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Introduction

Nous savons depuis les travaux de A.Newlander et L.Nirenadt qu’il n’existe généri-
guement pas de coordonnées pseudoholomorphes sur uae yaesque complexe, ren-
dant problématique I'étude locale d’une telle varigbsence de noyau de Bergman, de
théorie L2, ...). Cependant toute structure presque complexe edefoeat une petite
déformation de la structure standard ; c’est ce princip@eumit a A.Nijenhuis et W.Woolf
[58] de montrer I'existence locale de disques pseudohotphes pour des structures a
faible régularité, en considérant I'équation satisfapar de telles applications comme une
perturbation elliptique de I'équation standard de CadRigmann. Limportance des cour-
bes pseudoholomorphes est connue aussi bien en analyserséigie complexes qu’en
géomeétrie symplectique, grace entre autres aux tradau.Gromov [40], d’H.Alexander
[2], [1], ou de H.Hofer [43] (voir aussi[13], [18] ou [56] podes références plus completes
sur le sujet). Dans le cadre des variétés presque congplesalisques pseudoholomorphes
permettent I'analyse géométrique locale des soust&gia courbure, dont nous abordons
certains aspects dans cette these.

Il est naturel de transposer I'etude des domaines a coei(fruilletage par des courbes
pseudoholomorphes, prolongement au bord de diffeomempds, ...) a I'étude de sous-
fibrés totalement réels du fibré cotangent de la variBtasieurs structures presque com-
plexes ont &été construites sur le fibré cotangent, patd. 3] ou K.Yano et S.Ishihara
[44]. Nous unifions ces constructions et les caractérigmmde choix d’une connexion
linéaire dans la premiére partie de cette these.

Les fonctions plurisousharmoniques jouent un rdle fonelaal en géométrie presque
complexe. Néanmoins, il n'existe que tres peu d’exempi&ressants de telles fonc-
tions. Nous devons a E.Chirka [19] I'existence de fonciantipic plurisousharmoniques
et plus généralement a J.-P.Rosay [61] |a plurip@at@s disques pseudoholomorphes. En-
fin K.Diederich et A.Sukhov [29] montrent que les domainesygconvexes relativement
compacts admettent une fonction bornée d’exhaustioatestnient plurisousharmonique.
Notons aussi les travaux de N.Pali [59] sur la caractéoisate la plurisousharmonicité
en termes de courants. Dans la seconde partie de cette ttmseavons construit des
fonctions locales pic plurisousharmoniques pour des doesaie type de D’Angelo fini
dans une variété presque complexe de dimension réaleaygénéralisant les travaux de
J.E.Fornaess et N.Sibony [31].

Un aspect récurrent dans I'étude que nous menons est lpartement asymptotique
de la pseudométrique de Kobayashi dans les domaines psmwe@xes. Son comporte-
ment au voisinage du bord est relié a certaines questamtifantes d’analyse locale dans
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les varietes comme les phénomeénes de prolongementrdudes diffeomorphismes ou
encore la classification des domaines, et fournit des irdtions intéressantes sur les pro-
prietés géomeétriques et dynamiques de la variétéisDa but de montrer que tout point
d’'une variété presque complexe possede une base deages hyperboliques complets
au sens de Kobayashi (résultat di a R.Debalme et S.loaglk[28] dans le cas de la di-
mension réelle quatre), H.Gaussier et A.Sukhov [35], @ jpendamment S.lvashkovich et
J.-P.Rosay [45], ont donné des estimées locales de lalps®irique de Kobayashi dans
les domaines strictement pseudoconvexes. Dans cete nio@s nous intéressons a cette
question pour des domaines pseudoconvexes de type de DAfigie Par ailleurs, en
raffinant les estimées de [35] nous nous sommes inté&reds@s la troisieme partie de
cette these, a la notion d’hyperbolicité au sens de Groniotroduite dans les années
1980 (voir [41], [16] et [38]), I'hyperbolicité au sens dednov a largement contribué
au développement de la théorie géométrique des groupest naturel de s’intéresser au
lien entre I'hyperbolicité au sens de Gromov et au sens dmifashi. Cette question a été
initiee par Z.M.Balogh et M.Bonk [3] qui montrent que towtrdaine relativement compact
strictement pseudoconvexe de I'espace Euclidien commskéyperbolique au sens de
Gromov. Cette notion d’hyperbolicité étant purementngée, sa définition ne nécessite
aucun argument d’analyse ou de géométrie complexe. Aness avons généralisé les
résultats de Z.M.Balogh et M.Bonk au cadre non intégraleeliminant les arguments
holomorphes utilisés dans [3]. Nous montrons, par exengple tout point d’'une variété
presque complexe de dimension réelle quatre admet unedeaggisinages Gromov hy-
perboliques.

Nous allons maintenant présenter les chapitres 2, 3 et 4etle these, le premier
chapitre rassemblant quelques rappels de geométriggeue complexe.

Structures presque complexes sur le filr cotangent

Dans le second chapitre de cette these, nous étudionsuetises presque complexes sur
le fibré cotangent. Il existe un lien étroit entre 'ana@yecale sur les variétées complexes
(et presque complexes) et les fibrés canoniques. Par egeladlbré cotangent est pro-
fondément relié a I'extension au bord des biholomonpigis (voir [23]) et a I'étude des
disques stationnaires introduits par L.Lempert [51] (\aissi [68] et [67]). Le but de ce
chapitre est d’introduire un relevé de structure presqueptexe au fibré cotangent, appelé
le relevé général horizontal, qui permet d’unifier et @eactériser les relevés complets
définis par |.Sato [63] et horizontaux construits par Shiata-K.Yano [44].

Soit M une variété réelle lisse de dimension pairenunie d’'une structure presque
complexe/, ie d’'un champ de tenseurs de ty{de1) qui vérifie J2> = —Id. Considérons
des systemes de coordonnées locales - - , z,,) surM et(zy, -+, zn,p1,- -+ ,pp) SUrle
fibré cotangenf™ M. Nous notond’(T'M) (resp.'(T*M)) les sections du fibré tangent
(resp. cotangent), autrement dit les champs de vectess. fiames).

Définissons dans un premier temps le relevé complet forfhehtroduit par 1.Sato
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[63]. Soit d la forme de Liouville définie sur le fibré cotangehtM et d’expression
localed = p;dz*. La differentiation de&® munit 7* M d’une forme symplectique canon-
ique wy; := df. Nous introduisons uné-forme 6(J) sur le fibré cotangent™ M qui
contracte la forme de Liouvillé et la structure presque complexe= JFdz' @ Ox;, de
la maniere suivanté(J) = p.JFdz!. Puisque la forme symplectique canoniqug du
fibré cotangent induit un isomorphisme entre 2eformes et les tenseurs de type 1),

le releve complet formel/¢ est défini pard(0(J)) = wy(J¢.,.). Néeanmoins le tenseur
de type(1,1) J° n'est génériquement pas une structure presque complexke gibré
cotangent/™ M. Plus précisément, S.Ishihara et K.Yano [44] montrerg gt est une
structure presque complexe si et seulement &gt une structure intégrable suf, c’est-
a-dire si et seulement 3i/ est une variété complexe. En introduisant un terme ctifrec
induit par la non intégrabilitt dg mesurée par le tenseur de NijenhiNs(X,Y) =
[JX,JY] - JX,JY] - JJX,Y] - [X,Y], (pourX,Y € I'(TM)), |.Sato a obtenu une
structure presque complei{ve appelée leeleve complett définie par

1
T = J° = SA(INy).

ou ~ contracte les tenseurs de tyfi& 1) en des tenseurs de tyge, 1) de la maniére
suivante : pour un tensei® de type(2, 1) de coordonn'eeRﬁj, nous définissons le tenseur
~v(R) de type(1, 1) dont la représentation matricielle est :

W(R) = (pk?%ﬁi 8 ) € Moy (R).

Nous rappelons a présent la définition du relevé hotaatiune structure presque com-
plexe construit par S.Ishihara et K.Yano dans [44]. Nousissams)/ d’'une connexion
(linéaire) V. : I'(TM) x I'(TM) — I'(TM) sur M, ie d'une loi de dérivation sur les
champs de vecteurs. Notofissa torsion définie paf(X,Y) := VyY — Vy X — [X, Y],
pour tout champX,Y € I'(T'M) et introduisons la connexion symétrique (ie de torsion
nulle) suivantev =V — %T. Le relewe horizontalde J est défini par

TV = J° 5[V ),
oll le tenseur de typ@, 1) [V.J] est défini par
[VJ(X,Y) := =V JY + JVxY + VyJX — JVy X,

pour toutX,Y € I'(T'M). Nous savons depuis S.Ishihara et K.Yano que le relé{&
est une structure presque complexe sur le fibré cotargevit Cependant, contrairement
au relevé complet, construire le relevé horizontal séite la donnée d’'une connexi®n
sur M, et que par suite sa définition et ses propriétés en somni@nt déependantes. Par
ailleurs, il est fondamental de symétriser la conneX¥opour assurer que le relevé hori-
zontal d’une structure presque complexe reste une steuptesque complexe. Par la suite
nous souhaitons nous affranchir de cette étape.
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L'une de nos principales motivations de ce chapitre estg&@pender les relevés précé-
dents d’'un point de vue plus canonique et plus géométridNaus introduisons dans ce
but le relevé général horizontal d’'une structure prescpmplexe au fibré cotangent. Notre
approche est basée sur la remarque suivante inspiréa ganstruction d’'une structure
presque complexe sur 'espace des jets d’application péeldmorphes de P.Gauduchon
[33]. Soitz € M et soit{ € 7M. Considérons une distributiol sur le fibré cotan-
gent satisfaisant la decomposition loc@ld™“M = H, @ T;M. |l est naturel de définir
un relevée de structure presque complexe en respectasttanposition de7, ie J @ 'J
surH, @ T; M. Plus précisément, sof une connexion suf/ et considérons la distri-
bution horizontale//V définie pard) = {d,s(X), X € T,M,s € T(T*M),s(x) =
£, Vxs = 0} C TT*M. Nous avons une décomposition en somme dir@gie A/ =
Hgv @ T M, en fibres horizontale et verticale-cotangente. Lisorhame induit par la
projectionr : T*M — M entre une fibre horizontangV et 'espace tangertt, M permet
de définir, pour un vectew = (X,vV(Y)) € T,T*M = HY @ T; M, le releve gereral
horizontalassocié a la connexidvi par :

JESY) = (X, (V).

ouvY : T;T*M — T: M est la projection verticale sat* M parallelement éﬂg.

Les descriptions locale (matricielle) et tensorielle digvé général horizontal %V
permettent de considérer ce dernier comme une correatioelevé complet formel. Ainsi
nous montrons que

TV = J¢ + (),

ouS(X,Y):=—=(VH(X,Y)+(VI)(Y,X)+T(JX,Y)—JT(X,Y). Nous remarquons
que les trois relevés de structures presque complexeslints précédemment apparaissent
comme des corrections du relevé complet fornfglmontrant alors que pour un certain
choix de connexion, le relevé général horizontalv coincide avec les relevés compléts
et horizontaux/”:V. Ce résultat constitue le theoréme suivant et met endreria nature
géomeétrique dd.

Théoreme 1.

1. Le relee geréral horizontalJV caincide avec le releéy complet/ si et seulement
siS = —%JNJ

2. J%V coincide avec le relevhorizontal/V si et seulement &i'(.J.,.) = T(., J.).

3. Pour toute connexion presque complexeVig(JY) = JVxY pour toutX,Y €
[(TM)) et minimale (i€’ = iNJ), les trois structures rel@es cincident.

Le troisieme point de ce théoreme s’appuie sur I'existate connexions presque com-
plexes et minimales établie par A.Lichnerowicz [53] et itmerfinalement que cette famille
de connexions est la plus canonique possible sur une &amiésque complexe.
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Afin de caractériser le relevé complet de |.Sato, nousiéhs certaines propriétés
géomeétriques des relevés de structures. Naturellerderfait de la construction des diffé-
rents relevés au fibré cotangent, la projection sur la bas&™*M — (M, J) et la section
nulles : (M,J) — T*M sont pseudoholomorphes. Considérons un diffeomorghism
f (M, 1) — (Ms, Ja,), (J1, Jo)-holomorphe entre deux variétés presque complexes
et soitf := (f,%(df)™') : T*M; — T*M, son relevé au fibré cotangent. Une question
naturelle est de savoir sous quelles conditiprest pseudoholomorphe pour les relevées de
structures. Notons que cette question a été étudieéd'atimenir la généralisation au cadre
presque complexe du théoreme d’extension de Feffern@n[@8]). Nous obtenons alors
le résultat suivant, établi dans un premier temps powlevé général horizontal et étendu
ensuite aux relevés complets et horizontaux par l'ineatiaire du Théoreme 1 :

Proposition 2.

1. Le relee d'un difeomorphismef : (M, J;, V) — (Mo, J5, V3) au fibré cotan-
gent es(JoV! | JSV?)-holomorphe si et seulement st une application.;, .J,)-
holomorphe satisfaisant. S, = S-.

2. Lg rgle@ d’un difefomorphisme’ : (M, J;) — (M>, Jo) au fibré cotangent est
(J1, J2)-holomorphe si et seulementfsest(.J;, J»)-holomorphe.

3. Le relee d'un difeomorphismef : (M, J;, V) — (M, Jo, Vs) au fibré cotan-
gent est(./;""", J,"V)-holomorphe si et seulement siest(./;, .J;)-holomorphe et
verifie £,[V,.11] = [Va ).

Nous nous intéressons par ailleurs aux conditions gé&agues sous lesquelles la mul-
tiplication fibre a fibreZ : T*M — T*M par un nombre: + ib € C (avech # 0),
définie localement paZ (z, p) := (x, (a + b'J(z))p), est pseudoholomorphe. Cette ques-
tion a été étudiée dans un premier temps pour les rel@e&tructure presque complexe au
fibré tangent’ M (voir [49], [52]). Cette propriété est motivée par le bait de munir le
fibré canonique considéré d’une structure de fibré vegtopresque holomorphe, ou tous
les objets associés sont pseudoholomorphes. Néanmerssel cadre du fibré tangent la
multiplication fibre a fibre n’est génériquement pas pkdwlomorphe (voir [49], [52]).
Plus précisément la pseudoholomorphie est établieuenignt lorsque la structure sur la
variété base est intégrable. Dans le cas du fibré cotafdgé/, et contrairement au fibré
tangent, nous obtenons des conditions ne faisant pas enieiintégrabilité de la struc-
true J sur M mais seulement reliées au choix d’'une connexion. Nous mesainsi que
la multiplication fibre a fibre est pseudoholomorphe pouelevé complet de I.Sato.

Proposition 3.

1. La multiplication sur une fibr&Z : T*M — T*M d’'un nombrea + ib € C, est
(JEV, J%V)-holomorphe si et seulement(& .J)(.J.,.) = (VJ)(., J.).

2. La multiplicationZ est(J, .J)-holomorphe et,

3. Z est(JH:V_ JH¥V)-holomorphe si et seulement(&.J)(.J.,.) = (V.J)(., J.).
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La forme de Liouvilled induit sur le fibré cotangerit* M une structure canonique de
variété symplectiquéT™M, wy,). Par ailleurs, I'isomorphisme entre I@sformes et les
tenseurs de typél, 1) induit par la formew,, est & la base de la construction du relevé
complet formelJ¢. Aussi nous semble-t-il naturel d’étudier la compatibililes relevés de
structures avec la forme symplectique canonigie Nous montrons que le couple formé
par le relevé complet et par,; sur le fibré cotangent est dans un certain sens déterramé p
les propriétés des fibrés conormaux des hypersurfadetestent pseudoconvexes. Pour
un pointx € M, la fibre conormale d’'une hypersurface- M est définie par :

N;(T) :={p. € T; M, (p)|r,v = 0},

et le fibré conormal d& C M comme I'union disjointe

N*(T) = [ V(D).

zel

Nous savons depuis les travaux de S.Webster [69] (voir §i[66]) que le fibré conor-
mal d’une hypersurface strictement pseudoconvegdans une variété (presque) complexe
(M, J) est une sous-variété totalement réelle maximal@ (i&(I'") N J(TN*(I)) = {0})

du fibré cotangent™ M muni du relevé complef = J° Néanmoins les preuves de ce
résultat sont purement complexes bien que la définitionethvé complet7 fasse inter-
venir la structure symplectique canoniqug. La proposition suivante explique la raison
pour laquelle cette approche a été privilegiée aumeint d’'une preuve symplectique.

Proposition 4. Soit (M, J, V) une varéte presque complexe munie d’une connexXan
Soitw une forme symplectique sii* M compatible avec le relévgereralise JEV, (resp.
le releve complet/ ou le relee horrizontal J#:V). Alors, il n’existe pas d’hypersurface
strictement/-pseudoconvexe danig telle que le fibé conormal soit Lagrangien pour.

Régions pseudoconvexes de type fini au sens de D’Angelo darsuariée-
tés presque complexes de dimension quatre

Dans le troisieme chapitre de cette these, nous menonstude locale des régions pseu-
doconvexes de type de D’Angelo fini dans les variétés prespmplexes de dimension
quatre. Plus précisément nous nous intéressons au ctanment asymptotique de la pseu-
dométrique de Kobayashi.

Le type apparait naturellement dans les variétés coraplet est relie au comportement
au voisinage du bord dy au noyau de Bergman, ou encore aux métriques invariards (
[25],[24],[47],[15]). La motivation sous-jacente au typst de mesurer les singularités de
la forme de Levi aux points ou elle dégénere. Aussi, iplws notions du type ont été
définies et coincident dans les variétés complexesrderniion deux. En outre nous savons
depuis les travaux de J.D’Angelo [25], [24] que la conditg@gomeétrique pour obtenir de
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la régularité pour I'unique solution du probléme @iNeumann en dimension quelconque
s’exprime en terme de type de D’Angelo.

Définissons leype de D’Angelad’un pointp contenu dans le bord d'un domaing
d’'une variété presque complek/, .J) :

9, (0D, u)

A (OD,p) = sup{ 5 ()

, u: A — (R*,J) J-holomorphe non constant
u(0) = p},

oud, (0D, u) est l'ordre de contact de avecdD enp (ie, le degré du premier terme
non nul dans le développement de Taylorsdewu) et oud (u) est la multiplicité deu en
0 € C. Ainsi défini, le type de D’Angelo mesure I'obstruction'@distence d’'un germe en
p d’une courbe/-holomorphe non constante dans I'hypersurface rédlle Similairement
au cas des variétés complexes de dimension deux, nousansmans un premier temps
que le type de D’Angelo coincide avec le type réguliernpettant alors de ne considérer
que des disques pseudoholomorphes réeguliers. Ah$DD, p) = sup{d, (OD,u), u :
A — (R* J) J-holomorphe u (0) = p, dyu # 0}.

Rappelons qu’uneégion./-pseudoconvexgans une variété presque compléxé J)
est un domainé = {p < 0} ol p est une fonction définissante pali de class&? et
J-plurisousharmonique sur un voisinage du bérdLa description locale des régiods
pseudoconvexes de type de D’Angelo fini permet d’établisysieme de coordonnées nor-
males(z1, y1, 2, yo) dans lequel la structure presque complexe est diagonabéetide le
long d’un disque/-holomorphe plat d’ordre de contact maximal avec la stmecstandard
J et tel que la fonction définissanpes’écrive :

p = Rezy + Hop, (21,71) + ﬁ(zl, z) + O (|Z1|2m+1 + [22] 21| + |22|2) )

ou H,,, est un polyndme homogene de degyié sousharmonique admettant une partie non

m—1

harmonique, Note&l; et oUH (z, ) = Re Z a2 2,. Dans les écritures précédentes,

k=1

nous notons, = x; + iy, pourk = 1,2. Afin d’obtenir de telles coordonnées, nous
considérons undisque : A — R* J-holomorphe régulier d’ordre de contact maxirai.
Nous choisissons des coordonnées tellesiqast donné pat (¢) = (¢, 0), et telles que

J (z1,0) = Jg. Par ailleurs nous pouvons supposer que I'espace tangepiexe?,0D N
J(0)To0D est égal &z, = 0}. Nous considérons ensuite deux feuilletages transversau
par des disques-holomorphes que I'on redresse en droites par un diffephisme local
(voir Figure 1).
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Feuilletages par des courbes
J-holomorphes

22

DisqueJ-holomorphe
régulier d’ordre
de contact maxima

21

Figure 1. Coordonnées normales pour une régigseudoconvexe efimg = 4.

L'analyse locale des domaines pseudoconvexes de type degeld fini se base de
maniere essentielle sur I'existence de fonctions logaies-plurisousharmoniques en un
point donné du bord. Rappelons que pour un ppirg 0D, une telle fonctiony doit
notamment vérifierp(p) = 0 et < 0 surD N U\{p}, ou U est un voisinage de.
Nous devons a J.E.Fornaess et N.Sibony [31] la constructione fonction locale pic
plurisousharmonique pour des domaines pseudoconvexgpeaée D’Angelo fini dans
des variétés complexes de dimension deux. Aussi, largésation de cette construction
au cadre non intégrable est une question fondamentales idoatrons alors :

Théoréme 5.SoitD = {p < 0} une egion.J-pseudoconvexe de type de D’Angelo fini
dans une vaét presque complexg/, J) de dimension quatre. Il existe une fonctipn
locale pic.J-plurisousharmonique en tout point du bord.

La difficulté principale de la démonstration réside danfait que la/-plurisoushar-
monicité réagit tres mal aux perturbations, aussi @gesbient-elles. Notre preuve s’articule
de la maniére suivante. Plagons-nous dans un systénoeo#oninées normalés, , y;, zs,
y2). Dans un premier temps, nous souhaitons contrdler lestiires d’annulation de la
forme de Levi du polyndmél,,, (z1,%1) en un vecteur donn@y, 0). Nous savons depuis
J.E.Fornaess et N.Sibony (Lemme 2.4 dans [31]), qu’il existe fonctiory : R — R
2m-périodigue négative bornée et qui vérifie :

m

A (Hom + 8| Hpllg (6) [21*™) > 82| H I 22,

pour une certaine constante- 0. Plus précisémentredresse les directions d’annulations
du Laplacien de1,,, en la direction normaléz; = 0} et diminue de maniére contrdlée le
Laplacien deH,,, dans les directions strictement sousharmoniques. Nousramsnalors
gu'il existe deux constantes positivest C telles que la fonction

© = Rezy + 2L (Rezy)® — L (Smze)® + Hom (21, 71) + 6| H2, |lg (0) |21]*™ +
H(z1,20) + Clz1|*|22)?

est locale pic/-plurisousharmonique en l'origine. Expliquons les grantignes de ce
résultat. En rajoutant le tern¥d (Rez,)” — L (3mz,)°, nous assurons la stricte positivité
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de la forme de Levi de dans les directions tangentes ; par ailleurs la descripbicale

du domaineD assure quéL (Rez)” est controlée par ud((|z |2 + |Smz|?)|z||). Par-
allelement, de par sa constructioh /. ||g () |z1|*™ contrdle les directions d’annulations
de la forme de Levi dé1,,, et, g étant négative, joue un rble crucial dans le caractére p
de . En rajoutant le term€’|z;|?|z,|?, Nous garantissons finalement la stricte positivite
de la forme de Levi de dans les directions normales, tout en s’assurant qu’il miei e
pas le fait quey soit pic.

La construction d’'une telle famille de fonctions permegtdblir des propriétés d’at-
traction des disques pseudolomorphes. Plus précisémand montrons pour une région
D = {p < 0} J-pseudoconvexe de type de D’Angelo fini dans une varié&éqre com-
plexe(M, J) la propriété d’attraction suivante. Sgitc D et soitU/ un voisinage d@ dans
M. I existe une constante> 0, et un voisinagé’ C U dep dansM, tels que pour tout
disque/-holomorphey : A — D N U dontle centre:(0) € DNV on ait :

u(As) C DNU,
ou de maniere équivalente pour tqut D NV et toutv € T, M on ait :

K,y (q,v) = sKpru,p (¢, v) -

La demonstration de ce principe de localisation est uger& modification de la preuve
du Théoreme 3 de N.Sibony [64] (voir aussi [7] et [35]). eElepose essentiellement sur
I'existence de fonctions pig-plurisousharmoniques que nous avons établies et sunla co
struction de fonctions antipig¢-plurisousharmoniques établie par E.Chirka [19] (voir pa
exemple [45] ou [35] pour une preuve).

En outre nous obtenons des estimées locales de la psetipra&e Kobayashi impli-
guant notamment I’hyperbolicité locale au sens de Kobaiyetsplus généralement :

Proposition 6. Soit D = {p < 0} une egion .J-pseudoconvexe (de class®) relative-
ment compacte de type de d’Angelo fini dans uneé#apresque complexe\V/, J) de
dimension quatre. Supposons en outre qu'il existe une ifonglobalement strictement
J-plurisousharmonique sutM, J). Alors D est un domaine taut.

Notons que K.Diederich et A.Sukhov [29] ont obtenu ce ragydour des domaines
J-pseudoconvexes a bord de clag3@lans des variétés presque complexes de dimensions
2n, en construisant une fonction bornée d’exhaustigeiurisousharmonique.

L'existence d’'un prolongement Holder continu au bord est question centrale pour
I'étude des diffeomorphismes pseudoholomorphes eotreaihes contenus dans des varié-
tés presque complexes, mettant en jeu les propriét@séteiques du bord. Plus précisé-
ment, ce phénomene est entierement gouverné par lpsigiés au voisinage du bord de
la pseudométrique de Kobayashi. Nous raffinons les essmbtenues en nous apuyant
fortement sur le comportement au bord des fonctionsg/gaturisousharmoniques constru-
ites, pour établir que la pseudométrique de Kobayashirepaintp € D est de I'ordre
de 1/dist(p, 9D)*™ au voisinage d’un point du bord de type de D’Angeta, entrainant
finalement :
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Proposition 7. Soit D = {p < 0} et D’ = {p < 0} deux Egions pseudoconvexes
relativement compactes de type de D’Angelo dans deux vaétes presque complexes
(M, J) et(M',J") de dimension quatre. Sojt: D — D’ un diffomorphismé.J, J')-
holomorphe. Alorg se prolonge en un ho@omorphisme Blder d’exposant /2m entre
DetD'.

La méthode de démonstration est classique et repose seslienées raffinées de la
pseudomeétrique de Kobayashi que nous avons obtenueslavsusion presque complexe
du lemme de Hopf établi par B.Coupet, H.Gaussier et A.SukB8] impliquant une pro-
prieété de conservation des distances par les diffeohsmpes pseudoholomorphes.

Nous désirons a présent fournir des estimées préeisggimales de la pseudométrique
de Kobayashi. En privilegiant une approche basée sur desrations de la métrique de
Carathéodory et les estimé£$ de Hormander, D.Catlin [17] fut le premier a obtenir de
telles estimées dans les domaines de type de D’Angelo fim (2%, J,;). Néanmoins
sa preuve ne peut se transposer au cadre presque complexes shisons alors une
preuve donnée par de F.Berteloot [8] fondée sur un prendp Bloch. Encore une fois,
I'existence de fonctions locales pi&-plurisousharmoniques est primordiale puisqu’elle
réduit 'obtention d’estimées optimales a un problgmeement local. L'aspect technique
de notre preuve réside dans I'élaboration d’'une métlumdilatations adaptée au cadre
presque complexe. En fait, la difficulté est d’obtenir umddne limite et une structure lim-
ite (D, J) tels queD ne contienne pas de courbésomplexes entieres. Comme nous le
montrons, cela est possible en supposant que le domainieemnsst de type de D’Angelo
(au plus) quatre. Pour les domaines de type de D’Angelasinient plus grand que qua-
tre, construire une méthode de changement d’échellet@el@st une question ouverte et
constitue une perspective intéressante. Comme nous leensrdans le premier appen-
dice de ce chapitre, génériquement, la suite de strucpnesque complexes induite par
une méthode de dilatations polynomiale ne converge magfgjuement) vers la structure
standard. Notons que ce n’est pas la premiere fois qu’ajtpare difféerence entre les types
inférieurs ou égal a quatre et strictement plus granésqmatre. En effet selon J.D’Angelo
[26], pour une hypersurfacH réelle dansC", si le type régulier d@ € H est plus petit
gue quatre alors les types régulier et de D’Angelo coiaid

Evoquons a présent les points clés de notre méthoddatatns. Plagons-nous dans
un systéme de coordonnées norméigsy, z,, y») dans lequel la structuréest diagonale
et satisfait/ = J, + O(|22]) et tel que la fonction définissante des’écrive :

p=Rez + Hop (21,71) + O (|21 + |22][|2]])

ou H,,, est un polyndbme homogéne de degné sousharmonique et admettant une partie
non harmonique. Considérons une suite de pgintée D N U convergeant vers l'origine.
Pourv suffisament grand, nous notarjse 0DNU la projection de, surle bordp! = p,+
(0,4,), 004, > 0. Remarquons que d’apres J.-F.Barraud et E.Mazzilli [4y/be régulier
est semi-continu supérieurement dans les variétégpeesomplexes de dimension quatre.
Ainsi le type de D’Angelo de’ est nécessairement plus petit Qae. En considérant alors
un systéme de coordonnées normales centpé,arous trouvons un diffeomorphisme local
®¥ satisfaisant les propriétés suivantes :
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1. & (py) = 0etd” (p,) = (0,=0,),

2. ® converge verdd : R* — R* sur les sous ensembles compactRdepour la

topologieC?,
3. la fonction définissantg” := p o (®¥)~" du domaine imageb” = &* (DN U)
s’écrit :
2m
P (21,22) = Rezm + Y Pu(z,7n05) + O (o™ + |zl|l2]))
k=2l,

ou le polyndme homogen®,,, # 0 de degré&l, admet une partie non harmonique.
Par ailleurs/” := ("), J est diagonale et vérifig = J; + O(|22]).

A l'aide d’un biholomorphisme (pour la structure standgsd)ynomial deC?, nous en-
2m—1

levons ensuite les termes harmoniques du polynfEeP;‘C (z1,71,p;). Cela permet de

k=21l,
construire alors un diffeomorphisme loch) satisfaisant les points 1 et 2 précédents et

veérifiant maintenant:

3'. la fonction définissante, := p o (cpy)*l du domaineD, := &, (D NU) s’écrit

localement :
2m—1
po(21,22) = Rezm+ Y Py (21,70, 05) + Pomn (21,71,05) +0 (|2 ™ + |2 |21
k=21l,
2m—1
ou le polynﬁmez P} (z1,71,p;) ne contient pas de termes harmoniques et ou
k=21,
P;,  # 0. Enfin la structure imagd, := (®,), J n'est génériquement plus diag-
onale.

Fixons une normd.|| sur 'espace vectoriel des polyndbmes de degré audluen, z;, z;
et introduisons, pour suffisament grand, le réel

* ] 51/ '
T (pu7 5V) T kZQIlryl}f.lQm (m) .

Nous définissons ainsi une dilatation anisotrapele C? par :
Ay(z1,29) = (T (p5,6,) " 21,6, 2).

Nous montrons que le domaire, := A, (D,) converge (au sens de la convergence de
Hausdorff locale pour les ensembles) vers un domaine pseadexeD = {Rez, +
P (z,7z1) < 0}, ou P est polyndbme non nul sousharmonique de degré plus pegit qu
2m admettant une partie non harmonique. De plossque l'origine est de type de
D’Angelo inférieur ou égala quatre pour D, la suite de structures presque complexes
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J, = (A,), (J,) converge verd; pour la topologie? sur les compacts de*. Cependant

lorsque le type de D’Angelo de I'origine pour est plus strictement plus grand que qua-
2m—1

tre, le fait de ne pas controler les termes harmoniqueseoustdansz Py (z1,71,p}),
k=21,
implique queJ, diverge génériquement.

Les estimées de Catlin restent valides dans le cas d'ugienr@-pseudoconvexe de
type de D’Angelo inférieur ou égal a quatre :

Théoreme 8.SoitD = {p < 0} une egion.J-pseudoconvexe relativement compacte de
type de D’Angelo irérieur ouégala quatre dans une vaie presque complexé/, J) de
dimension quatre. Alors il existe une consta@te- 0 satisfaisant la prop@te suivante :
pour toutp € D etv € T, M il existe un diftomorphisme,,- dans un voisinagé’ dep tel
que:

d D « d.® .
K(D,J)(p,v)zc*(Hp p V|, | (dp pv)2|>.

o (p) |7 ()|
Notre preuve se décompose ainsi. Powr DNU suffisament proche du boéd), nous
notonsp* € 0D N U I'unique point tel quev* = p + (0, ), avecs > 0. Nous remarquons

queo est équivalent dist(p, 0D). Définissons une pseudométrique infinitésimalasur
DNU CR*pourp e DNU etv € T,R*:

‘ (dpq)p*v)1 ‘ | (dpq)p*U)Q ‘

N@v) =m0 o (p)|

I

ou ¢, est obtenu en considérant un systeme de coordonnéeslesroentrées epi’ €
oDNU.

Pour prouver I'estimée du Théoreme 8, il nous suffit dextes une constant€' > 0
telle que pour tout disque : A — DNU, J-holomorphe, I'on aitV (u (0) , dou (0/0,)) <
C. Nous raisonnons alors par I'absurde. 1l existe ainsi unte sl@ disque/-holomorphes
u, : A — DNU tels queN (u, (0),dyu, (0/0,)) > v*. Un procédé de renormalisation
de type Zalcman, permet de construire a partir des disgudss disqueg-holomorphes
g9, A, — DNU tels quey,(0) converge vers l'origine et dont les dérivées en l'origine
mesurées avec la pseudométrigiie sont uniformément minorées. Nous appliquons la
méthode de dilatation a la suite de poipt$0), obtenant alors une suite de disquis
holomorphes

gy ::Ayoéuoguszﬁﬁu.

Afin d’extraire a partirg, une suite de disques qui converge vers une drhjt@olomorphe
entiere contenu dan® = {Rez, + P (21,21) < 0} nous remarquons qu'il existe une
constante, > 0 telle que :

1. il existeC; > 0 telle que

g~,/ (TQAV> C Acl X Acl,
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2. pour une constantg, > 0 etv suffisament grand, nous avons :
ldgullcowon,) < Ca.

Le premier point découle d’'une localisation des disqiigs ¢, dans des polydisques du
type @ (0,6,) := {z € C* : |z| < 7(p},0,), 2| < 6,}. La seconde partie résulte de
la convergence dgJ, — Jst||cl(m) vers zéro et des estimées elliptiques des courbes
pseudoholomorphes obtenues par J.-C.Sikorav [65].

Ainsi, par un procédé d’extraction diagonal, nous canstms une sous-suite gg qui
converge pour la topologi@' vers une droite/,,-holomorphe

g :C— ({Reza+ P(21,71) <0}, Jg) .

Le polyndbmeP étant sousharmonique et admettant une partie non harognige droite
Js-homorphe contenue dans le domaine lin{t&ez, + P (z1,%1) < 0}, J) est nécessai-
rement constante, contredisant finalement la minoratidiorume des dérivées en l'origine
mesurées avec la pseudométrigueles disques,.

Remarquons que la méthode de démonstration redonnetie®es précises obtenues
par H.Gaussier et A.Sukhov [35] pour les domaines strictenigpseudoconvexes dans les
variétés presque complexes de dimeng&ion nous le montrons dans le second appendice
du chapitres.

Le théoreme de Wong-Rosay met en lumiére le lien entredadgtrie au voisinage du
bord et la géométrie globale d’'un domaine ; il établituudomaine (de clasg#) dans
(C™, Js), admettant un automorphisme dont une orbite s’accumulengioint de stricte
pseudoconvexité du bord, est biholomorphe a la boul@linit C™ (voir [34], [60], [70]).
Remarquons que pour un domaibeborné deC”, il est équivalent de supposer quie
admette un automorphisme dont une orbite s’accumule eninbhgwbord et de supposer
la non compacité du groupe d’automorphismeddela généralisation au cadre presque
complexe du théoreme de Wong-Rosay est due a H.Gaussiek.&ukhov [35] pour des
variétés de dimension quatre et a K.H.Lee [50] en dim@mn@aire) quelconque. Notons
que contrairement aux variétés complexes, le demi pl&@iefelH = {Rez,, +|z1|*+- - -+
|z,_1|> < 0}, pourn > 2, peut &tre muni d’'une infinité de structures presque cergd
(J¢)ter (NON intégrables) et telles quEL, J;) n'est pas biholomorphe @, J,/) pourt # t'.
Ainsi, K.H.Lee montre que la version non intégrable ductiéne de Wong-Rosay met
en jeu des structures (limites) dites modeles, introdyta H.Gaussier et A.Sukhov dans
I'article [35].

Al'image des domaines strictement pseudoconvexes (doypéede D’Angelo est égal
a deux), classifier les domaines de type de d’Angelo fini astquestion fondamentale,
étudiée notamment par E.Bedford et S.1.Pinchuk [5] eeRdoot et G.Coeuré [9]. Aussi
nous intéressons nous a une caractérisation dans lésegapresque complexes des do-
maines ayant un automorphisme s’accumulant en un pointqai) ble type de D’Angelo
quatre.

Corollaire 9. Soit D = {p < 0} une region J-pseudoconvexe relativement compacte
de type de D’Angelo type iafieur ou égalea quatre dans une vaie presque com-
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plexe (M, J) de dimension quatre. Supposons qu'’il existe un automarghide D ad-
mettant une orbite s’accumulant en un point du bord. Alorsxiste un polyame P
de degé au plus quatre, sans termes harmoniques tel gueJ) est biholomorphe
({Rezo + P (z1,71) < 0}, Jg)-

Exposons maintenant la méthode de démonstration. Sappa@gie pour un pointy €
D, il existe une suite, d’automorphismes dé&D, J) tels quep, := f, (po) converge vers
0 € 9D. Nous appliquons la méthode de dilatation des coordanada suitep,. Les
diffeomorphismes.J, .J, )-holomorphes

E,=A,0®,0f, : f;1(DNU)— D,
satisfont les trois propriétés suivantes :

1. les domainesf, ' (D NU)), converge au sens de la convergence de Hausdorff lo-
cale pour les ensembles vers le domaiheCe point résulte des estimées précises
obtenues dans le Théoreme 8.

2. D, converge vers le domaink,-pseudoconvex® = {Rezo+ P (z,71) < 0},0UP
est un polyndme non nul sousharmonique de dégréene contenant pas de termes
harmoniques purs.

3. Pour chaque compast C D, la suite(||F, [|c1(x)),, st bornée.

Ainsi, nous obtenons une sous suite(d¢)  convergeant, sur les compacts depour la

topologieC*, vers une applicatio : D — D, (J, Jot)-holomorphique. Finalement
nous montrons qué' est un(.J, J,)-biholomorphisme dé versD.

Afin d’obtenir des estimées de la pseudométrigue de Katlayau voisinage d’un
point de type de D’Angelo arbitraire, nous privilegionseuapproche non tangentielle,
en s’inspirant de la démarche de I.Graham [39], qui fut kles premiers a obtenir des
estimées de la pseudométriqgue de Kobayashi dans letésmoomplexes.

Théoréeme 10.SoitD = {p < 0} une région J-pseudoconvexe relativement compacte
dans une vaété presque complexé/, J) de dimension quatre. Sajte 9D un point de
type de D’Angel@m et soitA C D le cbne de sommetet d’axe I'axe (Eel) normal. Alors

il existe une constant€ > 0 telle que pourtoup € DN A etv = v, +v, € T,M :

|vn] v
K p,v) > C — + ;

ou v,, etv; sont les composantes normale et tangentielle du vecteur,.

La preuve s’articule essentiellement comme celle du Tdéreer8. Néanmoins, en
privilégiant une approche non tangentielle, il n’est phécessaire de recentrer la suite
de points convergeant vers I'origine par le diffeomorpies, . Ainsiles dilatations d€?>
gue nous considérons sont définies par :

;1
A, i (21,29) — (53’"2'1,5;122) ;
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et nous assurent finalement la convergence des domainesatists dilatés vers un do-
maine Brody hyperbolique.

Estimées fines de la pseudoatrique de Kobayashi et hyperbolicié au
sens de Gromov

Il estimportant de noter que plusieurs notions d’hypedii@iont €té introduites, basées sur
differentes propriétés géométriques des variétést naturel de s’intéresser aux liens qui
les unissent : par exemple, le lien entre I'hyperbolicitenplexe (au sens de Kobayashi
ou de Brody) et I'hyperbolicité symplectique a été éudar A.-L.Biolley [13]. Dans
le quatrieme chapitre de cette thése, nous nous intaresau lien entre I'hyperbolicité
au sens de Kobayashi (complexe) et I'hyperbolicité au sen&romov (métrique). Plus
précisément, nous montrons I'’hyperbolicité au sens dBr®v des domaines strictement
J-pseudoconvexes d’'une varitété presque comp(éxe/) de dimension quatre. Notre
approche s’appuie sur les travaux de Z.M.Balogh et M.Bohk{8e D.Ma [54].

Dans un espace métriqu¥, d) géodésique (ie tel que deux points quelconques peuvent
étre reliés par une géodésique) I'hyperbolicité anssée Gromov est définie en terme
de finesse des triangles géodésiques. Plus généralgnoen un espace métrique’, d)
quelconque, la Gromov hyperbolicité est quantifiee @éale I'inégalité suivante :

(1) d(z,y) + d(z,w) < max(d(z, 2) + d(y,w), d(z,w) + d(y, 2)) + 26,

pourz,y, z,w € X etune constante positive uniforrmie

En considérant des estimées fines de la métrique de Kebiylatenues par D.Ma [54],
Z.M.Balogh et M.Bonk [3] ont montré la Gromov hyperbole&idles domaine® bornés
strictement pseudoconvexes de I'espace Euclidien complerur preuve est basée sur
une description du comportement au voisinage du bérdle la distance de Kobayashj
permettant de la comparer a une applicatiomde D vers|0, +00) satisfaisant la condi-
tion (1) de Gromov hyperbolicité. Cette description estgment métrique et ne s’appuie
sur aucun argument d’analyse complexe. Il résulte de tafaiotivation d’obtenir des es-
timées fines de la pseudométrique de Kobayashi dans deamesirelativement compacts
strictement/-pseudoconvexes pour des structures non intégrables Mouatrons alors :

Théoréme 11.SoitD = {p < 0} un domaine lisse relativement compact dans une=ari
presque complexgV/, J) de dimension quatre. Nous supposons guest une fonction
J-plurisousharmonique au voisinage dg et strictement/-plurisousharmonique sur un
voisinage de)D. Alors il existe des constantés> 0 ets > 0 telles que pour toup € D
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suffisamment proche du bordwet= v,, + v, € T,M on ait :

2 . 1
—Cé(p)® |Un| ;ij(p , Ut) -
) <M@P+' 25(p) < Kp.pp,v)

. 2 Lop(pt)?
2 < 605(17) ( |Un| + J y Ut ) ’
@) - 46(p)? 20(p)

ou p* désigne l'unique point d@D tel qued(p) := dist(p, D) = ||p — p*||.

Si notre preuve suit les grandes lignes de celle de D.Ma [64} pes domaines de
(C™, Ja), il est nécessaire d’eliminer tous les arguments conggl@ontenus dans [54]
comme l'introduction de fonctions holomorphes dzoquons en les points clés.

Dans un premier temps, similairement a F.Forstneric BtRlosay [32], nous obtenons
un principe fin de localisation de la pseudométrique de Kabhi au voisinage d’'un point
p* € 0D de stricteJ-pseudoconvexite. Néanmoins la preuve donnée danss[&@puie
sur I'existence de fonctions holomorphes pic et ne peutesegliser tel quel au cadre
presque complexe. Nous contournons cet obstacle en meguégisément la longueur
au sens de Kobabayashi des chemins s’éloignantde I'aide d’estimées de la pseu-
dométrique de Kobayashi obtenues par K.H.Lee [50] (vassalarticle de S.lvashkovich
et J.-P.Rosay [45]). Le principe de localisation ainsi obtdépend du voisinage gg,
mais cette dépendance sera quantifiée en considérapblyelssques anisotropes de taille
entierement controlée.

Nous considérons un poipte D = {p < 0} suffisamment proche d&), nous notons
p* € D son projeté sur le bord ét= 6(p) = ||p — p*||. Afin d’estimerK p 5 (p,v), Nous
travaillons localement, supposant alors :

1. p* =0etp = (6,0),
2. DNU C RY,

3. la structure/ est triangulaire supérieure et coincide avgde long de I'espace tan-

. 0
gent complexg{z; = 0}. Par ailleurs notons que les composantes® p et
21

0 .
A2 ® 5 de] s'expriment er0(|z || + |=]")

4. la fonction définissantes’écrit :
p(z) = —2Rez; + 2Re ij,kzjzk + Z P 5%i%k + O(]|z|1*),
ou p; 1. etp, 5 sont des constantes telles que = p; ;, aveCpss = 0 €tp;; = Py 5

; de plus la stricte/-pseudoconvexite d® permet de supposer; = 1 (voir [23],
[35]).
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Nous considérons maintenant les polydisques suivants :
— l-a
Q(&,a) = {Z€C2,|Zl| <ot a,|22| < c) 2 }’

ou « est une constante suffisamment petite a fixer et ou la auestaindépendante de
du fait de la stricte pseudoconvexité fe est choisie telle que :

DNUN 8@(5@) C {Z € Cz, ‘Zl‘ = 5170{}.

Posons) := D NU N Q.q)- Le principe de localisation précédemment obtenu &'écr
alors :

(1—20") Ko7 (p,v) < Kprv.gy(p,v) < K. (p,v).

pour une constantg indépendante dg = (4,0). Par ailleurs, a l'aide d’'une fonction
plateau, nous faisons I'hypothése que la structiirest globalement définie sii* et
coincide aved,, en dehors dé).

Considérons la dilatatiofr; de C? :

21—5 \/%22
Us(21, 22) 1= o ibwerwdl B

Une telle application présente I'avantage suivant : dilanisotropiquement les coor-
données d&€?, puis se ramemer a la version bornée de la boule unit€’deCela per-
met, similairement a [54], de localiser le domaine image(2) entre deux boules pour
lesquelles la métriqgue de Kobayashi peut étre estiméegitément :

3) B (o, 6—05“') CUs(Q) C B (o, 605“/> ,

pour une constant€’ > 0. Ainsi il résulte de l'invariance par biholomorphismeslde
métrique de Kobayashi et de (3) :

4 K (B0, 59) (0,dp¥5(v)) < Ko (p,v) < K (BOe-c),59) (0, dpWs(v)),

oud,Vs(v) = v1/25 + ve/V20, et ou.J? désigne I'image de la structurkpar ¥s. Par
ailleurs nous montrons I'inégalité importante suivante

) |77 = 7.

N S 0557
C*(B(0,2))
pour des constantes> 0 ets > 0.C’est préciséement dans le but d’obtenir un tel controle
de l'ordre d’'une puissance degue nous avons introduit les polydisqugs ., plutot que
les boules de taille fixe qu’utilise D.Ma.
quiation

Nous montrons I'estimée inférieure de (2) a I'aide degdonsidérant (nous inspirant
encore une fois de [64]) une fonction plurisousharmoniaqursstruite a I'aide de la fonction
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antipic plurisousharmoniqueg||z||? + As|| || introduite par E.Chirka [19], ou la constante
Aj; est calculée explicitement compte tenu de (5).

Enfin pour établir I'estimée supérieure souhaitéeuffisde construire un disqué-
holomorphe centré en l'origine et dont la dérivee enigjore vautrv/||v||, avecr =
1 — ¢ pour des constante$ > 0 ets’ > 0. Nous considérons pour cela un disque
Js-holomorphe dont la dérivée en l'origine sera fixée. Noasstruisons a I'aide d’'un
théoreme des fonctions implicites quantitatif un disguleolomorphe dont la dérivée en
I'origine est une petite déformation de celle du disquadéad. Cette perturbation étant
encore une fois explicitement controlée du fait de (58 nouvelle application du théoreme
des fonctions implicites fournit le disque souhaité.

Finalement, la Gromov hyperbolicité des domaines retatignt compacts strictement
J-pseudoconvexes résulte du Théordmede [3] et du Théoreme 11 :

Théoréme 12.SoitD = {p < 0} un domaine lisse relativement compact dans unezari
presque complexg\, J) de dimension quatre. Nous supposons guest une fonction
J-plurisousharmonique au voisinage dg et strictement/-plurisousharmonique sur un
voisinage de)D. Alors D muni de la distance de Kobayashiy 5 est hyperbolique au
sens de Gromov.

Les “petites” boules d’une variété presque compleike /) vérifiant les hypotheses du
Théoreme 12, nous obtenons :

Corollaire 13. Soit(M, J) une varéte presque complexe de dimension quatre. Alors tout
pointp € M admet une base de voisinages hyperboliques au sens de Gromov



Chapter 1

Preliminaries

In this chapter, we give some properties of almost complexggdry. Let?'M andT*M
be the tangent and cotangent bundles over a manitblde denote by\ the unit disc of
C and byA, the disc ofC centered at the origin of radius> 0. We denote by the unit
ball of R?", for everyn.

1.1 Almost complex structures

An almost complex structuré on a real smooth manifoldi/ is a smooth field of endomor-
phisms of the tangent bundlé)/ which satisfies/? = —Id. The pair(M, J) is called an
almost complex manifoldAn almost complex structuré defines a complex structure on
each fiber ofl' M, by
(a+ib)v = av + bJ(p)v,
wherea,b € R,p € M andv € T, M.
The basic example is the complex spé&teendowed with the standard complex struc-

ture /. IdentifyingC" andR2" by z, = x;, + iy, foranyk = 1, - -, n, J*" is defined

by
gem (O N_ 0 g gem (9N __ 9
st aSUj 83/] st 8yj 8.’,13']‘ ’
foranyk = 1,--- ,n. The matricial interpretation Qfsff") is given by
i
72

J(2”) _

st - ’

2
7P

wherer(f) of R? is the following matrix:

@_ (0 -1
(03
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By an abuse of notation, we simply denote.hy the standard complex structure BA”,
for everyn.
The following lemma (see [35]) states that locally any altramsmplex manifold can
be seen as the unit ball ¢ endowed with a small smooth perturbation of the standard
integrable structurd,;.

Lemma 1.1.1.Let (M, J) be an almost complex manifold, withof classC*, k > 0.
Then for every poinp € M and every)\, > 0 there exist a neighborhoad of p and a
coordinate diffeomorphism: U — B centered & (ie z(p) = 0) such that the direct image
of J satisfiesz,.J (0) = Js and||z,. (J) — Jst“ck(@) < Ao

This is simply done by considering a local chartU — B centered & (ie z(p) = 0),
composing it with a linear diffeomorphismto insuze/ (0) = J; and dilating coordinates.

1.1.1 Vectors fields and differentiable forms

Let (M, J) be an almost complex manifold. The complex tangent butidle of (M, .J)
is a bundle such that each fibre is the complexificatio 7,,M of 7,M. Recall that
TeM = TN @ 7O M where

TOOM .= {X € TeM : JX =iX} = {v—iJv,v € TM},
and
TOYM = {X € TeM : JX = —iX} = {v+iJv,v € TM}.

We point out thai”™% ) (resp. 71 M) is the eigenspace corresponding to the eigenvalue
i (resp.—i) of the endomorphisrd. IdentifyingC @ 7 M with T:M = Hom(TcM, C),
we define the set of compléx, 0)-forms onM by :

T(*LO)M ={weTiM :w(X)=0,VX € T(O’l)M}
and the set of comple, 1)-forms on}/ by :
TonyM ={w e TeM w(X)=0,VX € TEOMY.

ThenTéM = T(l,O)M S¥ T(071)M.

1.1.2 Integrability

A complex manifold is a smooth real manifold of dimension2n equipped with holo-
morphic charts with values if€”; this means that the transition maps are holomorphic.
One may define an almost complex structuren M by pulling back the standard com-
plex structure/,;. The structure defined in this way coincides with on a neighborhood

of each point ofM. Thus it is natural to ask under what conditions an almostptern
manifold is a complex manifold. This was studied by A.Nevdanand L.Nirenberg in
[57].
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Let N; be the Nijenhuis tensor with respect to the almost complexctire./ defined

by:
’ N (X,Y):=[JX,JY] = J[X,JY] = J[JX,Y] - [X,Y],

forany X,Y € I'(TM). ThenN; = 0 if and only the bundl&™! )M is integrable, that
is closed under Lie brackets. The following theorem due tdefvlander and L.Nirenberg
[57] proves that, generically, an almost complex manifsldot a complex manifold.

Theorem 1.1.2.An almost complex manifold/, .J) is a complex manifold if and only if
the bundler®! M is integrable.

In other words, the Nijenhuis tensor measures the lack optexcoordinates of almost
complex manifolds. A structuré on M is said to bantegrableif N; =0onTM x T'M.

Remark 1.1.3.Since the Nijenhuis tensor on a real manifold of dimensiansidentically
zero, any almost complex structure on a Riemann surfacedgriable.

1.2 Pseudoholomorphic discs

A differentiable mapf : (M’,J') — (M, J) between two almost complex manifolds is
said to bg.J’, J)-holomorphidf:

J(f(p))o pf:dpfOJ,(p),

for everyp € M. A (J', J)-holomorphic magf is called a(J’, J)-biholomorphismif f is
a diffeomorphism.

Incasef : (M, J) — M’is a diffeomorphism, we define an almost complex structure,
denoted byf,.J, on M’ as the direct image of by f:

f*J (Q) = dffl(q)f oJ (f_l (Q)) © dqf_la
for everyq € M'.

In caseM’ = A ¢ CandJ’ =i, a(i, J)-holomorphic map is called pseudoholomor-
phic disc The.J-holomorphy equation for a pseudoholomorphic disc A — U C R*"
is given by

ou 7 ou B

(1.1) - (u) Erelall
or equivalently by
ou ou
(J(u) + Jst)a_z = (J (u) — Jst)a—c,

Since, according to Lemma 1.1.1;+ J,, is locally invertible, the pseudoholomorphic disc
u satisfies the following local-holomorphy equation:

ou ou
6_5 + QJ(U)a—C =0,
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where the endomorphis®;(u) is defined by
Qr(u) == —(J(u) + Jo) " (J(u) — Jg).

A.Nijenhuis and W.Woolf [58], proved the local existencge&udoholomorphic curves
with prescribed one-jets. The generalization for presttib-jets for arbitrary positive
k € Nis due to S.lvashkovich and J.-P.Rosay [45] and is statedllasvE:

Proposition 1.2.1.Letk € N, £ > 1, and0 < o < 1. Let.J be aC*~1> almost complex
structure defined near the origin iR*". For anyp € R?" sufficiently close the origin,
and everyl’ = (vy,...,v;) € (R?)* small enough, there is @~ J-holomorphic disc
upy A — R* such that

(’Wu Vv
u,v(0) =p, and T:LZ(O) = v,
forany1l < j < k. If the structure/ is of classC*“, thenu, may be chosen wit&*
dependence (iG") on the parameter§, V) in R?" x (R?")*.

The proof they gave, assuming tG&> regularity of the structurd is a consequence
of the implicit function theorem. As they noticed, in case #itructure is only supposed to
beCk—1<, the continuous dependence on parameters probably fails.

1.2.1 First order estimate for pseudohomorphic discs

In this subsection we present a theorem stated by J.-C. &ikor[65] which provides a
generalization of the Cauchy estimates for pseudoholomorjscs.
Letk e N,k > 1,0 < a < 1, and let us consider the following elliptic Beltrami PDE:

ou ou

(1.2) % + Q(U)a—c =0,

whereq : B — Endg(C") is an endomorphism with regularit§f~, andu is a differen-
tiable map fromA to B.

Theorem 1.2.2.Let0 < r < 1. Let D be a relatively compact domain i®**. Then there
are positive constantsand C' such that if||¢||cr.. < e, then any mag satisfying (1.2) is
of classC**1> on A,_, and verify:

[uller+raqa, ) < Clluflpe.

As a direct consequence, if we suppose thiat of classC!”, then the set of/-
holomorphic disc is closed for the topology of the uniforrmeergence over compact
subsets.

Remark 1.2.3. L.Blanc-Centi obtained in [14] explicit estimates for pdetholomorphic
disc attached to a maximal totally real submanif@ldinvolving the curvature of.
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1.2.2 Normal coordinates

As noticed by J.-C.Sikorav in [65], a corollary of Propasitil.2.1 is the existence of
normal coordinates on a four dimensional almost complexifolan()/, J), whereJ is
smooth enough.

Lemma 1.2.4.Let (M, J) be an almost complex manifold whefés of classC!" at least.
Then near each pointthere areC%“ coordinates: € C? centered ap such that/ satisfies
J(p) = Js and admits a block diagonal matrix representation:

J(z) = ( Jléz) JQ?Z) ) :

As illustrated by Figure 2, this is done by considering thaifg of vectors(1,0) at
base pointg0, t) for ¢ # 0 small enough. Due to the (local) existence of pseudoholemor
phic discs (see Proposition 1.2.1), we obtain a family ¢folomorphic discs:; such that
u; (0) = (0,t) anddyu, (0/0,) = (0, 1) and according to the parameters dependence, we
may straighten these discs into the complex lifigs= ¢}. We then consider a transversal
foliation by J-holomorphic discs and straighten these lines into= c}.

zZ2

Figure 2. Normal coordinates in a four dimensional almostjgiex manifold.

We point out that a/-holomorphic disa: satisfies the following diagondkholomorphy
equation:
8uk 8uk
RS

fork =1,2.
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Remark 1.2.5. Generically and in higher dimension, there is no coordinstieh that/

is diagonal (ie such that it admits a block diagonal matripresentation). Indeed for an
almost complex manifoltV/, J) of dimensior2n , there is no, generically, submanifold
of real dimension greater than two (and of real codimensigeater than one) in(M, J)
closed undev.

There is a normal form for an almost complex structure alomggalar pseudoholo-
morphic disc, illustrated by Figure 3. Lét;,t,, - ,1.,) be coordinates oR*". Let
J = Jkdt' ® ot,, be structure inR?" and consider a (regular)-holomorphic discu in
(R?>" .J). After a change of variables, may be expressed by the flat pseudoholomorphic
discu(¢) = (¢,0,---,0). Moreover let us consider the linear diffeomorphignof R?"
defined by:

Oz = (D () 3 T ()

b Y TR )y D B (=) ).
k=1 k=1

In that change of variables the structurés transformed into an almost complex structure
that coincides with/,; alongC x {0} c C"

(Cn—l
¢_1

u(A)

Figure 3.

1.3 Levigeometry

Let p be aC? real valued function on a smooth almost complex manifald .J) .
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1.3.1 The Leviform
We denote byl p the differential form defined by

(1.3) d5p (v) = —dp (Jv),

wherev is a section off'M. TheLevi formof p at a pointp € M and a vectop € T,M is
defined by

Lyp(p,v) = d(d5p) (p) (v, J(p)v) = ddjp(p) (v, J(p)v).

Incase(M, J) = (C", Jg), thenl,,,pis, up to a positive multiplicative constant, the usual

standard Levi form: 52
p
L :4§ — V.
Jstp(p7 U) azjaz—kvjvk‘

We investigate now how close is the Levi form with respect foom the standard Levi
form. Forp € M andv € T,M, we easily get:

(1.4) Lsp(p,v) = Ly,p(p,v)+d(dG—dj,)pp)(v, J(p)v) +ddj p(p)(v, J(p) — Js1)v)-
In local coordinatesty, t,, - - - , 1o,) of R?", (1.4) may be written as follows

Lip(pv) = Li,p(p,0)+ 0(A—"A) T ()0 +'(J(p) — Ju)oDJyw +
(15) t(‘](p) - Jst)vD(‘](p) - Jst)v

where
A= %% and D = ( O u )
’ ; 8tl 8tk ) . atjatk 1<5,k<2n .

Let f be a(.J’, J)-biholomorphism from(M’, J') to (M, J). Then for every € M and
everyv € T,M:

Lyp(p,v)=Lypo fH(f(p).dpf (v)).

This expresses the invariance of the Levi form under diffegghisms.
The next proposition is useful in order to compute the Leurfgsee [27] and [45]).

Proposition 1.3.1. Letp € M andv € T,M. Then
Lsp(p,v) = A(pou)(0),
whereu : A — (M, J) is any.J-holomorphic disc satisfying (0) = p anddyu (0/0,) =

V.

1.3.2 J-plurisubharmonic functions
Proposition 1.3.1 leads to the following proposition-dititom:

Proposition 1.3.2. The two statements are equivalent:
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1. p o u is subharmonic for any-holomorphic disa: : A — M.
2. L;p(p,v) > 0foreveryp € M and every € T,M.

If one of the previous statements is satisfied we say hat/-plurisubharmonic We
say thatp is strictly J-plurisubharmonidf £;p(p,v) is positive for anyp € M and any
v e T,M \ {0}. Plurisubharmonic functions play a very important rolelimast complex
geometry: they give attraction and localization properf@ pseudoholomorphic discs.
For this reason the construction . ®fplurisubharmonic functions is crucial.

The basic example of &plurisubharmonic function oW/, J) is:

Example 1. For every pointp € (M, J) there exists a neighborhodd of p and a diffeo-
morphismz : U — B centered ap such that the functiofz|? is .J-plurisubharmonic on
U.

The next example less trivial is due to E.Chirka [19] (seq {8945] for a proof). We
will give a quantitative version of this lemma in Chapter ddd¢.emma 4.1.1).

Lemma 1.3.3.Let p be a point in an almost complex manifald/, J). There exist a
neighborhood’ of p in M, a diffeomorphism : U — B centered ap and a positive
constantA, such that the functioog|z| + A|z| is J-plurisubharmonic on/. Such a
function is called a local antipeak-plurisubharmonic function gt.

Consequently any point in a smooth almost complex manifold/, J) is a polar
set; and more generally, J.-P.Rosay [61] proved thablomorphic discs are polar sets.
As suggested by J.-P.Rosay, a very interesting open proisléhe construction of al-
plurisubharmonic function whose polar set is a pseudohotpiric disc with a cusp.

1.3.3 J-pseudoconvexity

Similarly to the integrable case, one may define the notiopseudoconvexity in almost
complex manifolds. LeD be a domain ifM, J). We denote byi’0D := TOD N JTOD
the J-invariant subbundle df'oD.

Definition 1.3.4.

1. The domairD is J-pseudoconvex (resp. it strictlirpseudoconvex) £ ; p(p, v) > 0
(resp.> 0) foranyp € 9D andv € T;/OD (resp.v € T/0D \ {0}).

2. AJ-pseudoconvex region is a domdin= {p < 0} wherep s aC? defining function,
J-plurisubharmonic on a neighborhood 6f.

We recall that a defining function fdp satisfiesip # 0 ondD.
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1.4 Kobayashi hyperbolicity

1.4.1 The Kobayashi pseudometric

The existence of local pseudoholomorphic discs (see Pitogo$.2.1) allows to define the
Kobayashi-Royden pseudometabusively called th&obayashi pseudometri&’ s, 5 for
p € M andv € T,M:

1
Koy (p,v) = inf{; >0,u : A — (M, J) J-holomorphic, u (0) = p,
dou (0/0x) = rv}.

= inf {1 > 0,u: A, — (M,J), J-holomorphic,u (0) = p,
T

dou (0/0x) = v}.

Since the composition of pseudoholomorphic maps is stdlugsholomorphic, the
Kobayashi pseudometric satisfies the decreasing property:

Proposition 1.4.1.Let f : (M',J) — (M, J) be a(J', J)-holomorphic map. Then for
anyp € M’ andv € T,M" we have

K(MaJ) (f (p> 7dpf (U)) < K(M’7J/) (p, U) .

For a complex manifold//, the Kobayashi pseudometric is an upper semicontinuous
function on the tangent bundIE)/. According to B.Kruglikov [48], the same is true
in almost complex manifolds whenever the structure is sineobugh. More precisely
S.lvashkovich and J.-P.Rosay [45] proved that it is uppernsentinuous if the structure is
of classC!" at least. In [46], there is an example of an almost complexcsire.J of class
C?/3 on the bidiscA x A such thatK (A« a7y IS NOt Upper semicontinuous on the tangent
bundle. We do not know what happen in case the structuie wgith 2/3 < o < 1.

Since the structures we consider are smooth enough, we rfiag tlee integrated pseu-
dodistancel(,; sy of Ky :

dim,yy (s q) := inf {/o Koy (v (t) 4 (t)dt, v - [0,1] = M, v(0) =p,v(1) = q} )

Similarly to the standard integrable case, B.Kruglikov][d®ved that the integrated pseu-
dodistance of the Kobayashi pseudometric coincides withkibbayashi pseudodistance
defined by chains of pseudholomorphic discs.

We now define the Kobayashi hyperbolicity:
Definition 1.4.2.

1. The manifold )/, J) is Kobayashi hyperbolic if the Kobayashi pseudodistafgg)
is a distance.
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2. The manifold M, J) is local Kobayashi hyperbolic at € M if there exist a neigh-
borhoodU of p and a positive constardf such that

K, (q,v) = C|lv]|
for everyq € U and every € T, M.

3. A Kobayashi hyperbolic manifold/, J) is complete hyperbolic if it is complete for
the distancel(,;, 7).

Another way to say thdt\/, .J) is complete hyperbolic is to say that the Kobayashi balll

By (p,7) := {q € M,d,n(p,q) <7}
are relatively compact i/ for anyp € M and any real positive.

Remark 1.4.3. In case the manifold)M, J) is Kobayashi hyperbolic then the topology
induced by the Kobayashi distance coincides with the usyoalogy on)\/.

Remark 1.4.4. The manifold()/, J) is Kobayashi hyperbolic if and only if it is local
Kobayashi hyperbolic at each point 8f. This statement is due to H.L.Royden [62] in
the integrable case and its proof is identical in the almashplex setting.

1.4.2 Tautness

In this subsection, we give the definition of the tautnessigntink with the Kobayashi
hyperbolicity.

Definition 1.4.5. A domainD in an almost complex manifold\/, .J) is taut if for every
(u,), sequence aof -holomorphic discs, either

1. there is a subsequence which convergeg-tmlomorphic disc inD, or

2. is compactly divergent, that is, for all compact subgéts A and K’ C D, there is
an integery, such thatu, (K) N K’ = () for v > .

We point out that a relatively compact Kobayashi hyperbdbenain D is taut if and
only if for every sequencey, ), of J-holomorphic discs ib converging to &/-holomorphic
discu in D, the limit satisfies eithex(A) C D, oru(A) C 9D.

The link between the tautness and the Kobayashi hypertyotita domain is given by:

Proposition 1.4.6.Let D be a domain in an almost complex manifold, /). Then

D is complete hyperbolic=- D is taut = D is hyperbolic



Chapter 2

Almost complex structures on the
cotangent bundle

This chapter follows the paper published in Complex Vagatdnd Elliptic Equations2
(2007), 741-754. [10].

Résune

Nous construisons un relevé de structure presque complaxe fibré cotan-
gent, que 'on nommeelewe horizontal gréralise, en utilisant une connex-
ion sur la variété base. Cette construction unifieeleve completde |.Sato

et le releve horizontaldéfini par S.Ishihara et K.Yano. Nous étudions cer-
taines propriétés géométriques de ce releve, peamtetinsi de caractériser
génériquement le relevé complet, et étudions sa cahifité& avec les formes
symplectiques sur le fibré cotangent.

Abstract

We construct some lift of an almost complex structure to th&mgent bun-
dle, using a connexion on the base manifold. This unifies tmptete lift
defined by I.Sat and the horizontal lift introduced by Shsina and K.Yano.
We study some geometric properties of this lift and its cotmbday with sym-
plectic forms on the cotangent bundle.

Introduction

There is a natural and deep connection between local agalggiomplex and almost com-
plex manifolds and canonical bundles. For instance, theng@nt bundle is tightly related
to extension of biholomorphisms and to the study of statipd#scs. Moreover, it is well
known that the cotangent bundle plays a very important mkymplectic geometry and
its applications, since this carries a canonical sympiesttucture induced by the Liouville
form.

Several lifts of an almost complex structure on a base miahéfiee constructed on the
cotangent bundle. These are essentially due to |.Sato naed S.Ishihara-K.Yano in
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[44]. 1.Sato defined a lift of the ambient structure as a aioa of the formal complete
lift; S.Ishihara-K.Yano introduced the horizontal lift @ined via a symmetric connection.
The aim of the present chapter is to unify and to generaliesdlifts by introducing a more
natural almost complex lift called the generalized hortabhft.

It turns out that our construction depends on the introdunotif some connection: we
study the dependence of the lift on it. Our main result sttasthe structure defined by
[.Sato and the horizontal lift are special cases of our gdmenstruction, obtained by par-
ticular choices of connections (Theorem 2.2.4). We esthldbme geometric properties
of this general lift (Theorems 2.3.1 and 2.3.3). Then we att@rize generically the struc-
ture constructed by I.Sato by the holomorphy of the lift ofieeg diffeomorphism on the
bases and by the holomorphy of the complex fiberwise muttgiton (Corollary 2.3.2 and
Corollary 2.3.4).

Finally, we study the compatibility between lifted almostaplex structures and sym-
plectic forms on the cotangent bundle. The conormal bunfike sirictly pseudoconvex
hypersurface is a totally real maximal submanifold in theangent bundle endowed with
the structure defined by I.Sato. This was proved by S.Wep&®¢ifor the standard com-
plex structure, and by A.Spiro [66], and independently b@&lssier-A.Sukhov [36], for
the almost complex case. One can search for a symplecti¢ pfabis, since every La-
grangian submanifold in a symplectic manifold is totallglr®r almost complex structures
compatible with the symplectic form. We prove that for evalmost complex manifold
and every symplectic form of* M compatible with the generalized horizontal lift, the
conormal bundle of a strictly pseudoconvex hypersurfagetsLagrangian (Proposition
2.4.2). This illustrates the singular fact that to studyalammplex (or almost complex) ge-
ometry, we naturally use structures which are not compailth the canonical symplectic
form of the cotangent bundle.

2.1 Preliminaries

Let (M, J) be an almost complex manifold of even dimensian We denote by’ M
and7™ M the tangent and cotangent bundles aVvErby I'(T'M) andI'(7* M) the sets of
sections of these bundles and by 7*M — M the fiberwise projection. We consider
local coordinates systents,--- ,xz,) in M and(xy, -, 2., p1, -+ ,pn) IN T*M. We
suppose that, in local coordinates, the structli®given byJ = JFdz! ® dx;,. We do not
write any sum symbol; we use Einstein summation convention.

2.1.1 Tensors and contractions
Let # bethe Liouville formon 7™ M. This one-form is locally given by
0 = p;da’.

The two-formw,; := df is the canonical symplectic forron the cotangent bundle, with
local expression
we = —dz A dpk.

We stress out that these forms do not depend on the choiceafinates oV ™ M.
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We denote byl; M the space of; covariant and- contravariant tensors oi/. For
positiveq, we consider the contraction map 7, M — T, (7" M) defined by:

(2.1) Y(R) = kaZ,---,iquil Q- ®Qdrl! ® op;,

for R= Ry _,; de" @ ®dr' @ Oxy.
We also define g-form onT* M by

(2.2) O(R) =R}, da" @ - @ dz's
for atensork € T;M on M and we notice that:
O(R)(Xy, -+, Xy) = 0(R(dm(X1), -, dr(Xy)))

for Xy,---, X, e '(T*M).

Since the canonical symplectic forn, establishes a correspondence between g-forms
anqul,lM, one may define the contraction mapsing the Liouville formd andw,; by
setting, forX,, - -, X, e ['(T*M) :

(23) t(e(R»(le e 7XQ) = _w3t<X17 V(R)(X% Y 7XQ))7

where

HOR) (X, Xg) = O(R) (X, -+, X, Xu).
For atensoi? € T, M, we have a matricial interpretation of the contractigrif Rﬁj are
the coordinates oR then~(R) is given by:

(R) = (pk%?’i 8 ) € Moy (R).

2.1.2 Connections

Let (£, 7, M) be a vector bundle on a real (smooth) maniféfdand denote by'(£) the
set of sections of this bundle. gonnectionV on (E,w, M) is aR-bilinear mapV
['(TM) x T'(E) — T'(F) satisfying:

VfXO' == fVXO'

Vx(fo) = (X.f)o+ fVxo

forevery X € I'(M), o € I'(E) and smooth functiorf. In what follows connections will
be taken on the tangent bundle except when it is clearly amezl

Let V be a connection on an almost complex manifald, /). We denote bﬂﬁj its
Christoffel symbols defined by

Voz,0r; = Fﬁj(’?xk.

Let alsoI'; ; defined in local coordinatgs:; - - - , z,,,p1,- -, p,) ON the cotangent bundle
T* M by the equality
pkl—‘ﬁj = Fz‘,j-
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ThetorsionT of V is defined by:
T(X,Y):=VxY —VyX — [X,Y],
foreveryX,Y € I'(T'M). There are natural families of connections on an almost ¢exnp
manifold.
Definition 2.1.1. A connectiorV on M is called:

1. almost complex wheVix (JY) = JVxY foreveryX,Y € I'(TM),
2. minimal when its torsioff’ is equal to; N,

3. symmetric when its torsidfiis identically zero.

A.Lichnerowicz proved in [53] that for any almost complexmifald, the set of almost
complex and minimal connections is nonempty. This factugial in the following.

We introduce a tensdv.J € T3 M which measures the lack of almost complexity of
the connectiorV:

(2.4) (VI)(X,Y):=VxJY - JVxY
foreveryX,Y € I'(T'M). Locally we have

k k k1l Ik
(2.5) (V)i = 0x:J; — Ty + LT3

To the connectio/ we associate three other connections:

1. V := V — T. The Christoffel symbolffj of V are given by

T 1k

2,] YEN
2.V = V — %T. The connectiorV is a symmetric connection and its Christoffel

~ _ _
symbolsl; ; are given by: X

Tk _ k k
Iy, = §(Fi,j +17,.).
3. a connection on the cotangent bund& M/, =, M), still denoted byV, and defined
by:
(2.6) (Vxs)(Y) := X.s(Y) — sVxY,

foreveryX,Y € I'(T'M) and everys € I'(T*M).

Letz € M and let¢ € T*M be such that(¢) = 2. Thehorizontal distribution//V of
V is defined by:

HY ={d,s(X), X € T,M,s e (T"M),s(x) = £, Vxs =0} CTeTM.

We recall that/.r induces an isomorphism betwe#f}” andT’, M. Moreover we have the
following decomposition:
T.T"M = HY & T; M.

So an element” € T;T*M decomposes & = (X, vV (Y)), where
oV T M — Ti M
IS the projection on the vertical spacé)M parallel tngv.
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2.2 Generalized horizontal lift on the cotangent bundle

Let (M, J) be an almost complex manifold. We first recall the definitiohthe structures
constructed by I.Sato and S.Ishihara-K.Yano. Then wedhite a new almost complex lift
of J to the cotangent bundIE* M over M and we prove that this unifies the complete lift
and the horizontal lift.

2.2.1 Complete lift

We consider the formal complete lift denoted.fyand defined by I.Sato in [63] as follows:
let0(.J) be the one-form ofi™* M with local expression

0(J) = ppJSda'.

Since the canonical symplectic form, gives a correspondence between two-forms and
tensors of typé€1, 1), one may defing® by the identity

d0(J)) = wx(J°.,.).

ThenJ¢ is locally given by:

2.7)

7

. Ji 0

The formal complete lift/¢ is an almost complex structure @i M if and only if J is an
integrable structure oi/, that is if and only ifA is a complex manifold. Introducing a
correction term which involves the non integrability 6f |.Sato [63] obtained an almost
complex structurg/ on the cotangent bundle and called doenplete liftof .J; this is given

by:

~ 1
(2.8) J = J¢ = S(INy).
The coordinates of N, are given by:

JN(0x;,0x5) = [=0x; JF + 0wy JF + JET 0, J; — JET10x,J7] da.

Thus we have the following local expressionf)f

~ J0
— J .
(2.9) J= < B ) ,

with

i Pk s s
Bj = 5 [0} = 0xiJf + J{T {0y J; = J0Jj0wg T ]
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2.2.2 Horizontal lift

We now recall the definition of the horizontal lift of an alnt@®mplex structure on the
cotangent bundlg™ M. Let V be a connection on/ and letV := V — %T be its sym-
metrized associated connection. Tiagizontal liftof .J is defined in [44] by:

(2.10) JHY = Je 4 ([V]]),
where the tensdiV.J] € T1 M is given by:
[VJ(X,Y) = —(VJ)(X,Y) + (VI)(Y, X),

foreveryX,Y € I'(T'M) (with VJ defined as in (2.4)).

S.Ishihara and K.Yano [44] proved that’V is an almost complex structure @M.
But it is important to notice that without symmetrizilg the horizontal lift of.J is not an
almost complex structure. The structuteV is locally given by:

J! 0
Z A i ,
(2.11) JHY = ( Fz,zJJI- 7 Fj,lt]@'l 7 ) )

The complete and the horizontal lifts are both a correctibtihe formal complete lift
J¢. Our aim is to unify and to characterize these two almost cemsiructures.

2.2.3 Construction of the generalized horizontal lift

Letz € M and let¢ € T*M be such thatr(§) = z. Assume that is a distribution
satisfying the local decompositidn7*M = H, @ T M. From an algebraic point of view
it is natural to lift the almost complex structureas a product structure, that &o ¢.J
with respect tafl; @ 7y M. Since any such distribution determines and is determiyed b
a unique connection one may define a lifted almost complexistire using a connection
(this point of view is inspired by P.Gauduchon in [33]).

Let V be a connection of/. We consider the connection inducedByon (M, T* M),
defined by (2.6). As illustrated by Figure 4, we define, for ateeY = (X, vV(Y)) €
TT*M = HY & T; M:

JEV(Y) = (JX, T (0V(Y))),

where
JX = (demipy) ™ (J (2)dem (X)),
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JV(Y)
T*M
YY) e Y o HY
( L JX ¢
tJ //, i
wV(Y) o 1
X 4 (dEW\HEV)*l
> dgﬁ
° ° T.M
dem(X) J(dem(X))
\_/(

Figure 4. Construction on the generalized horizontal/ft"

Definition 2.2.1. The almost complex structur&”V is called the generalized horizontal
lift of J associated to the connectidn

We first study the dependence.ff:V on the connectiol¥.

Proposition 2.2.2. Assume tha¥/ and V' are two connections oW/, J). ThenJ%V =
J&V'if and only if the tensol. := V' — V satisfiesL.(.J.,.) = L(., J.).

Proof. Let V andV’ be two connections o/, J) and letL. € T;}(M) be the tensor de-
fined byL := V' — V. We notice that, considering the induced connection§\an’™ M),
we have:

s =Vxs—s(L(X,.)).

Moreover : /
vV (Y) =0V (Y) = E(L(dem(X), ),

whereY = (X, vV (Y)) € T, T*M.
AvectorY € T,T*M can be written

Y = (X,07(Y))
in the decompositiod/y & Ty M of T;7*M and
Y = (X0V(Y))
in Hgv' ® TxM, with dew(X) = dew(X'). By construction we have
dem(JX) = dem(JX').
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ThusJY = J%Vifand only if vV (JV'Y) = vV (JEVY) for everyé € T*M and every
Y € T;T*M. Let us compute" (JV'Y):

oV(JEVY) = oV(JEVY)) + E(L(Jdem(X), )
= JV(Y)) +&(L(Jden(X), )
= JV(Y)) = JE(L(dem(X), ) + E(L(Jdem (X)), .))
= oV(JOVY) = §(L(dem(X), ) + §(L(Jdem(X), ).
So0.J%Y' = % if and only if L(der(X), J.) = L(Jdew(X), ). Sinceder;y is a bijec-

tion betweeanv and7, M, we obtain the desired result. O

As a direct consequence of Proposition 2.2.2 we get thevioligp Corollary:

Corollary 2.2.3. Let V and V’ be two minimal almost complex connections. One has
JG,V’ — JG,V.

Proof. SinceV and V' have the same torsion, the tendor:= V — V' is symmetric.
Moreover, the almost complexity of connectiovisandV’ leads to:

L(X,JY) = Vx(JY)=Vyi(JY)
= J(VxY — V4Y)
JL(X,Y),

for every X, Y € I'(T'M). Finally we haveL(J.,.) = JL(.,.) = L(.,J.) providing
JG’,V’ _ JG’,V. ]

We see from Corollary 2.2.3 that minimal almost complex @utions are natural con-
nections in an almost complex manifold to construct gemedlhorizontal lifts of struc-
tures.

The links between the generalized horizontal Jift:V, the complete lift/, and the
horizontal lift 7#-V are given by the following Theorem:

Theorem 2.2.4.We have:
1. J&V = Jifand only if S = —3JN;, where
(212) SX)Y)=—=(VHX,)Y)+(VHY, X)+T(JX,Y)—-JT(X,Y),
2. J&YV = JEVifand only ifT(J.,.) = T(.,J.) and,

3. For every almost complex and minimal connection, we W&y8 = J = JAV.
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2.2.4 Proof of Theorem 2.2.4

The main idea of the proof is to find a tensorial expressiorhefgeneralized horizontal
structure/“V, involving the formal complete lift/°. In that way, we first describe locally
the horizontal distributiod/V :

Lemma 2.2.5.Letz € M and let{ € T*M be such thatr(¢) = z. We have

X
HY = ), XeT,My.
¢ {< [ X ) }

Proof. Let us prove that

X
v
HY C {( DX ) ,XGTmM}.

LetY € Hgv; Y is equal tod,s(X) whereX € T, M ands is a section of the cotangent
bundle such tha¥’ xs = 0. Locally we set

s = s;dz’

X = X’@xz,
X
Y= < Xj(?xjsi ) '

0 = X'V, (sida’)

and so:

SinceV xs = 0 we obtain:

— stivaxjdxi + Xj&z:jsida:i

= —XVsT% pda® + X7 O0xjspda

Therefore ‘ o ‘
X70xjsp = X517 ) = X1 1.

This proves the desired inclusion.
Moreover the following decomposition insures the equality

g X .
T,T*M = {( P X ) ,XeTxM}eBTxM.
O

The following proposition gives the local expression of gemeralized horizontal lift
which is necessary to obtain the desired tensorial exessated in part 2.
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Proposition 2.2.6.

1. With respect to the local coordinates system - - - , x,,p1, -+ ,p,) On the cotan-
gent bundlel™* M, the structure/¢V is given by:

JGWZ( IJ; ! Oj)'
Tl =T T

2. We have
(2.13) JOV = J¢+4(5),
whereS is defined by (2.12).

Proof. We first prove part 1. We denote 65/ the Kronecker symbol. With respect to the
local coordinates systefw, - -+, z,,p1, - - ,pn), the structure/“V is locally given by:

x)

J

for somea we have to determine. Slnc<e I§Z ) € Hv it follows from Lemma 2.2.5,
i,J

that for everyi € {1,--- ,n}:

() (el )

ah =Ty Jh —Tj0J).
This concludes the proof of part 1.

Hence we have:

Then we prove part 2. Using the local expression of the forcoaiplete lift.J¢ (see
(2.7)), we get:

0 0
GV _ e
f= ( —pr0x; JF + prdaJF 4+ Tid; =T, ) 0 ) .

Since
Vo, (JOx;) = Ox;Jf Oy + Tf, T 0y,

it follows that:
—pr0x;Jf + ppOwi JF + Tiids = Tyl = prda®[—Vo,, (JOx;) + Vo, (JOx;)].
We define
S(X,Y) = =Vx(JY)+ Vy(JX)

= —VX(JY) + VyJX +T(JX, Y)
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and we notice that
S"(0x;,0x5) = =V oy, (JOx;) + Vg, (JOx;).

We point out thatS’ is not a tensor. However introducing a correction term, wiaioba
tensorsS of type (2, 1):

S(X,Y) = S(X,Y)+ JX,Y]
= —Vx(JY)+ Vy(JX)+ T(JX,Y) + JVxY — JVy X — JT(X,Y)

= —(VHX,Y)+(VHY,X)+T(JX,Y) - JT(X,Y).
By construction ofS we have:
S(0x;, 0x;) = S'(0xy, Ox;).
This leads to (2.13). ]

Hence we may compare the three lifted structures via th&insic expressions given
by:

j = J¢—1y(JN;) (see(2.8)),
JAY = Jep(VJ])  (see (2.10)),

R () (see (2.13)).
The lecture of the two first expressions gives part 1 of Thad2e2.4.

To prove the second part of Theorem 2.2.4, we notice that:
VJI(X,Y) = —(VJ)(X,Y)+ (VI)(Y,X)
= (VX Y)+ (V)Y X) +1T(X,JY) + IT(JX,Y)
—JT(X,Y).

Let us prove the third part of Theorem 2.2.4. The equalfty’ = J follows from the
fact thatVJ = 0 because the connectidnis almost complex and from the fact that

1 1
~T(J., )+ JT() = 7INs + 7 IN.

SinceT = {N; andN,(J.,.) = N,(., J.) we finally obtain
JG,V — JH,V.
The proof of Theorem 2.2.4 is now achieved. O

We end this section with the following corollary:



48 CHAPITRE 2: ALMOST COMPLEX STRUCTURES ON THE COTANGENT BUNDLE

Corollary 2.2.7. We have/#Y = J&V.

Proof. This is a direct consequence of Theorem 2.2.4 sift& = J7-V and J&V = JHV
by part 2. O

We point out that Corollary 2.2.7 may also be proved using io@n2.2.5 and the distri-
bution D of horizontal lifted vectors defined by S.Ishihara and K.&'§44] as follows: let
r € M and¢ € T*M such thatr(€) = x. AssumeX 7V is the horizontal lift of a tangent
vectorX € T, M on the cotangent bundle defined by:

X
XY = ( ~ ) e T, T*M.
T, X7 ¢
Then the distributiorD of horizontal lifted vectors is defined by
De={X"V. X e T,M} .

S.Ishihara and K.Yano proved that"Y = J @ *J in the decompositiof; T*M = D¢ @
T*M. From Lemma 2.2.5 we have = HV and finally

JH’V — JEBtJ: JG’,%
with respect to the decompositidp?™ M = D @ T M = Hf DTy M.

2.3 Geometric properties of the generalized horizontal lif

2.3.1 Lift properties

In Theorem 2.3.1 we state the lift properties of the genegdlhorizontal lift of an almost
complex structure.

Theorem 2.3.1.
1. The projectionr : T*M — M is (J%V,.J)-holomorphic.
2. The zero section: M — T*M is (J, J%V)-holomorphic.

3. The lift of a diffeomorphisnf : (M, J;, Vi) — (M,, Jo, V5) to the cotangent
bundle is(J&V*, J5"V?)-holomorphic if and only iff is a (.J, .J;)-holomorphic map
satisfyingf.S; = S5.

We recall that the Iiftfof a diffeomorphismyf : M; — M, to the cotangent bundle is
defined by

= (1A,
Its differentialdfis locally given by:

(2.14) d]?: ( (d;[) t(d](c))l ) € M2n(R)7

where(x) denotes dn x n) block of derivatives off with respect tqzy, - - - , x,).
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Proof of Theorem 2.3.1Parts 1 and 2 are consequences of the first part of Proposition
2.2.6.
Let us prove the third part. Assume thfat (M, J1, V1) — (Ma, Jo, Va)isa(Jy, Jo)-
holomorphic diffeomorphism satisfyinﬁsl = Sy, wheres; is defined by (2.12) foi =
1,2, and denote bfits lift to the cotangent bundl&*)/. According to Proposition 2.2.6,
we have
JOVE =+ 4(S))

for i = 1,2. We denote by, andw; ., the Liouville form and the canonical symplectic
form of T*M;. The invariance by lifted diffeomorphisms of these formsures that

{ f.01 = 65
ﬁwl,st = W2 st-

"(0:(5) = —wist (-, 7(S5).)-

We also recall that
Let us establish that B
F(TY) = J5Ye

The first step consists in proving that the direct imagéd;oby fis JS. By the nondegen-
eracy ofw, 4, it is equivalent to obtain

Wt (oS ) = woa(JS., ).

We compute
wast([oJE) = wagldfo o (df) L)
= wi(Jfo ()™ ()
= fulwralJ)
= [d(6:(]))
and

w275t(J2€., ) = d(@Q(JQ))

Thus we need to prove that the pull-backéef.J;) by fis equal tod;(J;). According to
the local expression aff (see (2.14)), we have

[ (02(J2)) = 02(J2 0 df )

and so: B B
[ (02(J2)) = Oa2(df o J1) = (f*02)(J1) = 01 (J1).
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Thus we obtain

fd(61( 1)) = d(62()),
that is B
fody = Js.
To show the desired result, it remains to prove that theyimage of~(Sy) by fis
7(S2). We prove more generally thit(S1) = S if and only if f.(+(51)) = 7(S2) which

is equivalent to prove that.(5;) = S, if and only if wy o (., fo(7(S1)).) = wo.st (., 7(S2).).
We have:

Wt (1 o1(81).) = wam(.df oy(Sh)o (df)™")

= wis((df) "y (S1) o (df) ")

= Jfulwra(,7(51).)).
Due to (2.3), this leads to

wost (s foy(S1)) = —f('01(Sh)).

Let us check thaf, (S;) = S, if and only if £,%(61(51)) = £(A2(S5)). We have:

{f*(ez(sz)) = 92(52(df7df))

01(51) = (f*62)(S1) = Oy(df 0 5y).

According to this fact and to (2.2), it follows th#tS; = S, if and only if 65 (S, (df, df )) =
O(df 0 S1). S0 f.(S1) = S, if and only if £.(7(S1)) = 7(S,). Finally we have proved that
if f: (M, J1,V1) — (Ms, Jo, Vs)is a(Jy, J2)-holomorphic diffeomorphism satisfying
£.51 = Sy thenfis (J&V1, J¢V2)-holomorphic.

Reciprocally iff is (J&V*, J$V2)-holomorphic thery is (.J;, .J»)-holomorphic. Indeed
the zero sectior; : My — T*M; is (Jy, Jf’vl)-holomorphic by part 2 of Theorem 2.3.1,
the projectionry : T* My, — My IS (JZG’VQ, J>)-holomorphic by part 1 of Theorem 2.3.1

and we have’ = m, o f o s1. Sincef is (J1, Jo)-holomorphic we have
fJe =S

Then the(J Y, JSV2)-holomorphy off implies the equality

fo(v(S1)) = 7(S52),

thatis
f*Sl == 5'2-
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As a corollary, we obtain the lift properties of the complated the horizontal lifts
by considering special connections. We point out that Téxo?.3.1 and Corollary 2.3.2
characterize the complete lift via the lift of diffeomorphis.

Corollary 2.3.2.

1. Tbelift of a diffeomorphisnf : (M, J;) — (Ms, J>) to the cotangent bundle is
(J1, J2)-holomorphic if and only iff is (1, J>)-holomorphic.

2. The lift of a diffeomorphisnf : (M, J;, V) — (M,, Jo, V5) to the cotangent
bundle is(.J/;""*, J;"V2)-holomorphic if and only iff is a (.J, J»)-holomorphic map
SatiSfyingf*[vljl] = [VQJQ]

Proof. To prove part 1, we consider almost complex and minimal cotimesV; andV,
on M; andM,. Hence B
Jk = JG’vk = Jg + ’Y(Sk)

for k = 1, 2. Moreover we have
1
Sy = _éJkNJk,
for £ = 1,2. We notice that iff : (M, J;) — (M, Js) is a(Jp, J2)-holomorphic

diffeomorphism then
f*NJl = NJ2

and so
J«JiNy = JoNy,.

According to Theorem 2.3.1, the lift of a diffeomorphisfmto the cotangent bundle is
(J1, Jo)-holomorphic if and only iff is (/;, J2)-holomorphic.

Finally, part 2 follows from the equalityGﬁ = JHV obtained in Corollary 2.2.7 and
from Theorem 2.3.1.
O

We point out that the projection (resp. the zero section)/is/J)-holomorphic (resp
(J, J')-holomorphic) forJ" = .J, J%V due to local expressions of the complete lift and of
the horizontal lift (see (2.9) and (2.11)).

2.3.2 Fiberwise multiplication

We consider the multiplication map : 7*M — T™*M by a complex number + b with
b # 0 on the cotangent bundle. This is locally defined by

Z(z,p) = (z,(a+b"J(2))p).
For (x,p) € T*M we have

Id 0
den? = ( C ald+bJ ) ’
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where ‘
C} = bprOx; JE.

Theorem 2.3.3.The multiplication mag is J¢V-holomorphic if and only it V.J)(J.,.) =
(VJ)(., J.).

Proof. Let us evaluate
d(zp)Z © JG’V(x,p) — JG’V(Q:, ap + bth) o dzp)z-

This is equal to:

0 0
( CJ+ (ald+b"J)B(z,p) — B(x,ap+"'Jp) —'JC 0 ) ’
where ,
Bj(z,p) = pr(Ly;J; — T5, 7).

We first notice that

aBj(z,p) — Bj(w,ap + V' Jp) = —bpp S (L7;J; = T5,J}).
Let us compute

D :=CJ+ (ald+b"J)B(x,p) — B(z,ap +"'Jp) —"JC.
We have:

D = bp[Ji0x, Jf + JTE T8 — JITE JP — JETS J0+ JiTs J! = Jlow; I,
—_—— —— Y Y Y ==
(1) (2) (2) (3) (3) (1
We obtain
W +@)+@B) = Jj@uJf + T, — JIT)),
(1) +2) +@3) = J(Qu;JF + JTh = JET3 ).
We recognize the coordinates of the tensaf (see (2.5)):

OmJE = JT + T, = (V)]

1,7
Ox;JF — JfFj-J + Jlsl“gﬁs = (VJ)jl.

Finally we obtain ,
Di = bp [TV I)E, — TV )R .

ThenZ is J"V-holomorphic if and only it/,(V.J);, = (V.J)%,J!. Since
(Vj)f,lt]faxk = (VJ)(0z;, JOx;)

and since
JH(V )} 0my, = (VJ)(JOw;, Ox;),

this concludes the proof of Theorem 2.3.3. ]
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In particular, the almost complex liff may be characterized generically by the holo-
morphy of Z; more precisely we have:

Corollary 2.3.4.
1. The multiplication mag is f-holomorphic and,
2. Z is J™-V-holomorphic if and only ifV.J)(.J.,.) = (VJ)(., J.).

Proof. Let us prove part 1. Assume is an almost complex minimal connection dh We
haveJ = J&V and by almost complexity d¥, VJ is identically equal to zero. Theorem
2.3.3 implies the/-holomorphy ofZ.

Part 2 follows from Theorem 2.3.3 and from the equality¥ = J&V stated in Corol-
lary 2.2.7.
L]

Remark 2.3.5. In the case of the tangent bundl&//, the fiberwise multiplication is holo-
morphic for the complete lift of if and only if J is integrable. More precisely, the lack of
pseudoholomorphy of this map is measured by the Nijenhusetésee [49] and [52]).

2.4 Compatible lifted structures and symplectic forms

Assume(M, J) is an almost complex manifold. Ldt = {p = 0} be a real smooth
hypersurface of\/, wherep : M — R is a defining function of".

Definition 2.4.1.

1. A submanifoldV of a symplectic manifold)’, ') is called Lagrangian for’ if
W'(X,Y) =0foreveryX,Y € I'(T'N).

2. A submanifoldV of an almost complex manifold\/’, J') is totally real if N N
J(T'N) = {0}.

Forx € I" we define theeonormal space
Ny () :={ps € Ty M, (pz)jz.,r = 0}
Theconormal bundleverI’, defined by the disjoint union
NH(I) = [ Vi),
zel

is a totally real submanifold df* M endowed with the complete lift (see [69], [35] and
[66]). In order to look for a symplectic proof of this fact, wearch for a symplectic form,
w’, compatible with the complete lift for whichv*(I") is Lagrangian. More generally we
are interested in the compatibility with the generalizedizemtal lift. Proposition 2.4.2
states that one cannot find such a form.
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Proposition 2.4.2. Assumé M, J, V) is an almost complex manifold equipped with a con-
nection. Letv be a symplectic form ofd™ ) compatible with the generalized horizontal
lift JV. There is no strictly pseudoconvex hypersurfacé/finvhose conormal bundle is
Lagrangian with respect to.

Proof. Let I" be a strictly pseudoconvex hypersurfacélinand letz € I'. Since the prob-
lem is purely local we can suppose tidt= R*", J = J; + O|(z1, -+ , To )| @andz = 0.
Sincel is strictly pseudoconvex we can also suppose that

Tl = {X € R X, = 0}.
The two-formw is given by
w = q; dz’ N da? + B ;dp' Adp’ + i dxt A dp’.
Assume that(X,Y) = 0 for every X, Y € TN*(I"). We have
Ny (T) = {po € TgR*™, (po)zyr = 0}

= {(P,0,---,0), P, € R}.

Then a vectol” € T, N*(I") can be written
Y = Xo0x9 + - - - + X5,,,019,, + P10p;.
Sowe have foR <7 < j < 2m:
w(0)(0x;, 0z;) = cy j = 0.
Thenw(0) is given by
w(0) = ay jdx A dx? + B jdp' A dp’ + v jdxt Adp’ .

Jg 0
JG,V(O) — ( Ot Jst )

JEV(0)Y! = o,
forY’ = 0xg,1 # 0 € To(T*T). Thus
w(0)(Y', JEY(0)Y) =0

and saw is not compatible with/%V.

Sincer

we have

O

Proposition 2.4.2 is also established for complete andzbotal lifts becausg®V (0) =
J(0) = JEY(0).
Remark 2.4.3. Since the conormal bundle of a (strictly pseudoconvex) risypace is

Lagrangian for the symplectic form,; on 7" M, Proposition 2.4.2 shows that,; and
J%V are not compatible.



Chapter 3

Pseudoconvex regions of finite D’Angelo
type in four dimensional almost complex
manifolds

This chapter follows [11].

Résune Soit D une régionJ/-pseudoconvexe dans une variété presque com-
plexe (M, J) de dimension quatre. Nous construisons une fonction Iqzale
J-plurisubharmonique en tout poipte bD de type de D’Angelo fini. Nous
montrons ensuite des estimées de la pseudométrique dey&siti, impliquant
I'hyperbolicité locale au sens de Kobayashi du domdinenp. Lorsque le
pointp € 0D est de type de D’Angelo inférieur ou égal a quatre, oudoes
nous privilégions une approche non tangentielle, nousdos des estimées
précises de la pseudométriqgue de Kobayashi.

Abstract Let D be a.J-pseudoconvex region in a smooth almost complex mani-
fold (M, J) of real dimension four. We construct a local peaglurisubharmo-

nic function at every poinp € bD of finite D’Angelo type. As applications
we give local estimates of the Kobayashi pseudometric, ymglthe local
Kobayashi hyperbolicity ofD at p. In case the poinp is of D’Angelo type
less than or equal to four, or the approach is nontangemi&lprovide sharp
estimates of the Kobayashi pseudometric.

Introduction

In the present chapter we study the behaviour of the Kobaysstudometric of a/-
pseudoconvex region of finite D’Angelo type in an almost campnanifold (M, J) of
dimension four. Finite D’Angelo type appeared naturallgamplex manifolds when con-
sidering the boundary behaviour of tReoperator (see [25],[24],[47],[15]). Moreover on
complex manifolds of dimension two, the D’Angelo type ursfreany type conditions as
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the finite regular type. Finite regular type was recentlyrabterized intrinsically by J.-
F.Barrault-E.Mazzilli [4] by means of Lie brackets, whicérgeralizes in the non integrable
case, a result of T.Bloom-I.Graham [15].

Our main result is the construction of a local pe&lplurisubharmonic function on
pseudoconvex regions provided by theorem A3 (see also &hedrl.7):

Theorem A3. Let D = {p < 0} be a domain of finite D’Angelo type in an almost complex
manifold (1, J) of dimension four. We suppose thais a C? defining function oD, J-
plurisubharmonic on a neighborhood &f. Letp € 9D be a boundary point. Then there
exists a local peak-plurisubharmonic function a.

Theorem A3 allows to localize pseudoholomorphic discs armbtain lower estimates
of the Kobayashi pseudometric which provide the local Kasdy hyperbolicity of.J-
pseudoconvex regions of D’Angelo ty@en (Proposition 3.2.2 and Proposition 3.2.8).
As an application we prove the/2m-Holder extension of biholomorphisms up to the
boundary (Proposition 3.2.7). In order to obtain sharp loestimates of the Kobayashi
pseudometric similar to those given in complex manifoldbgatlin [17] (see also [8]),
we consider a natural scaling method. However this revéadact that for a domain
of finite D’Angelo type greater than four, the sequence ofadtrcomplex structures ob-
tained by any polynomial scaling process does not conveegerically to the standard
structure; this is presented in the Appendix. This may batedl to the fact that finite
D’Angelo type is based on purely complex considerationghashoundary behaviour of
the Cauchy-Riemann equations. Hence we provide sharp kstienates of the Kobayashi
pseudometric for a region of finite D’Angelo type four (sescal’heorem 3.3.1):

Theorem B3 Let D = {p < 0} be a relatively compact domain of finite D’Angelo type
less than or equal to four in an almost complex manifald, /) of dimension four, where
p is aC? defining function oD, J-plurisubharmonic on a neighborhood 6f. Then there

is a positive constant’ with the following property: for every € D and every € T,M
there exists a diffeomorphist,- in a neighborhood’ of p, such that:

| (dpép*vh | (dpép*v)z |
o (p) |7 e )

K(D,J) (p7 U) > C (

We point out that the approach we use, based on some renpati@h principle of
pseudoholomorphic discs, gives also a different proof etise lower estimates obtained
by H.Gaussier-A.Sukhov in [35] for strictly-pseudoconvex domains in arbitrary dimen-
sion. As an application of Theorem B3, we obtain the (locatpplete hyperbolicity of/-
pseudoconvex regions of D’Angelo type less than or equaluo fCorollary 3.3.5) and we
give a Wong-Rosay theorem for regions with noncompact aatphisms group (Corollary
3.3.6).

Finally, in order to obtain precise estimates near a poirdrbftrary finite D’Angelo
type, we are interested in the nontangential behavioureKitbayashi pseudometric (see
also Theorem 3.3.9):
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Theorem C3 Let D = {p < 0} be a domain of finite D’Angelo type in an almost
complex manifold A/, .J) of dimension four, where is a C* defining function ofD, J-
plurisubharmonic on a neighborhood 6f. Letq € 9D be a boundary point of D’Angelo
type2m and letA C D be a cone with vertex atand axis the inward normal axis. Then
there exists a positive constafitsuch that for every € D N A and every = v,, + v; €

T,M:
ol , o

K.y (p,v) = C —+ :
7 <|p<p>|% )]

wherev,, andv; are the normal and the tangential partswofvith respect tag;.

3.1 Construction of a local peak plurisubharmonic function

This section is devoted to the proof of Theorem A3 (see The@4d..7).

3.1.1 Pseudoconvex regions of finite D’Angelo type

In this subsection we describe a pseudonconvex region orghbwhood of a boundary
point of finite D’Angelo type. We point out that all our considtions are purely local.
Assume thatD = {p < 0} is a.J-pseudoconvex region i6* and that the structurg is
defined on a fixed neighborhodtof D. We suppose that the origin is a boundary point of
D.

Definition 3.1.1.Letu : (A,0) — (R*,0, J) be aJ-holomorphic disc satisfying (0) = 0.
The order of contaci, (0D, ) with 9D at the origin is the degree of the first term in the
Taylor expansion of o u. We denote by (u) the multiplicity ofu at the origin.

We now define the D’Angelo type and the regular type of the ingpkrsurfac&) D at
the origin.

Definition 3.1.2.

1. The D’Angelo type a?D at the origin is defined by:

A' (OD,p) = sup {%, u: A — (R*,J) J-holomorphic nonconstant
u
u(0) = p},
2. The regular type oD at origin is defined by:
A%eg (0D,0) := sup{dp (0D,u), u:A — (R4, J) J-holomorphic,

u(0) =0, dou # 0}.
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Since the regular type @fD at the origin consists in considering only regular discs we
have:
(3.1) Al (0D,0) < A" (D, 0).
The type condition as defined in part 1 of Definition 3.1.2 weasoiduced by J.-P.D’Angelo
[25], [24] who proved that this coincides with the regulapéyin complex manifolds of
dimension two. After Proposition 3.1.3, we will also provet the D’Angelo type and
the regular type coincide in four dimensional almost companifolds (see Proposition
3.1.5).

We suppose that the origin is a point of finite regular typeedletu : A — R*be a
regular/-holomorphic disc of maximal contact order.. We choose coordinates such that
wis givenbyu (¢) = (¢,0), J (z1,0) = Jg and such that the complex tangent spageDN
J(0)To0D is equal to{z; = 0}. Then by considering the family of vectof$, 0) at base
points(0, t) for ¢t # 0 small enough, we obtain a family dfholomorphic discs; such that
u (0) = (0,t) anddyu, (0/0,) = (0, 1). Due to the parameters dependence of the solution
to the J-holomorphy equation (1.1), we straighten these discsti@omplex lineg z, =
t}. We then consider a transversal foliation Jholomorphic discs and straighten these
linesinto{z; = c}. Inthese new coordinates still denoted)yhe matricial representation
of J is diagonal:

aq bl 0 0
cT —aqp 0 0
0 0 a9 bz
0 0 Cy —Q9

(3.2) J=

SinceJ (z1,0) = J, we have
(3.3) J=Ja+O(|2]).

In the next fundamental proposition we describe precidadyldcal expression of the
defining functionp.

Proposition 3.1.3. The J-plurisubharmonic defining function for the domain has the
following local expression:

p = Rezo + Hop, (21,21) + ﬁ(zl, z) + O (|Z1|2m+1 + [22|[21|™ + |2’2|2)

where H,,,, is a homogeneous polynomial of degtee, subharmonic which is not har-
monic and

m—1
H(z1,22) = Re Z PRy 2.
k=1

Before proving Proposition 3.1.3, we establish the follogiemma.
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Lemma 3.1.4.Assume that is a diagonal almost complex structure B that coincides
with the standard structurg on C x {0}. To fix notations we suppose thatsatisfies
(3.2). Then the Levi form of some smooth real valued functiah a point(z;, z2) and
v =(1,0,0,0) is equal to

Lif(zv) =—c1Arf + O ([2])).
0 f 0 f
whereA, f := 02071 + G0

Proof. Let us compute the Levi form of some smooth real valued foncfi at a point
(21, 22) andv = (1,0,0,0):

_ ’f >’f >’f
1
= - —~ —1
ci Lif(z,0) Aif+ { 2%18?/1@1 + Ori0m (1+01) + 9000, (c1 )} +
of [ _ ow] | 0f [das , O
8.’171 8:61 83/1 8y1 8.’171 8y1
B 0% f 82 f 02 f
= —A1f+ |:—28xlay10(‘22|) + axlaxlO(‘Zz‘) -+ aylale(‘Zz‘)} +
of of
5.0 (2D + 50 ()
= —Aif+0(|z]).
]

Proof of Proposition 3.1.3SinceT,0D N J(0)To0D = {z = 0}, we have
p=Rez + O(|2]%).

Moreover the dis¢ — (¢, 0) being a regulag-holomorphic disc of maximal contact order
2m, the defining functiomn has the following local expression:

pP= 8%622 + H2m (2’1,2_1) + O (|Zl|2m+1 + |22|||Z||) )

whereH,,, is a homogeneous polynomial of degtee.

We prove that the polynomidl,,, is subharmonic using a standard dilation argument.
Consider the non-isotropic dilation 6P

A5 (21, 22) = (5*ﬁz1, (57122) .
Due to Proposition 1.3.1, the domain

A(S (D) = {5_1 (p o Agl (21, 2’2)) < 0}
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is (As), (J/)-pseudoconvex. Moreovey; (D) converges in the sense of local Hausdorff set
convergence to

D = {Re (z3) + Hap (21,71) < 0},

asé tends to zero and the sequence of structufg$, ./ converges to the standard structure

Jg. It follows that the limit domainD is Js-pseudoconvex implying thdts,, is subhar-
monic.

Now we prove thatH,,, contains a nonharmonic part. By contradiction, we assume
that H,,, is harmonic. ThenH,,, can be writtenRez?". According to Proposition 1.1
of [45], and since the structutéis smooth there exists, for a sufficiently smalt> 0, a
pseudoholomorphic disc : A — (R?, J) such that:

(u(0) = 0
ou N
a0 = (Mm 0,0, 0)
0Fu
@@ = (0,0,0,0), forl1 <k <2m
0*mu '
\ 61-2171 (0) = (07 07 —-A (2m), 0) .

We prove that the contact order of such a regulardisgreater tha@m which contradicts
the fact thatD is of regular typem. We denote bypou),,,, the homogeneous part of degree
2m in the Taylor expansion qgf o  at the origin:

[poulom (z,y) = Zazk am=k

8k 82mfk

Let us prove that, = me ou
xh dysmT

(0) is equal to zero for eadh < k < 2m.

For as,,, we have:

2m 2m 2m
0

(%Qmpou(O) = %eaxQ ()+§Rea U

ui™ (0)

2m

0
= A (2m)! + Res—ul™ (0).

2m

Sinceu; (0) = 0, it follows that the only non vanishing term i)iheame ui™ (0) is

(2m)IRe (88“1 (0))2m — A (2m)L.

€T
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This proves that,,, = 0.
Then let) < k < 2m:

k 2m—k k 2m—k k 2m—k
i%pou(O) = %ea L ()—i—%‘%ea 0

81.14: a 2m— k: uzm <O) !

axkg 2m—k 1

k 82m7k

For the same reason as previously, the only term to conmdéafé—a 5 kufm (0)is
y m—

(2m) e (%ul (o>)k <8%u1 (0))2m_k A (2m) 1 Re (‘?yl (o>)2m_k |

Then, since. is J-holomorphic, it satisfies the diagon&holomorphy equation:

8ul o 8ul
6y AL ox’

forl =1, 2, where
ap bl .
J = u (see (3.2) for notations).
— U

C

It follows that

v (Gt ) " = akmme (s o Gro)

— A (2m)M%Re (i)

. oF :
Moreover due to the condltloﬁ (0) = (0,0), for 1 < k < 2m, it follows that the only
X

2m—Fk 2m—k—1
part we need to consider ingm—_kuQ (0) is Jo (u) %%m (0) and by induction

2m—k
kaam

(Jo (u))™™ 8xm_kuQ(O).Finally

ak an—k — 82’”
Res ot (0) = Re (s (u (0 552 (0)

Ok Qy?m—Fh
= A (2m)!Re (J2 (u(0))™ 7" (1, 0))

= A (2m)Re ().

This proves that the homogeneous pait ul.,, is equal to zero.
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o : ok
For smaller order termsiitis a direct consequence(0f = 0 and>" (0) = (0,0,0,0),

Oxk
forl < k < 2m.

It remains to prove there are no tefap;z5z; with & < m in the defining functio.
This is done by contradiction and by computing the Levi forfiw @t a pointzg = (z1,0)
and at a vectov = (X3, 0, X5,0). Assume that

p = Rezy + Hop (21,71) + H(21, 22) + Repp2hzm + O (|21 + |z |21 [+ |227)

with & < m. Replacingz; by (pg)%zl if necessary, we suppope = 1.
The Levi form ofRez, at a pointzg = (z1,0) and at a vector = (X1, 0, X5, 0) is equal
to

day Oas Obs

EJ%@ZQ (ZQ, U) = ((1,1 — (1,2) (Zo)a—xl(ZQ) + Cl(ZQ)a—yl(ZQ) — 02(20)8—1‘1(20) X1X2 +
-8&2 362 2
c2(z0) _8—y2(zo) 8—552(20) X5,
Due to (3.3) we have
(a1 (20) = ay(20) = 0,
C2 (20> - 17
8a2 . 61)2 .
\ a—yl (Z(]) = 8—1‘1 (Zo) = 0.

So the Levi form ofRez, atzy = (x1,0,0,0) and at a vector = (X, 0, X5,0) is

Oa,
Yo

(20) = 22 (0)| x2.

LiRezy (zo,v) = e
2

According to Lemma 3.1.4, the Levi form dfly,, + O(|z|*"™) at zp and v, =
(X1,0,X5,0) is equal to

Ly (Hom + O(|21*™")) (20,0) = A (Ham +O(|21*™ 1)) X7+ O(|a["" ) X1 Xo.

According to the fact that the Levi form for the standard stwe of H (=4, z,) is iden-

tically equal to zero, and due to (1.5) and to (3.3), it foléotvat the Levi form off (21, z5)
atzg is equal to

LH (z,v) = O(|=])X2.
Now the Levi form ofO(|z|?) is equal to

L0(|2f*) (z0,v) = O(1)X3.
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And the Levi form ofRe2#7; is equal
LiReh7g (20,0) = (ERezf X1 Xo + O(|21|F) X3

Finally the Levi form of the defining functiop at a pointz, = (z1,0) and at a vector
v = (X1,0, X5,0) is equal to:

Lip(z0,0) = O(|=]*"7%) X7 + [4k%ezf‘1 +O(|= "™ 1)] X1X5

6(12 862 2
+ 6—y2(zo) - 6—@(0) +0()+ 0 (|=1])| X5.

It follows that sincek < m there arez;, X; and X, such thatl,p (2, v) is negative,
providing a contradiction.
O

Now we prove that the D’Angelo type coincides with the regiyge in the non inte-
grable case.

Proposition 3.1.5.We have
Al (0D,0) = A" (0D,0).

reg

Proof. We suppose that the origin is a point of finite D’Angelo type&cArding to (3.1) we
may write:
Al (0D,0) = 2m < +o0.

reg

So we may assume that () = ({,0) is a regular/-holomorphic disc of maximal contact
order2m, and that the structure satisfies (3.2) and (3.3). Moreover the defining function
p has the following local expression:

p = Rezy + Hom (21,71) + O (|21 + |22 ||2]]) -

Now consider a/-holomorphic discw = (f1, g1, f2,92) : (A,0) — (R*0,J) of fi-
nite contact order satisfying(0) = 0 and such that (v) > 2 (see definition 3.1.1 for

notations).
We setv; := f; + ig; andvy := f5 + igs. TheJ-holomorphy equation for the discis
given by:
O fr gy, . Ofr
Qg (U) ox + bk; (U) ox - 8?/ )
e (V) e (v) 99r _ Ogr
¥ Ox R 0 oy’

for k = 1,2. SinceJ (v) = Ju + O (Jvs]) andé (v) > 2, it follows that:

{5(U1) = 0(fi) = d(q),
(3.4)

d(v2) = 6(fa) = 6(g2)-



64 CHAPITRE 3: PSEUDOCONVEX REGIONS OF FINITED'ANGELO TYPE

Then consider
(35) pov(Q) = f(Q)+ Ham (11 (), 01 (©) + O (Jur () P + e Ol [0 () )
Equation (3.4) implies that the ter@ (|vs|||v||) in (3.5) vanishes to order larger thgn

Case 1:6(f2) > 0 (Hay, (v1,77)). In that case
50 (8D, U) =0 (Hgm (Ul,’U_1>) = 2md (Ul) .

Thus we get:
6 (OD,v)  2md (vy)

50 o) "

Case 2:0(f2) < (Hay, (v1,77)). We have two subcases.
Subcase 2.1, + Hs,, (v1,77) #Z 0. Thus
9o (0D, u) = § (Revy) = 6 (vg),

and S0 60 (8D,U) _ 5(1}2) < 5(H2m (vl,v_l)) _ 2m5 (Ul)
6 (v) 6(v) 6 (v) (v)
This means that:
do (0D, v) . o) — 5 (0
T 1if 6 (v) =6 (vs)
or
50 (8D, U)

5(0) < 2m if §(v) =9 (vy).
Subcase 2.2if, + Hy,, (v1,77) = 0. Letw : A — (R*, J,;) be a standard holomorphic

disc satisfyingw (0) = 0 and:

OFw v

D2k (0) = 9ok (0),
fork =1,---,2md (v). Sinced (v2) = 2md (v1) = 2md (v) < +o0 and sinceJ (v) =
Jst + O(|v|), any differentiation of/ (v), of order smaller thagmd (v), is equal to zero.
Combining this with the/-holomorphy equation (1.1) af we obtain:

akHw akHv
Oxk oyt (0) = Oxk oy (0).

fork+1=1,---,2md (v). Sincep o v vanishes to an order greater thané (v) at 0 and
since it involves only th@md (v)-jet of v, it follows thatp o w vanishes to an order greater
than2md (v) at 0. Finally we have constructed a standard holomorphidisuch that

J (w) = 0(v),
d (0D, w) > 2md (w),
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which is not possible since, according Proposition 3. h&type for the standard structure
of D at the origin is equal t@m. O

3.1.2 Construction of a local peak plurisubharmonic functon
We first give the definition of a local peakplurisubharmonic function for a domaib.

Definition 3.1.6. Let D be a domain in an almost complex maniféld, .J). A functiony
is called a local peak/-plurisubharmonic function at a boundary poipte 9D if there
exists a neighborhood of p such thaty is continuous up td N U and satisfies:

1. ¢ is J-plurisubharmonic onD N U,

2.0(p) =0,
3. p<0onDNU\{p}.

The existence of local peak;-plurisubharmonic functions was first proved by
E.Fornaess and N.Sibony in [31]. For almost complex madisftthe existence was proved
by S.Ivashkovich and J.-P.Rosay in [45] whenever the donsastrictly J-pseudoconvex.
In the next Proposition we state the existenceffi@seudoconvex regions of finite D’Angelo
type. As mentioned earlier our considerations are purelglloln particular, the assump-
tions of J-plurisubharmonicity and of finite D’Angelo type may be reéged to a neigh-
borhood of a boundary point. For convenience of writing, vegéesthem globally.

Theorem 3.1.7.Let D = {p < 0} be a domain of finite D’Angelo type in a four dimen-
sional almost complex manifold/, J). We suppose thatis aC? defining function oD,
J-plurisubharmonic on a neighborhood B%. Letp € 9D be a boundary point. Then there
exists a local peak-plurisubharmonic function a.

Proof. Since the existence of a local peak function near a boundaint pf type2 was

proved in [45], we assume thais a boundary point of D’Angelo typ2m > 2. The prob-

lem being purely local we assume thatc C? and thatp = 0. According to Proposition
3.1.3 the defining functiop has the following local expression on a neighborhdoaf the

origin:

p=Rezy + Hop (21,71) + H(21, 22) + O (|21 + |29 21 ™ + | 22]?)

whereH,,, is a subharmonic polynomial containing a nonharmonic pimnoted by, ,
and

m—1
H(z, 22) = Re Z PRy 2y,
k=1

According to [31] (see Lemma 2.4), the polynomis),,, satisfies the following Lemma:

Lemma 3.1.8. There exist a positivé > 0 and a smooth function : R — R with period
27 with the following properties:

1. —2<g(0) < -1,
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2. Jlgll < 1/9,
3. max (Ao, A(||H3,[lg (0) [21[*™)) > 6] H,,]|

4. A (Hom + 6||Hz,, |9 (0) [21[*™) > 62| Hz,, ||| 222D
We denote byP the function defined by

|21 [2m=D for z; = |z ]e? # 0 and,

P (21,71) 1= Haw (21,71) + 0| Hy,, |9 () |2

Theorem 3.1.7 will be proved by establishing the followitgmm.

Claim. There are positive constantsandC' such that the function
¢ = Rezo + 2L (Rezp)? — L (Sma)? + P21, 71) + H(z1, 22) + Clz1 |20/

Is a local peak/-plurisubharmonic function at the origin.

Proof of the claimWe first prove that the functiop is J-plurisubharmonic. We set:
ddCJ(p = Ozldl‘l /\dy1 +Oé2d$2 /\dyQ +Oé3dl‘1 /\dl‘g +Oé4dl‘1 /\dyQ +a5dy1 /\d!L‘Q +0z6dy1 /\dyg,

whereay, for £ = 1,---,6, are real valued function. According to the matricial rep-
resentation of/ (see (3.2)), the Levi form op at a pointz € D N U and at a vector
v=(X1,Y], Xy, Ys) € T.R* can be written

Lyp(z,v) = C10élX12 — 20100 XY — b10é1Y12 + B3 X1 Xo + 84 X Y +

BsY1Xo + B6Y1Ya + o X3 — 2a00 X5Yy — byap Yy,

with
(B = az(ag —a1) + aucy — ase
Bs = —au(ar+ az) + asby — agey
Bs = as(ar+az) — asb + ager
Bs = ag(ar —as) — agby + asbs.
0

Moreover due to (3.3) we have fér= 1, 2

ax = O (|2)
b= —1+0(|2))

ck=14+0(|z|).
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This implies that fork = 1, 2:
Ckalez — 2ak0ékaYk — kaékYkQ Z % (Xzf + YkQ) .
Thus we obtain

8] (0%
Lrp(z,v) > lelz + 33 X1 X + fxzz +

8] (0% 8] 8]
fo + B X1 Ys + in + ZlYf + BsY1Ys + fY;.

In order to prove thap is J-plurisubharmonic, we need to see that:
1. ap >0, fork=1,2,

a a
Zlyf + B5Y1.Xs + ZQX22 +

2. 46‘72 S 109, fOI’j = 3, s ,6.
The coefficienty, is obtained by the differentiation 8fez,, 2L (Rez)” — L (Smz,)?,
H (21, z) andC|z;|?*|22|%. Hence we have for sufficiently close to the origin
Q9 Z L>0.

The coefficienty, is obtained by differentiating®, [ (z1, z,) andC|z|?|z2|2. This is
equal to

a1 = AP+ O(|z " ?[zl) + O(|zl") + Clzol” + O(| 22|

PN Hsll - omo
9 | 1]

for z sufficiently small and” > 0 large enough. Hence, is nonnegative.
Finally it sufficient to prove that

62| Hz _ C
45]2 §L< ||22m||‘21|2m 2—|—§|22‘2),

to insure the/-plurisubharmonicity ofp. The coefficient;| is equal to
16i1 = O(lz]) + LO(|z|*) + O(|ar[*™ ") + CO(|21]| 22])

> + P
el 2 20

< C'(|zo] + 2™,

for a positive constant” (not depending o, and(). It follows thaty is J-plurisubhar-
monic on a neighborhood of the origin.

__ We prove now that is local peak at the origin, that is there exists> 0 such that
DN{0 < |z <r} C{e <0}. Assumingthat € {p =0} N {0 < ||z]| < r} we have:
p(z) = OlHs,llg(O)|a™ +2L (Rez)’ — L (Smzs)* + Claf’|zf” +

O (J21/™*1) + O (Jza[z1]™) + O (|22]?) -
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Sinceg < —1 and increasind. if necessary we have
1 1
O (ISmaa|") < =501 H,, g (0) |21 + 5L (Smz)”,
whenever: is sufficiently close to the origin. Thus

1 1
0() £ —58H, 5"+ 2L+ Cla?) (Rez)? = SL(Sma)? + Clay F(Smz)? +

A

O (J21/™*1) + O (|Reza||z1|™) + O (| 22]?)

A

1 1
OIS 12" + (2L + Clzaf) (Rez)” — 1L (Smz)” + O (|Rezel|21[™) +

O (|2’2|2) .
There is a positive constaat’ such that
O (|22]?) < C"|Rez|” + C"|Smazy|*.

Thus increasind. if necessary:

1
p(2) < =0 H, Il + (2L + Cla ) (Rez)” + O(|Rezl”)

1
- (2 07) ma + O (Resalla™) + O(3ma 1)

A\

m

—ié”H; 121)%™ + (2L + C|z1]?) (Rezy)” + O(|Reze|?) + O (|Reza||z1|™)
—% GL - C”) (Smzy)? .
Since
“Rezp(1+ O(|2])) = Hap (21,71) + O (J2af™ + [Smzgea] + [Smf?).
we have
(Rez2)*(1 4+ O(J2])) = O (|za|*™ + |Smza||z1 [ + [Smz | 2]]) -

We finally obtain forz small enough

1 1/1
¢ () < ~gal3 P - 1 (G2 -C") Qe

Thusy is negative for: € {p = 0} N{0 < ||z]| < r}, with » small enough. It follows that,
reducingr if necessary,
D{0 <[]zl <7} C{p <0},

which achieves the proof of the claim and of Theorem 3.1.7. ]
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We notice that in casg ;Rez, = 0, we may give a simpler expression for a local peak
J-plurisubharmonic function.

Proposition 3.1.9.1f £ ;Rez, = 0, then there exists a real positive numlesuch that the
function

P = §Rez2 + 2L (%622)2 — L (22)2 +P (21,2_1)

is local peakJ-plurisubharmonic at the origin.

3.2 Estimates of the Kobayashi pseudometric

In this section we prove standard estimates of the Kobaysshidometric on-pseudocon-
vex regions of finite D’Angelo type in an almost complex mafdf

3.2.1 Hyperbolicity of pseudoconvex regions of finite D’Anglo type

In order to localize pseudoholomorphic discs, we need th@dng technical Lemma (see
[35] for a proof).

Lemma 3.2.1.Let0 < r < 1 and let#, be a smooth nondecreasing functionl®h such
that 0, (s) = sfor s < r/3 andb,(s) = 1for s > 2r/3. Let(M,.J) be an almost
complex manifold, and let be a point ofA/. Then there exist a neighborhodd of p,
positive constantst = A(r) > 1, B = B(r), and a diffeomorphism : U — B
such thatz (p) = 0, z.J (p) = J, and the functiorog (6, (|z]?)) + 6, (Alz|) + B|z|* is
J-plurisubharmonic orv.

In the next Proposition we give a priori estimates and a Ileatbn principle of the
Kobayashi pseudometric. This proves the local Kobayagbetyolicity of./-pseudoconvex
C? regions of finite D’Angelo type. If M, .J) admits a global/-plurisubharmonic function,
then K.Diederich and A.Sukhov proved in [29] the (global)d&gashi hyperbolicity of a
relatively compact/-pseudoconvex domain (wit?¥ boundary) by constructing a bounded
strictly J-plurisubharmonic exhaustion function. We notice thatpum case, if the man-
ifold (M, J) admits a global/-plurisubharmonic function theri-pseudoconvex? rela-
tively compact regions of finite D’Angelo type are also (gitlip) Kobayashi hyperbolic.

Proposition 3.2.2.Let D = {p < 0} be a domain of finite D’Angelo type in an almost
complex manifold M, .J), wherep is a C? defining function ofD, J-plurisubharmonic in

a neighborhood ofD. Letp € D and letU be a neighborhood of in M. Then there
exist positive constants ands, and a neighborhoo®” C U of p in M, such that for each
g€ DNV andeach € T, M:

(3.6) K. (g,v) > C|lv]l,

(3.7) Ko, (q,v) > sK(pnu,) (q,v).
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This Proposition is a classical application of Lemma 3.ZHis is due to N.Sibony [64]
(see also [7] and [35] for a proof). For convenience we gieedioof.

Proof. According to Theorem 3.1.7, there exists a local pégkurisubharmonic function
p atp for D. We can choose constaris< o < o’ < < g andN > 0 such that
0> —p%/Non{|z| <a}andy < —-22/NonDn{a < |z|| <3}

We definep by:

{ max (N + ||2]|> — 5%, —26%) if € Dn{|z| < B},
—2 on D\{|z[| < A'}.

The function||z[|* is J-plurisubharmonic ofq € U : |z (q)| < 1}if ||z — Julle2(m)
is sufficiently small. Then it follows thap is J-plurisubharmonic onD. We may also
suppose thap is negative onD. Moreover the functions> — ||z||? is J-plurisubharmonic
onDN{qgeU :|z(q)| <a}.

Let - be a smooth non decreasing function®h such that,: (s) = s for s < a?/3
andf,: (s) = 1for s > 2a?/3. SetV = {¢ € U : |z2(q)| < o?}. According to Lemma
3.2.1, there are uniform positive constadts> 1 and B such that the function

7=

log (02 (|2 — 2 (q) 7)) + b (Alz — 2 (@) ) + Bll2|”

Is J-plurisubharmonic ot/ for everyg € DNV.
We define for each € D NV the function:

U, =

Ouz (12 = 2 (q) I*) exp (0uz (Alz — 2 (q) ) exp (B& (2))  onD N {lz]| < a},

q

exp (1 + Bo) onD\ {||z]| < a}.
The functionlogV, is J-plurisubharmonic oD N {||z|| < a} and, onD \ {||z|| < a}, it
coincides withl + B¢ which is.J-plurisubharmonic. FinallyogV, is J-plurisubharmonic
on the whole domaib.

Letq € V and letv € T, M and consider @-holomorphic disa: : A — D such that
u (0) = g anddyu (0/0x) = rv wherer > 0. For( sufficiently close to 0 we have

u () = q+dou(C) + O (I¢f) .

We define the following function

_ Yy (u(Q))
which is subharmonic o\ {0} sincelog¢ is subharmonic. If close to0, then
_ (@) —qf

(3.8) ¢ (C) = exp (Alu () — qf) exp (B (u (())) -

IS%
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Setting( = (; + i(; and using the/-holomorphy conditionlyu o Jy; = J o dou, we may
write :

(3.9) |dou () | < [CH([1 + J] |dow (9/d) |})

According to (3.8) and to (3.9), we obtain that sup,_, ¢ (¢) is finite. Moreover setting
(> = 0 we have
lir? sup ¢ (€) 2 [|dou (9/9x) I exp (B2 (q)) -
Applying the maximum principle to a subharmonic extensibryamn A we obtain the
inequality
Idow (0/0) ||* < exp (1 — B (q)) .-

Hence, by definition of the Kobayashi pseudometric, we obfiai everyqg € DNV
and every € T, M:

K. (2,0) > (exp (1 + B3 (q)))? |[v]).

This gives estimate (3.6).

Now in order to obtain estimate (3.7), we prove that therengighborhood” C U
and a positive constantsuch that for any/-holomorphic disa: : A — D with« (0) € V
thenu (A;) C D N U. Suppose this is not the case. We obtain a sequénoéA and a
sequence of -holomorphic discs:, such that,, converges to Oy, (0) converges tp and
llu, (G) || € D N U for everyv. According to the estimate (3.6), we obtain for a positive
constant > 0:

(& S d(D,J) (ul/ (0) , Uy (Cz/)) S dA (CZM 0) .
This contradicts the fact thgt converges to 0. O

The (global) Kobayashi hyperbolicity is provided if we sogp that there is a global
strictly J-plurisubharmonic function ot/ .J).

Corollary 3.2.3. Let D = {p < 0} be a relatively compact domain of finite D’Angelo type
in an almost complex manifold/, .J) of dimension foury being a defining function ab,
J-plurisubharmonic in a neighborhood @. Assume that)M, .J) admits a global strictly
J-plurisubharmonic function. ThefD, .J) is Kobayashi hyperbolic.

As an application of the a priori estimate (3.6) of Proposit8.2.2, we prove the taut-
ness ofD.

Corollary 3.2.4. Let D = {p < 0} be a relatively compact domain of finite D’Angelo type
in an almost complex manifold/, J) of dimension two. Assume thats .J-plurisubhar-
monic in a neighborhood ob. Moreover suppose thdt\/, J) admits a global strictly
J-plurisubharmonic function. Thep is taut.
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Proof. Let (u,), be a sequence of-holomorphic discs inD. According to Corollary
3.2.3 the domairD is hyperbolic. Thus the sequenge, ), is equicontinuous, and then by
Ascoli Theorem, we can extract from this sequence a subsegtill denotedu,, ), which
converges to amap : A — D. Passing to the limit the equation dtholomorphy of
eachu,, it follows thatu is a.J-holomorphic disc. Since is J-plurisubharmonic defining
function for D, we have, by applying the maximum principletow, the alternative: either
u(A) € Doru(A) C dD. ]

We point out that the tautness of the domairwas proved, using a different method,
by K.Diederich-A.Sukhov in [29].

3.2.2 Uniform estimates of the Kobayashi pseudometric

In order to obtain more precise estimates, we need to uniéstimates (3.6) of the Kobaya-
shi pseudometric for a sequence of domains.

Proposition 3.2.5.Assume thab = {Rez,+ P (z1,71) < 0} is aJy-pseudoconvex region
of R*, whereP is a homogeneous polynomial of degge< 2m admitting a nonharmonic
part. Let D, be a sequence of,-pseudoconvex region @* such that0 € 0D, is a
boundary point of finite D’Angelo typ#, < 2m. Suppose thab, converges in the sense
of local Hausdorff set convergence 1o whenv tends to+oc and that.J, converges to
Jg in theC? topology whenv tends to+-co. Then there exist a positive constaitand a
neighborhood’ C U of the origin inR*, such that for large’ and for everyy € D, NV
and every € T,R*

Kp, .1 (q,v) = Cllv]|.

Proof. Under the conditions of Proposition 3.2.5 we have the falhgh.emma:

Lemma 3.2.6. For every largev, there exists a diffeomorphis#), : R* — R* with the
following property:

1. The mag — (¢,0) isa(®,), J,-holomorphic disc of maximal contact ord2f, .
2. The almost complex structuf®, ), .J, satisfies conditions (3.2) and (3.3).
3.9, (D,) ={p, < 0} with

2m
po=Rezp+ Y Py (21,7) + O (laa] ™ + |2al|2]]) <0,

=21,

where P;, are homogeneous polynomials of degyesnd P, , contains a nonhar-
monic part denoted by, |, # 0.

4. we havenf,{|| P, .||} > 0.

Moreover the sequence of diffeomorphisiysconverges to the identity on any compact
subsets oR* in theC? topology.
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The crucial fact used to prove Proposition 3.2.5 is the p@intwhich is a direct conse-
quence of the convergence®f (D, ) to D. Hence the proof of Proposition 3.2.5 is similar
to Theorem 3.1.7 and Theorem 3.2.2, where all the consteatgéform.

(]

3.2.3 Holder extension of diffeomorphisms

This subsection is devoted to the boundary continuity dedmorphisms. This is stated
as follows:

Proposition 3.2.7.Let D = {p < 0} and D" = {p’ < 0} be two relatively compact
domains of finite D’Angelo typen in four dimensional almost complex manifoldd, .J)
and (M’,J"). We suppose that (resp. p) is a J(resp J')-plurisubharmonic defining
function on a neighborhood @? (resp.D’). Letf : D — D' be a(.J, J')-biholomorphism.
Thenf extends as a blder homeomorphism with exponén®m betweenD and D',

Estimates of the Kobayashi pseudometric obtained by H.€&usnd A.Sukhov in [35]
provide the Holder extension with expondn® up to the boundary of a biholomorphism
between two strictly pseudoconvex domains (see Proposii8 of [23]). Similarly, in
order to obtain Proposition 3.2.7, we begin by establisl@ngore precise estimate than
(3.6) of Proposition 3.2.2.

Proposition 3.2.8.Let D = {p < 0} be a domain of finite D’Angelo type in a four di-
mensional almost complex manifdld/, .J), wherep is a C? defining function ofD, J-
plurisubharmonic in a neighborhood @1. Letp € D and letU be a neighborhood qf

in M. Then there are positive constaritand a neighborhood” C U of p in M, such that
foreveryg € DNV and every € T, M:

ol
dist (¢, 0D)"/*™

(3.10) K.y (qg.v) > C

Proof of Proposition 3.2.8Let p € 9D. We may suppose thd c R*, p = 0 and that/
satisfies (3.2) and (3.3). Let be a boundary point in a neighborhood of the origin and let
v, be the local peald-plurisubharmonic function at given by Theorem 3.1.7. There are
positive constant§’; andC, such that

(3.11) —Cillz = ¢l S ¢y (2) < =G0y (2),

where
Ty (2) = |21 — i + |22 — @5 + 21 — 1|22 —
is a.J-plurisubharmonic function on a neighborha@df the origin.

Now consider a/-holomorphic disa: : A — D, such that: (0) is sufficiently close
to the origin and then, according to Proposition 3.2.2, weeha A;) € D N U, for some
0 < s < 1 depending only on: (0). We assume that is such thadist (u (0),0D) =
||u (0) — ¢'||. According to the/-plurisubharmonicity ofV,,, we have fori¢| < s:

Uy (u(C)) < G /0 W\Ifq/ (u (re')) ae,

- 27
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for some positive constarit;. Hence using (3.11) and th&plurisubharmonicity ofp,,
we obtain:

Ty (u(C) = —27%2 /O "o (u(re”)) do < —%chq/ (u(0)).

Since there is a positive constarif such that

lu () = ¢'I"™ < Ca¥y (u(Q))

and using (3.11), we finally obtain:

Ju(©) — a7 < “S it (u 0), 0D).

2

Hence there exists a positive constégtsuch that:
dist (u (¢),0D) < Csdist (u (0),D)"*™

whenever < s.
According to Lemmad. .5 of [45] there is a positive consta@t such that:

IV (0) || < Co sup Ju(¢) = u (0) || < CsCedist (u (0),0D)"*"
cl<s

wich provides the desired estimate. O
We also need the two next lemmas provided by [23]:

Lemma 3.2.9.Let D be a domain in an almost complex manifold, ./). Then there is a
positive constant’ such that for any € D and anyv € T, M:

12 K <(C——m
(3.12) (0.1 (p,v) < Cdist (p,0D)

Lemma 3.2.10.(Hopflemma) LeD be a relatively compact domain witiC4 boundary on
an almost complex manifold/, J). Then for any negativé-plurisubharmonic functiom
on D there exists a constant > 0 such that for any € D:

lp(p)| = Cdist(p, D).

Now we can go on the proof of Proposition 3.2.7.

Proof of Proposition 3.2.7Let f : D — D’ be a(J, J')-biholomorphism. According to
Proposition 3.2.8 and to the decreasing property of the Kadia pseudometric there is a
positive constant’ such that for every € D sulfficiently close to the boundary and every
vel,M

ldpf Il 4 F () = Kop (.0
dist (f (). 0D) % w0 (f (), dpf (v)) = K.y (p,0).-

C
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Due to Lemma 3.2.9 there exists a positive constgrguch that:

[v]]

K = Ol ist (n. aD)"
(0. (p,v) < Ch dist (p, 9D)

This leads to: )

Cy dist (f (p),0D")2
< -
41 )1l < & =5 08D)
Moreover the Hopf lemma 3.2.10 for almost complex manifalgglied top’ o f andpo f !

and the fact thap andp’ are defining functions, provides the following boundarytatice
preserving property:

o]

L dist (p,0D) < dist (f (p),0D') < Codist (p, OD) ,

Cs
for some positive constant,. Finally this implies:
CC v
() < 2l
dist (p,0D) 2=
This gives the desired statement. O

3.3 Sharp estimates of the Kobayashi pseudometric

In this section we give sharp lower estimates of the Kobayaséudometric in a pseu-
doconvex region near a boundary point of finite D’Angelo tygss than or equal to four.
This condition will appear necessary, in our proof, as ergldin the appendix. Moreover
in order to give sharp estimates near a point of arbitraryefibi Angelo type, we are also
interested in the nontangential behaviour of the Kobaypséiudometric.

The main result of this section is the following theorem (als® Theorem B3):
Theorem 3.3.1.Let D = {p < 0} be a relatively compact domain of finite D’Angelo
type less than or equal to four in an almost complex manifald .J) of dimension four,
wherep is aC? defining function oD, J-plurisubharmonic on a neighborhood 6f Then

there exists a positive constaftwith the following property: for every € D and every
v € T,M there is a diffeomorphisn®,-, in a neighborhood’ of p, such that:

| (dpq)p*v>1 ‘ ‘ (dpq)p*v>2 |
e @) 1e®)] )

wherer (p*, |p (p) |) is defined by (3.15).
As a direct consequence we have:

| (dpép*vh | (dpq)p*v)z |
o (p) |7 e )’

(313) K(DJ) (p, U) Z C <

(3.14) K@ﬂmmzc(

for a positive constant”.
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In complex manifolds, D.Catlin [17] first obtained such atireate, based on lower
estimates of the Carathéodory pseudometric. F.Bert¢®aave a different proof based
on a Bloch principle. Our proof which is inspired by the pradf.Berteloot is based on
some scaling method.

3.3.1 The scaling method

We consider here a pseudoconvex regior- {p < 0} of finite D’Angelo type2m in R?,
wherep has the following expression on a neighborh@bdf the origin:

p(21,22) = Rezp + Hop, (21,71) 4+ O (|21 "™ + |22]||2]]) -

whereH,,, is a homogeneous subharmonic polynomial of degreedmitting a nonhar-
monic part.

Assume thap, is a sequence of points it N U converging to the origin. For eagh
sufficiently close t@) D, there exists a unique poip} € 9D N U such that

pi =D+ (075V)7

with §,, > 0. Notice that for large’, the quantity, is equivalent talist (p,, 0D N U) and
top (pv)|.

We consider a diffeomorphisd” : R* — R* satisfying:
1. &V (p;) =0andd” (p,) = (0, —0d,).
2. ®” converges tdd : R* — R* on any compact subset Bf* in theC? sense.

3. When we denote bp” := & (D N U) which admits the defining function 8 :=
po (@) " and byJ” := (9¥), J, thenp” is given by:

2m

P (21, 2) = Rem+ Y Pi(z1,70,9,) + O (|a ™ + |2 2]) |
k=2l,

where the polynomial,;, contains a nonharmonic part. Moreovgt satisfies (3.2)
and (3.3).

This is done by considering first the translatibhof R* given byz +— 2 — p?. According
to J.-F.Barraud and E.Mazzilli [4] that the D’Angelo typeais upper semicontinuous func-
tion in a four dimensional almost complex manifold. ThusEhangelo type of points in a
small enough neighborhood can only be smaller than at the pgeelf. Then we consider a
(T"), J-holomorphic dise: of maximal contact orde?l,, where2/,, < 2m is the D’Angelo
type of p;. We choose coordinates such thais given byu ({) = (¢,0), and such that
(T"), J (21,0) = Jg andTp (0T (D))NJ(0)Th (0T (D)) = {22 = 0}. Then by consider-
ing the family of vectorg1, 0) at base point§), ¢) for ¢ # 0 small enough, we obtain a fam-
ily of pseudoholomorphic discs, such that., (0) = (0,¢) anddyu, (0/0,) = (0,1). Due
to the parameters dependence of the solution to'tHeolomorphy equation, we straighten
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these discs into the linels, = ¢}. Next we consider a transversal foliation by pseudo-
holomorphic discs passing through0) and(¢, —d,) for ¢t small enough and we straighten
these lines intd z; = ¢}. This leads to the desired diffeomorphigm of R*.

Now, we need to remove harmonic terms from the polynomial

2m—1

Z Pk (Zlaz_lapi)'

k=2l,

So we consider a biholomorphism (for the standard struptfré? with the following

form: -
0y (21, 20) 1= <21,z2 + Z Re (cm,zf)) ,

k=21,

wherecy, ,, are well chosen complex numbers. Then the diffeomorphlbsm= ¢, o ®”
satisfies:

1. ¢, (p:)=0and®d, (p,) = (0,—0,).
2. ®, convergestdd : R* — R* on any compact subset &f* in theC? sense.

3. If we denote byD, := @, (D NU) the domain with the defining functiop, :=
po (®,)7", thenp, is given by:

2m—1

Pv (Z17 22) = §R€’2”2_‘_ Z PI: (zlaz_lapi)+P2m (2172_17p1t>+0 (|Zl|21ﬂJrl + |22|HZH) )
k=2l,

where the polynomial
2m—1

Z P]: (2172_17p1t>

k=21,

does not contain any harmonic terms. Moreover the polynlofijjais not idencally
zero. Moreover, generically,, := (®,), J is no more diagonal.

Since the origin is a boundary point of D’Angelo type: for D, it follows that, denot-
ing by Py the nonharmonic part dfs,,,, we haveP;  (.,0) = H;, # 0, whereH;,  isthe
nonharmonic part off,,,. This allows to define for large:

Bl

b}
(3.15) 7(p,,0,) == min (7)
k=21, 2m \ || P (., pp) ||

Moreover the following inequalities hold:

(3.16)
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whereC'is a positive constant. The right inequality comes from #wt that| P, (., p;) || >
C1 > 0 for largev. And the left one comes the fact that there exists a positwstant’,
such that for evergl, < k < 2m we havel| P (., p;) || < Cs.

Now we consider the nonisotropic dilatidn, of C2:
Ay i (z1,2) — (7 (p%,6,) " 21,0, 20) .

We setD, := A, (D,) the domain admitting the defining functigh := &, 'p, o AJ*
andJ, := (A,), (J,) the direct image of, underA,,.
The next lemma is devoted to descr'(kiéy, J,,) when passing at the limit.

Lemma 3.3.2.

1. The domairD” converges in the sense of local Hausdorff set convergeneéstan-
dard) pseudoconvex domain = {p < 0}, with

p(z) =Rez + P(21,7) ,

whereP is a nonzero subharmonic polynomial of degree smaller thagaal to2m
which admits a nonharmonic part.

2. In case the origin is of D’ Angelo type four for D, the sequence of almost complex
structures/, converges on any compact subset€6fn theC? sense taJ,,.

Proof. We first prove part 1. Due to inequalities (3.16), the defirfimgction of D, satis-
fies:

2m
po = Rezg+ Y 0,07 (9, 0,)" Py (21,70, 05) 40,7 (05, 00)°™ Pam (21,71, 93)+0 (7 (6,)) -
k=21l,
Passing to a subsequence, we may assume that the polynomial
2m
S0 00,0,)" Py (21,70, 93) + 0,7 (0,0, Pam (21,71, 1))
k=21,

converges uniformly on compact subset€6fto a nonzero polynomidP of degree< 2m
admitting a nonharmonic part. Since the pseudoconvexityviariant under diffeomor-
phisms, it follows that the domains” are.J,-pseudoconvex, and then passing to the limit,
the domainD is J-pseudoconvex. Thus the polynomiais subharmonic.

We next prove part 2. The complexification of the almost caxgkructure/, is given
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by
We = X (A1 ()42 ® 4 By () © =+ Bir () 2 2
A (2)dz @ %) +A1p(2)ds ® 812’2 + Bi2(2)dz ® (9%2 +
Bra ()5 ® 5o+ Toa (3 457 ® o,
where

(
AlJ(Z) = Z+O (

3
§ : k
2o + Ck,v?q
k=2

2
) forl =1,2,
> forl =1,2,
2)
3
2o + ZC;W/Zf
k=2

By a direct computation, the complexification.ff is equal to:

BU (Z) = O (

3
§ : k
2o + Ck,v?q
k=2

3
ALQ (Z) = Z ]{]CkJ,ZfilO (
k=2

3
§ : k
Zo + Ck,u?q
k=2

3
BLQ (Z) = Z k (Ck;’l,Zfil — ck7,,zf71> @] (

\ k=2

) |

2

i 9 0
_ —1 7 —1 7
(JV>C = Y (A (2)da © i + B(ASY(2))dy © 5 T

— o 0
By(A)N(2)dz @ o + A (AN (2)dz @ 3_71) +

0 0
7(ps, 6,)6,  A1o (AN (2))dz @ =—— + 7(p), 6,)8, ' Bia(A) N (2))dz @ — +

82’2 822
* -1 /A—1 — a * —1751  /A—1 — a
T(pw 51/)51/ BLQ(AV (z))dz1 QR — + T(pw 51/)51/ ALQ(AV (z))d21 & —
822 822
According to (3.16) and sinag, , converges to zero whantends to+oo for k = 2,3, it
follows that.J, converges td/y;. This proves part2). O

3.3.2 Complete hyperbolicity in D’Angelo type four condition

In this subsection we prove Theorem 3.3.1. Keeping notatidrthe previous subsection;
we start by establishing the following lemma which givesecgse localization of pseudo-
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holomorphic discs in boxes.

Lemma 3.3.3.Assume the origig 0D is a point of D’Angelo type four. There are positive
constanty, §y andry such that for any) < 0 < ¢, for any larger and for anyJ, -
holomorphic disg, : A — D, we have :

90 (0) = (0,=0,) = gv (roA) C @ (0, Cody)
whereQ (0,4,) :={z € C?: |z| < 7(p%,0,),|22| < d,}.

Proof. Proof of Lemma 3.3.7Assume by contradiction that there are a sequéficg, that
tends tot+-oo as(, converges td in A, and.J,-holomorphic discg, : A — D, such that
g, (0) = (0,-4,) andyg, (¢,) € Q (0, C,6,). We consider the nonisotropic dilations©f:

A (21, 20) — (r%T(pz,éy)fl 21,7“5;122> ,

wherer is a positive constant to be fixed. We égt:= A} o g,, p}, := 14, 'p, o (A7)"' and
Jr = (A7), J,. It follows from Lemma 3.3.2 tha#’, converges to

p = Re(zn)+ P(z1,71)

uniformly on any compact subset®f and.J; converges td,;, uniformly on any compact
subset ofC2. According to the stability of the Kobayashi pseudometiated in Proposition
3.2.5, there exist a positive consténtind a neighborhoot of the origin inR*, such that
for every largev, for everyqg € D, NV and every € T,R*:

K(p,.4,) (@,v) = Cllo]l.

Dy, Jy
Therefore, there exists a constarit> 0 such that
| dh, (¢) |< C"

forany¢ € (1/2) A satisfyingh,, (¢) € D,NV’, with V' ¢ V. Now we choose the constant
r such thath, (0) = (0,—r) € Int(V’). On the other hand, the sequenag(¢,) | tends
to 4+-00. Denote by[0, ¢, | the segment (i) joining the origin and;, and let¢;, = r, e ¢

[0, ¢,] be the point closest to the origin such that([0,¢/]) € D, NV andh, () € V.
Sinceh,, (0) € Int (V'), we have

1o (0) = b (G) [ = C”

for some constan®” > 0. It follows that:

I, ) =t (€)1 < [ lan, ()

|dt <C'r, — 0.

This contradiction proves Lemma 3.3.3. ]

Now we go on the proof of Theorem 3.3.1.
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Proof of Theorem 3.3.1Due to the localization of the Kobayashi pseudometric distadxd
in Proposition 3.2.2, it suffices to prove Theorem 3.3.1 iremhborhood’ of ¢ € 9D.
Choosing local coordinates : U — B C R* centered af, we may assume th@ N U =
{p < 0} is aJ-pseudonconvex region 6R*, .J), thatg = 0 € D and that/ satisfies (3.2)
and (3.3). We also suppose that the complex tangent spade N J(0)7,0D at0 of 9D
is given by{z, = 0}. Moreover the defining functiopis expressed by:

p(2) = Rezo + Hom (21,71) + O (|21 + |22 2]))

Forp € D N U be sufficiently close to the boundafyD, there exists a unique point
p* € 0D N U such that

p"=p+(0,9),
with § > 0. We define an infinitesimal pseudometicon D N U C R* by:
| (dp®pev), | N | (dp®pv), |
7 (p* lp(p) ) p(p) |

for everyp € DN U and every € T,R*, where®,. is defined as diffeomorphisnds’ (of
previous subsection) for* instead ofp?.

Y

(3.17) N (p,v) :==

To prove estimate (3.13) of Theorem 3.3.1, it suffices to fipdsitive constant’ such
that for any.J-holomorphic disa: : A — D N U, we have:

(3.18) N (u(0),dou (8/8,)) < C.

Indeed, for a/-holomorphic disa: such that: (0) = p anddyu (90/0,) = rv, (3.18) leads

to
1 N (p,v) N (p,v)

F T N (w(0).dou(9/0) = C

Suppose by contradiction that (3.18) is not true, that isydhs a sequence of-
holomorphic disca:,, : A — D N U such thatN (u, (0), dou, (0/9,)) > v* Then
we consider a sequencg, ), of points inA,; , such that:

2v

N (uy (yo) s dy,uy (9/0)) "

L |yl <

2. N (u, (y,),dy,u, (0/0z)) > v?, and

3. Yo+ Au/N(u () dy, un (9/02)) S A1/ for sufficiently largev.

This allows to define a sequence.tholomorphic discg, : A, — DN U by

[ (C) = Uy <yu + IN (u,, (yy) ’dyyuy (8/61’))) .
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Consider the sequengge = u,(y,) in D N U. Sincely,| < 2/v and since the! norm
of any .J-holomorphic disa., is uniformly bounded it follows thag, (0) converges to the
origin.

We apply the scaling method to the sequencg). We denote by, (0)* the boundary
point given byg, (0)" := g, (0) + (0, 4,). We set the scaled digg := A, o d, 0 g, where
diffeomorphisms\, and®, are define in the subsection about the scaling method. Imorde
to extract fromyg, a subsequence which converges to a Brody curve, we need liheifmy
Lemma.

Lemma 3.3.4.There is a positive constan such that:

1. There exists a positive constarit such that

(319) g~1/ (TOAI/> - ACH X ACl'

2. There exists a positive constarit such that for every large we have :

(3.20) ldgullcowmon,) < Ca.

Proof. We prove the first part. We define/a-holomorphic dis@., (¢) := ®,0g, (v¢) from
the unit discA to D,. According to Lemma 3.3.3, sindg, (0) = ®, o g, (0) = (0, —0,),
we have

h, (10A) € Q (0,Cod,)

for some positive constantg andC,. Hence
(I)u SR (TOAV) g Q (07 CO(SV) .
After dilations, this leads to (3.19).

Then we prove the second part. According to Lemma 3.3.2, égaence of almost
complex structured, converges on any compact subset€din theC? sense to/,,. Then
for sufficiently larger, the norm||.J, — J5t||cl(m) is as small as necessary. So for

larger, and due to Proposition3.6 of J.-C.Sikorav in [65] there existS; > 0 such that
(3.20) holds. O

Hence according to Lemmas 3.3.2 and 3.3.4 we may extract ffoansubsequence,
still denoted byg, which converges i€ topology to a standard complex line

g :C— ({Rezy+ P(z1,71) < 0}, Jg) -

The polynomialP is subharmonic and contains a nonharmonic part; this irmphat the
domain({ Rezy + P (z1,71) < 0}, Jg) is Brody hyperbolic and so the complex liges
constant. To obtain a contradiction, we prove that the dévie ofg at the origin is nonzero:

| (do (P 0.,) (0/0:)), | | |(do(Pyogy) (0/0:)), |
7 (90 (0)", [ (9 (0))]) P (9, (0)) '

% = N (9, (0), dog, (8/,)) =
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Sincelp (g, (0)) | is equivalent taj,, it follows that for some positive consta6t and for
larger, we have:

1 | (do (P ©9,) (8/0:)), | | | (do (P 0g,)(8/0:)),] -

— < = .

9 = C3 ( T(g,, (0)*’&/) + 51/ C3Hd091/ (a/am) ”1
Sinceg, converges t@ in theC! sense, it follows thati,j (9/3,) # 0, providing a contra-
diction. This achieves the proof of Theorem 3.3.1. ]

Estimate (3.14) of the Kobayashi pseudometric allows tdysthe completeness of the
Kobayashi pseudodistanée

Corollary 3.3.5. Let D = {p < 0} be a relatively compact domain of finite D’Angelo
type less than or equal to four in an almost complex manifdld /) of dimension four,
wherep is a defining function oD, J-plurisubharmonic in a neighborhood @f. Assume
that (M, J) admits a global strictly/-plurisubharmonic function. ThefD, J) is complete
hyperbolic.

Proof. The fact that M, J) admits a global strictly/-plurisubharmonic function and esti-
mate (3.6) of Proposition 3.2.2 leads to the Kobayashi Hyganty of D. Then estimate
(3.14) of the Kobayashi pseudometric stated in Theorenl )®es the completeness of
the metric spacéD, d(DJ)) by a classical integration argument. ]

3.3.3 Regions with noncompact automorphisms group
The next corollary is devoted to regions with noncompaabarphisms group.

Corollary 3.3.6. Let D = {p < 0} be a relatively compact domain in a four dimensional
almost complex manifold\/, J) of finite D’Angelo type less than or equal to four. Assume
that p is a C? defining function ofD, J-plurisubharmonic on a neighborhood &f. If
there is an automorphism dd with orbit accumulating at a boundary point then there
exists a polynomiaP of degree at most four, without harmonic part such that J) is
biholomorphic to({Rez, + P (21,71) < 0}, Ja).

If the domainD is a relatively compact strictly-pseudoconvex domain with noncom-
pact automorphisms group thém, J) is biholomorphic to a model domain. This was
proved by H.Gaussier and A.Sukhov in [35] in the four dimenal case and by K.H.Lee
in [50] in arbitrary (even) dimension. Although this thewrés new until now, its proof
is quite similar to the proof of the equivalent theorem faictlly .J-pseudoconvex do-
mains given by K.H.Lee in [50]. Indeed the proof is mainly &&en the explosion of the
Kobayashi pseudodistance near the bounddrywhich is new in type four condition.

Proof. We suppose that for some pomt € D, there is a sequengeg, of automorphisms
of (D, J) such thap, := ¢, (py) converges td € 9D. We apply the scaling method to
the sequencg,. Still keeping notations of previous subsections, we set

F,:=A,0®,0¢, :cp;l(DﬂU)ﬁﬁu.

In order to extract fron{£},),, a subsequence converging to miapand to describe the
limit 7 we need the two next lemmas.
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Lemma 3.3.7.Let K be a compact irD such thaip, € K. Then for largev
(3.21) o, (K)CcDNU.
Proof. There exists a constatt, such that

dp,1(po,q) < Ck,

for everyq € K. Since the kobayashi pseudodistance in invariant undetdniorphims,
it follows that

dip,.1)(pv, pu(q)) < Ck.

Moreover according to Corollary 3.3.5, the distadgg j(p,, D N OU) tends tot-oo asv
tends tot+-oco. This finally implies that (3.21) is satisfied for large O

Lemma 3.3.8. For any compact subsét C D,
1. the sequencg|F, [cox)), is bounded.
2. there is a positive constaat]. such that
(3.22) ldgF, ()| < Cxloll,
for everyq € K andv € T, M.

Proof. We proof the first part. We consider a finite coveritig, j = 0,---, N of K,
with ¢o = po, WhereU,, is a neighborhood of; € K such that there is a famil§; of
J-holomorphic discs passing troughand satisfying

UQj - U U(AT(Qj))v

ueF;

with r(g;) < ro (see [27], [45], [48]), where, is given in Lemma 3.3.3. We may assume
thatU,, NU,,,, # 0. We set
r:=maxr(g;) < To.

According to Lemma 3.3.3, sinek, o ¢, (pg) € Q(0,0,) it follows that
D, 0 @, 0 u(Ar) C Q0,Cydy)
for anyu € Fy. Hence we have
@, 0, (Ugy) € Q0,Cry6y).

Thereis adisa € F,, and a point; € A, such thawu(¢,) € U, NU,,. Then consider the
following J-holomorphic disc

§+§1)
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satisfying
g(O) = u(gl) € Q(Ov CT05V)>

9(&1) = u(0).
It follows that:

D, 0 0,(q1) € Q(0,C25,),
and then

@, 0.0, (Uy) € Q(0,C10,)

for anyu € F;. Continuing this process, we obtain
®, 0, (U,,) C Q(0,C*6,).
Finally there is a positive consta@t, such that

D, 0, (K)C Q(0,C%d,).

It follows that the sequendg| F, ||co )., is bounded.

Let us prove par. Itis sufficient to prove (3.22) for small Letq € K andv € T,D
such that||v|| is sufficiently small. Then consider .&holomorphic discu : A — D
passing troughy with dyu(0/0,) = v. Since the restriction of,, on the discua, is
uniformly bounded in th&® norm, it follows from Proposition 2.3.6 of [65] that there
exists a positive constant;- such that

ldgF ()] = lldo(F, 0 u)(9/0:)|| < Ck-
This ends the proof of Lemma 3.3.8. O

We know from Lemma 3.3.2 that the domeﬁ:n converges in the sense of local Haus-
dorff set convergence to a pseudoconvex doniais {Rezs + P (z1,%1) < 0}, whereP
is a nonzero subharmonic polynomial of degree which contains a non harmonic part.
ChangingD by applying a standard biholomorphism if necessary, we nugpase that
P (z,7%1) is without harmonic terms.

According to Lemma 3.3.7 and Lemma 3.3.8, we may extract {tbym, a subsequence
converging, uniformly on compact subsets/afto a(./, J,;)-holomorphic map

F:D—sD.

It remains to proof thaf is a biholomorphism fromD to D. We denote byG,

D, — ¢,'(DNU) the (J,, J)-biholomorphism satisfyings, = (F,)~'. According
to Lemma 3.3.2, for any relatively compact neighborhdoaf (0, —1) in D, we have
V c D, for largev. Moreover the domaiiiD, J) is also complete hyperbolic. Since
the {G,(0, 1), v} = {po} is relativily compact, it follows from Proposition 2.3 of¢§
that for any relatively compact neighborhobdof (0, —1) in D, the sequencgG,)v ).
admits a subsequence converging 1@/a, J)-holomorphic mag> : V' — D. Then there
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is a (Jy, J)-holomorphic map, still denoted : D — D which is subsequential limit of
(G,), on every compact exhaustion bf. By passing at the limit, we obtain:

FoG = ]df)
Golippy = ldp-rp).

Let us proove thaf'~!(D) = D by contradiction. Let € DNOF~'(D) = F~'(0D), and
let (¢;); be a sequence df~!(D) converging ta;. Since the domaiqD, J;) is complete
hyperbolic, the distancé  ;,,((0, —1), F'(¢;)) tends to+oc asv tends to+oo. This
contradicts the following:

d(p,1,,)((0,=1), F(q;)) < dep,5)(po, 4;) = dip,5)(po, q) < +o0.

Finally F'is a(.J, .J,;)-biholomorphism fromD to D.

3.3.4 Nontangential approach in the general setting

In this subsection, refering to I.Graham [39], we give a phestimate of the Kobayashi
pseudometric of a pseudoconvex region in a cone with vettexoaundary point of arbi-
trary finite D’Angelo type. We denote by := {—Rez, > k||z||}, where0 < k < 1, the
cone with vertex at the origin and axis the negative rtgalxis.

Theorem 3.3.9.Let D = {p < 0} be a domain of finite D’Angelo type {fR*, J), where
p (21, 22) = Reza + Hop (21,71) + O (|2 "™ + |22]|2])

is aC? defining function oD, .J-plurisubharmonic on a neighborhood &f. We suppose
that H,,, is a homogeneous subharmonic polynomial of deg@reeadmitting a nonhar-
monic part. Then there exists a positive constanguch that for every € D N A and

everyv € T,M:
|1 |2
KD,J (p,U)ZC — + .
o P [ )]

Before proving Theorem 3.3.9 we need the following cru@atima.

Lemma 3.3.10.There exist a neighborhodd of the origin and a positive consta@tsuch
thatifp € DN U N A then

pE {z € C? : |z| < Cydist (p, 8D)ﬁ ,|z2| < Chdist (p, 8D)} :
Proof. According to the fact thatist (z, D) is equivalenttdp (2) | = —Rez, + O (||2]|?)

and to the definition of the conk, we have:

—Rezy

li —_—=1.
20,26 DA dist (2,0D)
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This implies the existence of a positive constantsuch that

1
Hp” < _Z%QPQ < Cld1St (p7 8D) )
whenevep € D N A is sufficiently close to the origin. Thus
pe {z € C? : |z| < Cudist (p, dD) 7 , |2| < Cidist (p, aD)} ,

for p € D N A sufficiently close to the origin.
L

The proof of Theorem 3.3.9 is similar and easier than proofledorem 3.3.1. For
convenience, we write it.

Proof of Theorem 3.3.9Let U be a neighborhood of the origin. We define an infinitesimal
pseudometriev on D N U C R* by:

|1 |2
)|z e ()]

for everyp € DN U and every € T,C?.

N (p,v) =

We have to find a positive constafitsuch that for every-holomorphic disa: : A —
DN U, suchthatifu (0) € A then:

Suppose by contradiction that this inequality is not trhet is, there exists a sequence of
J-holomorphic discs,, : A — D N U such that

uy (0) € A and N (u, (0), dou, (9/,)) > v°.

Then consider a sequeng@g ), of points inA, /, such that

2v
1. |yy| < N (Uu (yz/> 7dyuu” (8/61;))’

2. N (u, (y,),dy,u, (0/0z)) > 1* and

3. Yo+ DuN(u () dyyun(9/02)) S D172 fOr sufficiently largev.

Then we define a sequence.bholomorphic discg, : A, — D NU by

[ (C) = Uy <yu =+ IN (u,, (yy) ’dyyuy (8/61’))) .
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For larger, we havey, (0) = u, (y,) in DN U N A andg, (0) converges to the origin.
Set
9, :=dist (g, (0),0D),

and consider the following dilations
;1
A, i (z1,20) — (53’"21,5;122> )
In order to extract from\, o g, a subsequence which converges to a Brody curve, we need

the following Lemma.

Lemma 3.3.11.There exists a positive constagtsuch that:

1. there exists a positive constarit such that:

(3.23) A, og, (10A)) C Agy X Agy,

2. there is a positive constatt such that for every large we have :

(3.24) |d (Ay 0 90) leoron,) < Co.

Proof. We first prove (3.23). We define a neivholomorphic disd:, (¢) := g, (v() from
the unit discA to D,,. According to Lemma 3.3.10, we have

ho (0) = g, (0) € {z € C: |21] < 1627, | 20| < C16,}.

This implies:
h, (ToA) - {Z € (C2 : |Zl| < 00537”, |22| < CO(SV},

for positive constants, andCj, since Lemma 3.3.3 is true if we replacép?, d,) by 62"
Hence

gy (1oA,) CH{z € C? : |z < Cod2™, |z| < Cyd,}.
After dilations, this leads to (3.23).

The proof of (3.24) is similar to (3.20) of Lemma 3.3.4, sitlte sequence of structures
(A,), J converges on any compact subse€din theC! sense to/,; becausé is diagonal.
O

Hence according to Lemma 3.3.11 we may extract fipymo g, a subsequence, still
denoted byA, o g, which converges in th€! sense to a standard complex lige :
C — ({Rezy + Hop, (21,71) < 0}, Jg), Wwhere the domai{ Rezs + P (21,%1) < 0}, Jg)
is Brody hyperbolic sincéd,,, (z1,%1) contains a nonharmonic part. Then the standard
complex lineg is constant. To obtain a contradiction, we prove that thevdeve of g is
nonzero:

|(dogu(a/6x))1| |(dogu(a/6x))2|
|p(9,(0))] 2= p(g,(0)]

% — N(g,(0), dog, (8/0,)) =
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Sincelp (g, (0)) | is equivalent ta),, it follows that for some positive constafi, we have
for largev:

. <\<d0<gy;g/am>m ) |<do<gy>5<ya/am>>2|> _ Culldo(A 0 0.0/,

This provide a contradiction. O

3.4 Appendix 1: Convergence of the structures involved by th scaling
method.

In this appendix, we prove that, generically, the convecgenf the sequence of structures
involved by the scaling method to the standard struciiyreccurs only on a neighborhood
of boundary points of D’Angelo type less than or equal to four

Let D = {p < 0} be a pseudoconvex region of finite D’Angelo type in R?*, where
p has the following expression on a neighborh@odf the origin:

p(21,22) = Reza + Hom (21,71) + O (| ™ + [ 22]l|2]) |

whereH,,, is a homogeneous subharmonic polynomial of degreedmitting a nonhar-
monic part. Assume thai, is a sequence of points il N U converging to the origin, and,
for largev, consider the sequence of diffeomorphisiits: R* — R* given in the scaling
method. We suppose that the functigh= p o (@”)_1 is given by:

2m

P’ (21, 22) = Rezo + Re (a,,27) + Br|z ] + ZPk (21,71, 05) + O (|1 + |22][|2]]) -
k=3

Moreover the structurg” := (®¥)_ J satisfies (3.2) and (3.3). To fix notations, we set:

ai by 0 0
cf —ay 0 0
0 0 ay b5
0 0 «¢§ —ay

JY =

Now, consider the following diffeomorphism &* defined by:
(3.25) U, (1,91, 2, y2) = (21 4 Riyo i + S1p, @2 + Royyyo + Sa,)

converging to the identity and such thatl ! = Id. We suppose thak,,, andS;.,, for
k = 1,2 are real functions depending smoothly.ony, andy, and thatk, , andsS, , are
given by:

Ry = —aaf+ayi+ O (o + 93 + |yelll2]),
(3.26)
Sow = —200,m1y1 + O (|21 + 45 + |ylll2])) -
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We write:
(Ri, = 75,27 +76,T1y1 + r7uyi + T2 + T, iyn + ra eyt
ranyy + O (|2a]* + v3 + [wlll2]])
(3.27) 2
Sty = 85,87+ S6,T1Y1 + S7pYL + 81,25 + S0, 25y + S3,T1YT+
\ sapyi + O (|t + 13 + |yl 2]) -

It follows that:

2m

poW, (21,2) = Rezm+Bl27+ Y Pz, 7 v) + O (| + | 2lllz]) -
k=3

Then we define

in ( o ) min (7&' )Ii 5ﬁ
T, :=m — ] p L02m |
8ol ) k=g 2m=t \ [P (., v) ]

And we consider the following anisotropic dilations®©f:

Ay (21, 20) == (7‘,/_121, 5;122) .

N

If we write J, := (¥,), J” as:

Jl v Bl v H (‘]V)g (‘]V)g
= ’ ’ h v = ) 3
Jy ( Cl,u JQ,I/ ) wit Cl, ( (JV)Zll (‘]V);l ’
then we have:

. Jl,u (Tuzla 5V22) TglduBl,u (Tuzla 5V22)
(Ay)* JV (Z) B ( Tu(sy_lcl,u (7'1/21, 51/Z2> J2,1/ (7'1/21, 51/Z2> ’

We have generically the following situation:

Proposition 3.4.1. The sequence of structurgs, ), .J, converges to the standard structure
Js if and only if the D’Angelo type of the origin is less than ouagto four.

Proof. We notice that(A,), J, converges toJ if and only if C;, = O (|*"!) +
O (|z2]). Indeed ifCy , = O (|z1]*™') + O (|z2]) then

TV(SV_lC’LV (121, 0,29) = 73m5;10|21|2m + 73m0|21|2m,

1
which converges to the zefdby 2 matrix sincer, < ¢, and since”; , tends to the zerd
by 2 matrix. Conversely it , = O (|z1]*) + O (|z2|), with & < 2m—1, then(A,), J, con-
verges to a polynomial integrable structure= J,; + O|z|* which is generically different
from J,;.
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We have proved in Lemma 3.3.2 that when the origin is a poilt’ahgelo type four,
thenCy, = O (|z1|*) + O (|z2]) and so(A,).J, = (A, o ¥,), J” converges ta/,; whenv
tends to+oo, with:

Rl,u = Sl,u - 07
_ 2 2
RQ,V — _auxl + auyla

Sey = —2a,11Y5.

In case the D’Angelo type of the origin is greater than foue, @annot guarantee the
convergence of,d, 'C¥ (7,21, 6, 22) when we only remove harmonic terms. So we need to
find a more general sequence of diffeomorphisipdefined by (3.25), (3.26) and (3.27)
and such thaf’; , = O (|z1[*" 1) + O (|22]).

Claim. There are no polynomiak, ,, S; ., R, andS,, such that’; , does not contain
any order three terms ity andy;.

A direct computation leads to:

— v v — v 4 — 8R i
a,’ (Ju):f (z) = (a3 —a) (\Ijul (Z)) x1 — (] + by) (\Ilz/l (Z)) Y1 — W 8x11
o aRl,u = aSl,u + aSl,u +z aRl,u 85'1,1/ aRl,z/ 85'1,1/
! 83/1 ! 8:61 o 8y1 ! 8.’171 8.’171 o 8:61 8y1

OR,, 051,  OR,, 05, 951, \" 951, \"
e Oy Oxy o Oy1 Oy e ( 0y ) — 0 < oy )
OR1, ORs, . xlasl,y OR,, b OR,, ORs,

Oxry  Oys dy1 Oya dy1 Oys

051, ORy,
h 014 8?/2

+0 (|l + 2]l 21])
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aRl,u

8.’171

OBy 081, 08,  (0R, Q_x OR,, 2+
. oy h Oy ! oy ! Oy ! oy
8Rl,u aSl,u +z aRl,u a51,1/ _ aRl,u aSl,u + aRl,u a51,1/

h Ory 0y ! Ory Oy ' Oy O0ny o Oy, O

o aRLV aRQ,I/ o 851,y 6R27V - aRLV aRQ,I/ + 851,y 6R27V
' Oy1 Oy ! 0r1  Oys h 0r1  Oys . Oyr O0ya

a, ()5 (2) = O —b5) (U," (2)) 21+ (af +ab) (0,1 (2)) y1 + 2

O (|zal* + |22ll=) -

The only order two terms in; andy, of a;' (J*)? (z) and ofa; ! (J¥)5 (z) are those
contained, respectively, in
OR, , OR,, 051, 051,

— - - +
n o1, 1 on 1 o1y n o

and
6R17V 6R17V aSLy aSLV

X — — — .
! Oy h oy h Oy ' oy
Vanishing these order two terms leads to:
((Ri, = 75,27 — 285,8101 — r5 Y5 + 11,28 + ro, 2ty + ra,miyl + ra,ui+
O (|zul* + u3 + lyalll 2]
_ 2 2 3 2 2 3

Sty = 85,7+ 285,01Y1 — S5,y + S1,,T7 + S2,T7Y1 + 53, T1Y] + Sa YT+

\ O (|21 + w3 + yalll2]]) -

Then it follows that:
—1 3 v v -1 v v -1 aRl,V

07 (I} (2) = (o —af) (W (2)) = (¢ +85) (¥ ()~
OR,, 051, . 051,

0z v Oy

+0 (la* + |2l1211) .

aRl,u
81’1

a, (L) (2) = (B =5 (T, (2) 21+ (af +ab) (P, (2)) y1 + 2

8R1,, 8Sly asly 4
gy T OOty Y40 .
Y1 o Y1 e 1 o0 + (|Zl| Jr|Z2|||Z||)
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SinceJ” satisfies (3.3), we have:
(((a5 —ay) (V' (2) a1 — (] +05) (U1 (2))yn = Hay (z1,41) +
O (|a]* + |zlll=)

(b = b5) (U1 (2)) 21 + (af +a5) (U1 (2)) s = Hy, (21,01) +

( O (|z1|* + [ 2lllzll)

whereH;, (v1,y1) andHy , (x1,y;) are real homogeneous polynomials of degree three in
x1 andy; which are generically non identically zero. Since we cannstire the conver-
gence of

ayTué;ngw (T,x1, Tyy1) = onTUA‘é;ng,V (z1,v1)

and

- A1y
7,0, Hy , (1,01, 7y1) = 7,6, Hs, (21,91)

we want to cancel polynomialfs, (x1,y:) and Hy , (1, y:) by order three terms im;
andy; contained in

. aRl,u _r aRl,z/ o 851,1/ + 8517,/
n o 1 on 1 oy n o

and
6R1’y aRl,y aSl,V 6S'l,u

8:1:1 — 8y1 — 8:61 - 8y1 ’

T

Finally, vanishing order three terms.n andy, of o' (J*)? (2) and ofa; ' (J*)3 (2)
involve the following system of linear equations:

3020 0 1 0 0 riy
3000 0 —1 0 0 o
0100 3 0 0 0 ra
0203 0 0 —1 0 r | _y
0100 -3 0 -2 0 Sy
0010 0 0 0 -3 Sa
0010 0 2 0 3 S3
0003 0 0 1 0 St

Since thist x 8 system of linear equations is not a Cramer system, it folkbvasthere does
not exist, generically, polynomialg, , and.S; , such that there are no order three term in
z; andy, in (J¥)? (z) and(JY); (2). O
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3.5 Appendix 2: Estimates of the Kobayashi metric on stricly pseu-
doconvex domains

In the recent paper [35], H.Gaussier and A.Sukhov obtaimecige lower estimates of the
Kobayashi pseudometric of a strictly pseudoconvex donmeamialmost complex manifold.
In this section we obtain these estimates by a differentagagbr based on some renormal-
ization principle of pseudoholomorphic discs inspired dydfteloot [8]. The theorem we
want to give a proof may be stated as follows:

Theorem 3.5.1.Let D = {p < 0} be a relatively compact domain {@/, J). We assume
that p is aC? defining function oD, strictly J-plurisubharmonic on a neighborhood 6¥.
Then there is a positive constatitwith the following property: for every € D and every
v € T,M there exists a diffeomorphisih,-, in a neighborhood’ of p, such that:

1/2
| (dp@p-0) || | (dp®pe0), [2]Y
10(p)]2 10(p)]2 ’

(3.28) Kip.)(p,v) = C

for everyp € D and every € T),M.

In the above theorem we use the standard notations- - , z,_1, z,) = (#/,z,). Let
D = {p < 0} be arelatively compact domain i/, J). We assume thatis aC? defining
function of D, strictly .J-plurisubharmonic on a neighborhood bt Let ¢ € 9D be a
boundary point. Due to the localization of the Kobayashupeenetric ( see Proposition 3
in [35] or Lemma 2.1 in [45]), it suffices to prove Theorem 2.6n a neighborhood’ of
q € 9D. Choosing a coordinate systebn: U — ®(U) C R?" such that®(q) = 0, we
may identify0 = ¢, ®(U) = U, po ®~! = pand®,.J = J. Moreover we may suppose
that:

1. the complex tangent spa€g(0D) N J (0) Ty (0D) at0 of 9D is given by{z, = 0},

2. the defining functiom can be expressed locally by:

p (Z) = Rez, + 2Re Z PikZi %k T Z ijZjZ_lg + O(|z|3)>

wherep; ;. andp, ; are constants satisfying » = px; andp;z = p 7,

3. the structure/ satisfies/(0) = J.

3.5.1 The scaling method

Assume thap, is a sequence of points i N U converging to the origin. For eagh
sufficiently close t@) D, there exists a unique poip} € 9D N U such that

oy := d(py,0D) = [lp, — p, ||-
Notice that for large/, the quantity,, is equivalenttdp (p, ) |.

We consider a diffeomorphisd : R?** — R?" satisfying:
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1. oV (pr) = 0andd” (p,) = (0/, —4,),
2. ®” converges tdd : R*® — R?" on any compact subset Bf" in theC? sense,
3. whenwe seD” := ®” (DNU) andJ” := (®¥), J, then the complex tangent space

at0 of 9D" is equal tof z,, = 0} and J”(0) = J.

Moreover the sequence of defining functigis:= p o (@")_1 converges tQ in the C?
sense and” converges to the structurein theC! sense. To fix the notations, we set:

p"(z) = Rez, + 2Re Z 05 k252 + Z Pl E%i% + O(|z*).

We consider now the nonisotropic dilations©f:
A, () 2) (5;%2',5;1%) )
We setDv := A, (D¥) = {p, = 5, p, o A;* < 0}, and.J, := (A,), (J,).

The following lemma (see [23], [35] or [50] for a proof) statinat passing to the limit,
we obtain a model domain:

Lemma 3.5.2.

1. The sequence of almost complex structuiesonverges on any compact subsets of
C" in theC! sense to/(z/,z,) = Jy + L(2/,0), whereL(2',0) = (Lg;(2',0))s;
denotes a matrix witl, ; = 0fork =1.--- . n—-1,5=1,---,n, L,, = 0, and
L,;(#,0),j=1,---n—1Dbeing real linear forms in'.

2. The domainD” converges in the sense of local Hausdorff set convergenée to

{p < 0}, with
n—1 n—1
pN(Z) = Rez, + Re Z PikZi %k T Z ijZjZ_k.
j.k=1 Jik=1

_ The next lemma is crucial for the proof of Theorem 3.5.1. Timiglies that the domain
D does not contain any nonconstaintomplex line.

Lemma 3.5.3.The domairD is strictly J-pseudoconvex and admits a globiaplurisubhar-
monic defining function.

Proof. By the invariance of the Levi form we have:

Ly(p)(0,A, (v)) = L, (po A, 1)(0,v).
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Sincep is strictly J-plurisubharmonic, multiplying by —! and passing to the limit at the
right side a®y — 0, we obtain:

L;(p)(0,v) =20
for anyv. Now letv = ("v,0). ThenA; ! (v) = §'/?v and so
Ls(p)(0,v) = L, (p)(0,).
Passing to the limit ag tends to zero, we obtain
L%(p)(0,v) >0
for anyv = ('v,0) with v # 0. This provesD is strictly .J-pseudoconvex.
Moreover since the Levi form is invariant under diffeomasphs, we obtain, passing
to the limit, that the defining functiopis J-plurisubharmonic. O
3.5.2 Proof of Theorem 3.5.1
Proof of Theorem 3.5.1We define an infinitesimal pseudometiicon D N U C R?" by:
| (dpq)p*v), | (dy®pv), |
Falk: |p(p)]

N(p,v) :=

Y

for everyp € DN U and everyv € T,R?*", where the diffeomorphisrd,- is defined as
diffeomorphismsd” for p* instead ofp’, p* being the unique boundary point such that
lp — p*|| = dist(p, OD).

To prove (3.28), it suffices to find a positive constarguch that for every-holomorphic

discu : A — DNU, we have:

(3.29) N (u(0), dyu (9/3,)) < C.

Suppose by contradiction that (3.29) is not true; there isquence of/-holomorphic
discsu, : A — D N U such that

N (£, (0),dof, (8/8:)) = V2.
Then consider a sequeng@g ), of points inA, , such that

2v
N (uy (y) , dy,w, (0/0))

1yl <

2. N (u, () dy,u, (9/02)) = 12,

3. Yo+ DuN(un () dyyun(9/02)) S D12, for sufficiently largev.
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Then we define a sequence.bholomorphic discg, : A, — D NU by

= U C
0 © = (9 + Gy

Consider the sequenge := g, (0) = f, (y,,) in D N U, which converges to the origin.
We apply the scaling method to the sequenceélNe define the scaled pseudoholomorphic
discg, := A, o &, o g,, where diffeomorphismd, and ®, are described in previous
subsection.

Due to the following lemma (see [37]), we may localizénolomorphic disc®,, o g, .

Lemma 3.5.4. There exisCy > 0, §; > 0 andry > 0 such that for every < § < 4, for
everyr >> 1 and for everyJ,-holomorphic disd,, : A — D" we have:

h,(0) € Q(0,0) = hy(Ar,) C Q(0,Cod),
whereQ(0,6) = {z = (/,2,) € C" : || < 62, |z,| < 6}.
We apply this lemma to thé,-holomorphic disc$,(¢) := ®, o g,(v(). Since
h,(0) = (0, —d,) € Q(0,4,),

we obtain
hy(Ar,) € Q(0,Cody)

for some positive constantg andCj and finally:

(3.30) D, 0 g, (Aryr) € Q(0,Cody).
It follows from (3.30) that:
(3.31) Gu(roAy) € Q(0,Co).

According to Lemma 3.5.2, the sequence of almost comp[emmresju converges on
any compact subsets Bf" in theC' sense to a model structuse Moreover, taking/ as
close as/,;, we may suppose that, due to the expression of the modetisteug involving
only order one terms of, J is sufficiently close toJ,; in C1(Q(0, Cy)). Finally for large
v, and due to Proposition 3.6 of J.-C.Sikorav in [65] there exists, > 0 such that

(3.32) ldgullcoron,) < Ca.

Hence according to (3.31) and (3.32) we may extract frpra subsequence, still de-
noted byg, which converges i€ topology to aJ-holomorphic linej : C — D. Due to
Lemma 3.5.3 the/-complex lineg is constant. The contradiction is obtained by showing
that the derivative of at the origin is nonzero:

| (dO ((I)u o gu) (6/81‘))/ | + | (dO ((I)z/ © gu) (a/a:v>>n ‘
lp(py)] 1p (g, (0)) | '

% = N (g, (0), dog, (0/0,)) =

N[
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Since|p(p,)| is equivalent ta),, it follows that for some positive consta@t we have for
larger and for some positive constafnt:

1 <y <| (do (P, 0 911/) (a/ax))/ | n | (do (P, 09,)(0/0)), |
’ 54 5,

) = Cs||dogy, (8/02) |-

This provides a contradiction. ]

3.5.3 Remark on the previous proof

K.H.Lee [50] proved a localization result for pseudoholoptoc discs and their deriva-
tives. Keeping notation of previous subsections we have:

Lemma 3.5.5. Letr be a sufficiently small real positive number. There are pasiton-
stantsC. andd,. such that for every < ¢ < ¢, and everyJ,-holomorphic discé, : A —
DY with h(0) € Q(0,0), we have:

h,(A) € Q(0,C,9)
17 llex(a,y < VCro
| (h)nllera,y < Cro
whereQ(0,0) := {z = (¢, 2,) € C" : || < 82, |z,| < 6}.
If we apply this lemma to thd,-holomorphic disc%,(¢) := ¢, o g,(v(), Since
h,(0) = (0', —6,) € Q(0,46,),
we obtain
(3.33) G,(rA) € Q(0,C,),

and
1
||(d(q)y o gu))/HCO(AW) < (C1iu)2

1(d(@s 0 g)alleoia,,y < S
This finally gives:

(3.34) ldgvllco(a,.) <

I

QA

for a positive constant'.

Then (3.33) and (3.34) implies directly that we may extraonf g, a subsequence
which converges i€! topology to a/-holomorphic linej : C — D. And according to
(3.34) it follows that the/-complex lineg is constant.
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This could be seen as an alternative way to end the proof obréhe 3.5.1 instead
of using Lemma 3.5.4. But in a first hand the localization lean®5.5 established by
K.H.Lee is very technical. In a second hand once the pseuodioophic discs and their
derivatives are controlled as in Lemma 3.5.5, it is ratherpse to give the desired precise
lower estimates, without using any scaling method: actua#émma 3.5.5 may be seen as
an alternative (but equivalent) way to state Theorem 3.5.1.
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Chapter 4

Sharp estimates of the Kobayashi
pseudometric and Gromov hyperbolicity

The present chapter follows [12].

Résunmeé Soit D = {p < 0} un domaine lisse relativement compact dans une
variété presque complex@/, J) de dimension quatre, guest une fonctior/-
plurisousharmonique au voisinage Beet strictement/-plurisousharmonique

sur un voisinage déD. Nous donnons des estimées fines de la pseudométrique
de Kobayashi<, ; en nous appuyant sur une description locale quantitative du
domaineD et de la structure presque complekeu voisinage d’'un point du
bord. Grace aux résultats de Z.M.Balogh et M.Bonk [3], essmées fines
montrent I’hyperbolicité au sens de Gromov du domdine

Abstract Let D = {p < 0} be a smooth relatively compact domain in a four di-
mensional almost complex manifold/, .J), wherep is a J-plurisubharmonic
function on a neighborhood db and strictly./-plurisubharmonic on a neigh-
borhood ofoD. We give sharp estimates of the Kobayashi pseudomé&tsig.
Our approach is based on a local quantitative descriptitimadomainD and of
the almost complex structurenear a boundary point. Following Z.M.Balogh
and M.Bonk [3], these sharp estimates provide the Gromoetiglicity of the
domainD.

Introduction

In this chapter, we give sharp estimates of the Kobayashidmeetric on stricly pseudo-
convex domains in four almost complex manifolds:

Theorem A4. Let D be a relatively compact strictly-pseudoconvex smooth domain in
a four dimensional almost complex manif@lt, /). Then for every > 0, there exists
0 < g9 < € and positive constants ands such that for every € DN N, (0D) and every
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v =v, + v, € T,M we have

—Cs(p)* ‘Un‘Q LJP(WQ))vUt)
o (st )

Co(p)° v | EJﬂ(W(p)aUt))é
1) : (45@)2* %) )

N[

< K(D,J)(p7 U)

In the above theorend,p) := dist(p, D), wheredist is taken with respect to a Rie-
mannian metric. Fop sufficiently close to the boundary the poirp) denotes the unique
boundary point such tha(p) = ||p — 7(p)||. MoreoverN,,(0D) = {q € M,0(q) < o}.
We point out that the splitting = v,, + v, € T, M in tangent and normal components in
(4.1) is understood to be takenzgp).

Our proof is inspired by a result by D.Ma [54]. However the gfrbe gives is based
on some purely complex analysis argument as the local existef peak holomorphic
functions. Since such functions do not exist genericallglmost complex manifolds, we
consider a quantitative approach using a well chosen faofipolydiscs. Notice that this
also gives a different way to obtain estimates in [54] in cempnanifolds without using
any complex analysis tools.

In the complex Euclidean space, Z.M.Balogh and M.Bonk [8\ed the Gromov hy-
perbolicity of strictly pseudoconvex domains. Their preobased on sharp estimates of
the Kobayashi pseudometric obtained by D.Ma [54] similathedones provided by (4.1),
and on some sub-Riemannian geometry. This gives as a agrofldheorem A4:

Theorem B4.Let D be a relatively compact strictly-pseudoconvex smooth domain in an
almost complex manifold/, .J) of dimension four. Then the metric spade, dp, ;) is
Gromov hyperbolic.

4.1 Preliminaries

4.1.1 Splitting of the tangent space

Assume that/ is a diagonal almost complex structure defined in a neighduoattof the
origin in R* and such that/(0) = J;. Consider a basitu,, w,) of (1,0) differential forms
for the structure/ in a neighborhood of the origin. Sinceis diagonal, we may choose

wj =dz — Bj(2)dZ, j =1,2.
Denote by(Y;, Y3) the corresponding dual basis(df 0) vector fields. Then
0 g
Y; = 92 —ﬁj(z)§7 J=12.

MoreoverB;(0) = ;(0) = 0 for j = 1,2. The basigY;(0), Y2(0)) simply coincides with
the canonical (1,0) basis @f. In particularY;(0) is a basis vector of the complex tangent
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spacely (0D) andY;(0) is normal todD. Consider now fot > 0 the translatioD —¢ of
the boundary oD near the origin. Consider, in a neighborhood of the origifl, &) vector
field X (for J) such thatX; (0) = Y3(0) and.X;(z) generates thé-invariant tangent space
TJ(0D —t) at every point: € 9D —t,0 < t << 1. SettingX, = Y,, we obtain a basis
of vector fields(X;, X5) on D (restricting D if necessary). Any complex tangent vector
v e (D, J) at pointz € D admits the unique decomposition= v; + v, where

v, = a1X1(z) is the tangent component and = a,X5(z) is the normal component.
Identifying 7. (D, .J) with T.D we may consider the decomposition= v; + v, for
eachv € T, (D). Finally we consider this decomposition for poiats a neighborhood of
the boundary.

4.1.2 A few remarks on Levi geometry

We need the following lemma due to E.Chirka [19] (see alsomem.3.3).

Lemma 4.1.1.Let.J be an almost complex structure of cla&sdefined in the unit balB
of R?" satisfyingJ(0) = J,;.. Then there exist positive constan@nd A. = O(e) such that
the functionlog||z[|* + A.| z[| is J-plurisubharmonic orB whenevet|.J — Jyllc1 @) < €.

Proof. This is due to the fact that fore B and||.J — Jy|.. g, sufficiently small, we have:

LoAlEN @) = (= ) =

Il lip]

—2(L+ I (p) = JulDIIJ — Jst”cl(E)) lv]®

A
> ol

il
and
£J1H”ZH(]),U) > ( ” H2” ()_JStH H ”QHJ(> JStH2 H ””J JStH(Jl

ol () = Tl - JstHcl(E))HUHQ
> H ”HJ JStHCl(E)HUHQ'

So takingA = 24(|.J — Jy||¢1 5, the Chirka’s lemma follows. O

The strict.J-pseudoconvexity of a relatively compact domainmplies that there is a
constant”' > 1 such that:

1
(4.2) GVl < Lop(p,v) < Clpoll?,



CHAPITRE 4: SHARP ESTIMATES OF THEKOBAYASHI PSEUDOMETRIC AND
104 GROMOV HYPERBOLICITY

forp € 9D andv € T/(0D).

Let p be a defining function foD, .J-plurisubharmonic on a neighborhood bfand
strictly J-plurisubharmonic on a neighborhood of the boundafy. Consider the one-
form d<p defined by (1.3) and let be its restriction on the tangent bundiéD. It follows
that7/0D = Kera. Due to the strict/-pseudoconvexity of, the two-formw := ddSp is
a symplectic form (ie nondegenerate and closed) on a neigbbd ofdD, that tames/.
This implies that

1

(4.3) gr = 5(@0(., J)+w(J,.))

defines a Riemannian metric. We say tiid)D is acontact structureand « is contact
formfor T70D. Consequently vector fields i’ 0D span the whole tangent bundi@D.
Indeed ifv € T70D, it follows thatw(v, Jv) = a([v, Jv]) > 0 and thugv, Jv] € TOD \
T70D. We point out that in case € 770D, the vector fields and.Jv are orthogonal with
respect to the Riemannian metyig.

4.2 Gromov hyperbolicity

In this section we give some backgrounds about Gromov hglierspaces. Furthermore
according to Z.M.Balogh and M.Bonk [3], proving that a doma&i with some curvature is

Gromov hyperbolic reduces to providing sharp estimateshfierKobayashi pseudometric
K(p, near the boundary ab.

4.2.1 Gromov hyperbolic spaces

Let (X, d) be a metric space.

Definition 4.2.1. The Gromov product of two poinisy € X with respect to the basepoint
w € X is defined by

(aly)o = 3 (dla, ) — d(y, ) — d(z,9)).

The Gromov product measures the failure of the triangleuaéty to be an equality
and is always nonnegative. Figure 5 provides a geometrcpregtation of the Gromov
product ofz, y with respect tav in the Euclidean plane. The Gromov product:of; with
respect tav satisfiesz|y), = ||z’ — w|| = ||y — w]|.
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Figure 5.

Definition 4.2.2. The metric spac& is Gromov hyperbolic if there is a nonnegative con-
stant) such that for anyt, y, z,w € X one has:

(4.4) (2ly)o > min((e]2)o, (2ly).) - &

We point out that (4.4) can also be written as follows:
(4.5) d(z,y) + d(z,w) < max(d(z, 2) + d(y,w), d(z,w) + d(y, 2)) + 20,

forz,y,z,w € X.

There is a family of metric spaces for which Gromov hypertitfimay be defined by
means of geodesic triangles. A metric space (X,d) is saigigebdesic spaci any two
pointsx,y € X can be joined by @eodesic segmenthat is the image of an isometry
g :[0,d(z,y)] — X with g(0) = x andg(d(z,y)) = y. Such a segment is denoted by
[z,y]. A geodesic trianglén X is the subselr, y] U [y, z] U [z, z], wherex, y, z € X. For
a geodesic spadeX, d), one may define equivalently (see [38]) the Gromov hypeciigli
as follows:

Definition 4.2.3. The geodesic spac¥ is Gromov hyperbolic if there is a nonnegative
constant such that for any geodesic triangle, y] U [y, z] U [z, z] and anyw € [z, y] one
has

d(w, [y, 2] U [z, z]) < 0.

4.2.2 Gromov hyperbolicity of strictly pseudoconvex domais in almost complex
manifolds of dimension four

Let D = {p < 0} be a relatively compaci-strictly pseudoconvex smooth domain in an
almost complex manifold§\/, .J) of dimension four. Although the boundary of a compact
complex manifold with pseudoconvex boundary is always ected, this is not the case
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in almost complex setting. Indeed D.McDuff obtained in [B5¢ompact almost complex
manifold (A7, J) of dimension four, with a disconnectgdpseudoconvex boundary. Since
D is globally defined by a smooth functiod;plurisubharmonic on a neighborhood bf
and strictly.J-plurisubharmonic on a neighborhood of the boundaby, it follows that the
boundaryoD of D is connected. Moreover this also implies that there ard{tomplex
line contained inD and so thatD, dp ;) is a metric space.

A C! curvea : [0,1] — 9D is horizontalif a(s) € T&’(S)aD for everys € [0,1]. This
is equivalent tay,, = 0. Thus we define thieevi lengthof a horizontal curve by

L;p — length(«) ::/0 EJp(a(s),d(s))%ds.

We point out that, due to (4.3),

Ljp — length(a) = /0 gR(a(s),d(s))%ds.

SinceT’ 0D is acontact structurga theorem due to Chow [21] states that any two points
in 9D may be connected by @ horizontal curve. This allows to define ti@arnot-
Carathéodory metricas follows:

dy(p,q) :=={L;p —length(a),« :[0,1] — D horizontal ,«(0) = p, a(1) = ¢}.

Equivalently, we may define locally tl@arnot-Caratleodory metricby means of vec-
tor fields as follows. Consider twgg-orthogonal vector fields, .Jv € 770D and the
sub-Riemannian metrigssociated to, Jv:

gsr(p,w) == inf {a] + a3, av(p) + as(Jv)(p) = w}.

For a horizontal curver, we set

gsr —tength(a) 1= [ gs(afs).a(s) s,
Thus we define:
du(p,q) := {gsr — length(a), v : [0,1] — 0D horizontal , a(0) = p, a(1) = q} .
We point out that for a small horizontal curae we have
a(s) = ar(s)v(a(s)) + az(s)J(a(s))v(a(s)).
Consequently
gr(a(s), a(s)) = [ai(s) + a3(s)] grla(s), v(a(s))).

Although the role of the bundI&’dD is crucial, it is not essential to define the Carnot-
Carathéodory metric witlhsr instead ofgi. Actually, two Carnot-Carathéodory metrics
defined with different Riemannian metrics are bi-Lipscletgivalent (see [42]).
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According to A.Bellaiche [6] and M.Gromov [42] and sin€é@D is spanned by vector
fields of 770D and Lie Brackets of vector fields @ 9D, balls with respect to the Carnot-
Carathéodory metric may be anisotropically approximakédre precisely

Proposition 4.2.4. There exists a positive constantsuch that fore small enough and
p € 0D:

(4.6) Box (p. ) € Bul(p. <) € Box(p. C<),

whereBy (p,e) = {q¢ € 9D,du(p,q) < €} andBox(p,e) := {p+v € 9D, || <
e, Jun| < €%},

The splittingv = v, + v, is taken afp. We point out that choosing local coordinates
suchthap = 0, J(0) = J,; andTjdD = {z, = 0}, thenBox(p,e) = 9D NQ(0, ¢), where
Q(0, ¢) is the classical polydisQ(0, €) := {z € C?, |z1| < &%, |z| < &}.

As proved by Z.M.Balogh and M.Bonk [3], (4.6) allows to apgiroate the Carnot-
Carathéodory metric by a Riemannian anisotropic metric:

Lemma 4.2.5. There exists a positive constatitsuch that for any positive

1

5dli(p7 Q) S dH(pu Q) S Cdl’u(p7 q)u

wheneverly(p, q) > 1/k for p,q € OD. Here, the distancé,(p, q) is taken with respect
to the Riemannian metrig, defined by:

9x(p, ) == Lyp(p,vp) + K |v|?,
forp € 0D andv = v + v, € T,0D.

The crucial idea of Z.M.Balogh and M.Bonk [3] to prove the @ hyperbolicity
of D is to introduce a function o x D, using the Carnot-Carathéodory metric, which
satisfieg4.4) and which is roughly similar to the Kobayashi distance.

Forp € D we define a boundary projection map: D — 0D by

d(p) = [lp — m(p)|| = dist(p, D).

We notice thatr(p) is uniquely determined only i € D is sufficiently close to the bound-
ary. We set

h(p) == 3(p)*.
Then we defineamap : D x D — [0, 400) by:

di(m(p), 7(q)) + max{h(p), h<q>}) |

h(p)h(q)

for p,q € D. The mapr is uniquely determined only near the boundary. But an other
choice ofr gives a functiory that coincides up to a bounded additive constant that will no

9(p,q) == 2log <
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disturb our results. The motivation of introducing the mgaig related with the Gromov
hyperbolic spac&on(Z7) defined by M.Bonk and O.Schramm in [16] (see also [41]) as
follows. Let(Z, d) be a bounded metric space which does not consist of a singiegul
set

Con(Z) := Z x (0, diam(Z)].

Let us define amap : Con(Z) x Con(Z) — [0, +o0) by

d(z,2") + max{h, h’})
hi '

g ((z,h), (1)) :=2log (

M.Bonk and O.Schramm in [16] proved th@ton(7), g) is a Gromov hyperbolic (metric)
space.

In our case the map is not a metric onD since two different pointg # ¢ € D may
have the same projection; nevertheless

Lemma 4.2.6. The functiory satisfies (4.5) (or equivalently (4.4)) dn.
Proof. Letr;; be real nonnegative numbers such that

rij =15 and ri; < g+ gy,
fori,j,k=1,---,4. Then
(4.7) 712734 < dmax(ri3ros, T14723)-

Consider now four pointg; € D, i = 1,---,4. We seth;, = 5(pi)% andd;; =
dem,py(m(pi), m(p;)). Then applying (4.7) te;; = d; ; + min(h,, h;), we obtain:

(dy 2 + min(hy, hy))(ds 4 + max(hs, hy))

S 4max((d1,3 + max(hl, hg))(d274 + min(hg, h4), (d174 + min(hl, h4))(d273 +
max(hs, h3)).

Then:

g(p1,p2) + 9(ps, pa) < max(g(p1,ps) + 9(p2, pa), g(p1, pa) + g(p2, p3)) + 2log 4,

which proves the desired statement. O

As a direct corollary, if a metrid on D is roughly similar tog, then the metric space
(D, d) is Gromov hyperbolic:

Corollary 4.2.7. Letd be a metric onD verifying

(4.8) —C+g(p,q) <d(p,q) < g(p.q) +C

for some positive constant, and every, ¢ € D. Thend satisfies (4.5) and so the metric
space( D, d) is Gromov hyperbolic.
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Z.M.Balogh and M.Bonk [3] proved that if the Kobayashi psenntric (with respect to
J) of a bounded strictly pseudoconvex domain satisfies (& the Kobayashi distance
is rough similar to the functiop. Their proof is purely metric and does not use complex
geometry or complex analysis. We point out that the strietp®convexity is only needed
to obtain (4.2) or the fact th&gtoD is spanned by vector fields @¥-:0D and Lie Brackets
of vector fields of/=*0D. In particular their proof remains valid in the almost comgpl
setting and, consequently, Theorem A4 implies:

Theorem 4.2.8.Let D be a relatively compact strictly-pseudoconvex smooth domain in
an almost complex manifold\/, J) of dimension four. There is a nonnegative constant
such that for any, ¢ € D

9(p,q) —C < dip.n(p.q) < g(p.q)+C.

According to Corollary 4.2.7 we finally obtain the followitlgeorem (see also Theorem
B4):

Theorem 4.2.9.Let D be a relatively compact strictly-pseudoconvex smooth domain in
an almost complex manifoldd/, J) of dimension four. Then the metric sp&de, dp, )
is Gromov hyperbolic.

Example 2. There exist a neighborhood of p and a diffeomorphism : U — B C
R*, centered afy, such that the functiorjz||? is strictly J-plurisubharmonic on/ and
| 2:(J) = Jstllezy < Ao. Hence the unit balB equipped with the metridg o 1),-, s iS
Gromov hyperbolic.

As a direct corollary of Example 2 we have:

Corollary 4.2.10. Let (M, J) be a four dimensional almost complex manifold. Then every
pointp € M has a basis of Gromov hyperbolic neighborhoods.

4.3 Sharp estimates of the Kobayashi pseudometric

In this section we give a precise localization principletfoe Kobayashi pseudometric and
we prove Theorem A4.

Let D = {p < 0} be a domain in an almost complex manif¢i, /), wherep is aC?
defining strictly./-plurisubharmonic function. For a poiptce D we define

4.9) d(p) := dist(p, 0D),

and forp sufficiently close t@D, we definer(p) € 0D as the unique boundary point such
that:

(4.10) o(p) = [lp—7(p)|.
Fore > 0, we introduce

(4.11) N.:={pe D,i(p) <ce}.
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4.3.1 Sharp localization principle

F.Forstneric and J.-P.Rosay [32] obtained a sharp lo¢aliz@rinciple of the Kobayashi
pseudometric near a strictli,-pseudoconvex boundary point of a domainc C". How-
ever their approach is based on the existence of some hgbbmequeak function at such
a point; this is purely complex and cannot be generalizetiénnonintegrable case. The
sharp localization principle we give is based on some estisnaf the Kobayashi length of
a path near the boundary.

Proposition 4.3.1. There exists a positive constansuch that for every € D sufficiently
close to the boundary and for every sufficiently small neaghbodU of 7(p) there is a
positive constant such that for every € 7, M

(4.12) Kpnu,p(p,v) 2 (1 = cd(p)") K prv,ay(p, v).

We will give later a more precise version of Proposition 4,.3vhere the constants
andr are given explicitly (see Lemma 4.3.4).

Proof. We consider a local diffeomorphismcentered atr(p) from a sufficiently small
neighborhood’ of 7(p) to z(U) such that

1. 2(p) = (6(p), 0),
2. the structure, J satisfies:,.J(0) = J and is diagonal,

3. the defining functiop o 2~ is locally expressed by:

pozt(z) =—2Rez +2Re > pjrzizn+ Y oz + O(|2]%),
wherep; ;. andp, 1 are constants satisfying » = px; andp; z = py ;-
According to Lemmat.8 in [50], there exists a positive constant(C' /4 in the notations
of [50]), independent gp, such that, shrinking’ if necessary, for any € D N U and any
v e T,R:
[ dgx(v)]]

KD,J (Q7U) Z C1
() x(q)

wherex(q) := [21(q)* + [22(q)[*-

Letu : A — D be aJ-holomorphic discs satisfying(0) = p € D. Assume that
uw(A) ¢ DNU and let( € A such thatu(¢) € D N oU. We consider &> path
v :[0;1] — D from () to the pointp; soy(0) = u(¢) and~(1) = p. Without loss of
generality we may suppose thaf0, 1[) € D n U. From this we get that the Kobayashi
length ofy satisfies:

Lion() = A.maﬂwuxwwMt

M ldax GO

x(v(t

v
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This leads to:

X(u(s0) gy
Lipn(y) = 01/ 7 —a

x(p)

log M‘ = ¢ log

x(p)

x(u(s¢))
x(p)

for p sufficiently small. Since there exists a positive constafi/) such that for all: €
Dnou:

X(2) 2 e2(U),
and since(p) = §(p)? it follows that
CQ(U)
5(p)*’

(4.13) L) = ¢ log

We SGth(U) =C 10g(CQ(U))
According to the decreasing property of the Kobayashi dstawe have:

1+

(4.14) dp.) (P, u(C)) < d(a,1.1)(0,¢) = log -— E:
Due to (4.13) and (4.14) we have:

eCS(U) _ 5 2cqy

c3(U (p)Qc = |<"

ecs(U) 4 5(]9) 1

and so forp sufficiently close to its projection point(p):
1 —2e~Wg(p)2r < ¢,
This finally proves that
u(Ag) c DNU

with s := 1 — 2e=s)§(p)2e, O

4.3.2 Sharp estimates of the Kobayashi metric
In this subsection we give the proof of Theorem A4.

Proof. Letp € D N N, and set := 6(p). Considering a local diffeomorphism: U —
z(U) C R* such that Proposition 4.3.1 holds, me may assume that:

1. 7(p) = 0andp = (4, 0).
2. DNU C R4,

3. The structure/ is diagonal and coincides witl,; on the complex tangent space

{Zl = O}

ap by 0 0
| bo@ 000
(4.15) Je = 0 0 a B |

0 0 as A9
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with
a = i+0(]zl?),

b= O([[al]),
forl =1,2.

4. The defining functiom is expressed by:

p(2) = —2Rez +2Re Y pinzizn+ D oz + O(l2I1P),

wherep; .. andp, 1 are constants satisfying , = pr; andp; z = pj 5.

Since the structurd is diagonal, the Levi form of at the origin with respect to the
structureJ coincides with the Levi form op at the origin with respect to the structurg
on the complex tangent space. It follows essentially frofj [2ee also [35]).

Lemma 4.3.2.Letv, = (0,v5) € R* be a tangent vector tdD at the origin. We have:
(4.16) pozlva? = L,p(0,03) = Lp(0, ).

Proof of Lemma 4.3.2Let u : A — C? be aJ-holomorphic disc such that(0) = 0 and
tangent tavy,

u(€) = Cva + O(I¢ ).

Since/J is a diagonal structure, theholomorphy equation leads to:

6U1 8—u1
4.17 -1 1
whereq, (z) = O(||z||). Moreover, sincelyu; = 0, (4.17) gives:
82
“Loy=0
9¢o¢
This implies that
Ppou
—(0) = pos|vel*.
DCaC (0) PQ,2|Ut|
Thus, the Levi form with respect té coincides with the Levi form with respect tQ, on
the complex tangent space@b’ at the origin. O
Remark 4.3.3. More generally, even if/(0) = J, the Levi form of a functiop with

respect toJ at the origin does not coincide with the Levi form ofvith respect ta/,.
According to Lemma 4.3.2 if the structure is diagonal thesytare equal at the origin on
the complex tangent space; but in real dimension greaten foar, the structure can not
be (genericaly) diagonal. K.Diederich and A.Sukhov [29ved that if the structure
satisfies/(0) = J,; andd.J = 0 (which is always possible by a local diffeomorphism in
arbitrary dimensions), then the Levi forms coincide at thigia (for all the directions).
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Lemma 4.3.2 implies that since the domadiris strictly J pseudoconvex at(p) = 0,
we may assume that ; = 1.

Consider the following biholomorphisih (for the standard structutg;) that removes
the harmonic termRe(pq 223):
(418) q)(Zl, Zz) = (21 — pg,gzg, ZQ).

The complexification of the structure,.J admits the following matricial representation:

b0 a@) o) o)
by (D 1(2)) a1 (P-1(z ez c(z
A 0 m@ () e |
0 0 bo(P71(2)) ax(®1(2))
where
ci(2) = 2p222 (1 (271(2)) — az(27(2))
e2(2) 1= 2p2222b1(27H(2)) — Pr2Zabe (P (2)).

In what follows, we need a quantitative version of Proposi#h.3.1. So we consider the
following polydiscQs.) = {z € C? |z1] < 6'7%, || < 672"} centered at the origin,
wherec is chosen such that

(4.20) ®(DNU)NIQsa) C {2 €C? |z =67}

Lemma 4.3.4.Let0 < o < 1 be a positive number. There is a positive constasuch
that for every sufficiently smaflwe have:

(4.21) K.y (p,v) = K@ooo),e.npv) > (1 —26°) Kg(Drt)nQs.ay @) (D5 V),
forp = (6,0) and every € T,R*.
Proof. The proof is a quantitative repetition of the proof of Prapos 4.3.1; we only
notice that according to (4.20) we have= §'~¢, implying 3 = 2ac;. O
Let0 < a < o < 1to be fixed later, independently 6f For every sufficiently smal,

we consider a smooth cut off function : R* — R:

X = 10nQeaw

X = 0 on R4\Q(6,a’)7

with o/ < «. We point out thafy may be chosen such that

(4.22) x|l <

gl-o )
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for some positive constamtindependent of. We consider now the following endomor-
phism of R*:

q'(2) == x(2)q(2),

for z € Q,a), Where
q(2) = (. J(2) + Jo) N @, (2) — Jg).

According to the fact thag(z) = O(|z1 + pa223]) (see (4.19)) and according to (4.22), the

differential of ¢’ is upper bounded o s ), independently of. Moreover thelz, ® 9
21

and thedz, ® ai_ components of the structude../ areO(|z; + pa223|22|) by (4.19); this

21
is also the case for the endomorphigin We define an almost complex structure on the
whole spacék* by:

J'(2) = Ja(Id+q'(2))(Id = '(2)) ",
which is well defined sincéq’(z)|| < 1. It follows that the structurg’ is identically equal
to ®.J in Q) and coincides with/,; on R* \ Q5.1 (see Figure 6). Notice also that

sinceyx = dx = 0 0nJQ s, J' coincides withJ, at first order ordQ ;... Finally the
structure/’ satisfies:

J/ = Jst + O(|21 -+ 0272Z§|)

on Q... To fix the notations, the almost complex structufeadmits the following ma-
tricial interpretation:

ay by ¢ 4

Vod d
4.23 A -
(4.23) € 0 0 ay b

0 0 b, d
with

ap = i+0(|=]),

b = O(=l),

fori =1,2.
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J\BQ(J,Q)) = J|I6Q(51a,) atorder 1

J
J’ \
~ J/
Jst
\ 0 °
b= (57 0)
Jloq,,.,, = Jst atorderl
(@) —_ Qs o(DNU)
Q5,07 T

Figure 6. Extension of the almost complex structire

Furthermore, according to the decreasing property of tHeal(ashi pseudometric we
have forp = (4,0):

(4.24) K(a(Dn0)nQ 5,0y, @) (P, V) = K(@(DA)1Q 5 0,7 (P, V) = K(@(Dr)Q 5 001,77 (D5 V).
Finally, (4.21) and (4.24) lead to:
(4.25) Kprv,p)(p,v) > (1 - 256)K(¢(D0U)HQ(5’Q/),J’)(paU)-
This implies that in order to obtain the lower estimate of Giteen A4 it is sufficient to
prove lower estimates fak s (pru)ng ol (p,v).
We setQ) := &(D NU) N Q.- LetTs be the translation of? defined by
Ts(z1, 20) := (21 — 0, 29),

and letp; be a linear diffeomorphism d&* such that the direct image df by 5 o T5 o @,
denoted by/”, satisfies:

(4.26) J?(0) = Jg.

To do this we consider a linear diffeomorphism such that iteerkntial at the origin
transforms the basig;, (75 o ®).J'(0)(e1), es, (T5 o ®).J'(0)es) into the canonical ba-
sis(ey, 9, €3, ¢4) of R%. According to (4.18) and (4.19), we have

(T3 0 ®),.J'(0) = ®,J'(5,0) = .J'(6,0).

This means that the endomorphigy o ®)...J’(0) is block diagonal. This and the fact that
J'(6,0) = J., + O(0) imply that the desired diffeomorphism is expressed by:

(4.27) p5(2) = (21 4+ O(8]z1]), 22 + O(]z]))
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for z € T5(Q2), and that:

ay5(z) Dis(2) chs(2) ¢(2)
6z | M G
0 0 bhyle) ap,(2)
where
ap5(2) = a (@7 o Ty opyi(2)) +0(9)
rs(2) = BT o T oy (2)) + O(0)
Gs(2) = Ty ops'(2) +0()

for k = 1, 2. Furthermore we notice that the structur&is constant and equal th; +O(9)
onR*\ (¢50 T 0 (),

We consider now the following anisotropic dilatidy of C? :

As(z1, 20) := il V202
o\~1,<2) -— Zl—|—2(5721—|—2(5 .
Its inverse is given by:
(4.29) AY(z) = (20— V2522
. 0 1-— 21’ 1-— 21 )

Let

Us:= AsopsoTs.

We have the following matricial representation for the ctewfication of the structure
Jo = (A(;)*J(S:

(2) (2) Cos(z
(z) Ay s(2) Cisz
Di,a(z) Dé,a(z) Al2,6(2> Bé,&(z
(2) (2) Ags(z

~—

~—

(4.30)

~—

~—
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with
(A5 = () + Tada(45(2)
Ma(2) = ay(851()) = ety (45(2)
Bl = o) + = T 00 )
BL() = T ths(A ) - = R (A ()
42 = (= ) s(471(2)
140 = =0T 00 )
D) = T (00D — a5 () -~ 457
Dhsle) = oo (aths(A () = (A5 ()
\ — 7 S 5 (A5 7 (2)

Direct computations lead to:

( A (Z) = d (514—/)22522 Z~2)+LZQOOZEHZH—FPQQZEQD+O(\/S)
1,6 1 ) ) \/% ,
-z, ooy L (A== .
Bis(2) mbﬂzl + P22, 22) + \/—2—51_7z%220(|22||21 + p2.2227|)
+0(V9)
1 i~ -
Cis(z) = \/—275(1 — 21)0(|%||2 + p22%°]) + O(V0)
Digle) = T2l(oh— @) +pra B+ S 2 O(5IA + o)
1,6 1_21 2 1 1 2,272 5 <2 \/%1_21 2 1 2,242
\ +0(V9).
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where
5 = 25— +5+0(52 &l )
1-— 21 11— 21
5 = V22210 (53/2 2 ) .
— 21 — 21
Notice that:
6 - 1 8 Z1
— = 20—+ —0 [
82’1 - (1 - 21)2 + 82’1 < 1— 21 )
0 - Z9 0 Z9
—— = V25— 4 O8NP =—).
821 2 \/_(1 — 21)2 * 821 ( 1— 21 )

The crucial step is to contr(j»{lﬁS — Jit|lor @5y DY Some positive power af. Working
on a small neighborhood of the unit b&li(see next Lemma 4.3.5), it is sufficient to prove

that the differential of/” is controlled by some positive constant®f We first need to
determine the behaviour of a point= (21, z2) € ¥s(£2) near the infinite pointl1,0). Let
w = (w1,wq) € Q be such thals(w) = z; then:

w1 — (S‘i‘ 0(5‘(,()1 — 5‘)

w0+ 08wy —d])’

where the two term®(é|w;, — J|) are equal, and so

wi + 0 4+ O(0|wy — 0])

(4.31) %

1
1—21

‘ S 015_0/.

for some positive constamrt independent ot. Moreover there is a positive constant
such that

wa + O(6|wa|)

4.32 =25
(4.32) 2 w1+ 0+ O(S]wy — o)

‘ S 0250{//2.

All the behaviours being equivalent, we focus for instancehe derivative(%Dgﬁ(z). In



4.3 Sharp estimates of the Kobayashi pseudometric 119

this computation we focus only on terms that play a crucikd:ro

0 / Z / AV ~ ~
a—lem(z) = —ﬁ[(% —ay) (%4 + 02,22‘22, Z)]| +
<2 i It ;_ Zig
- =) [621 (2 =) (25@ —or e >)} ’
29 a ,, , 22
— (d —d ) V2es—=
- [ %) ﬁ(l—zm} ’
—1 22 o 5
—25(1_721)20(|22||21 + pa2Za’])
1 22 0

— — 015115 -2
+\/ﬁ1 — 6210(|Z2||Zl + p222°|) + R(2).

According to (4.31), to (4.32) and to the fact thiaf — a})(2) = O|z
for o/ small enough

, it follows that

0
— D' (z
821 1,5( )
for positive constants ands. By similar arguments on other derivatives, it follows that
there are positive constants, still denoted:-lands such that

< ¢b®

HdJ"S”CO(WQ)) < co®.
In view of the next Lemma 4.3.5, sindg(£2) is bounded, this also proves that

(4.33) 179~ Jallr o) < €0

Moreover onB(0, 2) \ Ws(2), by similar and easier computations we see thfﬁ -

JSt”Cl(W) is also controlled by some positive constand oT his finally implies the
crucial controi

J5(0) — T
(4.34)

175 — Tl g, < o0

In order to obtain estimates of the Kobayashi pseudometrecneed to localize the
domainVs(Q2) = Us(®(D NU) N P(Qus,))) between two balls (see Figure 7). This
technical result is essentially due to D.Ma [54].

Lemma 4.3.5. There exists a positive constatitsuch that:

B (0, e*““') CUs(Q) C B (0, eC5a/> .



CHAPITRE 4: SHARP ESTIMATES OF THEKOBAYASHI PSEUDOMETRIC AND
120 GROMOV HYPERBOLICITY

Figure 7. Approximation oft(€2).

Proof of Lemma 4.3.5We have:

2 — 64 00|z — 6]) 2 + O(0]2]) )
4.35 \ = V26 '
(#:33) ste) (a+5+0®uyﬂm’ 2140+ 0(d]z1 = 9])

Consider the following expression:
L(z) = |+ + 0|2 = o))P([s(2)* — 1)
= |21 — 0+ O(0]z1 — ))|* + 20|20 + O(8|22|) |2
~|z1+ 6+ 0(8]z1 = 9],

SinceO(d|z; — §]) in the first and last terms of the right hand side of the presiequality
are equal, this leads to

L(z) = 20M(z) +8*0(|z1]) + 8*0(|2|?),
where
M(z) = —2Rez + |z|*
Letz € Q =d(DNU)N Q. Ford small enough, we have:

|21+ 6+ 08|21 — 62 > |a1)? + 0% +6%0(|z1| + 6) + 5O(|z1 | + 6|21 |) +
820(|z1| + 6)* + 26Rez
21 + 6% + 60(|21[*) + 0%0(|z1]) + O(6°) + 26Rez

Z(\zﬂz + %) + 20%Rez,.

v

(4.36)

v
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Moreover
2Rez; > 2Repy 127 + 2RNepr oz 20 + Z Pix%i%k T O(|12]|*).

Since the defining functiop is strictly J-plurisubharmonic, we know that, far small
enoughy_ p, 2% + O(||z[|) is nonnegative. Hence :

2Rez > 2§R€p1’12% + 2Rep; 22122
for z sufficiently small and so there is a positive constansuch that:
(4.37) 2Rez; > —Ch|z ||| 2]

Finally, (4.36) and (4.37) lead to:

1
21+ 04+ 0012 = d)I° = (121 + %)
for z small enough. Hence we have:
(4.38)
L(z 45| M (2)] + 5%20(|z1]) + 620(| 22|
|z1 4+ 0+ O(6|z — 9))| |z1)12 4+ 4

The boundary of? is equal tol; U V; (see Figure 8), where:
Vi o= (ID(D N U) N 8@(576!/),

Vo = (I)(@(DQU))QQ(&Q/).

Figure 8. Boundary of).
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Letz € V7. According (4.38) we have:
49| M (2)] + 620(|21]) + 620(|22|*)
‘21|2 -+ 02

45|2’1| + 45|2’2|2 + 025370/
— 52—20/ + 52

0352—0/
< 7
- 52*2&’ + 52

I1s(2)* =1 <

< 46"

for some positive constants;, C5, C5 andC}, and fora’ small enough.
If z € V5, then

M(z) = —=2Rez + |z|* = O(|2f* + |a1]l|2])
and so there is a positive constdntsuch that:
(4.39) M(z) < Cs6207),

We finally obtain from (4.38) and (4.39):

2 C 575 C o
\\/J -1 < 20— T o
||| 5(Z)|| | = 5‘21‘2+52+ 2|z1‘2+52

!

1-3a’

< 2050 2 + Oy

1—-3a’

< (205 + Co)d 2

This proves that:
B (0, 1 C(SO‘/> CUs(Q) C B (o, 1+ C(S“') ,
for some positive constant. O

Lemma 4.3.5 provides for everyc T,C?:

(440) K(B(O,eC(S“/),ﬁ) <07 U) < K(\yé(ﬂ)7ﬁ) (07 U) < K(B(O’efcéa’xjﬂs) <07 U)'
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Lower estimate

In order to give a lower estimate (Zf( 0,v) we need the following proposi-

5(0.c03),7)
tion:

Proposition 4.3.6. Let J be an almost complex structure definedBnC C? such that
J(0) = Jy. There exist positive constarteind A. = O(¢) such that ifl| J — J||c1@) < €
then we have:

A
(4.42) K 5(0,0) > exp (—7) 1ol

Proof of Proposition 4.3.6Due to Lemma 4.1.1, there exist positive constardad A. =
O(e) such that the functiolvg||z||*+ A. || z|| is J-plurisubharmonic o if || J —Jy||c1m) <
e. Consider the functiod defined by:

T = || 2] 2=l

Letu : A — B be aJ-holomorphic disc such that(0) = 0 anddyu(d/dz) = rv
wherev € T,C? andr > 0. For( sufficiently close to 0 we have

u(¢) = ¢+ dou(¢) + O(|¢).

Setting( = (; + i(>, and using the7—ho|omorphy conditionlyu o Jy = J o dyu, we may

write: 5 5
This implies

~ 0
@.42) Ol < 16117+ 1 o ()]

We now consider the following function

V(u(Q) _ u(O
CI? CI?

which is subharmonic o\ {0} sincelog ¢ is subharmonic. According to (4.42)
limsup,_, ¢(¢) is finite. Moreover setting, = 0 we have:

0
d(]u (%)

Applying the maximum principle to a subharmonic extensibrymn A we obtain the

inequality:
0
o (32)

¢(¢) = exp(Acfu(Q)]),

2

lim sup 6(C) > ’
¢—0

2
< expA..
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Hence, by definition of the Kobayashi infinitesimal pseudtimgwe obtain for every
geDNV,veT,M:

A
(4.43) K 5(a,0) > exp (—7) o).
This gives the desired estimate (4.41). ]

In order to apply Proposition 4.3.6 to the StrUCtL/IFé it is necessary to dilate isotropi-
cally the ballB(0, ¢“°" ) to the unit ballB. So consider the dilation d?:

I'(z) = e=C% 2.

(444) K(B(O,ec‘sa/),JN"S) (O7 U) — 67050‘ K(BI*JN,(;) (O7 U).
According to (4.40) we obtain:

—c5e
(445) (& K(IB%,F*JN’5> (O,U) S K(Wg(ﬂ),ﬁ) (O,U).

Then applying Proposition 4.3.6 to the structiig/® = ﬁ(ecaa’_) and toe = c* (see
(4.34)) provides the existence of a positive constansuch that:

(4.46) K(Bvr*f(;)(O,v) > e |y
Moreover

(4.47) Ka,m((8,0),0) = Ky, g 5 (0, ds0) ¥s (v),
where

diso)Vs(v) = dolso dops o dee)Ts(v)

1 1
= (2—5@1 + O(0)vy), \/—2_5(112 + 0(5)?12)) :

According to (4.25), (4.46), (4.45) and (4.47), we finallytaoh:

|Ul|2

1
7 2\ 2
4.48 K S 02 [va]*
( ) (D,J)(p7v) Z € < 462 + 25 )

for some positive constant, and5”.
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Upper estimate

Now, we want to prove the existence of a positive constarguch that

1
, 2 2\ 2
K < Ca0" |v1 |va .

According to the decreasing property of the Kobayashi roétrs sufficient to give an up-
per estimate fors (o (pn)nQs..,.7) (P; v). Moreover, due to (4.40) and (4.47) itis sufficient
to prove:

(4.49) K 0,v) < %4 ||o]|.

B0.e-c5 ), 79)
In that purpose we need to deform quantitatively a standal@hiorphic disc contained in

the ballB(0, e—C‘S“I) into aﬁ-holomorphic disc, controlling the size of the new disc, and
consequently its derivative at the origin. As previouslydiating isotropically the ball

B(0, e*c‘sa/) into the unit ballB, we may suppose that we work on the unit ball endowed
with J° satisfying (4.34). o

We define for a mapg with values in a complex vector space, continuoug\gmand for
z € A theCauchy-Green operatdy:

Teolo)) =+ [ 2wy

T Jaz—(

We consider now the operatdr;; from C*"(A, B(0,2)) into C*" (A, R*) by:
0
Oo5(u) = | Id - Tcgqﬁ(’lj/)& u,

which is well defined sincd® satisfying (4.34). Lets : A — B be ajg-holomorpmc disc
in Ct"(A,B). According to the continuity of the Cauchy-Green operatonfC” (A, R*)

into C" (A, R*) and since/? satisfies (4.34), we get:

0 0
'TCG%(U)@U cLr@) ’ qﬁ(u)@u cr(X)
< cllasilloss, lllerr)
< = Ty, Nl )
< CU(SS”UHCLT(Z)
for some positive constantsc and¢”. Hence
(4.50) (1= "6)ullerr @) < Hq)}s(u)”cl,r(—) < (L+ 0% ullerr
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for any Js- holomorphic dise. : A — B. This implies that the mag; is aC! diffeo-
morphism fromC*: ’“(A B) onto &~ (C" "(A,B)). Furthermore the following property is
classical: the disa is Jo- holomorphlc if and only if®; (u) is Jy-holomorphic. Accord-
ing to (4.50), there exists a positive constansuch that fonv € R* with [|w|| = 1 — ¢30%,
the maph,, : A — B(0, 1 — ¢30°) defined byh,,(¢) = (w belongs tob+; (C'"(A,B)). In
particular, the ma@ﬁl(hw) IS aﬁ-holomorphic disc fromA to the unit ballB.

Consider noww € R* such that|w| = 1 — ¢36°, andh,, the associated standard
holomorphic disc. Let us estimate the derivative offﬁdwolomorphic disa;, := q)}j(hw)
at the origin:

w = 5-(0)
0

57 (253(w) (0
0 0 ou

= %U(O) e —Toaqys(u )@

@.5) = )+ ez (405 ) O

whereT,; denotes th€alderon-Zygmundperator. This is defined by:

Te2(0)e) = [ 2daay

for a mapg with values in a complex vector space, continuoug\aamnd forz € A, with the
integral in the sense of principal value. Sirigg, is a continuous operator fro@i (A, R*)
intoC" (A, R*), we have:

oz (a0 ) 0] <

for some positive constantandc”. Moreover, according to (4.50) we have:

< "6 ullero zy

0
4,52 ~(u)=—
( ) ‘ qJ6 (U) azu CT(Z)

(453)  Julew = |5 (h)

sy < D)l sy < 20wl

Finally (4.51), (4.52) and (4.53) lead to:
((I)_Nl(hw)) (O)H S (1 + 20///55)||w||'

/¢S a
(4.54) (1 —2¢"6%) || < H% =

This implies that the map — 82 (@%hw) (0) is a small continuously differentiable
X

perturbation of the identity. More precisely, using (4,54here exists a positive constant
¢4 such that for every vectar € R* \ {0} and forr = 1 — ¢,6°, there is a vectow € R*

satisfying||w| < 1+ c36° and such that: (cbgghw) (0) = rv/||v|| (see Figure 9).
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Figure 9. Deformation of a standard holomorphic disc.

Hence theA]g-hoIomorphic disci)};hw : A — B satisfies
71 .
®~th,(0) = 0,

J 5—1 _ v
This proves estimate (4.49), giving the upper estimate eofém A4.
The lower estimate (4.48) and the upper estimate (4.49)yimgtimate (4.1) of Theo-
rem A4.
(]
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Conclusion et perspectives

Dans le second chapitre de cette thése, nous avons irtrodrglevé de structure presque
complexe au fibré cotangent induit par une connexion. Ngassamontré que cette con-
struction généralise et unifie les relevés completsoeizbntaux pour des choix canon-
iqgues de connexions. Nous avons étudié certaines ptéprgéométriques de ce nouveau
relevé comme la pseudoholomorphie des relevés de diffighismes et la multiplica-
tion sur une fibre, et qui permettent de caractériser leget@mplet. Nous nous sommes
aussi intéressés a la compatibilité entre les relestructures presque complexes et les
formes symplectiques sur le fibré cotangent. Plus peéugsit, nous avons montré qu’étant
données une variété presque complede J) et une forme symplectique sur le fibré cotan-
gentT™* M compatible avec le relevé de structure que nous avonsrodnk fibré conormal
d’'une hypersurface strictememtpseudoconvexe n’est pas Lagrangien.

Le troisieme chapitre a été dédié aux régions psentaxes de type de D’Angelo fini
dans le cadre presque complexe. L'étude analytique latsatels domaines est une ques-
tion importante et est reliee au comportement au bordatpifition de Cauchy-Riemann.
Dans un premier temps, nous avons construit une fonctiomplpitcsousharmonique au
voisinage de tout point du bord de type fini. En fournissarg pi@priétés d’attraction
des disques pseudoholomorphes, les fonctions plurisousiggues constituent un outil
fondamental dans le cadre presque complexe et leur cotistrdiagit I'objet de nombreux
travaux actuels. Dans notre cas, I'existence de fonctiamplprisousharmoniques nous
a permis de prouver I'hyperbolicité locale d’'une régisepdoconvexe de type fini et le
prolongement Holderien des diffeomorphismes pseudohotphes. Nous avons ensuite
établi des estimées précises de la pseudométrique loi@yiéshi au voisinage d’un point de
type au plus quatre en développant une méthode de changdtaehelle adaptée au cadre
presque complexe. Ces estimées nous ont permis de ¢aactés domaines pseudocon-
vexes possédant un diffeomorphisme pseudoholomorphiteude orbite s’accumule en un
point du bord de type au plus quatre. Afin de fournir des estgprécises dans le cas de
type arbitraire nous nous sommes aussi interessés gpnecaie non tangentielle.

Dans le quatrieme chapitre, nous nous sommes interagsien qui unissait une hyper-
bolicité métrique et une hyperbolicité (presque) coempl Plus précisément, nous avons
prouvé I'hyperbolicité au sens de Gromov des domainestaitnent./-pseudoconvexes
d’'une variété presque complex&/, J) de dimension réelle quatre. Notre démonstration
suit dans les grandes lignes celle donnée par D.Ma [54] pespace Euclidien com-
plexe. Néanmoins, outre I'élimination des argumentsdlgse complexe utilisés par D.Ma
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(comme l'usage des fonctions pics holomorphes), notrevereepose sur l'introduction
d’une famille de polydisques qui permettent un controlargitatif des structures provenant
d’'un changement d’échelle. Le lien entre I'hyperbobati sens de Gromov et la Kobayashi
hyperbolicité permet, comme le soulignent Z.M.Balogh eBbhk [3], d’obtenir une nou-
velle approche des domaines strictement pseudoconveaegx@mple, notre résultat re-
donne le prolongement continu au bord des applicationsjotellomorphes propres.

Présentons a présent quelques perspectives ; troidgjeees se dégagent.

Gromov hyperbolicité dans les varétés presque complexes

Il semble naturel de généraliser les liens entre I'hyphkciié de Gromov et I'hyperbolicité
au sens de Kobayashi au cas de la dimension quelconque. déotrenstration s’appuie
sur une normalisation propre a la dimension quatre et guneede contrdler les struc-
tures induites par un changement d’échelle par rapparsérlicture standard. Dans le cas
de la dimension quelconque, nous n’obtenons un tel cantydé par rapport a une struc-
ture modeéle, ce qui constitue une difféerence fondamentdhne des idées pour résoudre
ce probleme, est de calculer explicitement les géodesiguour la pseudométrique de
Kobayashi des domaines modeles.

Nous souhaitons aussi etudier I'’hnyperbolicité au sen&ienov des régions relative-
ment compactes pseudoconvexes de type fini dans uneevarésque complexe de di-
mension réelle quatre. Similairement au cas des domatnegement pseudoconvexes,
cette question est reliee a une description fine du corapmmt de la pseudométrique de
Kobayashi. Un premier pas dans cette direction serait dlotgenir des estimées précises
au voisinage d’un point du bord de type fini strictement plasd que quatre, en élaborant
une méthode polynomiale de changement d’échelle. Lacdifé majeure est d’obtenir la
Brody hyperbolicité du domaine limite.

Pseudongétrique de Kobayashi dans les vagtés presque complexes

Récemment, R.Debalme et S.lvashkovich [28] ont étutigkrbolicité compléte au sens
de Kobayashi du complément d’'une courbe presque compkexe an voisinage hyper-
bolique d’'une variété presque complexe de dimensidier§eatre (citons aussi S.lvashko-
vich et J.-P.Rosay [45] dans le cas plus général du camgadé d’une hypersurface en di-
mension quelconque). lls ont prouvé que tout point d’'ungloe lisse”' contenue dans un
voisinage hyperboliqu® est a distance infinie du complémentaive\, C. Le cas d’'une
courbe pseudoholomorphe singuliere reste un problemrerbu Cette considération est
motivée par le théoreme de compacité de M.Gromov [4@¢cg auquel les courbes pseu-
doholomorphes avec des singularités de type cusp appanaisaturellement en géomeétrie
presque complexe comme limites de courbes pseudoholoemiigises. Le résultat que
nous envisageons de montrer s’@énonce sous la forme saivant

Conjecture. Soit.J une structure presque complexe de clagseéfinie au voisinage de
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I'origine dansR* et soitC une courbe/-holomorphe, singudire en I'origine. Alors pour
tout voisinage hyperbolique completde I'origine, 'ensemblé D\ C, J) est hyperbolique
complet.

Une idée est de transposer ce probleme a l'edlatée D en I'origine. Nous savons
depuis les travaux de J.Duval [30], qu’il est possible devel la structure presque com-
plexe.J a D en une structurd avec une perte de régularité. Le probleme se réduis @or
montrer que{f)\(Eué), f) est hyperbolique complet, dui est le diviseur exceptionnel et
C estI'eclaté de la courb@. Cependant une difficulté pour obtenir un tel résultat/jmot
de la non hyperbolicité d®. En effet, localement, nous arrivons facilement & montrer
I'hyperbolicité compléte déD \ (E U C), J) ; du fait de la non hyperbolicité dB, cela
n'apporte aucune information sur I'hyperbolicité coetel {globale). Cette obstruction est
relativement déroutante puisque nous ne savons pas mamtm@isonnant uniquement sur
leclate, que(D \ (EUC), J), avecC = {z, = 0} (réguliére 1), est hyperbolique complet.
Une autre idée pour montrer cette conjecture est de prauvene courbe pseudoholomor-
phe se désingularise par un nombre fini d’éclatementsuceapstitue en soi un résultat
remarquable.

Une autre direction de travail dans cette thématique coeda semi-continuité supé-
rieure de la pseudométrique de Kobayashi. S.lvashkovidhi@ Rosay [45] ont prouvé la
semi-continuité supérieure de la pseudométrique dea@sbhi pour toute structure Holde-
rienneCt* aveca > 0. Dans l'article [46], S.lvashkovich, S.Pinchuk et J.-BRp ont
donné un exemple d’une structure presque complexe dedasar le bidisque\ x A C
R* pour laquelle la pseudométrique de Kobayashi n’est pascentinue supérieurement.
Il peut étre intéressant de comprendre le comportemdatgkeudométrique de Kobayashi
pour des structured* avec2/3 < « < 1. En particulier, quelle est la borne inférieure pour
« pour obtenir la semi-continuité supérieure ?

Théorie du pluripotentiel

La théorie du pluripotentiel joue un rbéle important erogi&trie (presque complexe) en
fournissant des informations dynamiques sur les vari@ious savons depuis les travaux
de E.Chirka que tout point d’une variété presque complisse est un ensemble pluripo-
laire, et plus généralement, J.-P.Rosay [61] a monteetqute courbe pseudoholomorphe
est un ensemble pluripolaire. Un probleme naturel est dever que les courbes pseudo-
holomorphes singulieres sont pluripolaires.

La notion de disque stationnaire a été introduite par inpert [50]. Il a prouvé, pour
un domaine strictement convexe, que les disques stati@sn@incident avec les disques
extréemaux pour la pseudométrique de Kobayashi, et adairoin analogue multi dimen-
sionnel de I'application de Riemann. Limportance de cgebprovient notamment de
son lien avec la théorie du pluripotentiel. La questiowvanie est étudiée en collaboration
avec H.Gaussier et J.-C. Joo. SBit= {p := —1 + ||z||* < 0} la boule unité d&R>" et
soit{J,t € [0,1]} une famille de structures presque complexes vérifignt J;;. Nous
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envisageons de comprendre les conditions symplectique sauple(p, J;) impliqguant un
feuilletage déB par des disques stationnairésholomorphes pour toute [0, 1]. Notons
que dans le cas ol est une petite perturbation de la structure standgrdce résultat
provient des travaux de B.Coupet, H.Gaussier et A.Sukh®) [2
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Résune.

Dans cette these, nous abordons certains aspects dey$aratale dans les variétés
presque complexes. Dans un premier temps, nous étudiditséecotangent qui est un
outil important pour I'analyse et la géométrie compleious construisons un relevé de
structure presque complexe, a I'aide d’une connexionugifie les relevés complets de
|.Sato et horizontaux de S.Ishihara et K.Yano. Par aillauvss dégageons les principales
propriétés analytiques et symplectiques du relevéi amsstruit. Dans les deux études
qui suivent, nous nous intéressons aux propriétésdsads domaines pseudoconvexes de
type de D’Angelo fini d'une variété presque complexe deatision réelle quatre. Nous
construisons des fonctions locales pic plurisousharmmsggénéralisant des travaux de
J.E.Fornaess et N.Sibony. La construction d’une tellelfarde fonctions permet d’établir
des propriétés d’attraction et de localisation des disquseudoholomorphes. En partic-
ulier, elle réduit I'eétude de la pseudométrique de Kashy a un probleme purement lo-
cal. Le comportement asymptotique de cette pseudomeétesiirelié a certaines questions
fascinantes d’analyse locale dans les variétes comnpEhiEsomenes de prolongement au
bord des diffeomorphismes ou encore la classification desathes, et fournit des infor-
mations intéressantes sur les propriétés géomesigtidynamiques de la variété. Nous
donnons alors des estimées locales de cette pseudone&rigvoisinage du bord. De plus,
dans le cas de stricte pseudoconvexité, nous obtenonstile&es tres fines nous perme-
ttant d’étudier les liens entre I'hyperbolicité au semsKbbayashi et I'’hyperbolicité au
sens de Gromov ; nous généralisons ainsi, au cadre presquglexe, un résultat di a
Z.M.Balogh et M.Bonk.

Abstract.

In this thesis, we study some aspects of local analysis imstimomplex manifolds.
We first study the cotangent bundle which is a fundamentalftscomplex analysis and
geometry. We construct a lifted almost complex structus@gia connection on the base
manifold; this unifies the complete lift defined by |.Sato dhe horizontal lift introduced
by S.Ishihara and K.Yano. Moreover, we study some geonatojgerties of this lift and its
compatibility with symplectic forms on the cotangent busndh the next chapters, we are
interested in local analysis of pseudoconvex domains defidiAngelo type in a four di-
mensional almost complex manifold. We construct local ggakisubharmonic functions,
generalizing a result of J.E.Fornaess and N.Sibony. Sugfspbharmonic functions give
attraction and localization properties for pseudoholgrhar discs. In particular, this re-
duces the study of the Kobayashi pseudometric to a puregt fpoblem. The Kobayashi
pseudometric is an important tool for the study of pseudatnolrphic maps and for the
classification of domains, and gives informations on thenggtoc and dynamic proper-
ties of the manifold. We give local estimates of this pseuetwim on a neighborhood of
the boundary, and, for a strictly pseudoconvex domain, waiolsharp estimates. As
an application we study the links between the Kobayashi tingdeity and the Gromov
hyperbolicity; we generalize, in the almost complex settia result of Z.M.Balogh and
M.Bonk.



