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INTRODUCTION




Dans ce travail nous menons une étude probabiliste et statistique
de processus de diffusions multidimensionnels. L'idée directrice
était d’élaborer des outils probabilistes utiles en statistique
et de les utiliser pour résoudre certains problémes d‘estimation

de paramétres.

Ainsi, si on envisage d'appliquer la méthode du maximum de vrai-
semblance, il est important de savoir si les lois associées aux
observations sont dominées par une certaine mesure. On sait qu‘une
condition nécessaire et suffisante pour 1l‘'absolue continuité de
mesures de diffusion est donnée en termes de convergence presque
sire (p.s.)d‘une certaine fonctionnelle intégrale . On est alors
conduit & analyser le comportement asymptotique p.s. de telles
fonctionnelles. ‘

Une fois l°’absolue continuité assurée, on peut envisager de cons-
truire l'estimateur de maximum de vraisemblance du paramétre.
L'étude de la convergence de cet estimateur passe par celle du

comportement asymptotique de quantités du type <M>t Mt’ ou (Mt)
est une martingale locale continue et (<M>t) est son processus

de variation quadratique. On peut alors utiliser une version de la
loi forte des grands nombres pour les martingales. Si (Mt) est

=

réelle on sait que <M> : M, converge p.s. vers zé€ro sur l'ensemble

t
{<M>_, = =}, Ainsi on est encore conduit & étudier le.comportement

asymptotique de certaines fonctionnelles intégrales.:

Nous tentons donc de donner un nouvel éclairage sur des problémes
de nature probabiliste et d'autres de nature statistique concer-
nant legkprocessus de diffusion multidimensionnels. Dans une
premiére“ﬁartie,4pogs nous intéressons 3 des conditions nécessaires
et suffisantes pdhr la convergence p.s. ou la divergence p.s. de
certaines fonctionnelles intégrales de tels processus. Dans une
deuxiéme partig:ggyswétudions certains problémes d'estimation de
paramétres pgur les diffusions. Nous renvoyons a 1l'introduction

de chacune d; ces parties pour une présentation plus détaillée

de leurs contenus respectifs.



PARTIE I

ETUDE DE CERTAINES FONCTIONNELLES
DE PROCESSUS DE DIFFUSION
MULTIDIMENSONNELS






Dans cette partie, nous nous intéressons aux deux problémes

suivants pour des fonctionnelles intégrales du type :

T

I, = j £(t, xt) dat
0

ol (Xt) est un processus de diffusion de durée de vie S, f est

une application & valeurs réelles positives et T est un temps

d’arrét T < S :

. Sous quelles conditions peut-on affirmer que I, = « presque
slirement ou au contraire que IT < = presque sfirement ?

. Sous quelles conditions peut-on assurer que la variable aléatoire
Ip est intégrable ou méme admet des moments exponéntiels ?

D*abord nous fixons le cadre de 1l'étude et nous présentons les
bases utiles concernant la technique de substitution pour les
mesures de diffusion (cf. KABANOV, LIPTSER, SHIRYAEV [271]).
Ensuite nous énongons les ‘résultats obtenus pour des diffusions
multidimentionnelles non homogénes, en les situant par rapport
aux résultats classiques pour l'explosion ou la non explosion
(cf. KHAS'MINSKII [30, 311, NARITA [50-52]) la récurrence ou la
transience (cf KHAS'MINSKII {30, 31], BHATTACHARYA £7, 81).

Puis nous envisageons des situations particuliéres dont celle

des diffusions unidimensionnelles homog&nes pour lesquelles les
résultats sont trés explicites et couvrent tous les cas possibles .
ils complétent et généralisent ceux connus concernaﬁt l'explosion
et la non explosion (cf. FELLER [19), Mc KEAN Jr [43]) et donnent
un nouvel éclairage sur des problémes de nature pufement analyti-
que (cf;iCOPPEL [141). Enfin nous terminons par quelques remarques

concernant le probléme de Dirichlet.

P .






CHAPITRE 1

DEFINITIONS,
NOTIONS ET OUTILS DE BASE






§ 1. Définitions et notations

Soit D un sous-ensemble ouvert et connexe de IRd et Dd =Dy {8},

ol § = »(D), le compactifié de D. Soit Q 1l'ensemble de toutes

les fonctions continues  de Hg_ dans Dg arrétées au premier
instant d'atteinte de § (si u(t) = § alors y(t') = § pour t' > t).
Désignons par (Xt)t20 le processus des coordonnées sur {, par Fy

la tribu (XS i s < t) engendrée sur @ par les coordonnées XS pour
S ¢ t et par F la tribu Fm = a(xs i S ¢ IR+), Soit gnfin W = R, xQ,
(Yt)tZO le processus défini sur W par Yt(c, w) = (c'+ t, w(t))

et Gt et G respectivement les tribus G, = o(YS'; s ¢ t) et

t
G = Go,0 = o(YS ;S ¢ Hu_) sur W.

81 U est un sous-ensemble ouvert (pour la topologie. trace) de

[C, «[ x D pour un certain c ¢ IR, nous posons
S(U) = inf {s > 0 ; Yo £ U} (inf 8 = «).

Il est clair que S(U) est un temps d'arrét de (Gt)t>0' La durée
de vie de (Yt)tzﬂ est S = S(IR_ x D) = inf {s > 0, X_ = §}.
Nous supposons que les applications b : IR+ x D -» D@i et

o .
g : IR+x D » IRd ® IR sont continues et que pour tout R > 0 il

existe une constante Cr > 0 telle que
|b(t,x) - b(t,y)] + |o(t,x) - olt,y)| < Cr | x-y]|

pour tout t ¢ R, et x, y ¢ D vérifiant |x| + |y| < R. Pour des
vecteurs ou des matrices x, y les symboles |x| et x-y désignent
respectiﬁement la norme et le produit scalaire euclidiens ; de

méme x* désigne le ou la transposé(e) de x.

Soit a = go* et soit A l'opérateur différentiel du second ordre
sur IR_x D défint “par
#

A=D +L od L=-%a-]D + b-D_ .
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Pour tout y ¢ Hg_x D6' soit Qy-la loi de probabilité sur (W, G)
telle que QJYO =y} =1 et

t
(g(y,) - ]OA g(¥,) ds)

est une ((Gt), Q_) - martingale locale sur [O, S[Tpour toute
fonction g ¢ Cl’ (Hg_x D) (l'application (t, x) - g(t,x) est

une fois continiment dérivable en t, deux fois en x). w, G, (Gt),
(Xt), S, (Qy)) est la réalisation canonique d'un processus de
diffusion de Markov sur D engendré par 1l'opérateur différentiel A .
Si les fonctions a(t,*) et b(t,-) ne dépendent pas de t, alors

(W, G, (Gt)’ (Xt), s, (PX)) ol Px = QO,x' X ¢ DS' est une diffu-
sion homogéne de générateur infinitésimal L (considéré sur D).
L'existence et 1'unicité de Qy pour tout y ¢ Bg_x D6 découlent

de résultats classiques concernant les &quations différentielles
stochastiques (cf. IKEDA, WATANABE [26] et NARITA [50] par exemple)

et la représentation de DOOB de diffusions arrétées (cf. DYNKIN [167)

Nous utilisons les notations suivantes : pour une fonction ¢ définie
sur W et Qy -~ intégrable le symbole ng désigne l'espérance‘ngdg';
pour une fonction f & valeurs réelles et un sous-ensemble B non

vide de son domaine de définition sup f et inf f représentent res-

B
pectivement le supremum et 1l'infimum de f sur B.

§ 2. Substitution de mesure

Supposons que c¢ soit une fonction continue de IR+X;D dans IRd
uniformément localement lipschitzienne par rapport & x. Définis-
sons les processus stochastiques ‘

. . t

et

il

t t
(2) Nt 2§plfzwaYs)-dMS - % [0 c-ac(YS)ds), t < S.

[]
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Le processus (Mt) est une ((Gt),Qy) martingale locale sur [0,S[
(c£.MATSONNEUVE [421) dont la variation quadratique tensorielle et le processus
( t a(Y ) ds). De plus (N ) est uge ((G ), Q y ) - martingale locale
exponentielle sur [0, S qui a ( Ng c- ac(YS) ds) pour processus
de variation quadratique. Si A, = [0, nf xD, ol (Dn) est une

suite croissante de sous-ensembles ouverts bornés de D telle que

4] ﬁn = D, le théoréme de Girsanov assure que, pour tout n, sous
NS(An)QY' (Xt - I (b+ac)(Y Yds, t < S(A,h)) est une martingale
locale bornée. Ce?a montre que la mesure de diffusion Q associée
a l'opérateur A\ + ac- I)» satisfait a

C

O “Nsay) Y 59 S5 - '

En fait pour tout temps d’arrét t < S on a la décomposition

suivante :
c 1 K c = 00 °
(3) Qy N_oQy # Qy{{NT } n } sur G-

DPe plus, dans cette décomposition, on peut remplacer 5

{NT = =} par {I c-+ac (Y )ds = »} (cf. KABANOV, LIPTSER, SHIRYAEV [27]

pour des détails). Par conséquent nous pouvons énoncer :

polipedied ot it

Soit (W, G, (Gt), (Xt), S, (Q;)) la réalisation canénique d‘un
processus de diffusion sur D engendré par l'opérateur différentiel
A +ac - D . Soit T < S un temps d'arret de (Gt);;Alors

(1) la mesure Qc est localement absolument continue par rapport

a la mesure Q, (= Q ) et N, donnée par (1) et (2), est 1la
densite locale,

(ii) on a la décomposition (3) ;

(iii) 1la meguréveg“ést absolument continue par rapport a Qy sur G,
si et seulement si

¢ (" coaciy.) a } =
Qy [0 c-ac(YS | s < =
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(iv) la mesure Q; est étrangére 3 la mesure Qy sur GT si et

seulement si

d }
. Y = oo = 1,
Q {[0 C ac( S) S

Remarque 2.1.

Soit u ¢ C1’2(1R+x D) & valeurs non nulles et ¢ = Hﬁzu' La densité

~

locale N de Q; par rapport & Qy peut alors s'écrire sous la forme

t
(4) N% = ——t_ exp (-f 28y yas).

0 u

Cette représentation de N sera utilisée dans la suite.

TR
w7

.
g N
s &N g



CHAPITRE II

INEGALITES DIFFERENTIELLES ET CRITERES RADIAUX
POUR L°ETUDE DES FONCTIONNELLES INTEGRALES






Etant donnée une application borélienne f de IR+x D dans 1R+,

nous posons
£ AS
I, = I f(Ys)ds .
0
Nous obtenons des critéres de divergence ou de convergence

g (de IS(A)
et nous donnons une condition suffisante pour 1l'existence de

(= finitude) presque slre (p.s.) de I : voir § 1)
certains de ses moments exponentiels. Les critéres de divergence
ou de convergence p.s., gui sont formulés en termes d'inégalités
différentielles, généralisent ceux de STROOCK et VARADHAN [56] et
de NARITA [50-52] ; ils relient le probléme de nature probabiliste
a un probléme de nature purement analytique. Les critéres radiaux
obtenus généralisent les tests classiques de KHAS'MINSKII [30]

de non-explosion et d'explosion (cf. aussi AZENCOTT [31],
BHATTACHARYA [7,8], FRIEDMAN [21], Mc KEAN Jr [437]).

§ 1. Inégalités différentielles

Soit A un sous-ensemble ouvert connexe non vide de [c, o[ xD
pour un certain c ¢ IR+. Soit de plus U un sous-ensemble compact
de A tel que inf £ > 0 (inf § = ). Nous pouvons alors
U

énoncer

Proposition 1.1. (cf. MUSIELA [471])

Supposons qu'il existe un réel ) > 0 et une fonctioﬂfu z 0,
u e Cl’2(A) tels que '

Au < Xf ¢eu sur A - U,
ol ¢ est une application croissante différentiable de R, dans
IR, telle que

I o TR @) T
#
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Alors pour v ¢ A on a Qy p.s.

o{ Tim u(y,) = «} ¢ {1 = o},
£45 (A) t S(4)
En particulier I = © () p.s. si lim u(z) = o,

Proposition 1.2. (cf. MUSIELA [47])

Supposons qu'il existe un réel X > 0 et une fonctlon u > 0,

u € C (A) tels que
Au =2 Af u sur A.

Alors pour y ¢ A on a

o u(y)
Qy{IS(A) < ©} > sup u
A

Nous formulons maintenant un résultat concernant l'existence de
moments de l'intégrale étudiée (cf. KHAS'MINSKIT [29, 317

pour le cas non dégénéré).

Proposition 1.3. (cf. MUSIELA [471)

jeipeaiipast Saipeiyeeionspueirdy e i d sl

(i) S'il existe un réel X > 0 et une fonction u € C (A)
tels que
Au =2 Af sur A

alors on a

N

oy Tg(h)y < % (syp u = u(y)), y e A.

(ii) Si on a
- Q\-. e s

o = SXprIS(A)J< 1’

alors . on a aussi

1:
% e*PIg(a)) < gog (< =), v € &
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Désignant par ™ 1'application projection de Hh.x D sur D on en
déduit :

Corollaire 1.1. ( gf. MUSIELA [471)

Si w (A) est borné et s'il existe z ¢ Bfi tel que pour un certain

réel x >0
1 .
5 2-az + 2.b 2 ) sur A
alors on a

Q,SW) <= , y cA.

Utilisant la propriété de Markov de (Yt) sous Qy nous pouvons

démontrer :

Posons g(y) = Qy{IS(A) < w}, y € A. Supposons que

(a) QY{S(U) < @} =1 pour tout y € U et pour tout sdus—ensemble
U de A tel que w(U) soit borné et U c A,

(b) lim qgly) = 1.
mA>my+@ (wA)

Alors on aq = 1 sur A.

Considérons une fonction u ¢ C1’2(IR+>< D) & valeurs non nulles
et posons c = ]DtP . Désignons, comme dans le § 2 du chapitre I,

par Q§4Q§fmesure de diffusion associée a l'opérateur différentiel
A + ac*DD, . Comme la densité locale de Q§ par rapport a Qy est
donnée par (4), on peut facilement démontrer :

Proposition, 156z« {cf. MUSIELA [471)

#
Supposons que pour un certain réel A > 0 on ait
Au

L4 <
a Af sqr A
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. c1 _
et que lim QY 3 (st) = 0
n-»o

pour une certaine suite‘(Sn),de temps d'arrét telle que S, < S(a),

Sn AS(A). Alors on a

Q Tga) == =1, v ¢ A.

&

Proposition_1.6. (cf. MUSIELA [47 1)

e o e — - B -

Supposons que pour un certain réel ) > 0 on ait

Au
u

> Af sur A.

Alors, pour tout y ¢ A, pour toute suite (Sn) de temps d'arrét
telle que s < s(4), S, A S(A), on a

o e C U(Y)
O Tg(py <=t = iﬁ‘: % Tivg,) °

§ 2. Critéres radiaux

Dans la suite de ce chapitre nous supposons que D ;_B#i et que

pour tout x ¢ IRd les fonctions a(-, x) et b(-, X) 'sont bornées.

Nous sommes alors en mesure de fournir des critéres plus expli-

cites de divergence ou de convergence de 1'intégrale IS’ ol

S =inf {t > 0 ; X, = 8}. Nous étudions aussi 1'intégrale ITaATb'

ol : ‘ '
Ta = inf{t>0 ; Ixt—zl = (2a)1/2}, ZeIRd, 0O<a<bxgw,

Soit z;gﬂIRd et r un réel r > 0. Supposons qu'il existe des fonc-

\{“v, R
tions centinues

: [T, = + 10, «f
[r, @[ + IR

LG e
: [m o » ]R+
[

< ™ @
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telles que pour tout t ¢ Bu_ et tout x ¢ Dfi avec |[x| 2 (2r)1/2,
on ait

2
x-a(t, xtz)x < Z(%L—),
2
(5) tr a(t, x+2) + 2 x-b(t, x+z) < x-a(t, x+z)x E(l%}~),

2
Y ) < £, x4z).

Définissons pour t > r

_ t__ . t:y_ ‘
S(t) = exp (- j Eln)dn) ; W(t) = 2 j = () Ay
r r e o
t__ _ t__
S(t) =I &(n) dn ; K(t) =[ e m(n) dn .
X X

Soit B(z, r) = {x € IRd : |x-z| < (2r)1/2}. Nous démontrons alors
un résultat qui généralise le test de non explosion de KHAS'MINSKII.

Proposition 2.1. (cf. MUSIELA [471])

v a o B G - - -

Si k() = » et si  inf f > 0, alors pour tout 'y ¢ IR, x w43

on a : ]R+><B(Z,r)

Soit encore z ¢ Bfi, r > 0 et supposons maintenant'Qu'il existe

des fonctions continues

: [r, of + 10, «f
;[r' of + IR

iR

=]

telles que pour tout t ¢ IR, et tout x « ®? avec x| = (2r) }/2

on ait AL

2 _.
2(15%_) < x-a(t, x+z)x ,
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2
(6) x-a(t, x+z)x E(l%%—) < tr a(t, x+z) + 2x-b(t, x+z),

2
f(t, x+z) < ?(-L%L—)

Définissons pour t » r

t - :
e(t) = exp(- [ gman) ; m(e) = 2 ["e% man
r r — —

t t
stt) = [ etman 5 k(o) = [ e mtian ;

r r
et

en
(£) 5 8(t) = == (t).
e

i

S(t)

L'étude qui suit est conduite sous 1’hypothése complémentaire 3

(A) Pour tout sous-ensemble ouvert U de D&+x IRd tel que 7 (U)
est borné et tout y ¢ U on a ;QyS(U) < o,

Une condition simple sous laquelle (A) est automatiquement satis-
faite est donnée dans le corollaire 1.1 ci-dessus. Ainsi si les
fonctions a et b ne dépendent pas de t et si a(x) est définie
positive pour tout x ¢ RS alors (A) est vérifiée. Si de plus

f = 1 alors le résultat suivant se réduit au test d'explosion

de KHAS'MINSKII (cf. Mc KEAN [43'] par exemple).

Proposition 2.2. (cf. MUSIELA 47 1)

o e B e e s e St e i T 2oy

Supposons 1'hypothése (A) satisfaite. Si k(») < », alors pour

tout y f,ﬂﬂ- X IRd on a

Qy{IS < w} = 1,

Te
- N
‘Q\ L&
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Dans la suite de cette section nous supposons que les fonctions

=~

continues o, B, vy et a, B, y satisfont & (5) et (6) respectivement
sur l'intervalle 10, o[. Nous étudions 1l'intégrale ITaATb ot

= . 1/2
T, = inf{t 20 : |Xt-zj = (2a)
quons que T, = lim T, = S et Ty = inf{t > 0 : X, = z} .

br

}e 2 € ﬂ#i, 0 <ca<b < =, Remar-

Proposition 2.3. (cf. MUSIELA [47])

- . i 2 - D - - o S e

Supposons 1°’hypothése (A) satisfaite. Si x est tel que
0 < (2a\)1/2 < |x-2z| < (2b)1/2 <wet t e R alors pour y = (t,X)

on a
2 2
sm)-s 2zl s (b)-s 122217,
- < Q {P. <T,.} < -
S(b) - s(a) ya b s(b) - s(a)
et

2
s () -s (127215,

2
= =, |x-z T T .
ko) -k 220 - @)K (a)) 0Ty g s

s(b) - s(a) b

2
§(b)—§(l§%El—)

2
ko) -k 225 -k b)-k(a)) — _
s(b) - s(a)

~

Nous envisageons maintenant 1'&tude de 1l'intégrale iT ap. OO
0Sa<bs® (0etw compris). a b

Proposition 2.4. (cf. MUSIELA [471)

Supposons 1'hypothése (A) satisfaite. Soit y = (t, X), ol t ¢ IR,
et x e;g{z, b) - B(z, a).

= w} = 1.
b

1) si k(a) = », k(b) w, alors Q"J{IT AT
< a

2) 51 k(a) < e, .k(b) =, alors { ITaATb< ©} = (T, < T} Q, P-s-

&
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Si de plus :

a) s(a) > ~», s(b) < o, alors

2 2
s (b) -5 (12215, s (b)-s (1X5215,

< 0 I oo
"y{ T ATy }

IA

14

S(b) - 5(a) s(b) - s(a)

b) —g(b) = ™, alors QY{ITa’\Tb < oo} =1,
c) s(b) = », §(b) = », alors Qy ITaATb = o
3) Si k(a) = », k(b) < «», alors {ITaATb < w} = {Tb < Ta} QY p.S.

Si de plus

a) s(a) > ~», s(b) < », alors

2 2
sdxzlt) s sdxzls) 5(a)

s Q{Ip ATy, < =} <

s(b) - s(a) s(b) - s(a)
b) s(a) = -», alors Qy{ITaATb < w} =1,
c) g(a) = -, §(a) = -», alors Qy ITd«Tb = 0.

Nous pouvons aussi démontrer :
Proposition 2.5. (cf. MUSIELA [47])

Supposonsfifhypothése (A) satisfaite et y = (t, %) ¢ Iy x (B(z,b)-B(z,a)

Supposons que l'une des conditions suivantes soit vérifiée :

(a) k(a) < », k(b) < o
(b) l(_(a) < ml‘b(b')q;‘?‘z“;“/ s (b) =o®,
() k(a) = = §(a) = -~ k(b) < =.
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Alors Qy{ITaATb < w} = 1, Si de plus 8(b) < = dans (b) ou
§(a) > -«» dans (c), alors QyITaATb < o,

8y, 8, les fonctions k, §, §

Dans la suite nous désignons par 51,
respectivement lorsque f = y =y = 1.
Des résultats précédents, faisant £z 1, on peut déduire des cri-
téres pour la transience, la récurrence, la ré&currence positive
et la récurrence nulle de diffusions dégénérées satisfaisant i (A)
(cf. BHATTACHARYA [7,8] pour le cas non dégénéré). Si s(») < o
alors la diffusion est transiente. Si sS(w) = » la d;ffusion est
récurrente, Si s(w) = =, gl(m) < ®» ou s(») = =, El(w) = o aldrs

elle est respectivement récurrente positive ou récurrente nulle.

Maintenant, utilisant la proposition 1.3 nous pouvons démontrer :

e 2 i e i > . ) B - - —tan -

Supposons 1'hypothése (A) satisfaite et 1'une des conditions

suivantes vérifiée :

bt
(a) k(a) < =, k(b) < » et I [ §(du) s(dt) < 1,
ty ‘tg

b .
S(du) = [ §(u) 5(aw),

ol t, est donné par S(ty) I
a

a

(b) k(a) < =, k(b)

It

b (b
w, §(b) = =, §(b) < = et J f &(du)s(dt) <1,
a’‘t -

b [t
(c) k(a) = =, s(a) = ~o, d(a) > -», k(b) < = et [ I} g(du)g(dt)< 1.
a la

Alors il existe une constante c telle que pour y e B{kx (B(z,b)-B(z,a))
on a AR

<
LY

Qy exp (ITaATb) ¢ < o,

Lan we
@

3
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Utilisant le résultat précédent on peut déduire

Corollaire 2.1. (cf.MUSIELA [471])

Supposons l'hypothése (A) satisfaite et l'une des conditions
suivantes vérifiée

(a) K(a) < o, .]S_(b) < ®,

b (b
(b) k(a) < =, k(b) = », 5(b) = =, S(b) < = et J [v.i(du)g(dt) < oy,
‘ a -t

1
i

b (t
() k(a) = =, 5(a) = ==, §(a) > ==, k(b) < © etf f S(du)s(at) <=.

a ‘a
Alors il existe un réel 0 < X < o tel gue pour y € IR+X (B(z,b)-B(z,a)

on a

-1 <oo.

' <
dexP(XITaATb) A

Corollaire 2.2. (c£.MUSIELA [471)

Supposons 1l'hypothése (A) satisfaite et 1'une des situatlons
suivantes réalisée

b t _ 1
I 8, (au) s(at)) ",

(a) Ky (@) <= k) < < (f
| to 't

b b _
oll t, est donné par §, (t,) s(du) = §.(u) s(du),
0 =1"70 a a 1 '

() kj(a) < @, k) (b) ==, s5(b) ==, § (b) <= et

Cetdb b _ 1 .
A < <[ [ g (@) s@ent, (@ = o)
a’t °
(c) ky(a) = =, s(a) = -, §,(a) > -», k,(b) < = et

b ,t-‘ oq e -1
A< (I ‘f 1 (du) s(dt)) P

ata
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Alors il existe une constante c telle que pour
y EIR+ x (B(z,b) - B(z,a)) on a

dexp(x T, A Tb) £C < w,

. Exemgle,

Supposons que b(t,x) = 0 et que a(t,x) = I. Alors sous Px = Qo,x'
x ¢ R4, (xt)tzo est un mouvement brownien standard. Supposons
que d > 2, le cas d = 1 étant étudié dans le chapitre suivant. .
Considérons 1l'intégrale :

2

t X _
It = JO y( 5 ) ds,

ol la fonction y : 10, «f[ + E&* est continue et non identiquement
nulle. On peut voir facilement que avec z = 0 et r > 0

sty = ety = H¥?
def _ -% t %—1
s() = T =me) = g0 =mie) =z 2 [ o’ y(man
r
def t "g- N5
k() = E(e) =k = [ [[ & v acan.
. r T .

Supposons d'abord que d=2,0<ac<woet x ¢ IR2— B(0, a).
Nous pouvons énoncer les assertions suivantes :

(a) IijT < »} =1,

a
(b) Si~ja-y(t) dt = =, alors E%cITa = o,
w;g
(c) si ), y(t) dt < «», alors IncITa < o,
rwl o .
(d) si Jy t f uy(s)ds dt- < 1, alors chexP(ITa) < Cc < o,

Ten wg .
@ .

8
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v

3, 0 ca<wow, xe¢ R°- -~ B(0, a).

Nous pouvons alors énoncer :

(a)

(b)

(c)

5= d-2
si k(») = », alors IEJITa < o} = (?%?)

si k(») < », alors il existe un réel X > 0 tel que

Pxexp(k ITa) < C < =,

d d
oo —-2- t _2-._1 .
si k(») < o et J t J s y(s) ds dt < 1, oun ty, est

d d
371 2
I S(t) t dt, alors
a ;

donné par 6(t0) = (% - 1) a

Pxexp(ITa) £ Cc < o,

Supposons enfin que d 2 3, 0 <.a < b <», x ¢ B(0, b) - E(O, a).

a_ |
Alors, si A = 2 » On a Py exp (A T_A Tb) < Cc < o,
b - a a
.&\. e s



CHAPITRE III

FONCTIONNELLES INTERRALES DE DIFFUSIONS LINEAIRES
ET DE DIFFUSIONS UNIDIMENSIONNELLES HOMOGENES
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Dans ce chapitre, nous considérons des cas particuliers de diffu-
sions et de fonctionnelles pour lesquels nous donnons une descrip-
tion plus précise des'propriétés de divergence et de convergence.
I1 s'agit d’abord de fonctionnelles gquadratiques de diffusion
linéaires puis de fonctionnelles de diffusions unidimensionnelles
homogénes pour lesquelles les résultats couvrent et'généralisent
ceux connus pour l'explosion et la non-explosion (cf. FELLER [19],
Mc KEAN Jr. [43]).

§ 1. Fonctionnelles quadratiques de diffusions linéaires

Nous supposons ici que a(t, x) = A(t), b(t, x) = B(g)x, t ¢ IR,

X € IRd‘ou A et B sont des applications continues de R, dans
]Rd ® Bfi, Alors on sait que S = = Qy p.s. pour tout y e Bg_x:md

et que le processus (X est gaussien sous P, = Qg 4 POuUr x e D#{
’

t)tzo
avec comme fonction moyenne (¢ (t)x)

(K(s,£)) o OB

I =

£20 et fonction de covariance

t
p(t) = I + I B(s) ¢(s) ds,
0 _

sAt 3 ~1x x
K(s,t) = ¢(s) f 671 a7 (man ¢ (v).
0
Nous cherchons a étudier la finitude de 1°’intégrale -

I = [0 Xt * Q(t) Xe dt

o

ol (Q(t))t>0 est une fonction continue de an dans iﬁensemble des

matrices d x 4 symétriques positives.

Désigndgs.par Ig € Bfi ® Iwi une matrice symétrique définie positive
et soit I' 1'application de R, dans IRd ® Bfi, solution de 1'équa-

tion de Riccati matricielle

r' = A« BP"+ IB" = rQr ; r(0) = ry.

#
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Proposition 1.1. (cf. MUSIELA [471])

. o e s > o i o ot T

Si K(t,t) est définie positive pour tout t > 0, on a, pour

tout x ¢ IRd

It

«
(i) P_{I = o} 1 si et seulement si I tr Qr(t)dt = »
' 0

i

(ii) Pk{Iw < o} 1 si et seulement si f tr Qr(t)dt < =.

0
Supposons maintenant que A(t) = A et B(t) = B pour tout t ¢ IR, .
Alors K(t,t) est définie positive pour tout t > 0 si et seulement

1/2  5,1/2

si rang A R yevoy Bd“l Al/z] = di.e. de fagcon équivalente

1/2

la paire [B, A ] est contrélable. Utilisant le résultat

précédent on peut déduire :

Proposition_1.2. (cf. LE BRETON et MUSIELA [39])

Supposons que la paife [B, Al/zj soit contrdlable. Alors pour
tout x ¢ IRd

PX{IO Xt . QXt dt = »} =1

pour toute matrice symétrique postive Q (Q = 0).

§ 2. Diffusions unidimensionnelles homogénes

- Nous supposons ici que D = 12, r[ (~w < § < r < m)?est un inter-
valle ouvert de IR et que les fonctions 3 valeurs réelles a et b
ne dépendent pas de t i.e. a(t,x) = a(x) et b(t,x) = b(x), t ¢ Bﬁ_,
X ¢ D. Nous supposons de plus a > 0 sur D.

Alors (%, G, (Gt)f (Xt), s, (PX)) avec Px = QO,x’ X € D, est la
réalisation canonique d'une diffusion homogéne de générateur

infinitésimal
. Q'H\,. ve N
L = %:a ID2 + b ID .
X X °.
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Nous envisageons 1'é&tude de 1l'intégrale

S
IS = IO f(Xt)dt

pour une fonction f continue de IR dans IR, non identiquement

nulle.

Choisissons un réel ¢ ¢ D tel que f(c) > 0 et définissons les

fonctions
X X
_ f* 2b . _ f A .
et) =exp(- [ B (ay s m =2 [ £ ay
c o] _
X X
s(x) = I e(y)dy ; k(x) = I em (y)dy.
c c
Posons p(x) = PX{IS < w}, X e.D, Lorsque f = 1, les parties “si"

de (i) et (ii-a) de l1l°'énoncé suivant se réduisent aux tests clas-

siques de Feller de non explosion et d‘'explosion.
Proposition 2.1. (cf. MUSIELA [46)) ‘

On a les assertions suivantes :

0 si et seulement si k() = o et k(xr) = w, ..

(i) p =
(ii) p= 1 si et seulement si 1'une des situations sﬁivantes est
réalisée ‘

(a) k(L) < », k(r) < o,

(b) k() < », k(r) = », s(r) = =,
(c) k() = », s(R) = -, k(r) < o,
(i11) S1 k(8) < =, k(r) = s(r) < =, alors p(x) = 2{E) = s(x)
N s(r) - s(1)
(iv) si k() = o, s{g) > - o , k(r) < «w, alors p(x) = s{x) - s(g) .

s{r) - s(g)

- Go eg T

]
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En ce qui concerne l'espérance P, IS nous avons

'

Proposition 2.2. (cf. MUSIELA [47])

(i) .

(ii)

Soit x ¢ D. On a I3<IS < ® si et seulement si 1*une des

situations suivantes est réalisée :

(a) k(2) < o, k() ’
(b) k(2) < o, k(r)

(c) k(2) w, s(&)

.

A

@,

oo

Il
l

r 8(r) = o, m(r) < =,

-~», m(L) > -», k(r) < 00.

Soit x ¢ D. P, I, est donnée dans chacun des cas (a), (b)

X °S
et (¢) de (i) respectivement par

s(r) - s(x)

+ k(r) S(X) - S(R,)
s(r) - s(g) s(r) - s(Q)

(a') k(1)

(b') k(2) + m(r) (s(x) - s(R)) - k(x),

(c') k(r) - m(2) (s(r) - s(x)) - k(x).

- k(x),

Le résultat pré&cédent et la proposition 1.3 du chapitre II

permettent d'obtenir .des conditions suffisantes pour l'existence

de moments exponentiels de IS.

Proposition 2.3. (cf. MUSIELA [47])

Supposons que l'une des conditions suivantes soit vérifiée :

(a) k(&) < =, k(r) < = et

X ’.. [N
o~

.

X0 “%p

Ql.

(b) k() < m,‘k(r)t o, s{(r) = o, m(r) < » et I

(c) k(L) =+, s(1)

LGa eg T
‘ -3

r

2

~o, m(L) > -o, k(r) < = et j

r Y )
J [ m(dt) s(dy) < 1,

;

r

L

: r r
ou XO est donhé par m(xg) j s(dy) = f m(y) s(dy),
2

m(dt) s(dy) < 1,

Y
j m(dt) s(dy) < 1
2
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Alors il existe une constante positive c telle que pour tout

Xx € D on a :

P exp(IS) S C < o,

Désignons par k1 et m, les fonctions k et m respectiﬁement

1
lorsque f = 1. Le résultat suivant est une conséquence immédiate
de la proposition précédente.

4

Corollaire 2.1. (cf.MUSIELA [471)

Supposons que l’'une des conditions suivantes soit vérifiée :

r y ‘ -1
(a) k;(2) < =, k;(r) <= et A< (I I m, (dt) s(dy)) °,
x .

¥ "*o
r r
ot X, est donné par ml(xo) [ s(dy) = [ m(y) s(dy),
L L

. r X
() Ky (9) <o, ky(x) = @, 5(x) ==, m(2) <ot re(| [ maorsa™,

L7y
x

Y
(c) Ky (1) = =, 5(8) = ==, my(0) > ==, Ky (6) <o et a< ([ [ my (atrs(an
L

L

Alors 1l existe une constante positive ¢ telle que pour tout x ¢ D

on a :

Px exp(AS) s ¢ < =,

Exemple
. Supposons que b(x) = 0 et a(x) = 1. Alors e(x) =1, s(x) = x—c;
_ X X
m(x) =v2;£ f(y)dy et k(x) = 2 [ IY f(z)dz dy. Si D = IR, alors
: Tide clc
PX{Is = ®} "= 1, Supposons maintenant que D = 1, [, avec g > -w.

Nous pouvons démontrer qu'alors :

(a) PX{IS < m)"= \1,‘:]“

LR eg ¢
@

é 00
< » s5i et seulement si I fly)dy < » ,

(b) P I .

S
0

. . .
i f(t)dt a = ©
(c) s [2 Iy (t) y < 5 ¢ OnaP exp(Ig) <=,
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Supposons enfin que D = ], r[ avec -« < Q < ¥ < o. Alors si
r
I IY f(t)dt dy < %, ol Xq est donné par k'(xo)(r—g) = k(r)-k(g),
X X -
0 0 ,

on a PX exp(IS) < w,

Remarque 2.1.

Notons que sous les hypothéses de la proposition 2.3 1la fonction

X » u(x) = Py exp(IS) appartient a C2(D) et vérifie 1l'équation
(L + f)u = 0 sur D. De plus si (a) est satisfaite alors
u(g) = u(r) = 1. Par suite, 1l'équation a une solution ne s'annu-

lant pas sur D uy {g, r}. Cela améliore les résultats classiques

(cf. COPPEL [14] p. 20 et 60 par exemple). De méme si (b) (resp (c))
est satisfaite, alors u(g) =1 (resp. u(r) = 1) etxl'équation a une
solution ne s'annulant pas sur D y {8} (resp. D u_{r})

(cf. COPPEL [14] p. 28).

Supposons maintenant que 1'équation (L + f)u = 0 ait une solution
ne s'annulant pas sur D y {8} . Alors il existe (cf. COPPEL [14]

p. 7) une solution u ne s'annulant pas et telle que * 5%(y)dy =
De plus, pour toute solution ne s'annulant pas v, lingagrement
indépendante de u on a e (y)dy < «. Bien sfir la solution u

est unique & un facteur gonstant prés. Elle est appelée solution
principale. Dé&signons alors par u la solution prinéipale normalisée
par u(f) = 1. On a la caractérisation suivante de u.

Proposition 2.4. (cf. MUSIELA [46])

Supposons que l'équation (L + f) u = 0 ait une solution ne s'annu-
lant pas sur D y {2}. La solution principale normalisée est donnée
par . -

.

u(x) = Pxiexp(lsz), s¥ < sty,

ot 8% = inf{t.> 0 ; X, = a}. Pour toute solution V ne s'annulant
pas sur D waiff'normalisée'par v(2) = 1, linéairement indépendante

4
de u, on a u < v sur D.
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Remarque 2.2,

Pour L = 1 I@ une assertion analogue a été obtenue par CHUNG et

2
VARADHAN [13]. Pour un L général le résultat précédent a été
annoncé sans démonstration par KHAS*MINSKII [28]. A notre connais-
sance aucune preuve n'en a été fournie jusqu'ad présent dans la

littérature.

§ 3. Une remarque sur le probléme de Dirichlet

Dans cette section Px = Q0 x ' X € Bfi désigne la mésure de diffu-
2

sion homogéne associée a 1'opérateur

les fonctions a de IRd dans IRd (%) ]Rd et b de IRd dans IRd ne

dépendant pas de t.

Soit D un sous-ensemble ouvert connexe de Hfi. Considérons 1le

probléme consistant a trouver une fonction u telle que

(L + gJu =0 sur D
(7) us>0 sur D
u = sur 3D

ou la fonction g de n#i dans IR est borélienne et bornée sur

les compacts.

D'un point de vue probabiliste, si P {TGD) < S} > 0 ol
T @D) = inf{t 2 0 ; X, € 3D}, pour x ¢ D, on peut espérer qu'une

solution*goit donnée par l'expression

u(x) = Px(eT(aD) ; TOGD) < 8),

oll @ an et
8
IT (d D)

3 Dp) = exp( g(Xt)dt).
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Soit v ¢ C (D) une solution de (7) et PV la mesure de diffusion
D
associée a l'opérateur L + a —~K-. ID . Comme la densité locale

-~

de PV par rapport a PX est donnee par (4) on peut montrer que

pour X ¢ D
v
u(x) < v(x) P {TGD) < s}

De plus si PV{T(GD) < S} € CZ(D) alors V(x) PZ{T(BD) < S} est
solution de (7).

801t malntenant V e C (D) une solution de (7) telle que
P {T(aD) < 8} =1, x ¢ D. Alors la mesure PX est absolument

contlnue par apport a PX sur GTG)D) et

u(x) =P (eT(BD)’ T@®D) < 8) =
= p, (—(x) N;’(BD) , TOD) < 8) = v(x).
V{Xp 5 p))

Enfin si u est solution de (7) alors Pi{T(BD) < S} =1, Cela est
un analogue multidimensionnel de la proposition 2.4.

. oLl
T o



PARTIE II

PROBLEMES D’ESTIMATION DE PARAMETRES
POUR LES PROCESSUS DE DIFFUSION MULTIDIMENSIONNELS






Dans cette partie de notre travail nous nous intéressons au
probléme statistique d'estimation du paramétre 6 ¢ 0 < RF de

la diffusion Pe = 06 associée é\l‘opérateur différentiel

“0,

Ae - e e =—l- L4 2 L
IDt + L7, L 5 a B%{ + (b + ace) IDX,
' d d d
Les fonctions continues a : Dﬂl x IR™ » IR° ® IR ,
b, ¢, : IR, x nfi + le, 8 ¢ 0, sont supposées localement

3] +
lipschitziennes en x uniformément par rapport 3 t. Nous nous

proposons d'estimer 6 au vu de 1l’observation du processus (X )
jusqu'a un temps 4 arrét T < S. La structure statlsthue a etudler

est alors

(W, G {Pi i 0 e 0 c IRPY).

T0

Soit P la diffusion associée a 1'opérateur différentiel

2 i b-D. .

- =1 4.
A=D +L,L=35aD x

t
= P
8y

Comme P °ace(Yt)dt < w} =1, d'aprés la proposition 2.1 du

C
6 0

chapitre I? partie I, la mesure Px est absolument continue par

rapport a la mesure P sur G, et la densité est donnée par

T
(8) exp([ ce(Yt)"th -

T
o I cC,.°a ce(Yt)dt)

0 6

N bt

ol ¢

M, =X - [ b(YS)ds.

0

Cela permet d'aborder le probléme de construction d'éstimateurs
de o par des méthodes de statistique classique. Si, par exemple,
Cq (t,x) = c(t x)0, ol la fonction continue c : IR X IRd%-IRd ® IRd
est 1ocalement lipschitzienne en X uniformément par rapport a t,
alors la méthode du maximum de vraisemblance conduit i envisager

un estimateur du parametre 6 qui soit solution de 1l'é&quation

an eg

T *‘ T *
IO c (Yt)(dxt-b(Yt)dt) = [0 c ac(Yt)dt 6.
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T

Evidemment, si la matrice c*ac(Yt)dt est définie positive Pe

X
p.s., alors l'estimateur deomaximum de vraisemblance est donné

par

- T T
_ * -1 * -
(9) bp = ([0 c ac(Yt)dt) IO c (Yt)(d X, b(Yt)dt).
Nous montrons que cette matrice est effectivement définie positive
en particulier pour les diffusions linéaires hypoelliptiques
(cf. chapitre I § 4) et pour les diffusions bilinéaires elliptigues

(cf. chapitre II § 3).

Si la fonction ce(t,x) ne dépend pas linéairement de 6 le probléme
est plus compliqué. Dans le chapitre I § 3 nous étudions un cas
particulier de dépendance non linéaire en 6. Nous construisons
un estimateur qui est fonction d‘'une statistique exhaustive mini-

male et compléte pour 4.

Une fois construit un estimateur 5T il convient de cerner ses
propriétés. Nous abordons d'une part 1l'étude de propriétés asymp-
totiques lorsque T # S et d'autre part celle de propriétés d'opti-
malité pour T fixé&. Nous analysons également certains plans séquen-
tiels d'estimation du paramétre. Voici une bibliographie permettant

de situer nos résultats sans prétendre 3 1l'exhaustivité.

Les propriétés asvmptotique d'estimateurs des paréﬁétres de wnrocessus
de diffusion ont &té abondamment &tudies.Les cas de diffusions liné-
aires elliptiques et hypoelliptiques ont été considérés par ARATO
{1, 27, LE BRETON [33], LE BRETON et MUSIELA [39]. Des modéles
bilinéaires ont &té traités par TARASKIN [57], LE BRETON et
MUSIEL%i[37] dans le cas unidimensionnel et par MUSIELA [45 ] dans
le Casbmultidimensionnel. La situation générale d'une dépendance
linéaire du coefficient de translation par rapport au paramétre

a été abordé par TARASKIN [58], BROWN et HEWITT [11], LEE et
KOZIN [40]&g§éns¥t6us ces art;cles, 1'hypothése d'ergodicité

des diffusipns correspondantes était essentielle. D'autres
travaux ont été conduits sans cette hypothése. Ainsi NOVIKOV [53]
et FEIGIN [ 17,18 ] ont utilisé des méthodes de martingales pour
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étudier l'estimateur de maximum de vraisemblance du paramétre

réel arbitraire ¢ pour un processus d°Ornstein-Uhlenbeck unidi-
mensionnel gouverné par l‘°opérateur différentiel L8 = %-IDi+ex b,.
. Le résultat de convergence de Novikov a été généralisé par LE BRETON
et MUSIELA [39] pour les diffusions linéaires hypoelliptiques
d-dimensionnelles et par MUSIELA [ 45] pour les diffdéions biliné-
aires elliptiques. Récemment KUTOYANTS [32] a utilisé le concept
de LE CAM de familles de distributions localement asymptotiguement
gaussiennes pour étudier les propriétés asymptotiques des estima-
teurs de maximum de vraisemblance et de Bayes dans le cas d'une
dépendance non linéaire de la fonction ce(t,x) par fépport au
paramétre 6. Pour d‘'autres informations sur des études asymptoti-
gues d'estimateurs on peut consulter le livre de BASAWA et PRAKASA
RAO [4]. Les propriétés d'optimalité des estimateurs pour T fixé
ont &té moins é&tudiées. Un estimateur sans biais de 'la transla-
tion d*un processus de WIENER observé jusqu'a un témps d'arrét T

a été construit par FEREBEE [26]. Dans le cas ol T est déterministe
ARATO [2], GRENANDER {223, HAJEK [23, 247 et HOLEVO [25] ont consi-
déré le probléme d'estimation sans biais de variance minimum. Les
meilleurs estimateurs sans biais des coefficients dé régression et
des composantes de la variance ont &té construits par MUSIELA et

ZMYSLONY [48,49].

Construire un plan séquentiel d'estimation du paraméﬁre § consiste

3 choisir 3 la fois un temps d'observation T (aléatoire) et un

estimateur BT' On cherche naturellement un couple (T; 8T) qui

soit optimal en "un certain sens dans une certaine clasSe de tels

plans. NOVIKOV [53] a comparé des méthodes séquentielles et non

séquentielles d'estimation du parami;re() d*un proceSsus d‘Ornstein-
1

Uhlenbeck unidimensionnel (L = 5 D, + 6x ID ). DVORETZKY, KIEFER

et WOLFO@ETZ [15] ont montré que pour la translation d'un processus
de WIENER les plans ‘séquentiels & temps déterministes sont minimax
pour la fonction de perte quadratique. ROZANSKI [54] a &tudié des
estimations séquentielles minimax pour la moyenne d‘'un processus
d'Ornstein-Uflenbeck. MUSIELA [43] et LE BRETON et MUSIELA [39]
ont construiti, pour des diffusions linéaires des plans séquentiels

sans blais de variance minimum minimax et admissibles. Le cas
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général de la dépendance linéaire du coefficient de translation
par rapport au paramétre a été abordé par LIPTSER et SHIRYAEV [41]
pour d = 1 et par BOROBEICIKOV et KONEV [9] pour d arbitraire.

Cette partie est organisée de la maniére suivante :

Le chapitre I est consacré aux problémes d'estimation pour les
processus gaussiens markoviens. Nous montrons d'abord que,
sous certaines conditions de régularité, tout tel processus
peut é&tre considéré comme la solution d'un probléme "linéaire"
de martingales. Puis, utilisant les résultats de ia partie I,
nous étudions les propriétés d'optimalité d'estimateurs.

Le chapitre II traite de 1'é&tude des diffusions biiinéaires
multidimensionnelles. Nous donnons des conditions nécessaires

et suffisantes pour la stationnarité au second-ordre. Nous cons-
truisons les meilleurs estimateurs linéaires des coefficients

de régression et le filtre linéaire optimal. Pour les diffusions
bilinéaires homogénes nous &tudions les propriétés asymptotiques

de l'estimateur de maximum de vraisemblance.

Dans le chapitre III nous examinons certains problémes d'estimation
pour une diffusion homogéne unidimensionnelle Pi a%sociée a l'opé-
rateur différentiel Le = %— a ]D§+ (b + acH)ID, . Nous étudions, dans
tous les cas possibles, le comportement asymptotique de l'estima-
teur de maximum de vraisemblance éT défini par (9) et nous déter-

minons des plans séquentiels optimaux pour l'estimation de 6.



CHAPITRE I

DIFFUSIONS LINEAIRES
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Scit P une mesure gaussienne sur (W, G) de moyenne m et de cova-
riance K. Nous supposons que K(t) = K(t, t) est définie positive
pour tout t ¢ R, et que les fonctions mi, K* et

Kl(') = iig+ % (K(- + h, ) - K(°)) sont définies et conti?ues.
Définissons la famille de lois de probabilité {Px :vx e IR™} par

P () =P(-]|X; = x).

§ 1. Processus de Gauss-Markov comme solutions d'un probléme de

martingales

Supposons que la famille {Px $ X € D?i} soit markovienne
(cf. IKEDA et WATANABE [26], par exemple). Par un théoréme de
corrélation normale (cf. LIPTSER et SHIRYAEV [41], par exemple)

on a, pour 0 < s < t
P (X, | X)) = m(t) + K(£,s) K (s) (X -m(s))

et

P (X ,~P_X ) (X, ~P X ) (K(s)-K(s,0)K 1 (0)K(0,s))K Y (s)K(s,t).

De plus, pour 0 < s £ u < t

* : N *
Px(Xs-PxXS)(Xt—PxXt) Px(XS—Pst)Px(Xt—PXXt|xu) =

(K(s)-K(s,0)K 1 (0)K(0,s))K™  (s)K (s, wK ™" (w)K(u,t).
Cela implique que pour 0 < s < u < t

K(s,t) = K(s,u) K '(u) K(u,t).

¢

Définissons les fonctions A = K' - K, - K, B = K, K! et b = m' - Bn.
Il est clair que n' =b + Bm, K' = A + BK + kB* et;%EK(t,s) =
B(t)K(t,s) , t > s.

:,'?”* g Y

é
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Nous pouvons alors démontrer

——— s ——— —— - — — -

Le processus stochastique (Xt - [Z (b(s) + Bés) Xs)ds) est une

((Gt), Px) martingale locale sur IR _ayant ( A(s)ds) pour pro-
cessus de variation quadratique tensorielle.ODe plus, pour tout
X € ]Rd, P};{XO = x}

ol

t
1 et le processus (g(Y¥.) - I A g(YS)ds),
0

A=mD +1, L

i
DO} bt
?
S|
+
T
g

a(t, x) = A(t), b(t, x) = b(t) + B(t)x

est une ((Gt), PX) martingale locale sur R, pour tout
gec(m, x ®I).

§ 2. Estimation de coefficients de régression

Supposons que la fonction movenne m de la mesure gaussienne P soit

de la forme

m(t) = M(t)®e , M(0) = O,

od la fonction M : R, - r? & mP appartient & ClkIR+) (Mf 0)

et 8 ¢ 0 ¢ IRP. Supposons que A(t) = K'(t) - Kl(t)'~ K;(t) soit
définie positive pour tout t > 0. Désignons par Px") = P('IX0 = X)
et supposons que pour tout 6 e¢ 0 la famille de lois de probabilité

{P., : x ¢ Bfi} soit markovienne.

X
Soit Tv's 0 un nombre réel. Nous envisageons d'estimer le paramétre
® au vu de 1'observation du processus (Xt) sur l'intervalle [0,T]

sous Pg. Alors la structure statistique & étudier est

(W, .G,;‘, TPg' 6 € 0}),.

p
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ot Pg est la mesure de diffusion associée a 1l'opérateur

6 _ ] 0 -1 5.2 ' .
A ]Dt+ LY , L 5 A ]Dx + (Bx +(M'~-BM)g) ]DX,
= L S * = -1
avec A =K K1 Kl’ B KIK .

Alors, utilisant (9) nous pouvons démontrer :

Proposition 2.1. (cf. MUSIELA et ZMYSLONY {48 ])
Supposgns que l°intérieur de 0 soit non vide et que la matrice

Lp = J (M*-BM) * A"} (M'-BM) (t)dt soit définie positive. Alors
0 _

T

(10) 5T = 2;1 [O(M’—BM)* A’l(t)(dxt—a(t)xtdt)

est l'estimateur sans biais de variance minimum de @.

Exemple 2.1,

Soit A(t) = I et B(t) = 0. Alors Pg est la mesure de Wiener de

translation M’ (t)e. La proposition précédente assgre.que si
l'intérieur de 0 est non vide et si la matrice 0 %** M®'(t)dt
est définie positive, alors ( g M** M*(t)dt)~? Id:M’*(t)dxt

est l'estimateur sans biais de variance minimum de d.

§ 3. Estimation de coefficients de régression et de composantes

de la variance

Soit T > 0 un nombre réel et considérons maintenant. la structure

14 Tl 0 €

ol Pg est la mesure gaussienne de moyenne

LGn ey
&

m(t) = M(t)g , M(0) = M(T) = O,
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et de covariance
K(s,t) = st K+ s A t I.

Nous supposons que la fonction M : HH_ > Bfi ® P appartient a

Cl(IR ) et gue la matrice K est définie positive ef s'écrit

K= £§=l O3

linéairement indépendantes.

Vi' ot Vyreons Vk sont des matrices symétriques

Supposons de plus que B ¢ & c H#), g = (ol,..., ck)* e L «c H&ﬂ
(6 = (g) e & x % = 0) les intérieurs de © et I ‘6tant non vides.
0

Nous cherchons 3 estimer le paramétre §. Remarquons que sous Py
le processus (Xt) peut se représenter sous la forme :

X, = M(t)g + tN + W

t t’

. W est un processus de Wiener standard,
. N est un vecteur gaussieh centré de covariance K, FO-
mesurable,
. Wet N sont indépendants.
Sous Pg le processus (Xt) est donc gaussien markov@en. De plus,
comme K'(t) = 2¢tK+I et Kl(t)

d 1'opérateur

)

A::]D-}-L'Le:}—

A+ (B(t)x + (M'-BM) (t)p) ‘D_ .

N

D'aprés (8), pour tout § ¢ 0, la mesure Pg est absolument continue

par raﬁéort d la mesure Pg sur Gg et la densité est donnée par
(11) c(e8) h(T, X,) ex (—.——1—-x*(1+'x'1<)"l X, + 8° ! M'*(t) ax,)
» Xp) €XPL= 37 Ap LI t)e

LA e

@&

#

tK on a A(t) = I et B(t) = K(I+tK)

D'aprés la proposition 1.1 , Pg est la mesure de diffusion associée

1
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T T
I tr K(I+tK) 'ac-1 g* I (M'-BM) * (M'-BM) (t)dt g
0 0

(eI
N =

log c(8) =-
et

_ _ 1 =
log h{T, XT) = 5 XT XT.

Nous allons pouvoir exhiber une statistique exhaustive minimale
pour {Pg : 0 ¢ 0}. Remarquons que l'ensemble {I + TK :K==Z?=l
contient un sous-ensemble ouvert de la variété linéaire Vi =

d

ol V est le sous-espace de Iﬁi ® IR engendré paf Vieweoy Vi -

Soit WI la plus petite variété telle que

((I+TK) Y s 6 ez} Wy - '

Alors i1 existe une matrice Wo telle que WI = WO + W, ou W est
un sous-espace paralléle a wln Soit wl,,.., Wﬁ une base de W.

Alors (I + TK)'-1 peut &tre représentée de maniére unique sous

la forme

(1 + 7" =Wy + Ii_, o (0) W,.

D'aprés (11) et les considérations précédentes on obtient :

Proposition 3.1. (cf. MUSIELA et ZMYSLONY 49 ])

Supposons que la matrice I M'* M'(t)dt soit définie positive.

Alors le vecteur 0

T
Zp = ((I0 M'*(t)dxt)*, x; W, Xe, & =1,..., 1)

est une statistique exhaustive minimale pour {Pg : 6 e O},

Nous donnons maintenant des conditions nécessaires et suffisantes

pour que la statistique exhaustive minimale %, soit compléte.

T

Un sous—esp&égxﬁﬁdé l'espace des matrices symétriques est dit
quadratique Si V¢ D implique que V2 e D (cf. SEELY [551]).
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T
Supposons que la matrice M'*M' (t)dt soit définie positive.

. .. 20 P
Alors les conditions suivantes sont équivalentes :

(a) la statisﬁique ZT est compléte,
(b) V est un sous-espace quadratique,
(c) V.= W.

Nous sommes alors en mesure de décrire le meilleur estimateur
sans biais de 6. Soit N = (tr Vi Vj), i,j =1,...3 kK une matrice
symétrigque. Remarquons que N-'1 existe compte tenu de ce que

Vireeos Vi sont linéairement indépendantes. En out;e, posons

1 k, * i 1 ! .
Up = (Upsee., Up)™ OB UT—;EXT V,Xp-g tr Vi, 1 =1,..., k.

Nous pouvons démontrer

Proposition 3.3. (cf. MUSIELA et ZMYSLONY [491)

- " —— - r_— - o — -

T

Supposons que la matrice I M'* M'(t)dt soit définie positive.
. 0
Alors eT = (_T) , ol
or
- T * ~1 T * - | 1
= ' ] ] = -
BT IO M' "M'(t)dt) IO M (t)dXt et UT ] N UT

est l'estimateur sans biais de variance minimum de 6 si et seule-

ment si V est un sous-espace quadratique.

Remarque 3.1.

Tout sous-espace quadratique D est une algébre de Jordan pouf
AcB = ;%;{f;(AB + BA).

® B
PRV 4
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§ 4. Propriétés asymptotiques d'estimateurs pour les paramétres

de diffusions qaussiennes homogénes hypoelliptiques

Soit T > 0 un nombre réel. Nous &tudions ici la structure

statistique

(W, G, {P% : 0 ¢ RS o mI)

ol Pg est la mesure de diffusion homogéne associée a4 1'opérateur
différentiel )

0

12
L° = 5 A*D, + 8x-D,

Rappelons que, sous Pg, le processus (Xt) est gaussien centré et

de covariance

st * *
K(s,t) = % I ou 8 u 0t

e A e du e .
0

Nous supposons que K(t,t) .est définie positive pour tout t > 0
c'est-a-dire que la diffusion est hypoelliptique (cf. CHALEYAT-

MAUREL et ELIE [12]). Nous cherchons & estimer le paramétre
: A
6 ¢ Dfi ® IRd . D'aprés (8) la densité de q? par rapport a P,

sur G, est donnée par
+ (T 1
exp(tr A (I Adxtxz p*- 5 6 [
0

T
* *
o thtdt 67)),

on at désigne la pseudo-inverse de Moore-Penrose de la matrice A.

Nous pouvons alors démontrer :

Proposition 4.1. (cf. LE BRETON et MUSIELA [36, 391).

e P e - - - —— o -~ -

La matrice [ Xﬁxzadt est Pg p.s. définie positive. L'estimateur
de maximum de vraisemblance de 6 est donné par

- T
— ) L y X
GT = lﬂ&dxt.xt(f

é

* 1

T -
X, X, dt) " .
o tE
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Nous étudions maintenant les propriétés asymptotiques de 1'estima-

Dy M

teur T

Proposition_4.2. (cf. LE BRETON et MUSIELA [ 36, 391).

Supposons que 6 soit une matrice stable. Alors l'éstimateur Orp

est fortement convergent i.e.

lim eT = § P0 P-S.
Ty
1
De plus, le vecteur aléatoire T2 Vec(eT - 0) est asymptotiquement

gaussien de moyenne nulle et de matrice de covariance

© - |
(| %% a e%*S g5)~1 ¢ a.
0

Lorsque la matrice 8 n'est pas supposée stable nous ne savons as,
gq p P p

~

en général, répondre positivement 3 la question de la convergence
de 1l'estimateur 6p- Cependant nous avons résolu le probléme dans

la situation particuliére suivante : supposons que § = Z§=l ei Bi
ol 6i e IR et Bi sont des matrices connues telles que pour i # j

on ait
x4 * 4L + . . '
Bi A Bj + Bj A Bi =0 et AA Bi =0, i = 1,?.., P.

Proposition_4.3. (cf. LE BRETON et MUSIELA [391).

e s e s e o s i ot e s it ot

L'estimateur de maximum de vraisemblance 8i o de 6 donné par
14

4

e

! x*B*atax.
o e t

D}

=
=
Sy,
3

b d

-+

Wk
XtB.A BiXtdt

-

est fortement convergent i.e.

lim 6, o =8, P p.s.
Toroo LT e 1 0

S
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Exemple 4.1.

On sait (cf. par exemple BASAWA et PRAKASA RAO [4]) que 1'axe
instantané de rotation de la terre se déplace par rapport a 1l'axe
mineur de 1l'ellipsoide terrestre. Ce déplacement comprend une
part périodique et une part de fluctuations. Cette derniére peut
raisonnablement &tre modélisée par une mesure de diffusion homo-

géne Pg associée a4 1l'opérateur infinitésimal

]

L~ = A+ GX°le,

N e

ol § = 91 B1 + 02 B2 et

Comme B B, + BY B, = 0, les estimateurs de maximum de vraisem-
1 72 2.71

blance el,T et 02,T de'al et 64 sont donnés par :

T T

1 1 2 2

_ I Xt dXt + I Xt dXt
5 _ ‘0 0

1,T T ‘
1,2 2,2

jo (xp? + oxpPae
T T

1 2 2 1

_ I Xt dXt - I Xt dXt
0 _’'0 0

2,T

T e
1,2 2,2
IO (xh2 + ) ?ae

I1 était acquis (cf. TARASKIN [58]) que ces estimateurs sont
convergéﬁts lorsque la matrice 8 est stable. En vertu de la
proposition 4.3’ nous pouvons affirmer que ces estimateurs

sont encore fortement convergents lorsque cette hypothése n'est

plus satisfaite. .

& g

&

#
Pour d'autres résultats dans cette direction on peut consulter
BELLACH [5, 6] et LE BRETON [34].



§ 5. Estimation séquentielle

Construire 'un plan séquentiel pour l'estimation d'un paramétre
consiste (cf. LIPTSER et SHIRYAEV [41]) i choisir 3 la Eois

un temps d'observation (aléatoire) ?Met un estimateur GT. Nous
cherchons un plan séquentield = (T, GT) gui soit optimal en un
certain sens dans une classe de tels plans. Nous nous plagons
dans le cas d'un paramétre 6 réel et utilisons des critéres de
comparaison des plans séquentiels définis 3 partir de la fonction

de perte quadratique usuelle et d'une fonction de .colt.

Supposons que le processus (Xt) soit unidimensionnel et que la

mesure Pg soit du type défini dans le § 2. avec d=p = 1.

Nous nous intéressons d'abord & la fonction de perte

Y

L(6, §) = (8 2

- 0)° + c(T)

T
Y]

oua § = (T, ST) est un plan séquentiel et C est une fonction de

colit. Nous supposons que C est positive continue et telle que

lim C(t) = =,

trx

Désignons par D l'ensemble de tous les plans séquentiels 8 qui
ont une fonction de risque R(8, §) = Pg L(6, 8) finie pour tout
0 ¢ O . Un plan séquentiel 60 € D est dit minimax dans la classe D

si

sup R(6, 65) = inf sup R(6, §).
c} D 0

-

-

Considéfons 60 = (TO, BTO) le plan séquentiel 3 temps déterministe

4

Ty tel que
. 1 . 1
T e -+C(T0) = inf ( T + C(T))
0 /" "2 -1 . T . 2. -1
(M'—BM) A “(t)dt (M'-BM) “A "~ (t)dt
0 . 0
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et BTO est donné par (10). Nous pouvons alors énoncer

Proposition 5.1. (cf. MUSIELA [44 1)

v e B s s e s e s s S o o o e

-~

Le plan séquentiel & temps déterministe 6o est minimax dans la

classe D,

Plagons nous maintenant dans la situation ol le codt d‘'observa-
tion C n'est pas pris en compte i.e. oll le risque de § est donné
par R{(e, §) = Pg(gT - 6)2..Il4est clair qu'il est ici nécessaire
d’imposer des restrictions aux temps d‘arrét pouvant. intervenir
dans un plan séquentiel si on veut éviter que le temps d‘'arrét

optimal soit infini p.s.

Soit alors Ty > 0 un nombre réel. Désignons par D(TO) 1'ensemble
4
de tous les plans séquentiels § = (T, GT) pour lesquels le ris-
4
que R(6, §) = Pg(eT - 6)2 est fini pour tout 6 € 0 et tels que

Ty

0
Py J (m-BM) 2 A" (pyat < I (mr-em) 2 a"t(erat , o € o.

0 0

Un plan séquentiel 8, € D(TO) est dit meilleur que 8§, € D(T)

si R(6, &§;) = R(8, §,) pour tout 6 € 0 et si cette inégalité

est stricte pour au moins un 6 € 9. Un plan ségquentiel § ¢ D(TO)
est dit admissible dans D(TO) s'il n'existe aucun plan dans D(T,)
gqui soit meilleur que 6. Enfin un plan séquentiel 60‘5 D(T,) est
dit minimax dans D(TO) si

sup R(6, ¢ = inf sup R(9, G)f
G .

D(T,) © |
Soit alors 60 = (Ty, BTO) le plan séquentiel 3 temps déterministe

o).

ol BT est donné par (10). Nous pouvons démontrer
0

Propositfon 5.2. (cf. MUSIELA [441)

o o e s S e . ey P = G e W,

(1) Si 6 = IR, alors le plan séquentiel 60 est admissible et
“minimax dans D(?O) :

LG we

(ii) Si 0 = fﬂo, of , 00 > -, alors 60 is minimax dans D(TO) ;
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(iii) Le plan §y est sans biais de variance minimum parmi tous
les plans sans biais dans D(TO).

Supposons désormais que le processus (Xt) soit d-dimensionnel
et que, pour 6 ¢ 0 ¢ IR, Pg est la mesure de diffusion homogéne
associe i l'opérateur différentiel ;

2

L =La.m? + eBx.Dd
X X

=1
2
on A 2T B # 0. Nous nous plagons donc sous des hypothéses analo-
gues a celles de la proposition 4.3 mais avec p = 1. Supposons

que la variance de X, sous P,, 6 ¢ O, soit définie positive pour
tout t > 0.

Soit H > 0 un nombre réel. Désignons par D(H) 1l'ensemble de tous
N
les plans séquentiels § = (T, eT) pour lesquels le risque
4
R(8, §) = Pg(eT = 6)2 est fini pour tout 6 ¢ 0 et tels que
eT**+
PO [0 Xt B A B Xt dt < H, 6 ¢ 0.

Soit alors &y = (TH’ eTH) le plan séquentiel défini par le temps
d'arrét

¢ .
s . * ok o+ _
'I'H = inf{t > 0 : J Xs B A B XS ds = H}

et l'estimateur

T
TH H

x* B* at ax, .
o Tt t

Remarquons que 6p est en fait l'estimateur de maximum de vraisem-
blancefge,e constguit au vu de l'observation du processus (Xt)
sur.;'ihiervallg aléatoire [0, Ty1. Nous pouvons démontrer

Proposition 5.3. (cf. LE BRETON et MUSIELA [39])

. FTr e
DY
. O «

Le plan séglentiel §; a les propriétés suivantes :
' .

funi F0

(i) Sous Pg, Oep est gaussien de moyenne 9§ et de variance
H .
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(ii) Si ©® = IR alors GH est admissible et minimax dans D(H) ;

(iii) si ©

I

]60, of , 90 > -, alors GH est minimax dans D(H) ;

(iv) GH est sans biails de variance minimum parmi tous les plans

sans biais dans D(H) ;

(v) Il existe A > 0 tel que Pg exp (A TH) < o,






CHAPITRE II

DIFFUSIONS BILINEAIRES



&
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Dans ce chapitre, nous considérons une diffusion multidimension-
nelle bilinéaire non homogéne P, = QO x ¢ X € Bfi, associée a

’
l’opérateur infinitésimal '

_ 1 2

A —mt+L,L-§aIDX+b-IDX

oll
= P ,.:'*

alt,x) = Zi=1 (Ai(t)x + ai(t))(Ai(t?x + ai(t))
(12)

b(t,x) = B(t)x + b(t).

d d d

Les fonctions b, a; s ng. + IR~ et B, Bi g IR+ + IRT ® IR,

i=1,..., psont supposées continues.

D'abord nous étudions les.propriétés du second-ordre du processus
(Xt) sous P et donnons des conditions nécessaires et suffisantes
pour sa stationnarité au second-ordre. Puis nous obtenons une
représentation linéaire de (Xt) et construisons les meilleurs
estimateurs linéaires des coefficients de régression et le filtre
linéaire optimal. Enfin, dans le cas homog&ne, nous étudions les
propriétés asymptotiques d'estimateurs de maximum de vraisemblance.

§ 1. Propriétés du second-ordre

Soit u une loi de probabilité sur (IRd, B(IRd)) de moyenne m, et
de vartance K, et Pu= []Rd Py u(dx).

Nous étudions la stationnarité au second-ordre du processus (Xt)
sous Pu, Remarquons que sous Py (xt) est bien du second ordre
et notons pipmhbgf*x respectivement sa moyenne et sa covariance.

[ i
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Nous pouvons démontrer :

Proposition 1.1. (cf. LE BRETON et MUSIELA [35, 38])

— e . U - ————— — o o — -

Les fonctions moyenne et covariance de (Xt) sous Pu sont données

par
m* = Bm + b, m(0) = mg

-1
¢s 9t K(t,t) si t

IA
]

K(s,t) =

-1
K(s,s) (¢t bg ) si s

IA
r'-

ol (K(t,t))t>0 vérifie

" * P * P | * —
K' = BK + KB" + § j=1 By K A + Ei=1(A£“+ai)(A£“+ai) , K(0,0) =1
La fonction de covariance satisfait pour tout 0 < s < u < t

la propriété

K(s,t) = K(s,u) KT (u,u) K(u,t)

ot k¥ désigne la pseudo-inverse de Moore-Penrose de la matrice K.
Cette analogie avec le cas gaussien-markovien (cf. partie II,
chapitre I, § 1.) permet de démontrer '

Proposition_1.2. (cf. LE BRETON et MUSIELA [35, 381

Le processus (Xt) est stationnaire au second-ordre sous Pu si
et seulement si

N

Mbr%+®m)=0 pwrﬂmttem+

et s'il existe une matrice constante B telle que les conditions
suivantes soignt . satisfaites pour tout t e R,

‘a B

‘g +

B(t) KoKy = BK Ky = KOK; B =8B
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*,5 P * e P (a. (t)m. - *_
BKq+KoB™ + 1,2 A (v)KpaT () + 1,2 (A ()mp+a, (£)) (A (t)my +a, (£)) *=0.

Si les conditions ci-dessus sont vérifiées alors la fonction de

covariance K du processus (Xt) est donnée par

eB(s-t)

v

KO si s t
K(Sat) =

B" (t
K, e -s)

A
(ad
e

0 si s

§ 2. Représentation linéaire, filtrage linéaire optimal et meilleurs

estimateurs linéaires des coefficients de régression.

Suivant les idées développées par Liptser et Shiryaev dans le
chapitre 15 de leur livre [41] nous définissons la notion de

représentation linéaire d'une mesure de diffusion s -

pDéfinition 2.1.

La mesure de diffusion Fx'associée a l'opérateur différentiel

_ = = _ 1 = 2 = =y .
K-mt+L , L-7A.mx+(Bx+b) D,

ol les fonctions A, B : R, ~* R’ &8 ’RY et © : R, > ®Y sont

continues est apnelée représentation linéaire de 1la ﬁesure de
diffusion Px si les fonctions moyenne et'covariance de (Xt)
sous P, et ﬁx coincident.

Soit alors P la mesure de diffusion non-homogéne définie par
(12) et ?x la mesure de diffusion associée a 1l‘opérateur
différentiel

N

A= 1D + T s E=%K~m}2{+(3x+b).mx ,

t
ol

@;Q’A' o ~
(13) & = K'*~ BK - KB



- 66 -

et

(14) K'=BK+kB"+ I.P a.xal + Zizl(Aim+ai)(Aimfai)*, K(0) = 0,
m' = Bm + b, m(0) = x.

Nous pouvons démontrer

Proposition 2.1. (cf. LE BRETON et MUSIELA [35, 38])

La mesure ?X est une représentation linéaire de P

Nous allons maintenant utiliser cette représentation linéaire

pour résoudre un probléme de filtrage.

Supposons qu'on observe un processus (Ut) tel que

t
(Ut - U0 - [O(BO(S)XS+ bo(s))ds)

soit une ((Gt), ?X) et ((Gt), Px) martingale locale sur R, de

variation quadratique (I Bl(s)ds).
0

d
+

et By : R, ~ rY & w9 (B,B, > 0) sont continues.

Nous supposons que les fonctions b0 : IR, - IRq, B0 : ng-ﬂiq ® IR

Nous disons que (Xt) est, sous Px’ le filtre 1inéaire optimal de
(X,) au vu de l'observation (U,) si (X,) est, sous P,, le filtre
optimal de (Xt) au vu de l'observation (Ut). '

Proposition_2.2. (cf. LE BRETON et MUSIELA [35, 38]

Sous Px, le filtre linéaire optimal (xt) de (Xt) au vu de l'obser-
vatioﬁglUt) est donné par
. .

-~

ax, = (B(£)X_+b(t))dt + yBY (B,B}) "L () (aU, - (B, (£)X, + by (£))at)

- -

-~ N . \:}f e -5 - > - * - »
Xy = X, oy,-ta wrariance vy (t) = Px(Xt Xt)(xt Xt) vérifie
[

. = * : * *, =1
Y' = A + By + YB YBO(BlBl)

BOYI y(0) = 0.
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Nous envisageons 1'étude de la stabilité du filtre linéaire
optimal. Nous supposons que Bgs B1 et B ne dépendent pas de t et
que le processus (Xt) est stationnaire au second-ordre sous P

pour une certaine loi de probabilité u de variance K .

Soit A = -BK, - KOB* et soit (y(t)) la solution de
— * *, =1
A + BY + YB" - yBO(BlBl) ByY-

Proposition 2.3. (cf. LE BRETON et MUSIELA [35, 381)

Supposons que la paire (B, BO) soit observable et qué la paire
(B, 5'1/2) soit contrdlable. Alors la limite lim Y(t) existe, ne
dépend pas de la valeur initiale Yo et est 1‘5;?que {(dans la
classe de matrices symétriques positives) solution de 1'&gquation
de Riccati matricielle ‘

i

_— * * *, ~1 _
A + By + YB - YBO(BlBl) BOY =0 .

Envisageons maintenant l'utilisation de 1la représentation linéaire
dans le cadre du probléme d'estimation. Soit T > 0 un nombre réel.
Considérons la structure statistique

{Pe : 6 ¢ 6})

(W, Gp, (P,

oil Pg est la mesure de diffusion associée a l'opératéur différentiel
" 6 0 6

— -'._1; .2 -

a étant comme dans (12), be(t,x) = B(t)x + (M'-BM) (t)6, la fonc-
4a

tion M : R, » IR © P appartenant & Cl(nﬁ_) et 8 ¢ 0 ¢ IRP;

Nous supposons que A(t) et K(t), données par (13) et (14) respec-
tivementfﬁsont définies positives pour tout t > 0.

Nous disons que l'estimateur BT est, sous Pg, le meilleur estima-
- 0

est, sous ﬁO'

teur linéaire sans.biails du paramétre 0 si 0

LG e Y T

1l'estimateur® sans biais de variance minimum.
[]



- 68 -

D'aprés la proposition 2.1 , chapitre I, partie II, nous pouvons

énoncer :

S s Yt o . —— s - — o > —

Supposons que l'intérieur de 0 soit non vide et que la matrice

T — .
Lp = JO(M' - BM)* & l(M' ~ BM) (t)dt soit définie positive. Alors

6, = 5ot T(M' - Bm)* B l(t)(ax, - B(t) X, dt)

T - o7 0 t t

est le meilleur estimateur linéaire sans biais de 8.

§ 3. Propriétés asymptotiques d'estimateurs de maximum de vraisem-

blance dans le cas d-dimensionnel elliptique homogéne

Nous considérons ici la structure statistique
8 q
(W, GTI {PO t 0 e IR })

ol T > 0 est un nombre réel et Pg est une mesure de diffusion homo-

géne associée 3 l'opérateur

e-—}- 02 L
L' =5 a'D, + By xD,

r
o k=1 A
= Xk;l Bk Bk et les matrices 4 x 4 Bl""' Bq sont linéairement

N * _* % * P
ol a(x) = ¢ XX Ak + AA , AA est définie positive,
By
indépendantes. ,

En ce qui concerne l'estimation du paramétre § = (61,..., qé)* e IR~

nous pouvons démontrer

T - |
La matrice ((I X; B; a 1(Xt) Bzxtdt)) est Pg p.s. définie positive.
L'estimateur dé maximum de vraisemblance du paramétre 6 est donné

var IR
abaa eg Y

(15) 0., = {( ! X'B)

T = ot k2

“l(x.)B 2‘dt’)_l ( ’ x*B*a~1(x,)ax,)
£/ P8t Otka )98t -
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Rappelons que (cf. BROCKETT [10]) si la matrice

Be &I +1IQ Be + Ekil Ak ® Ak est stable, alors il existe une
unique loi de probabilité Hg invariante pour (Pg) qui est centrée
du second ordre et qui posséde une densipé L qui est ¢”. En outre,
Mg est gaussienne de variance K si et seulement si AkK + KA; = 0,

k =1,..., ret BK + KBB + Zkil AkKAﬁ + AA¥ = 0. Nous pouvons

6

aussi montrer que si B6 =8I, r =1, Al = al, a = 0 oli § et a

sont des réels tels que 206 + a2 < 0 alors

2 1

B(x) = C(8) (1 + a® x*(an*)"1 x)

Les propriétés asymptotiques de 1'estimateur BT donné par (15)

sont les suivantes :

Proposition 3.2. (cf. MUSIELA [45 1)
Si la matrice Be I + I B6 + Zkil Ak (3] Ak est stable, alors
1l'estimateur eT défini paf (15) est fortement convergent i.e.

lim o, = o P p.s.

T+ T

En outre, le vecteur aléatoire Tl/z(eT - 68) est asymptotiquement
gaussien de moyenne nulle et de matrice de covariance

(([ q x* B]: a~!(x) B, X pe(dx)))""°
IR

Utilisant la proposition 2.1 du chapitre II, partie I, nous pouvons

aussi démontrer

N

Proposition_3.3..(cf. MUSIELA [45 1)

A o e R Gt e N o b e . e -

Si det Bk #0, k=1,..., q et si pour tout x ¢ ]Rd et k = g,

k,e =1,..., q&ogbghx*B; a-l(x)ka =0, alors l'estimateur de

-

maximum de v%aisemblance eT défini par (15) est fortement convergeht.
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Sans hypothése d'ergodicité (méme sous les conditions de la pro-
position précédente) nous ne savons pas, en général, déterminer
la distribution asyﬁptotique de 6T‘ En vue de donner un apergu
du probléme nous donnons maintenant les résultats d'une &tude

concernant un cas particulier en dimension d = 2.

Soit d =g =2, r =1 et

1 0 0 -1
B. = A = ’ B., = ’
1 0 1 2 10
- - - ) o
A1 = aBz, a ¢ IR. Alors eT = (el,T' GZ,T) est donné par
- T T
R | 1 1 2 2
ellT = VO’T([0 X dxt + fo X dxt) '
1 2 2 1
- oo (T X axg - x{ dx,
"2, = Ya,r g 2, 1,2 . .22
1+ a%((x) + (Xt) )
ol
T (Xi)z + (xi)2
v = f dt
oo+ 2tix)? e xhH?
t
Nous pouvons démontrer
Proposition 3.4. (cf. MUSIELA [45 ])
(i) L'estimateur B est fortement convergent.

1/2,°

2 : s _
#z 0 alors la variable aléatoire VO,T(el,T 8,

(ii) $1 26, + a )
est asymptotiquement gaussienne centrée de variance &gale 3

un.

(1ii) si 26, + a%df 0, alors la distribution de Vé{;(el,T = 6,)

ne déﬁéﬂg\bas de T et est la distribution (qui n'est pas

Lo . . 1= .
gaussienne) de la’'variable aléatoire

1,2 2,2

whH? + whH? -2

1 1,2 2,2

2 fouwt) + whH?ae
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ol w1 et w2 sont des mouvements browniens standards indépendants.
' 1/2,° _ 1/2 .~ _ A
{iv) Les variables aléatoires VO,T(BZ,T el) et Va,T(62,T 62)
sont indépendantes.
. /2 ; . ~
{(v) La distribution de V {0 - 0.,) est gaussienne centrée
a,T 2,T 2

de variance un.

§ 4. Propriétés asymptotiques d’estimateurs du maximum de vraisem-

blance dans le cas unidimensionnel dégénéré

La structure statistique é&tudiée est

' 0 _ (m 2
(W, G, Py s 6 = (3) ¢ B}
ol Pg est la mesure de diffusion homogéne associée a 1'opérateur

infinitésimal

6 _ 1 2 2 -
L = 5 (Ax + a) ]Dx.+ 8 (m x)]Dx..
Nous estimons 0 = (?) au vu de 1l'observation de (Xt)_sur 1°intexr-

valle de temps fixé [0,T]. L'estimateur de maximum de vraisemblance

8, = (3

~) est donné par :
v = (g P

ST, (T) = 8 ()T, (T)
fp = ’

S§TIT, (T) - §; (T)I,(T)
(8 simrm -8, (14
Bm = J
T - 2
T nmiym - i
ol
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Nous étudions les propriétés asymptotiques de GT lorsqu'il existe

une unique mesure de probabilité invariante Hg -

Proposition 4.1. (cf. LE BRETON et MUSIELA [37])

Supposons que l'une des conditions suivantes soit satisfaite :

(a) A =0, a=#0, B>0
(b) A# 0, Am + a = 0, B > % A2

Alors il existe une unique loi de pbrobabilité Mg 1nvar1ante pour
(P ). Dans le cas (a) Ug est gaussienne de moyenne m et de variance
a /28 Dans le cas (b) Mg est la distribution d‘'une varlable
aléatoire U -1 sign (K + m) - K ol U est de loi T (1 + 28A .

(28]am + a])~1|al3). ’

En outre, l'estimateur de maximum de vraisemblance GT défini par

1/2

(16) est fortement convergent et le vecteur T - 0) est asymp-

totiquement gaussien centré et de matrice de covarlance

-1 o]t -1 m7t
O—l
m B ‘8 0 R

ot
%= £ £ 00 ug(an
avec x(Ax + a)—l
f(x) = .
(AX + a)“1

Pour une étude détaillée de ce probléme on pourra consulter
LE BRETON et MUSIELA [371.

‘. P
. wor
L Gu wg



CHAPITRE III

DIFFUSIONS HOMOGENES UNIDIMENSIONNELLES
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Dans ce chapitre, nous considérons le probléme d'estimation du
paramétre 8§ ¢ 0 ¢ IR de la diffusion homogéne Pi associée a
1'opérateur ’ '

2
a ]DX + (b + ac B)]Dx.

)
]
DO bt

Les fonctions a, b, ¢ : IR + R sont supposées localement lipschit~

ziennes et a > 0.

Nous cherchons & estimer 6 au Vu de 1l'observation du processus
(X.) Jjusqu'’a un temps d'arrét T < S. D'aprés (9) 1'estimateur
de maximum de vraisemblance BT est donné par

T
I c(X,) ( dX, - b(X,)at)
0

D)

T
[O c a(Xt)dt

D'abord nous &tudions dans tous les cas possibles le comportement
asymptotique de 5T quand T'* S. Puis, dans le cas particulier ol
b = 0, nous montrons que eT est Pg P.S. convergent et nous cons-
truisons des plans séquentiels optimaux pour l'estimation de 6.

§ 1. Comportement asymptotique de 6

T

t -
Soit M, =f[0 c(Xg) (X, - (b+ac 8) (X )ds) . Le proces;us (M) est

une ( (GtL Pg) martingale locale sur [0, S[ de processus de varia-

t - o
tion quadratique (] c? a(XS)ds). De plus Op = 6 + <M> Lo
0 ST T

Alors, en.vertu de la lol forte des grands nhombres pour les
martingales, on a : '

- 4 " - l
lim 6, = 6 + <M> M. IT
TS T S S« {<M>S<m} X
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Soit r ¢ IR tel que c(r) # 0. DéEfinissons les fonctions

b b : X c2
ee(x) = exp (- [r 2(3 + 6c) (y)dy), me(X) = 2 Jr gg (y)dy,
(18)
X X ’
se(x) = fr ee(y)dy, ke(x) = fr e8 me(y)dy.

D'aprés les considérations ci-dessus, utilisant la proposition 2.1 ,

chapitre III, partie I, il vient :
(i) Si ke(-w) = o et ke(m) = o, alors pour tout x ¢ R

Q. -
P’ {1im 6, = 8}
X TS T

Il

l'

(ii) Si ke(-w) < ®, ke(m) = o, se(W) < ®, alors pour tout x ¢ IR

se(x) - se(—w)

pd (1im éT =9} =
X mpsg se(w) - se(-W)
et .
- s, (®) - s,(x)
6 (. -1 0 §]
P,.{lim 6, = 6 + <M>_" M, _IL = - .
X TS T S S {<M>S<oo} S_e (o) — 5 (=)

(1ii) 8i kg(-=) =@, s5(-=) > -=, ky(») < = alors pour tout x e IR

se(w) - Se(X)

p0{lim 6, = 0} =
¥ ¥ 1os Sg(®) = s4(-)
et
- s,(x) = s, (~»)
8 (. -1 9 )
P_{lim 6., = 6 + <M>,~ M, _II w1l = .
X Tsg T S S {<M>S< } 5, (o) - 5 (=)

R 2

&
#
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(iv) Si 1l'une des situations suivantes est réalisée

(a) kg (-=)
(B) k, ()
(c) ke("‘m) = @, SB (-=) = %0, ke(m) < %y

A

ml ke(w) < © 4
0, ke(oo) = o, se(oo) = oo

A

alors pour tout x ¢ R

=1
S M _IT

6 -
P_.{1im o
X T+S T

8 + <M {<M>S<oo }}=

Dans la suite nous supposons que

a=q¢g“, b= % go', ¢ = o},

ol ¢ € CI(IR) et 0 > 0. On peut vérifier que les fonctions €gs

me, Sgs ké définies en (18) sont données par :

X
ee(x) = olr) exp(~ 26 f % (y)dy),
o {x) r ,
X
mg (x) = (exp (20 [ 2 yay) - ),
go(r) r
X
SB(X) = 9{r) (1 - exp(-286 f % (y)dy)),
298 r
1 (¥ 1 X |
K () = 1 f 1 yyay + -L (exp(-26 f L yay) -1,
0 o Jr © 282 r 9 .

oil m, (x) = lim my (x) (resp. =P (x) = lim Sy (x) et k (x) = %im k (x)).
Notons que 97estimateur de maximum de gralsemblance 6
(17) s'écrit

P dérini par
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Alors utilisant la proposition précédente nous pouvons démontrer

Proposition 1.2.

r

o0
(i) Si ( % (y)dy = ~ et f % (y)dy = «, alors pour tout 6, x ¢ IR
~00 r A
P {lim 8, = 6, S = »} = 1.
XT+S T

o

-0

r © :
(ii) Supposons que [ 1 (y)dy = » et J % (y)dy < =.
r ;
Si 6 < 0, alors pour tout x € IR

0

8 . a o}
P {1im 6_ =6, S = »} = 1 - exp(26 I = (y)dy)
X ohg T ' % o
et
0 ~ 1
P{1lim 6., =~®, S < ©} = exp(26 [ = (y)dy) .
X T+S T % o

Si 8 > 0, alors pour tout x ¢ IR

6 - 1 (71 |
pllim 6, =3 I = (y)dy, S < »} = 1.
X psg T S x 0 ’
(iii) Supposons que f 5 (y)dy < « et I 5 (y)dy =*.

r

Si 6 > 0, alors pour tout X € IR

. X
% {lim 6, = 6, S = ®} = 1 - exp(-20 [, “2(y)ay)
TS ~oo'
et
0, . = X 3
P {lim Op = =, S <‘w} = exp(-26 5 (y)dy).
TS -

N

Si 0 < 0,:alors pour tout x ¢ IR

8 - 1 [*
Px{llm GT =-3 f (v)dy, S < =} = 1.

T—:):S‘” 00
FEL VRS T

&
#

Q=



X L p®
(iv) si f % (y)dy < = et I. % (y)dy < «», alors pour tout 8, X¢ IR

an
o

Liy)ay |" tonay
e X -0 .
P {hme = =1 Iy __1sS<=) =1.
X 'nis 3 {Xg=w} S {Xgz=-}’

§ 2. Etude du cas b =0

9

Dans ce paragraphe nous suppoéons que b = 0. Montrons d'abord que
ke(-w) = ke(w) = o pour tout 6 ¢ R . Comme ko(w) = w et pour 6 = 0

X Y el
1 1 8,2
k {x) = —5 I e, (y) I = (—)° (z)dz dy
0 262 r 8 r %o ©p
on a k, («) = = pourva que s,(») = «=. Supposons que ée(m) < o,

Comme pour X > I

1 2
‘EE(X) - 1)
X

X e, 2
I L D ey
r 06 0 1
o (y)dy
r ©

et lim e (x) = 0, on a aussi pour x > x
Koo 6 0
|
ka(x) 2 ¢, +c, log Ir gg (y)dy

pour certaines constantes Cys Cy > 0. Par suite ke(m) = « pour
tout 6 ¢ IR. De la méme maniére, il est possible de montrer que

ke(—w) = o pour tout 8 ¢ IR. Utilisant cela nous pouvons

démontrer :

PropositLon 2.1.

(1) L'estlmateur de maximum de vraisemblence B donné en (17)
(avec b = 0) est Pe fortement convergent Dour tout 8, x ¢ R

,\“ og
@

[
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(ii) Le plan séquentiel 8y = (TH, 8p ), OU

t 5 - 1 (Tn
H

T = inf{t>0 [ c a(Xs)ds = H}, 8 = =
0

a les propriétés suivantes

.

1 0
sous P_.

(a) eT est gaussien de moyenne 8 et de variance T

H
(b) Si @ = IR, alors 6H est admissible et minimax dans
l'ensemble D(H) de tous les plans séquentiels § = (T,0
pourTlesquels le risque Pi(gT - 6)2 est’ fini et
Pi JO 02 a(xt)dt < H pour tout 8§ ¢ IR.

(c) Si 0 = 10gr ©[s 8y > =, alors 8y est minimax dans D(H).

(d) 5H est sans biais de variance minimum parmi tous les
plans sans biais dans D(H).

Exemple
- 2,2 _ X
Supposons que a(x) = (1+x7)° et c(x) = — -
1 + x

L'estimateur de maximum de vraisemblance 5T est donné par :
2 2
log(14-XT) - log(ld-xo) + T

T
f xi dat
0

._1)

6T='2-(

Il est intéressant de remarquer que Pg{s o} = 1 et Pi’{S< w} = 1.
On peut méme calculer la distribution de S sous P;'é en effet sa

transformée de Laplace est donnée par

g f  A . ch((ZA)l/z Arc tg x)
P exp(-AS) = r A > 0.
x ch((2n2 1)
De plus, poured «g 1" < %, on a
‘ &

8

sv1/2
Pi exp( AS) = cos((22) Arc tg x)

cos ((2) /2 I, '
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Moments et filtrage linéaire d'un systéme stochastique bilinéaire

3 temps continu (*) - Note de A. Le Breton et M. Musiela

On considére un systéme dynamique régi par une équation diffé-
rentielle stochastique bilinéaire vectorielle. D'abord on calcule les deux
premiers moments du processus d'état et on donne des conditions néces-
saires et suffisantes pour sa stationnarité au second ordre. Ensuite on
détermine les équations du filtre linéaire op.timal et on étudie leur com-

portement asymptotique.

We consider a dynamical system governed by a multidimensional
bilinear stochastic differential equation. First we compute the mean and
covariance functions of the state process and we give necessary and
sufficient conditions for its second-order stationarity. Then we provide
the equations of the optimal linear filter and we study their asymptotic

behaviour.

1. PROCESSUS D'ETAT D'UN SYSTEME STOCHASTIQUE BILINEAIRE .

Considérons un systéme stochastique dont le procés_sus d'état
dans R" , (Xt :tz0) , est solution de l'équation différentielle (au

sens de Ito) :

d .,
(1) dx, = [A_ (DX +a ()] dt + jz:;)l[Aj(t)Xt+aj(t)] dw: SE205X_=X(0) |

. 1 d,’' . d
o W-= (W',,.. W) est un mouvement brownien standard dans R ,

k,4
J
1 n,'

a, =(a,,...,a, ), §=0,1,...,d sont mesurables et telles que, pour

i ) J

tout T>0 ,k 4=1,...,n, on a:
o ‘

,les a;;plications, déterministes Aj = ((A s k., L=1,...,n)) et

[
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T T T T
k.4 k k4, \ )2 k. y2 .
J“O ]AO (t)]dt <= , j’olao(t) |dt <=, fo ]Aj (t)]“dt <=, J“O[aj(t)l dt<e;j=1,...,c

et 1'état initial X(0) est un vecteur aléatoire indépendant de W ,
admettant une espérance mathématique m(0) et une matrice de covarian-

ces K(0) non-singuliére.

Désignons par (ét; t 2 0) le processus solution de 1'équation

différentielle stochastique matricielle

d
(2) de, =A_(t) ¢ dt + 2

A(t) ¢ dW : t20: 8 =1
j=1 1 t t

o n

ol In désigne la matrice unité n xn . Il est alors facile de montrer

(cf. par exemple (1)) que posant Dt = det @t , tz20 , on a

t p 4 ¢t ' 2 d Avt j
D =exp{ [ TrA (s)ds -5 © [ TrA[(s)ds + T [ TrA (s)dW_ };t=0.
t 0 O 2 i=1 0 } j=1 0 j S

Ainsi pour tout t=z 0 , @t est inversible presque sQrement et on obtient

aisément :

1.1. LEMME - Le processus d'état (Xt; t 2 0) du modéle (1) est

donné par

t -1 d
X =@t{X(0)+J‘ @S [aO(S)~ 2

d t -
¢ s Aj(s)a.(s)] ds+ 3 I é'sl a,(s)dWl};tzO
0 =l Y =1 "0 )
ol (@t ; t 2 0) est définie par (2). De plus si m, =E(Xt) ,t=z20 on a
(3) m, = Ao(t) m, +ao(t) ; t20 ; m = m(0) -.

On péﬁt-”obtenir (cf.(z)) une autre représentation du processus d'état,

plus commode pour le calcul de sa fonction de covariance :

1.2. LEMI\QE@J- ‘ce~L‘é";processus d'état (Xt :t2 0) du modéele (1) est donné

par @



- 9] =

=7 . + stz
(4) Xt m Vt m, ;t2 0,

ol (mt ;t20) est donné par (3) , (ﬁt ;2 0) est la matrice fondamen-
‘tale de (3) et (Vt ;t20) est solution de 1'équation différentielle sto-
chastique vectorielle :

-1

d
dv =T, D

I, cV = X(0)-
¢ Z [Aj(t)[ m, Vt + mt] + aj(t) } th :t20; vy X(0)- m(0) .

2. FONCTION DE COVARIANCE ET STATIONNARITE AU SECOND ORDRE.

En utilisant la représentation (4) du processus d'état on démon-

tre (%) le résultat suivant complétant 1'énoncé 8.5.5. de (3) :

2.1. PROPOSITION - Si Kft,s) = E[ (Xt- mt) (Xs—ms)'] et

Kt = Kft,t), t,s=20 , (Xt ;£ 2 0) étant le processus d'état du modale (1),

on a :
"t . n;l KS si tzs
K{t,s) = ’
Kt° (rm eﬂ;l)‘ si t<s
ol (Kt ;t20) est donné par :
y —_— ] d\ ’ ] ‘(i\ ‘:' ]
K, —Ao(t) K, +K Ao(t) + 12=J1 Aj(t) K, Aj(t) + }221 [Aj(t)rpt+aj(t)j[Aj(t)mt+aj(t)],

tz20; K = K(0)
o

N
»On est alors en mesure d'obtenir (2) une caractérisation de la

stationnarité au second ordre du processus d'état :

2.2. PROPOSITION..=- Le processus d‘'état (Xt ;t20) du modele (1)
o

est stationnaire au second ordre si et seulement si il existe une matrice
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constante -Ao et un vecteur constant 30 tels que
A m(0) +3 =0
o o)
et que les conditions suivantes sont vérifiées pour presque tout tz 0 :

(i) Ao(t) = AO , ao(t) = a

_ _ d d ,
(it) A .K(0)+K(0).A' + = A (®)K(O)A!(t)+ TI[A (t)m(0)+a,(t)] [A,(t)m(0)+a,(t)] '=0
o °©  y=1 J j j=1 i j J

Lorsque les conditions sont vérifiées la fonction de covariance de
(Xt ; t =z 0) est donnée par

f\_o-’(t—s)

e K(0) si tzs

(6) K(tls) = . K' ¢(S”t)
K(0) . e © si t<s

Un lemme (2) permet de compléter ce résultat :

2.3. LEMME - Soit Xo"";Kd d+1 matrices nxn telles que la

A ®A, soit une matrice "stable. Alors

Q.

matrice A ®1 +1 ®A +
: o n n ‘o

pour toute matrice n Xxn symétrique définie non-négative M 1'équation

matricielle

A KA +M=0

7 A .K +K.A'" +
,() Ao " B ;

T Ma

admet pour solution une matrice K* symétrique définie non-négative,
* :
De plus si M est définie positive, K est définie positive.
i
w7

L'énoncé suivant est alors un corollaire immédiat de la Proposi-
tion 2.2,

2.4. CORS®LIAIRE - Soit Xo, e '.Ad d+1 matrices n x n vérifiant
&
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I'hypothése d\i lemme 2.3, et a .,a d vecteurs de Rn . Alors

| d
*
si K(0) est la solution K de l'équation matricielle (7) avec

d —
M=% (A
=1

| m(0)+aj] {Ajm(O)*rEj]‘ .

J

le processus d'état (Xt :t20) du modéle

d
- R - " = i, i -
dxt = AO[ Xt m(0)] dt + j§l [Aj xt +aj] chiL stz 0 ; Xo X(0) ,

est stationnaire au second ordre, de fonction de covariance donnée par (6).

3. REPRESENTATION LINEAIRE ET FILTRAGE LINEAIRE,

Le processus d'état (Xt ; t20) du modeéle (1) admet (2) une

représentation linéaire au sens suivant

3.1. PROPOSITION - Il existe un processus de Wiener au sens large
*
(cf(4) Ch.15) W  dans R" tel que le processus d'état (Xt ;tz20)

du modeéle (1) admette la représentation

dX =[A X +a @] d + 0720 aw™ ;=20 X - X(0)
t o t o t Q

o

ou
d
8 () = 121 [Aj(t)l(t A; t) + (Aj(t) m + aj(t)) (Aj(t) r‘11t+éi(t))‘] itz 0,

(mt ;t20) et (Kt ; t 2 0) étant donnés par (3) et (5).

3.2, R'E;?MARQUES - Dans le cas particulier ol le processus est station-

naire au second ordre on a

il

O

Qn eg

-& K(0) - K(0).A* :t=0 .
o O
o

On peut s'assurer de la cohérence des énoncés 2.1.et 3.1, avec les

théorémes 15.1 et 15.2. de (4).
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Envisageons maintenant le probléme suivant de filtrage linéaire
d'un systéme bilinéaire : on cherche & filtrer 1'état Xt du systéme régi
par (1), linéairement (au sens de (4) 15.2.1) & partir de 1'observation

sur [ 0,t] du processus (Yt ; t20) gouverné par l'équation

(9) dYt = [Bo(t) Xt+bo(t)]dt +B1(t) dzt s t=20 ;:.Yo =Y(0) ,

P .
ou Z est un mouvement brownien standard dans R indépendant de W ,

1

. . = kIL. _ . - - Py
les applications Bo = ((BO ;k=1,...,p:; 4=1,...,n)) , bO (bo,...,bo)

k'l i 4 e 1. -
et B1 = ((B ] L ik,4=1,...,p)) vérifient les mémes hypothéses que
A, a et A respectivement et 1'état initial Y(0) est un vecteur

o] o) 1
aléatoire du second ordre tel que (X(0),Y(0)) est indépendant de (w,2z)

*®
On suppose de plus que la matrice Bl(t) . Bl(t) est non-singuliére pour
tout tz20 . Le théoréme 15.3 de (4) et la proposition 3.1. permettent

alors de démontrer (2) :

-~

3.3. PROPOSITION - Le filtre linéaire optimal Xt de I'état Xt du
systéme régi par (1) & partir de 1'observation sur [ 0,t] - du processus

gouverné par ( 9) est défini par les équations :

-~

dXt = [ Ao(t) §{t+ao(t)] dt + Y, .B"D(t)[ Bl(t)B'l(t)] —1[dY;:- {Bo(t) §(t+bo(t)}dt]

(10) ¥, = A0, +y, A0+ D) - v, BLOLB, 05,01 B Wy, s 130,

avec

~

X_ = m(0) + Cov (x(0), ¥(0)) Cov™(¥(0),¥(0)) {Y¥(0)-E(Y(0))}

Y = K(0) = Cov(X(0), Y(0)) . Cov (¥(0),¥(0)) Cov(¥(0) ,X(0))

(D(t) ;t=0) étant donnée par (8).

De plus on a
e ; =E{[Xt—Xt{] [X-%1]
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Dans le cas autonome (Aj(t) EK], , aj(t) 23 , Bj(t)-z—ﬁj s bj(t) ET)j s

J

j=0,...,d) on peut, en utilisant le théoréme 16.2 de (4), démontrer le

résultat suivant concernant le comportement asymptotique de la matrice yt:

3.4. PROPOSITION - Supposons le systéme (1) - (9) autonome, le couple
(I—\O,EO) observable et le processus d'état du modéle (1) stationnaire au
second ordre. Alors si le couple (Xo Nl —K_O .K(0) -X(0) .7\8} 1/2) est

contr6lable, (Yt ;t 2 0) étant donné par (10), la limite lim y  existe,
E- o

Cette limite ne dépend pas de Yo et est l'unique (dans la classe des
matrices symétriques définies positives) solution y de 1'équation matri-

cielle :

N N N Ao - "' R Y -1z ="
Ao y + YAO - AO.K(O) —K(O),A0 YBO[ B, Bl] B Y 0 .

(*) Travail effectué pendant un séjour de M. Musiela au Laboratoire

I.M.A.G. Grenoble,

() 1. VRKOé, Commentationes Mathematicae Universitatis Carolinae,

19, 1, 1978, p.141-146.
(") A. LE BRETON et M, MUSIELA, A paraftre.

(") L. ARNOLD, Stochastic Differential equations (Theory and Applications),
J. Wiley, 1974. ‘

(') R.S. LIPTSER et A.N, SHIRYAYEV, Statistics of Random Processes II
(Applications), Springer-Verlag 1978, '

A. LE BRETON M. MUSIELA
Baboratoire IMAG ' IMPAN

B*P. 53 X GRENOBILE-CEDEX Kopernika 18
FRANCE 51-617 WROCLAW
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Estimation des paramétres pour les diffusions gaussiennes homogénes

hypoelliptiques [1]., Note de Alain Le Breton et Marek Musiela,

Le probléme d'estimation des paramétres d'une diffusion gaussienne
homogéne a été étudié dans le cas ol le générateur différentiel associé est
elliptique (cf. par exemple [2], [5 ]). Nous montrons ici qu'il est possible
d'étendre la démarche proposée dans [5] au cas de l‘hypothése d'hypoellip-
ticité,

Parameter estimation for hypoelliptic homogeneous ;igaussian diffusions

[1]. Note by Alain Le Bretonand Marek Musiela.

The problem of parameter estimation for an homogeneous gaussian
diffusion has been studied in the case when the corresponding differential
generator is elliptic (cf. for example [2], [5]). Here we show that the
method used in [5] may be extended to the case when hypoellipticity only

is assumed.

1. INTRODUCTION. - Considérons une diffusion gaussienne homogéne
X = (Xt :t 20) associée au générateur différentiel

. n n
L= — > a,, ——— t+ 7, b, x
2 q,i=1 i ?Jxl bxj i,=1 1 e

ol A= ((a“)) et B= ((bU)) sont deux matrices n x n - constantes.

Une telle diffusion X vérifie 1'équation différentielle stochastique

(1) dX = BX dt + Al dw, ; t=20, ‘

1 ) )
/2 . (Al/z) (C* désignant la transposée de la matrice C) et
‘ 1/2

oih A=A
(Wt ;£ 20) cest ti’ mouvement brownien standard r-dimensionnel si A

est une matrfce rectangulaire  nxr .
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Nous nous intéressons au probléme d'estimation des paramétres in-
connus A et B du générateur différentiel au vu de l'observation sur un
intervalle de temps [0,T] d'une trajectoire de la diffusion issue de zéro
au temps zéro i.e. de la solution de (1) avec condition initiale XO =0 .,
Ce probléme a été abordé dans [2] et [5] sous l'hypothése d'ellipticité
i.e. det A 74 0 . Nous nous proposons ici de montrer que la démarche utili-
sée dans [5] peut etre étendue au cas de l'hypothése d'hypoellipticité.
Nous supposons désormais que cette hypothése est satisfaite ou, de fagon

équivalente (cf. par exemple [3], [4]) que la paire (B, Al/z)

est cpn—
1/2’ BAI/Z,...,BH-I A1/2]

trolable i.e. rang [A

Une estimation de la matrice A peut étre obtenue & l'aide du
processus de la variation quadratique [X] du processus X . De fagon pré-
cise A peut etre calculée avec probabilité un sur tout intervalle de temps

fini [O,T] par

1

A= [X]T .

Par suite nous pouvons envisager le probléme de l'estimation de la matrice
B lorsque A est supposée connue sans que cela soit restrictif, A ayant

éventuellement été préalablement calculée.

Nous montrons que la méthode du maximum de vraisemblance peut

1/2)

-~

etre utilisée, qu'elle fournit un estimateur B‘I‘ tel que la paire (BT, A

est controlable et que de plus, si B est stable, cet estimateur est forte-

ment convergent et asymptotiquement gaussien.

2. UN RESULTAT PRELIMINAIRE. - Enongons d'abord un lemme qui

est a '\lgz‘.’,base de notre approche :
o T
2,1, LEMME. - La matrice ‘f

Xt Xé dt est presque sQrement strictement
0

positive définie.

RSN P

@
P
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PREUVE., - Il s'agit de montrer que l'ensemble

T
Q= U [h(f X X dt)h=0]

heR*\ {0} 0

est négligeable. Compte tenu de ce que X est presque sOrement 3 trajec-

toires continues, si Ql est défini par

Q= U N [, h)=o0]
n
heR"\{0} s¢€[0,T]

I'ensemble 0 \Ql est négligeable ; il suffit donc de montrer que

est lui-méme négligeable. Soit alors une suite 0 < t] <.. ..,<tn <T

X
(e = o e =
Q, < [det [XtI, ,th] 0]

Ainsi, comme le sous-ensemble de (Rn)n

[(Vl,,..,Vn) :.det[vl,..

4y

; On a

. ,Vn]=0}

est de mesure de Lebesgue nulle, le résultat du lemme sera acquis si nous

montrons que le vecteur aléatoire gaussien (X": reo ,X;; ) est de
1 n

loi non

dégénérée. Or nous pouvons écrire, E désignant la matrice’ identité n xn ,

t

Bt 1 -
X e ! o E 0 [oeTBs a2 gy
t . . : s
. 1 . . . 0 )
: = .. Bt .. :
Xt 0 e n Eeu.n. E J«n e"'BS A1/2 dWs
n t
n_—l
ti+l -Bs _1/2
ol les vecteurs aléatoires f e A dwWg , 1=0, ,n-1, (t =0) ,

L ti

sont indépendants ‘de matrices de covariances respectives

Y

tHl -Bs -B's
| e

i=0,...,n-1 , lesquelles sont strictement définies positives car la paire

#

B, Al/z) es%“rékof‘;?félable (cf. par-.exemple [3], [6]).
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2.2, REMARQUE. - Comme d'aprés (1) on a :
T T T
[ ax. x =B [ x xa+a” [ qw x
Yot o tt 0 t t

. . + . .
on a aussi, désignant par C la pseudo-inverse de la matrice C ,

T | T
Io (a[E-p'/2 .(A1/2)+]Xt}X": = (e-2"2 Y% Io X, X dt

+
car CC n'est autre que la matrice de projection orthogonale sur le sous-
espace engendré par les colonnes de C . Utilisant 1'égalité (cf. [6])

+ +
Al/2 . (Al/z) =A .A et le lemme 2.1, précédant on obtient :

. T . T L1
(2) (E-AA)B = { [ [d(E-2A X I Y. U] x o xdt} .
0 0 '

Notons que l'intégrale stochastique du second membre de 1'égalité (2) est
en fait une intégrale ordinaire puisque le processus ((E-—AA+) Xt ;t20) est
a variation localement finie. En définitive, de meme que A , la matrice
(E-AA+)B peut etre calculée avec probabilité un sur un intervalle de temps
fini ; cela nous permet donc de supposer que cette matrice est elle aussi

connue.

3. ESTIMATION PAR IA METHODE DU MAXIMUM DE VRAISEMBIANCE.

Considérons un processus Y = (Yt ; t20) solution de l'équation différentielle

stochastique

dy = (E-maN)BY at + al/?
t t la)

* -
th ;t20;Y =0,
Vi o
ou (Wt ; t20) ‘est-un mouvement brownien standard r-dimensionnel.
1 1 1
& alx) = A /2 . /2

1/2

. ) +

L'équation A ) x admettant pour tout vecteur x de

R" 1a solution. alx) = (A
Laa ee T

absolument &ntinue par rapport a°celle du processus (Yt ;t€[0,T}) avec
. F] ) )

+
) x , la loi du processus (Xt ;t€[0,T] est

pour densité (cf. [6])
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T + Yo+ 1 T + S +
exp { [ (aA"BX ) A dX - Py [ (aa"BX) A'(2B-AA )X, dt ) .
0 0

La loi de (Yt ;t€[0,T]) ne dépendant que des matrices connues A et
+ <

(E-AA')B est une mesure dominante pour la structure statistique associée

au probléme d'estimation posé ; la fonction de Log-vraisemblance peut s'é-

crire sous la forme

. T T
T n. T 4 [ .
¢ {A [J’O dX X B jo BX, Xtht] ] 

DO | s

Le résultat suivant est alors une conséquence immédiate du Lemme 2.1,

3.1. PROPOSITION. - Un estimateur de maximum de vraisemblance de la ma-

trice B est donné par

’ . T , T , -1
(3) BT=[J'0dXtXt].,[j'0XtXtdt]

3.2, REMARQUE. - D'aprés (1) on peut écrire

1/2 T T

- _ ' ' "1
(4) By =B +A [IOthXt][j‘OXtXtdt]:

1/2)

Cela assure, en vertu de la controlabilité de la paire (B, A , que la

paire (é ' Al/z) est elle-méme controlable ; ainsi l'estimgteur
(BT . % [X]T)l/z) est & valeurs dans l'espace des paramétres. Notons de
plus que le calcul (E—AA+) BT redonne la matrice (E—AA+)B définie par (2).

Vi

4. PROPRIETES ASYMPTOTIQUES DE L'ESTIMATEUR. - Nous faisons
maintenant 1'hypothése supplémentaire que la matrice B est stable,
Nous sommegé’i&S"éésurés (cf. [9]) de l'existence et de 1'unicité d'une

mesure de prébabilité invariante pour la diffusion gaussienne. Cette mesure
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est gaussienne centrée de matrice de covariances non dégénérée

e Ae ds

(5) 0 zf Bs B's

i.e. solution de l'équation de Lyapunov
BQ + QB' = -A |,

Utilisant 1'égalité (4), un résultat (cf. [7]) concernant l'ergodicité
des diffusions et un résultat (cf. [81) sur la normalité asymptotique d'inté-

grales stochastiques, il est facile de montrer :

~

" 4.1. PROPOSITION. - L'estimateur BT défini par (3) elst>convergent presque
1/2 ’
T

sarement, De plus le vecteur aléatoire . vec (BT-B)‘ est asymptotique-

ment gaussien d'espérance nulle et de matrice de covariance Q;lB &@A ol
Q

A B est donnée par, (5).

4.2. REMARQUE. - Notons que si on suppose que l'espace des paramétres
est l'ensemble des couples (B,A) tels que d'une part la paire (B, Al/z)

est controlable et que d'autre part B est une matrice stable, l'estimateur

~

BT défini par (3) n'est pas un estimateur de maximum de vraisemblance ;

en fait dans ces conditions un tel estimateur n'existe pasf.' La matrice BT

n'‘est pas en général stable mais la probabilité qu'elle le soit tend vers un

lorsque T augmente indéfiniment. Dans le cas ol A est non dégénérée,

PN

T
qui soit stable de la maniére suivante : on a

il est possible de modifier B de maniére 3 obtenir un éstimateur de B

T T
! + ! = . ! -
Io dx, X, [ X, dxt Xp - Xp [X]T ,

e
]

de sorte qu'on a ‘aussi
T 1 T -1 ] T
-2 [} ] = 1] +
K LL?fﬁXt X, 2 Xp « Xp) (f X, X, dt) T f X, X dt
a ™ 0 R 0 0
‘ T

1 ' ' S I
+ o jo xtdt(joxtxtdt) (j‘oxt dX - 7 XpXp)=-A.
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Cela montre que l'équation de Lyapunov

+ QB =-
BTQ QT A,

od . T T 1
B, = (] dxx"-lx,x')(j‘xx')
T o tt 2T o tt

T
admet pour solution la matrice strictement définie positive -%— J’ Xt X; dat .
0

~

Alors le théoréme de Lyapunov assure gque B‘I‘ est une matrice stable, 1l

est de plus clair que l'estimateur B‘I‘ a les memes propriétés asymptotiques

-~

que BT .
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*
A STUDY OF AN ONE-DIMENSIONAL BILINEAR
DIFFERENTIAL MODEL FOR STOCHASTIC PROCESSES

BY

A. LE BRETON (GRENOBLE) AND M. MUSIELA (WROCLAW)

ABSTRACT. - This paper is concerned with a study of an one-dimensional
bilinear differential model for stochastic processes in continuous time.

We provide conditions for second-order and strict-sense stationarities of
the state process. We obtain a linear representation of the state process,
we derive the optimal linear filter and we investigate its 'asymptotic
behaviour. We consider the problem of parameter estimation for the autono-
mous version of the model: By use of the quadratic variation of the process
we compute the diffusion coefficient parameters. In the reduced model, under
the additional assumption that the parameters of the diffusion coefficient
are known, we use the maximum likelihood method and the method of mo-
ments in order to estimate the drift coefficient parameters We prove con-

sistency and asymptotic normality of the estimates.

1., INTRODUCTION. Bilinear deterministic models for dyné'mical systems

in discrete time (see e.g. A. ISIDORI [6] ) and in continu_bus time (see e.qg.
C. BRUNI and al [4] ) have been intensively studied. Analogous stochastic
models’\» have also been considered in time series analysis (see e.g.

C.wW, GEANC—:ER and A. ANDERSEN [5]) and in the theory of stochastic
differential equations (see e.g. L. ARNOLD [2]). ' ‘

TN

*  Work dori‘é during a stay of M. Musiela in Laboratoire I.M.A.G. Grenoble.
#
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In this paper we try to develop a probabilistic and statistical
study of an one-dimensional stochastic model which is given by a bilinear

differential equation (in the Itd sense) of the following form
(1.1) dxt = [A(t) Xt+a(t)] dt + [ B(t) xt + b(t) ] ciWt ;t20 ; xo =X(0) ,

where

- W = (Wt ;t20) is a standard brownian motion in R defined on some

basic probability space (Q,Q, (Gt) P)

t20"'
- the deterministic functions A,a,B and b are measurable and satisfy

for every T >0 the following conditions

T T T 2 S 2
I lawfat <= [ Ja) |dt<e; [ |B@)|“dt<=; [ |b(t)|“dt<=
0 0 0 0 ‘

- the initial state X(0) is a random variable, defined on (Q,a,P) ,
which is independent of W and admits an expectation m(0) and a varian-

ce K(0) .

Section 2 is devoted to the analysis of the state process (Xt;tZO)
of model (1.1). We compute its mean and covariance functions ; we obtain
a linear representation of (Xt ; t20) with respect to a v}ride-sense Wiener
process (cf. R.S. LIPTSER and A.N. SHIRYAYEV [11]) ; we give also condi-
tions for second-order and strict-sense stationarities in model (1.1) (cf.

K. ITO and M. NISIO [7]).

;n section 3, by use of the linear representation and results in-
R.S. :\L}P»TSER ang A.N. SHIRYAYEV [11], we provide the equations for the
optimal linear filter of (Xt ; £20) ; moreover, under the assumption that the
state process is second-order stationary, we study the behaviour and the
stability of, the <ilter error.

é



- 107 -

In section 4 we deal with the problem of parameter estimation in
the autonomous version of the model when a strict sense stationary solution
exists, the state process being observed in continuous time. We use a two
steps procedure (cf. M. ARATO [1], B.M. BROWN and J.,I. HEWITT {3],
A. LE BRETON [8] ) : first the diffusion coefficient parameters are estima-
ted by use of the quadratic variation of the observed process and then the
maximum likelihood method and the method of moments prbvide consistent
and asymptotically normal estimates of the drift coefficient parameters
(cf. T.S. LEE and F. KOZIN [10]).

2. PROPERTIES OF THE STATE PROCESS. In this section we summarize the
properties of the state process generated by model (1.1) which will be

used in the next parts. For more details one can see [9 ] §2, 3A and 4A.

A. Moments and linear representation.

The existence and uniqueness of the solution process (Xt; t 2Q)
of equation (1.1) is ensured by general results on stochastic differential
equations (see e.g. [11] Ch.4) and the conditions listed in section 1.
The It6 formula provides (see e.g. [2] Th.8.4.2. or [9]" Th. 2.1.) that
(Xt;tzo) is given by '

t t .
X, = @t[xmnjo ¢ [als)-Bls)b(s)]ds + fo ¥ b(s)aW, ;120

where
t t

¢ = exp{j‘ [A(s)-—;-Bz(s)]ds + j' B(s)dWS }' ; tz0 .

t

0 0

' ““Denote by (\bt;tZO) the mean function of (§t ;t20) i.e.

-t
vy, =exp L[ Als)ds};tzo0.
v o 0
&D L e V0 ‘ .
The, second-order structure of (Xt ; t20) is described in the

following
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Lemma 2.1. - The mean function (mt = EXt ;:t20) is given by

' t
(2.1) . mt=\lrt[m(0)+ fo \!,l_sl a(s)ds] ; t=0 .

The covariance function (K(t,s) = E(Xt-mt) (Xs-ms) ; t20 , s=20) is

equal to

(2.2) K(t,s) = \vt ‘i’—sl Ks ; tzs

where the variance function (Kt=K(t,t) ; t20) 1is expressed by :

t _
Kt = exp { J" [ 2A(u)+Bz(u)] du} {K(0) +
0

(2.3) ¢ s

+ ‘j" exp{-f [2A(u)+Bz(u)] du} [B(»s)vms+b(s)‘] st};tzo .
0 0

Proof - Formula (2.1) follows immediately from (1.1). The derivation of

-—— -

equations (2.2) and (2.3) can be based on the representation

X -m =¢tvt : tz20

where

av, = (B v, + \b;l{B(t)mt%-b(t)] Jaw, ;120 ; vO = X(0) - m(0) .

Simple computations provide

e s -
(2.4) BV, V) ~K(0) + jo {Bz(u)E(Vi)+x{;u2 [ B(w) mu+b(u)]2}du;t2320

Setting t =s , multiplying by tvz and noting that \pi E(Vi) = Ku '

we obtain

L we

K —‘# SK(O)+ ) '2[;32()K + { B(u) +b()}2]d !, 20
_4,( J’Owu w K um u ug¢;s=0 .

ﬁ
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This leads to (2.3) and moreover, together with (2.4), shows that

-2 .
= : 2 o - 2, i ’ = B
q:s E(Vt Vs) Ks t2s Finally (2.2) holds since K(t,s) tyt\ysE(VtVs) -

Following up the ideas presented in [11] Ch.15 we provide now
a linear representation of the state process (for a detailed proof see [9]
§3A.).

* *
Lemma 2.2. - There exists a wide-sense Wiener process W =(Wt ; t20)

in R which is uncorrelated with X(0) and such that the state process

(Xt;tZO) admits the representation
2 2. 1/2  « ‘
(2.5) dX = [AWMX +at)]dt +[B (t)K +[B(t) m +b(t) }"] aw, ; t20; X =X(0).

Proof - It is easy to verify that Lemma 2.1. ensures that the assumptions
of Th.15.2 fn [11] are satisfied for the process (Xt ; £20) ; then represen-
tation (2.5) holds. Moréover, from the proof of Th.15.2 [11], one can

*
see that W s uncorrelated with X(0) . =

B. Second-order and strict-sense stationarities.

A" characterization of second-order stationarity of t_he state process

is given in

Lemma 2.3. - The process (Xt ; t20) generated by modei,,'(l.l) is second-
" order stationary if and only if either it is deterministic with  X(0) = m(0)
a.s. and A(t) m(0) + a(t) = B(t) m(0) +b(t) = 0 almost everywhere or there

exist two.constants A and a such that

(2.6) Am(0) + a = 0

and the following.gconditions hold for almost every tz 0
@

[]

(2.7) | A(t) = A ; alt) = a
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(2.8) [2A+B%(t) ] K(0) + [B() m(0) +b®) ]2 = 0 .

Moreover, if conditions (2‘.6) - (2.8) are satisfied, then the covariance
function of (Xt ; t20) is given by

(2.9) Kit,s) = ePltsl

K(0) ; t=0, s=z0 .
Proof - If K(0) = 0 (i.e. X(0) =m(0) a.s.) then (Xt;>t20) is second-order
stationary if and only if m = m(0) and Kt =0 ; tz0,Inviewof(2.1) and

t
(2.3) this is true if and only if

t t '
[ (A m@+a(s)T1ds = [ 472 [B(s)m(0) +b(s)] Zds =0 ; t20
0 0 .<

or equivalently

A(t) m(0) + a(t) = B(t) m(0) + b(t) =0

almost everywhere.

Let us now consider the case when K(0)>0 . It is clear from Lemma 2.1
that conditions (2.6) -(2.8) ensure second-order stationarity and that (2.9)

holds. Conversely, if (Xt ; t20) is second-order stationéfy then Kt = K(0)

and Kilt,s) = R(t-s) ; t20, s20 . Then (2.2) implies that for tz s

t
f A(u) du = Log R(t-s)
s K(0)

from which we obtain that there exists a constant A such that Aft) = A
almosfféiferywheie. Consequently l{Jt = eAt ; t20 and, since m, = m(0) ;
tz 0 , formula (2.1} leads to a(t) = -Am(0) almost everywhere.
Moreover, since Kt =K(0) ; t20 , formula (2.3) implies that (2.8) holds

almost everywhere,. n
Cu e
-

[
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A
t20 , then, for m(0) = -% and every K(0) , the process is second-

Examples 2.4. - (a) If A(t) =A <0, aft)=a , B(t) = (—2A)1/2,b(t) =B a;

order stationary.

(b) If A(t)=A , alt) =a , B(t) =B , b(t) =b ; tz 0 with 2A+Bz<0 .

2
2 and k(o) ={Bb-Bal
A A%|2A +B7|

then, for m(0) = - , the process is second-

order stationary.

(@ ¥ AB=A<0, a) =0, B® = (-28)"2 sint, b) = (2802 Gost ;
t20 , then, for m(0) = 0 and K(0) = 1 , the process is second-order

stationary.

Remark 2.5, - If the state ‘process generated by (1.1) is second-order
stationary with K(0) >0 , then, from Lemma 2.2 and 2.3 we obtain that
there exists a wide-sense Wiener process W* and a constant A s 0
such that

* i
aX, = A[X -m(0)]dt + (- 22K (0) 172 dW 5 t20 , X_=X(0) .

Now we consider the autonomous version of model (1.1)

(2.10) dX, = (AX +a)dt + (BX +b) dW ; t=20 ; X =X(0) .

We study the problem of existence of a strict-sense statidnary solution

with first two moments. First, let us eliminate the deterministic case. In
view of Lemma 2.3 we know tha.t the solution process of (2.10) is strictly
statlonéé&’ with K(t) =0 if and only if Am(0) +a =Bm(0) +b =0 and

X(d) = m(0) a.s. l\iow let us work with K(0) > 0 and, taking into account
Lemma 2.3, assume that 2A +B2 <0 . In fact, when B =0 , in order to
avoid the trL%Ql Gase

#
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(C0O) A=a=B=b=0 i.e. XtEX(O) ;tz20 ,
we shall assume

(C1) B =

|
o
o

A
o
o

“He

o

Moreover, when B 74 0 , since the deterministic case is eliminated, we

have

(C2) B#0 , 2A+82<0, Ab #aB .

We are able to prove the following

Lemma 2.6. - In each case (Cl) or (C2) there exists a unique invariant

probability distribution “b,B for the Markov process generated by (2.10).

a,A
b,B. a bl
In case (C1) n '’ is the gaussian distribution N(- -, - and in
a,A A " 2|a|
case (C2) it is the distribution of a random variable of the form
gsign (—g - § ). U"1 - —2— { where U has the gamma distribution
2 B : b,B
't - — , —————— |, Moreover, if X(0) is distributed along p *
2 b a , a,A
B° 2|al|2-2) |
B A

then the state process (Xt ; t20) is a second-order (sﬁ:ationary) process

with
a (Ab- aB)2 Alt-s|
(2.11) mtE—K ;K(t,s)'—'-z-——————é . e v 520, t20 .
A®|2A+B%| .

Proof -.In case (Cl) one can write

N
N 7

to < a a
+ - = + - + . . =
d(Xt A ) A(Xt A )dt + b th : t20; XO X(0) .

Since, as it Qi;\s ‘%VQfllk~knOWH, an Ornstein-Uhlenbeck process admits a unique

‘ 3
invariant prcgbability measure which moreover is gaussian, the result follows.
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In case (C2) one can write

where

~ b
dz = + + ; ; = t -
¢ (AZt a)dt BZt th ;120 ; ZO X(0) 5

"and '
5-‘-‘-a—%'E #0 .

~

Let us assume that a is positive. From

(2.12) zt=¢t{zo+aj‘; Q-Slds }: t=z0

it is clear that if a stationary probability distribution for ‘(Zt ; t20) exists,
it is necessarily concentrated on ]0,+=[ ., It is easy to show (by use

for instance of results of {7] §13) that 10, +« [ is a non-singular inter-
val of positive recurrent type for the Markov process generated by (2.12)
and therefore that a unique stationary distribution confined on ]0, +«[ for
this process exists. Moreover (éee e.g. {13] p.274 or [ 16] example F)

this distribution admits a density f which satisfies the Pearson equation

flz) _ 2 (a-BHz+3

£(z) p2 22

and then is of the form

-2 ~
zz(AB -1).exp --2-9—,1}; z>0 .
z

K. 52

It follows that the stationary distribution for (Zt , t20) is that of a random

. 2
variable U™} where' U has the 1“( - —2—‘%- p E: ) distribution. Moreover,
B 2a

simple computations show that, since 2A + B2 <o .

a ee

&

- _ _ 2
E(0 1) -b_a 3 var(U 1) = —-——-—-—-—-—(‘;b ak) T
B A A“|2A+B°|
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Finally, coming back to (Xt ;t=z0) , one easily obtains the announced

result. Similar arguments lead to the result when a <0 .

3. OPTIMAL LINEAR FILTERING OF THE STATE PROCESS. 1In this section
we consider the linear filtering problem (in the sense of [11] Ch.15) for
the state Xt of the process generated by (1.1) by use of observations

on [0,t] of the process (Yt ; t 20) which is given by

= + + . . -
dYt [Al(t) Xt al(t)] dt Bl(t) th ; t20 ; YO Y{(0)
Here W = (\X[t ; t20) is a standard brownian motion m R independent

of W , the functions A B satisfy analogous éonditions as A,a,B

1%
respectively and the initial state Y(0) is a square integrable random va-
riable such that (X(0), Y(0)) 1is independent of (W,JV)' . We assume also

that B (t) # 0 forall t>0 .
A. Equations for the optimal linear filter.
We have the following

Theorem 3.1. - The optimal linear filter Xt of the state Xt from the

observation (Ys ; 0ss=<t) is given by

R . A, (t) L
dX. = [Alt) X + a(t)]dt + Y, [dYt‘{Al(” xt+él(t) Mrl;t>0 ,
B (t) .
1
A (t) 2 :
. 2 1 2
(3.1) Y, = 2A(t) Y, + zt ~{Bl(t) ] Y, t>v0
with s
7= m(0) + Cov(X(0): Y(0)) . Cov' (¥(0);Y(0)) [Y(0)~E(Y(0))} ,
Y, = K(0) - Cov? (x(0); Y(0)) Cov' (Y(0) : Y(0))
and a et

2 _a2 a2
Lo=B (K +[Bl) m +b{) 1" ;tz0
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while

~ 2
Y, —E{(xt—xt) }; t=zo0

Proof - Taking into account Lemma 2.2, the result follows directly by use

of Theorem 15.3 in [11]., =

B. Behavicur of the filter error.

Let (Yf ; t20) denote the solution of (3.1) when Yo =x i.e.

X _ 512
Yt—E[(Xt Xt) ] when

K(0) - Cov(X(0); ¥(0)) Gov' (Y(0);Y(0)) =x = 0 .

Then the following holds.

Theorem 3.2. - Assume that the state process (Xt ; t20) is non determinls-
tic second-order stationary and that the equation for the observation is au-

tonomous with A #0 . Then we have

(1) under (C0) : ’

A 2
1 1y . 1-1
[-—-+(—-—) ‘t] : t20 if x>0
e B
X 1 :
Y, = N
0 s tz0 if x=0

and, for every x20 ,

Um yi‘=0.

oo

©(i1) under (C1) or (C2)

* * —2)\*{
Y (x-v,) -y (x-v)e
X *
Y = s t20 , x=20
t “/" o T * "2 )\* t
@ (x—Y*) ~ (x-y )e
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where

and

2
2 A)

A =[A +2{A|K(O)-—§}
X Bl

x
Moreover, for every xsvy |,

lim /Yf= Y
t oo

x
and, for every xzvy ,

*
lm g yf= v

t -

Proof - Under (CO0) the results are obvious. Under (/Cl) or (C2), since

2
2 * A * 2 *
I, = -2AK(0) and 2Avy + 2|A|K(0) - - (y) =0, either x=y and
Bl
X * * X
then v, =Yy ; t20, or x # Y and then the function. (\(t ; t20) satisfies

?X
t X
5 =1;t20;‘Yo=x
Al x2 X .
-— (Y.) +2AY - 2AK(0)
2 t t
B
1
At - 1
In that case, if F(y) is an integral of - Y + 2 Ay -2 AK(0) .
B

9 1
then o‘pe has F(Yt) =t + Constant. One can easily compute F(y) and then

1,

invert the last 'équgation in order to obtain (Yi{; t20) in the form stated

in the theorem. The last assertion is a simple consequence of that form. =

‘e ¢,
. Al
&Q\ e -

a ’
Remarks 3.3. - (a) Theorem 3.2 precises Theorem 16.2 [11] in the one-
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dime us ional case.

’ *
(b) The stability property lim Yx =y still holds (cf. [9] Th.3.7)

t 7 t
if model (1.1) is autonomous and such that a second-order stationary solu-

tion exists even if the state process (Xt ; t20) itself is pot assumed to

be second-order stationary.

4. PARAMETER ESTIMATION IN THE AUTONOMOUS MODEL. In this part of

the paper we want to demonstrate how the two steps procedure (cf. sectiox;l)
works in model (2.10) and also to compare the method of'. moments with that
of maximum likelihood for estimating the drift coefficient parameters.

We assume that one observes the state process of (2.10)in continuous time
and we are interested in estimation of all the parameters a ,A,b and B

or some functions of these parameters.

Let C(R+; R) be the canonical space endowed with the
og-algebra 8 =g¢ (ns; s20}. generated by the coordinates functions

b,B

v.a.A be the distribution of the state process of (2.10)

ns,szo . Let P

when the distribution of X(0) is v and let TPS’S A Pe the restriction
of Pb'B to the o-algebra 8, =of{m ;0sssT ]} . Then the statistical
v,a,A T s .

space under study when one observes the process from 0 to T is :

b,B

V,a,A : (vlalAlblB) EA ]) I3

: P
where A is some subset of the set @ x R4 while @ is the set of pro-
bability measures on R .

A, First-"ste’p': parameter estimation in the diffusion coefficient.

By use of the quadratic variation of the observed process one can
identify the&d‘lfﬁfsié’ﬁ' coefficient of the model previously to the estimation
of the parambters in the drift coefficient. We know that, if ((m)(t);t=0)
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is the quadratic variation of the canonical process, then the following equa-

lities hold for every t €]0,T] ,(v,a,A,b,B) € A :

N

2 2

(m)(t) = lim o i -1
Note o g=1 ot (i-1) L
N N

t B
2 b,B ‘
= + ’ -

J‘O (b+Bm )" ds P a.n ™35

So one is able to compute, by use of the observation of the state process
on a finite time, the functions of parameters b and B on which depend
the distribution of the process. First, since B =0 if and only if

(t-1 . {m)(t) ; t>0) 1is a constant function, one can identify wether B =0

or not. Now, when B =0 , one can compute b2 by .bz = 1;-1 .y ()
Similarly, when B # 0 , since the system
t 2
[ (b+Bm )" ds = (m) (t) ; t €]0,T] ,
0
b,B .
holds TP\) a A a.s. for every v , a and A , one can for instance

first compute % by solving the equation

2 t . ot
2
[ty (M e) =ty (M) )] 25 + 20 ¢m ) J g ds=mey) j'olﬂsd'S]g-'*

t
+[(Tr)(t)f nsds-<n)(t)f n ds ] -

and ;he;n compute 82 by

B' =
b?.
2 +_]‘ n ds +.... j mg ds
s B2

a

Cénsequently we are allowed to assume that the diffusion coeffi-
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cient is known, because it would have been eventually previously computed

(with probability one) on some finite time interval.

B. Second step : parameter estimation in the drift coefficient,

In the following we are concerned with the reduced statistical

model :

(C(R+IR) s BT ) [TPV,a,A ;_(V,a,A) E@}) '

where © s some subset of PXRZ and parameters b and B have been

b,B b,B
TPv,a,A {and will be in Pv,a,A

are now fixed known. Since we deal with the case when the model admits

cancelled in ) since t—hese parameters

a stationary second-order distribution, we consider a parametrization of
(2.10) given in terms of the natural parameters of the corresponding process.
Taking into account the discussion in section 2B . when '2A+Bz <0 , it is
better to set :
2 (b -Hsm)2
o’ T e ——

2p - B2

B:—A;m=._

> |o

and then to write model (2.10) in the following form :

(4.1) dXt = B(m-—Xt)dt + (b +B Xt) th ; t20; Xo =X(0) ,

2 R
with 8 >§2-— . A second-order stationary solution of (4.1). has mean and

covariance functions given by :

2 _-glt-s|

m; Kit,s)=a .e 0,520,

i

m
t

A strict sense stationary solution of (4.1) corresponds to v = VB m where -
v éiﬁb‘B is given in Lemma 2.6. When we shall consider the case
Blm BmI-B 4 . b b

B#0 , we shall assume that m + 3 >0 (since the case m + 3 <0 is
quite similar) and moreover that 7N 1is a subset of the set P(-g-) of pro-

bability meagite§°6n R which are concentrated on ]—-g— st [

#
Finally, rather to look for estimates of a and A we shall try to estimate
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B,m and 02 . Then we are concerned with the statistical model :

* b BZ
where C is some subset of f x R+ X R (in fact of 'P(~B—) x]—z—-, +o [ x
b :
]_E ,+=[ when B #0) , TPv,B,m (resp. PV,B,m) standing for
TPv,Bm,-B (resp. PV,Bm,-B) .

An immediate consequence of GIRSANOV's Theorem (see e.g. [11]
is that if v 1is absolutely continuous with respect to some fixed probabili-

ty measure vy then the statistical space (4.2) is dominated by

TP\)O,O.O with the likelihood function

dTPv,B,m ’

T T H ’v(no) -exp{LT(B,m) } .

d’I‘ v ,0,0 o

o
where
_dv )
H\) ,V(X) -»_C_i-;_ (X) : X € R
o) o

and T T

L8,m =] Blm-n)®+Bm) > dn -+ [ 8 (m-r)?(o+Bm) %ar

T ™’ 0 t t t 2 0 - t t !

the stochastic integral being defined with respect to TP\) 0.0 °
. OI ‘

One can write

82 , ) 32
LT(B,m) = 8m SO(T)—BASI(T) oy m IO(T)+ B mII(T) - IZ(T) .

whe ré b '

: W o« T j -2
1(T) = m (b+Bm) * dt ; §=0,1,2
J o ¢t t

and the stochastic integrals
LGN g T j . -
€« S (T) = b+ ; =0,1

() 'fo m-(b+Bm) " dm s j=0



are given explicitely by

-2 '
b [TTT-TIO] if B=20

S (T) =
(o]
Eqi(b+3nofq-4b+BnTY*]+B[bIOﬂ0+BIﬁT)]1f B#0,

and

-2
b 2_ 2
__._[n,r m

-—sz] if B=20
2 0

=4 I ,p2 b - b
SI(T) 1 ) + B [ch(B +NT)‘Log(B+no?.]

-8 %b[ b +B )" (b +B )" 1-b b 1_(T)+BI (T)] 1B 70,

Then, if Vv 1is known, it is easy to see that the maximum likeli-

hood estimate of (B,m) is given by

ST . L(T) - §,(D) . 1(1)

=
]

SO(T) . II(T) - SI(T) . IZ(T)
(4.3)
SO(T) o II(T) - Sl(T) . IO(T)

) 2
IO(T) . IZ(T) - II(T)
The asymptotic properties of these estimates are described in the folloWlng

Theorem 4.1. - The estimate (BT, mT) given by (4.3) is strongly consis-

tent and is asymptotically normal i.e. with respect to Pv’ 8 m the following

limits ~hp.1d
Um ais.- (B

,m.) = (8,m)
T+ T

T
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where

-1 ' -1
_ x(b +Bx) x(b + Bx)
R L (b +Bx) {b + Bx)

Proof - If L(Tl) (B,m) stands for the gradient of LT(B,m) , wWe can write

1 m1 ([S.(T) I (1) I (1)
L(Tl)(B,m)={ } H 1 ] --Bm[l J-*-B[z }g
0 8 (1) 1 (1) 1)

(2)
T

tives of LT(B,m) , we have

1 ml[L( LT [-1 0
L(Tz)(B,m)=-[ ]{2 1 ] [ _ }"’
0 B I1 (T) IO(T) m B

[ 0 SO(T)—BmIO(T)+BII(T)J
+

Similarly, if L,"(B,m) denotes the matrix of second-order partial deriva-

SO(T)-—BmIO(T)"'BII(T) 0

Usua_l arguments in the maximum likelihood method will ﬁrovide the announ-
ced results if we prove that, with respect to PV

limits hold :

,B,m

. the following

4.4) lim a.s. 1 L<%) (B,m) =0

T--o+oo T

1 .(2) _ [ m} : [-1 o]=~

(4.5) lim a.s. - LT (B,m) [ 0 8 AB,m m 8 rB,m

T+

‘) . _ 1 (1) _

T—o+oo T1/2 ’m
Let us first‘no»femt‘l-'ffa’c‘" the limits .

§ i 1 Y = j ! -2 < 4@ . =
4.7) lim =~ L(T) /%’ (b +Bx)" dvg ) <+ ;y=0,1,2

T-—y{-oo
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hold because of Lemma 2.6 and of the ergodic properties of the process
under study that it ensures (cf. Th.4.1 [12] ). Now let us notice that

one can write

(4.8) dnt = B(m-—nt) dt + (b+Bnt) d\fvt ;20
where (Wt ; t20) is some brownian motion with respect to Pv Bm It
follows that
T
(4.9) Sj(T) BmI(‘I‘)—BI (M + n (b+B11) L 1=0,1
0

Then, using Lemma 17.4 of {11] and taking into account (4.7) for j = 0,2,

we obtain

lim a.s. [S(T)-BmI(T)+BI m]m;—-ou
T+ it: :

what implies (4.4) and (4.5).

In order to prove (4.6}, because of (4.9), we have only to show that

T (u
um 512 f l "] (b+Bnt)'1 dw, =N(0, Ay ) .
T+ 0o L1 Fem

This fact follows from (4.7) and the results of [14] or [15].

Remarks 4.2. - (a) These results can be applied, for instance, in the

case when Vv = 6x(0) for x(0) given (with x(0) > - %*"in the case B#0) .

When Vv is not known it is clear that one can still use the estimate
(B , m ) defined by (4.3) ; in that case it can be considered as approxi-

mate maximum likelihood estimate (see [1] and [9] for the classical

statlonary Gauss:—-Markov case).

(b) One can use the consistent estimate

LN . X 2
; frm B
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2 .
for the parameter ¢ . It is possible to obtain the asymptotic distribution
, - A ~2
for (BT, Mo GT ) (see [9] for explicite formulas of the asymptotic cova-

riances in cases B =0 and B#0) .

Now let us use the method of moments for parameter estimation.

~

Let m, and 82 be defined on (4.2) by

T T
~ T
rnT = ——]'1('1’) T e f T dt
0
(4.10) T
~2 1 2 1 =
Op = =T, -mp = fo(n rij) dt

We have the following

~ ~2
Theorem 4.3. - The estimate (mT , GT) given by (4.10) is strongly consis-

tent and the estimate ?nl is asymptotically normal with

T
1/2 ~ 202
lim 5T (m, -m) = N0, — )

2
Moreover if B =0 or if B#0 and B8 >§-2:B— one also has

-~

, 12| (M m) ~ : "
) Tl-irim o1 [("2) —(02 ] - N(OI \vslm AB'_:’m wBim)

Op
where
1/8 0
lv =
8,m 2[B(mB+Db) - Bm ] 2
8(2 8 - B2) 28 - B
and

» , b+ Bx b+Bx |
o, c="T [ av.  (x) .
B.m R Lx(+Bx) x(b +B x) B.m

Proof - Th@r ergodlc properties of the process under study provide the

con51stency of the estimate since
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(x) <+ ; §=1,2,
m

. 4 - i
(4.11) lim a.s.2J,(T) [ x dvg

T-—o-ﬁ-(ﬂ

~ ~2 2
Now let us look at (mT-m) and (oT -0 ) : by use of the representation

(4.8) and the fact that

2 2 - b2 +2m{(8m +bB)

g +m >
28 -B
’ m, - m
it is easy to prove that 'I']’/2 (~g 2) is given by :
g -0 :
T
.1 _(n o-m) 1
g 12 o T
+
' b g p  2(Bm+bB) ] mytmo 1
' (=g + ———— (m ~m )] + : (M, -1 )
| 2p-B2 pl/2 0 T B o T 3 pl/2 T o d
(4.12)
e 0 ) T [b+8nt J -
* — [ . aw, .
2(Bm + bB) ?“T““ 2 r1/2 %y mb+Bm)] "t
| 828 -8%) B 28-8%

Moreover, E standing for expectation with respect ‘t_ib Pv

leJm lBlm !
— i o —— *
setting ml,t = E\),B,m(nt) : 1=1,2 , we have :
_ —Bt
| ml,t m=e (ml,O m)

and |

2 2 (-28+B) 2 2 b (e-B?)s

m,, fmT o) =e 7 [K(0) ~(m” +a )+2(Bm+bB)(m1 0~m)f e ds].
' ! 0

o’ am e 2 2

Then the limit lm m =m +0 holds, what implies that

Togeo 2T
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4

(4.13) lim E — (T'ri -ni Y1 =0 ; i=1,2
T+ V,B,m ‘Tl/z © T ‘

Formula (4.12) together with (4.11), (4.13) and the results of [14] ensure

that
im 5 1% (-m) = N(o,i- [(b+Bx)? dv (x))
T 2 B.m
T+ 3 |
where
[ (b+Bx)®dv, ) = b® +BZ(m% +0%) + 2bBm = 20%5 .
B,m"
R
3p?
Moreover, if B=0 or B #0 and B>== . since we have
f x4 de m(x) <+« , the ergodic property
1 T j |
i —_— = < 4 s §=
lefzm a.s. T fo TTt dt ‘Y X dVB'm(X) ® 7 11213'4

hold. Then, by the same arguments, the last assertion in the lemma holds

because-

¢

2(Bm + b B) m_+m 2 [B(mB +b) - Bm ]
lim a.s. — - (= - > .
T—+e B(2B-B7) B B(28-B")

Remarks 4.4. - (a) It is easy to see that in the case B=0 the asympto-

T T
case B # 0 the first one is greater than the second one.

tic variance of m, is the same as that of m. and oépositely in the

(b) One can use the consistent estimate

- (b +Bm,_)2 B2
S T
. 20 2

&

for the parameter B . It is still possible to obtain the asymptotic distribu-

tion for (”é.i,;?nl\,'}.é,i) . (see [9] for explicite formulas of the asymptotic

covariances) .
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A LOOK AT A BILINEAR MODEL FOR MULTIDIMENSIONAL STOCHASTIC
SYSTEMS IN CONTINUOUS TIME (=)

Alain Le Breton , Marek Musiela

Abstract. - This paper is concerned with ; study of a mulﬁimensional
bilinear differential model for stochastic processes in continuous
time. Explicit formulas for the mean and covariance functions of the
state process are given. Necessary and sufficient conditions for
second-order stationarity are provided. A linear representation for
the state process is obtained. The optimal linear filter is'derived and

its asymptotic behaviour is investigated. ‘

1., Introduction

Deterministic bilinear models for dynamical systems in dis-~
crete time (see e.g. T. GOKA and al [8], A. ISIDORI [101])
and in continuous time (see e.g. P. d'ALESSANDRO'aﬁd al [11],
C. BRUNI and al [{7]) have been intensively studied., Analogous
stochastic models have also been considered in time series
analygis (see e.g. C.W. GRANGER and A. ANDERSEN [9], T.D.
PHAM and L.T. TRAN [14]) and in continuous time stochastic
systems theory (see e.g. L. ARNOLD [2], [31, R.W. @ROCKETT
€51, [61). : |

In [11] we have led a probabisistic and statistical study of
a one~dimensional bilinear differential model for stochastic

processes, ‘

Key words and phrases : stochastic differential equation,
bilinear, seacond-order stationarity, optimal linear filtering.
A.M.S. 1979 *Subject classification, Primary 60 H 10, Secondary

93 E 03, (*) Work done during a stay of M, Musiela in Labo-
ratoire I.M.A.G. Grenoble.
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In the present paper we consider a multidimentional model
which is given by a bilinear stochastic differential equation

(in the It 5 sense) of the following form

d
dX =LA _(£)X +a_(t)lde+: CAJ(t)X +a; (c)}de ; £20 3 X_=Xx(0) (1.1)
j=1

where

1 . . .
= (% ,...,Wd)' is a standard brownian motion’ in r4
defined on some basic probability space (Q,aﬁ(ﬁ%) P).

The deterministic functions AJ'—(AK . : K;2=1,.;.,n)

t=0"’

and a. —(a;,,..,a y' , i=0,...,d are measurable and such that
for every T>0, «x,2%=1,...,n, the following conditions are

satisfied :

T Kyl : K
fol Ay’ (D)) de<=, fg la. ()] de<=,

T, . .
IOIA ?’z(t)lzdt<w, fglaﬁ(t)lzd“°° 3 J=1,...,d.

. The initial state X(0)is a randomvariable, defined on
(2,3,P ), which is independent of W and admits an expectation

m(0)and a covariance matrix K(0).

Section 2 is devoted to the analysis of the state process of
model (1.1). Using a method similar to that of R.S. LIPTSER
and A.M. SHIRYAYEV [13]:for linear systems, we compute the

mean and covariance functions of the process.

In section 3 we give necessary and sufficient conditions for
LA . .
second~order stationarity of the process generated by model

(1.1).

In section 4 we combine the results of the previous sections
with those ak,ng" LIPTSER and A.N., SHIRYAYEV P13} conce
ning llneaf stochastic dlfferent1a1 equations., First we

obtain a linear representathn of the state process of model
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(1. 1) with respect to a wide-sense Wiener process. We derive
the equations for the optimal linear filter. In the case when
the equation for observatons is autonomous and the state pro-
cess is second-order stationary, we show, under usual condi-

tions, that this filter is stable.

The last part of the paper consists of Appendix A and Appen-
dix B containing the proofs of two auxilary results in sec-

tion 3.

2. The mean and covariance functions.

The existence and uniqueness of the solution process of equa-—
tion (7.1 is ensured by general results on stochastic dif-
ferential equations (see e.g. [13] Ch. 4) and the conditions
listed in section ! . Let us denote by (@t : t20) the solution

process of the matrix homogeneous equatibn

d .
= \l J ® e =
de Ao(t)¢tdt;:1Aj(t)Qtdwt 3 £20 ;5 ¢ =1 (2.1)
where I is the n x n unit matrix. Setting Dt=det @b; t20

one can prove (cf. [15]) that

t 1 d t 2 d t 7 3
Dt=exp{f0tr(Ao(s)ﬁs- igflfotr(Aj(s))dS;EIIOCI(Aj(S))dws}; tz20,

where tr(A) stands for the trace of the square matrix A. This
implies that ¢, is regular for all t20 with probability one.

Moreover, the Itd formula provides

THEOREM 2.1

The state procegsw(xt 3 t20) generated by model (1.71) is
GQ& og
given by “ ’

&
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t -1 d
X =90 {X(0) + f/_ & "[a (s) - T
t 0 s =

. Aj(s)aj‘s)]ds +

1 (2.2)
aj(s) dwg} ; t20,

]
-1

S .
J

+ [

e O

t
0 !
where (@t, t20) is defined by (2.1).
(for the proof see [2] Th. 8.4.2).

Denote by (mt ; £20) and (nt ; t20) the mean functions of
(Xt ; £20) and ( ¢t ; t20) respectively. In view of (1.1)

and (2.1) it is clear that

mt=A0(t)mt + ao(t) ; tz0 m0=m(0) (2.3)

and

Ht=Ao(t}Kt 3 t20 5 Ho=I . (2.4)
REMARK 2.2

The above equations and all others which are written in

differential form are considered as integral equations.

In order to obtain analogous formulas for the covariance

function

K(t,s) = E(Xt—mt) (Xs~ms)' ; tz0 , s20 ,

and the variance function

K(t,t) = K_ ; t20 ,

of the stage*“pfbéess (X, 3 t20), we shall use the following
. i v
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LEMMA 2.3
The state process (Xt ; £20) of model (l.1) can be writ-

ten in the form

X = 1.V +m_ 3 t20 (2.5)

where (mt s t=0) and (!It ; £20) are given by_(2,3)>and (2.4)
respectively, and (Vc ; t20)is the solution process of the
stochastic differential equation

! g {a.(e)[n _V_+m_1+a (c)}dwj ; tzo3vV =x(0)—§(0) (2.6)
" 3 ttt i £’ "77%0 ’ ’

dv =N
j=1

Proof : Consider the stochastic process

Y =0 V + m, s tzo0,

Using the Itd formula and formulas (2.3), (2.4) and (2.6) we

obtain

dyt=(ntvt+mt) dt + ":dvc =

d . .
= ’ 1.
{Ao(t) [Htvt + mt] t ag (t)}de +j§1{Aj(t)!ZIItVC»»mt]Jraj(t)}dwt
d .
= J ’..
[aj(e)Y, + a (t)]dt +j§l [Aj(t)Yt + aj(t)] dw‘ﬁ’ t20
Moreover, we have
Y, = HOYO *mg = X(0) - m(0) + m(0) = X(0) = X, .

NY

Thus , by the dﬁidﬁeness of the solution of (1.1), the asser-

tion of the lemma follows.n

In view of (g;é)hit is clear that
@’ s
8
= ' '
K(t,s) HC E Vt Vs Hs o

H t2 $20 ,
A formula for the term E Vt A

H
' is given in
s
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LEMMA 2.4,

For tz20 , s=2o

tas 4 -1,
E Vt V; = K(0) + fo jil Hu Aj(u) HuGuH& Ag(u) gnu )' du +
tAs d -1 ' . -1y,
+ fO ji] . [Aj(u)mu + aj(u)] [Aj(u)mu + aj(u)] (Hn )' du,
where
. d -1 -1
G, =j£1 {Ht Aj(t) I, Gt Hé Aé(t) (I[t y' o+

+ HEIEAJ.(t)mt + aj(t)J [Aj(t)mt + aj(t)]' (HZP)'} ; t20

while Gt = EVt VE ; £20, (mt ; t20) and (IIt H tzq) are given
by (2.3) and (2.4) respectively .

Proof : Simple computations based on representation

(2.6) of (Vt ; £20) provide the first assertion. The second

statement immediately follows by setting t = s in the first.s

Now we can prove

THEOREM- 2.5

The covariance function of the state process of model (1.1:)

is given by

m,_ I K if t2s
S t s s .
K(t,s) = €2.7)
-1,, . , -
Kt(nS I, if t<s
where (Kt » t20) satisfies
. d
- L] ]
Kt —_éagt) Kt + Kt Ao(t) +.§ Aj(t) Kt Aj(t) +
d \i‘,‘—_‘ J—l (2l8)
- A
> - . r ., =
+j§1 [Aj(t)mt%+ aj(t)] [Aj(t)mt + aj(t)] ; t=zo, KO K(0)

while (mt_; t20) and (Ht ; t20) are defined by (2.3) and
(2.4) reng@tiNéT;.

Proof : From Lemma 2.4 and the fact that
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= | \ &= ¢ 3
K K(t,t) “thHt it follows

- ° °

- = ] ¢ =
Kc Ht Gt ﬂt + “t Gt Ht + IIt Gt Ht

=A_(t) I ’ TAT
0( ) ¢ 6, 11t + I G Ht A(§t) +

t
d a _
) ] e |
+j§l Aj(c) HthHtAj(t) +jil [Aj(t)mt + ?j(t)] [Aj(t)mt + aj(C)J

This leads to (2.8). Moreover, since equation (2.8) is linear,

its unique solution satisfies

d §
L ) : g -1 . -1,y
K, nk(oyn, + I { fojil L3 Aj(u)Ku Aj(u) (m ' du +
+ J3 g n-ica (u) + a.(u)] [A, (u) + a.(u)l’ (n;‘)' dull’
0j=1 u j wn, b v By j u s®

So, in view of Lemma 2.4, for txs, one has

ot =
HS E Vt Vs Hs Ks.
Finally

i -1 -1

= LR B, LI 3

K(t,s) Ht E Vt Vs Hs Ht “s Hs EVt Vs II8 n_n K

t s s

what concludes the proof of (2.7) when t28. The case sst

can be studied in the same way. &

REMARKS 2.6

{a) Theorem 2.5 completes Theorem 8.5.5 in [21. It can be
compared with the results concerning example 1 § 'S in [4].

(b) If A does not depend on t we have
o b
: .Ao(t~s)
K(C,slgéue Ks ; tz2s.

If moreover m(0) = 0, the system is autonomous (A&, ; j=1,...,d '
do not depend omn t)”ahd homogeneous (aj =0 3 j=1,...,d)

- and the magrices Aj’ A;, j=0,...,d and K(0) commute with
each otheg&fiheﬁﬂit is easy to see that
d
K. = exp [[A, + A) + £ A,A'1t}K(0).
e P ATAG v 4G * I AATIEIK(O)
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d

So, if AO + Aé + Zl AJA' = 0, then the state process of mo-

del (1. 1)is a zero—naansecond order stationary process with
covariance fuuction

Ao(t—s)
K(t,s) = e K(0) ; t=s.

3.Second-order stationarity

In order to obtain a characterization of second-arder sta-
tionarity in the general case, we need some preliminary re-
sults. Let (Z(t) ; t20) be défined by

d
Z(t) = ¢ {A (t) K A (t) + S e
j=1
[A (t)m, *a; (t)]rA (t)m, *tay (t)] }s e=20 (3 1)

where (mt ; t20) and (Kt 3 t20) are given by (2.3) and (2.8)

respectively.

Let (Xl/z(t)'; tzo)dénoté a n Xx n matrix valued measurable
function such that

20y 220y = 1(e) ;5 eso. (3.2)

Moreovér 1ét“R(t,s)h$é given by s

R(t,s) = K(t,s) K , sst (3.3)

where (K(t}s) ; sst) andv(Ks ; s20) are gziven by (2.7) and (2.8),

+ ) .
while K; stands for the pseudo-inverse matrix of K-

Then we have
LEMMA 3.1
If (R(t,s) ; ss<t) is defined by (3.3), then the following equa-

lity- holds for s<ust
R(t, SV R(t, u) R(u s). (3.4)

Proof : Equatlons (2. 3), (2.7) and (2.8) show that the

- .

state process (X ; t20)has the same second-order structure
as a GauSSﬁM§;RQV~process (X ; t20) satisfying

af, = [A (&) F o+ a (£)1de + 2”2

" (t) dﬁ:tr ;3 t20 ,
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where (z'/%(e) ; t20) is defined by (3.2) and (W, ; tzo) is
some standard brownian motion in R"™ (see Theorem 15.1 in [131).
Then equation (3.4) follows from considerations just before
Theorem 15.2 § 15.1.7 of [13]. m

Let P denote the matrix of the orthogonal projection on some
linear subspace of R® and (Hc ;3 t20) be defined by (2.4).
Then the following holds :

LEMMA 3.2
The matrix valued function (HtP 3 t20) satisfies the semi-
group property

Ht P ns P = Ht*s P ; 820 , t=0 (3.5)

if and only if there exists a constant n x n matrix AO such

that A0 P = Ao ‘and one of the two following equivalent pro-

perties

Ayt -Ayt
Ht P =P Ht P = e P = Pe s t20 ~(3.6)
Ao(t)P = AOP = PA0 for almost every tzo (3.7)

is satisfied.

(for the proof see Appendix A).
Now we are able to prove

THEOREM 3.3

The state process (Xc ;3 t20) generated by model (l.i) is

second~order stationary if and only if
A (t)m(O) +oa, (t) = 0 for almost every t20 (3.8)

and thexe exists a constant matrix A such that the following

condltlons hold for almost every c>o
A(t) K(0) X7(0) = A4 K(0) kK" (0) = K(0) K*(0) A, = 4, (3.9)

0
d
A, K(0) + k(O)\é"ftt Aj(c) K(0) A}(t) +
4 t j=1 (3.10)
+j§1 [Aj(t)m(O) + aj(t)] [Aj(t)m(O) + aj(c)]' = 0
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If conditions (3.8) - (3.10) are satisfied, then the cova-

riance function of (Xt ; t20) 1is given by

Ao(t-s)
e K(0) 1if tzs
K(t,s) = C(3.11)
Aé(s-t) ,
K(0)e if t<s,
Proof : First we prove that conditions (3.8) - (3.10)

- = -

are sufficient. Note that since the solution of (2.3) is uni-
que,condition (3.8) leads to m, = m(0). Moreovef, since con-
‘dition (3.8) implies that Ao(t) K(0) = AOK(O) and the solution
of (2.8) is unique,condition (3.10) leads to K = K(0).
It is also clear that Lemma 3.2 and condition (3 9) imply

A t A t
K(0) K'(0).
Consequently P = H: e P =1 "Pe ; t20 and then

-1 —Aot -Aot
I, P = Pe = g P , tzo, what, together with represen-

tation (2.7), provides (3.11).

Conversely, if (Xt ; t=0) generated by (1.1) is second-order
t
account Lemma 3.1, ,for s<ust,

stationary then m_ = m(0), K_ = K(0) ; t20, and taking into

t

R(t-s,0) = R(t,s) = R(t,u) R(u,s) = R(t-u,0) R(u-s,0).
Using (2.7) and (3.3) we obtain that

(HtP ;3 tz0)
where P = K(0) K+(0),isa{semi—group. Now from Lemﬁa 3.2 it
follows that there exists a constant matrix A such that

A (t)P = AOP = PA0 ="A0 for almost every t=zo0, This, together
w1th CZ 3) and (2.8), provides the result.m

<

REMARK 3. 44

In the case when K(0) is regular the set of conditions (3.8)-
(3.10) is- equlvalgnt to the existence of a constant matrix
Gn eg
‘such that Aom(o) + a_= 0 and,

0
ao(t) = ay, and condition

A, and a %onsLant vector a
0 - 0

for almost every t>o0, Ao(t) = AO,
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(3.10) holds (cf.[12]).

The above theorem can be completed by use of the following
LEMMA 3.5

Let AO,..., d

AOSI +I®A +. L. A.QA- is stable. For every n x n symmetric

A %e n X n matrices such that the matrix

non- neaatlve Aetlnlte matrlx M, the matFix*equation

AgK *+ KAJ +J€l A, K A} v = 0 . (3.12)

admits a unique n x n symmetric non-negative deflnlte solu-
tion matrix K(M) . Moreover, if M is positive definite, then
K(M) is also positive definite. ,

(for the proof, see Appendix B ; see also Theorem 2 in [61).
The following statement is then an immediate consequence of
Theorem 3.3.

COROLLARY 3.6

Let Ao,...,Ad be n x n matrices such that the matrix

d .
AO ® In + In ] Ao +j§1 Aj Q Aj

is stable and let @yses00dy be vectorsin R". If K(0) 1is the
solution of (3.12) with

d
M=z [AJm(O) + ay 1 [A m{(0) + a; 1,
J=l
then the state process (X ; t>0) generated by the model
d i
dxt = A LX, -n(0) ldt +J§J[AJX + aj]dwt 3 t20, X, = x(o)

is second-order statiomary with the covariance function given
by (3. ll)

4. Llnear representaC1on and optlmal llnear fllterlng

Following up thé ideas presented in [13] Ch. 15 we shall
now provide a linear.representation of the state process
(Xt ; t20) generated by (1.1) and then investigate the opti-

mal 11near<fiiter1ngproblem of that process.

THEOREM‘4.1

. . . *
There exists a wide-sense Wiener process W = (¥ _ ; t20)
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in R" such that the state process (Xt ; t20) generated by
model (1.1) admits the representation

dx, = [A ()X, + a (£)1de + 51/2

c (t) dwt : czo;xo=x(o) (4.1)
1/2

where (I (t) ; t20)is defined by (3.2). Moreovér, X(0) and

W oare uncorrelated.

of [13] are satisfied with T, a3y, Bl’ replaced respectively
by K, Ao, I. Lemma 3.1 shows that condition (15.40) in [13]
holds. Since (Kt) and (mt) are continuous, condition (1) in
[13] is verified. Formulas {2.7), (2.8) and (2.3) clearly
imply respectively conditions (2), (3), (4) in [13]1. Then
representation (4.1) follows. Moreover from the proof of Theo-.
rem 15.2 in [13], it is easy to seé that the last assertion
holds. =

Combining Theorems 3.3 and 4.1 we obtain

COROLLARY 4.2
If the state process (Xt ; t20) generated by model (1.1) is

second-order stationary, then there e:’sts a wide-sense Wiener

* n . . .
process W 1in R and a constant n x n matrix A satisfying

0
(3.9) almost everywhere such that the representatipn

- - /2, * ) -
dXt = AOEXt m(0)Jdt + ¢ | awt ;3 t20 XO = X(0),
holds with . .
2 b -
21/“(21/2)'=g = —AOK(O) ~ K(O)Aé. - (4.2)

Proof : 1 f (Xt ; t20) is second-order stationary then,
from Theorem 4.1 and equalities (3.1), (3.10), representa-

tion(4.1) holds with I(t) = -AOK(O) - K(0) Aé. From (3.8)

()%, + ag(e) = Ag(t) [X, - m(0)]

holds almost eyerywhere. Moreover, since clearly, almost
surely

X, - m(0) = K(0) K'(0) [X_ - m(0)]

for everyagggcgnﬁftion'(3.9)aimp1ies that AO(t)Xt + aq(t)
can be repl}aced by AOEth- m(0)] in (4.1).
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Now we consider the linear filtering problem(in the sense of
{13] Ch. 15) for the state process (xc ;3 t20) of model (1l.1)
by use of observation on [0,t] of the process (Yt 3 t20)
which is given by )

dYt = [Bo(t) xt + bo(t)]dt + Bl(t) dzc ; t20 3 YO = Y(0)

where
AR (Z 4 ) is a standard brownian motion in Rq defined
on the basic space (2,Q&,(Q )t>0’P)’ independent of W.

k,2

.the deterministic functions BO—((B

b0=(bé,..‘.,bg)'.and ((BT’Q; k,2=1...q)) satisfy anélagous

conditions as A,, a, and A, respectively. Moreover, the matrix

kzl,.--’q; 2= "'n)))

B}(t) B;(t)'is regular for every t20.

,the initial state Y(0) is a second-order random vector
defined on (Q,&,P) such that (X(0), Y(0)) is independent of
(W,2).

It is easy to see that Theorem 4.1 above and Theorem 15.3 in
[13] provide

THEOREM. 4.3

The optimal linear filter Xt of the state process thfrom the

observatlon of the process Y is given by
ax =LA, (t)X +a (t))dt+YtB (t)CB (t)B) ()1 {dYt-[BO(t)Xt+bo(t)3dt}

-1

Y A ()Y () v Ap () +2 () -y B(e)[B) (£)Bj(E)] Bo(t)i:yt (4.3)

w1th

—m(O) + Cov(X(0), Y(0)) cov’® (Y(O), Y(0)) [Y(0)~- EY(O)]

-K(O) - Cov(X(0), Y(0O)) COV (Y(o), Y(0)) Cov (Y(O), X(O))
where (z(t) ; tzo0) is given by (3.1) while Y= E(X, X ) (X -X )'.

Let us now look at the stability of the optimal linear filter.
We assume that the equation for the observation is autonomous

(i.e. B B, and b, do not depend on t) and that the state pro-

0o’ 1
cess (Xt; czol;igxﬁecond—order stationary. Let Aodenote the cons~
tant matrix %iven by Corpllary 4.2. The following result is a

simple consequence of Theorem 16.2 in [13] and Corollary 4.2.
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THEQREM 4.4

Assume that the_palr (AO,BO) is observable and that the pair
(AO, 1/2), where & (2 vls def}ned by (4.2), is controllable.
Then, if (y_ ; t20)is defined by (4.3) with Zt=—AOK(O)-K(O)A’,
t20, the limit lim Ye exists. This limit does not depend on the
initial value and is the unlque (ln the class of symmetric
positive definite matrices) solutlon Yy of the matrix equation

_l
v - ' L ' ' = 0.
AOY + YAO AOK(O) K(O)AO YBOEBl Bl] B0 Y q,

AFPENDIX A. - Proof of Lemma 3.2

-Let us first show that equation (3.5) implies that there

exists AO such that AOP = AO and (3.6) is satisfied.

Note that P2 = P and

(%) PH PPH P= PH PH P= Pnt+sP ; t20 , s20,

There exists also an orthogonal matrix B such that

' I_0
B'PB = .
o o

where r is the rank of P. Moreover

U,4(s) TU,,(s)
S
UZl(s) 22(3)

where Ull(s); Uzz(s), U]z(s),, 2}@ ) are r X T, (n r) x (n-t),

r x (n-r) and (n-r) X r matrices reSpectlvely -This implies

that
B'PI_PB = U1 (e) U12(S)}
s 0 0

what,?fbgether with (%), leads td
ll(s) Ull(t) & U (t+s) 3 820 , t20 ; UII(O) = Ir,

](t) UJZ(S) = Ulz(t+s) ;3 s=0 , t=20 ; UIZ(O) =0 .

Consequently, be¢ause (U (t) ;7 t20) is a semi-group with
the startlﬁg p01nt UI](O) = fr, there exists a matrix A such

= At |
that 11(t:) = e ; t20.
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Moreover, taking into account

Ulz(t) = Ull(c) Ulz(o) = 0.; t=20,
it is clear that

eAt 0
B'HtPB = [ };CZO
Uy (E)U,,(E)

U22(t) U22(s) = U22(t+s) ; t20 ; s20 3 022(0) a 0 ;
As

But (B'HtPB ; t20) is also a semi-group what gives

U2](t) e + U22(t) U21(s) = 021(c+s) 3 £>0 ; s>0 02](0) = 0

Now it s easy to deduce that

At 0O
B'I _PB = B'PHN _PB = [e ] ; t20,
o o] .

and, setting
- A 0
A =

o 0

to obtain

B'I PB = B'PN_PB = At - |0 O
t t 0 I
u:r
This shows that, setting A0 =B A B'
~ . [0 ©
m.P = PN _P = B(eAt - ) B'=
01
n -
e Ayt
=Be""B' = (I -B)= e - (1_-P). :
n (I-B)e, At

Consequently HCP = PHtP = PPHCP = Pe 0" . PHtPP = e 0 P.

Moreovéig since A B' P B = A, one has AP = AO.

4]
Let us prove now that conditionx {3.6) and ( g.Z) are equiva-
lent., If (3.6) holds, then AO e 0 P =P AO e ; £>0 and

AP = PA

N O ol wpoi |
Moreover i# is clear that, for almost every t20,
: ’ At Ayt
ag(c) M P = A (t) Pe - P4, e

what provides (3.7).
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Conversely, note that from the proof of Theorem 4.10 in [13]

s k o _
Ht.— ¥1m Ht’ where Ht = In and
K>
ni* b I+ fg Ay(s) n: ds, tz0 ; k = 0,1,... .
This implies that HtP = lim Ht P, tzo. Moreover, because of
(3.7), we have k= x
k K ©
HtP-(In+AOt+.,.+A0‘;—-—!-)P,tzo.
Aot Aot
Then we obtain Ht P =P Ht P = e P =2Pe

«Finally the fact that (3.6) leads to (3.5) is quife obvious.m
APPENDIX B . = Proof of Llemma 3.5.

Since the matrix L = A, &I + 1 & A+ A, @ A.:is stable
0 n s 0 J

1 J

o1 R

and equation (3.12) can be written ]
L vec K = - vec M

the solution K(M) existé and is unique. Now let us prove that
it is non-negative definite. .

Let (Ut, t20) be the solution of the equation

. d

= ! LA =
U = AgU. + UA] +j£1 AU AY 5 €20, Uy = M.
Since L is stable and
vec[7t= exp Lt. vec M
it is clear that f+mU dtexists , lim U,_ = O and ~

0 "¢t
L++x

- Ug=A. ST v de + ;17 U de Al + ; A, 577 u_de-al

®0% 89 o Pt T Y0 Tt 0 Tily i ‘o Tettitye

Thus . by uniqueness of the solution of (3.12) we_bbtain that

KO = f370 de.
Aot A't
Takingﬂderivative of e Ht e where
. “d -At At A't -A't
&7 0 0 0 0 -
Ht =j§1 e %Aj“e Hte Aie 3 t20 5 Gy = M,

by the uniquenegs - argument one gets

At Alt
_ 0 t 0
Ut = e JEE -3 .

Let us define now Hg = M and
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d -A u A u Alu -A'u
B2l st r e %, e 0 e ® ate O 4u; otzo
t 0j=l J u

Proceeding as in the proof of Theorem 4.10 [13], one can
show that the series fo H: converges uniformly on every

n:
interval [0,T] and that the solution of the above equation

for H_is uniquely given by

t
H =% H® , t=2o0.
t 4
n=0
Consequently
At A't
K(M) = [ & e ° Y e 0" 4e

n=0 :
and, in order to prove that K(M) is non-negative definite,
c 1
Ao H: ert

it is sufficient to prove that e is non-negative

definite for every m = 0,1,2,... and tzo0,

At Alc At Alt _
It is clear that e 0 Hg e =20 Me 05 non-negative

definite (if M is positive definite, then it is positive de-

finite) and because

At A't d A_(t-u) A u Alu Al (t=-u)
e © Hh+l e 0 =ty &0 A. e H e ate ° du
0j=l 1 u b

the assertion of the lemma follows.®
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SOME PARAMETER ESTIMATION PROBLEMS FOR
HYPOELLIPTIC HOMOGENEOUS GAUSSIAN DIFFUSIONS (%

A. LE BRETON and M. MUSIELIA

Laboratoire I.M.A.G I.M.,P.A.N,
B.P,. 53X Kopernika 18
38041 GRENOBLE Cedex 51-617 Wroclaw
FRANCE POLAND

ABSTRAET- This paper is concerned with the statistical problem of parameter
estimation for hypoelliptic homogeneous gaussian diffusions. Since gquadratic '
forms of the processes under study play a central role , some of their properties
are proved first. Then the maximum likelihood method is used to derive
ordinary and sequential plans for parameter estimation and characteristics of

these plans are studied.
I - INTRODUCTION

Stochastic linear models for dynamical systems 1in continuous time
have been intensively studied as well in the litterature concerriing systems theory
({31, [18],...) as in that about statistics of random processesﬁf([ 1} ,[10},...)
In the present paper we are concerned with a multidimensional model
which is defined by an autonomous linear stochastic differentla.l.equatlon
of the fol‘!gwing form :
X

(1.1) dXi(=AX2(dt +GAW ;120 ; X =x

where PR

W= (Wl, . ,Wr)' is some standard brownian motion in R

(x) Work done during a stay of M.Musiela in Laboratoire I.M.A.G.,Grenoble,
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defined on some . basic probability space (Q‘a'(at)tz ,P) ,

0

.A and G are nxn and n xr constant matrices,

. X stands for any initial state of the system in R,

n X )
Let us recall that (cf.[ 10]) for every x € R , the proces X = (Xi(, t=0
is a gaussian Markov process with mean function

X X At
mt=EXt=e X ; t=20 ,

and covériance function (not depending on x) .

)

éA(t-s) KS if t=s '

K eA' {s-t)

t if tss

where the variance function (Kt ; t20) is given by

Kt=AKt+KtA +GG' ; t=20 ; K0=0

or equh}alently

Kt=eAt g:e—As GG e PS5 At ;t20

n | , .
Moreover (Xx ; Xx €R) is an Rowmegeneous gaussian diffusion corresponding
to the differntial generator

2
1 B d n 3
sl —° _ _ +ya
L Dby ox 703 %5

R Y B R Y| :

where A = ((au)) .and B = ((b“)) =G.G' . It is known (cf. [6],[7]) that
if the diffmntia-l'%\eﬁérétor is hypoelliptic that is equivalently that the pair [A,G]

# R
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is controllable or

-1
(H1) rank [G.AG,..., A" 'G] =n

A -A!

- (V]
then , for every 0= s<t , the integral f: e MGG'e du is a

positive definite matrix and in particular, for every t > 0 , the covariance
matrix Kt is regular. Obviously this occurs for example when G isa n.xn
reqgular matrix.

It is also known (cf. [ 7} ,[19]) that if (H1) is satisfied together with the

assumption

(H2) A is a stable matrix

then there exists a unique invariant probability measure for the diffusion
(Xx ; XE€ Rn) ; this measure {s gaussian with mean zero and nonsingular
covariance matrix

J.+m eAs A's

(1.2) K, _=lim Kt= 0 GG'e " ds

AB

which is the unique nonnegative definite sy xﬁmetric matrix satisfying the

Lyapunov equation

AK +KA' +GG' =0

v . .
" Moreover from {11] it follows that under (H1l) - (H2) the diffusion (Xx ;X GRn)
is ergodic.

H_e;e we are interested in the statistical problem of estimating the
paramete}g‘f‘“A and B = GG' of the diffusion when they are unknown, in view of
the observation on ;omé time interval {0,T] of one trajectory . This problem
has been studied in [1] anci { 8] under the assumption that the differential
generator is egmgig:@ i.e-. de‘t B # 0 and sequential procedures have been

investigated for the one(resp.twp) dimensional case cf.[10] (resp. ¢f,[ 13]).
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In the present work we show that the methods used in these papers may be
extended in some ways under the weaker assumption (H1). Since preliminary
results which are of interest on their own merits are needed in statistical
considerations, the paper is organized as follows :

. Section 2 is devoted to the computation of some Radon-Nikodym
derivatives and to the sudy of quadratic forms of the observe‘d process .

. Section 3 is concerned with parameter estimation by the maximum
likelihood method.

. In section 4 sequential schemes for parameter estimation are studied.
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II - Preliminary results

n

let C= C(RJAL :R) be the space of all continuous functions from
R+ into Rn and, for every T>0 , CT the G -algebra generated on C by
the coordinates ﬂ't for 0stsT . If Z= (Zt : t20) is some random process

with continuous sample paths, “’; will stand for the restriction to (:T of the

probability distribution induced by 2 on C

I1.1 Radon-Nikodym derivatives.

The following lemma will be important in future considerations :

II.1.1 Lemma - let (T(t) ; t=20) be some n x n matrix valued function

which is absolutely continuous with derivative T'{t) and such that for evecy T>90
T . . —
J‘O lrk{,(t)ldt<+m ' 'ka‘f/-’lgaeo‘n‘

where r{t) = “Fu“) ) . Let Y= (ft( 3 t2 0)bethe solution process of the

stochastic differential equation

(IT.1) dY:=[A +GG'T ()] Y:(dt +Gdn ; t20 ;Y}8=X,

w here (nt : t20) is some r-dimensional brownian motion. Then the

T .
measure uxx {s absolutely continuous with respect to the measure p';x with

following Radon-Nikodym derivative :

= - T 8 ' + 1 T ] [ + '
T expi - [y W, ['0) GG dm +5 [, T'()GG [2A +GG'T(®)] m dt
T* | ‘

o

If moreover F(t‘lad‘é a'symmetric mairix for t 2 0 , then the Radon-Nikodym

derivative can be written
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dp’ TX 1 T ' 1 [ ! ' :
X% = exp{ 5 [ Tr (G'T(H)G) dt +5 x' T(0)x -~ e T, {
T

dLl YX

1 AT .
_ i + 1 1
x exp { - fo”T [T() +A'T() +T)A +T(t)GG'T(t)] m dt
Proof - Note that the equation
Ax - (A +GG'T(t)) x = Gat(x)

admits the solution
at(X) = -G'T(t)x
T T
Then (cf. [ 10]) cwne has Hyx << Myx and moreover

T

My x T
—1 mexe [ A, -
l’J‘YX

A+ GG'I‘(t)g ﬂt]'[GG'] " dTTt_‘ -

- —;— fﬁ(Ant - 31‘-\ +GG'P(t)% m J'[GG'] +[zzsm;+ A +GG'T(t)

d
T‘Tt] t

+ .+
Using properties of pseudoinverses, namely [GG'] [GG] =GG (cf. [10]), the

first assertion in the lemma immediately follows. Now, if T'(t) is symmetric,

the stochastic integral can be computed as follows

i

T o +
RN (3
T “ﬁJ’%’GG dm,

v(‘.

T, +
Jom, T GG " dnm,

i

T T, et
Jom T®dn -f mt TG -GG ) dm,

T LT, o
‘ =Jgm T®ar = [ M D) (E-GG') An dt
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where E stands for the n x n identity matrix. By the Ito formula one gets :
\

T . Ly T + g
‘fontf‘(t)dnt > %forrtl“(t)dnt ufodntl"(t)nt

=1
2

n.‘I, T(T) Ty - x'T(0)x - ‘f;)rTr (G'I‘(QG)dt - j‘gn{:f‘(t) m, dté .

Then one has

T
dp

XX 1 T ‘ L 1,
- T -exp; > J'O'I‘r (G'T(H)G) dt +-2- x'T(0) x 7“TF(T)"T i X
“Yx

1 T, .
Xeng-f IO yN I‘(t)ﬂt dt ¢ x

X exp% Io" T {t) (E-GG )An dt +-i j‘oﬂ T(t) GG [2A +GG°I‘(t)]n dt g

The last term within brackets can be written :

1

5 J‘On T(t)(E-GG )An dt +— JO n'A' (E-GG )l‘(t)n dt

-

1

T LT avge?
+3 [om r(t) GG" Am dt +5 [ m A'GG () m, dt

2 40

1 (T, ,
+5 [ 7 TE) GG'T(thm, dt

that is

% jg‘n": [A'T() +T() A + () GG* T(1)] m dt

what completes the proof of the last assertion. &
"5 L eg ¥
Now let, us state the following corollary which will be vseful in the

maximum likelihood approach for parameter estimation
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II.1.2 Corollary - Let XX = (X’: ; t=0) the solution process of the

stochastic diffrential equation
- A~ + ~
(11.2) d}ﬁt‘= (E-GG)AX{dt+Gdn ; t=0 ; XX¥=x

' T
where (1N ;t20) is as in lemma I .1.1.Then by << ;.E with the following
t X XX
] ; .

.+ !
Proof - Applying the first part of lemma 1.1.1 with T(t) =-(GG') A , t=0 |, one gel

Radon-Nikodym derivative

T
duxx

T
du %x

VY T oL T , .
= eI [(GGY) " ) [ dm A gBh [ omomdr A

——= expg J‘g T A'(GG) +'(GG‘)(GG‘)+dwt -

lT [ ¥ |+ ' !+ -
—zj).ntA (GG") " (GGY) (GGY) Am_dt

1 T ' |+ ' '+
-7 Jom MGG [E-@GN(GEN T Ay it |

|

' T _. ., nt 1T, Wt '
—-exp%fontA(GG) dr -5 [y M A'GGY) Am dt

what can be written as in the corollary. @

w

: ~t§ «
IT1.2. Quadratic forms of the process,

Since the quadraggc _‘igu;egral f'g Xz{ Xz( dt will play a central role in the
“' - E

#



- 157 -

following, now we investigate some its properties.

1I1.2.1 Lemma - Under assumption (H1) the matrix

T '
0 Xi( )q(dt is almost surely' positive definite. If moreover (H2) is

satisfied then, KA B being defined by (I.2), one has :

lim LT x* Xxdt =K almost surely .
T s o T 40 " t t A.,B '

Proof - In order to prove the first assertion one has to show thét the set
a = U [ (Fx* x¥a)h =0
0 n 0t t
he R {0}
is neglig ible. It is clear that since Xx has continuous sample paths it is

sufficient to prove that

0= U N [<X.,h>=0
heRY{0) sef0,T]

is neglig ible. Let 0 =t <t1< .. .<tnST ; since

0

CQ*—
9/ 1=

det[X}: xf] = oi
" n

and the subset of (Rn)n
p\“ n _
3 (/,ll o s e g Vn) E(J- ) . det [Vl 400 ‘Vn] Ot

hasLebesgue measure zero, the assertion in the lemma will be proved if one

X
asserts that the gaussian random vector (X?', vv.. X)) is non singular. But

cn gt _ i t

one can write #’
&
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Xt e 1 0 F\ X+ f €  Gdws
1 RN t s
: = \ AN [* e G dws
i N, t
] 0 N ! \ i
N At !
X, e I E.___._E J’tn e "Gdws
)
n tn—l
t, -As .
where the random vectors ‘J" i+1 e des +t= C,eeiyn ave
t
i
. . . . , t, -As. -A's
independent with respective covariance matrices j‘ i+1 e " GG'e ds.

t,
i

Since it has been noticed (cf. §I) that these matrices are positive definite
when (H1) is satisfied, the proof of the first statement is completed.
The second assertion is a simple consequence of the ergodicity of the dlffuswn
(X : XER ) which has been stated (cf. §I) under (H1) - (H2) , Since, for
the invariant measure u , one has
, _ _ ot As . A's
IR“ yy* du(y) "KA,B 0 & GG'e "ds .m
From the second part of lemma I1.2.1. it follows that under (H1) - (H2) -

for every symmetric non negative matrix § # 0

lim ijX SX* dt =+» a.s..
Tope 207t 7Tt

Now we shall show that in order that this limit holds, assumption (H2) is not

essential. We look at the Laplace transform of OT X?th dt i.e the functional

T : . T .
(fx defined on the set \3 of symmetric mnon negative definite matrices S by

w7
4
kS

(11.3) (f’i(SLame %exp[ -Tr 8 fTXXXth]€

]

=E % exp [ -fgxi"sx'i‘ dt] ;
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s

. T
11.2.2 Lemma - Under assumytioq (H1) the functfonal . :px is given by :
T _ i_ T ool 1 8 )
cpx (S) —-exp%ﬂ > j\O Te (G Yt(s)G) dt +§x X g X
x exp & x'8r (8)(E+v iy e 5N Ly e S ! x
Z T T T T T ‘_ '

X [det

where (Y (8) ; tz 0) is a positive definite matrix valued function

E+Y;(13)AT(S)€]-% ;S €ed

which is defined by the equation

(11.4) ?t =Ay, + Y A +GG - ZYtSYt s t=20 iYg=E

T -1 L e =1 ,
and 2,(5) =¢,(5) [y ¢, " (5) GG ¢, (S at gy, (3)
with  (S) (A + GG Y {5) 8, (5) 1tz 0 ; 8y(8) =

Proof - The existence of a unique solution to (II.4) is established in [10)
(see also [ 14]) ; the fact that Y, is invertible comes from (H1)(cf. [10]). It
is easy to seethat setting T(t) = Y’c(s) one has

T(e) + AT(t) + TOA +TTHGE'TH -2S=0 :t=20 ; r()=E

?

Then, taking into account the second part of lemma II 1. 1, one ﬁébtains
'y

d
Lly

T []
CPz (S) =E exp[—-j‘OYi(SY?dt] v ®)

T XouX'y . 1 oI o -1 1,
E3 eXp 3 j‘Ogr__Yt,,,SYt dt + > fO Tr (G Y, (S)G) dt + 5 X' %
1 x' -1 T x' ]
- +
7 Vg Yo ()Y + [V Sy ar

an e e

@
[
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1 T T N 1
= exp —Z—IO Tr (G Y, (S)G)dt+7xx x F exp -

1) __1 .

Moreover from (II. 1) we know that Y}Ic, is a gaussian random vector with mean
T
= S s
m_ (8) = ¢,(8)x

and covariance matrix

-1 ' n_l f e
9, (B)GG ¢, (8)dte (8)

with (q)t(S) ; t20) as in the statement. Then (cf. Lemmall.6 in russian version of

[10] ) one gets

E(exp {——;— Yf[‘{. Y;.l(s)fr{ })

=exp | - % m}Tc (S) (E +Y;} (S) AT(S))_I Y;I (S) m}T( © | «

P

x det [E + vl oy o0 | 72

and the proof is completed . B8
Now we are able to prove the following statement :

I1.2.3 Corollary - If (H1) issatisfied, then, for every x € Rn and S €38 .
S#0 . there exist strictly positive constants ax(S) and B8(S) such that

N "-)'.:, S

D

&;r, (S)sqg (8) - e—B(S)T,
X X

Tz0

Proof., First, since X;I(S) € 8 and AT(S) e , it is clear that
. we N7
o

[}

&
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1 - — -
exp { %' x{ x exp {- ;’—x' (b,'I‘(S») (E + YTI(S) At(S)) lyTl (S) ¢T(S) X <

< ‘exp}-;- x' x £ .
So we only have to prox;e that

(11.5)  exp %-ngr (G’Y;I(S)G)dt X (det[f:w,;l(s) AT(S)]>_% <

< k(g) e PO

for some positive constants K(S) and 8(S)

But, setting
r©) = [Fo7 ) aar e L©) at
T 07t t /
we have

det [E + vy (8)8,(S)] =

= det [E + v7 ' () 6,(8) Ap(Shor ()] =

2 1 +det [Y,—I.I(S) ¢T(S) /\T(S)QD..I,(S) I =

det YT(S)
det /\T(S) + 5
(det ¢T(S))

= [det o, (81 *
: det YT(S)
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Then the first member of (II.5) is bounded by

1 _ -

oj

(IL.6) det v _(S) ]
. T
. det YT(S)
det A (8) + s
(det o (s)) _J

But, since

det ¢T(S) = exp fg‘Tr A +Ga Yt—l(S)dt

one gets for the product of the first two terms in (II.6):
exp{ - IT Tr (A + GG Y—I(S))dt
0 £t
or, by use of (1I.4) ,
T 1 T . -
exp { - IO Tr Yt(S) Sdt - P IO Tr Yt(S)’)’ti(S)dt

that is, taking into account the fact that

FOE = e 5 e

the expression
\* B

N T ~§‘§ < _._l
exp! - Io Tr yt(S)Sdt [detyt(S)] =
Now (II. 6) can bg writtén

a

[
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o

det YT(S)
det A_(S) + —

T x. exp - IOTTr yt(S) S dt
(det ¢,,(S))

2

and in order to get (II.5) it remains to prove that

det Yt(S)
Inf det /\t(S) + 3 >0
t=0 (det ¢t(3))
and
InfTe § v.(S) S} >0
t
t=0

The first fact follows from that det /\t(S) increases with t , is zero if and
det Yt(s)

only if t =0 and that is positive with value 1 for t =0
(det ¢t(S))

1In order to prove the second point let us consider (OE(S) , t 20) the solution of

. = ‘+ '.- . . = .
Ot A0t+otA GG 2crtSOt stz 0 00 0 .

It is known (cf. [17]) that, since (H1) is satisfied, ot(S) is ‘monotone
non decreasing and moreover, for every t > 0 , ot(S) is positive definite.

It is easy to see that, setting ét(S) = YT_t(S) - oT—t(S) , one has

8§ (S)=EFE andfor t=20
T
6;(;3) + (A —v!ZOT_t(S) 5) 6,(5) + £5) (A- 20, (5)S)- 25 () 86, (8) = 0

So (cf. [17]), for every t €[0,T] , 6t(S) is non negative definite and the-

refore for everxsai 2.0 the matrix Yt(s) - ot(S) is also non negative definite.

All these propesties lead to what is needed. B



- 164 -

IlII-Maximum likelihood estimation of the drift parameter

Here we investigate the problem of estimating the unknown
parameters A and B = GG of the diffusion progess under consideration in
view of the observationon [0,T] of one trajectory startingj' from zero at
time zero since in view of the preliminary results this is not really a

restriction. So we, start with a process X = (Xt it20 satisfying (I.1) with x=0.

An estimation of matrix B can be obtained by use of the quadra-
tic variation [X] of process X. Precisely B can be comouted with
probability one on every finite time interval [0, T] by B=z LX] .S0 we
can consider the problem of estlmatlng the matrix A when B is assume
known without any restriction,B having eventually been previously
computed.First we investigate the case when the matrix A is comple-
tely unknown(for which the results have been announced in{9])and ther

the case when it is known up to a multinlicative constant.

IIL.1-The case when the drift parameter is completely unknown.

Since, from (I.1), one has
T ' T ' T [
= +
pax, X =afjx X d G [odw, X
one also has
T + 1 _ _ + T fl
il { d(E - BB )xt} X, = (€-BB)A [ X X ar

+ + :
because BB = GG is nothing but the matrix of the orthogonal projection
on the subspace of R generated by the columns of G . Then, by use of

Lemma II.20°1° , under (H1) one gets
[
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+ T ) + ) T ] -1
(1) (€-88)A= | [ (aE-BEWXI {[ix X a}™ .

Let us notice that the stochastic integral in the second member of (III.1) is

+
in fact an ordinary integral since the process ((E - BB ) Xt ;: t20) has

+
locally bounded variation. Finally, as B , the matrix (E - BB') A can be
computed with probability one on some finite time interval ; this allows

us to assume that this matrix is known too.

Now, from Corollary II.1.2, the measure pT)ACQ which qrily dependson
known matrices B and (E - BB+) A can be considered as a dominating
measure for the statistical space associated with the concerned estimation problem ;
the log-likelihood function can be written in the following form

| : 1 ,
Tr{B+[Jgdxtxt A'-—Z-Ajgxtxtdt At}

Then the next result is an immediate consequence of Lemma II.2.1 :

I11.1.1 Proposition - Under (H1) a maximum likelihood estimator of the matrix

A isgiven by
~ _ T ' T [} -4
I.2) AT = [fo dX, X] [fo X, Xtdt] .

I11.1.2 Remark - From( I.1) one can write

~ T ) T [ _1
= X
(1.3) A, =A+GI[ [jaw X] [J, % %, a0 .

This ensures, because of the controllability of the -pair [A,G] that the
pair [E‘;T .G] is itself controllable ; so the estimator [AT , (—% (x1 T) ?] takes

¥

en e

&

#
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its values in the parameter space. Moreover let us notice that the matrix

+, - +
(E - BB )AT provides again the matrix (E - BB )A defined by (III.1) .
Now we state the asymptotic properties of the estimatow -

II1.1.3 . Proposition. Under (H1) and (H2) the estimator AT defined by
(II1.2) is strongly consistent i.e, '

lim AT=A a.s..
T—+e

Moreover the random vector T~ vec (Z\T - A) is asymptotically normaily

. * _1 :
distributed with mean zero and covariance matrix KA B ® B "where K

4

is given by (I.2) .
Proof. We start from the decomposition of the estimator given in equation
(I11.3) . By lemma II.2.1 one gets that |

1 -1

1 T ‘ -
lim [ 5 | X X dt] =K a.s..
T <o T L tt A,B

Moreover, since for every coordinate (X: ; t 2 0) of the observed process X one ha

lim -% jg(x;) 2dt =K;’iB >0 a.s.,
Tt !

by Theorem 4.1 [4] , one obtains

1 T -
lim o [0 dW X =0a.s.
T gD %0 LT

Then tk}@._},’first assert‘ion is proved.

Now, still from (II.3), one can write

u—J’TdWX

: _ 1 T ! -1
ﬁvec(f\,r AZ— [TIO thtdt] G veczﬁ 0 X

Lea et

]
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where

. 1 T ' ] T :
weclﬁj‘odwtxt% = IO (Xt®E) th 5

Bl

From Lemma I1I.2.,1 and

T \ )
Jo®, ®E) (X ®F) dt

T s _ T '
= [y, ®E) X ®E)dt = [ (X X)®E dt

one gets

1 T s
i — ® ® =
lim T J‘O (Xt E) (Xt E) dt ®E

K
Tote A.B

Then, by use of the results of [ 16] concerning the asymptotic normality of

stochastic integrals, one deduces that
lim % vec (& [~ dwW x') =N(0,K,  ®E)
NT VT 40 7t ‘“A,B
Tt
where the limit stands in the sense of convergence in probability distribution.

It follows that in the samesnse T vec (i\T - A) converges to the gaussian

distribution with mean zero and .cevariance matrix

1
,B

-1
(K ® G) (KA,

-1

®E) (KA B

B

-1 -1
- (“%\;.B K, J© @G E))(KAlB ®G)

i

--1 ‘. 4 __l [}
= ®
(E®G) (KA'B®G) KA,B (GG)

= "1 ' Q“ RV
KA,B uB:™ &

[
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III.1.4 Remark. Note that if one assumes that the parameter space is that

of pairs [A,B] such that on one hand [A,G] is controllable and on the other
hand A is a stable matrix, then the estimator .lA\T defined by (III.2) is not

a maximum likelihood estimator ; in fact under these conditions such an

estimator does not exist. The matrix AT is not stable in general but the

probability that it is goes to one when T increases to infinity.

In the case when B is non singular it is possible to modifyrAT in order

to obtain an estimator of A which is stable:one has

T : T v
j dX X +J“0xtdxt—x

0 tTt XT_[X]T

T

50
T | N\ [oT vo\-1
fodXtXt'EXTXr JOXtXtdt TfOXXdH__

-1 1

T ' 0\
J‘O xtdxt--—xx =-B ,

1 Ty
+i,—j0 Xtdt J“OX th 5 Xr

This shows that the Lyapunov equation

where

T | ' T O S T
AT_IOdXtXt—'Z_XTXT Jo X % at '

admits the positive definite matrix — ‘f X Xt dt as a solutlon what implies that

AT is stable (see [ 15]) . Moreover it is clear that the estlmator AT has the

same asymptotic properties as AT

So in some sense, under asumptions (H1) - (H2) the problem of
paramé.tfetestimation is completely solved. The question is : does the
maximum likeliho&éd estimator given by (III.2) still converge if one drops
assumption (H2) ?We have no answer for this in general but the problem has

been positivegy-s_olye,d in the one dimensional case (cf. [ 10}) |
L Gu e
a8

#
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We are now going to look at the problem of parameter
estimation in the case when the drift coeeficient is known up
to an unknown multiplicative constant ; the results will include

those cited before concerning the one-dimensional case.

I1T1.2 - The case when the drift matrix is known up to

multiplicative constant.

Here we assume that A belongs to the set {GAO ;
8 ¢ R} where L is some known nxn matrix and 6 1is an un-
known parameter that one has to estimate. Since if BB+AO =0
then 6 can be computed from (III.1), we shall also assume
that BB'A_ # O. :

Because the Log-likelihood function is equal to

1 g2

T 0y w4 oF _ T o no ot
0 jo X{ A) B" d X, - 3 IO X, Al B' A_ X_ dt,

the maximum likelihood estimator of 6 i$ given by

T enrnt
) JOXtAOB dx,
(II1.4) BT = =3 T -
I X!A'B'A X dt
t o ot
o
ITT.2.1 ~ Proposition : Under (H 1) the estimator 6T

defined by (III.4) is strongly consistent i.e.

lim § = 6 a.s.
T T ’

Proof : As before, from (I.1) one can write

”

[Txagnteaw,
8 (]
0

= 6 + .
T m vt
chtAoB A X dt

But (] X;A B'A X.ds, t » 0) 1is the guadratic variation process
o

t
of the martingalk (I'X§A5B+des, t 2 0) and
o]

- T

@
é
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lim fT X' A' BT A X, dt = » &
t o (0]

.S,
T+ ‘o ’ t

(see Corollary II.2.3). So, bg the analogue for continuous time

martingales of the strong law of large numbers (see [4], Theorem
4.1, p. 394) the assertion follows. H

III.2.2 - Remark -~ Note that
T oy »1 ot _1 . ot _ +
jo X{ Al B’ aX_ = 3 (X5B' Aj Xp = T tr BB A) +
1 vnt nta v (T (T .
+ 7 tr (AB"-B'A ) (jodxtxt [ X, dX!)

So, if B+Ao is symmetric, then

b+ +
s XpB A Xn~TtrBB A

T
ZIOXtAOB A X dt

. + . .
Moreover, if B A0 is skew symmetric, then

int (T I_T '
trA'B (j dx X! j X, dx!)
0 = (@] o]

T

T o
2[0XtAOB A X, dt

ITI.2.3 - Remark - The results of this section (under
H 1) may be easily generalized to the following case. Let

P
A= _Z eiAi' where A
i=1

that BB+Ai £0, 1i=1,..

i i=1,...,0 are known matrices such

.,.p and

y ot vt oA - oA . s .
A} BT Ay + Ay B A; =0 ; 1i#7.

Iﬁﬁﬁﬁis case, the maximum likelihood estimator of 6.
is given bf‘

Ty ot
[OXtAiB dx,

t

Qiu§4$~ ITX'A!B+A.X dt
- o vt 1t
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and it is clear that for all i =1,...,p

lim 9 = 9

i,T a.S. .

Now we give an example of 2-dimensional process which
is a model for so called geophysical problem.

III.2.4 - Example - It is known (see [2}, f13]) that
the instantaneous axis of rotation of the earth is displaced
with respect to the minor axis of the terrestrial ellipsoid.
This displacement consists of a periodic part and a fluctua-
ting part. The latter can be assumed © " to be a so-
lution of the system of stochastic differential equations of

the form

Xm(t) = 61 Xl(t)dt - 62 Xz(t)dt + gdwl(t),

dxz(t) 62 Xl(t)dt + 61 Xz(t)dt + gdwz(t),

where (wl(t) ;i t 2 0) and (wz(t) ; t % 0) are two indepen-
dent Wiener processes, 61 and 92 are unknown and g2 is
known. It is clear that the above system of equations can be

written in the form (I.l) with

61-92 10
A = I3 G = g °
92 91 01

Moreover, because A = 61Al+62A2, where

(10) 0—1)
A = . A =
1 01 2 1 0

and A4A,+AjA, = O the maximum likelihood estimators of 9,
and 65 are given by :



T ~ T
J X, (£)ax, (t) + }Ox2(t)dx2(t)

~ (@]
) = ,
1,T fT[xf(t)+x§<t)]dt
[0}
T T
) Io X, (£)ax, (t) - joxz(t)dxl(t)
) = .
2,T [Ttxf(t)+x§<t)3dt <
R 2

It has been shown (see [4]) that these estimators are consistent

when the solution process
Xt =
\X, (t)
is assumed to be stationary. Taking into account Remark III.2.3

we can assertthat these estimators are still strongly consistent

when one drops the assumption of stationarity.

IV - SEQUENTIAL ESTIMATION

As in section IT11.2 we assume that A Dbelongs to the
set {6 A ; 0 e]R}, where A0 is some known nxn matrix such
that BB AO # O. Here we deal with the problem‘of sequential
estimation of unknown parameter 6. Mathematical statement
of the problem and some details concerning the case of conti-

nuous time observations may be found for exam?le in [101], [12].

Let H be a non-negative number. Define the stopping

time

t .
(Iv.1)  ©(W) =dinflt : [ XAl B" A X, ds = H].
O 4 ~

A ‘ In the casre of a one dimen-
o

sional proeess X it has been shown (cf. [10]) that Ern(H)'< ®

for all n. We shall prove the following stronger result.

. Do
RSN 2

@

[
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IV.4 - Lemma - Under(Hl) there exists 30 such that
E ﬂxp{S'C(H)} < o -

Proof : From Corollary II.2.3 it follows that there exist

positive constants o and B such that

(T i A5 ot -8T
E exp { fo X{ Al BT A X dt} < ae .
So
p(r() 21) =2 ([ x A BY a_x_at s B <
- [o t o ot =
H _ (T s wt Hl~—BT
< e E expl Io X{ AL B A_ X dt} s ae e .
Now let O < § < B. Because
ST P(T(H) 2 T) s el qe (B-8)T
we have also
E exp{§1(H) = 5[” St prr(m) 2 t) at
o
H (= ~-(8-8)t H
< Sae JO e gt = Sae . o
(3]
what completes the proof. ]

Define the sequential plan
N
(t (H) 7 e‘C(H)) ?

where 1(H) is given by (IV.1) and

~ . _1;_ T (H) ' ' +
Orm) = & fo Xg Bg B d X,
Note?éhat 3V(H) is in fact the maximum likelihood estimator

of 6 based 6n the observation of the process X on the random
time interval [O,T(H)]. It is also easy to see that the case
studied here covers those considered in [10]. We shall prove

now : R

#
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IV.2 - Proposition - Under (H 1) the sequential nlan
(T(H)’grtH)) has the following properties for all 6 ¢ R

(i? etUﬂl is normally distributed with Eef(H) = 6 and
var etﬂﬂ =qH

(ii) in the class of sequential plans (T;g) such that :

Ef2 <o ; g [Txpar 8" A x

dt < H
o A

t

the sequential plan (T(H)’ét(H)) is admissible and minimax,

with respect to the quadratic loss function.
Proof : Part (i) follows from equality

A _ 1 (7(H) +

6 =06 + = j X{ Al BY G aw,

and the fact that (IT(H)Xé a! 8" ¢ a W, H=0) is a Wiener
O

process.

To prove admissibility note that for all sequential plans

Y a2 T o4 a1 ot
(t,8) such that E 8°.< ® and E j X! A' BB A X, dt < H .
o t "o ot
2
1 ]
E(§-0)2 » (1#B1(O))7 12,

H

where b(6) = E(8-6). This is a simple generalization of the

. AN
Cramer-Rao inequality (see [101). Next, suppose Oc(H),Qt(H))
inadmissible and show that b(8) = 0 is the only function
satisfying -

(1+b* (8))2 + H b2 (8) < 1.

This leads to admissibility. Moreover, (T(H),ét(u)) has

constant risk so it is also minimax..

R

IV.3 - Remark - Assume (H 1) and, as in Remark ITT.2.3,

that A = I 'Bi Ai, where Ai are known matrices such that
Li=1

e N
L Gu e

[
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+ . . .
BB+Ai # 0 and A&B Aj + A£B+Ai =0 i#3;i,j=1,...,p.
It is clear that one may use, in order to estimate Bi i 1=1,..p,

the sequential plans

(T () o8y v (my )

where
T, (H) = .inf{t : * xta! BV a. x as = H}
i : fo s ¢ i®s
and

T, (H)
a 1 i v ae nt .
R AT fo Xe By B a X,

The estimator 8, is normally distributed with
i,T;(H)
~ _ ~ _ .1-(*)

Cramer-Rao ine,quality, we have that the sequential plan

1

(Ti(H),e. t~(H)) is minimum variance unbiased in the class
L
of unbiased sequential plans (11,6;) such that

E 82

i

< », E ]Ti X! A' BV A, X dt < H
’ o &l i % -

By the same argument as in Lemma IV.1, one may also show that
for all i =1,...,p there exists a constant Gi*> 0O such
that

E exp{GiTl(H)} < o,

Finally note that in the case of Example 111.2.4, the above
sequential plans are nothing but ' '

(T (H) ) ei,t (H.-‘)
where

+
T(H) = infle : | [xf(s) + Xg(s)]ds = H)
O

A

() A - (A ‘ A ' ' -
In fact GH = (el;tl(H),..q,epgtP(H ) is normall¥ distri

buted with EBH = 8 and Var BH = H E and then Glltt(ﬂ),...,

7

gP:TE(“) are independent.
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and

A

= lrcT(H) T (H)
8 ) = [I X, (s)dx, (s) + jo X2(S)dX2(s?]

A _ 1T (H) (T (H)
S2my T EL T K91 (e) - [Ty (s)axy (s) )

which have been derived in [13].

For some related questions one can also consultr[SJ.
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Ca sograntial astinntion ¢f parvametars of

continuous Caucclan Barkovy prooesses
by

¥arok Musisla (.’l:coo}a.w)

A, Introduction

Recantly a numbor cf authors heve studied various esti-
matora of par&mgtars of stochastio prboassas and honasympto-
" tlc coptiral properties of such estimators. In partioular
Arato [4] and Hajek [7] hava investigated nonsequential
mipiowm varilance undbiased estimaﬁozs for paramateis of Gaus-
sian procecsses., liovikov [6] has compared sequential and
ncn%equential'metuods‘or estiéation for a. shift parameter
of a diffusion Gaussien procasa._Dvofetzky, Xiefexr and Wol-
fowitz [5] have shown that for the Poisaon prooess, the
navattvu~h1ncmial prcoass, the ganma proéesa and éhe Wiener
process fixed timo scquential plans are minimax under ths
welzuted gquadratic loss function. Maglera ([14) 'ﬁas exten-
ded thosa resulfs of Dvoratzky, Kiefer and Wolfowitsz to a
olass ¢f processes which ocntains all the processes consi-
derad by thase authors. <

in this papsr we consider oontinuous Géussiaﬁ~uaxkav.
procecs ¥ =(y(t), t 2 0) with mean m(t) and covariance

K(t, s) and we assume that
L a) =6 Q) (8,
whera (¢ (t) and \Y (t) are kmowm, while € 1s unknown.

e dead wi?h the problem of sequential estimation of ED
when K(;, s) 413 known. Also, postulating

-

8
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t : -
K(ty s) = exp{§ (L p{u) + g(n)) -d%K(s, 8),
8

vhere p(t) and G(t) &xro Xnown ws estimate of . Compa- ’
ring the sequential Plans thg usuval quadratio loss funstica
‘and the quadratic loss.function Plus the ocst function will
bs used. Admis;ihle, minipaxs and minimom varlance unbiascd

~

scquential plans for estinmation of © apg. Will ba given.

“
dn we

s
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2. Absoluts continulty of measurss

Throughout the paper we assume that the derivatives
m°(t) and K°(t, t) exist for all 0 <t < . Morsover,

- wa assumeé that

¥, (t) = 1in KEtshs t) = K(t, t) P
1 oun B

axists for all 0 < t<L t;o.

Lat -~ v .
A(t) =K, (t) K (ty €),
B(t) = K°(t, t) - 2x1(t)‘,
a(t) = m’(t) - A(t) m(t),

where XK' =K' for KA Q and K* = 0 for K = 0. Assume
that

. _
S Qal + 12 +B@) <l @
I AL

for all 0St< . Lot iFt} be the family of the
6 ~fields gonerated by random variables {y(s)f: s € t}.
Under ths abova assumptions [17] there exists a v;ianei‘
_ process W = (w‘ét), F,) such that . :
y(£) = y{0) + \(a(u) + A(u)y(u))du + § B"/"'(u){i'ﬂu) . (2.1)
0 o 8
This implies that process y 1s a semimartingale with
~a Gaussian martingale component., This faot is useful in
tho absolgtagcontinuity considerations bvelow.
Lot C [0, t] denote the space of all continuous funo-
tions o: [0, t] — (.o, ®) and let P, denote the
Sy -fg.@ih“m‘f” Borel subsats of C[0, t] endowed with the

norm ¥opology. Let C be the space of all continuous fumo—

-
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_tions C:{0, ®) —> ( -'v_oo, o) ahd 1ot S denote the
5 ~field of Borel subsets of C relative to the topology
of uniform convergence on compact subsets.

A :funo.t;on Ve : ¢ —» [o, o] 1s said to be astbpping
time 17 | | .

c.’t(o) }6 ,@)

!or evary t =2 0.

Now we define a new Gaussian process

v \t) =X + 831/2(u) dw(u), x 6 (- @, ).
0 : E . s
Let /.L /*v'x be tha measures 1nduoed by ¥ and Vx, .

Tespeotively, i.e. ‘/«ly(B) = P(yeB) and /* (B) = P(v*eB),
for BeTh. Moreover, let i, o and//uc)VXdenote the re-
striotions of /J\y énd /.4 x to tho Q-i’ield

Uy }Be’& {r< t'}n 36“65}
respeotively. With this notation ;u w0,y /Ay . Now let
\, {¢) bea measure defined on tha § -£182a (b vy

\/ (B) = %)&v (B) exp{ 2}(1::.‘

Tha wstriotion \7AC 02\ to § -field 65,}: 1s given by

\7«- \B) = 12'}’ S}%,Vx(B) ax‘p{- 5 <2 }dx

Uging socme yesults of Kabanov, iipoer; Shiryayev

;étﬁf.[S] Séction.10 )[1é] Chapter 7) concerning conditions
for abaéipté continuity and singularity of measurss induced
by semimarfingéles with Gaussian martinéale componént it 1s
poss}&}thp~prove ths foilowing theoram.

. .

&

é
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Theorem 2.4,

(1) 12

o | . . .
S [(m'(‘u))’- + Aa(u) K(u, u)] B*(u) du < w,
5 : R .
then ).A,t ,3<< \J4 for every stopping time /¥ .,

(11) If forell 0Sst<

g [ () + 2 K, u)] B*(u) du < ™

and
3 m A -
\[(m (u))2 N ﬁ(u) K(v, u)]a (u) du = c.,,
..theh | - R . R
) ,(ft< oo) =1 iff )',/c “<< \7,» y
| and : '

)‘,(/‘-’-w)-1 EE2. )&t’l_,\)t.._"_

(111) 1£ /h,,_, << My, then the density funotion is

oy
"~ glven by :
d
..ﬂ'f_zl. 5.[(,‘0))2 ilLQL:..E!.Q).L]}

\I(.)

X axp& X (a(u) + A(u) y(u)) B*(u) d!(“) -
0

K(0,0)

. | ..
= % X (a(u) + A(u) J(_“))z. 3*‘“)"’.‘3 .
.0 | -

Now we give an application of Theorsm 2.1,
Example 1 .
1-53;3,,,"; in addition that y 1s stationary. Then
n(t) = m and K(t, s) - 62 exp{-Q\t-—aq, fvhoro_ Gz)' 0
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and \'\ > 0. In this particular case a(t) = @'m,

A(t) = =1, Bit) = z"z@ so that
R .
y\t) = y{0) + %( fom - Qutu)) du + g [ 2 w(t),
3 ,
where w(t) 1s a Wiener process. Theorem 1% implies that

Mattcm)y-1 arr oy, << Vi

and that

4 2
-v.li;x—-lz(]) = -(%- GIP{ [(3(0))2 (S(Oéz m) ]} X

X gxp{ e o [ X((\sm -ay(u)) dy(u) - 2 S(Qm \‘ay\u)) du

1s the density funotion.

', .3. Estination of ©_
Recall .tha.t m(t) i1s of the form
z a(t) =6 ¢ () + Y (t).

We .assume that the derivatives ¢ ° and (° exist and
that for 0 <t < ' |

\[ ({; w)? + (J* (w))? + 42(uw) x(u, u)] B (u) du < .

We considexr the family

o Gaussian Markov measures with the mean function m(%)

@ 2

and the covariance operator K(t, s). For each Gt &

5

S6e
lat &’ u't ,¥ be the restriction of the measure /Ay

the & -ﬁ.eld Wi « Index € 1ndicates that the distribu-
tion L\, of y depands upon O ¢ & , where O is an
4 T 4 : .
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open interval-on the real line.
Theorom2i. assertes that if ? (< o) =1 zfor
. e ~7 '
all 6(—,@’ then /"Q’,y << Vo for all Q¢ @ a;u!
the dansity function is given by
1

P, | -

(3-1) ;,-'&—41(:7) T y) exx{ 6% u(4) +O\ (4, :;}.

where

(3.2) w%) = go (0)k*(0,0) + \( ¢ iu) - A(u)(((u))aB (u)du,

(3:3) Ay 9) = (3(0) - (o))((m) K*(0, 0) +
- + \(‘( (w) = A(u)@ () B*(w)ay(u) -

- (xy (0) + A(u)(y(u) =\ (u)) dl

while _ N '
Sl 3) = e e’icpr [(3-(0))2;- (2(0) = “,’LQ).L }’(

x \ [ X(0,0) k(0,0) .
W3 4)x 019{3 (" (w) + Au)(y(u) = (u))B* (u) dy(u) -
0 A

'2' S (¢ (u) + A(u)w(u) - \P\u)))a +(u) du}

1 . Ba\ring an explicite formula for the density funotion |
we mey use the maximum likelihood methed to study sequantial
plans for estimation of &, ., .

Let / Ve a stopping time with respeot to i@t} .
A function £: [o, cgo] X C—> (-0, ) 1s called an esti-
mator of © f f£( (), -) 18 ‘.9:.'}:; measurabla for every
X . A pair 5 = (%, £), where ¥ is a stopping‘ time and
£ 1s an estimator, 1s called a sequential .-plan.

: se 1imit our considerations to a quadratio loss func-
tion L(® ,E, )“= (g -9 )2 + 5(4’), where H 13 a cost
funotion. We assume that H(t) ia nonnegative, lower semi-—
oontinu?g;agd;euo‘h th_ét

[
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lim H(t) = 0.
t—

Let ) denote the set of all thoss scguential plans
3=‘ (t, £) that have a finite risk functicen

R0, 8 ) = Eg[(2-6)2 +B(E)]

for all 6 e ® ., The expsctation 1s here taken with respect

to /Ay.

B sequential plan 5 = (1, f) is said tc de minimax
’ "'. if . ’ .
y . su R(G S ) = ‘dng sup R(B E, ).
B ) 5D gc® |
Supposo tha.t a prior probability distributico “n’ (@)@
'oi‘ 6 13 given. The integral | '

20,8 )-@S R(©,8 )W (9)asd

L 1s oalled the Bayeaian risk of & , provided it exists.
A aequential plan (S = (£, 2) 1s said to be Bayes
“with respeot to W 1f

4

2 ¥,0) = §°1 (T, 8).

First we oopsidex the case @ a (= © s @ ) In view
of (3.1) the maximum likalihood estimator of & 133 given
by , . -

élt ,4\ (ty 3)
cu(%)

A
):n 1atter oonsiderations we use the fact that Gy 1s

a limit of Bayes estimators. To prove this wa introduce

a sequence of normal prior distributions with densities

4 o i 2
:ﬁa\‘.(e\:»)u- —é%_ axp{ - un %‘_‘]. .

‘ Acoording to (3.1) the density function of the posterior
probability distribution is giren by . ‘
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et
s sxp|- S

Using simple algebrols menipulations we obtain

u(t)-fu u(t) +
\ > P{""""""j(e"u/t.,u )}

- (a(g) v w) +04 (#, ,)}

Woy(ely) =

’Va'ow N' o”

(u(k) +w) +94A (4, y)}ae

M (et y) =

N

Sinoe

=(Tar ]9 = \(f-e)"T (91.7) d6

>=C0

attains its minimum valug at

éAC ge ) 3(9‘3) 499 .
-®

the Bajea gstimator with zaspadt to U
an_ Ax .
Or " wllny

Cloasly it m o, - 0, then L g =By -
| B —~—>c0 D ~>®

4 simple caloulation shows that the postarior risk of

p 18 given by

tha estimator e 13 equal to

n
2V G| 1) = 3 uy

Hew we prooeed to sequential estimation of G,

Beoauﬁe
~ = ' 4 ,

the problem of finding Bayes sequential plan reduces to the

problem of minimiging

D\Q o AN

ﬁ 'E G*(;;y;;;- + H(4))

with respeot to i . It 13 olear that a fixed time gsequential
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t . - n :
plan 8 = (T 5 B )y whsxre T is dalerminaed by
n n Tn n

m + H\T ) u('f) HL';' + H(T)),

is Bayes with respect to W n*

Now let 50 = (To, GT ) be a Pixed tine sequehtial
)

Plan with ‘ -
. //\\T:y) ‘

b, = T

~and with T, determined by

1 : N 1
_u(To + H('.‘.‘o) = 1&3‘f ('a'@;) + H(T)).

heoyrem 3.4,

..Plan 60 = (To, GT ) is minimax. Moreover, GT is
. o ‘

v o
pormally distributed with mean value © and variunog 1/u(To).

Proof.
Using (2 1), (3.2) and (3 3) gives ,
Ny 3) - eu(m ) = (y(o) ~0p(0) - ¥ (0)) @ (0) K*(o, 0) +
T,
\ (7 (u) - A(u)(p(u))(BVe(u)) dw (u).

\aﬂ:@um)-mmw-vm»wmxumw .
T

xSupw>-uw@man%wVaww

4,
% -

Thus the assertion oconoerning the distribution of GT
tollowq. :
-A-siqu§AOaIBﬁlation shows that

3

0
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6 riy, ‘95 VRS '~—“7 4 H(T ) -
r\)

°"7‘Jiﬂx - R, € ELf o »q(‘ W) +
4\"'-« O \"}‘ ]
-— 0"“ -f 1 . -; -.n.—-, Bred
T+ u@.o) J “(TD) )“A Rg:.n).

Forecvor, 12 dinm u = 0, thon
n Le)

11 ("Z"'“)*"“ ¢ 5(2,)) = grdy v min,).
~o

B-;GD
Havico
sup R{ 6,0 0)§. inf sup R(&, O Je

.~' Oc i _ S0t Ged
and o 1s mbuimzx,

(43
[ (2

"+ BExapple 2

Let y de deflncd a3 in Etaﬂple 1._From the thsurema
,tab11~had above tha folluwing resulta may ba eaatly dedn«
Ced. . Co : T s 'J

For all ©¢ ' -  ‘ '
& ' N
Mylhcmy e amr pb <<Uy L

¢ a3 -

a u

—=01 (5) = 54, ) expi— et u(e) + 6 (’Y. JH
(8 .

whors
» . O 4 ¥(0) +:(f‘c) +§y(u)du
eit ) 8 S22 Ghide A ) = i :
13 ) '2E2 . | s ( e J 2 Gz
The maximum 11kalikocd cotimator of ‘2 s given Yy
» . .4
< Wy 3e) + ¢Sy au
‘ 9
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The fived-tims saquentlal plsa ) = (?o, 6n°), whera 9
is dztsrnivned by ,
- . ~ * -
2G5 . ( 2\
poTme o+ B(T)) = anflghos + () 1
%0 o veTys -
42 mininux,
) ¥ .
The preblem of estimaticn of £ has bscn alao in 2 we-
A “1 N " - -
cest paver considered by Rézafzki {28 fox a siationazy Gaue-

sian Yarkor proceas.

7 ).n the above re.:ults have boon dexived un ‘ﬁ iha assua-
ption that the ris): of o iz given ty ths foreula —
R(6,8) = 5 (2 - 6% + (1),
where. K represeuts tke ccst function, Kow wa.m‘oosﬁd alao -
~to 'oonsidef seqrantial estimation of O eassuning trat the
‘gost of observailons 1s not taksn into acoount, t.e. that

< . . . .-

the risk.of & 4s given by
(0,0 ) =Bz -0
Cleariy, ir this case it 13 nacessaxy to .hgd additional
rostrictions on the °topping timgs coens «16&1‘3‘..‘:&‘# arwica tha
optimal stopoing time /4 would be sgual to +& with prodba-
bility one. o |
Let & () donots ths set of all sequaaéia;‘. plans

&= (Y, £) Z2or which '"ﬁ(‘e v ¢ ) s ﬁnite]&.nd

.‘ <iBe u(Y) Su{r?) holds for all © ¢ (B .

Legie

e I.‘.‘. the: function (" (u) - A{u)Yy (W) 8%y iu) is

non=-i noressinr and if

Bt € T,
tlum“‘ -
[ i X
Be u(r) < u(r).
- - A sequential plan 81 = (% £,) 1s said to bs

better than §, = (i,, £,) if
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2

'2(@,62)

o
L A
i

(G0
7\
Tor al) O and o ztrlct insguality foe ok loast ecna EU (W

L)

< .
saguantiad plan € C 40 () is s3id to b3 adnissible
™, N N
sierng ol (T) L2 thewa 1s no other pPlan in o () wbich is
c , .
botiar than O .

C ' o
5 sgquzntial plan O 15 sald to bs minimax 4f

sup R(G,& )= Aaf  sup R(€, &)
9%%‘ SEOiT) €c©

Furcticn B(G) = Bg(t =9 ) 1s callad the Blas func-
tion of & = (v, £)e If B(G) = 0,then & = (T, £) 4s
scid to ba uvnbliased, o

. <

4 sequentinl plan C = (¥, £) is said to ba best

unbiased 1f it 43 uwobiased and if :

T A v N (9

R(6,C°) 2 R(©,0)
for all €¢ & end all undblassd sequentiel plans S ° i
D ()e o | 4 -

We prova that é:"l.‘ = (T, :T) ¢ () 1s admissible
and minimax, To establish this we need 2 lemma whigh nay
bs consldered as an a2nalogus to the classical Cramér-Rao
inequality. It 3s as follcws.

Lewms 3,1
1¢ ;S, = (%, £) 1s a sequential plan and if.
6, .
§ B (£2 +uir)) 40 < @
, . €1
for ‘51< G 20 © 49 Co < @)

then
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i

Bng - EQ.! f_=

-(3.61 = Egf {(\(0)-0(‘/(&.)“} (a)3 u’h(“ o+

A\

. |
* S(go(t)-ut)cp(w)(u’/z( st ()
Moraovar, 1£
92
\ E u(i’)d@‘) 0,
94
then
92 Co
5.7y & T6,8 ) acs \ v2(0 ) &G +
Oy ©,
(6, - 0, +b<9 2) = (O, ))2
4 9\2 - ®
E u("c) aG
O, © |

Proof.
‘Note that

EQ,f - Eg £ =
0, | a2
=S £(c*) \ gg x=0¢0) ~ L“) (f\’

. 'ip{
c @, QK(0,0) ° 2K (04 0)
L D ' , .

Xogo— (™) a8 aVw (z, o¥),

R )’(‘%’“3(

~ where d Qn. (x, o¥) = .._/.‘_.,..

| 21
fan e e () e {- T

T O

B{, e{ Fed ) -

]
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g .
2
\ \ \ () 5}'";'-‘ et gupd o (2290 (0) - \”anz X
6, ¢ ¢ \(‘L(O ') N © 2K(0,0)
a0 L
X g (“z)id\’)-«c (%, ¢*) 4G =
/ 't g\J . ..
02 '

- é re| f{mo) ~ © (@ (0) -y (9)) (¢(0) K*(0,0) + |
1

i .
+ N ) = RO P () EY2(6))* ance) | 2 O €
0
6, 62
<< \ Eg £2 a9 )1/2(% E u(’k) dQ)UZ{ 0 .
, €
1 1

Now Fubini’s theorem yilalds (3.6)'o To oomplete the
proof notg that '.

0, o,
' 2 2
(80,7 = 59, %< é\ B (2-E 1) dGé\_EQu('t) e =
1 1

Q : 92
\E(f'Q)zd@-o\(E (£ - G))2d9 X
9, , £,

9,
X \ B, u(t) 46 .

1

Theorem 3.2

If(@ = (-, o), then 81! = (1, éT) 1s admissible
and minimax, o .

Proof. » ‘ ' -

Supposiﬁi;ﬁ#g q is not a2dmissible. Then, there exists
a sequentialﬁ plan & = (<, £) such that
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R(6,8) ¢ Re, & =5y
with a strict inequality for at lcast one & . Sinee

sup Baou(T) g u(l) < oo the assumption cf Lommz 3.1
61 ¢ x €2 ©

is fulfilled, Hence, according to (3.7)

| N ¢,
(3.8) =rx2 8 R(6, 8 )y —tam \ R(6,8) a5y
-.» ““7’e1<el’p¢72 (650 €2-64 \1 (6,C) 403
. B(6,) -b(0,) 2
6> . (1 + (92), 51 1))
2 et b d ‘ — - .
7 '6 (}1 (8) 46 + o ;

» . Now wa show that bH(©)= 0 4s the only funotion’
satisfying this inequality. . _
Fut;ction Y (E8) 1s non-—inoreasing becauss .

b (o 2 RELICHICI
92"'91 a

Yoreover, b(Q ) 41s bounded. T_o prove this wae ccnsider first

the case b(C) = 0. Then L .

&
v2(6,)€ gt é v2(8) 46 € gy
1

for every & ,< & ,. Similaerly, bl€)is bounded when b(% )< 0.
Because b '.is non-inoreasing thers exists at most one vaiue €
suo)a that B(€)Z 0 for €< €, and B(€)< 0 for
€ 7,C o+ Censidering these two intervals separately we

easily estadlish that ©bIGIis boundsd.

‘Nota . that there exists a sequanca %Gnl‘r such that
. }

Q\ e ."'

lim@-coand «
n-> o
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(&) - v(0
1im 2(0y) (Oga) | 0.
D7 ® On~ O n-t

" Supposa, cn the contxary, thot there exist € O and c6*

- b
such tk2t for evexry @2'7/ 617/ e

86 ,) - B(E )
g ¢ ¢t

Then for svery O 7O,

w(E) < - E(8-6,)+d(6,).
This show3 that ‘b can not be bounded,
Substituting {en“k into (;,8) ‘we¢ have
00

On "en-—i
E)D—i

P PICE LI CEY b(e )-b( ,,-3))9
= uwT) Bp~ So-1 - Cp-1 -

Moreover, for sufficlently laxgs n (such that On 1‘79«)

| N O P o
, _ - 2
mmbzcen_,_), bz(Gn}?é e"‘-'?'é';? \ véene,
. 0,y |

so that

lin b(e ) = 0.
n=> 00

similar we may prove that- there exists a sequenocs {9 'k

such that 1im e, =~ and 1lim b(e ) = 0.
: n—>00 * : ~ p~»00

* Using the Iact tbat. b 1s non-increasing and tends

to zero ¥uan ‘3 “tends to % o we see that W (O)= o.
#
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In view of (2.8) 1t is clear that sup E(G ,6) =
€4¢€<T

e =3 for every O € ,. This implies that R(g ,¢) =
u(T) v AR B B P @ sC

1 ¢, r
=TT for all ¥ . Thus the adaissidblaity of Cy 1s proved.

-

Minimaxity of T follows easily from the fact that
Q'T kas a constant risk. Indsed suppose that éT s not
minimax. Ther there exists .a ssquential plan & = Ct', ?)
such that

-
f 1

I‘v. < N '
sup R(G, ¢ ) <L sgp R( e, ('T.) = ST °

&
This implies that R(G, _ ) < R(E , éT) “for all G . This
sbows thaf E‘T is not admissidhle,

It 4s 1ntarést1ng to note that in case ths parametai h
space is truncated E”T is miniiéx, but anot admisgible. For'
example (:T. 1s worse than ((J-T = (7, max( Cy» éT.)) when

&= L'C’og © ).

Theorem 3.3
It E = Léo, ®), then E, o = (T, éT) is minimé.x.
Proof. ‘
Suppose that E‘T is not minimax., Then there exists

& plan ¢e (%, £) such that

sup  R(6, L)< Ty -
& %€

Eence, RG,C ) € gy -€ forall € % €
<7 0. It 1s easy to see that b 1is bounded.

a m
o nd scme

Since
C2~Cq
.we ‘obtain ‘after a simpls caloulation that

Ry
a” %({@'ﬁ'

é

< 1 =fu(r)
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-5 1
- 04 1*ﬁ:£u@)

holds fur every G , > € 4> C~ . This 1nplias that bigjis

b(6,) - 3(8,) uin)

unbounded, Thus 6 is minimax,
Now we assume that tke parameter space & 1s an open
interval on the real line and consider bast unbiased sequan-

tial plans for & . As mantioned earlier «5 P 13 unbiased,

i

Theorem 3.4

Plan E;T = (T, éT) is bast amoﬁg 211 unbiased plans in
A (1). | |
Proct,

This asssertion follows in a straightforward way from
(3.8). | "
Example 23

Prom Theorem 3.1 1t follows that &, = (T, &),

where
T
7{0) + y(1) + S yiu) du

2 +-Q3T ’

1s admissible and minimax among the class of plans: é) = (v, £)

Ep =

which satisfy the following two conditions

B, 1°< o, Bgt< T3 6Oe(-o, @).

If the paraﬁetér space is truncated é,z is mipnimax but not
admissible. Finally, Theorem 3.4 shows that & p 13 a best
unbiaszgﬁélgnﬁ~- - .

P
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4. Bstimation of OK

Note that the covariance cperetor X(t, s) of tha

stochastic process y dafined in Ssction 1 i3 equal to

t
K{t, 8) = GXP{ & Au) d% E(s_: s)s

s
where

. 8 r
X(s, ‘s) = explz, \) A(u) du}{K(o, 0) +
. 2 3

s u ,

+ S exp{ -2 \ Ao ;}d“s B(u) d% .

0o 0

In this section we postulate that L
A(t) = OLB(t) + q(t)

and considexr the problem of estimation of the parameter'o( .
We assume that ol ' ranges_over an opan interval ). on the.

’ reai iine. Functions 'p and q are known é.nd such that
S [(m &u))2 + (p (u) + ¢%(w)) K(u, ] B'(u) du < o

tar t<o and that

@ ,
%pa(u) KE(u, v) B¥(u) du = om.:
0

Since we use here the same methods as in the casge: of esti-
mation of € we omit the proofs.
' ‘Consider the stopping time

./LUT(:) = 1nf{.t: 2(t, ¥) > T} s

whare
B |
Z(t, 3) = Xpa(u)(y(u') - n(u))2 B*(u) du.

- R
Gn e N

It is %asy to see that /t.r(y) is pondecreasing, with
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raspect to T,

)“y("CT < (D) =1, cle —fl)
for all T £ ¢ and ‘ v |
. d . -

/us(TE;nm/tT=m?=1, o e ),

Consider the seqﬁential plan

Qp = (Hp9) , 3 ?"‘T’ s
whare : A: S
0 Uegs 3) = \ R (7(8) - n(w) 5*(u) [aym -

= (m(u) + q(u}(y(u) - m(u)))d]

The estimator \? (/“,J_., ¥) has a normal dIstribution
with axpeotation & and variance ‘ﬁ + The risk funotion :

1noluding the cost term ia now of the form

R(ol, § ) = Ea[(f-o()z - G Ml
vhere H 13 defined as in Section 3., Assuming that ). a
= (~m, @) the ‘following theorem may be established .

Theorsm 4.1

Plan QT = ("CT, -%\?(/tT, 7)), whers T is éeteminad
by '
. -,% + H(T) = tigfo(.% + B(t))
1s'§i’in1max.

If the risk function

R(ol, &) = Ey (= o<)2

which dogs pot .take into account the cost of observations
ia pos:;lated, one may establiéh, by using arguments simi-
lar as those in Sectioﬁ 3, the following results,
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Let o, (?) donote the sst of all sequsntial plahs
6 = (T, £) such that ?z'{af, 6) is finite and
qu(’t,'., ¥Y) £ T holds for all ¥¢ )

Thaorem 4.2

(1Y 1£ {2 = (-, o0 ); then PT is admissidvls, minimax

and best unbiased among ) (P)e ‘
(11) If the paramster space is truncated, say Q = (0(0, o),
then Pr 1s minimex and best unbiased emong c@(T)
(111)12 (). 15 an open 1nterva1 then P, 1is ‘best a*nong
21l unbiased plans in Q) (T) '

"~ As already mentioned the optimal stopping time -‘/Z’T 15
finite. Moreover, Theorem 4.3 balow asssrtes that all moments

of /tT are finite when

041211%{'—}!- a, “b=sup%—€-t-}-<oo,
0<1€f B(t) = ¢, 3= supb{—}‘-< 0.

Il_:eorem 4.3

Under these qualifications there exist for every
n =1, 2, ..; counstants an,‘bn and ¢, depen&ing upon
a, b, ¢ and d only such that |

| n . '
Bty (aplat (P + b)) 2% 4 o T2,

This theorem may be establish by using soma_‘ideas of
Wognik (Theorem 17.7. in [127) and Musiela (013]).

S
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1. INTRODUCTION,

Asymptotic properties of maximum likelihood estimators for parameters
of diffusion processes have been intensively studied. Linear elliptic and
hypoelliptic cases have been considered by Arato [1,2], Le Breton [10],
Le Breton and Musiela [13]A. A one-dimensional bilinear model has been
investigated by Taraskin [19], Le Breton and Musiela [11] . The general
case of linear dependence of the drift coefficient on a parameter has been
considered by Taraskin [20], Brdwn and Hewitt [5], Lee and Kozin [14].
In all these papers ergodicity of corresponding diffusions:f'was an important -
assumption. Novikov in [17] and Feigin in [6,7] have used martingale '
methods to study the maximum likelihood estimator of the arbitrary real pa-
rameter € in the one-dimensional Ornstein-Uhlenbeck m:otion governed

by the differential generator

—:21- D+ 6xD, (D=3 . (1)

Novikov's result on convergence of the estimator has been generalized by
Le Breton and Musiela [13] to the case of linear d-diménsional hypoelliptic

diffusions.

In the present paper we consider bilinear elliptic diffusions of the

following type.

d
let Q be the set of all continuous functions from R+ to R .

We denote (X(t)) the coordinate process, (%) its natural right

t20 t't =0
continuous filtration and &= V % . Moreover, let
A AN t=20
. r !
- —_ ) A + Al .
ale) = ((a ) = T, A ¢ A+ AA
b.(x)= (b (x) = B,x ,
[} . ? : 1 e
‘.Q\ gt T
, B, =31 ¢ E 6=(6) eR"
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where d x d matrices B

and det AA' >0 ,

ERRE ,Bq are known and linearly independent

»

We define P}; , X € Rd , 6 € r? , to be the probability law on
(Q,%) such that

p’g {(X(0) =x) = 1

and the process

t
M(t) = X(t) - | b, (X(s)) ds | (2)
0

t .
is an (?t)-local martingale on R+ with (I a(X(s))ds) as tensor qua-
. 0
dratic variation process. (Q,?,fr’t,x(t), P);) is the canonical realization
of a diffusion process with differential operator
1 d ' d ¢
. (3)

aij D1 Dj + EF‘-I bj D’

Parameters AA' and 2;._:1 Ak ® Ak of the matrix valued function
(alx) ;: x¢€ Rd) can be computed, with probability one on every finite time

interval [0,T] , by use of the tensor quadratic variation ﬁrocess

t
(j‘o a(X(s))ds , 0=t <T) . Therefore we shall investigate the problem of
estimating © , in view of the observation of one trajectory: on [O0,T] ,
when a(*) is assumed known. We study convergence and asymptotic dis-

tribution for the maximum likelihood estimator (MLE) of the.drift parameter 6 .,

2. MAXiMUM LIKELIHOOD ESTIMATION OF 6 .

It is well known (cf. Liptser and Shiryaev [15]) that the restric-

. X pX ,
tion PG,T .zsf“-P"@‘-“‘tO Fop

for alls 6 ¢RY . Moreqyér, the Log-likelihood equation can be

is absolutely continuous with respect to

X
PO,T
written in the form
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' T T
' -1 ’ ) bo-1
(( ‘J‘O X (t)Bk a “(X(t)) B, X(t) dt)) 6= ( f() X'(t) B, a (X(t)) dx(t)). ,(4)

The following lemma will be useful in order to compute a MLE of 6,

Lemma 1.

The matrix

T .
[ X0 x® @ a ' (x() a
.

is P’é almost surely positive definite.

Proof. In order to prove the assertion one has to show that the set

T
Q= U (h' [ X0 X'® ®a (X(W)dt h=0)

o 2
nerY - (0] 0

is negligible. Since X has continuous sample paths it is sufficient to

prove that

0 = L, G (b XO X' & a” (X(t)h = o]
heRY -(0] te[0,T] '

is negligible. But

h'X() X'(8) ®a H(X(®) h = (vec H) X)X () & a L(X() vec H =

1 -1

te Hia ™ (X(0) HX® X0 = X0 B o~ (x0) HX()

where H is square d xd matrix such that vec H =h (see Henderson

and Searle [8] for the definition and properties of vec operator). Therefore

RS
S W £
&

‘ Q = U. N {axX(t) =0} .
H#0 t€[0,T] ’
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It is also clear that

0, <6, = y 0 { h* x(t)=0] .

Now let 0=t <t, <-.-»-<f =<T , Since
o 1 d
Q2c03= {det'EX(tl),..,,X(td)]=01
d2
and the subset of R -
] [ d2
{(vl,.e.,vd) €R :det[\/l,“,,\ld]=0}

has Lebesgue measure zero, the assertion will be proved if :one shows that
the random vector (X' (tl),. .,,X‘(td))' has a density with respect to Lebe.sgue
measure in Rd2 . This follows from ellipticity of the differential operator

L defined in (3) and the fact that P)é is Markov (cf. Ikeda and

Watanabe [9]). =

The next result is then an immediate consequence of (4) and the

above Lemma 1.

Proposition 1.

LY

~

A maximum likelihood estimator €_ of the parameter 6 is glven

T
by
. T - -1 T A
6. =(( [ X'@®)B a X)B,X(M)d) ([ X()B_a (X(t) dX(t) . (5)
NG 0 k E 0 k
Proof., Since matrices Bl""'Bq are linearly independent and
T T

J"O x‘{sg)-ﬁ;f( a H X (1) B X(t)dt = (vec Bk). j'OX(t)x~(t) & a” (xX(t) dt vec By

&
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T

then (( J X' (t) Bl< a_l(X(t)) B& X(t) dt)) is a Gram matrix for vectors
0

vec Bl,...,vec Bq . Therefore it is almost surely positive definite. =

3. CONVERGENCE OF THE MLE OF 6 .

We shall consider separately two cases : when the observed diffu-

. T o
sion is ergodic and when the matrix ((f X' (t) Bk a 1(X(t)») B&X(t) dt)) is
O v7.

diagonal .

3.1. Ergodic case.

In the following Lemma we list some known results (cf. Brockett [4]).

Lemma 2.

] .
i SO +I9B. + & i
If the matrix Bb‘ I+1 Bb %( i Ak Ak is s‘table, then

(i) there exists a unique invariant zero-mean probability measure u for

X
PS’

(i) f 4 x'xdpx) < o, : ;
R

w

(iii) W possesses a density p which is C and satisfies the steady

state Fokker-Planck equation,

N

(iv)- Pg is ergodic:

Now we can prove

TN T

@

[
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Proposition 2,

. r
& + 1 ¥ & i
AIf the matrix BG 1 I Be + 2k=1 Ak Ak is stable, then the

MLE GT defined in (5) is strongly consistent i.e.

>

lim =8 |, P, a.s.
T—'oo

Proof. First we note that for k,4=1,....,9

o

o [trB B trB, B,]
f x'B, a 1(x)B xdulx) = k kLt 4 I x'x dulx) <o,
K ) ,
Rd tr AA Rd

[

Next we shall prove that the matrix ((I d)c‘ Bk aﬁl(x)BLxdp(x)))
o R ,
is positive definite. It is sufficient to show that the matrix

f 4 xx' ® a‘l(x) du(x) 1is positive definite. We assume now that for some
R™ 2 , - |
h € Rd -{0} n' j d xx'®a 1(x) du(x)h=0 , Then, for vec H=h we have

also f dx'H‘a“%z(x) Hxdu{x) =0 what implies that x'H' a_l(x) Hx=0 u

R B
a.e. . Therefore Hx =0 pu a.e. and there exists hl ERd-{O} such that

hulx =0 u a.e. . This would imply that Q = j d xx'du(x) s not positive

definite. But on the other hand we know (cf. Brockett [4] _'gSr Le Breton and
Musiela [12]) that Q 1is the unique positive definite solution of the

equation

! r ! [ I—
BgQ + QBy + I _ A QA +AAN =0 .

Then the -matrix  (( J’ d x! Bk anl(x) BLxdu(x)) is positive definite,
\7;':, R

To prove ‘consistency note that (2) and (5) yield

6 - 6 ([ X8, a” 6B, XW) N ([ X (0B 2 (K()dME). (6)
pToF W) XKHUUB . -
& 0 0
Moreover, since P)g is ergodic, we obtain that
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T
lim — ([ X®B a ' X0)E,X() ) = ([ 4% B a7 1608, x duta))
0

X
P6 a.s. and using the analogue for continuous time martingales of the strong

law (cf. Basawa and Prakasa Rao [3] Theorem 4.1, p.394 for example) we

have also
1 T ~1 X
m — ([ X'(t)B_ a (X(t))dM(t)) =0 , P° a.s.
Tow T 0 k g

Therefore the conclusion of the proposition follows. =

3.2. Diagonal case.

In this paragraph we shall study convergence of the M L E without

ergodicity assumption, We begin by the following

Lemma 3.

For any dxd matrix H such that det H # 0

P: {[ x@n a—l(X(t)) HX(t) dt ==} =1 , -"‘ (7)
0

Proof. First note that (cf. Musiela [16]) if there exists ‘a number A>0

and a strictly positive function ¢ € Cz(]Rd) such that

' lim px) = «
v | x|~

Lox) < vx'H'a l(x) Hx o) , x e R '

- . d
then (7) holgs.»a Now “such a ¢ can be constructed by choosing o€ CZ(R )

‘X‘Z 1/2 .
) for x| = (2r) ., where u is a

‘! *
so that @21 and ox) = u(
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solution of the second order differential equation

Dul] =C,u, xz=r , =

1 2
— + +C
» (CIX C’z)[D u+C 4

3

The main result of this paragraph is the following

Proposition 3.

If det B #0 , k=1,...,9 and for all x € Rd _XV'B;(a—l(x) BLx= 0,
k#1 , k,t=1,...,9 , then the MLE BT given in (5) is strongly consis-
tent.
Proof. It is clear that
T . -1
J x'® B _a (X)) dX(t)
é 0
T (e)
T D
[ xt)B_ a “(X(t))B,_X(t)dt
0 k k

and, as before, taking into accourit (6) we can write

J“'f) X(0) B, 2~ (X() dM()

-~

-t =
-

ek % T 7
[ X8, a (X)) B X®d
0

ot .o
Since (. X'(s) Bk a 1(X(s)) Bk X(s)ds , t 2 0) is the quadratic variation
0 ) ,

t . t . _
process of martingale (‘f X'(s) Bk a 1(X(s)) dM(s), tz0) and (7) holds
0

with H = Bk ,k=1,...,0 then using the martingale version of the strong

law of large «1ifmbérs we get the assertion. =

P
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o _ _ . _,1 0 .0 -1
let d=q=2 , r=1 and B, =A (0 1),Bz—-(l D)'
Z—\1 =3 82 , @a€R ., It is easy to see that the assumptions of Proposition 3
are fulfiled. Therefore GT =(91 T 82 T) , given in (¢) , is strongly con-
sistent. Note that

@D
i

1,T

>

2,T

T
Io [X (0 dX (1) +X, (1) dX, (1)]
. (9)
' [xz( ). + xz(t) dt
IO )+ Xt ]
T X, () dX, () - X, (t) dX, (t)
0 1+’ 0w + X )
‘ (10)

T 2. . 2
X7 (t) + X ()
J 1 2 dt

2..,2 2
1+a [Xl(t) +X2(t) ]

where  X(t) = (X, (1) , X,(®)

4. ASYMPTOTIC DISTRIBUTION OF THE MLE OF ¢ .

:,As in Section 3 we shall first study the case when the observed

. N . A, . «
diffusion is ergodic.

4.1, » Ergodiemtggé:i;

#
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Proposition 4,

r
b2 ® & i
If the matrix BG 1+ BG + Zk=1 Ak Ak is stable, then the

random vector Tl/2 ( GT - €) is asymptotically normally distributed with

mean zero and covariance matrix ((f d X' B;{ a—l(x)BLx dp(X)))*l , where
R ]

H is the unique invariant probability measure for P)é .

Proof. On can deduce, using results of Taraskin [20], that the random
. T ' _ -'>
vector T * (f X' (t) B, a 1(X(t)) dM(t)) is asymptotically’ normally distri-

buted with mean zero and covariance matrix (( f d x’ B;( a_l(x)BLx du(x))) .
Therefore, the conclusion follows from (6). ® R :

We shall complete the above proposition by two examples in which

invariant measures are known explicitely.

Example 2 (Brockett [4]).

M is Gaussian with variance Q i{f and only if Ag Q +QA;( =0 ,

r

k=1,...,r , and BBQ+QB'9+ 2k=1

+ ' = 0.
Ak Q Ak AA 0‘ .

Example 3.

If Be=61,r=1,A1=aI,a740,where © and a are real

such that,.26 + a2 <0 and I is the identity matrix, then dpu(x)=p(x)dx,
where
_gart 8
2 -1 2 a?
px) = C(1+a x'(AA') ~ x) .

S e Y

& ;,
This result may be proved directly by verification of the steady state

Fokker -Planck equation,
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4.2, A two-dimensional diagonal example.

Without ergodicity assumption, even in the diagonal case, we were
not able to.find the asymptotic distribution of the M L E of 8 . In order to

give an insight into the problem we shall investigate now the two-dimensional

diffusion process X(t) = (Xl(t), Xz(t)) considered in Example 1. Let us

~ 1 ~ ~

recall that the MLE 6y = (8 ., 8 ;) , where 8 . and S,r ae

given in (9) and (10), respectively, is strongly consistent.
We introduce the following notation

B T2 2 '
Vig = J’O (X[ + X (t) ] at :

2 2,
CLTX + X0 |
V, o = [ dt
2,T Y, 2.2 2
L+a [X () + X, (1) ]

Proposition 5.

I

~

. n 2 : = 3
(i) If 2t:1 +a” #0 , then the random variable Vl,T-_( el,T - 61) is

asymptotically normally distributed with mean zero and variance

)

equal to one.

kY

. 2 ] " ‘ . N .
(ii) If 261 +a =0, then Vl,T(el,T 61) converges in distribution

to the distribution (which is not Gaussian) of the random variable

Wis(l) + wgu) -2

L 2
2 j‘ [Wl(t) + Wz(t)] dt

) Q b
I § DR
L W 4 s

whare W1 and W-:2 are independent Brownian motions,

¢
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i - 1 -
s . 2z e 3 z ' _
(iii) Random variables vl,T( 1T 81) and VZ,T( EZ,T ez) .are
independent,
(iv) The distribution of V; T(QZ T Gz) is normal with mean zero and

variance equal to one.

Proof. First we define the processes

p(t) = X'(t) X(t) ,

t

- -2
w.t) = [ o 2(s) X(s) dM(s)
0
~ t p(S) —'15 . -1 ’
Wz(t) = j' —— X'(s) Bza (X(s)) d M(s)
0L 1+a* p(s)
‘ p Wa
and we denote by (%.") and (%. ) the completed filtrations determined,

respectively, by p and W

2 "
It is easy to see that W1 and W2 are independent Brownian motions and
that '
i 2 a4 '»
do(t) = [(26 +a")plt)+2])dt +2 |p(t)|® aw (t) , t=0.,
2 2
p(0) = X, tx,

Since the above equation has a unique strong solution jcf.. Ikeda and
Watanabe [9], Theorem 3.2. p.168), then (%.FP) = (?.Wl) and the sto-

chastic ;prfécesses p and W are independent. Moreover, we know also

2
(cf. Pitman and Yor [18]) that diffusion obtained by taking the sum of

squares of two independent Ornstein-Uhlenbeck processes governed by the

differential generator (1) with 6 = 281 +‘a2 satisfies the same equation.

. [N
s En we Y

a
;. . T
‘ 3 - -3 % ~
: = = - = t
Since a(x)x =x , then VI,T( el'T 61) vl,T j‘o p=(t) dWl()
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and (i) follows (cf. Basawa and Prakasa Rao [3], Theorem 4.2. p.395).

2 T g ~ 1 2 2
If 29, +a =0, then J‘ p2(t) AW (t) =—[ o(T) ~x_-x,-2T]
1 o 1 9 1 72

— ol

1 -1
Therefore V (o -8.) =—5 vV, 2 [p(T)—xi—xg—ZT] what yields (ii).

Pt S R A | 1,T

To get (iii) and (iv) it is sufficient to note that

-8.) =V, =% I [——L(tl———] sz(t) and then to use indepen-

0 1+a” plt)

dence of p and W, . ®
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1. INTRODUCTION.

Let I=1]%4,r[ be an open interval in R (-2 < <r <) ,
let Q be the set of all continuous functions from R, to IU{4,r } which
are stopped at the first exit time from I. We denote (Xt)tzo the coordinate

process, (%)

=0 its natural right continuous filtration and % = V F

tz0
For an open interval JC I SI = inf {t:Xt¢ J} is the first exit time of X

.

<

from J . The lifetime of X is T = 8! .

Let a and b be sufficiently smooth real valuéd functions on 1

such that a>0 . Let P~ . X €I , be the probability law on (Q,%) such

that P~ {XO =x} =1 and the process

t

Mt = Xt - ‘fo b(XS)ds

t
is an (?t) - local martingale on [0,T[ with (J‘ a(Xs)ds) as increasing
process. (Q ,"o*’,%t, Xt . T, Px) is the canonical realization of a diffusion

process with differential operator

L=—12-aD2+bD.

Now let g be a real continuous function on I ; In this paper we

study the multiplicative functional

t | = |
e, =exp([ g(X)) ds) ' N (1)
0

introdgééed’by M. Kac in [11]. For a large class of non necessarily negative
. ‘AIJ,-‘

potentials g we prove that P (e I) (=,J’e

IdPX) is a solution of the
S

: S
Schrsdinger equation

NI g u=0 @)
. |
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on J . Moreover, we give for a continuous f =2 0 and all intervals Jc I,

necessary and sufficient conditions for

]
et

]
P Y Hx) = =)
0

and

i
t—

]
X S
P” { f(X) dt <=}
I,

2. THE DIFFUSION ASSOCIATED WITH THE SCHRODINGER EQUATION,

Now we establish a connection between the mean function
Px(e ]) of the multiplicative functional (1) and the Schrtdinger equation (2)

S
on an interval J=]la,8[ , 4 <a<B<r.

let v e Cz(I) be a nonvanishing real function. It is well known

that the process

v(X.) t
- t v
= oo exp ( fﬂ — (¥X;) as)

is a positive (fit)—local martingale on [0, T[ . Moreover, for all t>0 ,

x €] and J=]a,8( ,L<a<8<r,Px(N I)=1.
tAS
Now let Px ] be the restriction of Px to % 7o Define
tAS tAS

- x .
Q ;= N j P", joox €], a probability law on (Q, % I) .

t AS tAS tAS tAS
By the Girsanov theorem, under @x j the process

e tAS
s d&f M N ) S v

M —j‘ § M, u X .—I (b+a = ) (X ) du 1is an (% )-martingale

S 0 N 5 0 v u S

u
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S

with (f a(Xu) du) as increasing process., Consequently,
0-
for the canonical realization (Q,Zw’,”it ’Xt T, QX) of a diffusion process

on [0, tA S][

with differential operator

(NDX I = QX . Therefore diffusion QX is locally absolutely continuous

tAS 1:/\SI X
with respect to P with N as the local density.

Now we fix J=la,B[ , 4 <a<B8 <r , we note S=SI and we

assume that equation (2) is disconjugate on Juy {a.,B} or equivalently

(cf. Coppel [5]) it has a solution without zeros on JU {a,8]}

Proposition 1.

If the equation (2) is disconjugate on JuU {a .8} , then for all

x €]

vbo  ale) -abd |, vbd gt -ale)
vl a(®-al@ v als) - alw

Px(es)

where v is a nonvanishing on Juy {a,B} solution of' (2) and

* Yoo -2
ak) = [ exp (-] —()dz)v ) dy , ceJ, (4)
C C

R

‘ X
is the natural scale for Q

Proof. a .
' v(X

o)
. Lv . - _ t AS
Since T +g=0 on JU {a,B} , then Nt/\s——\—,(—x)——- et/\S
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Moreover, since

x‘s
([ N
0

L

2

S
-2 [
d{N)_ <=}= Qx{j”O al-) (X )ds <=} =1

S

X

g ° Consequently

we have also (cf. Kabanov, Liptser, Shiryaev [10]) Qg << P

“eg) = P (X% Ny = v (v (xgh)
viXg)

P
Then, the assertion is proved because (cf. lkeda and Watanabe ta] for

example)

q(B) - alx) . QX{XS=B] - ) - qle)

q(B) - q(a) q(B) - qla)

{

Xs=a} =

Q

Proposition 2.

If the equation (2) is disconjugate on JU {a,8) , then the function

Px(es) is the solution of

Il
ot

(L+g)u=0 , x€J, ula) = u(B)

Proof. It is sufficient to show that if v is a nonvanishing solution of

(2), the‘n\;fqu also solves (2).

Remark 3.

- X T e
Cu wg v

.&5

The method presented - in Proposition 1 (change of measure) seems to
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be very fruitful not only in the case of stopped functionals. We shall give

several examples in which we calculate Px(et) .

»

2

a) Let L =—2£ D2 and gx) = -= x° - . It is easy to see that

B | b

1
2

vix) = exp(—él-xz) satisfies (2) on R and

Pe) = vk @ (vTI(x ) .

. 2 - .
Since under QX Xt is Gaussian N(etx . 51- (e t--1)) after simple calcu-

lations we obtain the Cameron-Martin formula

t -1 ’
P(exp(-= [ X° ds) = (cht)  exp(- L x% tht)
2% S 2

b) Let L =-;—- D2 and g{x) = -3 th:2 x + 1 ., Because v(x)= (éh x)"2
satisfies (2) on R we have Px(et) = v(x) Qx(v_l(Xt)) ,~ Where '(Xt)
under QX is a diffusion with the differential opérator %-Dz -2thx D .

Now it is not difficult to see that

Q% (ch? X) = 1+ e 2t (sn? x +.%. (2t -1y
what leads to
X o bt 2 o2t -2
P (exp(-3 ‘f th X, ds)) = (e +e sh™x+sht)e “"ch “x .
0 ;

%
X

—;— D'2 +thx D and g(x) = ~% x2 , then with
vix) = ch‘lx‘,m{ba(%:’kz) we have that under QX Xt 'is Gaussian

c) If L=

] a



- 227 -
N(etx . ! (eZt—l)) and
2

t

Px(exp(—% J‘ XS ds)) = ch-lx ch 2t ch{x ch—lt) exp(-% t- —;— (xz-l)tht )
0

d If L = (1+x2)D2+xD,then

1
2

X ) f X2(1+X2)_1d ))
P (exp(- ‘f() s s s

-1
( et x2 - e’t"r 2) et (1+X2.)_5

]

3. NEGATIVE POTENTIALS.

In this section we assume g=-f, f20 . We start by the follo-

wing useful

Lemma 4.

Let v be the unique solution of
(L-f) u=0, wule) =1, u'lc) =0 - (s)

on I , where ¢ €1, is such that f{c)> 0 . Then
(i) 1+k sv sexp(k) , where
X “y y z
2b 2b f
= - 22 (z) dz) ke -
k(x) = 2 fc exp ( fc < (2) J\C exp ( fc S (t) dt) a(z) dz dy ,

- . NREE
LR, e Y

(ii) v‘>(ﬁ on Jc,r[ and v'<0 on Jlt,c[ ,
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(iii) qr) < » and q(4) >-=, where q is defined in (4).

To prove (i) see Ikeda and Watanabe [8] Lemma 3.1. p.363 or
Marini and Zezza [15]. For (ii) and (iii) consult Coppel [5] or Marini
and Zezza [15].

As a consequence of (3) and the above Lemma we have

Proposition 5.

(i) If T=Ja,r[ , 4<a, and k(r) == , then Px(e is a solution,

I)
.S
on J ,of (L-flu=0, u(a)=1 . -

(ii) If J=Ja,r[ , 4<a, and k{r) <= , then PX('e is a solution,

SI)
on J ,of (L-flu=0, ule) =ulr)=1 .
Similar assertions hold for JT=14,8( , 8<r , and J=14,c[ .

The main result of this section is the following

Pfoposition 6.
; . j
Let At = j‘ f(XS)ds . t €[0,T[ and let S=S. , where
0 N

"J=1la,8[ , 4<a<8<r . Then

() P {Aj=s}=1,x€J, if and only if k(a) == and k(a) == .
(ii)v p* {AS 'tZof] =1, xe€J , if and only if one of the following cases
occurs

(@e k(D <= , k(e) <o,

&
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) ki) <o , k(&) =w, p(B) =,

() kla)==, pla)==-=, k(B) <=,

where

X Y 2p ,
p(x) = [ exp(-[ == (2)dz)dy , ceT, | (6)
a
c c
X
is the natural scale for P

(iii) If k(o) <= , k(B)==, p(B)<w , then

PX{AS<°"}= p( B) - p(x) , X€ET .
p(B) - pla)
(iv) If k(a) == , pla)>-=, k(B) <= , then

PX[AS<Q}___ p(x) - p(a) . xET.
p(B) - pla)

Proof. We shall consider separately the following cases

1) k(@) ==, k(B) == 3) ki@ <=, k(p) ==
2) k(a) <o , k() <= 4) k(@) ==, k(B) <o .

Case 1. If k(a) =k(B) == , then a=4, B=r and S=T . Moreover,
from Lemma 4 (i) it follows that v(4) =v(r) =« ., Consequently we have
X . »f.!v .

P [V(XT) =» 4§ =1, But V(Xt/\T) €L AT

PX(eT) =0 and the assertion (i) part “if",

admits a finite limit what implies

- . N
Gy e v

&

Case 2. Now'we show that if k(a) <= and k(B) <= , then
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PX{AS <e}=1.let u () = P (exp (- X A))

It is sufficient to prove that uo+(x) =1, x€7J . Let vy >0 , be a
solution of (5) with Af instead of f . It is clear that 1 + \k Sv;\ <exp(ik)
(see Lemma 4(i)). Therefore the conclusion follows from (3).

Note that since u A>0 , is a solution of (L-X)u=20 ,

X 7

u(a) = u(B) =1 , and the distribution of A_. lies in the Bondensson class

, ) S
(cf. Bondensson [1]) an analytic- continuation argument (cf. Kent [121)

yields an alternative direct proof.

Case 3. If k(B)=« , then B8=r and J=]a,r[ . Let Sa=inf{t:Xt=a} ,

£<asr . For a<a<r we have

{(Ag<=}nis®<s’) = (Ag<=}n {s®<s¥<s"} u

uta, _<ein {s%<s®as"y .
s®As .

Moreover, because k(a) +k(a) <« we know also that

what leads to
P lag<e, s"<s")=p"(s"<s") ,xe;. @

On the other hand PX{V(XS) =o, 8%>8" ) =pP*(s%>5"), xe7,

o ,
and analogously to "case 1" we obtain PX(eS , S > Sr) =0 , x €] . Conse-

ATEn

quently,” for all X €], p* {AS ==, g% > st} =p*{s® >s"} “what together
with (7) yields
P lag <=3 =pi(s®<s }.

@
#
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To conclude note that-if p(r) =« , then lz’x{SOL<Sr } =1 and if

p(r) <« , then

’Pxisa<sr}= plr) - px)

p(r) - pla)

Case 4. It is sufficient to interchange the roles of a and B to prove

that PX{AS<°°} = p¥ {S‘B<SL 1.

Remark 7.

If £=1 and J=1, then parts "if" of (i) and (ii-a) are reduced
to the classical Feller's test for explosions (cf. Feller [6], Mc Kean Jr. [16]).

For the transient case see also Khas'minskii [13].

4. MORE ON THE SCHRODINGER EQUATION.

In this section we study the Schrtdinger equation (2) on an interval
J=lo,c{ ., 4<a . The case J=14,8[ , B<r , may be treated analo-
gously. First we state a result which is standard in the theory of linear

differential equations (cf. Coppel [5]).

Lemma 8.

Suppose the equation (2) has a solution nonvanishing on Juf{a} .

Then there exists a nonvanishing solution v such that

e 2b -2
&f exp (—j‘ — (z)dz) v “(Y)dy == , c €] . (8)
6 C c
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Morzover, for any linearlyindependent nonvanishing solution u

r Y
[ exp(- | %(z) dz) u A (y)dy <= , c €] . (9)
C C .

Obviously the solution v is uniquely determined up to a constant
factor. It is called the principal solution of (2). Now we denote by v the
principal solution of (2) normalized by v(a) =1 . We have the following

probabilistic characterization of‘ v .

Proposition 9.
Suppose the equation (2) has a solution nonvanishing on JU {a} .

(i) The normalized principal solution is given by

v(x) = P* (e o.. , s%<s") ,
S

where 8% =inf{t: Xt= a} , 4sasr . If pl{) given by (6) is infinite,

then  v(x) = pX (e OL) .
S

(ii) For any normalized nonvanishing on JUf{a} solution u of (2)

which is linearly independent of v , one has v <u on 7 .

Proof.

(i) <§If v is the principal solution of (2) then (8) holds and for all

x €7 Q" {s%<gf }=1 . Moreover, by Proposition 6 (ii-b) Qx] <« PXI and
S S
Pie  .s%<sh) =pf(e [, 8%<s) = P L stesh) =
s¢ a’ S v(iX ) S
¥ SI

= v(x) QX{SG< Sr} =v(x) . If pl{r) =« , then PX{SOL<Sr }=1,x€7.
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(ii) Let u be a normalized, linearlyindependent of v , bositive solu-~
tion of (2). Let q be given by {4) with u instead of v . Since (9)
holds, then q(r) < « and

alr) - qx)

QX{SQ<Sr}= <1

qlr) - q(a)

for all x €J . Moreover, let ] =la,r [ , r <r, lim r =r .
n n n nooe N

By the Fatou lemma we have
I3

vix) = P* (e o s*<5") = 1im P

e . Sa‘<Sr“) = u(x) Qx {SOL<Sr } < ulx)
S n—e S’n

for all x € J what yields (ii).

Remark 10.

For L =—2£ D2 analogous assertion has been obtained by Chang
and Varadhan [4] . For general L the above Proposition was announced
without proof by Khas‘'minskii [13]. As far as we know there has not appeared

in the literature any proof of this result.

5. NON\/ANISHING SOLUTIONS AND EXPONENTIAL MOMENTS OF EXIT TIMES.

Conditions for existence of a nonvanishing solution of the

Schrbdinger equation has been studied by many authors,

o . .
Ly wg f

Probabilistic approach (cf. Chung [2], Chung and Rao [3],
@ 0
Khas'minskii [13,14]) roughly speaking gives finiteness of Px(e I) as a
S
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necessary and sufficient condition.

The classical approach (cf. Coppel [5]) vieldsmore explicit suffi-

cient conditions. For the reader's convenience we present here the following

Lemma 11.

Let J=Ja,B[ , £ <da<B<r . I g=20 and

B
[ —2 toax s 2 ,
o p'a p(8) - pla)

then the equation (2) has a nonvanishing solution (is disconjugate) on

Juf{a,B} .

For the proof see Coppel [5] p.64.

Remark 12.
Consider the eigenvalue problemi

(L+A\)u=0 in J=1a,8[ , t<a<B<r _
u(a) = u(g) =1 . o (10)

It is well known that the principal eigenvalue ko (i.e. such that Re\z2 }‘o

for any eigenvalue X\ of (10)) is given by

' }\0=sup,{)\.20 ;  sup Px(exp(kS])) <o}
xe]

- 8 -
(cf. Friedman [7]). Using the above Lemma we obtain the following minora-
tion

N 2

A2 : (11)

. 8 -
(p(B)-pla)) | (p'a) ' (%) dx
a
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Note that from the above inequality one can obtain R. Durrett's
result extensively used by Chung and Varadhan in [4]. It is also clear

r _
that if p() <« and [ (p'a) 1(x) dx <o

, then for J=]a,r[ , L<a ,
X ) ) a
Pexp(XS')) <« for all x € J and
A< 2
r -1
(pr)-p(a)) [ (p'a) " (x) dx
a
-1 2 i
Now let F(x,y) =f o (z)dz , where a=0", >0 , and let

pe
L =21 (oD)2 . Since F(x,Xt) is a Brownian motion starting at zero it is

clear that (cf. Ito and Mc Kean Jr. [9])

ch(vZrn F&.8)-Fla,x)
2

Px(exp_(~kSI)) = . (12)
where J=1a,8[ , 4<a<B<r ., Moreover, for 0 s\ < 2“

2F (a,B)

COS(m F(XIB)—F(QIX,) e .
Iyy = 2 i

cos(/2X E-(-o‘z-'-ﬁl- )

PX(exp (A8

what shows that minoration (11) can be improved. Finally, note that if
F(4,r) <=, then lsx(SI=T <w) =1 and Px(exp (-\T)) 1is given by (12)

with 4 and r instead of a and B , respectively.

. ol
L e W
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1. INTRODUCTION

d and let DG = Duy {8}

with § = «(D) be the one point compactification of D.

Let D be an open, connected subset of IR

Let Q§ be the set of all continuous functions ofuIR+ into D

§
which are stopped at the first time of hitting § : if w(t) = §,
then p(t') = § for t' > t. Denote (Xt)t o the coordinate process,
Fo =o(Xy 7 8 < t), F =F_. Moreover, let W = IR_ x Q, '
Yt(cr U)) = (C+tl w(t)), Gt = O(Ys ;7 S < t) (= U(Yol XSI S < t))l
G =G_. :

If U is an open (for the relative topology) subset of [c,»[ x D
for some ¢ ¢ ﬂg_ we set S(U) = inf {s > O ; YS £ U} (inf B = o),
S(U) is a stopping time of (Gt). The lifetime of (Yt) is

S = S(IR+ X D) = inf{s 2 0 ; XS = §}.

Assume that the functions b : IR, xD > IRd and ¢ : R, x D~ nfi@]Rr
are continuous and that for any R > O there exists a constant Cp ~ 0

such that :
|b(t,x) - b(t,y)]| + |o(t,x)-0ol(t,y)]| < cp [x-y]|"
for all t ¢ IR, X,y ¢ D provided |x| + |y| < R.

For the vectors (matrices) x,y the syrbols |x| and x-y stand for
the Euclidean norm and the Euclidean scalar product, respectively.

*
The symbol x stands for the transpose of x.

. ,
Let a =00 and let A be the second order differential operator
on IR X D :

A = R A = -]-'- . 2 .
I%: + L, L 5 a IDx + b IDX

For y ¢ IR+ 6' 1et Q be the probability on (W,G) such that -

QY{Y0 =y} a= 1 ‘and (g(Y ) - [ A g(Y )ds) is a (G Q y-local

martingale bn [0, S[ for each g ¢ Cl 2(1R+ x D). (W G Gor Xp1 S, Qy
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is the canonical realization of an inhomogeneous strongly Markov
diffusion process on D generated by the differential operator A .
If the functions a(t,-) and b(t,-) do not depend on t, then

(W, G, Gpo Xi»
diffusion on D with infinitesimal generator L.

s, Px) with Px = QO,x s X € DG' is a homogeneous

Existence and uniqueness of Qy' for all y ¢ Hg. bl DG' follow
from the classical results on stochastic differential equations
(cf. Tkeda and Watanabe {61 and Narita [15] for example) and
Doob's representation of stopped diffusions (cf. Dynkin [51]).

Let the function f : IR+ Xx D ~» IR+ be Borel measurable. In this

paper we investigate the integral :

tAS
(1.1) I, = IO f(Ys) ds , 0 <t < o,
We obtain criteria ensuring its a.s. divergence or its a.s. conver-
gence. We give also sufficient conditions for the existence of
exponential moments of the integral. Criteria which are formulated
in terms of differential inequalities generalize those of Stroock
and Varadhan f{19] and Na}ita f15—17 ] and relate the problem to a
purely analytical one. The radial criteria generalize the classi-
cal Khas'minskii‘'s [9,10] tests of non explosion or explosion

(see also Azencott {11, Bhattacharya [2,3]1 Mc Kean Jr [131).

We shall use the following notation. For a Q,-integrable function g
on W the symbol ng stands for the expectation wg d,Qy. For a real
function f defined on a non empty set B sup f and inf £ stand res-
pectively for the supremum and the infinmum of f ovef B.

2. GENERAL CRITERIA

In this section we discuss a few simple criteria which relate the
problem to a purely analytical one.

-’ .:‘;\z;‘ e s
Let A be an open connected non ‘empty subset of [c, <[ x D for
some ¢ ¢ IR, . Moreover, let U be a compact subset of A such

that inf f>0 (inf ¢ = ). We have the following
U
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Theorem 2.1.

Assume that there exist A > 0 and a positive function u ¢ Cl'Z(A)

such that Au < )fé¢ou on A - U, where ¢ : Bﬂ_ - Bl is increa-
sing (= nondecreasing), differentiable, such thatjz TI%%ET = w,

Then for yv ¢ A one has Qy a.s.

{ITm u(Y,) = o} ¢ {I.,., = ow}.
£4S(p) °© S(a)-

In particular if lim u(z) = «, then
A>3z (A)

Q{Tgpy= =3=1 .

Proof
a) ¢ = 1, U =¢g. We may assume u, = inf u > O. Define :
. A
u _ [t Au
(2.1 ) Nt = u(Yt) exp ( [ 00 (Ys)ds)

Under Qy’ NH is a positive local martingale on [0O,S(A) [(cf.Maisonneuve
.[12] ) .Thus N-: tends to a finite limit a.s. as t -+ S(A).Since o

u A
Nt > u(Yt) exp (- EE It)

we have lim u(¥,) < « a.s. on {I < o},
t1s(a) °© S(h)

b) If ¢ = 1 and U # @, one has

Vi max {1, sup Au}
Au < —U

s £ on U
inf £
U

and the conclugjen-follows form case a).
a

&

é

@
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.0 dt

c) In the general case, consider ¢ =f 0 T+¢(5) °

A simple computation shows that :

Au dou _
A dou < T 7 ¢%u < Afﬁ T§ou < Af on A U .
Since ¢( «») = =, the proof follows from case b).

Now we discuss the convergence of the integral IS(A)°

Theorem 2.2. %

Assume that there exist A > O and u ¢ Cl’z(A) such that u > O
and Au 2 Afu on A. Then for y ¢ A

uly) .
QY{IS(A) R sxp u

Proof

Let (Sn) be an increasing sequence of stopping times reducing
Nu, given by (2.1 ), under Qy. Then

uly) = Q, NY < sup v Q,, exp(-AI, )
Yy s, A Y Sn
and

u(y) _
sup U < Qy expl AISn).
A

The assertion follows by taking lim as n + =,
Concerning the méments we have

Theorem 2.3.

ta we N

@

(i) If theré exist A > O and u ¢ CI'Z(A) such that Au 2 Af, then

-1
Q. 1 <X (sup u - uly)) , vy € A.
y S(4) A
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(ii) If a = sup Qy S(A) < 1, then
yel
1 fee]
Op exelIg(yy) < 705 (< =), yeb

Proof
Let (Sn) reduce the local martingale (u(Yt) - {5 A u(Y )ds,
t < S(A)) under Qy' We have_Qy u(Y ) - u(y) =2 Qy IS ' Y € A

and hence X Q Isn < sEp u - u(y). The second statement follows
from Khas'minskii's criterion of solvability [8].

Let 7 be the projection of IR, x D on D.

Corollary 2.1.

If w(A) is bounded and if there exists 2z ¢ th such. that
% z.az+z+*b 2 X on A for some X > O, then Qy S(A) < ®©, ¥ ¢ A.

Proof

s gt

The function u defined on A by u(s,x) = exp(z.x) satisfies

:A u = (% zeaz + z+b)uz2 X inf u > O on A.
i A

The conclusion follows from Theorem 2.3(i).

We use the strong Markov property of (Yf) under beto prove the-
following result. ’

Theorem 2.4.

Let Q(Y)7= {IS(A) < =}, yeA. Assume that

{S(U) < @} = 1 for each y ¢ U and each open subset U of A

such that w{ﬁ) is.bOWﬁbd and U c A,
]
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b) lim q(y) = 1.
m(a)sm (y)+=(w(A))

Then g Z1 on A.
Proof

Let (Up) be a increasing sequence of open subsets of 4 such that
U ﬁn = A and for each n ¢« N w(U_ ) is bounded. Let y € A. Since
n Qy{S(U)) < »} =1, we have q(y) = Q q(YS(Un)) by the strong
Markov property of (Y ) under Q But q(!(s(U )) + 1 Qy a.s. by

assumption b) and the statement follows.

We finish this section by criteria of divergence 0T convergence
obtained via change of measure. Let u 5 C (B{ x D) be real
non vanishing. Let € = 25%5 and Z
by (2.1 ). Under Q, one has a.s.

u(Y , where N is given

1 |t
2, =3XP(I g C(Ys)°dMS -5 [0 coac(YS)ds), t < 8§,

where (M, = X_ - j b(Y )ds) is a local martingale on' [0,S[ with
quadratic yariation ( a(Ys)ds) Let A, = [O,n[ x an where D,
is an increasing sequence of bounded open subsets of D such that
U D = D .It follows from Girsanov's theorem that the process
(X - [0(b+ac)(Y }ds) stopped at S(A ) is a bounded martlngale
under ZS(A )Q 4

This proveglthat the diffusion measures Q; associateq with the
operator A + aC°IDx satisfy

u = !
O T.Es@ ) U oM Sy -
s n n
Note that if we Eettzs = lim Zt we have the following decomposition :

t+S

u = o .

QY =7 XJWQ {1z }a*} on G,

&

for each stoﬁping time v < S. Moreover, in this decomposition we
can replace{z,r = «} by'{fg c-ac(Yt)dt = w} (see Kabanov, Liptser,
Shiryaev [7] for details).
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Theorem 2.5.

A .
Suppose that T% < M on A for some X > O and that lim Q§ %(YS ) =0
o) n
for some sequence (Sn) of stopping times such thatngn < S(N),
s, t S(A). Then QY{IS(A) = o} =1, vy e A.

Proof

Taking lim in the inequality -
now
Nsp 1 N
Qy exp(*kIS(A)) < Qy GT?;~T = u(y) Qy 5 (st)'ylelds the
n

conclusion.

Theorem 2.6.

Suppose thatA:i'z Af on A for some A > 0. Then for any vy ¢ A and
any sequence (Sn) of stopping times such that Sn < S(4a), Sn + S{A),

we have :

limQ ._11._(..}1.. .

%

Q {IS(A) < o}

Proof

Note that
Qy{IS(A) < w} 2 Qy exp(-AIg ) = R
lim Q@ exp(-AI, ) 2 lim Q- Ngn = 1im oY u(?)
nre Y ) Sn® n*e Y u(YSn) o Y u(YSAn)

what Droves the assertion.
\1

e

B

. . A “
3. RADIAL CRITERIA

Now we shall use results of Section 2 jn order to obtain more
explicit cyiterla of divergenee or convergence of the integral Ig,

where S = ihf{t = 0 ; X, = 8§}. We shall study also the 1ntegra1
. 1/2 d
ITaAT , Where T, = inf{t 2 0 ; IX —zl = (2a) / }, z e IR™,

0 < a<bs o,
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We consider only the case D = IRd. We assume that the continuous func-
tions b : R, x rY> ®Y ando R, x 9 > ’RYx RY are uniformly
in t locally Lipschitz continuous in x and that for all x ¢ IRY

the functions a(.,x) and b(e¢,x) are bounded ( a=00*).

Let z ¢ Hfi, r > 0. We assume also that there are continuous

fuctions

¢ fr, oo +» 10, eof
: [, of + IR
: [r, o » 1R

= e

such that for all |x| =z (2r) e Ry
. — 'xlz
xea(t,x+z)x < a ( > )
zlxl?
(3.1 ) tr a(t,x+z) + 2xeb(t,x+2z) s xea(t,x+z)x B( 3 ).

12
Y (i%i—) < f{t,x+z).

v

Define for t r

y |
2 [ﬁ —— (u) du,

e(t) = exp (- I§ B(u)du), m(t) —_—
e a

s(t) = [E e(u) du , k(t) = [; e m(u) du.
Let B(z,r) = {x : |x-z| < (2r) Y2}, our following rééult_reduces to
Khas'minskii's test of non explosion (cf. Stroock, Varadhan [19]

for example) if £ = 1.

Theorem 3.1.

If k( ») = « and inf f > 0, then for y ¢ IR_+ X IRd

H%_xB(z,r)

ta eg T

QY{IS =L%:} = 1.
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Proof

4 2 .
Let u ¢ CZ(IRd) be such that u(x) = g(lﬁééL_) on BS(z,r). It is
easy to see that on Hg_ X Bc(z,r)

" ol
A u(t,x) = %(x—z)-a(t,x)(x—z) k (L§§§L~) +

L
(—;- tr a(t,x) + (x-z2)+b(t,x)) k' (FFZ) <

~2]?

(x-z)ea(t,x) (x-2) Y(lxz ) = E(t,x).

2
o (lﬁ%ﬁl_)

Moreover, since sup Mu=cc<o then Au < Af

E&_xB(z,r)
on R, x B(z,r) with ) = —max{l,c}
+ ' inf £
IRFXB(z,r)
Therefore Au < max{1,2}f on R, x IRd and lim u(x) = « what,

using Théorem 2.1 , yields the conclusion.lx‘+w

As before we fix z ¢ Iﬁd, r > 0 and we assume that there are
continuous functions : )

: [, of > 70O, of,
(r, o - IR ,
: fr, o[ - 1IR

=<l R

+

such that for all |x| = (2r)l/2, t e IR,

—) < xea(t,x+z)x ,
% %

x

‘ 2
(3.2 ) xea(t,x+z)x g(i§%~) < tr a(t,x+z) + 2x-b(t,x+z),

23
-

s s 2
£, k+2) < Y (%‘—'—)_
[
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We define for t > r the functions

e(t) = exp(- [ﬁ.ﬁ(u)au), m(t) = 2 fﬁ g (W au
s(t) = [; e(u) du , k(t) = I; e m(u) du,
and |
— e m en
§(t) = = (&) , s(t) =——(t) .

- e

Nlow we introduce an additional assumption which wilI be used in

the following study.

(A) For each open subset U of IR, x ®®  such that #(U) is bounded
and for each y ¢ U QY S(U) < .

A simple sufficient condition for (A) to hold is given in Corollary
2.1. Therefore if the functions a and b do not depend

on t and a(x) is positive definite for all x ¢ IR, then (A) holds.
If moreover f = 1, then the next result reduces to Khas‘miskii's

test of explosion (cf. Mc Kean [13] for example).

Theorem 3.2.

Assume (A) holds. If k( ») < =, then for y ¢ IR; X IRd

QY{IS < ‘”} = 1.
Proof

; 2 ,
Let u glgz(IRd) be such that u(x) = k (l§§El~) on B®(z,r). Therefore

on Hg_ X'Bc(z,rhxwe have

1
2

2
A u(t,X) = _(X—z)oa(t,x) (X_Z)'l(.“ (Ix‘z‘zl-——) +

Lm e

. 2
G trale,x) + ezenie,n) xdXzD .
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, 2 2 2
Fomz)ate,x ez kn (25205 4 g (Lxsall e lxszlsyy

2
Kbzl
f(t,x) 2 —— f(t,x) = f(t,x) u(x).
k( «) k (=)
Let T, = inf{t = ; |x -z| = (2a)1/2}, z ¢ md, a e IR,

Slnce (A) holds then for y = (t,x) with t « IR and

(2r )1/ < |x-z] < (2R)1/2 <" we have

Ip TR
“Tya
Qy u(X,I.r A TR) exp (- k( =) —) =2 u(x).

But

Ity AT

Qy U(XT k( =)

r_ATR
Ip

Qy (u(Xp ) exp(~ —L—)

k( »)

T

-e

r < TR) +

I

Tr

) TR < T.)) =
k( =) *
I
_}S(R) Qy(eXP(“’ k( oo)) ; TR < Tr)

Consequently on IR, x B (z,r)
I : 2
S . | %~z
k( «) Qy(exP( ( oo)) i 8 < Typ) 2 k()
This proves that

I

. s -
lim Qi {I. < o} 2 lim Q,(exp(- +—+——=) ; S < T.).) =
S © ‘
|y o Y , lry]> Yy k(,. ) | r
Cordxzl

Lim ———— =1
[ x|+ o k(.=

and the assertion.follows from Theorem2.4.
LR 0@-
&

#



From now until the end of this section we suppose that the conti-
nuous functions o, B, Y and o, B, Yy satisfy (3.1 ) and (3.2 ),
respectively, on the interval 10, «f . We shall study the inte-

. 1/2 d
gral ITa A Ty where T_ = inf{t » 0 ; lxt—zl = (2a) / }, z e R,
O <a<bs = Note that T, = lim T, = S and Ty = inf{t > 0 ;
X, = z}. b e '

Theorem 3.3.

Assume (A) holds. If O < (2a)1/2 < |x-zl < (2b)l/2 <.
and t ¢ IR , then for y = (t,x) we have g

| 2
S(b)- s(iﬁiﬁﬂ—d st - sdxz
G3) =5 %" N Em

and

s(b)_s(l§~ﬁl_)

s(b) - s(a) =

12
k) -kAEEL) - km)-Rea))

a2
s(b)- (5215

s(b) - 's(a)

k(552 - (k(b)-k(a))

Proof

To prove the first statement note that the functions. u(x)-—s(L§~EL—)

2 v
and u(x) = s(l—i—l—) satisfyAu < O andA u 2 O, respectively, on

IR, x (ij- {z}). This impnlies that

+
2 .
s(a) o Ty < T,) + 5(b) Q (T < T} = 5(15—31—) s

(iﬁ—il—) s 5(a) (T, < T} + s(b) Q Ty < T}

2
To get the conclus%on note that the functions v({x) = E(lﬁ%ﬁl_)
and v(x) = k(i§~5l~) satisfy Av < f and Av = f, respectively,
on IR+ x(IRie- {z}).
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In the following we shall study the integral Ip ATy, for Oca<bgs =
a
(0O and « included).

Theorem 3.4,

Assume (A) holds. Denote y = (t,x), where t ¢ IR, and

x € B(z,b) - B(z,a).

1) If k(a) = «, k(b)
2) If k(a) < =, k(b)

i

o) ,- then QY{ITaATb = oo} = 1.
«, then {ITaATb < ®} = {?a< Tb} Qy a.s.

it

If additionally :

a) s(a) » -», s(b) < =, then

2 02
5(b) -5 (1xz2l%) s (b) s (1x=21 %,
o 2 < Q {IT AT, < b s :
s(b) ~ S(a) Y ta™p s(b) - s(a)
b) s(b) = «, then Q {ITaA'Tb < o} =1
c) E(b) = w, §(b) = o, then Qy ITaATb =
3) If k(a) = o, K(b) < o, then{ITaATb < w} = {Tbi:_ < Ta} Qy a.s.

If additionally :

a) s(a) > -», s(b) < «, then

2 2 |

2 <
£ QO {Ip A < ©} < —
s(b) - s(a) y Tt Th S(b) - S(a)
b) S(a)i= -, then 0 {Ip apy < =) =1
c) §(a) = -», §a) = =», then Qy ITaATb = o,

e ¥ b
Len e
&

3
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groof

The first assertion follows from Theorem 2.1.To prove the

second one note that
Qy{ITaATb < o 3 Ta < Tb} = Q‘Y{Ta < Tb}

Moreover, again by Theorem 2.1 , we have

2
5 — IXTaATb"Z! _ P T
Qy{Ta > Tb} - Qy{k( 2 ) - ©, a > b}
- QY{ITaATb = % Ta z Tb}°

Therefore Qy a.s.

{1 o} = {T_ < Tb}°

<
Ty ATy
Statements a) and b) follow from (3.3 ). To prove c) note that
by (3.4 ) we have

2
(s(lﬁ:%L—) - s(a)) lim §(t) = .
B B t+b
In order to get the final conclusion it is sufficieni to inter-

change the roles of a and b.

Using the function k we prove

NTY

Theorem 3.5.

Suppose (A) holds and y = (t,X) € IR, X (B(z,b) - B(z,a)).
Assume that one of -the following conditions is satisfied :

&
a) k(a) < =, k(b) <
b) k(a) < «, k(b) =:w, §(b) = o
c) k(a} = =, s(a) = -», k(b) < .



- 254 -

Then Qy{ITaATb < } =1, If additionally §(b) <  in b)

and 6(a) > -« in ¢) then QV{ITaATb}< .

Proof

If a) holds, then QV ITaATb < oby (3.4 ). Assume 'b) holds.
From (3.3 ) it follows that O {T
Qy{Tb =S = o} 0
QV{IT ATy, < w} = Qy{ITa < o} = 1. If moreover §(b) <« «, then

a < Tb} = 1., Note that, since

1 then Qy{ia < o} = 1. Consequently

by (3.4 ) we have

2 2"
(3.5) 0, Ipary = k(@) -k v sy 52 -S@n ¢ o

Aﬁalogously one can show that if ¢) holds and a(a)‘> -, then

2 2
(3.6 ) 0, Tp < k) -k(X20) - s@) Em-sdxzl) o .

In the following we denote by k,, §,, El the functions k, §, &,

respectively, with £ = y =y = 1.

From the above results, putting f£f= 1, one can obtain a criteria

for transience, recurrence, positive recurrence and?null recur-
rence of degenerated diffusions satisfying (A) (cf.ﬁBhattacharya
[2,3] for the nondegenerated case). If s( «) < o, £hen the
diffusion is transient. If s( ») = «, then it is recurrent.

If s(®) = =, §,( ) < = and 5( @) = o, §,( ») = «, then it

is, respectively, positive recurrent and null recurrent.
Now using Theorem 2.3 and inequalities (3.4 ) - (3.6 ) we prove

Theorem 3,6.

B

Assume (A) holdé. If one of the following conditions holds :

b ,t
a) k(a) < =, k(h) s« o andf I § (du)s (dt) < 1, where t, is
- - ‘sﬂa\""g ; tcO to -

&
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b b
given by §(t,) J s(du) = I § (a) s(du),
a a
b) k(a) < «, k(b) = «, s(b) = w, §(b) < « and [ It § (du)s(dt) <1,
a
b ,t _
c) k(a) = =, s(a) = -w, §(a) > ==, k(b) < « and j [ §(du)s(dt)<1,

a’‘a
then there exists a constant ¢ such that for

y=(t,x) e IR, x (B(z,b) - B(z,a) we have

QY exp(Lr AT ) ¢« ©c< o,
a b s
Proof

Assume a) holds and define the function g(t) = k(b) = k(t) -
pitle

(k(b) - k(a)) SRIEE) gince ¢(t) < ! §(du) S(dt) for
s(b)-s(a) Jjtg Jto :

all t ¢ [a,b] the assertion follows from (3.4 ) and Theorem 2.3 (ii).
Now assume b) holds and note that
k(a) - k(t) + §(b) (5(t) - S(a)) = Ia ]u §(av)5(du) .

b (b _ .
Consequently, if f [ §(du) s(dt) < 1, then using (3.5 ) and

ailt _
Theorem 2.3 (ii) we get the conclusion.

The above result yields

Corollary 3.1.

Assume (A) holds. If one of the following conditions hold :

a) k(a) « w, k(b) <

b) k(a) < w, k(b) = =, 5(b) = =, §(b) < «
b b . -

and J f g(dua) s(dt) < =,
a |t~

#
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c) k(a) = «, s(a) = -o, §(a) > -=, k(b) < =
b t _
and I [ §(du) s(dt) <« o,
a a

then there exist }» > O and ¢ « <« such that for
V e Ig+x (B(z,b) - B(z,a)) we have

Qy exp(kITaATb) $C < .

Corollary 3.2.

Suppose (A) holds. Assume that one of the following cases occurs :

bt N
a) Ky(a) < m, ki) < e d < ([ sy taw SaenTh
b’ b _
where t; is given by §,(t,) J §(du) = I §,(w) s(au)
‘Ja a

b) k;(a) < =, k;(0) = =, s(b) = =, §,(b) « " ® and

b (b — -1 -1
\ < (f [t 8,(aw) s(atn~t, (=0

a

c) Ei(a) = =, s(a) = -»,7§,(a) > ==, k,(b) < = ag@

\ < (f f 8, (du) S@0)i -
a‘’a
Then there exists ¢ <« « such that for y ¢ IR+ X (B(z,b) - B(z,a))

Q,, exp(A Ta A Tb) < C < o,

y

Example

We suﬁﬁéﬁe now that b(t,x) = 0 and a(t,x) = I. In this case under
_ KU . . . .
va— QO,x, X ¢ IR, (Xt)tZO is a d-dimensional standard Brownian
motion. We assume that 4 > 2. The case of 4 = 1 will be investi-

gated separetly in the next section. Consider the integral
PN
£ Ix,|°
S

It=jO‘Y(———§-——) ds, 0 < t <=
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where the function y : 10,x[ - R, is continuous. Note that with

z =0 and r > O we have

lt) = e(r) = (52
- -5t 5 "
§(t) = §(t) = m(t) = s(t) = m(t) = r I n®  y(n) dn
r
£ nd,
k(o) =K =k = [ 2, jaz Y (£)atan
r
r
. B /2. .
Denote, as before, T, = inf{t 2 : [th = (2a) } .and
B(a) = {xX ¢ IR ;x| < (2&1)1/2

}. The above results yield the

following statements.

Let d = 2, 0 < a « « and X ¢ IR2 - B(a). Then

]
[
<

a) PX{ITa < o}

Il
§8

. [®
b) if N y(t)dt then Px ITa = o,

[s]

. [
c) if Y(t)dt < o, then PX ITa < @,

d) if = I y(s)ds dt < 1, then P exp(In ) < ¢ <
N .

Let d » 3, 0 <« a ¢ « and x ¢ IRd - B(a). Then

a) if k( ») = , then Px{ITa< o }= (r—T)

b) if k( ») < «, then there exists A > 0 such that

Py exp(2a ITa) <.c < @

o 4 co t K —1

c) if k({ ») <« « and I t_d/2 I 52 y(s) ds dt < 1
R fo 4, a

2 2

[¢<]
where tg is glven by G(t ) = (%-—1) a I s{t) t dt,
a

LEa e Y

then PX eﬁp(ITa) < ¢ < %&
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1S ]Fe})
1
it

Let d 2 3, 0 c a <b < ®and x ¢ B(b) - B(a). If ) < ;
then P exp (A Ta A Tb) £ ¢ < @

o
1
)

4. PARTICULAR CASES

In this section we consider particular cases of diffusions and
functionals in which we give more complete description of diver-

gence oOr convergence,

Quadratic forms of linear diffusions

We suppose now that D = IR® and that a(t,x) = A(t), b(t,x) = B(t)x,

t ¢ IR+, X ¢ IRd, where A, B : IR+ - IRd X IRd are .continuous. In
. _ d

this case S = m'Qy a.s. for y ¢ IR, x IR~ and the process (Xt)tZO

is Gaussian under P_ = Qo‘x’ X ¢ IR", with mean (¢(t)x) and cova-

"X
riance K given by :

I

t
o(t) = I + [ B¢ (r) dr,
0 .

sat

K(s,t) = ¢(s) JO (6

"L AT ) (rydr ¢ (t).

We assume that K(t,t) is positive definite for all t > 0. We wish
to study the finiteness or infiniteness of I, given by (1.1.), in

the case where

f(t,x) = x-Q(t)x , t ¢ IR+, X € IRd.

Here Q(t) is a symmetric positive ( 2 0 ) @ x d matrix which is

continuous in t. '

Let T, ;;IRd © ®Y be symmetric and positive definite( > 0 ) and let

r : B{pﬁ}”nfie Bfi be the solution of the matrix Riccati equation
B - % “

I =A+Bl+ IBY - IQr, I(0) = r,.
_l -~ '
Let D = ¢y (T * R)lp‘ l%,where the functions y,R : ]R+ +]Rd® IRd are *
defined likgﬂm,K“}éspectively but with B + AT 1 instead of B ( T(t)
is positive ¢definite for all telR, ).
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Moreover, let g,(x) stands for the density of Gaussian measure with
K

mean 0 and variance K .and let

1/2 £

u(t,x) = (2ndetl(t))” exp(—%[ trAF-l(s)ds)g;%t)(x).

0

Since Au = %fu on Hg_x Bfi one has
u

N u(0,x)
PXEXP(—%It) = Px—_*E——“ = P;'—“_—-_—
u(t,Xt) u(t,xt)

where Nu is defined in (2.1) and P; is a diffusion measure with the
lé][)x.But,,under P; ,(Xt) is Gaussian'with mean (y(t)x)

and Vvariance R(t) (which is >0 since the distributions of Xt under

operator A + AT
P and Pi are equivalent and K(t)>0) .Therefore

u _ ‘o . ~
Py 9r(e) Be) = 9p(ey* Ir(e) WEIXD= g1 o gy () (WID)X) =

- t —-—
(dety (t)) 1gD(t)(X) = exp(~[ tr(B + AT 1)(s)ds)gD(t)(x),

0
1 =
Consequently P exp(-3 I.) =

' t
1 detP(t))l/zexp(—I

g;%o)(xl(detr(o)— tr(B + AP-¥)(s)ds)gD(t)(x)=

0

t :
-1 1x.-1 1,.~1
gD(O)(x)exp(IOtr(irP - B - AT )(S)ds)gD‘t)(x)
- t ”
(4.1) gDin)(x)gD(t)(x)exp(-%[ txQr(t)dt).
0

Moreover,6=-w-1FQP¢—l* what implies that lim D(t) exiéts (=D(«)) .-
Finally tre

[+

D(x) 2 I p~lap~?
0

*(s)ds > 0.

From therabove considerations it follows

Theorem 4.1.

If K(t) = K(t,t) is positive definite for all t>0,then for all
xeﬂfione has&ﬁg*v@¢,ﬂ

8

PX{I = o} =1 iff | I tr Qr(t)dt = « ,

(=}

8

i)
-
A
8
S
I
[
=
[t}
a

.
x-:'Qo 3 f tr Qr(t)dt < = .
¢ » J

o
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Proof

Note that inf detD(t) > O.Therefore,using (4.1),we have that
tz0 ' o
Pxexp(—% I) =0 and consequently Px{Ioo = o} =1 if f trQT(t)dté 0,

Consider the linear space Wg{o,w):w(t) # 8V teﬂg_andolm(w) < w},
Since (Xt) is_Gaussian under PX,one has PX{WO} = PX{Im<-m} =0 or 1.

Moreover,if | trQl'(t)dt < «,then by (4.1) we obtain that P#{I < w}>
0 ~ » . =

Pxexp(~% 1) = ggio)(x)gD(w)(x)exp(-%[otrQF(t)dt) > 0

what proves the assertion.

Remark 4.1.

For Bessel's quadratic functionals J.Pitman and M.Yor [18] obtained
a different necessary and sufficient conditions.

Suppose now that the functions A and B are constant ( i.e. A(t)=Aa,
B(t)=B for all teIR+).Then K(t)>0 for each t>0 if and only if the
da x d2 block matrix [A,BA,...,,Bd'-l
the pair [B,A1/2]'is controllable.From Theorem 4.1 it follows the

following result of Le Breton and Musiela [11].

Al has rank 4 or equivalently

Corollary 4.1.

Assume that the pair [B,Al/zj is controllable.Then for all x.aRd

oo

Py { J X, -OX, dt = o }
0

I
ot

for each symmetric positive d x d matrix Q ( Q # 0 ).

e {rr..\: “

Proof .~

To get the assertion it is sufficient to cloose the function T
constant i.e. TI'(t) =T, for all t ¢, rwWhere I'; is a positive
solution of,#he*matrix equation :

[]

A+ BT + B -TQr =0 .



One dimensional homogeneous diffusions

We suppose now that D = 18, r[ (~» s 8<r < o) is an open interval
in IR and that the real functions a(t,-) (a > 0) and b(t,-) do not
depend on t. In this case (W, G, Gt' Xt, S, Px) with Px = QO,x'

X ¢ D, is the canonical realization of a homogeneous diffusion with
infinitesimal generator L = % a IDi + b n%{. We wish to study the

integral

s
I, = [0 £(x,) at

in the case where the function f : D -+ IR, is continuous.

Choose c¢ D such that f(c) > 0 and define the functions

B X 2pb B X ¢
e(x) = exp(- 5 v)dy), m(x) =2 =z (v) dy,
c c
X X
s{x) = I e(y)dy , k(x) = I em(y) dy.
c

(o]

For f = 1 parts "if" of (i) and (ii-a) of the following result
(cf. Musiela [14]) reduce to the classical Feller's tests of non
explosion or explosion. '

Theorem 4.2.

Let p(x) = Px{IS < =}, The following assertions hoid.

(i) p= 0 iff k(&) = o and k(r) = w.

ML

(ii) p'2 -1 iff one of the following cases occurs

(a) k(2) < =, k(r) < o,

(b) k(2) < =, k(r) = w, s{r) = o,
(c) k() = o, s(R) = ==, k(r) < .
&G'Iu:;, o T
(iii) If k(R < «, k(r) = o, s(r) < ©, then p(x) = s(r)-s(x)

s(r)-s(g) -

s{x)-s(L)
s(r)-s(g) °

(iv) If k(L) = «, s(R) > -=, k(r) < o, then p(x)
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Analogously to Theorem 3,5 one can prove |

Theorem 4.3.

(i) P_I. < o, Xx ¢ D iff one of the following cases occurs

(a) k(2) < o, k(r) < o
(b) k(&) < o, k(r) = o, s(r) = o, m{r) < o
(C) k(2)= oo, 5(2,) = "o, m(ﬁ) > =, k(r) < o

(ii) P I., x ¢ D, is given by
X"8

k(ﬂ,) S(r)"‘S(X) + k(r) S(X)"S(JL) - k(X),
s(r)-s(g) s(r)-s(g)

or by
k(2) + m(xr)(s(x) - s(g)) - k(x)

or by
k(r) - m(R)(s(r) - s(x)) - k(x)

in cases (a), (b) and (c) of (i), respectively.

&

The above result together with Theorem 2.3 permit to obtain suffi-
cient conditions for the existence of exponential méments of Ig.

Theorem 4.4.

Suppose that one of the following conditions holds

“ "i,'f LR

r

(a) k() < =, k(r) < o and [ [ m(dt) s(dy) < 1, where Xy is
XO XO
. Y Y '
given by m,.(xa)ﬁi s(dt) = [ m(t) s(at),
R LA/ o
i r
(b) k(2) < %, k(r) = o, s(r) = w, m(r) < o and[ I m(dt)s (dy) <1,
| y

R

y
(c) k() = «, s(®) = -, m(2) * =, k(r) < « and f [ m{dt)s(dy) <1.
_ : s 1
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Then there exists a constant C such that for x ¢ D we have

P oexplIg) < C < o,

Example

{11}

Assume that b=z 0 and a= 1. Then e

X [y
and k(x) = 2[ [ f(z)dz dy.
. c Je

. x
1, s(x) = x~-c, m(x) = 2[ f(y)ay
c

If D IR then Px(IS = o} =1,

If D= JR, «[ with £ > -», then Px{£S < w} =1,

g <« Lf and only if Inf(y)dy < w,

Finally, if : [ f(t)dat dy « %, then P, exp(IS) < C.< o,
For D = j&, r{ w¥th ~© < £ < r < o« we have : :

Moreover, PXI

r gy
if [ [ f(t)dt dy < %, where Xg is given by
Xn?X
070
k'(xo)(r—z) = k(r) - k(2), then Px exp(IS) < C < o,

Remark 4.2.

Note that under assumptions of Theorem 4.4 . the function

u(x) = P, exp(Ig) belongs to CZ(D) and satisfies the equation

(L+f)u = 0 on D. Moreover, if (a) holds, then u(2) =.u(r) =1,

and the equation has a solution non vanishing on D v {%, r}. This
improves classical results (cf. Coppel [4] p. 20 and .64 for example) .
If (b) (resp. (c)) holds, then u(g) =1 {resp. u(r) = 1)} and the
equation has a solution non vanishing on D v {&} (resp. D u {r})

(cf. Coppel [4] p. 28).
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ESTIMATION OF REGRESSION PARAMETERS
OF GAUSSIAN MARKOV PROCESSES

by

Marek Musiela and Roman Zmys$lony

Folish Academy of Sciences, Wroclaw

1. Introduction

Let {.Q,f, 93} be a complete probability space and let for t € [0,%)
y(¥) = X(£)B + z(t), y(0) =0 ‘ (1)

be an n-dimensional continuous stochastic process. X(t) stands for
a matrix of known functions, 8 for a p-dimensional vector of unknown
pafameters and z(t) for an n-dimensional Gaussian Markov process
with expectetion zero and covariance matrix R(t,s).ILet R, (t)=R(%,t).

The following limits

X, (%) =hlim (X(t+h) - X()), . (2)
s '
R, (%) -—hl—::;n;—ﬁ (R, (t+h) - R_(t)) :, (3)
and _
- i 1 op
R, (t) = hl_z;m0+—ﬁ— (R(t+h, t) - R (%)) | (4)

are assumed to exist for te [0,0) and to be continuous In this paper
we study thé problem of estimation of 8 when one sample path y(t) on
[O, T] is avallable. Two cases are considered, one deals with a known

covariance matrix R(t,s) ana the other one with an unknown covarian-

ce matrix R(t,ﬁf” e
# 3
This model is -somewhat more general than the model considered Dby

330
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Hajek [7, 8]. He assumed that y is a one dimensional process and |
that @B is an unknown number. In order to find a sufficient statigtic
Hajek used methods of Hilbert spaces. In 1969 Holevo considered the
estimation of regression parameters of process (1) in the one dimen-
sional case. Moreover, he assumed that the process z(t)is stationary.
At the begining of the seventies modern theory of martingales and
stochastic integrals has been used in many statistical problems aris-
ing in stochastic processes, (see [1, 2, 3, 5, 10, 11, ;3]). Using
the mnew techniques we obtain best unbiased estimators of regression

coefficients.

2., Two auxiliary lemmss

First we prove two lemmas concerning the covariance operatbr.
which will be used repeatedly. Let N stand for the Moore-Penrose ge-

neral inverse of matrix A.

Lemma 1. Whatever be u, s<sust, we have

R(t,8) = R(t,u) R,(u) R(u,s). 3 (5)

Proo f: Since 2z(t) belongs to the image of R,(t) and since
Ro(t} R;(t) is the projection on R _(t), it is clear;that z(t) =
= Ro(t) Rz(t) z(t). From the above and a theorem on-normal correla-

tlon [13] it follows that for us<t
E(z(t)|z(w) = R(t,u) RS (w) z(u). | (6)

Because z(t) 1s a Markov process it is clear that R(t,s)=
= E(E(Z(fxyg(u\\zﬁ(s\\ for s<u. Thus the lemma follows from (6).
Now let { |
B(t) = R (t) - R, () - R)(%), (7)

2o, eg

where R, (%) é@d R,(t) are defined by (3) and (4), respectively. Sym-

bol A’ stands for the transpose of matrix A.
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Lemma 2, Maetrix B(t) is non-negative definite.

Proof: Simple calculations show that

B(t) = lim %E(z(ti-h) - 2(%)) (z(t+h) - z(t)).

h -0

Because %—E(z(t+h) - z(tV) (z(t+h) - z(t)) is non-negative defi-
nite for every h >0 the lemma follows.

3. Differential representation of the process
v \

In this section we show that the process defined in (1) is a so-
lution of a stochastic differential equation. Let y(t) be a solu-
tion of the following equation

1
aF(t) = (A(E)B + C(t) F(t)) at + BZ (t) a W(t), (8)
y(0) = o,
where
A(t) = X, (t) = Ry(t) Ry (t) X(¥), : (9)
c(t) = R, () Ry(t), : (10)

while w(t) is an n-dimensional Wiener process. Moreover, let m(t),
R (%, s) and R (t) be the expectation, the covariasnce and the variance

matrices of y(t), respectively.

Lemma 5. The distributions of the processes y(t) and ?(t) coinci-

de.

&o‘

P roo f: Beceuse y(t) is a Gaussien process it is sufficient
to prove that the firgt, two moments of §F(t) and y(t) coincide. One

can prove that ‘p(t\ and R(t,s) are solution of the following  dif-
ferential equations (compare [13], Theorem 15.2).

ABLE) - A(6) 8 + o(t) @(8), (O = o, (1)
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d'ﬁo(t) _ _ , _
—at = C(8) R (%) + R (F) ¢U(t) + B(t), R (0) =0, (12)
and
| D(t) D1 (s) R (s) if t »s,
R(t,s) = § _ 13)
R, (t) D1 ($) D(s) 1f t< s, (15
where
4208 _6r¢) p(t), DO =1, (14)

Here I  stends for the identity matrix.Iletting £(t) = m(t)=-X(%)3 -
we obtain from (9) and (11) that

é_f_gl = C(t) £(t), £(0) = 0O,

d
Thus we have m(%) = X(t)8. Moreover, letting G(t) = ﬁb(t) - R, (%),
and using (4), (10) and (12) we obtain ' o

LECE) =y () (RE(6) B (8) - ) + (R (8) R5(8) ~ I )R (),

5(0) = o, (15)

6]

By Lemma 1 we have R,(t) = R,(t) Ry(t) R (t). Since R} (t) =
= Ry (%) R (%) Ry (t) we cen rewrite (15) in the following form

g‘%tﬁ‘)‘ = C(8) G(8) + G() ¢’ (t), @(0) = 0'.-'_

This implies that R _(t) = R (). |

Finslly, we prove that R(t,s) = R(t,s).Without 1éss of generali-
ty we may assume that s < t, From Lemma 1 it follows:that oR(t,s)/ot=
= C(t) R(P'F" On the other hand in view of (13) and (14) we have

PN

TR AR (g By(e) = C(v) B(t,8).

f

This terminates the proof of the lemma.
Now we shall‘ﬁfaég that the process defined in (1) is the solu-

[
tion of a stochestic differehtial equation.

-~
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Theorem 1. There exists a standard Wiener process w(t) such that

for te [0,T] ,

dy(t) = (A()B+ C(t) y(t)) at + B2(t) & w(t), y(0) = 0. (16)
Proof; From Lemma 3 1t follows that the distributions of the

processes

(A@B + Cw) y@) du (17)

u(t) = y(t) -

B

and

u(t) (AB + Clu) y(u)) au

y(t) -

ol Obmay

coincide. Using (8) we have

t 1 ‘
ae) = [ B2 a wo.
0
This implies that wu(t) has independent incresments. For té€ [O,T]let
£ 1 : 1 1
w(t) = j (B2(9H+ d u(s) + J (In - B2(53)+ B2(s) a v(s),
0 0

where v(s) is a standard Wiener process which is independent of y(t).

From Lemma 10.4 in [13] it follows that w(t) is a Wiener process and

I 1
u(t) =5 Bz(u) a w(u).
.0 :
This together with (17) completes the proof of the theorem,

\

4, Sufficient statistics and estimation

In this section we assume that the vector B runs over a subset
8 cRP such that the interior of 8 is non-empty. Moreover, we assume
that the covarience matrix is known.In this case we shall prove that
there exists a complete sufficient atatistic for the vector of para-
meters Q3. &5,4;,,;f og

Let C stand’for the space of contimious functions f:[0,T]— Rr"
endowed with the topology of uniform convergence and let ) denote the

6-field of Borel subsets of €., Moreover, let
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uBy = Pa(y€B) and w(B) = P(u € B),

where Be B, while y and u are defined by (1) and (17), respectively.
Theorem 2. Suppose that

.
2.(1) = J A'(3) BY(8) A(t) at

0
1s a positive definite matrix. If int © # @, then
T
S(M = [ 474 B (¢) [a y(6) = c(¥) y(b) at ] (18)
2 .

is a complete and sufficient statistic for {,u’e],ﬁe 9}.

Proof: Since y(t) has the representation given by (16) it
follows from Theorem 7.20 in [13] that ‘uﬁ«,u for every Be® and that

,
d_%gzl = exp{j (A8 + C(t) y()) B (t) a y(t) +

-
_-;-S (A()B + C(H) y(ENV'BY (£) (A(5) B + C(5) y(t)) dt-}. (19)
0

After 2 simple calculatiori the factorization theorenm [12] implies
that S(T) defined by (18) is sufficient. Moreover, formula (18)implies
that S(T) is normelly distributed N( Z'(T)/é, 2. (M. F?So, S(T) is
complete because 2, (T) is positive definite and int @fis non-empty.

Note that Theorem 1 is valid provided Z(T) is positive definite.
In the following lemma we give a simple characterization of 'this as-

sumption.

Lemma 4. Let M(t)be an nxn non-negative definite symmetric matrix for

all te [0, T]. Let the mapping t ——M(t) be continuous. The integral

j M(t) at 1§ posit;l.ve definite 1if and only if there exist ...,
0

t, € (0,T), where < n(n+1)/2 + 1, such that Z M(t;) is positive
definite. | i=1

5“‘% weg N T

P r o o f: Suppose that J M(t) dt 41is positive definite. Let M

stand for the convex hull of ‘776 {M(t),t € (0, T)_} Since le(t)dte?lC
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it follows from the Caratheodory theorem that there exist .
numbers  t,,..., tke[O,T], where k < n(n+1)/2 + 1,and pi>0,Zpi=

= 1, such that 1=1.

T k
fueey av =0 > p uiey).
o i=1

P; M(ti) is

s

Since M(ti\ is non-negative definite and since T
i=1
k
positive definite S_' M(t.) is positive definite,too.
e 1
i=1
e ‘
Now, let Z M(t;) be positive definite. Then the mapping (s.,..

i=1
k

0000 sk)—-—-»z M(si) is continuous. Hence, there exists € > 0 such
i=1
k
that 5_1 M(s,) is positive definite for every s, € (t:- &, ¢
i=1

it €)

i=1,.... ko It is clear that

T I3 k :
J (M(tVYx,x) at ZJ(Z I\'I(‘t;:.,L + t\x.:} at >9.

Y 0 ‘Vi=1
This terminetes the proof.

Now we consider the problem of estimetion of 48 and Ey(t) =X(t)8.

Theorem 3, Suppose that D, (T) is positive definite, If int @ is

non-empty, then

ET =377 (mys(m) (20)

is the best unbiesed estimator of 3.

g eg

48 A
Pr oo f: Since (TY is positive definite, ﬁr is an unbiased
estimetor of 8 [14]. Moreover, in view of Theorem 2, S(T) is & com-
plete and sufficient statistic. Hence the Rao-Blackwell Theorem im-

A

plies thet ﬂr is the best unbiased estimator of 3.
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Remerk 1., Note that X(t) 2"1 (T) S(T) is the best unbiased esti-
mator of Ey(t).

-1
Remerk 2. If lin 2. = O, then &, is a consistent estima-
-_— --b-OO

tor of B, 1i.e limm 'é\'l‘ =8 a.s. for each Beo.
When R(t,s) is unknown M depends on R(t,s), thus u does not
dominate /16 . In order to find out whether or not M dominates fzﬁ
we need to have an explicit fOrm of B(+). We shall prove that there
exists ]?g= o(y(s), s €t) - measurable modification of B, say B,
such that B and B are indistinguishable (see [4] for defimition)
Tet t(n’ —‘-‘-21: y where k = 0, 1, ..., 2™ |
Define

G = > (vt )= y(5® YD) - y(5,2)Y,
keln(t\

wiere In(t3 =‘{k: tkn < t}- Clearly Q, (%) converges to Q(t) with

probability one, where Q(t)‘j‘Bmhu (see [6], [13]). Since B(t) is

continuous it follows that 0
B(t) = 1lin -131—- (Q(t+h) = Q(t))

is a.?}y measurable modification of B(t). So we have'brovéd‘the fol-

lowing lemma.

Lemma 5. Processes B( Y and B(+) are indlstlngulshable.
\1
S

Remark 3. By lemme 5 process B(+) can be determined from an ob~
servation of the process in the interval [O,T]. So, we can assume for
futher considerations .that B(t) is known. If this is the case we have,

a @
in view of (16), that pﬂ6<<‘u for every A and R(t,s). Moreover,if
C(t) = R2(t\ Ro(t) is known, it is easy to see that S(T) is still a
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sufficient stestistic for ‘u’e, and that an estimator of 8 can be
obtained in the same way as in (20) by putting B(t) instead of B(t).

5. Examples

Three examples of applications of our results will be given.When
z(t) 1s a Wiener process the best estimators have an analogous form
as those obtained in the case of the classical linear mddels.We deal
with this situation in Example 1. Example 2 illustrates how one may
apply Lemma 5 for certain Gaussian processes. In these two examples
C(t) = O, Example 3 is free of this assumption, howeverﬁt deals with

the case when a best estimator exists and does not depend on C(-).

it

Example 1, Let y(t) = X(£)B + w(t) be a continuous
stochastic process, where w(t) is an npdimensional Wiener process.
Then A(t) = X, (t), B(t) = I and C(t) = O, Ifj X{(t) X, (t) at is po-

sitive definite, then, in view of (20),

' T
= (w5 @ a7 f xi ay.
] /]

In the particuler case when X(t) = t X this formula reduces to
A ..

Bp =3 (X7 x'y(m).

Example 2, A coveriance operator R(:,-) of a Gaussian
Markov process can be represented as R(t,s) = U(t) V(s)‘?fof t =8
where U(t) and V(s) are n«n matrices. This result wée obtained
by Timoszyk [15] in the one dimensional case. For a geheralization
to the nydiméﬁéidnal case see [13].

‘{t

Let us now consider a process for which R(t,s) = V(s)., Assume

that V(-) is unknown, end that V,(t) = lim & (V(t+h) - V(t)) is

L o

continuous. From aliemma 5 it follows that there exists Iy-measurable

process V(t) such that V and V are indistinguishable, If
T
§xiee) $Heey x, (6) at
5 1 1 1
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is positive definite then the best unbiaseq estimator of 48 is of

the following form

T T
By = (é X, (8) VI() X, ($)as)”] j X, () VI(t) a y(3).
0

Example 3. Let us consider the process y(t) =t x +w(t)
where w(t) is a Wiener process, while x is normally distributed
with an unknown expectation A and a known covariance matrix [,
Finally, we assume that x ana w(-) are independent. Then y(t) =
=t8 + z(%), where z(t) = t(x-@) + w(t) is a Gaussian Markov pro-

cess., For this process we have
R(t,8Y =t s+ t A s I.

Basy calculations show thet A(t) = (I + t/)~', B(t) = I and
that C(t) = /(I + £/, Moreover, using

-1 _
d A t) _ -1 a A(t) -1
_____a,&_(____A (t)—RS——Z-A (t)’
we obtain
Z;(T) = (I + 7Yyt

In view of (21) and (20) We have
T
By = K1+ mj(mm" [¢ y(6) - rssm~Ty () at]. (22)
0

From the Ito formule it follows that 7
AT + M) - 8 = (T + M 'a w(t). (23)

Combiﬁiﬁé‘(21\, (22), (23) and using Theorem 1 we find
A 1

Because /3 }s(fien&éﬁ’endent of /", these results hold also when /7

is unknown. ¢
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ESTIMATION FOR SOME CLASSES
OF GAUSSIAN MARKOV PROCESSES

by
Marek Musiela and Roman Zmy$lony

Polish Academy of Sciences, Wroclaw

1. Introduction

In the peper we consider a class of Gaussian Markov‘processes
y(t). For o fixed t €[0,T],the random vector y(t) may be interpreted
as a vector of observations in a classical linear model, We glive
a minimael sufficient statistic and obtain a simple characterization
of its completeness. Using the terminology of stochastic integrals
we give explicit formulas for estimators of regression coefficients
and variance components. Moreover, we prove that they are the best
unbiased estimstors. Such problems are considered in detection, modu-
letion, communicetion and control. We use here the same;notation and

terminology as in [7].

2. A minimal sufficient statistic

Nt

Let (52,7;,'9’) be & complete probability space and let {9;}, t >0,
be a nondecreasing right continuous femily of o~ fields contained in
*. Moreover, let y = _(y(t), #;) te an n-dimensional continuous stocha-
stic process an; let W= (W(t), }'t) be an n-dimensional Wiener pro-
cess, WeAassume that the processes y and W are connected by the equa-

tien
318
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y(t) = X(B)B + t e + w(t). (1)

Here X(t) is an n x p matrix of known twice - continuously aif-
ferentiable functions, Bis a px1 vector of parameters running over

@CRP and e 1is an n x1 normel random vector. We assume that e 1is
' k

J% measurable with expectation zero gnd covariance /= 2{:6& v
i=1

i’

where O = (61,...,6 )'is a vector of parameters running overS?CRk,

while V1"""Vk are known symmetric matrices. Without loss of gene-
rality we may assume that V1,..., Vk are linearly independent. More-
over, we assume that & and 2 have non-empty interiqfs in R? ang Rk,
respectively,and e and W are independent. Throughout the paper we

agsume also that

X(0) = X(T) = O. | " (2)

First we shall derive 2 minimal sufficient statistic for parameters
B and ¢ . It is convenient for us to use for this problem the facto—
rization theorem [5]. So we have to find a density function of the
measure generated by the process y. Note that z(t) = t e + w(t) is
a Gaussian Markov process. Moreover, the covariance qperator of z(t)

‘has the following form
R(t,s) = t.s/"+ tAs I, : (4)

where I stands for the identity matrix. In view of_Theorem 1 in[7]

(see also [6]) there exists a Wiener process v = (v(t),.?%)such that

dy(t) = (A)B+ F(T + tM~y(s))at + av(t), (5)
where

T ) = X () - (T w07 (s, (6)

while the elements of mstrix X1(t) are the first derivatives of ele-

ments of X(t), f.e. X, (t) is the derivative of X(t).

[
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Now let C denote the space of all contimnuous functions from [0, T)
to R" and let % denote the o~-field of Borel subsets of C -Moreover,
let y’s’P and u stand for‘the‘me‘asures induced by processes y =

= (y(¢t), ¥:) and v = (v(t), %), respectively; that is ﬂﬁ‘F(B)=P(yeB)
ar :
and M(B) = P(ve B) for every Be B . Finally, 1let %F——denote the

Radon-Nikodym derivative.

Theorem 1. The measure ,u'e'ris absolutely continuous with respect
to the measure u for every @ and I, Moreover, the Radon-Nikodym
derivative has the form

aulr
au

T
exp {- op y (M @Tlym S X ym),
0 A

(y) = ¢(8,7 n(?, y(T))=

where
T

;
1og o(8,7) = - § [ tr r(x+ tm7'at - 18P ) atravp
' o

and

log h(T, y(T) = -5y’ (1) y(T).

Proof: Since y has the differential representation given

by (B)Hﬁf is absolutely continuous with respect to u for every A
and /° and

T -
I (y) = exp{j (A(t)ﬂ+ /'(I+tl')‘1y(t)) ay(t)+
. 0 :

; ,
-1 5 (AB+ FMI+ M Ty ) A B+ P(Teem™ y(t)) dt}, (8)
0 LT

¥

(see [6], [7)).
Now, let f(t, x), t € [O.T]; X € R® stand for the real function
defined by f(,mu‘l‘aﬁ,; e

#
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£(t, x) = -;-x‘/‘(I+tf‘)"1 x +08' A (t) x +

t ¢
-3 [ weraesnT as - 1o { 4 (o) 400) ase. (9)
0 o

Let A1(t) and X2(t) stand for the derivatives of A(t) and XT(t)’

respectively. Prom (6) we have
AL(8) = X,(8) - A7 ()T + 7 (10)
The Ito formula and formulas (5) and (8) yield

(b, y(£)) = = y/ (/@M rreem =1 y(5) +
+ B2 (D)y () - %ﬁ’A’ (t) A(5)B +

(A8 + F(T+tM ™y (6))Y (A(4)8 + P(If‘b/’)—1y__(t))dt *
+ (A(DVB+ PI+tM Yy (9)V d v(t). ~ (11)
In view of (9), (10) and (11) we have

:
£(T, y(1)) -p'j () a v(t) +
70 .
-.:5 AEB + F(1+eM~1 y($)) a v(t) + (12)
(o]

T ,
* %j (A()B + PI+eM ™y ($)) (A()8 + F(T+t/) Ny (£)) at.
0
From the Ito formula it follows that
T T
B My - (K1) y(6) at =6 x5(0) ay (o). (13)
| d 0
- Moreover, it is clear that

P @eem™ = 21 - (zesm ). | (14)

Finallyiiusing (2), (5), (8), (12), (13) and (14) we obtain the
required reéﬁlt. R '

Note thatrin view of (7) and the factorization theorem [5]it fol-
lows that (( § X300-ap(8)) .y (1)) is & sufficient statistic for
the family {(a%‘f}. However, in general,this statistic is not mini-



- 283 -

mal sufficient. Now, we state a lemma which will be used to the mi-

nimal sufficiency and completeness of this statistic.

-
Lemma 1. Vectorsj X; (t) dy(t) and y(T) are independent.
° 7

Proof: Note that 5 X; (t) ay(t) and y(T) are Gaussian random
o
vectors and that E y(T) = O. Then it is sufficient to prove that
T ,'
Ej X{ () ay(t) y' (D) = 0. (15)
V)

The Ito formula yields

T T .
Eé X (D) ay (8)y' (D) = X3 (DEy()y’ (T) -?g X, (£)By (t)y’ (T)at. (16)

But, in view of (2), it follows that for every t € [0,T] we have
E y(t) y/(T) = tI + T/ - (17)

So, using (16) and (17) we obtain

i
EJ X3(8) ay(t) y/(1) = XJ(D(T + )T -
o T
-5 X, (t) (61 + £/ at. (18)
o

. Since the expression on the right hand side of (18) ' is equal to
T .
le’(t\ dt (I + T/ the lemma follows from (2) and (15).

° Now, we shall find a minimal sufficient statistic for {,u s, }.

Note that set {I + T[‘, = Z o, Vi,o’eﬁ}contains an - open subset
=1

of a linear manifold V= I + 1,:!" where' 1}1 is a subspace generated

by V1...., Ve Let «w be the smallest manifold such that
{(I + 27)~7 lde&?} cw,

Then there exists a matrix Wo such that w= Wo + co1, where w is

1
a subspace para)lel_to w .

Let W1,“.. erﬁz "’;‘.:basis for w1. Then (I + Tl“')"1 can be uniquely
é

represented in the following wéy
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&

(1 + r)~1 = oy (6) W, + W (19)

o
it
—

oy

T ,
Theorem 2, Let ~S X "(t) X (t) dt be positive definite. Then the

vector

7(1) = ((S X[ () ay(6)Y, 3" (D) Wy(D), i=1,..., 7) (20)

is a2 minimal sufflclent gtatistic for {fzﬁ‘ } .

Proof: Inview of (1Y) the density function given by (7) can

be represented in the following form

Br Lz o
“ﬁ‘,u‘“ (y) = ¢(8,Mn (2,5(T)) exp{_é-,}; > ei@y (g g+
i=1 ~
r o
+ﬁ’j X1’ (%) dy(t)}, : (21)
) |

where c(B,") is defined by (7) and

log h (T, y(M) = - 5L y" (1) (I + W) y(7).

Note»thet 0103),;.., cr(s),,GT,...,ﬁ%v are linearly independent.
lMoreover, from Lemma 1 it follows that the distribution of Z(7T) gde-
fined by (20) is not degenerated and the coordinates;bf-thisrvector
are linearly independent. Thus, in view of Theorems 5.2 and 5.3 in

[4], we obtain the required result.

3. Completeness and estimation

In thL&ssectlon we shall consider the problem of estimation of
parameters B and dk Pirst we shall derive a necessary and suf-
ficient conditions for the completeness of the minimal sufficient sta-
tistic Z(T) dei;inéd‘g-‘:iﬁ (20). ]

Recall that'a subspace D of all symmetric matrices is called
a quadratic subspace if V€ 9@ implies VQGQ(See [8]).
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r
Theorem 3., Let X{ (t) X, (t) dt bve positive definite. Then, the

following conditions are equivalent:
(8} statistic Z(T) is complete,
(v 2}1 is a quadratic subspace,

(c) 01 = ..

Pr oo f: The equivalence of (b) and (¢) follows from Theorem
5 given in the Appendix provided we put V, = I. To pro#e that  (b)
implies (c¢) we note that from Corpllary 1 in the Appendix it follows
thet T = k and that the set 92, = {(c1 (d),...,ck(d))'lo’e_g} contains
an open subset of Rk, where c; (6) are defined by (19).‘; In view of
Lemma 1 the density function of Z(T) is given by (21). Then, Z(T)
is exponentially distributed and the natural parameter Espace
{(ﬂ', c'(ﬁ'))lﬂéQ,O’eS}} contains an open subset of RP*E, Hence the sta-
tistic Z(?T) is complete (see [5]).

Now, suppose that x}.] is not equal to w,. Since UV, C w there

1 1 1?
exists a vector Wew,;, W # 0, such that tr(W(I + 7)) = 0 for all

= oy V4. Moreover, E y'(T) W y(T) = txr(W E y(T) y' (™) =

s

i=1

= T tr (W(I + T/), Hence E y'(T) W y(T) = 0. Because yi’(T) W y(T)is
a function of the minimal sufficient statistic Z(T) and because

Py (T) W y(T) # 0) = 1, statistic Z(T) is not complete.
Remerk 1. If 17' is a quadratic subspace, then

3 (T\ = ((51( (t) ag ()Y, y'(?) V. Y™, 1=1,..., k)

is e minlmaI sui’flc1ent and complete statistic for {‘u'e p}
How, we are able to describe the best unbiased estimators (BUE

"

for short) of 4 and 6’ An estimator B of B is called unbiased if
E [)’ 8 for eve&-y"ﬂ% énd 6 . Moreover, an unbiased estimator ,é\ of B
is celled B U E if the matux E(B-~B)(B-B) - E(ﬁ ﬁ)(ﬁ ﬁ) is

nonnegative definite for every unbiased estimator /3 of B8 and for

every (3 and ©.
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‘Let A = (aij)stand for a symmetric matrix, where aiﬂ = tr(ViVj)

for i,j = 1,..., k. Note that A-1 exists because V1,..., Vk are line-
arly independent. Moreover, let u(T) = (uj(T),..., uk(T))' stand for

a random vector, where ui(T) =-%§ vy (T) vy y(T) --%‘tr vV, for i=

=1,..., k. We prove the following

.

Theorem 4. Tet j X () X, () dt be positive definite. Then
. B ’ -1
(0 By = ([ nm e | o g

0 . o}
and
> 1

(i1) &5 = 47" u(T)

are the B U E for B and ¢ , respectively, if and only if QH is a

quadratic subspace.

Proo f: Noté that

T T
i ]
Eé X, (%) dy(t) =§) X, (8) X, (%) at 8.

P .
Hence in view of (i) we have EA& = /3, Moreover, after simple

calculetions we obtain

Eu@)=%%d+v—ﬂ=A&

where v = (tr V1,..., tr Vk\l. This implies that E QT = 6‘. Since 17}
is e quadretic subspace Z(T) is complete.Thus,Z%.and‘g} are the B U E
becausé they ere functions of a complete sufficient Qtatistic (see
Remark 1),

Now 19@%?, and é%. be the B U E for B and ¢ , respectively.
Then, in ﬁ;fticula%; é} is the best unbiased estimator in the class
of quadratic estimators of the form y/(T) A y(T), where A is
a symmetric maEg;x&}But from Theorem 2 4in [10] it follows that the

a .

subspace generated by

ok
{I + Tl r= Zc‘i Vi, desz}
i=1
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is a quadratic subspace of all symmetric matrices. This implies that

0‘1 is a2lso a quadratic subspace.

Remerk 2. In view of Theorem 3 in [9] there exists B UE foro

if and only if there exists a best quadratic unbiased estimator for G,

4, Appendix

- Let V0 be an n xn regular and symmetric matrix and let 01 be

a linear subspace of all n x n symmetric matrices. The:ﬁ

V= V+ B ={vo+v!sz>,}

o)

1
all W € 1}1 such that V  + M is regular and let w be the smallest

is & linear menifold. If V € 1,then U= . Let % be the set of -

lineer menifold containing the set {V"1‘ Vev, » m},Since Vg1e w,

the manifold @ can be represented in the form w = V"1 +

X where

w, is a subspace persallel .to o .Le{:qcbe the set of gall L € w

1 1
that the matrix V;1 + L is regular. Moreover, let (’\I(')’1 +£) " stand

such

for the set of all V™! guch that V € V;1 +.£, We shall A'_describe the
. -4 - .
subspaces /U for which the manping J(N)=V" from v, + 9 into

v;i +O£ is onen and one to one. For any subspace D of all symmetric

matrices and for any symmetric matrix V let vPv = {vev I BeD}. Let

Z stand for a symmetric matrix.

Definition 1. A subspace 2D of all symmetric matrices is

celled a 2-quadratic Subsoace if 26 implies aZa <,
If 2, is the identity matrix then 2D 1is called a quadratic subspace

(see [8])., Each 3 - quadrstic subspace is a Jordan Algebra, where

da e

@

~ s A°B = (AXBBZM)/2,
Theorem 5. The following conditions are equivalent
(1) & =v, @, Vor

WY AN P
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(1i1) v+ m = (vI1 )7,

(iv) 2}1 is Vj - quadratic subspace.

Proof: The equivalence of (i) and (1i) is obvious. We prove
that (i) implies (ii1). It is sufficient to show that (v 1+.0) e+
+92Z. If LCL , then Vo + L is regular and in view of (1) we have
that (VS1 + -t 2 VO(Vo + v)y~? Vo for some V ¢ 1}1. So, from (ii) it
follows VO(VO + 7)1 V,C Y. Since the above matrix is regular we
conclude that it belongs to VO + . Now we prove that (iii) implies

(1Y, I? re Yy . then we have that | Vy, =4 is regular for sufficient—

ly small A . lMoreover, we have that

o0
(V, =am™ = Z vyl am® vo! (22)
n=0 :

belongs to V;1 + oL, where A° gtands for the identiﬁy matrix.Hence

we have
o0

1. n o1
Z (V’(; A vV, € .
n=.1

S0, it is clear that

(o o]

-1 -1 § Net o= y0 =1

Vo MG+ A (Vo M7= vy lew,.
n=2

It means thet 27'1 €V, w, V. Similary, one can prove ¥y OV w, T

putting in (22) V' instead of V, and taking /¢ c,.
Ve prove that (iv) implies (i). Let 1)1 be a V';1 quadratic subspace.

~1o\0 )
It is clear thet for every n »1 we have (V VO1V) € 2}1 provided

V e ?)i . Slnge (Vo +akV371 can be represented in the form Vg1 +
£ 1 1
+ E an(VS1V V;l)n' ‘,ﬁor some a, and k, it is clear that c,C Vo Vyve-
n=1 oty e

- - -1 -1
Thus, because 651 ) Vo1 1}1 V61 holds we have w, = V3 0‘1 v,
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Now, we prove that (i) implies (iv)., let V € 1%, Then ['= V;1 \'f Vgl

is an element of w, and for sufficiently small 2 we have that Vgi-
-a V31 v w31 is regular. Since conditions (1) and (iii) are equi-

valent we have (V;1 - A v, Vv Vo)"1 € Vb + W, This implies that

o0

v v‘;1v + Z ,11“1(v vo)i Ve z%1 Thus letting A tend to zero we

i=2
obtain V V;1V € dﬁ. This terminates the proof of the theorem.

We have the following consequence 9f Theorem 5.

Corollsry 1. If 0& is a V;1 - quadratic subspacegrfhen function

m: Vo + ZE-—ﬂ—V;1 ++« defined by (V) = v=! i3 an open mapping.
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