)

2,

2

L
∫

0

yδRδ
xR

δ
xx ≤ |yδ|C0([0,δ];C2([0,L]))





1

ǫ3

L
∫

0

(Rδ
x)

2 + ǫ3

L
∫

0

(Rδ
xx)

2



 ,
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2

L
∫

0

yδ
xxR

δ
xx ≤ 1

ǫ4

L
∫

0

(yδ
xx)

2 + ǫ4

L
∫

0

(Rδ
xx)

2

≤ L

ǫ4
|yδ|2C0([0,δ];C2([0,L])) + ǫ4

L
∫

0

(Rδ
xx)

2,

where ǫi, i = 1, ..., 4, denote various positive constants to be chosen later. Hence, using
(8.19), (8.37) and the previous estimates, we get

d

dt

L
∫

0

(Rδ
x)

2 ≤ −2

L
∫

0

(Rδ
xx)

2 +
L

ǫ2





L
∫

0

(Rδ
x)

2





2

+ ǫ2

L
∫

0

(Rδ
xx)

2 − aδ(t)(Rδ
x(t, 0))2

+ CM



ǫ1

L
∫

0

(Rδ
xx)

2 +
L2

ǫ1

L
∫

0

(Rδ
x)

2





+ CM





1

ǫ3

L
∫

0

(Rδ
x)

2 + ǫ3

L
∫

0

(Rδ
xx)

2





+
L

ǫ4
C2M2 + ǫ4

L
∫

0

(Rδ
xx)

2

≤ (−2 + CM(ǫ1 + ǫ3) + ǫ2 + ǫ4)

L
∫

0

(Rδ
xx)

2

+ CM

(

L2

ǫ1
+

1

ǫ3

)

L
∫

0

(Rδ
x)

2 +
L

ǫ2





L
∫

0

(Rδ
x)

2





2

+
L

ǫ4
C2M2.

We take

ǫ1 = ǫ3 := 1/(2CM)

and

ǫ2 = ǫ4 := 1/2.

It follows from the last inequality that there exists K1 > 0 such that, for every z0, z1

which satisfy (8.8) and (8.9) and for every δ ∈ (0, δ0],

d

dt

L
∫

0

(Rδ
x)

2 ≤ K1






1 +

L
∫

0

(Rδ
x)

2 +





L
∫

0

(Rδ
x)

2





2





. (8.38)

Using (8.38), the fact that for every δ ∈ (0, δ0], R
δ(0, .) = 0 and classical arguments on

ordinary differential equations, we get the existence of K2 > 0 and of δ1 ∈ (0, δ0], such
that, for every z0, z1 which satisfy (8.8) and (8.9), for every δ ∈ (0, δ1] and for every
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t ∈ (0, δ],

L
∫

0

(Rδ
x(t, x))

2 dx ≤ K2t. (8.39)

It follows immediatly from (8.36) and (8.39) that there exists K3 > 0 such that, for
every z0, z1 which satisfy (8.8) and (8.9), for every δ ∈ (0, δ1] and for every t ∈ (0, δ],

L
∫

0

(Rδ(t, x))2 dx ≤ K3t.

This ends the proof of Lemma 8.8.

9 Appendix A

This part is devoted to the proof of Proposition 7.11. From the definition of z (see
(7.55)), the main point consists in proving the two following lemmas.

Lemma 9.1. Let R > 0 and let f ∈ BR := {f ∈ C1([0, T ] × R), ‖f‖ ≤ R}. Let

φ : [0, T ] × [0, T ] × R → R

(t1, t2, x) 7→ φ(t1, t2, x),
(9.1)

be the flow associated to the ordinary differential equation ξ̇ = f(t, ξ):

∂φ

∂t1
(t1, t2, x) = f(t1, φ(t1, t2, x)), (t1, t2, x) ∈ [0, T ] × [0, T ] × R, (9.2)

φ(t2, t2, x) = x, t2 ∈ [0, T ], x ∈ R. (9.3)

Then for any L > 0, there exists M(T,R, L) > 0 such that |φ|C1([0,T ]×[0,T ]×[0,L]) ≤
M(T,R, L).

Lemma 9.2. Let R > 0. Then

G : BR → C1([0, T ] × [0, T ] × [0, L])
f 7→ φ,

(9.4)

where φ is defined above, is continuous.

Proof of Lemma 9.1. Let L > 0, R > 0 and f ∈ BR. Let (t1, t2, x) ∈ [0, T ] ×
[0, T ]× [0, L]. We want to prove that for all ǫ > 0, there exists δ > 0 such that for any
(t′1, t

′
2, x

′) ∈ [0, T ] × [0, T ] × [0, L] such that |(t1, t2, x) − (t′1, t
′
2, x

′)| < δ, then

|φ(t1, t2, x) − φ(t′1, t
′
2, x

′)| +
∣

∣

∣

∣

∂φ

∂t1
(t1, t2, x) −

∂φ

∂t1
(t′1, t

′
2, x

′)

∣

∣

∣

∣

+

∣

∣

∣

∣

∂φ

∂x
(t1, t2, x) −

∂φ

∂x
(t′1, t

′
2, x

′)

∣

∣

∣

∣

+

∣

∣

∣

∣

∂φ

∂t2
(t1, t2, x) −

∂φ

∂t2
(t′1, t

′
2, x

′)

∣

∣

∣

∣

< ǫ.

(9.5)
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Throughout the whole proof of Lemma 9.1, Ci, i ≥ 16, denotes various positive con-
stants which may vary from line to line and only depend on R and T . Let us first note
that using Lemma 7.12 applied in the case where α ≡ 1, one proves that there exists
C16 > 0 such that for any δ > 0, for any ((s, t, ξ), (s, t′, ξ′)) ∈ ([0, T ] × [0, T ] × [0, L])2

such that |(s, t, ξ) − (s′, t′, ξ′)| ≤ δ,

|φ(s, t, ξ) − φ(s′, t′, ξ′)| < C16δ. (9.6)

This gives us the continuity of φ on [0, T ] × [0, T ] × [0, L]. Moreover,
∣

∣

∣

∣

∂φ

∂t1
(t1, t2, x) −

∂φ

∂t1
(t′1, t

′
2, x

′)

∣

∣

∣

∣

= |f(t1, φ(t1, t2, x)) − f(t′1, φ(t′1, t
′
2, x

′))|
≤ |f(t1, φ(t1, t2, x)) − f(t′1, φ(t1, t2, x))|

+ |f(t′1, φ(t1, t2, x)) − f(t′1, φ(t′1, t
′
2, x

′))|.

Using (9.6) and the fact that f ∈ BR, we obtain the existence of C17 > 0 such that
∣

∣

∣

∣

∂φ

∂t1
(t1, t2, x) −

∂φ

∂t1
(t′1, t

′
2, x

′)

∣

∣

∣

∣

< C17δ. (9.7)

Then, using Lemma 7.12,
∣

∣

∣

∣

∂φ

∂x
(t1, t2, x) −

∂φ

∂x
(t′1, t

′
2, x

′)

∣

∣

∣

∣

≤
∣

∣

∣

∣

∂φ

∂x
(t1, t2, x) −

∂φ

∂x
(t1, t

′
2, x

′)

∣

∣

∣

∣

+

∣

∣

∣

∣

∂φ

∂x
(t1, t

′
2, x

′) − ∂φ

∂x
(t′1, t

′
2, x

′)

∣

∣

∣

∣

≤
∣

∣

∣

∣

∂φ

∂x
(t1, t2, x) −

∂φ

∂x
(t1, t

′
2, x

′)

∣

∣

∣

∣

+ C18δ.

(9.8)

But, for any s ∈ [0, T ], for any ((t, ξ), (t′, ξ′)) ∈ ([0, T ] × [0, L])2 such that |(t, ξ) −
(t′, ξ′)| ≤ δ,

∣

∣

∣

∣

∂2φ

∂t1∂x
(s, t, ξ) − ∂2φ

∂t1∂x
(s, t′, ξ′)

∣

∣

∣

∣

≤ R

∣

∣

∣

∣

∂φ

∂x
(s, t, ξ) − ∂φ

∂x
(s, t′, ξ′)

∣

∣

∣

∣

+C19|fx(s, φ(s, t, ξ))− fx(s, φ(s, t′, ξ′))|.
Moreover,
∣

∣

∣

∣

∂φ

∂x
(t, t, ξ) − ∂φ

∂x
(t, t′, ξ′)

∣

∣

∣

∣

≤
∣

∣

∣

∣

∂φ

∂x
(t, t, ξ) − ∂φ

∂x
(t′, t′, ξ′)

∣

∣

∣

∣

+

∣

∣

∣

∣

∂φ

∂x
(t′, t′, ξ) − ∂φ

∂x
(t, t′, ξ′)

∣

∣

∣

∣

≤ C20δ.

Thus applying Gronwall’s lemma, we get that for any s ∈ [0, T ], for any ((t, ξ), (t′, ξ′)) ∈
([0, T ] × [0, L])2 such that |(t, ξ) − (t′, ξ′)| ≤ δ,
∣

∣

∣

∣

∂φ

∂x
(s, t, ξ) − ∂φ

∂x
(s, t′, ξ′)

∣

∣

∣

∣

≤ C21(δ

+

∫ s

t

|fx(τ, φ(τ, t, ξ)) − fx(τ, φ(τ, t′, ξ′))| dτ.
(9.9)
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Since φ is continuous on [0, T ] × [0, T ] × [0, L], φ is bounded on [0, T ] × [0, T ] × [0, L]
by M > 0. Since fx is continuous on [0, T ] × [−M,M ], fx is uniformly continuous on
[0, T ] × [−M,M ] and thus, there exists η > 0 such that for any ((τ,X), (τ ′, X ′)) ∈
([0, T ]× [−M,M ])2 satisfying |(τ,X)− (τ ′, X ′)| < η, we have |fx(τ,X) − fx(τ

′, X ′)| <
ǫ/(8C21T max(1, R)). Let also δ ≤ η/C16. From (9.6), for any τ ∈ [0, T ], for any
((t, ξ), (t′, ξ′)) ∈ ([0, T ] × [0, L])2 such that |(t, ξ) − (t′, ξ′)| ≤ δ, we have |φ(τ, t, ξ) −
φ(τ, t′, ξ′)| < η and consequently (9.9) becomes

∣

∣

∣

∣

∂φ

∂x
(s, t, x) − ∂φ

∂x
(s, t′, x′)

∣

∣

∣

∣

< C21δ +
ǫ

8 max(1, R)
. (9.10)

We apply this last inequality for ((s, t, ξ), (s′, t′, ξ′)) := ((t1, t2, x), (t
′
1, t

′
2, x

′)) and (9.8)
becomes

∣

∣

∣

∣

∂φ

∂x
(t1, t2, x) −

∂φ

∂x
(t′1, t

′
2, x

′)

∣

∣

∣

∣

≤ C22δ +
ǫ

8 max(1, R)
. (9.11)

It remains to estimate

∣

∣

∣

∣

∂φ

∂t2
(t1, t2, x) −

∂φ

∂t2
(t′1, t

′
2, x

′)

∣

∣

∣

∣

. Using (9.11) we get

∣

∣

∣

∣

∂φ

∂t2
(t1, t2, x) −

∂φ

∂t2
(t′1, t

′
2, x

′)

∣

∣

∣

∣

= | − f(t2, x)
∂φ

∂x
(t1, t2, x) + f(t′2, x

′)
∂φ

∂x
(t′1, t

′
2, x

′)|

< C23δ +R
ǫ

8 max(1, R)

< C23δ +
ǫ

8
.

Lemma 9.1 follows taking

δ := min

(

ǫ

4C16

,
ǫ

4C17

,
η

C16

,
ǫ

8C22

,
ǫ

8C23

)

.

Proof of Lemma 9.2. Let R > 0 and f 1 ∈ BR. We want to prove that for all
ǫ > 0, there exists δ > 0 such that for any f 2 ∈ BR such that ‖f 1 − f 2‖ < δ, then, if φ1

and φ2 denote the flows respectively associated to the ordinary differential equations
ξ̇ = f 1(t, ξ) and ξ̇ = f 2(t, ξ), we have

|φ1 − φ2|C1([0,T ]×[0,T ]×[0,L]) < ǫ. (9.12)

Throughout the whole proof of Lemma 9.2, Ci, i ≥ 24, denotes various positive con-
stants which may vary from line to line and only depend on R and T . We first estimate
|φ1 − φ2|∞. Since for any (t1, t2, x) ∈ [0, T ] × [0, T ] × [0, L],

∣

∣

∣

∣

∂φ1

∂t1
(t1, t2, x) −

∂φ2

∂t1
(t1, t2, x)

∣

∣

∣

∣

≤ R|φ1(t1, t2, x) − φ2(t1, t2, x)| + δ (9.13)

and since
|φ1(t2, t2, x) − φ2(t2, t2, x)| = 0,
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it follows from Gronwall’s lemma that

|φ1 − φ2|∞ < C24δ.

Then, it follows from (9.13) that
∣

∣

∣

∣

∂φ1

∂t1
− ∂φ2

∂t1

∣

∣

∣

∣

∞

< C25δ.

Next, for any (t1, t2, x) ∈ [0, T ] × [0, T ] × [0, L],
∣

∣

∣

∣

∂2φ1

∂t1∂x
(t1, t2, x) −

∂2φ2

∂t1∂x
(t1, t2, x)

∣

∣

∣

∣

≤ R

∣

∣

∣

∣

∂φ1

∂x
(t1, t2, x) −

∂φ2

∂x
(t1, t2, x)

∣

∣

∣

∣

+C26|f 1
x(t1, φ

1(t1, t2, x)) − f 1
x(t1, φ

2(t1, t2, x))|
+ C27δ

≤ R

∣

∣

∣

∣

∂φ1

∂x
(t1, t2, x) −

∂φ2

∂x
(t1, t2, x)

∣

∣

∣

∣

+ C26ωC24δ(f
1
x) + C27δ

≤ R

∣

∣

∣

∣

∂φ1

∂x
(t1, t2, x) −

∂φ2

∂x
(t1, t2, x)

∣

∣

∣

∣

+ C26([C24] + 1)ωδ(f
1
x) + C27δ,

where the notation ωρ(g) was introduced in (7.68). Moreover,
∣

∣

∣

∣

∂φ1

∂x
(t2, t2, x) −

∂φ2

∂x
(t2, t2, x)

∣

∣

∣

∣

= 0.

Thus, applying Gronwall’s lemma, we get that for any (t1, t2, x) ∈ [0, T ]× [0, T ]× [0, L],
∣

∣

∣

∣

∂φ1

∂x
(t1, t2, x) −

∂φ2

∂x
(t1, t2, x)

∣

∣

∣

∣

≤ C28(δ + ωδ(f
1
x)). (9.14)

Finally,
∣

∣

∣

∣

∂φ1

∂t2
(t1, t2, x) −

∂φ2

∂t2
(t1, t2, x)

∣

∣

∣

∣

=

∣

∣

∣

∣

−f 1(t2, x)
∂φ1

∂x
(t1, t2, x) + f 2(t2, x)

∂φ2

∂x
(t1, t2, x)

∣

∣

∣

∣

≤ C29δ +R

∣

∣

∣

∣

∂φ1

∂x
(t1, t2, x) −

∂φ2

∂x
(t1, t2, x)

∣

∣

∣

∣

< C29δ +RC28(δ + ωδ(f
1
x)).

Lemma 9.2 follows by taking δ > 0 such that

max(1, R)C28ωδ(f
1
x) ≤ ǫ

8

and such that

δ ≤ min

(

ǫ

4C24
,

ǫ

4C25
,

ǫ

8C28
,

ǫ

8(C29 +RC28)

)

.
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100 Contrôlabilité globale d’équations de Burgers

100



Bibliography

[1] Fabio Ancona and Andrea Marson. On the attainable set for scalar nonlinear
conservation laws with boundary control. SIAM J. Control Optim., 36(1):290–
312, 1998.
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[14] Olivier Glass. Contrôlabilité exacte frontière de l’équation d’Euler des fluides
parfaits incompressibles en dimension 3. C. R. Acad. Sci. Paris Sér. I Math.,
325(9):987–992, 1997.

[15] Olivier Glass. Exact boundary controllability of 3-D Euler equation. ESAIM
Control Optim. Calc. Var., 5:1–44 (electronic), 2000.

[16] Olivier Glass and Sergio Guerrero. On the uniform controllability of the Burgers
equation. Preprint, Université de Paris 6, 2006.

[17] Sergio Guerrero and Oleg Imanuvilov. Remarks on global controllability for the
Burgers equation with two control forces. Ann. Inst. H. Poincaré Anal. Non
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We are interested in both the global exact controllability to the trajectories and in
the global exact controllability of a nonlinear Korteweg-de Vries equation in a bounded
interval. The local exact controllability to the trajectories by means of one boundary
control, namely the boundary value at the left endpoint, has already been proved
independently by L. Rosier and by O. Glass and S. Guerrero. We first introduce here
two more controls: the boundary value at the right endpoint and the right member of
the equation, assumed to be x-independent. Then we prove that, thanks to these three
controls, one has the global exact controllability to the trajectories, for any positive time
T . Finally, introducing a fourth control on the first derivative at the right endpoint,
we get the global exact controllability, for any positive time T .

10 Introduction

Let T , L > 0. The first Korteweg-de Vries (KdV) control system we are interested in
is the following one

yt + yx + yxxx + yyx = u(t), (t, x) ∈ (0, T ) × (0, L), (10.1)

y(t, 0) = v1(t), y(t, L) = v2(t), t ∈ (0, T ), (10.2)

yx(t, L) = 0, t ∈ (0, T ), (10.3)

where, at time t ∈ [0, T ], the state is y(t, .) : [0, L] → R and the controls are v1(t), v2(t)
and u(t) ∈ R.

The second control system we consider here consists in (10.1), (10.2) and

yx(t, L) = w(t), t ∈ (0, T ), (10.4)

where, at time t ∈ [0, T ], the state is y(t, .) : [0, L] → R and the controls are v1(t),
v2(t), w(t) and u(t) ∈ R.

Equation (10.1), which is a well known example of nonlinear dispersive partial differen-
tial equation, has been introduced by D. Korteweg and G. de Vries in [19] and describes
the evolution of long water waves in a canal of rectangular cross section. Numerous
other applications of the KdV equation have also been found, justifying its intense
study. One can cite for example various domains of science concerned with solids, liq-
uids, gazes or plasmas (see e.g. [14] and [29]).

Before coming into the details of the problems we are concerned with, that is, the
global exact controllability to the trajectories of the control system (10.1)-(10.3) and
the global exact controllability of the control system (10.1), (10.2), (10.4), for any time
T > 0, let us recall previous works which deal with the controllability of a nonlinear
KdV equation in the special case where u := 0.

Let us begin with the case where one is allowed to use only one control. More precisely,
let us consider the following KdV control system
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{

yt + yx + yxxx + yyx = 0, (t, x) ∈ (0, T ) × (0, L),
y(t, 0) = 0, y(t, L) = 0, yx(t, L) = w(t), t ∈ (0, T ),

(10.5)

where, at time t ∈ [0, T ], the state is y(t, .) : [0, L] → R and the control is w(t) ∈ R.

- In [23], L. Rosier proves that there actually appears a set of critical lengths for the
spatial domain,

N :=

{

2π

√

k2 + kl + l2

3
; k, l ∈ N

∗

}

,

which plays a major role in the controllability of (10.5). He proves using multipliers
technique, Hilbert Uniqueness Method and a fixed point theorem that the control sys-
tem (10.5) is locally exactly controllable in L2(0, L) around the origin provided that
L /∈ N . He also proves that if L ∈ N , then the linearized control system of (10.5)
around the origin, which is

{

yt + yx + yxxx = 0, (t, x) ∈ (0, T ) × (0, L),
y(t, 0) = 0, y(t, L) = 0, yx(t, L) = w(t), t ∈ (0, T ),

is not exactly controllable in L2(0, L), because of the existence of a finite dimensional
subspace M ⊂ L2(0, L), unreachable for the linear system.
- In [12], J.-M. Coron and E. Crépeau perform a power series expansion to deal with
the nonlinearity to prove the exact local controllability of the control system (10.5) in
L2(0, L), around the origin, in the case where dim M = 1.
- In [2], E. Cerpa uses the same method to prove it for a sufficiently large time in the
case where the subspace M previously mentionned is two-dimensional.
- Then, E. Cerpa and E. Crépeau have recently obtained in [3] the same result for any
critical domain.
- Finally, L. Rosier in [26] and O. Glass and S. Guerrero in [17] prove a result of local
exact controllability to the trajectories for the following control system

{

yt + yx + yxxx + yyx = 0, (t, x) ∈ (0, T ) × (0, L),
y(t, 0) = h1(t), y(t, L) = 0, yx(t, L) = 0, t ∈ (0, T ).

In the case where one is allowed to use more than one control, L. Rosier points out in
[23] that the following control system

{

yt + yx + yxxx + yyx = 0, (t, x) ∈ (0, T ) × (0, L),
y(t, 0) = 0, y(t, L) = h2(t), yx(t, L) = h3(t), t ∈ (0, T ),

is locally exactly controllable in L2(0, L) around the origin whatever T and L are.
- In [30], B.-Y. Zhang proves that the control system

{

yt + yx + yxxx + yyx = 0, (t, x) ∈ (0, T ) × (0, L),
y(t, 0) = h1(t), y(t, L) = h2(t), yx(t, L) = h3(t), t ∈ (0, T ),

is exactly controllable in a neighborhood of a given smooth solution of the KdV equa-
tion, in Hs(0, L), for any s ≥ 0.
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- O. Glass and S. Guerrero prove in [17] the local exact controllability of the following
control system

{

yt + yx + yxxx + yyx = 0, (t, x) ∈ (0, T ) × (0, L),
y(t, 0) = h1(t), y(t, L) = h2(t), yx(t, L) = 0, t ∈ (0, T ).

- Finally, L. Rosier proves in [24] the global exact controllability of (KdV) by means of
only boundary controls, that is the global exact controllability of the following control
system

{

yt + yx + yxxx + yyx = 0, (t, x) ∈ (0, T ) × (0, L),
y(t, 0) = h1(t), y(t, L) = h2(t), yx(t, L) = h3(t), t ∈ (0, T ),

holds true for a (possibly large) time depending on the initial and final states. However,
the question of the existence of a minimal time for the global exact controllability of
this last control system remains open.

Let us now talk about the problem we are concerned with. As one shall see, we
want to study an initial boundary value problem for the KdV equation posed in a
bounded interval with nonhomogenous boundary conditions. Our aim is first to prove
a global exact controllability to the trajectories result of the KdV equation for any time
T > 0, when three controls are acting over the system. These three controls are the two
boundary values and the right member of the equation, assumed to be constant with
respect to the space variable. Then we want to deduce from this result the global exact
controllability of the KdV equation when we have four controls. These controls are the
three controls previously mentionned plus the first derivative at the right endpoint.

The precise results are the following.

Theorem 10.1. For any T , L > 0, for any y0 ∈ L2(0, L) and for any

ŷ ∈ C0([0, T ];L2(0, L)) ∩ L2(0, T ;H1
0(0, L))

which satisfies
{

ŷt + ŷx + ŷxxx + ŷŷx = 0, (t, x) ∈ (0, T ) × (0, L),
ŷ(t, 0) = 0, ŷ(t, L) = 0, ŷx(t, L) = 0, t ∈ (0, T ),

there exist v1, v2 ∈ ∩
ǫ∈(0,1/2)

H1/2−ǫ(0, T ) and there exists u ∈ C∞([0, T ]) vanishing on

a neighborhood of 0 and T such that there exists a unique y ∈ C0([0, T ];L2(0, L)) ∩
L2(0, T ;H1(0, L)) solution of (10.1)-(10.3),

y(0, x) = y0(x), x ∈ (0, L), (10.6)

and

y(T, x) = ŷ(T, x), x ∈ (0, L). (10.7)

Theorem 10.2. For any T , L > 0, for any y0 and yT ∈ L2(0, L), there exist

v1, v2 ∈ ∩
ǫ∈(0,1/2)

H1/2−ǫ(0, T ),
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there exists w ∈ L2(0, T ) and there exists u ∈ C∞([0, T ]) vanishing on a neighborhood
of 0 and T such that there exists a unique y ∈ C0([0, T ];L2(0, L)) ∩ L2(0, T ;H1(0, L))
solution of (10.1), (10.2), (10.4), (10.6) and

y(T, x) = yT (x), x ∈ (0, L). (10.8)

The introduction of the control u(t) in the right member of the equation has two
motivations. The first one has already been mentionned. This is the fact that the
existence of a minimal time for the global exact controllability of (KdV) by means of
only boundary controls is still an open problem. The second one is that thanks to this
control u(t), we had obtained global exact controllability results for both the nonvis-
cous and viscous Burgers equations (see [6] and [5]).

Let us finally conclude this part with a brief description of our strategy to prove
Theorem 10.1 and Theorem 10.2. Firstly, we point out that the global null controlla-
bility of the control system (10.1), (10.2),(10.4) implies its global exact controllability.
Hence, Theorem 10.2 is nothing but a consequence of Theorem 10.1.
Then it only remains to prove Theorem 10.1. To prove such a global controllability
result for the nonlinear control system (10.1)-(10.3), one may want to use the control-
lability of the linearized control system around the origin, that is, the controllability of
the following control system

{

yt + yx + yxxx = 0, (t, x) ∈ (0, T ) × (0, L),
y(t, 0) = h1(t), y(t, L) = h2(t), yx(t, L) = 0, t ∈ (0, T ).

But in this way, one only obtains a local controllability result for the nonlinear control
system (see [17]). (See Figure 1.)

0 T

ỹ0

ŷ(0, .)

(ŷ, 0)
ŷ(T, .)

R

Figure 1: Local controllability of the nonlinear control system

Consequently our idea is to reduce the proof of Theorem 10.1 to proving an approx-
imate controllability result in the case of smooth initial and final datas (part (2) on
Figure 10.2). To this aim, we use two different properties of a nonlinear KdV equation.
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0 T0 T0 + δ T

(ŷ, 0)

y0

(1)

(2)

(3)
R

Figure 2: Strategy of the proof of Theorem 10.1

The first one is a smoothing effect that has already been mentionned by T. Kato in [18]
and L. Rosier in [23]. (It corresponds to the part (1) on Figure 2.) The second one is
the local exact controllability result proved by O. Glass and S. Guerrero in [17] (part
(3) on Figure 2). The key point to prove such an approximate controllability result is
to consider the linear term yx + yxxx as perturbative compared to the quadratic term
yyx. We thus want to use the controllability of the nonviscous Burgers equation to
obtain controllability results for the KdV equation. This idea is inspired by the papers
[9] of J.-M. Coron and [13] of J.-M. Coron and A. Fursikov where results on the con-
trollability of the Euler equation are used to prove global controllability results on the
2-D incompressible Navier-Stokes equations. (See also [23, section 3.5.2], for control
systems in finite dimension.)

Remark 10.3. One can find other results on the controllability or the stabilization of
KdV control systems in [4, 60, 61, 66, 68, 69] and the references therein.

Acknowledgments The author thanks J.-M. Coron for having attracted her at-
tention on this controllability problem and advices on this work and S. Guerrero for
fruitful discussions and useful comments.

11 Well-posedness results and smoothing effect

In this section, we recall some existence and uniqueness results, as well as a regularity
property for the KdV equation that we shall use later.

11.1 Well-posedness results for the Cauchy problem without internal force

We consider the following Cauchy problem







yt + yx + yxxx + yyx = 0,
y(t, 0) = h1(t), y(t, L) = h2(t), yx(t, L) = h3(t),
y(0, x) = ỹ(x).

(11.1)
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Let us first remark that if y is a smooth solution of (11.1), then its initial condition ỹ
and its boundary values have to satisfy some compatibility conditions, which are:

ỹk(0) = h
(k)
1 (0), ỹk(L) = h

(k)
2 (0), ỹ′k(L) = h

(k)
3 (0), ∀k ∈ N,

where the functions ỹk, k ∈ N, are defined iteratively as follows










ỹ0(x) := ỹ(x),

ỹk(x) := −ỹ(3)
k−1(x) − ỹ′k−1(x) −

1

2

k−1
∑

j=0

(

k − 1
j

)

(ỹj(x)ỹk−j−1(x))
′.

From now on, for any r ∈ R, we denote by [r] the unique integer such that

[r] ≤ r < [r] + 1.

If we consider the global well-posedness of (11.1) in Hs(0, L), s ≥ 0 given, it comes the
following s-compatibility conditions.

Definition 11.1. Let T > 0 and s ≥ 0. A four-tuple (ỹ,~h) = (ỹ, h1, h2, h3) ∈
Hs(0, L) ×H(s+1)/3(0, T ) ×H(s+1)/3(0, T ) ×Hs/3(0, T ) is said to be s-compatible if

ỹk(0) = h
(k)
1 (0), ỹk(L) = h

(k)
2 (0) (11.2)

hold for
- k = 0, ..., [s/3] − 1 when s− 3[s/3] ≤ 1/2
- k = 0, ..., [s/3] when s− 3[s/3] > 1/2
and

ỹ′k(L) = h
(k)
3 (0) (11.3)

holds for
- k = 0, ..., [s/3] − 1 when s− 3[s/3] ≤ 3/2
- k = 0, ..., [s/3] when s− 3[s/3] > 3/2.
Note that (11.2) is vacuous if s ≤ 1/2 and that (11.3) is vacuous if s ≤ 3/2.

Remark 11.2. Observe that our assumptions on hj, j = 1, 2, 3 imply that

- for any s > 1/2, h
(k)
j (0) makes sense for any k = 0, ..., [s/3]−1 and for any j ∈ {1, 2},

- if s − 3[s/3] > 1/2, then (s + 1)/3 > [s/3] + 1/2 and so h
([s/3])
j (0) makes also sense

for any j ∈ {1, 2},
- for any s > 3/2, h

(k)
3 (0) makes sense for any k = 0, ..., [s/3] − 1,

- if s− 3[s/3] > 3/2, then s/3 > [s/3] + 1/2 and so h
([s/3])
3 (0) makes also sense.

Let ǫ > 0. Let us now define

µ1(s) :=

{

ǫ+ (5s+ 9)/18 if 0 ≤ s < 3,

(s+ 1)/3 if s ≥ 3;

µ2(s) :=

{

ǫ+ (5s+ 3)/18 if 0 ≤ s < 3,

s/3 if s ≥ 3.

We have the following result.
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Theorem 11.3. [6, Theorem 1.3 page 1396] For any s ≥ 0, for any T , L > 0 and for

any s-compatible (ỹ,~h) ∈ Hs(0, L)×Hµ1(s)(0, T )×Hµ1(s)(0, T )×Hµ2(s)(0, T ), (11.1) is
well-posed in the space

C0([0, T ];Hs(0, L)) ∩ L2(0, T ;Hs+1(0, L)).

11.2 Smoothing effect

As a consequence of Theorem 11.3, one has the following result (see [18] and [23] for
similar results).

Proposition 11.4. Let T , L > 0 and let y0 ∈ L2(0, L). There exists 0 < η < T/4 such

that the solution y ∈ C0([0, T ];L2(0, L)) ∩ L2(0, T ;H1(0, L)) of (11.1) with (ỹ,~h) :=
(y0, 0, 0, 0) satisfies the following property

y ∈ C0([η, T ];H4(0, L)) ∩ L2(η, T ;H5(0, L)).

Proof of Proposition 11.4. From Theorem 11.3, there exists a unique

y1 ∈ C0([0, T ];L2(0, L)) ∩ L2(0, T ;H1(0, L))

solution of (11.1) with (ỹ,~h) := (y0, 0, 0, 0). The fact that

y1 ∈ L2(0, T ;H1(0, L))

implies that for almost every t ∈ [0, T ],

y1(t, .) ∈ H1(0, L).

Thus, one can find t0 ∈ (0, T/4) such that

y1(t0, .) ∈ H1(0, L).

We now apply Theorem 11.3 on the interval of time [0, T − t0] with the initial condition

ỹ(.) := y1(t0, .)

and the boundary values

(h1(t), h2(t), h3(t)) := (0, 0, 0)

which are obviously 1-compatible. We obtain the existence and the uniqueness of

y2 ∈ C0([0, T − t0];H
1(0, L)) ∩ L2(0, T − t0;H

2(0, L))

solution of (11.1) on (0, T − t0) × (0, L), with

y2(0, .) = y1(t0, .) (11.4)

and

(y2(t, 0), y2(t, L), y2
x(t, L)) = (0, 0, 0), (11.5)
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for any t ∈ (0, T − t0).
From the fact that

y2 ∈ C0([0, T − t0];H
1(0, L)) ∩ L2(0, T − t0;H

2(0, L))

and that y2 satisfies (11.1), we get that y2 ∈ H1(0, T − t0;H
−1(0, L)). Hence, using

interpolation results (see, for example, [55, Theorem 9.6 page 49]),

y2 ∈ H1/2−ǫ(0, T − t0;H
1/2+3ǫ(0, L)) ∩H1/6−ǫ(0, T − t0;H

3/2+3ǫ(0, L))

for any 0 < ǫ < 1/6.

Consequently, the equalities (11.4) and (11.5) hold in H1(0, L) and in H1/2−ǫ(0, T −
t0) × H1/2−ǫ(0, T − t0) × H1/6−ǫ(0, T − t0), with 0 < ǫ < 1/6, respectively. From this
and from the uniqueness of the Cauchy problem (11.1) posed on the interval of time
[0, T − t0], with the initial condition

ỹ(.) := y1(t0, .)

and homogeneous boundary conditions, we get that for any t ∈ [0, T − t0] and for any
x ∈ [0, L],

y2(t, x) = y1(t+ t0, x)

and the following regularity property for y1

y1 ∈ C0([t0, T ];H1(0, L)) ∩ L2(t0, T ;H2(0, L)).

We apply the same method three more times and Proposition 11.4 follows immediatly.

Remark 11.5. One can see that one actually obtains that for any l ∈ N∗, there exists
0 < ηl < T/4 such that

y ∈ C0([ηl, T ];H l(0, L)) ∩ L2(ηl, T ;H l+1(0, L)).

11.3 Well posedness result for the Cauchy problem with an internal force

Let us now consider the following problem






yt + yx + yxxx + yyx = f(t, x),
y(t, 0) = h1(t), y(t, L) = h2(t), yx(t, L) = h3(t),
y(0, x) = φ(x).

(11.6)

One can prove in a way similar to the proof of Theorem 11.3 the following result (see
the Appendix for a sketch of the proof).

Theorem 11.6. For any T , L > 0, for any φ ∈ L2(0, L), for any (h1, h2, h3) ∈
H1(0, T )×H1(0, T )×L2(0, T ) and for any f ∈ L1(0, T ;L2(0, L)), the Cauchy problem
(11.6) is well-posed in the space C0([0, T ];L2(0, L)) ∩ L2(0, T ;H1(0, L)). Moreover, its
solution y satisfies the following hidden regularity property

yx(., 0) ∈ L2(0, T ).

Let us recall that the hidden property above was first proved by L. Rosier in [23].
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12 Proofs of Theorem 10.1 and Theorem 10.2

12.1 Null controllability

Let us begin with the following lemma.

Lemma 12.1. Theorem 10.2 holds if the control system (10.1), (10.2), (10.4) is globally
null controllable in arbitrary time T > 0, i.e. if for any T , L > 0 and any y0 ∈ L2(0, L),
one can reach the origin from y0 in time T .

Proof of Lemma 12.1. This comes from the fact that (10.1) is time-reversible.
Indeed, let us fix T > 0, L > 0, y0 and yT in L2(0, L). There exist

y, z ∈ C0([0, T/2];L2(0, L)) ∩ L2(0, T/2;H1(0, L)),

there exist uy, uz ∈ C∞([0, T/2]) vanishing on a neighborhood of 0 and T/2, there exist
v1y, v1z , v2y and v2z ∈ H1/2−ǫ(0, T/2) and there exist wy, wz ∈ L2(0, T/2) such that















yt + yx + yxxx + yyx = uy, t ∈ (0, T/2), x ∈ (0, L),
y(t, 0) = v1y(t), y(t, L) = v2y(t), yx(t, L) = wy(t), t ∈ (0, T/2),

y(0, x) = y0(x), x ∈ (0, L),
y(T/2, x) = 0, x ∈ (0, L),















zt + zx + zxxx + zzx = uz, t ∈ (0, T/2), x ∈ (0, L),
z(t, 0) = v1z(t), z(t, L) = v2z(t), zx(t, L) = wz(t), t ∈ (0, T/2),
z(0, x) = y1(L− x), x ∈ (0, L),
z(T/2, x) = 0, x ∈ (0, L).

Lemma 12.1 follows easily by defining Y ∈ C0([0, T ];L2(0, L)) ∩ L2(0, T ;H1(0, L)),
U ∈ C∞([0, T ]) vanishing on a neighborhood of 0 and T , V1, V2 ∈ H1/2−ǫ(0, T ) and
W ∈ L2(0, T ) (see Theorem 11.6) by

Y (t, x) :=

{

y(t, x) t ∈ (0, T/2), x ∈ (0, L),

z(T − t, L− x) t ∈ (T/2, T ), x ∈ (0, L),

U(t) :=

{

uy(t) t ∈ (0, T/2),

−uz(T − t) t ∈ (T/2, T ),

V1(t) :=

{

v1y(t) t ∈ (0, T/2),

v2z(T − t) t ∈ (T/2, T ),

V2(t) :=

{

v2y(t) t ∈ (0, T/2),

v1z(T − t) t ∈ (T/2, T )

and

W (t) :=

{

wy(t) t ∈ (0, T/2),

−zx(T − t, 0) t ∈ (T/2, T ).
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As a consequence of Lemma 12.1, we just need to prove the global null controllability
of the control system (10.1), (10.2), (10.4) instead of its global exact controllability.
Hence Theorem 10.2 is a consequence of Theorem 10.1.
We are now going to recall a local exact controllability result which will allow us to
reduce the proof of the global null controllability of the control system (10.1)-(10.3) to
the proof of a global approximate controllability result.

12.2 Local exact controllability to the trajectories

Let us recall the following local exact controllability result, due to O. Glass and S.
Guerrero (see [17]).

Proposition 12.2. Let us consider ŷ ∈ C0([0, T ];L2(0, L)) ∩ L2(0, T ;H1
0(0, L)) satis-

fying
{

ŷt + ŷx + ŷxxx + ŷŷx = 0, t ∈ (0, T ), x ∈ (0, L),
ŷ(t, 0) = 0, ŷ(t, L) = 0, ŷx(t, L) = 0, t ∈ (0, T ).

(12.1)

Then there exists R > 0 such that, for any ỹ0 satisfying

|ỹ0 − ŷ(3T/4, .)|L2(0,L) ≤ R, (12.2)

there exists v1 ∈ ∩
ǫ∈(0,1/2)

H1/2−ǫ(0, T/4), such that the solution

y ∈ C0([0, T/4];L2(0, L)) ∩ L2(0, T/4;H1(0, L))

of






yt + yx + yxxx + yyx = 0, t ∈ (0, T/4), x ∈ (0, L),
y(t, 0) = v1(t), y(t, L) = 0, yx(t, L) = 0, t ∈ (0, T/4),

y(0, x) = ỹ0(x), x ∈ (0, L),

(12.3)

satisfies

y(T/4, x) = ŷ(T, x), x ∈ (0, L).

We are now able to prove Theorem 10.1.

12.3 Proof of Theorem 10.1.

Let us assume, for the moment being, that the following main proposition holds.

Proposition 12.3. For any M > 0, there exists K > 0 and there exists δ1 > 0 such
that, for any 0 < δ ≤ δ1 and any z0, z1 ∈ C3([0, L]) which satisfy

|z0|C3([0,L]) ≤M, (12.4)

|z1|C3([0,L]) ≤M, (12.5)

there exists u ∈ C∞([0, δ]) vanishing on a neighborhood of 0 and δ and there exist v2
1

and v2
2 ∈ H2(0, δ) such that the solution y2 ∈ C0([0, δ];L2(0, L)) ∩ L2(0, δ;H1(0, L)) of

{

y2
t + y2

x + y2
xxx + y2y2

x = u(t), t ∈ (0, δ), x ∈ (0, L),

y2(t, 0) = v2
1(t), y

2(t, L) = v2
2(t), y

2
x(t, L) = 0, t ∈ (0, δ)

(12.6)
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and

y2(0, x) = z0(x), x ∈ (0, L),

satisfies

|y2(δ, .) − z1|L2(0,L) ≤ K
√
δ.

Let us now prove the global exact controllability to the trajectories of the control
system (10.1)-(10.3). Let T , L > 0. Let y0 ∈ L2(0, L) and let ŷ ∈ C0([0, T ];L2(0, L))∩
L2(0, T ;H1

0(0, L)) satisfy (12.1). We first define, for any n ≥ 0, yn ∈ C3([0, T ]× [0, L])
such that, as n −→ +∞,

yn −→ ŷ in C0([0, T ];L2(0, L)) ∩ L2(0, T ;H1(0, L)). (12.7)

One can thus find n0 ≥ 0 such that, for any t ∈ [0, T ],

|yn0(t, .) − ŷ(t, .)|L2(0,L) < R/2, (12.8)

where R is as in Proposition 12.2. Let now

y1 ∈ C0([0, T ];L2(0, L)) ∩ L2(0, T ;H1(0, L))

be the solution of problem (11.1) with

(ỹ,~h) := (y0, 0, 0, 0).

From Proposition 11.4,

y1 ∈ C0([T/4, 3T/4];H4(0, L)) ∩ L2(T/4, 3T/4;H5(0, L)).

From now on, we denote by

M̂ := max{|y1(t, .)|C3([0,L]); t ∈ [T/4, 3T/4]}. (12.9)

Then let M := M̂ , where M̂ is defined by (12.9). Let

0 < δ < min(δ1, R
2/(4K2), T/2), (12.10)

where R is as in Proposition 12.2 and where δ1 and K are as in Proposition 12.3.
From Proposition 12.3, (12.9) and (12.10), there exists u ∈ C∞([0, δ]) vanishing on a
neighborhood of 0 and δ and there exist v2

1 and v2
2 ∈ H2(0, δ) such that the solution

y2 ∈ C0([0, δ];L2(0, L)) ∩ L2(0, δ;H1(0, L))

of (12.6) and

y2(0, x) := y1(3T/4 − δ, x), x ∈ (0, L), (12.11)

satisfies

|y2(δ, .) − yn0(3T/4, .)|L2(0,L) ≤ K
√
δ < R/2. (12.12)
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From (12.8) applied for t = 3T/4, (12.12) and Proposition 12.2 applied for ỹ0 := y2(δ, .),
there exists v3

1 ∈ ∩
ǫ∈(0,1/2)

H1/2−ǫ(0, T/4) such that the solution y3 of (12.3) with

ỹ0 := y2(δ, .)

and
v1 := v3

1

satisfies
y3(T/4, .) = ŷ(T, .).

Then we define Y , U , V1 and V2 by

Y (t, x) :=











y1(t, x) t ∈ (0, 3T/4 − δ), x ∈ [0, L],

y2(t− 3T/4 + δ, x) t ∈ (3T/4 − δ, 3T/4), x ∈ (0, L),

y3(t− 3T/4, x) t ∈ (3T/4, T ), x ∈ (0, L),

U(t) :=











0 t ∈ (0, 3T/4 − δ),

u(t− 3T/4 + δ) t ∈ (3T/4 − δ, 3T/4),

0 t ∈ (3T/4, T ),

V1(t) :=











0 t ∈ (0, 3T/4 − δ),

v2
1(t− 3T/4 + δ) t ∈ (3T/4 − δ, 3T/4),

v3
1(t− 3T/4) t ∈ (3T/4, T ),

and

V2(t) :=











0 t ∈ (0, 3T/4 − δ),

v2
2(t− 3T/4 + δ) t ∈ (3T/4 − δ, 3T/4),

0 t ∈ (3T/4, T ).

It is easy to see that

Y ∈ C0([0, T ];L2(0, L)) ∩ L2(0, T ;H1(0, L)),

U ∈ C∞([0, T ]) vanishes on a neighborhood of 0 and T

and
V1, V2 ∈ H

ǫ∈(0,1/2)

1/2−ǫ(0, T ).

Moreover,














Yt + Yx + Yxxx + Y Yx = U(t), t ∈ (0, T ), x ∈ (0, L),
Y (t, 0) = V1(t), Y (t, L) = V2(t), Yx(t, L) = 0, t ∈ (0, T ),
Y (0, x) = y0(x), x ∈ (0, L),
Y (T, x) = ŷ(T, x), x ∈ (0, L)

and hence the proof of Theorem 10.1 is complete.
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12.4 Proof of Proposition 12.3.

Let a ∈ C∞([0, 1], [0,+∞)) be such that a(t) = 0 on a neighborhood of 0 and 1, such

that
1/2
∫

0

a(s) ds > L and such that for any t ∈ [0, 1/2], a(t) = a(T − t). We have the

following lemma.

Lemma 12.4. There exists C > 0 such that, for any M > 0, there exists δ1 > 0 such
that, for any z0, z1 ∈ C3([0, L]) which satisfy (12.4) and (12.5) and for any δ ∈ (0, δ1],
there exists yδ ∈ C3([0, δ] × [0, L]) such that







yδ
t + (aδ + yδ)yδ

x = 0, t ∈ [0, δ], x ∈ [0, L],
yδ(0, x) = z0(x), x ∈ [0, L],
yδ(δ, x) = z1(x), x ∈ [0, L]

(12.13)

and

|yδ|C0([0,δ];C3([0,L])) ≤ C(|z0|C3([0,L]) + |z1|C3([0,L])), (12.14)

where

aδ : [0, δ] → [0,+∞)

t 7→ 1

δ
a

(

t

δ

)

.

For the proof, we refer to [5], where we study the case of C2-functions. It relies on
the return method which has been introduced by J.-M. Coron in [7] and used by him
in [8, 20] and by O. Glass in [15, 41] to prove global controllability results for the Euler
equation of incompressible inviscid fluids.

Let M > 0 and let z0, z1 ∈ C3([0, L]) satisfy (12.4) and (12.5). Let C and δ1 be as in
Lemma 12.4. From Theorem 11.6, for any δ ∈ (0, δ1], there exists a unique

y2,δ ∈ C0([0, δ];L2(0, L)) ∩ L2(0, δ;H1(0, L))

solution of



















y2,δ
t + y2,δ

x + y2,δ
xxx + y2,δy2,δ

x = (aδ)′(t), t ∈ (0, δ), x ∈ (0, L),

y2,δ(t, 0) = yδ(t, 0) + aδ(t), y2,δ(t, L) = yδ(t, L) + aδ(t), t ∈ (0, δ),

y2,δ
x (t, L) = 0, t ∈ (0, δ),

y2,δ(0, x) = z0(x), x ∈ (0, L),

(12.15)

where aδ is defined in Lemma 12.4.
We define for any δ ∈ (0, δ1],

Rδ := y2,δ − yδ − aδ. (12.16)

Let us now assume, for the moment being, that the following lemma holds.
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Lemma 12.5. For any M > 0, there exist K > 0 such that for any z0, z1 ∈ C3([0, L])
which satisfy (12.4) and (12.5), for any δ ∈ (0, δ1] and any t ∈ (0, δ],

|Rδ(t, .)|L2(0,L) ≤ K
√
t, (12.17)

where Rδ is defined by (12.16).

Let us now prove Proposition 12.3. Let K be as in Lemma 12.5. Then for any δ ∈ (0, δ1]
and any z0, z1 ∈ C3([0, L]) which satisfy (12.4) and (12.5), it comes from the third line
of (12.13), (12.16) and (12.17) applied for t = δ and the fact that aδ(δ) = 0, that

|y2,δ(δ, .) − z1(.)|L2(0,L) ≤ K
√
δ.

This ends the proof of Proposition 12.3.

It only remains to prove Lemma 12.5.
Proof of Lemma 12.5. Let C and δ1 be as in Lemma 12.4. Let z0, z1 ∈ C3([0, L])

satisfy (12.4) and (12.5). We need to evaluate Rδ(t, .), for δ > 0 small enough and
0 < t ≤ δ. Let also 0 < δ ≤ δ1.
It comes from (12.13), (12.15), (12.16) and the fact that aδ(0) = 0, that

Rδ
t +Rδ

x +Rδ
xxx +RδRδ

x +Rδyδ
x + (yδ + aδ(t))Rδ

x + yδ
x + yδ

xxx = 0, t ∈ (0, δ), x ∈ (0, L),
(12.18)

Rδ(t, 0) = 0, Rδ(t, L) = 0, t ∈ (0, δ), (12.19)

Rδ
x(t, L) = −yδ

x(t, L), t ∈ (0, δ), (12.20)

Rδ(0, x) = 0, x ∈ (0, L). (12.21)

We multiply (12.18) by 2Rδ and integrate on (0, L).

2

L
∫

0

RδRδ
t + 2

L
∫

0

RδRδ
x + 2

L
∫

0

RδRδ
xxx + 2

L
∫

0

(Rδ)2Rδ
x + 2

L
∫

0

(Rδ)2yδ
x

+ 2

L
∫

0

RδRδ
xy

δ + aδ(t)2

L
∫

0

RδRδ
x + 2

L
∫

0

Rδyδ
x + 2

L
∫

0

Rδyδ
xxx = 0. (12.22)

One easily obtains

2

L
∫

0

RδRδ
t =

d

dt

L
∫

0

(Rδ)2,

2

L
∫

0

RδRδ
x = (Rδ)2

∣

∣

∣

L

0
= 0,
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2

L
∫

0

RδRδ
xxx = 2(RδRδ

xx)
∣

∣

∣

L

0
− 2

L
∫

0

Rδ
xR

δ
xx

= −(Rδ
x)

2
∣

∣

∣

L

0

= −(yδ
x(t, L))2 + (Rδ

x(t, 0))2,

2

L
∫

0

(Rδ)2Rδ
x =

2

3
(Rδ)3

∣

∣

∣

L

0
= 0,

2

L
∫

0

RδRδ
xa

δ = aδ(t)(Rδ)2
∣

∣

∣

L

0
= 0,

2

L
∫

0

RδRδ
xy

δ = −
L

∫

0

(Rδ)2yδ
x + ((Rδ)2yδ)

∣

∣

∣

L

0

= −
L

∫

0

(Rδ)2yδ
x,

and the following estimates

L
∫

0

(Rδ)2yδ
x ≤ |yδ|C0([0,δ];C3([0,L]))

L
∫

0

(Rδ)2,

2

L
∫

0

Rδ(yδ
x + yδ

xxx) ≤
L

∫

0

(Rδ)2 + 2L|yδ|2C0([0,δ];C3([0,L])).

Hence, using (12.14), (12.22) and the previous estimates, we get

d

dt

L
∫

0

(Rδ)2 ≤ 4C2M2(1 + 2L) + (6CM + 1)

L
∫

0

(Rδ)2,

where C and M are as in Lemma 12.4.
Using (12.21), the last inequality and classical arguments on ordinary differential equa-
tions, we get the existence of C and K1 > 0 such that, for any z0, z1 which satisfy
(12.4) and (12.5), for any δ ∈ (0, δ1] and any t ∈ (0, δ],

L
∫

0

(Rδ(t, x))2 dx ≤ C(eK1t − 1).
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Consequently, there exist K2 > 0 such that, for any z0, z1 which satisfy (12.4) and
(12.5), for any δ ∈ (0, δ1] and any t ∈ (0, δ],

L
∫

0

(Rδ(t, x))2 dx ≤ K2t.

This ends the proof of Lemma 12.5.

APPENDIX

This part is devoted to the proof of Theorem 11.6. This proof is similar to the proof
of the well-posedness of (11.1) that one can find in the paper [1] of J. L. Bona, S.
M. Sun and B.-Y. Zhang. It consists in three parts. First we recall some estimates
for the solution of the linearized system around 0, with (non)homogeneous boundary
conditions, and with or without an internal force.Then, using these estimates, we prove
the local well-posedness of (11.6) and finally the global well-posedness of this system
will follow thanks to a global a priori H1 estimate.

13 Linear estimates

Let us first consider the following Cauchy problem






yt + yx + yxxx = 0,
y(t, 0) = y(t, L) = yx(t, L) = 0,
y(0, x) = φ(x).

(13.1)

Let A be the linear operator defined by Af = −f ′′′−f ′. We consider A as an unbounded
operator on L2(0, L) with the domain D(A) = {f ∈ H3(0, L); f(0) = f(L) = f ′(L) =
0}. The problem (13.1) can consequently be written as the initial value problem of an
abstract evolution equation in the space L2(0, L),

dy

dt
= Ay, y(0) = φ.

Proposition 13.1. [1, Propositions 2.1 and 2.16 pages 1400 and 1414] A is the in-
finitesimal generator of a C0 semigroup W0(t) in L2(0, L) and for any φ ∈ L2(0, L),
y(t) = W0(t)φ ∈ C0

b (R+;L2(0, L)), yx ∈ C0([0, L];L2(R+)) and satisfies, for any t ≥ 0,

|y(t, .)|L2(0,L) ≤ |φ|L2(0,L),

|y|L2(0,t;H1(0,L)) ≤ C(1 + t)1/2|φ|L2(0,L).

We now consider the following nonhomogeneous linear problem






yt + yx + yxxx = f(t, x),
y(t, 0) = y(t, L) = yx(t, L) = 0,
y(0, x) = 0.

(13.2)
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The Cauchy problem (13.2) can be written in terms of the operator A,

dy

dt
= Ay + f, y(0) = 0.

We have the following proposition.

Proposition 13.2. [1, Propositions 2.4 and 2.17 pages 1402 and 1414] For any f ∈
L1

loc(R+;L2(0, L)), y(t) :=

∫ t

0

W0(t−τ)f(τ, .)dτ ∈ C0
b (R+;L2(0, L)) is called a mild so-

lution of (13.2). Moreover, there exists C > 0 such that, for any f ∈ L1
loc(R+;L2(0, L))

and any t ≥ 0,

|y(t, .)|L2(0,L) ≤ C|f |L1
loc(0,t;L2(0,L)),

∫ t

0

∫ L

0

y2
x(τ, x)dxdτ ≤ C(1 + t)|f |2L1(0,t;L2(0,L)).

Let us finally consider the following non-homogeneous boundary value problem






yt + yx + yxxx = 0,
y(t, 0) = h1(t), y(t, L) = h2(t), yx(t, L) = h3(t),
y(0, x) = φ(x).

(13.3)

From now on, for given T > 0 and s ≥ 0, we define the space

H0 := H1/3(0, T ) ×H1/3(0, T ) × L2(0, T )

endowed with the norm

|~h|H0 := (|h1|2H1/3(0,T ) + |h2|2H1/3(0,T ) + |h3|2L2(0,T ))
1/2,

where ~h = (h1, h2, h3). We also define the space

X0,T := L2(0, L) ×H1/3(0, T ) ×H1/3(0, T ) × L2(0, T ),

endowed with its usual product topology and the space

Y0,T := {v ∈ C0([0, T ];L2(0, L)) ∩ L2(0, T ;H1(0, L))} (13.4)

where we define the norm

|y|Y0,T
:= (|y|2C0([0,T ];L2(0,L)) + |y|2L2(0,T ;H1(0,L)))

1/2.

The following proposition asserts the well-posedness of (13.3) in Y0,T in the case where
φ := 0.

Proposition 13.3. [1, Theorem 2.10 page 1412] For any ~h = (h1, h2, h3) ∈ H0, the

Cauchy problem (13.3) with φ := 0 admits a unique solution y(t, x) = (Wb(t)~h)(x)
which belongs to the space C0([0, T ];L2(0, L)) ∩ L2(0, T ;H1(0, L)). Moreover, there

exists C > 0 such that, for any ~h ∈ H0,

|y|L2(0,T ;H1(0,L)) + sup
0≤t≤T

|y(t, .)|L2(0,L) ≤ C|~h|H0.

121
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14 Local well-posedness of (11.6)

Let us begin this section with a useful lemma whose obvious proof is omitted.

Lemma 14.1. There exists a constant C such that for any T > 0 and y, z ∈ Y0,T ,

∫ T

0

|(y(t, .)z(t, .))x|L2(0,L)dt ≤ CT 1/2|y|Y0,T
|z|Y0,T

.

The main result of this section is the following.

Theorem 14.2. Let T , L > 0 be given. For any (φ,~h) ∈ X0,T and for any f ∈
L1(0, T ;L2(0, L)), there exists a T ∗ ∈ [0, T ] depending on |(φ,~h)|X0,T

and |f |L1(0,T ;L2(0,L))

such that (11.6) admits a unique solution y ∈ Y0,T ∗. Moreover, for any T ′ < T ∗, there

exists a neighborhood U of (φ,~h) in X0,T such that (11.6) admits a unique solution in

the space Y0,T ′ for any (ψ,~h1) ∈ U and the corresponding solution map from U to Y0,T ′

is Lipschitz continuous.

Proof of Theorem 14.2. We first prove the existence of solutions to the Cauchy
problem (11.6). We write (11.6) in its integral form

y(t) = W0(t)φ+Wb(t)~h−
∫ t

0

W0(t− τ)(yyx)(τ)dτ +

∫ t

0

W0(t− τ)f(τ, .)dτ.

For given (φ,~h, f) ∈ X0,T × L1(0, T ;L2(0, L)), let r > 0 and θ > 0 be constants to be
determined. Let

Sθ,r := {z ∈ Y0,θ, |z|Y0,θ
≤ r}.

The set Sθ,r is a closed, convex and bounded subset of Y0,θ and consequently a complete
metric space in the topology induced from Y0,θ. We define the map Γ on Sθ,r by

Γ(z) := W0(t)φ+Wb(t)~h−
∫ t

0

W0(t− τ)(zzx)(τ)dτ +

∫ t

0

W0(t− τ)f(τ, .)dτ, ∀z ∈ Sθ,r.

Then it follows immediatly from the estimates given in the previous section and Lemma
14.1 that for every z ∈ Sθ,r,

|Γ(z)|Y0,θ
≤ C0|(φ,~h)|X0,T

+ C1θ
1/2|z|2Y0,θ

+ C2|f |L1(0,T ;L2(0,L)).

We thus choose r > 0 and θ > 0 such that
{

r = 2C0|(φ,~h)|X0,T
+ 2C2|f |L1(0,T ;L2(0,L)),

C1θ
1/2r ≤ 1

2

and consequently
|Γ(z)|Y0,θ

≤ r, ∀z ∈ Sθ,r.

Thus with such r and θ, Γ maps Sθ,r into Sθ,r. One can also prove with the same
inequalities that

|Γ(z1) − Γ(z2)|Y0,θ
≤ 1

2
|z1 − z2|Y0,θ

, ∀z1, z2 ∈ Sθ,r.
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The existence of solutions to the Cauchy problem (11.6) follows by using the Banach
fixed point theorem.

We now prove the uniqueness of the mild solution of our nonlinear KdV equation.
We follow the strategy J.-M. Coron and E. Crépeau used in [12]. Let us assume that

for given (φ,~h, f) ∈ X0,T × L1(0, T ;L2(0, L)), there exist 0 < T ′ ≤ T and two different
solutions y and z of (11.6) defined on [0, T ′] × [0, L]. Then ∆ := z − y, defined on
[0, T ′] × [0, L], is a mild solution of

∆t + ∆x + ∆xxx = −y∆x − zx∆, (14.1)

∆(t, 0) = ∆(t, L) = ∆x(t, L) = 0, (14.2)

∆(0, x) = 0. (14.3)

Multiplying (14.1) by 2x∆ and integrating by parts on (0, L), we get

d

dt

L
∫

0

x∆2dx+ 3

L
∫

0

∆2
xdx =

L
∫

0

∆2dx− 2

L
∫

0

xy∆∆xdx+ 2

L
∫

0

z∆2dx+ 4

L
∫

0

xz∆∆xdx.

(14.4)

(We first obtain the previous equality in the case where y and z are assumed to be
smooth enough and we then use a density argument to obtain it in the general case.)
Writing

y = y −
L

∫

0

ydx+

L
∫

0

ydx,

using (14.2) and the fact that y ∈ L2(0, T ′;H1(0, L)), one easily obtains the existence
of a positive constant C1 depending only on L and such that

2
∣

∣

∣

L
∫

0

xy∆∆xdx
∣

∣

∣ ≤ C1(|yx|L2(0,L)

L
∫

0

|x∆∆x|dx+ |y|L2(0,L)

L
∫

0

∆2dx).

Thus,

2
∣

∣

∣

L
∫

0

xy∆∆xdx
∣

∣

∣
≤ 1

2

L
∫

0

∆2
xdx+ 2C2

1 |yx|2L2(0,L)L

L
∫

0

x∆2dx+ C1|y|L2(0,L)

L
∫

0

∆2dx.(14.5)

Similarly, there exists C2 > 0 depending only on L such that

4
∣

∣

∣

L
∫

0

xz∆∆xdx
∣

∣

∣
≤ 1

2

L
∫

0

∆2
xdx+ 4C2

2 |zx|2L2(0,L)L

L
∫

0

x∆2dx+ C2|z|L2(0,L)

L
∫

0

∆2dx.(14.6)

We now recall the following useful lemma.
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Lemma 14.3. [12, Lemma 16 page 386] For any φ ∈ H1(0, L) with φ(0) = 0 and any
a ∈ [0, L],

L
∫

0

φ2dx ≤ a2

2

L
∫

0

φ2
xdx+

1

a

L
∫

0

xφ2dx. (14.7)

From Lemma 14.3, there exists C3 = C3(L) > 0 such that

L
∫

0

∆2dx ≤ 1

2

L
∫

0

∆2
xdx+ C3

L
∫

0

x∆2dx. (14.8)

Finally, there exist C4 = C4(L) > 0 and C5 = C5(L) > 0 such that

2
∣

∣

∣

L
∫

0

z∆2dx
∣

∣

∣
≤ 2

∣

∣

∣

L
∫

0

(z −
L

∫

0

zdx)∆2dx
∣

∣

∣
+ C4|z|L2(0,L)

L
∫

0

∆2dx

≤ C5|zx|L2(0,L)

L
∫

0

∆2dx+ C4|z|L2(0,L)

L
∫

0

∆2dx

Consequently, if we use Lemma 14.3 with both a := min{(2C5)
−1/2|zx|−1/2

L2(0,L), L} and

a := min{(2C4)
−1/2|z|−1/2

L2(0,L), L}, we get the existence of C6 = C6(L) > 0 such that

2
∣

∣

∣

L
∫

0

z∆2dx
∣

∣

∣
≤ 1

2

L
∫

0

∆2
xdx+ C6(1 + |z|2L2(0,L) + |zx|2L2(0,L))

L
∫

0

x∆2dx. (14.9)

Thus, by (14.4), (14.5), (14.6), (14.8) and (14.9), there exists C7 = C7(L) > 0 such
that

d

dt

L
∫

0

x∆2dx+

L
∫

0

∆2
xdx ≤ C7(1 + |yx|2L2(0,L) + |zx|2L2(0,L)

+ |y|2L2(0,L) + |z|2L2(0,L))

L
∫

0

x∆2dx.

The uniqueness of the mild solution of our Cauchy problem then follows by using
Gronwall’s inequality and the fact that ∆(0, .) = 0.

15 Global well-posedness of (11.6)

We first define the space

Z0,T := L2(0, L) ×H1(0, T ) ×H1(0, T ) × L2(0, T ).

Since we already have a local well-posedness result, we only need to prove the following
a priori estimate for any solution of (11.6).
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Lemma 15.1. For given T > 0, there exists K > 0 such that for any (φ,~h) ∈ Z0,T and
f ∈ L1(0, T ;L2(0, L)), for any 0 < T ′ ≤ T and for any solution y ∈ Y0,T ′ (which was
introduced in (13.4)) of (11.6),

|y|Y0,T ′
≤ K exp((T + 1)(|(φ,~h)|Z0,T

+ |f |L1(0,T ;L2(0,L)))).

Proof of Lemma 15.1. From now on, C will denote a positive generic constant
which may change from line to line but only depends on L. Let us first assume that
(h1, h2, h3) ∈ C1([0, T ]) × C1([0, T ]) × C0([0, T ]) and let us fix 0 < T ′ ≤ T . Then, if y
denotes a solution of (11.6) on [0, T ′]× [0, L], we define, for any (t, x) ∈ [0, T ′]× [0, L],

z(t, x) := y(t, x) −
(

L− x

L
h1(t) +

x

L
h2(t)

)

.

One easily sees that z satisfies the following problem



















































zt + zx + zxxx + zzx +
1

L
(−h1 + h2))z +

1

L
((L− x)h1 + xh2)zx

= − 1

L
((L− x)h′1 + xh′2) −

1

L
(−h1 + h2) −

1

L2
((L− x)h1 + xh2)(−h1 + h2) + f,

z(t, 0) = 0, z(t, L) = 0,

zx(t, L) = h3(t) −
1

L
(−h1(t) + h2(t)),

z(0, x) = φ(x) − 1

L
((L− x)h1(0) + xh2(0)).

(15.1)
Let us multiply the first equation in (15.1) by z and integrate on (0, L). First, from the
fact that (h1, h2, h3) ∈ C1([0, T ]) × C1([0, T ]) × C0([0, T ]), f ∈ L1(0, T ;L2(0, L)) and
(15.1) we get the following estimates

L
∫

0

zzxdx = 0,

L
∫

0

zzxxxdx = −1

2

(

h3(t) −
1

L
(−h1(t) + h2(t))

)2

+
1

2
(zx(t, 0))2,

L
∫

0

z2zxdx = 0,

∣

∣

∣

1

L
(−h1(t) + h2(t))

L
∫

0

z2dx
∣

∣

∣
≤ C(|h1|L∞(0,T ) + |h2|L∞(0,T ))|z(t, .)|2L2(0,L),
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∣

∣

∣

1

L

L
∫

0

((L− x)h1(t) + xh2(t))zzxdx
∣

∣

∣
=

∣

∣

∣

1

2L
h1(t)

L
∫

0

z2dx− 1

2L
h2(t)

L
∫

0

z2dx
∣

∣

∣

≤ C(|h1|L∞(0,T ) + |h2|L∞(0,T ))|z(t, .)|2L2(0,L),

∣

∣

∣
− 1

L

L
∫

0

((L− x)h′1(t) + xh′2(t))zdx
∣

∣

∣
≤ L

2
(|h′1(t)| + |h′2(t)|)2 +

1

2
|z(t, .)|2L2(0,L),

∣

∣

∣

L
∫

0

(

− 1

L
(−h1(t) + h2(t)) −

1

L2
((L− x)h1(t) + xh2(t))(−h1(t) + h2(t))

)

zdx
∣

∣

∣

≤ C

2
(|h1|L∞(0,T ) + |h2|L∞(0,T ))

2(1 + (|h1|L∞(0,T ) + |h2|L∞(0,T ))
2) +

1

2
|z(t, .)|2L2(0,L),

∣

∣

∣

L
∫

0

fzdx
∣

∣

∣
≤ |f(t, .)|L2(0,L)|z(t, .)|L2(0,L)

≤ |f(t, .)|L2(0,L)(1 + |z(t, .)|2L2(0,L)).

We get that

1

2

d

dt
|z(t, .)|2L2(0,L) +

1

2
z2

x(t, 0) ≤ 1

2

(

h3(t) −
1

L
(−h1(t) + h2(t))

)2

+ C(1 + |h1|L∞(0,T ) + |h2|L∞(0,T ) + |f(t, .)|L2(0,L))|z(t, .)|2L2(0,L) + C(|h′1(t)| + |h′2(t)|)2

+ C(|h1|L∞(0,T ) + |h2|L∞(0,T ))
2(1 + (|h1|L∞(0,T ) + |h2|L∞(0,T ))

2) + |f(t, .)|L2(0,L)

for any t ≥ 0 and we conclude by using the facts that (h1, h2, h3) ∈ C1([0, T ]) ×
C1([0, T ]) × C0([0, T ]), that f ∈ L1(0, T ;L2(0, L)) and using a Gronwall’s inequality.
That is, we obtain the existence of C1 > 0 only depending on L and such that

|z|L∞(0,T ′;L2(0,L)) ≤ C1 exp((T + 1)(|(φ,~h)|Z0,T
+ |f |L1(0,T ;L2(0,L)))). (15.2)

Hence, it remains to prove a similar inequality for |zx|L2(0,T ′;L2(0,L)) in order to end
the proof of Lemma 15.1. We use the same multiplier that L. Rosier introduced in [23].
More precisely, we multiply the first equation of (15.1) by xz and integrate by parts on
(0, L). It comes that,

1

2

d

dt

∫ L

0

|x1/2z(t, .)|2dx− 1

2

∫ L

0

z2dx+
3

2

∫ L

0

(zx)
2dx− L

2
(zx(t, L))2 − 1

3

∫ L

0

z3dx

+
1

L
(−h1 + h2)

∫ L

0

xz2dx+
1

L

∫ L

0

((L− x)h1 + xh2)xzzxdx =

− 1

L

∫ L

0

((L− x)h′1 + xh′2)xzdx−
1

L
(−h1 + h2)

∫ L

0

xzdx

− 1

L2
(−h1 + h2)

∫ L

0

((L− x)h1 + xh2)xzdx+

∫ L

0

fxzdx. (15.3)
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Moreover,

∣

∣

∣

1

2

∫ L

0

z2(t, x)dx
∣

∣

∣
≤ 1

2
|z|2L∞(0,T ;L2(0,L)),

∣

∣

∣

1

3

∫ L

0

|z3(t, x)dx
∣

∣

∣
≤ 1

3
sup

x∈[0,L]

|z(t, x)||z|2L∞(0,T ;L2(0,L))

≤
√
L

3
|zx(t, .)|L2(0,L)|z|2L∞(0,T ;L2(0,L))

≤
√
Lδ

6
|zx(t, .)|2L2(0,L) +

√
L

6δ
|z|4L∞(0,T ;L2(0,L)),

where δ is any positive constant to be chosen later. Finally, from the fact that
(h1, h2, h3) ∈ C1([0, T ]) × C1([0, T ]) × C0([0, T ]), that f ∈ L1(0, T ;L2(0, L)) and from
(15.1), we obtain the following inequalities

∣

∣

∣

1

L
(−h1(t) + h2(t))

∫ L

0

xz2(t, x)dx
∣

∣

∣
≤ (|h1|L∞(0,T ) + |h2|L∞(0,T ))|z|2L∞(0,T ;L2(0,L)),

∣

∣

∣

1

L

∫ L

0

((L− x)h1(t) + xh2(t))xz(t, x)zx(t, x)dx
∣

∣

∣
≤ C(|h1|L∞(0,T )

+ |h2|L∞(0,T ))|z|2L∞(0,T ;L2(0,L)),
∣

∣

∣

1

L

∫ L

0

((L− x)h′1(t) + xh′2(t))xz(t, x)dx
∣

∣

∣
≤ C

2
(|h′1(t)| + |h′2(t)|)2 +

1

2
|z|2L∞(0,T ;L2(0,L)),

∣

∣

∣

1

L

∫ L

0

(−h1(t) + h2(t))xz(t, x)dx
∣

∣

∣
≤ (|h1|L∞(0,T ) + |h2|L∞(0,T ))|z|L∞(0,T ;L2(0,L))

∣

∣

∣

1

L2

∫ L

0

((L− x)h1(t) + xh2(t))(−h1(t) + h2(t))xz(t, x)dx
∣

∣

∣
≤

C(|h1|L∞(0,T ) + |h2|L∞(0,T ))
2|z|L∞(0,T ;L2(0,L)),

∣

∣

∣

∣

∫ L

0

f(t, x)xz(t, x)dx

∣

∣

∣

∣

≤ C|f(t, .)|L2(0,L)|z|L∞(0,T ;L2(0,L))

≤ C|f(t, .)|L2(0,L)(1 + |z|2L∞(0,T ;L2(0,L))).

Then, if we plug these inequalities into (15.3) and if we take δ :=
3√
L

, we get that

1

2

d

dt

∫ L

0

|x1/2z(t, x)|2dx+

∫ L

0

z2
x(t, x)dx ≤

C(1 + |h1|L∞(0,T ) + |h2|L∞(0,T ) + |f(t, .)|L2(0,L))|z|2L∞(0,T ;L2(0,L))

+ C(|h1|L∞(0,T ) + |h2|L∞(0,T ))(1 + |h1|L∞(0,T ) + |h1|L∞(0,T ))|z|L∞(0,T ;L2(0,L))

+ C|f(t, .)|L2(0,L) +
L

2

(

h3(t) −
1

L
(−h1(t) + h2(t))

)2

+
L

18
|z|4L∞(0,T ;L2(0,L)) +

C

2
(|h′1(t)| + |h′2(t)|)2.
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From the fact that (h1, h2, h3) ∈ C1([0, T ]) × C1([0, T ]) × C0([0, T ]),
that f ∈ L1(0, T ;L2(0, L)), using (15.2) and a Gronwall’s inequality, we get the exis-
tence of C2 > 0 only depending on L and such that

|zx|L2(0,T ′;L2(0,L)) ≤ C2 exp((T + 1)(|(φ,~h)|Z0,T
+ |f |L1(0,T ;L2(0,L)))). (15.4)

By an easy density argument, (15.2) and (15.4) actually hold if (h1, h2, h3) ∈ H1(0, T )×
H1(0, T ) × L2(0, T ) and Lemma 15.1 follows.
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[12] Jean-Michel Coron and Emmanuelle Crépeau. Exact boundary controllability of
a nonlinear KdV equation with critical lengths. J. Eur. Math. Soc. (JEMS),
6(3):367–398, 2004.

[13] Jean-Michel Coron and Andrei V. Fursikov. Global exact controllability of the 2D
Navier-Stokes equations on a manifold without boundary. Russian J. Math. Phys.,
4(4):429–448, 1996.

[14] Thierry Dauxois and Michel Peyrard. Physics of solitons. Cambridge University
Press, 2006.
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In this paper, we deal with a two dimensional Navier-Stokes system in a rectangle
with Navier slip boundary conditions on the horizontal sides. We establish the global
null controllability of the system by controlling the normal component and the vorticity
of the velocity on the vertical sides. The linearized control system around zero is
controllable but one does not know how to deduce global controllability results for
the nonlinear system. Our proof uses the return method together with a local exact
controllability result by Fursikov and Imanuvilov.

16 Statement of the result

Let L > 0 and let Ω := (0, L) × (−1, 1). Let Γ the boundary of Ω and let Γ0 be the
subset of Γ defined by Γ0 = Γ+

0 ∪ Γ−
0 with Γ+

0 := {x = (x1, x2) ∈ Γ; x2 = 1} and
Γ−

0 := {x = (x1, x2) ∈ Γ; x2 = −1}. We denote by n the outward unit normal vector
field on Γ and by τ the unit tangent vector field on Γ such that (τ, n) is a direct basis
of R2. In the following, ∂i denotes the partial derivatives with respect to xi, i ∈ {1, 2}.
Moreover, for y = (y1, y2) : (0, T ) × Ω → R2 and z = (z1, z2) : (0, T ) × Ω → R2,
div y : (0, T ) × Ω → R is defined by

div y = ∂1y1 + ∂2y2

and (y · ∇)z : (0, T ) × Ω → R2 is defined by

(y · ∇)z = (y1∂1z1 + y2∂2z1, y1∂1z2 + y2∂2z2).

We are interested in the problem of the global null controllability of a Navier-Stokes
system with Navier slip boundary conditions: let T > 0 and let y0 ∈ L2(Ω)2 satisfy

div y0 = 0 in Ω, (16.1)

y0 · n = 0 on Γ0, (16.2)

does there exist y = (y1, y2) : (0, T ) × Ω → R2 and p : (0, T ) × Ω → R such that

yt − ∆y + (y · ∇)y + ∇p = 0 in (0, T ) × Ω, (16.3)

div y = 0 in (0, T ) × Ω, (16.4)

y · n = 0 on (0, T ) × Γ0, (16.5)

∂1y2 + ∂2y1 = 0 on (0, T ) × Γ0, (16.6)

y(0, .) = y0 in Ω, (16.7)

y(T, .) = 0 in Ω ? (16.8)

If such a (y, p) exists, one says that the Navier-Stokes (NS) control system (16.3)-(16.6)
is globally null controllable.

Remark 16.1. a) The controls are not apparent in the previous formulation but one
can take both y · n and curl y := ∂1y2 − ∂2y1 on Γ\Γ0.
b) One can note that from the fact that Γ0 is flat, the boundary conditions (16.5) and
(16.6) are equivalent to the following ones

{

y · n = 0 on (0, T ) × Γ0,
curl y = 0 on (0, T ) × Γ0.
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c) Let us recall that the fact that divu = 0 implies that u · n = 0 makes sense even if
u ∈ L2(Ω)2. Indeed, this comes from the following equalities, which hold for any scalar
function φ ∈ C1(Ω̄):

0 =
∫

Ω
divu · φ =

∫

Ω
(∂1u1 + ∂2u2)φ

=
∫

∂Ω
(u · n)φ−

∫

Ω
(u1∂1φ+ u2∂2φ).

d)The first boundary condition is the slip condition which says that the fluid does not
penetrate the boundary. The second one is a special case of the Navier slip boundary
condition ([20]). Indeed, this boundary condition usually takes the following form

σ̄y · τ + (1 − σ̄)ni(∂jyi + ∂iyj)τj = 0 on Γ0, (16.9)

where σ̄ is a constant in [0, 1), n = (n1, n2), τ = (τ1, τ2) and where we have used the
usual sommation convention. Note that we consider here the boundary condition (16.9)
with σ̄ = 0 which corresponds to the case where the fluid slips on the wall without fric-
tion. This is an appropriate physical model for some flow problems ([12]).

Let us now mention some of the previous results regarding our problem. The case of
the local exact controllability to the trajectories for the Navier-Stokes equations with
boundary and local distributed control has been studied by A. Fursikov and O. Yu.
Imanuvilov in [11], by O. Yu. Imanuvilov in [16], by E. Fernandez-Cara, S. Guerrero,
O. Yu. Imanuvilov and J.-P. Puel in [10] and by S. Guerrero in [15] in the case of
Navier slip boundary conditions. On the other hand, J.-M. Coron in [5] proved the
global approximate controllability for the 2-D Navier-Stokes equations with Navier slip
boundary conditions. His proof relies on the ‘return method’ introduced by him in [3]
and used by him in [4, 6] and by O. Glass in [13, 14] to prove global controllability
results for the Euler equation of incompressible inviscid fluids. Then, in [8], combining
results on global approximate controllabillity and local controllability results, J.-M.
Coron and A. Fursikov obtained the global exact controllability for the Navier-Stokes
system on a 2-D manifold without boundary. More recently, O. Yu Imanuvilov and J.-
P. Puel have proved in [17] a global controllability result for the 2-D Burgers equation.
See also [7] and the references therein for other applications of the return method to
the controllability of nonlinear partial differential equations.

The main result of the paper is the following

Theorem 16.2. The control system (16.3)-(16.6) is globally null controllable.

One can note that the linearized system around (0, 0) of the control system (16.3)-
(16.6) is controllable. Consequently, one can expect that the non linear control system
is, at least, locally controllable. However, one does not know how to obtain a global
controllability result. To overcome this problem, the idea is to use the so-called return
method which consists in looking for (y̆, p̆), such that (16.3)-(16.6) hold for y = y̆ and
p = p̆,

y̆(0, .) = y̆(T, .) = 0 in Ω

and such that the linearized control system around (y̆, p̆) has, in some sense, a bet-
ter controllability. Using this method, we obtain a global approximate controllability
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result (Figure 1 parts (b)-(d)). We end the proof of the theorem using a local exact con-
trollability result due to A. Fursikov and O. Yu Imanuvilov (see [11]) (Figure 1 part (e)).

0 T
δ

c−1/4c3/4

(a) (b) (c) (d) (e)

y0

ȳ

y̆

y

Figure 1: Sketch of proof

Remark 16.3. As we said before, using the return method, J.-M. Coron also obtains in
[5] a global approximate controllability result for the 2-D Navier-Stokes equations with
Navier slip boundary conditions. The main difference between his result and the global
approximate controllability result we establish here remains on the fact that we only
need boundary controls whereas J.-M. Coron used controls acting both on the boundary
and on a part of the domain.

Acknowledgments The author deeply thanks J.-M. Coron and S. Guerrero for
fruitful discussions and useful comments.

17 Preliminary results

17.1 Well posedness and smoothing effect

In this section we recall a result of existence and uniqueness as well as a regularity
property for NS systems that we shall use later. Let T > 0, let S := R/7LZ and let

Ω̃ := S × (−1, 1). (17.1)

From now on, we identify a point x̄ = (x̄1, x̄2) ∈ Ω̃ with its representative x which lives

in Ω̂ := [−3L, 4L) × (−1, 1) and for commodity, we write x instead of x̄. In the same
way, we denote

L2(Ω̃)2 := {y ∈ L2(Ω̂)2},
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H1(Ω̃)2 := {y ∈ H1(Ω̂)2 : y(−3L, x2) = y(4L, x2)∀x2 ∈ (−1, 1)},
H2(Ω̃)2 := {y ∈ H2(Ω̂)2 : ∂k

1y(−3L, x2) = ∂k
1y(4L, x2)∀x2 ∈ (−1, 1) and k = 0, 1},

and, for any ǫ ∈ (0, 1/2),

H2+ǫ(Ω̃)2 := {y ∈ H2+ǫ(Ω̂)2 : ∂k
1y(−3L, x2) = ∂k

1y(4L, x2)∀x2 ∈ (−1, 1) and k = 0..2},
H3+ǫ(Ω̃)2 := {y ∈ H3+ǫ(Ω̂)2 : ∂k

1y(−3L, x2) = ∂k
1y(4L, x2)∀x2 ∈ (−1, 1) and k = 0..3}.

We denote by Γ̃ the boundary of Ω̃. One can note that Γ̃ = Γ̃+ ∪ Γ̃− with Γ̃+ := {x =
(x1, x2) ∈ Ω̃, x2 = 1} and Γ̃− := {x = (x1, x2) ∈ Ω̃, x2 = −1}. Let now

H := {y ∈ L2(Ω̃)2, div y = 0 in Ω̃, y · n = 0 on Γ̃}. (17.2)

One can prove the following theorem exactly as for the usual Navier-Stokes equations
(i.e. with the usual full Dirichlet boundary conditions) (see e.g. [19] pages 129-130)

Theorem 17.1. For any y0 ∈ H, there exists a unique y ∈ (C0([0, T ], L2(Ω̃)) ∩
L2(0, T ;H1(Ω̃)))2 solution of























yt − ∆y + (y · ∇)y = −∇p in (0, T ) × Ω̃,

div y = 0 in (0, T ) × Ω̃,

y · n = 0 on (0, T ) × Γ̃,

curl y = 0 on (0, T ) × Γ̃,

y(0, .) = y0 in Ω̃

(17.3)

for some p ∈ L2(0, T ;L2(Ω̃)) which is also unique up to a function depending only on
time.

Then one can also prove the following regularity result (see the Appendix for a
sketch of the proof)

Proposition 17.2. The solution y of system (17.3) has the following regularity property

y ∈ C0((0, T ];H3(Ω̃))2.

Moreover, there exist η > 0 and α > 0 such that for any y0 ∈ H with |y0|L2(Ω̃)2 ≤ η,

for any t ∈ [T/3, 2T/3],

|y(t, .)|H3(Ω̃)2 ≤ α|y0|L2(Ω̃)2 . (17.4)

17.2 Local null controllability (Figure 1 part (e))

Let ω ⊂ Ω̃ be defined by

ω := {x ∈ Ω̃, −5L/2 < x1 < −L/2 and − 1/2 < x2 < 1/2} (17.5)

and let 1ω : Ω̃ → R denotes the characteristic function of ω, i.e. 1ω(x) := 0 if x ∈ Ω̃\ω,
1ω(x) := 1 if x ∈ ω. We introduce the following space, usual in the context of problems
modelling incompressible fluids,

W := {y ∈ H1(Ω̃)2, div y = 0 in Ω̃, y · n = 0 on Γ̃}.
One can prove in a manner similar to the proof of [11, Theorem 1.2 page 98] the
following result
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Proposition 17.3. For any T > 0 there exists δ > 0 such that for any ỹ ∈ H2(Ω̃)2∩W
which satisfies

curl ỹ = 0 on Γ̃

and

|ỹ|H2(Ω̃)2∩W ≤ δ, (17.6)

there exists a local distibuted control v ∈ L2(0, T/3;L2(Ω̃)) such that the corresponding
solution z ∈ (C0([0, T/3];L2(Ω̃)) ∩ L2(0, T/3;H1(Ω̃))2 to























zt − ∆z + (z · ∇)z = −∇pz + v1ω in (0, T/3) × Ω̃,

div z = 0 in (0, T/3) × Ω̃,

z · n = 0 on (0, T/3) × Γ̃,

curl z = 0 on (0, T/3) × Γ̃,

z(0, .) = ỹ in Ω̃,

(17.7)

exists and satisfies
z(T/3, x) = 0 in Ω̃,

for some pz ∈ L2(0, T/3;L2(Ω̃)).

18 Proof of Theorem 16.2

Let T > 0. We assume for the moment that the following proposition holds

Proposition 18.1. For any ǫ > 0, for any y0 ∈ L2(Ω)2 which satisfies (16.1)-(16.2),
there exists δ0 ∈ (0, T/3) and there exists

(y, p) ∈ (C0([0, δ0];L
2(Ω)) ∩ L2(0, δ0;H

1(Ω)))2 × L2(0, δ0;L
2(Ω))

solution of






















yt − ∆y + (y · ∇)y = −∇p in (0, δ0) × Ω,
div y = 0 in (0, δ0) × Ω,
y · n = 0 on (0, δ0) × Γ0,
curl y = 0 on (0, δ0) × Γ0,
y(0, .) = y0 in Ω,

(18.1)

which moreover satisfies

|y(δ0, .)|L2(Ω)2 ≤ ǫ. (18.2)

Before beginning the proof of Theorem 16.2, let us prove the following useful lemma

Lemma 18.2. There exists a continuous linear operator Π which extends any function
y0 ∈ Hs(Ω)2 which satisfies (16.1) and (16.2) by a function Π(y0) ∈ Hs(Ω̃)2∩H and any
function y ∈ C0([0, T ];Hs(Ω))2 which satisfies (16.4) and (16.5) by a function Π(y) ∈
C0([0, T ];Hs(Ω̃))2 which satisfies divΠ(y) = 0 in Ω̃ and Π(y) · n = 0 on Γ̃, for any
s ∈ [0, 3]. If y0 ∈ Hs(Ω)2 (resp. y ∈ C0([0, T ];Hs(Ω))2), for any s ∈ (2, 3], moreover
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satisfies curl y0 = 0 on Γ0 (resp. curl y = 0 on (0, T ) × Γ0) then curl (Π(y0)) = 0 on Γ̃
(resp. curl (Π(y)) = 0 on (0, T )× Γ̃). Furthermore, this operator Π can be constructed
such that

curl (Π(y0)) = 0 in (−3L,−L/4) × (−1, 1) ∪ (2L, 4L) × (−1, 1), (18.3)

(resp.

curl (Π(y)) = 0 in (−3L,−L/4) × (−1, 1) ∪ (2L, 4L) × (−1, 1), ) (18.4)

for any y0 ∈ Hs(Ω)2 which satisfies (16.1) and (16.2) (resp. y ∈ C0([0, T ];Hs(Ω))2

which satisfies (16.4) and (16.5)) and for any s ∈ (2, 3]. Finally, for any s ∈ [0, 3],
there exists Cs > 0 such that

|Π(y0)|Hs(Ω̃)2 ≤ Cs|y0|Hs(Ω)2 , (18.5)

(resp.

|Π(y)|C0([0,T ];Hs(Ω̃))2 ≤ Cs|y|C0([0,T ];Hs(Ω))2), (18.6)

for any y0 ∈ Hs(Ω)2 (resp. y ∈ C0([0, T ];Hs(Ω))2).

Proof of Lemma 18.2. Let s ∈ [0, 3]. For simplicity, we prove Lemma 18.2 in the
case where y0 ∈ Hs(Ω)2 satisfy (16.1)-(16.2). The case where y ∈ C0([0, T ];Hs(Ω))2

satisfies (16.4) and (16.5) will follow, taking (Πy)(t, .) = Π(y(t, .)). From (16.1) and the
fact that Ω is simply connected, there exists a unique φ ∈ Hs+1(Ω) such that

y0 = ∇⊥φ in Ω, (18.7)
∫

Ω

φ = 0, (18.8)

where we denote ∇⊥ := (∂2,−∂1). The first step consists in the extension of φ to a
larger domain. To this aim, we recall the following result

Lemma 18.3. The two following systems


















c0 + c1 + c2 + c3 = 1

−c0 − 2c1 − 4c2 − 8c3 = 1

c0 + 4c1 + 16c2 + 64c3 = 1

−c0 − 8c1 − 64c2 − 512c3 = 1

(18.9)

and


















d0 + d1 + d2 + d3 = 1

d0 + 2d1 + 4d2 + 8d3 = 1

d0 + 4d1 + 16d2 + 64d3 = 1

d0 + 8d1 + 64d2 + 512d3 = 1

(18.10)

have respectively one and only one solution (ci)0≤i≤3 ∈ R4 and (di)0≤i≤3 ∈ R4.

Proof of Lemma 18.3. One recognizes two Vandermonde’ systems.
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Then, let φ̂ ∈ Hs+1((−L/4, 5L/4) × (−1, 1)) be defined by

φ̂((x1, x2)) :=











∑3
i=0 ciφ((−2ix1, x2)) if (x1, x2) ∈ (−L/4, 0) × (−1, 1),

φ((x1, x2)) if (x1, x2) ∈ (0, L) × (−1, 1),
∑3

i=0 diφ((2i(x1 − L), x2)) if (x1, x2) ∈ (L, 5L/4) × (−1, 1).

(18.11)

One easily sees that the fact that φ̂ ∈ Hs+1((−L/4, 5L/4)×(−1, 1)) comes from Lemma
18.3. We use the same process several times in order to obtain a function that we still
denote by φ̂ but which is now defined on (−3L, 4L)×(−1, 1). Thus, we have constructed

φ̂ ∈ Hs+1((−3L, 4L) × (−1, 1)) such that φ̂ ≡ φ on Ω. Now, from (16.2) and (18.7),
there exist c0 and c1 ∈ R such that

φ(x) = c0, x ∈ Γ+
0 , (18.12)

φ(x) = c1, x ∈ Γ−
0 . (18.13)

Let

θ(x) :=
c0 − c1

2
x2 +

c0 + c1
2

, x = (x1, x2) ∈ (−3L, 4L) × (−1, 1) (18.14)

and let χ ∈ C∞([−3L, 4L]) satisfy

0 ≤ χ(x1) ≤ 1, x1 ∈ [−3L, 4L], (18.15)

χ(x1) = 1 if x1 ∈ [−L/16, 17L/16], (18.16)

χ(x1) = 0 if x1 ∈ [−3L,−L/8] ∪ [9L/8, 4L]. (18.17)

We finally define φ̃ on Ω̃ by

φ̃(x) := χ(x1)φ̂(x) + (1 − χ(x1))θ(x) for any x ∈ Ω̃.

Using (18.11)-(18.17), one easily sees that φ̃ ∈ Hs+1(Ω̃) and that

φ̃ = φ in Ω,

φ̃ = c0 on Γ̃+,

φ̃ = c1 on Γ̃−,

∆φ̃ = 0 in (−3L,−L/8) × (−1, 1) ∪ (9L/8, 4L) × (−1, 1).

Consequently, if we define Π(y0) by

Π(y0) := ∇⊥φ̃

it follows that Π(y0) ∈ Hs(Ω̃)∩H, whereH is defined by (17.2) and also that Π(y0) = y0

in Ω. One can note that the linearity of Π comes from (18.8). The end of the proof of
Lemma 18.2 follows easily from the construction of Π.
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Let us now end the proof of Theorem 16.2. Let y0 ∈ L2(Ω)2 satisfy (16.1)-(16.2),
let η be defined in Proposition 17.2 and let δ be defined by (17.6). We denote by

ǫ := min(δ, η). (18.18)

From Proposition 18.1, there exists δ0 ∈ (0, T/3) and there exists a solution y of (18.1)
which satisfies

|y(δ0, .)|L2(Ω)2 ≤ ǫ/(C0α), (18.19)

where α is defined in Proposition 17.2 and C0 is defined in Lemma 18.2.
Let y̌ be the solution of







































y̌t − ∆y̌ + (y̌ · ∇)y̌ = −∇p̌ in (0, 2T
3
− δ0) × Ω̃,

div y̌ = 0 in (0, 2T
3
− δ0) × Ω̃,

y̌ · n = 0 on (0, 2T
3
− δ0) × Γ̃,

curl y̌ = 0 on (0, 2T
3
− δ0) × Γ̃,

y̌(0, .) = Π(y(δ0, .)) in Ω̃,

where Π is defined in Lemma 18.2. From Proposition 17.2, Lemma 18.2, (18.18) and
(18.19),

|y̌(2T
3

− δ0, .)|H2(Ω̃)2 ≤ ǫ. (18.20)

Then, from Proposition 17.3 and (18.18), there exists a control v and a solution z to
(17.7) with initial condition ỹ := y̌(2T

3
− δ0, .). Let now (Y, P ) be defined on (0, T )×Ω

by

Y (t, x) :=











y(t, x) if (t, x) ∈ [0, δ0] × Ω,

y̌(t− δ0, x) if (t, x) ∈ [δ0, 2T/3] × Ω,

z(t− 2T/3, x) if (t, x) ∈ [2T/3, T ] × Ω

and

P (t, x) :=











p(t, x) if (t, x) ∈ [0, δ0] × Ω,

p̌(t− δ0, x) if (t, x) ∈ [δ0, 2T/3] × Ω,

pz(t− 2T/3, x) if (t, x) ∈ [2T/3, T ] × Ω.

One easily deduces from the previous computations and the fact that ω ∩ Ω = ∅ (see
(17.5)) that (Y, P ) is solution of



























Yt − ∆Y + (Y · ∇)Y = −∇P in (0, T ) × Ω,
divY = 0 in (0, T ) × Ω,
Y · n = 0 on (0, T ) × Γ0,
curlY = 0 on (0, T ) × Γ0,
Y (0, .) = y0 in Ω,
Y (T, .) = 0 in Ω.

This ends the proof of Theorem 16.2.
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19 Proof of proposition 18.1

The proof of this proposition relies on the return method. We need to find a solution of
our NS control system with ‘good’ controllability properties around it. This trajectory
(y̆, p̆) consists in three pieces (see Figure 1). Let us briefly explain our choice. We first
introduce a positive constant c whose value will be fixed later on. Then

(ȳ, p̄) := ((c, 0), 0) (19.1)

is obviously solution of the system (16.3)-(16.6). It corresponds to the second piece of
the trajectory (y̆, p̆) (Figure 1 part (c)). The first piece (Figure 1 part (b)) relies (0, 0)
to ȳ whereas the third and last piece (Figure 1 part (d) ) relies ȳ to (0, 0). Both are
chosen independent with respect to the space variable. We will not verify the exact
controllability of the linearized system around (y̆, p̆) - which indeed holds - but we will
directly prove that for a good choice of the constant c, our hopes were justified, that
is, using this particular trajectory, we can prove a suitable approximate controllability
result for our nonlinear NS control system.
We have the following lemma that says that we only have to prove Proposition 18.1 in
the case of a regular initial condition (Figure 1 part (a))

Lemma 19.1. Proposition 18.1 holds if the following property holds






















































For any ǫ > 0, for any z0 ∈ H3(Ω̃)2 ∩H, there exists δ̃0 ∈ (0, T/6) and there exists

(y, p) ∈ (C0([0, δ̃0];L
2(Ω)) ∩ L2(0, δ̃0;H

1(Ω)))2 × L2(0, δ̃0;L
2(Ω)) solution of

yt − ∆y + (y · ∇)y = −∇p in (0, δ̃0) × Ω,

div y = 0 in (0, δ̃0) × Ω,

y · n = 0 on (0, δ̃0) × Γ0,

curl y = 0 on (0, δ̃0) × Γ0,
y(0, .) = z0 in Ω,

and which satisfies |y(δ̃0, .)|L2(Ω)2 ≤ ǫ.
(19.2)

Proof of Lemma 19.1. Let y0 ∈ L2(Ω)2 satisfy (16.1)-(16.2). From Proposition
17.2, the solution (ỹ, p̃) of























ỹt − ∆ỹ + (ỹ · ∇)ỹ = −∇p̃ in (0, T ) × Ω̃,

div ỹ = 0 in (0, T ) × Ω̃,

ỹ · n = 0 on (0, T ) × Γ̃,

curl y = 0 on (0, T ) × Γ̃,

ỹ(0, .) = Π(y0) in Ω̃,

where Π is defined in Lemma 18.2, satisfies ỹ ∈ C0((0, T ];H3(Ω̃))2. We now apply

property (19.2) for z0 := ỹ(T/6, .) ∈ H3(Ω̃)2. There exists δ̃0 ∈ (0, T/6) and there

exists (y, p) defined on (0, δ̃0) × Ω such that |y(δ̃0, .)|L2(Ω)2 ≤ ǫ. This ends the proof of

Lemma 19.1 since T/6 + δ̃0 < T/3.

Thus instead of proving Proposition 18.1, we will prove property (19.2).
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19.1 First step: construction of a trajectory of NS which starts at y0 and
arrives close to ȳ (Figure 1 part (b))

Lemma 19.2. There exists K > 0 such that for any y0 ∈ H3(Ω̃)2 ∩ H, there exists

c̃ > 0, such that for any c ≥ c̃, there exist T2 ∈ (0, T/18), φ̃ ∈ C∞([0, T2]× ¯̃Ω) such that

φ̃(t, x) = 0, (t, x) ∈ [0, T2] × Ω̄ (19.3)

and a solution

(y, p) ∈ (C0([0, T2];L
2(Ω̃)) ∩ L2(0, T2;H

1(Ω̃)))2 × L2(0, T2;L
2(Ω̃))

of






















yt − ∆y + (y · ∇)y = −∇p+ φ̃ in (0, T2) × Ω̃,

div y = 0 in (0, T2) × Ω̃,

y · n = 0 on (0, T2) × Γ̃,

curl y = 0 on (0, T2) × Γ̃,

y(0, .) = y0 in Ω̃,

(19.4)

such that

|y(T2, .) − ȳ|H17/8(Ω̃)2 ≤ Kc3/4, (19.5)

where ȳ is defined by (19.1).

Proof of Lemma 19.2. Let 0 < T2 < T/18. We construct the first piece (f, pf ) of
the trajectory (y̆, p̆). We want f to satisfy the following conditions

f(0, x) = ft(T2/2, x) = 0, x ∈ Ω̃,

f(t, x) = (c, 0), (t, x) ∈ [T2/2] × Ω̃.

The simplest way to do this consists in looking for a quadratic in time function. Let
us be more precise. Let φ ∈ C∞([−3L; 4L]) be a non-negative function which vanishes
in a neighborhood of −3L and 4L and is such that

φ ≡ 0 in Ω̄, (19.6)
∫ 4L

−3L

φ = 1. (19.7)

We introduce (f, pf) defined on (0, T2) × Ω̃ by

f(t, x) :=











(

4c

T2

t(1 − t

T2

), 0

)

if t ∈ [0, T2/2],

(c, 0) if t ∈ [T2/2, T2]

(19.8)

and

pf(t, x) :=











4c

T2

(1 − 2t

T2

)(7L

∫ x1

−3L

φ(s) ds− x1) if t ∈ [0, T2/2],

0 if t ∈ [T2/2, T2].
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One easily sees that

(f, pf) ∈ (C0([0, T2];L
2(Ω̃)) ∩ L2(0, T2;H

1(Ω̃)))2 × L2(0, T2;L
2(Ω̃))

satisfies






























ft − ∆f + (f · ∇)f = −∇pf + 7Lftφ(x1) in (0, T2) × Ω̃,

div f = 0 in (0, T2) × Ω̃,

f · n = 0 on (0, T2) × Γ̃,

curl f = 0 on (0, T2) × Γ̃,

f(0, .) = 0 in Ω̃,

f(t, .) = ȳ in (T2/2, T2) × Ω̃.

(19.9)

Let now (Y, P ) ∈ (C0([0, T2];L
2(Ω̃))∩L2(0, T2;H

1(Ω̃)))2 ×L2(0, T2;L
2(Ω̃)) be solution

of






















Yt − ∆Y + (Y · ∇)Y + (f · ∇)Y = −∇P in (0, T2) × Ω̃,

divY = 0 in (0, T2) × Ω̃,

Y · n = 0 on (0, T2) × Γ̃,

curlY = 0 on (0, T2) × Γ̃,

Y (0, .) = y0 in Ω̃

(19.10)

for some P ∈ L2(0, T2;L
2(Ω̃)). Our aim is to estimate the norm of Y (t, .), t ∈ (0, T2), in

some well chosen space. Indeed, as one shall see later, if one then defines y := f + Y ,
one sees firstly that y is solution of (19.4) for some φ̃ depending on f and φ and for
some p ∈ L2(0, T2;L

2(Ω̃)), and secondly that for any time t ∈ (T2/2, T2), one obtains
from the definition of f (see in particular the last line of (19.9)) and the estimation to
be made on |Y (t, .)| an estimation of |y(t, .)− ȳ(t, .)| in the same space. Consequently,
we begin with multiplying the first equation in (19.10) by 2Y and integrate on Ω̃. We
get

2

∫

Ω̃

Y Yt − 2

∫

Ω̃

Y∆Y + 2

∫

Ω̃

Y (Y · ∇)Y + 2

∫

Ω̃

Y (f · ∇)Y

= −2

∫

Ω̃

Y∇P.

Using integrations by parts together with (19.10), we obtain

d

dt

∫

Ω̃

|Y |2 + 2

∫

Ω̃

|∇Y |2 + 2

∫

Ω

Y (f · ∇)Y = 0. (19.11)

Moreover,

2

∫

Ω̃

Y (f · ∇)Y ≤ |f |L∞(Ω̃)2(
1

ǫ

∫

Ω̃

|Y |2 + ǫ

∫

Ω̃

|∇Y |2). (19.12)

Taking ǫ = 1/|f |L∞(Ω̃)2 , using (19.8), (19.11) and (19.12), we get, for any time t ∈ (0, T2],

d

dt
|Y (t, .)|2

L2(Ω̃)2
≤ Cc2|Y (t, .)|2

L2(Ω̃)2
,
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where, above and until the end, C denotes various positive constants that depend only
on Ω̃. Consequently, we deduce from Gronwall’s lemma that for any time t ∈ (0, T2],

|Y (t, .)|2
L2(Ω̃)2

≤ |Y (0, .)|2
L2(Ω̃)2

eCc2t.

Let us now introduce ω := curlY = ∂1Y2 −∂2Y1. From (19.10), ω satisfies the following
system,







ωt − ∆ω + (Y · ∇)ω + (f · ∇)ω = 0 in (0, T2) × Ω̃,

ω = 0 on (0, T2) × Γ̃,

ω(0, .) = curl y0 in Ω̃,

(19.13)

We multiply the first equation of (19.13) by 2ω and integrate on Ω̃. Using an integration
by parts we obtain

d

dt

∫

Ω̃

|ω|2 + 2

∫

Ω̃

|∇ω|2 = 0,

i.e., for any time t ∈ (0, T2],

|ω(t, .)|2
L2(Ω̃)

+ 2|∇ω|2
L2(0,t;L2(Ω̃))

= |ω(0, .)|2
L2(Ω̃)

. (19.14)

Consequently,
ω ∈ L∞(0, T2;L

2(Ω̃)) ∩ L2(0, T2;H
1
0(Ω̃)).

Thus ∆Y = −∇⊥ω ∈ L2(0, T2;L
2(Ω̃))2. A classical result (see the Appendix) gives

that Y ∈ L2(0, T2;H
2(Ω̃))2 and

|Y |L2(0,T2;H2(Ω̃))2 ≤ C|∆Y |L2(0,T2;L2(Ω̃))2 . (19.15)

Then, if we now multiply the first equation of (19.13) by 2ωt and integrate on Ω̃, we
get

2

∫

Ω̃

|ωt|2 − 2

∫

Ω̃

∆ωωt + 2

∫

Ω̃

(Y · ∇)ωωt + 2

∫

Ω̃

(f · ∇)ωωt = 0.

Using an integration by parts and the fact that ω = 0 on the boundary, we compute

−2

∫

Ω̃

∆ωωt =
d

dt

∫

Ω̃

|∇ω|2.

Moreover,

−2

∫

Ω̃

(Y · ∇)ωωt ≤ 2|Y |2
L∞(Ω̃)2

∫

Ω̃

|∇ω|2 +
1

2

∫

Ω̃

|ωt|2,

2

∫

Ω̃

(f · ∇)ωωt ≤ 2|f |2
L∞(Ω̃)2

∫

Ω̃

|∇ω|2 +
1

2

∫

Ω̃

|ωt|2

≤ 2c2
∫

Ω̃

|∇ω|2 +
1

2

∫

Ω̃

|ωt|2.
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Consequently
∫

Ω̃

|ωt|2 +
d

dt

∫

Ω̃

|∇ω|2 ≤ 2(|Y |2
L∞(Ω̃)2

+ c2)

∫

Ω̃

|∇ω|2.

Multiplying the last inequality by e
−2(

R s
0 |Y |2

L∞(Ω̃)2
+c2s)

, where s ∈ (0, T2], we get

e
−2(

R s
0 |Y (τ,.)|2

L∞(Ω̃)2
dτ+c2s)

∫

Ω̃

|ωt(s, .)|2

+
d

ds
(e

−2(
R s
0
|Y (τ,.)|2

L∞(Ω̃)2
dτ+c2s)

∫

Ω̃

|∇ω(s, .)|2) ≤ 0.

In particular, for any time t ∈ (0, T2],

∫ t

0

e
−2(

R s
0
|Y (τ,.)|2

L∞(Ω̃)2
dτ+c2s)

∫

Ω̃

|ωt(s, .)|2

+ e
−2(

R t
0 |Y (τ,.)|2

L∞(Ω̃)2
+c2t)

∫

Ω̃

|∇ω(t, .)|2 ≤
∫

Ω̃

|∇ω(0, .)|2

and thus,

∫ t

0

∫

Ω̃

|ωt(s, .)|2 +

∫

Ω̃

|∇ω(t, .)|2 ≤ e
2(

R t
0
|Y (τ,.)|2

L∞(Ω̃)2
+c2t)

∫

Ω̃

|∇ω(0, .)|2.

Using now (19.14) and (19.15) we obtain,

|wt|2L2(0,t;L2(Ω̃))
+ |∇ω(t, .)|2

L2(Ω̃)2
≤ |∇ω(0, .)|2

L2(Ω̃)2
e
2(c2t+C

R t
0
|Y |2

H2(Ω̃)2
)

≤ |∇ω(0, .)|2
L2(Ω̃)2

e
2(c2t+C

R t
0 |∆Y |2

L2(Ω̃)2
)

≤ |∇ω(0, .)|2
L2(Ω̃)2

e
2(c2t+C

R t
0
|∇ω|2

L2(Ω̃)2
)

≤ |∇ω(0, .)|2
L2(Ω̃)2

e
2c2t+C|ω(0,.)|2

L2(Ω̃)2

(19.16)

for any time t ∈ (0, T2] and we deduce from (19.16) that

ω ∈ H1(0, T2;L
2(Ω̃)) ∩ L∞(0, T2;H

1
0 (Ω̃))

and thus (see Lemma 20.1),

Y ∈ (H1(0, T2;H
1(Ω̃)) ∩ L∞(0, T2;H

2(Ω̃)))2

with the following estimate

|Y |2
(H1(0,T2;H1(Ω̃))∩L∞(0,T2;H2(Ω̃)))2

≤ C|∇ω(0, .)|2
L2(Ω̃)2

e
2c2T2+C|ω(0,.)|2

L2(Ω̃)2 .

From the last inequality, if we take

c ≥ max(1, |y0|2
H3(Ω̃)2

e
C|y0|2

H3(Ω̃)2 ) (19.17)
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and

T2 ≤ min(
T

18
,

1

2c2
),

then

|Y |(L∞(0,T2;H2(Ω̃))∩H1(0,T2;H1(Ω̃)))2 ≤ C
√
c. (19.18)

The following step consists in proving that ω ∈ L2(0, T2;H
2(Ω̃)). To this aim, we rewrite

(19.13) in the following way







−∆ω = −ωt − (Y · ∇)ω − (f · ∇)ω in (0, T2) × Ω̃,

ω = 0 on (0, T2) × Γ̃,

ω(0, .) = curl y0 in Ω̃,

(19.19)

and we note, that, from (19.16), ωt ∈ L2(0, T2;L
2(Ω̃)), from (19.16) and the fact that

|(Y · ∇)ω|L∞(0,T2;L2(Ω̃)) ≤ C|Y |L∞(0,T2;H2(Ω̃))|∇ω|L∞(0,T2;L2(Ω̃)),

|(f · ∇)ω|L∞(0,T2;L2(Ω̃)) ≤ C|f |L∞((0,T2)×Ω̃)|∇ω|L∞(0,T2;L2(Ω̃)),

then (Y · ∇)ω ∈ L∞(0, T2;L
2(Ω̃)) and (f · ∇)ω ∈ L∞(0, T2;L

2(Ω̃)). Consequently,
∆ω ∈ L2(0, T2;L

2(Ω̃)) and from the boundary condition in (19.19) and using a classical
result about the Dirichlet problem, we obtain

ω ∈ L2(0, T2;H
2(Ω̃))

with the following estimate

|ω|L2(0,T2;H2(Ω̃)) ≤ Kc3/2 (19.20)

(let us remember that we have already chosen c ≥ 1 (see (19.17)). Let now h := ωt.
From (19.13), h is solution of







ht − ∆h = −(Yt · ∇)ω − (Y · ∇)h− (ft · ∇)ω − (f · ∇)h in (0, T2) × Ω̃,

h = 0 on (0, T2) × Γ̃,

h(0, .) = ∆ω(0, .) − (Y (0, .) · ∇)ω(0, .) in Ω̃.

(19.21)

Since Y (0, .) ∈ H3(Ω̃)2, then h(0, .) ∈ L2(Ω̃)2. Let us now verify that the right
member of the first equation of (19.21) belongs to L2(0, T2;H

−1(Ω̃))2. Firstly, since
Yt ∈ L2(0, T2;H

1(Ω̃))2 and ∇ω ∈ L∞(0, T2;L
2(Ω̃))2, then

(Yt · ∇)ω ∈ L2(0, T2;H
−1(Ω̃)).

Next, Y ∈ L∞(0, T2;H
2(Ω̃))2 and ∇h ∈ L2(0, T2;H

−1(Ω̃)) give

(Y · ∇)h ∈ L2(0, T2;H
−1(Ω̃)).

Finally, the same arguments prove that

(ft · ∇)ω ∈ L2(0, T2;H
−1(Ω̃))

148



19 Proof of proposition 18.1 149

and that
(f · ∇)h ∈ L2(0, T2;H

−1(Ω̃)).

Now, a classical result on the heat equation gives that h ∈ L2(0, T2;H
1
0(Ω̃)) with the

following estimate (remember (19.8), (19.17) and (19.18))

|h|L2(0,T2;H1
0 (Ω̃)) ≤ C(|y0|H3(Ω̃)2

+ |Y |H1(0,T2;H1(Ω̃))∩L∞(0,T2;H2(Ω̃)))2 |ω|H1(0,T2;L2(Ω̃))∩L∞(0,T2;H1
0 (Ω̃))

+ |f |H1(0,T2;H1(Ω̃))∩L∞(0,T2;H2(Ω̃)))2 |ω|H1(0,T2;L2(Ω̃))∩L∞(0,T2;H1
0 (Ω̃)))

≤ C(c3/2 + c)
≤ Cc3/2.

Thus
ω ∈ H1(0, T2;H

1
0 (Ω̃))

with the following estimate

|ω|H1(0,T2;H1
0 (Ω̃)) ≤ Kc3/2. (19.22)

Thus,

Y ∈ H1(0, T2;H
2(Ω̃))2 (19.23)

and

|Y |H1(0,T2;H2(Ω̃))2 ≤ Kc3/2. (19.24)

Using our last computations, we prove easily using the same arguments as above that
the right member of (19.19) actually belongs to L2(0, T2;H

1(Ω̃)) and we get

ω ∈ L2(0, T2;H
3(Ω̃)),

with the following estimate,

|ω|L2(0,T2;H3(Ω̃)) ≤ Kc5/2. (19.25)

Consequently,

Y ∈ L2(0, T2;H
4(Ω̃))2. (19.26)

and

|Y |L2(0,T2;H4(Ω̃))2 ≤ Kc5/2. (19.27)

We recall the following result that one can find in [9].

Lemma 19.3. [9, Theorem 4 page 288] Let

1

2
min(

T

18
,

1

Cc2
,

1

2c2
) ≤ T2 ≤ min(

T

18
,

1

Cc2
,

1

2c2
) (19.28)
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and X := (L2(0, T2;H
4(Ω̃)) ∩H1(0, T2;H

2(Ω̃)))2 equipped with the norm

|y|X := |y|L2(0,T2;H4(Ω̃))2 + |y|H1(0,T2;H2(Ω̃))2 .

Suppose that y ∈ X. Then y ∈ C0([0, T2];H
3(Ω̃))2 and

max{|y(t, .)|H3(Ω̃)2 , t ∈ [0, T2]} ≤ C|y|X,
the constant C depending only on L and not on T2 satisfying (19.28).

As a consequence of this Lemma together with (19.23) and (19.26), we obtain

Y ∈ L∞(0, T2;H
3(Ω̃))2

and from (19.24) and (19.27),

|Y |L∞(0,T2;H3(Ω̃))2 ≤ Kc5/2. (19.29)

Now, using interpolation results (see for example, [18, Theorem 9.6 page 49]), we deduce
from (19.18) and (19.29) that Y ∈ L∞(0, T2;H

17/8(Ω̃)) and

|Y |L∞(0,T2;H17/8(Ω̃))2 ≤ Kc3/4.

Finally, we deduce from the last inequality that for any δ1 ∈ (T2/2, T2)

|Y (T2, .)|H17/8(Ω̃)2 ≤ Kc3/4. (19.30)

Let now y := f + Y . It follows from (19.9) and (19.10) that y is solution of






















yt − ∆y + (y · ∇)y = ∇P −∇pf + 7Lftφ(x1) in (0, T2) × Ω̃,

div y = 0 in (0, T2) × Ω̃,

y · n = 0 on (0, T2) × Γ̃,

curl y = 0 on (0, T2) × Γ̃,

y(0, .) = y0 in Ω̃

and from (19.9) and (19.30),

|y(δ1, .) − ȳ|H17/8(Ω̃)2 ≤ Kc3/4.

19.2 Second step: where the controllability of the Euler equation is used
(Figure 1 part (c))

This part is in a way the most important part of the proof of Proposition 18.1. We
follow the strategy introduced by J.-M. Coron in [5], then used by J.-M. Coron and A.
Fursikov in [8] and more recently by M. Chapouly in [1] and [2]. That is, we consider
that for small times and fixed states, the nonlinear term (y ·∇)y is a key term compared
to the linear term −∆y. Consequently, we use the Euler equation of incompressible
inviscid fluids to ‘approach’ our Navier-Stokes control system. Our aim is to get closer
to ȳ. Proposition 19.4 states more precisely that starting from an initial condition close
to ȳ up to O(c3/4), we can arrive in a small time δc close to ȳ up to O(c−1/4).
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Proposition 19.4. There exist c1 > max(72L/T, (18/T )1/3) and M1 > 0 such that for
any c ≥ c1, there exists δc > 0 such that for any z0 ∈ H17/8(Ω̃)2 ∩H which satisfies

curl z0 = 0 on Γ̃, (19.31)

|z0 − ȳ|H17/8(Ω̃)2 ≤ KC17/8c
3/4,

where C17/8 is defined in Lemma 18.2 and K is defined in Lemma 19.2, there exists a
solution

(Z, PZ) ∈ (C0([0, δc];L
2(Ω)) ∩ L2(0, δc;H

1(Ω)))2 × L2(0, δc;L
2(Ω))

to






















Zt − ∆Z + (Z · ∇)Z = −∇PZ in (0, δc) × Ω,
divZ = 0 in (0, δc) × Ω,
Z · n = 0 on (0, δc) × Γ0,
curlZ = 0 on (0, δc) × Γ0,
Z(0, .) = z0 in Ω,

(19.32)

which moreover satisfies

|Z(δc, .) − ȳ|L2(Ω)2 ≤
M1

c1/4
. (19.33)

Proof of Proposition 19.4. This proof is divided in two steps. First, we construct a
solution ž of the Euler equation whose vorticity vanishes in Ω at time t = 2L/c. Then
we construct another solution of the Euler equation which brings ž(2L/c, .) to (0, 0) in
time 1/c3. These two steps can be seen as the null controllability of Euler equation on
the domain Ω. These solutions of the Euler equation will allow us to construct in two
steps a solution of (19.32) which satisfies (19.33).
First step. Let us assume for the moment that the following proposition holds

Proposition 19.5. There exist c0 > 0 and M0 > 0 such that for any c ≥ c0, for any
z̃ ∈ H17/8(Ω̃)2 ∩H which satisfies

curl z̃ = 0 on Γ̃, (19.34)

|z̃|H17/8(Ω̃)2 ≤ KC17/8c
3/4,

where C17/8 is defined in Lemma 18.2 and K is defined in Lemma 19.2, there exists a
solution

(ž, p̌z) ∈ (C0([0, 2L/c];L2(Ω̃)) ∩ L2(0, 2L/c;H1(Ω̃)))2 × L2(0, 2L/c;L2(Ω̃))

to






















žt + ((ȳ + ž) · ∇)ž = −∇p̌z in (0, 2L
c

) × Ω̃,

div ž = 0 in (0, 2L
c

) × Ω̃,

ž · n = 0 on (0, 2L
c

) × Γ̃,

ž(0, .) = z̃ in Ω̃,
curl ž(2L

c
, .) = 0 in Ω.

(19.35)

Moreover, ž ∈ C0([0, 2L/c];H17/8(Ω̃))2 and

|ž|C0([0,2L/c];H17/8(Ω̃))2 ≤M0c
3/4. (19.36)
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Let c ≥ max(c0, 72L/T, (18/T )1/3) and let z0 ∈ H17/8(Ω̃)2 ∩H be such that

curl z0 = 0 on Γ̃

and
|z0 − ȳ|H17/8(Ω̃)2 ≤ KC17/8c

3/4,

where K is defined in Lemma 19.2 and C17/8 is defined in Lemma 18.2. Let

z̃ := z0 − ȳ. (19.37)

Since z̃ satisfies the hypothesis of Proposition 19.5, we can apply this proposition and
define ž ∈ C0([0, 2L/c];H17/8(Ω̃))2 as a solution of (19.35). One can note that from
(19.34) and (19.35),

curl ž = 0 on (0, 2L/c) × Γ̃. (19.38)

We follow a strategy similar to the one used in the first step of the proof of Proposition
18.1. We first define

R ∈ (C0([0, 2L/c];L2(Ω̃)) ∩ L2(0, 2L/c;H1(Ω̃))2

as the solution of






























Rt − ∆R + (R · ∇)R + (R · ∇)ž + (ȳ · ∇)R + (ž · ∇)R− ∆ž

= −∇P in (0, 2L/c) × Ω̃,

divR = 0 in (0, 2L/c) × Ω̃,

R · n = 0 on (0, 2L/c) × Γ̃,

curlR = −curl ž = 0 on (0, 2L/c) × Γ̃,

R(0, .) = 0 in Ω̃,

(19.39)

for some P ∈ L2(0, 2L/c;L2(Ω̃)). We want to estimate |R(2L/c, .)|L2(Ω̃). Indeed if one

defines z on (0, 2L/c) × Ω by z := R + ž + ȳ, one shall see later that z is solution of a
Navier-Stokes system and the estimation of |R(2L/c, .)|L2(Ω̃) will provide an estimation

of |z(2L/c, .) − ž(2L/c, .) − ȳ|L2(Ω)2 . We multiply the first equation in (19.39) by 2R

and integrate on Ω̃. Using the fact that

divR = div ž = div ȳ = 0,

that
R · n = ž · n = ȳ · n = 0 on Γ̃,

and that
curlR = 0 on Γ̃,

integrations by parts give

−2

∫

Ω̃

R∆R = 2

∫

Ω̃

|∇R|2,

2

∫

Ω̃

R(R · ∇)R = −2

∫

Ω̃

R∇P = 2

∫

Ω̃

R(ȳ · ∇)R = 2

∫

Ω̃

R(ž · ∇)R = 0.
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Moreover,

2

∫

Ω̃

R(R · ∇)ž ≤ C|ž|C0([0,T3];H17/8(Ω̃))2

∫

Ω̃

|R|2,

2

∫

Ω̃

R∆ž ≤ 2

(
∫

Ω̃

|R|2
)1/2 (

∫

Ω̃

|∆ž|2
)1/2

.

Consequently, we obtain

d

dt
|R|2

L2(Ω̃)2
+ 2|∇R|2

L2(Ω̃)2
≤ C|ž|C0([0,T3];H17/8(Ω̃))2 |R|2L2(Ω̃)2

+ 2|R|L2(Ω̃)2 |ž|C0([0,T3];H17/8(Ω̃))2 .

Thus

d

dt
|R|L2(Ω̃)2 ≤ C|ž|C0([0,T3];H17/8(Ω̃))2 |R|L2(Ω̃)2 + 2|ž|C0([0,T3];H17/8(Ω̃))2 .

Using now (19.36) and applying Gronwall’s lemma, we obtain for c large enough,

|R(2L/c, .)|L2(Ω̃)2 ≤ C(exp(c3/42L/c) − 1)

≤ C

c1/4
.

(19.40)

Let now z ∈ (C0([0, 2L/c];L2(Ω)) ∩ L2(0, 2L/c;H1(Ω))2 be defined by

z(t, x) = R(t, x) + ž(t, x) + ȳ(t, x), (t, x) ∈ (0, 2L/c) × Ω. (19.41)

One easily verifies that z is solution of






















zt − ∆z + (z · ∇)z = −∇(P + pž) in (0, 2L/c) × Ω,
div z = 0 in (0, 2L/c) × Ω,
z · n = 0 on (0, 2L/c) × Γ0,
curl z = 0 on (0, 2L/c) × Γ0,
z(0, .) = z0

(19.42)

(remember in particular (19.38)). Moreover, one deduces from (19.40) and (19.41) that

|z(2L/c, .) − ž(2L/c, .) − ȳ|2L2(Ω)2 ≤
C

c1/4
. (19.43)

Second step. Now, from the facts that Ω is simply connected, that curl ž(2L/c, .) =

0 in Ω (see (19.35)), and that ž(2L/c, .) ∈ H17/8(Ω)2, there exists φ ∈ H25/8(Ω) such
that

ž(2L/c, .) = ∇φ in Ω. (19.44)

Let χ ∈ C∞([0, 1/c3]) be such that

χ(t) ≥ 0, t ∈ [0, 1/c3],

χ(0) = 1,

χ(1/c3) = 0
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154 Contrôlabilité globale à zéro d’un système de Navier-Stokes

and let u be defined in [0, 1/c3] × Ω by, for any (t, x) ∈ [0, 1/c3] × Ω,

u(t, x) = χ(t)∇φ(x). (19.45)

One easily sees that u ∈ C0([0, 1/c3];H17/8(Ω))2 is solution of


























ut + ((ȳ + u) · ∇)u = −∇pu in (0, 1/c3) × Ω,
divu = 0 in (0, 1/c3) × Ω,
u · n = 0 on (0, 1/c3) × Γ0,
curl u = 0 on (0, 1/c3) × Γ0,
u(0, .) = ž(2L/c, .) in Ω,
u(1/c3, .) = 0 in Ω,

(19.46)

where

pu := −χ̇(t)φ− χ(t)2

2
|∇φ|2 − cχ(t)∂1φ in (0, 1/c3) × Ω.

Using Lemma 18.2, we can extend u (resp. pu) by Π(u) ∈ C0([0, 1/c3];H17/8(Ω̃))2 (resp.
by Π(pu) ∈ L2(0, 1/c3;L2(Ω̃))). Let us recall that since

curl u = 0 on (0, 1/c3) × Γ0,

then
curl Π(u) = 0 on (0, 1/c3) × Γ̃.

We denote

f := Π(u)t + ((ȳ + Π(u)) · ∇)Π(u) + ∇Π(pu) on (0, 1/c3) × Ω̃. (19.47)

One can note that

f ≡ 0 on (0, 1/c3) × Ω (19.48)

(see (19.46)). Let now

Q ∈ (C0([0, 1/c3];L2(Ω̃)) ∩ L2(0, 1/c3;H1(Ω̃))2

be solution of






























Qt − ∆Q+ (Q · ∇)Q+ (Q · ∇)Π(u) + (ȳ · ∇)Q+ (Π(u) · ∇)Q− ∆Π(u)

= −∇PQ in (0, 1/c3) × Ω̃,

divQ = 0 in (0, 1/c3) × Ω̃,

Q · n = 0 on (0, 1/c3) × Γ̃,

curlQ = −curl Π(u) = 0 on (0, 1/c3) × Γ̃,

Q(0, .) = Π(z(2L/c, .)) − Π(u)(0, .) − ȳ in Ω̃,

(19.49)

for some PQ ∈ L2(0, 1/c3;L2(Ω̃)) and where Π is defined in Lemma 18.2, z satisfies
(19.42) and u satisfies (19.46). Using similar estimations as above, (19.43), (19.44) and
(19.45), we prove that for c large enough

|Q(1/c3, .)|L2(Ω̃)2 ≤ C(|Q(0, .)|L2(Ω̃)2 + c3/4 1

c3
)

≤ C

c1/4
.

(19.50)
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Let δc := 2L/c+1/c3. We define now (Z, PZ) in (0, δc)×Ω by for any (t, x) ∈ (0, δc)×Ω,

Z(t, x) :=

{

z(t, x) if t ∈ [0, 2L/c],

Q(t− 2L/c, x) + Π(u)(t− 2L/c, .) + ȳ if t ∈ [2L/c, δc]
(19.51)

and

PZ(t, x) :=

{

P (t, x) + pz(t, x) if t ∈ [0, 2L/c],

Π(pu)(t− 2L/c, .) + PQ(t− 2L/c, .) if t ∈ [2L/c, δc],
(19.52)

where P is defined in (19.39), (z, pz) is solution of (19.42), (u, pu) is solution of (19.46)
and (Q,PQ) is solution of (19.49). Then from (19.42), (19.46)-(19.52),

(Z, PZ) ∈ (C0([0, δc];L
2(Ω)) ∩ L2(0, δc;H

1(Ω)))2 × L2(0, δc;L
2(Ω))

satisfies






























Zt − ∆Z + (Z · ∇)Z = −∇PZ in (0, δc) × Ω,
divZ = 0 in (0, δc) × Ω,
Z · n = 0 on (0, δc) × Γ0,
curlZ = 0 on (0, δc) × Γ0,
Z(0, .) = z0 in Ω,
|Z(δc, .) − ȳ|L2(Ω)2 ≤M1/c

1/4.

(19.53)

This ends the proof of Proposition 19.4. It remains to prove Proposition 19.5.

Proof of Proposition 19.5. This is a consequence of the following lemma

Lemma 19.6. There exist ǫ > 0 and β > 0 such that for any ŷ0 ∈ H17/8(Ω̃)2 ∩H such
that

curl ŷ0 = 0 in Γ̃ (19.54)

and such that |ŷ0|H17/8(Ω̃)2 < ǫ, there exists (ŷ, p̂) solution of























ŷt + ((ˆ̄y + ŷ) · ∇)ŷ = −∇p̂ in (0, 1) × Ω̃,

div ŷ = 0 in (0, 1) × Ω̃,

ŷ · n = 0 on (0, 1) × Γ̃,

ŷ(0, .) = ŷ0 in Ω̃,
curl ŷ(1, .) = 0 in Ω,

(19.55)

where we have denoted

(ˆ̄y, ˆ̄p) := ((2L, 0), 0) in (0, 1) × Ω̃. (19.56)

Moreover ŷ ∈ C0([0, 1];H17/8(Ω̃))2 and

|ŷ|C0([0,1];H17/8(Ω̃))2 ≤ β|ŷ0|H17/8(Ω̃)2 . (19.57)
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Indeed, let us assume for the moment that this lemma holds. Let c0 := (2LKC17/8/ǫ)
4,

where C17/8 is defined in Lemma 18.2, K is defined in Lemma 19.2 and ǫ is defined

in Lemma 19.6 and let c ≥ c0. Let z0 ∈ H17/8(Ω̃)2 ∩ H be such that |z0|H17/8(Ω̃)2 ≤
KC17/8c

3/4 and curl z0 = 0 in Γ̃. From Lemma 19.6, there exists a unique (ŷ, p̂) solu-

tion of (19.55) with initial condition ŷ0 := 2L
c
z0 in Ω̃. We now define

ž(t, x) =
c

2L
ŷ(
ct

2L
, x), (t, x) ∈ (0,

2L

c
) × Ω̃

and

p̌(t, x) =
c2

4L2
p̂(
ct

2L
, x), (t, x) ∈ (0,

2L

c
) × Ω̃

and Proposition 19.5 follows easily.

It remains to prove Lemma 19.6.
Proof of Lemma 19.6. One can prove in a manner similar to the proof of [19, Theorem
4.1 page 126], that there exist ǫ0 and β > 0 such that for any ŷ0 ∈ H17/8(Ω̃)2 ∩H such
that

|ŷ0|H17/8(Ω̃)2 ≤ ǫ0, (19.58)

there exists a unique ŷ ∈ C0([0, 1];H17/8(Ω̃))2 solution of














ŷt + ((ˆ̄y + ŷ) · ∇)ŷ = −∇p̂ in (0, 1) × Ω̃,

div ŷ = 0 in (0, 1) × Ω̃,

ŷ · n = 0 on (0, 1) × Γ̃,

ŷ(0, .) = ŷ0 in Ω̃,

(19.59)

where (ˆ̄y, ˆ̄p) is defined by (19.56). Moreover, we have the following inequality

|ŷ|C0([0,1];H17/8(Ω̃))2 ≤ β|ŷ0|H17/8(Ω̃)2 . (19.60)

Let also ŷ0 ∈ H17/8(Ω̃)2 ∩H satisfy (19.54) and

|ŷ0|H17/8(Ω̃)2 < min(ǫ0, L/(2β)). (19.61)

It only remains to prove that for any x ∈ Ω,

curl ŷ(1, x) = 0.

To this aim, we introduce the flow f̃ of the ordinary differential equation ξ̇ = (ˆ̄y +
ŷ))(t, ξ). From the definition of Ω̃ (see (17.1)) and the third equation of (19.59),

f̃ : [0, 1] × [0, 1] × Ω̃ −→ Ω̃.

This flow is solution of

∂f̃

∂t1
(t1, t2, x) = (ˆ̄y + ŷ))(t1, f̃(t1, t2, x))), (t1, t2, x) ∈ (0, 1) × (0, 1) × Ω̃, (19.62)

f̃(t2, t2, x) = x, t2 ∈ (0, 1), x ∈ Ω̃. (19.63)

Let us prove the following lemma
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Lemma 19.7. For any x ∈ Ω, f̃(0, 1, x) ∈ (−3L,−L/2) × (−1, 1).

Proof of Lemma 19.7 Let f be the flow of the ordinary differential equation
ξ̇ = ˆ̄y(t, ξ). From (19.56), one computes easily that for any (t1, t2) ∈ [0, 1]2, for any
x = (x1, x2) ∈ Ω,

f1(t1, t2, x) = x1 + (t1 − t2)2L,

f2(t1, t2, x) = x2.

In particular, for any x = (x1, x2) ∈ Ω,

f1(0, 1, x) = x1 − 2L,

f2(0, 1, x) = x2.

Thus for any x ∈ Ω,

−2L < f1(0, 1, x) < −L, (19.64)

From now on, we denote by |f̃(0, 1, x)−f(0, 1, x)| := |f̃1(0, 1, x)−f1(0, 1, x)|+|f̃2(0, 1, x)−
f2(0, 1, x)|. Then, using (19.61) we get, for any x ∈ Ω,

|f̃(0, 1, x) − f(0, 1, x)| = |
∫ 0

1

(ˆ̄y + ŷ)(s, f̃(s, 1, x)) − ˆ̄y(s, f(s, 1, x)) ds|

≤
∫ 1

0

|ŷ(s, f̃(s, 1, x)| ds
≤ |ŷ|C0([0,1];H17/8(Ω̃))2

≤ L

2
.

(19.65)

Consequently, using (19.64) and (19.65), it follows for any x ∈ Ω,

f̃1(0, 1, x) ∈ (−5L/2,−L/2). (19.66)

Finally, let us denote by ω̂ := curl ŷ. From the fact that the equation satisfied by ω̂ is
a transport equation we get for any x ∈ Ω̃,

ω̂(1, x) = curl ŷ0(f̃(0, 1, x)) (19.67)

and thus, from (19.66) and the fact that ŷ0 satisfies (19.54), we deduce that for any
x ∈ Ω,

ω̂(1, x) = 0.

19.3 Third step: construction of a trajectory of NS which starts close to ȳ
and arrives close to 0 (Figure 1 part (d))

One can prove in the same manner as in Lemma 19.2 that the following lemma holds
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Lemma 19.8. There exist K̃ > 0 and c2 > 0 such that for any c ≥ c2, there exist

T4 ∈ (0, T/18) and φ̂ ∈ C∞([0, T4] × ¯̃Ω) which satisfies

φ̂(t, x) = 0, (t, x) ∈ [0, T4] × Ω̄,

such that for any ỹ ∈ H such that |ỹ − ȳ|L2(Ω̃)2 ≤ C0M1/c
1/4, where C0 is defined in

Lemma 18.2 and M1 is defined in Proposition (19.4), there exists

(ζ, ρ) ∈ (C0([0, T4];L
2(Ω̃)) ∩ L2(0, T4;H

1(Ω̃)))2 × L2(0, T4;L
2(Ω̃))

solution of






















ζt − ∆ζ + (ζ · ∇)ζ = −∇ρ+ φ̂ in (0, T4) × Ω̃,

div ζ = 0 in (0, T4) × Ω̃,

ζ · n = 0 on (0, T4) × Γ̃,

curl ζ = 0 on (0, T4) × Γ̃,

ζ(0, .) = ỹ in Ω̃,

(19.68)

such that

|ζ(T4, .)|L2(Ω̃)2 ≤ K̃/c1/4. (19.69)

Proof of Lemma 19.8. We only give the main idea of the proof. The details
follow easily from the proof of Lemma 19.2. Let 0 < T4 ≤ T/18. It suffices to introduce
this time (g, pg) defined on (0, T4) × Ω̃ by

g(t, x) :=











(

4c

T4
t(−1 +

t

T4
), 0

)

if t ∈ [0, T4/2],

(0, 0) if not

and

pg(t, x) :=











4c

T4
(−1 +

2t

T4
)(7L

∫ x1

−3L

φ(s) ds− x1) if t ∈ [0, T4/2],

0 if not,

where φ was defined in the proof of Lemma 19.2. One easily sees that (g, pg) satisfies






























gt − ∆g + (g · ∇)g = −∇pg + 7Lgtφ(x1) in (0, T4) × Ω̃,

div g = 0 in (0, T4) × Ω̃,

g · n = 0 on (0, T4) × Γ̃,

curl g = 0 on (0, T4) × Γ̃,

g(0, .) = ȳ in Ω̃,

g(t, .) = 0 in (T4/2, T4) × Ω̃.

Then if we define now Y ∈ (C0([0, T4];L
2(Ω̃)) ∩ L2(0, T4;H

1(Ω̃)))2 as the solution of






















Yt − ∆Y + (Y · ∇)Y + (g · ∇)Y = −∇P in (0, T4) × Ω̃,

divY = 0 in (0, T4) × Ω̃,

Y · n = 0 on (0, T4) × Γ̃,

curlY = 0 on (0, T4) × Γ̃,

Y (0, .) = −ȳ + ỹ in Ω̃,
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for some P ∈ L2(0, T4;L
2(Ω̃)), the same estimations as the ones used in the proof of

Lemma 19.2 give the result (define (ζ, ρ) as

ζ = g + Y,

ρ = pg + P

and see in particular (19.13)).

19.4 Fourth step: proof of Proposition 18.1

From Lemma 19.1, we only have to prove that property (19.2) holds. Let ǫ > 0 and let
y0 ∈ H3(Ω̃)2 ∩H . Let c > max((K̃/ǫ)4, c̃, c1, c2), where C0 is defined in Lemma 18.2, c̃
is defined in Lemma 19.2, M1 and c1 are defined in Proposition 19.4 and K̃ and c2 are
defined in Lemma 19.8. From Lemma 19.2, there exists T2 ∈ (0, T/18) and there exists
y solution of (19.4) which satisfies (19.5). Let now ỹ0 := y(T2, .) in Ω. From Lemma
18.2, we can extend ỹ0 by a function Π(ỹ0) ∈ H17/8(Ω̃)2 which moreover satisfies

|Π(ỹ0) − ȳ|H17/8(Ω̃)2 ≤ C17/8|ỹ0 − ȳ|H17/8(Ω)2 .

Then, from Proposition 19.4 applied for z0 := Π(ỹ0) (let us recall that c > c1 and that,
since, from the fourth line of (19.4), curl y(δ1, .) = 0 on Γ0, then from Lemma 18.2,
curl Π(ỹ0) = 0 on Γ̃), there exists a solution z to (19.32) which satisfies (19.33). We
use one more time Lemma 18.2 to extend the restriction of z(δc, .) on Ω by a function
y̌0 ∈ L2(Ω̃)2. Finally, since

|y̌0 − ȳ|L2(Ω̃)2 ≤ C0|z(δc, .) − ȳ|L2(Ω)2

≤ C0M1/
√
c,

applying Lemma 19.8 with ỹ := y̌0, we obtain the existence of T4 ∈ (0, T/18) and of a
solution y̌ to (19.68) which satisfies (19.69), i.e.,

|y̌(T4, .)|L2(Ω̃)2 ≤ K̃/
√
c

≤ ǫ.
(19.70)

Let δ̃0 := T2 + δc + T4 ≤ T6. We now define

(Y, P ) ∈ (C0([0, δ̃0];L
2(Ω) ∩ L2(0, δ̃0;H

1(Ω)))2 × L2(0, δ̃0;L
2(Ω))

by, for any (t, x) ∈ (0, δ̃0) × Ω,

Y (t, x) :=











y(t, x) if t ∈ [0, T2],

z(t− T2, x) if t ∈ [T2, T2 + δc],

y̌(t− T2 − δc, x) if t ∈ [T2 + δc, δ̃0],

and

P (t, x) :=











p(t, x) if t ∈ [0, T2],

pz(t− T2, x) if t ∈ [T2, T2 + δc],

p̌(t− T2 − δc, x) if t ∈ [T2 + δc, δ̃0].
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Then (Y, P ) satisfies























Yt − ∆Y + (Y · ∇)Y = −∇P in (0, δ̃0) × Ω,

divY = 0 in (0, δ̃0) × Ω,

Y · n = 0 on (0, δ̃0) × Γ0,

curlY = 0 on (0, δ̃0) × Γ0,
Y (0, .) = z0 in Ω

and from (19.70),

|Y (δ̃0, .)|L2(Ω)2 ≤ ǫ.

20 Appendix

This appendix is devoted to the proof of Proposition 17.2. We only give the main
details of the proof. We begin with the following useful lemma

Lemma 20.1. Let y ∈ (C0([0, T ];L2(Ω̃)) ∩ L2(0, T ;H1(Ω̃)))2 be solution of















yt − ∆y + (y · ∇)y = −∇p in (0, T ) × Ω̃,

div y = 0 in (0, T ) × Ω̃,

y · n = 0 on (0, T ) × Γ̃,

curl y = 0 on (0, T ) × Γ̃

(20.1)

for some p ∈ L2(0, T ;L2(Ω̃)). Let ω := curl y, let q ∈ [1,+∞) and let s ≥ 0. If
ω ∈ Lq(0, T ;Hs(Ω̃)) then y ∈ Lq(0, T ;Hs+1(Ω̃))2.

Proof of Lemma 20.1 Since div y = 0 in (0, T )×Ω̃ and since Ω̃ is simply connected,
there exists φ ∈ C0([0, T ];H1(Ω̃)) such that y = ∇⊥φ in (0, T )× Ω̃. From the fact that
curl y ∈ Lq(0, T ;Hs(Ω̃)), we get

∆φ ∈ Lq(0, T ;Hs(Ω̃)). (20.2)

From the third equation of (20.1), we get

∂1φ = 0,

i.e. there exist c0 and c1 ∈ R such that

φ(x) = c0 on Γ̃+, (20.3)

φ(x) = c1 on Γ̃−. (20.4)

From (20.2), (20.3) and (20.4), we deduce that φ ∈ Lq(0, T ;Hs+2(Ω̃)) and consequently

y ∈ Lq(0, T ;Hs+1(Ω̃))2.
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We return to the proof of Proposition 17.2. Let ǫ > 0. We introduce a function
θ ∈ C∞([0, T ]) such that

θ(t) = 0 in [0, ǫ], (20.5)

θ(t) = 1 in [2ǫ, T ]. (20.6)

Then ω∗ := θω satisfies the following system







ω∗
t − ∆ω∗ + (y · ∇)ω∗ = θtω in (0, T ) × Ω̃,

ω∗ = 0 on (0, T ) × Γ̃,

ω∗(0, .) = 0 on Ω̃.

(20.7)

Multiplying the first equation in (20.7) by 2ω∗ and integrating by parts, we obtain
ω∗ ∈ C0([0, T ];L2(Ω̃)) ∩ L2(0, T ;H1(Ω̃)). Thus, using (20.6), we get

ω ∈ C0([2ǫ, T ];L2(Ω̃)) ∩ L2(2ǫ, T ;H1(Ω̃))

and from Lemma 20.1,

y ∈ (C0([2ǫ, T ];H1(Ω̃)) ∩ L2(2ǫ, T ;H2(Ω̃)))2. (20.8)

Let now α ∈ C∞([0, T ]) be such that

α(t) = 0 in [0, 2ǫ], (20.9)

α(t) = 1 in [3ǫ, T ]. (20.10)

Then ω̃ := αω satisfies the following system







ω̃t − ∆ω̃ + (y · ∇)ω̃ = αtω in (0, T ) × Ω̃,

ω̃ = 0 on (0, T ) × Γ̃,

ω̃(0, .) = 0 on Ω̃.

(20.11)

We multiply the first equation of (20.11) by −2∆ω̃ and using integrations by parts and
the fact that y ∈ L2(2ǫ, T ;L∞(Ω̃))2(see (20.8)), we get

d

dt

∫

Ω̃

|∇ω̃|2 +

∫

Ω̃

|∆ω̃|2 ≤ 2|y(t, .)|2
L∞(Ω̃)2

∫

Ω̃

|∇ω̃|2 + C

∫

Ω̃

|ω|2.

Applying now Gronwall’s lemma we get

ω̃ ∈ C0([2ǫ, T ];H1(Ω̃)) ∩ L2(2ǫ, T ;H2(Ω̃)).

Using the first equation of (20.11) and the regularity already known on y and ω̃ we
obtain

ω̃t ∈ L2(2ǫ, T ;L2(Ω̃))

and thus ω̃ ∈ H1(2ǫ, T ;L2(Ω̃)). Consequently, from (20.10),

ω ∈ C0([3ǫ, T ];H1(Ω̃)) ∩ L2(3ǫ, T ;H2(Ω̃)) ∩H1(3ǫ, T ;L2(Ω̃))
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and

y ∈ (C0([3ǫ, T ];H2(Ω̃)) ∩ L2(3ǫ, T ;H3(Ω̃)) ∩H1(3ǫ, T ;H1(Ω̃)))2.

The next step would be to prove that ω ∈ H1(4ǫ, T ;H1(Ω̃)). This can easily be done
introducing a new function β(t) ∈ C∞([0, T ]) such that

β(t) = 0 in [0, 3ǫ],

β(t) = 1 in [4ǫ, T ],

deriving the equation satisfied by ω̂ with respect to the time variable (where we have
denoted ω̂ := βω) and using considerations on the heat equation similar to these we
used in part 4.1. One can easily end the proof of Proposition 17.2 using the same
scheme as before and using similar estimations as in part 4.1.

162



Bibliography

[1] Marianne Chapouly. Global controllability of nonviscous and viscous Burgers type
equations. SIAM J. Control Optim, 48(3):1567-1599, 2009.

[2] Marianne Chapouly. Global controllability of a nonlinear Korteweg-de Vries equa-
tion. To appear in Commun. Contemp. Math..

[3] Jean-Michel Coron. Global asymptotic stabilization for controllable systems with-
out drift. Math. Control Signals Systems, 5(3):295–312, 1992.
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applications volume 1. Travaux et recherches mathématiques. Dunod, Paris, 1968.
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Résumé

Dans cette thèse on étudie la contrôlabilité globale de quelques équations non
linéaires issues de la mécanique des fluides, précisément des équations de type Burgers,
une équation de Korteweg-de Vries, et un système de Navier-Stokes 2-D. La stratégie
employée consiste, d’une part, à appliquer la méthode du retour de J.-M. Coron, et
d’autre part, à jouer sur la non linéarité de l’équation considérée.

De cette manière, on montre dans la première partie la contrôlabilité globale exacte
pour tout temps d’équations de type Burgers non visqueuses puis on utilise ensuite ce
résultat pour obtenir un résultat de contrôlabilité globale approchée pour l’équation
de Burgers visqueuse. Cette propriété, combinée avec un résultat de contrôlabilité lo-
cale, entrâıne ainsi la contrôlabilité globale aux trajectoires de l’équation de Burgers
visqueuse, pour tout temps.

Dans la deuxième partie, on procède d’une manière similaire pour obtenir la
contrôlabilité globale exacte d’une équation de Korteweg-de Vries non linéaire, pour
tout temps.

Enfin, dans la dernière partie on s’intéresse à un système de Navier-Stokes 2-D avec
conditions aux bords de type Navier. On obtient, en utilisant cette fois des résultats
sur l’équation d’Euler des fluides incompressibles, la contrôlabilité globale à zéro, pour
tout temps.

Mots-clefs : contrôlabilité globale exacte, équation non linéaire, méthode du re-
tour, équation de Burgers, équation de Korteweg-de Vries, équations de Navier-Stokes,
conditions de Navier.

Abstract

In this work we study the global controllability of some nonlinear equations of fluid
mechanics, namely Burgers type equations, a Korteweg-de Vries equation and a 2-D
Navier-Stokes system. The strategy consists in both using the return method of J.-M.
Coron and playing on the nonlinearity of the equation.

In this way, we prove in the first part the global exact controllability of nonviscous
Burgers type equations, for any positive time. We then use this result to obtain a global
approximate controllability result for the viscous Burgers equation. This property, ad-
ded to a local controllability result gives the global controllability of the viscous Burgers
equation for any positive time.

In the second part, we obtain in a similar way the global exact controllability of a
nonlinear Korteweg-de Vries equation, for any positive time.

Finally, in the last part, we use the same strategy and results on the Euler equation
for inviscid fluids to obtain the global null controllability of a 2-D Navier-Stokes system
with Navier slip boundary conditions, for any positive time.

Keywords : global exact controllability, nonlinear equation, Burgers equation, Korteweg-
de Vries equation, Navier-Stokes equations, Navier slip boundary conditions.
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