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❞✬❛✈♦✐r ❛❝❝❡♣té ❞✬êtr❡ r❛♣♣♦rt❡✉r ❞❡ ❝❡tt❡ t❤ès❡✳
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♠✬❛✈♦✐r ❤♦♥♦ré ❡♥ ❡①❛♠✐♥❛♥t ❝❡ tr❛✈❛✐❧✳

❖❞❡❞ ▼❛❧❡r✱ ❉✐r❡❝t❡✉r ❞❡ r❡❝❤❡r❝❤❡ ❈◆❘❙✱ ♣♦✉r s♦♥ s♦✉t✐❡♥ ♣♦✉r

❝❡ tr❛✈❛✐❧✳

❏✬❡①♣r✐♠❡ ♠❛ ♣❧✉s s✐♥❝èr❡ ❣r❛t✐t✉❞❡ à ▼❛❞❛♠❡ ❚❤❛♦ ❉❛♥❣✱ ♠❛

❞✐r❡❝tr✐❝❡ ❞❡ t❤ès❡✱ ♣♦✉r ❧✬✐♥térêt q✉✬❡❧❧❡ ❛ ❛ttr✐❜✉é à ♠♦♥ tr❛✈❛✐❧ ❞❡

r❡❝❤❡r❝❤❡✱ ♣♦✉r ❝❡s ❝r✐t✐q✉❡s t♦✉❥♦✉rs ❝♦♥str✉❝t✐✈❡s ❡t ♣♦✉r ❧❡s ♥♦♠✲

❜r❡✉s❡s ❝♦rr❡❝t✐♦♥s q✉✬❡❧❧❡ ❛ ❛♣♣♦rté❡s à t♦✉t❡ ♠❛ ♣r♦❞✉❝t✐♦♥ é❝r✐t❡✳

❏❡ t✐❡♥s é❣❛❧❡♠❡♥t à r❡♠❡r❝✐❡r ❧✬❡♥s❡♠❜❧❡ ❞❡s ♠❡♠❜r❡s ❞✉ ❧❛❜♦r❛t♦✐r❡

❱❡r✐♠❛❣ ❡t s♣é❝✐❛❧❡♠❡♥t✱

◆✐❝♦❧❛s ❍❛❧❜✇❛❝❤s✱ ❞✐r❡❝t❡✉r ❞❡ ❱❡r✐♠❛❣✱ ♣♦✉r ♠✬❛✈♦✐r ❛❝❝✉❡✐❧❧✐

❞❛♥s s♦♥ ❧❛❜♦r❛t♦✐r❡ ❡t ❞❡ ♠✬❛✈♦✐r ❞♦♥♥é ❝❡tt❡ ♦♣♦rt✐♥✉té ❞❡ tr❛✈❛✐❧❧❡r

❛✈❡❝ ❞❡s ❝❤❡r❝❤❡✉rs ❞❡ ❣r❛♥❞❡ q✉❛❧✐té✳





❆❜str❛❝t

❍②❜r✐❞ s②st❡♠s✱ t❤❛t ✐s✱ s②st❡♠s ❡①❤✐❜✐t✐♥❣ ❜♦t❤ ❝♦♥t✐♥✉♦✉s ❛♥❞ ❞✐s❝r❡t❡

❞②♥❛♠✐❝s✱ ❤❛✈❡ ♣r♦✈❡♥ t♦ ❜❡ ❛ ✉s❡❢✉❧ ♠❛t❤❡♠❛t✐❝❛❧ ♠♦❞❡❧ ❢♦r ✈❛r✐♦✉s ♣❤②s✐❝❛❧

♣❤❡♥♦♠❡♥❛ ❛♥❞ ❡♥❣✐♥❡❡r✐♥❣ s②st❡♠s✳ ▼✉❝❤ ❡✛♦rt ❤❛s ❜❡❡♥ ❞❡✈♦t❡❞ t♦ t❤❡

❞❡✈❡❧♦♣♠❡♥t ♦❢ ❛✉t♦♠❛t✐❝ ❛♥❛❧②s✐s ♠❡t❤♦❞s ❢♦r s✉❝❤ s②st❡♠s ❜❛s❡❞ ♦♥ ❢♦r♠❛❧

✈❡r✐✜❝❛t✐♦♥✳ ◆❡✈❡rt❤❡❧❡ss✱ t❤❡ ❛♣♣❧✐❝❛❜✐❧✐t② ♦❢ t❤❡s❡ ♠❡t❤♦❞s ✐s st✐❧❧ ❧✐♠✐t❡❞

t♦ s♠❛❧❧ s✐③❡ s②st❡♠s ❞✉❡ t♦ t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ ❡①❤❛✉st✐✈❡ ❛♥❛❧②s✐s✳ ❚❡st✐♥❣ ✐s

❛♥♦t❤❡r ✈❛❧✐❞❛t✐♦♥ ❛♣♣r♦❛❝❤✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ✉s❡❞ ❢♦r ♠✉❝❤ ❧❛r❣❡r s②st❡♠s ❛♥❞

✐s ❛ st❛♥❞❛r❞ t♦♦❧ ✐♥ ✐♥❞✉str②✱ ❞❡s♣✐t❡ ✐ts ❧✐♠✐t❛t✐♦♥s ❝♦♠♣❛r❡❞ t♦ ❛❧❣♦r✐t❤♠✐❝

❛♥❞ ❞❡❞✉❝t✐✈❡ ✈❡r✐✜❝❛t✐♦♥✳ ❚❤✐s t❤❡s✐s ✐s ❝♦♥❝❡r♥❡❞ ✇✐t❤ ♠♦❞❡❧✲❜❛s❡❞ t❡st✐♥❣

♦❢ ❤②❜r✐❞ s②st❡♠s✳

❲❡ ♣r♦♣♦s❡❞ ❛ ❢♦r♠❛❧ ❢r❛♠❡✇♦r❦ ❢♦r ❝♦♥❢♦r♠❛♥❝❡ t❡st✐♥❣ ♦❢ ❤②❜r✐❞ s②s✲

t❡♠s✱ ✇❤✐❝❤ ✐s ❞❡✜♥❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ✐♥t❡r♥❛t✐♦♥❛❧ st❛♥❞❛r❞ ❢♦r ❢♦r♠❛❧

❝♦♥❢♦r♠❛♥❝❡ t❡st✐♥❣ ✭❋▼❈❚✮✳ ❇❡s✐❞❡s t❤❡ ♠❛✐♥ ❝♦♥❝❡♣ts ✐♥ t❤❡ ❢♦r♠❛❧ ❢r❛♠❡✲

✇♦r❦✱ ✇❡ ❛❞❞r❡ss❡❞ t❤❡ ♣r♦❜❧❡♠ ♦❢ ❞❡✜♥✐♥❣ t❡st ❝♦✈❡r❛❣❡ ♠❡❛s✉r❡s✳ ❲❡ ♣r♦✲

♣♦s❡❞ t✇♦ ♥♦✈❡❧ ❝♦✈❡r❛❣❡ ♠❡❛s✉r❡s✱ ✇❤✐❝❤ ♥♦t ♦♥❧② ❛r❡ ✉s❡❢✉❧ ❛s ❛ ❝r✐t❡r✐♦♥

t♦ ❡✈❛❧✉❛t❡ t❡st✐♥❣ q✉❛❧✐t② ❜✉t ❛❧s♦ ❝❛♥ ❜❡ ✉s❡❞ t♦ ❣✉✐❞❡ t❤❡ t❡st ❣❡♥❡r❛t✐♦♥

♣r♦❝❡ss ✐♥ ♦r❞❡r t♦ ♣r♦❞✉❝❡ t❡st ❝❛s❡s ✇✐t❤ ❣♦♦❞ ❝♦✈❡r❛❣❡✳ ❲❡ t❤❡♥ ❞❡✈❡❧♦♣❡❞
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❚❤❡s❡ ❛❧❣♦r✐t❤♠s ❛r❡ ❜❛s❡❞ ♦♥ ❛ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡ ✐❞❡❛s ❢r♦♠ r♦❜♦t✐❝ ♣❛t❤
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❝♦♥tr♦❧ s②st❡♠s ❛♥❞ ❛♥❛❧♦❣ ❛♥❞ ♠✐①❡❞ s✐❣♥❛❧ ❝✐r❝✉✐ts✳





❘és✉♠é

▲❡s s②stè♠❡s ❤②❜r✐❞❡s✱ s②stè♠❡s ❝♦♠❜✐♥❛♥t à ❧❛ ❢♦✐s ✉♥❡ ❞②♥❛♠✐q✉❡ ❝♦♥✲

t✐♥✉❡ ❡t ❞✐s❝rèt❡✱ s✬❛✈èr❡♥t êtr❡ ✉♥ ♠♦❞è❧❡ ♠❛t❤é♠❛t✐q✉❡ ✉t✐❧❡ ♣♦✉r ❞✐✛ér❡♥ts

♣❤é♥♦♠è♥❡s ♣❤②s✐q✉❡s✱ t❡❝❤♥♦❧♦❣✐q✉❡s✱ ❜✐♦❧♦❣✐q✉❡s ♦✉ é❝♦♥♦♠✐q✉❡s✳ ❇❡❛✉✲

❝♦✉♣ ❞✬❡✛♦rts ♦♥t été ❝♦♥s❛❝rés à ❧✬é❧❛❜♦r❛t✐♦♥ ❞❡ ♠ét❤♦❞❡s ❛✉t♦♠❛t✐q✉❡s

❞✬❛♥❛❧②s❡ ♣♦✉r ❞❡ t❡❧s s②stè♠❡s✱ ❜❛sé❡s s✉r ❧❛ ✈ér✐✜❝❛t✐♦♥ ❢♦r♠❡❧❧❡✳ ◆é❛♥✲

♠♦✐♥s✱ ❧✬❛♣♣❧✐❝❛❜✐❧✐té ❞❡ ❝❡s ♠ét❤♦❞❡s ❡st ❡♥❝♦r❡ ❧✐♠✐té❡ ❛✉① s②stè♠❡s ❞❡

♣❡t✐t❡ t❛✐❧❧❡ ❡♥ r❛✐s♦♥ ❞❡ ❧❛ ❝♦♠♣❧❡①✐té ❞❡ ❧✬❛♥❛❧②s❡ ❡①❤❛✉st✐✈❡✳ ▲❡ t❡st ❡st

✉♥❡ ❛✉tr❡ ❛♣♣r♦❝❤❡ ❞❡ ✈❛❧✐❞❛t✐♦♥✱ q✉✐ ♣❡✉t êtr❡ ❡♠♣❧♦②é❡ ♣♦✉r ❞❡s s②stè♠❡s

❜❡❛✉❝♦✉♣ ♣❧✉s ❣r❛♥❞s✳ ❊♥ ❞é♣✐t ❞❡ s❡s ❧✐♠✐t❛t✐♦♥s ❝♦♠♣❛ré❡s à ❧❛ ✈ér✐✜❝❛t✐♦♥

❛❧❣♦r✐t❤♠✐q✉❡ ❡t ❞é❞✉❝t✐✈❡✱ ❧❡ t❡st r❡st❡ ❧✬♦✉t✐❧ st❛♥❞❛r❞ ❞❛♥s ❧✬✐♥❞✉str✐❡✳

◆♦✉s ♣r♦♣♦s♦♥s ❞❛♥s ❝❡tt❡ t❤ès❡ ✉♥❡ ♠ét❤♦❞♦❧♦❣✐❡ ❢♦r♠❡❧❧❡ ♣♦✉r ❧❡ t❡st

❞❡ ❝♦♥❢♦r♠✐té ❞❡s s②stè♠❡s ❤②❜r✐❞❡s✱ q✉✐ ❡st ❞é✜♥✐❡ s❡❧♦♥ ❧❛ ♥♦r♠❡ ✐♥t❡r♥❛✲

t✐♦♥❛❧❡ ♣♦✉r ❧❡ t❡st ❢♦r♠❡❧ ❞❡ ❝♦♥❢♦r♠✐té ✭❋▼❈❚✮✳ ❊♥s✉✐t❡✱ ♥♦✉s ❛❜♦r❞♦♥s ❧❡

♣r♦❜❧è♠❡ ❞❡ ❧❛ ❞é✜♥✐t✐♦♥ ❞❡ ♠❡s✉r❡s ❞❡ ❝♦✉✈❡rt✉r❡ ❞❡ t❡st✳ P♦✉r ❝❡❧❛✱ ❞❡✉①

♠❡s✉r❡s ❞❡ ❝♦✉✈❡rt✉r❡ s♦♥t ♣r♦♣♦sé❡s✱ q✉✐ s♦♥t ♥♦♥ s❡✉❧❡♠❡♥t ✉t✐❧❡s ❝♦♠♠❡

❝r✐tèr❡ ♣♦✉r é✈❛❧✉❡r ❧❛ q✉❛❧✐té ❞❡ t❡st ♠❛✐s ♣❡✉✈❡♥t êtr❡ ❛✉ss✐ ❡♠♣❧♦②é❡s ♣♦✉r

❣✉✐❞❡r ❧❛ ❣é♥ér❛t✐♦♥ ❞❡ t❡st ✈❡rs ✉♥❡ ♠❡✐❧❧❡✉r ❝♦✉✈❡rt✉r❡✳ ❉❡s ❛❧❣♦r✐t❤♠❡s

❞❡ ❣é♥ér❛t✐♦♥ ❞❡ t❡st ❣✉✐❞és ♣❛r ❧❡s ♠❡s✉r❡s ❞❡ ❝♦✉✈❡rt✉r❡ s♦♥t ♣r♦♣♦sés✳

❈❡s ❛❧❣♦r✐t❤♠❡s s♦♥t ❜❛sés s✉r ✉♥❡ ❝♦♠❜✐♥❛✐s♦♥ ❞❡s ❛❧❣♦r✐t❤♠❡s ❞❡ ♣❧❛♥✐✲

✜❝❛t✐♦♥ ❞❡ tr❛❥❡❝t♦✐r❡s ❞❛♥s ❧❛ r♦❜♦t✐q✉❡✱ ❞❡ ❧❛ t❤é♦r✐❡ ❞✬éq✉✐❞✐str✐❜✉t✐♦♥✱

❞❡ ❧❛ ❣é♦♠étr✐❡ ❛❧❣♦r✐t❤♠✐q✉❡ ❡t ❞❡ ❧❛ s✐♠✉❧❛t✐♦♥ ♥✉♠ér✐q✉❡✳ ▲✬♦✉t✐❧ ❍❚●

✭❍②❜r✐❞ t❡st ❣❡♥❡r❛t✐♦♥✮ ♣♦✉r ❧❛ ❣é♥ér❛t✐♦♥ ❞❡ ❝❛s ❞❡ t❡st ♣♦✉r ❧❡s s②stè♠❡s

❤②❜r✐❞❡s ✐♠♣❧é♠❡♥t❡ ❝❡s ❛❧❣♦r✐t❤♠❡s✱ ❡t ❛ été ❛♣♣❧✐q✉é ❛✈❡❝ s✉❝❝ès ♣♦✉r

tr❛✐t❡r ♣❧✉s✐❡✉rs ét✉❞❡s ❞❡ ❝❛s ♣r♦✈❡♥❛♥ts ❞❡ ❞✐✛ér❡♥t❡s ❞♦♠❛✐♥❡s ✭❝✐r❝✉✐ts

❛♥❛❧♦❣✐q✉❡s ❡t ♠✐①t❡s✱ s②stè♠❡s ❞❡ ❝♦♠♠❛♥❞❡✱ ❡t❝✳✮✳





❈♦♥t❡♥ts

❘❡♠❡r❝✐❡♠❡♥ts ✺

❘❡♠❡r❝✐❡♠❡♥ts ✶✶
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✹✳✶✳✸ Pr♦♣❡rt✐❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✺

✹✳✷ ❚❡st ❣❡♥❡r❛t✐♦♥ ❛❧❣♦r✐t❤♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✼

✹✳✷✳✶ ❊①♣❧♦r❛t✐♦♥ tr❡❡ ❝♦♥str✉❝t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✽
✐✐



✹✳✷✳✷ ❚❡st ❝❛s❡s ❛♥❞ ✈❡r❞✐❝ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✹

✹✳✸ ❘❡❛❝❤❛❜✐❧✐t② ❝♦♠♣❧❡t❡♥❡ss ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✹

✹✳✹ ❘❡❧❛t❡❞ ✇♦r❦ ❛♥❞ ❞✐s❝✉ss✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✾

✺ ❈♦✈❡r❛❣❡✲❣✉✐❞❡❞ ❣❡♥❡r❛t✐♦♥ ✾✶

✺✳✶ ●♦❛❧ st❛t❡ s❛♠♣❧✐♥❣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✶

✺✳✷ ▼♦t✐✈❛t✐♥❣ ❡①❛♠♣❧❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✷

✺✳✸ ❈♦✈❡r❛❣❡✲❣✉✐❞❡❞ s❛♠♣❧✐♥❣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✽

✺✳✸✳✶ ●♦❛❧ ❜♦① s❛♠♣❧✐♥❣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✽

✺✳✸✳✷ ❘❡❞✉❝✐♥❣ t❤❡ ❧♦✇❡r ❜♦✉♥❞ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✾

✺✳✸✳✸ ❘❡❞✉❝✐♥❣ t❤❡ ✉♣♣❡r ❜♦✉♥❞ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✵

✺✳✹ ❈♦♠❜✐♥✐♥❣ ✇✐t❤ ❞✐s♣❛r✐t②✲❣✉✐❞❡❞ s❛♠♣❧✐♥❣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✻

✺✳✺ ❙✉♠♠❛r② ❛♥❞ r❡❧❛t❡❞ ✇♦r❦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✵

✻ ■♠♣❧❡♠❡♥t❛t✐♦♥ ✶✶✸

✻✳✶ ❉❛t❛ str✉❝t✉r❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✸

✻✳✶✳✶ ❈♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❛✲tr❡❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✺

✻✳✶✳✷ ❆❞❞✐♥❣ ❛ ♥❡✇ ♣♦✐♥t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✼

✻✳✶✳✸ ❈♦♠♣✉t✐♥❣ t❤❡ ❜♦① ♦❢ ❛ ❧❡❛❢ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✽

✻✳✷ ▼❛✐♥ ❢✉♥❝t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✾

✻✳✷✳✶ ❯♣❞❛t✐♥❣ t❤❡ ❝♦✈❡r❛❣❡ ❡st✐♠❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✾

✻✳✷✳✷ ❙❛♠♣❧✐♥❣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✵

✻✳✷✳✸ ◆❡✐❣❤❜♦r s❡❛r❝❤ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✷

✻✳✷✳✹ ❈♦♥t✐♥✉♦✉s ♥❡✐❣❤❜♦r s❡❛r❝❤ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✺

✻✳✸ ❚❤❡ ❤②❜r✐❞ t❡st ❣❡♥❡r❛t✐♦♥ t♦♦❧✿ ❍❚● ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✽

✼ ❈❛s❡ st✉❞✐❡s ✶✸✶

✼✳✶ ▲✐♥❡❛r s②st❡♠s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✶
✐✐✐



✼✳✷ ❆✐r❝r❛❢t ❝♦❧❧✐s✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✸

✼✳✸ ❆♥❛❧♦❣ ❛♥❞ ♠✐①❡❞ s✐❣♥❛❧ ❝✐r❝✉✐ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✺

✼✳✸✳✶ ❚✉♥♥❡❧ ❞✐♦❞❡ ❝✐r❝✉✐t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✼

✼✳✸✳✷ ❚r❛♥s✐st♦r ❛♠♣❧✐✜❡r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✾

✼✳✸✳✸ ❱♦❧t❛❣❡ ❝♦♥tr♦❧❧❡❞ ♦s❝✐❧❧❛t♦r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✻

✼✳✹ ❉❡❧t❛✲❙✐❣♠❛ ❝✐r❝✉✐t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✽

✽ ❈♦♥❝❧✉s✐♦♥ ✶✺✺

✽✳✶ ❈♦♥tr✐❜✉t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✺

✽✳✷ ❋✉t✉r❡ ✇♦r❦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✻

✐✈



▲✐st ♦❢ ❋✐❣✉r❡s

✷✳✶ ❆ ♣✐❡❝❡✇✐s❡✲❝♦♥t✐♥✉♦✉s ❜❡❤❛✈✐♦r✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼

✷✳✷ ❆ ✷✲st❛t❡ ❛✉t♦♠❛t♦♥✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽

✷✳✸ ❆ ♣✐❡❝❡✇✐s❡✲❝♦♥st❛♥t ❜❡❤❛✈✐♦r ♦❢ t❤❡ ❛✉t♦♠❛t♦♥ ✐♥ ❋✐❣✉r❡ ✷✳✷ ✶✽

✷✳✹ ❆ s❡t ♦❢ ❝♦♥t✐♥✉♦✉s tr❛♥s✐t✐♦♥s st❛rt✐♥❣ ❢r♦♠ x✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸

✷✳✺ ▼♦❞❡❧ ♦❢ t❤❡ t❤❡r♠♦st❛t✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✺

✷✳✻ ❚✇♦ ❞✐✛❡r❡♥t ❜❡❤❛✈✐♦rs ♦❢ t❤❡ t❡♠♣❡r❛t✉r❡ st❛rt✐♥❣ ❛t x0✳ ✳ ✳ ✷✺

✷✳✼ ❆ 3✲st❛t❡ ❤②❜r✐❞ ❛✉t♦♠❛t♦♥✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼

✷✳✽ ❆ s❡t ♦❢ ❤②❜r✐❞ tr❛❥❡❝t♦r✐❡s ✭♦❢ t❤❡ ❛✉t♦♠❛t♦♥ ✐♥ ❋✐❣✉r❡ ✷✳✼✮

st❛rt✐♥❣ ❢r♦♠ ✭q1, x0✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼

✷✳✾ ❚❡st ❛r❝❤✐t❡❝t✉r❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✸

✸✳✶ ✐❧❧✉str❛t✐♦♥ ♦❢ ❛ s✉❜✲❜♦① J ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✺

✸✳✷ ■❧❧✉str❛t✐♦♥ ♦❢ t❤❡ ❜♦①❡s b
− ❛♥❞ b

+✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✻

✸✳✸ t❤❡ st❛r ❞✐s❝r❡♣❛♥❝② ♥♦t✐♦♥✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✼

✸✳✹ ❋❛✉r❡ s❡q✉❡♥❝❡ ♦❢ 100 ♣♦✐♥ts✳ ■ts st❛r ❞✐s❝r❡♣❛♥❝② ✈❛❧✉❡ ✐s 0.048✳ ✹✽

✸✳✺ ❍❛❧t♦♥ s❡q✉❡♥❝❡ ♦❢ 100 ♣♦✐♥ts✳ ❚❤❡ st❛r ❞✐s❝r❡♣❛♥❝② ✈❛❧✉❡ ✐s

0.05✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✾

✸✳✻ ❈ ♣s❡✉❞♦✲r❛♥❞♦♠ s❡q✉❡♥❝❡ ♦❢ 100 ♣♦✐♥ts✳ ❚❤❡ st❛r ❞✐s❝r❡♣✲

❛♥❝② ✈❛❧✉❡ ✐s 0.1✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✵
✶



✷ ▲■❙❚ ❖❋ ❋■●❯❘❊❙

✸✳✼ ❚❤❡ ♣♦✐♥t s❡t P ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✻

✸✳✽ ❚❤❡ s❡t P ∪ Q✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✼

✸✳✾ ❉✐s♣❛r✐t② ❜❡t✇❡❡♥ t❤❡ ❋❛✉r❡ ❛♥❞ t❤❡ ❍❛❧t♦♥ s❡q✉❡♥❝❡s ✐s 0.06✳

❚❤❡ ♣♦✐♥ts ✐♥ t❤❡ ❋❛✉r❡ s❡q✉❡♥❝❡ ❛r❡ ❞r❛✇♥ ✉s✐♥❣ t❤❡ + s✐❣♥

❛♥❞ t❤♦s❡ ✐♥ t❤❡ ❍❛❧t♦♥ s❡q✉❡♥❝❡ ✉s✐♥❣ t❤❡ ∗ s✐❣♥✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✵

✸✳✶✵ ❉✐s♣❛r✐t② ❜❡t✇❡❡♥ t❤❡ ❋❛✉r❡ ❛♥❞ ❈ ♣s❡✉❞♦✲r❛♥❞♦♠ s❡q✉❡♥❝❡s

✐s 0.12✳ ❚❤❡ ♣♦✐♥ts ✐♥ t❤❡ ❋❛✉r❡ s❡q✉❡♥❝❡ ❛r❡ ❞r❛✇♥ ✉s✐♥❣ t❤❡

+ s✐❣♥ ❛♥❞ t❤♦s❡ ✐♥ t❤❡ ❈ ♣s❡✉❞♦✲r❛♥❞♦♠ s❡q✉❡♥❝❡ ✉s✐♥❣ t❤❡

∗ s✐❣♥✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✶

✸✳✶✶ ❉✐s♣❛r✐t② ❜❡t✇❡❡♥ ❋❛✉r❡ ❛♥❞ ❛ s❡t Pc✳ ❚❤❡ ♣♦✐♥ts ✐♥ t❤❡ ❋❛✉r❡

s❡q✉❡♥❝❡ ❛r❡ ❞r❛✇♥ ✉s✐♥❣ t❤❡ + s✐❣♥✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✶

✸✳✶✷ ❆ δ✲❝♦✈❡r Pr ♦❢ t❤❡ ✉♥✐t ❝✉❜❡ ✇✐t❤ δ = 0.12✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✸

✸✳✶✸ ❚❤❡ s❡t P1 ✭❞r❛✇♥ ✉s✐♥❣ ∗✮ ✇✐t❤ t❤❡ δ✲❝♦✈❡r r❡❢❡r❡♥❝❡ Pr✳ ❚❤❡

δ✲❝♦✈❡r❛❣❡ ♦❢ P1 ✐s 0.25✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✹

✸✳✶✹ ❚❤❡ s❡t P2 ✭❞r❛✇♥ ✉s✐♥❣ ∗✮ ✇✐t❤ t❤❡ δ✲❝♦✈❡r r❡❢❡r❡♥❝❡ Pr✳ ❚❤❡

δ✲❝♦✈❡r❛❣❡ ♦❢ P2 ✐s 0.46✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✹

✸✳✶✺ ■❧❧✉str❛t✐♦♥ ♦❢ t❤❡ W✲③♦♥❡ ♦❢ t❤❡ ❜♦① b ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✻

✹✳✶ ❚❤❡ ❘❘❚ ✐t❡r❛t✐♦♥✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✹

✹✳✷ ❊①♣❧♦r❛t✐♦♥ ❜② t❤❡ ❘❘❚ ❛❧❣♦r✐t❤♠ ❬✻✻❪✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✹

✹✳✸ ❚❤❡ r❡s✉❧t ♦❜t❛✐♥❡❞ ❜② t❤❡ s✐♠♣❧❡ r❛♥❞♦♠✐③❡❞ ❛❧❣♦r✐t❤♠ ✭❧❡❢t✮

❛♥❞ t❤❡ r❡s✉❧t ♦❜t❛✐♥❡❞ ❜② t❤❡ ❘❘❚ ❛❧❣♦r✐t❤♠ ✭r✐❣❤t✮✳ ❊❛❝❤

tr❡❡ ❝♦♥t❛✐♥s ✷✵✵✵ ✈❡rt✐❝❡s ❬✻✼❪✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✼

✹✳✹ ❚❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❱♦r♦♥♦✐ ❞✐❛❣r❛♠ ♦❢ ❛ tr❡❡ ❝♦♥str✉❝t❡❞ ❜②

t❤❡ ❘❘❚ ❛❧❣♦r✐t❤♠ ❬✻✼❪✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✽

✹✳✺ ■❧❧✉str❛t✐♦♥ ♦❢ ❛✈❡r❛❣❡ ❧❡♥❣t❤ ♦❢ tr❛❥❡❝t♦r②✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✷

✺✳✶ ❚❤❡ ❤❘❘❚ ❣❡♥❡r❛t✐♦♥ ❡①♣❛♥s✐♦♥✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✹

✺✳✷ ❈♦✈❡r❛❣❡ ❛♥❞ ❞✐s♣❛r✐t② ❡✈♦❧✉t✐♦♥ ♦❢ P k ❛♥❞ Gk ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✺
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✺✳✸ ❚❤❡ ✈❡❝t♦r ✜❡❧❞ ❛♥❞ t❤❡ s❡t ♦❢ ✐♥✐t✐❛❧ ♣♦✐♥ts✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✻

✺✳✹ ❘❡s✉❧t ♦❜t❛✐♥❡❞ ✉s✐♥❣ ❤❘❘❚ ❛❧❣♦r✐t❤♠✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✼

✺✳✺ ■❧❧✉str❛t✐♦♥ ♦❢ t❤❡ ❜♦①❡s b
− ❛♥❞ b

+✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✵

✺✳✻ ❚❡st ❝♦✈❡r❛❣❡ ❡✈♦❧✉t✐♦♥ ✉s✐♥❣ ❤❘❘❚ ❛♥❞ ❣❘❘❚✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✸

✺✳✼ ❘❡s✉❧t ♦❜t❛✐♥❡❞ ✉s✐♥❣ ❣❘❘❚ ✭❧❡❢t✮ ❛♥❞ ❤❘❘❚ ✭r✐❣❤t✮✳ ✳ ✳ ✳ ✳ ✶✵✹

✺✳✽ ❘❡s✉❧t ❢♦r t❤❡ st❛t❡ s♣❛❝❡s B ✭❧❡❢t✮ ❛♥❞ B′ ✭r✐❣❤t✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✹

✺✳✾ ❚❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❞✐s♣❛r✐t② ❜❡t✇❡❡♥ t❤❡ s❡t P k ♦❢ ✈✐s✐t❡❞

st❛t❡s ❛♥❞ t❤❡ s❡t Gk ♦❢ ❣♦❛❧ st❛t❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✺

✺✳✶✵ ■❧❧✉str❛t✐♦♥ ♦❢ t❤❡ ❵❝♦♥tr♦❧❧❛❜✐❧✐t②✬ ♣r♦❜❧❡♠✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✻

✺✳✶✶ ❚❡st ❝♦✈❡r❛❣❡ ♦❢ t❤❡ r❡s✉❧t ♦❜t❛✐♥❡❞ ✉s✐♥❣ ❛❣❘❘❚ ❢♦r ❊①❛♠✲

♣❧❡ ✶✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✽

✺✳✶✷ ❚❡st ❝♦✈❡r❛❣❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ✉s✐♥❣ ❣❘❘❚ ❛♥❞ ❛❣❘❘❚ ❢♦r

❊①❛♠♣❧❡ ✶✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✾

✺✳✶✸ ❘❡s✉❧t ❛❢t❡r k = 50000 ✐t❡r❛t✐♦♥s✱ ♦❜t❛✐♥❡❞ ✉s✐♥❣ ❛❣❘❘❚

✭❧❡❢t✿ t❤❡ s❡t ♦❢ ✈✐s✐t❡❞ st❛t❡s P k✱ r✐❣❤t✿ t❤❡ s❡t ♦❢ ❣♦❛❧ st❛t❡s

Gk✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✵

✻✳✶ ❉❛t❛ str✉❝t✉r❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✹

✻✳✷ ❆ ❦❞✲tr❡❡ ❡①❛♠♣❧❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✺

✻✳✸ ❆ ❞②♥❛♠✐❝ ❛✲tr❡❡ ❝♦♥str✉❝t✐♦♥ ✉s✐♥❣ ♠✐❞♣♦✐♥t s♣❧✐tt✐♥❣ r✉❧❡✳

❚❤❡ r❡s✉❧t ♦❜t❛✐♥❡❞ ❢♦r t❤❡ ❱❛♥ ❞❡r P♦❧ s②st❡♠✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✻

✻✳✹ ■❧❧✉str❛t✐♦♥ ♦❢ t❤❡ ✉♣❞❛t❡ ♦❢ t❤❡ st❛r ❞✐s❝r❡♣❛♥❝② ❡st✐♠❛t✐♦♥✳ ✳ ✶✷✵

✻✳✺ ■❧❧✉str❛t✐♦♥ ♦❢ t❤❡ ❞✐st❛♥❝❡ ❢r♦♠ ❛ ♣♦✐♥t t♦ ❛ ❜♦①✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✻

✻✳✻ ■♥❝r❡♠❡♥t❛❧ ❞✐st❛♥❝❡ ❝❛❧❝✉❧❛t✐♦♥ t❡❝❤♥✐q✉❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✽

✻✳✼ ❚❤❡ ♠♦❞✉❧❡s ♦❢ t❤❡ t♦♦❧✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✾

✼✳✶ ❆✐r❝r❛❢t ❜❡❤❛✈✐♦r ✐♥ t❤❡ t❤r❡❡ ♠♦❞❡s ❬✼✺❪✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✸

✼✳✷ ❙②st❡♠ ❞②♥❛♠✐❝s ❢♦r t❤❡ t❤r❡❡ ♠♦❞❡s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✹
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✼✳✸ ❊✐❣❤t✲❛✐r❝r❛❢t ❝♦❧❧✐s✐♦♥ ❛✈♦✐❞❛♥❝❡ ✭50000 ✈✐s✐t❡❞ st❛t❡s✱ ❝♦♠✲

♣✉t❛t✐♦♥ t✐♠❡✿ ✶✵ ♠✐♥✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✺

✼✳✹ ❚❤❡ t✉♥♥❡❧ ❞✐♦❞❡ ❝✐r❝✉✐t ✭❧❡❢t✮ ❛♥❞ t❤❡ ❚✉♥♥❡❧ ❞✐♦❞❡ ❝❤❛r❛❝✲

t❡r✐st✐❝ ✭r✐❣❤t✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✼

✼✳✺ ❚✉♥♥❡❧ ❞✐♦❞❡ ❝✐r❝✉✐t ♣❤❛s❡ ♣♦rtr❛✐t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✽

✼✳✻ ❚❡st ❣❡♥❡r❛t✐♦♥ r❡s✉❧ts ❢♦r t❤❡ t✉♥♥❡❧ ❞✐♦❞❡ ❝✐r❝✉✐t ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✵

✼✳✼ ❚r❛♥s✐st♦r ❛♠♣❧✐✜❡r ❝✐r❝✉✐t ❬✸✻❪✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✶

✼✳✽ ❙❝❤❡♠❛t✐❝ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❛ tr❛♥s✐st♦r✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✶

✼✳✾ ❚❤❡ ♦✉t♣✉t s✐❣♥❛❧ ✈♦❧t❛❣❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✹

✼✳✶✵ ❚❡st ❣❡♥❡r❛t✐♦♥ r❡s✉❧t ❢♦r t❤❡ tr❛♥s✐st♦r ❛♠♣❧✐✜❡r✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✺

✼✳✶✶ ❚❡st ❣❡♥❡r❛t✐♦♥ r❡s✉❧t ❢♦r t❤❡ tr❛♥s✐st♦r ❛♠♣❧✐✜❡r✱ ③♦♦♠ ✐♥ t❤❡

✜rst 0.03s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✻

✼✳✶✷ ❱♦❧t❛❣❡ ❝♦♥tr♦❧❧❡❞ ♦s❝✐❧❧❛t♦r ✭❱❈❖✮ ❝✐r❝✉✐t✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✼

✼✳✶✸ ❆✉t♦♠❛t♦♥ ❢♦r ❛♥ ♦s❝✐❧❧❛t✐♦♥ s♣❡❝✐✜❝❛t✐♦♥✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✽

✼✳✶✹ ❱❛r✐❛❜❧❡s vC1 ❛♥❞ vC2 ♣r♦❥❡❝t✐♦♥ ✭✇✐t❤♦✉t ♣❡rt✉r❜❛t✐♦♥✮✳ ✳ ✳ ✳ ✶✹✾

✼✳✶✺ ❱❛r✐❛❜❧❡s vC1 ❛♥❞ vC2 ♣r♦❥❡❝t✐♦♥✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✾

✼✳✶✻ ❆ ✜rst ♦r❞❡r ❉❡❧t❛✲❙✐❣♠❛ ♠♦❞✉❧❛t♦r ❛♥❞ ❛♥ ❡①❛♠♣❧❡ ♦❢ ❛♥

✐♥♣✉t✲♦✉t♣✉t ♣❧♦t✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✵

✼✳✶✼ ▼♦❞❡❧ ♦❢ ❛ t❤✐r❞✲♦r❞❡r ♠♦❞✉❧❛t♦r✿ ❙❛t✉r❛t✐♦♥ ❜❧♦❝❦s ♠♦❞❡❧

s❛t✉r❛t✐♦♥ ♦❢ t❤❡ ✐♥t❡❣r❛t♦r✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✶

✼✳✶✽ ❆ ❤②❜r✐❞ ❛✉t♦♠❛t♦♥ ♠♦❞❡❧ ♦❢ t❤❡ ❉❡❧t❛✲❙✐❣♠❛ ♠♦❞✉❧❛t♦r✳ ✳ ✳ ✶✺✷

✼✳✶✾ ❚❡st ❣❡♥❡r❛t✐♦♥ r❡s✉❧t ❢♦r t❤❡ ❉❡❧t❛✲❙✐❣♠❛ ❝✐r❝✉✐t✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✸



▲✐st ♦❢ ❚❛❜❧❡s

✼✳✶ ❉✐s❝r❡♣❛♥❝② r❡s✉❧ts ♦❜t❛✐♥❡❞ ❢♦r s♦♠❡ ❧✐♥❡❛r s②st❡♠s ✉s✐♥❣

❣❘❘❚ ❛♥❞ ❘❘❚✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✷

✼✳✷ ❈♦♠♣✉t❛t✐♦♥ t✐♠❡ ♦❢ ❣❘❘❚ ❢♦r s♦♠❡ ❧✐♥❡❛r s②st❡♠s✳ ✳ ✳ ✳ ✳ ✳ ✶✸✷

✼✳✸ ❊q✉✐❧✐❜r✐✉♠ st❛t❡ ✈❛❧✉❡s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✾

✼✳✹ ❚❡❝❤♥✐❝❛❧ ♣❛r❛♠❡t❡rs✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✹

✺
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❈❤❛♣t❡r ✶

■♥tr♦❞✉❝t✐♦♥

❍②❜r✐❞ s②st❡♠s✱ t❤❛t ✐s✱ s②st❡♠s ❡①❤✐❜✐t✐♥❣ ❜♦t❤ ❝♦♥t✐♥✉♦✉s ❛♥❞ ❞✐s❝r❡t❡

❞②♥❛♠✐❝s✱ ❤❛✈❡ ♣r♦✈❡♥ t♦ ❜❡ ❛ ✉s❡❢✉❧ ♠❛t❤❡♠❛t✐❝❛❧ ♠♦❞❡❧ ❢♦r ✈❛r✐♦✉s ♣❤②s✲

✐❝❛❧ ♣❤❡♥♦♠❡♥❛ ❛♥❞ ❡♥❣✐♥❡❡r✐♥❣ s②st❡♠s✳ ❖♥❡ t②♣✐❝❛❧ ❡①❛♠♣❧❡ ✐s ❛ ❝❤❡♠✲

✐❝❛❧ ❜❛t❝❤ ♣❧❛♥t ✇❤❡r❡ ❛ ❝♦♠♣✉t❡r ✐s ✉s❡❞ t♦ s✉♣❡r✈✐s❡ ❝♦♠♣❧❡① s❡q✉❡♥❝❡s

♦❢ ❝❤❡♠✐❝❛❧ r❡❛❝t✐♦♥s✱ ❡❛❝❤ ♦❢ ✇❤✐❝❤ ✐s ♠♦❞❡❧❡❞ ❛s ❛ ❝♦♥t✐♥✉♦✉s ♣r♦❝❡ss✳

■♥ ❛❞❞✐t✐♦♥ t♦ ❞✐s❝♦♥t✐♥✉✐t✐❡s ✐♥tr♦❞✉❝❡❞ ❜② t❤❡ ❝♦♠♣✉t❡r✱ ♠♦st ♣❤②s✐❝❛❧

♣r♦❝❡ss❡s ❛❞♠✐t ❝♦♠♣♦♥❡♥ts ✭❡✳❣✳ s✇✐t❝❤❡s✮ ❛♥❞ ♣❤❡♥♦♠❡♥❛ ✭❡✳❣✳ ❝♦❧❧✐s✐♦♥✮

✇❤♦s❡ ♠♦st ✉s❡❢✉❧ ♠♦❞❡❧s ❛r❡ ❞✐s❝r❡t❡✳ ❍②❜r✐❞ s②st❡♠ ♠♦❞❡❧s ❛r✐s❡ ✐♥ ♠❛♥②

❛♣♣❧✐❝❛t✐♦♥s✱ s✉❝❤ ❛s ❝❤❡♠✐❝❛❧ ♣r♦❝❡ss ❝♦♥tr♦❧ ❬✻✾❪✱ ❛✈✐♦♥✐❝s ❬✾✸❪✱ r♦❜♦t✐❝s✱

❛✉t♦♠♦❜✐❧❡s ❬✶✷✱ ✺✸✱ ✶✸❪✱ ♠❛♥✉❢❛❝t✉r✐♥❣ ❬✽✸❪✱ ❛♥❞ ♠♦st r❡❝❡♥t❧② ✐♥ ♠♦❧❡❝✉❧❛r

❜✐♦❧♦❣② ❬✾❪✳

❉✉❡ t♦ t❤❡ s❛❢❡t② ❝r✐t✐❝❛❧ ❢❡❛t✉r❡s ♦❢ ♠❛♥② s✉❝❤ ❛♣♣❧✐❝❛t✐♦♥s✱ ❢♦r♠❛❧ ❛♥❛❧✲

②s✐s ✐s ❛ t♦♣✐❝ ♦❢ ♣❛rt✐❝✉❧❛r ✐♥t❡r❡st✳ ❘❡❝❡♥t❧②✱ ♠✉❝❤ ❡✛♦rt ❤❛s ❜❡❡♥ ❞❡✈♦t❡❞

t♦ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ❛✉t♦♠❛t✐❝ ❛♥❛❧②s✐s ♠❡t❤♦❞s ❛♥❞ t♦♦❧s ❢♦r ❤②❜r✐❞ s②s✲

t❡♠s✱ ❜❛s❡❞ ♦♥ ❢♦r♠❛❧ ✈❡r✐✜❝❛t✐♦♥✳ ❚❤✐s ❝❛♥ ❜❡ s❡❡♥ ✐♥ ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢

♣✉❜❧✐❝❛t✐♦♥s ♦♥ t❤❡ t♦♣✐❝ ✐♥ t❤❡ r❡❝❡♥t ♣r♦❝❡❡❞✐♥❣s ♦❢ ❍❙❈❈ ❍②❜r✐❞ ❙②st❡♠s✿

❈♦♠♣✉t❛t✐♦♥ ❛♥❞ ❈♦♥tr♦❧✱ ❛ ♠❛❥♦r ✐♥t❡r♥❛t✐♦♥❛❧ ❝♦♥❢❡r❡♥❝❡ ♦❢ t❤❡ ❞♦♠❛✐♥✳

❚❤❡ ❣♦❛❧ ♦❢ ❢♦r♠❛❧ ✈❡r✐✜❝❛t✐♦♥ ✐s t♦ ♣r♦✈❡ t❤❛t t❤❡ ✭❞❡s✐❣♥❡❞✮ s②st❡♠ s❛t✲

✐s✜❡s ❛ ♣r♦♣❡rt②✳ ❉✉❡ t♦ t❤❡ ❝♦♠♣❧❡①✐t② ❛♥❞ s❝❛❧❡ ♦❢ r❡❛❧✲❧✐❢❡ ❛♣♣❧✐❝❛t✐♦♥s✱

❛✉t♦♠❛t✐❝ ❛♥❛❧②s✐s ✐s ✈❡r② ❞❡s✐r❛❜❧❡✳ ❚❤✐s ✐s ❛ ♠♦t✐✈❛t✐♦♥ t♦ ❛❞♦♣t t❤❡ ❛❧❣♦✲

✼



✽ ❈❍❆P❚❊❘ ✶✳ ■◆❚❘❖❉❯❈❚■❖◆

r✐t❤♠✐❝ ❛♣♣r♦❛❝❤ ✇❤✐❝❤ ❝♦♥s✐sts ✐♥ ❜✉✐❧❞✐♥❣ s♦❢t✇❛r❡ t♦♦❧s t❤❛t ❝❛♥ ❛♥❛❧②③❡

❛✉t♦♠❛t✐❝❛❧❧② ❛❧❧ t❤❡ ❜❡❤❛✈✐♦rs ♦❢ ❛ ❣✐✈❡♥ s②st❡♠✳ ❘❡s✉❧ts ✐♥ ❛❧❣♦r✐t❤♠✐❝

✈❡r✐✜❝❛t✐♦♥ ♦❢ ❤②❜r✐❞ s②st❡♠s r❡s✉❧t❡❞ ✐♥ ❛ ♥✉♠❜❡r ♦❢ ✈❡r✐✜❝❛t✐♦♥ t♦♦❧s✱ s✉❝❤

❛s ❈♦❤♦❬✶✵✵❪ ❞❡✈❡❧♦♣❡❞ ❛t ❯♥✐✈❡rs✐t② ♦❢ ❇r✐t✐s❤ ❈♦❧✉♠❜✐❛✱ ❱❡r❞✐❝t ❬✻✶❪ ❞❡✲

✈❡❧♦♣❡❞ ❛t ❯♥✐✈❡rs✐t② ♦❢ ❉♦rt♠✉♥❞✱ ❈❤❡❝❦▼❛t❡ ❬✸✵❪ ❞❡✈❡❧♦♣❡❞ ❛t ❯♥✐✈❡r✲

s✐t② ♦❢ ❈❛r♥❡❣✐❡ ▼❡❧❧♦♥✱ ❱❡r✐❙❤✐❢t ❬✷✹❪ ❞❡✈❡❧♦♣❡❞ ❛t ❯♥✐✈❡rs✐t② ♦❢ ❇❡r❦❡❧❡②✱

❞✴❞t ❬✶✺❪ ❞❡✈❡❧♦♣❡❞ ❛t ❱❊❘■▼❆●✱ ▼P❚ ❬✻✸❪ ❞❡✈❡❧♦♣❡❞ ❛t ❊❚❍ ❩✉r✐❝❤✱

❍❏❇ t♦♦❧❜♦① ❬✼✻❪ ❞❡✈❡❧♦♣❡❞ ❛t ❙t❛♥❢♦r❞ ❯♥✐✈❡rs✐t②✳ ❆❧t❤♦✉❣❤ t❤❡s❡ ♠❡t❤✲

♦❞s ❛♥❞ t♦♦❧s ❤❛✈❡ ❜❡❡♥ s✉❝❝❡ss❢✉❧❧② ❛♣♣❧✐❡❞ t♦ ❛ ♥✉♠❜❡r ♦❢ ✐♥t❡r❡st✐♥❣ ❝❛s❡

st✉❞✐❡s✱ t❤❡✐r ❛♣♣❧✐❝❛❜✐❧✐t② ✐s st✐❧❧ ❧✐♠✐t❡❞ t♦ s②st❡♠s ♦❢ s♠❛❧❧ s✐③❡ ❞✉❡ t♦ t❤❡

❝♦♠♣❧❡①✐t② ♦❢ ❡①❤❛✉st✐✈❡ ❛♥❛❧②s✐s✱ r❡q✉✐r❡❞ ❜② ❢♦r♠❛❧ ✈❡r✐✜❝❛t✐♦♥✳ ■t s♦♦♥

❜❡❝❛♠❡ ❝❧❡❛r t❤❛t ❢♦r s②st❡♠s ♦❢ ✐♥❞✉str✐❛❧ s✐③❡✱ ♦♥❡ ♥❡❡❞s ♠♦r❡ ❵❧✐❣❤t✲✇❡✐❣❤t✬

♠❡t❤♦❞s✳

❚❡st✐♥❣ ✐s ❛♥♦t❤❡r ✈❛❧✐❞❛t✐♦♥ ❛♣♣r♦❛❝❤✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ✉s❡❞ ❢♦r ♠✉❝❤ ❧❛r❣❡r

s②st❡♠s ❛♥❞ ✐s ❛ st❛♥❞❛r❞ t♦♦❧ ✐♥ ✐♥❞✉str②✱ ❞❡s♣✐t❡ ✐ts ❧✐♠✐t❛t✐♦♥s ❝♦♠♣❛r❡❞

t♦ ❛❧❣♦r✐t❤♠✐❝ ❛♥❞ ❞❡❞✉❝t✐✈❡ ✈❡r✐✜❝❛t✐♦♥✳ ■♥❞❡❡❞✱ ❧✐❦❡ s✐♠✉❧❛t✐♦♥ t❡❝❤♥✐q✉❡s✱

t❡st✐♥❣ ❝❛♥ ♦♥❧② r❡✈❡❛❧ ❛♥ ❡rr♦r ❜✉t ❞♦❡s ♥♦t ♣❡r♠✐t ♣r♦✈✐♥❣ t❤❡ ❝♦rr❡❝t♥❡ss ♦❢

t❤❡ s②st❡♠✳ ❚❤❡ s✉❝❝❡ss ♦❢ t❤❡ t❡st✐♥❣ ❛♣♣r♦❛❝❤❡s ✐♥ ✐♥❞✉str② ✐s ♣❡r❤❛♣s ❞✉❡

t♦ t❤❡ ❢❛❝t t❤❛t t❤❡② s✉✛❡r ❧❡ss ❢r♦♠ t❤❡ ♣r♦❜❧❡♠ ♦❢ st❛t❡ ❡①♣❧♦s✐♦♥✳ ■♥❞❡❡❞✱

t❤❡ ❡♥❣✐♥❡❡r ❝❛♥ ❝❤♦♦s❡ t❤❡ ❞❡❣r❡❡ ♦❢ ✈❛❧✐❞❛t✐♦♥ ❜② ❝❤❛♥❣✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢

t❡sts✳ ■♥ ❢❛❝t✱ t❤❡ ❧❛r❣❡r ♥✉♠❜❡r ♦❢ t❡sts ❛r❡ ❡①❡❝✉t❡❞✱ t❤❡ ❧❛r❣❡r ♣♦rt✐♦♥ ♦❢

❜❡❤❛✈✐♦rs ♦❢ t❤❡ s②st❡♠ ✐s ✈❛❧✐❞❛t❡❞✱ ❛♥❞ t❤❡r❡❢♦r❡ t❤❡ ♠♦r❡ ❝♦♥✜❞❡♥❝❡ ✐♥

t❤❡ ❝♦rr❡❝t♥❡ss ♦❢ t❤❡ s②st❡♠ ✇❡ ❣❛✐♥✳ ❚❤✐s ✐s ❞✐✛❡r❡♥t ❢r♦♠ t❤❡ r❡s✉❧ts ♦❢

t❤❡ t②♣❡ ❵②❡s✬ ♦r ❵♥♦✬ ♣r♦✈✐❞❡❞ ❜② t❤❡ ❢♦r♠❛❧ ✈❡r✐✜❝❛t✐♦♥ ♠❡t❤♦❞s✳ ❖♥ t❤❡

♦t❤❡r ❤❛♥❞✱ t❡st✐♥❣ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ t♦ r❡❛❧ s②st❡♠s✱ ❛♥❞ ♥♦t ♦♥❧② ♦♥ t❤❡✐r

♠♦❞❡❧s✳

❆❧t❤♦✉❣❤ t❡st✐♥❣ ❤❛s ❜❡❡♥ ✇❡❧❧ st✉❞✐❡❞ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ✜♥✐t❡ st❛t❡ ♠❛✲

❝❤✐♥❡s✱ ✐t ❤❛s ♥♦t ❜❡❡♥ ♠✉❝❤ ✐♥✈❡st✐❣❛t❡❞ ❢♦r ❝♦♥t✐♥✉♦✉s ❛♥❞ ❤②❜r✐❞ s②st❡♠s✳

❚❤❡r❡❢♦r❡✱ ❛ q✉❡st✐♦♥ ♦❢ ❣r❡❛t ✐♥t❡r❡st ✐s t♦ ❜r✐❞❣❡ t❤❡ ❣❛♣ ❜❡t✇❡❡♥ t❤❡ ✈❡r✲

✐✜❝❛t✐♦♥ ❛♥❞ t❡st✐♥❣ ❛♣♣r♦❛❝❤❡s✱ ❜② ❞❡✜♥✐♥❣ ❛ ❢♦r♠❛❧ ❢r❛♠❡✇♦r❦ ❢♦r t❡st✐♥❣

♦❢ ❤②❜r✐❞ s②st❡♠s ❛♥❞ ❞❡✈❡❧♦♣✐♥❣ ♠❡t❤♦❞s ❛♥❞ t♦♦❧s t❤❛t ❤❡❧♣ ❛✉t♦♠❛t❡ t❤❡

t❡st✐♥❣ ♣r♦❝❡ss✱ ✐♥ ♣❛rt✐❝✉❧❛r t❡st ❣❡♥❡r❛t✐♦♥ ❢r♦♠ s♣❡❝✐✜❝❛t✐♦♥s✳



✾

❇❡❢♦r❡ ❝♦♥t✐♥✉✐♥❣✱ ✇❡ ❞✐s❝✉ss t❤❡ r❡❧❛t✐♦♥ ♦❢ ♦✉r ✇♦r❦ t♦ t❤❡ ❝✉rr❡♥t r❡✲

s❡❛r❝❤ ✐♥ t❡st✐♥❣✳ ❚❡st✐♥❣ ✐s ♦❜✈✐♦✉s❧② ❛♥ ❛❝t✐✈✐t② t❤❛t ♦❝❝✉♣✐❡s ❛ ♠❛❥♦r

♣❛rt ✐♥ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ✐♥❞✉str✐❛❧ ❛♣♣❧✐❝❛t✐♦♥s✳ ❚❤❡ ■♥t❡r♥❛t✐♦♥❛❧ ❖r✲

❣❛♥✐③❛t✐♦♥ ❢♦r ❙t❛♥❞❛r❞✐③❛t✐♦♥ ❞❡✜♥❡s t❤❡ t❡st✐♥❣ st❛♥❞❛r❞s✱ ❢♦r ❡①❛♠♣❧❡

t❤❡ ❧❛♥❣✉❛❣❡ ❚❚❈◆ ❬✺✹❪✳ ■♥ r❡s❡❛r❝❤✱ t❡st✐♥❣ ✐s ❛❧s♦ t❤❡ ♣r✐♥❝✐♣❛❧ t❤❡♠❡ ♦❢

♠❛♥② ✐♥t❡r♥❛t✐♦♥❛❧ ❝♦♥❢❡r❡♥❝❡s ❛♥❞ ♣r♦❥❡❝ts✳ ❚❡st✐♥❣ ✐s ❛ ✈❛st ❞♦♠❛✐♥✱ t❤❡

❛♣♣r♦❛❝❤ ✇❡ ❛❞♦♣t ✐♥ t❤✐s t❤❡s✐s ❝❛♥ ❜❡ ❝❧❛ss✐✜❡❞ ❛s ❛ ♠♦❞❡❧✲❜❛s❡❞ ❛♣♣r♦❛❝❤✱

✇❤✐❝❤ ❤❛s ❜❡❡♥ ❛ ✈❡r② ❛❝t✐✈❡ r❡s❡❛r❝❤ ❛r❡❛ r❡❝❡♥t❧②✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ♦✉r ✇♦r❦

❛❞❞r❡ss❡s t❤❡ ♣r♦❜❧❡♠ ♦❢ ❝♦♥❢♦r♠❛♥❝❡ t❡st✐♥❣ ✇✐t❤ ❛ ❢♦❝✉s ♦♥ t❡st ❣❡♥❡r❛✲

t✐♦♥ ✉s✐♥❣ ❢♦r♠❛❧ ♠❡t❤♦❞s✳ ❘❡str✐❝t✐♥❣ ❛tt❡♥t✐♦♥ t♦ ❝♦♥❢♦r♠❛♥❝❡ t❡st✐♥❣ ❛s

♦♣♣♦s❡❞ t♦ t❡st✐♥❣ ✐♥ ❣❡♥❡r❛❧ ♠❡❛♥s r❡str✐❝t✐♥❣ ❝♦♥s✐❞❡r❛t✐♦♥ t♦ ❢✉♥❝t✐♦♥❛❧

t❡st✐♥❣ t❡❝❤♥✐q✉❡s ✭❛❧s♦ r❡❢❡rr❡❞ t♦ ❛s ❜❡❤❛✈✐♦r❛❧ t❡st✐♥❣✱ ❜❧❛❝❦ ❜♦① ♦r s♣❡❝✐✜✲

❝❛t✐♦♥ ❜❛s❡❞ t❡st✐♥❣✮✳ ■♥ ❢✉♥❝t✐♦♥❛❧ t❡st✐♥❣✱ t❤❡ s②st❡♠s ✉♥❞❡r t❡st ✐s s✉❜❥❡❝t

t♦ t❡sts ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ s♣❡❝✐✜❝❛t✐♦♥s ♦♥❧②❀ ♥♦ ❛✇❛r❡♥❡ss ♦❢ t❤❡ str✉❝t✉r❡

♦❢ t❤❡ s②st❡♠s ✉♥❞❡r t❡st ✐s ❛ss✉♠❡❞✳

▲❡t ✉s ♥♦✇ ❜r✐❡✢② r❡✈✐❡✇ r❡❧❛t❡❞ ✇♦r❦ ✐♥ ♠♦❞❡❧✲❜❛s❡❞ ❝♦♥❢♦r♠❛♥❝❡ t❡st✐♥❣✳

❚❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ t❤❡ ✜rst ♠♦❞❡❧✲❜❛s❡❞ t❡st✐♥❣ ❢r❛♠❡✇♦r❦s ✇❛s ♠♦t✐✈❛t❡❞

❜② ❞✐❣✐t❛❧ ❝✐r❝✉✐t t❡st✐♥❣ ❛♥❞ ✐s ❜❛s❡❞ ♦♥ ▼❡❛❧② ♠❛❝❤✐♥❡s ❬✻✽❪✳ ▼♦r❡ r❡❝❡♥t❧②✱

❢r❛♠❡✇♦r❦s ❜❛s❡❞ ♦♥ ♦t❤❡r ♠♦❞❡❧s✱ s✉❝❤ ❛s ✜♥✐t❡ ❧❛❜❡❧❡❞ tr❛♥s✐t✐♦♥ s②st❡♠s✱

✇❡r❡ ♣r♦♣♦s❡❞ ✭s❡❡ ❢♦r ❡①❛♠♣❧❡ ❬✾✻❪✮✳ ❚❤❡s❡ ♠♦❞❡❧s ❛r❡ ♦❢ ❛s②♥❝❤r♦♥♦✉s ♥❛✲

t✉r❡ ✇❤✐❝❤ ❛r❡ ❛♣♣r♦♣r✐❛t❡ ❢♦r t❤❡ ❛♣♣❧✐❝❛t✐♦♥s ✐♥ ❝♦♠♠✉♥✐❝❛t✐♦♥ ♣r♦t♦❝♦❧s✳

❆♥♦t❤❡r ✐♠♣♦rt❛♥t ❛♣♣❧✐❝❛t✐♦♥ ❛r❡❛ ✐s s♦❢t✇❛r❡ t❡st✐♥❣ ❢♦r ✇❤✐❝❤ ♠♦❞❡❧s✱

s✉❝❤ ❛s ✢♦✇ ❣r❛♣❤s✱ ❛♥❞ ❝♦✈❡r❛❣❡ t❡❝❤♥✐q✉❡s ❤❛✈❡ ❜❡❡♥ ✉s❡❞ ❬✹✸❪✳ ❘❡❝❡♥t❧②✱

♠♦❞❡❧✲❜❛s❡❞ t❡st✐♥❣ ❤❛s ❜❡❡♥ ❡①t❡♥❞❡❞ t♦ r❡❛❧✲t✐♠❡ s②st❡♠s✳ ❚✐♠❡❞ ❛✉✲

t♦♠❛t❛ ❤❛✈❡ ❜❡❝♦♠❡ ❛ ♣♦♣✉❧❛r ♠♦❞❡❧ ❢♦r ♠♦❞❡❧✐♥❣ ❛♥❞ ✈❡r✐❢②✐♥❣ r❡❛❧✲t✐♠❡

s②st❡♠s ❞✉r✐♥❣ t❤❡ ♣❛st ❞❡❝❛❞❡✱ ❛♥❞ ❛ ♥✉♠❜❡r ♦❢ ♠❡t❤♦❞s ❢♦r t❡st✐♥❣ r❡❛❧✲

t✐♠❡ s②st❡♠s ❜❛s❡❞ ♦♥ ✈❛r✐❛♥ts ♦❢ t❤✐s ♠♦❞❡❧ ♦r ♦t❤❡r s✐♠✐❧❛r ♠♦❞❡❧s ✭s✉❝❤

❛s t✐♠❡❞ P❡tr✐ ♥❡ts✮ ❤❛✈❡ ❜❡❡♥ ♣r♦♣♦s❡❞ ✭❡✳❣✳✱ s❡❡ ❬✽✶✱ ✽✽✱ ✷✽✱ ✽✶✱ ✺✱ ✷✶❪✮✳

❆❧t❤♦✉❣❤ t❤❡ ❝✉rr❡♥t ♣r❛❝t✐❝❡ ♦❢ t❡st✐♥❣✱ ❡s♣❡❝✐❛❧❧② ✐♥ ✐♥❞✉str②✱ ✐s st✐❧❧ ❡♠✲

♣✐r✐❝❛❧ ❛♥❞ ❛❞✲❤♦❝✱ t❤✐s s✐t✉❛t✐♦♥ ✐s ❝❤❛♥❣✐♥❣✱ ❛♥❞ ❢♦r♠❛❧ t❡st✐♥❣ ❤❛s ❜❡❝♦♠❡

♣r♦❣r❡ss✐✈❡❧② ❛❝❝❡♣t❡❞✳ ❚❤✐s ✐s✱ ♦♥ ♦♥❡ ❤❛♥❞✱ ❞✉❡ t♦ t❤❡ s✉❝❝❡ss ♦❢ t❤❡ ❢♦r✲

♠❛❧ t❡❝❤♥✐q✉❡s ✐♥ ❛ ♥✉♠❜❡r ♦❢ ❞♦♠❛✐♥s ✭s✉❝❤ ❛s ♠♦❞❡❧✲❝❤❡❝❦✐♥❣ ♦❢ ❞✐❣✐t❛❧

❝✐r❝✉✐ts✮ ❛♥❞✱ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❞✉❡ t♦ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ❝♦♠♠❡r❝✐❛❧ t♦♦❧s



✶✵ ❈❍❆P❚❊❘ ✶✳ ■◆❚❘❖❉❯❈❚■❖◆

❢♦r ❛✉t♦♠❛t✐❝ t❡st ❣❡♥❡r❛t✐♦♥✳ ❆♠♦♥❣ t❤❡s❡ t♦♦❧s✱ ✇❡ ❝❛♥ ♠❡♥t✐♦♥✿ ❚❡❧❡❧♦❣✐❝

❚❡st❈♦♠♣♦s❡r ✭❤tt♣✿✴✴✇✇✇✳t❡❧❡❧♦❣✐❝✳❝♦♠✮ ❢♦r ❙❉▲ ♠♦❞❡❧s✱ ❘❡❛❝t✐s ❙✐♠✉❧✐♥❦

❚❡st❡r ✭❤tt♣✿✴✴✇✇✇✳r❡❛❝t✐✈❡✲s②st❡♠s✳❝♦♠✮ ❢♦r ❙✐♠✉❧✐♥❦ ♠♦❞❡❧s✱ ❈♦♥❢♦r♠✐q

❚❡st ●❡♥❡r❛t♦r ✭❤tt♣✿✴✴✇✇✇✳❝♦♥❢♦r♠✐q✳❝♦♠✮ ❢♦r ❯▼▲ ❙t❛t❡✲❈❤❛rt ♠♦❞❡❧s✳

❈♦♥❝❡r♥✐♥❣ ❤②❜r✐❞ s②st❡♠s✱ ♠♦❞❡❧✲❜❛s❡❞ t❡st✐♥❣ ✐s st✐❧❧ ❛ ♥❡✇ r❡s❡❛r❝❤ ❞♦✲

♠❛✐♥✳ ❚❤❡ ♣❛♣❡r ❬✾✵❪ ♣r♦♣♦s❡❞ ❛ ❢r❛♠❡✇♦r❦ ❢♦r ❣❡♥❡r❛t✐♥❣ t❡st ❝❛s❡s ❜②

s✐♠✉❧❛t✐♥❣ ❤②❜r✐❞ ♠♦❞❡❧s s♣❡❝✐✜❡❞ ✉s✐♥❣ t❤❡ ❧❛♥❣✉❛❣❡ ❈❤❛r♦♥✳ ❆ ♣r♦❜❛✲

❜✐❧✐st✐❝ t❡st ❣❡♥❡r❛t✐♦♥ ❛♣♣r♦❛❝❤✱ s✐♠✐❧❛r t♦ ♦✉rs✱ ✇❛s ♣r❡s❡♥t❡❞ ✐♥ ❬✸✽❪✳ ❲❡

❞❡✈♦t❡ ❛ ❞✐s❝✉ss✐♦♥ ♦♥ t❤❡s❡ ❛♣♣r♦❛❝❤❡s t♦ ❈❤❛♣t❡r ✷

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡ ❞✐s❝✉ss t❤❡ ♣r♦❜❧❡♠❛t✐❝s ♦❢ ❤②❜r✐❞ s②st❡♠s t❡st✐♥❣ ❛♥❞

❡①♣❧❛✐♥ t❤❡ ♠❛✐♥ ✐❞❡❛s ♦❢ ♦✉r ❛♣♣r♦❛❝❤✳

✶✳✶ Pr♦❜❧❡♠❛t✐❝s ❛♥❞ ♦✉r ❛♣♣r♦❛❝❤

❆ ♥✉♠❜❡r ♦❢ s♣❡❝✐❛❧ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ ❤②❜r✐❞ s②st❡♠s ♠❛❦❡ t❤❡✐r t❡st✐♥❣

♣❛rt✐❝✉❧❛r❧② ❝❤❛❧❧❡♥❣✐♥❣✱ ✐♥ ♣❛rt✐❝✉❧❛r✿

• ❈♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡ ❝♦♠♣❧❡①✐t② ✐♥ ❜♦t❤ ❞✐s❝r❡t❡ ❛♥❞ ❝♦♥t✐♥✲

✉♦✉s ❛s♣❡❝ts✳ ❲❤✐❧❡ ❝♦♥t✐♥✉♦✉s s②st❡♠s ❤❛✈❡ ❜❡❡♥ ✇❡❧❧ st✉❞✐❡❞ ✐♥

❝♦♥tr♦❧ t❤❡♦r② ❛♥❞ ❝♦♥t✐♥✉♦✉s ♠❛t❤❡♠❛t✐❝s✱ ❛♥❞ ❞✐s❝r❡t❡ s②st❡♠s ❤❛✈❡

❜❡❡♥ ✐♥✈❡st✐❣❛t❡❞ ✐♥ ❝♦♠♣✉t❡r s❝✐❡♥❝❡✱ t❤❡ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ ❝♦♥✲

t✐♥✉♦✉s ❛♥❞ ❞✐s❝r❡t❡ ❞②♥❛♠✐❝s ❧❡❛❞s t♦ ❢✉♥❞❛♠❡♥t❛❧ ♣r♦❜❧❡♠s ✭s✉❝❤

❛s ✉♥❞❡❝✐❞❛❜✐❧✐t②✮ ✇❤✐❝❤ ❛r❡ ♥♦t ②❡t ✇❡❧❧ ✉♥❞❡rst♦♦❞ ♦r ❢♦r ✇❤✐❝❤ ❛

❣❡♥❡r❛❧ s♦❧✉t✐♦♥ ✐s ♦❢t❡♥ ✐♠♣♦ss✐❜❧❡✳

• ■♥✜♥✐t❡♥❡ss ♦❢ t❤❡ st❛t❡ s♣❛❝❡ ♦❢ ❛ ❤②❜r✐❞ s②st❡♠ ❛♥❞ ♦❢ t❤❡

✐♥♣✉t s♣❛❝❡✳ ■♥ ❣❡♥❡r❛❧✱ ✐♥ ♦r❞❡r t♦ t❡st ❛♥ ♦♣❡♥ s②st❡♠✱ ♦♥❡ ✜rst

♥❡❡❞s t♦ ❢❡❡❞ ❛♥ ✐♥♣✉t s✐❣♥❛❧ t♦ t❤❡ s②st❡♠ ❛♥❞ t❤❡♥ ❝❤❡❝❦ ✇❤❡t❤❡r

t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ s②st❡♠ ✐♥❞✉❝❡❞ ❜② t❤✐s ✐♥♣✉t s✐❣♥❛❧ ✐s ❛s ❡①♣❡❝t❡❞✳

❲❤❡♥ t❤❡r❡ ✐s ❛♥ ✐♥✜♥✐t❡ ♥✉♠❜❡r ♦❢ ♣♦ss✐❜❧❡ ✐♥♣✉t s✐❣♥❛❧s✱ ✐t ✐s ✐♠♣♦r✲

t❛♥t t♦ ❝❤♦♦s❡ t❤❡ ♦♥❡s t❤❛t ❧❡❛❞ t♦ ✐♥t❡r❡st✐♥❣ s❝❡♥❛r✐♦s ✭✇✐t❤ r❡s♣❡❝t

t♦ t❤❡ ♣r♦♣❡rt②✴❢✉♥❝t✐♦♥❛❧✐t② t♦ t❡st✮✳
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❚♦ ❞❡❛❧ ✇✐t❤ t❤❡s❡ ♣r♦❜❧❡♠❛t✐❝s✱ ✇❡ t❛❦❡ ❛♥ ❛♣♣r♦❛❝❤ t❤❛t ❞r❛✇s ♦♥ ✐❞❡❛s

❢r♦♠ ❜♦t❤ ❞♦♠❛✐♥s✱ ♠♦r❡ ♣r❡❝✐s❡❧②✱ t❤❡ ❛❧❣♦r✐t❤♠✐❝ ❛♥❛❧②s✐s ♠❡t❤♦❞♦❧♦❣②

❢r♦♠ ❝♦♠♣✉t❡r s❝✐❡♥❝❡ ❛♥❞ ♠❡t❤♦❞s ❢r♦♠ ❝♦♥tr♦❧ t❤❡♦r②✳ ❚♦ ♠♦❞❡❧ ❤②❜r✐❞

s②st❡♠s✱ ✇❡ ✉s❡ ❤②❜r✐❞ ❛✉t♦♠❛t❛ ❬✹✽❪✳ ❚❤✐s ♠♦❞❡❧✱ ✇❤✐❝❤ ❝❛♥ ❜❡ r♦✉❣❤❧②

❞❡s❝r✐❜❡❞ ❛s ❛♥ ❡①t❡♥s✐♦♥ ♦❢ ❛✉t♦♠❛t❛ ✇✐t❤ ❝♦♥t✐♥✉♦✉s ✈❛r✐❛❜❧❡s ❡✈♦❧✈✐♥❣

❛❝❝♦r❞✐♥❣ t♦ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✱ ✐s ❛ ♠❛t❤❡♠❛t✐❝❛❧ ♠♦❞❡❧ ❧❛r❣❡❧② ✉s❡❞ ❜②

❝♦♠♣✉t❡r s❝✐❡♥t✐sts ❛♥❞ ❝♦♥tr♦❧ ❡♥❣✐♥❡❡rs t♦ r❡❛s♦♥ ❛❜♦✉t ♣r♦❜❧❡♠s r❡❧❛t❡❞

t♦ ❤②❜r✐❞ s②st❡♠s✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤✐s ♠♦❞❡❧ ✐s ❡①♣r❡ss✐✈❡ ❡♥♦✉❣❤ t♦ ❞❡s❝r✐❜❡

❝♦♠♣❧❡① ❤②❜r✐❞ ♣❤❡♥♦♠❡♥❛ ❛r✐s✐♥❣ ✐♥ ♥✉♠❡r♦✉s ❛♣♣❧✐❝❛t✐♦♥s✱ ❛♥❞ ✐ts ✇❡❧❧✲

❞❡✜♥❡❞ s❡♠❛♥t✐❝s ♣❡r♠✐ts ❛❝❝✉r❛t❡ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❡st✐♥❣ r❡s✉❧ts✳

❚❤❡♥✱ t♦ ❛❞❞r❡ss t❤❡ ❤②❜r✐❞ s②st❡♠s t❡st✐♥❣ ♣r♦❜❧❡♠✱ ✇❡ ♣r♦♣♦s❡ ❛♥ ❛♣✲

♣r♦❛❝❤ t❤❛t ❝❛♥ ❜❡ s✉♠♠❛r✐③❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❡❧❡♠❡♥ts✿

• ❋♦r♠❛❧ ❢r❛♠❡✇♦r❦ ❢♦r ❝♦♥❢♦r♠❛♥❝❡ t❡st✐♥❣ ✉s✐♥❣ t❤❡ ❤②❜r✐❞

❛✉t♦♠❛t♦♥ ♠♦❞❡❧✳ ❚❤✐s t❡st✐♥❣ ❢r❛♠❡✇♦r❦ ✐s ❞❡✜♥❡❞ ❢♦❧❧♦✇✐♥❣ t❤❡

✐♥t❡r♥❛t✐♦♥❛❧ st❛♥❞❛r❞ ✧❋♦r♠❛❧ ▼❡t❤♦❞s ✐♥ ❈♦♥❢♦r♠❛♥❝❡ ❚❡st✐♥❣✧ ✭❋▼❈❚✮

❬✾✺❪✳ ■t ✐♥❝❧✉❞❡s t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ ❝♦♥❢♦r♠❛♥❝❡ r❡❧❛t✐♦♥✱ t❡st ❝❛s❡s✱ t❡st

❡①❡❝✉t✐♦♥s✱ ❡t❝✳

• ◆♦✈❡❧ t❡st ❝♦✈❡r❛❣❡ ♠❡❛s✉r❡s✳ ❚❤✐s ✐s ❛ ❝❤❛❧❧❡♥❣✐♥❣ ♣r♦❜❧❡♠ ✐♥

t❡st✐♥❣✳ ■♥t✉✐t✐✈❡❧②✱ t❡st ❝♦✈❡r❛❣❡ ✐s ❛ ✇❛② t♦ ❝❤❛r❛❝t❡r✐③❡ t❤❡ r❡❧❛t✐♦♥

❜❡t✇❡❡♥ t❤❡ ♥✉♠❜❡r ❛♥❞ t❤❡ t②♣❡ ♦❢ t❡sts t♦ ❡①❡❝✉t❡ ❛♥❞ t❤❡ ♣♦rt✐♦♥

♦❢ t❤❡ s②st❡♠✬s ❜❡❤❛✈✐♦r ❡✛❡❝t✐✈❡❧② t❡st❡❞✳ ❚❤❡ ❝❧❛ss✐❝❛❧ ♥♦t✐♦♥s ♦❢

❝♦✈❡r❛❣❡✱ ✐♥tr♦❞✉❝❡❞ ♠❛✐♥❧② ❢♦r s♦❢t✇❛r❡ t❡st✐♥❣ ✭s✉❝❤ ❛s st❛t❡♠❡♥t

❝♦✈❡r❛❣❡✱ ✐❢✲t❤❡♥✲❡❧s❡ ❜r❛♥❝❤ ❝♦✈❡r❛❣❡✱ ♣❛t❤ ❝♦✈❡r❛❣❡✮ ❛r❡ ✉♥s✉✐t❛❜❧❡

❢♦r t❤❡ ❜❡❤❛✈✐♦rs ♦❢ ❛ ❤②❜r✐❞ s②st❡♠ ❞❡✜♥❡❞ ❛s s♦❧✉t✐♦♥s ♦❢ s♦♠❡ ❞✐✛❡r✲

❡♥t✐❛❧ ❡q✉❛t✐♦♥s✳ ❲❡ t❤✉s ♣r♦♣♦s❡ t✇♦ ♥♦✈❡❧ ❝♦✈❡r❛❣❡ ♠❡❛s✉r❡s✱ ✇❤✐❝❤

♦♥ ♦♥❡ ❤❛♥❞ r❡✢❡❝t t❤❡ t❡st✐♥❣ ♦❜❥❡❝t✐✈❡s ❛♥❞✱ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❝❛♥

❜❡ ❡✣❝✐❡♥t❧② ❝♦♠♣✉t❡❞✳

• ❚❡st ❣❡♥❡r❛t✐♦♥✳ ❲❡ ♣r♦♣♦s❡ ❛ t❡st ❣❡♥❡r❛t✐♦♥ ❛❧❣♦r✐t❤♠ ✇❤✐❝❤ ✐s

❜❛s❡❞ ♦♥ t❤❡ ❘❘❚ ✭❘❛♣✐❞❧②✲❡①♣❧♦r✐♥❣ ❘❛♥❞♦♠ ❚r❡❡✮ ❛❧❣♦r✐t❤♠ ❬✻✻✱ ✻✼❪✱

❛ ♣r♦❜❛❜✐❧✐st✐❝ ♠♦t✐♦♥ ♣❧❛♥♥✐♥❣ t❡❝❤♥✐q✉❡ ✐♥ r♦❜♦t✐❝s✳ ❚❤✐s ❘❘❚ ❛❧✲

❣♦r✐t❤♠ ❤❛s ❜❡❡♥ s✉❝❝❡ss❢✉❧ ✐♥ ✜♥❞✐♥❣ ❢❡❛s✐❜❧❡ tr❛❥❡❝t♦r✐❡s ✐♥ ♠♦t✐♦♥
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♣❧❛♥♥✐♥❣✳ ❚❤❡ ✐❞❡❛ ♦❢ ❛♣♣❧②✐♥❣ ❘❘❚s t♦ t❤❡ ✈❡r✐✜❝❛t✐♦♥ ♦❢ ❤②❜r✐❞ s②s✲

t❡♠s ✇❛s ♣r❡✈✐♦✉s❧② ❡①♣❧♦r❡❞✱ s✉❝❤ ❛s ✐♥ ❬✷✸✱ ✺✾✱ ✷✻❪✳ ❚❤❡✐r r❡❧❛t✐♦♥s❤✐♣

✇✐t❤ ♦✉r ✇♦r❦ ✇✐❧❧ ❜❡ ❞✐s❝✉ss❡❞ ✐♥ ❈❤❛♣t❡r ✹✳

• ▼❡t❤♦❞ ❢♦r ❣✉✐❞✐♥❣ t❤❡ t❡st ❣❡♥❡r❛t✐♦♥ ♣r♦❝❡ss✱ ❜❛s❡❞ ♦♥ t❤❡

❛❜♦✈❡ ♠❡♥t✐♦♥❡❞ ❝♦✈❡r❛❣❡ ♠❡❛s✉r❡s✳

• ❉❡✈❡❧♦♣♠❡♥t ♦❢ ❛ ♣r♦t♦t②♣❡ t❡st ❣❡♥❡r❛t✐♦♥ t♦♦❧✳

• ❆♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ t♦♦❧ t♦ ❝❛s❡s st✉❞✐❡s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❜❡s✐❞❡s

tr❛❞✐t✐♦♥❛❧ ❛♣♣❧✐❝❛t✐♦♥s ♦❢ ❤②❜r✐❞ s②st❡♠s✱ ✇❡ ✇♦✉❧❞ ❧✐❦❡ t♦ ❡①♣❧♦r❡ ❛

♥❡✇ ❞♦♠❛✐♥ ✇❤✐❝❤ ✐s ❛♥❛❧♦❣ ❛♥❞ ♠✐①❡❞ s✐❣♥❛❧ ❝✐r❝✉✐ts✳ ■♥❞❡❡❞✱ ❤②❜r✐❞

s②st❡♠s ♣r♦✈✐❞❡ ❛ ♠❛t❤❡♠❛t✐❝❛❧ ♠♦❞❡❧ ❛♣♣r♦♣r✐❛t❡ ❢♦r t❤❡ ♠♦❞❡❧✐♥❣

❛♥❞ ❛♥❛❧②s✐s ♦❢ t❤❡s❡ ❝✐r❝✉✐ts✳ ❚❤❡ ❝❤♦✐❝❡ ♦❢ t❤✐s ❛♣♣❧✐❝❛t✐♦♥ ❞♦♠❛✐♥

✐s ♠♦t✐✈❛t❡❞ ❜② t❤❡ ♥❡❡❞ ✐♥ ❛✉t♦♠❛t✐❝ t♦♦❧s t♦ ❢❛❝✐❧✐t❛t❡ t❤❡ ❞❡s✐❣♥

♦❢ t❤❡s❡ ❝✐r❝✉✐ts ✇❤✐❝❤✱ ❢♦r ✈❛r✐♦✉s r❡❛s♦♥s✱ ✐s st✐❧❧ ❧❛❣❣✐♥❣ ❜❡❤✐♥❞ t❤❡

❞✐❣✐t❛❧ ❝✐r❝✉✐t ❞❡s✐❣♥✳

✶✳✷ ❚❤❡s✐s ♦✉t❧✐♥❡

■♥ ❈❤❛♣t❡r ✷✱ ✇❡ ❞✐s❝✉ss ❤②❜r✐❞ ❛✉t♦♠❛t❛ ❬✼❪✱ t❤❡ ♠♦❞❡❧✐♥❣ ❢♦r♠❛❧✐s♠ ✇❡ ✉s❡

❢♦r ❤②❜r✐❞ s②st❡♠s✳ ❲❡ t❤❡♥ ✐♥tr♦❞✉❝❡ ♦✉r ❢♦r♠❛❧ ❢r❛♠❡✇♦r❦ ❢♦r ❝♦♥❢♦r♠❛♥❝❡

t❡st✐♥❣✱ ✇❤✐❝❤ ✐♥❝❧✉❞❡s t❤❡ ❜❛s✐❝ ❝♦♥❝❡♣ts ✭s✉❝❤ ❛s ❝♦♥❢♦r♠❛♥❝❡ r❡❧❛t✐♦♥✱ t❡st

❝❛s❡s✱ t❡st ❡①❡❝✉t✐♦♥s✮✳ ❚❤❡ ❝❤❛♣t❡r ❝♦♥t❛✐♥s t❤❡ t❤❡♦r❡t✐❝❛❧ ❜❛❝❦❣r♦✉♥❞

♥❡❝❡ss❛r② ❢♦r t❤❡ s✉❜s❡q✉❡♥t ❞❡✈❡❧♦♣♠❡♥ts✳

❈❤❛♣t❡r ✸ ✐s ❝♦♥❝❡r♥❡❞ ✇✐t❤ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ t✇♦ t❡st ❝♦✈❡r❛❣❡ ♠❡❛✲

s✉r❡s✳ ❲❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ t❡st ❝♦✈❡r❛❣❡ ♠❡❛s✉r❡s t❤❛t ❞❡s❝r✐❜❡ ❤♦✇ ✇❡❧❧

t❤❡ st❛t❡s ✈✐s✐t❡❞ ❞✉r✐♥❣ ❛ t❡st ❡①❡❝✉t✐♦♥ r❡♣r❡s❡♥t t❤❡ r❡❛❝❤❛❜❧❡ s❡t✳ ❚❤❡

✜rst ❝♦✈❡r❛❣❡ ♠❡❛s✉r❡ ✇❡ ♣r♦♣♦s❡ ✐s ❜❛s❡❞ ♦♥ t❤❡ st❛r ❞✐s❝r❡♣❛♥❝② ♥♦t✐♦♥✱

❛♥❞ t❤❡ s❡❝♦♥❞ ✐s ❜❛s❡❞ ♦♥ t❤❡ δ✲❝♦✈❡r ♥♦t✐♦♥✳ ❲❡ t❤❡♥ ♣r❡s❡♥t t❤❡ ♠❡t❤♦❞s

t♦ ❝♦♠♣✉t❡ t❤❡s❡ ❝♦✈❡r❛❣❡ ♠❡❛s✉r❡s✳

■♥ ❈❤❛♣t❡r ✹✱ ✇❡ ❞❡✈❡❧♦♣ ❛♥ ❛❧❣♦r✐t❤♠ ❢♦r ❣❡♥❡r❛t✐♥❣ t❡st ❝❛s❡s ❢r♦♠ ❤②❜r✐❞

❛✉t♦♠❛t❛✳ ❚❤✐s ❛❧❣♦r✐t❤♠ ✐s ❛♥ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ❘❘❚ ✭❘❛♣✐❞❧②✲❡①♣❧♦r✐♥❣
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❘❛♥❞♦♠ ❚r❡❡✮ ❛❧❣♦r✐t❤♠ ❬✻✺❪ t♦ ❤②❜r✐❞ s②st❡♠s✳ ❆♥ ✐♠♣♦rt❛♥t ♣r♦♣❡rt② ♦❢

t❤✐s ❛❧❣♦r✐t❤♠✱ ♥❛♠❡❧② ♣r♦❜❛❜✐❧✐st✐❝ ❝♦♠♣❧❡t❡♥❡ss✱ ✐s t❤❡♥ ❞✐s❝✉ss❡❞✳

■♥ ❈❤❛♣t❡r ✺✱ ✐♥ ♦r❞❡r t♦ r❛♣✐❞❧② ❛❝❤✐❡✈❡ ❛ ❣♦♦❞ ❝♦✈❡r❛❣❡ q✉❛❧✐t②✱ ✇❡ ❞❡✲

✈❡❧♦♣ ❛ ♠❡t❤♦❞ ❢♦r ❣✉✐❞✐♥❣ t❤❡ t❡st ❣❡♥❡r❛t✐♦♥ ❛❧❣♦r✐t❤♠ ✉s✐♥❣ t❤❡ ❝♦✈❡r❛❣❡

♠❡❛s✉r❡s✳

❚❤❡ ❣♦❛❧ ♦❢ ❈❤❛♣t❡r ✻ ✐s t♦ s❤♦✇ ❤♦✇ t♦ ✐♠♣❧❡♠❡♥t t❤❡ ❛❜str❛❝t ❛❧❣♦✲

r✐t❤♠s ✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡rs✳ ❚❤✐s ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ ❝♦♥❝r❡t❡

r❡❛❧✐③❛t✐♦♥ ♦❢ t❤❡s❡ ❛❧❣♦r✐t❤♠s✳ ❲❡ ❛❧s♦ ❜r✐❡✢② ♣r❡s❡♥t t❤❡ ♣r♦t♦t②♣❡ t❡st

❣❡♥❡r❛t✐♦♥ t♦♦❧ t❤❛t ✇❡ ❝❛❧❧ ❍❚●✳ ❚❤❡ t♦♦❧ ♣r♦✈✐❞❡s ❛✉t♦♠❛t✐❝ t❡st ❣❡♥❡r✲

❛t✐♦♥ ❢r♦♠ ❤②❜r✐❞ ❛✉t♦♠❛t❛✳

❈❤❛♣t❡r ✼ ✐s ❞❡✈♦t❡❞ t♦ ❛ ♥✉♠❜❡r ♦❢ ❝❛s❡ st✉❞✐❡s tr❡❛t❡❞ ✉s✐♥❣ t❤❡ t♦♦❧

❍❚●✳ ❚❤❡s❡ ❝❛s❡ st✉❞✐❡s ❝♦♠❡ ❢r♦♠ ❝♦♥tr♦❧ ❛♣♣❧✐❝❛t✐♦♥s ❛♥❞ ❛♥❛❧♦❣ ❛♥❞

♠✐①❡❞ s✐❣♥❛❧ ❝✐r❝✉✐ts✳ ❚♦ ✐❧❧✉str❛t❡ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ ♦✉r t❡st ❣❡♥❡r❛t✐♦♥

❛❧❣♦r✐t❤♠s✱ s♦♠❡ ❧✐♥❡❛r s②st❡♠s ✭✇✐t❤ ✉♣ t♦ 100 ❝♦♥t✐♥✉♦✉s ✈❛r✐❛❜❧❡s✮✱ ✇❤✐❝❤

❛r❡ r❛♥❞♦♠❧② ❣❡♥❡r❛t❡❞✱ ✇❡r❡ tr❡❛t❡❞✳ ❚❤❡ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts s❤♦✇s t❤❡

❛♣♣❧✐❝❛❜✐❧✐t② ♦❢ ♦✉r ❛♣♣r♦❛❝❤ t♦ ❤✐❣❤ ❞✐♠❡♥s✐♦♥❛❧ s②st❡♠s✳

❊❛❝❤ ♦❢ t❤❡ ❛❜♦✈❡ ❝❤❛♣t❡rs ❛❧s♦ ✐♥❝❧✉❞❡s ❛ ❞✐s❝✉ss✐♦♥ ♦❢ r❡❧❛t❡❞ ✇♦r❦✳ ❚❤❡

❝♦♥❝❧✉❞✐♥❣ ❝❤❛♣t❡r s✉♠♠❛r✐③❡s t❤❡ ❝♦♥tr✐❜✉t✐♦♥s ♦❢ t❤❡ t❤❡s✐s ❛♥❞ s✉❣❣❡sts

❢✉t✉r❡ r❡s❡❛r❝❤ ❞✐r❡❝t✐♦♥s✳

❋♦r t❤❡ ❜❡st ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ t❤✐s t❤❡s✐s✱ t❤❡ r❡❛❞❡r ✐s ❡♥❝♦✉r❛❣❡❞ t♦ ❢♦❧❧♦✇

❝❤❛♣t❡r ❜② ❝❤❛♣t❡r✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❈❤❛♣t❡r ✷ ❝♦♥t❛✐♥s ✐♠♣♦rt❛♥t ❞❡✜♥✐t✐♦♥s

❛♥❞ ♥♦t❛t✐♦♥s ✇❤✐❝❤ ❛r❡ ✉s❡❞ t❤r♦✉❣❤♦✉t t❤❡ t❤❡s✐s✳
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❈❤❛♣t❡r ✷

▼♦❞❡❧✐♥❣ ❛♥❞ ❝♦♥❢♦r♠❛♥❝❡

t❡st✐♥❣

❍②❜r✐❞ s②st❡♠s ❛r❡ r❡❝♦❣♥✐③❡❞ ❛s ❜❡✐♥❣ ❛♣♣r♦♣r✐❛t❡ ❤✐❣❤✲❧❡✈❡❧ ♠❛t❤❡♠❛t✐❝❛❧

♠♦❞❡❧s ❢♦r ❞❡s❝r✐❜✐♥❣ ♣❤②s✐❝❛❧ s②st❡♠s ❛♥❞ ♣❤❡♥♦♠❡♥❛ ✇✐t❤ ♠✐①❡❞ ❝♦♥t✐♥✲

✉♦✉s ❛♥❞ ❞✐s❝r❡t❡ ❞②♥❛♠✐❝s✳ ❇② ❝♦♠❜✐♥✐♥❣ ❞✐s❝r❡t❡ ❡✈❡♥t s②st❡♠s ❛♥❞ ❝♦♥✲

t✐♥✉♦✉s s②st❡♠s ✭❞❡✜♥❡❞ ❜② ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✮✱ t❤❡② ♣r♦✈✐❞❡ ❛ ♣♦✇❡r❢✉❧

♠♦❞❡❧✐♥❣ t♦♦❧ ❢♦r ❛ ✈❡r② ✇✐❞❡ ✈❛r✐❡t② ♦❢ ❝♦♠♣❧❡① s②st❡♠s✳

❆s ❛♥ ❡①❛♠♣❧❡ ♦❢ ❤②❜r✐❞ s②st❡♠s✱ ❝♦♥s✐❞❡r ❛ ❞✐❣✐t❛❧ ❡♥❣✐♥❡ ❝♦♥tr♦❧❧❡r ✐♥ ❛

❝❛r✱ ✇❤✐❝❤ ❤❛s t♦ ✐♥t❡r❛❝t ✇✐t❤ t❤❡ ♣❤②s✐❝❛❧ ♣r♦❝❡ss❡s ✐♥ t❤❡ ❡♥❣✐♥❡ ❛s ✇❡❧❧ ❛s

✇✐t❤ t❤❡ ❡✈❡♥ts ❣❡♥❡r❛t❡❞ ❜② t❤❡ ❞r✐✈❡r✳ ❚❤❡ s❡❝♦♥❞ ❡①❛♠♣❧❡✱ ✐s t❤❡ ❝♦♠♣✉t❡r

❝♦♥tr♦❧❧❡❞ s②st❡♠s ✇❤❡r❡ ❛ ❝♦♠♣✉t❡r ✭✇❤✐❝❤ ✐s ❢✉♥❞❛♠❡♥t❛❧❧② ❛ ✜♥✐t❡ ❞✐s❝r❡t❡

st❛t❡ ♠❛❝❤✐♥❡✮ ✐s ✉s❡❞ t♦ ❝♦♥tr♦❧ ❛ ♣❤②s✐❝❛❧ ♣r♦❝❡ss ✭✇❤✐❝❤ ♦❢t❡♥ ❝❛♥ ❜❡

♠♦❞❡❧❡❞ ❛s ❝♦♥t✐♥✉♦✉s✲t✐♠❡ s②st❡♠✮✳ ❚❤❡ ✐♥❝r❡❛s✐♥❣ ✐♥t❡❣r❛t✐♦♥ ♦❢ s✉❝❤

❝♦♥tr♦❧❧❡rs r❡s✉❧ts ✐♥ ❤✐❣❤❧② ❝♦♠♣❧❡① s②st❡♠ ✐♥✈♦❧✈✐♥❣ ❜♦t❤ ❝♦♥t✐♥✉♦✉s ❛♥❞

❞✐s❝r❡t❡ ❡✈❡♥t ❞②♥❛♠✐❝s✳

❚❤❡ str✉❝t✉r❡ ♦❢ t❤✐s ❝❤❛♣t❡r ✐s ❛s ❢♦❧❧♦✇s✳ ❚❤❡ ✜rst ♣❛rt ❣✐✈❡s s♦♠❡ ♠❛t❤✲

❡♠❛t✐❝❛❧ ♣r❡❧✐♠✐♥❛r✐❡s ✐♥ ❞②♥❛♠✐❝❛❧ s②st❡♠s✱ ✇❤✐❝❤ ❛r❡ ✉s❡❢✉❧ ❢♦r ❞❡s❝r✐❜✐♥❣

t❤❡ ♠❛✐♥ ❝♦♠♣♦♥❡♥ts ♦❢ ❤②❜r✐❞ s②st❡♠s✳ ◆❡①t✱ ✇❡ ✐♥tr♦❞✉❝❡ ❤②❜r✐❞ ❛✉✲

t♦♠❛t❛✱ t❤❡ ♠♦❞❡❧ ✇❡ ✉s❡ ✐♥ t❤✐s t❤❡s✐s✳ ❲❡ ❛❧s♦ ♣r❡s❡♥t t❤❡ ✐♠♣♦rt❛♥t

r❡❛❝❤❛❜✐❧✐t② ♥♦t✐♦♥s✱ ♥❡❝❡ss❛r② ❢♦r t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ♦✉r t❡st✐♥❣ ❢r❛♠❡✇♦r❦
✶✺
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❛♥❞ ❜r✐❡✢② r❡✈✐❡✇ ♦t❤❡r ❤②❜r✐❞ ♠♦❞❡❧s ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✳ ❚❤❡ s❡❝♦♥❞ ♣❛rt

♦❢ t❤✐s ❝❤❛♣t❡r ✐s ❞❡✈♦t❡❞ t♦ ❝♦♥❢♦r♠❛♥❝❡ r❡❧❛t✐♦♥ ❢♦r ❤②❜r✐❞ ❛✉t♦♠❛t❛ ❛♥❞

✐♠♣♦rt❛♥t ❡❧❡♠❡♥ts ♦❢ ❝♦♥❢♦r♠❛♥❝❡ t❡st✐♥❣✳

✷✳✶ Pr❡❧✐♠✐♥❛r✐❡s

❲❡ ✐♥tr♦❞✉❝❡ ✐♥ t❤✐s s❡❝t✐♦♥ t❤❡ ❜❛s✐❝ ❞❡✜♥✐t✐♦♥s ♥❡❡❞❡❞ ❢♦r ❞❡s❝r✐❜✐♥❣ ❜❡✲

❤❛✈✐♦rs ♦❢ ❞②♥❛♠✐❝❛❧ s②st❡♠s✳ ■♥t✉✐t✐✈❡❧②✱ ❛ ❞②♥❛♠✐❝❛❧ s②st❡♠ ❞❡s❝r✐❜❡s t❤❡

❡✈♦❧✉t✐♦♥ ♦❢ ❛ st❛t❡ ♦✈❡r t✐♠❡✳ ❇❛s❡❞ ♦♥ t❤❡ t②♣❡ ♦❢ t❤❡✐r st❛t❡✱ ❞②♥❛♠✐✲

❝❛❧ s②st❡♠s ❝❛♥ ❜❡ ❝❧❛ss✐✜❡❞ ✐♥t♦✿ ❝♦♥t✐♥✉♦✉s s②st❡♠s✱ ❞✐s❝r❡t❡ s②st❡♠s ❛♥❞

❤②❜r✐❞ s②st❡♠s✳

❚❤r♦✉❣❤♦✉t t❤✐s t❤❡s✐s ✇❡ ✇✐❧❧ ✉s❡ ❛ t✐♠❡ ❞♦♠❛✐♥ T ❂ R
+✳

❉❡✜♥✐t✐♦♥ ✶ ✭❚✐♠❡ ✐♥t❡r✈❛❧ s❡q✉❡♥❝❡✮✳ ❆ t✐♠❡ ✐♥t❡r✈❛❧ s❡q✉❡♥❝❡ ✐s ❛ s❡✲

q✉❡♥❝❡ ♦❢ ✐♥t❡r✈❛❧s {I0, I1, ..., IN}✱ ✜♥✐t❡ ♦r ✐♥✜♥✐t❡ ✭✐✳❡✳ N ❝❛♥ ❜❡ ∞✮✱ s✉❝❤

t❤❛t

• ❋♦r ❛❧❧ k < N ✱ Ik = [τk, τ
′
k] ✇❤❡r❡ τk, τ

′
k ∈ T ✳

• ❋♦r ❛❧❧ k✱ τk ≤ τ ′
k = τk+1 ✭t❤❛t ✐s✱ t❤❡ r✐❣❤t ❡♥❞♣♦✐♥t τ

′

k ♦❢ t❤❡ ✐♥t❡r✈❛❧

Ik ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ❧❡❢t ❡♥❞♣♦✐♥t τi+1 ♦❢ t❤❡ ✐♥t❡r✈❛❧ Ik+1✳

• ■❢ N < ∞✱ t❤❡♥ ❡✐t❤❡r IN = [τN , τ ′
N ] ♦r IN = [τN , τ ′

N )✳

❆s ✇❡ ✇✐❧❧ s❡❡ ❧❛t❡r✱ ❛ t✐♠❡ ✐♥t❡r✈❛❧ s❡q✉❡♥❝❡ ✇✐❧❧ ❜❡ ✉s❡❞ t♦ ❞❡✜♥❡ t❤❡

t✐♠❡ ❤♦r✐③♦♥ ♦✈❡r ✇❤✐❝❤ t❤❡ st❛t❡ ♦❢ ❛ ❤②❜r✐❞ s②st❡♠ ❡✈♦❧✈❡s✳

❉❡✜♥✐t✐♦♥ ✷ ✭❚❡♠♣♦r❛❧ ❜❡❤❛✈✐♦r✮✳ ❆ t❡♠♣♦r❛❧ ❜❡❤❛✈✐♦r ♦✈❡r ❛ t♦♣♦❧♦❣✐❝❛❧

s♣❛❝❡ S ✐s ❛ ♣❛rt✐❛❧ ❢✉♥❝t✐♦♥ β : T → S ✇❤♦s❡ ❞♦♠❛✐♥ ♦❢ ❞❡✜♥✐t✐♦♥ ✐s ❛♥

✐♥t❡r✈❛❧ [0, r) ❢♦r s♦♠❡ r ∈ T ∪ {∞}✳

❲❡ ❝❛❧❧ r t❤❡ ♠❡tr✐❝ ❧❡♥❣t❤ ♦❢ β ❛♥❞ β ✐s s❛✐❞ ✐♥✜♥✐t❡ ✐❢ r = ∞✳

❉❡✜♥✐t✐♦♥ ✸ ✭P✐❡❝❡✇✐s❡✲❝♦♥t✐♥✉♦✉s ❜❡❤❛✈✐♦r✮✳ ❆ t❡♠♣♦r❛❧ ❜❡❤❛✈✐♦r β ✐s

♣✐❡❝❡✇✐s❡✲❝♦♥t✐♥✉♦✉s ✐❢ ✐t ❛❞♠✐ts ❛ t✐♠❡ ✐♥t❡r✈❛❧ s❡q✉❡♥❝❡ {I0, I1, ..., IN} s✉❝❤

t❤❛t ❢♦r ❡✈❡r② k ≤ N ✱ β ✐s ❝♦♥t✐♥✉♦✉s ♦♥ t❤❡ ✐♥t❡r✈❛❧ Ik✳
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❋✐❣✉r❡ ✷✳✶ s❤♦✇s ❛♥ ❡①❛♠♣❧❡ ♦❢ ♣✐❡❝❡✇✐s❡✲❝♦♥t✐♥✉♦✉s ❜❡❤❛✈✐♦rs✳ ◆♦t❡ t❤❛t

❛ ♣✐❡❝❡✇✐s❡✲❝♦♥st❛♥t ❜❡❤❛✈✐♦r ✐s ❛ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ ♣✐❡❝❡✇✐s❡✲❝♦♥t✐♥✉♦✉s ❜❡✲

❤❛✈✐♦rs ✇❤❡r❡ β ✐s ❝♦♥st❛♥t ♦♥ ❡✈❡r② t✐♠❡ ✐♥t❡r✈❛❧ Ik✳

❋✐❣✉r❡ ✷✳✶✿ ❆ ♣✐❡❝❡✇✐s❡✲❝♦♥t✐♥✉♦✉s ❜❡❤❛✈✐♦r✳

✷✳✶✳✶ ❉✐s❝r❡t❡ s②st❡♠s

❆ ❞✐s❝r❡t❡ s②st❡♠ ✐s ❛ ❞②♥❛♠✐❝❛❧ s②st❡♠ ✇❤❡r❡ ✐ts st❛t❡ t❛❦❡s ✈❛❧✉❡s ✐♥ ❛

❝♦✉♥t❛❜❧❡ ♦r ✜♥✐t❡ s❡t Q = {q1, q2, ...}✳ ❲❡ ♦❢t❡♥ ✉s❡ q t♦ ❞❡♥♦t❡ t❤❡ st❛t❡

♦❢ s✉❝❤ s②st❡♠s✳ ❋♦r ❡①❛♠♣❧❡✱ ❛ ❧✐❣❤t s✇✐t❝❤ ✐s ❛ ❞②♥❛♠✐❝❛❧ s②st❡♠ t❤❡ st❛t❡

♦❢ ✇❤✐❝❤ t❛❦❡s ♦♥ t✇♦ ✈❛❧✉❡s✱ {ON, OFF}✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ❢♦❝✉s ♦♥

❛✉t♦♠❛t❛ ✇✐t❤♦✉t ✐♥♣✉t ❛♥❞ ♦✉t♣✉t✱ ❛ s✐♠♣❧❡ ❝❧❛ss ♦❢ ❞✐s❝r❡t❡ s②st❡♠s ✇❤✐❝❤

❝❛♥ ❜❡ ✉s❡❞ t♦ ❞❡s❝r✐❜❡ t❤❡ ❞✐s❝r❡t❡ str✉❝t✉r❡ ♦❢ ❛ ❤②❜r✐❞ s②st❡♠✳

❉❡✜♥✐t✐♦♥ ✹ ✭❆✉t♦♠❛t♦♥✮✳ ❆ ✜♥✐t❡ ❛✉t♦♠❛t♦♥ ✐s M = (Q, δ) ✇❤❡r❡

• Q ✐s ❛ ✜♥✐t❡ s❡t ♦❢ st❛t❡s✳

• δ ⊆ Q×Q ✐s ❛ tr❛♥s✐t✐♦♥ r❡❧❛t✐♦♥ ✇❤✐❝❤ ❞❡s❝r✐❜❡s ❤♦✇ t❤❡ s②st❡♠ ♠❛②

❡✈♦❧✈❡✳

❆♥ ❡①❛♠♣❧❡ ♦❢ ✜♥✐t❡ ❛✉t♦♠❛t♦♥ ✇✐t❤ t✇♦ st❛t❡s ✐s ❣✐✈❡♥ ✐♥ ❋✐❣✉r❡ ✷✳✷✱ ❛♥❞

t❤❡ s❡t ♦❢ ✐ts st❛t❡s ✐s Q = {q1, q2}✳
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✧✦
★✥

✧✦
★✥✲

✛

q1 q2

❋✐❣✉r❡ ✷✳✷✿ ❆ ✷✲st❛t❡ ❛✉t♦♠❛t♦♥✳

❊①❡❝✉t✐♦♥s ♦❢ ❛♥ ❛✉t♦♠❛t♦♥✳ ●✐✈❡♥ ❛♥ ✐♥✐t✐❛❧ st❛t❡ q ∈ Q✱ ❛♥ ❡①❡❝✉t✐♦♥

♦❢ M ✐s ❛ s❡q✉❡♥❝❡ σ : N → Q s✉❝❤ t❤❛t σ(0) = q ❛♥❞ ❢♦r ❡✈❡r② k > 0✱

σ(k + 1) ∈ δ(σ(k))✳

◆♦t✐❝❡ t❤❛t t❤❡ ❡①❡❝✉t✐♦♥s ♦❢ s✉❝❤ ❛✉t♦♠❛t❛ ❝❛♥ ❜❡ ♥♦♥✲❞❡t❡r♠✐♥✐st✐❝✱

s✐♥❝❡ t❤❡ tr❛♥s✐t✐♦♥ r❡❧❛t✐♦♥ ✐♥❞✐❝❛t❡s ❛ s❡t ♦❢ ♣♦ss✐❜❧❡ ♥❡①t st❛t❡s r❛t❤❡r

t❤❛♥ ❛ ✉♥✐q✉❡ st❛t❡✳ ❙✐♥❝❡ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❡①❡❝✉t✐♦♥s ♦❢ ❛♥ ❛✉t♦♠❛t♦♥

❞♦❡s ♥♦t ✐♥✈♦❧✈❡ r❡❛❧ ♠❡tr✐❝ t✐♠❡✱ ❛♥❞ t❤✉s t❤❡ t✐♠❡ ❧❛♣s❡s ❜❡t✇❡❡♥ t❤❡

st❛t❡s ✐♥ ❛♥ ❡①❡❝✉t✐♦♥ ❛r❡ ♥♦t s♣❡❝✐✜❡❞✳ ●✐✈❡♥ ❛♥ ❡①❡❝✉t✐♦♥ σ✱ ✇❡ ❝❛♥

❛ss♦❝✐❛t❡ ✇✐t❤ ✐t ❛♥ ✐♥✜♥✐t❡ ♥✉♠❜❡r ♦❢ ♣✐❡❝❡✇✐s❡✲❝♦♥st❛♥t ❜❡❤❛✈✐♦rs ♦❢ t❤❡

❢♦r♠ β : T → Q✳ ❋✐❣✉r❡ ✷✳✸ ✐❧❧✉str❛t❡s ❛ ♣✐❡❝❡✇✐s❡✲❝♦♥st❛♥t ❜❡❤❛✈✐♦r ♦❢ t❤❡

❛✉t♦♠❛t♦♥ ✐♥ ❋✐❣✉r❡ ✷✳✷✳

✲

✻

q1

q2

t

❋✐❣✉r❡ ✷✳✸✿ ❆ ♣✐❡❝❡✇✐s❡✲❝♦♥st❛♥t ❜❡❤❛✈✐♦r ♦❢ t❤❡ ❛✉t♦♠❛t♦♥ ✐♥ ❋✐❣✉r❡ ✷✳✷
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✷✳✶✳✷ ❈♦♥t✐♥✉♦✉s s②st❡♠s

❆ ❝♦♥t✐♥✉♦✉s s②st❡♠ ✐s ❛ ❞②♥❛♠✐❝❛❧ s②st❡♠ t❤❡ st❛t❡ ♦❢ ✇❤✐❝❤ t❛❦❡ ✈❛❧✉❡s ✐♥

R
n ❢♦r s♦♠❡ n > 0✱ ❛♥❞ n ✐s ❝❛❧❧❡❞ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ s②st❡♠✳

❉❡✜♥✐t✐♦♥ ✺ ✭❈♦♥t✐♥✉♦✉s s②st❡♠✮✳

❆ ❝♦♥t✐♥✉♦✉s s②st❡♠ ✐s C = (X , f) ✇❤❡r❡

• X = R
n ✐s t❤❡ st❛t❡ s♣❛❝❡✳

• f : X → R
n ✐s ❛ ❝♦♥t✐♥✉♦✉s ✈❡❝t♦r ✜❡❧❞✳

❚❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ s②st❡♠ ✐s ❣♦✈❡r♥❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛✲

t✐♦♥✿

ẋ(t) = f(x(t)) ✭✷✳✶✮

✇❤❡r❡ x ∈ X ✐s t❤❡ st❛t❡ ♦❢ t❤❡ s②st❡♠✳

❚r❛❥❡❝t♦r✐❡s ♦❢ ❛ ❝♦♥t✐♥✉♦✉s s②st❡♠✳ ❆ tr❛❥❡❝t♦r② ♦❢ C st❛rt✐♥❣ ❢r♦♠

x ∈ X ✐s ❛ ❝♦♥t✐♥✉♦✉s ❜❡❤❛✈✐♦r ξx : T → X s✉❝❤ t❤❛t ξx ✐s t❤❡ s♦❧✉t✐♦♥

♦❢ ✭✷✳✶✮ ✇✐t❤ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ x(0) = x✳ ●✐✈❡♥ t✇♦ st❛t❡s x✱ x′ ∈ X ✱ ✇❡ s❛②

t❤❛t x′ ✐s r❡❛❝❤❛❜❧❡ ❢r♦♠ x ✐♥ t✐♠❡ t < ∞ ✐❢ x′ = ξx(t)✳ ❲❡ ❞❡♥♦t❡ t❤✐s ❜②

x
t

−→ x′✳

❲❡ ❛ss✉♠❡ t❤❛t f ✐s ❣❧♦❜❛❧❧② ▲✐♣s❝❤✐t③ ✐♥ x✱ ✇❤✐❝❤ ❣✉❛r❛♥t❡❡s t❤❡ ❡①✐st❡♥❝❡

❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ s♦❧✉t✐♦♥s t♦ ✭✷✳✶✮ ❢♦r ❡✈❡r② ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ✐♥ X ❬✺✷❪✳ ❚❤❡

❝♦♥t✐♥✉♦✉s s②st❡♠ ♦❢ ❉❡✜♥✐t✐♦♥ ✺ ✐s ❞❡t❡r♠✐♥✐st✐❝ ✐♥ t❤❡ s❡♥s❡ t❤❛t ❢r♦♠ ❛

❣✐✈❡♥ st❛t❡ ✐t ❣❡♥❡r❛t❡s ❛ ✉♥✐q✉❡ tr❛❥❡❝t♦r②✳

■♥ ❛❞❞✐t✐♦♥ t♦ ❝♦♥t✐♥✉♦✉s s②st❡♠s ✇✐t❤♦✉t ✐♥♣✉t✱ ❢♦r t❡st✐♥❣ ♣✉r♣♦s❡s✱ ✇❡

❛r❡ ✐♥t❡r❡st❡❞ ✐♥ ❝♦♥t✐♥✉♦✉s s②st❡♠s ✇✐t❤ ✐♥♣✉t✳

❉❡✜♥✐t✐♦♥ ✻ ✭❈♦♥t✐♥✉♦✉s s②st❡♠ ✇✐t❤ ✐♥♣✉t✮✳ ❆ ❝♦♥t✐♥✉♦✉s s②st❡♠ ✇✐t❤

✐♥♣✉t ✐s Cu = {X , U, f} ✇❤❡r❡ X ⊆ R
n ✐s t❤❡ st❛t❡ s♣❛❝❡ ♦❢ t❤❡ s②st❡♠ ❛♥❞

U ⊂ R
m ✐s t❤❡ ✐♥♣✉t s❡t✳ ❚❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ s②st❡♠ ✐s ❞❡s❝r✐❜❡❞ ❜② t❤❡

❢♦❧❧♦✇✐♥❣ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥✿

ẋ(t) = f(x(t), u(t)) ✭✷✳✷✮
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✇❤❡r❡ x ∈ X ✐s t❤❡ st❛t❡ ♦❢ t❤❡ s②st❡♠ ❛♥❞ u ∈ U ✐s t❤❡ ✐♥♣✉t✳ ❲❡ ❛ss✉♠❡ ❛

s❡t U ♦❢ ❛❞♠✐ss✐❜❧❡ ✐♥♣✉t ❢✉♥❝t✐♦♥s ❝♦♥s✐st✐♥❣ ♦❢ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥s ♦❢ t❤❡

❢♦r♠ u : T → U ✳

❚r❛❥❡❝t♦r✐❡s ♦❢ ❛ ❝♦♥t✐♥✉♦✉s s②st❡♠ ✇✐t❤ ✐♥♣✉t✳ ❆ tr❛❥❡❝t♦r② ♦❢ Cu

st❛rt✐♥❣ ❢r♦♠ ❛ st❛t❡ x ∈ X ✉♥❞❡r ❛ ❣✐✈❡♥ ✐♥♣✉t u✿ T → U ✐s ❛ ❝♦♥t✐♥✉♦✉s

❜❡❤❛✈✐♦r ξx,u : T → X s✉❝❤ t❤❛t ξx,u(t) ✐s t❤❡ s♦❧✉t✐♦♥ ♦❢ ẋ(t) = f(x(t), u(t))

✇✐t❤ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ x(0) = x✳

❲❡ ❛ss✉♠❡ t❤❛t t❤❡ ✈❡❝t♦r ✜❡❧❞ f ✐s ❣❧♦❜❛❧❧② ▲✐♣s❝❤✐t③ ✐♥ x ❛♥❞ ❝♦♥t✐♥✉♦✉s

✐♥ u✳ ❚❤✐s ❛ss✉♠♣t✐♦♥ ❣✉❛r❛♥t❡❡s t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ s♦❧✉✲

t✐♦♥ ♦❢ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ✭✷✳✷✮ ❢♦r ❛ ❣✐✈❡♥ ✐♥♣✉t ❢✉♥❝t✐♦♥ u ∈ U ❬✹✺✱ ✺✷❪✳

◆♦t✐❝❡ t❤❛t t❤❡ ❜❡❤❛✈✐♦r ♦❢ ❛ ❝♦♥t✐♥✉♦✉s s②st❡♠ ✇✐t❤ ✐♥♣✉t ✐s ♥♦♥✲❞❡t❡r♠✐♥✐st✐❝✳

❋♦r ❛ ❣✐✈❡♥ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ x✱ ❡❛❝❤ ❛❞♠✐ss✐❜❧❡ ✐♥♣✉t ❢✉♥❝t✐♦♥ u ❣❡♥❡r❛t❡s

❛ ❞✐✛❡r❡♥t s♦❧✉t✐♦♥ t♦ ✭✷✳✷✮✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ✉♥❞❡r ❛❧❧ ❛❞♠✐ss✐❜❧❡ ✐♥♣✉t

❢✉♥❝t✐♦♥s✱ t❤❡ s②st❡♠ ♣r♦❞✉❝❡s ❛ ❞❡♥s❡ s❡t ♦❢ tr❛❥❡❝t♦r✐❡s✳

✷✳✶✳✸ ❍②❜r✐❞ s②st❡♠s

❆ ❤②❜r✐❞ s②st❡♠ ✐s ❛ ❞②♥❛♠✐❝❛❧ s②st❡♠ ✇❤❡r❡ ♣❛rt ♦❢ t❤❡ st❛t❡ t❛❦❡s ✈❛❧✉❡s

✐♥ R
n ✇❤✐❧❡ t❤❡ ♦t❤❡r ♣❛rt t❛❦❡s ✈❛❧✉❡s ✐♥ ❛ ✜♥✐t❡ s❡t✳ ❋♦r ❡①❛♠♣❧❡✱ ❛

❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❛♥ ❛♥❛❧♦❣ ❝✐r❝✉✐t ❛♥❞ ❛ s✇✐t❝❤ ✐s ❛ ❤②❜r✐❞ s②st❡♠✿ ♦♥❡ ♣❛rt

♦❢ t❤❡ st❛t❡ ✭♥❛♠❡❧② t❤❡ st❛t❡ ♦❢ t❤❡ ❛♥❛❧♦❣ ❝✐r❝✉✐t✮ ✐s ❝♦♥t✐♥✉♦✉s✱ ✇❤✐❧❡ t❤❡

♦t❤❡r ♣❛rt ✭♥❛♠❡❧② t❤❡ st❛t❡ ♦❢ t❤❡ s✇✐t❝❤✮ ✐s ❞✐s❝r❡t❡✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱

✇❡ ❞❡s❝r✐❜❡ ❤②❜r✐❞ ❛✉t♦♠❛t❛ ❬✶✶✱ ✹✼✱ ✺✺❪✱ t❤❡ ♠♦❞❡❧ t❤❛t ✇❡ ✉s❡ ✐♥ t❤✐s

✇♦r❦✳ ❚❤❡ ♠♦t✐✈❛t✐♦♥ ❢♦r ❝❤♦♦s✐♥❣ t❤✐s ♠♦❞❡❧ ✐s t❤❛t t❤✐s ♠♦❞❡❧ ❛♥❞ ❛

♥✉♠❜❡r ♦❢ ✐ts ✈❛r✐❛t✐♦♥s ❤❛✈❡ ❜❡❝♦♠❡ t❤❡ st❛♥❞❛r❞ ♠♦❞❡❧s✱ ✇❤✐❝❤ ❛r❡ ❧❛r❣❡❧②

✉s❡❞ ❜② t❤❡ r❡s❡❛r❝❤❡rs ✐♥ t❤❡ ❤②❜r✐❞ s②st❡♠s ❝♦♠♠✉♥✐t②✱ ❢♦r ❜♦t❤ ❝♦♥tr♦❧

❞❡s✐❣♥ ❛♥❞ ✈❡r✐✜❝❛t✐♦♥ ♣✉r♣♦s❡s✳ ❆♥♦t❤❡r r❡❛s♦♥ ✐s t❤❛t t❤✐s ♠♦❞❡❧ ✐s r✐❝❤

❡♥♦✉❣❤ t♦ ❞❡s❝r✐❜❡ ❛ ✇✐❞❡ ❝❧❛ss ♦❢ ❤②❜r✐❞ s②st❡♠s ❛♥❞✱ ♠♦r❡♦✈❡r✱ ✐t ♣r♦✈✐❞❡s

❛ ❢r❛♠❡✇♦r❦ s✉✐t❛❜❧❡ ❢♦r t❤❡ ❝♦♥❢♦r♠❛♥❝❡ t❡st✐♥❣ ♣r♦❜❧❡♠ ✇❤✐❝❤ ✇❡ ✇✐❧❧

t❛❝❦❧❡ ✐♥ t❤❡ ♥❡①t ❝❤❛♣t❡rs✳
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✷✳✷ ❍②❜r✐❞ ❛✉t♦♠❛t❛

❆ ❤②❜r✐❞ ❛✉t♦♠❛t♦♥ ✐s ❛♥ ❛✉t♦♠❛t♦♥ ❛✉❣♠❡♥t❡❞ ✇✐t❤ ❝♦♥t✐♥✉♦✉s ✈❛r✐❛❜❧❡s✳

❉❡✜♥✐t✐♦♥ ✼ ✭❍②❜r✐❞ ❛✉t♦♠❛t♦♥✮✳ ❆ ❤②❜r✐❞ ❛✉t♦♠❛t♦♥ ✐s ❛ t✉♣❧❡

A = (X , Q, F, I,G,R) ✇❤❡r❡

• X ⊆ R
n ✐s t❤❡ ❝♦♥t✐♥✉♦✉s st❛t❡ s♣❛❝❡✳ ❲❡ ❞❡♥♦t❡ ❜② V (A) t❤❡ s❡t ♦❢

❝♦♥t✐♥✉♦✉s ✈❛r✐❛❜❧❡s ♦❢ A✳

• Q ✐s ❛ ✜♥✐t❡ s❡t ♦❢ ❧♦❝❛t✐♦♥s ✭♦r ❞✐s❝r❡t❡ st❛t❡s✮✳

• E ✐s ❛ s❡t ♦❢ tr❛♥s✐t✐♦♥s✳

• F = {Fq | q ∈ Q} s✉❝❤ t❤❛t ❢♦r ❡❛❝❤ q ∈ Q✱ Fq = (fq, Uq,Wq) ❞❡✜♥❡s

❛ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥✿

ẋ(t) = fq(x(t), u(t), w)

✇❤❡r❡ w ∈ Wq ⊂ R
l ✐s t❤❡ ♣❛r❛♠❡t❡r ✈❡❝t♦r✱ ❛♥❞ u ∈ Uq ✐s ❛♥ ❛❞✲

♠✐ss✐❜❧❡ ✐♥♣✉t ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❢♦r♠ u : R
+ → Uq ⊂ R

m✳ ❉✉r✐♥❣ t❤❡

❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ s②st❡♠✱ t❤❡ ♣❛r❛♠❡t❡r ✈❡❝t♦r w ✐s ❝♦♥st❛♥t✶✳

• I = {Iq ⊆ R
n | q ∈ Q} ✐s ❛ s❡t ♦❢ st❛②✐♥❣ ❝♦♥❞✐t✐♦♥s✳

• G = {Ge | e ∈ E} ✐s ❛ s❡t ♦❢ ❣✉❛r❞s s✉❝❤ t❤❛t ❢♦r ❡❛❝❤ ❞✐s❝r❡t❡ tr❛♥s✐t✐♦♥

e ∈ E✱ Ge ⊆ Iq✳

• R = {Re | e ∈ E} ✐s ❛ s❡t ♦❢ r❡s❡t ♠❛♣s✳ ❋♦r ❡❛❝❤ e = (q, q′) ∈ E✱

Re : Gq → 2Iq′ ❞❡✜♥❡s ❤♦✇ x ♠❛② ❝❤❛♥❣❡ ✇❤❡♥ A s✇✐t❝❤❡s ❢r♦♠ q t♦

q′✳

❆ ❤②❜r✐❞ st❛t❡ ✐s ❛ ♣❛✐r (q, x) ✇❤❡r❡ q ∈ Q ❛♥❞ x ∈ X ✳ ❚❤❡ ❤②❜r✐❞ st❛t❡

s♣❛❝❡ ✐s S = Q × X ✳ ❚❤❡ ✐♥✐t✐❛❧ st❛t❡ ♦❢ t❤❡ ❛✉t♦♠❛t♦♥ ✐s ❞❡♥♦t❡❞ ❜②

(sinit, xinit)✳ ❆ st❛t❡ (q, x) ❝❛♥ ❝❤❛♥❣❡ ✐♥ t✇♦ ✇❛②s✿

✶❆s ✇❡ ✇✐❧❧ s❡❡ ✐♥ ❈❤❛♣t❡r ✼ ✇❤❡r❡ ✇❡ tr❡❛t ❛ ♥✉♠❜❡r ♦❢ ❝❛s❡ st✉❞✐❡s✱ t❤❡ ♣❛r❛♠❡t❡rs

❛r❡ ✉s❡❢✉❧ ✐♥ ♠❛♥② ♣r❛❝t✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s✱ s✉❝❤ ❛s ❡❧❡❝tr♦♥✐❝ ❝✐r❝✉✐ts✳
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• ❇② ❝♦♥t✐♥✉♦✉s ❡✈♦❧✉t✐♦♥✿ ✐♥ ❧♦❝❛t✐♦♥ q t❤❡ ❝♦♥t✐♥✉♦✉s ❡✈♦❧✉t✐♦♥ ♦❢ x ✐s

❣♦✈❡r♥❡❞ ❜② t❤❡ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ẋ(t) = fq(x(t), u(t), w)✳

• ❇② ❞✐s❝r❡t❡ ❡✈♦❧✉t✐♦♥✿ ✐❢ t❤❡r❡ ❡①✐sts ❛ tr❛♥s✐t✐♦♥ e = (q, q′) ∈ E ❛♥❞

x ∈ Ge✱ t❤❡♥ t❤❡ tr❛♥s✐t✐♦♥ e ✐s ❡♥❛❜❧❡❞✱ t❤❡ s②st❡♠ ❝❛♥ s✇✐t❝❤ ❢r♦♠

❧♦❝❛t✐♦♥ q t♦ q′ ❛♥❞ t❤❡ ❝♦♥t✐♥✉♦✉s ✈❛r✐❛❜❧❡s ✐s ❛ss✐❣♥❡❞ t♦ ❛ ♥❡✇ ✈❛❧✉❡

x′ ∈ Re(x)✳

■t ✐s ✐♠♣♦rt❛♥t t♦ ♥♦t❡ t❤❛t t❤✐s ♠♦❞❡❧ ❛❧❧♦✇s t♦ ❝❛♣t✉r❡ ♥♦♥✲❞❡t❡r♠✐♥✐s♠ ✐♥

❜♦t❤ ❝♦♥t✐♥✉♦✉s ❛♥❞ ❞✐s❝r❡t❡ ❞②♥❛♠✐❝s✳ ❚❤✐s ♥♦♥✲❞❡t❡r♠✐♥✐s♠ ✐s ✉s❡❢✉❧ ❢♦r

❞❡s❝r✐❜✐♥❣ ❞✐st✉r❜❛♥❝❡s ❢r♦♠ t❤❡ ❡♥✈✐r♦♥♠❡♥t ❛♥❞ ✐♠♣r❡❝✐s✐♦♥ ✐♥ ♠♦❞❡❧❧✐♥❣

❛♥❞ ✐♠♣❧❡♠❡♥t❛t✐♦♥✳

❲❡ ❛ss✉♠❡ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ s♦❧✉t✐♦♥s ♦❢ t❤❡s❡ ❞✐✛❡r❡♥t✐❛❧

❡q✉❛t✐♦♥s ✐♥ t❤❡ ♠♦❞❡❧✳ ▲❡t ξx,u,w(·) ❜❡ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛✲

t✐♦♥ ❛t ❧♦❝❛t✐♦♥ q ✇✐t❤ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ x✱ ♣❛r❛♠❡t❡r w ❛♥❞ ✉♥❞❡r t❤❡

✐♥♣✉t u✳

❉❡✜♥✐t✐♦♥ ✽ ✭❈♦♥t✐♥✉♦✉s tr❛♥s✐t✐♦♥✮✳ ●✐✈❡♥ ❛ ♣♦s✐t✐✈❡ r❡❛❧ ♥✉♠❜❡r h > 0

❛♥❞ ❛♥ ❛❞♠✐ss✐❜❧❡ ✐♥♣✉t ❢✉♥❝t✐♦♥ u(·) ∈ Uq✱ (q, x)
u(·),h
→ (q, x′) ✐s ❛ ❝♦♥t✐♥✉♦✉s

tr❛♥s✐t✐♦♥ ❛t t❤❡ ❧♦❝❛t✐♦♥ q ♦❢ t❤❡ ❤②❜r✐❞ st❛t❡ ❢r♦♠ (q, x) t♦ (q, x′)✱ ✐❢ ❛♥❞

♦♥❧② ✐❢ x′ = ξx,u,w(h) ❛♥❞ ❢♦r ❛❧❧ t ∈ [0, h] : ξx,u,w(t) ∈ Iq✳

■♥ ♦t❤❡r ✇♦r❞s✱ x′ ✐s r❡❛❝❤❡❞ ❢r♦♠ x ✉♥❞❡r t❤❡ ✐♥♣✉t u(·) ❛❢t❡r ❡①❛❝t❧②

h t✐♠❡✱ ❛♥❞ ✇❡ s❛② t❤❛t u(·) ✐s ❛❞♠✐ss✐❜❧❡ st❛rt✐♥❣ ❛t (q, x) ❢♦r h t✐♠❡✳

❋✐❣✉r❡ ✷✳✹ ✐❧❧✉str❛t❡s s♦♠❡ ❝♦♥t✐♥✉♦✉s tr❛♥s✐t✐♦♥s✱ ❡❛❝❤ ♦❢ ✇❤✐❝❤ r❡s✉❧ts ❢r♦♠

❛♣♣❧②✐♥❣ ❛ ❞✐✛❡r❡♥t ✐♥♣✉t ❢♦r h t✐♠❡✳

❉❡✜♥✐t✐♦♥ ✾ ✭❉✐s❝r❡t❡ tr❛♥s✐t✐♦♥✮✳ ●✐✈❡♥ ❛ tr❛♥s✐t✐♦♥ e = (q, q′) ∈ E✱

(q, x)
e
→ (q′, x′) ✐s ❛ ❞✐s❝r❡t❡ tr❛♥s✐t✐♦♥ ✐✛ x ∈ Ge ❛♥❞ x′ ∈ Re(x)✳

❲❡ s❛② t❤❛t (q′, x′) ✐s r❡❛❝❤❛❜❧❡ ❢r♦♠ (q, x) ❛♥❞ t❤❡ ❞✐s❝r❡t❡ tr❛♥s✐t✐♦♥ e ✐s

❛❞♠✐ss✐❜❧❡ ❛t (q, x)✳ ❯♥❧✐❦❡ ❝♦♥t✐♥✉♦✉s tr❛♥s✐t✐♦♥s✱ ❞✐s❝r❡t❡ tr❛♥s✐t✐♦♥s ❛r❡

✐♥st❛♥t❛♥❡♦✉s✳

■t ✐s ❝✉st♦♠❛r② t♦ r❡♣r❡s❡♥t ❣r❛♣❤✐❝❛❧❧② ❛ ❤②❜r✐❞ ❛✉t♦♠❛t♦♥ ❜② ❛ ❞✐r❡❝t❡❞

❣r❛♣❤ ✇❤♦s❡ ✈❡rt✐❝❡s r❡♣r❡s❡♥t t❤❡ ❧♦❝❛t✐♦♥s ❛♥❞ ❡❞❣❡s r❡♣r❡s❡♥t t❤❡ tr❛♥s✐✲

t✐♦♥s✳ ❲❡ ✇r✐t❡ t❤❡ st❛②✐♥❣ ❝♦♥❞✐t✐♦♥s ❛♥❞ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✐♥s✐❞❡
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❋✐❣✉r❡ ✷✳✹✿ ❆ s❡t ♦❢ ❝♦♥t✐♥✉♦✉s tr❛♥s✐t✐♦♥s st❛rt✐♥❣ ❢r♦♠ x✳

t❤❡ ✈❡rt✐❝❡s✳ ❲✐t❤ t❤❡ ❡❞❣❡s ✇❡ ❛ss♦❝✐❛t❡ t❤❡ tr❛♥s✐t✐♦♥ ❣✉❛r❞s ❛♥❞ t❤❡ r❡s❡t

♠❛♣s✳

✷✳✷✳✶ ❊①❛♠♣❧❡✿ ❛ t❤❡r♠♦st❛t

❲❡ ✉s❡ t❤❡ ✇❡❧❧✲❦♥♦✇♥ t❤❡r♠♦st❛t ❡①❛♠♣❧❡ ✐♥ t❤❡ ❤②❜r✐❞ s②st❡♠ ❧✐t❡r❛✲

t✉r❡ ❬✶✶❪ t♦ ✐❧❧✉str❛t❡ t❤❡ ❛❜♦✈❡ ♥♦t✐♦♥s✳ ❚❤❡ t❤❡r♠♦st❛t ❝♦♥s✐sts ♦❢ ❛ ❤❡❛t❡r

❛♥❞ ❛ t❤❡r♠♦♠❡t❡r ✇❤✐❝❤ ♠❛✐♥t❛✐♥ t❤❡ t❡♠♣❡r❛t✉r❡ ♦❢ t❤❡ r♦♦♠ ✐♥ s♦♠❡ ❞❡✲

s✐r❡❞ t❡♠♣❡r❛t✉r❡ r❛♥❣❡✳ ❚❤❡ ❧♦✇❡r ❛♥❞ ✉♣♣❡r t❤r❡s❤♦❧❞s ♦❢ t❤❡ t❤❡r♠♦st❛t

s②st❡♠ ❛r❡ s❡t ❛t xm ❛♥❞ xM s✉❝❤ t❤❛t xm < xM ✳ ❚❤❡ ❤❡❛t❡r ✐s ♠❛✐♥t❛✐♥❡❞

♦♥ ❛s ❧♦♥❣ ❛s t❤❡ r♦♦♠ t❡♠♣❡r❛t✉r❡ ✐s ❜❡❧♦✇ xM ✱ ❛♥❞ ✐t ✐s t✉r♥❡❞ ♦✛ ✇❤❡♥✲

❡✈❡r t❤❡ t❤❡r♠♦♠❡t❡r ❞❡t❡❝ts t❤❛t t❤❡ t❡♠♣❡r❛t✉r❡ r❡❛❝❤❡s xM ✳ ❙✐♠✐❧❛r❧②✱

t❤❡ ❤❡❛t❡r r❡♠❛✐♥s ♦✛ ✐❢ t❤❡ t❡♠♣❡r❛t✉r❡ ✐s ❛❜♦✈❡ xm ❛♥❞ ✐s s✇✐t❝❤❡❞ ♦♥

✇❤❡♥❡✈❡r t❤❡ t❡♠♣❡r❛t✉r❡ ❢❛❧❧s t♦ xm✳ ■♥ ♣r❛❝t✐❝❛❧ s✐t✉❛t✐♦♥s✱ ❡①❛❝t t❤r❡s❤✲

♦❧❞ ❞❡t❡❝t✐♦♥ ✐s ✐♠♣♦ss✐❜❧❡ ❞✉❡ t♦ s❡♥s♦r ✐♠♣r❡❝✐s✐♦♥✳ ❆❧s♦✱ t❤❡ r❡❛❝t✐♦♥ t✐♠❡

♦❢ t❤❡ ♦♥✴♦✛ s✇✐t❝❤ ✐s ✉s✉❛❧❧② ♥♦♥✲③❡r♦✳ ❚❤❡ ❡✛❡❝t ♦❢ t❤❡s❡ ✐♥❛❝❝✉r❛❝✐❡s ✐s

t❤❛t ✇❡ ❝❛♥♥♦t ❣✉❛r❛♥t❡❡ s✇✐t❝❤✐♥❣ ❡①❛❝t❧② ❛t t❤❡ ♥♦♠✐♥❛❧ ✈❛❧✉❡s xm ❛♥❞

xM ✳ ❆s ✇❡ ✇✐❧❧ s❡❡✱ t❤✐s ❝❛✉s❡s ♥♦♥✲❞❡t❡r♠✐♥✐s♠ ✐♥ t❤❡ ❞✐s❝r❡t❡ ❡✈♦❧✉t✐♦♥ ♦❢

t❤❡ t❡♠♣❡r❛t✉r❡✳

❋♦r♠❛❧❧② ✇❡ ❝❛♥ ♠♦❞❡❧ t❤❡ t❤❡r♠♦st❛t ❛s ❛ ❤②❜r✐❞ ❛✉t♦♠❛t♦♥ s❤♦✇♥ ✐♥

❋✐❣✉r❡ ✷✳✺✳ ❚❤❡ t✇♦ ♦♣❡r❛t✐♦♥ ♠♦❞❡s ♦❢ t❤❡ t❤❡r♠♦st❛t ❛r❡ r❡♣r❡s❡♥t❡❞ ❜②

t✇♦ ❧♦❝❛t✐♦♥ ❵♦♥✬ ❛♥❞ ❵♦✛✬✳ ❚❤❡ ♦♥✴♦✛ s✇✐t❝❤ ✐s ♠♦❞❡❧❡❞ ❜② t✇♦ ❞✐s❝r❡t❡

tr❛♥s✐t✐♦♥s ❜❡t✇❡❡♥ t❤❡ ❧♦❝❛t✐♦♥s✳ ❚❤❡ ❝♦♥t✐♥✉♦✉s ✈❛r✐❛❜❧❡ x ♠♦❞❡❧s t❤❡
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t❡♠♣❡r❛t✉r❡✱ ✇❤✐❝❤ ❡✈♦❧✈❡s ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥s✳

• ■❢ t❤❡ t❤❡r♠♦st❛t ✐s ♦♥✱ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ t❡♠♣❡r❛t✉r❡ ✐s ❞❡s❝r✐❜❡❞

❜②✿

ẋ = f1(x, u) = −x + 4 + u

• ❲❤❡♥ t❤❡ t❤❡r♠♦st❛t ✐s ♦✛✱ t❤❡ t❡♠♣❡r❛t✉r❡ ❡✈♦❧✈❡s ❛❝❝♦r❞✐♥❣ t♦ t❤❡

❢♦❧❧♦✇✐♥❣ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥✿

ẋ = f2(x, u) = −x + u

❚❤❡ s❡❝♦♥❞ s♦✉r❝❡ ♦❢ ♥♦♥✲❞❡t❡r♠✐♥✐s♠ ❝♦♠❡s ❢r♦♠ t❤❡ ❝♦♥t✐♥✉♦✉s ❞②♥❛♠✐❝s✳

❚❤❡ ✐♥♣✉t s✐❣♥❛❧ u ♦❢ t❤❡ t❤❡r♠♦st❛t ♠♦❞❡❧s t❤❡ ✢✉❝t✉❛t✐♦♥s ✐♥ t❤❡ ♦✉ts✐❞❡

t❡♠♣❡r❛t✉r❡ ✇❤✐❝❤ ✇❡ ❝❛♥♥♦t ❝♦♥tr♦❧✳ ❋✐❣✉r❡ ✷✳✻ ✭❧❡❢t✮ s❤♦✇s t❤✐s ❝♦♥t✐♥✉♦✉s

♥♦♥✲❞❡t❡r♠✐♥✐s♠✳ ❙t❛rt✐♥❣ ❢r♦♠ t❤❡ ✐♥✐t✐❛❧ t❡♠♣❡r❛t✉r❡ x0✱ t❤❡ s②st❡♠ ❝❛♥

❣❡♥❡r❛t❡ ❛ ✏t✉❜❡✑ ♦❢ ✐♥✜♥✐t❡ ♥✉♠❜❡r ♦❢ ♣♦ss✐❜❧❡ tr❛❥❡❝t♦r✐❡s✱ ❡❛❝❤ ♦❢ ✇❤✐❝❤

❝♦rr❡s♣♦♥❞s t♦ ❛ ❞✐✛❡r❡♥t ✐♥♣✉t s✐❣♥❛❧ u✳ ❚♦ ❝❛♣t✉r❡ ✉♥❝❡rt❛✐♥t② ♦❢ s❡♥s♦rs✱

✇❡ ❞❡✜♥❡ t❤❡ ✜rst ❣✉❛r❞ ❝♦♥❞✐t✐♦♥ ♦❢ t❤❡ tr❛♥s✐t✐♦♥ ❢r♦♠ ❵♦♥✬ t♦ ❵♦✛✬ ❛s ❛♥

✐♥t❡r✈❛❧ [xM − ǫ, xM + ǫ] ✇✐t❤ ǫ > 0✳ ❚❤✐s ♠❡❛♥s t❤❛t ✇❤❡♥ t❤❡ t❡♠♣❡r❛t✉r❡

❡♥t❡rs t❤✐s ✐♥t❡r✈❛❧✱ t❤❡ t❤❡r♠♦st❛t ❝❛♥ ❡✐t❤❡r t✉r♥ t❤❡ ❤❡❛t❡r ♦✛ ✐♠♠❡❞✐❛t❡❧②

♦r ❦❡❡♣ ✐t ♦♥ ❢♦r s♦♠❡ t✐♠❡ ♣r♦✈✐❞❡❞ t❤❛t x ≤ xM + ǫ✳ ❋✐❣✉r❡ ✷✳✻ ✭r✐❣❤t✮

✐❧❧✉str❛t❡s t❤✐s ❦✐♥❞ ♦❢ ♥♦♥✲❞❡t❡r♠✐♥✐s♠✳ ▲✐❦❡✇✐s❡✱ ✇❡ ❞❡✜♥❡ t❤❡ s❡❝♦♥❞

❣✉❛r❞ ❝♦♥❞✐t✐♦♥ ♦❢ t❤❡ tr❛♥s✐t✐♦♥ ❢r♦♠ ❵♦✛✬ t♦ ❵♦♥✬ ❛s t❤❡ ✐♥t❡r✈❛❧ [xm −

ǫ, xm + ǫ]✳ ◆♦t✐❝❡ t❤❛t ✐♥ t❤❡ t❤❡r♠♦st❛t ♠♦❞❡❧✱ t❤❡ t❡♠♣❡r❛t✉r❡ ❞♦❡s ♥♦t

❝❤❛♥❣❡ ❛t t❤❡ s✇✐t❝❤✐♥❣ ♣♦✐♥ts✱ ❛♥❞ t❤❡ r❡s❡t ♠❛♣s ❛r❡ t❤✉s t❤❡ ✐❞❡♥t✐t②

❢✉♥❝t✐♦♥s✳

❋✐♥❛❧❧② ✇❡ ❞❡✜♥❡ t❤❡ t✇♦ st❛②✐♥❣ ❝♦♥❞✐t✐♦♥s ♦❢ t❤❡ ❵♦♥✬ ❛♥❞ ❵♦✛✬ ❧♦❝❛t✐♦♥s

❛s x ≤ xM + ǫ ❛♥❞ x ≥ xm − ǫ r❡s♣❡❝t✐✈❡❧②✱ ♠❡❛♥✐♥❣ t❤❛t t❤❡ s②st❡♠ ❝❛♥

st❛② ❛t ❛ ❧♦❝❛t✐♦♥ ✇❤✐❧❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ st❛②✐♥❣ ❝♦♥❞✐t✐♦♥s ❛r❡ s❛t✐s✜❡❞✳

✷✳✷✳✷ ❍②❜r✐❞ tr❛❥❡❝t♦r✐❡s

❲❡ ❤❛✈❡ ❞❡✜♥❡❞ t❤❡ s②♥t❛① ♦❢ ❤②❜r✐❞ ❛✉t♦♠❛t❛✳ ❚❤❡✐r s❡♠❛♥t✐❝s ✐s ❡①✲

♣r❡ss❡❞ ❜② t❤❡ ♥♦t✐♦♥ ♦❢ ❤②❜r✐❞ tr❛❥❡❝t♦r✐❡s t❤❛t ✇❡ ❞✐s❝✉ss ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳
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✂

✄

✁

�

✂

✄

✁

�
✲

✛

❖♥

x ∈ [xm − ǫ, xm + ǫ]

x ∈ [xM − ǫ, xM + ǫ]
❖✛

ẋ = f1(x, u)
x ≤ xM + ǫ

ẋ = f2(x, u)
x ≥ xm − ǫ

❋✐❣✉r❡ ✷✳✺✿ ▼♦❞❡❧ ♦❢ t❤❡ t❤❡r♠♦st❛t✳

❋✐❣✉r❡ ✷✳✻✿ ❚✇♦ ❞✐✛❡r❡♥t ❜❡❤❛✈✐♦rs ♦❢ t❤❡ t❡♠♣❡r❛t✉r❡ st❛rt✐♥❣ ❛t x0✳
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❚❤r♦✉❣❤♦✉t t❤✐s s❡❝t✐♦♥✱ ✇❡ ❝♦♥s✐❞❡r ❛ ❤②❜r✐❞ ❛✉t♦♠❛t♦♥ ❛s ✐♥ ❉❡✜♥✐t✐♦♥ ✼✱

❞❡♥♦t❡❞ ❜② A✳

❉❡✜♥✐t✐♦♥ ✶✵ ✭❍②❜r✐❞ tr❛❥❡❝t♦r②✮✳ ❆ ❤②❜r✐❞ tr❛❥❡❝t♦r② ♦❢ t❤❡ ❤②❜r✐❞ ❛✉✲

t♦♠❛t♦♥ A st❛rt✐♥❣ ❢r♦♠ ❛ st❛t❡ ✭q0, x0✮ ✐s ❛ tr✐♣❧❡ ✭I, q, x✮ ❝♦♥s✐st✐♥❣ ♦❢ ❛

t✐♠❡ ✐♥t❡r✈❛❧ s❡q✉❡♥❝❡ I = {I0, I1, . . . , IN} ❛♥❞ ❛ ♣✐❡❝❡✇✐s❡✲❝♦♥st❛♥t ❜❡❤❛✈✐♦r

qi : Ii → Q ❛♥❞ ❛ ♣✐❡❝❡✇✐s❡✲❝♦♥t✐♥✉♦✉s ❜❡❤❛✈✐♦r xi : Ii → R
n✱ s✉❝❤ t❤❛t ✿

• ■♥✐t✐❛❧❧②✱ qi(0) = q0 ❛♥❞ xi(0) = x0

• ❉✐s❝r❡t❡ ❡✈♦❧✉t✐♦♥✿ ❢♦r ❛❧❧ i✱ e = (qi(τ
′
i), qi+1(τi+1)) ∈ E✱ xi(τ

′
i) ∈ Ge

❛♥❞ xi+1(τi+1) ∈ Re(xi(τ
′
i))

• ❈♦♥t✐♥✉♦✉s ❡✈♦❧✉t✐♦♥✿ ❢♦r ❛❧❧ i ❛♥❞ ❢♦r ❛❧❧ t ∈ Ii✱ qi(t) = qi(τi) = q✱

❛♥❞ xi(·) ✐s ❛ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ❛t t❤❡ ❧♦❝❛t✐♦♥ q ✇✐t❤

x(t) ∈ Iq ❢♦r ❛❧❧ t ∈ Ii✳

❚❤❡ ♥✉♠❜❡r N ♦❢ t❤❡ t✐♠❡ ✐♥t❡r✈❛❧s ✐s ❝❛❧❧❡❞ t❤❡ ❧♦❣✐❝❛❧ ❧❡♥❣t❤ ♦❢ t❤❡

tr❛❥❡❝t♦r②✳ ❋✐❣✉r❡ ✷✳✼ s❤♦✇s ❛♥♦t❤❡r ❡①❛♠♣❧❡ ♦❢ ❤②❜r✐❞ ❛✉t♦♠❛t❛✳ ❚❤✐s

❡①❛♠♣❧❡ ❤❛s 3 ❧♦❝❛t✐♦♥s q1✱ q2✱ q3✳ ❋r♦♠ ❡❛❝❤ ❧♦❝❛t✐♦♥ qi ✇❡ ❤❛✈❡ ❛ ❞✐s❝r❡t❡

tr❛♥s✐t✐♦♥ (qi, qj) s✉❝❤ t❤❛t j 6= i✳

❋✐❣✉r❡ ✷✳✽ s❤♦✇s ❛ ♣r♦❥❡❝t✐♦♥ ♦♥ t❤❡ 2✲❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡ X ⊆ R
2 ♦❢ s♦♠❡

❤②❜r✐❞ tr❛❥❡❝t♦r✐❡s ♦❢ t❤✐s ❤②❜r✐❞ ❛✉t♦♠❛t♦♥✳ ❲❡ ❞❡♥♦t❡ ❜② Gij t❤❡ ❣✉❛r❞

♦❢ t❤❡ tr❛♥s✐t✐♦♥ ✭qi✱qj✮✳ ❚❤❡ ❣✉❛r❞s G12✱ G13✱ G23 ❛♥❞ G31 ❛r❡ t❤❡ s❤❛❞❡❞

r❡❣✐♦♥s✳ ❆❧❧ t❤❡ ❧♦❝❛t✐♦♥s ❤❛✈❡ t❤❡ s❛♠❡ st❛②✐♥❣ s❡t ✇❤✐❝❤ ✐s t❤❡ ❜♦✉♥❞✐♥❣

❜♦①✳ ❚❤❡ s♦❧✐❞ ❧✐♥❡s s❤♦✇ t❤❡ ❝♦♥t✐♥✉♦✉s ❡✈♦❧✉t✐♦♥ ❛♥❞ t❤❡ ❞❛s❤❡❞ ❧✐♥❡s s❤♦✇

t❤❡ ❞✐s❝r❡t❡ ❡✈♦❧✉t✐♦♥✳

❆s ✇❡ ❝❛♥ s❡❡ ❢r♦♠ t❤❡ ✜❣✉r❡✱ st❛rt✐♥❣ ❢r♦♠ t❤❡ ✐♥✐t✐❛❧ st❛t❡ (q1, x0) t❤❡

s②st❡♠ ❝❛♥ ❣❡♥❡r❛t❡ ❛ s❡t ♦❢ ✐♥✜♥✐t❡ ♥✉♠❜❡r ♦❢ ❤②❜r✐❞ tr❛❥❡❝t♦r✐❡s✳ ❋♦r

✐♥st❛♥❝❡✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❤②❜r✐❞ tr❛❥❡❝t♦r② st❛rt✐♥❣ ❢r♦♠ (q1, x0)✳ ❆t (q3, x3)✱

t❤✐s tr❛❥❡❝t♦r② ❤❛s t❛❦❡♥ t✇♦ ❝♦♥s❡❝✉t✐✈❡ ❞✐s❝r❡t❡ tr❛♥s✐t✐♦♥s✿ (q1, q2) ❛♥❞

(q2, q3)✳

❲❡ ❛❧s♦ ✐♥tr♦❞✉❝❡ t❤❡ ♥♦t✐♦♥ ♦❢ ❞✐s❝r❡t❡ ♣❛t❤s ✇❤✐❝❤ ✇✐❧❧ ❜❡ ✉s❡❞ ❧❛t❡r ✐♥

t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t✇♦ ❤②❜r✐❞ st❛t❡s✳ ❋♦r ❜r❡✈✐t②✱ ✇❡

♦❢t❡♥ s❛② ❵♣❛t❤✬ ✐♥st❡❛❞ ♦❢ ❵❞✐s❝r❡t❡ ♣❛t❤✬✳
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✬

✫

✩

✪
✬

✫

✩

✪

✬

✫

✩

✪
✲

✡
✡

✡
✡✡✢ ❏

❏
❏

❏❪

❏
❏

❏
❏

❏
❏❏❫✓

✓
✓

✓
✓✼

✛

x ∈ I1

ẋ = f1(x, u)

x ∈ I2x ∈ I3

ẋ = f3(x, u) ẋ = f2(x, u)

x ∈ G13

x ∈ G21

x ∈ G12x ∈ G31

x ∈ G32

x ∈ G23/x′ := R23(x)

❋✐❣✉r❡ ✷✳✼✿ ❆ 3✲st❛t❡ ❤②❜r✐❞ ❛✉t♦♠❛t♦♥✳

❋✐❣✉r❡ ✷✳✽✿ ❆ s❡t ♦❢ ❤②❜r✐❞ tr❛❥❡❝t♦r✐❡s ✭♦❢ t❤❡ ❛✉t♦♠❛t♦♥ ✐♥ ❋✐❣✉r❡ ✷✳✼✮

st❛rt✐♥❣ ❢r♦♠ ✭q1, x0✮✳
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❉❡✜♥✐t✐♦♥ ✶✶ ✭P❛t❤✮✳ ❲❡ ❞❡✜♥❡ ❛ ❞✐s❝r❡t❡ ♣❛t❤ ❛s ❛ s❡q✉❡♥❝❡ ♦❢ ❝♦♥s❡❝✉t✐✈❡

❞✐s❝r❡t❡ tr❛♥s✐t✐♦♥s {(q0, q1), (q1, q2), · · · , (qN−1, qN )} s✉❝❤ t❤❛t ❢♦r ❡❛❝❤ i ∈

{0, 1, . . . , N − 1}✱ (qi, qi+1) ∈ E✳

✷✳✷✳✸ ❘❡❛❝❤❛❜✐❧✐t② ♦❢ ❤②❜r✐❞ ❛✉t♦♠❛t❛

❚❤❡ r❡❛❝❤❛❜❧❡ s❡t ❢r♦♠ ❛ ❣✐✈❡♥ s❡t S0 ♦❢ ✐♥✐t✐❛❧ st❛t❡s ❜② t❤❡ ❤②❜r✐❞ ❛✉t♦♠❛✲

t♦♥ A ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❛s t❤❡ s❡t ♦❢ ❛❧❧ t❤❡ st❛t❡s ✈✐s✐t❡❞ ❜② t❤❡ tr❛❥❡❝t♦r✐❡s

st❛rt✐♥❣ ❢r♦♠ st❛t❡s ✐♥ S0✳ ❋♦r ❝❧❛r✐t②✱ ✇❡ ✜rst ❞❡✜♥❡ ❛ r❡❛❝❤❛❜❧❡ st❛t❡✳

❉❡✜♥✐t✐♦♥ ✶✷ ✭❘❡❛❝❤❛❜❧❡ st❛t❡✮✳ ▲❡t ✭q, x✮ ❜❡ ❛ ❤②❜r✐❞ st❛t❡ ♦❢ t❤❡ ❤②❜r✐❞

❛✉t♦♠❛t♦♥ A✳ ❲❡ s❛② t❤❛t t❤❡ ❤②❜r✐❞ st❛t❡ (q′, x′) ✐s r❡❛❝❤❛❜❧❡ ❢r♦♠ (q, x) ✐❢

t❤❡r❡ ❡①✐sts ❛ ❤②❜r✐❞ tr❛❥❡❝t♦r② ✭τ, q, x✮ ✇❤❡r❡ I = {I0, I1, . . . , IN} s✉❝❤ t❤❛t

• q0 = q ❛♥❞ x0(0) = x✱ ❛♥❞

• ∃i ∈ {1, 2, . . . , N} : qi = q′ ∧ ∃t ∈ Ii : xi(t) = x′✳

■♥ ♦t❤❡r ✇♦r❞s✱ (q′, x′) ✐s r❡❛❝❤❛❜❧❡ ❢r♦♠ (q, x) ✐❢ t❤❡r❡ ❡①✐sts ❛ ❤②❜r✐❞

tr❛❥❡❝t♦r② t❤❛t st❛rts ❛t ✭q, x✮ ❛♥❞ ✈✐s✐ts t❤❡ st❛t❡ ✭q′, x′✮✳ ❲❡ ❞❡♥♦t❡ t❤✐s

❜② (q, x) −→ (q′, x′)✳

❲❡ ♥♦✇ ♣r♦❝❡❡❞ t♦ ❞❡✜♥❡ ❛ r❡❛❝❤❛❜❧❡ s❡t✳

❉❡✜♥✐t✐♦♥ ✶✸ ✭❘❡❛❝❤❛❜❧❡ s❡t✮✳ • ●✐✈❡♥ ❛ st❛t❡ (q, x)✱ t❤❡ r❡❛❝❤❛❜❧❡ s❡t

♦❢ t❤❡ ❤②❜r✐❞ ❛✉t♦♠❛t♦♥ A ❢r♦♠ (q, x) ✐s

Reach((q, x)) = {(q′, x′) ∈ Q ×X | (q, x) −→ (q′, x′)}.

• ●✐✈❡♥ ❛ s❡t F ♦❢ st❛t❡s✱ t❤❡ r❡❛❝❤❛❜❧❡ s❡t ♦❢ t❤❡ ❤②❜r✐❞ ❛✉t♦♠❛t♦♥ A

❢r♦♠ (q, x) ✐s

Reach(F) = {(q′, x′) ∈ Q ×X | ∃x ∈ F : (q, x) −→ (q′, x′)}.

❇❧♦❝❦✐♥❣ ❜❡❤❛✈✐♦rs

❚❤❡ ❤②❜r✐❞ ❛✉t♦♠❛t♦♥ ♠♦❞❡❧ ✇❡ ❛r❡ ❝♦♥s✐❞❡r✐♥❣ ♠❛② ❤❛✈❡ ❜❧♦❝❦✐♥❣ tr❛❥❡❝✲

t♦r✐❡s ✭✇❤✐❝❤ ❛r❡ ✐♠♣♦ss✐❜❧❡ ✐♥ ♣❤②s✐❝❛❧ s②st❡♠s ✐♥ ♣r❛❝t✐❝❡✮ ■♥ t❤✐s ✇♦r❦✱ ✇❡
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❝♦♥s✐❞❡r ♦♥❧② ❜❧♦❝❦✐♥❣ ❜❡❤❛✈✐♦rs ✇❤✐❝❤ ❛r❡ ❝❛✉s❡❞ ❜② ❞✐s❝r❡t❡ tr❛♥s✐t✐♦♥s✳

❆ tr❛❥❡❝t♦r② ✐s ❜❧♦❝❦✐♥❣ ✐❢ ✐t r❡❛❝❤❡s ❛ ❤②❜r✐❞ st❛t❡ ✭q, x✮ ❢r♦♠ ✇❤✐❝❤ ✐t ✐s

✐♠♣♦ss✐❜❧❡ t♦ ❝♦♥t✐♥✉❡ ♥❡✐t❤❡r ❜② ❝♦♥t✐♥✉♦✉s ❞②♥❛♠✐❝s ✭❜❡❝❛✉s❡ t❤❡ ❝✉rr❡♥t

tr❛❥❡❝t♦r② ✐s ❣♦✐♥❣ ♦✉t ♦❢ t❤❡ st❛②✐♥❣ s❡t✮ ♥♦r ❜② ❞✐s❝r❡t❡ ❞②♥❛♠✐❝s ✭❜❡❝❛✉s❡

❛t t❤❡ ❝✉rr❡♥t st❛t❡ ♥♦♥❡ ♦❢ t❤❡ tr❛♥s✐t✐♦♥s ✐s ❡♥❛❜❧❡❞✮✳ ❚❤✐s ♠❡❛♥s t❤❛t

x /∈ Iq ❛♥❞ x /∈ G(q,q′) ❢♦r ❛❧❧ q, q′ ∈ Q✳

❚♦ ✐❧❧✉str❛t❡✱ ❛❣❛✐♥ ✇❡ ✉s❡ t❤❡ t❤❡r♠♦st❛t ❡①❛♠♣❧❡ ✭s❡❡ ❋✐❣✉r❡ ✷✳✺✮ ❛♥❞

❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ s✐t✉❛t✐♦♥✳ ❙✉♣♣♦s❡ t❤❛t t❤❡r❡ ✐s ❛ tr❛❥❡❝t♦r② t❤❛t

r❡❛❝❤❡s ❛ ❤②❜r✐❞ st❛t❡ (on, xs) ✇❤❡r❡ xs = xM + ǫ✱ ❛♥❞ ❢r♦♠ t❤✐s st❛t❡ t❤❡

t❤❡r♠♦st❛t ✐s t✉r♥❡❞ ♦✛✳ ❍♦✇❡✈❡r✱ ❞✉❡ t♦ s♦♠❡ s❡t✉♣ ❡rr♦r ❜② ❛ ❝❛r❡❧❡ss

✉s❡r✱ t❤❡ t❤r❡s❤♦❧❞ xm − ǫ > xM + ǫ✱ ❛♥❞ t❤❡ tr❛❥❡❝t♦r② ❛t (on, xs) ❝❛♥♥♦t

❝♦♥t✐♥✉❡ ❢✉rt❤❡r✳

❆♥ ❛✉t♦♠❛t♦♥ ✐s ♥♦♥✲❜❧♦❝❦✐♥❣ ✐❢ ❢r♦♠ ❡✈❡r② ✭q, x✮ s✉❝❤ t❤❛t x ∈ Iq t❤❡r❡

❛r❡ ♥♦ ❜❧♦❝❦✐♥❣ tr❛❥❡❝t♦r✐❡s✳

❩❡♥♦ ❜❡❤❛✈✐♦rs

❆ ❩❡♥♦ ❜❡❤❛✈✐♦r ✐s ❛ ♣✐❡❝❡✇✐s❡✲❝♦♥t✐♥✉♦✉s ❜❡❤❛✈✐♦r ❤❛✈✐♥❣ ❛♥ ✐♥✜♥✐t❡ ❧♦❣✐❝❛❧

❧❡♥❣t❤ ❛♥❞ ❛ ❜♦✉♥❞❡❞ ♠❡tr✐❝ ❧❡♥❣t❤✳ ■♥ ♦t❤❡r ✇♦r❞s✱ s✉❝❤ ❛ ❜❡❤❛✈✐♦r ❝❛♥

♠❛❦❡ ❛♥ ✐♥✜♥✐t❡ ♥✉♠❜❡r ♦❢ tr❛♥s✐t✐♦♥s ✐♥ ❛ ❜♦✉♥❞❡❞ t✐♠❡ ✐♥t❡r✈❛❧✳ ❋♦r

❡①❛♠♣❧❡ ♦❢ t❤❡ t❤❡r♠♦st❛t ♠♦❞❡❧✱ ✐❢ t❤❡ t❤r❡s❤♦❧❞s xm ❛♥❞ xM ❛r❡ ❝❤♦s❡♥

s✉❝❤ t❤❛t t❤❡ ✐♥t❡r✈❛❧s [xm−ǫ, xm+ǫ] ❛♥❞ [xM −ǫ, xM +ǫ] ♦✈❡r❧❛♣✱ t❤❡♥ ❢r♦♠

t❤❡ ♣♦✐♥ts ✐♥ t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ t❤❡s❡ ✐♥t❡r✈❛❧s t❤❡ t❤❡r♠♦st❛t ❝❛♥ ♠❛❦❡ ❛♥

✐♥✜♥✐t❡ ♥✉♠❜❡r ♦❢ s✇✐t❝❤✐♥❣s ❜❡t✇❡❡♥ t❤❡ t✇♦ ♠♦❞❡s ✐♥ ✜♥✐t❡ t✐♠❡✳

❆♥ ❛✉t♦♠❛t♦♥ ✐s ♥♦♥✲❩❡♥♦ ✐❢ ✐t ❞♦❡s ♥♦t ❛❞♠✐t Zeno ❜❡❤❛✈✐♦rs✳

Pr♦♣❡rt✐❡s ♦❢ ❜❧♦❝❦✐♥❣ ❛♥❞ ❩❡♥♦ ❜❡❤❛✈✐♦rs ❛♥❞ ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡✐r ❡①✐s✲

t❡♥❝❡ ❛r❡ ✐♠♣♦rt❛♥t t♦♣✐❝s ✐♥ ❤②❜r✐❞ s②st❡♠s r❡s❡❛❝❤✱ ❛♥❞ t❤❡ ❛rt✐❝❧❡ ❬✸✼❪

❛♥❞ r❡❢❡r❡♥❝❡ t❤❡r❡✐♥ ❝❛♥ ❜❡ ✉s❡❞ ❢♦r ❢✉rt❤❡r r❡❛❞✐♥❣✳

❲❡ ❡♠♣❤❛s✐③❡ t❤❛t ✐♥ t❤❡ r❡st ♦❢ t❤❡ t❤❡s✐s✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ❤②❜r✐❞

❛✉t♦♠❛t❛ t❤❛t ✇❡ tr❡❛t ❛r❡ ♥♦♥✲❩❡♥♦ ❛♥❞ ♥♦♥✲❜❧♦❝❦✐♥❣✳
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✷✳✷✳✹ ❖t❤❡r ❤②❜r✐❞ ♠♦❞❡❧s

❇❡❢♦r❡ ❝♦♥t✐♥✉✐♥❣✱ ✇❡ ❜r✐❡✢② r❡✈✐❡✇ s♦♠❡ ♦t❤❡r ❤②❜r✐❞ ♠♦❞❡❧s✳

❆ ❝❧❛ss ♦❢ ❤②❜r✐❞ ♠♦❞❡❧s✱ ♠♦st❧② ❞❡✈❡❧♦♣❡❞ ❜② ❝♦♠♣✉t❡r s❝✐❡♥t✐sts✱ ❝❛♥

❜❡ s❡❡♥ ❛s ❛♥ ❡①t❡♥s✐♦♥ ♦❢ tr❛❞✐t✐♦♥❛❧ ✜♥✐t❡✲st❛t❡ ❛✉t♦♠❛t❛ ✇✐t❤ ♣r♦❣r❡s✲

s✐✈❡❧② ♠♦r❡ ❝♦♠♣❧❡① ❝♦♥t✐♥✉♦✉s ❞②♥❛♠✐❝s✳ ❚✐♠❡❞ ❛✉t♦♠❛t❛ ❬✶✵❪ ❝❛♥ ❜❡

✈✐❡✇❡❞ ❛s ❛ ✈❡r② r❡str✐❝t❡❞ ❝❧❛ss ♦❢ ❤②❜r✐❞ ❛✉t♦♠❛t❛ ✐♥ ✇❤✐❝❤ t❤❡ ❞❡r✐✈❛✲

t✐✈❡ ♦❢ ❛❧❧ ❝♦♥t✐♥✉♦✉s ✈❛r✐❛❜❧❡s ✐s 1✳ ▼♦❞❡❧s ✇✐t❤ ♠♦r❡ ❝♦♠♣❧❡① ❝♦♥t✐♥✉♦✉s

❞②♥❛♠✐❝s ❛r❡ ♣❤❛s❡✲tr❛♥s✐t✐♦♥ s②st❡♠ ❬✼✸❪✱ ♠✉❧t✐r❛t❡ t✐♠❡❞ ❛✉t♦♠❛t❛ ❬✻❪✱

♣✐❡❝❡✇✐s❡✲❝♦♥st❛♥t ❞❡r✐✈❛t✐✈❡ s②st❡♠s P❈❉ ❬✶✹❪✱ ✐♥t❡❣r❛t✐♦♥ ❣r❛♣❤s ❬✺✽❪✱ ❛♥❞

r❡❝t❛♥❣✉❧❛r ❤②❜r✐❞ ❛✉t♦♠❛t❛ ❬✽✺❪ ■♥ t❤❡s❡ ♠♦❞❡❧s✱ ❡ss❡♥t✐❛❧❧②✱ t❤❡ ❣✉❛r❞ ❛♥❞

st❛②✐♥❣ s❡ts ❛r❡ ♣♦❧②❤❡❞r❛ ❛♥❞ t❤❡ ✈❡❝t♦r ✜❡❧❞s ❛r❡ ❝♦♥st❛♥t ✐♥ ❡✈❡r② ❧♦❝❛✲

t✐♦♥✳ ❆ r❡❛s♦♥ ❢♦r ❢♦❝✉s✐♥❣ ♦♥ t❤❡s❡ ❝❧❛ss❡s ♦❢ ❤②❜r✐❞ ❛✉t♦♠❛t❛ ✐s t❤❛t t❤❡

✈❡r✐✜❝❛t✐♦♥ ♣r♦❜❧❡♠ ❢♦r t❤❡♠ ❛r❡ s♦❧✈❛❜❧❡ ♦r s❡♠✐✲s♦❧✈❛❜❧❡✱ ✇❤✐❝❤ ❛❧❧♦✇s t♦

❞❡✈❡❧♦♣ ❡✣❝✐❡♥t t♦♦❧s✱ ❡✳❣✳ ❑r♦♥♦s ❬✶✵✷❪ ❛♥❞ ❯♣♣❛❛❧ ❬✻✹❪ ❢♦r t✐♠❡❞ ❛✉t♦♠❛t❛✱

❍②❚❡❝❤ ❬✹✾❪ ❛♥❞ P❍❆❱❡r ❬✹✶❪ ❢♦r ❧✐♥❡❛r ❤②❜r✐❞ ❛✉t♦♠❛t❛✷ ✭❤②❜r✐❞ ❛✉t♦♠❛t❛

✇❤❡r❡ t❤❡ ❝♦♥t✐♥✉♦✉s ❞②♥❛♠✐❝s ❛r❡ ❞❡s❝r✐❜❡❞ ❜② ❝♦♥st❛♥t ❞❡r✐✈❛t✐✈❡ ✐♥❝❧✉✲

s✐♦♥s ♦❢ t❤❡ ❢♦r♠ Aẋ ≤ b✮✳ ■♥ ❬✻❪ ✐t ✇❛s s❤♦✇♥ t❤❛t t❤❡ r❡❛❝❤❛❜✐❧✐t② ♣r♦❜❧❡♠

❢♦r ❣❡♥❡r❛❧ ❤②❜r✐❞ ❛✉t♦♠❛t❛ ✐s ✉♥❞❡❝✐❞❛❜❧❡✱ ✐✳❡✳ t❤❡r❡ ✐s ♥♦ ❣❡♥❡r❛❧ ❛❧❣♦r✐t❤♠

❢♦r ❛♥② ❤②❜r✐❞ ❛✉t♦♠❛t♦♥✳

❋♦r ♠♦❞❡❧s ✇✐t❤ ♠♦r❡ ❝♦♠♣❧❡① ❝♦♥t✐♥✉♦✉s ❞②♥❛♠✐❝s ❞❡s❝r✐❜❡❞ ❜② ♦r❞✐♥❛r②

❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✱ ❡①❛❝t ❛♥❛❧②s✐s ✐s ♥♦t ♣♦ss✐❜❧❡✱ ❛♥❞ ❛♣♣r♦①✐♠❛t✐♦♥s ❤❛✈❡

❜❡❡♥ ✉s❡❞✳ ❚❤❡ r❡s❡❛r❝❤ ❛❧♦♥❣ t❤✐s ❧✐♥❡ ❤❛s ❧❡❞ t♦ ❛ ♥✉♠❜❡r ♦❢ ♠❡t❤♦❞s ❛♥❞

t♦♦❧s✱ s✉❝❤ ❛s ❈♦❤♦ ❬✶✵✵❪✱ ❈❤❡❝❦▼❛t❡ ❬✸✵❪✱ ❞✴❞t ❬✶✺❪✱ ❱❡r✐❙❤✐❢t ❬✷✹❪✱ ❍❨❙❉❊▲

❬✾✹❪✱ ▼P❚ ❬✻✸❪✱ ❍❏❇ t♦♦❧❜♦① ❬✼✻❪✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ♦t❤❡r ❤②❜r✐❞ ♠♦❞❡❧s ✇❡r❡ ❞❡✈❡❧♦♣❡❞ ❜② ❝♦♥tr♦❧ t❤❡♦r✐sts

✐♥ ♦r❞❡r t♦ ❛❞❞r❡ss t❤❡✐r ❝♦♥tr♦❧ ❞❡s✐❣♥ ♣r♦❜❧❡♠s✳ ❙♣❡❝✐❛❧ ❝❛s❡s ♦❢ t❤❡ ❤②❜r✐❞

❛✉t♦♠❛t❛ ❝♦♥s✐❞❡r❡❞ ❤❡r❡ ✐♥❝❧✉❞❡ s✇✐t❝❤❡❞ s②st❡♠s ❬✼✼❪✱ ❝♦♠♣❧❡♠❡♥t❛r✐t②

s②st❡♠s ❬✾✼❪✱ ♠✐①❡❞ ❧♦❣✐❝ ❞②♥❛♠✐❝ s②st❡♠s ❬✹✻❪✳ ■♥ ❛❞❞✐t✐♦♥✱ ✇❡ ❝❛♥ ♠❡♥t✐♦♥

s♦♠❡ ♠♦❞❡❧ ✇❤✐❝❤ ❛r❡ ♠♦r❡ ❣❡♥❡r❛❧ t❤❛♥ t❤❡ ❤②❜r✐❞ ❛✉t♦♠❛t❛ ❝♦♥s✐❞❡r❡❞✿

✷▲✐♥❡❛r ❤②❜r✐❞ ❛✉t♦♠❛t❛ s❤♦✉❧❞ ♥♦t ❜❡ ❝♦♥❢✉s❡❞ ✇✐t❤ ❤②❜r✐❞ ❛✉t♦♠❛t❛ ✇❤❡r❡ ❝♦♥t✐♥✲

✉♦✉s ❞②♥❛♠✐❝s ❛r❡ ❞❡s❝r✐❜❡❞ ❜② ❧✐♥❡❛r ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✳
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✐♠♣✉❧s❡ ❞✐✛❡r❡♥t✐❛❧ ✐♥❝❧✉s✐♦♥s ❬✶✻❪ ✭✇❤✐❝❤ ❛❧❧♦✇ ♠♦r❡ ❣❡♥❡r❛❧ ❞✐✛❡r❡♥t✐❛❧ ✐♥✲

❝❧✉s✐♦♥s✮✱ ●❡♥❡r❛❧ ❍②❜r✐❞ ❉②♥❛♠✐❝❛❧ ❙②st❡♠s ❬✷✺❪ ✭✇❤❡r❡ t❤❡ ❝♦♥t✐♥✉♦✉s

st❛t❡ ❝❛♥ t❛❦❡ ✈❛❧✉❡s ✐♥ ♠❛♥✐❢♦❧❞s✮✱ ❛♥❞ ❤②❜r✐❞ ✐♥♣✉t✴♦✉t♣✉t ❛✉t♦♠❛t❛ ❬✼✷❪✱

✇❤✐❝❤✱ ❛♠♦♥❣ ♦t❤❡r t❤✐♥❣s✱ ❛❧❧♦✇ ✐♥✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ❝♦♥t✐♥✉♦✉s st❛t❡✳

✷✳✸ ❈♦♥❢♦r♠❛♥❝❡ t❡st✐♥❣

❈♦♥❢♦r♠❛♥❝❡ t❡st✐♥❣ ♣r♦✈✐❞❡s ❛ ♠❡❛♥s t♦ ❛ss❡ss t❤❡ ❝♦rr❡❝t♥❡ss ♦❢ ❛♥ ✐♠✲

♣❧❡♠❡♥t❛t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ ❛ s♣❡❝✐✜❝❛t✐♦♥ ❜② ♣❡r❢♦r♠✐♥❣ ❡①♣❡r✐♠❡♥ts ♦♥

t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❛♥❞ ♦❜s❡r✈✐♥❣ ✐ts r❡s♣♦♥s❡s✳ ❲❤❡♥ t❤❡ s♣❡❝✐✜❝❛t✐♦♥ ✐s

❞❡s❝r✐❜❡❞ ❜② ❛ ❢♦r♠❛❧ ♠♦❞❡❧✱ t❤❡ ❡♠❡r❣✐♥❣ ✐♥t❡r♥❛t✐♦♥❛❧ st❛♥❞❛r❞ ✧❋♦r♠❛❧

▼❡t❤♦❞s ✐♥ ❈♦♥❢♦r♠❛♥❝❡ ❚❡st✐♥❣✧ ✭❋▼❈❚✮ ❬✾✺❪ ♣r♦✈✐❞❡s ❛ ❢r❛♠❡✇♦r❦ ♦♥

❤♦✇ t♦ ♣❡r❢♦r♠ ❝♦♥❢♦r♠❛♥❝❡ t❡st✐♥❣✱ ✇❤✐❝❤ ✐♥❝❧✉❞❡s t❡r♠✐♥♦❧♦❣②✱ ❛❜str❛❝t

❝♦♥❝❡♣ts✱s✉❝❤ ❛s ❝♦♥❢♦r♠❛♥❝❡✱ t❡st ❝❛s❡s✱ t❡st ❡①❡❝✉t✐♦♥✱ t❡st ❣❡♥❡r❛t✐♦♥✱ ❛♥❞

t❤❡ r❡q✉✐r❡♠❡♥ts ♦♥ t❤❡s❡ ❝♦♥❝❡♣ts✳ ❆ t❡st✐♥❣ ❛♣♣r♦❛❝❤ ✇❤✐❝❤ ✐s ❜❛s❡❞ ♦♥ ❛

❢♦r♠❛❧ ♠♦❞❡❧ ✐s ❝❛❧❧❡❞ ❛ ♠♦❞❡❧✲❜❛s❡❞ t❡st✐♥❣ ❛♣♣r♦❛❝❤✳

❉❡♣❡♥❞✐♥❣ ♦♥ t❤❡ t②♣❡ ♦❢ ❢♦r♠❛❧ ♠♦❞❡❧s✱ ✈❛r✐♦✉s ❢r❛♠❡✇♦r❦s ❝❛♥ ❜❡ ❞❡✲

✈❡❧♦♣❡❞ ❢♦r ❝♦♥❢♦r♠❛♥❝❡ t❡st✐♥❣✳ ■♥ t❤✐s ✇♦r❦✱ ❢♦❧❧♦✇✐♥❣ t❤❡ s♣✐r✐t ♦❢ ♠♦❞❡❧✲

❜❛s❡❞ ❝♦♥❢♦r♠❛♥❝❡ t❡st✐♥❣✱ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ ❞❡✈❡❧♦♣✐♥❣ ❛ ❝♦♥❢♦r♠❛♥❝❡

t❡st✐♥❣ ❢r❛♠❡✇♦r❦ ❢♦r ❝♦♥t✐♥✉♦✉s ❛♥❞ ❤②❜r✐❞ s②st❡♠s✱ ✉s✐♥❣ t❤❡ ❤②❜r✐❞ ❛✉✲

t♦♠❛t♦♥ ♠♦❞❡❧✳

❚❤❡ r❡st ♦❢ t❤✐s s❡❝t✐♦♥ ✐s str✉❝t✉r❡❞ ❛s ❢♦❧❧♦✇s✳ ■♥ t❤❡ ✜rst ♣❛rt ♦❢ t❤✐s

s❡❝t✐♦♥✱ ✇❡ ❞❡✜♥❡ t❤❡ ♠❛✐♥ ❝♦♥❝❡♣ts ♦❢ ❝♦♥❢♦r♠❛♥❝❡ t❡st✐♥❣ ❛♥❞✱ ✐♥ ♣❛rt✐❝✲

✉❧❛r✱ t❤❡ ♥♦t✐♦♥s ♦❢ ✐♥♣✉ts ❛♥❞ ♦❜s❡r✈❛t✐♦♥s✳ ■♥ t❤❡ s❡❝♦♥❞ ♣❛rt✱ ✇❡ ❞❡✜♥❡

❝♦♥❢♦r♠❛♥❝❡ r❡❧❛t✐♦♥✱ t❡st ❝❛s❡s ❛♥❞ t❡st ❡①❡❝✉t✐♦♥s✳

❖✉r t❡st✐♥❣ ❣♦❛❧ ✐s t♦ ♠❛❦❡ st❛t❡♠❡♥ts ❛❜♦✉t t❤❡ ❝♦♥❢♦r♠❛♥❝❡ r❡❧❛t✐♦♥

❜❡t✇❡❡♥ t❤❡ tr❛❝❡s ♦❢ ❛♥ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦r✱ ♠♦r❡ ❣❡♥❡r❛❧❧②✱ ❛ s②st❡♠ ✉♥❞❡r

t❡st ✭❙❯❚✮ ❛♥❞ ❛ s♣❡❝✐✜❝❛t✐♦♥✳ ❚❤❡ s♣❡❝✐✜❝❛t✐♦♥ ✐s ❢♦r♠❛❧ ❛♥❞✱ ❛s ♠❡♥t✐♦♥❡❞

❡❛r❧✐❡r✱ ✐t ✐s ♠♦❞❡❧❡❞ ❜② ❛ ❤②❜r✐❞ ❛✉t♦♠❛t♦♥✳ ❚❤❡ ❝♦♥❢♦r♠❛♥❝❡ ✇✐❧❧ ❜❡

❞❡✜♥❡❞ ❛s ❛ r❡❧❛t✐♦♥ ≈⊆ Ξ × HA ✇❤❡r❡ Ξ ✐s ❛ s❡t ♦❢ s②st❡♠s ✉♥❞❡r t❡st ♦❢

✐♥t❡r❡st✱ ❛♥❞ HA ✐s ❛ s❡t ♦❢ ❤②❜r✐❞ ❛✉t♦♠❛t❛ ♠♦❞❡❧✐♥❣ t❤❡ s♣❡❝✐✜❝❛t✐♦♥s ♦❢

✐♥t❡r❡st✳ ◆♦t✐❝❡ t❤❛t t❤❡ s②st❡♠s ✉♥❞❡r t❡st ❛r❡ ♣❤②s✐❝❛❧ s②st❡♠s✱ ❜✉t ✐t ❝❛♥
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❜❡ ❛ss✉♠❡❞ t❤❛t ❛❧❧ t❤❡ s②st❡♠s ✉♥❞❡r t❡st ✐♥ Ξ ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❜② ❛ ❝❧❛ss

♦❢ ❢♦r♠❛❧ ♠♦❞❡❧✱ ✇❤✐❝❤ ✐s ❛ s❡t HAs ♦❢ ❤②❜r✐❞ ❛✉t♦♠❛t❛✳ ■t ✐s ✐♠♣♦rt❛♥t

t♦ ♥♦t❡ t❤❛t ✇❡ ❛ss✉♠❡ t❤❛t ❛ ♠♦❞❡❧ ❢♦r ❡❛❝❤ s②st❡♠ ✉♥❞❡r t❡st ✐♥ Ξ ❡①✐sts

❜✉t ❞♦ ♥♦t ❛ss✉♠❡ t❤❛t ✇❡ ❦♥♦✇ ✐t✳ ❚❤✐s ❛ss✉♠♣t✐♦♥ ❡♥❛❜❧❡s ✉s t♦ ✐♥❝❧✉❞❡

t❤❡ s②st❡♠ ✉♥❞❡r t❡st ✐♥ ♦✉r ❢♦r♠❛❧ ❢r❛♠❡✇♦r❦ ❛♥❞ t♦ ❡①♣r❡ss ❢♦r♠❛❧❧② t❤❡

❝♦♥❢♦r♠❛♥❝❡ r❡❧❛t✐♦♥ ≈ ❜❡t✇❡❡♥ t❤❡ ♠♦❞❡❧s ♦❢ t❤❡ s②st❡♠s ✉♥❞❡r t❡st ❛♥❞

t❤❡ s♣❡❝✐✜❝❛t✐♦♥s✱ t❤❛t ✐s ≈ ⊆ HAs × HA✳ ◆♦t❡ t❤❛t ❤❡r❡ ✇❡ ✉s❡ t❤❡ s❛♠❡

♥♦t❛t✐♦♥ ≈ ❢♦r t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ r❡❛❧ ❙❯❚ ❛♥❞ t❤❡ s♣❡❝✐✜❝❛t✐♦♥ ❛♥❞

t❤❛t ❜❡t✇❡❡♥ t❤❡ ♠♦❞❡❧ ♦❢ t❤❡ ❙❯❚ ❛♥❞ t❤❡ s♣❡❝✐✜❝❛t✐♦♥✳

❆ s②st❡♠ ✉♥❞❡r t❡st Sut ∈ Ξ ✐s s❛✐❞ t♦ ❝♦♥❢♦r♠ t♦ ❛ s♣❡❝✐✜❝❛t✐♦♥ A ∈ HA

✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ♠♦❞❡❧ As ∈ HAs ♦❢ ❙❯❚ ✐s r❡❧❛t❡❞ t♦ A ❜② ≈✱ t❤❛t ✐s✱

As ≈ A✳

❚❤❡ s②st❡♠ ✉♥❞❡r t❡st ❙❯❚ ♦❢t❡♥ ♦♣❡r❛t❡s ✇✐t❤✐♥ s♦♠❡ ❡♥✈✐r♦♥♠❡♥t✳ ■♥

♦✉r t❡st✐♥❣ ❢r❛♠❡✇♦r❦✱ ❛ t❡st❡r ♣❧❛②s t❤❡ r♦❧❡ ♦❢ t❤❡ ❡♥✈✐r♦♥♠❡♥t ❛♥❞ ✐t

♣❡r❢♦r♠s ❡①♣❡r✐♠❡♥ts ♦♥ t❤❡ ❙❯❚ ✐♥ ♦r❞❡r t♦ st✉❞② t❤❡ ❝♦♥❢♦r♠❛♥❝❡ r❡❧❛t✐♦♥

❜❡t✇❡❡♥ t❤❡ ❙❯❚ ❛♥❞ t❤❡ s♣❡❝✐✜❝❛t✐♦♥✳ ❙✉❝❤ ❛♥ ❡①♣❡r✐♠❡♥t ✐s ❝❛❧❧❡❞ ❛ t❡st✱

❛♥❞ ✐ts s♣❡❝✐✜❝❛t✐♦♥ ✐s ❝❛❧❧❡❞ ❛ t❡st ❝❛s❡✳ ❆ s❡t ♦❢ t❡st ❝❛s❡s ✐s ❝❛❧❧❡❞ ❛ t❡st

s✉✐t❡✱ ❛♥❞ t❤❡ ♣r♦❝❡ss ♦❢ ❛♣♣❧②✐♥❣ ❛ t❡st t♦ ❛ s②st❡♠ ✉♥❞❡r t❡st ✐s ❝❛❧❧❡❞ ❛

t❡st ❡①❡❝✉t✐♦♥✳

❚❤❡ t❡st❡r ✇♦r❦s ❛s ❢♦❧❧♦✇s ✭s❡❡ ❋✐❣✉r❡ ✷✳✾✮✳ ■t ❡♠✐ts t❤❡ ❝♦♥tr♦❧ ✐♥♣✉ts t♦

t❤❡ s②st❡♠ ✉♥❞❡r t❡st ❛♥❞ ♠❡❛s✉r❡s t❤❡ ♦❜s❡r✈❛t✐♦♥ s❡q✉❡♥❝❡s ✐♥ ♦r❞❡r t♦

♣r♦❞✉❝❡ ❛ ✈❡r❞✐❝t v ∈ {P, F, I} ✇❤❡r❡ P ♠❡❛♥s ❵♣❛ss✬ ✭t❤❡ ♦❜s❡r✈❡❞ tr❛❝❡ ✐s

❛❧❧♦✇❡❞ ❜② t❤❡ s♣❡❝✐✜❝❛t✐♦♥✮✱ F ♠❡❛♥s ❵❢❛✐❧✬ ✭t❤❡ ♦❜s❡r✈❡❞ tr❛❝❡ ✐s ♥♦t ❛❧❧♦✇❡❞

❜② t❤❡ s♣❡❝✐✜❝❛t✐♦♥✮✱ ❛♥❞ I ♠❡❛♥s ❵✐♥❝♦♥❝❧✉s✐✈❡✬ ✭♥❡✐t❤❡r ❛ ❵♣❛ss✬ ♥♦r ❛ ❵❢❛✐❧✬

✈❡r❞✐❝t ❝❛♥ ❜❡ ❛ss✐❣♥❡❞✮✳ ❲❡ ❞✐s❝✉ss t❤❡ ♣r♦❜❧❡♠ ♦❢ ❤♦✇ t♦ ♣❡r❢♦r♠ t❡st

❡①❡❝✉t✐♦♥s ❛♥❞ ❞❡r✐✈❡ ✈❡r❞✐❝ts ✐♥ t❤❡ ❡♥❞ ♦❢ t❤✐s s❡❝t✐♦♥✳ ❲❡ ❝♦♥t✐♥✉❡ ❜②

❣✐✈✐♥❣ ❛ ❞❡t❛✐❧❡❞ ❞❡s❝r✐♣t✐♦♥ ♦❢ ❝♦♥❢♦r♠❛♥❝❡ r❡❧❛t✐♦♥✳

❆s ♠❡♥t✐♦♥❡❞ ❡❛r❧✐❡r✱ ❧❡t t❤❡ s♣❡❝✐✜❝❛t✐♦♥ ❜❡ ♠♦❞❡❧❡❞ ❛s ❛ ❤②❜r✐❞ ❛✉t♦♠❛✲

t♦♥ A ❛♥❞ t❤❡ s②st❡♠ ✉♥❞❡r t❡st ❙❯❚ ❜② ❛♥♦t❤❡r ❤②❜r✐❞ ❛✉t♦♠❛t♦♥ As✳

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ❢♦r ❜r❡✈✐t②✱ ✇❤❡♥ t❤❡ ❝♦♥t❡①t ✐s ❝❧❡❛r✱ ✇❡ ♦❢t❡♥ s❛② ❵t❤❡

s②st❡♠ ✉♥❞❡r t❡st✬ t♦ ♠❡❛♥ t❤❡ ❛✉t♦♠❛t♦♥ As ✭✇❤✐❝❤ ✐s ❛ ♠♦❞❡❧ ♦❢ t❤❡ r❡❛❧

s②st❡♠ ✉♥❞❡r t❡st✮✳ ❚♦ ❞❡✜♥❡ t❤❡ ❝♦♥❢♦r♠❛♥❝❡ r❡❧❛t✐♦♥✱ ✇❡ ♥❡❡❞ t❤❡ ♥♦t✐♦♥s
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System Under TestTester
(q, x)

v ∈ {P, F, I}

c

❋✐❣✉r❡ ✷✳✾✿ ❚❡st ❛r❝❤✐t❡❝t✉r❡✳

♦❢ ✐♥♣✉ts ❛♥❞ ♦❜s❡r✈❛t✐♦♥s✳

✷✳✸✳✶ ■♥♣✉ts

❆♥ ✐♥♣✉t ♦❢ t❤❡ s②st❡♠ ✇❤✐❝❤ ✐s ❝♦♥tr♦❧❧❛❜❧❡ ❜② t❤❡ t❡st❡r ✐s ❝❛❧❧❡❞ ❛ ❝♦♥tr♦❧

✐♥♣✉t❀ ♦t❤❡r✇✐s❡✱ ✐t ✐s ❝❛❧❧❡❞ ❛ ❞✐st✉r❜❛♥❝❡ ✐♥♣✉t✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣

✐♥♣✉ts✳

❈♦♥t✐♥✉♦✉s ✐♥♣✉ts

❆❧❧ t❤❡ ❝♦♥t✐♥✉♦✉s ✐♥♣✉ts ♦❢ t❤❡ s②st❡♠ ❛r❡ ❛ss✉♠❡❞ t♦ ❜❡ ❝♦♥tr♦❧❧❛❜❧❡✳ ❙✐♥❝❡

✇❡ ✇❛♥t t♦ ✐♠♣❧❡♠❡♥t t❤❡ t❡st❡r ❛s ❛ ❝♦♠♣✉t❡r ♣r♦❣r❛♠✱ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞

✐♥ ♣✐❡❝❡✇✐s❡✲❝♦♥st❛♥t ❝♦♥t✐♥✉♦✉s ✐♥♣✉t ❢✉♥❝t✐♦♥s ✭s✐♥❝❡ ❛ ❝♦♠♣✉t❡r ❝❛♥♥♦t

❣❡♥❡r❛t❡ ❛ ❢✉♥❝t✐♦♥ ❢r♦♠ r❡❛❧s t♦ r❡❛❧s✮✳ ❍❡♥❝❡✱ ❛ ❝♦♥t✐♥✉♦✉s ❝♦♥tr♦❧ ❛❝t✐♦♥

(ūq, h)✱ ✇❤❡r❡ ūq ✐s t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ✐♥♣✉t ❛♥❞ h ✐s t❤❡ ❞✉r❛t✐♦♥✱ s♣❡❝✐✜❡s

t❤❛t t❤❡ s②st❡♠ ❝♦♥t✐♥✉❡s ✇✐t❤ t❤❡ ❝♦♥t✐♥✉♦✉s ❞②♥❛♠✐❝s ❛t ❧♦❝❛t✐♦♥ q ✉♥❞❡r

t❤❡ ✐♥♣✉t u(t) = ūq ❢♦r ❡①❛❝t❧② h t✐♠❡✳ ❲❡ s❛② t❤❛t (ūq, h) ✐s ❛❞♠✐ss✐❜❧❡ ❛t

(q, x) ✐❢ t❤❡ ✐♥♣✉t ❢✉♥❝t✐♦♥ u(t) = ūq ❢♦r ❛❧❧ t ∈ [0, h] ✐s ❛❞♠✐ss✐❜❧❡ st❛rt✐♥❣

❛t (q, x) ❢♦r h t✐♠❡✳

❉✐s❝r❡t❡ ✐♥♣✉ts

❚❤❡ ❞✐s❝r❡t❡ tr❛♥s✐t✐♦♥s ❛r❡ ♣❛rt✐t✐♦♥❡❞ ✐♥t♦ ❝♦♥tr♦❧❧❛❜❧❡ ❛♥❞ ✉♥❝♦♥tr♦❧❧❛❜❧❡

❞✐s❝r❡t❡ tr❛♥s✐t✐♦♥s✳ ❚❤♦s❡ ✇❤✐❝❤ ❛r❡ ❝♦♥tr♦❧❧❛❜❧❡ ❝♦rr❡s♣♦♥❞ t♦ ❞✐s❝r❡t❡ ❝♦♥✲

tr♦❧ ❛❝t✐♦♥s✱ ❛♥❞ t❤❡ ♦t❤❡rs t♦ ❞✐s❝r❡t❡ ❞✐st✉r❜❛♥❝❡ ❛❝t✐♦♥s✳ ❚❤❡ t❡st❡r ❡♠✐ts
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❛ ❞✐s❝r❡t❡ ❝♦♥tr♦❧ ❛❝t✐♦♥ t♦ s♣❡❝✐❢② ✇❤❡t❤❡r t❤❡ s②st❡♠ s❤♦✉❧❞ t❛❦❡ ❛ ❝♦♥✲

tr♦❧❧❛❜❧❡ tr❛♥s✐t✐♦♥ ✭❛♠♦♥❣ t❤❡ ❡♥❛❜❧❡❞ ♦♥❡s✮ ♦r ❝♦♥t✐♥✉❡ ✇✐t❤ t❤❡ s❛♠❡ ❝♦♥✲

t✐♥✉♦✉s ❞②♥❛♠✐❝s✳ ■♥ t❤❡ ❧❛tt❡r ❝❛s❡✱ ✐t ❝❛♥ ❛❧s♦ ❝♦♥tr♦❧ t❤❡ ✈❛❧✉❡s ❛ss✐❣♥❡❞

t♦ t❤❡ ❝♦♥t✐♥✉♦✉s ✈❛r✐❛❜❧❡s ❜② t❤❡ ❛ss♦❝✐❛t❡❞ r❡s❡t ♠❛♣✳ ❋♦r s✐♠♣❧✐❝✐t② ♦❢

❡①♣❧❛♥❛t✐♦♥✱ ✇❡ ✇✐❧❧ ♥♦t ❝♦♥s✐❞❡r ♥♦♥✲❞❡t❡r♠✐♥✐s♠ ❝❛✉s❡❞ ❜② t❤❡ r❡s❡t ♠❛♣s✳

❍❡♥❝❡✱ ✇❡ ❞❡♥♦t❡ ❛ ❞✐s❝r❡t❡ ❝♦♥tr♦❧ ❛❝t✐♦♥ ❜② t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ tr❛♥s✐t✐♦♥✱

s✉❝❤ ❛s (q, q′)✳

■♥ t❤✐s ✇♦r❦✱ ✇❡ ♠❛❦❡ t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ❛ss✉♠♣t✐♦♥s ❛❜♦✉t t❤❡ ✐♥♣✉ts✿

• ❚❤❡ ❞✐s❝r❡t❡ tr❛♥s✐t✐♦♥s ❛r❡ ✐♥st❛♥t❛♥❡♦✉s✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t t❤❡✐r ❡①✲

❡❝✉t✐♦♥s ❞♦ ♥♦t t❛❦❡ t✐♠❡✳

• ❈♦♥t✐♥✉♦✉s ❝♦♥tr♦❧ ❛❝t✐♦♥ ❛r❡ ♦❢ ❤✐❣❤❡r ♣r✐♦r✐t② t❤❛♥ ❞✐s❝r❡t❡ ❛❝t✐♦♥s✳

❚❤✐s ♠❡❛♥s t❤❛t ❛❢t❡r ❛ ❝♦♥t✐♥✉♦✉s ❝♦♥tr♦❧ ❛❝t✐♦♥ (ūq, h) ✐s ❛♣♣❧✐❡❞✱ ♥♦

❞✐s❝r❡t❡ tr❛♥s✐t✐♦♥s ❝❛♥ ♦❝❝✉r ❞✉r✐♥❣ h t✐♠❡✱ ✐✳❡✳ ✉♥t✐❧ t❤❡ ❡♥❞ ♦❢ t❤❛t

❝♦♥t✐♥✉♦✉s ❝♦♥tr♦❧ ❛❝t✐♦♥✳ ❚❤✐s ❛ss✉♠♣t✐♦♥ ✐s ♥♦t r❡str✐❝t✐✈❡✱ ❢r♦♠ ❛

♠♦❞❡❧✐♥❣ ♣♦✐♥t ♦❢ ✈✐❡✇✳ ❆s ✇❡ s❤❛❧❧ s❡❡ ❧❛t❡r✱ ❜② ❝♦♥s✐❞❡r✐♥❣ ❛❧❧ t❤❡

♣♦ss✐❜❧❡ ✈❛❧✉❡s ♦❢ h ✇❡ ❝❛♥ ❝❛♣t✉r❡ t❤❡ ❝❛s❡s ✇❤❡r❡ ❛ ❞✐s❝r❡t❡ tr❛♥s✐t✐♦♥

❝❛♥ ♦❝❝✉r ❜❡❢♦r❡ t❤❡ t❡r♠✐♥❛t✐♦♥ ♦❢ ❛ ❝♦♥t✐♥✉♦✉s ❝♦♥tr♦❧ ❛❝t✐♦♥✳

• ❲❤❡♥ t✇♦ ♦r ♠♦r❡ ❞✐s❝r❡t❡ ❞✐st✉r❜❛♥❝❡ ❛❝t✐♦♥s ❛r❡ ❡♥❛❜❧❡❞ ❛t t❤❡ s❛♠❡

t✐♠❡✱ t❤❡ ♦r❞❡r ♦❢ t❤❡✐r ❡①❡❝✉t✐♦♥s ✐s ♥♦♥✲❞❡t❡r♠✐♥✐st✐❝✳

❉❡✜♥✐t✐♦♥ ✶✹ ✭❆❞♠✐ss✐❜❧❡ ✐♥♣✉t s❡q✉❡♥❝❡✮✳ ❋♦r ❛ st❛t❡ (q, x)✱ ❛ s❡q✉❡♥❝❡

♦❢ ✐♥♣✉t ❛❝t✐♦♥s ω = ι0, ι1, . . . , ιk ✐s ❛❞♠✐ss✐❜❧❡ ❛t (q, x) ✐❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥✲

❞✐t✐♦♥s ❛r❡ s❛t✐s✜❡❞✿

• ι0 ✐s ❛❞♠✐ss✐❜❧❡ ❛t (q, x)✱

• ❢♦r ❡❛❝❤ i = 1, . . . , k✱ ❧❡t (qi, xi) ❜❡ t❤❡ st❛t❡ s✉❝❤ t❤❛t (qi−1, xi−1)
ιi−1
→

(qi, xi)✱ t❤❡♥ ιi ✐s ❛❞♠✐ss✐❜❧❡ ❛t (qi, xi)✳

❚❤❡ s❡q✉❡♥❝❡ (q0, x0), . . . , (qk, xk) ✐s ❝❛❧❧❡❞ t❤❡ tr❛❝❡ st❛rt✐♥❣ ❛t (q, x) ✉♥❞❡r

ω ❛♥❞ ✐s ❞❡♥♦t❡❞ ❜② τ((q, x), ω)✳
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❘❡❝❛❧❧ t❤❛t (qi−1, xi−1)
ιi−1
→ (qi, xi) ♠❡❛♥s t❤❛t (qi, xi) ✐s r❡❛❝❤❡❞ ❛❢t❡r

❛♣♣❧②✐♥❣ t❤❡ ✐♥♣✉t ιi−1 t♦ t❤❡ st❛t❡ (qi−1, xi−1)✳ ❲❡ ✉s❡ t❤❡ ♥♦t❛t✐♦♥ (q, x)
ω
→

(q′, x′) t♦ ✐♥❞✐❝❛t❡ t❤❛t (q′, x′) ✐s r❡❛❝❤❛❜❧❡ ❢r♦♠ (q, x) ❛❢t❡r ω✳

❊①❛♠♣❧❡✳ ❲❡ ❡①❛♠✐♥❡ ❛❣❛✐♥ t❤❡ t❤❡r♠♦st❛t ❡①❛♠♣❧❡✱ ✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡

♣r❡✈✐♦✉s s❡❝t✐♦♥✳ ❲❡ ♥♦✇ ♠♦❞✐❢② t❤❡ ♠❡❛♥✐♥❣ ♦❢ t❤❡ ✐♥♣✉t u ✐♥ t❤❡ ❞✐✛❡r✲

❡♥t✐❛❧ ❡q✉❛t✐♦♥s ❛s ❢♦❧❧♦✇s✿ u ♠♦❞❡❧s ❛ ❝♦♥t✐♥✉♦✉s ❝♦♥tr♦❧ ✐♥♣✉t r❛t❤❡r t❤❛♥

❛ ❞✐st✉r❜❛♥❝❡ ❢r♦♠ t❤❡ ❡♥✈✐r♦♥♠❡♥t✳ ❆t s♦♠❡ st❛t❡ s = (q, x) ❛ s❡q✉❡♥❝❡ ♦❢

t✇♦ ✐♥♣✉t ❛❝t✐♦♥s ω = ι0, ι1 ✇❤❡r❡ ι0 = (ū, h)✱ ι2 =✭♦♥✱ ♦✛✮✳ ❇♦t❤ ♦❢ t❤❡s❡

✐♥♣✉ts ❛r❡ ❝♦♥tr♦❧ ❛❝t✐♦♥s✳ ❲❡ s✉♣♣♦s❡ t❤❛t q =♦♥ ❛♥❞ t❤❡ t❡♠♣❡r❛t✉r❡

x < xM + ǫ✳ ❚❤✉s✱ t❤❡ ✐♥♣✉t ❛❝t✐♦♥ ι0 ✐s ❛❞♠✐ss✐❜❧❡ ❛t (q, x) ✐❢ ❞✉r✐♥❣ h

t✐♠❡✱ ✉♥❞❡r t❤❡ ✐♥♣✉t u(t) = ū✱ t❤❡ t❡♠♣❡r❛t✉r❡ x ❞♦❡s ♥♦t r❡❛❝❤ xM + ǫ✱

t❤❛t ✐s t❤❡ st❛②✐♥❣ ❝♦♥❞✐t✐♦♥ ♦❢ t❤❡ ❧♦❝❛t✐♦♥ on ✐s st✐❧❧ s❛t✐s✜❡❞✱ t❤❡♥ ✇❡ s❛②

t❤❛t t❤❡ ✐♥♣✉t ❛❝t✐♦♥ ι0 ✐s ❛❞♠✐ss✐❜❧❡ ❛t (q, x)✳ ❆❢t❡r ι0✱ t❤❡ ♥❡✇ st❛t❡ ♦❢ t❤❡

t❤❡r♠♦st❛t ✐s s′ = ✭♦♥✱ x′✮ ✇✐t❤ x′ > x✳ ❆t t❤❡ st❛t❡ s′✱

• ✐❢ x′ < xM − ǫ✱ t❤❡♥ t❤❡ tr❛♥s✐t✐♦♥ ❢r♦♠ t❤❡ ❧♦❝❛t✐♦♥ ♦♥ t♦ ♦✛ ✐s ♥♦t

❡♥❛❜❧❡❞✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t t❤❡ ❞✐s❝r❡t❡ ❝♦♥tr♦❧ ❛❝t✐♦♥ ι2 =✭♦♥✱ ♦✛✮ ✐s

♥♦t ❛❞♠✐ss✐❜❧❡✳

• ✐❢ x′ ≥ xM − ǫ✱ t❤❡♥ t❤❡ ❝♦♥tr♦❧ ❛❝t✐♦♥ ι2 =✭♦♥✱ ♦✛✮ ✐s ❛❞♠✐ss✐❜❧❡ ❛t

s′ ❛♥❞ t❤❡ s❡q✉❡♥❝❡ ω ✐s s❛✐❞ t♦ ❜❡ ❛❞♠✐ss✐❜❧❡ ❛t s = (q, x)✳

❇② t❤❡ ❛ss✉♠♣t✐♦♥ ❛❜♦✉t t❤❡ ✐♥♣✉ts✱ ✉♥❝♦♥tr♦❧❧❛❜❧❡ ❞✐s❝r❡t❡ tr❛♥s✐t✐♦♥s

❝❛♥♥♦t ♦❝❝✉r ❞✉r✐♥❣ ❛ ❝♦♥t✐♥✉♦✉s ❝♦♥tr♦❧ ❛❝t✐♦♥✳ ❍♦✇❡✈❡r✱ t❤❡② ❝❛♥ ♦❝❝✉r

❜❡t✇❡❡♥ ❝♦♥tr♦❧ ❛❝t✐♦♥s✳ ❍❡♥❝❡✱ t❤❡ r❡s✉❧t ♦❢ ❛♣♣❧②✐♥❣ ❛ ❝♦♥tr♦❧ ❛❝t✐♦♥ ✐s

♥♦♥✲❞❡t❡r♠✐♥✐st✐❝✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ❞❡✜♥❡ ❛ s❡t ♦❢ ❛❧❧ ♣♦ss✐❜❧❡ tr❛❝❡s t❤❛t

❝❛♥ ❜❡ ❣❡♥❡r❛t❡❞ ❜② ❛♣♣❧②✐♥❣ ❛ s❡q✉❡♥❝❡ ♦❢ ❝♦♥tr♦❧ ❛❝t✐♦♥s✳ ❆❣❛✐♥✱ s✐♥❝❡ ✇❡

❛r❡ ♦♥❧② ✐♥t❡r❡st❡❞ ✐♥ ♥♦♥✲❜❧♦❝❦✐♥❣ ❜❡❤❛✈✐♦rs✱ ✇❡ ✜rst ❞❡✜♥❡ ❛♥ ❛❞♠✐ss✐❜❧❡

s❡q✉❡♥❝❡ ♦❢ ❝♦♥tr♦❧ ❛❝t✐♦♥s✳

●✐✈❡♥ ❛ st❛t❡ (q, x) ❛♥❞ ❛ ❝♦♥tr♦❧ ❛❝t✐♦♥ c✱ ❧❡t σ ❜❡ ❛ ❞✐st✉r❜❛♥❝❡ ✐♥♣✉t

s❡q✉❡♥❝❡ s✉❝❤ t❤❛t c ⊕ σ✱ ✇❤❡r❡ ⊕ ✐s t❤❡ ❝♦♥❝❛t❡♥❛t✐♦♥ ♦♣❡r❛t♦r✱ ✐s ❛♥

❛❞♠✐ss✐❜❧❡ ✐♥♣✉t s❡q✉❡♥❝❡ ❛t (q, x)✳ ❚❤❡ s❡q✉❡♥❝❡ σ ✐s ❝❛❧❧❡❞ ❛ ❞✐st✉r❜❛♥❝❡
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✐♥♣✉t s❡q✉❡♥❝❡ ❛❞♠✐ss✐❜❧❡ ❛❢t❡r t❤❡ ❝♦♥tr♦❧ ❛❝t✐♦♥ c✳ ❲❡ ❞❡♥♦t❡ ❜② Σ(c, (q, x))

t❤❡ s❡t ♦❢ ❛❧❧ s✉❝❤ ❞✐st✉r❜❛♥❝❡ ✐♥♣✉t s❡q✉❡♥❝❡s✳

❲❡ ♥♦✇ ❡①t❡♥❞ t❤✐s ♥♦t✐♦♥ t♦ ❛ s❡q✉❡♥❝❡ ♦❢ ❝♦♥tr♦❧ ❛❝t✐♦♥s✳ ❚♦ ❞♦ s♦✱

✇❡ ♥❡❡❞ t♦ ❦♥♦✇ ✇❤✐❝❤ ❞✐st✉r❜❛♥❝❡ ✐♥♣✉ts ❛r❡ ❛❞♠✐ss✐❜❧❡ ❛❢t❡r ❡❛❝❤ ❝♦♥tr♦❧

❛❝t✐♦♥✳ ❚❤✐s ♠❡❛♥s t❤❛t ✇❡ ♥❡❡❞ t♦ ❦♥♦✇ t❤❡ s✉❝❝❡ss♦rs ❛❢t❡r ❡❛❝❤ ❝♦♥tr♦❧

❛❝t✐♦♥✳ ❲❡ ✜rst ❝♦♥s✐❞❡r ❛ s❡q✉❡♥❝❡ ♦❢ t✇♦ ❝♦♥tr♦❧ ❛❝t✐♦♥s ωc = c0 c1✳

❲❤❡♥ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ♦❝❝✉rr❡♥❝❡s ♦❢ ❛❧❧ ❛❞♠✐ss✐❜❧❡ ❞✐st✉r❜❛♥❝❡

✐♥♣✉t s❡q✉❡♥❝❡s ❛❢t❡r t❤❡ ❝♦♥tr♦❧ ❛❝t✐♦♥ c0✱ t❤❡ s❡t ♦❢ ❛❧❧ ♣♦ss✐❜❧❡ s✉❝❝❡ss♦rs

♦❢ (q, x) ❛❢t❡r ❛♣♣❧②✐♥❣ c0 ✐s✿

Υ(c0, (q, x)) = {(q′, x′) | ∃σ ∈ Σ(c0, (q, x)) : (q, x)
σ
→ (q′, x′)}.

❲❡ r❡❝❛❧❧ t❤❛t (q, x)
σ
→ (q′, x′) ✐♥❞✐❝❛t❡s t❤❛t (q′, x′) ✐s r❡❛❝❤❛❜❧❡ ❢r♦♠

(q, x) ❛❢t❡r t❤❡ ✐♥♣✉t s❡q✉❡♥❝❡ σ✳ ■t s❤♦✉❧❞ ❜❡ ♥♦t❡❞ t❤❛t ✐❢ t❤❡ ✜rst c0 ✐s

❛❞♠✐ss✐❜❧❡ ❛t (q, x) t❤❡♥ Υ(c0, (q, x)) ✐s ♥♦t ❡♠♣t②✳

❲❡ ✉s❡ t❤❡ s❛♠❡ ♥♦t❛t✐♦♥ Σ ❢♦r t❤❡ s❡t ♦❢ ❛❧❧ ❞✐st✉r❜❛♥❝❡ ✐♥♣✉t s❡q✉❡♥❝❡s

t❤❛t ❝❛♥ ♦❝❝✉r ❛❢t❡r t❤❡ ❝♦♥tr♦❧ ❛❝t✐♦♥ s❡q✉❡♥❝❡ ωc = c0 c1✿

Σ(ωc, (q
′, x′)) =

⋃

(q′,x′)∈Υ(c0,(q,x))

Σ(c1, (q
′, x′)).

❚❤❡r❡❢♦r❡✱ ✇❡ ❝❛♥ ♥♦✇ ❞❡t❡r♠✐♥❡ t❤❡ s❡t ♦❢ ❛❧❧ ✐♥♣✉t s❡q✉❡♥❝❡s ✭❝♦♥t❛✐♥✐♥❣

❜♦t❤ ❝♦♥tr♦❧ ❛♥❞ ❞✐st✉r❜❛♥❝❡ ❛❝t✐♦♥s✮ t❤❛t ❝❛♥ ♣♦ss✐❜❧② ♦❝❝✉r ✇❤❡♥ ✇❡ ❛♣♣❧②

t❤❡ ❝♦♥tr♦❧ s❡q✉❡♥❝❡ ωc = c0 c1✳ ❲❡ ❞❡♥♦t❡ t❤✐s s❡t ❜② Σ(ωc, (q, x)) ❛♥❞ ❝❛❧❧

✐t t❤❡ s❡t ♦❢ ❛❧❧ ❛❞♠✐ss✐❜❧❡ ✐♥♣✉t s❡q✉❡♥❝❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❡①❡❝✉t✐♦♥ ♦❢

ωc = c0 c1 st❛rt✐♥❣ ❛t (q, x)✳ ❚❤✐s s❡t ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿

Σ(ωc, (q, x)) = {c0 ⊕ σ0 ⊕ c1 ⊕ σ1 | σ0 ∈ Σ(c0, (q, x))

∧ ∃(q′, x′) ∈ Υ(c0, (q, x)) : σ1 ∈ Σ(c1, (q
′, x′))}.

❋♦r ❛ s❡q✉❡♥❝❡ ωc ♦❢ ♠♦r❡ t❤❛♥ t✇♦ ❝♦♥tr♦❧ ❛❝t✐♦♥s✱ t❤❡ s❡t Σ(ωc, (q, x))

❝❛♥ ❜❡ ❞❡✜♥❡❞ s✐♠✐❧❛r❧②✳

❉❡✜♥✐t✐♦♥ ✶✺ ✭❆❞♠✐ss✐❜❧❡ ❝♦♥tr♦❧ ❛❝t✐♦♥ s❡q✉❡♥❝❡✮✳ • ❆ ❝♦♥tr♦❧ ❛❝t✐♦♥

s❡q✉❡♥❝❡ ωc ✐s ❛❞♠✐ss✐❜❧❡ st❛rt✐♥❣ ❛t (q, x) ✐✛ Σ(ωc, (q, x)) ✐s ♥♦t ❡♠♣t②✳
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• ❚❤❡ s❡t ♦❢ tr❛❝❡s st❛rt✐♥❣ ❛t (q, x) ❛❢t❡r ❛♥ ❛❞♠✐ss✐❜❧❡ ❝♦♥tr♦❧ ❛❝t✐♦♥

s❡q✉❡♥❝❡ ω ✐s✿

Tr((q, x), ω) = {τ((q, x), σ) | σ ∈ Σ(ω, (q, x))}.

■♥t✉✐t✐✈❡❧②✱ t❤✐s ♠❡❛♥s t❤❛t ❛♥ ❛❞♠✐ss✐❜❧❡ ❝♦♥tr♦❧ ❛❝t✐♦♥ s❡q✉❡♥❝❡✱ ✇❤❡♥

❜❡✐♥❣ ❛♣♣❧✐❡❞ t♦ t❤❡ ❛✉t♦♠❛t♦♥✱ ❞♦❡s ♥♦t ❝❛✉s❡ ✐t t♦ ❜❡ ❜❧♦❝❦❡❞✳ ❲❡ ❞❡♥♦t❡

❜② SC(A) t❤❡ s❡t ♦❢ ❛❧❧ ❛❞♠✐ss✐❜❧❡ ❝♦♥tr♦❧ ❛❝t✐♦♥ s❡q✉❡♥❝❡s ❢♦r t❤❡ ❤②❜r✐❞

❛✉t♦♠❛t♦♥ A st❛rt✐♥❣ ❛t ❛♥ ✐♥✐t✐❛❧ st❛t❡ (qinit, xinit)✳ ■♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡

❝♦♥❢♦r♠❛♥❝❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ❛ s②st❡♠ ✉♥❞❡r t❡st As ❛♥❞ ❛ s♣❡❝✐✜❝❛t✐♦♥ A✱

✇❡ ✇✐❧❧ ❛ss✉♠❡ t❤❛t

• ❆❧❧ t❤❡ ❝♦♥tr♦❧❧❛❜❧❡ ✐♥♣✉ts ♦❢ t❤❡ s♣❡❝✐✜❝❛t✐♦♥ A ❛r❡ ❛❧s♦ t❤❡ ❝♦♥tr♦❧✲

❧❛❜❧❡ ✐♥♣✉ts ♦❢ t❤❡ s②st❡♠ ✉♥❞❡r t❡st As✳

• ❚❤❡ s❡t ♦❢ ❛❧❧ ❛❞♠✐ss✐❜❧❡ ❝♦♥tr♦❧ ❛❝t✐♦♥ s❡q✉❡♥❝❡s ♦❢ A ✐s ❛ s✉❜s❡t ♦❢

t❤❛t ♦❢ As✱ t❤❛t ✐s

SC(A) ⊆ SC(As).

❚❤✐s ❛ss✉♠♣t✐♦♥ ❛ss✉r❡s t❤❛t t❤❡ s②st❡♠ ✉♥❞❡r t❡st ❝❛♥ ❛❞♠✐t ❛❧❧ t❤❡

❝♦♥tr♦❧ ❛❝t✐♦♥ s❡q✉❡♥❝❡s t❤❛t ❛r❡ ❛❞♠✐ss✐❜❧❡ ❜② t❤❡ s♣❡❝✐✜❝❛t✐♦♥✳

✷✳✸✳✷ ❖❜s❡r✈❛t✐♦♥s

❲❡ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss✉♠♣t✐♦♥s ❛❜♦✉t t❤❡ ♦❜s❡r✈❛❜✐❧✐t② ♦❢ t❤❡ ❤②❜r✐❞ ❛✉✲

t♦♠❛t❛ A ❛♥❞ As✿

• ❚❤❡ ❧♦❝❛t✐♦♥s ♦❢ t❤❡ ❤②❜r✐❞ ❛✉t♦♠❛t❛ A ❛♥❞ As ❛r❡ ♦❜s❡r✈❛❜❧❡✳

• ❲❡ ❛ss✉♠❡ ❛ s✉❜s❡t Vo(A) ❛♥❞ Vo(As) ♦❢ ♦❜s❡r✈❛❜❧❡ ❝♦♥t✐♥✉♦✉s ✈❛r✐✲

❛❜❧❡s ♦❢ A ❛♥❞ As r❡s♣❡❝t✐✈❡❧②✳

• Vo(A) ⊆ Vo(As)✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t ❛♥ ♦❜s❡r✈❛❜❧❡ ❝♦♥t✐♥✉♦✉s ✈❛r✐❛❜❧❡

♦❢ A ✐s ❛❧s♦ ❛♥ ♦❜s❡r✈❛❜❧❡ ✈❛r✐❛❜❧❡ ♦❢ As✳

❬❪ ❙✐♥❝❡ ♥♦t ❛❧❧ t❤❡ ❝♦♥t✐♥✉♦✉s ✈❛r✐❛❜❧❡s ❛r❡ ♦❜s❡r✈❛❜❧❡✱ ✇❡ ♥❡❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣

♣r♦❥❡❝t✐♦♥ ♦♣❡r❛t♦r✳ ❚❤❡ ♣r♦❥❡❝t✐♦♥ ♦❢ ❛ ❝♦♥t✐♥✉♦✉s st❛t❡ x ♦❢ A ♦♥ t❤❡
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♦❜s❡r✈❛❜❧❡ ✈❛r✐❛❜❧❡s Vo(A) ✐s ❞❡♥♦t❡❞ ❜② π(x, Vo(A))✳ ❲❡ ❝❛♥ ❛❧s♦ ❡①t❡♥❞

t❤✐s ♦♣❡r❛t♦r t♦ ❛ s❡t ♦❢ st❛t❡s✳

❉❡✜♥✐t✐♦♥ ✶✻ ✭❖❜s❡r✈❛t✐♦♥✮✳ ❆ ♣❛✐r (q, π(x, Vo(A))✱ ✇❤❡r❡ q ✐s ❛ ❧♦❝❛t✐♦♥

❛♥❞ x ✐s t❤❡ ❝♦♥t✐♥✉♦✉s st❛t❡ ♦❢ t❤❡ ❛✉t♦♠❛t✐♦♥ A✱ ✐s ❝❛❧❧❡❞ ❛♥ ♦❜s❡r✈❛t✐♦♥✳

❚❤❡ ♣r♦❥❡❝t✐♦♥ ❝❛♥ ❜❡ t❤❡♥ ❞❡✜♥❡❞ ❢♦r ❛ tr❛❝❡ ❛♥❞ ❛ s❡t ♦❢ tr❛❝❡s ❛s ❢♦❧❧♦✇s✳

●✐✈❡♥ ❛ tr❛❝❡✿ τ = (q0, x0), (q1, x1), (q2, x2) . . .✱ t❤❡ ♣r♦❥❡❝t✐♦♥ ♦❢ τ ♦♥ Vo(A)

✐s

π(τ, Vo(A)) = (q0, π(x0, Vo(A))), (q1, π(x1, Vo(A))), (q2, π(x2, Vo(A))) . . . .

❉❡✜♥✐t✐♦♥ ✶✼ ✭❖❜s❡r✈❛t✐♦♥ s❡q✉❡♥❝❡✮✳ ▲❡t ω ❜❡ ❛♥ ❛❞♠✐ss✐❜❧❡ ❝♦♥tr♦❧ ❛❝✲

t✐♦♥ s❡q✉❡♥❝❡ st❛rt✐♥❣ ❛t ❛♥ ✐♥✐t✐❛❧ st❛t❡ (qinit, xinit) ♦❢ A✳ ❚❤❡ s❡t ♦❢ ♦❜✲

s❡r✈❛t✐♦♥ s❡q✉❡♥❝❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ω ✐s SO(A, ω) = {π(τ, Vo(A)) | τ ∈

Tr((qinit, xinit), ω)}✳

❚❤❡ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ❢r❛♠❡✇♦r❦ t♦ ❛ s❡t ♦❢ ✐♥✐t✐❛❧ st❛t❡s ✇✐❧❧ ❜❡ ❞✐s❝✉ss❡❞

❧❛t❡r✳

✷✳✸✳✸ ❈♦♥❢♦r♠❛♥❝❡ r❡❧❛t✐♦♥

❲❡ ❛r❡ ♥♦✇ r❡❛❞② t♦ ❞❡✜♥❡ t❤❡ ❝♦♥❢♦r♠❛♥❝❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ s②st❡♠

✉♥❞❡r t❡st ❙❯❚ ❛♥❞ t❤❡ s♣❡❝✐✜❝❛t✐♦♥✳

❉❡✜♥✐t✐♦♥ ✶✽ ✭❈♦♥❢♦r♠❛♥❝❡✮✳ ❚❤❡ s②st❡♠ ✉♥❞❡r t❡st As ✐s ❝♦♥❢♦r♠s t♦ t❤❡

s♣❡❝✐✜❝❛t✐♦♥ A✱ ❞❡♥♦t❡❞ ❜② A ≈ As✱ ✐✛

∀ω ∈ SC(A) : π(SO(As, ω), Vo(A)) ⊆ SO(A, ω).

◆♦t❡ t❤❛t ✇❡ ❤❛✈❡ ❛ss✉♠❡❞ ❡❛r❧✐❡r t❤❛t SC(A) ⊆ SC(As)✱ t❤❛t ✐s ❛ ❝♦♥tr♦❧

❛❝t✐♦♥ s❡q✉❡♥❝❡ ✇❤✐❝❤ ✐s ❛❞♠✐ss✐❜❧❡ ❢♦r A ✐s ❛❧s♦ ❛❞♠✐ss✐❜❧❡ ❢♦r As✳

✷✳✸✳✹ ❚❡st ❝❛s❡s ❛♥❞ t❡st ❡①❡❝✉t✐♦♥s

■♥ ♦✉r ❢r❛♠❡✇♦r❦✱ ❛ t❡st ❝❛s❡ ✐s r❡♣r❡s❡♥t❡❞ ❜② ❛ tr❡❡ ✇❤❡r❡ ❡❛❝❤ ♥♦❞❡ ✐s ❛ss♦✲

❝✐❛t❡❞ ✇✐t❤ ❛♥ ♦❜s❡r✈❛t✐♦♥ ❛♥❞ ❡❛❝❤ ♣❛t❤ ❢r♦♠ t❤❡ r♦♦t ✇✐t❤ ❛♥ ♦❜s❡r✈❛t✐♦♥



✷✳✸✳ ❈❖◆❋❖❘▼❆◆❈❊ ❚❊❙❚■◆● ✸✾

s❡q✉❡♥❝❡✳ ❊❛❝❤ ❡❞❣❡ ♦❢ t❤❡ tr❡❡ ✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ ❝♦♥tr♦❧ ❛❝t✐♦♥✳ ❚❤❡

t❡st❡r ♣❡r❢♦r♠s ❡①♣❡r✐♠❡♥ts ♦♥ As ✐♥ ♦r❞❡r t♦ st✉❞② t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ A

❛♥❞ As✳ ❆ ♣❤②s✐❝❛❧ t❡st ❡①❡❝✉t✐♦♥ ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ♣♦✐♥ts✿

• ❚❤❡ t❡st❡r ❛♣♣❧✐❡s ❛ t❡st ζ t♦ t❤❡ s②st❡♠ ✉♥❞❡r t❡st Sut✳

• ■t ♠❡❛s✉r❡s ❛♥❞ r❡❝♦r❞s ❛ ♥✉♠❜❡r ♦❢ ♦❜s❡r✈❛t✐♦♥s✳

• ❚❤❡ ♦❜s❡r✈❛t✐♦♥s ❛r❡ ♠❡❛s✉r❡❞ ❛t t❤❡ ❡♥❞ ♦❢ ❡❛❝❤ ❝♦♥t✐♥✉♦✉s ❝♦♥tr♦❧

❛❝t✐♦♥ ❛♥❞ ❛❢t❡r ❡❛❝❤ ❞✐s❝r❡t❡ ✭❞✐st✉r❜❛♥❝❡ ♦r ❝♦♥tr♦❧✮ ❛❝t✐♦♥✳

❚❤✐s ♣r♦❝❡❞✉r❡ ✐s ❞❡♥♦t❡❞ ❜② exec(ζ, Sut) ✇❤✐❝❤ ❧❡❛❞s t♦ ❛♥ ♦❜s❡r✈❛t✐♦♥

s❡q✉❡♥❝❡✱ ♦r ❛ s❡t ♦❢ ♦❜s❡r✈❛t✐♦♥ s❡q✉❡♥❝❡ ✐❢ ♠✉❧t✐♣❧❡ r✉♥s ♦❢ ζ ❛r❡ ♣♦ss✐❜❧❡

✐♥ ❝❛s❡ ♥♦♥✲❞❡t❡r♠✐♥✐s♠ ✐s ♣r❡s❡♥t✮✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ❢♦❝✉s ♦♥ t❤❡ ❝❛s❡

✇❤❡r❡ ❡❛❝❤ t❡st ❡①❡❝✉t✐♦♥ ✐♥✈♦❧✈❡s ❛ s✐♥❣❧❡ r✉♥ ♦❢ ❛ t❡st ❝❛s❡✳

■t ✐s ❝❧❡❛r t❤❛t t❤❡ ❛❜♦✈❡ t❡st ❡①❡❝✉t✐♦♥ ♣r♦❝❡ss ✉s❡s ❛ ♥✉♠❜❡r ♦❢ ✐♠♣❧✐❝✐t

❛ss✉♠♣t✐♦♥s✿

• ❖❜s❡r✈❛t✐♦♥ ♠❡❛s✉r❡♠❡♥ts t❛❦❡ ③❡r♦ t✐♠❡✱ ❛♥❞ ✐♥ ❛❞❞✐t✐♦♥✱ ♥♦ ♠❡❛✲

s✉r❡♠❡♥t ❡rr♦r ✐s ❝♦♥s✐❞❡r❡❞✳

• ❚❤❡ t❡st❡r ✐s ❛❜❧❡ t♦ r❡❛❧✐③❡ ❡①❛❝t❧② t❤❡ ❝♦♥t✐♥✉♦✉s ✐♥♣✉t ❢✉♥❝t✐♦♥s

✭✇❤✐❝❤ ✐s ♦❢t❡♥ ♥♦t ♣♦ss✐❜❧❡ ✐♥ ♣r❛❝t✐❝❡ ❞✉❡ t♦ ❛❝t✉❛t♦r ✐♠♣r❡❝✐s✐♦♥✮✳

❚❤❡ r❡♠❛✐♥✐♥❣ q✉❡st✐♦♥ ✐s ❤♦✇ t♦ ✐♥t❡r♣r❡t t❤❡ ♦❜s❡r✈❛t✐♦♥ s❡q✉❡♥❝❡s ✐♥

♦r❞❡r t♦ ♣r♦❞✉❝❡ ❛ ✈❡r❞✐❝t✳ ▲❡t Ω ❞❡♥♦t❡ t❤❡ ♦❜s❡r✈❛t✐♦♥ s❡q✉❡♥❝❡ ❞♦♠❛✐♥✳

❲❡ t❤✉s ❞❡✜♥❡ ❛ ✈❡r❞✐❝t ❢✉♥❝t✐♦♥✿ v : Ω → { ♣❛ss✱ ❢❛✐❧✱ ✐♥❝♦♥❝❧✉s✐✈❡ }✳

◆♦t❡ t❤❛t ❛♥ ♦❜s❡r✈❛t✐♦♥ s❡q✉❡♥❝❡ ♠✉st ❝❛✉s❡ ❛ ✉♥✐q✉❡ ✈❡r❞✐❝t✳

❚❤❡ ♦❜s❡r✈❛t✐♦♥ s❡q✉❡♥❝❡s ✐♥ Ω ❛r❡ ❣r♦✉♣❡❞ ✐♥t♦ t❤r❡❡ ❞✐s❥♦✐♥t s❡ts✿ t❤❡

s❡t Op ♦❢ ♦❜s❡r✈❛t✐♦♥ s❡q✉❡♥❝❡s t❤❛t ❝❛✉s❡ ❛ ❵♣❛ss✬ ✈❡r❞✐❝t✱ t❤❡ s❡t Of t❤❛t

❝❛✉s❡ ❛ ❵❢❛✐❧✬ ✈❡r❞✐❝t✱ ❛♥❞ t❤❡ s❡t Oi t❤❛t ❝❛✉s❡ ❛♥ ❵✐♥❝♦♥❝❧✉s✐✈❡✬ ✈❡r❞✐❝t✳

❚❤❡r❡❢♦r❡✱ s❛②✐♥❣ ✧❚❤❡ s②st❡♠ ✉♥❞❡r t❡st Sut ♣❛ss❡s t❤❡ t❡st ζ✧ ❢♦r♠❛❧❧②

♠❡❛♥s v(exec(ζ, Sut)) =♣❛ss✳ ❚❤✐s ❝❛♥ t❤❡♥ ❜❡ ❡①t❡♥❞❡❞ t♦ ❛ t❡st s✉✐t❡✳
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❲❡ ♥♦✇ ❞✐s❝✉ss s♦♠❡ ✐♠♣♦rt❛♥t r❡q✉✐r❡♠❡♥ts ❢♦r ❛ t❡st s✉✐t❡✳ ❆ t❡st s✉✐t❡

Ts ✐s ❝❛❧❧❡❞ ❝♦♠♣❧❡t❡ ✐❢ ❢♦r ❛ ❣✐✈❡♥ s♣❡❝✐✜❝❛t✐♦♥ A ∈ HA✿

Sut ≈ A ⇐⇒ Sut ♣❛ss❡s Ts ✭✷✳✸✮

❚❤✐s ♠❡❛♥s t❤❛t ❛ ❝♦♠♣❧❡t❡ t❡st s✉✐t❡ ❝❛♥ ❞✐st✐♥❣✉✐s❤ ❡①❛❝t❧② ❜❡t✇❡❡♥ ❛❧❧

❝♦♥❢♦r♠✐♥❣ ❛♥❞ ♥♦♥✲❝♦♥❢♦r♠✐♥❣ s②st❡♠s✳ ■♥ ♣r❛❝t✐❝❡✱ ✐t ✐s ❣❡♥❡r❛❧❧② ✐♠♣♦s✲

s✐❜❧❡ t♦ ❢✉❧✜❧ t❤✐s r❡q✉✐r❡♠❡♥t✱ ✇❤✐❝❤ ♦❢t❡♥ ✐♥✈♦❧✈❡s ❡①❡❝✉t✐♥❣ ❛♥ ✐♥✜♥✐t❡ t❡st

s✉✐t❡✳ ❆♥♦t❤❡r r❡q✉✐r❡♠❡♥t ✐s s♦✉♥❞♥❡ss✳ ❆ t❡st s✉✐t❡ ✐s s♦✉♥❞ ✐❢ ❛ s②st❡♠

❞♦❡s ♥♦t ♣❛ss t❤❡ t❡st s✉✐t❡✱ t❤❡♥ t❤❡ s②st❡♠ ✐s ♥♦♥✲❝♦♥❢♦r♠✐♥❣✳ ❲❡ ❝❛♥ s❡❡

t❤❛t t❤✐s r❡q✉✐r❡♠❡♥t ✐s ✇❡❛❦❡r t❤❛♥ ❝♦♠♣❧❡t❡♥❡ss✱ s✐♥❝❡ ✐t ❝♦rr❡s♣♦♥❞s ♦♥❧②

t♦ t❤❡ ❧❡❢t✲t♦✲r✐❣❤t ✐♠♣❧✐❝❛t✐♦♥ ✐♥ ✭✷✳✸✮✳

❆❢t❡r ❞❡✜♥✐♥❣ ❛❧❧ t❤❡ ✐♠♣♦rt❛♥t ❝♦♥❝❡♣ts✱ ✐t ♥♦✇ r❡♠❛✐♥s t♦ t❛❝❦❧❡ t❤❡

♣r♦❜❧❡♠ ♦❢ ❣❡♥❡r❛t✐♥❣ t❡st s✉✐t❡s ❢r♦♠ ❛ s♣❡❝✐✜❝❛t✐♦♥ ♠♦❞❡❧✳ ■♥ ♣❛rt✐❝✉❧❛r✱

✇❡ ✇❛♥t t❤❡ t❡st s✉✐t❡s t♦ s❛t✐s❢② t❤❡ s♦✉♥❞♥❡ss r❡q✉✐r❡♠❡♥t✳

❆ ❤②❜r✐❞ ❛✉t♦♠❛t♦♥ ♠✐❣❤t ❤❛✈❡ ❛♥ ✐♥✜♥✐t❡ ♥✉♠❜❡r ♦❢ ✐♥✜♥✐t❡ tr❛❝❡s❀ ❤♦✇✲

❡✈❡r✱ t❤❡ t❡st❡r ❝❛♥ ♦♥❧② ♣❡r❢♦r♠ ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ t❡st ❝❛s❡s ✐♥ ✜♥✐t❡ t✐♠❡✳

❚❤❡r❡❢♦r❡✱ ✇❡ ♥❡❡❞ t♦ s❡❧❡❝t ❛ ✜♥✐t❡ ♣♦rt✐♦♥ ♦❢ t❤❡ ✐♥♣✉t s♣❛❝❡ ♦❢ A ❛♥❞

t❡st t❤❡ ❝♦♥❢♦r♠❛♥❝❡ ♦❢ As ✇✐t❤ r❡s♣❡❝t t♦ t❤✐s ♣♦rt✐♦♥✳ ❚❤❡ s❡❧❡❝t✐♦♥ ✐s

❞♦♥❡ ✉s✐♥❣ ❛ ❝♦✈❡r❛❣❡ ❝r✐t❡r✐♦♥ t❤❛t ✇❡ ❢♦r♠❛❧❧② ❞❡✜♥❡ ✐♥ t❤❡ ♥❡①t ❝❤❛♣t❡r✳

❍❡♥❝❡✱ ♦✉r t❡st✐♥❣ ♣r♦❜❧❡♠ ✐s ❢♦r♠✉❧❛t❡❞ ❛s t♦ ❛✉t♦♠❛t✐❝❛❧❧② ❣❡♥❡r❛t❡ ❛ s❡t

♦❢ t❡st ❝❛s❡s ❢r♦♠ t❤❡ s♣❡❝✐✜❝❛t✐♦♥ ❤②❜r✐❞ ❛✉t♦♠❛t♦♥ t♦ s❛t✐s❢② t❤✐s ❝♦✈❡r❛❣❡

❝r✐t❡r✐♦♥✳

✷✳✹ ❘❡❧❛t❡❞ ✇♦r❦

■♥ ❈❤❛♣t❡r ✶✱ ✇❡ ❤❛✈❡ ♣r❡s❡♥t❡❞ ❛ r❡✈✐❡✇ ♦❢ t❤❡ ♠♦❞❡❧✲❜❛s❡❞ ❝♦♥❢♦r♠❛♥❝❡

t❡st✐♥❣ ❛♣♣r♦❛❝❤❡s ❢♦r ❞✐s❝r❡t❡ ❛♥❞ t✐♠❡❞ s②st❡♠s✳ ❍❡r❡ ✇❡ ♦♥❧② ❞✐s❝✉ss

r❡❧❛t❡❞ ✇♦r❦s ❛❧♦♥❣ t❤✐s ❧✐♥❡ ❢♦r ❤②❜r✐❞ s②st❡♠s✳ ❚❤❡ ♣❛♣❡r ❬✾✵❪ ♣r♦♣♦s❡❞

❛ ❢r❛♠❡✇♦r❦ ❢♦r ❣❡♥❡r❛t✐♥❣ t❡st ❝❛s❡s ❜② s✐♠✉❧❛t✐♥❣ ❤②❜r✐❞ ♠♦❞❡❧s s♣❡❝✐✜❡❞

✉s✐♥❣ t❤❡ ❧❛♥❣✉❛❣❡ ❈❤❛r♦♥ ❬✽❪✳ ■♥ t❤✐s ✇♦r❦✱ t❤❡ t❡st ❝❛s❡s ❛r❡ ❣❡♥❡r❛t❡❞

❜② r❡str✐❝t✐♥❣ t❤❡ ❜❡❤❛✈✐♦rs ♦❢ ❛♥ ❡♥✈✐r♦♥♠❡♥t ❛✉t♦♠❛t♦♥ t♦ ②✐❡❧❞ ❛ ❞❡t❡r✲

♠✐♥✐st✐❝ t❡st✐♥❣ ❛✉t♦♠❛t♦♥✳ ❆ t❡st s✉✐t❡ ❝❛♥ t❤✉s ❜❡ ❞❡✜♥❡❞ ❛s ❛ ✜♥✐t❡ s❡t ♦❢
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❡①❡❝✉t✐♦♥s ♦❢ t❤❡ ❡♥✈✐r♦♥♠❡♥t ❛✉t♦♠❛t♦♥✳ ■t ✐s ♠❡♥t✐♦♥❡❞ ✐♥ t❤❡ ♣❛♣❡r t❤❛t

t♦ ❛❝❤✐❡✈❡ ❛ ❞❡s✐r❡❞ ❝♦✈❡r❛❣❡✱ ♥♦♥✲❞❡t❡r♠✐♥✐s♠ ✐♥ t❤❡ ❡♥✈✐r♦♥♠❡♥t ❛✉t♦♠❛✲

t♦♥ ✐s r❡s♦❧✈❡❞ ❞✉r✐♥❣ t❤❡ t❡st ❣❡♥❡r❛t✐♦♥ ✉s✐♥❣ s♦♠❡ r❛♥❞♦♠✐③❡❞ ❛❧❣♦r✐t❤♠✳

❍♦✇❡✈❡r✱ t❤✐s ❝♦✈❡r❛❣❡ ❛s ✇❡❧❧ ❛s t❤❡ r❛♥❞♦♠✐③❡❞ ❛❧❣♦r✐t❤♠ ✇❡r❡ ♥♦t ❞❡✲

s❝r✐❜❡❞ ✐♥ ❞❡t❛✐❧✳ ❇❡s✐❞❡s t❡st✐♥❣ ❛ r❡❛❧ s②st❡♠✱ ❛♥♦t❤❡r ❣♦❛❧ ♦❢ t❤✐s ✇♦r❦ ✐s

t♦ ❛♣♣❧② t❡sts t♦ ♠♦❞❡❧s✱ ❛s ❛♥ ❛❧t❡r♥❛t✐✈❡ ✈❡r✐✜❝❛t✐♦♥ ♠❡t❤♦❞✳

■♥ ❬✺✾❪✱ t❤❡ t❡st✐♥❣ ♣r♦❜❧❡♠ ✐s ❢♦r♠✉❧❛t❡❞ ❛s t♦ ✜♥❞ ❛ ♣✐❡❝❡✇✐s❡ ❝♦♥st❛♥t

✐♥♣✉t t❤❛t st❡❡rs t❤❡ s②st❡♠ t♦✇❛r❞s s♦♠❡ s❡t✱ ✇❤✐❝❤ r❡♣r❡s❡♥ts ❛ s❡t ♦❢ ❜❛❞

st❛t❡s ♦❢ t❤❡ s②st❡♠s✳

❚♦ ♦✉r ❦♥♦✇❧❡❞❣❡✱ t❤❡r❡ ✐s ♥♦ ♦t❤❡r ✇♦r❦ ✐♥ ❞❡✈❡❧♦♣✐♥❣ ❛ ❢♦r♠❛❧ ❢r❛♠❡✲

✇♦r❦ ❢♦r ❝♦♥❢♦r♠❛♥❝❡ t❡st✐♥❣ t❤❛t ❢♦❧❧♦✇s t❤❡ st❛♥❞❛r❞s ♦❢ ❋▼❈❚ ✭❋♦r♠❛❧

▼❡t❤♦❞s ✐♥ ❈♦♥❢♦r♠❛♥❝❡ ❚❡st✐♥❣✮ ❛s ❝❧♦s❡❧② ❛s t❤❡ ❢r❛♠❡✇♦r❦ ✇❡ ♣r♦♣♦s❡✳
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❈❤❛♣t❡r ✸

❚❡st ❝♦✈❡r❛❣❡

❆ ♠❛❥♦r ♣r♦❜❧❡♠ ✇✐t❤ ❡①t❡♥❞✐♥❣ t❤❡ ❵❝❧❛ss✐❝✬ t❡st✐♥❣ ❛♣♣r♦❛❝❤ t♦ ❤②❜r✐❞

s②st❡♠ ✐s t❤❡ ✐♥✜♥✐t❡♥❡ss ♦❢ t❤❡ ✐♥♣✉t s✐❣♥❛❧ s♣❛❝❡ ❛♥❞ ♦❢ t❤❡ st❛t❡ s♣❛❝❡✳

■♥❞❡❡❞✱ ✐♥ ♣r❛❝t✐❝❡ ✐t ✐s ♦♥❧② ♣♦ss✐❜❧❡ t♦ t❡st t❤❡ s②st❡♠ ✇✐t❤ ❛ ✜♥✐t❡ ♥✉♠❜❡r

♦❢ ✐♥♣✉t ❢✉♥❝t✐♦♥s✱ ❢♦r ❛ ❜♦✉♥❞❡❞ t✐♠❡ ❤♦r✐③♦♥ ❛♥❞✱ ❢✉rt❤❡r♠♦r❡✱ t❤❡ r❡s✉❧ts

❛r❡ ♦♥❧② ✐♥ ❢♦r♠ ♦❢ ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ ✜♥✐t❡ s❡q✉❡♥❝❡s ♦❢ ♣♦✐♥ts ♦♥ tr❛❥❡❝t♦r✐❡s

♦❢ t❤❡ s②st❡♠✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ❛ ❝♦♥t✐♥✉♦✉s✴❤②❜r✐❞ t❡st❡r ❝❛♥♥♦t ♣r♦❞✉❝❡

✐♥ ♣r❛❝t✐❝❡ t❤❡ ♦✉t♣✉t s✐❣♥❛❧s ✇❤✐❝❤ ❛r❡ ❢✉♥❝t✐♦♥s ❢r♦♠ r❡❛❧s t♦ r❡❛❧s ❜✉t

♦♥❧② t❤❡✐r ❛♣♣r♦①✐♠❛t✐♦♥ ✐♥ ❞✐s❝r❡t❡ t✐♠❡✳ ●✐✈❡♥ ❛♥ ❛♥❛❧②s✐s ♦❜❥❡❝t✐✈❡✱ s✉❝❤

❛s t♦ ✈❡r✐❢② ❛ s❛❢❡t② ♣r♦♣❡rt②✱ t❤❡ ❛r✐s✐♥❣ q✉❡st✐♦♥ ✐s t❤✉s ❤♦✇ t♦ ❝❤♦♦s❡

❛♣♣r♦♣r✐❛t❡ ✐♥♣✉t s✐❣♥❛❧s s♦ ❛s ❢✉❧✜❧❧ t❤❡ ❛♥❛❧②s✐s ♦❜❥❡❝t✐✈❡ ❛s ❜❡st ❛s ♣♦ss✐❜❧❡✳

❙✐♥❝❡ ✐t ✐s ✐♠♣♦ss✐❜❧❡ t♦ ❡♥✉♠❡r❛t❡ ❛❧❧ t❤❡ ❛❞♠✐ss✐❜❧❡ ❡①t❡r♥❛❧ ✐♥♣✉ts t♦

t❤❡ ❤②❜r✐❞ s②st❡♠ ✐♥ q✉❡st✐♦♥✱ ♠✉❝❤ ❡✛♦rt ❤❛s ❜❡❡♥ ✐♥✈❡st❡❞ ✐♥ ❞❡✜♥✐♥❣ ❛♥❞

✐♠♣❧❡♠❡♥t✐♥❣ ♥♦t✐♦♥s ♦❢ ❝♦✈❡r❛❣❡ t❤❛t ❣✉❛r❛♥t❡❡✱ t♦ s♦♠❡ ❡①t❡♥t✱ t❤❛t t❤❡

✜♥✐t❡ s❡t ♦❢ ✐♥♣✉t st✐♠✉❧✐ ❛❣❛✐♥st ✇❤✐❝❤ t❤❡ s②st❡♠ ✐s t❡st❡❞ ✐s s✉✣❝✐❡♥t ❢♦r

✈❛❧✐❞❛t✐♥❣ ❝♦rr❡❝t♥❡ss✳ ❚❡st ❝♦✈❡r❛❣❡ ❝r✐t❡r✐❛ ❛r❡ ✐♥❞❡❡❞ ❛ ✇❛② t♦ ❡✈❛❧✉❛t❡

t❤❡ t❡st✐♥❣ q✉❛❧✐t②✱ ♦r t❤❡ ❞❡❣r❡❡ ♦❢ ❢✉❧✜❧❧✐♥❣ t❤❡ ❞❡s✐r❡❞ ❛♥❛❧②s✐s ♦❜❥❡❝t✐✈❡✳

▼♦r❡ ♣r❡❝✐s❡❧②✱ ✐t ✐s ❛ ✇❛② t♦ r❡❧❛t❡ t❤❡ ♥✉♠❜❡r ♦❢ s✐♠✉❧❛t✐♦♥s t♦ ❝❛rr② ♦✉t

✇✐t❤ t❤❡ ❢r❛❝t✐♦♥ ♦❢ t❤❡ s②st❡♠✬s ❜❡❤❛✈✐♦rs ❡✛❡❝t✐✈❡❧② ❡①♣❧♦r❡❞✳

❋♦r ❞✐s❝r❡t❡ s②st❡♠s✱ s♣❡❝✐✜❡❞ ✉s✐♥❣ ♣r♦❣r❛♠♠✐♥❣ ❧❛♥❣✉❛❣❡s ♦r ❤❛r❞✇❛r❡

❞❡s✐❣♥ ❧❛♥❣✉❛❣❡s✱ s♦♠❡ s②♥t❛❝t✐❝ ❝♦✈❡r❛❣❡ ♠❡❛s✉r❡s ❝❛♥ ❜❡ ❞❡✜♥❡❞✱ s✉❝❤ ❛s

✹✸
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st❛t❡♠❡♥t ❝♦✈❡r❛❣❡ ❛♥❞ ✐❢✲t❤❡♥✲❡❧s❡ ❜r❛♥❝❤ ❝♦✈❡r❛❣❡✱ ♣❛t❤ ❝♦✈❡r❛❣❡✱ ❡t❝✳ ■♥

t❤✐s ✇♦r❦✱ ✇❡ tr❡❛t ❝♦♥t✐♥✉♦✉s ❛♥❞ ❤②❜r✐❞ s②st❡♠s t❤❛t ♦♣❡r❛t❡ ✐♥ ❛ ♠❡tr✐❝

s♣❛❝❡ ✭t②♣✐❝❛❧❧② R
n✮ ❛♥❞ ✇❤❡r❡ t❤❡r❡ ✐s ♥♦t ♠✉❝❤ ✐♥s♣✐r❛t✐♦♥ ❝♦♠✐♥❣ ❢r♦♠

t❤❡ s②♥t❛① t♦ t❤❡ ❝♦✈❡r❛❣❡ ✐ss✉❡✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ♠❡tr✐❝ ♥❛t✉r❡ ♦❢

t❤❡ st❛t❡ s♣❛❝❡ ❡♥❝♦✉r❛❣❡s ♠♦r❡ s❡♠❛♥t✐❝ ♥♦t✐♦♥s ♦❢ ❝♦✈❡r❛❣❡✱ ♥❛♠❡❧② t❤❛t

❛❧❧ s②st❡♠ tr❛❥❡❝t♦r✐❡s ❣❡♥❡r❛t❡❞ ❜② t❤❡ ✐♥♣✉t t❡st ♣❛tt❡r♥s ❢♦r♠ ❛ ❦✐♥❞ ♦❢

❞❡♥s❡ ♥❡t✇♦r❦ ✐♥ t❤❡ r❡❛❝❤❛❜❧❡ st❛t❡ s♣❛❝❡ ✇✐t❤♦✉t t♦♦ ♠❛♥② ❜✐❣ ✉♥❡①♣❧♦r❡❞

❵❤♦❧❡s✬✳

❚✇♦ ♠❛✐♥ ❝❤❛❧❧❡♥❣❡s ✐♥ ❞❡✜♥✐♥❣ ❛ t❡st ❝♦✈❡r❛❣❡ ♠❡❛s✉r❡ ❛r❡ t❤❡ ❢♦❧❧♦✇✐♥❣✳

❋✐rst✱ ✐t s❤♦✉❧❞ ❜❡ ♠❡❛♥✐♥❣❢✉❧ t♦ r❡✢❡❝t t❡st✐♥❣ q✉❛❧✐t② ✇✐t❤ r❡s♣❡❝t t♦ ❛ ❣✐✈❡♥

❛♥❛❧②s✐s ♦❜❥❡❝t✐✈❡✳ ❙❡❝♦♥❞✱ ♦♥❡ ♠✉st ❜❡ ❛❜❧❡ t♦ ❝♦♠♣✉t❡ t❤✐s ♠❡❛s✉r❡✳ ■♥

t❤✐s ✇♦r❦✱ ✇✐t❤ ❛ ❢♦❝✉s ♦♥ r❡❛❝❤❛❜✐❧✐t② ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r s❛❢❡t② ♣r♦♣❡rt✐❡s✱ ✇❡

❛r❡ ✐♥t❡r❡st❡❞ ✐♥ ❞❡✜♥✐♥❣ ❛ t❡st ❝♦✈❡r❛❣❡ ♠❡❛s✉r❡ ✇❤✐❝❤ ❞❡s❝r✐❜❡s ❤♦✇ ✇❡❧❧

t❤❡ st❛t❡s ✈✐s✐t❡❞ ❜② ❛ t❡st s✉✐t❡ r❡♣r❡s❡♥t t❤❡ r❡❛❝❤❛❜❧❡ s❡t✳ ❖♥❡ ✇❛② t♦ ❞♦

s♦ ✐s t♦ ❧♦♦❦ ❛t ❤♦✇ ✇❡❧❧ t❤❡ st❛t❡s ❛r❡ ❡q✉✐❞✐str✐❜✉t❡❞ ♦✈❡r t❤❡ r❡❛❝❤❛❜❧❡ s❡t✳

❍♦✇❡✈❡r✱ t❤❡ r❡❛❝❤❛❜❧❡ s❡t ✐s ✉♥❦♥♦✇♥✱ ✇❡ ❝❛♥ ♦♥❧② ❝♦♥s✐❞❡r t❤❡ ❞✐str✐❜✉t✐♦♥

♦❢ t❤❡ ✈✐s✐t❡❞ st❛t❡s ♦✈❡r t❤❡ st❛t❡ s♣❛❝❡ ✭✇❤✐❝❤ ❝❛♥ ❜❡ t❤♦✉❣❤t ♦❢ ❛s t❤❡

♣♦t❡♥t✐❛❧ r❡❛❝❤❛❜❧❡ s♣❛❝❡✮✳

❲❡ ♣r♦♣♦s❡ t✇♦ ♥❡✇ ❝♦✈❡r❛❣❡ ♠❡❛s✉r❡s✳ ❖♥❡ ✐s ❜❛s❡❞ ♦♥ t❤❡ st❛r ❞✐s❝r❡♣✲

❛♥❝② ♥♦t✐♦♥ ❢r♦♠ st❛t✐st✐❝s✱ ❛♥❞ t❤❡ ♦t❤❡r ♦♥ t❤❡ δ✲❝♦✈❡r ♥♦t✐♦♥✳

❚❤❡ ❝❤❛♣t❡r ✐s ♦r❣❛♥✐③❡❞ ✐♥ t✇♦ ♣❛rts✱ ❡❛❝❤ ♦❢ ✇❤✐❝❤ ✐s ❞❡✈♦t❡❞ t♦ ♦♥❡ ♦❢

t❤❡ t✇♦ ❝♦✈❡r❛❣❡ ♠❡❛s✉r❡s✳ ❲❡ ❛❧s♦ s❤♦✇ ❤♦✇ t♦ ❝♦♠♣✉t❡ ❡❛❝❤ ♠❡❛s✉r❡

❛♥❞ ❞✐s❝✉ss ✐ts ♣r♦♣❡rt✐❡s✳ ❇❡❢♦r❡ ❝♦♥❝❧✉❞✐♥❣✱ ✇❡ ❞✐s❝✉ss s♦♠❡ r❡❧❛t❡❞ ✇♦r❦✳

▼♦st ♦❢ t❤❡ r❡s✉❧ts ♣r❡s❡♥t❡❞ ✐♥ t❤✐s ❝❤❛♣t❡r ✇❛s ♣✉❜❧✐s❤❡❞ ✐♥ ❬✼✾❪✳

✸✳✶ ❙t❛r ❞✐s❝r❡♣❛♥❝② ❝♦✈❡r❛❣❡

●❡♦♠❡tr✐❝ ❞✐s❝r❡♣❛♥❝② ✐s ♦❢t❡♥ ❝❛❧❧❡❞ t❤❡ t❤❡♦r② ♦❢ ❵✐rr❡❣✉❧❛r✐t✐❡s ♦❢ ❞✐str✐❜✉✲

t✐♦♥✬✱ ✇❤✐❝❤ ✐s t②♣✐❝❛❧❧② ♠❡❛s✉r❡❞ ✇✐t❤ r❡s♣❡❝t t♦ s♦♠❡ ✉♥❞❡r❧②✐♥❣ ❣❡♦♠❡tr✐❝

s♣❛❝❡✳

❙♦♠❡ ❛r✐s✐♥❣ q✉❡st✐♦♥s ❛r❡✿ ■♥ ✇❤✐❝❤ ✇❛② ❝❛♥ n ♣♦✐♥ts ❜❡ ❡q✉✐❞✐str✐❜✉t❡❞
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✇✐t❤ r❡s♣❡❝t t♦ ❛♥ ✉♥❞❡r❧②✐♥❣ ❣❡♦♠❡tr✐❝ s♣❛❝❡❄ ❍♦✇ ❝❛♥ ✇❡ ♠❡❛s✉r❡ t❤❡

✉♥✐❢♦r♠✐t② ♦❢ ❛ ❣✐✈❡♥ s❡t ♦❢ ♣♦✐♥ts❄

❲❤❡♥ t❤❡ ✉♥❞❡r❧②✐♥❣ s♣❛❝❡ ✐s ❛ ❜♦①✱ t❤✐s ❧❡❛❞s t♦ t❤❡ s♦✲❝❛❧❧❡❞ st❛r✲

❞✐s❝r❡♣❛♥❝②✳ ❚❤❡ ♣♦♣✉❧❛r✐t② ♦❢ t❤✐s ♠❡❛s✉r❡ ✐s ♣❡r❤❛♣s r❡❧❛t❡❞ t♦ t❤❡ ✇❡❧❧✲

❦♥♦✇♥ ❑♦❦s♠❛✲❍❧❛✇❦❛ ✐♥❡q✉❛❧✐t② ✉s❡❞ ✐♥ t❤❡ q✉❛s✐✲▼♦♥t❡ ❈❛r❧♦ t❡❝❤♥✐q✉❡s

✭s❡❡ ❢♦r ❡①❛♠♣❧❡ ❬✶✾❪✮✳ ■t s❤♦✇s t❤❛t ❢♦r ♠✉❧t✐✈❛r✐❛t❡ ✐♥t❡❣r❛t✐♦♥✱ ❛ ❧♦✇ st❛r

❞✐s❝r❡♣❛♥❝② s❡q✉❡♥❝❡s ❛r❡ ❞❡s✐r❛❜❧❡ ❛s ✇❡❧❧ ❛s t❤❡ ❛❧❣♦r✐t❤♠s ♣r♦✈✐❞✐♥❣ s✉❝❤

s❡q✉❡♥❝❡✳

✸✳✶✳✶ ❙t❛r ❞✐s❝r❡♣❛♥❝②

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ❜r✐❡✢② r❡✈✐❡✇ t❤❡ st❛r ❞✐s❝r❡♣❛♥❝② ♥♦t✐♦♥ ❛♥❞ s❤♦✇ ✇❤②

✐t ✐s s✉✐t❛❜❧❡ ❢♦r ❞❡s❝r✐❜✐♥❣ ❛ t❡st ❝♦✈❡r❛❣❡ ♠❡❛s✉r❡ ❢♦r ❝♦♥t✐♥✉♦✉s ❛♥❞ ❤②❜r✐❞

s②st❡♠s✳ ❲❡ ♥❡❡❞ t♦ ✐♥tr♦❞✉❝❡ ✜rst s♦♠❡ ♥♦t❛t✐♦♥s✳

❉❡✜♥✐t✐♦♥ ✶✾ ✭❙✉❜✲❜♦①✮✳ ●✐✈❡♥ ❛ n✲❞✐♠❡♥s✐♦♥❛❧ ❜♦① B = [l1, L1] × . . . ×

[ln, Ln]✱ ✇❡ ❞❡✜♥❡ ❛ s✉❜✲❜♦① ♦❢ B ❛s ❛ ❜♦① ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠ J =
∏n

i=1[li, βi]

✇✐t❤ βi ∈ [li, Li]✳

❋✐❣✉r❡ ✸✳✶ s❤♦✇s ❛♥ ❡①❛♠♣❧❡ t♦ ✐❧❧✉str❛t❡ t❤❡ ❞❡✜♥✐t✐♦♥✳ ❲❡ ❛❧s♦ ✉s❡ t❤❡

♥♦t❛t✐♦♥ Jx t♦ ✐♥❞✐❝❛t❡ ❛ s✉❜✲❜♦① ✇✐t❤ x ❛s ✐ts t♦♣✲r✐❣❤t ✈❡rt❡①✳ ▲❡t ΓB ❜❡

t❤❡ s❡t ♦❢ ❛❧❧ s✉❝❤ s✉❜✲❜♦①❡s ♦❢ B✳

❞

❞

B

(β1, β2)

(l1, l2)

J

(L1, L2)

❋✐❣✉r❡ ✸✳✶✿ ✐❧❧✉str❛t✐♦♥ ♦❢ ❛ s✉❜✲❜♦① J ✳
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❉❡✜♥✐t✐♦♥ ✷✵ ✭❇♦① ♣❛rt✐t✐♦♥✮✳ ❲❡ ❞❡✜♥❡ ❛ ❜♦① ♣❛rt✐t✐♦♥ ♦❢ ❛ ❜♦① B ❛s ❛

s❡t ♦❢ ❜♦①❡s Π = {b1, . . . , bm} s✉❝❤ t❤❛t ∪m
i=1b

i = B ❛♥❞ t❤❡ ✐♥t❡r✐♦rs ♦❢

t❤❡ ❜♦①❡s b
i ❞♦ ♥♦t ✐♥t❡rs❡❝t ✇✐t❤ ❡❛❝❤ ♦t❤❡r✳ ❊❛❝❤ s✉❝❤ ❜♦① ✐s ❝❛❧❧❡❞ ❛♥

❡❧❡♠❡♥t❛r② ❜♦①✳

B

b
+

b

b
−

(α1, α2)

(β1, β2)

(L1, L2)

(l1, l2)

❋✐❣✉r❡ ✸✳✷✿ ■❧❧✉str❛t✐♦♥ ♦❢ t❤❡ ❜♦①❡s b
− ❛♥❞ b

+✳

▲❡t Π ❜❡ ❛ ❜♦① ♣❛rt✐t✐♦♥ ♦❢ t❤❡ ❜♦① B✳ ❲✐t❤ ❡✈❡r② ❡❧❡♠❡♥t❛r② ❜♦① b
i =

[α1, β1]× . . .× [αn, βn] ✐♥ Π✱ ✇❡ ❛ss♦❝✐❛t❡ ❛ ♣❛✐r ♦❢ s✉❜✲❜♦①❡s b
+ = [l1, β1]×

. . .× [ln, βn] ❛♥❞ b
− = [l1, α1]× . . .× [ln, αn]✳ ❋✐❣✉r❡ ✸✳✷ ❣✐✈❡s ❛♥ ✐❧❧✉str❛t✐♦♥

♦❢ t❤❡s❡ ❜♦①❡s✳

❆s ♠❡♥t✐♦♥❡❞ ❡❛r❧✐❡r✱ t❤❡ st❛r ❞✐s❝r❡♣❛♥❝② ✐s ❛ ♠❡❛s✉r❡ ❢♦r t❤❡ ✐rr❡❣✉❧❛r✐t②

♦❢ s❡t ♦❢ ♣♦✐♥ts ✐♥ ❛ ❜♦①✳ ▲❡t P ❜❡ ❛ s❡t ♦❢ k ♣♦✐♥ts ✇✐t❤✐♥ t❤❡ ❜♦① B✱ ✇❤✐❝❤

✇❡ ❝❛❧❧ t❤❡ ❜♦✉♥❞✐♥❣ ❜♦①✱ ❛♥❞ J ❜❡ ❛ s✉❜✲❜♦① ♦❢ B✳

❚❤❡ ❧♦❝❛❧ ❞✐s❝r❡♣❛♥❝② ♦❢ t❤❡ s❡t P ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ s✉❜✲❜♦① J ✐s ❞❡✜♥❡❞

❛s ❢♦❧❧♦✇s✿

D(P, J) = |
A(P, J)

k
−

vol(J)

vol(B)
|.

❉❡✜♥✐t✐♦♥ ✷✶ ✭❙t❛r ❞✐s❝r❡♣❛♥❝②✮✳ ❚❤❡ st❛r ❞✐s❝r❡♣❛♥❝② ♦❢ ❛ ♣♦✐♥t s❡t P

✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❜♦① B ✐s ❞❡✜♥❡❞ ❛s✿

D∗(P,B) = supJ∈ΓB
D(P, J). ✭✸✳✶✮

■t ✐s ♥♦t ❤❛r❞ t♦ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt② ♦❢ t❤❡ st❛r ❞✐s❝r❡♣❛♥❝② ❬✾✷❪✳
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Pr♦♣♦s✐t✐♦♥ ✶✳ ❚❤❡ st❛r ❞✐s❝r❡♣❛♥❝② ♦❢ ❛ ♣♦✐♥t s❡t P ✇✐t❤ r❡s♣❡❝t t♦ ❛ ❜♦①

B s❛t✐s✜❡s

0 < D∗(P,B) ≤ 1.

❆ ❧❛r❣❡ ✈❛❧✉❡ ♦❢ D∗(P,B) ♠❡❛♥s t❤❛t t❤❡ ♣♦✐♥ts ✐♥ P ❛r❡ ♥♦t ♠✉❝❤ ❡q✉✐❞✐s✲

tr✐❜✉t❡❞ ♦✈❡r B✳ ❲❤❡♥ t❤❡ r❡❣✐♦♥ ✐s ❛ ❤②♣❡r✲❝✉❜❡✱ t❤❡ st❛r ❞✐s❝r❡♣❛♥❝②

♠❡❛s✉r❡s ❤♦✇ ❜❛❞❧② t❤❡ ♣♦✐♥t s❡t ❡st✐♠❛t❡ t❤❡ ✈♦❧✉♠❡ ♦❢ t❤❡ ❜♦①✳

r r
r
r
r

rB

(β1, β2)

(l1, l2)

J

(L1, L2)

❋✐❣✉r❡ ✸✳✸✿ t❤❡ st❛r ❞✐s❝r❡♣❛♥❝② ♥♦t✐♦♥✳

❲❡ ♥♦✇ ✐❧❧✉str❛t❡ t❤❡ st❛r ❞✐s❝r❡♣❛♥❝② ♥♦t✐♦♥ ✇✐t❤ ❛ s✐♠♣❧❡ ❡①❛♠♣❧❡ s❤♦✇♥

✐♥ ❋✐❣✉r❡ ✸✳✸✳ ■♥ t❤✐s ❡①❛♠♣❧❡✱ ✇❡ ❤❛✈❡ ❛ s❡t P ♦❢ 6 ♣♦✐♥ts ✐♥s✐❞❡ ❛ t✇♦✲

❞✐♠❡♥s✐♦♥❛❧ ❜♦① B = [l1, L1]×[l2, L2]✳ ❋♦r ❛♥② s✉❜✲❜♦① J ✇✐t❤ ✐ts ❜♦tt♦♠✲❧❡❢t

✈❡rt❡① ❛t (l1, l2) ❛♥❞ ✐ts ❜♦tt♦♠✲r✐❣❤t ✈❡rt❡① ✐♥s✐❞❡ B ✇❡ ❝❛♥ ❞❡t❡r♠✐♥❡✿

• t❤❡ ♥✉♠❜❡r A(P, J) ♦❢ ♣♦✐♥ts ♦❢ t❤❡ s❡t P t❤❛t ❧✐❡ ✐♥s✐❞❡ t❤❡ s✉❜✲❜♦①

J ✳ ■♥ t❤❡ ❡①❛♠♣❧❡ ♦❢ ❋✐❣✉r❡ ✸✳✸✱ A(P, J) = 3✳

• t❤❡ ✈♦❧✉♠❡ vol(J) ♦❢ t❤❡ r❡❝t❛♥❣❧❡ J ✳

❚❤❡ ❧♦❝❛❧ ❞✐s❝r❡♣❛♥❝② ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ s✉❜✲❜♦① J ✐s t❤❡ ❛❜s♦❧✉t❡ ❞✐✛❡r❡♥❝❡

⑤A(P, J)/6 − vol(J)/vol(B)⑤✳ ❚❤❡ st❛r ❞✐s❝r❡♣❛♥❝② D∗(P,B) ✐s ❡q✉❛❧ t♦ t❤❡

❧❛r❣❡st ❧♦❝❛❧ ❞✐s❝r❡♣❛♥❝② ♦❢ ❛❧❧ s✉❝❤ s✉❜✲❜♦①❡s J ♦❢ B✳ ■❢ t❤❡ s❡t P ✐s ✇❡❧❧

❡q✉✐❞✐str✐❜✉t❡❞ ♦✈❡r B✱ t❤❡♥ t❤❡ q✉❛♥t✐t✐❡s A(P,J)
6 ❛♥❞ vol(J)

vol(B) ❛r❡ ♥♦t ♠✉❝❤

❞✐✛❡r❡♥t ❢♦r ❛♥② s✉❜✲❜♦① J ♦❢ B✳ ❚❤✉s✱ t❤❡ st❛r ❞✐s❝r❡♣❛♥❝② ♦❢ ❛ s❡t ♦❢ ♣♦✐♥ts

P ✐s ❛ ♠❡❛s✉r❡ t❤❛t t❡❧❧s ❤♦✇ ❢❛r t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ P ✐s ❢r♦♠ t❤✐s ♣❡r❢❡❝t

s✐t✉❛t✐♦♥✳
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❊①❛♠♣❧❡✳ ❚♦ s❤♦✇♥ ❛♥ ✐♥t✉✐t✐✈❡ ♠❡❛♥✐♥❣ ♦❢ t❤❡ st❛r ❞✐s❝r❡♣❛♥❝②✱ ✇❡ ✉s❡

s♦♠❡ s❡q✉❡♥❝❡s ♦❢ 100 ♣♦✐♥ts ✐♥s✐❞❡ t❤❡ 2✲❞✐♠❡♥s✐♦♥❛❧ ✉♥✐t ❝✉❜❡ ✇✐t❤ t❤❡

❜♦tt♦♠✲❧❡❢t ✈❡rt❡① ❛t t❤❡ ♦r✐❣✐♥✳ ❚❤❡ ✜rst ❡①❛♠♣❧❡ ✐s t❤❡ ❋❛✉r❡ s❡q✉❡♥❝❡ ❬✸✾❪✱

❛ ✇❡❧❧✲❦♥♦✇♥ ❧♦✇✲❞✐s❝r❡♣❛♥❝② s❡q✉❡♥❝❡ ✭s❡❡ ❋✐❣✉r❡ ✸✳✹✮✳

❋✐❣✉r❡ ✸✳✹✿ ❋❛✉r❡ s❡q✉❡♥❝❡ ♦❢ 100 ♣♦✐♥ts✳ ■ts st❛r ❞✐s❝r❡♣❛♥❝② ✈❛❧✉❡ ✐s 0.048✳

❆s ✇❡ ❝❛♥ ♦❜s❡r✈❡ ❢r♦♠ ❋✐❣✉r❡ ✸✳✹✱ t❤✐s s❡t ♦❢ ♣♦✐♥ts ❵❝♦✈❡rs ✇❡❧❧✬ t❤❡ ❝✉❜❡✱

✐♥ t❤❡ s❡♥s❡ t❤❛t t❤❡ ♣♦✐♥ts ❛r❡ ✇❡❧❧ ❡q✉✐❞✐str✐❜✉t❡❞ ♦✈❡r t❤❡ ❜♦①✳ ■ts st❛r

❞✐s❝r❡♣❛♥❝② ✈❛❧✉❡ ✐s 0.048✳

❚❤❡ s❡❝♦♥❞ ❡①❛♠♣❧❡ ✐s t❤❡ ❍❛❧t♦♥ s❡q✉❡♥❝❡ ❬✾✾❪✱ ✇❤✐❝❤ ✐s ❛❧s♦ ❛ ✇❡❧❧✲

❦♥♦✇♥ ❧♦✇ ❞✐s❝r❡♣❛♥❝② s❡q✉❡♥❝❡✳ ❋✐❣✉r❡✸✳✺ s❤♦✇s 100 ♣♦✐♥ts ♦❢ t❤✐s s❡q✉❡♥❝❡

✇✐t❤✐♥ t❤❡ s❛♠❡ ✉♥✐t ❝✉❜❡✳ ❚❤❡ ✈❛❧✉❡ ♦❢ t❤❡ st❛r ❞✐s❝r❡♣❛♥❝② ♦❢ t❤❡ ❍❛❧t♦♥

s❡q✉❡♥❝❡ ✐s ❛❜♦✉t 0.050✱ ♠❡❛♥✐♥❣ t❤❛t t❤❡ ❋❛✉r❡ s❡q✉❡♥❝❡ ✐s s❧✐❣❤t❧② ♠♦r❡

❡q✉✐❞✐str✐❜✉t❡❞ t❤❛♥ t❤❡ ❍❛❧t♦♥ s❡q✉❡♥❝❡✳

❚❤❡ st❛r ❞✐s❝r❡♣❛♥❝② ✈❛❧✉❡s ♦❢ t❤❡s❡ t✇♦ s❡q✉❡♥❝❡s ❛r❡ ❝❧♦s❡ ❛♥❞ ✐♥❞❡❡❞

✈✐s✉❛❧❧②✱ ✐t ✐s ❤❛r❞ t♦ s❡❡ ❢r♦♠ t❤❡ ✜❣✉r❡s ✇❤✐❝❤ ♦♥❡ ♦❢ t❤❡s❡ t✇♦ s❡q✉❡♥❝❡s ❛r❡

❜❡tt❡r ❡q✉✐❞✐str✐❜✉t❡❞✳ ❲❡ ♥♦✇ ❣✐✈❡ ❛♥♦t❤❡r ❡①❛♠♣❧❡ ✇❤✐❝❤ ✐s ❛ s❡q✉❡♥❝❡ ♦❢

100 ♣♦✐♥ts ❣❡♥❡r❛t❡❞ ❜② ❛ ♣s❡✉❞♦✲r❛♥❞♦♠ ❢✉♥❝t✐♦♥ ♣r♦✈✐❞❡❞ ❜② t❤❡ ❈ ❧✐❜r❛r②

s②st❡♠✳ ❚❤✐s s❡q✉❡♥❝❡ ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✸✳✻✮ ❢r♦♠ ✇❤✐❝❤ ✇❡ ❝❛♥ ♦❜s❡r✈❡
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❋✐❣✉r❡ ✸✳✺✿ ❍❛❧t♦♥ s❡q✉❡♥❝❡ ♦❢ 100 ♣♦✐♥ts✳ ❚❤❡ st❛r ❞✐s❝r❡♣❛♥❝② ✈❛❧✉❡ ✐s

0.05✳

t❤❛t t❤✐s s❡q✉❡♥❝❡ ✐s ❧❡ss ❡q✉✐❞✐str✐❜✉t❡❞ ♦✈❡r t❤❡ ❜♦①✳ ❚❤✐s ✐s ❝♦♥✜r♠❡❞ ❜②

✐ts st❛r ❞✐s❝r❡♣❛♥❝② ✈❛❧✉❡ 0.1✱ ✇❤✐❝❤ ✐s ❤✐❣❤❡r t❤❛♥ t❤❛t ♦❢ t❤❡ ❋❛✉r❡ ❛♥❞

❍❛❧t♦♥ s❡q✉❡♥❝❡s✳

❈❧❡❛r❧②✱ t❤❡ st❛r ❞✐s❝r❡♣❛♥❝② ✐s ❛ ♠❡❛♥✐♥❣❢✉❧ ♠❡❛s✉r❡ t❤❛t ❝❛♥ ❝❤❛r❛❝t❡r✐③❡

t❤❡ ✉♥✐❢♦r♠✐t② q✉❛❧✐t② ♦❢ ♣♦✐♥t s❡t ❞✐str✐❜✉t✐♦♥s✳ ❚❤✐s ♠❛❦❡s t❤❡ st❛r ❞✐s✲

❝r❡♣❛♥❝② s✉✐t❛❜❧❡ t♦ ❜❡ ❛ t❡st ❝♦✈❡r❛❣❡ ♠❡❛s✉r❡s ❢♦r ❝♦♥t✐♥✉♦✉s ❛♥❞ ❤②❜r✐❞

s②st❡♠s✳

✸✳✶✳✷ ❚❡st ❝♦✈❡r❛❣❡ ♠❡❛s✉r❡

❆s ❛ t❡st ❝♦✈❡r❛❣❡ ♠❡❛s✉r❡✱ ✇❡ ✉s❡ t❤❡ st❛r ❞✐s❝r❡♣❛♥❝② t♦ ❞❡s❝r✐❜❡ ❤♦✇ ✇❡❧❧

t❤❡ st❛t❡s ✈✐s✐t❡❞ ❜② ❛ t❡st s✉✐t❡ ❛r❡ ❡q✉✐❞✐str✐❜✉t❡❞ ♦✈❡r t❤❡ st❛t❡ s♣❛❝❡ ♦❢

t❤❡ s②st❡♠✳

❙✐♥❝❡ t❤❡ ❤②❜r✐❞ st❛t❡ s♣❛❝❡ ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ s❡t ♦❢ ❝♦♥t✐♥✉♦✉s s♣❛❝❡s✱ ✇❡

❞❡✜♥❡ ✜rst t❤❡ t❡st ❝♦✈❡r❛❣❡ ❢♦r ❡❛❝❤ ❧♦❝❛t✐♦♥ ❛♥❞ t❤❡ ❤②❜r✐❞ t❡st ❝♦✈❡r❛❣❡

❝❛♥ t❤❡♥ ❜❡ ❞❡✜♥❡❞ ❛s t❤❡ ❛✈❡r❛❣❡ ♦❢ t❤❡ ❝♦✈❡r❛❣❡s ♦❢ ❛❧❧ t❤❡ ❧♦❝❛t✐♦♥s✳
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❋✐❣✉r❡ ✸✳✻✿ ❈ ♣s❡✉❞♦✲r❛♥❞♦♠ s❡q✉❡♥❝❡ ♦❢ 100 ♣♦✐♥ts✳ ❚❤❡ st❛r ❞✐s❝r❡♣❛♥❝②

✈❛❧✉❡ ✐s 0.1✳

❲❡ ❞❡♥♦t❡ ❛ s❡t ♦❢ st❛t❡s ♦❢ ❛ ❤②❜r✐❞ ❛✉t♦♠❛t♦♥ A ❛s✿

P = {(q, x) | q ∈ Q ∧ x ∈ Iq} ✭✸✳✷✮

✇❤❡r❡ Q ✐s t❤❡ s❡t ♦❢ ❧♦❝❛t✐♦♥s ♦❢ A ❛♥❞ Iq ✐s t❤❡ st❛②✐♥❣ ❝♦♥❞✐t✐♦♥ ❛ss♦❝✐❛t❡❞

✇✐t❤ t❤❡ ❧♦❝❛t✐♦♥ q✳

❲❡ ❛ss✉♠❡ t❤❛t ❢♦r ❡✈❡r② ❧♦❝❛t✐♦♥ q✱ t❤❡ st❛②✐♥❣ s❡t Iq ✐s ❛ ❜♦① t❤❛t ✇❡

♦❢t❡♥ ❝❛❧❧ t❤❡ ❜♦✉♥❞✐♥❣ ❜♦① ♦❢ t❤❡ ❧♦❝❛t✐♦♥ q✳ ■❢ ❛ s❡t Iq ✐s ♥♦t ❛ ❜♦①✱ ✇❡ ❝❛♥

t❛❦❡ t❤❡ s♠❛❧❧❡st ♦r✐❡♥t❡❞ ❜♦① t❤❛t ❡♥❝❧♦s❡s ✐t✳ ❘❡❝❛❧❧ t❤❛t t❤❡ ith ❝♦♦r❞✐♥❛t❡

♦❢ t❤❡ ♣♦✐♥t x ✐s ❞❡♥♦t❡❞ ❜② xi✳

❉❡✜♥✐t✐♦♥ ✷✷ ✭❈♦✈❡r❛❣❡ ❛t ❛ ❧♦❝❛t✐♦♥✮✳ ❋♦r ❛ ❣✐✈❡♥ s❡t P ♦❢ st❛t❡s ✈✐s✐t❡❞

❜② ❛ t❡st s✉✐t❡ T S✱ t❤❡ ❝♦✈❡r❛❣❡ ♦❢ t❤❡ t❡st s✉✐t❡ T S ❛t ❧♦❝❛t✐♦♥ q ✐s ❞❡✜♥❡❞

❛s✿

Cov(P, q) = 1 − D∗(Pq, Iq) ✭✸✳✸✮

❆ ❧❛r❣❡ ✈❛❧✉❡ ♦❢ Cov(P, q) ✐♥❞✐❝❛t❡ ❛ ❵❣♦♦❞✬ ❡q✉✐❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ s❡t Pq

♦✈❡r t❤❡ ❜♦① s♣❛❝❡ Iq✳
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❉❡✜♥✐t✐♦♥ ✷✸ ✭❍②❜r✐❞ t❡st ❝♦✈❡r❛❣❡✮✳ ❚❤❡ ❤②❜r✐❞ t❡st ❝♦✈❡r❛❣❡ ♦❢ t❤❡ s❡t

P ♦❢ st❛t❡s ✈✐s✐t❡❞ ❜② ❛ t❡st s✉✐t❡ T S ✐s ❞❡✜♥❡❞ ❛s✿

Cov(P) =
1

||Q||

∑

q∈Q

Cov(P, q) ✭✸✳✹✮

✇❤❡r❡ ||Q|| ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❧♦❝❛t✐♦♥s ♦❢ t❤❡ ❤②❜r✐❞ ❛✉t♦♠❛t♦♥ A✳

❚♦ ❝♦♠♣✉t❡ t❤✐s ❝♦✈❡r❛❣❡ ♠❡❛s✉r❡✱ ✇❡ ♥❡❡❞ t♦ ❝♦♠♣✉t❡ t❤❡ st❛r ❞✐s❝r❡♣✲

❛♥❝② ✐♥ ❡❛❝❤ ❧♦❝❛t✐♦♥✳ ❚❤❡ ❡①❛❝t ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ st❛r ❞✐s❝r❡♣❛♥❝② ✐s ♥♦t

❡❛s② ✭s❡❡ ❢♦r ❡①❛♠♣❧❡ ❬✽✵✱ ✸✸❪✮✳ ▼❛♥② t❤❡♦r❡t✐❝❛❧ r❡s✉❧ts ❢♦r ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧

♣♦✐♥t s❡ts ❛r❡ ♥♦t ❣❡♥❡r❛❧✐③❛❜❧❡ t♦ ❤✐❣❤❡r ❞✐♠❡♥s✐♦♥s✱ ❛♥❞ ❛♠♦♥❣ t❤❡ ❢❛st❡st

❛❧❣♦r✐t❤♠s ✇❡ ❝❛♥ ♠❡♥t✐♦♥ t❤❡ ♦♥❡ ♣r♦♣♦s❡❞ ✐♥ ❬✸✸❪ ♦❢ t✐♠❡ ❝♦♠♣❧❡①✐t②

O(k1+d/2)✳ ■♥ t❤✐s ✇♦r❦✱ ✐♥ ♦r❞❡r t♦ ❜❡ ❛❜❧❡ t♦ ❤❛♥❞❧❡ ❤✐❣❤ ❞✐♠❡♥s✐♦♥❛❧

s②st❡♠s✱ ✇❡ ❞♦ ♥♦t tr② t♦ ❝♦♠♣✉t❡ t❤❡ st❛r ❞✐s❝r❡♣❛♥❝② ❜✉t ❛♣♣r♦①✐♠❛t❡

✐t ❜② ❡st✐♠❛t✐♥❣ ❛ ❧♦✇❡r ❛♥❞ ✉♣♣❡r ❜♦✉♥❞✳ ❚❤❡s❡ ❜♦✉♥❞s ❛r❡ t❤❡♥ ✉s❡❞

t♦ ❞❡❝✐❞❡ ✇❤❡t❤❡r t❤❡ ❜♦① b ❤❛s ❜❡❡♥ ❵✇❡❧❧ ❡①♣❧♦r❡❞✬ ♦r ✐t ♥❡❡❞s t♦ ❜❡ ❡①✲

♣❧♦r❡❞ ♠♦r❡✳ ❚❤✐s ❡st✐♠❛t✐♦♥ ✐s ❜❛s❡❞ ♦♥ t❤❡ ♠❡t❤♦❞ ♣✉❜❧✐s❤❡❞ ❜② ❊r✐❝

❚❤✐é♠❛r❞ ❬✾✶✱ ✾✷❪✱ ✇❤✐❝❤ ✇❡ ❝❛❧❧ t❤❡ Thiemard ♠❡t❤♦❞✳

✸✳✶✳✸ ❙t❛r ❞✐s❝r❡♣❛♥❝② ❡st✐♠❛t✐♦♥

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡ ♣r❡s❡♥t t❤❡ Thiemard ♠❡t❤♦❞ ❛♥❞ ✐ts ♠❛✐♥ ♣r♦♣❡rt✐❡s✳

❆❧t❤♦✉❣❤ ✐♥ t❤❡s❡ r❡s✉❧ts t❤❡ ❜♦① B ✐s [0, 1]n✱ ✇❡ ❤❛✈❡ ❡①t❡♥❞❡❞ t♦ t❤❡ ❣❡♥❡r❛❧

❝❛s❡ ✇❤❡r❡ B ❝❛♥ ❜❡ ❛♥② ❢✉❧❧✲❞✐♠❡♥s✐♦♥❛❧ ❜♦①✳

❚❤✐❡♠❛r❞ ♠❡t❤♦❞

●✐✈❡♥ ❛ ❜♦✉♥❞✐♥❣ ❜♦① B✱ ❧❡t Π ❜❡ ❛ ❜♦① ♣❛rt✐t✐♦♥ ♦❢ B ❛♥❞ P ❛ s❡t ♦❢ ♣♦✐♥ts

✐♥s✐❞❡ B✳

❋♦r ❡❛❝❤ ❜♦① b ∈ Π ✇❡ ❞❡✜♥❡ t✇♦ q✉❛♥t✐t✐❡s✿

µc(b) =
A(P, b+)

k
−

vol(b−)

vol(B)
, ✭✸✳✺✮

µo(b) =
vol(b+)

vol(B)
−

A(P, b−)

k
✭✸✳✻✮



✺✷ ❈❍❆P❚❊❘ ✸✳ ❚❊❙❚ ❈❖❱❊❘❆●❊

❲❡ t❤❡♥ ❞❡♥♦t❡ ❜② µm t❤❡ ❧❛r❣❡r ✈❛❧✉❡ ♦❢ µc ❛♥❞ µo✿

µm(b) = max{µc(b), µo(b)} ✭✸✳✼✮

❲❡ ❛❧s♦ ❞❡♥♦t❡✿

c(b) = max{|
A(P, b−)

k
−

vol(b−)

vol(B)
|, |

A(P, b+)

k
−

vol(b+)

vol(B)
|} ✭✸✳✽✮

❚❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ❬✾✷❪ s❤♦✇s ❛ ❧♦✇❡r ❜♦✉♥❞ ❛♥❞ ❛♥ ✉♣♣❡r ❜♦✉♥❞ ♦❢

t❤❡ st❛r ❞✐s❝r❡♣❛♥❝②✳

❚❤❡♦r❡♠ ✶ ✭❇♦✉♥❞s ♦♥ t❤❡ st❛r ❞✐s❝r❡♣❛♥❝② ❬✾✷❪✮✳ ●✐✈❡♥ ❛ ❜♦① ♣❛rt✐t✐♦♥ Π

♦❢ t❤❡ ❜♦① B✱ t❤❡ st❛r ❞✐s❝r❡♣❛♥❝② D∗(P,B) ♦❢ t❤❡ ♣♦✐♥t s❡t P ✇✐t❤ r❡s♣❡❝t

t♦ B s❛t✐s✜❡s✿ C(P,Π) ≤ D∗(P,B) ≤ B(P,Π) ✇❤❡r❡ t❤❡ ✉♣♣❡r ❛♥❞ ❧♦✇❡r

❜♦✉♥❞s B(P,Π) ❛♥❞ C(P,Π) ❛r❡✿

B(P,Π) = max
b∈Π

µm(b) ✭✸✳✾✮

C(P,Π) = max
b∈Π

c(b) ✭✸✳✶✵✮

Pr♦♦❢✳ ❲❡ ♦❜s❡r✈❡ t❤❛t ❢♦r ❛ ❣✐✈❡♥ b ∈ Π ❛♥❞ ❛ ♣♦✐♥t x ∈ b ✇❡ ❤❛✈❡

D(P, Jx) ≤ max{
A(P, b+)

k
−

vol(b−)

vol(B)
,
vol(b+)

vol(B)
−

A(P, b−)

k
}

❚❤✉s✱ ✇❡ ♦❜t❛✐♥

D∗(P,B) ≤ max
b∈Π

{µm(b)}.

❋✐♥❛❧❧②✱ ✐t ✐s ❡❛s② t♦ s❡❡ t❤❛t C(P,Π) = maxb∈Π{c(b)} ✐s ❛ ❧♦✇❡r ❜♦✉♥❞ ♦❢

t❤❡ st❛r ❞✐s❝r❡♣❛♥❝②✳

D(P, Jx) ≤ Maxb∈Π max{
#Pts(P, b+)

k
−

vol(b−)

vol(B)
,
vol(b+)

vol(B)
−

#Pts(P, b−)

k
}



✸✳✶✳ ❙❚❆❘ ❉■❙❈❘❊P❆◆❈❨ ❈❖❱❊❘❆●❊ ✺✸

✸✳✶✳✹ ❊st✐♠❛t✐♦♥ ❡rr♦r

■♥ t❤❡ ♥❡①t s❡❝t✐♦♥ ✇❡ ❞✐s❝✉ss t❤❡ ✐♠♣r❡❝✐s✐♦♥ ♦❢ t❤✐s ❛♣♣r♦①✐♠❛t✐♦♥✱ ✇❤✐❝❤

✐s ❞❡✜♥❡❞ ❛s t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ✉♣♣❡r ❛♥❞ ❧♦✇❡r ❜♦✉♥❞s✳ ■♥❞❡❡❞✱

❛ ❜♦✉♥❞ ♦❢ t❤✐s ❞✐✛❡r❡♥❝❡✱ ✇❤✐❝❤ ❞❡♣❡♥❞s ♦♥ t❤❡ ❜♦① ♣❛rt✐t✐♦♥ Π✱ ❝❛♥ ❜❡

❞❡r✐✈❡❞✳

❉❡✜♥✐t✐♦♥ ✷✹ ✭❲❡✐❣❤t ♦❢ ❛ ❜♦①✮✳ ❲❡ ❞❡✜♥❡ t❤❡ ✇❡✐❣❤t W (b) ♦❢ ❛♥ ❡❧❡♠❡♥✲

t❛r② ❜♦① b = [α1, β1] × . . . × [αn, βn] ∈ Π ❛s t❤❡ ❞✐✛❡r❡♥❝❡ ✐♥ ✈♦❧✉♠❡ ♦❢ t❤❡

t✇♦ s✉❜✲❜♦①❡s b
+ = [l1, β1] × . . . × [ln, βn] ❛♥❞ b

− = [l1, α1] × . . . × [ln, αn]

❞✐✈✐❞❡❞ ❜② t❤❡ t♦t❛❧ ✈♦❧✉♠❡ ♦❢ B

W (b) =
vol(b+) − vol(b−)

vol(B)
✭✸✳✶✶✮

❛♥❞ t❤❡ ✇❡✐❣❤t W (Π) ♦❢ t❤❡ ♣❛rt✐t✐♦♥ Π ✐s

W (Π) = max
b∈Π

W (b) ✭✸✳✶✷✮

≤ maxb∈ΠWeight(b) ✇❤❡r❡ Weight(b) = vol(b+)−vol(b−)
vol(B)

■♥ ❬✾✷❪ t❤❡ ❛✉t❤♦r ♣r♦✈❡❞ t❤❛t t❤❡ ✐♥t❡r✈❛❧ ♦❢ t❤❡ st❛r ❞✐s❝r❡♣❛♥❝② ❜♦✉♥❞s

❝❛♥♥♦t ❜❡ ❧❛r❣❡r t❤❛♥ W (Π)✳

❚❤❡♦r❡♠ ✷ ✭❊rr♦r ❜♦✉♥❞ ❬✾✷❪✮✳ ▲❡t B(P,Π) ❛♥❞ C(P,Π) ❜❡ t❤❡ ✉♣♣❡r ❛♥❞

❧♦✇❡r ❜♦✉♥❞s ✐♥ ✭✸✳✾✮ ❛♥❞ ✭✸✳✶✵✮✳ ❚❤❡♥✱

B(P,Π) − C(P,Π) ≤ W (Π) ✭✸✳✶✸✮

❚❤✉s✱ t♦ ❛❝❤✐❡✈❡ ❛ ❣♦♦❞ ❡st✐♠❛t✐♦♥✱ ♦♥❡ ♥❡❡❞s t♦ ✜♥❞ ❛ ♣❛rt✐t✐♦♥ Π s✉❝❤

t❤❛t t❤❡ ✇❡✐❣❤t W (Π) ✐s s♠❛❧❧✳ ❙✐♥❝❡ t❤❡ ❜♦✉♥❞ ❞❡♣❡♥❞s ♦♥❧② ♦♥ t❤❡ ♣❛r✲

t✐t✐♦♥ Π✱ s♦ t❤❡ W (Π) ✈❛❧✉❡ ❝❛♥ ❜❡ ❛ ✉s❡r✲❞❡✜♥❡❞ ♣❛r❛♠❡t❡r t♦ s♣❡❝✐❢② ❛♥

❡rr♦r t♦❧❡r❛♥❝❡✳

❚❤✐s t❤❡♦r❡♠ ❡①♣r❡ss❡s t❤❡ ✇♦rst ❡st✐♠❛t✐♦♥ ❡rr♦r ♦❢ t❤❡ st❛r ❞✐s❝r❡♣✲

❛♥❝② ✉s✐♥❣ Thiemard ♠❡t❤♦❞✳ ❙✐♥❝❡ W (Π) ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ♣♦✐♥t
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s❡t✱ ♦♥❡ ♠❛② ❝❤♦♦s❡ ❛ s♠❛❧❧ t♦❧❡r❛♥❝❡ ❡rr♦r δ ❛♥❞ ❝♦♥str✉❝t ❛ ♣❛rt✐t✐♦♥ Π

✇✐t❤ W (Π) ≤ δ t♦ ❣✉❛r❛♥t❡❡ ❛♥ ✐♥t❡r✈❛❧ ♦❢ ✇✐❞t❤ ❛t ♠♦st δ ❝♦♥t❛✐♥✐♥❣ t❤❡

❡①❛❝t ✈❛❧✉❡ ♦❢ t❤❡ st❛r ❞✐s❝r❡♣❛♥❝②✳

❚❤❡ ❛❧❣♦r✐t❤♠ ❬✾✷❪ ❢♦r ❝♦♥str✉❝t✐♥❣ ❛ ❧♦✇✲✇❡✐❣❤t ❜♦① ♣❛rt✐t✐♦♥ ❣❡♥❡r❛t❡s

❛ ♥✉♠❜❡r ♦❢ ❜♦①❡s ❡①♣♦♥❡♥t✐❛❧ ✐♥ t❤❡ ❞✐♠❡♥s✐♦♥✳ ❚❤✐s ♠❛❦❡s t❤❡ ♠❡t❤♦❞

✈❡r② t✐♠❡ ❛♥❞ ♠❡♠♦r② ❝♦♥s✉♠✐♥❣✳ ■♥❞❡❡❞✱ ❛s ✇❡ ✇✐❧❧ s❤♦✇ ❧❛t❡r✱ ✐♥ ♦✉r

❝♦✈❡r❛❣❡✲❣✉✐❞❡❞ t❡st ❣❡♥❡r❛t✐♦♥ ❛❧❣♦r✐t❤♠✱ ✇❡ ❞♦ ♥♦t tr② t♦ ❡st✐♠❛t❡ t❤❡

st❛r ❞✐s❝r❡♣❛♥❝② ♣r❡❝✐s❡❧② ✐♥ ❡❛❝❤ ✐t❡r❛t✐♦♥✱ ❜✉t t♦ ✉s❡ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ❢r♦♠

❛♥ ✐♥❝r❡♠❡♥t❛❧ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ❝♦✈❡r❛❣❡ ✐♥ ♦r❞❡r t♦ ❣✉✐❞❡ t❤❡ ❡①♣❧♦r❛t✐♦♥✳

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡ s❤♦✇ ❛♥ ✐♥t❡r❡st✐♥❣ ♣r♦♣❡rt② ♦❢ t❤❡ ❡st✐♠❛t✐♦♥✳ ❚❤✐s

♣r♦♣❡rt② ✐♥✈♦❧✈❡s t❤❡ ❧♦❝❛❧ ❡rr♦r ❛t ❡❛❝❤ ❡❧❡♠❡♥t❛r② ❜♦①✳ ❚❤✐s ♣r♦♣❡rt② ✇✐❧❧

❜❡ ✉s❡❞ ✐♥ t❤❡ ♠❡t❤♦❞ ♦❢ ❣✉✐❞✐♥❣ t❤❡ t❡st ❣❡♥❡r❛t✐♦♥ ❜❛s❡❞ ♦♥ t❤❡ ❝♦✈❡r❛❣❡✳

▲❡♠♠❛ ✷ ✭▲♦❝❛❧ ❡rr♦r✮✳ ❋♦r ❛♥② ❜♦① b ✐♥ t❤❡ ✜♥✐t❡ ♣❛rt✐t✐♦♥ Π ♦❢ t❤❡

❜♦✉♥❞✐♥❣ ❜♦① B✱ ✇❡ ❤❛✈❡

µm(b) − c(b) ≤ W (b) ✭✸✳✶✹✮

Pr♦♦❢✳ ❋✐rst ✇❡ ♦❜s❡r✈❡ t❤❛t ❢♦r ❡❛❝❤ b ∈ Π✱ ✇❡ ❤❛✈❡

µo(b) = W (b) +
vol(b−)

vol(B)
−

A(P, b−)

k
✭✸✳✶✺✮

❈♦♠❜✐♥✐♥❣ t❤❡ ❛❜♦✈❡ ✇✐t❤ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❧♦❝❛❧ ❞✐s❝r❡♣❛♥❝② D(P, b−)

♦❢ b
− ✐♥ ✭✸✳✸✵✮ ❛♥❞ ❛❢t❡r t❤❡ str❛✐❣❤t❢♦r✇❛r❞ ❝❛❧❝✉❧❛t✐♦♥s ✇❡ ♦❜t❛✐♥

µo(b) ≤ W (b) + D(P, b−) ✭✸✳✶✻✮

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❡ ❤❛✈❡✿

µc(b) = W (b) −
vol(b+)

vol(B)
+

A(P, b+)

k

▲✐❦❡✇✐s❡✱ ❝♦♠❜✐♥✐♥❣ t❤❡ ❛❜♦✈❡ ✇✐t❤ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❧♦❝❛❧ ❞✐s❝r❡♣❛♥❝②

D(P, b+) ♦❢ b
+ ✐♥ ✭✸✳✸✵✮✱ ✇❡ ♦❜t❛✐♥

µc(b) ≤ W (b) + D(P, b+) ✭✸✳✶✼✮
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❙✐♥❝❡ t❤❡ ❧♦✇❡r ❜♦✉♥❞ ♦❢ t❤❡ ❧♦❝❛❧ ❞✐s❝r❡♣❛♥❝② ✇✳r✳t✳ t❤❡ ❜♦① b

c(b) = max{D(P, b+), D(P, b−)} ✭✸✳✶✽✮

❚❤✉s ✇❡ ♦❜t❛✐♥

µm(b) − c(b) ≤ W (b) ✭✸✳✶✾✮

✸✳✶✳✺ ❈♦✈❡r❛❣❡ ❡st✐♠❛t✐♦♥

●✐✈❡♥ ❛ ❧♦❝❛t✐♦♥ q ∈ Q✱ ✇❡ ❝❛♥ ❛♣♣r♦①✐♠❛t❡ t❤❡ ❝♦✈❡r❛❣❡ ❛t q ♦❢ t❤❡ s❡t P

♦❢ st❛t❡s ❛s ❢♦❧❧♦✇s✿

Cov(P, q) = 1 −
B(Pq,Πq) + C(Pq,Πq)

2
✭✸✳✷✵✮

✇❤❡r❡ B(Pq,Πq) ❛♥❞ C(Pq,Πq)✮ ❛r❡ r❡s♣❡❝t✐✈❡❧② t❤❡ ✈❛❧✉❡s ♦❢ t❤❡ ✉♣♣❡r ❛♥❞

❧♦✇❡r ❜♦✉♥❞s ♦❢ t❤❡ st❛r ❞✐s❝r❡♣❛♥❝② ♦❢ t❤❡ s❡t Pq ✇✳r✳t✳ t❤❡ st❛②✐♥❣ s❡t Iq✳

❲❡ ✐♠♣♦s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ ♣❛rt✐t✐♦♥s ♦❢ t❤❡ ❧♦❝❛t✐♦♥s✳ ❋♦r

❡❛❝❤ ♣❛✐r ♦❢ ❧♦❝❛t✐♦♥s q, p ∈ Q s✉❝❤ t❤❛t q 6= p✱ ✇❡ ❤❛✈❡ ✿

W (Πq) = W (Πp) ✭✸✳✷✶✮

❲✐t❤♦✉t t❤✐s ❝♦♥❞✐t✐♦♥✱ t❤❡ ❝♦✈❡r❛❣❡ ❡st✐♠❛t✐♦♥ ❛t t✇♦ ❞✐✛❡r❡♥t ❧♦❝❛t✐♦♥s

♠✐❣❤t ❣✐✈❡ ♠✐s❧❡❛❞✐♥❣ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t ✇❤✐❝❤ ❧♦❝❛t✐♦♥ ✐s ❜❡tt❡r ❡①♣❧♦r❡❞

❜❡❝❛✉s❡ t❤❡✐r st❛r ❞✐s❝r❡♣❛♥❝② ✈❛❧✉❡s ❛r❡ ♥♦t ❡st✐♠❛t❡❞ ✇✐t❤ t❤❡ s❛♠❡ ♣r❡✲

❝✐s✐♦♥✳ ❙✐♥❝❡ ✇❡ ✇❛♥t t♦ ✉s❡ t❤❡ ❝♦✈❡r❛❣❡ ♠❡❛s✉r❡ t♦ ❣✉✐❞❡ t❤❡ t❡st ❝❛s❡

❣❡♥❡r❛t✐♦♥✱ ❛ ❧❛r❣❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ♣❛rt✐t✐♦♥ ✇❡✐❣❤ts ♠✐❣❤t ✇r♦♥❣❧②

❞❡✈✐❛t❡ t❤❡ ❡①♣❧♦r❛t✐♦♥✳

✸✳✷ ❈♦✈❡r❛❣❡ ♠❡❛s✉r❡ ✉s✐♥❣ δ✲❝♦✈❡r

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ✐♥tr♦❞✉❝❡ ❛♥♦t❤❡r ❝♦✈❡r❛❣❡ ♠❡❛s✉r❡✱ ✇❤✐❝❤ ✐s ❞❡✜♥❡❞ ✉s✲

✐♥❣ ❛ ❝♦♠♣❛r✐s♦♥ ✇✐t❤ ❛ r❡❢❡r❡♥❝❡ ♣♦✐♥t s❡t t❤❛t ❢♦r♠s ❛ δ✲❝♦✈❡r ♦✈❡r t❤❡
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r❡❣✐♦♥ ♦❢ ✐♥t❡r❡st✳ ■♥ ♦r❞❡r t♦ ❡①♣❧❛✐♥ t❤❡ ♠♦t✐✈❛t✐♦♥ ♦❢ ✐♥tr♦❞✉❝✐♥❣ t❤✐s

❛❧t❡r♥❛t✐✈❡ ❝♦✈❡r❛❣❡ ♠❡❛s✉r❡✱ ✇❡ ✜rst ✐❧❧✉str❛t❡ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡

st❛r ❞✐s❝r❡♣❛♥❝② ❛♥❞ δ✲❝♦✈❡r ✈✐❛ s♦♠❡ ❝♦♥❝r❡t❡ ❡①❛♠♣❧❡s✳

❲❡ ❝♦♥s✐❞❡r ❛ s❡t ♦❢ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ♣♦✐♥ts✿

P = {(0.25, 0.25), (0.5, 0.5), (0.75, 0.25), (0.25, 0.75), (0.75, 0.75)}

✐♥s✐❞❡ t❤❡ ❜♦✉♥❞✐♥❣ ❜♦① B = [0, 1] × [0, 1]✱ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✸✳✼✮✳

❋✐❣✉r❡ ✸✳✼✿ ❚❤❡ ♣♦✐♥t s❡t P ✳

❚❤❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ st❛r ❞✐s❝r❡♣❛♥❝② ♦❢ t❤❡ s❡t P ✇✳r✳t✳ B✱

✉s✐♥❣ t❤❡ Thiemard ♠❡t❤♦❞✱ ❣✐✈❡s✿ D∗(P,B) ≃ 0.347✳ ❆♥ ❛r✐s✐♥❣ q✉❡st✐♦♥ ✐s

❤♦✇ t❤❡ st❛r ❞✐s❝r❡♣❛♥❝② ❝❤❛♥❣❡s ✇❤❡♥ ✇❡ ❛❞❞ ♠♦r❡ ♣♦✐♥ts ✐♥ P ✳ ❲❡ ❝♦♥s✐❞❡r

❛ ♥♦♥✲❡♠♣t② s❡t Q ♦❢ ♣♦✐♥ts ✐♥s✐❞❡ B t❤❛t ❞♦❡s ♥♦t ❝♦♥t❛✐♥ ❛♥② ♣♦✐♥ts ♦❢ P ✳

❚❤❡ ❡st✐♠❛t✐♦♥ r❡s✉❧ts s❤♦✇ t❤❛t t❤❡ st❛r ❞✐s❝r❡♣❛♥❝② D∗(P ∪ Q,B) ♦❢ t❤❡

✉♥✐♦♥ P ∪ Q ♠✐❣❤t ❜❡ ❧❛r❣❡r ♦r s♠❛❧❧❡r t❤❛t t❤❛t ♦❢ P ✳

❋♦r ❡①❛♠♣❧❡✱ ❢♦r t❤❡ ❢♦❧❧♦✇✐♥❣ s❡t Q✱ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✸✳✽✱

Q = {(0.06, 0.06), (0.12, 0.12), (0.06, 0.12), (0.12, 0.06)

t❤❡ ✈❛❧✉❡ ♦❢ D∗(P ∪ Q,B) ≃ 0.493✳ ❚❤❡r❡❢♦r❡✱ ❛❞❞✐♥❣ t❤✐s s❡t Q ✐♥ P ✐♥✲

❝r❡❛s❡s t❤❡ st❛r ❞✐s❝r❡♣❛♥❝② ♦❢ P ✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❡❛s✐❧② ✉♥❞❡rst♦♦❞ ❜❡❝❛✉s❡

t❤❡ s❡t Q ✐s ♥♦t ✇❡❧❧ ❡q✉✐❞✐str✐❜✉t❡❞ ♦✈❡r t❤❡ ❜♦① B✳ ❍♦✇❡✈❡r✱ ❢r♦♠ ❛ ✈❡r✲

✐✜❝❛t✐♦♥ ♣♦✐♥t ♦❢ ✈✐❡✇✱ t❤❡ ✉♥✐♦♥ P ∪ Q ♣r♦✈✐❞❡s ♠♦r❡ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t

t❤❡ ❝♦rr❡❝t♥❡ss ♦❢ t❤❡ s②st❡♠ t❤❛♥ t❤❡ s❡t P ✳ ❋✉rt❤❡r♠♦r❡✱ ❣❡♦♠❡tr✐❝❛❧❧②

s♣❡❛❦✐♥❣✱ t❤❡ s❡t P ∪ Q ✧❝♦✈❡rs ♠♦r❡ s♣❛❝❡✧ t❤❛♥ t❤❡ s❡t P ✳ ❚❤✐s ♠❡❛♥s

t❤❛t t❤❡ st❛r ❞✐s❝r❡♣❛♥❝② ❛❧❧♦✇s t♦ ❝♦♠♣❛r❡ t❤❡ s♣❛❝❡ ❝♦✈❡r❛❣❡ q✉❛❧✐t② ❜❡✲

t✇❡❡♥ t❤❡ ♣♦✐♥t s❡ts ♦❢ t❤❡ s❛♠❡ ❝❛r❞✐♥❛❧✐t②❀ ✐t ❤♦✇❡✈❡r ♠❛② ❣✐✈❡ ♠✐s❧❡❛❞✐♥❣
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❝♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ t❤❡ s❡ts ♦❢ ❞✐✛❡r❡♥t ❝❛r❞✐♥❛❧✐t✐❡s✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡

✐♥tr♦❞✉❝❡ ❛♥♦t❤❡r t❡st ❝♦✈❡r❛❣❡ ♠❡❛s✉r❡✱ ✇❤✐❝❤ ✐♥❞❡❡❞ ❞♦❡s ♥♦t s✉✛❡r ❢r♦♠

t❤✐s ♣r♦❜❧❡♠✳ ■t ✐s ❞❡✜♥❡❞ ✉s✐♥❣ t❤❡ δ✲❝♦✈❡r ♥♦t✐♦♥ t❤❛t ✇❡ ❡①♣❧❛✐♥ ✐♥ t❤❡

❢♦❧❧♦✇✐♥❣✳

❋✐❣✉r❡ ✸✳✽✿ ❚❤❡ s❡t P ∪ Q✳

✸✳✷✳✶ δ✲❝♦✈❡r ♥♦t✐♦♥

❲❡ ✜rst ❜r✐❡✢② r❡✈✐❡✇ t❤❡ ♥♦t✐♦♥ ♦❢ δ✲❝♦✈❡rs✳ ❋♦r ❛ ♠♦r❡ ❞❡t❛✐❧❡❞ ❞❡s❝r✐♣t✐♦♥

♦❢ t❤✐s ♥♦t✐♦♥✱ t❤❡ r❡❛❞❡r ✐s r❡❢❡rr❡❞ t♦ ❬✼✹✱ ✸✹✱ ✺✶❪✳ ❲❡ r❡♠❛r❦ t❤❛t✱ ❧✐❦❡ t❤❡

st❛r ❞✐s❝r❡♣❛♥❝②✱ t❤❡ δ✲❝♦✈❡r ♥♦t✐♦♥ ✇❛s ❛❧s♦ ✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡ st✉❞② ♦❢ t❤❡

✇♦rst ❝❛s❡ ❡rr♦r ♦❢ ♠✉❧t✐✈❛r✐❛t❡ ✐♥t❡❣r❛t✐♦♥ ❬✸✺✱ ✺✵✱ ✼✹❪✳

❆❣❛✐♥✱ ✇❡ ❝♦♥s✐❞❡r ❛ ❜♦① B ⊆ R
n✱ ✇❤✐❝❤ ✇❡ ❝❛❧❧ t❤❡ ❜♦✉♥❞✐♥❣ ❜♦①✱ ❛♥❞ ❛

r❡❛❧ ♥✉♠❜❡r δ > 0✳ ❚❤❡ ❜♦tt♦♠✲❧❡❢t ✈❡rt❡① ♦❢ B ✐s ❞❡♥♦t❡❞ ❜② bot(B)✳ ●✐✈❡♥

t✇♦ ♣♦✐♥ts x, y ∈ R
n✱ ✇❡ ❞❡✜♥❡ ❛ ♣❛rt✐❛❧ ♦r❞❡r ❜❡t✇❡❡♥ t❤❡♠ ❛s ❢♦❧❧♦✇s✿

x � z ✐✛ ❢♦r ❛❧❧ i ∈ {1, .., n} : xi ≤ zi

❉❡✜♥✐t✐♦♥ ✷✺ ✭δ✲❝♦✈❡r✐♥❣ ❜♦①✮✳ ❆ ♣❛✐r (x, z) ♦❢ ♣♦✐♥ts ✐♥ B ❢♦r♠s ❛ δ✲

❝♦✈❡r✐♥❣ ♣❛✐r ✐❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❛r❡ s❛t✐s✜❡❞✿

✶✳ x � z

✷✳
vol(Jz) − vol(Jx)

vol(B)
≤ δ✳

❚❤❡ ❜♦① ✇✐t❤ x ❛♥❞ z ❛s ✐ts ❜♦tt♦♠✲❧❡❢t ❛♥❞ t♦♣✲r✐❣❤t ✈❡rt✐❝❡s✱ ❞❡♥♦t❡❞ ❜②

✷(x, z)✱ ✐s ❝❛❧❧❡❞ ❛ δ✲❝♦✈❡r✐♥❣ ❜♦①✳
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❲❡ r❡❝❛❧❧ t❤❛t ✐♥ t❤❡ ❛❜♦✈❡ ❞❡✜♥✐t✐♦♥✱ Jx ✐s ❛ ❜♦① t❤❛t ❤❛s t❤❡ s❛♠❡

❜♦tt♦♠✲❧❡❢t ✈❡rt❡① ❛s B✱ ❛♥❞ x ✐s ✐ts t♦♣✲r✐❣❤t ✈❡rt❡①❀ vol(Jx) ✐s t❤❡ ✈♦❧✉♠❡

♦❢ Jx✳

❉❡✜♥✐t✐♦♥ ✷✻ ✭δ✲❝♦✈❡r ✮✳ ❆ ✜♥✐t❡ s❡t P ♦❢ ♣♦✐♥ts ✐♥s✐❞❡ B ✐s ❝❛❧❧❡❞ ❛ δ✲❝♦✈❡r

♦❢ B ✐❢ ❢♦r ❡✈❡r② y ∈ B t❤❡r❡ ❡①✐st x, z ∈ P ∪ bot(B) s✉❝❤ t❤❛t y ∈ ✷(x, z)

❛♥❞ ✷(x, z) ✐s ❛ δ✲❝♦✈❡r✐♥❣ ❜♦①✳ ❚❤❡ ♥✉♠❜❡r ♦❢ ♣♦✐♥ts ✐♥ P ✐s ❝❛❧❧❡❞ t❤❡

❝❛r❞✐♥❛❧✐t② ♦❢ t❤❡ ❝♦✈❡r✳

❲❡ r❡❝❛❧❧ t❤❛t ✷(x, z) ❞❡♥♦t❡s t❤❡ ❜♦① ✇✐t❤ x ❛s ✐ts ❜♦tt♦♠ ❧❡❢t ✈❡rt❡① ❛♥❞

z ✐ts t♦♣ r✐❣❤t ✈❡rt❡①✳

■♥t✉✐t✐✈❡❧②✱ ❢♦r ❛♥② ♣♦✐♥t y ✐♥ t❤❡ ❜♦① B✱ ✇❡ ❝❛♥ ✜♥❞ ❛ δ✲❝♦✈❡r✐♥❣ ♣❛✐r ✐♥

P s✉❝❤ t❤❛t t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝♦✈❡r✐♥❣ ❜♦① ❝♦♥t❛✐♥s y✳ ■t ✐s ❡❛s② t♦ s❡❡ t❤❛t

✐❢ ❛ ♣♦✐♥t s❡t P ✐s ❛ δ✲❝♦✈❡r ♦❢ ❛ ❜♦① B✱ t❤❡♥ t❤❡ s❡t r❡s✉❧t✐♥❣ ❢r♦♠ ❛❞❞✐♥❣

♣♦✐♥ts ✐♥ P ✐s ❛❧s♦ ❛ δ✲❝♦✈❡r ♦❢ B✳

❊①❛♠♣❧❡✳ ▲❡t m ❜❡ ❛ str✐❝t❧② ♣♦s✐t✐✈❡ ♥❛t✉r❛❧ ♥✉♠❜❡r✳ ❲❡ ❝♦♥s✐❞❡r ❛

r❡❣✉❧❛r ❣r✐❞ ♦❢ s✐③❡ 1/m ♦✈❡r t❤❡ ❜♦① B = [0, 1]n✳ ❚❤❡ r❡s✉❧t✐♥❣ s❡t ♦❢ ❛❧❧

❣r✐❞ ♣♦✐♥ts {1/m, 2/m, · · · , 1}n ✐s ❛ δ✲❝♦✈❡r ♦❢ B✱ ✇❤❡r❡ m = ⌈n/δ⌉✳ ❚❤❡

❝❛r❞✐♥❛❧✐t② ♦❢ t❤✐s s❡t ♦❢ ♣♦✐♥t ✐s mn✳ ■t ✐s ✐♠♣♦rt❛♥t t♦ ♥♦t❡ t❤❛t t❤✐s δ✲

❝♦✈❡r ✐s ♥♦t ♠✐♥✐♠❛❧ ✐♥ t❤❡ s❡♥s❡ t❤❛t t❤❡r❡ ❛r❡ ♦t❤❡r δ✲❝♦✈❡rs✇✐t❤ s♠❛❧❧❡r

❝❛r❞✐♥❛❧✐t✐❡s✳

❚❤✐s δ✲❝♦✈❡r ❝❛♥ ❜❡ ✉s❡❞ ❛s ❛ r❡❢❡r❡♥❝❡ ♣♦✐♥t s❡t t♦ ♠❡❛s✉r❡ t❤❡ ❝♦✈❡r❛❣❡

♦❢ t❤❡ ♣♦✐♥t s❡ts ❣❡♥❡r❛t❡❞ ❜② t❤❡ t❡st s✉✐t❡s✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡ ✐♥tr♦❞✉❝❡

❛ ♥♦t✐♦♥ t♦ ❝❤❛r❛❝t❡r✐③❡ ❤♦✇ ♠✉❝❤ t❤❡ ❞✐str✐❜✉t✐♦♥s ♦❢ t✇♦ ♣♦✐♥t s❡ts✱ ✇❤✐❝❤

✇❡ ❝❛❧❧ t❤❡ ❞✐s♣❛r✐t② ❜❡t✇❡❡♥ t✇♦ ♣♦✐♥t s❡ts✳

✸✳✷✳✷ ❉✐s♣❛r✐t② ❜❡t✇❡❡♥ t✇♦ ♣♦✐♥t s❡ts

❚❤❡ ♥♦t✐♦♥ ♦❢ ❞✐s♣❛r✐t② ❜❡t✇❡❡♥ t✇♦ ♣♦✐♥t s❡ts t❤❛t ✇❡ ❞❡✈❡❧♦♣ ❤❡r❡ ✐s ✐♥✲

s♣✐r❡❞ ❜② t❤❡ st❛r ❞✐s❝r❡♣❛♥❝② ❞❡✜♥✐t✐♦♥✳ ■♥❞❡❡❞✱ ❜② ❞❡✜♥✐t✐♦♥✱ t❤❡ st❛r

❞✐s❝r❡♣❛♥❝② ♦❢ ❛ s❡t P ✇✳r✳t✳ t❤❡ ❜♦① B ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ ❝♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥

P ❛♥❞ ❛♥ ❵✐❞❡❛❧✬ ✐♥✜♥✐t❡ s❡t ♦❢ ♣♦✐♥ts ❞✐str✐❜✉t❡❞ ❛❧❧ ♦✈❡r B✳
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●✐✈❡♥ t✇♦ s❡ts P ❛♥❞ Q ♦❢ ♣♦✐♥ts ✐♥s✐❞❡ B✱ t❤❡ disparity ❜❡t✇❡❡♥ P ❛♥❞

Q ✐s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✳ ▲❡t J ❜❡ ❛ s✉❜✲❜♦① ♦❢ B✱ ✇❡ ❞❡✜♥❡ t❤❡ ❧♦❝❛❧ ❞✐s♣❛r✐t②

❜❡t✇❡❡♥ P ❛♥❞ Q ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ s✉❜✲❜♦① J ❛s✿

γ(P,Q, J) = |
A(P, J)

||P ||
−

A(Q, J)

||Q||
| ✭✸✳✷✷✮

✇❤❡r❡ A(P, J) ✐s t❤❡ ♥✉♠❜❡r ♦❢ ♣♦✐♥ts ♦❢ P ✐♥s✐❞❡ J ✳

❉❡✜♥✐t✐♦♥ ✷✼ ✭❉✐s♣❛r✐t②✮✳ ❚❤❡ ❞✐s♣❛r✐t② ❜❡t✇❡❡♥ P ❛♥❞ Q ✇✐t❤ r❡s♣❡❝t t♦

t❤❡ ❜♦✉♥❞✐♥❣ ❜♦① B ✐s ❞❡✜♥❡❞ ❛s✿

γ∗(P,Q,B) = supJ∈ΓB
γ(P,Q, J) ✭✸✳✷✸✮

❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ✐s ❛ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❛❜♦✈❡ ❞❡✜♥✐t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✸✳ ❚❤❡ ❞✐s♣❛r✐t② ❜❡t✇❡❡♥ P ❛♥❞ Q ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❜♦✉♥❞✐♥❣

❜♦① B s❛t✐s✜❡s

0 < γ∗(P,Q,B) ≤ 1.

❆ s♠❛❧❧ ✈❛❧✉❡ γ∗(P,Q,B) ♠❡❛♥s t❤❛t t❤❡ ❞✐str✐❜✉t✐♦♥s ♦❢ t❤❡ s❡ts P ❛♥❞

Q ♦✈❡r t❤❡ ❜♦① B ❛r❡ ❵s✐♠✐❧❛r✬✳

❚❤❡ ❡①❛❝t ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❞✐s♣❛r✐t② ✐s ❛s ❤❛r❞ ❛s t❤❡ ❡①❛❝t ❝♦♠♣✉t❛t✐♦♥

♦❢ t❤❡ st❛r ❞✐s❝r❡♣❛♥❝②✱ ✇❤✐❝❤ ✐s ❞✉❡ t♦ t❤❡ ✐♥✜♥✐t❡ ♥✉♠❜❡r ♦❢ t❤❡ s✉❜✲❜♦①❡s✳

■♥ t❤❡ s❡❝t✐♦♥ ✸✳✷✳✹ ✇❡ ♣r♦♣♦s❡ ❛♥ ❡st✐♠❛t✐♦♥ ❜② t❤❡ ❧♦✇❡r ❛♥❞ ✉♣♣❡r ❜♦✉♥❞

❢♦r t❤✐s ♥❡✇ ♠❡❛s✉r❡✳

❊①❛♠♣❧❡✳ ■♥ ♦r❞❡r t♦ ✐❧❧✉str❛t❡ ♦✉r ♥♦t✐♦♥ ♦❢ ❞✐s♣❛r✐t② ✱ ❧❡t ❝♦♥s✐❞❡r ❛❣❛✐♥

t❤❡ t❤r❡❡ s❡q✉❡♥❝❡s ♦❢ ♣♦✐♥ts✳ ❆s ♠❡♥t✐♦♥❡❞ ❡❛r❧✐❡r✱ t❤❡ st❛r ❞✐s❝r❡♣❛♥❝②

✈❛❧✉❡s ♦❢ t❤❡ ❋❛✉r❡ ❛♥❞ t❤❡ ❍❛❧t♦♥ s❡q✉❡♥❝❡s ❛r❡ ❝❧♦s❡ t♦ ❡❛❝❤ ♦t❤❡r✳ ■♥

❋✐❣✉r❡ ✸✳✾ ✇❡ s❤♦✇ t❤❡ t✇♦ s❡q✉❡♥❝❡s ✐♥ t❤❡ s❛♠❡ ❢r❛♠❡ t♦ s❤♦✇ ✐❧❧✉str❛t❡

t❤❡✐r ❞✐s♣❛r✐t②✳ ❚❤❡ ❞✐s♣❛r✐t② ❜❡t✇❡❡♥ t❤❡ t✇♦ s❡ts ♦❢ t❤✐s ❡①❛♠♣❧❡ ✐s 0.06✱

✐♥❞✐❝❛t✐♥❣ t❤❛t t❤❡ ❍❛❧t♦♥ ❛♥❞ t❤❡ ❋❛✉r❡ s❡q✉❡♥❝❡s ❤❛✈❡ ❛ s✐♠✐❧❛r ❞✐str✐❜✉✲

t✐♦♥✳

◆♦✇✱ ✇❡ ❝♦♠♣❛r❡ t❤❡ ❋❛✉r❡ s❡q✉❡♥❝❡ ✇✐t❤ t❤❡ r❛♥❞♦♠ s❡q✉❡♥❝❡ ❣❡♥❡r❛t❡❞

❜② t❤❡ ❈ ❧✐❜r❛r②✳ ❋✐❣✉r❡ ✸✳✶✵ ❞✐s♣❧❛②s t❤❡ t✇♦ s❡q✉❡♥❝❡s✱ ❡❛❝❤ ♦❢ ✇❤✐❝❤ ❤❛s
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❋✐❣✉r❡ ✸✳✾✿ ❉✐s♣❛r✐t② ❜❡t✇❡❡♥ t❤❡ ❋❛✉r❡ ❛♥❞ t❤❡ ❍❛❧t♦♥ s❡q✉❡♥❝❡s ✐s 0.06✳

❚❤❡ ♣♦✐♥ts ✐♥ t❤❡ ❋❛✉r❡ s❡q✉❡♥❝❡ ❛r❡ ❞r❛✇♥ ✉s✐♥❣ t❤❡ + s✐❣♥ ❛♥❞ t❤♦s❡ ✐♥

t❤❡ ❍❛❧t♦♥ s❡q✉❡♥❝❡ ✉s✐♥❣ t❤❡ ∗ s✐❣♥✳

100 ♣♦✐♥ts✳ ❲❡ ❤❛✈❡ s❡❡♥ t❤❛t t❤❡ st❛r ❞✐s❝r❡♣❛♥❝② ❝♦✈❡r❛❣❡ ♦❢ t❤❡ ❋❛✉r❡

s❡q✉❡♥❝❡ ✐s ♠✉❝❤ ❜❡tt❡r t❤❛♥ t❤❛t ♦❢ t❤❡ ❈ s❡q✉❡♥❝❡✱ ❛♥❞ ✐♥ ❢❛❝t t❤❡ ❞✐s♣❛r✐t②

❜❡t✇❡❡♥ t❤❡♠ ✭✇❤✐❝❤ ✐s 0.12✮ ✐s t✇✐❝❡ ❧❛r❣❡r t❤❛♥ t❤❛t ❜❡t✇❡❡♥ t❤❡ ❋❛✉r❡

❛♥❞ ❍❛❧t♦♥ s❡q✉❡♥❝❡s✳

❚❤❡ ❧❛st ❡①❛♠♣❧❡ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✸✳✶✶ ❛ ❝♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ t❤❡ ❋❛✉r❡

s❡q✉❡♥❝❡ ❛♥❞ ❛ s❡t ♦❢ 100 ♣♦✐♥ts ❝♦♥❝❡♥tr❛tr❡❞ ✐♥ s♦♠❡ s♠❛❧❧ r❡❝t❛♥❣❧❡ ♦❢ t❤❡

❜♦✉♥❞✐♥❣ ❜♦①✳ ❲❡ ❝❛❧❧ t❤❡ ❧❛tt❡r Pb✳ ❚❤❡ ❞✐s♣❛r✐t② ❜❡t✇❡❡♥ t❤❡♠ ✭✇❤✐❝❤ ✐s

0.54✮ ✐s ✈❡r② ❧❛r❣❡✳

❚❤✐s ❧❡❛❞s ✉s t♦ t❤❡ ✐❞❡❛ ♦❢ ✉s✐♥❣ t❤❡ ❞✐s♣❛r✐t② t♦ ❡①♣r❡ss t❤❡ ❝♦✈❡r❛❣❡ ♦❢

❛ ♣♦✐♥t s❡t ❜② ❝♦♠♣❛r✐♥❣ ✐t ✇✐t❤ ❛ r❡❢❡r❡♥❝❡ ♣♦✐♥t s❡t ✇❤✐❝❤ ✐s s♦♠❡ δ✲❝♦✈❡r✳

✸✳✷✳✸ δ✲❝♦✈❡r❛❣❡ ♠❡❛s✉r❡

❲❡ ♥♦✇ ❝♦♠❜✐♥❡ t❤❡ ❛❜♦✈❡ δ✲❝♦✈❡r ❛♥❞ t❤❡ ❞✐s♣❛r✐t② ♥♦t✐♦♥s t♦ ❞❡✜♥❡ ❛ ♥❡✇

❝♦✈❡r❛❣❡ ♠❡❛s✉r❡✱ ✇❤✐❝❤ ✇❡ ❝❛❧❧ δ✲❝♦✈❡r❛❣❡ ✳ ❆❣❛✐♥✱ ✇❡ ❝♦♥s✐❞❡r ❛ ❜♦✉♥❞✐♥❣
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❋✐❣✉r❡ ✸✳✶✵✿ ❉✐s♣❛r✐t② ❜❡t✇❡❡♥ t❤❡ ❋❛✉r❡ ❛♥❞ ❈ ♣s❡✉❞♦✲r❛♥❞♦♠ s❡q✉❡♥❝❡s

✐s 0.12✳ ❚❤❡ ♣♦✐♥ts ✐♥ t❤❡ ❋❛✉r❡ s❡q✉❡♥❝❡ ❛r❡ ❞r❛✇♥ ✉s✐♥❣ t❤❡ + s✐❣♥ ❛♥❞

t❤♦s❡ ✐♥ t❤❡ ❈ ♣s❡✉❞♦✲r❛♥❞♦♠ s❡q✉❡♥❝❡ ✉s✐♥❣ t❤❡ ∗ s✐❣♥✳

❋✐❣✉r❡ ✸✳✶✶✿ ❉✐s♣❛r✐t② ❜❡t✇❡❡♥ ❋❛✉r❡ ❛♥❞ ❛ s❡t Pc✳ ❚❤❡ ♣♦✐♥ts ✐♥ t❤❡ ❋❛✉r❡

s❡q✉❡♥❝❡ ❛r❡ ❞r❛✇♥ ✉s✐♥❣ t❤❡ + s✐❣♥✳
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❜♦① B✳

❉❡✜♥✐t✐♦♥ ✷✽ ✭(d, δ)✲❝♦✈❡r✮✳ ▲❡t δ > 0 ❛♥❞ d ≥ 0 ❛r❡ t✇♦ ♣♦s✐t✐✈❡ r❡❛❧

♥✉♠❜❡rs✳ ❲❡ s❛② ❛ s❡t P ♦❢ k ♣♦✐♥ts ✐♥s✐❞❡ B ✐s ❛ (d, δ)✲❝♦✈❡r ♦❢ B ✐❢ t❤❡r❡

❡①✐sts ❛ s❡t Q ♦❢ ♣♦✐♥ts ✐♥ B s✉❝❤ t❤❛t✿

• Q ✐s ❛ δ✲❝♦✈❡r ♦❢ B✱ ❛♥❞

• γ∗(P,Q,B) = d✳

❚♦ ❞❡✜♥❡ t❤❡ δ✲❝♦✈❡r❛❣❡ ♦❢ ❛ ♣♦✐♥t s❡t P ✱ ✇❡ ✜rst ❞❡✜♥❡ ❛ s❡t Q✱ ✇❤✐❝❤

✐s ❛ δ✲❝♦✈❡r ♦❢ B ✇✐t❤ ❛ r❡❛s♦♥❛❜❧❡ ✈❛❧✉❡ ♦❢ δ✳ ❲❡ ❝❛❧❧ Q t❤❡ r❡❢❡r❡♥❝❡ s❡t✳

❚❤❡♥✱ ✇❡ ❝♦♠♣❛r❡ P ✇✐t❤ Q ❜② t❤❡✐r ❞✐s♣❛r✐t②✳

❉❡✜♥✐t✐♦♥ ✷✾ ✭δ✲❝♦✈❡r❛❣❡ ✮✳ ●✐✈❡♥ ❛ s❡t P ♦❢ k ♣♦✐♥ts ✐♥s✐❞❡ B ❛♥❞ ❛

r❡❢❡r❡♥❝❡ δ✲❝♦✈❡r Pr ✐♥ B✱ ❧❡t d ❜❡ t❤❡ ❞✐s♣❛r✐t② ❜❡t✇❡❡♥ t❤❡ s❡t P ❛♥❞ Pr✱

t❤❛t ✐s γ∗(P, Pr,B) = d✳ ❚❤❡♥✱ ✇❡ ❞❡✜♥❡ t❤❡ δ✲❝♦✈❡r❛❣❡ ♦❢ P ❛s d + δ✳

■t ✐s ✐♠♣♦rt❛♥t t♦ ♥♦t❡ t❤❛t ✐♥ t❤✐s ❞❡✜♥✐t✐♦♥✱ ✇❡ ✜rst ✜① s♦♠❡ δ✲❝♦✈❡r Pr

✇✐t❤ δ r❡✢❡❝t✐♥❣ ❛ ❞❡s✐r❡❞ ❝♦✈❡r❛❣❡ ❛♥❞ t❤❡♥ ♠❡❛s✉r❡ ❤♦✇ ♠✉❝❤ t❤❡ ♣♦✐♥t

s❡t P ✉♥❞❡r st✉❞② ❞✐✛❡rs ❢r♦♠ Pr✳

❈♦✈❡r❛❣❡ ♠❡❛s✉r❡ ❛s ❛ t❡r♠✐♥❛t✐♦♥ ❝r✐t❡r✐♦♥

❆s ✇❡ ❤❛✈❡ s❡❡♥ ❡❛r❧✐❡r✱ t❤❡ st❛r ❞✐s❝r❡♣❛♥❝② ❛❧❧♦✇s t♦ ❝♦♠♣❛r❡ t❤❡ ❡q✉✐❞✐s✲

tr✐❜✉t✐♦♥ q✉❛❧✐t② ♦❢ t❤❡ ♣♦✐♥t s❡ts ✇✐t❤ t❤❡ s❛♠❡ ❝❛r❞✐♥❛❧✐t②✳ ◆❡✈❡rt❤❡❧❡ss✱

✇❤❡♥ t❤❡ ♣♦✐♥t s❡ts ❤❛✈❡ ❞✐✛❡r❡♥t ❝❛r❞✐♥❛❧✐t✐❡s✱ t❤✐s ♠❡❛s✉r❡ ❞♦❡s ♥♦t r❡✢❡❝t

t❤❡ ❝♦✈❡r❛❣❡ ✇❡ ✇❛♥t t♦ ❡①♣r❡ss✳ ■♥❞❡❡❞✱ ❛❞❞✐♥❣ ♥❡✇ st❛t❡s ♠❛② ✐♥❝r❡❛s❡

t❤❡ st❛r ❞✐s❝r❡♣❛♥❝②✱ ❛♥❞ t❤✉s t❤❡ st❛r ❞✐s❝r❡♣❛♥❝② ❞♦❡s ♥♦t ✐♥❞✐❝❛t❡ ❤♦✇

❝❧♦s❡ t❤❡ ❝✉rr❡♥t ❝♦✈❡r❛❣❡ ✈❛❧✉❡ ✐s t♦ ❛ ❞❡s✐r❡❞ ♦♥❡✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❞♦ ♥♦t

✉s❡ t❤❡ st❛r ❞✐s❝r❡♣❛♥❝② ❝♦✈❡r❛❣❡ ♠❡❛s✉r❡ t♦ ❞❡❝✐❞❡ ✇❤❡♥ t❤❡ t❡st ❣❡♥❡r❛✲

t✐♦♥ ❛❧❣♦r✐t❤♠ ❝❛♥ t❡r♠✐♥❛t❡✳ ❚♦ t❤✐s ❡♥❞✱ t❤❡ δ✲❝♦✈❡r❛❣❡ ✐s s✉✐t❛❜❧❡✱ s✐♥❝❡

✐t ✐s ♠♦♥♦t♦♥✐❝ ✐♥ t❤❡ ❝❛r❞✐♥❛❧✐t② ♦❢ t❤❡ ♣♦✐♥t s❡ts✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❝❛♥ ✜①

❛ ❞❡s✐r❡❞ δ✲❝♦✈❡r❛❣❡ ✈❛❧✉❡ ❛♥❞ st♦♣ t❤❡ ❛❧❣♦r✐t❤♠ ✇❤❡♥❡✈❡r t❤❡ ❝♦✈❡r❛❣❡ ♦❢

t❤❡ ❣❡♥❡r❛t❡❞ st❛t❡s r❡❛❝❤❡s t❤✐s ✈❛❧✉❡✳
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❊①❛♠♣❧❡✳ ❚♦ ✐❧❧✉str❛t❡ t❤✐s ♥♦t✐♦♥ ♦❢ ❝♦✈❡r❛❣❡✱ ✇❡ ❝♦♥s✐❞❡r ✜rst ❛ r❡❢❡r❡♥❝❡

s❡t Pr ♦❢ 287 ♣♦✐♥ts ✇✐t❤✐♥ ❛ ❜♦✉♥❞✐♥❣ ❜♦① ❞❡✜♥❡❞ ❜② t❤❡ 2✲❞✐♠❡♥s✐♦♥❛❧

✉♥✐t ❝✉❜❡ B ✇✐t❤ t❤❡ ❜♦tt♦♠✲❧❡❢t ✈❡rt❡① ❛t t❤❡ ♦r✐❣✐♥✳ ❚❤✐s r❡❢❡r❡♥❝❡ s❡t ✭s❡❡

❋✐❣✉r❡ ✸✳✶✷✮ ✐s ❛ δ✲❝♦✈❡r ♦❢ B ✇✐t❤ δ = 0.12✳

❋✐❣✉r❡ ✸✳✶✷✿ ❆ δ✲❝♦✈❡r Pr ♦❢ t❤❡ ✉♥✐t ❝✉❜❡ ✇✐t❤ δ = 0.12✳

◆♦✇ ✇❡ ✐❧❧✉str❛t❡ t❤❡ δ✲❝♦✈❡r❛❣❡ ♦❢ t✇♦ s❡ts ♦❢ ♣♦✐♥ts P1 ❛♥❞ P2 ✉s✐♥❣ t❤❡

r❡❢❡r❡♥❝❡ s❡t Pr✳ ❚❤❡ ✜rst s❡t P1 ✐s ❝♦♥str✉❝t❡❞ ❢r♦♠ 287 ♣♦✐♥ts r❛♥❞♦♠❧②

❝❤♦s❡♥ ✇✐t❤✐♥ t❤❡ ❜♦✉♥❞✐♥❣ s♣❛❝❡ B✳ ❋✐❣✉r❡ ✸✳✶✸ s❤♦✇s t❤✐s s❡t t♦❣❡t❤❡r ✇✐t❤

t❤❡ r❡❢❡r❡♥❝❡ s❡t Pr✳ ❲❡ ♥♦t❡ t❤❛t t❤❡ t✇♦ s❡ts ❤❛✈❡ t❤❡ s❛♠❡ ♥✉♠❜❡r ♦❢

♣♦✐♥ts ❛♥❞ t❤❡ ❞✐s♣❛r✐t② ❜❡t✇❡❡♥ t❤❡♠ ✐s 0.13✳ ❚❤✉s ❝♦♠❜✐♥✐♥❣ t❤❡ ✈❛❧✉❡s ♦❢

δ ❛♥❞ t❤❡ ❞✐s♣❛r✐t② ✈❛❧✉❡✱ t❤❡ ✈❛❧✉❡ ♦❢ δ✲❝♦✈❡r❛❣❡ ♦❢ P1 ✐s 0.12+0.13 = 0.25✳

◆❡①t✱ ✇❡ ❝♦♥s✐❞❡r ❛ s❡❝♦♥❞ s❡t P2 ♦❢ 287 ♣♦✐♥ts r❛♥❞♦♠❧② s❛♠♣❧❡❞ ✇✐t❤✐♥

t❤❡ s✉❜ s♣❛❝❡ S ♦❢ B✱ ❞❡✜♥❡❞ ❛s ✢♦✇s✿ S = {x ∈ B | x1 ≥ x2}✳ ❋✐❣✉r❡ ✸✳✶✹

s❤♦✇s t❤✐s s❡t t♦❣❡t❤❡r ✇✐t❤ t❤❡ r❡❢❡r❡♥❝❡ s❡t Pr✳ ❚❤❡ ❞✐s♣❛r✐t② ❜❡t✇❡❡♥ P2

❛♥❞ Pr ✐s 0.34✱ ❛♥❞ t❤❡ ✈❛❧✉❡ ♦❢ δ✲❝♦✈❡r❛❣❡ ♦❢ P2 ✐s 0.12+0.34 = 0.46✳ ❯s✐♥❣

t❤❡ δ✲❝♦✈❡r❛❣❡ ✈❛❧✉❡s ✇❡ ❝❛♥ s❛② t❤❛t t❤❡ ✜rst s❡t P1 ❤❛s ❛ ❜❡tt❡r ❝♦✈❡r❛❣❡

♦❢ t❤❡ ❜♦① B t❤❛♥ t❤❡ s❡❝♦♥❞ s❡t P2✳
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❋✐❣✉r❡ ✸✳✶✸✿ ❚❤❡ s❡t P1 ✭❞r❛✇♥ ✉s✐♥❣ ∗✮ ✇✐t❤ t❤❡ δ✲❝♦✈❡r r❡❢❡r❡♥❝❡ Pr✳ ❚❤❡

δ✲❝♦✈❡r❛❣❡ ♦❢ P1 ✐s 0.25✳

❋✐❣✉r❡ ✸✳✶✹✿ ❚❤❡ s❡t P2 ✭❞r❛✇♥ ✉s✐♥❣ ∗✮ ✇✐t❤ t❤❡ δ✲❝♦✈❡r r❡❢❡r❡♥❝❡ Pr✳ ❚❤❡

δ✲❝♦✈❡r❛❣❡ ♦❢ P2 ✐s 0.46✳
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✸✳✷✳✹ ❉✐s♣❛r✐t② ❡st✐♠❛t✐♦♥

❲❡ ♣r♦❝❡❡❞ t♦ ♣r❡s❡♥t ❛ ♠❡t❤♦❞ ❢♦r ❡st✐♠❛t✐♥❣ t❤❡ ❞✐s♣❛r✐t② ✳ ❚❤✐s ♠❡t❤♦❞

✐s s✐♠✐❧❛r t♦ t❤❡ ♠❡t❤♦❞ ❢♦r ❡st✐♠❛t✐♥❣ t❤❡ st❛r ❞✐s❝r❡♣❛♥❝②✳ ▲❡t Π ❜❡ ❛ ❜♦①

♣❛rt✐t✐♦♥ ♦❢ B✳ ▲❡t P ✱ Q ❜❡ t✇♦ s❡ts ♦❢ ♣♦✐♥ts ✐♥s✐❞❡ B✳ ❋♦r ❡❛❝❤ ❡❧❡♠❡♥t❛r②

❜♦① b ∈ Π ✇❡ ❞❡♥♦t❡

µ′
m(b) = max{µ′

c(b), µ′
o(b)} ✭✸✳✷✹✮

✇❤❡r❡ µ′
c(b) =

A(P, b+)

||P ||
−

A(Q, b−)

||Q||
✱ µ′

o(b) =
A(Q, b+)

||Q||
−

A(P, b−)

||P ||
❛♥❞

c′(b) = max{|
A(P, b−)

||P ||
−

A(Q, b−)

||Q||
|, |

A(P, b+)

||P ||
−

A(Q, b+)

||Q||
|} ✭✸✳✷✺✮

❚❤❡♦r❡♠ ✸✳ ❬❯♣♣❡r ❛♥❞ ❧♦✇❡r ❜♦✉♥❞s❪ ❆♥ ✉♣♣❡r ❜♦✉♥❞ B′(P,Q,Π) ❛♥❞ ❛

❧♦✇❡r ❜♦✉♥❞ C ′(P,Q,Π) ♦❢ t❤❡ ❞✐s♣❛r✐t② ❜❡t✇❡❡♥ P ❛♥❞ Q ✐s✿

B′(P,Q,Π) = max
b∈Π

{µ′
m(b)} ✭✸✳✷✻✮

C ′(P,Q,Π) = max
b∈Π

{c′(b)} ✭✸✳✷✼✮

Pr♦♦❢✳ ▲❡t Π ❜❡ ❛ ❜♦① ♣❛rt✐t✐♦♥ ♦❢ B✳ ❲❡ ♦❜s❡r✈❡ t❤❛t ❢♦r ❛ ❣✐✈❡♥ b ∈ Π

❛♥❞ ❛ ♣♦✐♥t x ∈ b ✇❡ ❤❛✈❡

D(P,Q, Jx) ≤ max{
A(P, b+)

||P ||
−

A(Q, b−)

||Q||
,
A(Q, b+)

||Q||
−

A(P, b−)

||P ||
}

❚❤✉s✱ ✇❡ ♦❜t❛✐♥

D∗(P,Q,B) ≤ max
b∈Π

{µ′
m(b)}

❙✐♠✐❧❛r❧②✱ ✇❡ ❝❛♥ ♣r♦✈❡ t❤❛t C ′(P,Q,Π) = maxb∈Π{c
′(b)} ✐s ❛ ❧♦✇❡r ❜♦✉♥❞

♦❢ t❤❡ ❞✐s♣❛r✐t② ✳

✸✳✷✳✺ ❊st✐♠❛t✐♦♥ ❡rr♦r

❲❡ ♥♦✇ ❣✐✈❡ ❛ ❜♦✉♥❞ ♦♥ t❤❡ ❡rr♦r ✐♥ t❤❡ ❛❜♦✈❡ ❡st✐♠❛t✐♦♥✳ ❲❡ ❞❡✜♥❡ t❤❡ W✲

③♦♥❡✱ ❞❡♥♦t❡❞ ❜② W(b)✱ ♦❢ ❛♥ ❡❧❡♠❡♥t❛r② ❜♦① b = [α1, β1]×. . .×[αn, βn] ∈ Π✱

❛s ❢♦❧❧♦✇s✿

W(b) = b
+ \ b

−.
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❲❡ r❡❝❛❧❧ t❤❛t b
+ = [l1, β1] × . . . × [ln, βn] ❛♥❞ b

− = [l1, α1] × . . . × [ln, αn]✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ s❤♦✇s ❛ ❧♦❝❛❧ ❡rr♦r ❜♦✉♥❞ ❛t ❡❛❝❤ ❡❧❡♠❡♥t❛r② ❜♦① ✐♥

❋✐❣✉r❡ ✸✳✶✺✿ ■❧❧✉str❛t✐♦♥ ♦❢ t❤❡ W✲③♦♥❡ ♦❢ t❤❡ ❜♦① b ✳

Π✳

▲❡♠♠❛ ✹✳ ❬❇♦① ❡st✐♠❛t✐♦♥ ❡rr♦r❪ ❋♦r ❛♥② ❜♦① b ✐♥ t❤❡ ✜♥✐t❡ ♣❛rt✐t✐♦♥ Π ♦❢

t❤❡ ❜♦✉♥❞✐♥❣ ❜♦① B✱ ✇❡ ❤❛✈❡✿

µ′
m(b) − c′(b) ≤ max{

A(P,W(b))

||P ||
,
A(Q,W(b))

||Q||
} ✭✸✳✷✽✮

✇❤❡r❡ A(P,W(b)) ✐s t❤❡ ♥✉♠❜❡r ♦❢ ♣♦✐♥ts ♦❢ P ✇✐t❤✐♥ t❤❡ ③♦♥❡ W(b)✳

Pr♦♦❢✳ ❋✐rst ✇❡ ♦❜s❡r✈❡ t❤❛t ❢♦r ❡❛❝❤ b ∈ Π✱ ✇❡ ❝❛♥ r❡✇r✐t❡

µ′
c(b) =

A(P, b−)

||P ||
−

A(Q, b−)

||Q||
+

A(P,W(b))

||P ||
✭✸✳✷✾✮

❛♥❞

µ′
o(b) =

A(Q, b−)

||Q||
−

A(P, b−)

||P ||
+

A(Q,W(b))

||Q||
✭✸✳✸✵✮

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❡ ❤❛✈❡

max{
A(Q, b−)

||Q||
−

A(P, b−)

||P ||
,
A(P, b−)

||P ||
−

A(Q, b−)

||Q||
} ≤ D(P,Q, b−) ✭✸✳✸✶✮

❚❤✉s ✇❡ ♦❜t❛✐♥

µ′
m(b) − c′(b) ≤ max{

A(P,W(b))

||P ||
,
A(Q,W(b))

||Q||
} ✭✸✳✸✷✮
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❯s✐♥❣ ▲❡♠♠❛ ✹ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❜♦✉♥❞ ♦♥ t❤❡ ❡rr♦r ♦❢ t❤❡ ❡st✐♠❛✲

t✐♦♥✱ ❞❡✜♥❡❞ ❛s t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ✉♣♣❡r ❛♥❞ ❧♦✇❡r ❜♦✉♥❞s✳

❚❤❡♦r❡♠ ✹ ✭❊rr♦r ❜♦✉♥❞s✮✳ ▲❡t B′(P,Q,Π) ❛♥❞ C ′(P,Q,Π) ❜❡ t❤❡ ✉♣♣❡r

❛♥❞ ❧♦✇❡r ❜♦✉♥❞s ♦❢ t❤❡ ❞✐s♣❛r✐t② ❜❡t✇❡❡♥ P ❛♥❞ Q✳ ❚❤❡♥✱

B′(P,Q,Π) − C ′(P,Q,Π) ≤ max
b∈Π

max{
A(P,W(b))

||P ||
,
A(Q,W(b))

||Q||
}. ✭✸✳✸✸✮

✸✳✸ ❙✉♠♠❛r② ❛♥❞ r❡❧❛t❡❞ ✇♦r❦

■♥ t❤✐s ❝❤❛♣t❡r ✇❡ ❤❛✈❡ ❞❡✜♥❡❞ t✇♦ t❡st ❝♦✈❡r❛❣❡ ♠❡❛s✉r❡s ❢♦r ♦✉r t❡st✐♥❣

❢r❛♠❡✇♦r❦✳ ❇♦t❤ ♦❢ t❤❡♠ ❛r❡ ❜❛s❡❞ ♦♥ t❤❡ ❡q✉✐❞✐str✐❜✉t✐♦♥ ❞❡❣r❡❡ ♦❢ ❛ s❡t

♦❢ st❛t❡s ♦✈❡r t❤❡ st❛t❡ s♣❛❝❡✳ ❚❤❡ ✜rst ♠❡❛s✉r❡ ✐s ❞❡✜♥❡❞ ✉s✐♥❣ t❤❡ st❛r

❞✐s❝r❡♣❛♥❝② ♥♦t✐♦♥ ❛♥❞ t❤❡ s❡❝♦♥❞ ✉s✐♥❣ t❤❡ δ✲❝♦✈❡r ♥♦t✐♦♥✳

❈♦♥❝❡r♥✐♥❣ r❡❧❛t❡❞ ✇♦r❦ ✐♥ t❡st ❝♦✈❡r❛❣❡ ❢♦r ❝♦♥t✐♥✉♦✉s ❛♥❞ ❤②❜r✐❞ s②s✲

t❡♠s✱ ✇❡ ♠❡♥t✐♦♥ t❤❡ ✇♦r❦ ♣✉❜❧✐s❤❡❞ ✐♥ ❬✸✽❪✳ ■♥ t❤✐s ♣❛♣❡r✱ t❤❡ ❛✉t❤♦rs

♣r♦♣♦s❡❞ ❛ ❝♦✈❡r❛❣❡ ♠❡❛s✉r❡ ❜❛s❡❞ ♦♥ ❛ ❞✐s❝r❡t✐③❡❞ ✈❡rs✐♦♥ ♦❢ ❞✐s♣❡rs✐♦♥✱

s✐♥❝❡ t❤❡ ❞✐s♣❡rs✐♦♥ ✐s ✈❡r② ❡①♣❡♥s✐✈❡ t♦ ❝♦♠♣✉t❡✳ ✭❘♦✉❣❤❧② s♣❡❛❦✐♥❣✱ t❤❡

❞✐s♣❡rs✐♦♥ ♦❢ ❛ ♣♦✐♥t s❡t ✇✐t❤ r❡s♣❡❝t t♦ ✈❛r✐♦✉s ❝❧❛ss❡s ♦❢ r❛♥❣❡ s♣❛❝❡s✱ s✉❝❤

❛s ❜❛❧❧s✱ ✐s t❤❡ ❛r❡❛ ♦❢ t❤❡ ❧❛r❣❡st ❡♠♣t② r❛♥❣❡✮✳ ❚❤✐s ♠❡❛s✉r❡ ✐s ❞❡✜♥❡❞ ♦✈❡r

❛ s❡t ♦❢ ❣r✐❞ ♣♦✐♥ts ✇✐t❤ ❛ ✜①❡❞ s✐③❡ δ✳ ❚❤❡ s♣❛❝✐♥❣ sg ♦❢ ❛ ❣r✐❞ ♣♦✐♥t g ✐s t❤❡

❞✐st❛♥❝❡ ❢r♦♠ g t♦ t❤❡ ♥❡❛r❡st ✈✐s✐t❡❞ st❛t❡ ❜② t❤❡ t❡st ✐❢ ✐t ✐s s♠❛❧❧❡r t❤❛♥

δ✱ ❛♥❞ sg = δ ♦t❤❡r✇✐s❡✳ ▲❡t S ❜❡ t❤❡ s✉♠ ♦❢ t❤❡ s♣❛❝✐♥❣s ♦❢ ❛❧❧ t❤❡ ❣r✐❞

♣♦✐♥ts✳ ❚❤✐s ♠❡❛♥s t❤❛t t❤❡ ✈❛❧✉❡ ♦❢ S ✐s t❤❡ ❧❛r❣❡st ✇❤❡♥ t❤❡ s❡t ♦❢ ✈✐s✐t❡❞

st❛t❡ ✐s ❡♠♣t②✳ ❚❤❡♥✱ t❤❡ ❝♦✈❡r❛❣❡ ♠❡❛s✉r❡ ✐s ❞❡✜♥❡❞ ✐♥ t❡r♠s ♦❢ ❤♦✇ ♠✉❝❤

t❤❡ ✈❡rt✐❝❡s ♦❢ t❤❡ tr❡❡ r❡❞✉❝❡ t❤❡ ✈❛❧✉❡ ♦❢ S✳ ■t ✐s ✐♠♣♦rt❛♥t t♦ ♥♦t❡ t❤❛t

✐♥ ❬✸✽❪ t❤✐s ❝♦✈❡r❛❣❡ ♠❡❛s✉r❡ ✐s ✉s❡❞ ♦♥❧② ❛s ❛ t❡r♠✐♥❛t✐♦♥ ❝r✐t❡r✐♦♥✳ ■♥ ♦✉r

✇♦r❦ ✇❡ ✉s❡ t❤❡ ❝♦✈❡r❛❣❡ ♠❡❛s✉r❡s ❛s ❛ t❡r♠✐♥❛t✐♦♥ ❝r✐t❡r✐♦♥ ❛s ✇❡❧❧ ❛s t♦

❣✉✐❞❡ t❤❡ ❡①♣❧♦r❛t✐♦♥✳
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❈❤❛♣t❡r ✹

❚❡st ❣❡♥❡r❛t✐♦♥

■♥ t❤✐s ❝❤❛♣t❡r ✇❡ ❞❡✈❡❧♦♣ ❛♥ ❛✉t♦♠❛t✐❝ t❡st ❣❡♥❡r❛t✐♦♥ ❛❧❣♦r✐t❤♠ ❢♦r ❤②❜r✐❞

s②st❡♠s ❢r♦♠ s♣❡❝✐✜❝❛t✐♦♥s ❞❡s❝r✐❜❡❞ ❜② ❤②❜r✐❞ ❛✉t♦♠❛t❛✳

❋✐♥❞✐♥❣ t❤❡ t❡st ❝❛s❡s t❤❛t ❝♦rr❡s♣♦♥❞s t♦ t❤❡ tr❛❥❡❝t♦r✐❡s ✈✐♦❧❛t✐♥❣ t❤❡

❝♦♥❢♦r♠❛♥❝❡ r❡❧❛t✐♦♥ ✐♥ ♦✉r t❡st✐♥❣ ♣r♦❜❧❡♠ ❝❛♥ ❜❡ s❡❡♥ ❛s ♣❛t❤ ♣❧❛♥♥✐♥❣

♣r♦❜❧❡♠ ✐♥ r♦❜♦t✐❝✱ ✇❤❡r❡ t❤❡ ❣♦❛❧ ✐s t❤❡ ✜♥❞ ❛ ❢❡❛s✐❜❧❡ tr❛❥❡❝t♦r✐❡s ✐♥ s♦♠❡

❡♥✈✐r♦♥♠❡♥t t❤❛t t❛❦❡ r♦❜♦t ❢r♦♠ ❛♥ ✐♥✐t✐❛❧ ♣♦✐♥t t♦ ❛ ❣♦❛❧ ♣♦✐♥t✳ ■♥ t❤✐s

✇♦r❦✱ ✇❡ ♣r♦♣♦s❡ ❛ t❡st ❝❛s❡ ❣❡♥❡r❛t♦r ❛❧❣♦r✐t❤♠ ❜❛s❡❞ ♦♥ t❤❡ ✇❡❧❧✲❦♥♦✇♥

❛❧❣♦r✐t❤♠ ❘❘❚ ✭❘❛♣✐❞❧②✲❡①♣❧♦r✐♥❣ ❘❛♥❞♦♠ ❚r❡❡s✮ ❬✻✺❪✱ ❛ ♣r♦❜❛❜✐❧✐st✐❝ ♣❛t❤

❛♥❞ ♠♦t✐♦♥ ♣❧❛♥♥✐♥❣ t❡❝❤♥✐q✉❡ ✇✐t❤ ❛ ❣♦♦❞ s♣❛❝❡✲❝♦✈❡r✐♥❣ ♣r♦♣❡rt②✳

❚❤✐s ❝❤❛♣t❡r ✇✐❧❧ ❜❡ ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ❚❤❡ ✜rst ♣❛rt ✇✐❧❧ ❜❡ ❞❡✈♦t❡❞ t♦

❘❘❚ ❛❧❣♦r✐t❤♠✳ ■♥ t❤❡ s❡❝♦♥❞ ♣❛rt ✇❡ ❡①t❡♥❞ t❤❡ ❘❘❚ ❛❧❣♦r✐t❤♠ t♦ tr❡❛t

❤②❜r✐❞ s②st❡♠s✳ ▼♦st ♦❢ t❤❡ r❡s✉❧ts ♣r❡s❡♥t❡❞ ✐♥ t❤✐s ❝❤❛♣t❡r ✇❡r❡ ♣✉❜❧✐s❤❡❞

✐♥ ❬✸✷✱ ✼✽✱ ✼✾❪✳

✹✳✶ ❘❛♣✐❞❧②✲❊①♣❧♦r✐♥❣ ❘❛♥❞♦♠ ❚r❡❡s ✭❘❘❚s✮

■♥ ♣❛t❤ ❛♥❞ ♠♦t✐♦♥ ♣❧❛♥♥✐♥❣✱ ❘❛♣✐❞❧②✲❡①♣❧♦r✐♥❣ ❘❛♥❞♦♠ ❚r❡❡s ✭❘❘❚s✮ ❛r❡

❛ s✉❝❝❡ss❢✉❧ t❡❝❤♥✐q✉❡ t♦ ✜♥❞ tr❛❥❡❝t♦r✐❡s ❝♦♥♥❡❝t✐♥❣ ❛ ❣✐✈❡♥ s❡t ♦❢ ♣♦✐♥ts

✐♥ ❛♥ ❡♥✈✐r♦♥♠❡♥t ✇✐t❤ ♦❜st❛❝❧❡s✳ ■♥ t❤✐s s❡❝t✐♦♥ ✇❡ r❡❝❛❧❧ t❤❡ ♠❛✐♥ ❝♦♥✲
✻✾
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❝❡♣ts ♦❢ t❤❡ ❝❧❛ss✐❝❛❧ ❘❘❚ ❛❧❣♦r✐t❤♠✳ ❇② ❵❝❧❛ss✐❝❛❧ ❘❘❚ ❛❧❣♦r✐t❤♠✬✱ ✇❡ ♠❡❛♥

t❤❡ ❜❛s✐❝ ❛❧❣♦r✐t❤♠ ✇✐t❤♦✉t ♣r♦❜❧❡♠✲s♣❡❝✐✜❝ ♦♣t✐♠✐③❛t✐♦♥✳ ▼♦r❡ ❝♦♥❝r❡t❡❧②✱

✇❡ ❞❡s❝r✐❜❡ ❛♥ ❛❜str❛❝t ❛❧❣♦r✐t❤♠ t❤❛t s✉♠♠❛r✐③❡s t❤❡ ❡ss❡♥t✐❛❧ ✐❞❡❛s ♦❢ t❤❡

❘❘❚ ❛❧❣♦r✐t❤♠ ❢♦r ❛ ❝♦♥t✐♥✉♦✉s s②st❡♠ ✐♥ ❛ ❜♦✉♥❞❡❞ ♠❡tr✐❝ s♣❛❝❡✳ ❲❡ ♦❢t❡♥

s❛② ❵t❤❡ ❘❘❚ ❛❧❣♦r✐t❤♠✬ t♦ r❡❢❡r t♦ t❤✐s ❛❜str❛❝t ❛❧❣♦r✐t❤♠✳ ❋♦r ❛ t❤♦r♦✉❣❤

❞❡s❝r✐♣t✐♦♥ ♦❢ ❘❘❚s ❛♥❞ t❤❡✐r ❛♣♣❧✐❝❛t✐♦♥s ✐♥ ✈❛r✐♦✉s ❞♦♠❛✐♥s✱ t❤❡ r❡❛❞❡r ✐s

r❡❢❡rr❡❞ t♦ ❛ s✉r✈❡② ❬✻✺❪ ❛♥❞ ♥✉♠❡r♦✉s ❛rt✐❝❧❡s ✐♥ t❤❡ ❘❘❚ ❧✐t❡r❛t✉r❡✳

❇❡❢♦r❡ ♣r❡s❡♥t✐♥❣ t❤❡ ❛❜str❛❝t ❘❘❚ ❛❧❣♦r✐t❤♠✱ ✇❡ ❢♦r♠❛❧❧② st❛t❡ t❤❡ ♣r♦❜✲

❧❡♠ ✐t ❛❞❞r❡ss❡s✳

✹✳✶✳✶ Pr♦❜❧❡♠ ❢♦r♠✉❧❛t✐♦♥

❆ ✈❛r✐❡t② ♦❢ ♣r♦❜❧❡♠s ✐♥ ♣❛t❤ ❛♥❞ ♠♦t✐♦♥ ♣❧❛♥♥✐♥❣ ❝❛♥ ❜❡ s♦❧✈❡❞ ❜② t❤❡

❘❘❚ ❛❧❣♦r✐t❤♠s✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡ ❢♦❝✉s ♦♥❧② ♦♥ ❛ ❝❧❛ss ♦❢ ♣r♦❜❧❡♠s ✇❤✐❝❤

❛r❡ ❝❧♦s❡ t♦ t❤❡ ♦✉r t❡st ❣❡♥❡r❛t✐♦♥ ♣r♦❜❧❡♠✳ ❚❤❡ s❡tt✐♥❣ ♦❢ t❤❡s❡ ♣r♦❜❧❡♠s

✐s ❞❡✜♥❡❞ ✐♥ t❡r♠s ♦❢ ❛ ❞②♥❛♠✐❝❛❧ s②st❡♠ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡❧❡♠❡♥ts✿

✶✳ ❆ t♦♣♦❧♦❣✐❝❛❧ s♣❛❝❡ X ✇❤✐❝❤ ✐s ❝❛❧❧❡❞ t❤❡ st❛t❡ s♣❛❝❡✳

✷✳ ❆ s❡t ♦❢ ❞✐✛❡r❡♥t✐❛❧ ❝♦♥str❛✐♥ts ♦❢ t❤❡ ❢♦r♠✿

f(t, x(t), ẋ(t), u(t)) = 0 ✭✹✳✶✮

✇❤❡r❡ x ❞❡♥♦t❡s t❤❡ st❛t❡ ♦❢ t❤❡ s②st❡♠ ❛♥❞ u t❤❡ ✐♥♣✉t✳

✸✳ ❆ s❡t U ♦❢ ❛❞♠✐ss✐❜❧❡ ✐♥♣✉t ❢✉♥❝t✐♦♥s ♦❢ t❤❡ ❢♦r♠ R
+ → U ✇❤❡r❡ U ✐s

t❤❡ s❡t ♦❢ ✐♥♣✉t ✈❛❧✉❡s✳

✹✳ ❆ ❢✉♥❝t✐♦♥ C : X → {true, false} ❞❡t❡r♠✐♥❡s ❢♦r ❡❛❝❤ st❛t❡ ✐♥ X

✇❤❡t❤❡r ✐t s❛t✐s✜❡s s♦♠❡ ❛❧❣❡❜r❛✐❝ ❝♦♥str❛✐♥ts✳ ❚❤✐s ❢✉♥❝t✐♦♥ t❤✉s ❝♦r✲

r❡s♣♦♥❞s t♦ ❛ s✉❜s❡t ♦❢ t❤❡ st❛t❡ s♣❛❝❡ X ✳ ❲❡ ❝❛❧❧ t❤✐s s✉❜s❡t t❤❡ ❢r❡❡

s♣❛❝❡ ❛♥❞ ❞❡♥♦t❡ ✐t ❜② Xfree✳

✺✳ ❆ ♠❡tr✐❝ ρ : X × X → R
+ ✇❤✐❝❤ ❞❡✜♥❡s t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t✇♦

st❛t❡s ✐♥ X ✳
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✻✳ ❆♥ ✐♥✐t✐❛❧ st❛t❡ xinit ❛♥❞ ❛ ❣♦❛❧ st❛t❡ xgoal✳

Pr♦❜❧❡♠ ✶✳ ❋✐♥❞ ❛ ❢❡❛s✐❜❧❡ tr❛❥❡❝t♦r② ❝♦♥♥❡❝t✐♥❣ t❤❡ ✐♥✐t✐❛❧ st❛t❡ xinit t♦

t❤❡ ❣♦❛❧ st❛t❡ xgoal✳

■♥ ♦t❤❡r ✇♦r❞s✱ ✇❡ ✇❛♥t t♦ ❝♦♠♣✉t❡ ❛ tr❛❥❡❝t♦r② φ(t) ✇❤✐❝❤ ✐s ❛ s♦❧✉t✐♦♥

♦❢ t❤❡ ❡q✉❛t✐♦♥ ✭✹✳✶✮ ✇✐t❤ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ φ(0) = xinit s✉❝❤ t❤❛t

• ∃T > 0 : φ(T ) = xgoal ❛♥❞✱

• t❤❡ tr❛❥❡❝t♦r② s❡❣♠❡♥t ✐♥ t❤❡ t✐♠❡ ✐♥t❡r✈❛❧ [0, T ] s❛t✐s✜❡s t❤❡ ❛❧❣❡❜r❛✐❝

❝♦♥str❛✐♥ts✱ t❤❛t ✐s✱ ∀τ ∈ [0, T ] : φ(τ) ∈ Xfree✳

❈♦♠♣✉t✐♥❣ s✉❝❤ ❛ tr❛❥❡❝t♦r② φ(t) ❛❧s♦ ♠❡❛♥s ✜♥❞✐♥❣ ❛♥ ✐♥♣✉t ❢✉♥❝t✐♦♥ t❤❛t

❣❡♥❡r❛t❡s t❤✐s tr❛❥❡❝t♦r②✳ ■t ✐s ❛❧s♦ ♣♦ss✐❜❧❡ t♦ s♣❡❝✐❢② ❛ s❡t ♦❢ ✐♥✐t✐❛❧ ❛♥❞

❣♦❛❧ st❛t❡s✱ ❛♥❞ t❤❡ ♣r♦❜❧❡♠ ❝❛♥ t❤✉s ❜❡ st❛t❡❞ ❛s t♦ ❝♦♥str✉❝t ❛ ♥❡t✇♦r❦ ♦❢

❢❡❛s✐❜❧❡ tr❛❥❡❝t♦r✐❡s✳

❱❛r✐❛♥ts ♦❢ t❤❡ ❛❜♦✈❡ ❢♦r♠✉❧❛t✐♦♥ ❝❛♥ ❜❡ ❞❡r✐✈❡❞ t♦ ❝❛♣t✉r❡ ❛ ♥✉♠❜❡r ♦❢

✇❡❧❧✲❦♥♦✇♥ ♣r♦❜❧❡♠s ✐♥ ♣❛t❤ ❛♥❞ ♠♦t✐♦♥ ♣❧❛♥♥✐♥❣✳ ❋♦r ❡①❛♠♣❧❡✱ ♠♦st ❜❛s✐❝

♣❛t❤ ♣❧❛♥♥✐♥❣ ♣r♦❜❧❡♠s ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ s❡❛r❝❤ ✐♥ t❤❡ st❛t❡ s♣❛❝❡ X ♦❢ ❛

♣❛t❤ ❝♦♥♥❡❝t✐♥❣ t❤❡ ✐♥✐t✐❛❧ st❛t❡ t♦ t❤❡ ❣♦❛❧ st❛t❡✳ ■♥ t❤❡s❡ ♣r♦❜❧❡♠s✱ ❛ st❛t❡

✐s ♦❢t❡♥ ❝❛❧❧❡❞ ❛ ❝♦♥✜❣✉r❛t✐♦♥ ❝♦♥s✐st✐♥❣ ♦❢ t❤❡ ♣♦s✐t✐♦♥ ❛♥❞ ♦r✐❡♥t❛t✐♦♥ ♦❢

❛ ♥✉♠❜❡r ♦❢ ♦❜❥❡❝ts ✐♥ ❛ 2❉ ♦r 3D ❡♥✈✐r♦♥♠❡♥t ✇✐t❤ ♦❜st❛❝❧❡s✳ ❚❤❡ ❢r❡❡

s♣❛❝❡ ✐s t❤✉s t❤❡ ♣❛rt ♦❢ t❤❡ st❛t❡ s♣❛❝❡ ✇❤❡r❡ t❤❡s❡ ♦❜❥❡❝ts ❞♦ ♥♦t ❝♦❧❧✐❞❡

✇✐t❤ t❤❡ ♦❜st❛❝❧❡s✳ ■♥ t❤❡s❡ ♣r♦❜❧❡♠s✱ t❤❡ ❛❧❣❡❜r❛✐❝ ❝♦♥str❛✐♥ts ❛r✐s✐♥❣ ❢r♦♠

t❤❡ ♦❜st❛❝❧❡s ❛r❡ ♦❢t❡♥ ❝♦♠♣❧❡①✱ ❛♥❞ ❛♥ ❡①♣❧✐❝✐t ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❢r❡❡ s♣❛❝❡

♠❛② ♥♦t ❜❡ ❛✈❛✐❧❛❜❧❡✳ ■♥ ❛ ❜❛s✐❝ ❤♦❧♦♥♦♠✐❝ ♣❛t❤ ♣❧❛♥♥✐♥❣ ♣r♦❜❧❡♠✱ t❤❡ ❞✐❢✲

❢❡r❡♥t✐❛❧ ❝♦♥str❛✐♥ts ❛r❡ ❣✐✈❡♥ ❛s ❛ s❡t ♦❢ ✐♥♣✉ts ✇❤✐❝❤ ❛r❡ t❤❡ ❝♦♥str❛✐♥ts ♦♥

t❤❡ ✈❡❧♦❝✐t✐❡s ♦❢ t❤❡ ♦❜❥❡❝ts ♦❢ t❤❡ ❢♦r♠ ||ẋ|| ≤ c✳ ■♥ ❛ ♥♦♥❤♦❧♦♥♦♠✐❝ ♣❛t❤

♣❧❛♥♥✐♥❣ ♣r♦❜❧❡♠✱ t❤❡r❡ ❛r❡ ❛❞❞✐t✐♦♥❛❧❧② ✐♥t❡❣r❛❜❧❡ ❝♦♥str❛✐♥ts ♦♥ t❤❡ ✈❡❧♦❝✲

✐t✐❡s ✇❤✐❝❤ ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❛s ✐♥ t❤❡ ❡q✉❛t✐♦♥ ✭✹✳✶✮✳ ◆♦t❡ t❤❛t ❢r♦♠ t❤❡s❡

❝♦♥str❛✐♥ts ✭♦❢t❡♥ ❝❛❧❧❡❞ t❤❡ ❡q✉❛t✐♦♥ ♦❢ ♠♦t✐♦♥✮✱ ✇❡ ❝❛♥ ❞❡r✐✈❡ ❛ s✉❝❝❡ss♦r

❢✉♥❝t✐♦♥ s♣❡❝✐❢②✐♥❣ t❤❡ st❛t❡ r❡s✉❧t✐♥❣ ❢r♦♠ ❛♣♣❧②✐♥❣ ❛♥ ✐♥♣✉t u t♦ ❛ st❛t❡ x

♦✈❡r ❛ t✐♠❡ ✐♥t❡r✈❛❧ [0, h]✳ ❚❤✐s s✉❝❝❡ss♦r ❢✉♥❝t✐♦♥ ❝❛♥ ❛❧s♦ ❜❡ ♣r♦✈✐❞❡❞ ❛s ❛♥
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✐♥♣✉t ♦❢ t❤❡ ♣r♦❜❧❡♠ ✐♥ ❢♦r♠ ♦❢ ❛♥ ✐♥❝r❡♠❡♥t❛❧ s✐♠✉❧❛t♦r t❤❛t ✐♠♣❧❡♠❡♥ts

s♦♠❡ ♥✉♠❡r✐❝❛❧ ✐♥t❡❣r❛t✐♦♥ s❝❤❡♠❡✿

x′ = σ(f, x, u, h). ✭✹✳✷✮

■♥ ❛ ❦✐♥♦❞②♥❛♠✐❝ ♣❛t❤ ♣❧❛♥♥✐♥❣ ♣r♦❜❧❡♠✱ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ❝♦♥str❛✐♥ts ✐♥✈♦❧✈❡s

❜♦t❤ t❤❡ ✈❡❧♦❝✐t✐❡s ❛♥❞ t❤❡ ❛❝❝❡❧❡r❛t✐♦♥s❀ t❤❡r❡❢♦r❡✱ t❤❡ ❛❝❝❡❧❡r❛t✐♦♥s ❛r❡ ♣❛rt

♦❢ t❤❡ st❛t❡ ✈❡❝t♦r✳

✹✳✶✳✷ ❆❜str❛❝t ❛❧❣♦r✐t❤♠

❊ss❡♥t✐❛❧❧②✱ t❤❡ ❘❘❚ ❛❧❣♦r✐t❤♠ ❝♦♥str✉❝ts ❛ tr❡❡ T ✱ ♦❢t❡♥ ❝❛❧❧❡❞ ❛♥ ❘❘❚ tr❡❡✱

t❤❡ ✈❡rt✐❝❡s ♦❢ ✇❤✐❝❤ ❛r❡ st❛t❡s ✐♥ Xfree✳ ❚❤❡ r♦♦t ♦❢ t❤❡ tr❡❡ ❝♦rr❡s♣♦♥❞s

t♦ t❤❡ ✐♥✐t✐❛❧ st❛t❡ xinit✳ ❊❛❝❤ ❞✐r❡❝t❡❞ ❡❞❣❡ ♦❢ t❤❡ tr❡❡ T ✐s ❧❛❜❡❧❡❞ ✇✐t❤ ❛♥

✐♥♣✉t s❡❧❡❝t❡❞ ❢r♦♠ ❛ s❡t U ♦❢ ❛❞♠✐ss✐❜❧❡ ✐♥♣✉t ❢✉♥❝t✐♦♥s✳ ❍❡♥❝❡✱ ❛♥ ❡❞❣❡

❧❛❜❡❧❡❞ ✇✐t❤ u t❤❛t ❝♦♥♥❡❝ts ❢r♦♠ t❤❡ ✈❡rt❡① x t♦ t❤❡ ✈❡rt❡① x′ ♠❡❛♥s t❤❛t

t❤❡ st❛t❡ x′ ✐s r❡❛❝❤❡❞ ❢r♦♠ x ❜② ❛♣♣❧②✐♥❣ t❤❡ ✐♥♣✉t u ♦✈❡r ❛ ❞✉r❛t✐♦♥ ♦❢

h t✐♠❡✱ ❝❛❧❧❡❞ ❛ t✐♠❡ st❡♣✳ ❲❡ ❛ss✉♠❡ t❤❛t ❛♥ ✐♥❝r❡♠❡♥t❛❧ s✐♠✉❧❛t♦r✱ ❛s

✐♥ ✭✹✳✷✮✱ ✐s ♣r♦✈✐❞❡❞✳

❚❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ tr❡❡ T ✐s s❤♦✇♥ ✐♥ ❆❧❣♦r✐t❤♠ ✶ ✇❤❡r❡ K ✐s t❤❡

✉s❡r✲❞❡✜♥❡❞ ♠❛①✐♠❛❧ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s✳ ❲❡ ✉s❡ t❤❡ ♥♦t❛t✐♦♥ T k t♦ r❡❢❡r

t♦ t❤❡ tr❡❡ ❝♦♥str✉❝t❡❞ ❛t t❤❡ kth ✐t❡r❛t✐♦♥ ❛♥❞ V ertices(T k) ❞❡♥♦t❡s t❤❡

s❡t ♦❢ ✈❡rt✐❝❡s ♦❢ t❤❡ ❘❘❚ tr❡❡ T k✳ ❇② ❛❜✉s❡ ♦❢ ♥♦t❛t✐♦♥✱ ✇❡ ♦❢t❡♥ ✉s❡ t❤❡

♥♦t❛t✐♦♥ ♦❢ ❛ ✈❡rt❡① t♦ r❡❢❡r t♦ t❤❡ st❛t❡ ❛t t❤❛t ✈❡rt❡①✳ ❚❤❡ r♦♦t ♦❢ t❤❡

tr❡❡ ✐s ✐♥✐t✐❛❧✐③❡❞ ✇✐t❤ t❤❡ ✐♥✐t✐❛❧ st❛t❡ xinit✳ ❊❛❝❤ ✐t❡r❛t✐♦♥ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠

❝♦♥s✐sts ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ st❡♣s✿

✶✳ ❚❤❡ ❢✉♥❝t✐♦♥ ❘❛♥❞♦♠❴❙t❛t❡ s❛♠♣❧❡s ❛ ❣♦❛❧ st❛t❡ xgoal ❢r♦♠ t❤❡ ❢r❡❡

s♣❛❝❡ Xfree✳ ❲❡ ❝❛❧❧ ✐t ❛ ❣♦❛❧ st❛t❡ ❜❡❝❛✉s❡ ✐t ✐♥❞✐❝❛t❡s t❤❡ ❞✐r❡❝t✐♦♥

t♦✇❛r❞s ✇❤✐❝❤ t❤❡ tr❡❡ ✐s ❡①♣❡❝t❡❞ t♦ ❡✈♦❧✈❡✳

✷✳ ❚❤❡♥✱ ✐♥ t❤❡ ❢✉♥❝t✐♦♥ ◆❡❛r❡st❴◆❡✐❣❤❜♦r✱ ❛ ♥❡✐❣❤❜♦r st❛t❡ ✐s ❞❡t❡r✲

♠✐♥❡❞ ❛s ❛ st❛t❡ xnear ✐♥ t❤❡ tr❡❡ t❤❛t ✐s ❝❧♦s❡st t♦ t❤❡ ❣♦❛❧ st❛t❡ xgoal✱

❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♣r❡✲❞❡✜♥❡❞ ♠❡tr✐❝ ρ✳ ❚❤✐s ♥❡✐❣❤❜♦r st❛t❡ ✐s ✉s❡❞ ❛s

t❤❡ st❛rt✐♥❣ st❛t❡ ❢♦r t❤❡ ♥❡①t ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ tr❡❡✳
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❆❧❣♦r✐t❤♠ ✶ ❚❤❡ ❛❜str❛❝t ❘❘❚ ❛❧❣♦r✐t❤♠

♣r♦❝❡❞✉r❡ ❘❘❚❴❚r❡❡❴●❡♥❡r❛t✐♦♥✭xinit✱ xgoal✱ K✮

T 0.init(xinit)

k = 1

r❡♣❡❛t

xgoal = ❘❛♥❞♦♠❴❙t❛t❡(Xfree)❀

xnear = ◆❡❛r❡st❴◆❡✐❣❤❜♦r(T k, xgoal)❀

(u, xnew) = ◆❡✇❴❙t❛t❡(xnear, xgoal, h)❀

T k.❆❞❞❴❱❡rt❡①(xnew)❀

T k.❆❞❞❴❊❞❣❡(xnear, xnew, u)❀

k + +❀

✉♥t✐❧ (k ≥ kmax) ∨ xgoal ∈ V ertices(T k)

❡♥❞ ♣r♦❝❡❞✉r❡

✸✳ ❚❤❡ ❢✉♥❝t✐♦♥ ◆❡✇❴❙t❛t❡ ❝r❡❛t❡s ❛ tr❛❥❡❝t♦r② ❢r♦♠ xnear t♦✇❛r❞s

t❤❡ ❣♦❛❧ st❛t❡ xgoal ❜② ❛♣♣❧②✐♥❣ ❛♥ ❛❞♠✐ss✐❜❧❡ ✐♥♣✉t ❢✉♥❝t✐♦♥ u ❢♦r

s♦♠❡ t✐♠❡ h✳ ❚❤✐s ✐♥♣✉t ❢✉♥❝t✐♦♥ ❝❛♥ ❜❡ ❞❡t❡r♠✐♥❡❞ s✉❝❤ t❤❛t t❤❡

r❡s✉❧t✐♥❣ s✉❝❝❡ss♦r st❛t❡ xnew ✐s ❛s ❝❧♦s❡ t♦ xgoal ❛s ♣♦ss✐❜❧❡✱ ♦r ✐t ❝❛♥

❜❡ ❝❤♦s❡♥ ❛t r❛♥❞♦♠✳ ■t ✐s ✐♠♣♦rt❛♥t t♦ ❡♠♣❤❛s✐③❡ t❤❛t t❤❡ ♣r♦❝❡❞✉r❡

◆❡✇❴❙t❛t❡ ♥❡❡❞s t♦ ❛ss✉r❡ t❤❛t t❤❡ tr❛❥❡❝t♦r② s❡❣♠❡♥t ❢r♦♠ xnear

t♦ xnew st❛②s ✐♥ t❤❡ ❢r❡❡ s♣❛❝❡✳

✹✳ ❋✐♥❛❧❧②✱ ❛ ♥❡✇ ✈❡rt❡① ❝♦rr❡s♣♦♥❞✐♥❣ t♦ xnew ✐s ❛❞❞❡❞ ✐♥ t❤❡ tr❡❡ T ✇✐t❤

❛♥ ❡❞❣❡ ❢r♦♠ xnear t♦ xnew ❧❛❜❡❧❡❞ ✇✐t❤ u✳

❋✐❣✉r❡ ✹✳✶ ✐❧❧✉str❛t❡s ♦♥❡ ✐t❡r❛t✐♦♥ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠✳ ❚❤❡ ❛❧❣♦r✐t❤♠ t❡r♠✐✲

♥❛t❡s ❛❢t❡r kmax ✐t❡r❛t✐♦♥s ♦r ✉♥t✐❧ t❤❡ ❣♦❛❧ st❛t❡ ✐s r❡❛❝❤❡❞✳

◆♦t❡ t❤❛t ✐♥ ♠♦st ❘❘❚ ❛❧❣♦r✐t❤♠s✱ t❤❡ s❛♠♣❧✐♥❣ ❞✐str✐❜✉t✐♦♥ ♦❢ xgoal ✐s

✉♥✐❢♦r♠ ♦✈❡r t❤❡ ❢r❡❡ s♣❛❝❡ Xfree✱ ❛♥❞ t❤❡ ♠❡tr✐❝ ρ ✐s t❤❡ ❊✉❝❧✐❞✐❛♥ ❞✐st❛♥❝❡✳

❉✐✛❡r❡♥t ✐♠♣❧❡♠❡♥t❛t✐♦♥s ♦❢ t❤❡ ❢✉♥❝t✐♦♥s ✐♥ t❤❡ ❛❜str❛❝t ❛❧❣♦r✐t❤♠ ❛♥❞

❞✐✛❡r❡♥t ❝❤♦✐❝❡s ♦❢ t❤❡ ♠❡tr✐❝ ❛♥❞ ♦❢ t❤❡ s✉❝❝❡ss♦r ❢✉♥❝t✐♦♥s ✐♥ t❤❡ ♣r♦❜❧❡♠

❢♦r♠✉❧❛t✐♦♥ r❡s✉❧t ✐♥ ❞✐✛❡r❡♥t ✈❡rs✐♦♥s ♦❢ t❤❡ ❘❘❚ ❛❧❣♦r✐t❤♠✳

■♥ t❤❡ ❛❜♦✈❡ ❛❧❣♦r✐t❤♠ ✇❡ ❛ss✉♠❡ ❛ ✜①❡❞ t✐♠❡ st❡♣ h ✐♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥
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♦❢ t❤❡ ♥❡✇ st❛t❡s✳ ■t ✐s ✇♦rt❤ ❡♠♣❤❛s✐③✐♥❣ t❤❛t t❤✐s t✐♠❡ st❡♣ ✐s ♥♦t t❤❡

✐♥t❡r♥❛❧ t✐♠❡ st❡♣ ✉s❡❞ ❜② ♥✉♠❡r✐❝❛❧ ✐♥t❡❣r❛t♦rs✳ ■♥ ❛❞❞✐t✐♦♥✱ ❞❡t❡❝t✐♦♥ ♦❢

❞✐s❝r❡t❡ ❡✈❡♥ts ✐s ❛❧s♦ ❞♦♥❡ ❞✉r✐♥❣ t❤❡ ✐♥t❡❣r❛t✐♦♥✳

✉
✉
✉
✉
✉

✉

✉ ✉
✉

✔
✔

✔
✔

✔

❚
❚
❚
❚
❚

�
�

��

❍❍❍❍❍

▲
▲

▲
▲
▲ ✘✘ ✘✘ ✘✘ ✘✘ ✘✘✿

xinit

xnear

xnew

xgoal

❋✐❣✉r❡ ✹✳✶✿ ❚❤❡ ❘❘❚ ✐t❡r❛t✐♦♥✳

❊①❛♠♣❧❡✳ ❲❡ ✐❧❧✉str❛t❡ t❤❡ ❛❧❣♦r✐t❤♠ ✇✐t❤ ❛ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❡①❛♠♣❧❡

✇❤❡r❡ t❤❡ st❛t❡ s♣❛❝❡ ✐s t❤❡ sq✉❛r❡ X = [0, 100] × [0, 100]✳ ■♥ t❤✐s ❡①❛♠♣❧❡✱

t❤❡r❡ ❛r❡ ♥♦ ♦❜st❛❝❧❡s ❛♥❞ ❤❡♥❝❡ X = Xfree✳ ❚❤❡ ❞✐✛❡r❡♥t✐❛❧ ❝♦♥str❛✐♥ts ❛r❡

❞❡s❝r✐❜❡❞ ❜②✿ f(t, x) = u(t) ✇❤❡r❡ ∀t ≥ 0 : u(t) ∈ U = {u ∈ R
2 | ||u|| ≤ 1}✳

❚❤❡ ✐♥✐t✐❛❧ st❛t❡ ✐s xinit = (50, 50) ❛♥❞ t❤❡ t✐♠❡ st❡♣ h = 1✳ ❋✐❣✉r❡ ✺✳✶ s❤♦✇s

t❤❛t t❤❡ ❘❘❚ tr❡❡ r❛♣✐❞❧② ❡①♣❧♦r❡s ❛❧❧ ❞✐r❡❝t✐♦♥s ♦❢ t❤❡ st❛t❡ s♣❛❝❡ X ✳

❋✐❣✉r❡ ✹✳✷✿ ❊①♣❧♦r❛t✐♦♥ ❜② t❤❡ ❘❘❚ ❛❧❣♦r✐t❤♠ ❬✻✻❪✳
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✹✳✶✳✸ Pr♦♣❡rt✐❡s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r❡s❡♥t s♦♠❡ ✐♠♣♦rt❛♥t ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❘❘❚ ❛❧❣♦r✐t❤♠✳

❚❤❡s❡ ♣r♦♣❡rt✐❡s ✐♥❞❡❡❞ ♠❛❦❡ t❤✐s ❡①♣❧♦r❛t✐♦♥ t❡❝❤♥✐q✉❡ ✈❡r② s✉✐t❛❜❧❡ ❢♦r

♦✉r t❡st ❣❡♥❡r❛t✐♦♥ ♣r♦❜❧❡♠✳

Pr♦❜❛❜✐❧✐st✐❝ ❝♦♠♣❧❡t❡♥❡ss

Pr♦❜❛❜✐❧✐st✐❝ ❝♦♠♣❧❡t❡♥❡ss ✐s ❛♥ ✐♠♣♦rt❛♥t ♣r♦♣❡rt② ♦❢ t❤❡ ❘❘❚ ❛❧❣♦r✐t❤♠✱

✇❤✐❝❤ ✐s st❛t❡❞ ❛s ❢♦❧❧♦✇s✳

❚❤❡♦r❡♠ ✺✳ ■❢ ❛ ❢❡❛s✐❜❧❡ tr❛❥❡❝t♦r② ❢r♦♠ t❤❡ ✐♥✐t✐❛❧ st❛t❡ xinit t♦ t❤❡ ❣♦❛❧

st❛t❡ xgoal ❡①✐sts✱ t❤❡♥ t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t t❤❡ ❘❘❚ ❛❧❣♦r✐t❤♠ ✜♥❞s ✐t t❡♥❞s

t♦ 1 ❛s t❤❡ ♥✉♠❜❡r k ♦❢ ✐t❡r❛t✐♦♥s t❡♥❞s t♦ ✐♥✜♥✐t②✳

❚❤❡ ♣r♦♦❢ ♦❢ t❤❡ t❤❡♦r❡♠ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✻✷✱ ✻✺❪✳ ❆❧t❤♦✉❣❤ t❤❡ ✐♥t❡r❡st

♦❢ t❤✐s t❤❡♦r❡♠ ✐s ♠❛✐♥❧② t❤❡♦r❡t✐❝❛❧✱ s✐♥❝❡ ✐t ✐s ✐♠♣♦ss✐❜❧❡ ✐♥ ♣r❛❝t✐❝❡ t♦

♣❡r❢♦r♠ ❛♥ ✐♥✜♥✐t❡ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s✱ t❤✐s r❡s✉❧t ✐s ❛ ✇❛② t♦ ❡①♣❧❛✐♥ t❤❡

❣♦♦❞ s♣❛❝❡✲❝♦✈❡r✐♥❣ ♣r♦♣❡rt② ♦❢ t❤❡ ❘❘❚ ❛❧❣♦r✐t❤♠✱ ✇❤✐❝❤ ✇❡ ❞✐s❝✉ss ✐♥ t❤❡

❢♦❧❧♦✇✐♥❣✳

❙♣❛❝❡✲❝♦✈❡r✐♥❣ ♣r♦♣❡rt②

❆❧t❤♦✉❣❤ t❤❡ ♠❛✐♥ ✐❞❡❛ ♦❢ t❤❡ ❘❘❚ ❛❧❣♦r✐t❤♠ ✐s s✐♠♣❧❡✱ t❤❡ ❛❧❣♦r✐t❤♠ ❛❧❧♦✇s

t♦ ❡①♣❧♦r❡ t❤❡ st❛t❡ s♣❛❝❡ ❡✣❝✐❡♥t❧②✳ ❚❤✐s t❡❝❤♥✐q✉❡ ❤❛s ❜❡❡♥ s✉❝❝❡ss❢✉❧❧②

✉s❡❞ ✐♥ s♦❧✈✐♥❣ ♣r❛❝t✐❝❛❧ ♣❛t❤ ♣❧❛♥♥✐♥❣ ♣r♦❜❧❡♠s✳ ■t ✐s ❤♦✇❡✈❡r ❤❛r❞ t♦

❝❤❛r❛❝t❡r✐③❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ❢♦r ❣❡♥❡r❛❧ ❝❛s❡s✳ ■♥ t❤❡

❢♦❧❧♦✇✐♥❣ ✇❡ ❣✐✈❡ ❛♥ ✐♥t✉✐t✐✈❡ ❡①♣❧❛♥❛t✐♦♥ ♦❢ t❤❡ ❣♦♦❞ s♣❛❝❡✲❝♦✈❡r✐♥❣ ♣r♦♣✲

❡rt② ♦❢ t❤❡ ❛❧❣♦r✐t❤♠✳ ❙♦♠❡ t❤❡♦r❡t✐❝❛❧ r❡s✉❧ts ♦♥ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡

❛❧❣♦r✐t❤♠ ❢♦r ❛ ♥✉♠❜❡r ♦❢ s♣❡❝✐❛❧ ❝❛s❡s ✇❡r❡ ♣✉❜❧✐s❤❡❞ ✐♥ ❬✷✾❪✳

❇❡❢♦r❡ ❝♦♥t✐♥✉✐♥❣✱ ✇❡ ❜r✐❡✢② r❡❝❛❧❧ t❤❡ ❱♦r♦♥♦✐ ❞✐❛❣r❛♠ ♥♦t✐♦♥✱ s✐♥❝❡ ✐t

✇✐❧❧ ❜❡ ✉s❡❞ ✐♥ ♦✉r ❡①♣❧❛♥❛t✐♦♥✳ ❚❤❡ ❱♦r♦♥♦✐ ❞✐❛❣r❛♠ ♦❢ ❛ s❡t V ♦❢ ♣♦✐♥ts

✐♥ R
n ✐s t❤❡ ♣❛rt✐t✐♦♥ ♦❢ R

n ✐♥t♦ k ♣♦❧②❤❡❞r❛❧ r❡❣✐♦♥s vocell(v) ✇✐t❤ v ∈ V ✳

❊❛❝❤ r❡❣✐♦♥ vocell(v)✱ ❝❛❧❧❡❞ t❤❡ ❱♦r♦♥♦✐ ❝❡❧❧ ♦❢ v✱ ✐s ❞❡✜♥❡❞ ❛s t❤❡ s❡t ♦❢
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♣♦✐♥ts ✐♥ R
n ✇❤✐❝❤ ❛r❡ ❝❧♦s❡r t♦ v t❤❛♥ t♦ ❛♥② ♦t❤❡r ♣♦✐♥ts ✐♥ V ✱ ♦r ♠♦r❡

♣r❡❝✐s❡❧②✱

vocell(v) = {x ∈ R
n | ∀w ∈ V \ {v} : d(x, v) ≤ d(x,w)}

✇❤❡r❡ d ✐s t❤❡ ❊✉❝❧✐❞❡❛♥ ❞✐st❛♥❝❡ ❢✉♥❝t✐♦♥✳ ❋♦r ♠♦r❡ ✐♥❢♦r♠❛t✐♦♥ ♦♥ ❱♦r♦♥♦✐

❞✐❛❣r❛♠s✱ t❤❡ r❡❛❞❡r ✐s r❡❢❡rr❡❞ t♦ ❬✹✵❪✳

▲❡t V = V ertices(T k) ❜❡ t❤❡ s❡t ♦❢ k ✈❡rt✐❝❡s ♦❢ t❤❡ ❘❘❚ tr❡❡ T k ❝♦♥✲

str✉❝t❡❞ ✐♥ t❤❡ kth ✐t❡r❛t✐♦♥ ✭✇❤✐❝❤ ♠❡❛♥s t❤❛t ❛ ♥❡✇ ✈❡rt❡① ✐s ❛❞❞❡❞ t♦ t❤❡

tr❡❡ ✐♥ ❡❛❝❤ ✐t❡r❛t✐♦♥✮✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❱♦r♦♥♦✐ ❞✐❛❣r❛♠ ♦❢ t❤❡ s❡t V ✳

❙✐♥❝❡ t❤❡ ❣♦❛❧ st❛t❡s ❛r❡ ✉♥✐❢♦r♠❧② s❛♠♣❧❡❞ ♦✈❡r t❤❡ ❢r❡❡ s♣❛❝❡ Xfree✱ t❤❡

♣r♦❜❛❜✐❧✐t② t❤❛t xgoal ✐s ✐♥s✐❞❡ t❤❡ ❱♦r♦♥♦✐ ❝❡❧❧ ♦❢ ❛ ✈❡rt❡① v ❞❡♣❡♥❞s ♦♥

t❤❡ ✈♦❧✉♠❡ ♦❢ t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ vocell(v) ❛♥❞ Xfree✳ ◆♦t❡ t❤❛t t❤❡ tr❡❡

❝❛♥ ❡✈♦❧✈❡ ♦♥❧② ✐♥ t❤❡ ❢r❡❡ s♣❛❝❡ Xfree✳ ■♥ ❛❞❞✐t✐♦♥✱ ❜② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢

❱♦r♦♥♦✐ ❞✐❛❣r❛♠s✱ ✐❢ xgoal ∈ vocell(v) t❤❡♥ v ✐s ❛ ❝❧♦s❡st ♥❡✐❣❤❜♦r ♦❢ xgoal✳

❚❤❡r❡❢♦r❡✱ t❤❡ ❧❛r❣❡r t❤❡ ✈♦❧✉♠❡ ♦❢ t❤❡ s❡t vocell(v) ∩ Xfree ✐s✱ t❤❡ ❣r❡❛t❡r

t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t v ✐s s❡❧❡❝t❡❞ ❛s t❤❡ st❛rt✐♥❣ ♣♦✐♥t ❢♦r ❡①♣❛♥s✐♦♥ ✐s✳ ◆♦t❡

t❤❛t ❞✉r✐♥❣ t❤❡ ✜rst ✐t❡r❛t✐♦♥s ♦❢ t❤❡ ❛❧❣♦r✐t❤♠✱ t❤❡ r❡❣✐♦♥ ❝♦✈❡r❡❞ ❜② t❤❡

tr❡❡ ✐s st✐❧❧ s♠❛❧❧✱ ❛♥❞ t❤❡ ✈❡rt✐❝❡s ♦♥ t❤❡ ❵❜♦✉♥❞❛r②✬ ♦❢ t❤❡ tr❡❡ ❤❛✈❡ ❧❛r❣❡r

❱♦r♦♥♦✐ ❝❡❧❧s✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❡①♣❧♦r❛t✐♦♥ ✐s ❜✐❛s❡❞ t♦✇❛r❞s t❤❡ ❧❛r❣❡ ✉♥✈✐s✐t❡❞

r❡❣✐♦♥s s✉rr♦✉♥❞✐♥❣ t❤❡ tr❡❡✳ ❋✐❣✉r❡ ✹✳✹ s❤♦✇s t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❱♦r♦♥♦✐

❞✐❛❣r❛♠s ♦❢ ❛ tr❡❡ ✐♥❝r❡♠❡♥t❛❧❧② ❝♦♥str✉❝t❡❞ ❜② t❤❡ ❛❧❣♦r✐t❤♠✳

❚♦ ❣✐✈❡ ❛♥ ✐♥t✉✐t✐✈❡ ❡①♣❧❛♥❛t✐♦♥ ✇❤② t❤❡ ❘❘❚ ❛❧❣♦r✐t❤♠ ✐s ❛♥ ❡✣❝✐❡♥t

s❡❛r❝❤ ♠❡t❤♦❞✱ ✇❡ ❝♦♠♣❛r❡ ✐t ✇✐t❤ ❛ s✐♠♣❧❡ r❛♥❞♦♠✐③❡❞ ❛❧❣♦r✐t❤♠ ✇❤✐❝❤

✐♥❝r❡♠❡♥t❛❧❧② ❝♦♥str✉❝ts ❛ tr❡❡ ❛s ❢♦❧❧♦✇s✳ ■♥ ❡❛❝❤ ✐t❡r❛t✐♦♥✱ ✐t ❝❤♦♦s❡s ❛t

r❛♥❞♦♠ ❛ ✈❡rt❡① ❢r♦♠ t❤❡ ❝✉rr❡♥t tr❡❡ ❛♥❞ ❛♥ ✐♥♣✉t ❢r♦♠ t❤❡ s❡t ♦❢ ❛❞♠✐ss✐❜❧❡

✐♥♣✉ts✳ ■t t❤❡♥ ❝r❡❛t❡s ❛ ♥❡✇ ✈❡rt❡① ✉s✐♥❣ t❤❡ s✉❝❝❡ss♦r ❢✉♥❝t✐♦♥✳ ❋✐❣✉r❡ ✹✳✸

s❤♦✇s t❤❡ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧t ♦❜t❛✐♥❡❞ ❜② t❤✐s ❛❧❣♦r✐t❤♠✱ ❝♦♠♣❛r❡❞ t♦ t❤❡

r❡s✉❧t ❢♦r t❤❡ s❛♠❡ ❡①❛♠♣❧❡ ♦❜t❛✐♥❡❞ ❜② t❤❡ ❘❘❚ ❛❧❣♦r✐t❤♠✳ ❲❡ ❝❛♥ s❡❡

❢r♦♠ t❤❡ ✜❣✉r❡ t❤❛t t❤❡ ❡①♣❧♦r❛t✐♦♥ ♦❢ t❤❡ ❘❘❚ ❛❧❣♦r✐t❤♠ ✐s s♣r❡❛❞ ♦✈❡r t❤❡

st❛t❡ s♣❛❝❡ ✇❤✐❧❡ t❤❡ ❡①♣❧♦r❛t✐♦♥ ♦❢ t❤✐s s✐♠♣❧❡ ❛❧❣♦r✐t❤♠ ✐s ❝♦♥❝❡♥tr❛t❡❞

✇✐t❤✐♥ ❛ s♠❛❧❧ ♣❛rt ♦❢ t❤❡ st❛t❡ s♣❛❝❡ ❛r♦✉♥❞ t❤❡ ✐♥✐t✐❛❧ ♣♦✐♥t✳ ❚❤✐s ❝❛♥ ❜❡

❡①♣❧❛✐♥❡❞ ❛s ❢♦❧❧♦✇s✳ ■❢ t❤❡ ✈❡rt❡① ❢♦r ❡①♣❛♥s✐♦♥ ✐s ✉♥✐❢♦r♠❧② ❝❤♦s❡♥ ❢r♦♠ t❤❡
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❋✐❣✉r❡ ✹✳✸✿ ❚❤❡ r❡s✉❧t ♦❜t❛✐♥❡❞ ❜② t❤❡ s✐♠♣❧❡ r❛♥❞♦♠✐③❡❞ ❛❧❣♦r✐t❤♠ ✭❧❡❢t✮

❛♥❞ t❤❡ r❡s✉❧t ♦❜t❛✐♥❡❞ ❜② t❤❡ ❘❘❚ ❛❧❣♦r✐t❤♠ ✭r✐❣❤t✮✳ ❊❛❝❤ tr❡❡ ❝♦♥t❛✐♥s

✷✵✵✵ ✈❡rt✐❝❡s ❬✻✼❪✳

s❡t ♦❢ ❡①✐st✐♥❣ ✈❡rt✐❝❡s✱ t❤❡♥ t❤❡ ✈❡rt✐❝❡s ✐♥ t❤❡ ❛❧r❡❛❞② ✇❡❧❧✲❡①♣❧♦r❡❞ r❡❣✐♦♥s

❤❛✈❡ t❤❡ s❛♠❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❜❡✐♥❣ ❝❤♦s❡♥ ❛s t❤❡ ✈❡rt✐❝❡s ✐♥ t❤❡ ✉♥❡①♣❧♦r❡❞

r❡❣✐♦♥s✳ ■♥ t❤❡ ❘❘❚ ❛❧❣♦r✐t❤♠✱ t❤❡ ❡①♣❧♦r❛t✐♦♥✱ ✐♥ ❝♦♥tr❛st✱ ✐s ❜✐❛s❡❞ t♦✇❛r❞s

t❤❡ ❧❛r❣❡ r❡❣✐♦♥s ✇❤✐❝❤ ❛r❡ ♥♦t ②❡t ✈✐s✐t❡❞✳

✹✳✷ ❚❡st ❣❡♥❡r❛t✐♦♥ ❛❧❣♦r✐t❤♠

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ♣r♦♣♦s❡ ❛ t❡st ❝❛s❡ ❣❡♥❡r❛t✐♦♥ ❛❧❣♦r✐t❤♠✱ ✇❤✐❝❤ ✇❡ ❝❛❧❧

❤❘❘❚✳ ❚❤✐s ❛❧❣♦r✐t❤♠ ✐s ❜❛s❡❞ ♦♥ ❛♥ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ❘❘❚ ❛❧❣♦r✐t❤♠ t♦

❤②❜r✐❞ s②st❡♠s✳ ❲❡ ❞❡❢❡r ❛ ❞✐s❝✉ss✐♦♥ ♦♥ s♦♠❡ ♣r❡✈✐♦✉s ✇♦r❦ ❛❧♦♥❣ t❤✐s ❧✐♥❡

t♦ t❤❡ ❡♥❞ ♦❢ t❤✐s ❝❤❛♣t❡r✳ ▲❡tA ❛♥❞As ❜❡ t✇♦ ❤②❜r✐❞ ❛✉t♦♠❛t❛ r❡s♣❡❝t✐✈❡❧②

♠♦❞❡❧✐♥❣ t❤❡ s♣❡❝✐✜❝❛t✐♦♥ ❛♥❞ t❤❡ s②st❡♠ ✉♥❞❡r t❡st ❙❯❚✳ ❊ss❡♥t✐❛❧❧②✱ ♦✉r

t❡st ❣❡♥❡r❛t✐♦♥ ❛❧❣♦r✐t❤♠ ❝♦♥s✐sts ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ st❡♣s✿

• ❋r♦♠ t❤❡ s♣❡❝✐✜❝❛t✐♦♥ ❛✉t♦♠❛t♦♥A✱ ❣❡♥❡r❛t❡ ❛♥ ❡①♣❧♦r❛t✐♦♥ tr❡❡ ✉s✐♥❣

❛♥ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ❘❘❚ ❛❧❣♦r✐t❤♠✳

• ❉❡t❡r♠✐♥❡ t❤❡ ✈❡r❞✐❝ts ❢♦r t❤❡ ❡①❡❝✉t✐♦♥s ✐♥ t❤❡ ❡①♣❧♦r❛t✐♦♥ tr❡❡✱ ❛♥❞
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❋✐❣✉r❡ ✹✳✹✿ ❚❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❱♦r♦♥♦✐ ❞✐❛❣r❛♠ ♦❢ ❛ tr❡❡ ❝♦♥str✉❝t❡❞ ❜②

t❤❡ ❘❘❚ ❛❧❣♦r✐t❤♠ ❬✻✼❪✳

❡①tr❛❝t ❛ s❡t ♦❢ t❡st ❝❛s❡s ✐♥t❡r❡st✐♥❣ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♣r♦♣❡rt② t♦

✈❡r✐❢②✳

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡ ❞❡s❝r✐❜❡ t❤❡s❡ t✇♦ st❡♣s✳ ❙✐♥❝❡ t❤❡ t❡st ❣❡♥❡r❛t✐♦♥ ❛❧❣♦✲

r✐t❤♠ ♦♣❡r❛t❡s ♦♥ t❤❡ s♣❡❝✐✜❝❛t✐♦♥ ❛✉t♦♠❛t♦♥✱ ❢♦r ❜r❡✈✐t② ✇❡ ♦❢t❡♥ s✐♠♣❧②

s❛② ❵t❤❡ ❤②❜r✐❞ ❛✉t♦♠❛t♦♥✬ t♦ r❡❢❡r t♦ t❤❡ s♣❡❝✐✜❝❛t✐♦♥ ❛✉t♦♠❛t♦♥ A✳

✹✳✷✳✶ ❊①♣❧♦r❛t✐♦♥ tr❡❡ ❝♦♥str✉❝t✐♦♥

❊①t❡♥❞✐♥❣ t❤❡ ❘❘❚ ❛❧❣♦r✐t❤♠ t♦ ❤②❜r✐❞ s②st❡♠s r❡q✉✐r❡s t❤❡ ❛❜✐❧✐t② t♦ ❝♦♠✲

♣✉t❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❜❛s✐❝ ❢✉♥❝t✐♦♥s ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ❢♦r t❤❡s❡ s②st❡♠s✳

• ❘❛♥❞♦♠❴❙t❛t❡✿ ❙✐♥❝❡ t❤❡ st❛t❡ s♣❛❝❡ ✐s ❤②❜r✐❞✱ s❛♠♣❧✐♥❣ ❛ st❛t❡

r❡q✉✐r❡s ♥♦t ♦♥❧② s❛♠♣❧✐♥❣ ❛ ❝♦♥t✐♥✉♦✉s st❛t❡ ❜✉t ❛❧s♦ ❛ ❞✐s❝r❡t❡ st❛t❡✳

■♥ ❛❞❞✐t✐♦♥✱ ❛s ✇❡ ✇✐❧❧ s❡❡ ❧❛t❡r✱ ✐♥st❡❛❞ ♦❢ ✉♥✐❢♦r♠ s❛♠♣❧✐♥❣✱ ✇❡ ✇❛♥t

t♦ ❣✉✐❞❡ t❤❡ s❛♠♣❧✐♥❣ ♣r♦❝❡ss ✐♥ ♦r❞❡r t♦ ❛❝❤✐❡✈❡ ❛ ❣♦♦❞ ❝♦✈❡r❛❣❡ ♦❢

t❤❡ ❜❡❤❛✈✐♦rs ♦❢ ✐♥t❡r❡st✳

• ◆❡❛r❡st❴◆❡✐❣❤❜♦r✿ ❚♦ ❞❡t❡r♠✐♥❡ ❛ ♥❡❛r❡st ♥❡✐❣❤❜♦r ♦❢ ❛ st❛t❡✱ ✇❡

♥❡❡❞ t♦ ❞❡✜♥❡ ❛ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t✇♦ ❤②❜r✐❞ st❛t❡s✳ ■♥ ❛ ❝♦♥t✐♥✉♦✉s

s❡tt✐♥❣ ✇❤❡r❡ t❤❡ st❛t❡ s♣❛❝❡ ✐s ❛ s✉❜s❡t ♦❢ R
n✱ ♠❛♥② ❞✐st❛♥❝❡ ♠❡tr✐❝s

❡①✐st ❛♥❞ ❝❛♥ ❜❡ ✉s❡❞ ✐♥ t❤❡ ❘❘❚ ❛❧❣♦r✐t❤♠s✳ ◆❡✈❡rt❤❡❧❡ss✱ ✐♥ ❛ ❤②❜r✐❞

s❡tt✐♥❣ ❞❡✜♥✐♥❣ ❛ ♠❡❛♥✐♥❣❢✉❧ ❤②❜r✐❞ ❞✐st❛♥❝❡ ✐s ❛ ❞✐✣❝✉❧t ♣r♦❜❧❡♠✳
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■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡ ♣r♦♣♦s❡ ❛ ❤②❜r✐❞ ❞✐st❛♥❝❡✱ ✇❤✐❝❤ ✐s ♥♦t ❛ ♠❡tr✐❝

❜✉t ♣r♦✈❡❞ t♦ ❜❡ ❛♣♣r♦♣r✐❛t❡ ❢♦r ♦✉r ♣✉r♣♦s❡s ♦❢ ❞❡✈❡❧♦♣✐♥❣ ❣✉✐❞✐♥❣

str❛t❡❣✐❡s✳

• ◆❡✇❴❙t❛t❡✿ ❚❤❡ s✉❝❝❡ss♦r ❢✉♥❝t✐♦♥ ❢♦r ❛ ❤②❜r✐❞ s②st❡♠ s❤♦✉❧❞ ❝♦♠✲

♣✉t❡ ♥♦t ♦♥❧② s✉❝❝❡ss♦rs ❜② ❝♦♥t✐♥✉♦✉s ❡✈♦❧✉t✐♦♥ ❜✉t ❛❧s♦ s✉❝❝❡ss♦rs

❜② ❞✐s❝r❡t❡ ❡✈♦❧✉t✐♦♥✳

▲✐❦❡ t❤❡ ❘❘❚ ❛❧❣♦r✐t❤♠✱ ♦✉r t❡st ❣❡♥❡r❛t✐♦♥ ❛❧❣♦r✐t❤♠ st♦r❡s t❤❡ ✈✐s✐t❡❞

st❛t❡s ✐♥ ❛ tr❡❡ T t❤❡ r♦♦t ♦❢ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ✐♥✐t✐❛❧ st❛t❡✱ ❛♥❞ ❡❛❝❤

❡❞❣❡ ♦❢ T ✐s ❧❛❜❡❧❡❞ ✇✐t❤ ❛ ❝♦♥tr♦❧ ❛❝t✐♦♥✳

❚❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❛♥ ❡①♣❧♦r❛t✐♦♥ tr❡❡ ❢r♦♠ t❤❡ s♣❡❝✐✜❝❛t✐♦♥ ❛✉t♦♠❛t♦♥

A ✐s s✉♠♠❛r✐③❡❞ ✐♥ ❆❧❣♦r✐t❤♠ ✷✳ ❲❡ ❝❤❛♥❣❡ t❤❡ ♥❛♠❡ ♦❢ t❤❡ ❜❛s✐❝ ❢✉♥❝t✐♦♥s

♦❢ t❤❡ ❘❘❚ ❛❧❣♦r✐t❤♠ t♦ ❡♠♣❤❛s✐③❡ t❤❛t ✐♥ ♦✉r ❛❧❣♦r✐t❤♠ t❤❡r❡ ❛r❡ ✐♠♣♦rt❛♥t

♠♦❞✐✜❝❛t✐♦♥s ✐♥ t❤❡s❡ ❢✉♥❝t✐♦♥s✳

❆❧❣♦r✐t❤♠ ✷ ❚❡st ❣❡♥❡r❛t✐♦♥ ❛❧❣♦r✐t❤♠ ❤❘❘❚

T k.init(sinit) ⊲ sinit✿ ✐♥✐t✐❛❧ st❛t❡

k = 1

r❡♣❡❛t

sgoal = ❙❛♠♣❧✐♥❣(S) ⊲ S✿ ❤②❜r✐❞ st❛t❡ s♣❛❝❡

sk
near = ◆❡✐❣❤❜♦r(T k, sk

goal)

(sk
new, uk

qnear
) = ❈♦♥t✐♥✉♦✉s❙✉❝❝(sk

near, h) ⊲ h✿ t✐♠❡ st❡♣

❉✐s❝r❡t❡❙✉❝❝(T k, sk
new)

k + +

✉♥t✐❧ k ≥ kmax

❆s ✐♥ t❤❡ ❢✉♥❝t✐♦♥ ❘❛♥❞♦♠❴❙t❛t❡✱ ✐♥ t❤❡ kth ✐t❡r❛t✐♦♥ t❤❡ ❢✉♥❝t✐♦♥

❙❛♠♣❧✐♥❣ s❛♠♣❧❡s ❛ ❤②❜r✐❞ st❛t❡ sk
goal = (qk

goal, x
k
goal) t♦ ✐♥❞✐❝❛t❡ t❤❡ ❞✐✲

r❡❝t✐♦♥ t♦✇❛r❞s ✇❤✐❝❤ t❤❡ tr❡❡ ✐s ❡①♣❡❝t❡❞ t♦ ❡✈♦❧✈❡✳ ❚❤❡♥✱ ❛ st❛rt✐♥❣ st❛t❡

sk
near = (qk

near, x
k
near) ❢♦r ❡①♣❛♥s✐♦♥ ✐s ❞❡t❡r♠✐♥❡❞ ❛s ❛ ♥❡✐❣❤❜♦r ♦❢ sk

goal✳ ❚❤❡

❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t✇♦ ❤②❜r✐❞ st❛t❡s ✇✐❧❧ ❜❡ ❣✐✈❡♥ ❧❛t❡r✳

❊①♣❛♥❞✐♥❣ t❤❡ tr❡❡ ❢r♦♠ snear t♦✇❛r❞s sgoal ✐s ❞♦♥❡ ❛s ❢♦❧❧♦✇s✿
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• ◆❡①t✱ t❤❡ ❢✉♥❝t✐♦♥ ❈♦♥t✐♥✉♦✉s❙✉❝❝ tr✐❡s t♦ ✜♥❞ t❤❡ ✐♥♣✉t uk
qnear

s✉❝❤ t❤❛t✱ ❛❢t❡r ♦♥❡ t✐♠❡ st❡♣ h✱ t❤❡ ❝✉rr❡♥t ❝♦♥t✐♥✉♦✉s ❞②♥❛♠✐❝s ❛t

qk
near t❛❦❡s t❤❡ s②st❡♠ ❢r♦♠ sk

near t♦✇❛r❞s sgoal✱ ❛♥❞ t❤✐s r❡s✉❧ts ✐s ❛ ♥❡✇

❝♦♥t✐♥✉♦✉s st❛t❡ xk
new✳ ❆ ♥❡✇ ❡❞❣❡ ❢r♦♠ snear t♦ sk

new = (qk
new, xk

new)✱

❧❛❜❡❧❡❞ ✇✐t❤ t❤❡ ❛ss♦❝✐❛t❡❞ ✐♥♣✉t uk
qnear

✱ ✐s t❤❡♥ ❛❞❞❡❞ t♦ t❤❡ tr❡❡✳❚♦

✜♥❞ sk
new✱ ✇❤❡♥ t❤❡ s❡t U ✐s ♥♦t ✜♥✐t❡ ✐t ❝❛♥ ❜❡ s❛♠♣❧❡❞✱ ♦r ♦♥❡ ❝❛♥

s♦❧✈❡ ❛ ❧♦❝❛❧ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♣r♦❜❧❡♠✳

• ❚❤❡♥✱ ❢r♦♠ sk
new✱ t❤❡ ❢✉♥❝t✐♦♥ ❉✐s❝r❡t❡❙✉❝❝ ❝♦♠♣✉t❡s ✐ts s✉❝❝❡ss♦rs

❜② ❛❧❧ ♣♦ss✐❜❧❡ ❞✐s❝r❡t❡ tr❛♥s✐t✐♦♥s ❛♥❞ ❛❞❞ t❤❡♠ ✐♥ t❤❡ tr❡❡✳

❚❤❡ ❛❧❣♦r✐t❤♠ t❡r♠✐♥❛t❡s ❛❢t❡r s♦♠❡ ♠❛①✐♠❛❧ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s✳ ❆♥♦t❤❡r

♣♦ss✐❜❧❡ t❡r♠✐♥❛t✐♦♥ ❝r✐t❡r✐♦♥ ✐s t❤❛t ❛ s❛t✐s❢❛❝t♦r② ❝♦✈❡r❛❣❡ ✈❛❧✉❡ ✐s r❡❛❝❤❡❞✳

❆s ♠❡♥t✐♦♥❡❞ ✐♥ ❈❤❛♣t❡r ✸✱ t❤❡ δ✲❝♦✈❡r❛❣❡ ✐s ✉s❡❞ ❢♦r t❤✐s ♣✉r♣♦s❡✳ ❚❤❡

❢✉♥❝t✐♦♥ ❙❛♠♣❧✐♥❣ ♣❧❛②s t❤❡ r♦❧❡ ♦❢ ❣✉✐❞✐♥❣ t❤❡ ❡①♣❧♦r❛t✐♦♥ ❛♥❞ ✐s ❞✐s❝✉ss❡❞

✐♥ ❞❡t❛✐❧ ✐♥ t❤❡ ♥❡①t ❝❤❛♣t❡r✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ s❤♦✇ ❤♦✇ t♦ ❝♦♠♣✉t❡ t❤❡

❢✉♥❝t✐♦♥s ✐♥ t❤❡ ❛❧❣♦r✐t❤♠✳

❍②❜r✐❞ ❞✐st❛♥❝❡ ❛♥❞ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ♥❡✐❣❤❜♦rs

■♥ ♠♦st ✈❡rs✐♦♥s ♦❢ ❘❘❚ ❛❧❣♦r✐t❤♠s✱ ✇❤❡r❡ t❤❡ st❛t❡ s♣❛❝❡ ✐s ❛ s✉❜s❡t ♦❢ R
n✱

t❤❡ q✉❡r② ♦❢ ♥❡❛r❡st ♥❡✐❣❤❜♦rs ♦❢t❡♥ ✉s❡s t❤❡ ❊✉❝❧✐❞✐❛♥ ❞✐st❛♥❝❡✳ ❉❡✜♥✐♥❣

❛ ♠❡tr✐❝ ❢♦r t❤❡ ❤②❜r✐❞ st❛t❡ s♣❛❝❡ ✐s ❞✐✣❝✉❧t✱ ❞✉❡ t♦ t❤❡ ❞✐s❝r❡t❡ ❝♦♠♣♦✲

♥❡♥t ♦❢ ❛ ❤②❜r✐❞ st❛t❡✳ ■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ♣r♦♣♦s❡ ❛♥ ❛♣♣r♦①✐♠❛t❡ ❞✐st❛♥❝❡

❜❡t✇❡❡♥ t✇♦ ❤②❜r✐❞ st❛t❡s✱ ✇❤✐❝❤ ✇✐❧❧ ❜❡ ✉s❡❞ ✐♥ t❤❡ ❢✉♥❝t✐♦♥ ◆❡✐❣❤❜♦r ♦❢

❆❧❣♦r✐t❤♠ ✷✳

❲❡ r❡❝❛❧❧ t❤❛t t❤❡ t♦♣♦❧♦❣✐❝❛❧ s♣❛❝❡ ✇❡ ❛r❡ ❝♦♥❝❡r♥❡❞ ✇✐t❤ ✐s ❛ s✉❜s❡t ♦❢

Q × R
n✳

❉❡✜♥✐t✐♦♥ ✸✵ ✭▼❡tr✐❝✮✳ ❆ ♠❡tr✐❝ ✐s ❞❡✜♥❡❞ ❛s ❛ ❢✉♥❝t✐♦♥ ρ : X × X → R

✇❤❡r❡ X ✐s ❛ t♦♣♦❧♦❣✐❝❛❧ s♣❛❝❡ s✉❝❤ t❤❛t ❢♦r ❛♥② x1, x2, x3 ∈ X✿

• ρ(x1, x2) > 0 ✭♥♦♥♥❡❣❛t✐✈✐t②✮

• ρ(x1, x2) = 0 ✐✛ x1 = x2 ✭r❡✢❡①✐✈✐t②✮
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• ρ(x1, x2) = ρ(x2, x1) ✭s②♠♠❡tr②✮

• ρ(x1, x2) 6 ρ(x1, x3) + ρ(x3, x2) ✭tr✐❛♥❣❧❡ ✐♥❡q✉❛❧✐t②✮

●✐✈❡♥ t✇♦ ❤②❜r✐❞ st❛t❡s s = (q, x) ❛♥❞ s′ = (q′, x′)✱ ✐❢ t❤❡② ❤❛✈❡ t❤❡ s❛♠❡

❞✐s❝r❡t❡ ❝♦♠♣♦♥❡♥t✱ t❤❛t ✐s✱ q = q′✱ ✇❡ ❝❛♥ ✉s❡ s♦♠❡ ✉s✉❛❧ ♠❡tr✐❝ ✐♥ R
n✱

s✉❝❤ ❛s t❤❡ ❊✉❝❧✐❞✐❛♥ ♠❡tr✐❝✳ ❲❤❡♥ q 6= q′✱ ✐t ✐s ♥❛t✉r❛❧ t♦ ✉s❡ t❤❡ ❛✈❡r❛❣❡

❧❡♥❣t❤ ♦❢ t❤❡ tr❛❥❡❝t♦r✐❡s ❢r♦♠ ♦♥❡ t♦ ❛♥♦t❤❡r✳ ◆♦t❡ t❤❛t t❤✐s ✇❛②✱ t❤❡ ❤②❜r✐❞

❞✐st❛♥❝❡ ✇❡ ❞❡✜♥❡ ✐s ♥♦t s②♠♠❡tr✐❝✳ ❲❡ ♣r❡s❡♥t ✜rst s♦♠❡ ❞❡✜♥✐t✐♦♥s ❛♥❞

♥♦t❛t✐♦♥ ♥❡❝❡ss❛r② ❢♦r ❞❡s❝r✐❜✐♥❣ ♦✉r ❤②❜r✐❞ ❞✐st❛♥❝❡✳

❉❡✜♥✐t✐♦♥ ✸✶✳ ●✐✈❡♥ t✇♦ s❡ts A ❛♥❞ B ✐♥ R
n✱ ✇❡ ❞❡✜♥❡ t❤❡ ❛✈❡r❛❣❡ ❞✐s✲

t❛♥❝❡ ❜❡t✇❡❡♥ A ❛♥❞ B✱ ❞❡♥♦t❡❞ ❜② d(A,B)✱ ❛s ❛ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡✐r

❣❡♦♠❡tr✐❝ ❝❡♥tr♦✐❞s✳

■❢ ❛ s❡t A ♠♦❞❡❧s ❛ ♣❤②s✐❝❛❧ ♦❜❥❡❝t ✇✐t❤ ✉♥✐❢♦r♠ ❞❡♥s✐t②✱ t❤❡♥ t❤❡ ❣❡♦♠❡tr✐❝

❝❡♥tr♦✐❞ ♦❢ ❛ s❡t A ❝♦✐♥❝✐❞❡s ✇✐t❤ ✐ts ❝❡♥t❡r ♦❢ ♠❛ss✳ ■❢ t❤❡ s❡t A ✐s ❛ ❜♦✉♥❞❡❞

❝♦♥✈❡① ♣♦❧②❤❡❞r♦♥✱ t❤❡♥ t❤❡ ❝❡♥tr♦✐❞ ♦❢ A ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✳ ▲❡t

V = {v1, . . . , vJ} ❜❡ t❤❡ s❡t ♦❢ ✈❡rt✐❝❡s ♦❢ A✳ ❚❤❡♥ t❤❡ ❝❡♥tr♦✐❞ ♦❢ A ✐s✿

c =
1

J

J
∑

j=1

vj .

❉❡✜♥✐t✐♦♥ ✸✷ ✭❆✈❡r❛❣❡ ❧❡♥❣t❤ ♦❢ ❛ ♣❛t❤✮✳ ●✐✈❡♥ ❛ ♣❛t❤

γ = (q1, q2), (q2, q3), . . . , (qm−1, qm))

✐♥ t❤❡ ❤②❜r✐❞ ❛✉t♦♠❛t♦♥ A✱ ✇❡ ❞❡✜♥❡ t❤❡ ❛✈❡r❛❣❡ ❧❡♥❣t❤ ♦❢ γ✱ ❞❡♥♦t❡❞ ❜②

len(γ) ❛s ❢♦❧❧♦✇s✿

len(γ) =

m−1
∑

i=1

d(R(qi,qi+1)(G(qi,qi+1)),G(qi+1,qi+2))

✇❤❡r❡ d ✐s t❤❡ ❛✈❡r❛❣❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t✇♦ s❡ts✳ ❲❡ r❡❝❛❧❧ t❤❛t R(qi,qi+1)

❛♥❞ G(qi,qi+1) ❛r❡ r❡s♣❡❝t✐✈❡❧② t❤❡ r❡s❡t ❢✉♥❝t✐♦♥ ❛♥❞ t❤❡ ❣✉❛r❞ ❛ss♦❝✐❛t❡❞

✇✐t❤ t❤❡ tr❛♥s✐t✐♦♥ ❢r♦♠ qi t♦ qi+1✳
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❉❡✜♥✐t✐♦♥ ✸✸ ✭❆✈❡r❛❣❡ ❧❡♥❣t❤ ♦❢ tr❛❥❡❝t♦r✐❡s✮✳ ▲❡t γ ❜❡ ❛ ❞✐s❝r❡t❡ ♣❛t❤

❢r♦♠ ❧♦❝❛t✐♦♥ q t♦ q′ ✐♥ t❤❡ ❛✉t♦♠❛t♦♥ A✳ ▲❡t s = (q, x) ❛♥❞ s = (q′, x′)

❜❡ t✇♦ ❤②❜r✐❞ st❛t❡s✳ ❚❤❡♥✱ ✇❡ ❞❡✜♥❡ t❤❡ ❛✈❡r❛❣❡ ❧❡♥❣t❤ ♦❢ tr❛❥❡❝t♦r✐❡s ❢r♦♠

s = (q, x) t♦ s = (q′, x′) ❢♦❧❧♦✇✐♥❣ t❤❡ ♣❛t❤ γ ❛s✿

lenγ(s, s′) = d(x, fG(γ)) + len(γ) + d(x′, lR(γ))

✇❤❡r❡ fG(γ) = G(q,q1) ❞❡♥♦t❡s t❤❡ ✜rst ❣✉❛r❞ ♦❢ γ✱ ❛♥❞ lR(γ) = R(qk,q′)(G(qk,q′))

❞❡♥♦t❡s t❤❡ s❡t r❡s✉❧t✐♥❣ ❢r♦♠ ❛♣♣❧②✐♥❣ t❤❡ r❡s❡t ♠❛♣ ♦❢ t❤❡ ❧❛st tr❛♥s✐t✐♦♥ t♦

✐ts ❣✉❛r❞ s❡t✳

❊①❛♠♣❧❡✳ ❋✐❣✉r❡ ✹✳✺ ✐❧❧✉str❛t❡s t❤❡ ❛❜♦✈❡ ❞❡✜♥✐t✐♦♥s✳ ❲❡ ❝♦♥s✐❞❡r ❛ ♣❛t❤

γ = e1, e2 ✇❤❡r❡ e1 = (q, q1) ❛♥❞ e2 = (q1, q
′)✳

• ❚❤❡ ❛✈❡r❛❣❡ ❧❡♥❣t❤ ♦❢ t❤❡ ♣❛t❤ γ ✐s s✐♠♣❧② t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡

✐♠❛❣❡ ♦❢ t❤❡ ✜rst ❣✉❛r❞ G(q,q1) ❜② t❤❡ ✜rst r❡s❡t ❢✉♥❝t✐♦♥ R(q,q1) ❛♥❞

t❤❡ s❡❝♦♥❞ ❣✉❛r❞ G(q1,q′)✳ ❚❤✐s ❞✐st❛♥❝❡ ✐s s❤♦✇♥ ✐♥ t❤❡ ♠✐❞❞❧❡ ✜❣✉r❡✳

• ❚❤❡ ❛✈❡r❛❣❡ ❧❡♥❣t❤ ♦❢ tr❛❥❡❝t♦r✐❡s ❢r♦♠ s = (q, x) t♦ s = (q′, x′) ❢♦❧❧♦✇✲

✐♥❣ t❤❡ ♣❛t❤ γ ✐s t❤❡ s✉♠ ♦❢ t❤r❡❡ ❞✐st❛♥❝❡s ✭s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✹✳✺ ❢r♦♠

❧❡❢t t♦ r✐❣❤t✮✿ t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ x ❛♥❞ t❤❡ ✜rst ❣✉❛r❞ G(q,q1)✱ t❤❡

❛✈❡r❛❣❡ ❧❡♥❣t❤ ♦❢ t❤❡ ♣❛t❤✱ ❛♥❞ t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ R(q1,q′)(G(q1,q′))

❛♥❞ x′✳

✉ ✉
✉ ✉

✉

✉

✲ ✲ ✲

✻✻ ✻

✲ ✲

✔
✔

✔
✔

✔
✁
✁
✁
✁
✁
✁

de1
e2

q1q

G(q,q1)

R(q,q1)(G(q,q1))

G(q1,q′)

R(q1,q′)(G(q1,q′))

q′

x

x′

❋✐❣✉r❡ ✹✳✺✿ ■❧❧✉str❛t✐♦♥ ♦❢ ❛✈❡r❛❣❡ ❧❡♥❣t❤ ♦❢ tr❛❥❡❝t♦r②✳
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◆♦✇ ✇❡ ❛r❡ r❡❛❞② t♦ ❞❡✜♥❡ t❤❡ ❤②❜r✐❞ ❞✐st❛♥❝❡ ❢r♦♠ s t♦ s′✳ ❲❡ ❞❡♥♦t❡ ❜②

Γ(q, q′) t❤❡ s❡t ♦❢ ❛❧❧ ❞✐s❝r❡t❡ ♣❛t❤s ❢r♦♠ q t♦ q′ ✐♥ t❤❡ ❤②❜r✐❞ ❛✉t♦♠❛t♦♥ A✳

❉❡✜♥✐t✐♦♥ ✸✹ ✭❍②❜r✐❞ ❞✐st❛♥❝❡✮✳ ●✐✈❡♥ t✇♦ ❤②❜r✐❞ st❛t❡s s = (q, x) ❛♥❞

s′ = (q′, x′)✱ t❤❡ ❤②❜r✐❞ ❞✐st❛♥❝❡ ❢r♦♠ s t♦ s′✱ ❞❡♥♦t❡❞ ❜② dH(s, s′)✱ ✐s ❞❡✜♥❡❞

❛s ❢♦❧❧♦✇s ✿

• ■❢ q = q′✱ t❤❡♥ dH(s, s′) = ||x − x′|| ✇❤❡r❡ || · || ✐s s♦♠❡ ♠❡tr✐❝ ❢♦r R
n✳

• ■❢ q 6= q′✱ t❤❡r❡ ❛r❡ t✇♦ ❝❛s❡s✿

✕ ■❢ Γ(q, q′) 6= ∅✱ t❤❡♥ dH(s, s′) = min
γ∈Γ(q,q′)

lenγ(s, s′)✳ ❚❤❡ ♣❛t❤ γ

t❤❛t ♠✐♥✐♠✐③❡s lenγ(s, s′) ✐s ❝❛❧❧❡❞ t❤❡ s❤♦rt❡st ♣❛t❤ ❢r♦♠ s t♦ s′✳

✕ ❖t❤❡r✇✐s❡✱ dH(s, s′) = ∞✳

■t ✐s ❡❛s② t♦ s❡❡ t❤❛t t❤❡ ❤②❜r✐❞ ❞✐st❛♥❝❡ dH ✐s ♦♥❧② ❛ ♣s❡✉❞♦ ♠❡tr✐❝ s✐♥❝❡ ✐t

❞♦❡s ♥♦t s❛t✐s❢② t❤❡ s②♠♠❡tr② r❡q✉✐r❡♠❡♥t✳ ■♥❞❡❡❞✱ t❤❡ ✉♥❞❡r❧②✐♥❣ ❞✐s❝r❡t❡

str✉❝t✉r❡ ♦❢ ❛ ❤②❜r✐❞ ❛✉t♦♠❛t♦♥ ✐s ❛ ❞✐r❡❝t❡❞ ❣r❛♣❤✳ ■♥ t❤❡ ❛❜♦✈❡ ❞❡✜♥✐t✐♦♥✱

✇❡ ❝❛♥ ✉s❡ ❛♥② ♠❡tr✐❝ ❢♦r R
n✳ ■♥ t❤✐s ✇♦r❦✱ ✇❡ ✇✐❧❧ ✉s❡ t❤❡ ❊✉❝❧✐❞✐❛♥ ❞✐st❛♥❝❡

❛♥❞ t❤❡ ♥♦t❛t✐♦♥ || · || ❞❡♥♦t❡s t❤✐s ❞✐st❛♥❝❡✳

❚❤❡♥✱ ✐♥ t❤❡ kth ✐t❡r❛t✐♦♥ ♦❢ ❆❧❣♦r✐t❤♠ ✷✱ t❤❡ ❢✉♥❝t✐♦♥ ◆❡✐❣❤❜♦r ❝❛♥ ❜❡

❝♦♠♣✉t❡❞ ✉s✐♥❣ t❤✐s ❤②❜r✐❞ ❞✐st❛♥❝❡ ❛s ❢♦❧❧♦✇s✿

snear = argmins∈V kdH(s, sgoal)

✇❤❡r❡ V k ✐s t❤❡ s❡t ♦❢ ❛❧❧ t❤❡ st❛t❡s st♦r❡❞ ❛t t❤❡ ✈❡rt✐❝❡s ♦❢ t❤❡ tr❡❡ T k✳

❈♦♠♣✉t✐♥❣ ❝♦♥t✐♥✉♦✉s ❛♥❞ ❞✐s❝r❡t❡ s✉❝❝❡ss♦rs

❲❡ ♣r♦❝❡❡❞ t♦ ❞❡s❝r✐❜❡ t❤❡ ❢✉♥❝t✐♦♥ ❈♦♥t✐♥✉♦✉s❙✉❝❝✳ ■❢ t❤❡ st❛t❡s snear

❛♥❞ sgoal ❤❛✈❡ t❤❡ s❛♠❡ ❞✐s❝r❡t❡ ❧♦❝❛t✐♦♥ ❝♦♠♣♦♥❡♥t✱ ✇❡ ✇❛♥t t♦ ❡①♣❛♥❞

t♦ tr❡❡ ❢r♦♠ xnear t♦✇❛r❞s xgoal ❛s ❝❧♦s❡❧② ❛s ♣♦ss✐❜❧❡✱ ✉s✐♥❣ t❤❡ ❝♦♥t✐♥✉♦✉s

❞②♥❛♠✐❝s ❛t t❤❡ ❧♦❝❛t✐♦♥✳

❲❤❡♥ t❤❡ st❛t❡s snear ❛♥❞ sgoal ❛r❡ ❛t ❞✐✛❡r❡♥t ❧♦❝❛t✐♦♥s✱ ❧❡t γ ❜❡ t❤❡ ♣❛t❤

❢r♦♠ qnear t♦ qgoal ✇✐t❤ t❤❡ s❤♦rt❡st ❛✈❡r❛❣❡ ❧❡♥❣t❤✳ ■t ✐s ♥❛t✉r❛❧ t♦ ♠❛❦❡
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t❤❡ s②st❡♠ ❢♦❧❧♦✇ t❤✐s ♣❛t❤✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ✇❛♥t t♦ st❡❡r t❤❡ s②st❡♠ ❢r♦♠

xnear t♦✇❛r❞s t❤❡ ✜rst ❣✉❛r❞ ♦❢ γ✳

■♥ ❜♦t❤ ♦❢ t❤❡ t✇♦ ❝❛s❡s✱ ♦♥❡ ♥❡❡❞s t♦ s♦❧✈❡ ❛♥ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♣r♦❜❧❡♠

✇✐t❤ t❤❡ ♦❜❥❡❝t✐✈❡ ♦❢ ♠✐♥✐♠✐③✐♥❣ t❤❡ ❞✐st❛♥❝❡ t♦ s♦♠❡ t❛r❣❡t ♣♦✐♥t✳ ❚❤✐s

♣r♦❜❧❡♠ ✐s ❞✐✣❝✉❧t ❡s♣❡❝✐❛❧❧② ❢♦r s②st❡♠s ✇✐t❤ ♥♦♥✲❧✐♥❡❛r ❝♦♥t✐♥✉♦✉s ❞②✲

♥❛♠✐❝s✳ ❚❤✉s✱ ✇❡ ❝❛♥ tr❛❞❡ s♦♠❡ ♦♣t✐♠❛❧✐t② ❢♦r ❝♦♠♣✉t❛t✐♦♥❛❧ ❡✣❝✐❡♥❝②✳

❲❤❡♥ t❤❡ ✐♥♣✉t s❡t U ✐s ♥♦t ✜♥✐t❡✱ ✇❡ ❝❛♥ s❛♠♣❧❡ ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ ✐♥♣✉ts

❛♥❞ ♣✐❝❦ ❢r♦♠ t❤✐s s❡t ❛♥ ♦♣t✐♠❛❧ ✐♥♣✉t✳ ■♥ ❛❞❞✐t✐♦♥✱ ✇❡ ❝❛♥ ♣r♦✈❡ t❤❛t

❜② ❛♣♣r♦♣r✐❛t❡❧② s❛♠♣❧✐♥❣ t❤❡ ✐♥♣✉t s❡t✱ t❤❡ ❝♦♠♣❧❡t❡♥❡ss ♣r♦♣❡rt② ♦❢ ♦✉r

❛❧❣♦r✐t❤♠ ✐s ♣r❡s❡r✈❡❞✳

❚❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ❞✐s❝r❡t❡ s✉❝❝❡ss♦rs ✐♥ ❉✐s❝r❡t❡❙✉❝❝✱ ✇❤✐❝❤ ✐♥✈♦❧✈❡s

t❡st✐♥❣ ❛ ❣✉❛r❞ ❝♦♥❞✐t✐♦♥ ❛♥❞ ❛♣♣❧②✐♥❣ ❛ r❡s❡t ♠❛♣✱ ✐s r❛t❤❡r str❛✐❣❤t❢♦r✲

✇❛r❞✳ ◆♦t✐❝❡ t❤❛t ✐t ✐s ✐♠♣♦rt❛♥t t♦ ❝♦♥s✐❞❡r ❛❧❧ t❤❡ ❞✐s❝r❡t❡ s✉❝❝❡ss♦rs ❜②

❞✐st✉r❜❛♥❝❡ tr❛♥s✐t✐♦♥s s✐♥❝❡ t❤❡② ❛r❡ ♥♦t ❝♦♥tr♦❧❧❛❜❧❡ ❜② t❤❡ t❡st❡r✳

✹✳✷✳✷ ❚❡st ❝❛s❡s ❛♥❞ ✈❡r❞✐❝ts

❚❤❡ tr❡❡ ❝♦♥str✉❝t❡❞ ❜② ❆❧❣♦r✐t❤♠ ✷ ❝❛♥ ❜❡ ✉s❡❞ t♦ ❡①tr❛❝t ❛ s❡t ♦❢ t❡st

❝❛s❡s✳ ■♥ ❛❞❞✐t✐♦♥✱ ✇❤❡♥ ❛♣♣❧②✐♥❣ s✉❝❤ t❡st ❝❛s❡s t♦ t❤❡ s②st❡♠ ✉♥❞❡r t❡st✱

t❤❡ tr❡❡ ❝❛♥ ❜❡ ✉s❡❞ t♦ ❝♦♠♣❛r❡ t❤❡ ♦❜s❡r✈❛t✐♦♥s ❢r♦♠ t❤❡ r❡❛❧ s②st❡♠s ❛♥❞

t❤❡ ❡①♣❡❝t❡❞ ♦❜s❡r✈❛t✐♦♥s ✐♥ t❤❡ tr❡❡✳ ❚❤✐s ❛❧❧♦✇s ❛ ❞❡❝✐s✐♦♥ ✇❤❡t❤❡r t❤❡

s②st❡♠ s❛t✐s✜❡s t❤❡ ❝♦♥❢♦r♠❛♥❝❡ r❡❧❛t✐♦♥✳

✹✳✸ ❘❡❛❝❤❛❜✐❧✐t② ❝♦♠♣❧❡t❡♥❡ss

❆s ♠❡♥t✐♦♥❡❞ ❡❛r❧✐❡r✱ t❤❡ ♣r♦❜❛❜✐❧✐st✐❝ ❝♦♠♣❧❡t❡♥❡ss ✐s ❛♥ ✐♠♣♦rt❛♥t ♣r♦♣❡rt②

♦❢ t❤❡ ❘❘❚ ❛❧❣♦r✐t❤♠✳ ❆♥ ❛r✐s✐♥❣ q✉❡st✐♦♥ ✐s ✇❤❡t❤❡r ♦✉r t❡st ❣❡♥❡r❛t✐♦♥

❛❧❣♦r✐t❤♠✱ ❜✉✐❧t ✉♣♦♥ t❤❡ ❘❘❚ ❛❧❣♦r✐t❤♠✱ ♣r❡s❡r✈❡s t❤✐s ♣r♦♣❡rt② ♦❢ ♦✉r t❡st

❣❡♥❡r❛t✐♦♥ ❛❧❣♦r✐t❤♠✱ ✇❤✐❝❤ ✇❡ ♣r♦✈❡ ✐♥ t❤✐s s❡❝t✐♦♥✳

❲❡ ✜rst r❡♠❛r❦ t❤❛t ✐♥ t❤❡ ♣❛t❤ ❛♥❞ ♠♦t✐♦♥ ♣❧❛♥♥✐♥❣ ❝♦♥t❡①t✱ t❤❡ ♣r♦♦❢s

♦❢ t❤❡ ❝♦♠♣❧❡t❡♥❡ss ♦❢ t❤❡ ❘❘❚ ❛❧❣♦r✐t❤♠s ♦❢t❡♥ ❛ss✉♠❡ t❤❛t t❤❡ ✇❤♦❧❡ ❢r❡❡

❝♦♥✜❣✉r❛t✐♦♥ s♣❛❝❡ ✐s ❵❝♦♥tr♦❧❧❛❜❧❡✬ ✐♥ t❤❡ s❡♥s❡ t❤❛t ✐t ✐s ♣♦ss✐❜❧❡ t♦ r❡❛❝❤
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❛♥② ♣♦✐♥t ✐♥ Xfree ❢r♦♠ t❤❡ ✐♥✐t✐❛❧ st❛t❡ xinit ✭s❡❡ ❢♦r ❡①❛♠♣❧❡ ❬✻✷❪✮✳ ■♥ t❤❡

❤②❜r✐❞ st❛t❡ s♣❛❝❡ S = Q×X ✱ ❣❡♥❡r❛❧❧②✱ ♥♦t ❛❧❧ t❤❡ ♣♦✐♥ts ✐♥ S ❛r❡ r❡❛❝❤❛❜❧❡

❢r♦♠ sinit✳ ■♥❞❡❡❞✱ ✐❢ t❤✐s ✇❡r❡ tr✉❡✱ t❤❡ ✈❡r✐✜❝❛t✐♦♥ ♣r♦❜❧❡♠ ✇♦✉❧❞ ❜❡ s♦❧✈❡❞✳

❇✉t ✇❡ ❝❛♥ st✐❧❧ ♣r♦✈❡ t❤❡ ❝♦♠♣❧❡t❡♥❡ss ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢

t❤❡ r❡❛❝❤❛❜❧❡ s❡t✳ ❲❡ ❝❛❧❧ t❤✐s ♣r♦♣❡rt② t❤❡ r❡❛❝❤❛❜✐❧✐t② ❝♦♠♣❧❡t❡♥❡ss✳ ❚❤❡

♣r♦♦❢ ♦❢ t❤✐s r❡s✉❧t ❢♦❧❧♦✇s t❤❡ ✐❞❡❛ ♦❢ t❤❡ ♣r♦♦❢ ✐♥ ❬✷✾❪✳ ❍♦✇❡✈❡r✱ t❤❡ ❧❛❝❦

♦❢ t❤❡ ❛❜♦✈❡✲♠❡♥t✐♦♥❡❞ ❝♦♥tr♦❧❧❛❜✐❧✐t② ❛ss✉♠♣t✐♦♥ ♠❛❦❡s t❤❡ ♣r♦♦❢ ♠♦r❡

❝♦♠♣❧✐❝❛t❡❞✳ ❲❡ ✜rst ✐♥tr♦❞✉❝❡ s♦♠❡ ❞❡✜♥✐t✐♦♥s ❛♥❞ ✐♥t❡r♠❡❞✐❛t❡ r❡s✉❧ts✳

❲❡ ✉s❡ t❤❡ ♥♦t❛t✐♦♥ Pr ❢♦r ♣r♦❜❛❜✐❧✐t✐❡s✳

❉❡✜♥✐t✐♦♥ ✸✺ ✭❋✉❧❧ ❝♦✈❡r❛❣❡ s❛♠♣❧✐♥❣ ❝♦♥❞✐t✐♦♥✮✳ ❋♦r ❛♥② s❡t Y ⊆ S s✉❝❤

t❤❛t t❤❡ ✈♦❧✉♠❡ vol(Y ) ♦❢ Y ✐s ♣♦s✐t✐✈❡✱ ✐❢ t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t sk
goal ∈ Y

✐s str✐❝t❧② ♣♦s✐t✐✈❡✱ t❤❡♥ ✇❡ s❛② t❤❛t t❤❡ s❛♠♣❧✐♥❣ ♣r♦❝❡ss s❛t✐s✜❡s t❤❡ ❢✉❧❧

❝♦✈❡r❛❣❡ s❛♠♣❧✐♥❣ ❝♦♥❞✐t✐♦♥✳

■t ✐s ❡❛s② t♦ s❡❡ t❤❛t ❛ s✐♠♣❧❡ ✉♥✐❢♦r♠ s❛♠♣❧✐♥❣ ♠❡t❤♦❞ ✭t❤❛t ✐s✱ ✉♥✐❢♦r♠❧②

s❛♠♣❧✐♥❣ ❛ ❧♦❝❛t✐♦♥ q ❢r♦♠ t❤❡ s❡t Q ♦❢ ❛❧❧ ❧♦❝❛t✐♦♥s ❛♥❞ t❤❡♥ ✉♥✐❢♦r♠❧②

s❛♠♣❧✐♥❣ ❛ ❝♦♥t✐♥✉♦✉s st❛t❡ ✐♥ t❤❡ st❛②✐♥❣ s❡t ♦❢ t❤❡ ❧♦❝❛t✐♦♥ q✮ s❛t✐s✜❡s

t❤✐s ❝♦♥❞✐t✐♦♥✳ ❆s ✇❡ ✇✐❧❧ s❤♦✇ ❧❛t❡r✱ t❤❡ ❢✉❧❧ ❝♦✈❡r❛❣❡ s❛♠♣❧✐♥❣ ❝♦♥❞✐t✐♦♥ ✐s

s✉✣❝✐❡♥t t♦ ❣✉❛r❛♥t❡❡ t❤❡ ❝♦♠♣❧❡t❡♥❡ss✳ ■♥ t❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤❡ s❡❝t✐♦♥✱ ✇❡

❛ss✉♠❡ t❤❛t t❤❡ ❢✉♥❝t✐♦♥ ❙❛♠♣❧✐♥❣ ✐♥ ♦✉r t❡st ❣❡♥❡r❛t✐♦♥ ❛❧❣♦r✐t❤♠ s❛t✐s✜❡s

t❤✐s ♣r♦♣❡rt②✱ ❛♥❞ ❛❞❞✐t✐♦♥❛❧❧②✱ t❤❡ r❡❛❝❤❛❜❧❡ s❡t ❤❛s ❛ ♣♦s✐t✐✈❡ ✈♦❧✉♠❡✳

❉❡✜♥✐t✐♦♥ ✸✻ ✭◆❡✐❣❤❜♦r❤♦♦❞✮✳ ●✐✈❡♥ ❛ st❛t❡ s = (q, x) ∈ S ❛♥❞ ε > 0✱ ✇❡

❞❡✜♥❡ t❤❡ ε✲♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ s ❛s

N (s, ε) = {s′ ∈ S | dH(s′, s) ≤ ε} ✭✹✳✸✮

❋♦r ❛ s❡t V ♦❢ st❛t❡s ✐♥ S✱ ✇❡ ❞❡♥♦t❡

N (V, ε) =
⋃

s∈V

N (s, ε)

❛♥❞ ❝❛❧❧ t❤❡ s❡t N (V, ε) t❤❡ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ V ✳

▲❡♠♠❛ ✺✳ ▲❡t R ❜❡ ❛ s❡t ♦❢ st❛t❡s r❡❛❝❤❛❜❧❡ ✐♥ ❛ ✜♥✐t❡ t✐♠❡ s✉❝❤ t❤❛t

vol(R) > 0✳ ❚❤❡♥✱ t❤❡r❡ ❡①✐sts ❛ t✐♠❡ st❡♣ h ❛♥❞ ❛ ✜♥✐t❡ k s✉❝❤ t❤❛t

∃v ∈ V k : Pr[v ∈ R] > 0. ✭✹✳✹✮
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✇❤❡r❡ V k ✐s t❤❡ s❡t ♦❢ t❤❡ ✈❡rt✐❝❡s ♦❢ T k ❛t ✐t❡r❛t✐♦♥ k✳

Pr♦♦❢✳ ▲❡t τmax ❜❡ t❤❡ s♠❛❧❧❡st t✐♠❡ s✉❝❤ t❤❛t ❛t τmax ❛❧❧ t❤❡ tr❛❥❡❝t♦r✐❡s

❢r♦♠ t❤❡ ✐♥✐t✐❛❧ st❛t❡ sinit ❤❛✈❡ ❛❧r❡❛❞② ✈✐s✐t❡❞ R✳ ▲❡t τmin ❜❡ t❤❡ t❤❡ s♠❛❧❧❡st

t✐♠❡ s✉❝❤ t❤❛t ❛t ❛♥② t✐♠❡ t < τmin ♥♦♥❡ ♦❢ t❤❡ tr❛❥❡❝t♦r✐❡s ❢r♦♠ sinit ❤❛s

r❡❛❝❤❡❞ R✳ ❲❡ ❝❤♦♦s❡ ❛ t✐♠❡ st❡♣ h s✉❝❤ t❤❛t t❤❡r❡ ❡①✐sts ❛ ✐♥t❡❣❡r j > 0

s✉❝❤ t❤❛t jh ∈ [τmin, τmax]✳

❚❤❡♥✱ ❧❡t KR = ⌊ τmax

h ⌋✳ ❋♦r k > 0✱ t❤❡ t✐♠❡ ✐♥t❡r✈❛❧ [(k − 1)h, kh] ✐s

❞❡♥♦t❡❞ ❜② Ik✳ ❲❡ ❞❡♥♦t❡ ❜② Rk t❤❡ r❡❛❝❤❛❜❧❡ s❡t ❢r♦♠ sinit s✉❝❤ t❤❛t

Rk = {s ∈ S | ∃ω ∈ Ω : s ∈ τIk
(sinit, ω) ∧ τ(sinit, ω) ∩ R 6= ∅}. ✭✹✳✺✮

■♥ t❤❡ ❛❜♦✈❡ ❞❡✜♥✐t✐♦♥✱ Ω ✐s t❤❡ s❡t ♦❢ ❛❧❧ ❛❞♠✐ss✐❜❧❡ ❝♦♥tr♦❧ s❡q✉❡♥❝❡s ❛♥❞

τIk
(sinit, ω) ✐s ❛ s❡❣♠❡♥t t❤❡ tr❛❥❡❝t♦r② τIk

(sinit, ω) ✐♥ t❤❡ t✐♠❡ ✐♥t❡r✈❛❧ Ik✳

■♥t✉✐t✐✈❡❧②✱ Rk ❝♦♥t❛✐♥s ❛❧❧ t❤❡ st❛t❡s r❡❛❝❤❛❜❧❡ ❞✉r✐♥❣ t❤❡ t✐♠❡ ✐♥t❡r✈❛❧ Ik

❜② t❤❡ tr❛❥❡❝t♦r✐❡s ❢r♦♠ sinit t❤❛t ❝❛♥ r❡❛❝❤ R✳

❲❡ ❛ss✉♠❡ t❤❛t ❢♦r ❛❧❧ k > 0✱ vol(Rk) > 0✳ ❲❡ ✜rst ♣r♦✈❡ t❤❛t ❢♦r ❛❧❧

k > 0

Pr[xk
new ∈ Rk] > 0. ✭✹✳✻✮

❲❡ ♣r♦✈❡ t❤✐s ❜② ✐♥❞✉❝t✐♦♥✳ ❆t t❤❡ ✜rst ✐t❡r❛t✐♦♥ k = 1✱ ✐t ✐s ❛❧✇❛②s tr✉❡

t❤❛t s1
near = sinit ✭❜❡❝❛✉s❡ t❤❡ tr❡❡ ❝♦♥t❛✐♥s ♦♥❧② ♦♥❡ ✈❡rt❡① sinit✮✳ ❙✐♥❝❡

R1 ✐s r❡❛❝❤❛❜❧❡ ❞✉r✐♥❣ t❤❡ ✜rst t✐♠❡ ✐♥t❡r✈❛❧✱ t❤❡♥ Pr[s1
new ∈ R1] > 0 ✭❢♦r

❡①❛♠♣❧❡✱ ❜② ❝❤♦♦s✐♥❣ ❛♣♣r♦♣r✐❛t❡❧② ❛♥ ✐♥♣✉t s❡q✉❡♥❝❡ ❛s s❤♦✇♥ ✐♥ ✭✹✳✺✮✮❀

t❤❡r❡❢♦r❡✱ t❤❡ ✐♥❡q✉❛❧✐t② ✭✹✳✻✮ ✐s tr✉❡ ❢♦r k = 1✳

❲❡ ♥♦✇ ♥❡❡❞ t♦ ♣r♦✈❡ t❤❛t ✭✹✳✻✮ ✐s ❛❧s♦ tr✉❡ ❢♦r k + 1✱ ❛ss✉♠✐♥❣ t❤❛t ✐t ✐s

tr✉❡ ❢♦r k✳ ❉✉❡ t♦ t❤❡ ❢✉❧❧ ❝♦✈❡r❛❣❡ s❛♠♣❧✐♥❣ ❝♦♥❞✐t✐♦♥ ✭✐✳❡✳ ❛♥② st❛t❡ ✐♥ S ❤❛s

❛ ♥♦♥✲♥✉❧❧ ♣r♦❜❛❜✐❧✐t② ♦❢ ❜❡✐♥❣ s❛♠♣❧❡❞ t♦ ❜❡ ❛ ❣♦❛❧ st❛t❡✮ ❛♥❞ vol(Rk) > 0✱

✇❡ ❝❛♥ ❛ss✉r❡ t❤❛t t❤❡ ♣r♦❜❛❜✐❧✐t② Pr[sk+1
near ∈ Rk] > 0✳ ■❢ sk+1

near ∈ Rk ❛♥❞

k ≤ KR✱ ✐t t❤❡♥ ❢♦❧❧♦✇s ❢r♦♠ ✭✹✳✺✮ t❤❛t Pr[sk+1
new ∈ Rk+1] > 0✳ ❯s✐♥❣ t❤❡

❢♦r♠✉❧❛ ❢♦r ❝♦♥❞✐t✐♦♥❛❧ ♣r♦❜❛❜✐❧✐t②✱ ✇❡ ❤❛✈❡ t❤❛t ✭✹✳✻✮ ✐s tr✉❡ ❢♦r k + 1✳

❚❤❡♥✱ ❜② t❤❡ ❞❡✜♥✐t✐♦♥ ✭✹✳✺✮✱ ✇❡ ❝❛♥ ✜♥❞ k ≤ KR s✉❝❤ t❤❛t ❛❧❧ tr❛❥❡❝t♦r✐❡s

❢r♦♠ sk
new ∈ Rk r❡❛❝❤ R ❛❢t❡r ❛t ♠♦st h t✐♠❡✳ ■❢ s♦✱ t❤✐s ✐♠♣❧✐❡s t❤❛t
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Pr[sk+1
new ∈ R] > 0✳ ❋✉rt❤❡♠♦r❡✱ ❛ss✉♠✐♥❣ t❤❛t ❛❧❧ sk

new ❛r❡ ❛❞❞❡❞ t♦ t❤❡

tr❡❡✱ t❤❡ st❛t❡♠❡♥t ♦❢ t❤❡ ❧❡♠♠❛ ✐s t❤✉s ♣r♦✈❡❞✳

❘❡♠❛r❦ ✻✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❛r❡ s✉✣❝✐❡♥t ❢♦r t❤❡ ✈❛❧✐❞✐t② ♦❢ t❤❡

♣r♦♦❢✿

• ✭❈✶✮ ❚❤❡r❡ ✐s ❛ ♥♦♥✲♥✉❧❧ ♣r♦❜❛❜✐❧✐t② t❤❛t ❡❛❝❤ st❛t❡ ✐♥ V k ✐s s❡❧❡❝t❡❞

t♦ ❜❡ sk
near✳

• ✭❈✷✮ ■❢ R ✐s ❛ s❡t ♦❢ r❡❛❝❤❛❜❧❡ st❛t❡s ✇✐t❤ ♣♦s✐t✐✈❡ ✈♦❧✉♠❡✱ t❤❡♥ ❢♦r ❛❧❧

k > 0 Pr[sk
new ∈ R] > 0✳ ■♥t✉✐t✐✈❡❧②✱ t❤✐s ❛ss✉♠♣t✐♦♥ ♠❡❛♥s t❤❛t t❤❡r❡

✐s ❛ ♥♦♥✲♥✉❧❧ ♣r♦❜❛❜✐❧✐t② t❤❛t ❵❡❛❝❤ r❡❛❝❤❛❜❧❡ ❞✐r❡❝t✐♦♥✬ ✐s s❡❧❡❝t❡❞✳

■♥❞❡❡❞✱ t❤❡ ❢✉❧❧ ❝♦✈❡r❛❣❡ s❛♠♣❧✐♥❣ ❝♦♥❞✐t✐♦♥ ❛♥❞ t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t ∀k >

0 : volV k > 0 ✉s❡❞ ✐♥ t❤❡ ♣r♦♦❢ ✐♠♣❧② t❤❡ ❛❜♦✈❡ ❝♦♥❞✐t✐♦♥s✳

❲❡ ♣r♦❝❡❡❞ ✇✐t❤ t❤❡ ♠❛✐♥ r❡s✉❧t ❝♦♥❝❡r♥✐♥❣ t❤❡ ♣r❡s❡r✈❛t✐♦♥ ♦❢ t❤❡ ❝♦♠✲

♣❧❡t❡♥❡ss ♦❢ ♦✉r t❡st ❣❡♥❡r❛t✐♦♥ ❛❧❣♦r✐t❤♠✳

❚❤❡♦r❡♠ ✻ ✭❘❡❛❝❤❛❜✐❧✐t② ❝♦♠♣❧❡t❡♥❡ss✮✳ ▲❡t V k ❜❡ t❤❡ s❡t ♦❢ st❛t❡s st♦r❡❞

❛t t❤❡ ✈❡rt✐❝❡s ♦❢ t❤❡ tr❡❡ T k✳ ●✐✈❡♥ ε > 0 ❛♥❞ ❛ r❡❛❝❤❛❜❧❡ st❛t❡ s = (q, x)✱

t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t t❤❡r❡ ❡①✐sts ❛ st❛t❡ s′ ∈ V k s✉❝❤ t❤❛t s′ ✐s ✐♥ t❤❡ ε✲

♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ s ❛♣♣r♦❛❝❤❡s 1 ✇❤❡♥ k ❛♣♣r♦❛❝❤❡s ✐♥✜♥✐t②✱ t❤❛t ✐s

limk→∞Pr[∃s′ ∈ V k : s′ ∈ N (s, ε)] = 1 ✭✹✳✼✮

Pr♦♦❢✳ ❲❡ ✜rst r❡♠❛r❦ t❤❛t ❛t ❡❛❝❤ ❧♦❝❛t✐♦♥✱ t❤❡ r❡❛❝❤❛❜❧❡ s❡t ✐s ❝♦♥♥❡❝t❡❞❀

t❤❡r❡❢♦r❡✱ ❢♦r ❛♥② ε > 0 t❤❡ s❡t

Breach(s) = Reach ∩N (s, ε) ✭✹✳✽✮

✭✇❤❡r❡ Reach ✐s t❤❡ r❡❛❝❤❛❜❧❡ s❡t ❢r♦♠ sinit✮ ❤❛s ❛ ♣♦s✐t✐✈❡ ✈♦❧✉♠❡✳ ❍❡♥❝❡✱

✉s✐♥❣ t❤❡ ❢✉❧❧ ❝♦✈❡r❛❣❡ s❛♠♣❧✐♥❣ ♣r♦♣❡rt②✱ t❤❡ ♣r♦❜❛❜✐❧✐t② Pr[sk
goal ∈ Br(s)] >

0 ❢♦r ❛❧❧ k > 0✳

❲❡ ❞❡✜♥❡ t❤❡ ❞✐st❛♥❝❡ ❢r♦♠ s = (q, x) t♦ V k ❛s

dk(s) = mins′∈V kdH(s′, s).
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■♥✐t✐❛❧❧②✱ t❤❡ tr❡❡ ❝♦♥t❛✐♥s ♦♥❧② t❤❡ ✐♥✐t✐❛❧ st❛t❡✱ t❤❛t ✐s✱ V 0 = {sinit}❀ ❤❡♥❝❡

d0(s) = dH(sinit, s)✳ ◆♦t❡ t❤❛t dH(sinit, s) < ∞ s✐♥❝❡ s ✐s r❡❛❝❤❛❜❧❡ ❢r♦♠

sinit✳

■❢ ❛t ✐t❡r❛t✐♦♥ k✱ t❤❡ tr❡❡ ❛❧r❡❛❞② ❝♦♥t❛✐♥s ❛ ✈❡rt❡① ✐♥s✐❞❡ Breach(s)✱ t❤❡♥ ✭✹✳✼✮

✐s ♣r♦✈❡❞✳

■t r❡♠❛✐♥s t♦ ♣r♦✈❡ ✭✹✳✼✮ ❢♦r t❤❡ ❝❛s❡ ✇❤❡r❡ ❛❧❧ t❤❡ st❛t❡s ✐♥ V k ❛r❡ ♥♦t ✐♥

Breach(s)✳ ❲❡ ❤❛✈❡ s❡❡♥ t❤❛t Pr[sk
goal ∈ Breach(s)] > 0✱ ❛♥❞ ✇❡ s✉♣♣♦s❡ t❤❛t

sk
goal ∈ Breach(s)✳ ❇❡❝❛✉s❡ t❤❡ ✇❤♦❧❡ s❡t Breach(s) ✐s r❡❛❝❤❛❜❧❡✱ ❜② ▲❡♠♠❛ ✺✱

t❤❡r❡ ❡①✐sts ❛ ✜♥✐t❡ k′ > k s✉❝❤ t❤❛t

∃s′ ∈ V k′

: Pr[s′ ∈ Breach(s)] > 0.

◆♦t❡ t❤❛t t❤❡ ❢❛❝t V k′

❝♦♥t❛✐♥s ❛ st❛t❡ ✐♥ Breach(s) ✐♠♣❧✐❡s t❤❛t dk′

(s) <

dk(s)✱ s✐♥❝❡ ✇❡ ❛r❡ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❝❛s❡ ✇❤❡r❡ ♥♦♥❡ ♦❢ t❤❡ st❛t❡s ✐♥ V k ✐s

✐♥ Breach(s)✳ ❋r♦♠ k ■♥ ❛❞❞✐t✐♦♥✱ dk(s) ✐s ♥♦♥✲✐♥❝r❡❛s✐♥❣ ✇✐t❤ r❡s♣❡❝t t♦

k❀ t❤❡r❡❢♦r❡ t❤❡ ❡①♣❡❝t❡❞ ✈❛❧✉❡ ♦❢ t❤❡ ❞✐st❛♥❝❡ t♦ s ❛t ✐t❡r❛t✐♦♥ k′ ♠✉st ❜❡

s♠❛❧❧❡r t❤❛♥ t❤❛t ❛t ✐t❡r❛t✐♦♥ k✱ t❤❛t ✐s E(dk′

(s)) < E(dk(s))✳ ❚❤❡r❡❢♦r❡✱

limk→∞Pr[dk(s) < ε] = 1✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t

limk→∞Pr[∃s′ ∈ V k : s′ ∈ N (s, ε)] = 1.

❘❡♠❛r❦✳ ❚❤❡ ✈❛❧✐❞✐t② ♦❢ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ r❡❛❝❤❛❜✐❧✐t② ❝♦♠♣❧❡t❡♥❡ss r❡✲

q✉✐r❡s t❤❡ ❝♦♥❞✐t✐♦♥s ✭❈✶✮ ❛♥❞ ✭❈✷✮✳ ❚❤❡s❡ ❛ss✉♠♣t✐♦♥s ❣✉❛r❛♥t❡❡ t❤❛t ❢♦r

❛♥② r❡❛❝❤❛❜❧❡ st❛t❡ s t❤❡r❡ ✐s ❛ ♥♦♥✲♥✉❧❧ ♣r♦❜❛❜✐❧✐t② t❤❛t t❤❡ ♥❡✇ ✈❡rt❡① sk+1
new

r❡❞✉❝❡s t❤❡ ❞✐st❛♥❝❡ ❢r♦♠ s t♦ t❤❡ tr❡❡✳ ■♥ ❢❛❝t✱ t❤❡ s❡❧❡❝t✐♦♥ ♦❢ sk
goal ❝♦♥tr♦❧s

t❤❡ ❣r♦✇t❤ ♦❢ t❤❡ tr❡❡ ❜② ❞❡t❡r♠✐♥✐♥❣ ❜♦t❤ t❤❡ st❛rt✐♥❣ st❛t❡ sk
near ❛♥❞ t❤❡

❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ❡①♣❛♥s✐♦♥ ✐♥ ❡❛❝❤ ✐t❡r❛t✐♦♥✳ ❈♦♥s❡q✉❡♥t❧②✱ t♦ ♣r❡s❡r✈❡ t❤❡

❝♦♠♣❧❡t❡♥❡ss ✐t s✉✣❝❡s t♦ ❣✉❛r❛♥t❡❡ t❤❡ s❛t✐s❢❛❝t✐♦♥ ♦❢ t❤❡ ❛ss✉♠♣t✐♦♥s ✭❈✶✮

❛♥❞ ✭❈✷✮✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ s❤♦✇s ❛ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ❢♦r ✭❈✷✮ t♦ ❜❡

✈❡r✐✜❡❞✳

▲❡♠♠❛ ✼✳ ■❢ t❤❡ ❝♦♥tr♦❧ s❡t U ✐s ✜♥✐t❡ ❛♥❞ ❢♦r ❡❛❝❤ u ∈ U Pr[uk = u] > 0✱

t❤❡♥ t❤❡ ❝♦♥❞✐t✐♦♥ ✭❈✷✮ ✐s s❛t✐s✜❡❞✳
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■♥ t❤❡ ❝❧❛ss✐❝ ❘❘❚ ❛❧❣♦r✐t❤♠s✱ t❤❡ ✐♥✐t✐❛❧ st❛t❡ ❢♦r ❡❛❝❤ ✐t❡r❛t✐♦♥ ✐s ❛ ♥❡❛r❡st

♥❡✐❣❤❜♦r ♦❢ t❤❡ ❣♦❛❧ ♣♦✐♥t✱ ❛♥❞ t❤❡ ♥❡✇ ✈❡rt❡① ✐s t❤❡♥ ❝♦♠♣✉t❡❞ ❜② s♦❧✈✐♥❣

❛♥ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♣r♦❜❧❡♠ ✭✇❤♦s❡ ♦❜❥❡❝t✐✈❡ ✐s t♦ ♠✐♥✐♠✐③❡ t❤❡ ❞✐st❛♥❝❡

t♦ t❤❡ ❝✉rr❡♥t ❣♦❛❧ ♣♦✐♥t✮✳ ❚❤❡s❡ t✇♦ ♣r♦❜❧❡♠s ❛r❡ ❞✐✣❝✉❧t✱ ❡s♣❡❝✐❛❧❧② ❢♦r

♥♦♥✲❧✐♥❡❛r s②st❡♠s ✐♥ ❤✐❣❤ ❞✐♠❡♥s✐♦♥s✳

■t ✐s ✐♠♣♦rt❛♥t t♦ ♥♦t❡ t❤❛t ❡✈❡♥ ✐♥ ❛ ❝♦♥t✐♥✉♦✉s s❡tt✐♥❣✱ ✜♥❞✐♥❣ ❛♥ ❡①❛❝t

♥❡❛r❡st ♥❡✐❣❤❜♦r ✐s ❡①♣❡♥s✐✈❡✱ ❡s♣❡❝✐❛❧❧② ✐♥ ❤✐❣❤ ❞✐♠❡♥s✐♦♥s✳ ❲❡ ❝❛♥ ❡①♣❧♦✐t

t❤❡ ❛❜♦✈❡ r❡♠❛r❦ t♦ ❞❡r✐✈❡ ❛ ✈❛r✐❛♥t ♦❢ t❤❡ ❘❘❚ ❛❧❣♦r✐t❤♠ ✇❤✐❝❤ ❤❛s ❧♦✇❡r

❝♦♠♣❧❡①✐t②✳ ■♥❞❡❡❞✱ t♦ ❞❡t❡r♠✐♥❡ t❤❡ ✐♥✐t✐❛❧ ♣♦✐♥ts ✇❡ ❝❛♥ ✉s❡ ❛♣♣r♦①✐♠❛t❡

♥❡❛r❡st ♥❡✐❣❤❜♦rs✱ ♣r♦✈✐❞❡❞ t❤❛t t❤❡ t✇♦ ❛ss✉♠♣t✐♦♥s ❛r❡ s❛t✐s✜❡❞✳

✹✳✹ ❘❡❧❛t❡❞ ✇♦r❦ ❛♥❞ ❞✐s❝✉ss✐♦♥

■♥ t❤✐s ❝❤❛♣t❡r ✇❡ ❤❛✈❡ ❞❡✜♥❡❞ ❛ t❡st ❝❛s❡ ❣❡♥❡r❛t✐♦♥ ❛❧❣♦r✐t❤♠ ❢♦r ❤②❜r✐❞

s②st❡♠s✳ ❚❤✐s ❛❧❣♦r✐t❤♠ ✐s ❜✉✐❧❞ ✉♣♦♥ t❤❡ ✇❡❧❧✲❦♥♦✇♥ ❘❘❚ ❛❧❣♦r✐t❤♠ ❢♦r

♣❛t❤ ❛♥❞ ♠♦t✐♦♥ ♣❧❛♥♥✐♥❣✳

❚❤❡ ❘❘❚ ❛❧❣♦r✐t❤♠ ❤❛s ❜❡❡♥ ✉s❡❞ t♦ s♦❧✈❡ ❛ ✈❛r✐❡t② ♦❢ r❡❛❝❤❛❜✐❧✐t②✲r❡❧❛t❡❞

♣r♦❜❧❡♠s s✉❝❤ ❛s ❤②❜r✐❞ s②st❡♠s ♣❧❛♥♥✐♥❣✱ ❝♦♥tr♦❧✱ ✈❡r✐✜❝❛t✐♦♥ ❛♥❞ t❡st✐♥❣

✭s❡❡ ❢♦r ❡①❛♠♣❧❡ ❬✸✽✱ ✷✸✱ ✺✾✱ ✷✻✱ ✽✹❪ ❛♥❞ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥✮✳ ■♥ t❤✐s s❡❝t✐♦♥✱

✇❡ ♦♥❧② ❞✐s❝✉ss ❛ ❝♦♠♣❛r✐s♦♥ ♦❢ ♦✉r ❛♣♣r♦❛❝❤ ✇✐t❤ s♦♠❡ ❡①✐st✐♥❣ ❘❘❚✲❜❛s❡❞

❛♣♣r♦❛❝❤❡s ❢♦r t❤❡ ✈❛❧✐❞❛t✐♦♥ ♦❢ ❝♦♥t✐♥✉♦✉s ❛♥❞ ❤②❜r✐❞ s②st❡♠s✳

❈♦♥❝❡r♥✐♥❣ t❤❡ ♣r♦❜❧❡♠ ♦❢ ❞❡✜♥✐♥❣ ❛ ❤②❜r✐❞ ❞✐st❛♥❝❡✱ ♦✉r ❤②❜r✐❞ ❞✐st❛♥❝❡

✐s ❝❧♦s❡ t♦ t❤❛t ♣r♦♣♦s❡❞ ✐♥ ❬✺✾❪✳ ❚❤❡ ❞✐✛❡r❡♥❝❡ ✐s t❤❛t ✇❡ ✉s❡ t❤❡ ❝❡♥tr♦✐❞s

♦❢ t❤❡ ❣✉❛r❞ s❡ts t♦ ❞❡✜♥❡ t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡s❡ s❡ts✱ ✇❤✐❧❡ t❤❡ ❛✉t❤♦r

♦❢ ❬✺✾❪ ✉s❡s t❤❡ ♠✐♥✐♠❛❧ ❝❧❡❛r❛♥❝❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡s❡ s❡ts✱ ✇❤✐❝❤ ✐s ❤❛r❞❡r

t♦ ❝♦♠♣✉t❡✳ ❚♦ ♦✈❡r❝♦♠❡ t❤✐s ❞✐✣❝✉❧t②✱ t❤❡ ❛✉t❤♦r ♣r♦♣♦s❡❞ t♦ ❛♣♣r♦①✐♠❛t❡

t❤✐s ❝❧❡❛r❛♥❝❡ ❞✐st❛♥❝❡ ❜② t❤❡ ❞✐❛♠❡t❡r ♦❢ t❤❡ st❛t❡ s♣❛❝❡✳ ❆♥ ❛❞✈❛♥t❛❣❡ ♦❢

♦✉r ❤②❜r✐❞ ❞✐st❛♥❝❡ ✐s t❤❛t ✐t ❝❛♣t✉r❡s ❜❡tt❡r t❤❡ ❛✈❡r❛❣❡ ❝❛s❡s✱ ❛❧❧♦✇✐♥❣ ♥♦t

t♦ ❛❧✇❛②s ❢❛✈♦r t❤❡ ❡①tr❡♠❡ ❝❛s❡s✳

◆♦t❡ ❛❧s♦ t❤❛t ♦✉r ❤②❜r✐❞ ❞✐st❛♥❝❡ dH ❞♦❡s ♥♦t t❛❦❡ ❛❝❝♦✉♥t t❤❡ s②st❡♠✬s

❞②♥❛♠✐❝s✳ ■t ✐s ❜❛s❡❞ ♦♥ t❤❡ s♣❛t✐❛❧ ♣♦s✐t✐♦♥s ♦❢ t❤❡ st❛t❡s✳ ■♥ ❬✺✾❪ t❤❡ ❛✉t❤♦r



✾✵ ❈❍❆P❚❊❘ ✹✳ ❚❊❙❚ ●❊◆❊❘❆❚■❖◆

♣r♦♣♦s❡❞ ❛ t✐♠❡✲❜❛s❡❞ ♠❡tr✐❝ ❢♦r t✇♦ ❤②❜r✐❞ st❛t❡s✱ ✇❤✐❝❤ ❝❛♥ ❜❡ s❡❡♥ ❛s

❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ♠✐♥✐♠❛❧ t✐♠❡ r❡q✉✐r❡❞ t♦ r❡❛❝❤ ❢r♦♠ ♦♥❡ st❛t❡ t♦

❛♥♦t❤❡r✱ ✉s✐♥❣ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡ ❞❡r✐✈❛t✐✈❡s ♦❢ t❤❡ ✈❛r✐❛❜❧❡s✳ ❆♥♦t❤❡r

❞✐st❛♥❝❡ ♣r♦♣♦s❡❞ ✐♥ ❬✺✾❪ ✐s ❝❛❧❧❡❞ s♣❡❝✐✜❝❛t✐♦♥✲❜❛s❡❞✳ ❚❤✐s ❞✐st❛♥❝❡ ✐s t②♣✲

✐❝❛❧❧② ❞❡✜♥❡❞ ✇✐t❤ r❡s♣❡❝t t♦ s♦♠❡ t❛r❣❡t s❡t s♣❡❝✐❢②✐♥❣ s♦♠❡ r❡❛❝❤❛❜✐❧✐t②

♣r♦♣❡rt②✳ ■t ❝❛♥ ❜❡ ❤♦✇❡✈❡r ♦❜s❡r✈❡❞ t❤❛t ❢♦r ♠❛♥② s②st❡♠s✱ t❤✐s ❵❞✐r❡❝t✬

❞✐st❛♥❝❡ ♠❛② ♠✐s❧❡❛❞ t❤❡ ❡①♣❧♦r❛t✐♦♥ ❞✉❡ t♦ t❤❡ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♦❢ t❤❡ s②st❡♠✳

■♥ ❬✸✽✱ ✺✾❪ ❛♥❞ ✐♥ ♦✉r ❤❘❘❚ ❛❧❣♦r✐t❤♠✱ t❤❡ ♣r♦❜❧❡♠ ♦❢ ♦♣t✐♠❛❧❧② st❡❡r✐♥❣

t❤❡ s②st❡♠ t♦✇❛r❞s t❤❡ ❣♦❛❧ st❛t❡s ✇❛s ♥♦t ❛❞❞r❡ss❡❞✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡

❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ tr❡❡ ✐s ♠❛✐♥❧② ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ s❡❧❡❝t✐♦♥ ♦❢ ♥❡❛r❡st ♥❡✐❣❤✲

❜♦rs✳ ■♥ ❬✷✸❪✱ t❤❡ ♣r♦❜❧❡♠ ♦❢ ❝♦♠♣✉t✐♥❣ ♦♣t✐♠❛❧ s✉❝❝❡ss♦rs ✇❛s ❝♦♥s✐❞❡r❡❞

♠♦r❡ ❝❛r❡❢✉❧❧②✱ ❛♥❞ ❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥s ❢♦r ❧✐♥❡❛r ❞②♥❛♠✐❝s ❛s ✇❡❧❧ ❛s ❢♦r

s♦♠❡ ♣❛rt✐❝✉❧❛r ❝❛s❡s ♦❢ ♥♦♥✲❧✐♥❡❛r ❞②♥❛♠✐❝s ✇❡r❡ ♣r♦♣♦s❡❞✳

❚❤❡ ❛✉t❤♦rs ♦❢ ❬✽✹❪ ♣r♦♣♦s❡❞ ❛ s❡❛r❝❤ ♦♥ ❛ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡ ❞✐s❝r❡t❡

str✉❝t✉r❡ ❛♥❞ t❤❡ ❝♦❛rs❡✲❣r❛✐♥❡❞ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ❝♦♥t✐♥✉♦✉s st❛t❡ s♣❛❝❡

✐♥t♦ r❡❣✐♦♥s✱ ✐♥ ♦r❞❡r t♦ ❞❡t❡r♠✐♥❡ s❡❛r❝❤ ❞✐r❡❝t✐♦♥s✳ ❚❤✐s ❝❛♥ ❜❡ t❤♦✉❣❤t ♦❢

❛s ❛ ✇❛② t♦ ❞❡✜♥❡ ❛ ❤②❜r✐❞ ❞✐st❛♥❝❡ ❛s ✇❡❧❧ ❛s ❛ ❣✉✐❞✐♥❣ ❤❡✉r✐st✐❝s✳

■♥ t❤❡ ♥❡①t ❝❤❛♣t❡r✱ ✇❡ t❛❝❦❧❡ t❤❡ ♣r♦❜❧❡♠ ♦❢ ❣✉✐❞✐♥❣ t❤❡ t❡st ❣❡♥❡r❛t✐♦♥

♣r♦❝❡ss✱ ✐♥ ♦r❞❡r t♦ q✉✐❝❦❧② ❛❝❤✐❡✈❡ ❛ ❣♦♦❞ ❝♦✈❡r❛❣❡ q✉❛❧✐t②✳ ■♥ ♦t❤❡r ✇♦r❞s✱

t❤✐s ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ ✇❛② t♦ s♣❡❡❞ ✉♣ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠✱ ✐♥

t❡r♠s ♦❢ ❝♦✈❡r❛❣❡✳ ❲❡ ✇✐❧❧ ❞♦ s♦ ❜② ❣✉✐❞✐♥❣ t❤❡ ❣♦❛❧ st❛t❡s s❛♠♣❧✐♥❣ ✐♥st❡❛❞

♦❢ ✉s✐♥❣ t❤❡ ✉♥✐❢♦r♠ s❛♠♣❧✐♥❣✳



❈❤❛♣t❡r ✺

❈♦✈❡r❛❣❡✲❣✉✐❞❡❞ ❣❡♥❡r❛t✐♦♥

■♥ t❤✐s ❝❤❛♣t❡r ✇❡ ♣r♦♣♦s❡ ❛ t♦♦❧ ❢♦r ❣✉✐❞✐♥❣ t❤❡ t❡st ❣❡♥❡r❛t✐♦♥ ❛❧❣♦r✐t❤♠

❤❘❘❚♣r❡s❡♥t❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡r✳ ❚❤✐s t♦♦❧ ✐s ❜❛s❡❞ ♦♥ t❤❡ ❝♦✈❡r❛❣❡

♠❡❛s✉r❡ ❞❡✜♥❡❞ ✉s✐♥❣ t❤❡ st❛r ❞✐s❝r❡♣❛♥❝②✳ ❚❤❡ ❣♦❛❧ ♦❢ ❣✉✐❞✐♥❣ t♦♦❧ ✐s

t❤❡ ❣✉✐❞❡ t❤❡ s❛♠♣❧✐♥❣ ♣r♦❝❡ss t♦ ❜✐❛s t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ tr❡❡ t♦✇❛r❞s

t❤❡ ✐♥t❡r❡st✐♥❣ r❡❣✐♦♥ ♦❢ t❤❡ st❛t❡ s♣❛❝❡✱ s♦ t❤❛t t♦ r❛♣✐❞❧② ❛❝❤✐❡✈❡ ❛ ❣♦♦❞

❝♦✈❡r❛❣❡ q✉❛❧✐t②✳

❲❡ ♣r♦♣♦s❡ t✇♦ str❛t❡❣✐❡s ❢♦r ❣✉✐❞✐♥❣ ❤❘❘❚✱ ✇❤✐❝❤ r❡s✉❧ts ✐♥ t✇♦ ♥❡✇

❛❧❣♦r✐t❤♠s✳ ❚❤❡ ✜rst ♦♥❡ ✐s ❝❛❧❧❡❞ ❣❘❘❚✱ ❛♥❞ t❤❡ s❡❝♦♥❞ ♦♥❡ ❝❛❧❧❡❞ ❛❣❘❘❚

✇❤✐❝❤ ✐s ❛♥ ❛❞❛♣t✐✈❡ ✈❡rs✐♦♥ ♦❢ ❣❘❘❚✳ ▼♦st ♦❢ t❤❡ r❡s✉❧ts ♣r❡s❡♥t❡❞ ✐♥ t❤✐s

❝❤❛♣t❡r ✇❡r❡ ♣✉❜❧✐s❤❡❞ ✐♥ ❬✼✽✱ ✼✾❪✳

✺✳✶ ●♦❛❧ st❛t❡ s❛♠♣❧✐♥❣

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t t❤❡ ❢r❡❡ s♣❛❝❡

✐s t❤❡ ✇❤♦❧❡ st❛t❡ s♣❛❝❡✳ ❙❛♠♣❧✐♥❣ ❛ ❣♦❛❧ st❛t❡ sgoal = (qgoal, xgoal) ✐♥ t❤❡

❤②❜r✐❞ st❛t❡ s♣❛❝❡ S ❝♦♥s✐sts ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ st❡♣s✿

• ❙❛♠♣❧❡ ❛ ❣♦❛❧ ❧♦❝❛t✐♦♥ qgoal ❢r♦♠ t❤❡ s❡t Q ♦❢ ❛❧❧ t❤❡ ❧♦❝❛t✐♦♥s✱ ❛❝❝♦r❞✲

✐♥❣ t♦ s♦♠❡ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥✳

• ❙❛♠♣❧❡ ❛ ❝♦♥t✐♥✉♦✉s ❣♦❛❧ st❛t❡ xgoal ✐♥s✐❞❡ t❤❡ st❛②✐♥❣ s❡t Iqgoal
♦❢ t❤❡

✾✶
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❧♦❝❛t✐♦♥ qgoal s✐♥❝❡ ✇❤❡♥ t❤❡ ❛✉t♦♠❛t♦♥ ✐s ❛t ❛ ❧♦❝❛t✐♦♥✱ ✐ts ❝♦♥t✐♥✉♦✉s

st❛t❡ ❝❛♥ ♦♥❧② ❡✈♦❧✈❡ ✇✐t❤✐♥ t❤❡ st❛②✐♥❣ s❡t ♦❢ t❤❡ ❧♦❝❛t✐♦♥✳

■♥ ♦✉r ❝♦✈❡r❛❣❡✲❣✉✐❞❡❞ ❡①♣❧♦r❛t✐♦♥ ✇❡ ✇❛♥t t♦ ❜✐❛s t❤❡ ❣♦❛❧ st❛t❡ s❛♠♣❧✐♥❣

❞✐str✐❜✉t✐♦♥ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❝✉rr❡♥t ❝♦✈❡r❛❣❡ ♦❢ t❤❡ ✈✐s✐t❡❞ st❛t❡s✳ ■♥ ❡❛❝❤

✐t❡r❛t✐♦♥✱ ✐❢ ❛ ❧♦❝❛t✐♦♥ ✐s ♥♦t ②❡t ✇❡❧❧ ❡①♣❧♦r❡❞✱ t❤❛t ✐s ✐ts ❝♦✈❡r❛❣❡ ✐s ❧♦✇✱ ✇❡

❣✐✈❡ ✐t ❛ ❤✐❣❤❡r ♣r♦❜❛❜✐❧✐t② t♦ ❜❡ s❡❧❡❝t❡❞✳

▲❡t P = {(q, Pq) | q ∈ Q ∧ Pq ⊂ Iq} ❜❡ t❤❡ ❝✉rr❡♥t s❡t ♦❢ ✈✐s✐t❡❞ st❛t❡s✳

❲❡ s❛♠♣❧❡ t❤❡ ❣♦❛❧ ❧♦❝❛t✐♦♥ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐str✐❜✉t✐♦♥✿

Pr[qgoal = q] =
1 − Cov(P, q)

||Q|| −
∑

q′∈Q Cov(P, q′)
✭✺✳✶✮

✇❤❡r❡ Cov(P, q) ✐s t❤❡ ❝✉rr❡♥t t❡st ❝♦✈❡r❛❣❡ ❛t t❤❡ ❧♦❝❛t✐♦♥ q ❛♥❞ ||Q|| ✐s

t❤❡ ♥✉♠❜❡r ♦❢ ❧♦❝❛t✐♦♥s✳

❲❡ ♣r♦❝❡❡❞ t♦ s❤♦✇ ❤♦✇ ✇❡ ❜✐❛s t❤❡ s❛♠♣❧✐♥❣ ♦❢ t❤❡ ❣♦❛❧ ❝♦♥t✐♥✉♦✉s st❛t❡

xgoal✳ ❙✉♣♣♦s❡ t❤❛t ✇❡ ❤❛✈❡ s❛♠♣❧❡❞ ❛ ❞✐s❝r❡t❡ ❧♦❝❛t✐♦♥ qgoal = q✳ ❚♦ ❣✐✈❡

❣❡♦♠❡tr✐❝ ✐♥t✉✐t✐♦♥s✱ ✇❡ ♦❢t❡♥ ❝❛❧❧ ❛ ❝♦♥t✐♥✉♦✉s st❛t❡ ❛ ♣♦✐♥t✳ ■♥ ❛❞❞✐t✐♦♥✱

✇❡ ❛ss✉♠❡ t❤❛t ❛❧❧ t❤❡ st❛②✐♥❣ s❡ts ❛r❡ ❜♦①❡s✱ ❛♥❞ ✇❡ t❤✉s ❞❡♥♦t❡ t❤❡ st❛②✐♥❣

s❡t Iq ❜② t❤❡ ❜♦① B✳

❇❡❢♦r❡ ❞❡s❝r✐❜✐♥❣ ✐♥ ❞❡t❛✐❧ ♦✉r ❝♦♥t✐♥✉♦✉s st❛t❡ s❛♠♣❧✐♥❣ ♠❡t❤♦❞✱ ✇❡ ❞✐s✲

❝✉ss t❤❡ ❞✐✣❝✉❧t ♦❢ ♦✉r ♣r♦❜❧❡♠ ❛♥❞ ❡①♣❧❛✐♥ t❤❡ ♠♦t✐✈❛t✐♦♥ ♦❢ ♦✉r s♦❧✉t✐♦♥✳

✺✳✷ ▼♦t✐✈❛t✐♥❣ ❡①❛♠♣❧❡s

❇❡❢♦r❡ ❞❡s❝r✐❜✐♥❣ ✐♥ ❞❡t❛✐❧ ♦✉r ❝♦♥t✐♥✉♦✉s st❛t❡ s❛♠♣❧✐♥❣ ♠❡t❤♦❞✱ ✇❡ ❞✐s❝✉ss

t❤❡ ❞✐✣❝✉❧t ♦❢ ♦✉r ♣r♦❜❧❡♠ ❛♥❞ ❡①♣❧❛✐♥ t❤❡ ♠♦t✐✈❛t✐♦♥ ♦❢ ♦✉r s♦❧✉t✐♦♥✳ ❋♦r

✐❧❧✉str❛t✐♦♥✱ ✇❡ ✉s❡ t✇♦ ❡①❛♠♣❧❡s✳ ❚❤❡ ✜rst ♦♥❡ ✐s t❤❡ ♦♥❡ s❤♦✇♥ ✐♥ t❤❡

♣r❡✈✐♦✉s ❝❤❛♣t❡r ❢♦r ✇❤✐❝❤ t❤❡ ❝❧❛ss✐❝❛❧ ❤❘❘❚ ❛❧❣♦r✐t❤♠ ♣❡r❢♦r♠s ✇❡❧❧✱

❛♥❞ t❤❡ s❡❝♦♥❞ ✐s ❛♥ ❡①❛♠♣❧❡ ❢♦r ✇❤✐❝❤ t❤❡ ❤❘❘❚ ❛❧❣♦r✐t❤♠ ✇✐t❤ ✉♥✐❢♦r♠

s❛♠♣❧✐♥❣ ❞♦❡s ♥♦t ♣❡r❢♦r♠ ✇❡❧❧✳

❚❤❡ r❡❛s♦♥ ✇❡ ❝❤♦♦s❡ t❤❡s❡ ❡①❛♠♣❧❡s ✐s t❤❛t t❤❡② ❞✐✛❡r ✐♥ t❤❡ r❡❛❝❤❛❜✐❧✐t②

♣r♦♣❡rt②✳ ■♥ t❤❡ ✜rst ❡①❛♠♣❧❡✱ t❤❡ s②st❡♠ ❛r❡ ❵❝♦♥tr♦❧❧❛❜❧❡✬ ✐♥ t❤❡ s❡♥s❡
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t❤❛t t❤❡ ✇❤♦❧❡ st❛t❡ s♣❛❝❡ ✐s r❡❛❝❤❛❜❧❡ ❢r♦♠ t❤❡ ✐♥✐t✐❛❧ st❛t❡✱ ❜✉t ✐♥ t❤❡

s❡❝♦♥❞ ❡①❛♠♣❧❡ t❤❡ r❡❛❝❤❛❜❧❡ s❡t ✐s ♦♥❧② ❛ s♠❛❧❧ r❡❣✐♦♥ ✐♥ t❤❡ st❛t❡ s♣❛❝❡✳

❆ s✐♠✐❧❛r ❝❤❛❧❧❡♥❣✐♥❣ ❡①❛♠♣❧❡ ✐♥ ♠♦t✐♦♥ ♣❧❛♥♥✐♥❣ ✇❛s ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✶✵✶❪

✇❤❡r❡ ❤❘❘❚ ✇✐t❤ ✉♥✐❢♦r♠ s❛♠♣❧✐♥❣ ❢❛✐❧ t♦ q✉✐❝❦❧② ✜♥❞ t❤❡ s♦❧✉t✐♦♥✳

■♥❞❡❡❞✱ t❤❡s❡ t✇♦ ❡①❛♠♣❧❡s ✇✐❧❧ ❜❡ ✉s❡❞ t❤r♦✉❣❤ t❤✐s ❝❤❛♣t❡r t♦ ✈❛❧✐❞❛t❡

t❤❡ ❡✣❝✐❡♥❝② ♦❢ t❤❡ ❝♦✈❡r❛❣❡✲❣✉✐❞❡❞ s❛♠♣❧✐♥❣ ♠❡t❤♦❞ t❤❛t ✇❡ ♣r♦♣♦s❡✳

❊①❛♠♣❧❡ ✶

❲❡ ✜rst r❡❝❛❧❧ t❤❡ ❡①❛♠♣❧❡✳

❊①❛♠♣❧❡ ✶✳ ❚❤✐s ❡①❛♠♣❧❡ ✐s ❛ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❝♦♥t✐♥✉♦✉s s②st❡♠ ✇❤❡r❡

t❤❡ st❛t❡ s♣❛❝❡ X ✐s ❛ ❜♦① B = [−3,−3] × [3, 3]✳ ❚❤❡ ❝♦♥t✐♥✉♦✉s ❞②♥❛♠✐❝s

✭♦r t❤❡ ❞✐✛❡r❡♥t✐❛❧ ❝♦♥str❛✐♥t✮ ✐s f(x, t) = u(t) ✇❤❡r❡ t❤❡ ✐♥♣✉t s❡t ✐s U =

{u ∈ R
2/||u|| ≤ 0.2}✳

• B = [−3,−3] × [3, 3]

• ẋ = u ✇❤❡r❡ u ∈ U = {u ∈ R
2 | ||u|| ≤ 0.2}

■♥❞❡❡❞✱ ✇❤❡♥ tr❡❛t✐♥❣ t❤✐s ❡①❛♠♣❧❡ ✇✐t❤ t❤❡ ❤❘❘❚ ❛❧❣♦r✐t❤♠ ✇❡ ✉s❡ 100

✐♥♣✉t ✈❛❧✉❡s r❡s✉❧t✐♥❣ ❢r♦♠ ❛ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ s❡t U ✳ ❚❤❡ ✐♥✐t✐❛❧ st❛t❡

✐s (−2.9,−2.9)✳ ❚❤❡ t✐♠❡ st❡♣ ✐s 0.002✳ ❚♦ ❡✈❛❧✉❛t❡ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢

t❤❡ ❛❧❣♦r✐t❤♠ ✐♥ t❡r♠s ♦❢ ❝♦✈❡r❛❣❡✱ ✇❡ ✉s❡ t❤❡ ❝♦✈❡r❛❣❡ ♠❡❛s✉r❡ ❞❡✜♥❡❞

✉s✐♥❣ t❤❡ st❛r ❞✐s❝r❡♣❛♥❝②✳ ■t ✐s ✐♠♣♦rt❛♥t t♦ ❡♠♣❤❛s✐③❡ t❤❛t t❤❡ ❤❘❘❚

❛❧❣♦r✐t❤♠ ✉s❡❞ ❤❡r❡ ✐s t❤❡ ❝❧❛ss✐❝❛❧ ♦♥❡ t❤❛t ✉s❡s ✉♥✐❢♦r♠ s❛♠♣❧✐♥❣ ❛♥❞ t❤❡

❊✉❝❧✐❞✐❛♥ ♠❡tr✐❝✳ ❚❤❡ ✉♥✐❢♦r♠ s❛♠♣❧✐♥❣ ✐s ✐♠♣❧❡♠❡♥t❡❞ ✉s✐♥❣ t❤❡ ❈✰✰

♣s❡✉❞♦✲r❛♥❞♦♠ ❢✉♥❝t✐♦♥✳

❋♦r t❤❡ st❛r ❞✐s❝r❡♣❛♥❝② ❡st✐♠❛t✐♦♥ ✇❡ ✉s❡ ❛ st❛t✐❝ ♣❛rt✐t✐♦♥ Π s✉❝❤ t❤❛t

W (Π) = 0.03✳

❋✐❣✉r❡ ✺✳✶ ✐❧❧✉str❛t❡s ❤♦✇ ❢❛st t❤❡ ❤❘❘❚ ❛❧❣♦r✐t❤♠ ❝♦✈❡rs t❤❡ ❣❧♦❜❛❧ st❛t❡

s♣❛❝❡✳ ❋✐❣✉r❡ ✺✳✷ s❤♦✇s t❤❡ ❝♦✈❡r❛❣❡ ❛❢t❡r ❡❛❝❤ ✐t❡r❛t✐♦♥ k ♦❢ t✇♦ s❡ts ♦❢

st❛t❡s✿ t❤❡ s❡t P k ♦❢ t❤❡ ✈✐s✐t❡❞ st❛t❡s ♦❢ t❤❡ ❤❘❘❚ tr❡❡ ✭s♦❧✐❞ ❝✉r✈❡ ✐♥
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❋✐❣✉r❡ ✺✳✶✿ ❚❤❡ ❤❘❘❚ ❣❡♥❡r❛t✐♦♥ ❡①♣❛♥s✐♦♥✳
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❋✐❣✉r❡ ✺✳✷✮ ❛♥❞ t❤❡ s❡t Gk ♦❢ s❛♠♣❧❡❞ ❣♦❛❧ st❛t❡s✭❞❛s❤❡❞ ❝✉r✈❡ ✐♥ ❋✐❣✉r❡ ✺✳✷✮✳

◆♦t❡ t❤❛t t❤❡s❡ s❡ts ❤❛✈❡ t❤❡ s❛♠❡ ♥✉♠❜❡r ♦❢ ♣♦✐♥ts✳ ❚❤❡ ✜❣✉r❡ ❛❧s♦ s❤♦✇

t❤❡ ❞✐s♣❛r✐t② γ∗(P k, Gk,B) ❜❡t✇❡❡♥ t❤❡♠✳

❋r♦♠ t❤❡ ✜❣✉r❡✱ ✇❡ ❝❛♥ s❡❡ t❤❛t t❤❡ ❝♦✈❡r❛❣❡ ♦❢ t❤❡ ✈✐s✐t❡❞ ♣♦✐♥ts P k

❝❛t❝❤❡s ✉♣ ✇✐t❤ t❤❡ ❝♦✈❡r❛❣❡ ♦❢ t❤❡ ❣♦❛❧ ♣♦✐♥ts Gk ✉♥t✐❧ ❛ s❛t✉r❛t✐♦♥✳ ❚❤❡

❞✐s♣❛r✐t② ❜❡t✇❡❡♥ t❤❡ t✇♦ s❡ts ✐s ❛❧s♦ s❤♦✇♥ ✐♥ t❤❡ ✜❣✉r❡✳

❋✐❣✉r❡ ✺✳✷✿ ❈♦✈❡r❛❣❡ ❛♥❞ ❞✐s♣❛r✐t② ❡✈♦❧✉t✐♦♥ ♦❢ P k ❛♥❞ Gk ✳

❊①❛♠♣❧❡ ✷

❊①❛♠♣❧❡ ✷✳ ❚❤✐s ❡①❛♠♣❧❡ ✐s ❛ ❧✐♥❡❛r s②st❡♠ ✐♥ R
2 ✇✐t❤ ❛ st❛❜❧❡ ❢♦❝✉s ❛t

t❤❡ ♦r✐❣✐♥✳ ■ts ❞②♥❛♠✐❝s ✐s ❞❡s❝r✐❜❡❞ ❜②✿
(

ẋ

ẏ

)

=

(

−1 −1.9

1.9 −1

)

×

(

x

y

)

+

(

u1

u2

)

❲❡ ❧❡t t❤❡ ❞②♥❛♠✐❝s ❜❡ s❧✐❣❤t❧② ♣❡rt✉r❜❡❞ ❜② ❛♥ ❛❞❞✐t✐✈❡ ✐♥♣✉t u✳ ❚❤❡ st❛t❡

s♣❛❝❡ ✐s t❤❡ ❜♦✉♥❞✐♥❣ ❜♦① B = [−3,−3] × [3, 3]✳ ❚❤❡ ✐♥♣✉t s❡t U = {u ∈

R
2 | ||u|| ≤ 0.2}✳
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❚❤❡ ♣❤❛s❡ ♣♦rtr❛✐t ♦❢ t❤❡ ❞②♥❛♠✐❝s ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✺✳✸✳ ❆❣❛✐♥✱ ✇❡

❋✐❣✉r❡ ✺✳✸✿ ❚❤❡ ✈❡❝t♦r ✜❡❧❞ ❛♥❞ t❤❡ s❡t ♦❢ ✐♥✐t✐❛❧ ♣♦✐♥ts✳

s❛♠♣❧❡ ❢r♦♠ t❤✐s s❡t 100 ✈❛❧✉❡s t♦ r✉♥ ✇✐t❤ t❤❡ ❝❧❛ss✐❝❛❧ ❤❘❘❚ ❛❧❣♦r✐t❤♠✳

■♥ t❤✐s ❡①❛♠♣❧❡✱ ✇❡ ❝♦♥s✐❞❡r ❛ s❡t ♦❢ ✐♥✐t✐❛❧ st❛t❡s ❞❡✜♥❡❞ ❜② t❤❡ ❜♦① [2, 2]×

[2.5, 2.5]✳ ❲❡ st❛rt t❤❡ ❤❘❘❚ ❛❧❣♦r✐t❤♠ ✇✐t❤ ❛ s❡t ♦❢ 100 ✐♥✐t✐❛❧ ♣♦✐♥ts

✉♥✐❢♦r♠❧② s❛♠♣❧❡❞ ✇✐t❤✐♥ t❤❡ ❜♦①✳ ❚❤❡ t✐♠❡ st❡♣ ✐s 0.002✳ ❋♦r t❤❡ ❝♦✈❡r❛❣❡

❡st✐♠❛t✐♦♥ ✇❡ ✉s❡ ❛ st❛t✐❝ ♣❛rt✐t✐♦♥ Π ✇✐t❤ W (Π) = 0.03✳ ❋✐❣✉r❡ ✺✳✹ s❤♦✇s

t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ❛❢t❡r 50000 ✐t❡r❛t✐♦♥s✳

❲❡ ❝❛♥ s❡❡ t❤❛t t❤❡ ❞✐s♣❛r✐t② ❜❡t✇❡❡♥ t❤❡ s❡t ♦❢ ❣♦❛❧ st❛t❡s ❛♥❞ t❤❡ s❡t ♦❢

✈✐s✐t❡❞ st❛t❡s ✐s ❧❛r❣❡✳ ❚❤✐s ❝❛♥ ❜❡ ❡①♣❧❛✐♥❡❞ ❛s ❢♦❧❧♦✇s✳ ❆s ♠❡♥t✐♦♥❡❞ ❡❛r❧✐❡r✱

❞✉❡ t♦ t❤❡ ✉♥✐❢♦r♠ s❛♠♣❧✐♥❣ ♦❢ ❣♦❛❧ st❛t❡s✱ t❤❡ ❘❘❚ ❛❧❣♦r✐t❤♠ ✐s ❜✐❛s❡❞ ❜②

t❤❡ ❱♦r♦♥♦✐ ❞✐❛❣r❛♠ ♦❢ t❤❡ ✈❡rt✐❝❡s ♦❢ t❤❡ tr❡❡✳ ■❢ t❤❡ ❛❝t✉❛❧ r❡❛❝❤❛❜❧❡ s❡t ✐s

♦♥❧② ❛ s♠❛❧❧ ❢r❛❝t✐♦♥ ♦❢ t❤❡ st❛t❡ s♣❛❝❡✱ t❤❡ ✉♥✐❢♦r♠ s❛♠♣❧✐♥❣ ♦✈❡r t❤❡ ✇❤♦❧❡

st❛t❡ s♣❛❝❡ ❧❡❛❞s t♦ ❛ str♦♥❣ ❜✐❛s ✐♥ s❡❧❡❝t✐♦♥ ♦❢ t❤❡ ♣♦✐♥ts ♦♥ t❤❡ ❜♦✉♥❞❛r②

♦❢ t❤❡ tr❡❡✱ ❛♥❞ t❤❡ ✐♥t❡r✐♦r ♦❢ t❤❡ r❡❛❝❤❛❜❧❡ s❡t ❝❛♥ ♦♥❧② ❜❡ ❡①♣❧♦r❡❞ ❛❢t❡r

❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s✳ ■♥❞❡❡❞✱ ✐❢ t❤❡ r❡❛❝❤❛❜❧❡ ✇❛s ❦♥♦✇♥✱ s❛♠♣❧✐♥❣

✇✐t❤✐♥ t❤❡ r❡❛❝❤❛❜❧❡ s❡t ✇♦✉❧❞ ♣r♦❞✉❝❡ ❜❡tt❡r ❝♦✈❡r❛❣❡ r❡s✉❧ts✳ ■♥ t❤❡ ♥❡①t

s❡❝t✐♦♥s✱ ✇❡ ❞❡s❝r✐❜❡ t✇♦ ♠❡t❤♦❞s ❢♦r ❣✉✐❞✐♥❣ t❤❡ s❛♠♣❧✐♥❣ ❞✐str✐❜✉t✐♦♥ t♦✲

✇❛r❞s ♦♣t✐♠✐③✐♥❣ t❤❡ ❝♦✈❡r❛❣❡✱ ✉s✐♥❣ t❤❡ ❝♦✈❡r❛❣❡ ✐♥❢♦r♠❛t✐♦♥ ♦❢ t❤❡ ❝✉rr❡♥t
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s❡ts ♦❢ ✈✐s✐t❡❞ st❛t❡s ❛♥❞ ❣♦❛❧ st❛t❡s✳

✺✳✸ ❈♦✈❡r❛❣❡✲❣✉✐❞❡❞ s❛♠♣❧✐♥❣

❚❤❡ ♠❛✐♥ ✐❞❡❛ ♦❢ ♦✉r ❝♦✈❡r❛❣❡✲❣✉✐❞❡❞ ❡①♣❧♦r❛t✐♦♥ ✐s t♦ ❣✉✐❞❡ t❤❡ ❣♦❛❧ st❛t❡

s❛♠♣❧✐♥❣ ✐♥ ♦r❞❡r t♦ ❛❝❤✐❡✈❡ ❛ ❣♦♦❞ ❝♦✈❡r❛❣❡ ♦❢ t❤❡ ✈✐s✐t❡❞ st❛t❡s✳ ■♥ ❡❛❝❤

✐t❡r❛t✐♦♥✱ ✇❡ ✉s❡ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ♦❢ t❤❡ ❝✉rr❡♥t ❝♦✈❡r❛❣❡ t♦ ✐♠♣r♦✈❡ ✐t✳ ■♥✲

❞❡❡❞✱ t❤❡ ❝♦✈❡r❛❣❡ ❡st✐♠❛t✐♦♥ ♣r♦✈✐❞❡s ♥♦t ♦♥❧② ❛♥ ❛♣♣r♦①✐♠❛t❡ ✈❛❧✉❡ ♦❢ t❤❡

❝✉rr❡♥t ❝♦✈❡r❛❣❡✱ ❜✉t ❛❧s♦ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t ✇❤✐❝❤ r❡❣✐♦♥s ♥❡❡❞ t♦ ❜❡

❡①♣❧♦r❡❞ ♠♦r❡✳

❲❡ r❡❝❛❧❧ t❤❛t t❤❡ ❝♦✈❡r❛❣❡ ❡st✐♠❛t✐♦♥ ✐s ❞♦♥❡ ✉s✐♥❣ ❛ ❜♦① ♣❛rt✐t✐♦♥ Π

♦❢ t❤❡ st❛t❡ s♣❛❝❡ B✳ ❲❡ ❤❛✈❡ ❛ss✉♠❡❞ t❤❛t ❛❧❧ t❤❡ st❛②✐♥❣ s❡ts ❛r❡ ❜♦①❡s✳

■♥ ✇❤❛t ❢♦❧❧♦✇s✱ ✇❡ ♦❢t❡♥ ❝❛❧❧ t❤✐s ❜♦① B t❤❡ ❜♦✉♥❞✐♥❣ ❜♦①✳ ❖✉r ♠❡t❤♦❞ ♦❢

s❛♠♣❧✐♥❣ ♦❢ ❛ ❝♦♥t✐♥✉♦✉s ❣♦❛❧ st❛t❡ ❝♦♥s✐sts ♦❢ t✇♦ st❡♣s✳ ■♥ t❤❡ ✜rst st❡♣✱ ✇❡

s❛♠♣❧❡ ❛♥ ❡❧❡♠❡♥t❛r② ❜♦① bgoal ❢r♦♠ t❤❡ ♣❛rt✐t✐♦♥ Π✳ ■♥ t❤❡ s❡❝♦♥❞ st❡♣✱ ✇❡

✉♥✐❢♦r♠❧② s❛♠♣❧❡ ❛ ♣♦✐♥t xgoal ✐♥ bgoal✱ ❛s s❤♦✇♥ ✐♥ ❆❧❣♦r✐t❤♠ ✸✳ ●✉✐❞✐♥❣ ✐s

❆❧❣♦r✐t❤♠ ✸ ❈♦♥t✐♥✉♦✉s ❣♦❛❧ st❛t❡ s❛♠♣❧✐♥❣

♣r♦❝❡❞✉r❡ ❙❛♠♣❧✐♥❣✭ ✮

bgoal = ❇♦①❙❛♠♣❧✐♥❣(Π)

xgoal = ❯♥✐❢♦r♠❙❛♠♣❧✐♥❣(bgoal)

r❡t✉r♥ xgoal

❡♥❞ ♣r♦❝❡❞✉r❡

t❤✉s ❞♦♥❡ ✐♥ t❤❡ ❣♦❛❧ ❜♦① s❛♠♣❧✐♥❣ ♣r♦❝❡ss✳ ❚❤❡ ♥❡①t s❡❝t✐♦♥ ✐s ❞❡✈♦t❡❞ t♦

t❤✐s ♣r♦❜❧❡♠✳

✺✳✸✳✶ ●♦❛❧ ❜♦① s❛♠♣❧✐♥❣

▲❡t Π ❜❡ t❤❡ ❜♦① ♣❛rt✐t✐♦♥ ✉s❡❞ ✐♥ t❤❡ ❝♦✈❡r❛❣❡ ❡st✐♠❛t✐♦♥✱ ❛♥❞ ✇❡ ❞❡♥♦t❡

❜② P t❤❡ ❝✉rr❡♥t s❡t ♦❢ ✈✐s✐t❡❞ st❛t❡s✳ ❚❤❡ ♦❜❥❡❝t✐✈❡ ✐s t♦ ❞❡✜♥❡ ❛ ♣r♦❜❛❜✐❧✐t②

❞✐str✐❜✉t✐♦♥ ♦✈❡r t❤❡ s❡t ♦❢ ❡❧❡♠❡♥t❛r② ❜♦①❡s ♦❢ Π✳ ❚❤✐s ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉✲

t✐♦♥ ✐s ❞❡✜♥❡❞ ❛t ❡❛❝❤ ✐t❡r❛t✐♦♥ ♦❢ t❤❡ t❡st ❣❡♥❡r❛t✐♦♥ ❛❧❣♦r✐t❤♠✳ ❊ss❡♥t✐❛❧❧②✱
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✇❡ ❢❛✈♦r t❤❡ s❡❧❡❝t✐♦♥ ♦❢ ❛ ❜♦① ✐❢ ❛❞❞✐♥❣ ❛ ♥❡✇ st❛t❡ ✐♥ t❤✐s ❜♦① ❛❧❧♦✇s t♦

✐♠♣r♦✈❡ t❤❡ ❝♦✈❡r❛❣❡ ♦❢ t❤❡ ✈✐s✐t❡❞ st❛t❡s✳ ❚❤✐s ✐s ❝❛♣t✉r❡❞ ❜② ❛ ♣♦t❡♥t✐❛❧

✐♥✢✉❡♥❝❡ ❢✉♥❝t✐♦♥✱ ✇❤✐❝❤ ❛ss✐❣♥s t♦ ❡❛❝❤ ❡❧❡♠❡♥t❛r② ❜♦① b ✐♥ t❤❡ ♣❛rt✐t✐♦♥ ❛

r❡❛❧ ♥✉♠❜❡r t❤❛t r❡✢❡❝ts t❤❡ ❝❤❛♥❣❡ ✐♥ t❤❡ ❝♦✈❡r❛❣❡ ✐❢ ❛ ♥❡✇ st❛t❡ ✐s ❛❞❞❡❞

✐♥ b✳ ❚❤❡ ❝✉rr❡♥t ❝♦✈❡r❛❣❡ ✐s ❣✐✈❡♥ ✐♥ ❢♦r♠ ♦❢ ❛ ❧♦✇❡r ❛♥❞ ❛♥ ✉♣♣❡r ❜♦✉♥❞✳

■♥ ♦r❞❡r t♦ ✐♠♣r♦✈❡ t❤❡ ❝♦✈❡r❛❣❡✱ ✇❡ ❛✐♠ ❛t r❡❞✉❝✐♥❣ ❜♦t❤ t❤❡ ❧♦✇❡r ❛♥❞ t❤❡

✉♣♣❡r ❜♦✉♥❞s✳

✺✳✸✳✷ ❘❡❞✉❝✐♥❣ t❤❡ ❧♦✇❡r ❜♦✉♥❞

❲❡ ❛ss♦❝✐❛t❡ ✇✐t❤ ❡❛❝❤ ❜♦① b ⊆ Π ❛ ♥✉♠❜❡r A∗(b) s✉❝❤ t❤❛t

vol(J)

vol(B)
=

A∗(P, J)

k

✇❤❡r❡ vol ❞❡♥♦t❡s t❤❡ ✈♦❧✉♠❡ ♦❢ ❛ s❡t✳ ■♥t✉✐t✐✈❡❧②✱ A∗(b) r❡♣r❡s❡♥ts t❤❡

r❡q✉✐r❡❞ ♥✉♠❜❡r ♦❢ ♣♦✐♥ts ✐♥ t❤❡ ❜♦① b s♦ t❤❛t t❤❡ r❛t✐♦ ❜❡t✇❡❡♥ t❤❡ ♥✉♠❜❡r

♦❢ ♣♦✐♥ts ✐♥ b ❛♥❞ t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ ♣♦✐♥ts ✐s ❡①❛❝t❧② t❤❡ r❛t✐♦ ❜❡t✇❡❡♥

t❤❡ ✈♦❧✉♠❡ ♦❢ b ❛♥❞ t❤❛t ♦❢ t❤❡ ❜♦✉♥❞✐♥❣ ❜♦①✳

▲❡t A(P, b) ❜❡ t❤❡ ♥✉♠❜❡r ♦❢ ♣♦✐♥ts ♦❢ P ✇❤✐❝❤ ❛r❡ ✐♥s✐❞❡ b✳ ❲❡ ❞❡♥♦t❡

∆A(J) = A(P, J) − A∗(P, J). ✭✺✳✷✮

❚❤❡ s✐❣♥ ♦❢ ∆A(b) r❡✢❡❝ts ❛ ❵❧❛❝❦✬ ♦r ❛♥ ❵❡①❝❡ss✬ ♦❢ ♣♦✐♥ts ✐♥ t❤❡ ❜♦① b✱ ❛♥❞

✐ts ❛❜s♦❧✉t❡ ✈❛❧✉❡ ✐♥❞✐❝❛t❡s ❤♦✇ s✐❣♥✐✜❝❛♥t t❤❡ ❧❛❝❦ ♦r t❤❡ ❡①❝❡ss ✐s✱

◆♦✇ ❢♦r ❛ ❣✐✈❡♥ ❡❧❡♠❡♥t❛r② ❜♦① b ∈ Π✱ ✇❡ ❝❛♥ r❡✇r✐t❡ t❤❡ ❧♦❝❛❧ ❧♦✇❡r

❜♦✉♥❞ ♦❢ t❤❡ st❛r ❞✐s❝r❡♣❛♥❝② D∗(P,B) ♦❢ t❤❡ ♣♦✐♥t s❡t P ❛s

c(b) =
1

k
max{|∆A(b+)|, |∆A(b−)|}.

❍❡♥❝❡✱ ❜② ❚❤❡♦r❡♠ ✸ ✭✐♥ ❈❤❛♣t❡r ✸✮✱ t❤❡ ❧♦✇❡r ❜♦✉♥❞ ♦❢ t❤❡ st❛r ❞✐s❝r❡♣❛♥❝②

D∗(P,B) ❜❡❝♦♠❡s

C(P,Π) = max
b∈Π

{c(b)}.

❖✉r str❛t❡❣② t♦ r❡❞✉❝❡ t❤❡ ❧♦✇❡r ❜♦✉♥❞ C(P,Π) ✐s ❜❛s❡❞ ♦♥ t❤❡ ✐♠♣❛❝t

♦❢ ❛❞❞✐♥❣ ❛ ♥❡✇ ♣♦✐♥t ✐♥ ❡❛❝❤ ❜♦① b ♦♥ |∆A(b+)| ❛♥❞ |∆A(b−)| ❛♥❞ t❤✉s ♦♥

C(P,Π)✳
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❲❡ ♦❜s❡r✈❡ t❤❛t ❛❞❞✐♥❣ ❛ ♣♦✐♥t ✐♥ b r❡❞✉❝❡s |∆A(b+)| ✐❢ ∆A(b+) < 0 ❛♥❞

✐♥❝r❡❛s❡s |∆A(b+)| ♦t❤❡r✇✐s❡✳ ❍♦✇❡✈❡r✱ ❞♦✐♥❣ s♦ ❞♦❡s ♥♦t ❛✛❡❝t ∆A(b−) ✭s❡❡

❋✐❣✉r❡ ✺✳✺✮✳ ❚❤✉s✱ ✇❡ ❞❡✜♥❡ ❛ ❢✉♥❝t✐♦♥ r❡✢❡❝t✐♥❣ t❤❡ ♣♦t❡♥t✐❛❧ ✐♥✢✉❡♥❝❡ ♦♥

t❤❡ ❧♦✇❡r ❜♦✉♥❞ ❛s ❢♦❧❧♦✇s✿

ξ(b) =
1 − ∆A(b+)/k

1 − ∆A(b−)/k
, ✭✺✳✸✮

❛♥❞ ✇❡ ❢❛✈♦r t❤❡ s❡❧❡❝t✐♦♥ ♦❢ b ✐❢ t❤❡ ✈❛❧✉❡ ξ(b) ✐s ❧❛r❣❡✳ ◆♦t❡ t❤❛t ❢♦r ❛♥②

❜♦① b ✐♥s✐❞❡ B✱ ✇❡ ❤❛✈❡ 1 − ∆A(b)/k > 0✳

B

b
+

b

b
−

(α1, α2)

(β1, β2)

(l1, l2)

(L1, L2)

❋✐❣✉r❡ ✺✳✺✿ ■❧❧✉str❛t✐♦♥ ♦❢ t❤❡ ❜♦①❡s b
− ❛♥❞ b

+✳

❚❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ ξ ✐s ❛s ❢♦❧❧♦✇s✳ ■❢ ∆A(b+) ✐s ♥❡❣❛t✐✈❡

❛♥❞ ✐ts ❛❜s♦❧✉t❡ ✈❛❧✉❡ ✐s ❧❛r❣❡✱ t❤❡ ❵❧❛❝❦✬ ♦❢ ♣♦✐♥ts ✐♥ b
+ ✐s s✐❣♥✐✜❝❛♥t✳ ■♥

t❤✐s ❝❛s❡✱ ξ(b) ✐s ❧❛r❣❡✱ ♠❡❛♥✐♥❣ t❤❛t t❤❡ s❡❧❡❝t✐♦♥ ♦❢ b ✐s ❢❛✈♦r❡❞✳ ❖♥ t❤❡

♦t❤❡r ❤❛♥❞✱ ✐❢ ∆A(b−) ✐s ♥❡❣❛t✐✈❡ ❛♥❞ ✐ts ❛❜s♦❧✉t❡ ✈❛❧✉❡ ✐s ❧❛r❣❡✱ t❤❡♥ ξ(b) ✐s

s♠❛❧❧✱ ❜❡❝❛✉s❡ ✐t ✐s ♣r❡❢❡r❛❜❧❡ ♥♦t t♦ s❡❧❡❝t b ✐♥ ♦r❞❡r t♦ ✐♥❝r❡❛s❡ t❤❡ ❝❤❛♥❝❡

♦❢ ❛❞❞✐♥❣ ♥❡✇ ♣♦✐♥ts ✐♥ b
−✳

✺✳✸✳✸ ❘❡❞✉❝✐♥❣ t❤❡ ✉♣♣❡r ❜♦✉♥❞

❲❡ ❝❛♥ r❡✇r✐t❡ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ✉♣♣❡r ❜♦✉♥❞ ❣✐✈❡♥ ❜② ✭✸✳✾✮ ✐♥ ❈❤❛♣t❡r ✸

❛s ❢♦❧❧♦✇s✿

B(P,Π) =
1

k
max
b∈Π

µm(b) ✭✺✳✹✮
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✇❤❡r❡ µm(b) = max{µc(b), µo(b)}✳ ❯s✐♥❣ ✭✺✳✷✮✱ ✇❡ ❝❛♥ ✇r✐t❡

µc(b) = A(P, b+) − A∗(b−)

❛♥❞

µo(b) = A∗(b+) − A(P, b−).

❙✐♥❝❡ t❤❡ ✈❛❧✉❡ ♦❢ µm ✐s ❞❡t❡r♠✐♥❡❞ ❜② ❝♦♠♣❛r✐♥❣ µc ✇✐t❤ µo✳ ❆❢t❡r

str❛✐❣❤t❢♦r✇❛r❞ ❝❛❧❝✉❧❛t✐♦♥s✱ t❤❡ ✐♥❡q✉❛❧✐t② µc(b) − µo(b) ≤ 0 ✐s ❡q✉✐✈❛❧❡♥t

t♦

µc(b) − µo(b) = ∆A(P, b+) + ∆A(P, b−) ≤ 0.

❚❤❡r❡❢♦r❡✱

µm(b) =

{

µo(b) ✐❢ ∆A(b+) + ∆A(b−) ≤ 0,

µc(b) ♦t❤❡r✇✐s❡.
✭✺✳✺✮

❆❣❛✐♥✱ ✇❡ ♦❜s❡r✈❡ t❤❛t ❛❞❞✐♥❣ ❛ ♣♦✐♥t ✐♥ b ✐♥❝r❡❛s❡s µc(b)✱ ❜✉t t❤✐s ❞♦❡s

♥♦t ❛✛❡❝t µo(b)✳ ❚♦ r❡❞✉❝❡ µo(b) ✇❡ ♥❡❡❞ t♦ ❛❞❞ ♣♦✐♥ts ✐♥ b
−✳ ❍❡♥❝❡✱ ✐❢ b

✐s ❛ ❜♦① ✐♥ Π t❤❛t ♠❛①✐♠✐③❡s µc ✐♥ ✭✺✳✹✮✱ ✐t ✐s ♣r❡❢❡r❛❜❧❡ ♥♦t t♦ ❛❞❞ ♠♦r❡

♣♦✐♥ts ✐♥ b ❜✉t ✐♥ t❤❡ ❜♦①❡s ✇❤❡r❡ t❤❡ ✈❛❧✉❡s ♦❢ 1
kµm ❛r❡ ♠✉❝❤ ❧♦✇❡r t❤❛♥

t❤❡ ❝✉rr❡♥t ✈❛❧✉❡ ♦❢ B(P,Π)✱ ✐♥ ♣❛rt✐❝✉❧❛r t❤♦s❡ ✐♥s✐❞❡ b
−✳

❯s✐♥❣ t❤❡ s❛♠❡ r❡❛s♦♥✐♥❣ ❢♦r ❡❛❝❤ ❜♦① b ❧♦❝❛❧❧②✱ t❤❡ s♠❛❧❧❡r |∆A(P, b+) +

∆A(P, b−)| ✐s✱ t❤❡ s♠❛❧❧❡r s❛♠♣❧✐♥❣ ♣r♦❜❛❜✐❧✐t② ✇❡ ❣✐✈❡ t♦ b✳ ■♥❞❡❡❞✱ ❛s

♠❡♥t✐♦♥♥❡❞ ❡❛r❧✐❡r✱ ✐❢ µm(b) = µc(b)✱ ✐♥❝r❡❛s✐♥❣ µc(b) ❞✐r❡❝t❧② ✐♥❝r❡❛s❡s

µm(b)✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐❢ µm(b) = µo(b)✱ ✐♥❝r❡❛s✐♥❣ µc(b) ♠❛② ♠❛❦❡

✐t ❣r❡❛t❡r t❤❛♥ µo(b) ❛♥❞ t❤✉s ✐♥❝r❡❛s❡ µm(b)✱ ❜❡❝❛✉s❡ s♠❛❧❧ |∆A(P, b+) +

∆A(P, b−)| ✐♠♣❧✐❡s t❤❛t µc(b) ✐s ❝❧♦s❡ t♦ µo(b)✳

❲❡ ❞❡✜♥❡ t✇♦ ❢✉♥❝t✐♦♥s r❡✢❡❝t✐♥❣ t❤❡ ❣❧♦❜❛❧ ❛♥❞ ❧♦❝❛❧ ♣♦t❡♥t✐❛❧ ✐♥✢✉❡♥❝❡s

♦♥ t❤❡ ✉♣♣❡r ❜♦✉♥❞✿

βg(b) = B(P,Π) −
µm(b)

k

❛♥❞

βl(b) = βg(b)
|∆A(P, b+) + ∆A(P, b−)|

k
.
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❲❡ ❝❛♥ ✈❡r✐❢② t❤❛t βg(b) ❛♥❞ βl(b) ❛r❡ ❛❧✇❛②s ♣♦s✐t✐✈❡✳

❋✐♥❛❧❧②✱ ✇❡ ❝♦♠❜✐♥❡ t❤❡s❡ ❢✉♥❝t✐♦♥s ✇✐t❤ ξ ✐♥ ✭✺✳✸✮ ✭✇❤✐❝❤ ❞❡s❝r✐❜❡s t❤❡ ♣♦✲

t❡♥t✐❛❧ ✐♥✢✉❡♥❝❡ ♦♥ t❤❡ ❧♦✇❡r ❜♦✉♥❞✮ t♦ ♦❜t❛✐♥ ❛ ♣♦t❡♥t✐❛❧ ✐♥✢✉❡♥❝❡ ❢✉♥❝t✐♦♥

♦♥ ❜♦t❤ ♦❢ t❤❡ ❜♦✉♥❞s✿

ν(b) = κξξ(b) + κgβg(b) + κlβl(b)

✇❤❡r❡ κξ✱ κg✱ ❛♥❞ κl ❛r❡ ♥♦♥✲♥❡❣❛t✐✈❡ ✇❡✐❣❤ts t❤❛t ❝❛♥ ❜❡ ✉s❡r✲❞❡✜♥❡❞ ♣❛✲

r❛♠❡t❡rs✳

❇♦① ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥✳ ❲❡ ❛r❡ ♥♦✇ r❡❛❞② t♦ ❞❡✜♥❡ ❛ ♣r♦❜❛❜✐❧✐t②

❞✐str✐❜✉t✐♦♥ ❢♦r t❤❡ ❜♦①❡s ✐♥ t❤❡ ❜♦① ♣❛rt✐t✐♦♥ Π✳ ▲❡t P k ❜❡ ❛ s❡t ♦❢ ✈✐s✐t❡❞

st❛t❡s ❛❢t❡r t❤❡ kth ✐t❡r❛t✐♦♥✱ ✇❡ ❞❡✜♥❡ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ s❡❧❡❝t✐♥❣ b ∈ Π ❛s

❢♦❧❧♦✇s✿

Pr[bgoal = b] =
ν(b)

∑

b∈Π ν(b)
.

▲❡t ✉s s✉♠♠❛r✐③❡❞ t❤❡ ❞❡✈❡❧♦♣♠❡♥ts s♦ ❢❛r✳ ❲❡ ❤❛✈❡ s❤♦✇♥ ❤♦✇ t♦ s❛♠♣❧❡

❛ ❣♦❛❧ ❤②❜r✐❞ st❛t❡✳ ❚❤✐s s❛♠♣❧✐♥❣ ♠❡t❤♦❞ ✐s ♥♦t ✉♥✐❢♦r♠ ❜✉t ❜✐❛s❡❞ ✐♥ ♦r❞❡r

t♦ ❛❝❤✐❡✈❡ ❛ ❣♦♦❞ ❝♦✈❡r❛❣❡ ♦❢ t❤❡ ✈✐s✐t❡❞ st❛t❡s✳ ❋r♦♠ ♥♦✇ ♦♥✱ ❆❧❣♦r✐t❤♠ ✷ ✐♥

✇❤✐❝❤ t❤❡ ❢✉♥❝t✐♦♥ ❙❆▼P▲■◆● ✉s❡s t❤✐s ❝♦✈❡r❛❣❡✲❣✉✐❞❡❞ ♠❡t❤♦❞ ✐s ❝❛❧❧❡❞

t❤❡ ❣❘❘❚ ❛❧❣♦r✐t❤♠ ✭✇❤✐❝❤ ♠❡❛♥s ✧❣✉✐❞❡❞ ❤❘❘❚✧✮✳

❚♦ ❞❡♠♦♥str❛t❡ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ❣❘❘❚ ❛❧❣♦r✐t❤♠✱ ✐♥ t❤❡ ❢♦❧❧♦✇✲

✐♥❣ ✇❡ ♣r❡s❡♥t t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ✉s✐♥❣ ❣❘❘❚ ❛♥❞ ❤❘❘❚ ❢♦r t❤❡ t✇♦

❡①❛♠♣❧❡s✱ ✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ❝❤❛♣t❡r✳

❊①❛♠♣❧❡ ✶✳ ■♥ ❋✐❣✉r❡ ✺✳✻ ✇❤❡r❡ ♦♥❡ ❝❛♥ s❡❡ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❝♦✈❡r❛❣❡

♦❢ t❤❡ st❛t❡s ❣❡♥❡r❛t❡❞ ❜② ❣❘❘❚ ❛♥❞ ❤❘❘❚✳

❚❤❡ ❞❛s❤❡❞ ❝✉r✈❡ ❞❡s❝r✐❜❡s t❤❡ ❝♦✈❡r❛❣❡ ♦❜t❛✐♥❡❞ ✉s✐♥❣ t❤❡ ❤❘❘❚✲❜❛s❡❞

t❡st ❣❡♥❡r❛t✐♦♥ ❛❧❣♦r✐t❤♠ ✇✐t❤ ✉♥✐❢♦r♠ s❛♠♣❧✐♥❣✱ ❛♥❞ t❤❡ s♦❧✐❞ ♦♥❡ r❡♣r❡✲

s❡♥ts t❤❡ r❡s✉❧t ♦❜t❛✐♥❡❞ ❜② t❤❡ ❛❧❣♦r✐t❤♠ ❣❘❘❚✳ ❋r♦♠ t❤❡ ✜❣✉r❡ ✇❡ ❝❛♥

s❡❡ ❛ ❜❡tt❡r ❝♦✈❡r❛❣❡ r❡s✉❧t ❡s♣❡❝✐❛❧❧② ✐♥ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡✱ ❝♦♠♣❛r❡❞ t♦ t❤❡

❛❧❣♦r✐t❤♠ ✇✐t❤ ✉♥✐❢♦r♠ s❛♠♣❧✐♥❣✳
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❋✐❣✉r❡ ✺✳✻✿ ❚❡st ❝♦✈❡r❛❣❡ ❡✈♦❧✉t✐♦♥ ✉s✐♥❣ ❤❘❘❚ ❛♥❞ ❣❘❘❚✳

❊①❛♠♣❧❡ ✷✳ ❋✐❣✉r❡ ✺✳✼ s❤♦✇s t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ❜② ❤❘❘❚ ❛♥❞ ❣❘❘❚

❛❢t❡r 50000 ✐t❡r❛t✐♦♥s✳ ❆❣❛✐♥✱ t❤❡ ❣❘❘❚ ❛❧❣♦r✐t❤♠ ❤❛s ❛ ❜❡tt❡r ❝♦✈❡r❛❣❡

r❡s✉❧t✳

❈♦♥tr♦❧❧❛❜✐❧✐t② ✐ss✉❡

❲❡ ♦❜s❡r✈❡ ❢r♦♠ t❤❡ ❡①♣❡r✐♠❡♥ts ✇✐t❤ ❊①❛♠♣❧❡ ✷ t❤❛t t❤❡ ❝♦✈❡r❛❣❡ ♣❡r❢♦r✲

♠❛♥❝❡ ♦❢ ❣❘❘❚ ✐s ♥♦t s❛t✐s❢②✐♥❣ ✇❤❡♥ t❤❡ r❡❛❝❤❛❜❧❡ s♣❛❝❡ ✐s ♦♥❧② ❛ s♠❛❧❧

♣❛rt ♦❢ t❤❡ ✇❤♦❧❡ st❛t❡ s♣❛❝❡✳ ❚♦ ✐❧❧✉str❛t❡ t❤✐s✱ ✇❡ ✐♥❝r❡❛s❡ t❤❡ st❛t❡ s♣❛❝❡

♦❢ t❤❡ s②st❡♠ ❢r♦♠ B = [−3,−3] × [3, 3] t♦ B′ = [−5,−5] × [5, 5]✳ ❋♦r t❤❡

❧❛r❣❡r st❛t❡ s♣❛❝❡✱ ✇❡ ♦❜s❡r✈❡ ❛ ♣♦♦r❡r ❝♦✈❡r❛❣❡ q✉❛❧✐t② ♦❢ t❤❡ r❡s✉❧t✭s❡❡

❋✐❣✉r❡ ✺✳✽✮✳ ❚❤✐s ❝❛♥ ❜❡ ❡①♣❧❛✐♥❡❞ ❛s ❢♦❧❧♦✇s✳ ❚❤❡r❡ ❛r❡ ❜♦①❡s✱ s✉❝❤ ❛s

t❤♦s❡ ♥❡❛r t❤❡ ❧♦✇❡r ❝♦r♥❡r ♦♥ t❤❡ r✐❣❤t ♦❢ t❤❡ ❜♦✉♥❞✐♥❣ ❜♦①✱ ✇❤✐❝❤ ❤❛✈❡

❛ ❤✐❣❤ ♣♦t❡♥t✐❛❧ ♦❢ r❡❞✉❝✐♥❣ t❤❡ ❜♦✉♥❞s ♦❢ t❤❡ st❛r ❞✐s❝r❡♣❛♥❝②✳ ❚❤✉s✱ t❤❡

s❛♠♣❧❡r ❢r❡q✉❡♥t❧② s❡❧❡❝ts t❤❡ ❜♦① b✳ ❍♦✇❡✈❡r✱ t❤✐s ❜♦① ✐s ♥♦t r❡❛❝❤❛❜❧❡ ❛♥❞

❛❧❧ ❛tt❡♠♣ts t♦ r❡❛❝❤ t❤✐s ❜♦① ❞♦ ♥♦t ❡①♣❛♥❞ t❤❡ tr❡❡ ❜❡②♦♥❞ t❤❡ ❜♦✉♥❞❛r②
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♦❢ t❤❡ r❡❛❝❤❛❜❧❡ s❡t✳ ❚❤✐s r❡s✉❧ts ✐♥ ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ♣♦✐♥ts ❝♦♥❝❡♥tr❛t❡❞

♥❡❛r t❤✐s ♣❛rt ♦❢ t❤❡ ❜♦✉♥❞❛r②✱ ✇❤✐❧❡ ♦t❤❡r ♣❛rts ♦❢ t❤❡ r❡❛❝❤❛❜❧❡ s❡t ❛r❡ ♥♦t

✇❡❧❧ ❡①♣❧♦r❡❞✳

❋✐❣✉r❡ ✺✳✼✿ ❘❡s✉❧t ♦❜t❛✐♥❡❞ ✉s✐♥❣ ❣❘❘❚ ✭❧❡❢t✮ ❛♥❞ ❤❘❘❚ ✭r✐❣❤t✮✳

❋✐❣✉r❡ ✺✳✽✿ ❘❡s✉❧t ❢♦r t❤❡ st❛t❡ s♣❛❝❡s B ✭❧❡❢t✮ ❛♥❞ B′ ✭r✐❣❤t✮✳

■t ✐s ✐♠♣♦rt❛♥t t♦ ❡♠♣❤❛s✐③❡ t❤❛t t❤✐s ♣r♦❜❧❡♠ ✐s ♥♦t s♣❡❝✐✜❝ t♦ ❣❘❘❚✳ ❚❤❡

❤❘❘❚ ❛❧❣♦r✐t❤♠ ❛♥❞✱ ♠♦r❡ ❣❡♥❡r❛❧❧②✱ ❛♥② ❛❧❣♦r✐t❤♠ t❤❛t ❞♦❡s ♥♦t t❛❦❡ ✐♥t♦

❛❝❝♦✉♥t t❤❡ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♦❢ t❤❡ s②st❡♠✱ ♠❛② s✉✛❡r ❢r♦♠ t❤✐s ♣❤❡♥♦♠❡♥♦♥✳

❚❤✐s ♣❤❡♥♦♠❡♥♦♥ ❝❛♥ ❤♦✇❡✈❡r ❜❡ ❝❛♣t✉r❡❞ ❜② t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❞✐s♣❛r✲

✐t② ❜❡t✇❡❡♥ t❤❡ s❡t ♦❢ ❣♦❛❧ st❛t❡s ❛♥❞ t❤❡ s❡t ♦❢ ✈✐s✐t❡❞ st❛t❡s✳ ❲❤❡♥ t❤❡



✺✳✸✳ ❈❖❱❊❘❆●❊✲●❯■❉❊❉ ❙❆▼P▲■◆● ✶✵✺

❞✐s♣❛r✐t② ❞♦❡s ♥♦t ❞❡❝r❡❛s❡ ❛❢t❡r ❛ ❝❡rt❛✐♥ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s✱ t❤✐s ♦❢t❡♥

✐♥❞✐❝❛t❡s t❤❛t t❤❡ s②st❡♠ ❝❛♥♥♦t ❛♣♣r♦❛❝❤ t❤❡ ❣♦❛❧ st❛t❡s✱ ❛♥❞ ✐t ✐s ❜❡tt❡r

♥♦t t♦ ❢❛✈♦r ❛♥ ❡①♣❛♥s✐♦♥ t♦✇❛r❞s t❤❡ ❡①t❡r✐♦r✱ ❜✉t ❢❛✈♦r ❛ r❡✜♥❡♠❡♥t✱ t❤❛t

✐s ❛♥ ❡①♣❧♦r❛t✐♦♥ ✐♥ t❤❡ ✐♥t❡r✐♦r ♦❢ t❤❡ ❛❧r❡❛❞② ✈✐s✐t❡❞ r❡❣✐♦♥s✳

❋✐❣✉r❡ ✺✳✾✿ ❚❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❞✐s♣❛r✐t② ❜❡t✇❡❡♥ t❤❡ s❡t P k ♦❢ ✈✐s✐t❡❞ st❛t❡s

❛♥❞ t❤❡ s❡t Gk ♦❢ ❣♦❛❧ st❛t❡s

❋✐❣✉r❡ ✺✳✾ s❤♦✇s t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❞✐s♣❛r✐t② ❜❡t✇❡❡♥ t❤❡ s❡t P k ♦❢ ✈✐s✐t❡❞

st❛t❡s ❛♥❞ t❤❡ s❡t Gk ♦❢ ❣♦❛❧ st❛t❡s ❢♦r t❤❡ t✇♦ ❡①❛♠♣❧❡s✳ ❲❡ ♦❜s❡r✈❡ t❤❛t

❢♦r t❤❡ ❝♦♥tr♦❧❛❜❧❡ s②st❡♠ ✐♥ ❊①❛♠♣❧❡ ✶ t❤❡ ✈✐s✐t❡❞ st❛t❡s ❢♦❧❧♦✇ t❤❡ ❣♦❛❧

st❛t❡s✱ ❛♥❞ t❤✉s t❤❡ ❞✐s♣❛r✐t② ❞❡❝r❡❛s❡s ♦✈❡r t✐♠❡✳ ❍♦✇❡✈❡r✱ ✐♥ ❊①❛♠♣❧❡ ✷✱

✇❤❡r❡ t❤❡ s②st❡♠ ❝❛♥♥♦t r❡❛❝❤ ❡✈❡r②✇❤❡r❡✱ t❤❡ ❞✐s♣❛r✐t② ❞♦❡s ♥♦t ❞❡❝r❡❛s❡

❢♦r ❛ ❧♦♥❣ ♣❡r✐♦❞ ♦❢ t✐♠❡ ❞✉r✐♥❣ ✇❤✐❝❤ ♠♦st ♦❢ t❤❡ ❣♦❛❧ st❛t❡s ✐♥❞✐❝❛t❡ ❛

❞✐r❡❝t✐♦♥ t♦ ✇❤✐❝❤ t❤❡ tr❡❡ ❝❛♥♥♦t ❜❡ ❡①♣❛♥❞❡❞ ❢✉rt❤❡r✳

❋✐❣✉r❡ ✺✳✶✵ ♣r♦✈✐❞❡s ❛♥ ✐♥t✉✐t✐✈❡ ❡①♣❧❛♥❛t✐♦♥ ♦❢ t❤✐s ♣❤❡♥♦♠❡♥♦♥✳ ■t s❤♦✇s

t❤❡ ❱♦r♦♥♦✐ ❞✐❛❣r❛♠ ♦❢ t❤❡ s❡t ♦❢ ✈✐s✐t❡❞ st❛t❡s✳ ■♥ t❤✐s ❡①❛♠♣❧❡✱ t❤❡ ❜♦✉♥❞✲

❛r② ♦❢ t❤❡ r❡❛❝❤❛❜❧❡ s❡t ❝❛♥ ❜❡ s❡❡♥ ❛s ❛♥ ❵♦❜st❛❝❧❡✬ t❤❛t ♣r❡✈❡♥ts t❤❡ s②st❡♠

❢r♦♠ ❝r♦ss✐♥❣ ✐t✳ ◆♦t❡ t❤❛t t❤❡ ❱♦r♦♥♦✐ ❝❡❧❧s ♦❢ t❤❡ st❛t❡s ♦♥ t❤❡ ❜♦✉♥❞❛r②

❛r❡ ❧❛r❣❡✳ ❍❡♥❝❡✱ ✐❢ t❤❡ ❣♦❛❧ st❛t❡s ❛r❡ ✉♥✐❢♦r♠❧② s❛♠♣❧❡❞ ✇✐t❤✐♥ t❤❡ ✇❤♦❧❡

st❛t❡ s♣❛❝❡✱ t❤❡s❡ ❧❛r❣❡ ❱♦r♦♥♦✐ ❝❡❧❧s ❤❛✈❡ ❤✐❣❤❡r ♣r♦❜❛❜✐❧✐t✐❡s ♦❢ ❝♦♥t❛✐♥✐♥❣
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t❤❡ ❣♦❛❧ st❛t❡s✱ ❛♥❞ t❤✉s t❤❡ ❡①♣❧♦r❛t✐♦♥ ✐s ❵st✉❝❦✬ ♥❡❛r t❤❡ ❜♦✉♥❞❛r②✱ ✇❤✐❧❡

t❤❡ ✐♥t❡r✐♦r ♦❢ t❤❡ r❡❛❝❤❛❜❧❡ s❡t ✐s ♥♦t ✇❡❧❧ ❡①♣❧♦r❡❞✳

■♥ ❘❘❚ ❧✐t❡r❛t✉r❡ ✇❡ s❛② t❤❛t ❘❘❚ ✐s ❱♦r♦♥♦✐✲❜✐❛s❡❞ ❬✼✵❪ s✐♥❝❡ ❛t ❡❛❝❤

✐t❡r❛t✐♦♥ ✐t t❡♥❞s t♦ ❣r♦✇ ❢r♦♠ t❤❡ ♥♦❞❡ ✇✐t❤ t❤❡ ❧❛r❣❡st ❱♦r♦♥♦✐ ❛r❡❛✳

❋✐❣✉r❡ ✺✳✶✵✿ ■❧❧✉str❛t✐♦♥ ♦❢ t❤❡ ❵❝♦♥tr♦❧❧❛❜✐❧✐t②✬ ♣r♦❜❧❡♠✳

❚♦ t❛❝❦❧❡ t❤✐s ♣r♦❜❧❡♠✱ ✇❡ ♣r♦♣♦s❡ t♦ ❝♦♠❜✐♥❡ t❤❡ ❝♦✈❡r❛❣❡✲❣✉✐❞❡❞ s❛♠✲

♣❧✐♥❣ ♠❡t❤♦❞ ♦❢ ❣❘❘❚ ✇✐t❤ ❛ ❞✐s♣❛r✐t②✲❜❛s❡❞ s❛♠♣❧✐♥❣ ♠❡t❤♦❞✱ ✐♥ ♦r❞❡r

t♦ ❜❡tt❡r ❛❞❛♣t t♦ t❤❡ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♦❢ t❤❡ s②st❡♠✳ ❚❤✐s ✐s t❤❡ t♦♣✐❝ ♦❢ t❤❡

♥❡①t s❡❝t✐♦♥✳

✺✳✹ ❈♦♠❜✐♥✐♥❣ ✇✐t❤ ❞✐s♣❛r✐t②✲❣✉✐❞❡❞ s❛♠♣❧✐♥❣

❚❤❡ ❡ss❡♥t✐❛❧ ✐❞❡❛ ♦❢ ♦✉r ❞✐s♣❛r✐t②✲❜❛s❡❞ s❛♠♣❧✐♥❣ ♠❡t❤♦❞ ✐s t♦ ❞❡t❡❝t ✇❤❡♥

t❤❡ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♦❢ t❤❡ s②st❡♠ ❞♦❡s ♥♦t ❛❧❧♦✇ t❤❡ tr❡❡ t♦ ❡①♣❛♥❞ t♦✇❛r❞s

t❤❡ ❣♦❛❧ st❛t❡s✱ ❛♥❞ t❤❡♥ t♦ ❛✈♦✐❞ s✉❝❤ s✐t✉❛t✐♦♥s ❜② ❢❛✈♦r✐♥❣ ❛ r❡✜♥❡♠❡♥t✱

t❤❛t ✐s ❛♥ ❡①♣❧♦r❛t✐♦♥ ♥❡❛r t❤❡ ❛❧r❡❛❞② ✈✐s✐t❡❞ st❛t❡s✳

❆ s✐♠♣❧❡ ✇❛② t♦ ❜✐❛s t❤❡ s❛♠♣❧✐♥❣ t♦✇❛r❞s t❤❡ s❡t P k ♦❢ ✈✐s✐t❡❞ st❛t❡s

✐s t♦ r❡❞✉❝❡ t❤❡ s❛♠♣❧✐♥❣ s♣❛❝❡✳ ■♥❞❡❡❞✱ ✐♥st❡❛❞ ♦❢ s❛♠♣❧✐♥❣ ✉♥✐❢♦r♠❧② ❛❧❧

♦✈❡r t❤❡ st❛t❡ s♣❛❝❡✱ ✇❡ ❝❛♥ ♠❛❦❡ ❛ ❜♦✉♥❞✐♥❣ ❜♦① ♦❢ t❤❡ s❡t P k ❛♥❞ ❣✐✈❡
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♠♦r❡ ♣r♦❜❛❜✐❧✐t② ♦❢ s❛♠♣❧✐♥❣ ✐♥s✐❞❡ t❤✐s ❜♦① t❤❛♥ ♦✉ts✐❞❡ ✐t✳ ■♥ ❛❞❞✐t✐♦♥✱

❛♥♦t❤❡r ♠❡t❤♦❞ ✐s t♦ ❣✉✐❞❡ t❤❡ s❛♠♣❧✐♥❣ ✉s✐♥❣ t❤❡ ❞✐s♣❛r✐t② ✐♥❢♦r♠❛t✐♦♥✳ ■♥

t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡ ❜r✐❡✢② ❞❡s❝r✐❜❡ t❤✐s ♠❡t❤♦❞✳

❆s ✇❡ ❤❛✈❡ s❡❡♥ ✐♥ ❈❤❛♣t❡r ✸✱ t❤❡ ❞✐s♣❛r✐t② ❜❡t✇❡❡♥ t✇♦ ♣♦✐♥t s❡ts ❝❛♥

❜❡ ❡st✐♠❛t❡❞ ✉s✐♥❣ ❛ ♠❡t❤♦❞ s✐♠✐❧❛r t♦ t❤❡ ♦♥❡ ❢♦r ❡st✐♠❛t✐♥❣ t❤❡ st❛r ❞✐s✲

❝r❡♣❛♥❝②✳ ❚❤❡ ♦❜❥❡❝t✐✈❡ ♥♦✇ ✐s t♦ r❡❞✉❝❡ t❤❡ ❞✐s♣❛r✐t② ❜❡t✇❡❡♥ t❤❡ s❡t Gk

♦❢ ❣♦❛❧ st❛t❡s ❛♥❞ t❤❡ s❡t P k ♦❢ ✈✐s✐t❡❞ st❛t❡s✳

❚♦ ❣✉✐❞❡ t❤❡ ❣❡♥❡r❛t✐♦♥ t♦ ❢❛✈♦r ❛ r❡✜♥❡♠❡♥t✱ ✇❡ ✉s❡ t❤❡ ❞✐s♣❛r✐t② ♠❡❛s✉r❡

❛♥❞✱ ❧✐❦❡ t❤❡ ❣✉✐❞✐♥❣ ♠❡t❤♦❞ ✉s✐♥❣ t❤❡ st❛r ❞✐s❝r❡♣❛♥❝②✱ ✇❡ ❞❡✜♥❡ ❢♦r ❡❛❝❤

❡❧❡♠❡♥t❛r② ❜♦① b ♦❢ t❤❡ ♣❛rt✐t✐♦♥ ❛ ❢✉♥❝t✐♦♥ η(b) r❡✢❡❝t✐♥❣ t❤❡ ♣♦t❡♥t✐❛❧

❢♦r r❡❞✉❝t✐♦♥ ♦❢ t❤❡ ❧♦✇❡r ❛♥❞ ✉♣♣❡r ❜♦✉♥❞s ♦❢ t❤❡ ❞✐s♣❛r✐t② ❜❡t✇❡❡♥ P k

❛♥❞ Gk✳ ❚❤✐s ♠❡❛♥s t❤❛t ✇❡ ❢❛✈♦r t❤❡ s❡❧❡❝t✐♦♥ ♦❢ t❤❡ ❜♦①❡s t❤❛t ♠❛❦❡

t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❣♦❛❧ st❛t❡s Gk ❛♣♣r♦❛❝❤ t❤❛t ♦❢ t❤❡ ✈✐s✐t❡❞ st❛t❡s P k✳

❈❤♦♦s✐♥❣ s✉❝❤ ❜♦①❡s ❝❛♥ ✐♠♣r♦✈❡ t❤❡ q✉❛❧✐t② ♦❢ r❡✜♥❡♠❡♥t✳ ❚❤❡ ❢♦r♠✉❧❛t✐♦♥

♦❢ t❤❡ ♣♦t❡♥t✐❛❧ ✐♥✢✉❡♥❝❡ ❢✉♥❝t✐♦♥ ❢♦r t❤❡ ❞✐s♣❛r✐t②✲❜❛s❡❞ s❛♠♣❧✐♥❣ ♠❡t❤♦❞

✐s s✐♠✐❧❛r t♦ t❤❛t ❢♦r t❤❡ ❝♦✈❡r❛❣❡✲❣✉✐❞❡❞ s❛♠♣❧✐♥❣ ❛♥❞ ✐s t❤✉s ♦♠✐tt❡❞ ❤❡r❡✳

❆ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡ ❝♦✈❡r❛❣❡✲❣✉✐❞❡❞ ❛♥❞ t❤❡ ❞✐s♣❛r✐t②✲❣✉✐❞❡❞ s❛♠♣❧✐♥❣

♠❡t❤♦❞s ✐s ❞♦♥❡ ❛s ❢♦❧❧♦✇s✳ ❲❡ ✜① ❛ t✐♠❡ ✇✐♥❞♦✇ Ts ❛♥❞ ❛ t❤r❡s❤♦❧❞ ǫ✳

❲❤❡♥ ✉s✐♥❣ t❤❡ ❝♦✈❡r❛❣❡✲❣✉✐❞❡ ♠❡t❤♦❞✱ ✐❢ t❤❡ ❛❧❣♦r✐t❤♠ ❞❡t❡❝ts t❤❛t t❤❡

❞✐s♣❛r✐t② ❜❡t✇❡❡♥ t❤❡ Gk ❛♥❞ P k ❞♦❡s ♥♦t ❞❡❝r❡❛s❡ ❜② ǫ ❛❢t❡r Ts t✐♠❡✱ ✐t

s✇✐t❝❤❡s t♦ t❤❡ ❞✐s♣❛r✐t②✲❣✉✐❞❡❞ ♠❡t❤♦❞ ✉♥t✐❧ t❤❡ ❞✐s♣❛r✐t② ✐s r❡❞✉❝❡❞ ♠♦r❡

s✐❣♥✐✜❝❛♥t❧② ❛♥❞ s✇✐t❝❤❡s ❜❛❝❦ t♦ t❤❡ ❝♦✈❡r❛❣❡✲❣✉✐❞❡ ♠❡t❤♦❞✳ ◆♦t❡ t❤❛t ❛

♥♦♥✲❞❡❝r❡❛s✐♥❣ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❞✐s♣❛r✐t② ✐s ❛♥ ✐♥❞✐❝❛t✐♦♥ ♦❢ t❤❡ ✐♥❛❜✐❧✐t② ♦❢

t❤❡ s②st❡♠ t♦ ❛♣♣r♦❛❝❤ t❤❡ ❣♦❛❧ st❛t❡s✳ ■♥ ❛♥ ✐♥t❡r❛❝t✐✈❡ ❡①♣❧♦r❛t✐♦♥ ♠♦❞❡✱

✐t ✐s ♣♦ss✐❜❧❡ t♦ ❧❡t t❤❡ ✉s❡r t♦ ♠❛♥✉❛❧❧② ❞❡❝✐❞❡ ✇❤❡♥ t♦ s✇✐t❝❤✳ ❲❡ ❝❛❧❧

t❤❡ r❡s✉❧t✐♥❣ ❛❧❣♦r✐t❤♠ ❛❣❘❘❚✳ ❚❤❡ ❧❡tt❡r ❵❛✬ ✐♥ t❤✐s ❛❝r♦♥②♠ st❛♥❞s ❢♦r

❵❛❞❛♣t✐✈❡✬✳

❊①❛♠♣❧❡ ✶✳ ❋✐❣✉r❡ ✺✳✶✶ s❤♦✇s t❤❡ r❡s✉❧t ♦❜t❛✐♥❡❞ ✉s✐♥❣ ❛❣❘❘❚ ❢♦r ❊①✲

❛♠♣❧❡ ✶✳

❚❤❡ s♦❧✐❞ ❝✉r✈❡ r❡♣r❡s❡♥ts t❤❡ ❝♦✈❡r❛❣❡ ♦❢ P k ❛♥❞ t❤❡ ❞❛s❤❡❞ ♦♥❡ t❤❡

❝♦✈❡r❛❣❡ ♦❢ Gk✳ ❚❤❡ ❉❛s❤✲❞♦t ❝✉r✈❡ r❡♣r❡s❡♥ts t❤❡ ❞✐s♣❛r✐t② ❜❡t✇❡❡♥ Gk
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❋✐❣✉r❡ ✺✳✶✶✿ ❚❡st ❝♦✈❡r❛❣❡ ♦❢ t❤❡ r❡s✉❧t ♦❜t❛✐♥❡❞ ✉s✐♥❣ ❛❣❘❘❚ ❢♦r ❊①❛♠✲

♣❧❡ ✶✳



✺✳✹✳ ❈❖▼❇■◆■◆● ❲■❚❍ ❉■❙P❆❘■❚❨✲●❯■❉❊❉ ❙❆▼P▲■◆● ✶✵✾

❛♥❞ P k✳ ❋✐❣✉r❡ ✺✳✶✷ s❤♦✇s t❤❛t t❤❡ ✜♥❛❧ r❡s✉❧t ♦❜t❛✐♥❡❞ ✉s✐♥❣ ❛❣❘❘❚ ❤❛s

❛ ❜❡tt❡r ❝♦✈❡r❛❣❡ t❤❛♥ t❤❛t ♦❜t❛✐♥❡❞ ✉s✐♥❣ ❣❘❘❚✳

❋✐❣✉r❡ ✺✳✶✷✿ ❚❡st ❝♦✈❡r❛❣❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ✉s✐♥❣ ❣❘❘❚ ❛♥❞ ❛❣❘❘❚ ❢♦r

❊①❛♠♣❧❡ ✶✳

❊①❛♠♣❧❡ ✷✳ ❚❤❡ r❡s✉❧t ♦❜t❛✐♥❡❞ ✉s✐♥❣ ❛❣❘❘❚ ❋♦r ❊①❛♠♣❧❡ ✷ ✐s s❤♦✇♥

✐♥ ❋✐❣✉r❡ ✺✳✶✸✳ ❚❤❡ ✜❣✉r❡ ♦♥ t❤❡ r✐❣❤t s❤♦✇s t❤❡ s❡t ♦❢ ❣❡♥❡r❛t❡❞ ❣♦❛❧

st❛t❡s✳ ❚❤❡ st❛t❡s ❛r❡ ❞r❛✇♥ ✐♥ ❞❛r❦ ❝♦❧♦r✳ ■♥ t❤✐s ❡①❛♠♣❧❡✱ ✇❡ ❝❛♥ ♦❜s❡r✈❡

t❤❡ ❛❞❛♣t✐✈✐t② ♦❢ t❤❡ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❣❘❘❚ ❛♥❞ ❛❣❘❘❚✳ ■♥❞❡❡❞✱ ✐♥ t❤❡

❜❡❣✐♥♥✐♥❣✱ t❤❡ ❣❘❘❚ ❛❧❣♦r✐t❤♠ ✇❛s ✉s❡❞ t♦ r❛♣✐❞❧② ❡①♣❛♥❞ t❤❡ tr❡❡✳ ❆❢t❡r

s♦♠❡ t✐♠❡✱ t❤❡ ❣♦❛❧ st❛t❡s s❛♠♣❧❡❞ ❢r♦♠ t❤❡ ♦✉ts✐❞❡ ♦❢ t❤❡ ❡①❛❝t r❡❛❝❤❛❜❧❡

s♣❛❝❡ ❞♦ ♥♦t ✐♠♣r♦✈❡ t❤❡ ❝♦✈❡r❛❣❡✱ s✐♥❝❡ t❤❡② ♦♥❧② ❝r❡❛t❡ ♠♦r❡ st❛t❡s ♥❡❛r

t❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡ r❡❛❝❤❛❜❧❡ s❡t✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ❞✐s♣❛r✐t② ❜❡t✇❡❡♥ P k ❛♥❞

Gk ❞♦❡s ♥♦t ❞❡❝r❡❛s❡✱ ❛♥❞ t❤❡ ❛❣❘❘❚ ✐s t❤✉s ✉s❡❞ t♦ ❡♥❛❜❧❡ ❛♥ ❡①♣❧♦r❛t✐♦♥

✐♥ t❤❡ ✐♥t❡r✐♦r ♦❢ t❤❡ r❡❛❝❤❛❜❧❡ s❡t✳ ❚❤❡ ✐♥t❡r✐♦r t❤✉s ❤❛s ❛ ❤✐❣❤❡r ❞❡♥s✐t② ♦❢

s❛♠♣❧❡❞ ❣♦❛❧ st❛t❡s t❤❛♥ t❤❡ r❡❣✐♦♥ ♦✉ts✐❞❡ t❤❡ r❡❛❝❤❛❜❧❡ s❡t✱ ❛s ♦♥❡ ❝❛♥ s❡❡

✐♥ t❤❡ ✜❣✉r❡✳
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❋✐❣✉r❡ ✺✳✶✸✿ ❘❡s✉❧t ❛❢t❡r k = 50000 ✐t❡r❛t✐♦♥s✱ ♦❜t❛✐♥❡❞ ✉s✐♥❣ ❛❣❘❘❚ ✭❧❡❢t✿

t❤❡ s❡t ♦❢ ✈✐s✐t❡❞ st❛t❡s P k✱ r✐❣❤t✿ t❤❡ s❡t ♦❢ ❣♦❛❧ st❛t❡s Gk✮✳

✺✳✺ ❙✉♠♠❛r② ❛♥❞ r❡❧❛t❡❞ ✇♦r❦

■♥ t❤✐s ❝❤❛♣t❡r ✇❡ ❤❛✈❡ ♣r♦♣♦s❡❞ ❛ t♦♦❧ ❢♦r ❣✉✐❞✐♥❣ ♦✉r ❘❘❚✲❜❛s❡❞ t❡st ❣❡♥✲

❡r❛t✐♦♥ ❛❧❣♦r✐t❤♠✱ ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡r✳ ❚❤❡ ❣✉✐❞✐♥❣ t♦♦❧ ✉s❡s

t❤❡ st❛r ❞✐s❝r❡♣❛♥❝② ❝♦✈❡r❛❣❡ ♠❡❛s✉r❡ t♦ ❣✉✐❞❡ t❤❡ ❣❡♥❡r❛t✐♦♥✱ ❜② ❜✐❛s✐♥❣

t❤❡ ❣♦❛❧ st❛t❡ s❛♠♣❧✐♥❣✳ ❚❤✐s r❡s✉❧ts ✐♥ t❤❡ ❣❘❘❚ ❛❧❣♦r✐t❤♠✳ ■♥ ♦r❞❡r t♦

❛❝❝♦✉♥t ❢♦r t❤❡ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♦❢ t❤❡ s②st❡♠ ✭✇❤✐❝❤ ♠❛② ♣r❡✈❡♥ts t❤❡ ❛❧✲

❣♦r✐t❤♠ t♦ ❡①♣❧♦r❡ ✇❡❧❧ t❤❡ ✐♥t❡r✐♦r ♦❢ t❤❡ r❡❛❝❤❛❜❧❡ s♣❛❝❡✮✱ ✇❡ ♣r♦♣♦s❡❞

t♦ ❝♦♠❜✐♥❡ ❣❘❘❚ ✇✐t❤ ❛ ♠❡t❤♦❞ t❤❛t ✉s❡s t❤❡ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ ❞✐s✲

♣❛r✐t② ❜❡t✇❡❡♥ t❤❡ ❣♦❛❧ st❛t❡s ❛♥❞ t❤❡ ✈✐s✐t❡❞ st❛t❡s ✐♥ ♦r❞❡r t♦ st❡❡r t❤❡

❡①♣❧♦r❛t✐♦♥ t♦✇❛r❞s t❤❡ ❛r❡❛ ✇❤❡r❡ t❤❡ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♦❢ t❤❡ s②st❡♠ ❛❧❧♦✇s

t♦ ❜❡tt❡r ✐♠♣r♦✈❡ t❤❡ ❣❧♦❜❛❧ ❝♦✈❡r❛❣❡ ♦❢ t❤❡ r❡s✉❧t✳ ❚❤✐s ❝♦♠❜✐♥❛t✐♦♥ r❡s✉❧ts

✐♥ t❤❡ ❛❣❘❘❚ ❛❧❣♦r✐t❤♠✳

❲❡ ❤❛✈❡ ❛❧s♦ ♣r♦✈✐❞❡❞ s♦♠❡ ❡①❛♠♣❧❡s t♦ s❤♦✇ t❤❡ ❡✣❝✐❡♥❝② ♦❢ t❤✐s ❣✉✐❞✲

✐♥❣ t♦♦❧✱ ✐♥ t❡r♠s ♦❢ ❝♦✈❡r❛❣❡ ✐♠♣r♦✈❡♠❡♥t✳ ▼♦r❡ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ❛r❡

♣r❡s❡♥t❡❞ ✐♥ ❈❤❛♣t❡r ✼ ✇❤❡r❡ ♦✉r ❝♦✈❡r❛❣❡✲❣✉✐❞❡❞ t❡st ❣❡♥❡r❛t✐♦♥ t♦♦❧ ✐s ❛♣✲

♣❧✐❡❞ t♦ ❛ ♥✉♠❜❡r ♦❢ ❜❡♥❝❤♠❛r❦s ✐♥ ❝♦♥tr♦❧ ❛♣♣❧✐❝❛t✐♦♥s ❛♥❞ ✐♥ ❛♥❛❧♦❣ ❛♥❞

♠✐①❡❞✲s✐❣♥❛❧ ❝✐r❝✉✐ts✳

❈♦♥❝❡r♥✐♥❣ r❡❧❛t❡❞ ✇♦r❦ ❛❧♦♥❣ t❤✐s ❧✐♥❡✱ s❛♠♣❧✐♥❣ t❤❡ ❝♦♥✜❣✉r❛t✐♦♥ s♣❛❝❡
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❤❛s ❜❡❡♥ ♦♥❡ ♦❢ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ✐ss✉❡s ✐♥ ♣r♦❜❛❜✐❧✐st✐❝ ♠♦t✐♦♥ ♣❧❛♥♥✐♥❣✳

❋✐♥❛❧❧②✱ ♦✉r ✐❞❡❛ ♦❢ ❣✉✐❞✐♥❣ t❤❡ s✐♠✉❧❛t✐♦♥ ✈✐❛ t❤❡ s❛♠♣❧✐♥❣ ♣r♦❝❡ss ❤❛s

s♦♠❡ s✐♠✐❧❛r✐t② ✇✐t❤ t❤❡ s❛♠♣❧✐♥❣ ❞♦♠❛✐♥ ❝♦♥tr♦❧ ❬✶✵✶❪✳ ❆s ♠❡♥t✐♦♥♥❡❞

❡❛r❧✐❡r✱ t❤❡ ❘❘❚ ❡①♣❧♦r❛t✐♦♥ ✐s ❜✐❛s❡❞ ❜② t❤❡ ❱♦r♦♥♦✐ ❞✐❛❣r❛♠ ♦❢ t❤❡ ✈❡rt✐❝❡s

♦❢ t❤❡ tr❡❡✳ ■❢ t❤❡r❡ ❛r❡ ♦❜st❛❝❧❡s ❛r♦✉♥❞ s✉❝❤ ✈❡rt✐❝❡s✱ t❤❡ ❡①♣❛♥s✐♦♥ ❢r♦♠

t❤❡♠ ✐s ❧✐♠✐t❡❞ ❛♥❞ ❝❤♦♦s✐♥❣ t❤❡♠ ❢r❡q✉❡♥t❧② ❝❛♥ s❧♦✇ ❞♦✇♥ t❤❡ ❡①♣❧♦r❛t✐♦♥✳

■♥ t❤❡ ❞②♥❛♠✐❝✲❞♦♠❛✐♥ ❘❘❚ ❛❧❣♦r✐t❤♠✱ t❤❡ ❞♦♠❛✐♥s ♦✈❡r ✇❤✐❝❤ t❤❡ ❣♦❛❧

♣♦✐♥ts ❛r❡ s❛♠♣❧❡❞ ♥❡❡❞ t♦ r❡✢❡❝t t❤❡ ❣❡♦♠❡tr✐❝ ❛♥❞ ❞✐✛❡r❡♥t✐❛❧ ❝♦♥str❛✐♥ts

♦❢ t❤❡ s②st❡♠✱ ❛♥❞ ♠♦r❡ ❣❡♥❡r❛❧❧②✱ t❤❡ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♦❢ t❤❡ s②st❡♠✳ ■♥ ❬✼✶❪✱

❛♥♦t❤❡r ♠❡t❤♦❞ ❢♦r ❜✐❛s✐♥❣ t❤❡ ❡①♣❧♦r❛t✐♦♥ ✇❛s ♣r♦♣♦s❡❞✳ ❚❤❡ ♠❛✐♥ ✐❞❡❛ ♦❢

t❤✐s ♠❡t❤♦❞ ✐s t♦ r❡❞✉❝❡ t❤❡ ❞✐s♣❡rs✐♦♥ ✐♥ ❛♥ ✐♥❝r❡♠❡♥t❛❧ ♠❛♥♥❡r✳ ❚❤✐s ✐❞❡❛

✐s t❤✉s ✈❡r② ❝❧♦s❡ t♦ t❤❡ ✐❞❡❛ ♦❢ ♦✉r ❣✉✐❞✐♥❣ ♠❡t❤♦❞ ✐♥ s♣✐r✐t❀ ❤♦✇❡✈❡r✱ t❤❡✐r

❝♦♥❝r❡t❡ r❡❛❧✐③❛t✐♦♥s ❛r❡ ❞✐✛❡r❡♥t✳ ❚❤✐s ♠❡t❤♦❞ tr✐❡s t♦ ❧♦✇❡r t❤❡ ❞✐s♣❡rs✐♦♥

❜② ✉s✐♥❣ K s❛♠♣❧❡s ✐♥ ❡❛❝❤ ✐t❡r❛t✐♦♥ ✭✐♥st❡❛❞ ♦❢ ❛ s✐♥❣❧❡ s❛♠♣❧❡✮ ❛♥❞ t❤❡♥

s❡❧❡❝t ❢r♦♠ t❤❡♠ ❛ ❜❡st s❛♠♣❧❡ ❜② t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❢❡❛s✐❜✐❧✐t② ♦❢

❣r♦✇✐♥❣ t❤❡ tr❡❡ t♦✇❛r❞s ✐t✳

❋✐♥❛❧❧②✱ ✇❡ ♠❡♥t✐♦♥ t❤❛t ❛ s✐♠✐❧❛r ✐❞❡❛ ✇❛s ✉s❡❞ ✐♥ ❬✸✽❪ ✇❤❡r❡ t❤❡ ♥✉♠❜❡r

♦❢ s✉❝❝❡ss❢✉❧ ✐t❡r❛t✐♦♥s ✐s ✉s❡❞ t♦ ❞❡✜♥❡ ❛♥ ❛❞❛♣t✐✈❡ ❜✐❛s❡❞ s❛♠♣❧✐♥❣✳

❚♦ s✉♠ ✉♣✱ t❤❡ ♥♦✈❡❧t② ✐♥ ♦✉r ❣✉✐❞✐♥❣ ♠❡t❤♦❞ ✐s t❤❛t ✇❡ ✉s❡ t❤❡ ✐♥❢♦r✲

♠❛t✐♦♥ ❛❜♦✉t t❤❡ ❝✉rr❡♥t ❝♦✈❡r❛❣❡ ♦❢ t❤❡ ✈✐s✐t❡❞ ♣♦✐♥ts ✐♥ ♦r❞❡r t♦ ✐♠♣r♦✈❡

✐t✳ ❆❞❞✐t✐♦♥❛❧❧②✱ ✇❡ ❝♦♠❜✐♥❡ t❤✐s ✇✐t❤ ❝♦♥tr♦❧❧❛❜✐❧✐t② ✐♥❢♦r♠❛t✐♦♥ ✭♦❜t❛✐♥❡❞

❢r♦♠ t❤❡ ❞✐s♣❛r✐t② ❡st✐♠❛t✐♦♥✮ t♦ ♦❜t❛✐♥ ❛ ♠♦r❡ ❡✣❝✐❡♥t ❣✉✐❞✐♥❣ str❛t❡❣②✳
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❈❤❛♣t❡r ✻

■♠♣❧❡♠❡♥t❛t✐♦♥

■♥ t❤✐s ❝❤❛♣t❡r ✇❡ ❞❡s❝r✐❜❡ ❛♥ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠s ❞❡✈❡❧♦♣❡❞

✐♥ t❤❡ ♣r❡❝❡❞✐♥❣ ❝❤❛♣t❡rs✳ ▼♦r❡ ❝♦♥❝r❡t❡❧②✱ ✇❡ s❤♦✇ ❤♦✇ t♦ ✐♠♣❧❡♠❡♥t t❤❡

♠❛✐♥ ❢✉♥❝t✐♦♥s ✐♥ t❤❡s❡ ❛❧❣♦r✐t❤♠s✳

✻✳✶ ❉❛t❛ str✉❝t✉r❡

■♥ ❛❞❞✐t✐♦♥ t♦ t❤❡ tr❡❡ t❤❛t ✐s ✉s❡❞ t♦ st♦r❡ t❤❡ ❡①♣❧♦r❡❞ ❡①❡❝✉t✐♦♥s✱ t♦ ❢❛❝✐❧✲

✐t❛t❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ r❡q✉✐r❡❞ ❣❡♦♠❡tr✐❝ ♦♣❡r❛t✐♦♥s✱ s✉❝❤ ❛s ✜♥❞✐♥❣

❛ ♥❡✐❣❤❜♦r✱ ✇❡ st♦r❡ t❤❡ ✈✐s✐t❡❞ st❛t❡s ✉s✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❛t❛ str✉❝t✉r❡✳

❚❤❡ ❞❛t❛ str✉❝t✉r❡ ❤❛s t✇♦ ❧❡✈❡❧s✿ t❤❡ ✜rst ❧❡✈❡❧ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡

❞✐s❝r❡t❡ ❛✉t♦♠❛t♦♥ ♦❢ t❤❡ ❤②❜r✐❞ s②st❡♠ ✉♥❞❡r st✉❞②✱ ❛♥❞ t❤❡ s❡❝♦♥❞ ❝♦rr❡✲

s♣♦♥❞s t♦ t❤❡ ❝♦♥t✐♥✉♦✉s st❛t❡ s♣❛❝❡s ♦❢ t❤❡ ❧♦❝❛t✐♦♥s ✭s❡❡ ❋✐❣✉r❡ ✻✳✶✮✳ ❚❤❡

❛✉t♦♠❛t♦♥ ❧❡✈❡❧ st♦r❡s t❤❡ ❞✐s❝r❡t❡ ❧♦❝❛t✐♦♥s ❛s ♥♦❞❡s ❝♦♥♥❡❝t❡❞ ❜② ❡❞❣❡s

❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ tr❛♥s✐t✐♦♥s✳ ❊❛❝❤ ♥♦❞❡ ♦❢ t❤❡ ❛✉t♦♠❛t♦♥ ✐s ❛ss♦❝✐❛t❡❞

✇✐t❤ t❤❡ st❛②✐♥❣ s❡t ♦❢ t❤❡ ❧♦❝❛t✐♦♥✳ ❚❤❡ ❣✉❛r❞ s❡ts ❛♥❞ t❤❡ r❡s❡t ♠❛♣s ❛r❡

❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ tr❛♥s✐t✐♦♥s✳

●✐✈❡♥ ❛ ♥♦❞❡ q ♦❢ t❤❡ ❛✉t♦♠❛t♦♥✱ t❤❡ ❝♦♥t✐♥✉♦✉s st❛t❡s ❛r❡ st♦r❡❞ ✉s✐♥❣

❛ ❞❛t❛ str✉❝t✉r❡ s✐♠✐❧❛r t♦ ❛ ❦✲❞ tr❡❡ ❬✷✷❪✳ ❲❡ ❝❛❧❧ t❤✐s ❞❛t❛ str✉❝t✉r❡ ❛✲

tr❡❡✳ ❚❤✐s ✐s ❛ s♣❛❝❡✲♣❛rt✐t✐♦♥✐♥❣ ❞❛t❛ str✉❝t✉r❡ ❢♦r ♦r❣❛♥✐③✐♥❣ ♣♦✐♥ts ✐♥ ❛
✶✶✸
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❋✐❣✉r❡ ✻✳✶✿ ❉❛t❛ str✉❝t✉r❡✳

k✲❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡✳ ❊❛❝❤ ♥♦❞❡ ♦❢ t❤❡ tr❡❡ ❤❛s ❡①❛❝t❧② t✇♦ ❝❤✐❧❞r❡♥✳ ❊❛❝❤

✐♥t❡r♥❛❧ ♥♦❞❡ ✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t ❛ ♣❛rt✐t✐♦♥✐♥❣ ♣❧❛♥❡✿

✐ts ❛①✐s i ❛♥❞ ♣♦s✐t✐♦♥ c✱ ❛♥❞ t❤❡ ♣❛rt✐t✐♦♥✐♥❣ ♣❧❛♥❡ ✐s t❤✉s xi = c ✭✇❤❡r❡

xi ✐s t❤❡ ith ❝♦♦r❞✐♥❛t❡ ♦❢ x✮✳ ◆♦t❡ t❤❛t ✇❡ ✉s❡ ♦♥❧② s♣❧✐tt✐♥❣ ♣❧❛♥❡s t❤❛t

❛r❡ ♣❡r♣❡♥❞✐❝✉❧❛r t♦ ♦♥❡ ♦❢ t❤❡ ❝♦♦r❞✐♥❛t❡ s②st❡♠ ❛①❡s✳ ■♥❞❡❡❞✱ t❤✐s ✐s

❛❧s♦ ❛♣♣r♦♣r✐❛t❡ t♦ ❡♥❝♦❞❡ t❤❡ ❜♦① ♣❛rt✐t✐♦♥ ✉s❡❞ ❢♦r t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡

❝♦✈❡r❛❣❡✳ ❚❤❡ ❛❞❞✐t✐♦♥❛❧ ✐♥❢♦r♠❛t✐♦♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ ❧❡❛❢ ✐s ❛ s❡t ♦❢ ✈✐s✐t❡❞

♣♦✐♥ts✳ ❊❛❝❤ ♥♦❞❡ t❤✉s ❝♦rr❡s♣♦♥❞s t♦ ❛ ❜♦① r❡s✉❧t✐♥❣ ❢r♦♠ ❛ ❤✐❡r❛r❝❤✐❝❛❧

❜♦①✲♣❛rt✐t✐♦♥ ♦❢ t❤❡ st❛t❡ s♣❛❝❡✳ ❚❤❡ ❜♦① ♦❢ t❤❡ r♦♦t ♦❢ t❤❡ tr❡❡ ✐s t❤❡ st❛②✐♥❣

s❡t Iq ♦❢ t❤❡ ❧♦❝❛t✐♦♥ ✇❤✐❝❤ ✐s ❛ t❤❡ ❜♦✉♥❞✐♥❣ ❜♦① B✳ ❊❛❝❤ ❧❡❛❢ ♦❢ t❤❡ tr❡❡

❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛♥ ❡❧❡♠❡♥t❛r② ❜♦①✱ ❛♥❞ t❤❡ s❡t ♦❢ ❛❧❧ t❤❡ ❜♦①❡s ❛t t❤❡ ❧❡❛✈❡s

❞❡✜♥❡ ❛ ❜♦① ♣❛rt✐t✐♦♥ ♦❢ Iq✳

❚❤❡ tr❡❡ ❛♥❞ t❤❡ ♣❛rt✐t✐♦♥ ♦❢ ❛ 2✲❞✐♠❡♥s✐♦♥❛❧ ❡①❛♠♣❧❡ ✐s s❤♦✇♥ ✐♥ ❋✐❣✲

✉r❡ ✻✳✹✱ ✇❤❡r❡ t❤❡ ❛①❡s ♦❢ t❤❡ ♣❛rt✐t✐♦♥✐♥❣ ♣❧❛♥❡s ❛r❡ s♣❡❝✐✜❡❞ ❜② t❤❡ ❤♦r✐✲

③♦♥t❛❧ ❛♥❞ ✈❡rt✐❝❛❧ ❜❛rs ✐♥s✐❞❡ t❤❡ ♥♦❞❡s✳



✻✳✶✳ ❉❆❚❆ ❙❚❘❯❈❚❯❘❊ ✶✶✺

✻✳✶✳✶ ❈♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❛✲tr❡❡

●❡♥❡r❛❧❧②✱ ❛ st❛♥❞❛r❞ ❦❞✲tr❡❡ ✐s ❜✉✐❧t ❢♦r ❛ ✜①❡❞ s❡t ♦❢ ♣♦✐♥ts✳ ❋✐❣✉r❡ ✻✳✷

s❤♦✇s ❛ st❛♥❞❛r❞ ❦❞✲tr❡❡ ❜✉✐❧t ❢r♦♠ ❛ s❡t ♦❢ 10 ♣♦✐♥ts✳

❋✐❣✉r❡ ✻✳✷✿ ❆ ❦❞✲tr❡❡ ❡①❛♠♣❧❡✳

❯♥❧✐❦❡ t❤❡ st❛♥❞❛r❞ ❦❞✲tr❡❡s✱ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ♦✉r ❛✲tr❡❡ ✐s ✐♥❝r❡♠❡♥t❛❧

❜❡❝❛✉s❡ ♦❢ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ♣♦✐♥t s❡ts ✇❡ ♥❡❡❞ t♦ ❤❛♥❞❧❡✳ ❚❤❡ tr❡❡ ✐s

✉♣❞❛t❡❞ ❛❢t❡r ❛ ♥❡✇ st❛t❡ ✐s ❣❡♥❡r❛t❡❞✳

❲❡ st❛rt ✇✐t❤ ❛ r♦✉❣❤ ❜♦① ♣❛rt✐t✐♦♥ ♦❢ t❤❡ st❛t❡ s♣❛❝❡ ❛♥❞ r❡✜♥❡ ✐t ❜② s♣❧✐t✲

t✐♥❣ t❤❡ ❡❧❡♠❡♥t❛r② ❜♦①❡s✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❞❡♥s✐t② ♦❢ ♣♦✐♥ts ✐♥ t❤❡ ❜♦①❡s

❛♥❞ t❤❡ ❞❡s✐r❡❞ ♣r❡❝✐s✐♦♥ ♦❢ ❝♦✈❡r❛❣❡ ❡st✐♠❛t✐♦♥ ❛s ✇❡❧❧ ❛s t❤❡ ♣❡r❢♦r♠❛♥❝❡

♦❢ t❤❡ ♥❡❛r❡st ♥❡✐❣❤❜♦r s❡❛r❝❤✳ ❚❤❡ s♣❧✐tt✐♥❣ ♦♣❡r❛t✐♦♥ ✐s s♣❡❝✐✜❡❞ ❜② ❛♥

❛①✐s ♣❡r♣❡♥❞✐❝✉❧❛r t♦ t❤❡ s♣❧✐tt✐♥❣ ❤②♣❡r♣❧❛♥❡ ❛♥❞ ❛ ♣♦✐♥t ❞❡✜♥✐♥❣ t❤❡ ♣♦✲

s✐t✐♦♥ ♦❢ t❤❡ ❤②♣❡r♣❧❛♥❡✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡ ❞✐s❝✉ss s♦♠❡ t❤❡ s♣❧✐tt✐♥❣ r✉❧❡s

✐♠♣❧❡♠❡♥t❡❞ ✐♥ ♦✉r t♦♦❧✳

❙♣❧✐tt✐♥❣ r✉❧❡s✳ ▲❡t b ❞❡♥♦t❡ t❤❡ ❜♦① ❛t ❛ ❧❡❛❢ t❤❛t ✇❡ ✇❛♥t t♦ s♣❧✐t ❛♥❞

S = {p1, p2, . . . , pN} ❞❡♥♦t❡ t❤❡ ❝✉rr❡♥t s❡t ♦❢ N ♣♦✐♥ts ✐♥ b✳ ❚❤❡ ❛s♣❡❝t

r❛t✐♦ ♦❢ ❛ ❜♦① ✐s ❞❡✜♥❡❞ ❛s t❤❡ r❛t✐♦ ❜❡t✇❡❡♥ ✐ts ❧♦♥❣❡st ❛♥❞ s❤♦rt❡st s✐❞❡

❧❡♥❣t❤s✳ ❲❡ ❞❡✜♥❡ t❤❡ s♣r❡❛❞ l ♦❢ S ❛❧♦♥❣ ❛ ❞✐♠❡♥s✐♦♥ i✱ ❞❡♥♦t❡❞ ❜② l(i, S) ❛s

t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❧❛r❣❡st ❛♥❞ s♠❛❧❧❡st ❝♦♦r❞✐♥❛t❡ ✐♥ t❤✐s ❞✐♠❡♥s✐♦♥✱

t❤❛t ✐s✱

l(i, S) = max
j∈{1,...,N}

pj [i] − min
j∈{1,...,N}

pj [i].
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✇❤❡r❡ p[i] ✐s t❤❡ ith ❝♦♦r❞✐♥❛t❡ ♦❢ ♣♦✐♥t p✳

❲❡ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ s♣❧✐tt✐♥❣ r✉❧❡s✿

• ▼❡❞✐❛♥ r✉❧❡✿ ❚❤✐s ✐s ❛ st❛♥❞❛r❞ ❦❞✲tr❡❡ s♣❧✐tt✐♥❣ r✉❧❡✳ ❚❤❡ s♣❧✐tt✐♥❣

❞✐♠❡♥s✐♦♥ ✐s t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ♠❛①✐♠✉♠ s♣r❡❛❞ ♦❢ S✳ ❚❤❡ s♣❧✐tt✐♥❣

♣♦✐♥t ✐s t❤❡ ♠❡❞✐❛♥ ♦❢ t❤❡ ❝♦♦r❞✐♥❛t❡s ♦❢ S ❛❧♦♥❣ t❤✐s ❞✐♠❡♥s✐♦♥✳ ❆

♠❡❞✐❛♥ ♣❛rt✐t✐♦♥ ♦❢ t❤❡ ♣♦✐♥ts ✐♥ S ✐s t❤❡♥ ♣❡r❢♦r♠❡❞✳ ❚❤✐s r✉❧❡ ❣✉❛r✲

❛♥t❡❡s t❤❛t ❛❧❧ t❤❡ ❜♦①❡s ✐♥ t❤❡ r❡s✉❧t✐♥❣ ♣❛rt✐t✐♦♥ ❤❛✈❡ ❛t ❧❡❛st ♦♥❡

♣♦✐♥t ❛♥❞ t❤❡ ✐♥❝♦♥✈❡♥✐❡♥t ✐s t❤❡ ❤✐❣❤ ✇❡✐❣❤t ♦❢ t❤❡ ♣❛rt✐t✐♦♥✳

• ▼✐❞♣♦✐♥t r✉❧❡✿ ❚❤✐s r✉❧❡ ❞❡✜♥❡s ❛ s♣❧✐tt✐♥❣ ❤②♣❡r♣❧❛♥❡ ♦rt❤♦❣♦♥❛❧ t♦

t❤❡ ❧♦♥❣❡st s✐❞❡ ♦❢ t❤❡ ❜♦① t❤r♦✉❣❤ ✐ts ♠✐❞♣♦✐♥t✳ ❚❤✐s s✐♠♣❧❡ r✉❧❡ ❣✉❛r✲

❛♥t❡❡s t❤❛t ❛❧❧ t❤❡ r❡s✉❧t✐♥❣ ❡❧❡♠❡♥t❛r② ❜♦①❡s ❤❛✈❡ ❛ ❧♦✇ ❛s♣❡❝t r❛t✐♦

❛♥❞ t❤✉s ❛ ❧♦✇ ✇❡✐❣❤t ♣❛rt✐t✐♦♥✳ ❚❤✐s ✐s ✐♠♣♦rt❛♥t ❢♦r t❤❡ ♣r❡❝✐s✐♦♥

♦❢ t❤❡ ❝♦✈❡r❛❣❡ ❡st✐♠❛t✐♦♥✳ ❆ ❞r❛✇❜❛❝❦ ♦❢ t❤✐s r✉❧❡ ✐s t❤❡ ❡①✐st❡♥❝❡ ♦❢

❡♠♣t② ❜♦①❡s✳ ❋✐❣✉r❡ ✻✳✸ s❤♦✇s t❤❡ r❡s✉❧t ♦❢ ❛ ❞②♥❛♠✐❝ ❝♦♥str✉❝t✐♦♥

✉s✐♥❣ t❤✐s s♣❧✐tt✐♥❣ r✉❧❡✳

❋✐❣✉r❡ ✻✳✸✿ ❆ ❞②♥❛♠✐❝ ❛✲tr❡❡ ❝♦♥str✉❝t✐♦♥ ✉s✐♥❣ ♠✐❞♣♦✐♥t s♣❧✐tt✐♥❣ r✉❧❡✳ ❚❤❡

r❡s✉❧t ♦❜t❛✐♥❡❞ ❢♦r t❤❡ ❱❛♥ ❞❡r P♦❧ s②st❡♠✳

✳✳✳
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✻✳✶✳✷ ❆❞❞✐♥❣ ❛ ♥❡✇ ♣♦✐♥t

❲❡ ❞❡♥♦t❡ ❜② Tq t❤❡ tr❡❡ ✉s❡❞ t♦ st♦r❡ t❤❡ st❛t❡s ✈✐s✐t❡❞ ❛t ❧♦❝❛t✐♦♥ q✱ ❛♥❞

❜② Πq t❤❡ ❜♦① ♣❛rt✐t✐♦♥ ♦❢ t❤❡ st❛②✐♥❣ s❡t Iq✳ ❆❞❞✐♥❣ ❛ ♥❡✇ ♣♦✐♥t x ✐♥

Tq r❡q✉✐r❡s ✜♥❞✐♥❣ t❤❡ ❡❧❡♠❡♥t❛r② ❜♦① ✐♥ Πq t❤❛t ❝♦♥t❛✐♥s ❛ ❣✐✈❡♥ ♣♦✐♥t x✳

❚❤✐s ❝❛♥ ❜❡ ❞♦♥❡ ✉s✐♥❣ ❆❧❣♦r✐t❤♠ ✹✳ ◆♦t❡ t❤❛t t❤❡ ✐♥❢♦r♠❛t✐♦♥ ❛ss♦❝✐❛t❡❞

✇✐t❤ ❛ ♥♦❞❡ s ❝♦♥s✐sts ♦❢ ❛ ♣❛rt✐t✐♦♥✐♥❣ ❛①✐s k = s.axis() ❛♥❞ ❛ ♣❛rt✐t✐♦♥✐♥❣

♣♦s✐t✐♦♥ d = s.pos()✱ ✇❤✐❝❤ ❞❡✜♥❡ ❛ ♣❛rt✐t✐♦♥✐♥❣ ♣❧❛♥❡ x[k] = d✳

❆❧❣♦r✐t❤♠ ✹ ❈♦♠♣✉t❡ t❤❡ ❜♦① t❤❛t ❝♦♥t❛✐♥s x

♣r♦❝❡❞✉r❡ ❈♦♥t❛✐♥✐♥❣❇♦①✭(q, x)✮

s = root(Tq)✱ H = ∅

✇❤✐❧❡ ✭!✐s▲❡❛❢(Tq, s)✮ ❞♦

k = s.axis()✱ d = s.pos() ⊲ k ❛♥❞ d ❛r❡ t❤❡ ❛①✐s ❛♥❞ t❤❡ ♣♦s✐t✐♦♥ ♦❢

t❤❡ s♣❧✐tt✐♥❣ ❤②♣❡r♣❧❛♥❡✳

✐❢ ✭x[k] ≥ d✮ t❤❡♥

s = s.r✐❣❤t❈❤✐❧❞()✱ σ = −1

❡❧s❡

s = s.❧❡❢t❈❤✐❧❞()✱ σ = 1

❡♥❞ ✐❢

H = H ∪ {H(k, d, σ)}

❡♥❞ ✇❤✐❧❡

b = constructBox(H)✱ V = s.ptset()

r❡t✉r♥ ✭s✱ b✱ V ✮

s ✐s t❤❡ ❧❡❛❢ t❤❛t ❝♦♥t❛✐♥s t❤❡ ♣♦✐♥t x

b ✐s t❤❡ ❜♦① ❛t s

V ✐s t❤❡ ♣♦✐♥t s❡t ✐♥s✐❞❡ b

❡♥❞ ♣r♦❝❡❞✉r❡

❆❧❣♦r✐t❤♠ ✹ tr❛✈❡rs❡s t❤❡ tr❡❡ ❢r♦♠ ✐ts r♦♦t t♦ ❛ ❧❡❛❢ ✇❤♦s❡ ❜♦① ❝♦♥t❛✐♥s x❀

t❤✐s ❜♦① ✐s t❤✉s ❝❛❧❧❡❞ t❤❡ ❝♦♥t❛✐♥✐♥❣ ❜♦① ♦❢ x✳ ❚❤✐s ♣r♦❝❡❞✉r❡ ❛❧s♦ ❝♦❧❧❡❝ts ❛❧❧

t❤❡ ❤❛❧❢✲s♣❛❝❡s ❞❡✜♥✐♥❣ t❤❡ ❝♦♥t❛✐♥✐♥❣ ❜♦① b ❛♥❞ t❤❡ ♣♦✐♥t s❡t ❛t t❤❡ ❧❡❛❢✳ ■♥

t❤❡ ❛❧❣♦r✐t❤♠✱ H(k, d, σ) ❞❡♥♦t❡s t❤❡ ❤❛❧❢✲s♣❛❝❡ ❞❡✜♥❡❞ ❛s {x | σx[k] ≤ σd}

✇❤❡r❡ k ❛♥❞ d ❛r❡ t❤❡ ❛①✐s ❛♥❞ t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ s♣❧✐tt✐♥❣ ❤②♣❡r♣❧❛♥❡
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❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ♥♦❞❡ s ♦❢ t❤❡ tr❡❡✳

✻✳✶✳✸ ❈♦♠♣✉t✐♥❣ t❤❡ ❜♦① ♦❢ ❛ ❧❡❛❢

❚♦ r❡❞✉❝❡ ♠❡♠♦r② ✉s❛❣❡✱ ✇❡ ❞♦ ♥♦t st♦r❡ t❤❡ ❝♦♦r❞✐♥❛t❡s ♦❢ t❤❡ ❡❧❡♠❡♥t❛r②

❜♦①❡s ♦❢ t❤❡ ❧❡❛✈❡s ❜✉t ❝♦♠♣✉t❡ t❤❡♠ ♦♥❧② ✇❤❡♥ ♥❡❝❡ss❛r②✳ ❆❧❣♦r✐t❤♠ ✺

s❤♦✇s ❤♦✇ t♦ ❞♦ t❤✐s✳

❆❧❣♦r✐t❤♠ ✺ ❈♦♠♣✉t✐♥❣ t❤❡ ❜♦① ♦❢ ❛ ❧❡❛❢ v0

♣r♦❝❡❞✉r❡ ●❡t❇♦①✭v0✮

l = ❇♦tt♦♠❱❡rt❡①(Iq)

L = ❚♦♣❱❡rt❡①(Iq)

D+ = {1, 2, . . . , n} ⊲ n✿ ✐s t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ s②st❡♠

D− = {1, 2, . . . , n}

v = v0✱ p = parent(v0)

✇❤✐❧❡ ✭!✐s❘♦♦t(T , v)✮ ❛♥❞ ✭!✐s❊♠♣t②(D− ∪ D+)✮ ❞♦

k = p.axis()✱ d = p.pos()

✐❢ ✭s ❂❂ p.r✐❣❤t❈❤✐❧❞()✮ t❤❡♥

D− = D− \ {k} ❛♥❞ l[k] = d

❡❧s❡

D+ = D+ \ {k} ❛♥❞ L[k] = d

❡♥❞ ✐❢

v = p✱ p = parent(v)

❡♥❞ ✇❤✐❧❡

r❡t✉r♥ (l, L) ⊲ l ❛♥❞ L✿ ❜♦tt♦♠ ❧❡❢t ❛♥❞ t♦♣ r✐❣❤t ✈❡rt✐❝❡s

❡♥❞ ♣r♦❝❡❞✉r❡

■t s❤♦✉❧❞ ❜❡ ♥♦t❡ t❤❛t ❆❧❣♦r✐t❤♠ ✺ ❝❛♥ ❜❡ ✉s❡❞ t♦ ❞❡t❡r♠✐♥❡ t❤❡ ❜♦①

❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛♥ ✐♥t❡r♥❛❧ ♥♦❞❡ ♦❢ t❤❡ tr❡❡✱ ❜② ❧❡tt✐♥❣ t❤❡ ✐♥♣✉t v0 ❜❡ t❤✐s

♥♦❞❡✳ ■♥ t❤✐s ❛❧❣♦r✐t❤♠✱ ✇❡ tr❛✈❡rs❡ t❤❡ tr❡❡ ❢r♦♠ t❤❡ ❧❡❛❢ ✉♣✇❛r❞s ✉♥t✐❧ ✇❡

❝♦❧❧❡❝t t❤❡ ❝♦♥str❛✐♥ts ♦♥ ❛❧❧ t❤❡ ❞✐♠❡♥s✐♦♥s ✭t♦ ❞❡✜♥❡ ❛ ❜♦✉♥❞❡❞ ❜♦①✮✳
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✻✳✷ ▼❛✐♥ ❢✉♥❝t✐♦♥s

❋♦r ❝❧❛r✐t②✱ ✇❡ ✜rst r❡❝❛❧❧ t❤❡ t❡st ❣❡♥❡r❛t✐♦♥ ❛❧❣♦r✐t❤♠ ❛♥❞ t❤❡♥ ♣r❡s❡♥t t❤❡

✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ ❢✉♥❝t✐♦♥s ✐♥ t❤✐s ❛❧❣♦r✐t❤♠✳

❆❧❣♦r✐t❤♠ ✻ ❚❡st ❣❡♥❡r❛t✐♦♥ ❛❧❣♦r✐t❤♠

T .init(sinit)✱ j = 1 ⊲ sinit✿ ✐♥✐t✐❛❧ st❛t❡

r❡♣❡❛t

❯♣❞❛t❡❈♦✈❡r❛❣❡✭T ✮

sgoal = ❙❛♠♣❧✐♥❣(S) ⊲ S✿ ❤②❜r✐❞ st❛t❡ s♣❛❝❡

snear = ◆❡✐❣❤❜♦r(T , sgoal)

(snew, uqnear) = ❈♦♥t✐♥✉♦✉s❙t❡♣(snear, h) ⊲ h✿ t✐♠❡ st❡♣

❉✐s❝r❡t❡❙t❡♣s(T , snew)✱ j + +

✉♥t✐❧ j ≥ Jmax

✻✳✷✳✶ ❯♣❞❛t✐♥❣ t❤❡ ❝♦✈❡r❛❣❡ ❡st✐♠❛t✐♦♥

❋♦r ❡❛❝❤ ❧♦❝❛t✐♦♥ q ∈ Q✱ t❤✐s ❢✉♥❝t✐♦♥ ❡st✐♠❛t❡s t❤❡ ❝♦✈❡r❛❣❡ ♦❢ t❤❡ ✈✐s✐t❡❞

st❛t❡s ❛t ❧♦❝❛t✐♦♥ q✳ ❚❤✐s ✐s ❞♦♥❡ ✉s✐♥❣ t❤❡ ♠❡t❤♦❞ ❞❡s❝r✐❜❡❞ ✐♥ ❈❤❛♣t❡r ✸✳

❚❤❡ ❡st✐♠❛t✐♦♥ ✐♥✈♦❧✈❡s ❝♦♠♣✉t✐♥❣ ❛ ❧♦✇❡r ❛♥❞ ✉♣♣❡r ❜♦✉♥❞ ♦❢ t❤❡ st❛r

❞✐s❝r❡♣❛♥❝②✳ ❚♦ ❞♦ s♦✱ ❢♦r ❡❛❝❤ ❡❧❡♠❡♥t❛r② ❜♦① ✐♥ t❤❡ ♣❛rt✐t✐♦♥ Πq ♦❢ t❤❡

❧♦❝❛t✐♦♥ q✱ ✇❡ ❝♦♠♣✉t❡ t❤❡ ♥✉♠❜❡r ♦❢ ♣♦✐♥ts ✐♥ t❤❡ ❛ss♦❝✐❛t❡❞ ❜♦①❡s b
+

❛♥❞ b
−✳ ❚❤❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ❝♦✈❡r❛❣❡ ❝❛♥ ❛❧s♦ ❜❡ ❞♦♥❡ ✐♥ ❛♥ ✐♥❝r❡♠❡♥t❛❧

♠❛♥♥❡r✳

❲❤❡♥ ❛ ♥❡✇ ♣♦✐♥t x ✐s ❛❞❞❡❞ ✐♥ t❤❡ tr❡❡✱ t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ st❛r ❞✐s✲

❝r❡♣❛♥❝② ♥❡❡❞s t♦ ❜❡ ✉♣❞❛t❡❞✳ ▼♦r❡ ❝♦♥❝r❡t❡❧②✱ ✇❡ ♥❡❡❞ t♦ ✜♥❞ ❛❧❧ t❤❡

❡❧❡♠❡♥t❛r② ❜♦①❡s b s✉❝❤ t❤❛t t❤❡ ♥❡✇ ♣♦✐♥t ❤❛s ✐♥❝r❡❛s❡❞ t❤❡ ♥✉♠❜❡r ♦❢

♣♦✐♥ts ✐♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ b
− ❛♥❞ b

+✳ ❚❤❡s❡ ❜♦①❡s ❛r❡ ✐♥❞❡❡❞ t❤♦s❡ ✇❤✐❝❤

✐♥t❡rs❡❝t ✇✐t❤ t❤❡ ❜♦① Bx = [x1, L1] × . . . × [xn, Ln]✳ ■♥ ❛❞❞✐t✐♦♥✱ ✐❢ b ✐s ❛

s✉❜s❡t ♦❢ Bx✱ t❤❡ ♥✉♠❜❡rs ♦❢ ♣♦✐♥ts ✐♥ ❜♦t❤ t❤❡ ❜♦①❡s b
+ ❛♥❞ b

− ♥❡❡❞ t♦ ❜❡

✐♥❝r❡♠❡♥t❡❞❀ ✐❢ b ✐♥t❡rs❡❝ts ✇✐t❤ Bx ❜✉t ✐s ♥♦t ❡♥t✐r❡❧② ✐♥s✐❞❡ Bx✱ ♦♥❧② t❤❡

♥✉♠❜❡r ♦❢ ♣♦✐♥ts ✐♥ b
+ ♥❡❡❞s t♦ ❜❡ ✐♥❝r❡♠❡♥t❡❞✳

❙❡❛r❝❤✐♥❣ ❢♦r ❛❧❧ t❤❡ ❡❧❡♠❡♥t❛r② ❜♦①❡s t❤❛t ❛r❡ ❛✛❡❝t❡❞ ❜② x ❝❛♥ ❜❡ ❞♦♥❡
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❜② tr❛✈❡rs✐♥❣ t❤❡ tr❡❡ ❢r♦♠ t❤❡ r♦♦t ❛♥❞ ✈✐s✐t✐♥❣ ❛❧❧ t❤❡ ♥♦❞❡s t❤❡ ❜♦①❡s ♦❢

✇❤✐❝❤ ✐♥t❡rs❡❝t ✇✐t❤ Bx✳ ■♥ t❤❡ ❡①❛♠♣❧❡ ♦❢ ❋✐❣✉r❡ ✻✳✹✱ t❤❡ ❜♦① Bx ✐s t❤❡

❞❛r❦ r❡❝t❛♥❣❧❡✱ ❛♥❞ t❤❡ ♥♦❞❡s ♦❢ t❤❡ tr❡❡s ✈✐s✐t❡❞ ✐♥ t❤✐s s❡❛r❝❤ ❛r❡ ❞r❛✇♥ ❛s

❞❛r❦ ❝✐r❝❧❡s✳ ❚❤✐s s❡❛r❝❤ ✐s s✉♠♠❛r✐③❡❞ ✐♥ ❆❧❣♦r✐t❤♠ ✼✳ ■♥❞❡❡❞✱ ✇❡ ✉s❡ t❤❡

✐❞❡❛ ♦❢ r❛♥❣❡ s❡❛r❝❤ ❛❧❣♦r✐t❤♠s t♦ ♣❡r❢♦r♠ t❤✐s ❢r❡q✉❡♥t❧② ✉s❡❞ ♦♣❡r❛t✐♦♥✳

❲❡ st❛rt ❜② ✐♥✐t✐❛❧✐③✐♥❣ ❛ q✉❡✉❡ S ✇✐t❤ t❤❡ r♦♦t ♦❢ t❤❡ tr❡❡ Tq✳ ❚❤✐s q✉❡✉❡ ✐s

✉s❡❞ t♦ ♠❛✐♥t❛✐♥ ❛❧❧ t❤❡ ♥♦❞❡s ✇❤♦s❡ t❤❡ ❛ss♦❝✐❛t❡❞ ❜♦① ✐♥t❡rs❡❝ts ✇✐t❤ t❤❡

r❛♥❣❡ ❜♦① Bx✳ ❋r♦♠ t❤❡ r♦♦t ❛♥❞ ❛t ❡❛❝❤ ✐♥t❡r♥❛❧ ♥♦❞❡ ♦❢ t❤❡ tr❡❡ ✇❡ ❝❤❡❝❦

t❤✐s ✐♥t❡rs❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ r❛♥❣❡ ❜♦① ❛♥❞ t❤❡r❡ ❛ss♦❝✐❛t❡❞ ❝❤✐❧❞❡s✳ ■❢ t❤❡

❜♦① ♦❢ t❤❡ ❧❡❢t ❝❤✐❧❞ ✐♥t❡rs❡❝ts ✇✐t❤ Bx✱ ✇❡ ✐♥s❡rt t❤❡ t✇♦ ❝❤✐❧❞ ♥♦❞❡ ❛t t❤❡

❡♥❞ ♦❢ t❤❡ q✉❡✉❡ S✱ ♠❡❛♥✐♥❣ t❤❛t t❤❡ ❜♦① ❛t t❤❡ r✐❣❤t ❝❤✐❧❞ ❛❧s♦ ✐♥t❡rs❡❝ts✳

■❢ ♦♥❧② t❤❡ ❜♦① ♦❢ r✐❣❤t ❝❤✐❧❞ ✐♥t❡rs❡❝ts ✇✐t❤ Bx✱ ✇❡ ✐♥s❡rt ♦♥❧② t❤❡ r✐❣❤t

❝❤✐❧❞ ♥♦❞❡ ❛t t❤❡ ❡♥❞ S✳ ❚❤❡ ❛❧❣♦r✐t❤♠ r❡♣❡❛ts t❤✐s ✉♥t✐❧ ❛❧❧ t❤❡ ♥♦❞❡s ✐♥

t❤❡ q✉❡✉❡ S ❛r❡ ❧❡❛✈❡s✳

❋✐❣✉r❡ ✻✳✹✿ ■❧❧✉str❛t✐♦♥ ♦❢ t❤❡ ✉♣❞❛t❡ ♦❢ t❤❡ st❛r ❞✐s❝r❡♣❛♥❝② ❡st✐♠❛t✐♦♥✳

✻✳✷✳✷ ❙❛♠♣❧✐♥❣

❋✐rst✱ ❛ ❧♦❝❛t✐♦♥ qgoal ✐s s❛♠♣❧❡❞ ✉s✐♥❣ t❤❡ ❞✐str✐❜✉t✐♦♥ ❞❡✜♥❡❞ ✐♥ ❈❤❛♣t❡r ✺✳

❚❤✐s ❞✐str✐❜✉t✐♦♥ ❞❡♣❡♥❞s ♦♥ t❤❡ ❝✉rr❡♥t ❝♦✈❡r❛❣❡s ♦❢ t❤❡ ❧♦❝❛t✐♦♥s✳ ❚❤❡♥✱

❛ ❣♦❛❧ ♣♦✐♥t xgoal ✇✐t❤✐♥ t❤❡ st❛②✐♥❣ ❝♦♥❞✐t✐♦♥ Iqgoal
♦❢ qgoal✱ ❜② s❛♠♣❧✐♥❣

❛♥ ❡❧❡♠❡♥t❛r② ❜♦① ❢r♦♠ t❤❡ ♣❛rt✐t✐♦♥ ❛♥❞ t❤❡♥ ❛ ❣♦❛❧ ♣♦✐♥t ✐♥ t❤❡ ❜♦①✳
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❆❧❣♦r✐t❤♠ ✼ ❘❛♥❣❡ s❡❛r❝❤

♣r♦❝❡❞✉r❡ ❘❛♥❣❡❙❡❛r❝❤✭(q, x)✮

S = {root(Tq)}

✇❤✐❧❡ ✭S ❝♦♥t❛✐♥s ❛ ♥♦♥✲❧❡❛❢ ♥♦❞❡✮ ❞♦

s = POP (S)

✐❢ ✭!✐s▲❡❛❢(Tq, s)✮ t❤❡♥

k = s.axis()✱ d = s.pos()

✐❢ ✭x[k] ≥ d✮ t❤❡♥ ⊲ ❖♥❧② t❤❡ ❜♦① ♦❢ t❤❡ r✐❣❤t ❝❤✐❧❞ ✐♥t❡rs❡❝ts

✇✐t❤ Bx

S.append(s.r✐❣❤t❈❤✐❧❞())

❡❧s❡ ⊲ ❇♦t❤ ♦❢ t❤❡ ❜♦①❡s ❛t t❤❡ r✐❣❤t ♥♦❞❡s ✐♥t❡rs❡❝t ✇✐t❤ Bx

S.append(s.❧❡❢t❈❤✐❧❞())

S.append(s.r✐❣❤t❈❤✐❧❞())

❡♥❞ ✐❢

❡♥❞ ✐❢

❡♥❞ ✇❤✐❧❡

❢♦r ❛❧❧ b ∈ boxes(S) ❞♦

✐❢ x ∈ b
− t❤❡♥

✭counter+✱ counter−✮✰✰

❡❧s❡

✭counter+✮✰✰

❡♥❞ ✐❢

❡♥❞ ❢♦r

❡♥❞ ♣r♦❝❡❞✉r❡
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◆♦t❡ t❤❛t s❛♠♣❧✐♥❣ ❛♥ ❡❧❡♠❡♥t❛r② ❜♦① ✐s ❡q✉✐✈❛❧❡♥t t♦ s❛♠♣❧✐♥❣ ❛ ❧❡❛❢✳ ❚❤❡

s❛♠♣❧✐♥❣ ♣r♦❝❡ss ✐s s✉♠♠❛r✐③❡❞ ✐♥ ❆❧❣♦r✐t❤♠ ✽✳ ❚❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡

❢✉♥❝t✐♦♥s ❉✐s❝r❡t❡❙❛♠♣❧✐♥❣✱ ❇✐❛s❡❞❉✐str✐❜✉t✐♦♥ ❛♥❞ ❇♦①❙❛♠♣❧✐♥❣

❛r❡ ❞❡t❛✐❧❡❞ ✐♥ ❈❤❛♣t❡r ✺✳

❆❧❣♦r✐t❤♠ ✽ ❙❛♠♣❧✐♥❣ ♠❡t❤♦❞

♣r♦❝❡❞✉r❡ ❙❛♠♣❧✐♥❣✭ ✮

qgoal = ❉✐s❝r❡t❡❙❛♠♣❧✐♥❣✭Q✮

❇✐❛s❡❞❉✐str✐❜✉t✐♦♥✭Πqgoal
✮ ⊲ Πqgoal

✿ ❜♦① ♣❛rt✐t✐♦♥ ♦❢ qgoal

s = ❇♦①❙❛♠♣❧✐♥❣✭Πqgoal
✮ ⊲ ❙❛♠♣❧❡ ❛ ❧❡❛❢

b = ●❡t❜♦①✭s✮

xgoal = ❯♥✐❢♦r♠❙❛♠♣❧✐♥❣✭b✮

r❡t✉r♥ sgoal = (qgoal, xgoal)

❡♥❞ ♣r♦❝❡❞✉r❡

✻✳✷✳✸ ◆❡✐❣❤❜♦r s❡❛r❝❤

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ s❤♦✇ ❤♦✇ t♦ ✜♥❞ ❛ ♥❡✐❣❤❜♦r snear = (qnear, xnear) ♦❢ ❛

❣♦❛❧ st❛t❡ sgoal = (qgoal, xgoal) ✉s✐♥❣ t❤❡ ❤②❜r✐❞ ❞✐st❛♥❝❡ dH(·, ·) ❞❡✜♥❡❞ ✐♥

❈❤❛♣t❡r ✹✳

❆❧❣♦r✐t❤♠ ✾ t❛❦❡s ❛s ✐♥♣✉t ❛ ❣♦❛❧ st❛t❡ sgoal = (qgoal, xgoal) ❛♥❞ ❛❧s♦ t❤❡

❡❧❡♠❡♥t❛r② ❜♦① t❤❛t ❝♦♥t❛✐♥s xgoal ✭✇❤✐❝❤ ❛r❡ ♣r♦❞✉❝❡❞ ❜② t❤❡ ❢✉♥❝t✐♦♥

❙❛♠♣❧✐♥❣ ✭s❡❡ ❆❧❣♦r✐t❤♠ ✽✮✳

❲❡ ✜rst r❡❝❛❧❧ s♦♠❡ ♥♦t❛t✐♦♥s r❡❧❛t❡❞ t♦ t❤❡ ❤②❜r✐❞ ❞✐st❛♥❝❡✳ ❋♦r ❛ ❣✐✈❡♥

❞✐s❝r❡t❡ ♣❛t❤ γ = q, q1, . . . , qk, q
′ ❜❡t✇❡❡♥ t✇♦ ❧♦❝❛t✐♦♥ q ❛♥❞ q′✱ fG(γ) ✐s

t❤❡ ❣✉❛r❞ ♦❢ t❤❡ ✜rst tr❛♥s✐t✐♦♥ ♦❢ γ✱ ❛♥❞ lR(γ) = R(qk,q′)(G(qk,q′)) ✐s t❤❡

s❡t r❡s✉❧t✐♥❣ ❢r♦♠ ❛♣♣❧②✐♥❣ t❤❡ r❡s❡t ♠❛♣ R(qk,q′) ♦❢ t❤❡ ❣✉❛r❞ ♦❢ t❤❡ ❧❛st

tr❛♥s✐t✐♦♥✳ ❙✐♥❝❡ t❤❡ ❝❡♥tr♦✐❞s ♦❢ t❤❡s❡ t✇♦ s❡ts ❛r❡ ✉s❡❞ ❛s t❤❡ st❛rt✐♥❣ ❛♥❞

❡♥❞✐♥❣ ♣♦✐♥ts ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❛✈❡r❛❣❡ ♣❛t❤ ❧❡♥❣t❤✱ ✇❡ ❞❡♥♦t❡ t❤❡♠

❜② γ.Start ❛♥❞ γ.End✳

■♥ t❤❡ ❛❧❣♦r✐t❤♠✱ t❤❡ ❢✉♥❝t✐♦♥ ■s❊♠♣t②(b) r❡t✉r♥s tr✉❡ ✐❢ t❤❡ ❜♦① b ✐s

♥♦t ②❡t ✈✐s✐t❡❞✱ ❛♥❞ ✐t r❡t✉r♥s ❢❛❧s❡ ♦t❤❡r✇✐s❡✳ ❚❤❡ ❢✉♥❝t✐♦♥ ■s❊♠♣t②(q)
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❆❧❣♦r✐t❤♠ ✾ ◆❡✐❣❤❜♦r ♠❡t❤♦❞

♣r♦❝❡❞✉r❡ ◆❡✐❣❤❜♦r✭(qgoal, xgoal, bgoal)✮

d = ∞ ⊲ ■♥✐t✐❛❧✐③❡ t❤❡ ❞✐st❛♥❝❡ t♦ ❜❡ ✐♥✜♥✐t②

✐❢ ✭!■s❊♠♣t②(qgoal)✮ t❤❡♥ ⊲ ■❢ qgoal ✐s ❛❧r❡❛❞② ✈✐s✐t❡❞ t❤❡♥ ✜♥❞ ❛

❝♦♥t✐♥✉♦✉s ♥❡✐❣❤❜♦r

xnear❂❈♦♥t✐♥✉♦✉s◆❡✐❣❤❜♦r✭qgoal, xgoal✮

d = ||xnear − xgoal||✱ qnear = qgoal✱ xdir = xgoal

❡♥❞ ✐❢ ⊲ ❋♦r ❛❧❧ ♦t❤❡r ❧♦❝❛t✐♦♥s t❤❛t ❛r❡ ❛❧r❡❛❞② ✈✐s✐t❡❞

❢♦r ❛❧❧ q ∈ Q \ {qgoal} ❞♦

✐❢ ✭!■s❊♠♣t②(q)✮ t❤❡♥

Γ❂●❡t❆❧❧P❛t❤s✭q, qgoal✮

❢♦r γ ∈ Γ ❞♦

xγ❂❈♦♥t✐♥✉♦✉s◆❡✐❣❤❜♦r✭q, γ.Start✮

dγ = len(γ)||x − γ.Start|| + len(γ) + ||γ.End − xgoal||

✐❢ ✭dγ < dm✮ t❤❡♥

xnear = x✱ d = dγ ✱qnear = q✱ c = γ.Start

❡♥❞ ✐❢

❡♥❞ ❢♦r

❡♥❞ ✐❢

❡♥❞ ❢♦r

✐❢ ✭dm❂❂∞✮ t❤❡♥ r❡t✉r♥ ✭∅✮

❡❧s❡r❡t✉r♥ ✭qnear, xnear, c✮

❡♥❞ ✐❢

❡♥❞ ♣r♦❝❡❞✉r❡
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✇❤❡r❡ q ✐s ❛ ❧♦❝❛t✐♦♥ ✇♦r❦s s✐♠✐❧❛r❧②✳ ❚❤❡ ❛❧❣♦r✐t❤♠ ❝♦♥s✐sts ♦❢ t✇♦ st❡♣s✳ ■♥

t❤❡ ✜rst st❡♣✱ ✇❡ tr② t♦ ❝♦♠♣✉t❡ ❛ ❝♦♥t✐♥✉♦✉s ♥❡✐❣❤❜♦r✱ t❤❛t ✐s ❛ ♥❡✐❣❤❜♦r

t❤❛t ✐s ❛t t❤❡ s❛♠❡ ❧♦❝❛t✐♦♥ ❛s t❤❡ ❣♦❛❧ st❛t❡✳ ■♥ t❤❡ s❡❝♦♥❞ st❡♣✱ ✇❡ tr② t♦

❝♦♠♣✉t❡ ❛ ❤②❜r✐❞ ♥❡✐❣❤❜♦r ✉s✐♥❣ t❤❡ ❤②❜r✐❞ ❞✐st❛♥❝❡✳ ❲❡ t❤❡♥ s❡❧❡❝t ♦♥❡

t❤❛t ✐s ❤❛s ❛ s❤♦rt❡r ❞✐st❛♥❝❡ t♦ t❤❡ ❣♦❛❧ st❛t❡✳

• ❙t❡♣ 1✿ ■❢ t❤❡ ❣♦❛❧ ❧♦❝❛t✐♦♥ qgoal ✐s ❛❧r❡❛❞② ✈✐s✐t❡❞✱ t❤❡♥ ✇❡ s❡❛r❝❤

❢♦r ❛ ❝♦♥t✐♥✉♦✉s ♥❡✐❣❤❜♦r ✐♥ t❤❡ st❛②✐♥❣ s❡t ♦❢ t❤❡ ❧♦❝❛t✐♦♥✱ ✉s✐♥❣ t❤❡

❢✉♥❝t✐♦♥ ❈♦♥t✐♥✉♦✉s◆❡✐❣❤❜♦r ✇❤✐❝❤ ✐s ❞✐s❝✉ss❡❞ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✳

❚❤✐s ❝♦♥t✐♥✉♦✉s ♥❡✐❣❤❜♦r ❤❛s t❤❡ ❞✐st❛♥❝❡ d t♦ xgoal✳

• ❙t❡♣ 2✿ ❚♦ ✜♥❞ ❛ ❤②❜r✐❞ ♥❡✐❣❤❜♦r✱ ❧❡t Qv ❜❡ t❤❡ s❡t ♦❢ ❛❧❧ t❤❡ ❧♦❝❛t✐♦♥s

✇❤✐❝❤ ❛r❡ ❛❧r❡❛❞② ✈✐s✐t❡❞✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ s❡t Γ ♦❢ ❛❧❧ t❤❡ ♣❛t❤s ❢r♦♠ ❛

❧♦❝❛t✐♦♥ ✐♥ Qv t♦ qgoal✳ ❚❤❡♥✱ ❢♦r ❡❛❝❤ ♣❛t❤ γ ∈ Γ✱ ✇❤❡r❡ q ✐s ✐ts st❛rt✐♥❣

❧♦❝❛t✐♦♥ ❛♥❞ c ✐s ❝❡♥tr♦✐❞ ♦❢ ✐ts ✜rst ❣✉❛r❞✱ ✇❡ ❞❡t❡r♠✐♥❡ ❢r♦♠ t❤❡ tr❡❡

Tq ❛ ♥❡✐❣❤❜♦r xγ ♦❢ c✱ ✉s✐♥❣ t❤❡ ❢✉♥❝t✐♦♥ ❈♦♥t✐♥✉♦✉s◆❡✐❣❤❜♦r✳ ❲❡

❛❧s♦ ❝♦♠♣✉t❡ t❤❡ ❛✈❡r❛❣❡ ❧❡♥❣t❤ dγ ♦❢ t❤❡ tr❛❥❡❝t♦r✐❡s ❢r♦♠ (q, x) t♦

(qgoal, xgoal) ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♣❛t❤ γ✱ ✉s✐♥❣ ❉❡✜♥✐t✐♦♥ ✸✹✳ ❆❢t❡r

t❤✐s ❝♦♠♣✉t❛t✐♦♥✱ ✇❡ ❤❛✈❡ ❛ s❡t ♦❢ ♥❡✐❣❤❜♦rs (q, xγ)✱ ❡❛❝❤ ♦❢ ✇❤✐❝❤

❝♦rr❡s♣♦♥❞s t♦ ❛ ♣❛t❤ γ ∈ Γ✳ ❋✐♥❛❧❧②✱ ✇❡ ❝❤♦♦s❡ ❛♠♦♥❣ t❤❡s❡ ♥❡✐❣❤❜♦rs

(q, xγ) t❤❡ ♦♥❡ t❤❛t ❤❛s t❤❡ s❤♦rt❡st ❧❡♥❣t❤ dγ t♦ ❜❡ xnear✳ ❲❡ ❛❧s♦

❝♦♠♣❛r❡ dγ ✇✐t❤ t❤❡ ❞✐st❛♥❝❡ d ♦❢ t❤❡ ❝♦♥t✐♥✉♦✉s ♥❡✐❣❤❜♦r✱ ❝♦♠♣✉t❡❞

✐♥ t❤❡ ✜rst st❡♣✳

■❢ ❛ ❤②❜r✐❞ ♥❡✐❣❤❜♦r (qnear, xnear) ✐s ❝❤♦s❡♥ ✈✐❛ t❤❡ ♣❛t❤ γ✱ t❤❡ ❛❧❣♦r✐t❤♠

❛❧s♦ r❡t✉r♥s t❤❡ ❝❡♥tr♦✐❞ c ♦❢ t❤❡ ✜rst ❣✉❛r❞ ♦❢ γ✳ ■♥❞❡❡❞✱ t♦ ❛♣♣r♦❛❝❤ t❤❡

❣♦❛❧ st❛t❡ ❢r♦♠ t❤✐s ❤②❜r✐❞ ♥❡✐❣❤❜♦r✱ t❤❡ s②st❡♠ ♥❡❡❞s t♦ ❛♣♣r♦❛❝❤ t❤✐s ❣✉❛r❞

✜rst✳

❙❡t ♦❢ ♥❡✐❣❤❜♦r ❡❧❡♠❡♥ts (qnear, xnear) ❛♥❞ ❛ ❞✐r❡❝t✐♦♥ xdir ✇❤❡r❡ t❤❡ ♥❡❛r

st❛t❡ ❤❛✈❡ t♦ ❡①♣❧♦r❡✳ ■♥ t❤❡ ❝♦♥t✐♥✉♦✉s s❡tt✐♥❣ ♦❢ ♦✉r t❡st ❝❛s❡ ❣❡♥❡r❛t✐♦♥

t❤✐s ❞✐r❡❝t✐♦♥ ✐s s✐♠♣❧② t❤❡ ❣♦❛❧ st❛t❡ xgoal ❜✉t ✐♥ t❤❡ ❤②❜r✐❞ st❛t❡ s♣❛❝❡ t❤✐s

❞✐r❡❝t✐♦♥ ❞❡♣❡♥❞ ♦♥ t❤❡ ♣❛t❤ t❤❛t ♠✐♥✐♠✐③❡ ♦✉r ❤②❜r✐❞ ❞✐st❛♥❝❡ ❜❡t✇❡♥ sgoal

❛♥❞ snear✳
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✻✳✷✳✹ ❈♦♥t✐♥✉♦✉s ♥❡✐❣❤❜♦r s❡❛r❝❤

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❞❡s❝r✐❜❡ t❤❡ ❢✉♥❝t✐♦♥ ❈♦♥t✐♥✉♦✉s◆❡✐❣❤❜♦r ✐♥ ❆❧❣♦✲

r✐t❤♠ ✾✳

■♥ ♠♦st ✈❡rs✐♦♥s ♦❢ t❤❡ ❘❘❚ ❛❧❣♦r✐t❤♠✱ t❤❡ ✐♥✐t✐❛❧ ♣♦✐♥t ❢♦r ❡❛❝❤ ✐t❡r❛t✐♦♥

✐s ❛ ♥❡❛r❡st ♥❡✐❣❤❜♦r ♦❢ t❤❡ ❣♦❛❧ ♣♦✐♥t✳ ❉✉❡ t♦ t❤❡ ❤✐❣❤ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡

❝♦♠♣✉t❛t✐♦♥ ♦❢ ❛♥ ❡①❛❝t ♥❡❛r❡st ♥❡✐❣❤❜♦r✱ ✇❡ r❡s♦rt t♦ ❝♦♠♣✉t✐♥❣ ❛ ♥❡✐❣❤❜♦r

✇❤✐❝❤ ♠❛② ♥♦t ❜❡ ❛ ♥❡❛r❡st ♦♥❡ ❜✉t ❝❧♦s❡ t♦ t❤❡ xgoal✳ ❲❡ ❝❛❧❧ t❤✐s ❛♥

❛♣♣r♦①✐♠❛t❡ ♥❡❛r❡st ♥❡✐❣❤❜♦r✳ ❚❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ s✉❝❤ ❛♥ ❛♣♣r♦①✐♠❛t❡

♥❡❛r❡st ♥❡✐❣❤❜♦r ❝❛♥ ❜❡ ❞♦♥❡ ❛s ❢♦❧❧♦✇s✿

• ❋✐rst✱ ✇❡ ✜♥❞ t❤❡ ❡❧❡♠❡♥t❛r② ❜♦① b ✇✐t❤ ❛t ❧❡❛st ♦♥❡ ✈✐s✐t❡❞ ♣♦✐♥t t❤❛t

✐s ❝❧♦s❡st t♦ xgoal✳ ◆♦t❡ t❤❛t t❤❡ ❣♦❛❧ ❜♦① bgoal t❤❛t ❝♦♥t❛✐♥s xgoal ♠❛②

♥♦t ❝♦♥t❛✐♥ ❛♥② ✈✐s✐t❡❞ ♣♦✐♥ts✳

• ❚❤❡♥✱ ✇❡ ✜♥❞ ❛ ♣♦✐♥t ✐♥ t❤❡ ❜♦① b ✇❤✐❝❤ ✐s t❤❡ ❝❧♦s❡st t♦ xgoal✳ ■t ✐s

❡❛s② t♦ s❡❡ t❤❛t b ❞♦❡s ♥♦t ♥❡❝❡ss❛r✐❧② ❝♦♥t❛✐♥ ❛ ♥❡❛r❡st ♥❡✐❣❤❜♦r ♦❢

xgoal✱ ✇❤✐❝❤ ♠❛② ✐♥❞❡❡❞ ❜❡ ✐♥ ❛ ♥❡✐❣❤❜♦r✐♥❣ ❜♦①✳

❚❤❡ r❡♠❛✐♥✐♥❣ q✉❡st✐♦♥ ♥♦✇ ✐s t♦ ✜♥❞ ❛ ♥❡❛r❡st ❜♦①✳ ❇❡❢♦r❡ ❝♦♥t✐♥✉✐♥❣ ✇✐t❤

t❤✐s✱ ✇❡ r❡♠❛r❦ t❤❛t✱ ❜❡s✐❞❡s t❤❡ ❝♦♠♣❧❡①✐t② r❡❛s♦♥✱ ✇❡ ✉s❡ t❤✐s ❛♣♣r♦①✐♠❛✲

t✐♦♥ s✐♥❝❡ t❤❡ s❛♠♣❧✐♥❣ ❞✐str✐❜✉t✐♦♥ r❡✢❡❝ts t❤❡ ❜♦①❡s ✇❡ ✇❛♥t t♦ ❡①♣❧♦r❡✱

t❤❛t ✐s✱ t❤❡ s❛♠♣❧❡❞ ❣♦❛❧ ❜♦① bgoal ✐♥❞✐❝❛t❡s t❤❡ r❡❣✐♦♥ ✇❡ ✇❛♥t t♦ ❡①♣❧♦r❡✳

■♥ ❛❞❞✐t✐♦♥✱ ❛s ✇❡ ✇✐❧❧ s❤♦✇ ❧❛t❡r✱ t❤✐s ♥❡✐❣❤❜♦r ❛♣♣r♦①✐♠❛t✐♦♥ ♣r❡s❡r✈❡s t❤❡

❝♦♠♣❧❡t❡♥❡ss✳

❈♦♠♣✉t✐♥❣ ❛ ♥❡❛r❡st ❜♦① ❲❡ ❞❡✜♥❡ t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ ❛ ♣♦✐♥t x ❛♥❞

❛ ❜♦① b ❛s ❢♦❧❧♦✇s✳ ❚❤❡ ❜♦① b ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s t❤❡ ♣r♦❞✉❝t ♦❢ n ✐♥t❡r✈❛❧s

♦❢ t❤❡ ❢♦r♠ Ii = [li, Li]✳

❲❡ ❞❡✜♥❡ t❤❡ ♦✛s❡t ❢r♦♠ x t♦ b ❛s ❛ n✲❞✐♠❡♥s✐♦♥❛❧ ✈❡❝t♦r ωb ✇❤❡r❡ t❤❡

ith ❝♦♠♣♦♥❡♥t ✐s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿

ωb[i] = miny∈Ii
|x[i] − y[i]|
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✇❤❡r❡ t❤❡ ♥♦t❛t✐♦♥ x[i] ✐s ✉s❡❞ t♦ ❞❡♥♦t❡ t❤❡ ith ❝♦♦r❞✐♥❛t❡ ♦❢ t❤❡ ♣♦✐♥t x✳

■t ✐s ❡❛s② t♦ s❡❡ t❤❛t ωb[i] ✐s ♥❡❣❛t✐✈❡ ✐❢ q[i] ✐s ♦♥ t❤❡ ❧❡❢t ♦❢ Ii✱ ③❡r♦ ✐❢ ✐t ✐s

✐♥s✐❞❡ Ii✱ ❛♥❞ ♣♦s✐t✐✈❡ ✐❢ ✐t ✐s ♦♥ t❤❡ r✐❣❤t ♦❢ Ii✳

❚❤❡♥✱ ✇❡ ❞❡✜♥❡ t❤❡ ❞✐st❛♥❝❡ ❢r♦♠ x t♦ b✱ ❞❡♥♦t❡❞ ❜② d(x, b) ❛s t❤❡ s✉♠s

♦❢ t❤❡ sq✉❛r❡s ♦❢ t❤❡s❡ ♦✛s❡ts✳

d(x, b) =
(

∑i=d

i=1
|ωb[i]|

2
)1/2

.

■♥ t❤❡ ❛❜♦✈❡ ✇❡ ✉s❡ t❤❡ ❊✉❝❧✐❞✐❛♥ ♥♦r♠✱ ❜✉t ❛♥② ▼✐♥❦♥♦✇s❦✐ ♥♦r♠ ❝❛♥ ❛❧s♦

❜❡ ✉s❡❞✳

❋✐❣✉r❡ ✻✳✺ ✐❧❧✉str❡s t❤✐s ♥♦t✐♦♥✳ ■♥ t❤✐s ✜❣✉r❡✱ t❤❡ d(y, b) = 0 ❛♥❞ d(x, b)

✐s t❤❡ ❊✉❝❧✐❞❡❛♥ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ x ❛♥❞ t❤❡ ❜♦tt♦♠ ❧❡❢t ✈❡rt❡① ♦❢ t❤❡ ❜♦① b✳

❋✐❣✉r❡ ✻✳✺✿ ■❧❧✉str❛t✐♦♥ ♦❢ t❤❡ ❞✐st❛♥❝❡ ❢r♦♠ ❛ ♣♦✐♥t t♦ ❛ ❜♦①✳

❚❤❡ ❛❧❣♦r✐t❤♠ ✇♦r❦s ❛s ❢♦❧❧♦✇s✳ ❚❤❡ ❛❧❣♦r✐t❤♠ ♠❛✐♥t❛✐♥s ❛ ♣r✐♦r✐t② q✉❡✉❡

S✳ ❊❛❝❤ ❡❧❡♠❡♥t ♦❢ S ❝♦♥s✐sts ♦❢ ❛ ♥♦❞❡ v ♦❢ t❤❡ tr❡❡ ❛♥❞ ❛ ♣r✐♦r✐t② ❞❡✜♥❡❞ ❛s

t❤❡ ✐♥✈❡rs❡ ♦❢ t❤❡ ❞✐st❛♥❝❡ ❢r♦♠ x t♦ t❤❡ ❜♦① ❛t t❤❡ ♥♦❞❡ v✱ t❤❛t ✐s 1/d(x, b)✳

❲❡ st❛rt ✇✐t❤ t❤❡ r♦♦t ♦❢ t❤❡ tr❡❡✳ ■♥ ❡❛❝❤ ✐t❡r❛t✐♦♥✱ ✉s✐♥❣ t❤❡ ❢✉♥❝t✐♦♥

❈♦♠♣✉t❡❉✐st❛♥❝❡✱ ✇❡ ❝♦♠♣✉t❡ t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ q✉❡r② ♣♦✐♥t x

❛♥❞ t❤❡ ❜♦①❡s ✭❞❡♥♦t❡❞ ✷(·) ✐♥ ❆❧❣♦r✐t❤♠ ✶✵✮ ❛t ❡❛❝❤ ❝❤✐❧❞ ♦❢ t❤❡ ❝✉rr❡♥t

v ❛♥❞ t❤❡♥ ✐♥s❡rt t❤❡ ❝❤✐❧❞ ✐♥ t❤❡ q✉❡✉❡ S ✐❢ ✐t ❝♦♥t❛✐♥s ✈✐s✐t❡❞ ♣♦✐♥ts✳ ❚❤❡

❛❧❣♦r✐t❤♠ ✐t❡r❛t❡s ♦✈❡r ❛❧❧ t❤❡ ❡❧❡♠❡♥ts ♦❢ t❤❡ ♣r✐♦r✐t② q✉❡✉❡ S ✉♥t✐❧ ✐t r❡❛❝❤❡s

❛ ❧❡❛❢ ♥♦❞❡✱ ❛♥❞ t❤❡ ❜♦① ❛t t❤✐s ❧❡❛❢ ✐s t❤❡ ♥❡❛r❡st ❜♦① ♦❢ t❤❡ q✉❡r② ♣♦✐♥t x

✭✇❤✐❝❤ ❝♦♥t❛✐♥s ❛t ❧❡❛st ♦♥❡ ♣♦✐♥t✮✳

■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❞✐st❛♥❝❡ ❢r♦♠ ❛ ♣♦✐♥t t♦ ❛ ❜♦① ❝❛♥ ❜❡
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❆❧❣♦r✐t❤♠ ✶✵ ❈♦♠♣✉t❡ ❛♥ ❛♣♣r♦①✐♠❛t❡ ♥❡✐❣❤❜♦r ♦❢ xgoal

♣r♦❝❡❞✉r❡ ❈♦♥t✐♥✉♦✉s◆❡✐❣❤❜♦r✭q, x✮

v❂Tq.root✱ d = 0

r❡♣❡❛t

✐❢ ✭!❊♠♣t②(v.❧❡❢t❈❤✐❧❞()✮ t❤❡♥

dl❂❈♦♠♣✉t❡❉✐st❛♥❝❡(d, x, ✷(v.❧❡❢t❈❤✐❧❞))

S✳✐♥s❡rt(v.❧❡❢t❈❤✐❧❞(), dl)

❡♥❞ ✐❢

✐❢ ✭!❊♠♣t②(v.r✐❣❤❈❤✐❧❞()✮ t❤❡♥

dr❂❈♦♠♣✉t❡❉✐st❛♥❝❡(d, x, ✷(v.r✐❣❤t❈❤✐❧❞)

S✳✐♥s❡rt(v.❧❡❢t❈❤✐❧❞(), dr)

❡♥❞ ✐❢

(v, d)❂S✳♣♦♣❍✐❣❤Pr✐♦r✐t②()

✉♥t✐❧ ✭!✐s▲❡❛❢(v)✮

❡♥❞ ♣r♦❝❡❞✉r❡

❞♦♥❡ ✐♥ ❛♥ ✐♥❝r❡♠❡♥t❛❧ ✇❛② ❛s ❢♦❧❧♦✇s✳

■♥❝r❡♠❡♥t❛❧ ❞✐st❛♥❝❡ ❝♦♠♣✉t❛t✐♦♥✳ ❲❤❡♥ t❤❡ ❛❧❣♦r✐t❤♠ ❞❡s❝❡♥❞s t❤❡

tr❡❡ ❢r♦♠ ❛ ♥♦❞❡ v t♦ ✐ts ❝❤✐❧❞r❡♥ vl ❛♥❞ vr✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❝♦♠♣✉t❡ ✐♥✲

❝r❡♠❡♥t❛❧❧② t❤❡ ❞✐st❛♥❝❡ ❢r♦♠ x t♦ t❤❡ t✇♦ ❝❤✐❧❞r❡♥ ❜♦①❡s bl ❛♥❞ br✳ ▲❡t k

❞❡♥♦t❡ t❤❡ s♣❧✐tt✐♥❣ ❞✐♠❡♥s✐♦♥ ❛♥❞ ❧❡t p ❞❡♥♦t❡ t❤❡ s♣❧✐tt✐♥❣ ✈❛❧✉❡✳ ❲❡ ❝❛♥

❛ss✉♠❡ t❤❛t bl ✐s ❝❧♦s❡r t♦ x t❤❛♥ br ✐s✳ ❚❤❡ ♦t❤❡r ❝❛s❡ ✐s ❤❛♥❞❧❡❞ s✐♠✐❧❛r❧②✳

✭s❡❡ ❋✐❣✉r❡ ✻✳✻✮

❇❡❝❛✉s❡ bl ✐s t❤❡ ❝❧♦s❡r ❜♦① t♦ x✱ ✐ts ❞✐st❛♥❝❡ ❛♥❞ ♦✛s❡ts ❢r♦♠ x ❛r❡ t❤❡

s❛♠❡ ❛s t❤❡ ❜♦① bv ❛t t❤❡ ♣❛r❡♥t ♥♦❞❡ v✳ ❋♦r br✱ ✇❡ ♦❜s❡r✈❡ t❤❛t ❢♦r ❡❛❝❤

❞✐♠❡♥s✐♦♥ i 6= k✱ ωbr
[i] ❂ ωbv

[i]✱ s✐♥❝❡ t❤❡s❡ ❝♦♦r❞✐♥❛t❡s ❛r❡ ♥♦t ❛✛❡❝t❡❞ ❜②

t❤❡ ❝✉rr❡♥t s♣❧✐tt✐♥❣✳ ❙✐♥❝❡ t❤✐s ✐s t❤❡ ❢❛rt❤❡r ♦❢ t❤❡ t✇♦ ❝❤✐❧❞r❡♥✱ ✐t ❢♦❧❧♦✇s

t❤❛t ❛❧♦♥❣ t❤❡ s♣❧✐tt✐♥❣ ❞✐♠❡♥s✐♦♥✱ t❤❡ ♦✛s❡t ❜❡t✇❡❡♥ x ❛♥❞ br ✐s t❤❡ ❞✐st❛♥❝❡

❢r♦♠ x t♦ t❤❡ s♣❧✐tt✐♥❣ ✈❛❧✉❡✱ t❤❛t ✐s✱ ωbr
[k] = x[k] − p✳

❚♦ ❝♦♠♣✉t❡ t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ x ❛♥❞ br✱ ✇❡ s✐♠♣❧② s✉❜tr❛❝t t❤❡ sq✉❛r❡

♦❢ t❤❡ ❡①✐st✐♥❣ ♦✛s❡t ωv[k] ❛♥❞ ❛❞❞ t❤❡ sq✉❛r❡ ♦❢ t❤❡ ♥❡✇ ♦✛s❡t ωbr
[k]
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d(x, br) = (d(x, bv)
2 − ωbv

[k]2 + ωbr
[k]2)1/2.

❋✐❣✉r❡ ✻✳✻✿ ■♥❝r❡♠❡♥t❛❧ ❞✐st❛♥❝❡ ❝❛❧❝✉❧❛t✐♦♥ t❡❝❤♥✐q✉❡

✻✳✸ ❚❤❡ ❤②❜r✐❞ t❡st ❣❡♥❡r❛t✐♦♥ t♦♦❧✿ ❍❚●

❲❡ ❤❛✈❡ ✐♠♣❧❡♠❡♥t❡❞ t❤❡ ❛❜♦✈❡ ❛❧❣♦r✐t❤♠ ✐♥ ❛ t♦♦❧✱ ✇❤✐❝❤ ✇❡ ❝❛❧❧ ❍❚●✳

❚❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❤❛s ❛ ♠♦❞✉❧❛r ❛r❝❤✐t❡❝t✉r❡ ✭s❡❡ ❋✐❣✉r❡ ✻✳✼✮✳ ❚❤❡ s♦❧✐❞

❜♦①❡s r❡♣r❡s❡♥t t❤❡ ❛❧❣♦r✐t❤♠s t❤❛t ✇❡ ✐♠♣❧❡♠❡♥t❡❞✱ ❛♥❞ t❤❡ ♦t❤❡r ❜♦①❡s

❛r❡ t❤❡ ♥✉♠❡r✐❝❛❧ ✐♥t❡❣r❛t✐♦♥ t♦♦❧s ❘❆❉❆❯ ❬✷❪ ❛♥❞ ❙■❈❖◆❖❙ ❬✹❪ t❤❛t ✇❡

✉s❡✳

❚❤❡ ❞❛t❛ ♠♦❞✉❧❡ ❝♦♥t❛✐♥s t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥s ♦❢ ❛❧❧ ❞❛t❛ str✉❝t✉r❡s ❛♥❞

t❤❡ ❢✉♥❝t✐♦♥s ✐♥ t❤❡ t❡st ❣❡♥❡r❛t✐♦♥ ❛❧❣♦r✐t❤♠✳
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❋✐❣✉r❡ ✻✳✼✿ ❚❤❡ ♠♦❞✉❧❡s ♦❢ t❤❡ t♦♦❧✳
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❈❤❛♣t❡r ✼

❈❛s❡ st✉❞✐❡s

■♥ t❤✐s ❝❤❛♣t❡r ✇❡ tr❡❛t ❛ ♥✉♠❜❡r ♦❢ ❝❛s❡ st✉❞✐❡s t♦ ❞❡♠♦♥str❛t❡ t❤❡ ♣❡r✲

❢♦r♠❛♥❝❡ ♦❢ ♦✉r t❡st ❣❡♥❡r❛t✐♦♥ ❛❧❣♦r✐t❤♠✳ ❚❤❡s❡ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ✇❡r❡

♦❜t❛✐♥❡❞ ✉s✐♥❣ t❤❡ ♣r♦t♦t②♣❡ t♦♦❧✱ ❝❛❧❧❡❞ ❍❚●✳ ❆❧❧ t❤❡ r❡s✉❧ts r❡♣♦rt❡❞ ✐♥

t❤✐s ❝❤❛♣t❡r ✇❡r❡ ♦❜t❛✐♥❡❞ ❜② r✉♥♥✐♥❣ t❤❡ t♦♦❧ ♦♥ ❛ 1.4 ●❍③ P❡♥t✐✉♠ ■■■

✉s✐♥❣ ❛ ●◆❯✴▲✐♥✉① s②st❡♠✳

❲❡ ❛r❡ ❝♦♥❝❡r♥❡❞ ✇✐t❤ ❞❡♠♦♥str❛t✐♥❣✱ ♦♥ ♦♥❡ ❤❛♥❞✱ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢

♦✉r ❛♣♣r♦❛❝❤ ✐♥ t❡r♠s ♦❢ t✐♠❡ ❛♥❞ ❝♦✈❡r❛❣❡ ❡✣❝✐❡♥❝② ❛♥❞✱ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱

t❤❡ ❛♣♣❧✐❝❛❜✐❧✐t② ♦❢ ♦✉r t❡st✐♥❣ ❛♣♣r♦❛❝❤ t♦ t❤❡ ❞♦♠❛✐♥ ♦❢ ❛♥❛❧♦❣ ❛♥❞ ♠✐①❡❞

s✐❣♥❛❧ ❝✐r❝✉✐ts✳ ■♥❞❡❡❞ ❤②❜r✐❞ s②st❡♠s ♣r♦✈✐❞❡ ❛ s✉✐t❛❜❧❡ ❢♦r♠❛❧ ♠♦❞❡❧ ❢♦r

❞❡s❝r✐❜✐♥❣ t❤❡ ❜❡❤❛✈✐♦rs ♦❢ s✉❝❤ ❝✐r❝✉✐ts✳

✼✳✶ ▲✐♥❡❛r s②st❡♠s

❚♦ ❞❡♠♦♥str❛t❡ t❤❡ t✐♠❡ ❡✣❝✐❡♥❝② ♦❢ ❍❚●✱ ✇❡ ✉s❡ ❛ s❡t ♦❢ ❡①❛♠♣❧❡s ♦❢

❧✐♥❡❛r s②st❡♠s ✐♥ ✈❛r✐♦✉s ❞✐♠❡♥s✐♦♥s

ẋ = Ax + u

■♥ t❤✐s ❡①♣❡r✐♠❡♥t✱ ✇❡ ❞✐❞ ♥♦t ❡①♣❧♦✐t t❤❡ ❧✐♥❡❛r✐t② ♦❢ t❤❡ ❞②♥❛♠✐❝s ❛♥❞

t❤❡ t❡st❡❞ s②st❡♠s ✇❡r❡ r❛♥❞♦♠❧② ❣❡♥❡r❛t❡❞✿ t❤❡ ♠❛tr✐① A ✐s ✐♥ ❏♦r❞❛♥

❝❛♥♦♥✐❝❛❧ ❢♦r♠✱ ❡❛❝❤ ❞✐❛❣♦♥❛❧ ✈❛❧✉❡ ♦❢ ✇❤✐❝❤ ✐s r❛♥❞♦♠❧② ❝❤♦s❡♥ ❢r♦♠ [−3, 3]
✶✸✶
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❞✐♠ n ▲♦✇❡r ❜♦✉♥❞ ❯♣♣❡r ❜♦✉♥❞

❣❘❘❚ ❘❘❚ ❣❘❘❚ ❘❘❚

✸ ✵✳✹✺✶ ✵✳✺✹✻ ✵✳✹✺✼ ✵✳✺✺✺

✺ ✵✳✹✻✷ ✵✳✻✺✵ ✵✳✺✸✶ ✵✳✼✹✷

✶✵ ✵✳✺✹✵ ✵✳✼✽✵ ✵✳✻✾✻ ✵✳✾✵✹

❚❛❜❧❡ ✼✳✶✿ ❉✐s❝r❡♣❛♥❝② r❡s✉❧ts ♦❜t❛✐♥❡❞ ❢♦r s♦♠❡ ❧✐♥❡❛r s②st❡♠s ✉s✐♥❣ ❣❘❘❚

❛♥❞ ❘❘❚✳

❞✐♠ n ❚✐♠❡ ✭♠✐♥✮

✺ ✶

✶✵ ✸✳✺

✷✵ ✼✳✸

✺✵ ✷✹

✶✵✵ ✼✶

❚❛❜❧❡ ✼✳✷✿ ❈♦♠♣✉t❛t✐♦♥ t✐♠❡ ♦❢ ❣❘❘❚ ❢♦r s♦♠❡ ❧✐♥❡❛r s②st❡♠s✳

❛♥❞ t❤❡ ✐♥♣✉t s❡t U ❝♦♥t❛✐♥s 100 ✈❛❧✉❡s r❛♥❞♦♠❧② ❝❤♦s❡♥ ❢r♦♠ [−0.5, 0.5]n✳

❲❡ ✜① ❛ ♠❛①✐♠❛❧ ♥✉♠❜❡r Kmax = 50000 ♦❢ ✈✐s✐t❡❞ st❛t❡s✳ ■♥ t❡r♠s ♦❢

❝♦✈❡r❛❣❡✱ t❤❡ st❛r ❞✐s❝r❡♣❛♥❝② ♦❢ t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ❜② ❣❘❘❚ ❛♥❞ t❤❡

❝❧❛ss✐❝ ❘❘❚ ❛❧❣♦r✐t❤♠ ❛r❡ s❤♦✇♥ ✐♥ ❚❛❜❧❡ ✼✳✶✱ ✇❤✐❝❤ ✐♥❞✐❝❛t❡s t❤❛t ♦✉r

❛❧❣♦r✐t❤♠ ❛❝❤✐❡✈❡❞ ❛ ❜❡tt❡r ❝♦✈❡r❛❣❡ q✉❛❧✐t②✳ ❚❤❡s❡ ❞✐s❝r❡♣❛♥❝② ✈❛❧✉❡s ✇❡r❡

❝♦♠♣✉t❡❞ ❢♦r t❤❡ ✜♥❛❧ s❡t ♦❢ ✈✐s✐t❡❞ st❛t❡s✱ ✉s✐♥❣ ❛ ♣❛rt✐t✐♦♥ ♦♣t✐♠❛❧ ✇✳r✳t✳

t♦ t❤❡ ✐♠♣r❡❝✐s✐♦♥ ❜♦✉♥❞ ✐♥ ✭✸✳✸✸✮✳ ◆♦t❡ t❤❛t ✐♥ ❡❛❝❤ ✐t❡r❛t✐♦♥ ♦❢ ♦✉r t❡st

❣❡♥❡r❛t✐♦♥ ❛❧❣♦r✐t❤♠ ✇❡ ❞♦ ♥♦t ❝♦♠♣✉t❡ s✉❝❤ ❛ ♣❛rt✐t✐♦♥ ❜❡❝❛✉s❡ ✐t ✐s ✈❡r②

❡①♣❡♥s✐✈❡✳ ❚❤✐s ✐s ❛❧s♦ t❤❡ r❡❛s♦♥ ✇❤② ✇❡ ❝♦✉❧❞ ♥♦t ❝♦♠♣❛r❡ t❤❡ ❝♦✈❡r❛❣❡

❢♦r ❤✐❣❤❡r ❞✐♠❡♥s✐♦♥❛❧ s②st❡♠s✱ s✐♥❝❡ ❛ ♣r❡❝✐s❡ ❝♦✈❡r❛❣❡ ❡st✐♠❛t✐♦♥ ✉s✐♥❣

♦♣t✐♠❛❧ ♣❛rt✐t✐♦♥s ✐s t♦♦ ❡①♣❡♥s✐✈❡ ❢♦r s✉❝❤ s②st❡♠s✳

❚❛❜❧❡ ✼✳✷ s❤♦✇s t❤❡ t✐♠❡ ❡✣❝✐❡♥❝② ♦❢ ❍❚● ❢♦r ❧✐♥❡❛r s②st❡♠s ♦❢ ❞✐♠❡♥✲

s✐♦♥s ✉♣ t♦ 100✳
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✼✳✷ ❆✐r❝r❛❢t ❝♦❧❧✐s✐♦♥

❚❤✐s ❝❛s❡ st✉❞② ✐s ♦♥❡ ♦❢ t❤❡ ✇❡❧❧✲❦♥♦✇♥ ❜❡♥❝❤♠❛r❦s ✐♥ t❤❡ ❤②❜r✐❞ s②st❡♠s

❧✐t❡r❛t✉r❡ ❬✼✺❪✳ ■♥ t❤✐s ♣❛♣❡r✱ t❤❡ ❛✉t❤♦rs tr❡❛t❡❞ t❤❡ ♣r♦❜❧❡♠ ♦❢ ❝♦❧❧✐s✐♦♥

❛✈♦✐❞❛♥❝❡ ♦❢ t✇♦ ❛✐r❝r❛❢t✳ ❚♦ s❤♦✇ t❤❡ s❝❛❧❛❜✐❧✐t② ♦❢ ♦✉r ❛♣♣r♦❛❝❤ ✇❡ ❝♦♥s✐❞❡r

t❤❡ s❛♠❡ ♠♦❞❡❧ ✇✐t❤ N ❛✐r❝r❛❢t✳

❆s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✼✳✶✱ ❛❧❧ t❤❡ ❛✐r❝r❛❢t ❛r❡ ❛t ❛ ✜①❡❞ ❛❧t✐t✉❞❡✳ ❊❛❝❤ ❛✐r❝r❛❢t

i ❤❛s t❤r❡❡ st❛t❡s (xi, yi, θi) ✇❤❡r❡ xi ❛♥❞ yi ❞❡s❝r✐❜❡ t❤❡ ♣♦s✐t✐♦♥ ❛♥❞ θi ✐s

t❤❡ r❡❧❛t✐✈❡ ❤❡❛❞✐♥❣ ♦❢ t❤❡ ❛✐r❝r❛❢t✳ ❊❛❝❤ ❛✐r❝r❛❢t ❜❡❣✐♥s ✐♥ str❛✐❣❤t ✢✐❣❤t ❛t

❛ ✜①❡❞ r❡❧❛t✐✈❡ ❤❡❛❞✐♥❣ ✭♠♦❞❡ 1✮✳

❋✐❣✉r❡ ✼✳✶✿ ❆✐r❝r❛❢t ❜❡❤❛✈✐♦r ✐♥ t❤❡ t❤r❡❡ ♠♦❞❡s ❬✼✺❪✳

❚❤❡♥✱ ❛s s♦♦♥ ❛s t✇♦ ❛✐r❝r❛❢t ❛r❡ ✇✐t❤✐♥ t❤❡ ❞✐st❛♥❝❡ R ✭❦♠✮ ❜❡t✇❡❡♥ ❡❛❝❤

♦t❤❡r✱ t❤❡② ❡♥t❡r ♠♦❞❡ 2✳ ■♥ t❤✐s ♠♦❞❡ ❡❛❝❤ ❛✐r❝r❛❢t ♠❛❦❡s ❛♥ ✐♥st❛♥t❛♥❡♦✉s

❤❡❛❞✐♥❣ ❝❤❛♥❣❡ ♦❢ 90 ❞❡❣r❡❡s✱ ❛♥❞ ❜❡❣✐♥s ❛ ❝✐r❝✉❧❛r ✢✐❣❤t ❢♦r π t✐♠❡ ✉♥✐ts✳

❆❢t❡r t❤❛t✱ t❤❡② s✇✐t❝❤ t♦ ♠♦❞❡ 3 ❛♥❞ ♠❛❦❡ ❛♥♦t❤❡r ✐♥st❛♥t❛♥❡♦✉s ❤❡❛❞✐♥❣

❝❤❛♥❣❡ ♦❢ 90 ❞❡❣r❡❡s ❛♥❞ r❡s✉♠❡ t❤❡✐r ♦r✐❣✐♥❛❧ ❤❡❛❞✐♥❣s ❢r♦♠ ♠♦❞❡ 1✳

❚❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ s②st❡♠ ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✼✳✷✳ ❚❤❡ ❣✉❛r❞ tr❛♥s✐t✐♦♥

❜❡t✇❡❡♥ ♠♦❞❡ 1 ❛♥❞ ♠♦❞❡ 2 ✐s ❣✐✈❡♥ ❜② D(i, j) < R ✇❤✐❝❤ ♠❡❛♥s t❤❛t t❤❡

❛✐r❝r❛❢t i ✐s ❛t R ✭❦♠✮ ❞✐st❛♥❝❡ ❢r♦♠ t❤❡ ❛✐r❝r❛❢t j✳ ❚❤❡ ❞②♥❛♠✐❝s ♦❢ ❡❛❝❤

❛✐r❝r❛❢t ✐s ❛s ❢♦❧❧♦✇s✿ ❋♦r ❛♥ ✐❞❡❛❧ s✐t✉❛t✐♦♥ ✇✐t❤♦✉t ❡①t❡r♥❛❧ ❞✐st✉r❜❛♥❝❡s✱

✇❡ ❤❛✈❡✿



✶✸✹ ❈❍❆P❚❊❘ ✼✳ ❈❆❙❊ ❙❚❯❉■❊❙

ẋi = vcos(θi) + d1sin(θi) + d2cos(θi),

ẏi = vsin(θi) − d1cos(θi) + d2sin(θi)

θ̇i = ω

θ̇i = 0

❚❤❡ ❝♦♥t✐♥✉♦✉s ✐♥♣✉ts ❛r❡ dxi ❛♥❞ dxi ❞❡s❝r✐❜✐♥❣ t❤❡ ❡①t❡r♥❛❧ ❞✐st✉r❜❛♥❝❡s

♦♥ t❤❡ ❛✐r❝r❛❢t ✭s✉❝❤ ❛s ✇✐♥❞✮✿

dxi = d1sin(θi) + d2cos(θi),

dyi = −d1cos(θi) + d2sin(θi),

❛♥❞ −δ ≤ d1, d2 ≤ δ✳

❋✐❣✉r❡ ✼✳✷✿ ❙②st❡♠ ❞②♥❛♠✐❝s ❢♦r t❤❡ t❤r❡❡ ♠♦❞❡s✳

❘❡s✉❧ts✳ ❚❤✉s ❢♦r N ❛✐r❝r❛❢t✱ t❤❡ s②st❡♠ ❤❛s 3N + 1 ❝♦♥t✐♥✉♦✉s ✈❛r✐❛❜❧❡s

✭♦♥❡ ❢♦r ♠♦❞❡❧✐♥❣ ❛ ❝❧♦❝❦✮✳ ❋♦r t❤❡ ❝❛s❡ ♦❢ N = 2 ❛✐r❝r❛❢t✱ ✇❤❡♥ t❤❡ ❝♦❧❧✐s✐♦♥
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❞✐st❛♥❝❡ ✐s 5 ♥♦ ❝♦❧❧✐s✐♦♥ ✇❛s ❞❡t❡❝t❡❞ ❛❢t❡r ✈✐s✐t✐♥❣ 10000 ✈✐s✐t❡❞ st❛t❡s✱ ❛♥❞

t❤❡ ❝♦♠♣✉t❛t✐♦♥ t✐♠❡ ✇❛s 0.9 ♠✐♥✳ ❚❤❡ r❡s✉❧t ❢♦r N = 8 ❛✐r❝r❛❢t ✇✐t❤ t❤❡

❞✐st✉r❜❛♥❝❡ ❜♦✉♥❞ δ = 0.06 ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✼✳✸✳ ❋♦r t❤✐s ❡①❛♠♣❧❡✱ t❤❡

❝♦♠♣✉t❛t✐♦♥ t✐♠❡ ❢♦r 50000 ✈✐s✐t❡❞ st❛t❡s ✇❛s 10 ♠✐♥ ❛♥❞ ❛ ❝♦❧❧✐s✐♦♥ ✇❛s

❢♦✉♥❞✳ ❋♦r ❛ s✐♠✐❧❛r ❡①❛♠♣❧❡ ✇✐t❤ N = 10 ❛✐r❝r❛❢t✱ t❤❡ ❝♦♠♣✉t❛t✐♦♥ t✐♠❡

✇❛s 14 ♠✐♥✉t❡s ❛♥❞ ❛ ❝♦❧❧✐s✐♦♥ ✇❛s ❛❧s♦ ❢♦✉♥❞✳ ■♥ ❋✐❣✉r❡ ✼✳✸ ✇❡ s❤♦✇ t❤❡

♣r♦❥❡❝t❡❞ ♣♦s✐t✐♦♥s ♦❢ t❤❡ ❡✐❣❤t ❛✐r❝r❛❢t ♦♥ ❛ ✷✲❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡✳

❋✐❣✉r❡ ✼✳✸✿ ❊✐❣❤t✲❛✐r❝r❛❢t ❝♦❧❧✐s✐♦♥ ❛✈♦✐❞❛♥❝❡ ✭50000 ✈✐s✐t❡❞ st❛t❡s✱ ❝♦♠♣✉✲

t❛t✐♦♥ t✐♠❡✿ ✶✵ ♠✐♥✳

✼✳✸ ❆♥❛❧♦❣ ❛♥❞ ♠✐①❡❞ s✐❣♥❛❧ ❝✐r❝✉✐ts

❚❤❡ ✐♥❝r❡❛s✐♥❣ ♥❡❡❞ ❢♦r ❛♥❛❧♦❣ ❛♥❞ ♠✐①❡❞✲s✐❣♥❛❧ ❝✐r❝✉✐ts ❤❛s ♠♦t✐✈❛t❡❞ t❤❡

❞❡✈❡❧♦♣♠❡♥t ✐♥ ❞❡s✐❣♥ ❛♥❞ t❡st t♦♦❧s ❢♦r t❤❡s❡ ❝✐r❝✉✐ts✳ ❆♥❛❧♦❣ ❛♥❞ ♠✐①❡❞

s✐❣♥❛❧ t❡st✐♥❣ ✐s ❝♦♥s✐❞❡r❡❞ t♦ ❜❡ ❛ ✈❡r② ❞✐✣❝✉❧t t❛s❦✳ ❊✈❡♥ ✇❤❡♥ t❤❡ ❛r❡❛

♦❢ t❤❡ ❛♥❛❧♦❣ ♣❛rt ✐♥ ❛ ♠✐①❡❞✲s✐❣♥❛❧ ❝✐r❝✉✐t ✐s s♠❛❧❧✱ t❤❡ ❝♦st ♦❢ ✐ts t❡st✐♥❣

❝♦✈❡rs ❛ s✐❣♥✐✜❝❛♥t ♣r♦♣♦rt✐♦♥ ♦❢ t❤❡ ❣❧♦❜❛❧ ♠❛♥✉❢❛❝t✉r✐♥❣ ❝♦st✳
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■♥ ❝♦♠♣❛r✐s♦♥ ✇✐t❤ t❤❡ ❞✐❣✐t❛❧ ❝♦✉♥t❡r♣❛rt✱ t❤❡ s♣❡❝✐✜❝ ❞✐✣❝✉❧t✐❡s ♦❢ ❛♥❛✲

❧♦❣ ❛♥❞ ♠✐①❡❞✲s✐❣♥❛❧ t❡st✐♥❣ ❛r❡ t❤❡ ❢♦❧❧♦✇✐♥❣✳ ❲❤✐❧❡ ❞✐❣✐t❛❧ t❡st✐♥❣ ❝❛♥ ✉s❡

s✐♠♣❧❡ ❢❛✉❧t ♠♦❞❡❧s ✭s✉❝❤ ❛s st✉❝❦✲❛t✲❢❛✉❧ts✮✱ ❢❛✉❧t ♠♦❞❡❧s ✐♥ ❛♥❛❧♦❣ ❞❡s✐❣♥s

❛r❡ ♦❢t❡♥ ❝♦♠♣❧❡① ❛♥❞ r❡✢❡❝t t❤❡ ♣r♦❝❡ss✲r❡❧❛t❡❞ ❞✐st✉r❜❛♥❝❡s✱ s✉❝❤ ❛s ♣❛✲

r❛♠❡t❡r ❞❡✈✐❛t✐♦♥s ♦r s✐③❡ ❝❤❛♥❣❡s ✇❤✐❝❤ ❤❛✈❡ ❛♥ ✐♥✜♥✐t❡ ❞♦♠❛✐♥ ♦❢ ♣♦ss✐❜❧❡

✈❛❧✉❡s✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♠❡❛s✉r❡s ✭s✉❝❤ ❛s tr❛♥s❢❡r ❝✉r✈❡s✱ ❢r❡✲

q✉❡♥❝② ❝❤❛r❛❝t❡r✐st✐❝s✮ ❛r❡ ♠♦r❡ ❝♦♠♣❧❡① t❤❛♥ ♣❛tt❡r♥s ♦❢ 1✬s ❛♥❞ 0✬s ❛t t❤❡

♦✉t♣✉ts ✐♥ ❛ ❞✐❣✐t❛❧ ❝✐r❝✉✐t✳

■♥ t❤✐s ✇♦r❦✱ ✇❡ ❢♦❝✉s ♦♥ t❤❡ ♣r♦❜❧❡♠ ♦❢ ❛✉t♦♠❛t✐❝ t❡st ❣❡♥❡r❛t✐♦♥✱ ✇❤✐❝❤

✐♥✈♦❧✈❡s ❝♦♠♣✉t✐♥❣ ❛ s❡t ♦❢ ✐♥♣✉t ♣❛tt❡r♥s t❤❛t ♣❡r♠✐t ❞❡t❡❝t✐♥❣ ❛ ❣✐✈❡♥

❢❛✉❧t ✭❢♦r ❡①❛♠♣❧❡✱ ❜② ❝♦♠♣❛r✐♥❣ t❤❡ ❞✐✛❡r❡♥❝❡s ✐♥ t❤❡ ♦✉t♣✉ts ✇✐t❤ s♦♠❡

♣r❡❞❡t❡r♠✐♥❡❞ t♦❧❡r❛♥❝❡ t❤r❡s❤♦❧❞s✮✳ ❚❡st ❣❡♥❡r❛t✐♦♥ ❤❛s ❜❡❡♥ ❝♦♥s✐❞❡r❡❞

❢♦r ❛♥❛❧♦❣ ❝✐r❝✉✐ts s✉❝❤ ❛s ✐♥ ❬✹✹✱ ✽✼✱ ✽✻❪✱ ❢♦r ♠✐①❡❞✲s✐❣♥❛❧ ❝✐r❝✉✐ts s✉❝❤

❛s ✐♥ ❬✶✼✱ ✺✼✱ ✷✵❪✱ ✉s✐♥❣ ❛ ✈❛r✐❡t② ♦❢ t❡❝❤♥✐q✉❡s✱ s✉❝❤ ❛s st❛t✐❝ t❡st ❣❡♥❡r✲

❛t✐♦♥ ❬✾✽❪✱ s❡♥s✐t✐✈✐t② ❝♦♠♣✉t❛t✐♦♥ ❬✹✹❪✱ ▼♦♥t❡✲❈❛r❧♦ s✐♠✉❧❛t✐♦♥ ❬✽✼❪✱ ❛♥❞

♦♣t✐♠✐③❛t✐♦♥ ❬✷✼❪✳

❈♦♥❝❡r♥✐♥❣ ❝♦✈❡r❛❣❡✱ ✐♥ ❝✐r❝✉✐t t❡st✐♥❣✱ ❢❛✉❧t ❝♦✈❡r❛❣❡ ✐s ❛♥ ✐♠♣♦rt❛♥t ❝♦♥✲

❝❡r♥✳ ❆ ❢❛✉❧t ✐s s❛✐❞ t♦ ❜❡ ❞❡t❡❝t❡❞ ❜② ❛ t❡st ✐♥♣✉t ♣❛tt❡r♥ ✐❢✱ ✇❤❡♥ ❛♣♣❧②✐♥❣

t❤❡ ✐♥♣✉t ♣❛tt❡r♥ t♦ t❤❡ ❝✐r❝✉✐t✱ ❞✐✛❡r❡♥t ♦✉t♣✉t ♣❛tt❡r♥s ❝❛♥ ❜❡ ♦❜s❡r✈❡❞✱

❢♦r t❤❡ r❡❢❡r❡♥❝❡ ✭♥♦♥✲❢❛✉❧t②✮ ❝✐r❝✉✐t ❛♥❞ t❤❡ ❢❛✉❧t② ❝✐r❝✉✐t✳ ●❡♥❡r❛❧❧②✱ ❢❛✉❧ts

❝❛♥ ❜❡ ❝❛t❡❣♦r✐③❡❞ ✐♥t♦ ❝❛t❛str♦♣❤✐❝ ❛♥❞ ♣❛r❛♠❡tr✐❝ ❢❛✉❧ts✳ ❊①❛♠♣❧❡s ♦❢

❝❛t❛str♦♣❤✐❝ ❢❛✉❧ts ✐♥❝❧✉❞❡ ❛ ❝❤❛♥❣❡ ✐♥ t❤❡ ❝✐r❝✉✐t t♦♣♦❧♦❣②✱ ❛ ❣❧♦❜❛❧ ❞❡✈✐✲

❛t✐♦♥ ♦❢ t❤❡ ❝✐r❝✉✐t ❜❡❤❛✈✐♦r✳ P❛r❛♠❡tr✐❝ ❢❛✉❧ts r❡❢❡r t♦ s♠❛❧❧ ❝❤❛♥❣❡s ✐♥

t❤❡ ♣❛r❛♠❡t❡rs t❤❛t ❞♦ ♥♦t ❛✛❡❝t t❤❡ ❝✐r❝✉✐t ❢✉♥❝t✐♦♥❛❧✐t②✳ ❋♦r ❡①❛♠♣❧❡✱ ❛

❜❛♥❞✲♣❛ss ✜❧t❡r ✇❤✐❝❤ ❤❛s ❛ ❢r❡q✉❡♥❝② r❡s♣♦♥s❡ ✇✐t❤ t❤❡ ❝♦rr❡❝t s❤❛♣❡ ❜✉t

✐t ♣❛ss❡s ❛ ❧❛r❣❡r r❛♥❣❡ ♦❢ ❢r❡q✉❡♥❝✐❡s✳ ■t ✐s ♦❢t❡♥ ❛ss✉♠❡❞ t❤❛t ❜❡②♦♥❞ ❛

❞❡✈✐❛t✐♦♥ ♦❢ 10✪ ✐s ❝♦♥s✐❞❡r❡❞ t♦ ❤❛✈❡ ❝❛✉s❡❞ ❢❛✉❧ts✳

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ❞❡♠♦♥str❛t❡ t❤❡ ❛♣♣❧✐❝❛t✐♦♥s ♦❢ ♦✉r t❡st ❣❡♥❡r❛t✐♦♥

♠❡t❤♦❞ ❢♦r ❛♥❛❧♦❣ ❛♥❞ ♠✐①❡❞✲s✐❣♥❛❧ ❝✐r❝✉✐ts ✉s✐♥❣ ❤②❜r✐❞ s②st❡♠ ♠♦❞❡❧s✳

❍②❜r✐❞ s②st❡♠s✱ ❝♦♠❜✐♥✐♥❣ ❞✐s❝r❡t❡ ❡✈❡♥t s②st❡♠s ❛♥❞ ❝♦♥t✐♥✉♦✉s s②st❡♠s✱

❝❛♥ ♥❛t✉r❛❧❧② ❞❡s❝r✐❜❡ t❤❡ ❜❡❤❛✈✐♦rs ♦❢ t❤❡s❡ ❝✐r❝✉✐ts✳ ❋♦r♠❛❧ ✈❡r✐✜❝❛t✐♦♥

♦❢ t❤❡s❡ ❝✐r❝✉✐ts ✉s✐♥❣ t❤❡s❡ ♠♦❞❡❧s ❤❛s ❜❡❡♥ ✐♥✈❡st✐❣❛t❡❞ ✐♥ ❬✸✶✱ ✹✶❪✳ ❚❤❡
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❛❞✈❛♥t❛❣❡ ♦❢ ✉s✐♥❣ ❤②❜r✐❞ s②st❡♠ ♠♦❞❡❧s ✐s t❤❛t t❤❡ t❡st ❣❡♥❡r❛t✐♦♥ ✐s ♣❡r✲

❢♦r♠❡❞ ✇✐t❤✐♥ ❛ ✉♥✐✜❡❞ ❢r❛♠❡✇♦r❦ ✇✐t❤♦✉t s❡♣❛r❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❞✐❣✐t❛❧

❛♥❞ ❛♥❛❧♦❣ ♣❛rts✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ t❡st ❣❡♥❡r❛t✐♦♥ ♣r♦❝❡ss ✐s ❣✉✐❞❡❞ ❜② ❛

❝♦✈❡r❛❣❡ ♠❡❛s✉r❡ ✇❤✐❝❤ ✐s s✉✐t❛❜❧❡ ❢♦r ❝✐r❝✉✐t ❛♣♣❧✐❝❛t✐♦♥s✳ ❲❡ ♥♦✇ s❤♦✇

t❤❡ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ❢♦r t❤r❡❡ ❜❡♥❝❤♠❛r❦ ❝✐r❝✉✐ts✿

• ❆ t✉♥♥❡❧ ❞✐♦❞❡ ❝✐r❝✉✐t

• ❆♥ ❛♠♣❧✐✜❡r tr❛♥s✐st♦r

• ❆ ✈♦❧t❛❣❡ ❝♦♥tr♦❧❧❡❞ ♦s❝✐❧❧❛t♦r ✭❱❈❖✮

• ❆ ❉❡❧t❛✲❙✐❣♠❛ ♠♦❞✉❧❛t♦r✱ ❛ ✈❡r② ♣♦♣✉❧❛r ❝✐r❝✉✐t ❢♦r ❛♥❛❧♦❣ t♦ ❞✐❣✐t❛❧

❝♦♥✈❡rs✐♦♥✳ ❚❤✐s ✐s ❛ ♠✐①❡❞ s✐❣♥❛❧ ❝✐r❝✉✐t✳

✼✳✸✳✶ ❚✉♥♥❡❧ ❞✐♦❞❡ ❝✐r❝✉✐t

❚❤✐s ❝✐r❝✉✐t ✐s t❛❦❡♥ ❢r♦♠ ❬✶❪ ❛♥❞ ✐ts ❞✐❛❣r❛♠ ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✼✳✹✳

❋✐❣✉r❡ ✼✳✹✿ ❚❤❡ t✉♥♥❡❧ ❞✐♦❞❡ ❝✐r❝✉✐t ✭❧❡❢t✮ ❛♥❞ t❤❡ ❚✉♥♥❡❧ ❞✐♦❞❡ ❝❤❛r❛❝t❡r✐st✐❝

✭r✐❣❤t✮✳

▼♦❞❡❧✐♥❣✳ ❚❤❡ st❛t❡ ✈❛r✐❛❜❧❡s ❛r❡ (x1, x2) = (I, Vd) ✇❤❡r❡ I ✐s t❤❡ ❝✉rr❡♥t

t❤r♦✉❣❤ t❤❡ ✐♥❞✉❝t♦r ❛♥❞ Vd ✐s t❤❡ ✈♦❧t❛❣❡ ❛❝r♦ss t❤❡ ❞✐♦❞❡ ✭s❡❡ ❋✐❣✉r❡ ✼✳✹✮✳

❆♣♣❧②✐♥❣ t❤❡ ❑✐r❝❤❤♦✛✬s ❧❛✇✱ ❛♥❞ ❛❢t❡r s♦♠❡ ♠❛t❤❡♠❛t✐❝❛❧ ❝❛❧❝✉❧❛t✐♦♥s✱
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✇❡ ♦❜t❛✐♥ t❤❡ ✢♦✇✐♥❣ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ❞❡s❝r✐❜✐♥❣ t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡

❝✐r❝✉✐t✿

ẋ1 = 1
C (−ι(x2) + x1)

ẋ2 = 1
L(E − Rx1 − x2)

❚❤❡ ❝✐r❝✉✐t ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ❝✐r❝✉✐t ♣❛r❛♠❡t❡rs✿ C = 2pF ✱ L = 5nH✱

E = 1.2V ✱ R = 1.5kΩ✳ ❚❤❡ t✉♥♥❡❧ ❞✐♦❞❡ ❝❤❛r❛❝t❡r✐st✐❝✱ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✼✳✹✱

✐s ❞❡s❝r✐❜❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥

Id = ι(Vd) = 17.76Vd − 103.79V 2
d + 229.62V 3

d − 226.31V 4
d + 83.72V 5

d .

❚❤❡ ♣❤❛s❡ ♣♦rtr❛✐t ♦❢ t❤❡ ❞②♥❛♠✐❝s ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✼✳✺

❋✐❣✉r❡ ✼✳✺✿ ❚✉♥♥❡❧ ❞✐♦❞❡ ❝✐r❝✉✐t ♣❤❛s❡ ♣♦rtr❛✐t

❚❤❡ ❡q✉✐❧✐❜r✐✉♠ st❛t❡s Q1 ❛♥❞ Q3 ✐♥ ❋✐❣✉r❡ ✼✳✺ ❛r❡ s❛✐❞ t♦ ❜❡ ❛s②♠♣✲

t♦t✐❝❛❧❧② st❛❜❧❡ ❜❡❝❛✉s❡ ❛❧❧ tr❛❥❡❝t♦r✐❡s ♦r✐❣✐♥❛t✐♥❣ ❢r♦♠ ♣♦✐♥ts ✐♥ ❛ s♠❛❧❧

♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ Q1 ♦r Q3 t❡♥❞ t♦ Q1 ♦r Q3 ❛s t → ∞✳ ■♥ ❝♦♥tr❛st✱ t❤❡ ❡q✉✐✲

❧✐❜r✐✉♠ st❛t❡ Q2 ✐s s❛✐❞ t♦ ❜❡ ✉♥st❛❜❧❡ ❜❡❝❛✉s❡ t❤❡r❡ ❡①✐st ♣♦✐♥ts ❛r❜✐tr❛r✐❧②

❝❧♦s❡ t♦ Q2 ✇❤♦s❡ tr❛❥❡❝t♦r✐❡s ❞✐✈❡r❣❡ ❢r♦♠ Q2 ❛s t → ∞✳

■♥ ❬✶❪✱ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ♦❢ t❤❡ ❡q✉✐❧✐❜r✐✉♠ st❛t❡s ❣✐✈❡s t❤❡ ❢♦❧❧♦✇✐♥❣

r❡s✉❧ts ✭s❡❡ ❚❛❜❧❡ ✼✳✸✮✳

❚❤✐s t✉♥♥❡❧ ❞✐♦❞❡ ❝✐r❝✉✐t ❤❛s ❜❡❡♥ ✉s❡❞ ❛s ❛ ❝♦♠♣✉t❡r ♠❡♠♦r②✱ ✇❤❡r❡

t❤❡ ❡q✉✐❧✐❜r✐✉♠ st❛t❡ Q1 ✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❜✐♥❛r② st❛t❡ ✧✵✧ ❛♥❞ t❤❡

❡q✉✐❧✐❜r✐✉♠ st❛t❡ Q3 ✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❜✐♥❛r② st❛t❡ ✧✶✧✳ ❲❡ ♦❜s❡r✈❡
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❙t❛t❡ Vd(V ) Id(mA)

Q1 ✵✳✵✻ ✵✳✼✻

Q2 ✵✳✷✾ ✵✳✻✵

Q3 ✵✳✽✽ ✵✳✷✵

❚❛❜❧❡ ✼✳✸✿ ❊q✉✐❧✐❜r✐✉♠ st❛t❡ ✈❛❧✉❡s✳

❢r♦♠ t❤❡ ♣❤❛s❡ ♣♦rtr❛✐t ✐♥ ❋✐❣✉r❡ ✼✳✺ t❤❛t tr✐❣❣❡r✐♥❣ ❢r♦♠ Q1 t♦ Q3✱ ♦r ✈✐❝❡

✈❡rs❛✱ ♠❡❛♥s ❛♣♣❧②✐♥❣ ❛ s♠❛❧❧ tr✐❣❣❡r✐♥❣ s✐❣♥❛❧ ♦❢ s✉✣❝✐❡♥t ❞✉r❛t✐♦♥ ✇❤✐❝❤

❛❧❧♦✇s t❤❡ tr❛❥❡❝t♦r② t♦ ♠♦✈❡ ♦✈❡r t♦ t❤❡ ♦t❤❡r s✐❞❡ ♦❢ t❤❡ s❡♣❛r❛t✐♦♥ ❝✉r✈❡✳

❲❡ st✉❞② t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ❝✐r❝✉✐t ✉♥❞❡r t✇♦ t②♣❡s ♦❢ ✈❛r✐❛t✐♦♥s✿

• t❤❡ ✈❛r✐❛t✐♦♥ ♦♥ t❤❡ ❞✐♦❞❡ ❝❤❛r❛❝t❡r✐st✐❝ ♠♦❞❡❧❡❞ ❜② Id = ι(Vd) + ∆ι✱

❛♥❞

• t❤❡ s♦✉r❝❡ ✈♦❧t❛❣❡ ✈❛r✐❛t✐♦♥ ∆E ✳

■♥ ♦✉r t❡st✐♥❣ ❢r❛♠❡✇♦r❦✱ t❤❡s❡ ✈❛r✐❛t✐♦♥s (∆ι,∆E) ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s

❝♦♥tr♦❧ ✐♥♣✉ts t❤❛t t❤❡ t❡st❡r ❝❛♥ ♠❛♥✐♣✉❧❛t❡✳

❘❡s✉❧ts✳ ❲❡ ✉s❡❞ t❤❡ ❍❚● t♦♦❧ t♦ ❣❡♥❡r❛t❡ t❡st ❝❛s❡s ❢♦r t❤❡ ❝✐r❝✉✐t✳

❚❤❡ st❛t❡ s♣❛❝❡ ✐s B = [−0.2,−0.2] × [1.2, 1.2]✳ ❚❤❡ r❛♥❣❡ ♦❢ ✈❛r✐❛t✐♦♥ ✐s

[−0.12,−0.12] × [0.12, 0.12]✳ ❚❤❡ ✐♥✐t✐❛❧ ♣♦✐♥ts ❛r❡ ✐♥ ❛ s❡t ♦❢ 100 ♣♦✐♥ts

r❛♥❞♦♠❧② s❛♠♣❧❡❞ ✐♥ [0.20, 0.59] × [0.3, 0.61]✱ ❛ r❡❣✐♦♥ ♥❡❛r t❤❡ ✉♥st❛❜❧❡

❡q✉✐❧✐❜r✐✉♠ st❛t❡✳

❋✐❣✉r❡ ✼✳✻ s❤♦✇s t❤❡ s❡t ♦❢ ♦❜s❡r✈❛t✐♦♥s ❛❢t❡r 1 ♠♥✳ ❲❡ ❝❛♥ s❡❡ t❤❛t✱ ✇✐t❤

t❤❡s❡ ❞✐st✉r❜❛♥❝❡s✱ ❛❧❧ t❤❡ ❣❡♥❡r❛t❡❞ tr❛❝❡s ❛r❡ st✐❧❧ ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ♣❤❛s❡

♣♦rtr❛✐t✳

✼✳✸✳✷ ❚r❛♥s✐st♦r ❛♠♣❧✐✜❡r

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ tr❡❛t t❤❡ tr❛♥s✐st♦r ❛♠♣❧✐✜❡r ❜❡♥❝❤♠❛r❦✱ t❛❦❡♥ ❢r♦♠ ❬✸✻❪✳

■ts ❞✐❛❣r❛♠ ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✼✳✽✳ ❚❤❡ ❝✐r❝✉✐t ❡q✉❛t✐♦♥s ❛r❡ ❛ s②st❡♠ ♦❢
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❋✐❣✉r❡ ✼✳✻✿ ❚❡st ❣❡♥❡r❛t✐♦♥ r❡s✉❧ts ❢♦r t❤❡ t✉♥♥❡❧ ❞✐♦❞❡ ❝✐r❝✉✐t
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❞✐✛❡r❡♥t✐❛❧✲❛❧❣❡❜r❛✐❝ ❡q✉❛t✐♦♥s ❉❆❊s ♦❢ ✐♥❞❡① 1 ✇✐t❤ 8 ❝♦♥t✐♥✉♦✉s ✈❛r✐❛❜❧❡s✳

❋✐❣✉r❡ ✼✳✼✿ ❚r❛♥s✐st♦r ❛♠♣❧✐✜❡r ❝✐r❝✉✐t ❬✸✻❪✳

▼♦❞❡❧✐♥❣✳ ■♥ t❤✐s ❝✐r❝✉✐t✱ Ue ✐s t❤❡ ✐♥♣✉t s✐❣♥❛❧ ❛♥❞ U8 ✐s t❤❡ ❛♠♣❧✐✜❡❞

♦✉t♣✉t ✈♦❧t❛❣❡✳ ❚❤❡ ❝✐r❝✉✐t ❝♦♥t❛✐♥s t✇♦ tr❛♥s✐st♦rs ♦❢ t❤❡ ❢♦r♠ ❞❡♣✐❝t❡❞ ✐♥

❋✐❣✉r❡ ✼✳✽✳

❋✐❣✉r❡ ✼✳✽✿ ❙❝❤❡♠❛t✐❝ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❛ tr❛♥s✐st♦r✳

❆s ❛ s✐♠♣❧❡ ♠♦❞❡❧ ❢♦r t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ tr❛♥s✐st♦rs✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡

❝✉rr❡♥ts t❤r♦✉❣❤ t❤❡ ❣❛t❡✱ ❞r❛✐♥ ❛♥❞ s♦✉r❝❡✱ ❞❡♥♦t❡❞ ❜② IG✱ ID ❛♥❞ IS ✱ ❛r❡

❣✐✈❡♥ ❜②✿

IG = (1 − α)g(UG − US),
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ID = α.g(UG − US),

IS = g(UG − US)

✇❤❡r❡ UG ❛♥❞ US ❞❡♥♦t❡ t❤❡ ✈♦❧t❛❣❡ ❛t t❤❡ ❣❛t❡ ❛♥❞ s♦✉r❝❡ r❡s♣❡❝t✐✈❡❧②✱ ❛♥❞

α = 0.99✳ ❚❤❡ ❢✉♥❝t✐♦♥ g ✐s ❣✐✈❡♥ ❜②✿

g(x) = β.(e
x

UF − 1)

✇❤❡r❡ β = 10−6 ❛♥❞ UF = 0.026✳

❚♦ ❢♦r♠✉❧❛t❡ t❤❡ ❝✐r❝✉✐t ❡q✉❛t✐♦♥s✱ ❑✐r❝❤❤♦✛✬s ❧❛✇ ✐s ✉s❡❞ ✐♥ ❡❛❝❤ ♥✉♠✲

❜❡r❡❞ ♥♦❞❡✳ ❆❧❧ ❝✉rr❡♥ts ♣❛ss✐♥❣ t❤r♦✉❣❤ t❤❡ ❝✐r❝✉✐t ❝♦♠♣♦♥❡♥ts ❝❛♥ ❜❡

❡①♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ ✈♦❧t❛❣❡s U1, · · · , U8✳ ❈♦♥s✐❞❡r ❢♦r ✐♥st❛♥❝❡ ♥♦❞❡ 1✳

❚❤❡ ❝✉rr❡♥t IC1 ♣❛ss✐♥❣ t❤r♦✉❣❤ ❝❛♣❛❝✐t♦r C1 ✐s ❣✐✈❡♥ ❜②

IC1 =
d

dt
(C1(U2 − U1))

❛♥❞ t❤❡ ❝✉rr❡♥t IR0 ♣❛ss✐♥❣ t❤r♦✉❣❤ t❤❡ r❡s✐st♦r R0 ❜②

IR0 =
Ue − U1

R0

❍❡r❡✱ t❤❡ ❝✉rr❡♥ts ❛r❡ ❞✐r❡❝t❡❞ t♦✇❛r❞s ♥♦❞❡ 1 ✐❢ t❤❡ ❝✉rr❡♥t ✐s ♣♦s✐t✐✈❡✳ ❲❡

♣♦s❡

Ui = yi✱ ∀i ∈ {1, · · · , 8}

❛♥❞ ✇✐t❤ t❤❡ s✐♠✐❧❛r ❞❡r✐✈❛t✐♦♥ ❢♦r t❤❡ ♦t❤❡r ♥♦❞❡s ❣✐✈❡s t❤❡ s②st❡♠✿

M
dy

dt
= f(t, y) ✭✼✳✶✮

✇❤❡r❡ t❤❡ ♠❛tr✐① M ✐s ❣✐✈❡♥ ❜②✿



























−C1 C1 0 0 0 0 0 0

C1 −C1 0 0 0 0 0 0

0 0 −C2 0 0 0 0 0

0 0 0 −C3 C3 0 0 0

0 0 0 C3 −C3 0 0 0

0 0 0 0 0 −C4 0 0

0 0 0 0 0 0 −C5 C5

0 0 0 0 0 0 C5 −C5



























.
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❛♥❞ t❤❡ ❢✉♥❝t✐♦♥ f ✐s ❣✐✈❡♥ ❜②✿



























−Ue/R0 + y1/R0

−Ub/R2 + y2(1/R1 + 1/R2) − (α − 1)g(y2 − y3)

−g(y2 − y3) + y3/R3

−Ub/R4 + y4/R4 + αg(y2 − y3)

−Ub/R6 + y5(1/R5 + 1/R − 6) − (α − 1)g(y5 − y6)

−g(y5 − y6) + y6/R7

−Ub/R8 + y7/R8 + αg(y5 − y6)

y8/R9



























.

❆ ❝♦♥s✐st❡♥t ✐♥✐t✐❛❧ st❛t❡ ❛t t = 0 ✐s

y(0) =



























0

Ub/(R2

R1

+ 1)

Ub/(R2

R1

+ 1)

Ub

Ub/(R6

R5

+ 1)

Ub/(R6

R5

+ 1)

Ub

0



























✱ y′(0) =



























51.338775

51.338775

−Ub/((R2

R1

+ 1)(C2.R3))

−24.9757667

−24.9757667

Ub/((R6

R5

+ 1)(C4.R7))

−10.00564453

−10.00564453



























,

◆✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥✳ ❚♦ s♦❧✈❡ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ❛❧❣❡❜r❛✐❝ s②st❡♠ ✭✼✳✶✮✱ ✇❡

✉s❡ t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✈❡r ❘❆❉❆❯✺✳ ❚❤❡ ✐♥t❡❣r❛t✐♦♥ ♠❡t❤♦❞ ✐♠♣❧❡♠❡♥t❡❞

✐♥ ❘❆❉❆❯✺ ✐s ❛♥ ✐♠♣❧✐❝✐t ❘✉♥❣❡✲❑✉tt❛ ♠❡t❤♦❞ ✭❘❆❉❆❯ ■■❆✮ ♦❢ ♦r❞❡r ✺

✭s❡❡ ❬✷❪ ❢♦r ♠♦r❡ ❞❡t❛✐❧ ❛❜♦✉t t❤❡ ♠❡t❤♦❞✮✳

❋✐❣✉r❡ ✼✳✾ s❤♦✇s t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❛♠♣❧✐✜❡❞ ✈♦❧t❛❣❡ ♦✉t♣✉t

y8 = U8 ✭❛t ♥♦❞❡ 8✮ ♦❜t❛✐♥❡❞ ✉s✐♥❣ ❘❆❉❆❯✺✱ ✉♥❞❡r t❤❡ ✐♥♣✉t s✐❣♥❛❧

Ue(t) = 0.1sin(200πt)

❚❤❡ t❡❝❤♥✐❝❛❧ ♣❛r❛♠❡t❡rs ❛r❡ ❣✐✈❡♥ ✐♥ ❚❛❜❧❡✼✳✹✿

❚❡st✐♥❣✳ ❲❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ st✉❞②✐♥❣ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ❝✐r❝✉✐t ♣❛r❛♠❡✲

t❡r ✉♥❝❡rt❛✐♥t② ♦♥ t❤❡ tr❛♥s✐❡♥t ♣r♦♣❡rt✐❡s✱ s✉❝❤ ❛s ♦✈❡rs❤♦♦t✱ st❛❜✐❧✐③❛t✐♦♥

t✐♠❡✳ ❚❤❡ ✉♥❝❡rt❛✐♥t② ✇❡ ❝♦♥s✐❞❡r ✐s ✐♥❞❡❡❞ ❛ ♣❡rt✉r❜❛t✐♦♥ ✐♥ t❤❡ ❢✉♥❝t✐♦♥
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❋✐❣✉r❡ ✼✳✾✿ ❚❤❡ ♦✉t♣✉t s✐❣♥❛❧ ✈♦❧t❛❣❡

P❛r❛♠❡t❡r ❱❛❧✉❡

R0 1000

Rk 9000 ✭1 ≤ k ≤ 9✮

Ck k.10−6 ✭1 ≤ k ≤ 5✮

Ub 6

UF 0.026

α 0.99

β 10−6

❚❛❜❧❡ ✼✳✹✿ ❚❡❝❤♥✐❝❛❧ ♣❛r❛♠❡t❡rs✳
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❞❡s❝r✐❜✐♥❣ t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❝✉rr❡♥t t❤r♦✉❣❤ t❤❡ s♦✉r❝❡ ♦❢ t❤❡ t✇♦

tr❛♥s✐st♦rs ❛♥❞ t❤❡ ✈♦❧t❛❣❡s ❛t t❤❡ ❣❛t❡ ❛♥❞ s♦✉r❝❡

IS = g(UG − US) = β(e
UG−US

UF − 1) + ǫ

✇✐t❤ ǫ ∈ [ǫmin, ǫmax] = [−5e−5, 5e−5]✳ ❋♦r t❡st✐♥❣ ♣✉r♣♦s❡s✱ ǫ ✐s ❝♦♥s✐❞❡r❡❞

❛s ❛♥ ✐♥♣✉t ❝♦♥tr♦❧❧❛❜❧❡ ❜② t❤❡ t❡st❡r✳

❘❡s✉❧ts✳ ❲❡ ✉s❡❞ t❤❡ ❍❚● t♦♦❧ t♦ ❣❡♥❡r❛t❡ t❡st ❝❛s❡s✱ ✇❤✐❝❤ ✐♥❞✐❝❛t❡ t❤❡

♣r❡s❡♥❝❡ ♦❢ tr❛❝❡s ✇✐t❤ ♦✈❡rs❤♦♦ts✳ ❚❤❡ ❛❝❝❡♣t❛❜❧❡ ✐♥t❡r✈❛❧ ♦❢ U8 ✐♥ t❤❡ ♥♦♥✲

♣❡rt✉r❜❡❞ ❝✐r❝✉✐t ✐s [−3.01, 1.42] ✭s❡❡ ❋✐❣✉r❡ ✼✳✾✮✳ ❚❤❡ r❡s✉❧t ✐s ♣r❡s❡♥t❡❞

✐♥ ❋✐❣✉r❡s ✼✳✶✵ ❛♥❞ ✼✳✶✶✳ ■♥ t❤✐s ✜❣✉r❡s ✇❡ s❤♦✇ t❤❡ ❣❡♥❡r❛t❡❞ ♦❜s❡r✈❛t✐♦♥

s❡q✉❡♥❝❡s ♣r♦❥❡❝t❡❞ ♦♥ t❤❡ ✈❛r✐❛❜❧❡ U8 ♦✈❡r t✐♠❡✳

❋✐❣✉r❡ ✼✳✶✵✿ ❚❡st ❣❡♥❡r❛t✐♦♥ r❡s✉❧t ❢♦r t❤❡ tr❛♥s✐st♦r ❛♠♣❧✐✜❡r✳

❚❤✐s r❡s✉❧t ✇❛s ♦❜t❛✐♥❡❞ ❛❢t❡r 50000 ✐t❡r❛t✐♦♥s ✇✐t❤ 10 ❞✐s❝r❡t✐③❡❞ ❝♦♥tr♦❧

✐♥♣✉t ✈❛❧✉❡s✳ ❚❤❡ ❝♦♠♣✉t❛t✐♦♥ t✐♠❡ ✇❛s ❛❜♦✉t 3 ♠♥✳
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❋✐❣✉r❡ ✼✳✶✶✿ ❚❡st ❣❡♥❡r❛t✐♦♥ r❡s✉❧t ❢♦r t❤❡ tr❛♥s✐st♦r ❛♠♣❧✐✜❡r✱ ③♦♦♠ ✐♥ t❤❡

✜rst 0.03s✳

✼✳✸✳✸ ❱♦❧t❛❣❡ ❝♦♥tr♦❧❧❡❞ ♦s❝✐❧❧❛t♦r

❲❡ ❡①❛♠✐♥❡❞ ✐♥ t❤✐s s❡❝t✐♦♥ t❤❡ ✈♦❧t❛❣❡ ❝♦♥tr♦❧❧❡❞ ♦s❝✐❧❧❛t♦r ✭❱❈❖✮✳ ❚❤✐s

❝✐r❝✉✐t ✐s t❛❦❡♥ ❢r♦♠ ❬✹✷❪✱ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✼✳✶✷✳ ❚❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤✐s ❝✐r❝✉✐t

❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❜② ❛ s②st❡♠ ♦❢ ❞✐✛❡r❡♥t✐❛❧✲❛❧❣❡❜r❛✐❝ ❡q✉❛t✐♦♥s ❉❆❊s ✇✐t❤

55 ❝♦♥t✐♥✉♦✉s ✈❛r✐❛❜❧❡s✳ ❚❤❡ ✐♥♣✉t ✐s ♠♦❞❡❧❡❞ ❜② ❛♥ ✐❞❡❛❧ ✈♦❧t❛❣❡ ❝♦♥tr♦❧❧❡❞

❝✉rr❡♥t ✇❤✐❝❤ ✐s ♠✐rr♦r❡❞ ❜② TN1✱ TP1✱ TN2✱ TP2✱ TN5 ❝❤❛r❣✐♥❣ t❤❡

❝❛♣❛❝✐t❛♥❝❡ C2✳ ❆ss✉♠✐♥❣ t❤❡ ♦✉t♣✉t ✈♦❧t❛❣❡ vC1 t♦ ❜❡ ❛t VDD✱ C2 ✐s ❝❤❛r❣❡❞

✉♣ ❧✐♥❡❛r❧② ❜② t❤❡ ✐♥♣✉t ❝✉rr❡♥t t❤r♦✉❣❤ t❤❡ s✇✐t❝❤ TN3✱ TP3 ❝♦♥tr♦❧❧❡❞ ❜②

t❤❡ ✐♥✈❡rt❡r ✭TN4✱ TP4✮✳ ❆s vC2 ❡①❝❡❡❞s t❤❡ ♣♦s✐t✐✈❡ t❤r❡s❤♦❧❞ ✈♦❧t❛❣❡ ♦❢

t❤❡ ❙❝❤♠✐tt tr✐❣❣❡r✱ ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ r❡s✐st♦rs R1 ❛♥❞ R2✱ vC1 ❝❤❛♥❣❡s t♦

VSS ✳ ❈♦♥s❡q✉❡♥t❧②✱ C2 ✐s ❞✐s❝❤❛r❣❡❞ ✉♥t✐❧ t❤❡ ✐♥✐t✐❛❧ st❛t✉s ✐s r❡❛❝❤❡❞ ❧❡❛❞✐♥❣

t♦ ❛♥ ♦s❝✐❧❧❛t✐♦♥✳ ❋✐❣✉r❡ ✼✳✶✹ s❤♦✇s t❤❡ ♦s❝✐❧❧❛t✐♦♥ ♣r♦❥❡❝t❡❞ ♦♥ ✈❛r✐❛❜❧❡s vC1

❛♥❞ vC2 ✳

❚❡st✐♥❣✳ ❲❡ ❛r❡ ✐♥t❡r❡st❡❞ t❤❡ ♦s❝✐❧❧❛t✐♥❣ ❢r❡q✉❡♥❝② ♦❢ t❤❡ ✈❛r✐❛❜❧❡s vC1

❛♥❞ vC2 ✳ ■♥❞❡❡❞✱ t❤✐s ❢r❡q✉❡♥❝② ✐s ❛ ❧✐♥❡❛r ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✐♥♣✉t ✈♦❧t❛❣❡✳ ❲❡
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❋✐❣✉r❡ ✼✳✶✷✿ ❱♦❧t❛❣❡ ❝♦♥tr♦❧❧❡❞ ♦s❝✐❧❧❛t♦r ✭❱❈❖✮ ❝✐r❝✉✐t✳

st✉❞② t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ❛ t✐♠❡✲✈❛r✐❛♥t ♣❡rt✉r❜❛t✐♦♥ ✐♥ C2 ♦♥ t❤❡ ❢r❡q✉❡♥❝②✳

❚❤✐s ♣❡rt✉r❜❛t✐♦♥ ✐s ♠♦❞❡❧❡❞ ❛s ❛♥ ✐♥♣✉t s✐❣♥❛❧✳ ■♥ t❤✐s ❡①❛♠♣❧❡ ✇❡ s❤♦✇

t❤❛t✱ ✐♥ ❛❞❞✐t✐♦♥ t♦ ❝♦♥❢♦r♠❛♥❝❡ r❡❧❛t✐♦♥✱ ✉s✐♥❣ t❤✐s ❢r❛♠❡✇♦r❦✱ ✇❡ ❝❛♥ t❡st

❛ ♣r♦♣❡rt② ♦❢ t❤❡ ✐♥♣✉t✴♦✉t♣✉t r❡❧❛t✐♦♥✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ❢♦r ❛ ❣✐✈❡♥ ✐♥♣✉t

s❡q✉❡♥❝❡✱ ✇❡ ✇❛♥t ❝♦♠♣❛r❡ t❤❡ ♦❜s❡r✈❛t✐♦♥ s❡q✉❡♥❝❡s ♦❢ t❤❡ s♣❡❝✐✜❝❛t✐♦♥ A

❛♥❞ t❤♦s❡ ♦❢ t❤❡ s②st❡♠ ✉♥❞❡r t❡st As✱ ✇✐t❤ r❡s♣❡❝t t♦ ❛ ♣r♦♣❡rt②✳ ❆s ❛♥

❡①❛♠♣❧❡✱ t❤❡ ♦s❝✐❧❧❛t✐♥❣ ♣❡r✐♦❞ T ±δ ♦❢ ❛ ✈❛r✐❛❜❧❡ x1 = vC2 ❝❛♥ ❜❡ ❡①♣r❡ss❡❞

✉s✐♥❣ ❛ s✐♠♣❧❡ ❛✉t♦♠❛t♦♥ ✇✐t❤ ♦♥❡ ❝❧♦❝❦ y ✐♥ ❋✐❣✉r❡ ✼✳✶✸ ✭s✐♠✐❧❛r t♦ ❛

♠♦♥✐t♦r ❛✉t♦♠❛t♦♥ ✐♥ ❬✹✶❪✮✳ ❚❤❡ q✉❡st✐♦♥ ✐s t♦ ❦♥♦✇ ✐❢ ❣✐✈❡♥ ❛♥ ♦s❝✐❧❧❛t✐♥❣

tr❛❝❡ ✐♥ A✱ ✐ts ❝♦rr❡s♣♦♥❞✐♥❣ tr❛❝❡ ✐♥ As ✐s ❛❧s♦ ♦s❝✐❧❧❛t❡s ✇✐t❤ t❤❡ s❛♠❡

♣❡r✐♦❞✳ ❚❤✐s ❛❞❞✐t✐♦♥❛❧ ❛✉t♦♠❛t♦♥ ❝❛♥ ❜❡ ✉s❡❞ t♦ ❞❡t❡r♠✐♥❡ t❡st ✈❡r❞✐❝ts

❢♦r t❤❡ tr❛❝❡s ✐♥ t❤❡ ❝♦♠♣✉t❡❞ t❡st ❝❛s❡s✳ ■❢ ✇❡ ❛r❡ ❛❞❞✐t✐♦♥❛❧❧② ✐♥t❡r❡st❡❞ ✐♥

❛ ♣r♦♣❡rt② ✇❤✐❝❤ st❛t❡s t❤❛t ❛❧❧ tr❛❝❡s ♦❢ t❤❡ s②st❡♠ ✉♥❞❡r t❡st ♦s❝✐❧❧❛t❡ ✇✐t❤

t❤❡ ♣❡r✐♦❞ T ± δ✳ ■❢ ❛♥ ♦❜s❡r✈❛t✐♦♥ s❡q✉❡♥❝❡ ❝♦rr❡s♣♦♥❞s t♦ ❛ ♣❛t❤ ❡♥t❡r✐♥❣

t❤❡ ❵❊rr♦r✬ ❧♦❝❛t✐♦♥✱ t❤❡♥ ✐t ❝❛✉s❡s ❛ ❵❢❛✐❧✬ ✈❡r❞✐❝t✳ ❙✐♥❝❡ ✇❡ ❝❛♥♥♦t ✉s❡ ✜♥✐t❡
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tr❛❝❡s t♦ ♣r♦✈❡ ❛ s❛❢❡t② ♣r♦♣❡rt②✱ t❤❡ s❡t ♦❢ ♦❜s❡r✈❛t✐♦♥ s❡q✉❡♥❝❡s t❤❛t ❝❛✉s❡

❛ ❵♣❛ss✬ ✈❡r❞✐❝t ✐s ❡♠♣t②✱ ❛♥❞ t❤❡r❡❢♦r❡ t❤❡ r❡♠❛✐♥✐♥❣ ♦❜s❡r✈❛t✐♦♥ s❡q✉❡♥❝❡s

✭t❤❛t ❞♦ ♥♦t ❝❛✉s❡ ❛ ❵❢❛✐❧✬ ✈❡r❞✐❝t✮ ❝❛✉s❡s ❛ ❵✐♥❝♦♥❝❧✉s✐✈❡✬ ✈❡r❞✐❝t✳

✻

✲

✂
✄
✁
�

✂
✄
✁
�✻

y := 0
T − δ ≤ y ≤ T + δ ∧ |x1| ≤ ε

y := 0
x1 = 0

ẋ1 = 0
ẏ = 1
y ≤ Tp

y > T + δ
∧ |x1| ≤ ε

❊rr♦r

❋✐❣✉r❡ ✼✳✶✸✿ ❆✉t♦♠❛t♦♥ ❢♦r ❛♥ ♦s❝✐❧❧❛t✐♦♥ s♣❡❝✐✜❝❛t✐♦♥✳

❘❡s✉❧ts✳ ❲❡ ❝♦♥s✐❞❡r ❛ ❝♦♥st❛♥t ✐♥♣✉t ✈♦❧t❛❣❡ uin = 1.7✳ ❚❤❡ ❣❡♥❡r❛t❡❞

t❡st ❝❛s❡ s❤♦✇s t❤❛t ❛❢t❡r t❤❡ tr❛♥s✐❡♥t t✐♠❡✱ ✉♥❞❡r ❛ t✐♠❡✲✈❛r✐❛♥t ❞❡✈✐❛t✐♦♥

♦❢ C2 ✇❤✐❝❤ r❛♥❣❡s ✇✐t❤✐♥ ±10✪ ♦❢ t❤❡ ✈❛❧✉❡ ♦❢ C2 = 0.1e− 4✱ t❤❡ ✈❛r✐❛❜❧❡s

vC1 ❛♥❞ vC2 ♦s❝✐❧❧❛t❡ ✇✐t❤ t❤❡ ♣❡r✐♦❞ T ∈ [1.25, 1.258]s ✭✇✐t❤ ε = 2.8e −

4✮✳ ❚❤✐s r❡s✉❧t ✐s ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ r❡s✉❧t ♣r❡s❡♥t❡❞ ✐♥ ❬✹✷❪✳ ❋✐❣✉r❡ ✼✳✶✺

s❤♦✇s t❤❡ ♦❜s❡r✈❛t✐♦♥ s❡q✉❡♥❝❡ ♣r♦❥❡❝t❡❞ ♦♥ vC1 ❛♥❞ vC2 ✳ ❲❡ ♥♦t❡ t❤❛t t❤❡

♥✉♠❜❡r ♦❢ ❣❡♥❡r❛t❡❞ st❛t❡s ✇❛s 30000 ✇✐t❤ 5 s❛♠♣❧❡❞ ✐♥♣✉t ✈❛❧✉❡s ❛♥❞ t❤❡

❝♦♠♣✉t❛t✐♦♥ t✐♠❡ ✇❛s 14♠♥✳ ■♥ t❤✐s ❡①♣❡r✐♠❡♥t✱ t❤❡ ❝♦✈❡r❛❣❡ ♠❡❛s✉r❡ ✇❛s

❞❡✜♥❡❞ ♦♥ t❤❡ ♣r♦❥❡❝t✐♦♥ ♦❢ t❤❡ st❛t❡ s♣❛❝❡ ♦♥ vC1 ❛♥❞ vC2 ✱ ❛♥❞ ♥♦t ♦♥ t❤❡

❢✉❧❧✲❞✐♠❡♥s✐♦♥❛❧ st❛t❡ s♣❛❝❡✳

✼✳✹ ❉❡❧t❛✲❙✐❣♠❛ ❝✐r❝✉✐t

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ tr❡❛t ❛ ♠✐①❡❞✲s✐❣♥❛❧ ❝✐r❝✉✐t✱ ✇❤✐❝❤ ✐s ❛ ❉❡❧t❛✲❙✐❣♠❛ ♠♦❞✉✲

❧❛t♦r ❬✸❪✱ ❚❤✐s ❝✐r❝✉✐t ✐s ❛ ✈❡r② ♣♦♣✉❧❛r t❡❝❤♥✐q✉❡ t♦ ♣❡r❢♦r♠ ❛♥❛❧♦❣ t♦ ❞✐❣✐t❛❧

❝♦♥✈❡rs✐♦♥✳ ❚❤❡ ♣r✐♥❝✐♣❧❡s ♦❢ ❉❡❧t❛✲❙✐❣♠❛ ♠♦❞✉❧❛t✐♦♥ ❬✶✽❪ ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞

❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ♣♦✐♥ts✿
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❋✐❣✉r❡ ✼✳✶✹✿ ❱❛r✐❛❜❧❡s vC1 ❛♥❞ vC2 ♣r♦❥❡❝t✐♦♥ ✭✇✐t❤♦✉t ♣❡rt✉r❜❛t✐♦♥✮✳

❋✐❣✉r❡ ✼✳✶✺✿ ❱❛r✐❛❜❧❡s vC1 ❛♥❞ vC2 ♣r♦❥❡❝t✐♦♥✳
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❋✐❣✉r❡ ✼✳✶✻✿ ❆ ✜rst ♦r❞❡r ❉❡❧t❛✲❙✐❣♠❛ ♠♦❞✉❧❛t♦r ❛♥❞ ❛♥ ❡①❛♠♣❧❡ ♦❢ ❛♥

✐♥♣✉t✲♦✉t♣✉t ♣❧♦t✳

• ❆♥t✐✲❛❧✐❛s✐♥❣✿ ✉s❡❞ t♦ ❡♥s✉r❡ t❤❛t t❤❡ s✐❣♥❛❧ ❜❛♥❞ ✇✐❞t❤ ❧✐❡s ✇✐t❤✐♥ ❛

❣✐✈❡♥ r❛♥❣❡ [−fb, fb]✱

• ❖✈❡rs❛♠♣❧✐♥❣ ♦r s❛♠♣❧✐♥❣ ❛t ❛ ❢r❡q✉❡♥❝② ❣r❡❛t❡r t❤❛♥ t❤❡ ◆②q✉✐st r❛t❡

2 × fb✱

• ◆♦✐s❡ s❤❛♣✐♥❣ s♦ t❤❛t t❤❡ q✉❛♥t✐③❛t✐♦♥ ❡rr♦r ✐s ❵♣✉s❤❡❞✬ t♦✇❛r❞ ❤✐❣❤

❢r❡q✉❡♥❝✐❡s ♦✉ts✐❞❡ t❤❡ ❜❛♥❞✇✐❞t❤ ♦❢ ✐♥t❡r❡st✱

• ◗✉❛♥t✐③❛t✐♦♥✱ t②♣✐❝❛❧❧② ♦♥ ❢❡✇ ❜✐ts✳

❋✐❣✉r❡ ✼✳✶✻ s❤♦✇s ❤♦✇ t❤❡ ❉❡❧t❛✲❙✐❣♠❛ ♠♦❞✉❧❛t✐♦♥ ✇♦r❦s✳ ❲❤❡♥ t❤❡ ✐♥♣✉t

s✐♥✉s♦✐❞ ✐s ♣♦s✐t✐✈❡ ❛♥❞ ✐ts ✈❛❧✉❡ ✐s ❧❡ss t❤❛♥ 1✱ t❤❡ ♦✉t♣✉t t❛❦❡s t❤❡ +1

✈❛❧✉❡ ♠♦r❡ ♦❢t❡♥ ❛♥❞ t❤❡ q✉❛♥t✐③❛t✐♦♥ ❡rr♦r ✇❤✐❝❤ ✐s t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥

t❤❡ ✐♥♣✉t ❛♥❞ t❤❡ ♦✉t♣✉t ♦❢ t❤❡ q✉❛♥t✐③❡r ✐s ❢❡❞ ❜❛❝❦ ✇✐t❤ ♥❡❣❛t✐✈❡ ❣❛✐♥

❛♥❞ ❵❛❝❝✉♠✉❧❛t❡❞✬ ✐♥ t❤❡ ✐♥t❡❣r❛t♦r 1
z−1 ✳ ❚❤❡♥✱ ✇❤❡♥ t❤❡ ❛❝❝✉♠✉❧❛t❡❞ ❡rr♦r
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❋✐❣✉r❡ ✼✳✶✼✿ ▼♦❞❡❧ ♦❢ ❛ t❤✐r❞✲♦r❞❡r ♠♦❞✉❧❛t♦r✿ ❙❛t✉r❛t✐♦♥ ❜❧♦❝❦s ♠♦❞❡❧

s❛t✉r❛t✐♦♥ ♦❢ t❤❡ ✐♥t❡❣r❛t♦r✳

r❡❛❝❤❡s ❛ ❝❡rt❛✐♥ t❤r❡s❤♦❧❞✱ t❤❡ q✉❛♥t✐③❡r s✇✐t❝❤❡s t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ♦✉t♣✉t

t♦ −1 ❢♦r s♦♠❡ t✐♠❡✱ ✇❤✐❝❤ r❡❞✉❝❡s t❤❡ ♠❡❛♥ ♦❢ t❤❡ q✉❛♥t✐③❛t✐♦♥ ❡rr♦r✳

❆ t❤✐r❞✲♦r❞❡r ❉❡❧t❛✲❙✐❣♠❛ ♠♦❞✉❧❛t♦r ✐s ♠♦❞❡❧❡❞ ❛s ❛ ❤②❜r✐❞ ❛✉t♦♠❛t♦♥✱

s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✼✳✶✽✳ ■t ✐s ❝❛❧❧❡❞ t❤✐r❞✲♦r❞❡r s✐♥❝❡ ✐t ✉s❡s ❛ t❤✐r❞ ♦r❞❡r ✜❧t❡r

t♦ ♣r♦❝❡ss ♥♦✐s❡✳

❍✐❣❤❡r✲♦r❞❡r ♠♦❞✉❧❛t♦rs ❛❝❤✐❡✈❡ ❜❡tt❡r ♣❡r❢♦r♠❛♥❝❡ ❜✉t ✐♥❞✉❝❡ st❛❜✐❧✐t②

♣r♦❜❧❡♠s✳ ❆ ♠♦❞✉❧❛t♦r ✐s s❛✐❞ t♦ ❜❡ st❛❜❧❡ ✐❢ ✉♥❞❡r ❛ ❜♦✉♥❞❡❞ ✐♥♣✉t✱ t❤❡

st❛t❡s ♦❢ ✐ts ✐♥t❡❣r❛t♦rs ❛r❡ ❜♦✉♥❞❡❞✳ ❙t❛❜✐❧✐t② ❛♥❛❧②s✐s ❢♦r s✉❝❤ ❝✐r❝✉✐ts ✐s

st✐❧❧ ❛ ❝❤❛❧❧❡♥❣✐♥❣ ♣r♦❜❧❡♠ ❬✸❪✱ ❞✉❡ t♦ t❤❡ ♣r❡s❡♥❝❡ ♦❢ t✇♦ s♦✉r❝❡s ♦❢ ♥♦♥✲

❧✐♥❡❛r✐t✐❡s✿ s❛t✉r❛t✐♦♥ ❛♥❞ q✉❛♥t✐③❛t✐♦♥✳ ❚❤❡ ❞✐s❝r❡t❡✲t✐♠❡ ❞②♥❛♠✐❝s ♦❢ t❤❡

s②st❡♠ ✐s ❛s ❢♦❧❧♦✇s✿

x(k + 1) = Ax(k) + bu(k) − sign(y(k))a, ✭✼✳✷✮

y(k) = c3x3(k) + b4u(k), ✭✼✳✸✮

✇❤❡r❡ ♠❛tr✐① A✱ ✈❡❝t♦rs a ❛♥❞ b ❛r❡ ❝♦♥st❛♥ts ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ✈❛r✐♦✉s

❣❛✐♥s ♦❢ t❤❡ ♠♦❞❡❧✱ x(k) ∈ R
3 r❡♣r❡s❡♥ts t❤❡ ✐♥t❡❣r❛t♦r st❛t❡s✱ u(k) ∈ R

✐s t❤❡ ✐♥♣✉t✱ y(k) ∈ R ✐s t❤❡ ✐♥♣✉t ♦❢ t❤❡ q✉❛♥t✐③❡r✳ ❚❤✉s✱ ✐ts ♦✉t♣✉t ✐s

v(k) = sign(y(k))✱ ❛♥❞ ♦♥❡ ❝❛♥ s❡❡ t❤❛t ✇❤❡♥❡✈❡r v r❡♠❛✐♥s ❝♦♥st❛♥t✱ t❤❡
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❋✐❣✉r❡ ✼✳✶✽✿ ❆ ❤②❜r✐❞ ❛✉t♦♠❛t♦♥ ♠♦❞❡❧ ♦❢ t❤❡ ❉❡❧t❛✲❙✐❣♠❛ ♠♦❞✉❧❛t♦r✳

s②st❡♠ ❞②♥❛♠✐❝s ✐s ❛✣♥❡ ❝♦♥t✐♥✉♦✉s✳ ❆ ♠♦❞✉❧❛t♦r ✐s st❛❜❧❡ ✐❢ ✉♥❞❡r ❛

❜♦✉♥❞❡❞ ✐♥♣✉t✱ t❤❡ st❛t❡s ♦❢ ✐ts ✐♥t❡❣r❛t♦rs ❛r❡ ❜♦✉♥❞❡❞✳

❘❡s✉❧ts✳ ❲❡ ❛r❡ ✐♥t❡rst❡❞ ✐♥ t❡st✐♥❣ t❤❡ t❤❡ st❛❜✐❧✐t② ♣r♦♣❡rt② ♦❢ t❤❡ ♠♦❞✲

✉❧❛t♦r✳ ❚❤❡ t❡st ❣❡♥❡r❛t✐♦♥ ❛❧❣♦r✐t❤♠ ✇❛s ♣❡r❢♦r♠❡❞ ❢♦r t❤❡ ✐♥✐t✐❛❧ st❛t❡

x(0) ∈ [−0.01, 0.01]3 ❛♥❞ t❤❡ ✐♥♣✉t ✈❛❧✉❡s u(k) ∈ [−0.5, 0.5]✳ ❆❢t❡r ❡①♣❧♦r✐♥❣

♦♥❧② 57 st❛t❡s✱ s❛t✉r❛t✐♦♥ ✇❛s ❛❧r❡❛❞② ❞❡t❡❝t❡❞✳ ❚❤❡ ❝♦♠♣✉t❛t✐♦♥ t✐♠❡ ✇❛s

❧❡ss t❤❛♥ 1 s❡❝♦♥❞✳ ❋✐❣✉r❡ ✼✳✶✾ s❤♦✇s t❤❡ ✈❛❧✉❡s ♦❢ (supx1(k))k ❛s ❛ ❢✉♥❝t✐♦♥

♦❢ t❤❡ ♥✉♠❜❡r k ♦❢ t✐♠❡ st❡♣s✳ ❲❡ ❝❛♥ s❡❡ t❤❛t t❤❡ s❡q✉❡♥❝❡ (supx1(k))k

❧❡❛✈❡s t❤❡ s❛❢❡ ✐♥t❡r✈❛❧ [−xsat
1 , xsat

1 ] = [−0.2, 0.2]✱ ✇❤✐❝❤ ✐♥❞✐❝❛t❡s t❤❡ ✐♥✲

st❛❜✐❧✐t② ♦❢ t❤❡ ❝✐r❝✉✐t✳ ❚❤✐s ✐♥st❛❜✐❧✐t② ❢♦r ❛ ✜①❡❞ ✜♥✐t❡ ❤♦r✐③♦♥ ✇❛s ❛❧s♦

❞❡t❡❝t❡❞ ✐♥ ❬✸✶❪ ✉s✐♥❣ ❛♥ ♦♣t✐♠✐③❛t✐♦♥✲❜❛s❡❞ ♠❡t❤♦❞✳
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❋✐❣✉r❡ ✼✳✶✾✿ ❚❡st ❣❡♥❡r❛t✐♦♥ r❡s✉❧t ❢♦r t❤❡ ❉❡❧t❛✲❙✐❣♠❛ ❝✐r❝✉✐t✳
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❈❤❛♣t❡r ✽

❈♦♥❝❧✉s✐♦♥

✽✳✶ ❈♦♥tr✐❜✉t✐♦♥s

❆s ✇❡ ♠❡♥t✐♦♥❡❞ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ t❤❡ t❤❡s✐s✱ ♠♦❞❡❧✲❜❛s❡❞ ❝♦♥❢♦r♠❛♥❝❡

t❡st✐♥❣ ❤❛s ♥♦t ❜❡❡♥ ♠✉❝❤ ❞❡✈❡❧♦♣❡❞ ❢♦r ❤②❜r✐❞ s②st❡♠s✳ ❚❤✐s t❤❡s✐s ✐s

❝♦♥❝❡r♥❡❞ ✇✐t❤ t❤✐s ♣r♦❜❧❡♠ ❛♥❞ ✐ts ♠❛✐♥ ❝♦♥tr✐❜✉t✐♦♥s ❝❛♥ ❜❡ s✉♠♠❛r✐③❡❞

❛s ❢♦❧❧♦✇s✳

■♥ t❤✐s t❤❡s✐s✱ ✇❡ ♣r♦♣♦s❡❞ ❛ ❢♦r♠❛❧ ❢r❛♠❡✇♦r❦ ❢♦r ❝♦♥❢♦r♠❛♥❝❡ t❡st✐♥❣

♦❢ ❤②❜r✐❞ s②st❡♠s✳ ❚❤✐s ❢r❛♠❡✇♦r❦ ✉s❡s t❤❡ ❝♦♠♠♦♥❧②✲❛❝❝❡♣t❡❞ ❤②❜r✐❞ ❛✉✲

t♦♠❛t♦♥ ♠♦❞❡❧✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ❞❡✈❡❧♦♣❡❞ ❛ t❡st ❣❡♥❡r❛t✐♦♥ ❛❧❣♦r✐t❤♠✱

✇❤✐❝❤ ❡①♣❧♦✐ts t❤❡ ✐❞❡❛s ❢r♦♠ r♦❜♦t✐❝ ♣❛t❤ ♣❧❛♥♥✐♥❣✳ ❆♥♦t❤❡r

❲❡ ❤❛✈❡ ❛❞❛♣t❡❞ t❤❡ ❤②❜r✐❞ ❛✉t♦♠❛t❛ ❛s ❢♦r♠❛❧ ♠♦❞❡❧ ❢♦r ❞❡s❝r✐❜✐♥❣ t❤❡

s②st❡♠ ✉♥❞❡r t❡st✱ ❜❡❧✐❡✈✐♥❣ t❤❛t st✐❧❧ t❤❡ s✉✐t❛❜❧❡ ❧❛♥❣✉❛❣❡ ❢♦r ♠♦❞❡❧✐♥❣ ❛♥②

❝♦♠♣❧❡① s②st❡♠ ❝♦♠❜✐♥✐♥❣ ❝♦♥t✐♥✉♦✉s ❛♥❞ ❞✐s❝r❡t❡ ♣❛rts✳

❚❤❡ ♠❛✐♥ ❝♦♥tr✐❜✉t✐♦♥s ♦❢ t❤❡ t❤❡s✐s ❝❛♥ ❜❡ s✉♠♠❛r✐③❡❞ ❛s ❢♦❧❧♦✇s✿

❈♦♥❢♦r♠❛♥❝❡ t❡st✐♥❣ ❢r❛♠❡✇♦r❦ ❛♥❞ t❡st ❣❡♥❡r❛t✐♦♥✳

• ❲❡ ♣r♦♣♦s❡❞ ❛ ❢♦r♠❛❧ ❢r❛♠❡✇♦r❦ ❢♦r ❝♦♥❢♦r♠❛♥❝❡ t❡st✐♥❣ ♦❢ ❤②❜r✐❞

s②st❡♠s✳ ❚❤✐s ❢r❛♠❡✇♦r❦ ✉s❡s t❤❡ ❝♦♠♠♦♥❧②✲❛❝❝❡♣t❡❞ ❤②❜r✐❞ ❛✉t♦♠❛✲

t♦♥ ♠♦❞❡❧✳ ❚❤❡ ❢r❛♠❡✇♦r❦ ✐s ❞❡✜♥❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ✐♥t❡r♥❛t✐♦♥❛❧
✶✺✺
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st❛♥❞❛r❞ ❢♦r ❢♦r♠❛❧ ❝♦♥❢♦r♠❛♥❝❡ t❡st✐♥❣ ❬✾✺❪✳ ❚❤✐s ❢r❛♠❡✇♦r❦ ❛❧❧♦✇s✱

♦♥ ♦♥❡ ❤❛♥❞✱ t♦ ❢♦r♠❛❧❧② r❡❛s♦♥ ❛❜♦✉t t❤❡ ❝♦♥❢♦r♠❛♥❝❡ r❡❧❛t✐♦♥ ❜❡✲

t✇❡❡♥ ❛ s②st❡♠ ✉♥❞❡r t❡st ❛♥❞ ❛ s♣❡❝✐✜❝❛t✐♦♥✱ ❛♥❞ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱

t♦ ❞❡✈❡❧♦♣ t❡st ❣❡♥❡r❛t✐♦♥ ❛❧❣♦r✐t❤♠s✳

• ❇❡s✐❞❡s t❤❡ ♠❛✐♥ ❝♦♥❝❡♣ts ✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ ❝♦♥❢♦r♠❛♥❝❡ t❡st✐♥❣✱

✇❡ ❛❞❞r❡ss❡❞ t❤❡ ♣r♦❜❧❡♠ ♦❢ ❞❡✜♥✐♥❣ t❡st ❝♦✈❡r❛❣❡ ♠❡❛s✉r❡s✳ ❲❡ ♣r♦✲

♣♦s❡❞ t✇♦ ♥♦✈❡❧ ❝♦✈❡r❛❣❡ ♠❡❛s✉r❡s✱ ✇❤✐❝❤ ♥♦t ♦♥❧② ❛r❡ ✉s❡❢✉❧ ❛s ❛

❝r✐t❡r✐♦♥ t♦ ❡✈❛❧✉❛t❡ t❡st✐♥❣ q✉❛❧✐t② ❜✉t ❛❧s♦ ❝❛♥ ❜❡ ✉s❡❞ t♦ ❣✉✐❞❡ t❤❡

t❡st ❣❡♥❡r❛t✐♦♥ ♣r♦❝❡ss ✐♥ ♦r❞❡r t♦ ♣r♦❞✉❝❡ t❡st ❝❛s❡s ✇✐t❤ ❣♦♦❞ ❝♦✈❡r✲

❛❣❡

• ❲❡ ❞❡✈❡❧♦♣❡❞ ❛ ♥✉♠❜❡r ♦❢ ❝♦✈❡r❛❣❡✲❣✉✐❞❡❞ t❡st ❣❡♥❡r❛t✐♦♥ ❛❧❣♦r✐t❤♠s

❢♦r ❤②❜r✐❞ s②st❡♠s✳ ❚❤❡s❡ ❛❧❣♦r✐t❤♠s ❛r❡ ❜❛s❡❞ ♦♥ ❛ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡

✐❞❡❛s ❢r♦♠ r♦❜♦t✐❝ ♣❛t❤ ♣❧❛♥♥✐♥❣✱ ❡q✉✐❞✐str✐❜✉t✐♦♥ t❤❡♦r②✱ ❛❧❣♦r✐t❤♠✐❝

❣❡♦♠❡tr②✱ ❛♥❞ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥✳

❚♦♦❧ ❞❡✈❡❧♦♣♠❡♥t ❛♥❞ ❛♣♣❧✐❝❛t✐♦♥s✳ ❲❡ ❤❛✈❡ ✐♠♣❧❡♠❡♥t❡❞ ❛ t♦♦❧ ❢♦r

❝♦♥❢♦r♠❛♥❝❡ t❡st✐♥❣ ♦❢ ❤②❜r✐❞ s②st❡♠s✱ ❝❛❧❧❡❞ ❍❚●✳ ❚❤❡ ✐♥♣✉t ♦❢ ♦✉r t♦♦❧

✐s ❛ ❤②❜r✐❞ ❛✉t♦♠❛t♦♥ ❞❡s❝r✐❜❡❞ ✉s✐♥❣ ❛ t❡①t✉❛❧ ❧❛♥❣✉❛❣❡ ✐♥♣✉t✳ ❚❤❡ ❝♦r❡

♦❢ t❤❡ t♦♦❧ ✐s t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ ❝♦✈❡r❛❣❡✲❣✉✐❞❡❞ t❡st ❝❛s❡ ❣❡♥❡r❛✲

t✐♦♥ ❛❧❣♦r✐t❤♠ ❛♥❞ t❤❡ ♠❡t❤♦❞s ❢♦r ❡st✐♠❛t✐♥❣ ❝♦✈❡r❛❣❡ ♠❡❛s✉r❡s✳ ❲❡ ❤❛✈❡

tr❡❛t❡❞ ❛ ♥✉♠❜❡r ♦❢ ❝❛s❡ st✉❞✐❡s ❢r♦♠ ❝♦♥tr♦❧ ❛♣♣❧✐❝❛t✐♦♥s ❛s ✇❡❧❧ ❛s ❢r♦♠

❛♥❛❧♦❣ ❛♥❞ ♠✐①❡❞ s✐❣♥❛❧ ❝✐r❝✉✐ts✳ ❚❤❡ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ♦❜t❛✐♥❡❞ ✉s✐♥❣

t❤❡ t♦♦❧ ❍❚● s❤♦✇ ✐ts ❛♣♣❧✐❝❛❜✐❧✐t② t♦ s②st❡♠s ✇✐t❤ ❝♦♠♣❧❡① ❞②♥❛♠✐❝s ❛♥❞

✐ts s❝❛❧❛❜✐❧✐t② t♦ ❤✐❣❤ ❞✐♠❡♥s✐♦♥❛❧ s②st❡♠s

✽✳✷ ❋✉t✉r❡ ✇♦r❦

❚❤❡ t❤❡♦r❡t✐❝❛❧ ❛♥❞ ♣r❛❝t✐❝❛❧ r❡s✉❧ts ♦❜t❛✐♥❡❞ ✐♥ t❤✐s t❤❡s✐s ♦♣❡♥ ❛ ♥✉♠❜❡r

♦❢ ♣r♦♠✐s✐♥❣ ❞✐r❡❝t✐♦♥s ❢♦r ❢✉t✉r❡ r❡s❡❛r❝❤✿

❚❡st✐♥❣✳
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• ❋✐rst✱ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ ❡♥r✐❝❤✐♥❣ ♦✉r ❢r❛♠❡✇♦r❦ t♦ ❝❛♣t✉r❡ ♣❛rt✐❛❧

♦❜s❡r✈❛❜✐❧✐t②✱ s❡♥s♦r ❛♥❞ ❛❝t✉❛t♦r ✐♠♣r❡❝✐s✐♦♥✳

• ❈♦♥✈❡r❣❡♥❝❡ r❛t❡ ♦❢ t❤❡ ❡①♣❧♦r❛t✐♦♥ ✐♥ t❤❡ t❡st ❣❡♥❡r❛t✐♦♥ ❛❧❣♦r✐t❤♠

✐s ❛♥♦t❤❡r ✐♥t❡r❡st✐♥❣ t❤❡♦r❡t✐❝❛❧ ♣r♦❜❧❡♠ t♦ t❛❝❦❧❡✳ ❚❤✐s ♣r♦❜❧❡♠ ✐s

♣❛rt✐❝✉❧❛r ❤❛r❞ ❡s♣❡❝✐❛❧❧② ✐♥ t❤❡ ✈❡r✐✜❝❛t✐♦♥ ❝♦♥t❡①t ✇❤❡r❡ t❤❡ s②st❡♠

✐s s✉❜❥❡❝t t♦ ✉♥❝♦♥tr♦❧❧❛❜❧❡ ✐♥♣✉ts✳

❆♣♣❧✐❝❛t✐♦♥ t♦ ❛♥❛❧♦❣ ❛♥❞ ♠✐①❡❞ s✐❣♥❛❧ ❝✐r❝✉✐ts✳ ❲❡ ✐♥t❡♥❞ t♦ ❛♣♣❧②

t❤❡ r❡s✉❧ts ♦❢ t❤✐s r❡s❡❛r❝❤ t♦ ✈❛❧✐❞❛t✐♦♥ ♦❢ ❛♥❛❧♦❣ ❛♥❞ ♠✐①❡❞✲s✐❣♥❛❧ ❝✐r❝✉✐ts✱

❛ ❞♦♠❛✐♥ ✇❤❡r❡ t❡st✐♥❣ ✐s ❛ ✇✐❞❡❧② ✉s❡❞ t❡❝❤♥✐q✉❡✳ ❚❤❡ ❝✉rr❡♥t ✈❡rs✐♦♥ ♦❢

t❤❡ t♦♦❧ ✐s ♥♦t ②❡t ❛s ❛ ❣❡♥❡r❛❧ ♣✉r♣♦s❡ ❛s ✇❡ ✇♦✉❧❞ ❧✐❦❡✳ ❆ ♥✉♠❜❡r ♦❢ ✐ss✉❡s

r❡♠❛✐♥ t♦ r❡s♦❧✈❡ ✐♥ ♦r❞❡r t♦ ✐♥❝r❡❛s❡ t❤❡ ❛♣♣❧✐❝❛❜✐❧✐t② ♦❢ t❤❡ t♦♦❧ t♦✇❛r❞s

✐♥❞✉str✐❛❧ s②st❡♠s✳ ❋✐rst ♦❢ ❛❧❧✱ ❛♥ ❡✣❝✐❡♥t ❛♥❞ r❡❧✐❛❜❧❡ s✐♠✉❧❛t✐♦♥ ♠❡t❤♦❞ ✐s

❦❡②✳ ❚❤❡ st❛t❡✲♦❢✲t❤❡✲❛rt ❙P■❈❊ s✐♠✉❧❛t♦r ✐s ♣r♦♥❡ t♦ ❝♦♥✈❡r❣❡♥❝❡ ♣r♦❜❧❡♠s

✇❤❡♥ t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ❝✐r❝✉✐t ❤❛s ❢❛st ✈❛r✐❛t✐♦♥s ❝❛✉s❡❞ ❜② ❝♦♠♣♦♥❡♥ts

✇✐t❤ st✐✛ ❝❤❛r❛❝t❡r✐st✐❝s✳ ❈✉rr❡♥t❧②✱ ✇❡ ❛r❡ ✇♦r❦✐♥❣ ✐♥ ❝♦❧❧❛❜♦r❛t✐♦♥ ✇✐t❤

r❡s❡❛r❝❤❡rs ❛t ■◆❘■❆ ❘❤ô♥❡✲❆❧♣❡s✱ ❛♥❞ ❛ t♦♣✐❝ ♦❢ ♦✉r ✉♥❞❡r❣♦✐♥❣ r❡s❡❛r❝❤

✐s t♦ ✐♥t❡❣r❛t❡ ✐♥ ♦✉r t❡st ❣❡♥❡r❛t✐♦♥ t♦♦❧ t❤❡✐r s✐♠✉❧❛t✐♦♥ ❛❧❣♦r✐t❤♠s ❜❛s❡❞ ♦♥

t❤❡ ♥♦♥✲s♠♦♦t❤ ❛♣♣r♦❛❝❤ ❬✹❪✳ ❚❤❡ ❛♣♣❧✐❝❛t✐♦♥s ♦❢ t❤❡s❡ s✐♠✉❧❛t✐♦♥ ❛❧❣♦r✐t❤♠s

t♦ ♠❡❝❤❛♥✐❝❛❧ s②st❡♠s ❤❛✈❡ ❛❧r❡❛❞② ❜❡❡♥ ♣r♦✈❡❞ s✉❝❝❡ss❢✉❧✱ ❛♥❞ t❤❡② ❛r❡ ♥♦✇

❜❡✐♥❣ ❛❞❛♣t❡❞ t♦ ❡❧❡❝tr✐❝❛❧ s②st❡♠s✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❡ ❛r❡ ❛❧s♦ ✐♥t❡r❡st❡❞

✐♥ ❛ t♦♦❧ ❢♦r ❛✉t♦♠❛t✐❝ ❣❡♥❡r❛t✐♦♥ ♦❢ ❤②❜r✐❞ ❛✉t♦♠❛t❛ ❢r♦♠ ❝♦♠♠♦♥❧②✲✉s❡❞

❝✐r❝✉✐t ❞❡s❝r✐♣t✐♦♥s✱ s✉❝❤ ❛s ❙P■❈❊ ♥❡t❧✐sts ♦r ▼❆❚▲❆❇✴❙✐♠✉❧✐♥❦✳

❆♣♣❧✐❝❛t✐♦♥ t♦ r❡❧❛t❡❞ ♣r♦❜❧❡♠s✳ ❚❤❡ t❡st ❣❡♥❡r❛t✐♦♥ t❡❝❤♥✐q✉❡s ❞❡✲

✈❡❧♦♣❡❞ ✐♥ t❤✐s t❤❡s✐s ❝❛♥ ❛❧s♦ ❜❡ ❛♣♣❧✐❡❞ t♦ t✇♦ r❡❧❛t❡❞ ♣r♦❜❧❡♠s✱ ✇❤✐❝❤ ❛r❡

♦❢ ♣❛rt✐❝✉❧❛r ✐♥t❡r❡st✿

• ❙②st❡♠❛t✐❝ s✐♠✉❧❛t✐♦♥ ❬✺✻❪✳ ❚❤✐s ✐♥✈♦❧✈❡s ✈❡r✐❢②✐♥❣ t❤❛t ❛ ❣✐✈❡♥ ♠♦❞❡❧

s❛t✐s✜❡s ❛ ♣r♦♣❡rt② ❜② ♣❡r❢♦r♠✐♥❣ ❛ ♥✉♠❜❡r ♦❢ s✐♠✉❧❛t✐♦♥s ❣✉✐❞❡❞ ❜②

s♦♠❡ ❝r✐t❡r✐❛✱ s✉❝❤ ❛s ♦♣t✐♠❛❧✐t②✱ ❝♦✈❡r❛❣❡✳ ❙②st❡♠❛t✐❝ s✐♠✉❧❛t✐♦♥ ❝❛♥

❜❡ t❤♦✉❣❤t ♦❢ ❛s ❛ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ t❡st✐♥❣✱ ✇❤❡r❡ ♥♦t ♦♥❧② t❤❡ ✐♥♣✉ts

♦❢ t❤❡ s②st❡♠s ❜✉t ❛❧s♦ t❤❡ ❡①t❡r♥❛❧ ❞✐st✉r❜❛♥❝❡s ❛r❡ ❝♦♥tr♦❧❧❛❜❧❡ ❜②
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t❤❡ s✐♠✉❧❛t✐♦♥ ❛❧❣♦r✐t❤♠s✳ ❚❤✐s ❛♣♣r♦❛❝❤ ❝❛♥ ❜❡ ✉s❡❞ ❛s ❛ ❣♦♦❞ ❝♦♠✲

♣r♦♠✐s❡ ❜❡t✇❡❡♥ ❡①❤❛✉st✐✈❡ ✈❡r✐✜❝❛t✐♦♥ ✭✇❤✐❝❤ s✉✛❡rs ❢r♦♠ t❤❡ st❛t❡

❡①♣❧♦s✐♦♥ ♣r♦❜❧❡♠ ❛♥❞ ❛❞✲❤♦❝ s✐♠✉❧❛t✐♦♥ ✇❤✐❝❤ ❞♦❡s ♥♦t ♣r♦✈✐❞❡ ❝♦✈✲

❡r❛❣❡ ❣✉❛r❛♥t❡❡✳

• ❘✉♥✲t✐♠❡ ✈❡r✐✜❝❛t✐♦♥ ✭♦r ♠♦♥✐t♦r✐♥❣✮ ❬✽✾✱ ✻✵✱ ✶✵✸✱ ✽✷❪✳ ❚❤✐s ✐♥✈♦❧✈❡s

♦❜s❡r✈✐♥❣ t❤❡ ❜❡❤❛✈✐♦r ♦❢ ❛ r❡❛❧ s②st❡♠ ❞✉r✐♥❣ ✐ts ❡①❡❝✉t✐♦♥ ❛♥❞ ❝❤❡❝❦

✇❤❡t❤❡r t❤❡ ❜❡❤❛✈✐♦r s❛t✐s✜❡s ❛ ❣✐✈❡♥ ♣r♦♣❡rt②✳ ▼♦♥✐t♦r✐♥❣ ✐s ❛❧s♦ ❛

s♣❡❝✐❛❧ ❝❛s❡ ♦❢ t❡st✐♥❣✱ ✇❤❡r❡ t❤❡ t❡st❡r ✐s ♣❛ss✐✈❡✱ t❤❛t ✐s ✐t ❝❛♥ ♦♥❧②

♦❜s❡r✈❡ t❤❡ ♦✉t♣✉t ♦❢ t❤❡ s②st❡♠ ❜✉t ❝❛♥♥♦t ❝♦♥tr♦❧ t❤❡ ✐♥♣✉ts✳

❲❡ t❤✉s ✐♥t❡♥❞ t♦ ✐♥❝❧✉❞❡ ♥❡✇ ❢✉♥❝t✐♦♥❛❧✐t✐❡s ✐♥ ♦✉r t❡st ❣❡♥❡r❛t✐♦♥ t♦♦❧ ✐♥

♦r❞❡r t♦ ❛❞❞r❡ss t❤❡ ❛❜♦✈❡ ♣r♦❜❧❡♠s✳
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❬✶❪ ▲✳ ❖✳ ❈❤✉❛✱ ❈✳ ❆✳ ❉❡s♦❡r✱ ❛♥❞ ❊✳ ❙✳ ❑✉❤✳ ▲✐♥❡❛r ❛♥❞ ♥♦♥❧✐♥❡❛r ❝✐r✲

❝✉✐ts✱ ❝❤❛♣t❡r ✼✳ ▼❝●r❛✇✲❍✐❧❧ ❇♦♦❦ ❈♦♠♣❛♥②✱ ✶✾✽✼✳

❬✷❪ ❊r♥st ❍❛✐r❡r ❛♥❞ ●❡r❤❛r❞ ❲❛♥♥❡r✳ ❙♦❧✈✐♥❣ ❖r❞✐♥❛r② ❉✐✛❡r❡♥t✐❛❧

❊q✉❛t✐♦♥s ■■✳ ❙t✐✛ ❛♥❞ ❉✐✛❡r❡♥t✐❛❧✲❆❧❣❡❜r❛✐❝ Pr♦❜❧❡♠s✳✱ ❝❤❛♣t❡r ■❱✳✽✳

❙♣r✐♥❣❡r ❙❡r✐❡s ✐♥ ❈♦♠♣✉t❛t✐♦♥❛❧ ▼❛t❤❡♠❛t✐❝s ✶✹✱ ✶✾✾✶✳

❬✸❪ ❇✳ Pér❡③✲❱❡r❞ú ❛♥❞ ❋✳ ▼❡❞❡✐r♦ ❛♥❞ ❆✳ ❘♦❞rí❣✉❡③✲❱á③q✉❡③✳ ❚♦♣✲

❉♦✇♥ ❉❡s✐❣♥ ♦❢ ❍✐❣❤✲P❡r❢♦r♠❛♥❝❡ ❙✐❣♠❛✲❉❡❧t❛ ▼♦❞✉❧❛t♦rs✱ ❝❤❛♣t❡r ✷✳

❑❧✉✇❡r ❆❝❛❞❡♠✐❝ P✉❜❧✐s❤❡rs✱ ✷✵✵✶✳

❬✹❪ ❱✳ ❆❝❛r② ❛♥❞ ❋✳ Pér✐❣♥♦♥✳ ❙✐❝♦♥♦s✿ ❆ s♦❢t✇❛r❡ ♣❧❛t❢♦r♠ ❢♦r ♠♦❞❡❧✲

✐♥❣✱ s✐♠✉❧❛t✐♦♥✱ ❛♥❛❧②s✐s ❛♥❞ ❝♦♥tr♦❧ ♦❢ ♥♦♥ s♠♦♦t❤ ❞②♥❛♠✐❝❛❧ s②st❡♠✳

■♥ Pr♦❝❡❡❞✐♥❣s ♦❢ ▼❆❚❍▼❖❉ ✷✵✵✻✱ ✺t❤ ❱✐❡♥♥❛ ❙②♠♣♦s✐✉♠ ♦♥ ▼❛t❤✲

❡♠❛t✐❝❛❧ ▼♦❞❡❧❧✐♥❣✱ ❱✐❡♥♥❛✱ ✷✵✵✻✳ ❆❘●❊❙■▼ ❱❡r❧❛❣✱ ❱✐❡♥♥❛✱ ✷✵✵✻

■❙❇◆ ✸✲✾✵✶✻✵✽✲✸✵✲✸✳

❬✺❪ ❚❤✐❡rr② ❏ér♦♥ ❆❤♠❡❞ ❑❤♦✉♠s✐ ❛♥❞ ❍❡r✈é ▼❛r❝❤❛♥❞✳ ❚❡st ❝❛s❡s ❣❡♥✲

❡r❛t✐♦♥ ❢♦r ♥♦♥❞❡t❡r♠✐♥✐st✐❝ r❡❛❧✲t✐♠❡ s②st❡♠s✳ ■♥ ❋♦r♠❛❧ ❆♣♣r♦❛❝❤❡s

t♦ ❙♦❢t✇❛r❡ ❚❡st✐♥❣✱ ✷✵✵✹✳

❬✻❪ ❘✳ ❆❧✉r✱ ❈✳ ❈♦✉r❝♦✉❜❡t✐s✱ ◆✳ ❍❛❧❜✇❛❝❤s✱ ❚✳❆✳ ❍❡♥③✐♥❣❡r✱ P✳✲❍✳ ❍♦✱

❳✳ ◆✐❝♦❧❧✐♥✱ ❆✳ ❖❧✐✈❡r♦✱ ❏✳ ❙✐❢❛❦✐s✱ ❛♥❞ ❙✳ ❨♦✈✐♥❡✳ ❚❤❡ ❛❧❣♦r✐t❤♠✐❝

❛♥❛❧②s✐s ♦❢ ❤②❜r✐❞ s②st❡♠s✳ ❚❤❡♦r❡t✐❝❛❧ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡✱ ✶✸✽✿✸✕✸✹✱

✶✾✾✺✳
✶✺✾
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❬✼❪ ❘✳ ❆❧✉r✱ ❈✳ ❈♦✉r❝♦✉❜❡t✐s✱ ❚✳❆✳ ❍❡♥③✐♥❣❡r✱ ❛♥❞ P✳✲❍✳ ❍♦✳ ❍②❜r✐❞

❛✉t♦♠❛t❛✿ ❛♥ ❛❧❣♦r✐t❤♠✐❝ ❛♣♣r♦❛❝❤ t♦ t❤❡ s♣❡❝✐✜❝❛t✐♦♥ ❛♥❞ ✈❡r✐✜❝❛✲

t✐♦♥ ♦❢ ❤②❜r✐❞ s②st❡♠s✳ ■♥ ❘✳▲✳ ●r♦ss♠❛♥✱ ❆✳ ◆❡r♦❞❡✱ ❆✳P✳ ❘❛✈♥✱

❛♥❞ ❍✳ ❘✐s❝❤❡❧✱ ❡❞✐t♦rs✱ ❍②❜r✐❞ ❙②st❡♠s✱ ▲◆❈❙ ✼✸✻✱ ♣❛❣❡s ✷✵✾✕✷✷✾✳

❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ✶✾✾✸✳

❬✽❪ ❘✳ ❆❧✉r✱ ❚✳ ❉❛♥❣✱ ❏✳ ❊s♣♦s✐t♦✱ ❨✳ ❍✉r✱ ❋✳ ■✈❛♥✱ ❝ ❑✉♠❛r✱ ■✳ ▲❡❡✱

P✳ ▼✐s❤r❛✱ ●✳ P❛♣♣❛s✱ ❛♥❞ ❖✳ ❙♦❦♦❧s❦②✳ ❍✐❡r❛r❝❤✐❝❛❧ ♠♦❞❡❧✐♥❣ ❛♥❞

❛♥❛❧②s✐s ♦❢ ❡♠❜❡❞❞❡❞ s②st❡♠s✱ ✷✵✵✷✳

❬✾❪ ❘❛❥❡❡✈ ❆❧✉r✱ ❈❛❧✐♥ ❇❡❧t❛✱ ❱✐❥❛② ❑✉♠❛r✱ ▼❛① ▼✐♥t③✱ ●❡♦r❣❡ ❏✳ P❛♣♣❛s✱

❍❛r✈❡② ❘✉❜✐♥✱ ❛♥❞ ❏♦♥❛t❤❛♥ ❙❝❤✉❣✳ ❇✐♦❝♦♠♣✉t❛t✐♦♥✿ ♠♦❞❡❧✐♥❣ ❛♥❞

❛♥❛❧②③✐♥❣ ❜✐♦♠♦❧❡❝✉❧❛r ♥❡t✇♦r❦s✳ ❈♦♠♣✉t✳ ❙❝✐✳ ❊♥❣✳✱ ✹✭✶✮✿✷✵✕✸✶✱ ✷✵✵✷✳

❬✶✵❪ ❘❛❥❡❡✈ ❆❧✉r ❛♥❞ ❉❛✈✐❞ ▲✳ ❉✐❧❧✳ ❆ t❤❡♦r② ♦❢ t✐♠❡❞ ❛✉t♦♠❛t❛✳ ❚❤❡♦r❡t✲

✐❝❛❧ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡✱ ✶✷✻✭✷✮✿✶✽✸✕✷✸✺✱ ✶✾✾✹✳

❬✶✶❪ ❘❛❥❡❡✈ ❆❧✉r✱ ❚❤♦♠❛s ❆✳ ❍❡♥③✐♥❣❡r✱ ❛♥❞ P❡✐✲❍s✐♥ ❍♦✳ ❆✉t♦♠❛t✐❝ s②♠✲

❜♦❧✐❝ ✈❡r✐✜❝❛t✐♦♥ ♦❢ ❡♠❜❡❞❞❡❞ s②st❡♠s✳ ■♥ ■❊❊❊ ❘❡❛❧✲❚✐♠❡ ❙②st❡♠s

❙②♠♣♦s✐✉♠✱ ♣❛❣❡s ✷✕✶✶✱ ✶✾✾✸✳

❬✶✷❪ ▼❛r❝♦ ❆♥t♦♥✐♦tt✐ ❛♥❞ ❆❧❡❦s ●ö❧❧ü✳ ❙❤✐❢t ❛♥❞ s♠❛rt✲❛❤s✿ ❛ ❧❛♥❣✉❛❣❡ ❢♦r

❤②❜r✐❞ s②st❡♠ ❡♥❣✐♥❡❡r✐♥❣ ♠♦❞❡❧✐♥❣ ❛♥❞ s✐♠✉❧❛t✐♦♥✳ ■♥ ❉❙▲✬✾✼✿ Pr♦✲

❝❡❡❞✐♥❣s ♦❢ t❤❡ ❈♦♥❢❡r❡♥❝❡ ♦♥ ❉♦♠❛✐♥✲❙♣❡❝✐✜❝ ▲❛♥❣✉❛❣❡s ♦♥ ❈♦♥❢❡r✲

❡♥❝❡ ♦♥ ❉♦♠❛✐♥✲❙♣❡❝✐✜❝ ▲❛♥❣✉❛❣❡s ✭❉❙▲✮✱ ✶✾✾✼✱ ♣❛❣❡s ✶✹✕✶✹✱ ❇❡r❦❡✲

❧❡②✱ ❈❆✱ ❯❙❆✱ ✶✾✾✼✳ ❯❙❊◆■❳ ❆ss♦❝✐❛t✐♦♥✳

❬✶✸❪ ❆rr❛②✳ ❆✉t♦♠♦t✐✈❡ ❡♥❣✐♥❡ ❝♦♥tr♦❧ ❛♥❞ ❤②❜r✐❞ s②st❡♠s✿ ❈❤❛❧❧❡♥❣❡s ❛♥❞

♦♣♣♦rt✉♥✐t✐❡s✳ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ■❊❊❊✱ ✽✽✭✼✮✿✽✽✽✕✾✶✷✱ ❏✉❧② ✷✵✵✵✳

❬✶✹❪ ❊✳ ❆s❛r✐♥✱ ❖✳ ▼❛❧❡r✱ ❛♥❞ ❆✳ P♥✉❡❧✐✳ ❘❡❛❝❤❛❜✐❧✐t② ❛♥❛❧②s✐s ♦❢ ❞②♥❛♠✐❝❛❧

s②st❡♠s ❤❛✈✐♥❣ ♣✐❡❝❡✇✐s❡✲❝♦♥st❛♥t ❞❡r✐✈❛t✐✈❡s✳ ❚❤❡♦r❡t✐❝❛❧ ❈♦♠♣✉t❡r

❙❝✐❡♥❝❡✱ ✶✸✽✿✸✺✕✻✻✱ ✶✾✾✺✳

❬✶✺❪ ❊✉❡♥❡ ❆s❛r✐♥✱ ❚❤❛♦ ❉❛♥❣✱ ❛♥❞ ❖❞❡❞ ▼❛❧❡r✳ ❚❤❡ ❞✴❞t t♦♦❧ ❢♦r ✈❡r✐✜✲

❝❛t✐♦♥ ♦❢ ❤②❜r✐❞ s②st❡♠✱ ✷✵✵✷✳
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❬✶✻❪ ❏✳✲P✳ ❆✉❜✐♥✱ ❏✳ ▲②❣❡r♦s✱ ▼✳ ◗✉✐♥❝❛♠♣♦✐①✱ ❙✳ ❙❛str②✱ ❛♥❞ ◆✳ ❙❡✉❜❡✳

■♠♣✉❧s❡ ❞✐✛❡r❡♥t✐❛❧ ✐♥❝❧✉s✐♦♥s✿ ❛ ✈✐❛❜✐❧✐t② ❛♣♣r♦❛❝❤ t♦ ❤②❜r✐❞ s②st❡♠s✳

■❊❊❊ ❚r❛♥s❛❝t✐♦♥s ♦♥ ❆✉t♦♠❛t✐❝ ❈♦♥tr♦❧✱ ✹✼✿✷✕✷✵✱ ❏❛♥✉❛r② ✷✵✵✷✳

❬✶✼❪ ❇✳ ❆②❛r✐✱ ◆✳ ❇❡♥ ❍❛♠✐❞❛✱ ❛♥❞ ❇✳ ❑❛♠✐♥s❦❛✳ ❆✉t♦♠❛t✐❝ t❡st ✈❡❝t♦r

❣❡♥❡r❛t✐♦♥ ❢♦r ♠✐①❡❞✲s✐❣♥❛❧ ❝✐r❝✉✐ts✳ ■♥ ❊❉❚❈ ✬✾✺✿ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡

✶✾✾✺ ❊✉r♦♣❡❛♥ ❝♦♥❢❡r❡♥❝❡ ♦♥ ❉❡s✐❣♥ ❛♥❞ ❚❡st✱ ♣❛❣❡ ✹✺✽✱ ❲❛s❤✐♥❣t♦♥✱
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