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,0CAO5Q � � 13O51 � 13�.CA/ã;<+ O5=�/ � CRQ5C��Ñ>9+:@B45C�â�CA��,0CA45/
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Y O5C�Q5CA/.O513?A/.C�79+:/Þ,013C_� ^ 13O�,06A/.CA�.�.CA/0+[+:4�75/.=�25;3? � C�Q54��ACAO�,0/0+:P�C�Q9+:O5�h;3CA�uCA�.79+:�ACA�h��+:/0+:��,06A/.13�Þ,013@B45CA� �
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��=�1ä,ã; ^ C �N75/.CA�.�.13=�O�Q5CA�M�A= � 7L=��0+:O�,0CA�M75/.13O5�A1379+:;3CA�JQ9+:O5�ã; ^ CA�.79+:�AC8Q ^ 45O&+:4N,0/.C\75/.=�Q5451ä,ã�.��+:;<+:13/.C
F � ;3136 � ; ^ CA�.79+:�ACRQ ^ =�/.13P�13O5C\79+:/M45O5C�75/.= � CA��,013=�O&O5=�O�å�;313O56�+:13/.C φ �

φ : R
N → F, x 7−→ X.  !%� ¦�¦ �

T O�/.C � +:/.@B45C)@B45C � / � *5( � 	 � 	 � � � 	 4 �
� � *�4 � � $ � F CA�Þ,RQ5C)Q51 � CAO5�.13=�O�@B45CA;3�A=�O5@B45C � Q56A7LCAO5Q9+:O�,RQ5C
;<+ � =�O5��,013=�O�Q5C�75/.= � CA��,013=�O�4N,013;313�.6AC � ` �A1xC�,[Q9+:O5�[;<+ 79+:/Þ,013CR@B451uâ:+Í�.451äâ�/.C � ;3CA���Þà � 2L=�;3CA� � + � 45�bå
�A45;3CA���.=�O�,�4N,013;313�.6A�ã7L=�45/M;3CA�M6A;36 � CAO�,0�MQ5C F � +:;3=�/.�ã@B45CR;3CA�M�Þà � 2L=�;3CA� � 13OB45�.�A45;3CA�MQ56AO5=:,0CAO�,H;3CA�
6A;36 � CAO�,0��Q5C
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N �

a =�45��O5=�45��75;<+ � =�O5��Q9+:O5��;3C8��+:��Q5CRQ5=�O5O56ACA�H�ACAO�,0/.6ACA�  ∑M
k=1 φ(xk) = 0 �] + � +-,0/.13�AC\Q5CR�A=qâ:+:/.1<+:O5�AC8Q9+:O5� F 75/.CAO5Q�+:;3=�/.�ã;<+ � =�/ � C\�.451äâ:+:O�,0C  

C̄ =
1

M

M
∑

j=1

φ(xj)φ(xj)
T  !%� ¦ � �

T O(Q5=�1ä, � +:13O�,0CAO9+:O�,§Q56�,0CA/ � 13O5CA/§;3CA�)â:+:;3CA45/.�§75/.=�75/.CA� λ ≥ 0 C�, ;3CA�)â�CA��,0CA45/.��75/.=�75/.CA� V ∈
F/{0} �0+-,013� � +:13�0+:O�,

λV = C̄V.  !%� ¦ ! �

U = �Í� CRQ9+:O5�[;3CR��+:�HQ5C�; ^ � Uãc Q9+:O5�H45O~CA�.79+:�AC�;313O56�+:13/.C  !%����� ¦ � � ,0=�4N,0CA�[;3CA���.=�;34N,013=�O5� V +�â�CA�
λ 6= 0 �.C8�.1ä,045CAO�,MCAO�,0/.C φ(x1) . . . φ(xM) � U CA;<+§+)Q5CA4����A=�O5�.6A@B45CAO5�ACA�H4N,013;3CA� � V =�4N,MQ ^ +:2L=�/.Q � =�O
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λ(φ(xk) • V ) = (φ(xk) • C̄V ∀k = 1, . . . , M  !%� ¦�¨ �

C�,HCAO5�.451ä,0C � @B4 ^ 13;uC �N13�Þ,0CRQ5CA���A=�C 
 �A13CAO�,0� αi(i = 1, . . . , M) ,0CA;3�M@B45C

V =

M
∑

i=1

αiφ(xi)
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X O��A= � 2513O9+:O�,�;3CA��6A@B49+-,013=�O5� !%� ¦�¨ C�, !%� ¦ # � =�O&=�2N,013CAO�,

λ
M
∑

i=1

αi(φ(xk) • φ(xi)) =
1

M

M
∑

i=1

αi

(

φ(xk) •
M
∑

i=1

φ(xj)(φ(xj) • φ(xi))

)

∀k = 1, . . . , M
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Mλααα = Kααα  !%� ¦q« �
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� ;3CA�\â:+:;3CA45/.�\75/.=�75/.CA�RQ5C K � �.=�;34N,013=�O5�\Q5C Mλ  CA@ � !%� ¦q« � � C�,

a1, . . . , aM ; ^ CAO5�.C � 25;3CW�A=�/./.CA�.7L=�O5Q9+:O�,�Q5Cãâ�CA��,0CA45/.��75/.=�75/.CA��+�â�CA� λp
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(Vk • Vk) = 1 ∀k = p, . . . , M.  !%��� ª �
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M
∑

i,j=1

ak
i a
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j (φ(xi) • φ(xj)) =

M
∑

i,j=1

ak
i a

k
j Kij
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c =�45/MC ��,0/0+:13/.C[;3CA�ã�A= � 7L=��0+:O�,0CA�ã75/.13O5�A1379+:;3CA� βk
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	 � � CA�Þ,JQ5=�O5�
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N → F C�, k ;3CRO5=qà�+:4�Q5C Ü CA/.�ACA/\+:�.�.=��A136R,0CA;x@B45C

7L=�45/ x, y ∈ R
N � k(x, y) = φ(x) • φ(y) � T O&/.CA75/.CAO5Q�;3CA�ã,0/.=�13�ã6�,Ñ+:7LCA��Q56 0 O513CA�H+:4&79+:/0+:P�/0+:75>5C
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¦ � T O���+:;3�A45;3C\;3CA��6A;36 � CAO�,0��Q5C K  Kij = k(xi, xj)
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∥

∥

∥
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���

Vm,1 . . . Vm,t













b1���
bt







 ¨ � ! �

��1 VC
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���

Vn+m,1 . . . Vn+m,n













b1���
bn







 ¨ ��# �

T O&/.C � +:/.@B45C\@B45CR;<+�79+:/Þ,013C[Q5C VX
�A=�/./.CA�.7L=�O5Q9+:O�,H+:4���Q5=�O5O56ACA� � +:O5@B49+:O�,0CA��O ^ 13O�,0CA/Þâ�13CAO�,

79+:�\Q9+:O5�8;3C���+:;3�A45;hQ5CA�879+:/0+ � ?�,0/.CA�[Q5C)â:+:/.1<+:2513;31ä,06 b � ��1�; ^ =�O�C �N75/.1 � C�;3C�/.6A�.45;ä,Ñ+-,\�.=�45� � =�/ � C� +-,0/.13�A13CA;3;3C � =�O�=�2N,013CAO�,�;3CA�M6A@B49+-,013=�O5���.451äâ:+:O�,0CA�  ¨ � 3 �  

RPS : B = V −1

C (C − C̄)

X = C̄X + VXV −1

C (C − C̄)
���������

c =�45/&, � � � ;<+t�.=�;34N,013=�O$CA�Þ,~C �5+:��,0C � T O�+ n + m 13O5�A=�O5OB45CA�&7L=�45/ n + m 6A@B49+-,013=�O5� � ] +Z CA�A=�O5�Þ,0/.45��,013=�O c +:/Þ,013CA;3;3CR��1 � 75;3C  ZHc � � CA�Þ,HQ5=�O5�R45O5C�C ��,0CAO5�.13=�O�Q5CR�ACR��+:� �
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� 13O568Q54~�Þà��Þ,0? � C�7L=�45/ t < m � ] + �.=�;34N,013=�O&CA�Þ,\+:;3=�/.�MQ5=�O5O56AC�79+:/�45O5C � 13O51 � 13�0+-,013=�O�+:4��.CAO5�
Q5CA� � =�13O5Q5/.CA�M��+:/./.6A� �
] CR�Þà��Þ,0? � C�7LCA4N,H� ^ C �N75/.1 � CA/M�.=�45�H;<+ � =�/ � C8�.451äâ:+:O�,0C  
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T O�/.CA7L=��.CR;3C8�Þà��Þ,0? � C�75/.6A�A6AQ5CAO�,  7L=�45/�Q5CA��Q5=�O5O56ACA�H�ACAO�,0/.6ACA� � �.=�45� � =�/ � C � +-,0/.13�A13CA;3;3C  
[

C
0

]

=

[

VC 0
VX −Id

] [

B
X

]

ou T = MZ  ¨ � & �
] + � =�O5��,013=�O�Q5CR�A= � ,[+:�.�.=��A136AC � ;<+ � 13O51 � 13�0+-,013=�OÍQ5CR; ^ 6A@B49+-,013=�O�75/.6A�A6AQ5CAO�,0C�CA�Þ,  

J(B, X) = [C − VCB − X + VXB]

[

C − VCB
−X + VXB

]

 ¨ � « �
@B451x� ^ 6A�A/.1ä,

J(Z) = ‖T − MZ‖2

= T ′T − T ′MZ − Z ′M ′T + Z ′M ′MZ

= T ′T − 2T ′MZ + Z ′M ′MZ  ¨ � ¦qª �
U = �Í� C [VCVX ] CA�Þ,H45O5CR29+:�.C�=�/Þ,0>5=�O5=�/ � 6AC � M ′M 75/.CAO5Q�;<+ � =�/ � C\�.451äâ:+:O�,0C  

M ′M =

[

V ′
C V ′

X

0 −1

] [

VC 0
VX −1

]

=

[

Id −V ′
X

−VX Id

]

 ¨ � ¦�¦ �
T O~+§Q5=�O5�  

J(B, X) = C ′C − 2B′V ′
CC + X ′X − 2B′V ′

XX + B′B  ¨ � ¦ � �
��1u;3CA��Q56A/.1äâ�6ACA�H/.CA�.7LCA��,01äâ�CA�H79+:/M/0+:757L=�/Þ, � B C�, X �.=�O�,HOB45;3;3CA�  

∂J(B, X)

∂B
= −2V ′

CC + 2B − 2V ′
XX = 0

B = V ′
CC + V ′

XX  ¨ � ¦ ! �
∂J(B, X)

∂X
= −2VXB + 2X = 0

X = VXB  ¨ � ¦�¨ �
Q ^ = � ;3CA�M6A@B49+-,013=�O5���.451äâ:+:O�,0CA�  ¨ � ¦ # � � �A= � 79+:/0+:25;3CA��+:4��&6A@B49+-,013=�O5��Q5CR;<+ ZHc �  ¨ � 3 �  

RPC B = (Id − V ′

XVX)−1V ′

C(C − C̄C)

X = C̄X + VX(Id − V ′

XVX)−1V ′

CC
����� ��� �



«�«
Z C � +:/.@B45CA�  
� ] + � +-,0/.13�AC [Id − V ′

XVX ] CA�Þ,�,0=�4 � =�45/.��13O�â�CA/.�.1325;3C � ��+:/��Þà � 6�,0/.13@B45CRC�,�7L=��.1ä,01äâ�C �
� ] CA�R6A;36 � CAO�,0�8Q51<+:P�=�O9+:4���Q5C [Id − V ′

XVX ] �.=�O�,�6AP�+:4�� � 1 −
∑n+m

i=n+1 Vd(i)
2 +�â�CA� Vd

;3C
Q513? � C�â�CA��,0CA45/�75/.=�75/.C � ] +�29+:�.C�Q5CA� â�CA��,0CA45/.�¥75/.=�75/.CA�  V � 6�,Ñ+:O�,�=�/Þ,0>5=�O5=�/ � 6AC � =�O%+
1 −

∑n+m
i=n+1 Vd(i)

2 =
∑n

i=1 Vd(i)
2 �

� ] CA�
+:4N,0/.CA��6A;36 � CAO�,0��Q5C [Id − V ′
XVX ] �.=�O�,
6AP�+:4�� � −sumn+m

i=n+1Vd(i)Ve(i)
+�â�CA� VdC�, Ve

Q5CA4���â�CA��,0CA45/.�±75/.=�75/.CA��Q51 " 6A/.CAO�,0� � ] +�29+:�.C(Q5CA��â�CA��,0CA45/.�±75/.=�75/.CA�  V � 6�,Ñ+:O�,
=�/Þ,0>5=�O5=�/ � 6AC � =�O�+ −sumn+m

i=n+1Vd(i)Ve(i) = sumn
i=1Vd(i)Ve(i)

�

S =�O5��;<+ � +-,0/.13�AC [Id − V ′
XVX ] CA�Þ,H6AP�+:;3C � V ′

CVC
C�,�; ^ 6A@B49+-,013=�O&¨ � ¦ # 7LCA4N,H+:45�.�.1x� ^ 6A�A/.13/.C  

RPC B = (V ′
CVC)−1V ′

C(C − C̄C)

X = C̄X + VX(V ′
CVC)−1V ′

CC  ¨ � ¦ 3 �
` ;�CA�Þ,8Q5=�O5�)7L=��.�.1325;3C�Q5C),0/.=�4Nâ�CA/\45O5C§�.=�;34N,013=�O X +:7579+:/Þ,0CAO9+:O�, � O5=:,0/.C � =�Q5?A;3C � Q5=�O�,845O5C
79+:/Þ,013C C CA�Þ,H�A=�O5OB45C�+§75/.13=�/.1 �
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] +)â�CA/.�.13=�O�75/.6A�A6AQ5CAO�,0C�O5CR�A=�O�,013CAO�,H+:45�A45O5CR�A=�O�,0/0+:13O�,0C8�.45/�;3CA�ãâ:+:;3CA45/.�MQ5CA��79+:/0+ � ?�,0/.CA�MQ54
� =�Q5?A;3C � S C)�AC � +:1ä,HCAO
75/.6A�.CAO5�AC§Q5C�25/.451ä,\�.45/[;3CA�[Q5=�O5O56ACA�8�A=�O5OB45CA� � ;3CA�[�.=�;34N,013=�O5� � 13O51 � +:;3CA�
7LCA4Nâ�CAO�, � ,0/.CM6A;3=�13P�O56ACA��Q5Cã;<+[�.=�;34N,013=�O)/.6ACA;3;3C � c +:/_C �NC � 75;3C � �.15Q9+:O5��;<+[79+:/Þ,013Cã�A=�O5OB45CM�.Cã,0/.=�4Nâ�C
45O5CRâ:+:;3CA45/M+:2LCA/./0+:O�,0C � ;<+§�.=�;34N,013=�O¥,0/.=�4Nâ�6AC��.CA/0+§,0/.?A��6A;3=�13P�O56AC\Q54 � =�Q5?A;3C �
]_^ >�à�7L=:,0>5?A�.C��A;<+:�.�.13@B45C
CA�Þ,�Q5C
�A=�O�,0/0+:13O5Q5/.C
;3CA��79+:/0+ � ?�,0/.CA��Q5C�â:+:/.1<+:2513;31ä,06 b � /.CA�Þ,0CA/&Q9+:O5�
; ^ >�à�7L=:,0>5?A�.C~P�+:45�.�.13CAO5O5C � 1 � C � −3λi < bi < 3λi

� Y O5C&75/.C � 13?A/.C&/.6AP�45;<+:/.13�0+-,013=�Ot7L=��.�.1325;3C�CA�Þ,
Q5=�O5��Q5CR�0+-,045/.CA/�;3CA��79+:/0+ � ?�,0/.CA� � ±3λi

� Y O5CRQ5CA4��N13? � C � =�O5��,013=�O&Q5CR/.6AP�45;<+:/.13�0+-,013=�O¥�A=�O5�.13�Þ,0C
� 7L=�O5Q56A/.CA/§;<+ � =�O5��,013=�O±Q5C��A= � , Q56 0 O513�.�0+:O�, ; ^ 6A��+:/Þ, � 13O51 � +:;�+�â�CA�&45O��A= � ,§Q56A7LCAO5Q9+:O�,ÍQ5CA�
â:+:;3CA45/.�ãQ5CA�ã79+:/0+ � ?�,0/.CA� bi

� ] C[,0CA/ � C � 4N,013;313�.CA/�Q5=�1ä, � ,0/.C\7L=��.1ä,01 � C�,M75/.CAO5Q5/.C\CAO��A=�O5�.13Q56A/0+-,013=�O
;<+ÍQ513�.7LCA/.�.13=�O~�.45/[; ^ +��NC)+:�.�.=��A136 � ] CA�[79+:/0+ � ?�,0/.CA�[Q ^ 45O
+��NC��.45/\;3CA@B45CA;h;<+ÍQ513�.7LCA/.�.13=�O~CA�Þ, � =�/Þ,0C
 P�/0+:O5Q5CJâ:+:;3CA45/xQ5C λ � �.CA/.=�O�,_O5=�/ � +:;3C � CAO�,x75;345�hP�/0+:O5Q5��@B45CW;3CA��+��NCA� � � +:1325;3CA�uâ:+:;3CA45/.�h75/.=�75/.CA� �T O�4N,013;313�.C\Q5=�O5� ∑

i
bi

λ2

i

� ] + � =�O5��,013=�O&Q5CR�A= � ,H+:�.�.=��A136AC � ;<+ � 13O51 � 13�0+-,013=�O CA�Þ,\+:;3=�/.�  

J(Z) = ‖T − MZ‖2 + Λ−1B
′B  ¨ � ¦�¬ �
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+�â�CA� Λ−1

� +-,0/.13�AC�Q51<+:P�=�O9+:;3C��A=�O�,0CAO9+:O�,�; ^ 13O�â�CA/.�.C�Q5CA��â:+:;3CA45/.�&75/.=�75/.CA�~Q5C�; ^ 6A@B49+-,013=�O�+:4��
â:+:;3CA45/.�ã75/.=�75/.CA� � ] CA�M�A=�O5Q51ä,013=�O5�JO56A�ACA�.�0+:13/.CA� � 45O � 13O51 � 4 � Q5=�O5O5C\;3CA�ã6A@B49+-,013=�O5�W�.451äâ:+:O�,0CA�  

RPR B = (Id − Λ−1 − V ′

XVX)−1V ′

CC

X = VX(Id − Λ−1 − V ′

XVX)−1V ′

CC
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] +±/.6AP�/.CA�.�.13=�O$�Ñ>5CA/.�Ñ>5C � 6�,Ñ+:25;313/Í45O$;313CAO%CAO�,0/.C
Q5CA4��$CAO5�.C � 25;3CA��Q5C~â:+:/.1<+:25;3CA� � @B45C
; ^ =�O
7LCA4N,�+:�.�.=��A13CA/ � O5=��8Q5=�O5O56ACA�8�A=�O5OB45CA�RC�,R13O5�A=�O5OB45CA� � U C§;313CAO�CAO�,0/.C§;3CA�\Q5=�O5O56ACA�RCA�Þ,R�.=�4Nâ�CAO�,
�A=�O5�.13Q56A/.6[�A= �Í� CM;313O56�+:13/.CMC�,J;3C�O5= � 25/.CHQ ^ 13O5�A=�O5OB45CA�Jâ:+:/.1<+:25;3C � S CHO5= � 25/.CA4��Í6A�Ñ>9+:O�,013;3;3=�O5��=�4
/.6�+:;313�0+-,013=�O5�ãQ5CA��Q5CA4���CAO5�.C � 25;3CA���.=�O�,[Q513�.7L=�O51325;3CA� �
V /.=�13� � 6�,0>5=�Q5CA�ãQ5C\/.6AP�/.CA�.�.13=�O��.CA/.=�O�,M,0/0+:O5�.7L=��.6ACA��Q9+:O5�ãO5=:,0/.C � =�/ � +:;313� � C�13�.�.4�Q5C\;<+ � =�Q56A;31�å
�0+-,013=�O&+ 0 O�Q5C\�A= � 79+:/.CA/ã;3CA�ã/.6A�.45;ä,Ñ+-,0�W,0>56A=�/.13@B45CA�M=�2N,0CAOB45�MCAO�,0/.C8�ACA� � 6�,0>5=�Q5CA�MC�,M; ^ +:7575/.=��Ñ>5C
Q5=�O5O56ACA� � +:O5@B49+:O�,0CA�W13�.�.45C\Q5C[; ^ 45�0+:P�C[Q ^ 45O � =�Q5?A;3CH�Þ,Ñ+-,013�Þ,013@B45CH;313O56�+:13/.C  �.=�45�bå � +:�ACAO�,MQ9+:O5�W;<+
/.6AP�/.CA�.�.13=�O �  ;<+¥/.6AP�/.CA�.�.13=�O�;313O56�+:13/.C � ;<+¥/.6AP�/.CA�.�.13=�O�CAO��A= � 7L=��0+:O�,0CA�875/.13O5�A1379+:;3CA�\C�,R;<+¥/.6AP�/.CA�bå
�.13=�O§79+:/_+:O9+:;äà��.CãQ5CA��â:+:;3CA45/.��;<+-,0CAO�,0CA� � c =�45/�,0=�4N,0CA�_�ACA� � 6�,0>5=�Q5CA��;<+[Q51 � CAO5�.13=�O)Q5CM;<+Hâ:+:/.1<+:25;3C
13O5�A=�O5OB45C x �.CA/0+&¦�7L=�45/ � +:�A13;31ä,0CA/W;<+)�A= � 79+:/0+:13�.=�O�CAO�,0/.C�;3CA� � 6�,0>5=�Q5CA� �
¤¥k5fhf_{�m\r�}��-jnwhi�jlf_{�Ò){�oÍfh��� � mlÓ�z�{�Ò§�x{
mlk���gBv|��{�Ò�Ò�jl�Lw�mnjnwxgBk9jl��{
T O&�Ñ>5CA/.�Ñ>5C��A;<+:�.�.13@B45C � CAO�, � C �N75;313@B45CA/M;<+)/.CA;<+-,013=�O¥CAO�,0/.C � â:+:/.1<+:25;3CA� x C�, y � « # �
� = � x CA�Þ,
;<+�â:+:/.1<+:25;3CÍ�A=�O5OB45C¥=�4tC �N75;313��+-,01äâ�C�C�, y ;<+�â:+:/.1<+:25;3C Q56A7LCAO5Q9+:O�,0C&=�4±C �N75;313@B456AC � S +:O5�§O5=:,0/.C
� =�/ � +:;313� � C x �A=�/./.CA�.7L=�O5Q +:4���Q5=�O5O56ACA���A=�O5OB45CA� C � y +:4���Q5=�O5O56ACA� � +:O5@B49+:O�,0CA��=�4)13O5�A=�O5OB45CA�
x � c =�45/ x Q5CHQ51 � CAO5�.13=�O&¦ � =�OÍ�Ñ>5CA/.�Ñ>5C � Q56A�A/.13/.C x CAO � =�O5��,013=�OÍQ5C C �.=�45�J;<+ � =�/ � CM�.451äâ:+:O�,0C  

x = b0 +

p
∑

j=1

bjCj + ε  ¨ � ¦q« �

] + �.=�;34N,013=�O�Q5=�O5O56ACR79+:/M;3CA� � =�13O5Q5/.CA�M��+:/./.6A��CA�Þ,HQ56 0 O513C�+:13O5�.1  

x̂ = Cb  ¨ ��� ª �
] CA�8�A=�C 
 �A13CAO�,0�8Q5C)/.6AP�/.CA�.�.13=�O b �.=�O�,RQ56�,0CA/ � 13O56A�[79+:/\; ^ 6A@B49+-,013=�O��.451äâ:+:O�,0C)�.45/\;<+�29+:�.C)Q ^ +:7�å
75/.CAO�,013�.�0+:P�C  

b = (C ′C)−1C ′x  ¨ ��� ¦ �
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x̂ = C(C ′C)−1C ′x  ¨ ���-� �

] CA�RQ5CA4���75/.=�25;3? � CA�\CA�.�.CAO�,013CA;3�R7L=��.6A�R79+:/\;<+¥/.6AP�/.CA�.�.13=�O�;313O56�+:13/.C��A;<+:�.�.13@B45C§�.=�O�, � +-,0>56 � +-,01�å
@B45C � CAO�,Hâ�13�.1325;3CA�MQ9+:O5���AC�,.,0C � =�/ � 45;3C �
c /.C � 13?A/.C � CAO�, C ′C O ^ CA�Þ,H79+:� � =�/.�A6 � CAO�,H13O�â�CA/.�.1325;3C  � ^ CA�Þ,H;3C875/.=�25;3? � C\Q5CR;<+)�A=�;313O56�+:/.1ä,06  =�4
Q5C�;<+ � 45;ä,013�A=�;313O56�+:/.1ä,06 � = � ;3CA��â:+:/.1<+:25;3CA�M�.=�O�,[@B49+:�.1�å��A=�;313O56�+:13/.CA�ãQ54 � +:1ä,�Q54~25/.451ä,[+:�.�.=��A136�+:4��
Q5=�O5O56ACA� � « 3 � «�¬ � �
S CA4��N13? � C � CAO�,8�.1 C ′x CA�Þ, � +:;h�A=�O5Q51ä,013=�O5O56�;3C��Þà��Þ,0? � C§CA�Þ,813O5�A=�O5�Þ,Ñ+:O�,8C�,813O5�Þ,Ñ+:25;3C � U[^ CA�Þ,8;3C
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Ĉ
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 � 13O51 � 13�0+-,013=�O Q5C ‖x − bC‖2 �.=�45� ‖b‖2 < coef 2 � =�4&CAO5�A=�/.C8�A= �Í� C[4N,013;313�0+:O�,ã45O&CA�Þ,01 � +-,0CA45/
Q ^ CA/./.CA45/ � 13O51 � +:;3C � ] CA�H�A=�C 
 �A13CAO�,0�M,0/.=�4Nâ�6A�H�.=�O�,HQ5CR;<+ � =�/ � C  

bridge = xC(C ′C + kId)−1  ¨ � ! « �
* �Lwhi�mn�hÒ�jl�LwhÒ
S +:O5��;3C���+:�ÍQ5C�Q5=�O5O56ACA��13O5�A=�O5OB45CA�ÍQ5C�Q51 � CAO5�.13=�O�¦ � O5=:,0/.C � =�Q5?A;3C��Þ,Ñ+-,013�Þ,013@B45C&;313O56�+:13/.C
+�â�CA��Q5=�O5O56ACA� � +:O5@B49+:O�,0CA� CA�Þ,�Q5=�O5��75/.=��Ñ>5C�Q5C&;<+�/.6AP�/.CA�.�.13=�O(79+:/)â:+:;3CA45/.�§;<+-,0CAO�,0CA� � @B451M�.C
,0/.=�4Nâ�C�7LCA4�4N,013;313�.6AC � ] +§75/.6A�.CAO�,Ñ+-,013=�O��.=�45� � =�/ � C\Q5C � =�Q5?A;3C8�Þ,Ñ+-,013�Þ,013@B45C875/.6A�.CAO�,0C�; ^ +�â:+:O�,Ñ+:P�C
Q5C§/0+:13�.=�O5O5CA/8C �N75;313�A1ä,0C � CAO�,\�.45/8;3C � =�Q5?A;3C)C�,8�.=�O�4N,013;313�0+-,013=�O � U C � =�/ � +:;313� � CRP�?A/.C +:45�.�.1_;3CA�
75/.=�25;3? � CA�RQ5CÍ�A=�;313O56�+:/.1ä,06)Q5CA��75/.6AQ513��,0CA45/.��C�,�Q5CA��75/.6AQ513��,013=�O5� � X O�79+:/Þ,013�A45;313CA/ � 13;_7LCA/ � C�,RQ5C
� ^ 13O�,06A/.CA�.�.CA/ � ;<+&�Þà�O�,0>5?A�.C�Q5C � =�/ � CA���AC�@B45C�O5CÍ7LCA/ � C�,�79+:��;<+&/.6AP�/.CA�.�.13=�O � ` ;�7LCA/ � C�,)+:45�.�.1
Q ^ CAO�â�13�0+:P�CA/H45O�=�/.Q5/.C8@B45CA;3�A=�O5@B45C�Q5CA�H75/.6AQ513��,0CA45/.� �



¦qª #
c +:/\+:13;3;3CA45/.� � �AC � =�/ � +:;313� � C\O5=�45�[+Í7LCA/ � 13�MQ ^ 13O�,06AP�/.CA/ � +:�A13;3C � CAO�,H45O5C � 6�,0>5=�Q5C�C �N75;313�A1ä,0C8Q5C
/.6AP�45;<+:/.13�0+-,013=�O � @B451H+:�.�.45/.C~45O5C��ACA/Þ,Ñ+:13O5C&�Þ,Ñ+:2513;31ä,06�+:4 � =�Q5?A;3C � � � � C�Q9+:O5�Í;3C&��+:�ÍQ5C�25/.451ä,
1 � 7L=�/Þ,Ñ+:O�,M�.45/�;3CA�MQ5=�O5O56ACA� �
� ����� � � 	�	���� � � � � � ��� � � �  � � � � � � � #%��� ��� #%��� � � � 
 � � � � ��� � � � �

� � ��� � � � �  � � � 	�� � � � � � � �

}����9oq�ui��Lml{
a =�45�_7L=�4Nâ�=�O5��P�6AO56A/.CA/�Q5CA� � CA4��)Q5CãQ5=�O5O56ACA�_/.CA�.7LCA��,Ñ+:O�,�;3CA���A=�O�,0/0+:13O�,0CA��Q54 � =�Q5?A;3CJ;313O56�+:13/.C

 C = V b � � T O�P�6AO5?A/.C§�Ñ>9+:@B45C � CA4 � 79+:/Þ,013/[Q ^ 45O5C§29+:�.C =�/Þ,0>5=�O5=�/ � 6AC�Q5C�¦qª�ª�ª�â�CA��,0CA45/.�  V �
C�,ÍQ5C � ª�ª�â�CA��,0CA45/.��+:;36�+-,0=�13/.CA�  b � Q5C�,Ñ+:13;3;3C � ª
�.451äâ:+:O�, 45O5C&Q513�Þ,0/.13254N,013=�OtP�+:45�.�.13CAO5O5C � � â�CA�
�ACA�~Q5CA4���6A;36 � CAO�,0� � =�O�=�2N,013CAO�,�45O5C�29+:�.C�Q ^ +:7575/.CAO�,013�.�0+:P�C�C�,�45O5C�29+:�.C�Q5C
,0CA�Þ, � �Ñ>9+:�A45O5C
�A= � 7L=��.6AC~Q5C�¦qª�ª�13O5Q51äâ�13Q545� Q56 0 O513���.45/�¦qª�ª�ª��A=�=�/.Q5=�O5O56ACA��C�,�Q56A�A/.1ä,0��79+:/ � ª�79+:/0+ � ?�,0/.CA� �
U >9+:@B45C&79+:/0+ � ?�,0/.C¥Q5C¥â:+:/.1<+:25;31ä,06�+�;<+ � � � C¥1 � 7L=�/Þ,Ñ+:O5�AC  � � � CÍâ:+:;3CA45/.�§75/.=�75/.CA� � � X O 0 O �
O5=�45�H+�â�=�O5�HP�6AO56A/.6Í¦qª�ª � CA4���Q5CRQ5=�O5O56ACA�HQ51 " 6A/.CAO�,0� �
T O�7LCA4N,H��+:;3�A45;3CA/W,0/.=�13�MCA/./.CA45/.�H;3=�/.�ãQ ^ 45O5C�/.CA�A=�O5�Þ,0/.45��,013=�O�79+:/Þ,013CA;3;3C  
¦ � ; ^ CA/./.CA45/�Q5CR/.CA�A=�O5�Þ,0/.45��,013=�O&Q5C�;<+)79+:/Þ,013C8�A=�O5OB45C
��� ; ^ CA/./.CA45/�Q5CR/.CA�A=�O5�Þ,0/.45��,013=�O&79+:/Þ,013CA;3;3C  Q5CR;<+)79+:/Þ,013C813O5�A=�O5OB45C �
!%� ; ^ CA/./.CA45/�Q ^ CA�Þ,01 � +-,013=�O¥Q5CA�H79+:/0+ � ?�,0/.CA�MQ5C8â:+:/.1<+:2513;31ä,06
] +�Q56�,0CA/ � 13O9+-,013=�O�Q5CA��79+:/0+ � ?�,0/.CA��Q5C â:+:/.1<+:2513;31ä,06 b �A=�O5Q51ä,013=�O5O5C �ACA;3;3C Q5CÍ;<+&79+:/Þ,013C � +:O�å
@B49+:O�,0C X @B45CA;3;3C\@B45C8�.=�1ä,ã;<+ � 6�,0>5=�Q5C\Q5C\/.CA�A=�O5�Þ,0/.45��,013=�O&79+:/Þ,013CA;3;3C  ZHc � � ZHcJU � 4N,013;313�.6AC � T O
Q513�.7L=��.CRQ5=�O5�RQ5C � CA�.79+:�ACA�[Q5CR��+:;3�A45;FQ5CR; ^ CA/./.CA45/�/.CA;<+-,01äâ�C8+:4��&Q5=�O5O56ACA� � +:O5@B49+:O�,0CA� �
] C[/0+-,013=�CAO�,0/.C[;3CA�WQ5=�O5O56ACA�ã�A=�O5OB45CA�MC�,ã13O5�A=�O5OB45CA�W13O � 45C[�.45/W;<+�75/.6A�A13�.13=�O�Q5CA�ãCA�Þ,01 � +-,013=�O5��Q5CA�
79+:/0+ � ?�,0/.CA� Q5C¥â:+:/.1<+:2513;31ä,06ÍC�, Q5C&;<+�79+:/Þ,013C�13O5�A=�O5OB45C � a =�45� +�â�=�O5� � +:1ä,)â:+:/.13CA/)�AC&/0+-,013= � Q5CA�
/0+-,013=��MQ5C ¦qª � � # ª � C�,[«�ª � Q5C�Q5=�O5O56ACA�H13O5�A=�O5OB45CA� � +:13O5�.1F@B45C�;3C8O5= � 25/.CRQ5CR79+:/0+ � ?�,0/.CA�MQ5C
â:+:/.1<+:2513;31ä,06H�A=�O5�.CA/Þâ�6�79+:/M;3C � =�Q5?A;3C �
¤¥g�Ò��hmpoqkNo�Ò
] CA� /.6A�.45;ä,Ñ+-,0�§Q5C�;<+ � 6�,0>5=�Q5C ZHcJU  6A@B49+-,013=�Ot¨ � ¦ # � �.=�O�,ÍQ5=�O5���A= � 79+:/.6A� +:4��t/.6A�.45;ä,Ñ+-,0�
Q5=�O5O56A�H79+:/M;<+ � 6�,0>5=�Q5C ZHc �  6A@B49+-,013=�O&¨ � 3 � �
] CA� 0 P�45/.CA�Í¨ � ¦~C�,�¨ ��� � =�O�,0/.CAO�,�/.CA�.7LCA��,01äâ�C � CAO�,¥; ^ CA/./.CA45/ Q ^ CA�Þ,01 � +-,013=�O�Q5CA��Q5=�O5O56ACA� � +:O�å
@B49+:O�,0CA� X C�, Q5CA� 79+:/0+ � ?�,0/.CA�§Q5C¥â:+:/.1<+:2513;31ä,06 b 7L=�45/ ! ,Ñ+:4��tQ5C�Q5=�O5O56ACA� � +:O5@B49+:O�,0CA�§Q51 � å
� 6A/.CAO�,0�  ¦qª � � # ª � � «�ª � � � 7L=�45/R45O�O5= � 25/.CÍQ5CÍ79+:/0+ � ?�,0/.CA�Râ:+:/.1<+:25;3CA�  Q5C�¦ � � ª&�A= �Í� C§;3C
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� 	 � � ��� ��� � 0� f ���� ��� � � � ���������� � � � 	 � ��� � ��� � ��� � � � � ���
� � � ��� � � � � 
 ��� � � � � 
 � � ��� 	 � � � � � 	�	 � 	 � � � 	 � %��� � � � � � � �

` ; � +:4N,8Q56�,0CA/ � 13O5CA/\�A=�O � =�13O�,0C � CAO�,8;3CA�879+:/0+ � ?�,0/.CA� β C�,R;<+�79+:/Þ,013C)13O5�A=�O5OB45C§Q5C§; ^ =�2 � C�, � �
;<+§Q51 " 6A/.CAO5�ACRQ5CR; ^ 6A@B49+-,013=�O !%� ! ¬

minfx∈I,β ‖φ(f) − PNφ(f)‖  ¨ � ¨�ª �

ρ(f, β) = ‖φ(f)‖2 − 2φ(f) • PNφ(f) + ‖PNφ(f)‖2

= ‖φ(f)‖2 − ‖PNφ(f)‖2  ¨ � ¨5¦ �
X O�4N,013;313�0+:O�,M; ^ +:�Þ,045�ACRO5=qà�+:4 � =�O~+:/./.1äâ�C � ;<+ � =�/ � C\�.451äâ:+:O�,0C  

ρ(f, β) = k(f, f) −
N
∑

k=1

β2

k

����� � � �

��1u=�O&Q56A/.1äâ�CR79+:/�/0+:757L=�/Þ, � βk
� =�O&=�2N,013CAO�,  

∇βk
ρ(f, β) = ∇βk

k(f, f) − 2βk = 0  ¨ � ¨ ! �
T O 7LCA4N, C �N75/.1 � CA/ ;<+ 79+:/Þ,013C Q5C k(f, f) Q56A7LCAO5Q9+:O�,0C Q5C βk

79+:/ ‖Pkφ(f)‖2 =
∥

∥

∥

∑M
i=1 αk

i k(f, xi)
∥

∥

∥

2 � ] CA� βk
@B451��A=�/./.CA�.7L=�O5Q5CAO�, � Q5CA�8C ��,0/.C � +¥Q5C);<+�@B49+:O�,01ä,06 � � 13O51 � 13�.CA/ �

�A=�/./.CA�.7L=�O5Q5CAO�,[Q5=�O5� � ;3CA45/MQ56 0 O51ä,013=�O � � 13O5�.1 � =�O�7LCA4N,�C �N75/.1 � CA/M¨ � ¨5¦R�.CA45;3C � CAO�,HCAO � =�O5��,013=�O
Q5CA�H79+:/Þ,013CA�M�A=�O5OB45CA�HC�,H13O5�A=�O5OB45CA�HQ5CA��Q5=�O5O56ACA� fx

�

ρ(f) = k(f, f)−

N
∑

k=1

(

M
∑

i=1

αk
i k(f, xi))

2
����� � � �

∇fρ(f) = ∇fk(f, f) − 2

N
∑

k=1

(

(

M
∑

i=1

αk
i ∇fk(f, xi))(

M
∑

i=1

αk
i k(f, xi))

)

 ¨ � ¨ # �

×�� � k9��Ö�k9�hÒ�Ò�jl{�w
c =�45/¥45O$O5=qà�+:4 d +:45�.�.13CAO � k(f, f) CA�Þ,��A=�O5�Þ,Ñ+:O�,¥C�,�;3C�O5=qà�+:4$CA�Þ,�;3C~75/.=�Q5451ä,�Q5C~,0CA/ � CA�
�A=�/./.CA�.7L=�O5Q9+:O�,§+:4���79+:/Þ,013CA�R�A=�O5OB45CA��C�,�13O5�A=�O5OB45CA��Q5C f  k(f, x) = kx(fx, xx)kc(fc, xc
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ρ(f) = −
N
∑

k=1

(
M
∑

i=1

α̂k
i kx(fx, xxi))
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∇fx
ρ(fx) =

N
∑

k=1

(

(
M
∑

i=1

α̂k
i k

′
x(fx, xxi)(fx − xxi))(

M
∑

i=1
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i kx(fx, xxi))
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fx =

∑N
k=1

(

(
∑M

i=1 α̂k
i k

′
x(fx, xxi)xxi))(

∑M
i=1 α̂k

i kx(fx, xxi))
)

∑N
k=1

(

(
∑M

i=1 α̂k
i k

′
x(fx, xxi))(

∑M
i=1 α̂k

i kx(fx, xxi))
)
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fx =

∑N
k=1

(

(
∑M

i=1 α̂k
i kx(fx, xxi))(

∑M
i=1 α̂k

i kx(fx, xxi)xxi)
)

∑N
k=1

(

(
∑M

i=1 α̂k
i kx(fx, xxi))2

)
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i kx(fx, xxi)
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fx =

∑M
i=1

kx(fx, xxi)
(

∑N
k=1

α̂k
i β̂k

)

xxi
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β̂2

k
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ρ(f) = (f • f) −
N
∑

k=1

(
M
∑

i=1

αk
i (f • xi))
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∇fρ(f) = 2f − 2
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∑

k=1
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M
∑
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i xi)(
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∑
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i (f • xi))
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∑
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∑
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∑
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∑N
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i xxi)(
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i xci • c)
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kl
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ρ(f) = (1 + f • f)2 −
N
∑

k=1

(

M
∑

i=1

αk
i (1 + f • xi)
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ρ(x) = (1 + c • c + x • x′)2 −
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∑

k=1

(
M
∑
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i (1 + c • xci + x • xxi)
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∇xρ(x) = 4x(1 +x • x)− 2
N
∑

k=1

(

2(
M
∑

i=1

αk
i xxi)(

M
∑

i=1

αk
i (1 + c • xci + x • xxi)

2)

)
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x3
l + xl −

N
∑

k=1

(

(
M
∑

i=1

αk
i xli)(

M
∑

i=1

αk
i x

2
li(τ + xl)

2)

)
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N
∑
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(

(
M
∑
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αk
i xli)(

M
∑
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αk
i x

2

li(τ
2 + 2τxl + x2
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)
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ρ(f) = k̃(f, f)−
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k=1

(

M
∑

i=1

αk
i k̃(f, xi))
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ρ(f) = k(f, f) − 2

M

M
∑

j=1

k(f, xj) −
N
∑

k=1

(

M
∑

i=1

αk
i (k(f, xi) −

1

M

M
∑

j=1

k(f, xj))
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ρ(f) = k(f, f) −
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M

M
∑

j=1

k(f, xj) −
N
∑

k=1

(

M
∑
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∇fρ(f) = ∇fk(f, f) − 2

M

M
∑

i=1

∇fk(f, xi) − 2

N
∑

k=1

(

(

M
∑

i=1

α̂k
i ∇fk(f, xi))(

M
∑

i=1

α̂k
i k(f, xi))
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M

M
∑
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k′(f, xi)(f−xi)−2
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∑
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(
M
∑

i=1

α̂k
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′(f, xi)(f − xi))(
M
∑
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i k(f, xi))

)
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k
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M
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i=1 k(f, xi) +
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k=1 β̂2
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Apprentissage : Reconstructions
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Apprentissage : Données Manquantes
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Estimation de Y − KPCA2 − 1 paramètre
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Estimation de Y − KPCA2 − 2 paramètres
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