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Avant-Propos
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efficaces de ma these et n’a jamais entamé le plaisir que j’avais a réaliser ce
travail.

Je remercie également Francis Comets de m’avoir accordé sa confiance pour
ce projet et de son soutien bienveillant au cours de ces années.
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en me chargeant d’une partie de ’enseignement du département. Ce fut un
plaisir de faire la connaissance de Marta Sanz-Solé a cette occasion. D’autres
collegues, Carles Rovira et David Marquez, m’ont offert une initiation aux p-
spins, et je tiens également a remercier les doctorants qui m’ont manifesté
leur amitié, en particulier Salvador, Lluis et Sabrina. Au Département de
Physique Théorique de 1'Université Complutense de Madrid, j’ai rencontré
Antonio Munoz Sudupe et Victor Martin-Mayor, auteurs d’articles et de
simulations numériques sur le modele d’Ising dilué. Nos discussions m’ont fait
prendre conscience de la difficulté de la mise en évidence expérimentale de
certains résultats mathématiquesﬂ. Je dois également beaucoup aux doctorants

11’exemple du Chapitre 4 est frappant de ce point de vue : la relaxation lente du modeéle
d’Ising dilué correspond a un événement initial de probabilité excessivement petite. Voir aussi
[47].
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Minute technique

J’ai écrit l'intégralité de cette these avec le logiciel TEXyiacs, un éditeur
scientifique libre qui renouvelle ’approche du document TEX et qui m’aura
épargné bien des soucis de compilation KTEX. Les figures ont été réalisées avec
le logiciel XF1G (lequel permet l'inclusion de formules IXTEX en choisissant la
propriété « special » pour les éléments de texte), et incluses dans TEXyacs au
format .fig directement.

Pour le rendu final, notamment pour bénéficier du paquet hyperref de
ITEX, j’ai utilisé la fonction de conversion de TEXyacs, pré-compilé les figures
avec £ig2pdf, revu les en-tétes ainsi que la mise en page et compilé le tout
avec pdflatex.
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Introduction

Cette these porte sur le modele d’Ising dilué, dans la région de transition
de phase. L’objectif de la présente introduction est de donner une présentation
du modele ainsi qu'un apercu de nos travaux.

Dans une premiere partie, nous décrirons le modele d’Ising standard et
certains des phénomenes qu’il permet d’étudier. Nous justifierons ensuite
I'introduction d’'un aléa portant sur la force des interactions (la dilution) et
décrirons quelques-unes des conséquences de cette dilution.

Dans la troisieme partie de I'introduction, nous exposerons le sens mathé-
matique que nous avons donné aux notions physiques de phase ou de tension
superficielle et décrirons les principaux résultats de cette these, de ’étude de
la tension superficielle a la relaxation lente sous la dynamique de Glauber, en
passant par le phénomene de coexistence de phases.

1. Le modele d’Ising

Le modele d’Ising apparait dans les années 1920, sous la plume de Lenz [61]
et de son doctorant, Ising. Il s’agissait de répondre a la question suivante : peut-
on expliquer le phénomene d’aimantation spontanée observé dans les matériaux
ferromagnétiques avec un modele de chaine ferromagnétique? Ising montra
que la réponse était négative dans le cas unidimensionnel [52]. Heureusement,
I’histoire ne s’arréta pas la et, en 1936, Peierls prouva l'existence d’une
transition de phase en dimension 2 [68]. Onsager calcula alors la fonction
de partition en dimension 2 [67] dans le cas d’'un champ extérieur nul, ce qui
permit une description tres précise de la transition de phase.

Cette transition de phase — et la généralité du modele d’Ising, qui peut
aussi bien représenter des modeles ferromagnétiques que des modeles de gaz
sur réseau — ont fait du modele d’Ising I'un des modeles les plus étudiés en
physique statistique.

1.1. La physique du modele. Dans cette premiere partie, nous nous
intéressons au modele d’Ising usuel. Nous allons décrire le sens physique du
modele et le phénomene de transition de phase, tout en détaillant I'aspect
probabiliste du modele.

11



12 INTRODUCTION

1.1.1. Le modele. Imaginons un métal dans lequel les atomes possedent un
moment magnétique orienté verticalement, pointant vers le haut ou vers le bas.
Ce moment magnétique est une caractéristique de I'atome, on 'appellera spin.
Pour donner une image de ce qu’est le spin, on pensera au modele de Bohr de
I’atome : le mouvement de rotation des électrons autour du noyau produit un
courant, électrique, qui lui-méme induit ce moment magnétique.

Dans la suite, nous désignerons par £1 les deux valeurs possibles du spin.
Nous supposerons que le métal a une structure cristalline, c’est-a-dire que les
atomes sont répartis suivant une structure géométrique répétée. On appelle A
'ensemble des positions des atomes, et 0 : A — {£1} la configuration des
spins. Supposons que le métal est plongé dans un champ magnétique uniforme
h, alors I’énergie électromagnétique du systeme est de la forme

Hl(o) = — Z oy Tu0y — Z ho,

{z,y}:x,yeN,x#y €A

si nous faisons abstraction des constantes dimensionnelles. Le terme J,,
quantifie 'interaction entre les spins en x et y. Dans le cadre du modele d’Ising
le plus usuel, nous procédons a quelques restrictions : la structure cristalline
du métal est rendue par I'’hypotheése A C Z? ott d > 1 est la dimension du
systeme, et nous choisissons le terme d’interaction J, , sous la forme

nyy:{ 1 sijr—yl=1

0 sinon

ce qui revient a négliger les interactions entre spins non voisins. Etant donné
I’Hamiltonien H%, on peut modéliser le comportement du métal d’apres la
distribution de Boltzmann : la probabilité d’observer une configuration o pour
les spins vaut

Wi (o)) = ZL exp (_HT@)

ou T est la température du systeme et Z, r la fonction de partition

w2 ()

o:A—{£1}

qui assure que pp 7 est une mesure de probabilité sur I'ensemble des configura-

tions, i.e.
h
> m"{eh =1

o A—{£1}

Les simplifications que nous avons faites au cours de cette modélisation ne
modifient pas la nature du modele. Nous verrons, en particulier, que la
transition de phase est préservée a partir de la dimension 2.
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1.1.2. La transition de phase. Les matériaux ferromagnétiques sont sujets
a une transition de phase : ils sont aimantables tant que la température ne
dépasse pas le point de Curie (770 °C dans le cas du fer). Nous allons voir que
le modele d’Ising possede une faculté similaire.

Etant donné une température T et un champ magnétique h, on note
mry = lim p" (o)
’ N—oo AN
I’aimantation en volume infini. Dans cette définition, Ay = {-N,...,N }d est

un cube symétrique par rapport a l'origine et ,u:g’h (09) correspond a la valeur
N

moyenne du spin en 0. L’allure de my, en fonction de 1" et de h est représentée
Figure [I] et on remarquera en particulier 'influence de la température sur les
courbes : a basse température et en dimension d > 2, 'aimantation présente
une discontinuité en h = 0.

mrp
+1 T

-
T—0 //// h . .
/ / ligne de coexistence
h T, T
4

1+

Fic. 1. Allure de my;, a différentes températures; ligne de
coexistence de phases

Cette discontinuité témoigne d’une transition de phase. Notons 7. la
valeur de la température a laquelle apparait cette discontinuité et étudions
le comportement du modele a température T, lorsque h — 0 :

(i) Dans le cas T" > T., un champ magnétique h faible a une influence
tres limitée sur ’aimantation myrj, qui est donc essentiellement nulle.
En particulier, on n’observe pas d’aimantation spontanée.

(ii) Dansle cas T' < T, un champ magnétique h infinitésimal mais positif
sélectionne la phase plus du systeme, c¢’est-a-dire une organisation des
spins telle que 'aimantation moyenne vaut m;. = lim;, o+ mz; > 0.
Un champ magnétique h = 0~ conduit a la phase moins, symétrique
de la phase plus.

On peut alors déterminer le diagramme de phase du modele d'Ising (Figure
. Dans la région T' > T, ou h # 0, les parametres déterminent avec certitude
la phase du modele. Sur la ligne de coexistence T' < T, et h = 0, la situation
est plus complexe : avec probabilité 1/2 le modele présente la phase plus, avec
probabilité 1/2 il présente la phase moins... D’un point de vue plus physique,
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la phase du systeme est déterminée, sur cette ligne, par 1’histoire du cristal
ferromagnétique : 8’il a été soumis a un champ magnétique positif, il présente
la phase plus, dans le cas contraire, la phase moins.

1.2. Le phénomene de coexistence de phases. A Taide du modele
d’Ising, nous allons décrire un phénomene physique dont la généralité dépasse
largement le cadre ferromagnétique : la coexistence de phases. Il s’agit de
déterminer le comportement d’un systeme dans lequel on met en présence deux
phases distinctes. L’exemple le plus parlant sera sans doute celui du mélange
de liquides non miscibles, illustré Figure [ : les gouttes du liquide minoritaire
fusionnent, et on finit par obtenir une goutte principale qui contient presque
tout le liquide minoritaire.

F1G. 2. Une goutte d’huile dans un mélange eau/alcool de méme densité.

Dans le cas du modele d’Ising, I’étude de la coexistence de phases donne
des informations sur ’aspect macroscopique de la coexistence : on décrira la
forme de la goutte de phase minoritaire. Notons qu’on peut, avec le méme
modele, envisager une étude au niveau microscopique de linterface entre
les deux phases, notamment en dimension 2 [34, [7, 19, 20, 11]. Cette
derniere question est toutefois délicate, aussi est-elle parfois abordée au moyen
de modeles simplifiés, comme le modele S.0.S. ou les modeles d’interfaces

effectives [39), [30].

Pour décrire le phénomene de coexistence de phases dans le modele d’Ising,
nous procéderons comme suit. Tout d’abord, nous considérerons une variation
du modele précédent permettant d’obtenir, sans champ magnétique, la phase
plus ou moins. Nous étudierons ensuite le cout local d’une interface, quantifié
par la tension superficielle, avant de décrire la contrainte de volume qui
conduit a la coexistence et de présenter les problemes géométriques que pose
le phénomene de coexistence de phases.

1.2.1. Sélectionner la phase. Nous avons vu a la Section que nous
pouvions sélectionner la phase du modele d’Ising, lorsque T' < T, en appliquant
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un faible champ magnétique. Nous allons voir ici que la condition au bord
permet également de sélectionner la phase.
Etant donné un domaine A C Z%, on considere
St={0:2"— {£1} : 0(z) = +1,Vz € Z*\ A}
I'ensemble des configurations sur Z¢ qui coincident & l'extérieur de A avec la
configuration constante, égale a +1. Soit

E°(A) ={{z,y} :z€eNyeZlet x ~y} (1)

I'ensemble des arétes de Z? qui touchent A. La notation z ~ y indique que
x,y sont plus proches voisins dans RY, i.e. que |z — y| = 1. On définit alors le
modele d’Ising py - sur A avec condition au bord plus en posant

1 1
mir{o)=_—ep|= Y oo |, VoexXi,
’ {zyreE™ (M)

olt Z) p est la fonction de partition

Z/J{’T = Z exp % Z 00y

oexf {zy}teEv(A)
qui fait de LLKT une mesure de probabilité. Un argument de limite monotone
permet de considérer la limite thermodynamique

+ li +
= 1m A .
IuT N—oo IuANaT

De méme, on peut définir p;. la mesure en volume infini associée a la condition
au bord moins. Les correspondances entre ., pg et i p—o sont les suivantes :
a haute température, i.e. T' > T, la condition au bord n’a pas d’influence en
volume infini et on a 1’égalité des trois mesures

fr = fip = Br 0.

Par contre, dans le domaine de transition de phase T' < T, on a
+ = lim et pu; = lim
K o KT, K v KT,

et ces deux mesures ne coincident pas, puisque ,u; donne une aimantation
moyenne strictement positive, alors que p;, donne une aimantation moyenne
opposée. De plus, la mesure pi7 o s’écrit comme la combinaison convexe

1

HTh=0 = 5 (g + pg) -

Dans la suite de l'exposé, nous utiliserons la notion de condition au bord
comme un moyen mathématique simple de sélectionner une phase du modele
d’Ising, dans la région de transition de phase T' < T..
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1.2.2. La tension superficielle. Nous allons maintenant donner une estima-
tion du cout local de la coexistence, ¢’est-a-dire du cotit d’une interface séparant
les phases plus et moins suivant une certaine direction. L.’énergie libre associée
a la phase plus du modele d’Ising dans le volume A est

Fyr = —log Zy 1,

c’est la méme que l'énergie libre associée a la phase moins. Nous allons
quantifier le surplus d’énergie libre correspondant a la présence d'une interface.
Soit m un vecteur unitaire de R?, § > 0 et RY un parallélépipede rectangle
centré en l'origine, de base normale a n et de coté N, de hauteur N, comme
illustré Figure

s o ,/
s o
ON || " .7 .

F1G. 3. Le parallélépipede RY et son bord inférieur.

On considere alors Zi ~ 'ensemble des configurations de spin avec condition
au bord mixte sur R, c’est-a-dire

Tr {Uer%{ﬂ}:vx%RN,am:{ 1 Slw-n>0}

RN T —1 sinon

et nous notons

Z%N’T: Z exp % Z 020y

UGE;‘;N {z,y}eEw(RN)

la fonction de partition associée a cette condition au bord mixte. La condition
au bord mixte force la présence d’une interface entre les bords opposés de RY.
Elle augmente également 'énergie libre du systeme. Nous allons donc définir
I’énergie libre de 'interface comme le surplus d’énergie libre entre la condition
au bord mixte et la condition au bord constante. La tension superficielle est
alors égale au surplus d’énergie libre par unité de surface :

1 Zy (n
mr(n) = lim log ZZN( i
RN

N—oo Nd_l (n),T

Cette limite existe et la tension superficielle est convexe, cf. [65]. Concluons
sur le sens probabiliste de la tension superficielle : si U C [0, 1]¢ est une forme
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macroscopique réguliere, alors la probabilité d’observer la phase moins dans
NU, dans le modele d’Ising avec condition au bord plus sur Ay = {1,..., N}4,

est de 'ordre de
exp (—Nd—l / TT(nw)ds(I)) @)
au

ol x — n, est la normale extérieure locale a U en z, I'intégrale portant sur la

surface de OU.

La tension superficielle est une notion essentielle pour 1’étude de la
coexistence de phases. Elle a permit de mettre en évidence les phénomenes
de coexistence de phases dans le modele d’Ising en dimension 2 [35], 69,
49|, 50, 74], 51], puis en dimension d > 3 [12, 25, [26], et dans les
modeles de percolation [6, (73], 23, [26]. Pour une introduction a I’étude
L' de la coexistence de phases, nous renvoyons & [14], 24]. Notons que la
tension superficielle permet également d’étudier les phénomenes de mouillage
[70] (71, [72], 14] et certains aspects de la dynamique — nous reviendrons sur
ce dernier point.

1.2.3. Forcer la coexistence. Dans le modele d’Ising avec condition au bord
plus, on observe uniquement la phase plus. Pour forcer la coexistence de
phases, nous allons donc imposer une contrainte de volume. Par exemple, nous
souhaitons que la phase moins occupe une fraction v € (0,1) du domaine.
[’aimantation totale du systeme sera alors

m = (1 —v)m} +ovmy = (1 —2v)m7,

et I’étude de la coexistence de phases revient a I’étude de la mesure condition-
nelle

mAN:$ZUI

TEAN

ou

est 'aimantation totale du systeme.

1.2.4. Les enjeuxr géométriques. Sous la contrainte de volume, le modele
d’Ising réalise la coexistence de phases suivant la forme la moins improbable
pour . La forme optimale sera donc celle qui minimise I'intégrale

/8U mr(n)ds

sous la contrainte de volume Vol(u) = v, et la contrainte de forme U C [0, 1]%.
Pour v petit, la solution a cette question géométrique est connue : U doit avoir
la méme forme que le cristal de Wulff associé a la tension superficielle. En
particulier, la coexistence de phases se réalise suivant une forme déterministe,
et a I’équilibre la phase minoritaire forme une seule goutte.
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Nous détaillerons cette forme a la Section Notons pour I'instant que le
cristal de Wulff n’est pas une sphere en général, dans la mesure ou le réseau
qui porte le modele n’est pas isotrope.

1.3. La dynamique de Glauber. Dans les paragraphes précédents nous
avons présenté le modele d’Ising a I'équilibre. Les questions portant sur la
dynamique sont pourtant aussi nombreuses que passionnantes! Commencons
par définir une dynamique sur le modele d’'Ising : la dynamique de Glauber.
Elle agit de la facon suivante :

(i) Chaque spin est muni d’une horloge exponentielle de taux 1, ce qui
signifie qu’entre les temps ¢ et ¢ + dt, dt petit, la probabilité que
I’horloge en x se déclenche est d’environ dt, et que cet événement est
indépendant du passé et des horloges des autres spins.

(ii) Lorsque I'horloge sonne en z, le spin o, est choisi conformément & la
mesure sur {z} a température T', donnée par la condition au bord o.
Autrement dit, avec probabilité

exXp <% Zywm Jw,yay)
eXp (% Zywaj Jx,yo_y> + eXp <_% Zywx Jx,y0y>

le spin o, est fixé a +1, il est fixé a —1 avec la probabilité
complémentaire.

La mesure d’équilibre est invariante sous la dynamique de Glauber. Cette
propriété permet de relier certaines des questions concernant la dynamique
aux propriétés du modele d’Ising a I’équilibre. Ainsi, le temps de relaxation du
modele d’Ising partant de la phase moins, en présence d’'un champ magnétique
faible mais positif a été relié a 'énergie superficielle du cristal de Wulff [75].
De méme, le trou spectral du modele d’'Ising avec condition au bord libre est
déterminé par la tension superficielle [63]... C’est encore ce lien entre 1’équilibre
et la dynamique que nous exploitons dans le dernier Chapitre de cette these
(voir la Section pour un apergu).

2. Le modele d’Ising en milieu aléatoire

Dans cette these, nous nous sommes en fait intéressé au modele d’Ising
dilué : les interactions .J,, entre spins ne sont plus uniformes, mais elles-
meéemes aléatoires. D’un point de vue physique, l'introduction de cet aléa dans
le modele permet de rendre compte des défauts ou irrégularités observés dans
les matériaux ferromagnétiques. Elle permet également de rendre compte des
propriétés ferromagnétiques des matériaux non-homogenes, comme les alliages
métalliques.
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2.1. Diagramme de phase. Le modele d’Ising dilué est identique au
modele d’Ising, a ceci pres que les interactions entre spins voisins ne sont plus
toutes égales a 1. Dans cette partie nous considérerons le cas de la dilution
proprement dite, c’est-a-dire que sous la loi P, les J,, (pour {z,y} € E¥(Z%))
sont indépendants avec

P(Joy=1)=p, P(Jyy=0))=1-p.

Autrement dit, on ne conserve qu’une proportion p des interactions entre
spin. Etant donné une réalisation J pour les interactions, on pose alors

1 1
u;{;({a}) =—5rexp | = Z Jeyoroy |, Vo e X}
AV T w
) {z,y}eEv(A)

Tout comme dans le modele d’Ising uniforme, les mesures ,u;(é} décroissent
stochastiquement lorsque A augmente et on peut par conséquent considérer la
limite thermodynamique

J+ li J+
= l1m A .
IU/T N—oo MANvT

P

Transition de phase

T.(p) Phase paramagnétique

/22t ettt
Phase de Griffiths

T, T

Fi1c. 4. Le diagramme de phase du modele d’Ising dilué

Nous avons représenté le diagramme de phase du modele d’Ising dilué en
dimension d > 2 a la Figure 4] Il est composé de trois régions :

(i) Lorsque T' > T, les interactions dans le modele d’Ising dilué sont
plus faibles que dans le modele non dilué a la température T', ce
qui rend impossibles les phénomenes d’aimantation spontanée. On
appelle cette région la phase paramagnétique.

ii) Lorsque la température est suffisamment faible 7' < T.(p), la
q p p
condition au bord plus induit une aimantation mp = Eu%’Jr(ao)
positive. On dit qu’il y a transition de phase dans cette région.

IDans la thése, nous considérons un cadre un peu plus général : voir la Section
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(iii) Dans la phase de Griffiths T.(p) < T < T, les interactions entre spins
ne suffisent pas a établir une aimantation spontanée. Néanmoins, avec
P-probabilité 1 on peut trouver une région arbitrairement grande ou
les interactions sont égales a celles du modele non dilué, ce qui fait
qu’on retrouve localement un modele d’'Ising a basse température.
Griffiths [41] a montré que ce phénomene conduisait a la rupture
de 'analyticité de I'aimantation en h = 0, pour tout 7" < T,.. Nous
verrons ci-apres d’autres conséquences sur la dynamique du systeme.

Pour des bornes sur la température critique T,(p) et des asymptotiques lorsque
P — Pe, nous invitons le lecteur a consulter [3]. En particulier, T,.(p) n’est
positive que si p > p., p. étant le parametre critique pour la percolation par
arétes sur Z<.

2.2. Effets de la dilution a 1’équilibre. Dans la région de transition de
phase, on peut observer, comme pour le modele d’Ising, deux phases distinctes :
plus et moins. Le modele d’Ising dilué permet donc d’envisager une étude
théorique de la structure des interfaces en milieu aléatoire. On s’attend en
particulier au phénomene suivant : les régions ou les interactions sont plus
faibles diminuent 1’énergie de 'interface, ce qui pousse 'interface a s’attacher
a ces régions, lesquelles sont réparties aléatoirement.

Dans la mesure ou la description microscopique des interfaces est une
question difficile, on a été amené a étudier des modeles « simplifiés » , notam-
ment le modele des polyméres dirigés [46] (voir [30] pour une présentation des
résultats probabilistes). La localisation du polymere, & basse température, a été
prouvée dans [80]. Par ailleurs, certains exposants ont pu étre calculés pour la
percolation de dernier passage [53] — la limite & température nulle du polymere
dirigé. Ainsi, il a été montré que la hauteur des fluctuations transversales
d’'un chemin de dernier passage est de l'ordre de [*/3 si les extrémités du
chemin sont distantes de [, lorsque | — oo. Ce comportement superdiffusif
(les fluctuations sont plus importantes que celles de la marche aléatoire, en
1/2) indique que le chemin de dernier passage — tout comme, probablement,
les polymeres dirigés et les interfaces du modele d’Ising dilué bidimensionnel
— recherche effectivement les zones de faible énergie.

Dans cette these, nous étudierons certaines conséquences de la dilution,
présentées a la Section [3.3] La tension superficielle est une quantité aléatoire
dont la distribution dépend de la loi P des couplages J,, et dont les grandes
déviations ont lieu sur des échelles non triviales. Mentionnons aussi quelques
aspects de la coexistence de phases dans le modele d’Ising dilué : cette fois
encore, la phase minoritaire forme un cristal de Wulff, de forme déterministe.
La dilution a bien un effet sur cette forme, et nous verrons que le cristal dépend
de la mesure considérée, suivant qu’on impose la coexistence de phases pour une
réalisation typique de 'interaction J (mesure quenched) ou bien qu’on impose
la coexistence en laissant le milieu libre d’optimiser le cout de la coexistence,
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en réduisant la tension superficielle sur le contour du cristal (mesure annealed).
Nous renvoyons a la Section [3.1.6] pour la description des termes quenched et
annealed.

2.3. Un apercu de la dynamique. Nous allons donner ci-dessous un
bref apercu de la dynamique de Glauber du modele d’Ising dilué, définie comme
a la Section [1.3] Dans un premier paragraphe, nous rappellerons les résultats
présentés dans [63], en 1'absence de transition de phase, puis nous décrirons le
mécanisme conduisant a la relaxation lente, sous la mesure annealed, dans la
région de transition de phase.

2.3.1. En dehors de la région de transition. Nous allons voir que la nature
de la dynamique dépend de la région du diagramme de phase (Figure [4)) que
I’on considere.

C’est dans la phase paramagnétique 7" > T, que la relaxation est la plus
rapide. Elle se fait a vitesse exponentielle, dans la mesure ou la relaxation est
au moins aussi rapide que celle du modele d’Ising uniforme a température 7.

La relaxation est déja nettement plus lente dans la phase de Griffiths
T.(p) < T < T.. En considérant des régions exceptionnelles mais de probabilité
non nulle, comme a la Section [2.1], on peut isoler certaines zones qui sont a
une température effective T, et qui par conséquent, comme le modele d’Ising
uniforme a basse température T < T, relaxent lentement. Ces zones rares
déterminent la dynamique dans la phase de Griffiths. Notons (7 (t)m)(o)
I’aimantation moyenne du spin en 0 au temps ¢ si 'on part de 1’état initial o
(cette notation sera précisée & la Section [3.4)). Pour tout p € (0,1) et T < T,
on a une borne inférieure sur 'autocorrélation sous la mesure annealed, du

type

E( / \<T:%<t>m><a>|2duﬁa))m > exp (~Cllogt)™1),  (3)

t—o00

et cette borne inférieure peut-étre complétée de bornes supérieures similaires
dans une partie de la phase de Griffiths : voir la Section 7 de [63].

2.3.2. Coexistence de phases et métastabilité. L’étude de certains aspects
de la dynamique du modele d’Ising dilué, dans la région de transition de phase,
est I'un des objectifs de cette these. On s’intéressera plus particulierement
a la décroissance de l'autocorrélation sous la mesure annealed, comme en
(3). Un mécanisme de piégeage des interfaces, formulé dans [45], indiquait
que la dynamique de Glauber du modele d’Ising dilué serait relativement
facile a controler... une fois surmontées les difficultés mathématiques du milieu
aléatoire.

La lente relaxation de la dynamique provient, comme pour la phase de
Griffiths, d’évenements atypiques. A la différence de la phase de Griffiths, ces
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évenements sont liés a la coexistence de phases. Nous allons supposer que,
au temps t = 0, une goutte de phase moins est présente, et que la tension
superficielle est réduite sur le bord de la goutte. A Téchelle N , la probabilité
de réduire la tension superficielle sur le bord de la goutte est de 'ordre de
exp(—N%Z.i), et la probabilité d’obtenir la goutte initiale désirée est de
'ordre de exp(—N?"1Fr.). Pour que le systéme relaxe vers 'équilibre, il faut
attendre que cette goutte atypique disparaisse.

Sous certaines hypotheses sur la condition initiale, la rétractation de la
goutte implique le passage par une configuration de cout F! _ strictement

max
supérieur a F; .., ce qu’on peut représenter par un paysage d’énergie comme a
la Figure [5

Cotlit d’activation

0 \
0 lwo — 1|z 0

F1G. 5. Paysage d’énergie associé a une goutte uy métastable.

_Fr

- correspond a la durée de vie de la goutte

Le cout d’activation F'.

max

initiale, qui est de l'ordre de

t =exp (N (Frax — Finie)) -

max init
Inversons maintenant cette relation pour choisir N en fonction de t. L’auto-
corrélation est minorée par la probabilité exp(— N7, — N7LFT ) de Détat
initial, qui prend donc la forme d’une puissance de t :

T
Zinit t Finit

E [ | 0m)e) - o) dit o) z £ @)

t—o0

Cette heuristique sera confirmée au Théoreme (12| (Section [3.4)).

3. Présentation des résultats

Dans cette partie, nous exposons nos principaux résultats sur le modele
d’Ising dilué. L’objectif de la these est bien entendu de décrire la coexistence
de phases dans le modele d’Ising dilué (Section et certains aspects de
la dynamique de Glauber (Section . Néanmoins, nous devons auparavant
donner un sens mathématique aux différentes phases du modele (Section |3.1]) et
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décrire le comportement de la tension superficielle en milieu aléatoire (Section

39).

3.1. Les phases pures. Dans les parties précédentes, nous avons fait
référence a maintes reprises a une notion de phase pure. Définir cette notion de
maniere rigoureuse est indispensable pour procéder a l'analyse mathématique
du modele d’Ising dilué... mais il ne s’agit pas la d’une tache simple. Nous
allons dans un premier temps décrire le milieu aléatoire ainsi qu’'une nouvelle
représentation du modele, puis nous poserons une hypothese technique et enfin,
nous détaillerons le sens mathématique que nous donnons a la notion de phase
pure.

3.1.1. Le milieu aléatoire. Dans notre étude, nous considérons en fait un
cadre légerement plus général que celui de la dilution : nous supposons que les
interactions (J,,) sont positives et bornées, indépendantes et identiquement
distribuées sous une loi P, et nous notons [E l'espérance associée a P.
L’hypothese d’interactions positives nous place dans le cadre des modeles
ferromagnétiques, ce qui exclut d’emblée les systemes du type werres de
spins. Néanmoins, le cadre ferromagnétique est tres appréciable d’un point
de vue technique, puisque nous disposons alors de la représentation FK du
modele d’Ising (voir ci-dessous). L’hypothese d’interactions bornées simplifie
notamment 1’étude de la tension superficielle.

3.1.2. La représentation FK. La représentation de Fortuin-Kasteleyn du
modele d’Ising est un outil formidable pour I'analyse du modele d’Ising. Elle
établit un lien entre le modele d’Ising et un modele de percolation dépendante.
Le lecteur pourra consulter les références [43), (66, [4]. Posons

Q={w: E“(Z% —{0,1}}

I'ensemble des configurations d’arétes sur Z¢ — on rappelle que E“(A) est
I’ensemble des arétes qui touchent A, cf. . Etant donné w € Q et une aréte
e € E¥(Z%), on dit que laréte e est ouverte pour w si w, = 1, et qu’elle est
fermée dans le cas contraire. Etant donné w € Q et z,y € Z%, on dit que w
connecte x et y (ce qu’on note z <> y) s'il existe un chemin d’arétes ouvertes
pour w entre x et y. Enfin, étant donné o € ¥ et w € €2, on dit que w et ¢ sont
compatibles si, pour tout e = {z,y} € E¥(Z%) on a w, = 1 = 0, = 0,. Pour
A C Z fini, on considére Qy = {w € Q:w, =0,Ye ¢ E¥(A)}. Etant donné

une température inverse

1
=—>0
b T
on pose

peJ =1—exp(—28J.)
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puis

]-w o son mpatibl We 1—we
LS ({(ow))) = = sl T ()™ (1-p0)
A8 e€Ew(A)

pour tout 0 € X} et w € Q. La fonction de partition ZX; est choisie de
sorte que qj}(; soit une mesure de probabilité sur 31 x Q4. De par le choix
de p/, la marginale de W;{E sur X1 n’est autre que le modele d’Ising /L}(—; A
température 7' = 1/(3. L’autre marginale — sur 2, — est appelée mesure de

Fortuin-Kasteleyn (ou mesure du cluster aléatoire) et est notée CID}]\% Il est
immédiat que

w 1 We —We Wy
ol (wh) = —+ [ ) (1 —pl) =20k (5)
AB ecEw(A)

ou CY(w) est le nombre de composantes connexes (désormais : clusters) de A,
dans le graphe w, qui ne touchent pas le bord extérieur de A. Par ailleurs, la
loi de ¢ conditionnellement a w sous la mesure jointe \PX; est particulierement
simple : les clusters de w ont un spin constant, ceux qui touchent le bord 0A
ont un spin +1 et ceux qui ne touchent pas le bord ont un spin qui vaut +1
avec probabilités égales, indépendamment du spin des autres clusters.

La représentation FK joue un role central dans l'étude de certaines
questions concernant le modele d’Ising, en particulier pour la renormalisation
du modele a des températures proches de la température critique.

3.1.3. Un résultat préliminaire. Pour décrire completement la mesure FK,
il faut étendre a des conditions au bord plus générales. Dans I’exposant
w représente la condition au bord wired, i.e. la condition au bord completement
fermée. En remplacant CY(w) par C(w) qui représente le nombre total de
clusters de A dans le graphe w (la différence C (w)— C%¥(w) est donc le nombre
de clusters qui touchent JA), on définit la mesure FK pour la condition au bord
libre (free). Ces deux conditions au bord sont extrémales, c¢’est-a-dire que les
mesures FK associées encadrent stochastiquement toute autre mesure FK. De
plus, les inégalités FKG montrent que Eq)/‘{% décroit stochastiquement avec A,

alors que IE@/‘(: 5 croit. Dans la suite on aura besoin de supposer que les limites
en volume infini associées a ces deux mesures sont égales, ce qui est 1égitimé
par le Théoreme suivant, établi au Chapitre 1. Notons que ce méme théoreme
a été établi, dans le cas uniforme, dans [42), [59].

THEOREME 1. L’ensemble N des 3 > 0 tels que

: If : Jaw

est au plus dénombrable.
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3.1.4. L’hypothese de percolation par tranches. L’objectif du premier Cha-
pitre est de décrire les phases du modele d’Ising dilué. Nous devons donc
supposer 3 > (3. ou (3. est la température inverse a laquelle a lieu la transition
de phase, soit encore :

my = lim By, (00) > 0.

Suivant la représentation FK du modele d’Ising, on a p?" = &7 (0 & OA)
, AN71//B ANHB
et par conséquent,
o . J7w w
mg = A}LIEOE(I)AMB(O = OA).

Autrement dit, I’hypothese mg > 0 est équivalente a I'hypothese de percolation
sous la mesure FK. Malheureusement pour la généralité de notre étude, nous
n’avons pas été a méme d’exploiter cette hypothese de percolation. Nous avons
basé la construction du coarse graining sur une hypothese plus forte, celle de
percolation par tranches. On dit que la mesure FK réalise la percolation par
tranches a la température inverse (3 s’il existe H € N* et a > 0 tels que, pour
tout L € N* et pour tout z,y € Sy g ={1,..., L} ' x {1,...,H}, on a

ECI)é’LJiH7/@ (q: & y) > a. (6)

Cette définition n’est adaptée qu’au cas des dimensions d > 3, aussi au
Chapitre 1 nous donnons une adaptation au cas bidimensionnel.

Notons Bc la température inverse critique pour la percolation dans les
tranches. On a clairement Bc > (. et, par ailleurs, Bc est finie des que (3,
I’est. La comparaison avec le cas uniforme porte a croire que, comme dans le
cas de la percolation [44] ou du modele d’Ising uniforme [13], les deux valeurs
critiques BC et (. sont en fait égales, et que par conséquent I’hypothese 5 > ﬁc
correspond a l'intégralité de la région de transition de phase.

3.1.5. Le coarse graining et la phase locale. Rappelons que l'objectif
premier du Chapitre 1 est de décrire les phases du modele d’Ising dilué, dans la
région de transition de phase. Il s’agit de généraliser la procédure de renorma-
lisation décrite par Pisztora [73] pour le cas uniforme. Vu la correspondance
entre la représentation FK et le modele d’Ising, nous commencerons par décrire
I'aspect des clusters, a I’aide de techniques spécifiques au milieu aléatoire (voir
la Section ci-dessous). Par cluster traversant dans Ay, on entend un
cluster pour w qui touche toutes les faces de Ay.

THEOREME 2. Soit 8 > (.. Alors il existe ¢ > 0 et k < 0o tels que, pour
tout N € N* assez grand et | € [klog N, N,

1l existe un cluster traversant dans Ay
et ce cluster est le seul de diamétre > 1

Einf CIDLC ( ) >1—exp(—d).

Ce premier controle permet d’ores et déja I'application des techniques de
renormalisation : si deux blocs de taille N se chevauchent, et que dans chacun
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de ces blocs on a l'existence d'un cluster traversant et 'unicité des grands
clusters, alors les deux grands clusters font en fait partie d'un méme cluster.
Le Théoreme [If permet alors d’établir un controle sur la densité de ce cluster
principal : on montre que cette densité est, avec une tres grande probabilité
lorsque 3 > Bc et G ¢ N, arbitrairement proche de mg.

Cette description de I'aspect typique de la mesure FK permet de définir
localement les deux phases du modele d’Ising dilué, ou plus exactement,
les phases de la mesure jointe \I//‘(;Vrﬁ Considérons € > 0 et une échelle
mésoscopique L € N*. Si A = z + {1,..., L} est un bloc de taille L inclus
dans Ay, et si A’ = 2/ + {—L+1,...,2L}% avec 2’ proche de z autant que
possible sous la contrainte A’ C Ay, on définit

¢A € {_]—a 07 1}
en posant

(i) pa = +1 il existe un cluster traversant pour w dans A’ et si ce
cluster est le seul de diametre au moins L, si le spin associé a ce
cluster est +1 et enfin, si 'aimantation

1
Mp=— o
P>

dans A satisfait
‘MA - m5| < g.

(ii) pao = —1 dans les mémes conditions pour w, si le spin associé au
cluster est —1 et que |[Ma +mg| < e.

(iii) o = 0 dans les autres cas.

La variable ¢ représente la phase locale. Elle donne en particulier un controle
précis sur 'aimantation dans les régions ot ¢ # 0. Notons que la condition sur
w garantit que deux blocs adjacents ne peuvent étre dans des phases opposées
et que, si A touche le bord, alors la phase ne peut étre —1, autrement dit le
changement de phase nécessite le passage par une phase mal définie (¢ = 0).
Enfin, cette définition de la phase s’assortit d’un controle stochastique : pour
tout € > 0, on montre que la probabilité que ¢ = 0 tend vers 0 lorsque L —
00, uniformément en A, puis que les suites (|¢a,|); dominent stochastiquement
un produit de mesures de Bernoulli de densité arbitrairement proche de 1,
lorsque L — oc.

3.1.6. Les particularités du milieu aléatoire. La construction du coarse
graining, méme sous l’hypothese technique de percolation par tranches @,
est tres délicate et beaucoup plus longue que la construction de référence [73]
pour le modele d’'Ising uniforme. Cette longueur n’est bien str pas gratuite,
elle est due au milieu aléatoire qui rompt certaines des propriétés de la mesure
FK. Commencons par détailler les deux types de mesures FK que nous pouvons
considérer en milieu aléatoire :
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: L J,
(i) La mesure annealed, lorsque nous intégrons @} sous E

(ii) La mesure quenched, lorsqu’on considere @X’; pour J typique sous P.

Ce vocabulaire est hérité de la métallurgie : la mesure annealed correspond
a un refroidissement progressif du métal qui permet aux impuretés (le milieu
aléatoire) de se positionner et de participer a ’équilibre global du systeme. La
mesure quenched, a l'opposé, correspond a un refroidissement instantané (la
trempe en frangais) et géle la position des impuretés suivant leur équilibre a
haute température.

Au niveau mathématique, la mesure quenched a les mémes propriétés que
la mesure FK et satisfait en particulier aux équations DLR. Cela signifie que
lorsqu’on conditionne @1‘(2 par rapport a une configuration partielle wyys, la
mesure résultante dans A\ A’ est la mesure FK sur A\ A’ qui intégre w comme
condition au bord. Cette propriété est essentielle pour la construction du coarse
graining [73] dans le cas uniforme.

Ce qui rend la situation délicate dans le cas du milieu aléatoire, c’est que

(i) L’hypothese de percolation dans les tranches (6) doit étre formulée
sous la mesure annealed.

(ii) La mesure annealed n’a pas la propriété DLR.

Détaillons chacun de ces points, en commengant par (i). Prenons pour P la
mesure de dilution, et considérons une réalisation typique du milieu J sous la
mesure P. Alors, avec une grande probabilité il existe x € Sy, g tel que J. = 0,
pour toutes les arétes qui menent en z. Mais J, = 0 implique ®/ (w, = 0) = 1,
et il sera donc impossible de connecter z a un autre point sous w, d’ou la
nécessité de formuler ([6) sous la mesure annealed. Le point (ii) est bien connu
et nous pouvons faire ’analogie avec les chaines de Markov en milieu aléatoire,
qui perdent la propriété de Markov sous la mesure annealed. Les conséquences
de (ii) sont tres lourdes pour la construction du coarse graining, puisque cela
signifie que nous ne pouvons pas utiliser directement les techniques de [73].

La solution présentée dans le Chapitre 1 suit le cheminement suivant.
Dans un premier temps, on s’attaque au probleme du conditionnement sous
la mesure annealed en comparant stochastiquement celle-ci a un produit de
mesures annealed, sur des domaines plus petits. Cela permet d’établir, avec
une forte probabilité, 'existence d’un cluster « dense » (dans un sens que nous
ne préciserons pas ici) dans la boite Ay. Ce cluster dense est en particulier
traversant. Ensuite, une construction géométrique nous permet de rendre
rigoureuse l'idée suivante : la probabilité qu'un cluster de diametre non-
négligeable cotoie le cluster dense sans s’y connecter est négligeable, ce qui
prouve l'unicité et conduit au Théoréme 2

3.2. La tension superficielle. Nous avons expliqué a la Section [1.2.2
comment la tension superficielle permet de quantifier la probabilité de la
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coexistence de phases locale. Ici encore, la représentation FK du modele
d’Ising dilué constitue un atout technique majeur pour 1’étude de la tension
superficielle, de par les inégalités FKG.

Etant donné un parallélepipede rectangle R de dimensions N97! x 6N,
d’orientation m comme a la Figure [3| centré en x, nous considérons

O"R={2€0R:(z—2) n>0} et I R={2€0R:(2—x) -n<0},

les bords supérieurs et inférieurs de R. L’évenement de déconnection entre les
deux bords

Dr — {w € O : 8+R&0—R}

est intimement lié a la présence d’une interface entre les deux phases dans
R : d’apres la loi de ¢ conditionnellement a w (Section , la déconnection
entre les bords permet de choisir librement les phases de part et d’autre de
I'interface. Nous définissons donc la tension superficielle dans R en posant

1 Jw

Cette définition coincide avec celle de la Section [1.2.2]

3.2.1. Conséquences de la sous-additivité. Une des propriétés fondamen-
tales de la tension superficielle est, comme dans le cas uniforme, sa sous-
additivité [65]. De cette sous-additivité nous déduisons la convergence de la
tension superficielle. Soit (RY) une suite de rectangles centrés en 0, de bases
normales a 1, de dimensions N9 x N avec 6§ > 0.

THEOREME 3. [l existe T7%(n) > 0, indépendant de § > 0, tel que

TN e T7I(n) en P-probabilité. (7)

On appelle tension superficielle quenched cette limite.
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Fi1G. 6. Régimes de déviations pour la tension superficielle.
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Nous avons également caractérisé les grandes déviations de la tension
superficielle, a l'aide a nouveau de la sous-additivité. Tout d’abord, les
déviations supérieures de la tension superficielle ont un cott volumique :

THEOREME 4. Pour tous €,0 > 0, il existe ¢ > 0 tel que, pour N assez
grand,
P (Tf,‘éN > 1Y(n) + &?) < exp (—cNd) )

Nous verrons dans la suite que ces déviations ne sont pas a meéme
d’influencer le phénomene de coexistence de phases, a cause de leur cout trop
élevé.

Les déviations inférieures de la tension superficielle ont, a I’opposé, un cott
surfacique. Plus précisément, notons J™" la valeur minimale de J sous P, et
7™ la tension superficielle pour une réalisation uniforme J = J™".

THEOREME 5. [l existe I, : R — [0, o0] conveze décroissante, indépendante
de § > 0, telle que pour tout T # ™" (n),

Inlr) = Jim e

log P (Té}v < 7') .

L’allure de I, est représentée Figure [6] Il s’agit la d’une quantité
importante : les déviations inférieures de la tension superficielle influencent
la coexistence de phases sous la mesure annealed, et sont responsables de la
dynamique lente dans la région de transition de phase.

3.2.2. La tension superficielle annealed. Nous allons voir pour commencer
I'influence des déviations inférieures sur la valeur de la tension superficielle.
On définit la tension superficielle Ad-annealed en posant

1 A
A _ BT Jw
™(n) = 71-161% {AM+1,(7)} = ]&%O—WlogE {(CI)RN (D'RN)> } ,
ot RY a la forme habituelle. La tension superficielle A-annealed correspond
donc & la tension superficielle sous E[®7 ()]} . Le cas particulier A = 1
donne la tension superficielle annealed 7¢ = 7*=1. De par 'inégalité de Jensen,
il vient que 7%(n) < 74(n) et plus généralement,

™(n) < A\l(n), Yn. (8)

Une des questions majeures concernant les valeurs de la tension superficielle
est de savoir si I'égalité est possible, en dehors du cas ou 77 s’annule. Dans
le cas du polymere dirigé, I'inégalité 7%(n) < 79(n) implique la localisation
du polymere [22], 29] ; elle a été démontrée a toute température [31] pour le
modele du polymere dirigé en dimension 1 + 1.

1S0it dit en passant, E[@I‘(’w ()] n’est une mesure que dans le cas A = 1, pour A # 1 il
v a en effet un défaut d’additivité.
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Dans la Section 3 du Chapitre 2, nous montrons, pour une large classe de
lois P pour 'environnement, que l'inégalité est stricte a basse température.
Cette question est également liée au comportement de I,, a gauche de 7(n) :
si la pente de I,, a gauche de 79(n) est nulle, alors 'inégalité est stricte (voir
aussi le Théoreme [3)).

3.2.3. A propos des déviations inférieures. Nous avons pu généraliser a la
tension superficielle du modele d’Ising dilué un des controles classiques dans
le cas des polymeres dirigés [30), [21]. Dans la Section 4 du Chapitre 2, en
utilisant des méthodes de concentration de la mesure [60], nous établissons le
théoreme suivant :

THEOREME 6. Supposons que P satisfasse une inégalité de log-Sobolev.
Alors, pour tout m vecteur unitaire de R?, pour Lebesque-presque tout 3 = 0,
on a

q _
lim sup —In(T (n) T)

Vs,
r—0t r

L’hypothese sur P n’est pas véritablement contraignante. Elle est vérifiée
pour les mesures usuelles (dilution, mesure uniforme sur [0, 1]). La condition
« presque tout [ » est un résidu du probleme suivant : on n’a a priori pas de
controle uniforme sur la longueur de l'interface dans le modele d’Ising dilué,
contrairement au cas du polymere. Notons que, dans le cas d’un milieu qui
satisfait J, > ¢ > 0, P-presque surement, la conclusion est vraie pour tout
B > 0 assez grand puisqu’alors, on peut controler la longueur de l'interface de
facon uniforme.

Une des conséquences du Théoréme [ est tout simplement la stricte
positivité de I, a gauche de 79(n). Il s’agit 1a d’un fait important, puisqu’il
montre que le colt de réduire la tension superficielle est toujours d’ordre
surfacique. Précisément, nous avons :

COROLLAIRE 7. Supposons que P satisfasse une inégalité de log-Sobolev.
Alors l’ensemble

Ni={B>0:3Ine S  ete>0:1,(r%n)—¢) =0}

est au plus dénombrable.

Dans la Section 4 du Chapitre 2, nous donnons également une borne
supérieure sur [,,. En définissant &,, 'exposant pour les fluctuations trans-
versales de l'interface, d’'une maniere appropriée, on établit :

THEOREME 8. Supposons B > (.. Alors, pour tout v > &, et pour tout
r > 0 assez petit, on a

L(T9(n) —r) < r*77.
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3.3. Coexistence de phases. Fort des outils développés dans les deux
premiers Chapitres, nous abordons au Chapitre 3 1’étude de la coexistence de
phases dans le modele d’Ising dilué. Une fois n’est pas coutume, la construction
se généralise sans difficulté. Cela ne veut pas dire que le milieu aléatoire
n’influence pas la coexistence, et nous verrons les conséquences de 'aléa sur la
forme du cristal de Wulff qui émerge.

3.3.1. L’approche L'. Le coarse graining décrit dans le premier Chapitre
donne une idée précise de ce que sont les phases du modele d’Ising dilué. Nous
avons vu en particulier que 'aimantation locale, lorsque la phase est bien
définie, est proche de mg. Donnons-nous K € N* et décomposons le domaine
Ay en blocs (A;)iery , ot les A; sont des cubes de la forme

Azzl’z—i‘{l,,K}d

ou x; est le point le plus proche de Ki tel que A; C Ay. Etant donné une
réalisation des spins o € X, , I'aimantation a 1’échelle mésoscopique K est la
fonction constante par morceaux, définie par

1
My x €01 = = > o
ZGAi(z)

ou i(z) est le plus petit indice qui conduise a un bloc contenant Nz. Notons
que ce découpage par blocs permet de passer de la structure microscopique du
modele (les spins, portés par Ay) a l’aspect macroscopique du systeme, ot 'on
observe dans le cube unité [0, 1]¢ Paimantation locale Mg (z) autour du point
microscopique Nzx.

Le coarse graining développé au Chapitre 1 montre qu’en chaque point
x, Mg(z) est proche de £mg, avec une probabilité trés élevée. L’approche
L' de la coexistence de phases consiste & étudier la probabilité que le profil
tout entier, My /mg, soit proche en norme L' d’un profil donné w : [0, 1]¢ —
{£1}. Nous verrons dans la suite que cette approche est tout a fait adaptée,
non seulement au coarse graining, mais aussi aux nécessités géométriques du
probleme puisqu’elle permet de définir sans ambiguité le cotut de n’importe
quel profil.

3.3.2. Un probléme d’isopérimétrie. Etant donné U C [0,1]? Borel mesu-
rable, on note

-1 sizeU
xv = 1pe =1y _{ 1 sinon.

On notera par ailleurs H?! la mesure de Hausdorff de dimension d—1 dans R?
(rappelons que H9! est une mesure de surface). Si U a un périmetre fini (i.e.
si u = yy a une variation finie), on peut définir une notion de bord réduit 0*u,
telle que He1(0*u) est le périmetre de U, et telle qu’en tout point z € 0*u on
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puisse considérer n? la normale extérieure a u en x. On pose alors

Fiw) = [ rmnint e e P = [P )
o*u o0*u
lorsque u € BV, ot BV est 'ensemble des fonctions u : [0,1]¢ — {41} &
variation finie. On montre dans le Chapitre 3 que, pour u € BV et § > 0 assez
petit, K € N* assez grand puis N € N* assez grand,

1 i+ Mk
WlogyANﬂ (m_g € V(u,é)) ~ —F(u)

avec une P-probabilité qui tend vers 1 lorsque N — oo, alors que

1 J MK *
+ ~ A
WlogE |:/LAN”3 (m_g €V (u, 5))} ~ —F*(u).
Comme dans la Section [1.2.3] cela indique que la coexistence de phases n’a
pas lieu naturellement dans le modele d’Ising dilué. On imposera donc une
contrainte de volume pour forcer la coexistence. De tous les profils de volume
donné, le modele d’Ising choisira le moins improbable, c¢’est-a-dire celui de cotuit
minimal. Cela nous conduit au probleme isopérimétrique suivant : quel est le
minimum de F4(u) (ou de F*(u)) pour u = xyy € BV, avec LL(U) =v?

Au début du vingtieme siecle, Wulff [81] a remarqué que, étant donné la
tension superficielle 7, la forme qui minimise I'intégrale de 7 sur son bord, sous
la contrainte de volume 1, est

W=ry{zeR:z-n<7(n)} 9)

avec v € (0,00) fixé de facon & avoir LI(W) = 1. La preuve de 'optimalité
de cette forme peut se faire en utilisant 1'inégalité de Brunn-Minkowski, voir
[76], [37] et [38]. Dans le probleme que nous considérons, il y a une contrainte
supplémentaire : 'interface est confinée au cube [0, 1]%. L’optimalité du cristal
de Wulff nous indique que, pour z € R? et a € (0, 00) tel que a? = v, le profil

U = Xz+aWw

minimise F parmi les profils satisfaisant la condition de volume. Ce profil
satisfait également la contrainte du confinement au cube si adiam,, (W) < 1

et si
d
zel, = [% diam,, (W), 1 — %diamoo(W)

Ces faits géométriques permettent, dans un premier temps, de déterminer le
cout de la contrainte de volume sous les mesures quenched et annealed. Si
WI et W? sont les cristaux de Wulff, de volume 1, qui correspondent & 79
et 7 respectivement, comme en @I), et si N7 est 'ensemble des températures
inverses défini au Corollaire [7], on a :
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THEOREME 9. Soit 3 > (3, tel que 8 ¢ N. Alors, pour tout 0 < a <
1/ diam,, (W1),

1
Nt 108y (mAN S1- 2ad> o —F(an?)
mg

N—oo

en P-probabilité (et méme P-presque sirement si 3 ¢ N7). De méme, pour tout
A>0et0<a<1/diam,(W?),

A
(M,J\;Vr (mAN <1- 2ad>) ] — —FMaW?).
mg

log &

Nd—l

N—oo

Formulons maintenant le Théoréme qui décrit la coexistence au sens L!
dans le modele d’Ising dilué :

THEOREME 10. Soit 3 > 3, tel que § ¢ N. Pour tout 0 < a <
1/ diamo,(W19) et € > 0, pour K assez grand on a

: 7+ [ Mk MAy d| _
]\}E&MAN m_g € U V(Xzrawa, €) e <1-22"] =1
2€Td
en P-probabilité (P-presque sirement si 3 ¢ N7). De méme, pour tout 0 < a <

1/ diam,,(W*=1) et e > 0, pour K assez grand :

. J, M ma
]\}Llréo (EuA;> m_g € U V(Xzprawr=1,€) N <l-2a | =1

m
2€TQ s

Autrement dit, sous les mesures conditionnelles ci-dessus, la zone de phase
moins a la forme d’un cristal de Wulff de volume approprié.

3.3.3. Influence du milieu aléatoire. Lorsqu’on impose la coexistence de
phases sous la mesure quenched, la configuration des spins doit s’adapter
au milieu. Cela a pour conséquence que la tension superficielle, lorsque la
température tend vers 0, est déterminée par le flux maximal associé au milieu
aléatoire. Il s’ensuit (Chapitre 2, Section 3) que W? tend vers le cristal de

Wulff correspondant au flux maximal de P, lorsque 3 — 400 et moyennant
I'hypothese P(J, > 0) = 1.

A I'opposé, sous la mesure annealed (et cela se généralise a A > 0), le milieu
aléatoire s’adapte lui aussi a la contrainte de volume pour rendre plus facile la
coexistence de phases. En effet, I'inégalité 7% < A79, et le fait que W* et W9
aient tous deux un volume égal a 1, impliquent que

FUWV) 2 XA = AP W)
(I'inégalité est stricte si 7* < A79). Nous prouvons enfin que, lorsque 3 — +00,

et encore sous 'hypothese P(J, > 0) = 1, on a la convergence de W* vers le
cube unité.
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3.3.4. Réduire le cout de la coexistence. Dans la conclusion du Chapitre
3, nous détaillons une conséquence de la seconde partie du Théoreme [9] : on
peut caractériser en fonction de F* et de W? le coiit de réduire le coiit de la
contrainte de volume. Précisément, posons

J(f) = ig%{fA(WA) —Af} €0, 0]

pour tout f € R. La fonctionnelle J est la transformée de Fenchel-Legendre
de A\ — FX(W?), tout comme I, est la transformée de la tension superficielle.
Avec des notations évidentes, on a J = 400 a gauche de F mi“(Wmi“), J < o0
a droite de F™n(Wmin) et 7 = 0 a droite de F¢(W?9), et surtout :

THEOREME 11. Soit 3 > 3, tel que 8 ¢ N. Pour f # F™""(W™") et
a > 0 petit, on a

1 1 m
Nt (Nd rlossiy <m_ﬁ sio 2“d> >~ ) — ().

Autrement dit, le cott de réduire le cott de la coexistence est d’ordre
surfacique. Par contre, augmenter le cott de la coexistence au dela de F4(aWV?)
requiert ’augmentation de la tension superficielle dans tout le domaine, il s’agit
donc d’un événement de cout volumique.

3.4. Dynamique lente. Dans la derniere partie de la these, nous nous
sommes intéressé a la dynamique de Glauber du modele d’Ising dilué, notre
objectif étant le suivant : donner une preuve rigoureuse de la borne inférieure
en utilisant les résultats sur la coexistence de phases établis au Chapitre 3.

Nous avons décrit succinctement la dynamique de Glauber au paragraphe
et nous nous allons ici donner quelques notations supplémentaires. Etant
donné un domaine A C Z? quelconque, on note (oy) le processus de Markov
associé a la dynamique de Glauber pour la réalisation J du milieu, la condition
au bord plus et 1'état initial p € 3. On note PJ”’+ la loi de ce processus. A
chaque instant ¢t > 0, o, est donc une Conﬁguratlon de X} alors que o4(z) est
la valeur du spin en x au temps t. Enfin, on définit le semi-groupe T/‘\]’Jr associé
a la dynamique en posant

(T4 0)f) (0) = BL f (o)

pour tout f : ¥ — R. La quantité (T,‘\]’Jr(t)f)(p) est donc la valeur moyenne de
f au temps t, partant de p.

Le résultat principal du Chapitre 4 consiste en une borne inférieure
polynomiale sur I'autocorrélation, définie comme suit :

—E [ |@®m)e) - (00| duck (o)
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L’autocorrélation mesure la vitesse de convergence de la valeur moyenne
du spin en 0 au temps t vers sa valeur moyenne a 1’équilibre, pour des
configurations initiales distribuées sous la mesure annealed P x p/+.

3.4.1. Borne inférieure sur l’autocorrélation. Nous avons donné a la Sec-
tion [2.3.2] un apercu de l'heuristique conduisant a la borne inférieure sur
I’autocorrélation. En utilisant la description de la coexistence de phases faite
au Chapitre 3, nous pouvons rendre rigoureuse cette heuristique.

Décrivons pour commencer les conditions initiales que nous considérons.
On défini IC comme 'ensemble des (ug, 7") tels que :
(i) Le profil up = xy, € BV a un bord régulier (voir Chapitre 4), Uy est
a distance positive du bord de [0, 1]¢ et Uy, U sont connexes.

(ii) La tension réduite 7" est une fonction continue de [0, 1]¢ dans R, et
elle vérifie :

T (M) < 7(z) < 79(NY), V€ §uy.

Etant donné une condition initiale (u,7") € IC, on considére I'énergie
superficielle réduite F" :

Fw=[  r@at@s [ omne)
O*ugNd*u O*u\0*ug

qui tient compte de la réduction de la tension superficielle sur le bord de uqg
(cf. Figure[7)).

N@*uo —I—m“g Na*U()

Tt T
\

—mg

+mg

Fic. 7. Configuration initiale : dilution et coexistence de phases

Nous montrons alors que l'aimantation évolue suivant une trajectoire
(presque) continue en norme L!, et qu’elle doit passer par une forme de cofit
élevé. En particulier, pour € > 0 on considérera 1’ensemble

keN;vp=upetvp=1
Ce(ug) = 9 (Vi)im1.k : ’
(to) (vi)iz1..x Vi,v; € BV et ||vip —vi]| < e

et le surcout discret
hise(o) = lim inf max F"(v;) — F" (up).

e—01 veCe(ug) ¢



36 INTRODUCTION

Nous faisons alors le lien entre le cott de la coexistence a 1’équilibre et la
dynamique de Glauber, et confirmons la borne heuristique :

THEOREME 12. Soit § > . tel que 3 ¢ N'UN;. Alors,
log A(t) nf I (ug) + F"(uo)

liminf ——= > —
t—o00 log t - (uo,77)€IC ]C(gisc (Uo)

€ [0, 00]. (10)

Rappelons que N est I'ensemble des S > 0 ou il n’y a pas unicité des
mesures FK annealed en volume infini, et que N7 est 'ensemble des 3 > 0
pour lesquels le cotit surfacique de réduire la tension superficielle est nul. Pour
des mesures P usuelles, ces deux ensembles sont au plus dénombrables.

3.4.2. Géométrie de la relaxation. 1l y a beaucoup a dire sur les questions
géométriques associées a cette borne inférieure. Calculer explicitement la borne
inférieure semble tout a fait hors de portée, néanmoins il est essentiel de baliser
un tant soit peu le terrain.

La premiere question, bien que pressante, n’est pas facile. Le Théoreme
ne mentionne aucun controle de finitude sur la borne inférieure, il faut donc
s’assurer qu’il ne s’agit pas d'un Théoreme vide! Pour cela, il faut exhiber au
moins une configuration initiale qui conduise a un surcout strictement positif.
Notre réponse a été finalement assez générale :

THEOREME 13. Soit (ug, 7") € IC tel que :
(i) Le bord de ug est C!
(ii) Il existe € > 0 tel que 7"(z) < TI(NY0) — ¢, pour tout x € 0*uy.

Alors le surcotut discret K. (ug) associé a (ug, 7") est strictement positif.

Nous avons également étudié le comportement de la borne inférieure ((10))
a basse température :

PROPOSITION 3.1. Supposons 0 < P(J. = 0) < 1 — p.(d). Alors, il existe
c < oo tel que, pour B assez grand, pour t assez grand,

A(t) > t7/P,

Par ailleurs, afin de réduire la difficulté du probleme géométrique nous
avons souhaité passer des évolutions discretes a des évolutions continues. Soit
E(up) 'ensemble des évolutions continues qui se détachent de maniere continue
du bord de uyg :

vt € [0, 1], v, € BV,

t — v, est continue pour la norme L' et

t = 1psy,noru, €st continue pour la norme
L' associée a la restriction de H4™ & 0*uq

5(“0) = (Ut)te[o,l] :
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On définit alors une notion continue du surcout

K"(up) = inf sup F"(v;) — F (ug),

vEE(u0) te0,1]
et prouvons le théoreme suivant :

THEOREME 14. Pour tout (ug, ") € IC, on a
:lisc(uo) = ICT(U’O)'

L’information supplémentaire du détachement continu permet de calculer
le surcotit dans quelques cas simples, bidimensionnels : celui du cercle et de la
tension isotrope, celui du carré et de la tension correspondant au cristal carré.

4. Perspectives

J’espere avoir convaincu le lecteur que les 80 ans du modele d’Ising et
les dizaines de milliers d’articles touchant a ce modele [57] n’ont pas épuisé
les questions essentielles! Je n’espérais pas pour ma part rencontrer une telle
effusion de problemes physiques, probabilistes et géométriques dans un modele
pourtant si modeste de définition.

La présente these a pu répondre a plusieurs interrogations, mais nous
avons du laisser de coté un certain nombre de points a cause de leur difficulté
technique. Le premier Chapitre repose sur la conjecture que (3. = BC comme
dans le cas uniforme [13], mais il s’agit de toute évidence d'une question
épineuse. Le second Chapitre, par ses tres nombreux liens avec I'étude des
interfaces et les similarités avec différents modeles de la physique statistique
— qu’il s’agisse des polymeres dirigés ou des flux maximaux — invite a de
nombreux prolongements. Nous souhaiterions notamment compléter notre
résultat sur I'inégalité stricte entre la tension superficielle annealed et la tension
quenched (actuellement : & basse température, moyennant une hypothese sur
P) et déterminer les éventuels cas d’égalité. La question des fluctuations
transversales de l'interface en milieu aléatoire est probablement aussi difficile
que passionnante... tout comme la détermination des asymptotiques exactes
de la fonction de taux des déviations inférieures de la tension superficielle.

L’étude de la coexistence de phases est I'un des points ou nous avons le
sentiment d’avoir, en quelque sorte, atteint I'objectif. Bien entendu, il est
toujours possible d’aller plus loin. On pourrait, en l'occurrence, chercher a
décrire plus précisément l'allure du milieu aléatoire lorsqu’on impose une
réduction du cout de la coexistence et montrer, par exemple, que la tension
n’est réduite que sur le bord d’un certain cristal de Wulff.

Concluons sur une direction tres prometteuse : la dynamique de Glauber.
Nous avons pu mettre en évidence un mécanisme de piégeage des interfaces
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par le désordre, qui conduit a une relaxation tres lente dans le domaine
de coexistence de phases. Nous n’avons a 1’évidence pas exploré toutes les
conséquences de ce mécanisme. Les répercussions sur le trou spectral, par
exemple, semblent prometteuses.

Une application tres stimulante des techniques développées dans cette these
est ’étude du phénomene de catalyse. La présence du milieu aléatoire peut
jouer le role de catalyseur et favoriser la nucléation, i.e. I'apparition de gouttes
de phase opposée. Dans la continuité de cette these, nous nous intéresserons
a la généralisation de I'étude de la métastabilité [75] pour comprendre le role
du désordre dans les phénomenes de nucléation.



CHAPTER 1

Coarse graining and renormalization

ABSTRACT. By the mean of a multi-scale analysis we describe the typical
geometrical structure of the clusters under the FK measure in random media.
Our result holds in any dimension d > 2 provided that slab percolation
occurs under the annealed measure, which should be the case in the whole
supercritical phase. This work extends the one of Pisztora [73] and provides
an essential tool for the analysis of the supercritical regime in disordered FK
models and in the corresponding disordered Ising and Potts models.

1.1. Introduction

The introduction of disorder in the Ising model leads to major changes
in the behavior of the system. Several types of disorder have been studied,
including random field (in that case, the phase transition disappears if and
only if the dimension is less or equal to 2 [48, [5, 18]) and random couplings.

In this Chapter our interest goes to the case of random but still ferromag-
netic and independent couplings. One such model is the dilute Ising model in
which the interactions between adjacent spins equal (3 or 0 independently, with
respective probabilities p and 1 — p. The ferromagnetic media randomness is
responsible for a new region in the phase diagram: the Griffiths phase p < 1
and 0. < f < [.(p). Indeed, on the one hand the phase transition occurs
at B.(p) > B for any p < 1 that exceeds the percolation threshold p., and
does not occur (i.e. B.(p) = o0) if p < pe, B = B.(1) being the critical inverse
temperature in absence of dilution [3], [28]. Yet, on the second hand, for any
p < 1and > f3., the magnetization is a non-analytic function of the external
field at h = 0 [41]. See also the reviews |40}, [16].

The paramagnetic phase p < 1 and § < (. is well understood as the spin
correlations are not larger than in the corresponding undiluted model, and
the Glauber dynamics have then a positive spectral gap [63]. The study of
the Griffiths phase is already more challenging and other phenomena than
the break in the analyticity betray the presence of the Griffiths phase, as the
sub-exponential relaxation under the Glauber dynamics [8]. In the present
Chapter we focus on the domain of phase transition p > p. and 3 > [.(p) and
on the elaboration of a coarse graining.

39
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A coarse graining consists in a renormalized description of the microscopic
spin system. It permits to define precisely the notion of local phase and
constitutes therefore a fundamental tool for the study of the phase coexistence
phenomenon. In the case of percolation, Ising and Potts models with uniform
couplings, such a coarse graining was established by Pisztora [73] and among
the applications stands the study of the L!'-phase coexistence by Bodineau et
al. [12), 14] and Cerf, Pisztora [23), 25, [26], see also Cerf’s lecture notes [24].

In the random media case there are numerous motivations for the
construction of a coarse graining. Just as for the uniform case, the coarse
graining is a major step towards the L'-description of the equilibrium phase
coexistence phenomenon under both quenched and annealed measures (done
in Chapter 3) — the second important step being the analysis of surface
tension and its fluctuations. But our motivations do not stop there as the
coarse graining also permits the study of the dynamics of the corresponding
systems, which are modified in a definite way by the introduction of media
randomness. We confirm in Chapter 4 the prediction of Fisher and Huse [45]
that the dilution dramatically slows down the dynamics, proving the expected
polynomial decay for the average spin autocorrelation under the Glauber
dynamics.

Let us conclude with a few words on the technical aspects of the present
work. First, the construction of the coarse graining is done under the random
media FK model which constitutes a convenient mathematical framework,
while the adaptation of the coarse graining to the Ising and Potts models
is straightforward, cf. Section [I.5.5] Second, instead of the assumption
of phase transition we require percolation in slabs as in [73] (under the
annealed measure), yet we believe that the two notions correspond to the
same threshold (.(p). At last, there is a major difference between the present
work and [73]: on the contrary to the uniform FK measure, the annealed
random media FK measure does not satisfy the DLR equation. This ruins all
expectancies for a simple adaptation of the original proof, and it was indeed a
challenging task to design an alternative proof.

1.2. The model and our results

1.2.1. The random media FK model.

1.2.1.1. Geometry, configurations sets. We define the FK model on finite
subsets of the standard lattice Z< for d € {1,2,...}. Domains that often appear
in this work include the box Ay = {1,...,N — 1}¢, its symmetric version
Ay ={=N,...,N} and the slab Sy y = {1,..., N =1} ' x {1,...,H — 1}
for any N, H € N* d > 2.
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Let us consider the norms

4 1/2
zll2 = (Z x?) and ||zl = mla)il\xﬂ , Yo eZ?
1=1...
i=1

and denote (e;);—1. 4 the canonical basis of Z%. We say that z,y € Z% are
nearest neighbors if ||z —y||2 = 1 and denote this as z ~ y. Given any A C Z<,
we define its exterior boundary

0A:{x€Zd\A:EIyEA,xNy} (1.1)

and to A we associate the edge sets
E'(N) = {{z,y}:v €A ycZand v~ y} (1.2)
and E/(A) = {{z,y}:2,y € Aand x ~ y}. (1.3)

In other words, E*(A) is the set of edges that touch A while Ef(A) is the set
of edges between two adjacent points of A. Note that the set of points attained
by E*(A) equals, thus, A UdA. We also denote E(Z?) = E¥(Z%) = E/(Z%).

The set of cluster configurations and that of media configurations are
respectively

Q={w:E(Z") - {0,1}} and J={J:E(Z") —[0,1]}.

Given any E C E(Z") we denote by wp (resp. Jz) the restriction of w € ©
(resp. J € J) to E, that is the configuration that coincides with w on E and
equals 0 on F£°. We consider then

Qp = {wp,weQ} and Jp={Jp,J €T}

the set of configurations that equal 0 outside E. Given w € €2, we say that an
edge e € E(ZY) is open for w if w, = 1, closed otherwise. A cluster for w is a
connected component of the graph (Z¢, O(w)) where O(w) C E(Z?) is the set
of open edges for w. At last, given z,y € Z? we say that x and y are connected
by w (and denote it as z < y) if they belong to the same w-cluster.

1.2.1.2. FK measure under frozen disorder. We now define the FK measure
under frozen disorder J € J in function of two parameters p and ¢q. The first
one p : [0,1] — [0,1] is an increasing Borel measurable function such that
p(0) = 0, p(xr) > 0if x > 0 and p(1) < 1, that quantifies the strength of
interactions in function of the media. The second one ¢ > 1 corresponds to
the spin multiplicity.

Given E C E(ZY) finite, J € J a realization of the media and 7 € Qp.
a boundary condition, we define the measure ®77%™ by its weight on each

JE}77 ({ })

J,p,q,m
ZE

[T () (1 = p(Je))'— x g5 (1.4)

eckE
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where CF,(w) is the number of w-clusters touching £ under the configuration
w V 7 defined by

w, ifeel
(w V), _{ T, else

and ZP*™ is the partition function

Zé’p’q,ﬂ - Z H (p(Je)) (1 = p(Je)) ' x qCEW), (1.5)

WEQE eclE

Note that we often use a simpler form for @ép ©T.if the parameters p and ¢

are clear from the context, we omit them, and if E is of the form E"(A) for
some A C Z% we simply write CID‘/]\’W instead of CIDé’Z (A For convenience we use

the same notation for the probability measure @é’” and for its expectation.
Let us at last denote f,w the two extremal boundary conditions: f € Qpge
with f. = 0,Ve € E° is the free boundary condition while w € Qg with
w, = 1,Ve € E° is the wired boundary condition.

When ¢ = 2 and p(J) = 1 —exp(—24.J), the measure 7" is the random
cluster representation of the Ising model with couplings J, and when g €
{2,3...} and p(J) = 1 — exp(—3J) it is the random cluster representation of
the ¢-Potts model with couplings .J, see Section and [66]. Yet, most of
the results we present here are independent of this particular form for p.

Let us recall the most important properties of the FK measure @é”. Given
w,w € Q we write w < ' if and only if w. < W’,Ve € E(Z%). A function f :
2 — R is said increasing if for any w,w’ € Q we have w < W' = f(w) < f(W').
For any finite £ C E(Z%), for any J € J, ® € Qge, the following holds:

The DLR equation: For any function h: 2 — R, any £’ C E,

h (W‘(E/)c V w')} (16)

J,(wVW)‘(E/)c
’

O (h(w) = O |}

) ) J, c
where w’ denotes the variable associated to the measure ® E,(WVW)‘E )

The FKG inequality: If f,g : © — RT are positive increasing
functions, then

5" (f9) = D7 ()25 (9). (1.7)

Monotonicity along 7 and p: If f: Q — R* is a positive increasing
function and if m, 7" € Qge, p,p’ : [0,1] — [0, 1] satisfy 7 < 7" and
p(J.) < p'(J.) for all e € E, then

ET(F) < O (). (1.8)

Comparison with percolation: If p = p/(p + ¢(1 — p)), for any
positive increasing function f : 2 — R* we have

OFPHI(]) < @) < @ (). (1.9)
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The proofs of these statements can be found in [4] or in the reference book [43]
(yet for uniform J). Let us mention that the assumption ¢ > 1 is fundamental

for .

1.2.1.3. Random media. We pass now to the description of the law on the
random media. Given a Borel probability distribution p on [0, 1], we call P the
product measure on J € J that makes the J, i.i.d. variables with marginal
law p, and denote E the expectation associated to P. We also denote By the
o-algebra generated by Jp, for any E C E(Z%).

We now turn towards the properties of <I>‘,]E’7r as a function of J. Given

E,E' C E(Z%) with E finite and a function h : J x Q — R* such that h(.,w)
is Bg-measurable for each w € Qg, the following holds:

Measurability: The function J — ®2"({wy}) is Bg-measurable while

J — &7 (h(J,w)) and J — sup 5" (h(J,w)) (1.10)
TEQEe
are Bpug-measurable, for all wg € Qg and m € Qge.
Worst boundary condition: There exists a Bgg-measurable func-
tion 7 : J + Qge such that for all J € 7,

T (h(Jw)) = sup BLT(h(J,w)). (1.11)

S5

The first point is a consequence of the fact that ®7"({w}) is a continuous
function of the p(J.) and of the remark that

J,m J,m
OE"(h(S,w) = Y €5 ({w}) h(J,w).
weNE

For proving the existence of 7 in (1.11)) we partition the set of possible
boundary conditions €2gc into finitely many classes according to the equivalence
relation

T~ e Yw e Qp, Cf(w) = CF ().
A geometrical interpretation for this condition is the following: 7 and 7’ are
equivalent if they partition the interior boundary of the set of vertexes of E in

the same way. Consider now 7y, ms, ..., T, € (g in each of the n classes and
define:
k(J) = inf {k e{1,...,n}: ®L™(h(J,w)) = sup ®L"(h(J, w))} ,
TEQ e

it is a finite, Bpup-measurable function and 7 = () is a solution to (L.11]).

1.2.1.4. Quenched, annealed and worst-annealed measures. A consequence
of is that one can consider the behavior of 2" under P. The quenched
random media FK measure corresponds to a study of the typical behavior of
®7™ under P, while the annealed random media FK measure is E®7™. In view
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of Markov’s inequality the worst annealed measure constitutes a convenient
way of controlling both the PP and the sup, @}Jf—probabilities of rare events
(yet it is not a measure): for any A C Qg and C > 0,

TeNG, TEN,

E sup &7 (A) < exp(—20) = P (Sup OLT(A) > exp(—C)) < exp(—C)

= E sup &}" (A) < 2exp(—C). (1.12)

TeN

1.2.1.5. Absence of DLR equation for the annealed measure. It is well
known that the annealed law of Markov chains in random media is not Markov.
In our setting, the same occurs for the annealed FK measure, which does not
satisfy the DLR equation. We present here a simple counterexample. Consider
p=Ao1+ (1 —X)d for A € (0,1), ¢ > 1 and p(J,) = pJ. with p € (0,1). Let
E = {e, f} where e = {x,y} and f = {y,z} with z # x and 7 a boundary
condition that connects x to z but not to y. Then,

E® (we = 1 and wy = 1) = A\*pp
E®T (we =0 and wy = 1) = A2(1 — p)p + (1 — A)Ap

where
D= b and p= p 5
1+ (1 -p)g—1) 1+ (1 -p3—1)
and it follows that the conditional expectation of w. knowing w; = 1 equals
A
= p — >
A4+ (1= A)p/p
since p < p. As Esup, q)f{r;}(we) = E®Y,,(we) = Ap we have proved that the

conditional measure strictly dominates any random FK measure on {e} with
the same parameters, hence the DLR equation cannot hold.

(EPE) (welwy = 1) Ap

1.2.2. Slab percolation. The regime of percolation under the annealed
measure is characterized by

lim E®’ (o &, aAN) >0 (P)
N—oo AN
yet we could not elaborate a coarse graining under the only assumption of
percolation. As in [73] our work relies on the stronger requirement of slab
percolation under the annealed measure, that is:

SHEN, inf i oL (v&y) >0 (SP, d > 3)

NeN* LE,yGSN,HUaSN,H
lim E®%/ (3 an horizontal crossing for w) > 0 (SP,d=2)
N—oo N,r(N)

for some function x : N* +— N* with limy_o, kK(N)/N = 0, where an horizontal
crossing for w means an w-cluster that connects the two vertical faces of

8SN7H(N).
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The choice of the annealed measure for defining is not arbitrary
and one should note that slab percolation does not occur in general under the
quenched measure, even for high values of 3 when p(J.) = 1 — exp(—3J.): as
soon as P(J. = 0) > 0, one has

VH € N, limIP’( inf cpg;fv”H(x&y):()):L
N—oo z,y€SN, HUOSN, H ’

This fact makes the construction of the coarse graining difficult. Indeed,
the annealed measure lacks some mathematical properties with respect to
the quenched measure — notably the DLR equation — and this impedes
the generalization of Pisztora’s construction [73], while under the quenched

measure the assumption of percolation in slabs is not relevant.

Let us discuss the generality of assumption (SP). It is remarkable that (SP)
is equivalent to the coarse graining described by Theorem (the converse
of Theorem [1.2.1] is an easy exercise in view of the renormalization methods
developed in Section . Yet, the fundamental question is whether (]ED and
(SP) are equivalent.

In the uniform case, when d > 3 it has been proved that the thresholds for
percolation and slab percolation coincide in the case of percolation (¢ = 1)
by Grimmett and Marstrand [44] and for the Ising model (¢ = 2) by
Bodineau [13]. It is generally believed that they coincide for all ¢ > 1. In
the two dimensional case with ¢ = 1 the threshold for coincides
again with the threshold for percolation p. as the latter corresponds to the
threshold for exponential decay of connectivities in the dual lattice [64), 1].

In the random case the equality of thresholds holds when ¢ = 1 as the
annealed measure boils down to a simple independent bond percolation process
of intensity E(p(J.)). For larger ¢ we have no clue for a rigorous proof, yet
we believe that the equality of thresholds should hold. Following Aizenman
et al. [3] who compare the annealed FK measure to two independent bond
percolation processes of respective intensities E (p(J.)/(p(Je) + q(1 — p(Je))))
and E(p(J.)) (see also (1.9)) one obtains bounds on the domain for (SP)

p(Je)
=2 (pue) Tl = p(7)

according to the equality of thresholds for (P]) and (SP) for (non-random)
percolation.

) > pe(d) = (SP) = E(p(.)) > pe(d)

1.2.3. Our results. The most striking result we obtain is a generalization
of the coarse graining of Pisztora [73]. Given w € Qpguw(,), we say that a
cluster C for w is a crossing cluster if it touches every face of OAy.
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THEOREM 1.2.1. Assumption (SP) implies the existence of ¢ > 0 and
Kk < 0o such that, for any N € N* large enough and for all | € [rlog N, N],

There exists a crossing w-cluster C* in Ay

Einf &7 o . .
AN\ and it is the unique cluster of diameter > 1

> >1— exp(—cl)

where the infimum inf, is taken over all boundary conditions ™ € Qgzay ge(ay)-

This result is completed by the following controls on the density of the
main cluster: if

o' = lim Eo}f (o & a]\N> and 0% =

N—oo

. J,’LU w N
Jlim B0 (o & aAN> (1.13)
are the limit probabilities for percolation under the annealed measure with free
and wired boundary conditions, and if we define the density of a cluster in Ay

as the ratio of its cardinal over |Ay|, we have:

PROPOSITION 1.2.2. For anye >0 and d > 1,

: 1 Jx [ Some crossing cluster C* has
hmj\fulj Nd log I£ Sup Py < a density larger than 0¥ + ¢ > <0 (114

while assumption (SP) implies, for any € > 0 and d > 2:

There is no crossing cluster C*

of density larger than 07 — ¢

. 1 J,
hmjsup N1 log £ sgp Dy (

) <0. (1.15)

In other words, the density of the crossing cluster determined by Theorem
lies between 6/ and 6“. Yet in most cases these two quantities coincide
thanks to our last result, which generalizes those of Lebowitz [59] and
Grimmett [42]:

THEOREM 1.2.3. If the interaction equals p(J.) = 1 — exp(—8J.), for any
Borel probability measure p on [0,1], any ¢ = 1 and any dimension d > 1, the
set

Dpga= {5 >0: A}l_l& ECI)/‘(]{] £ ]&Enoo Eq)i:;}

18 at most countable.

The coarse graining for the FK measure is then adapted to the Ising model
with ferromagnetic random interactions, see Theorem [1.5.7]

1.2.4. Overview of the Chapter. A significant part of this Chapter
is dedicated to the proof of the coarse graining — Theorem [I.2.1] — under
the assumption of slab percolation under the annealed measure .
Let us recall that no simple adaptation of the original proof for the uniform
media [73] is possible as, on the one hand, the annealed measure does not
satisfy the DLR equation while, on the second hand, slab percolation does not
occur under the quenched measure.
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In Section [1.3] we prove the existence of a crossing cluster in a large box,
with large probability under the annealed measure. We provide as well a
much finer result: a stochastic comparison between the annealed measure and
a product of local annealed measures, that permits to describe some aspects
of the structure of (J,w) under the annealed measure.

In Section[I.4) we complete the difficult part of the coarse graining: we prove
the uniqueness of large clusters with large probability. In order to achieve
such a result we establish first a quenched and uniform characterization of
that we call : for € > 0 small enough and L large enough,
with a P-probability at least € for n large enough, each x in the bottom of a
slab S of length nL, height Llogn is, with a ¢l-probability at least e, either
connected to the origin of S, either disconnected from the top of the slab. For
proving the (nontrivial) implication (SP, d > 3))=(USPJ) we describe first the
typical structure of (J,w) under the annealed measure (Section[1.4.1), then we
introduce the notion of first pivotal bond (Section that enables to make
recognizable local modifications for turning bad configurations (in terms of
(USP)) into appropriate ones. Finally, in Section we prove a first version
of the coarse graining, while in Section we give the same conclusion for
the two dimensional case using a much simpler argument.

The objective of Section [1.5.1] is to present the adaptation of the renor-
malization techniques to the random media case. As a first application we
state the final form of the coarse graining — Theorem [1.2.1] — and complete
it with estimates on the density of the crossing cluster — Proposition [1.2.2]
We generalize then the results of [59, 42] on the uniqueness of the infinite
volume measure for all except at most countably many values of the parameters
— see Theorem [1.2.3. We conclude the Chapter with an adaptation of the
coarse graining to the Ising model with ferromagnetic disorder and discuss the
structure of the local phase profile in Theorem [1.5.7]

1.3. Existence of a dense cluster

In this Section we concentrate on the proof of existence of a dense w-
cluster in a large box. As our proof is based on a multi-scale analysis we begin
with a few notations for the decomposition of the domain into L-blocks: given
L € N*, we say that a domain A C Z% is L-admissible if it is of the form
A= Hle{l, cooa; L — 1} with aq,...,a4 € {2,3,...}. Such a domain can be
decomposed into blocks (and edge blocks) of side-length L as follows: we let

BF={1,....L—1}"+Li and BY=1{0,...,L}+ Li (1.16)
and denote

BB (BE) ad BP=BA(BHOEUN). (1)
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We recall that E/(A’) was defined at (1.3)), it is the set of interior edges of
N C 74, in opposition with E¥(A’) defined at ((1.2) that includes the edges
from A’ to the exterior. We call at last

Iy = {ieZd:éf cA}. (1.18)

Remark that the EF are disjoint with £ C EL. The edge set EF includes
the edges on the faces of B}, which makes E} and E} disjoint if and only if

79

i,7 € I satisty ||i — j|l2 > 1. See also Figure [1] for an illustration.

In order to describe the structure of configurations w € Qgw(a) we say that
(&i)iery ., is a L-connecting family for A if &; is w|EiL—measurab1e, Vi € Ip 1 and
if it has the following property: given any connected path ci,..., ¢, in I g,
for any w € (;_, &, there exists an w-cluster in (J,_, EX that connects all

Ck
faces of all 9BL , for k =1...n.

Let us present the main result of this Section:

THEOREM 1.3.1. Given any L € N* and A C Z* a L-admissible domain,

there exist a measure \Ilk on Jgwiny X Qpwny and a L-connecting family
(&i)iery,,, such that

(i) the measure Uk is stochastically smaller than E®}
(ii) under V%, each &; is independent of the collection (&))jern Lillj=illa>15
(iii) there exists pr, € [0,1] independent of the choice of A such that

1€IA, L,

with furthermore py, P 14f (SP, d > 3.

An immediate consequence of this Theorem is that implies the
existence of a crossing cluster in the box Apy for L, N € N* large with large
probability under the annealed measure ECID‘/(Z o cf. Corollary . Yet, the
information provided by Theorem [I.3.1] goes much further than Corollary [1.3.5]

and we will see in Section [I.4]that it is also the basis for the proof of the uniform
slab percolation criterion (USP)).

1.3.1. The measure V%. The absence of DLR equation for the annealed
random FK measure makes impossible an immediate adaptation of Pisztora’s
argument for the coarse graining [73]. As an alternative to the DLR equation
one can however consider product measures and compare them to the annealed
measure.

Assuming that A C Z? is a L-admissible domain, we begin with the
description of a partition of E¥(A) = | |;_, Ex. On the one hand, we take

all the ElL with ¢ € I and then separately all the remaining edges, namely
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the lateral edges of the BL (see (1.17) for the definition of EL and Figure
for an illustration of the partition). This can be written down as

N = |E=| || B[ L] (e (1.19)
k=1 )

t€EIA, L ecEL (A

where B (A) = EY(A)\Uiey, , BE = Uier, , (EF\ EE). We consider then for
Uk the measure on Jpw(a) X Qpw(s) defined by

UR(h(J,w)) =

®EEk<I>‘,§:f] (WA V...V Jpwi V... Vwy))  (1.20)
k=1

for any h : J x @ — R* such that h(.,w) is Bgw)-measurable for each
w € Qpury, where J; V...V J, € Tgw (resp. wi V...V w, € Qgu(,)) stands
for the configuration which restriction to Fj equals Jy (resp. wy).

-
-

AL
1B,

01 L-11L L+1 a L —1

FIGURE 1. E"(A) partitioned into the EL and the lateral
(dashed) edges.

The first crucial feature of W% is its product structure: under Wk the
restriction of (J,w) to any EX with i € Irz or to {e} with e € EL (A) is
independent of the rest of the configuration, so that in particular the restriction
of w to EF is independent of its restriction to UJ'EIA,L5||]'*7:||2>1 EJL, and for any

L-connecting family point (ii) of Theorem is verified.

The second essential property of W% is that it is stochastically smaller than
the annealed measure on A with free boundary condition, namely point (i)
of Theorem is true. This is an immediate consequence of the following
Proposition:
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PROPOSITION 1.3.2. Consider a finite edge set E and a partition (E;)i=1..n
of E. Assume that h : J x 2 — R is Bg-measurable in the first variable and
that for every J, h(J,.) is an increasing function. If we denote by (J;,w;) €
Jg, X Qp, the variables associated to the measure ]E@ﬁ,’f (resp. Eq)‘éii’w), we
have:

B h < |QREp @5 | (WS V...V T V.. Vw,))  (1.21)
L:=1

resp.  EOLh > ®EEZ.<I>§Z_J] (WA V .. N Ty V. Vwy)) . (1.22)
Li=1

PROOF. We focus on the proof of the second inequality since both proofs
are similar. We begin with the case n = 2. Applying twice the DLR equation

(1.6) for @ we get, for any J € J:
Jw w
O (h(J,w)) = OF [037% [ (h (] wn v )]

. . J, .
where w is the variable for @ﬁf , w1 that for ® E:J'EQ and w, that for (ID}Q;‘”. Since
h(J,w; V wy) is an increasing function of w; and wy, it is enough to use the
monotonicity 1) of cp‘,]E’” along 7 to conclude that

O (h(J,w)) = O] |@F (h(Jwr v wn))].

The same question on the J-variable is trivial since P is a product measure,
namely if J, J;, Jo are the variables corresponding to Eg, Eg, and Eg,:

EEq)ng (h(J,w)) = EElEE2®£1,f [q)igf (h (Jl V Jy, w1 V QJQ))} .

It is clear that Ep, and @ﬁl’f commute, and that EE1<I>}7311’f and EE2<I>}§22’f also
commute, hence the claim is proved for n = 2. We end the proof with the
induction step, assuming that holds for n and that E is partitioned into
(E;)i=1..nt1- Applying the inductive hypothesis at rank 2 to F; and E) =
Uisa B we prove that EQp/h(J,w) > Ep ®p Egy @ h (v Jhw V).
Remarking that for any fixed (Ji,w;) the function (Jw) € J x Q
h(J1V Jigy, w1 Vw) is Bg;-measurable in J and increases with w we can apply
the inductive hypothesis at rank n in order to expand further on J} and w
and the proof is over. O

1.3.2. The L-connecting family 51-L’H. The second step towards the
proof of Theorem [I.3.1]is the construction of a L-connecting family. The faces
of the blocks B play an important role hence we continue with some more
notations. Remark that (x,e) € {1,...,d} x {0,1} indexes conveniently the
2d faces of B if to (k,e) we associate the face Li + Lee, + F* where

Fk=10,...,L}n{z e, =0}. (1.23)
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We decompose then each of these faces into smaller d — 1 dimensional
hypercubes and let

L.H . - e, =0 and Vk 1,....d K},
HE Z{jeZd: ‘7L/<3H)<j,ek ;;L/@H)i\l{ J } (1.24)

and for any j € HXH we denote

FRT o — Li+ Lee, + Hj + FA-1 (1.25)

1’7""’757‘7

so that F%" s the translated of F~! positioned at Hj on the face (k&) of

Z7N7€7]

BE, as illustrated on Figure .

L/3 L/3

FIGURE 2. The d — 1 dimensional facets F

1,K,6,7 "

The facets FZL;ZJ will play the role of seeds for the L-connecting family.
Given w € Qpu(ny and @ € Iny, (k,e) € {1,...,d} x {0,1} and j, € HE,
Eﬁ_gg’jo is a seed at scale H for the face (k,e) of BF if jy is the

smallest index in the lexicographical order among the j € HZH such that
cither F27 N A = 0, either all the edges e € Ef(F" ) are open for w
)

we say that

T”E’E?J 175767]

(we recall that E/(A’) is the set of edges between any two adjacent points of

N c 74, cf. (L3))

The first condition is designed to handle the case when the face (k,¢e) of
BE is not in A (this happens if B touches the border of A, ¢f. Figure : with
our conventions, there always exists a seed in that case and it is the Ffﬁ’jj of
smallest index j € H-H.

Then, we let

Each face of B owns a seed and

¢ these are connected under w gz
K3

et = {w € Qpuy) : } Vi€ Ing (1.26)

which is clearly a L-connecting family since, on the one hand, EZ-L T depends on
W)L only and, on the second hand, the seed on the face (x, 1) of B corresponds
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by construction to that on the face (k,0) of Bf,, , for any ,i+e, € I ;. Hence
we are left with the proof of part (iii) of Theorem [1.3.1]

1.3.3. Large probability for £ under ¥%. In this Section we conclude
the proof of Theorem with an estimate over the W-probability of

gb = ghlVlel] (1.27)

for § > 0 small enough, and show as required that Wk(£L) — 1 as L — oo

assuming (SP, d > 3)), uniformly over A and ¢ € Iy ;. Our proof is made
of the two Lemmata below: first we prove the existence of seeds with large

probability and then we estimate the conditional probability for connecting
them.

LEMMA 1.3.3. Assume that ¢ = E@f’eg(we) >0 and let § < —1/logec. Then

there exists (pr)r>s with limp .o pr, = 1 such that, for every L-admissible A
and every v € I,

\Ilk ({Each face of BF bears a seed at scale Hy, = [\/dlog L]}) > pr.

LEMMA 1.3.4. Assume (SP,d > 3). Then, there exists (p}y)pen- with
Py — 1 as H — oo such that, for any L € N* such that HlL’H # 0, any
L-admissible domain A C Z% and any i € Inr,

L
v (&LH { Each face of B} bears }) > . (1.28)

a seed at scale H

Before proving Lemmata [1.3.3| and [1.3.4] we state an important warning:
the fact that Uk(EF) — 1 as L — oo does not give any information on the
probability of £ under the original annealed measure E®{ as & is not an
increasing event !

PRrROOF. (Lemma (1.3.3). The W4-probability for any lateral edge of BX to

LH . . : -
be open equals ¢, hence a facet F; . C A is entirely open with a probability

d—2
clA-DHL-DHL™ M

for L large enough. Consequently, the probability that there is a seed at scale
Hip, on each face of Bl is at least

d—1
L_Q]

pr=1-2d (1 - ch> o

L d—1
>1—2dexp (—ch X {E - 2] ) (1.29)
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using the inequality 1 — u < exp (—u). We remark at last that for L large,

log <cHg X [3? - 2} ) > Hiloge+ (d—1) (log L — log(4Hp))
L

> (1+0logc)log L — log(4HyL)

with 1 + dlogc > 0 thanks to the assumption on 9, hence the term in the
exponential in (1.29) goes to —oo as L — oo and we have proved that
limL_>OO PL = 1. O

PROOF. (Lemma [1.3.4). We fix a realization wex; € Qpu(ay gz such that
each face of BZ-L bears a seed under we. Thanks to the product structure of
UL the restriction to EX of the conditional measure W% (.|w = wey) equals
ECIDJ‘;:LC, hence the probability for connecting all seeds together is

E@éﬁ (w V Wext € gZL’H> .

We will prove below that with large probability one can connect a seed to the
seed in any adjacent face, and this will be enough for concluding the proof.
Indeed, denote s, ..., s9q the seeds of weyi. Thanks to the requirement a; > 2
in the definition of L-admissible sets, we can assume that s; and sy are on
adjacent faces, both of them inside A so that in fact s; and s, are entirely
open for wey. If we connect s; to each of the seeds ss, ..., soq_1 in the adjacent
faces of BY, and then in turn connect s, to Soq we have connected all seeds

7 )

together. As a consequence one can take

py=1—02d—1)(1— inf p%,) (1.30)
LHb g

as a lower bound in (1.28)), where pl; ; is the least probability under E@éf for

. T.H LH . : L
connecting two facets F; - . and F; ", ., in adjacent faces of B;".

For the sake of simplicity we let i = 0, (k,e) = (1,0) and (x’,&') = (2,0).
Our objective is to connect any two facets Fofji%j and F(fé{é,j, (j € HIL’H and

j e HYM) with large probability under E®%!  and we achieve this placing

BL7
slabs in BY. Thanks to assumption there exist « > 0 and H, € N*
such that any two points in SUQJS are connected by w with probability at least
aunder E®%/ | provided that S is of the form S = {1,..., N—1}¢"1x{1, H,—1}
with N € N large enough. We describe now two sequences of slabs of height
H; linking the seeds F(fi%,j and F(fé{é’j, to each other. Let first, for [ € N and
k€ {1,2}:

Slk)y={1,....1-1}n{r: 1<z e, < H,—1} (1.31)
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and then
L—1
U(l,h,k) = S(L k) + hex + Y { 5 } e (1.32)
k>3
forte{l,...,L}, he{0,...,L — H,} and k € {1,2}. The slab U(l, h, k) is
normal to e, and the e,-coordinates of its points remain in {h + 1,...,h +

H, — 1}, it is in contact with the face (k/,0) of BL where {s'} = {1,2}\ {x}
and it is positioned roughly at the center of BY in every other direction ey, for
k > 3. We conclude these geometrical definitions letting

Vo=U(j-eaH+ (n—1)H,,j' -e1H + (n—1)H,, 1) (1.33)
which are vertical slabs and
T,=U(j'-etH+nH, j-eH + (n—1)H,,2) (1.34)

which are horizontal slabs, for any n € {1,...,[H/H]}. As illustrated on
Figure , forany n € {1,...,[H/H,|}, F()L’i{é’j is in contact with E"(7},) since
the largest dimension of the slab is at least L/3, while E*(V},) touches F[f é{é’j,,
and by construction E*(V,,) and E"(T,) touch each other. Furthermore the
edge sets E(V,) and E™(T}) are all disjoint, and all included in E*(BE).
Consider now the product measure

[H/H;|

o= Q (B0l wEa}/). (1.35)
n=1

Under the measure ©, the probability that there is a w-open path in E*(V,,)U
E"(T,) between the two seeds F(f ﬁ;j and F(f éf),j’ is at least a? thanks to
(SP, d > 3). By independence of the restrictions of w to the unions of slabs
(£ (Vo) U EY(T3)) 21 [/, it follows that the ©-probability that w does

not connect F(fig’j to Fd s in E*(BE) is not larger than (1 — QQ)W/HS],

Thanks to the stochastic domination © < E@g{ seen in Proposition [1.3.2]
stoch. 0

the same control holds for the measure ]E@é;{ and we have proved that

0

> (1= )

for any L such that HIL’H # (). In view of 1' this yields limpy o0 ply = 1. O

1.3.4. Existence of a crossing cluster. An easy consequence of Theo-
rem [1.3.1] is the following:

COROLLARY 1.3.5. If (SP, d > 3)), for any L € N* large enough one has

lij{fn ECDX’{N (There ezists a crossing cluster for w in Apy) = 1.
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€3 ZGS

€

FIGURE 3. The slabs V,, and 7,, in the proof of Lemma [1.3.4]

PRrROOF. The existence of a crossing cluster is an increasing event hence it
is enough to prove the estimate under the stochastically smaller measure \IlkLN.
Under \I/kLN the events £ are only 1-dependent thus for L large enough the
collection (1; giL})ie In,, Stochastically dominates a site percolation process with
high density [62]. In particular, the coarse graining [73] yields the existence
of a crossing cluster for (l{giL}%elAL in I, ;, with large probability as N — oo,
and the latter event implies the existence of a crossing cluster for w in Ay y as

(EF)icr,, is a L-connecting family. O

1.4. Uniqueness of large clusters

In the previous Section we established Theorem that gives a first
description of the behavior of clusters in a large box. Our present objective is
to use that information in order to infer from the slab percolation assumption

(SP, d > 3) a uniform slab percolation criterion (USP]).
Given L,n € N* with n > 3 we let
AE ={1,Ln—1}*"" x {1, L[logn] — 1}, (1.36)

call Bottom(Af,gL) ={1,...,Ln —1}4"1 x {0} and Top(A:fi) ={1,...,Ln—
1341 x {L[log n} the horizontal faces of A%, consider o = (1,...,1,1) € Z¢
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a reference point in Alf,gL and H™ the discrete half hyperplane
H™ ={zcZ': r-e; <0} (1.37)
as well as E~ = E/(H™) the set of edges with all extremities in H~. Then, we
define as follows:
dL € N*, 3¢ > 0 such that for any n large enough,
Vz € Bottom(A)%), Vr € Qg1 e V6 € Q-

ol (x Noor xS Top(Afi)) > ¢

log
An,L

P >e.  (USP)

The implication (SP, d > 3)=(USP)) will be finally proved in Proposition
1.4.7) and its consequence — the uniqueness of large clusters — detailed in

Proposition [I.4.9]

1.4.1. Typical structure in slabs of logarithmic height. As a first
step towards the proof of the implication (SP, d > 3)=-(USP|) we work on the
proof of Proposition below. We need still a few more definitions. On the
one hand, given w € Q and x € Z¢ we say that o and  are doubly connected
under w if there exist two w-open paths from o to x made of disjoint edges,
and consider

C? (w) = {x € Z* : x is doubly connected to o under w}. (1.38)

On the second hand we describe the typical J-structure in order to permit
local surgery on w later on. Given a rectangular parallelepiped A C Z? that is
L-admissible, we generalize the notation BF defining

B = (Li+{-nL+1,...,(n+1)L —1}¥) NA (1.39)

7

for n € N; note that BL = B*% if i € I, (see (L.18)). Given J € J and
e € E(Z%), we say that e is J-open if J, > 0. For all ¢ € I ;, we denote

There exists a unique J-open cluster in
Gk = E¥(BM') of diameter larger or equal to L (1.40)
and Ve € E“’(BZ-L’3), Jo=0or J, > ¢r,

where e, > 0 is a cutoff that satisfies P(0 < J, <¢ez) < e L. Given a
finite rectangular parallelepiped R C Z% and I C Z? we say that I presents
an horizontal interface in R if there exists no x-connected path cy,...,c,
(ie. |lciv1 —¢illo =1, Vi=1...n—1)in R\ I with ¢; - €, = min,cp x - €; and
Cn - € = MaxXycr T - €4. We consider at last the event

There exists an horizontal interface Z in
L= (Jw): {0,....,n =1}t x {1,... [logn] — 1} such (1.41)
that: Vi € Z, C?(w) N BF # () and J € GF

and claim:
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ProprosIiTION 1.4.1. (SP, d > 3|) implies the existence of L € N* such that
lim inf E inf &7, (£) > 0.

log
n— o0 s n,L

The proof of this Proposition is not straightforward and we achieve first
several intermediary estimates under the product measure \Ifil/ogg )
n,L
1.4.1.1. Double connections. The event £ introduced in the former Section
efficiently describes connections between sub-blocks in the domain A. However,
as it will appear in the proof of Proposition [I.4.7] the information provided
by £F is not enough to be able to proceed to local modifications on w in
a recognizable way and this is the motivation for introducing the notion of
double connections. Assuming that L is a multiple of 3, that A C Z< is a
L-admissible domain and that ¢ € I ;, we define

pF= () &7 (1.42)
j€3i+{0,1,2}4

Note that DF depends on w in EF, a box of side-length L, while the measure
\Ifi/ ? associated to the EJL/ ® has a decorrelation length L/3.

An immediate consequence of Theorem [1.3.1]is the following fact:

LEMMA 1.4.2. Assumption (SP, d > 3|) implies:

. . L
lim inf \I!A/3 (DZL) =1
L—00,3|L A ¢ Z?L-admissible
1€ IaL

Moreover, the event DF depends only on wipL. For anyi,j € Ixp with ||i —

jlla > 1 the events D} and D} are independent under \Pﬁ/g.

The relation between DI and the notion of double connections appears
below:

LEMMA 1.4.3. If (i1,...,i,) s a path in Z% such that BlLk CAVE=1...n
and if w € Dz-Ll n.. .ﬂDiLn, then there exist x € BZ»L1 andy € Bi and two w-open
paths from x to y in | J;_, EZLk made of distinct edges.

This fact is an immediate consequence of the properties of EJ-L / 3, see Figure
Note that the factor 3 in EJ-L /3 is necessary as the w-open clusters described

by 8;:/3 can use the edges on the faces of B]-L/?’.

1.4.1.2. Local J-structure. We describe now the typical J-structure with
the help of the event GF (see ((1.40)).
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/| /|

i

FIGURE 4. A loop made of good £X/3-blocks in a path of good
DE-blocks.

| ?EMMA 1.4.4. The event QZ-L depends only on J‘Eu,(BiL,B), and (SP, d > 3|
implies

lim inf v (GF) = 1.
L—oo A ¢ ZL-admissible
1€ 1AL

PrOOF. The domain of dependence of gf is trivial. Concerning the
estimate on its probability, we remark that the marginal on J of \I/i/ 3 equals
P, while ensures that percolation in slabs holds for the variable
1;7.50y under P. Hence the condition on the structure of the J-open clusters
holds with a probability larger than 1 — el for some ¢ > 0 according to [73].
The condition on the value of J, also has a very large probability thanks to
the choice of 7: remark that |E*(B®)| < d(7L)%, hence

P (Ele € Ev (Bfﬁ) . J, € (0, 5L)> <d(TL)de !

which goes to 0 as L — oo. O

1.4.1.3. Typical structure in logarithmic slabs. We proceed now with
Peierls estimates in order to infer some controls on the global structure of
(J,w) in slabs of logarithmic height. We define

T: =Dl

where DF and GF are the events defined at (1.42) and (1.40) (see also ((1.27))
and

for the definition of £F). An immediate consequence of Lemmata

[L44is that
. . L
lim inf \I/A/3 (7") =1
L—003|L A c 7Z%L-admissible
1€ 1AL
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if (SP,d> 3), together with the independence of 7;* and T;* under Wy/* if
li — j|lo = 7. We recall the notation A:ﬁgL ={1,Ln—1}4"1 x {1, L[logn] — 1}
(1.36) and claim:

LEMMA 1.4.5. Assume (SP,d > 3)). For any ¢ > 0, L large enough
multiple of 3,

The cluster of T,X-good blocks issued
lim inf \IILI/OZ from O presents an horizontal interface | > 1—e.
n

m\ in {0,n — 1} x {1, [logn] — 1}

Remark that the cluster of 7;*-good blocks issued from 0 lives in {0,n —
1}4 x {0, [logn] — 1}, hence we require here (as in the definition of £ at
(1.41))) that the interface does not use the first layer of blocks. This is done in
prevision for the proof of Lemma [1.4.6

PROOF. The proof is made of two Peierls estimates. A first estimate that
we do not expand here permits to prove that some (’];L)—cluster forms an
horizontal interface with large probability in the desired region {0,...,n —
1}t x {1,..., [logn] — 1} if L is large enough. The second estimate concerns
the probability that there exists a 7-open path from 0 to the top of the region.

If the 7 -cluster issued from 0 does not touch the top of the region, there
exists a #-connected, self avoiding path of 7-closed sites in the vertical section
{0,...,n =1} x{0}42x{0,..., [logn] — 1} separating 0 from the top of the
region. We call this event C and enumerate the possible paths according to
their first coordinate on the left side h > 0 and their length [ > h + 1: there
are not more than 3' such paths. On the other hand, in any path of length I

we can select at least [1/13%] positions at ||.||.-distance at least 7 from any
L/3

log »
An,L

other. As the corresponding 7-events are independent under ¥
L/3 1/132
Ui (€)<Y Y 31— p)
’ h>0 [>h+1
where p; = inficy, , \Ilk/g (’];L) This is not larger than ar /(1 — az)? if ap =

1/132 : : _ :
3(1—pr) < 1, and since limy, ay, = 0 the claim follows. O

1.4.1.4. Proof of Proposition [I.4.1. We conclude these intermediary esti-
mates with the proof of Proposition [1.4.1]

PRrROOF. (Proposition [1.4.1). As the event L is increasing in w, thanks to
Proposition [1.3.2] it is enough to estimate its probability under the product
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measure W L3

Al We consider the following events on (J,w):

(J,w): there exists a modification of (J,w) on E™(BL)
A =< such that the 7-cluster issued from 0 forms an
horizontal interface in {0,...,n — 1}41 x {1,...,[logn] — 1}

B= {ve € E°(BL),J. > ¢, and w, = 1}

By a modification of (J,w) on E"(BL) we mean a configuration (J',w') €
J x ©Q that coincides with (J,w) outside E*(B{). Clearly, the event A does
not depend on (J, W>|Ew(é0L)’ whereas B depends uniquely on (J, w)‘Ew(é&).

According to the product structure of ¥ l/ogg , we have
n L

OB (AN B) = U2 (4) x U3 (B).

log log L
An L An,L BO

In view of Lemma [1.4.5 liminf,, \I/Ll/o?; (A) > 1/2 for L large enough multiple

nL

of 3, whereas \IJL/3 (B) > 0 for any L large enough (we just need P (J, > e) >

0
P(J. > 0) —e ¥ > 0). This proves that liminf, \Ile/fg (AN B) > 0 for L large

enough. We prove at last that ANB is a subset of £ and consider (J,w) € ANB.
From the definition of A we know that there exists a modification (J',w’) of
(J,w) on E*(BE) such that the T-cluster for (.J',w') issued from 0 forms an
horizontal interface in {0,...,n — 1}¢°t x {1,...,[logn] — 1}. Let us call C
that 7 -cluster and
I=Cn{0,...,n—1}""x{1,..., [logn] —1}.

From its definition it is clear that Z contains an horizontal interface in
{0,...,n—1}4"1x{1,... [logn] — 1}; we must check now that Vi € Z,C? (w)N
B # 0 and J € GE. We begin with the proof that C2 (w) N BE # (), for every
i € I: since ¢ € C, Lemma [1.4.3| tells us that there exist x € BL and y € BF
which are doubly connected under w'. Since the corresponding paths enter at
distinct positions in Ew(é(f), y is also doubly connected to o under w which
has all edges open in Ew(B(f) As for the J-structure, for every ¢ € 7 we
have (J',w') € T.*, hence J' € GF and J € G for every i € Z such that
l%é N B = 0. We conclude with the remark that the replacement of .J' by
J in Ew(B(f) just enlarges an already large J'-cluster (no new large cluster is
created, hence J' € GF = J € GF): the inclusion (J',w') € 7* implies the
existence of a w’-open path of length L in Ew(éoL ), and this path is necessarily

also J'-open, hence J € G for all i € T such that BE N BX' # 0, and this
ends the proof that AN B is a subset of L. O

1.4.2. First pivotal bond and local modifications. We introduce here
the notion of first pivotal bond: given a configuration w € ), we call C%(w)
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the set of points doubly connected to x under w. Given e € E(Z%) we say that

e is a pivotal bond between x and y under w if x & y in w and z L y. At

last we say that e is the first pivotal bond from z to y under w if it is a pivotal
bond between x and y under w and if it touches C? (w).

There does not always exist a first pivotal bond between two connected
points: it requires in particular the existence of a pivotal bond between these
two points. When a first pivotal bond from x to y exists, it is unique. Indeed,
assume by contradiction that e # ¢’ are pivotal bonds under w between x and
y and that both of them touch C? (w). If ¢ is an w-open path from z to y, it
must contain both e and €¢’. Assume that ¢ passes through e before passing
through €/, then removing e in w we do not disconnect x from y since e’ touches
C2(w) D C, (W‘{e}c), and this contradicts the assumption that e is a pivotal
bond.

In the following geometrical Lemma we relate the event £ defined at
to the notion of first pivotal bond. We recall the notations Bottom(Af’gL) =
{1,...,Ln—1}¢"1 x {0} and Top(Alsz) ={1,...,Ln—1}*1t x {L[logn]}, as
well as £~ for the set of edges in the discrete half hyperplane H™~ (see (1.37))).
We say that w € Qp is compatible with J € Jg if, for every e € E, J, = 0 =
we = 0.

LEMMA 1.4.6. Consider x € Bottom(Aif?gL), €€ Qp- and (J,w) € L with
w such that

zF Top(AiigL) and z 2% o.
Then, there existsi € {0,...,n—1}"tx{1,..., [logn] —1} such that J € G-
and there ezists a modification W' of w on E“’(B-L’l) compatible with J, such that

7

the first pivotal bond from o to x under W'V & exists and belongs to Ew(B-L’l).

The variable ¢ corresponds to the configuration below the slab Af’gL. The
point in introducing ¢ here (and in the formulation of (USP)) is the need

for an estimate uniform over the configuration below the slab in the proof of

Lemma [1.4.8]

Proor. Note that Figure provides an illustration for the objects
considered in the proof. We build by hand the modification w’. Since (J,w) € £
there exists an horizontal interface Z as in (1.41). Since on the other hand

wVE

T Top(Alzgi), there exists i € Z such that C.(w V &) N BEF # ). Let us fix
such an 7: we clearly have J &€ QZL. From the definition of the event L, we
know that C2(w) N BE #£ 0. We fix y € C,(w V &) N BY and 2z € C3(w) N BE.
There exist two w-open paths ¢y, cy in E“’(Alrsz) made of disjoint edges, with
no loop, that link o to z, as well as an w V &-open path d in Ew(AIT?,gL) Uk,
with no loop, that links x to y. Of course, d does not touch ¢; U ¢y since z <» o
under w V &.
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C1

C2 L[logn]

d
o e B

mo s

FIGURE 5. Lemma(1.4.6} ¢y, co are w-open, d is w V &-open and
w' is J-open.

Since i is not in the first block layer (see the remark after Lemma [I.4.5)),
¢ N EY(BY) and d N E¥(BX') have a connected component of diameter
larger or equal to L. Since 1, ¢ is larger than w these components are also
J-open, and since J € G, this implies that there exists a J-open path u in
Ev(BMY), self-avoiding, joining ¢; to d. Noting (1), the vertexes of u, we call
v=min{t: pu, Nd # 0}, then v = max{t < v:p N{c1 Ucy} # 0}, and p the
portion of u between pu,, and pu,. Finally, we define the modified configuration
as

w. if e ¢ EV(BM
w,=% 1 ifee E*(B"")YN{cUcUdU Y}
0 else

and claim that {ft,, ftus1} is the first pivotal bond from o to z under o' V &:
first of all, there is effectively a connection between o and x under W’V £ since
1/ touches both ¢; U ¢y and d. Then, it is clear that p, is doubly connected to
o, to prove this, if u, € ¢; for instance we just need to consider ¢| the portion
of ¢; from o to p, and ¢ the rest of ¢;; ¢} is a path from o to x, and a second
path is made by ¢/ U co, which uses edges distinct from those of ¢}. At last,
{ s pus1} is a pivotal bond between o and z (and more generally any edge of
i is a pivotal bond) since y' touches ¢; U ¢o only at its first extremity. 0

1.4.3. The uniform estimate (USP|). We are now in a position to prove
the uniform estimate (USP]) defined at the beginning of Section [L.4]

PROPOSITION 1.4.7. (SP, d > 3)) implies (USPJ.

PRrROOF. In view of Proposition [1.4.1] one can fix L € N* and ¢ > 0 such
that

lim inf Einf ®/7 ((J,w) € £) > 30.

K
log
n—oo T An,L
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According to Markov’s inequality (1.12]) we thus have
P (infcb“ (Jw) € L) > 5) )

for any n large enough. In the sequel we fix J € J such that

inf @ilog ((J,w) € L) >4 (1.43)

Consider = € Bottom(A:fL’gi) T e
cases must occur:
\/5
() @37, (2% 0) > 6/3

wVE

(i) or &7 Ao <a: R Top(Aifi)) >0/3

Ew (A% )e and £ € Qg-. One of the following

(iii) or @Jf;g (:c 5 0 and 1 5 Top(Aisz)) >1-20/3.

n L
The first two cases lead directly to the estimate
@/‘iﬂg (m Noorx Top(Aisz)) >0/3.
We focus hence on the third case. We let
L. = {w € Q. (aloz ) (Jw)e Lz % 0and x5 Top(Alf,gL)} . (1.44)

it follows from (iii) and (|1.43]) that CID‘]”( o8 (L;) = 6/3. Then, for w € L, we
define the set of could-be first pivotal bond

e€E(AE): Jief0,...,n—1}"1 x {1,..., [logn] — 1}
with J € G and a modification @ of w on E“’(B-L’l)

(2

compatible with .J such that e € E¥(B/") is the
first pivotal bond from o to z under @ Vv &

where & (Afi) =U

F,(w) =

el oy EE. Lemma [1.4.6] states that Fl(w) is not empty

n L’
whenever w € L£,. Hence, for all w € L, we can consider the edge f,(w) =

min F,(w), where min refers to the lexicographical ordering of S(Ai‘;’gL). Given

e € E(A%) we denote by i(e) the unique index i € Z¢ such that e € EE. We
prove now the existence of ¢, > 0 such that

e first pivotal bond from o S e
to x under wype VW'V § Z L

(1.45)
where W' is the variable associated to <I>};’fv“"Ef and E; = E“’(BZ.L(’EQ)). Let w €
L, N{w : fi(w) = e}. According to the definition of f,, there exists i such
that J € GF, e € E¥(B"") and there exists a local modification & of w on
E* (B, compatible with J such that e is the first pivotal bond from o to

under @ V €. From the inclusion E*(B"") ¢ E“’(BiL(f)) we deduce that @ is a

Vw e L, N{w: fo(w) =e}, @Jﬂvw‘Ec (
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modification of w on the block Ew(BiL(f)) that does not depend on i. On the

other hand, E“’(BiL(f)) C E*(B?) and in view of the definition of G* (1.40)

this implies that for all e € Ew(Bf(f)), J.=0or.J. > e;. From the DLR
equation (|1.6]) it follows that

q)ngwf({@}) > ] inf &7 (we = @)

ecFE; T
and remarking that

VI, € 0,1, &7 (we=0)>" (w.=0)=1—p(J)=1—-p(1)>0

{e}

and

VJ, € [e,1], @7

{e} (we=1) > (I){Jé]; (we =1) =p(Je) 2

thanks to the assumptions on p stated before (|1.4)), we conclude that ([1.45))
holds with

[ ( " p(e) .

cp = |min [ 1 —p(1), )] > 0.
. p(e) +q(1 - p(e))

Combining the DLR equation for ®”/ (|1.6)) with ((1.45]), we obtain

@J,ﬂ'

log
An,L

( e first pivotal bond from )

o to x under w V&

_ i (I)Jvﬂ'\/w\Eic e first pivotal bond from o
Ei to x under wype VW'V E

log
An,L ¢

> chbi’gg (Lo N {fo(w) =¢€}). (1.46)

L

If we now sum over e € £ (AlfgL) — the events in the left-hand term are disjoint

for distinct edges e, and all included in {o R x} — we obtain
eI (0 RN x) > e, 7 (L)

log
An,L

which is larger than c;0/3 as seen after (1.44). To sum it up, under the
assumption ([1.43) which holds with a P-probability not smaller than §, we
have shown that

@i’” <a: o or xE Top(Aifi)) > min(d/3,c.0/3)

log
n,L

and the proof is over. O
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1.4.4. An intermediate coarse graining. The strength of the criterion
(USP) lies in the fact that it provides an estimate on the ®/™ connection
probabilities that is uniform over z, m and £. This is a very strong improvement

compared to the original assumption of percolation in slabs (SP, d > 3)).

In this Section, we establish an intermediate formulation of the coarse
graining. We begin with an estimate on the probability of having two long
vertical and disjoint w-clusters in the domain

AV = {1, N = 1} x {1,[N/4] — 1}. (1.47)

LEMMA 1.4.8. Assume (SP, d > 3|). There exist L € N* and ¢ > 0 such
that, for any N € N* large enough multiple of L and any x,y € Bottom(A%4).'

w w it N
Einf #77, (=& Top(AY"), y & Top(AY") and = % y) < exp (_Clog N) ‘
(148)

Proor. We fix some L € N* and ¢ > 0 so that the uniform criterion
(USP)) holds whenever n = N/L is large enough. The domain A}\& contains
all slabs

Sh = A% + hL[lognleq, h € {0,...,n/ (4[logn]) — 1}
Given J € J, we say that S, is J-good if for all € Bottom(Sy), 7 € Qgu(s),)e
and § € Qp-,

h

<I>:.;: (:17 X o or w UF Top (Sh)> >e (1.49)
where
E, = Ef (H + hL[logn]e,)

(cf. (1.37)) and oy, = 0+ hL[logn]ey;. The event that S, is J-good depends
only on J, for e € E"(S},), thus for distinct h these events are independent.

Since they all have the same probability larger than e, Cramér’s Theorem
yields the existence of ¢ > 0 such that

There are at least [en/(8logn)] . n
J-good slabs in A%Zl - P Clogn

for any n large enough.

)

Let us denote k = [en/ (8logn)| and fix J € J such that there are at
least k J-good slabs. We denote by hq,...,h, the positions (in increasing
order) of the first k J-good slabs. Given some boundary condition 7 and

T,y € Bottom(A}f), we pass to an inductive proof of the fact that, for all
ke{l,....,k}:

B i (25 TD(Sh),y & Top(Sh,) and & & ) < (1 - 2/4)
(1.51)

hj+1
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We assume that either & = 1 or that (1.51)) holds for £ — 1 and we let

Q it h<h
Dy, = e © < Top(Sh), y <> Top(Sy) olse
AY" T and z «» y under Wigy,, '

It is obvious that D), C D;_; for any h > 1. For any k such that h; > 1 and
w € Dy, _1, we define xj(w) as the first point (under the lexicographical order)
of Bottom(Sy, ) = Top (Sh,—1) connected to x under WiE;, (respectively, yi(w)

is the corresponding point for y) — see Figure |§| for an 1llustrat10n If hy =0
we let xx(w) = x and y(w) = y.

Shl

ALA

FIGURE 6. The z; and y; in Lemma [1.4.8]

Applying the DLR equation we get:

Jyr g Jmvwipw(s, e [ xy, Top S
®ya (D) = 2w (1th1<1>ghk . oo b v (Sh) (1.52)

and x gt Yk

JWVW\Ew(Sh ye
where the variable w (resp. wy) corresponds to o Nz (resp. to @Sh

),

€ =¢w) = Wip- is the restriction of w to Ej and xp and y, refer to zx(w)
k

and yi(w). Here appears the reason for the introduction of ¢ in Lemma m
and in the definition of (USP)): the cluster issued from z under wy, V ¢ is the

same as that issued from z; under wy V &, while in general x pad Top(Sh,,)

does not imply x5 <5 Top(Sy, ).

We use now the information that Sj, is a J-good slab. Given any 7 €
Qpu (s, )e, § € QE_ and z € Bottom(S), ) we have, according to (|1.49)):

@éﬁ}l( ka~5 TOP(Shk)) = — Oor @é’: <z — Ohk) > (1_53)
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Here we distinguish two cases. If

™ wg VE € T w VE
Cbéhk <xk £ Top(Shk)) > 5 o ¢éhk (yk £ Top(Shk)> >

DN ™

it is immediate that

@é}:c (a:k “EYS Top(Sp,,) and yy pad Top(Thk> <1- % (1.54)
In the opposite case, (1.53)) implies that both
Jr wiVE € Jr wiVE €
@Shk(mk & op,) = 3 and @Shk(yk & o) = 3

and the FKG inequality tells us that

wiVE Wi wiVE

2
Jm Jmw V¢ Jm €
(I)Shk (l‘k — yk> = (I)Shk (l’k — Ohk> X CDShk (yk — Ohk) = Z (155)
Since either ((1.54)) or ([1.55)) occurs in a good slab, we see that

2
: : €

inf inf ®L" (xk, n “EYS Top(Sp, ) and zy, gt yk> <1—-—
WGQEw(Shk)c €€QE; hy, 4
k

and reporting in (1.52)) we conclude that

52

J J
q)A]l\,/‘l (th) < (1 - Z) A}\{‘l (1th71> )
which ends the induction step for the proof of (1.51) as Dy,_1 C Dy,
The proof of the Lemma follows combining ([1.50) and (|1.51) with k£ = &

[en/ (8logn)].

-

Ol

We are now in a position to present a first version of the coarse graining:

PROPOSITION 1.4.9. Assume (SP, d > 3|). Then for any € > 0 there exists
N € N* such that

There exists a crossing cluster for w
Einf @;{; in Ay and it is the only cluster of >1-—c¢. (1.56)
" diameter larger or equal to N//

This estimate is clearly weaker than Theorem [1.2.1] yet it provides enough
information to establish Theorem [1.2.1] using renormalization techniques
(Section . Note that at the price of little modifications in the proof
below one could prove the following fact, assuming : there exist
L C N* and ¢ > 0 such that, for any N large enough multiple of L and any
function g such that (log N)* <« g(N) < N,

There exists a crossing cluster for w cg(N)
E inf (DXJZ in Ay and it is the only cluster of >1—exp (——)
" diameter larger or equal to g(NV)

Yet, this formulation suffers from arbitrary restrictions: the logarithm in the
denominator and the condition that N be a multiple of L. This is the reason
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for our choice of establishing a simpler control in Proposition [[.4.9] that will
be reinforced later on by the use of renormalization techniques.

PRroor. In Corollary we have seen the existence of L; € N* such
that, for any N large enough multiple of L,

Einf @X; (There exists a crossing cluster for w in Ay) > 1—¢/2.  (1.57)

It remains to prove that it is the only large cluster. We fix Ly € N* and ¢ > 0
according to Lemma [1.4.8] and assume that N is a large enough multiple of

Ly and of L so that both ((1.57) and ([1.48]) hold. We consider the event

There exists a crossing cluster C*
A =< for w and another C’ of diameter
larger or equal to N/4

For any w € Qpguw(ay) N A, there exists some direction k € {1,...,d} in which
the extension of C’ is at least N /4. Since all directions are equivalent we assume

that k = d. If we denote h = inf{z - e4,2 € C'} and A}f’h = A}V/4 + hegy, there
exist z,y € Bottom (A%Ll’h) such that

T,y & Top (A}\&’h) and 7 & Y

where w" = W) a1/ 40 As a consequence,
x, ¢ To <A1/4’h)
[E sup CD/{; (A) <d Z E sup Q)i’fm’h ( Yy . P AN
" h=0... [3N/4] o and z < y
T,y € Bottom(AJl\,M’h)

< d(BN/4 4 2)N* @ Vexp [ —c N

h log N
which goes to 0 as N — oo and the proof is over. O

1.4.5. The two dimensional case. In the two dimensional case the
adaptation of Proposition [1.4.9)is an easy exercise: it is enough to realize a few
horizontal and vertical crossings in Ay to ensure the existence of a crossing
cluster, together with the uniqueness of large clusters.

ProproSITION 1.4.10. Assume (SP, d = 2|). Then for any € > 0, for any
N € N* large enough:

There exists a crossing cluster for w
E inf (ID;(; in An and it is the only cluster of >1—c. (1.58)
" diameter larger or equal to N/4
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PROOF. We divide Ay in eight horizontal parts: for & € {0,...,7} we let
Pyp={1,...,N =1} x {[Nk/8| +1,...,[N(k+1)/8] — 1}
and then we decompose each Py in slabs of height x(/N) where s is the
function appearing in the definition of : for all
h e {0,....[[N/8]/k(N)] — 1},
we define
Syvien=1{1,...,N =1} x{[Nk/8]+hx(N)+1,...,[Nk/8+ (h+1)x(N)—1}.

Given k € {0,...,7} we consider the measure ¥ on (Jpy,, 2py,) induced by
(JiV...Vdh, w1 V...Vwy, ) under the product measure

J7f
@ Edg! .
h=0,...,hmax

where hAyax = [[N/8]/k(N)] — 1. Thanks to Proposition we know that
V¥ is stochastically smaller than EQD}{J{ , and thus than ECDX; TV if 7 is a worst
boundary condition for (1.58)), cf. (1.11]). Consider now the event

s —loea- there exists h € {0, ..., hpax} such that w
k " presents an horizontal crossing in Sy k. )

thanks to (SP, d =2) and to the product structure of ¥ there exists some

¢ > 0 such that
cN
V(&) >1— _
( k) eXP( /{(N))

for any N large enough, and because of the stochastic domination (remark
that & is an increasing event) it follows that

J7(J) cN
Eq)AN (50ﬂﬂ57)>1—8exp(—m>
We proceed similarly in the vertical direction and let &, the event that w
presents a vertical link between Bottom(Ay) and Top(Ay) in the region
{kN/8,...,(k+1)N/8} x {1,...,N —1}.

The event &N ...NE NE N ... N E; has a large probability under E@;{’;(‘]),
on the other hand it implies the existence of a crossing cluster, as well as the
uniqueness of clusters of diameter larger than N/4. U

1.5. Renormalization and density estimates

In this Section we introduce renormalization techniques, following Pisz-
tora [73] and Liggett, Schonmann and Stacey [62]. We then finish the proof of
the coarse graining (Theorem and Proposition [1.2.2)). We also adapt the
arguments of Lebowitz [59] and Grimmett [42] to the random-media case and
prove that for all ¢ > 1 and all p, for all except at most countably many values
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of (3, the two extremal infinite volume annealed measures with parameters
p(Je) =1 —exp(—0Je), g and p are equal. We conclude on an adaptation of
the coarse graining to the Ising model.

1.5.1. Renormalization framework. The renormalization framework
naturally breaks down in two parts. First we describe a geometrical
decomposition of a large domain A into a double sequence of smaller cubes,
then we present an adaptation of the stochastic domination Theorem of [62].

We begin with a geometrical covering of A with some double sequence
(A;, AL)ier. Its properties are described in detail in the next Lemma, for the
moment we just point out what we expect of the A; and of the A/ respectively:

e The A; are boxes of side-length L — 1, they cover all of A and most
of them are disjoint. In the applications of renormalization they will
typically help to control the local density of clusters.

e The A} are boxes of side-length L+ 2L’ —1 such that Aj and A’; have
an intersection of thickness at least 2L’ whenever 7 and j are nearest
neighbors. The role of the A is to permit the connection between
the main clusters of two neighbor blocks A; and A;.

DEFINITION 1.5.1. Consider some domain A of the form

d
A=z+ {1 L}
k=1

with z = (21,...,2q4) € Z%, L, € N*, and L, L’ € N* with L' < L. Assume that
L+ 2L <ming—y 4 Lz, denote

Ing =[O, .. [Le/L] - 1}

and for all i € Iy, call z; the point of coordinates zj, + min(Li - ey, L, — L)
(k=1...d) and «} that of coordinates zj + min(max(Li-ey, L"), Ly — L — L').
Consider at last:

Aj=x;+{1,... L} and A, =af+{-L' +1,..., L+ L}

We say that (A;, A)icr, ;. is the (L, L')-covering of A.

Remark that z; and z are the closest points to Li, with respect to the
|.]|lco distance, such that A; and A} are subsets of A.

LEMMA 1.5.2. The properties of the sequence (A, A})ier, , are as follows:
for any A, L, L' as in definition we have:

(i) The union Uy, , Ai equals A.
(il) For everyi € Inp, A; C AL and d(A;, A\ A) > L' + 1.
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(iii) Ifi,j € Ing and k € {1,...,d} satisfy j =i + ey, then both A} and

A; contain the slab

{reld:(x—a))-e <L}

(iv) For any x € A such that x - e, < Ly — L for all k = 1...d, there
exists a unique © € Iy 1, such that x € A;.

(v) Given any x € A, there exist at most 6% indices i € Iy such that
SIANS

PROOF. We begin with the first point. If we denote Ay = {1,...,,L}%, it
is clear that the sequence (Li + AL)iGIA,L covers all A and that:

Vielyn, (Li+AL)NACA; CA

thanks to the definition of z;. The equality J;.;, , Ai = A follows. For (ii), the

inclusion A; C A is a trivial consequence of the remark that ||z; — || < L.
As for the distance between A; and A\ AL, we compute the distance between
A; and the outer faces of Al included in A. In a given direction e, (for some
ke {l,...,d}), it is exactly L' +1 whenever x;-e, = x}-ex. If z;- e, < 2} -ey,
then the block A touches the face of A of ej-coordinate 1 and the distance
between A; and the unique outer face of A} normal to e; and included in A
is larger than L' + 1. The same occurs if z; - €, > ) - e, with the opposite
face of A. For (iii), remark that @, — z} = le}, with [ < L. For (iv), consider
such an = and let ¢ € I 1 such that x € A; (it exists thanks to (i)). Since
the coordinates of x; are strictly smaller than those of x, they do not exceed
L; — L — 1. In view of the definition of x; this implies that x; = Li and hence
that © € Li+ A, which determines ¢. Consider at last x € A and ¢ € I, j, such
that x € Al. For each k = 1...d, at least one of the following inequalities
must hold:

Li-ek<L’ or Lz’-ek>Lk—L—L’ or Lzek—L’+1<xek<Lzek+L+L’

since the k-coordinate of z is Li - e whenever the first two inequalities are
not satisfied. The first condition yields only one possible value for i - e :
1-e, = 0 since L' < L. For the second we consider candidates of the form
i-ep = [Lg/L] —n withn > 1 (recall that ¢ € I 1), and there are at most two
possibilities corresponding to n € {1,2}. At last, the third condition yields
not more than 3 possibilities for i - e, and the bound in (v) follows. O

We now present the stochastic domination Theorem and its adaptation to
the annealed measure. Stochastic domination is a natural and useful concept
for renormalization, that was already present in the pioneer work [73]. It goes
one step beyond the Peierls estimates we use in the proof of Theorem [1.2.1
and could have used in that of Corollary [[.3.5 It is of much help for example
in the proof of in Proposition [1.2.2] Let us recall Theorem 1.3 of [62]:
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THEOREM 1.5.3. Let G = (S, E) be a graph with a countable vertex set
in which every vertex has degree at most K > 1, and in which every finite
connected component of G contains a vertex of degree strictly less than K. Let
p € [0,1] and suppose that p is a Borel probability measure on X € {0,1}°
such that almost surely,

w(Xs =1lo({X¢: {s,t} ¢ E})) 2 p,Vs € 5.
Then, ifp>1— (K — 1)K/ KK and

\K
r(00) = (1= G e ) (= (= P = 1)),

the measure i stochastically dominates the Bernoulli product measure on S of
parameter r(K,p). Note that as p goes to 1, r(K,p) tends to 1.

We provide then an adaptation of the former Theorem to the annealed
measure:

PROPOSITION 1.5.4. Consider some finite domain A C Z2, (E;)i—1.., a
finite sequence of subsets of E¥(A) and (&;),_, ,, a family of events depending
respectively on wg, only. If the intersection of any K + 1 distinct E; is empty
and if

p= inf Einf @;{Jf (&)
i

=l.n 7weN
is close enough to 1, then for any increasing function f : {0,1}" — R we have:

. J,7T|Ew(/\)
E inf &4 (f(lsu---,lsn)

w=m on EY(A)\ UEZ> > Bl (f)
i=1

where B is the Bernoulli product measure on {0,1}" of parameter r and

r(K,p) = r*(K,1—/T—=p) (with r(.,.) taken from Theorem . In
particular, lim, ,; r'(K,p) = 1.

The conditional formulation for the stochastic domination is motivated by
the need to control some region of the domain uniformly over constraints in
the remaining region. A good example of this necessity will be seen in the
formulation of the lower bound for L' phase coexistence in the Ising model

(Proposition in Chapter 3).

PrROOF. The proof is based on Markov’s inequality. Consider

gi:{J:igfd)éj(Ei)}l—\/E}.

Clearly, the G; are Bg,-measurable and hence any two G;,G; are independent
under P if E; N E; = 0. Thanks to Markov’s inequality (1.12), as E(1 —
inf,. <I>ZIE”) < 1 —p it follows that P(G;)) > 1 —/1—pforalli =1...n.
Consider now the graph on I = {1,...,n} induced by L = {{i,j} € I? : i #
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jand E; N E; # 0}. All vertexes of the graph have degree at most K — 1,
while almost surely

igfp(gi’gj Hijr ¢ L) = fgp(gz) z1—+/1-p

Hence the assumptions of Theorem [1.5.3| are satisfied for p large enough and
it follows that the law of the G, dominates a Bernoulli product measure of
parameter r = r(K,1 — /T — p). We keep this fact in mind for the end of the
proof and now fix a realization of the media J. We call I' = {i € I : J € G;}.
Let (I', L") be the restriction of the graph (I, L) to I’: again, the maximal
degree of all vertexes is at most K — 1. We consider now the sequence (&;);cr
under the conditional measure

J,m gw
_ B (M)
fr = P (

where 7 € ). Thanks to the DLR equation for @;{’ﬂ and to the definition of
G;, we have again:

inf i (&[E; : {i,j} ¢ L') > inf inf @57 (£) > 1~ /1~ p
le ! 1

el m

w=m on Ew(A)\UEl)

almost surely. Thus, according to Theorem [I.5.3] if B} is a Bernoulli product
measure of parameter r = r(K,1 — /1 — p) as above, and if we denote its
variable (X;);es, then the family (1¢,);cp stochastically dominates (X;)err. In
other words, for any increasing function f : {0,1}" — R we can write (notice
that i € I\ I' = 1g, = 0):

pr(f(Ag Ley, -, 1g,1g,)) = Bl (f(1g, X1, ..., 16, X,))

and taking the infimum over m we get (since 1g 1¢, < 1g,)

inf """ (f(lsu o 1g,)

TeN

W=7 on Ew(A)\OEZ> >

B;L(f(lngla--w]-ann))‘ (159)

At this point, we just need to exploit the stochastic minoration on the sequence
(Gi);es: let B another Bernoulli product measure of parameter r on I, and
denote its variable (Y;);er. Then,

B (f(1g,X1,...,16, X)) = B (B (f(YiXy,. .., VX))
BL(f( Xy, ..., Xn))

and reporting in ((1.59)) we prove the claim. U

1.5.2. Structure of the main cluster. Using the former geometrical
decomposition, the weak form of the coarse graining and the Peierls argument,
we provide with Theorem the final version of the control on the structure
of the w-clusters under the annealed measure. Our result is, at last, entirely
similar to Theorem 3.1 of [73]. We recall that a crossing cluster in Ay is a
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cluster that connects all outer faces of Ay (hence it lives on E*(Ay)), and cite

anew Theorem [1.2.1F

THEOREM |[1.2.1 Assumption (SP) implies the existence of ¢ > 0 and
Kk < 00 such that, for any N € N* large enough and for all | € [klog N, N,

There exists a crossing w-cluster C* in Ay

Einf &7 o . .
AN\ and it is the unique cluster of diameter > 1

) >1— exp(—cl)

where the infimum inf, is taken over all boundary conditions ™ € Qg(zay gw (A y)-

PRrROOF. We begin with a geometrical covering of Ay: for L > 2 we let
(Ai, Aliery,, . the (L, L — 1)-covering of Ay described at definition |1.5.1, For
each ¢ € I, 1 we consider

There exists a crossing cluster for w
E=<qweQ: in A] and it is the only cluster of
diameter larger or equal to L in A

and denote by A; the event

There exists a crossing cluster C¢ for &; in
A=< weQ: I, such that the diameter of any connected
component of I, 1 \ C¢ is at most [I/L] —1

In a first time we prove the inclusion

There exists a crossing w-cluster C* in Ay
A {w € and it is the unique cister of diameter > [ } ' (1.60)
To begin with, remark that if 7,7 € Ix, . are nearest neighbors, and if w €
& NE;, then the corresponding w-crossing clusters in A} and A’ are connected
because the intersection E*(A]) N E¥(A”) has a thickness at least 2L — 2,
cf. Lemma [1.5.2] (iii). Hence we see that for every w € A, there exists a
crossing cluster C for w in Ay. Consider now w € A; and some w-open path
¢ in E¥(Ay) of diameter larger or equal to [. It has an extension at least [
in some direction k, thus we can find a connected path 41,...,4, in I5, 1 of
extension at least [I/L] in the same direction such that ¢ enters each A, .
Because of the definition of A;, at least one of the i; pertains to Cc. Yet in
view of Lemma m (ii), ¢ has an incursion in E"(A] ) of diameter at least

L, hence c touches the w-crossing cluster in E*(A} ) which is a part of C, thus

¢ =C and ({1.60) is proved.

We need now a lower bound on the probability of A;. If w € Qpuw(ay)
is such that there exists no %-connected path 4y, ... 4, with n = [I/L] and
Vie{l,...,n},w ¢ &, then w € A;. This is a consequence of Lemma 2.1
in [33] or of the (simpler) remark that the set of &-good blocks constitutes
a connected interface in every slab of I, 1 of height [I/L], whatever is its
orientation, hence the holes in C¢ have a diameter at most [{/L] — 1.
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Thanks to the stochastic domination (Proposition [1.5.4]), and to the fact
that A; is an increasing event, it follows that

, There is no *-connected path 74, .., %,
Einf @17 (A;) > Bp¥* | in Iy, with n=[I/L] and
" X;, =0, forall k€ {1,..,n}
where py can be chosen arbitrarily close to 1 for an appropriate L in view of

Propositions [1.4.9 and [1.4.10, We conclude using a Peierls estimate: there are
no more than I, 1| x (3%)" x-connected paths of length n in I, 1, hence

Einf ®37 (4;) > 1 — N9(3%)"(1 — py)™.

If we fix L so that p;, > 1— 374, it follows that (3¢)"(1 — pz)" = exp(—c'n) for
some ¢ > 0, together with

Einf &7 (A;) > 1 — exp (dlog N — l/L)

hence the claim holds with ¢ = ¢ /(2L) and x = d/c. O

1.5.3. Typical density of the main cluster. In this Section we prove
Proposition and provide estimates on the annealed probability that the
density of the main cluster be larger than #* or smaller than 7, where

of = li]{/nEq)/‘{\’i(O & 0Ay) and Y = n]gﬂmﬁ(o & 0Ay) (1.61)

(see after 1) for the definitions of Ay and AN) An important question is
whether these quantities are equal, and we will prove in Theorem this is
the case for almost all values of 3. We recall the formulation of Proposition
.22

PROPOSITION [1.2.2, For anye >0 and d > 1,

Some crossing cluster C* has 0
a density larger than 0% + ¢

. 1 Jw
hm;up Nl log & sgp Py, (
while assumption (SP) implies, for any e >0 and d > 2:

1
lim sup —— log E sup (ID‘/]\; (
N s

There is no crossing cluster C*
N 0.

of density larger than 07 — ¢

The proofs of these two estimates differ very little from the originals in
[73], yet we state them as an example of application of the renormalization
methods.

PROOF. (Upper deviations). Given L € N* we consider (A;, Aj)er, . the
(L, 0)-covering of Ay and call I, , = {0,...,[(N—1)/L]—1}%, so that A; and
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A; are disjoint for any i # j € Iy .1, cf. Lemmam (iv). We let furthermore

1 o
}/’i:ﬁzl{wﬁ@iﬁi} (ZEIAN,L)a
TEA;

they are i.i.d. variables under the product measure ) Ed7Y A, and their

iciy NoL Ef(
expectation is not larger than % + /4 for L large enough. Hence Cramér’s
Theorem yields:

log (X) E CIDJ“’ Z Y; < <0

ZEIA L ~.L ZEI

lim sup
N AN7L|

for L large enough. Thanks to the stochastic domination (Proposition |1.3.2)
the same control holds under Eq)/‘(’;v”, and thanks to the remark that

d d—1
D Lpmonyy S D YikdLNT
z€EAN iEiAN,L
it follows that
lim Sup — logE sup Q) 1, e >0"+¢| <0
N ‘A ’ $EZAN {z=0AN} 7

which implies the claim. O]

The proof for the cost of lower deviations is more subtle as it relies on
Theorem [1.2.1{ and Proposition |1.5.4f

PrOOF. (Lower deviations). Given L € N* we call (A;, A}) the

L,L — 1) covering of Ay. We use the same notation I An.L @s in the previous
g N>
proof and let

iGIAN,L

1 o
Y, = ﬁ Z 1{diam(Cz)>\/E} (Z € ]AN,L)

TEA;

where C, is the w-cluster containing x. One has liminf; . E(IDJJE’}J:(AO) (Yo) > 60/,
hence Cramér’s Theorem yields

log® (I> A

ZEIA L

ZY <0

zEI

lim sup

N AN,L\ | AN,L!

for any L large enough. Consider now 7y : Jgw(ay) — gw(ay)e a measurable
boundary condition as in m that satisfies

DT (AR) = sup T (A5).
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where A% is the event that there is no crossing cluster of density larger than

67 — ¢ in Ay. Thanks to Proposition we infer that

lim sup F log E@JWN(J | Z Y; < <0 (1.62)
AN7

ZGIA L
for any L large enough. On the other hand, consider the collection of events

e _ There exists a crossing cluster for w in A
! and it is the unique cluster of diameter > v/L

for ¢ € Iny . Each & depends only on wgw(a;) while Theorem implies:
. . J,m
lim E  inf &7 (&) =1

L—oco TFEQEU,(A;)C i
uniformly over i € I, . Hence the assumptions of Proposition are
satisfied. Applying Theorem 1.1 of [33] thus yields: for any § > 0, any L large
enough,

# Th i 1 |
Jim sup —— - log E cI) Ji N( ) ( ere exists no crossing cluster
N

of density > 1 — ¢ for <5i)i€IAN,L ) < 0. (1.63)

Assume now that w € Qpgw(a ) realizes neither of the events in ([1.62) and ((1.63))

— this is the typical behavior under ECDJWN ) up to surface order large

deviations. Call C C I, the crossing cluster for &. Because of the
overlapping between the A] (Lemma [1.5.2] (iii)), to C corresponds a crossing
cluster C* for w in Ay that passes through every A] for i € C. Since C* is the
only large cluster in each A} when i € C, we have

= Y (Ldn—zd\/ZLd—l)

iECﬁiAN’L

N —1]¢ e 2 N d
S dfgf 5 2%} _spa(
> () ()

which is not smaller than N(0/ — ¢) provided that § = ¢/6, L > (12d/e)? and
N is large enough. 0

1.5.4. Uniqueness of the infinite volume measure. Adapting the
arguments of Lebowitz [59] and Grimmett [42] to the random media case,
we prove that for all except at most countably many values of the inverse
temperature, the boundary condition does not influence the infinite volume
limit of annealed FK measures.

To begin with, given the parameters p, ¢, p(J) = 1 —exp(—3J) with > 0
we define two infinite volume measures on J x {2 by

0L = lim E¢F/ and OF = lim EG". (1.64)

N—o0 N—o0 An
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As for the uniform media case, these limits exist and ©/ is stochastically
smaller than ©Y thanks to the stochastic inequalities

EdH < E®M < E®MU < IECI)%’“’

N stoch. ANTL stoch. AN+1 gioch. N

regarding the law induced on (J,w)gu(i,)- Let us recall Theorem

THEOREM [1.2.3| If the interaction equals p(J.) =1 —exp(—B.J,), for any
Borel probability measure p on [0,1], any ¢ > 1 and any dimension d > 1, the
set

_ R Jf . Jw
Dp,q7d = {ﬁ > 0: J\}lil;o E(I)[\N 7§ ]\}'EI;O E(I)AN}
18 at most countable.

We will present the proof of this Theorem after we state one Lemma. Given
a finite edge set F/, a realization of the media J € Jg and a boundary condition
7 € Qe we denote

w€eQE eeE

the (adapted) partition function (see Section for the definition of CF,(w)).

LEMMA 1.5.5. Let (mn)nen+ such that VN € N*,mn € Qguay)e. Then, the
limat
S 1 JrN
y(p:q, B) = lim mElOg Y o (i) (1.66)
exists and is independent of (wy). Furthermore, y and Elog YEI’W (for any
E C E(Z%) finite and © € Qg ) are convex functions of log 3.

The parameter log 3 for the convexity appears naturally in the proof, see
below after (|1.69)).

PROOF. As in the non-random case, the convergence in ((1.66|) with 7y =
f follows from the sub-additivity of the free energy. The influence of the
boundary condition is negligible as C%., ) (w) fluctuates of at most [OA| with
.

We address now the question of convexity. Let [ be an interval and F' :
I — R, a twice derivable function. We parametrize the inverse temperature
letting § = F(\) and denote on the other hand A, = log(p(J.)/(1 — p(J.))) €
R U {—o0}, thus

YT =) exp (Z we/\e> x qCEW) (1.67)

weNE ecE
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with the convention that w.A. = we Cfin/\él = 0 when w, = 0 and A\, = —o0. Using
in particular the equality
T 1 T (w
Yw € Qp, 77 ({w}) = T exp (Zwe/\e> x ¢CEW) (1.68)
E ecE

we get after standard calculations that:

2 2
d? I T d* . dA. T dAe

el DIES el DL B Bl R DLy

eck eckE eckE
and Jensen’s inequality implies:

d? . . d’ .

Wlong’ > o7 (Z %W> (1.69)

ecek
Here we recover the result of [42]} if 7 = 1 we have A, = log(p(1)/(1 —p(1))),
hence log Y™ is a convex function of A = log(p(1)/(1 —p(1))). Let us develop

the expression A\, = log (eﬁ‘]e — 1) and calculate its second derivative in terms

8.

ag
of o5 and 53¢

2 2
Y J. 58 (J.95)" e=0e

dX? 1 —e Pl (1= eB)?

B Je A dg\>
_(1_67&]‘5)2 [d)\2_6 (W"’Je (a) )]

and fix at last 3 = e*, so that the former line simplifies to

d’\ Je 8
‘= = 1—e P (1+3J,
el U G0
which is non-negative since J, > 0 and 1 + 3J, < ef’c. In view of (1.69)
this implies the convexity of log Yg’ﬂ along A = log 3, and the convexity of

Elog Y™ and y follows. O

PROOF. (Theorem [1.2.3)). We call again A = log 8 and for any N € N*,
m € {f,w} we denote

T 1 J,m
UN = N 1)t 08 Ve

L In the same direction we could prove the following: if Ve € E, J, = 0 or J, > ¢, then
log Yé]’” is a convex function of log(p(e)/(1 — p(g))) as B varies, since fo : x — log((1 +
e®)® — 1) is convex for every o > 1:

fiw) = and (log (f1(x))) = [ff;f]?l s

aez(l _’_ex)afl
(1+em)* -1
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Consider some ¢ > 1 and a Borel probability measure p on [0, 1]. Since y is a

convex function of A\ (Lemma [1.5.5)), the set
D = {\ € R: y is not derivable at \}
is at most countable. Then, for any A € R\ D, 7 € {f,w} we have
dyy _ dy

1 ==

NUdh T dx
thanks to the convexity of y% and to the pointwise convergence to y.
Calculating the derivative we get:

(1.70)

dy;rV 1 Jm 6Je
= Ed e
d\ (2N +1)¢  Ax Z 1 —exp (—6Je)w
ecEY(AnN)
We fix now ey = {0, e;} the edge issued from 0 that heads to e; and denote

ﬁ‘]eocb}{’f (weo) 4 v ﬁ(]eocb‘[{’;” (Weo)

and ry = :
1 — eXp (_ﬁJeo) t 1 — eXp (_ﬁJeo)
For any z € Ay and e € E¥(Ay) we have

J’f J7f J,’ll) J,U)
ECDAN (we) < E@HAZN (we) < E(I)x+A2N (we) < ECDAN (we)

rﬁzE

therefore, choosing © = z. such that e = {z.,z. + e} and summing over
e € EY(Ay) we obtain

f w w w
vl BN g AN,
dA\ T (2N +1)¢ (2N 4 1)d d\
as the actual direction of ey in the definition of % and rf does not influence

their value. In view of (1.70) this implies that the limits of r, and 7%, are
equal, hence

. 6J60 Jw Jf _
Jim By (B o) = @7, () =0

As BJeo > 1- exp(_ﬁJeo) and (1)1{\7:”1\] (weo) Z q)i’sz (weo)v the equahty ®f(weo> =

O¥(we,) follows. The stochastic domination ©f < ©% leads then to the
conclusion: 6/ = ©¥ YA € R\ D. O

1.5.5. Application to the Ising model. In this last Section we adapt
the coarse graining to the dilute Ising model (Theorem [1.5.7]). Applications
include the study of equilibrium phase coexistence (Chapter 3) following [12
14, 23|, 25, 26, 24].

We start with a description of the Ising model with random ferromagnetic
couplings. Given a domain A C Z¢ we consider the set of spin configurations
on A with plus boundary condition

Y ={0:2" - {-1,+1} with o(z) = +1 for all z ¢ A} .



1.5. RENORMALIZATION AND DENSITY ESTIMATES 81

The Ising measure on A under the media J € Jgw(a), at inverse temperature
£ > 0 and with plus boundary condition is defined by its weight on every spin
configuration: Vo € X7,

HA@({U}) ——exp [ Z Je0,0y (1.71)

A B e={z,y}cEv(A)

where ZX; is the partition function

ZK}' = Z exp | 3 Z Jeog0y

UEEX e={z,y}eEY(A)

The Ising model is closely related to the random-cluster model. To begin
with, we say that w € Qpu(y) and o € ¥} are compatible, and we denote this
by o < w if:

Ve ={z,y} € EY(A), w.=1= 0, =0y.
We consider then the joint measure \If}]\g defined again by its weight on each
configuration (w, o) € Qpuy) X X}

1 o=<w —w
v (oW =22 ] p —p(J) (1T2)
A[B €€E“’

where p(J.) = 1 — exp(—24J,) and ZKZ is the partition function that makes

ot 3 & probability measure. It is well known (see [66, Chapter 3] for a
proof and for advanced remarks on the FK model, including a random cluster
representation for spin systems with non-ferromagnetic interactions) that:

PROPOSITION 1.5.6. The marginals of \IJX”B on o and w are respectively
M/{J[; and O,

Conditionally on w, the spin o is constant on each w-cluster, equal to one on

all clusters touching A, independently and uniformly distributed on {—1,+1}

on all other clusters. Conditionally on o, the w, are independent and w, = 1
with probability 1{5,—y X p(Je) if € = {x y}.

Direct applications of the previous Proposition yield the following facts:
first, the annealed magnetization

. J,
ma = Jim Buy 5(e0)

equals the cluster density 6% defined at ((1.13)). Second, assumption (SP, d > 3|)

can be reformulated as follows: there exists H € N* such that

inf inf Ep’ 0,0,4) >0
NEN* 4 ye Sy 1 M ( v)
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where ,u/‘{’; is the Ising measure with free boundary condition, that one obtains

considering EY(A) instead of E¥(A) in (1.71)), and S = SUJS. On the
‘SP, 7=72)

other hand, a sufficient condition for is: there exists a function
k(N) : N* — N* with k(N)/N — 0 as N — oo and

1 J7f
A}l_r)noo sup E,ugN’K(N)ﬁ (0,04) >0
x € Left(SN,K(N))
y € Right(Sn x(nv))

where Left(S) and Right(S) stand for the two vertical faces of 05.

We now present the adaptation of the coarse graining to the Ising model
with random ferromagnetic couplings (the adaptation to the Potts model would
be similar). As in [73] it provides strong information on the structure of the
local phase by the mean of phase labels ¢. Given N, L € N* with 3L < N +1,
we denote (A, A)icr, , the (L, L)-covering of Ay as in Definition m For

any i € I, 1 we let MF(0) the magnetization on A;, that is

1
ME(o) =73 Zax.

TEA;

THEOREM 1.5.7. Assume that 3 > 0 realizes (SP) and ©/ = O%. Let
N,L € N* with 3L < N + 1 and 6 > 0. Then, there exists a sequence of
variables ((bi)ieIAN,L taking values in {—1,0,1}, with the following properties:

(i) For any i € Iay 1, we have
¢i #0= |MzL(U) —mg gbi] < 0.

The event ¢; # 0 implies the existence of a w-crossing cluster and
the uniqueness of w-clusters of diameter at least L in EV(AL).
(ii) If one extends ¢ letting ¢; = 1 fori € Z¢\ In, 1, then:

¢i d; =0, Vi, je€Z withi~ j.

(i) For everyi € Iny 1, ¢; is determined by o\, and WIEw(A))-

(iv) The sequence (|¢i|)ier, . stochastically dominates a Bernoulli prod-
uct measure with high density in the following sense: for everyp < 1,
if L s large enough, then for any I C I, 1 and any increasing
function f:{0,1} — RT, we have

Einf ¥}, (f ((16:)ier) |0 = on E®(A)\ UEw(A;>> > BL(f) (L73)

el

where BZI) 1s the Bernoulli product measure on I of parameter p.
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PRrROOF. We define the variable ¢; in two steps. First we let ¢’ > 0 and
consider

In E"(A!), there exists a crossing cluster for w,

it is the unique cluster of diameter > L'/3.
E=quwe: In EY(4,;), there exists a crossing cluster C; for w,

its relative density belongs to [mg(1 £+ 6/2)] and

there are at least §’L¢ isolated w-clusters.

and
G =14 (0,w) : w € &;, o and w are compatible
P — o,Ww and ‘M{'(O’)—mﬂgi(g7u))‘ <(5

where ;(0,w) is the value of o on the main w-cluster in E*(4;). Then we let

b = { gi(o,w) if (o,w) € G;

0 else.

Properties (i) to (iii) follow from the definition of & and G;, together with the
plus boundary condition imposed by ‘I/;{; 5 ono.

We turn now to the proof of the stochastic domination and exploit the
hypothesis (SP) and ©/ = ©¥. Combining Theorem m, Proposition m
and the remark that for any ¢’ > 0 small enough,

Jim sup i log E sup I < There are less than &’ N¢ > <0
N = Nd A clusters made of 1 point in Ay

(remark that {z} is a cluster for w in Ay if all the w, with x € e are closed,

which happens with probability at least e 2% conditionally on the state of

all other edges, uniformly over J € J), we see that there exists pr 55 with

Pres — 1 as L — oo (for small enough ¢’ > 0) such that, uniformly over N

and ¢ € Ip, 1,

Eil;f @2?(&') 2 PLss -

Given w € &; we examine as in [25] the conditional probability for having
(0,w) € G;. The contribution of the main w-cluster C; to MF¥(o) belongs to
emg(1 4+ §/2) where € stands for the value of o on C;. Then, if 2dL2/3 < §/4
the contribution of the small clusters touching the boundary of A; is not larger
than §/4 and it remains to control the contribution of the small clusters not
touching the boundary. Since the spin of these clusters are independent and
uniformly distributed on {£1}, Lemma 5.3 of [73] tells us that:

1 J J
Ji+ - e . *
Vs SCa ()] g o > 7w é?exp( ISCa, (w)| A (4Ld/3))

z€SCx, (w)
where SCx,(w) is the set of small clusters for w in A; not touching the
boundary, LY3 an upper bound on the volume of any small cluster, and
14+ 1—=zx

AN (z) = 5 log (1 +z) +

log (1 —z),Vz e (—1,1)
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is the Legendre transform of the logarithmic moment generating function of X
of law d_1/2 + 9, /2. Because of the assumption w € &;, we have |SCx,(w)| >
§'L?. Hence,

1 ) )
J+ d A *
\IJANﬂ ﬁ E Oy| > Z_L w | < 26Xp (—(S/L A (4Ld/3>>
z€SCx; (w)

As A*(z) > 2%/2 and mg < 1 we conclude that for L large enough, for any
w € gi,

Uyt (Gilw, oma,) = Prsy = 1 — 2exp(=0'6°LY?/16).

We now conclude the proof of the stochastic domination for |¢;| = 1g, and
consider I C I, 1, together with an increasing function f : {0,1}/ — R*. We
fix w € Qgw(ay) and consider

I'={iel:we&} and f:{0,1} - R*
defined by
' ((@)ier) = f((xi)ier), Y(x;) € {0,1} with z; =0,Vi e I\ I'.
Since no more than 6 distinct A; can intersect, Theorem tells us that
I+ J,
\IIAN I¢] (f ((1@ zeI) | w) \IIAszrﬂ (fl ((lgz‘)iel’) w)
I/
B (64 pL 55/) (f/ ((Xl)zel’))
I
= Bgay, o ( (Xile)ier)) - (1.74)
Integrating (|1.74)) under the conditional measure

Jw
©AN ( .

and taking [Einf, we obtain on the left hand side, thanks to Proposition |1.5.6]
the left-hand side of (1.73]). For the right-hand side, we remark that

y = (yi)ier — B ,(f(Xivi)ier))
is an increasing function, hence Proposition gives the lower bound

w=mon EY(Ayn)\ UEw A')

el

w=mon E(Ay)\ UEw(A;)>

i€l

Eigf (I);{’x (Bg(ﬁd,p}”&[sl) (f ((Xilfi)iel))

WV

By st s (Boons, . (F (Xi¥)icr))
= ng'(ﬁd,pL,w)xr(ad,p;,&g,) (f (Xi)ser))

and the claim follows as, for any ¢’ > 0 small enough,

Llim (6%, prss) ¥ r(6daplL,6,5’) =1
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1.6. Conclusion

These estimates for the Ising model with random ferromagnetic couplings
conclude our construction of a coarse graining under the assumption of slab
percolation. It turns out that apart from being a strong obstacle to the
shortness of the construction, the media randomness does not change the
typical aspect of clusters (or the behavior of phase labels for spin models)
in the regime of slab percolation.

This coarse graining is a first step towards a study of phase coexistence
in the dilute Ising model that we propose in Chapter 3. Following [14], 24]
we describe the phenomenon of phase coexistence in a L! setting, under both
quenched and annealed measures. The notion of surface tension and the study
of its fluctuations as a function of the media is another requirement for that
study, it is thus the object of Chapter 2.

Another fundamental application of the coarse graining, together with the
study of equilibrium phase coexistence, concerns the dynamics of such random
media models. In opposition with the previous phenomenon which nature is
hardly modified by the introduction of random media, the media randomness
introduces an abrupt change in the dynamics and we confirm in Chapter 4
several predictions of [45], among which a polynomial decay for the average
spin autocorrelation.






CHAPTER 2

Surface tension

ABSTRACT. This chapter is dedicated to the study of surface tension in the
dilute Ising model. Media randomness is responsible for new properties of
surface tension. We prove the convergence of the quenched surface tension
and analyze large deviations: upper deviations occur at volume order while
lower deviations occur at surface order. We provide upper and lower bounds on
the rate function for lower deviations. At low temperatures we relate surface
tension to maximal flows (or first passage times if d = 2) and prove, for a
broad class of distributions of the media, that the inequality 7* < 7¢ between
annealed and quenched values of surface tension is strict.

2.1. Introduction

In the former chapter we designed a coarse graining in order to describe
the local phases of the Ising model in random media. Here we study another
notion that plays an essential role in the phenomenon of phase coexistence:
surface tension. Surface tension is a physical quantity that quantifies the cost
of having an interface separating the plus and minus phases in a given direction.
We will see in Chapter 3 that it determines the shape of droplets when phase
coexistence occurs.

The random media introduces a major modification with respect to the
pure Ising model: in the dilute Ising model, surface tension depends on the
realization of the media. Hence the usual question of convergence of surface
tension takes a more complex form, which we answer proving the convergence
in probability and studying large deviations. Lower deviations turn to be of
surface order. We will expose the connection between the rate function for
lower deviations and the annealed value of surface tension. The fact that
lower deviations occur at surface order is also responsible for the metastability
properties of the Glauber dynamics of the dilute Ising model that we describe
in Chapter 4.

This Chapter is organized as follows: in the remaining of Section [2.1 we
introduce a few definitions and present our main results. In Section we
prove the convergence of surface tension and introduce the rate function for
lower deviations. In Section we examine the low temperature asymptotics

87
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of surface tension and in the last Section we provide lower and upper bounds
on the rate function for lower deviations.

2.1.1. Notations and definitions. Below we describe the Fortuin-
Kasteleyn representation of the Ising model and proceed to the definition
of surface tension. The use of the Fortuin-Kasteleyn representation for the
definition of surface tension is a great advantage on the technical level as one
can use directly the FKG inequalities. A side advantage is that, at the same
time, one can study surface tension corresponding to (ferromagnetic) random
media percolation, Ising and Potts models.

Our analysis holds for the lattice Z¢, d > 2. The canonical vectors are
denoted (e;);i—1. 4 and for any z = >_"" | x;e; = (x1,...,24) € Z% we consider
the following norms on Z%:

J 4 1/2
d
lzll =" lwil, Nzl = (Z l’?) and - [|z|o = max [z;].
i=1 i=1
Given x,y € Z® we say that x, y are nearest neighbors (which we denote z ~ )

if they are at Euclidean distance 1, i.e. if ||z —y||o = 1. To any domain A C Z4
we associate the edge sets

EA) = {{z,y}:z,ye AN and z ~y}
and E“(A) = {{z,y}:2€AyeZ’ and z~y}.
The set of cluster configurations is
Q= {w . B(2%) — {0, 1}}

and for any w € Q and E C E(Z%) we call wjg the restriction of w to E,
defined by (wg)e = w. if e € E, 0 else. The set of cluster configurations on £
is Qp = {wg,w € Q}. Given a parameter ¢ > 1 and an inverse temperature
B > 0, a realization of the random couplings J : E(Z%) — [0, 1], a finite edge
set E C E(Z%) and a boundary condition 7 € Qe we consider the Fortuin-
Kasteleyn measure CDJ’W on Qg defined by

75" ({w)) = Zh,q [Tpo (1 —po) ™ x %59, voeQr  (21)

E,B ecE

where p. = 1 — exp(—3J.), CE(w) is the number of clusters of the set of
vertices in Z? attained by E under the wiring w V 7 defined by (w V 7). =
max(w,, T.), Ve € E(Z%), and Zé’jrﬁ’q is the renormalization constant making
@égq a probability measure.

For convenience we use the same notation for the probability measure ®% g
and for its expectation. When the parameters ¢ and § are clear from the

context we omit them in the notation. Given R a compact subset of R?
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J
E(RNZ%)
the cluster configurations on E(R NZ%), where R stands for the interior of R.

usually a rectangular parallelepiped) we denote ®%™ the measure @ on
y g R

We say that f : Qp — RT is increasing if, for all w,w’ € Qg one has
w<qw = f(w) < f(W) where <q stands for the product order on Qg. The
following fact is classical — see [4] for instance:

PROPOSITION 2.1.1. The Fortuin-Kasteleyn measure @égq satisfies:

(i) For any h : Qr — RT increasing, @}é’;}q(h) is a non-decreasing
function of J, B and 7.
(ii) FKG Inequality: for any g,h : Qp — RT increasing we have

Jm, g, T,
(iii) DLR FEquation:
B (o = of) = DI

E\E',3
for any E' C E and W' € Qpr.

The dilute interactions are represented by a sequence of random variables
J = (Je)eepza) such that, under the measure P, the (J.).cp(ze) are indepen-
dent, identically distributed on [0, 1] and measurable with respect to the Borel
o-field. The assumption that J, > 0 simplifies our study as it permits the use
of the FKG inequalities, while the assumption that .J. is bounded from above
ensures that all bonds have finite energy (otherwise, the error terms in the sub-
additivity Theorem — Theorem — would themselves be random, leading
to some more complications). The independence makes the study easier: in
particular, for any R, Ro compact subsets of R? that have disjoint interiors, for
any g, h : 0 — R the quantities <I>‘7]371r(g) and q);]z;r(h) are independent under PP.

FIGURE 1. The rectangular parallelepiped R, 1 u(S,n).

We continue with a few geometrical notations. We call

S9=1 " the set of unit vectors of RY
S,,  the set of d — 1 dimensional hypercubes of side-
length 1, centered at 0, orthogonal to n € S9!
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Remark the set S,, can be enumerated as follows:

d—1
S, = {Z[il/?]uk; (uq,...,ur_1,n) is an orthonormal basis for Rd} :
k=1
Given n € S, S € S,, and z € R?, two positive numbers L and H, we
denote R = R, 1 u(S,n) the rectangular parallelepiped

RLL,H(S,’H,) =x+ LS+ [—H, H]’I’L (22)

centered at x, with basis  + LS and extension 2H in the direction n (See
Figure . The discrete version of R is R = R N Z? and the inner discrete
boundary of R is

87%2{yE7A2:EIZEZd\7A€,z~y}.

For any R as in ([2.2)) we decompose OR into its upper and lower parts TR =
{yeoR: (y—2) - n>0}and 0 R={y € OR: (y —z) - n < 0}, where z is
the center of R and n its orientation.

DEFINITION 2.1.2. For any rectangular parallelepiped R like (2.2)), the
surface tension in R is
1 J
where Dy, is the event of disconnection between the upper and lower parts of

OR:
D = {w cQ: IR G a—fz} . (2.4)

We will see in the next Chapter that this quantity actually measures the
cost for phase coexistence in the direction . On a physical level, it is well
known that surface tension represents the excess free energy per surface unit
due to the presence of an interface.

2.1.2. Main results. As in the uniform case, the surface tension is a
decreasing function of H and a sub-additive function of L (apart from small
error terms, see Theorem . In view of the applications to the study of
phase coexistence, we consider from now on

RY = 72071\7,5N(5', n)

for some 6 > 0 small and N large. In Theorem [2.2.3| we introduce the quenched
surface tension 77 as the limit

TI(n) = A}im T4~ in P-probability
which does not depend on § € S,,, nor on 6 > 0. Then we address the

possibility of fluctuations of TéN around 7%(n) for large values of N. Upper
deviations occur at volume order (Proposition [2.2.4)), hence they are not
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relevant for the study of phase coexistence. Instead, lower deviations occur
at surface order.

N
surface volume \\
order order !

iy
-

N
N

maxr

o
-

T

min

o
B

T4 T
FIGURE 2. Large deviations scalings for surface tension.

We denote J™ the lowest value of interactions according to the support
of P, namely:

JU = inf{\ > 0:P(J. < A\) > 0}.

The surface tension associated to the deterministic media with constant
interactions J™™ converges, we call 77" its limit. In Theorem [2.2.5|we describe
the rate function for lower deviations of surface tension: for every n € S%1,
there is I,, : R — [0, +-00] such that, for every 7 € R\ {7™"(n)},

[n(7) = i =<7

independently of S € S,, and 6 > 0. The rate function [I,, is convex, non-
increasing, it is infinite on the left of 7™"(n), finite on the right of 7™"(n)
and zero starting from 79(n).

log P (Tr}éN < 7')

The Fenchel-Legendre transform of I,,, defined by
™(n) = in]fR {AT+ I,(7)}
TE

coincides with the A-annealed surface tension

A
P(n) = lim ———logE ([cpj;;; (DRN)} ) A>0,me Sit,

N—o0 Nd
see Section [2.2.4] The particular case A = 1 corresponds to the usual notion of
annealed surface tension and we denote 7¢(n) = 7*=1(n). As a consequence
of this duality, the asymptotics of I,, on the left of 7¢(n) determines whether
or not the quenched and annealed surface tension coincide, and more precisely

ap =sup {A > 0:7(n) = Arl(n)}

(with the convention a,, = 0 if the former set is empty) is the opposite of the
slope of I, on the left of 79(n) (Proposition [2.4.9).
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For a broad class of P, using low temperature expansions we prove in
Section that 72(n)/\ and 79(n) do not have the same asymptotics as
(8 — 00, showing in particular that quenched and annealed surface tension
differ at low temperature.

Two more controls on the asymptotics of I,, on the left of 79(n) are
provided. Using concentration methods we show that I,(79(n) — r) is at
least quadratic in r > 0 small (Theorems [2.4.1| and [2.4.4)). This implies that
I,(7) is positive for all 7 < 79(n). Then, making a strong assumption on the
transverse fluctuations of the interface, we provide a sub-linear upper bound
for L,(t4(n) —r).

2.2. Convergence and deviations

Surface tension quantifies the energy per surface unit of an interface
separating the two distinct phases. It is a fundamental tool for understanding
the mechanism of phase coexistence and in this Section we describe its typical
behavior under P, as well as its large deviations.

In several aspects the surface tension for the dilute Ising model is similar
to the one of the Ising model with deterministic couplings. In particular it is
sub-additive and this is the reason for the convergence of the quenched surface
tension. The same arguments as in the uniform case [65] prove the convexity of
surface tension along n. Yet an important characteristic of surface tension in
random media appears here: it can fluctuate around its typical value. The sub-
additivity helps in proving that the cost of lower deviations is of surface order
(Theorem , and the same argument combined with a simple refinement
proves that the cost for upper deviations is of volume order (Proposition .

2.2.1. Quenched convergence. After recalling some important but
well-known estimates on surface tension, we establish the quenched conver-
gence of surface tension. We begin with a few easy but helpful controls on
surface tension:

PROPOSITION 2.2.1. The surface tension 73 in the rectangular paral-
lelepiped R = Ror.u(S,m) with L, H > 2/d

(i) is a non-decreasing function of J and (3,
(i) is a non-increasing function of H,
(iii) satisfies the inequality

0< 75 < cafs

where cg < 400 15 a constant that depends on d only.
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In order to concentrate on the novelties introduced by the random media,
the proof of Proposition [2.2.1] is postponed to Appendix [2.5.1 The sub-
additivity property of surface tension is as follows:

THEOREM 2.2.2. Consider n € S% ', 8,8 C'S,, and H,l > 2V/d, L >
4v/dl. Let R = Ro.r.m4vi2(S,m). There is a collection (RY)iec of rectangular
parallelepipeds R; = R, ;. u(S',n) that are disjoint subsets of R, centered at

2 € 72, with
I 1 I\

A

such that, for any J : E(R) — [0,1]:

1 l 1
J J
< > T, + Bea <Z + 7) (2.6)

ieC

where cqg < 00 is a constant that depends on d only.

FiGURE 3. The rectangular parallelepiped R and the collection
(R%)icc in Theorem [2.2.2]

It is well known that surface tension is sub-additive in the case of the
Ising model with deterministic couplings [65]. In the random media case, sub-
additivity will imply the convergence of surface tension, the surface order cost
for lower deviations, as well as the volume order cost for upper deviations. The
proof of Theorem [2.2.2] which is considerably shorter thanks to the use of the
FK representation, is to be found in Appendix [2.5.1| as well.

A key fact in the sub-additivity as formulated in Theorem [2.2.2] is the
independence of the T%i under P — it is a consequence of the fact that the R;
are disjoint. Furthermore, the Téi have the same law as the R; are all centered
at lattice points. Three error terms appear in Theorem [2.2.2) Their origins
are as follows (see also Figure [3)):

(i) the term [cy/l stands for the cost of disconnection in the middle
section of R between adjacent R?,
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(ii) the term [cyl/L represents the cost of disconnection in the area not
covered by the R

(iii) and the increase of H by v/d/2 for R with respect to the R; is a
consequence of the requirement that the R; be all centered at lattice
points.

This last error term could be avoided for rational directions n € S9!, yet (as
the two others) it will soon disappear when we take the limit H — oo.

We establish now the convergence for surface tension:

THEOREM 2.2.3. Let n € S41, S €S,, § >0 and RN = Ronsn(S,n)
for any N > 2/d/5. Then, the limit

A}im Ton =T7i(n) in P-probability

exists and does not depend on S nor on 0. T9(n) is a non-decreasing function
of B and satisfies 0 < 79(n) < ¢y where cq < oo depends on d only.

The quenched surface tension 7(m) is positive for any [ > Bc: the
renormalization argument of Chapter 1 allows to compare the annealed surface
tension 7%(n) < 79(n) to the surface tension of high density site percolation,
which is positive.

The proof of Theorem is based on the sub-additivity of surface tension.
We do not apply directly Kingman’s sub-additive Theorem [56] as we want to
show that 77 does not depend on S, nor on J.

ProOOF. Taking the expectation E in the sub-additivity inequality ([2.6]) we
get
E J <FE J { 1
RooasvaseSm) S BTy, y(srmy +0¢a { 7+ 7]

Applying limsup;_,, then liminf, .., and taking the decreasing limit in H
we obtain

lim lim sup E72 < lim liminf E7
H—oo L*)()Op RO’L’H(S’n) = H—oo L—oo RO’L’H(SI’TL)

which proves that

i(n) = I}EI;O 1iﬂ§)lf ETéO,L,H(Svn) = I}me liznﬁs;ip ETéO,L,H(Svn) (2.7)

exists and does not depend on S € §,,. Immediate consequences of Proposition
are the inequality 0 < 79(n) < ¢40 and the fact that 79(n) is a non-
decreasing function of (.
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We prove now the convergence TéN — 79(n) in P-probability. The sub-

additivity (2.6 yields: for any 6 > 0 and N large enough,

L 1
J
0,N,H+d/2 Sn) |C| Z z ,L,H +5Cd (N L)

J
ieC

Taking limsupy_,., and applying the strong law of large numbers give:

: Beq
limsup 7y < ET%O nsm) T

msu 7 P-a.s.

and after liminf; .. and limy_.., we see that, for all S € S,, and § > 0,

limsup iy < 7Y(n) P-as. (2.8)

N—oo

On the other hand, the sub-additivity (2.6) is also responsible for the
convergence of ]ET%NZ remark that

N 1
J J
ETROMNWE/z(S’") < Emw + Beq (f + N) ’

hence limsup; _, . followed by liminfy_.., give:

7(n) < lim inf Erdn. (2.9)

Together with (2.8) and (2.9), the boundedness of 7.} v ensures the convergence
in P-probability. U

2.2.2. Volume order cost for upper deviations. The surface tension
TéONéN( Sm) S 2 media-dependent variable, fluctuates around its limit value

79(n). First, we prove that upper deviations are of volume order.

PROPOSITION 2.2.4. For any e >0 and 6 > 0, one has

1
hHJlef i log P <TR0N6N(S"') > 1i(n )+€> < 0.

The proof is based on the following argument: in order to increase

77 , one has to increase all intermediate surface tensions 7 , where the
Ro,n,sn(S,n) Ri

R are translates of Ro n z(S,n) in the direction n. Yet, the cost of increasing

one 74 is already of surface order.

PROOF. As a first step towards the proof we estimate the cost of the
deviations for a fixed height, exploiting the sub-additivity of 7/. From the
definition of 7%(n) at (2.7)) it follows that for any H large enough,

. J 3
llmLsup ETRo y (s < TI(N) + 5
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Given such an H we fix [ large enough such that IET;%O nsmy STUn)+e/3 and

caf/l < €/4, where ¢4 refers to the constant in the sub-additivity equation.
With the notations of Theorem 2.2.2] we have:

1 J £ [
(Sm) < E Z TR, 1,1(S,n) + 1 + 5Cdz (2.10)

1€C

7_J
RO,L,H+\/E/2

and the 77 (s are Lid. variables of mean not larger than 77(n) 4 /3.
Hence, Cramér’s Theorem tells that

! €
g (W DR 2 TR+ 5) < exp(—[C])

1eC
for some ¢ > 0. Reporting in (2.10]) proves that for any ¢ > 0, for any H large
enough:

lim sup
[P A1

— that is, the cost for increasing 7 is of surface order. We fix such
’ Ro,L,u(S,n)

g P (7, , (s > 7(n) +2) <0 (2.11)

an H and decompose now the rectangular parallelepiped R = Ry nsn(S,n)
in the direction n. Precisely, we let

d -
Ty =2 (H—i— §> in, Vi€Z and R;=TR; yui/ap(S.n).

We call G the set of i € Z such that R; C R and consider, for all i € G, x; the
point of Z? such that 7; € z; + [~1/2,1/2)¢ and let
Ri =Ry n-van(S,n).

The rectangular parallelepipeds R; are disjoint subsets of R = Ro nsn (S, 1),
all centered at lattice points. Furthermore, if we call &,; the set of edges in
E(R) with one extremity at distance at most v/d from the lateral boundary
of R, we have:

wE UDRi and w, =0,Ve € & = w € Dx.
i€g
Hence the DLR equation yields:

(D;]z’w (Dr) = magx (ID;]z’w (we =0,Ve € &y and w € Dy,)
1€

> e—ﬁ|glat| X maéX (I)}]éw (w E DRZ) .
1€ ‘

As || < cgd N4 we conclude finally to the inequality
< cgdf+ mign . (2.12)
i€ ¢

Inequality (2.12) states that in order to increase significantly 7, one must
increase each 7 . Yet, the cost for increasing one of the 77 is of surface order
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‘D and the 77%1_ are independent variables. Hence for any 6 > 0 such that
cq0ff < g,

) 1

hzrvnjolip i log P <T%O,N,6N(S7n) > 71i(n) + 25) < 0.

As Téow’w (Sim) decreases with ¢, the claim follows for arbitrary ¢ > 0. U

2.2.3. Surface order cost for lower deviations. Contrary to upper
deviations, lower deviations occur at surface order. Here we establish a large
deviation principle for lower deviations. The fact that deviations occur at the
same order as the disconnecting event defining surface tension is responsible for
the distinct behavior of surface tension under quenched and annealed measures,
cf. Section [2.2.4. Explicit bounds on the rate function I,, will be derived in
Section 2.4, We recall that the rate function I,, was depicted at Figure 2]

THEOREM 2.2.5. For everyn € S¥' and 8 > 0, 7 € R\ {r™"(n)}, the
limit )
[n(T) - h]{;n_Ndfl 10g]P (TéO,N,tSN(Svn) < T) S [O’ —I-OO] (2'13)

exists and does not depend on § > 0, nor on § € S,. It is infinite for any
T < ™(n), finite for all T > T™™(n) and zero for T > T(n). I, is conver
non-increasing, continuous on (7™"(n), +00).

PrOOF. We begin with the definition of the rate function Iz in a
rectangular parallelepiped R = R 1 u(S,n) as the surface cost for reducing
7'7‘% to 7:

Ir (1) = —%logﬁD (7'7{ < 7') )
According to Proposition , IRy 1 n(sm) (T) is a non-increasing function of
7 and H. Hence the limit

Iispny (1) = lim inflimsup I, , ,(sn) (T +€) € [0, 0] (2.14)
e—0+t H L i
exists — we introduce the € > 0 in order to compensate for the error terms in
(2.6]). It is clearly a non-increasing function of 7. We prove now that it is also
convex in 7 and that it does not depend on S € S,,: let S’ € S,,, ¢ > 0 and
a € [0,1]. Using the notations R =R |y, van(S,n), Ri =R, 1 u(S',n) and
C of the sub-additivity Theorem (Theorem [2.2.2)), we have
C!| |C?| [ 1
J < ‘_ 1, 1€ 2 L1
T < |C|T + |C|T + e+ fBey L—l—l
if C1 U C? is a partition of C such that
g i 4e ifiec!
Ri =) m2+¢e ifieC
The probability for realizing condition (2.15]) equals

CXp (_|C1|ld_1IR0,z,H(5/,n) (7_1 + 5) - |Cg|ld_1IR0,z,H(S/,n) (7'2 + 5))

(2.15)
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and letting |C!|/|C| — a and L — oo we see that

limsupy Ir, , 0 zo(sm (7! + (1= )72 + 28 + Bea/l) <

2.16
odry, ysim (T ) + (1 —a)lry, y(sm) (T2 + ). (2.16)

Taking the superior limit in [, then the limit in H, when ¢ — 0% we obtain
Iis (047'1 +(1-— 04)7'2) < ad(srm) (7’1) + (1 = a)l (s (7’2)

which proves both the independence of (s ) with respect to S (take o = 1)
and the convexity along 7. We let now I,, = I(sn) and postpone the proof
of for a while. The continuity of I,, on the interior of the domain
of finiteness of I,, is a consequence of its convexity. Hence we examine the
domain of finiteness of I,,. Let first 7 < 7™"(n). If £ > 0 is small enough, the
event TéO’L,H( smy STFe< 7M1 (1) has a probability zero and consequently,
I,(7) = +00. The second easy regime is 7 > 7¢(n): from Proposition we
infer that limy_, P(Téo,L,H(S,n) < 7+ ¢) =1 provided that H is large enough

and this implies I,(7) = 0. If at last 7 > 7™"(n), there is H such that
lim sup 77‘%:12 Sy < T
. (S,
We will prove that, for 6 > 0 small enough we still have:

limsup 7yt <7 (2.17)
L , )

If we let R = Ror.u(S,n) and differentiate along J, we obtain

Jmin+6 J
aTR _ Z aTR

00 0J.
e€E(R)

yet, (2.40) and Proposition indicate that, for any J € J,
L1973
gooJ

J=Jmin4§

As a consequence, T 945 a ¢gBH-Lipschitz function of §. The same is true

for limsup;, Té:?‘;‘s( Sim) thus (2.17) holds true for o > 0 small enough. Now
we write, for any L large enough:

1
[RO,L,H(SM) (T> = _Ld—l log P (T%O,L,H(Svn) S T)

< —paplogP (Jo <46 Ve e B (Ropu(S.m))

< cqH x (—logP(J, € [J™™ J™™ + §]))

which is finite thanks to the definition of J™®. This ends the proof that
I,(7) < o0, for any 7 > 7m0 (n).
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We address at last the convergence (2.13). The inequality Ir, y s (s.m) (T) <
IRy x (s (T) when N > H yields an upper bound on the superior limit:

i sup I y s (s.m) (7) S FHMSUP Iy, ysm) (7) < In(77) = In(7)

for all 7 > 7™"(n), thanks to the continuity of I,,. For the lower bound we
use the sub-additivity of surface tension. Applying (2.16) with a =1, 1 = N,
H = )N yields: for any € > 0 and N large enough,

limLsup Iz sm) (T +32) < IRy g sn(sm) (T +€)

0,L,6 N++/d/2

and replacing 7 + ¢ with 7, we obtain after the limits N — oo and ¢ — 07 the
lower bound
I,(1) < limNinf IRg x5 (Sim) (), VreR.

O

2.2.4. Annealed surface tension and fractional moments. In order
to get information on the rate function I,, we consider a dual quantity: the
A-annealed surface tension defined as the Fenchel-Legendre transform of I,.
For any A > 0 and n € S9!, we let

™(n) = inf {Ar+ In(r)} . (2.18)

This quantity carries as much information as [,, thanks to the duality of
Fenchel-Legendre transforms for convex functions (Lemma 4.5.8 in [32]). It
can be interpreted as the surface tension under a modification of the annealed
measure. Indeed, if we let

1 A 1
TR = — a1 l8E <[®3]éw (DR)] > =~ a7k (exp (AL 7z)) .
(2.19)

for any rectangular parallelepiped R of side-length L as in (2.2, then
Varadhan’s Lemma yields:

PROPOSITION 2.2.6. For any A\ > 0 and n € S ', for any sequence of
rectangular parallelepipeds RY = Ronsn(S,n) with § > 0 and S € S, the
quantity Ty converges to T (n):

lim Tan =T (N). (2.20)

Thus, the limit does not depend on 6 > 0 nor on S € S,,.

The particular case A = 1 shows the convergence of the annealed surface
tension 7 = 7*=!. We describe now two of the main questions on surface
tension: first, Jensen’s inequality implies that

™(n) < Mi(n), VA>0

and we would like to discuss the cases of equality. Considering the low
temperature asymptotics of 7* and 77 in Section we prove that, for a broad
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class of distributions P, for any A > 0 the inequality 7*(n) < A79(n) is strict
for 3 large enough. In fact, we believe that the inequality is strict whenever
79(n) > 0. Another clue on the strict inequality is given in Section
where we describe the connection between this question and the asymptotics

of I, (see Proposition and Theorem [2.4.8)).

The second important question concerns the positivity of I,, on the left of
79(n). Thus, we consider

7i(n)=inf{r e R: [,(r) =0} (2.:21)

the value of surface tension at which I,, becomes positive. Using concentration
methods we prove that the equality 7¢ = 79 holds for all but at most
countably many 3, provided that P satisfies a logarithmic Sobolev inequality
(see Corollary . This implies the positivity of I,, on the interval
(7mi(n), 79(n)) and confirms that lower deviations are of surface order.

We conclude this paragraph with two propositions. First, we list some
immediate consequences of the definitions (2.20)) and (2.21]), that permit to
sketch the graph of A\ — 7*(n) on Figure :

PROPOSITION 2.2.7. For all n € St the function A — 7(n) is concave
and

I,(1) = ili;O){T)‘(n) — AT} (2.22)

The following inequalities hold:

A (n) < M (n) < AF(n), Yne ST A>0 (2.23)
and we have:
™(n) ~q ™(n) - .
o ) and —=— —— 7™(n), VYneST.  (224)

Hence, 7(n) is positive if and only if 74(n) > 0. Furthermore:

™(n) — lim I,(7) € [0, c0]. (2.25)

A——4o00 7—0+

Another important yet classical fact is the convezity of surface tension [65].
In Appendix we prove the weak triangle inequality for 7 and derive the
following Proposition:

PROPOSITION 2.2.8. Let f9 be the homogeneous extension of 77 to RY,
namely:

o) = { Jolo "D e <RG0

and let f* (resp. fq) be the homogeneous extension of T (resp. 79) to RZ
Then, f, f» and f? are convex and 79, ™ and 79 are continuous on S4='.
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0 A 0 A

FIGURE 4. The graph of A\ — 7*(n) in the case of dilution
(rmin = 0 and I,,(0) < oo, left) and distributions with 7™ > 0
(right).

2.3. Low temperature asymptotics

In this Section, we describe the low temperature asymptotics of both
quenched and annealed surface tension. We will see in particular that the
quenched surface tension, at low temperature, is related to the maximal flow
for P. This study is motivated by the two questions we answer below: Is the
inequality 7% < A79 strict ? What is the limit shape of the Wulff crystals when
B — +oo0?

2.3.1. Objectives. Our objective is to prove the two Theorems below.
First we claim that the quenched and annealed surface tension do not coincide
at low temperature, for a broad class of environments. We call p.(d) the critical
threshold for bond percolation on Z¢.

THEOREM 2.3.1. Assume that P(J, > J™) > p.(d). Then, for any A >0
there is 3 < oo such that

™(n) < ri(n), VYne ST V3> BN (2.26)

Remark that in the case J™" = 0, the assumption of Theorem [2.3.1]
corresponds to P(J. > 0) > p.(d), which is necessary for having a phase
transition in the dilute Ising model (else we have 7*(n) = Ar9(n) = 0 for all
B > 0). Let us mention another interesting fact about (2.26)): for the directed
polymer in random environment in 1+ 1 dimensions (which was introduced in
order to represent interfaces of the two dimensional random media Ising model
at low temperatures, see [46]) it was proved recently [31] that the Lyapunov
exponent is positive at all § > 0, which corresponds in our settings to the
strict inequality 74(n) = 73=" < 74(n).

Then, we examine the shape of Wulff crystals associated to surface tension.
Wulff crystals correspond to the deterministic shape of droplets that appear
when phase coexistence occurs, they will be presented with further details in
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Chapter 3 (see Section [3.1.2.4). Given a function 7 : S41 — (0,00) which
homogeneous extension to R? is convex, we define the Wulff crystal associated
to 7 as

W=a{zeR : 2z -n<7(n),vyne s}

where a € (0, 00) makes W of volume 1. We claim:

THEOREM 2.3.2. Assume that P(J, > 0) = 1. Then, as f — +oo:

(i) The Wulff crystal associated to 19 converges to the Wulff crystal
associated to the mazimal flow for P.

(i) The Wulff crystal associated to T converges to the hypercubic Wulff
crystal.

These theorems will be finally proved in Section [2.3.4]

2.3.2. Maximal flow for the media. Before describing the low temper-
ature asymptotics for surface tension, we have to define the maximal flow for
P. Here we give a brief introduction to maximal flows, the interested reader
can consult [55], [54] and [15] for more details.

We will use an analogy for describing maximal flows. Imagine a liquid
which has to cross a lattice made of tubes with limited capacity. Then, the
maximal flow, in a given direction, is the quantity of liquid that can flow
through the lattice, per unit of surface.

Maximal flow, thanks to the max-flow min-cut Theorem, correspond to
surfaces of minimal weight (first-passage paths in two dimensions). We use
this characterization for our definition. Given a rectangular parallelepiped
R =Roru(S,n) and I C E(R), we consider the event

Z[ = {we :O,Ve S I}
We say that I is an interface for R if Z; C Dg and Ve € I, Zp\(y € Dgr, that

is to Say, if the disconnection on [ is enough for disconnecting IR from 8~ R
(see (2.4)) and if there is no superfluous edge in . This corresponds to the
geometrical notion of interface if, to the edges of I we associate their dual,
d — 1 dimensional facets. Then, we call Z(R) the set of interfaces for R and
define the maximal flow in R, for a realization J of the media, as

1
J .
= — f E Je.
Hr = Ta 161%1(73) g ©

This quantity has the same properties as surface tension since it satisfies a sub-
additivity property like Theorem : for RN = Ronsn(S,n) and N — oo,
the maximal flow in R”Y converges in P-probability, upper deviations occur at
volume order and lower deviations occur at surface order (a result similar to
Theorem is proved in [77], for upper large deviations see [78]). In our



2.3. LOW TEMPERATURE ASYMPTOTICS 103

comparison with the low temperature asymptotics of surface tension, we will
be interested in the following properties:

PROPOSITION 2.3.3. For any 6 > 0, as N — oo the quantity ’u:{QON&N(n,S)

converges in P-probability to p(n) € R that depends only on P and n.
Furthermore, one has: ¥Yn € S,

T [ nly < p(n)

and the inequality is strict (for allmn € ST1) if P(J, > J™) > p.(d).

ProoF. We only give the proof of the strict inequality, using a renormal-
ization argument (see [73] or Chapter 1). For ¢ > 0 small enough, we still have
P(J, > J™ + &) > p.(d). We consider L € N* and cover R = Ron.sn(1,S)
with blocks of side-length 2L, positioned at Li, i € Z¢. We say that such a
block is good if the set of edges with values at least J™" 4+ presents a crossing
cluster in that box, and if that cluster is the unique one of diameter at least
L. For L large enough, the collection of good blocks stochastically dominates
high-density site percolation. An immediate Peierls argument shows that high-
density site percolation covers all interfaces with a density at least 1/2 of open
sites, with large probability. Now we consider I € Z(R). The weight of I is
at least the contribution of J™® on I, plus the contribution of € of the good
blocks that meet the interface I. With large P-probability, there are at least
cgNe1/(2L471) of these good blocks, hence

Cq€

1% (n) = J"n|l; + SLiT

with large P-probability, uniformly in the size of R. The claim follows. 0

Note that the question of whether the inequality J™"||n||; < u(n) is strict
in general appears to be a thoughtful one. In [79] the authors give a criterion
for a comparison of the first-passage time associated to two distributions
(Theorem 2.13) which holds under the assumption that P(.J, = J™") be small
enough. They remark that the equality

T [n]ly = u(n) =0

n
holds in the case J™" = 0 and P(J, > 0) < p.(d). Yet, this case is not relevant
to our analysis because phase transition does not occur for such P. So, the
question that remains is: does

T [n]ly < p(n),Vn € S

for any P with J™® > (0 ? This question is of a similar nature than that of
having 7™"(n) < 79(n), which itself is equivalent to having I,, finite on the
left of 77(n).
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2.3.3. Asymptotics of surface tension. Here we study the low tem-
perature asymptotics of surface tension and prove, under a few assumptions
on the media, that the low temperature asymptotics of 77 are determined by
the maximal flow y, while those of 7* are determined by J™in.

We begin with easy upper bounds:
PROPOSITION 2.3.4. For all 3> 0, allmn € S, one has
T4(n) < Bu(n) (2.27)
and for all X\ > 0:
1
Eexp (=A5J.)
which is bounded by ||n|y x log(1/P(J. = 0)) for all 3 >0, if P(J. = 0) > 0.

Té‘(’l’b) < ||n]|; % log (2.28)

Then, modulo an hypothesis on P we show that the entropy is negligible
at low temperature, and replace the inequalities with equivalents:

PROPOSITION 2.3.5. Assume that P(J. > 0) = 1. Then, uniformly over
n € S,

li Tg(n) 2.29
[ = p(m) (2.29)
and
1
2 ~ ] . 2.

At last, we will study one more case for the quenched surface tension:

PROPOSITION 2.3.6. Assume that P(J, > 0) > p.(d). Then,

THn
lim g 2" > 0, (2.31)
B—+oo
uniformly over n € S41.
and conclude with the remark that
PROPOSITION 2.3.7. For all P,
5 (n) .
lim 2= = X|n|, x J™® 2.32
A5 ]l (2.32)

uniformly over n € S41.

PRrROOF. (Proposition [2.3.4). We begin with the proof of (2.27) and
consider a rectangular parallelepiped R and I € Z(R). The DLR equation
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yields

O3 (Dr) > O3 (21) = | [ o0 (we = —exp( ﬁZJ>

ecl ecl
and consequently 74, < Bu%, which implies (2.27) taking the appropriate
limit sequence for R. Similarly, in view of the definition (2.19) we have

1
A Jow MA
e < iy 10gE<H<I>{}( 0))
eel
/] 1
S Tda lOgE(e—/\ﬁJe)

and choosing for I the interface of smallest cardinal in Z(R) — which has a
cardinal approximately ||n||;L%"1 — we obtain the upper bound ({2.28). The
upper bound on Té\, when P(J, = 0) > 0, is a consequence of the inequality

E (e*%¢) > P(J. = 0). O

PROOF. (Proposition . This proof uses Peierls estimates and we use
the following fact: there exists ¢4 depending on the dimension d only such
that the number of interfaces of cardinal n in Z(R) is not larger than (cg)".
We begin with the annealed case as it is simpler. Remark that for any

I CI(R),
o (2)) < [ @57 (we =0) < JJge ™.

ecl ecl

If A < 1, the inequality (Y1, @;)* < D1, 7 yields
A
o (DR < | D e (2| < Y o2
I€Z(R) IeI(R)

hence

A
B|(a8700) | < ¥ oz
I€Z(R) e€l
As Ee—?87e P 0 under the assumption P(J, > 0) = 1, we can apply Peierls
— 00
argument and conclude that:

= l(‘b%’é“’ (DR>)>\} < S (cag’Be M)

n2minycr(r) ||

1
1 — cgq*Ee—8% 8
for 8 large enough, which yields

1
75 = [In|1 x (logm —(14+X)logcqg — Alog q) (2.33)

A —ABJ.]minrez(R) ||
[cdq Ee~* }
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for all A < 1 and (3 large enough. If A > 1, Minkowksi’s inequality yields:

AT YA T AT71/A
E[(omo0)]] < > (o <zz>) H
< > [a[Ee]
[€T(R) e€l

and we conclude similarly that (| holds again for all A > 1 and 3 large
enough. - follows from the dlvergence limg_, ;o log(1 /Ee ABJe) = 400
under the assumption P(J. > 0) = 1, and the convergence is uniform in
n € S9! as holds for any (3 large enough independent of n.

For (2.29) we use Peierls estimates again. We write
% (Dr) < Y. 2% (20 < Y [Jae ™"
IEI(R) [€L(R) e€l

We decompose the sum according to the length of the interface: for any ¢ >

[m[[1,
% (Dr) < > gMe=BL "
I€T(R):|I|<cLd~1
+ > glle PR (2.34)

IET(R):|I|>cLd~1

The first term is not larger than

(caq)™ " exp (—BL )

and the expectation of the second one is

1 cLd-1
’ et ) a7y LeagB(e)]

if pg = caqE(e™P’¢) < 1, which is the case for 3 large if P(J. > 0) = 1. For
any such 3, applying Markov’s inequality we obtain, for any ¢ > 0:

1
1 —pg

(X e i) <
TET(R):|I|>cLd—1

Hence (2.34) shows that, for J typical under P — up to large deviations of
surface order —

B (Pr) < (caq)™ " exp (=BL" i) + (pg) 9
which proves that

rhm) > i (Gu(m) — clog(caq).clos - )

ecLd—1
X (pg)™t .
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for any 3 > 0 such that pg < 1. The lower bound is optimal for

o Bu(n)
log(caq) + log -

which is negligible with respect to 3 in the limit § — 400, aslog(1/pg) — +oo.
The limit follows — the uniformity over n € S% ! is a consequence of
the fact that u is bounded. If Jy;, > 0, then we even have, for some C' < oo,
that for 8 large enough (independent of n € S471),

(n) > Bu(n) - C.
O

PRrROOF. (Proposition [2.3.6). The proof for (2.31) exploits a renormal-
ization argument similar to the one used in [28]. Under the assumption
P(J. > 0) > p.(d), one can fix ¢ > 0 such that P(J., > &) > p.(d), so
that the edges with J-values larger or equal to € percolate. We cover now
the rectangular parallelepiped RY with blocks of side-length L as in definition
and say that a given block is good if there is a crossing cluster for the
edges J. > ¢, and if that cluster is the unique one of diameter larger than
L/2. A simple Peierls argument, together with Pisztora’s coarse graining [73]
show that for L large enough, up to surface order large deviations under P,
there is no surface of blocks separating the upper from the lower boundaries
of RY that have a density greater than e of bad blocks. For any such J, the
event of disconnection requires the choice of a block surface of cardinality at
least (N/L)*"!, and that, in each good block, at least one edge with J, > ¢ be
closed. Hence: for N large and J typical up to surface order large deviations,

w n _ l—e)n
QD;JQ’N (Dgrn) < Z (cq) [chdqe 55}( )
n>(N/L)d-1

leading to 75 > [(1 —¢&)Pe —log (c?lqu)] /L% for large enough 3. The claim
follows. 0

PRrROOF. (Proposition [2.3.7). This is an immediate consequence of (2.28])
and ([2.30)) in view of the limit

1 .
lim = Jmm

Zlog ——
B—+oo 3 8 Fe—r87
U

2.3.4. Applications. The low temperature asymptotics for surface ten-
sion permit to answer some important questions on surface tension, cf. Section

2.3.1] We give here the proofs of Theorems [2.3.1] and [2.3.2}
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PROOF. (Theorem [2.3.1). We consider first the case J™" = 0 and remark
that the asymptotics (2.31)) and (2.32) imply the claim. If J™* > 0 and if we
assume P(J, > J™") > p.(d), then again (2.29), (2.32) and Proposition [2.3.3]
lead to the conclusion. OJ

PROOF. (Theorem [2.3.2). This is a consequence of the fact that conver-
gences (22.29) and (2.30)) hold uniformly over n € 591, O

2.4. Rate function for lower deviations

In Theorem [2.2.5| we established a large deviation principle for the lower
deviations of surface tension. We now discuss the asymptotics of the rate
function I,, on the left of 77(n). Using concentration inequalities we prove, as
for the directed polymer model, that I,, has at least a quadratic growth on the
left of 7%(n). In particular, it is non-zero for all 7 < 79(n). In the opposite
direction, we show that I,(79(n) —r) < 727¢, where £ is the exponent for

transverse fluctuations of the interface defined at (2.55)).

These controls are probably not optimal. In the two dimensional case, the
comparison with directed polymers suggests that

2
[n(7(n) = 1) ~ cr®? and € = 3 (2.35)

Directed polymers were introduced in order to represent the interface in the
Ising model with random couplings at low temperatures, see [46], [30]. It has
been shown that their zero-temperature limit, namely last passage percolation
satisfies for a geometric distribution of the passage times, see Theorem
1.1 and (2.23) in [53].

The organization of this Section is as follows: first, we expose a weak version
of the concentration bounds for I,, that holds for 3 large and environments
that satisfy J. > ¢ > 0 P-almost surely, using the fact that the length of
the interface in such a case never exceeds ¢N%!. In the general case the
concentration estimates do not apply directly as we do not have a uniform
control on the length of the interface, yet an application of the proof of the
concentration inequalities itself permits to overcome the difficulty and to relate
the length of the interface to a derivative of surface tension. The A-annealed
surface tension plays an important role in this proof, as well as the modified
measure £, defined at . Then we address the question of an upper bound
on I,, and relate I,, to localization estimates.

2.4.1. Concentration at low temperature. Concentration of measure
theory is a very effective tool for analyzing the fluctuations of product
measures. In the case of polymers or even spin glasses it yields relevant upper
bounds on the probabilities of deviations, see [60] for a review. Concerning
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the Ising model with random couplings, its application to the deviations of
surface tension requires a control over the surface of the interface.

If the interactions are positive and the temperature low enough, one can
control uniformly the length of the interface in the Ising model (i.e. ¢ = 2 for
the FK measure) and establish Theorem below. For a similar result in a
more general setting, see Theorem [2.4.4}

THEOREM 2.4.1. Assume that P satisfies a logarithmic Sobolev inequality
and that P(J. > €) = 1 for some € > 0. Then, for (3 large enough and q = 2,
there exists ¢ > 0 such that, for all r > 0,

L(t%(n) — 1) > cr’. (2.36)

Before we address the proof of Theorem [2.4.1] let us recall a few facts and
definitions, taken from Chapter 5 in [60]. The entropy of a positive measurable
function f with E(flog(1l + f)) < oo is

Entp(f) = E(flog f) — E(f) log E(f). (2.37)

Assuming that the support of J, under P is an interval, we consider |V f| the
norm of the gradient of f derivable:

V> = > |Vef* where V.f =

e€E(R)

of
0J.

If the support of P is discrete, e.g. {0,1}, we consider for |V f| the norm of
the discrete gradient. We say that P satisfies a logarithmic Sobolev inequality
with constant Cp if

Ent(f?) < 2C+E |V /]?) (2.38)

for all f measurable satisfying E(f?log(1+ f?)) < co. The requirement that P
satisfies a logarithmic Sobolev inequality is a weak assumption. It is the case
for the standard measures one considers for the diluted couplings: if (i) the
law of J. under P is pd; + (1 — p)dy, or if (ii) it has a positive density on [0, 1],
then PP satisfies a logarithmic Sobolev inequality, cf. [60] or Theorems 4.2, 6.6
and Section 6.3 in [27].

Theorem 5.3 in [60] states the following: if IP satisfies a logarithmic Sobolev
inequality with constant Cp, then for every f : J — R measurable and 1-
Lipschitz, f is integrable and for all » > 0,

2

P(f>Ef+r)<e F. (2.39)

Therefore, it is enough to get a uniform bound of the type |V73| < ¢/v/ L1
for establishing Theorem [2.4.1] We now consider

d—1 5.J
g_L 073

Y= "5 o,

(2.40)
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~

for any e € F(R) — as shown below, it is a good measure for the probability
that the interface passes through the edge e.

It is a consequence of the mean value Theorem, for both the discrete and
the continuous versions of the gradient, that:

LEMMA 2.4.2. The gradient of 73, satisfies

2
|V7‘7‘£‘2 < (Lf——l)Q Z Sblp (a‘!)Q. (2.41)
e€E(R) “°

The actual value of J, does not modify consequently the value of a/ and
we will prove, after we finish the proof of Theorem [2.4.1], the following fact:

PROPOSITION 2.4.3. For any e, a’ is a C* function of J € J. For any
J e J, one has

1
o =~ (@;’y(we) - cp;gw(wemn)) if J.>0 (2.42)
De
together with the following inequalities:
0<a’<1 and supa’ <eéf i?f al. (2.43)
Je e

PROOF. (Theorem . We provide a uniform upper bound on the
gradient. The Ising measure is more convenient for the present proof as we
condition on the position of the interface, which is uniquely defined for spins
systems but not for percolation systems. In view of Proposition [2.4.3] we have

2
sup (a‘g) < sup ag < eﬂag

e €

hence Lemma yields, for R = Ro nsn (S, n):
208
7|2 Be J
‘VTR| < W Z a; . (2.44)
e€cE(R)

As R is centered at the origin, we consider

XE = {U:Zdﬁ{il}:awzl,vtxg’:‘fz\ﬁfz}

) {UiZd%{il}:az:{l ifz-n>0

—1 else

,vmfszz}

the set of spin configurations on R with plus or mixed boundary conditions.
The correspondence between the FK (with ¢ = 2) and Ising measures gives

77% = ——log ——
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where Z7J;+ and Z;gi are the partition functions

Z%J’ = Zexp g Z Je0z0y

UEZ% e={x,y}cE(R)
and Z2F = Z exp é Z J.o,0
R 9 A Yy )
oext e={z,y}eE(R)
leading thus to
aj = M%I;r(gray) - M%Jéi@xay)a Ve ={z,y} € E(ﬁ) (2.45)

where u;]éi is the Ising model on R with mixed boundary condition (plus on
OTR, minus on 9" R). We consider now an interface I for R as in Section
m We recall that it is a minimal set of edges such that connections from
O*tR to "R through F(R)\ I are impossible. We consider I the upper part
of the interface I:
I"={z:3yez {z,ytel and z+» & Rin E(R)\ I}

and define symmetrically the set /7. We call then Sy the event that [ is the
spin interface between 0T R and 9~R under the measure p,;]z’i:

o(z) =+1,Vex eIt }

_ £ .
St = {UEER' o(x)=—-1,Ve el

Conditionally on &;, the restriction of ,u;gi to the upper (resp. lower) parts

of R equals the Ising measure with uniform plus (resp. minus) boundary
condition. Hence, for any {z,y} ¢ I we have

N%Jéi(araywl) > N7J€+(Ux‘7y)a (2.46)
and the upper bound on the gradient becomes, thanks to (2.45) and
(12.46)):

pe’
(Nd-1)”
Thus, it remains only to bound the average interface length under pjfz’i. We
remark that " (S;) can also be written as

Z’IJQTI exp (_ﬁ ZGEF ‘]e)

JE
Z3

V| < ST RS x2Sl

I interface

PRt (S =

where Zé{} stands for the partition function associated to the set of configu-

rations with plus boundary condition on I, I~ and on OR. Thanks to the
assumption J, > € and to the remarks that

J7+ J7+
ZR\I S 4R

and ZL5 > ZJtexp <—ﬁ|@‘7€|>,
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we have
1n(Sr) < exp (—Be|I| + BeaN* )
if & < 1. We conclude with a Peierls estimate and bound the number of

interfaces of cardinal n > 2c4N91/e by (cq)™

ne—ﬁan—&—ﬁchd* 1

23%e 2cgN 1
DY

2
|V7_7%,‘ < (Nd,1>2 c

n(ca)
n>2cqNd—1/e
As the second term goes to 0 with N — oo for 3 large enough, we infer that
5Cdﬁ26ﬁ/€

Nd—1
for all N large enough, if 3 is large enough. This implies that

v’ <

L N1
R\ 5eqp2e8 /e

is 1-Lipschitz and thus, according to Theorem 5.3 in [60], that
P (Té < ET{Q - r) < exp (—CT‘ZNd_l)

for ¢ > 0. The convergence of the rate function (Theorem [2.2.5)) completes the
proof. O

PROOF. (Proposition [2.4.3)). The fact that a/ is a C* function of J is a
consequence of the same property for 77, the quantity @;’éw (D) being always

positive. We introduce next a few notations: we let

whw) =[] ( De >ech®(w) and  ZH(A) = Y wh(w)  (2.47)

1 - VMe
ecE(R) P weA

for any w € Q) and A C Qpp), see ‘) for the definition of C’g(ﬁ) (w). For
all J with J, > 0, we have

dlog w (w) _ﬁwe
aJ. T pe
and as a consequence, for all J with J, > 0,

1 7% (D

al = —— 0 log JR( ®)

BaJe ZR(QEU%))
1 w w
= (PR 0) ~ PRl DR) )

Under this formulation, the FKG inequality and the bound q);léw (we) < Pe
imply that 0 < @/ < 1 for any J € J with J, > 0, and the inequality extends
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by continuity to the whole of 7. We now calculate the derivative of a/ along
J, for J, > 0 and obtain, as

0 0" (welA) | _ 3 0" (welA) D" (welA)”
0J. Pe a Pe p? ’
that, for any J € J with J, > 0,

00l _ g0 (1 () O <we|DR>> |
‘ Pe Pe

This implies in particular that
da’
aJ.

J < e’infy,epq al follows. U

< Ba?l

and the comparison sup; ¢ 1) @

2.4.2. General concentration bound. We give here a more general
formulation of the concentration lower bound. In order to bypass the
requirement of a uniform upper bound on the gradient of 7 we reproduce
the proof of concentration and in particular make use of Herbst’s argument.

THEOREM 2.4.4. If P satisfies a logarithmic Sobolev inequality with
constant Cp < 00, then for every n € S, for Lebesque-almost all 3 > 0, one
has

o Dalrin) = 1)
im sup

r—0t 72

> 0. (2.48)

A consequence of this Theorem is the positivity of I,,. We recall that 79,
defined at (2.21)), is the value of surface tension at which I,, becomes positive.

COROLLARY 2.4.5. If P satisfies a logarithmic Sobolev inequality, the set
N={20:Ine 5" :7i(n) £7i(n)} (2.49)

1s at most countable.

Before proving Theorem we recall a few properties of the Ad-annealed
surface tension. First, the duality formula ([2.22)) is responsible for the following
fact:

LEMMA 2.4.6. Assume that
™(n) — A\t9(n)

lim sup 3z > —c  for some c € [0, 0] (2.50)
A—0t
Then,
, In(ti(n)—7r) _ 1
hfiiljpT > 1 € [0, o0]. (2.51)
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PRrROOF. (Lemma [2.4.6). If ¢ = oo the conclusion holds trivially and we
thus require that ¢ < co. We consider ¢ > ¢ and a sequence (A )xen of positive
numbers with \;, — 0, such that

™ (n) — \7i(n) = —d A}, VkeN.

This implies that, with r, = 2¢' g,

In(ti(n) —r;) = sup {T’\(n) —AM7Y(n) — rk)}
A>0
2 )\krk — C/)\z
A=A
_ T
T4
which yields . [

We begin now the core of the proof of Theorem and apply Herbst’s
argument to obtain a lower bound on the A-derivative of 7 /X. For any A > 0
we introduce the measure P, (which depends also on R) that to any bounded
measurable h: J € J — R gives expectation

Ey(h(J)) = E (h(J) I;Zip(:fL;_@J . (2.52)

PROPOSITION 2.4.7. Assume that P satisfies a logarithmic Sobolev inequal-
ity with constant Cp and denote mp = E(J,). Then, for any X\ > 0,

- 2 ﬁ - CpﬁQeﬁ(l—H\)lané' (253)
oA\ A 2mp A OB
PRrOOF. (Proposition [2.4.7). We have
- S S AL
N \d1 ) (eXp (_ TR))
so that, denoting fy = —AL%" 177 and differentiating we obtain
0 () _ 1 E(fiexp(fa)) —E(exp(fi))logE (exp (f2))
oX \ A A2Ld-1 E (exp (f2))

1 Ent(exp(f)))
ALK (exp (f2))

where Ent is the entropy defined at (2.37)). Applying the logarithmic Sobolev
inequality (2.38)) for exp(fy/2) we conclude that

o (R 20> E(|Vexp(f2/2))
aA( ) S NLE E(ep(fy)

A
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Applying the Mean Value Theorem we obtain

2
d
P (7_%) _ Co Z E(<SUPJ56[0,1] %) SUPJee[o,l]eXP(fA))

COA A IN2LA-1 £ E (exp (f1)) ’

e€E(R)

where furthermore

= —\3a’.
., pa
so that
0 (T < Cp3? Z E (sup s, 0,1 (@))* X sup, o1 exp(fi))
OX U\ = oord-1 : E (exp (f1)) :
e€E(R)

We relate now this expression to the S-derivative of 73, exploiting the weak

dependence of a/ and of 73 on J.. In view of Proposition we have

sup (a/)* < sup a’ <€ inf af
Je€[0,1] Je€[0,1] Je€[0,1]

and, as well,

wp exp(fa) < ™ infexp(fu).
Je€[0,1] Je€[0,1]

These quantities are independent of .J., hence:

3 <7_7>€> < O]}DﬁZG’B(1+)\) E ( Je J % infjee[o’l] eXp(f)\))

_9 (=) e it
ox \ A 2Ld-1 me Jeelo,] ¢ E (exp (fx))

e€E(R)

Cpﬁ%ﬁ(l“) 5
LT > e
ecE(R)

CpFeP1) 1 97

O

We conclude the proof of Theorem introducing a technical quantity
KEP that makes possible the control of the convergence of dr3/0f3, for
Lebesgue almost all 3.

PROOF. (Theorem [2.4.4). Given § > 0 and S € S, we denote RY the
rectangular parallelepiped RY = Rg xsn(n,S) and let
1 [0y dN
KPP = liminfliminf ~ [ R

A0t N—oo Ao 08 N

= 0.
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First we assume that K-¥ < co and establish (2.48)). In view of Theorem m
and Proposition we have

™m) = Mi(n) = lim Ty — AETpx

N—oo

A Y
. a TRN /
= g f w(»)“
as limy_,g T,RN /A = ]ETRN for any N finite. Proposition yields, for any
e>0:

Ao v 2_B(1+e) N OTNN AN
7 (n) — A7t(n) > _%hm inf lim 1Ilf R A
Qmp A—0t N—ooo A 8ﬁ )\/

B CpﬂQQﬁ(H_E) KIP’ 5

n

lim sup 5
A—0t A

>
- 2mp

and an immediate application of Lemma gives, after the limit € — 0, the
lower bound:

Ign(Ti(n) — 7
lim sup ponl 5(2 ) ) > s 55 > 0
r—0+ r 20p32eB Ky

We conclude evaluating the integral of KE# on some interval [3;, 3;]. For any
0> 0and S € S, Fatou’s Lemma and Fubini Theorem imply that

B2 B2 37- d)\/
IP?
f,, Kweas < umpniignint 5 va [ 5%

= liminf liminf l / TBQ Ry ﬁl RN gN.
A Y

A—0t N—ooo

The convergence as N — oo is uniformly dominated (recall that 0 < T%N <
Acgf3 by Jensen’s inequality and Proposition [2.2.1]) hence we finally obtain

B2 AN N
/ KFPPd3 < liminf — / A TBI(n)dX
1 0

A—0+ N

in view of (2.24)). In particular, KX7 is finite for Lebesgue almost all 3 > 0.

Note that in view of Corollary [2.4.5] for Lebesgue almost every (3, 32 with
B1 < B2 the former integral is in fact dominated by 73, (n) — 75 (n). Hence, if

74(m) is derivable on some interval, we have K% < 07§(n)/93 for Lebesgue
almost every [ in that interval. OJ

PRrROOF. (Corollary [2.4.5). Let o be the uniform measure on S and p
the Lebesgue measure on RT. The set

A={(B,n) eR x S : 7I(n) £ 19(n)}
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is measurable for the product measure. Furthermore, for every n € S¢! the
set

A, ={B€R": (8,n) € A}

satisfies p(Apn) = 0 thanks to Theorem . Applying Fubini’s formula we
conclude that p® o(A) = 0 or in other words that for y-almost every g € R,
for o-almost every n € S4 !, 7(n) = 79(n). Let us fix some 3 € RT such
that the former equality holds for o-almost every n € S9!, Proposition m
tells us that 7 and 79 are continuous functions of n, hence the o-almost sure
equality is in fact an equality on all S4~! and we proved that

p({BeR":Ine S F(n) £ 1(n)}) = 0.
Consider now
D= {B €R",3n € %" such that 8 — 73(n) is not left continuous at g}

and let us denote

74 (n) = lim 74__(n)

the value of 79(n) on the left of 3, which exists since 7, and thus 79(n), are
non-decreasing functions of . Similarly, I,, and 7(n) are also non-decreasing
functions of (. In view of the equality 7(n) = 79(n) for almost all 3, as well
as the trivial domination 7¢(n) < 79(n) we write:

¥n € ST VB > 0,74 (n) < 7(n) < ti(n)

and this proves that 73(n) = 75(n), ¥n € S ! and for every 8 ¢ D. We prove
at last that D is at most countable. The homogeneous extension of Tg_ (n) to
R? is convex since it is the pointwise limit of the fg_a, hence Tg_(n) is again

a continuous function of n € S4 1. Let (1,,)nen be a dense sequence in Sé-1,
We have:

D C U {ﬁ€R+ZTg(nn)#Tg_(nn)}

which is at most countable. O

2.4.3. Rate function and localization. We now relate the asymptotics
of I, to the transverse fluctuations of the interface. We begin with the
definition of surface tension in rectangular parallelepipeds of fixed height,
unbounded width: for any H > V/d, we let

4(n) = limsup ETéM’H(S’n). (2.54)

It follows from the proof of Theorem that 77,(n) converges to 79(n) as
H — oco. We define the exponent &, in function of the speed of convergence:

&n = inf {fy >0 limsup HY? (1% (n) — 79(n)) < oo} : (2.55)
H—+o0co
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One can interpret &,, as an exponent for the transverse fluctuations of the
interface, in the uniform case at least. For example: in the two dimensional
case, assume that the transverse fluctuations of the interface scale like LX when
the two extremities of the interface are at distance L. We require now that
the interface be pinned periodically to the straight line, at a period L = HYX.
This increases surface tension by (—log pr,)/L, where py, is the probability that,
without the constraint, the interface initiated at a periodic point reaches the
straight line at the next point. This constraint also ensures that the interface
does not escape the rectangle of height H and thus indicates that

< — log pri/x

Th(n) —7(n) § — =L

In the case of uniform media we expect that, for any ¢ > 0, —logpy < L for
large L, and this leads to the inequality & < x.

We want to emphasize that the convergence of 75 has been studied in the
literature. In the case of deterministic interactions and effective models [17]
(continuum Gaussian, discrete Gaussian and S.0.S. models), it has been shown
that

B < cH™? ifd=2
THT T N e ifd >3

for some ¢ > 0, where d — 1 stands for the dimension of the effective model
and d for its physical dimension. One should compare these bounds with the
values for the transverse fluctuations exponent: 1/2 in two dimensions, 0 in
higher dimensions.

The main result of the present section is an upper bound on the rate
function I,, on the left of 79(n):

THEOREM 2.4.8. Assume 3 > (.. Then, for any n € S any v > &,
and r > 0 small enough (depending on (3 and P),

L(t9(m) —r) < r*77.

We thus expect that I,, is sub-linear on the left of 79(n). We recall that the
slope of I,, on the left of 77(n) — which we expect to be 0 — has the following
meaning;:

PROPOSITION 2.4.9. The slope of I,, on the left of T%(n) coincides with
the last X\ > 0 for which the equality between \-annealed and quenched surface
tenston holds:

lim I,(t9(n) — 1)

lim . max{ 0:7%(n) T (n)}

If P(J. > J™0) > p.(d), this quantity goes to 0 as 3 — oo, uniformly over n.
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PROOF. (Proposition . The existence of a slope for I,, on the left of
79(n) is a consequence of its convexity. The equality is then an immediate
consequence of the duality formula . The fact that the limit of the right-
hand term is 0 as 3 — oo under the assumption P(J, > J™") > p.(d) is an
immediate consequence of Theorem [2.3.1] O

The main step for proving Theorem [2.4.8|is the next proposition, where we
show that the cost for reducing the surface tension in a finite rectangular paral-
lelepiped is at most quadratic in the volume of the rectangular parallelepiped:

PROPOSITION 2.4.10. Assume 3 > BC. Then, there exists ¢ < oo such
that, for allm € S*', S € S, and H > V/d, if r > 0 is small enough and
R = RQL’H(S, 'I’L), then

P(ry <Ery—7r) > exp(—cr?HLY) (2.56)

for any L large enough.
Then, the proof of Theorem [2.4.8| goes as follows:

PROOF. (Theorem . For any v > &,, there is ¢ < oo such that, for
any H large enough,
mh(n) —71i(n) < cH '/,
Define then H, = (r/c)™" so that, for any r > 0 small enough, 7 (n)—7¢(n) <
r. Then, we consider § > 0 and S € S, let RY = Ry nsn(S,n) and write:
for N large enough,

P (7'7%1\/ < 7Y(n) — r)

WV
N

]P) (TéO,N,HT (S,'n) Tq(n) — 7’)
P (T,]%O,N,Hr Sm) S Tg,r (n) — 27“)

P (T%O,N,HT (Sm) < ET{%O,N,HT (S,m) ('I’I,) - 37">
exp (—QC/TZHTNd_I)

in view of Proposition [2.4.10 for some ¢ < oco. Then, we take some 7' >
and remark that, as r — 07, the term 9¢7r?H, = 9¢¢'r?77 is negligible with
respect to 27 O

VoWV

WV

PRrOOF. (Proposition . The idea of the proof is as follows: we prove
first that a deviation of the empirical mean of the couplings J. leads to a
deviation of the same order for surface tension. Then, we remark that the cost
for reducing the empirical mean of the couplings is quadratic at volume order.

To begin with, we introduce the measure }f”u for p > 0, defined by
Eu(h) = K <h(J)e_“ZeeE<7"z> Je)/]E (6—“26@(7@) Je)
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for h bounded measurable. A major difference with P, considered at (2.52)) is
that P, is a product measure.

We examine first the expectation of 73 under IEM and remark that

0 ~
@_,uE“ (7’7‘{) = — Z COVfEM (Je,Té)

ecE(R)
~ .. 013
< - § "
X VEM(‘]e) X EN (Jelel%g,l] 8Je)

where Vg (Je) is the variance of J. under E,. Vi .(Je) is a continuous function
of 4 and hence satisfies Vg (/) = Vi(Je)/2 for all p = 0 small enough. As for
the second factor, it follows from Proposition [2.4.3] that

0,7 5 0 (oot )
which implies:
0 ~ J VE(JG) 66_5
a_lu]EH (TR) S 9 [d-1

X |E2x" [ D we | —E, |25 [ D w|Dr
e€E(R) e€E(R)
for small enough p > 0. The FKG inequality 1mphes as Dy is a decreasing
event, that the marginal on w of the measure E <I>R stochastically dominates
that of E,[®5" (.|Dr)]. Hence one can consider a joint measure on (w,w’)
that satisfies w > &’ a.s., which marginals coincide with those of ]EHCI);]{”

and E,[®5" (.|Dg)], respectively. Since w’ € Dg almost surely, the difference
Y oee B(R) We — w! is at least equal to the number of edges one needs to close in
w to ensure the disconnection and we conclude that

0 - w
Zha () < - g (P )

where dP?(w) is the distance between w and the set Dg, i.e.

deq,...e, € E(7A2) such that @ € Dy, where
d°R(w)=inf{neN: _ [ &,=0 Vie{l...n}and
Y @ = we Ve & {e1,...,en}

We now use the assumption 5 > Bc which implies that a coarse graining holds
for Ed);]éw, that is to say that for any € > 0, there exists [ € N large enough so
that

B inf ® ;(;r < There exists a crossing cluster for w in A, ) -1

and it is the unique one of diameter > /2 (2.57)
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for = 0, where A; = {0,...,l—1}%. In view of the renormalization techniques
of Chapter 1, this assumption is enough, if € > 0 is small enough, to conclude
that E®" (dP=(w)) > ca(L/1)*'. Now, remark that the left-hand side in
is a continuous function of y for fixed [, so that holds in fact for
any p = 0 small enough. We conclude therefore to the existence of pg > 0
and ¢ > 0 not depending on R such that, for all u € [0, i), the inequality
I~EM (77%) < Erf — cp holds and implies, by Markov’s inequality:
cp cp

2 ) - 2Er]

We conclude now the proof of Proposition and turn into a lower
bound for the P-probability that 733 < Erf — cu/2. We let

1
m’ = - Je
|E(R)| 2

ecE(R)

P, (TR Er) — (2.58)

and denote m, = E,(J.). As a consequence of the law of large numbers, for
any p € (0, o) and € > 0 we have

~ i cu
P, (Té <Er — 5 and m’ >m gu) SErd

for L large enough. In view of the definition of P , we infer that

my— cp >
( 7 <Erf— € ~HER)[(m, W)) > ——Ee™ ceB(R)
{rh<Eri-4} 3ET

that is to say:

P (ﬁé <Erl — %) S (QA(MH,%_W) E(R)|

3ET]
where A(u) = logEe /¢ is the cumulant generating function of J.. An
immediate expansion yields
Ap) = —pmp + SVe(J) + 0o
m = —Ap) = me = pVe(l) + o (u)

where mp = E(J,), so that
2

A(p) + pmy, — ep® = _%VE(Je) —en’ + o (i)

and the claim follows. O

2.5. Appendix

We conclude this Chapter on surface tension with the proofs which are not
influenced in their structure by the media randomness. We will prove first
the sub-additivity of surface tension, then its convexity. In a third Section
(Appendix we will prove that surface tension does not depend much on
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the boundary condition. This will help in the study of the phase coexistence
phenomenon (Chapter 3).

2.5.1. Sub-additivity of surface tension. We give here the proofs of
Proposition and Theorem [2.2.2]

PROOF. (Proposition . The fact that 7'7{0 L n(Sm) 15 @ non-decreasing

function of J and /3 is an immediate consequence of the monotonicity of &’/
along the same parameters, noting that Dy is a decreasing event. We consider
then H' > H and call R = Ry 1 u(S,n) and R’ = Ry 1 u (S, n). The inclusion
Dy C Dz is clear and, on the second hand q);]éf” is stochastically smaller than
CID;Q’“’ in view of the DLR equation and of the monotonicity of @;]3’” along 7. As
Dy is a decreasing event we conclude that

¢%" (Dr) < O3 (Dr) < 9% (Drr)
e TR, s ny 18 @ non-increasing function of H. The non-negativity of T3 is

a trivial consequence of its definition, and we conclude with the upper bound

J J
TRoraEm) S TRy, alSm):
It is enough to close all the edges of R, = R, L2va(S,m) to realize the

disconnection in Ry. The DLR equation, combined with the monotonicity
of @{’S yields:

3, < Ld - log H CID{e} ({we =0})

ecE T\’,L
[B(Ry)|
Jd-1
as @Jw({we =0} =1—p = exp(—pJ.) > exp(—F). We bound the
cardinal of E(R.) using the following technique: |E(R )| is not larger than

< p

2d times the cardinal of Ry, which is itself not larger than the volume of
V= Uxesz (x + [0, 1]d) C RO7L+2\/373\/3(S, n). Consequently

(L + Qﬁ)d_l x 6v/d
Ld*l

and the claim follows. O

< B x2d % <5x6><2dd3/2

PRrROOF. (Theorem|2.2.2)). We begin with the definition of z; and C. We call
(€))k=1..a—1 the edges of S’ and e/, = n, so that (e} )r=1.q4 is an orthonormal
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basis for R?. For all i = (ik)k=1..d-1 € 79! we define z; as the unique point of

Z4 such that
— 11\
z d) el €zt |- = =
( +Vd ;zkeke,z +[ 5 2)
and call
C={iez"":R' CR}
letting
R = RO,L,H+\/a/2(S7 n) and Rz = Rzi’l’H(Sl,’n).
We proceed with the proof of (2.5)) first. We call H,, the hyperplane of R?
orthogonal to n that contains 0 and remark that the orthogonal projections of
zi + 18’ (for all i € C) on H,, are disjoint and all included in LS. Hence their

total surface |C]I9~! does not exceed the surface of LS, namely L', and the
upper bound in (2.5)) follows. Reusing the previous notations we call

d—1
Z = (l + \/c_l) Zikeﬁm Vi ez

k=1

so that z, € H,,. We consider then
C' = {ieZd‘l:z§+ <l+\/ﬁ>8’cLS}.

In view of the inequality d(z;,2!) < Vv/d/2 it follows that z + IS’ C R, for
all i € C’, hence C' C C. On the other hand, for any i € Z%! such that
2+ (14+Vd)S' N (L —2Vd(l + v/d))S # () we have i € C', hence

(LQ\/E(H\/E))“ <1el<cl

[+ Vd

and

00> (igal)

\/E I d—1
> (1 - 2\/32)

> 1—(d—1) ﬁ+2¢31
[ L
which yields the lower bound for (2.5). We pass now to the proof of (2.6 and
call
B }

E= {e € E(R)\ UE(7A€,) sd(e, Hy) < -
ieC
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where d(e, H,,) stands for the shortest distance between one extremity of e and
‘H,,. The inclusion

(ﬂp )ﬂ{we—OVGES}CD

ieC

holds: consider w that belongs to the left-hand side and let ¢ an w-open path
issued from T R. Every times ¢ enters some Ri by the upper boundary IR,
it also exits by the same upper boundary since w € DR As ¢ cannot use the
edges of £ it is not able to cross the middle hyperplane H,, elsewhere than
in the RZ, and in particular it cannot reach 0~ R. Since the Dy as well as
the {w. = 0} are decreasing events, the DLR equations and the monotonicity
along the boundary condition for o’ imply that

o7 (Dr) > [[®%Y(Dr) x [ 245 ({we = 0})

1eC ec&
[[ 2% (Dr,) x exp (—BIE]) (2.59)
eC

as CIDJw({we =0} =1—p. =exp(—pJ.) = exp(—f). We proceed then with
an estimate over the cardinality of £: we call F' = {x €Z%: y, {x,y} € 5}
the set of extremities of some e € £ and remark that || < dVol (V) where
V =U,cp2 +[0,1]% We have

V C Ry rravasvap(S:n) while VAR, o4 (S n)=10, VieC,

hence

3v/d d-1 d-1 Il
€] < d x Tf x ((L+2¢Zz) —c| <Z—2\/8) ) < cald! (Z+7>
in view of the lower bound in (2.5)). Taking logarithms in (2.59)) and dividing
by — L% ! we obtain the inequality

AN [ 1
< (z) T ()

ieC
and (2.6]) follows from the upper bound in ({2.5)).

We conclude with a word on the structure of the sequence (73 )iec. The R

are disjoint by construction, hence so are the edge sets E (7@1), hence the 7'7‘{1_
are independent. They are identically distributed as the R; are all centered at
lattice points, P being translation invariant as a product measure. O

2.5.2. Weak triangle inequality. In order to prove Proposition [2.2.§
we establish the weak triangle inequality for surface tension (see [65] or
Proposition 11.6 in [24]). We consider three unit vectors w,v and m such
that m is a linear combination of u and v with positive coefficients, and an
orthonormal basis e, e, ....e 1, €4 such that e; = n and e; € Vect(u,v)
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with e; - v > 0. In the oriented plane (e;,ey) we denote by 6 the angle
between w and n and by ¢ that between m and v. Note that cosf = u - n
and cos¢ = v -m. As seen on Figure 5| the triangle with faces orthogonal
to —n,u,v has side-lengths proportional to 1/tanf + 1/tany, 1/siné and

1/sin .

F1GURE 5. The triangle associated to the vectors uw, v and n in
the plane (e, eq).

Let us describe how, into a rectangular parallelepiped oriented in the
direction m, we construct an interface made of rectangular parallelepipeds
oriented in the directions w and v. Let

h=n(1/tanf + 1/tany),  hy, =1/sinf and h, =1/sing
where n € N*. We consider then the hypercubes

S = [£1/2er+ ...+ [£1/2ess
Su = [£1/2W + [£1/2]es + ... + [£1/2]es s
Sy = [E1/200 + [£1/2es + ...+ [+1/2)eqr,

where u' is the direct normal to w in the plane (e, e4), and v’ that to v.
Note that S, S, and S, are respectively orthogonal to n,u and v. Then, as
on Figure |§| we consider the rectangular parallelepiped R = AS + [£1]n and,
for any i € Z9! the rectangular parallelepipeds

i (Lo, 1
= VA — e
“ "\tanf ' tan © 2tand ) '

d—1
1 (Z iner + (1 — £5) (Sy + [£4] u)>

sin 6
k=2

R ' SR R
= VA e
v "\tanf ' tan 0 2tan @ !

d—1
1 (szek + (1 —&5) (Sp + [£6] 'v)>

sin ¢ P

where 6 > 0 and g5 = § max(tan 6, tan ¢) ensures that the e;-extension of R,
(resp. of RI) does not exceed 1/tanf (resp. 1/tanp), thus no R:, and RJ
intersect each over.
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R

D e I e i

n(1/tand + 1/tane)

FIGURE 6. Intersection of the rectangular parallelepipeds R, R,
and RJ with the plane (eq, ey).

We now state an intermediate Lemma:

LEMMA 2.5.1. There is a finite constant ¢ = ¢(d, 0, ) such that for any
N € N, any n large enough:

Jaw Jaw _ Jw _ —cB(nN)41(L1ys
v (Drr) = H (I)(Rz) (D(RL)N) H q)(Rg',)N (D(R%)N) x e~ HmN) (5 +0)
zelCu ie]c'v
(2.60)
where K, = {i € 271 : Ri, C R} and Ko, = {i € Z971 : Rl C R} satisfy

c 1 [ hy\ %72 c 1 [ hy\% 2
. n(h) Kul <1 and 1= n(h) ol <1260

ProOF. We begin with . One can pile exactly n rectangular
parallelepipeds R, in the direction e;, and at least h/h, — 2, not more than
h/h,, in each other direction e,,...e4 1. Since h is proportional to n,
follows. We proceed now with the probabilistic estimates and consider the set

of edges
£ C B(RN)\ {UE (Ri)M U | B(RY) )}
1€ 1€y
made of the edges that touch laterally some (R:,)Y or (R%)", and of the edges
that touch the interface NZ where 7 is the interface invariant by translation
in the directions ey, k € {2,...,d — 1}, which projection on the plane (e;, e;)
equals the union over i € Z of

: 1 . 1 e 1 , 1 am 1 /L 1
7 e u — v
tanf = tanep ! 2sin 6 2tanf 2singp 2tan ¢

(cf. Figure @ It is clear that if disconnection happens under w in every
rectangular parallelepiped (R%)Y, i € Ky, in every (RL)N, i € K, and if every
edge in & is closed for w, then disconnection happens in the large rectangular
parallelepiped RY. The cardinal of £ is not larger than

caN (1 + 6/25) [Hd—l(ImR) 1C.| <( 85))d_1 — Ko (@)d_ll

sin 6 sin
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and since HEHZ NR) < (n+ 2)(h/hy +2)772(1/sin )1 + (n + 2)(h/he, +
2)%72(1/sin )4 and €5 o §, one concludes that
€] < en®INTH (1 /0 + )

for some ¢ = ¢(d, 0, ¢). Then, (2.60) follows just as in Theorem from the
DLR equation, together with the remark that the conditional probability that
any edge be closed is at least e, U

We state now the proof of Proposition [2.2.8}

PROOF. (Proposition [2.2.8)). Consider z,y € R? and « € (0,1). If z and y
are on the same line issued from 0, the convexity inequality f9((1—a)z+ay) <
(1 —a)fi(x) + afi(y) is trivial. Else, we call

:i, v="" and n= (1= ajr+ay

]l [yl (1 —a)z +ayl
and define by 0, ¢ € (0,7/2) the numbers such that w-n = cosf and v - n =
cos . Remark that n,u,v comply the assumptions stated before Lemma
2.5.1} Taking —1/(hN)?'Elog in equation (2.60) and the inferior limit in N,
then n — oo and & — 0 we obtain in view of Theorem the weak triangle
inequality for 79, namely:

tanf  tanp sin 0 sin ¢

u

This implies the convexity of f? and also, since sup,cga17¢(n) < o0,
the continuity of 7¢ — cf. Proposition 11.9 in [24] and references therein.
The same is true for 7*: elevating equation to the power A, taking
—1/(hN)4'1ogE and the superior limit in N we obtain, in view of (2.20):

Ay -2 ¢k, (M)Hrwu) 1K (M)d_lf*w)

h h h

n\a-1 /1
vo (%) <_ ; 5)
h n
hence, letting 6 — 0 and n — oo we get the weak triangle inequality for ™,
hence f* is convex and 7* continuous on S9~!. At last, remark that f is the

pointwise limit of fA/\ as A — 0T (cf. (2.24))), hence it is again convex, and 7
is continuous on S4-1. U

2.5.3. Surface tension under free boundary condition. The subject
of this last appendix is the proof of the Proposition below. Given a
rectangular parallelepiped R = R, 1 n(S,n), the surface tension in R, with
free boundary condition is

) 1
i = — 77 log 0% (Dr) (2.62)
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where R = R r,m/2(S,n) is the twice finer rectangular parallelepiped. We
will compare the value of 7 to that of

log 3" (Dr),

1
J _
™R=" d-1
the surface tension in R with wired boundary condition as in (2.3), and to
1

Jw
7—%]2 = _Ldfl lOg@,’i (Dﬁ),

the surface tension in the finer rectangular parallelepiped R, with wired
boundary condition. We use the notations . for the slab percolation threshold
and N for the set of inverse temperatures at which infinite volume FK measures

are not unique, see (3.4) and (3.5)) for instance.

PROPOSITION 2.5.2. For any rectangular parallelepiped R, 7 < T;]i. On

the other hand, if 3 > Bc and 3 ¢ N there exists c¢q < oo such that, if
RN = RO’N’(;N(S,TL) with 0 € (O, 1),

: 1 .
hm]?up Nd log P (TéN < Tpn — cad log q) < 0. (2.63)

As a consequence, for 3 > Bc with 3 ¢ A/, the cost for reducing 73 does
not differ much from that of reducing 7'7‘{: for all 7 > 0,

—I(77) < liminfy o wo—logP (7jn < 7)
< limsupy o, gt l0gP (7n <7) < —In(7 + cadlog q).

In order to prove that the boundary condition has little influence on the
actual value of surface tension, we will adapt the argument of Cerf and Pisztora
[25]. First, we will evaluate the density of the “induced boundary condition”
under free and wired boundary conditions, as well as the cost for deviations.
Then, we will use an appropriate geometrical decomposition together with a
coupling argument and conclude that typically — up to volume order — the
boundary condition in does not influence the value of surface tension.

We begin with the definition of the density of the induced boundary
condition. We call H = Z%! x {0} the discrete horizontal hyperplane and
ET = E(Z4! x N) \ E(H) the set of edges with at least one extremity above

H. For any box A C Z? symmetric with respect to H and any w € €, the
boundary condition induced by w on H is wyg+. Then, we consider

K (w) = number of clusters of A N H under the wiring W) B+
as well as the density of clusters
K3 (@)
Rialw) = ——.
Alw) A
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In order to define localized versions of K (w) and k4 (w), we consider the edge
sets

By =FE*NE@A) and & =ETn(E\)\ EOA))
where OA = {x € A: Jy € Z*\ A : x ~ y} is the (inner) boundary of A C Z¢,
and let

K[{(w) =K} (u}‘g[\) and K7 (w) = K} (W|5A Y w|BA) (2.64)
where w € (2 is the configuration with all edges open. We consider as well the
associated densities:

K’ () K% (w)

f _ A w .
ki (w) = — and k%Y (w) = — .
A AN H] i) AN H]|

If Ay is the symmetric box Ay = {—N,..., N} we have:
PROPOSITION 2.5.3. The limits
kI = lim E@Jf ( ! (w)) and K® = lim E®T" ( ¥ (w))

N—oo AN AN N—oo AN AN

erist and satisfy 0 < k¥ < k! < 1. They are equal for any B > B. such that
B ¢ N. Furthermore, for any e > 0:

; LI f f
hm;up NaT log E®7 (KAN > k! + 8) <0 (2.65)
and
Jw w w
l1mj\§up N [ log EQY (FLAN < KY — 5) < 0. (2.66)

ProOF. We prove that /if\ and KY i, are respectively sub and super-

additive. Given L, N € N* with L N and 1 € H, we denote
AL = @L+1)i+A;, and Iyg= {2 EH: AL C [\N} . (2.67)

Explicit calculations show that
N\ 1
Ing|={— 1+0|( —
= () (ofz))

HN{Av\ [ Af gNd‘lO(%)

and

i€[N7L

Since K; is decreasing, we have
AN ?

K}:N( w) <KL/ Wit =) K +HN [Av\ | AF

N
Z'EIN,L ZEINL ’LEINL
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and as a consequence,
1+0(1/L) ( 1 )
f f
Kkt (W) < —————F E Ko () +O0 | =]). 2.68
AN( ) ’[N,L| el A{:( ) L ( )

In other words, /{i

the expectation E@J IJ; and on the right-hand side the product )

is a sub-additive quantity. Taking on the left hand side
E®%]
— which is stochastically smaller than Ed/ Ay cf. Proposition |1.3.2]in Chapter

i€ln

1 — we conclude, on the one hand, to the convergence:

E@Jf< AN(w)> —

N—oo

and on the other hand that, for L and N/L large enough:

€
E@i]’; (/@fA\N(w)E/ef+5> < IE(I)X]’; ‘[NL’ Z AL = +§
i€ln

® walf

i€ln, L

> rhw) 2w 45

\INL\ e

Provided that L 1is large enough, the former probability decays as
exp(—c(N/L)*!) in the limit N — oo thanks to Cramér’s Theorem, and
we proved ([2.65)). Symmetrically, xY

KA is a super-additive quantity since, if we
open all edges that do not belong to any &£ AL, We obtain the inequality

Ky @) 2 Ky, (Vi e, ) = D0 (KR @) =1 +1

t€IN,L

that is to say

i) > S S e -0 (1) (2.69)

[In1] ieln.r

and the convergence E®7" (/41” (w)) — K" as well as the surface cost for
AN AN N—oo

lower deviations (2.66) follow in the same way. The inequality 0 < k% < &/ < 1
is a trivial consequence of the fact that K3 is a decreasing function of w, and

of the estimates 1 < Kj (w) < (2N + 1)%. In order to prove the equality,
we take ]E<I>Jf 2.68) and E@/‘{’Z’ in (2.69) and letting N, then L — oo we
obtain respectlvely

f .. f w : w
< thmf@ <KJAL (w)) and K" > thsup@ (FLAL (w)) (2.70)

where O is the weak limit of both IE(IDLJ: and IE(IDXZ as N — oo, thanks to the
assumption 3 ¢ N. On the other hand, the assumption (3 > Bc and the coarse
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graining (Theorem in Chapter 1) imply the existence of ¢ > 0 such that,
for all L € N large enough:

O Uy, ) =1—exp(—cVL)

where
In Ay, there exists a unique
UAL p— . \/_ .
cluster for w of diameter > v L

For any w € Uy it is immediate that

0< k! (w)— kY (u})gu

AL AL \/I

and as a consequence:

k" > limsup © (/#;CL (w)) = limsup © (/ﬂj{L (w)) > limLinf@ </§£

5 : (w)) > k!

O

L

The second step towards the proof of Proposition [2.5.2]is a control on the
density of the boundary condition induced by w on an increasing sequence of
sets (Vi) ne{o.nmar} defined as follows: given RY = Ro ysn (S, n) as in and
7% = R07N75N/2<S,n), N, L € N* we call

Un = RO,N,&N/2+4m/3L(Sa n)

for any n € {0, ..., nymax} where
Nmax = [§N/(8VdL)] — 1.

Then, for all i € Z% we let

iEZdZAZLnUnim

These sets are illustrated on Figure []]  Note that the rectangular
parallelepipeds RN, RN and U,, n € {0,..., nmax} are all centered at the
origin. The essential feature of V,, is that its boundary is mostly constituted
by d — 1 dimensional facets of side-length 2L + 1, which makes possible to
control the density of the boundary condition induced by w on V,,. Precisely,

iwaQE( andwEQE(A we let

RN )e RN)

N, (w, ™) = Number of connected components of 9V, under W R E(Vn()2v77lr)’

and the following holds:
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L

N6/2 + 4n\/EL\\

FIGURE 7. An illustration for the definition of V,,.

PROPOSITION 2.5.4. Assume that 6 > (. and 3 ¢ N and let RN =
Ronsn(S,n). Then, there exists cq < oo depending on d only and L € N*
such that:

X 1 Nn w, Nmax
hjrvnjolipmlogE@g{, < {n: ﬁ > m+cd5}‘ > 5 > <0 (2.72)

and

. 1 w No(w, w Mimax
hjr\?_?;pmlogE@%N < {n ; |8(Tn|) < ﬁ—cdé}‘ > 5 ) <0 (2.713)

as well as
Vn € {0,...,Nmax}, |[0Va] < ca(1 + )N, (2.74)

We decompose the proof of Proposition [2.5.4] in three steps. First, in
Lemma 2.5.5 we estimate the number of facets in each V,, as well as the cardinal
of 9V, not covered by these facets. Then, in Lemma [2.5.6) we compare N, to
a sum of local variables that are similar to the K//* defined at @D, and at
last we conclude using the stochastic domination Theorem (Proposition [1.3.2]
in Chapter 1).

We begin with a notation for the facets of the A: given (i, k,¢) € Z¢ x
{1,...,d} x {£1}, we denote by

kaﬁz {xEAiL:x'ek:2Li~ek+5L}
the facet of AF in the direction ee4. Then, we let

i+eeg

Fn = {(i,k,s) B Cc oV, Al CV,and AL, C RN} ,

and we prove the following fact:
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LEMMA 2.5.5. There exists a constant c; < oo depending on d only such
that, for any consistent N, L,0 and n with N/L large enough, one has

1 N d—1 N d—1
—( ) <|fn|<cd( ) (2.75)

cqg \2L +1 2L +1
as well as
v\ | Fh.<ca(ON+L)N"2 (2.76)
(4,k,e)EFn

PROOF. We begin with the right-hand side inequality in (2.75)). The cubes

contributing to F,, remain at distance not larger than 2L+v/d from the top and
bottom faces of U,, that is, they pertain to a region of volume not larger
than 8Lv/dN!. Since each cube has a volume (2L)? and bears 2d faces, we

conclude that
N\ 4!
Fo| <847 | — .
| Fol 5

In order to prove the left-hand side inequality in , we consider the
orthogonal projection of the hyper-rectangular parallelepiped Top(U,) onto
the hyperplane {z € R? : x - e, = 0}, it has an area equal to N4~ ! x |e;, - n,
and this area is a lower bound for the area of the facets of F,, with outer
normal +e;. Hence the area of the facets of F,, is at least of the order of

e
for N/L large, and (2.75|) follows since ||n||; = 1. We address now the proof
of (2.76), and remark that OV, \ U 4. .c, Fike can be covered by the union
of the DAL for all i € Z? such that

AN (Vi \ 0(RY)) #£ 0 and  3(k,e) : AL

1+ceg

RN
and by the lateral boundary of RY, namely
Oat(RY) = {2z e RN NZ*: Iy € Z'\ RY, |ly — z[]» = 1}

where RY is the rectangular parallelepiped with the same basis and center as
RN, with infinite extension in the directions £mn. On the one hand, there are
not more than ¢,(N/L)%2 cubes AL that intersect 9V, \ d(NR), being at a
distance not larger than 2v/dL from Oat (NR), hence the contribution of the

corresponding 8AZL is not larger than ¢,LN%"2. On the other hand, it is clear
that |Gl (NR)| < 0Nt and (2.76]) follows. O

We turn now to the second step of the proof of Proposition [2.5.4] and make
the link between N, (w, ) defined at (2.71) and the quantities K7//* defined
at (2.64). Precisely, given any (i, k,e) € F,, we call

BiL’k’€ = Al + Leey,
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the box placed symmetrically around the face F; _, then

1,k
szs {z € B}y, (x—2Li) - ce, > L}

its middle half which intersection with V,, is reduced to F}} .. Then, we call
B},. the set constituted of the lateral edges of BZ.L7 ,’c; not in E(F} ), namely
B}, e = E(0BM1) \E(Ff,.), and &l . the set with one extremity in the interior

ik,

of Bt namely £F e = — E(BF i 8) \ E(0BF ks) These edge sets are illustrated

i,k,e?

on Figure Then we call

(i) K szfE( ) the number of clusters of F;Lka under the wiring Wiet, and

(ii) KiL k,“;( ) the number of clusters of FZL,” under the wiring Wik, V
w
‘szs

that is to say: in the computation of K ZL ,’Cfs (w), we take into account only the

edges of w in & , while for Kf 1e(w) we close first the all the border edges
ec Bsze

Ehe
B, /
e A— °
| : .
: : v, ®
.00001"......
. Flie
° BZL’,M
[
[ ]

FIGURE 8. The two edge sets B} . and &,

These new quantities K//* correspond to those defined at (2.64)), except
for their orientation ey in place of e;. We prove now:

LEMMA 2.5.6. There exists cq < oo that depends on d only such that, given
anyWEQE@\V)C and w € ) sV € {0,. .. Nax }-
3 [kai 1] SNo(w,m) Sca BN+ DN+ S KB ().
(3,k,e)EFn (i,k,e)EFy

(2.77)

PROOF. We begin with the left-hand side inequality. Let z € F}; . and
call C, the cluster of Wier, VWL, that contains z. If C, N Bl . # 0 (and
this is the case of all but one cluster), C, is also a cluster for wjgr~NE;)-
Furthermore, it touches exactly one facet of 9V}, since it does not touch B, _.
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Hence, summing on all such clusters we obtain the left-hand side inequality in

@77).

We examine then the right hand side inequality and consider C a cluster of
Wi B(RNN\E(V,) V T touching V;, on some facet (i, k,e) € F,,. There exists at least
one cluster C' C C for w e, _ that touches Fi’Lkva, thus it follows that the number
of clusters under wgr~)\g(v;) V T touching U(i ko) EFn FZL,M is not larger than

D tikeyer, K f,;’; (w). The right-hand side inequality in (2.77)) is then a direct

)

consequence of (2.76)) in the previous Lemma. O

We address at last the proof of Proposition [2.5.4]

PROOF. (Proposition [2.5.4). We denote by F = |JI™% F, the set of all
facets of some V,, and consider the collection of events

DE .= {w KB (W) = (20 + 1) Yk + 5)}

ik, ik,
for (i, k,e) € F, as well as

G {w: H(i,k,a) E.|7;’::|w€2)£k76}| 25}

the event that a proportion at least d of the facets satisfy DiL’kﬁ. First, we
prove that if C;y = 2 + 3¢4 where ¢4 < oo is the maximum of the constants

appearing in Lemmas and [2.5.6 for L and N/L large enough we have
the implication:

we G =

. Nn(w7f) Nmax

The proof is as follow: we consider w € G° and a sequence (nt)tzlm[nmax /2] such
that, for all ¢t € {1,..., [nmax/2]}:

No(w, f) = (k4 Cad) |0V, | (2.79)

and exhibit a contradiction. To begin with, we sum ([2.79)) over ¢, consider the
lower bound |0V,,,| = (2L — 1)4|F,,|, divide by (2L + 1)%1 S [mma/21 | 7|
and obtain

(2L — 1)1

(2L + 1)3-1

[Mmax /2]
Zt:ld A[C’jm(“jﬁf ) S (et O
(2L + 1)1 50 | Fon. |

Then, we remark thanks to (2.77)) that

[nmaX/2-|
; Ny (w, f) < > KRL@) + || caloN + L) N

(ike)eU 2?1 7,

(2.80)
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while the assumption w € G° implies that

[mimas /2]
3 KL () < QL+ (k+08) > |Ful+6Q2L+1)"F.

(Lk’E)EUt[Zrlnax/ﬂ ‘7:"15 t=1

Reporting in and notlng that |F|/ 351w/ |.7:nt| 2cd, as well as
(2L + )31 57 ”ma"m | Fe| = ¢ [Mmax /2] N9~ thanks to , we conclude
that

(2L — 1)1

(2L + 1)d-1

which is false for L and N/L large enough Hence (2.78]) holds for L and N/L
large enough. Now we estimate the E@ —probablhty for G. Remark that for
i =0,k =dand e =1 we have KO,d{l( ) = K};L( w) where K/{L( w) is the
quantity defined at 1) Hence, from the assumption 5 > BC and 5 ¢ N, we

deduce from Proposition and in particular (2.65)) the existence of ¢ > 0
such that

L
K+ 6(1+3c3) + CZN > (k + Cygd)

L—oo

Esup <(I)éf(BL+) (ka€)> < exp(—ch_l) — 0

and DL

e have

for any L large enough. Now remark that the events DZ ke

disjoint domains of dependence E(BL +) and E(B; ,:E) as soon as ||i—jllc > 2,
hence the assumptions of Proposmon in Chapter 1 are satisfied. ThlS
means that we can fix L (large enough so that ([2.78) holds for N large enough)
such that the E®7 I _probability for G is not larger than

1
B, (mZXf > 5)

where 852 is the Bernoulli product measure on F of density §/2, and X its
variable. By Cramér’s Theorem, we know that the later probability decays as
exp(—c|F]|) for some ¢ > 0. Thanks to Lemma it appears that |F| is
larger than cqg, 0h?N¢ hence we proved the existence of ¢ > 0 such that

E@;]JV (G) < exp (—eN?)

and in view of the implication (2.78)), the proof of (2 | 1s over. The proof of
(2.73) would be identical. At last, from (2.76)) and ( we check that

0V,| < egN™ 1(1+5+L/N
hence for any N large enough
0V,,| < CyN*' (1 +6)
and is proved. O
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We are now in a position for proving Proposition [2.5.2, In order to
quantify the influence of the boundary condition on surface tension we describe
a coupling between the two measures ]E@;’zfv and ]E@;]éz,’j. Following Cerf
and Pisztora in [25], we consider an enumeration ey, ...e, of the edges in

E (7@), where m = |E (7/€N)| and assume that this enumeration describes first

E(@) \ E(Viao), then E(V, Y\ E(V,,..—1) and so on until £(V4). On the
other hand, we let Uy, Uy, U,, be i.i.d. random variables uniformly distributed
on [0,1]. Given a realization of the media J € J, we construct then two
configurations w, @’ € Q) B(RY) by induction, letting

Wep 1 1{Uk+1<¢’}é(fNR) (wek+1 |weq =@eq 5o wey, :&)ek)}

- Jyw _ _
€k+1 {Uk_,_lg{)E(NR) (w€k+1 |wey =L, ,...,wek:wék)}

(2.81)

and we call ‘i;ng the resulting law for (w,&’). This joint measure @ﬁvw has
the following properties: first, @ < @' almost surely — this is an inductive

consequence of the FKG inequality. Second, the marginal laws of @;]J\,w on w

- J, J, . .
and &' are @R’fv and @y respectively, and even, given any n € {1,..., Mmax},

the marginal laws of @, under the conditional measure
7L (]Cu =wand @ =w on E(TZN) \ E(Vn)>

are respectively

“IBRN\E (V) 057N eV N BV
s and @, . (2.82)

i

o

PROOF. (Proposition [2.5.2). The inequality 7 < 7% is immediate: notice
that
J, J,
Ol (D) = ®%°(Dy).

We address now the proof of (2.63)) in the case ¢ > 1 (if ¢ = 1, the result is

clear) and consider, for every n € {1,..., nmax}, the events
_ J— 2 . (I) < (I], and
An = {(“W) €m0 < N(@, f) — N(@, w) < 425h1-1 N1 } !
A=|J A, and B,=A,\ |J A
n=1 k=n+1

where ¢; < oo is the constant appearing in Proposition [2.5.4. The latter
Proposition yields:

~ - Vn < Nmax
E@J,f,’w C < E@Jmfaw — ! —/
v (A7) < RN J\Té(v“:f) > K+ cg0 or M"g‘jn’f“) <K —cgd

< 2exp(—cNY) (2.83)
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for some ¢ > 0 and L € N*, for any N large enough. Now, we write
P (Dy) = Pl (@ € Di)
< LY (@ € Dgw NA) + BLY (A°)

Mmax

Z QLY (& € Dw N By) + PRV (A9 (2.84)

and thanks to (2.82) we know that for every (w,w’) € B,
L (@ € Dy |@ = w and & = o' on E(RV)\ E(Vn)>

7

_ (p |E( RN>\E<V">(DRN).

B(Va)
Remark now that the boundary condition w, E(ﬁp)\%/) inducej\/ No(w, f)
a1 ¥ V). duces N, w) 2 Na(w, f) -

4c26h? N1 clusters. Hence (Lemma 3.3 in [25]) we have

clusters on dV,,, while w

T B RN\ B (V) < AGINI J’“’\E<7€7V>CVW\/E(7?N>\E(V,L) D
P pv) (Drv) < q X Pp) (D)

and using (2.82)) again and reporting in (2.84), noting also Dy C Dgry we
conclude that

Ok (Dan) < g"™ O (Drav) + " (A°).

Yet, Markov’s inequality indicates that (I)}]Jv (A°) < exp(—c/2N?) up to
volume order large deviations on J. On the event that TéN > 5c25logq > 0,

CTD;IQ’{V’“’ (A°) is hence smaller than the first term for N large, up to volume order
large deviations on J and we proved that

1
lim sup Nd log P (%;éN < TRN 5c20 log ¢ and TRN > 5c30log q) < 0.

We conclude with the remark that, as ﬁéN =0,

P (féN < TéN — 5c25log g and TéN < 5cad log q) = 0.



CHAPTER 3

Equilibrium phase coexistence

ABSTRACT. In this Chapter we address the problem of phase coexistence in
the dilute Ising model at equilibrium. Using the coarse graining developed in
Chapter 1 and the analysis of surface tension realized in Chapter 2, we extend
the L'-analysis of phase coexistence developed for the pure Ising model to the
dilute Ising model, in all dimensions d > 2.

3.1. Introduction

The Ising model below the critical temperature, without external field,
is a very convenient framework for the rigorous study of phase coexistence.
Indeed, a constraint on the overall magnetization leads to the occurrence of
two immiscible phases, the plus and minus phase (characterized by their local
magnetization £mg). These phases organize in space, and surface tension is
responsible for the resulting shape, which has minimal surface energy under
the given volume constraint.

A first impressive mathematical achievement was a detailed description of
this phenomenon in the two dimensional Ising model [35] at low temperature.
The construction was then simplified [69] and extended up to the critical
temperature [49, (50, [51I]. It appeared that not only, a mathematical
implementation of surface tension was needed, but also that a coarse graining
describing in a precise way the structure of both plus and minus phases was
incontrovertible. See also [14] and Chapter 5.5 in [24] for a survey.

One specificity of the two dimensional case is that one is able to control
the position of the microscopic interface between the plus and minus phase.
In higher dimensions, it is predicted that clusters of plus and minus spins
both percolate at temperatures close to the critical temperature [2]. This is
the reason for which phase coexistence in dimensions d > 3 was studied in a
L'-setting [12], 23], 125], see also the reviews [14] and [24].

The objective of the present Chapter is to extend the L!-description of
phase coexistence to the dilute Ising model. In that model, the couplings
between spins are random, independent and identically distributed, yet they
remain ferromagnetic and bounded.

139
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The structure of the Chapter is as follows: we continue the current section
recalling a few facts on the dilute Ising model and on the associated geometrical
optimization problems. We state the main results in Section Section [3.2
is dedicated to the elaboration of a covering theorem for the boundary of
phase profiles. In Section [3.3| we prove the lower and upper bound for phase
coexistence, for specific realizations of the media. In Section the reader
will find the classical formulation of the lower and the upper bounds, together
with the exponential tightness and, finally, the proofs of Theorems and
B2

3.1.1. The dilute Ising model.

3.1.1.1. Definition. Given a realization of the couplings J : E(Z%) — [0, 1]
we define the dilute Ising model with couplings J and plus boundary condition
as follows: given 8 > 0 and A a finite subset of Z?, we define the Gibbs measure
,ugj{ on A letting

1 g
pin ({o}) = 7= P | 5 Y oo, (3.1)
A e={ay}e v (A)
for any
ceXi={0:7Z"—>{£1}:0.=1,Vz ¢ A},

where Z/{’ 5 1s the partition function

Z/‘\]g = Z exp g Z Je0z0y

sest e={zy} e (A)

We already remarked in the first Chapter that the Ising model and the
Fortuin-Kasteleyn measure are strongly connected, and that the Fortuin-
Kasteleyn model @é%’q with parameters p, = 1 — e/ and ¢ € {2,3...}
corresponds to the ¢g-Potts model with random couplings J., fixed boundary
condition, at inverse temperature 3. The 2-Potts model itself is the Ising
model at inverse temperature (3/2 and this is the reason for which we take (/2

instead of the usual 5 in (3.1)).

Recall that we denote by PP the law of the media J. We require that the
J. are independent, identically distributed on [0, 1]. The magnetization in the
thermodynamic limit is

. J,
ms = Jim B (o)

where Ay is the symmetric box Ay = {=N,...,N}4 Tt is a non-decreasing
function of 3. The critical inverse temperature

Be=1inf{# > 0:mg > 0}



3.1. INTRODUCTION 141

satisfies 3. > P, where SP"° is the critical inverse temperature for the pure
Ising model (with J = 1). The argument of [3], described in Chapter 1, shows
that the condition P(J. > 0) > p.(d) where p.(d) is the threshold for bond
percolation on Z? is necessary and sufficient for having a phase transition at a
finite f..

3.1.1.2. The magnetization profile. The objective of this Chapter is to
describe the behavior of the magnetization profile in the dilute Ising model.
The magnetization profile Mg, at mesoscopic scale K € N*, is a piecewise
constant function from [0, 1) to [—1, 1] that we define as follows: given N € N*
with N > 3K +1, we consider (A, A})ier, . the (K, K)-covering of Ay as in
Definition [L.5.1} For z € [0,1)%, we let

i) = ([%} [%D € Loy x (3.2)

if v = (21,...,24), and

MK(x):% S o, Vae[o 1) (3.3)

2€8(()

so that Mg (z) is the average magnetization on a block of side-length K that
contains Nz.

Theorem [1.5.7] in Chapter 1 provides a strong stochastic control on M,
under the assumption that slab percolation occurs under the annealed measure,
and that uniqueness holds for infinite volume annealed FK measures. Let us
denote R

B =inf {3 > 0: (SP) occurs} (3.4)
the critical inverse temperature for slab percolation (see Section for the
definition of (SP)) and

= > . i LA]’f i {7w} .
N={8z0: lim B! 4 lim B3 (35
the set of 8 such that infinite volume annealed FK measures are not unique,
where @X; denotes the Fortuin-Kasteleyn representation of the dilute Ising

model.

The study of phase coexistence that we propose in this Chapter holds for
any (3 > Bc such that 3 ¢ N. This assumption is possibly stronger than that
of phase coexistence 3 > (.. Yet, we proved that A is at most countable
(Theorem , and we believe that, as in the uniform case [13], B. = B..
At least we have BC > ., and BC is finite under the same assumption as (.,
namely: P(J. > 0) > p.(d) (Section [L.2.2)).

3.1.1.3. Surface tension. We will also make an extensive use, in the present
Chapter, of the notion of surface tension. We refer the reader to Section
for an overview on surface tension in the dilute Ising model.
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3.1.2. Surface energy and Wulff crystals. The coarse graining for
the dilute Ising model (Theorem implies that, at every z € [0,1)4,
Mg (x)/mg is close to £1 with large probability. In order to describe the
geometrical structure of the phases, we will estimate the probability that
My /mg be close, in L'-distance, to a given Borel measurable function
u : [0,1] — {&1}. This probability is determined by the surface energy
of u, namely: the integral of surface tension over the boundary of w.

Below, we define the notions of boundary and of surface energy for such a
profile u and describe the associated isoperimetric problem.

3.1.2.1. A few notations. In the following, £¢ stands for the Lebesgue
measure on R? and H? ! for the d — 1 dimensional Hausdorff measure, which
gives to any Borel set X C R the weight

HH(X) = 5lir£1+ 35:11 inf {Z[diam(Ei)]dl : Sllel? diam(E;) < §,X C U EZ}

el el

where the infimum takes into account finite or countable coverings (E; ), and
ag_1 is the volume of the unit ball of R~!. The L'-distance between two Borel
measurable functions u,v : [0,1] — R is

|lu — vl :/ lu — v|dLe,
(0,1)¢

and the set L' is
{u:[0,1]* — R Borel measurable, [|uf 1 < co}.

In order that L' be a Banach space for the L'-norm, we identify v : [0,1]¢ — R
with the class of functions v : ||u — v||z1 = 0 that coincide with u on a set of
full measure. At last, we denote by V(u,d) the neighborhood of radius § > 0
in L' around u € L'.

3.1.2.2. Profiles of bounded variation. For the study of phase coexistence,
we have to consider virtually any u € L' taking values in {£1}. We need to
define a notion of boundary for such profiles, which is done conveniently in the
framework of bounded variation profiles (Chapter 3 in [10]). Given a Borel
subset U C R?, the variation (or perimeter) of U is

P(U) = sup {/Udiv fdc?, f e C(RY, [—1, 1])} € [0, o]

where C>°(R?, [—1, 1]) is the set of C* functions from R? to [—1, 1] with compact
support, and div the divergence operator:
of of

divf=—+... .
IVf 8m1+ +8£L‘n
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To U C R? Borel measurable, we associate

u=xv=z€R H{ —1 else

and define the set of bounded variation profiles BV as follows:
BV = {u=xy: U C (0,1)? is a Borel set and P(U) < oo} .
Bounded variations profiles u = xy € BV have a reduced boundary 0*u and an

outer normal n* : 9*u — S9! with, in particular, H?*(9*u) = P(U).

3.1.2.3. Surface energy. As the outer normal n" defined on 0*u is Borel
measurable, one can consider the functionals

Fi(u) = /8 rn) ARt (@), € BY (3.6)

and
FMu) = / A (n")dH* (z), Yu € BV,¥A > 0. (3.7)
o*u

where 77 (resp. 7) stands for the quenched (resp. A-annealed) surface tension
of the dilute Ising model, see Theorem [2.2.3|and (12.18)) in Chapter 2. Because
the homogeneous extension of the surface tensions 7¢ and 7} are convex
(Proposition in Chapter 2), F? and F* are lower semi-continuous with
respect to the L'-norm. See Chapter 14 in [24] or Theorem 2.1 in [9].

When surface tension is positive, the level sets of F¢ and F* are compact
in view of the following fact: for all a > 0, the set

BV,={u=xy € BV:PU) < a} (3.8)

is compact for the L'-norm, cf. Theorem 3.23 in [10]. Consequently, F? and
F> are good rate functions.

3.1.2.4. Isoperimetric problems and Wulff crystals. We will show in this
Chapter that the quenched probability of observing a given profile u € BV for
the magnetization My /mg in the domain Ay is of order exp(—N*"1F?(u))
under the quenched measure. Hence, in the absence of constraint the system
selects the plus phase uniformly in the whole domain (i.e. Mg/mg ~ 1 in
L'). As we are interested in the phenomenon of phase coexistence, we impose
a volume constraint and condition on the event that my, < m, where my, is
the mean magnetization in Ay and m is some value m < mg.

This volume constraint leads to the following isoperimetric problem: what
are the u € BV such that

wdlC? < - and F?(u) is minimal 7 (3.9)
[0,1)¢ mg

We describe first the Wulff crystal, which is the solution to the same problem
without the constraint that U C (0,1)%. The Wulff crystal associated to 7, for
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B> D, is
WI =« ﬂ {reR:2-n<1n)}
neSd-1
where a € (0,00) normalizes the volume such that £4W9) = 1. As the
homogeneous extension of 79 is convex (Proposition [2.2.8)), the solution to
U C R Borel set with
LYU) =1 and F9(xy) minimal

are the translates of the Wulff crystal W1, see [76], [37] and [3§].

For m < mg not too small, W? determines as well the optimal profiles in
the cube (3.9). Let @ > 0 such that

1
ad:_(l_ﬁ),
2 mp

a? is the least volume of U corresponding to v = yy € BV with f[o 1 udL? <
m/mg. If some translate of aW? fits into the unit cube [0, 1]¢, that is if

a x diam, (W?) < 1, (3.10)

then for zp = (1/2,...,1/2) the phase profile x.,+aw« belongs to BV and
therefore the infimum of F?(u) for v € BV with f[o 1 udL < m/mg is

fq(Xan>‘

As a consequence, for all « satisfying (3.10) the optimal phase profiles
correspond to the translates of a)V that belong to [0, 1]¢, which are the

d
Xztawa, 2€T}1= [% diam.,(W?),1 — %diamm(wq)]

The same remains true if we replace F¢ and WY with F* and W?*, for any
A > 0.

3.1.3. Statement of the results. We denote m,, the mean magnetiza-
tion in Ay:

and

N ={B>20:Ine S :3>0:L,(r%n) —c) =0}
which is at most countable if I’ satisfies a logarithmic Sobolev inequality, see
Corollary in Chapter 2. We use as well the notations (. for the slab

percolation threshold and N for the set of 3 such that there is no uniqueness
of infinite volume FK measures, see (3.4]) and (3.5)).

Our main results are the following: first, the cost of reducing the
magnetization (and obtaining phase coexistence) is determined by the surface
energy of the Wulff crystal:
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THEOREM 3.1.1. Assume 3 > (3, with 3 ¢ N. Then, for all 0 < o <
1/ diam,,(W1),

log M}(; (mAN <1-— 2ad> — —FXawe) in P-probability, (3.11)

1
Nd*l mﬁ N—oo

and P-almost surely if 3 ¢ Nj. Similarly, for all A\ > 0 and 0 < a <
1/ diam,, (W?),

1
WIOgE

A
ma
<M}<;VL (m—ﬁN <1l- QCYd)) ] e —FMN(Xaw)- (3.12)

The second control describes the geometrical structure of the two phases
when they coexist. We show that the minus phase has the shape of the Wulff
crystal:

THEOREM 3.1.2. For all 3 > (3, with 3 ¢ N, for all0 < a < 1/ diam., (W)
and € > 0, for any K large enough one has

M
lim /L}]\; adsigys U V(Xztrawe, €) Ay <1-=2a%| =1 in P-probability,
N mg 2€TY mp

(3.13)
and P-almost surely if 3 ¢ N7. For any 0 < a < 1/ diam,(W*1) and ¢ > 0,
for any K large enough one has

Mg

mg

lim (Eu}(;)

N—oo

m
€ U V(Xztamr=1,€) AN <1-2a| =1.
— mg
Zz€TQ=1

(3.14)

Note that can be generalized to any A > 0, at the price of heavier
notations (E[(u A;())’\] is not a measure for A # 1 since it is not additive):
under the same conditions as in Theorem [3.1.2] for any A > 0 and any 0 <
a < 1/ diamy,(W?), e > 0, for large enough K one has

A

E |:(M/J\7:,_ (/:4;1_5 € UzeTof\ V(Xz—l—aW)‘ag) and n:nLﬂN < 1- 2ad>> :|
A}im 3
: e[t (30 < 1-209) ]

A slight improvement in the formulation of Theorem [3.1.2] with respect to
former works is the fact that we prove and @ for some large but
fixed K. This implies a similar result for any sensible mesoscopic scale: if
Ky satisfies 1 < Ky < N, then Mg, is close to the local mean of My
as Ky > 1, and this local mean is close to x.i.y because the Kn-blocks
intersecting NO(z + a)V) contribute to a negligible volume (Ky < N).

=1.
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Concerning the shape of crystals at low temperature, let us recall Theorem

of Chapter 2:

THEOREM. Assume that P(J. > 0) = 1. Then, as § — +o0:

(i) The Wulff crystal associated to 19 converges to the Wulff crystal
associated to the maximal flow for P.

(ii) The Wulff crystal associated to ™ converges to the hypercubic Wulff
crystal.

3.2. Covering theorems for BV profiles

Covering theorems play an essential role in the study of phase coexistence,
as they allow to pass from the macroscopic scale (the phase profile u) to the
microscopic scale (the dilute Ising model). We give first two definitions:

DEFINITION 3.2.1. Let u € BV, § > 0 and R a rectangular parallelepiped
as in (2.2), included in [0, 1]%. We say that R is é-adapted to u at x € 9*u if
the following holds:

(i) If n = n¥ is the outer normal to u at z, there are S € S,, and

h € (0,6] such that, if R C (0,1)¢ (we say that R is interior), then
R =z + hS + [£0h]n,

and if R N 9[0,1]¢ # ) (we say that R is on the border), then = €
0[0,1]%, n is also the outer normal to [0, 1]¢ at x and

R =z + hS + [—0h,0]n.
(ii) We have
HT (*uNOR) =0,
1 — *
‘1 — WH‘I Yo uﬂR)’ <9,

and

1 _
7(n) — pd—1 /6*um72 Tq(n?)de !

(iii) If x : RY — {41} is the characteristic function of R defined by

< 0.

+1 if(z—2) - n>0
X(Z>_{ —1 els(e ) ’VZERd’

then
1

25h4

/ Ix — uldH® < 6.
R
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DEFINITION 3.2.2. Let uw € BV and § > 0. A finite sequence (R;);=1..n of
disjoint rectangular parallelepipeds included in [0, 1]¢ is said to be a §-covering
for 0*u if each R; is §-adapted to u and if

H (a*u \ O Ri) <0 (3.15)

With the help of the Vitali covering theorem (see below), one can establish:

THEOREM 3.2.3. For any u € BV and § > 0, there is a 0-covering for 0*u.

Before we give the proof, let us remark that the d-covering is adapted to the
quenched surface tension 7¢ (Definition [3.2.1] (ii)), yet the Theorem remains
true if we replace 79 with the A-annealed surface tension 7.

The Vitali covering theorem (Theorem 13.3 in [24]) is especially well
adapted to our purpose. Given a Borel set £ C RY, we say that a collection
of sets U is a Vitali class for F if, for each x € F and 6 > 0, there is U € U
with 0 < diam U < § containing x.

THEOREM 3.2.4. [Vitali] Let E C R? be H% '-measurable and consider U
a Vitali class of closed sets for E. Then, there is a countable disjoint sequence
U;)icr in U such that

either Z(diam U) =00 or H©! <E \ UUZ> = 0.

iel icl

Before we give the proof of Theorem [3.2.3| we recall a property of the
reduced boundary (see Theorem 3.59 in [10]):

LEMMA 3.2.5. Let u € BV. For all x € 0*u, for all § € (0,1), all S € Spu
one has

i 1
hi%h hd-1

H <8*u N 7o€x7h75h(8, n;)) =1.

PROOF. (Theorem [3.2.3). We design a set E that has zero H¢ !-measure
and such that the collection of closed rectangular parallelepipeds

Us = {R d-adapted to u at x € 0*u \ E'}

is a Vitali class for 0*u \ (F). This is enough to prove the claim: thanks to
the Vitali covering Theorem, this implies the existence of a countable disjoint
sequence (R;);er of d-adapted rectangular parallelepipeds with either

Z(diamRi)d_l =00 or H*! (8*u \ URZ> = 0.

el i€l
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The first case is in contradiction with the inequalities 1/h{ ' H! (0*u N R;) =
1 — 6 and H4! (0*u) < oo, hence the second is realized and the Theorem is
proved.

We define the set E by its complement in 0*u: 0*u \ E is the set of all
x € 0*u such that, for all § € Sy, the following holds:

(i) If z € 9]0, 1]%, then m® is the outer normal to [0, 1]¢ at .
(i) The set {h > 0: H* (0*u N IRy psn(S, n%)) > 0} is at most count-
able.
(i) Timp_g+ Ay MO (a*u A R pon(S, ng)> ~1.

(iv) limp_o+ 72+ famﬁm’h,éh(&ng) TI(n)dH! = 79(nY).

(V) hmhﬂo-&- % fRz,h,éh(Sﬂ%) ‘Xr,n; - u| d/:d = 0.

This definition for E implies that Us is a Vitali class of closed sets for 9*u \
E. We conclude the proof of Theorem [3.2.3] showing that F has zero H* -
measure, and more precisely that each of conditions (i)-(v) is true for (at least)
He1-almost all z € 0*u:

(i) This condition holds for all x € 9*u because of the inclusion U C
(0,1)% if u = xyr, cf. Theorem 3.59 in [10].

(ii) Since the volume of 0*u is zero, (ii) holds for all z.

(iii) Condition (iii) holds for all z € 0*u in view of Lemma [3.2.5]

(iv) It is a consequence of the strong form of the Besicovitch derivation
theorem (Theorem 5.52 in [10]) together with Lemma [3.2.5 that
condition (iv) holds for H? '-almost all x € §*u.

(v) Condition (v) holds for all x € 0*u, cf. Theorem 3.59 in [10].

3.3. Frozen media and phase coexistence

This section is dedicated to the proofs of the lower and upper bound for the
probability of phase coexistence, for any realization of the media. In particular,
we relate the cost for phase coexistence to the value of surface tension 7. The
usual form of the lower and upper bounds (under quenched and annealed
measures) will be given in Section

3.3.1. Lower bound. Here we establish a first version of the lower bound
for phase coexistence. In view of the applications, we establish it for a large
class of profiles, that include Wulff crystals and shapes with C! boundary (see
also Theorem .
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Proposition below gives a lower bound on the probability of phase
coexistence, and relates the cost of phase coexistence to the surface tension,
for a given realization of the media.

Given some region U C (0,1)%, N € N* and 6 > 0, we consider 5,]}7’5 the set
of edges at distance at most Nv/dé from NOU:

eNs = {e € E(Ay), d(e, NOU) < N\/E(S}
(see Figure [1)) and call

PNG _ cq N Ve e AN\ NU,y € Ay N NU with
voTAY S BN T Y g0 N 0T > VdS and d(y/N,dU) > Vdo

the event that disconnection occurs around 0U. In order to be able to control
the probability of Dg ’5, we introduce the following definition:

DEFINITION 3.3.1. We say that a profile u = xy is regular if

(i) U is open and at positive distance from the boundary 9[0, 1]¢ of the
unit cube,
(ii) OU is d — 1 rectifiable and
(iii) for small enough r > 0, [0,1]? \ (U + B(0,r)) has exactly two
connected components.

We recall that E C R?is a d — 1 rectifiable set if there exists a Lipschitzian
function mapping some bounded subset of R¥~! onto E (Definition 3.2.14 in
[36]). It is the case in particular of the boundary of non-empty Wulff crystals
(Theorem 3.2.35 in [36]) and of bounded polyhedral sets. It follows from
Proposition 3.62 in [10] that any u = yy regular belongs to BV and that
OU = 0*u up to a H% '-negligible set, so that the covering Theorem applies as
well to OU. Assumption (ii) in Definition has the following consequence:

LEMMA 3.3.2. Let u = xy € BV be a reqular profile. Then, for any 6 > 0,
for any 0-covering (R;)i=1..n of u, one has

s Z-(OU UL R) + B(0.7))

r—0 r

< 26.

Proor. Clearly, the set
E=0U\|JR;
i=1

is a closed, d — 1 rectifiable set. Thus, the d — 1 Minkowski content of E equals
the d — 1 dimensional Hausdorff measure of £ (Theorem 3.2.39 in [36]). In
other words:

d
1iI% L (E _;B (O,T)) — Hd—l (E) < 5
r— T

and the claim follows. O
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Before we state Propositions[3.3.3|and [3.3.4] we give one more notation. The
analysis of surface tension (Chapter 2) has been done for rectangular paral-
lelepiped centered at lattice points. Changing the center of the parallelepipeds
does not modify the behavior of surface tension, but this would have led to
heavier notations in Chapter 2. We prefer to proceed to a small adjustment
here: given a macroscopic rectangular parallelepiped R C (0,1)? and N € N*,
we let

RY = NR + 2x(R) (3.16)
where zy(R) € (—1/2,1/2]% ensures that the center of RY belongs to Z¢.
Still, for any finite collection (R;);=1._, of disjoint rectangular parallelepipeds

in (0,1)? and large enough N, the collection (RN );;. ., is disjoint and included
in (0, N)<.

We split the lower bound for phase coexistence in two parts. In Proposition
3.3.3] we relate the cost of disconnection to surface tension, whereas in
Proposition [3.3.4] we examine the conditional probability for having phase
coexistence. For an application to the case of the quenched and annealed
Wulff crystals, see Proposition [3.4.1].

ProrosiTiON 3.3.3. Consider a reqular w = xy. For any 6 > 0 and any
d-covering (R;)i=1..n for u, we have

1 n
i log 1Y (ngé) > =S il — eBs (3.17)
i=1

for any N large enough, where ¢ < oo depends on d and wu.

PROPOSITION 3.3.4. Assume 3 > Bc and B ¢ N, and let u = xy regular.
For any € > 0, for small enough § > 0 there are K € N* and ¢ > 0 such that,
for large enough N :

P ( inf \IJX;‘[’JF (% € V(u,¢)

TFED{}/’(; mg

1
w=T on EIJJV’&) < 3~ e~eVN < e~eVN

(3.18)

PRrOOF. (Proposition . To realize the event of disconnection Dg’(s, it
is enough to realize all the Dy~ and to close all the edges that are at distance

less than 1 + v/d from

N

<3U \ O Rz) U O alatRi]

where 01+ R stands for the lateral boundary of R, that is the faces of OR that
are parallel to the orientation n of R. Thanks to Lemma and Definition
, there are at most dcgN9! (1 + HEYOU )) such edges for large enough
N. An immediate application of the DLR equation yields . 0
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A Ly-block

3LN$

A K-block L[ I3k

o*u

FIGURE 1. The scales K and Ly.

PROOF. (Proposition [3.3.4). In order to obtain the claim for a mesoscopic
scale K that does not depend on N, we proceed to a coarse grained analysis
at two characteristic scales K and Ly = [V/N]. Given K € N*, we consider
(Ai AYiery, i the (K, K)-covering of Ay as well as the phase indicator

(Qsi)ieIAN,K

given by Theorem [1.5.7} for the tolerance §. We call F' = {0,1}"*¥* the set
of site configurations on I, x. In order to apply the stochastic domination
Theorem [L.5.7] (iv), we will define an increasing function f : F — {0,1} with
the appropriate properties. First, we need to describe the Ly-blocks: we call
(A, A;)jGJN’K the (Ly, Ly)-covering for I, x as in Definition m Then we
let

J={j € v :vie A EU (A nEY =0}

o A/
I=|JA,
jeJ
Given p € F asite configuration on I, x and j € J, we say that the Ly-block
A’ is good if there is a crossing cluster of open sites for p in A, of density at

least 1 —§. Then we define f: F' — {0,1} letting

and

flp) = ]‘{For all j € J, Al is good }*

Clearly, f is an increasing function. We prove now that its expectation is close
to 1 under high-parameter site percolation. Consider B; the site percolation
process on I of density p € (0,1). According to Theorem 1.1 in [33], for large
enough p < 1 there is ¢ > 0 such that, for large enough N, for all j € J:

B! ({A; is good}) > 1— exp (—2cL%Y)

and consequently (the cardinal of J is bounded by N?), for p < 1 close enough
to 1, for large enough N,

B; (f)>1—exp <—C\/N> :
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Consequently, the stochastic domination for (|¢;|)ier,, , (see Theorem
(iv)) yields the same lower bound on the expectation of f((|#:])ier): for large
enough K (depending on ¢), there is ¢ > 0 such that, for any N large enough:

w=mon EY(Ayx) \ UE”“” >21—ec‘/ﬁ.

el

Einf U0, | f ( ((IoiDser)

(3.19)

The event that f ((|¢s]),c;) = 1 gives a control on the magnetization. For

large enough N, the blocks (A;);er cover a fraction of Ay that is close to

1-L£4(0U + B(O cq6)) -~ 1. This and the properties of (¢;)er, , , (Theorem
-0+

1.5.7] (i) and (ii)) 1mply that, for small enough ¢ > 0, for large enough N:

M

M
F(il)ies) =1= "y €V eor m;

€ V(1,¢).

We now consider a boundary condition © € Dg"s. Because of the w-
disconnection, the spin of the clusters touching some A; C NU with ¢ € [
has a symmetric distribution under the conditional measure

\Il;(zﬁ ( )f ((194);e;) =1 and w =7 on 5[]]\[’5> .

Hence, one has

s U <MK€V(U 6)‘&)—#0115 )

weDy; An,B
. J, N,
> %mfwepg‘s ‘IIAJJVFB < ((‘(lezeI) ‘ =mon &y )

The claim follows as (3.19) implies, as £)° € E¥(Ay) \ Uier E¥(A]), that

]P (Welnf \I}/{-i_/@ <f ((|¢z|)’b€[) ’Q} = 7T on 5[1]V7é> < 1 — 6—6/2\/ﬁ> < 6_6/2\/N.

OJ

inf

3.3.2. Upper bound. Here we address the opposite problem of providing
an upper bound on the probability of phase coexistence along a given phase
profile. Our analysis follows the same line as [12, 14] and we exploit as well
the minimal section argument (see Proposition [3.3.7)).

We first introduce a L'-notion of surface tension. Given § > 0, a
rectangular parallelepiped R C [0, 1] as in Definition (i) and K, N € N*
we define

FroK ! - log sup T M _ X
NR ~ (hN)d1 NR\ || m

UEE+ B

<26L° (R)) (3.20)

LY(R)
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where x is the characteristic function of R as in Definition [3.2.1| (iii), and ,u%%

the Gibbs measure on NR with boundary condition ¢. This definition implies
the following:

PROPOSITION 3.3.5. Let u € BV, 6 > 0 and assume that (R;)i=1..n 1S a
d-covering for w. Then, for any € > 0 small enough, any K, N € N* one has:

1 i+ Mk JAK
= loguA’;VL (m—g € V(u,e ) Zhd Lraut. (3.21)

PRrROOF. For € > 0 small enough, the implication

Aﬁé]/(u,s)éH—K— <OLYRY), Vie{l,...,n}
mg mg LY(Ry)
holds. Thanks to (iii) in Definition [3.2.1] for such ¢ we have
M
TE e V(ue) = || E — <20LUR:), Vie{l,....n}.
ms mps LY(R;)

Now, the Gibbs property for ,ui}j implies that

(4 evino)

LY(R;)

< 20L4R;), Vi € {1,... ,n}>
=t (Hu (‘ — =X < 255’@)))

LY (R;)
< <_hd—1Nd 12 J5K>
S €Xp i TNR

thanks to (3.20)), and the claim is proved. O

On the other hand, using the minimal section argument as in [12] we prove
that the L'-surface tension does not differ much from the surface tension under
free boundary condition. We recall that the surface tension with free boundary
condition in R = R, 1.u(S,n) is

- J
7l = Ld -log @3’ (Dg) (3.22)
where R = Re 1,1/2(S,n) is a rectangular parallelepiped twice finer than R. In
Appendix we proved, following the argument of [25], that the boundary
condition has little influence on the value of surface tension, and we compared
the value of 73 to that of

1 w
77‘{ =~ Tia log CID;Q’ (Dr),
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the surface tension in R with wired boundary condition as in (2.3)):

PROPOSITION 3.3.6. Assume ﬁ > BC and 8 ¢ N. Let R be a rectangular
parallelepiped R as in Definition [3.2.1] (1), with 6 € (0,1). Then,

1
limﬁup ~a logP (7x < T~ —cad) <0 (3.23)
where c¢g < oo depends on d only.

Here we claim the following;:

PROPOSITION 3.3.7. Assume [ > BC with 3 ¢ N. Then, there exists a
quantity cqs € (0,00) with lims_o cqs = 0 such that, for any R as in Definition
(i), for any 6 > 0, if K is large enough then:

. 1 N
hmj\:/sup Vi log P <T]‘\],%K < 7'7%1\7 — cd’5> < 0. (3.24)

PRrROOF. This is another application of Theorem [1.5.7 Let 6 > 0 and
K large enough so that the phase indicator (¢i)ier,, , With tolerance &
stochastically dominates site percolation of density 1 — 4 (Theorem[L.5.7] (iv)).
In view of Cramér’s Theorem, this implies that

A proportion greater than 20 of the AN\ ¢
J+ prop g

< _ Al
]E\IJ ( A,; that intersect RY have ¢; = 0 ) S P ( “ ( K ) )

for N large enough, with ¢s > 0. Hence the P-probability that

gl (‘ Mr bK > %Ed(R)) < exp <—§ <h[j(v) ) (3.25)

is at least 1 — exp (—cs/2(hN/K)?), where ¢k : [0,1)* — {—1,0,1} is the
macroscopic version of the phase profile:

Ox () = Yi) (3.26)
as in (3.3). In the rest of the proof we assume that J satisfies (3.25)). To

realize an arbitrary boundary condition ¢ we just need to condition \117/3’%’+ on

LY(R)

the event that ¢ = & on the exterior boundary of RN. Such an event has a
probability at least exp(—cBN?1) with ¢ < oo, hence the volume order in

(3.25) dominates and
1 N
Oéﬁd(R) exp (h )
LY(R) mﬂ 4\ K

M
sup \I’J“ ‘ Kok
U€E+ mg
if N is large enough. In view of the definition of the L!-surface tension %]‘\];%K,
we see that, for arbitrary small v > 0,
126
g sup W2 (o = Xlusge) < oL'(R))

UEE+ B

1

~J6K
2________

TNR (hN)
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for N large enough — note that passing from NR to RY yields a negligible
volume.

We are now in a position of applying the minimal section argument. We
say that a block A; is a bad block if the corresponding phase ¢; disagrees with
x on A;/N. On the event |[¢rx — x[lpi(r) < 126/mzL4R), the density of

bad blocks does not exceed 145/mg. We decompose now the set of blocks
{i € Iny x : A; C RN} into slabs

Sk = {Z €Iy kA C RNac—i—Z\/EKanh \/EK(San)}

for |k|] < Néh/4 — 1. If R is on the border, we will consider only negative k.
The event ||px — x|[11(r) < 126/mpL?(R) implies the existence of k* k™ €

{1,...,[N6h/4] — 1} with

cqd (RN/EK)*™" (if R is interior)

#{i € Sp+ : A; is a bad block} <
< cad (WN/K)™! (3.27)

}
and # {i € Sk~ : A, is a bad block}

where ¢4 < oo depends on d only. We prove at last that this event is not
essentially different from Dgy and consider, for example, the case of interior
R. Consider (o,w) such that holds and w ¢ Dpn. There exists a w-
open path linking the top to the bottom of RY. Because of the properties of

¢; (Theorem[1.5.7] (1)) this path cannot cross good blocks in both Si+ and Sj-.
This means that, if (o, w) realizes (3.27) and if one sets

- { 0 onall E¥(A]), A; bad block of S+ U Sj-

W, =
€ we else,

then & € Dp~. Hence [[¢x — Xllpi(r) < 126 /mpLR) implies an “almost
disconnection” event, in the sense that one can find two slabs (among
ShN/VAK) and cg6 (N/K)*™" blocks in both of them (among ¢, (N/K)41)
such that the disconnection of w on the contour of these blocks leads to Djw.
We conclude with a counting argument:

) 126
sup W, (chK vl < —cd<7z>) < S0k (5" € Dan)

geET} AcA

where A is the collection
_ _ w AN
A= {A — LEJIE (08} I C Ly o 1| < 2648 (hN /)™

3k, k+ such that T C Sge U Sy }

of possible contours of the locations of the bad blocks in S+ U Sj-, and for

any A € A and w € , @* is the configuration equal to w outside A, zero on
A. Since

(I);I{W(W = O) 2 G_ﬁ‘Al 2 exp (—CZ(S(hN)d—l)
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for all A € A, we have, thanks to the DLR equation:

‘I’i{w(Dﬁw))

J, ~A J,
o7 (0" € Drv) < %L (1@%@@ p—

< exp (46(hN)* ) @;]é']f\'](Df]éN).

On the other hand, the cardinality of A does not exceed

Al < (j%—jf\;) s < 2d§}22v/v7z)<>d )

where Z ) is the binomial coefficient. An immediate application of Stirling’s

formula gives

1 n 1 1
ﬁlog( (6n) ) — 510g5—|—(1—5)10g1_(S

n—~oo

which converges to 0 as § — 0, hence the cardinality of |A| does not exceed
exp(cqs (RN/K)*') for N large, where the quantity cqs goes to 0 as § — 0.
As a conclusion, we proved that

d
P <7~_J,5,K > 7~_J . 0115 . Cd,s . 7) >1— exp _6_6 h_N
rN =2 TRN d Kd—1 = 2 K

for N large, if K is large enough. The claim follows. O

3.4. Final controls on phase coexistence

In this section we combine the former results to establish the usual lower
and upper bounds on phase coexistence, for both quenched and annealed
measures. Then we prove the exponential tightness for the magnetization
and conclude the proofs of Theorems [3.1.1] and 3.1.2]

3.4.1. Lower bound for phase coexistence. The final formulation of
the lower bound for phase coexistence is the following:

PROPOSITION 3.4.1. Assume 3 > . and 3 ¢ N. For any 0 < a <
1/ diamo,(W?) and € > 0 there exists K € N* such that,

hNHi}oréf W log ,UAN (m—ﬂ € V(XZoJrana 6)) = —f‘q(Xan) P-a.s.
(3.28)
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where zo = (1/2,...1/2).  Similarly, for any X > 0 and 0 < a <

1/ diamoo(WA);
( (%5 c V(Xzo-l—aWMg)))/\] > =F (Xaw)-

(3.29)

liminf —— N - logE

N—oo

PROOF. Let U = 2y + aW?. According to Theorem 3.2.35 in [36], oU
is rectifiable, hence the profile u = xy is regular. Let £,0 > 0. Thanks to
Theorem there exists a d-covering (R;)!; adapted to the profile xy.
Proposition applies and gives, for § > 0 small enough:

M M

J,+ K . Jw,+ K N,
MK« Vive > inf U [ ZE e V(g e)|lw =7 on &Y
Hny ( mg Vix ’5)> ﬂelpg,a AN ( mg Vixw: )l © )

X exp <—Nd—1 (Z Wi s+ cﬁ5)> (3.30)
i=1
where ¢ < oo depends on d and u. An important remark is that the two factors
are independent under the product measure P. Proposition yields:

1
P ( inf \I’JxJr <% € V(xv,¢)|lw=m on 5[]]V’5) < —) <e VN (3.31)
&

7r€'DN g 3

We prove first (3.28) and consider v, > 0. If § > 0 is small enough,

Proposition [2.2.4[ in Chapter 2 tells that the P-probability that TéN >

79(n;) +y for some i € {1,...,n} decays like exp(—cN?) where ¢ > 0. Hence,
with P-probability at least 1 — e=*YN/3 we have

n

M _
IOg /L;(’;Vr (m_;; € V(Xzo+aW77€>> z - Z hfl 1(Tq(ni) + 7) - Cﬁé

i=1
> _fq(XOch) _5

for small enough 6 > 0 and v > 0. Borel-Cantelli Lemma ensures that P-almost

surely,

Nd— 1

N—oo

o 1 M
lim inf N1 log [If/]\:; (m_: € V(Xzo+aWT,€)> > —FUxawe) — &

and (3.28)) follows letting £ — 0. We conclude with the proof of (3.29), take
A > 0 and denote here U = z+aW?. For N large enough, the R are disjoint
and hence the TéN are independent under P. Consequently, for N large enough

and A > 0, (3:30) and (3:31) give
M A 1 l
J, K .
(”A; ( mg < V(XUH?))) ] > VTR | |Eexp <—)\N 'he 175@)

E
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In view of Proposition in Chapter 2, this means

7+ Mk ! ~ 4
(uA; (m_ﬁ € V(XU,8)>) ] > — ;hf L (my) — AeB3o

and the claim follows as § — 0. O

1

N—oo

3.4.2. Upper bound for phase coexistence.

PROPOSITION 3.4.2. For all 3 > Bc with 8 ¢ N, for every uw € BV and
E, N> 0, there exists € > 0 such that, for K € N* large enough,

log u}]\; (% € V(u,s)) < —Fl(u)+¢ (3.32)

mg

I 1
1mj\§up a1

in P-probability (and P-almost surely if § ¢ N7) and

. ! s (M o
1 logE [puy ' [ —— < - . :
1mNsup a1 08 {“AN ( s € V(u,e))] Fr(u) + €& (3.33)

Proor. We fix § € (0,1) and a d-covering (R;);=1.., for u as in Definition
3.2.2 We examine first the quenched convergence: according to Propositions

3.3 and [3.3.6] there is ¢ > 0 such that

P (%éf,K > TN — Cas — cd5> >1—exp(—cN%), Vi=1...n (3.34)

for K and N large enough. On the other hand, for any € > 0 small enough
Propositions |3.3.5| yields

n

1 M o
Nd—1 log MX:: (m—K € V(u,g)) < — Zhg 177@%1(
ﬂ k2

i=1
and hence, for K and N large enough,

1 J. MK - —
fs] loguA’; <m_5 € V(u,e)) < - th Yy = cas — cad]

i=1

with P-probability greater than 1 — nexp(—cN?). This implies (3.32)) for >

0 small enough in view of the convergence 7‘7%]_\7 — 79(n;) in P-probability

(Theorem in Chapter 2) or of the almost-sure convergence if 5 ¢ N;

(Corollary [2.4.5[ in Chapter 2). We examine now the annealed convergence:
consider A > 0 and again, a J-covering (R;);=1.., for u. For K, N large enough
and € > 0 small enough we have



3.4. FINAL CONTROLS ON PHASE COEXISTENCE 159

< Eexp< Z)\ (hiN)* 17 ”K>

< nexp(—cN%) +]Eexp( Z/\ (h;N )4~ 17‘7%1\;)

X exp (A > RTINS (s + cd5)>

in view of (3.34). Varadhan’s Lemma (Proposition in Chapter 2) yields:
for any € > 0 small enough, any K large enough,

1 A
lim sup N -logE <{/¢}{I (%; € V(u,s))} )

l
\ Zhd 1[ (nl)—cd(s—cdﬂ
=1

and the conclusion follows for § > 0 small enough. 0J

3.4.3. Exponential tightness. The last step towards the proofs of
Theorems [3.1.1] and [3.1.2] is the proof of the exponential tightness property.
Note that the compact set BV, was defined at (3.8]).

ProprosITION 3.4.3. For any (8 > Bc with 3 ¢ N, there exists C > 0 and
for every 6 > 0, for any K € N* large enough one has

lim sup
N

N logEu (% ¢ V(BV,,0)° ) —Ca. (3.35)

ProOOF. We follow the argument of Bodineau, Ioffe and Velenik in [14] and
estimate the phase of small contours. The proof consists in three estimates:
first, thanks to the stochastic domination (Theorem[1.5.7(iv)) and to Cramér’s
Theorem, it is immediate that for any K large enough:

1
lim sup —- log E\IJJw (|| M OK
N N4 mg

30
> —) <0 (3.36)
Lt Mg

if ¢x is the phase profile: [0,1]¢ — {—1,0, 1} at mesoscopic scale K, tolerance
9, defined in the same way as M, cf. (3.26)). Hence it is sufficient to estimate
the probability that ¢ be far from BV,. The second step consists in removing
the small clusters from ¢. Given x > 0 that will be adjusted latter on, we say
that V' C I, k is a small cluster for (gbi)ie[AN,K if it is connected in Iy, g, if
diam(V') < klog N, if

gbi = 0, VieV
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and if V' is maximal in the sense that, for every ¢ € I, x \ V adjacent to V,

¢; # 0. We consider then

¢; if there is no small cluster for ¢ that surrounds i
¢f =< s else, s being the constant sign of ¢; around the (3.37)
largest small cluster that surrounds .

Consider then k € {0, ... [2klog N] — 1}¢ and denote
I = Iny kN (k + [2610g NZ)* .

It is clear that the (Ix)reqo,. (20108 N1—13¢ fOrm a partition of Ix, x; moreover
any two points in I, are at distance at least [2rklog N]. Consider at last
I = I,, x and apply Theorem m (iv) to the increasing function

0 if there exists more than d|I| positions in Ij
that are surrounded by a contour I' C P with
diam(T") < klog N and such that X; =0,Vi € T,

1 else.

fr: X €{0,1} —

Since the contours are confined to non-intersecting regions, the occurrence
of contours around distinct points of I are independent under the Bernoulli
product measure Bﬁ. The probability that any point be surrounded by a
contour with X; = 0 goes to 0 as p — 1, hence applying Cramér’s Theorem
we conclude that for any K large enough there exists ¢ > 0 such that, for any
N large enough:

N d
Ew et (fk: <(|¢z‘|)¢eIAN,K>>> > 1 —exp <_c (W) > '

As a consequence, the expectation of Zke{o,...(zmogmq}d(l — fx) is negligible
at surface order, or in other words: for any x > 0, for any K large enough:

. 1 w K
lim sup 77 log BULL ([0 — ducllr > 6) = —oo. (3.38)

We pass to the third control on the proximity between ¢% and BV,. Call
I'y,...T'y, C Ink the contours of zero blocks surrounding clusters of minus
phase in ¢". Remark that if >, |I';| < a(N/K)* ! and if the density of zero
blocks does not exceed § (cf. ), then replacing zero blocks with one blocks
we get a phase profile in BV, and hence ¢% € V (BV,,d). Remains thus to
control the total length of the contours of ¢”. We use once more Theorem
1.5.7| (iv), combined with a Peierls estimate: the number of contours in I, x
of size s is not larger than [N/K ¢ x (cq)". Hence, for any ¢ > 0 and K large
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enough:

Ev it <Z|P | > a(N/K)4~

<2 2.

n2l g s, >klogN =1
and Zsz2a(N/K)

2

N X ( x &%,

We fix then € = exp(—3)/cq and k = d, so that

Ev it (Z D] > a(N/K)d1>
< Z Z exp (—2 si>

nzl S1,...58n = dlog N
and 3 s; > a(N/K)4!

< exp(—a(N/K)d_l)Z( > e-s)n

n2l \s>dlog N

We remark at last that > ;.. v exp (—s) < 1/2 for N large enough, yielding:
for any K large enough, any N large enough:

Ewyet (Z ITy| > a(N/K)%~ ) <exp (—a(N/K)*). (3.39)

The claim follows then from the combination of (3.36)), (3.38]) and (3.39). O

3.4.4. Proofs of Theorems [3.1.1] and [3.1.2] Theorems[3.1.1land [3.1.2]
are consequences of the large deviations estimates (Propositions and
together with the exponential tightness (Proposition in view of
the compactness of BV,. The annealed case presents complete similarity with
the non-random case, hence we focus here on the quenched case. Furthermore,
the proof of Theorem [3.1.1] is similar to that of Theorem |3.1.2, which is the
reason for which we give the proof of only.

PRrooF. (First half of Theorem [3.1.2)). First we establish the lower bound

1
lim inf —— logp (mAN <1- 2ad) > —F%Xawa), P-almost surely.
N  Nd- mg

(3.40)
The proof goes as follows: for any o/ > «, for small enough ¢ > 0 one has
M

A
— € V(XzoJro/an ) =<1 - 20
mp mg
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hence, Proposition [3.4.2] gives: for any o/ > «,

o 1 JA [ A d
hrrjlvmf N1 log iy (m_gN <1-2a%) 2 —F%Xawa), P-almost surely.

The lower bound ([3.40|) follows if we let o — «.

Now we establish the following upper bound: for any ¢ > 0, there is § > 0
such that

: M
hm]?up NI logu;{’; o ¢ U V(Xaetawa, €) mN <1—2a¢
s xcTy p
< —FUxawa) — 0 (3.41)

in P-probability (P-almost surely if 5 ¢ N7). To begin with, we choose a > 0
so large that C'a in Proposition is larger than 2F%(xae) + 2. Thanks to
Markov’s inequality, this implies that, for any v > 0, for large enough K,

1
lim sup ~—— log iy (% ¢ V(BVQ,7)> < =Fxawe) =1, (3.42)
N N mﬁ

P-almost surely (see (3.8) for the definition of BV, ). Consider n > 0 and let

F=<ueBV,: u<1—2a%+n and ugéUV(XHawq,E)
[0,1]¢ x€TY 2

For v > 0 small enough, for large enough N the event

M
—X ¢ U V Xz+an 8)
mga zeTd mﬁ
implies that
MK MK
—_— B F.~).
o ¢ V(BV,,7) or o € V(F,7)

The probability of the first event is under control for any v > 0 (and
large enough K), hence we focus on the probability of the second one. Given
& > 0, applying Proposition we obtain € : u € BV — e(u) € (0,£) such
that, for any u € BV and any K large enough:

lim sup Nl logu (%? € V(u,g(u))) < —FUu) + € (3.43)

N—o00
in P-probability (P-almost surely if 3 ¢ N7). The set BV, is compact for the
L'-norm, thus it can be covered by a finite union BV, C [J;_, V(u;, e(u;)) with
u; € BV,, 2 =1...n. Since the right-hand side term is open, for v > 0 small
enough we still have

V(BVa, ’7) C U V(uu €(UZ))
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We consider (u});=;.; the subsequence of the u; such that V(u;,e(u;)) intersects
V(F,~). Thanks to the inclusion

and to (13.43]), we have: for small enough ~, for large enough K:

lim sup

M
J+ K .
s Nd—l IOg ,uAN <m—ﬂ S V(F, 7)) < — inf ]—'q(u) "‘f

u€EBV:ueV(F,2¢)
in P-probability (P-almost surely if § ¢ Np). Yet, the limit as & — 0 of the
right-hand side is bounded from above by —inf,cp F?(u) where

F' = uGBVa:/

du< 1 —2a%+2n and u ¢ U V<Xx+ana§> ,
[0,1]

4
zeTd

for any n > 0. Yet, —inf,cp F9(u) is strictly smaller, in the limit n — 0, than
—F?(Xawa) since the solutions to the isoperimetric problem (3.9)) are excluded.

Together with (3.42)), this implies (3.41]) and the conclusion (3.13]) follows from
B.10) and (BAT), 0

3.5. Conclusion

We saw that the presence of random media does not alter the essence of
the phase coexistence phenomenon: in particular, phase separation occurs and
there appears a droplet of the minority phase, which shape is deterministic.
However, it modifies the shape of crystals, and we have shown in particular
that the low temperature limit of the quenched Wulff crystal is the Wulff
crystal for the maximal flow of P (Theorem [2.3.2)).

The lower and upper bound that we established in Section [3.3| will help to
control the dynamics of the dilute Ising system: reducing surface tension along
the boundary of the initial profile makes the latter metastable.

As a matter of conclusion, let us mention a consequence of (3.12)) in
Theorem [3.1.1} for any f € R, let

J(f) = S;ig{f*(m») —Af} € 0,00].

The functional J plays the same role for the cost of phase coexistence as I,
for the lower deviations of surface tension. In particular, if F™" stands for
the surface energy associated to 7™ and W™ for its Wulff crystal, then 7 is
infinite on the left of Z™"()ymin), finite on the right of F™®(yyym) and zero
on the right of F?(xa), and above all:
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THEOREM 3.5.1. For any f # F™(xyymn) and o = 0 small enough,

1
T OB A (”l <1- 2ad) > —ad‘1f> )

, 1
hj{fn—logIP’ (Ndl e

Nd-1

On the other hand, upper deviations for the cost of phase coexistence
happen at volume order (cf. the proof of Proposition [3.4.2)).



CHAPTER 4

Glauber dynamics and metastability

ABSTRACT. In this Chapter we report new results on the slow dynamics of
the dilute Ising model in the phase transition region. Using the analysis of
phase coexistence developed in the former Chapter, we show that appropriate
initial profiles are metastable. As an application, we give a lower bound on the
average autocorrelation at time ¢, of the form ¢~¢.

4.1. Introduction and results

Equilibrium aspects of statistical mechanics models are far better under-
stood in general than dynamical aspects. The Ising model is no exception:
while many aspects of the equilibrium are under mathematical control, only a
few questions concerning the dynamics are solved. For instance, the question
of whether droplet relaxation follows a mean curvature evolution under the
Glauber dynamics remains out of reach in the current state of the mathematical
theory.

For the dilute Ising model, it was remarked in [45] that appropriate initial
configuration for both the media and the spin configuration could lead to
metastable states, forcing the dynamics to pass through a bottleneck before
equilibrium is reached. If one is able to estimate the probability for these
initial configurations and the duration of the associated droplets, then one can
control some aspects of the dynamics.

The analysis of phase coexistence under the equilibrium measure (Chapter
3) plays a fundamental role in this study. We highlight as well a feature of
the dynamics that was formerly unnoticed: not only the volume of droplets
evolves continuously, but the phase profile itself evolves (almost) continuously
in time. In some cases, this leads to better bounds.

The organization of this Chapter is as follows: in the remaining part of the
current Section, we recall the definitions of the dilute Ising model and those
of the Glauber dynamics. We review earlier results on the Glauber dynamics
of the Ising model in the three regions of the phase diagram. Then we present
the heuristic for our construction and state our main results. Section 4.2 is
dedicated to the proof of Theorem [{.1.1] In Appendix we give upper
bounds on the constant that appears in Theorem [£.1.1] In Appendix we
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166 4. GLAUBER DYNAMICS AND METASTABILITY

show that the additional cost can be calculated on continuous evolutions, and
in Appendix we compute the additional cost in two simple cases.

4.1.1. Phase diagram of the dilute Ising model. Let us recall the
definition of the dilute Ising model. Given a ferromagnetic realization of the
media J : E(Z?) — [0,1] (the couplings of the Ising model) and A a finite
domain, we let

G 1 o=a¢ on A°¢
IRt LD SRR AL

To
Zh A e={oy}ern(A)
where 0,6 € ¥ = {£1}*" are spin configurations, 3 > 0 is the inverse

temperature and Z Lﬁ]i the partition function which ensures that ,ugi is a
probability measure. Remark that, contrary to the former Chapters, we denote
by o(z) the spin at x. Then, we consider P a product measure on J, such that
the J. € [0, 1] are independent, identically distributed.

The phase diagram of the dilute Ising model is made of three regions. The
region 3 < (P"¢ where P is the critical inverse temperature for the pure
Ising model (with J = 1) is called the paramagnetic phase. No phase transition
occurs and the physical quantities are analytic functions of the parameters.
Then is the Griffiths phase 2" < 3 < ., where 3. is the critical inverse
temperature for phase transition in the dilute Ising model. Griffiths showed
[41] that the magnetization, as a function of the external field, is not analytic
at h = 0, for any § > P"°. The third region 3 > (3. is the phase transition
region, where the boundary condition is able to select the phase of the system:

mg = A}l_I)ICl)O Eué’}N (¢(0)) > 0. (4.1)

This last phase is present only if the couplings are large enough, namely
P(J. > 0) > p.(d).

Phase transition region

Paramagnetic phase

R - -~~~
pe(d) Griffiths phase

()

FIGURE 1. The phase diagram of the dilute Ising model
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4.1.2. Glauber dynamics and convergence to equilibrium. The
Glauber dynamics associated to the dilute Ising model have different behaviors
in the three regions of the phase diagram. Before presenting these facts, we
recall the definition of Glauber dynamics.

We consider a family of transition rates ¢’(z, o) that satisfies the following
conditions:

(i) There exists r < oo, the range of interaction, such that ¢/(z, o) is
independent of o(y) when d(z,y) > r, and of J. when d(e,x) > r.
(ii) The rates are uniformly bounded from below and above: there are
Cm, € (0,00) such that
Cm < cJ(x,a) <ecy, VreZ? and o€ X

(iii) They satisfy the detailed balance condition: for all ¢ € X and z € Z¢,
for all J € J,

¢ (x,0) x exp (ﬂz J{xvy}a(x)a(y)>

y~z

is independent of o(z).
(iv) They are translation invariant: if, for some z € Z? one has

J = J.4e,Ve € BE(ZY) and o(z) = o(z+ 2),Vr € 2%,

then ¢’ (z,0") = ¢’ (z + 2, 0).
(v) They are attractive: given any o,0’ € ¥ with o < ¢’, the equality
o(x) = o'(z) implies

o' (z)c! (v,0") < o(x)c! (v, 0).

Then, we consider the Markov generator defined by
(L'f)(0) = (@ 0)(f(0") = [(0))
x€Z4
where o® is the configuration with the spin at z flipped, i.e.
sy Joly) ifyFa
o*(y) = { —o(y) ify=u=.

To this generator corresponds a Markov process t — o, and we denote by T
the associated semi-group:

[T () f] (o) = B (f(01))

where P77 is the law of the process o, with initial state o, and E’° its
expectation.

Condition (iii) ensures that Gibbs measures are reversible with respect to
the dynamics. This implies that L7 is selfadjoint on L*(u”*). To characterize
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the relaxation under the Glauber dynamics, we study the convergence of

E ||Tj(t)7TO - /~LJ’+7TO||L2(MJ,+)

as t — oo, where 7 is the function 7 : ¥ — R defined by my(c) = 0(0), for
any o € ». This quantity is called the average autocorrelation, and can be
written as well

1/2
B ([0 0m)e) - i o) (o)) (12)

Note that p’+my = p’*(a(0)) is the mean value of the magnetization at the
origin for a realization J of the media. It is non-negative and its average under
P equals mg (see (4.1)). The term (T7(t)m)(p) corresponds to the average
(over the dynamics) of the magnetization at the origin, at time ¢, starting
from the spin configuration p. For almost any p under pu”* we have

(T7(t)mo)(p) — 1" ((0))

and the question is: how fast ?

4.1.3. A brief panorama. The dynamics of the dilute Ising model have
been studied already in several parts of the phase diagram and we follow
here the review [63]. In the paramagnetic phase § < P the weak mixing
property holds uniformly over realizations J of the media and this implies
exponential ergodicity of the Glauber dynamics in the ||.||oc norm uniformly
over J, that is to say: there is m > 0 and for any local function f : ¥ — R
there is C'y < oo such that

sup |77 (8)f = w'f|., < Cre™™.

The situation in the Griffiths phase P < 3 < . is more complex, even if
the Gibbs measure remains unique in that region. We focus on the case of
dilution, i.e. we assume that there is p such that P(J, = 1) = p and P(J, =
0) = 1 — p, and give the main steps for the proof of a lower bound on the
average autocorrelation if 0 < p < 1 and g > 2" We consider again g
the function that to a configuration ¢ € X associates the spin at the origin,
and call m, the function that associates, to o € X, the average magnetization
in the finite domain A, i.e. ma(0) = Y ., o(z)/|A|. Minkowski’s inequality
yields the lower bound

]E ||TJ(t)7TOHL2('u,J) 2 E HTJ(t)mAHL2(MJ) .

Now, we choose for A the box of side-length L and restrict the integration [E to
the couplings J with J = 11in E/(Ay) and J = 0 between A;, and AS. Those
realizations of the media yield on Ay a pure Ising model at inverse temperature
B > pPwe. In particular, the initial configuration under p” is very close to
either the plus or the minus phase in A;. In order to approach equilibrium,
the system has to relax to the opposite phase and this will take a time exp(7L)
in two dimensions, where 7 is the surface tension in the direction of the axis,
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and a duration exp(rkgL?!) if d > 3, with xg > 0 for 3 large enough. Taking
L= (mgl log t)'/(4=1) we conclude that, for ¢ large enough,

—1 _d
E HTJ<t)7T0HL2(“J) > PCde(l - p)chd 2 exp (—C’(log t) d71>

for any p € (0,1) and g > gP™e if d = 2, [ large enough if d > 3. Similar
upper bounds have been proved as well in a fraction of the Griffiths phase and
we refer to Sections 7.2 and 7.3 in [63] for further details.

Already in the Griffiths phase, the slow relaxation is caused by atypical
realizations of the media. The almost-sure behavior of the dynamics is
different: Theorem 7.2 in the same reference states the existence of ¢ < oo
such that, in a region of the phase diagram included in the Griffiths phase,
P-almost surely, for any local function f and for ¢ large enough depending on
J and f, one has

|77 (t) f - quHoo < exp (—t exp (—c(log t)%(log logt)d’1)>

which is smaller than any stretched exponential exp(—t'=%) with § > 0, for
large t.

4.1.4. Heuristics for the phase transition region. In the region of
phase transition the dynamics are even slower than in the Griffiths phase.
Below, we describe a mechanism that leads to slow relaxation under the
annealed measure, see also [45].

In order to give a lower bound to the autocorrelation (4.2)), we will focus
on the metastability of special initial conditions. Consider uy = Yy, : [0, 1]¢ —
{#£1} and some microscopic scale N, and define

G — Surface tension is reduced to 7" < 7¢
- on the contour of No*uy

c - { Phase coexistence occurs at t = 0, }

with a minus droplet of shape NU,

The event of dilution G concerns the media J, while C is an event on spin
configurations. Both are rare events: we have

P(G) ~ exp (—Ndilf"(uo))
p’t(C) =~ exp (—=N“'F(ug)),VJ EG

where Z"(ug) is the surface cost for reducing surface tension around 0*ug:

T (ug) = / I, (7" (2))dH (2) (4.3)
O*ug
and F"(u) is the reduced surface energy after dilution:

"(u) = 7 (x)dHT (2 T(n =L(g). :
Fw=[  r@etes [ smgete). e
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Na*U() +mg N@*u[)
7" ’7—?1'7“\\\ 7"
N
—mg

FiGURE 2. Initial dilution and phase coexistence; additional
cost for relaxation.

Under the Glauber dynamics, the phase profile evolves continuously. Yet,
if the initial condition is regular enough, removing the initial droplet has a
positive cost (see Theorem or Figure : for any continuous evolution
(us)sefo,1) starting from ug, ending at u; =1,

sup F'(us) = K" (ug) + F" (uo)

s€[0,1]

where K" (ug), the additional cost for the optimal evolution, is strictly positive.
This creates a bottleneck for the dynamics and impedes the removal of the
initial droplet up to time

t =exp (N"'K"(ug)) .

In that sense, the initial configuration is metastable. This implies that, for any
N and any ¢ < exp (N dillC’”(uo)), the average autocorrelation

1[*3/E (T ()m0) (p) — 1" ((0)] dp”* (p) Z exp (=N I (o) + F (uo)])

is comparable to the probability of the initial condition (ug,7"). Inverting
N4t = logt/K"(up) and optimizing over the initial condition (ug,7"), we
obtain

I" (ug)+F" (ug)

E/ (T (t)70) (p) — 1T (0(0))| du?t (p) =t~ ™o ™ K G)
by

which is the claim of Theorem below, and we see that the average spin
autocorrelation decays like a negative power of time. This is by far larger than
the exponential decay (d > 3) or stretched exponential decay (exp(—cy/t), for
d = 2) that are predicted for the pure Ising model [45].
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4.1.5. Main results. Our main result is an inverse polynomial lower
bound on the average autocorrelation. For any A, v > 0 we define the average
autocorrelation as follows:

() = EB||T (t)mo — i ol

VA
Lv(p?+)
_E (U (77 ()m0) (p) = 1" (a(0))] d“J’+<p>] )

where 7y : ¥ — R is the function that, to the spin configuration o, associates
mo(0) = o(0).

Then, we define the set of relevant initial conditions as

C— { (u = xv,7) € BV xC([0,1]4,R) : u is regular and there is }
e > 0 such that, for all x € 0*u, 7™ (n¥) + ¢ < 7(x) < 7Y(nY).
(4.5)
The notion of reqular profile is given in Definition [3.3.1} it requires that U is
open and at positive distance from the border of the unit cube, that OU is
d — 1 rectifiable and that [0,1]? \ (OU + B(0,r)) has exactly two connected
components for small enough r > 0.

Given an initial condition (ug, 7") € IC and u € BV we consider the reduced
surface energy F” (u) as in (4.4)) and the cost for initial phase coexistence Z" (uy)
as in (4.3). For any € > 0, we let

_ 4 keN;v=upand v, =1
CE(UO) o {(Ui)z_l...k Vi e {O, .. .,k — 1},7)7; € BV and H/UiJrl — UiHLl <e }

the set of evolutions by small jumps in L! and define

Kiise(uo) = lim  inf max F"(v;) — F" (uo) (4.6)

e—0t vele(ug) ¢

the discrete additional cost for relaxation, starting from (ug, 7") € IC. Finally,
we call

. IT(UO) + )\.’FT<U())
1mn
(uo,m")€IC }Cgisc (Uo)

ay = € [0, 00], VA > 0.

This quantity is a lower bound on the exponent for the polynomial decay of

the autocorrelation:

THEOREM 4.1.1. For any 3 > 3, such that 3 ¢ N'UN7, any A, v > 0 one
has:

Z —Qjy. (4.7)

Obviously, this result is interesting only if ay < oco. The calculation of a
seems to be out of reach, yet we could prove the following:
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THEOREM 4.1.2. Let (ug,7") € IC and assume that the boundary of ug is
C!, and that

m(x) < 1I(Ny) —e, Ve dug

for some € > 0. Then, the additional cost KCl,..(uo) is strictly positive.

Considering the case of the ball for ug, this shows that a, < oo as soon as
W < 74 which is the case in particular if J™® =0 and 8 > .. We conclude
with a low temperature estimate on a:

PROPOSITION 4.1.3. Assume that 0 < P(J, = 0) < 1 — p.(d). Then, for
any A > 0 there is C < oo such that, for 8 large enough,

a<g
/\\ﬁ.

We could also give an alternative characterization of the additional cost
Kl (ug). Let E(up) be the set of continuous evolutions initiated from wy:

v:t€e[0,1] — v € BV: vg = ug, v1 = 1,
t — v, is continuous for the L'-norm

&(uo) = and t +— 15wy, o+, 18 continuous for the (48)

L'-norm associated to the measure H% !
and
K'(ug) = inf sup F'(vi) — F (uo) = 0. (4.9)

ve€(uo) ¢e[0,1]

In Appendix [4.3.2] we prove:
THEOREM 4.1.4. For all (ug, ") € IC,
’CZisc(uo) = ,CT(UO)’

In Appendix [4.3.3] we use that Theorem in order to calculate the additional
cost K" (ug) on two simple examples.

4.2. A lower bound on the autocorrelation

The subject of the present section is the proof of Theorem [£.1.1} In order
to construct a rigorous proof from the argument sketched in Section [4.1.4] we
have to detail a certain number of steps. We will reduce the problem to finite
volume, show the continuity of the evolution of the phase profile, then describe
the dilution event and its influence on the phenomenon of phase coexistence.
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4.2.1. From infinite to finite volume. We begin the proof of Theorem
with a Lemma that relates the autocorrelation A*(t) to the dynamics in
a finite domain. We denote T/‘\]];L (t) the semigroup associated to the Glauber
dynamics on Ay, which update only the spins in Ay, according to the plus
boundary condition on Ay.

LEMMA 4.2.1. For anyv > 1, any e >0 and N € N* one has

A
A/\’V(t) > {_:V)‘E 1{MJ’+(mAN)>mﬂ—€} X (,u/‘{’; <TA]§(t)mAN < mg — 28)) :|
(4.10)

where
1
DO — o(x).

ma
N Nd

QC’EAN

We will see that the event {.J : p”*(my,) = mg — e} in (4.10) has a large
probability under P (Proposition 4.2.13)), yet most of our work will concentrate
on the proof of a lower bound for

A
E [(MX;\,F (T/‘\];r(t)mAN <mg — 25)) } .

Proor. Minkowski’s inequality implies, as v > 1, that

1 . 11/v
D { /E T ()7, — "] dp™*
Z‘GAN -
11/v
> | [T O, = s
> _

where m, : ¥ — R is the function which associates, to the spin configuration
o € ¥, the spin at z, o(x). The translation invariance of E and of the Glauber
dynamics implies that

AM(@t) = E

(/E T (tymay, — p"F (may)|” d,ﬂ#) A] |

Hence, for any ¢ > 0 we have
v v ) A
AN (t) > « 'E [1{MJ’+(mAN)>m5—a} X (MJJF (TJ(t)mAN S mp — 26)) ]

and we conclude using the attractivity of the Glauber dynamics for the dilute
Ising model:

T (T‘](t)mAN <mg — 25) > plt <TX;:'(t)mAN <mg — 25)

>t <Tj;j(t)mAN < mg — 2;;) (4.11)
O
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4.2.2. Small L! jumps for the magnetization. A crucial property of
the dynamics is the fact that the magnetization profile evolves smoothly in
L'. The following Proposition shows that, with overwhelming probability, the
magnetization profile follows a continuous evolution in L!. Define

C(I;’E = {(Ui)ie{o,...k} c (BVQ)’““ . ||Ui+1 - UiHLl < 6,\V/i S {O, <oy k — 1}}
(4.12)
the set of sequences of phase profiles in BV, of length k+ 1 that satisfy a small
jump property. Recall that BV, was defined at (3.8)). Givene > 0, T € (0,00)
and a sequence (ty)yen- With

1 <ty <exp(N*'T), VN € N*, (4.13)
we denote
Emgp tN
T) = < :— €N
e, =swp {¢ < 1 2 e
and
tn
kn(e, T) = ——— €N,
N( ) CN(‘C:»T)

where ¢y is an upper bound on the value of the transition rates (see Section

4.1.2). We say that the magnetization profile (Mg (cicy)/mp) i, at times
iy, for i € {0,... ky}, is e-close to Cfffg if there is v € ijg such that

MK(JiCN) .

Le.
Ll

sup
ie{O ..... k‘N}

mg

In the following, P[{;’“ stands for the law of the Markov process ()0 with
initial distribution p, that evolves according to the Glauber dynamics in Ay
with plus boundary condition. We have:

PROPOSITION 4.2.2. Assume that 3 > BC and 3 ¢ N'. There is C > 0 such

that, for any a,T € (0,00), any (tn)nen+ as in ([{-13), for any e > 0 and for
large enough K € N, for large enough N,

Tt ; ‘
EPA; MAN (M) 18 not 5‘01086 tO CC’:']; < eXp (Nd—l (T _ Ca))
mg 0<i<kn ’

AN

where (y = ((e,ty) and ky = k(e,ty).

PROOF. The measure ,u/‘(: is invariant for the Glauber dynamics with plus
boundary condition on Ay. It follows that

J,
J7+7H’A1-\~;

EP, (39@ € BV Vi€ {0,... ky}, 2Te) ¢ p () §)>

mg

< (b + DB (Y542 ¢ v (BV,, 5)) (414)
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and in view of the exponential tightness (Proposition in Chapter 3) there
is C' > 0 such that, for large enough a, for large enough K, for large enough
N the former probability does not exceed

(ky + 1) exp(—2CaN") < exp(N* (T — Ca))/2.

Then we write

JA.ult o
Py Fan <Elv € (BV, )+t \Cfg : SUPjeqo,... kn} H% — ||, < %)
< (h + 1) supy, P07 (|| Mz — et | ) (4.15)

Now, remark that the probability that there are more than 2cjtN? spin
updates before time t is exponentially small at volume order, uniformly over the
initial condition oy and the interaction J. Each step modifies the L!-distance
between the magnetization profiles by 2/N?, hence for any t > 0,

. 1 J,+,00
Ty _ > — X
i s log sup P (sup [Mic(o) = Micowls > deart) = —oc
Applying this to t = emg/(12¢p) = (n proves that (4.15]) is also bounded by
exp(N4 1 (T — Ca))/2 for large N (uniformly over J) and the claim follows.

U

4.2.3. The bottleneck. We saw that the evolution of the magnetization
profile is almost continuous in L*-norm. Given (ug,7") € IC, a > 0 and £ > 0
we define the set of profiles of maximal cost for such evolutions as follows:

There are k € N* and v € Cia such that vy = o,
Los(ug) = dueBV,: V= 1, u € {vo,...,v} and u € V(v;, €) where [

satisfies inf F"(w) > max  inf F(w).
weV(vy,€) =0 weV(v;,e)

(4.16)
In that definition, we consider inf,cy(, ) F'(w) instead of F"(v;) in order to
ensure that we recover the additional cost Kl (uo), see Proposition [4.2.15]

If the trajectory of the magnetization profile Mg /mg is e-continuous,
and does not approach L, .(ug) at some time, then the initial droplet cannot
disappear. We formulate this as follows:

PROPOSITION 4.2.3. There is ¢ < 0o such that, for any (ug, ") € IC and

>0, a,T < oo, for any (Iy)nen+ as in ,

/ﬂ* MK/mﬁ < V(uo,s) and < lp‘]’ﬁ“i’; (MK(UiCN)/m6)0<i<kN
A TX}:—(tN>mAN > mg — 2¢ = An is not e-close to C;¥

’ € Lace
+ - Hay - = (o)

where (n = ((e,ty) and ky = k(e,ty).



176 4. GLAUBER DYNAMICS AND METASTABILITY

PRroOF. To begin with, we reformulate the probability
7 ( Mg /mg € V(ug, €) and >
PN 'uAN TJN (tN)mAN Z mg — 2e

in terms of the Markov process (0;) associated to the Glauber dynamics on
Ay, with plus boundary condition. By definition of the semi-group T/‘\];:r(tN),
we have

Py = / . dyiit (o).
N {/:11,? YeV(up,e } {E +pmAN(‘7fN )zmg— 25} An
An immediate calculation shows that
EX’J\J;’pmAN (Ut> > mg—2 = PA]}\J,F’p [mAN (O't> = mg — 3&?] =€

hence
1

J Z
NS /{Aﬁ;@mvwo@)}

L7+, M
= —PA; AN ( K (50) € V(ug,€) and ma, (04,) > mg — 35) :
9 meg

P[(x];\j_’p [mAN <0tN) > mg — 36] dﬂ/{i\t (p>

(4.17)

This form is easier to handle since the Gibbs measure ,u/‘(;vr is reversible for the
Markov process (0;). Now we consider the event

A - (M (0icy)/mp)ocicr, 18 E-close to v, Vo € CFn
ve M (00)/mg € V(ug,e) and mp, (0¢) = mg—3e |’ o€

Let ¢ = 6/mg, v € Cffg and call v’ the evolution starting at ug, ending at 1
(the constant profile) defined by

vi=g v fl1<i<hky—1
1 1f2—kN.

If A,. is not empty, we have ||ug — vol|lpr < 2¢, hence ||v) — vi||p1 < 3e.
Similarly, if A, . is not empty, we have

Lol = [ (1= @)d)
[0,1)¢

< /W (1 - M;—f;f)@)) AL () + e

My <0t)
mg
and this implies that v' € CFY_, i.e. that v’ is a ce-continuous evolution. Now

we prove the inclusion

< 1- + 2¢

Av,e C AU’,CE (419)
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which means that, when the evolution is e-continuous, starts close to uy and
ends with an overall magnetization close to mg, then it is close to some ce-
evolution that starts at ug and ends at 1. In order to prove (4.19) we have to
show that, if A, . occurs, then

MK(UiCN) _

<ce, Vi 0,...,kn}.
ma ce ZG{ N}

Il
This is obvious for 1 <7 < ky. For ¢ = 0, this is clear as well and for i = ky,

it is a consequence of (4.18)).

We now end the proof of the Proposition and consider the upper bound
(4.17). Excluding the possibility that the magnetization does not follow an
e-continuous evolution, we see that

T+ ‘ T+
pl < TPl ( (Mic(0ic) /5oy ) 1 A

g AN is not e-close to Ckv g N
bl kN
vEC, e

But in view of (4.19)), we have

J’+’#1<7+ ‘]’J":;U‘;(’JF
PAN N U Av,s g PAN N U Av,cs

k k
'uGCan vGCQfX:UO:uO and vy, =1

J+, I+ i
< PA; oy (Eli < ky: M € L’a,cs(uo))
mg

M
g (kN —+ 1),&;{’; (m—j c £a,c€(u0>>

as u;{; is invariant for the dynamics. The claim follows. U

4.2.4. Specialized covering theorem. The rest of the proof of Theorem
is based on the upper and lower bounds on phase coexistence developed in
the former Chapter. Yet, we have to define first the event of dilution, namely
the event that surface tension is reduced to 7" on the boundary of wug (see
Definition below). In order to ensure that this event has all expected
properties, we need first to define carefully the rectangular parallelepipeds we
consider. The main difficulty is that we have to prepare the way to the proof
of the conditional upper bound for phase coexistence — see Proposition
and Figure This accounts for the fourth line in (iii) and for (iv) in the
following definition.

DEFINITION 4.2.4. Let (up = xu,,7") € IC and u € BV, together with
7,8 > 0. We say that a rectangular parallelepiped R C [0, 1] is §-adapted to
uat x € 0*u if:

(i) It is 6-adapted to O*u at x € 9*u in the sense of Definition [3.2.1]
(ii) If R is on the border it does not intersect dUj.
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(iii) If R intersects dUp, then x € U, and

1
Bd—1

H ((0* uAd*uy) N R)' <9,

1
— / T dH
h *ugNR

Lo (77(2))dH™! (2)

() — <0,

1
T pd—1
h‘ O*ugNR

In(7" (7)) <4,

<.

1
(@) =) = g [ Le(r7(2) = i)
h O*ugNR
(iv) If R intersects Uy, then the enlarged volume
R' =R + B(0,2Vdh?) = {z eR?:d(z,R) < 2\/3h2}

satisfies .

hd—l

H (*ugNR\R) < 6.

We adapt as well the notion of covering:

DEFINITION 4.2.5. Let (ug,7") € IC and w € BV, 6,7 > 0. A finite
sequence (R;)i—1. » of disjoint rectangular parallelepipeds included in [0, 1] is
said to be a d-covering for 0*u if each R; is d-adapted to u in the sense of

Definition [4.2.4] and if

HO! <a*u \ Lnj RZ-) < 6. (4.20)

In the remaining of the Chapter, the notions of d-adapted rectangular
parallelepiped and that of d-covering refer to those of Definitions [4.2.4] and
, unless explicitly stated. The parameter v > 0 in Definition [4.2.4] (iii)
concerns uniquely the proof of Proposition [4.2.11]

THEOREM 4.2.6. Let (ug,7") € IC and u € BV, together with v,6 > 0.
There is a d-covering for 0*u.

Before we prove Theorem (with the help of the Vitali covering
Theorem), let us show the next Lemma, where A stands for the symmetric
difference:

LEMMA 4.2.7. Assume u,uy € BV. Then, for H*! almost all x € 0*u N
8*U0,

1
lim ——H* (9*uAd*u) = 0.

r—ot rd=1
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PrOOF. (Lemma [4.2.7) Consider the Borel measurable function
f:zeR— {

Besicovitch derivation Theorem (Theorem 2.22 in [10]) implies that for H*!-
almost all x € 0*u N I uy,

1 if z € 0*uyg
2 else.

1
lim ——— / FAHT = f(2)
O*unB(z,r)

r—0t ag_q7rd1
where a1 = H* ! ({z € B(0,1) : - g = 0}). Therefore,
d—1 (A* d—1 (A* k
lim H* (0*un B(zx,r)) +H (0*u \ 0*up N B(x, 1))

=1.
r—0t Oéd,ﬂ’dfl C‘édflrdi1

As the first term goes to 1 already as r — 0, we conclude that
. 1 d—1 * *
rlilglerH (8u\8u0ﬂB(x,r)):0

for H% '-almost all € 0*u N & uy. The claim follows as v and ug play a
symmetric role. O

PROOF. (Theorem {4.2.6). As in the proof of Theorem [3.2.3] we design
a set E that has zero H% !'-measure and such that the collection of closed
rectangular parallelepipeds

Us = {R d-adapted to 0*u at x € 0*u \ E'}

is a Vitali class for 0*u \ E. Again, we define E by its complement in 0*u:
0*u\ E is the set of all z € 0*u such that, for all S € S,u, the following holds:

(i) Conditions (i) to (v) in the proof of Theorem [3.2.3 hold.
(ii) If z ¢ OU,U 9|0, 1], then for h > 0 small enough, R, 4 s1(S, n%) does
not intersect Uy U 910, 1]<.

(111) If x € OUy, then lim;,_,q+

LA ((0"uird o) 0 Rogon(S.m) ) =

hd
0.
(iv) If = € OUy, then
e
lim 7'(n2)dH " (2) = 7" (x),
h—0t+ hd—1 I*uoNRoy p 51 (S,n)
1
lim —— Lo (7 (2))dH ™ (2) = Ly (7" (2))
h—0+ hd—1 I*uoNRy p, 51 (S,n) ) )
and
1
lim Lo (77(2) = AR (2) = Lo (" () = ).

d—1 o
h—0+ h a*uoﬂR%h,gh(S,ng)

(v) If 2 € 9Up, then limy_ o+ 77xH* ! (*uNRY ), 5,(S,n%)) = 1 where
R’ is defined as in Definition (iv).
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As in the proof of Theorem [3.2.3] we have to prove that E has zero H* -
measure.
(i) See the proof of Theorem [3.2.3]
(ii) Condition (ii) is true for all z since AU, U 9]0, 1]¢ is compact.
(iii) Lemma m shows that condition (iii) is verified for H? !-almost all
x € 0u.
(iv) It is a consequence of the strong form of the Besicovitch derivation
theorem (Theorem 5.52 in [10]) together with Lemma [3.2.5 that
conditions (iv) and (v) hold for H% -almost all z € 9*u.

OJ

4.2.5. The event of dilution. Here we define the event of dilution of
the media, that is, we reduce the surface tension 77 around N&*ug in order to
realize the part of the initial condition (ug,7") € IC that concerns the random
media. Our definition considers dyp > 0 which ensures that we modify the
media in the region at distance at most Ndy from the boundary No*ug. See

also (3.16)) for the definition of RY.

DEFINITION 4.2.8. Given (ug,7") € IC and g,y > 0, we call
Gy = {JGJ:TéN <TT(Ii),Vi:1...n} (4.21)

the event of dp-dilution, if (R;);=1. ., is a dp-covering for 0*ug with parameter 7.

No matter how small §; > 0 is, the event of dilution gives the appropriate
,u;{’;—probability to the cost of initial phase coexistence, at the expected cost
on P. We recall that Z"(uy) was defined at (4.3]).

PROPOSITION 4.2.9. Assume that 3 > 3. and f3 ¢ N. Let (ug,7") € 1C
and €, > 0. Then, for any g > 0 small enough, if we denote Gy the event of
do-dilution, we have: for any N large enough,

P (Gn) = exp (=N (Z7(uo) +)) -

PROOF. According to the definition of the dilution, there is a dg-covering
(Ri)i=1..n for 0*ug such that (4.21)) holds. Because the RY are disjoint for
large enough N, we have

n

1
hNHLiOIéf NiT logP(Gy) = liminf log P (7’7‘%\, < TT(:Ei)>

N—00 Nd*].
=1

S DL A e

in view of Theorem [2.2.5 thanks to the assumption 77(z) > 7™ (n%) for all
x € 0*ug (see ([1.5)). In view of the definition of the §-covering (Definition [41.2.5]
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and point (iii) in Definition [4.2.4)), it is immediate that for § > 0 small enough,
the former limit is larger than —Z"(ug) — £/2 and the claim follows. O

4.2.6. Influence of the dilution on the lower bound.

PROPOSITION 4.2.10. Assume that 3 > (3. and 3 ¢ N. Let (ug,7") € IC
and €,& > 0. Then, for any 6y > 0 small enough, if we denote by Gy the event
of do-dilution, we have: for large enough K,

lim P (HX; <& € V(u0,5)> > exp (—Nd_1 (F"(ug) + 5))‘ J e QN) =1.

N—oo mg

PROOF. We use the notations of Proposition[3.3.4]in Chapter 3 and denote
0 = dg. We recall that Di}fo’é is the event of w-disconnection around No0*ug and
that 5[]]\([) 9 is the set of edges close to NO*ug. We let then
3 Ja ) MK
F{ = inf \I/ALUJr (— € V(ug,¢)

rreDg(;‘s mg

N,§
w:ﬂ'OIlEUO’).

In view of Proposition and of the definition of the §-covering, we have:
(i) For any 6 > 0 small enough,

.. . 1 w 0
hNHLlor;f Jlenng Nt log Q)I‘{’N (Di}; ) > —F"(up) — &/2. (4.22)
(ii) For any ¢ > 0 small enough, for K large enough,
lim P(F)<=) =0 (4.23)

The definition of F}, yields
M w
il (T < viwa)) > el (o))

hence, using (4.22)) we obtain: for large enough N,

P (MX; </:An—§ € V(uo,é)) > exp (—N”l_1 (F"(ug) + 5))) J e QN)
>P(FY > 1| J€gn)

Yet, the variable FY, is independent of the J, with e € EJUVO"S. Thus it is as well
independent of Gy, and (4.23)) yields the conclusion. O

4.2.7. Influence of the dilution on the upper bound. Here we show
that the event of dilution has the expected impact on the upper bound for
phase coexistence, that is: conditionally on the dilution, we recover F"(u) as
the upper bound for the cost of phase coexistence.
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PROPOSITION 4.2.11. Assume 3 > 3, and 3 ¢ N'UN;. Let (ug,7") € IC,
u € BV and & > 0. There are ¢ > 0 and v > 0 such that, for small enough
0o > 0 and large enough K, if we denote by Gy the event of dg-dilution with
parameter vy,

lim P (Mj’; (& € V(u, e)) <exp (—N"(F'(u) — g))‘ J e QN) = 1.
N—o0 mg

Proposition [4.2.11] is a consequence of the following lemma, which is itself
a consequence of conditions (iv) and (v) in Definition [4.2.4]

LEMMA 4.2.12. Assume 8 > (3. and f3 ¢ NUN;. Let (ug,7") € IC and
v > 0. For d > 0 small enough, the following holds: for any u € BV and any
R that is d-adapted to O*u at x € *u N I*uy with parameter ~, for any K
large enough and any &y € (0, h?),
N—oo

lim P<T;§;;K<T( )—CZM—W‘JEQN>:0

if Gy 1s the event of dg-dilution and 02175 = cq40 +cq5 15 the sum of the constants
that appear in Propositions and[3.3.77

F1GURE 3. The scale of dilution dg.

PRrROOF. (Lemma [4.2.12)). We consider (R;);=1.., a dg-covering for 0*uq
such that (4.21]) holds. Thanks to the product structure of PP, for large enough

N the surface tension %é’]%K is independent of the TRN such that R; "R = 0.

Hence, for large enough N, the conditional probablhty
P (#% < 77(2) = chs— 1| T € Gx)
equals

IP’(T]‘\],;;K <7"(x) = s —7‘7‘7%? <77(x;), Vi RiNR # (7)) ,
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which is bounded from above by
P (R < (@) — s — )

P (Téé\, < 77(24), Vi Ry NR # @) '

PN =

We prove now that this quantity goes to 0 as N — oo, under the appropriate
conditions. We show in fact that 1/N9"!logpy has a negative superior limit:
because of the definition of ¢ 5, Propositions [3.3.6( and [3.3.7 in Chapter 3,
together with Theorem [2.2.5] indicate that for large enough K,

logpy < —h" (7T (@) =)+ Y BT, (77 (2)).

lim sup
N Ry NMRAD

Ndfl
(4.24)

We show at last that the right-hand side of is negative, for small
enough 6 > 0 and &y < h?. Thanks to the definition of j-adapted rectangular
parallelepipeds, and in particular (iv) in Definition [4.2.4] one sees (Figure |3))
that the right-hand side of is not larger, for § < 1/2 and §y < h?, than

L (7 ) = Lo (7 (2) = () + M

where
M =3+2 sup L (7" (2))

T€E*ug

is finite thanks to the definition of IC at (4.5)) (see also Theorem [2.2.5). Now
we give an upper bound on the integral. Using the convexity of I,, (the slope
of I, is non-increasing), we write

/ . (7" (2)) = In. (" (2) — 1) dHO1(2)
O*ugNR

<[ htn) -t
O*ugNR
< (172 inf I, (17(n) — 7).
nesd—1
It remains to show that

inf I, (17 (n) —~v) >0, (4.25)

neSd-1
which permits to take any
) m (L L t L, (77
< min 5 Wnelgdfl n (79 (n) —7) ).

We conclude with the proof of (4.25]) and assume by contradiction that there
is a sequence (ng) in S%! such that I, (77(n;) —~) — 0 as k — co. By
compactness we can extract a converging subsequence; in the sequel we assume
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that (ny,) converges to m € S?!. The characterization of I,, in terms of 72

(Equation (2.22)) in Chapter 2) yields
() < A(ny) — My + L0 (1), VYA>0

and passing to the limit & — oo we obtain 7 (n) < Ar(n) — My,
i.e. I, (19 (n) — ) = 0, which contradicts the assumption 5 ¢ N7. O

PROOF. (Proposition 4.2.11)). Consider v > 0 and (R;);=1.., & d-covering
for 0*u. Taking ~ > 0 small enough, for any § > 0 small enough we have

th‘l (7"(zi) — cas —7) = F'(u) — §/2.

We can take furthermore § > 0 small enough so that the conclusion of Lemma
holds. Then, in view of Proposition [3.3.5| in Chapter 3 we have: there
is € > 0 such that, for any K, if Gy is the event of Jp-dilution

P <ui’§ (% e V(u, 5)) > exp (N (F'(u) - €))

mg

JEQN)

<SP (R <7 (@) —cas =] T €Gn).
=1

Yet, we saw at Lemma|4.2.12| that this quantity goes to 0 as N — oo, provided
that dp < min}_, h? and K be large enough. O

1=1""

4.2.8. Dilution and average magnetization. Here we show that the
dilution does not influence much the value of the magnetization on Ay, under
the infinite volume measure p’+:

PROPOSITION 4.2.13. Assume 8 > f3. and 3 ¢ N. Let (ug,7") € IC and
e > 0. For any dy > 0 small enough, one has

lim P (p" " (may) >mg—c|J€Gy) =1

N—oo

where Gy is the event of dg-dilution.

PRrROOF. It is equivalent to show that
. . I+ _
J\Pféofvllgffvp (MANI<mAN) 2 M = E‘ Je gN) =1

for small enough dy. The proof is similar to that of Proposition[3.3.4} again, we
consider two mesoscopic scales K and Ly = [v/N]. We call (A;, A}) . the
(K, K)-covering of Ay and (Aj,A;)jGJA{’K the (L, Ly)-covering for I3 .
Then, given § > 0 we let

il
1€ Apss

<¢i)i€IAMyK
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the phase indicator given by Theorem [I.5.7], for the tolerance 6. Then, we
consider the set of Ly-blocks that correspond to positions not intersecting the
rectangular parallelepipeds (Ry)k=1..n corresponding to Gy as in (4.21)):

J:{jGJM,KIViEA;,A;ﬂURN:@}
k=1

and denote
I={JA
jeJ

Given a realization of p = (|¢i|)i€[AM we say that the Ly-block A; is good

K
if there is a crossing cluster of p-open sites in A’ of density at least 1 —4. As
we need a control on my, that is uniform in M > N, we consider

Jint _ {]’ eJ:HieA;,A;mAN;&@}
and let

f ((’(bi’)iEI[\M,K> =1 A; is good, for all j € Ji“t and there is a path of |’
good Ly-blocks from J™* to the border of Jas, i

which defines an increasing function. As in Proposition [3.3.4] we remark that,
if we take p under the site percolation measure BII, with p < 1 close enough to
1, there is ¢ > 0 such that, for large enough N, for all j € J:

B! ({A; is good}) > 1— exp (—3cLeY)

— this is a consequence of Theorem 1.1 in [33]. We bound from below the
expectation of f under the measure BI{ : in order that f(p) = 0, one must have
either

(i) one bad Ly-block A; with 7 € J™ — this event has a probability
smaller than exp(—2cv/N) for large N
(ii) or a path of bad blocks of length n > +/N around J™*, that remains

in a plane and starts at a distance less than n from J™t. This event
has a probability at most

Z n(cqgexp(—2cLy))" < exp (—cN)
n>vVN

for large enough N.
Hence we have: for large enough N,
I
B, (f) > 1—exp (—C\/N> :

Consequently, the stochastic domination for (|¢:|)iez,, , (Theorem W (iv))
yields the same lower bound on the expectation of f((|#;|)ies): for large enough
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K (depending on ¢), there is ¢ > 0 such that, for any N large enough:

w =7 on UEf<7/€kN>> Zl—e_cﬁ.
k=1

]Eigf \I/}(;ﬁ (f ((|¢z|)zel)

Now, we remark that the volume of | J;_, Ry is not larger than 26, H* ! (9*uy),
hence it is small with respect to € > 0, for small enough §,. For large enough
N, the Ly-blocks are much finer than the rectangular parallelepipeds RY and
hence, not only the Ly-blocks with j € J™ cover almost all the volume of Ay,
but also J has exactly one connected component. Hence: for small enough
09,0 > 0, for large enough N,

€

S ((|¢1’)zel) =1= mpy = Mg — 5

Theorem m (iv) thus yields: the P-probability that

. €
inf \I/X:B (mAN > mg — 5

w =T on UEf<7/?,kN>) él—e_c‘/ﬁ

k=1

is at most e=°VN. As the conditional probability

€ " —
5 |v=mon kL;JlEf (Rg))

. J,
II#f \IJA;,,B (mAN = mg— =

—

is independent of the J, for e € J,_, E/(RY), hence of Gy as well, we infer

that

P (\Ifi;rﬁ (mAN > mg — g) <1-— e’c‘/ﬁ‘ QN> < e~eVN

and the claim follows. O

4.2.9. Lower semi-continuity. Here we show that F" is lower semi-
continuous, which is a consequence of the assumption 7"(z) < 79(n,), and
relate the additional cost Kl defined at (4.6]) to the set Lo o(ug) (see (4.16])).

PROPOSITION 4.2.14. For any (ug, ") € 1C, the functional F" defined at
18 lower semi-continuous.

As an application, we show that:
PROPOSITION 4.2.15. For any (ug, 7") € IC, we have
Khse(ug) = lim  inf  F"(u) — F"(up). (4.26)

e—0tF u€Loo s (uo)

PROOF. (Proposition [4.2.14). We show the lower semi-continuity as an
application of the covering Theorem (Theorem [4.2.6)). Let u € BV and ¢ > 0,
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and consider a d-covering (R;);=1., for 0*u. Since the R; are disjoint, for any
v € BV we have

F(v)

>y / 7 (2)dH (z) + / 7U(n?)dH (z)
. ﬁiﬁa*uoﬂa*v (ﬁi\a*uo)ﬂa*v

i=1

> Z H! (7022‘08*11) 16117£ "+ Z / ny)dH* ! (x)
r R;NO*v

7

1 R:NOUp £ 7 RiNOU=0

since 7"(z) < 7Y(n,). Thanks to the lower semi-continuity of the surface
energy in open sets (Chapter 14 in [24]), the quantities H%(R; N &*v) and
Ji,0000 TH(NY)dH T () become not smaller than their value at u when v
converges to u in L' norm. Hence:

lim inf F"(v)

e—=0veV(ue)

d—1 d—1 u
> ) (1—0)k jnf 77+ (1 —0)hd=179(nY)
17 R;NOU#D 1:R;NOUG=0

which is arbitrary close to F"(u) for small §, thanks to the uniform continuity
of 7. O

PRrROOF. (Proposition [4.2.15). The fact that Kl.(u) is larger or equal
to the right-hand side follows from the definitions. Consider now ¢ > 0 and

U € Lo (up) such that
Fu)< inf  F'(w)+e. (4.27)

WELoo e (u0)
Since u € Looe(ug), there are k € N* and v € CE _ (see (4.12)) such that
vy = ug, v = 1 and

F(u) > max  inf  F(w). (4.28)
=0 weV(v;€)
For each i = 0. ..k, one can select v],; € V(v;,¢) such that
inf F(w)>F(v.,)—c¢

Lt Fw) > )
We let then vy = o and v, = 1. Clearly, the evolution v' = (v})i—o. k2
is 3e-continuous. Its maximal cost does not occur at k + 2 since F"(1) = 0,
hence

k+2

maxj”( Vi) = max]—“r( ) — sup  (F(ug) — F'(w)).
weV(up,e)
Reporting in (4.27) and (4.28)), we obtain
k+2

inf  F'(w) = maxF"(v)) —2e — sup (F'(ug) — F (w))

WEL oo e (Uo) 1=0 weV(ugp,e)
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for some v € Cif? with vj = uy and vj,, = 1. Taking the limit ¢ — 0F

we obtain, thanks to the lower semi-continuity of F” (Proposition [4.2.14)), the
desired inequality

lim  inf  F'(u) — F(uo) = Ky (o)-

e—0T u€Lo e (uo)

O

4.2.10. A probabilistic control over the magnetization. The end of
the proof of Theorem is now at hand. The next proposition is the before
to last step:

PROPOSITION 4.2.16. Assume 3 > 3. with 3 ¢ NUN;. Then, for all
(ug, ") € IC and & > 0, for ¢ > 0 small enough, for any sequence (tn)nen
with

1<ty <exp (N (Kl (ug) — 5€)), VN € N*,

for any N large enough the P-probability that {uJ’+(mAN) = mg — 5} and

it (T (e ymay < mg = 2¢) > exp (= NT4 (F (w) + )

is at least exp (—N1 (Z"(ug) + €)).

PROOF. Let (ug,7") € IC. Let £ > 0 and T = Kj;..(up) — 5. In view of
Proposition [4.2.15] there is € > 0 such that
< inf  F'(u)— F(ug) — 4. (4.29)

UEL oo, (U0)
We fix a < oo with
CazT+TZI (up) +1

where C' is the constant appearing in Proposition [4.2.2] For all u € BV, we
let

e(u) = min (g¢(u)/2,¢/3)
where e¢(u) is the ¢ that appears in Proposition [4.2.11,  Since the set
BV, (defined at (3.8])) is compact and included in the union of the open
neighborhoods V(u,e(u)) for u € BV,, there is a finite collection (u;)i=1. n
of elements of BV, such that

BV, C U V(ug, e(u;)).

Since the right-hand set is open and BV, is compact, there is €’ € (0,e/3) such
that

V(BV,, &) UV w;, €(u;))

We let then ¢y > 0 small enough so that we can apply Proposition to
Uy, ..., U, Werequire as well that dy be small enough in regard to Propositions
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.2.10[and 4.2.15] en, we let 1 < €'/c where ¢ 1s the constant appearing in
4.2.10and 4.2.13, Th let n < €'/c wh is th ppearing i
Proposition [4.2.3 and call

() 2y (385 € Vo)) > exp (N ( (ug) + ).
(ii) for all i € {1,...,n},
ikt (4 € Viu, e <ui>>) < exp (~ N (F(w) — €)).

(it}) 57+ (ma) > my — 1 and

N is not n-close to Ca e
{ < exp ( N (Fr(ug) + 1)) )

where Gy is the event of dp-dilution, see (4.21)). Thanks to the choice of dg ar~1d
to Propositions [4.2.9] [4.2.10] 4.2.11] [4.2.13 and |4.2.2], the P-probability of Gy
is at least

\

Gy =Gy N

P (Gn) = exp (- N (T (o) +6) (4.30)

for large enough N, if K is large enough. On the other hand, for any J € Gy
we have, in view of Proposition the inequality

,UAN (MK € V(Uo, ) and TX;(tN)mAN > mg — 27])

mg

< exp (=N (F (ug) + 1)) + 2 exp (N7'T) prt <MK € Lo (u0)>

with (y > ¢ > 0 since ty > 1. Now, remark that
La,e’ (Uo) C BVa M U V (UZ’, 5(uz))

i:d(ui Lo e (uo)) <Lel+e(uy)

C U V (uj, e (u;))

te{l,...,n}:u; €L e (uo)

since ¢, e(u;) < £/3. This implies that, for any J € Gy:

MAN (ﬁ € L (uo)) < nexp <—Nd‘1 ( inf  F"(u) —5))

mﬁ UGEQ,E(U())

< exp (—Nd_1 (ueﬁinf(uo)]-—r(u) - 2§)> :

From the choice of T at (4.29) we conclude that, uniformly over J € Gy, for
N large enough,

M_ —
7 (5 V) T, > s 20) < e (-3 () 26)
in other words:

M _
pyt (Ti}f(tN)mAN <mg — 21 ’m—K € V(Uoﬂ?)) > 1—exp(—N"')
8
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thus
/VL}(;VF (T/‘\];:r(tN)mAN <mg — 27]) > exp(—Nd*1 (F(ug) = &))

and the claim follows from (4.30)). OJ

4.2.11. Lower bound on the autocorrelation. We finalize now the
proof of Theorem [4.1.1]

PROOF. (Theorem [4.1.1)). Let (s,)nen+ an increasing sequence with s, —
oo, such that

A\ AV
lim 108 A™ () _pp g 108 A0
n—oo  logs, t—00 logt
We fix (ug, 7") € IC and € > 0 such that
T= ’Cgisc(uo) - 55

is strictly larger than £ and denote

_./log s,
N, = {d\/ oiﬂs}’ Vn € N*.

It is clear that N,, — oo and that, for n large enough s,, < exp (N;f_lT). Now
we define

ny =max{n: N, < N} and ty=s,,
so that ty — oo with ty < exp (N9 (Kli (uo) — 5€)) for large enough N.

disc

Proposition [4.2.16| applies and there is € > 0 such that, for N large enough,
AN (tn) = e exp(= N (T (ug) + AF" (ug) + (1 + N)E)) (4.31)

according to Lemma 4.2.1, For N = N,, and large enough n such that N, >
N, (thus s, = ty), (4.31)) together with the inequality N¢~! < logs, /(T — &)

yield
lim log AM (s,) - ~I7(uo) + AF"(uo) + (L +A)E
n—oo logs, K (ug) — 6€
The claim follows letting £ — 0 and optimizing over (ug,7") € IC. O

4.3. Appendix

In this Appendix we study a few issues on the additional cost: we prove
that it is positive for regular initial profiles (Theorem and give an upper
bound at low temperatures. Then we show that the additional cost does not
change if we consider continuous evolutions that present as well a continuous
separation from the substrate of dilution (Theorem . We also compute
the additional cost on two simple examples.
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4.3.1. Positivity of the additional cost. Here we show that natural
constraints on the initial configuration (ug,7") € 1C imply the positivity of the
additional cost, proving the effective presence of a bottleneck for the dynamics.

4.3.1.1. Positive additional cost. The proof of Theorem[4.1.2]is not immedi-
ate and we proceed as follows: first, given a profile v € BV at L!-distance ¢ > 0
from wug, we decompose the difference between u and wug into small droplets,
creating new portions of interfaces that have a cost of order Ce, where C' < 0o
depends on the diameter we require for the droplets. Then, using a local
Winterbottom construction we show that the overall cost of these droplets is
at least C’e'~%/?. The conclusion follows as

Fr(u) — F(ug) = C'e' V4 — Ce

is positive for small enough £ > 0.

In a first lemma we separate the difference between u and g into interior
and exterior profiles v, w, and compare the additional cost F"(u) — F"(ug) to
surface energy F"~ of v and w, where

Fro(u) = / 79(n")dH*" — / TTdHY, Yu e BV.  (4.32)
O*u\0*ug O*uNd*ug
LEMMA 4.3.1. Let (ug,7") € IC and u € BV. Consider

V= Xu\u  and  w = X\,
if u= xu and uy = xvu,. Then,
F(u)—F(up) = F(v)+F" (w) (4.33)

ProOOF. First, we remark that

Fr(u) — F(ug) = /

O*u\0*ug

79(n)dHI T — / T dH

O*up\0*u
The inclusion

OTu\oUy D (0% )\ oUy) U (0w \ dUj)

(where L stands for the disjoint union) is clear and accounts for the [ 72dH~!
part of inequality (4.33) as OUy = 0*ug. Next we show that, up to HI 1-
negligible sets,

Oug \ Pu C (0"wN I up) U (0" N I*ug)

which accounts for the [ 77dH%™! part of inequality (4.33). Theorem 3.61 in
[10] shows that, given any u = xy € BV the local density of U at x is either
0,1/2 or 1, for H? *-almost all x € R?. Furthermore, the set of points at which
the local density is 1/2 coincides, up to a H? !-negligible set, to the reduced
boundary 9*u (denoted FU in [10]). Consequently, up to H% !-negligible sets
0*up \ 0*u coincides with the set of = at which the density of Uy is 1/2 and
that of U is either 0 or 1. Yet, a density 1/2 for Uy and 0 for U at z gives a
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density 1/2 for V. = Uy \ U, hence z € 9*v (for H*™! almost all z), while a
density 1 for U yields similarly € 0*w. The claim follows. O

In a second step we decompose V' and W into small droplets:

LEMMA 4.3.2. Let (up,7") € IC, u € BV and ¢, > 0 and assume that
||U - uOHLl = 20.
Then, there is a finite collection (V;)i=1..n of disjoint Borel sets with diameter
at most ¢, such that, if we denote v; = v,
(i) The droplets have an overall volume

> i) =
i=1
(ii) There is c. < oo that does not depend on & such that
Fr(u) = F(ug) = > F(v;) = ced.
i=1
(iii) Each V; is included in either Uy or US.

Proor. We simply decompose V' and W according to a grid of mesh ¢, in
order to obtain droplets of diameter not larger than ev/d. We fix m integer
such that

me>=>1+¢

and, for h € (0,¢)? we consider the collection of cubes (C;):
C; =ic —h+(0,6)% forallie{0,...,m—1}"
Then, we define
{(Vi,ie{l,...,n}} = {VNnC,ie{0,...,m—1}"}
u{Wwna;,ied{0,...,m—1}"}
where V' and W correspond to u as in Lemma By construction, the V;
satisfy diam(V;) < ev/d, as well as points (i) and (iii) above. In order that

point (ii) be satisfied as well, we choose h carefully. For any k € {1,...,d},
the mean value Theorem indicates the existence of hy € (0, ) such that

m+1
Zﬁdfl({xeVUW:x~ek:gZ’_hk})<

1=0

Y

M|

as the integral of the left-hand side over h; € (0, &) amounts to d, the volume
of VUW. Letting h = (hy, ..., hq), we get

SO F () =242 sup T(n) < F(0) + ' (w)

i1 € negd—1

and the claim follows thanks to Lemma [4.3.1] O
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In the next lemma, we show that local Winterbottom crystals (Wulff
crystals for F™~) have a positive volume. An essential implication of this
fact is the isoperimetric inequality

F(u) = deiwm)Vicd(U) =Y for all u = yy € BV, (4.34)
see [58].

LEMMA 4.3.3. Assume that 3 > (.. For all 0 < & < d (0, (Wq)c)d, there is
§ > 0 such that, for all ng € St and 7 : S — R with

7(n) =1(n) ifn-ng<1l-—9§
T(n) = —71%(ng) + ¢ else,

the Wulff crystal VW corresponding to T has a volume at least
£d (W) 2 Cdéfd.

ProOF. We recall that the Wulff crystal corresponding to 7 is
W={zeR: 2 -n<7(n),vne s}
and that W9, the Wulff crystal for 79, characterizes 79 in the sense that

(n) = sup z-n, YneS¥
TeW1

Since W1 is a compact set, for any ng € S?! there is zy € W7 that satisfies
xo - (—mg) = 7(—ng) = 79(ng). Because 79 (and thus W?) has the same
symmetries as the lattice Z?, all the transformations of xy, by symmetries
around a canonical hyperplane containing the origin also belong to YW?. Hence,
there is a d-dimensional cube Cj centered at the origin, of which xg is a vertex,
that is contained in W4,

Then, we consider

Vn,ng € S withn -ng>1-7:
dpe =supq 0 €(0,1): 79(n) < 719(ng) +¢/3 and . (4.35)
r-n<r-ng+e/3, Ve e W

For any ¢ > 0, 6 = dg. is positive because, one the one hand, n — 79(n) is
uniformly continuous on the compact S? !, and on the second hand, W9 is
bounded. We now consider 7 that satisfies the required conditions and prove
the inclusion

C() N B(flfo, 6/3) C W. (436)
To do so, we fix x € Cy N B(xg,/3) and n € S and check the inequality

r-n < 71(n). If n-ny <1—24, this follows immediately from the equality
7(n) = 74(n) and the inclusion Cy C W. In the opposite case n-ny > 1 — 6,
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we write

zo-n+e/3

xo - Mo+ 2¢/3
—79(ng) + 2¢/3
—7I(n) +¢
7(n)

and the proof of (4.36]) is over. If & > 0 is smaller than the distance d(0, (WV?)°),
(4.36)) implies immediately

NN

NN

LIW) = cqe.

Now we conclude the proof of Theorem [4.1.2;

PROOF. (Theorem {4.1.2). We call

£ = min (d(O, W), inf (19(nl) — T’"(:c))>

TED*ug

which is positive thanks to the assumptions in Theorem 4.1.2 We consider
d > 0 corresponding to ¢ in Lemma Since we assumed that 0*ug is C1,
there is £ > 0 such that, for all z,y € 0*ug one has

dlr,y) <§ = n® n>1-0.

Consider now u € BV at L!-distance 2n > 0 from uy. According to Lemma
there is a finite collection (V});—; ., of Borel subsets of R? with diam(V}) <
&, such that

DLV =
and
Frla) = F(wo) > 30 F(xw) — cen (4.37)

The isoperimetric inequality (4.34) together with Lemma imply in turn

that

F () = d (cac?) " £V (4.38)
because the surface tension

(n) = inf,cpeporvimio—n 7 (7) if m3° = n, for some x € *up N'V;
=9 r4(n) else
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satisfies the assumptions of Lemma [4.3.3| and gives a surface energy F(xv;) <
F"~(xv;)- Now, if we combine (4.37) and (4.38]) it appears that

n

Fr(u) — F'(uw) > d (cdgd)l/d Z . cen

%
=1

> d (cdgd)l/d nlfl/d — cen

which is strictly positive for n > 0 small enough, and we have proved that
Klio.(ug) > 0 under the given conditions. O

disc

4.3.1.2. Additional cost at low temperatures. Here we give the proof of
Proposition [4.1.3] It is based on the following remarks:

(i) For any 7 > 0, any § > 0 the cost for reducing the surface tension
to 7 is not larger than the cost for the J-disconnection (leading to
7/ = 0), which is finite as P(J, = 0) > 0. In other words, for any ug
we have
sup  sup  Z"(up) < oc.
B20 77:(ug,r")€IC
(ii) On the other hand, as P(J. > 0) > p.(d) the surface tension 77 is
greater than C'8 for C' > 0, for large 3 and this leads to a additional
cost K. (ug) proportional to 3.

disc

PROOF. (Proposition 4.1.3). Consider the initial configuration (ug,7")
determined by

Up = XB(z,1/9) and 77(x)=1,Va € 0%ug
where zp = (1/2,...,1/2). It is immediate that

I"(ug) < ¢g sup 7°(m), V=0
neSi-1
where 7P'°(n) is the (finite) value of surface tension for bond percolation on
Z% with parameter P(J, > 0) < 1. As well, the initial cost F"(ug) of ug is
bounded and does not depend on (.

Now we show that K" (ug) = ¢ for some ¢ > 0, for large 5. According to
Proposition there is C' > 0 such that 7¢(n) > C[ for large (3, uniformly
over n € S% 1. This implies that (ug,7") € IC for large enough 3. We take
then ¢ = C3/2 and apply Lemma in order to choose > 0 that does not
depend on  (remark that ds,. defined at satisfies liminfz .o 05, > 0 in
view of Proposition . Then we fix £ > 0 depending on ¢ as in the proof
of Theorem [4.1.2] and obtain

K (ug) > dci/dCﬁ/%yl_l/d —cn

for all n < ||up — 1{|z1/2. The claim follows if we let 8 — oo. O
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4.3.2. Continuous evolution and continuous separation. Here we
prove Theorem [£.1.4] that is: the additional cost can be computed on
continuous evolution, that detach their boundary in a continuous way from
the initial position.

The inequality K" (ug) > Kli.(uo) is clear since the set E(up) is more
restrictive. We prove the reverse inequality with the help of an interpolation:
given an evolution v € wa (see ) we interpolate from v a continuous
evolution v’ with continuous separation from 0*ug, at the price of a small
increase in the maximal cost, negligible as ¢ — 0 (and uniform over v):

v € E(ug): vy = v and  sup F'(vy) < max F'(v;) + o (1).
te[071] i=0...k e—0

The next lemma is one of the keys to the proof of Theorem [4.1.4]
LEMMA 4.3.4. Let (up,7") € IC and 6 > 0. For any Borel set A C [0, 1]¢

with volume LY(A) < §, there exists a collection of measurable sets U = (Uy)ier
such that:

(i) Uy is a non-decreasing function of t with

lim U;=0 and lim U, =T
t——o00 t——+o0
where T is the tube T = [0,1]* x R.
) The function t — U, — tey is 1-periodic.
ii) The volume t — LY(U; N [0,1]¢) is a continuous function of t
)
)

S~
—e
—

,.\,\
—
<

The area t — HY (U, N 0*ug) is a continuous function of t

The portion of the boundary of U that intersects A + Zeg in T has
a small area:

=

sup HI? <8Ut N (A + Zeg) N T) <7V6

te(0,1]

for 6 > 0 small enough.

PROOF. The reader is invited to consult Figure [4| for an illustration of the
proof. To begin with, we partition [0,1]? in horizontal slabs: let n = [1/3/§]
and call

1 .
Ai—{xe [O,l]d:l—gx-edgi}
n n
for i € {1,...,n}. Because each slab has a volume at least /9, for each
i € {0,...n — 1} there exists z; € (i/n,(i + 1)/n) such that the density
L7 (AN{z: 2 -e4=2z}) of A at height z; is not larger than /6. We extend
then the definition of z; by periodicity, letting

Zien =1+ 2,Vi € Z.



4.3. APPENDIX 197

Then, we let n = cosae; + sin e, for some « € [0, 7/3] such that 0*uy has
no face orthogonal to n and define

T-eq < Zpt) OF
T-eq < 2 and x-m <

Ut:{xeT: } vt e R

where [ is the piecewise linear function defined by: Vi € Z,

l(i/n)Jr = Zi€g'MNn

liyy/m = (zip1€4+€1) - M

and [ linear on each interval (i/n, (i + 1)/n]. The set U, evolves as follows:
between times i/n and (i + 1)/n, U; invades the region {z € [0,1]¢ : 2 <
x-eq < zi41} by the mean of a frontline normal to n, that moves at a constant
speed.

It is immediate from the definition that U, — tey is 1-periodic and that
U, increases continuously in volume. The H% ! measure of U, N 0*ug is non-
decreasing and the assumption on n ensures that it increases continuously.
We consider at last the portion of the surface of U; in 7 that might intersect
A + Zey. We just have to take into account the upper portion of dU;, made
of the two planes at height z;, 2,11, and of a portion of plane normal to n.
Recall that the z; have been chosen so that the density of A+ Ze, at height z;
does not exceed V. Similarly, because o < 7 /3, the piece of plane orthogonal
to n has a surface at most 4/n < 5/v/6 for § > 0 small enough. The claim
follows. 0

g

L U1

3/n + wp

2/n +

1/n + to

to+t

FIGURE 4. The construction of U;, and the interpolation wu;
between vy and v;.

The second key argument is periodicity: as seen on Figure [} the
interpolation between vy and v; has to choose first the region where the cost
of vy is smaller than that of vy — which means that we have to fix ¢y carefully.
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PROOF. (Theorem [4.1.4)). Let 6 > 0. There exists € € (0,20] and k € N,
together with v € CX _, such that

00,
IEloa)i:FT('U) < ,C(qisc<u0) + d.

Starting from v, we construct a continuous evolution u € &(ug) that has
a maximal cost not much larger than that of v. It is enough to do
the interpolation between two successive v;, as one can paste together the
successive interpolations to deduce the continuous evolution w.

Hence we consider vy, v; € BV and assume that [[vg — vy||zr < 20. We let

A ={x:vo(x) # vi(2)}
which has a volume at most . Lemma [4.3.4] applies and there is U; with
properties (i)-(v). Given ty € R and ¢ € [0, 1] we let
Gy ={z€0,1]": 3k € Z: v+ keq € Upyis \ Uy } ,

for any ¢y the set Gy, increases continuously from the empty to the full set
in [0,1]%, makes the surface H%*(9*ug N Gy, ) a continuous function of ¢, and
the area

M- (aGto,t nAN %) <14V
small, for 0 > 0 small enough. Now we define
o vo(z) iz ¢ Giyu
ur(w) = { vi(x) if © € Gy,

The cost of u; decomposes in the following way: it is the sum of the cost of
Vo 1in Gfo,t, of the cost of u; in Gy, and of the cost of Gy, in A. In other
words,

F'(up) < F'(vo) = Fg, (v0) + FE, (1) +14V/6 (4.39)

where Fj,(u) stands for

Fr(u) :/ T dH? —I—/ 79(n")dH*".
O*uNd*upNE (0*u\0*up)NE

It is clear that the initial cost of u; is F"(vg) and that its final cost is F"(vy).
Yet in the interval (0, 1) it could be that Gy, selects first the region where v,
has a larger cost than vy, leading to a maximal cost larger than expected. We
rule out this possibility with an appropriate choice for tq — see Figure || for an
illustration of the discussion below.

For to € R and t € [0,1) we consider
f(to,t) = F¢,, (1) = FG, ,(vo)-

Our aim is to extend f to arbitrary values of t € RT. For k € Z, we denote by
v¥ the translated of v; by keg, then for any ¢y € R and ¢t € [0,1) we have

f(t()at) = Z <fl7}t0+t\UzO (Uf) - 5t0+t\Ut0 (Ug)>

k€EZ
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from the definition of Gy, ;. The latter formula permits to extend f to R x Rt
and puts in evidence the existence of a function g : R — R such that

f(to,t) = g(to + t) — g(t()), V(to,t) e R x R+.
This function is, apart from a linear correction, 1-periodic: for all t € R,
gt +1) = g(t) + F'(v1) = F'(wo),
in other words,
g(t) = h(t) + ¢ (F"(v1) — F'(vo))

where h is a 1-periodic function. Now we fix £y such that
hlto) > sup h(t) = V4,
it is immediate that
f(to,t) = g(to+1) —g(to)

= h(to+1t) = h(to) + 1t (F'(v1) = F'(w0))

< H(F (1) = F'(w)) + V6.
Reporting into we conclude that wu; is a satisfactory interpolation
between vy and vy: provided that ¢ > 0 is small enough,

F(ug) < (1= ) F (vo) + tF" (v1) + 15V3, Vi e [0,1).
O

4.3.3. Additional cost on two examples. Here we give the value of
the additional cost on two simple (bidimensional) examples: the circle in the
case of isotropic surface tension, the square in the case of square Wulff crystal.

4.3.3.1. Additional cost in the isotropic case. Below we consider the case
of the circle, for an isotropic surface tension.

LEMMA 4.3.5. Assume d =2, 74(n) =1 for all n € S* ' and consider
uy=xp and T'(x)=\Vre duy

where B is the disk of radius r < 1/2 centered at (1/2,1/2), and X\ € (0,1).
Then

K" (ug) = 2r | V1 — A2 — \acos /\] :
An optimal continuous evolution in this setting is illustrated on Figure 5]

PROOF. In order to simplify the notation we will consider » = 1/2. The
upper bound
K" (up) < sup (sinf — \0)

0€[0,n]
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0*11,(]

<
=
Il

—_

Y
.
R
A R Ry

FIGURE 5. A continuous evolution of minimal cost.

is immediate if one considers the continuous evolution (u¢):cjo,1) defined by

—1 fzeBandz-e; <1 —1¢
u(w) = 1 else

and 0 satisfying 1 —¢ = 1/2+sin 0, as illustrated on Figure . The lower bound
is scarcely more difficult to establish: given (u;)icp1) € E(ug) a continuous
evolution with continuous detachment, there is ¢ € (0,1) such that

H (0 ug \ 0*uy) = acos \.

Optimizing the droplets of u; as in Figure [6] — we replace each portion of the
interface not in 0*uy with a segment — we obtain a profile u; with a lower cost,
yet it still has the same contact length acos A with d*ug. By isotropy of surface
tension it is possible to aggregate the droplets together and obtain v} with a
unique droplet and a lower cost, preserving again the length of contact. At
last, inverting the order of the segments and arcs and optimizing again we see
that the profile of lower cost that satisfies H'(0*uq \ 0*u) = acos A coincides,
apart from a rotation, with the profiles considered in the upper bound. The
claim follows. O

FIGURE 6. Reduction of u to a portion of disk in three steps.
The surface energy decreases, the length of contact is preserved.
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4.3.3.2. Additional cost for the cubic Wulff crystal. In this paragraph we
state two results: first, we calculate the additional cost for WY square and ug
corresponding to a square. Then, we remark that in that case at least our
bound on the relaxation is better than the one obtained by an optimization
over the volume of the relaxing droplet.

LEMMA 4.3.6. Assume d =2, 79(n) = ||n||; for allm € S*! and
up=xc and T (x)=\Vr € uy
where C =[1/2 —r,1/2+7r]*, r < 1/2 and X € [0,1]. Then, we have
K" (ug) = 2r[1 — A

PROOF. Again we consider r = 1/2 in order to simplify the notations. The
upper bound on the additional cost is immediate considering u; = X{z.e,<1—1}-
For the lower bound we need a finer analysis. First, it is a consequence of the
assumption on 79 that for any open, connected U C R? with extension h', h?
in the canonical directions, that is:

h(k) =supz - ex — inf z - ey,
zeU zecU

we have
Fi(xv) = 2h' + 2h%.

Then, we decompose a profile configuration v into its droplets (U;);>o. We call
hi, h? the extension of U; in the canonical directions and let I; the length of
contact between 0*yy, and 0*ug, so that, for all :

F'(xu,) = 2h"+20* = (1 =N

If a droplet U; touches two opposite faces of 9*ug, say h' = 1, then its extension
in the orthogonal direction is at least h? > (I; — 1)/2 and the inequality

follows. If on the opposite the droplet is in contact with at most two adjacent
sides of 0*ug, we have h' + h? > [; and hence

Flxv,) = Q1+

Assume now that the total length of contact is 3, i.e. that > ., = 3. A
consequence of the former lower bounds is that, whether or not some droplet

touches two opposite faces, the cost of u is at least F"(u) > 1+ 3A. The claim
follows. O

We conclude the present section with a comparison between the bottleneck
due to the positivity of K" (ug) and the one due to the continuous evolution of
the magnetization:
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LEMMA 4.3.7. In the settings of the former lemma, with furthermore \ €
(0,1), we have

K" (up) > sup inf F'(u) — F (uo).

me[— 11}u€BVf01]du m

+1 %% +1 \/@

« 2 =

///// ///

1 2

um um

FIGURE 7. The two profiles u), and u?: for m ~ 1 the first one
is better, for m ~ —1 the second one has a smaller cost.

ProoOF. We provide an upper bound for the right hand term, considering
for a given m the two profiles (see Figure @

ul —1 ifze0,1] and z - ey < 52
m 1 else
and
uy, = —1 ifz €[0,1]? and min(z - e,z -e) <1 — /2
1 else

that both satisfy the volume constraint f[o e U= m. It is immediate that

1
Ful) =142 —m)A and F(u2,) = 47 +2(1 = \) %
hence
sup inf F'(u) < sup min (F(y,,), Fl(ul,)).

me[—1,1) u€BV: [ 11a u=m me[—1,1]

Note that F(ul) decreases with m while F(u2)) increases with m. Because
of their extremal values there exists some mg € (0,1) at which F(u,, ) =
F(up,) = Supei_qqmin (F(uy,), F(ur,)), and since mg < 1 we have in

particular F(u,, ) < F(ul,) = 143X which is the maximal cost of an optimal
continuous detachment evolution. O
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4.4. Conclusion

Theorem confirms the prediction of [45] that the average over the
media of the autocorrelation decays at most like t7*. Hence, the annealed
relaxation is much slower than the relaxation in the Griffiths phase [63], and
incomparably slower than the conjectured relaxation in the pure Ising model,

where the autocorrelation should decay like e~ Vlin d = 2, e ind > 3, see
[45].

Yet, numerous questions on the dynamics remain open. First of all, the
proof of Theorem is based on unlikely events for the random environment
and we would like to study the relaxation under the quenched measure, which
is probably quite different from the relaxation described in Theorem 4.1.1}
Then, there is the issue of optimality: is the inequality an equality 7
In other words, does the mechanism described in Section [4.2| capture all the
factors of metastability 7

Much remains to be said as well on the spectral gap associated to the
Glauber dynamics. The mechanism presented in this last Chapter can be used
to prove upper bound on the spectral gap. Following [63], it is likely that one
can also give lower bounds on the spectral gap, and again stands the question
of whether these bounds will coincide.

Finally, we believe that the framework developed in this Thesis makes
possible the study of some more aspects of the dynamics. In particular, we
would like to determine whereas the random media can play the role of a
catalyst in the nucleation phenomenon [75].
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Résumé

Cette these porte sur le modele d’Ising dilué, dans la région de transition de phase. Le modele
d’Ising est un modele classique de la mécanique statistique; il a la particularité de présenter
deux phases distinctes a basse température, ce qui a motivé, entre autres, son utilisation pour
I’étude rigoureuse de la coexistence de phases. Notre objectif était d’étendre la description
du phénomene de coexistence de phases au cas du milieu aléatoire, c’est-a-dire au modele
d’Ising dilué, lorsque la température et la dilution sont suffisamment faibles pour que deux
phases d’aimantation opposées apparaissent.

La these comporte quatre chapitres. Dans un premier chapitre, nous adaptons les travaux
de Pisztora au cas du milieu aléatoire et établissons une procédure de renormalisation
compatible avec la dilution. Dans un second chapitre, nous étudions en détail la tension
superficielle de ce modele, pour la mesure de Gibbs correspondant a un milieu fixé, et
pour la mesure moyennée. Nous caractérisons la limite a basse température de chacune
de ces quantités et décrivons les formes des cristaux correspondants. Nous montrons que les
déviations inférieures de la tension superficielle ont un cout surfacique et donnons une borne
inférieure sur la fonction de taux a I’aide de méthodes de concentration de la mesure. Dans
un troisieme chapitre, nous décrivons le phénomene de coexistence de phases, sous la mesure
Gibbs et sous la mesure moyennée. Dans un quatrieme et dernier chapitre, nous concluons
la these avec une application a la dynamique de Glauber, et montrons que 'autocorrélation
décroit au plus vite comme une puissance inverse du temps.

Mots-clés

Modele d’Ising, représentation de Fortuin-Kasteleyn, milieu aléatoire, renormalisation,
tension superficielle, flux maximal, cristal de Wulff, coexistence de phases, concentration
de la mesure, dynamique de Glauber, métastabilité.

Abstract

This PhD thesis is concerned with the dilute Ising model, in the region of phase transition.
The Ising model is a classical model of statistical mechanics; it has the peculiarity of having
two distinct phases at low temperature, which motivated its use for the rigorous study of the
phase coexistence phenomenon. Our objective was to extend the description of the phase
coexistence phenomenon to the case of random media, that is to say, to the dilute Ising
model, when the temperature and the dilution are weak enough for having two phases of
opposite magnetization.

The thesis is made of four chapters. In a first chapter, we adapt the work of Pisztora to the
random media and establish a coarse graining which is compatible with the dilution. In a
second chapter, we study in detail the surface tension for that model, for both the Gibbs
measure corresponding to a given realization of the media, and the averaged Gibbs measure.
We characterize the low temperature limit of both quantities and describe the shape of the
corresponding crystals. We show that lower deviations of surface tension happen at surface
order and give a lower bound on the rate function with the help of concentration of measure
theory. In a third chapter, we describe the phase coexistence phenomenon for both the Gibbs
and averaged Gibbs measures. In a fourth and last chapter, we conclude the thesis with an
application to the Glauber dynamics, and show that the autocorrelation decays not quicker
than an inverse power of time.

Keywords

Ising model, Fortuin-Kasteleyn representation, random media, coarse graining, surface
tension, maximal flow, Wulff crystal, phase coexistence, concentration of measure, Glauber

dynamics, metastability.
Marc Wouts - 14 décembre 2007
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