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Résumé

On s’intéresse a I’écoulement d’un mélange d’eau et d’huile dans une matrice poreuse
supposée hétérogene, et plus particulierement apposition de différentes sous-matrices po-
reuses supposées homogenes. Si la modélisation et ’analyse des écoulements diphasiques
dans des milieux poreux homogenes a fait 1'objet de nombreuses études préalables, ce
travail s’intéresse aux phénomenes liés aux forces provenant de la pression capillaire au
niveau des interfaces entre des milieux différents.

Dans un premier temps, on suppose que l'on peut connecter les pressions au niveau
des interfaces. Cela nécessite des hypotheses sur les profils de pression capillaire, afin que
les raccords soient possibles. On démontre 'existence d’une solution faible du probléeme
parabolique dégénéré obtenu par convergence d’une famille de solutions approchées ob-
tenues a l'aide d’un schéma Volumes Finis. L’unicité est garantie, sous hypothese sur les
dégénérescence, par une méthode de dédoublement de variable aboutissant a un principe
de contraction L'.

La modélisation ne garantit pas forcément que le raccord des pressions capillaires aux
interfaces soit possible. Dans le chapitre 3, on donne une condition de raccord graphique des
pressions capillaires aux interfaces qui permet de traiter des cas beaucoup plus généraux.
On montre que de le probleme avec raccords graphiques admet une solution. Un résultat
d’unicité et de contraction L' est donné dans le cas unidimensionnel.

Dans le chapitre 4, on montre la convergence d’une approximation Volumes Finis vers
I'unique solution du probléme unidimensionnel. Ce résultat utilise une borne uniforme
sur les flux discrets, analogie discrete de la preuve dans le cas continue faite au chapitre
précédent.

On étudie dans les chapitres 5 et 6 la limite des solutions lorsque la dépendance de
la pression capillaire par rapport a I'inconnue saturation devient tres faible, et que la
pression capillaire ne dépend plus que du sous milieux poreux homogene. Il apparait
alors des phénomenes différents selon l'orientation des forces de gravité et de capillarité.
Soit la solution du probleme est la solution entropique d’une équation hyperbolique a flux
discontinus, soit une solution faible, entropique a l'intérieur des sous-domaines homogenes,
et laissant apparaitre un choc non classique a l'interface.

Mots-clefs :
Equation parabolique, milieux poreux, capillarités discontinues, méthode Volumes Finis.
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Summary

We consider the flow of a fluid made of oil and water in a heterogeneous porous medium,
which is supposed to be a apposition of several homogeneous isotropic porous media. We
are interested in the phenomena occurring at the interfaces between the different sub-
media, and particularly if the capillary pressure is discontinuous w.r.t. the space.

We first deal with the case where some compatibility relations ensure that the capillary
pressure connect in a strong sense. We prove the existence and the uniqueness of the weak
solution. The existence result is obtained by proving the convergence of a Finite Volume
scheme, while the uniqueness proof is based on the doubling variable technique.

In the following chapter, we deal with the case where no compatibility relation holds, so
a new frame for the connection of the pressures is defined, using monotonous graphs. The
existence of a weak solution is proven in the multidimensional case, while an uniqueness
result, based on a uniform bound on the flux, is given for the one dimensional frame.

The results of the previous chapter are then adapted to numerical methods, that is
Finite Volume schemes. It is shown that the discrete solution admits discrete bounded
fluxes, and thus that it converge toward the unique solution involving bounded fluxes.

In the chapter 5 and 6, we study the case where the capillary pressure does not depend
on the saturation any-more, but only on the porous medium. It is shown that is the
orientation of the gravity forces and the capillary forces is the same, some entropy criterion
are fulfilled by the solution at the interface. Reversly, if the forces are oriented in opposite
senses, then non-classical shock occur at the interface, leading to the entrapment of the
hydrocarbons.

keywords :
parabolic equations, porous media, discontinuous capillarity fields, finite volume methods.
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Chapitre 1

Introduction

1.1 Modélisation des bassins sédimentaires

Cette partie est fortement inspirée du manuscrit de thése de Guillaume Enchéry [Enc04,
chapitre 2], et du remarquable travail de synthese qui y a été opéré.

1.1.1 Bassins sédimentaires et hydrocarbures

L’étude et la simulation de modeles de bassins cherche a prédire les mouvements natu-
rels des hydrocarbures dans le sous-sol, contrairement aux simulations de réservoir qui se
concentre sur la phase de récupération des hydrocarbures. Cependant, la physique sous-
jacente & ces probléemes est bien évidemment assez proche.

Les hydrocarbures sont des molécules constituées (principalement) d’atomes de carbone
et d’hydrogene, de la forme C,, H,,. Par exemple, le méthane C'Hy est constitué d’un seul
atome de carbone pour 4 atomes d’hydrogene, et I'octane CgHig contient 8 atomes de
carbone. La famille des hydrocarbures est tres grande, et tres variée : par exemple, le
méthane est trés léger et aura tendance a se trouver sous forme gazeuse, alors que des
chaines carbonées plus longues auront tendance a rester sous forme liquide. On pourra
consulter [EMMQ87] pour avoir une composition réaliste pour un champ pétrolier. Ces
grandes différences entre especes chimiques se retrouvent sur les propriétés physiques,
comme par exemple la masse volumique et la viscosité. Dans la suite de ce manuscrit,
cette large variété d’especes chimique sera négligée.

Si les hydrocarbures circulent dans le sous-sol, de 'eau est aussi présente. Les hydro-
carbures sous forme liquide sont non miscibles dans ’eau et donc deux phases liquides sont
en présence : une aqueuse, et une huileuse. Uns phase gazeuse doit en plus étre considérée,
et celle-ci est miscible avec les autres phases. Cependant, dans la suite de ce manuscrit,
elle sera négligés, ce qui revient a supposer que la pression est suffisamment élevée pour
empécher les hydrocarbures de se gazéifier.

Le modele simplifié d’écoulement ne prenant en compte que deux phases liquides, et
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négligeant la variété des constituants de chaque phase est appelé modele dead-oil. Grace a
I’absence de phase gazeuse, on suppose de plus que chaque phase est incompressible. Si ce
modele simplifié ne saurait rendre compte des situations complexes venant des gisements
réels, il permet déja de laisser apparaitre de nombreux phénomenes physiques, et est donc
largement étudié (cf. [GMT96],[Che01]).

1.1.2 Approche microscopique

Les roches dites poreuses comportent de ’espace disponible pour un écoulement, par
exemple d’eau concernant les nappes phréatiques, ou d’un mélange d’eau et d’hydrocar-
bures.

?, @?PQ

cau 5 g
hydrocarbures S @

-

|\ grains (roche)

NS

Fi1c. 1.1 — Exemple de matrice poreuse : la roche constituée de grains laisse de la place
pour ’écoulement d’un fluide constitué d’eau et d’hydrocarbure.

Chaque phase a sa pression propre, et a l'interface entre les phases, ’équilibre statique
impose la relation suivante entre les pressions : si p, désigne la pression de la phase huileuse
(hydrocarbures) et p,, celle de la phase aqueuse, alors

2w 2Yow cos(0)
— = 2 = 2 1 . 1
Po — Pw R Toore ) ( )

ou

Yo,w €5t la tension superficielle,

— R est le rayon de courbure de I'interface eau huile,

— 6 est I’angle de mouillage,

~ Tpore €st le rayon du pore.

Une approche plus compléte du probleme, prenant en compte aussi des termes dyna-
miques dans ’équilibre peut-étre faite [Pav89].

Les forces en présence sont :

— la poussée d’Archimede liée a la différence de masse volumique entre l'eau et les

hydrocarbures, qui sont généralement plus légers,
— la capillarité, exprimée par (1.1),
— les forces de pression au sein du fluide environnant.
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I
eau : T'pore
i
I

roche roche

F1G. 1.2 — Interface eau huile dans un pore.

1.1.3 Approche macroscopique

Nous ne sommes pas en mesure d’étudier le probleme a 1’échelle microscopique, entre
autre parce que nous ne savons pas ou se trouvent exactement les pores. Un changement
d’échelle est alors nécessaire. On considere donc des grandeurs moyennes :

— la porosité ¢, qui est le ratio volumique de fluide dans la roche.

B Volume de fluide
~ Volume total

¢

La porosité est supposée ne pas dépendre du temps, et on a bien évidemment ¢(x) €
(0,1) pour tout x.
— la saturation en huile u, qui est la ratio volumique d’huile dans le fluide.

Volume d’hydrocarbure
Volume de fluide

u =

On a bien évidemment aussi u(z,t) € [0,1] pour tout (x,t).
Il en découle alors que la saturation en eau est (1 — u) € [0,1], que le ratio volumique
d’huile dans la roche est ¢u, et le ratio volumique d’eau est ¢(1 — ).

Comme chaque phase est supposée incompressible, et comme les deux phases sont
supposées non miscibles, alors on peut écrire la conservation volumique de chacune. En
désignant par v la vitesse de la phase 8 = o, w,

POu + div (puv,) = 0, (1.2)
$O (1 —u) + div (¢(1 — u)v,) = 0. (1.3)

Loi de Darcy monophasique
Cette loi est a I'origine une loi expérimentale [Dar56] qui établit que le débit d’eau @ dans

3
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une colonne de sable de hauteur L et de section A est relié a la perte de charge Ah entre
le sommet et la base de la colonne, suivant la relation

Ah
@ =AM

ol A est la mobilité du milieu. D’apres [dM81], les pertes de charge, pour un écoulement
monophasique d’eau sont de la forme

" K (= _

¢Uw = (pr - ng>
Hw

ou K désigne le tenseur de perméabilité intrinseque du milieu, pu,, la viscosité dynamique

de l'eau, p,, sa pression, p,, sa masse volumique, et g est le vecteur gravité. Dans la suite,

les milieux poreux seront toujours supposés isotropes, et donc K sera un réel strictement

positif.

Loi de Darcy diphasique
Si la loi de Darcy monophasique peut se déduire des équations de Stokes dans un milieu
poreux idéalisé (voir [dM81]), on ne sait pas adapter cette preuve pour un fluide diphasique,
et pour un milieu poreux général. Une généralisation empirique de la loi de Darcy pour
les écoulements diphasiques est alors :

Kkro — —
Puv, = T(U) (Vpo - poQ) > (1'4)
Kkrw — —
o1 - i, = 222 (9, — pug). (1.5)

Dans (1.4) et (1.5), les termes correctifs &, 3 ont été ajouté pour prendre en compte le fait
que les deux fluides présents dans le méme réseau se génent mutuellement, ’espace poreux
disponible étant réduit. Ces fonctions sont supposées lipschitziennes, positives, monotones,
et vérifiant

kro(u) < u, Erw(u) < (1 —wu).

En utilisant les équations (1.4) et (1.5) dans (1.2) et (1.3), on obtient :

$Ohu + div <M (%o . po§)> —0, (1.6)
Kkrw — -
—posu + div <T(U) (pr — pwg>> =0. (1.7)

Loi de pression capillaire
Le systéme (1.6)-(1.7) admet trois inconnues : u, p, et p,, pour seulement deux équations.
Un relation supplémentaire est nécessaire pour fermer le probleme. Cette relation vient de
I’équivalent macroscopique de (1.1) :

Do — Pw = m(u), (1.8)

4



1.1 Modélisation des bassins sédimentaires

ou 7 est une fonction croissante supposée lipschitzienne dans la suite. Comme pour (1.1),
la relation (1.8) ne prend en compte que les effets statiques. Il est montré dans [Pav89] que
la prise en compte de termes dynamiques a 1’échelle microscopique conduit a la relation
macroscopique

Do — P = m(u) + T

Cette modélisation plus complete a donné lieu a un travail récent [vDPPOT].

1.1.4 Réduction du probléeme a une équation parabolique

Le probléeme mathématique sortant de la modélisation simplifiée du probleme physique
dans un milieu homogeéne peut donc se mettre sous la forme :

(batu — div (%(U)(ﬁpo - pog)) = 07 (19)

—div | Y ns(u)(Vps — pgi) | =0, (1.10)
B=o,w

Po — Pw = (). (1.11)

Il est clair que 1’équation (1.11) permet d’éliminer une pression p, ou p,, dans I’équation
(1.10). Un choix pratique de formulation des pressions est de prendre une sorte de moyenne

pondérée entre les deux pressions de phase pour remplacer les deux pressions. On introduit
donc la pression globale P (cf. [CJ86], [AKM90]).

-5 “ 1o(5) 7 (s)ds
P_pw+/o 10(8) + 1w (s) (s)d (1.12)

qui permet de réécrire le systeme (1.9)-(1.10)-(1.11) sous la forme

—div [ (TP — ooy & MoWe(@) &\

pOu — d QM)WP %w+%WHWMMV(O 0. )

—div [ > na(u)(VP = psg) | =0. (1.14)
B=o0,w

Dans la suite de ce manuscrit, nous négligeons les difficultés provenant du couplage de
l’équation en pression (1.14) et de ’équation en saturation (1.13), en supposant le profil
de pression globale connu, du moins a une constante pres. Ce couplage peut néanmoins
étre traité, au moins dans le cas de domaines homogenes [GMT96] ou aux hétérogénéités
régulieres [Che01]. Supposons que 'on connaisse le flux volumique total

G=— > ns(w)(VP — pgg), (1.15)

=o,w

de maniere a ce que ’équation (1.14) se réduise uniquement a div(q) = 0, alors ’équation
en saturation (1.13) peut s’écrire

. no(u) . %(U)le(u) _’71' u) — _ ~ _
WM+W«%W+%MW o) T ol () = (2o MW) 0. (19

5
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Il est intéressant de remarquer que cette réduction ne résulte d’aucune hypothese dans le
cas unidimensionnel : en effet, 'équation (1.14) devient d,q = 0, et le débit total ¢ est
donc constant en espace, et son comportement temporel est donné par les conditions aux
limites.

On se concentrera donc par la suite sur I’étude d’équations quasi-linéaires paraboliques
dégénérées de la forme

6O -+ div (@ () = Au) (Vr(w) = (b = pu)7) ) =0, (1.17)

ou ¢ est un champ de vecteur régulier a divergence nulle, f est une fonction croissante et
lipschitzienne vérifiant f(0) = 0, f(1) = 1, A est une fonction lipschitzienne et positive
vérifiant A(0) = A\(1) =0, A(s) > 0si s €]0, 1], et 7 est une fonction strictement croissante
et lipschitzienne.

1.1.5 Hétérogénéités

La géologie des bassins sédimentaires peut étre complexe, différentes couches litholo-
giques peuvent cohabiter, et des variations tres brutales des propriétés physiques de la
matrice poreuse par rapport a la variable d’espace doivent étre prises en considération
dans les modeles.

Si le fait d’introduire des irrégularités sur ¢ ne pose pas de problemes majeurs tant
que 'on suppose qu’il existe n > 0 tel que ¢ > 7, par contre, les variations brutales des
autres données K, k, 3 et m induisent des difficultés dans I’analyse du probléme, ainsi que
dans sa modélisation.

Lois de conservation hyperboliques scalaires a flux discontinus
Dans le cadre de la simulation de réservoirs, les forces liées a la capillarité sont faibles par
rapport a celles liées a la convection. Elles sont donc souvent négligées, et on considere
alors les solutions faibles entropiques pour des lois de conservation scalaires hyperboliques
(cf. [Kru70]), ou paraboliques fortement dégénérées (cf. [Car99]).

L’adaptation de la notion de solution entropique pour des problémes dont les données
sont discontinues en espace a été 'objet de nombreux travaux récents [Tow00], [Tow01],
[KRT02a], [KRT02b], [KRT03], [AG03], [SV03], [AJVGO04], [Bac04], [AMGO05], [Bac05],
[BV06], [Jim07]. On renvoie a la définition 5.1 pour le détail de la notion de solution
entropique pour un probleme & données discontinues.

Piégeage des hydrocarbures
Les hydrocarbures étant en général plus légers que 'eau, la gravité les pousse a remonter
vers la surface. Cependant, ils peuvent étre arrétés dans leur progression par des change-
ments de type de roche, et se retrouver piégés par la géométrie de la lithologie (cf. figure
1.3).

Il semble que la pression capillaire joue un role tres important dans le piégeage des
hydrocarbures, et en particulier les discontinuités spatiales de la pression capillaire, mais
la compréhension des mécanismes générant ce phénomene de piégeage des hydrocarbures
est encore tres partielle.
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b

T

hydrocarbures
piégés

Fi1G. 1.3 — Un exemple de piege a hydrocarbures.

Si quelques travaux pointent le role de la pression capillaire (cf. [vDMdN95], [BDPvDO03],
[EEMO6]), aucune formulation satisfaisante n’a pu étre donnée jusqu’a présent. En parti-
culier, les formulation données dans [BDPvDO3] et [EEMO6] ne permettent pas de traiter
des profils de pression capillaire quelconques. Ce manuscrit apporte quelques réponses
concernant la modélisation ainsi que ’analyse de ces problemes de piégeages des hydro-
carbures en introduisant des barrieres capillaires au niveau des interfaces entres des roches
différentes.

1.2 Organisation du manuscrit

La suite du manuscrit est constituée de chapitres correspondant chacun a des travaux
publiés, soumis, ou bien en fin de préparation.

1.2.1 Chapitre 2 : Nonlinear Parabolic Equations with Spatial Discon-
tinuities

Dans ce chapitre, on considere un milieux poreux hétérogene 2 constitué d’une ap-
position de différents sous milieux poreux homogenes isotropes et polygonaux €; (i €
{1,..., N}) qui représentent des lithologies différentes, chacune possédant ses caractéristiques
physiques propres (cf. figure 1.4). On considere alors un écoulement diphasique, immiscible
et incompressible.

Cherchant a comprendre les mécanismes liés a la pression capillaire, tous les termes
convectifs sont négligés, c’est a dire ¢ = 0 et p,, = p,. L’équation gouvernant le mouvement
de I'huile dans chaque €; est donc de la forme :

¢iOpu — div ()\,(u)ﬁm(u)) = ¢;0u — Ap;(u) =0, (1.18)

7
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Fi1G. 1.4 — Un exemple de géométrie pour le domaine (2.

u
pour ¢:(u) = [ A)ri(s)ds.
0
On note I'; ; I'interface entre €2; et €);, et 7; la normale sortante a €2;, alors la conser-
vation de la masse au niveau de l'interface impose

Vi(u) - it + Vej(u) ;=0 sur [y ;.

On impose aussi le raccord des pressions de chaque phase, et donc celui des pressions
capillaires :
mi(us) = w5 (uy), (1.19)

mais cette condition doit étre accompagnée de la condition de compatibilité
7TZ'(0) = 7Tj(0), 7TZ'(1) = 7I'j(1). (1.20)

Il faut signaler que cette condition (1.20) n’est pas forcément vérifiée dans les modeles
utilisés par les ingénieurs. Au cours du chapitre 3, on s’affranchira de cette hypothese.
Le probleme a résoudre s’écrit alors

i — Ap;(u) =0 dans ; x (0,7),

TI'Z(UZ) = TFj(Uj) sur Fiyj X (O,T),

Vei(u) - it + Vej(u) it =0 sur Ty x (0,T), (1.21)
Vei(u) -t =0 sur (99 N9Q) x (0,T),

u(-,0) = ug dans Q.

Existence d’une solution faible : convergence d’un schéma volumes finis
Afin de prouver l'existence d’une solution faible au probleme (1.21), on introduit une
approximation volumes finis up de la solution u. L’équation (1.18) étant quasi-linéaire,
et le probleme étant isotrope, on peut utiliser une discrétisation admissible de 2 au sens
de la définition 2.3. Avec les notations de cette définition, qui sont aussi essentiellement

8
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celles de [EGHO00], si K et L sont deux volumes de contrdle voisins, alors la droite liant les
centres de maille i et xr, est orthogonale a l'aréte K|L entre K et L (cf. figure 1.5). De
plus, on suppose que chaque volume de controle K est inclus dans un sous domaine €2;.
Enfin, on considere une discrétisation uniforme ("), = (nét),, de I'intervalle (0,7").

Fi1c. 1.5 — Un exemple de maillage admissible : triangulation de Delaunay, les centres des
mailles sont alors les centres des cercles circonscrits des triangles.

Les inconnues u’ sont des approximations des moyennes de u sur la maille K au temps
t™. On choisit de considérer un schéma implicite de la forme :

upt —ul 1
i~ —m(K) + Y Fiit =0, (1.22)

oeli

ou les F}}J;l sont des approximations consistantes des flux sortants de K a travers les

arétes 0 C 0K au temps t" 1 :

Ft~ [ Feup) ) i o

Les arétes o sont soit incluses dans 02, soit incluses dans un £2;, soit incluses dans une
interface I'; ;.
— o C 012, alors
Fg,=0; (1.23)

— 0= K|L C Q;, alors

pi(ul) — pi(uf). (1.24)

F}(L',cr = _FE,U = m(K’L) d(ZL'K xL)

~ o=K|L, K € Q;, L € Qj, alors on introduit deux nouvelles inconnues intermédiaires

9
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n n 3 Y A .
uf , et uf . au niveau de I'aréte o telles que :

En choisissant

e = e [ wola)da,

alors le schéma monotone donné par (1.22), (1.23), (1.24), (1.25) et (1.26) admet une
unique solution discréte up € L*(Q x (0,7)), avec

[en}

<up <1

Des estimations d’énergie sont prouvées, et permettent de prouver la convergence su
schéma numérique par des techniques inspirées de [EGHO00], et donc lexistence d’une
solution faible u au sens de la définition 2.2. En particulier, on démontre deux estimations
trés importantes pour la suite :

— une estimation L2((0,7); H(€;)) sur ¢;(u),

T N ~ 9 1
/ Z/ (chl(u)> dxdt < C max / |Ti(s)|ds, (1.27)
0 i=1 Q; iE{l,...,N} 0

ou C' dépend uniquement de A; et de €2,
— L’existence de fonctions II; strictement croissantes telle que la fonction w : (x,t) —
I1;(uw)(z,t) si z € Q; appartient & L2((0,T); H(£2)).

Continuité temporelle d’une solution
Pour traiter la donnée initiale dans la preuve d’unicité de la solution qui suit, on a besoin
de prouver l'existence d’une solution faible u telle que

Pﬁ% lu(-,t) — uoll L1 () = 0.

Pour cela, on prouve que si ug est réguliere par morceaux, et sous une hypothese sur la
discrétisation D de Q x (0,T) de type

ot <C

maxg (diam(K)%) —

alors la solution approchée up converge pour la topologie L>((0,7"); LP(2)) vers une
solution faible w € C([0,T], LP(€2)) pour 1 < p < oco. Cette démonstration, qui utilise le
théoreme d’Ascoli sur la solution discrete, fait ’objet de toute la partie 2.2.5. Une autre

démonstration de la continuité temporelle est donnée en annexe A, montrant que toute
solution faible du probleme appartient a C([0, 7], LP(12)).

Unicité de la solution faible
Enfin, 'unicité de la solution faible du probléme est prouvée en utilisant un dédoublement

10
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de variable en temps (cf. [AL83], [Ott96b]). Cependant, une hypothese technique apparait
au cours de la démonstration :

Vie{l,...,N}, (IL; o cpi_l)/ est une fonction lipschitzienne. (1.28)

On utilise durant la preuve de I'unicité deux ingrédients clefs.

1. Si u et v sont deux solutions faibles associées a des données initiales ugy et v, les
fonction wy, @ (x,t) — IL(u)(z,t) si z € Q; et w, : (x,t) — I(ux)(z,t) siz €
appartiennent & L2((0,7); H*(2)). Comme dyu, dv € L?((0,T); (Hl(Q))/), on peut
prendre S, (w, —w, ) comme fonction test, ou S;, est une approximation lipschitzienne
de la fonction sign.

2. Les fonctions II; sont strictement croissantes, et donc
sign(IL;(u) — IL;(v)) = sign(u — v).

Le résultat principal de ce chapitre peut donc s’énoncer comme suit (voir aussi le
théoreme 2.1.1) :

Théoréme 1.2.1 Supposons que (1.28) soit vérifiée. Soit D une discrétisation admissible
de Q x (0,7, alors l'unique solution discréte up au schéma (1.22), (1.23), (1.24), (1.25)
et (1.26) converge dans LP(Q x (0,T)) vers l'unique solution faible u du probléme (1.21)
pour tout 1 < p < 0o.De plus, u € C([0,T]; LP(2)). Si u et v sont deux solutions faibles,
associées a des données initiales ug et vy appartenant a L>(2), 0 < ug,v9 < 1, alors on
a le principe de comparaison et contraction L' suivant : ¥t € [0,T],

N . N )
;/ﬂz oi (u(z,t) —v(z,t) " dx < ;/ﬂl i (uo(x) — vo(2))F da,

() désignant les parties positives ou négatives.

Ce travail a été accepté pour publication dans Nonlinear Differential Equations and Ap-
plications (NoDEA).

1.2.2 Chapitre 3 : Two-phase flows involving capillary barriers in hete-
rogeneous porous media

L’objectif de ce chapitre est de donner un sens aux conditions de transmission de pres-
sion aux niveau des interfaces lorsque la condition de compatibilité (1.20) n’est pas vérifiée.
On ne peut pas dans ce cas demander le raccord des pressions au sens m;(u;) = 7;(u;)
sur les interfaces et une nouvelle condition doit étre donnée. Des premiers résultat sur ce
probléme ont été donné par Bertsch, Dal Passo et Van Duijn [BDPvDO03], puis par Enchéry,
Eymard et Michel [EEMO6]. Des discontinuités de pression capillaire apparaissent au ni-
veau des interfaces, et il semblerait que ces discontinuités de pression capillaire puissent
étre a 'origine du piégeage des hydrocarbures.

Dans une premiere partie de chapitre, on approche les fonctions m; (i =1,...,N) par
des fonctions m;,, se raccordant en 0 et 1, tendant vers les fonctions m; au sens LY(0,1),

11
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ainsi que uniformément sur tout compact de (0,1). Les mobilités globales \; sont aussi
légerement modifiées en A; 5, afin de s’assurer que ¢; , = (s — fos )\i,n(a)ﬂg’n(a)da> tende

vers ; pour la topologie W1°(0,1), et que ¢;([0,1]) = ;»([0,1]). D’apres le chapitre

i ﬂ—‘/.uo): 7‘P[.u<l>

pressions capillaires m;(u)

7r,;(u)

saturation u

T\"/‘_” ([)): 7T,'»,,(O>

F1G. 1.6 — Courbes de pressions capillaires approchées : les fonctions 7; ,, et m;, tendent
dans L1(0,1) et uniformément sur tout compact de (0,1) vers 7; et m;, sont régulieres, et
se raccordent en 0 et en 1.

précédent, le probleme

Gi0¢un, — A p(up) =0 dans Q; x (0,7),

Tin(Win) = Tjn(Ujn) sur I'; ; x (0,7,

V@in(tn) - i+ Vojn(un) ;=0 sur Ty x (0,T), (1.29)
YV @in(tin) -7 =0 sur (9 N Q) x (0,T),

un(+,0) = g dans Q

admet une unique solution faible.
Cette solution faible vérifie

0<u, <1, (1.30)

et d’apres (1.27) :

T N . 2 1
/ Z/ <V<pm(un)) dxdt < C max / |Tin(s)|ds < C7, (1.31)
0 i=1 Q; ’iE{l,...,N} 0

12
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ou C, C’ sont indépendants de n. Il découle alors de (1.30) qu’il existe u € L>®(Q2 x (0,7)),
0 <u<1tel que

u, — u  pour la topologie L>(Q2 x (0,7")) faible-x

L’estimation uniforme (1.31) sur les semi-normes L2((0,7); H'(€;)) des ¢; »(uy), permet
de montrer par une estimation sur les translatés en espace et en temps qu’il existe f; €
L2((0,T); HY(Q;)) telle que ¢;,(un) — f; fortement dans L?(Q; x (0,7)), et faiblement
dans L2((0,T); H'(€;)). On peut alors montrer, par exemple en utilisant 'astuce de Minty,
que
fi = (Pz(u) € Lz((ovT)7H1(Qi))7

et comme @, Lest continue, u,, converge presque partout vers u quand n — oo.

La condition de raccord des pressions apparaissant alors a l'interface comme limite de
la relation 7, (tin) = 7jn(ujn) est alors

i(ui) N7 (uy) # 0, (1.32)
ou 7; est le graphe monotone donné par

mi(s) pour s € (0,1),
7i(s) = ¢ (—o0,m(0)] pour s =0,
[mi(1),+00) pour s =1.

Nous avons donc prouvé 'existence d’une solution faible du probleme :

$i0u — Api(u) =0 dans Q; x (0,7),

mi(ui) N7 (uy) # 0 sur I ; x (0,77),

ﬁgol(u) -7+ 690]-(14) . ﬁj =0 sur Fi,j X (0, T), (1.33)
Vei(u) - it =0 sur (9 NAQ) x (0,T),

u(-,0) = up dans Q

On vérifie que la relation (1.32) est en fait une extension des relations de raccord de
pression basées sur des troncatures introduite dans [BDPvDO03] et [EEMO06], permettant
de supprimer toute relation de compatibilité de type (1.20).

Si la question de 'unicité de la solution faible du probleme (1.33) dans le cas mul-
tidimensionnel est encore ouverte a notre connaissance, nous donnons une preuve dans
le cas unidimensionnel. Le probleme étant une loi de conservation, on peut écrire dans
Qi X (O,T),

$i0yu + 0, F; = 0,
avec

F; = 0ppi(u) = \i(u)0pmi(u).

Formellement, en dérivant F; par rapport au temps et en utilisant sa définition, on obtient

at—Fi - a:cat%(u)
= 0y} (u)opu

Oy <$¢2(U)8mFi> :
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La solution a une telle équation est susceptible de vérifier le principe du maximum pour des
conditions aux limites et initiales convenablement choisies. En régularisant le probleme,
on peut voir que la discontinuité des coefficients icp;(u) au niveau des interfaces ne pose
pas de grosses difficultés, si ce n’est des régularisations successives sur les données du
probléme, et les conditions de transmission vont permettre a un tel principe du maximum
d’étre satisfait par le probléme limite, pour peu que le flux initial F;(z,0) soit borné. On
obtient donc deux conditions sur la donnée initiale pour obtenir I’existence d’une solution
impliquant des flux bornés :

7~TZ'(U()7Z') N ﬁj(uo,j) 7é 0. (135)

Sous ces deux hypotheses, il existe une solution au probléeme vérifiant
Orpi(u) € L=(Q; x (0,7)). (1.36)

Cette solution a flux bornés est limite de solutions w, au probleme (1.29).

Nous prouvons ensuite que pour une donnée initiale vérifiant les criteres (1.34) et (1.35)
ci-dessus, la solution vérifiant (1.36) est unique. En effet, on peut montrer en utilisant la
technique du dédoublement de variables que si u et v sont deux solutions & flux bornés
associées & des données initiales ug et vy : pour tout ¥ € DH(Q), avec ¥(x) = 0 pour
xz €Iy j, pour tout t € [0,T),

N . N i
;/Q bi (u(zx,t) — v(x, 1) Y(x)der < ;/Q i (up(z) — vo(z)) T ¥(z)da

N ot
— \u)(r,s) — @;lv .Z'S:t xTr)jaxdas. .
S [ 2 o)~ 0w ) vt (187

On choisit alors ¥.(x) = min (1, w> comme fonction test dans (1.37), et montre

en utilisant la régularité de la solution (1.36) que pour tout ¢ € [0,7),

N ot
lim supZ/O /QZ Oy (pi(u)(z, ) — ;i(v)(x, 8))F Opte(x)dads > 0.

e—0 i—1

On en déduit alors le principe de comparaison suivant : Si u et v sont deux solutions a
flux bornés correspondant a des données initiales ug et vg, alors :

N . v )
;/g ¢ (u(z,t) — v(z, 1)) do < ;/ﬂ i (uo(x) — vo(z))F da. (1.38)

On en déduit que pour toute donnée initiale uy vérifiant (1.34) et (1.35), on a existence
et unicité de la solution a flux borné. Comme I’ensemble des telles conditions initiales est
dense dans L>°(Q) pour la topologie de L'(), alors ce résultat d’existence et unicité est
étendu aux données initiales ug € L>®(2), 0 < up < 1 avec une notion de « SOLA »(Solu-
tion Obtained as Limit of Approximation).
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Ce travail a été fait en collaboration avec Thierry Gallouét et Alessio Porretta de I'uni-
versité Tor Vergata de Rome, et a été accepté pour publication dans ”Interfaces and free
boundaries”.

1.2.3 Chapitre 4 : Finite volume scheme for two-phase flow in hetero-
geneous porous media

Dans ce chapitre, on étudie le probléme unidimensionnel du chapitre précédent pour
deux domaines ; = (—1,0) et Qo = (0,1), I' = {0}, en rajoutant la convection. On
rappelle qu’en dimension 1, le débit total ¢ dans le milieu poreux ne dépend pas de =,
et on supposera dans ce chapitre que ¢ > 0, ¢ € BV (0,T). Des conditions au limite non
homogenes sont prises en compte : condition de Neumann g € L*°(0,7), 0 < g < g en
x = —1, et Ozp2(u)(1,-) = 0. Le probleme induit est alors le suivant :

( $;0u+ 0, F; =0 dans Q; x (0,7,
F; = qfi(u) — Oppi(u) dans ©; x (0,7),
71 (u1) N g (ug) # 0 sur (0,7),
Fy(0,-) = F»(0,-) sur (0,7),
Fi(—-1,-)=g sur (0,7),
F2(17') :(Jf2(u)(1v') sur (OvT)'

Il est démontré au chapitre 3 que le cadre des solutions a flux bornés est un bon
cadre pour la résolution des problemes du type (1.39), et que U'existence de telles solutions
pouvait étre démontré en régularisant tous les parametres du probleme. Les approximation
Volumes Finis par des schéma monotones peuvent étre vues comme des régularisation
visqueuses, et l'idée du chapitre 4 est donc de montrer la convergence de la solution
obtenue par le schéma numérique vers 'unique SOLA du probleme (1.39) lorsque le pas
de discrétisation tend vers 0. Les conditions aux limites choisies permettent de montrer
que la solution est bornée entre 0 et 1, et d’obtenir une borne L sur les flux entrants et

(1.39)

sortants.

Schéma Volumes Finis monotone
Afin de simplifier I’étude du probleme, on choisit de considérer une discrétisation uniforme
de Q.

— Pour N € N, on définit les arétes

(:Ej)—NSjSN = (J0x) _n<jen avec o = 1/N.

— Les centres de maille sont alors donnés par

($j+1/2)—N§j§N—l = ((] + 1/2)5x)—N§j§N :
L’interface est alors en zp = 0. On choisit aussi une discrétisation uniforme de (0,7),

t" = ndt, avec 0t =T /M.

Les inconnues du probleme sont les saturations au centre des mailles u?ﬂ /2 et les flux
a travers les arétes F}'. En définissant

tn+1 tn+1

g"t / g(tydt,  ¢"=q(0), g / g(t)dt,

"ot S T Ot S
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et 1 .
0 J
Uit/ = 5o / uo(z)dz,
z;

les inconnues (u;‘:_rll /2) et (Ff“) sont reliées par les relations :

-vje{-N,...,N—-1},Vne{0,...,M — 1},

utl oy
J+1/2 j+1/2 +1 +1 _
5 oz + FP = PP =0 (1.40)

i

ou ¢ est choisi tel que x5 €
-vVje{-N+1,-1}U{l,N —1},Vn € {0,..., M — 1},

pi(ul ) = iult] )
+1 _ n4lg, n+tl j+1/2 j=1/2
FP = g ) - = , (1.41)
-~ Vne{0,...,M — 1},
Ff]‘i\‘fl — gn—l—l’ FJT\Lf—l—l _ f2(ur;f+—11/2)‘ (142)

Comme dans le chapitre 2, on introduit des inconnues supplémentaires au niveau de l'in-
terface, a savoir, u(j; et uf o vérifiant : Vn € {0,..., M},

1 (ug ) N 72 (ugz) # 0, (1.43)
n he e1(ugq) — p1(u’y )
Fy = ¢ fl(u—1/2) - 5z /

n n ©2 (U? 2) - 902(u6L72)
= q f2(uO72) — / oz . (145)

Le systeme (1.43), (1.44), (1.45) admet une unique solution (ug ;,ug,), et les fonctions

(1.44)

(Ulyjgsuisn) = ugy, (U9, ul)s) — U

sont croissantes.

Le schéma donné par (1.40), (1.41), (1.42), (1.43), (1.44), (1.45) est alors monotone,
admet une unique solution discrete up € L(Q x (0,7")), vérifiant

OﬁuDﬁl.

De plus, si ug et vy sont deux données initiales auxquelles correspondent les solutions
discretes up et vp, on a grace a la monotonie du schéma : V¢ € [0, 77,

> / ilup(x,t) — vp(z,t)|dz < / biluo(x) — vo(x)|da. (1.46)
i=1,27%% 127
On a aussi une estimation d’énergie de la forme

M N-1

Stat Y sx(FM?<c,

n=1 j=—N-+1

ce qui permet de prouver la proposition suivante.
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Proposition 1.2.2 Soit (D,,),, une suite de discrétisation de € x (0,T) dont le pas tend
vers 0, et soit (up,,),, la suite de solutions discrétes correspondantes. Alors a une sous-
suite pres, up,, tend dans LP(2 x (0,7)) (1 < p < o) vers une solution faible u du
probléeme (1.39).

Convergence vers une solution a flux bornés
Nous ne sommes pas capable de démontrer I'unicité de solutions faibles pour des flux
seulement dans L?(Q x (0,7)), et on a vu au chapitre précédent que I'on avait besoin que
les flux soient dans L*°(€2 x (0,7)). Ceci n’est possible bien sir que pour des données
initiales assez régulieres, a savoir vérifiant

7?1(U071) N 77'2(’&0,2) 75 0. (1.48)

ol ug,; désigne la trace de (up)q, sur l'interface {z = 0}.
Dans ce cas, on peut montrer que les flux discrets initiaux sont bornées, c’est a dire :

max F]Q < C,
—N41<j<N-1

ou C' ne dépend pas du pas de la discrétisation.
En calculant F]TLH —F', et en utilisant la monotonie du schéma, et en particulier celle

des conditions de raccord au niveau des interfaces, on a : Vj € {—-N+1,...,N —1},Vn €
{0,...,M — 1},
+1 n+1/2 +1 +1 n+1/2 +1 +1
Fr o Fr < a (R ) e (- E) 4 TV(g) (149)

+1 n+1/2 +1 +1 n+1/2 +1 +1
P Er = S (P - ) (- F) =TV () (150)

n+1/2 ;n+1/2  n+1/2 n+1/2
41720 051720 Ciiaya et di i)
Les conditions aux limites discretes (1.42) assurent que

ou les coefficient a sont positifs et uniformément bornés.

‘FE\?l‘ < lgllzo0,7); |F17\L/+1‘ < llallzoe0,7)- (1.51)

En combinant (1.49), (1.50) et (1.51), on obtient alors

max max Fi') <C,
0<n<M \ —-N+1<j<N-1

ce qui permet de prouver la convergence du schéma numérique vers une solution a flux
bornés, c’est a dire vérifiant :

F, € L=(Q; x (0,T)), Vi€ 1,2.

Unicité de la solution a flux bornés
Comme au chapitre précédent, le cadre des solutions & flux bornés est un cadre ou l'on
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a unicité de la solution, et existence sous les hypotheses (1.47) et (1.48). La présence de
termes de convection dans le probleme (1.39) ne pose pas de probléme particulier au cours
de la preuve d’unicité, et si ug et vp sont deux données initiales vérifiant (1.47) et (1.48),
les solutions a flux bornés correspondantes vérifient

N . v )
;/ﬂz @i (u(z,t) —v(z,1))" do < ;/Q ¢i (uo(x) — vo(x))™ du. (1.52)

On peut alors affirmer que 'intégralité de la suite des solutions discrétes (up,,) converge
vers I'unique solution a flux bornés u du probléme.

Convergence de la solution discréte vers 'unique SOLA
Dans le cas ou ug n’appartient qu’a L>(2), et ne vérifie donc pas (1.47) et (1.48), il
n’existe pas de solution a flux bornés u correspondante, mais le résultat d’unicité peut
étre étendu en utilisant la notion de SOLA introduite au chapitre précédent. En effet,
si (uo,), est une suite de données initiales régulieres tendant vers ug dans L'(Q), alors
I'estimation (1.52) nous assure que la suite des solutions a flux bornés associées (u, ), est
de Cauchy dans C([0,T]; L'(Q2)), et donc converge vers une unique SOLA w.

Si u et v sont deux SOLA associées a des données initiales ug,vg € L>°(2), alors on
conserve le principe de comparaison

N . v )
;/g i (u(z,t) —v(z,1)” dr < ;/ﬂ ¢ (uo(x) — vo(x))™ du. (1.53)

11 est alors facile de vérifier en utilisant (1.46) et (1.53) que la solution discréte up converge
vers I'unique SOLA u lorsque le pas de maillage tend vers 0

Théoreme 1.2.3 Soit ug € L™, et (D,y,),, une suite de discrétisation de Q x (0,T") dont
le pas tend vers 0, et soit (up,,),, la suite de solutions discrétes données par le schéma

(1.40), (1.41), (1.42), (1.43), (1.44), (1.45), alors

lim wup,,(z,t) = u(z,t) p.p. dans Q x (0,7T),

m—00

ot u est l'unique SOLA du probléeme (1.39).

Ce travail a été soumis pour publication, et a donné lieu a un acte pour la conférence
Finite Volumes for Complex Applications V [Can08b].

1.2.4 Chapitre 5 : Hyperbolic limit for two-phase flow in heterogeneous
porous media with discontinuous capillary forces : convergence
toward the entropy solution

Dans ce chapitre, on suppose que le domaine €2 est non borné, 2; = R*, {23 = R’} afin
d’éviter les difficultés liées aux conditions aux limites.
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1.2 Organisation du manuscrit

La formulation « graphique » de connexion des pressions capillaires au niveau des
interfaces (1.32) permet de traiter une tres large classe de fonctions 7;, en particulier
toutes les fonctions continues et strictement croissantes. On cherche dans ce chapitre,
ainsi que dans le chapitre 6 & comprendre ce qu’il se produit lorsque le probleme dégénere,
c’est a dire lorsque la pression capillaire ne dépend plus de la saturation :

Soit € > 0, on introduit les pressions capillaires approchées

i (u) = P; + eu.

2

Ce choix de fonction 7§ a été opéré par simplicité, mais tout autre choix vérifiant 7} stric-

u
tement croissante, convergeant uniformément vers P; et telle que u +— / Ai(s) (75) (s)ds
0

u

converge uniformément vers 0 convient. On définit ¢;(u) = Ai(s)ds, si bien que le
0
probleme approché considéré peut s’écrire :

Ot + 0. F; =0 dans Q; x (0,7,

F7 = fi(u) — e0ppi(u) dans Q; x (0,7),

T (ug) N 75 (us) # 0 sur (0,7), (1.54)
Fls(()?) :F2€(07 ) sur (OaT)v

u®(-,0) = ug dans Q,

ou ug est une régularisation bien choisie de la donnée initiale, et f; sont des fonctions
lipschitziennes se raccordant en 0 et en 1 :

f1(0) = £2(0), f1(1) = fo(1).

En utilisant les résultats des deux chapitres précédents on montre que le probleme (1.54)
admet une unique solution a flux bornés, et que la borne uniforme sur les flux ne dépend
pas de ¢ :

HFiEHLOO(Q,L-X(o,T)) <C. (1.55)

L’objectif de ce chapitre est de montrer que sous une hypothese (H) page 117 sur les f;
et P;, qui pourrait se traduire physiquement par

« les forces de capillarité et de gravité sont orientées dans le méme sens, ou la
convection globale est trés forte par rapport a celle engendrée par la gravité, »

alors I'unique solution a flux bornés u® au probléme (1.54) converge lorsque € tend vers 0
vers I'unique solution entropique au probleme

Ou+ Oz fi(u) =0 dans Q; x (0,7,
fi(ur) = fa(ug) sur (0,7), (1.56)
u(+,0) = ug dans Q,

définie ci dessous.
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Définition 1.1 (Solution entropique de (1.56)) Soit ug € L*°(R), 0 < ug < 1, alors
u€ LR x (0,T)) est solution entropique de (1.56) si : Vb € DT (R x [0,T)), Vx € [0,1],

/OT/R’u(x’t)_K’atw(x’t)dwdtJr/R’“O(x)—HW(JJ,U)dx
T
+/0 >

i=1,2

| stz ) = 1) (i) = £:60) Dr . o

T
+/me—hmwwwmzu (1.57)
0

L’étude de telles solutions entropique a donné lieu a de nombreux travaux. On mentionnera
parmi eux le travail de John D. Towers [Tow00], [Tow01] (voir aussi [KRT02a], [KRT02b],
[KRTO03]), de Seguin et Vovelle [SV03], de Adimurthi et Veerappa Gowda [AGO03], (voir
aussi [AJVG04], [AMGO5], [AMGO07]), de Florence Bachmann durant sa these [Bac05],
[Bac04], [BV06], ou encore de Julien Jimenez [Jim07].

Une estimation L?((0,7); H. (%))
Pour démontrer la convergence de la solution approchée u® vers une solution entropique
u, il faut prouver que

edzpi(u®) — 0 p.p. sur ; x (0,7). (1.58)

Pour ce faire, une méthode différente de celle des chapitres précédents doit étre utilisée
pour obtenir une estimation L?((0,T); HL (€;)), et en utilisant I'estimation uniforme sur

les flux (1.55), on a : pour tout compact K; inclus dans €2;,

T
(uf))? dz . .
5/0 /i(am( 2 dadt < C (1.59)

Le cadre BV, et la convergence presque partout
Afin de prouver la convergence de u® vers une solution faible u (qui sera méme entropique)
de (1.56), il est nécessaire de montrer la convergence presque partout de u® vers une
fonction u a sous suite pres quand ¢ tend vers 0. Pour cela, on utilise le cadre des solutions a
variations bornées introduit par Vol’pert [Vol67], et on montre alors la proposition suivante.

Proposition 1.2.4 Si ug appartient a BV (R), et uf est une approximation réguliére de
ug, alors il existe une fonction u € L (R x (0,7)), 0 < u <1 telle que, a une sous-suite
pres,

u® —u p.p. dans R x (0,7).

De plus, il existe des fonctions uy,us dans L*(0,T) telles que

1 T r0
lim —/ / |u(x,t) — uy(t)|dedt = 0.
0 J—n

n—0m

1o
lim & / / (£ — up(t)|dwdt = 0.
0 0

n—0mn
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1.2 Organisation du manuscrit

On peut alors vérifier grace a (1.58) que la limite u des u® est solution faible du probléme
(1.56), et donc on a une condition de Rankine-Hugoniot liant les fonctions u; et ug. La
discontinuité étant stationnaire, on a

fi(ur) = fa(ug). (1.60)

Convergence vers une solution entropique
Comme u® est solution faible d’un probleme parabolique dans chaque sous-domaine €;,
on a d’apreés [Car99] : Vk € [0,1], Vip € D (Q; x [0,T)),

T
/ / |u(z,t) — K| (z, t)dxdt +/ lug(z) — K|Y(x, 0)dx
0 Qi Qi
T
[ sien(u @)~ 0) ()0 Fi6)0r,
0o Ja,
T
. / / D005 (W) (@, 1) — 4()) Dt ()t > . (1.61)
0o Ja
Laissant alors tendre ¢ vers 0, on obtient grace a (1.58) et a la proposition 1.2.4
T
/ / |u(x,t) — k|Ow(x, t)dxdt +/ lup(z) — K|Y(z, 0)dx
0 Qi Qi
T
4 [ sign(ute.t) — i) at) ~ £i0)D (ot = 0,
0 Jo,

Cette inégalité n’est alors valable que pour des fonctions test ¢ nulle sur l'interface {z = 0}.
Cependant, au cours des preuves d’unicité de la solutions a flux bornés u® présentée aux
chapitres 2 et 4, on prouve que des inégalités ressemblant & (1.61) pour des fonctions test
1 non nulles sur l'interface. Si K est un régime permanent de (1.54), c’est a dire si

fi(K°) — €0ppi(K7) = M,
i (K1) N3 (k%) # 0,
ol k5 est la trace en @ = 0 de k° du coté €, alors : Vi € DT(R x [0,7)),
T
/ / |u®(x,t) — Kk (2)|0)(x, t)dzdt + / lug(z) — K°(z) | (z, 0)dx
0 Qi Qi
T
[ sien(u )~ k)0 ) — 6N @) )l
0o Jo

T
—e /0 /Q i By (i (u¥) (w, 1) — @i(K°)(2)) Dy (, t)ddt > 0. (1.62)

On considere 'ensemble A des valeurs d’adhérence & pour e tendant vers 0 des régimes
permanents x°, et en passant & la limite dans (1.62), on obtient alors : V& € A, Vi €
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DT(R x [0,T)),
T
/0 >, /Q u(z, t) — & (2)|0p) (x, ) dwdt + /Q luo(z) — &(2)|(z, 0)dz

i=1,2

T
* /0 > /Q sign(u(@, ) = A@)(fi(w)(@,8) = [i(7)(@) b, )dwdt 2 0.

i=1,2

i=1,2

On prouve alors que cette derniere formulation est équivalente & (1.57) sous I'hypothese
(H) page 117.

Le résultat est ensuite étendu par densité aux données initiales ug appartenant a
L®(R) N LY(R) au théoréme 5.3.4.

Pour finir, on montre des résultats numériques confortant la preuve de convergence sous
Ihypothése (H) page 117, ainsi que des exemples ou cette derniére est mise en défaut, et
ou la limite n’est clairement pas entropique.

1.2.5 Chapitre 6 : Occurrence of non classical shocks in modeling of
oil-trapping

Nous avons vu au chapitre 5 que la solution u® du probleme (1.54) tend vers I'unique
solution entropique du probleme (1.56) lorsque e tend vers 0 si les forces de capillarité a
I'interface sont orientées dans le méme sens que la force de gravité. L’objectif de ce chapitre
est de démontrer que dans le cas contraire, des chocs non classiques peuvent apparaitre a
I'interface, c’est a dire des discontinuités ne vérifiant pas les criteres d’entropie usuels.

Pour simplifier ’étude, on suppose que le débit total est nul, et donc que

fi(0) = fi(1) = 0.

On suppose que les f; sont positives, c’est a dire que les forces de gravité sont orientée
dans le sens des x croissants. On suppose de plus que les f; sont localement inversibles
pres de 0 et de 1, et que les inverses locaux sont localement héldériens. On suppose que
les forces dues a la capillarité au niveau de l'interface sont orientées dans le sens des x
décroissants, ce qui se traduit au niveau de la relation de raccord des pressions, si € > 0
est suffisamment petit, par

uj=1 ou wu5=0.

Comme la fonction v® = 1 sur R_ et u® = 0 sur R, est solution a flux bornés pour
tout € assez petit, il est clair que le probleme entretient des chocs non classiques au niveau
de linterface. En fait, nous allons prouver que la discontinuité de la pression capillaire
génere de tels chocs pour toute donnée initiale non triviale.

Pour cela, on commence par approcher une donnée initiale quelconque par une famille
de données laissant apparaitre le choc non classique a 'interface.

Lemma 1.2.5 (condition initiale préparée) Soit ug € L'(R), 0 < ug < 1, pour tout
n > 0, il existe ug, tel que

i) uo,y € C°(R*) a support compact dans R, 0 < g, <1,

ii) uoy(x) =1 sur (—n,0), et ug,(x) =0 sur (0,7),

#i1) limg,—.o oy = uo(x) dans L*(R).
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1.2 Organisation du manuscrit

Une condition initiale ug,, satisfaisant i) et i) est dite n-préparée. Une condition initiale
est dite préparée si elle est n-préparée pour un n > 0.

On montre alors que pour toute donnée initiale ug, n-préparée, si € est assez petit,

w=1 sur (-n/2,0) x[0,00),
{ ut=0 sur (0,7/2) x[0,00), (1.63)

ol u® est I'unique solution & flux bornés du probleme (1.54) pour la donnée initiale v .
La discontinuité est donc entretenue, et perdure pour tout temps.

Comme au chapitre précédent, on a l'estimation L?((0,T); HL,(Q;)) (1.59), qui assure
la disparition des termes de diffusion :

e0ppi(u®) — 0 dans L*((0,7); L. (%)). (1.64)

L’estimation 0 < u® < 1 reste valable, et assure que u°® converge vers une limite u
au sens L(R x (0,00)) faible-x. Ceci n’est toutefois pas suffisant pour passer a la limite
dans les non-linéarités du probléme. On utilise alors la notion de solution processus in-
troduite dans [EGGH98|, équivalente a la notion de measure-valued solution introduite
pas DiPerna [DiP85] (voir aussi [Sze91]). Une telle solution processus dépend d’une va-
riable supplémentaire o provenant d’'une mesure de Young, et est basée sur le résultat de
compacité suivant.

Théoréme 1.2.6 (Convergence non-linéaire faible-x) Soit Q une borélien de Rk, et
soit (u,) une suite bornée dans L*°(Q). Alors il existe une fonction u € L>=(Q x (0,1)),
telle que, a une sous-suite pres, u, tend vers u « au sens non-linéaire faible-x » quand
n — oo, c’est a dire : Vg € C(R,R),

1
g(up) — / g(u(-,a))da  pour la topologie L>(Q) faible — *.
0

Néanmoins, il découle de (1.63) que u(x,t,a) = 1 sur (—n/2,0) x [0,00) x (0,1), et
u(z,t,a) = 0 sur (0,17/2) x [0,00) x (0,1). En particulier, u(x, o) ne dépend pas de o pour
x proche de 'interface, et admet donc une trace w; forte indépendante de o de chaque coté
de l'interface.

uf est solution d’'une équation parabolique dans chaque sous-domaine €2;, et comme au
chapitre précédent, on a les inégalités 1.61. Si (1.64) nous permet de passer a la limite sur
les termes de diffusion, on n’a pas prouvé la convergence presque partout de la suite u®,
et le passage a la limite sur les nonlinéarités se fait grace au théoreme 1.2.6 ce qui mene
a: Ve DY (Q; x [0,7T)), Vk € [0,1],

T 1
/0 /Q/o (u(z,t, ) — k)0 (x, t)dadrdt + /Q.(uow(x) — k)Y (z,0)dz
T 1
+/0 /Ql/o sign, (u(z,t, ) — &) (fi(u(z, t, @) — fi(k))Opt(x, t)dadzdt > 0.
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Comme u admet des traces u; de part et d’autre de I'interface, on peut alors utiliser
des fonctions test non nulles en x = 0, et donc : Vi = 1,2, Voo € DT (Q; x[0,T)), Vx € [0,1],

T 1
/ / /(u(a:,t,a)—/i)iatl/}(x,t)dadxdt—i—/ (uo(x) — K)Fep(z,0)dx
0 Q; JO Q;
T 1
[ sttt to) < ) (e ) — £i66) devte. dadea
+M; /T (u(z,t) — )= (0, t)dt > 0, (1.65)
0

ouuy = 1, us = 0, et M; désigne n’importe quelle constante de Lipschitz de f;. Une

telle fonction w est unique d’apres une résultat inspiré de la these de Felix Otto [Ott96a],

[MNRR96], ainsi que dans celle de Julien Vovelle [Vov02]. De plus, si u et v sont deux

solutions de (1.67) associées a des données initiales préparées ug et vg, on a : Vt € [0, 00),
R+M2T

/ / / (@, t,a) — v(z,t, ) Edadfde < / (uo(x) — vo(x))Edw.  (1.66)

—R—-M1T

En prenant ug = vy dans (1.66), on obtient alors que 1'unique solution processus u(z,t, o)
ne dépend pas de «, et est donc une solution du probleme au sens de la définition suivante.

Définition 1.2 Soit ug € LOO(R_) < wug <1, on dit que u est solution du probléeme si
u€ L®R xRy), et : Vip € DT(Q; x [0, )) Vk € ]0,1],

T
_Hit x,t)dx un(z) — K)E .0)dx
/0 /Ql_(u(:c,t) )"0 (x, t)d dt+/9i( o(z) — k) (z, 0)d
T
—i—/o /SL signy (u(x,t) — &) (fi(u)(z,t) — fi(k)) Optb(z, t)dxdt

T
M / (u(z, £) — ) (0, 1)t > 0. (1.67)
0

On obtient donc au final le résultat suivant, un argument classique de densité permet-
tant de traiter toute donnée initiale uy € L>®(R), 0 < ug < 1.

Théoréme 1.2.7 Soit ug € L*¥(R), 0 < ug < 1, soit u® 'unique SOLA au probléme
approché (1.54) associée a la donnée initiale ug, alors u® converge dans LP((0,T); L}, .(R))
(1 < p < o0) vers l'unique solution du probleme limite u lorsque € — 0.

La solution limite u est donc entropique a I'intérieur de chaque €2;, et laisse apparaitre
une discontinuité stationnaire & l'interface qui ne vérifie pas de critéere d’entropie.
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Chapitre 2

Nonlinear Parabolic Equations
with Spatial Discontinuities

2.1 Presentation of the problem and main results

2.1.1 Presentation of the problem

In this paper, we are interested by the parabolic equation obtained by modeling a
two phase flow in a heterogeneous porous media. Let {2 be an open polygonal subset of
R? (d < 3), let T > 0. One assumes that there exists a finite number of polygonal open
subsets ; € Q , ¢ € {1,..., N} such that :

UJQi=9 and QnQ;=0if i#; (2.1)

For all (i) € {1,..., N}?, i # j, one defines I'; ; the subset of Q given by :

Fi,j = ﬁl N Qj.

Each €; will represent a porous media with its own physical characteristics, u will
represent the saturation of the oily phase. We aim to solve the problem :

u — div(\i(w)VTi(u)) = 0 in Q; x (0,7),
fl(u) = ﬁj(u) on Pi,j X (O,T),
/\Z(u)VﬁZ(u) ‘N + )\j (U)Vﬁj (’LL) ‘ny = 0 on Fi,j X (0, T), (22)
Ai(w)VTi(u) -ny = 0 on 90 x (0,7,

u(z,0) = wup(x) inQ,

where T; is an increasing Lipschitz continuous function associated to €2;, \; is a non
negative continuous function with )\Z'”O’l[ > 0, the initial data ug € L*°(Q) with 0 < up <1
a.e. in €.

Remark 2.1.1 We choose to consider only homogeneous Neumann boundary conditions

on 02, but this work can be easily generalized for non-homogeneous Dirichlet conditions,
the same way as in [EGHMO02, MV03].
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PARABOLIC EQUATIONS WITH SPATIAL DISCONTINUITIES

2.1.2 Mathematical definition of the problem

In this part, one defines all the functions necessary to explicit the problem (2.2) and
the notion of weak solution.

Particularly, one can associate to each €); two functions, the capillary pressure 7; and
the global mobility \;, on which we do the following assumptions :

Assumption 2.1

1. For alli € {1,...,N}, the function T; : R — R is continuous and satisfies :
- Vs <0, fi(s) = fi(O)
- Vs>1, fi(s) = 71(1)
- Ti[0,1] € C1([0,1],R) is an increasing function
- V(i,j) € {1,...N}?, 7(0) =7,(0)
- V(i,j) € {1,...N}?, m(1) =7;(1).
Let mg > 1. For all i € {1,...,N}, for all s € [0,1], we might choose T;(s) =
Bis™ + (1 = f3;)s™ for any (; €]0,1] and any m; > my.
2. For alli € {1,..N}, the function \; : R — R™ is continuous and satisfies :
- Vs § 0, /\2(8) = /\2(0)
- Vs > 1, )\7,(3) = )\2(1)
- Vs €]0,1[,  Ai(s) > 0.
One can now define a function A : |J; QxR — RY by (x,5) — \i(s), for all z € Q;,
for all s € R. One denotes C\ = max;(supser(|Ai(s)]))-
A classical choice for \; is : ¥i € {1,..., N},¥s € [0,1], \i(s) = a;s(1—s) with a; > 0.

We can now define the functions ¢; and I1;, i € {1,..., N}.

Definition 2.1 Under Assumptions 2.1, for all i € {1,..., N}, we define :

) R — Rt
pi { s[5 Xi(a)T(a)da (2.3)

- Vi€ {l,...N}, pijo) is a derivable increasing function
- Vs <0, pi(s) =¢i(0)=0
- Vs> 1, ¢i(s) = pi(1).

We denote by Ly, a Lipschitz constant for all ;, i € {1,...,N}.
We also define the function I1; :

R — Rt

e o : -
o7 D (a))d
S /7r jeihin (A0 (a))da

(2.4)

-vie{l,..,N}, Hl‘ 0,1] %8 a derivable increasing function

- Vs <0, I;(s) =11;(0) =

- Vs> 1, I;(s) = 1I;(1)

= V(i 5) €{L,.... N}, V(si,85) € Ti(si) =7;(s;) < i(si) = TL;(s;)-
We denote by T1(s, :E) I1;(s) and go(s,a:) = pi(s) if x € Q;.
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2.1 Presentation of the problem and main results

Remark 2.1.2 The last point seen in the previous definition allows us to connect 11; and
I1; instead of 7; and 7w; on I'; ;.

The definition of ¢; implies that dyu — Agp;(u) = 0 in ;, and we can rewrite the trans-
mission conditions on I'; ; : T;(u) = 7j(u) and V;(u) - n; + Ve;(u) - n; = 0, where n;
represents the outward normal to €2;. We can now define the notion of weak solution for
the problem (2.2) :

Definition 2.2 (weak solution) Under assumptions 2.1, a function u is said to be a
weak solution to problem (2.2) if it satisfies :

1. ue L*(Q x (0,7)), 0<u<1ae inQx(0T),
2. Vie{l,...,N}, ¢i(u) € L*(0,T; H'(€)),

3. T(u,-) € L*(0,T; HY(2)),

4. for ally € D(Q x [0,T)),

T
// u(:E,t)atT/)(:E,t)dl‘dt—l—/u0($)¢(x70)dm
QJ0 Q
N T
—;/Q/O Vi(u(z,t)) - Vi(z,t)dzdt —0. (2.5)

Remark 2.1.3 The transmission condition T;(u) = 7;(u) on the interface I'; ; is now
replaced by the point 3 in the previous definition. Because of the lack of regqularity on the
solution, we cannot write V;(u) - n; + Voj(u) -n; = 0 on I';j in a strong sense. But
it is easy to check that, if u is a regular enough weak solution of (2.2), this condition is
tmposed by point 4 of the previous definition.

2.1.3 Finite volume approximation and main convergence result

Let us first define space and time discretization of Q x (0,7).

Definition 2.3 (Admissible mesh of ) An admissible mesh of Q0 is given by a set
T of open bounded convex subsets of § called control volumes, a family £ of subsets of
Q contained in hyperplanes of R with strictly positive measure, and a family of points
(xx)KkeT (the “centers” of control volumes) satisfying the following properties :

1. Jie{l,.,N}, KcCQ; WedenotebyT,={K €T/K C Q;}.

2. Uger, K = Q;. Thus, Uper K = Q.

3. For any K € T, there exists a subset Ex of € such that 0K = K\ = Useey -
Furthermore, € = Jgcr €k

4. For any (K,L) € T? with K # L, either the “length” (i.e. the (d — 1) Lebesgue
measure) of KN L is0 or KNL =70 for some o € £. In the latter case, we shall
write 0 = K|L, and
-~ & ={0€é& IK,L)eT? o=K|L}
~Cer={0€&, 0 CON}, Eeqri ={0c €&, o CONNINY
&, ={oe€ AK L) €T x T, o = K|L}
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- F= Ui,j gri,j'
For any i€ {1,...,N}, for any K € T;, we shall denote by :
- Nxg={Le€T, Joe€&, c=K|L}
- NK,i: {L E'TZ', 30'652', U:K|L}
- Fxk={LeT, 3j#i, Joeér,,, o =K|L}
- 5[(71' =ExN&;
- 5K,ext = EK N gext-
5. The family of points (xx )ker is such that xx € K (for all K € T ) and, if o = K|L,
it is assumed that the straight line (v, x) is orthogonal to o.

For a control volume K € T, we will denote by m(K) its measure and Eezr x = Ex N O
For all o € E,we denote by m(o) the (d — 1)-Lebesque measure of o. If o € Ek, we denote

m(o)

by Tk o the transmissibility of K through o, defined by Tk , = o) We also define
TK|L = %. The size of the mesh is defined by :

size(T) = max diam(K),

and a geometrical factor, linked with the reqularity of the mesh, is defined by
diam(K)
T) = d —).
et = eptear a0 8 U o)
1 1 1
Remark 2.1.4 For allo € &, = + .
TK|L TKo TLo

Definition 2.4 (Uniform time discretization of (0,7')) A uniform time discretization
of (0,T) is given by an integer value M and a sequence of nmon-negative real values

(t")n=0,... M+1- We define 5t = MLH and, Vn € {0,..., M}, t" = ndt. Thus we have t° = 0

and tM+1 =T,

Remark 2.1.5 We can easily prove all the results of this paper for general time discreti-
zations, but for the sake of simplicity, we choose to consider only uniform time discreti-
zations.

Definition 2.5 (Space-time discretization of 2x(0,7")) A finite volume discretization
D of Q x (0,T) is the family

D =(T,¢,(zk)Ker: N, (tn)nE{O,...,M})a

where (T,E,(xx)ker) s an admissible mesh of Q in the sense of Definition 2.8 and
(N, (" )nego,....ary) is a discretization of (0,T') in the sense of Definition 2.4. For a given
mesh D, one defines :

size(D) = max(size(T), dt), and reg(D) = reg(T).

We will now define the finite volume discretization of problem (2.2). Let D be a finite
volume discretization of € x (0,7) in the sense of Definition 2.5. The initial condition is

discretized by :

Uy = % /Kuo(a:)dw, VK € T. (2.6)
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2.1 Presentation of the problem and main results

An implicit finite volume scheme for the discretization of problem (2.2) is given by the
following set of nonlinear equations, whose discrete unknowns are U = (U[”{H) KeTne{0,...M}
VK € T,Yn € {0,.... M}

K Uzﬁ_l — Ufré' Un—i-l N Un-i-l
m(K)———" + > troleUpt ax) — (UL k)
0€EK,;
+ > tro(eUE™ 2k) — (UL 2k)) = 0. (2.7)
ccFK

where VL € N, UIT}%' IE UZ}I‘ ;, are the only values in [0, 1] that satisfy the transmis-
sion conditions :

i o (U wk) = o(Uey o)) + (0 o) = @UESh a)) =0 o o
H(U%EI,JEK) = H(UZH(;—lv;EL)‘ '
Definition 2.6 Let D be an admissible discretization of Q x (0,T") in the sense of Defini-
tion 2.5. The approximate solution of problem (2.2) associated to the discretization D is

defined almost everywhere in Q0 x (0,T) by :

Vo€ K, YVt e (t",t""), VK € T, ¥n € {0,..., M},
up(z,t) = Ut (2.9)
where (U%+1)K677n€{07___7M} is the unique solution to (2.7).

We will now state an assumption which will be useful to prove the uniqueness of the
weak-solution in section 2.3.

Assumption 2.2 For alli € {1,....N}, (¢; 0 HZ(-_I))’ is a Lipschitz continuous function
on [0,1].

We will now state our main result :

Theorem 2.1.1 (Convergence to the weak solution) Let £ € R, consider a family of
admissible discretizations of Qx (0,T) in the sense of Definition 2.5 such that, for all D in
the family, one has & > reg(D). For a given admissible discretization D of this family, let
up denote the associated approrimate solution as defined in Definition 2.6. Then, under
assumptions 2.1-2.2 :

up — u € LP(Q x (0,7)) as size(D) — 0, Vp € [1,+00)

where u is the unique weak solution to problem (2.2) in the sense of Definition 2.2. Fur-
thermore, we have the following regularity result :

uwe CO[0,T],LP(Q)), Vpe[l,+00)

All this paper will be devoted to the proof of Theorem 2.1.1. First, we will use the
work of [Enc04] to prove the existence of a weak-solution. Then, in subsection 2.2.5, we
will prove the existence of a time continuous solution, applying Ascoli theorem to a family
of approximate solutions for a regular enough initial data. The uniqueness of the weak
solution will be proven in the section 2.3 by using a doubling variable method inspired
from [Kru70, AL83, Ott96b, Car99].
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2.2 Existence of a weak solution

The main work of this section has already been done in [Enc04]. We only need to get
enough results to prove the time-continuity in section 2.2.5. This proof will need estimates
obtained by working on the scheme, so we prefer to give the whole proof of convergence.
In this whole part, any sequence (D;,)men of admissible discretizations of € x (0,7") in
the sense of Definition 2.5 will be supposed to have a bounded regularity.

A eR, VmeN, (> reg(Dp). (2.10)

2.2.1 Existence, uniqueness of the approximate solution

We state here the properties and estimates which are satisfied by the scheme (2.7)
which we introduced in the previous section and prove existence and uniqueness of the
solution to this scheme. First, we will take some notations for the convenience of the
reader :

Notations 1 for all K € T, for all 0 € Ex N Fg, for alln € {0,..., M + 1},

v = ¢Uk rK),
90?{,0 = @(Ulré,gv"pl()’
W = Uk, zk),
H?{,O’ = H(U}é,tﬁ:ﬂK)v
T = Uk, rK),
ﬁyll(,a = f(UIré,U’ xK)‘

We will need the following lemma :

Lemma 2.2.1 Forall K € T, forall L € Nk, foralln € {0, ..., M}, for all (U[”{H, UELH) €
R?, there exists an unique (U}Z;l, Uz‘;l) € [0,1)% solution of (2.8).

Proof
Suppose that there exists i € {1,..., N} such that (zx,z;) € Q2. Then (2.8) can be
written :

n+1 n+1 n+1 n+1l\ __

{ TK.o (‘PK - ‘PK,cr) +TLo (‘PL ~¥Lo > =0
n+l _ yrn+1
UK,O’ — Y Lo

which leads to

n+1 __ 1

n+l _ rm+1
UK,J - UL,J
n+1 n+1
Ko = m(TK,o%{ +TLo¥r, )

1
TK,U+TL,U

Let us now suppose that (zx,xr) € §; x Q; with j # 4

n+1

and (TKJ(,D?(—H + TLoPr > admits an unique antecedent through ¢; in [0, 1].

1 ——1/=n+1
Ulr?; =T (Wztr)

2.8) & 1=
%) {TK,U(so?;l—so,-(@l(wz:l)))+TL,U(¢2+1—¢331) =0
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2.2 Existence of a weak solution

then

Uptl = f_l(ﬁtrl)
T o pi (] (f’f;l)) +1Lo0t ! = TR oPi Lo

Since 7;(0) = 7;(0) and 7;(1) = 7;(1) (Assumption 2.1), then :

VUt e 0,1, Ut € [0,1].

The application 6 : z — T ,i(F; ' (7j(2))) + TLopj(2) is increasing on [0, 1], ensuring
this way the uniqueness of the solutlon of (2.8). Furthermore, it satisfies :

{ 0(0) = 0
0(1) = Tx opi(1) + 70,005 (1).

We conclude the proof by obtaining the existence of the solution by using the intermediate

value theorem. O
L°°-stability of the scheme

One assumes uy € L>(Q), 0 <wup < 1 a.ein , then for all K € 7, UY € [0, 1] where UY

is given by (2.6).

Proposition 2.2.2 Let D an admissible discretization of Q x (0,T) in the sense of Defi-
nition 2.5, let (U]r?_l)KGT,nE{O,...,M} be a solution of the scheme (2.7), then for all K € T,
for alln € {0,.... M} :

0<UEt < 1. (2.11)
Proof
Let us first remark that the scheme can be written :
Un+1 . U[Tév . .
KTW(K) + > el = epth
LENK i
T (e - e =0,
cEFK

with 7 = d’z;c(g‘zLL)). Let us now rewrite it once again. VK € 7;, VYn € {0,...., M } :

Uptl = Hy (UFQ’ (UZH)LGT)

with :

a+ Agag + m((%()

Do ren, TrIL(gilar) — gilax))
+ Zae}‘K Ko (pilar,e) — pilar))
1+ Mg

Hy (CM (aL)LeT) =

where \g is given by :

Ax 5tL ( o okt Y TKU)

LeNk,; oeFk
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and L, is a Lipschitz constant for all ¢;. However, ax , = g(ax,ar) where g is a non-
decreasing function. We deduce from it that Hg is a nondecreasing function of all its
arguments.

Let n € {0,..., M}, let us assume 0 < Up < 1, VK € 7. Let us assume that there
exists Kpar € 7 such that :

UMl = max(UXH) > 1
Kmaz KGT( K ) ’

then : .
14+ AUy

1 < U’rL+1 < H <1, U’rL+1 ) — max n+1 )

Kmaz — K ( Kmaac)LET 1 + )\K Kmaz

a contradiction. Therefore :

n+1
UK’!?L(L(L‘ é 1'

We can prove exactly in the same way that

n+1 __ : n+1
UKmin - [Iglenf]l'(UK ) 2 0

O

Proposition 2.2.3 Let D be an admissible discretization of  x (0,T) in the sense of
Definition 2.5. There exists a unique solution to the scheme (2.7).

Proof
Existence of the discrete solution
Let n € {0, ..., M} Since (Upx!),ce in a function of (U}™!) e7, we shall see the scheme

as a non linear system of equations only depending on (U’L“'l) LeT-
R7T x[0,1] — R

" here :
(UK+1)K€T7/\) - (V)ker o

Let us consider the application W : { <

n+1 n

Vik = (K)+A Z i — ofth)

6t LE./\/'KJ'
A D TRl = o))
ce€FK

The linear system of equation W((U}?’l) KeT7O> = (0)ker admits a unique trivial so-

lution. The continuity of A — W(-,\) and the L*-estimate (2.11) allows us to use a
topological degree argument, insuring the existence of a solution for A = 1.
Uniqueness of the discrete solution

Assume that, for a given value of n, there exist two solutions to the scheme (2.7),
(U Y ker and (Vi) ker. Then, for all K € T, using the monotony of Hy :

max (U, V) < Hg (U, (max(UPH VY er), (2.12)
min(Ug™, Vgtt) < Hi (U, (min(UF Vi) er). (2.13)
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2.2 Existence of a weak solution

One multiplies (2.12) and (2.13) by (1 + Ag)m(K), substracts (2.13) to (2.12) and sum
on K € 7. Remarking that all the exchange terms between neighboring control volumes
disappear, we get :

DU = Vgt m(K) < 0.

KeT

2.2.2 Discrete L*(0,T; H'(Q)) estimates

In this section, we will prove some estimates on the approximate solution. We first
have to define the space X (D) the solution belongs to.

Definition 2.7 Let D be an admissible discretization of Q x (0,T) in the sense of the
Definition 2.5. We denote by X (D) the functional space :

X(D) = veL*Qx(0,T7),VK €T, Vne{0,..,M},
N W oz, t) = Vith ae. in K x (17, 17H1)

Definition 2.8 (Discrete L*(0,T; H'(£2;)) semi-norm) We define the discrete
L2(0,T; H' (%)) semi norm on X(D) by :

M
[Wips = Y 0t > (VR = VTR
n=0 K|L€€i

We will need the following lemma :

Lemma 2.2.4 Let D be an admissible discretization of 2 x (0,1") in the sense of the
Definition 2.5. Let up be the discrete solution to (2.7). Let o € T';; for some i,j €
{1,.,.N}?, o = K|L,K € T;,L € T;. Then :
0< (P — i) = Tidy) < (0 =@ =Tt (219)
0 < (¢ — i) R — ) < (0 — @il )@ — 177, (2.15)
Proof
VK € T, ¢(-,xk), and T(-, zx) are increasing functions on [0, 1], thus

(P = PR =T, 2 0.

Furthermore, (7% — 77t = (7! — ﬁ?{t} + 7L — 7+ then :
(e — e h@EE =7 = (P — et @ =T
1 1y(=n+1 _ =n+1
e ke m T =TS

= (W — e @ - T

TL, — _
+ =T (T — gttt )
TK,o

(P — R D@E =T,

v
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This proof is also true with II instead of 7. O
One introduces the function

7 18— / Vi(a)T(a)da
0
which fulfills thanks to Cauchy-Schwarz inequality, for all (a,b) € [0,1]2, for all i € [1, N],
(mi(a) = mi(b))* < (pi(a) = @i (b)) (Ti(a) — 7i(D)). (2.16)

Proposition 2.2.5 (Discrete L2(0,T; H'(Q;)) estimate) Under Assumption 2.1, let D
be an admissible discretization of Q x (0,T) in the sense of Definition 2.5, let up be the
solution of the scheme (2.7). Then there exists C' only depending on 7;, €, i € {1,..., N}
such that :

Z 1 (up) ’1D, < (2.17)
M
0> 6t Y TR - HEE - < C (2.18)
n=0 oceF
o=K|L

Proof
Accumulation term :
Let us multiply the equations (2.7) by 5t7r"+1 and sumon K € 7,n € {0,..., M}. We get :

Sy (U = UR) + 0t S e, i (05 — @)+

n+1 n+1y\ \=n+1
n=0 KeT ZsefK TK o (P ‘PKU))WK

=0.

Let ¢ belong to {1,...,N}, let K € 7;. Since 7; is an increasing function, ¢; : s —
fo 7i(a)da is a convex functlon Then :

(UR™ = URmg = gi(UE) = gi(UR).

Thus :
M
SN mE) U U = > mE) (U - g:i(UR)
n=0 KeT KeT
1
> —m(Q)/O ie{nﬁ-z-mi{N} |7i(a)|da.

Diffusion term :
One gets, thanks to (2.16)

Z5tz Z TK|L CPZH)(W%H ﬁzﬂ)]

= i= IK\LEE
n+1 n+1\2
>ZétZ > el =0t
= 1=1 K|Le&;
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2.2 Existence of a weak solution

where 7 denotes n;(Up™) if K C ;. Furthermore, for all 0 = K|L € F, Lemma 2.2.4
implies :

(P = Pl =) > 0,

then, we have the following estimates :

N 1
i 10 <m(Q / mi(a)ld
;In (wo)lip; <m(@) | max  [7i(a)lda,

M

1
0<S 0t 3 (e - (it - m) < m(Q)/ max__|7(a)|da.
n=0 o=K|LeF o i€{l,...N}

0

Definition 2.9 (Discrete L%(0,7;H'(f))) semi-norm) Let D be an admissible dis-
cretization of Q x (0,T) in the sense of the Definition 2.5. One defines the discrete
L%(0,T; HY()) semi norm of v € X(D) by :

N
wip = Y lBpit Y [renlol ) — vl ).
=1 o=K|LeF

We will need the following lemma :

Lemma 2.2.6 Under assumptions 2.1, for all i in {1,..., N}, the function
(1)

IL; o m; admits 1 as Lipschitz constant.

Proof
Let i € {1,..., N}, let a €]0,;(1)[, let b €]0,n;(1)[ with b # a.

We set A = ni(_l)(a) and B = nl-(_l)(b). One has :

mion Vo) —mon V)  m(B) -m(A)
b—a ni(B) —ni(A)

One denote by (A, B) the interval [A, B] if B > A, and [B, A] if A > B. The definition
of the function 7; implies :

i Ai(C)(7i(B) —Ti(A)) < mi(B) —ni(A) < o Ai(C)(mi(B) — Ti(A)).

Then, there exists C € I(A, B) such that :
ni(B) —ni(A) = VN(O)(7i(B) — mi(A)).

So one gets :
Fion ') ~Fion V@ 1

b—a N (C)
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(-1) .

7

Letting b tend to a, we get, using the continuity of n

(Fion V) (a) = ———.
xion V(a)

Remarking that II; = ¥ o 7r; with
[7:(0), (1)) — R

U . —
p = fﬁpi(o) MmN, N} < Aj O7T§- 1)(a)> da

we obtain :

V(Fon ()

[

Ao ng_l)(a)

)

(I 0t DY (a) = ¥'(m; 0 V(@)@ 0t V) () =

Remarking that the definition of ¥ implies W' (7;(y)) < 1/Ai(y), we get that

(I on V)(a) < 1.

i
U

Proposition 2.2.7 (Discrete L?(0,7; H'(Q2)) estimate) Let D be an admissible dis-
cretization of Q0 x (0,T) in the sense of Definition 2.5, let up € X(D) be the approxi-

mate solution given by the scheme (2.7). There exists a constant C' only depending on
O, 7, Vi € {1,..., N} such that :

W(up, )i p < C.

Proof
Using inequality (2.17) proven in Proposition 2.2.5 and Lemma 2.2.6, we immediately get

that :
N

Z ‘Hi(u'D)E,’D,i <C.
i1

Let us now consider the case ¢ = K|L € F. Using 7j;'} = "1, inequality (2.18)

together with (2.8) leads to :

M 1 1y =n+1l  —n+1
5 ook — RN —mED+ ] _ .
¢ Z T ( n+1l _ n'H)(f”'H _fn—l—l) > Ol ( . 9)
n=0 U:K‘LEF L’U (’DL (70140' L L,o'

For all 0 € F, for all K such that o € £k, we have thanks to (2.16) :

1 12 1 1\ =n+1 _ —n+l
M = Mxle ) < (P — i@ —Tily)-

Lemma 2.2.6 1mphes :
11 1 11 1\2 1 +1\2
( nk+ nk—t_o- ) <— (”nk—‘r }%70' )
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2.2 Existence of a weak solution

and
(Hz—l—l _ H2;1)2 < (772+1 _ 772:1(—71)27
thus (2.19) leads to

M
St Y e - 4T - <o (2:20)
n=0 o=K|LeF

The convexity of the function x — z? together with the relation

1o 1 1 .
TR~ ke T oo leads to :

M
(5t Z TK‘L(H?{—FI - HZ+1)2 S C
0 o=K|LeF

n=

2.2.3 Some compactness results

We aim in this section to get enough compactness results to be able to let size(D)
tend to 0. Proposition 2.2.2 insures that, up to a subsequence, Ju € L>(2 x (0,7")) such
that up — w in the L*(2 x (0,7"))-weak % topology.

Let us now turn to the Kolmogorov compactness criterion (see e.g. [Bré83]) which will
allow us to pass to the limit in the nonlinear second order terms.

Theorem 2.2.8 (Kolmogorov) Let Q be an open bounded subset of R*, and (v,,), be a
bounded sequence in L*>(R*) such that :

lim [sup |[vp (- + 6) — va(-)] =0,
6—0 neN

then there exists v € L*(Q) such that, up to a subsequence,
vy — v in L*(Q) as n — oo.

Let us now show that we are in position to apply the Kolmogorov compactness criterion
to (n;(up,,))men where (Dy,)men is a sequence of admissible discretization of Q x (0,7,
with lim,, o size(D,,) = 0.

Space translates estimates

We will now state a proposition proven in [Enc04], which is a consequence of Proposi-
tion 2.2.5.

Proposition 2.2.9 Let D be an admissible discretization of Q x (0,T) in the sense of
Definition 2.5, let up € X (D) be the approximate solution given by the scheme (2.7), let
i€{1,...,N}, let £ € R?, and Q; ¢ the open subset of ; defined by :

Qi,g = {JZ € QZ / [LE,IL' +€] C Qz}
Then there exists C only depending on §2; such that :

T
/0 /Q i (up (2 + €, 1) — mi(up(z, t)|*dedt < [€](I€] + Csize(D))|ni(up)l1,pse  (2:21)
(213
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Time translates estimates
We state here a first result on the time translates of ¢;(u), already proven in [Enc04].

Proposition 2.2.10 Let D be an admissible discretization of Q x (0,T). Let up € X (D)
be the approximate solution obtained with the scheme (2.7). Let w; C w; C Q; be an open
subset of ;. We assume that size(T) is small enough to ensure that :

Wi C Q; size(r) = {7 € Qi |/ B(x,size(T)) C Q;}.

We set :
[ ni(up) on  w;x(0,T)
77’D,w¢ - 0 on Rd-ﬁ-l\(u)i X (07T))

then, for all T € R, we get the following inequality :

171D,w: (s -+ 7) = D@ |? < O, (2.22)
where C' is a constant which only depends on T, d, v;, 7;, ©;.

Thus we can apply the Kolmogorov compactness criterion, and claim that there exists a
function f such that, up to a subsequence, n(up,-) converges to f in L*(Q x (0,T)) as
size(D) tends to 0. Furthermore, letting size(D) tend to 0 in estimates (2.21) ensures
that f € L2(0,T; H*(;)) for all i € {1,..., N}. The same way, we can prove that II(up,-)
converges to some g € L2(0,T; H'(Q)) in the L?(Q2 x (0,T))-topology.

Remark 2.2.1 Since the functions n; o ;™Y are Lipschitz continuous, estimates (2.21)
and (2.22) still hold with p; instead of n;. Then @(up,-) also converges to a function h in
L2(2 x (0,7)).

2.2.4 Convergence to a weak solution

In this section, we aim to prove that, for an admissible sequence (D,,,) of discetization
of Q x (0,7) in the sense of the Definition 2.5, with lim,,—, 4 size(D,,) = 0 the solution
of the scheme up,, tends to a weak solution of the problem (2.2).

We have already proven that 7(up,,,-) (resp. Il(up,,, ), ¢(up,,,-)) converges in L%( x
(0,7)) to a function f (resp. g, h). Proposition 2.2.2 allows us to assume that up,,
converges to u in L>(Q x (0,7)) for the weak x topology. Using Minty Lemma, stated
below, let us show that f =n(u,-), ¢ = (u,-) and h = ¢(u,-).

Lemma 2.2.11 (Minty lemma) Let Q be an open subset of R¥, let ¥ : R — R be a
monotonous continuous function. Let (up)nen such that :

Uy — U in L>®(Q) weak —
U(u,) — f in LY(Q)

then
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2.2 Existence of a weak solution

From the Lemma 4.2.8, we can deduce that, for all i € {1,..., N} :
ni(up) — ni(u) in L1(Q; x (0,7)),

thus :
n(up,-) — n(u,-) in LY(Q x (0,7)).

The same way, ¢(up, -) and I(up, -) converge in L?(Q2x(0,T)) to ¢(u, -) and II(u, -), respec-
tively. Estimate (2.21) insures that, for all i € {1, ..., N}, n;(u) belongs to L2(0,T; H'(£)),
and thus ¢;(u) too. A straightforward adaptation of Proposition 2.2.9 with II(up, -) instead
of 1;(up) allows us to claim that II(u,-) belongs to L%(0,T; H*()).

Proposition 2.2.12 (Convergence to a weak solution) Under assumption 2.1, let
(D) be a sequence of admissible discretizations in the sense of Definition 2.5 which fulfill
the assumption (2.10) and such that size(Dy,) — 0. Let (up,,) be the sequence of approxi-
mate solutions given by the scheme (2.7). Then there exists a subsequence of approrimate
solutions still denoted (up,,) which converges to w in LI(Q2 x (0,T)) for all ¢ € [1,+00).
Furthermore, u is a weak solution to the problem (2.2) in the sense of Definition 2.2.

The proof of this proposition is a straightforward adaptation of the proof stated in [Enc04].

2.2.5 Time continuity of the approximation limit

The aim of this section is to prove the existence of a time continuous solution. This re-
sult will be fundamental to prove the uniqueness of the weak solution to the problem (2.2).

In order to prove the continuity of a time continuous solution to the problem (2.2), we
will apply the Ascoli theorem on a family of approximate solutions obtained through the
scheme (2.7).

We need a classical CFL assumption on the family of space-time discretizations.

Assumption 2.3 Let (Dy,)men be an admissible space-time discretization of Q x (0,T)
in the sense of Definition 2.5. In all this subsection, we furthermore assume that there
exists S1 > 0 which does not depend on m such that :

Otm

— < .
max (size(Tm))? — 5

Remark 2.2.2 Assumption 5.82 and (2.10) ensure us that the quantity

b . .
maxKeT(maxLeNK,i(%)) stays bounded as m tends to +oco. The assumption 5.82 is

not hard to fulfill in the theorical framework. One just has to choose a convenient time
step. Nevertheless, this assumption is very demanding in the numerical framework, but we
will be able to relax it in the sequel of this work.

We also need to make an assumption on the regularity of the initial data, but once
again this assumption will be relaxed in the sequel, thanks to a density argument.

Assumption 2.4 The initial data ug belongs to L>®(2), 0 < uy < 1, and furthermore
fulfills : p(ug,-) is a piecewise Lipschitz function.

We will first need the following lemmas :
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Lemma 2.2.13 (Discrete H'(0,T;L?*(w;)) estimate) Let (D,,)men be a sequence of
admissible discretizations of Q x (0,T) fulfilling assumption 5.82. Let (up,,) the sequence
of approximate solutions given by the scheme (2.7). Let O; be an open subset of ; such
that %’(uo)|oi 18 a Lipschitz continuous function. Let w; be an open subset of O;, with
w; C O;. Then there exists C' only depending on O;,w;, \;, Ti, g, S1,( such that :

M
Yo mK)(pilup,, (v, ") — ilup,, (2, 7)) < Ct.
n=0 g ecT

K Cw;

Proof
We use the following notations :

502.:{0652', 0:K|L/KCOZ', LCOZ'},

v, ={0€&, o=K|L/ K Cw;, L Cuw;}.
Let ©; € C°(Q) such that supp(©;) C O;, Oilw; =1, 1 > 0; > 0. For all K €7, we
denote ©; x = O;(zk). We multiply the scheme (2.7) by
(P — POkt :
Uptt —up

" T . n+l
e - o+ 3 [ Tl ) <o

LENK.S - SDK)@
thus :

m(K) (e = 0k)*0ik” < Lyot > mqlep™ — o (e = 050k
LeNk;

Let My € {0,....,. M}. We sum on K € 7 and on n € {0, M;} :

Z Z n+1 90712)2(_)2"[{2

n=0KeT
+1 n+1
TK\L(SDZ —¥PK )
< L¢Zz5t Z |: n+1 2 n+1 n 2
n=0  K|Le& (Px —¥R)Oik™ — (P77 —¢[)OiL")

M 0i k2+0:1°
LQO' El 5t E [ TK|L(Q07[L/ g07[l(+1) = P} L ]
4 1 1
o kipes L (P —0%) = (017 = ¢i™)

My n+1 2 2
Lo, (A (TN AT
U SN L

(B — o) + (07 — o7)

IN

n=0 K|L€€i

1
SO mE) (P = ok )ik < Ay + Ay, (2.23)
n=0KeT
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with u ,

1 n n+1y [ ©i,k“+0; 1
. TK\L(‘PL — %) R
nen S s | A

n=0 K|LEE; ((‘pyLL—‘pK) (QDL — YK )

My n+1 2
Ly, 3 [ TK\L(QD b o (05 — 05 k) }
— ? 6t L K n ) .
2 0 K%& ((‘PK — k) + (SDLH ©7))

Using zy < %(3:2 +9?) in Ay leads to :

M 2
Ly, 6t . M
A= 902 Z Z [ (( n i(\L ( n+1 n+1) ) (2‘24)

n=0 K|L€eE; Pr — ‘PL) Pr — L
L, ot
< N ek — @) (2.25)
K|L€(€oi

Since @;(ug) is a continuous Lipschitz function on O;, there exists Co, v,, which does
not depend on the mesh such that :

ok — o1l < Co,ued(ax, xL). (2.26)
Thus, using (2.26) in inequality (2.25) leads to :
Al S 007,, OdT;L(O) Pi 5t (227)

We will now prove a similar estimate for A :

5th01 Z Z [ TrIL(PL T — (’iK )(QiK +0;.)(©i1 —O;K) ] .
90?? +or™) = (P + 1))

n=0 K|Le&;

For all a > 0, we deduce from Young inequality that :

Tk |L(Oix + Oi,1)?
Ay < adtly, TG+ O
nE:OK%g [ (PR + o™ — (P +¢1))

L 0t
Z Z TP = (0L — 05 k) = Az + Ags.
n=0 K|Leé&;

Since for all (z,y) € R?, (x +y)? < 222 4 2y?, we can write :

(Oix +0;1)?
A21 < 20[5th Z Z |: n+lTK‘L n+1 n\2
e 0K|L6€ P+ (0L = eL))

2a(5tL% Z Z Z TK\L(@LK + @i,L) (‘P?(—H 90?()2

n=0KeT LENk ;

M- TK| 1,0t n n
20‘%22 3 ity MU (R = 9% |
(20, k + (051 — O k))?

n=0KeT LeNk,;

IN

IN
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The Remark 2.2.2 allows us to take a constant Sy not depending on m such that, for all
K e T, forall L G./\/'K,Z- :
TK|L6t
m(K)
thus, using once again (x + y)? < 222 + 2y%, and that the number of edges of K is not
bigger than reg(7) :

< 527

My
Aot < 16aLy,reg(T)S2 Y | Y m(K) (@i — ¢%)*0; i
n=0KeT

My
+aLy, Y > Tri(Oin — 0 k) (0 — ok)*. (2.28)
n=0 K\Leé‘i

One applies exactly the same method with a regular function V¥; instead of ©;, with
supp(V;) C Oy, Je >0, Vyjgpp@,)+e = 1, ¥i >0, where :

supp(0;) + € = {z € Q;/ d(z, supp(0;)) < €}
Then, for size(7 ) small enough, we obtain that there exists H > 0 such that :

My My
YooY mE)R k)<Y Y mE) (R - ek)? Vi < H. o (2.29)
n=0 K C(supp(©;)+e) n=0 KeT

Denoting by Ceg, the Lipschitz constant of the function ©;, using (2.29) in (2.28) and
Remark 2.2.2, one gets :

My
Ag1 < 16aLy,reg(T)Ss Z Z m(K) (g — o%)*0i x
n=0KeT

+4aLy, (reg(D))*C3, HSs(size(T))>. (2.30)

A similar estimate on Ay is obvious.
Ly, C3 :
Aoz < (%\w(w)\lp,i) (reg(D))2(size(T))*
Assumption 5.82 ensures that there exist constants C7,C’, Cy1, Ca such that :
Ay < Chot,

My
Aoy <aC"y " Y m(E)(@iH — ¢k)*04x° + aCandt, (2.31)
n=0KeT

Ay < 24t
«

We can now choose a = 5 and claim that inequalities (2.31) together with (2.23) lead

to the existence of a cons?cgnt C' such that
My My
ST mE)EET! = k) <D0 mK) (e - ok)?0ik® < Cot. (2.32)
n=0 KeT n=0 KeT
K C w;
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Lemma 2.2.14 (Discrete L>(0,7, H'(w;)) estimate) With the same assumptions and
notations as in Lemma 2.2.13, there exists C such that :

Sup( sSup (’gpi(u'Dm)(.?t)‘lﬂ;rnwi)) S C7

meN te€[0,T]
where :
|90i(qu)('at)|iTm,wi = Z x| (pi(up,,) (T, t) — i(up,,)(zL,t)).
KlLCwi
Proof

Keeping the notations of the previous proof, inequality (2.24) leads to :

L6t

M M
Ay < Z TK\L(@?{ — ) - Z 7'K\L(90K1Jrl L T

K|Le&o, K|Le&y,

So we can deduce from (2.32) the following estimate :

My

. . L,,0t
NN mE) e - )+ —5— S (et — M2 < Ot (2.33)
=0 KeT K|Lety,

Dividing by dt leads to :

L i Mi+1 Mi+1
=t > ek et <

K|LEEu,

This estimates holds for any M; € {0,.., M} and also for M; = —1 because of Assump-
tion 2.4. O

Proposition 2.2.15 (Time continuity of a weak solution) One supposes that assump-
tions 2.1 and 2.4 is fulfilled. Then there exists a weak solution to the problem (2.2) in the
sense of Definition 2.2 satisfying :

Vp € [l,40), ue C([0,T],LP(Q)).

Proof
Let (D,,) be a sequence of admissible discretizations of € x (0,7 in the sense of Defini-
tion 2.5 fulfilling assumption 5.82. We will apply Ascoli theorem to the family of approxi-
mate solutions obtained through the scheme (2.7). We will first build another sequence
of approximate solutions (v, )m,, whose terms will be continuous with respect to the time
variable. We denote by vy, the function defined almost everywhere in € for all ¢ € [0, 7]
by :
tn-i—l —_t
ot
Let i € {1,...,N}. Let O; be an open subset of €; such that ¢;(ug) is a Lipschitz
continuous function on O;. Let U; be an open subset of ; such that U; C O;. Let w; be an
open subset of §2; such that @; C U;. Let ©; € D(U;) such that ©;,, =1 and 0 < 0; < 1.
We suppose that m is large enough to ensure that :

U (2, 1) = (P — @) 4 o if (x,t) € K x [t7, 7).
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— size(T,,) < d(U;, 00;),
— size(Ty,) < d(supp(0©;),0U;).
We denote by &y, ={oc € £,0 =K|L /| K C U;, L C U;}.
Then, for all t € [0,7] :
”?}m(’, t) - (lpi(upm('7 t))”%?(wl)

< / 0:(x) (v (2, 1) — il (2, )))2da

tn—l—l _ t
( Z O, km(K n+1 — k)
KeT
(tn+1 1 1
<Ly, > O xm(K) (e — R (U — UR)
KeT
L% Yo Okl — ek)mrn(eiT — i
KeT LeENk;

SUAUS [@mww—ml Oirlgi™ = 1)) }
- ot v TK\L(SOT}{JF e 7

K|LeEy,
then we have :
Jom(+8) = @i(um,, () 2oy < Ar(E) + Ao(t),
with
Ao(t) = Lt — DS { it~ o5 ) Ok + Ous) ] :
t (SDK —Yr — Y1 +90L)

K|Ley,
Ar(t) = (2T)L%‘ 3 [ TK|(L(90K B 90L+ )(n(?_le_ ?)Z,L) ] .
K|LeEy, (pK ‘pK PrL PL
We apply Cauchy-Schwarz on A;, so we get :
1/2

<ZK\L65‘U_ Tr|L(Oi K — @i,L)2>
(Siizees, inlei™ = #h?)

Using Lemma 2.2.14, we can claim that there exists C] only depending on the data and
on the regularity of the mesh such that, for all ¢ € [0,T7],

[A1(1)] < Chot.

|A1(t)] < 6tpi(1) Ly, 1/2

Let us now have a look on Ay.

Aot < Lot D> mrinlei — op (o™ — okl + o™ — o7

K|LeEy,
Z TK\L — ¢k)?

K|LE€U
nil +1
<4t Z TrIL(PR T —r)? PR R
K|Legy, + Z TrIL(PL T — L)
K|LeEy,
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Using Remark 2.2.2 and lemmas 2.2.13 and 2.2.14, we can find Cj, not depending on m
such that :
|Ap(t)] < Cyot.

So, we have shown that there exists C', only depending on the data and the regularity of
the mesh, such that :

vm € N, Vt € [0,T], [om (-, 8) = @i(up,, (- )72, < COt. (2.34)

We are now able to prove the relative compactness of the family (v, )men in C([0, T; L2 (w;)).
Uniform equicontinuity : Let ¢ > 0,let m € N, let t € [0,7T), let 7 € (0,7 —t). We
denote N = [%1 , Ny = [tj{—tq

[om(t+7) =vm( D2y = lomt+7) = @iup,, (8 + 7))l 22w
Hom () = iup, (1))l 22 ()
+|’(10i(uD77L('7 t + T)) - QOZ('U/Dm(7 t))”Lz(wz)

Using estimate (2.34), we can choose mj € N large enough so that :
Vm = my, V€ [0,T),  |lom(t) = @i(up,, (- 1)l L2, < /3. (2.35)

There exists my € N such that, for all m > mag, size(D,,) < d(w;, dU;). Then, for all
m > mo, one has :

s (upy (-t + 7)) = @iup,, (T2 < D mIE) (o — ox')’

KcU;
No—1 2
< D mE) | DD (R - ek
KcU; n=N1
No—1
< (Ny—N1) Y om(E) D (et — o).
KcU; n=N1

Lemma 2.2.13 ensures that there exists C, not depending on m, such that :

No—1
> om(K) Y (et — k) < Cdt,
KcU; n=N1

thus
i (up, (-t + 7)) = ilup,, ()22 < C(N2 — Ny,

The definition of N7 and Ny implies that (Ny — Np)dt < 7 + dt. So we can claim that :
Ve >0, dmg €N, Ja >0, Vt € [0,T — al, V7 € (0,a), Ym > ms,
”Um('vt + T) - Um('vt)”Lz(wi) Se.

Local relative compactness : We state the following lemma which is a straightfor-
ward generalization of Lemma 3.3 of [EGHO00] together with Lemma 2.2.14.
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Lemma 2.2.16 Let (Dy,)men be a sequence of admissible discretizations of € x (0,T")
fulfilling assumption 5.82. Let (up,,) the sequence of approximate solutions given by the
scheme (2.7). Let O; be an open subset of Q; such that ¢;(uo)|o, is a Lipschitz continuous
function. Let w; be an open subset of O;, with w; C O;. Then there exist C1,Cy and
an integer mo such that, for all m > mq, for all t € [0,T[, for all n € R? such that
Inl < 3d(w:, 90;) -

i (up,, (€ +n,t)) = @i(up,, (2, 1) 12(0;) < Crlnl(In] + Casize(T))

where Cy only depends on Oy, w;, ug,C, S1, N, T; for alli € {1,..., N}, and Cy only depends
on €.

It is easy to check that, for all t > 0 :
[vm(z +n,t) = v (2, V)| L2 (0y) < lli(up,, (T +n,t)) — @i(up,, (2, )| L2 (w)

+llpi(up,, (2 +n,t = 6t)) — @i(up,, (x,t = 6t)) | L2 ()
with the convention ¢;(up,, (x,t)) = ¢;(up,,(x,0)) if t < 0. Then using lemma 2.2.16

[om (2 +1,) = vm (2, )| L2(0,) < 2C1Inl(In] + Casize(T)).

Then we can apply Theorem 2.2.8 to state that, for all ¢t > 0, (v, (-, 1)), is relatively
compact in L%(w;).

Ascoli theorem implies that the sequence (vy, ), is relatively compact in C([0, T, L?(w;)),
so, up to a subsequence, it converges to v € C([0,T], L?(w;)). It is now obvious that
@i (1)jw;xjo,7] = v- Thus @;(u) € C([0,T]; L' (w;)) for all w; C @; C Oy, then ¢;(u) belongs
to C([0, T} 1 (01).

Assumption 2.4 implies that, for all ¢ € {1,..., N}, there exists a family (O;;); of open
subsets of Q; such that Q; = U; 0, j. So gi(u) € C([0,T]; L*(Q;)), and :

pi(u) € C(10,T]; L(%)). (2.36)
We deduce from (2.36) that, for almost every z € §, for all ¢ € [0,7] :

lim p(u(z, t + 7).2) = o(u(z,1).).
The continuity of ¢;~! for all i € {1,..., N} leads to : for all ¢ € [0,T], for almost every
T €€,

lim |u(z,t+7) — u(z,t)| = 0.

7—0
Let p € [1,400). The continuity of s — sP leads to : for all ¢ € [0,7], for almost every
x €,

lim |u(x,t 4+ 7) — u(x,t)|P = 0.

T—0

Since |u(x,t+7)—u(z,t)|P < lae. z € Q, Vt € [0,T], the dominated convergence theorem
leads to :
u e C([0,T]; LP(92)).
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2.3 Uniqueness of the weak solution

In this section, we aim to prove the following L'-contraction principle, which directly
implies the uniqueness of the weak solution to the problem (2.2) under Assumption 2.2.
The method is inspired from [AL83, Ott96b].

Theorem 2.3.1 Let ug, vy belong to L (), 0 < ug,vg < 1, and let u,v be weak solutions
associated to the initial data ug,vy. Then under assumptions 2.1 and 2.2, u and v belong
to C([0,T7], LP(2)) for all p € [1,+00[. Furthermore, for all t € [0,T],

/ (u(z, £) — v(a, ) dadt < / (o () — vo())* da
Q Q
where (1) (resp. (-)~ ) denotes the positive (resp. negative) part.

Proof
Let u be a weak solution to the problem (2.2) in the sense of Definition 2.2. It is easy to
check that O,u € L?(0,T; (H'(Q2))’), and for any 6 € L*(0,T; H*(Q)),

T N T
/ (. £).6(.1) )t = —Z/ / Vos(u(z, 1)) - VO(z, t)dwdt. (2.37)
0 — Jo Jo
Let ST be a Lipschitz continuous non-decreasing function fulfilling :
0 if a<0, _
siw={1 §eSt  s@=-siCa (2.38)

Let x(z) such that II(k(x),z) € H'(Q), then for almost every = € €2, the functions a
SiE((a, z)—II(k(x), x)) is non-decreasing, and so it , : a — [ S (I(s, 2) —II(k(x), x))ds
is convex. One defines for u(z,t) = ug(x) if t < 0, then for almost every (x,t) € Q x (0,7,
for almost every 7 > 0,

i (W(@, 1)) = pi g (ul, t — 7)) S (M(u(z, 1), @) — (k(2), 2))(u(z,t) —u(e,t - 7))

One multiplies the previous inequality by +(z,t) > 0, with 1 € DT (Qx [0,T)), one divides
by 7, on integrates on €; x (0,7") and sums for i € [1, N, so one gets :

1L [T .
;;/T—T /QZ Nn,x(u(xyt))¢($,t)d$dt
IS 7,
_; ZZ:;/O /Ql Mn,x(UO(w))T/J(x,t)dxdt
+1§3/T/ £ (et — )W t — 7) — () dudt
T30 Jo e 7 ’ ’

N T + (ol o .
%Z;/O /QZ [ Sn(g[(i’t() Ltg(x’?i( 7_() ) Y(x, t)dzdt. (2.39)

IN
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One can let 7 tend to 0. Since the function (z,t) — ST (TT(u(z, 1),

to L?(0,T; H*(9)), one gets :

N
+
> /Q (@)

Thus using (2.37) in (2.40) leads to :

N o
x € * (u(z ) (x, t)dx
(,0)d +§:;/0 /Qiun,g (2,£))0(z, £)ddt

—i / ' / SE(Ii(u(z, 1))

N
+
> /Q @)

S et

(u(, )

x) —I(k(z), x)) belongs

N .
x € * (u(x ) (x, t)dx
(,0)d +§:;/0 /Qiun,g (2,£)) 0z, £)ddt

T
> = [ (Bt ), S5 M ule ). 2) = Mn(a) ). .
0

(2.40)

IL;(k(x))) Vi (u(x, t) - Vip(x, t)dzdt

I (k(z)))
t

) = o
u(z, 1)) — k() ]w ,t)ydxdt > 0. (2.41)

V(I

Let ¢ belong to DT (Q2x[0,T) x (0, T)). Let v be a weak solution for the problem (2.2) for an
initial data vg regular enough to insure v € C([0,T]; L*(9)) (e.g. fulfilling Assumption 2.4,

thanks to Proposition 2.2.15). For almost every s € (0,7"), one has II(v(z, ),
and so we can substitute v(z, s) to k(x) in

[EL(s

LT LU
—2///[
YN

x) € H'(Q),
(2.41), and integrate for s € (0,7).

(IL; (a) — II; (v(z, s)))da) &(2,0,s)dzds

IL;(a) — IL; (v(, s)))da) 0 (x,t, s)dzdtds

Inverting the roles of u(z,t) and v(z, s), using £(+,-,0) = 0, one gets :

///Um
LA
///

S
V(I

I (u(z I (v(z, 5)))
Z(u £($, s ]dmdtds
(96 ) I (v(z, s)))
u(z,t IL;(v(z, 5)))- } dxdtds > 0. (2.42)
chz(u ,t)) &(z,t,s)
II;(a) — Hi(u(:n,t)))da) 0s&(x, t, s)dxdtds
7 (i(v(z, 5)) = T (u(z, 1))
Ve (v(x V£($ ts) ] dxdtds
( (96 ) i (u(z, £)))
(v(z,s)) — I (u(x,t)))- ] dxdtds > 0. (2.43)
90 (v(z 73)) (x,,5)
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Adding (2.42) and (2.43), and using (2.38), we get :

/ Z/ (/“0(95 — Hi(U(Z',S)))dCL> &(x,0, s)dxds
+;/0 /0 /Qz (/0“ SEM;(a) - Hi(v(az,s)))da> 04 (w,t, s)dwdtds
T i / ) / ) / ( / - Sy (I;(a) —Hi(u(:n,t)))da) Ds€(x, t, s)dadtds

/ / /, K i S obe o | et sydnaras
(

N T T S;::/(HZ u(a:,t)
—Z V(pi(u(z,t)) — cpl(v(x )) ] &(x,t, s)dxdtds > 0.
i=1/0 /0 /Q V(ILi(v(x, s)) — Mi(u(z, t)))

Let us rewrite it AT + A5 + AL + A} > 0, with :

= [ T§:j /| ( [ sz - Hi<v<x,s>>>da> €(2,0, s)drds,

A3 —z / [ ( /““ _HW,W@) 016 ., 5)dodtds
+§; / [ ( [ nnia_ni<u<x,t>>>da> 0.6 (o.t, s)dadtds.
—fi/ LA ?Z%?fi pila | st s

Si’ — i(v(z, )))
LA

4,0,( (x ;))) ] &(z,t, s)dxdtds.
— i(u(z,1)))

Now, we let n tend to +oo, then, using the dominated convergence theorem and the fact

that II; is strictly increasing,

lim A7 = / Z / uo(z) — v(z, $))TE(x, 0, s)dzds. (2.44)

n—-—+00

The same way, remarking that

Sign™t (IL;(u) — I;(v)) = Sign™ (u — v) = —Sign™ (v — u),

lim A} — / / / u(z, 1) V(DL (@, b, 8) + OuE (st 8))dads,  (2.45)

n—-4o00
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n—-+o0o

N .1 T
n= (u(x — pi(v(x, $)))*E - x,t, s)dxdtds. .
lim A7 = ;/O / /inzu,t)) (02, ) - VE(z,1, $)drdtds.  (2.46)

Si/ (u ,

R i

‘PZOH

N T T I n ( . ) ))
< S [ (o Yantee ) - (o 17 Wiute. ) }dwdtds
- CL V(1) = Ti(v(z, 5))) - VIL(v(z, )¢ (2,1, 5)
Nopropr oo | Sy (Wi(u(x, 1)) — Ti(v(z, 5))) ]
< Z M; |1 (u(x, t)) — I (v(z, ) || VIL (v(z, $))|- | dedtds,
/ /0 /Q L VL(u(z, 1)) = Hi(v(z, )€, 1, s

where M; denotes a Lipschitz constant for the function (¢; o Hi_l)’ . Such a constant exists
thanks to Assumption 2.2. Let us now define a partition of §; x (0,7") x (0,7) :

- E1={(z,t,s) € Q2 x (0,T) x (0,7),1;(u)(x,t) = I;(v)(z,s)},
- B2 ={(x,t,s) € 2 x(0,T) x (0,7),IL;(u)(x,t) # IL;(v)(z,s)}.
Then

for almost every (z,t,s) € E1, V(IL;(u) — II;(v)) =0,

for all (x,t,s) € E2, lim S;i:/(Hi(u) —1II;(v)) = 0.

n—oo

Thus for almost every (x,t,s) € Q x (0,7) x (0,7T) :

lim S (IL; (u) — I;(v))V (I (w) — I (v)) = 0.

n—oo

Furthermore, (&, ,5) - S (T ) — TL(0)) Mi{ T () — TLi(0) [ VT ()| V(T (1) — Ty (0)
is integrable on Q; x (0,7") x (0,T), thus, using the dominated convergence theorem, we
can claim that :

liminf A} < 0. (2.47)

n—~0o0
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2.3 Uniqueness of the weak solution

So (2.44)—(2.45)—(2.46)—(2.47) implies :
T N
—vlx,s + X sS)axas
[ 30 ] o) ot #6600, 51
T T N
—v(z,5)) (0w, t, s E(x,t, 8))dxds
<[] ;/in(:c,t) (5, 9) O (011, 5) + OuE (0,1, )

N T T
_ () — o (ol SINE - VE(z. t. 8)dudtds > 0. |
ZZ—;/O /0 /Q Vipi(u(z,1)) — ¢i(v(z, )™ - VE(z,t, s)dzdtds > 0. (2.48)

Let ¢ € DT(Qx [0,T)), let p belong to D*(R), with supp(p) C [~1,0] and [, p(s)ds =
1. For n > 1, one sets p,(s) = np(ns). One sets {(z,t,s) = (z,t)pp(t — ), so that &
belongs to D (Q x [0,T) x (0,7T)). One has :

O&(x,t,8) + 0s&(x, t,8) = Opb(x, t) pp(t — ),

and then inequality (2.48) can be rewritten :

T N
> [ (wo(@) = v, $)=4(w,0)pn(—s)dads
0 “ Q.
T T N
+/0 /0 Z/Q (u(z,t) — v(x, )= O (w, t)pn (t — s)dds
=1/

N T /T
_ oz ) — o (o(z. SINE - Tib(z Vedids > 0. (9.
S V) — et )Vt sy 20249

The weak solution v has been chosen in C([0, T, L*(£)), (such a solution exists for regular
enough initial data vy, i.e. ¢(vg,-) € W;ﬁo(Q), as exposed in Proposition 2.2.15). We can
apply the theorem of continuity in mean to let tend n to +oo in inequality (2.49), thus we
get, for all yp € DH(Q x [0,7)),

T
/ / (ul(z, £) — v(z, 1)) =00z, t)dadt + / (uo(2) — vo(@))E(x, 0)da
0 Q

N . &
— (1)) — o (v(z. ONEVY (2. 1) da . .
Z_;/O /in(soz( (z,t)) — @i(v(z, 1)) = Vep(z, t)dvdt > 0 (2.50)

The inequality (2.50) still holds for any ¢ € W1(0,T; LY (Q)) N L0, T; H'(R)) with
Y(-,T) = 0, and so for ¥(z,t) = (T — t). In this case, we get the following comparison
principle :
T
/ /(u(x,t) —v(x, t))Edrdt < T/ (uo(z) — vo(z))Fd. (2.51)
0 Q Q
This particularly insures the uniqueness of the solution, and its time-continuity, if ¢;(uo)

belongs to W1°(€;). Moreover, we can state the following L'-contraction principle in this
case : Vt € [0, T,

/ (ulz, t) — v, 1) Edadt < / (o () — vo () d. (2.52)
Q

Q
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If ug belongs to L>(£2), 0 < uy < 1, there exists a sequence (ug)n>1 of approximated
initial data fulfilling :

—Vn>1, pi(upn) € WHe(Q,),

— |luo.n — wollpr@) — 0 as n — +o0.
Let u, be the unique solution associated to initial data ug,. Then for all ¢ € [0,T7], the
sequence (uy,(-,t)), is a Cauchy sequence thanks to (2.52), and so it converges to u(:,t)
thanks to (2.51).

Let vg € L>(Q). Let (vo.5)n such that, for alln € N, ¢;(vo.,) € WH(€2;) and v, — vo
in the L'(Q)-topology. Then, thanks to (2.52),

/(un(x,t) — vp(z, 1)) Fdadt < /(uon(az) — vo.n(x))Edr (2.53)
Q Q

where v, is the unique weak solution associated to the initial data vg,. We can now let
tend n to +o00. Thanks to the short discussion stated above, for all ¢t € [0, T, v, (-, t) tends
to v(-,t) in the L'(Q)-topology. Then we deduce from (2.53) that for any wug,vg € L*>(),
0 < ug,vg < 1, for any t € [0, 7], one has the following L!-contraction principle :

/(u(az,t) —v(z,t))Fdedt < /(uo(x) — vo(x))Fda. (2.54)
Q Q
Let t € [0,T], 7 €]0,T —t[. For all n > 1, one has, using (2.54)

(u(z,t +7) — up(z,t +7))*F

/(u(az, t+7)—u(z,t)Fde < / +  (up(zt 4+ 7) — up(z,1))* dx
@ 21 + (u(z,t) — un(:n,ti)jE
2(uo(z) — uo.n()) X
A !

Up (2,1 +7) — up(z,1))*

Since u,, € C([0,T]; L*(9)), one gets, for all t € [0, 7], for all n > 1,
lin% (u(x,t +71) — u(z, ) de <2 / (uo(2) — ug.n(z))de.
™—0Jq Q

Letting n tend to 400 gives the time-continuity of u.

The proof of Theorem 2.3.1 completes the proof of Theorem 2.1.1.
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Chapitre 3

Two-phase flows involving
capillary barriers in heterogeneous
porous media.

3.1 Presentation of the problem

The models of immiscible two-phase flows are widely used in petroleum engineering,
particularly in basin modeling, whose aim can be the prediction of the migration of hy-
drocarbon components at geological time scale in a sedimentary basin.

The heterogeneousness of the porous medium leads to the phenomena of oil-trapping
and oil-expulsion, which is modeled with discontinuous capillary pressures between the
different geological layers.

The physical principles models and the mathematical models can be found in [AS79,
Bea72, CJ86, vDMdNO95, Enc04]. The phenomenon of capillary trapping has been comple-
ted only in simplified cases (see [BDPvDO03]), and several numerical methods have been
developed (see e.g. [EEN98, EEMO6]).

The aim of this paper is to introduce a new notion of weak solution, which allows us
to deal with more general cases than those treated in [EEMO06], while it is equivalent to
the notion of weak solution introduced in [EEMO06] on the already treated cases. We will
consider a simplified model (P) defined page 76, in which the convection is neglected,

We then give a uniqueness result in the one dimensional case which is inspired from the
result in [BDPvDO03] and extends this latter one to more general situations, by requiring
weaker assumptions on the solutions and applying to a larger class of initial data.

We have to make some assumptions on the heterogeneous porous medium :

Assumptions 3.1 (Geometrical assumptions)

1. The heterogeneous porous medium is represented by a polygonal bounded connected
domain Q C R? with measga(Q) > 0, where measgn is the Lebesque’s measure of
R™.

2. There exists a finite number N of polygonal connected subdomains (Q;)1<i<n of Q
such that :

(a) for alli e [1,N], measga(€;) > 0,
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N

i=1
(¢) for (i,7) € [1,N]? with i # j, Q; N Q; = 0.
Each Q; represents an homogeneous porous medium. One denotes, for all (i,7) €

[[_1,N]]2, I';j C Q) the interface between the geological layers €; and €1, defined by
Iy = 0Q; N 0S8Y,.

Fia. 3.1 — An example for the domain 2

We consider an incompressible and immiscible oil-water flow through €2, and thus through
each ;. Using Darcy’s law, the conservation of oil and water phases is given for all
(ﬂj‘,t) € QZ X (OvT)>

¢iatui(x7 t) -V (nO,i(ui(x7 t))(VpO,i(x7 t) - pog)) = 07
—iOui (2, t) =V - (Nw,i(wi(x, 1)) (Vpw,i(x,t) — pug)) =0, (3.1)
Poi(,t) = pwi(x, t) = mi(ui(x,t)),

where u; € [0,1] is the oil saturation in €; (and therefore 1 — u; the water saturation),
¢; €]0,1] is the porosity of €;, which is supposed to be constant in each €2; for the sake
of simplicity, 7;(u;(x,t)) is the capillary pressure, and g is the gravity acceleration. The
indices 0 and w respectively stand for the oil and the water phase. Thus, for o = o, w, ps
is the pressure of the phase o, 15, is the mobility of the phase o, and p, is the density of
the phase o.

We have now to make assumptions on the data to explicit the transmission conditions
through the interfaces I'; ; :

Assumptions 3.2 (Assumptions on the data)
1. for alli € [1,N], m; € C1([0,1],R), with «l(z) > 0 for x €]0,1],
2. for alli € [1,N], no; € C°([0,1],R4) is an increasing function fulfilling n,,(0) = 0,
3. for alli € [1,N], nw,; € C°([0,1],R4) is a decreasing function fulfilling 1y (1) = 0,
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3.1 Presentation of the problem

4. the initial data uy belongs to L>(2), 0 < wup < 1.

One denotes «; = limg_,om;(s) and §; = lims_,1 m;(s). We can now define the monoto-
nous graphs 7; by :
mi(s) if s €]0,1],
mi(s) =4 | —o0,a5] if s=0, (3.2)
[Bi, +o0] if s =1.

As it is exposed in [EEMO06], the following conditions must be satisfied on the traces of u;,

{ (1)

Im()

m(0)

0 1
Fi1a. 3.2 — Graphs for the capillary pressures

Po,i and Vpg; on I'; j x (0,T), still denoted respectively u;, py; and Vpg; (see [BeaT2]) :

1. for any o = o,w, (i,j) € [1,N]? such that I; ; # ), the flux of the phase ¢ through
I'; ; must be continuous :

No,i (ui)(vpcr,i - pog) sy + o4 (uj)(v]?cnj - pog) ‘n; =0, (3'3)

where n; denotes the outward normal of I'; ; to €;;

2. for any o = o,w, (i,7) € [1,N]? such that T; ; # 0, either p, is continuous or 7, = 0.
Since the saturation is itself discontinuous across I'; j, one must express the mobility
at the upstream side of the interface. This gives

No,i (i) (Poi — Pog) T — Noj (1) (Poj — Poi) T = 0. (3.4)

The conditions (4.8) have direct consequences on the behaviour of the capillary pres-
sures on both side of I'; ;. Indeed, if 0 < wu;,u; < 1, then the partial pressures p, and
Pw have both to be continuous, and so we have the connection of the capillary pressures
mi(u;) = mi(uj). If u; = 0 and 0 < u; < 1, then po; > po; and puw; = puwj, thus
mj(uj) < m;(0). The same way, u; = 1 and 0 < u; < 1 implies 7j(u;) > m;(1). If u; = 0,
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uj =1, then p,; > po j and py ;i < Py j, so m(0) > 7;(1). Checking that the definition of
the graphs 7; and 7; implies 7;(0) N 7;(0) # 0, 7;(1) N 7;(1) # 0, we can claim that (4.8)
leads to :

i (ug) N7 (uy) # 0. (3.5)

We introduce the global pressure in €2,

pi(x,t) = pyi(x,t) + /Ui(M) 7o.i(0) (a)da (3.6)
i\Ly L) = Pw,i\d, ; .
0 Noji(@) + Mw,i(a)

(see e.g. [AKMO0] or [CJ86]), and the global mobility in €;

Noi (i (@, 1)) i (ui (2, 1))
Noyi (Wi (@, 1)) + Muw,i(ui(z,t))

which verifies A\;(0) = A\;(1) = 0, and A;(s) > 0 for 0 < s < 1. Taking into account (3.6)
and (3.7) in (3.1), and adding the conservation laws leads to, for (z,t) € €; x (0,7) :

¢iOpui(x,t) — V- (no7i(ui(a:,t))(Vﬁi(a:,t) — Pog) — )\i(ui(a:,t))Vm(ui(a:,t))) =0,
-V ( Z na,i(ui($>t))(Vpi($>t) - pog)) =0.

o=0,w

/\Z(UZ(JE, t)) =

(3.7)

(3.8)

We neglect the convective effects, so that we focus on the mathematical modeling

of flows with discontinuous capillary pressures, which seem to necessary to explain the
phenomena of oil trapping. This simplification will allow us to neglect the coupling with

the second equation of (3.8), and we get the simple degenerated parabolic equation in
Qi X (O,T) :

di0u;(x,t) — V- (Ni(ui(x,t)) Vi (ui(x,t) =0 in Q; x (0,7). (3.9)

In this simplified framework, the transmission condition (3.3) on the fluxes through I'; ;
can be rewritten :

Ni(ui(z, 1))V (mi(ui(x, b)) ni+X(uj(x,t)V(mj(uj(z,t))n; =0 on Iy, x(0,7). (3.10)

We suppose furthermore that u;(x,0) = ug(x) for z € Q;. In the remainder of this paper,
we suppose to take a homogeneous Neumann boundary condition, The existence of a weak
solution proven in section 3.3 can be extended to the case of non-homogeneous Dirichlet
conditions. Nevertheless, homogeneous Neumann boundary conditions are needed to prove
the theorem 3.4.1, and thus to prove the conclusion theorem 3.5.4

Taking into account the equations (4.9), (3.9), (3.10), the boundary condition, and the
initial condition, we can write the problem we aim to solve this way : for all i € [1,N], for
all j € [1,N] such that T'; ; # 0,

qﬁ,-(‘)tui —-V- ()\Z(UZ)VTFZ(UZ)) =0 in QZ X (O,T),

ﬁl(ul)ﬁﬁj(uj) #@ on Fi,j X (OvT)a

Ai(ui) V(i (us)) - mg + Aj(ug)V(ms(u;)) - =0 on Iy j x (0,7), (P)
/\Z(’LLZ)V Wz(ul)) -n; =0 on 0€2; NI x (O,T),

ui(+,0) = up(z) in ;.
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3.2 The notion of weak solution

Remark 3.1.1 All the results presented in this paper still hold if one not neglects the effect
of the gravity and if one assumes that the global pressure is known, that is for problems of
the type :

Gi0yu; + V- (afi(ui) + Ni(ui)(po — pw)g — Ni(ui) Vi(u;)) =0 in Q; x (0,T),

mi(ui) N j(ug) # 0 on I'; ; x (0,7,

Z (afe(ur) + M (ur)(po — pu)g — M(up) Vg (ug)) -mp =0 on Iy ; x (0,T),

k—i.j

(afi(ui) + Ni(ui)(po — pw)g — Ai(u;) Vmi(u;)) -n; =0 on 09; N OO x (0,T),
w;(+,0) = up(z) in §,

where f; is supposed to be a C'([0,1],R)-increasing function, \; is also supposed to belong
to C1([0,1],R) and q satisfies

Vi, q € (C1 (% x [0,77))",

~V.q=01inx(0,7T),

~qo, "0+ g, n; =0o0nT;Xx (0,7),

-q-n=0.
In order to ensure the uniqueness result stated in theorem 3.5.1, the technical condition
(see [AL83] or [OttI6h]) :

Vi,  fiopr L hiogt € COV2([0,0:(1)], R).

Remark 3.1.2 In the modeling of two-phase flows, irreducible saturations are often ta-
ken into account. One can suppose that there exists s; and S; (0 < s; < S; < 1) such that
Ai(s) =0 if s & (84,5;). In such a case, the problem (P) becomes strongly degenerated,
but a convenient scaling eliminates this difficulty (at least if s; < ug < S; a.e. in ;).
Moreover, the dependance of the capillary pressure with regard to the saturation can be
weak, at least for saturations not too close to 0 or 1. Thus the effects of the capillarity
are often neglected for the study of flows in homogeneous porous media, leading to the
Buckley-Leverett equation (see e.q. [GMTI6]). Looking for degeneracy of u — m;(u) is a
more complex problem, particularly if the convection is not neglected as above. Suppose for
example that m;(u) = eu+ P;, where P; are constants, and let € tend 0. Non-classical shocks
can appear at the level of the interfaces I'; ; (see [Canb]). Thus the notion of entropy solu-
tion used by Adimurthi, J. Jaffré, and G.D. Veerappa Gowda [AJVG04] is not sufficient to
deal with this problem. This difficulty has to be overcome to consider degenerate parabolic
problem. But it seems clear that the notion of entropy solution developed by K.H. Karlsen,
N.H. Risebro, J.D. Towers [KRT02a, KRT02b, KRT03] is not adapted to our problem.

3.2 The notion of weak solution

In this section, we introduce the notion of weak solution to the problem (P), which is
more general than the notion of weak solution given in [Enc04, EEMO06]. Indeed, we are
able to define such a solution even in the case of an arbitrary finite number of different
homogeneous porous media. Furthermore, the notion of weak solution introduced in this
paper is still available in cases where the one defined in [EEMO06] has no more sense. We
finally show that the two notions of solution are equivalent in the case where the notion
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of weak solution in the sense of [EEMO06] is well defined. The existence of a weak solution
to problem (P) in a wider case is the aim of the section 3.3.

One denotes by ¢; the C'([0,1],R;) function which naturally appears in the pro-
blem (P) and which is defined by : Vs € [0, 1],

vi(s) = /OS Ai(a)7i(a)da. (3.11)

Remark 3.2.1 The assumptions on the data insure that ¢}, > 0 on ]0,1[, and so we can
define an increasing continuous function ;" : [0,;(1)] — [0, 1].

We are now able to define the notion of weak solution to the problem (P).

Definition 3.1 (weak solution to the problem (P)) Under assumptions 3.1 and 3.2,
a function u is said to be a weak solution to the problem (P) if it verifies :

1. ue L®(Q2 x (0,7))),0 <u <1 ae. inQx(0,7T),

2. Vi € [1,N], gi(u;) € L?(0,T; H*(Q;)), where u; denotes the restriction of u to
Qi X (OvT):

3. ﬁl(ul) ﬂﬁ'j(’LLj) 75 0 a.e. on Fi,j X (O,T),
4. for all v € D(Q x [0,7)),

N T N
;/Ql/o <Z5iui(x,t)3ﬂ/1(x,t)dwdt+;/ﬂi diug(z)(x,0)dz

S 4 (3.12)
. ZZ:; /Q /o Vei(ui(z,t) - Vi (z, t)drdt = 0.

The third point of the previous definition, which insures the connection in the graph
sense of the capillary pressures on the interfaces between several porous media, is well
defined. Indeed, since ¢;(u;) belongs to L%(0,T; H'(€;)), it admits a trace still denoted
@i(u;) on T’ ; x (0,7). Thanks to the remark 3.2.1, we can define the trace of u; on
Fi,j X (O,T)

Remark 3.2.2 One can equivalently substitute the condition :
3bis.  ai(u;) Nj(uj) #0 a.e. on Ty x (0,7),
to the third point of the definition 3.1, where 7; is the monotonous graph given by :

77'2‘(.3) Z:f s €]0,1],
fi(s) = { [minap),ai] i s =0, -
1Bi, mjax(ﬁj)] if s =1.

We will now quickly show the equivalence between the notion of weak solution to the
problem (P) and the notion of weak solution given in [EEMO6], in the case where this
one is well defined, i.e. N = 2 and max(aj,a2) = a < f = min(f1, 52). We denote as in
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3.2 The notion of weak solution

[EEMO06] the truncated capillary pressures by 71 = max(a, 1), 2 = min(8, 72), and we
introduce the problem (P), which is treated in [EEMO06].

GOy — V- (Ni(ui)Vri(u;)) =0 in Q; x (0,7),
ﬁl(ul) = 7T2(U2) on Fi,j X (O,T), »
A (u1)V(my(u1)) -y + )\Q(UQ)V(TFQ(UQ)) ‘ny =0 onI;;x(0,7T), (P)
Ai(uy)V(mi(ug)) -y = on 9Q; NI x (0,T),
ui(+,0) = up(z) in ;.

)
(1)

(0)

1(0).

FiG. 3.3 — Truncated capillary pressures

Then it is easy to check that : V(s1, s2) € [0, 1]?,
7%1(81) = ﬁ'g(SQ) = 7~T1(81) N ﬁQ(SQ) =+ (IR=S 7\%1(81) N 77'2(82) =+ 0. (3.14)
In order to recall the definition of weak solution, we have to introduce the function

[a, 5] —R

v -1
D i ]m11f12()\ om; (a))da.

V is increasing, and for ¢ = 1,2, ¥ om; o ¢, 1'is a Lipschitz continuous function.

Definition 3.2 (weak solution to the problem (P)) A functionu is said to be a weak
solution to the problem (P) if it verifies :

1. ue L®(Q x (0,7))),0 <u <1 ae. inQx(0,7T),

2. Vie {1,2},<p2(u2) € L2(07T; Hl(Ql)))

3. w: Qx(0,T) — R, defined for (xz,t) € Q; x (0,T) by w(z,t) = ¥ o 7t;(u;)(x,t)
belongs to L(0,T; H(Q2)),
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4. for all € D(Q x [0,7)),

N T N
;/ﬂ/o ¢iui($,t)atw($,t)dwdt—1—1222/% Gitio(2)b(x, 0)dar
N
. ; /Q /oT Vei(ui(z,t)) - Vi (z, t)dedt = 0.

Remark 3.2.3 The notion of weak solution to the problem (73) can be adapted in the
case where there are N > 2 homogeneous domains, but we have to keep conditions of
compatibility on (cy)1<i<n and (Bi)1<i<n-

Proof of the equivalence of the weak solutions

On the one hand, if u is a weak solution to the problem (75) in the sense of definition
3.2, then for a.e. t € (0,T), w(-,t) € H*(2),and particularly w(-,t) admits a trace on I'; ;,
whose value is in the same time W(7;(u;(+,t))) and W(7;(u;(-,t))). Since ¥ in increasing,
for a.e (z,t) € I'; j x (0,T), 7j(ui(x,t)) = 7j(uj(x,t)). Using (3.14), we conclude that any
weak solution to the problem (73) is a weak solution to the problem (P) in the sense of
definition 3.1.

On the other hand, if u is a weak solution to the problem (P) in the sense of defini-

tion 3.1, then thanks to (3.14), for almost every (z,t) € I'; ; x (0,7,
fi(ui(x,)) = 75 (uj(x,1)) & Vor; o (pi(ui(,1))) = Coitjop; (o (u;(,1))). (3.15)

Since W o 7; o gpi_l is a Lipschitz continuous function, the second point in definition 3.1
insures us that W o #;(u;) belongs to L2(0,T, H'(;)) for i = 1,2, and (3.15) insures the
connection of the traces on I'; j x (0,T), then the third point of definition 3.2 is fulfilled
and wu is a weak solution to the problem (P). O

Remark 3.2.4 We can define a function 7; ' i € [1,N], which verifies 7, o 7i(s) = s
for any s € [0,1]. Using the function defined on R by ¥(p) = ffoo min;j— 2(\; oﬁj_l(a))da,
it is easy to check that we can equivalently substitute the function U o m;(u;) to ¥ o 7t;(u;)
in the third point of definition 3.2. This function is still defined if a > (3, but it becomes
identically 0, so the notion of weak solution to the problem (75) 18 weaker than the notion
of weak solution to the problem (P). Indeed, in such a case, u(z,t) = up(x) = a €]0,1]
for any (z,t) € Q x (0,T) is a weak solution to the problem (ﬁ), but it does mot fulfill the
third point in definition 3.1.

3.3 Existence of a weak solution

The aim of this section is to prove the following theorem, which claims the existence
of a weak solution to the problem (P). This result has already been proven in section 3.2
in the case N = 2 and o > (3, for which the notion of weak solution in the sense of
definition 3.1 is equivalent to the notion of weak solution in the sense of definition 3.2.

Theorem 3.3.1 (Existence of a weak solution) Under assumptions 3.1 and 3.2, there
exists a weak solution to problem (P) in the sense of definition 3.1.
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Proof
In order to prove the existence of a weak solution to the problem (P) in the sense of
the definition 3.1, we build a sequence of solutions to approximated problems (3.16),
which converges, up to a subsequence, toward a weak solution to the problem (P). The
approximated problems do not involve capillary barriers, so existence and uniqueness of
such approximated solutions is given in [Can08a]. We let the proof of the following technical
lemma to the reader.

Lemma 3.3.2 There exists sequences (Ajn)n, (Tin)n belonging to (C*°([0,1],R))N such
that, for i € [1,N], and for n large enough :

- )\iv"\[Ql/n}U[l—l/n,l] = %, Ain(s) > 2—7112, for all s € [0,1], Aip, — Ai uniformly on
[0,1],

-~ 7in(0) = T3a0) = =00, Tin(1) = Tin(1) = 400, Knd > 1l 2 =, i — 7 i
LY0,1), min — m and Ty = T umformly on any compact set of 10, 1],

— the function @ipn: s [ m(a) n(a)da furthermore fulfills ;5 ([0,1]) = ¢;([0,1])
and @; n, — @i in Whee(0,1).

We also define the increasing functions :

[ana bn] — R
¥ : p ’ min (A\j, o7}
an dElUN P © i

(a))da.

The conditions on the functions on the intervals [0, 4] U [1 — 4,1] insures that for any
fixed large n, the functions (p;, o 7, o ¥, 1) are Lipschitz continuous. Then thanks to
[Can08al, for all n, the approxunated problems :

¢iatuz n—V- ()\z n(uz n)vwi,n(ui,n)) =0 in ; x (07 T)7
7Tz n(uz n) = Ty, n(u] n) on Fi,j X (O,T),
i (Uin)V (T (i) 1+ Ao (n) V(T (Wn)) -0 = 0 on Ty j x (0, T),
(uz, ) (7Tz n(uz n)) -n; =0 on 0Q; NI x (0,7,
U; n(:Ea = ( ) in Q.

(3.16)
admit a unique weak solution in the sense of definition 3.3 given below, and this solution
belongs to C([0, T, LP(£2)) for 1 < p < +o0.

Definition 3.3 (Weak solutions for approximated problems)
A function u,, is said to be a weak solution to the problem (3.16) if it verifies :

1. up € L®(Q2 % (0,7))),0 <up <1 ae inQx(0,7),

2. Vi € {1,2}, ¢in(u;iy) € L20,T; HY (),

3. wy : Q% (0,T) — R, defined on Q; x (0,T) by wy, = ¥y, o m; n(uin) belongs to
L2(0,T; H' (),
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4. for all ¢ € D(Q x [0,7)),

N . N
ZZ:; /QZ /0 Pitiin(x, )0 (@, t)dwdt + ; /Qz odiuo(z)(z,0)dx

- T (3.17)
B ; /Q /0 Vin(Uin(z,t)) - Vib(z,t)drdt = 0.

The proof of existence of a weak solution given in [Can08a|, shows that for all ¢ € [1,N],
for all n, there exists C; > 0 not depending on n such that, for all ¢ € [1,N] :

lpin (i) 22071100y < CillTinllr0,1); (3.18)

thus (¢;.(Uin))n is a bounded sequence of L2(0,T; H'(€2;)) using lemma 3.3.2. A study of
the proof of the time translate estimate used in [Can08a, EEMO06], and detailed in [EGHO0,
lemma 4.6] leads to the existence of C not depending on n such that :

30 (isn (- + 7)) = i (Wign (s D200 0,7—r)) < TC2lTimllLron) | mllzeo1). (3:19)

Using lemma 3.3.2 once again, estimates (3.18), (4.56) allow us to apply Kolmogorov’s
compactness criterion (see e.g. [Bré83]), thus we can claim the relative compactness of the
sequence (@;n(Uin))n in L2(; x (0,T)). There exists f; € L2(0,T; H'(€2;)) such that

Gin(uin) — f; in L*(Q x (0,T)),
Gim(Uin) — fi weakly in L2(0,T; H'(Q))).

Let us now recall a very useful lemma, classically called Minty trick, and introduced
in this framework by Leray and Lions in the famous paper [LL65].

Lemma 3.3.3 (Minty trick) Let (¢n)n be a sequence of non-decreasing functions with
for alln, ¢, : R — R, and let ¢ : R — R be a non-decreasing continuous function such
that :

- ¢p — ¢ pointwise,

~ there exists g € L} _(R) such that |¢n| < g.
Let O be an open subset of R¥, k > 1. Let (up)n € (LX(O)Y, let u € L®(0) and let
f € LY (O) such that :

— Up — u in the L*°(O)-weak-x sense,

~ ¢n(uy) — f in LY(O).
Then

f = o(u).

Since 0 < u;,, < 1, (ujpn)n converges up to a subsequence to u; in the L>(€; x (0,7"))-
weak-x sense. (¢;n)n converges uniformly toward ¢; on [0,1], and we can easily check,
using Minty trick, that f; = ¢;(u;) € L*(0,T; H'(€;)). Thus we can pass to the limit in
the formulation (3.17) to obtain the wanted weak formulation :

N . .
;/ﬂ/o piui(z, 1)0(x, t)dxdt 4-;:;/Q buo (@), 0)d
N
_;/ﬂz /OT Voi(ui(z,t)) - Voo (x, t)dedt = 0.
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The last point needed to achieve the proof of theorem 3.3.1 is the convergence of the
traces of the approximate solutions (u; ), on I'; ; x (0,7) toward the trace of u;, and to
verify that 7;(u;) N 7j(u;j) # 0 a.e. on I'; ; x (0,T).

Since €; has a Lipschitz boundary, there exists an operator P, continuous from H!(£2;)
into H'(R?), and also from L2(£);) into L?(R%), such that Pujg, = v for all v € L*(€).
Then P is continuous from H*($;) into H*(R?) for all s € [0,1]. One has, for all v €
H S(Qi)v

1ol (00 < 1PV sy < 1PV gy [P 200y < Cllvlzn o 10l 1200,

One deduces from the previous inequality and from (4.56) that for all s €]0,1[, for all
7 €0, T, there exists C3 not depending on n, 7 such that

@i (Uin (s + 7)) = @i (Win (s 201 —rms@iy < 7' °Cs (3.20)

For s1 > s9, H®! is compactly imbedded in H*2, and then estimate (3.20) allows us to claim
that the sequence (¢, (uin))n is relatively compact in L*(0,7; H*(€2;)) for all s €]0,1].
Particularly, one can extract a subsequence converging toward ¢;(u;) in L(0,T; H*(£;)).
We can claim, using once again Minty trick, that the traces of (¢;,(uiyn))n on I'; ; also
converge toward the trace of ¢;(u;), still denoted ; (u;) in L2(0,T; H*~/2(T; ;)), and par-
ticularly for almost every (z,t) € I'; ; x (0,T"). Since ¢; is increasing, (u; ,(x,t)), converges
almost everywhere on I'; ; x (0,7) toward u;(x,1).

Let us now check that 7;(u;) N 7j(uj) # 0 a.e. on I';; x (0,7). For almost every
(x,t) € T;; x (0,T) the sequence (m;n(u;in(x,t))), converges (up to a new extraction)
toward ~;(x,t) € R. Since for all n, 7 (i n(2,t)) = 7). (ujn(z,t)), one has :

Yi(x,t) = ~;(x,t) a.e. on I'; j x (0,7T). (3.21)

If u;(z,t) €10, 1[, then v;(z,t) = mi(ui(z,t)). fu;(x,t) =0, vi(x,t) < ay, and v;(x,t) €
7:(0). In the same way, if w;(z,t) = 1, v;(z,t) € T (1).

This achieves the proof of theorem 3.3.1, because relation (3.21) insures the connection
of the traces in the sense of :

ﬁl(uz) N ﬁj(uj) 75 (Z) a.e. on Fi,j X (O,T)

3.4 A regularity result

In this section and in section 3.5, we show the existence and the uniqueness of a solution
with bounded flux to the problem (P) in the one-dimensional case. We make the proofs
in the case where there are only two sub-domains €; =] — 1,0[ and Qg =]0,1[, but a
straightforward adaptation of them gives the same result for an arbitrary finite number
of §;, each one with an arbitrary finite measure. We now state the main result of this
section, which claims the existence of a solution with bounded spatial derivatives on Q;,
where Q; = Q; x (0,7). We also set Q@ =] — 1,1[x]0,7[ and " = {z = 0}.

Theorem 3.4.1 (Existence of a bounded flux solution) Let uy € L>®(—1,1), 0 <
ug < 1 such that :
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= i(ug) € WH(Q)),
- 77'1(U071) ﬂﬁ'g(Uog) #* @ onT.
Then there ezists a weak solution u to the problem (P) such that Oyp;(u;) € L*(Q;).

All the section will be devoted to the proof of the theorem 3.4.1. As in section 3.3, we
will get this existence result by taking the limit of a sequence of solutions to approximate
problems (3.16) involving no capillary barriers, whose data fulfill the properties stated in
lemma 3.3.2.

Proof
We will now build a sequence of approximate initial data (ugy) adapted to the sequence
of approximate problems.

Lemma 3.4.2 Let uy be chosen as in theorem 3.4.1, then there exists (uon)n such that,
for all n,
-0< Uy < 1,

= T (Uon,1) = Ton(tom,2) on T
The sequence (ugp)n furthermore fulfills :

nh—>n;o [[to,n — uolloc =0, 1020in (10,0 ) | oo (9) < |0zpi (o) || Lo (2,)- (3.22)

Proof
Since 71(up.1) N 72(up2) # 0, then there exists (a1,,a2,) € [0,1]? such that one has
Tin(a1,n) = mopn(a,y) and |a1, — uo1| + a2, — up2| — 0. One sets, for z € Q; :

uon(x) = 5 (T, [pi(u0) + in(ain) — @i(uos)))

where
s if se€ [07 ()02(1)] - [07 (pl,n(l)L
T@i(s) = (pi,n(l) it s> 902'(1)’
0 if s<O.

Then the sequence (ug ) converges uniformly toward wug. For all n, 0 < ug, < 1 and either
9upin(Uo,n) = Oupi(uo), OF Oppin(uon) = 0. O

The approximate problem (3.16) admits a unique solution w, thanks to [Can08a,
which belongs to C([0,77], L'(€)). Now, in order to get a L>°(Q;)-estimate on the sequence
(0rin(tun))n, we introduce a new family of approximate problems (3.23) for which the
spatial dependence of the data is smooth.

Let 0 € C*(R),0 <6 <1, with(z) =0if x < —1, and §(z) =1 if x > 1. Let k € N*,
one sets :

— ¢F(x) = (1 = 0(kx))dr + O(kx) o,

= Mi(s,x) = (1 = 0(kx)) A p(s) + 0(kx) A2 p(s),

— T (s, x) = (1 — 0(kz))min(s) + 0(kx)mapn(s).

We will now take a new approximation of the initial data.

)) i z<—1/k,

Ugm.(T) =
o) e )) i x> 1/k
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In the layer [—1/k,1/k], ugn x is defined by the relation

(1 - e(kx))ﬂ'l,n(uo,n,k(x)) + e(kx)ﬂ'ln(uo,n,k(x)) = 7Tl,n(al,n) = 772,n(a2,n)7

so that the approximate capillary pressure m, j (g 5%, ) is constant through the layer.
Moreover one has either

)\n,k(UO,n,kax)ax(ﬂ'n,k(u&n,kax)) = maﬂc@i,n(uo,n) if ’x‘ > Ev
or 1
Ox (T k(U0 , ) =0 if |z| < T

So we directly deduce from the definition of v, 1 the following lemma :

Lemma 3.4.3 Let n > 1, 0 < wpy < 1 with ¢;n(uon) € Whee(Q,) and Tin(Uon,1) =
Ton(Uom,2), then there exists a sequence (ug k)i satisfying, for allk > 2, that 0 < g, <
1 and

P10 100 (0 Dl < 280 pin (0,1,

UQ b — UOp N LYQ) as k — 4o0.

For any fixed &k > 2 and n large enough, we can now introduce the smooth non-degenerate
parabolic problem (3.23) :

¢k(x)atun,k - 8x()‘n,k(un,ky x)amﬂ-mk(un,ka :E)) =0,
8xun7k(—1, t) = Oxun,k(l, t) = O, (323)
Un k(2,0) = ugpn k().

Moreover, one can furthermore suppose, up to a new regularization, that ug , 1 € C*>°([—1,1]).
Then (3.23) admits a unique strong solution u, ; € C*([0,7] x [-1,1]) (see for instance
[Fri6d, LSU67)).

Now one sets fr, i(z,t) = Ay g (Un k, )07 g (Un k, ), so the main equation of (3.23)
can be rewritten :

¢katun,k = 8xfn,k

A short calculation shows that f, ;(z,t) is the solution of the problem :

8tfn,k = an,kagxfn,k + bn,kamfn,ka
far(=1,t) = far(1,t) =0, (3.24)
T k(2,0) = Ay k(U0 ks ) O (0 k(W0 10 k5 ),

where ay, 1, b, 1 are the regular functions defined below.

(1) (n ks )

Fa D

ap | = )‘n,k(un,lm l‘)

bk = ) (1t 2) 2 [”n;f;&n),k,x)]

(7n,1) (U l’)] ‘

+ )\n,k(un,kv 517)890 |: @k(iﬂ)
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The fact that ug,, ; is supposed to be regular allows us to write the problem (3.24) in a
strong sense (this is necessary, because this problem can not be written in a conservative
form). In particular, f, j satisfies the maximum principle, and thus

I frkellzoe ((=1,0x 0,1)) < NAn k(W05 ) O (T ke (U0, k> +)) Lo (—1,1)-

Thanks to the lemmas 3.4.3 and 3.4.2, we have a uniform bound on (f, %) :

1kl o (~1,0)x0.7y) < 2max([|0i(uo) o) (3.25)

)

1
Since the problem (3.23) is fully non degenerated (recall that A; , > # and 7T;7n > )

it follows that dyuy,j and Oyuy, are uniformly bounded respectively in L*°(Q;) and in
L2(0,T : H~'(£)) with respect to k, then the sequence (u, k), converges toward wu, in
L*(Q;), and the limit w, fulfills, thank to estimate (3.25) :

18501 () 11y < 2 mans((0201 1) o) (3.26)

)

One has for all ¢ € D([—1,1] x [0,T7),

/ ) / 11 Sunsdns+ [ 11 o [ ' / 11 fukBato = 0. (3.27)

Thanks to (3.25),
-
lim / / fn k02 = 0.
k—-+o0 0 _

1
k

One has u, ; — u, in the L®(Q)-weak- x and L?(Q) senses, U, x — Uo, in L'(—1,1)
thanks to lemma 3.4.3. Moreover, thanks to estimate (3.25), 0,7k (Un.k) — OxTin(Un k)
in the L*>°(Q)-weak- * sense. Thus we can let k tend toward +oo in (3.27) to get

/OT Z /Qz Ditly, Opth + Z /SL ¢iuo7n¢0—/0T Z /QZ Nin (U Op T (1) D3 = 0. (3.28)

i=1,2 i=1,2 i=1,2

Furthermore, using the fact that 7, 4 (u, x, ¥) belongs to L?(0,T; H'(£2)) and, even more,
that 0y (7, k(un &, x)) is bounded uniformly in k, we can claim that 7 ,(u1 ) = 72, (u2.4),
and so u,, is the unique weak solution to the approximate problem (3.16) for ug, as initial
data.

When n tends toward +oo, the sequence (uy, ), converges, up to a subsequence toward
a weak solution to the problem (P), as seen in section 3.3, but the estimate (3.26) insures
that

Oupi(u) € L>(Qi).

This achieves the proof of theorem 3.4.1. O
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3.5 A uniqueness result

In this section, we give a uniqueness result in the one dimensional case in a framework
where the existence results are stronger than the general existence result stated in theo-
rem 3.3.1. Under a regularity assumption on the initial data ug, we proved in section 3.4
the existence of a solution having bounded flux, for which we give a uniqueness result in
theorem 3.5.1 and corollary 3.5.2. The bound on the flux will be necessary to prove that
the contraction property is also available in the neighborhood of the interface {x = 0}.
Then we show in theorem 3.5.4 the existence and uniqueness of the weak solution which is
the limit of bounded flux solutions for any initial data ug with 0 < ug < 1. Indeed, the set
of initial data giving a bounded flux solution is dense in L*>(Q) for the L'(Q2) topology,
and theorem 3.5.1 has for consequence that the contraction property can be extended to
a larger class of solution, defined for all initial data in L>°(€2). We unfortunately are not
able to characterize them differently than by a limit of bounded flux solutions, and we can
not either exhibit a weak solution which is not the limit of bounded flux solutions.

Theorem 3.5.1 (L!'-contraction principle for bounded flux solutions) Let u,v be
two weak solutions to the problem (P) for the initial data ug,vo. Then, if Oppi(u;) and
Ozpi(v;) belong to L>®(Q;), we have the following L*-contraction principle : ¥t € [0,T],

i U\ — (T :tflf 'UZE—’UII}':tIE. .
Z/Qim (2,1) — v(a,£)* d gz/mm o) — vo(2))* d (3.29)

i=1,2 i=1,2

The first part of this section is devoted to the proof of the theorem 3.5.1 which, with
theorem 3.4.1, admits the following straightforward consequence :

Corollary 3.5.2 (Uniqueness of the bounded flux solution) For alluyge L*°(—1,1)
with 0 < ug < 1, such that, for i =1,2, @;(ug) € Wh°(Q;), and 71(ug 1) N 7F2(uo2) # 0,
there exists a unique weak solution to the problem (P) in the sense of definition 3.1 and
such that 0ypi(u) € L*(Q;) ; moreover u € C([0,T], LP(QQ)) for all 1 < p < +o0.

Proof
The proof of the theorem 3.5.1 is based on entropy inequalities, obtained through the
method of doubling variables, first introduced by S. Kruzkov [Kru70] for first order equa-
tions, and then adapted by J. Carrillo [Car99] for degenerate parabolic problems. Note
that in the present setting, we only need doubling with respect to the time—variable, as it
is done, for instance by F. Otto [Ott96b] for elliptic-parabolic problems (or in [BP05] for
Stefan—type problems).

In the sequel of the proof, we will only give the comparison

> [ ontuat) —ote) e < 3 [ orunle) —wie)" de

i=1,2 i=1,2

The comparison with (-)~ instead of (-)* can be proven exactly the same way.
Let u be a bounded flux solution to the one-dimensional problem, i.e 0,p;(u) € L*(Q;),
i = 1,2. The weak formulation of definition 3.1 adapted to the one-dimensional framework
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of the section can be rewritten, for all 1 € D(Q x [0, T),

/ Z/(JSZ:Et@t?ﬁxtd:Edt—l-Z/qbluo ,0)da

1= 12 1= 12 (330)
/ Z / Oz pi(u)(x,t)0p(x, t)dxdt =0
i=1,2
This formulation clearly implies, for i = 1,2, for all 1 € C°(Q; x [0,T]) with (0,t) = 0,
/ /QSZ :Et8t¢xtd:ndt—|—/ oiup(z ,0)dz
(3.31)

/ / Oz pi(u)(x,t)0p(x, t)dxdt =0
Classical computations (see e.g. [BP05, Car99, Ott96b]) on equation (3.31) lead to the
following entropy inequalities : for all weak solutions wu, v, for initial data ug, vy, for all
€€ DT (Q; x [0,T[x[0,T]) such that £(0,t,s) =0,
T T
/ / / oi(u(z,t) — v(z, ) (0 (,t, 5) + Os&(w, t, 5))dadtds
o Jo
/ / ¢i(uo(z) — v(x,8))TE(x, 0, s)dwds
[ / Bu(u(z,0) — wo()) " E(a 1, 0)drdr

T
—/ / / Oz (i (u)(x,t) — @i(v)(x, )T 0. (2, t, 8)dxdtds > 0.
o Jo Ja,

Let us note here an important consequence of the entropy inequality (4.105) (and of
the corresponding one for (v — v)™ ), namely that u can be proved to satisfy

(3.32)

ess —hm / |u(x,t) —up(z)|de =0. (3.33)

Indeed, this follows by taking v as a constant in (4.105) and using an approximation
argument, see e.g. Lemma 7.41 in [MNRR96]. We deduce the time continuity at ¢t = 0 for
any solution and in particular for both u and v taken above.

Now, let p € CP(R,RT) with supp(p) C [-1,1] and [; p(t)dt = 1. One denotes
pm(t) = mp(mt). Let ¢ € DT([-1,1] x [O,T[) with ¢(0,-) = 0. For m large enough,
E(w,t,8) = Y(x,t)pm(t — s) belongs to DT ([—1,1] x [0, T[x[0,T[), and we can take it as
test function in (4.105). Then summing on i = 1 2 leads to

s

/ di(u(z,t) —v(z, s))TOpp(x, t) pm(t — s)dxdtds

7, 1,2
/ 3 [ tuof) — vl ), O)pu s
. (3.34)
/ Z/ ¢Z l‘t _UO( )) ¢(x>t)pm(t)d$dt
1=1,2

/ / Z/ Oz (i (W) (z,t) — i (v)(z, 8)) T Opth(, 1) pr (t — 8)dxdtds > 0.

1=1,2
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We can now let m tend toward +oo in (3.34), and using (3.33) for v and v, and the theorem
of continuity in mean, we get : for all ¢» € DT(Q x [0, T[) such that 1(0,t) = 0,

/ Z/ ¢i(u(w,t) — v(x,t)) O (x, t)dzdt

1=1,2

+ Z/ ¢i(uo(w) — vo(x)) T2 (x,0)dx (3.35)

i=1,2

/ Z/ 0y (i () (2, ) — @i(v) (2, )" Opt)(x, t)dxdt > 0.

i=1,2

We aim now to extend the inequality (3.35) in the case where ¥(0,t) # 0, and parti-
cularly in the case ¢ (z,t) = 6(t), so that the third term disappears in (3.35).

To this purpose, let us set here u;(t) = u;(0,t) to denote the trace of u; at the interface
I' (and correspondingly, v;(t) = v;(0,t)). We introduce the subsets of (0,T) :

— Eysy ={t €0, T] | ur(t) > v1(t) or ua(t) > va(t)},

— Eu<y ={t €[0,T] | u1(t) <wvi(t) and ua(t) < va(t)},
so that Ey,<, is the complement of E,, in [0,T].

For all € > 0, one defines 1.(z) = max <1 — m 0) For all € D*([0,T][), we take

(x,t) — 0(t)(1 — - (x)) instead of 1(x,t) as test- functlon in (3.35), thus we get :

/ Z/ $i(u(@,t) —v(z,1))T00(t)(1 — e (x))dxdt

1=1,2

#3 [ tuoto) = (o) 71 - w0}t

i=1,2
T00) ( (er(u)(—,t) =1 (0) (=&, 1) = (1 () (t) — pr(o1) (1))
_/o 7( e . t) — p2(0)(e, 1) — (pa(uz) (8) - 902( 2)(1))" )dtzo.

For almost every ¢t € Ey,<,, the function (¢;(u)—p;(v))* (-, t) admits a nil trace on {z = 0},
thus the third term in the previous inequality can be reduced to the set E,~, obtaining

/ Z/ ¢i(u(z,t) —v(z, 1)) F0,0(t)(1 — e(x))dadt

1=1,2

+Z/ 6i(uo(x) — vo(2))* (1 — ) (@)0(0)da (3.36)

i=1,2

Z/ O (i () (2, 1) — pi(v) (2, 1)) T Dpthe (x)dadt > 0.

1=1,2

o
Eu>v

We show now the crucial point of the uniqueness proof, which is the subject of the
following lemma.

Lemma 3.5.3 For all 0 € D([0,T]), if u,v are both bounded flur solutions, i.e. if one
has Oypi(u), Oz pi(v) € L(Q;) one has,

h?jélp/];m Z/ O (pi(u) (1) — pi(v) (2, )T Optpe (x)dadt < 0.

1=1,2
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Using the weak formulation (3.30), we can claim that for any regular function ¥ €
D([0, ),

T
tim [0 Y [ outeitu) - gu(w)onw)dad =0 (337)

i=1,2
Since for i = 1,2, 0,(pi(u) — ¢i(v)) belongs to L>(£2; x (0,T")), one has

/Tﬂ<t> 3

0 /Q B (i (1) — 91(0)) Bt (2)dxdt| < ]| 0.1,
i=1,275%

then a density argument allows us to claim that (3.37) still holds for any ¥ € L(0,T),
and particularly for 9(t) = 6(¢)1llg,., (t). Thus there exists A(e) tending to 0 as € tends to
0 such that

/ o) Y / Do (5(1) (2, 1) — 05(0) (1)) Dt (x)dadt = A(c). (3.38)
Euso i=1,27 %

Splitting up the positive and negative parts of (p;(u)(z,t) — pi(v)(x,t)), (3.38) be-
comes :

[ 00 Y [ oueitwiat) - oi(o)w, )" 2s(a)doi
Eusv i=1.27

, (3.39)
= [ 00 Y [ aeta)et) — i) 1) 0utea)dade + AE)

i=1,27 %

It is at this point that we actually use the monotony of the transmission condition,
i.e. condition 3 in Definition 3.1. Indeed, the conditions 7 (u1(t)) N 72(uz(t)) #  and
71(v1(t)) N 2(va(t)) # 0 insure that :

up > v = U > Uy and w < v = ug < vy. (3.40)

Therefore, recalling the definition of the set E,~, and of 1., the first term in the right
member of (3.39) is non-positive, and then we conclude

lim sup /E ot) S /Q D) (1) — 0z, 0)) Outie ()t < 0.

¢—0 i=1,2

This achieves the proof of lemma 3.5.3, and allows us to take the limit in inequality (3.36)
for e — 0. Then for all p € D*([0,T]), one gets

_/OTZ

i=1,2

/ oi(u(z,t) —v(z,t)) T o (t)dadt < Z / ¢i(ug () — vo(z))T(0)dz.
i i=1,27 4%
(3.41)
One can also prove exactly the same way that
T
_ /0 3

i=1,2

/Qi di(u(z,t) —v(z,t))” Otp(t)dadt < 221;2 /Q ¢i(uo(z) —vo(z)) (0)dx.
(3.42)
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These inequalities still hold for ¢y = (T' — t), and then if uy = vp, one has u = v almost
everywhere in Q. Moreover we can take t(t) = 1jo 4(t) as test function in (5.51) to get
the L!-contraction principle (3.29) stated in theorem 3.5.1. O

In the sequel, we prove that for any ug in L>=(—1;1), 0 < up < 1, there exists a unique
weak solution of problem (P) which is the limit of a sequence of bounded flux solutions
(Up)p, €. for all n > 1, 0,0, (uy,) € L°(Q;).

Theorem 3.5.4 (Existence and uniqueness of the SOLA) Letug € L*(—1,1),0 <
up < 1, and let (upn)n>1 be a sequence of bounded fluz initial data, i.e. for alln > 1,
-0 < Uo,n < 1;
~ pi(ugn) € WhHe(Q),
— T1(uom,1) N T2(uon,2) # 0,
such that
lim [uon = uollL1) = 0.

Let (un)n>1 be the sequence of the bounded flux solutions to the problem (P) for ug,
as initial data. Then the sequence (un)n>1 converges toward w in C(]0,T[,LP(—1,1)),
1 < p < 400, where u is a solution to the problem (P), called Solution Obtained as Limit
of Approzimation (SOLA). Furthermore, if u,v are two SOLAs, for initial data g, vy,
one has the following L'-contraction principle : Vt € [0,T],

N N
E (u(x,t) — v(x, 1)) Ed (e () — voleNEde. ‘
po /QZ(ZSZ( ( 775) ( >t)) d é;/ﬂl @bz( 0( ) 0( )) d (343)

This particularly leads to the uniqueness of the SOLA.

Proof
Let (ug,) be a regular sequence of initial data converging toward ug in L'(—1,1) - one take
e.g. upn € CF(] —1,0[U]0,1[). Then (ugy) is a Cauchy sequence, and thanks to (3.29),
for all ¢t € [0,T],

N N
;/ﬂz Gilun (2, t) — up(z,t)|dx < ;/ﬂz ilton () — o m(z)|d.

Thus (uy,), is a Cauchy sequence in C([0,T]; L}(2)) and converges to a function u in
C([0,T); L*(2)). Since (uy)y, is bounded in L>*(Q), one has u,—u in C([0,T]; LP(—1,1)).

We now have to check that u is a weak solution to the problem (P). It is easy to check,
using to the L*°-bound of w,, that ¢;(u,) tends toward ¢;(u) in LP(€; x (0,7T)), for all
p € [1,4+o0[. Thanks to (3.18), the sequence (¢;(uy))n is bounded in L2(0,T; H*(€;)), and
thus ; (un,) — o;(u) weakly in L2(0,T; H'(€;)), and ¢;(u, ) converges in L?(0, T; H*(£;)),
for all s €]0,1][, still toward ¢;(u). Particularly, w, ;(t) tends toward w;(t). Since the set
{(a,b) € [0,1)% | 71(a) N 72(b) # 0} is closed, we can claim that

T(ui(t)) Nwg(uz(t)) # 0  for ae. t € [0,7].

We can also pass to the limit in the weak formulation in order to conclude that u is a
weak solution to the problem (7P), achieving this way the existence of a SOLA w.
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Let now v be another SOLA, obtained through a sequence (vgy), of regular initial
data converging toward vg. Thanks to (3.29), one has,

N N
;/ﬂz Gilun(z,t) — vy (2, t)|de < ;/ﬂz i uo.n(x) — von(2)|dz,

whose limit as n tends toward +oo gives the attempted L'-contraction principle :

N N
2/9 dilu(r, ) — ol lde <3 | éduota) ~ (@i

and so the uniqueness of the SOLA, completing the proof of theorem 3.5.4. O
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Chapitre 4

Finite volume scheme for
two-phase flow in heterogeneous
porous media

Introduction

The models of immiscible two-phase flows in porous media are widely used in petroleum
engineering to understand the moves of hydrocarbon in subsoil, because they are quite light
but they let important phenomena appear.

We will focus on the influence of strong heterogeneities in the porous media, which will
represent changes of rock type. The discontinuity of the physical properties of the porous
media can lead to the phenomena of oil-trapping, which can be explained by discontinuities
of the capillary pressures on the interfaces between the different rocks.

In the sequel, we restrict our frame to one-dimensional problems. We will give in this
paper a finite volume scheme to approach the solution of such two phase flows. We prove
some convergence results, and some uniqueness results. The main results of this paper are
summarized in theorem 4.7.1 in the end of this paper.

The section 4.1 is devoted to understand the physical model, especially in the case
where there is a pressure discontinuity. We will keep the approach introduced in [CGP]
to connect the capillary pressures on the interfaces, which allows to deal with a larger
class of problem than the one introduced in [EEMO06] (or in [BDPvDO3] in a particular
case). Some monotonous transmission conditions through the interfaces appear, and this
monotony will be crucial all along this paper, as it will be stressed in the conclusion of
this paper. We then get a spatial coupling of degenerated parabolic equations, leading to
a notion of weak solution. We refer to [AS79], [Bea72] for more complete explanations on
the physical models than those given in section 4.1.

The implicit finite volume scheme is introduced in section 4.2, where we make a classical
convergence study in the way of [EGHO00]. All this study can be generalised in multidimen-
sional case for unstructured admissible meshes.We use the monotony of the scheme to get
a L*-estimate on the discrete solution, and also to prove the uniqueness of the discrete
solution. The existence of the discrete solution is got by a topological degree argument.
The convergence (up to subsequences) of the discrete solution toward a weak solution to
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the problem as the step of the discretization tends to 0 follows from compactness results
on the set of discrete solutions.

Under regularity assumptions on the data, we prove in section 4.3 that the discrete
fluxes are uniformly bounded with regard to time and space. Thus the limit of the discrete
solution as the discretization step tends to zero (which exists thanks to section 4.2) admits
also bounded fluxes. So we extend the result of regularity stated in theorem 4.1 in [CGP]
in the case where there is a convective term, and we show a way to approximate this
bounded flux solution.

The uniqueness of such a bounded flux solution is proven in section 4.4, using a classical
doubling variable method (see e.g. [AL83], [Ott96b] or [Car99]). The way to deal with the
interfaces is inspired from [CGP] with the add of convective terms. This particularly uses
the fact that the flux stays bounded, and the monotony of the transmission conditions.

The previous uniqueness result can be extended using density arguments to a larger
class of solution.We claim in section 4.5 that for non regular data, there exists a unique
weak solution which is limit of weak solutions associated to regular initial data. It is
shown that if the total flow-rate belongs to BV (0,7, we can approach this particular
weak solution using the finite volume scheme.

Some numerical simulations are given in section 4.6, giving a clear vision of the effects
of capillary barriers.

4.1 The Physical model

We consider a heterogeneous porous medium, which is an apposition of homogeneous
porous media, representing the different geological layers, so that the physical properties
of the medium only depend of the rock type and are piece-wise constant. We restrict our
study to the one-dimensional case, even if all the results stated in section 4.2 can be quite
easily adapted to larger dimensions (see [EEMO6]). For the sake of simplicity, we only deal
with two geological layers with same size, because a generalisation to a arbitrary finite
number of geological layers would only lead to notation difficulties. In the sequel, one
denotes 2 =| — 1, 1] the heterogeneous porous medium, and ©; =| — 1,0[, Qs =0, 1] the
two homogeneous layers. The interface between the layers is thus {x = 0}. T is a positive
integer.

We consider an incompressible an immiscible oil-water flow through . Writing the
conservation of each phase, and using Darcy’s law leads to : for all (x,t) € Q; x (0,7T),

¢iatu - 890 [Nw,i(u) (a:cpw,i - ng)] = 07 (41)

—¢i0u — Oy [Mo,i(u) (amPo,i - pog)] =0, (4'2)

where ¢; €]0, 1] is the porosity of the porous media €;, u is the water saturation (and then
(1 — u) is the oil saturation), pg; is the mobility of the phase § = w, o0, where w stands
for water, and o for oil. Pg; denotes the pressure of the phase 3, pg its density, and g the
gravity.

Adding (4.1) and (4.2) shows that :



4.1 The Physical model

where
q= _Nw,i(u) (890Pw,i — puwg) — NO,i(U) (amPO,i — Po8) (4.3)

is the total flow-rate, only depending on time. Assume that p,, = p, = p, then using (4.3)
in (4.1) and (4.2) yields :

O Nw,i(u) _ Nw,i(U)NO,i (u) o )
¢Zat * 890 <:uw,i(u) + Ho,i (’LL) 1 ,uw,i(u) + ,uo,i(u) 890(Pw,z POJ)) 0 (4'4)

One assumes that the capillary pressure (P, ; — P,;) depends only of the saturation and
of the rock type. Thus (P, ; — P, ;) = m;(u), where m;(u) is supposed to be an increasing
function. One denotes \;(u) = %, and f;(u) = #%, then (4.4) becomes

¢i8tu + am (sz(u) - Az(u)amﬂ-z(u)) =0. (4'5)

Assumptions 4.1 Fori=1,2, one has :
1. m; is an increasing C*([0,1]) function,
2. Wy, 1S a continuous increasing function on [0,1], with i, ;(0) =0,

3. oy 15 a continuous decreasing function on [0, 1], with p,;(1) =0,
4. fi = _Hwi s an increasing continuous function on [0,1], with f(0) = 0 and
Haw,i + Ho,i

) =1.

We deduce from assumptions 4.1 that (4.5) is a degenerated nonlinear parabolic equation.
Denoting

pi(s) = /0 " \i(a)ml(a)da,

the equation (4.5) can be rewritten

¢i0pu + Oy (sz(u) — Oz (u)) =0, (46)

where ¢; € C1(]0,1]) is an increasing function.

Let us now focus on the transmission conditions through the interface {z = 0}. One
denotes a; = lims_om;(s) and B; = lims_j m;(s). We can now define the monotonous
graphs 7; by :

mi(s) if s €]0,1],
mi(s) =< ] —o00,04] ifs=0, (4.7)
[Bi, +00] if s =1.

Let u; denote the trace of ujg, on {z = 0}. The trace on {z = 0} from €; of the
pressure Pg; of the phase [ is still denoted Pg;. As it is exposed in [CGP], the pressure
of the phase 3 can be discontinuous through the interface {x = 0} in the case where it is
missing in the upstream side. This can be written

16,1 (u1)(Ps1 — Paa)™ — ppa(uz)(Ps2 — Psi)™ = 0. (4.8)

The conditions (4.8) have direct consequences on the connection of the capillary pres-
sures through {z = 0}. Indeed, if 0 < wuj,us < 1, then the partial pressures P, and P,
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have both to be continuous, and so we have the connection of the capillary pressures
mi(u) = ma(uz). If vy = 0 and 0 < wg < 1, then P, > P2 and P,; = P,2, thus
mo(uz) < m1(0). The same way, u; = 1 and 0 < ug < 1 implies mo(ug) > m1(1). If ug =0,
ug =1, then P, > P2 and P,1 < P, 9, so m1(0) > m(1). Checking that the definition
of the graphs 7; and 71 implies 71(0) N 72(0) # 0, 71(1) N 72(1) # 0, we can claim that
(4.8) leads to :

7~T1(’LL1) N ﬁg(Ug) 75 Q. (4.9)

The conservation of each phase leads to the connection of the fluxes on {z = 0} :
q(t) f1(u)(07,t) = Dwpr (u)(07, 1) = q(t) f2(u)(07, 1) — Do () (07, 1). (4.10)
We suppose that ¢ > 0, i.e. that the fluids moves from the z < 0 to z > 0. We

have to choose some boundary conditions on {z = —1} and {& = 1}. Let g such that
0 <g(t) <qt), we set :

q(t) f1(u)(=1,t) = Dpipr(u)(—1,2) = g(2). (4.11)

This can be understood as the injection of a fluid with g(¢)/q(t) as water saturation with
q(t) as flow-rate.

Assumption 4.2 We suppose that 0 < g < q € L*(0,T).

We choose to take
Orp2(u)(1,t) = 0. (4.12)

We take an initial data ug € L>(€2), with 0 < up < 1, so we can write the initial-boundary
value problem :

$i0pu + 0z [q(t) fi(u) — Oupi(u)] =0 in ©; x (0,T),
Q(t)fl (’LL)(O_,t) - 8%901 (u)(0_7t) = Q(t)f2(u)(0+7 t) - am902 (’LL)(0+, t) on (Ov T)7
ﬁ,(ul)ﬂﬁ](u]) 75@ on (OaT)7
u(t =0) =ug in Q,
q(t) fr(u)(—1,t) — dppr(u)(—1,t) = g(t) on (0,7,
( Ovp2(u)(1,1) =0 on (0,7). »
)

We now define the notion a weak-solution

Definition 4.1 A function u is said to be a weak solution to the problem (P) if it fulfills :
1. ue L®(Q x (0,7)), with0 <u <1,
2. fori=1,2, p;(u) € L*(0,T; H(Q)),
3. for a.e. t € (0,T), m1(u1(t)) N 72(ua(t)) # 0, where u; denotes the trace of ujq, on

{x = 0}}
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4. for allp € D(Q x [0,T]),

>
0 =12

T
+/
0

T T
+ [ awuerd - [ a@n@oe.od o (4.13)
0 0

/Qz- diu(z, t)op)(x, t)dadt + Z /QL diuo(x)(x,0)dx

i=1,2

> [ ). ) - dupitu) . 0)] (o, o

i=1,2

4.2 A finite volume scheme

In this section, we introduce an implicit finite volume scheme to approach a solution
of (P). We deduce from this scheme some estimates on the discrete solutions to the scheme,
which will lead to some compactness results on the family of approximate solutions Letting
the discretization step tend to 0, we check that the discrete solution obtained via the finite
volume scheme converges to a weak solution to the problem. An existence result follows.

4.2.1 The finite volume approximation

We first need to discretize all the data, so that we can define an approximate problem
through the finite volume scheme.

Discretization of 2 : for the sake of simplicity, we will only deal with uniform spatial
discretizations. Let N € N*, one defines :

z; = j/N, Vj € [-N,N],

Jj+1/2 .
Tiy1/2 = N/ , Vje[-N,N—1].

One denotes éx = 1/N.
Discretization of (0,7) : once again, we will only deal with uniform discretizations.
Let M € N*, one defines : for all n € [0, M], t,, = nT/M. One denotes 6t = T/M.
Discretization of ug : Vj € [-N,N — 1],

0 1 Tj+1
w0, D(Tjr1/2) = Ujy1/y = 5/ ug(z)dzx (4.14)

@j
The first equation of (P) can be rewritten :
¢i0u + 0 F(x,t) =0

with F(z,t) = q(t)f(u) — Oppi(u). We consider the following implicit scheme : Vj €
[-N,N —1], Vn € [0,M — 1],

n+l ' n
Uit1/2 — Yjr1)2

i 50

oz + FH = Frh =0 (4.15)
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where F?*1 is an approximation of the mean flux through z; on |t,, t,41[, and i is chosen
such that ]z, 2;41[C §;. We choose an implicit upwind discretization of the fluxes, so that

we get : Vj € [-N+1,-1JU[1,N — 1], Vn € [0,M — 1],

P = qn+1fi(u;?j11/2) _ (‘D"(u?illﬂ);n%(uﬁllﬂ) (4.16)
et 1
where ¢" ! = 5 ), q(t)dt. We also define g" ! = 5 ), g(t)dt.
Discretization of the boundary conditions : Vn € [0,M — 1],
it o= gt (4.17)
F]\L,H = q"“fg(ux;r_llﬂ). (4.18)

Discretization of the transmission conditions : we first write the connection of
the discrete fluxes through the interface {x = 0}. Vn € [0,M — 1],

2(p1(ug i) — w1 (u"f )
1 1 1 : ~1/2
Fptt = gt f1(u7_”{/2) — o (4.19)
2(p2(uyy) — p2(up3'))
= " f(ud) - 2 : (4.20)
x
We also discretize the condition on the connection of the traces : Vn € [0,M — 1],
T (ugtt) N (ught) # 0. (4.21)

To justify these discrete transmission conditions, we now state the following lemma :

Lemma 4.2.1 Let (a,b) belong to R?, let n € [0, M — 1], then there exists a unique couple
(e,d) € [0,1)% such that :

(]n+1f1((1) o 2(901(0) - (pl(a))
T1(c) N 72(d) # 0,

2(p2(b) — p2(d))
ox ' (4.22)

— qn+1f2(d) o

where for all s <0, fi(s) =0, pi(s) =0, and for all s > 1, fi(s) =1, pi(s) = pi(1).
Furthermore, (a,b) — ¢ and (a,b) — d are continuous and nondecreasing w.r.t. each
one of their arguments.

Proof
For i = 1,2, the functions ¢; o ;" Land f;o s 1 are nondecreasing continuous functions,
and then,

. 7] — R ,
: ~—1 ~—1 ~—1

p o= @ fod () + 5 (pro@ (p) + a0y (1))
is a continuous non decreasing function, whose restricition to[p, p]\] min;—1 2 p;, max;—1 2 pi]
(with the convention Ja,b] = ) if @ > b) is an increasing function realising a bijection on
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[G(p), G(P))-

One defines the increasing function

R2 — R
‘P{ @8) = @)+ - (p1(a) + 2a(0)).

Then, if (¢,d) is a solution to the system (4.22), for all p € 71(c) N 72(d),
G(p) = ¥(a,b).

First, we suppose that | min;—; 2 p;, max;—1 2 p;] = 0. Then G is a continuous increasing
function from [p, p] onto [G(p), G(P)], and we can define its inverse function G~
Let p = G 0 U(a,b), and (¢,d) = (77 (p), 75 "(p)). Then (c,d) is a solution to (4.22).
The uniqueness is a direct consequence of the fact that G is increasing.

Now if | min;—; o p;, max;—1 2 p;| # (), we can also define an inverse for G, but in a graph

sense. One suppose, for the sake of simplicity, that

p=p1<p1<p2<p2=Dp,

the other case where p; > ps can be treated exactly the same way. G is an increasing

function from [p1,p1]U]ps, P2) onto [G(p), G(P)], and G~1(G(pr)) = [p1, p2). Particularly,
there is not a univocal p such that G(p) = ¥(a,b) if ¥(a,b) = G(p1). Nevertheless, for all
p € G7(G(pr)), we have 7, *(p) = 1 and 7, (p) = 0, and then one gets the uniqueness of

the solution to the system (4.22). O

4.2.2 The discrete solution

We will now work on the implicit finite volume scheme given by (4.14)-(4.21) to show
that this approximate problem is well-posed.

Definition 4.2 (Discrete solution) Let N, M be two positive integers and D be the
associated discretization of Q x (0,T). One defines :

X — RS LOO(QZ X (O,T)) / V]xj,a;j+1[c Q;,Vn € [[O,M — 1]],
Dy = Z\|aj a0 o1 [x]tn tnt1] 18 @ constant ’
and
Xp = {Z S LOO(Q X (O,T)) / Vi=1,2, 2|0, x(0,T) € XDJ} .

One defines up(x,t) € Xp, called discrete solution, defined almost everywhere in | —
1,1[x]0,T[ by : for all j € [-N,N — 1], for all n € [0,M — 1],

UD(x>t) = u;:_i_ll/g if (:L'vt) 6]$j7$j+1[x]tn,tn+1],
up(x,0) = upp(x),

We now matter about the existence and the uniqueness of the discrete solution to the
scheme. In order to prove the existence of a discrete solution, we first need an a priori
estimate on it.
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Lemma 4.2.2 (L*-estimate) Let N, M > 0, let (u?+1/2)j€[[—N,N—11],ne{[O,Mﬂ be a solution
to the scheme (4.14)-(4.21), then

0<ulyp<1  Vje[-N,N—1],vne [0,M].

Proof
For all 0 <n < M —1, for all j € [-N,N — 1], one has thanks to (4.15) :

ot

+1 +1 +1
Ujiije = Uitz T oz {Fn - Iy ]

J+1

So for j € [-N +1,—2] U [1,N — 2], thanks to (4.16), one has :

“jj:11/2 = Uit T biox [q +1(fi(ujj11/2) - fi(ujillp))]
ot
e [eiCus o) + i) — 20| (423)

For j = —N, one has thanks to (4.17), and using f(1) =1,

ot
n+1 n n n n+1
u_—}_v+1/2 = U_N+1/2 + —¢15$ |:g +1 —q +1f1(u_—}_v+1/2)i|
ot n+1 n+1
o [ y) — )] (1.21)
For j = N — 1, one has thanks to (4.18),
n+1 n ot n+1 n+1 n+1
Un_1/3 = ’LLN_1/2+—¢ o [q (f2(uN 3/2) f2(uN_1/2))}
ot n
b [P0 ) — el )] (4.25)
For j = —1, one has thanks to (4.19),
W = b [ ) — A )]
~1/2 ~1/2 7 4 o 3/2 1/2
6t n n n
o (20T + o) 3w (4.26)
For j = 0, one has thanks to (4.20),
n+1 _ n ot n+1 n+1 n+1
Upp = Upyp T 5207 [q (f2(ugy ) = faluyyy ))}
ot n
o (20200830 + ea(usth) — Bea ()] (4.27)
Let jy € [-N,N — 1], nas € [0,M], such that
u't™M max (U 1 9)- (4.28)
Jv+1/2 T N<j<N-1, Jj+1/2
0<n<M
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4.2 A finite volume scheme

First, it is clear thanks to (4.14) that for all j € [-N,N — 1], 0 < u? <1, then it ends
the proof in the case ny; = 0.

We suppose now that ny; > 1, and that v > 1. Thanks to lemma 4.2.1, which insures

j1/2 S

Jv+1/2
that we can suppose uo <1, u"M < 1, and thanks to the monotony of fl, p; for i =1,2,
and to the positivity of ¢"™, we can claim using (4.23)-(4.27) that u +1/2 <u ngﬂl/z
This is in contradiction with the definition (4.28). We can thus claim that
Ujyyy <1
One can show in the same way that for any j € [-N,N — 1], n € [0, M],
Uiyrya 2 0.
O

We can now prove the following lemma, that insures the well-posedness of the scheme,
that is the system made of equations numbered from (4.14) to (4.21) admits a unique
solution.

Lemma 4.2.3 The implicit finite volume scheme (4.14)-(4.21) admits a unique discrete
solution

Proof
Uniqueness of the discrete solution :
The proof of uniqueness uses a monotony method inspired from [EGHMO02] : suppose that

up and vp are two discrete solutions associated to the discrete initial data ugp and vg p.
The equations (4.23)-(4.27) can be rewritten, for all j € [-N,N—1], for all n € [0, M —1],

B (uyjll oty o (WL ) (ug;,rl)iﬂg) _0, (4.29)

n+1

i1/ and non-increasing w.r.t. each others. One thus

where B; is non-decreasing w.r.t. u
has

) n+1 n n n+1 n+1 ) n+1 n+1
B (Uj+1/2=uj+1/2—|—”j+1/2=(Uk+1/2—|—”k+1/2)k#yv(u0@ Tug; i= 172) <0,

with the notation aTb = max(a,b). Inverting the roles of up and vp leads to

n+1 n+1 +1
Bj<ﬂ+1/2’ Yjr1/2 J+1/2’(uk+1/2—|—”k+1/2)k#yv(uoz Togs i= 172) < 0.

n+1 T’Un+1

+
j+1/2 ' Vi1 orv

Since u 120

1
is either equal to u j_’l /2

one gets :
+1 +1 +1 +1 +1
B; < Wi TOR o g 2 TV 2 (U o TORL o)t (g Tugd i 1,2) <0. (4.30)
One get the same way, with the convention aLb = min(a,b) :
+1 +1 +1 +1 +1
B; ( J+1/2J_U +1/2’ J+1/2 ]+1/2’ (UZ+1/2J-”Z+1/2)/€#J'7 (UOZ J—Un )i= 1,2) >0. (4.31)

Subtracting (4.31) to (4.30), gives using the expression of B; :
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FINITE VOLUME SCHEME

— for je [-N+1,-2]U[1,N —2], using (4.23),
u | = U1 0 = V4 ol
rel oy 2 +1/2 5 itz /2 ox

b <|fz( ]+1/2) fi('U;-L_:_ll/Qﬂ - |fi(u?j11/2) - fi(vy+1l/2)|>

‘902( j+1/2) (Pi(vyif/z)’ - “pl(u?jll/z) 902( j— 1/2)’
ox
n+1 n+1 n+1
i) — o)l — leiwids) — iyl (4.32)
ox -
— for j = —N, using (4.24),
n+1 o™ 1 n n
# ‘U—JJFV+1/2 —JJFV+1/2‘ ‘u—N+1/2 - U—N+1/2‘(S
! 5t
¥ (1R )~ AR 0)))
n+1 +1 n+1 n+1
|901(”—J1rv+1/2) p1(v N+1/2)| - |901(“—erv+3/2) - 901(”—va+3/2)| < 0,(4.33)
ox -
— for j = N — 1, using (4.25),
n+1 n+1 n n
é |“N+—1/2 - ”N+—1/2| - |UN—1/2 - ”N—1/2|5x
2 5t
+ qn+1 (’f2(u]v 1/2) f2(UN 1/2)’ - ’f2(u7]i[+13/2) - fQ(U]r\L[tlg/Q)D
|902(UN 1/2) 902(U%+11/2)| - |(102(u7\[+13/2) 902(1}%4;13/2” < 0.(4 34)
ox -
— for j = —1, using (4.26),
n+1 o 1 n n
) ’ujl_/g _41_/2‘ ‘U_1/2 - U—1/2‘ 5
ot
b (1AW = AETTL) - 1A ,) — AGTL))
1™t — o (0 = er (5L) — o1 (675
ox
n+1 | _ n+1 n+1
\901( —1/2) 901(?)—1/2)’ \901(%,1 ) — 901(?)01 )| <0 (4.35)
ox
— for j =0, using (4.27),
n+1 o7 1 n n
‘ul/—g 1/2 ’u1/2 - 01/2’533
2 5t
+ ¢ (IR0 — RO - 155" - £0551))
|2 (uy ) — p2(v]hh)] = lpaui h') — w2(vg )]
ox
n+1 n+1 n+1 n+1
w2(uU — P2V — |21, pa(v
2‘ ( 1/2) ( 1/2 )’(sx‘ ( 0,2 ) (02 )’ §0. (4.36)
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4.2 A finite volume scheme

We now sum those inequalities for j € [-N,N — 1], and we remark that the internal
exchange terms vanishes. So this sum can be written :

> /Q?ilw(x,tml)—UD(:U’th)Idx— > /Q_@lm(%tn)—UD(%tn)lde"

i=1,2 i=1,2
< —0tq" fa(ut ) — fa(RT )+ SEATTE < grAT, (4.37)
with
An+1 _ n+1 n+1y n+1y| n+ly n+1
= (g |f2(u0,2 ) f2(vo,2 )| |f1(U_1/2) fl(v_1/2)|
+2\901 (U(rfjl) - @1(”6%1)’ + \@2(“831) - 902(?1831)’
ox
1 (™) — 1 ()| + e () — a0l
9 (4.38)
ox
First, it is clear that if ugjl = vg‘jl and ug;rl = U&;l, then A"+ < 0.

Suppose now that ugjl > U&J{l, then using the monotony inducted by the relation (4.21),

we get that ug’érl > v&gl. Thanks to the relations (4.19),(4.20), one has :

n+1ly_ n+1 n+1ly_ n+1
0 () - flgsh) + 2ol (e i)
1wt ) =101 ,) )+ (2 (up b —e2 (05
— gt (fl(ufl%) — fl(vﬁJ{/lQ)) -|-2( 1(ul ) =1 (vl ), %x( 2(uy )y ) —p2(vy )5 ) (4.39)
Using (4.39) in (4.38), one gets A"*! < 0. One can treat the cases ugjl < vgj'l, ug’érl >
vg’;'l and ugfz'l < vg’;'l exactly the same way. Thus we deduce from (4.37) that for all
n € [0,M — 1],

> [ dun(atin) = on(etus)lde < 3 [ odun(at) = vo(e.t)lde

i=1,2 i=1,2
This particularly implies the following L'-contraction principle for the discrete solution :
vt € [0, 7],
3 / bilup(a,t) — vp(, ldz < 3 / b0 (@) — vo.0()|da. (4.40)
i=1,27 % i=1,27 %

The uniqueness of the discrete solution to the scheme (4.23)-(4.27) is a direct consequence
of (4.40).

Existence of the discrete solution :

The proof of existence, based on a argument of topological degree (see e.g. [Cro64]),
is already stated in a similar case in [EEMO06]. One can easily rewrite the numerical
scheme (4.23)-(4.27) under the form : Vj € [-N,N — 1], Vn € [0,M — 1],

+1 +1
u;-L+1/2 = u?—|—1/2 + H; <<UZ+1/2> —N<k<N—1> , (4.41)
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FINITE VOLUME SCHEME

where H; is continuous w.r.t. each one of its arguments (we use in particular the fact
that (uﬁf}z,u?/gl) — (ugjl,ug’érl) is continuous, as stated in lemma 4.2.1). Let A € [0, 1],

let n € [0,M — 1] such that <UZ+1/2> N exists, one defines (if it exists) for all
je[-N,N-1]: o

+1 +1 —
u?+1/2,>\ + AH; <<UZ+1/2,A) _N<k<N_1> = U1z (4.42)

Since the proof of lemma 4.2.2 can be extended to this case as soon as A > 0, we have the
a priori estimate : VA € [0,1], Vj € [-N,N — 1], Vn € [0,M — 1],

n+1
0<uj a xS 1. (4.43)

One defines the compact set K = {z € R*V /max; |z;| < 2}.
For A = 0, the equation (4.42) becomes trivial, and then the topological degree d(A =

0) = 1. The a priori estimate (4.43) insures that for all A > 0, u?ill/z)\ ¢ 0K, and then

d(X = 1) = 1. So the equation (4.41) admits at least one solution. This concludes the proof
of lemma 4.2.3. O

In order to prove lemma 4.2.5, we will need the following technical lemma, which is a
consequence of the monotony of the discrete transmission conditions (4.19)-(4.21).

Lemma 4.2.4 Let (a,b) € [0,1], and let (c,d) € [0,1]* be the unique solution to the
system (4.22), as stated in lemma 4.2.1, then the following inequality holds :

(m1(c) — ma(d)) (W) >0,

Proof

In this proof, we suppose that 71(0) > m2(0) and 71(1) > ma(1), the other cases do not

bring any other difficulties. One has 71 (c) N 72(d) # 0, so there are three different cases :
— m1(¢) = m2(d) : in this case, one has directly :

(m1(c) — ma(d)) <—<,01(a)6—x<,01(c)> =0.
— ma(d) < m1(0) : the relation 71 (c) N 72(d) # O insures that ¢ = 0, and thus ¢;(a) >

1(c). This gives : ” .
ev1(a) — pi(c
(m(©) — m(@) (2= >

— mi(c) > mo(1) : this implies d = 1. From (4.22), we deduce that :

Q) — . - n+1
<%> _ <¢2<d>5x9”2(b)> + q; (f2(d) = fi(a)).

Since d = 1, @a(d) > ¢2(b) and fo(d) = 1 > fi(a), and then, since ¢"** > 0, one has
also ¢1(a) > ¢1(c). This insures :

(71(c) — ma(d)) (%fl@) >o.

84



4.2 A finite volume scheme

This ends the proof of lemma 4.2.4. O

Definition 4.3 (discrete L?(0,7; H($;)) semi-norms) Let i = 1,2, one defines the
discrete L*(0,T; Hl(Ql)) semi-norms |- |1 p; on Xp,; by : Vz € Xp,

g+l n+1 2
128" ) = z2(xj g0, ")
z|1DZ E 575 E 51‘( Titl/ 5 i1/ > ,

- jEJznt'L

where Jipe1 = [-N+1,—1] and Jipr2 = [1,N —1].

Lemma 4.2.5 (discrete L%(0,T; H'(£;)) estimates) Fori = 1,2, one defines the Lip-
schitz continuous increasing function &; : s — fos Ai(a)7i(a)da. There exists C > 0 only
depending on q,m;, ¢;, T such that :

> lgup)fip, < C.
i=1,2
Proof

One multiplies the equation (4.15) by 6t7r,-(u;.‘111/2), and sumon j=—-N,N —1:

N—-1
+1 +1 +1) _
Z gblﬂ'l ]+1/2 < ]+1/2 ?+1/2> ox + Z 5t7Ti(U;L+1/2) <F’]n+1 F]n ) =0.
=N

(4.44)

Taking the definitions of FJ’-H'I, j € [-N,N], given by equations (4.23)-(4.27) in (4.44), it
follows :

An-i—l + Bn+1 + Cm-i—l — 0’ (4‘45)

with, denoting Jip; = [-N + 1, —1]] UL, N —1],

n+l _ u™ 1 n
j=—N

n+1 n+1 n+1 n+1
B = 3 g aim ) (fluih) — i)

]eJmt
g stmo () () — Faugsh)

—i—étm(u’iﬁﬂ/z) (q"“fl(u’f]rvlﬂ/z) — g"+1> , (4.47)

ei(u ) — ei(ul™ )
n+l _ o+l N onl j+1/2 j=1/2
C = jg}; ot (ﬂ-l(uj+1/2) Wz(uj_1/2)> S

) 21 (gt — 1))

ox
22 () — pa(ugs))

ox
> 2(p1 (w7 5) — @1 (ugih))

ox

6t (m(ug ) = m@"]),)

+6t <7T2(u711/+2 ) - 7T2(u6”51)>

+ot (mml) — mo(ugh) (4.48)
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Thanks to assumption 4.2, one has 0 < ¢"t! < ¢"*!. Since f; is a continuous increa-
sing function fulfilling f1(0) = 0 and fi(1) = 1, there exists u’f]'vl such that ¢"t! =
g+ f1(u™R}). So we deduce from (4.47) that

Bl — Zq"*létm +1/2) (fz( J+1/2) fi(“?ﬁ/ﬁ)
J€Jint
+q" ot (ul ) (f2( uyht) = fz(%‘él))
—|—5tq”+17T1(uT_LJ]rV1+1/2) <f1( N+1/2) fi(u n+1)) (4.49)

Since ; is a non-decreasing function, G; : s — fo ¢;mi(a)da is convex, and we deduce
from (4.46) that : ¥n € [0,M — 1],

N-1
RS (gi(u;jf/z)—gi(uyﬂ/z)) 5. (4.50)
j=—N

The function m; o f; ! is increasing, and then H; : s — Jo mio fH(a)da is convex, and we
deduce from (4.49) that : ¥n € [0,M — 1],

> (Halfiluf ) = Hil i)
JE€Jint
+Ha(f2(ul ) — Ha(fa(ugsh))
+Ha(f1(u N+1/2)) Hi(f1(u™§)

5tg" ! <H1(f1(unJ1r/12)) Hi(fL(u" i) + Ha(fa(ui! 1/2)) - H2(f2(u6‘§1))> ’

and thus, Yn € [0,M — 1],
/ imi(a da) . (4.51)

Let & :s— fos Vi(a)m!(a)da, Cauchy-Schwarz inequality yields : V(a, b) € [0,1]2,
(mi(a) — mi(b))(wi(a) = @i(b)) > (&i(a) — &(b))*.

Thanks to lemma 4.2.4, one has :

Bn+1 > 5tqn+1

v

> 2(p1 (w7 ),) — @1 (ugih))

ox

ot <7T1(USJ{1) — mo(ug ')

and then (4.48) yields :

n+1 (oom+l 2
>N oten (52( i1y — 51(%—1/2))

>0,

. ox
Jejint

61( n+1) él(un—il—/l2) 2
ox/2

n+1 un—i—l 2
5t(52/2) <52( ()Sx/jz( 1/2 )) '
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4.2 A finite volume scheme

This particularly insures that : Vn € [0,M — 1],

Gt ) — &t N\
o>} 5t5w< ( “1/2)696 (i1y2) (4.53)

jEJint

Using (4.50),(4.51) and (4.53) in (4.45), and summing on n € [0, M — 1] yields :

S letunine< X ([ miaa) (o4 [ attar).

i=1,2 i=1,2

O

Remark 4.2.1 Under the additional assumption : f; o 772-_1 is a Lipschitz function, one
can adapt the proof of proposition 3.1 in [EGHMO02] to get a weak BV estimate, which
seems to be mecessary to prove the convergence for unstructured meshes of the upstream
scheme to the entropy-weak solution to a hyperbolic equation (see [CGHY3] or chapter 5
in [EGHO00]). Nevertheless such an estimate will not be useful in the sequel, even to adapt
this work to non-uniform discretization of Q. Indeed, the parabolic regularization (due to
the fact that o; is increasing) will be enough to get the convergence to a weak solution,
and we will not need to let the numerical diffusion appear, so we can avoid this weak BV
estimate.

4.2.3 Compactness of a family of approximate solutions

Let (M,)pen, (Np)pen be two sequences of positive integers tending to +00. We denote
D,, the discretization of Q x (0,7") associated to M), and N,. The L*-estimate stated in
lemma 4.2.2 shows that there exists u € L>(Q x (0,7)), 0 < u < 1, such that, up to a
subsequence, up, — u in the L>(€2 x (0,7")) weak-* sense as p — +o00.

We just need to prove that up, — u almost everywhere in € x (0,T) to get the
convergence of (up,) toward u in L" (2 x (0,T)) for any 1 <7 < +o0c. This will come from
the Kolmogorov compactness criterion stated below and for example in [Bré83].

Theorem 4.2.6 (Kolmogorov compactness criterion) Let Q be an open bounded sub-
set of R¥, and let (un)nen be a bounded sequence of L?(R¥) such that :

lim | sup || up(- 4+ 6) — uy(- >:O,
i (supll - +8) = 1) o)

then there exists u € L*(Q) such that, up to a subsequence,
U, — u in L*(Q) as n — +oo.

To apply Kolmogorov criterion we need some estimates on the space and time translates
of fl (’LLD)

Lemma 4.2.7 (space and time translates estimate) For alln € R, fori=1,2, one
denotes Q; = {x € Q; / (x +1n) € Q;}, then the following estimate holds :

1€ (up) (- +m, ) = &(up) ()2, < 0,1) < &i(up),p,ilnl(|In] + 26z). (4.54)
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One denotes w; p the function defined almost everywhere by :

Ci(up)(z,t) in Q; x (0,7),
wivp(x’t):{ 0 in R2\(Q; x (0,T)).

There exists C1 depending only on q,m;, ¢;, T and Cs only depending on such that :
(],7Ti,¢i,T, ®i

vn € R, ||wi7D(' + 1, ) - w@D('v ')||L2(R2) < Cin, (455)
vr € (0,7), wip (- +7) —wip(s )2 x01-r)) < Car. (4.56)

The previous lemma is in fact a compilation of lemmata 4.2, 4.3 and 4.6 of [EGHOO]
adapted to our framework. The estimates (4.55) and (4.56) allows us to use the Kolmogorov
compactness criterion on the sequence (w;p,)pen, and thus, there exists w; € L2(; x
(0,7)) such that for almost every (z,t) € (€; x (0,7)), &(up,)(x,t) — w;(x,t), and
then thanks to the L*-estimate 0 < up,(x,t) < 1, one can claim that &;(up,) — w; in
L™(9; x(0,T)), for all r € [1, +o0[. Letting p tend to +o0o in (4.54) insures that w; belongs
to L2(0,T; H ().

In order to identify w; and & (u), we use the following lemma, called Minty trick.
Since ;- ! is a continuous function, this lemma could be replaced by a pointwise argument.
Nevertheless, we can not refrain to use this beautiful trick, based on the monotony (in a
large sense) of &;.

Lemma 4.2.8 (Minty trick) Let O be an open subset of RF, k > 1, let (up)nen be a
bounded sequence of L>(QO). Let u € L*°(O) such that u, tends to u in the L>*°(O) weak-x
sense. Let b : R — R be a continuous non-decreasing function, such that 1(uy,) tends to
f in LY(O), then :

Y(u) = f.
This allows us to say that &(u) € L2(0,T; H'(Q;)), and since ¢; o & ' is a Lipschitz
function, there exists C' depending only on 7', (|q|[1 (0,1, 7i, @i such that :

loi(Wll 207,01 00)) < C (4.57)

and that &(up,) — &(u), up to a subsequence, in L"(€; x (0,T)) as p — +oo for any
r € [1,4o00[. Since §;, i = 1,2, is an increasing function, one can claim that up, converges
a.e. in Q x (0,7") toward u, and then :

up, — U in the L*>°(Q x (0,T))-weak- x sense, (4.58)
up, — U in L"(9; x (0,7)), Vr € [1,400]. (4.59)

4.2.4 Convergence of the scheme

Let (M,)pen, (Np)pen be two sequences of positive integers tending to +oo, and (D)) pen
the associated sequence of discretizations of £ x (0,77). As seen in (4.58) and (4.59) , one
can already claim the convergence of the sequence (up,)pen toward a function u, with
0<wu<1,and p;(u) € L?(0,T; H*(Q;)), i = 1,2 (and even &;(u) € L?(0,T; H(Q;))). We
now aim to verify that u is a weak solution to the problem (P) in the sense of definition 4.1.
We need the convergence of the traces of up, toward the traces of u :
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4.2 A finite volume scheme

Lemma 4.2.9 (convergence of the traces) Leti = 1,2, and let a € 99Q;. One denotes
Ua,p, the trace of (up,)jq, on {x = a}. Then, one has : for all r € [1, 00|,

Ua,p, (t) = |, (o, t) in L"(0,T) as p — +oo.

Proof

Let h >0, h ¢ Q, and B; o5 = {z € Q; / |vr — a| < h}. One supposes in the sequel of
the proof that a = inf ; (the proof can easily be adapted in the other case). Since &;(u)
belongs to L?(0,T; H (%)), & (u)(-,t) is continuous for a.e. t € (0,T), and then,

T

] 1 a-+h
i[5 [ @) — . pldsd =0 (4.60)

Moreover, since & (up,) converges toward & (u) in L' (Q; x (0,T)), one has :
T 1 a+h
lim / 1 / 1€ (up, )@, ) — &(u)(x, £)|dzdt = 0. (4.61)
p—+o0 0 h «@ P

Let p € N, there exists (jo,j1) € [-N,N — 1]? and n € [0,M — 1] such that

= 1 1
Ue, Dy (t) = U?O—:l/ga up, (Oé + h, t) = uyl—:l/g'

Then for a.e. x €]a, o + h[, there exists jo € [jo,j1] such that &(up,)(z,t) = {i(u?;_llp),
and so :

T M-1 Jj2
[ ttum ) = o, (0l < 3 8 D0 (6 g) 6057 )
n=0  j=jo+1

[NIE

; n n 2 % _ ;
< Mz_:lét i <§i(ujill/2) ;;"(ujjllﬂ)) MZ:I& i oz |
n=0 n=0

= J=jo+1 =0 j=jo+l

and so
T
/0 (€4(um, ) (1) — E(Tiap, ()]t < |€:(up, |10/ T T + 02).

This estimate is uniform w.r.t. z, and then, using lemma 4.2.5, there exists C depending
neither on p, nor on A such that

T 1 a+h
L3 [ )0 ~ @, ) dode < VTS (1.62)
For all h €]0,1[\Q, for all p € N,
T T 1 a+h
/0 |£Z(u)(a’t) B gi(UmDp (t))|dt < 0 E/ |£2(u)(a’t) - éz(u($vt))|dxdt
T o a+h

/ & (u(w, b)) — &(up, (,1))|dxdt

aoc-‘,—h
/ i (up, (2,t)) — & (Ua,p, (t))|dzdt.

S = S

“,
Or
)
0
8
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Using the estimates (4.61) and (4.62), one get : for all h €]0, 1[\Q,

T T a+h
Jim [l - & @la < [ 4 [ (et - lua)lded + OV,
¢ (4.63)
The right hand side member of (4.63) tends to 0 thanks to (4.60) as h tends to 0. Thus
for a.e. t € (0,T), limy, &(Ua,p, (t)) = &i(u)(a,t), and since §; is a continuous increasing
function, one get :
for a.e. t € (O,T),pgﬂl_looﬂapp (t) = u(a, t),

and the uniform bound 0 < %,p, < 1 gives directly the convergence in L"(0,T), r €
[1,4o00]. This achieves the proof of lemma 4.2.9. O

In order to simplify the proof of convergence of the scheme toward a weak solution, we
will use a density result in the same spirit than those stated in [Dro02].

Lemma 4.2.10 Let a,b € R, a < b, then : {1 € C([a,b])/¢" € C°(Ja,b])} is dense in
Whd(a,b), q € [1,+o0.

This lemma particularly allows us, thanks to a straightforward generalisation, to restrict
the set of test function for the weak formulation (4.13) to {¢p € D(Q x [0,T[)/ 0¥ €
D((Ui=1,28%) x [0,T)}.

Proof

Let ¢ € C°([a,b]), let n be a large enough integer, let x,, € C°(]a, b[), with 0 < x,, < 1,
and xn(z) =1 for € [a+ 1/n,b —1/n]. One defines :

n(2) = la) + / " (O xnt)dt. (4.64)

Y, clearly converges in L9(a,b) toward 9. Let z €]a,b], and let n be large enough to
insure that « € [a + 1/n,b — 1/n]. An integration by parts in (4.64) yields

a+1/n
n(z) = (x) + ¥(a) - / BN, (t)dt.

Thus, for all z €]a, b,

Moreover,
b
()] < [6(a)] + / (8 dt,

thus we can apply the dominated convergence theorem to claim that 1), tends to v in
Whd(a,b), q € [1,+00[. The density of C°([a,b]) in W4(a,b) concludes the proof. [

Proposition 4.2.11 (convergence to a weak solution) Let u be obtained as limit of
the sequence of discrete solution as in section 4.2.3. Then u is a weak solution to the
problem (P) in the sense of definition 4.1. This particularly insures the existence of a
weak solution.
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Proof
One already has the wanted regularity on the limit u to fulfil the points 1 and 2 of
definition 4.1. So we can concentrate on the points 3 and 4 of the definition.

Let us first verify the third point, i.e. that for a.e. t € (0,7T), 7;(ui(t)) N 72 (uz(t)) # 0.
Let up be a discrete solution obtained via the scheme (4.23)-(4.27). For ¢ = 1,2, one
denotes 7; p the function defined for a.e. ¢t in (0,7") by vip(t) = ugjl if t € (t",t"h), so
that, thanks to (4.21), for a.e. t € (0,7,

T (y1,p(t)) NT2(y2,p(t)) # 0. (4.65)

Let (Dp)pen be a sequence of discretizations of €2 x (0,7), Let ¢ chosen such that (4.65)
holds for any p € N (in fact, any ¢ > 0 works). Thanks to lemma 4.2.1, one can claim that
0 <1;,p,(t) <1, and thus there exists ;(¢) € [0, 1] such that, up to a subsequence,

S i, (8) = %i(t).

Since {(a,b) €

[0,1]? / 71(a) N 7a(b) # 0} is closed in [0,1]%, one has, thanks to (4.65) :
for a.e. t € (0,7)

9

T (t) N 72(12(t)) # 0. (4.66)

We now need to verify that the sequence (7;p,)pen tends to u; a.e. on (0,7"). Thanks to
(4.52), one can claim that for all ¢ > 0,

JmJuip, () = 7ip, ()] = 0, (4.67)

where u; p, is the trace of up, from ; on {x = 0}. Using the lemma 4.2.9 yields :
for a.e. t € (0,T), ~i(t) = u;(t),
and thus (4.66) becomes :
for a.e. t € (0,7), m1(ui(t)) N ma(ua(t)) # 0. (4.68)

Thanks to lemma 4.2.10, it suffices to show that the weak formulation (4_.13) holds
for any ¢ in D(Q2 x [0,T]) with 0,¢ € D((Ui=1,2€%) x [0,T[). Let v» € D(Q x [0,T7])
with 0,9 € D((Uj=1,28%) x [0,T]), for j € [Ny, N, — 1], n € [0,M,, — 1], one denotes

;L+1/2 = w(xj+1/2, t™). Assume that p is large enough to insure :

PVlsg = Vlg0 =0y 5 = YY) = Uy = g, vn € [0,M;, — 1], (4.69)

(e =y =" =(—=1,t"),
el -1, { Tt S S (.10
N-1/2 — YN-3/2 = YN-5/2 = b
One has also u
T,Z)j+p1/2 =0, Vj e [-Np,Np —1]. (4.71)

For j € [-Np, N, — 1], n € [0,M,, — 1], let us multiply equation (4.15) by 7120, and
sum on j € [-N,, N, — 1], n € [0,M,, — 1], we get :

Mp,—1 Np—1 My—1  Np-1

+1 +1 +1 _
Yo D> iy W et Y St Y (FRE - E =0,
n=0 j=—N, n=0 j=—Np

91



FINITE VOLUME SCHEME

which can be rewritten thanks to (4.71) :

My—1 N,—1 Np—1
1 n _
E: E: ¢2“j+1/2(¢j+1/2 ¢]+1/2 E: piu ]+1/2¢]+1/2
n=0 j=—Np Jj=—Np
M,—1 Np—1

+Zf5t Z FHH(% 12 = Vit2)

n=0 j=—Np+1

Mp—1 Mp—1
= SN N e Y SEFRTR ) =0, (4.72)
n=0 n=0

Thanks to (4.69), for all n € [0, M, —1], Fgt (" 1/2—¥7)2) = 0, and then, using also (4.70)

Mp—1 Np—1 Np—1
+1 +1
Z Z Piu n+1/2 n+1/2_ 17200 + Z it J+1/21/}J+1/2
n=0 j=—Np J=—Np
M,—1
+ Z 0t D FP T Wy = 071 0)
_ jeJ*
M,—1 My—1
+ Z SEE T ™ Ny g — Z SEEN TRy =0, (4.73)
n=0 n=0

where J* = [-N+2,2] U [2,N —2].
Taking into account the definitions of the an+1 given by (4.16), (4.17) and (4.18) in (4.73),
one has :

A’Dp + Bpp + C’Dp + Dpp + E’Dp =0, (4.74)

where
Mp—1 Np—1

n+1 n+1 n
Z Z i gil/z j+1/2 — U711 2)0,

n=0 j=—N,

Np—1

Z ¢i“2+1/2¢]0'+1/2v

j=—Np

M,—1

Z ot anHfZ Ui 1/2)(¢]+1/2 Vi 1/2)s

= jeJ*

M,—1

@i ) — @i
+1/2
Z oty ¥ 5

= jeJ*

( ]+1/2)

(V10 = ¥i_1)2)s

and
M,—1 M,—1

= Z (5tg"+11/JﬁN+1/2 Z 5tqn+1f2 UN 1/2)wN 1/2-
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4.2 A finite volume scheme

Let g, : 2% (0,7) — R defined on |z, x; + 1[x]t", "] by g,(z,t) = (w;.‘:ll/z —¥i1/0)/0t,

then
T
Ap, = / >
0

/(Zﬁiupp(x,t)gp(a:,t)dxdt.
i=1,27 %

g, converges toward 91 in LY(Q x (0,T)) as p tends to 400, and thanks to (4.58), one

has
T
Jim Ap, = [ 3

i=1,2

/ bsu(, 0w, ) dadt. (4.75)
Q;

One denotes ¥p, (z,t) = T if €)wy, w1 [x[t7, t" ] Tt is easy to check, using (4.14),

that up,(-,0) converges in L' (Q) toward wg, and Yp,(+,0) converges uniformly toward
(-, 0), thus we get

lim Bp, = Y / 65110 ()0 (w, 0)dz. (4.76)
p—T0 i Q.

i=1,2 4
Thanks to (4.70), denoting gp, (t) = ¢"** and gp, (t) = ¢" "' if t €]t",t" + 1], Ep, can be
written :

T T
0 0

The theorem of continuity in mean insures that gp, (resp. gp,) tends to ¢ (resp. g) in
L'(0,T). Thanks to lemma 4.2.9 and to the continuity of fa, t — fo(up,)(1,t) converges
a.e. on (0,7") toward fa(u)(1,t), and is bounded in L>°(0,T), thus, since ¢p, converges
uniformly toward 1,

T T
lim EDP:/O g(t)w(—l,t)dt—/o q(t) f2(u) (1, ) (1, t)dt. (4.77)

p—-+o00

Let b, be the function defined almost everywhere on R x (0,7) by :

¢?+1/2 B w?—1/2
hp(gj> t) = ox
0 elsewhere |,

if (‘Tat) E]xj—l/Qaxj+l/2[><[tn7tn+1[7 JE J*

so that Cp, can be written :

C’Dp:/OTZ

/Q 4, (1) fi(up, ) @, )z + S, )dadr. (4.78)
i=1,27%

b, converges a.e. on €2 x (0,T) to 9,%, and is uniformly bounded. The same way, f;(up,)
converges a.e. on {2 x (0,7) to f;(u) thanks to (4.59) and the continuity of f;, and is
uniformly bounded thanks to lemma 4.2.2. Since ¢p, converges to ¢ in LY(0,T), one has :

T
Jim o, = [ 3

i=1,2

/Q 1) fi(w) )0 ). (4.79)
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Remark 4.2.2 We strongly use in this proof the fact that the spatial discretization of €
18 uniform. Indeed, in the case of a non-uniform mesh, an additional term would appear
in (4.78). In the case of a purely hyperbolic equation, an additional estimate called weak
BV about which we already discussed in remark 4.2.1 allows us to claim that this additional
term converges to 0. Nevertheless, this can be avoided for the problem (P) because of the
parabolic term.

Let us now turn to the term Dp,. Thanks to (4.69) and (4.70), one can rewrite it
My—1 n

Y ap = 207 o + T

n+1 J+3/2 j+1/2 j—1/2

Dp, = Z ot Z ‘pi(uj:l/z) or '
n=0 jeEJ*

We introduce the function m, defined almost everywhere on R x (0,T") by :
Viva — 2V TV :
my(a,t) = { s I i () g g <[ e

0 elsewhere,

so that we can rewrite

DDPZ/OTZ

/ @i(up, ) (x, t)my(z,t)dxdt.
i=1,27 %

One uses once again the regularity of 1) and the convergence results (4.59) to conclude

that :
T
lim Dp =
p=too PP /o -21:2
i=1,

/Q. wi(u)(x, t)0p (2, t)dadt.

Since ;(u) belongs to L%(0,T; H'(€);)), one can integrate by parts, and using

8x¢(17t) = 5:(:1/1(—17'5) = 5x1/1(0=t) =0,

one gets
T
lim Dp — —
i oo, == [ 3
Using (4.75),(4.76),(4.77),(4.79),(4.80) in (4.74) achieves the proof of proposition 4.2.11 OJ

/Q Dupi(u) 7, 1) (o, Pt (4.80)

4.3 Uniform bound on the fluxes

In this section, we show that, under some regularity assumptions on the data, there
exists a solution with bounded fluxes. This existence result is the consequence of some
new estimates on the discrete solution, and will be necessary to get the uniqueness result
of theorem 4.4.1.

Definition 4.4 (bounded-flux solution) A function u is said to be a bounded-fluzr so-
lution to the problem (P) if :

1. w is a weak solution to the problem (P) in the sense of definition 4.1,
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4.3 Uniform bound on the fluxes

2. 0ppi(u) belongs to L>=(§; x (0,T)).

In order to get an existence result, we need some more regularity on the data, as stated
below.

Assumptions 4.3 (additional regularity on the data) We assume that :
1. Oppi(ug) € L™(€), 0 <up <1,
2. 71(uo,1) N Ta(uo2) # 0, where ug; is the trace of ugjg, on {r = 0},
3. qe BV(0,T), q>g >0 (thus g € L>=(0,T)).

Theorem 4.3.1 (existence of a bounded-flux solution) Suppose that the data are
reqular, that is assumptions 4.3 are fulfilled. Let (My,)pen, (Np)pen two sequences of po-
sitive integers tending to +o0o. Let (up,)pen be the sequence of the associated discrete
solutions obtained via the finite volume scheme (4.23)-(4.27), and let u be an adherence
value of the sequence (up,)pen. Then u is a bounded flux solution to the problem (P) in
the sense of definition 4.4. This particularly insures the existence of such a bounded-flux
solution.

All the section 4.3 will be devoted to the proof of theorem 4.3.1. We only need to verify
the second point in definition 4.4, because we have already proven in proposition 4.2.11
that u is a weak solution. So the aim of this section is to get the uniform bound on the
fluxes. Such an estimate (in the case where ¢ = 0) can be found in [CGP], and is obtained
using a thin regular transition layer between €2y and €25, and a regularization of the initial
data ug. This technique was also used in [BDPvDO03] to get a strong BV estimate on the
fluxes in the case of a non-bounded domain €2, and for particular values of the data (which
are supposed to be more regular). In this paper, we only deal with the discrete solution,
which is in a way, a regularization of the solution.

One extends the definitions of the discrete fluxes (4.16)-(4.20) to the case n = —1, i.e.
in the time t = 0. For all j € [-N+1,N —1], j #0, |z, z; + 1[C €,

‘Pi(u?.;_l/z) - @i(u?_l/z)

F) =" fi(u)_ )p) — 5 (4.81)

where ¢ = ¢! = (;St q(t)dt. One also denotes ¢° = ¢g' = 0& g(t)dt.
Py = ¢ (4.82)
Fy = ¢"fo(ul_1p), (4.83)
F(g] = qofl(u(i1/2) - 2(901(u8,1) ;E‘pl(uoqp))’ (4.84)
= ¢ fa(ug,) — 2ty 2)5; 902(”8’2)). (4.85)

We also discretize the condition on the connection of the traces :
1 (ug 1) N o (ug 5) # 0. (4.86)

u871 and u872 are given by lemma 4.2.1, and so they are different of ug 1 and ug 2.
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Lemma 4.3.2 (uniform bound on the initial flux) There exists C > 0 depending

only on ug, v;, q such that

max ]FJO] <C.
j=—N,..N

Proof
Since ¢;(up) is a Lipschitz continuous function, and ; is continuous and increasing, ug|q,
is a continuous function, and there exists y;,1/9 €]z, z;41[ such that u?+1/2 = uo(Yjt1/2)-
The monotony of the transmission conditions 7T1(u0 )N 7T2(u0 ,) # 0 and 7T1(u0 1) N
7o (up 2) # (0 implies that either u071 > up,1 and u0,2 > up 2, Or uo,l < up, and u072 < up 2.

— Assume that u871 > up,1 and u872 > w2, then one deduce from (4.84) and (4.85)

that :
2(2(uo(y1/2)) — p2(uo(y—1/2))) o o 20p1(uoa) = p1(uo(y-1/2)))
x x

and so since ¢;(ug) is a Lipschitz continuous function,

[F9] < ¢° + 2max (19ai(uo) | 2 (c)) -
- If u871 > up,1 and u872 > up,2, similar computations lead to the same estimate :
[Fo| < ¢+ 2max ([9ai(uo) | 2 (c)) -

For all j € [-N+1,N — 1], j # 0, one has, from (4.81) :
1FD] < q° + 2/js (uo) || o< (o
One has also, from (4.82) and (4.83) :
[FN] < [F2y] = ¢
O

Proposition 4.3.3 (uniform bound on the discrete fluxes) There ezists C > 0 de-
pending only on wug, p;, q, g and T such that

max < max [F}' ]) <C.

j€[-N,N] \nefo,M]

Proof
For all j € Jiy, for all n € [0,M — 1],

n n n n n n (102( n+1 2) (pi(un—l 2)
F +1 ~F} = ¢ +1fi(ujj-11/2) —q fi(uj—1/2) + < ! ox =

(90@( 311/2) ‘:Di(u?+1/2)>

ox

= an <f2(u?+11/2) - fi(u?_1/2)> + fi(u?_l/z) (qnﬂ - qn)
+ (901( i)~ "Di(”?—l/z)) <"DZ( uitiye) ‘pi(“?+1/2)) (4.87)
ox ox
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Thus, using (4.15) in (4.87) yields

(Ll N f(am

Fn"rl _ Fn . n+1 5t fl(uj_l/2) fl(uj_l/z) Fn+1 _ Fn+1

j N Y= B A
v j—1/2 j—1/2

ot (el ) — el )\
( (Fr =)

+ 2 1
2 Wil — UGy
OV o S
+ ot (’Dl(uj‘*‘l/z) 902(”?*'1/2) prtl . pntl
¢.5$2 un-l-l —un Jj+1 J
¢ j+1/2 j+1/2
+fi(u?_1/2) (qn+1 - qn) )
Notice that if u;‘fllﬂ = Ul (resp. u?jllm = u?+1/2)’ then 1*"]"_+11 = F;‘H (resp. an+1 =

Fj’fll), and so the corresponding terms in the left-hand side member are equal to 0. So,
since f; and ; are increasing functions, for all j € Jiy, for all n € [0, M — 1], there exist
a;i;-r_ll > (0 and a?,;'er > (0 such that

n+1 n+1 n+1 n+1 n+1 n+1 n+1 n n+1 n\+
<1+“j,j—1+“j,j+1> FP —af i FO — o FY S FP 4 (67 —q7) . (488)

Let n € [0,M — 1] and let 52! € [-N,N] such that F™1 = max; (F;“rl).

]max Jmax

— Suppose that j%t1 € Jiy, then (4.88) yields :

max

n n n n +
max (Fj +1> < max (F7') + (q g (4.89)

max

one gets for all n € [0,M — 1],
F(;H_l - F(;L = qn+1 <f1(uT_Hl—/12) - fl(u21/2)> + fl(uril/Q) (qn+1 - qn)

. <<,01 (ui—{/z;x—/;pl (Uzl/g) ) B <901 (ugjl(;x;;ol (’ng,l) ) (4.90)

~ Suppose now that j%tl =0, ie. Fytt > FJ’“’I, j € [-N,N]. Using (4.19) and (4.20),

¢ (Fo(ufE) = Falufn)) + Faluia) (a7 = ")
N <902(U3,J51) = @2(”8,2)) B (W(“?/Jrzl) - ‘P2(“?/2)> (401)

5%/2 (535/2
Using again (4.15) in (4.90) and (4.91), one gets :
i1 OF (fl(ur_L—ll—/lg) - fl(ur_Ll/g)

Fn+1 o FTL+1)
n+1 n ( -1 0
$10% —J1F/2 —U_q)9 )

n—+1 n o __
- R =

u u

o5t [ er1(@"TLy — i (u )
+ 512 < nl—{-2l p L2 (Ffi"l _FSLH)
broz U_1/2 = U q)2
o1 () — o1 (uf ) : § )
- ( 5x/2 + f1(u”y0) (6" —q") . (4.92)
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R = ¢ (Rgsh) - Blug) + fa(us) (¢ = ")
26t 902(“5721) —p2(ui)p) ntl el
a2 P R (B = )
2 Uyjg — Uy
pa(ugs') — palufs)
: : . 4.
4 ( s (4.93)

Thanks to the monotony of the conditions (4.21) and (4.86), one has either

n+1 n n+1 n
Ugp = Ugy OF Upy < Ugso.

Assume that ugjl > ug 1, since fi and ¢ are increasing, we deduce from (4.92) that
there exists agtll > (0 such that :

(1+agth) Bt = ag P < B Aty )@ - ), (4.94)

Assume now that ug;rl < ufy o, since fa and 9 are increasing, we deduce from (4.93)
that there exists a{)”{l > 0 such that :

(1+apt!) Byt — e R < B+ P(uga)(@ T — ™). (4.95)

Since Ft! > an+l7 j € [-N,N] and 0 < fi(ur_Ll/z) < 1, one deduces from (4.94)
and (4.95) that :

n+1 __ n+1 n n+l  n +
Fom = jer[[ri?\l)fN]] <FJ ) = jel[[li?\l),(N}] (F’ ) + (q 9 ) ' (4.96)

— Suppose now that j7fl = — N, ie. F’_“A}l > Fj"H, j € [-N,N]. From (4.17) and

]max
assumption 4.3, one has :

Frit=g"tt < 91l zoe (0,7) (4.97)

— Suppose now that j7tl = N, ie. F]’\}H > FJ’-“'I, j € [-N,N]. From (4.18), one has :

max

ij\L/—Irl — Ity = qn—H (f(ux,"r_ll/z) - f(unN_1/2)> + f(u%_1/2) (qn+1 - qn)
e (f(u?vtﬁﬁ) - f<u7v_1/2>) ()
P20z uyji;r—llp —UN_1)2 N A
+ (" =g (4.98)

We can use the monotony of fs once again, and the same way than in the previous
cases, one can claim :

n+1 n n+l _  n\t
Fym < je?i?\l}fN}] (FF') + (¢ ") (4.99)

98



4.3 Uniform bound on the fluxes

The estimates (4.89), (4.96), (4.97), (4.99) insure that : Vn € [0,M — 1],

JEL-NAN] (17°1) < max (Hg le=or), max  (Ff) + (" — q”)*) . (4.100)
and thus
M-1
ngﬁ(?:)l\(/[]] <j€][([Ii&IL\T)7(N1] (FJn)> < max <HQHL°<> 0,T)> ]E[n?wXN] (F].0)> + Z (¢ - qn)‘f"

n=0
Since ¢ € BV (0,T), one has, thanks to lemma 5.2.5 stated below :

ngﬁ&}l\(/ﬂ] (jer[[rizll\l}fN]] (F]")> < max <||gHLoo(0 )5 I[[nzll\IXN]] (FJO)> +2(TV(q)). (4.101)

One can also prove, following the same sketch, and using g > 0, that :

i i F i FO —2(TV(q)). 4.102
ngﬁé,lll\/ll] <J€]@[m%\ITIN]]( )> JE?}ﬁNH( J) TVia) ( :

One achieves the proof of proposition 4.3.3 using lemma 4.3.2 in (4.101 ) and (4.102). O

M-1
Lemma 4.3.4 If ¢ € BV(0,T), for all M € N*, one has : Z |q"+1 — q"‘ <2TV(q).
n=0
Proof
Assume first that ¢ belongs to C1([0, T7]). Since ¢ is continuous, for all n € [0, M — 1], there
exists t"T1/2 €]t", "1 such that ¢" ! = ¢(t"+1/?) (recall that ¢° = ¢! = ¢(¢'/?)), and so

M-1 M-1
Z ‘qn-i-l _qn| _ Z ‘q(tn-i-l/Z) — (V)
n=0
tn+1/2
< dt
B Z /tn 1/2 ®
tn+1
< X [0 e
tn
and so
M-1
Yol —a"| < Nd o) = 2TV (9)- (4.103)
n=0
A density argument allows us to extend estimate (4.103) to all ¢ in BV (0T). O

Conclusion of proof of theorem 4.3.1

Let (Np)pen, (Mp)pen be two sequences of positive integers tending to +oo, and let
(up,)pen the sequences of associated discrete solutions. It has been seen in proposi-
tion 4.2.11 that (up, ), tends to a weak solution u in L"(€2 x (0,T)), for all € [1,+o0].
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Let i = 1,2, let (x,y) € Q;, let ¢t €]0,T]. For p large enough,there exists jo, j1 € Jint such
that 2, <z < xjy41 and z;, <y < xj,4+1, and there exists n such that ¢ €)™, t"+1].

[pilup,)(@,t) = ilum, ) D] = [walulh ) = @it )
Jo
1 1
= | D eiluffipn) - eilu)t)
Jj=j1+1
Jo
1 1
< Y ety - et
Jj=j1+1

Using the definition of the discrete flux (4.16) :
Jo
[ium, ), 0) — gilup ) < 3 e |EP gt gt ).
J=j1+1

q is assumed to belong to BV (0,T), thus ¢ € L*°(0,T), and one deduce from proposi-
tion 4.3.3 that there exists C' > 0, depending only on ug, ¢;, ¢, g, T such that :

Jo
|0i(up, ) (@,t) — @i(up,)(y, )| < Y 02C < C(|lx —y| + 20m).
Jj=j1+1
Letting p tends toward +o0, i.e. dx and §t toward 0 gives
pi(u)(2,t) — i(u)(y, )] < Clz —yl. (4.104)

So we deduce from (4.104) that 0,¢;(u) € L (€2; x (0,7)). O

4.4 Uniqueness of the bounded-flux solution

In this part, we will state a result which is an generalization in the case where there is
a non-zero flux of the one stated in [CGP]. As in [CGP], we will use the monotony of the
transmission conditions and the uniform bound on the fluxes obtained in section 4.3.

Theorem 4.4.1 (L'-contraction principle) If u,v are bounded-fluz solutions in the
sense of definition 4.4 associated to the initial data ug, vo, then for all p € [1,4+o0[, u and
v belong to C([0,T]; LP(S2)), and the following L*-contraction principle holds : ¥t € [0,T],

/ bs(u(m, 1) — v(@, 1)) dz < / 65(uo() — vo () Eda.
Q; Q;

This particularly implies the uniqueness of the bounded flux solution to the problem (P)
for a given initial data ug.
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Proof
Let u be a weak solution with bounded flux, then for all ¢ € D(Q x [0,T7])),

T
/0 Z /Qz diu(z,t)0pp(x, t)dxdt + Z /Ql st ()0 (z, 0)dz

i=1,2 i=1,2

T
* /0 D /Q [a(8) fi(w) (@, £) = Dupi(u) (. )] Do (i, ) dudt

i=1,2
T T
" /0 g(ENb(~1,t)dt - /0 a(t) fou) (1, £)dt = 0.

Some classical computations (see e.g. [AL83, Ott96b, Car99] and many others...) shows
that, if v and v are two weak solution respectively for initial data ug and vy, one has the
following inequalities : for any & € DT (Q x [0, T[x[0,T[)) such that {(x = 0,t,s) = 0,
T T
/ / Z / oi(u(z,t) — v(z, )T (0 (w,t, 5) + Os&(w, t, 8))dadtds
0o Jo Q

i=1,2

T
(uo(z) — v(x,$))TE(x,0, s)dxds
+/0 igz/ﬂi‘bl( o(z) — v, )" &(2,0,5)dwd
T
(u(x. t) — vo(x))Té(x -
+/0 Z,:zl;Z/Qi‘f’l( (2,1) = vo(@)) "€ (1, 0)durdt

T T AO(Filw) . t) — (o), 5))*
o ;/Q o)~ oy | ety
T T
+/0 /0 z’:zl,:2

T T
—/0 /0 Sg"(u(1,t) —v(L,5)) [q(t) f2(u)(1,1) — q(s) f2(v)(1, 5)] €(1, £, s)dtds

/Q_ Sg*(u(@,t) —v(@, ) fi(v)(2, 5)(q(t) — q(s))0x8 (@, t, s)dadtds

T T
+/ / Sgt(u(—1,t) —v(—1,35))(g(t) — g(s))é(—1,t,s)dtds > 0. (4.105)
o Jo

Let p € CP(R,RT) with supp(p) C [-1,1] and [, p(t)dt = 1. One denotes py,(t) =
mp(mt). Let ¢ € DT ([—1,1] x [0, T[) with ¥(0,-) = 0. For m large enough, &(z,t,s) =
(x, t) pm (t — s) belongs to DT ([—1,1] x [0,T[x[0,T]), and we can take it as test function
in (4.105), them it leads to

Am +Bn+Cp+ Dy >0 (4.106)
with :

Am:/OT/OTZ

/Q. oi(u(z,t) —v(x,s)) O (x, t) pp(t — s)dxdtds,

i=1,2
T
- 'UZII—st'i'gj m\—S)aras
B = [ 5 tte) o) ot -shin
T
8 [ atet) - o) vle pn (st
i=1,27 %
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/ / b 12/ [ qgj(( ZZ )) ((3)((3;783)); ]@’lﬁ(%t)/)m(t—s)dxdtds
e 12/ R artmerist e L
/ /)[ )) @ﬁ(?usﬂ]wﬂimm@—sMMS
/0 /0 SgT (u(=1,1) = v(=1,5))(g(t) — 9(s))(=1, ) pm (t — 5)dtds.
One will now let tend m to +o00. The theorem of continuity in mean gives
i Am = / / gi(u(x,t) —v(z, ) Opp(x, t)dud, (4.107)

i=1,2

. qt) (u)(@,t) — fi(v)(z, )"
lim C, = / > / [ 1) — o) @ D)+ Opt)(x, t)dxdt,  (4.108)

mTee i=1,2 On(pi(u)
T
i Do == [ a0l t) ~ o)1) w010 <0 (4109
0

In order to let m tend to +o0 in B,,, we need to quote a result of time continuity
available in [CG] : let u be a weak solution for initial data ug, then :

3u e C([0,T], L*(Q)) s.t. u(-,t) = a(-,t) ae. for a.e. t €[0,T]. (4.110)
In the sequel, we suppose that u belong to C([0,T]; L*(Q)). This particularly implies

lim B, = 0. (4.111)

m——+00

Using (4.107), (4.108), (4.109), (4.111) in (4.106) leads to : for all ¢» € D*([—1,1] x [0,T)
with ¢(0,-) =0,

/ bs(u(,t) — v(@, 1)) Oy, L) dadt

i=1,27 %%

) (il u — fiv)(z, £))"
/Z/[ — 0, (i (u) — pi(v)(z, 1)t Optp(z, t)dadt > 0. (4.112)

i=1,2

We now want to show that inequality (4.112) is still true if ¢(0,¢) # 0, and particularly
for ¢ (x,t) = 6(t), with § € D*([0,T).

102



4.4 Uniqueness of the bounded-flux solution

For all ¢ > 0, one defines 9.(z) = max(l — %,1). Let # € D*([0,T]), one takes
(x,t) — P(x,t) = 0(t)(x) as test function in (4.112), so that we get :

[ps

i=1,2

/Q. bi(u(z,t) —v(z, 1)) 00()(1 — b ())dadt

T Z /Q bi(ug(x) — vo(x)) T (1 — 12)(2)0(0)dx

i=1,2
T
— () (x,t) — fi(v)(x, )T 0p)e (z)da
/0 e<t>i§2/mq<t><fz< )(5,1) — Fi(0) (2, 1))+ Oyt (w)dardt
g +
+ /0 e(t)i;; /Q () 1) — (1), 1) Ot (@)t 2 0. (4113)

One denotes :
Eusy ={t €(0,T) / uy > vy or ug > va},

where u; denotes the trace seen from €; of u on {x = 0}. One also denotes
Eu<, ={t€(0,T7) / ug <wvy and ug < vg} = Ey,-,.
For almost every t in E,<,, one has
> [ oulta)(at) = o)) Drtew)de < 0,
i=1,27 %
thus for all 8 € DT([0,T),
[ 003 | autewiant) o)) 0se(a)ds <0,
ugv i=1,27 %

The same way, for almost every ¢ in Ey<,, x — (fi(u)(z,t) — fi(v)(z,t))T is a continuous
function with a zero trace on {x = 0}, and so

lim 0(t)q(t) Z /Q(fz(u)(a:,t) — fi(v) (2, 1)) T Optpe (x)dadt = 0.

e—0 Eugv 22172

and then

- a(t) (i () (,) — fi(w) (2, 6)) o
! aﬁop/Em o) :Z/Q [ 04 (i) (. 1) — i) (, 1)) ]a”f( Jdwdi <0 (4.114)

We let € tend to 0 in (4.113), and using (4.114), one gets :
[
0 =12

—limin q(t)(fi(u)(z,t) — fi(v)(z,t))*" e
1 e~of/Eu>v o ;:2 /Q [ —~0u(pi(u) (w,1) = i(v) (1)) ] Outpele)dudt 2(8115)

/Ql- di(u(z,t) —v(z,t)T00(t)dzdt + Z /QZ ¢i(ug(z) — vo(x))T0(0)dx

i=1,2

Now, we give a straightforward generalization of a lemma stated in [CGP], which is the
heart of the proof of uniqueness.
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Lemma 4.4.2 Let u,v be two bounded flux solutions for initial data wg,vy. For all 6§ €
D*([0,T]), one has :

lim inf oDy / { “ “”” 8 = i), )" }waa(x)dxdt >0,

e—0 Eu>'u i=1 2 u t) - ()07/ U)(x7 t))

Proof of lemma 4.4.2 Subtracting the weak formulation obtained for v to the one obtained
for u leads to : for all ¥ € D([0,T7),

: u w ) = fi(v)(z,t)) _
g% 121:2 / [ (W) t) — o0 (@) ]axwa(a:)da:dt =0 (4.116)

Since u and v are bounded flux solution, for ¢ = 1,2,

(1) = q(t)(fi(u) (@, 1) = fi(v) (2, 1)) = Ou(pi(u)(x, 1) — pi(v)) € L7 (s x (0,T)),

and then for all £ > 0, one has :

[ u ,t) = f(v)(z,1))
t

(u)(@,t) — pi(v)(z,1)) ] Ot () dudt

< Cl19 1 (o,1)-

212

A density argument allows us to say that (4.116) still holds for any ¢ € L'(0,T), and
particularly for ¥(t) = 0(t)1lg,.,(t). Thus there exists a quantity A(e) tending to 0 as €
tends to 0 such that : for all € > 0, for all 8 € D(]0,T7),

/Eme > / [ u (, i)):fi(v)(l?,t))) ](‘)xzpa(a:)da;dt =A(e)  (4.117)

i=1.2 u 2 ’U)(.’L’, t)
Spitting the positive and negative parts in (4.117) leads to : for all € > 0, 6 € D([0,T]),
a(t)(fi(w)(z,t) — fi(v)(z,1))* }
0(t) / [ w dxdt
.. 02 Jo, | “o0uatu)(ot) — o).yt | 2@
)(fi(w)(@,t) — fi(v)(z,1))” }
= _ | Oyt (z)dxdt + A(e)(4.118
f o le/ e i ot (E)A118)
Here, we will strongly use the monotony of the transmission condition 71 (u1) Mo (ug) # 0,
which implies that, up to a negligible set,

Eysy C By ={t € (0,T) / u; > vy and ug > va}.

So we can make the same computation than those made to get (4.114) to claim that, for
all @ € D*([0,T]), the right-hand side member in (4.118) has a non negative lim ionf. This
e—

achieves the proof of lemma 4.4.2. O
We have proven that : for all § € D+ ([0, T7),

/ Z/ di(u(z,t) —v(x, )T 0,0(t)dxdt < Z/ di(uo(x) — vo(x))T0(0)dx, (4.119)

i=1,2 1=1,2
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but we can exactly the prove that

>
(U

/Q (e, 1) o, 1) BBt < Y /Q iluo(a) o (w)0)dr. (4120)

i=1,2

So one gets the uniqueness the bounded flux solution to the problem (P) for any given
initial data ug chosen such that such a bounded flux solution exists.

One recalls that u is supposed to belong to C([0,T]; L*(€2)), thanks to (4.110). This
allows us to use inequality (4.119) for any 6§ € BV (0,T), and particularly for

lifs<t
a0 ={ g0

We get the following L!-contraction principle : for all t € [0, 7],
/ b5, 1) — v(w, 1)) Hda < / 65(u0(x) — vo(x))Fda, (4.121)
Qi Qi

and of course the same with (-)~ instead of (). O

4.5 The SOLA approach

We aim in this section to extend the existence-uniqueness result obtained in theo-
rems 4.3.1 and 4.4.1 to a larger class of data, i.e. in the case where assumptions 4.3 do not
hold. We are unfortunately not able to prove the uniqueness of the weak solution to the
problem (P) in such a case, but we are able to prove the existence and the uniqueness of
the solution obtained as limit of approximation by bounded flux solution. Moreover, this
limit is the weak solution obtained via the scheme (4.23)-(4.27).

Definition 4.5 (SOLA to the problem (P)) A function u is said to be a SOLA to the
problem (P) if it fulfils :

~ u 18 a weak solution to the problem (P),

— there exists a sequence (up)nen of bounded flux solutions such that

up, — u in C([0,T]; L"(2)),r € [1,400[, as n — +o0.

Theorem 4.5.1 (Existence and uniqueness of the SOLA) Let uyp € L>®(Q2), 0 <
ug < 1, let ¢ € BV(0,T), g € L*(0,T), ¢ > g > 0, there exists a unique SOLA u to
the problem (P) in the sense of definition 4.5.

Furthermore, if (Mp)pen, (Np)pen are to sequences of positive integers tending to +0o,

and if (up,)pen 145 the corresponding sequence of discrete solutions, then up, — u in
L™ (2 x (0,7)), r € [1,400].

Proof
Let ug € L>®(Q2) and ¢ € BV(0,T), g € L*=(0,T), ¢ > g > 0, and let (ug,)yen fulfilling
assumptions 4.3 such that :

Huo — ’l,LO’V”Ll(Q) — 0 (V — +OO). (4.122)
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Such a approximation of ug exists, one can take e.g. up, € C°(]—1,0[U]0,1[). Then (ug )
is a Cauchy sequence, and thanks to theorem 4.4.1, for all ¢ € [0, T, for all (v, u) € N?

3 /Q.<;5i|u,,(:1:,t) —upat)ldr < /Q.gbi|u07l,(:17) — g () |de.

i=1,2 i=1,2

Thus (u, ), is a Cauchy sequence in C([0, T]; L' (€2)) and so it converges toward a function u
in C([0,T7; L' (£2)). Since (uy), is bounded in L°°(Q), one has u,—wu in C([0,T]; L" (-1, 1)),
r € [1,4o0].
We now have to check that u is a weak solution to the problem (P). Since u, — u a.e.
in Qx (0,7) as v — 400, then fi(u,) — fi(u) a.e. on ; x (0,7"), with 0 < fi(u,) < 1,
thus
qfi(u,) — qfi(u) in L' (Q; x (0,T)) as n — +oo.

It is easy to check, using to the L*°-bound of u,, that ¢;(u,) tends toward ¢;(u) in
L"(Q; x (0,T)), for all r € [1,400[. Thanks to (4.57), the sequence (p;(u,)), is bounded
in L2(0,T; HY(Q;)), and thus ¢;(u,) — ¢i(u) weakly in L*(0,T; H' (%)), and ¢;(u,)
converges in L?(0,T; H*(Q;)), for all s €]0, 1], still toward ¢;(u). Particularly, u,,;(¢) tends
toward w;(t). Since the set {(a,b) € [0,1]? | 71 (a) N 7a(b) # 0} is closed, we can claim that

7~T1(’LL1(t)) N 7~T2(’LL2(t)) # @ for ae. te [O,T].

We can also pass to the limit in the weak formulation in order to conclude that u is a
weak solution to the problem (P), achieving this way the existence of a SOLA w.

Let now v be another SOLA, obtained through a sequence (vg,), of regular initial
data converging toward vg. Thanks to theorem 4.4.1, one has,

3 / b1l (,8) — vy, )|z < 3 / bltto.n () — von(x)|dz,
i=1,27 i=1,27
whose limit as v tends toward +oo gives the attempted L'-contraction principle :
Z / dilu(z,t) — v(z, t)|dx < Z / ¢iluo(x) — vo(x)|dx,

Qi Qi

i=1,2 i=1,2

and so the uniqueness of the SOLA.

Let (M,)pen, (Np)pen be two sequences of positive integers tending to +oo. Let p € N,
let up, the discrete solution corresponding to M,, Np, ug, ¢ and g, and let u, p, the
discrete solution corresponding to M,, N, up., ¢ and g. Using (4.40) yields

Z /Q dilup, (z,t) — uyp, (2, t)|de < Z /Q biluop, () — w0, (x)|dx. (4.123)

i=1,2 i=1,2

Thanks to proposition 4.2.11, one can claim that there exists two weak solution u,u,
associated to initial data ug,ug, such that : for a.e. t € (0,7'),

pEI-iI-loo HUDP(‘Tat) - u(x7t)HL1(Q) =0, pEI—Il—loo ”uV,Dp(‘Tat) - ul/(xat)”Ll(Q) = 0.
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One can also claim thanks to theorems 4.3.1 and 4.4.1 that u, is the unique bounded flux
solution associated to initial data ug,.
Letting p tend to +oo in (4.123) leads to : for a.e. t € (0,7),

Z /Q_tbi\u(w,t)—uu(w,t)\dw < Z /Q_qs,-\uo(x) — ug(2)|dz. (4.124)

i=1,2 i=1,2

It is now obvious using (4.122) in (4.124) that u, — u in C([0,T]; L*(2)), and thus in
C([0,T]; L"(2)) for all r € [1,4o00[. The limit u as p tends to +oo of the discrete solution
up, is thus the limit as v tends to +o00 of u,, and then u is a SOLA to the problem (7P)
in the sense of definition 4.5. This conclude the proof of theorem 4.5.1. O

4.6 Numerical Result

In order to illustrate this difficult model, we give here a simple numerical example,
which will be considered for several values of the parameters. All the computations have
been made with MATLAB, using an explicit finite volume scheme. The study convergence
for such a scheme follows the same steps than those presented in this paper, but always
under a convenient stability condition between the time and space steps, leading to heavy
notations.

¢1 = ¢o = 1, m(u) = 1+ fu, m(u) = 2+ 3u, po1(u) = pop(u) = u?, puy1(u) =
pw2(u) = (1 — u)?, so that

u3 u2 u
¢1(u) = p2(u) = i (— -——=—-=+ 1tan‘l(Qu — 1)) .

One choose ¢ = g =1, and ug = 0.

091
0.8
0.7

|
0.6
0.5F

04r

0.3

L L L L L L L L
-1 -08 -06 -04 -02 0.2 0.4 0.6 0.8 1

F1G. 4.1 - saturation u(z,0.6) Fia. 4.2 - flux F(z,0.6)

Since u1(0,0.6) < 1, the flow can not traverse the interface {x = 0}, as it clearly
appears on figures 4.1 and 4.2. One can see on figures 4.3 and 4.4 that the flow can pass
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through the interface, thanks to the fact that the saturation u;(0,0.8) = 1. Since ¢ does
not depend on time, the flux F fulfills a true maximum principle, due to inequalities
(4.101) and (4.102). This can be checked on figures 4.2 and 4.4, where F' takes all its
values between 0 and 1.

F1a. 4.3 — saturation u(x,0.8)
FIG. 4.4 — flux F(z,0.8)

4.7 Conclusion

We will now make a synthesis of the results stated in this paper, to conclude by a
theorem summarizing all the results.

We exposed in section 4.1 the physical model to represent the two-phase flow, and
we exhibit how to connect the capillary pressures through the interfaces between different
homogeneous porous media. This transmission conditions are monotonous, and this plays a
crucial role all along the paper. We also set a definition of weak solution to the problem (P).

We built in section 4.2 a finite volume scheme to approach solutions to the problem (P).
It has been proven in proposition 4.2.11 that the discrete solution obtained via this scheme
converges to a weak solution to the problem (P) for any ug € L*(Q), 0 < up < 1, and
for all ¢,g € L*(0,T), ¢ > g > 0. The proof of uniqueness of the discrete solution and the
L>(Q x (0,T)) estimate, which is necessary to get the existence of the discrete solution,
widely use the monotony of the transmission conditions.

It has been seen in section 4.3 that under regularity assumption on ¢,g and on wug
stated in assumptions 4.3 page 95, the numerical solution has bounded-discrete fluxes,
as stated in proposition 4.3.3, and thus it converges toward a weak solution fulfilling
Oppi(u) € L®(2; x (0,T)). Such a weak solution can also be obtained as in [CGP] via a
regularization of the graphs of capillary pressure and of the heterogeneity of the porous
media. Once again, the monotony of the transmission conditions will appear to prove
proposition 4.3.3, particularly to get the estimate (4.96) on the flux through the interface
{x =0}.

Such a solution is unique, as stated in section 4.4. We strongly use here the monotony
of the transmission conditions (4.9) and (4.10) through the interface {x = 0}, particularly
to prove the key-lemma 4.4.2.

The section 4.5 extends the results of uniqueness to a larger class of solutions than the
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bounded-flux solutions. For ug € L>®(), 0 < ug < 1, for all ¢ € BV(0,T), g € L*(0,T),
q > g > 0, there exists a unique solution obtained as limit of bounded flux solutions in the
sense of definition 4.5. We also proved that the discrete solution converges to this unique
SOLA as the discretization step tends to 0, and so, if wug is such that d,¢;(up) belongs
to L>°(£2;) and 7 (uo,1) N T2(up2) # 0, then the discrete solution converges to the unique
bounded flux solution.

We summarize the discussion above in the following theorem :

Theorem 4.7.1 (conclusion theorem) Let ug € L>=(2), 0 < ug < 1, let q,g € L*(0,T),
q > g > 0. For (M,N) € (N*)2, there erists a unique discrete solution given by the
scheme (4.23)-(4.27).

Let (M,)pen and (Np)pen two sequences of positive integers tending to +o0o as p tends
to +oo and let (up,)pen be the sequence of associated discrete solutions. One has the
following convergence results :

~ Suppose that ug € L>®(2), 0 < ug < 1, and that q,g € L' (0,T), ¢ > g > 0. Then

(up, )pen converges up to a subsequence to a weak solution to the problem (P) in the
sense of definition 4.1 in L™ (2 x (0,T)) for all r € [1,+00].
— Suppose moreover that assumptions 4.3 page 95 are fulfilled. Then the whole sequence
(up,)pen converges to the unique bounded fluz solution to the problem (P).

— Suppose that uy € L*(), 0 < uy < 1, and that ¢ € BV(0,T), g € L*(0,T),
q > g > 0. Then the whole sequence (up,)pen converges to the unique SOLA to the
problem (P).
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Chapitre 5

Hyperbolic limit for two-phase
flow in heterogeneous porous
media with discontinuous capillary
forces : convergence toward the
entropy solution

5.1 Presentation of the problem

The resolution of multi-phase flows in porous media are widely used in oil engineering
to predict the moves of oil in subsoil. Their mathematical study is however difficult, so
that some physical assumptions have to be done, in order to get simpler problems (see
e.g. [AS79],[Bear2],|GMTI6]). A classical simplified model is called dead-oil approxima-
tion, and consists in assuming that there is no gas, so that the fluid is composed of two
immiscible and incompressible phases and in neglecting all the different chemical species,
the oil-phase and the water-phase are then both made of only one component.

5.1.1 the dead-oil problem in the one dimensional case

Suppose that R represents a one dimensional homogeneous porous medium, with po-
rosity ¢ (which is supposed to be constant for the sake of simplicity). If u denotes the
saturation of the water phase, and so (1 —u) the saturation of the oil phase thanks to the
dead-oil approximation, writing the volume conservation of each phase leads to :

b0+ DV = 0, (5.1)
_¢atu +0,V, = 0,

where V, (resp. V,,) is the filtration speed of the oil phase (resp. water phase). Using the
empirical diphasic Darcy law, we claim that

Ky p(u)
13

111



CONVERGENCE TO THE ENTROPY SOLUTION

where K is the global permeability, only depending on the porous media, ug, Pg, pg are
respectively the dynamical viscosity, the pressure and the density of the phase 3, g repre-
sents the effect of gravity, k, 3 denotes the relative permeability of the phase 3. This last
term comes from the interference of the two phases in the porous media.

There exists s, € [0,1) such that the function k,,, is non-decreasing, with k, ,(u) =0
if 0 <w < s, <1, and k;,, is increasing on [s,, 1]. The function k., is supposed to be non-
increasing, with k; ,(1) = 0. We suppose that there exists s* € (s, 1] such that &, ,(s) =0
for s € [s*,1), and k., is decreasing on [0, s*).

The pressures are supposed to be linked by the relation

P.op(u) = P, — Py, (5.4)

where Py, is a smooth non-increasing function called capillary pressure.
Adding (5.1) and (5.2), and using (5.3) and (5.4) yields

—am Z K—/= Tﬁ 8P5—,05g) :0,
B=o,w

and thus there exists ¢, called total flow-rate, only depending on time, such that

- ) K ’ﬁ 3P5—pﬁg)=q- (5.5)
B=o0,w

Using (5.3), (5.4) and (5.5), (5.1) can be rewritten

qkyrw(u)
qbatu“‘am( ( ) Z_k 70(u)>

kTﬂU (u)kr o(u) B
Lok (W) + fakr.o(u )( : Peap(1) — (o pw)g)> =0. (5.6)

+ K8x<

Supposing that the total flow rate ¢ does not depend on times, and after a convenient
rescaling, equation (5.6) becomes

B+ Oy (f (1) — Mu)dpr(w)) = 0, (5.7)

where f is a Lipschitz continuous function, fulfilling f(0) = 0, f(1) = ¢, A is a nonnegative
Lipschitz continuous functions, with A(0) = A(1) = 0, and 7 is a non-decreasing function,
also called capillary pressure. The effects of capillarity are often neglected, particularly
in the case of reservoir simulation, and so (5.7) turns to a nonlinear hyperbolic equation
called Buckley-Leverett equation, and we have to consider the initial-value problem

at’LL + &cf(u) = 0,
{ u(0) = up. (BL)
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5.1 Presentation of the problem

5.1.2 discontinuous flux functions

We now consider heterogeneous one dimensional porous media, that is an apposition
of several homogeneous porous media with different physical properties. This leads to
discontinuous functions with respect to the spatial variable. For the sake of simplicity, we
assume that the heterogeneous porous medium is made of only two homogeneous porous
media represented by the open subsets 2y = R* and ()3 = R’ . Keeping the notations of
(5.6), ¢, K, ky g(u, -) and 7(u, -) are now discontinuous functions, that is piecewise constant
functions, denoted ¢;, K;, k, g; and m; in €;. So the problem turns to

Oru + 0z (fi(u) — Ni(u)dpmi(u)) = 0,
u(0) = ug, (5.8)
+ transmission condition at x = 0,

where f; are Lipschitz continuous functions on [0, 1], and can be decomposed in the follo-
wing way :

fi(w) = qri(u) + Xi(w)(pw — po)8, (5.9)

where 7; is a non-decreasing Lipschitz continuous function fulfilling r;(0) = 0, r;(1) = 1,
and )\; is a non-negative Lipschitz continuous function fulfilling A;(0) = 0, A;(1) = 0. We
stress here the fact that ¢ and (p,, — po)g neither depend on the subdomain ¢ nor on time.

We now have to give more details on this transmission conditions at = = 0. First
neglect the effects of capillarity, so that (5.8) becomes the apposition of two Buckley-
Leverett equations, linked by a transmission condition.

du+ Oy fi(u) =0,
u(0) = u, (5.10)

+ transmission condition at x = 0,

We ask the conservation of mass at the interface between the two porous media, then we
have to connect the flux. Denoting u; the trace (if it exists) of u|q, on {z = 0}, this means

fi(ur) = fa(ug). (5.11)

The problem (5.10)-(5.11) has been widely studied recently (see e.g. [Tow00], [Tow01],
[KRT02a], [KRT02b], [KRT03], [SV03], [AJVG04], [Bac04], [Bac06], [BV06], [AMGOT]).
It is particularly proven in [Bac05] that the problem admits a unique entropy solution,
defined below.
In the sequel, sign is the function defined by

0 if s=0,
sign(s) =< 1 if s>0,
-1 if s<0.

Let U be an open set, we denote by D(U) the set of the smooth functions ¢ compactly
supported in U that is C°(U). The function 1 is supposed to belong to DT (U) if it
furthermore fulfills ¢» > 0.

Definition 5.1 (entropy solution to (5.10)-(5.11)) Let ug € L*°(R) with 0 < uy <
1, and let T > 0. A function u is said to be an entropy solution to (5.10)-(5.11) if
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CONVERGENCE TO THE ENTROPY SOLUTION

1. ue L*R x (0,7)),0<u<1 ae.,
2. for allp € DT(R x [0,T)), for all k € [0,1],

T
/ / lu(z,t) — k|Op)(x, t)dxdt —I—/ lug(z) — Kl1p(x, 0)dx
o Jr .
T
+ /0 /Q sign(u(z,t) — k)(fi(u)(z,t) — fi(k))0ut(z, t)dzdt

i=1,2

T
+[f2(r) — fl(ﬂ)\/o ¥(0,t)dt > 0. (5.12)

Theorem 5.1.1 (Existence and uniqueness of entropy solution) Let ug € L*(R)
with 0 < ug < 1, and let T > 0, then there exists a unique entropy solution to (5.10)-
(5.11) in the sense of definition 5.1.

Furthermore, the function u can be supposed to belong to C([0,T); L}, .(R)), and if u,v are
two entropy solutions associated to initial data ug, vy, then, for all R > 0, the following
comparison principle holds : Vt € [0,T],

R R+Ct
/ (u(z, t) — v(a, 1) da < / (o () — vo()) = da,

—-R —R-Ct

where C = max;(Lip(fi)), with Lip(f;) = supe(o 1) |fi(s)] -

The existence of an entropy solution can be proven by the convergence of a finite volume
approximation toward an entropy process solution [Bac05, chapter 5], which is a kind
of measure valued solution in the way of Di Perna [DiP85]. The comparison principle is
proven in [Bac05, chapter 4], using the concept of kinetic solutions [Per98], and leads to
an uniqueness result. The time continuity is proven in appendix A.

5.1.3 heterogeneities involving discontinuous capillarities

Let us now come back to problem (5.8). Suppose for the sake of simplicity that the
functions m; are smooth and increasing on [0,1], and that A\;(u) > 0if 0 < u < 1.
The problem is then a coupling of two parabolic problems, and we will need to ask two
transmission conditions : one for the trace, and one for the flux. Concerning the latter,
the conservation of mass yields a relation analogous to (5.11), which can be written with
rough notations :

fl(ul) — /\1 (ul)amm(ul) = f2(u2) — )\2(’&2)89071'2(’&2). (5.13)

Let us now focus on the trace transmission. It has been shown in [CGP] (but see also
[BDPvDO03] and [EEMO06]) that the connection of the capillary pressures m;(u;) has to be
done in a graphical sense, so that phenomena like oil trapping can appear. Thus we have
to define the monotonous graphs ;.

mi(u) if0<u<l,
i(u) = ¢ (=00, 7i(0)] if u=0,
[mi(1), +00) ifu=1.
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It is shown in [CGP] and [Cana| that a natural way to connect the capillary pressures on
the interface consists in asking :

77'1(’&1)(]77’2(’&2) 75@ (5.14)

In order to state a convenient definition for the solution of (5.8)-(5.13)-(5.14), we need to
introduce ¢;(u) = [¢* Xi( s)ds.

Definition 5.2 (bounded flux solution) Let ug € L*(R), 0 < wug <1, and let T > 0.
A function u is said to be a bounded flux solution to (5.8)-(5.13)-(5.14) if it fulfills :

1. ue L*R x (0,7)),0<u<1 ae.,

2. Oppi(u) € L>(Q; x (0,7)),

3. wi(ur) N7e(uz) # 0 for a.e. t € (0,T),
4. Y € DR x [0,T)),

/ T/ u(®, )0y (x, t)dwdt + / uo (), 0)da
/ Z/ (filu)(z,t) = Oupi(u)(x, 1)) Oxtp(w, t)dzdt = 0. (5.15)

1=1,2

The bounded flux solution are so called since the point 2 of definition 5.2 insures that the
flux f;(u) —0,pi(u) remains uniformly bounded. Such a condition will require assumptions
on the initial data ug, as it will be stated in theorem 5.1.2.

Theorem 5.1.2 (existence of a bounded flux solution) Let f1, fo be Lipschitz conti-
nuous functions, and @1, ps be increasing Lipschitz continuous functions.

Let ug € L>®(R), 0 < ug < 1 fulfilling 0ypi(uo) € L>®(€;), and 71 (uo,1) N T2(ug2) # 0,
where ug; denotes the trace on {z = 0} of ug|q,- Then there exists a bounded fluzx solution.

If ug furthermore belongs to L' (R), there exists a bounded fluz solution u € C([0,T]; L* (R))

The first part of this theorem is a straightforward adaptation to the case of unbounded
domains and non-monotonous f; of a result from [Cana] and [CGP]. This is based on a
maximum principle on the fluxes (fi(u) — 0zpi(u)). This particularly yields :

14:) = Gaspi(w) |z @01y < mass (1f5(0) = Gagps(wllimey ) - (5:16)

If ug € L'(Q), then choosing 1 = min(1, (1, R — |z|)*) and letting R tend to oo gives u €

L>((0,T); L*(R)). Moreover, thanks to theorem A.1.2 in appendix A, u can be supposed
to belong to C([0,T]; L} (R)). Then u belongs to C([0,T]; L' (R)).

loc

The choice of bounded flux solutions instead of more classical weak solution with
drpi(u) only belonging to L2((0,T); L2, (%)) has been motivated by the fact that it pro-
vides a comparison principle if we furthermore suppose that u € C([0,7]; L*(R)).
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CONVERGENCE TO THE ENTROPY SOLUTION

Proposition 5.1.3 Let u,v be two bounded flux solutions in the sense of definition 5.2
associated to initial data ug,vg. Then, for all ¢ € DT(R x [0,T)),

T
/ / (e, £) — v(a, )00 (e, H)drd + / o) — vol(a)[(, 0)da
0 R R
T
+/0 Z

Z—1,2
0

i=1,2

/Q. sign(u(x,t) — v(x,t)) (fi(u)(z,t) — fi(v)(z,t)) Optp(x, t)dxdt
| odeitwant) — )@ Olo.vta et 2 0. (517

This proposition is not sufficient to claim the uniqueness, but it will be very useful in the
sequel. In order to obtain a uniqueness result, we have to ask furthermore that the initial
data belongs to L'(R).

Theorem 5.1.4 (uniqueness of bounded flux solution) Let ug € L'(R), 0 < ug < 1
a.e., with Oppi(ug) € L¥(Q;) and 71 (uo,1) N Ta(ug2) # 0. Then there exists a unique
bounded fluz solution u € C([0,T]; L*(R)) in the sense of definition 5.2.

This theorem is a straightforward consequence proposition 5.1.3. Indeed, choosing ¢ =
min(1, (1, R — |z[)™) in (5.17), and letting R tend to +oo gives the comparison principle :
vt € (0,17,
/ (ula, t) — vz, 1) Eda < / (o () — vo()) da. (5.18)
R

R

The uniqueness result follows.

5.1.4 capillary pressure independent of the saturation

The dependance of the capillary pressure m; with respect to the saturation seems to
be weak, and some numerical simulation consider capillary pressures only depending on
the porous medium, but not on the saturation. More precisely, we aim to consider graphs
of capillary pressure on the form

b if0<u<l,
mi(u) =< (—o0,P;] ifu=0, (5.19)
[P, +00) ifu=1,

so that the capillary pressure would roughly speaking not depend on wu.

If one considers an interface {z = 0} between two );, where the 7; are on the form
(5.19), we can give an orientation to the interface : the interface is said to be positively
oriented if P| > P,, and negatively oriented if P; < P». A positively oriented interface
involve positive capillary forces, and a negatively oriented involve positive capillary forces.
The gravity effects are also oriented by the sign of (p,, — po)g in (5.9). We have to make
the assumption that

« either the gravity effects and the interface are oriented in the same way, or the
convective effects are larger than the gravity effects. »
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5.1 Presentation of the problem

We also suppose that each f; has a simple dynamic, that is it admits at most one extremum
in (0,1).

We suppose in the sequel that P, < P2. The assumption on the orientation of the
forces and on the dynamic of f; can be stated as follow :

3b; € [0,1) s.t. f; is decreasing on [0, ;] and increasing on [b;, 1]. (H)
With this assumption (H), we particularly insure that

(1) = i(8))-
fi(1) Sgl[gﬁ}(f (s))
The assumption on the dynamic on f; is often fulfilled by the physical models, as it is
stressed in [AJVGO4] (see also [EGV03]).
In order to simplify the study, we also suppose that ¢ > 0, but we can also deal with
q < 0.

F1a. 5.1 — example of f; fulfilling (H)

We build a family of approximate problems (P¢) taking into account the capillary
pressure : one suppose that 75 (u) = P; +ecu, where P; is a constant depending only on the
homogeneous subdomain €2;. In fact, any 77 converging uniformly to P; on [0, 1] and such
that u— [;" Ai(s) (75)" (s)ds converges uniformly toward 0 would fit.

Up to a smoothing of the initial data, we obtain a resulting sequence (u®), of bounded
flux solutions for a problem of type (5.8)-(5.13)-(5.14). We will show that under assumption

(H), this sequence tends almost everywhere to the unique entropy solution to (5.10)-(5.11).

5.1.5 organization of the paper

The paper is organized as follow : section 5.2 is devoted to the study of the approximate
problem (P¢). We first smooth the initial data in a convenient way, and then we give a
L2((0,T); H'(Q;))-estimate on the approximate solutions, and a family of BV -estimates.
We also study the steady states which be useful to derive the entropy inequalities.

117



CONVERGENCE TO THE ENTROPY SOLUTION

The convergence of the approximate solution u° toward the unique entropy solution «
of (5.10)-(5.11) is proven in section 5.3. We first prove using the BV -estimates that up to
a subsequence, the family of bounded flux solutions (u°). converges almost everywhere,
toward a weak solution u. We show that the limit is an entropy solution using the Rankine-
Hugoniot relation, and the steady solution.

We give a numerical evidence of this convergence in section 5.4 of the convergence
toward an entropy solution under assumption (H). In the case where f; is not fulfilled,
for example in the case where the gravity forces and the capillary forces are oriented in
inverse senses at the interface, the convergence toward an entropy solution fails, and non
classical shocks can occur at the interface, as it is proven in chapter 6. We give also a
numerical evidence of this behavior.

5.2 The approximate problems

In this section we will define the approximate problem (P¢), and its solution u®. We
will state a L2((0,T); H. .(€;))-estimate and a family of BV -estimates, which will be the
key points of the proof of convergence of u° toward a weak solution of the problem (P¢).

In order to recover a family of entropy inequalities, we will build some steady solutions
kS to the problem (P¢), and study their limit as ¢ — 0. This last point will require strongly

the assumption (H).

5.2.1 smoothing the initial data

As it has already been stressed in theorem 5.1.2, we need to assume some regularity
on the initial data to insure the existence of a bounded flux solution to problems of the
type (5.8)-(5.13)-(5.14).

Let ug belong to L>*(R), with 0 < uy < 1, we will build a family (uj). of convenient
approximate initial data.

Lemma 5.2.1 Let ug € L*(R), 0 < ug < 1, then there exists a family (uf). of approxi-
mate initial data such that :

~uf € CP(R*), 0<ug <1,

—uf — up a.e in R, ||€0,ufllc — 0 as e = 0, and [|ed,ufl|oc < 1 for all e >0,

= Ifup € BV(R), then ||0yugllr1wy < TV (uo) + 4.

Proof

Let a > 0, and let p, be a mollifier with support in (—a, a). Let v* = (ug o Xa<|m|<1/a)*pa,

then it is clear that v* € C°(R*), and that v* — wug a.e. in R as @ — 0. Choosing
min(1,/a)

€ = min <a, W)’ and uj = v ends the proof of lemma 5.2.1. O

5.2.2 the problem (P?)
Let P;, P, € R, we define the functions 7{ by 7 (u) = P; 4+ cu, and
P+ cu if0<u<l,
7i(u) = ¢ (—o0, B ifu=0,
[P +¢e,+00) ifu=1.
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If € is small, the intersection of the ranges of the functions nf{ and 75 is empty, and

capillary pressure

.

saturation u

F1G. 5.2 — capillary pressures graphs 7.

then the graphical relation 7 (u1) N T2(u2) # 0 connecting the capillary pressures at the
interface becomes

(1 — ul)u2 = 0.
Let 0 < ug <1, and let (ug) be built as in lemma 5.2.1, let ¢;(u fo s)ds. The
approximate problem is : find u® s.t.
O + O (fi(°) — eOpipi(u)) = in ; x (0,7),
5 (u)(07,8) N5 (u®)(07, 1) #@ in (0,7), (P)
F1(u)(07, 1) = €dpip1 (u) (07, t) = fo(u3)(0F,t) — edripa(u®)(07,2) in (0,T),
u®(0) = u8 in R.

This problems is of type (5.8)-(5.13)-(5.14), and the notion of bounded flux solution is a
good frame to solve it

Definition 5.3 (solution to (P¢)) A function u® is said to be a (bounded flux) solution
to (P?) if it fulfills

1. v € LR x (0,7)), 0 <u® <1 ae.,
2. Opipi(u®) € L=(Q x (0, 7)),
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3. W € DR x [0,T)),
T
/ / W (2, )0y, V) dndlt + / (), 0)da
0 R R
T
+/0 >

/ (fi(u®)(z,t) — edpipi(u®)(z,t)) Optp(x, t)dxdt = 0. (5.20)
i=1,27 %

We can use theorem 5.1.2 to claim that there exists a family (u%), of bounded flux solution
to (P?) in the sense of definition 5.3. Moreover, this family of solution fulfills, thanks to

(5.16) and lemma 5.2.1 : for all € > 0,
102 pi(w) oo = (max(Lip(pi)) + max|| fill Lo (0,1))- (5.21)

Since u§ belongs to L(R), the solution v is furthermore unique in C([0, T], L*(R)) thanks
to theorem 5.1.4.

5.2.3 a L2((0,T): H}

loc

(€))-estimate

All this subsection is devoted to prove the following estimate.

Proposition 5.2.2 Let K be a compact subset of Q;, and let u® be a solution of (P¢) in
the sense of definition 5.3, then there exists C depending only on f;, K,T (and not on €)
such that

Vellei(u) |l 201y, (1)) < C.
Particularly, this implies that €0yp;(u®) — 0 a.e. in ; x (0,T) as e — 0.

Proof

We fix ¢ > 0. Since the functions ¢, 1 are not Lipschitz continuous, the problem (Pe) is
not strictly parabolic, and the function «° is not a strong solution. In order to get more
regularity on the approximate solution, we regularize the problem by adding an additional
viscosity 1/n (n > 1), so that the so built approximate solution u$ is regular enough to
perform the calculation below.

Let n > 1, and let ¢;,(u) = @i(u) + u/n, and let uf, be a bounded flux solution of
(P?) with ¢; ,, instead of ¢;. From (5.21), we know that J,¢; »(u5,) is uniformly bounded
in L°(Q; x (0,T)), and since ;! is a Lipschitz continuous function, one has d,us, €
L>(Q; x (0,T)). The following weak formulation holds : Vi € D(Q x [0,T)),

/()T/Ruan(x’t)ath’t)dwdt+/Ru8(x)¢(x’0)dm
+/0T >

i=1,2

/ (filup)(2,t) = €0uipin (uy) (2, 1)) Opp(, t)dwdt = 0. (5.22)
Q;
Let (a,b) C Q;. Let ¢ € D ((a,b)), we deduce from (5.22) that

(0, | ui”) = / T/b £ (020, (U C2) dadlt — / T/bax%,n(u;)aw(u;&)dxdt,(5.23)
0Ja 0Ja
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where < .- > is the duality bracket between L2((0,7); H *(a,b)) and L*((0,T); H} (a,b)).
Since ¢; , is a Lipschitz continuous function with (||A\;||sc + 1/n) as Lipschitz constant,
one has

T rb . ) 1 T rb
/0 | duointuzyonui)c dadt > / | Gupintui)? ot (524

Let ®; be a primitive of f;, then :
T b
/ / 0, ®; (uS) A dadt + / / fi(ué)u 0, C2dxdt

/(]T[Lbfi(“i)ax(uiCz)dxdt
_ /0 / (S s — @4(u)] B¢ dldt, -

We now need the following technical lemma, proven below.

Lemma 5.2.3 Let uj, be an approzimate solution of (P°) with ¢;,, instead of @;, and let
¥ € D*((a,b)), then

1
(0nus, | ui?) = =S¢ — al.
Admit for the moment lemma 5.2.3. We deduce from (5.23), (5.24), (5.25) and lemma

5.2.3 that
T zn dxdt
vnesy! / Pin(i))" e
1
< et =l [ [ 0 ) — a0t
Using now the fact that uf is a bounded flux solution, we deduce from (5.16) that

[0S, (fi(u) —€0ppin(us,)) — ®i(us)] is uniformly bounded independently of € and n, and
so there exists C' only depending on f;, |[b — a| and \; such that :

/ / Dapin(u5))? CRdadt < C (10aC?| 11 0.y mmy + )

This estimate still holds for {(z,t) = x(q,5)(2), for all (a,b) € ﬁ;, so we obtain

/ / Dupin(uS))? dedt < C(2T +1). (5.26)

Classical compactness arguments provide the convergence, up to a subsequence, of (uj,),,
to a solution u® of (P¢) in LP(R x (0,7)), 1 < p < +oc. This insures particularly that, up
to a subsequence,

11141_1 u;, = u° a.e. in R x (0,7).

Taking the limit w.r.t. n in (5.26) yields

T rb
5/0/ (Dnipr (u))? dandt < C(2T +1).
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This ends the proof of proposition 5.2.2. O

Proof of lemma 5.2.3
Since (u5¢) € L?((0,T); Hi(a,b)), and 9 (u5¢) € L*((0,T); H (a,b)), and so, up to a
negligible set, (us¢) € C([0,T); L?(a, b)), and

<8tu;|uC = <5tU<|UC>

b b
_ %/a qu(JE,T)2C2(!E)d5E_%/a uo(x)2g2(3;)dﬂf

1
> —2lClZfb—al.

5.2.4 the BV-estimates

In this section we suppose that ug € BV (R). We will prove that the BV (€; x (0,T))-
semi-norm of f;(u®) remains uniformly bounded with respect to €. In order to avoid heavy
notations which would not lead to a good comprehension of the problem, the following
proof will be formal. To establish the following estimates in a rigorous frame, one can
introduce of a thin layer (—n,n) on which the pressure variates smoothly to replace the
interface, and add some additional viscosity would lead to smooth strong solutions to
the problem. This regularization of the problem has been performed in [CGP] and in
[BDPvDO03], where a BV-estimate is also derived.

For a,b € [0, 1], we denote by

Fi(a,b) = sign(a — b)(fi(a) — fi(D))-
Lemma 5.2.4 There exists C depending only on f;, T, uy such that

|0 F5 (v, 5)| pn, (92 (0,1 < C-

Proof
Suppose in the sequel that u® is a strong solution, that is

Opu® + 0p [ fi(u®) — e0ppi(u”)] = 0
holds point-wise in €©; x (0,7). Let h > 0, and let t € (0,7 — h). Comparing u®(-,- + h)
and u® with (5.18) yieds
/ |u®(z,t + h) — u®(z,t)|de < / |u®(z, h) — ug(x)|dz.
R R

Dividing by h and letting h tend to 0, one can claim using the fact that u® is supposed to
be a strong solution

/R|8tu€(x,t)|dx _ Z/ 100 Lf(05) (2, 8) — £0pips(u) (a, 8)] |da

i=1,2

| 1wt

/mew)%%mwmwx

IN

IN

i=1,2
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Lemma 5.2.1 then insures that there exists C' not depending on € such that

/ /|8tu (2, )| dandt = / Z/ 100 [ (1) (2, 1) — £0uion (uF) (2, 1)] |dwdt < C. (5.27)

i=1,2

Thanks to the regularity of f;, this particularly ensures that, if we denote by M;(£2; x
(0,7)) the set of the bounded Radon measure on €2; x (0,7), that is the dual space of
C.(Q; x [0,T),R) with the uniform norm, we obtain : Vx € [0,1],

|0 (U, 5)| gy (ux o)) < Cllfilloo-

Lemma 5.2.5 There exists C' depending only on wug, f; and T such that

e ey <C.
Oy (E(U , k) — €0z @i(u®) 902(@’) ‘Mb(Qix(O,T)) =

Proof
It follows from the work of Carillo (see e.g. [Car99]) that for all x € [0,1], for all ¥ €

DT (Q; x [0,T)),
/T/ |u® — K|Oppdadt + /Q |u® — K[(0)dx
/ / — e0z|pi(u®) — gpi(ﬁ)\)axwdwdt > 0. (5.28)

Let n > 0, we denote by w,(z) = (1— |z|/n)*, and suppose now that ¢ belongs to
DT (Q; x [0,T)), that is 1) does not vanish on the interface {z = 0}. Estimate (5.28) still
holds when we consider 1, = ¢ (1 — w,) as test function.

/ / 0 — R|(1 — w,) Ot + / 0 — £|(0)(1 — wp)da
# [ (B = iiata) — o)) 1 - st

- [ / — <Oplii(u) — ()] ) YOy, (5.29)

The fact that the flux inducted by «° is uniformly bounded w.r.t. € thanks to (5.21) implies
that there exists C' depending only on ug, f; such that

| Fi(u®, &) — €0zli(u®) — 0i(K)]ll Loo (0, % (0,1)) < C- (5.30)

Then we obtain the following estimate on the right-hand-side in (5.29) :

(1) = 20rls) = o) ) O] < T o]
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Letting 7 tend to 0 in inequality (5.29) gives : V¢» € DT(Q; x [0,7)), V& € [0,1],

T
/ / |u® — k|Opdxdt —1—/ |u® — k[ (0)dx
0 Q; Q;

T
+/0 /Ql (Fi(ua,li) — €0z |pi(u”) — @i(n)!)@xwdxdt > —CT|¥]oo (5.31)

We introduce now a monotonous function x,, € DT (€2;) equal to 1 on the support of ¢(-, )
for all t € [0, 7] (so that [|0zxylz1(,) = 1), then [[¢]lwXxy > ¥. Choosing [[¥|lecXy — ¥
and [|9]|oo Xy + ¢ as test function in (5.31) yields, using (5.30) once again

e _ _ (/€ _ (Ut — o < . .
Og|u® — K| 8I(F,(u,/<;) e0y|i(u®) CPZ(K)D‘MZ,(Qix(O,T))_zCT (5.32)

Thanks to (5.27), there exists C’ depending only on ug, f; and T such that
|0 = £l pgy (0 x(0,7) < C- (5.33)

The lemma 5.2.5 is so a consequence of (5.32) and (5.33). O

Proposition 5.2.6 Let ug € BV(R) and let K = [a,b] C Q;. We introduce z5-(z,t)
defined on the whole space R? given by :

25 (z,1) = Fi(us, k) (z,t) if (:E,t).E K x (0,7),
e 0 otherwise.

There ezists C' depending only on ug, f;, T, K and a uniformly bounded function ri ,, with
T . (€) tends uniformly to 0 with respect to k as € — 0, such that, for all (§,h) € R?,

J[ it + €)= i ) dnde < el + 1) + )

Proof
Let h € R, one has

S . £
//R2 ‘zKﬁ(x,t +h) zKﬁ(x,t)‘ dxdt < |atZK,H‘Mb(R2) |h
< (1R ) agyuxoimy + 2B R = (T +b—a)) [h]

It follows from lemma 5.2.4 that there exists C7 depending only on wuy, f;, K, T, ¢; such
that

/ / |5 (st 4 ) — 2 (s 8)| dadt < Ci |1 (5.34)
RZ
We also define

e (33‘ t) _ €8x|(101(u5)(337t) — (,DZ(/{)| if (:E7t) c K x (O’T‘)7
s 0 otherwise.
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5.2 The approximate problems

The proposition 5.2.2 insures that q%’ ..(z,t) converges to 0 almost everywhere in R?, and
the estimate (5.30) insures us that gg  (v,?) stays uniformly bounded in L*>(R?) with
respect to €.

Let € € R, then we have :

S o+ €600 dicalo )~ (heate ) — i ant)| et

|0z (Fi(u®, k) — €0y |pi(u®)(z,t) — wi(ﬂ)’)’Mb(Qix(O,T))
< 2T +b— a) (||Fs (uf, &) — 0y 01(u) (2, 1) — 1(8)| || o) > €l (5:35)

Using (5.30) and lemma 5.2.5 in (5.35) yields that there exists Co depending only on
ug, fi, K, T, p; such that

J L Ficaa 6.0 = gicala + €)= (ialant) = dicul ) dudt < Coll.

This particularly insures that :

JIL Fielo + €0 = sicalo.0)] dodt < Clél + 2Ndicne Ollper. (6536)

By choosing C' = max(C4, Cs), one we deduce from (5.34) and (5.36) that

J L Ficat 68+ 1) = sicu(o )] dade < COM + 16D + 2aien(o. Dl e

We conclude the proof of proposition 5.2.6 by checking that [lgg . (7,?)[/11(r2) converges
uniformly to 0 with respect to k as € tends to 0. O

5.2.5 some steady solutions

The spatial discontinuities of the saturation and capillary pressure allow us to consider
Kruzkov entropies |u — x| only for non-negative test functions vanishing on the interface,
that is in DT (R* x [0,7')). This is not enough to obtain the convergence of u toward an
entropy solution w in the sense of definition 5.1, and a relation has also to be derived at
the level of the interface.

In order to deal with general test functions belonging to DT (R x [0,7)), we will so
have to introduce some approximate Kruzkov entropies |u — x°(x)|, where k¢ are steady
solutions of (P¢). Letting ¢ — 0, those steady solutions converges to piecewise constant
function &’ defined below. The limit u of approximate solutions u° will then be compared
to this limit &/ to prove that u is an entropy solution.

The building of convenient k¢ strongly uses the assumption (H). It will be shown in
chapter 6 that if () fails, non classical shocks can occur at the interface, and the limit @
of the approximate solutions u® is thus not an entropy solution.

Recall that ¢ > 0, P; < P, and suppose that 0 < & < P,— P;. Some simple adaptations
can be done to cover the case ¢ < 0. The transmission condition (5.14) can be summarized
as follow : either u; = 1, or ug = 0.
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CONVERGENCE TO THE ENTROPY SOLUTION

We have to introduce the following sets :
51 == {Iil /3/{2 with fl(/ﬁ) = fQ(I{Q)},
&y = {ky /Fry with fi(k1) = fa(k2)}.

It follows from assumption (H) that either & = [0, 1], or & = [0, 1], and so we are insured
that x € [0, 1] belongs either to &1, or to & (or of course to both & and &).

Check also that for all z € (0, ¢], it follows from (H) that there exists a unique k;(z)
such that f;(ki(z)) = z. On the contrary, if z € & with z < 0, z has a priori not a unique
antecedent through f;. Let s belong to &£;, one denotes

R = max{fi(v) = f;(x)} (5.37)
and '
x] = min{f;(v) = f;(r)}. (5.38)

This section is devoted to establish the following proposition.

Proposition 5.2.7 For all k € &, there exists a family of steady solutions (k%) to the
problem (P%) such that ‘
Kk® — k! a.e. in Q;, (5.39)

where & (z) can be chosen between :
7 if x <0,

i) & (x) :{ W ifz >0,

. 7 i
i) R (x) = { m Z.f$ <0,
Ky if x>0,
j .
iii) & (z) = { & if e <0,
Ky if x>0,
Proof
Let k € &;.

— If k = 1, the three limits #’ are identically equal to 1, which is a steady solution
fulfilling proposition 5.2.7.

— We suppose now that x < 1, and fj(x) > 0. Even in this case, the three reachable
limit are the same. Thus we only have to build one sequence of converging steady
solutions. Let y be a solution of :

d
W) = filk) = fily),  forz >0, (5.40)
y(0) = 1.

The solution y(z) converges to E{ as © — +00. The family (%), defined by : Ve

ey ) Fporky ifa>0, 41
w (@) { y(—z/e) if z <O0. (5.41)

fulfills so the conclusion of proposition 5.2.7.
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5.3 Convergence toward the entropy solution

— Suppose now f;(x) = 0. The solutions x°(z) built with (5.40)-(5.41) converges toward
the two reachable states i) and 7). One can also choose x°(z) = 0, which is of course
a steady solution.

— It remains the case fj(k) < 0. The solutions x°(z) built with (5.40)-(5.41) still
converges toward the two reachable states i) and 7).
Let w be a solution of

%(‘02(11)) = fo(w) — fj(K), for x > 0,

w(0) = 0.

and

i .
c _Jm if £ <0,
w(w) = { w(x/e) if x>0,

then k° converges toward the third reachable state.

5.3 Convergence toward the entropy solution

5.3.1 almost everywhere convergence

We state now a lemma which is an adaptation of Helly’s selection theorem criterion,
which states that if (v°), is a family of measurable functions on an open subset U of
R (k > 1), uniformly bounded in L{ (U) and BVj,.(U), one can extract a subfamily
still denoted by (v®). that converges almost everywhere in ¢, and the limit belongs to
BVioeU).

Lemma 5.3.1 Let U be an open subset of R¥ (k> 1). Let (v%). be a family of functions
uniformly bounded in L>(U) with respect to e. Let K be a compact subset of U. For ¢ € R¥,

we denote by
Ke={zeK|z+(e K}

One assumes that there exists C' > 0 depending only on K (and thus not on ) and a
function v fulfilling lim. _or(e) =0 , such that for all ¢ € R¥,

/ [0 (2 + () — v*(2)|dz < C|¢] +r(e). (5.42)
K¢

Then, there exists a sequence (g,),, tending to 0, and v € BVjo.(U) such that

lim v = a.e. inlU.
n——+00

Proof
Let K be a compact subset of U. Estimate (5.42) says, roughly speaking, that v° is almost
a BV-function on K, that is as close to BV (K) as wanted, provided that € is supposed to
be small enough. So we will build a family (w®), of BV -functions, which will be close to the
family (v%)_, at least for small ¢, and we will show that (w®)_ admits an adherence value
v in BV(K) for the L!(K)-topology, and that this v is also an adherence value of (v°)

e
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CONVERGENCE TO THE ENTROPY SOLUTION

A shorter proof for the a.e. convergence toward a function v can be derived directly from
Kolmogorov compactness criterion (see e.g. [Bré83]). But the advantage of the following
method is that it provides directly some regularity on the limit v € BVj,.(U).

Let (p°). be a sequence of mollifiers, that is smooth, non negative and compactly
supported functions with support included in the ball of center 0 and radius €, and fulfilling
1p° Il 1 (mry = 1 for all € > 0. We define the smooth functions

where 0°(z) = v*(x) if v € Y and v°(x) =0 if =z € U°.

Thanks to the regularity of w®,
/. Q) = @)l < 190 g 6 (5.43)

Suppose that e < d(K,U) (with the convention d(K, () = oo). Thanks to (5.42), we have
also

/ et -welde s [ @O - @lde <O+, (5.4)
K¢

{Kc+e}

where

{Ke+ep={zeld|dxK)<e}

Since 7 () tends to 0 as € — 0, this particularly insures

<C.

: €
h?j(t)lp [Vw II(Ll(Rk))k

The family (w*)_ is thus bounded in BV (K¢) in the neighborhood of ¢ = 0, and thus,
thanks to Helly’s selection criterion, there exist v € BV (K¢), and (g,),, tending to 0 such
that

En

w'™ — v a.e.in K as n — oo.

Furthermore, for all n € N*,

IN

[w — v | k)

[ [ wte = - @l )dyda
K JB(0,en)
< Cep+r(en).

This insures that v*" tends also almost everywhere toward v as n tends to +o0. O

The lemma 5.3.1 will be used to prove the following convergence assertion.

Proposition 5.3.2 Suppose that ug € BV (R), and let u® be a solution to (P<). Up to an
extraction, there exists u € L°(R x (0,7)), 0 <u <1 a.e. such that

u® = u a.e. inRx(0,7).
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5.3 Convergence toward the entropy solution

Furthermore, there exists uj,ug € L*°(0,T"), such that

1 T 0
lim © / / lu(z, t) — uy (t)|dzdt = 0,
0 J—n

n—0m

IR
lim = / / lu(z, £) — up(t)|dwdt = 0.
0 0

n—0mn

Proof
Let K be a compact subset of ;.
We define the function H; : [0, 1] — R by

1
Hi(u) = /0 (Fi(u,0) — fi(0)) do, (5.45)

so that, thanks to proposition 5.2.6, there exists C' depending on uy, f;, T, K, and a function
r tending to 0 as ¢ tends to 0 such that for all £ € R, h € (0,7,

T—h
/0 /K|Hi(u€)(3:—|—£,t—|—h)—Hi(ue)(:n,t)|d:1:dt <CUEl+1R) + (). (5.46)

An integration by parts in (5.45) yields : Vu € [0, 1]

1
) = = [ (=000, (Fiu.0) = file))do + (b= 1)fi(w)
~ 9 /0 (o — ) fl(0)do + (2b; — 1) fi(w) (5.47)

where, thanks to (H), f; is decreasing on [0, b;] and increasing on [b;, 1].

Using proposition 5.2.6 with k = 0,
T—h
/0 /K i) (@ 1 &t + ) — fi(w) ()| dadt < C(E| - |B) +r(e),  (5.48)

where C' and r have been updated. Denoting by A;(u) = / (0 — b;)fl(0)do, we obtain
0
from (5.47) and (5.48)

T—h
/0 /K A (u) (4 £+ B) — Ay(uf) (2, 8)| dwdt < CUE| + [B) + (), (5.49)

with a new update for C' and r. Thus we deduce from proposition 5.3.1 that, up to an
extraction, A;(u) converges almost everywhere toward A; € BV (K x (0,T)). It follows
from (H) that A; is an increasing function, and so we obtain the convergence almost
everywhere in K x (0,7) of u® toward a measurable function v.

Since for all € > 0, 0 < u® < 1, there exists u € L>(R x (0,7)), 0 < u < 1 such that
u® converges to u in the L>®(R x (0,T"))-+x-weak sense, we thus have, up to an extraction,

u® — wua.e in K x (0,7). (5.50)
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CONVERGENCE TO THE ENTROPY SOLUTION

Since (5.50) holds for any compact subset K of €;, for i = 1,2, we can claim that, up to
an extraction,
u® — w a.e. in R x (0,7).

Moreover, since A;(u) belongs to BV (R x (0,7)), we can claim that A;(u) admits a strong
trace on {z = 0} x (0,T) (see for instance [ABMO06]). Using once again the fact that A;'
is a continuous function, we can claim that u admits also a strong trace on each side of
the interface. O

5.3.2 convergence toward an entropy solution

Proposition 5.3.3 Let ug € BV(R), 0 < ug <1 a.e., and let (uy)e a family of approxi-
mation of ug giwen by lemma 5.2.1, and let (u®)_ be the inducted sequence of bounded flux
solution of (5.8)-(5.13)-(5.14). Then under assumption (H)

limu® =wu in LF (R x[0,T]), Vpé€][l,0)

00 loc
where w is the unique entropy solution to (5.10)-(5.11) associated to initial data .

Proof

As already stated in section 5.2.5, either & = [0,1], or & = [0,1]. We suppose that
&; = [0,1], a straightforward adaptation of the following proof would allow to treat the
other case.

Let x € [0, 1]. One can let € tend to 0 in (5.28), and it follows from propositions 5.2.2
and 5.3.2 and lemma 5.2.1 that for all » € DT(R* x [0,T)),

T
/ / iz, £) — KOy (a, £)dadt + / luo () — K[1(0, 2)de
0 JQ, Q;
T
/ / Fi(u, k) (2, )03 (v, t)dzdt > 0. (5.51)
o Jo,

Let k° be a steady solution as built in proposition 5.2.7. Since ¢ is a bounded flux
solution, one can compare u® and x° thanks to theorem 5.1.3. For all x € [0, 1], for all
¥ € DHR x [0,T)),

T
/ / i () — K ()|t )t + / u§(z) — 5 ()[4, 0)dx
0 R

T
+ /O /Q sign(uf (x,t) — &5 (x)) (fi(u¥) (z,t) — fi(K°(2)))0pt(x, t)dadt

i=1,2

T
- /0 /Q £0,| s (uF) (2, ) — o (%) ()| D), £)dandlt > 0. (5.52)

i=1,2

We let € tend to 0 in (5.52). Thanks to proposition 5.2.7, we can suppose that x°(z)
tends to the reachable steady state #’(z). Letting ¢ tend to 0 in (5.52) yields : for all
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5.3 Convergence toward the entropy solution

e DHR x [0,7)),

[

i=1,2

/QZ- lu(z,t) — &0y (x, t)dadt + 2-221;2 /Ql o () — & |1(0, z)da
T
/>

/zu%@x%w%m%wMﬁzo. (5.53)
i=1,27

Since #/ = 0 and &/ = 1 are reachable states, we deduce from (5.53) that u is a weak
solution to (5.10)-(5.11), that is : V¢ € D(R x [0,T))),

T
/ / u(z, t)0p)(x, t)dzdt +/ uo(x)(0, x)dx
0 Q; Q;
T
/ /‘ﬁmx%w@¢@¢mmuzo. (5.54)
0o Jo,
Since u is a weak solution, u; and wus fulfill the Rankine-Hugoniot condition :

fl(ul) = fg(’LLQ) a.e. in (O,T) (555)

Let n > 0, we define wy(z) = (1 — |z|/n)T. Let ¢» € DT(R x [0,T)) taking (1 — wy) as
test function in (5.51), and letting 7 tend to 0 yields

T
/ / |u(z,t) — k|Op)(x, t)dzdt —1—/ o () — K| (0, 2)da
0o Jo, o
T
/0 /QZ Fi(u, k)(z,t)0,v(x, t)dxdt
T

+/0 [FQ(UQ, li)(t) — F (ul, li)(t)] 1/1(0, t)dt > 0. (556)

We will conclude the proof of the proposition 5.3.3 by the following inequality : Vi €
DHR x [0,T)), ¥k € [0,1],

Fy(ug, k) — Fi(u1, k) < |fa(k) — f1(k)| a.e. in (0,T). (5.57)

Indeed, assume that (5.57) holds, then using (5.57) in (5.56) gives the entropy formulation
(5.12), and w is an entropy solution in the sense of definition 5.1. The convergence of the

whole sequence is just a consequence of the uniqueness of the entropy solution, as stated
in theorem 5.1.1. O

We focus now on the last point to achieve the proof of the proposition 5.3.3, that is the
proof of (5.57). This relation insures that the limit u of the solutions u° of the approximate
problem (P¢) fulfills a entropy criterion at the level interface. As it was already stressed
before, the relation (5.57) strongly uses the assumption (H). Indeed, the forthcoming proof
uses the reachable steady states &/, whose building is based on (H).
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CONVERGENCE TO THE ENTROPY SOLUTION

Proof of (5.57)
Choosing 1w, as test function in (5.53), and letting 7 tend to 0 yields

T . .
A pmmaxw—&m%%m)wuwﬁzo (5.58)

where /%{ is the value of &/ in €);. Since this inequality holds for any non negative v¢» and
since Fj(u;, &) is uniformly bounded w.r.t. ¢ € (0,7, a classical density argument provides

Fy(u1, 7)) — Fy(ug, &) >0 ae. in (0,T). (5.59)
This insures that
FQ(UQ,K/) —Fl(ul,/{) S Al(ul,/{) —AQ(UQ,K/) (5.60)
with
Al(’l,bl,li) = Fl(ulal%{)_Fl(uly"{)v
A2(“27I{) = FQ(U27R%)_FQ(U27"{)7

and the aim is now to show
A (ur, k) = Az(uz, k) < |fi(k) = fa(k)]- (5.61)
We will perform a case by case study to prove (5.61), and we will suppose for the sake
of simplicity that j = 1, that is

fi(&hH = fi(k), i=1,2.

The proof in the case j = 2 can be easily derived from the case j = 1. We also suppose in
the sequel that ¢ > 0. The case ¢ < 0 can also be derived, comparing a convenient choice
of steady states &/ with the solution w.

° Ifulzﬁ%:

since k is equal either to ﬁ or to ®1 (that are defined by (5.37) and (5.38)), one gets
w >R >k > Ky
and f1(k) = f1(&1). This insures
Aq(u1,k) = 0. (5.62)

One can furthermore claim thanks to assumption (H) that fi(u1) > fi(k). Using
the definition of &1, and (5.55), we obtain fa(uz) > fa(%3), and so either ug > &3, or
us < kY and 0> fo(uz) > fa(kd) = fi(k).

— If ug > max(k, &),

As(ug, k) = f2(i3) — f2(r) = fi(k) — fa(k). (5.63)
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5.3 Convergence toward the entropy solution

— If ug < min(k, &),

Az(uz, k) = fo(k) = f2(R3) = fa(k) — fi(k). (5.64)

— If E% < uy <k,
Ag(ug, k) = 2fa(ug) — fa(k) — fa(R).

Since one has fa(ug) > fao(&3) = f1(k), we obtain

Ag(ug, k) > fi(k) — fa(k). (5.65)

*Ifl{SUQSI{%,

Az (uz, k) = =2fo(us) + fo(k) + f2(F3) = fa(k) = fi(k). (5.66)
Estimate (5.61) follows from (5.62)-(5.63)-(5.64)-(5.65)-(5.66).

o If u; <ki:

then (5.62) still holds. In this case, (H) provides the fact that either 0 > fi(u1)

fi(gd), or fi(u1) < fi(x}). Here again, the cases ug > max(k,&s) and up

min(k, #3) will not lead to any difficulty.

— Suppose fi(u1) < fi(kl), so that fo(u ) < fo(kd), and so either up > R, or
uy < k3 and 0 > fo(uz) > fa(kd) = fi(k). We can reproduce the discussion
already done to obtain (5.65) and (5.66).

— Suppose now that 0 > f1(u1) > fi(k}), then 0 > fo(uz) > f2(kd) and so ug does

not belong to (k3,%%). Estimate (5.65) or (5.66) holds, and thus (5.61) too.

>
<

o If uy € (k},%) :
then it follows from () that 0 > f1(x) > fi1(u1), and then 0 > fo(R3) > fo(ua). We
can thus claim that x} < up < R3.
— If k = &1, choosing the reachable steady state &'(z) = &} if z < 0 and &(x) = &}
if z > 0 leads to

Aq(ug, k) =0,
The case k > ug can be treated as in (5.64), and so we focus on the case k < ug <
—1
Kg, then
Ao (ug, k) = —2fa(u2) + fo(k) + fa(Fl) > fa(k) — fi(k).
— If k = £y, choosing once again &} = %} and &} = &3, we get
Ar(ur, k) = 2(fi(x) = fi(uwr)),
As(ug, k) = —2fs(uz) + fa(k) + fa(Rb),
and so (5.55) provides
Ai(uy, k) — Az(ug, k) = fi(k) — fa(k).

This discussion ends the proof of (5.57), and so the one of the proposition 5.3.3. O

We state now the main result, which is in fact the extension of the proposition 5.3.3
to a larger class of initial data.
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CONVERGENCE TO THE ENTROPY SOLUTION

Theorem 5.3.4 (main result) Let uyp € L®(R), 0 < ug < 1, and let (uf): a family
of approzimation of ug given by lemma 5.2.1, and let (u®). be the inducted sequence of
bounded flux solution of (P?). Then under assumption (H),

limu® =wu in L (R x[0,7]), Vpe][l,o0)

0 loc
where w is the unique entropy solution to (5.10)-(5.11) associated to initial data .

Proof
Let ugp € L>*(R), 0 < ug < 1, and let v > 0. There exists ug, in BV(R), 0 < ug, < 1 such
that for all R > 0,

[wo.w — wollp1(—r,r) < C(R)V. (5.67)

If one regularizes uop, into uj, using the lemma 5.2.1, and if one denotes by wuj, the
associated unique bounded flux solution, we have seen that u;, converges almost everywhere
to u, as € tends to 0. As previously, we denote by ug the regularization of ug obtained via
the lemma 5.2.1, and u® the unique associated bounded flux solution.

Let R > 0,
T (R T (R T (R
/ / |u® — uldxdt < / / |u® —ui]dxdt—k/ / lu;, — uy|dxdt
0o J-R 0o J-R o J-r
T (R
4 / / luy — ulddt. (5.68)
o J-R
The contraction principle stated in theorem 5.1.1 yields
T rR R+MT
/ / luy (2, 1) — u(z, )| dadt < T / oy (@) — wo(@)ldz (5.69)
0o J-R —R—MT

where M > max; Lip(f;).

t) = min(1, (R+1+ M(T —t) —|z|)"). One has ( = 1 on (~R, R),
) thus

T R T
/ / i — i |dadt < / / uf — i [Cdud. (5.70)
0 —R 0 R

It follows from proposition 5.1.3 that for all v € WHL(R x (0,7)) with ¢ > 0 a.e. and
Y(-,T) = 0, one has

We denote by ((z,
¢>0and ¢ € LY

T
/ /W@@—@@ﬁ@%mMW+/mm»wmuwumm
0 R R

T
/
0

> /Q sign(u® (2, ) —u, (2, 1)) (fi(u®) (2, 1) = fi(w,) (2, 1)) Optp (2, t)dxdt

i=1,2

—/OTZ

/smWMﬂuw—wwamw@wmwmwza (5.71)
i=1,27
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5.3 Convergence toward the entropy solution

We denote by
Al(t) = [_R_ 1 _M(T_t)7_R_M(T_t)]7

Ao(t) = [R+M(T —t),R+1+ M(T —t)],

1 if z<0,
—1 if x>0,

so that

0xC(w,t) = D D(@)xp,0 (@),

i=1,2

9((z,t) _—MZXA(t

i=1,2

Taking ¢(z,t) = (T — t)((x,t) in (5.71) yields :

T
—/ /|ua (x,t) — ul (x,t)|((z, t)dxdt

—M/ T —t) Z/ |u (z,t) — u (z,t)|dxdt

i=1,2

T /ruo 4§, (@)[¢(z, 0)dz

/ -1y / sign(u® (2, ) — 1 (2, ) (fi(u7)(@,8) — filug) (w, 1)) dadt
i=1,2
- / Ty / 2)0ulpi(u) (2, 1) — i (1)) |dadt > 0.
i=1,2

Since M > max; Lip(f;), one has

/ Ty / sign(u® (2, ) — uS (2, 1)) (fi(u) (@) — fi(uS) (@, 1)) dudt

i=1,2

<M/ T —t)) Z/ € (z, t) — ul (2, t)|dxdt

1=1,2

and thus

T
/ / |u (z,t) — u (x,t)|¢(x, t)dadt < T/ lug () — ug,, (z)|¢(x,0)dx
0 R
- / T-HY / )0sli(u) (1) — @il (o, )| drdr.  (5.72)

1=1,2
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We deduce, using (5.69) (5.70) and (5.72) in (5.68), that
/ / |u(z,t) — u(z,t)|dxdt <T/ lug () — ug ()| (7, 0)dx
- / T 1) Z / 20, |1 () (1) — (15 (1)) | dacl

R+MT T rR
+T/ [ug, (z) — uop(x)|dx + / / |us (2, t) — uy(x,t)|dxdt. (5.73)
0 -R

—R-MT

We can now let ¢ tend to 0. Thanks to the proposition 5.2.2, we can claim that

iy [ (=03 . k)0 — it o)t = 0

e—0

We also deduce from the proposition 5.3.3 that

T rR
lim/ / lug, (x,t) — uy(x,t)|dedt = 0.
e=0Jo J-Rr

Since ((z,0) is compactly supported, it follows from lemma 5.2.1 and the dominated
convergence theorem that

tim [ () — g, (@)]C (. O = /R o () — o, (2)|¢ (2, 0)da

Thus (5.73) becomes :

R+MT

T rR
limsup/ / |u®(x,t) — u(z, t)|dedt < T/ |uo,(x) — up(z)|dx
0 —-R

e—0 —R-MT

" /R () — o, ()|, 0)dr. (5.74)

The inequality (5.74) holds for any v > 0, and letting v tend to 0 leads to

T R
Jim / / i (2, £) — u(z, )| dadt = 0,
c=0Jo J-Rr

then u® tends to u in L}, (R x [0,T]) as € — 0. Since 0 < u® < 1 a.e., Hélder inequality
gives the convergence in LI (R x [0,T]) for all finite p. O

5.4 Numerical examples

5.4.1 the test cases

We do the most simple choice for the functions &, g in (5.3), that is k,, = u, and
kro = (1 —u). We furthermore suppose that (p, — po)g = —1, then the functions f; are
given by :

fi(u) = qu — Kju(l —u) = qu + g;(u) (5.75)
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where g; is the non positive function taking into account the global permeability of the
porous medium 2; and the gravity term (p,, — po)g, and admits K; as a Lipschitz constant.
We choose Py = 1, and P, = 2, and € < 1. The functions ¢; are so given by :

oi(u) = K;j(u?/2 — u?/3), (5.76)

The problem will be solved on (—1,1), with 7 = (—1,0), and Q5 = (0,1). We thus
have to choose some boundary condition u;, at * = —1 and ur at * = 1. To minimize the
effects of the bounded domains, we choose to approximate d,u(+1) = 0.

5.4.2 a modified Godunov scheme

We choose, for the sake of simplicity, a uniform discretization w.r.t. the space and time
variable. If one denotes by dt = T'/M and dz = 1/N respectively the time and space step.
We denote by (z; = i0x) <y the discrete edges, and (xi_;’_l/z =(i+ 1/2)5:E)_N<Z.<N_1
the cell centers. Check that the interface is in . The initial data is discretized as follow :

1 Tit1
Wop=g [ wl)ds,

T4

One introduces : Va,b € [0,1]

) _ minse[a,b} fz(S) if a > b,
Cila,b) = { maXselb,al fi(s) ifa<hb.

We denote by F;" the numerical approximation of the flux at ¢ = ndt and = x;, and

(O /2 the discrete approximation of w at ¢ = ndt and z = z;41/5. The inner flux F/,
i ¢ {—N,0,N} is given by, if z; € Q;,
n n n € n n
Fo= Gj(ui_1/zaui+1/2) T 52 (‘Pj(ui+1/2) - ‘Pj(ui—l/z)) (5.77)

where the hyperbolic case is obtained by taking ¢ = 0.

Let us now focus on the flux at the interface. For the sake of simplicity, we do not
use Godunov approximation at the interface, but a Rusanov approximation. We have to
introduce the discrete traces on the interface ug 1, ug o, which are the unique solutions of
the system (5.78)-(5.79), where (5.78) is a discrete way to connect the flux, and (5.79) is
a simple way to write in our case 71 (ug ) = Ta(ug )

Fgo= qulyy — Kauly (1 —uly ) + Ki(uy )y —ug )

2e n n
oz (901(%,1) - 901(u—1/2))

= quig — K2u?/2(1 - u?/z) + Ka(up g — u?/2)

2 (alys) — r(uisa) (579)

and
(1 - ual)an =0. (579)

It is important to check that F{' is a non-deacreasing function w.r.t. u”, , and ug,,
and a non-increasing function w.r.t. ug, and uf /2 This monotony result is the key of the
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CONVERGENCE TO THE ENTROPY SOLUTION

proof of existence and uniqueness of ug; and ug,. Since the monotony still hold for € = 0,
the system (5.78)-(5.79) admits a unique solution even in the case ¢ = 0.

The solution obtained via the scheme (5.77), (5.78), (5.79) is then compared to the
solution to a purely Godunov scheme, given in [AJVGO04]. In this paper, the explicit
resolution of the Riemann problem is performed under assumption (H). A very simple
formula is derived for the flux at the interface.

Fj = max (fl(max(uﬁlm),bl),fg(min(bg,u?ﬂ))) . (5.80)

We refer to [Bac06] for such an explicit resolution in more complex cases.

We also define the discrete boundary conditions

Fiy = fl(uﬁN+1/2)v Fy = f2(u7v—1/2)'
The scheme is then given by : Vn =0, M —1,Vi=—-N,N — 1,

Uty = U
% + L —F'=0. (5.81)

5.4.3 convergence (or not) of the numerical approximations

The numerical approximation wuj, . for the parabolic problem converges almost eve-
rywhere to the unique solution u® , as it can be shown with an easy adaptation of the
convergence results stated in chapter 4 his convergence occur under the following CFL
relation, which insure the monotony of the schemes : Ja € (0, 1) s.t.

ot

- < .82
C(or +eoz2) = (5:82)

where C depends on the data. Once again, we find a classical CFL condition for hyperbolic
equations by letting € tend to 0.

Concerning the approximation ug;s. obtained using ¢ = 0 in (5.77) for the inner edges,
and (5.80) for the computation of the fluxes at interface, it has been proven in [AJVGO04]
that the convergence occurs under a classical CFL condition

ot
=<
ox —

C.
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Test case 1 : up =0.2, =0, K; =2, Ky =3, 6z = 0.02, 6t = 1074,

parabolic case

Fic. 53 -t = 0.8, ¢ = 0.1, F} given by
(5.78)-(5.79).

hyperbolic case

04r
03/

FIG. 5.5 —t = 0.8, e = 0, F?" given by (5.80).

parabolic case

F1c. 54 -t =0.8,¢ =0, Fy given by (5.78)-
(5.79).

We can see that a rarefaction occur at
the left of the interface for the purely hy-
perbolic case with FJ' given by (5.80) (Fi-
gure 5.5). This rarefaction wave is very good
mimicked by the numerical solution given
where the FJ are computed using (5.78)-
(5.79) (Figure 5.4), but the precision na-
turally decreases as e grows (Figure 5.3).
At the right of the interface, the transmis-
sion conditions (5.78)-(5.79) generate a thin
boundary layer (Figure 5.3), which is re-
duced to one point in the case ¢ = 0 (Fi-
gure 5.4). Check that as expected, no irrele-
vant phenomena take place at the bounda-
ries x = —1 and = = 1.

Test case 2 :up =02, g=1, K; =2, Ky =3, 6z = 0.02, 6t = 10~*.

The approximate solution ug;s. computed with (5.80) let a rarefaction wave appear
at the left hand side of the interface, and a shock wave at the right hand side (Figures
5.6 and 5.8). The solution ;.. computed with (5.78)-(5.79) for ¢ = 0 (Figures 5.7 and
5.9) lets also a shock wave appear at the right hand side of the interface, but this shock
wave occur with a little delay, due to fact that the limit layer involved by the transmission
conditions (5.78)-(5.79) traps some mass at the left hand side of the interface.
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CONVERGENCE TO THE ENTROPY SOLUTION

hyperbolic case parabolic case
1 T T T T T T T T T

F1G. 5.6 —t = 0.3, = 0, F! given by (5.80). FIG. 5.7t = 0.3, & = 0, F given by (5.78)-
(5.79).

hyperbolic case
T

F1G. 5.8 -t =0.8,¢ =0, I} given by (5.80). F1G.5.9 -t =0.8,e =0, F§ given by (5.78)-
(5.79).

Test case 3: Py < P, up=02,¢=0, Ky =2, Ky =3, dx = 0.02, 6t = 1074,

This test case is chosen to give a numerical evidence that assumption (H) is not only
technical. We consider a case where the gravity force and the capillary force are oriented
in different directions, and so we choose P, < Pj. In this case, (5.79) has to be replaced
by

ug (1 —ugy) =0 (5.83)

to take into account the inversion of the pressures.

Since the solution of the Godunov/VFRoe scheme u4;s. does not depend on P, Py, it
is the same as in test case 1, that is a rarefaction wave at the left hand side of the interface,
and a constant equal to ug at the right hand side (Figure 5.5). It is clear that the solutions
ugé . and ng’sc given by the scheme respectively for ¢ = 0.1 and € = 0 is very different
(Figures 5.10, 5.11, 5.12 and 5.13). Indeed, the condition ug;,.(07) = 0 and 5, .(07) =1

are effective, and we see a non entropic steady shock take place at the interface.
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paraboli gence c
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Fic. 510 — t = 0.3, ¢

= 0.1, F§ given FiG. 5.11 —t = 0.3, ¢ = 0, Fj given by
by (5.78)-(5.79).

(5.78)-(5.79).

parabolic non convergence case
T T

parabolic non convergence case
T T
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Fic. 512 -t = 0.8, € = 0.1, F} given by FiG. 513 -t = 0.8, ¢ = 0, F§} given by
(5.78)-(5.79). (5.78)-(5.79).

The effect of ¢ > 0 is once again of course the smoothing of the solution u, , since
the function p(ug,,.)(-,t) is a Lipschitz function for ¢ > 0. Indeed, if z; € Q;

o5 (0 2) — 30y < o U TIEED, (5.5)

Thanks to the uniform estimate on the discrete fluxes available in [Cana]

max(F'™) < max(F}"),  min(F"*') > min(F}"), (5.85)

This estimate, which is a kind of discrete maximum principle for the fluxes, provides a

Lipschitz constant for ¢;(ug,..)(-,t) uniform with respect to ¢ > ndt which depends on
max; |F"|.
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Chapitre 6

Occurrence of non classical shocks
in modeling of oil-trapping

6.1 Introduction

Let Q1 = R_ and Q9 = R,. In this chapter we will still deal with the solution to the
model of two phase flow introduced in chapter 3, computed in chapter 4, but in the case
where the convection terms are only involved by the effects of the gravity. We suppose
that the gravity works in the sense of increasing .

Let m(u,x) be the capillary pressure, then it has been shown in the previous chapters
(but see also [BDPvDO03, EEMO06]) that the equation governing the two phase flow can be
written under the form

B + 8, (g(u, ) (1 — C(2)8um(u, x))) —0, (6.1)

where g(u,z) = gi(u) if v € Q;, C(z) = C; if x € Q;, and 7(u,z) = m(u) if © € Q.
Physical experiments let think that the dependence of 7; with respect to u is weak, at
least for u not too close to 0 or 1. So we want to choose 7 (u) = Py, and mo(u) = P». The
equation (6.1) becomes for z # 0

Oru + 0r9(u, x) = 0.
We suppose that for i = 1,2, g; fulfills the following assumptions.

Assumptions 6.1 Fori=1,2,
(H1) g; is a Lipschitz continuous function,
(H2) gi(0) = gi(1) =0, and g;(s) >0 if s € (0,1),
(H3) There exists neighborhoods Uy and Uy of 0 and 1 in [0, 1] such that g; is invertible

-1
on Uy, Uy, and ((gi)luz) is a Holder-continuous function.

This assumptions are fulfilled by some models used by the engineers, for which a classical
choice of g; is

u®i (1 — u)P
fuvi + C(1 —u)B’

gi(u) =
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OCCURRENCE OF NON CLASSICAL SHOCKS

where oy, 3; > 1.

The goal of this chapter is to show that if the capillary forces at the interface {x = 0}
are oriented in the inverse sense with respect to the gravity forces (in our case P; < ),
then a stationary non-classical shock occurs at the interface. It has been (partially) shown
in chapter 5 that if the capillary forces and the gravity forces are oriented in the same
sense, the good notion of solution is the one of entropy solution, studied for example
in [Tow00], [Tow01], [AGO03], [SV03], [AJVGO04], [Bac04], [AMGO5], [Bac05], [BV06] or
[Jim07]. If assumptions 6.2.4 are fulfilled, and if P, < P», we will show that the limit is
not the entropy solution, but a solution to the problem

dyu+ 9gi(u) =0,
wlz=0")=1and u(z =0") =0, (Plim)
u(t =0) = ug.

In the sequel, we denote by at (resp. a™) the positive (resp. negative) part of a, that is
max(0,a) (resp. max(0,—a)), and for i = 1,2, for u, x € [0, 1], one denotes by

.  gi(w) —gi(k)  ifu>k,
Gia(u:5) = { 0 otherwise,

. _ 9i(k) —gi(u) ifu <k,
Ci-(. ) = { 0 otherwise,

and
Gi(u, k) = Giy(u, k) + Gi—(u, k) = gi(max(u, k) — g;(min(u, K)).

We can now define the notion of solution to (Pyy, ), which is in fact an entropy solution in
each subdomain €2;, with an internal boundary condition at the interface.

Definition 6.1 (solution to (Pun)) Let ug € L°(R), 0 <wuy <1, A function u is said
to be a solution of (Pum ) if it belongs to L°(R x (0,7)), 0 <u <1, and for i = 1,2, for
all € DT (Q; x [0,T)), for all k € [0,1],

T
/ / (u(z,t) — k)EOppdadt +/ (uo(x) — k) E4p(z, 0)dz
0 Q; Q;

T T
. — 4

where My, is a Lipschitz constant of g;, and Uy = 1, Uy = 0.

For a given ug in L*(R), 0 < up < 1 there exists a unique solution u to (Ply) in the
sense of definition 6.1, which is in fact made on an apposition of two entropy solutions
in Ry x (0,7). The assumptions on g; will insure us that the conditions at the interface
lim, o u(x,t) =1 and lim,\ o u(z,t) = 0 are fulfilled for almost every ¢ € (0,T).

6.1.1 non classical shock at the interface

The study of entropy solutions of hyperbolic scalar conservation laws with disconti-
nuous flux functions has been performed recently, by John D. Towers [Tow00, Tow01], Ni-
colas Seguin and Julien Vovelle [SV03], Adimurthi and Veerappa Gowda [AG03, AJVG04,

144



6.1 Introduction

AMGO05, AMGO7], in the work of Florence Bachmann [Bac04, BV06, Bac05] and by Ju-
lien Jimenez [Jim07]. They introduced the entropy formulation for this type of problems.
u € L>®(R x (0,T)) is said to be an entropy solution if 0 < v < 1 and Vk € [0,1],V¢ €
DT (R x (0,7)),

T /OT/RIu(x,t)—/1|8t¢(3:,t)d:ndt—|-/R|uO(3;)_,{W(:U’O)dx
/>

i=1,2

T
/ Gi(u, k)0 (z, t)dxdt + |g1(k) — gg(/i)\/ ¥(0,t)dt > 0. (6.3)
Q; 0

Suppose that an entropy solution u admits strong traces u; on the interface {z = 0},
as it is for example the case if g;, i = 1,2 are genuinely non linear [Bac04] from a result of
Alexis Vasseur [Vas01]. Then choosing a test function v, (x,t) > 0 such that 1, (0,t) = 1,
and ¥ (x,t) = 0 if |z| > 7, and letting 1 tend to 0 leads to

G1(u1, k) — Go(uz, k) + [g1(k) — ga(k)| > 0. (6.4)

We will show that the solution to (Pl ) is not an entropy solution, and particularly that
the conditions at the interface involved by the formulation (6.2) do not fulfill inequality
(6.4).

Suppose for the moment that the traces U, (0) = @; of the solution to (P ) are
fulfilled in a strong sense as it will be the case in the sequel. Since g;(u1) = g2(u2), the
Rankine-Hugoniot condition is fulfilled at the interface, and it is then easy to check that
a u solution to (P, ) is a weak solution, that is : V¢ € D(R x [0,T)),

/OT /RTU(:E,t)aﬂ/)(JE,t)dl‘dt + /OT ug () (x, 0)d
/>

i=1,2

/Q i), )06, )t = 0.

It follows also from (6.2), taking test functions compactly supported in €; x [0,7") that

u satisfies an entropy condition in €2;, and the lack of entropy can only come from the

discontinuity between 1 and ue at the interface. Since w3 = 1 and uy = 0, we have for

all k € [0,1], G1(u1,k) = —g1(k), and Ga(T2, k) = g2(k). Using the fact that g;(x) > 0 if
€ (0,1), this implies that

Gl(ﬂl, H) — Gg(ﬂg, li) + ]gl (FL) — gg(/i)‘ <0, VK € (0, 1). (6.5)

The inequality (6.5) insures that the solution to (P ) given by u(z) = 1 if z < 0 and
u(x) = 01if z > 0 is not an entropy solution, and so the stationary discontinuity at {z = 0}
is not entropic.

6.1.2 organization of the chapter

We will introduce a family of approximate problems (P¢) in section 6.2, which takes into
account the capillarity, with a small dependance ¢ of the capillary pressure with respect
to the saturation u® . We use the transmission conditions introduced in the previous
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chapters (particularly chapter 3). Then we show that if the initial data is prepared, that
is if ug(z) = w; for x € Q, |x| < n for some 1 > 0, then, if the dependance of the capillary
pressure is small enough, one has u®(x,t) = w; for x € Q;, |z| < n/2. Since this equality
holds for any e small enough, we can claim that

Vo € Q4 |z < n/2, hH(l]’LLE(ZE) = ;.
e—

We also derive a L2((0,T); H. .(€;))-estimate, which insures that the diffusive effects due
to the capillary pressure vanish when we let € tend to 0.

In section 6.3, we let this parameter ¢ tend to 0. The only estimate not depending on ¢
we have on the approximate solution is a L>°(; x (0,7")) estimate, that is 0 < u® < 1. This
insures that there exists u € L*>°(R x (0,7)) such that u® tends to u for the L>°(R x (0,7))
weak star topology. This is of course not sufficient to pass to the limit in the nonlinearities.
To avoid this difficulty, we use the notion of process solution, which is equivalent to the
notion of measure valued solutions of DiPerna [DiP85]. We show that the approximate
solution u® tends to a process solution u as € tends to 0. We use then the uniqueness of
the process solution to claim that u® tends almost everywhere to the unique solution to

(Plim)'

6.2 The approximate problem

In this section, we take into account the effects of the capillarity, supposing that they
are small We will so build an approximate problem (P¢), whose unknown u° will depend
on a small parameter € representing the dependance of the capillary pressure with respect
to the saturation. We assume that the capillary pressure in 2; is given by :

75 (u) = Py + eu’. (6.6)

(2

It has been seen in the previous chapters that a good way to connect the capillary pressures
at the level of the interface is to ask

71 (ui) N 75 (u3) # 0, (6.7)

where uj and u§ are the traces of u® on the interface, and where 7 is the monotonous
graph given by
7 (s) if s € (0,1),

(—o0, P)] if s =0,
[P +e,00) ifs=1.

We suppose that the capillary forces are oriented in the sense of decreasing z, i.e.
P, < P, (the capillary forces go from the high pressure to the low pressure). Since ¢ is
assumed to be a small parameter, we can suppose that 0 < ¢ < P, — P;, so that the
relation (6.7) becomes :

ui =1or u3=0. (6.8)
S

We denote by p;(s) = C; / gi(a)da, where C; is equal to C(z) introduced in equa-
0
tion (6.1) for « € ;. The flux function in ; is then given by :

F;'E(‘Tﬂt) - gi(ue)(x7t) - Eax(pi(ua)(l’,t).
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Thanks to the conservation of mass, we have the continuity of the flux functions at the
interface, and the approximate problem becomes :

Z?tue + Gfo = O,
u(z=0")=1oru(z=07") =0,
FE(07) = E5(0),

u(t = 0) = uo.

(P9)

We are not able to prove the uniqueness of a weak solution of (Pjiy, ) if the flux F7 ”only”
belongs to L2(Q; x (0,7)), and we will define the notion of prepared initial data, so that
the flux belongs to L>°(; x (0,7")), and the uniqueness holds.

6.2.1 prepared initial data

The following lemma state that one can approach the initial data ug by a function ug
for which the expected discontinuity for the non classical shock already occurs.

Lemma 6.2.1 (prepared initial data) Let ug € L (R), 0 < ug < 1, then there exists
uo,, such that

i) ugy € C°(R*) with a compact support in R, 0 < ug, <1,

ii) uop(x) =1 on (—n,0), and ugy(z) =0 on (0,7),

iii) lim,—o uo () = uo(z) in L, (R).
We furthermore suppose that if ug € L*(R), then lim,_ouq, = uo in L'(R).

A function ug, fulfilling i) and ii) is said to be a n-prepared initial data. An initial data
is said to be prepared if it is n-prepared for some n > 0.

This lemma can be proven exactly in the same way as lemma 5.2.1.

6.2.2 bounded flux solutions

We define now the notion of bounded flux solution, that was already introduced in
chapters 3, 4 and 5.

Definition 6.2 (bounded flux solution to (P¢)) Letup € L*(R), 0 < ug < 1,a func-
tion u® is said to be a bounded flux solution if

1w € LR % (0,T)), 0<u <1,
2. Oppi(u’) € L®(R x (0,7)),
3. Yy € D(R x [0,T)),

/OT/RUE(Q:,t)aﬂ/J(x,t)dwdt+/}Ru0(w)¢(w70)dx

T
—i—/o /R[g,-(ue) — €0, (u)] Opth(x, t)dadt = 0. (6.9)

We state now a theorem which is a straightforward generalization to theorem 4.7.1.
The fact that g; is not monotonous can be compensated by the choice of a monotonous
scheme to discretize the convection, like for example a Godunov scheme, in order to build
a finite volume approximation fulfilling a maximum principle on the flux.
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Theorem 6.2.2 (existence and uniqueness of bounded flux solutions) Let ug be
a prepared initial data, then there exists a unique bounded fluxz solution u® to the problem
(P?) in the sense of definition 6.2. Furthermore, if u®,v° are two bounded fluz solutions
associated to initial data ug, v, then, for a.e. t € (0,T),

/(ua(x,t) — v (z, 1)) Edx < /(uo(a:) — vo(z))Ed. (6.10)
R

R
Moreover, we can suppose that u® € C([0,T]; L*(R)).

Obviously, the existence of a bounded flux solution can not be extended to any initial
data in L*°(R). They at least have to involve bounded initial fluxes, that is 0,p;(ug) €
L>*(R). An additional natural assumption is needed to insure the existence of such a
bounded flux solution : the connection in the graphical sense of the capillary pressures at
the interface.

We need to suppose that uy belongs to L'(R) to insure the comparison principle, and
so the uniqueness of solution. Since a prepared initial data is supposed to be compactly
supported and uniformly bounded, the property uy € L'(R) is fulfilled. Then, the asso-
ciated bounded flux solution u belongs to L>((0,T); L*(R)) (and even in C([0,T]; L' (R))
thanks to appendix A).

We have restricted the frame of theorem 6.2.2 to prepared initial data, but the existence
and uniqueness result can be extended to the following larger frame.

Theorem 6.2.3 (existence and uniqueness of the SOLA) Letuy € L'(R), 0 < up <
1 a.e., there exists a unique u® € C([0,T); L*(Q)) such that, for any family (uo,) of pre-
pared initial data tending to ug as n — 0, the corresponding solution ugy tends to u® in
C([0,T]; LY(Q)). Such a u® is called solution obtained as limit of approzimations (SOLA)
associated to ug.

This theorem, also contained in theorem 4.7.1 up to the choice of a non increasing g;, is in
fact a straightforward consequence of the continuous dependance of u; with regard to ug,,
stated in (6.10). Indeed, if (1),),, is a sequence tending to 0, and let (uq,y, ),, be a sequence
of prepared initial data tending to ug. Then it follows from (6.10) that for all ¢ € (0,7,
(ufh(, t))n is a Cauchy sequence in L!(R), and so there exists u(-,t) € L'(R) such that

ut(-,t) = %ig})u%(-,t) in L1(R).

Furthermore, we can check that : V¢ € [0,T),
[u= (5 D)l 1y = lluoll L w)- (6.11)

6.2.3 particular sub- and super-solutions

Thanks to lemma 6.2.1, we can approach any initial data ug € L by a prepared
initial data wg, which is smooth in subdomains R_ and R, and which is constant on
a small interval on each side of the interface. For the sake of simplicity, we will remove
the 1 in the notation, and so we suppose that ug is a prepared initial data. Let u® be
the unique solution to the approximate problem (P¢). We compare u® and particular sub-
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and super-solutions, and so we deduce in proposition 6.2.6 that for £ small enough, u® is
constant on a small interval on each side of the interface.
First, we state the following technical lemma which is just a consequence of the as-

S
sumptions 6.2.4 and to the fact that ¢;(s) = C’i/ gi(a)da.
0

Lemma 6.2.4 Let i = 1,2, and let g; satisfy the assumptions , there exist m € (0,1),
R >0, and o € (0,¢;(1)) such that :

giop;H(s) > Rs™ if s<a, (6.12)
giow; '(s) = R(wi(1) =)™ if  s2>pi(1) — (6.13)
gi o @; ! is locally Lipschitz continuous on (0, p;(1)). (6.14)

Proof
Let o € (0,1/2), then since g; > 0 on (0,1), there exists 5 > 0 such that g;(s) > (3 if
s € [a,1—a]. So ¢l(s) is strictly positive on [a, 1 — a], and ¢; ! is a Lipschitz continuous
function on [p;(a), ¢;(1—«)]. Since g; is also Lipschtiz continuous on [a, 1 — &}, we deduce
that g; o ;! is a Lipschitz continuous function on [a, ¢;(1 — @)], and thus (6.14) holds.
The inequalities (6.12) and (6.13) are similar, indeed they consist in showing that

;i © ((gi)\uz>_ are Holder continuous functions, for z =0 in (6.12), and z = 1 in (6.13).

This is of course the case, since <(9i)|uz) and ¢; are Holder continuous functions (p;

are even Lipschitz continuous functions). O

We will introduce now particular solutions of the ordinary differential equation
vi = 9i0 97 (9): (6.15)

Lemma 6.2.5 There exists a solution y; to (6.15) on R and C(g;,¢;) > 0 such that
yi(z) =0 if £ <0 and yi(z) = i(1) if © = C(gi, i)

Proof

The ordinary differential equation w’ = Rw™ with initial condition w(0) = 0 admits
multiple solutions, and w(x) = (R(1 —m):n)ﬁ if z >0 and wx) =0if x < 0is a
particular solution. It follows from inequality (6.12) that w is a subsolution to (6.15) on
a neighborhood of {z = 0}, so there exists a solution y; to (6.15) such that y; > w and
yi =0 on R_ (see e.g. [HS99]). This insures the existence of 79 > 0 such that y;(ny) = .
We consider now the initial value problem 2z’ = R(p;(1) — 2)™, with 2(0) = ¢;(1). It
admits of course also multiple solutions, since z(x) = ¢;(1) if x > 0 and z(z) = ¢;(1) —
(R(1— m)(—a:))ﬁ if <0 is a particular solution. Then, thanks to (6.13), there exists
¥; solution to (6.15) with ¢; = ¢;(1) if z > 0 and y; < z if # < 0. This ensures the existence
of m < 0 such that g;(n1) = ¢i(1) — o

Since g; o ¢; ' is Lipschitz continuous on [a, ¢;(1) — al, and g; o ¢; '(s) > 3 > 0 if
s € o, pi(1) — ], then there exists a unique increasing solution y to (6.15) with y(n) = a.
This solution is greater than ¢;(x) = min((¢;(1) — «), max(a, aexp(Bz — 19))), thus in
particular, there exists v > 0 such that y;(y) = (¢i(1) — ).
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The function y; can be extended by y;(x) = g;(x — v+ n1) if * > 7, and so this function
reaches the value ;(1) in finite x. O

Proposition 6.2.6 Let ugbe a n-prepared initial data, then there exists g, such that for
all e € (0,e0), u®(z) =1 on (—n/2,0) and u*(z) = 0 on (0,n/2), where u¢ is the unique
bounded flux solution to (P%).

Proof

Let C' = C(g;,¢;) be a positive real value chosen as in lemma 6.2.5, that is chosen such
that a solution y; to (6.15) needs less space than C' to pass from the state 0 to the state
@i(1). We define g9 = 5, and let € € (0, o)

wa) =4 <y1 <w;rn>> itz <0, (6.16)
0

if x>0,

1 if =<0,
=9 (Z/z (z _E"/2>> it 7> 0. (6.17)

It follows from lemma 6.2.5 that w(z) =0if x ¢ (—n,0), W(z) = 1 if ¢ (0,7n), and that
w(z)=1if z € (—n/2,0), w(x) =1if z € (0,n/2).

This functions have been built so that w is a sub-solution and w is a super-solution to
the problem (P¢). The comparison principle insures that for every ¢ € [0, 77,

w<u (-, t) <w.
This particularly insures that u®(z,-) = 1 for a.e. z € (—n/2,0) and u®(z,-) = 0 for a.e.
x € (0,n/2). O
6.2.4 a L*((0,T); H..(Q;)) estimate

Our goal is now to derive an estimate which insures that the effects of capillarity vanish
almost everywhere in §2; x (0,7) as € tends to 0.

Proposition 6.2.7 Let K be a compact subset of €;, then there exists C' depending only
on ug, gi, pi, 'y K such that

Vel (W)l L2 0,1y 1, (1)) < C- (6.18)
This particularly ensures that
e0ppi(uf) — 0 in L2((0,T); L},.(Q)) as e — 0. (6.19)

The idea of the proof of proposition 6.2.7 is formally to choose u®vy as test function in
(6.9) for a function x — 9 (x) compactly supported in K. Using the fact that the flux Ff
is uniformly bounded in L*(£; x (0,7)), we can let ¢ tend toward y g, with xg(z) =1
if x € K and 0 otherwise, and the estimate (6.18) follows. To obtain (6.19), it suffices to
multiply (6.18) by /.

We refer to proposition 5.2.2 for a rigorous proof of proposition 6.2.7.
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6.3 Convergence

6.3.1 A compactness result

Since (u®), is uniformly bounded between 0 and 1, there exists u € L>(R x (0,7))
such that u® — u is the L weak-x sense. This is of course insufficient to pass in the limit
in the nonlinear terms. Either better estimates are needed, like for example a BV -estimate
introduced in the work of Vol'pert [Vol67] and in chapter 5, or we have to use a compactness
result allowing to deal with non-linearities. This idea motivates the introduction of Young
measures as in the papers of DiPerna [DiP85] and Szepessy [Sze91], or equivalently the
notion of nonlinear weak star convergence, introduced in [EGGH98]| and [EGHO00], which
will lead to the notion of process solution given in definition 6.3.

Theorem 6.3.1 (Nonlinear weak-x convergence) Let Q be a Borelian subset of R,
and (uy,) be a bounded sequence in L°°(Q). Then there exists u € L>(Q x (0,1)), such
that up to a subsequence, u, tends to u 7in the non linear weak star semnse” as n — oo,
that is : Vg € C(R,R),

g(uy) — / ))da for the weak-% topology of L>°(Q) as n — oc.

We refer to [DiP85] and [EGGH9S8] for the proof of theorem 6.3.1.

6.3.2 convergence toward an process solution

Definition 6.3 (process solution to (Piy)) A function u € L>(R x (0,T) x (0,1)) is
said to be a process solution to (Pim) if 0 <u <1 and fori=1,2, Vi € DT(Q; x (0,T)),
Vk € [0,1],

/ / / w(@,t, @) = k) F0(x, t)dadzdt + / (uo(x) — k)= 4(x, 0)dar

Lo
+/ / / Git(u(z, t, ), K)Op(x, t)dadzdt + My, / (w; — k)5 (0,t)dt > 0,
0o Ja,Jo 0

where My, is any Lipschitz constant of g;, U1 = 1 and Uy = 0.

Proposition 6.3.2 (convergence toward a process solution) Letug be a n-prepared
initial data, and let (u®), be the corresponding family of approzimate solutions obtained
via (P?). Then, up to an extraction, u® converges in the nonlinear weak-x sense toward a
process solution u to the problem (Plim ).

Proof
Since u® is a weak solution of (P¢), which is a non-fully degenerate parabolic problem,

that is cpi_l is continuous, it follows from the work of Carrillo [Car99] that u is an entropy
weak solution, that is : Voo € DT (Q; x [0,T)), Vk € [0,1],

(z,t) — k) EO(x, t)dadt + | (uo(x) — k)FY(x,0)dx
IS J,

+/ / [Gix (u(z,1), k) — €Dp(0i(u®) (2, t) — @i(ﬁ))i] O (z,t)dzdt > 0. (6.20)
0o Ja
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This family of inequalities is only available for non-negative functions ¥ compactly sup-
ported in €;, and so vanishing on the interface {x = 0}. To overpass this difficulty, we use
cut-off functions x; s.

Let 6 > 0, we denote by x; 5 a smooth non-negative function, with x; s(x) = 0if x ¢ €,
and y; s(z) = 1 if & € Q;, || > 6. Let o € DF(Q x [0,T)), then ¢x; s € DT(Q; x [0,T))
can be used as test function in (6.20). This yields

/ / () — K)EO(z, )X p(x)dadt + / (uo(2) — K= p(z, 0)xi5(x)de

Q .

/ / Git(u®(z,t), k) — €0p (i (u®)(x,t) — wi(K)) ]am¢(x,t)xi75($)dwdt

+// [Gii(ua(az,t), k) — 0, (pi(u®)(z,t) — cpi(/f))i] P(x, )0z xis(x)dxdt > 0(6.21)
0JQ;

Since ug is supposed to be a n-prepared initial data, we can claim thanks to proposi-
tion 6.2.6 that, if £ is small enough, u is constant in ; on a neighborhood of {z = 0},
equal to w;, that is 1 is 4 = 1 and 0 if ¢ = 2. It follows that for § small enough, the support
of Oyxis is included in the set where u® = %;, and so the last term in inequality (6.21)
becomes can be rewritten in a very simple way.

/ / (z,t) — k) E0(, ) xi5( )dxdt—i—/ (uo(z) — ) Ep(z,0)xi5(x)dx

Q;

+ / / (G (4 (2, 1), ) — (i), 8) — i())=] Buth(, ) a5 () vl
0 Q;
T
—I—/ /‘Gii(ﬂi,/{)zb($,t)8mxi75(:n)d:ndt > 0. (6.22)

We denote by n(i) the inward normal to €2;, that is n(1) = —1 and n(2) = +1. Then
letting 6 tend to 0 in (6.22) yields : Vi € DT (Q; x [0,T)), V& € [0, 1],

/ / (z,t) — K)FOu(x, t)dxdt+/.( o(@) — k) Ee(z, 0)de
/ / Git(u(x,t), k) — €0y (i(u®)(x,t) — pi(K)) ]C%w(a:,t)dxdt

/ Gis (s, K)(0,t)dt > 0. (6.23)

Let Mg, be a Lipschitz constant of g;, then
|G (W5, )| < My, (W — k),
and it follows from (6.23) that

/ / )EOup(x, t)dxdt—i—/ (uo(x) — K)Eeb(z,0)dx

Q;

+/0 /Qz [Gi:l:(ue(ﬂf,t),li) — 0, (i (u®)(w,t) — (Pi(/i))i] 0, t) dwdt

(0, t)dt > 0. (6.24)
o [
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We can now let ¢ tend to 0. We deduce from proposition 6.2.7 that, up to an extraction,
for all x € [0, 1],

€0 (0i(uf) — @i(r))* tends to 0 a.e. in Q; x (0,7) as € — 0, (6.25)

and using 0 < u® < 1, theorem 6.3.1 insures the existence of u € L>®(R x (0,7 x (0,1))
such that

1
(uf — k) — /0 (u(-,- @) — k) Eda  ase — 0, (6.26)

1
Git(u®, k) — / Git(u(+,-,a),k)da  as e — 0. (6.27)
0

Letting ¢ tend to 0 in (6.24), using (6.25), (6.26) and (6.27) yields : Vib € DT(Q; x (0,7)),
Vk € [0, 1],

/OT /Q /OI(U(%EQ) — k)E0(x, t)dadzdt + /Qi(uo(a:) — k)FY(z,0)dx

T 1 T
+/0 /Q/O Gii(u(iﬂat,@)a’f)ax?ﬁ(x,t)dadxdt—I—Mgi/0 /Q (w; — &) (0, t)dt > 0.

u is thus a process solution in the sense of definition 6.3. ]

6.3.3 uniqueness of the (process) solution

It is clear that the notion of process solution is weaker than the one of solution given
in definition 6.1. We state here a theorem which claims the equivalence of the two notions,
that is any process solution is a solution in the sense of definition 6.1. Furthermore, such
a solution is unique, and a L'-contraction principle can be proven.

Theorem 6.3.3 (uniqueness of the (process) solutions) There exists a unique pro-
cess solution u to the problem (Pum ), and furthermore this solution does not depend on «,
that is u is a solution to the problem (Pym ) in the sense of definition 6.1. Furthermore, if
ug, vo are two initial data in L>°(R), and let u and v be two solutions associated to those
initial data, then for almost every t € [0,T), for all R > 0,

R R+Mt
/ (u(x,t) — v(z,t))Fde < / (uo(z) — vo(z))Fde, (6.28)

-R —R—Mt
where M > max;(My, ).

The proof of this theorem can be done using the doubling variable method. The presence
of the process variable a does not lead to any difficulties all along the proof. At the end,

if v and @ are two process solutions associated to the same initial data ug, we obtain a
L'-contraction principle of the following form : for a.e. t € [0,7T),

/R/Ol /ol(u(x’ t,a) —alx,t, 8))* dadfdz < 0.

Thus u = %, and u does not depend on «. In the doubling variable method, the treatment of
the boundary conditions has been performed by Felix Otto in his PhD Thesis, summarized
in [Ott96a], and explained in [MNRR96]. We refer to this later reference and to [Vov02]
for a complete proof of theorem 6.3.3.
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Proposition 6.3.4 Let ug € L'(R) be a prepared initial data, and let u® be the corres-
ponding solution to the approzimate problem (P¢). Then u® converges in LP(R x (0,T)),
1 <p < o to the unique solution u to (Pyum ) associated to initial data ug.

Proof
We have seen in proposition 6.3.2 that u® converges up to extraction to a process solution.
Thanks to theorem 6.3.3, the process solution is unique, and is a solution to (Py, ) in the
sense of definition 6.1. The family (u®)_ admits then a unique adherence value, which is a
solution thanks to theorem 6.3.3, thus all the family converges toward this unique limit «
in the non-linear L°°-weak-x sense. One has

//u—u )2dwdt = // dxdt—2/ /uudmdt—l—//2dxdt

Thanks to the theorem 6.3.1, since u® tends to w in the non-linear L*°-weak-x sense, and
since u does not depend on «, one has

lim / / Vdxdt = / / u?dxdt,
e—0

T T
lim/ /ueudl‘dt:/ /uzdzrdt.
e=0Jo Jr 0 JR

T
lim / / (u® — u)?dxdt = 0. (6.29)
e—0 0 R

This particularly ensures that

Thus we obtain

u® —u in L. (Rx[0,T]) as € — 0. (6.30)
Moreover, using £ = 0 and x = 1 in (6.2), we can check that u is a weak solution to
(Piim ), that is : Vi € D(R x [0,T)),
T
/ / u(z, t)0ph(x, t)dxdt + / uo(x)Y(z,0)dx
/ > / gi(u)(z, )00 (, t)dxdt = 0. (6.31)
1=1,2

Since g; is a Lipschitz continuous function, g;(u) € L>((0,7); L'(€;)), and thus

R+1
Rlim/ / )(z, t)dxdt = 0.

Then, choosing t(z,t) = Xjo, min (1, (R + 1 — [z[)*) in (6.31) yields, using (6.11) : Vt €
[0, 7]

Ju( )Ly = lluollprwy = 1w (Bl L1 m)- (6.32)
Let R > 0, we denote by Bp the interval (—R, R), then from (6.30)

T T
/ / u(z, t)dzdt — / / u(z, t)dxdt ase — 0. (6.33)
0 Br 0 Br
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We deduce from (6.32) and (6.33) that

/ / (x,t)dzdt — / / u(z, t)dzdt as e — 0. (6.34)
BR BR

Let § > 0. Since v € L' (R x (0,7')), we can choose R large enough to ensure

/0 ' / et <. (6.35)

T T T
/ /]ue—u\dwdt < / / \ua—u]dxdt—k/ / uSdadt
o Jr 0 JBg 0 J(Br)*
T
—I-/ / u dxdt. (6.36)
0 J(Br)*

We deduce from (6.34) and (6.35) that

T
lim/ / udxdt < 0,
e=0Jo J(Br)*

then letting ¢ tend to 0 in (6.36) provides, thanks to (6.30) :

T
lim/ / |u® — u|dzdt < 20.
e—0 0 R

This inequality holds for any § > 0, then we can claim

T
lim/ / |u® — uldzdt = 0.
e=0Jo JR

Since 0 < uf,u <1 a.e., one has |u® — ulP < |u® — v for all p € [1,00), and then

T
lim/ / |u® — uPdxdt = 0.
e—0 0 R

6.3.4 initial data v, in L>®(R)

One has

The notion of bounded flux solution is too restrictive to provide existence for any wug
in L>(R), but the existence and uniqueness frame can be extended to general initial data
using density arguments.

Theorem 6.3.5 Let ug € L*°(R), 0 < up <1, and let u® be the unique SOLA correspon-
ding to ug. Then u® tends in LP((0,T); LY (R)) toward the unique solution u to (Pim) as
€ tends to 0.
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Proof

The extension using a density argument to initial data ug € L®(R), 0 < uy < 1 a.e.,
leads to non difficult but quite long calculations performed in the proof of theorem 5.3.4
in the previous chapter. This is based on the fact that the propagation speed for the limit
problem is finite, because g;, i = 1,2, are Lipschitz continuous functions.

We will now give a much shorter proof, which only holds for integrable initial data
ug € LY(R). In such a case, we have global L!-contraction principles (6.10) and (6.28).

Let ug € L>®(R) N L'(R), there exists thanks to lemma 6.2.1 a sequence (uo,n), of

prepared initial data tending to ug. Let (uf7)17 be the associated family of solutions to the

problem (P¢). Thanks to (6.10), one has for almost every ¢t € (0,7, for all n,0 > 0,

[ it~ i) e < [ (uay o) d

We can thus build a Cauchy sequence in L°°((0,7); L' (R)), then there exists a unique u®
limit of u; for n — 0, and

/R(u%(x,t) —uf(z,t))Fde < /R(uo,n — up)*dx. (6.37)

This w© fulfills the problem (P¢) in a weaker sense, as it is explained in chapters 3 and 4.
The function u* is furthermore the limit of the finite volume approximation introduced in
chapter 4.

Let u (resp. uy) be the solution to (P ) associated to ug (resp. ug,,). We now aim to
show that u® tends to u as ¢ tends to 0. For a.e. t € (0,7,

/R|u(x,t)—ua(x,t)|dx < /R|u(x,t)—u,7(:1:,t)|d:n
+/R|un(x,t) — up(w,t)|dx

+/ |up (z,t) — u® (2, t)|dz. (6.38)
Using (6.28) and (6.37) in (6.38) yields

/|u:rt —u(x,t)|dxe < /|u,7:17t uy (z,t)|dx

+2/ [uo,n(z,t) — up(x,t)|de. (6.39)
R
Letting € tend to 0 in (6.39), it follows from proposition 6.3.4 that
limsup/ lu(z,t) —u(z,t)|dx < +2/ [ug,y(x,t) — ug(x,t)|d. (6.40)
e—0 R R

Since (6.40) holds for any 7, we can let 1 tend to 0 and we obtain

lim [ |u(z,t) —u(z,t)|de = 0.
R

e—0

156



6.4 Conclusion

6.4 Conclusion

We have proven in chapter 5 that under convenient assumptions, which can be mainly
summarized as follow :

« either the capillary forces and the gravity are oriented in the same sense, or the global
convection is larger than the one inducted by the gravity term, »

the solution to the approximate problem (P¢) taking into account the discontinuous capil-
lary forces at the interface converges toward the unique entropy solution to the problem.

In this chapter, we have set the assumptions 6.2.4, which particularly insure that the
gravity forces and the capillary forces are oriented in the reverse sense at the interface.
Under this assumptions, we have shown in theorem 6.3.5 that the solution u® to the
approximate problem (P¢) converges toward a weak solution u, which is entropic in each
subdomain R, but which admits a non classical shock at the interface. Indeed, as we
stressed it in section 6.1.1, the function ©v = 1 for x < 0 and v = 0 for x > 0 is not an
entropy solution in the sense of definition 5.1, but it is clearly a steady solution to the
problem (Pyiy, ).

It is also interesting to check that the limit u is unique, and that it can be easily
computed using a Godunov scheme inside of each R%, and the very simple Rusanov ap-
proximation introduced in chapter 5 at the interface.

The lack of estimates on the approximate solutions impeach us to extend this result
to larger dimension. We would particularly loose the uniform bound on the flux, and so
the comparison principle (6.10), and the L*((0,7); H} .(;))-estimate stated in proposi-
tion 6.2.7, which are key-points of the proof of theorem 6.3.5.
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Chapitre 7

Conclusion et Perspectives

7.1 Un nouveau modele de raccord aux interfaces

Dans ce manuscrit, nous avons étudié les écoulements en milieux poreux hétérogenes,
et en particulier dans des milieux « discontinus », c’est a dire dont les caractéristiques
physiques varient de maniére discontinue par rapport a la variable d’espace. Ceci corres-
pond au fait que différents types de roches, aux caractéristiques physiques tres différentes,
cohabitent au sein d’'un méme bassin sédimentaire. Nous n’avons pas considéré de varia-
tions « progressives »des grandeurs physiques, mais cela pourrait étre rajouté en s’ins-
pirant par exemple du travail de Chen [Che01] sans apport de difficultés majeures. Les
caractéristiques physiques sont donc constantes par morceaux, ce qui revient a considérer
le milieux poreux hétérogene {2 comme une apposition de différents milieux poreux ho-
mogenes Q;,i=1,...,N.

A sein des sous-matrices poreuses circule un mélange non miscible d’eau et d’huile, et
on suppose qu’il n’y a pas de gaz, si bien que les phases sont supposées incompressibles.
Chacune des deux phases posséde sa propre pression, p, pour la phase huileuse et p,, pour
la phase aqueuse. La pression capillaire, c’est a dire la différence entre les pressions de
phase, est supposée ne dépendre que de la saturation en huile u et de la matrice poreuse
Qi .

Po — Pw = mi(u),

ou m; est supposée lipschitzienne et strictement croissante.

Au niveau des interfaces entre les différents sous-domaines, la conservation de la masse
impose le raccord des flux. S’il semble naturel aussi d’imposer le raccord des pressions
de chaque phase, et donc des pressions capillaires, ceci n’est pas toujours possible du fait
que la pression capillaire est une fonction donnée de la saturation 7;(u) dans chaque sous-
domaine ;. Raccorder les pressions capillaires, au sens fort, a I'interface impose donc une
relation de compatibilité sur les courbes de pression capillaire :

Le cas ou les conditions de compatibilité sont vérifiées est traité dans le premier chapitre
en négligeant tous les termes de convection. On y a prouvé l'existence et I'unicité de la
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solution faible, moyennant une hypothese sur les différents sous-milieux poreux, exigeant
qu’ils aient des caractéristiques pas trop différentes qualitativement.

Supposons que u désigne la saturation de la phase huileuse, dire alors que u aug-
mente et tend vers 1 revient a dire que I'huile envahit tous les pores du réseau poreux,
en particulier des pores ayant des diametres de plus en plus petits. La relation (1.1) liant
pression capillaire et diametre de pores incite a penser que la pression capillaire augmente,
éventuellement beaucoup, lorsque u tend vers 1 pour permettre I'invasion des pores de plus
en plus étroit. La limite lim,_, m;(u) = 400 apparait alors naturellement. Il semble aussi
assez naturel que la pression capillaire ne soit pas univoque lorsque 'on se trouve avec une
seule phase en présence, en raison de I'incompressibilité du fluide. On considere donc des
graphes de pression capillaire 7; définis par

mi(u) if 0<wu<l,
[m:(1),400) if w=1,

et le raccord des pressions capillaires a I'interface I'; ; entre €; et €2, devient :
i (ui) N7 (uy) # 0. (7.1)

Cette maniére de connecter les pressions capillaires enléve toute relation de compatibilité
entre les fonctions ;.

On a montré au chapitre 3 I'existence d’une solution faible pour un écoulement de type
dead-oil (i.e. mélange eau huile, immiscible et incompressible) dans un tel milieu poreux
hétérogene pour des conditions de type graphique. N’étant pas capable de démontrer
I'unicité d’une telle solution faible dans le cadre multidimensionnel, nous avons cependant
prouvé un résultat d’unicité dans le cas unidimensionnel. Celui-ci utilise la notion de
solution a flux bornés, qu’il semble difficile d’adapter aux dimensions supérieures.

Si ce résultat d’existence d’une solution faible peut s’étendre sans difficulté dans le cas
ou on a une équation parabolique dégénérée dans chaque sous-domaine €;

¢iOpu + div ((Tfi(U) + (po — puw)J — Az‘(UWW(U)> =0.

avec les notations de I'introduction (1.17), et raccord des flux, et des pressions capillaires
au sens graphique au niveau des interfaces, la prise en compte du probleme complet semble
plus délicate. En effet, on a alors un couplage entre une équation parabolique (1.13) et
une équation elliptique (1.14)

Oy — div (u) (VP — podf Mo.i(t)1h.i(¥) Vri(u) | =
Gich —d (n‘“( JVP = o) ) + i) )> oo

!

—div Z ng,i(w) (V

B=o0,w

—ps59) | =0. (7.3)

Les conditions de raccord associées a l'inconnue P a imposer au niveau des interfaces
ne sont pas claires : si un raccord des flux induits par la deuxieme équation a travers
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I'interface

D msi)(VP=psg) | i+ | Y mps)(VP = ppg) | -7 =0

=o0,w B=o0,w

est nécessaire , une condition supplémentaire de type « raccord des traces » doit étre
rajoutée.

7.2 Schémas numériques

Dans le chapitre 4, nous avons montré la convergence dun schéma numérique de
type Volumes Finis vers I'unique solution & flux bornés au probléme unidimensionnel,
voire 'unique SOLA pour des données initiales non régulieres. La premiere partie de la
démonstration de convergence, & savoir toute la partie 4.2, peut s’adapter tres facilement
au cadre multidimensionnel, toujours en considérant le débit total connu afin de négliger
le couplage. Cette généralisation se fait de maniere directe en utilisant des maillages ad-
missibles (voir définition 2.3), mais il serait intéressant de la généraliser pour des maillages
non structurés, les maillages industriels étant souvent directement inspirés de la géologie,
et ne respectant pas les conditions d’admissibilité requises.

Une fois que les conditions de raccord sur la pression globale P seront trouvées, Il
est probable que la convergence d’un schéma numérique pour le cas multidimensionnel ne
posera pas de probleme. Une autre idée serait de trouver les conditions de transmission
phase par phase, afin d’utiliser le schéma amont des pétroliers [BJ91], [Mic01], [Enc04].

7.3 Pression capillaire indépendante de la saturation

La condition de raccord graphique des pressions capillaires aux interfaces (7.1) per-
met de considérer n’importe quelles fonctions m; strictement croissantes et lipschitziennes,
sans aucune condition de compatibilité. Comme les forces de capillarité sont souvent
négligeables en comparaison aux forces de gravité, nous avons étudié la limite

w(u,z) — P.(x).

Ceci n’a été fait que dans le cas unidimensionnel, et dans des cas particuliers dans les
chapitres 5 et 6.

L’influence de I'orientation des discontinuités de pression capillaire a alors une influence
trés importante sur le profil de solution, sélectionnant soit la solution entropique de la loi
de conservation scalaire a coefficients discontinus (cf. [Tow00], [Tow01], [AGO03], [SV03],
[Bac05]) lorsque orientation des forces de capillarité & linterface est la méme que celle
de la gravité, comme cela a été montré au chapitre 5, soit une solution faible, entropique
partout a l'intérieur des sous-domaines (2;, et laissant apparaitre un choc non classic au
niveau de l'interface. Ce dernier cas donne des profils de saturation faisant tres clairement
penser au phénomene de piégeage des hydrocarbures.
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Le contexte des solutions a flux bornés a été utilisé pour démontrer la convergence
de la saturation vers une solution entropique ou non-entropique, et la preuve donnée ne
peut donc pas étre adaptée directement aux dimensions supérieures. Cependant, il semble
possible (mais délicat) d’étudier un schéma Volumes Finis pour ce type de problemes, et
il serait tres intéressant d’en comparer les résultats avec ceux donnés par les algorithmes
de percolation des hydrocarbures prédisant la position des pieges a hydrocarbures, ainsi
qu’avec des résultats provenant du modele Temis, qui est un modele beaucoup plus complet
de résolution d’écoulements triphasiques en milieux anisotropes, hétérogenes.

Si I'étude de la convergence d’un schéma Volumes Finis est envisageable avec des
techniques classiques pour la loi de conservation scalaire hyperbolique seule, le couplage
ajoute une nouvelle difficulté due a la dépendance par rapport a u en général de

w3 mgalu),

B=o0,w

et la convergence ne pourra étre prouvée (cf. [EGO03]), une fois les difficultés liées au
couplage d’'une équation parabolique avec une équation elliptique surmontées, que dans
des cas particuliers, déja intéressants et étudiés par exemple dans [EG93] et [Vig96], ou

Z nﬁﬂ-(u) = Ki-

B=o,w
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Annexe A

Annexe : On the time continuity
of entropy solutions

A.1 The problem, and main result

Convection diffusion equations appear in a large class of problems, and have been
widely studied. We consider in the sequel only equations under conservative form :

ou+ V- F(u) — Ap(u) = b, (A1)

so that we can give some sense to (A.l) in the distributional sense. In this paper, we
consider entropy solutions of (A.1) that do not take into account any boundary condition,
or condition for |z| — 4o0.

The proof does not use a L'-contraction principle (see e.g. Alt & Luckaus [AL83] or
Otto [Ott96b]), so that it can be applied in case where uniqueness is not insured, like for
example complex spatial coupling of different conservation laws as in [CGP], or for cases
where uniqueness fails because of boundary conditions or conditions at |z| = 400, as it
will be stressed in the sequel.

Let us now state the required assumptions on the data. Let € be an open subset of R?
(d > 1), and let T be a positive real value or +oo.

F is a continuous function, (H1)
¢ is a nondecreasing Lipschitz function, (H2)
uy € L}, (). (H3)

One has to make the following assumption on the source term :
b € L7oo([0,T); HH()) N Lioe(2 % [0,T)). (H4)

In the sequel, v Tw (resp. vLw) denotes max(v,w) (resp. min(v,w)), and sign is the
function defined by

0 if s=0,
sign(s) =< 1 if s>0,
-1 if s<0.

163



ANNEXE : ON THE TIME CONTINUITY OF ENTROPY SOLUTIONS

We consider entropy weak solutions of (A.1), as in the famous work of Kruzkov [Kru70]
for hyperbolic equations. This notion can be extended to degenerated parabolic equations,
as noticed by Carrillo [Car99]. This leads to the following definition of entropy weak
solution :

Definition A.1 A function u is said to be an entropy weak solution if :
1. uelLl (2x][0,T)),
2. F(u) € (L3,.(2 x [0,7)))",
3. d(u) € L1,.([0,T); HE (),
4. Y € DT(Q x [0,T)), Vk € R,

T
/0 /Q |u — k|Oppdadt + /Q lup — k[ (0)dz
T
+/0 /Q(F(’LLT/{) — F(ulk) — V]o(u) — ¢(k)|) - Vipdzdt

T
+/0 /Qsign(u — K)bpdxdt > 0. (A.2)

Proposition A.1.1 Any entropy weak solution is a weak solution, that is it fulfills the
three first points in definition A.1, and : Vi € D(Q x [0,T)),

/()T/Quﬁtl/}dxdt—k/ﬂuow(O)dx

T T
+/ / (F(u) = Vo(u)) - Vipdzdt +/ / bydxdt = 0. (A.3)
0 JQ 0 JO
Reciprocally, if ¢~ is a continuous function, the any weak solution is an entropy solution.

Proof

Suppose first that ¢! is a continuous function, then the fact that any weak solution u
is an entropy weak solution is just based on a convexity inequality, and on the fact that
sign(¢(a) — ¢(b)) = sign(a —b) for all (a,b) € R2. More details are available in [Car99] (see
also [GMT94]).

The fact that an entropy weak solution w is a weak solution is obvious if u belongs to
LE, (2 x [0,T)) (consider k = %||ul| Lo (supp(w)))-

Suppose now that u only belongs to LlLOC(Q x [0,T)). Let k € R, then for all ¥ € D(Q2 x
[0,77)), one has

T
/ / KOppdadt —1—/ kY (0)dx = 0, (A4)
0 Q Q
which added to (A.2) yields : Vi € DT(Q x [0,T)),

T
/ / (lu — K| + k) Oppdadt +/ (lug — K| + k) ¥(0)dx
0o Jo Q
T
+/0 /951gn(u — k) (F(u) — Voé(u)) - Vipdadt
T
—I—/O /gls,lgn(u — K)bpdxdt > 0. (A.5)
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One will now let x tend to —oo in (A.5). Suppose that £ < 0, then
Hu — K|+ /{| < |u| and ||u — K|+ /i‘ — u a.e. in supp(v)),

and the dominated convergence theorem gives : Vb € DT(Q x [0,7)),

/OT/Quﬁtl/dedt—F/Quow(O)dx

+/0T/Q(F(u) —V¢(u))-Vzbdxdt+/0T/Qb¢dxdt > 0.

The same way, one has : Vi € DT (Q x [0,T)),

/OT/Q (lu — K| — k) Oppdadt + /Q (|ug — K| — &) ¥(0)dz
T
+/0 /Qsign(u — k) (F(u) — Vo(u)) - Vipdadt
+/0T/Qsign(u — Kk)bpdxdt > 0.

Letting x tend to +o0, one gets : Vi) € DT(Q x [0,7)),

/0 ' /Q wdpbdadt + /Q wo(0)da

+/OT/Q(F(U) —ng(u))-vwdwdt—i—/oT/sz/zdxdt <0.

This insures that : Vi € DT(Q x [0,7)),

/OT/Quﬁtl/dedt—F/Quow(O)dx

+ /0 ! /Q (F(u) — Vo(u)) - Vepdadt + /0 ' /Q bypdxdt = 0. (A.6)

It is now easy to check that (A.6) still holds for ¢» € D(2 x [0,7)), and so this achieves
the proof of propostion A.1.1 O

Remark A.1.1 In the case where ¢ = 0, the point 2 of definition A.1 can be replaced by
F(u) € (Lioe( x [0,7)))",

and one can remove the assumption b € L2 ([0,T); H~1(Q)) in (H}). Actually, in such a
case, Kruzkov entropies |-—k| are sufficient to obtain the time continuity. The assumptions
F(u) € (L3 ,.(Q x [O,T)))d and b € L2, ([0,T); H~1(2)) will only be useful to insure dyu
belongs to L%, .([0,T); H=1(Q)) in order to recover the regular convex entropies, which are
necessary to treat the parabolic case, as it was shown in the work of Carrillo [Car99].
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The definition A.1 does not take into account any boundary condition, or condition
at || — +oo. This lack of regularity can lead to non-uniqueness cases, as the one shown
in the book of Friedman [Fri64] (also available in the one of Smoller [Smo94]) : the very
simple problem
Ou—02,u=0 inRxRy,

{ u(-,0) = 0 in R (A7)

admits multiple classical solutions if one does not ask some condition for large x like e.g.
u € S'(R x Ry). Indeed, it is easy to check that

[e.9]

(z,t) = ZL 2kd_k —1/t?
OB =2 o™ qik©
=0

is a classical solution of (A.7). So u is a weak solution of (A.7), and thus an entropy weak
solution thanks to proposition A.1.1. It also belongs to C([0,7], L} .(R)), thanks to its
regularity:.

In the following theorem, we claim that any entropy solution is time continuous with
respect with the time variable, at least locally with respect to the space variable.

Theorem A.1.2 Let u be a entropy solution in the sense of definition A.1, then there
exists u such that u = a.e. on Q x [0,T) and fulfilling

7€ C(0,T); Loo(2)).
Furthermore, if there exists p > 1 and a neighborhood U of 082 in Q such that
ug € LY (U), uwe LE.([0,7); LY .(U)),

then we have :
7€ C([0,T); L1,00(Q)).

A.2 Essential continuity for ¢t =0

In this section, we give a simple way to prove the classical result stated in proposi-
tion A.2.1.

Definition A.2 One says that t € [0,T) is a right-Lebesgque point if there exists u(t) in
LY () such that for all compact subset K of Q,
t+e

lim = t l[u(s) = ()| L1 (x)ds = 0.

We denote by L the set of right-Lebesgue points.

It is well known that meas ((0,7)\ £) = 0 and that u = @ (in the L} .(Q)-sense) a.e. in
(0, 7). In the sequel, we will prove that £ = [0, T), and that @ belongs to C([0,7); L} _(Q)).
We begin by considering the essential continuity for the initial time ¢ = 0.
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Proposition A.2.1 For all ¢ € DT(Q), one has :

lim [u(z,t) — up(x)|¢(x)dx =

t—0 JQ
te Ll

Particularly, this ensures that 0 € L.

The limit as ¢ tends to 0, t € £ can be seen as an essential limit, as it is done in lemma 7.41
in the book of Malek et al. [MNRR96] in the case of a purely hyperbolic problem, or by Otto
[Ott96b] in the case of a non strongly degenerated parabolic equation. See also the paper
of Blanchard and Porretta [BP05] for the case of renormalized solutions for degenerate
parabolic equations.

Proof

First, notice that for all £ € £, and for all kK € R, t is also a right-hand side Lebesgue point
of |u—k|. Indeed, if K denotes a compact subset of {2, one has for a.e (z,s) € QNK x (0,T)

|lu(z, 5) — &] = u(@,t) = Kl| < |u(z,s) = u(z,t)],

and so, for all t € L,

1 t+a
lim — / |[u(z,s) — k| — |u(z,t) — K||dzds = 0. (A.8)
onK

a—0a Jy

Let a > 0, and t* € L, one denotes

1 if t <t*
Xjo,+[(t) =4 0 ift>t"+a«
Broct jfpr <t <t +a.
Let ¢ € D(R), and let ¢ > 0 be such that d(supp(¢),09) > . Let p € DFH(RY),
with supp(p) C B(0,1) and [z4 p(2)dz = 1. One denotes pe(z) = sid,o(g) The function

y — ((x)pe(x —y) belongs to DT(Q).
Taking k = up(y) and ¢ (z,y,t) = ((z)pe(z — y)xﬁ‘) t*[(t) in (A.2), an integrating with
respect to y € ) yields :

T
/ / / |u(z, 1) — uo(Y)|C(@)pe (2 — y)Oix[p (1) dadydt
0 QJQ
+ [ [ o) — wa(w)lc@)os(e = oy

[ [ "

- [ e //W (@.1)) = Suo(w)| - ¥ (Ce)pular — ) dedydt

[ [ [ [0 fazo no

where all the gradient are considered with respect to x, and not y.
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One has
(e, t) —uo(y)| = |u(z,t) = uo(@)| + |u(x, 1) — uo(y)| — |u(z,t) — uo(z)],
then, since [pq p-(z —y)dy =1 for all z in supp((), using
Juo (@) — uo(y)| = |lu(@,t) — uo(y)| — u(a,t) — uo(@)]],

we obtain

T
| o ®) [ [ 1t = wa(w)lcteocte = oy
T
< [ oy ® | tute.t) = wo(a)ic(aza
Hondelnom [ [ ole) = )@ = y)dady. (A.10)

For all a €]0,T — t*],
10ex70, 4+ (|l 10,7y = 1,

and then, one can let a tend to 0 in (A.10), so that (A.9) implies :

- /Q /Q [z, 1) — uo(2)|((x)dzdy

+2/Q/Q luo(z) — uo(y)|¢ () pe(x — y)dzdy + i Re(t)dt > 0, (A.11)

where R. belongs to L!(0,T) for all £ > 0. Since £ is dense in [0, 7], one can let in a first
step t* tend to 0, so that fg Re(t)dt vanishes :

lim sup / / [@(z, t*) — ug(x)|¢(x)dzdy
t* — 0 7079
tre Ll

<2 /Q /Q Juo(z) — t0(4)[C(@)pe (& — y)didy. (A12)

One can now let € tend to 0, and using the fact that uy belongs to LlLOC(Q), and that ( is
compactly supported in €2, one gets :

lim / / [a(z, t*) — ug(x)|¢(z)dxdy = 0.
t* -0 /QJQ

t*e Ll
This achieves the proof of proposition A.2.1. O
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A.3 Time continuity for any ¢ > 0
In this section, we want to prove the following proposition :

Proposition A.3.1 Let u be a entropy solution in the sense of definition A.1, then there
exists u such that u = a.e. on Q x (0,T) and fulfilling

€ C([0,T); L, ().

In the sequel, we still denote by u the representative defined using the right Lebesgue
points introduced in definition A.2. Proving the essential continuity for every t* € L is
easy. Indeed, if one replaces ¥ (x,t) by (1 — Xfé,t*[)(t)¢(33>t) in (A.2), and then if one lets
a tend to 0, one gets :

T
/ / lu— K|Oyedadt + / () — k() da
* Q Q

t

T
* /t /Q (F(uTk) = F(ulk) = V]¢(u) — ¢(k)]) - Vibdadt

T
+/ / sign(u — k)pdzdt > 0. (A.13)
tr JQ

One can thus apply the proposition A.2.1 with ¢* instead of 0, and w(t*) instead of ug :
V¢ € DT(Q),

/Q /Q iz, s*) — u(z, t*)|¢(z)dady = 0.

lim
s* —t*
s* el
We will prove the uniform continuity of ¢ — %(t) from £N[0,7 —~] to L} .(Q) for all v €
(0,T). This will give as a direct consequence that £ = [0,7) and u € C([0,7); L} .(Q)).

This uniform continuity will come from theorem 13 in the paper of Carrillo [Car99], which,
adapted to our case, can be stated as follow :

Theorem A.3.2 Suppose that (H1), (H2) hold. Let ug,vo belong to Lt (), let by,b,
belong to L*((0,T); H~1(Q)) N LY((0,7); L} .(R)), and let u,v be two entropy solutions
associated to the choice of b = b, and initial data ug for u and b = b, and initial data vy
for v in definition A.1. Then ¥ € DT(Q x [0,T]),

T
/0 /Q |u — v|Ogtpdxdt + /Q lug — vol1p(0)dx
T
/0 /Q (F(uTv) — F(ulv) — V|d(u) — ¢(v)]) - Vpdadt

T
+/0 /Qszgn(u — v)(by — by)pdxdt > 0. (A.14)

We now have all the tools for the proof of proposition A.3.1.

Proof of proposition A.3.1

Let v > 0,let t* € L, =LN[0,T —~], and h € L, such that t* + h € L, (this is the case
of almost every h € (0,7 — t* —v)). Let ¢ € DT(Q), let « €]0,T — t* — v — A|.
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Taking ¥(z,t) = ((z )X[o ] (t), vo(z) = u(x,h), v(z,t) = v(x,t + h) in (A.14), and
letting « tend to 0 yields :

—/ [u(z,t*) —u(z,t* + h)|((x)dx + /Q lup(z) — u(x, h)|¢(z)dx

u(z,t) Tu(z, t +h)) = Fu(e, ) Lu(@,t +h)] oo
L ) S et ] vt

[ e ze aa

We deduce from (A.15) that

/ [a(x, t*) —u(z, t* + h)|((x)dz < / lup(z) — u(z, h)|((x)dx

Q Q
T—~—h

+ / / P (u(a, ) Tula, t + ) — Flu(z, ) Lu(z, t + h)| |V¢(@)|dadt
0 Q
T Vo)t + ) — Vo(u) (e, 6] [V (@)l dadt
—I-/O /Q| o(u)(z, t + u)(x, x)|dx

T—~—h
+ /0 /Q ba, ¢ + k) — b, 8)] () dad,

and since F(u), Vg(u) and b belong to L} (9 x (0,7)), one can claim that :
Ve >0,Vt* € L,,In >0st.YVhe LN[0,T —~v—t,h<n=
/ Tz, ) — Tz, £ + B)|C(2)da < / () — T, B)|C(@)dz + 6. (A16)
Q Q

One can now use proposition A.2.1 in (A.16), so that we get that
t + T(x,t) is uniformly continuous from £ to L'(Q,¢),

which is the L'-space for measure of density ¢ w.r.t. Lebesgue measure. We deduce that,
for all v € (0,T), t — % is uniformly continuous from £, to L} (), and this insures
that £, = [0,7 — ~|. This holds for any v € (0,7), and so we can claim that @ €
C([0,T); L, (). o

It remains to prove the last part of theorem A.1.2 by considering some test functions
¢ € DT(Q) instead of ¢ € DT (). We will need some additional regularity on the solution :

{ There exists an open neighborhood U of 9 in Q s.t. } (H5)

uo E LLOC(Z/{) U e LLOC([O7 T); LIZ/OC(Z/{))'

(H5) gives the uniform (w.r.t. t) local equiintegrability of u (and so of @) on a neighborhood
of U. We deduce, using u € C([0,7); L},.(Q)) that w € C([0,T); L}, .(Q)).

End of the proof of theorem A.1.2
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Suppose that (H1),(H2),(H3),(H4) hold, then thanks to proposition A.3.1, there exists a
weak solution w € C([0,T), L} .(Q)).

For e > 0, v € (0,7), ¢ € DM (Q), there exists n > 0 such that : V¢t € [0,T — 4],
Vh € [0,min(n, T —t — )],

/Q [, + h) — T, £)|C(@)d < e.

Let K be a compact subset of Q. Then there exists ¢ € D(Q) such that 0 < ((x) < 1 for
all z € RY, and ((z) = 1 if 2 € Q. Let a > 0 and let 3, € C*®(R% R) such that :

0<fBa(x) <1 for all z € Rd,
Ba(r) =1 if d(z,00) < a/2,
Bal(z) =0 if d(z,00) > «a.

Suppose that (H5) holds. For a small enough, one has supp((f,) C U and then, for all
te[0,T —~], forall h € [0, T —t — ],

/Q [, t + h) = u(z, 1) |¢(2) Badr < 2l[ull Lo 0,0—)r @) 1Ball Lo @4

where U denotes U N supp((), and p' = 5 < +o0. Since ||ﬁaHLP’(u<) tends to 0 as «
tends to 0, there exists § > 0 such that :
a<d= / [a(x,t + h) —a(x,t)|((x)Badx < e. (A.17)
Q

Suppose now that « has been chosen such that (A.17) holds. The function {(1—0,) belongs
to DT (Q), and then there exists i such that :Vt € [0,T — ], Vh € [0, min(n, T — v — )],

/ [a(z,t + h) —a(z, t)|((z)(1 — Ba(z))dx <e. (A.18)
Q
Adding (A.17) and (A.18) shows that for all ¢ in [0, —~v — n], for all h € [0,7],
/ [a(z,t + h) —a(x, t)|de < 2e. (A.19)
K

So @ is uniformly continuous from [0,7 — 7] to L'(K), and then
7 € C([0,T); Lo (9).

|

To conclude this paper, let us give a counter-example to the time continuity in the

case where the entropy criterion is not fulfilled for t=0. Consider the Burgers equation, in
the one dimensional case, leading to the following initial value problem.

{ du—0y (u?) =0, (z,t) € (RxRy),

u(+,0) =up = 0. (A.20)

Problem (A.20) admits u = 0 as unique entropy solution in the sense of definition A.1.
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ANNEXE : ON THE TIME CONTINUITY OF ENTROPY SOLUTIONS

We define
0 if t=0,

Aty =4 0 i el > V),
5 if |z| < +/(0).

Then it is easy to check that :
e L (R xRy),
- @’ e L}, (RxRy),
- V¢ € D(Q x R,),

/ +°° / i, )0 (e, t)dadt
0 R
—+00
~2 _
+/0 /Ru (2, 1)0p(, £)dwdt = 0, (A.21)

— Wih € DH(Q x RY), Vi € R,

/+00/ |t — k|(z,t)Op)(x, t)dxdt
0 R
+o0o
oo )
+/0 /}ngn(u k) (2, )01 (x, t)dzdt = 0. (A.22)

Thanks to (A.21), @ is a weak solution of (A.20), and an entropy criterion (A.22) is fulfilled
only for t > 0. The fact that the entropy criterion fails for ¢ > 0, and that the flux @2 is

not bounded (see [CR00]) allows the function @ to be discontinuous at ¢ = 0. Indeed, for
all £ >0,

- 1
a(, )l @ = 3 # |luollprr) = 0.
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