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Ü$Ù]Ú�ä&â(î$Û>Ü$Ù,á�òóå-ç&â(Û"ã ß Ù,Þ)Þ)Ù,álí�Ö�ë ì ô íV×{Ù/â(Ù,ãFÚ�Ù]ãFä,á ß Ü$à$Ù,Þjç,Û"ê2â ß Ù,ê2âUä,õ2å-Þ)Ù,Ú�Ù,ê2âCÜ$Ù
Þtñ ß ê�ò Û"ãFÚhåMâ ß Û"ê ì å-êDå-Þ�ï>áFÙ0ðyÞtñ å ß Ü$ÙUÜ�ñ å-é$é$ãFÛ>çlî$Ù,á�é$ãFÛ ô å ô ß Þ ß á\â(Ù,álí�Ö_Ö/Ö/Ö/Ö/Ö/Ö/Ö0Ö ö

÷>Ö�ÕØ×Qåqæ-å-Þ)Ù,à$ãUé$ãFÛ"é$ãFÙyê�à$Þ)Þ)Ù8å-áFáFÛ>ç ß ä,Ùyå-à�æ"Ù,ç&â(Ù,à$ã/é$ãFÛ"é$ãFÙ8Ü$Ùyç,Û>Û"ãFÜ$Û"ê$ê$ä,Ù,á ß Ü$Ù,ê>ë
â ß)ø à$Ù,Ú�Ù,ê2âPä,õ2å-Þ)Ù,áPðqÞtñ à$ê ß â(ä ß Ú�é$Þ ß)ø à$Ù ø à$Ù8Þtñ ß Úhå-õ"Ù0Ü$à�ÞOå-é$ÞOå-ç ß Ù,ê�Ù,á\â ß ê$ç,Þ)à$áFÙ
ÜDå-ê$áVÞtñ Û"ã\â(î$Û"õ"Û"êDå-Þ?Ü$Ù0ç,Ù0æ"Ù,ç&â(Ù,à$ã,ÖoÖ/Ö/Ö/Ö/Ö/Ö/Ö/Ö/Ö/Ö0Ö/Ö/Ö/Ö/Ö/Ö/Ö/Ö/Ö/Ö/Ö0Ö ÷-ù

ö�Ö�ÕWú>çlî$ä,ÚhåyÜ$Ù0Ü$àDå-Þ ß â(äUÜ$Ù0Þtñ û�ü�ýjÖ/Ö/Ö0Ö/Ö/Ö/Ö/Ö/Ö/Ö/Ö/Ö/Ö0Ö/Ö/Ö/Ö/Ö/Ö/Ö/Ö/Ö/Ö/Ö0Ö ö"ù
ö�Ö4÷Sú>çlî$ä,ÚhåyÜ$Ù0Ü$àDå-Þ ß â(äUÜ$Ù0Þtñ û�ü�ý�Þ)Û>çZå-Þ)Ù-Ö7Ö/Ö/Ö/Ö/Ö/Ö/Ö/Ö0Ö/Ö/Ö/Ö/Ö/Ö/Ö/Ö/Ö/Ö/Ö0Ö ö2÷
ö�Ö ö�ú>çlî$ä,ÚhåyÜ$Ù0Ü$àDå-Þ ß â(äUÜ$Ù0Þtñ û�ü�ý¸ò Û"ê$ç&â ß Û"ê$ê$Ù,Þ)Þ)Ù-ÖþÖ/Ö/Ö/Ö0Ö/Ö/Ö/Ö/Ö/Ö/Ö/Ö/Ö/Ö/Ö0Ö ö2ÿ
ö�Ö �Sû�ü�ý ð�ê$Û:ï2å-à>è ì áFÛ"à$ãFç,Ù�� ú$ú������ 	 í�
Ké$ãFÛ�FÙ&â(Ù,ãCÞ)Ù,á ß ê$Ü ß æ ß Ü$à$áVÜDå-ê$áCà$ê�Ù,áFéDå-ç,Ù

Ü$Ù0Ü ß Ú�Ù,ê$á ß Û"ê[áFà$éKä,ã ß Ù,à$ãFÙ/Ù&âVáFÙ/ã(å-Ú�Ù,ê$Ù,ãVð8à$ê$Ù/û�ü�ý�á\âlå-ê$ÜDå-ãFÜ�Ö	Ö/Ö/Ö/Ö/Ö0Ö ö��
ö�Ö4ÿSú>çlî$ä,ÚhåyÜ$Ù0Ü$àDå-Þ ß â(äUÜ$Ù0Þtñ û�ü�ýðyê$Û:ï2å-à>è?Ö Ö/Ö/Ö/Ö/Ö/Ö0Ö/Ö/Ö/Ö/Ö/Ö/Ö/Ö/Ö/Ö/Ö0Ö ö��
ö�Ö � ì å2í��iå ô Þ)ÙZå-à

X
ð0â(ãFÛ ß ákÙ,ê2â(ãFä,Ù,á�� ì ô í��CÙ,à>èháFÛ"à$á¹ëÄâlå ô Þ)ÙZå-à>è

Xk
Ù&â

Xk′

Ü$Ù�âlå ß Þ)Þ)ÙãFÙ,áFéKÙ,ç&â ß æ"Ù
nk

Ù&â
nk′

� ì ç:í��iå ô Þ)ÙZå-à
X

ãFÙ,ç,Û"ê$á\â ß â(à$ä0Ù,ê�âlå ô Þ)ÙZå-à ô ß Ü ß Ú�Ù,ê$á ß Û"ê$ê$Ù,ÞtÖ ��ÿ
ö�Ö�����Û>Ü$Ý,Þ)Ù��jà$ç��-Ù,ã(ö�ÖDÖ/Ö/Ö/Ö/Ö/Ö/Ö/Ö/Ö0Ö/Ö/Ö/Ö/Ö/Ö/Ö/Ö/Ö/Ö0Ö/Ö/Ö/Ö/Ö/Ö/Ö/Ö/Ö/Ö/Ö0Ö ��ÿ
ö�Ö �Sýuã ß ê$ç ß éKÙuÜ$ÙkÞtñ å-êDå-Þ�ï>áFÙuÜ ß áFç,ã ß Ú ß êDå-ê2â(Ù·Ü�ñ Û"éKä,ã(åMâ(Ù,à$ãFájÜ$Ùkç,Û:æ-å-ã ß å-ê$ç,ÙuãFÙ,ÞOåMâ ß Û"ê$ê$Ù,Þ)Þ)Ù-Ö ÿ>Õ
�$Ö�ÕWú ß Ú_à$ÞOåMâ ß Û"ê�Ù&âPãFÙ,é$ãFä,áFÙ,ê2âlåMâ ß Û"ê ô ß Ü ß Ú�Ù,ê$á ß Û"ê$ê$Ù,Þ)Þ)ÙPÜ$Ù8ÚhåMâ(ã ß ç,Ù,áCÜ$Ù�� ß áFîDå-ã\âCë

ì å2í
n = 6 � � � � � �[Õ:ù�� ì ô í

n = 30
� ì ç:í

n = 100
ÖÖ/Ö0Ö/Ö/Ö/Ö/Ö/Ö/Ö/Ö/Ö/Ö/Ö0Ö �"ù

�$Ö4÷ � ß ã(å-õ"ÙPà$ê ß ò Û"ãFÚ�ÙUÜ$ÙyÕ:ù"ù8éKÛ ß ê2â(áVð8Ü$Ù,à>è�ãFä,áFÛ"Þ)à�â ß Û"ê$á^Ü ß"! ä,ãFÙ,ê2â(Ù,á,Ö$#8ñ å�ëÄâ\ë ß Þ?à$ê
Û"à�é$Þ)à$á ß Ù,à$ãFá^ç,Þ)à$á\â(Ù,ãFá&%�Ö/Ö/Ö/Ö/Ö/Ö0Ö/Ö/Ö/Ö/Ö/Ö/Ö/Ö/Ö/Ö0Ö/Ö/Ö/Ö/Ö/Ö/Ö/Ö/Ö/Ö/Ö0Ö ���

�$Ö ö'��åMâ(ã ß ç,Ù,áVÜ�ñ ä,çlî$Ù,Þ)Þ)Ù0Ù,á\â ß Ú�ä,Ù,áVéDå-ã)(��réKÛ"à$ãVÞtñ Ù�è�Ù,Ú�é$Þ)ÙUÜ$Ù0á ß Ú_à$ÞOåMâ ß Û"ê�ÖþÖ/Ö0Ö �-ù
�$Ö ���jã(å-ç,ä,áhÜ$Ù,á�ç,Û"à$ã ô Ù,áyÜ$à�ç,ã ß â(Ý,ãFÙ+*-,\ü�Ù&âhÜ$Ù −2 log(L(K))

Ù,ê¸ò Û"ê$ç&â ß Û"êoÜ$à
ê$Û"Ú ô ãFÙ0Ü$Ù0ç,Þ)à$á\â(Ù,ãFá � éKÛ"à$ãVÞtñ Ù�è�Ù,Ú�é$Þ)ÙUÜ$Ù0á ß Ú_à$ÞOåMâ ß Û"ê�ÖoÖ/Ö/Ö/Ö/Ö/Ö/Ö/Ö/Ö/Ö/Ö0Ö �>Õ

�$Ö4ÿ �jã(å.�FÙ,ç&â(Û ß ãFÙ,á ô ãFÛ./Vê ß Ù,ê$ê$Ù,á�ò ã(å-ç&â ß Û"ê$êDå ß ãFÙ,áyåZæ"Ù,ç
N = 500

á ß Ú_à$Þ)ä,Ù,á�éDå-ãyÞOå
Ú�ä&â(î$Û>Ü$Ù0Ü$Ù]üXî$Û"Þ)Ù,á0�2ï[éKÛ"à$ã

H 1 ù�Ö ù�Õ � ù�Ö4÷"ÿ � ù�Ö4ÿ � ù�Ö�� � ù�Ö �yÙ&â�ù�Ö ����Ö�Ö/Ö/Ö/Ö0Ö �2�
�$Ö �'��åMâ(ã ß ç,ÙCÜ$ÙCç,Û:æ-å-ã ß å-ê$ç,ÙUåZæ"Ù,ç

N = 500
éKÛ"à$ã

H 1 ù�Ö ù�Õ ì ' ô ãFà ß â ô ÞOå-ê$ç:í � ù�Ö4÷"ÿ �ù�Ö4ÿ ì Ú�Û"à�æ"Ù,Ú�Ù,ê2â ô ãFÛ./Vê ß Ù,ê�í � ù�Ö�� � ù�Ö �[Ù&â]ù�Ö ����Ö{×{Ù,áPæ-å-Þ)Ù,à$ãFáPáFÛ"ê2â/ç,Û"Ú�é$ã ß áFÙ,áÙ,ê2â(ãFÙ]ù ì ç,Û"à$Þ)Ù,à$ã^ê$Û ß ãFÙ:íXÙ&â/Õ ì ç,Û"à$Þ)Ù,à$ã ô ÞOå-ê$çlî$Ù:í�Ö�Ö/Ö0Ö/Ö/Ö/Ö/Ö/Ö/Ö/Ö/Ö/Ö/Ö0Ö ���
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N = 500
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H
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r84 ��l >�t�68WLI07:G<@BGL9]a�C�I0GL=:=:G X � σ(X) = 89.59
GM@

σg(X) = 18.14
� l U&t�68WLI07:G X̃ �a�GLI09<;$@�>A@B7:C�Dy>2=:WP>A@BC�7:I0G`E�G

X � σ(X̃) = 89.59
GM@

σg(X̃) = 82.75 � >PO�GLK θ = 5
4 �.R$�r84��d�)GLa�I0WLN0GLD�@�>A@B7:C�Dz\�IB>2a�Y�7:��;�G]E�GFE�GL;8��O2>2I07?>2U�=:GLN_>2=:WP>A@BC�7:I0GLN�E�WLKLC�I0I0WL=:WLGLN�a�C�;�I

=?>kKLC.O2>2I07?>2D�KLG�I0GL=?>A@B7:C�D�D�GL=:=:G l θ = 5
t-GM@[D�C�D+E�WLKLC�I0I0WL=:WLGLN)a�C�;�I)=?><KLC.O2>2I07?>2D�KLG24 �.R �r84 ���^7:N0a�C�N07"@B7:C�D�E�GLN-C�U�N0GLI�O2>A@B7:C�D�N l a�GM@B7"@BNoKLGLI0KL=:GLN�to>PO�GLK`E�GL;8�]O�GLKM@BGL;�I0N�a�I0C�a�I0GLN �=�f ;�DF7:N0N0;�E�f ;�D�G^�[{�n�N�@�>2D�EZ>2I0E l�  t¡GM@�=�f >2;$@BI0G[E�f ;�D�G^�[{�n�I0GL=?>A@B7:C�D�D�GL=:=:G l Set>PO�GLK

θ = 5
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t-a�C�;�IV;�D�G�C�U�N0GLI�O2>A@B7:C�D��$�$WLG
ti
4©4_4_4_4_4_4�4 �.R 5r84 b�SªC�\�7:KL7:GL=�E�G�I0GLKLC�D�N�@B7"@B;$@B7:C�D+����E�G�9]C�;$O�GL9]GLD�@BN)EZ>2D�N0WLNL4«4_4_4_4_4_4_4_4_4�4 �.R qr84 qd�[{�n�N�@�>2D�EZ>2I0E � a�I0CJ0GLKM@B7:C�D<E�GLN¡O2>2I07?>2U�=:GLN¡>2=:WP>A@BC�7:I0GLNeN0;�I�=:G-a�=?>2D 1×2 l 9]C�;8XO�GL9]GLD�@���>2I0K�Y�G.t � 7:D�GLI�@B7:G � q�q$4 b�r�¬�4]4_4_4_4_4_4_4_4_4�4_4_4_4_4_4_4_4_4_4_4�4 ���.Rr84 �.R �[{�nI0GL=?>A@B7:C�D�D�GL=:=:G�>PO�GLK θ = 5 � a�I0CJ0GLKM@B7:C�DxE�GLN^O2>2I07?>2U�=:GLN^>2=:WP>A@BC�7:I0GLN[N0;�I`=:Ga�=?>2D

1× 2 l 9]C�;$O�GL9]GLD�@`��>2I0K�Y�G.t � 7:D�GLI�@B7:G � b�b$4 q�H�¬�4�4_4_4_4_4_4_4_4_4_4_4�4 �����r84 ��� �[{�n®I0GL=?>A@B7:C�D�D�GL=:=:G^>PO�GLK θ = 5 � a�I0CJ0GLKM@B7:C�D�E�GLN)7:D�E�7"O87:E�;�N-N0;�IV=:G`a�=?>2D 1× 2

l 9]C�;$O�GL9]GLD�@`��>2I0K�Y�G.tv4¯4_4_4_4_4�4_4_4_4_4_4_4_4_4_4�4_4_4_4_4_4_4_4_4_4_4�4 ��� �r84 � �°�[{�n®I0GL=?>A@B7:C�D�D�GL=:=:G^>PO�GLK θ = 5 � a�I0CJ0GLKM@B7:C�D�E�GLN)7:D�E�7"O87:E�;�N-N0;�IV=:G`a�=?>2D 1× 2

l 9]C�;$O�GL9]GLD�@[ceC�;�I�tv4F4_4_4_4_4_4_4�4_4_4_4_4_4_4_4_4_4�4_4_4_4_4_4_4_4_4_4_4�4 ��� �r84 � �±�+C�;$O�GL9]GLD�@^ceC�;�I l O8;�G�E�G�E�GLN0N0;�N�tv4�4_4_4_4_4_4_4_4_4�4_4_4_4_4_4_4_4_4_4_4�4 ��� �r84 � 3±�)GLKLC�D�N�@BI0;�KM@B7:C�DyaZ>2I�@B7:GL=:=:G^E�f ;�DyceC�;�I)>PO�GLK�=:G`a�I0GL9]7:GLI�>�$G l O8;�G�E�G�E�GLN0N0;�N�t �a�GLI�@BG�E�G�=?>kKL7:I0KL;�=?>2I07"@BW^E�;+9]C�;$O�GL9]GLD�@P4[4_4_4_4_4_4_4�4_4_4_4_4_4_4_4_4_4_4�4 ��� 3r84 � r®§[C�I09]G�>2;_KP>2I0I0WoE�G�=?>VE�7"��WLI0GLD�KLG�GLD�@BI0G�=:G�@�>2U�=:GP>2;�7:D�7"@B7?>2=AGM@�=?>VI0GLKLC�D�N�@BI0;�KM@B7:C�DaZ>2I�@B7:GL=:=:G]E�GLN]��a�I0GL9]7:GLI0Nk>�$GLNkGLD�ijC�D�KM@B7:C�DzE�GLN<O2>2=:GL;�I0N<E�G
θ � 9]C�;$O�GL9]GLD�@ceC�;�I l >�t-GM@`��>2I0K�Y�G l U&tv4Z4_4_4_4_4�4_4_4_4_4_4_4_4_4_4�4_4_4_4_4_4_4_4_4_4_4�4 ��� 3
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²8³"´.µ±¶8·�¸]¸]¹VºL»�¸<»�¼:½L¹[¾�¹L¿�ÀZÁ2Â�ÃB¿�¾�Ä Å:Æ�¹LÂ�ÃBÅ:¹V¾�¹L¿�·�À�½LÂBÁAÃB¹L»�Â0¿�À�Â0Å:Æ�ºLÅ:ÀZÁ2»8Ç�¾�Ä »�Æ�¹^Á2ÆZÁÈ
¼"É8¿0¹)¾�Ä ·�À�½LÂBÁAÃB¹L»�Â0¿o¾�¹VºL·.Ê2Á2Â0Å?Á2Æ�ºL¹VÂ0¹L¼?ÁAÃBÅ:·�Æ�Æ�¹L¼:¼:¹¡Ë�ÌÍÁ�Î¡Ï`À�½LÂBÁAÃB¹L»�Â0¿oÆ�·�Æ�Æ�·�Â0¸]½L¿
¹MÃ

θ = max
ËªÌjÐ&Î-Ï`À�½LÂBÁAÃB¹L»�Â0¿-Æ�·�Â0¸]½L¿-¹MÃ

θ = max
ËªÌjº.Î-Ï`À�½LÂBÁAÃB¹L»�Â0¿-Æ�·�Â0¸]½L¿

¹MÃ
θ = 10
³Ñ³_³�³_³_³_³_³_³_³_³_³_³�³_³_³_³_³_³_³_³_³_³�³_³_³_³_³_³_³_³_³_³_³�³ ´�´.µ

²8³"´Ò®Ó)¹LÀ�Â0½L¿0¹LÆ�Ã�ÁAÃBÅ:·�Æ�¿�Ô�ÂBÁ2À�Õ�Å:Ö�»�¹L¿�¾�¹L¿�¾�¹L»8Ç±À�Â0¹L¸]Å:¹LÂ0¿FÀ�¼?Á2Æ�¿FÀ�Â0Å:Æ�ºLÅ:ÀZÁ2»8Ç®¾�Ä »�Æ�¹
Á2ÆZÁ2¼"É8¿0¹�¾�Ä ·�À�½LÂBÁAÃB¹L»�Â0¿)Æ�·�Æ+Æ�·�Â0¸]½L¿VÀ�·�»�Â

θ = max
³F³�³_³_³_³_³_³_³_³_³_³_³�³ ´�´Ò

²8³"´.×ØÓ)¹LÀ�Â0½L¿0¹LÆ�Ã�ÁAÃBÅ:·�Æ�¿�Ô�ÂBÁ2À�Õ�Å:Ö�»�¹L¿`¾�¹L¿`Ö�»ZÁAÃBÂ0¹kÀ�Â0¹L¸]Å:¹LÂ0¿^À�¼?Á2Æ�¿^À�Â0Å:Æ�ºLÅ:ÀZÁ2»8Ç�¾�Ä »�Æ�¹
Á2ÆZÁ2¼"É8¿0¹�¾�Ä ·�À�½LÂBÁAÃB¹L»�Â0¿)Æ�·�Â0¸]½L¿)À�·�»�Â

θ = max
³Ù³_³_³�³_³_³_³_³_³_³_³_³_³_³�³ ´�´.×

²8³"´.ÚØÛ^¹�Ô�Á2»�º�Õ�¹�Ü<¾�Â0·�Å"ÃB¹2Ý8ºPÁ2À$ÃB»�Â0¹`¾�Ä »�Æ�¹_Þ�Á2Â0º�Õ�¹]Ìj¸]·�»$Ê�¹L¸]¹LÆ�Ã)Ü�¾�·�¸]Å:ÆZÁ2Æ�ÃB¹^Õ�·AÈ
Â0Å:ßL·�Æ�Ã�Á2¼:¹.Î�Ë$ºPÁ2À$ÃB»�Â0¹�¾�Ä »�Æx¶$Á2»$Ã[ÁAÃ0ÃBÅ"ÃB»�¾�¹�Ìj¸]·�»$Ê�¹L¸]¹LÆ�Ã)Å:Æ�ÃB¹LÂ0¸]½L¾�Å?Á2Å:Â0¹.Î�Ë8ºPÁ2À8È
ÃB»�Â0¹�¾�Ä »�Æ�à�Æ�Â0·�»�¼:½�ÐZÁ2¿0¿0Å:Æ~Ìj¸]·�»$Ê�¹L¸]¹LÆ�Ã^Ük¾�·�¸]Å:ÆZÁ2Æ�ÃB¹`Ê�¹LÂ�ÃBÅ:ºPÁ2¼:¹.Îv³¯³_³_³_³�³ ´�´.Ú

²8³�á2âØÛ^¹_Ô�Á2»�º�Õ�¹�Ü�¾�Â0·�Å"ÃB¹2Ý&¶8»�¿0À�¹LÆ�¿0Å:·�Æ~ãZÀ�·�¿0Å"ÃBÅ:·�Æ�Å:Æ�Å"ÃBÅ?Á2¼:¹[¹MÃ)äZÆZÁ2¼:¹FÌj¾�½LÀ�¼?Á2ºL¹L¸]¹LÆ�Ã
å Á2Å:Ð�¼:¹�¾�»zºL¹LÆ�ÃBÂ0¹F¾�¹FÔ�ÂBÁPÊ8Å"ÃB½.Î�Ë�æ-Õ�»$ÃB¹�Á2¼:¼:·�Æ�Ô�½L¹�ãeÀ�·�¿0Å"ÃBÅ:·�Æ�Å:Æ�Å"ÃBÅ?Á2¼:¹<¹MÃ�äZÆZÁ2¼:¹
Ìj¾�½LÀ�¼?Á2ºL¹L¸]¹LÆ�Ã å ·�Â�Ã)¾�»+ºL¹LÆ�ÃBÂ0¹_¾�¹�Ô�ÂBÁPÊ8Å"ÃB½.Îv³$³_³_³_³_³_³�³_³_³_³_³_³_³_³_³_³_³�³ ´�´.Ú

²8³�á8´�Ó)¹LÀ�Â0½L¿0¹LÆ�Ã�ÁAÃBÅ:·�Æ�¿�Ô�ÂBÁ2À�Õ�Å:Ö�»�¹L¿`¾�¹L¿`Ö�»ZÁAÃBÂ0¹kÀ�Â0¹L¸]Å:¹LÂ0¿^À�¼?Á2Æ�¿^À�Â0Å:Æ�ºLÅ:ÀZÁ2»8Ç�¾�Ä »�Æ�¹
Á2ÆZÁ2¼"É8¿0¹�¾�Ä ·�À�½LÂBÁAÃB¹L»�Â0¿)Æ�·�Â0¸]½L¿)À�·�»�Â

θ = 10
³�³_³_³_³_³�³_³_³_³_³_³_³_³_³_³_³�³ ´á8´

²8³�á�á�ç�Á2¼:¹L»�Â0¿�À�Â0·�À�Â0¹L¿�¾�Ä »�Æ�¹�Á2ÆZÁ2¼"É8¿0¹g¾�Å:¿0ºLÂ0Å:¸]Å:ÆZÁ2Æ�ÃB¹�¾�Ä ·�À�½LÂBÁAÃB¹L»�Â0¿�Ë_ÌÍÁ�Î�Ï`À�½LÂBÁÈ
ÃB¹L»�Â0¿�Æ�·�ÆxÆ�·�Â0¸]½L¿^¹MÃ

θ = max
ËoÌjÐ&Î^Ï`À�½LÂBÁAÃB¹L»�Â0¿`Æ�·�Â0¸]½L¿`¹MÃ

θ = max
ËoÌjº.Î

Ï`À�½LÂBÁAÃB¹L»�Â0¿[Æ�·�Â0¸]½L¿V¹MÃ
θ = 10
³è³�³_³_³_³_³_³_³_³_³_³�³_³_³_³_³_³_³_³_³_³_³�³ ´á�á

²8³�á2é®êØÔ�Á2»�º�Õ�¹�ãAÀ�¼?Á2Æ
2×3
¾�Ä »�Æ�¹)Á2ÆZÁ2¼"É8¿0¹�¾�Ä ·�À�½LÂBÁAÃB¹L»�Â0¿¡Æ�·�Â0¸]½L¿)Ì

θ = 10
ÝAÅ:Æ�¹LÂ�ÃBÅ:¹^ã

áAë�ì�Î�Ë�Üz¾�Â0·�Å"ÃB¹~ã-À�¼?Á2Æ
1 × 2
¾�Ä »�Æ�¹�Á2ÆZÁ2¼"É8¿0¹x¾�Å:¿0ºLÂ0Å:¸]Å:ÆZÁ2Æ�ÃB¹+¾�Ä ·�À�½LÂBÁAÃB¹L»�Â0¿

Æ�·�Â0¸]½L¿�Ì
θ = 10
Ý�Å:Æ�¹LÂ�ÃBÅ:¹kã�´.µ�ì�Îv³&³�³_³_³_³_³_³_³_³_³_³�³_³_³_³_³_³_³_³_³_³_³�³ ´á2é

²8³�áAë¢¶8»�À�À�Â0¹L¿0¿0Å:·�Æ�¾�¹�¼?Á�ÃB¹LÆ�¾ZÁ2Æ�ºL¹k¼:·8ºPÁ2¼:¹�¾�Ä »�Æ�¹�Ê2Á2Â0Å?Á2Ð�¼:¹�Ü�²2µFÂ0½PÁ2¼:Å:¿BÁAÃBÅ:·�Æ�¿LÝZÀ�·�»�Â
θ = 1
¹MÃ

θ = max
³�³_³_³_³_³_³_³_³�³_³_³_³_³_³_³_³_³_³�³_³_³_³_³_³_³_³_³_³_³�³ ´.é�â

²8³�á�²°íeÂBÁ2ºL½L¿[¾�Ä »�Æ�¹�Ê2Á2Â0Å?Á2Ð�¼:¹^¹MÃ[¾�¹�¿0·�Æ+¹L¿0À�½LÂBÁ2Æ�ºL¹_Â0¹L¼?ÁAÃBÅ:·�Æ�Æ�¹L¼:¼:¹
(θ = 10)

³¤³_³_³�³ ´.é�á
²8³�á2µ±î�ÂBÁ2À�Õ�Å:Ö�»�¹k¾�¹�¼?Á å ·�Æ�ºMÃBÅ:·�Æ

BIC
¹LÆ å ·�Æ�ºMÃBÅ:·�Æg¾�»�Æ�·�¸<Ð�Â0¹k¾�¹�ºL¼:»�¿�ÃB¹LÂ0¿�À�·�»�Â

¼:¹�¼:Å:¿0¿BÁ2Ô�¹
θ = 10
³ï³_³_³_³_³_³_³_³�³_³_³_³_³_³_³_³_³_³�³_³_³_³_³_³_³_³_³_³_³�³ ´.é�²

²8³�á�Ò®ð�Á2¿0¿0Å:Æ�Á2Ö�»ZÁ2ºL·�¼:¹2³&³_³_³_³_³_³_³_³_³�³_³_³_³_³_³_³_³_³_³�³_³_³_³_³_³_³_³_³_³_³�³ ´.é�µ
²8³�á2×ØÛ^½LÀ�¼?Á2ºL¹L¸]¹LÆ�Ã[¾�¹�ÐZÁ2Â[Á2ÆZÁ2¼"É8¿0½]Ì

N = 852
ºPÁ2À$ÃB»�Â0¹L¿�Îv³Z³�³_³_³_³_³_³_³_³_³_³_³�³ ´.é�Ò

²8³�á2ÚØÓ)½L¿0»�¼"Ã�ÁAÃ^¾�¹�¼�Ä ¹L¿�ÃBÅ:¸FÁAÃBÅ:·�Æ�¾�¹L¿`Á2»$ÃB·�¿0Å:¸]Å:¼?Á2Â0Å"ÃB½L¿�¼:·8ºPÁ2¼:¹L¿)¹LÆxÁ2Ð�¿0ºLÅ:¿0¿0¹<¹MÃ^¹LÆx·�ÂñÈ
¾�·�Æ�Æ�½L¹2³¯³_³_³�³_³_³_³_³_³_³_³_³_³�³_³_³_³_³_³_³_³_³_³�³_³_³_³_³_³_³_³_³_³_³�³ ´.é�Ú

²8³ é�âØÛ^¹FÔ�Á2»�º�Õ�¹FÜy¾�Â0·�Å"ÃB¹2ÝªÂ0½L¿0»�¼"Ã�ÁAÃ_¾�¹]¼?Á�¿0¹LÔ�¸]¹LÆ�Ã�ÁAÃBÅ:·�Æ�À�·�»�Â�¼?Áy¿0·�¸]¸]¹kÀ�»�Å:¿_¼:¹
¸]Å:Æ�Å:¸<»�¸è¾�¹L¿)¹L¿�ÃBÅ:¸FÁAÃBÅ:·�Æ�¿�¸FÁ2Â0Ô�Å:ÆZÁ2¼:¹L¿-¾�¹

H
³�³_³_³_³�³_³_³_³_³_³_³_³_³_³_³�³ ´Pë�â

²8³ é$´zíeÂBÁ2ºL½L¿�¾�¹L¿�À�·�Â�ÃBÅ:·�Æ�¿^¾�¹k¾�½LÀ�¼?Á2ºL¹L¸]¹LÆ�Ã�¹LÆ å ·�Æ�ºMÃBÅ:·�Æg¾�¹L¿�Â0½L¿0»�¼"Ã�ÁAÃB¿�¾�¹k¼?ÁF¿0¹LÔAÈ
¸]¹LÆ�Ã�ÁAÃBÅ:·�Æ�³�³_³�³_³_³_³_³_³_³_³_³_³�³_³_³_³_³_³_³_³_³_³�³_³_³_³_³_³_³_³_³_³_³�³ ´Pë�â

²8³ é�á®Û^¹_Ô�Á2»�º�Õ�¹_Ük¾�Â0·�Å"ÃB¹2Ý�Â0½L¿0»�¼"Ã�ÁAÃ[¾�¹�¼?Á<¿0¹LÔ�¸]¹LÆ�Ã�ÁAÃBÅ:·�ÆyÀ�·�»�ÂV¼?Ák¿0·�¸]¸]¹`¾�¹L¿[¹L¿�ÃBÅòÈ
¸FÁAÃBÅ:·�Æ�¿�¸FÁ2Â0Ô�Å:ÆZÁ2¼:¹L¿�¾�¹

H
ÁPÊ�¹Lº_»�Æ�¹�ºPÁ2À$ÃB»�Â0¹�¿0»�Â)¾�¹L»8Ç�Ý&À�»�Å:¿V»�Æ�¹_¿0»�ÂVÃBÂ0·�Å:¿L³ ´Pë�´

²8³ é�éØÓ)½L¿0»�¼"Ã�ÁAÃ�¾�¹k¼?ÁF¿0¹LÔ�¸]¹LÆ�Ã�ÁAÃBÅ:·�ÆgÀ�·�»�Â�¼?ÁF¿0·�¸]¸]¹<¾�¹L¿�¹L¿�ÃBÅ:¸FÁAÃBÅ:·�Æ�¿^¸FÁ2Â0Ô�Å:ÆZÁ2¼:¹L¿
¾�¹

H
¿0»�Â[¼:¹L¿VºL·�¸]À�·�¿BÁ2Æ�ÃB¹L¿)À�Â0Å:Æ�ºLÅ:ÀZÁ2¼:¹L¿L³)³_³_³_³_³_³_³�³_³_³_³_³_³_³_³_³_³_³�³ ´Pë�á

ó ³"´�ÌÍÁ�Î)î�ÂBÁ2À�Õ�¹�¿0Å:¸]À�¼:¹[È`ÌjÐ&ÎVî�ÂBÁ2À�Õ�¹�¿0Å:¸]À�¼:¹`·�Â0Å:¹LÆ�ÃB½^È`Ìjº.Î)¶�É8¸]½MÃBÂ0Å:¿0½2³x³_³_³_³�³ ´²2×
Ç�Ç8Ê
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TVU6WYXYZ	[�WY\	XY[�Z	U6XY]�[�^Y_6`6U6aYaYZ	U6[6bc\	U6[Sd�WYWY\	Z	`edgfhZ	ijaY[k^YU6[Sl�_�fhmYi�^YU6[onpd�`�fhij]�Z	U6\	\	U6[kU�fSWY]�ijqrd�qYZts
\	Z	[ufhU6[v[�U5[�ijawfxlkXY\yfhZ	WY\	Z	_6U6[L^rd�aY[@^YU6[x^YijlSd�Z	aYU6[v^YUz]�U6`{mYU6]�`{mYUQ|�d�]�Z	_6[LfhU6\	[@}�XYU5\~d$qYZ	ij\	ij�jZ	U�b�\	U6[
[�`6Z	U6aY`6U6[�^YU�\�� U6aw|�Z	]�ijaYl�U6awfebe\	U;fh]hd�ZyfhU6l�U6awfF^+� Z	lSd��jU6[

. . . � U�[�XY`6`6�6[;U6[uf�^Y�5d�Xznpd�Zyf�}�X+� U6\	\	U6[�W�U6]�sl�U�f�fhU6awf@\~dkl�i�^Y_6\	Z	[hdgfhZ	ija�^+� XYaYUz[ufh]�XY`�fhXY]�U5`6ijl�WY\	U���UDd�Z	aY[�Z+}�X+� XYaYUz^YU6[�`6]�Z	W�fhZ	ija�[u��awfhmY_�fhZ	}�XYU
^YUk^YijaYaY_6U6[5���j]hd�aY^YUk^YZ	l�U6aY[�Z	ija+� � U�f�fhUkfhmY�6[�UoU���W�ij[�U$XYa�W�ijZ	awf�^YUk|�XYU$[�XY]D\	U6[�l�_�fhmYi�^YU6[npd�`�fhij]�Z	U6\	\	U6[�U�fOWY]�ijqrd�qYZ	\	Z	[ufhU6[�^YUx\~dz`6i�|�d�]�Z~d�aY`6Ux^rd�aY[c\~dzWY]�Z	[�UxU6aS`6ijl�W�fhUx^+� XYaYUV`6ijaYard�Z	[�[hd�aY`6U
U���ij�j�6aYUo^YijaYaY_6U�dJWY]�Z	ij]�Z�� � U6[5`6ijaY[�Z	^Y_6]hdgfhZ	ijaY[�aYUo[�ijawf5qYZ	U6a�[��Y]DWrd�[zXYa�[�X���U�f5aYijX�|jUed�X*U�f\�� ija�]�U6`6U6aY[�USXYa��j]hd�aY^�aYijlkqY]�U�^+� d�WYWY]�i�`{mYU6[Q`6ijaYaYU���U6[6����a*`6ZyfhU6]hd�Wrd�]5U���U6l�WY\	U�\�� d�ard�\y��[�U
^+� XYaS`6XYq�Ux[�WrdgfhZ	igs�fhU6l�W�ij]�U6\�� �v�Y�L�j� � b�}�XYZ��j_6aY_6]hd�\	Z	[�U@\�� d�ard�\y��[�U@U6aS`6ijl�W�ij[hd�awfhU6[cWY]�Z	aY`6Z	Wrd�\	U6[�¡  �L¢c£ �¤XYa¥lkXY\yfhZts�f{d�qY\	Ued�X�^YU�^YZ	l�U6aY[�Z	ija�fh]�ijZ	[QU6a¥`6ijaY[�Z	^Y_6]hd�awf��1\~d�n¡ijZ	[QXYaYU�`6ijawfhZ	�jX�¦�fh_[�WrdgfhZ~d�\	UVU�fLfhU6l�W�ij]�U6\	\	Ux[�XY]v\	U6[LijqY[�U6]u|�dgfhZ	ijaY[6�r§�� d�ard�\y��[�U�[�WrdgfhZ~d�\	UVlkXY\yfhZy|�d�]�Z	_6UQ� ¨ �v�L©wª � _�fhX�s^YZ	Uz\~do[ufh]�XY`�fhXY]�Uk\	i�`ed�\	UDU�fV�j\	ijqrd�\	UD^YU6[V^YijaYaY_6U6[�U6a � Z	awfh_6�j]hd�awfVXYaYUz|�d�]�Z~d�qY\	Uz`ed�]hd�`�fh_6]�Z	[hd�awf
XYaYULWY]�ie��Z	l�Zyfh_O[�WrdgfhZ~d�\	U��g§Fd��j_6ij[uf{dgfhZ	[ufhZ	}�XYU�� � ]�U �j� � X�fhZ	\	Z	[�Uc^YU6[�l�_�fhmYi�^YU6[«^+� U6[ufhZ	lSdgfhZ	ijaQW�ijXY]d�ard�\y��[�U6]�^YU6[«^YijaYaY_6U6[«�j_6ij\	ij�jZ	}�XYU6[�^Yijawf«\~d@^YZ	[ufh]�Z	qYX�fhZ	ija5[�WrdgfhZ~d�\	U�U6[uf�[hd�aY[;[ufh]�XY`�fhXY]�UvdVWY]�Z	ij]�Z��
¬\®Wrd�]hdg¯	fOZ	l�W�ij]uf{d�awfO^YU�W�ijX�|jijZ	]L^YijaYaYU6]LXYa�n¡ij]�lSd�\	Z	[�l�U@�j_6aY_6]hd�\®W�U6]�l�U�f�f{d�awfv^+� XYaYZy°rU6]L\�� U6a�s
[�U6lkqY\	UD^YUz`6U6[xaYi�fhZ	ijaY[6�
§�U�`ed�^Y]�U�fhmY_6ij]�Z	}�XYU�^YU�\~d¤fhmY�6[�U1d±_�fh_ l�i�fhZy|j_JWrd�]oXYaYU�]�U6`{mYU6]�`{mYU¤d�WYWY\	Z	}�XY_6U�^rd�aY[o\	U

^YijlSd�Z	aYUO^YU@\�� d�ard�\y��[�Uv^YXol�ijX�|jU6l�U6awfe��§�� ijq���U�f�^+� Z	awfh_6]�²�fcU6[ufcl�i�^Y_6\	Z	[�_OWrd�]�XYa$|jU6`�fhU6XY]Od�\	_ed�s
fhijZ	]�U

X = (X1, . . . , Xp)
^Yijawf�\	U6[«]�_ed�\	Z	[hdgfhZ	ijaY[;[�ijawf�^Y_6W�U6aY^rd�awfhU6[c^YX$fhU6l�WY[6�w§�Uvl�ijX�|jU6l�U6awf

U6[uf�d�\	ij]�[;d�[�[�Z	l�Z	\	_c�xXYa$`{mrd�aY�jU6l�U6awf«^YULW�ij[�ZyfhZ	ijaY[F^Y_6`6]�ZyfhU6[«Wrd�];XYakU6aY[�U6lkqY\	UO^YUL`6i�ij]�^YijaYaY_6U6[
_�|jij\	Xrd�awfvd�XJ`6ijXY]�[L^YXSfhU6l�WY[6�YT�d�aY[L\~d5]�_ed�\	Zyfh_�b�\�� ijq���U�fLU6[ufvardgfhXY]�U6\	\	U6l�U6awfL\	Z	_x�k^YU6[L`ed�]hd�`�fh_�s
]�Z	[ufhZ	}�XYU6[�^YU$^YZy³®_6]�U6awfhU6[zardgfhXY]�U6[$´®qYZ	ij\	ij�jZ	}�XYU�b�[�WrdgfhZ~d�\	UQijX¤fhU6l�W�ij]�U6\	\	U��®§Fd�`ed�]hd�`�fh_6]�Z	[ufhZ	}�XYU
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ÈYÉ	ÊjË	ÊjÌjÉ	Í�ÎYÏxÐ+Ñ ÎYÒYÏDÓrÔ�ÕuÖe×YØ6ÊjÒYØ6Ï6Õ�ÒYÏzË	Ï6ÙvÔ�Ù�Ó�Ï6Ø�ÖhÙ@Ú�ÊjÕ�ÓYÛYÊjË	ÊjÌjÉ	Í�ÎYÏ6ÙcÉ	Ò�ÜrÎrÔ�ÒwÖ@Ù�ÎYÕvË�Ñ Ô�Ø6Í�ÎYÉ	Ù�ÉyÖhÉ	ÊjÒSÏ�Ö
Ë�Ñ Ï�Ý�Þ6Ø6Î�ÖhÉ	ÊjÒ¥ÐYÎßÚ�ÊjÎ�àjÏ6Ú�Ï6ÒwÖeá;âÚSÔ�ÌjÉ	ÒYÊjÒYÙQÓrÔ�ÕkÏ�Ý�Ï6Ú�ÓYË	ÏJÎYÒßÙuã�ÙuÖhä6Ú�ÏJÐYÏJØeÔ�Ó�ÖhÏ6ÎYÕ�Ù$Þ6Í�ÎYÉ	ÓrÔ�ÒwÖ
ÎYÒ¤Û�ÎYÚSÔ�É	Ò+á®å�Ô�ÒYÙ�ÙhÔSÌjË	ÊjÈrÔ�Ë	ÉyÖhÞ�×rË	Ï5Ùuã�ÙuÖhä6Ú�Ï$Ð+Ñ Ô�Ø6Í�ÎYÉ	Ù�ÉyÖhÉ	ÊjÒ1Ø6ÊjÒYÙuÖhÉyÖhÎYÏQÎYÒ±Ù�Í�ÎYÏ6Ë	Ï�Ö�ÖhÏkÐYÊjÒwÖDË	Ï6Ù
ØeÔ�Ó�ÖhÏ6ÎYÕ�Ù«Ù�ÊjÒwÖ�Þ6ÌwÔ�Ë	Ï6Ú�Ï6ÒwÖ«Ø6ÊjÒwÖhÕhÔ�É	ÒwÖhÙ«ÓrÔ�Õ;Ë~ÔxÚ�ÊjÕ�ÓYÛYÊjË	ÊjÌjÉ	Ï�ÐYÏLË�Ñ Ï�Ý�Þ6Ø6Î�Ö{Ô�ÒwÖeájæ�Ò$ÓrÔ�ÕuÖhÉ	Ø6ÎYË	É	Ï6Õ6×�ÎYÒ
ØeÔ�Ó�ÖhÏ6ÎYÕvÕ�Ï6Ë	É	Þ�Ô�Î�Ó�ÊjÉ	ÌjÒYÏ�ÖLÏ�Ö@ÎYÒ Ô�Î�ÖhÕ�ÏDÔ�Î�Ø6ÊjÎYÐYÏDÙ�Ï6Õ�ÊjÒwÖvÖhÊjÎ�ç�ÊjÎYÕ�Ù@èkÞ6ÌwÔ�Ë	Ï�ÐYÉ	ÙuÖ{Ô�ÒYØ6Ï�×YÍ�ÎYÏ6Ë	Í�ÎYÏ
Ù�ÊjÉyÖ@Ë	ÏDÚ�ÊjÎ�àjÏ6Ú�Ï6ÒwÖxÏ�Ý�Þ6Ø6Î�ÖhÞ�á®åVÏ5ÓYË	ÎYÙ6×rÎYÒ Û�ÎYÚSÔ�É	Ò+×YÏ�ÖxÐYÊjÒYØzË	ÏDÙuã�ÙuÖhä6Ú�ÏQÐ+Ñ Ô�Ø6Í�ÎYÉ	Ù�ÉyÖhÉ	ÊjÒ+×�Ù�ÊjÒwÖ
ÖhÊjÎ�ç�ÊjÎYÕ�ÙSÙ�ÊjÎYÚ�É	Ù�è*Ø6Ï6ÕuÖ{Ô�É	ÒYÏ6Ù�Ë	ÊjÉ	ÙoÓYÛwã�Ù�É	Í�ÎYÏ6Ù*é¡ÌjÕhÔeà�ÉyÖhÞ�ê�áOë�Ï1Ø6Õ�ÉyÖhä6Õ�Ï¤Ù�ÓrÔgÖhÉ~Ô�ËvìpÔ�ÉyÖSÕ�Þ�ì¡Þ6Õ�Ï6ÒYØ6Ï
èJÖhÊjÎ�ÖhÏ6Ù5Ë	Ï6Ù5ØeÔ�ÕhÔ�Ø�ÖhÞ6Õ�É	ÙuÖhÉ	Í�ÎYÏ6Ù5ÌjÞ6ÊjÚ�Þ�ÖhÕ�É	Í�ÎYÏ6ÙzÏ�Ö5ÖhÊjÓ�ÊjË	ÊjÌjÉ	Í�ÎYÏ6ÙzÐYÏ�Ë�Ñ Ï6Ù�ÓrÔ�Ø6Ï�Í�ÎYÉ�É	Ò�ÜrÎYÏ6ÒwÖQÒrÔ�í
ÖhÎYÕ�Ï6Ë	Ë	Ï6Ú�Ï6ÒwÖ5Ù�ÎYÕQË	ÏoÐYÞ6ÓYË~Ô�Ø6Ï6Ú�Ï6ÒwÖkÐYÏ�Ë�Ñ ÊjÈ�ç�Ï�ÖSîFË	Ï6Ùzì¡Õ�ÊjÒwÖhÉ	ä6Õ�Ï6ÙQÐYÏ�Ë�Ñ Ï6Ù�ÓrÔ�Ø6Ï�×�ÙhÔ ÙuÖhÕ�ÎYØ�ÖhÎYÕ�Ï�×;Ë	Ï6Ù
ÙuÖhÉ	ÚkÎYË	ÎYÙ@Ï�Ý�ÖhÞ6Õ�É	Ï6ÎYÕ�Ù6×®Ë	Ï6ÙVÕ�Ï6Ë~ÔgÖhÉ	ÊjÒYÙ@ÐYÏQÓYÕ�ÊeÝ�É	Ú�ÉyÖhÞ�×rÊjÎ¤Ï6ÒYØ6ÊjÕ�ÏQË	Ï6ÙVÉ	ÒwÖhÏ6ÕhÔ�Ø�ÖhÉ	ÊjÒYÙVÔeàjÏ6ØkÐ+Ñ Ô�Î�ÖhÕ�Ï6Ù
ÊjÈ�ç�Ï�ÖhÙ6á;æ�Ò�ïrÒ+×�Ë	Ï�Ùuã�ÙuÖhä6Ú�ÏSÐYÏSØeÔ�Ó�ÖhÎYÕ�ÏSÉ	Ú�Ó�ÊjÙ�ÏoÐYÏoì¡ÊjÎYÕ�ÒYÉ	ÕzÐYÏ6ÙkÐYÊjÒYÒYÞ6Ï6ÙQÐYÉ	Ù�Ø6Õ�Þ�ÖhÉ	Ù�Þ6Ï6Ù6×;Ï�ÖQË~Ô
ÒrÔgÖhÎYÕ�ÏzÖhÏ6Ú�Ó�ÊjÕ�Ï6Ë	Ë	ÏzÐYÎ1ÓYÛYÞ6ÒYÊjÚ�ä6ÒYÏQÙ�ÊjÎYË	ä�àjÏQÐYÏ6Ù�Í�ÎYÏ6ÙuÖhÉ	ÊjÒYÙVË	É	Þ6Ï6Ùxè�Ë�Ñ Þ6Ø{ÛrÔ�ÒwÖhÉ	Ë	Ë	ÊjÒYÒrÔ�ÌjÏ$î�ÓYÕ�É	Ù�Ï
Ï6Ò*Ø6ÊjÚ�Ó�ÖhÏoÐYÏSË�Ñ ÊjÕ�ÐYÕ�ÏoÐYÏ6Ù5ÐrÔgÖhÏ6ÙQÐYÏ�ØeÔ�Ó�ÖhÎYÕ�Ï6Ù6×Fà�Ô�Ë	Ï6ÎYÕ�ÙzÚSÔ�ÒYÍ�ÎrÔ�ÒwÖhÏ6Ù6×Fì¡Õ�Þ6Í�ÎYÏ6ÒYØ6Ï�Ð+Ñ Ô�Ø6Í�ÎYÉ	Ù�Étí
ÖhÉ	ÊjÒ�ÒYÊjÒ�Ø6ÊjÒYÙuÖ{Ô�ÒwÖhÏ

. . .
âË�Ù6Ñ Ô�ÌjÉyÖ5ÐYÏoÚ�Ï�Ö�ÖhÕ�ÏoÏ6Ò�Ôeà�Ô�ÒwÖQØ6Ï6Ù5ØeÔ�ÕhÔ�Ø�ÖhÞ6Õ�É	ÙuÖhÉ	Í�ÎYÏ6Ù5ÐrÔ�ÒYÙ5Ë�Ñ Ô�ÒrÔ�Ëyã�Ù�Ï

Ï�Ö�ðgÊjÎkÐ+Ñ Ï6ÒoÏ6ÒYÕ�É	Ø{ÛYÉ	Õ;Ë	ÏOÚ�Ê�ÐYä6Ë	Ï�á�ñxÊjÎYÙ«ÒYÊjÎYÙ«É	ÒwÖhÞ6Õ�Ï6Ù�Ù�ÊjÒYÙ�Ï6Ò$Ï�ò®Ï�ÖcèVÐYÏ6Ù�Ú�Þ�ÖhÛYÊ�ÐYÏ6Ù;ØeÔ�ÓrÔ�ÈYË	Ï6Ù«ÐYÏ
ÓYÕ�Ï6ÒYÐYÕ�Ï�Ï6Ò�Ø6ÊjÚ�Ó�ÖhÏxÏ�ÖLÐYÏVÚ�Ï�Ö�ÖhÕ�ÏVÏ6ÒSà�Ô�Ë	Ï6ÎYÕcØ6ÏxÖã�Ó�Ï�Ð+Ñ É	Ò�ì¡ÊjÕ�ÚSÔgÖhÉ	ÊjÒ+áwë�Ï6ÙOÐYÊjÚSÔ�É	ÒYÏ6ÙOÔ�ÓYÓYË	É	ØeÔ�í
ÖhÉyì¡Ù�Ù�ÊjÒwÖ�Ë~ÔxÕ�Þ6ÐYÎYØ�ÖhÉ	ÊjÒkÐYÏLÐYÉ	Ú�Ï6ÒYÙ�É	ÊjÒ+×�Ë~ÔxØ6Ë~Ô�Ù�Ù�ÉyïrØeÔgÖhÉ	ÊjÒ+×�Ë~ÔxÕ�Ï6Ø6ÊjÒYÙuÖhÕ�ÎYØ�ÖhÉ	ÊjÒ$Ï�Ö«Ë~ÔxÙ�Ï6ÌjÚ�Ï6ÒwÖ{ÔgÖhÉ	ÊjÒ
ÐYÏDÚ�ÊjÎ�àjÏ6Ú�Ï6ÒwÖeárë�Ï6Ù@Ú�Þ�ÖhÛYÊ�ÐYÏ6ÙLìpÔ�Ø�ÖhÊjÕ�É	Ï6Ë	Ë	Ï6ÙOÏ�Ö@ÓYÕ�ÊjÈrÔ�ÈYÉ	Ë	É	ÙuÖhÏ6ÙOÙ�ÊjÒwÖVÔ�ÐrÔ�Ó�ÖhÞ6Ï6Ù@Ó�ÊjÎYÕOÖhÕhÔ�ÉyÖhÏ6ÕLØ6Ï
Öã�Ó�ÏzÐYÏzÍ�ÎYÏ6ÙuÖhÉ	ÊjÒ+á
æ�ÒQÚ�Ê�ÐYÞ6Ë	É	ÙhÔgÖhÉ	ÊjÒ�ÙuÖ{ÔgÖhÉ	ÙuÖhÉ	Í�ÎYÏ�×�É	ËjÏ6ÙuÖ;ÐYÏcÕ�ä6ÌjË	Ï�Ð+Ñ É	ÐYÏ6ÒwÖhÉyïrÏ6ÕFË	Ï6ÙFÐYÊjÒYÒYÞ6Ï6Ù;ÓrÔ�ÕFÐYÏ6Ù�Õ�ÞeÔ�Ë	É	ÙhÔgÖhÉ	ÊjÒYÙ

ÐYÏvà�Ô�Õ�É~Ô�ÈYË	Ï6Ù�Ô�Ë	ÞeÔgÖhÊjÉ	Õ�Ï6Ù«Õ�Þ6Ï6Ë	Ë	Ï6Ù�ÐYÞ�ïrÒYÉ	Ï6Ù�Ù�ÎYÕ�ÎYÒ�Ï6Ù�ÓrÔ�Ø6ÏxÓYÕ�ÊjÈrÔ�ÈYÉ	Ë	É	Ù�Þ
(Ω, T , P )

áwëFÔDØ6Ê�à�Ô�Õ�É~Ô�ÒYØ6Ï
Ï6ÙuÖDÔ�Ë	ÊjÕ�Ù@ÎYÒ1ÊjÎ�ÖhÉ	Ë�ÐYÏ5Õ�Þ�ì¡Þ6Õ�Ï6ÒYØ6ÏkÓ�ÊjÎYÕVÔ�ÒrÔ�Ëyã�Ù�Ï6ÕxË	Ï6ÙxË	É~Ô�É	Ù�ÊjÒYÙvÏ6ÒwÖhÕ�Ï5à�Ô�Õ�É~Ô�ÈYË	Ï6Ù@Ô�Ë	ÞeÔgÖhÊjÉ	Õ�Ï6Ù6á�æ�Ë	Ë	Ï
ØeÔ�ÕhÔ�Ø�ÖhÞ6Õ�É	Ù�ÏDË	Ï6ÙvÚ�ÊjÚ�Ï6ÒwÖhÙvØ6Õ�ÊjÉ	Ù�Þ6Ù@Ø6Ï6ÒwÖhÕ�Þ6ÙxÐ+Ñ ÊjÕ�ÐYÕ�ÏDÐYÏ6Î�Ý Ï�Ö@Ù6Ñ É	ÒwÖhÏ6Õ�ÓYÕ�ä�ÖhÏzØ6ÊjÚ�Ú�Ï�ÎYÒYÏzÚ�Ï6Ù�ÎYÕ�Ï
ÐYÏ Ë�Ñ Ï�Ý�É	ÙuÖhÏ6ÒYØ6Ï Ï�ÖSÐYÎóÙ�Ï6ÒYÙSÐYÏ Ë~Ô�Ë	É~Ô�É	Ù�ÊjÒ¥Ë	É	ÒYÞeÔ�É	Õ�Ï�Ï6ÒwÖhÕ�Ï1Ë	Ï6Ù$à�Ô�Õ�É~Ô�ÈYË	Ï6Ù�Ô�Ë	ÞeÔgÖhÊjÉ	Õ�Ï6Ù6á�æ�ÒôÖhÊjÎ�Ö
Þ�Ö{ÔgÖLÐYÏ�ØeÔ�ÎYÙ�Ï�×YË~Ô5Ø6Ê�à�Ô�Õ�É~Ô�ÒYØ6ÏVØ6Ë~Ô�Ù�Ù�É	Í�ÎYÏ�Ò+Ñ Ï6ÙuÖvÓrÔ�ÙLË�Ñ ÊjÎ�ÖhÉ	Ë�Ô�ÐrÔ�Ó�ÖhÞ�ÓYÎYÉ	Ù�Í�ÎYÏ�Ë~Ô5ÓYË	ÎYÓrÔ�ÕuÖLÐYÏ6ÙLØeÔ�í
ÕhÔ�Ø�ÖhÞ6Õ�É	ÙuÖhÉ	Í�ÎYÏ6Ù�Þ�àjÊ�Í�ÎYÞ6Ï6Ù5ÓYÕ�Þ6Ø6Þ6ÐYÏ6Ú�Ú�Ï6ÒwÖzÒYÏ$Ó�Ï6Î�àjÏ6ÒwÖ5õ�ÖhÕ�Ï$ÓYÕ�É	Ù�Ï6ÙDÏ6Ò±Ø6ÊjÚ�Ó�ÖhÏ�á+ö�ÊjÎYÕDÐYÊjÒYÒYÏ6Õ
Í�ÎYÏ6Ë	Í�ÎYÏ6Ù$É	Ë	Ë	ÎYÙuÖhÕhÔgÖhÉ	ÊjÒYÙ6×�Ë~Ô1Ø6Ê�à�Ô�Õ�É~Ô�ÒYØ6Ï�Ø6Ë~Ô�Ù�Ù�É	Í�ÎYÏ�Ï6ÙuÖoÉ	ÒYÐYÞ6Ó�Ï6ÒYÐrÔ�ÒwÖhÏJÐYÏSÖhÊjÎ�ÖhÏ�Ó�Ï6Õ�ÚkÎ�Ö{ÔgÖhÉ	ÊjÒ
Ï6ÒwÖhÕ�ÏVË	Ï6ÙOÕ�ÞeÔ�Ë	É	ÙhÔgÖhÉ	ÊjÒYÙ6á�æ�Ò�ÓrÔ�ÕuÖhÉ	Ø6ÎYË	É	Ï6Õ6×jË	ÊjÕ�ÙcÐYÏ�Ë�Ñ Þ�ÖhÎYÐYÏxØ6ÊjÒ�ç�ÊjÉ	ÒwÖhÏVÐYÏVÙ�Þ6Õ�É	Ï6ÙcÖhÏ6Ú�Ó�ÊjÕ�Ï6Ë	Ë	Ï6ÙcÔeàjÏ6Ø
Ë~ÔJØ6Ê�à�Ô�Õ�É~Ô�ÒYØ6Ï�×+Ë�Ñ ÊjÕ�ÐYÕ�ÏoÐYÏ6Ù5Ú�Ï6Ù�ÎYÕ�Ï6Ù5Ò+Ñ É	Ò�ÜrÎYÏoÓrÔ�ÙzÐrÔ�ÒYÙ5Ë�Ñ Ô�ÒrÔ�Ëyã�Ù�Ï�×+Ø6Ï�Í�ÎYÉ�ÐYÏ�à�ÕhÔ�ÉyÖ5ÒYÊjÕ�ÚSÔ�Ë	Ï�í
Ú�Ï6ÒwÖ�Ï6Ò¤Ø6ÊjÒYÙuÖhÉyÖhÎYÏ6ÕVÎYÒYÏQÉ	Ò�ì¡ÊjÕ�ÚSÔgÖhÉ	ÊjÒ�ÚSÔ�ç�Ï6ÎYÕ�Ï�á®ë�ÏQØeÔ�Ë	Ø6ÎYËFÐYÏQË~Ô�Ø6Ê�à�Ô�Õ�É~Ô�ÒYØ6ÏQÒYÏQÚ�Ï�ÖVÏ6Òoç�Ï6Î
Í�ÎYÏ�Ë~Ô à�Ô�Ë	Ï6ÎYÕ$ÐYÏ6Ù$Õ�ÞeÔ�Ë	É	ÙhÔgÖhÉ	ÊjÒYÙQÐYÏ6Ù$à�Ô�Õ�É~Ô�ÈYË	Ï6Ù$Ô�Ë	ÞeÔgÖhÊjÉ	Õ�Ï6ÙQÏ�ÖoÒYÊjÒßË	Ï6Ù$É	ÒYÙuÖ{Ô�ÒwÖhÙ$Ù�ÎYÕ$Ë	Ï6Ù�Í�ÎYÏ6Ë	Ù
Ï6Ë	Ë	Ï6ÙLÙ�ÊjÒwÖxÞ6Ø{ÛrÔ�ÒwÖhÉ	Ë	Ë	ÊjÒYÒYÞ6Ï6Ù6áY÷VÎ�ÖhÕ�Ï6Ú�Ï6ÒwÖxÐYÉyÖe×�Ë~ÔkØ6Ê�à�Ô�Õ�É~Ô�ÒYØ6ÏDÙ�ÎYÓYÓ�ÊjÙ�Ï5Ùuã�ÙuÖhÞ6ÚSÔgÖhÉ	Í�ÎYÏ6Ú�Ï6ÒwÖxÍ�ÎYÏ
Ë�Ñ Þ6Ø{ÛrÔ�ÒwÖhÉ	Ë	Ë	ÊjÒYÒrÔ�ÌjÏVÙ�ÊjÉyÖ@Õ�Þ6ÌjÎYË	É	Ï6Õ6×�Ï�Ö@ìpÔ�ÉyÖvÓrÔ�ÕvØ6ÊjÒYÙ�Þ6Í�ÎYÏ6ÒwÖ�ÐYÉ	Ù�ÓrÔ�ÕhÔgø	ÖhÕ�ÏDË~ÔkÐ�ã�ÒrÔ�Ú�É	Í�ÎYÏ�á
åVÏ5ÚSÔ�ÒYÉ	ä6Õ�ÏzÌjÞ6ÒYÞ6ÕhÔ�Ë	Ï�×rË�Ñ Ô�ç�ÊjÎ�Ö@Ð+Ñ ÎYÒYÏQØ6ÊjÒYÒrÔ�É	Ù�ÙhÔ�ÒYØ6Ï5Ï�Ý�ÊjÌjä6ÒYÏQÓrÔ�ÕhÔgø	Ö@ÐYÊjÒYØ5É	ÒYÐYÉ	Ù�Ó�Ï6ÒYÙhÔ�ÈYË	Ï

Ó�ÊjÎYÕoÚ�Ï6ÒYÏ6ÕoÎYÒYÏ�Þ�ÖhÎYÐYÏ ÓYË	ÎYÙoÕ�ÞeÔ�Ë	É	ÙuÖhÏ�á«âÒYÉyÖhÉ~Ô�Ë	Ï6Ú�Ï6ÒwÖ$É	ÒwÖhÕ�Ê�ÐYÎYÉyÖhÙ$ÓrÔ�Õ�ë�Ï6ÈrÔ�ÕuÖ1ù ë�Ï6Èrújû ü@Ó�ÊjÎYÕ
Ë�Ñ Ô�ÒrÔ�Ëyã�Ù�ÏSÐYÏJË~Ô1Ø6ÊjÒwÖhÉ	ÌjÎ�ý�ÖhÞ�×;Ë	Ï6ÙkÌjÕhÔ�ÓYÛYÏ6Ù$ÐYÏ�Õ�Ï6Ë~ÔgÖhÉ	ÊjÒ�ÈYÉ	ÒrÔ�É	Õ�Ï�Ó�Ï6Õ�Ú�Ï�Ö�ÖhÏ6ÒwÖoÐYÏJÚ�Ê�ÐYÞ6Ë	É	Ù�Ï6Õ5Ë~Ô
ÓYË	ÎYÓrÔ�ÕuÖ�ÐYÏvØ6Ï6Ù�É	Ò�ì¡ÊjÕ�ÚSÔgÖhÉ	ÊjÒYÙ6á�þ�ÒoØ6ÊjÒYÙuÖhÕ�ÎYÉyÖ�Ô�É	ÒYÙ�É�Ë	Ï6Ù�Ø6Ê�à�Ô�Õ�É~Ô�ÒYØ6Ï6Ù�Ï�Ö�à�Ô�Õ�É~Ô�ÒYØ6Ï6Ù�Ô�Ù�Ù�Ê�Ø6É	Þ6Ï6Ù�Í�ÎYÉ
ÖhÉ	Ï6ÒYÒYÏ6ÒwÖ«Ø6ÊjÚ�Ó�ÖhÏOÐYÏ6Ù�ÐYÞ6Ó�Ï6ÒYÐrÔ�ÒYØ6Ï6Ù�ÐYÏ6Ù«ÊjÈYÙ�Ï6Õuà�ÔgÖhÉ	ÊjÒYÙ;Ù�ÎYÉyà�Ô�ÒwÖ«Ë	ÏOÌjÕhÔ�ÓYÛYÏOÐYÞ�ïrÒYÉ�Ù�ÎYÕ

Ω×Ω
áwëFÔ
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Xt = ϕ(t) + εt @ >?>?A=BDCFEHGJILK�4	MN:=4	A;OP4QOR4	69S=>?4	BT:=47B @ 6UA=>VIWC @ 8�XY.�Z[ I]\�254^S=_=G	X=8�69<	X=4US=EHG	BH4	X]CF4`A=X=4aCF4	X=:bIcX=M	4�S=EHG	:=8�6 @ XbIcX]CF4 [ IcXbIc>/d;BH4Uef>hg I @ :=4a:=4U69G�CF_=8;:=4	Bi IcM�CF8�E @ 4	>?>?4	Bj\Q.�Z [lk \$254!CF4	EH694mEHG	B @ :=A=4	>;M	8�X]C @ 4	X]C�G	n]Ic>?4	694	X]C�:=4(>hg @ X i 8�EH6fIWC @ 8�X [ IcXbIc>/d;BH4(e�>hg I @ :=4:Yg IcS=S=EH8;Mj_=4	B�S=EH8 k I k @ > @ BDCF4	Bj\Q.

> @ CHCFG	EFIWCFA=EH4oBHM @ 4	X]C @/pbq A=4�EH4	M	4	X=BH4�A=X9n�EFIcX=:9X=8�6 k EH4�:=4�CFEFILKcIcA;O`BHA=EmM	4�BHAsrH4�CoILK�4	M�>?4	B!X=8cC @ 8�X=BBHA @ KcIcX]CF4	B�tRM	8uKcIcE @ IcX=M	4"SbIcEDC @ 4	>?>?4cvw>?8;MLIc>?4cvwM	8uKcIcE @ 8�n�EFIc69694�M	EH8 @ BHGcv;BH4	6 @ ZxKcIcE @ 8�n�EFIc69694cvcKcIcE @ IsZk @ > @ CFG . . . y >zB	g Icn @ C(:=4"S=EH8�S{8�BH4	EmA=X=4�IcS=S=EH8;Mj_=4"A=X @/p MLIWCFE @ M	4�EH4	> @ IcX]Cm>?4	Bm69G�CF_=8;:=4	B i IcM�CF8�E @ 4	>?>?4	B4�CaS=EH8 k I k @ > @ BDCF4	B	.Y254 k ARCa:=4`M	4�CFEFILKcI @ >�4	BDCaG	n]Ic>?4	694	X]C-:=49:=G�CF4	EH6 @ X=4	E�:bIcX=B q A=4	>?>?4�694	BHA=EH4>hg IurH8�ARC�:Yg A=X=4aM	8�X=XbI @ BHBFIcX=M	4-4QOR8�n�<	X=4 @ XR|bA=4�BHA=E�>?4	B�S=E @ X=M @ SbIc>?4	B�IcS=S=EH8;Mj_=4	B	.

}a~F� ���9�������

��8�A=B�694	X=8�X=B�X=8cCFEH4-G�CFA=:=4-4	XT:=G	M	8�69S{8�BFIcX]C�>?4	B�:=8�X=X=G	4	B"e�>hg I @ :=4�:=AT698;:=<	>?4�BHA @ KcIcX]C-t
Xt = ϕ(t) + εt

:bIcX=B�>?4 q A=4	> ϕ(t)
4	BDC�>?4�CF4	EH694������{�]�c�����h����v=M	8�EHEH4	BHS{8�X=:bIcX]C�e`A=X=4 i 8�X=M�C @ 8�X�:=G�CF4	EH6 @ X @ BDCF4�:=ACF4	69S=B�4�C

εt
>?4^CF4	EH694f�F�j�����c�b����v�8 k CF4	XwA74	XJEH4�CFEFIcX=Mj_bIcX]C->?4^CF4	EH694aCF4	X=:bIcX=M @ 4	>�:=AJB @ n�XbIc>h.�254698;:=<	>?49BH4	EFI1G�CFA=: @ G�BH4	>?8�X�:=4	A;O�S{8 @ X]CFB^:=4fK;A=4c.�2$I p n�A=EH4 ,�./, 4	X�:=8�X=X=4�A=X=4 @ >?>?A=BDCFEFIWC @ 8�XILK�4	M�:=4	A;O�4QOR4	69S=>?4	Bo:=4�B @ 6UA=>VIWC @ 8�XY.]��X [ I]\Qv;>?4�CF4	EH694"CF4	X=:bIcX=M @ 4	> ϕ(t)

4	BDC�S=EHG	:=8�6 @ XbIcX]CLv;>?4CF4	EH694�EHG	B @ :=A=4	>�4	BDC q AbIcX]C^e�>?A @ IcBHB @ 6 @ >?GUe�:=A k EHA @ CL.5��IcX=B-M	4`MLIcB	v58�X�IcXbIc>/d;BH4�A=XNS=_=G	X=8WZ69<	X=4�ILK�4	M�CF4	X=:bIcX=M	4cv]4�C!>hg 8�XUCFEFI @ CF4o>?4oMLIcB!:=G�CF4	EH6 @ X @ BDCF4�ILK�4	M�>hg IcXbIc>/d;BH4oSbIcE�>VI�M	8uKcIcE @ IcX=M	4o:=4
ϕ(t)

.;2�g IcS=S=EH8;Mj_=4�4	69S=>?8ud�G	4�4	BDCo>VI�BDCjIWC @ BDC @?q A=4�n�G	8�69G�CFE @?q A=4cv q A @ B	g IcS=S=A @ 4�BHA=Em>?4	Bm69G�CF_=8;:=4	Bi IcM�CF8�E @ 4	>?>?4	B�4�C": @ BHM	E @ 6 @ XbIcX]CF4	B	.b2�g IcXbIc>/d;BDCF4aBH8�A=_bI @ CF4a4	X1S=EFIWC @?q A=4^ILK�8 @ E�A=X=4aEH4	S=EHG	BH4	X]CjIWC @ 8�X
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¯D°;±]²F³=´�²Fµ?¶w·=¸�¸�²�¹;µ?¯Hµ?º=»?¸^¼=¸	¯�¼=½�±=±=´	¸	¯-¼=¸U¾f¿c±=µ?À	ÁH¸^Â�¸	±ÄÃ�¿cÅ	µ?»?µ/²F¸	Á�»hÆ µ?±]²F¸	ÁHÇ=ÁH´�²j¿W²Fµ?½�±YÈ{É�Æ ½�ºwÊH¸	Å�²Fµ/Ã
¼=¸	¯`¾9´�²F³=½;¼=¸	¯�Ã�¿cÅ�²F½�ÁHµ?¸	»?»?¸	¯^¸	¯D²9¼=¸�¼=´�²F¸	ÁH¾9µ?±=¸	ÁU·=±=¸�ÁH¸	Ç=ÁH´	¯H¸	±]²j¿W²Fµ?½�±ËÅ	½�¾9Çb¿cÅ�²F¸�¼=¸�¼=½�±=±=´	¸	¯
¾U·=»/²FµÍÌx¹c¿cÁHµ?´	¸	¯	È�Î�±=¸T¼=¸	¯f¿cÇ=Ç=ÁH½;Åj³=¸	¯fÅ	»V¿c¯H¯Hµ?¶w·=¸	¯9¼=¸T»V¿J¯D²j¿W²Fµ?¯D²Fµ?¶w·=¸�¾U·=»/²Fµ?¼=µ?¾9¸	±=¯Hµ?½�±=±=¸	»?»?¸9¸	¯D²
»hÆ ¿c±b¿c»/°;¯H¸o¸	±`Å	½�¾9Ç{½�¯F¿c±]²F¸	¯�Ç=ÁHµ?±=Å	µ?Çb¿c»?¸	¯�ÏlÐ�ÑoÒmÓ�Ô Õc½�»VÖ�× ØhÙ�¶w·=µb¸QÚ;²FÁF¿cµ/²�»hÆ µ?±RÃl½�ÁH¾f¿W²Fµ?½�±-Ç{¸	ÁD²Fµ?±=¸	±]²F¸
¼=¸	¯�¼=½�±=±=´	¸	¯�¸	±T¿c±b¿c»/°;¯F¿c±]²�»V¿U¯D²FÁH·=Å�²F·=ÁH¸a¼=¸�»V¿UÅ	½u¹c¿cÁHµV¿c±=Å	¸-Â�»hÆ ¿cµ?¼=¸�¼YÆ ·=±=¸-¼=´	Å	½�¾9Ç{½�¯Hµ/²Fµ?½�±�¸	±
¹c¿c»?¸	·=ÁH¯(¯Hµ?±=Û�·=»?µ?À	ÁH¸	¯	ÈRÒ�¿cÁH¾9µ�¯H¸	¯�¸QÚ;²F¸	±=¯Hµ?½�±=¯	Ù=»hÆ Ð�ÑoÒÜÃl½�±=Å�²Fµ?½�±=±=¸	»?»?¸^Ô Ý"ÞRß]à ØY¯	Æ ¿cÇ=Ç=»?µ?¶w·=¸�¼b¿c±=¯o»?¸
ÅL¿c¯a½�á�»?¸	¯-¹c¿cÁHµV¿cº=»?¸	¯-¿c»?´L¿W²F½�µ?ÁH¸	¯-¯H½�±]²^Å	½�±]²Fµ?±w·=¸	¯^¸�²^¼=´�²F¸	ÁH¾9µ?±=¸`·=±=¸fÁH¸	Ç=ÁH´	¯H¸	±]²j¿W²Fµ?½�±�¯D°;±]²F³=´QÌ
²Fµ?¶w·=¸9¼=¸	¯^¼=½�±=±=´	¸	¯�ÂT»hÆ ¿cµ?¼=¸`¼YÆ ·=±=¸fºb¿c¯H¸f¼=¸9Ãl½�±=Å�²Fµ?½�±=¯aÅj³=½�µ?¯Hµ?¸	¯^¿TÇ=ÁHµ?½�ÁHµhÈ$É�Æ Ð�ÑoÒâÂT±=½u°]¿c·;Ú
Ô Þ=Þ=ã1ß�× ØhÙY¶w·b¿c±]²aÂ�¸	»?»?¸cÙ{Ç=ÁH¸	±=¼7¸	±7Å	½�¾9ÇR²F¸U»?¸	¯�¿c¯HÇ{¸	Å�²F¯-±=½�±J»?µ?±=´L¿cµ?ÁH¸	¯"¼=¸	¯�»?µV¿cµ?¯H½�±=¯"¸	±]²FÁH¸�»?¸	¯
¼=½�±=±=´	¸	¯	Ù=¸	±�Ç=ÁH½sÊH¸�²j¿c±]²�¼b¿c±=¯o·=±�¸	¯HÇb¿cÅ	¸�¼=¸�¼=µ?¾9¸	±=¯Hµ?½�±f¯H·=Ç{´	ÁHµ?¸	·=ÁH¸�Ç{½�·=Á(¸	±=¯H·=µ/²F¸�¯H¸�ÁF¿c¾9¸	±=¸	Á
Â7·=±=¸TÐ�ÑoÒäÅ	»V¿c¯H¯Hµ?¶w·=¸cÈmÉ$¿NÇ=ÁHµ?¯H¸�¸	±åÅ	½�¾9ÇR²F¸T¼b¿c±=¯9»hÆ Ð�ÑoÒæ¸�²f¯H¸	¯9¹c¿cÁHµV¿c±]²F¸	¯`¼=¸T±YÆ µ?¾9Ç{½�ÁD²F¸
¶w·=¸	»?»?¸�Å	½�±=±b¿cµ?¯H¯F¿c±=Å	¸`¸QÚR½�Û�À	±=¸9¾9½;¼=´	»?µ?¯H´	¸�Çb¿cÁ�·=±=¸`ÁH¸	»V¿W²Fµ?½�±Jº=µ?±b¿cµ?ÁH¸U¯H¸	ÁF¿T¸QÚRÇ=»?µ?Å	µ/²F´	¸cÈ5É�Æ ¿c±b¿sÌ
»/°;¯H¸"¼=¸"²j¿cº=»?¸L¿c·;Ú�Âa²FÁH½�µ?¯m¸	±]²FÁH´	¸	¯�¸	¯D²�·=±=¸�¸QÚ;²F¸	±=¯Hµ?½�±�±b¿W²F·=ÁH¸	»?»?¸�¼=¸	¯o¾9´�²F³=½;¼=¸	¯mÃ�¿cÅ�²F½�ÁHµ?¸	»?»?¸	¯!¸	±
¼=µ?¾9¸	±=¯Hµ?½�±T¯H·=Ç{´	ÁHµ?¸	·=ÁH¸cÈYÉ�Æ ·=±=¸U¼=¸	¯�¿cÇ=Ç=»?µ?ÅL¿W²Fµ?½�±=¯�¸	¯D²�»V¿9ÁH¸	Å	½�±=¯D²Fµ/²F·R²Fµ?½�±1¼=¸	¯�¼=½�±=±=´	¸	¯�Å	½�¾9¾9¸
»?¸	¯�¾9½;¼=À	»?¸	¯�Ò{Ð�Ý�Ð�ç;Ð�ÑèÔ é"¿cÁjàcê Ù é"¿cÁjà�ë Ø5¸�²�ì�·=Åjíc¸	Á^Ô î�¼bÉ$Ö�ê ØhÙ=¼b¿c±=¯�»?¸	¯H¶w·=¸	»?¯�½�±�¼=´	Å	½�¾9Ç{½�¯H¸
·=±7²j¿cº=»?¸L¿c·7Â�²FÁH½�µ?¯�¼=µ?¾9¸	±=¯Hµ?½�±=¯�Â�»hÆ ¿cµ?¼=¸U¼=¸�²j¿cº=»?¸L¿c·;ÚJº=µ?¼=µ?¾9¸	±=¯Hµ?½�±=±=¸	»?¯	ÈYÉ�Æ ¿c±b¿c»/°;¯H¸�Çb¿cÁ�¸QÚwÌ
²FÁF¿cÅ�²Fµ?½�±�¼=¸-¯Hµ?Û�±b¿W²F·=ÁH¸�Å	½�±=¯Hµ?¼=À	ÁH¸-»V¿UÅ	½u¹c¿cÁHµV¿c±=Å	¸�Å	½�¾9¾9¸�·=±=¸-¯Hµ?Û�±b¿W²F·=ÁH¸�¼=¸	¯�¼=½�±=±=´	¸	¯"¿Wïb±�¼=¸
»?¸	¯�Ç=»?½�±=Û�¸	Á�¼b¿c±=¯"»?¸-¾9ð	¾9¸a¸	¯HÇb¿cÅ	¸^¸�²�¿cµ?±=¯Hµ5¸	±Ä´�²F·=¼=µ?¸	Á�»?¸	¯�ÁH¸	»V¿W²Fµ?½�±=¯�¸QÚRµ?¯D²j¿c±]²F¸	¯	È�É$Â9¸	±=Å	½�ÁH¸cÙ
±=½�·=¯a´�²F·=¼=µ?½�±=¯-Å	½�¾9¾9¸	±]²aµ?±]²F´	Û�ÁH¸	Á-»V¿�Å	½�±=±b¿cµ?¯H¯F¿c±=Å	¸9¸QÚR½�Û�À	±=¸f¸	±�Ç=ÁH½�Ç{½�¯F¿c±]²a¼=¸	¯U¿cÇ=Ç=ÁH½;Åj³=¸	¯
¹c¿cÁHµV¿c±]²F¸	¯�¼=¸-»hÆ ¿c±b¿c»/°;¯H¸�Ã�¿cÅ�²F½�ÁHµ?¸	»?»?¸"¼YÆ ½�Ç{´	ÁF¿W²F¸	·=ÁH¯aÔ çb½�·bÖ ® Ø$¸�²�¼=¸^Þ;ì�Ð�ì�ñDÞNÔ ò�¯HÅLÖ�ê Ù ò�¯HÅLÖ]ó ØhÈ

É$¿1ïbÛ�·=ÁH¸ ô�È/ô ÏlºzÓaÇ=ÁH´	¯H¸	±]²F¸�·=±Ü¿c·R²FÁH¸�¸QÚR¸	¾9Ç=»?¸�½�áõ»?¸9²F¸	ÁH¾9¸ εt
Å	½�±]²Fµ?¸	±]²�¼=¸�»hÆ µ?±RÃl½�ÁH¾f¿sÌ

²Fµ?½�±7¼=µ/ö9Å	µ?»?¸	¾9¸	±]²-µ?±]²F¸	ÁHÇ=ÁH´�²j¿cº=»?¸9¿L¹�¸	Åf»?¸	¯-¾9´�²F³=½;¼=¸	¯-Ã�¿cÅ�²F½�ÁHµ?¸	»?»?¸	¯	È5Ñ(¸9²F¸	ÁH¾9¸`¸	¯D²U¿c¯H¯Hµ?¾9µ?»?´�Â
·=±�¹�¸	Å�²F¸	·=Á�Û]¿c·=¯H¯Hµ?¸	±�¼=½�±]²�»hÆ ´�²F·=¼=¸f¯H¸	ÁF¿1¾9¸	±=´	¸�ÂT»hÆ ¿cµ?¼=¸9¼YÆ ¿cÇ=Ç=ÁH½;Åj³=¸	¯UÇ=ÁH½�ºb¿cº=µ?»?µ?¯D²F¸	¯	È�÷�¿c±=¯
·=±ÜÇ=ÁH¸	¾9µ?¸	Áa²F¸	¾9Ç=¯	Ù�»?¸�¾9½;¼=À	»?¸f¯H·=Á�»V¿ÄÅ	½u¹c¿cÁHµV¿c±=Å	¸�¸	¯D²`Ç{½�¯H´�¿JÇ=ÁHµ?½�ÁHµhÙ$¸�²`»hÆ ½�±õ¯	Æ µ?±]²F´	ÁH¸	¯H¯H¸TÂ
»hÆ ¸	¯D²Fµ?¾f¿W²Fµ?½�±7¼=¸f»V¿T¾f¿W²FÁHµ?Å	¸`¼=¸�Å	½u¹c¿cÁHµV¿c±=Å	¸cÈ�É�Æ ³]°;Ç{½c²F³=À	¯H¸�¼=¸fÛ]¿c·=¯H¯HµV¿c±=µ/²F´9¼=¸ εt

µ?±=¼=·=µ/²a·=±=¸
¼=µ?¯D²FÁHµ?º=·R²Fµ?½�±N¼=¸fø3µ?¯H³b¿cÁD²UÇ{½�·=ÁU»V¿T¾f¿W²FÁHµ?Å	¸9¼=¸�Å	½u¹c¿cÁHµV¿c±=Å	¸cÈ�Ñ(¸�²H²F¸�¼=µ?¯D²FÁHµ?º=·R²Fµ?½�±�ÅL¿cÁF¿cÅ�²F´	ÁHµ?¯H¸
»?¸	¯�¾f¿W²FÁHµ?Å	¸	¯U¼=¸�Å	½u¹c¿cÁHµV¿c±=Å	¸�¸	¾9Ç=µ?ÁHµ?¶w·=¸	¯U¼YÆ ´	Åj³b¿c±]²Fµ?»?»?½�±=¯�¼=¸�¹�¸	Å�²F¸	·=ÁH¯�¿c»?´L¿W²F½�µ?ÁH¸	¯^Û]¿c·=¯H¯Hµ?¸	±=¯	È
É$¿^»?½�µ{¼=¸�ø3µ?¯H³b¿cÁD²o¯H¸	ÁF¿U·R²Fµ?»?µ?¯H´	¸"¼b¿c±=¯o»?¸�ÅL¿c¼=ÁH¸�¼=¸�»V¿aÅ	»V¿c¯H¯Hµ/ïbÅL¿W²Fµ?½�±YÈR÷�¿c±=¯�»?¸"ÅL¿c¯o±=½�±�¯H·=Ç{¸	Á�Ì
¹;µ?¯H´cÙ�»V¿1Ç=ÁH½;Å	´	¼=·=ÁH¸�¼YÆ ¸	¯D²Fµ?¾f¿W²Fµ?½�±�Çb¿cÁU»hÆ ¿c»?Û�½�ÁHµ/²F³=¾9¸`ò�ÚRÇ{¸	Å�²j¿W²Fµ?½�±;ÌDã1¿sÚRµ?¾9µ?¯F¿W²Fµ?½�±ùÏ�òmãÄÓ^¼=¸	¯
Çb¿cÁF¿c¾9À�²FÁH¸	¯�¼=¸	¯�Å	»?·=¯D²F¸	ÁH¯�¯H¸	ÁF¿�Ç=ÁH´	¯H¸	±]²F´	¸cÈ�÷�¿c±=¯�·=±J¯H¸	Å	½�±=¼J²F¸	¾9Ç=¯	ÙY½�±JÇ=ÁH½;Å	À	¼=¸`Â�»hÆ ¿c±b¿c»/°;¯H¸
ÃlÁF¿cÅ�²j¿c»?¸-¼=·1²F¸	ÁH¾9¸aÁH´	¯Hµ?¼=·=¸	»hÈ εt

¯	Æ µ?¼=¸	±]²Fµ/ïb¸^Å	½�¾9¾9¸-·=±=¸a²FÁF¿uÊH¸	Å�²F½�µ?ÁH¸a¼YÆ ·=±Ä¾9½�·R¹�¸	¾9¸	±]²�º=ÁH½uúoÌ
±=µ?¸	±UÃlÁF¿cÅ�²Fµ?½�±=±b¿cµ?ÁH¸cÈ�û�±`¯	Æ µ?±]²F´	ÁH¸	¯H¯H¸"Â�»hÆ ¸	¯D²Fµ?¾f¿W²Fµ?½�±^¼=¸�»hÆ ¿c·R²F½�¯Hµ?¾9µ?»V¿cÁHµ/²F´�Çb¿cÁ�»V¿"Å	½u¹c¿cÁHµV¿c±=Å	¸cÈ]ò�±
¸�ü�¸�²LÙ�»V¿�Å	½u¹c¿cÁHµV¿c±=Å	¸o²Fµ?¸	±]²!Å	½�¾9ÇR²F¸�¼=¸�¾f¿c±=µ?À	ÁH¸oµ?±]²FÁHµ?±=¯HÀ	¶w·=¸�¼=¸�±YÆ µ?¾9Ç{½�ÁD²F¸o¶w·=¸	»=²�°;Ç{¸�¼YÆ ´	Åj³b¿c±;Ì
²Fµ?»?»?½�±=±b¿cÛ�¸cÈuÉ�Æ µ?±=¼=µ?Å	¸m¼YÆ ¿c·R²F½�¯Hµ?¾9µ?»V¿cÁHµ/²F´�Ç{¸	·R²�¿c»?½�ÁH¯�ð�²FÁH¸(¸	¯D²Fµ?¾9´m¶w·=¸	»?¶w·=¸o¯H½�µ/²�»hÆ ´	Åj³b¿c±]²Fµ?»?»?½�±=±b¿cÛ�¸
¸�²aµ?»�Å	½�±]¹;µ?¸	±]²^¼=¸`¼=´�²F¸	ÁH¾9µ?±=¸	Á�¼b¿c±=¯a¶w·=¸	»?»?¸�¾9¸	¯H·=ÁH¸`Å	¸�²H²F¸`Å	½�±]²FÁF¿cµ?±]²F¸�²F¸	¾9Ç{½�ÁH¸	»?»?¸Uµ?±Rýb·=¸�¯H·=Á
»hÆ ¸	¯D²Fµ?¾f¿W²Fµ?½�±f¼=¸-»hÆ ¿c·R²F½�¯Hµ?¾9µ?»V¿cÁHµ/²F´cÈ



þ�ÿ��������	��
���������	�������(þ�������������� ������!"
 #

$&%(' )�*�+&,.-�/0*�+21�3�4�56/

798�:;:<8=:<>@?�A;8BA;89C@D�E�F�G@HI898�JKA;LNM&EO>QPRH@LS:<T;8�A�URV689EO>QPRH@LS:<T;8BW�H@T;D�A;8�JX:<8�G@J&YZF�T;[\PR]^L^A;[_8a`�D�J@D�T<PR]
C@8\]bP�E�FdcRPRT;LbPRJ@E�8_efG@L�:<L^8�JX:gE�F�[_Hh:<8_C@8\Jji L^[_HIF�T(:<8�efG@8�]=:lkmHI8\C@8_T;8�]bPn:<L^F�Jpo@L^JQPRL^T;8qL^JX:<D�`�T;D�8
PrH@T;L^F�T;L�CQPRJ@Ag]^8_[_FmC@?�]^8RU"s�F�G@A&H@T;F�HIF�A;F�J@AgHIF�G@T&E�8�]bPr]ti PRH@HI8�]^]bPn:<L^F�Ju`�D�J@D�T;L^efG@8wvOxnynzR{}|~zR��vO�
{<���SzR�~|txn�Q�������^��UfV"P&E�FdcRPRT;LbPRJ@E�8 T;8�]bPn:<L^F�J@J@8�]^]^8BY~PRLS:9PRH@HI8�]��&]bP&J@FR:<L^F�J_C@8 `�T<PRH@>@8 Cji G@J@8�T;8�]bPn:<L^F�J
o@L^JQPRL^T;8	HIF�G@T6]^8�efG@8�]�J@F�G@A"C@D��QJ@L^A;A;F�J@A"]ti 8�A;HID�T<PRJ@E�8�T;8�]bPn:<L^F�J@J@8�]^]^8	PRA;A;FmE�L^D�8RUd��J�E�8�T(:OPRL^J�J@F�[Ko@T;8
C@8�H@T;F�H@T;L^D�:<D�A�]^L^D�8�A���]bPKE�FdcRPRT;LbPRJ@E�8�8�:�]ti 8�A;HID�T<PRJ@E�8�T;8�]bPn:<L^F�J@J@8�]^]^8�A;8�T;F�JX:�L^JX:<T;FmC@G@LS:<8�A�Pn�QJ�C@8
Y~PRE�L^]^LS:<8�T"8�:�C@8�[_8�:;:<T;8B8�J�cRPR]^8�G@T	C@8�J@F�Ghc�8�]^]^8�AaL^JX:<8�T;H@T;D�:OPn:<L^F�J@A�U�s�F�G@A�HQPRA;A;F�J@A�8�Jh�QJq8�JqT;8�cmG@8
]^8�A�C@LS��D�T;8�JX:<8�A&PRH@H@T;FmEO>@8�A&E�F�J@J@8}Mh8�A\�6E�]^G@A(:<8�T;L^J@`�A;HI8�E�:<T<PR]t�6`�D�F�A(:OPn:<L^A(:<L^efG@8�8�:gT;D�C@G@E�:<L^F�JwC@8
C@L^[_8�J@A;L^F�JjU

V68gEO>QPRH@LS:<T;8g�_8}MhH@]^L^E�LS:<8�]ti L^JX:<D�`�T<Pn:<L^F�J�C@8g]bPqE�FdcRPRT;LbPRJ@E�8&T;8�]bPn:<L^F�J@J@8�]^]^8�CQPRJ@A ]ti PRJQPR]SkmA;8�8�J
E�F�[_HIF�A<PRJX:<8�A9H@T;L^J@E�L^HQPR]^8�A �Z��7B�=�}�m8�:9Y~PRLS:=D�`XPR]^8�[_8�JX:=]^8�]^L^8�J\P�c�8�E�]^8�A=[_D�:<>@FmC@8�AB�&J@FdkXPRGmM�8�:
]ti ��7B��YZF�J@E�:<L^F�J@J@8�]^]^8KC@F�JX:�]ti ��7B��T;8�]bPn:<L^F�J@J@8�]^]^8&8�A(:&G@JwE�PRA�HQPRT(:<L^E�G@]^L^8�T�U�s�F�G@A�C@T;8�A;A;F�J@A&]^8�A
A;EO>@D�[\PRA	C@89C@GQPR]^LS:<D=PRA;A;FmE�L^D�A	efG@LmD�E�]bPRL^T;8�JX:	G@J@89E�F�T;T;8�A;HIF�J@CQPRJ@E�8B8�JX:<T;8B]^8�A�8�A;HQPRE�8�AaCji PRJQPR]SkmA;8RU
s�F�G@A_D�:<G@C@L^F�J@A_D�`XPR]^8�[_8�JX:_]ti Pd�;F�Gh:_C@8�]bPwA;L^`�JQPn:<G@T;8�C@8�E�FdcRPRT;LbPRJ@E�8�T;8�]bPn:<L^F�J@J@8�]^]^8�CQPRJ@A\]^8�A
[_D�:<>@FmC@8�A�Cji PRJQPR]SkmA;8�C@8K:OPRo@]^8�PRGmMu[KG@]S:<L^H@]^8�A&�6PRJQPR]SkmA;8KCji F�HID�T<Pn:<8�G@T;A�D�:<8�J@C@G@8qD�`XPR]^8�[_8�JX:��
]ti PRJQPR]SkmA;8�C@L^A;E�T;L^[_L^JQPRJX:<8RU

s�F�G@AKHQPRA;A;F�J@AqPRG�EO>QPRH@LS:<T;8�����]ti D�:<G@C@8�C@G�:<8�T;[_8
εt

A;F�G@AK]ti >XkmHIFR:<>@?�A;8�C@8�`XPRG@A;A;LbPRJ@LS:<D
8�J�PRC@F�Hh:OPRJX:�C@8�GmMrHIF�L^JX:<A�C@8�cmG@8RUI�gi G@J@8gHQPRT(:��@J@F�G@A�H@T;D�A;8�JX:<F�J@A G@J@8&J@F�Ghc�8�]^]^8�PRH@H@]^L^E�Pn:<L^F�J
C@8K]bP\]^F�L�C@8K��L^A;>QPRT(:���]bP\T;8�E�F�J@JQPRL^A;A<PRJ@E�8�8�:�]bP\E�]bPRA;A;LS�QE�Pn:<L^F�JuC@8K[\Pn:<T;L^E�8�A C@8�E�FdcRPRT;LbPRJ@E�8RU
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è�ü*çtñ�ì�úIì�í'íE÷'ìDìxçoó�û<î�ñ�ìxç�öxìGé�ìxëWõ�÷'ò�õ�÷'î�ó�íEóxë§è�ê�è�ç�í§ñ�ìE��ò�÷�íEìxëWî�úIõ�é�î�ö�è�íEî�ò�ç�ë�ñ*è�ç�ëªéXèKõ�÷Eè�íEî�ï$ð�ì�ì�í



FHGJI�KML	NPOJQSRT8F�UWV(I�O�LXI�YZFHQ[OJQ]\^I�N_L#U�Y�Y�Q]\C\CQ `�a

b�c/d0e/f�f�g	b�dHhic�j�kMl>m n#d�j�o�gEo�g�o�c�b�b�n	g	p]pqh+e;d�r�c;s-d�g	f�hic�kqg	l�l�g	p�t u�v_w�x a�y z>{�| j�r�g	p}d�~�l�e��+e/pqg�o�g��	g
d�k�e��/e/r�l>�+vCe*�	c��/e/kqr�e/b��	gAkqg	l�e;d�r�c�b�b�g	l�l�g�r�b�o�j�r=dJl�eDb�c/d�r�c�b�o�m �0�X�+�#�q�/�<�0�����#�=�/�%�>�;�+�<�#� ��� { e/b+e/l�c���j�g
~Zl>m g	pqhin	k�e/b��	g�o�n#�+b�r�g��	c�b�o�r=d�r�c�b�b�g	l�l�g	f�g	b�dE~Zl�eA�/e/kqr�e/��l�g�e/l�n�e;d�c�r�kqgJo�j���k�e/h���g�o�g�l�eZkqg	l�e;d�r�c�b
��r�b+e/r�kqg/�+�Jc�j�pJh�kqc�hic�pqc�b�p�g	b�pqj�r=d�gAj�b�g	b�pqg	fZ��l�gAo�gAkqn	n	�	kqr=d�j�kqg	pJo�g	pJh+e/k�e/f��#d�kqg	p�j�pqj�g	l�pJf*e�s
b�r�h�j�l�n	pJd�g	l�p | j�g�r�b�g	k}d�r�g { �/e/kqr�e/b��	g { �	c��/e/kqr�e/b��	gZc�j�f�c���g	b�b�g/�_���+e | j�gZ ¡c�kqfZj�l�e;d�r�c�b¢hig	kqf�g#d
o�gDf�g#dqd�kqg�g	b6n#�(r�o�g	b��	g�g#dAo�m e/h�h�kqn	��g	b�o�g	kAj�b�gDr�b�d�g	kqh�kqn#d0e;d�r�c�b@h+e/k}d�r��	j�l�r��	kqg�o�gDl�e | j+e/b�d�r=d�n
�	c�b��	g	kqb�n	g/�£��g	p�r�b�d�g	kqh�kqn#d0e;d�r�c�b�p�jd�r�l�r�pqg	b�d�pqj��	�	g	pqpqr=��g	f�g	b�d�o�g	pE�	c�b�pqr�o�n	k�e;d�r�c�b�p�h�kqc��+e/��r�l�r�p}d�g	p
c�j���n	c�f�n#d�kqr | j�g	p	�

¤ e/b�p�j�b�g�h�kqg	f�r��	kqgWpqg	�#d�r�c�b { b�c�j�pJo�n#d0e/r�l�l�c�b�p�l�gAf�c(o��	l�gWh�kqc��+e/��r�l�r�p}d�g�o+e/b�pJl�g | j�g	l_p	m g�¥¦s
h�kqr�f�g	b�d�l�g	p�o�r=§<n	kqg	b�d�g	p�b�c/d�r�c�b�p�e/h�hic�k}d�n	g	p�h+e/k�l�e��	c�b�b+e/r�pqp�e/b��	g�g�¥c����	b�g { �/m g	p}dW~¨o�r�kqg�h+e/k
l�eDp}d�kqj��#d�j�kqgA�¥n	g�e�h�kqr�c�kqr^o�g	p�c���pqg	k}�/e;d�r�c�b�p	� ¤ e/b�p�j�b�o�g	j(¥r��	f�gWd�g	f�h�p { b�c�j�pJo�n#�+b�r�pqpqc�b�p
l�e*�	c��/e/kqr�e/b��	g�g#dWl>m g	pqhin	k�e/b��	gZkqg	l�e;d�r�c�b�b�g	l�l�g	pJg#d� ¡c�kqfZj�l�c�b�p�l>m g	b�pqg	fZ��l�g�o�g	p�h�kqc�h�kqr�n#d�n	p�pqc�j�p©sª e/�	g	b�d�g	p	�i«Mb¢pqg	�#d�r�c�b¢¬ { b�c�j�p�h�kqn	�	r�pqc�b�p�l>m n#d0e/hig�o�gWo�r�pq�	kqn#d�r�p�e;d�r�c�bg#d�n#��c | j�c�b�pJl>m g	f�h�l�c�rio�j
l�e/h�l�e/�	r�g	b*o+e/b�p�l�g	p�e/h�h�kqc(�0��g	p�o�g�kqn	o�j��#d�r�c�b�o�g�o�r�f�g	b�pqr�c�b { �	l�j�p}d�g	kqr�b���g#dJe/b+e/l=�(pqg�pqhig	�#d�k�e/l�g
o�g¢��k�e/h���g/��«Mb®pqg	�#d�r�c�b°¯ { b�c�j�p�h�kqn	pqg	b�d�c�b�pl�g	p*e/h�h�l�r���e;d�r�c�b�pZo�j°l�e/h�l�e/�	r�g	b±g	b®�	l�j�p}d�g	kqr�b��
pqhig	�#d�k�e/l�gAg#d� %e/r�pqc�b�pJj�b�l�r�g	b�g	b�d�kqg�l�eD�	c��/e/kqr�e/b��	g�kqg	l�e;d�r�c�b�b�g	l�l�g�g#d�o�g	p�e/h�h�kqc(�0��g	p��	c�b�b�g�¥g	p
o�g�dX�(higWh�kqc��+e/��r�l�r�p}d�g�g#dJ��n	c�f�n#d�kqr | j�g/�+�Jc�j�p�d�g	kqf�r�b�c�b�pEh+e/k�l�eZ�	c�b��	l�j�pqr�c�b�g	b¢pqg	�#d�r�c�b�²(�

³D´�³ µ·¶�¸¹�º#»½¼¾P¶A¿¢ÀW¿�Á#º#Á	Â�ÃC»

Ä�Å>Ä�Å}Æ Ç6È]É�É�Ê]Ë©Ì(Ì(Ê]É�Í<ÎÏÎ^É�Ð�È]Ñ]Ò^É�Î

�Jc�j�p�o�r�pqhic�pqc�b�pZo�m j�b±g	pqh+e/�	g�h�kqc��+e/��r�l�r�pqn (Ω, T , P )
{ c�Ó Ω g	p}dDj�b±g	b�pqg	fZ��l�g¨o�c�b�dDl�g	p

n	l�n	f�g	b�d�p�pqc�b�d�e/h�hig	l�n	p�� �iÔ/� Õ��%Ô/Ö�� { T j�b�g�d�kqr���jpqj�k Ω g#d P j�b�gWf�g	pqj�kqgWo�gWh�kqc��+e/��r�l�r=d�nJpqj�k
Ω �£×Jb�gDÕ;�/���%��Ø	�����/�����/�X�;� ���W���0�#� ���Wg	p}d�j�b�gAe/h�h�l�r���e;d�r�c�b¨o�n#�+b�r�g�pqj�k Ω Ù

X : Ω→ R Ú>Û � `�Ü
c�ÓWl�g	pCc���pqg	k}�/e;d�r�c�b�p^pqc�b�d_kqn�e/l�r�pqn	g	pCo�g]f*e/b�r��	kqgMe/l�n�e;d�c�r�kqg/��v^g]h�kqc(o�j�r=d^pq��e/l�e/r�kqgMhic�j�k^l�eEf�g	pqj�kqg
P g	b�d�kqgWl�g	p��/e/kqr�e/��l�g	p�e/l�n�e;d�c�r�kqg	p X g#d Y g	p}dJo�n#�+b�r^o�gWl�e�f*e/b�r��	kqg�pqj�r=�/e/b�d�g Ù

< X, Y >=

∫

Ω

X(ω)Y (ω)dP (ω) Ú>Û � Û Ü
v^g	p��/e/kqr�e/��l�g	p�e/l�n�e;d�c�r�kqg	pEpqc�b�dJpqj�h�hic�pqn	g	p�o�gW��e/kqkqnWr�b�d�n	��k�e/��l�g Ù

< X, X >= ‖X‖2 =

∫

Ω

|X(ω)|2dP (ω) < +∞ Ú>Û � ¬ Ü
Ý c�j�k ω ∈ Ω �¥n {

X(ω) kqg	h�kqn	pqg	b�d�g*l�ekqn�e/l�r�p�e;d�r�c�bÞpqj�k Ω o�g�l�e¨�/e/kqr�e/��l�g�e/l�n�e;d�c�r�kqg X �_ß�b
b�c/d�gZh+e/kDà�l�e*�/e/kqr�e/��l�gA�	c�b�p}d0e/b�d�gDj�b�r=d0e/r�kqg { �%á¡��áMà (ω) = 1 hic�j�k�d�c�jd ω ∈ Ω �^vMm c�hin	k�e;d�g	j�k



âHãJä�åMæ	çPèJéSêë8â�ìWí(ä�è�æXä�îZâHé[èJé]ï^ä�ç_æ#ì�î�î�é]ïCïCé ð�ð

ñ�ò�ó�ô�õ/ò�öq÷�ø�÷Wñ>ù ÷	úqûiô	ö�õ/ó�ü	÷Aõ/û�û�ñ�ò�ý¦þ�ô	÷Aÿ
X

÷	ú��Jø���ó�ó�ô	÷Aû+õ/ö�ñ�õ�����ö��Zþ�ñ�÷�	

E(X) =< X, 
 >=

∫

Ω

X(ω)dP (ω) ���� ���
� ù ��ûiô	ö�õ���ò���óDø�÷�ü	÷	ó���ö�õ���÷�ø�ù þ�ó�÷��/õ/öqò�õ���ñ�÷�õ/ñ�ô�õ�����ò�öq÷�öq÷��(ò�÷	ó���ÿWñ�þ�ò£öq÷���ö�õ/ó�ü���÷	ö�ú���ó*÷	úqûiô	ö�õ/ó�ü	÷�	

Xc = X − E(X) ����! "�

#%$�&('*),+-)�./' 
10�2 .�3�4�5�)�46'*7"8�9;:=<�>@?BA�C�>6>/<�D�?�?E<�>=A�FG<IH/JKDC�JKD(?�L�JNM�O F�?PH�<�A�F Ω Q MR<SA�C�T�<�JKDU<�>=A�FF�>6VUJ�FXW�F�L�YZT�<�JKDU<�[\M�F�?X<�M�]�<�VPC�D,J�F�?
X

F�V
Y

F�?�V�W�C�>6>=]�F^H�<�J�M�F^H/J�CEW�L�D,V_?`A�<�MR<�D,J�FaW�F�?BT�<�JKDU<�[\M�F�?
A�F�>6VUJ�]�F�?Gb

Cov(X, Y ) =< Xc, Yc >=

∫

Ω

(X(ω)− E(X))(Y (ω)− E(Y ))dP (ω) ���� c��

� õ��/õ/öqò�õ/ó�ü	÷�÷��Jñ>ù ô	ü�õ/ö���de�Pf(ûi÷Wõ/úqú��(ü	ò�ô	ú�ú���ó��Jñ�÷	ú�úqþ�òR�/õ/ó���úI	
V ar(X) =< Xc, Xc >

÷��
σX =

√
V ar(X) = ‖Xc‖ ����!g"�

h ó�÷i�/õ/öqò�õ���ñ�÷�õ/ñ�ô�õ�����ò�öq÷ J�]�W�L�D,VPF ÷	ú��j�"�@��÷	ó¦þ�÷�÷	óZñ�õ�ø�òR�(ò�ú�õ/ó��Pû+õ/öPú���ó�ô	ü�õ/ö���de�Pf(ûi÷ � � õ�û�ö���û�öqò�ô���ô
úqþ�òR�/õ/ó���÷W÷Kkû�öqò���÷�ñ�õZü\�`�/õ/öqò�õ/ó�ü	÷�÷	óZ����ó�ü���ò���óø�ù þ�ó�÷N��÷	úqþ�öq÷Wû�ö��(ø�þ�òR��úqþ�ö

Ω× Ω
	

lN5-.nm*5�)�$�+`$ 
po <qA�C�T�<�JKDU<�>=A�FaF�>6VUJ�FXW�F�L�YST�<�JKDU<�[\M�F�?a<�M�]�<�VPC�D,J�F�?XA�F�>6VUJ�]�F�? X
F�V

Y
?`FXA�<�M�A�L�M�F

F�>qL�VUD,MrD�?E<�>6VsMR<�tEC�JKuBL�M�FGv\L�<�W�J�<�VUDUv\L6F�b

Cov(X, Y ) =
1

2

∫∫

Ω×Ω

(X(ω)−X(ω′))(Y (ω)− Y (ω′))dP (ω)dP (ω′) ���� w��

x ÷�����÷M÷Kkû�öq÷	úqúqò���óAø�÷]ñ�õ�ü\�`�/õ/öqò�õ/ó�ü	÷]õEø�ôPy�ÿ�ô���ôMû�ö���û/��úqô	÷Mø+õ/ó�úCú�õ_��÷	öqúqò���óWø�ò�úqü	öqô���ò�úqô	÷{z �*|~}�� � ��� ò�÷	ó�ú���ö\�+ü	÷�����÷A÷Kkû�öq÷	úqúqò���ó¢ü\���-ó�ü	ò�ø�÷AõE��÷	ü � ��� c � �+ø�ù õ/û�ö��	ú�ñ�õG����ö��Zþ�ñ�÷�ø�÷N�Jþ@f���÷	ó�úN	
1

2

∫∫

Ω×Ω

(X(ω)−X(ω′))(Y (ω)− Y (ω′))dP (ω)dP (ω′) ���� ���
=

1

2
(2 < X, Y > −2E(X)E(Y )) =< X, Y > −E(X)E(Y ) =< Xc, Yc >

� õ%����ö��Zþ�ñ�÷�ø�÷Dñ�õü\�`�/õ/öqò�õ/ó�ü	÷�÷	ú���÷Kkû�öqò���ô	÷Dû+õ/öWþ�ó�÷�ò�ó���ô\��ö�õ/ñ�÷�ø���þ���ñ�÷Dø�ô��+ó�ò�÷Dúqþ�ö
Ω × Ω

�
ü	÷�ý¦þ�ò�¦ü\�"�X��÷{��ó*ñ�÷{��÷	öqö�õ@�(ûi÷	ö���÷���ñ>ù õ`y���þ@��ø�ù þ�ó�÷�ü\��ó�ó+õ/ò�úqú�õ/ó�ü	÷�÷Kk@�"�"�	ó�÷�ø���ó���ñ>ù ÷Kkû�öq÷	úqúqò���ó
��ô	ó�ô	ö�õ/ñ�÷�ü\��ó�ü	÷	öqó�÷Añ�÷	ú�ü\��þ�û�ñ�÷	ú�ø�ù ò�ó�ø�òR�(ò�ø�þ�ú �



�(�����j�\�������@�;���I�����{�P�����(���������^�*�����^�^������� �- 

¡�¢¡�¢¡ £¥¤�¦^¦^§�¨ª©�©�§�¦^«=¬¬=®{¤�¯�°�¦^¬

±j² ³\´�µ6¶�·\³
Ω
³\´�¸a´�¶�¹�´B´�¸�º�»�·�¸�»�º�³S¶�»@¸�º�³½¼�»�³%µ�º�¾"¿6¶�¿�À�Á�À�´�¸�³�Â*Ã�¶�¹�´BÁÄ¶Zº�ÅE¶�Á�ÀR¸�Å�Æ*¹�¾"»�´�Ç�À�´�µ/¾�È

´�¾"¹�´N´�¾"»@É"³\¹�¸�ÇÊ² À�¹@Ë�¾"º�Ì½¶�¸�À�¾"¹�´�·\¾"ÌXµ�Á�Å\ÌX³\¹�¸�¶�À�º�³\´�´�»�ºNÁ�³\´IÁ�ÀÄ¶�À�´�¾"¹�´�³\¹�¸�º�³XÁ�³\´IÀ�¹�Ç�ÀRÉ�À�Ç�»�´Í¸�³\Á�Á�³\´
¼�»�³Bµ�º�¾EÎ@À�ÌXÀR¸�ÅN´�µ6¶�¸�ÀÄ¶�Á�³�Æn¸�³\ÌXµ/¾"º�³\Á�Á�³�Æn´�¾�·\ÀÄ¶�Á�³

. . . Ï ³�¸�¸�³BÀ�¹@Ë�¾"º�Ì½¶�¸�À�¾"¹Z³\´�¸N¶�µ�µ/¾"º�¸�Å\³�µ6¶�º�»�¹�³É�¶�º�ÀÄ¶�¿�Á�³�Ð�³KÎ@¾"Ñ"Ò\¹�³�Ð�¾"º�Ç�À�¹6¶�Á�³�Ó�µ/¾"»�º*»�¹�³sº�³\ÁÄ¶�¸�À�¾"¹IÇÊ² ¾"º�Ç�º�³�¸�¾�¸�¶�Á�³�¾"»GÇ�³sµ�º�ÅKÈP¾"º�Ç�º�³`Ô�¾"»N·E¶�¸�Å\Ñ"¾�È
º�À�³\Á�Á�³�Ó�·\¾"ÌXÌX³^»�¹�³ÍË�¾"¹�·�¸�À�¾"¹ÕÀ�¹�Ç�À�·E¶�¸�º�À�·\³^ÇÊ² ¶�µ�µ6¶�º�¸�³\¹6¶�¹�·\³Íº�³\ÁÄ¶�¸�ÀRÉ"³\ÌX³\¹�¸{Ö�»�¹�³Iµ6¶�º�¸�ÀR¸�À�¾"¹½Ç�³\´
Ç�¾"¹�¹�Å\³\´�ÔKÂ*×�¹�³Xº�³\ÁÄ¶�¸�À�¾"¹q¿�À�¹6¶�À�º�³B³\´�¸N»�¹�³aË�¾"º�ÌX³BÑ"Å\¹�Å\º�¶�Á�³Bµ/¾"»�ºIº�³\µ�º�Å\´�³\¹�¸�³\ºG·\³�¸�¸�³X·\¾"¹�¹6¶�À�´ªÈ
´�¶�¹�·\³q¶Øµ�º�À�¾"º�ÀÂj±j² À�¹@Ë�¾"º�Ì½¶�¸�À�¾"¹1º�³\ÁÄ¶�¸�À�¾"¹�¹�³\Á�Á�³Õ³KÎ@¾"Ñ"Ò\¹�³~´\² ³KÎ@µ�º�À�ÌX³~¶�»Ù¸�º�¶EÉ"³\º�´½ÇÊ² »�¹ÚÑ"º�¶�µ�Û�³
¾"º�À�³\¹�¸�Å Ü Ç�Å�Ý6¹�À=Ç�³

Ω×Ω
ÖIÉ�¶�Á�³\»�º�´iÇ6¶�¹�´ {0, 1} Â Ï ³�¸�¸�³Íº�³\ÁÄ¶�¸�À�¾"¹X³\´�¸�Ç�À�º�³\·�¸�³\ÌX³\¹�¸_À�¹�¸�º�¾�Ç�»�ÀR¸�³Ç6¶�¹�´_Á�³�ÌX¾�Ç�Ò\Á�³�µ�º�¾"¿6¶�¿�À�Á�À�´�¸�³�À�¹�ÀR¸�ÀÄ¶�ÁnÖ�Á² ¶�À�Ç�³�Ç�»S´�¾"¹%Ñ"º�¶�µ�Û�³�¼�»�ÀÊ³KÎ@µ�º�À�ÌX³^Á�³\´_Á�À�³\¹�´i³\¹�¸�º�³ÍÁ�³\´

À�¹�Ç�ÀRÉ�À�Ç�»�´\Â�±�³IÑ"º�¶�µ�Û�³I³\´�¸�À�¹�Ç�»�ÀR¸�µ6¶�º{»�¹�³ÍÉ�¶�º�ÀÄ¶�¿�Á�³
g
Ç�Å�Ý6¹�À�³I´�»�º

Ω× Ω Þ
g(ω, ω′) =

{
1

´�À
ω
³\´�¸�·\¾"¹�¹�³\·�¸�ÅGÖ

ω′

0
´�À�¹�¾"¹ Ó   Â �`ß Ô

à�¾"»�´�Ç�Å�Ý6¹�À�´�´�¾"¹�´^Á�³½á�âeã�ä�å æ ·\¾"ÌXÌX³I»�¹�³�¶�µ�µ�Á�À�·E¶�¸�À�¾"¹%Ç�³
Ω
Ç6¶�¹�´

[0, 1]
¼�»�À�Ö

ω ∈ Ω
¶�´�´�¾�·\À�³

ÁÄ¶�´�¾"ÌXÌX³ÍÇ�³\´{µ/¾"À�Ç�´�Ç�³\´^¶�º�ç�¸�³\´{Ç�³
g
º�³\Á�À�Å\³\´{Ö

ω Þ
deg(ω) =

∫

Ω

g(ω, ω′)dP (ω′) ≤ P (Ω) = 1
Ó   Â �"� Ô

±�¶~è�é�ê6ê=â�è�ëUì,í`ì,ëPåIÇ�»ZÑ"º�¶�µ�Û�³Í³\´�¸^ÁÄ¶�´�¾"ÌXÌX³ÍÇ�³\´{Ç�³\Ñ"º�Å\´�µ/¾"»�º�ÁÄ¶�ÌX³\´�»�º�³
P Þ

κ =

∫

Ω

deg(ω)dP (ω) ≤ P (Ω) = 1
Ó   Â �-  Ô

î ¾"À�³\¹�¸ A ³�¸ D Á�³\´�¾"µ/Å\º�¶�¸�³\»�º�´{Ç�³ L2(Ω)
É"³\º�´�´�¾"¹SÇ�»6¶�Á L2(Ω)∗ Þ

A(X).Y =

∫∫

Ω×Ω

X(ω)Y (ω′)g(ω, ω′)dP (ω)dP (ω′)
Ó   Â �`ï Ô

D(X).Y =

∫

Ω

X(ω)Y (ω)deg(ω)dP (ω)
Ó   Â �Eð Ô

ñ%ò�ó(ô*õ,ö-õ�÷/ôÚøúù�û�ü�ý�þ�ü6ÿ�õ���ô��������-ü�ý
	������� é��6å�ä���ëPâ���äiá�������������è�ìâ�êBá���ã�ä������6â
∆
á�â L2(Ω)í�â�ä! L2(Ω)∗

â� �ë_á�å�"�ê6ìsè�é$#%#½â&���%á�ì '�å�ä�â�ê=è�â�â�ê6ëUä�â���â� Bé��6å�ä���ëPâ���ä! D â�ë A ( ) é*�+-, .�/
∆ = D −A Ó   Â �10 Ô
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x_yQzT{b|J}
~Q������xu���HzT~S|8zT�^x_��~Q�t�lz�}�|��u�����t����� �*�

�b� �w���J�!�$�!�J��
∆ � � ����������A�������w� �Z� �����%�n������J��� � ��� ����-�!�e¡

∆(X).Y = D(X).Y −A(X).Y ¢¤£H¥ �*¦-§
¨ �w�A�A�v�w�©���n w�J���!� � ��� � ��� � ����!��ª_«J�����!�¬����!���w����J��� � � ���!����� � �J� � ��� � ���v«<� � «J�w�-�!���C�©�w�
� � � «J����� ¥

®e¯@° ±³²Q´&µ&¶
·Jµ�¸¬¹aº»ºZ¼½ºS¾l¿ÁÀZ¶_µ�¸¬¹aºÂ¶
ºuÃJµ&¼�·�²M¸¬¸ÄºuÃ�Ã�ºS¾

ÅuÆjÇSÆ@È ÉËÊ�Ì
ÍbÎÏ:ÍtÐ�ÑÓÒÔÎÒlÕ:Í_Ö�Ï:ÊtÐ�Ð�ÒlÕ:Õ:Ò

×b�6«<����«J������-�S H���e����Øw�!���Ù�
g
ª����e«J�* ����������«J� � �w� ��� �eÚ��w���A��ÛC��� � �!�$�!��ÛC�� � � ����������A� � ����^�n������J��� � ��� ����-�!�%¡

Covg(X, Y ) =
1

2κ

∫∫

Ω×Ω

(X(ω)−X(ω′))(Y (ω)− Y (ω′))g(ω, ω′)dP (ω)dP (ω′) ¢¤£H¥ �1Üw§
¨ �����!�bÚ��w���^����_�A�����J�ZÝ��J����� � «J�w����� ��� � ��� � �� H� � � � �J�����J���$�!���w�T���w������_Øw�!���Ù� ¥1Þ ���!�w� � ÛC�� � ����TØw�!���Ù� � �&���^���J���$�!���w�Äß������������� � �Q«J�w�A������<ª�����w� � ���&��� � ������$�S� � �Q���^«J�* ����������«J�&«J��� ��� ��ÛC����� � ÛC��¬�¤� �w�à�����!���w�� w�¬���6Ú��w���^���� ¢ £H¥ á § ¥tâ ����w�ãª � �J�� � ���-�!�J�@ H���J���J�-� � ��� � ���NÚ��w���^����v��� �«J�w����� �Ä� � ��� � �� H� � � � �J�����J���$�!���w�����w��

g ¥ �l�Á�!�J���A� dP (ω)dP (ω′)
� � �N���ä���w� � �J�!�$�!���w����A�����«J���!� � ���¤� ����å��!� � �NØw�!���Ù�&���J�������-� ω

���
ω′ ¥�æ ���Q���������J�� � ª���w� � �< w�w� � ���%���J���$�!���w�ç¡

∫∫

Ω×Ω

dP (ω)dP (ω′) = 1 ¢¤£H¥ � á §
è �¬���-�!��� � ���� � �w�«&���TÚj��«��!�J�� � ����w���n����� � �$�!���w�A��� � ����u�����u���%«J�w���J«��!�� H���!� � �NØw�!���Ù�&ÛC�����J���A��� � � �< w�w���u��� � �w�A�A� � � � ���w� � �J�!�$�!���w� �u� � � ����å��!� �Q� �NØw�!���Ù�&�JØ-������é � ¡

1

κ

∫∫

Ω×Ω

g(ω, ω′)dP (ω)dP (ω′) = 1 ¢¤£H¥ �*ê-§
���A«J�* ����������«J�M��� � ����!������� g � � ����������A� � �^�n������J��� �@ë �-�!Ù���!��ÛC��eéA�¤� ��� � � � �ç���������«J���J� � �Øw�!���Ù�%¡
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��	������������	��
���������������������������	�����	 
��
��"!#����$%�	��&��	�'��
�����$

X
���

Y
$(�����	�����)������*�)��
��+
�$,�	��-���/.,����01�)����2#�3�"�	�4�	��
�2#���%5

Covg(X, Y ) =
1

κ
∆(X).Y =:

1

κ
< X, Y >∆ ¢¤£H¥ £	6 §
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T�UWV�XYU"Z�[4\ ] ^�_3\J`4aQb�\�cY[�d	e3f3\J\#`gZ;`gh)V�i�Z�[4a�^�_3\	jkd	b�XY[4`lbmd�n3i�o�U3a�Z�a�XYUpd1q3a�\#UW_3Up`4\#U3`#r
s b�t XY[4a�cYa�U3\	jQbmdvu#X(w	d	[4amd	U3u#\x[4\#bmd�Z�a�XYU3U3\#b�b�\�\#`gZye3b�_3`1u#XYU3U�_3\W`4XY_3`yb�\zU3XYV{n3\xu#X(w	d	[4amd	U3u#\

b�X)u,d	b�\W| }~\,d"��S j �pXY[4S"� �-n�d	U3`%b�\�u,d	n3[4\�n3\�b�t d	U�d	b�h)`4\�n3\�bmdpu#XYU"Z�a�cY_F��Z�i	rP�O\�V��#V�\	jQbmdWu#X(w	d��
[4amd	U3u#\~[4\#bmd�Z�a�XYU3U3\#b�b�\;`#t d	e3e�d	[4\#U"Z�\%��bmd�U3X	Z�a�XYUxn3\Ju#X(w	d	[4amd	U3u#\~e�d	[gZ�a�\#b�b�\�| �;d	X"�	S ��^�_3a�\��Fe3[4a�V�\
bmdJu#X(w	d	[4amd	U3u#\O\#U�Z�\#U�d	U"Zlu#XYV�eFZ�\On�t _3U3\;w	d	[4amd	q3b�\;d	b�i,d�Z�XYa�[4\/\��FXYcY�#U3\~�Jw	d	b�\#_3[4`-oF�Fi#\#`#r3�Qd%n3i��
o�U3a�Z�a�XYUWu#a��'n3\#`4`4_3`Oe3[4i#`4\#U"Z�\1_3U�u,d	n3[4\%cYi#U3i#[�d	bQ^�_3aP\#U3cYb�XYqk\�_3U�bmd	[4cY\J\#U3`4\#V�q3b�\%n3\�[4\#bmd�Z�a�XYU3`
\�ZNek\#[4V�\�ZNn3\�n3i#n3_3a�[4\�_3Uyu#\#[gZ�d	a�UyU3XYV�q3[4\�n3\�e3[4XYe3[4a�i�Z�i#`/| �O�P�3�Y�"� ��r"�PXY_3[Nu#\#[gZ�d	a�U3\#`>n�t \#U"Z�[4\#`
\#b�b�\#`#j�U3XY_3`N��d	a�`4XYU3`-[4i���i#[4\#U3u#\~d	_)�zd	_FZ�\#_3[4`�^�_3ak\#UzXYU"Z�U�d�Z�_3[4\#b�b�\#V�\#U"Z�a�U3`4e3a�[4i/b�\/��XY[4V�d	b�a�`4V�\	r

����� �P��¡�¢"£(¢�¤¦¥�§©¨�ª�«�§	¬��§	®�¨�¯1¬�¯�°�§	±��ª�®�®�¯�°�°�¯y²)±��°+�³(¯��´Oµk°+�¨��±'¯�´�¯�®�±/²)®�¯y«	¯�¬�³��ª�®¶³�·�´�¸�±�¬��³(¸�¯
¹ ²zº	¬4§�µ�»�¯

g ¼
½ Uz\�¾�\�Z,jFu#\#b�b�\��'u#a U�t d	cYa�Z�e�d	`l`4_3[�_3UxcY[�d	e3f3\Oe�d	[gZ�a�u#_3b�a�\#[NV�d	a�`-e3b�_FZ�¿	Z�`4_3[�`�d�u#bmd	`4`4\On�t i#^�_3a�w	d��
b�\#U3u#\	j�XYÀWn3\#_)�pcY[�d	e3f3\#`

g1

\�Z
g2

`4XYU"Z;i#^�_3a�w	d	b�\#U"Z�`/`4a�b�\#`�`gh)V�i�Z�[4a�`4i#`;u#X	�ÁU3u#a�n3\#U"ZJÂ

g1 ∼ g2 ⇐⇒ (g1 + g̃1 = g2 + g̃2) Ã�Ä r Ä R�Å
XYÀWb�\~cY[�d	e3f3\

g̃
\#`gZ;b�\ ³�·�´�¸�±�¬��Æ#²�¯ n3\

g
Â

∀ω, ω′ ∈ Ω , g̃(ω, ω′) = g(ω′, ω) Ã�Ä r ÄYÄ Å
��\#`>u#X(w	d	[4amd	U3u#\#`>[4\#bmd�Z�a�XYU3U3\#b�b�\#`Pn�t _3UycY[�d	e3f3\�^�_3\#b�u#XYU3^�_3\/\�Z>n3\�`4XYUy`gh)V�i�Z�[4a�^�_3\�`4XYU"ZNi#c"d	b�\#`�Â

Covg(X, Y ) = Cov Çg(X, Y ) Ã�Ä r Ä	È Å
T�U�V�XYU"Z�[4\�i#c"d	b�\#V�\#U"ZO^�_3\�u#\#`Ou#X(w	d	[4amd	U3u#\#`Ou#X	�ÁU3u#a�n3\#U"Z~d,wY\#u�u#\#b�b�\Jn3_vcY[�d	e3f3\�w	d	b�_3i�`gh)V�i��
Z�[4a�^�_3\

g∗ `4_3a�w	d	U"Z�Â
g∗(ω, ω′) =

1

2
(g(ω, ω′) + g̃(ω, ω′)) Ã�Ä r Ä S�Å

É�\pcY[�d	e3f3\Wek\#_FZ�e3[4\#U3n3[4\WZ�[4XYa�`�w	d	b�\#_3[4`WÂN�Fj�RpXY_ÊR�Ë Ä r>��\Wu,d	`�XYÀ g∗(ω, ω′) = 0
`4a�cYU3a�o�\

^�_3\
ω
\�Z

ω′ U3\*`4XYU"Zxe�d	`zu#XYU3U3\#u�Z�i#`WekXY_3[ g
j-u#\#b�_3aOXYÀ

g∗(ω, ω′) = 1
`4a�cYU3a�o�\�^�_3\

ω
\�Z

ω′ `4XYU"Zpu#XYU3U3\#u�Z�i#`�ekXY_3[ g
e�d	[Wn3\#_)�Êd	[4u#`pXYe3ekXY`4i#`#j�\�Z

g∗(ω, ω′) = 1/2
`4a�cYU3a�o�\*^�_3\

ω\�Z
ω′ `4XYU"Zxu#XYU3U3\#u�Z�i#`We�d	[z_3UÊd	[4uv_3U3a�^�_3\	r ½ UFo�U�j�bmd©��XY[4V�_3b�\ Ã Ä r�R�� Å�V�XYU"Z�[4\vu#bmd	a�[4\#V�\#U"Z^�_3\;b�\#`-d	[4��Z�\#`-[4i�Ì�\��Fa�wY\#`�U�t a�U"Z�\#[gw)a�\#U3U3\#U"Z�e�d	`Nn�d	U3`-b�\�u,d	b�u#_3b�n3\;bmd~u#X(w	d	[4amd	U3u#\/[4\#bmd�Z�a�XYU3U3\#b�b�\	r

É�\�Z4Z�\�e3[4XYe3[4a�i�Z�i�\#`gZ>��XYU3n�d	V�\#U"Z�d	b�\�e3_3a�`4^�_�t \#b�b�\lek\#[4V�\�Z9n3\�u#XYU3`4a�n3i#[4\#[>_3U1cY[�d	e3f3\ln3\�[4\#bmd�Z�a�XYU
q3a�U�d	a�[4\�`gh)V�i�Z�[4a�^�_3\	j�`�d	U3`;d	_3u#_3U3\�ek\#[gZ�\Jn3\JcYi#U3i#[�d	b�a�Z�i	r
]�Í-ÎxÏ'ÐÒÑ,Ó"Ô�Õ�ÐgÖ�Õ�Îx×-Î"Î�Õ4Ø"Õ�Ù"Õ�Ú�ÕOÚÒÛ)Ö#Ü"Ý+Ï'ÐÒÕ~Þ�Ö�Ü"ÐÒÕ�Ó"Ô�Õ~ÙYÓxßÒÕ�Î�ßlÙ"Õ�Ú�Õ�Ï'ÏÒÕ~Ù"à4á�Î"Ý+Ï'Ý�Ñ,ÎpÖ#Ý+Î�ß'Ý�â�Ó�ÕOÙ"Õ

Þ�ã Õ�Î�ßÒÕ�ä;å"Þ�Õ;Ù"Õ�ß>Ü"ÐÒÑ,Ü"Ð'Ý�à�ÏÒà�ß-Ú�Ñ,Î�Ú�Õ�Ð'Î)Ö#Î�Ï�Þ�Ö�Ú�Ñ�Ô(Ö#Ð'Ý�Ö#Î�Ú�Õ;Õ�ÏNÞ�ã Õ�ß'Ü3à�ÐgÖ#Î�Ú�Õ�ÐÒÕ�Þ�Ö#Ï'Ý�Ñ,Î"Î�Õ�Þ+Þ�Õ�ß�æ
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÷�ø�ù úPø�û�ü"ý(ü�þ¦ÿ����������	�
�����	
∆ ������� ��� � ����� � ���	���	����
� � ���� !� ��� �#"$���%�'&(�)� � �
� � ����*����� !�
��+, �#�)�-��� , �.�#/��	�
� �10

< X, Y >∆ 2 =< X, Y >∆ + < X, Y >∆ 2 −∆

3-4.564 ö'7
8 �.�) �  � �
�9�	�#� 0

Cov(X, Y ) = κCovg(X, Y ) + (1− κ)Covg(X, Y )
3-4.564	: 7

��;
g � , � ��� �	����
� � ���� !� � *� � �
���	�# � ��*=<>�
�?���	 0

∀ω, ω′ ∈ Ω , g(ω, ω′) = 1− g(ω, ω′)
3-4.564'@ 7

A!BDCFE�G=H'I�J1K�C�B 3 4.564	: 7�L H'MNB(MNO�P(O�K�QSRUT�Q
X = Y V

V ar(X) = κV arg(X) + (1− κ)V arg(X)
3-4.564	W 7

XYE1Z	E	I�QFE	M�[(B\R]H	R�E	C�B\T(^ B�_a`�I�Q�J�B�B(MbG=H'M�[�R]Q�H'MbO�BDCFE�Z	E	I�QFE	M�[(B�I�B(CFE�R]Q�H'M�M�B(C�C�B!cdCFE	e�K�B(C�C�B\T(^ Egf�H'KaR]B
C�B>R]B(I�J�B�I�P(T�Q�O�K�B(C

(1−κ)V arg(X)
5'h B(C�K�Qjik[(Q�T(^ Q�MlR]B(I�`�I�m�R]Bn[(H'J�J�B$K�M�B�Z	E	I�QFE	M�[(B>Z.QFE!C�B�o'I]E	`�p�B

[(H'J�`�C�P(J�B(MlR�E	Q�I�B\O�B
g
5 Xq^ H'`?P(I]E�R]B(K�I

∆ r −∆
Q�M�O�K�QSRUK�MN`�I�H.O�K�QSRsT�[tE	CFE	Q�I�B�`�K�Q�T�e�Ku^ Q�Cv`?H'T�T�m(O�B

C�B(TnJ�w(J�B(Tn`�I�H'`�I�Q�P�R]P(TUe�K�B
∆
5

xny)zUy-x {b|�}�~u���>�!�������v�����a���>�!�!�v�����

�sH'K�TYE	C�C�H'M�T�O�P��
M�Q�IvCFE�M�H	R]Q�H'M�Ou^ B(T�`?P(I]E	M�[(B L [(H'M�O�QSR]Q�H'M�M�B(C�C�B(J�B(MlRuc9K�MDo'I]E	`�p�BqO�Bq[(H'M�M�B�_aQSR]P
E��
MbO�BDO�H'M�M�B(IsK�M�BDQ�MlR]B(I�`�I�P�R�E�R]Q�H'M�[(H'J�`�C�P(J�B(MlR�E	Q�I�B\O�BDCFE1[(HgZ	E	I�QFE	M�[(BDI�B(CFE�R]Q�H'M�M�B(C�C�B 5

�xül���Pû�ý�û�ù?���������#ú>ü�ø��
���'�vø��.�=�Fý�û�ù?���Y�.�)�=��� �U� , ��� , �
���.D�k���.� ω ∈ Ω 0
E(X|g)(ω) =

1

deg(ω)

∫

Ω

X(ω′)g(ω, ω′)dP (ω′)
3-4.564	¡ 7

E(X|g)(ω) � , �����l� ��� * �¢� , �
*���	��� �  ��� �	�)�-���
� ���#��� � ��� �£/��	��)�l& ��� � � *]�	�k���# � X
 � , �.]* � , �. ���/	��� , �#�?�g� � � � ω , ��� ��� ��� �	����
� � g ¤

Xq^ B(T�`?P(I]E	M�[(BDI�B(CFE�R]Q�H'M�M�B(C�C�B
E(X|g)

B(T�RUK�M�B\Z	E	I�QFE	¥�C�B\E	C�PtE�R]H'Q�I�BsO�B L2(Ω)
e�K�QvE	T�T�H.[(Q�B�c�R]H'KaR

Q�M�O�QSZ.Q�O�K¢CFEUJ�Hg¦'B(M�M�B9O�B�CFEnZ	E	I�QFE	¥�C�B>E	C�PtE�R]H'Q�I�B
X
[tE	C�[(K�C�P(B$T�K�I§T�B(T§Z'H'Q�T�Q�M�T�T�B(C�H'M

g
5 �sH'K�T§M�H'K�T

`�CFE	¨(H'M�T�¥�Q�B(M©O
E	M�TDC�B£[tE	O�I�B£Ou^ K�M�B�B(T�`?P(I]E	M�[(B�[(H'M�O�QSR]Q�H'M�M�B(C�C�B1O�H'MlR¢[�p
E	e�K�B£Z	E	C�B(K�IDO�P(`?B(M�O
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E(X|g)(ω) ≤ |E(X|g)(ω)| ß-à Ê á'âlã
≤ 1

deg(ω)
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|X(ω′)|2dP (ω′)
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Covg(X, Y ) =

1

κ
< X, Y >∆=< X, Y − E(Y |g) >Q ß-à Ê á�$�ã

û�%
< X, Y >Q=

∫

Ω

X(ω)Y (ω)dQ(ω) =
1

κ

∫

Ω

X(ω)Y (ω)deg(ω)dP (ω) ß-à Ê á'&'ã
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V arQ(X) = V arg(X)+ < X, E(X|g) >Q ß-à Ê á ¾ ã
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N�O*P�Q	R�S�T�UWV�XJY�O�Z\[![	R�O']^N�O�UWS�Q!_�`:Z\a�Zb]	X�c�dfe R�N:]	_@g3_�h�R�Q!ZiR�O�g3U^[!S�R�]	ZiR�d\Uja�U3[!N�Q!U=diRH[!Z\a�Z\diR�Q!Zb]	X�U3O']	Q!U
d\U3[WZ\O�V�Zbh@Z\V�N�[�h�_�Z\[!Z\O�[3k�lGUH]	U3Q!a�U < X, E(X|g) >Q

U3[m]Ad\UHS�Q!_@V�N�Zb]W[!g�R�diR�Z\Q!UHU3O']	Q!UndiRoh�R�Q!ZiR�p�d\U
R�d\X�R�]	_�Z\Q!U X UJ]=[	RDa�_�q�U3O�O�Und\_@g�R�d\UAV�R�O�[=d\UHP�Q	R�S�T�U�UJ]WSrU3Q!a�UJ]=V�U�g�R�Q	R�gJ]	X3Q!Z\[!U3QWdiRoV�Z\[!SrU3Q![!Z\_�O
d\_@g�R�d\UoV�U X kGsjUD]	U3Q!a�U*Ote U3[m]?S�R�[ng3_�O�[!Z\V�X3Q!X*g3_�a�a�UDN�O�UDh�R�Q!ZiR�O�g3UDg�R�QnZ\d5SrU3N:]nXJh�U3O']	N�U3d\d\Uvu
a�U3O']�S�Q!X3[!U3O']	U3Q^V�U3[�h�R�d\U3N�Q![-O�X3P'R�]	Zbh�U3[3k�w=T�Z\_�N�d\_�N�[!U�xJy5z�{b|�} w/s=sW~'� ��R�S�S�d\Z\��N�U3O']�g3UJ]!]	UAO�_�]	Z\_�O
V�R�O�[Ad\Ung�R�[AV�Z\[!g3Q!UJ]ASr_�N�QAR�O�R�dbq@[!U3QAdiRD[m]	Q!N�gJ]	N�Q!Uod\_@g�R�d\UHUJ]/P�d\_�p�R�d\UHV�U?V�Z\[!SrU3Q![!Z\_�O�[=Vte _�Z\[!U�R�N@`
[!N�Q^V�U3[^�3_�O�U3[jP�X3_�P�Q	R�S�T�Z\��N�U3[�V�_�O�O�X3U3[3k@��h�U3gHg3UJ]!]	U/�_�Q!aDN�d\UAR�S�S�d\Z\��N�X3U/�?V�U3[jV�_�O�O�X3U3[jR�V�R�S@u
]	X3U3[3c-Z\d^U3[m]*Sr_�[![!Z\p�d\U�V�U�a�U3[!N�Q!U3QDdfe Z\O�V�X3SrU3O�V�R�O�g3U�[!S�R�]	ZiR�d\U�U3O�N:]	Z\d\Z\[	R�O']odfe Z\O�V�Z\g3U�V�U��nU�R�Qmq
} �nU�R'��� �rUJ]jV�Un��_�Q	R�O�} ��_�Q!�'� �fk@l�e Z\O�V�X3SrU3O�V�R�O�g3UH[!S�R�]	ZiR�d\UA[!Z\P�O�ZbY�UA��N�UHd\U3[^Z\O�V�Zbh@Z\V�N�[�O�U/[!_�O']
[!_�N�a�Z\[#��R�N�g3N�O�U�d\ZiR�Z\[!_�O�[!S�R�]	ZiR�d\U�k���O�S�R�Qm]	Z\g3N�d\Z\U3Q3c5g3U3diR�P'R�Q	R�O']	Zb]#V�U�Sr_�N:h�_�Z\Q#N:]	Z\d\Z\[!U3QDd\U3[
]	U3[m]	[A[m]�R�]	Z\[m]	Z\��N�U3[AN�[!N�U3d\[A_���dfe _�O�[!N�S�Sr_�[!Uodfe Z\O�V�X3SrU3O�V�R�O�g3U?V�U3[=]	Z\Q	R�P�U3[3k

l�e Z\O�V�Z\g3U�V�U���_�Q	R�O�_�NEz��@yB�������v�	�J{bz�y��f���¡ B¢�z�y���z�{\x�[3e R�S�S�R�Q!U3O']	U��£N�O�g3_@UJ¤�g3Z\U3O']*V�U�g3_�Q¥u
Q!X3diR�]	Z\_�O¡UJ]�[!U£V�XJY�O�Zb]�g3_�a�a�U�d\U���N�_�]	Z\U3O']�U3O']	Q!U�h�R�Q!ZiR�p�Z\d\Zb]	X�P�d\_�p�R�d\U�UJ]�h�R�Q!ZiR�O�g3U�]	_�]�R�d\U§¦

IMoran =
< X, E(X|g) >Q

V arQ(X)
∈ [0, 1] ¨ �@k © L�ª

« dWSrU3Q!a�UJ]#V�U�a�U3[!N�Q!U3Q#diR£Q!U3[![!U3aDp�diR�O�g3U�U3O']	Q!U�d\U3[*Z\O�V�Zbh@Z\V�N�[DU3O�Q!U3diR�]	Z\_�O�Sr_�N�Q*d\U�P�Q	R�S�T�U�k
l�e Z\O�V�Z\g3U�V�U��nU�R�Qmq�c=g3_�a�S�d\X3a�U3O']�R�Z\Q!U�cjU3[m]£d\U§Q	R�S�Sr_�Qm]�U3O']	Q!U§h�R�Q!ZiR�O�g3U§d\_@g�R�d\U�UJ]�h�R�Q!ZiR�O�g3U
]	_�]�R�d\UD¦

IGeary =
V arg(X)

V arQ(X)
= 1− IMoran ¨ �@k ©�� ª

¬ Z-dfe Z\O�V�Z\g3UDV�U��nU�R�Qmq�U3[m]oS�Q!_@g�T�U#V�U K cGR�d\_�Q![nd\U3[nZ\O�V�Zbh@Z\V�N�[�Ote _�O']�R�N�g3N�O�U�Q!U3diR�]	Z\_�O�Sr_�N�Qnd\U
P�Q	R�S�T�U�k « d\[=[!_�O']/V�Z\[!Sr_�[!X3[AV�U?a�R�O�Z\3Q!U?R�d\X�R�]	_�Z\Q!U�c@[	R�O�[HR�N�g3N�O�U?[m]	Q!N�gJ]	N�Q!UoV�R�O�[Adfe U3[!S�R�g3U�k

®o¯M°�±I¯�²³'´�³£µ·¶?¸ ��¢��J�!z�yBxJ�@� E(.|g) x� JyWz��@yB��¹mz'ºm»����¼��yt¢����@� < ., . >Q ½
< E(X|g), Y >Q=< X, E(Y |g) >Q ¨ �@k ©�¾ ª

l�R�g3_�h�R�Q!ZiR�O�g3U*Q!U3diR�]	Z\_�O�O�U3d\d\UoXJ]�R�O']o[mq@a�XJ]	Q!Z\��N�U�cGdiR��_�Q!aDN�d\U ¨ �@k ©�� ª [3e R�S�S�d\Z\��N�U#V�U*diR�a�¿3a�Ua�R�O�Z\3Q!Un� Covg(X, Y ) _�N Covg(Y, X) UJ]/dfe _�O�U3O�V�X3V�N�Zb]o¦
< X, Y − E(Y |g) >Q=< X − E(X|g), Y >Q ¨ �@k �'~ ª

lGUnS�Q!_@V�N�Zb]W[!g�R�diR�Z\Q!U�Sr_�N�Q Q U3O']	Q!U?dfe U3[!SrX3Q	R�O�g3U?Q!U3diR�]	Z\_�O�O�U3d\d\U/V�UndiRoh�R�Q!ZiR�p�d\U X ¨ Q!U3[!Stk Y ª UJ]
Y ¨ Q!U3[!Stk X ª V�_�O�O�UHd\UAa�¿3a�UAQ!X3[!N�db]�R�]�k:sjUJ]!]	UHQ!U3diR�]	Z\_�O#U3[m]j[!Z\a�Z\diR�Z\Q!UW�og3U3d\d\UAV�U/diR?g3_�h�R�Q!ZiR�O�g3U
��N�ZG[3e Uv`:S�Q!Z\a�UoR�h�U3god\Ung3U3O']	Q	R�P�U?Vte N�O�Uo[!U3N�d\Unh�R�Q!ZiR�p�d\U�¦

Cov(X, Y ) = < X, Y − E(Y ) >=< X − E(X), Y > ¨ �@k � KMª
= < X − E(X), Y − E(Y ) >
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Ð�Ñ�Ò3Ó�ÔfÕ Ö�×	Ø�Ù�Ò�ÚtÕ Ö�Û¡Ù�Ü	Ø�Ý�Þ�Ò�ß5Û�à�Ö�×DØ�Ñ�à�Û�×*ÔfÕ Ø�Û�Ø�Ô\à�Ù�á\Ò�ßtâ�Ø�á\×oØ�Ñ�Ò3Ó�Ô\Ò�Ó3Ò3Û'ã	Ü	Ø�Ù�Ò�Ý�Ø�Ü�Ü	Ø�Ý�Ýrà�ÜmãDä
ÔfÕ Ò3×!Ýrå3Ü	Ø�Û�Ó3Ò�Ü!Ò3ÔiØ�ã	á\à�Û�Û�Ò3Ô\Ô\Ò�ß�×	Ø�Û�×#Ýrà�Ö�Ü*Ø�Ö:ã�Ø�Û'ã�Ø�Ñ�à�á\ÜDÔfÕ å3Ù'Ø�Ô\ábã	å�Ø�Ñ�Ò3Ó�Ô\Ò�Ý�Ü!à@Ú�Ö�ábãD×!Ó�Ø�ÔiØ�á\Ü!Ò�Ú�Ò3×
Ñ�Ø�Ü!áiØ�æ�Ô\Ò3×jã	à�Ö:ã	Ò3×AÚ�Ò3Ö@ç�Ó3Ò3Û'ã	Ü!å3Ò3×3ßrÚtÕ Ø�Ý�Ü!è3×�é ê@ë ì'ê ívë�ÐHÖ:ã	Ü!Ò3â�Ò3Û'ã/Ú�ábã?î

Covg(X, Y ) = < X, Y − E(Y |g) >Q=< X − E(X|g), Y >Q

éfê@ë ï�ê�í
6= < X − E(X|g), Y − E(Y |g) >Q

ðoñMò�óIñ�ôõ'ö�õ£÷·øGù*ú�û�ü'ýJþ�þÿý���ý���� ý��	��
�!ù�þ���ý��	ý�bù����fû�þ�þÿý���\ý���� �@þÿý���ù�����ù����\ýnù���
	ù��Bû����	ý?ý����
! 'ù��\ý
" ��û�þ;ý��	��
�!ù�þ���ý��Bû���ù��\ý#��û��$�

Q %
EQ(E(X|g)) = EQ(X)

éfê@ë ï'ì'í
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'�Ö�Ò3×mã	á\à�Û�×#åJÑ�à$'�Ö�å3Ò3×�Ý�Ô\Ö�×#Þ�Ø�Ö:ã#Ú�Ø�Û�×*Ö�Û Ó�Ø�Ú�Ü!Ò�Ó3à�Û'ã	á\Û�ÖtëF+�Ø�Û�×#Ó3Ò�Ó�Ø�×3ß�ÔfÕ Ò3×!Ý�Ø�Ó3Ò

Ω
Ò3×mã#Ö�Û

Ò3Û�×!Ò3âDæ�Ô\ÒFG�Û�á�Ú�Ò�ã�Ø�á\Ô\Ô\Ò
n
ÒJã5Ú�åG�Û�ábã�Ô\Ò3×GÑ�Ø�Ü!áiØ�æ�Ô\Ò3×�Ø�Ô\å�Ø�ã	à�á\Ü!Ò3×tÚ�á\×!Ó3Ü!åJã	á\×!å3Ò3×I×!Ö�Ü L2({ω1, ..., ωn})

ß
á\Ú�Ò3Û'ã	áAG�Ø�æ�Ô\ÒHä

R
n
ëIH@à�á\Ò3Û'ã

(X1, . . . , Xp)
Ö�Û�Ñ�Ò3ÓJã	Ò3Ö�ÜAØ�Ô\å�Ø�ã	à�á\Ü!ÒHä

p
Ú�á\â�Ò3Û�×!á\à�Û�×3ß

X
Ô\Ò/ã�Ø�æ�Ô\Ò�Ø�Ö

n × p
Ó3à�Û'ã	Ò3Û�Ø�Û'ãnÖ�Û

n J å3Ó�Þ�Ø�Û'ã	á\Ô\Ô\à�Û�Ú�Ö�Ñ�Ò3ÓJã	Ò3Ö�Ü?Ø�Ô\å�Ø�ã	à�á\Ü!Ò�ß�ÒJã P
Ö�Û�ÒDâ�Ò3×!Ö�Ü!Ò*Ø�×!×!à@Ó3áiØ�Û'ã�Ö�Û�Ò

Ýrà�Û�Ú�å3Ü	Ø�ã	á\à�Û
(Pωi

)n
i=1

Ø�Ö@çDá\Û�Ú�ábÑ@á\Ú�Ö�×3ëLK�Û*Û�à�ã	ÒjÝ�Ø�Ü
D
ÔiØ/â�Ø�ã	Ü!á\Ó3ÒjÚ�áiØ�Ù�à�Û�Ø�Ô\Ò

n×n
Ó3à�Û'ã	Ò3Û�Ø�Û'ã

Ô\Ò3×�Ýrà�á\Ú�×�Ú�Ò3×�á\Û�Ú�ábÑ@á\Ú�Ö�×3ë & ÒJã!ã	Ò�â�Ø�ã	Ü!á\Ó3Ò�Ó3à�Û�×mã	ábã	Ö�Ò�Ö�Û�Ò�â�åJã	Ü!á�'�Ö�Ò£×!Ö�Ü�ÔfÕ Ò3×!Ý�Ø�Ó3Ò�Ò3Û�Ù�Ò3Û�Ú�Ü!å
Ý�Ø�Ü/Ô\Ò3×/Ñ�Ø�Ü!áiØ�æ�Ô\Ò3×/Ø�Ô\å�Ø�ã	à�á\Ü!Ò3×3ëNM�Õ Òvç:Ýrå3Ü!á\Ò3Û�Ó3Ò*Ø�Ô\å�Ø�ã	à�á\Ü!Ò?Ó3à�Û�Ú�Ö�ábã�ä�ÔiØODà�á\×Hä�ÔfÕ à�æ:ã	Ò3Û'ã	á\à�Û£Ú�Ò3×

nÜ!å�Ø�Ô\á\×	Ø�ã	á\à�Û�×^Ú�Ö�Ñ�Ò3ÓJã	Ò3Ö�Ü/Ø�Ô\å�Ø�ã	à�á\Ü!Ò/ÒJã/äDÓ3Ò3Ô\Ô\Ò�Ú�Ö�Ù�Ü	Ø�Ý�Þ�ÒnÚ�ÒnÔiØ�Ü!Ò3ÔiØ�ã	á\à�Û
g
ëIK�Û�Û�à�ã	Ò�Ý�Ø�Ü

G
ÔiØ

ú�ù������P��ý=��� ù��RQ3ùS��ýJþ���ý Ú�Ònã�Ø�á\Ô\Ô\Ò
n× n

Ø�×!×!à@Ó3á\å3ÒoØ�Ö�Ù�Ü	Ø�Ý�Þ�Ò
g
î

Gij =

{
1

×!á
ωi

Ò3×mã/Ó3à�Û�Û�Ò3ÓJã	å�ä
ωj

0
×!á\Û�à�Û éfê@ë ï�ï�í

MGÒ3×�à�Ýrå3Ü	Ø�ã	Ò3Ö�Ü!× A ÒJã D '�Ö�áAÓ3à�Û�Ú�Ö�á\×!Ò3Û'ã�ä§ÔfÕ Òvç:Ý�Ü!Ò3×!×!á\à�Û�Ú�Ö�ÔiØ�Ý�ÔiØ�Ó3á\Ò3Û
∆

à�Û'ã�Ú�Ò3×/Dà�Ü!â�Ò3×
â�Ø�ã	Ü!á\Ó3á\Ò3Ô\Ô\Ò3×�×R@@â�åJã	Ü!á�'�Ö�Ò3×�é

n × n
ínÒJã�Ó3à�Û�×!Ò3ÜmÑ�Ò3Û'ã#Ô\Ò3×oÝ�Ü!à�Ý�Ü!á\åJã	å3×oÙ�å3Û�å3Ü	Ø�Ô\Ò3×�Ý�Ü!å3Ó3å3Ú�Ò3â�â�Ò3Û'ã
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oprqIsIt�o�u�v�w A u�vRpyx{z}|�~������P������� ~��R��~S��������/�������S��r����sIu
G

u��`�I��t���z���pEx{z���u�x{z�prt��L�}�It���z�t���u
t��IsIqItApru���z��ex{zg��z�pr��t���u

G �
Aij = Pωi

Pωj
Gij , 1 ≤ i, j ≤ n �P� w �S�L�� za|�~������P��� �S��¡ �S�!¢��r��¡ D u�vRp/sIt{z�£L�L��z�x�u�upO���L��prt�u���pOx{z¤v��L����u�sIu�vOo�x�o���u���prvgsIu¥��¦�z�§SqIu

x�t�£L�Iu�sIu A �
Dii =

n∑

j=1

Aij = Pωi
.deg(ωi) �P� w ��¨��

�L©
deg(ωi)

u�vRp x{zav��L����u¤sIt�v�����oprt�v�o�uªsIu�vE���Lt�sIv¥sIu�v¥t��IsItA«$t�sIqIv�sI�L��p x�u�v�t��IsItA«$t�sIqIv�v��L��p
���L�I�Iu��pro�v�¬

i
���LqI�

G �
deg(ωi) =

n∑

j=1

Pωj
Gij �P� w �SL�

� zg®¯�L���gqIx�u � � w l  �*v�° o�����tApWv��LqIvevrzO«Lu���v�t��L�ysIt�v�����oprt�v�o�u �
CovG(X, Y ) =

1

2κ

n∑

i,j=1

(X(ωi)−X(ωj))(Y (ωi)− Y (ωj))GijPωi
Pωj

�P� w ��±��
�L© x{zO���L�I�Iu��prtA«$tApro�v�° u��`�I��t���uds�z��IvevrzO«Lu���v�t��L�ysIt�v�����oprt�v�o�u �

κ =

n∑

i=1

Pωi
deg(ωi) = trace(D) �P� w � m �

² xP° z�t�sIu�sIu�v*«Lu���v�t��L�Iv#sIt�v�����oprt�v�o�u�vesIu A up D ³ �I�LqIv#u��`�I��t����L�Iv´x{zg���n«�z���t{z��I��u���u�x{z�prt��L�I�Iu�x�x�uv��LqIv#®¯�L����u���z�pr��t���t�u�x�x�u=µ � u���¨ m ¶ �
VG =

1

κ
t
X(D −A)X =

1

κ
t
X∆X �P� w·��¸��

∆
u�vRp�qI�Iuy��z�pr��t���uEvR¹$��opr��t�§SqIuyv�u���t»º	sIo¼��It�u ���Lv�tAprtA«Lu s,° �L��sI��u

n
up�sIuy�rz��I£

n − 1
v�tex�u

£L�rz��I¦Iu/u�vRp=���L�I�Iu��`uªµ ½´�Lx m ± ¶ wk¾F��£Lo��Io��rz�x ³ v�tCx�uO£L�rz��I¦Iu�z k
���L�����Lvrz���pru�vd���L�I�Iu��`u�v ³ z�x��L��vx�u=�rz��I£EsIq�x{z��Ix{z���t�u��¤sIq�£L�rz��I¦Iugv�u��rz

n − k
w,¿�uO�Ix�qIv ³ Ker(∆)

u�vRp�xP° u�v���z���uOu��I£Lu��IsI��oO��z��
x{zg«�z���t{z��Ix�udz�x�oÀz�pr�Lt���u����L�IvRp�z���pruÁqI�ItAp�z�t���u�wIÂ	x�u�vRp�sI�L�I�Át��Sq`prt�x�u�sIuÁ��u���pr��u����I��oÀz�x{z��Ix�u���u���pex�u�v
«�z���t{z��Ix�u�v#z�x�oÀz�pr�Lt���u�v*���LqI�#sIopru�����t��Iu��#x{zO��z�pr��t���u�sIud���n«�z���t{z��I��u���u�x{z�prt��L�I�Iu�x�x�u �

Covg(Xc, Yc) = Covg(X, Y ) �P� w·� l �¿�z��IvCx{z��I���L�I��t�opro � ³ x�u Q
º	��u���pr�rz�£Lue�,° z�s,° t������L�Rp�z��I��u´§SqIue���LqI�Fx�u´pru�����u#sIu#sI���LtApru#§SqItI��up

u���Ã�u�q
< ., . >Q

w�Äk�Lq`pru�v�x�u�vW«�z���t{z��Ix�u�v�z�x�oÀz�pr�Lt���u�vWv��L��p�sI�L�I�=�I���ÅÃ�upro�u�v�s�z��Iv�xP° �L�Rpr¦I�L£L�L��z�x Æ
sIudx{z=«�z���t{z��Ix�u�z�x�oÀz�pr�Lt���u����L�IvRp�z���pruÁqI�ItAp�z�t���u � �®8¼�£Iw � w l � �

∆ Ç = (D −A) Ç = D Ç −A Ç = 0 = 0 Ç �P� w·� � �È z��Wz�t�x�x�u�qI��v ³ x�u�v*«�z���t{z��Ix�u�vez�x�oÀz�pr�Lt���u�v*���L����u�v����L�Is�z���p�z�q$�E«Lu��pru�qI��v��I���L�I��u�vWsIu ∆
®¯�L����u���p

qI�Iu���z�v�u��L�Rpr¦I�L�I�L����z�x�uWsIu�xP° u�v���z���u�sIu�v#t��IsItA«$t�sIqIv´upesI�L�I� ³ x{z=v��L����u�sIu�v#��oÀz�x�t�vrz�prt��L�Iv�sIu�v«Lu��pru�qI��vF�I���L�I��u�v8�I�L�g���L�IvRp�z���prvFsIu
∆
u�vRp(pr�LqÅÃ��LqI��vk�SqIx�x�u ³ ��z��8�L�Rpr¦I�L£L�L��z�x�tAproCzÀ«Lu��#x�uC«Lu��pru�qI��I���L�I��ud���L�IvRp�z���pWo�£�z�xj¬ l w

Æ�É#Ê�ËSÌCÍ¯Î Ï�Ì	Ð$ÊÀÑ�ÏeÏrÒSÑrÍÔÓ»ÕLÓ»ÏrË
R

n Ö Ò�Ë�Ó�ÕLÒOÐ�×ÙØ�ÕLÒ�ÓÔÚ�ÌÙÑ�Ê�ÍAÊ�ÓÔ×ÙÏ#ÒSÌ	ÒSÏrÍ¯Û
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1 = Ker(    )

1     = Im(    )

  Métrique D

X

Y

0

ì´í�î#ï ê$ðAñ�ò¥ó�ô=õ�ô�ö�÷�øIù*úIù�ûLúIù�÷�üSøIö�ö�÷�ô�ý�ý�û$þ�ÿ���÷dô�ø¥õL÷�þ��r÷�øIùWúIù�ûLúIù�÷��I÷�þ�û$ûLù��IûLüIü���÷�ý#ÿ��I÷�ü��rÿ�	SøI÷�

� ÷�ü������ô�ö�÷�ý�=ö�� øIüIÿ����Wÿ � úIö�ÿ�	SøI÷�	SøI÷�ö�� ÿ � ô��L÷��IøEö{ô�úIö{ô�þ�ÿ�÷�ü�÷�ý��*ÿ�üIþ�ö�øIý�÷���ô�üIý*ö�� ûLù����Iû��LûLü�ô�ö��I÷þ�÷�õL÷�þ��r÷�øIù�ð

�����  "!#!%$'&)(+*%,.-/(0&21#1%,034,.-

ó�ôyúIù�ÿ�ý�÷�÷�üaþ�û � ú5�r÷)�I÷�ù�÷�ö{ô6�rÿ�ûLüIý��rûLú�ûLö�û��Lÿ�	SøI÷�ý�ûLø7����û��Lùrô�ú��Iÿ�	SøI÷�ýÁú�ô�ùÁ÷�8`÷ � úIö�÷�÷�ü��rù�÷ö�÷�ý�ÿ�ü��IÿAõ$ÿ��IøIý/ô9�IûLüIü��¤ö�ÿ�÷�ø:�9�I÷yüIû �<; ù�÷�ø=8>���õL÷�ö�ûLúIú�÷ � ÷�ü��rý�ð0?�ô�üIý�þ�÷����r÷¤ý�÷�þ��rÿ�ûLüA@CüIûLøIýúIù�ûLú�ûLý�ûLüIýB�I÷=úIù���þ�ÿ�ý�÷�ùWö�÷�ý�ô�úIúIö�ÿ�þÀô6�rÿ�ûLüIý��Iø¤ö{ô�úIö{ô�þ�ÿ�÷�ü#�IøC�Lùrô�ú��I÷4D¯ù����IøIþ��rÿ�ûLüE�I÷F�Iÿ � ÷�üIý�ÿ�ûLü÷��Wþ�ö�øIý��r÷�ù�ÿ�ü��Oý�ú�÷�þ��rùrô�öHG*÷��.�A� �õLû=	SøI÷�ù�ö�÷�ý#ö�ÿ�÷�üIýeôÀõL÷�þÁö�÷��Iû � ô�ÿ�üI÷I�I÷dö{ô<����ûLý���ô6�rÿ�ý��rÿ�	SøI÷ J ð

K�L�M�L�N OQP.R=S�TVUXW+Y�YIZ\[\]^W_R5[\`ba�U:c�PdZ\W+YIZ\Wb]^[\TVa

ó�ô � ���rù�ÿ�	SøI÷B�IøEö{ô�úIö{ô�þ�ÿ�÷�ü�ô2������ô�úIúIö�ÿ�	Sø���÷W÷�e�þÀô�þ�÷ � ÷�ü��.��ô�üIý0�I÷�ý*þ�ûLü��r÷�8=�r÷�ý*õ�ô�ù�ÿ���ýf�r÷�ö�ý
	SøI÷Eö�÷�þ�ö�øIý��r÷�ù�ÿ�ü���÷��Oö�÷¥ú�ô�ù��rÿ��rÿ�ûLüIüI÷ � ÷�ü��2�I÷%�Lùrô�ú��I÷�ð+?�ô�üIý<�rûLøIýgö�÷�ýgþÀô�ý�@(ûLühg�ô�ÿ��Oô�úIú�÷�ö�ýrô4����þ�û � ú�ûLý�ÿ��rÿ�ûLü¤ý�ú�÷�þ��rùrô�ö�÷g÷��dö�� ûLüE�rù�ûLø`õL÷�ùrô%�¥þ�÷Oý�øji�÷��døIü�÷�üIý�÷ �<; ö�÷<�I÷OúIù�ûLúIù�ÿ�������ýI��ô�üIý
k l�mEn�o @ m û���p`ñ qPðjó+� ô�ü�ô�ö�r$ý�÷gö�ÿ�ý�ý���÷ k s ý�þ n p q(þ�ûLüIý�ÿ�ý��r÷��¥ý�øIúIúIù�ÿ � ÷�ù�ö�÷�ý�õ�ô�ù�ÿ{ô6�rÿ�ûLüIýWö�û$þÀô�ö�÷�ý�÷�üþ�ûLüIý�ÿ�����ùrô�ü���ö�÷ ; ô�ù�r$þ�÷�ü��rù�÷<�I÷�ý�ÿ�ü��IÿAõ$ÿ��IøIýWúIù��Àô�ö{ô ; ö�÷ � ÷�ü�����	SøIÿ�ú�ûLü�����ù���÷�ý�÷���ù�÷�ö�ÿ���÷�ý�ú�ûLøIùWö�÷
�Lùrô�ú��I÷�ð m ô6����� � ô6�rÿ�	SøI÷ � ÷�ü��t@(þ�÷�ö{ôªù�÷õ$ÿ�÷�ü��)��ô�ü�ô�ö�r$ý�÷�ùgö�÷u��ô ; ö�÷Àô�ø D−1AX

ô�ø ö�ÿ�÷�øh�I÷
X
ð

ó+� ô�ü�ô�ö�r$ý�÷��I÷�ý��Iÿ�v^��ù�÷�üIþ�÷�ý*ö�û$þÀô�ö�÷�ý k s ý�þ n p q,ý�÷�ùrô�úIúIù�û$þw�I÷I�I÷�ö�� ô�ü�ô�ö�r$ý�÷�ö�û$þÀô�ö�÷e÷�üEý�øIúIúIù�ÿ � ô�ü��ö�÷ ; ô�ù�r$þ�÷�ü��rù�÷��I÷�ý(ÿ�ü��IÿAõ$ÿ��IøIýkû�xOö�÷�ý8ÿ�ü��IÿAõ$ÿ��IøIýký�ûLü��Fþ�ûLüIüI÷�þ�����÷�ý�@�÷��Fþ�ûLüIý�ÿ���y�ù�÷�IûLüIþ*ö�÷f��ô ; ö�÷Àô�ø
X−D−1AX

ô�ø ö�ÿ�÷�ø%�I÷
X
ð�ó+� ô�ü�ô�ö�r$ý�÷�ö�ÿ�ý�ý���÷�÷��eö�� ô�ü�ô�ö�r$ý�÷I�I÷�ý.�Iÿ�v^��ù�÷�üIþ�÷�ýeö�û$þÀô�ö�÷�ý´ý�ûLü��B�I÷�ø=8

ô�úIúIù�û$þw�I÷�ýeþ�û � úIö�� � ÷�ü���ô�ÿ�ù�÷�ý�	SøIÿV����ü���ùrô�ö�ÿ�ý�÷�ü��eö�� ô�ü�ô�ö�r$ý�÷�ÿ�ü��rùrôO÷��eÿ�ü��r÷�ù\
	þ�ö{ô�ý�ý�÷�ð
J�z|{t}�~���u�f�������������B�w�B�\�=����}���~\����{t��~f���w�f~������������0�w{t���w��~��=���6����������w{t~�}������w�f��~\{��w�w�\�����f���0���

��� �w����}��F����}�{t���
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¹�·�«�¸�É�·A¿ ¬�®�®�¬�¼�¬.¼�µ�»�¬�¸�¸�«�¶�¬�Á�·Çò�¼�Á�®�É�·A¿ ·�¼�¬.�µ�»�º�Ã)¹Åº�¸�«�¶�«�º�¼Ç¸�¹Å¬�»�¶�¯�Á�®�¬�È�¬�¶f¹Å¬�¯�Ã)¬�¶bµ�À�Á�®�¬�Ã)¬�¼�¶b®ÄÁ
¹�¯�µ�¸�¬�¯�Æ�Á6¶�«�º�¼C�¬Ç®ÄÁ)À�µ�º�Ã)µ�¶�¯�«�¬2®�º=»tÁ�®�¬��¬�¸�¹Åº�«�¼�¶�¸�A¿ «�¼�¶�µ�¯�ó�¶tÛAçV¬<¹�®�º�¼�À�¬�Ã)¬�¼�¶I¬�¸�¶�»tÁ�¯�Á�»�¶�µ�¯�«�¸�µ
¹�Á�¯V·�¼

n
è�µ�»wÂ�Á�¼�¶�«�®�®�º�¼�A¿ ·�¼�Æ�¬�»�¶�¬�·�¯_Á�®�µtÁ6¶�º�«�¯�¬

Y = (Y1, . . . , Ym)
�¬b�«�Ã)¬�¼�¸�«�º�¼

m
ÛjçV¬+Æ�¬�»�¶�¬�·�¯

Y
¬�¸�¶)Þ�º�¼��µ¾¸�·�¯)·�¼>¹�¯�º�Ý�®�ô�Ã)¬%�¬¾Ã)«�¼�«�Ã)«�¸�Á6¶�«�º�¼7A¿ ·�¼�¬#Þ�º�¼�»�¶�«�º�¼�¼�¬�®�®�¬%Ã)¬�¶�¶wÁ�¼�¶)¬�¼íé�¬�·>®ÄÁ

ÃuÁ6¶�¯�«�»�¬ÇA¿ Á�jé�Á�»�¬�¼�»�¬�Û'çV¬�¸�Æ�Á�¯�«ÄÁ�Ý�®�¬�¸�Á�®�µtÁ6¶�º�«�¯�¬�¸��·7¹�®�º�¼�À�¬�Ã)¬�¼�¶
Y
Ã)«�¼�«�Ã)«�¸�¬�¼�¶I®ÄÁ#¯�¬�®ÄÁ6¶�«�º�¼

1
2

∑n
i,j=1(Yki− Ykj)

2Aij
° ïð�ñ�³ ´�Û5ê+¼%�µ�Æ�¬�®�º�¹�¹�Á�¼�¶tÈ�º�¼%¯�¬�¶�¯�º�·5Æ�¬I®�¿ ¬�½5¹�¯�¬�¸�¸�«�º�¼%ÃuÁ6¶�¯�«�»�«�¬�®�®�¬��¬

®ÄÁ<»�º²Æ�Á�¯�«ÄÁ�¼�»�¬�¯�¬�®ÄÁ6¶�«�º�¼�¼�¬�®�®�¬�Û=ß§º�·�¯
k
Á�®�®ÄÁ�¼�¶�¬ © ë

m õ
1

2

n∑

i,j=1

(Yki − Ykj)
2Aij =

1

2

(
n∑

i,j=1

Y 2
kiAij +

n∑

i,j=1

Y 2
kjAij − 2

n∑

i,j=1

YkiYkjAij

) ö ¨ Ûø÷�³�ù

=
1

2

(
n∑

i=1

Y 2
ki

n∑

j=1

Aij +
n∑

j=1

Y 2
kj

n∑

i=1

Aij − 2
n∑

i,j=1

YkiYkjAij

)

=
1

2

(
n∑

i=1

Y 2
kiD(i, i) +

n∑

j=1

Y 2
kjD(j, j)− 2

n∑

i,j=1

YkiYkjAij

)

= tYkDYk − tYkAYk

= tYk∆Yk

ú Æ�¬�»%·�¼�¬u»�º�¼�¶�¯�Á�«�¼�¶�¬4�¬u¼�º�¯�ÃuÁ�®�«�¸�Á6¶�«�º�¼ tYkDYk = 1
È§®�¬u¹�¯�º�Ý�®�ô�Ã)¬)¬�¸�¶Ç�º�¼�»uµ�É�·�«�Æ�Á�®�¬�¼�¶Çë

�µ�¶�¬�¯�Ã)«�¼�¬�¯u®�¬�¸uÆ�¬�»�¶�¬�·�¯�¸#¹�¯�º�¹�¯�¬�¸%�¬
∆Yk = λDYk

»�º�¯�¯�¬�¸�¹Åº�¼��Á�¼�¶¾Á�·=½
m

¹�®�·�¸4¹Å¬�¶�«�¶�¬�¸
Æ�Á�®�¬�·�¯�¸�¹�¯�º�¹�¯�¬�¸

λ
° ïð�ñ�³ ´�Û�ß'Á�¯BÁ�«�®�®�¬�·�¯�¸ õ

∆Yk = DYk −AYk = λDYk ⇐⇒ AYk = (1− λ)DYk , 1 ≤ k ≤ m

ö ¨ Ûø÷6û�ù
ü ¬�®ÄÁ%¯�¬�Æ=«�¬�¼�¶2�º�¼�»)ë%»tÁ�®�»�·�®�¬�¯�®�¬�¸�Æ�¬�»�¶�¬�·�¯�¸2¹�¯�º�¹�¯�¬�¸��¬ D−1A »�º�¯�¯�¬�¸�¹Åº�¼��Á�¼�¶<Á�·=½

m
¹�®�·�¸

À�¯�Á�¼��¬�¸)Æ�Á�®�¬�·�¯�¸)¹�¯�º�¹�¯�¬�¸�Û0ì�¬�·=½>Æ�Á�¯�«ÄÁ�¼�¶�¬�¸)�¬¾À�¯�Á�¹�Â�¬E¸�º�¼�¶4¹�¯�º�¹Åº�¸�µ�¬�¸�Û0ç+¿ ·�¼�¬E¬�¸�¶uÞ�º�¼��µ�¬
¸�·�¯�·�¼�¬<¹�¯�ºt½5«�Ã)«�¶�µF¸�¹�Á6¶�«ÄÁ�®�¬�»�º�¼�¶�¯�ý�®�µ�¬2¹�Á�¯�·�¼í¹�Á�¯�Á�Ã)ô�¶�¯�¬

ε
È^¬�¶I®�¿ Á�·5¶�¯�¬F¸�·�¯I·�¼�¬<«�¼��«�»tÁ6¶�¯�«�»�¬

A¿ Á�¹�¹�Á�¯�¶�¬�¼�Á�¼�»�¬FÁ�·=½
k
¹�®�·�¸�¹�¯�º=»wÂ�¬�¸.Æ�º�«�¸�«�¼�¸ õ

Gε
ij =

© Ü
{‖xi−xj‖2<ε}(i, j)

ö ¨ Ûø÷�÷�ù
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Gk

ij =

{
1 + & i ( +-,�.0/ #'*%1'( + k 2'. # +�2'3 "�465'( +�7 "!& + &)* + 1'( j

0 + &)*'"!*
8  �9;:=<?>

@ ( 2'3 (�AB&)( 3�C!3ED=2 5'(�( +-,�D * D=. " C #'(�F .GDH,E3ED * +-I " 3 A DJ, &)"!*B1'(HK D ABAB"!*ML K D A <!N O ( ,�DJ,P,E3 &)$'#'(�#'*
2 "!&)1 + 1 / D # ,6D * ,�2'. # + &)A 2 " 3-,6D * ,QD #�RS1'& +-,6D *'4�( +TIUD &)$ . ( + 9�V "!# 3�.GD A DJ,E3 &)4�(�1 / D 1XW D 4�(�*'4�(=YZ1'(�#�R
7=D=3 & D * , ( +�+ "!* ,�[�C?D=. (�AB(�* ,�2'3 " 2 " +P[ ( + 9 K�"!& , #'*'( 3 ( .GDJ, &)"!* + &)A 2'. ( +ED * +�2 "!*'1 [�3EDJ, &)"!*]\

Aij = Gij

8  �9;:!^!>

"!# + "!& , 1 [�_ *'&)( 2ZD=3 #'*`*'"ba D # C?D # +P+ &)(�*]\

Aij = exp

{
− ‖xi − xj‖2

σ2

} 8  �9;:=c?>

"!d σ ( +-,e.0/ [ 4 D=3-,-fg, a 2 (hF _ R�( 3 4�"!* ,E3Pi!.GD * ,H.0/ [�, (�*'1'#'(h1'( .GDj3 ( .GDJ, &)"!* 9 @ D A [�, 5'"�1'( .GD=2'.GD 4�& D *(�& C (�*'A D=2'+ 4�"!* + &)1'k 3 (�#'*'( 2 "!*'1 [�3EDJ, &)"!*l1'( +mD=3Pn�, ( + 1'# C!3ED=2 5'(�1'( .GD�I " 3 AB( Pωiωj

( , *'"!* 2'. # +
Pωi

Pωj

9Xo .p+�/ D=C & , (�* IUD & , 1 / #'*q4 D=+	C![ * [�3ED=.p2 "!# 3�. (�rp#'( .p.GD *'" , &)"!*�1'(m1'( C!3P[ 1 [�_ *'&)(m(�* 8  �9ts!s > ( ,1'"!*'4�1 / ( +P2u[�3ED *'4�( 3 ( .GDJ, &)"!*'*'( .). (Q* / De2'. # + 1'( + (�* +Q2 #'& + rp#'(�& . * / ( +-,�2'. # +m2 " +P+ &)$ . (�1 / DJ,P,E3 &)$'#'( 3#'* 2 "!&)1 +hD #�R + "!ABAB( ,E+ 1'# C!3ED=2 5'( 9�V D=3 4�"!* +P[ rp#'(�* , Y + (�# . ( +B+ #'$ + & +-, (�* ,v. ( +h2'3 " 2'3 & [�,E[�+  ( , w 4�"!*'4�( 3 * D * ,x. (B465'"!&yR D=3 $'& ,E3ED & 3 (h1 / #'* C!3ED=2 5'( + a�A [�,E3 &)rp#'(v( ,l.GD 1 [ 4�"!A 2 " + & , &)"!*z1'( .GD
7=D=3 & D *'4�(=Y . ( .GD=2'.GD 4�&)(�*M1'# C!3ED=2 5'( 3 ( +-,6D * , rp# D * , F . #'& + a�A [�,E3 &)rp#'( + (�AB& f 1 [�_ *'& 2 " + & , & I�2ZD=34�"!* +-,E3 #'4 , &)"!* 9

{ ( .GD A n AB(vA D *'&)k 3 (=Y . (v4 . # +-, ( 3 &)* C|+P2 (�4 ,E3ED=. L }~(�& N!N Y ���J}�� s O 4�"!* + & +-, (SF + ( C AB(�* , ( 3
.0/ (�* + (�Al$ . (x1'( + &)*'1'& 7 &)1'# + F .0/ D &)1'(l1 / #'* 2ZD=3-, & , &)"!*'*'(�AB(�* , 1'( C!3ED=2 5'( 9 @ ( 2'3 "!$ . k�AB(l( +-, 1'(1 [�, ( 3 AB&)*'( 3Q. ( +�[�.)[ AB(�* ,E+�2'3 " 2'3 ( + 1 / #'*'(�A DJ,E3 &)4�(�4 D=3ED 4 ,E[�3 & +ED * , #'*'( 2'3 "�R�&)AB& ,E[�+P2ZDJ, & D=. ( 9 @ (
2'3 &)*'4�& 2 (v( +-,B. (jA n AB(vrp#'( .GD A [�, 5'"�1'( .GD=2'.GD 4�& D *~(�& C (�*'A D=2'+ Y	( ,h.GD A DJ,E3 &)4�(v1 / D 1XW D 4�(�*'4�(( +-,x+ &)AB& .GD & 3 (hFM4�( .). (v1'( .GD`I " 3 Al# . ( 8  �9;:=c >�9 @ DM+ (�# . (j1'&t� [�3 (�*'4�( 3P[�+ &)1'(j1 D * +l.GD 1 [�_ *'& , &)"!*1'# C!3ED=2 5'(=Yprp#'&u( +-, AB"!&)* +�3 ( +-,E3 &)4 , & 7 ( 2 #'& + rp# / "!*j&)A 2 " + (�#'*'&)rp#'(�AB(�* ,T.GD *'"!* 3P[�� (�R�& 7 & ,E[ 1'( +
D=3Pn�, ( + \

Gij = 1− δij

8  �9;:=N?>
� * D WP"!# ,6D * , #'* . &)(�*B1'( 2'3 "�R�&)AB& ,E[�+P2ZDJ, & D=. (=Y . ( +m3P[�+ # .t,6DJ,E+T+ "!* , AB(�& .). (�# 3P+ rp#'(�4�(�#�Rj"!$ , (�*p# +
D�7 (�4 .GD A [�, 5'"�1'(H1'( + 4�(�* ,E3 ( + AB"!$'& . ( +�D=2'2'. &)rp# [ ( D #�R%1'"!*'* [ ( + $ 3 # , ( + 9

���0���0� �������?���������?�����Q���

@ D�C![ " +-,6DJ, & +-, &)rp#'(=Y!1 [�7 ( . " 2'2u[ ( 2ZD=3T�MDJ, 5'( 3 "!*ML �MDJ, <?: O Y?( +-,m. (�1'"!A D &)*'( + ( + & , # D * , (�* ,E3 (
. ( +�+-,6DJ, & +-, &)rp#'( + ( ,H.GDvC![ " . " C &)( 9 @ (l$'# , ( +-, 1 / D * D=. a + ( 3�. ( + 4�" 3P3P[�.GDJ, &)"!* +�+P2ZDJ, & D=. ( + (�* ,E3 ( 7=DXf
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V�nB\]hiV�Y[V�j)Z[n6U6Z�o%Z[U6W6j�J���QfS�n6RtemZ[n6j � jiemn£W6j]S��mV;n�^ V�j8\*kXS�j)O�emRtRte%U6V�V�n£k6h]Sg\]Z[��W6V � k6W6Z[ji��W�^ V�Y[Y[Vn6Q�O�V�jijiZ�\]V'U6V'RTS�n6Z[k6W6Y[V�h¤U6V�j�RTSg\]hiZ[O�V�j�U�^ emhiU6hiV

n2
J���QfS�n6RtemZ[n6j � emn*klV�WK\0\]h]Sfo�S�Z[Y[Y[V�hlkXS�h0U6WXS�Y[Z�\]QUXS�n6j
Y_^ V�jikXS�O�V

R
p J

¥T¦r§ ¨ª©5« ¬gv®&¯-°�±�v®&®�²I³�³�²

�+S��6Z�\]W6V�Y[Y[V�RtV�nB\ � Y[V�jcU6emn6n6Q�V�jIU6Z�\]V�jc~�emn6O�\]Z[emn6n6V�Y[Y[V�j-jiW6hIY[V�ji��W6V�Y[Y[V�jcemn�k6h]Sg\]Z[��W6V�Y_^ `�acb jiV
Rte%U6Q�Y[Z[jiV�nB\+kXS�h

p
o�S�hiZ�S��6Y[V�j+S�Y[QfSg\]emZ[hiV�j
klemW6h+Y[V�ji��W6V�Y[Y[V�j+O�PXS���W6V�hiQfS�Y[Z[j]Sg\]Z[emn/V�j8\�W6n6V�O�emW6hi�lV

V�\�n6emn´k6Y[W6jvW6n´n6emR��6hiVThiQ�V�YEO�emRtRtVtY_^ `�acbµU6Z[jiO�hi��\]V�� ¶+NK�B· �_J���S�n6j�Y[VtOfS�jvk6hiQ�jiV�nB\ � n6emW6j



¸�¹�º�»�¼�½ ¾�¿#À%Á&º�»'»'¾)Â*¸�¹+¿-Ã/Ä0¼2Å'¿-Ã&Æ4Ä0º5Ã0½6º+½7¼8Ã0½7¼�Ç;È7¿=É
Å�Â
Ê?Å+½ ¾
¼�Ç;È7¿ ËmË

Ì�ÍmÎ6ÏiÐ[Ñ6Ò�ÓiÍmÎ6Ï�Ô�Õ6Ö£×[Ö�Ï¢Ø�Ù�ÓiÐ�Ù�Ú6×[Ö�Ï¢Ù�×[ÒfÙgÛ]ÍmÐ[ÓiÖ�ÏTÖ�Û&Î6ÍmÎÝÜ6×[Õ6Ï�×[Ö�Ï¢Ð[Î6Ñ6Ð�Ø%Ð[Ñ6Õ6Ï¢ÏiÍmÎBÛ/Ñ6Ö�Ï¢Þ�ÍmÎ6Ì�Û]Ð[ÍmÎ6Ï
Ì�ÍmÎBÛ]Ð[Î�Õ6Ö�Ï�ß7à�á Ù�Ü6Ü6ÓiÍ%Ì�â6Ö;Ì�×�Ù�ÏiÏiÐ[Ô�Õ6Ö/ã ä+åKæBç è'Ñ6Ö;×_á é�êcëìÞ�ÍmÎ6Ì�Û]Ð[ÍmÎ6Î6Ö�×[×[ÖvÞ�ÍmÓií�Õ6×[Ö�Õ6Î6ÖtÑ6Ð[ÏiÌ�ÓiÒ�Û]Ð[Ï]Ùyî
Û]Ð[ÍmÎïÑ6Õ�Ü6ÓiÍmÚ6×[ð�ítÖ;ÜXÙ�Ó�×_á Ð[ÎBÛ]Ö�ÓiítÒ�Ñ6Ð�Ù�Ð[ÓiÖ�Ñ6Öt×�Ù&Ñ6Ò�Ì�ÍmítÜlÍmÏiÐ�Û]Ð[ÍmÎ£ÑXÙ�Î6Ï�Õ6Î6ÖTÚXÙ�ÏiÖTÑ6Ö;Þ�ÍmÎ6Ì�Û]Ð[ÍmÎ6Ï
< φ1, ..., φm > ßlå%ÍmÐ[Ö�ÎBÛ*ñ

ò X = (X1, . . . , Xp)
×[Ö�ØmÖ�Ì�Û]Ö�Õ6Ó�Ù�×[ÒfÙgÛ]ÍmÐ[ÓiÖ+Ñ6Ö p Ø�Ù�ÓiÐ�Ù�Ú6×[Ö�ÏIÙ�×[ÒfÙgÛ]ÍmÐ[ÓiÖ�ÏcÌ�Ö�ÎBÛ]ÓiÒ�Ö�Ï�ß

ò φ = (φ1, ..., φm) ×[Ö�ØmÖ�Ì�Û]Ö�Õ6Ó�Ì�Ím×[ÍmÎ6Î6Ö*Ñ6Ö�Ï m Þ�ÍmÎ6Ì�Û]Ð[ÍmÎ6ÏIÑ6Ö*ÚXÙ�ÏiÖ�ß
ò Wφ

×�Ù�íTÙgÛ]ÓiÐ[Ì�Ö�ÌfÙ�ÓiÓiÒ�Ö*Ñ�á ÍmÓiÑ6ÓiÖ m Ñ6Ö�Ï�Ü6ÓiÍ%Ñ6Õ6Ð�Û]ÏIÏiÌfÙ�×�Ù�Ð[ÓiÖ�ÏcÑ6Ö�Ï�Ò�×[Ò�ítÖ�ÎBÛ]Ï
Ñ6Ö φ ß
òôó ×�Ù�íTÙgÛ]ÓiÐ[Ì�Ö p×m Ñ6Ö�Ï�Ì�Í%Ö�õtÌ�Ð[Ö�ÎBÛ]Ï
Ñ6Ö�Ï�Ñ6Ò�Ì�ÍmítÜlÍmÏiÐ�Û]Ð[ÍmÎ6ÏcÑ6Ö�Ï Xi

ÑXÙ�Î6Ï φ ß

ö
÷�ø�÷8ù úüû6ý0þ%ÿ����������	�
���+ÿ�	��� ý��������+ÿ

à0Ö+Ü6ÓiÍmÚ6×[ð�ítÖ+Ì�ÍmÎ6ÏiÐ[Ï8Û]Ö���Û]ÓiÍmÕKØmÖ�ÓcÕ6Î�Ö�Î6ÏiÖ�í�Ú6×[Ö+Ñ6Ö p Þ�ÍmÎ6Ì�Û]Ð[ÍmÎ6Ï���Î6Í�Û]Ò�Ö�Ï fj � 1 ≤ j ≤ p � Ö�ÛÙ�Ü6ÜlÖ�×[Ò�Ö�Ï���� ��!#"%$&� ��'�(*)+�,(*)+-,' �%. ë � ��Ô�Õ6Ð�íTÙ0/KÐ[ítÐ[ÏiÖ�ÎBÛ�×�ÙTÏiÍmítítÖ�Ñ6Ö�Ï*ÌfÙ�ÓiÓiÒ�Ï*Ñ6Ö�Ï)Ì�Í�Ø�Ù�ÓiÐ�Ù�Î6Ì�Ö�ÏÖ�ÎBÛ]ÓiÖ*×[Ö�Ï . ë Ö�Û�×[Ö�Ï Xi
ñ

p∑

i=1

< fj, Xi >2=

p∑

i=1

(∫

Ω

fj(ω).Xi(ω)dP (ω)

)2

� Ë ß21�3 �
à0Ö�Ï . ë Þ�ÍmÓiítÖ�ÎBÛ
Õ6Î6Ö*ÚXÙ�ÏiÖ*ÍmÓ8Û]â6ÍmÎ6ÍmÓiíTÙ�×[Ö+Ñ6Õ/ÏiÍmÕ6Ï2îrÖ�ÏiÜXÙ�Ì�Ö�ØmÖ�Ì�Û]ÍmÓiÐ[Ö�×0Ö�Î54mÖ�Î6Ñ6ÓiÒ�ÜXÙ�ÓI×[Ö�Ï Xi

ñ

< fj, fj′ >=

∫

Ω

fj(ω).fj′(ω)dP (ω) = δjj′ � Ë ß2106 �
7 Î Û�Ù�ÎBÛ¢Ô�Õ�á Ò�×[Ò�ítÖ�ÎBÛ]ÏTÑ6Ö/×_á Ö�ÏiÜXÙ�Ì�Ö?Ñ6Ö�ÏtÞ�ÍmÎ6Ì�Û]Ð[ÍmÎ6Ï��'×[Ö�Ï . ë ÏiÖ?Ñ6Ò�Ì�ÍmítÜlÍmÏiÖ�ÎBÛ¢Ò�4BÙ�×[Ö�ítÖ�ÎBÛtÖ�Î
ÏiÍmítítÖ;ÜlÍmÎ6Ñ6Ò�ÓiÒ�ÖTÑ6ÖtÞ�ÍmÎ6Ì�Û]Ð[ÍmÎ6Ï�Ñ6ÖTÚXÙ�ÏiÖ�ß�å%ÍmÐ�Û u′ = t(u′

1, ..., u
′
m) ×[Ö�Ï�Ì�Í%Ö�õtÌ�Ð[Ö�ÎBÛ]Ï�Ñ6ÖT×�Ù&Ñ6ÒqîÌ�ÍmítÜlÍmÏiÐ�Û]Ð[ÍmÎ¢Ñ�á Õ6Î6Ö . ë fj

ÑXÙ�Î6Ï φ ñ

∀ω ∈ Ω , fj(ω) =

m∑

k=1

u′
kφk(ω) = φ(ω)u′ � Ë ß2198 �

Í;: φ(ω) Ñ6Ò�Î6Í�Û]Ö*×[Ö�ØmÖ�Ì�Û]Ö�Õ6Ó�Ñ6Ö�Ï�Ð[íTÙ<4mÖ�ÏcÑ6Ö ω ÜXÙ�ÓI×[Ö�ÏIÞ�ÍmÎ6Ì�Û]Ð[ÍmÎ6ÏIÑ6Ö*ÚXÙ�ÏiÖ;ñ
φ(ω) = (φ1(ω), . . . , φm(ω)) � Ë ß21yç �

à�Ù�Ì�ÍmÎBÛ]Ó]Ù�Ð[ÎBÛ]Ö*Ñ6Ö*Î6ÍmÓiíTÙ�×[Ð[Ï]ÙgÛ]Ð[ÍmÎtÏiÕ6Ó
×[Ö�Ï . ë Ð[ítÜlÍmÏiÖ�ñ
∫

Ω

|fj(ω)|2dP (ω) =

∫

Ω

t(φ(ω)u′)(φ(ω)u′)dP (ω) =

∫

Ω

tu′tφ(ω)φ(ω)u′dP (ω) = tu′Wφu
′ = 1

� Ë ß219= �> Î¢Ì�ÍmÎ6ÏiÐ[Ñ6ð�ÓiÖ�×�Ù*Þ�ÍmÎ6Ì�Û]Ð[ÍmÎTÑ6Ò#?XÎ6Ð[Ö+ÏiÕ6Ó Ω×Ω Ô�Õ6Ð@� (ω, ω′) Ù�ÏiÏiÍ%Ì�Ð[Ö+×[Ö+Ü6ÓiÍ%Ñ6Õ6Ð�ÛEÏiÌfÙ�×�Ù�Ð[ÓiÖ�Õ6ÏiÕ6Ö�×Ö�ÎBÛ]ÓiÖ*×[Ö�Ï
Ð[Î6Ñ6Ð�Ø%Ð[Ñ6Õ6ÏIÙ�ÏiÏiÍ%Ì�Ð[Ò�Ï*ñ

w(ω, ω′) = X(ω)t
X(ω′) =

p∑

i=1

Xi(ω)Xi(ω
′) � Ë ß21�æ �



A�BDC�EGF�HJIDKMLONPC�E
E
IRQSA�B�K�TVU�F	W
K�TPXYU�CZT�H5C�H[F\T�H[F#]_^[Ka`bWDQbcdW�HJIbF#]_^[K e<f

gOh;i2j�k&l h;m*n�o+p j+q�r5o�s5q L2(Ω)
stp<u5v L2(Ω)

p<vwvwhOx�iyn_z

W (f) =

∫

Ω

w(., ω′)f(ω′)dP (ω′) { e�|~}<���
� p<obs5n#�tu5i2j+iyh;u�s5q�v

fj � h;uPm*q�r�jDn�x�owiyowq_z

W (fj)(ω) =

∫

Ω

w(ω, ω′)fj(ω
′)dP (ω′) = λfj(ω) { e�|~}O�0�

h;�
λ
q�v\j�k�pS�<p<kyq�r5o�m5owh;m5owq�p<vwvwhOx�iyn�q��

fj

|5gOr5m5m*h;vwh;u5v���p<iyu�j+q�utp<u�j���r5q�x,�tp<��r5q
Xi

v�l q���m5owiy��q
x�h;����q�r5u5qSvwh;����qRs5q

m � h;u5x#j+iyh;u5v�s5qS�tp<vwq
φk

z
X = φ � { e�|~};};�

��uPm*q�r�jDs5h;u5xSn�x�owiyowq
W (fj)

s5qSk�p � p<��h;uPvwr5i2�<p<u�j+q_z

W (fj)(ω) =

∫

Ω

w(ω, ω′)fj(ω
′)dP (ω′) { e�|~}<e��

=

∫

Ω

X(ω)t
X(ω′)fj(ω

′)dP (ω′)

=

∫

Ω

(φ(ω) � )t(φ(ω′) � )(φ(ω′)u′)dP (ω′)

= φ(ω) � t� Wφu
′ = λfj(ω) = λφ(ω)u′

��qSown�vwr5k2j,p jbq�v\jb�Oo+p<i�m*h;r5o�j+h;r�j
ω

q#jbk�p � h;ow��r5kyq e�|~}O� q�v\jDs5h;u5xSn���r5i2�<p<kyq�u�j+q���z
φ � t� Wφu

′ = λφu′ { e�|~} f��
��r5qSk&l h;uPvwiy��m5kyi2�tq�x�p<o

φ
q�v\jDs5qSo+p<u5�_��p0��iy��p<kJz

� t� Wφu
′ = λu′ { e�|~};�;�

� q�m5owh;�5ky ���q¡s5q¢k&l £D� � � h;u5x#j+iyh;u5u5q�kykyqdvwq¢own�vwr5��q�s5h;u5x¤�¥j+owh;r��;q�o�kyq�v�x�hOq#¦�x�iyq�u�j+vPs5q¢k�p
s5n�x�h;��m*h;vwi2j+iyh;u¢s5q�v�§ � stp<u5v

φ � x<l q�v\j_�Vs5iyowq��Vs5i�p<�;h;utp<kyiyvwq�o�k�pP��p j+owiyx�q � t� Wφ

|J¨©l p<m5ow �v
{ e�|2�9ª � � q�uVm*h;v+p<u�j

u =W1/2
φ u′ � p<kyh;owv tuu = 1

q#j { e�|~};� ��s5q#�Oiyq�u�j�z
� t� Wφu

′ = � t� W1/2
φ u = λu′ = λW−1/2

φ u { e�|~}<«��
��qS��r5i�q�v\j�n���r5i2�<p<kyq�u�jD��z

W1/2 � t� W1/2
φ u = λu { e�|~};¬;�

��u�x�p<kyx�r5kyqDk�p���p j+owiyx�qbs5q�m5owh0wq�x#j+iyh;u¯®°s5q�j,p<iykykyq
p× p

s5q�v
Xi

vwr5o�kyq�v�§ � |�gOi�±
=W−1/2

φ ²q�v\jDk�p���p j+owiyx�q
m×m

s5q�vDm5owh0wq�x#j+iyh;u5vbs5q�vD§ � stp<u5vbk�p��tp<vwq
φ

z
®

ij =

∫

Ω

Xi(ω)fj(ω)dω = [t(φ � )(φ
±

)]ij = ( � Wφ

±
)ij { e�|~}<ª��

= ( � W1/2
φ W

1/2
φ

±
)ij = ( � W1/2

φ ² )ij
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¹R½S³�´�º�¾V¿�·	À
º�¾PÁY¿�µZ¾�¸5µ�¸[·\¾�¸[·#Â_Ã[ºaÄbÀD½bÅdÀ�¸J¹b·#Â_Ã[º Æ�Ç

È¯É©ÊÌËÎÍ*Ï[Ð<Ñ0ÒÓÍ*Ï[ÏÕÔOÖ%ÖÓÔ
× Ï*Ñ9Ø0Ù�ÔOÚÜÛ
Ý X = (X1, . . . , Xp) Þyß�à p á<â<ãwä�â<å5Þyß�à�â<Þyæ�â ç+è;äyãwß�à�é�ß�ê�ç+ãwæ�ß�à�ëÝ φ = (φ1, ..., φm) Þyß�á;ß�é#ç+ß�ì5ãDé�è;Þyè;ê5ê5ßRí5ß�à m îÓè;ê5é#ç+äyè;ê5àbí5ßSåtâ<àwß<ëÝ Wφ Þ�âÜï�â ç+ãwäyé�ß�é�â<ãwãwæ�ßSí@ð è;ãwí5ãwß m í5ß�àbñ5ãwèOí5ì5ä2ç+à�àwé�â<Þ�â<äyãwß�à�í5ß�àbæ�Þyæ�ï�ß�ê�ç+àbí5ß φ ëÝ É Þ�â�ï�â ç+ãwäyé�ß p×m í5ß�àbé�èOß#ò�é�äyß�ê�ç+àDí5ß�àbí5æ�é�è;ï�ñ*è;àwä2ç+äyè;ê5à�í5ß�à Xi ítâ<ê5à φ ë
ó@ÍôØ9Ñ0ÒÓÔVÛ
ÝMõ â ç+ãwäyé�ßSöMí5ß�àDñ5ãwè0÷wß�é#ç+äyè;ê5àbí5ß�à Xi àwì5ãbÞyß�à�îÓè;ê5é#ç+äyè;ê5à�ñ5ãwè;ñ5ãwß�à�ë
Ê�Ø0Í�Ð;ÙOø[ùÕØ0ÔdÛ

ú ë�û�â<Þyé�ì5Þ@í5ß�à�á;ß�é#ç+ß�ì5ãwà�ñ5ãwè;ñ5ãwß�àDê5è;ãwï�æ�àbüýí5ßSÞ�â�ï�â ç+ãwäyé�ß W1/2
φ

É tÉ W1/2
φ ëþ ë�û�â<Þyé�ì5Þ@í5ß�à�îÓè;ê5é#ç+äyè;ê5à�ñ5ãwè;ñ5ãwß�à f(ω) = φ(ω) ÿ è � ÿ =W−1/2

φ ü�ëÆ ë�û�â<Þyé�ì5Þ@í5ß�àbñtâ<ã\ç+àbí@ð äyê5ß�ã\ç+äyßRí5ß�à�á<â<Þyß�ì5ãwàbñ5ãwè;ñ5ãwß�àbé�è;ãwãwß�àwñ*è;ê5ítâ<ê�ç+ß�à�ë� ë�û�â<Þyé�ì5Þ@í5ß�àbñ5ãwè0÷wß�é#ç+äyè;ê5àbí5ß�à Xi àwì5ãbÞyß�à�îÓè;ê5é#ç+äyè;ê5à�ñ5ãwè;ñ5ãwß�àDö =
É W1/2

φ ü�ë

������� Æ ë ú Ý
	 û�� îÓè;ê5é#ç+äyè;ê5ê5ß�ÞyÞyß<ë

������ Æ ë Æ Ý�� é��5æ�ï�â_í5ßSí5ìtâ<Þyä2ç+æ�í5ßSÞ&ð 	 û�� îÓè;ê5é#ç+äyè;ê5ê5ß�ÞyÞyß<ë
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E
ij F!G8HJILK�MNKNIOF!P6QSR6F)ILK�T6QVUXWVF!Y:H[ZOUD\+R6F Xi GVP6Q0ILK j ]!^ F)_�`7acbJK�H�KNd6IOF B afe R6UD\6\6F)P6\,QVg!YhKNT6ZfH[P6ILKiH[Zfj
R6F�ILK ^ g:H[k6U'R6FNaNbJK�lnmDP6QVF B a B T6QVg!GVF!\oH[F�IOF�GVY�k6g ^ K�R6F�R6PnKNIOZfH[g)R6F�Iqp r�s�`tjuUD\6Y:H[ZOUD\6\6F!IOIOF�KNP6vwP6F!I
F!G8H<Q[KcWVUDPxH[gyILKzY!UDQVQVF!GVT{UD\6RnKN\6Y!F�KhMDF!Y�IOF
GVY�k6g ^ KtR6F(Iqp r�s�`>R6ZOGVY!Q ] H[F}|uTnKNQ8H[ZOF
R6QVUDZfH[FyGVP6Q~ILK
lnmDP6QVFc��aSb0F�GVY�k6g ^ K
R6F~R6PnKNIOZfH[g�GVF~GVZfH[P6F�RnKN\6G+P6\tY!UD\oH[F��'H[F~F��xT{g!QVZ ^ F!\oH�KNIq�{UD�tIOF!G�juUD\6Y:H[ZOUD\6G
GVUD\oH�R6ZOGVY!QVg:H[ZOGVg!F!G!a φ F!G8H�KNIOUDQVG+P6\6F ^ KiH[QVZOY!F�R6F<H�KNZOIOIOF n × m F:H�Y!UD\oH[ZOF!\oH�F!\}Y!UDIOUD\6\6F<IOF!G n

Z ^ KNmDF!G�R6F,Y�knKNY!P6\6F,R6F!G m juUD\6Y:H[ZOUD\6G�R6F+dnKNGVFNa{��\(F��xT6QVZ ^ F+KNIOUDQVG�ILK ^ KiH[QVZOY!F�R6F+Y!UcMNKNQVZLKN\6Y!F
R6F!G�juUD\6Y:H[ZOUD\6G�R6F,dnKNGVF�R6F,ILK ^��!^ F ^ KN\6Z ] QVF��

Wφ = tφDφ | B a��N�o�
bJK ^ KiH[QVZOY!F�R6F,Y!UcMNKNQVZLKN\6Y!F V G!p F��xT6QVZ ^ F,�<ILK�juUDZOG�RnKN\6G?G[K�MDF!QVGVZOUD\AR6ZOGVY!QVg:H[ZOGVg!F<�

V = t
XDX | B a BD� �

F:H�g!moKNIOF ^ F!\oH��<Iqp KNZOR6F�R6F!G�Y!U'F:��Y!ZOF!\oH[G�R6F�IOF!P6Q�R6g!Y!U ^ T{UDGVZfH[ZOUD\yRnKN\6G�Iqp F!GVTnKNY!F,R6F!G?juUD\6Y:H[ZOUD\6G
R6F,dnKNGVF<�

V = t
XDX = t(φ � )D(φ � ) = t� (tφDφ) � = t� Wφ � | B a B eX�

�?�u���q� ���}���6�0�2���x 2¡)¢-¢-�0�2�2�£�¤�¥���}�§¦�¡)¢-¨©�x 2¡)¢-¢-�0�2�2�

`7UDP6Q ^ UD\oH[QVF!Q�vwP6F�Iqp r�s�`¥QVF!ILKiH[ZOUD\6\6F!IOIOF�F!G8H�P6\6F,r�s�`¥juUD\6Y:H[ZOUD\6\6F!IOIOF�TnKNQ8H[ZOY!P6IOZ ] QVFN�'UD\(GVF
T6ILKNY!F�RnKN\6G-Iqp F!GVTnKNY!F,MDF!Y:H[UDQVZOF!I7F!\6mDF!\6R6QVg�TnKNQ�IOF!G?MNKNQVZLKNd6IOF!G�KNIOghKiH[UDZOQVF!G Xi �©vwP6F�Iqp UD\AGVP6T6T{UDGVF
Y!F!\oH[QVg!F!G)F:H�IOZO\6ghKNZOQVF ^ F!\oH�ZO\6R6g!T{F!\6RnKN\oH[F!G!aw`7UDP6Q�P6\<mDQ[KNT6k6F�G8ª ^ g:H[QVZOvwP6FN�DIOF�ILKNT6ILKNY!ZOF!\�RnKN\6G�G[K
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ÙÛÚ>Ü Ç�î�Þ

ï Ò$ËBð>É�Ô_Í�ËCÊ�É�ñ*Î�Ñ�Ë�Ì�Í�Ô
Í¤é�Ö&ËòÊ�ËCÌ�Õ�é�Ð�Ï�æèÓ"Ð�É�Ô�Í�Ñ�ë�Ô"Ö&Ë�ÏóÔ�Õ�Ì�Íôâ�Õ�Ì>ã0Õ�Ñ�Ó
Ë�Ô"Ð�ÏõÍ�×�Î�Õ�Ñ�ë�Ó
ËYÊ�Ë
ö Ë�Ñ�â�Ë�Ñ¨÷ Ï�É�Ð�Ô�Ô�Ï�Ñ�Ë�Ò�Ð3Ñ�Ë�Ö�Ñ�Î�Ô�Ë�Ì�Í�Ð�Í�É�Õ�Ì+Ê�à Ï�ÌôÌ�Õ�é�Ð�Ïôâ�Õ�Ó
Ó
ËAÏ�Ì+Ö�Ñ�Õ�Ê�Ï�É�ÍèÔ�â!Ð�Ò�Ð�É�Ñ�Ë Ü ß Ë�Ô¨Ì�Õ�é�Ð�Ï�ð
â�Õ�Ì>ã0Õ�Ñ�Ó
Ë�Ô#Ò�Ë�ÔdÖ�Ò�Ï�Ô#Ï>Í�É�Ò�É�Ô�Î�Ô¨Ô�Õ�Ì�Í$Ò�Ë�ÔdÔ�Ï�É ê Ð�Ì�Í�Ô(Ø
ß Ë�Ì�Õ�é�Ð�ÏCÖ&Õ�Ò�é�Ì�Õ�Ó
É�Ð�Ò^Ø

k(x, y) =< x, y >d , d ≥ 1
ÙÛÚ>Ü6ø�ù Þ

ß Ë�Ì�Õ�é�Ð�ÏCÔ�É�ú�Ó
Õ�ûüÊ�Ë.Ø
k(x, y) = tanh(β0 < x, y > +β1)

ÙÛÚ>Ü6ø È-Þ
ß Ë�Ì�Õ�é�Ð�Ïòý�í:Ð�Ô�Ë(Ñ�Ð�Ê�É�Ð�Ò�Ë.Ø

k(x, y) = exp

(
−‖x− y‖2

2γ2

) ÙÛÚ>Ü6ø�þ Þ

ß Ë�Ôpâ�Õ�Ì�Ô_Í�Ð�Ì�Í�Ë�Ô
β0
æ
β1

Ë1Í
γ
Ô�Õ�Ì�Í^â�×�Õ�É�Ô�É�Ë�Ô^Ð#Ö�Ñ�É�Õ�Ñ�É�Ö:Ð�Ñ@Òáà Ï>Í�É�Ò�É�Ô�Ð�Í�Ë�Ï�Ñ Ü ß Ë�Ô^Ì�Õ�é�Ð�Ï�ð3Ö&Õ�Ò�é�Ì�ÿ�Ó
É�Ð�Ï�ð

Ë1Í�ý
í:Ð�Ô�Ë�Ñ�Ð�Ê�É�Ð�Ò�Ë�ÔdÔ�Õ�Ì�ÍAÍ�Õ�Ï���Õ�Ï�Ñ�ÔAâ�Õ�Ì>ã0Õ�Ñ�Ó
Ë�ÔAÐ�ÏCÍ�×�Î�Õ�Ñ�ë�Ó
Ë3Ê�Ë ö Ë�Ñ�â�Ë�Ñ Ü ß Ë�Ì�Õ�é�Ð�ÏòÔ�É�ú�Ó
Õ�ûüÊ�Ë
÷ Ï:Ð�Ì�ÍAý8Ò�Ï�Éáæ ê Î�Ñ�É�ç:Ë(Ò�Ë�Í�×�Î�Õ�Ñ�ë�Ó
Ë�Ï�Ì�É�÷ Ï�Ë�Ó
Ë�Ì�ÍAÖ&Õ�Ï�Ñ#â�Ë�Ñ_Í�Ð�É�Ì�Ë�Ô ê Ð�Ò�Ë�Ï�Ñ�ÔdÊ�Ë β0

Ë1Í
β1 � � Ð!é î�î � Ü� Õ�Ï�Ñ(Ï�ÌnÌ�Õ�é�Ð�Ï Ö&Õ�Ò�é�Ì�Õ�Ó
É�Ð�ÒJÐ ê Ë�â d = 1

æ@Õ�Ì;Ñ�Ë1Í�Ñ�Õ�Ï ê Ë"Ò�Ë�Ö�Ñ�Õ�Ê�Ï�É�Í(Ô�â!Ð�Ò�Ð�É�Ñ�Ë�Ï�Ô�Ï�Ë�ÒUË�Ì�Í�Ñ�Ë
Ò�Ë�Ô
É�Ì�Ê�É ê É�Ê�Ï�Ô¨Ë1Í$Ê�Õ�Ì�â(Òáà ��� � Ô_Í�Ð�Ì�Ê:Ð�Ñ�Ê Ü

å Õ�Í�Õ�Ì�Ô(÷ Ï�Ë�æpâ�Õ�Ì�Í�Ñ�Ð�É�Ñ�Ë�Ó
Ë�Ì�Í�ý�Òáà ��� � â�Ò�Ð�Ô�Ô�É�÷ Ï�Ë�æpÒáà ��� � ý�Ì�Õ�é�Ð�Ï�ð Ì�Ë
Ö&Ë�Ñ�Ó
Ë1Í3Ö:Ð�Ô(Ï�Ì�Ë
Ñ�Ë�â�Õ�Ì�Ô_Í�Ñ�Ï�â1Í�É�Õ�Ì3ËBð�Ð�â1Í�ËèÊ�Ë�Ô^Ê�Õ�Ì�Ì�Î�Ë�ÔPÊ:Ð�Ì�Ô^Òáà Ë�Ô�Ö:Ð�â�ËGÉ�Ì�É�Í�É�Ð�Ò Ü �èË�â�É�Ë�Ô_ÍPÊ
	�ýdÒ�ÐdÌ�Õ�Ì3â�Õ�Ì�Ì:Ð�É�Ô�Ô�Ð�Ì�â�Ë
Ê�Ë+Òáà Ð�Ö�Ö�Ò�É�â!Ð�Í�É�Õ�Ì

Φ
æJ÷ Ï�É¨Ì�à Ë�Ô_Í8Ë�ÌDÕ�Ï>Í�Ñ�Ë+Ö:Ð�Ô.Ì�Î�â�Ë�Ô�Ô�Ð�É�Ñ�Ë�Ó
Ë�Ì�Í
í�É ��Ë�â1Í�É ê Ë Ü �èË�Ö&Ë�Ì�Ê:Ð�Ì�Í!æFÉ�ÒGË�Ô_ÍÍ�Õ�Ï���Õ�Ï�Ñ�ÔôÖ&Õ�Ô�Ô�É�í�Ò�ËòÊ�Ë?Í�Ñ�Õ�Ï ê Ë�ÑôÏ�Ì ê Ë�â1Í�Ë�Ï�Ñ ṽ
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��sI���	uCsI���L{����	tv�E��u��	u�t\tv�	�+y�s=�;��|vu�t`tvx+yH�%{��	x+y��+��u�t\z�sIy�t£��yA�7���7u�u�tv{�sIw�uI�(rbu�t`{��	��t`w��¡sItvtv�	�E��u�t
tvx+yH�£�,~ sIy�sI����tvu�¤9sIwj�;x+|v�	u��	�	u%�1�����;�	{��	uF¥ ¦\§\¨+© ª,�E�,~ sIy�sI����tvu�wCsIy�x+y��	�E��u��+��y���|;sI�	�	tv��u@¥ «�x+| q(¬ ª,�(�®3¢��
®�¯h±°,E�;|v��wj�;��|;s=�;�	x+y²z�u�t1®VsI���	uCsI���²³´®3|vx+�	t@¯�y�z��	w�u�t1z�u��¡sµE��s=�;�	th�;�	�E��u·¶L¥ ¦StvwC©+¸ � ¦StvwC©H¹ ª%uj�
�,~ sIy�sI����tvu�{�|vx�w�|v��th�;��u�y�y�u ¥ ®3��w·¹I© � º^x·»�¼+¹ ª,�\rS~ sIy�sI����tvu�¤9sIwj�;x+|v�	u��	�	u��1�����;�	{��	u�w�x+y�tv�	th�;u��½sI{��
{��	�	�E��u�|7��y�uµ¢�¾%§¿th��sIy�z�sI|vzÀtv��|

X
u�y±sIz�x+{(��sIyH���¡s½z��	tv{�x+tv���;�	x+yÁ���	z��	�7u�y�tv�	x+y�y�u��	�	u�z�u

X
�

¢�Â�yLz�u�y�u�{�sItS{�|v��Ã��	�	���+�	u�|V�	u�t�ÃIsI|v�¡sI���	u�t�{�|v��tvu�yH��sIyH�£��y�u�¤Äx+|h�;u�w�x+|v|v���¡s=�;�	x+y1�1�(�;��u��	�	uI�Iw�}�sI�E��u
tvx+��td����sI���	uCsI�Au�th�%{�|v�CsI�¡sI���	u��7u�yH�`y�x+|v�7��{�sI|`�¡sF{��	��t`�+|;sIy�z�u�ÃIsI�	u���|\{�|vx+{�|vu�z.~ ��y�u�¢�¾%§Åtv{����
w���Â��E��u�ujÆÇu�wj�;����u[tv��|��	u�t1ÃIsI|v�¡sI���	u�tz�u�w�u�tvx+��td����sI���	uCsI�.�SrS~ sIy�sI����tvu�wCsIy�x+y��	�E��u��+��y���|;sI�	�	tv��u
|v��tv���7u��,~ �	y(¤Äx+|v�As=�;�	x+y�z�u�w�}�sI�E��u7tvx+��td����sI���	uCsI�È���,~ sI�	z�uz.~ ��y�uLtvu����	u1ÃIsI|v�¡sI���	uI�Ç{����	t�u�y½z����
z���������y�u�ÃIsI|v�¡sI���	u�sI|h�;��Â�w��	u��	�	u��¡s{��	��t��	�	��u�u�y��7x·�+u�y�y�uI�É¾£uj�v�;u@sI{�{�|vx�w�}�uFsIz��7uj��w�x+�7�7u�wCsIt
{�sI|h�;�	w����	�	u�|vt\�;x+�(�;u�t��	u�t£�7�j�;}�x�z�u�t%w��¡sItvtv�	�E��u�t�z.~ sIy�sI����tvu�¤9sIwj�;x+|v�	u��	�	u�z.~ ��y�tvu����.tvx+��td����sI���	uCsI�ËÊ
sIy�sI����tvu�wCsIy�x+y��	�E��uI�EsIy�sI����tvu�z��	tvw�|v�	�7�	y�sIyH�;u%uj�`¢�¾%§3�(r!s^�7�j�;}�x�z�u��®3¢S®�¯h7�	z�u�yH�;��Â�u�w�}�sI�E��u
tvx+��td����sI���	uCsI� {�sI|1t;sµ�As=�;|v�	w�uAz�u[º^|;sI�Ìu�yH�;|vu��	y�z���Ã��	z���t��3uj��u�yÍ|vu�w�}�u�|vw�}�u���y�u�w�x+y(Â��+��|;sÎ�
�;�	x+yÍ�E����|vu�{�|v��tvu�yH�;uo�¡sµ{�sI|h�7z.~ �	y(¤Äx+|v�As=�;�	x+y±Ïj�7x·�+u�y�y�uHÏ�sI{�{�x+|h�;��u[{�sI|��	u�tLtvx+��td����sI���	uCsI���Ç�
rS~ sIy�sI����tvu7{�|vx�w�|v��th�;��u�y�y�uI�V{�|vx+{�x+tv��u����,~ x+|v�	�+�	y�u�{�sI|@®3��w�ÐIu�|�¥ ®3��w·¹I© ª`{����	t@�+��y���|;sI�	�	tv��u7{�sI|
º^x·»£u�|�¥ º^x·»�¼+¹ ª�sI� wCsIt

N > 2
�3w�}�u�|vw�}�u��oz��j�;u�|v�7�	y�u�|�	u7tvx+��td����sI���	uCsI� w�x+y�th�;���;��sIyH���,~ �	y��

¤Äx+|v�As=�;�	x+yÁÏj�7x·�+u�y�y�uHÏLu�yH�;|vu7�	u�t
Xk
�3�[�,~ sI�	z�u�z.~ s·Ñv��th�;u��7u�yH�;t�+��x+�7�j�;|v�	�E��u�t@z�u7w�}�sIw���y²z�u

w�u�t�tvx+��td����sI���	uCsI���²°Ä}�x+�7xI�;}��j�;�	u^uj��|vxI��s=�;�	x+yÉ¶���rS~ sIy�sI����tvuF{�|vx�w�|v��th�;��u�y�y�uu�th��{��	��t�w�x+�7{��	u��(u
z�sIy�t�t;s��7�	tvu@u�yµÒF�(Ã�|vu1�E��uL�®3¢S®�¯ho{����	tv�E�.~ �	�3t�~ sI�+����z.~ ��y�u1�7�j�;}�x�z�uz.~ x+{(�;�	�7�	t;s=�;�	x+y[{�sI|
��y�uF}�u���|v�	th�;�	�E��uFx+Ó[�,~ x+y[|vu�w�}�u�|vw�}�u�	u�t�tvx+�	�(�;�	x+y�t�z���{�|vx+���	���7u�z�uF�7�	y��	�7�	t;s=�;�	x+y�Ê

Eprocrus =

N∑

k=1

trace(t(O1 − ρkXkPk)(O1 − ρkXkPk))
°9Ô(� q+q ¶

x+Ó
ρk
uj�

Pk
tvx+yH�%|vu�tv{�u�wj�;��Ã+u��7u�yH�%�	u�w�x�ujÕ7w��	u�yH�%z�u�y�x+|v�AsI�	�	t;s=�;�	x+y�uj�£�¡s^�As=�;|v�	w�u�z�u�|vxI��s=�;�	x+y

z�u
Xk
�3��\�	u�t

nk
tvx+yH�y�x+y½w�x+y�th��sIyH�;t��3��y�uAsIth�;��w�u7w�x+y�tv�	th�;u7�[�	u�tFw�x+�7{��	�j�;u�|^{�sI|Fz�u�t¸[z�u

�AsIy��	��|vu^��x+�(�;u�y��	|���y�uF��sI�	�	�	u�w�x+�7�1��y�u@�1�;x+��t��	u�t�tvx+��td����sI���	uCsI���Ç�

Ö�×9Ø�×hÙ ÚÀÛ�Ü\Ý�Þ�ß�àâá1ãÄäSåæ.ç�Ü�è(àbé�ç�ßÍá�àëêÇä!ìVÜSç�ídÜ\Û�êÇàâç�àbÝdÜ�è(ídä\Û�Û�àbÝdÝdà

î�sIy�t7w�u[�;|;sCÃIsI�	�,�3y�x+��t7y�x+��t7�	yH�;��|vu�tvtvx+y�tA�È�,~ sIy�sI����tvu�{�sI|Lu����;|;sIwj�;�	x+yÅz�u�tv�	�+y�s=�;��|vu�u�y
w�x+y�tv�	z���|;sIyH���	uË�7x�z����	uµtv����ÃIsIyH�C��ï�y�uË¤Äx+�	t�z��jÂ�y��	uÈ�,~ ¢�¾%§ð|vu��¡s=�;�	x+y�y�u��	�	uI�`y�x+��t[{�|vx+{�x+tvx+y�t
�,~ u����;u�y�tv�	x+yYy�s=�;��|vu��	�	u½�Å�,~ sIy�sI����tvuÈz.~ x+{���|;s=�;u���|vtoz�u½w�x·ÃIsI|v�¡sIy�w�uÈ|vu��¡s=�;�	x+y�y�u��	�	uÅ°Ä¢�ñF¶�{�x+��|
�,~ �j�;��z�u�th��s=�;�	th�;�	�E��u�z�u���sI���	uCsI������;|vx+�	t`u�yH�;|v��u�t@¥ «�r3�ò+¸ q � ª,��r!s�7�j�;}�x�z�u�{�|vx+{�x+tv��u^u�th����y�u
ÃIsI|v�¡sIyH�;u7z���|v��Ã+��u�z�uA�,~ sIy�sI����tvu7¤9sIwj�;x+|v�	u��	�	uLz.~ x+{���|;s=�;u���|vt�¥ ó�x+��© p ª,�Vrbu����(�1u�th��z.~ �j�;��z��	u�|1�	u�t
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� #%$���&G��� 2H(+9����JI:KMLONDP�L I�Q+R+ST2�� U�� ���WV+(+���(+$X47����$.-7�Y(Z1����W�)(+��9���������� �������J#%2:U���([����$�� ��\�?J���J� #%$���&
��� 2H(+9������ #%��������]%����1�� U��@2H(+�$����F*H(+� �F#%�W��E�#%��#%� 47U��Z��� � $��Z1^< $����F9�#%48*����H(+��� #%��������U,(+��� �_1����
#%2:U���([����$�� �@1��5� U�`aU�� ����9��+\^Ab� U�9���� U�47�����,c:#%����1��������edH����(
$��/� #%$���&'�)(+*����,(+$�2H(+�@� #%�/#%2:U���([����$��
1��89�#fV+(+� �Y(+��9��+\g?J��� ���!��1��������edH9,([����#%�/���W�Z� U,(+����� U��5��(+���"2:���W���!1��8]%U���U���(+���e��U59,(+�_1H(+���"���59,(+�
#%hi���j��< (+]%�e�!1�$i��#%48*�� �T1��TV+(+� �Y(+*������5���!��#%�k9�����$��J1����!����1��eV.��1�$��5;�$��B� #%�e�!��#%�i9�#%���W�)(+���,c
(+��#%� �8�Y(�� ��]%�H([��$�� �l�H([��$�� �������X1���9)EH(+9�$��m1����
� #%$���&'�)(+*����,(+$.-i���W�
�Y(/4X([��� ��9��X1���n"��(+4o1����
2�� #.1�$��e����� 9,(+�Y(+��� ����������� �8�����_����1��eV.��1�$���\:pg���"��������� 2�� U��)([����#%����� #%���Z(+��#%� ��1��eqDU�� ���������_1H(+���_���
� �����r#%hZ�=< #%�Z(+�H(+�es.� �b�=< ��������� �W��� $�9���$�� �b1����r#%2:U���([����$�� �rtu�=< (+��1��v1����r���Y(+��� #%���D������� �w�����g����1��eV.��1�$��
���T��#%�x2���$��7�����7V+(+� �Y(+*������
1����X� #%$���&'�)(+*����,(+$.-D\Jpb< (+��]%#%� �e��E�47�l� ��1�U�� #%$��������x��� #%���7U��)(+2:����\
pr(y2�� ��47��z�� �lU��)(+2:�l9�#%��� ���W����ty9,(+��9�$������
ty2H(+�W�����81��

X
�����!#%2:U���([����$�� �7t{(+�H(+�es.� ����\wpb< >@|

9)E���� 9)E��yt{9�#%���W��� $���� ��$�����*H(+� ��#%�W��E�#%��#%� 4X(+���
(O1, . . . , ON)

1����=< ��� 2H(+9���1����7#%2:U���([����$�� �
< Γ1, . . . , ΓN >

\H>}s�(+���_9)E�#%��� �g$���]%��(+2�E��
Gk

1^< $����5� ���Y([����#%�l*����H(+��� �"����$����F47U���� ��;�$��
Mk� $��v�����~#%*�� ���WV+([����#%���~1�$8� #%$���&'�)(+*����,(+$

Xk

c��=< #%2:U���([����$��
Γk

� �J1�U�dH���e�}1��j�Y(@4X(+����z�� �w� $��eV+(+������C

Γk =
1

κk

t
Xk∆kXkMk , 1 ≤ k ≤ N ��� \ � �%�

#%h
κk

���
∆k

1�U�� ��]%�������@� ��� 2:��9����eV%��47�����@�Y(89�#%������9����eV.�e��U"������_�Y(+2��Y(+9������T1�$�]%��(+2�E��
Gk

\Hpg���
#%2:U���([����$�� �

Γk

� #%���"������#%2:U���([����$�� ��1��89�#fV+(+� �Y(+��9��5� ���Y([����#%�����������+\H�_(+���_9��5� ������c^�=< >@|�2:��$3�
6���� �j9�#%��� ��1�U�� U��j9�#%4747�w$����j�M-.������� ��#%�81��j�=< >@?BA�� ���Y([����#%�����������}1H(+���~���w9,(+1�� �j1��j�=< (+�H(+�es.� �w1��
�)(+*����,(+$.-l48$��e����2�������\3pb< #%2:U���([����$��

Γk

���W��(+$3��#�(+1�� #%�����u2:#%$��u���_2�� #.1�$��e�� 9,(+�Y(+��� �
< ., . >Mk

C

∀x, y ∈ R
p , < x, Γk.y >Mk

=< Γk.x, y >Mk
��� \ �%� �

pr(5� ��9�#%��1��ZU��)(+2:�_1��_�Y(F47U���E�#.1��_1�U�dH���e�B�����B� ���Y([����#%���j������� �"�����B#%2:U���([����$�� �B9�#%4747�����@`a#%���
�=< (+�H(+�es.� ��`�(+9���#%� ����������48$��e����2����8� �wAw�%� �g#%$��=< (+�H(+�es.� �_48$��e����2������ #%$��9�#%������(+�������"1��"V%#%��� ���H(+]%���
� ?u��?B� � �=\�A~#%$��9����Y(3c�#%��$3��������� �����"2�� #.1�$��e�� 9,(+�Y(+��� �_1��F�@����*:���W�W&W�.9)E�47��13� � HS

� C

< Γk, Γk′ >HS= trace(Γ∗
kΓk′) = trace(ΓkΓk′) ��� \ �%� �

pg�X2�� #.1�$��e�5� 9,(+�Y(+��� �
HS

���W�8U�;�$��eV+(+�������!(+$�2�� #.1�$��e�5� 9,(+�Y(+��� �7$�� $����B� $��
R

p2 1����84X([��� ��9����
47��� ���!� #%$��!`a#%� 47�XV%��9���#%� ���������+\}pg#%� � ;�$���9���2�� #.1�$��e�!� 9,(+�Y(+��� �T���W�7��#%� 4X(+����� U+c~9����Y(y9�#+�'��9���1��
(,V%��9Z���_9�#.���79��������

RV
1��Z�#%*:���W����@�b� 9�#%$3dH���F� �@� � � �^$3��������� U�1H(+����Y(547U���E�#.1��F�.�~>b�u�W�yC

< Γk, Γk′ >RV =
< Γk, Γk′ >HS√

< Γk, Γk >HS × < Γk′, Γk′ >HS

��� \ �+���
�b��� $�2�2:#%��(+���_;�$^< ���r�^< s�(+�e��(+$�9�$����5� ���Y([����#%��1��F2�� #%2:#%�W����#%���H(+���e��U_������� �5�����

Γk

c��Y(
4X([��� ��9��
1����@2�� #.1�$��e���� 9,(+�Y(+��� ��� H = (< Γk, Γk′ >HS)1≤k,k′≤N

���W���Ws.47U���� ��;�$��F1�U�dH�����F2:#%� �e���eV%�+\:|_�
1�U������ 47�����"����� $��e���Z�����uU���U�47�������2�� #%2�� ���

(U ,L)
1��F�Y(84X([��� ��9�� H C

HU = UL ��� \ �.���
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®r¯X°�± ²%³�´ ³�µ�¶7·F¸�°)¯+¹:·8º�²%»�´ ³�´W°�·
¼T½�¸�°�·�± ¶7³�»�·�±_¾�·�´_²%¹:¸�±�¯[°�·�¿�± ´_¹�± ³�»�º�³�¹H¯+¿.À Á ·�»{¿3°�³�¾�³�´�¯+»�°�¾Y¯X± ·MÂ
¾Y¯[°�³�²%»/Ã

Õ = ΓU Ä�Å3ÆÈÇ%É%Ê
®g·�´jË%·�º�°�·�¿�± ´u¹�± ²%¹�± ·�´J½�· H Ì ²%± ¶7·�»�°J¿�»�·�ÍH¯+´ ·_²%±W°�Î�²%»�²%± ¶7¸�·½�·

R
N ·�°B²%»XË%¸�± ³eÏH·�Ð�¿�·

Õ
·�´W°

¿�»�·ZÍH¯+´ ·Z²%±W°�Î�²%Ñ%²%»H¯+¾�·_½�·Z¾=Ò ·�´ ¹H¯+º�·Z½�·�´@²%¹:¸�±�¯[°�·�¿�± ´ZÃ

< Õk, Õk′ >HS = <
N∑

i=1

ΓiUik,
N∑

j=1

ΓjUjk′ >HS Ä�Å3ÆÈÇ+Å�Ê

=

N∑

i,j=1

Uik < Γi, Γj >HS Ujk′ = tUkHUk′

= Lk′

tUkUk′ = Lk′δkk′

Ó~²%¿�±_²%Í3°�·�»�³�±_¿�»�·!ÍH¯+´ ·!²%±W°�Î�²%»�²%± ¶X¯+¾�·F½�·
< Γ1, . . . , ΓN > Ô ²%»y»�²%± ¶X¯+¾�³�´ ·F¾�·�´_¸�¾�¸�¶7·�»�°�´_½�·

Õ
Ã

O = (O1, . . . , ON) = ÕL−1/2 Ä�Å3ÆÈÇ ¬ Ê
®g·7º�²%¶7¹�± ²%¶7³�´

O1
º,¯+±�¯+º�°�¸�± ³�´ ·7¾=Ò ³�» Ì ²%± ¶X¯[°�³�²%»/¶7²fÕ%·�»�»�·T¯+¹�¹:²%±W°�¸�·7¹H¯+±Z¾�·�´F²%¹:¸�±�¯[°�·�¿�± ´ ÆvÖ ·�°

¸�¾�¸�¶7·�»�° Ô ¯+¹�¹:·�¾�¸�×)Ø[Ù�Ú:Û�Ø[Ù!Ü�Ý Ô ·MÀ3¹�± ³�¶7·5¿�»�·8± ·�¹�± ¸�´ ·�»�°)¯[°�³�²%»y´WÕ.»�°�Î�¸�°�³�Ð�¿�·
½�·8¾=Ò ·�»�´ ·�¶8Í�¾�·5½�·�´
´ ²%¿�´�Â'°)¯+Í�¾�·,¯+¿.À�½�²%»�°"Þ.ß~àbßuáWÞ�¶7·�´ ¿�± ·5¾=Ò ³�»�°�±�¯+´W°�± ¿�º�°�¿�± ·F½�·�´�²%Í�´ ·�±WË+¯[°�³�²%»�´·�»/·�âD·�º�°�¿H¯+»�°_¿�»�·
à Ö Ói´ ¿�±Jº�·�°B²%¹:¸�±�¯[°�·�¿�± Æ.ã »T± ·�Ë+¯+»�º)Î�· Ô O1

»^Ò ¯+¹�¹:²%±W°�·�¯+¿�º�¿�»�·�³�» Ì ²%± ¶X¯[°�³�²%»!´ ¿�±J¾�·�´j± ·�¾Y¯[°�³�²%»�´
·�»�°�± ·�¾�·�´j²%¹:¸�±�¯[°�·�¿�± ´j·�°B»�²%¿�´j¹�± ²%¹:²%´ ²%»�´J¹:²%¿�±wº�·�¾Y¯F½�·�»�²%¿�´j³�»�°�¸�± ·�´ ´ ·�±B¯+¿.ÀT¯+¿3°�± ·�´J¸�¾�¸�¶7·�»�°�´
½�·5¾Y¯
ÍH¯+´ ·

O Æ ®r¯7¹�± ²�ä ·�º�°�³�²%»�½�·5¾=Ò ²%¹:¸�±�¯[°�·�¿�±
Γk

´ ¿�±�¾=Ò ²%¹:¸�±�¯[°�·�¿�±@¹�± ³�»�º�³�¹H¯+¾
Ok′

»�²%± ¶7¸�·F·�´W°
²%Í3°�·�»�¿�·"·�»l¶8¿�¾e°�³�¹�¾�³Y¯+»�°w¾�·

k
µ�¶7·_¸�¾�¸�¶7·�»�°u½�¿TË%·�º�°�·�¿�± Uk′

¹H¯+±J¾Y¯5±�¯+º�³�»�·�º,¯+± ± ¸�·"½�·_¾Y¯ZË+¯+¾�·�¿�±
¹�± ²%¹�± ·F¯+´ ´ ².º�³�¸�· Lk′

Ã

< Γk, Ok′ >HS = < Γk,
Õk′√Lk′

>HS=< Γk,
ΓUk′√Lk′

>HS Ä�Å3ÆÈÇ%å%Ê

=
1√Lk′

< Γk,
N∑

i=1

Uik′Γi >HS=
1√Lk′

N∑

i=1

H(k, i)Uik′

=
1√Lk′

(Lk′U)k,k′ =
√
Lk′Uk,k′

æ ±�ç+º�·j¼@º�·�° °�·j¶7¸�°�Î�².½�· Ô »�²%¿�´~º,¯+±�¯+º�°�¸�± ³�´ ²%»�´~½�²%»�ºj¾Y¯B°�²+°)¯+¾�³e°�¸b½�·j¾=Ò ³�» Ì ²%± ¶X¯[°�³�²%»�·�°v¾Y¯º�²%»�»H¯+³�´�Â
´�¯+»�º�··MÀ3²%Ñ%µ�»�··�´W°j¹�± ³�´ ··�»
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Gk
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CED�FHGJI�K LNM(OQPSR�TVUWFYXZL&[�U\K]M�LN^�P&_5F5U\`aFHD6^�L?UWL&GaFYXW`aPbD6D�L&GcGaL

d DbXZUWTVL&Kfe
gih
jlk5monpjlq X = (X1, . . . , XN) r
gts*uvjlw5x5n y=z5n�u�n m{j\|v}o~���k5}o�Hjl}ou�n Gk

z5n���xHjl�Vq5n�y�~�q5y���|�jlk5monpjlq Xk rgt�/��|vu�}o�Vq5n y Mk
y�q5u=mon y=}o�5z5}��&}oz5q5y�z5n Xk r

��PSUZXW`aL&Kfe
g$��mo� �]n �B|vy=w5u�~�w5u�n y (U ,L) z5n H r
gt��wb� uvj\|vn q5u�y Γ r
gt��wb� uvj\|vn q5u�y=w5u�}o�5� }owHjlq&� O r
� UWP0^�T&M6[�UWL�e

� r+� jlmo� q5m�z5n y/~�wb� uvj\|vn q5u�y Γ = (Γ1, . . . , ΓN) jp��n � Γk = 1
κk

t
Xk∆kXkMk

n�|�jp��n �
m�� ��|�jlwbn*����n �B|vq5n momon�z5n��5~�u���jlmo}oyvj\|v}o~�� Γk = Γk

‖Γk‖HS
r� r+� jlmo� q5m-z5n�m{j/��j\|vu�}o� n H = (< Γk, Γk′ >HS)1≤k,k′≤N

z5n y�w5u�~&z5q5}�|vy�y��pjlm{jl}ou�n y�z5n� }omokbn u7|7�7�&��x5�]}ozY|�n �B|vu�n�mon y�~�wb� uvj\|vn q5u�y r� r+� jlmo� q5m0z5n y=� mo� �]n �B|vy=w5u�~�w5u�n y (U ,L) z5n H r@ r+� jlmo� q5m0z5n�m{j�kHjly�n�~�u7|vx5~��5~�u��]� n O = ΓUL−1/2 z5n y�~�wb� uvj\|vn q5u�y=w5u�}o�5� }owHjlq&� r� r+� jlmo� q5m0z5n y=w5u�~W �n ��|v}o~��5y UL1/2 z5n y Γk
y�q5u=m{j�kHjly�n O r

¡-¢
£
¤ � r � g�¥+�Hjlm�¦&y�n�z�� ~�wb� uvj\|vn q5u�y�z5n�� ~Z�ljlu�}{jl�5� n*u�n m{j\|v}o~��5�5n momon r
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Ü?ÝlÞoßBàvá ßHÝlßBà�âVã5áäß5å�ã5æ�Ýpç�å�ß5æ
è5é ê ë�Þ�à
ìoá-ê å�ßBàváîí&àvá�è5áäì�ï ÝlßHÝlì�ð&æ�á(è�ï å�ñbé ëvÝ\àvá ã5ë�æ
è5áäê åZçlÝlë�Þ{Ýlß5ê á
ë�á ì{Ý\àvÞoå�ß5ß5á ìoìoálò
ß5å�ã5æ�ñ5ë�å�ñbå�æ�å�ß5æ]èHÝlß5æ�ê á�à�àvá?æ�á ê�àvÞoå�ßóã5ß5á?áîí&àvá ß5æ�Þoå�ßõôöì�ï ÝlßHÝlì�ð&æ�áE÷cÝlê�àvå�ë�Þoá ìoìoá
è5Þoæ�ê ë�Þoø]ÞoßHÝlßBàvá�ù úHå�ãHûlü ý�þ5ÿ�ï ÝlßHÝlì�ð&æ�á*è5Þoæ�ê ë�Þoø]ÞoßHÝlßBàvá�è�ï å�ñbé ëvÝ\àvá ã5ë�æ�è5á*ê åZçlÝlë�Þ{Ýlß5ê á�ë�á ì{Ý\àvÞoå�ß5ß5á ìoìoá
��������� ù 	+ÿ�
� »�� ê ýØê å�ß5æ�Þoæ7àvá*ô�Ýlñ5ñ5ìoÞoâVã5á ë-è5á�ø�Ýlß5Þ�� ë�á�æ�ã5ê ê á æ�æ�Þ�ç�á�ã5ß5á*ÝlßHÝlì�ð&æ�á+è�ï å�ñbé ëvÝ\àvá ã5ë�æ ò
ñ5ã5Þoæ�ã5ß5á�ÝlßHÝlì�ð&æ�á:è5Þoæ�ê ë�Þoø]ÞoßHÝlßBàvá�ìoÞoß5épÝlÞoë�á ����� ÿ � æ�ã5ë�ìoá æ�ñ5ë�å���á ê�àvÞoå�ß5æ�èHÝlß5æ�ì{Ý��HÝlæ�á]å�ë7à��5å��
ß5å�ë�ø�Ýlìoá=å��Yàvá ßVã5álþ�ÆìØá æ7à�ßHÝ\àvã5ë�á ìoìoá ø]á ßBàäñbå�æ�æ�Þ��5ìoá+è5á+ñ5ë�å&ê é è5á ë�è5Þoë�á ê�àvá ø]á ßBà=ô�ì�ï ��� ÿNæ�ã5ë�ìoá æ
å�ñbé ëvÝ\àvá ã5ë�æ�ø]Þoæ=æ�å�ã5æ�÷aå�ë�ø]á*ç�á ê�àvå�ë�Þoá ìoìoálþbÜ?ÝlÞoæ òSèHÝlß5æ�ã5ß�æ�å�ã5ê Þ�è5á�ë�é è5ã5Þoë�á�ì{Ý:ê å�ø]ñ5ìoáîíYÞ�àvé*è5á
êpÝlìoê ã5ìbá�à�è5á�ñHÝlìoÞoá ëäÝlãEø�ÝlãYçlÝlÞoæ-ê å�ß5è5Þ�àvÞoå�ß5ß5á ø]á ßBàäè5á�ì{Ý�ø�Ý\àvë�Þoê á+ô�è5Þ{Ý���å�ßHÝlìoÞoæ�á ë òBß5å�ã5æ�ê��5å�Þ��
æ�Þoæ�æ�å�ß5æ=è5á�ñ5ë�å&ê é è5á ë�ô:ì�ï á ß5ê��HÝ��{ß5á ø]á ßBà �! #" � ��� ÿ�þ  á�à�àvá*àvá ê��5ß5ÞoâVã5á�Ýfè5é$�vô:é�àvé�ñ5ë�é ê å�ß5Þoæ�é á
èHÝlß5æ�ìoá]êpÝlè5ë�á�è5á æ�Ýlñ5ñ5ë�å&ê��5á æ�è5Þoæ�ê ë�Þoø]ÞoßHÝlßBàvá æ�Ýlñ5ñ5ìoÞoâVã5é á æ�ô?ì{Ý'ë�á ê å�ß5ßHÝlÞoæ�ævÝlß5ê á�è5á]ç&ÞoævÝ���á æ
ù %#	'&�(*) ò 
,+-( � ý�þ

ÿ0áöñ5ë�Þoß5ê Þoñbá.��é ß5é ëvÝlì�è5áöì�ï ����� á æ7à?Þoìoìoã5æ7àvë�é á ô ì{Ý0/1��ã5ë�á 2Yþ û þ!3�å�ã5æ/ê å�ß5æ�Þoè5é ë�å�ß5æ/ìoá æ
ñ5ë�á ø]Þ�� ë�á æ � è5Þoæ�å�ß5æ

m
� ñ5ë�å���á ê�àvÞoå�ß5æ:è5á æ:å�ñbé ëvÝ\àvá ã5ë�æ:æ�ã5ë:ì{Ý.�HÝlæ�á

O
þ  á æ]ñ5ë�å���á ê�àvÞoå�ß5æfæ�å�ßBà

ê å�ßBàvá ßVã5á æ*èHÝlß5æ�ìoá�à�Ý��5ìoápÝlã Q è5á�à�ÝlÞoìoìoá
N ×m

òØâVã5Þ
ê å�ë�ë�á æ�ñbå�ß5èNá ß?÷cÝlÞ�à�Ýlã&í
m

ñ5ë�á ø]Þ�� ë�á æ
ê å�ìoå�ß5ß5á æ+è5á�ì{Ý]ø�Ý\àvë�Þoê á UL1/2 þØÿ�Ý�ê å�ìoå�ß5ß5á

i
è5á Q á æ7à*è5å�ß5ê�ì{Ý]ñ5ë�å���á ê�àvÞoå�ß�è5á�àvå�ã5æ+ìoá æ

Γkæ�ã5ë�ìoá
i
� ø]á�å�ñbé ëvÝ\àvá ã5ë�ñ5ë�Þoß5ê ÞoñHÝlì

Oi
þ " ÝlëfÝlÞoìoìoá ã5ë�æ ò�å�ß æ�áEè5å�ß5ß5áEé4�BÝlìoá ø]á ßBà�ã5ß á ß5æ�á ø5�5ìoá

è5á
K

ê ì{Ýlæ�æ�á æ�âVã5Þ6ê å�ß5æ7àvÞ�àvã5á�ã5ß5á�ñHÝlë7àvÞ�àvÞoå�ß/è5á æ
Γk

þ � ß�ß5ålàvá�ñHÝlë G ì{Ý]ø�Ý\àvë�Þoê á
K ×m

è5á æ
ê á ßBàvë�á æ�è5á6��ëvÝpç&Þ�àvé�è5á æ�ê ì{Ýlæ�æ�á æ�è�ï å�ñbé ëvÝ\àvá ã5ë�æ ò6Þoè5á ßBàvÞ7/Hé æ�ñHÝlë�ìoá ã5ë�ñ5ë�å���á ê�àvÞoå�ß�ò�á�à�ñHÝlë P ì{Ý
ø�Ý\àvë�Þoê á�è5á*ìoá ã5ëäñbå�ß5è5é ëvÝ\àvÞoå�ß�þ " ë�é ê Þoæ�é ø]á ßBàpò P á æ7à=ã5ß5á�ø�Ý\àvë�Þoê á+è5Þ{Ý���å�ßHÝlìoá=ñ5ë�å�ñbå�ë7àvÞoå�ß5ß5á ìoìoá
Ýlã&í�á98Øá ê�àvÞ�÷aæäè5á�ê��HÝlâVã5á�ê ì{Ýlæ�æ�álþ � ñ5ë:� æ�ê á ßBàvëvÝ���á�è5á æ�ê å�ìoå�ß5ß5á æäè5á Q ñbå�ã5ë-ì{Ý�ø]é�àvë�ÞoâVã5á P òYì{Ý
ø�Ý\àvë�Þoê á�è5á�ê åZçlÝlë�Þ{Ýlß5ê á V á ßBàvë�á�ìoá æ�å�ñbé ëvÝ\àvá ã5ë�æ=ñ5ë�å���á�àvé æ�á æ7à�è5å�ß5ß5é á�ñHÝlë�ì{Ý�÷aå�ë�ø�ã5ìoá5;

V =
1

N
tQQ ∈ R

m×m
� 2Yþ<) � �

ÿ�ï ��� ÿ<è5é�àvá ë�ø]Þoß5á�ìoá æEÝWíYá æEñbå�ã5ë�ìoá æ�âVã5á ìoæEì�ï Þoß5á ë7àvÞoá/ÞoßBàvá ë=�Æê ì{Ýlæ�æ�álò�êlï á æ7à/ô è5Þoë�á�ì{Ý ø]á æ�ã5ë�á
è5á]è5Þoæ�ñbá ë�æ�Þoå�ß è5á æ�ê á ßBàvë�á æ�è5á6��ëvÝpç&Þ�àvé:è5á æ�ê ì{Ýlæ�æ�á æ ò6á æ7à�ø�ÝWíYÞoø]Þoæ�é álþ0ÿ�ï ��� ÿõè5ãöà�Ý��5ìoápÝlã Qá æ7à=é âVã5Þ�çlÝlìoá ßBàvá�ô:Ýlñ5ñ5ìoÞoâVã5á ë�ì�ï �! #" ê á ßBàvë�é á�è5ãEàvë�Þoñ5ìoá�à�æ7à�Ý\àvÞoæ7àvÞoâVã5á

(G,V−1,P)
ù 
YÝlñ1( » ý�þHÿ�Ý

ø�Ý\àvë�Þoê á V−1 ê å�ë�ë�á æ�ñbå�ß5èöôEì{Ý�ø]é�àvë�ÞoâVã5á�è5á�Ü?Ý��HÝlì{Ýlß5å��5Þoæ+èHÝlß5æ*ìoáfæ�å�ã5æ=�Æá æ�ñHÝlê á:è5á
R

m è5á æ
ê á ßBàvë�á æ�è5á�ê ì{Ýlæ�æ�á æ þHÿ0á æ�ÝWíYá æ�è5Þoæ�ê ë�Þoø]ÞoßHÝlßBàvæ-æ�å�ßBà�è5å�ß5ê�ìoá æäç�á ê�àvá ã5ë�æ=ñ5ë�å�ñ5ë�á æ

U
Ýlæ�æ�å&ê Þoé æ�Ýlã&í

çlÝlìoá ã5ë�æ�ñ5ë�å�ñ5ë�á æ
L

è5á�ì�ï �! #" ê å�ß5æ�Þoè5é ë�é á>;

(tGPGV−1)U = UL
� 2Yþ<)�) �

� ß Ý?Ýlã ñ5ìoã5æ
K − 1

çlÝlìoá ã5ë�æ�ñ5ë�å�ñ5ë�á æ�ß5å�ß ßVã5ìoìoá æ þ � ï Ýlñ5ë:� æ�ì{ÝE÷aå�ë�ø�ã5ìoá � 2Yþ<)�? � ò�ìoá æ�å�ñbé ëvÝ��
àvá ã5ë�æ

Γk
ñbá ãYç�á ßBà�@�àvë�á�ë�á ê å�ß5æ7àvë�ã5Þ�àvæ+ôfì�ï ÝlÞoè5á*è�ï ã5ß5á�ê å�ø5�5ÞoßHÝlÞoæ�å�ßEìoÞoß5épÝlÞoë�á�è5á æ

Ok
ñbå�ß5è5é ë�é á

ñHÝlë*ìoá æ�çlÝlìoá ã5ë�æ*è5á æ�ñ5ë�å���á ê�àvÞoå�ß5æ�ê å�ë�ë�á æ�ñbå�ß5èHÝlßBàvá æ þ � ç�á ê]ê á�à�àvá:ë�á ø�Ýlë�âVã5álò0å�ß á ßöè5é è5ã5Þ�à�ì{Ý



ACB!D�EGF4HJI!K-LNMOD�EPEPI�Q�ACB'KSRUTVF=WPKSROXYTVDZRVHD'H�F[RVH�F9\^]�K`_aW!QabcW'HJIaF9\^]�K dNe

ADO

AO

     Projection sur
    les m premiers
operators principaux

< K-1 éléments propres

< K-1 opérateurs discriminants

    Analyse
discriminante
     sur les
  projections

fhgjilk1mon p�qsrGt:u�vw4u�xzy�{y�|~} ��v1��|7�N�:y�{u��:w4t:u��>u�v1��v*��y!{�} ��xz�4t�����y4�t:�a{y�w4������t:u���vw4y�t:y4|�����u���vvy4|�|�y�n

w4��v�[��t:�w9��u���vO{y4�!��xz�4t�����y4�t:�a{u��:w4t:u��>u�v1��v*�����

Dk =

m∑

i=1

OiUik ∈ R
p×p , 1 ≤ k ≤ K � mon<��p*�

� uG|�y�v���5�t:y^{y^xt:���:y4w9��u���v��y4�[��u�vo���4t:u�y4�t�����v���5�t:y�{y^�:����=�������|�y����N� � m < N
������|���t:�

|���w4��v�[��t:�w9��u���v�{ycw4y4�6��xz�4t�����y4�t:�6{u��:w4t:u��>u�v1��v*���^y4�[�>� �¡�¢¤£~¥9¦j¦�¥cx�u��:§,�y¨|~} ��v©���>y9�6{1��v�
|~} ��v1��|7�N�:y�|��5x1��t[�!{�} u�vo����t:�6����u���v>�����t:vu�y�x1��ta|�y4�lxt:���:y4w9��u���v�a�:�t!|�y4�

N −m
{y4t:vu�y4t:�!���oy4�4n

ª'y«|��>�>¬4�>y��6��vu�4t:y��1��v¨{�9��y4t:�>u�vy�|��>xt:���:y4w9��u���vc{y4����xz�4t�����y4�t:�'{u��:w4t:u��>u�v1��v*���ax1��t[��u�y4|��
�:�ta|��5�1���:y�{y4�!��xz�4t�����y4�t:�axt:u�vw4u�x1���N�.�

< Dk, Ok′ >HS = < Dk,
Õk′√Lk′

>HS=
1√Lk′

<
N∑

i=1

UikΓi,
N∑

j=1

Ujk′Γj >HS � mon<��®*�

=
1√Lk′

N∑

i,j=1

UikH(i, j)Ujk′ =
1√Lk′

t
UkHUk′ =

√
Lk

t
UkUk′

¯G} y4vw���{t:���:�u7����v*�!{��vvy�|�y4�l{u7°±�4t:y4v*��y4�!�9����xzy4�a{y�|���xt:�Nw4�4{�t:y�n
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Ç�È�É1ÊjË�Ì4Í.Î�Ï¤Ì�Ð�Ñ�Ï¤Ò0Ï¤È�É1ÈzÓ�ÍOÎPÔ�Õ×ÖGØ,Ñ�ÉoÓ�ÍNÙ�Ñ�Ì6Î�Í¨Ð�ÕNÚÉÑ�Ï�É1È�Ð�ÍcÑ�ÍNÊ�ÉoÓ�Ï�ÕzÈ�È�ÍNÊ¤Ê�Í
Û ÕzÈ�È�Ø,ÍNÌ>Ü
ÝßÞJà�áâ�ã�à�ä X = (X1, . . . , XN) åÝçæ�è�à�éêã4ëaìã�è:ã4â�à�í�î�ï�ðsáî�ð1à�î�è:ã Gk

ìã�ñ�ê1à�ò,äã�ë:ï�äë=ó�í�à�áâ�ã�à�ä Xk åÝçôUõ9í�è:î�ò,äã4ë Mk
ë:äèaâ�ã4ëaî�ðìî7öNî�ìäë#ìã Xk åÝ-÷!ï�ø5áè:ã m ìã�éè:ã4ø>î�ù4è:ã4ëaéè:ï�ú:ã4ñ9í�î�ï�ðëlã9í!ðï�ø5áè:ã K ìã�ñ4â�à�ë:ë:ã4ë å

û�Õ×Ñ�Ó�Ï�ÍNÌ�Ü
Ý-üGâ�õ4ø>ã4ð*í�ëaéè:ï�éè:ã4ë (U, L) ìã tGPGV−1 åÝçý�ézõ4è�à�í�ã4äè:ëaìî�ë:ñ4è:î�ø>î�ð1à�ð*í�ë D åÝçôcà�í�è:î�ñ4ã�ìã�ñ4ï�ö�à�è:î�à�ðñ4ã V ã4ð*í�è:ã�â�ã4ëlï�ézõ4è�à�í�ã4äè:ëaéè:ï�ú:ã9í�õ4ë åÝçý�ézõ4è�à�í�ã4äè:ë Γ åÝçý�ézõ4è�à�í�ã4äè:ëaéè:î�ðñ4î�é1à�äNþ O å
ÿ Ñ�ÕVÐ�ØNÎ�Ù�Ñ�Í¨Ü
� å [U ,L, Γ, O] = AO(X) åÆ å�� à�â�ñ4äâVìã�â�à5ø6à�í�è:î�ñ4ã�ìã4ë m éè:ã4ø>î�ù4è:ã4ëléè:ï�ú:ã4ñ9í�î�ï�ðë Q = UL1/2(:, 1 : m) å� å�� à�â�ñ4äâVìã4ëañ4ã4ð*í�è:ã4ë'ìã���è�à�öNî7í�õ�ìã4ëañ4â�à�ë:ë:ã4ë G å� å�� à�â�ñ4äâVìã�â�à5ø6à�í�è:î�ñ4ã�ìã�ñ4ï�ö�à�è:î�à�ðñ4ã�ìã4ëaéè:ï�ú:ã4ñ9í�î�ï�ðë V = 1

N
tQQ åÅ å�� à�â�ñ4äâVìã�â�à5ø6à�í�è:î�ñ4ã�ìî�à���ï�ð1à�â�ã�ìã4ë	��è:õ4ò,äã4ðñ4ã4ë'ìã4ë!ã�
±ã4ñ9í�î���ëlìã4ë!ñ4â�à�ë:ë:ã4ë P å å�� à�â�ñ4äâVìã4ëaõ4â�õ4ø>ã4ð*í�ëaéè:ï�éè:ã4ë (U, L) ìã tGPGV−1 å� å�� à�â�ñ4äâVìã4ëaï�ézõ4è�à�í�ã4äè:ëaìî�ë:ñ4è:î�ø>î�ð1à�ð*í�ë Dk =

∑m
i=1 OiUik , 1 ≤ k ≤ K å� å�� à�â�ñ4äâVìã4ëaéè:ï�ú:ã4ñ9í�î�ï�ðë L1/2tUU ìã4ë Γk

ë:äèaâ�ã4ëaï�ézõ4è�à�í�ã4äè:ëaìî�ë:ñ4è:î�ø>î�ð1à�ð*í�ë å

������� � å � Ý��'ð1à�â��Në:ã�ìî�ë:ñ4è:î�ø>î�ð1à�ð*í�ã�ì�� ï�ézõ4è�à�í�ã4äè:ëaìã�ñ4ï�ö�à�è:î�à�ðñ4ã�è:ã4â�à�í�î�ï�ððã4â�â�ã å
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U!V�W9XAY%Z/Y\[]V�^9_�`JabZ�c9W9dfe9XAVhgfdfW9XA^9abi%XbZ%Wj`JilkmVNY%dng�V�ab_mV�W9Y%Z/abZ%kmVo`J_pdfW9W9Z%kpkpZ�Y%dfqrqrZ!e9W9Z/Xb_psfW]Vut
`Je9abZ-Z%qr^9kpdnvfi%Z�w]V�W9X:kpZ%Xxqri�`J[9d+w9Z%XxyzV�Y�`Jdfab_pZ%kpkpZ%X�w9elXbZ%Y%dfW9w{dfabw9abZ�|o}#~ ������abZ%kmVo`J_pdfW9W9Z%kpkpZ�Z%X;`�e9W
YhV�X�sfi%W9i%aJV�k�w9Z/k�~ ������X;`\V�W9w]V�abw�Z�`AY%dfW9Xb_pw9�%abZ/kmVNqri�`Jab_p��e9Z�w9e,kmV�^9kmV�Y%_pZ%WH^�dfe9a�`JZ%W9_pa�Y%dfqr^�`JZ
w9Z�W�~ _pqr^�dfa;`JZA��e9Z%kpkpZ�X;`Jabe9Y�`Je9abZ!Z��+`JaJVut�^9abdf�]V��9_pkp_pX;`JZAXbe9aQk�~ Z%Xb^]V�Y%Z�w9Z%X�_pW9w9_�g+_pw9e9X%|+}#~ ������abZ%kmVut
`J_pdfW9W9Z%kpkpZ#Z%X;`�e9W{YhV�X�^]V�a;`J_pY%e9kp_pZ%a3w9ZQk�~ ������y�dfW9Y�`J_pdfW9W9Z%kpkpZ#Z�`�w9ZQk�~ ��������W9dnvjV�e+��|f�:dfe9a:k�~ �����
y�dfW9Y�`J_pdfW9W9Z%kpkpZ�c]k�~ _pW�y�dfabqHVo`J_pdfW,abZ%kmVo`J_pdfW9W9Z%kpkpZ/Z%X;`�_pWj`Jabd+w9e9_�`JZlZ%W�V�^9^9kp_p��e]V�Wj`!V�e+�Cy�dfW9Y�`J_pdfW9X�w9Z
�]V�XbZ�k�~ df^�i%aJVo`JZ%e9aHaJV�Y%_pW9ZCYhV�ababi%Z�w9e�kmV�^9kmV�Y%_pZ%W�c#��e9_�^�dfXbXb�%w9Z�^]V�a�V�_pkpkpZ%e9abXrkpZ%XHqr�%qrZ%XH^9abdot
^9ab_pi�`Ji%X%|��!WCXbZlaJV�qr�%W9Z�Z%W9Xbe9_�`JZN�>^9abd+Y%i%w9Z%a��>e9W9Zl������y�dfW9Y�`J_pdfW9W9Z%kpkpZ!X;`\V�W9w]V�abw�VhgfZ%YNY%Z�`b`JZ
W9dfe�gfZ%kpkpZr�]V�XbZ�|�}#~ �����@�2W9dnvjV�e+��Y%dfW9X;`Jabe9_�`{w9Z%X{^9abdu�bZ%Y�`J_pdfW9XNW9dfW�kp_pW9ihV�_pabZ%X�Z%W�V�^9^9kp_p��e]V�Wj`
e9W9Z{�����)X;`\V�W9w]V�abw�w]V�W9X!e9W�Z%Xb^]V�Y%Z�w9Z{w9_pqrZ%W9Xb_pdfWCXbe9^�i%ab_pZ%e9abZ�|3U!V�W9X!Y%Z{YhV�X%c�dfW�i�`\V��9kp_�`!�
k�~ V�_pw9Z�w9e�XbY\[9i%qHV�w9Z!w9e]V�kp_�`Ji���e9Z/k�~ _pW�y�dfabqHVo`J_pdfW>Z���dfsf�%W9Z/Z%X;`	w9_pabZ%Y�`JZ%qrZ%Wj`N��`JaJV�W9Xbqr_pXbZj��V�e+�
df�9XbZ%a;g�Vo`J_pdfW9XN^9abdu�bZ�`Ji%Z%X%|#}3Z�W9dnvjV�e�abZ%kmVo`J_pdfW9W9Z%k�X%~ Z���^9ab_pqrZHXbdfe9X�kmV,y�dfabqrZrqHVo`Jab_pY%_pZ%kpkpZ�qHV�_pX
W9Z�^�Z%e�`�X%~ Z���^9ab_pqrZ%a�Xbdfe9X�kmV2y�dfabqrZ�w�~ e9W9Z,V�^9^9kp_pYhVo`J_pdfW�^]V�a{^�Z%a;`JZ�w9Z�Y%Z%a;`\V�_pW9Z%X�^9abdf^9ab_pi�`Ji%X
_pW9w9e9_pXJV�Wj`Ae9W2^9abd+w9e9_�`	XbYhV�kmV�_pabZ�|

}#~ V�W]V�k�v+XbZQw�~ df^�i%aJVo`JZ%e9abX�w9ZQY%dng�V�ab_mV�W9Y%Z�abZ%kmVo`J_pdfW9W9Z%kpkpZ#Z%X;`�e9W9ZQqri�`J[9d+w9Z�abZ%kpZ�g�V�Wj`�w9ZQk�~ V�W]Vut
k�v+XbZlyzV�Y�`Jdfab_pZ%kpkpZ�c9��e9_:i�`Je9w9_pZ{�rw9Z%X��]W9X�w9Z%XbY%ab_p^�`J_�gfZ%X!e9WC`\V��9kpZhV�e��>`Jabdf_pX�Z%Wj`Jabi%Z%X%c�df CY\[]V���e9Z
Xbdfe9X5t¡`\V��9kpZhV�e¢Z%X;`Hq{e9W9_	w�~ e9W9Z2abZ%kmVo`J_pdfW��9_pW]V�_pabZ,V�sf_pXbXJV�Wj`rXbe9arXbZ%Xrdf�9XbZ%a;g�Vo`J_pdfW9X%|�}#~ V�W]V�k�v+XbZ
w�~ df^�i%aJVo`JZ%e9abXlw9Z>Y%dng�V�ab_mV�W9Y%Z>abZ%kmVo`J_pdfW9W9Z%kpkpZ{Z%X;`Ne9W9Z�g�V�ab_mV�Wj`JZ>w9Z�£+¤:�#¤	¥;£�Z�`labZ%Y\[9Z%abY\[9Z�e9W9Z
�]V�XbZ¦w�~ df^�i%aJVo`JZ%e9abX2^9ab_pW9Y%_p^]V�e+�§w9Z�k�~ Z%Xb^]V�Y%Z¦Z%W9sfZ%W9w9abi�^]V�a,kpZ%X,df^�i%aJVo`JZ%e9abX2w9Z¦Y%dng�V�ab_mV�W9Y%Z
abZ%kmVo`J_pdfW9W9Z%kpkpZ�^�dfW9w9i%abi%X%|�¨�W9Z�Z��+`JZ%W9Xb_pdfW�W]Vo`Je9abZ%kpkpZrw9Z�Y%Z�`b`JZ�qri�`J[9d+w9ZHZ%X;`�k�~ V�W]V�k�v+XbZrw9_pXbY%ab_©t
qr_pW]V�Wj`JZ�w9Z%X�df^�i%aJVo`JZ%e9abXlw9Z>Y%dng�V�ab_mV�W9Y%Z�abZ%kmVo`J_pdfW9W9Z%kpkpZNw]V�W9XlkmV���e9Z%kpkpZ{W9dfe9XlV�^9^9kp_p��e9dfW9X/e9W9Z
V�W]V�k�v+XbZ�yzV�Y�`Jdfab_pZ%kpkpZQw9_pXbY%ab_pqr_pW]V�Wj`JZQX;`\V�W9w]V�abw>Xbe9a-kpZ%X#^9abdu�bZ%Y�`J_pdfW9X#w9Z%X-df^�i%aJVo`JZ%e9abX-Xbe9a-kpZ%X-Vu��Z%X
^9ab_pW9Y%_p^]V�e+��c�Z�`>Y%Z2Vo�]W�w�~ i�g+_�`JZ%a�w9Z%X>YhV�kpY%e9kpX{kpdfe9abw9X{Z�`>e9W¢qHV�e�g�V�_pXNY%dfW9w9_�`J_pdfW9W9Z%qrZ%Wj`�w9Z%X
qHVo`Jab_pY%Z%X%|





ª «¬@®°¯�±,²2³ ´

µ ®®²2¶¸·�«¹³�º ®²2¶8»°¬@»°¯3¼3¯3ºr±,³�º

½�¾%¿ À�Á�Â3Ã�ÄrÅ,Æ,Ç�ÂxÈ�ÄNÁ

É�ÊfË9Ì�ÍfÎ%Ï9ÊfÏ9Ì-Ð�Ñ Î�Ò�Ó�ÊfÌbÎ%Ô-Ð9Î%Ì#ÕJÎ%Ö\×9Ï9ØpÙ�Ë9Î%Ì#ÚzÛ�Ö�ÕJÊfÔbØpÎ%ÜpÜpÎ%Ì:Ð9Î	ÔbÝ%Ð9Ë9Ö�ÕJØpÊfÏ>Ð9Î	Ð9ØpÞrÎ%Ï9ÌbØpÊfÏNÚ�ÊfÏ9Ð9Ý%Î%Ì
ÌbË9Ô/Ü�Ñ ØpÏ9Î%Ô;ÕJØpÎNÎ�ÕlÛ�Ó9Ó9ÜpØpÙ�Ë9Ý%Î%Ì�ß�ÜmÛHÖ%ÜmÛ�ÌbÌbØ�à]ÖhÛoÕJØpÊfÏ�Ð9Î�Ð9ÊfÏ9Ï9Ý%Î%Ì�Þ{Ë9Ü�ÕJØpÐ9ØpÞrÎ%Ï9ÌbØpÊfÏ9Ï9Î%ÜpÜpÎ%Ì%á]â�ÞrÓ9ÜpØpÖ%Ø©ã
ÕJÎ%ÞrÎ%ÏjÕhä�Ö%Î�ÕJÔJÛhÍ�Û�ØpÜ�Ö%ÊfÏ9Ö%Î%ÔbÏ9Î,Ü�Ñ Ý�ÕJË9Ð9Î�Ð9Î%Ì{ÕJÎ%ÔbÞrÎ%Ì�Ð]Û�Ï9Ì�ÜmÛCÐ9Ý%Ö%ÊfÞrÓ�ÊfÌbØ�ÕJØpÊfÏ�Ö%ÊfÞrÞ{Ë9Ï9Î�Ð�Ñ Ë9Ï
ÞrÊ+Ð9å%ÜpÎ�ÜpØpÏ9ÝhÛ�ØpÔbÎ�æjÛ�Ë9ÌbÌbØpÎ%Ï

Xt = ϕ(t) + εt
ä9Êfç

Xt
ÌbÎ�Ð9Ø�Í+ØpÌbÎ/Î%Ï,Ë9Ï�ÕJÎ%ÔbÞrÎ!ÕJÎ%Ï9Ð]Û�Ï9Ö%ØpÎ%Ü

ϕ(t)
Î�Õ

Ë9Ï2Û�Ë�ÕJÔbÎ/ÔbÝ%ÌbØpÐ9Ë9Î%Ü
εt
á]è3Î�ÕJÎ%ÔbÞrÎ!ÕJÎ%Ï9Ð]Û�Ï9Ö%ØpÎ%Ü3Û{Ý�ÕJÝ�Ý�ÕJË9Ð9ØpÝ/Û�Ë+Ò�Ö\×]Û�Ó9Ø�ÕJÔbÎ%ÌAÓ9ÔbÝ%Ö%Ý%Ð9Î%ÏjÕJÌ�ÛhÍfÎ%Ö�ÜpÎ%Ì

Ö%ÊfÏ9Ö%Î%Ó�ÕJÌ�Ð�Ñ é�ê�ë¢Î�Õ�Ð�Ñ Û�Ï]Û�Ü�ì+ÌbÎ�ÚzÛ�Ö�ÕJÊfÔbØpÎ%ÜpÜpÎAÐ�Ñ ÊfÓ�Ý%ÔJÛoÕJÎ%Ë9ÔbÌQÚ�ÊfÏ9Ð9Ý%Î%Ì�ÌbË9ÔQÜmÛlÖ%ÊnÍ�Û�ÔbØmÛ�Ï9Ö%Î�ÔbÎ%ÜmÛoÕJØpÊfÏ+ã
Ï9Î%ÜpÜpÎ�á+í!Û�Ï9ÌQÖ%Î!Ö\×]Û�Ó9Ø�ÕJÔbÎ�ä�Ï9ÊfË9Ì�Ó9ÔbÊfÓ�ÊfÌbÊfÏ9ÌQË9Ï9Î!Û�Ï]Û�Ü�ì+ÌbÎ�Ö%ÊfÞrÓ9ÜpÝ%ÞrÎ%ÏjÕ\Û�ØpÔbÎAÐ9Î�Ö%Î%ÜpÜpÎ�ÞrÎ%Ï9Ý%Î�ÌbË9Ô
ϕ(t)

äjÎ%ÏHÏ9ÊfË9Ì�ØpÏjÕJÝ%ÔbÎ%ÌbÌJÛ�ÏjÕ�ß�Ü�Ñ Ý�ÕJË9Ð9ÎAÐ9ËrÕJÎ%ÔbÞrÎAÌbË9Ó9Ó�ÊfÌbÝ�æjÛ�Ë9ÌbÌbØpÎ%ÏHÖ%Î%ÏjÕJÔbÝ
εt = Xt−ϕ(t) î5ïzð�ñhðÐ9Î

Xt
Ó9ÔbØ�ÍfÝ�Ð9Î�ÌJÛ�ÕJÎ%Ï9Ð]Û�Ï9Ö%Înò�ä�ß�Ü�Ñ Û�ØpÐ9Î	Ð�Ñ Û�Ó9Ó9ÔbÊ+Ö\×9Î%ÌQÓ9ÔbÊfó]Û�ó9ØpÜpØpÌ;ÕJÎ%Ì%ájè#Ñ ×jì+Ó�Ê�ÕJ×9å%ÌbÎ!Ð9Î�æjÛ�Ë9ÌbÌbØmÛuã

Ï9Ø�ÕJÝ�äx×]Û�ó9Ø�ÕJË9Î%ÜpÜpÎ%ÞrÎ%ÏjÕ{Û�Ð9ÞrØpÌbÎCô õ�ö)÷fø ù�ä:Î%Ì;Õ{Ú�ÊfÏ9Ð]Û�ÞrÎ%ÏjÕ\Û�ÜpÎ>Ó9Ë9ØpÌbÙ�Ë�Ñ Î%ÜpÜpÎHÓ�Î%ÔbÞrÎ�Õ{Ð9ÎHÔbÝ%ÌbË9ÞrÎ%Ô
Ü�Ñ Î%Ï9ÌbÎ%Þ{ó9ÜpÎ/Ð9Î%ÌAÖhÛ�ÔJÛ�Ö�ÕJÝ%ÔbØpÌ;ÕJØpÙ�Ë9Î%ÌAÐ9Î

εt
ß�Ü�Ñ Û�ØpÐ9Î!Ð9Î�ÜmÛ�Ö%ÊnÍ�Û�ÔbØmÛ�Ï9Ö%Î�á

è3Î�Ó9ÔbÝ%ÌbÎ%ÏjÕ-Ö\×]Û�Ó9Ø�ÕJÔbÎ�ÌbÎ	Ð9Ø�Í+ØpÌbÎQÎ%Ï�Ð9Î%Ë+Ò�Ó]Û�Ô;ÕJØpÎ%Ì%áfíNÑ Ë9Ï9Î	Ó]Û�Ô;ÕhäoÏ9ÊfË9Ì#Ö%ÊfÏ9ÌbØpÐ9Ý%ÔbÊfÏ9Ì
εt
Ö%ÊfÞrÞrÎ

Ë9Ï�ÍfÎ%Ö�ÕJÎ%Ë9Ô�æjÛ�Ë9ÌbÌbØpÎ%Ï>Ö%Î%ÏjÕJÔbÝ�ä�Ö%Î	Ù�Ë9Ø]ØpÏ9Ð9Ë9Ø�Õ#Ë9Ï9Î	Ð9ØpÌ;ÕJÔbØpó9Ë�ÕJØpÊfÏ{Ð9Î	ö§ØpÌb×]Û�Ô;Õ#Ó�ÊfË9Ô#ÜmÛ!Ö%ÊnÍ�Û�ÔbØmÛ�Ï9Ö%Î
Î%ÞrÓ9ØpÔbØpÙ�Ë9Î�á�É�ÊfË9Ì!Ý�ÕJË9Ð9ØpÊfÏ9Ì�Ë9Ï9Î�Û�Ó9Ó9ÔbÊ+Ö\×9Î{ó]ÛhìfÝ%ÌbØpÎ%Ï9Ï9Î>Î%Ï�Ö%ÊfÞrÓ9ÜpÝ%ÞrÎ%ÏjÕ!Ð9Î%Ì!ÞrÝ�ÕJ×9Ê+Ð9Î%Ì�æfÝ%Êoã
ÞrÝ�ÕJÔbØpÙ�Ë9Î%Ì/Ð9Ý�úJß�Ý�ÍfÊ+Ù�Ë9Ý%Î%Ì%á:É�ÊfË9Ì�Ó9ÔbÊfÓ�ÊfÌbÊfÏ9Ì/Ë9Ï9Î>ÞrÝ�ÕJ×9Ê+Ð9Î�Ð9Î�Ö%ÜmÛ�ÌbÌbØ�à]ÖhÛoÕJØpÊfÏ�Ó]Û�ÔJÛ�ÞrÝ�ÕJÔbØpÙ�Ë9Î
ÌbË9Ó�Î%Ô;Í+ØpÌbÝ%ÎrÊfË�Ï9ÊfÏ¦ÌbË9Ó�Î%Ô;Í+ØpÌbÝ%Î�äxÐ9Î>ÞHÛoÕJÔbØpÖ%Î%Ì/Ð9Î>Ö%ÊnÍ�Û�ÔbØmÛ�Ï9Ö%Îrß�Ó]Û�Ô;ÕJØpÔ!Ð9Î>ÜmÛ�ÜpÊfØ�Ð9Î�ö§ØpÌb×]Û�Ô;Õ
ô û!ü9ýfèx÷jþ ù�ájí!Û�Ï9Ì-ÜpÎ%Ì#Ð9Î%Ë+ÒrÛ�Ó9Ó9ÔbÊ+Ö\×9Î%Ì%äjÖ\×]Û�Ù�Ë9Î�Ö%ÜmÛ�ÌbÌbÎ î ÊfË�Ö%ÜpË9Ì;ÕJÎ%Ô-Ð]Û�Ï9Ì#ÜpÎ	ÖhÛ�Ì-Ï9ÊfÏ>ÌbË9Ó�Î%Ô;Í+ØpÌbÝnòÎ%Ì;Õ!ÞrÊ+Ð9Ý%ÜpØpÌbÝ%Î�Ó]Û�Ô�Ë9Ï9ÎNÜpÊfØ3Ð9Îlö§ØpÌb×]Û�Ô;Õ�Ð9ÎlÓ]Û�ÔJÛ�Þrå�ÕJÔbÎ%Ì�ßrÎ%Ì;ÕJØpÞrÎ%Ô%á�í!Û�Ï9Ì�Ü�Ñ Û�Ó9Ó9ÔbÊ+Ö\×9ÎlÌbË9Ó�Î%Ô5ã
Í+ØpÌbÝ%Î�ä�ÊfÏHÐ9ØpÌbÓ�ÊfÌbÎAÐ�Ñ Ë9Ï�Ý%Ö\×]Û�ÏjÕJØpÜpÜpÊfÏ>Ð9Î�ÞHÛoÕJÔbØpÖ%Î%Ì-Ð9Î�Ö%ÊnÍ�Û�ÔbØmÛ�Ï9Ö%ÎAÝ�ÕJØpÙ�Ë9Î�ÕJÝ�Ó]Û�Ô�Ð9Î%Ì�Ö%ÜmÛ�ÌbÌbÎ%Ì%á�èxÛ
ÌbÎ%Ö%ÊfÏ9Ð9Î�Ï9ÊfÏrÌbË9Ó�Î%Ô;Í+ØpÌbÝ%Î�Ë�ÕJØpÜpØpÌbÎ�Ë9Ï9Î�Û�Ó9Ó9ÔbÊ+Ö\×9ÎAÐ9ÎAÕ�ì+Ó�Î�ÿ��¦á+èxÛ/Ð9Î%Ë+Ò�Øpå%ÞrÎAÓ]Û�Ô;ÕJØpÎAÐ9ÎAÖ%Î�Ö\×]Ûuã
Ó9Ø�ÕJÔbÎ!Î%Ì;Õ�Ö%ÊfÏ9ÌJÛ�Ö%ÔbÝ%ÎNß�Ü�Ñ Û�Ï]Û�Ü�ì+ÌbÎ�Ú�ÔJÛ�Ö�Õ\Û�ÜpÎ!Î�Õ�Û�Ë,ÖhÛ�ÔJÛ�Ö�ÕJå%ÔbÎ�Û�Ë�ÕJÊfÌbØpÞrØpÜmÛ�ØpÔbÎAÙ�Ë9Î�Ó�Î%Ë�Õ�Ó9ÔbÝ%ÌbÎ%ÏjÕJÎ%Ô
εt
ä:Ö%Î�Ù�Ë9Ø�ØpÞrÓ�ÊfÌbÎHßCÏ9ÊfË�ÍfÎhÛ�Ë�Ð9Î�ÌbË9Ó9Ó�ÊfÌbÎ%Ô�Ë9Ï9ÎHÚ�ÊfÔbÞrÎHÓ]Û�Ô;ÕJØpÖ%Ë9ÜpØpå%ÔbÎ>Ó�ÊfË9ÔNÜpÎ%Ì{ÞHÛoÕJÔbØpÖ%Î%ÌlÐ9Î
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&�')(%*%+-,.*%/0&�12*%/3*%465�7-8�1�7�9;:�'=<07�>0+-'=>?'=7-'=/07�<0/@>0+-'%AB'�&�'=4C1�1EDF>?8�+-,CGH1�/IAJ*%4K*ML3/@NPO 1�7"AB,CGH1�+Q4RO *%<FAB'MS
7-,CGH,C4.*%+-,6AB8�7-<0+�N01�7�N0'=/0/08�1�7�7-'=<0GH,C7-1�7�TUN01�7�&�'=/IAB+B*%,C/IAB1�7�N01WV=+B*%/0N01WN0,CGH1�/07-,C'=/�1XA�NPO ,C+-+-8�V=<�S
4.*%+-,6AB8�NPO 8�&JY3*%/IAB,C4C4C'=/0/3*%V=1%9?ZK'=<0+�4.*H>0+-1�GH,C[�+-12&�'=/IAB+B*%,C/IAB1%\?/0'=<07�8XAB<0N0,C'=/07�&�'=GHGH1�/IA�GH1�7-<0+-1�+
4RO ,C/0N0,C&�1�NPO *%<FAB'=7-,CGH,C4.*%+-,6AB8�7-<0+Q<0/01W&�'=<0+-]?1�>04C'=/0V=8�1�N3*%/07�<0/�1�7->3*%&�12TU>04C<07-,C1�<0+-7QN0,CGH1�/07-,C'=/07
1XAW>3*%+B*%GH8XAB+-8�1^>3*%+�4C1_AB1�GH>07�9`:�'=<07�>0+-'=>?'=7-'=/07�N01U&�1Uab*%,6A�<0/01UGH8XABY0'�N01^N01U7-1�V=GH1�/IAJ*MAB,C'=/
G_<046AB,CN0,CGH1�/07-,C'=/0/01�4C4C1Q]3*%7-8�1�7-<0+Q4C1�>3*%+B*%GH[XAB+-1�N01Wc�<0+-7"Ad9

e *%/07�4.*H>0+-1�GH,C[�+-1W>3*%+"AB,C1%\?/0'=<07�+B*%>0>?1�4C'=/07�4C1�7�N08XL3/0,6AB,C'=/07�1XA�4C1�7�>0+-'=>0+-,C8XAB8�7�N012]3*%7-1_N01
4.*�N0,C7"AB+-,C]0<FAB,C'=/UN01�fg,C7-Y3*%+"Ad9F:�'=<07�1EDF>04C,C&�,6AB'=/07�1�/07-<0,6AB1�4C1�7�N01�<�DhGH8XABY0'�N01�7�N01�&�4.*%7-7-,6L3&d*MAB,C'=/
N01�Gi*MAB+-,C&�1�7
N01�&�')(%*%+-,.*%/0&�1�1�/H8X(='�jk<3*%/IA�4C1�7
&�'=/IAB+B*%,C/IAB1�7�N3*%/07�4C1l&JY0'=,mD^N01�7�>3*%+B*%GH[XAB+-1�7
1XA�4.*
7-8�4C1�&XAB,C'=/_N0<_GH'�N0[�4C1%9%:�'=<07KAB1�+-GH,C/0'=/07�>3*%+�4RO 8XAB<0N01lNPO <0/^1EDF1�GH>04C1�7-,CGH>04C1�N01l7-,CG_<04.*MAB,C'=/�>?1�+ S
GH1XA-AJ*%/IA�N01�(%*%4C,CN01�+�4C1�7
GH8XABY0'�N01�7�>0+-'=>?'=7-8�1�7�9kn`*�7-1�&�'=/0N01�>3*%+"AB,C1lN0<H&JY3*%>0,6AB+-1�ab*%,6A
<0/H+B*%>0>?1�4
N01�72/0'%AB,C'=/07�N01H]3*%7-1iN01�7W>0+-'�&�1�7-7-<07^*%<FAB'=7-,CGH,C4.*%,C+-1�7�>0<0,C7W/0'=<07W8�/0'=/0o�'=/072<0/01iGH8XABY0'�N01UN01
7-,CG_<04.*MAB,C'=/pN01^7-,CV=/3*%<�Dq*%<FAB'=7-,CGH,C4.*%,C+-1�7Q,C+-+-8�V=<04C,C1�+-7�N3*%/07�4C12AB1�GH>07�9!r
/07-<0,6AB1%\!/0'=<07�(=8�+-,6L3'=/07
1�/sN08XAJ*%,C4
4C1�72>0+-'=>0+-,C8XAB8�72*%7"5�GH>FAB'%AB,Cjk<01�72N01i4RO 1�7"AB,CGi*MAB1�<0+�1XA27-'=/s&�'=GH>?'=+"AB1�GH1�/IA2>?'=<0+WN01�7
7-,CV=/3*%<�DtN01�ab*%,C]04C1�4C'=/0V=<01�<0+�1XAQ&�1%\u*d(=1�&WN0,6v;8�+-1�/IAB7�Aw5�>?1�7QNPO ,C+-+-8�V=<04.*%+-,6AB8�AB1�GH>?'=+-1�4C4C1_x c�y0z=n {R9
r
/FL3/P\�/0'=<07�>0+-'=>?'=7-'=/07�<0/01�GH8XABY0'�N01�N01�7-1�V=GH1�/IAJ*MAB,C'=/h*%N3*%>FAB8�1�*%<HAB+B*%,6AB1�GH1�/IA�N01�4RO 8�&JY3*%/�S
AB,C4C4C'=/0/3*%V=1W,C+-+-8�V=<04C,C1�+�1XA�N08�&�+-,6(='=/07W<0/|*%4CV='=+-,6ABY0GH1h}I~t�3�)�_NPO 1�7"AB,CGi*MAB,C'=/�>3*%+�Gi*�DF,CG_<0G�N01
(�+B*%,C7-1�G_]04.*%/0&�1%9

�t�B� �����P�!���X���h�`�X�2���t��� ���`�����K���p���H�t���X���t���W���2�! 

¡�¢R£�¢"¤ ¥g¦P§�¨�©«ªF© ¬�¨®;ª°¯�±0¬
¯�±0© ¦;ªF¦!²

n`*qN0,C7"AB+-,C]0<FAB,C'=/³N01�fg,C7-Y3*%+"Apx fg,C7J´%µ {�1�7"Ai<0/01t(=1�+-7-,C'=/¶G_<046AB,CN0,CGH1�/07-,C'=/0/01�4C4C1HN01�4.*�4C'=,
N0< χ2 jk<0,�&d*%+B*%&XAB8�+-,C7-1p4C1�7H1�7"AB,CGi*MAB1�<0+-7iN01�7iGi*MAB+-,C&�1�7HN01@&�')(%*%+-,.*%/0&�1�N01p4C'=,C7HVI*%<07-7-,C1�/0/01�7
G_<046AB,6(%*%+-,C8�1�7�·

¸t¹Iº�»K¼¾½�¼À¿?»ÂÁ¶Ã-Ä�¿?¼lÅ`Æ�Ç�¼bÈdÉ`Ê0Ë)½iÌ=Æ�»?½)Ë�¹kÆ0ÍÏÎ �MÐ¾Ñ ε Ò�Ó n Ô-Õ �J�0} Ó ÑbÐ¾Ö¾ÖC� Ó �J� ÓF× ÑbÐ¾Ñ Ò3Õ ~kØ^Ù Õ }%ÖÚÐ Ô
× }%ÑbÐR� ÓF× Ð Ó ~ ÕwÛ Ø Ó ~I} Ó ÑwØ × ~`Ü Ò�ÓiÝ ØJ�XÑwØ Ò Ù�}%Ö Õ }%Ñw�MÐ¾ÙBØ�ÞI} ÒI×J× ÐRØ Ó ~kØ�~%Ð¾ßiØ ÓF× ÐR� Ó p à ~kØ�ßi�MáIØ Ó3Ó Ø Ó3Ò Ö¾ÖCØØXÑ�~kØ�ßH}%ÑbÙEÐR�JØ�~kØW�J� Ý }%ÙEÐb} Ó �JØ Σ â;ã ÖC�MÙ × tεε ×XÒ Ð¾Ñ Ò�Ó Ø�ÖC�MÐ�~kØ�ätÐ × �0}%ÙEÑ�~kØ�~kØ«Þ%Ù Õ ~kØ�ÖÚÐbåEØXÙEÑ Õ n ØXÑ
~kØ�ßH}%ÑbÙEÐR�JØ_~`Ü Õ �J�3ØXÖ¾ÖCØ Σ âlælÓ�Ó �MÑwØXÙ-} tεε ∼ Wp(n, Σ) â
e *%/07�&�1�jk<0,F7-<0,6Ad\%/0'=<07�&�'=/07-,CN08�+-'=/07�jk<01�4C1�/0'=G_]0+-1lN01lN01�V=+-8�7
N01l4C,C]?1�+"AB8�çÀN0N04¾è`1�7"A
7-<0>?8�+-,C1�<0+
TH4.*^N0,CGH1�/07-,C'=/�N0<p(=1�&XAB1�<0+�9!y�,C/0'=/P\3'=/p>?1�+-Np4RO YI5�>?'%ABY0[�7-1_NPO ,C/0N08�>?1�/0N3*%/0&�12N01�7�+-8d*%4C,C7B*MAB,C'=/07
>0<0,C7-jk<01�4.*�AJ*%,C4C4C1lN01�4RO 8�&JY3*%/IAB,C4C4C'=/U1�7"A�>04C<07�>?1XAB,6AB1Qjk<01�4C1�/0'=G_]0+-1QN01Q(%*%+-,.*%]04C1�7�9�é�1XA-AB1�7-,C/0V=<�S
4.*%+-,6AB8�ab*%,6AQ+-8XaÀ8�+-1�/0&�1_*%<�D�Gi*MAB+-,C&�1�7W} Ó ÑbÐ Ô ätÐ × �0}%ÙEÑ�N0'=/IA�<0/01W8XAB<0N01_*U8XAB8W+-8�&�1�GHGH1�/IA�GH1�/08�1
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f(M ; Σ, n) =
|M |n−p−1

2 exp
{
− 1

2
trace(Σ−1M)

}

2
np

2 π
p(p−1)

4 |Σ|n2 ∏p
j=1 Γ

(
1
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(n− j + 1)
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p′ � �`�&���

W ∼ Wp(n, Σ) =⇒ tMWM∼ Wp′(n, tMΣM)
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pOqGrtscq`uUv3wav���y	���c�cu�wGu���u�wav����t�
W1 ∼ Wp(n1, Σ)

�-�
W2 ∼ Wp(n2, Σ)
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W1 + W2 ∼ Wp(n1 + n2, Σ)
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¹OºG»t¼cº`½U¾3¿a¾�À�ÁJÂ�Ã�Ä7Å�ºGÄ�¿G½�ÆIÃ�Ç�È�ÉtÊ
W ∼ Wp(n, Σ) Ë.Ì�Í�Î`Ï�Ð9Ñ7Î`Ò"Ï�Ó�Î`Ò"Ó4Ô�ÕJÖ-Ó�Õ-Ò"Ï x ×2Õ�Ó�Ì Ê Í�Í�Õ p Ë

Í�Ì[ØCÎ`ÏfÙAÕ�Ì�ÒÚÖ�Ì�ÏfÏ�ÛA×2Õ x Ñ7Î`Ò"Ï�Í�ÕeÑ'Ï�ÎH×�Ò Ê Ó9ÐaÖ�Ì�Í�Ì Ê Ï�Õ�ÌGÐJÐaÎaÖ Ê Û�Ü W ÕJÐ-ÓBÒ"ØCÕ@Ï�Û�Ì�Í Ê ÐHÌ�Ó Ê Î`ØÝ×�Þ Ò"ØCÕ
Í�Î Ê ×�Ò χ2 Ü n ×3×�Ícß

txWx
txΣx

∼ χ2
n àUá�â ã3ä

å.æ-ç	ç�æ�è�é	ê�è�é	ë�ì-ç�ìkí�ê�î3ç�é	ækï2ð�æ�ñ)ò&ñ�ê�ë6ó�ð
χ2

æ�ô�ç*ð�î�õHò�ô�è7ò�é�ç�ë�õ�ð�ñ�ë�æ�é@ó�æ�ñ)ò&ó�ë�ô�ç�é	ë�ö�ð�ç�ë�ê�î÷ó�æ
ø ë�ô	ù7ò�é�ç â"ú î�æ-ûCæ-çHü�ô	ë p = 1

ü"ê�î*é	æ-ç�é	ê�ð�ý�æeñ�þ æfÿ�è�é	æ�ô	ô	ë�ê�î�ó�æ�ñ)òOó�æ�î�ô	ë�ç�ìeó�æ�è�é	ê�ö7ò�ö�ë�ñ�ë�ç�ìBó�ð
χ2 �

f(
í

; n, σ2) =

í n−2
2 exp

{
− �

2σ2

}

2
n
2 σnΓ

(
n
2

) àUá�â � ä

¹OºG»t¼cº`½U¾3¿a¾���� Á	Åc½�¿aÇ�Å�Ç��	��»�
UÇ������È�É Î Ê Õ-Ø7Ó W ∼ Wp(n, Ip) Õ-Ó T Í�Ì�Ù�Ì�Ó�Ï Ê ÖJÕnÓ�Ï Ê Ì�Ø��Ò"Í�Ì Ê Ï�ÕÊ Ø��HÛ-Ï Ê Õ-Ò"Ï�Õ*×3Ì�Ø�Ð�Í�Ì&×2ÛJÖJÎ`Ù�Ñ7ÎaÐ Ê Ó Ê Î`Ø÷×2Õ����7Î`Í�ÕJÐ����K×2Õ W ����Í�Î`Ï�Ð�Í�ÕJÐ[Û-Í�Û-ÙAÕ-Ø7Ó�Ð*× Ê Ì �2Î`Ø'Ì�Ò"!&Ì�Ò
Ö�Ì�ÏfÏ�Û T 2

ii ÐaÎ`Ø7ÓN×2ÕJÐ�Ï�Û�Ì�Í Ê ÐHÌ�Ó Ê Î`Ø�Ðe×2Õ�Í�Î Ê ×�Ò χ2 Ü n− i+1 ×3×�Í#��$�ÕJÐ�Û-Í�Û-ÙAÕ-Ø7Ó�Ð(Õ%!�Ó�Ï	Ì"&�× Ê Ì �2Î`Ø'Ì�Ò"!Ê Ø��HÛ-Ï Ê Õ-Ò"Ï�ÐeÐaÎ`Ø7Ó9×2ÕJÐ�Ï�Û�Ì�Í Ê ÐHÌ�Ó Ê Î`Ø�ÐZ×2Õ�Ô`Ì�Ï Ê Ì('�Í�ÕJÐZÌ�Í�Û�Ì�Ó�Î Ê Ï�ÕJÐ)�3Ì�Ò3ÐJÐ Ê Õ-Ø7ØCÕJÐZÖJÕ-Ø7Ó�Ï�ÛJÕJÐ�Ï�Û�×�Ò Ê Ó�ÕJÐ��
* òkñ�ê�ënó�ð

χ2
î�ê�é	íAò�ñ�ë�ô	ì�æRæ�ô�ç@ñ)òkó�ë�ô�ç�é	ë�ö�ð�ç�ë�ê�î óIþ ð�î�æAý�ò�é	ë)ò�î�õ�æ�æ�í�è�ë�é	ë�ï2ð�æ�õHò�ñ�õ�ð�ñ�ì�æ�ô	ð�é�ó�æ�ô

é	ìHò�ñ�ë�ô�ò`ç�ë�ê�î�ô@ë�î�ó�ì�è'æ�î�ó7ò�î3ç�æ�ôAó�æ�ñ�ê�ë�ô@î�ê�é	íAò�ñ�æ�ôRõ�æ�î3ç�é	ì�æ�ô*é	ì�ó�ð�ë�ç�æ�ô�ü4õ�æ�ï2ð�ë õ�ê�é	é	æ�ô	è'ê�î�ó�ò�ð"ÿ
ì�ñ�ì�í�æ�î3ç�ô ó�ë)ò"+�ê�î7ò�ð"ÿ[ó�æ

T tT â�, î�é	æ�í�è�ñ�ë�ç6ó�ê�î�õOñ)òRó�ë)ò"+�ê�î7ò�ñ�æ(ó�æ T - ñ�þ ò�ë�ó�æ(ó�æOõ�æ-ç	ç�æZñ�ê�ëIæ�îô	ð�è�è�é	ë�íAò�î3ç ô	ð�õ�õ�æ�ô	ô	ë�ý�æ�í�æ�î3ç(ð�îkó�ó�ñ�è�ð�ë�ô	ï2ð�æOñ)ò@ç�é�ò�õ�æ�ó�æ
T tT

æ�ô�ç�õ�ê�î�ô�çJò�î3ç�æ â å.ê�í�í�æ�ê�î�ò.�ÿ�ì
n
ó�ó�ñ�ü'ñ�þ ì�ñ�ì�í�æ�î3ç ó�ë)ò"+�ê�î7ò�ñ

Tii

æ�ô�çeó�ê�î�î�ìZè7ò�é�ñ)òRé�ò�õ�ë�î�æZõHò�é	é	ì�æZóIþ ð�î�æ�é	ìHò�ñ�ë�ô�ò`ç�ë�ê�î[ó�æZñ)ò
ñ�ê�ëCó�ð

χ2 - n− i + 1
ó�ó�ñ �

(Tii)
2 ∼ χ2

n−i+1 , 1 ≤ i ≤ p àUá�â ¸ ä
* æ�ôZì�ñ�ì�í�æ�î3ç�ôZæfÿ"ç�é�ò0/�ó�ë)ò"+�ê�î7ò�ð"ÿ ë�î21Uì�é	ë�æ�ð�é	ôOô	ê�î3ç�ô	ð�è�è'ê�ô	ì�ô�ô	ð�ë�ý"é	æAð�î�æ*ñ�ê�ëNî�ê�é	íAò�ñ�æRõ�æ�î3ç�é	ì�æé	ì�ó�ð�ë�ç�æ �

Tij ∼ N (0, 1) , 1 ≤ i < j ≤ p àUá�â 33ä* æ�ôZì�ñ�ì�í�æ�î3ç�ôOó�ë)ò"+�ê�î7ò�ð"ÿ&ó�æ
T tT

ô	ð�ë�ý�æ�î3ç�ð�î�æAñ�ê�ëNó�ð
χ2 õ�ê�î21Uê�é	í�ì�í�æ�î3ç - ñ)ò[õHò�é�ò�õ-ç�ì�é	ë�ô�ò0/ç�ë�ê�î[ó�æ�ô ý�ò�é	ë)ò�î�õ�æ�ôBæ�í�è�ë�é	ë�ï2ð�æ�ô â54 ò�é ó�ì6.7î�ë�ç�ë�ê�î[ó�æOñ)ò@ñ�ê�ë¶ó�æ ø ë�ô	ù7ò�é�ç õ�æ�î3ç�é	ì�æ�ü'ñ�æ�ô ì�ñ�ì�í�æ�î3ç�ôæfÿ"ç�é�ò0/�ó�ë)ò"+�ê�î7ò�ð"ÿ�ô	ê�î3çOó�æ�ôOõ�êaý�ò�é	ë)ò�î�õ�æ�ô�æ�í�è�ë�é	ë�ï2ð�æ�ô(æ�î3ç�é	æ�ó�æ�ô

n
/�ì�õJù7ò�î3ç�ë�ñ�ñ�ê�î�ô(ó�æ@ý�ò�é	ë)ò�ö�ñ�æ�ô

+3ò�ð�ô	ô	ë�æ�î�î�æ�ô õ�æ�î3ç�é	ì�æ�ô â
ú î�è�é�ò`ç�ë�ï2ð�æ�ü�ê�î@ô	ë�í�ð�ñ�æ9ð�î�æBíAò`ç�é	ë�õ�æ.ó�æ ø ë�ô	ù7ò�é�ç - è7ò�é�ç�ë�ébó�æ6ñ)òeñ�ê�ë�ó�ð χ2

æ�î�õ�ê�í�ö�ë�î7ò�î3ç
ñ�æ�ôOè�é	ê�è�é	ë�ì-ç�ì�ô � æ-ç 7 8 õ�ë�ç�ì�æ�ôZè�ñ�ð�ôOù7ò�ð�ç â:9 ð�è�è'ê�ô	ê�î�ô�ó�ê�î�î�ì�æAð�î�æAíAò`ç�é	ë�õ�æRóIþ ì�õJù�æ�ñ�ñ�æ Σ

ó�æ
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Z\[^]`_�a\b%[^cda
p
_6eRf^_)a\cd]	g\h%_

n
Z\_AZ\Z\fji2k�cdl\hmb%[^]	l\f^_�hOl\a\_L]on�eph%[^q�_?Z\_)rs[^b%tun"hWe�vcdaxw\h%cq�y�Z\_Lz

f{n	b%[^]	l\f{n�ep[^cda|Z\_Mf{n	]on�eph%[^q�_
T

Z\}�q�h%[#ep_Lw\h%}�q�}�Z\_�]`]`_�a(e�~

T =




χ2
n 0 · · · 0

N (0, 1) χ2
n−1

i i i iiiiii i i i i i i
0

N (0, 1) · · · N (0, 1) χ2
n−p+1



∈ R

p × R
p ��� i#� �(�

��� n"w\h%y�b?f{n	w\h%cdw\h%[^}6ep} � � v\cda�n�Z\cda\q�~

T tT ∼ Wp(n, Ip)
��� i#�d�0�

� cdl\b|n"w\w\f^[^��l\cda\b`_�a\b%l\[#ep_�f{n�w\h%cdw\h%[^}6ep} � _�a�q�n"f^q�l\f{n"a(e`f{n�hpn"q�[^a\_Pq�n"h%h%}�_�Z\_
Σ

��l\_�a\cdl\b
q�t\cd[^b%[^b%b%cda\b�q�cd]`]`_)�"n"f^_�l\hRw�cdl\h M i5�AaJ_�aPZ\}�Z\l\[#e?l\a\_M]on�eph%[^q�_AZ\_Lrs[^b%tun"hWe�v\a\c"ep}�_

W
~

W = tΣ1/2(T tT )Σ1/2 ∼ Wp(n, tΣ1/2IpΣ
1/2) = Wp(n, Σ) ��� i#�0�d�

� a|�dl\[^b%_)Z � [^f^f^l\bWephpn�ep[^cda�v"l\a|_�a\b%_�]	g\f^_AZ\_)]on�eph%[^q�_�bOZ\_)q�c �"n"h%[{n"a\q�_)b%cda(emb%[^]	l\f^}�_�bmn��d_�q
p = 2[^b%b%l\_�b�Z\_Mf{n�f^cd[�Z\_Lrs[^b%tun"hWe�Z\_M]on�eph%[^q�_AZ � }�q�t\_�f^f^_�~

Σ =

(
0.2 0.3

0.3 2.0

)

� _�b=�"n"f^_�l\h%bCw\h%cdw\h%_�b�Z\_
Σ

b%cda(eO}��(n"f^_�b�zM�i � � Y _6eO�2i#� X �di(�Stun"q�l\a\_?Z\_�b�]on�eph%[^q�_�b=b%[^]	l\f^}�_�b=_�bWe
a\cdh%]on"f^[^b%}�_�wun"hMf^_`Z\Z\f�q�cdh%h%_�b%w�cda\Zun"a(e	Z\_`]on"a\[^y�h%_`zJcdg2ep_�a\[^h�l\a\_`]on�eph%[^q�_�Z\_`q�c �"n"h%[{n"a\q�_"i
� n`�u�dl\h%_ � i#� Z\cda\a\_	l\a\_	h%_�w\h%}�b%_�a(e�n�ep[^cda�Z\_�bA]on�eph%[^q�_�b)Z\_	q�c �"n"h%[{n"a\q�_�w�cdl\h

p = 2
zof � n"[^Z\_

Z � _�f^f^[^w\b%_�b)ephpn"q�}�_�bMb%l\hMl\a�w\f{n"a�i��Stun"��l\_�_�f^f^[^w\b%_	_�bWe�q�_�a(eph%}�_oz|f � cdh%[^�d[^a\_�_6eMb%cda�cdh%[^_�a(e�n�ep[^cda
_�bWe?Z\cda\a\}�_�wun"h�f{n�gun"b%_�Z\_�b��d_�q6ep_�l\h%b)w\h%cdw\h%_�b?Z\_Mf{n�]on�eph%[^q�_LZ\_Mq�c �"n"h%[{n"a\q�_"i � _�b?f^cda\�dl\_�l\h%b
Z\_�bOn0�2_�b�b%cda(eO}��(n"f^_�b�zLf{nAhpn"q�[^a\_Rq�n"h%h%}�_�Z\_�f{n)�"n"f^_�l\h=w\h%cdw\h%_?n"b%b%cq�[^}�_"i�l\hCf{n)�u�dl\h%_"v(f � _�f^f^[^w\b%_
_�a�w�cd[^a(ep[^f^f^}o[^Z\_�a(ep[#�u_

Σ
i � a � n(� vCq�[^a\�¡]on�eph%[^q�_�b�Z\_xrs[^b%tun"hWe`b%cda(eob%[^]	l\f^}�_�b�n��d_�q�l\a�Z\Z\f

n"f^f{n"a(e)Z\_�¢|z�� �2i � a � g5�?_�bWeLw\h%}�b%_�a(ep}�q�[^a\��n"l2eph%_�bA]on�eph%[^q�_�bAn��d_�q�l\a�Z\Z\f:q�cda\bWe�n"a(eL}��(n"f=z
£ �2i � a2�ua�v�f^_�b)q�[^a\�P]on�eph%[^q�_�b)[^f^f^l\bWeph%}�_�b)_�a � q �?cda(eLw�cdl\h)Z\Z\f:}��(n"f=z�� �d�2i�kCf^l\b)f^_	Z\Z\f:Z\_	f{n
]on�eph%[^q�_Mb%[^]	l\f^}�_�_�bWeA�dhpn"a\Z�v�w\f^l\b)cda�b%_	hpn"w\w\h%cq�t\_�Z\l�q�n"bAn"bW¤]`w2epc"ep[^��l\_"v�q � _�bWe�z`Z\[^h%_���l\_
f � }�q�tun"a(ep[^f^f^cda�Z\_6�[^_�a(e�h%_�w\h%}�b%_�a(e�n�ep[#¥�Z\l��d_�q6ep_�l\h�n"f^}�n�epcd[^h%_"iVk:n"hMq�cda\b%}���l\_�a(e�v=f{nx]on�eph%[^q�_�Z\_
q�c �"n"h%[{n"a\q�_	_�]`w\[^h%[^��l\_�ep_�a\Z��d_�h%bMf{no]on�eph%[^q�_�ept\}�cdh%[^��l\_

Σ
i � _�bL]on�eph%[^q�_�bAb%[^]	l\f^}�_�bLn��d_�q�l\a

¥¦n"[^g\f^_AZ\Z\fVZ\cda\a\_�a(e?��lun"a(e)z�_�f^f^_�bRl\a\_M]on"l2�"n"[^b%_Ab%[^]	l\f{n�ep[^cda�i
� cdh%b%��l � [^f(_ �2[^bWep_�Z\_�b�f^[^_�a\b�_�a(eph%_Of^_�b�cdg\b%_�hW�"n�ep[^cda\b � b%l\w\w�cdb%}�_�b:[^a\Z\}�w�_�a\Zun"a(ep_�b��VZ\_�f � }�q�tun"a§ep[^f^f^cda�v�n"l2eph%_�]`_�a(e	Z\[#e�vVb%[ t

XX
b%l\[#e�l\a\_of^cd[�Z\_�rs[^b%tun"hWe�v�w�_�l2eW§¨cda¡n�©`h%]`_�h���l � [^f�_�a¡_�bWe	Z\_

]`ª�]`_�w�cdl\h t
XSX

w�cdl\h
S

]on�eph%[^q�_	bW¤]`}6eph%[^��l\_�« � a�¥¦n"[#e�v�q�_�w\h%cdg\f^y�]`_`nx}6ep}�ephpn"[#ep}�Zun"a\b
l\a�q�n"Z\h%_�w\f^l\b?�d}�a\}�hpn"fS¬ JrH� £ ® cd¯��n"bpn"h%c�°6±R²"³#´�cda(e)}�a\cda\q�}	l\aPept\}�cdh%y�]`_�Z � }���l\[#�"n"f^_�a\q�_
b%l\hAf{noaun�epl\h%_�rs[^b%tun"hWeAZ\_ t

XSX
v�b%[

S
_�bWeLl\a\_�]on�eph%[^q�_�bW¤]`}6eph%[^��l\_���l\_�f^q�cda\��l\_"i � _�ept\}�c�§

h%y�]`_L_�bWe)gun"b%}Mb%l\h�l\a\_MZ\}�q�cd]`w�cdb%[#ep[^cdax]on�eph%[^q�[^_�f^f^_?Z\_
Σ

cd¯Pb%cda(e?[^]`w�cdb%}�_�bRZ\_Ma\cd]	g\h%_�l\b%_�b
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ÅSÆÈÇRÉ�Ê\Ë#ÌLÍ�ÎÏ^Ð	Ñ\Ò{Ó�ÔpÏ^ÕdÖx×6ÔAØ%×�Ù\Ø%Ú�Û%×�Ö(Ô�Ó�ÔpÏ^ÕdÖ�Ü\Ï^Ý\Ï^Ð`×�Ö\Û%Ï^ÕdÖ\Ö\×�Ò^Ò^×AÝ\×�ÐoÓ�ÔpØ%Ï^Þ�×�Û?Ý\×�ßsÏ^Û%àuÓ"ØWÔ�áMâ¦Ó(ã
n = 6 ä�åäuæ2äuç Ì Ämè â�Ü5ã

n = 30
è â�Þ ã

n = 100
Ë

Þ�ÕdÖ\Ý\Ï#ÔpÏ^ÕdÖ\Û�Ý�é Ú�ê�Ñ\Ï#ë"Ó"Ò^×�Ö\Þ�×�ê�Ñ\Ï ä Ý\×�ÐoÓ"Ö\Ï^ì�Ø%×MídÚ�Ö\Ú�ØpÓ"Ò^× ä Ö\×�Û%ÕdÖ(ÔAÙuÓ"Û�ëdÚ�Ø%Ï#îuÚ�×�ÛA× ï2Ù�Ú�Ø%Ï^Ð`×�Ö(Ô�Ó"Ò^× á
Ð`×�Ö(Ô�Ë�ð:Ó"Ø?Þ�ÕdÖ\Û%Ú�ê�Ñ\×�Ö(Ô ä Ö\ÕdÑ\Û)Þ�ÕdÖ\Û%Ï^Ý\Ú�Ø%ÕdÖ\Û)ÝuÓ"Ö\Û?Þ�×�ê�Ñ\Ï�Û%Ñ\Ï#Ô)Ò^×�Û?ÐoÓ�ÔpØ%Ï^Þ�×�Û�Ý\×�Ò{Ó�ñ�ÕdØ%Ð`× t

XX äÞ�ÕdÖ2ñ�ÕdØ%Ð`×�ÛMòJÒ{Ó|Ý\Ú6îuÖ\Ï#ÔpÏ^ÕdÖ�Þ�Ò{Ó"Û%Û%Ï^ê�Ñ\×"Ë�óCÖ�ÙuÓ"ØWÔpÏ^Þ�Ñ\Ò^Ï^×�Ø ä ÕdÖ�Ö\×`Û%Ñ\Ù\Ù�ÕdÛ%×�ØpÓJÙuÓ"ÛMÏ^Þ�Ï=Òjé × ï2Ï^ÛWÔp×�Ö\Þ�×
Ý�é Ñ\Ö\×MØ%×�Ò{Ó�ÔpÏ^ÕdÖxÜ\Ï^ÖuÓ"Ï^Ø%×LÓ"ídÏ^Û%ÛpÓ"Ö(Ô�Û%Ñ\Ø�Ò^×�Û�ÕdÜ\Û%×�ØWë"Ó�ÔpÏ^ÕdÖ\Û�â

S = 1
κ
∆
ã Ë

ô?õjöRõjö ÷�øUù�úúû¨üAý�ù=þ2ûUÿ�� ú������	��
RûUú���

�?ÕdÑ\Û)Ù\Ø%ÕdÙ�ÕdÛ%ÕdÖ\Û)Ñ\Ö�Ð`ÕÝ\ì�Ò^×MÙ\Ø%ÕdÜuÓ"Ü\Ï^Ò^Ï^ÛWÔp×LÝ\×�Þ�Ò{Ó"Û%Û%Ï#îuÞ�Ó�ÔpÏ^ÕdÖPÛ%Ñ\Ù�×�ØWëÏ^Û%Ú�×	ÜuÓ"Û%Ú�Û%Ñ\Ø?Ò{Ó`Ý\Ï^ÛUá
ÔpØ%Ï^Ü\Ñ2ÔpÏ^ÕdÖ Ý\×oßsÏ^Û%àuÓ"ØWÔ�Ë��SÕdÐ`Ð`×oÙ�ÕdÑ\Ø�Òjé Ó"ÖuÓ"Ò��Û%×`ñ¦Ó"Þ6ÔpÕdØ%Ï^×�Ò^Ò^×`Ý�é ÕdÙ�Ú�ØpÓ�Ôp×�Ñ\Ø%Û�ëÑ\×JÓ"Ñ Þ�àuÓ"Ù\Ï#ÔpØ%×
Ù\Ø%Ú�Þ�Ú�Ý\×�Ö(Ô ä Ö\ÕdÑ\Û�Ø%×�Ù\Ø%×�Ö\ÕdÖ\Û?Ò^×)Ô�Ó"Ü\Ò^×�Ó"Ñ

X
Þ�ÕdÖ\ÛWÔpÏ#ÔpÑ\ÚLÝ\×MÒjé ×�Ð`Ù\Ï^Ò^×�Ð`×�Ö(ÔmÝ\×�Û

N
Û%ÕdÑ\ÛUá Ô�Ó"Ü\Ò^×�Ó"Ñï

Xi
Ý\×`Ô�Ó"Ï^Ò^Ò^×�Ø%×�Û%Ù�×�Þ6ÔpÏ#ëd×

ni × p
Ë��AÖ¡Ö\Õ"Ôp×�ØpÓ�ÙuÓ"Ø

εi
Ò^×`Û%ÕdÑ\ÛUá Ô�Ó"Ü\Ò^×�Ó"Ñ

Xi
ÕdÜ2Ôp×�Ö�Ñ Ó"Ù\Ø%ì�Û�Û%Ñ\Ùá

Ù\Ø%×�Û%Û%Ï^ÕdÖxÝ\×AÒ{ÓMÔp×�Ö\ÝuÓ"Ö\Þ�×LÒ^ÕÞ�Ó"Ò^×�Ý\×�Ûmë"Ó"Ø%Ï{Ó"Ü\Ò^×�ÛO×6ÔRÞ�×LÓ�îuÖxÝ�é �6ÔpØ%×AÒ^×)Ù\Ò^Ñ\ÛSÙ�ÕdÛ%Û%Ï^Ü\Ò^×)Þ�ÕdÖ2ñ�ÕdØ%Ð`×Aò
Ò{Ó�í(Ó"Ñ\Û%Û%Ï{Ó"Ö\Ï#ÔpÚLÝ\×�Û�ë"Ó"Ø%Ï{Ó"Ü\Ò^×�ÛRÓ"Ò^Ú�Ó�ÔpÕdÏ^Ø%×�Û�Ë���é Ñ\Ö\×�ÐoÓ"Ö\Ï^ì�Ø%×LídÚ�Ö\Ú�ØpÓ"Ò^× ä ÕdÖJî2ï2×

C
Ò^×LÖ\ÕdÐ	Ü\Ø%×MÝ\×

Þ�Ò{Ó"Û%Û%×�Û�Ó�ëd×�Þ`Ò^×�Û%ê�Ñ\×�Ò^Ò^×�ÛLÕdÖ�Ø%×�ídØ%ÕdÑ\Ù�×�Ò^×�Û
N

Û%ÕdÑ\ÛUá Ô�Ó"Ü\Ò^×�Ó"Ñï
εi
Ë��AÖ Ó�Ô%ÔpØ%Ï^Ü\Ñ\×�×�Ö\Û%Ñ\Ï#Ôp×`òxÞ�àuÓ0á

Þ�Ñ\Ö\×�Ý\×�Û�Þ�Ò{Ó"Û%Û%×�Û�Ñ\Ö\×�ÐoÓ�ÔpØ%Ï^Þ�×mÝ�é Ú�Þ�à\×�Ò^Ò^×�òL×�ÛWÔpÏ^Ð`×�Ø�Ë���ÓLÛ%Ï^ídÖuÓ�ÔpÑ\Ø%×
Γi

Ý\×RÞ�àuÓ"ê�Ñ\×?Û%ÕdÑ\ÛUá Ô�Ó"Ü\Ò^×�Ó"Ñ
×�ÛWÔMÕdÜ2Ôp×�Ö�Ñ\×�×�Ö�î2ï\Ó"Ö(ÔMÒ{ÓoÐ`Ú6ÔpØ%Ï^ê�Ñ\×

Mi
×6ÔMÒ^×�ídØpÓ"Ù\à\×	Ý\×�Ò{ÓoØ%×�Ò{Ó�ÔpÏ^ÕdÖ�Ü\Ï^ÖuÓ"Ï^Ø%×�Ý\×�Ò{ÓoÐoÓ"Ö\Ï^ì�Ø%×

Û%Ñ\Ï#ë"Ó"Ö(Ôp×��
Mi = niIp

×6Ô
gi(ω, ω′) = 1 , ∀ω, ω′ ∈ Ω

â�Ê\Ë#Ì��(ã
�S×Mê�Ñ\ÏVÖ\ÕdÑ\Û�Ý\ÕdÖ\Ö\×�Þ�ÕdÐ`Ð`×AÛ%Ï^ídÖuÓ�ÔpÑ\Ø%×��

Γi =
1

κi

tεi∆iεiMi
â�Ê\Ë#Ì�Ê�ã

ðCÑ\Ï^Û%ê�Ñ\×PÒ^×PídØpÓ"Ù\à\×JÞ�ÕdÖ\Û%Ï^Ý\Ú�Ø%Ú�×�ÛWÔoÞ�ÕdÐ`Ù\Ò^×6Ô ä Ò{Ó�Þ�Õ ë"Ó"Ø%Ï{Ó"Ö\Þ�×PØ%×�Ò{Ó�ÔpÏ^ÕdÖ\Ö\×�Ò^Ò^×oÞ�Õ! Ö\Þ�Ï^Ý\×�Ó�ëd×�Þ�Ò{Ó
Þ�Õ ë"Ó"Ø%Ï{Ó"Ö\Þ�×L×6Ô?Ý\ÕdÖ\Þ��

Γi =

(
1

ni

tεiεi

)
(niIp) = tεiεi ∈ R

p×p â�Ê\Ë#Ì#"dã
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B�C�D+EFC!GHGHI
k
I+G?J�D+KMLNG?JPO�JPQNR+I<SNI+G

Nk
KMTUR+VPCWJPI+QNVHG X

(Γik)
Nk

i=1

GHQNTNTUKMGHR+G�GHQNO�Y�VHI<QNLNI<EZKMO[SNI8\]OZGH^�C!V?J
SNI5SNSNE

nik
I_J�SNI5`aCWJPVHOZD+I(S	b R+Dc^NI+EZEZI

Σk d
Γik = tεikεik ∼ Wp(nik, Σk)

CeYMI+D
εik ∼ Np (0, Σk) fhgNi A�@�j

klEUI+G?J;OZ`mTUKMV?JcC!L�J8SNI(LNK!JPI+V<n[QNI4EZI�LNKM`poNVHI6S	b OZLNSNO�Y�OZSNQNG
nik

SNI+GqGHKMQNG>rsJcC!oNEZIeC!Q�taI+G?J;SNKMLNLNR!u�D+I
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εik
GHKML�J�OZLNSNR+TUI+LNS�C!L�JPG d

L(Σk) = P (Γ1k, . . . , ΓNkk|Σk) =

Nk∏

i=1

f(Γik; Σk, nik) fhgNi A#�Mj

I_J
log L(Σk) =

Nk∑

i=1

log f(Γik; Σk, nik)

KM�
f
I+G?J6EFCpSNI+LNGHO�JPR5SNI5EFC�EZKMO�SNI4\]OZGH^�C!V?J i{� L}C d

log f(M ; Σ, n) =
n− p− 1

2
log |M | − 1
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trace(Σ−1M) fhgNi A���j

− np
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log(2)− p(p− 1)
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log(π)− n
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log |Σ| −

p∑
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log Γ
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1
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(n− j + 1)

)
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∂Σ
trace(Σ−1Γ) = −t(Σ−1ΓΣ−1) = −Σ−1ΓΣ−1 I_J ∂
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Σ−1

k

B�C�D+KMLNSNO�JPOZKML|LNR+D+I+GHGPC!OZVHI5YMR+VHO���R+I5T�C!VvEZI4`aC#t�OZ`pQN`�SNI4Y�VPC!OZGHI+`poNEFC!LND+I4LNKMQNGvSNKMLNLNI d
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=
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ÃcÄ!ÚNÂZ¼eÄ!Á

ε
ÑN¼4ÃcÄ!ÇZÂZÂZ¼

n× p
Ò+ÐMÅNÀHÇZÀ?ÃP¼~Íp½H¼+ÒcÔN¼+½HÒcÔN¼+½�ÀPÄ�ÆN½HÐMÚ�Ä!ÚNÇZÂZÇ�ÃP¿�Ñ	É Ä!ÆNÆ�Ä!½?ÃP¼+Å�Ä!ÅNÒ+¼~Í�ÂFÄ�Ò+ÂFÄ!ÀHÀH¼
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P (k|ε) ÕNÖ�É Ä!ÆN½Há+À�ÂFÄp½Há+ÌMÂZ¼4ÑN¼~âqÄeÛM¼+À~ã

P (k|ε) ∝ P (k)P (ε|k) ähå Õ�º!æ�ç
ÐMè
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ε
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k
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tεε
Ä!ÀHÀHÐ�Ò+ÇZ¿

Í
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Wp

(
n, Σ̂k

) ã

P (ε|k) = f(tεε; Σ̂k, n) ähå Õ�º å ç
î Ä5ÆN½HÐMÚ�Ä!ÚNÇZÂZÇ�ÃP¿

P (k)
¼+À?ÃqÂZ¼vÆUÐMÇZÑNÀ8ÑN¼�ÂFÄ5Ò+ÂFÄ!ÀHÀH¼

k
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P (k) =
1

C
, 1 ≤ k ≤ C ähå Õ�ºMòMç

î ¼2Ò+½HÇ�ÃPá+½H¼2Ñ	É ÄWñ�¼+Ò_ÃcÄWÃPÇZÐMÅÎÆUÐMÁN½
ε
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ÂZÐMÌ�Ä!½HÇ�ÃPÔNËm¼�ÑN¼5ÂFÄ�ÆN½HÐMÚ�Ä!ÚNÇZÂZÇ�ÃP¿
P (k|ε) ¼+À?Ã�ËaÄ#ó�ÇZËpÁNËôã

argmax
k=1,...,C

log P (k|ε) = argmax
k=1,...,C

log P (ε|k) ähå Õ�º!¹�ç
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| jkgsphuqo�`~}
�R���2�v�������D�v���b�D�!���D�v�B���N�v�a�D�v�N� ε �v�0���D������� n �
����2�]�v��� C �v�U�N���D�����N� �
�����D���U�v�U�v�2�v�v�N�N� } �2�k�N�������N�v��� (Γik)

N
i=1

���N�a�D�7������~�v�����2���%�a�D�v�����N� C �N���D�����N� �
�����%�N�@���¡ _� (Nk)

C
k=1

�v�N���N���D�����N� �
¢�i£psghc_o=}
�R¤5���D�����U�v� ε �@��¥����D�����N�]�v���D�v�N�U�D�������N���N� �
¦ phi�f2u�y.m)phoF}
§�¨@©tªe«¬D©tª¯®�°F±q²�³¡¬~«¬D©t´µª¯¶�²0±)· ¸�¶�¹a²@³e³�²

Σk
¬h¨�¨s®s¶@ª¯¸�²0º~³¡¬]³�®�ª�±q²!»wª�¨�¹v¬D´µ©�±q²	³¡¬¼¶@³¡¬h¨�¨s²

k
}

Σ̂k =

∑Nk

i=1 Γik∑Nk

j=1 njk

, 1 ≤ k ≤ C

½ ©t©t´µªt¾N¿�©tª¯®�°x±)· ¿�°%²~¶@³¡¬h¨�¨s²Àº
ε
}

Class(ε) = argmax
k=1,...,C

(
log f(tεε; Σ̂k, n)

)

Á8Â$Ã$Ä£Å �¡Æ �!¤5���D�����¡Ça�b�������2�w���v�k�N�7¥������N�À�a�D�����]���2���v�0È�����Éa�D�7� �



Ê�ËÌ�Í�ÎNÏ$ÐÑRÒ�Ó!Ì�Í�Í�Ð0ÔUÊ�Ë	Ñ8Õ=Í�Ð0ÔBÖ5Ì�Ö5Î�×�Î7Õ�Ï$Ñ8Õ ØDÙ
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ä�ßaàDäNèvêøÚvÛNÞ�äNí�èvÞ7â�ÛNá�ÞNæqþ5ÛNÞ�ÚvÛNá�êvÝ�ÛNá�Þ�Þ�ã2êGâ�äNã2êvÞ7â�á�èvÝ¡â�Þ�ÿ�í¯ô àDÝ�ÚvÛ5ÚvÛBí�à	évá�ã�äNåNÚvèvá�Û����xæ���ê~ä�ßvã2Ý�Þ�Ý¡â
K
èvê~êvã2ð]óvá�Û�ÚvÛ�äNí�èvÞ7â�ÛNá�Þ

Cl1, . . . , ClK
ÿ�ÛNÞ7â�Ý�ðÛNá$ékã2èvá�í�à	äNí�àDÞ�Þ�Ý��aäbà�â�Ý�ã2ê�Û@â�ã2ê~ÚvÝ�Þ�ékã2Þ�Û�Ú�ô èvê

êvã2ð]óvá�Û
N
Ú�ô ã2ékåNá�à�â�ÛNèvá�Þ

(Γi)
N
i=1

Þ�àDêvÞ�â�ÛNêvÚaàDêväNÛwäNã2á�á�ÛNÞ�ékã2êvÚaàDêGâøàDè�ùýÞ�ã2èvÞ�ï�â�àDóví�ÛbàDè�ù
εi

ÚvÛ
â�àDÝ�í�í�Û

ni× p
æ	�.ã2èvá�í�ÛäNí�èvÞ7â�ÛNá

Clk
õ�ã2ê ékã2Þ�Û

Θk = (πk, Σk)
õ�ã�


πk

ÛNÞ7âBí�Ûékã2Ý�ÚvÞ5Úvè äNí�èvÞ7â�ÛNá�Û@â
Σk
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zik =

{
1

Þ�Ý
Γi ∈ Clk

0
Þ�Ý�êvã2ê  Ù æ������

� à]ö�á�àDÝ�Þ�ÛNð]óví�àDêväNÛ0ÛNÞ7â	Úvã2êvêvåNÛUéaàDá�í¯ô Ûµù�évá�ÛNÞ�Þ�Ý�ã2ê=Þ�èvÝ¡öDàDêGâ�ÛUã�
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á�ÛNí�í�Û�í�ÛNÞ�â�ÛNá�ðÛNÞ

zik

ò

L(Θ) =

N∏

i=1

K∏

k=1

(πkP (Γi|Θk))
zik  Ù æ������

log L(Θ) =

N∑

i=1

K∑

k=1

zik log(πkP (Γi|Θk))  Ù æ������

� àëîqèaàDêGâ�Ý¡â�å
P (Γi|Θk)

ÛNÞ7âí�àûévá�ã2óaàDóvÝ�í�Ý¡â�å¼Ú�ô àDévéaàDá7â�ÛNêaàDêväNÛ!ÚvÛ
Xi

ÿ
Clk

õ�äNã2êvêaàDÝ�Þ�Þ�àDêGâí�ÛNÞ
éaàDá�àDðñ@â�á�ÛNÞ

Θk

ò
P (Γi|Θk) = f(Γi; Σk, ni)  Ù æ �����
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E log L(Θ) =

N∑

i=1

K∑

k=1

E(zik) log(πkP (Γi|Θk))  Ù æ �	���

� Ûøâ�ÛNá�ðÛ
E(zik)

ÛNÞ7â]ÛNÞ7â�Ý�ðåøéaàDá
ẑik
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Û@â
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k=1 πk = 1
ò

π̂k = max
πk

(
log L(Θ)− λ

(
K∑

k=1

πk − 1

))
 Ù æ �����
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∂

∂πk

(
log L(Θ)− λ

(
K∑

k=1

πk − 1

))
=

N∑

i=1

zik
∂ log(πkP (Γi|Θk))

∂πk
− λ Z\[I] ^�^�_

=
N∑

i=1

zik
1

πk
− λ = 0

`8E�NIabY
πk =

∑N
i=1 zik

λ
Z\[I] ^�[�_

c�XdU L HVQ�W L S7UISfehg S K	i HVS,jVjVQTE�N Z [I] ^�k _=i X�H�HRX iIi E�HAP�l λ
NIE�GIj i S,HVmnSoP�U�g L a,HVQTHVSbY

K∑

k=1

πk = 1 =

∑K
k=1

∑N
i=1 zik

λ
=

N

λ
Z\[I] ^ C _

UIE�NIa
λ = N

SoP8X�G J NpX�e*Y
π̂k =

∑N
i=1 zik

N
Z\[I] ^ B _

q N L PrX�OIeTQ�P*esX!t\E�HVmuGIeTSvUIE�NINpX�N�P�ehg S,jAPRQTm L S<UIS Σk
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Y

Σ̂k =

∑N
i=1 zikΓi∑N
j=1 zjknj

Z\[I] ^���_
c�X i HVE�OpX�OIQTeTQ�P L zik

a{X�HRX�aoP L HVQTjVS7ehg X iIi X�HAPRS,NpX�NIa,SfUISfehg E i�L HRX|PRS,GIH Γi
l

Clk
S,N:PRS,NpX�N�P8a,E�m i PRSUIG i E�QTUIjdUIG�a,eTGIjAPRS,H ]�� S,eTeTS���a,Q=S,jAPnE�O	PRS,N�GIS:S,N�NIE�HVmyX�eTQTjRX�N�P i X�HdesX�jVE�mnmnS�UIS}PRE�G	PRS,jbeTS,j

i HVE�OpX�OIQTeTQ�P L j8Y
ẑik =

πkP (Γi|Θk)∑K
l=1 πlP (Γi|Θl)

Z\[I] ^���_
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N
i=1

ÝIÙ,ê εi ä×ë.è�ÛTÜTÜTÙ,ê (ni)
N
i=1

ÝIÙ,ê εi ä×�ì'ß�íuîIâVÙ7ÝIÙ7Þ,ÜTÚIêAéRÙ,âVê K ï Ù,êAéRÛTínÙ,â ä×ñð�è�ÜTÙ,ÚIâVê<ÛTàIÛ�éRÛsè�ÜTÙ,ê Θ(0) ÝIÙ,ê Θk ä
ò�ÀÁÂ�Ä�Ã\È:Ö
×�ó*âVß�îpè�îIÛTÜTÛ�éRç,êvÝ�ô è�æIæpè�âAéRÙ,àpè�àIÞ,ÙfÙ,êAéRÛTínç,Ù,ê ẑik ä
õ Â�À@Ð�Õ3ÒFÎ�Â�È¦Ö
t← 0ö.÷ êAéRÙ,æ Ö ö êAéRÛTíyè|éRÛTß�à}ÝIÙ,ê z

(t)
ik

ẑ
(t)
ik =

π̂
(t)
k P (Γi|Θ̂(t)

k )
∑K

l=1 π̂
(t)
l P (Γi|Θ̂(t)

l )
, 1 ≤ i ≤ N , 1 ≤ k ≤ K

ø}÷ êAéRÙ,æ Ö ö êAéRÛTíyè|éRÛTß�à}ÝIÙ,ê Θ
(t+1)
k = (π̂

(t+1)
k , Σ̂

(t+1)
k )





π̂
(t+1)
k = ù N

i=1 úz(t)
ik

N

Σ̂
(t+1)
k = ù N

i=1 úz(t)
ik

Γi

ù N
j=1 úz(t)

jk
nj

, 1 ≤ k ≤ K

û ÚIêVü�Ú�ô ï |E log L(Θ̂(t+1))− E log L(Θ̂(t))| < η
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Ì�×*ÖKÎ3Ú`Ê9Î3ÑKÐ2ÈQÎ3×ZÒ3Ú�ÛQÈQá`ÊCÖ	Ì�á�Ð2ÑKÑKÌ_ÛQÌ�ÑKÐ2Î-Ö	É<Ì�ÛeÞ ÌhÙSÌ�ÑKÕ3ÛQÌ�Ò3Ì�ÛUÊEýHË2Í3É<Ì Ã3Ä�Å Ä���Î¥Ì�Î3×<Ì�ÑGù3ÛQÌ�Ò3Ì
Ó�Ô2Ô�Õ:Ð2ÈQÎ-Ö	×�Ð2Î-Ö�ÚLÖ	ÚZÐ2ùSÖ	Ì�ÎPÍ3×uÕHÊ9É�Ö	ÈQÉ	Ê9Ë2ÌGÍ3Î3È�ÏXÐ2É<ÑKÌq×<Í3É

[0, 1]2
Ä)÷«ÊTýHË2Í3É<Ì^Õ3É<Ú�×<Ì�Î-Ö	ÌKÛQÌGÎPÍHÊ9Ë2Ì

Ò3Ì_Õ:Ð2ÈQÎ-Ö	×^Ø�Ò3Ì�Í�Ù Î3È��2Ì`Ê9Í�Ù¥ÒxÞ Ú�áMø3Ì�ÛQÛQÌ_Ò3È�ÜoÚ�É<Ì�Î-Ö	×�Ä���Í3É^ÛQÌ�Ë2É	Ê9Õ3ø3È	�PÍ3Ì_Ò3Ì�Ë-Ê9Í3áMø3Ì9û�ÛQÌ�×ZÕ:Ð2ÈQÎ-Ö	×
×<Ð2Î-ÖzÕ3ÛUÊ9á�Ú�×"Ò3Ì ÑTÊ9Î3ÈQú�É<ÌtÒ3ÈQ×<ÕHÊ9É	ÊCÖ	Ì Ê9ÛQÐ2É<×��PÍ3Ì ×<Í3É&ÛQÌ�Ë2É	Ê9Õ3ø3È	�PÍ3Ì�Ò3Ì Ò3É<Ð2È�Ö	Ì9ûPá�Ì�×&Ñ�
�ÑKÌ�×"Õ:Ð2ÈQÎ-Ö	×
ÕHÊ9É	Ê9ÈQ×<×<Ì�Î-Ö«ÏXÐ2É<ÑKÌ�ÉxÍ3Îu×<Ì�Í3ÛPá�ÛQÍ3×*Ö	Ì�É�Ä���ÈQÑKÕ3ÛQÌ�ÑKÌ�Î-Ö)Ì�Î��ÈQ×<ÍHÊ9ÛQÈQ×	Ê9Î-Ö«ÛQÌ�×)Õ:Ð2ÈQÎ-Ö	×«ØtÒ3Ì�Í�ÙuÉ<Ú�×<Ð2ÛQÍSÖ	ÈQÐ2Î3×
Ò3È�ÜoÚ�É<Ì�Î-Ö	Ì�×�ûxÈQÛ¨×<Ì�ÑGù3ÛQÌGÒ3Ú��	Ø�Ò3È�üKá�ÈQÛQÌqÒ3ÌGÕ:Ð2Í��2Ð2ÈQÉ Ò3Ú�á�ÈQÒ3Ì�É�ÒxÞ Í3Î�Î3Ð2ÑGù3É<ÌGÐ2ÕSÖ	ÈQÑTÊ9Û¨Ò3ÌGá�ÛQÍ3×*Ö	Ì�É<×
Õ:Ð2Í3É%ÛeÞ ÈQÎ3È�Ö	ÈUÊ9ÛQÈQ×	ÊCÖ	ÈQÐ2ÎxÄ

ÿ Þ Ì�×*Ö%Õ:Ð2Í3É&É<Ú�Õ:Ð2Î3Ò3É<Ì�Øuá�Ì Ö���Õ:Ì Ò3Ì�Õ3É<Ð2ù3ÛQú�ÑKÌ��PÍ3Ì ÛQÌ�×&á�É<È�Ö	ú�É<Ì�×&ÒxÞ ÈQÎSÏXÐ2É<ÑTÊCÖ	ÈQÐ2Î^Ð2Î-ÖzÚLÖ	Ú ÈQÎ�ß
Ö	É<Ð�Ò3Í3È�Ö	×�Ä���ÛHÌ�ÎTÌhÙSÈQ×*Ö	ÌtÕ3ÛQÍ3×<ÈQÌ�Í3É<×"Ê9Õ3Õ3É<Ð�áMø3Ì�×&ÑTÊ9ÈQ×�ÛQÌtÕ3É<ÈQÎ3á�ÈQÕ:Ì%É<Ì�×*Ö	Ì�ÛQÌ%Ñ�
�ÑKÌ��-ÑKÈQÎ3ÈQÑKÈQ×<Ì�É�Í3Î3Ì
ÏXÐ2Î3áLÖ	ÈQÐ2Î^Ð2ù��<Ì�áLÖ	È�ÏoÒ3Ú�Õ:Ì�Î3ÒHÊ9Î-Ö&Ò3ÌtÛUÊ���É	Ê9ÈQ×<Ì�ÑGù3ÛUÊ9Î3á�Ì%ÌLÖ"Õ:Ú�ÎHÊ9ÛQÈQ×<Ú�Ì%ÕHÊ9É�Í3Î^Ö	Ì�É<ÑKÌtá`Ê9É	Ê9áLÖ	Ú�É<ÈQ×	Ê9Î-Ö
ÛUÊTá�Ð2ÑKÕ3ÛQÌhÙSÈ�Ö	ÚqÒ3ÍkÑKÐ�Ò3ú�ÛQÌZØ�Ì�×*Ö	ÈQÑKÌ�É�Äx÷«ÊTÏXÐ2Î3áLÖ	ÈQÐ2Î�Ð2ù��<Ì�áLÖ	È�Ï"Ì�×*Ö�ÑKÈQÎ3ÈQÑKÈQ×<Ú�ÌuÕHÊ9É�É	Ê9Õ3Õ:Ð2É*Ö�Ê9Í
Î3Ð2ÑGù3É<Ì

K
Ò3Ìuá�ÛQÍ3×*Ö	Ì�É<×�Ä���Ê9Î3× á�ÌuÖ	É	Ê��9Ê9ÈQÛeû3Î3Ð2Í3× Î3Ð2Í3×�ÈQÎ-Ö	Ú�É<Ì�×<×<Ð2Î3×�Õ3ÛQÍ3×�ÕHÊ9É*Ö	ÈQá�Í3ÛQÈQú�É<Ì�ÑKÌ�Î-Ö�Ê9Í

á�É<È�Ö	ú�É<Ì����*ÿ �!�zÊ��2Ì�×<ÈUÊ9Î"��ÎSÏXÐ2É<ÑTÊCÖ	ÈQÐ2Î§ÿ&É<È�Ö	Ì�É<ÈQÐ2Î$#&% ��áMø$' ½ ( Ä�÷«Ê�ÏXÐ2Î3áLÖ	ÈQÐ2Î}Ð2ù��<Ì�áLÖ	È�Ïtá�Ð2É<É<Ì�×<Õ:Ð2Î�ß
ÒHÊ9Î-Ö	Ì�×<Ì�ÏXÐ2É<ÑGÍ3ÛQÌ�Ò3ÌuÛUÊGÑTÊ9Î3ÈQú�É<Ì�×<Í3È��9Ê9Î-Ö	Ì)�

BIC(K) = −2 log L(Θ) + log(N)ň(Θ)
�XÃ3Ä *�+,#

Ð�-
ň(Θ)

Ì�×*Ö"ÛQÌ%Î3Ð2ÑGù3É<Ì%Ò3ÌtÒ3Ò3ÛHÒ3Ì�×"ÕHÊ9É	Ê9ÑKúLÖ	É<Ì�×��
πk
ÌLÖ

Σk
#�Ø�Ì�×*Ö	ÈQÑKÌ�É�Ä,��Ê9Î3×�Î3Ð9Ö	É<ÌtÑKÚLÖ	ø3Ð�Ò3Ì9û
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K6LMON�PRQOSTL�L6UHV@WON�MOMOXY[Z\S�]
ň(Θ) = ddl(Θ) = ddl(πk) + ddl(Σk) ^`_Oa _,b,c

= (K − 1) + K × p(p + 1)

2d LRMON�PRQOSTL K − 1 L6UHVeX6f,Z\g0Z\hiWOWOg0WOL6UYjN�k	WOU�WOL6U�K6g	hOUHVlL6STU6mnMON\VlX ddl(πk)
mnYOSTk�o�X&WOL&hOMiWOhp Z\k�VDWOLegqZ&K6N�M,VlSlZ\k	M,VlLWOLUTN�P�P�L�hOMOk�V�Z\k	STL a d Z&r�h[Z\M,Vlk�VlX K × p(p+1)

2
L6UHV@g	L�WOWOgsWOL6U�P�Z�VlSTk	K6L6U

Wnt X6K�uOL6g	g	LvWOLRK�u[Z\r�hOLRK6g	hOUHVlL6S6m�MON\VlX ddl(Σk)
mjX6f,Z\g	LRZ\hwMON�PRQOSTLvWOLvK6g	hOUHVlL6STU�PRhOg�Vlk	YOg	k	X�Y[Z\S�g	L

MON�PRQOSTL�WOLxWOWOg�WOLxK�u[Z\r�hOL>P�Z�VlSTk	K6L azy N�hOS K {�| X\m8MON�hOU&Z\YOYOg	k	r�hON�MOUvg}t Z\g	f�N�STk�VluOP�L)~���L�VWOX�VlL6STP�k	MON�MOU�gqZo\Z\g	L6hOS�WOL�gqZo=SlZ\k	UTL6PRQOgqZ\MOK6L { M[Z\g	L\m�Z\YOST�6U�K6N�M,o�L6STf�L6MOK6L aj� M�K�Z\g	K6hOg	L�L6MOUThOk�VlLgqZeo\Z\g	L6hOS�WOL�gqZ p N�MOK�Vlk	N�M BIC L�V�Z\k	MOUTk�WOL�UThOk�VlL�YjN�hOS�VlN�h�VlL6UDg	L6U�o\Z\g	L6hOSTU�WOL K K6N�MOUTk	WOX6STX6L6U ad Z�o\Z\g	L6hOSRP�k	MOk	P�Z\g	L K0
WOL�gqZ p N�MOK�Vlk	N�M BIC UTL6SlZ�g	LxMON�PRQOSTL�N�Y�Vlk	P�Z\g�WOL>K6g	hOUHVlL6STU&YjN�hOSZ\YOYOg	k	r�hOL6SDgqZRYOSTN=K6X6WOhOSTL a

���}�D�!� �w���F�F�@�0���F�����@�G���������@�D�@�G�����4���=�H�¡ @�F�0���F���

y N�hOS8K6N�MOK6g	hOSTL�gqZ¢YOSTL6P�k	�6STL�Y[Z\SHVlk	L�WOL�K6L�K�u[Z\YOk�VlSTL\m£MON�hOU8YOSTN�YjN�UTN�MOU8g}t X�VlhOWOL�Wnt hOMRL | L6P�YOg	LUTk	P�YOg	L a¥¤ N�hOUsK6N�MOUTk	WOX6STN�MOUzhOMvL6MOUTL6PRQOg	L�WOL C = 3 K6g	hOUHVlL6STUzWOL�P�Z�VlSTk	K6L6UGWOL�WOk	P�L6MOUTk	N�M p = 2 ad L6U¢P�Z�VlSTk	K6L6UDWnt X6K�uOL6g	g	L�UTN�M,V@g	L6UDUThOk�o\Z\M,VlL6U]

Σ1 =

(
0.9950 −0.610

−0.610 0.523

)
; Σ2 =

(
0.2 0.3

0.3 2.0

)
; Σ3 =

(
0.9659 0.068

0.068 1.1138

)

¦ M§L6MOUTL6PRQOg	L�WOL N = 150 P�Z�VlSTk	K6L6U�WOLB¨©k	UTu[Z\SHV ^}ª\b Y[Z\S�K6g	hOUHVlL6S c L6UHVxUTk	PRhOg	X a d L6U�WOWOgK6N�STSTL6UTYjN�MOW[Z\M,VlU�UTN�M,V�K�uON�k	UTk	U�hOMOk p N�STP�X6P�L6M,V4L�V�o�N�M,V�WOL@«¬,® a d Z�K6gqZ\UTUTk { K�Z�Vlk	N�M&UThOYjL6SHo=k	UTX6LY[Z\S�gqZxYOSTN=K6X6WOhOSTL)g	L�Z�o�L°¯�N�MOL&N�h�V p N�hOSTMOk�V�hOMiV�Z\h | WOL&QjN�MOMOL)STL6K6N�MOM[Z\k	UTUlZ\MOK6L)WOL&g}t N�STWOSTLRWOLJ�J a �,±xmjUTN�k�V@hOMOLRP�Z�VlSTk	K6LeP�Z\gzK6gqZ\UTUTX6LRY[Z\STP�kzhOM�VlN\V�Z\gzWOLx² ª\b�a�y N�hOS�g}t Z\g	f�N�STk�VluOP�L�~��³m�g	LMON�PRQOSTL�WOL�K6g	hOUHVlL6SvL6UHV {�| X�¬ K = 3 L�VRg	L�UTL6hOk	g�WOL�K6N�M,o�L6STf�L6MOK6L>L6UHVRK�uON�k	UTk�¬ η = 10−5 a´ YOST�6U�®�« J k�VlX6SlZ�Vlk	N�MOU6m8g}t Z\g	f�N�STk�VluOP�L�K6N�M,o�L6STf�LBL�V�N�Q�Vlk	L6M,V�g	L6U&P�Z�VlSTk	K6L6U&Wnt X6K�uOL6g	g	L>L6UHVlk	P�X6L6U
UThOk�o\Z\M,VlL6U]

Σ̂1 =

(
0.8826 −0.5330

−0.5330 0.4657

)
; Σ̂2 =

(
0.2095 0.2722

0.2722 1.6743

)
; Σ̂3 =

(
0.9879 0.0678

0.0678 0.9365

)

d L6U�L6g	g	k	YOUTL6U�K6N�STSTL6UTYjN�MOW[Z\M,VlL6U�UTN�M,V�YOSTX6UTL6M,VlX6L6UL6MwVlSlZ\k�V�YjN�k	M,Vlk	g	g	X¬�gqZ { f�hOSTL _Oa  mjL6MiP�µ6P�LVlL6P�YOU�r�hOLwg	L6UxP�Z�VlSTk	K6L6U)VluOX6N�STk	r�hOL6U Σ1
m Σ2
L�V Σ3

L6M¶VlSlZ\k�V�YOg	L6k	M a�� M§K6N�MOUHV�Z�VlLwr�hOLwg	L6UL6UHVlk	P�X6L6U>N�M,VBg	L6hOSTU�o\Z\g	L6hOSTU�YOSTN�YOSTL6UBk	M p X6STk	L6hOSTL6UB¬"K6L6g	g	L6U>WOL6U>P�Z�VlSTk	K6L6UxVluOX6N�STk	r�hOL6U a@· L6gqZU6t L | YOg	k	r�hOL�Y[Z\S�g	L p Z\k�V�r�hOL�g	L6U�YOSTN�Q[Z\QOk	g	k�VlX6U�Wnt Z\YOY[Z\SHVlL6M[Z\MOK6L ẑik
r�hOL�g}t N�MxN�Q�Vlk	L6M,VD¬vgqZ { MxWOLgqZ@YOSTN=K6X6WOhOSTLDMOLDUTN�M,V�Y[Z\U4X6f,Z\g	L6U�¬ b N�h�²�m�K6N�M,VlSlZ\k	STL6P�L6M,V�Z\h&P�N=WO�6g	L�VluOX6N�STk	r�hOL a ~4M)L�¸�L�V�m�gqZK6N�M,o�L6STf�L6MOK6L�WOL�g}t Z\g	f�N�STk�VluOP�LsWOX6YjL6MOWeWnt hOMUTL6hOk	g�UHVlSTk	K�VlL6P�L6M,VsYjN�UTk�Vlk p {�| X�Z�YOSTk	N�STk\L�Vsk	P�YOg	k	r�hOL
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É�ÊÌËDÍ$ÎOÏ ÐeÑ>Ò�Ó�ÔlÕTÖ	×6Ø6Ù¢ÚnÛ Ü6×�ÝOØ6Þ	Þ	ØØ6ÙHÔlÖ	ß�Ü6Ø6ÙDà[Ó\Õ�á�Òâàjã�äOÕDÞ}Û Ø°å�Ø6ß�àOÞ	Ø�ÚOØÙTÖ	ßRäOÞqÓ�ÔlÖ	ã�ænÏ

ç äOØBÞqÓ�è=ÕlÓ\Ö	ÙTØ6ßRéOÞqÓ\æO×6Ø>ã�é�ÔlØ6æ�äOØBÙTã�Ö�Ô&Ôlã�ä£êTã�äOÕTÙ)ÙHÔlÕTÖ	×�ÔlØ6ß�Ø6æ,Ô�Ö	æ�ë`Ü6ÕTÖ	Ø6äOÕTØ>ì�ÞqÓ�è=ÕlÓ\Ö	ÙTØ6ßRéOÞqÓ\æO×6ØÔlÝOÜ6ã�ÕTÖ ç äOØ\ÏjíGØ6Ù�ß�Ó�ÔlÕTÖ	×6Ø6ÙDÚnÛ Ü6×�ÝOØ6Þ	Þ	ØeÜ�Ô�Ó\æ,Ô@×�Ó\Þ	×6äOÞ	Ü6Ø6Ù�à[Ó\Õ¢×6ã�ßRéOÖ	æ[Ó\Ö	ÙTã�æ>Þ	Ö	æOÜ�Ó\Ö	ÕTØ�ÚOØ6Ù@Ü6Þ	Ü6ß�Ø6æ,ÔlÙÚOä>×6Þ	äOÙHÔlØ6Õ¢àjã�æOÚOÜ6ÕTÜ6Øà[Ó\ÕDÞ	Ø6Ù
ẑik î Þ	Ø6äOÕTÙ¢Ü6Þ	Ü6ß�Ø6æ,ÔlÙDÙTã�æ,Ô�ÚOã�æO×�Ö	æ�ë`Ü6ÕTÖ	Ø6äOÕTÙ¢ì&×6Ø6ä=å>ÚOØ6Ù�ß�Ó�ÔlÕTÖ	×6Ø6ÙÚnÛ Ü6×�ÝOØ6Þ	Þ	ØeÔlÝOÜ6ã�ÕTÖ ç äOØ6Ù6Ï�ï4äOÖ	Ù ç äOØRæOã�äOÙ@×6ã�æOæ[Ó\Ö	ÙTÙTã�æOÙ�Þ}Û Ü�ÔlÖ ç äOØ�Ô�Ó\ð�ØeÚOØ6Ù@ß�Ó�ÔlÕTÖ	×6Ø6Ù@Ó�àOÕTÖ	ã�ÕTÖ î æOã�äOÙ×6ã�ß�à[Ó\ÕTã�æOÙ@ÚOÖ	ÕTØ6×�ÔlØ6ß�Ø6æ,Ô�Þ	Ø6Ù�ÕTÜ6ÙTäOÞ�Ô�Ó�ÔlÙ�Ø6æ�ÕTØ6àjÜ6ÕlÓ\æ,Ô�Þ	Ø6Ù�Ü6Þ	Ü6ß�Ø6æ,ÔlÙ�éOÖ	Ø6æiã�äiß�Ó\Þz×6ÞqÓ\ÙTÙTÜ6Ù6Ïnñ�Þzò

ÓwÔlÕTã�Ö	ÙRß�Ó�ÔlÕTÖ	×6Ø6Ù&ÙTÖ	ßRäOÞ	Ü6Ø6Ù)Ó�è�Ø6×
Σ2 î ÚOØ>ÚOÚOÞ�ÕTØ6ÙTàjØ6×�ÔlÖ�ë`Ù)Ü6ð,Ó\ä=å�ì�ó î�ô ÐiØ�Ô ô Î î ç äOÖDã�æ,Ô)Ü�ÔlÜ×6ã�æ�ë`ã�æOÚOäOÙ¢Ó�è�Ø6×Þ	Ø�ÔlÕTã�Ö	ÙTÖ	õ6ß�Ø@×6Þ	äOÙHÔlØ6Õ î Ôlã�ä�ÔlØ6Ù�Þ	Ø6ÙDß�Ó�ÔlÕTÖ	×6Ø6Ù�ÙTÖ	ßRäOÞ	Ü6Ø6ÙDÓ�è�Ø6× Σ1

Ó�ò,Ó\æ,Ô¢Ü�ÔlÜ�éOÖ	Ø6æ
×6ÞqÓ\ÙTÙTÜ6Ø6Ù6Ï�ísÓwë`ã�æO×�ÔlÖ	ã�æ

BIC
ÓiÜ�ÔlÜ�ÔlÕlÓ\×6Ü6Ø>ÙTäOÕ)ÞqÓwö[ð�äOÕTØ ÎOÏ Î àjã�äOÕ&äOæ�æOã�ßRéOÕTØ�ÚOØ>×6Þ	äOÙHÔlØ6ÕTÙ

Ó\Þ	ÞqÓ\æ,Ô�ÚOØ ô ì�÷�÷=Ïsø�æ�è�Ü6ÕTÖ�ö[Ø ç äOØ)ÞqÓ�×6ã�äOÕTéjØ�Ó\ÚOß�Ø�ÔéOÖ	Ø6æ³äOæ³ß�Ö	æOÖ	ßRäOßùØ6æ K = 3 î ×6Ø ç äOÖØ6ÙHÔ¢×6ã�æ�ë`ã�ÕTß�Ø�ì&æOã\ÔlÕTØ�×�ÝOã�Öúå�ÚOØ�à[Ó\ÕlÓ\ß�õ�ÔlÕTØ6Ù6Ï[ïzã�äOÕ
K > 3 î ÞqÓvè=ÕlÓ\Ö	ÙTØ6ßRéOÞqÓ\æO×6Ø�×6ã�æ,è�Ø6ÕTð�Ø�è�Ø6ÕTÙäOæOØ�è\Ó\Þ	Ø6äOÕ&ÔlÝOÜ6ã�ÕTÖ ç äOØ>×6ã�ÕTÕTØ6ÙTàjã�æOÚ[Ó\æ,ÔxÓ\ä�×�Ó\Ù)ã�û K = N

Ó�è�Ø6×BäOæOØBäOæOÖ ç äOØ>ß�Ó�ÔlÕTÖ	×6Ø�à[Ó\Õ×6Þ	äOÙHÔlØ6Õ6ÏjíGØÔlØ6ÕTß�Ø −2 log L(K)
ÚOØ�è=Ö	Ø6æ,Ô�Ó\Þ	ã�ÕTÙ¢æOÜ6ð�Þ	Ö	ð�Ø�Ó\éOÞ	Ø�ë!Ó\×6ØvÓ\äBÙTØ6×6ã�æOÚwÔlØ6ÕTß�Ø ç äOÖzænÛ Ø6ÙHÔÓ\ä�ÔlÕTØ ç änÛ äOæOØwÚOÕTã�Ö�ÔlØ>ÚOÜ6àjØ6æOÚ[Ó\æ,ÔlØwÚOØ K

Ï�á4æ¶ð�äOÖ	ÙTØBÚnÛ Ö	æOÚOÖ	×�Ó�ÔlÖ	ã�æ î ÞqÓ�×6ã�äOÕTéjØ −2 log L(K)Ó�Ü6ð,Ó\Þ	Ø6ß�Ø6æ,ÔvÜ�ÔlÜ�ÔlÕlÓ\×6Ü6Ø\Ï0ísÓBè=ÕlÓ\Ö	ÙTØ6ßRéOÞqÓ\æO×6Ø�Ü�Ô�Ó\æ,ÔR×6ÕTã�Ö	ÙTÙlÓ\æ,ÔlØxà[Ó\ÕvÕlÓ\àOàjã�ÕHÔ&Ó\ä�æOã�ßRéOÕTØ�ÚOØ
×6Þ	äOÙHÔlØ6ÕTÙ î ã�æ�è�Ü6ÕTÖ�ö[Ø�ÚOØß�ü6ß�Ø ç äOØ −2 log L(K)

Ø6ÙHÔ¢éOÖ	Ø6æ>äOæOØ�ë`ã�æO×�ÔlÖ	ã�æ�ÚOÜ6×6ÕTã�Ö	ÙTÙlÓ\æ,ÔlØÚOØ
K
Ï

ý�þHÿ ���������
	�����������������
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:4;=<3>@?BA ?/CED�FHGJI$K$L,MBN$L,I$OQPBFSRTN$L,MBPUI$FSVXWHY$FSN[Z4\7]^N�W,MBN −2 log(L(K))
N$_a`bOQ_BI�WHVcOQ_dMBPU_BOQeERBFSN

MBN�I$fcPBL7WHN$FSL$gihTOQPBF3fkj N�lmN$eUhBfcN.MBN�LSVceEPBfnGoWHVcOQ_pA

hBVXWHFSNqL$j Vc_@WHK$FSN$LSLSNsrtfnGt_iGoWHPBFSNq`bFHGJI�WuGJfcN1vwPBNxhTN$PmWyhBFSK$LSN$_@WHN$F�fcNqFSK$LSVcMBPpg4GJhBFSY$LyLSPBhBhBFSN$LSLSVcOQ_
MBNEfnGUWHN$_BMiGJ_BI$NJA{z"j |@}+hTOJWH|BY$LSNaMBNE~@GJPBLSLSVnGJ_BVXWHK�N�W�fnG�_iGoWHPBFSN�`bFHGJI�WuGJfcN�LSOQPBL6��N$_@WHN$_BM�fnG�_BOJWHVcOQ_
MBN
hBFSO+I$N$LSLSPBLahiGJF7WHVcI$PBfcVcN$F�GJhBhTN$fcKx���o�+�J�������i�.�$�H�o�"�i�k�������S�w�����k�o�i�T�J�=�H��A&��OQPBLEN$_^K�WHPBMBVcOQ_BL
fcN$LEhBFSOQhBFSVcK�WHK$LEMBNyRiGJLSN�Go�i_^MBNyhBFSOQhTOQLSN$FEPB_BNyeUK�WH|BO+MBN
MBNyLSN$~QeUN$_@WuGoWHVcOQ_�MBN
WHFHG��SN$I�WHOQVcFSN$L
hBfnGJ_iGJVcFSN$L�RiGJLSK$N�LSPBF[fkj N$L7WHVce�GoWHVcOQ_�MBN�fkj GJPmWHOQLSVceUVcfnGJFSVXWHKJA

�����[�7� ���, �¡,¢{£¤¢�¥�¦U§/¨B�{©^¥/ª6¢�¥¬«H¨B,®¯¦mª6�,¥/¥/,ª�¨B¢±°{²/³p´ ¥/ªµ¦mª6�,¥E¶{·/¨B�"·/¨Bª6³¸¦m³�¹

º _�MBK��i_BVXW�fkjn�J�+����»��=�d�=¼X�J���=��½,I$OQeUeUN,PB_BN,hBFSK$LSN$F7¾JGoWHVcOQ_�MBN�fnG3~QK$OQeUK�WHFSVcN"Mpj PB_�OQRw�SN�W¿g�vwPBN$fcfcN
vwPBNdLSOQVXW.fkj K$Iu|BN$fcfcNEr
fnGJvwPBN$fcfcN�OQ_Àfkj OQRBLSN$F7¾QNJA�Á"_sFSK¿GJfcVXWHKJgTVcf�_pj N�lmVcL7WHNaGJPBI$PB_sOQRw�SN�W�hBFSK$LSN$_@WuGJ_@W
PB_BN�WHN$fcfcN.LSVceUVcfcVXWHPBMBNJgBGJP1LSN$_BL/e�GoWH|BK$e�GoWHVcvwPBN.MBP1WHN$FSeUN�e�GJVcL3OQ_qGJMBeUN�W¿g¯hiGJF[MBN$L/hBFSO+I$K$MBK$L
L7WuGoWHVcL7WHVcvwPBN$L$g+vwPBN I$N$F7WuGJVc_BL4Mpj N$_@WHFSN N$P+l
LSN$eERBfcN$_@W�hBFSK$LSN$_@WHN$F3MBN$L�I¿GJFHGJI�WHK$FSVcL7WHVcvwPBN$L4LSN FHGJhBhBFSOo�
Iu|iGJ_@WUMBNyfkj GJPmWHOQLSVceUVcfnGJFSVXWHK1Â�hiGJF7`�GJVXWHN@ÂoA�z{Gx_BOJWHVcOQ_�Mpj GJPmWHOQLSVceUVcfnGJFSVXWHKaN$L7Wa`bOQFSe�GJfcVcLSK$N�hiGJFEPB_
I$N$F7WuGJVc_1W�}+hTNEMBN�hBFSO+I$N$LSLSPBL$A�z�N�eUOQPm¾QN$eUN$_@W.RBFSO�Ã[_BVcN$_q`bFHGJI�WHVcOQ_B_iGJVcFSN�ÄkÅqZ�Æ"Ç�gTVcLSLSPxMBN$L/WHFHG��
¾JGJP+l�MBN[ÅqGJ_BMBN$fcRBFSOJW�N�W&È�GJ_d��N$LSL[É Åq�/ÊQË Ìkg�`�GJVXW&hiGJF7WHVcN�Mpj PB_BN�I$fnGJLSLSN�MBN�hBFSO+I$N$LSLSPBL"hTOQLSLSK$MiGJ_@W
fnG.hBFSOQhBFSVcK�WHK�Mpj GJPmWHOQLSVceUVcfnGJFSVXWHKJgovwPiGJ_@WHVX�iK$N�hiGJF�fcN[hiGJFHGJeUY�WHFSN�MBN/Í�PBFSL7W�Ä

H
Ç�Awz�N ÅqZ�ÆsWHFSOQPm¾QN

MBN�_BOQeERBFSN$PBLSN$L�GJhBhBfcVcI¿GoWHVcOQ_BL[N$_xeUO+MBK$fcVcLHGoWHVcOQ_�MBN�LSVc~Q_iGJP+ltÎTRBVcOQfcOQ~QVcNaÉ ÅqGJ_iËQÏ Ìkg¸GJ_iGJfX}+LSN�MBP
eUOQPm¾QN$eUN$_@W
É ÐBÑ Ò)ÓQÏ Ìkg{LSK$FSVcN$L�K$I$OQ_BOQeUVcvwPBN$L�É ]3]3ÐmÓJ? Ìkg�WHFHGJVXWHN$eUN$_@W�Mpj Vce�GJ~QN1É z º.Ô ÐmËQÊ Ìkg{FSK��
LSN¿GJPqÁ�WH|BN$FS_BN�WEÉ È/È.ÓQÓ ÌkAXAXA

Õ�_sÅqZ�ÆÖMBN�hiGJFHGJeUY�WHFSN�MBNEÍ�PBFSL7W
H ∈]0, 1[

gT_BOJWHK
(Zt)t∈R

g¸N$L7W PB_ÀhBFSO+I$N$LSLSPBL.~@GJPBLSLSVcN$_
I$N$_@WHFSK�FSK$N$fp¾QK$FSVX�¯GJ_@W�Î

Z0 = 0
N�W ∀(t, s) ∈ R+ × R+, E

(
|Zt − Zs|2

)
= |t− s|2H Äb?BA ? 9 Ç
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ç è�é$è1êBë$êBìBíXî�ïkð é�ñmòBóSé$ôSôSícõQè1êBé�ïnö�÷bõQèBø�îHícõQè�êBé�ø$õ�ùJöJóSínöJèBø$édú

∀(t, s) ∈ R+ × R+ , E(ZtZs) =
c2
H

2

(
|t|2H + |s|2H − |t− s|2H

) ûbüBý ü æQþ
õQÿ

c2
H =

a2 cos(πH)Γ(1− 2H)

πH

ûbüBý ü�� þ
� ö ø$õQèBô7îuöJè@îHé

a2
êBë��ièBíXî"ìBèBé3ø$ïnöJôSôSé�êBé3òBóSõ+ø$é$ôSôSìBô�� ìBèd÷�öJø�îHé$ìBó�êpð ë$ø��Bé$ïcïcé3òBó
	$ô�� ������� � ý�� öJèBô

ïnöEôSìBíXîHé�õQè�ôSìBòBòTõQôSé$óHöUòTõQìBó3ôSí��UòBïcí��ié$ó/ú

a =

√
πH

Γ(1− 2H) cosπH

ûbüBý üQü þ

òTõQìBó�ö¿ùQõQícó
c2
H = 1

é�î/êBõQèBø�ïnöEùJöJóSínöJèBø$é�êBé
Z1

ë��@öJïcé���� ý ç èqêBíXî��wìBé�ïcé�òBóSõ+ø$é$ôSôSìBô
(Zt)t∈Ré$ô7î��! #"%$'&�(*)+(*,��!(*-/.�êpð õQóSêBóSé

H
ø¿öJó[ícïTùQë$óSí��ié�ïnödóSé$ïnöoîHícõQèxú
∀(t, α) ∈ R+ × R+ , Zαt ∼ αHZt

ûbüBý ü10 þ
õQÿ ∼ êBë$ôSí��QèBé�ïkð ë��@öJïcíXîHë/é$èqïcõQí ý (Zt)t≥0

é$ô7î/ïkð ìBèBí��wìBé.òBóSõ+ø$é$ôSôSìBô2�@öJìBôSôSícé$è1ø$é$è@îHóSë�ø$õQè@îHícèwìqöJì#3
îHõQôSí��UícïnöJícóSé4�döJø$ø$óSõQícôSôSé��Ué$è@îHô�ô7îuöoîHícõQèBèiöJícóSé$ô�� ��é$ó/� ü � ý�5 õJîHõQèBô�ïnö�êBìiöJïcíXîHë�é$è@îHóSé ïcé/òiöJóHö!�6	�îHóSé
êBé7��ìBóSô7î[é�î[ïnö�êBí��Ué$èBôSícõQè�÷bóHöJø�îuöJïcé!8#�wìBí�é$ô7î3îHõQì:9SõQìBóSô�ë��@öJïcé òBóSé$ô
�wìBé�ô
;BóSé��Ué$è@î2�

2−H
ý=< è

òiöJó7îHícø$ìBïcícé$ó�8mòTõQìBó
H = 1/2

8
(Zt)

é$ô7î/ïcé>�UõQìmùQé��Ué$è@î2?BóSõ'@[èBícé$è1ø$ïnöJôSôSí��wìBé�õQÿ1ïnö�÷bõQèBø�îHícõQè�êBé
ø$õ�ùJöJóSínöJèBø$é.ôSé�ôSí��UòBïcí��iéEú

E(ZtZs) = min(t, s)
ûbüBý ü�A þ

� é$ô�öJø$ø$óSõQícôSôSé��Ué$è@î�êpð õQóSêBóSé
τ
êBé

(Zt)
ôSõQè@î�êBë��ièBícô[êBé�ïnö�÷�ö!B$õQè1ôSìBíXùJöJè@îHéaú

Zτ
t = Zt+τ − Zt

ûbüBý ü åQþ
é�î/ôSõQè@î.öJòBòTé$ïcë$ô�C�-D #(*"*&7E��! �&�&�(F.�G�&IHD-
�1J�"K(F$LGMGN�!(*-/.�& ý � é$ô öJø$ø$óSõQícôSôSé��Ué$è@îHô/êpð ìBèPORQTS ôSõQè@î êBé$ô
òBóSõ+ø$é$ôSôSìBôU�@öJìBôSôSícé$èBô�öJìmîHõQôSí��UícïnöJícóSé$ô�8wô7îuöoîHícõQèBèiöJícóSé$ô3é�î[êBõQèBø�êBé7�6V��Ué.òiöJóHö!�6	�îHóSé

H
ú

∀(t, α) ∈ R+ × R+ , Zτ
αt ∼ αHZτ

t

ûbüBý ü�W þ

∀t ∈ R+ , Zτ
t ∼ Zτ

0

ûbüBý ü�X þ
� é$ô�öJø$ø$óSõQícôSôSé��Ué$è@îHô�êBìY�UõQìmùQé��Ué$è@îU?BóSõ'@[èBícé$è1ø$ïnöJôSôSí��wìBé�ôSõQè@î/ícèBêBë$òTé$èBêiöJè@îHô[ø¿öJó�8iòTõQìBó

t >

s + τ
ú

E(Zτ
t Zτ

s ) = E(Zt+τZs+τ )− E(Zt+τZs)− E(ZtZs+τ ) + E(ZtZs)
ûbüBýZ0 �@þ

= (s + τ)− s− (s + τ) + s = 0

� ð öJòBó
	$ô û üBý ü æ þD8�ícï"é$ô7î�÷�öJø$ícïcédêBéaêBë$êBìBícóSéUïkð é�ñmòBóSé$ôSôSícõQètêBéUïnö
÷bõQèBø�îHícõQèsêpð öJìmîHõ+ø$õ�ùJöJóSínöJèBø$éaêBé
ïkð öJø$ø$óSõQícôSôSé��Ué$è@î�ú

γ(k) = E(Z1
t+kZ

1
t ) =

1

2

(
|k − 1|2H − 2|k|2H + |k + 1|2H

) ûbüBýZ0 ��þ
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sutPvxw�y=z�{/|�w�y~}�� t!��{/w#z�w'�!t!�
|�t!y=z��Y�
��z�w��6�Nw��p{/�Yz�w��6�6� |k|2H−2 � �Mt!y=} k
{/��y=}������
���F� |�y��My=|

� � ���/�!� �a�
γ(k) ∼ H(2H − 1)|k|2H−2 (k → +∞) � �=�Z������ |

H > 1/2 � �=y=���=�
w��=�
|���{/�+}=�����
���
|����7��y�{/|����
����tL�6�
�6� � �=�6����{/���
�6�+}=��}=�
w�|�{/�+y�� ���p{��Mt!��
w��6� t!¡=���!�o¢�t!y=��z�� z£t!� � �����=�
w#z����
�
�=�+���p{�}=|�{¥¤§¦�¨L©#ª!«M¬�%® ¯�® ¨L°*±/¬ � w�� 1/f
� � ��{+¤³²�¨L«#±D´%¬�® ¯�® ¨L°*±/¬7�
|

H ≤ 1/2
�

µ�¶1·¹¸:º#»�¶#¼N½'¾�½:¿xÀN¼¹»�Á¹ÂÄÃÆÅ+Ç

� w�|�{
k(., .)

����y=w'È�t!�³}�� |�y�{/��É��/tL{/|�w�y§vx�/t!z�{/|�w�y=yMt!|��
�6}=� L2(R)
}=���My=|T}=����tR� t!y=|����
� �
�=|ËÊ

�!t!y�{/���
∀(t, s) ∈ R+ × R+ , k(t, s) = |t− s|H−1/2 − |t|H−1/2 � �=�Z� r �so�6Ì �TÍ tÎ�=y=���
���=�
���
��y�{�tL{/|�w�yP}=|�{/�Î® ¨LÏ�¬�©M©Ð¬+® ¨�Ñ�°*¦�¬ � �#Ò �!� �F�uÓlÔMt!z��=y=�6}=���>�!t!�
|�t!¡=�����2}=�

�=�
w#z����
�
�=�
Zt

�Nw��=�
t
��Õ��Ö��� ��z��
|�{�z�w��6�6�R�=y=���
w��6�6�R}=��É�t!�=�
�
|���y=y=���Îz���y�{/�
�����Î�
��}=�=|�{/���

�Nw�y=}=���
���7�Mt!�������4z�w#���6z�|���y�{/�U}=�Yy=w'È�t!�
k(., .)

�

∀t ∈ R+ , Zt =

∫ +∞

0

k(t, s)W (ds) ∼ N
(
0, ‖k(t, .)‖2

) � �=�Z�L�1�
w�×

W
���p{¹�=y=���6���
�=�
�I¡=�
w'Ø�y=|���y=y=� � °KÙx¬£Ù'�=y=�I|��
w��6��{/�
|��]}=� L2(R)

�����
�¹�=y����
�Mt!z���É�t!�=�
�
|���y��:so�
�=�
w#z����
�
�=�

(W (ds))s∈R

���p{T��É�t!�����6��y�{��=y�¡=�
�=|�{l¡=��t!y=z�É�t!�=�
�
|���y��#Úg�F� t!|�}=��}=�2��t>{/�/t!y=�pvxw��
�6���
}=� Í w��=�
|����T}=�Yy=w'È�t!�

k
�

k̂(t, s) =
eits − 1

|s|H+1/2
� �=�Z�����

w�y�w�¡�{/|���y�{���t+�
���=�
���
��y�{�tL{/|�w�yÖÛ=Ü!±D® ¨L©M°�Ý£Ü�Ñ�¦�¬>}=�Y�=�
w#z����
�
�=���

∀t ∈ R+ , Zt =

∫ +∞

0

eits − 1

|s|H+1/2
Ŵ (ds) ∼ N

(
0, ‖k̂(t, .)‖2

) � �=�Z�!Þ��

w�×
(Ŵ (ds))s∈R+

���p{2��t¥{/�/t!y=�pvxw��
�6���>}=� Í w��=�
|����T}=�Y¡=�
�=|�{�¡=��t!y=z
(W (ds))

�

ßUàKá�àFâ ã4äpåçæ2èné]ê�änëIìîí2ï§ê#ð=é¹ñ1ïoòóê�ëIä%ð=ïoôYõoò=ö2éIì�ê�änènènëIì2ì2õoïoôYä%ð�ð=õo÷Iæ2ènänø�ð=ïuåùïoì�ê

ú%�1�DÕ�|��p{/�l}=�ly=w���¡=�
���=�
���d�6��{/Ô=w#}=���d}=���
|����=��tL{/|�w�y>}=��{/�/t'û
��z�{/w�|��
���¹¡=�
w'Ø�y=|���y=y=���dvx�/t!z�{/|�w�y#Ê
yMt!|��
�����Mt!�=�=�
w#z�Ô=�����p{/w#z�ÔMt!�p{/| � �=��� � ���=��{/|ËÊ%��z�Ô=������� � �
�N��z�{/�/t!����� � �Mt!�4��t¥� tL{/�
|�z���}=�>z�w'�!t!�
|�t!y=z��}=���=�
w#z����
�
�=� � ü � ��Þ � Ólw#�£ý�ý � ¢>ÌRý r � þ�ÿ�þ ý�� � � ������� � � ÓT�!� �o������sut��=���=�Mt!�p{a}=��z����I�6��{/Ô=w#}=���
�
�=�=�Nw��
��y�{ � �=�U��t>�N���
|�w#}=��}�� ��z�ÔMt!y�{/|�����w�y=yMt!É��4�
w�|�{Iz�w�y=�p{�t!y�{/�!���Uw��=��t£��w�y=�lz�Ô=w�|��
|M}=�U�
|����=�����}=���d{/�/t'û
��z�{/w�|��
���]¤U�Mt!�p{/|��¹}=�T��tU� tL{/�
|�z��I}=�Tz�w'�!t!�
|�t!y=z��l}=���=�
w#z����
�
�=�a��y���{/|���|��/t!y�{¹��tU�6��{/Ô=w#}=�
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g /1:+>5?+<2353DIK?7C )+*�\a/1?+?+*�3 35<2AR:+0JI(CD<2/1?+3�8;=a*�:�Q1*�?7C�hZCD>5*�:�CD<202<235G�*�3 U�i ?+*�A]IK?+<2j�>5*
35<2AB=+02*�35*�>DIK<LC )+*
35<2AR:+02*�>k:+?+*�CD>DIml5*�@ZCD/1<2>5*�>5G�H1:+02<2j�>5*
=+:+<23M)+*�0JIR>5GXn`G�@O.PIK?7CD<20202/1?+?+*�> IoQ1*�@-:+?�=PIK3 ?+/1?�@�/1?+3%COIK?7C U

Y E IK02H1/1>5<LCD.+AB*M)+*�,!.+/102*�35476p=a*�>5AB*ZCk)+*
@�/1?+35<2)+G�>5*�>k0FE G�@O.PIK?7CD<20202/1?+?PIKH1*M)+*
A]IK?+<2j�>5*�<2?7CD>5<2?�n
35j�9;:+* [�0FE IK<2)+*�)+*!0JI�@�/mQKIK>5<JIK?+@�* U(q *!0JI�ABh�AB*�A]IK?+<2j�>5*�9;:NE IoQ1*�@k0JI�ABGZCD.+/�)+*�)+*!35<2AR:+0JI(CD<2/1?�)+*
A]I(CD>5<2@�*�3r)+*�st<235.PIK>%Co8(:+?+*�CD>DIml5*�@ZCD/1<2>5*!)+* uwvkxwG�@O.PIK?7CD<20202/1?+?+G�*�<2>5>5G�H1:+02<2j�>5*�AB*�?7Cr*�3%C�/1\�CD*�?;:+*
*�?y@�/1?+35<2)+G�>DIK?7C 0JI_)+G�@�/1AB=a/135<LCD<2/1?])+*�,!.+/102*�35476p)+*
0JI_A]I(CD>5<2@�*�)+*
@�/mQKIK>5<JIK?+@�*
)+:y=+>5/�@�*�3535:+3 U
z /1<2*�?7C

(t2, ..., tN)
02*�3�<2?+3%COIK?7CD3�)NE G�@O.PIK?7CD<20202/1?+?PIKH1*�)NE :+?+*-CD>DIml5*�@ZCD/1<2>5*�)+*_02/1?+H1:+*�:+>

N − 1
*ZC

H
35/1?�=PIK>DIKABjZCD>5*�)+*-{�:+>53%C Ua| ?�@oIK02@�:+02*�0JI^A]I(CD>5<2@�*
)+*�@�/mQKIK>5<JIK?+@�*�IK3535/�@�<2G�*�Q�<JI�S '+U ';V W
}

VH(i, j) = E(ZtiZtj ) =
1

2

(
|ti|2H + |tj|2H − |ti − tj|2H

)
, 2 ≤ i, j ≤ N

S '+U�~1&1W
Y I�A]I(CD>5<2@�*

VH

*�3%Cy3%6�ABGZCD>5<29;:+*�)+GZ�P?+<2*w=a/135<LCD<LQ1*�*ZCy=a*�:�Cp)+/1?+@�hZCD>5*w)+G�@�/1AB=a/135G�*�=PIK>]0JI
ABGZCD.+/�)+*�)+*_,!.+/102*�35476 }

VH = T tT
S '+U�~K�7W

/1�
T
*�3%C]0JIfA]I(CD>5<2@�*pCD>5<JIK?+H1:+0JIK<2>5*]<2? g G�>5<2*�:+>5*�)PIK?+3c0JIf)+G�@�/1AB=a/135<LCD<2/1?�)+*�,!.+/102*�35476 U!z <

Y*�3%C_:+?�G�@O.PIK?7CD<20202/1?T)+*B02/1?+H1:+*�:+>
N − 1

)NE :+?+*cQKIK>5<JIK\+02*^H7IK:+3535<2*�?+?+*B@�*�?7CD>5G�*]>5G�)+:+<LCD*K8�IK02/1>53
0FE *�?+35*�AR\+02*

(0, TY )
*�3%C!:+?+*MCD>DIml5*�@ZCD/1<2>5*M)+*�02/1?+H1:+*�:+>

N
)NE :+?yuwvkx�IK:�dc<2?+3%COIK?7CD3

(t1, ..., tN)IoQ1*�@
t1 = 0

*ZC�)NE IK:�CD/135<2AB<20JIK>5<LCDG
H
U

Y I
ABGZCD.+/�)+* )+*�,!.+/102*�35476R*�3%C�)+<LCD*-�5�;�;�Z�`�M@oIK>�0JI
A]I(CD>5<2@�*!)+* @�/mQKIK>5<JIK?+@�*k@oIK02@�:+02G�*k)PIK?+3�02*
@oIK3 )+<235@�>5*ZCM@�/K��?+@�<2)+*�IoQ1*�@�02*�@oIK3 @�/1?7CD<2?;: UP� ?�H1G�?+G�>DIK0F8�/1?�0FE IK=+=+02<29;:+*
[R0JIRA]I(CD>5<2@�*�)+*�@�/mQKIen
>5<JIK?+@�*K8e?+/KCDG�*

V
8()+:^\+>5:+<LC�H7IK:+3535<2*�? g >DIK@ZCD<2/1?+?PIK<2>5*�@oIK>�8(=a/1:+>�H7IKH1?+*�>r*�?RCD*�AB=+3�)+*!@oIK02@�:+0F8e:+?+*

IK0LCD*�>5?PI(CD<LQ1*k*�3%C!)NE /1=�CD*�>�=a/1:+>�0FE IK02H1/1>5<LCD.+AB*�)+* Y *ZQ�<2?+35/1?w� br*�0J� � � 9;:+<P=a*�>5AB*ZC�)+*M>5*�@�/1?+3%CD>5:+<2>5*
V
)PIK?+3�0JI^)+G�@�/1AB=a/135<LCD<2/1?y)+*_,!.+/102*�35476w[^=PIK>%CD<2> )+*�3�G�02G�AB*�?7CD3�)+*�0JI^=+>5*�AB<2j�>5*�02<2H1?+* UPq IK?+3

02*B@oIK3R)NE :+?�G�@O.PIK?7CD<20202/1?+?PIKH1*B<2>5>5G�H1:+02<2*�>�8$@�*ZCcIK02H1/1>5<LCD.+AB*^?NE *�3%Cc=+02:+3RIK=+=+02<2@oIK\+02*c=+:+<2359;:+*
V?NE I�=+02:+3�?+G�@�*�353DIK<2>5*�AB*�?7Ck0JI�=+>5/1=+>5<2GZCDGM�r/�*�=+02<LCD� U Y E IoQKIK?7COIKH1*�)+*�0JI�35<2AR:+0JI(CD<2/1?R=PIK>k,!.+/102*�35476

*�3%C!0JI�=+>5<235*M*�?]@�/1AB=�CD*�)+*�A]IK?+<2j�>5* <2?7CD>5<2?+35j�9;:+*�)+*�?NE <2AB=a/1>%CD* 9;:+*�0PC`6�=a*�)NE G�@O.PIK?7CD<20202/1?+?PIKH1*K8
=PIK>M0FE <2?7CD*�>5ABG�)+<JIK<2>5*
)+*-0JI^@�/mQKIK>5<JIK?+@�* U Y E <2>5>5G�H1:+0JIK>5<LCDG
)+*�3�G�@O.PIK?7CD<20202/1?+3M35<2AR:+02G�3 *�3%C
/1\�CD*�?;:+*
*�?�@�/1?7CD>5�10JIK?7CM02*�3 QKIK02*�:+>53M)+:�=PIK>DIKABjZCD>5*
CD*�AB=a/1>5*�0

t
9;:+<�@�/1?+3%CD<LCD:+*�0JIR\PIK35*-)+:�@oIK02@�:+0$)+*�0JI

A]I(CD>5<2@�*
)+*�@�/mQKIK>5<JIK?+@�* U Y Ic=PIK>%CD<2@�:+0JIK>5<LCDG�)+*�3�uwvkx�*�3%C�9;:+* }

Y I-A]I(CD>5<2@�*�)+*�@�/mQKIK>5<JIK?+@�*�)+:p=+>5/�@�*�3535:+3 *�3%Ck*�?7CD<2j�>5*�AB*�?7Ck)+GZCD*�>5AB<2?+G�*�=PIK>!02*�3
ti
*ZC

H

Y E <2?+@�/1?7Q1G�?+<2*�?7C�)+* 0JI
ABGZCD.+/�)+*k)+*�,!.+/102*�35476^*�3%C�35/1?B@�/1��C�G�02*ZQ1G *�?cCD*�AB=+3�)+* @oIK02@�:+0+=+:+<2359;:+*
0JI_@�/1AB=+02*Xd�<LCDG
*�3%C�*�? O(N3)

� ,!/�*o�1� � 8+*ZCM<2AB=a/135*
)+/1?+@�)+*�35<2AR:+02*�>!)+*�3 CD>DIml5*�@ZCD/1<2>5*�3 )+*�02/1?�n
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ª5«2¬R+®2¯�°�ªM±P²K³M®J²^¬B¯Z´Dµ+¶�·+°�·+°R¸!µ+¶1®2°�ª5¹7º�±a¶1+³ H »�¼�½ ¼�¾1¿P¼�½�À © ¿Á¼�½ © ¿Á¼�½ ¨ ¿Á¼�½ Â °Z´ ¼�½ Â1Â�½ÁÃ ²K³D²K®2®2ÄXÅ®2°�¬B°�Æ7´ ¿ ®J²�ÇPÈ1+³5° É ½ Ê ±+³5¯�ª5°�Æ7´D°�®2°�ª�¬]²(´D³5«2Ë�°�ª�·+°�Ë�¶mÌK²K³5«J²KÆ+Ë�°�Í�ÌK²K®2°�+³5ª�Æ+¶1³5¬]²K®2«2ª5¯�°�ª�°�Æ7´D³5° ¼ °Z´
¾1½�Î P²KÆ+· H ª5°�³D²K±+±+³5¶�ËOµ+°�·+° ¼�¿ ®J²�¬]²(´D³5«2Ë�° ·+°�Ë�¶mÌK²K³5«J²KÆ+Ë�°M·+]±+³5¶�Ë�°�ª5ª5+ª!´D°�Æ+·]Ë�¶1Æ7´D«2Æ;Ï+¬B°�Æ7´Ì1°�³5ª!®J²�¬]²(´D³5«2Ë�° Ë�¶1Æ+ª%´O²KÆ7´D°�¯�È7²K®2°�Í ¾eÐ1À�½;Ã ²K³!Ë�¶1Æ+ª5¯�Ñ;+°�Æ7´ ¿ ®2°Mª5«2È1ÆP²K®P°�ª%´k·+°�±+®2+ª�°�Æp±+®2+ª�°�³5³D²eÅ´D«2Ñ;+°!±++«2ª5Ñ;NÒ «2®�ª�Ò ²K±+±P²K³5°�Æ7´D°MÍ�+Æ^¯�ËOµP²KÆ7´D«2®2®2¶1Æ_·+°!®J²MÌK²K³5«J²KÓ+®2°�È7²K+ª5ª5«2°�Æ+Æ+° Y ·+°!®J²�ª5«2¬R+®J²(´D«2¶1Æ ½
Î P²KÆ+· H ª5°R³D²K±+±+³5¶�ËOµ+°_·+° ¾1¿ VH

´D°�Æ+·�Ì1°�³5ª�®J²B¬]²(´D³5«2Ë�° V1(ti, tj) = titj ½ÔÃ ²K³�Ë�¶1Æ+ª5¯�Ñ;+°�Æ7´ ¿®J²y¬]²(´D³5«2Ë�° T ²�ªD²�±+³5°�¬B«2Ä�³5°cË�¶1®2¶1Æ+Æ+°cË�¶1Æ7´D°�ÆP²KÆ7´R®2°�ª�·P²(´D°�ª ti ¿ °Z´ ¼ ±P²K³%´D¶1�´R²K«2®2®2°�+³5ª ½ÔÕ Ì1°�Ë®2°c±+³5¶�·++«L´ TY ¿ ®J²y´D³D²mÖ5°�ËZ´D¶1«2³5°cª5«2¬R+®2¯�°^´D°�Æ+·�Ì1°�³5ªR+Æ+°B·+³5¶1«L´D°B²(×BÆ+°]±P²Kª5ªD²KÆ7´R±P²K³�®FÒ ¶1³5«2È1«2Æ+°°Z´M²oº7²KÆ7´M±a¶1+³k¯�Ñ;P²(´D«2¶1Æ tYt1 ½PØ Æ�ÇPÆ ¿ ®J²-ÙÚ¶1³5¬R+®2°^Û É ½ É À Ü ¬B¶1Æ7´D³5°
Ñ;+°�®J²-ÌK²K³5«J²KÆ+Ë�°
·NÒ +ÆwÝwÞkßË�³5¶Kà2´M²oÌ1°�Ë-®2°
´D°�¬B±+ª�á
var(Zt) = E(ZtZt) = |t|2H ÛÚÉ ½ © Â7Ü

¸!°Z´5´D°�±+³5¶1±+³5«2¯Z´D¯�°�ª%´]«2®2®2+ª%´D³5¯�°p±P²K³c®J²fÇPÈ1+³5° É ½ ¨ ²oÌ1°�Ëw+Æ+°�ª5«2¬R+®J²(´D«2¶1Æâ·+°�ª5«äã�´D³D²mÖ5°�ËZ´D¶1«2³5°�ª±a¶1+³ H = 0.4 ½Ôå ²]±P²K³D²KÓa¶1®2°_°�Æ�´D³D²K«L´�¯�±P²K«2ª
Ë�¶1³5³5°�ª5±a¶1Æ+·T²K�´D³D²KË�¯R·+°R®J²]Ë�¶1+³5Óa°R·+°R®FÒ ¯�Ëo²K³%´%Å´`º�±a° ±|t|H ½+æ pÙç²K«L´!·+°
®J²�ÌK²K³5«J²KÆ+Ë�°�Ë�³5¶1«2ª5ªD²KÆ7´D°
·+y±+³5¶�Ë�°�ª5ª5+ª ¿ ®2°�ª!³5¯o²K®2«2ªD²(´D«2¶1Æ+ª�·+°�ª!ÌK²K³5«J²KÓ+®2°�ª²K®2¯o²(´D¶1«2³5°�ª�ÙÚ¶1³5¬]²KÆ7´�®2°�ª�±a¶1«2Æ7´Dª�·NÒ +Æ+° ´D³D²mÖ5°�ËZ´D¶1«2³5° ª5¶1Æ7´�·+°M¬B¶1«2Æ+ª�°�Æc¬B¶1«2Æ+ª�Ë�¶1Æ7´D³D²K«2Æ7´D°�ª�Í�èZ´D³5°
Ì1¶1«2ª5«2Æ+°�ª ·+°�®FÒ ¶1³5«2È1«2Æ+° ½

é�êçëMêçë ìpíkî�ï$ð�ñ�ò#ó�ð�ñõô÷ö�ø�î�ò#ù�ò%ôúï$ð�ñ�ò#ó�ð�ð�ï$ø#ø#ï$ñûù�öýüÿþ��

� +ª5Ñ;NÒ Í�±+³5¯�ª5°�Æ7´ ¿ Æ+¶1+ª�Æ+¶1+ª�ª5¶1¬B¬B°�ª
³5°�ª%´D³5°�«2Æ7´Dª-²KfËo²Kª�Ë�®J²Kª5ª5«2Ñ;+°^+Æ+«2·+«2¬B°�Æ+ª5«2¶1Æ+Æ+°�®r¶��
H ¯Z´O²K«L´BË�¶1¬B±+³5«2ªc°�Æ7´D³5° ¼ °Z´ ¾ °Z´]Ë�¶1Æ+ª%´O²KÆ7´p®2°�®2¶1Æ+È�·+°�ªc´D³D²mÖ5°�ËZ´D¶1«2³5°�ªB·+ ±+³5¶�Ë�°�ª5ª5+ª ½!Ã °�³#Å³5«2Æ����
	����� Ã�� Þ � + ¼�¾ � ¶1Æ7´�±+³5¶1±a¶1ª5¯-+Æ+°-È1¯�Æ+¯�³D²K®2«2ªD²(´D«2¶1Æy·+fÝwÞkßûÍc®FÒ ¶1³5·+³5°�ª5+±a¯�³5«2°�+³ ¿ ·P²KÆ+ª®J²KÑ;+°�®2®2°
®2°�±P²K³D²K¬BÄZ´D³5°�·+° � +³5ª%´�±a°��´�èZ´D³5°-ª5+±a¯�³5«2°�+³�Í ¾1½�� È7²K®2°�¬B°�Æ7´ ¿ ®2°�ªM°Xã�´D°�Æ+ª5«2¶1Æ+ª�¬R+®äÅ´D«2·+«2¬B°�Æ+ª5«2¶1Æ+Æ+°�®2®2°�ªM·+�ÝwÞkß ¶1Æ7´
Ùç²K«L´
®FÒ ¶1Ó;Ö5°Z´�·+°^Æ+¶1¬RÓ+³5°��ãw´D³D²oÌK²K�ã�´Dµ+¯�¶1³5«2Ñ;+°�ª ½$Ã ²K³5¬B«�®2°�ª·+«��Ô¯�³5°�Æ7´D°�ª�ÌK²K³5«J²KÆ7´D°�ª ¿ ®2°���������������� ��!#"$��%&� '(�����)���*�+' ,-".	0/��+'(��� �1	�'2"$��ÛFÝwÞ Ýwß Ü � Ã�å�3�Â © � ²
¯Z´D¯«2Æ7´D³5¶�·++«L´�±a¶1+³�±P²K®2®2«2°�³�Í
®J²
±+³5¶1±+³5«2¯Z´D¯k·NÒ ²K�´D¶1ª5«2¬B«2®J²K³5«L´D¯�Ë�¶1Æ+ª%´O²KÆ7´D°M·NÒ +ÆpÝwÞkß ¿ Ë�° Ñ;+«PË�¶1Æ+ª%´D«äÅ´D+°�+Æ+°�ÙÚ¶1³%´D°�®2«2¬B«L´O²(´D«2¶1Æ]·P²KÆ+ªM®J²^¬B¶�·+¯�®2«2ªD²(´D«2¶1Æ]·+°-±+µ+¯�Æ+¶1¬BÄ�Æ+°�ª�²K®2¯o²(´D¶1«2³5°�ª ½På °_ÝwÞ Ýwß�°�ª%´+Æ+°
È1¯�Æ+¯�³D²K®2«2ªD²(´D«2¶1ÆB·+�ÝwÞkß�¶��y®2°�±P²K³D²K¬BÄZ´D³5° H °�ª%´ ³5°�¬B±+®J²KË�¯�±P²K³!+Æ+°�ÙÚ¶1Æ+ËZ´D«2¶1Æ]·+p´D°�¬B±+ª
H(t) ·+¯ZÇPÆ+«2°Bª5+³ R+

°Z´RÍyÌK²K®2°�+³5ª-·P²KÆ+ª ]0, 1[ ½�4 ²yÙÚ¶1Æ+ËZ´D«2¶1Æ�·+°BË�¶mÌK²K³5«J²KÆ+Ë�°c°�ª%´_®J²�ª5+«LÌK²KÆ7´D°� Õ ¸ å�3�¼1¼ � á

E(ZtZs) =

(∫ +∞

0

1− eiu

|u|H(t)+H(s)+1
du

)(
|t|H(t)+H(s) + |s|H(t)+H(s) − |t− s|H(t)+H(s)

)

ÛÚÉ ½ Ê1¼7Ü
å °R±P²K³D²K¬BÄZ´D³5° H °�ª%´�·+¯�±a°�Æ+·P²KÆ7´�·+f´D°�¬B±+ª t ¿ Ë�°^Ñ;+«�«2¬B±+®2«2Ñ;+°-Ñ;+°^®2°R±+³5¶�Ë�°�ª5ª5+ª�°�ª%´�·+¶1Æ+Ë®2¶�Ëo²K®2°�¬B°�Æ7´ ²K�´D¶1ª5«2¬B«2®J²K«2³5° ¿ «2¬B±+®2«2Ñ;P²KÆ7´!®J²RÆ+¶1Æ�Å`ª%´O²(´D«2¶1Æ+ÆP²K³5«L´D¯�·+°�ªM²KË�Ë�³5¶1«2ª5ª5°�¬B°�Æ7´Dª ½Áå ²_ÇPÈ1+³5°É ½ 5 °�Æc·+¶1Æ+Æ+°k+Æ^°Xã�°�¬B±+®2° ²oÌ1°�ËM+Æ+°!´D³D²mÖ5°�ËZ´D¶1«2³5°k·+°MÝwÞ Ýwß�±a¶1+³ H ÌK²K³5«J²KÆ7´�Ë�¶1Æ7´D«2Æ;Ï+¬B°�Æ7´�·+°
¼�½�À Í ¼�½ © ½Kå ²�ÙÚ¶1Æ+ËZ´D«2¶1Æ_Ë�¶1³5³5°�ª5±a¶1Æ+·P²KÆ7´D° H(t) = arctan(t) °�ª%´�±+³5¯�ª5°�Æ7´D¯�°Mª5+³�®2°!È1³D²K±+µ+«2Ñ;+°!·+°·+³5¶1«L´D° ½1å °�ª�²K�´D³5°�ª�°Xã�´D°�Æ+ª5«2¶1Æ+ª�¬R+®L´D«2·+«2¬B°�Æ+ª5«2¶1Æ+Æ+°�®2®2°�ª$ÙÚ¶1Æ7´�³5¯ZÙÚ¯�³5°�Æ+Ë�°�²KcËo²Kª�¶��c®2°k±P²K³D²K¬BÄZ´D³5°
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,.-�/1032546-�78-�9),�:<;=/=:<7>,.?A@B?C;<D<?CE�-�F�GIHKJLH
t ∈ R

p MLN -�E p > 1 O�P -RQTSRUT-�;=03259696V�D<-RD<-�:�W=-XW�,.-�;<96?C25;<9E�7 M 9696?CY8:<-�9 OZP -1[]\<^�_�`ba�c.dfe�gZGhJig�jXc6^8[ikIGhdfgZg3^�G�c.J1lK25:m/125: N -�/1-�;�,on<462qpo;<?C-�;mrK4 M Ei,.?C25;<; M ?C46-D<-
P(s N8t<uv w�M�xZy�z {3| s ; s 4 M 7C?C96-oD<-or M�} 25;~; M ,.:<46-�7C7C-o7C-�QTSRU O���� -�9),R:<;~0<462�E�-�9696:<9 |�M :<9696?C-�;~E�-�;�,.4 sD<-�rK25;<Ei,.?C25;�D<-�E�2 N�M 46? M ;<E�-��

E(ZtZs) =
1

2
(‖t‖2H + ‖s‖2H − ‖t− s‖2H)

lK� O ��� u
25�

0 < H < 1
-i, ‖.‖ D s 96? | ;<-=7 M ;<2546/1-�-�:<E�7C?CD<?C-�;<;<-�:<96:<-�7C7C-�96:<4 R

p O�P -�E xZM /10�n<462qpo;<?C-�;rK4 M Ei,.?C25;<; M ?C46-�-�9), M :�,.2596?C/1?C7 M ?C46-oD<-�0 M 4 M /1Vi,.46-�D<-��:<469), H
�

Zαt ∼ αHZt
lK� O ��� u

P -���c6^X`�a�c.dfe�gZGhJig�jXc6^8[ikIGhdfgZg3^�G�c.J v w�M / + � { -�9), s |�M 7C-�/1-�;�,�:<;10<462�E�-�9696:<9 |�M :<9696?C-�;1E�-�;�,.4 s Y8:<?E�25;<96?C9),.-o��D<25;<;<-�4�:<;�0 M 4 M /1Vi,.46-$D<-o�:<469),%��E xZM E�:<;<-D<-�9�D<?C/1-�;<96?C25;<9�F�E � -�9),%��D<?C46-$Y8:<-o7 � 25;D<?C96032596-=D � :<; N -�Ei,.-�:<4 H = (H1, ..., Hp)
0325:<4�E xZM Y8:<-�E�25/103259 M ;�,.-=D<-�7 � ?C;<D<?CE�-�,.-�/1032546-�7 tD<-!, t 03- N -�Ei,.2546?C-�7 O�P M rK25;<Ei,.?C25;�D<-RE�2 N�M 46? M ;<E�-%96-%rK2546/=:<7C-�E�25/1/1-!:<;�0<462�D<:<?>,�D<-%E�2 N�M 46? M ;<E�-�9-�;�rK25;<Ei,.?C25;�D<-�9

t = (ti)1≤i≤p
-i,

s = (si)1≤i≤p
�

E(ZtZs) =

p∏

i=1

(|ti|2Hi + |si|2Hi − |ti − si|2Hi)
lK� O �5� u

P -�D<4 M 0�n<462qpo;<?C-�;�rK4 M Ei,.?C25;<; M ?C46-�-�9),Y8: M ;�,���7C:<? M :�,.2596?C/1?C7 M ?C46-D � ?C;<D<?CE�- H =
∑p

i=1 Hi O
Zαt ∼ α( � p

i=1 Hi)Zt
lK� O � � u

P M ;<2�,.?C25;�D � M E�E�4625?C9696-�/1-�;�,1D<-�0<462�E�-�9696:<91-�9),~0<7C:<9�D s 7C?CE M ,.-��bD si� ;<?C4�0325:<4�:<;�?C;<D<?CE�-mD<-
,.-�/10<9�/=:<7>,.?CD<?C/1-�;<96?C25;<;<-�7(-i,�E�-i,6,.-�;<2�,.?C25; M s , s�s ,.-�;<D<:<-�D M ;<9�:<;�E M D<46-�0<7C:<9 | s ; s 4 M 7hF3E�-Y8:<?�03-�46/1-i,�D<-RD<25;<;<-�4�:<;�96-�;<9���7 M 9), M ,.?C25;<; M 46?>, s�O�� 25:<4�0<7C:<9�D<-$D s , M ?C7C9�F�7C-R7C-�Ei,.-�:<4�?C;�, s 46-�969 s,.4625: N -�4 M :<;<- s ,.:<D<- M 0<0<462�rK25;<D<?C-�D M ;<9o7 M , x V�96-�D<-��-�46n<?C; v �-�4.��� { O
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P -�9oD<25/ M ?C;<-�9RD � M 0<0<7C?CE M ,.?C25;mD<-�9-XW�,.-�;<96?C25;<9o/=:<7>,.?CD<?C/1-�;<96?C25;<;<-�7C7C-�9�D<:�QTSRU�9625;�,46-�7 M @,.? N -�/1-�;�,o4 s E�-�;�,.9-i,o03-�:";<25/=n<46-�:�W O3Ä ;�7C-�9$-�/10<7C25?C-�;<2�, M /1/1-�;�,$D M ;<9$7 � M ; M 7 t 96-�D � ?C/ M�| -�9,.-XW�,.:<4 s -�9 v P¾Ä w�Å�y � F ����P�Æ � � { E M 4�7 M 46-�0<4 s 96-�;�, M ,.?C25;�/ M ,.46?CE�?C-�7C7C-�D<-�91?C/ M�| -�9�03-�46/1-i,�D<-E�25;<96?CD s 46-�4o7C-�0 M 4 M /1Vi,.46-�,.-�/1032546-�7�E�25/1/1-�:<;"/=:<7>,.?A@B?C;<D<?CE�-���D<-�:�W"E�2�2546D<25;<; s -�9�lK-�;"7C? | ;<--i,�-�;�E�257C25;<;<- u O Q M ?C9�F3D � :<;<-=/ M ;<?CV�46- | s ; s 4 M 7C-�F37C-�9 M ; M 7 t 96-�9rK4 M Ei, M 7C-�9 M 0<0<7C?CY8: s -�9�;<2�, M /�@/1-�;�,R��7 � s ,.:<D<-D<:m/125: N -�/1-�;�,R;<-,.4 M ?>,.-�;�,%Y8:<-�D<:mE M 9%:<;<?CD<?C/1-�;<96?C25;<;<-�7 O�P -�0<7C:<9%9625: N -�;�,LF25;1D<?C96032596-oD � :<;<-E�25:<46n3-0 M 4 M / s ,.4 s -o0 M 4�7 � ?C;<D<?CE�-RD<-o,.-�/10<9�lK4 s -�7 u F�Y8:<?ZrK25:<46;<?>,!� t � W s :<;<-
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×5Ø<Ù6Ú�Û)Ü�ÝfÞ.ßC×5à�ßCá<Ú�à�Þ.ß>âZã�Ú�ä=å<à�Ü5Ú�æiÞ.Ú�å<Ûá<Ú
R

p çéè Ý�à<Ùoæ�Ú�æLÝ�Ù�êZëhì ÚXí�Þ.Ú�à<Ù6ßC×5à�î=å<ë>Þ.ßCá<ßCî1Ú�à<Ù6ßC×5à<à<Ú�ëCëCÚ
à<ÚoïIÝ�ß>Þ!ð<ëCå<Ù!Û6ãiïKã�Û6Ú�à<æ�Ú�ä�ëhì ßCà<á<ßCæ�Ú$Þ.Ú�î1ð3×5Û6Ú�ëZî~Ý�ßCÙ!ä�ëñÝ�á<ßCî1Ú�à<Ù6ßC×5à�áZÝ�à<Ù%ëñÝ�ò8å<Ú�ëCëCÚ$Ù6×5à�ÞRð<ëC×5à<ó5ã�Ù
ëCÚ�Ùoð3×5ßCà�Þ.Ù$á<Ú�ëñÝ=Þ.Û.Ýqô6Ú�æiÞ.×5ßCÛ6Ú ç3õ ×5à<Ù6ßCá<ã�Û6×5à<ÙoðZÝ�ÛoÚXí�Ú�î1ð<ëCÚ�ëCÚ�æLÝ�ÙØ<ßCá<ßCî1Ú�à<Ù6ßC×5à<à<Ú�ë�ö p = 2 ÷ çéø ÝâZó5å<Û6Ú ù ç ú á<×5à<à<Úoå<à1ÚXí�Ú�î1ð<ëCÚ$á<ÚoÙ6ßAí�Þ.Û.Ýqô6Ú�æiÞ.×5ßCÛ6Ú�Ù�Ø<ßCá<ßCî1Ú�à<Ù6ßC×5à<à<Ú�ëCëCÚ�Ù�Ù6ßCî=å<ëCã�Ú�Ù�ðZÝ�Û õ%û ×5ëCÚ�Ù6ü�ý
ð3×5å<ÛRëCÚ�ÙRî1þ�î1Ú�Ù H ò8å<Ú�ð<Û6ã�æ�ã�á<Ú�î1î1Ú�à�Þ çéÿ å<ð<ð3×5Ù6×5à<Ù$î~Ý�ßCà�Þ.Ú�àZÝ�à�Þ$ò8å<Ú�ëCÚ�Ù$æ�×�Ú��1æ�ßCÚ�à�Þ.Ù$á�ì Ý�å��
Þ.×5Ù6ßCî1ßCëñÝ�Û6ß>Þ.ã�Ù(Ú�à x ÚiÞ�Ú�à y Ù6×5ßCÚ�à�Þ�á<ß��ã�Û6Ú�à�Þ.Ù ç�� Ù)Þ��BßCë�ëCã�ó5ß>Þ.ßCî1Ú�á<Ú$Ù6å<ð<ð3×5Ù6Ú�Û�å<à<ÚoÝ�å�Þ.×5Ù6ßCî1ßCëñÝ�Û6ß>Þ.ãæ�×5à�ô6×5ßCà�Þ.Ú�á<×5à<à<ã�Ú�ðZÝ�Û$ëCÚ�Ù%Þ.Û.Ýqô6Ú�æiÞ.×5ßCÛ6Ú�Ù$Ú�à x ÚiÞ y á�ì Ý�å�Þ.×5Ù6ßCî1ßCëñÝ�Û6ß>Þ.ãoá<ß��ã�Û6Ú�à�Þ.Ú
	��à<Ú�ßCá<ã�Ú�Ù6Ú�Û.Ý�ß>Þ�á<Úoæ�×5à<Ù6ßCá<ã�Û6Ú�Û�ëhì ã�æ�Û6ß>Þ.å<Û6ÚRæ�×5î1ð<ëCÚXí�Ú Zt = Xt + iYt

ç8ø Ú$ð<Û6×�æ�Ú�Ù6Ù6å<Ù (Zt)
Ú�Ù)Þ%Ý�ëC×5Û6Ù�ó�Ý�å<Ù6Ù6ßCÚ�à

æ�×5î1ð<ëCÚXí�Ú�� ��� ÿ���ú�� � ê¾×�� Xt
ÚiÞ Yt

Ù6×5à�Þ=á<Ú�Ù�Ü�Ý�Û6ßñÝ�Ø<ëCÚ�Ù�î=å�Þ.å<Ú�ëCëCÚ�î1Ú�à�Þ�ßCà<á<ã�ð3Ú�à<áZÝ�à�Þ.Ú�Ù�ê�ò8å<ß
ßCî1ð3×5Ù6Ú�ëCÚ�î1þ�î1Ú�ðZÝ�Û.Ý�î��iÞ.Û6Ú�á<Ú��å<Û6Ù)Þð3×5å<Û$ëCÚ�Ùoð<Û6×�æ�Ú�Ù6Ù6å<Ù (Xt)

ÚiÞ (Yt) �
Zαt ∼ αHZt ⇐⇒ (Xαt + iYαt) ∼ αH(Xt + iYt)

öKù ç ��� ÷
õ ×5î1î1Ú~×5à¯ëCÚ~Ü5Ú�Û6Û.Ý�áZÝ�à<Ù�ëñÝTÙ6å<ß>Þ.Ú�ê�ßCë%Ú�Ù)Þ�ð3×5Ù6Ù6ßCØ<ëCÚmá�ì Ú�Ù)Þ.ßCî1Ú�Û H ðZÝ�Û�î~Ý�í�ßCî=å<î á<ÚmÜ�Û.Ý�ß��
Ù6Ú�î=Ø<ëñÝ�à<æ�Úoò8å<Úëhì ×5à1Ý�å<Û.Ý�ð<Û6ãLÝ�ëñÝ�Ø<ëCÚ�î1Ú�à�Þ�Ý�áZÝ�ð�Þ.ã�Ý�å�í�Þ.Û.Ýqô6Ú�æiÞ.×5ßCÛ6Ú�Ù!ä�Û6ãLÝ�ëCßCÙ.ÝfÞ.ßC×5à<Ù�æ�×5î1ð<ëCÚXí�Ú�Ù
� �%Û6ß�� � �hç! Ý�ëCó5Û6ã1å<à Ú�à<Ù6Ú�î=Ø<ëCÚmá<Ú1Þ.Û.ÝLÜ�Ý�å�í Þ û ã�×5Û6ßCò8å<Ú�Ù=Ù6å<Û=ëCÚ1Ù6å�ô6ÚiÞ"� �$# Ö � ê %'& Õ � ê ÿ ð<ß � Õ � ê
æ�ÚiÞ6Þ.Ú�æ�×5à<Ù6ßCá<ã�Û.ÝfÞ.ßC×5à�à�ì Ý�î~Ý�ë û Ú�å<Û6Ú�å<Ù6Ú�î1Ú�à�Þ�ò8å<Ú�ð3Ú�åbá�ì ßCà�Þ.ã�Û6þiÞ�ð<Û.ÝfÞ.ßCò8å<Ú=áZÝ�à<Ù�ëhì Ú�Ù)Þ.ßCî~ÝfÞ.ßC×5à
á<Ú�ëhì Ý�å�Þ.×5Ù6ßCî1ßCëñÝ�Û6ß>Þ.ã�ê5æLÝ�Û$ßCë�Ú�Ù)Þæ�ëñÝ�ßCÛRò8å�ì ßCë�Ù6å��1Û.Ý�ß>ÞoÙ6ßCî1ð<ëCÚ�î1Ú�à�Þ$á�ì ãiÞ.å<á<ßCÚ�Û$ßCà<á<ã�ð3Ú�à<áZÝ�î1î1Ú�à�Þ
ëCÚTð<Û6×�æ�Ú�Ù6Ù6å<Ù (Xt)

×5å (Yt)
ç ��ßCà<Ù6ßhê%ÝfâZà á�ì Ý�àZÝ�ë>ý�Ù6Ú�Ûmå<à<Ú�Þ.Û.Ýqô6Ú�æiÞ.×5ßCÛ6ÚTî=å<ë>Þ.ßCá<ßCî1Ú�à<Ù6ßC×5à<à<Ú�ëCëCÚ

ã�æ û Ý�à�Þ.ßCëCëC×5à<à<ã�Ú�ðZÝ�Û�ëhì ßCà<á<ßCæ�Ú=Û6ã�Ú�ë t ê(à<×5å<Ù�à�ì ÝLÜ5×5à<Ù�á�ì Ý�å�Þ.Û6Ú1æ û ×5ßAíbò8å<Ú~á�ì Ú�Ù)Þ.ßCî1Ú�Û H á<Ú1î~Ý(�
à<ß)��Û6Ú�î~Ý�Û6ó5ßCàZÝ�ëCÚ�ê�æ�×�×5Û6á<×5à<à<ã�Ú�ðZÝ�Û$æ�×�×5Û6á<×5à<à<ã�Ú ç
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� à�ð<Û.ÝfÞ.ßCò8å<Ú�ê�ßCë!Ú�Ù)Þ�á<ß��1æ�ßCëCÚ1á�ì ÝB�1Û6î1Ú�Û=ò8å�ì å<à¯Ù6ßCó5àZÝ�ë!ð3×5Ù6ÙG��á<Ú�å<à�æLÝ�Û.Ý�æiÞH��Û6Ú�Ý�å�Þ.×5Ù6ßCî1ß��
ëñÝ�ßCÛ6Ú�ÚiÞ�æ�Ú�Û)Þ]Ý�ßCà<Ù�Þ.Ú�Ù)Þ.Ù�Ù6×5à�Þ�ð<Û6×5ð3×5Ù6ã�Ù�ð3×5å<Û�Ü5ã�Û6ß>âZÚ�Û�ëñÝmØ3×5à<à<Ú�Ý�á<ã�ò8åZÝfÞ.ßC×5àbî1×�áE��ëCÚ1Ifá<×5à<à<ã�Ú
� J���J ú�� ê �RÝ�Û ú5ú � � ðZÝ�Û�ÚXí�Ú�î1ð<ëCÚ�ê!KL�MONQPSR�N�ð3×5å<Û�ëñÝmÙ)Þ]ÝfÞ.ßC×5à<àZÝ�Û6ß>Þ.ã=ÚiÞ�Þ.Ú�Ù)Þ�á<å χ2 ð3×5å<Û�ëñÝmÙ6ß��
î1ßCëñÝ�Û6ß>Þ.ã1á<Ú�Ù~Ý�æ�æ�Û6×5ßCÙ6Ù6Ú�î1Ú�à�Þ.Ù ç!õ Ú�ð3Ú�à<áZÝ�à�ÞLê!æ�Ú�Ù�Þ.Ú�Ù)Þ.Ù�à<Ú"Ù�ì Ý�ð<ð<ëCßCò8å<Ú�à�Þ1ðZÝ�Ù�áZÝ�à<Ù�ëCÚ�æLÝ�Ù�á<Ú
Ù6ßCó5àZÝ�å�ím×5Ø�Þ.Ú�à8å<Ù$ðZÝ�ÛRã�æ û Ý�à�Þ.ßCëCëC×5à<àZÝ�ó5Ú�ßCÛ6Û6ã�ó5å<ëCßCÚ�Û ç�ø Ý�î1×�á<ã�ëCßCÙ.ÝfÞ.ßC×5à1ðZÝ�Û  �$T ð3×5å<ÛRæ�Ú�ÞBý�ð3Ú
á<Ú�á<×5à<à<ã�Ú�Ù�ð3Ú�å�Þ�Ý�ëC×5Û6Ùoá<ÚiÜ5Ú�à<ßCÛ�ßCàZÝ�á<ã�ò8åZÝfÞ.Ú çø Ý1ð<ëCå<ðZÝ�Û)Þá<Ú�Ù�î1ãiÞ û ×�á<Ú�Ù�á�ì ßCá<Ú�à�Þ.ß>âZæLÝfÞ.ßC×5à"ÚiÞ
á�ì Ú�Ù)Þ.ßCî~ÝfÞ.ßC×5àU� õ ×�Ú Ö5Ö ê J���J Ö�V ê W ø½ú ù ê % øYX�ú ù ê Z õRø Ö�[ � á<Ú H á�ì å<à  �$T Ù6å<ð<ð3×5Ù6Ú�à�Þmã�ó�Ý(�
ëCÚ�î1Ú�à�Þ~å<à ã�æ û Ý�à�Þ.ßCëCëC×5à<àZÝ�ó5Ú�Û6ã�ó5å<ëCßCÚ�Û ç%õ Ú�Ùmî1ãiÞ û ×�á<Ú�Ù~à<ã�æ�Ú�Ù6Ù6ß>Þ.Ú�à�ÞLê%áZÝ�à<ÙmëCÚ"æLÝ�Ù~æ�×5à�Þ.Û.Ý�ßCÛ6Ú�ê
å<à<Ú�î1×�á<ß>âZæLÝfÞ.ßC×5àmÚ�à"ð<Û6×�ïK×5à<á<Ú�å<Ûoá<Ú�Ù�Ý�ëCó5×5Û6ß>Þ û î1Ú�Ù ç<ø ì ã�æ û Ý�à�Þ.ßCëCëC×5à<àZÝ�ó5Ú�ßCÛ6Û6ã�ó5å<ëCßCÚ�Û%á<Ú�ÙÙ6ã�Û6ßCÚ�Ù
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¹�º�»p¼K½(¾;ºv¼K¿ À(Á�Â Ã�Ä Å[»4Æ;º�Å[»T¾;º�ÇIÈIÄ,É º�Å(Å(º�ÇGºO»T¾;º�ÇIÊ�Ãv¼KË�»4Ç�Ì�»`É�ÍBº�ÇGÄ ½d»4º�Å2¿(ÇGÍBÄ ¿(ËI¿(Å�Ê�ÃpÎJ¼KÅ�Ì
»4Æ;¾;¾;Ä Å(ÅJ¼KÏ º�ËLÊ�Ï ¿(¾;Æ;º�Ë�ºO»�Ã�ËLÄ Æ;ÇLºi¾;º�ÇbÐK¼K¾;º�¿(ËLÇ�Ñ(º

H
¼vÐ º�Ãl¾E¼R»p¼KÆ;¾;¾;º�Ñ(º�Ç�ÇLÆ;Ï ÅJ¼K¿�ÒxÁB¹�º�ÇbÐK¼K¾;º�¿(ËLÇ�Ñ(º�Ç

»p¼K½(¾;ºv¼K¿�ÒzÇLÄ Å[»@¼KËLËLÄ Å(Ñ(Æ;º�Ç�ÈT¼KÆ;Ç�¾;º�Ç�»4º�Ç�»4Ç�ÇLÄ Å[»�ÈIº�Å(Ê�Ç�ÇL¿(Ë�¾;º�Ç�ÐK¼K¾;º�¿(ËLÇ�ºqÒ(¼KÃO»4º�Ç�Á�Ó�ÅÔËLºO»4ËLÄ ¿dÐ º
¾;º�Ç�Í(ËLÄ Í(ËLÆ;ÊO»4Ê�Ç�¿(ÇL¿(º�¾;¾;º�Ç�Ñ(º�¾E¼�ÈIÊO»4Î(Ä�Ñ(ºbÑoÕ º�Ç�»4Æ;ÈT¼6»4Æ;Ä ÅnÖ[¾QÕ Ê�Ãv¼KË�»�Ì�»`É�ÍBºbÑ(º�¾QÕ º�Ç�»4Æ;ÈT¼6»4º�¿(Ë�Ñ(Æ;ÈIÆ;Å2¿(º
× ¿J¼KÅ(Ñ N

Ï Ë4¼KÅ(Ñ(Æ*»vØsÆ;¾;¾;¿(Ç�»4Ë4¼KÅ[»l¼KÆ;Å(ÇLÆ�¾;ºIÙ�¼KÆ*» × ¿(ºn¾QÕ Ú�Û�ÜÝº�Ç�».Ã�Ä Å[Ð º�ËLÏ º�Å[»vÁ�Þ�¾;Ä ½J¼K¾;º�ÈIº�Å[»vØ�¾;º�Ç
ÈIÄ,É º�Å(Å(º�Ç�Ä ½d»4º�Å2¿(º�Ç�ÇLÄ ¿(Ç�Ì`º�Ç�»4Æ;ÈIº�Å[»�¾;º�Ç\ÐK¼K¾;º�¿(ËLÇbÑ(º

H
Á

¹�ºN»p¼K½(¾;ºv¼K¿ À(Á ß Í(ËLÊ�ÇLº�Å[»4º0¾;º�ÇnÈIà�ÈIº�ÇGº�Ç�»4Æ;ÈT¼6»4Æ;Ä Å(ÇTº�ÅáÃ�Ä Å(ÇLÆ;Ñ(Ê�Ë4¼KÅ[»�¾;ºNÃv¼KÇ
IrrS

Á\âsÄ ¿(Ç
¾;º�Ç�Ê�Ãv¼KË�»4Ç�Ì�»`É�ÍBº�ÇiÄ ½d»4º�Å2¿(Ç@ÇLÄ Å[»iÆ;ÅdÙ_Ê�ËLÆ;º�¿(ËLÇ�Ä ¿�Ê�Ï[¼K¿�Ò0ãnÃ�º�¿�Ò�Ñ(¿Ô»p¼K½(¾;ºv¼K¿ À(Á�Â Á�¹�Õ Æ;ËLËLÊ�Ï ¿(¾E¼KËLÆ*»4Ê
IrrS

ËLÊ�Ñ(¿(Æ*»�Ñ(Ä Å(Ã=¾QÕ Ê�Ãv¼KË�»�Ì�»`É�ÍBºiÑ(º=¾QÕ º�Ç�»4Æ;ÈT¼6»4º�¿(ËbºO»�¾;º�Ç�ÐK¼K¾;º�¿(ËLÇ�»4Î(Ê�Ä ËLÆ × ¿(º�Ç�Ñ(º H
ÇLÄ Å[»�ÇLÄ ¿(Ç�Ì

º�Ç�»4Æ;ÈIÊ�º�Ç�Á�ä�Ä ¿(ÇI¼vÐ Ä Å(Ç.Ã�Ä ÈIÍJ¼KËLÊnÃ�º�ÇIËLÊ�ÇL¿(¾*»p¼6»4Ç.¼vÐ º�Ã�Ã�º�¿�ÒåÄ ½d»4º�Å2¿(ÇIÑJ¼KÅ(Ç.¾;ºT»p¼K½(¾;ºv¼K¿ À(Á�Â ã
¾QÕ ¼KÆ;Ñ(ºlÑ(º�Ç�»4º�Ç�»4Ç@Ç�»p¼6»4Æ;Ç�»4Æ × ¿(º�Ç�ºqÒdÍ(¾;Æ × ¿(Ê�Ç@Í(¾;¿(Ç�ÎJ¼K¿d»vÁ�¹�º�Ç@Ã�º�¾;¾;¿(¾;º�Ç�º�Å0Ï ËLÆ;Ç�Ã�¾E¼KÆ;Ë.æ_ËLº�ÇLÍoÁxÙ_Ä Å(Ã�Ê,ç
Ã�Ä ËLËLº�ÇLÍBÄ Å(Ñ(º�Å[»�¼K¿zÅ(Ä Å�ËLº`èLºO»�Ñ(º

H0
ÍBÄ ¿(Ë�¾;º�»4º�Ç�»�Ñ(ºlé	Æ;ÇLÎ(º�Ëlæ_ËLº�ÇLÍoÁxé	Æ;ÇLÎ(º�ËbºO»�ê2»4¿(Ñ(º�Å[»qçqÁx¹�º�Ç

Å(Ä Å�Ì`ËLº`èLºO»4Ç�ÇLÄ Å[»bÃ�Ä ÈIÍJ¼KË4¼K½(¾;º�Ç\ÍBÄ ¿(Ë\¾;º�Ç�Ñ(º�¿�Òn»p¼K½(¾;ºv¼K¿�Ònã=ÍJ¼KË�»4Æ;Ë\Ñ(º�¾E¼l»p¼KÆ;¾;¾;º
N = 512

Á(ësÄ ¿(Ë
¾E¼�»p¼KÆ;¾;¾;º�ÈT¼ªÒdÆ;ÈT¼K¾;ºbì,í[î6À(Ø6¾;º�Ç�ËLÊ�ÇL¿(¾*»p¼6»4Ç�Ä ½d»4º�Å2¿(Ç�ÑJ¼KÅ(Ç�¾;º�Ç	»p¼K½(¾;ºv¼K¿�Ò À(Á�Â ºO» À(Á ß ÇLÄ Å[»�ÇLÆ;ÈIÆ;¾E¼KÆ;ËLº�Ç�Á

¹�ºn»p¼K½(¾;ºv¼K¿ À(Á ¢ Ã�Ä Å[»4Æ;º�Å[»I¾;º�ÇRº�Ç�»4Æ;ÈIÊ�Ç.¼vÐ º�Ã�¾QÕ Æ;ËLËLÊ�Ï ¿(¾E¼KËLÆ*»4Ê
IrrU

Á�¹�º�Ç.ËLÊ�ÇL¿(¾*»p¼6»4ÇRÄ ½d»4º�Å2¿(Ç
ÇLÄ Å[»�Å(ºO»L»4º�ÈIº�Å[»�ÈIº�Æ;¾;¾;º�¿(ËLÇ × ¿oÕ ¼vÐ º�Ã�¾;º�Ç�Ñ(º�¿�ÒIÃv¼KÇ�Í(ËLÊ�Ã�Ê�Ñ(º�Å[»4Ç�º�ÅI»4º�ËLÈIºbÑ(º�ÐK¼KËLÆE¼KÅ(Ã�ºKÁ[âsÄ ¿(Ç�¾;º�Ç
Ê�Ãv¼KË�»4Ç�Ì�»`É�ÍBº�ÇiÇLÄ Å[»lÆ;ÅdÙ_Ê�ËLÆ;º�¿(ËLÇ�Ä ¿0Ê�Ï[¼K¿�Ò§ãnÃ�º�¿�Ò�Ñ(º�ÇiÑ(º�¿�Ò§¼K¿d»4ËLº�Ç�»p¼K½(¾;ºv¼K¿�Ò0ºO»i¾E¼GÑ(Æ*ïxÊ�ËLº�Å(Ã�º
º�Ç�»IÍ(¾;¿(Ç=Ù_Ä Ë�»4º�Ï ¾;Ä ½J¼K¾;º�ÈIº�Å[»=ÍBÄ ¿(Ë.Ñ(º�ÇRÐK¼K¾;º�¿(ËLÇRÑ(º

H
¼K¿d»4Ä ¿(Ë.Ñ(º�ídÁ�Â�Á�¹�º�Ç.Å(Ä Å�Ì`ËLº`èLºO»4Ç.ÇLÄ Å[»

Ã�Ä ÈIÍJ¼KË4¼K½(¾;º�ÇsÍBÄ ¿(Ë	¾;º�Ç	»p¼K½(¾;ºv¼K¿�Ò À(Á�Â ºO» À(Á ¢ ã�ÍJ¼KË�»4Æ;ËsÑoÕ ¿(Å(º�»p¼KÆ;¾;¾;º�Ã�Ä ÈIÍ(ËLÆ;ÇLº�º�Å[»4ËLºbÂ�ìªî�ºO»�ì,í[î6À(Á
ê�º�¿(¾;Çs¾;º�ÇsÈIÄ,É º�Å(Å(º�Ç�ºO»�Ê�Ãv¼KË�»4Ç�Ì�»`É�ÍBº�Ç�Ñ(º�Ç	Ê�ÃpÎJ¼KÅ[»4Æ;¾;¾;Ä Å(Ç�ÍBÄ ¿(Ës¾E¼b»p¼KÆ;¾;¾;º\ì,í[î6À�ÇLº\Ë4¼KÍ(Í(ËLÄ�ÃpÎ(º�Å[»�Ñ(º�Ç
ËLÊ�ÇL¿(¾*»p¼6»4Ç�Ä ½d»4º�Å2¿(Ç	¼vÐ º�Ã�¿(ÅiÊ�ÃpÎJ¼KÅ[»4Æ;¾;¾;Ä Å(ÅJ¼KÏ º�ËLÊ�Ï ¿(¾;Æ;º�Ë�ÁªÓ�Å@Ã�Ä Å(Ç�»p¼6»4º × ¿(º�ÍBÄ ¿(Ë�¿(Å(º�Æ;ËLËLÊ�Ï ¿(¾E¼KËLÆ*»4ÊÍBÊ�ËLÆ;Ä�Ñ(Æ × ¿(ºRæ

IrrS
çqØd¾;º�Ç�ÐK¼K¾;º�¿(ËLÇ�Ñ(º�Ç�º�Ç�»4Æ;ÈIÊ�Ç\ÇLÄ Å[»bÍ(¾;¿(Ç\Í(ËLÄ�ÃpÎ(º�Ç�Ñ(¿nÃv¼KÇ�ËLÊ�Ï ¿(¾;Æ;º�Ë�Ø2¾;º�Ç�»4º�Ç�»4Ç�Ñ(º

Ã�Ä ÈIÍJ¼KË4¼KÆ;ÇLÄ ÅnÑoÕ Ê�ÃpÎJ¼KÅ[»4Æ;¾;¾;Ä Å(Ç�ÊO»p¼KÅ[»�½Bºv¼K¿(Ã�Ä ¿(Í�Í(¾;¿(Ç�ËLº`èLºO»4Ê�Ç�ÑJ¼KÅ(Çb¾;º�»p¼K½(¾;ºv¼K¿ À(Á ¢ Á
Ú�ÅzÃ�Ä Å(Ã�¾;¿(ÇLÆ;Ä ÅoØeÍ(¾;¿(Çb¾QÕ Ê�ÃpÎJ¼KÅ[»4Æ;¾;¾;Ä Å(ÅJ¼KÏ º�º�Ç�»�º�ËLË4¼6»4Æ × ¿(ºKØeÍ(¾;¿(Ç�¾E¼RÃ�Ä Å[Ð º�ËLÏ º�Å(Ã�ºRÑ(º�Ç�º�Ç�»4Æ;ÈT¼ªÌ

»4º�¿(ËLÇ�º�Ç�»�¾;º�Å[»4º�ºO»�Ã�ºO»L»4º�ÍJ¼KË�»4Æ;Ã�¿(¾E¼KËLÆ*»4Ê�»4º�Å(ÑnãiÑ(Æ;ÈIÆ;Å2¿(º�Ë�¼vÐ º�Ã�¾E¼�»p¼KÆ;¾;¾;º\Ñ(º�Ç�ÇLÆ;Ï ÅJ¼K¿�ÒxÁ�¹�Õ Ê�ÃpÎJ¼KÅ�Ì
»4Æ;¾;¾;Ä Å(ÅJ¼KÏ º�ÅoÕ Æ;ÅdðJ¿(º�Å(Ã�º�ÇLÆ;Ï Å(Æ*ñJÃv¼6»4Æ*Ð º�ÈIº�Å[»s¾;º�Ç�º�Ç�»4Æ;ÈT¼6»4Æ;Ä Å(Ç × ¿(º�ÍBÄ ¿(Ë�Ñ(º�Ç	ÇLÆ;Ï ÅJ¼K¿�Ò@Ñ(º�¾;Ä Å(Ï ¿(º�¿(Ë
Ù�¼KÆ;½(¾;ºKÁ
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�
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�
�� ��� ����� ± ��� ����� ��� ���� ± ��� ���� ��� ����� ± ��� �	��� ��� ����
 ± ��� ����� ��� ����� ± ��� ����

��� � ��� ���� ± ��� ����� ��� ���� ± ��� ����� ��� ����� ± ��� ���� ��� ����� ± ��� ����� ��� ����� ± ��� ����� ��� ����� ± ��� ��
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�������! #"%$'&)(+*-,�.0/21�,�.03�4#*65!1�78(�9):;1�<�=	>?7A@	B�C#DE1�7A.F,�@HGJI @	>LK!1�4M,�.0D0D03�4#4!1�B�=�"

N \ O PRQ SUT VWQRX QRYRS YAVWQ VWZRQUTZA[ V ZA[ VRVWQ ± ZA[ ZRSRS 0.103 ± 0.045 ZA[ VWZRQ ± ZA[ ZRPRQ ZA[ VWZRQ ± ZA[ ZRQRQ ZA[ VWZRQ ± ZA[ ZAVWY ZA[ VWZRQ ± ZA[ ZAVRVZA[ Q ZA[ VW\^] ± ZA[ ZRXRS 0.195 ± 0.059 0.196 ± 0.040 ZA[ VW\^] ± ZA[ ZRQ^] ZA[ VW\^] ± ZA[ ZAVW\ ZA[ VW\RX ± ZA[ ZAV_TZA[ P 0.293 ± 0.098 ZA[ QR\RS ± ZA[ ZRSR\ ZA[ QR\R\ ± ZA[ ZUT-] ZA[ PRZRZ ± ZA[ ZRPRP ZA[ PRZRZ ± ZA[ ZRQUT ZA[ PRZRZ ± ZA[ ZAV`]ZA[ T 0.390 ± 0.105 0.394 ± 0.071 ZA[ PR\^] ± ZA[ ZUT^X ZA[ PR\RX ± ZA[ ZRPRP ZA[ PR\RX ± ZA[ ZRQRP ZA[ PR\RX ± ZA[ ZAVWSZA[ Y 0.483 ± 0.110 0.490 ± 0.073 0.493 ± 0.054 0.495 ± 0.038 ZA[ T^\RS ± ZA[ ZRQUT ZA[ T^\^] ± ZA[ ZAV`]ZA[ S 0.586 ± 0.111 0.592 ± 0.076 ZA[ YR\RX ± ZA[ ZRYRP ZA[ SRZAV ± ZA[ ZRPRX ZA[ SRZAV ± ZA[ ZRQRS ZA[ SRZRQ ± ZA[ ZAVWXZA[ ] 0.679 ± 0.107 0.691 ± 0.075 0.693 ± 0.054 0.694 ± 0.038 ZA[ SR\RX ± ZA[ ZRQ^] ZA[ SR\^] ± ZA[ ZAVWXZA[ X 0.774 ± 0.099 0.787 ± 0.070 0.793 ± 0.052 ZA[ ]U\^] ± ZA[ ZRPR\ ZA[ ]U\R\ ± ZA[ ZRQ^] ZA[ ]U\^] ± ZA[ ZAVW\ZA[ \ 0.863 ± 0.087 0.880 ± 0.062 0.888 ± 0.047 0.895 ± 0.035 ZA[ XR\RX ± ZA[ ZRQRY ZA[ XR\^] ± ZA[ ZAVW\�������� #" a�&'(+*-,�.0/21�,�.03�4#*J5!1�7b(�9):c1�<�=	>
IrrS d >	3�/e5!1�7�1�.0*A3�4?1�<�=	>�D0=f,L1�g#D0=�1�C  #"%$ "�hi=	*b>	=	D0D0C#D0=	*=	42B�7A.0*j>	DE1�.078k_7A=	*A5J"�l_3�4#>	@�m+>	3�7A7A=	*A5n3�4#G#=	4M,o1�C24#3�427A=RpA=�,6G#=

H0
5n3�C#7jD0=q,�=	*-,6G#=sr�.0*AK#=	7Hk_7A=	*A5J"

r�.0*AK#=	7o=�,Ht�,�C#G#=	4M,�m�"

N \ O PRQ SUT VWQRX QRYRS YAVWQ VWZRQUTZA[ V ZA[ VWZR\ ± ZA[ ZRSRZ ZA[ VWZAV ± ZA[ ZUT^Z ZA[ VWZAV ± ZA[ ZRQR\ ZA[ ZR\R\ ± ZA[ ZRQRZ ZA[ VWZAV ± ZA[ ZAVWP ZA[ VWZAV ± ZA[ ZAVWZZA[ Q ZA[ QRZUT ± ZA[ Z^]R] ZA[ QRZRQ ± ZA[ ZRYRP ZA[ QRZRQ ± ZA[ ZRPRS ZA[ QRZRQ ± ZA[ ZRQRY ZA[ QRZAV ± ZA[ ZAV`] ZA[ QRZAV ± ZA[ ZAVWPZA[ P ZA[ PRZRZ ± ZA[ ZRX^] ZA[ PRZRZ ± ZA[ ZRSRZ ZA[ PRZRZ ± ZA[ ZRPRX ZA[ PRZRQ ± ZA[ ZRQ^] ZA[ PRZRZ ± ZA[ ZRQRZ ZA[ PRZRQ ± ZA[ ZAVWYZA[ T ZA[ PR\RS ± ZA[ ZR\RZ ZA[ PR\RX ± ZA[ ZRSRQ ZA[ PR\^] ± ZA[ ZUT^Q ZA[ PR\R\ ± ZA[ ZRQRX ZA[ PR\^] ± ZA[ ZRQRZ ZA[ T^ZRQ ± ZA[ ZAVWSZA[ Y ZA[ T^\RY ± ZA[ ZR\RQ ZA[ T^\RS ± ZA[ ZRSUT ZA[ YRZRQ ± ZA[ ZUT^Y ZA[ YRZRZ ± ZA[ ZRPRQ ZA[ YRZAV ± ZA[ ZRQRQ ZA[ YRZRQ ± ZA[ ZAV`]ZA[ S ZA[ YRXR\ ± ZA[ ZR\AV ZA[ YR\UT ± ZA[ ZRSUT ZA[ YR\RS ± ZA[ ZUTRT ZA[ YR\R\ ± ZA[ ZRQR\ ZA[ YR\RX ± ZA[ ZRQAV ZA[ SRZRQ ± ZA[ ZAVWXZA[ ] ZA[ SR\RQ ± ZA[ ZR\RQ ZA[ SR\RX ± ZA[ ZRSUT ZA[ SR\RY ± ZA[ ZUT^Y ZA[ SR\R\ ± ZA[ ZRPRQ ZA[ SR\^] ± ZA[ ZRQRQ ZA[ ]UZAV ± ZA[ ZAVWXZA[ X ZA[ ]UXUT ± ZA[ ZRXRS ZA[ ]U\AV ± ZA[ ZRSRQ ZA[ ]U\^] ± ZA[ ZUTRT ZA[ XRZAV ± ZA[ ZRPRQ ZA[ ]U\RX ± ZA[ ZRQAV ZA[ XRZAV ± ZA[ ZAVWXZA[ \ ZA[ X^]R] ± ZA[ Z^]-V ZA[ XRX^] ± ZA[ ZRYUT ZA[ XR\^] ± ZA[ ZUT�V ZA[ XR\RX ± ZA[ ZRPAV ZA[ XR\^] ± ZA[ ZRQAV ZA[ \RZAV ± ZA[ ZAVWX�������u #"%v'&w(+*-,�.0/21�,�.03�4#*x5!1�7q(�9):y1�<�=	>
IrrU d >	3�/e5!1�7�1�.0*A3�4)1�<�=	>?D0=H,L1�g#D0=�1�C  #"%$ "



zf{8|H}+~	���8�����)|H}j}j���'zf{s����}j���o�6|H�6~^�i~-�i����� ���

�	�i�f�����b���?�����^�F�_�������n�b�_�#�������s�j� ����¡��!�n���W�W�_¢n�b���#�u�'£����8�_��¤��_�!�W£x���?�^� ��£����W¥¦�§�������'¨
Stud2 ©

ª8«�¬#�®�¯�¬#°#±0«�²#�³2´�±0²M¯�µ	²!´�²M¯�¶`· ±0³e¸n«�¹-¯L´�²#º	µj°#¬¼»#±E´�±0�°#µ6¶`· µ	-¯�±0³2´�¯�µ	¬#¹bµ	²�½_«�²#º�¯�±0«�²�°#¬¼ºL¾#«�± ¿
°#µe¶`· ±0¹A¹A®	À�¬#¶E´�¹A±F¯�®�°J· ®	ºL¾!´�²M¯�±0¶0¶0«�²#²!´�À�µ�Á�Âb«�¬#¹?º	µ	¶E´§Ãiµ�¯�µ	²¦º	«�³e¸#¶0®	³eµ	²M¯L´�¹A±F¯�®Ä´�Å�µ	º2¶0µÄº�´�¶0º	¬#¶+°#µ
¶`· Æ-ÇsÃJ²#«�¬#'´�¸#¸#¶0±0È�¬#«�²#�¬#²É¯�µ	-¯?°#µ2Ê�¯�¬#°#µ	²M¯?°J· ®	ÀM´�¶0±F¯�®¼°#µË¶`· µ	A¸n®	¹�´�²#º	µÄ°#µÄ¶`· µ	-¯�±0³2´�¯�µ	¬#¹H´�Å�µ	º
¶E´�Å�´�¶0µ	¬#¹¼¯�¾#®	«�¹A±0È�¬#µÍÌ

H0 : E(Ĥ) = H Î ÁfÏiµ	Ë¯L´�»#¶0µ�´�¬�¿ Ð#Á � Ã Ð#Á � µ�¯ Ð#ÁFÑ�Ò ¸#¹A®	Aµ	²M¯�µ	²M¯Ó¶`· µ	²�ÔAµ	³¼»#¶0µ�°#µ	
p
ÔUÅ�´�¶0¬#µ	e°#¬Õ¯�µ	-¯Ó¸n«�¬#¹eºL¾!´�È�¬#µÖ¯R×�¸nµØ°J· ®	ºL¾!´�²M¯�±0¶0¶0«�²#²!´�À�µ�ÁjÂ+¬#±0AÈ�¬#µØ¶0µ)¯�µ	-¯Óµ	-¯

»#±0¶E´�¯�®	¹�´�¶�-×�³e®�¯�¹A±0È�¬#µ�Ã�±0¶f½W´�¬§¯?º	«�³e¸!´�¹Aµ	¹'¶0µ	'¹A®	A¬#¶F¯L´�¯�'«�»§¯�µ	²�¬#¼´�Å�µ	º2¶E´w³e«�±F¯�±0®¼°#¬¦Aµ	¬#±0¶+°#µ
¹A®�½_®	¹Aµ	²#º	µ¼ºL¾#«�±0A±�±0²#±F¯�±E´�¶0µ	³eµ	²M¯?Ì α

2
= 0.005 Î ÁÙÏiµ?¯�µ	-¯�°#µËÊ�¯�¬#°#µ	²M¯'µ	-¯�®	È�¬#±FÅ�´�¶0µ	²M¯HÚ2°#®�¯�µ	¹A³e± Ô²#µ	¹HA±f¶E´ÄÅ�´�¶0µ	¬#¹s¯�¾#®	«�¹A±0È�¬#µË´�¸#¸!´�¹-¯�±0µ	²M¯�ÚÓ¶`· Æ-ÇÛ³2´�±0H´Ó¶`· ´�Å�´�²M¯L´�À�µ�°#µ¼¸#¹A®	º	±0Aµ	¹�¶`· ´�²!´�¶F×�Aµ�¸!´�¹

¶`· ±0²M¯�µ	¹A³e®	°#±E´�±0¹Aµ8°#µ	
p
ÔUÅ�´�¶0¬#µ		Á

Âb«�¬#¹o¶0µ	6¯�¹A«�±0�¯L´�»#¶0µ�´�¬�¿ÙÃ§¶0µs²#«�²�ÔR¹AµRÜAµ�¯q°#¬Ó¯�µ	-¯qº	«�¹A¹Aµ	A¸n«�²#°)À�¶0«�»!´�¶0µ	³eµ	²M¯x´�¬�¿ÓA±0À�²!´�¬�¿Ó°#µ
À�¹�´�²#°#µÄ¶0«�²#À�¬#µ	¬#¹	ÁiÂ+¶0¬#'¶E´Ó¯L´�±0¶0¶0µ�°#µ	?A±0À�²!´�¬�¿Ýµ	-¯?±0³e¸n«�¹-¯L´�²M¯�µËµ�¯?¸#¶0¬#'¶E´2Å�´�¶0µ	¬#¹�¯�¾#®	«�¹A±0È�¬#µ
´�¸#¸!´�¹-¯�±0µ	²M¯?ÚÓ¶`· Æ-ÇsÃi°J· «�ÞÝ¶0µË²#«�²�ÔR»#±E´�±0H´�-×�³e¸§¯�«�¯�±0È�¬#µË°#µÄ¶`· µ	-¯�±0³2´�¯�µ	¬#¹	ÁÙÆR¶�×Ý´)ßMà2²#«�²�ÔR¹AµRÜAµ�¯�
¸n«�¬#¹j¶E´'¹A®	À�¬#¶E´�¹A±F¯�®o°J· ®	ºL¾!´�²M¯�±0¶0¶0«�²#²!´�À�µ�Ã�ß�Ò'¸n«�¬#¹

IrrS
Ã�Ð�á�¸n«�¬#¹

IrrU
µ�¯6²#«�¬#6«�»§¯�µ	²#«�²#�°#«�²#º

°#µ'º	µ'¸n«�±0²M¯q°#µ�Å�¬#µ'¶0µ	q³eµ	±0¶0¶0µ	¬#¹A6¹A®	A¬#¶F¯L´�¯�8´�Å�µ	º
IrrU

Á!Ï�´Ë³e«�×�µ	²#²#µ?°#µ	
p
ÔUÅ�´�¶0¬#µ	o°#µ	q²#«�²�Ô

¹AµRÜAµ�¯�Hµ	-¯�°#µ¼Ò§Á%á�á�Ñ¼¸n«�¬#¹s¶E´e¹A®	À�¬#¶E´�¹A±F¯�®'°J· ®	ºL¾!´�²M¯�±0¶0¶0«�²#²!´�À�µ�ÃnÒ§ÁFÑ�ß�ß2¸n«�¬#¹
IrrS

µ�¯'Ò§ÁFÑ�â � ¸n«�¬#¹
IrrU

Á�Ï�´H¹A®	À�¬#¶E´�¹A±F¯�®x°J· ®	ºL¾!´�²M¯�±0¶0¶0«�²#²!´�À�µo´�º	º	µ	¸§¯�µ8³e«�±0²#f°#µx¯�µ	-¯��È�¬#µ
IrrU

ÃM³2´�±0�¶0µ	
p
ÔUÅ�´�¶0¬#µ	

A«�²M¯ËÀ�¶0«�»!´�¶0µ	³eµ	²M¯�¸#¶0¬#¼®	¶0µ�Å�®	µ		ÁjãH´�²#Ë¬#²ä±0²M¯�µ	¹-Å�´�¶0¶0µÄå§¿§®�Ãf¸#¶0¬#¼¶0µÓ²#«�³¼»#¹AµÓ°J· «�»#Aµ	¹-Å�´�¯�±0«�²#
µ	-¯'À�¹�´�²#°Ýµ�¯'¸#¶0¬#H¶`· ®	ºL¾!´�²M¯�±0¶0¶0«�²#²!´�À�µ

IrrU
¯�µ	²#°ÉÅ�µ	¹A?¬#²Ý®	ºL¾!´�²M¯�±0¶0¶0«�²#²!´�À�µ�¹A®	À�¬#¶0±0µ	¹	ÁiÇ6µËÈ�¬#±

µ�¿§¸#¶0±0È�¬#µ?È�¬#µ?¶0µ	8¹A®	A¬#¶F¯L´�¯�8°#µ
IrrU

Aµ�¹�´�¸#¸#¹A«�ºL¾#µ	²M¯H°#µ?¶E´Ä¹A®	À�¬#¶E´�¹A±F¯�®�°J· ®	ºL¾!´�²M¯�±0¶0¶0«�²#²!´�À�µ�µ	²
¯�µ	¹A³eµ	q°#µ

p
ÔUÅ�´�¶0¬#µ	xÈ�¬!´�²#°

N
À�¹�´�²#°#±F¯�Á

æ+²�´�²!´�¶F×��´�²M¯�¶0µf³2´�¿§±0³¼¬#³�°#µ	
p
ÔUÅ�´�¶0¬#µ	J¸!´�¹iº	«�¶0«�²#²#µ�Ã�«�²'«�»#Aµ	¹-Å�µ�¬#²#µjº	µ	¹-¯L´�±0²#µ+-¯�¹A¬#º�¯�¬#¹Aµ

¸n«�¬#¹jºL¾!´�º	¬#²Ó°#µ	�¯L´�»#¶0µ�´�¬�¿ÙÁ�Âb«�¬#¹�¶E´'¹A®	À�¬#¶E´�¹A±F¯�®o°J· ®	ºL¾!´�²M¯�±0¶0¶0«�²#²!´�À�µ�ÃM¶0µq³2´�¿§±0³¼¬#³;µ	-¯x´�¯A¯�µ	±0²M¯
¸n«�¬#¹

H = 0.1
Ãn¸n«�¬#¹8°#µ	HA±0À�²!´�¬�¿�°#µ¼¶0«�²#À�¬#µ	¬#¹q½W´�±0»#¶0µ�Ã�ÜA¬#AÈ�¬J· Ú

H = 0.9
¸n«�¬#¹8°#µ	HA±0À�²!´�¬�¿

¶0«�²#À�	ÁÙÂb«�¬#¹
IrrS

Ãn¶0µ�³2´�¿§±0³¼¬#³çµ	-¯'´�¯A¯�µ	±0²M¯H¸n«�¬#¹
H = 0.3

È�¬#µ	¶0È�¬#µ¼A«�±F¯
N

µ�¯�¸n«�¬#¹
IrrU

Ã
¶E´2°§×�²!´�³e±0È�¬#µËµ	-¯'¸#¶0¬#'´�¶0®�´�¯�«�±0¹Aµ?³2´�±0sº	«�²#º	µ	¹A²#µe´�¬#AA±+¸n«�¬#¹H¶E´Ó¸#¶0¬#¸!´�¹-¯�°#µ	�º�´�

H = 0.3
Á

Ï+· ±0¹A¹A®	À�¬#¶E´�¹A±F¯�®q°J· ®	ºL¾!´�²M¯�±0¶0¶0«�²#²!´�À�µs´¼°#«�²#ºH³e«�±0²#�°J· ±0²§è!¬#µ	²#º	µ�¸n«�¬#¹6¶0µ	
H
¸#¹A«�ºL¾#µ	x°#µ'Ò§ÁFÑHº�´�¹

¶0µ	�Å�´�¹A±E´�¯�±0«�²#j°#µ	xA±0À�²!´�¬�¿2A«�²M¯o¸#¶0¬#6À�¹�´�²#°#µ		Á#Â�´�¹6º	«�²#A®	È�¬#µ	²M¯�Ã!¶`· ±0¹A¹A®	À�¬#¶E´�¹A±F¯�®
IrrS

¹�´�ÜA«�¬§¯�µ
À�¶0«�»!´�¶0µ	³eµ	²M¯�¬#²ä»#±E´�±0	Á�Âb«�¬#¹

IrrU
Ãf¶0µ	�Å�´�¶0µ	¬#¹A¼«�»§¯�µ	²�¬#µ	Ä´�Å�µ	º)¬#²#µw±0¹A¹A®	À�¬#¶E´�¹A±F¯�®Ä¬#²#±F½_«�¹A³eµ

A«�²M¯o¸#¶0¬#6¸#¹A«�ºL¾#µ	o°#¬Ó³e«�°#é	¶0µ8¯�¾#®	«�¹A±0È�¬#µ�ê§¶0µq¯�µ	-¯q°#µ�Ê�¯�¬#°#µ	²M¯q¸n«�¬#¹6¶`· Æ-Çc´�º	º	µ	¸§¯�µ�Ð�á'Å�´�¶0µ	¬#¹A
º	«�²M¯�¹Aµ?ß�ÒË¸n«�¬#¹

IrrS
µ�¯sßMà¼¸n«�¬#¹o¶E´Ë¹A®	À�¬#¶E´�¹A±F¯�®s°J· ®	ºL¾!´�²M¯�±0¶0¶0«�²#²!´�À�µ�Á

ª8«�¬#xº	«�²#º	¶0¬#«�²#x°#«�²#ºs¬#²w»#±E´�±0�¹A®	°#¬#±F¯x¸n«�¬#¹6¶E´?¹A®	À�¬#¶E´�¹A±F¯�®8°J· ®	ºL¾!´�²M¯�±0¶0¶0«�²#²!´�À�µ8³2´�±06´�¬#AA±
¸n«�¬#¹

IrrU
Á+Ï+· ±0¹A¹A®	À�¬#¶E´�¹A±F¯�®Öë�°#®�¯�µ	¹A³e±0²#±0-¯�µMë

IrrS
°#«�²#²#µÓA±0À�²#±Få!º�´�¯�±FÅ�µ	³eµ	²M¯Ë°#µÓ³e«�±0²#¼»n«�²#

¹A®	A¬#¶F¯L´�¯�	Ã�º	µHÈ�¬#±Ùº	«�ìU²#º	±0°#µH´�Å�µ	ºH¶0µ	x´�²!´�¶F×�Aµ	x°#µH¶`· Æ-ÇsÃ�±0³e¸#¶0±0È�¬!´�²M¯j¬#²w»#±E´�±0�¸#¶0¬#6¸#¹A«�²#«�²#º	®�Á
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ý \ þ ÿ�� ��� ����� �	��� �
��� � ü ���ü� � < 10−16 ü� ����� ü� � ü�� ü� �	� û ü� ü�� � ü� ü ��ü� � ü� � � ÿ ü� ����� ü� � ü�û ü� �	��ÿ ü� ���	� ü� � ü ÿü� ÿ 2.428× 10−6
ü� ü�ü � ü� � ü � ü� ����� ü� ü �� ü� �����ü� � 5.211× 10−12 3.333× 10−6

ü� ü�ü ÿ ü� ü �	� ü� ÿ	��ÿ ü� ÿ�� üü� � 1.636× 10−13
ü� ü�ü � ü� ü �	� ü� ÿ	� � ü� ����ÿ ü� ��ÿ��ü� � < 10−16 5.158× 10−5

ü� ü � � ü� ÿ û�� ü� ÿ	� ü ü� �����ü���
< 10−16 5.535× 1013 3.269× 10−6

ü� ü�ü � ü� ÿ��� ü� �	���ü� � < 10−16 4.351× 10−9
ü� ü�ü � ü� �
��� ü� � ü � ü� �����ü� û

< 10−16 < 10−16 2.526× 10−13 8.625× 10−6
ü� � �	� ü� �����

������� � � �������! #"%$��'&�")(�$��!*�",+ H0 : E(Ĥ) = H -/.��!*� 0�!132�45�6$��! p 798�:�45(��! <;>=	(�?@45�6A�:� 
?0B!C	(�45D5�!? ��E �! FA!�!4545(�45�! GC	?0D5 0B!�! FA!=	?0?0�! 0;>=	*�$��!*�"H:�(I*�=	*
7J?0�JK0�L"M$�(I")�! #"3+ p 798�:�45(��! > α

2
- �

ý \ þ ÿ�� ��� ����� �	��� �
��� � ü ���ü� � < 10−16
ü� ü�ü � ü� ü ��� ü� ü ��� ü� ü �
� ü� ü ���ü� � ü� ü ��� 4.757× 10−4

ü� ü�ü � ü� ü ��� ü� ü ��ÿ ü� ü ���ü� ÿ 6.990× 10−5
ü� ü �	� ü� � ü � ü� �	� ü ü� ��� ü ü� �Mÿ �ü� � 2.341× 10−7
ü� ü�ü � ü� ü � ü ü� ü ��� ü� ����� ü� ��ÿ �ü� � 1.110× 10−16 2.763× 10−7 1.022× 10−4

ü� ü�ü ÿ ü� ü ��ÿ ü� ü �	�ü� � 9.403× 10−13 5.379× 10−5
ü� � ü ÿ ü� ÿ	� ü ü� ÿ��� ü� ��ÿ�ÿü���

< 10−16 8.776× 10−7 3.920× 10−4
ü� ü�ü � ü� ���	� ü� ü��	�

ü� � < 10−16 1.098× 10−13 2.847× 10−4
ü� ü�� ÿ ü� ���Mÿ ü� ü�� �ü� û

< 10−16 < 10−16 1.171× 10−11
ü� ü�ü � ü� � ü ÿ ü� ü � û

������� � � û �N���! #"F$��O&�")(�$��!*�"P+ H0 : E(Ĥ) = H -F.�!*� 0�!132�45�Q$��! p 798�:�45(��! R;>=	(�?R45�HA�:� IrrS

�

ý \ þ ÿ�� ��� ����� �	��� �
��� � ü ���ü� � 4.440× 10−16
ü� ����ÿ ü� �	��� ü� � ü�û ü� ����ÿ ü� ���	�ü� � ü� ü�ü ÿ ü� ü �	� ü� ü � ü ü� ü � ü ü� �	��� ü� ����ÿü� ÿ ü� �Mÿ�� ü� �Mÿ û ü� ���	� ü� ü ��� ü� �Mÿ�� ü� ���	�ü� � ü� ü�ü � ü� ü �	� ü� ü ÿ�� ü� ����ÿ ü� ü ÿ	� ü� � ��ûü� � ü� ü�ü � ü� ü ��� ü� ü�� � ü� ÿ	��� ü� � � ÿ ü� � û�üü� � 4.393× 10−11 6.702× 10−5

ü� ü�ü � ü� �	��� ü� ��� û ü� � ü�üü���
2.078× 10−6

ü� ü�û�� ü� ü�ü ÿ ü� ÿ� � ü� ü � û ü� �
�	�ü� � < 10−16 2.664× 10−9
ü� ü ��ÿ ü� � � � ü� ü���û ü� �	��ÿü� û

< 10−16 < 10−16
ü� ü ��� ü� � ü�� ü� ü ÿ ü ü� �	��ÿ

������� � � � ü �3���! #"S$��M&�")(�$��!*�"Q+ H0 : E(Ĥ) = H -�.��!*� 0�!132�45�G$��! p 798�:�45(��! T;>=	(�?U45�GA�:� IrrU

�
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¼ �)���!�0���L���½�������¿¾���0�5�@�P�����P�)�)��À0�!�L�)�	�5�0�3�½º ���,ÁÂRÃÄ���	�!�<�����P�)�!���������!�´�5�5�������5�0�O¡N�!�#�)�5�@�!�
�´�>�	�#�)�!�0�5�	�0�TÅ

X. : R+ → L2(Ω)

t 7→ Xt = mt +
√

aZt

Æ ·�£�Ç�j�È
É �6�0�!�!�

m
�5������� �@�����6�)�!���������!��5�5�������5�0�I¡

(Zt)
�L�%�Ê�Ë���������)� �)�

a
�!�#�%�Ê�'�����0�Ê�����!�I����Ê�

�����0�Ê��¢��5�
X1 − m

�T���	�!�/�¹º ��Ì
�>���)��³!�0�%���%���!�����#�
E(Z1Z1) = 1

£ É �%���0�
�!�!�0�0���
(Zt)

�!�#�´���
�@�	��	�!�@�!���M¢��0��ÍF���5�!�IÎ«�)���L�)�5�	�������5�0�H�½º ����)�	�0�5�@�5�Ê���0� �)�

H
�L�M���O�N���)�0�5�!�H���c�!�������0�Ê�����!�

VH

£
Ï �����F�!�c�����!�

(Xt −mt)
�!�#�M����ÁÂRÃ��½º ����)�	�0�5�@�5�Ê���0� �)�

H
�L�M���c�!�������0�Ê�����!�Q�!�����5�c¡/Å

E((Xti −mti)(Xtj −mtj)) = aE(ZtiZtj ) = aVH(i, j)
Æ ·�£ Ð	Ñ�È
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c�T	U�R�\�U�W�U�_�W�`�^�Y�W�c�WH[�P�Y�W�\�Q�_"�q_�T	d/V
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u
¤ ��"|�z q0 = t(1, 0, . . . , 0) �¤ ��$z t = 1, . . . , N¤ ��$z k = 1, . . . , K

qkt = max
1≤j≤K

(
qj(t−1).Pjk. exp

(
−(ht − µzt

)2

2σ2
t

))
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(
−(ht − µzt

)2

2σ2
t

))

¥ {}� ¤ ��$z¥ {}� ¤ ��$z
¦ |�z"��{}����{}�"�� u

ẑN = argmax1≤k≤K qkN

x9y��i�$|��$��|&��� y�~-�/~����~�{}� ���}| u¤ ��$z t = N, N − 1, . . . , 2

ẑt−1 = r §ztt¥ {}� ¤ ��$z
¨,©FªF«Z¬ �( wn®��}��z"{(~��$��|��$|	¯A{(~�|�z"�${��m��$z%�£�v�"|����|���~-�/~�{}��K�$|M�"y�z"{}|A~�|����m�z"|��}�}| �
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À*Á�ÂQÃÄ9ÅaÆeÁ�Ç�ÅeÇ�È�ÇiÉmÊcÇ9ËmÌhÍ�Ì�Î5ÂmËÐÏCÂmÆeÁWÆaËeÇÑÈ�ÄiÁ/Î5ÇKÌhÇ9ÊcÏCÂZÁ�Ç9Ò3Ò5Ç
Ó	ËmÌhÁ�ÄiÇ9ÈvÔ
ÕIÖ9×�Ø"Ù}Ú	Û�Ú�Ü�ÝmÞØ"Ú�ß}ß}ÚAà = (h1, ..., hN) áÕ�â?ÞÜ8ã$Ø"ÚMä�å ×�Û-æ/Û�ç K è ÞØ"ä$Ø"ÚMä$ÚMß£æ8ç"Ú�éÜ�Ú�ê�Û-æ/Û�Ù}ÞêZë áÕ�ìCØ"Þã�æ�ã$Ù}ß}Ù(Û�×�ä$Ú	Û�Ø�æ�ê$ç"Ù(Û�Ù}Þê p áÕIÖ9Ú�í$Ù}ßQä$ÚMî�Þê�ïÚ�Ø"éÚ�ê$î�Ú η á
ð ÂZÁhÌ�Î5Ç�Ô
ÕIÖ9Ú�éÜ�Ú�ê�Û-æ/Û�Ù}ÞêKÞÝ�Û�Ù}Ü æ�ß}Ú ñ̂ á
À*Á�ÂQÃÄ9ÅaÆeÁ�ÇgÔ
ò�ó ÞÙ}ç"Ù}Ø�æ�ß}×6æ/Û�ÞÙ}Ø"Ú�Ü�Ú�ê�Ûôí$ê$ÚMç"Ú�éÜ�Ú�ê�Û-æ/Û�Ù}Þê ñ̂ (0) á
i← 1 áò æ�ß}î�í$ßQä$Ú�ç (tk)

(i) ä$Ú ñ̂ (i−1) áò æ�ß}î�í$ßQä$Ú�ç�Ü�ÞhõÚ�ê$ê$Ú�ç µ
(i)
k
ä$Ú�ç�ç"Ú�éÜ�Ú�ê�Û�ç�övÝ�æ�ØRÛ�Ù}Øôä$Ú�ç (tk)

(i) Ú�Û ÷ á øù áò æ�ß}î�í$ßQä$Ú�ç�×�î6æ�ØRÛ�ç1ú�Û�õ9ÝmÚ�ç σ
(i)
k
ä$Ú�ç�ç"Ú�éÜ�Ú�ê�Û�ç�övÝ�æ�ØRÛ�Ù}Ø%ä$Ú�ç (tk)

(i) Ú�Û ÷ á ø ÷ áò æ�ß}î�í$ßQä$Ú ñ̂ (i) övßûå æ�Ù}ä$ÚAä$ÚMßûå æ�ß}éÞØ"Ù(Û ó Ü�Ú?ä$Ú	üAÙ(Û�Ú�Ø"ã$Ù á
ý í$ç"þií�å ö |L( ñ̂ (i), à ; P, µ

(i)
k , σ

(i)
k )− L( ñ̂ (i−1), à ; P, µ

(i−1)
k , σ

(i−1)
k )| < η

ÿ������ ÷ á���� ÕWìCØ"Þ9î�×�ä$í$Ø"Ú*ä$ÚMç"Ú�éÜ�Ú�ê�Û-æ/Û�Ù}ÞêKÝmÞí$Ø%í$ê$ÚMç"×�Ø"Ù}Ú	Û�Ú�Ü�ÝmÞØ"Ú�ß}ß}Ú á
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8:9<;%=�>�? @BAC@B>ED(FHGBI%>JG�FLKB@B=HMN@BO%>JG�F�@B>JPQ@�RS9<MJ=HG�FLGTR�>JG�F�MJA%U%MEK(MJU%;%FLFH9<AVRXWZY%9<MJFHMJF�P�[\;%MJ]^9<A%U%P�=HP�F�_

M = Ip
GTR

pi =
1

n
, 1 ≤ i ≤ n `�a(b õdc

e A�W�9<A%FHMJU%f�=HG�[\;%G	>�? G�FH]C@BW�G
Ω
W�9<AVRSMJG�AVRX>�? G�A%FHG�ghO%>JGiU%G�FXUC@�RSG�F�U%G�WQ@B]jRS;%=HGk_

Ω = {t1, . . . , tn} `�a(bml c
9<n

n
G�F�RLP�oV@B>5@B;pA%9<ghO%=HG#U%G#>JMJo<A%G�F-U%; FH9<;%F+qrRZ@BO%>JGQ@B;pW�9<A%FHMJU%P�=HPBI(GTRLU%9<MERsU%9<A%W#tTRS=HG#F�D(F�RSP�gp@dq

RSMJ[\;%G�guG�AVRL=HG�gu]%>N@BW�P#]C@B=L>N@�RZ@BMJ>J>JG�U%;vgu9<;jK<G�guG�AVR�@BFHFH9(W�MJP b 8:9<;%=�>�? @BAC@B>ED(FHGXU%;vgu9<;jK<G�guG�AVRQIA%9<;%F�=HG�]%=HG�A%9<A%FX>JGio<=S@B]%Y%GiU%PTwCA%M:@B;�WZYC@B]%MERS=HG�]%=HP�W�P�U%G�AVRx_

gθ = {(ti, tj) ∈ Ω× Ω / |ti − tj| ≤ θ} `�a(b y c
z{>�F�? @Bo<MERXU|? ;%A%Gx=HG�>N@�RSMJ9<A�U%GxW�9<AVRSMJo<;j}�RSPiRSG�gu]^9<=HG�>J>JGBI%F�D(guPTRS=HMJ[\;%GxGTR#]C@B=S@BguPTRS=HP�]C@B=

θ
[\;%M�KB@

>JMJguMERSG�=�>JG�F~>JMN@BMJFH9<A%FX]^9<;%=#>JGxo<=S@B]%Y%GhG�AVRS=HG�>JG�F~MJA%U%MEK(MJU%;%F b^� G�]C@B=S@BgufTRS=HG θ
G�F�Ri;%A%GhKB@B=HMN@BO%>JG

@B>JPQ@�RS9<MJ=HG�G��j9<o<f�A%G�wj�jP�G bC� GTRHRSG�KB@B=HMN@BO%>JG�MJA%U%;%MER�;%A%GX=HG�>N@�RSMJ9<AkO%MJAC@BMJ=HG�@Bo<MJFHFS@BAVRsFH;%=�>JG�F�9<O%FHG�=+qKB@�RSMJ9<A%F-[\;%M^W�9<A%F�RSMERS;%G�AVRs>JG�F�UC@�RSG�FsU%G#WQ@B]jRS;%=HGBI\GTRLFS@�KB@B>JG�;%=-G�F�RLU%9<A%WXMJU%G�AVRSMJ[\;%GX]^9<;%=-RS9<;jRSG�F
>JG�F�KB@B=HMN@BO%>JG�F�U|? ;%A�FH9<;%F+qrRZ@BO%>JGQ@B; b^� A�U|? @B;jRS=HG�FXRSG�=HguG�F�I�>JG�o<=S@B]%Y%Gx@Bo<MERXFH;%=X>JG�FX9<O%FHG�=�KB@�RSMJ9<A%F@BFHFH9(W�MJP�G�Fk@B;(��MJA%U%MEK(MJU%;%F�I������Q��FH;%=�;%A�o<=H9<;%]^GvU%G =HPQ@B>JMJFS@�RSMJ9<A%FxU%G�F

p
KB@B=HMN@BO%>JG�FxGTRkA%9<A�FH;%=

;%A%G�=HPQ@B>JMJFS@�RSMJ9<A�MJA%U%MEK(MJU%;%G�>J>JG b�� 9BRS9<A%Fp[\;%G�U%G�F W�=HMERSf�=HG�FuU|? 9<]jRSMJguMJFS@�RSMJ9<A�U%G θ
I�OC@BFHP�G�F ]C@B=

G��jG�gu]%>JGvFH;%=�>�? @B;jRS9(W�9<=H=HP�>N@�RSMJ9<A�U%G�F�KB@B=HMN@BO%>JG�Fx9<;�G�A%W�9<=HG�FH;%=k>JG guMJA%MJgh;%g�U|? G�AVRS=H9<]%MJGvU%G�F
KB@B>JG�;%=HF#]%=H9<]%=HG�FiU|? ;%A%Gh� � 8�=HG�>N@�RSMJ9<A%A%G�>J>JGBIC]^G�;jK<G�AVR�tTRS=HGhG�AVK(MJFS@Bo<P�F�I|gp@BMJFXA%9<;%FiW�9<A%FHMJU%P�=HG�q=H9<A%F�[\;%G	FS@hKB@B>JG�;%=�G�F�RXU%9<A%A%P�G	@�]%=HMJ9<=HM5GTR�A|? G�F�R#U%9<A%Wi]C@BF�FH;d�HGTR#��G�F�RSMJgp@�RSMJ9<A b%� M θ = n

I%>JG
o<=S@B]%Y%G#G�F�R�W�9<gu]%>JGTRsGTRLRS9<;jRSG�FL>JG�FL9<O%FHG�=�KB@�RSMJ9<A%FsFH9<AVR�W�9<A%A%G�WTRSP�G�F�G�AVRS=HGiG�>J>JG�Fs]C@B=s;%AvWZY%G�guMJA
U%Gi>J9<A%o<;%G�;%=�;%A b�� @BA%F�W�GiWQ@BF�IC9<A�A%9BRSG�=S@�UC@BA%F�>N@hFH;%MERSG θ = max

]^9<;%=�PTK(MERSG�=LRS9<;jRSGiW�9<Aj��;(q
FHMJ9<A b(� @xguPTRS=HMJ[\;%GXU%; >N@B]%>N@BW�MJG�AkG�F�R�;%A%G#gp@�RS=HMJW�G�q{OC@BA%U%GXU%9<AVRL>N@	>N@B=Ho<G�;%=-U%P�]^G�A%UvU%G θ

GTRLU%G
>�? P�WZYC@BAVRSMJ>J>J9<A%AC@Bo<G#MJA%U%;%MER�]C@B=�>JG�F�UC@�RSG�F�U%G�WQ@B]jRS;%=HG b

��������� ��*���2�"%)+2-,#35$�$5��$'&\!x |"%2-,#35$¡"%$'0+2��j)+*-,#,#$'0+0+$'&�¢X$5��$�£¤!~0+$'&�&()�£¤!~0+$'&

� Gho<=S@B]%Y%GxU%Gh>N@k��9<=Hgh;%>JG ` a(b y c G�F�R	@BUC@B]jRSPh�p>�? @BAC@B>ED(FHGxU%GhU%9<A%A%P�G�FiFH]C@�RSMJ9�qrRSG�gu]^9<=HG�>J>JG�FG�A��H9<;C@BAVRx;%A¥U%9<;%O%>JGu=H¦<>JG b:� ? ;%A%G ]C@B=�RQI�MJ>-]^G�=HguGTRx;%A%G @BAC@B>ED(FHGpU%Gp]%=H9Q�jMJguMERSP�RSG�gu]^9<=HG�>J>JGG�AVRS=HGk>JG�Fi9<O%FHG�=�KB@�RSMJ9<A%F b'� A�GT§5GTRQI'U%G�;(�¨9<O%FHG�=�KB@�RSMJ9<A%FiG�FH]C@BW�P�G�F	U%Gk]%>J;%FiU%G θ
A|? @B;%=H9<AVR�]C@BF
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»|¼ ½J¾j¿CÀ%Á�¾%Â�ÁhÃ%À%½JÄHÅ\À|¼ Á�ÆJÆJÁ�Ä~¾%ÁxÄHÇ<¾VÈiÃCÉBÄ~Â�Ç<¾%¾%Á�ÂTÈSÊ�Á�Ä�Ã^Ç<À%Ë#ÆJÁ	Ì<ËSÉBÃ%Í%Á Î^ÄHÁ�À%ÆJÄ~ÆJÁ�Ä#Â�Ç<À%Ã%ÆJÁ�Ä~»|¼ Ç<Ï(Ð
ÄHÁ�Ë�ÑBÉ�ÈS½JÇ<¾%Ä�ËHÁ�ÆJ½JÊ�Á�Ä�ÃCÉBË�À%¾ÒÂZÍ%Á�Óu½J¾�»%ÁvÆJÇ<¾%Ì<À%Á�À%Ë�À%¾ÔÉBÀ%ËHÇ<¾VÈkÀ%¾Ò½JÓuÃCÉBÂTÈ�»CÉB¾%Ä�ÆJÁvÂQÉBÆJÂ�À%ÆL»%Á
ÆNÉhÂ�ÇºÑBÉBËH½NÉB¾%Â�ÁBÕCÖ'Á�Ì<ËSÉBÃ%Í%Á~ÈS½JÁ�¾VÈXÂ�Ç<ÓuÃjÈSÁiÊ�ÌVÉBÆJÁ�ÓuÁ�¾VÈ�»%ÁiÆ�¼ Ç<ËH»%ËHÁ~ÈSÁ�ÓuÃ^Ç<ËHÁ�Æ|»%Á�Ä�½J¾%»%½EÑ(½J»%À%Ä�ÂQÉBË�×
ÃCÉBË�Â�Ç<¾%Ä�ÈSËHÀ%ÂTÈS½JÇ<¾|×dÈSÇ<ÀjÈSÁLÃ^Á�ËHÓhÀjÈZÉ�ÈS½JÇ<¾x»|¼ Ç<Ï%ÄHÁ�Ë�ÑBÉ�ÈS½JÇ<¾%Ä:ÑBÉ#Ã^Á�Ë�ÈSÀ%ËHÏ^Á�Ë�ÆNÉXÄ�ÈSËHÀ%ÂTÈSÀ%ËHÁ�»%À�Ì<ËSÉBÃ%Í%ÁBÕ
Ø Ç<ÀjÈSÁ�Ä�Â�Á�ÄsÂ�Ç<¾%ÄH½J»%Ê�ËSÉ�ÈS½JÇ<¾%Ä-¾%Á�ÄHÇ<¾VÈs¾CÉ�ÈSÀ%ËHÁ�ÆJÆJÁ�ÓuÁ�¾VÈ�ÃCÉBÄ-Ã%ËH½JÄHÁ�Ä�Á�¾pÂ�Ç<ÓuÃjÈSÁ�ÃCÉBË�ÆNÉiÂ�ÇºÑBÉBËH½NÉB¾%Â�ÁBÕ
Ö�É~ÙCÌ<À%ËHÁ Ú(Õ ¸ Ã%ËHÊ�ÄHÁ�¾VÈSÁXÁ�¾ÜÛ�ÉVÝ�À%¾%Á�ÄHÊ�ËH½JÁXÉB½J¾%ÄH½%Å\À|¼ À%¾%ÁXÃ^Á�ËHÓhÀjÈZÉ�ÈS½JÇ<¾kÁ�¾ÜÛ�Ï�Ý�Õ\Ö'Á�Ä-Ê�ÂQÉBË�ÈSÄ+ÐrÈ{Þ(Ã^Á�Ä
Ì<ÆJÇ<ÏCÉBÀ(ßà»%Á�Ä	»%Á�À(ß�ÄHÊ�ËH½JÁ�Ä	ÄHÇ<¾VÈ�ÈSÇ<À%Ä	»%Á�À(ß�Ê�ÌVÉBÀ(ß�áãâ<äjÕmÚBäjÕ|å�Ñ<Á�ÂpÀ%¾%ÁkÑBÉBÆJÁ�À%Ëi»%À�ÃCÉBËSÉBÓuæTÈSËHÁ
θ = 5

×|Æ�¼ Ê�ÂQÉBË�È�ÐrÈ{Þ(Ã^ÁkËHÁ�ÆNÉ�ÈS½JÇ<¾%¾%Á�Æ�»%ÁkÆNÉvÄHÊ�ËH½JÁkÃ^Á�ËHÓhÀjÈSÊ�ÁkÁ�Ä�È�ÈSËHæ�Ä	ÄHÀ%Ã^Ê�ËH½JÁ�À%Ë	ávÂ�Á�ÆJÆJÁ�»%ÁkÆNÉ ÄHÊ�Ð
ËH½JÁ ½J¾%½EÈS½NÉBÆJÁãÛ�âVç(Õmè<ÚÜÉBÀ�ÆJ½JÁ�À ¸ âjÕ ¸Qé Ý�Õ�ê�¾�ËHÁTÑBÉB¾%ÂZÍ%ÁB×�ÆJÁ Â�Ç<ÓuÃ^Ç<Ë�ÈSÁ�ÓuÁ�¾VÈhÁ�ËHËSÉ�ÈS½JÅ\À%Áv»%Á ÆNÉÜÄHÊ�ËH½JÁ
Ã^Á�ËHÓhÀjÈSÊ�Áhë�Ç<À%ËH¾%½EÈiÀ%¾%ÁhÑBÉBËH½NÉB¾%Â�Á�ËHÁ�ÆNÉ�ÈS½JÇ<¾%¾%Á�ÆJÆJÁ	½JÓuÃ^Ç<Ë�ÈZÉB¾VÈSÁBÕ5Ö�ÉvÃ%ËHÇ<Ã%ËH½JÊTÈSÊ ç ÄHÀ%ËiÆNÉ ËHÁ�ÆNÉ�ÈS½JÇ<¾
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ìsíïî�ð Ú(Õ ¸vñ Û�ÉVÝuò(Ê�ËH½JÁ�ÈSÁ�ÓuÃ^Ç<ËHÁ�ÆJÆJÁ
X
×
σ(X) = 89.59

ÁTÈ
σg(X) = 18.14 ó Û�Ï�Ýuò(Ê�ËH½JÁ X̃

Î
Ã^Á�ËHÓhÀjÈZÉ�ÈS½JÇ<¾�ÉBÆJÊQÉ�ÈSÇ<½JËHÁ#»%Á

X
×
σ(X̃) = 89.59

ÁTÈ
σg(X̃) = 82.75

×%ÉQÑ<Á�Â
θ = 5

Õ

»|¼ Ê�Å\À%½EÑBÉBÆJÁ�¾%Â�ÁX»%ÁXÌ<ËSÉBÃ%Í%ÁX¾%Ç<À%Äs½J¾%»%½JÅ\À%Á�Å\À|¼ ½JÆ�¾|¼ ÞuÉxÉBÀ%Â�À%¾%Á#Ã^Á�Ë�ÈSÁX»%ÁXÌ<Ê�¾%Ê�ËSÉBÆJ½EÈSÊXá�ÂZÍ%Ç<½JÄH½JË-À%¾
Ì<ËSÉBÃ%Í%Á�Ä�Þ(ÓuÊTÈSËH½JÅ\À%ÁkÁ�¾¨Ùjß%ÉB¾VÈxÉvÃ%ËH½JÇ<ËH½�ÆNÉ Ã^Ç<¾%»%Ê�ËSÉ�ÈS½JÇ<¾à»%Á�Ä	ÉBËHôTÈSÁ�Ä	»%À¨Ì<ËSÉBÃ%Í%ÁBÕ�õ:Ç<À%Ë�¾%ÇBÈSËHÁ
ÂQÉBÄ�×�Â�Á�ÄkÃ^Ç<½J»%Ä�ÄHÇ<¾VÈuÂZÍ%Ç<½JÄH½JÄ�Ê�Å\À%½JÃ%ËHÇ<ÏCÉBÏ%ÆJÁ�Ä�ÂQÉBËkÇ<¾�ÄHÀ%Ã%Ã^Ç<ÄHÁãÅ\À%ÁvÈSÇ<ÀjÈSÁ�ÄkÆJÁ�ÄkÉBËHôTÈSÁ�ÄkÇ<¾VÈuÆNÉ
Óuô�ÓuÁi½J¾j¿CÀ%Á�¾%Â�Á�ÄSÉB¾%ÄXÉQÑ<Ç<½JË�À%¾ãËHö<ÆJÁiÃ%ËHÊ�Ã^Ç<¾%»%Ê�ËSÉB¾VÈQÕ
Ö�¼ Ç<Ã^Ê�ËSÉ�ÈSÁ�À%ËãÁ�ÄHÃ^Ê�ËSÉB¾%Â�Á�ËHÁ�ÆNÉ�ÈS½JÇ<¾%¾%Á�ÆJÆJÁ

E(.|gθ)
Ä�¼ ½J¾VÈSÁ�ËHÃ%ËHæTÈSÁ�Â�Ç<ÓuÓuÁàÀ%¾�ÙCÆEÈSËHÁ�ÃCÉBË�À%¾%Á

ë�Ç<¾%ÂTÈS½JÇ<¾�Ã^Ç<Ë�ÈSÁBÕVå#½J¾%ÄH½�×BÆJÁLÈSÁ�ËHÓuÁ
X−E(X|gθ)

×VÅ\À%Á�Æ�¼ Ç<¾kÄHÀ%Ã%Ã^Ç<ÄHÁ�ÌVÉBÀ%ÄHÄH½JÁ�¾|×V¾%Á�Â�Ç<¾%ÄHÁ�Ë�Ñ<Á#Å\À%Á
ÆJÁ�Ä�ÍCÉBÀjÈSÁ�Ä:ë�ËHÊ�Å\À%Á�¾%Â�Á�Ä�»%Á�ÆNÉLÑBÉBËH½NÉBÏ%ÆJÁBÕºõ:Ç<À%Ë:À%¾

θ
ÄHÀj÷uÄSÉBÓuÓuÁ�¾VÈ�Ã^ÁTÈS½EÈQ×ºÆNÉ�Ã%ËHÇ<Ã%ËH½JÊTÈSÊ é ÓuÁTÈHÈZÉB¾VÈ

Á�¾iøHÁ�À ÆNÉ�Â�ÇºÑBÉBËH½NÉB¾%Â�ÁXÁTÈLÆ�¼ Á�ÄHÃ^Ê�ËSÉB¾%Â�ÁXËHÁ�ÆNÉ�ÈS½JÇ<¾%¾%Á�ÆJÆJÁ�Ä�½JÓuÃ%ÆJ½JÅ\À%Á�Å\À%Á#ÆJÁ�Ä�ÃCÉBË�ÈS½JÁ�Ä�ÆJ½J¾%ÊQÉB½JËHÁ�Ä-»|¼ À%¾%Á
ÄHÊ�ËH½JÁx¾|¼ ½J¾j¿CÀ%Á�¾%Â�Á�¾VÈiÃCÉBÄ#ÆNÉkÑBÉBËH½NÉB¾%Â�Á	ËHÁ�ÆNÉ�ÈS½JÇ<¾%¾%Á�ÆJÆJÁBÕCÖ�ÉuÙCÌ<À%ËHÁ Ú(Õmç Á�Ä�È~ÆJÁxÌ<ËSÉBÃ%Í%½JÅ\À%Á	»%Áh»%Á�À(ß
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7 &�����������-�7 �.��� ���%$'��&(-�-�� �����b3 θ = 5 8,�	$�-�&(-V5�" 7 &(����" ��" � �_:+&(;��_���47 &�����������-�7 ��)
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� &(;��,:���&(:+&(��&(-��S5PO ��-2���KW^��� �S5�� ;^jN�kjQ� <=:���� �S����<=:���� ��<=&(-�$'�'��-�$,���Sf�;��/$'�KJ27#�%$'��&(-=5��!��O � <bx
:���&(�P5��w���b<="	$'0�&^5���)+o-V7 &(-�����5�` ���w5�� ;^jT��������������� �_����"#�%$'&(����� �,$'� ����� ��>�;��?���b5�����:+&(���K$'��&(-\5�� �
&(����� �/���%$'��&(-�����;��_���w:�����-\��&(�K$_� -ng	5�� -�$'��5��w��7 ����g=3~J21�) ]^) � 8k)+o-T:��'�%$'��>�;��w5�� ;^jV �*l¡�@2;�-��
��� ���%$'��&(-�-�� �����L�#�(� 7 θ = 5 �	$b;�-��a�/$9��-�52����5P)si��N:���� <=��� �w�(� 7	$'� ;��L:���&(:����N5��a7902��>�;��\ �*l¡
� �/$l<=&(-�$'��"�J21(;���� ]^) � )�o-a��� <N����>�;��!>�;�����w5������ 7	$'��&(-N��&^7#�����_5��!���w$'�'��f�� 7	$'&(�����!��-2���KW^��" �!� �/$
����� -U<=�����L� -U������� ;��.:2���w;�-��= �*l¡¢��� ���%$'��&(-�-�� �����M7 &(-�$'�'������� <=� -�$?RT��O  �*l¡��/$9��-�52����5H&(dU���
�(� 7	$'� ;��43�£?8,7#���'��7	$'" �������w���45�����:+� ������&(-T1(��&(�2�����5�;T-�;2��1(��)
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·,¸~¹�º^»^¼ ¶_½4¾!¿�À�Á+Â(À�¿KÃ'¿�Â(Ä4Å�Æ À�Â(Ç�À�Æ È/É�Ê%Ã'¿�Â(Ä�À�Ë6Á+Æ	Ã'¿KÃ'ÀsÌ Æ È�Ì Í�Æ À9ÎDÊ#É(Æ Ì_Å�Æ Ï^ÐbÉ(Æ Ì	Ã'Æ Ï�È�ÀSÁ�È�Â(Á�È�Æ À�Ñ(Í�Ò Ï�Ä
¿�À�À�ÏTÅPÒ Ï�Ä�Æ?Ó�ÔlÕeÀ/Ã9Ê�Ä�Å2Ê�È�ÅnË�Ö?ÎSÆ	Ã�Í�Ò Ê�ÏQÃ'È�Æ.ÅPÒ Ï�Ä�Æ?Ó�ÔlÕEÈ�Æ Í�Ê%Ã'¿�Â(Ä�Ä�Æ Í�Í�ÆbË�×°ÎlÊ#É(Æ Ì

θ = 5
¼

Õ°Â(Ï�È_Í�Æ.À�Æ Ì Â(Ä�ÅVÆkÐQÆ Ø=Á�Í�Æ�Ù2Â(ÄTÀ�Ï�Ç�À/Ã'¿KÃ'Ï�ÆwÍ�Æ.Ú(È'Ê�Á�Û�ÆwÅ�Æ.Í�Ê4Ü6Â(È�Ø4Ï�Í�ÆLË »^¼ ¶ Î,Á2Ê�È_Ï�Ä�ÆwÈ�Æ Í�Ê%Ã'¿�Â(Ä
Å�Æ=É(Â(¿�À�¿�Ä2Ê�Ú(ÆLÅ�Ý	Þ2Ä�¿�Æ=Ì Â(Ø=Ø=Æ=Í�Ò Ê�Á�Á2Ê�È/Ã'Æ Ä2Ê�Ä�Ì ÆIË�ß4´àÎ.Â(ÏHÄ�Â(ÄAË�ß.µ�Î.Å�ÆNÅ�Æ Ï^ÐHÂ(Ç�À�Æ È/É�Ê%Ã'¿�Â(Ä�ÀMá
Ï�Ä�ÆLØ=â Ø=ÆbÌ Í�Ê�À�À�Æ ¼ ×DÒ ¿�ÄQÜ6Â(È�ØNÊ%Ã'¿�Â(ÄXÆkÐQÂ(Ú(ã Ä�ÆLÆ À/Ã4Ê�Í�Â(È�ÀÅ�Â(Ä�Ä�Ý ÆLÁ2Ê�ÈwÏ�Ä�ÆbÉ�Ê�È�¿�Ê�Ç�Í�Æ4¿�Ä�Å�¿�Ì#Ê%Ã'È�¿�Ì Æ
Å�Æ4Ì#Ê%Ã'Ý Ú(Â(È�¿�ÆMÀ�Ï�È.Í�Æ À!Â(Ç�À�Æ È/É�Ê%Ã'¿�Â(Ä�À ¼ Ô,Æ	ÃwÆkÐQÆ Ø=Á�Í�Æ4Æ À/Ã.¿�Í�Í�Ï�À/Ã'È�ÝMáaÍ�ÊLÞ2Ú(Ï�È�Æ »^¼ ä ¼ Ô,Â(Ø=Ø=ÆMÁ�È�Ýkå
Ì Ý Å�Æ Ø=Ø=Æ Ä�Ã#Ù°Í�ÆLÉ(Æ Ì	Ã'Æ Ï�ÈVË�Ö?Î.Å�Â(Ä�Ä�ÆaÍ�ÊTÅ�¿�È�Æ Ì	Ã'¿�Â(ÄHÁ�È�¿�Ä�Ì ¿�Á2Ê�Í�ÆLÅPÒ ¿�Ä�Æ È/Ã'¿�Æ=Å�ÆNÍ�Ò Æ Ä�À�Æ Ø4Ç�Í�ÆaÊ�Í�Â(È�À
æ Ï�Æ!Í�Æ�É(Æ Ì	Ã'Æ Ï�È.Ë�×°ÎDÀ Ò Ê%Ã�Ã9Ê�Ì9Û�Æ!ÅPÒ Ê�ÏQÃ9Ê�Ä�Ã,Á�Í�Ï�ÀSá?Í�ÊwÈ�Æ Í�Ê%Ã'¿�Â(Äb¿�Ø=Á+Â(À�Ý Æ_À'Ê�Ä�À,Á+Â(Ï�ÈSÊ�ÏQÃ9Ê�Ä�Ã,Å�¿�À�Ì È�¿çå
Ø=¿�Ä�Æ È!Å�Æ4ØNÊ�Ä�¿�ã È�ÆMÂ(ÁQÃ'¿�ØNÊ�Í�Æ?Í�Æ ÀÌ Í�Ê�À�À�Æ À ¼�è Â�Ã'Â(Ä�ÀÁ+Â(Ï�ÈÌ Æ Í�Ê æ Ï�ÆbÍ�Ò Ó�ÔlÕYÈ�Æ Í�Ê%Ã'¿�Â(Ä�Ä�Æ Í�Í�ÆwÄPÒ Æ À/Ã
Æ Ä\Ú(Ý Ä�Ý È'Ê�ÍqÁ2Ê�ÀlÝ æ Ï�¿KÉ�Ê�Í�Æ Ä�Ã'Æá4Í�Ò Ê�Ä2Ê�ÍKé^À�Æ�Å�¿�À�Ì È�¿�Ø=¿�Ä2Ê�Ä�Ã'Æ ¼ ×�Æ!É(Æ Ì	Ã'Æ Ï�È?Ë�¾.ÎSÀ�Ï�ÈlÍ�Ê?Þ2Ú(Ï�È�ÆÈ�Æ Á�È�Ýkå
À�Æ Ä�Ã'ÆÍ�Æ!Á�È�Æ Ø=¿�Æ È,ÊàÐQÆ!ÅPÒ Ï�Ä�Æ.Ê�Ä2Ê�ÍKé^À�Æ!Å�¿�À�Ì È�¿�Ø=¿�Ä2Ê�Ä�Ã'Æ_À�¿�Ø=Á�Í�Æ!Ê�Á�Á�Í�¿ æ Ï�Ý Æ!Ê�Ï^ÐaÂ(Ç�À�Æ È/É�Ê%Ã'¿�Â(Ä�À ¼ ×�Æ
É(Æ Ì	Ã'Æ Ï�ÈNË�×°Î�Æ	êqÆ Ì	Ã'Ï�ÆbÏ�Ä�ÆbÀ/é^Ä�Ã'Û�ã À�Æ=Å�Æ À.Å�¿�È�Æ Ì	Ã'¿�Â(Ä�ÀÁ�È�¿�Ä�Ì ¿�Á2Ê�Í�Æ À�Í�Â^Ì#Ê�Í�Æ ÀáaÌ9Û2Ê æ Ï�ÆLÌ Í�Ê�À�À�Æ�ÙPÆ	Ã
Ä�Æ?Ì Â�ëuÄ�Ì ¿�Å�Æ?Á2Ê�À!Ê#É(Æ ÌMÍ�Æ.É(Æ Ì	Ã'Æ Ï�ÈLË�¾.ÎkÙ æ Ï�¿°Å�¿�À/Ã'¿�Ä�Ú(Ï�ÆwÁ�Í�ÏQÃ'ì�Ã_Í�Æ À�Ì Æ Ä�Ã'È�Æ ÀÅ�Æ?Ú(È'Ê#É^¿KÃ'ÝwÆ	Ã!Å�Â(Ä�Ì
Í�Æ À�Ì Í�Ê�À�À�Æ À ¼

íLî/ï ðòñ�ó ô«õ�ö ÷.ø�ù	úMûTû\õ�ö	ö	õ

ü�ý�þ_ý/ÿ ����������	�
��
����	�����������	�	������

×DÒ Ê�Ä2Ê�ÍKé^À�ÆÅ�Ï\Ø=Â(ÏQÉ(Æ Ø=Æ Ä�Ã_Ê�À�À�¿�À/Ã'ÝÁ2Ê�È,Â(È�Å�¿�Ä2Ê%Ã'Æ Ï�È,Æ À/Ã�Ï�Ä\À�Ï���Æ	Ã�Å�Æ��_Æ Ì9Û�Æ È�Ì9Û�ÆwÈ�Ý Ì Ï�È�È�Æ Ä�Ã
� Ó�Ô���� Ù Ô �� » Ù Õ°Æ È'µQ´ !lÆ	ÃLÍ�Ò Â(ÄnÁ+Æ ÏQÃLÌ ¿KÃ'Æ ÈMÍ�Æ ÀMÃ'È�Â(¿�ÀbÊàÐQÆ ÀLÊ�Á�Á�Í�¿�Ì#Ê%Ã'¿KÜ6À?ØNÊ"��Æ Ï�È�À � # ÖwµQ´ !.Ñ«Í�Ê
À�Ï�È/É(Æ ¿�Í�Í�Ê�Ä�Ì Æ�Ù(Í�Æ_Ì Â(Ä�Ã'È�ì(Í�Æ�Æ	ÃSÍ�Ò Ê�Ä2Ê�ÍKé^À�Æ ¼ ×�Ê%$'&�(*),+'-/./.10,2435+	Ù æ Ï�¿2À�Æ�À�¿KÃ'Ï�Æ_Á�È�¿�Ä�Ì ¿�Á2Ê�Í�Æ Ø=Æ Ä�ÃDÅ2Ê�Ä�À�Í�Æ
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PRQ/S TAU�V OXWZYA[\?]_^�`a\_bdc�efc�gh\?g�bd\?]%i�`a\_j�\lkmedn�oabqp?`sr,bdbd\?b_tvu9w�xybzk5r,g�j{r,edj}|�~f�*��u9w�x�ed\?`sr��
kmoan�g�g�\?`a`a\�|��I��\'k9r,g{r,`1��bd\qj�oabdp?edoa]_oag{r,g�km\l|���� V

p?n�g�km\*[�km\ j�c�kmemr,o1km\?]_\?g�kAj�� oa]�r,��\?b?��j��?bdoa��g�\�kmn�ckm\?b�`a\?b�r,^�^�edn�p5��\?b�^�\?ed]_\'kdk5r,g�k�j�\�j��'km\?p'km\?e=\'k
bdc�o1��ed\9c�g_n�iF�d\'k�r,c�p?n�c�edb�j�clkm\?]_^�b V xAr,e�\*[\?]_^�`a\,��`�� c�g_j�\?bRn�iF�d\?p'kmo1��b�^�\?ckR�'kmed\9j�� oaj�\?g�kmo1�{\?e
j�\?b�p?n�]_^�n�ezkm\?]_\?g�kmblr,g�n�ed]�r,c�[�n�c�bdc�bd^�\?p'kmb_j�� c�g�n�c�^�`ac�bdoa\?c�edb�n�iF�d\'kmb�p?oai�`a\��{`a]_�?b%j{r,g�b
c�g�`aoa\?c�bd�?p?c�edoabd�,��p?n�]_]_\�c�g�^{r,ed�Foag����Ac�g�]%c�bd�?\,�=c�g�\Xi{r,g��Fc�\

. . .
��\ �5¡�¢{£�¤m¥�¦a§'�A�Fc�\G`�� n�g

ed\'kmedn�c��\;^�ed\?bd�Fc�\�bz��bzkm�?]�r�kmoa�Fc�\?]_\?g�k�j{r,g�bR`a\�j��'��\?`an�^�^�\?]_\?g�k�j�\?bv�d\?c�[���oaj��?n���p?n�g�p?\?edg�\;`a\?b
km\?p5��g�oa�Fc�\?bqj�\�p¨r,^kmc�ed\�^�\?ed]_\'kdk5r,g�k�j�\�p¨r,`a�Fc�\?e�`a\?b;��\?bzkmc�\?`a`a\?b�\'kq`a\?b;p?n�]_^�n�ezkm\?]_\?g�kmb;j�� c�g
n�iF�d\'k V ��\�i�ck��'k5r,g�k�j�\�j��'��\?`an�^�^�\?e�p?\?ezk5r,oag�\?b���n�g�p'kmoan�g�g{r,`ao1km�?b?�vj�� r,g�oa]_\?efc�g�^�\?edbdn�g�g{r,��\,�
n�c�\?g�p?n�ed\�j�\�p?ed�?\?eRc�g�\;ed�¨r,`ao1km����oaezkmc�\?`a`a\©bdc�eRc�g�n�edj�oag{r�km\?c�e V Y=g�{g���`��sª,¢�ª,¦¬«""§©��r,o1k�ed�'���?ed\?g�p?\
r,c�[�]_�'km��n�j�\?b%�Fc�oRn�g�k�^�n�c�e��{g{r,`ao1km�?b�^�ed\?]_oa®?ed\?b�j�\ ¯'p?n�]_^�ed\?g�j�ed\�¯_`a\�]_n�c��\?]_\?g�k¨��p,� \?bzk
° j�oaed\_j�� \?gh\*[�kmemr,oaed\_`�� oag��n�ed]�r�kmoan�g�^�\?ezkmoag�\?g�km\,�v�Fc�\�`�� n�g ]_n�j��?`aoabd\ ° `�� r,oaj�\lj�\lkm\?p5��g�oa�Fc�\?b
��n�ed]_\?`a`a\?bR^{r,e©j�\?b©^�edn�p?�?j��?b9bzk5r�kmoabzkmoa�Fc�\?b©n�cG���?n�]_�'kmedoa�Fc�\?b V

��\9p¨r,j�ed\;r,^�^�`aoap¨r�kmo1��j�\�p?\©kmemr¨�,r,oa`{b?� oag�bdp?edo1kRj{r,g�b�p?\9kmedn�oabdoa®?]_\©r�[\ V ��\�±�r,`a`a\'k�u�km`sr,g�kmoa�Fc�\
² �?��oag�\%wR��n�^�oag�n,kl|�±Ru ² w ��r_�'km����n�g�j��%\?g�M"³�´�µ_bdn�c�b;`sr_^�ed\?]_oa®?ed\%r,^�^�\?`a`sr�kmoan�gGj�cZwR\?g�kmed\
wR��n�ed�?��emr,^���oa�Fc�\·¶�r�kmoan�g{r,`�j�\G`sr ² n�p5��\?`a`a\ V ��\?b_j{r,g�bd\?c�edb_]_\?]%i�ed\?blj�\·p?\Gi{r,`a`a\'k�bd\·bdn�g�k
^�ed�'km�?bfr,c_�d\?cZj�\�`�� \?g�ed\?��oabzkmed\?]_\?g�k�j�\�`a\?c�e;^�\?ez��n�ed]�r,g�p?\%p5��n�ed�?��emr,^���oa�Fc�\ ° `�� r,oaj�\�j�\%kmn�ck
c�g¸r,edbd\?g{r,`�j�\qp¨r,^kmc�ed\�|/�{��c�ed\ U�V¹U � V

��\?b�j{r,g�bd\?c�edb�bdn�g�k;�?�Fc�oa^��?b�j�\_M U ]�r,ed�Fc�\?c�edb9^�n�bdo1kmoan�g�g��?b©bdc�e�j�o1��\?edbd\?b�^{r,ezkmoa\?b9j�\f`a\?c�e
p?n�ed^�b�tFi�emr,b?��km�'km\,��^�n�oa��g�\'kmb?�F]�r,oag�b?��kmn�edbd\,�F^�\?`1��oab?�F�{r,g�p5��\?b?�"�mr,]%i�\?b�\'kR^�oa\?j�b V ��\?bRp?n�n�edj�n�g��
g��?\?b9bd^{r�kmosr,`a\?b©bdn�g�k�\?g�ed\?��oabzkmed�?\?b9^�\?g�j{r,g�k�`�� \*[�?p?ckmoan�g·j�� c�g¸]_n�c��\?]_\?g�k9kº��^�oa�Fc�\fj�\fj{r,g�bd\
p?n�g�km\?]_^�n�emr,oag�\�r¨��\?p�c�g�\���ed�?�Fc�\?g�p?\�j�� �?p5�{r,g�kmoa`a`an�g�g{r,��\fj�\l» U�¼9½,V4¾ g¿]_n�c��\?]_\?g�k�p?n�g�bzkmoÀ�
kmc��Gj�\

n
p¨r,^kmc�ed\?b_\?bzk_j�n�g�pGoaj�\?g�kmo1�{�G^{r,elc�g�\?g�bd\?]%i�`a\Gj�\

p = 15 × 3 = 45
�,r,edosr,i�`a\?b
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ÒRÓ/Ô Õ Ñ�Ö¹Ñq×XØ;Ù,Ú�ÛdÜ?Ý�ÞdÛ9ß?àFÝ�áaâ�ß?Û9ã�ÝGã�áaÛdâ�ä�Ûdá1åmá1æIã�Üqç¨Ù,âåmÝ�ÞdÜ,Ö

Ù,èaß¨Ù�åmä�áaÞdÜ?Û=Þdß?Ü?èaèaÜ?Û�ã�áaÛdç?Þdß'åmáaÛdß?Ü?Û?é�ÞmÙ,Ú�ê�ß?Ü?ÛRã{Ù,Ú�Û�Ý�Ú�å5Ù,ë�èaÜ¨Ù,Ý_ã�Ü9å5Ù,áaèaèaÜ
n× 45

Ö�ì�Ü?ÛRí_ä�Ýî�Ü?í_Ü?Ú�åmÛ
ä�Ú�å©ß'åmß�ç¨Ù,âåmÝ�Þdß?Û9Ù,ÝGç'ï�ë�Ü?Þdã�ð�í_Üqã�Ý¸ñRÜ?Ú�åmÞdÜfò�Ù�åmáaä�Ú{Ù,è4ã�Ü�èsÙ�ó�Ù,Ú�ã�ÜqØ�Ü?ÛdÛdáaÚ�ß?ÜfÜ'å©ã�Ü�è�ô õºí�Ù,ê�Ü
ö ñ�ò�ó�Ø�õz÷�ø�ù�Ú�ê�ä�Ý�èaú?í_Ü,Ö�û9Ú�ÜlÞdÜ?â�Þdß?ÛdÜ?Ú�å5Ù�åmáaä�Ú Ûdç5ü�ß?í�Ù�åmáaàFÝ�Ü�ã�Ýhñ�ï�ë�Ü?Þdã�ð�í_ÜlÜ?Ûzåqâ�Þdß?ÛdÜ?Ú�åmß?Ü
ø_èsÙ�ý{ê�Ý�ÞdÜ Ñ�Ö þ Ö�ÿ�Þ��,ç?Ü�ø_èsÙlç?ä�èaèsÙ,ë�ä�ÞmÙ�åmáaä�ÚXã�Ü���Ø����=Þdä�ã�Ý�ç'åmáaä�Ú�Û?é èaÜfÛzï�Ûzå��?í_Ü�ã�Ü�ç¨Ù,âåmÝ�ÞdÜ�Ü?Ûzå
ã�ä,åmß�ã�Üqí�Ù,ÞdàFÝ�Ü?Ý�ÞdÛ ß?èaÜ?ç'åmÞdä	�ºí�Ù,ê�Ú�ß'åmáaàFÝ�Ü?Û�àFÝ�á�æ�ä�Ý�ÞdÚ�á1å èsÙ%â�ä�Ûdá1åmáaä�Ú�Ûdâ{Ù�åmásÙ,èaÜ;ã�Ü?Û©ç¨Ù,âåmÜ?Ý�ÞdÛ9Ù,Ý
ç?ä�Ý�ÞdÛqã�Ý¿åmÜ?í_â�Û?Övò9ä�Ý�Ûqã�áaÛdâ�ä�Ûdä�Ú�Ûqã�ô Ý�ÚZç?ä�Þdâ�Ý�Ûfã�Ü�
�Ï�Xí_ä�Ýî�Ü?í_Ü?Ú�åmÛqÞdß?â{Ù,ÞzåmáaÛ�ã{Ù,Ú�ÛqèaÜ?Û�Ï��
ê�Þdä�Ý�â�Ü?Û;ã�Ü%í_ä�Ýî�Ü?í_Ü?Ú�åmÛ;åºï�â�áaàFÝ�Ü?Û�ã�Ü�ã{Ù,Ú�ÛdÜ�ç?ä�Ú�åmÜ?í_â�ä�ÞmÙ,áaÚ�Ü,Ö4ì�Ü�å5Ù,ë�èaÜ¨Ù,Ý Ñ�Ö1Ï Ú�ä�Ý�Û;ã�ä�Ú�Ú�Ü
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@BADC;EGFIH ?�JLK MINGO,PRQTS�U�OVQTWXKZY7[Z\7] H

^,_ PR`TWTaVQTO N = 219
U _ Wcb�O,U�O,dfe�aVaROgPRh,`jikP�e�lmaRa�ikdfeVQjikdTaVnpo WTdqQTO,ar=�s3U _ Wcb�O,U�O,dfe�a(etMI`GO u vw ikP ^yx O�z{U|if}�~k�*dfb�O,n _ `T`Gh�z{O,d�}�~2K x Wce�O��*nmlmh,OVz ^ `�}�~��*dTP _ WTnmhZ�;��e�O�z{O�e�}�~��*dTP _ WTnmh;[ZikaRaRlmdLz{O,N�}�~��P�ikdTQ��*nmlmh3z{��`�}�~ w ikP ^yx O���nmlmaRaRh,O3z{U��2}�~6�cikWceV�ZeRe�l�e�WTQTOLz{a�if}�~�K x Wce�O|��O,`Tnmlmh,O3z ^ Py}�~�K x Wce�O�7nmn _ dT��h,O3z ^ if}�~��kO�e�h�z ��e�}�~�� _ WTP�zDe�Py}�~��IWTaR`GO,dTaRl _ d�z{aRW�} _ W��cikWce��8O,U�`TaV�6O�b�hXz{a�e�} H K x ik�2WTOU _ Wcb�O,U�O,dfe�etMI`GO�i�h�e�hrPRh�iknmlmaRhg��`TnmWTaRlmO,WTPRa�PRO,`TPRlmaRO,aV`jikP�QTO,a�QjikdTaRO,WTPRaVQTOrQTl���h,PRO,dfe�O,a ^,_ P��`TWTnmO,d ^ O,a7O�e7` _ aRaRh,Qjikdfe ^yx i ^ WTdXWTd�dTl�b�O�ikWXQTO�U|i	�me�PRlmaRO�`TP _ `TPRO�QTO�n�irQjikdTaRO H �6O,a ^ n�ikaRaRO,a7QTOU _ Wcb�O,U�O,dfe�a7dTO�a _ dfe(`jika xT_ U _ ���,dTO,a7O�e7b _ dfe(QTOg?�h,nmh,U�O,dfe�a7` _ WTP&n�i ^ n�ikaRaRO�o �cikWce7�8O,U�`Ta�6O�b�hko8�L¡ F ` _ WTP�n�i ^ n�ikaRaRO3o �kO�e�hko z 6 ≤ Nk ≤ 25

} H \7OrU��,U�Ok~�nmO,a(eyiklmnmnmO,a(QTO,aVU _ Wcb�O,U�O,dfe�ab _ dfe*QTO F ¡&�(¢�¢�£ ^ ik`ce�WTPRO,a�z 52 ≤ nk ≤ 338
} H ��i�¤j��WTPRO FIH ¥ Q _ dTdTOZnmO a ^yx h,U|i7QTOZn�i&a�e�PRW ^ e�WTPROQTW���P�ik` x O ^,_ dTaRlmQTh,PRh�i�b�O ^ θ = 3

O,d�i�MfikdfeZ¤c¦ch(WTdTO(Qji	e�O7QTO ^ ik`ce�WTPRO ti
H K _ U�U�O&lmnGi�h�e�h&bIWikW ^yx ik`Tl�e�PRO(¡I~2WTdTO(ikPR��e�O&PRO,nml�ikdfe QTO,WI¦ _ NTaRO,P�bki	e�l _ dTa O,a�eZ` _ dTQTh,PRh,O7`jikP nmO�`TP _ QTWTl�e QTO,aB` _ lmQTaQTO,a�lmdTQTl�bIlmQTWTa ^,_ PRPRO,aR` _ dTQjikdfe�a § H

��i ^ ik`ce�WTPRO�QTO,a�U _ Wcb�O,U�O,dfe�a3PRO,aR`GO ^ e�O�n�i¨d _ PRU�OXa�eyikdTQjikPRQ©lmdfe�O,PRdji	e�l _ djiknmO�ª;�t�(Y&] w]��T«V¬	]�� K=® ¥�¥ srQTOg¡k>�>�?g�2WTl8aR`Gh ^ l�¤jO�n�ig¯ _ PRU�OVO�e7n�ira�e�PRW ^ e�WTPRO�Q�o x WTU|ikd _k° QTO,a&PRO,`TPRh,aRO,dfe�h,aaRWTP _ PRQTlmdji	e�O,WTP HI± _ PRU�O,nmnmO,U�O,dfe�~�` _ WTPBWTd�U _ Wcb�O,U�O,dfeZlmdTQTl�bIlmQTWTO,np~ _ d�aRO7P�ikU��,dTO(��`TP _I^ h,QTO,P�Xnpo ikdjikn�MIaRO�aRlmU²WTn�eyikdTh,O�Q�o WTd³��P _ WT`GO�QTO�e�P�i�RO ^ e _ lmPRO,agPRO,`TPRh,aRO,dfeyikdfe|nmO�QTh,`Tn�i ^ O,U�O,dfege�PRlmQTl´�U�O,dTaRl _ dTdTO,n*Q�o WTd ^ ik`ce�O,WTP H �*o O,dTaRO,U²NTnmO|d _ WTa�Q _ dTdTO�n�i3QTO,a ^ PRlm`ce�l _ dµQTW�QTh,`Tn�i ^ O,U�O,dfe�Q�o WTdaR�2WTO,nmO�eRe�O;Wce�lmnmlmaRh ^,_ dfb�O,dfe�l _ dTdTO,nmnmO,U�O,dfe*O,d ^ ik`ce�WTPRO;QTO;U _ Wcb�O,U�O,dfe x WTU|iklmdgi�b�O ^ U|ikPR�2WTO,WTPRa¶ �&KZ�8�c®�£ · H
u�¸�¹yºB»,¼f½�¾�¿kÀ�»,ÁtÀ´Â�Ã2º º�¹�½�Â�Ã	Á4ÄfÁtÀÆÅÆÀ´º�¾y¹yº4ÇTÂ�Äf½*Å´¹yº4½�¹�Çf½�¾yº�¹�Ã	Á�»,ÁtÀ´Â�Ã2º È½�»,ÇfÉfÀ´Ê	Ä2¹yº�Ë§�Ì ÃrÄfÁtÀÆÅÆÀ´º�¹;Å�»7Ã2Â�Á�»,ÁtÀ´Â�Ã

pi
»,ÄrÅÆÀ´¹�ÄrÍf¹

pti

ÇTÂ�Äf½*Ã2¹;ÇI»�º4¹�Ã2ÎyÂ�Ï&¼f½�¹�½ Å´¹yº*Ã2Â�Á�»,ÁtÀ´Â�Ã2º�Ë
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t

t

t

t

t

i+1

i

i-1

i-2

i+2

t

t
i-3

t i+3

p pi i+1

p pi i-1

p pi i-3

p pi i+2
p pi i+3

p pi i-2

X(      )i-3t

X(      )i-2t

X(      )i-1t

X(   )it

X(      )i+1t

X(      )i+2t

X(      )i+3t

Observations

Individus

Sous-tableau

x  |  y  |  z  |   . . .   |  x  |  y  |  z  |   . . .

Variables-capteurs

áBâDã;äGåIæ àVçLè2é�êRëTì�é�ëTêRíVîTëLï�ê�ðkñTòTí|ó
θ = 3 ô ñGõ�ëTê;ëTöTí�õ�÷TøRí,ê�ùkð	é�úmõ�ö�ûcücý,í ti

æ
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º.»�¼�½I¾2¿ ÀVÁ�Â�Ã�Ä�Å%Æ�Å%Ç�È{É,ÇQÊ(Ç�Æ�Ã�Ë,ÌYÍ5ÅSÍ5Î:Í5Å%Ã�Ë�Ï�ÐÑÉ,ÇQÒGÃ�Î:Ó�Ç�ÒGÇ�Ë4Í5Ì*ÉDÔ#Ë,Ì(Õ�Ì�¿

Ì(Ã�Ë4Í*Å%Ë,É,Õ�ÖIÇ�Ë,ÉDÔ#Ë4Í5Ç�Ì*É,ÇCÈ8× Ã�Ê(Å%Ç�Ë4ÍNÔ?Í5Å%Ã�Ë>Å%Ë,ÅSÍ5ÅBÔ#È%Ç*É,ÎsÉDÔ#Ë,Ì(Ç�Î,Ê�¿�ÂyÔPÖIÃ�Ì(ÅSÍ5Å%Ã�ËoÅ%Ë,ÅSÍ5ÅBÔ#È%Ç*É,Î�ÉDÔ#Ë,Ì(Ç�Î,Ê
Ø ÎDÔ#Ë4ÍGÙmÇ�È%È%ÇoËK× ÔmÔ#Î,Æ�Î,Ë,Ç�Å%Ë:ÚDÎ,Ç�Ë,Æ�Ç�Ì(Î,ÊJÈ8× Ô#ËDÔ#ÈSÛ2Ì(ÇsÙmÆRÔ#Î,Ì(Ç�É,ÎnÆ�Ç�Ë4Í5Ê5Ô#Ä�Ç�Ô#Î:Í5Ã�Ò>Ô?Í5Å Ø Î,ÇoÉ,Ç�Ì
Ó#Ô#Ê(ÅBÔ#Ü,È%Ç�ÌCÔ#È%ÕRÔ?Í5Ã�Å%Ê(Ç�ÌCÖDÔ#ÊCÈ%ÇqÈBÔ#Ö,ÈBÔ#Æ�Å%Ç�ËK¿KÝ�Î,Å%Ì Ø Î,ÇGÈBÔoÒGÕ�Í5Ê(Å Ø Î,Ç M

Ç�ÌYÍXÈ8× Å%É,Ç�Ë4Í5ÅSÍ5Õ#ÞKÆNßDÔ Ø Î,Çoà6Ý
Ç�ÌYÍ�Î,Ë�Ó�Ç�Æ�Í5Ç�Î,Ê�Æ�Ã�Ë,ÌYÍ5ÅSÍ5Î,ÕCÉ,Ç�Ì�Ö,Ê(Ã2É,Î,ÅSÍ5Ì6Ì(ÆRÔ#ÈBÔ#Å%Ê(Ç�Ì�Î,Ì(Î,Ç�È%Ì*Ç�Ë4Í5Ê(ÇVÈ%Ç�Ó�Ç�Æ�Í5Ç�Î,Ê�Ö,Ê(Ã�Ö,Ê(ÇQÔ#Ì(Ì(Ã2Æ�Å%ÕQÇ�Í
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2× 3 xzy npwprhl�w�l�u|{,}:r xzy ~ te�;��l���r;np�:}Gw ~ �:���;}h� θ = 10 �p� wpr;��� � r0s\��R�	�e�A� x � ~%� ��r�sAtpuvl�w 1× 2 xzy npwpr	l�w�l�u|{,}:r xp� }:o;� � � � w�l�wm��r xzy ~ te�;��l���r;np�:}-w ~ �:���;}	� θ = 10 �

� wpr;��� � r�sT[��m�	� f

x r�o;r����;u��;��r;wm�7o ~ �:�:r;}:t ~ w x l�wm� xp~ wpo2�Rn�l�wm�0��r;u�u�r���u y �;o!q�l�wm� � u�u ~ w xzy l�tptp�:r;wm� � }:}�l�j%r fM� y l�t,�tp� ~ o!qpr	r;}��h}:npter;��� � }:�;r	o�l�� ~ w xp� }:t ~ }:r	l1tp� ��~ � �Ex r;}���� � �Rnpr��:��r;} x r	o!q�l��Rnpr��;u��;��r;wm� fz� tp�:�;}tp�:��������l � ��r;��r;wm��}0���%r;wm��npr;u�} x r�u y �;u��;��r;wm����r;}�� � o;r;u�n � ��o � r;}���o ~ ��t�l��:����u y �;o!q�l�wm� � u�u ~ w xzy l�t,�tp�:r;wm� � }:}�l�j%r fe� rho;� � ���;�:r x rho;uvl�}:}:r;��r;wm�-r;}�� x r x ����r;�:� � wpr;�G} � u y �;u��;��r;wm����r;}��Ur��Uu�r�o;r;wm���:r x rj%��l�� � ��� xzy npwpr	o;uvl�}:}:r	u�r�tpu�np}'tp� ~ o!qpr���r;w���r;�:��r x r xp� }��!l�wpo;r0r;npo;u ��xp� r;wpwpr x l�wp}�u y r;}:t�l�o;r x rtp� ~]� r;o�� ��~ w��7} ~ wm� � }:}:np} x n ��¡;��r¢uvl�£er;u fM� l�tp� ~ o;� x np�:r�r;}���r;wp}:n � ��r��:� � ���;�:�;r1r;w tp�:�;u�r���l�wm�
npw�l�n¤���:r-�;u��;��r;wm�¥��r;}�� f�¦ w�o�l�u�o;npu�rUr;wp}:n � ��r'u�rU�!l�n,§ x r'o;uvl�}:}:r;��r;wm��r;w�} ~ ���2l�wm�¥u�r-w ~ ��£p�:r
xzy �;u��;��r;wm�-�:r;o ~ wpwRn��Rnpr0u y ~ w xp� � � }:r7t�l��Uuvl	�!l � u�u�r x r�uvl�t ~ tpnpuvl�� ��~ w f�� �%r;o0u�r;}U��¡;��r;}Uw ~ �!l]�� ��~ wp}Y�Rn y l�n���� ~%� } � �;��r-o!q�l�t � ���:r � u�r;}�r;wpo�l x �:�;} d,f � r�� d,f¨d xp~ wpwpr;wm�Uu�r;} xp�|© �;�:r;wm��r;}G���!l�ter;} x ruvl�tp� ~ o;� x np�:rhu�r�l��%r�� ~ wpr ~ n¤�Gt ~ np�Yu y l�w�l�u|{,}:r xzy ~ te�;��l���r;np�:} f
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� r;}U�:�;}:npu|�!l���} x ���!l � u�u��;} x r;}G�!l�n,§ x r7o;uvl�}:} �|¹ o�l�� ��~ w�t�l�����l�u ��x l�� ��~ w�o;� ~%� }:�;r � t ~ np�Gu�r;}Go�l�}l�w�l�u|{,}:r xzy ~ te�;��l���r;np�:}Ew ~ w�w ~ �:���;} � w ~ �:���;}Mr��Jl�w�l�u|{,}:r xp� }:o;� � � � w�l�wm��r xzy ~ te�;��l���r;np�:}Ew ~ �:���;} �} ~ wm�'tp�:�;}:r;wm���;}hl�n,§)�!l�£pu�r�l�n,§ d,f � � d,f¨º r�� d,f » fA¼ ~ np�'o!q�l�o;npw xzy r;n,§�r;}�����r;wm� ��~ wpwp�7u y r © r;o�� �|½
x r;} � wp}��!l�wpo;r;}1�:r;o ~ wpwRnpr;} ~ n¾w ~ w¿l � wp} � �Rnpr�u�r;}¢�!l�n,§ x r��:r;o ~ wpw�l � }:}�l�wpo;r�j%u ~ £�l�n,§ � t ~ np�
θ ∈ {1, 2, 5, 10, max} faÀ ~ np}¢o ~ wp}:r;��� ~ wp}�u�rÁo!q ~%� § x r m = 15

tp�:r;� � r;�:}¢l]§¤r;}1t ~ np�¢u�r;}tp� ~]� r;o�� ��~ wp} f
� r'�!l�£pu�r�l�n d,f � � ~ te�;��l���r;np�:}�w ~ w�w ~ �:���;}!� xp~ wpwpr;wm� x r;}Y�!l�n,§ x rh£ ~ wpwpr��:r;o ~ wpw�l � }:}�l�wpo;rtpu�np} ½ l � £pu�r;}-�Rnpr�u�r;}hl�n¤���:r;}�o�l�} fV� r;}��!l�n,§Âl�npj%��r;wm��r;wm�hu�r;}�u � l � } ~ wp}-t ~ np�'u�r	j%��l�tpqpr	r��hu�r;}
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éëêMì�ípî�ï�ì�ð X = (X1, . . . , XN) ñé¿ò'ó�ì�ôpõpï;ö�÷pï�ó:ï;îvì�ø�ù�ú%û1ípù�û�ì�ù�ó:ï Gk

÷pï�ü!õ�ì�ýRðpïhö:ú%ðpö3þ�ø!ì�ípî�ï�ì�ð Xk ñé¿ÿ���ø�ó:ù�ýRðpï;ö Mk
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 Ù�Þ�Ü]æ�Õ�è
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τ ← 0� ú%ðpó k ì�î�îvì�ûmøY÷pï Ñ�� N ������������

X � ���! #"%$'& Xk
è

Xk = (X1, . . . , Xk−1, Xk+1, . . . , XN)

[Uk,Lk, Γk, Ok] = ARO(Xk)
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m � �*&�@A�2&��*�%?-B�&/� è� ú%ðpó i ì�î�îvì�ûmøY÷pï Ñ�� m � v(i) = trace(ΓkO

k
i ) CED ù�û � ú%ðpó

F ?#7
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& è
ind = argmaxj=1,...,K−1 ‖tv − Gk

m(j)‖)4U Gk
m(j)
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τ
è

_ ù Class(Xk) = Class(Xind) � ì�î�ú%ó:ö τ ← τ + 1 C8D ù�û _ ù
D ù�û � ú%ðpó

taux = τ/N

`VacbcdJe ñ Ó égfTï�ì-�%ï�þ�ú%ûpï�ú%ð¤øGôeú%ðpóYî2h ì�û�ì�î�i,ö:ï'÷jh ú%ôJ�;ó�ì�ø�ï;ðpó:ö�÷pï�ü;úZ��ì�ó:ùvì�ûpü;ï�ó:ï;îvì�ø�ù�ú%ûpûpï;î�î�ï ñ



kmlonXprq�sctouwv'xgnXpKpKyzq�kcn�s{q�|~}X� �����

�K�'�M�J���*�J�G���J�z�]�r�J�G�R�,���8�G�8�!�G�����{�1�-���4�1���1�G�8�J�Z���K���E�r�'�����Z���G�4�
�T�J�Z���'���A�
� �c¡#¢¤£
¥-¡#¦ X = (X1, . . . , XN) §�©¨Tª*¡#«¤¬¤¥�\®¤¥<ª>¥�£¯¡4°*±
²�³R¢¤±
³8¡#±
ª>¥ Gk

®¤¥<´/¬8¡#µ'¦¤¥�>²�¦¤,¶S°/¡#¢¤£
¥-¡#¦ Xk §�©·�¸�°*ª>±
µ'¦¤¥� Mk
>¦¤ª\£
¥�\±
³¤®¤±�¹�±
®¤¦¤º®¤¥ Xk §��»o²�¼H¢¤ª>¥ m ®¤¥<«¤ª>¥�¼]±
½�ª>¥�\«¤ª>²�¾>¥�´�°*±
²�³¤ §�©·�¸�°*ª>±
µ'¦¤¥ P ®¤¥<£¯¡H¿Àª>¸�µ'¦¤¥�³¤´�¥�®¤¥�o´�£¯¡#>>¥� §

Á �E�Z���À���
� �c¡#¦�Âg®¤¥<¢J²�³¤³¤¥<ª>¥�´�²�³¤³8¡#±
>*¡#³¤´�¥ taux §
Ã����z�����{�G���Ä�
τ ← 0Å ²�¦¤ª k ¡#£
£¯¡#³M°~®¤¥ ��Æ N ÇÈ�É]Ê�Ë�Ì�Í

X Î Í�Ï!Ð#Ñ%Ò'Ó Xk
�

Xk = (X1, . . . , Xk−1, Xk+1, . . . , XN)
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Â °�¯h¸�ÃUÄ{´�¶�¹�¼�¸�&®,º�®7¹�°�®HÅ��¸
τ
�
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θ C = K = 14 C = 14, K = 19 C = K = 19

max 0.101± 0.014 0.087± 0.013 0.079± 0.013Ñ P
0.093± 0.010 0.085± 0.008 0.075± 0.007X
0.097± 0.010 0.088± 0.009 0.081± 0.009p
0.105± 0.013 0.098± 0.008 0.092± 0.009Ñ
0.110± 0.011 0.101± 0.009 0.094± 0.009
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¸�º�±�¹�ÁJ×<½ ®�²�³ ®Pµ�¹�±>´�Ø µ�· ÄJ±�µ.´��°�ÅPµ�±Oµ�±�²i®|¸�®|ÉZ³ º�µfÇi®�±H¶�±O¿�¹�³ Å�¾�±Oµ�±�²�¸�Ñ5¶�º�°�º�µ�±�¹¶�±�¯�¶�ºQ³ º�¯��²�¯
±�²
µ�¹�±(¶�±�¯Tº�²�¸�º À º�¸�®�¯�Ä@�²�Å�±�®PµO¹�±�°(³ ¹�Çi®�±�¹TÇi®�±(¶%½ ±�¯[µ�º�°(³Xµ�±�®�¹�µ�±�²�¸oÑ!Ô�µ�¹�±(Å�¶�®�¯T¹��»�®�¯[µ�±EÑ!¶Q³
Å�¹�·�¯�±�²�´�±�¸�±HÅ��º�²
µ�¯.³ »�±�¹�¹�³ ²
µ�¯�ÄJ¯��®�¯T¹�·�¯�±�¹ À ±�Çi®�±H¶�±�®�¹�¯�¶�ºQ³ º�¯��²�¯^¯��º�±�²
µT·�¿
³ ¶�±�°�±�²
µ�¶�º�°�º�µ�·�±�¯
Å#³ ¹�¶Q³>¹�±�¶Q³Xµ�º��²E»�º�²#³ º�¹�± Á

Ù�²q³ ®Pµ�¹�±�Å��º�²
µ�Çi®�º@²J½ ³>Å#³ ¯·�µ�·T³ »��¹�¸�·�±�¯[µ�¶�±fÅ�¹��»�¶�Î�°�±�¸�±�¸�º�°�±�²�¯�º��²�²#³ ¶�º�µ�·�±�²!´�¶Q³ ¯�¯�ºËÊ
Ð#´W³Xµ�º��²!²��²q¯�®�Å�±�¹ À º�¯�·�±<Å#³ ¹�¶Q³HÅ�¹�U´�·�¸�®�¹�±OÓlÚ�Ä�³ ¯�¯�U´�º�·TÑ�¶Q³H´��² À ±�¹�¿�±�²�´�± À ±�¹�¯f®�²q°�º�²�º�°(³
¶�U´W³ ¶%Á#×<½ ®�²�±<°(³ ²�º�Î�¹�±.¿�·�²�·�¹�³ ¶�± ÄS±�µf°�Ô�°�±T³ À ±�´O¶%½ ·�µ�³ Å�±Tº�²
µ�±�¹�°�·�¸�ºQ³ º�¹�±�¸�±T¶%½ ³ ¶�¿��¹�º�µ�¾�°�±TÛ�ÜÞÝXß
à�á�â Û�ÜZã à|ä�å�æ#ä�à Ü â ÜZã%ÝXç#ßÞè âWå ãéè>ã�ê â ÜZã%ÝXç#Äj²��®�¯5²J½ ³ À �²�¯5Å#³ ¯E¶Q³�´��² À ±�¹�¿�±�²�´�± À ±�¹�¯5¶�±q°�º�²�º�°O®�°
¿�¶��»#³ ¶%ÁSÕp�®�¹fÅ#³ ¶�º�±�¹�ÑE¶Q³�´��²
µ�¹�³ º�²
µ�±<¸�±O¸�º�°�±�²�¯�º��²�²#³ ¶�º�µ�· Ä�®�²�±O·�µ�³ Å�±O¸�±OÅ�¹�·xÊëµ�¹�³ º�µ�±�°�±�²
µ^¸�±
µÞÈUÅ�±qì�ívÕ{Ée�²�¸�·�±n¯�®�¹(®�²�±n°�·�µ�¾�U¸�±!¸J½ ³ ²#³ ¶�ÈU¯�±q°O®�¶�µ�ºËÊëµ�³ »�¶�±W³ ®UîÍ´��°�°�±!¶%½ ³ ²#³ ¶�ÈU¯�±/ÉZ³ ´�µ�XÊ
¹�º�±�¶�¶�±°O®�¶�µ�º�Å�¶�± ÁiÓj²5¯�·�¶�±�´�µ�º��²�²#³ ²
µ�®�²E²��°O»�¹�±f¹�·�¸�®�º�µv¸�±.ívÕpÄP´�±�¶Q³<Å�±�¹�°�±�µ�µ�¹�³ º�µ:¸�±f¸�º�°�º�²i®�±�¹
¶Q³n¸�º�°�±�²�¯�º��²Í°(³Xµ�¹�º�´�º�±�¶�¶�±�¸�±/°(³ ²�º�Î�¹�±E¯�º�¿�²�º�Ð#´W³Xµ�º À ±E±�µ�±�Ö�´W³ ´�±q³ ®4¸�·�µ�¹�º�°�±�²
µH¸�±/¶Q³nÅ�±�¹[µ�±
¸J½ º�²PÉe�¹�°(³Xµ�º��²JÁ#×^±OÅ�¶�®�¯�Ä�²��®�¯f³ À �²�¯�Å#³ ¹^¯[ÈU°�·�µ�¹�º�± p(p+1)

2

Å#³ ¹�³ °�Î�µ�¹�±�¯f¶�º�»�¹�±�¯�Å��®�¹^¶�±�¯^°(³�Ê
µ�¹�º�´�±�¯^¸�±<´� À ³ ¹�ºQ³ ²�´�± Á�×^Î�¯f¶��¹�¯�ÄS¶�±T²��°O»�¹�±<¸�±<Å#³ ¹�³ °�Î�µ�¹�±�¯fÑ�±�¯[µ�º�°�±�¹�Å�±�®PµfÔ�µ�¹�±<µ�¹�Î�¯^¿�¹�³ ²�¸
´��°�Å#³ ¹�·EÑq¶Q³/µ�³ º�¶�¶�±H¸�±E¶%½ ·�´�¾#³ ²
µ�º�¶�¶��²JÁpí:±�¶�±�®Uî ä Ü â ï�ðvñ í�ò �
ó ô Å�¹��Å��¯�±�²
µ>¶%½ º�²
µ�¹�U¸�®�´�µ�º��²�¸�±
°�U¸�Î�¶�±�¯>Æ�´��²
µ�¹�³ º�²
µ�¯_Æ<±�²|±xîPÅ�¹�º�°(³ ²
µ�¶�±�¯f°(³Xµ�¹�º�´�±�¯^¸�±>´� À ³ ¹�ºQ³ ²�´�±>ÑEÅ#³ ¹[µ�º�¹^¸�±>¶�±�®�¹^¸�·�´��°>Ê
Å��¯�º�µ�º��²n¯�Å�±�´�µ�¹�³ ¶�±H±�µT¯��®�¯.¸�±�¯T¾
ÈUÅ� µ�¾�Î�¯�±�¯T¶�º�·�±�¯.Ñ5¶�±�®�¹fµÞÈUÅ�± ÄF¶�±�®�¹ À �¶�®�°�± ÄJ¶�±�®�¹fÉe�¹�°�±>±�µ
¶�±�®�¹�¹�º�±�²
µ�³Xµ�º��²JÁSõ@±T»�®Pµ^±�¯[µf¸�±<¹�·�¸�®�º�¹�±T¶�±.²��°O»�¹�±T¸�±<¸�¸�¶p³XÐ#²n¸J½ ³XöJ³ º�»�¶�º�¹v¶�±.°�U¸�Î�¶�±.Å��®�¹
®�²�±O°�±�º�¶�¶�±�®�¹�±T´��² À ±�¹�¿�±�²�´�±H¸�±>¶%½ ³ ¶�¿��¹�º�µ�¾�°�± Á�Â÷¶Q³�»#³ ¯�± ÄJ´�±�µ�µ�±>·�µ�®�¸�±H³(·�µ�·>°�±�²�·�±OÅ��®�¹^¶�±
´�¶�®�¯[µ�±�¹�º�²�¿>¸�±�Å��º�²
µ�¯v¸��²
µ¶Q³<¸�±�²�¯�º�µ�·�¯�½ ±xîPÅ�¹�º�°�±�´��°�°�±f®�²/°�·�¶Q³ ²�¿�±^¸�±�¿
³ ®�¯�¯�º�±�²�²�±�¯�Á#ì À ±�´¶�±�¯l°�Ô�°�±�¯�²� µ�³Xµ�º��²�¯�Çi®�±^¶%½ ³ ¹[µ�º�´�¶�± Ä�¶�±�¯�°(³Xµ�¹�º�´�±�¯l¸�±�´� À ³ ¹�ºQ³ ²�´�±�¯�½ ±xîPÅ�¹�º�°�±�²
µ:¯��®�¯:¶Q³�Ée�¹�°�±.ø

Σk = λkDkAk
tDk ùZú Á ��û�ü

λk = |Σk|1/p Ä Dk
±�¯[µj¶%½ ±�²�¯�±�°O»�¶�±v¸�±�¯ À ±�´�µ�±�®�¹�¯�Å�¹��Å�¹�±�¯j¸�± Σk

±�µ
Ak

¶Q³^°(³Xµ�¹�º�´�±:¸�ºQ³ ¿��²#³ ¶�±
¸�±�¯ À ³ ¶�±�®�¹�¯�Å�¹��Å�¹�±�¯µ�¹�º�·�±�¯�±�µ^²��¹�°(³ ¶�º�¯�·�±�¯�¸�±.ÉZ³ ý��²nÑ�³ À �º�¹ |Ak| = 1

ÁSõ@±�¯^Å#³ ¹�³ °�Î�µ�¹�±�¯
λk

Ä
Dk

±�µ
Ak

¯��²
µO¹�±�¯�Å�±�´�µ�º À ±�°�±�²
µ>³ Å�Å�±�¶�·�¯�þ Ý ï ÿ è ä Ä � Ý��xè ä ±�µ/Ý��xã ä ç#Ü â ÜZã%ÝXç4¸�®
k
Î�°�±�´�¶�®�¯[µ�±�¹�Á
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¼d½R¾
< X, Y >∆ = ∆(X).Y = D(X).Y −A(X).Y ¿�À6ÁFÂ)Ã

=

∫

Ω

(
X(ω)Y (ω)deg(ω)−X(ω)

∫

Ω

Y (ω′)g(ω, ω′)dP (ω′)

)
dP (ω)

Ä ½+Å#ÆDÇ�ÈN¼DÉFÊJÉ9Ë;¼RÆDÌ
deg(ω) Í Ë;¼|Ë;Î4ÊJÉ9Ì�¼�Ê?¾

∆(X).Y =

∫∫

Ω×Ω

X(ω)(Y (ω)− Y (ω′))g(ω, ω′)dP (ω′)dP (ω) ¿�À6ÁÐÏ;Ã
Ñ6Ò ½+ÓDÅ=Ô�Õ�Ö9Ì%ÊJ×DÇ�Ë;Å=Ô�ØAÌ?ÆDÌHÙNÚDÎDÉ9¼DÉ�¾

1

κ
< X, Y >∆ =

1

2κ
(∆(X).Y + ∆(X).Y ) ¿�À6Á Û�Ã

=
1

2κ

∫∫

Ω×Ω

X(ω)(Y (ω)− Y (ω′))g(ω, ω′)dP (ω′)dP (ω)

+
1

2κ

∫∫

Ω×Ω

X(ω′)(Y (ω′)− Y (ω))g(ω′, ω)dP (ω′)dP (ω)



Ü
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ì�í4îNíWïNð�ñ;òAòAóCô9óCõ;öJ÷+øDùDóCó�ú^û%ú^ü�òAý�ûJö=þ9ÿ��Dó��
1

κ
< X, Y >∆ =

1

2κ

∫∫

Ω×Ω

X(ω)(Y (ω)− Y (ω′))g(ω, ω′)dP (ω′)dP (ω)
����� ë�	

+
1

2κ

∫∫

Ω×Ω

X(ω′)(Y (ω′)− Y (ω))g(ω, ω′)dP (ω′)dP (ω)

=
1

2κ

∫∫

Ω×Ω

X(ω)(Y (ω)− Y (ω′))g(ω, ω′)dP (ω′)dP (ω)

− 1

2κ

∫∫

Ω×Ω

X(ω′)(Y (ω)− Y (ω′))g(ω, ω′)dP (ω′)dP (ω)

=
1

2κ

∫∫

Ω×Ω

(X(ω)−X(ω′))(Y (ω)− Y (ω′))g(ω, ω′)dP (ω)dP (ω′)

= Covg(X, Y )


��� �������������������! "�����$#&%��('&�)�*'&�) "�+�!���

,.-0/1-32 46587:9;58<>=@?A= /

B ñ;þFû
g
�Dí|õ;öJ÷+øDùDó?ÿ��Dó�ô9ð�ñ;íDÿ��DóC�
Covg(X, Y ) =

����� êD	
=

1

2κ

∫∫

Ω×Ω

(X(ω)−X(ω′))(Y (ω)− Y (ω′))g(ω, ω′)dP (ω)dP (ω′)

=
1

2κ

∫∫

Ω×Ω

(X(ω)−X(ω′))Y (ω)g(ω, ω′)dP (ω)dP (ω′)

− 1

2κ

∫∫

Ω×Ω

(X(ω)−X(ω′))Y (ω′)g(ω, ω′)dP (ω)dP (ω′)

E ó?ÿ��Dþ�FDñ;íDíDó?ó�ídø1ó�ö=òG�4û_÷+í�û#ô9ó�ú�þ9í8FDþ9ð�ó�ú�F8�|ú=ó�ð�ñ;í8FtûJó�ö=òAó��
Covg(X, Y ) =

1

2κ

∫∫

Ω×Ω

(X(ω)−X(ω′))Y (ω)g(ω, ω′)dP (ω)dP (ω′)
����� H 	

− 1

2κ

∫∫

Ω×Ω

(X(ω′)−X(ω))Y (ω)g(ω′, ω)dP (ω)dP (ω′)

Covg(X, Y ) =
1

2κ

∫∫

Ω×Ω

(X(ω)−X(ω′))Y (ω)g(ω, ω′)dP (ω)dP (ω′)

+
1

2κ

∫∫

Ω×Ω

(X(ω)−X(ω′))Y (ω)g(ω′, ω)dP (ω)dP (ω′)
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Covg(X, Y ) =

1

κ

∫∫

Ω×Ω

(X(ω)−X(ω′))Y (ω)

(
g(ω, ω′) + g(ω′, ω)

2

)
dP (ω)dP (ω′)c�d�egfDh

i�jlkDm�npo8q8j
g∗ r�s8tvu (ω, ω′)

npwxwx_ya t j (g(ω,ω′)+g(ω′,ω))
2

jWw3z;w3{y|C}"z�m t~r�s jlj"z�_D`�n&b
Covg(X, Y ) =

1

κ

∫∫

Ω×Ω

(X(ω)−X(ω′))Y (ω)g∗(ω, ω′)dP (ω)dP (ω′)
c�d�e ��h

Covg(X, Y ) =
1

κ

∫∫

Ω×Ω

(X(ω′)−X(ω))Y (ω′)g∗(ω, ω′)dP (ω)dP (ω′)
c�d�e ��h

= −1

κ

∫∫

Ω×Ω

(X(ω)−X(ω′))Y (ω′)g∗(ω, ω′)dP (ω)dP (ω′)
c�d�e [�� h

�:`�np�8� t z t _D`8`�np`�z1�~jWw+��_Dmx| s �~jWw c d�e � h j"z c d�e [�� h�� _D`�jW`��8}W� s8t zlb
Covg(X, Y ) =

1

2κ

∫∫

Ω×Ω

(X(ω)−X(ω′))(Y (ω)− Y (ω′))g∗(ω, ω′)dP (ω)dP (ω′)
c�d�e [D[ h

�.�0�1�0� �6�8�:�;�8�>�@�A� �

� `�`8_pz�j�o�npm
deg(ω)

�~j��8jWkDmx}��8j���n�|CjWw s mxj ω
o�_ s m g

e i!n�aW_D`8`8jWa"z t��yt z�}�� s kDm�npo8q8jaW_D|Co8�~}W|CjW`�z n t mxj;wxj*a¡np�~a s �~jK�8jl��n¢|£np` t~¤ mxjKw s8t�� np`�z�j�b
κ =

∫

Ω

deg(ω)dP (ω)
c�d�e []¥ h

=

∫∫

Ω×Ω

(1− g(ω, ω′))dP (ω′)dP (ω)

= 1−
∫∫

Ω×Ω

g(ω, ω′)dP (ω′)dP (ω)

= 1−
∫

Ω

deg(ω)dP (ω)

= 1− κ^�¦ npo8m ¤ wS��nG� t `8}¡npm t z�};�8jl�0¦ t `�z�}WkDm�np�~j � t �@jWw3z;aW��n t m r�s j*�0¦ _D`�n¢�~jWw+��_Dmx| s �~jWw�b
Cov(X, Y ) =

1

2

∫∫

Ω×Ω

(X(ω)−X(ω′))(Y (ω)− Y (ω′))dP (ω)dP (ω′)
c�d�e [�§ h

=
1

2

∫∫

Ω×Ω

(X(ω)−X(ω′))(Y (ω)− Y (ω′))g(ω, ω′)dP (ω)dP (ω′)

+
1

2

∫∫

Ω×Ω

(X(ω)−X(ω′))(Y (ω)− Y (ω′))g(ω, ω′)dP (ω)dP (ω′)

= κCovg(X, Y ) + (1− κ)Covg(X, Y )^;_D`8a�b
< X, Y >∆ ¨ =< X, Y >∆ + < X, Y >∆ ¨ −∆

c�d�e [¡© h
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¹.º0»1º½¼ ¾6¿8À:Á;¿8Â>Ã@ÄAÃ Å

Æ�Ç ÈpÉ8ÊxËWÌCÍ�ÈÎÉ8ÊxÏDÉ8ÊxÐ~Ñ"Ò�Ñ Ó Ô:ÏDÕÖÉ�×WØAÒCÌxØ8É8É�ÏDÌx×WÊCÌ�ÈpÕ8ÌCÉ�×WÊ3Ò�×�Ù8×�ÚDÑWÕ8ÑWÊ�ÈpÍ~Ð�Ò�Ñ&Í�ÈÎÌ3ÛyÜCÑ"Ò�ÊxÐ~×&Ù8ØÚDÊ�ÈpÉ8Ý8×pÞàß:Õ�ØAÒ�Ð~Í~Ð~Ì�ÈpÕ�Ò+Í�ÈGÙ8Ñ"á�Õ8Ð�Ò�Ð~ÏDÕ Ó Ô8ÏDÕ�×WÕ�Ù8ÑWÙ8Ø8Ð�Òlâ
Covg(X, Y ) =

1

κ
< X, Y >∆ ã�ä Þ ¶]·Då

=
1

κ

∫∫

Ω×Ω

(X(ω)Y (ω)−X(ω)Y (ω′))g(ω, ω′)dP (ω)dP (ω′)

=
1

κ

∫

Ω

X(ω)

(
Y (ω)− 1

deg(ω)

∫

Ω

Y (ω′)g(ω, ω′)dP (ω′)

)
deg(ω)dP (ω)

=
1

κ

∫

Ω

X(ω) (Y (ω)− E(Y |g)(ω))deg(ω)dP (ω)

=

∫

Ω

X(ω) (Y (ω)− E(Y |g)(ω))dQ(ω)

= < X, Y − E(Y |g) >Q

¹.º0»1º�Å ¾6¿8À:Á;¿8Â>Ã@ÄAÃ æ

çèÍ�ÌxØAé�ÒCÙ�Ç ÈpÉ8É8Í~Ð~ê�Ø8×WÊ�Í~×�ÊxÑWÌxØ8Í�Ò ÈëÒ�Ù8×�Í�ÈÎÉ8ÊxÏDÉ8ÊxÐ~Ñ"Ò�Ñ�É8ÊxÑWìWÑWÙ8×WÕ�Ò�×�É�ÏDØ8Ê
X

×"Ò
Y í ÈpÊxÐ�Èpî8Í~×WÌÈpÍ~Ñ¡ÈëÒ�ÏDÐ~Êx×WÌ

Q ï ìW×WÕ�Ò�ÊxÑW×WÌ*â
< X, Y >∆ = κ < X, Y − E(Y |g) >Q ã�ä Þ ¶�¸�å

= κ < X, Y >Q −κ < X, E(Y |g) >Q

= < Y, X >∆

= κ < Y, X − E(X|g) >Q

= κ < Y, X >Q −κ < Y, E(X|g) >Q

= κ < X, Y >Q −κ < E(X|g), Y >Q

Æ;ÏDÕ8ì�â
< E(X|g), Y >Q=< X, E(Y |g) >Q ã�ä Þ ¶]ðDå
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EQ(E(X|g)) =

∫

Ω

E(X|g)(ω)dQ(ω) ����� ý����

=

∫

Ω

(
1

deg(ω)

∫

Ω

X(ω)g(ω, ω′)dP (ω′)

)
dQ(ω)

=
1

κ

∫∫

Ω×Ω

X(ω)g(ω, ω′)dP (ω′)dP (ω)

=
1

κ

∫

Ω

X(ω)

(∫

Ω

g(ω, ω′)dP (ω′)

)
dP (ω)

=
1

κ

∫

Ω

X(ω)deg(ω)dP (ω)

=

∫

Ω

X(ω)dQ(ω) = EQ(X)

�! #" $&%('*),+*-/.10324+5.164'�798;:(+<24+*03=98?>9@A64+*0

BDCFEHG�IKJMLONQPSR�PKTVUMLHCXW�G�PKT�PKT#EZY�[	R�JM\]CXNQ[�PSLOPK^_C`EHNbaMPK\FPK[�EVCX[�cKNQPK[edfY�N?C]R�IKg�Y�EHI/CXY ý��Xh \FP
TON h cK^QP]CiaMPKcj^QPKT9EHLHCiaXCXYlkmRon pY�^QPKLqC`rs[mR�P]LOIKTOJMY�R�LOPj^QPFcKIK^ h g�LOP]W�LOJMg�^ h \FPtR�PKTqWuJM[�EHTSR�Pjvxw`y
[�NQUMTOguPKLOU �z PA[�JMTV{OJMY�LOTK|^_C	EHG�IKJMLONQP}\FJlR�PKLO[�PAC~I(EHIAR�I(aMPK^QJMW�WuIAWsCXLF��PKLOUMP�� ��PKLH��� �*P(E]^QPKTCXW�W�^QNQciC`EHNQJM[�T1TOP*TOJM[�E�\qY�^bEHNQW�^QNQIKPKT;RsCX[�TR�NbaMPKLOT�R�JM\]CXNQ[�PKT;EHPK^QT?dfY�P*^_CVc�G�NQ\FNQPX|`^_CVg�NQJM^QJMUMNQPX|�^�n NQ[ly
� JMLO\]C`EHNQdfY�P9P(EZ^QP9EHLHCXNbEHPK\FPK[�E�R�Y�TONQUM[sCX^ �u� N�y�R�PKTOTOJMY�TK|o[�JMY�T � CXNQTOJM[�T�Y�[	LHCXW�WuPK^;TOY�L�dfY�PK^QdfY�PKT[�JXEHNQJM[�T�R�P9gsCXTOP9R�P9^_C�EHG�IKJMLONQPZR�PKTxUMLHCXW�G�PKT �

�4�����;�D�

�x[AUMLHCXW�G�P9TONQ\FW�^QPVPKT#ExY�[APK[�TOPK\qg�^QPS[�JXEHI
(V, E)

JM�
V
PKT#ExY�[ATOJMY�T�y�PK[�TOPK\qg�^QP9rs[�N�R�P

ΩcKJM[�T#EHNbEHY�IVR�PKT*IK^QIK\FPK[�EHT*CXW�WuPK^QIKTx���`�/�]�(���9P(E
E
^QPVTOJMY�T�y�PK[�TOPK\qg�^QPZrs[�NoR�P

Ω× Ω
cKJM[�EHPK[sCX[�E

^QPKT�IK^QIK\FPK[�EHT�CXW�WuPK^QIKTV�X�H (����� � �x[�PVCXLO¡(EHP�PKT#E¢R�NbEHP9�H£�¤*�O¥M¦�§X��TONuPK^Q^QP*cKJM[�[�PKc(EHPVY�[]TOJM\F\FP(E�CiaMPKc^QY�N�y�\F¡K\FP � BDCxrsUMY�LOP ��� ý � C � \FJM[�EHLOP¢Y�[/P¨k�PK\FW�^QP�R�P�LOPKW�LOIKTOPK[�E�C`EHNQJM[/R�P¢UMLHCXW�G�P¢JM�/^QPKT;WuJMNQ[�EHTT#©l\qguJM^QNQTOPK[�E1^QPKT;TOJM\F\FP(EHTDP(E?^QPKT1TOPKUM\FPK[�EHT;LOPK^QN_CX[�E1cKPKL#E�CXNQ[�T1WuJMNQ[�EHT1^QPKT;CXLO¡(EHPKT �Xz PKYlk�TOJM\F\FP(EHTTOJM[�Et��ª#«K�f¬��(s���qTKn NQ^QTxTOJM[�EVLOPK^QNQIKTxWsCXL�Y�[�PqCXLO¡(EHP ��® NDEHJMY�T�^QPKTxTOJM\F\FP(EHT�TOJM[�EZCXR�{HCXcKPK[�EHTK|oCX^QJMLOT^QP�UMLHCXW�G�PxPKT#E�R�NbEV¬��`��¯u°Q�(� �f± JXEHJM[�T�dfYon NQ^sP¨k�NQT#EHPxIKU�CX^QPK\FPK[�E�^QPKT�\qY�^bEHN�y�UMLHCXW�G�PKT?WuJMTOTOIKRsCX[�E¢R�PKTCXLO¡(EHPKT*\qY�^bEHNQW�^QPKT¢\]CXNQT¢cKPZE�©lWuP9R�P9UMLHCXW�G�P9[�P9TOPKLHCtWsCXTxCXguJMLOR�IZRsCX[�T*cKP9EHLHCiaXCXNQ^ �
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(a) (b) (c)

Ã�Ä�Å�ÆÈÇ�É À�Ê�ËÍÌ�Î�ÏZÐHÌXÑ�Ò�ÓZÔOÕQÖFÑ�×QÓxØVË�ÙÈÎ*ÏZÐHÌXÑ�Ò�ÓZÔOÕQÖFÑ�×QÓVÚMÐOÕQÓKÛ�ÜHÝ�ØVË�Þ�Î*ßfàlÖFÝ(ÜHÐOÕQÔOÝ É

á4â�ã�ä;åDæ	çÈâ`è�æléuê�ë

ì Û�íMÐHÌXÑ�Ò�ÓqÓKÔ#Ü9î�ÕbÜVÚMÐOÕQÓKÛ�ÜHÝqÔOÕ;ÚMÛ�×Qï�Õ1ÔOÚMï�ÖFÓ(ÜZï�Û�ÔOÓKÛ�Ô9î�ÓqÑsÌXÐOÞKÚMï�ÐOÔ ÉDð�ñ ÓKÔ#ÜSò]î�ÕQÐOÓqófï ñ ï�Û
ÔOÚMÖFÖFÓ(Ü¢ÌXï�ÐHÌ�Û�ÝKÞKÓKÔOÔHÌXÕQÐOÓKÖFÓKÛ�Ü*ï�Û4ÔOÚMÖFÖFÓ(Ü�ôuõHöH÷fö�ø�ù�ú�ú�ù(ûlõ9Ó(Ü�ú(ûsø�ø�ù�ú�ú�ù(ûlõ É�ð Ó�Ü�àlÑuÓZî�ÓVíMÐHÌXÑ�Ò�Ó
ÓKÔ#ÜqÔ#àlÖqÙuÚM×QÕQÔOÝFÑsÌXÐSî�ÓKÔ�üsýKÞ�Ò�ÓKÔqÚMÐOÕQÓKÛ�Ü�ÌXÛ�ÜqÞ�ÒsÌXÞKï�Û�Ójî�ÓKÔqÌXÐOþ(ÜHÓKÔKÿ;ÞKÚMÖFÖFÓtÕQ×Q×Qï�Ô#ÜHÐOÝFòA×_Ì��síMï�ÐOÓ
Ç�É À Ë�ÙÈÎ É�ð ÒsÌXófï�Ó~ÝK×QÝKÖFÓKÛ�Ü}î�Ó

E
î�ÝKÞKÐOÕbÜ}×QÓ	ÔOÚMÖFÖFÓ(ÜjÚMÐOÕQíMÕQÛ�ÓeÓ(Ü��sÛsÌX×�î ñ ï�Û�Ó�ÌXÐOþ(ÜHÓ	üsÝKÞ�Ò�ÝKÓXÿ

ófï ñ ÚMÛ ÌXÑ�ÑuÓK×Q×QÓFÌXï�ÔOÔOÕ��XõHø É��ñ ÌXÐOÞ]Ìià�ÌXÛ�Ü/ÑuÚMï�ÐSÓ��lÜHÐOÝKÖFÕbÜHÝtî ñ ÚMÐOÕQíMÕQÛ�Ó
ω
Ó(Ü��sÛsÌX×QÓ

ω′ ÔOÓKÐHÌeÛ�ÚXÜHÝ
{ω, ω′} ∈ E

ÉÈì Û ø
	sù������ÌX×Q×_ÌXÛ�Ü�î ñ ï�ÛeÔOÚMÖFÖFÓ(Ü
ω
ò

ω′ ÓKÔ#Ü�ï�Û�ÓSÔOï�ÕbÜHÓ9î�Ó9ÔOÚMÖFÖFÓ(ÜHÔ*Ú��AÑsÌXÔOÔOÓ
ÞKÓSÞ�Ò�ÓKÖFÕQÛAÑuÚMï�Ð*ÐOÓK×QÕQÓKÐ

ω
ò

ω′ É�� Ì��������Xûsù(ûlõ/î ñ ï�ÛAÞ�Ò�ÓKÖFÕQÛAÞKÚMÐOÐOÓKÔOÑuÚMÛ�î	ÌXïeÛ�ÚMÖqÙ�ÐOÓ9î ñ ÌXÐOþ(ÜHÓKÔ
ÑsÌXÐOÞKÚMï�ÐOï�ÓKÔ É

á4â�ã�ä;åDæ���ã�� �Dë

ì ÛmíMÐHÌXÑ�Ò�Ó"!XÌX×Qï�ÝtÓKÔ#Üqï�ÛmíMÐHÌXÑ�Ò�ÓFÚMÐOÕQÓKÛ�ÜHÝ
G = (V, E)

Öqï�Û�Õ�î ñ ï�Û�Ó$#�ÚMÛ�Þ(ÜHÕQÚMÛ
f
î�ÕbÜHÓe÷fù

ø
��%�&�'
f : E → R

Ë Ç�É À)(�Î
ð Ó(ÜOÜHÓ"#�ÚMÛ�Þ(ÜHÕQÚMÛmÌXÔOÔOÚlÞKÕQÓtï�ÛmÐOÝKÓK×

f({ω, ω′}) ò}× ñ ÌXÐOþ(ÜHÓ {ω, ω′} î�ï�íMÐHÌXÑ�Ò�ÓXÿDÐOÓKÑ�ÐOÝKÔOÓKÛ�Ü�ÌXÛ�Üqï�ÛÑuÚMÕQî�Ô�ófï�Ó9× ñ ÚMÛAÌ�*�ÓKÞ(ÜHÓ9ÓKÛ�#�ÚMÛ�Þ(ÜHÕQÚMÛ}î�ÓKÔ*ÔOÚMÖFÖFÓ(ÜHÔ�ÞKÚMÐOÐOÓKÔOÑuÚMÛ�îsÌXÛ�ÜHÔ É

á4â�ã�ä;åDæ,+�-/.më�ê�â`è 01�Dæ

ì Û]íMÐHÌXÑ�Ò�ÓxÚMÐOÕQÓKÛ�ÜHÝxÓKÔ#Ü�Ô#àlÖFÝ(ÜHÐOÕQófï�ÓxÔOÕuÑuÚMï�ÐÜHÚMï�Ü�ÞKÚMï�Ñ�×QÓ
(ω, ω′)

î�ÓxÔOÚMÖFÖFÓ(ÜHÔ�î�ïjíMÐHÌXÑ�Ò�ÓXÿ
ÚMÛAÌ/×_Ì/ÐOÓK×_Ì`ÜHÕQÚMÛ2'

({ω, ω′} ∈ E) =⇒ ({ω′, ω} ∈ E)
Ë Ç�É4365 Î

� Ì"�síMï�ÐOÓ Ç�É43 ÓKÛ	î�ÚMÛ�Û�Óqï�Û�ÓqÕQ×Q×Qï�Ô#ÜHÐHÌ`ÜHÕQÚMÛoÿ�Ú��	Þ�ÒsÌXófï�Ó/ÞKÚMï�Ñ�×QÓ�î�Ó�ÔOÚMÖFÖFÓ(ÜHÔ�ÓKÛ�×QÕ_ÌXÕQÔOÚMÛ}ÑuÚMï�Ð
×QÓ9íMÐHÌXÑ�Ò�ÓSÓKÔ#ÜVÐOÓK×QÕQÝ9ÑsÌXÐxî�ÓKï��	ÌXÐOÞKÔ�ÚMÑ�ÑuÚMÔOÝKÔ É87 Ó�ÖFþKÖFÓXÿs×QÓ/ú�9��]ö�&Íõ�Qú�ö�î ñ ï�ÛeíMÐHÌXÑ�Ò�Ó

G
ÓKÔ#Ü�×QÓ

íMÐHÌXÑ�Ò�Ó*Û�ÚXÜHÝ
G+ tG

ÚMÙ�ÜHÓKÛfïjÌ:!MÓKÞx× ñ Ì);OÚMï�Ü�ÖFÕQÛ�ÕQÖqï�Ö î ñ ÌXÐOÞKÔ�ÜHÓK×QÔófï�Ó
G+ tG

ÔOÚMÕbÜ�Ô#àlÖFÝ(ÜHÐOÕQófï�Ó É
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WYX�Z\[�]_^4`ba�cBdfe6gihijbkml�n$o�pfdrq�sutij6^

vxw e�y�z�tidrj ]_^ S { w jNk_e6dr|�pfjNk_jN}Gg�~�q�}�pfq w�w oNk�~�}�pEo�pfo$dfe)�r~�t�pfoNjNkEe6tGz�dfe6gihij2�����B�ij�n�e6}iq��Ndrj$�
~���pfjN}iq�d\kr~�}�kml�n$o�pfdrq�kro$���)��^

�_�����L���N�����)�2�������/�����,������� ��¡U�i�P¢/�

£/e>�N~�n$g�~�kfe6}�pfjY�N~�}i}ij�¤�j\�1¥ ti}�kr~�n$n$j�p
ω

�1¥ ti}�z�dfe6gihij
G = (V, E)

jNkmp w jYkr~�tik§¦¨jN}ikrjNnE� w j
�ij

V
�N~�}ikmpfq�pftioI�ijNk©kr~�n$n$j�pfk�g�~�t�ª6e6}�pY|�pfdrj>e�prpfjNq�}�pfk©��g�e6dmpfq�dL�ij

ω
^u«Pe6d©j�¤�jNn$g w j { w j¬z�dfe6gihij

�ij w e_y�z�tidrj ]_^ S }1¥ e"e6ti�Nti}ijb�N~�n$g�~�kfe6}�pfjB�N~�}i}ij�¤�j6^�I}�z�dfe6gihijBjNkmp¬�iq�p_®
¯�°�°8±r²�±Bkrq1q w j�¤�q�kmpfj
ti}��
hijNn$q�}�drj w q³e6}�p\}1¥ q�n$g�~�dmpfj�sutij w �N~�tig w jB�ijbkr~�n$n$j�pfkN^

´¶µ¨· ¸R¹�º¬»½¼¬¾�¿�ÀxÁ�¼Â¿�Ã�º\ÄbÅPÆ�¼ÇÁ�¼¬ÀxÈ�ÅPÄ$ÉY¼¬À/À/Ê�À

£/e2pfhioN~�drq�j��ijNk"gidr~��NjNkrkrtik�Ë Ì\Í2Î�Î { Ï e6g V�Ð Ñ jNkmp$ti}Ò�i~�n�e6q�}ij�krj�krq�pft�e6}�p"jN}�pfdrj w jNk�gidr~�¦
��e6�iq w q�pfoNkÓj�p w jNk�kmp
e�pfq�kmpfq�sutijNkN^¬£�jNk�gidr~��NjNkrkrtik�g�jNdrn$j�prpfjN}�p��ijÔn$~��io w q�krjNd w ¥ o�ª�~ w t�pfq�~�} �1¥ ti}
gihioN}i~�n$�N}ij�e w o:e�pf~�q�drj�jN}Õz�oN}ioNdfe w �ioNg�jN}i��e6}�pÓ�itÒpfjNn$gikN^Y£�jNk"pfhi�Nn$jNk��1¥ e6gig w q��:e�pfq�~�}Ökr~�}�p
pfdr�Nk©}i~�nE�idrjNt�¤�×�pfdfe6q�pfjNn$jN}�p©�it�krq�z�}�e w { oN�N~�}i~�n$o�pfdrq�j { pfdfe�Ø$�Ij�pfhijNdr}ij�p { pfo w oN�N~�n$nEti}iq��:e�pfq�~�} {
^�^�^AÙ�e6}ik��Nj�prpfj�krjN��pfq�~�} { }i~�tik�oN}i~�}iÚN~�}ik��NjNdmp
e6q�}ijNk��ijNk�}i~6pfq�~�}ikE�ijÓ��e6krj��ij w e�pfhioN~�drq�jÓ�ijNk
gidr~��NjNkrkrtik>e w o:e�pf~�q�drjNkN^

Û ¡U�������:�:���

I}ij_Ü:¯�°8®�Ý Þß¯�°Õà6á�âfà6Ý¨¯�Þ�ãf±Ô��~�tGgidr~��NjNkrkrtik$e w o:e�pf~�q�drj)�
X

jNkmp"�io�y�}iq�pE�N~�n$n$j�ti}ijÓkrtiq�pfj��ij
ª6e6drq³e6� w jNk\e w o:e�pf~�q�drjNk\q�}i�iq��NoNjNk¬g�e6d\ti}�jN}ikrjNnE� w j

T
^�£�jbgidr~��NjNkrkrtik>e w o:e�pf~�q�drj

X
jNkmp>�i~�}i�bti}ij

e6gig w q��:e�pfq�~�}Ó�1¥ ti}�jN}ikrjNnE� w j
Ω× T

krtid
R

×
X : T× Ω → R

(t, ω) 7→ X(t, ω)

��]_^4` S �
£L¥ jN}ikrjNnE� w j

Ω
jNkmp w ¥ jN}ikrjNnE� w j"�ijNk�~��ikrjNdmª6e�pfq�~�}ikbj�p

T

w ¥ jN}ikrjNnE� w j"krtid w jNsutij w kr~�}�p_q�}i�iq��NoNjNk
w jNk�ª6e6drq³e6� w jNkN^�«�~�tid

t ∈ T
y�¤�o { w e�sut�e6}�pfq�pfo

X(t, .)
{ }i~6pfoNjÓg w tik_krq�n$g w jNn$jN}�p

Xt

{ jNkmp�ti}ij
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ó6ô6õrö³ô6÷iø�ù©ô6ø�ú:ô�ûfü�ö�õrù�ýiú�þ�ÿiö�ù����iõ Ω � � ö ω ù��mû��iÿiù	�$ù����iõrù©þ�
�úNù\ýiù Ω � ø³ô����ô6ÿ�ûfö�ûfú X(., ω) � ÿiü6ûfúNù
X(ω) � ù��mû ô�����ùNø�úNù�������������� �"!#�$��ý��%�iõrü'&Nù�������� ��( ÿiù�)�ü�ÿ�&�ûfö�ü�ÿ�ô6ø�ú:ô�ûfü�ö�õrù\ù��mû ýiü�ÿ�&+*bø³ô,)�ü�ö-�.�iÿiù
) ô��$ö�ø�ø�ùIýiùBó6ô6õrö³ô6÷iø�ù��\ô6ø�ú:ô�ûfü�ö�õrù��\ö�ÿiýiö-&NúNù��/��ô6õ

T
ù�û0�iÿiù,) ô��$ö�ø�ø�ùIýiùbûfõfô21rù�&�ûfü�ö�õrù��\ö�ÿiýiö-&NúNù�����ô6õ

Ω �
3 ù���)�ü�ÿ�&�ûfö�ü�ÿ���ô6ø�ú:ô�ûfü�ö�õrù��,��ùNõ��$ù�ûrûfùNÿ�ûEýiù4�$ü�ýiúNø�ö-�rùNõ,�iÿ ûfõ�5��76�õfô6ÿiý ÿiü8�E÷iõrù$ýiù%��9iúNÿiü":

�45Nÿiù�����iö�ù;
�ûfõfô6ö�û\ýiù<��ô6ÿiö-5Nõrù+��ü�ÿiýiúNõrúNù��iÿ�ùNÿ��rù��E÷iø�ùbýiù<�$ù����iõrù�� �>= ÿ?6�úNÿiúNõfô6ø � ø�ùB÷���û¬ù��mû
ýiù	�rü�ö�ûPú�û
ô6÷iø�ö�õ@�iÿiù	�iõrú�ó�ö-�rö�ü�ÿEõrü�÷����mûfù/*A�iø-���Aü8�B�$ü�ö�ÿ���ø�ü�ÿ�6": ûfùNõ��$ù©ýiù��Pó6ô6õrö³ô6÷iø�ù�� � �rü�ö�ûAýiù õrù;:
��úNõrùNõYø�ù��YûfùNÿiý�ô6ÿ�&Nù�� � ø�ù����fô6ö-�rü�ÿiÿ�ô6ø�ö�ûfú��©ü8�Óø�ù���&�9iü'&��	�mûfõ���&�û$�iõrùNø-� ýiù��Yûfõfô21rù�&�ûfü�ö�õrù�� � ü8�ÓùNÿ�&Nü�õrù
ýiù�ýiú�ûfùNõ��$ö�ÿiùNõ�ø³ôC&:ô����fô6ø�ö�ûfú�ýiù��D��9iúNÿiü8�45Nÿiù��$ùNÿE)�ü�ÿ�&�ûfö�ü�ÿ ýiù��"õrú:ô6ø�ö-�fô�ûfö�ü�ÿ��Eýiù���ó6ô6õrö³ô6÷iø�ù��
�iõrú�&NúNýiùNÿ�ûfù�� �

F ô6ÿ��G&Nù�ûfõfô:ó6ô6ö�ø � T
ù��mûG�iÿÖùNÿ��rù��E÷iø�ùÓûfù��4��ü�õrùNøH&Nü�ÿ�ûfùNÿ�ô6ÿ�û"ø�ù��_ý�ô�ûfù���ýiùI&:ô���û$�iõrùÓýKJ �iÿ

��9iúNÿiü8�45Nÿiù � ù�û øLJ ü�ÿ�ú�&Nõrö�õfô_ýiü�ÿ�&�MN�$�2����O�O�PQO0O�� �2��R��SO���!�T�PU�+�iø-��û$V6û���iùA)�ü�ÿ�&�ûfö�ü�ÿÓô6ø�ú:ô�ûfü�ö�õrù �'( ÿ
�iõrü'&Nù��������	�mûfü'&�9�ô��mûfö-��iù�ù��mû ýiö�û/WQ��PQO�O�!L��XY�rö�ûfü8��ûfù0�rü8���Z:[) ô��$ö�ø�ø�ù þ�ÿiö�ùIýiùIó6ô6õrö³ô6÷iø�ù��©ô6ø�ú:ô�ûfü�ö�õrù��
ù��mû0�iÿ�ó�ù�&�ûfù��iõ>ô6ø�ú:ô�ûfü�ö�õrù+6�ô������rö�ùNÿ �

\4]Q]8^S_N`�a�a�b'cdb'eNfSa

g ÿÔô�����ùNø�ø�ùI�������$�"!-O�O2��h%��XU�/ikj �"��i��$� τ i��,l ø�ù7�iõrü'&Nù�������� Xτ ýiú�þ�ÿiöm���iõ Ω × T
ü�÷�ûfùNÿ��

ùNÿY) ô6ö-�fô6ÿ�û¬ø³ôEýiöon8úNõrùNÿ�&Nùbýiù��¬ó6ô6õrö³ô6÷iø�ù��\ô6ø�ú:ô�ûfü�ö�õrù�� ýiù X ù�����ô�&NúNù��>ýiù τ ��ü8�iõ
T p

Xτ : T× Ω → R

(t, ω) 7→ Xτ
t (ω) = Xt+τ (ω)−Xt(ω)

qsr �ut8t8v
� ö τ = 1 � ü�ÿ�ú�&Nõrö�õfôG�rö-�4�iø�ù��$ùNÿ�û¬ô�&�&Nõrü�ö-���rù��$ùNÿ�û0�fô6ÿ����$ùNÿ�ûfö�ü�ÿiÿiùNõ\øLJ ü�õrýiõrù,�iÿ �

w _Ne@]�fS`s_Neyx.z|{U}~f2_~]8_>^S^S�'�s{�fS`s_Ne

3 ôB)�ü�ÿ�&�ûfö�ü�ÿ�ýKJ���P'� �2���"�"���;!���X����bý��?�iõrü'&Nù�������� X ù��mû>ýiü�ÿiÿiúNù<��ô6õ p
γt(h) : T× R → R

(t, h) 7→ γt(h) = Cov(Xt, Xt−h)

qsr �ut��Qv
3 ô+)�ü�ÿ�&�ûfö�ü�ÿ"ýKJ���P'� �2���"�;�$���o����!L�"XÓù��mûYø³ôA)�ü�ÿ�&�ûfö�ü�ÿ"ýKJ ô���ûfü'&Nü)ó6ô6õrö³ô6ÿ�&Nù\ÿiü�õ���ô6ø�ö-�rúNù	��ô6õLø�ù���ú�&:ô6õmû$�Z:
û �'��ùbýiù Xt

ù�û Xt−h

ρt(h) : T× R → R

(t, h) 7→ ρt(h) = γt(h)√
γt(0)γt−h(0)

qsr �ut"��v
3 J ô���ûfü'&Nü�õrõrúNø³ô�ûfö�ü�ÿ?&:ô6õfô�&�ûfúNõrö-�rù_ø�ù��>ýiú���ùNÿiý�ô6ÿ�&Nù��bö�ÿ�ûfùNõrÿiù���ùNÿ�ûfõrùEø�ù��>ó6ô6õrö³ô6÷iø�ù��>ô6ø�ú:ô�ûfü�ö�õrù��¬ý��
�iõrü'&Nù�������� �N= ø�ø�ùbô6ý��$ù�û��iÿY��ôS
�ö-�B��� ø�ü'&:ô6ø8ùNÿ�øLJ ü�õrö-6�ö�ÿiùA���iö-����iù ρt(0) = 1 �
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T ¾
E(Xt) = µ <∞ ¹s¿7ÀuÁ8Â8½
γt(h) = γ(h)
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h
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µ�¨+©�È ´�©�©�ª�¥�¨�¥�µ�¨+§�¨,¤�Í�º�£�¦8¸4Õ�£�¨,µ�¨+¸%´�£�¶-Õ�¥�¨A¥$´�¶-©�¦8£�£U´�É�Ä-¨�À�Ü�È ¨�¥�Î8¦'µ�¶-§�¶o«$º0¨�©�«/«$¥�Õ�©	¶-¸4¤N¦8¥�«�´�£Q«$¨�Ã
¼8¦8¶-¥�¨G¶-£�µ�¶-©�¤N¨�£�©$´�É�Ä-¨�ÃK©�¦8ª�©<¤N¨�¶-£�¨Gµ�¨D©�¨4¥�¨�«$¥�¦8ª�¼8¨�¥<¨;·'«$¥�á�¸4¨�¸4¨�£Q«�Ä-¶-¸4¶o«$¨�¥0µU´�£�©<ÄLÈ ¶-£Q«$¨�¥�¤�¥�º�«�´S»
«$¶-¦8£KÀ>Ü�Èãâ'ä�åU°"#âUæ�¬2³Gçkè ³�²Lé�°�ç�¯Lê�¯# ë�Ã>¶-©�©�ª�¨7µ�¨7Ä�´G«$Í�º�¦8¥�¶-¨�¨�¥�Î8¦'µ�¶-Å�ª�¨�ÃN©�ª�¤�¤N¦8©�¨7Å�ª�¨BÄ-¨�©0¸4¦2Ý8¨�£�£�¨�©
µKÈ ¨�£�©�¨�¸BÉ�Ä-¨<§�¦�Ô[£�§�¶-µ�¨�£Q«A´�¼8¨�§�Ä-¨�©/¸4¦2Ý8¨�£�£�¨�©�«$¨�¸4¤N¦8¥�¨�Ä-Ä-¨�© ¾

1

n

∫ n/2

−n/2

X(t, ω)dt −→
n→+∞

E(Xt)
¹s¿7ÀuÁ � ½

ÓA¨YÄ�´Ò¸4á�¸4¨IÆ�´�ì�¦8£KÃ�©�¶/Ä-¨�©G¼�´�¥�¶�´�É�Ä-¨�©D´�Ä-º�´"«$¦8¶-¥�¨�©Bµ�ªí¤�¥�¦'§�¨�©�©�ª�©%©�«�´"«$¶-¦8£�£U´�¶-¥�¨I©�¦8£Q«%§�¨�£Q«$¥�º�¨�©
¥�º�µ�ª�¶o«$¨�©�Ã>´�Ä-¦8¥�© ¾

1

n

∫ n/2

−n/2

X(t + h, ω)X(t, ω)dt −→
n→+∞

ρ(h)
¹s¿7ÀuÁ8î8½

¿A¶-£�©�¶LÃ�ª�£4¤�¥�¦'§�¨�©�©�ª�©H¨�©�«,³�²Lé�°�ç�¯�ï�ðU³0©�¶�«$¦8ª�«$¨�©.©�¨�©.§�´�¥$´�§�«$º�¥�¶-©�«$¶-Å�ª�¨�©.¤N¨�ª�¼8¨�£Q«�á�«$¥�¨�µ�º�«$¨�¥�¸4¶-£�º�¨�©
Ñ ¤U´�¥�«$¶-¥GµKÈ ª�£�¨?©�¨�ª�Ä-¨?µ�¨?©�¨�©4«$¥$´2Û�¨�§�«$¦8¶-¥�¨�©?ñ Ê ´�¤Uò8ó ôLÀH¢0£�¨Y«$¥$´2Û�¨�§�«$¦8¶-¥�¨

y
µ�¨?ÄLÈ ´�§�§�¥�¦8¶-©�©�¨�¸4¨�£Q«

©�È ¨;·�¤�¥�¶-¸4¨ Ñ ¤U´�¥�«$¶-¥	µ�¨<Ä�´7«$¥$´2Û�¨�§�«$¦8¶-¥�¨<¦8É�©�¨�¥�¼8º�¨
(x1, . . . , xn) ¾

y = (xn − xn−1, . . . , x2 − x1)
¹s¿7ÀuÁ�õQ½
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