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Mes remerciements vont encore �a Jean-Marc Richard, J�erôme Martin et �a PhilippeAmram, qui ont accept�e d'être mes rapporteurs et ceci malgr�e le court d�elai dont ils ontdispos�e et l'importante quantit�e de travail que cela a repr�esent�e.
Merci �a Jacques So�er, qui s'est r�ev�el�e être un collaborateur inestimable par sa grandecomp�etence, sa gentillesse et sa disponibilit�e. Je lui dois, en grande partie, les quelquesnotions que je poss�ede de la Physique du Spin et je regrette qu'il n'ait pas pu faire partiedu Jury.
Merci �a Christian Marinoni pour nos nombreux �echanges scienti�ques qui ont gon
�esmon enthousiasme pour la cosmologie. J'esp�ere que cette collaboration naissante se pour-suivra encore tr�es longtemps.
Les mots sont insu�sants pour remercier Pierre Taxil, qui a su non-seulement mesupporter mais aussi m'encourager tout au long de ces ann�ees de travail. Sans Pierre, mavie serait autre et je ne serais pas l�a o�u j'en suis aujourd'hui.

3



.

4



Contents

Introduction 7
1 Au-del�a du mod�ele standard de physique des particules : recherche denouvelles particules et de nouvelles interactions 111.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111.2 Nouvelle Physique aupr�es de RHIC-Spin . . . . . . . . . . . . . . . . . . . 171.2.1 L'exp�erience RHIC-Spin et la crise du spin . . . . . . . . . . . . . . 171.2.2 Recherche de Z 0 leptophobes . . . . . . . . . . . . . . . . . . . . . . 221.2.3 Interaction de contact et nouveaux bosons pour RHIC-Spin am�elior�e 361.2.4 Contraintes sur le secteur scalaire avec des neutrons . . . . . . . . . 461.2.5 Discussion et prospective . . . . . . . . . . . . . . . . . . . . . . . . 671.3 Recherche de la supersym�etrie violant la R parit�e au LHC . . . . . . . . . 691.4 Nouvelle Physique aupr�es de HERA polaris�e . . . . . . . . . . . . . . . . . 81
2 D�etermination des param�etres cosmologiques et propri�et�es de l'�energienoire 1092.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1102.1.1 Le Mod�ele Cosmologique Standard . . . . . . . . . . . . . . . . . . 1102.1.2 Mod�eles d'�energie noire . . . . . . . . . . . . . . . . . . . . . . . . . 1182.1.3 La d�eg�en�erescence g�eom�etrique . . . . . . . . . . . . . . . . . . . . 1262.2 Supernovae : biais et prospectives . . . . . . . . . . . . . . . . . . . . . . . 1302.2.1 Biais dû �a une �equation d'�etat dynamique . . . . . . . . . . . . . . 1312.2.2 Biais dû �a 
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Introduction
La recherche d'une unit�e cach�ee derri�ere l'immense diversit�e de la Nature a toujours pas-sionn�e les physiciens. Aujourd'hui nous avan�cons de plus en plus vers une compr�ehensionuni��ee des lois de la physique gouvernant �a la fois les grandes structures de l'Univers,comme les �etoiles, les galaxies et les amas, et la structure intime de la mati�ere, comme lesatomes, les noyaux et les nucl�eons.La pr�ecision exp�erimentale obtenue par les nombreuses exp�eriences en physique desparticules a permis de valider le Mod�ele Standard des interactions fortes et �electro-faiblesd�ecrit dans le cadre de la th�eorie quantique des champs. Cependant de nombreuses ques-tions restent encore ouvertes et on attend avec impatience les premiers r�esultats du LHC,d'ici deux �a trois ans, pour connâ�tre quelles manifestations de nouvelle physique per-mettent de d�ecrire la voie que la Nature a choisie. A titre d'exemple de ce jeu �n en-tre exp�eriences, mod�eles et th�eories, �a la base de toute d�emarche scienti�que, citons lespr�edictions du mod�ele standard �electro-faible concernant les propri�et�es des bosons W� etZ0. Celles-ci sont v�eri��ees par les exp�eriences jusqu'au niveau des corrections radiatives,mais elles n�ecessitent l'introduction du boson de Higgs, une particule "scalaire" fonda-mentale, qu'il reste encore �a d�ecouvrir. D'un point de vue th�eorique ce "mod�ele" pose denombreux probl�emes car la th�eorie quantique des champs fournit en g�en�eral des pr�edictionsdivergentes en pr�esence d'un champ scalaire fondamental (probl�emes hi�erarchique et denon-naturalit�e). On introduit alors des mod�eles ou th�eories allant au-del�a du mod�ele stan-dard permettant de s'a�ranchir des di�cult�es li�ees �a la pr�esence de ce champ scalaire. Lesdeux grandes possibilit�es sont l'existence soit d'une sous-structure (pour le Higgs et/oules fermions fondamentaux (leptons, quarks)) soit d'une nouvelle sym�etrie liant bosons etfermions, appel�ee "supersym�etrie" et qui peut intervenir dans le cadre plus g�en�eral de lasupergravit�e ou des th�eories des cordes. Avec ces derni�eres th�eories on entre dans unetroisi�eme voie qui tente d'�elargir le cadre de la th�eorie des champs a�n de pouvoir d�ecrirel'interaction gravitationnelle. Les th�eories des cordes, ainsi que ses concurrents comme lag�eom�etrie non commutative ou la gravit�e quantique �a boucles, �etablissent alors un liennaturel entre le monde microscopique et les plus grandes �echelles de l'Univers.Il est passionant de s'int�eresser �a ces questions particuli�erement th�eoriques mais quisemblent plus math�ematiques que physiques. Il est excitant de r�ealiser que les r�esultats duLHC ainsi que la grande pr�ecision des nombreuses observations qui vont être entreprisesdans la prochaine d�ecennie dans le domaine de la cosmologie vont permettre de tester cer-tains mod�eles d�eriv�es de ces di��erentes th�eories.
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En e�et, l'�etude globale des caract�eristiques de l'Univers �a enregistr�e des progr�es im-pressionnants depuis ces vingts derni�eres ann�ees et les projets observationnels en cours dediscussions laissent entrevoir des perspectives tr�es all�echantes. La cosmologie moderne re-pose sur trois piliers : la compr�ehension de l'expansion, la nucl�eosynth�ese primordiale ainsique la pr�ediction et l'observation du rayonnement cosmologique micro-onde. Le cadre estcelui de la Relativit�e G�en�erale et des lois de la physique microscopique et macroscopique.Ces diverses lois sont v�eri��ees �a un tr�es haut degr�e de pr�ecision localement, mais la cos-mologie extrapole leurs applications �a des distances tr�es grandes et �a des instants tr�eslointains. Le Mod�ele Standard cosmologique repose sur de solides bases th�eoriques maisn�ecessite l'introduction de nouvelles composantes pour être en accord avec les diverses ob-servations. Plus pr�ecis�ement, dans le mod�ele dit de "concordance", la mati�ere ordinaire nerepr�esente qu'environ 5% du contenu total de l'Univers qui semble poss�eder une g�eom�etrieplate. La mati�ere noire entre dans une proportion de 25% et joue un role cl�e dans la dy-namique des galaxies et des amas ainsi que dans les mod�eles de croissance des structures �apartir des 
uctuations primordiales de densit�e. L'�energie noire repr�esente 70% du contenu�energ�etique et rend compte de l'acc�el�eration de l'expansion.Les contraintes sur la mati�ere noire indiquent que le 
uide associ�e est sans collisionsavec la mati�ere ordinaire et donc que l'interaction serait purement gravitationnelle. Lesmod�eles de microphysique, comme la supersym�etrie, fournissent des candidats naturelsque l'on cherche �a d�etecter par des m�ethodes tr�es diverses allant de la physique des colli-sionneurs �a celles des astroparticules via l'�etude des rayonnements cosmiques. Une autrepossibilit�e, radicalement di��erente mais de plus en plus critiqu�ee dans la communaut�e,serait de changer les lois de la dynamique gravitationnelle �a l'�echelle des galaxies et desamas. On esp�ere que les futures donn�ees exp�erimentales et observationnelles permettrontde s�eparer ces deux classes d'interpr�etation.Concernant l'�energie noire, la situation est bien plus dramatique (ou int�eressante !)car, d'une part, cela concerne la composante aujourd'hui dominante, et d'autre part, quede tr�es nombreuses et diverses explications sont possibles. Les astronomes et les "rela-tivistes" vont pr�ef�erer une constante cosmologique qui peut être introduite naturellementdans les �equations d'Einstein mais qui sou�re alors du probl�eme de "co��ncidence" (pourquoimati�ere et �energie noire sont elles du même ordre de grandeur aujourd'hui bien que leursdynamiques soient tr�es di��erentes ?). Les "physiciens" vont alors proposer une originemicrophysique �a cette constante cosmologique en l'associant �a l'�energie du vide. Ils sontalors confront�es au probl�eme de son estimation qui est divergente en th�eorie quantiquedes champs : c'est le "probl�eme de la constante cosmologique". A�n de r�esoudre cesprobl�emes, deux sc�enarios distincts sont envisag�es: soit il faut e�ectivement rajouter unenouvelle composante, soit les �equations de la dynamique sont �a changer. Dans le premiercas et si on veut r�esoudre (partiellement) le probl�eme de co��ncidence, on introduit alors unchamp scalaire (e.g. les mod�eles de quintessence). Dans le second cas on modi�e ou on�etend le cadre de la relativit�e g�en�erale (ou des seules �equations de Friedmann).Un autre aspect tr�es incertain de la cosmologie standard concerne la periode d'in
ationdans l'Univers primordial qui rendrait compte du probl�eme de causalit�e mis en �evidencepar la tr�es grande uniformit�e du fond di�us cosmologique, ainsi que de l'apparente plati-
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tude spatiale de l'Univers. A nouveau les mod�eles d'in
ation n�ecessitent soit l'introductiond'un champ scalaire soit une modi�cation des �equations de la dynamique.
On peut donc noter un certaine similitude entre ces trois grandes �enigmes du mod�elecosmologique standard que sont la mati�ere noire, l'�energie noire et l'in
ation. Il fautcependant remarquer que les domaines d'application de ces trois composantes sont extrê-mement di��erents dans l'espace et dans le temps. N�eanmoins, les physiciens th�eoriciensimaginent de nombreuses connexions possibles amenant �a une tr�es grande diversit�es desmod�eles. Observationellement certaines quantit�es mesur�ees ne dependent que d'une (oudeux) de ces composantes, mais il est int�eressant de r�ealiser que les mod�eles de formationde structures sont sensibles �a l'ensemble de ces inconnues dont une meilleure connaissanceest indispensable pour obtenir une vision plus compl�ete et une meilleure compr�ehension.Les nombreuses donn�ees de sources di��erentes et de tr�es bonne qualit�e vont ainsi per-mettrent de relier des probl�emes aux fronti�eres de la physique th�eorique, de la physique desparticules, des astroparticules, de la cosmologie et de l'astrophysique, en esp�erant qu'unevision plus uni��ee des diverses interactions fondamentales et des di��erentes �echelles del'Univers en r�esulte.
Dans cette habilitation je vais aborder certains de ces probl�emes en distinguant lestravaux r�ealis�es dans le domaine de la physique des particules de ceux e�ectu�es en cosmolo-gie. J'ai entrepris des �etudes de certains d�efauts de chaque "mod�ele standard" �a travers desanalyses ph�enom�enologiques des diverses manifestations des mod�eles de nouvelle physique,en insistant particuli�erement sur les e�ets exp�erimentaux et/ou observationnels.La premi�ere partie concerne la recherche de signaux non-standards aupr�es de collision-neurs. Certaines de ces �etudes font suite �a mes travaux de th�ese qui se concentraient surla manifestation de nouvelles particules ou de nouvelles interactions lors de collisions avecfaisceaux polaris�es. Nous verrons qu'une nouvelle interaction purement hadronique (sous-structure ou nouveaux bosons de jauge), faible devant QCD, peut rester cach�ee et se man-ifester uniquement au travers d'observables d�ecrivant les e�ets de polarisation (asym�etriesde spin). Nous �etudierons aussi les informations cruciales et uniques que fournissent cesasym�etries de spin sur la structure chirale et la structure scalaire des nouvelles interactions.Les mod�eles de nouvelles physiques concern�es sont les manifestations "�a basse �energie" rel-ativement g�en�erique des mod�eles de sous-structures et de grande uni�cation, ainsi quecertains mod�eles plus sp�eci�ques en supersym�etrie ou d�eriv�es des th�eories des cordes. Enparticulier, un article discutera les manifestations de la supersym�etrie si la R-parit�e estbris�ee, dans le canal de production d'un seul quark top au LHC.Dans la seconde partie je presente mes travaux en cosmologie, qui concernent essen-tiellement la d�etermination des param�etres cosmologiques avec un accent particulier surles propri�etes de l'�energie noire. Les premiers s'int�eressent au probl�eme des biais dûs auxhypoth�eses r�ealis�ees dans le processus d'interpr�etation des donn�ees. Nous verrons que deshypoth�eses sur les propri�et�es de l'�energie noire ont un fort impact sur la d�eterminationdes autres param�etres, et inversement. Les seconds concernent directement l'extraction decontraintes sur l'�energie noire �a partir des donn�ees observationnelles combinant plusieurs
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sondes cosmologiques. Un travail de prospective r�ealis�e dans l'optique de l'optimisationde futurs projets est �egalement pr�esent�e. La derni�ere partie propose un nouveau test dela cosmologie bas�e sur l'utilisation des propri�et�es cin�ematiques des galaxies (vitesses derotation) a�n de construire des "chandelles" et des "r�egles" standards.
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Chapitre 1 : Au-del�a du mod�ele
standard de physique des particules :
recherche de nouvelles particules et
de nouvelles interactions

1.1 Introduction
Nous allons voir rapidement, d'une part, les raisons qui motivent l'existence de mod�eles denouvelle physique allant au-del�a du mod�ele standard �a travers les limitations de ce dernier,et d'autre part, l'interêt d'utiliser divers collisionneurs et en particulier ceux avec faisceauxpolaris�es pour tester ces mêmes mod�eles. Ces deux aspects ont �et�e largement discut�es dansma th�ese et ne seront donc que succintement rappel�es dans cette habilitation o�u j'insisteraisurtout sur les d�evellopements r�ecents.

Le Mod�ele Standard, bas�e sur le groupe de jauge SU(3)c x SU(2)L x U(1)Y et bris�espontan�ement vers le groupe SU(3)c x U(1)em via le m�ecanisme de Higgs �a une �echelled'�energie vEW = (p2GF )�1=2 � 246 GeV , d�ecrit de fa�con extrêmement pr�ecise les mesuresexp�erimentales r�ealis�ees jusqu'�a pr�esent (�a quelques exceptions pr�es). Cependant, il estcommun�ement admis que ce Mod�ele Standard n'est en fait qu'une th�eorie e�ective �a basse�energie d'une th�eorie plus �etendue qui permettrait de r�esoudre de fa�con naturelle un grandnombre de probl�emes inh�erents au Mod�ele Standard dont une liste non exhaustive peutêtre la suivante :
� secteur scalaire du Mod�ele Standard : nature du Higgs et origine de la brisure�electrofaible,
� origine de la hi�erarchie des masses des fermions (e.g. me;u;d ' 10�5vEW mais mt �vEW ),
� grand nombre de param�etres laiss�es libres par la th�eorie et restant �a �xer par l'exp�erience,
� origine de la violation de la parit�e des interactions faibles,
� origine des trois g�en�erations et donc de l'apparente duplication des quarks et leptons,
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� quanti�cation de la charge �electrique,
� origine du con�nement des quarks et du spin des nucl�eons.
A ces di�cult�es nous pouvons ajouter le d�esir, pour un grand nombre de physiciens,d'uni�er les di��erentes interactions et/ou d'uni�er les particules �el�ementaires (leptons et/ouquarks et/ou bosons). Avant de d�etailler les diverses pistes envisag�ees, insistons sur le pre-mier point de la liste qui traite du probl�eme de l'existence d'un champ scalaire massif enth�eorie quantique des champs.
Le potentiel du champ de Higgs H (doublet complexe) est suppos�e être donn�e par larelation suivante : V (H) = m2HyH + �(HyH)2. La sym�etrie SU(2)L x U(1)Y est bris�eespontan�ement vers U(1)em lorsque m2 < 0 et que le champ de Higgs acquiert une valeurmoyenne dans le vide non nulle (h0jHj0i = (0; v=p2)T ). Concr�etement, sur les quatredegr�es de libert�e initiaux, trois sont absorb�es par les bosons W� et Z0 a�n de leur fournirune masse, le dernier correspond au boson de Higgs, qui a un spin 0 (scalaire) et une masse: mH = p�2m2 = p2� vEW : (1.1)Le fond du probl�eme (dit de \naturalit�e") vient du comportement �a haute �energie de cettemasse, ou plus pr�ecisemment du couplage quadratique �. D�e�nissons le cut-o� de notreth�eorie par �, qui dans le meilleur des cas (ou le pire !) peut être associ�e �a l'�echelle dePlanck (� = MP � 1019GeV ) et qui repr�esente l'�echelle d'�energie �a partir de laquellele mod�ele standard cesse d'être une bonne repr�esentation e�ective de la r�ealit�e. Grâceaux corrections radiatives (control�ees par les �equations du groupe de renormalisation dumod�ele standard) qui font �evoluer avec l'�energie les valeurs de l'autocouplage �, on peutrelier cette �echelle de nouvelle physique � �a la masse du Higgs mH . La volont�e d'avoir lemod�ele standard valide jusqu'�a l'�echelle � implique plusieurs crit�eres comme la stabilit�edu vide et la perturbativit�e du mod�ele [1, 2].La stabilit�e du vide du mod�ele jusqu'�a une �echelle d'�energie Q, requiert �(Q) > 0 pourQ < � et fournit une borne inf�erieure sur mH qui est d'autant plus �elev�ee que � est grand.Le crit�ere dit de \perturbativit�e" du mod�ele standard correspond �a la volont�e de maintenirle couplage quadratique � dans un r�egime perturbatif : �(Q) < 4� pour Q < �. On obtientainsi une borne sup�erieure sur mH qui est d'autant plus basse que � est grand. La �gure1.1 donne les zones permise et interdites pour les valeurs de mH en fonction de l'�echelle denouvelle physique �, tir�ee de [2].On en d�eduit donc que la d�ecouverte d'un Higgs lourd indique une �echelle de nouvellephysique tr�es proche. Un Higgs l�eger nous donne le moins d'information possible. Seulun higgs (l�eger) de masse comprise entre 150 et 190 GeV permet au mod�ele standardd'être parfaitement d�e�ni jusqu'�a l'�echelle de Planck. Une d�ecouverte dans cette gammed'�energie serait le r�esultat le plus navrant car aucune piste vers la nouvelle physique nenous serait fournie avec l'indication suppl�ementaire qu'elle n'est pas n�ecessaire avant 15ordres de grandeur en �energie ! En revanche, l'absence de d�ecouverte du Higgs devrait
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Figure 1.1: Limites th�eoriques sur la masse du Higgs, tir�ees de [2]
sonner le glas du mod�ele standard, ou au moins du m�ecanisme de Higgs ...

Dans le cas o�u � = MP , il n'est pas n�ecessaire d'introduire de nouvelle physique(jusqu'�a l'�echelle de Planck o�u forc�ement les e�ets de gravit�e quantique doivent com-mencer �a se faire sentir) mais on est alors confront�e au probl�eme hi�erarchique. En e�et,le mod�ele poss�ede alors un grand d�esert entre l'�echelle �electrofaible et la masse de Planck.D'autre part, les corrections radiatives �a mH (ou �) n�ecessitent un ajustement tr�es �n �al'�epoque de Planck a�n d'obtenir mH � vEW . On peut comprendre sch�ematiquementle probl�eme de la fa�con suivante [1]. Les corrections radiatives �a la masse d'un bo-son (scalaire) sont quadratiquement divergentes. A l'ordre d'une boucle on a la relationm2H(Q = vEW ) = m2H(Q = �) + a�2 o�u a est une constante. Avec � = MP le rapportmH(Q = �)=� doit être �x�e �a 17 d�ecimales pr�es ![1] Ce probl�eme d'ajustement tr�es �n, ouprobl�eme hi�erarchique, nous fait penser que le mod�ele du grand d�esert jusqu'�a l'�echelle dePlanck n'est pas un sc�enario r�ealiste. On s'attend donc tr�es fortement �a ce que le probl�emede l'existence d'un champ scalaire soit synonyme de l'existence d'une nouvelle physique �aune certaine �echelle (clairement ind�etermin�ee et non forc�ement �a l'�echelle du TeV ...).
Du point de vue exp�erimental les contraintes sur la masse du Higgs sont de naturedirecte ou indirecte. Tant que le LEP fonctionnait au pic du Z� la recherche du Higgs
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�etait n�egative. Cependant, le Higgs in
uence les corrections radiatives. La contributionest de nature logarithmique, ainsi les contraintes sont assez faibles et sont contamin�eespar les incertitudes sur la masse du quark top dont les corrections sont quadratiques. Lesmesures de haute pr�ecision au LEP sur de nombreux observables di��erents permettent decontraindres les e�ets des corrections radiatives et ainsi d'obtenir des contraintes sur mH .Les r�esultats indirects obtenus sont donn�es sur la �gure 1.2 et indiquent un Higgs l�eger :mH = 97+53�36 GeV (1�) et mH < 194GeV �a 95% CL [3].
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Figure 1.2: ��2 = �2��2min �a partir d'un �t global de l'ensemble des donn�ees �electrofaiblede pr�ecision [4], en fonction de mH . La bande bleue (ou gris�ee, qui suit la courbe desminimas) indique l'e�et des incertitudes th�eoriques. La zone jaune (ou gris�ee, avec mH <114:4GeV ) est exclue par les recherches directes �a LEP2 [5].
La situation actuelle, issue des derniers r�esultats du LEP2 (caract�eris�e par ps =209GeV ) est assez ambigue. En e�et, un Higgs avec mH < 114:4GeV est exclu �a 95%CL mais il y a une l�eg�ere indication de signal �a 1.7� pour le domaine 115 < mH <118GeV . Cette estimation vient essentiellement de la collaboration travaillant sur led�etecteur ALEPH qui, �a elle seule, mesure un e�et �a 3�[6]. Comme cet e�et correspond �ala limite cin�ematique du LEP2 et qu'une seule collaboration sur les quatres du LEP y estsensible, il a �et�e d�ecid�e de stopper l'exp�erience �n 2000 pour pouvoir lancer la constructiondu LHC. Pour plus de d�etails �a ce niveau on pourra consulter [6].Les seules avanc�ees r�ecentes viennent du Tevatron qui contraint de mieux en mieux lespropri�et�es du quark top et du boson W , ce qui permet un meilleur contrôle des corrections
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radiatives et donc une meilleure estimation indirecte de la masse du Higgs. Les r�esultatsles plus r�ecents [7], sch�ematis�es sur la �gure 1.3 et tenant compte des derniers calculsth�eoriques, indiquent toujours un Higgs relativement l�eger (même si le minimum a �et�eaugment�e et passe maintenant �a mH � 168GeV ).
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Figure 1.3: Pr�edictions pour sin2 �lepteff incluant les corrections �a deux boucles en fonction dela masse du Higgs. La bande est obtenue en tenant compte des incertitudes exp�erimentales�a 1�. La droite pointill�ee verticale est la limite d'exclusion de LEP2.
Par ces quelques paragraphes nous avons voulu montrer que l'existence d'un champscalaire massif fondamental et de nature quantique n'a toujours pas �et�e con�rm�ee et pose,par ailleurs, de s�erieux probl�emes �a la th�eorie quantique des champs. De nombreuses so-lutions, plus ou moins satisfaisantes ont �et�e propos�ees, mais une d�ecouverte exp�erimentaledevient indispensable pour faire avancer notre compr�ehension. A ce niveau, r�ealisons quede nombreux probl�emes en cosmologie sont (partiellement) r�esolus via l'introduction d'unchamp scalaire \classique". On comprend donc que du point de vue de la physique micro-scopique ces mod�eles sont au mieux des descriptions e�ectives de la r�ealit�e. Cependant,l'�ere de pr�ecision en cosmologie dans laquelle nous entrons �a pr�esent nous laisse esp�erer unemeilleure compr�ehension de la nature de ces champs scalaires (ou des lois sous-jacentes)via l'�etude de l'in�niment grand.
A pr�esent, replongeons-nous dans le monde microscopique et les imperfections dumod�ele standard. Nous avons vu que ces derni�eres sont nombreuses et que les th�eoriesou mod�eles alternatifs propos�es le sont aussi. Pour de plus amples d�etails je renvoie lelecteur int�eress�e vers les introductions donn�ees dans ma th�ese [8], dans la suite je ne d�ecrisque les points essentiels.
Il y a deux m�ethodes di��erentes pour tester les manifestations d'une nouvelle physique:soit on r�ealise un test direct des mod�eles en tenant compte de l'ensemble des d�etails
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sp�eci�ques �a chaque mod�ele, soit on essaye d'�etablir une approche ind�ependante de toutmod�ele permettant de tester simultan�ement plusieurs classes de mod�eles. Mon travail �etantplus ph�enom�enologique que th�eorique, je me suis surtout pench�e sur la seconde approche.Par exemple, un tr�es grand nombre de th�eories et mod�eles pr�evoient l'existence de nou-velles interactions (e.g. th�eories de grande uni�cation, supersym�etrique ou non, mod�elesd�eriv�es des th�eories des cordes, mod�eles de sous-structure). En g�en�eral, chaque mod�eleposs�ede des pr�edictions pr�ecises sur les couplages entre les nouveaux bosons de jauge et lesparticules �el�ementaires du mod�ele standard, fournissant ainsi certaines propri�et�es globalestelle que les largeurs de d�esint�egration par exemple. En revanche, d'autres propri�et�es (e.g.masses, angles de m�elange) sont souvent des param�etres libres qui doivent être �x�es parl'exp�erience. Cependant, les contraintes exp�erimentales que l'on obtient d�ependent, bienentendu, des propri�et�es �x�ees par le mod�ele. Ainsi on d�erive un ensemble de contraintespour chaque mod�ele, mais au vu du nombre impressionnant de mod�eles possibles, on peutse poser la question de l'int�eret de ces contraintes ... Une approche mod�ele ind�ependante,bien d�ecrite dans [9] qui reprend directement les travaux pionniers de Fermi sur la descrip-tion des interactions faibles dans les ann�ees 30, permet de r�eduire l'ensemble des param�etresdu mod�ele �a la seule �energie caract�eristique (�) du nouveau ph�enom�ene. La descriptionen terme de boson de jauge interm�ediaire est remplac�ee par une interaction e�ective, dite\de contact", valable �a des �energies inf�erieures �a l'�echelle d'�energie de la nouvelle physique� (i.e. ps� �). Concr�etement, on ajoute un nouveau terme \e�ectif" au lagrangien dumod�ele standard, donn�e, par exemple, par l'expression suivante :
Lqq = g22�2qq (�LL �qL
�qL:�qL
�qL + �RR �qR
�qR:�qR
�qR + 2�LR �qL
�qL:�qR
�qR ) (1.2)

o�u g est la constante de couplage de la nouvelle interaction et est normalis�e �a g2 = 4�. �ijest tel que j�ijj � 1, son signe caract�erise le type, destructif ou constructif, des interf�erencesentre les termes de contact et les amplitudes standards, le type d�ependant du processus�etudi�e. qL;R sont les composantes gauche et droite du quark q.
Une attention particuli�ere a donc �et�e port�ee sur les manifestations ou les contraintes quel'on pourrait obtenir sur ces interactions de contact, que ce soit dans le secteur des quarksuniquement ou dans le secteur commun aux quarks et aux leptons. Cependant, lorsqueles �energies caract�eristiques de l'exp�erience et de la nouvelle interaction se rapprochent,des e�ets subtils peuvent avoir lieu (e.g. r�esonance) et une description plus compl�ete desmod�eles est pr�ef�erable. Ainsi nous avons �et�e amen�es �a �etudier plus en d�etails les mani-festations des bosons dits \leptophobes" (bosons de jauge ne couplant qu'aux quarks et�etant ainsi tr�es di�cile �a d�etecter), ou encore de \leptoquarks" (bosons couplant leptonset quarks directement au sein d'un même vertex). Les premiers ont �et�e �etudi�es dans lecadre de l'exp�erience RHIC-Spin avec faisceaux de protons (et neutrons) polaris�es, quiest en cours de fonctionnement. Ces r�esultats sont pr�esent�es dans la premi�ere partie dece chapitre. Les seconds ont �et�e �etudi�es dans le cadre de l'exp�erience HERA, dont undes projets �etait de polariser les faisceaux. Malheureusement, aujourd'hui, le projet a �et�e

16



abandonn�e et l'experience arr�et�ee, ce qui rend ces �etudes obsol�etes pour le moment. Defait, ces �etudes seront pr�esent�ees �a la �n de ce chapitre.
En parall�ele �a ces travaux, j'ai particip�e �a un travail commun entre les exp�erimentateursdu CPPM et les th�eoriciens du CPT sur la ph�enom�enologie de la supersym�etrie au LHC. Cedomaine �etant tr�es vaste, notre approche a �et�e pragmatique. Nous nous sommes int�eress�esau processus de production d'un seul quark top (\single top production") qui a l'avantagede n'être sensible qu'�a certaines manifestations de nouvelle physique (au premier ordre).Il est apparu que c'est un processus privilegi�e pour tester une sym�etrie propre �a la su-persym�etrie appel�ee \R parit�e". En e�et, si cette sym�etrie est bris�ee des e�ets nouveauxdevraient être d�etect�es dans la production d'un seul top. Le test de cette sym�etrie est,en fait, encore plus important pour la cosmologie car si elle se rev�ele être bris�ee c'est lecandidat mati�ere noire issu de la supersym�etrie qui disparait .... Cette �etude, qui ne faitabsolument pas appel aux e�ets de polarisation, est pr�esent�ee dans la deuxi�eme partie dece chapitre.

1.2 Nouvelle Physique aupr�es de RHIC-Spin
1.2.1 L'exp�erience RHIC-Spin et la crise du spinLe "Relativistic Heavy Ion Collider" (RHIC) est en cours de fonctionnement depuis 2001au Brookhaven National Laboratory (BNL-USA), et est vou�e essentiellement �a l'�etudede collisions d'ions lourds de tr�es hautes �energies [10]. Cependant, ce collisionneur fonc-tionne entre 5 et 10 semaines par an, en mode proton-proton avec faisceaux polaris�es. LaCollaboration RHIC-Spin a ainsi vu le jour et essaye actuellement d'augmenter l'�energiecaract�eristique de l'exp�erience de ps = 250 GeV �a ps = 500 GeV . Des e�orts tr�es im-portant sont entrepris pour atteindre les 70% de polarisation par faisceau escompt�e, ainsique la luminosit�e int�egr�ee de L = 800 pb�1.Une autre particularit�e int�eressante du RHIC, li�ee �a sa nature de collisionneur d'ionslourds, est qu'il sera capable d'acc�el�erer des faisceaux de hadrons, autres que des protons,en particulier des deut�erons et des noyaux d'h�elium 3. L'acc�el�eration de noyaux d' 3Hepolaris�es se r�ev�ele d'un grand int�erêt, car le principe de Pauli nous indique que les spinsdes protons sont dans des directions oppos�ees. Ainsi, la direction de la polarisation d'unnoyau d' 3He est, �a peu pr�es, �equivalente �a celle d'un neutron [11, 12]. Cela nous permet desupposer que l'on b�en�e�ciera �egalement de faisceaux de neutrons polaris�es de bonne qualit�e.

L'int�erêt premier du RHIC [13] est la possibilit�e d'une �etude de haute pr�ecision de QCDet de certains ph�enom�enes �electrofaibles. En particulier cela va permettre pour la premi�erefois une bonne calibration des distributions partoniques polaris�ees [14], incluant celle desgluons, d'une fa�con radicalement di��erente de ce qui a �et�e r�ealis�e dans les exp�eriences dedi�usion in�elastique polaris�ee. Avant de discuter des possibles e�ets de nouvelle physique,je voudrais dire quelques mots sur la crise du spin et les premiers r�esultats de RHIC-Spin,
17



relativement \inattendus" vu qu'ils con�rment que l'on ne comprend pas grand chose �al'origine du spin du proton et de fait aux aspects (non perturbatifs) de QCD li�es au con-�nement.
Le domaine de la physique du spin, control�e essentiellement par l'interaction forte �abasse �energie, est toujours en pleine e�ervescence grâce aux r�esultats pr�ecis des exp�eriencesde di�usion profond�ement in�elastique avec faisceaux de leptons et cibles hadroniques po-laris�es (pour une revue voir [15]) ainsi que ceux r�ecents de RHIC-Spin (e.g. [16]). Ler�esultat le plus surprennant est que la contribution des quarks et antiquarks au spin duproton n'est que d'un quart ! On peut repr�esenter ce r�esultat �a l'aide de la r�egle de sommedu spin du proton [17] :12 = 12��(Q2) + �G(Q2) + Lq(Q2) + Lg(Q2) ; (1.3)

et le fait qu'on obtient exp�erimentalement �� � 0:25. Ceci implique qu'une contributionimportante au spin du proton doit venir soit de la polarisation des gluons �G(Q2) soit desmoments orbitaux angulaires des quarks Lq(Q2) ou des gluons Lg(Q2). La d�ependance deces moments sur l'�echelle d'�energie caract�eristique de la collison Q a �et�e incluse explicite-ment pour rappeler que les distributions partoniques ainsi que leurs moments peuventdi�cilement être pr�edits th�eoriquement �a cause des e�ets non perturbatifs de QCD. Enrevanche, les �evolutions avec l'�energie de ces diverses quantit�ees sont parfaitement calcula-bles (e.g. �G(Q2) � log(Q2) � ��1s (Q2))[18]. Rappelons que les distributions partoniquessont d�e�nies par : f+ = f++ = f�� f� = f�+ = f+� (1.4)o�u l'invariance des interactions fortes sous la transformation de parit�e, permet de d�e�nirles distributions o�u le parton f a son spin parall�ele (f+) ou antiparall�ele (f�) au spin duhadron parent. On d�e�nit alors les distributions de partons :
� ind�ependantes du spin : f(x;Q2) = f+(x;Q2) + f�(x;Q2)
� polaris�ees : �f(x;Q2) = f+(x;Q2)� f�(x;Q2)

o�u f = q; �q; g et x repr�esente la fraction d'impulsion emport�e par le parton f . Les momentsdes distributions partoniques intervenant dans l'�eq.(1.3) sont donn�es par :
��(Q2) = Z 10 X

q (�q(x;Q2) + ��q(x;Q2)) dx �G(Q2) = Z 10 �g(x;Q2) dx: (1.5)
La crise du spin a d�ebut�ee en 1988 avec les r�esultats de la collaboration EMC [19] quiobtint ��(11 GeV 2) = 0:01 � 0:29. Depuis, les exp�eriences de di�usion profond�ementin�elastique polaris�ee de plus en plus pr�ecises ont amen�e la valeur centrale �a 0.25 et l'erreur�a quelques pour-cents. On a alors cherch�e �a contraindre �G mais la di�usion lepton-hadron ne donne un acc�es �a �g qu'indirectement, �a travers l'�evolution des distributions ouvia l'�etude de processus rares. Jusqu'�a l'av�enement du RHIC-Spin les contraintes �etaient
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faibles, voire inexistantes. Du point de vue de la th�eorie, les estimations (sans parler descalculs) sont extrêmement di�ciles �a r�ealiser car dans le domaine non-perturbatif. A partird'un raisonnement bas�e sur la tr�es forte evolution en Q2 de �G, on penchait plutôt [18, 20]vers une (tr�es) forte polarisation des gluons (�G > 1:5). En utilisant le \MIT bag model"ou des \mod�eles de quarks" non relativistes [21], on obtient des estimations de l'ordre duspin du proton (�G(1 GeV 2) � 0:2 � 0:3 [22, 23]). Tr�es r�ecemment et pour la premi�erefois une estimation de la d�ependance en x de �g a �et�e fournie [23].
Vu la profonde incertitude th�eorique et les r�esultats exp�erimentaux surprenants, il de-venait urgent d'obtenir des mesures de la polarisation des gluons. C'est un des objectifsprincipaux du RHIC-Spin [13]. Plusieurs processus, comme la production de photons("directs"), de jets, de �0 ou encore de quarks lourds, donnent un acc�es direct �a �g.L'observable �a utiliser est une double asym�etrie de spin qui conserve la sym�etrie de Parit�e:

ALL = �++ � �+��++ + �+� (1.6)
o�u ��1�2 est la section e�cace du processus consid�er�e pour une collision avec deux protonsd'h�elicit�es �1 et �2.Les premiers r�esultats, pr�esent�es sur la �gure 1.4, on �et�e obtenus il y a un peu plus d'unan, dans le canal de production de �0 pour la collaboration PHENIX, et pour la productionde jets avec STAR. Les pr�edictions de plusieurs mod�eles ph�enom�enologiques pour �g sontaussi donn�es sur la �gure 1.4.On constate qu'une forte polarisation des gluons est exclue. Les r�esultats sont en accordavec une polarisation des gluons nulle ou faible. Les gluons ne sont donc pas �a l'originedu spin du proton ! Par cons�equent, la crise du spin se renforce car il est di�cile decroire que les moments angulaires orbitaux jouent un rôle important. (Pour une discus-sion int�eressante qui a inspir�ee les lignes pr�ec�edentes voir [16] ainsi que les deux premierschapitres de ma th�ese [8])

A priori, la nouvelle physique n'est pour rien dans cette crise du spin qui devrait trouversa source dans notre tr�es grande di�cult�e �a r�ealiser des calculs et �a avoir de l'intuitiondans le domaine non perturbatif (de QCD). Cependant, les exp�eriences avec faisceauxpolaris�es peuvent fournir des contraintes tr�es int�eressantes et des informations uniques surla structure chirale d'une nouvelle interaction, �a la condition de disposer d'une �energie etd'une luminosit�e su�santes. C'est le cas de RHIC-Spin contrairement aux exp�eriences surcibles �xes.Par ailleurs, la mise en �evidence de nouvelle physique demande la distinction entre unph�enom�ene non-standard et une 
uctuation de la pr�ediction standard, li�ee �a la faible con-naissance de ces distributions partoniques. La calibration des distributions polaris�ees auRHIC [27, 14] nous laisse supposer que ces incertitudes seront fortement r�eduites dans unavenir proche. En e�et, la collaboration RHIC-Spin a l'intention d'utiliser les runs de 2008,qui se feront pour la premi�ere fois �a une �energie de ps = 500 GeV , pour �etudier les pro-ductions de bosons W� qui sont particuli�erement sensibles aux distributions des quarks et
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Figure 1.4: Donn�ees sur l'asym�etrie �a 2 spins ALL pour la production inclusive de �0 �aps = 200GeV mesur�ees par la collaboration PHENIX [24] (gauche), et pour la productionde jets mesur�ee par la collaboration STAR [25] (droite), compar�ees aux pr�edictions NLOpour plusieurs distributions polaris�ees des gluons d�ecrites dans [26].
antiquarks. Une fois que ces distributions partoniques seront fortement contraintes il seraalors possible de se tourner vers le programme de recherche de signaux de nouvelle physique.

Les travaux qui vont suivre (ainsi que ceux pr�esent�es dans ma th�ese sur ce sujet l�a)ont suscit�e un vif int�erêt au sein de la collaboration RHIC-Spin, ce qui m'a permis departiciper activement aux rencontres de la collaboration et �a motiver plusieurs person-nes d'�etudier ces e�ets exotiques. Je donnerai en �n de section une rapide discussion destravaux r�ealis�es dans la communaut�e depuis la parution des 3 articles qui sont pr�esent�es ici.
Avant de d�etailler chaque article il faut essayer de comprendre comment l'exp�erienceRHIC-Spin avecps = 500 GeV peut être comp�etitive pour decouvrir de nouveaux ph�enom�enesavec des acc�el�erateurs poss�edant des �energies plus �elev�ees (Sp�pS au CERN dans les ann�ees1980-90 avec ps = 630 GeV , Tevatron au Fermilab actuellement en service avec ps =2 TeV ). Il apparâ�t que si des leptons sont produits (directement) et �etudi�es dans l'�etat�nal (e.g. processus de Drell-Yan), alors le Tevatron fournit les meilleures contraintes carles processus leptoniques sont "propres" exp�erimentalement. Dans ce cas c'est l'�energie quiprime (avec la luminosit�e en second plan) dans une optique de d�ecouverte. En revanche,si le processus est purement hadronique (e.g. production de jets) et donc control�e essen-tiellement par QCD, on recherche des �ev�enements �a haute impulsion transverse mais onest alors confront�e, exp�erimentalement, �a des probl�emes de reconstruction ce qui donne deforts bruits de fonds, et th�eoriquement, �a des incertitudes dans l'estimation des sections
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e�caces (fortes corrections des ordres sup�erieurs). Ces deux aspects d�eteriorent fortementles contraintes susceptibles d'être fournies.C'est pour ce type de processus purement hadroniques que RHIC-Spin est partic-uli�erement int�eressant et plus performant que ses concurrents non polaris�es plus �energ�et-iques. Cette caract�eristique vient de la pr�esence de la polarisation qui permet de d�e�nirles nouveaux observables que sont les asym�etries de spin, et en particulier l'asym�etrie �a 1spin qui viole la Parit�e1 : AL = �+ � ���+ + �� (1.7)
La di��erence des sections e�caces au num�erateur permet d'�eliminer tous les bruits de fondsassoci�es aux processus conservant la Parit�e gouvern�es par QCD et QED. Le rapport desections e�caces devrait permettre de limiter l'impact des corrections d'ordre sup�erieur.Cependant nous verrons dans notre cas d'�etude que cet argument n'est pas correct (voirla discussion en �n de section sur l'estimation NLO des asym�etries de spin).Par cons�equent, des e�ets de nouvelle physique pourront être d�etect�es au RHIC-Spin siet seulement si les nouveaux ph�enom�enes sont purement hadroniques et violent la Parit�e.Heureusement, de nombreux mod�eles th�eoriques satisfont ces deux crit�eres. Pour plus ded�etails sur l'interêt de l'utilisation de faisceaux polaris�es pour d�ecouvrir et �etudier de laphysique au-del�a du mod�ele standard pour divers types de collisionneurs, je conseille lecompte-rendu [29] o�u une telle revue m'avait �et�e demand�ee.

Le premier article pr�esent�e ici traite de la manifestation de bosons leptophobes. Desmod�eles sp�eci�ques sont �etudi�es, suivis d'une approche purement ph�enom�enologique. Uneattention particuli�ere a �et�e port�ee �a la compl�ementarit�e entre collisionneurs. Il apparâ�tque dans les fenêtres de masse MZ0 � 300 GeV et MZ0 < 100 GeV seul RHIC-Spin peutd�ecouvrir de telles particules.Le deuxi�eme article a �et�e r�edig�e suite �a une demande des responsables de la collaborationRHIC-Spin qui voulaient connaitre l'impact d'une possible augmentation en �energie et/ouen luminosit�e de la machine. En e�et, en utilisant au maximum les capacit�es du RHIC, il estpossible d'atteindre ps = 650 GeV et L = 20 fb�1. Avec ces nouveaux param�etres nousavons calcul�e l'am�elioration des contraintes en cas de pr�esence de nouvelles interactions decontact ou de bosons leptophobes. Les r�esultats obtenus montrent qu'une telle am�eliorationde la machine augmente fortement ses capacit�es de d�ecouverte.Le dernier article traite des informations que l'on peut obtenir sur les bosons lepto-phobes en utilisant �a la fois des collisions polaris�ees proton-proton et neutron-neutron (viala polarisation de noyaux d'He3). La structure chirale de l'interaction, mais aussi et defa�con tr�es int�eressante, des informations sur la structure scalaire (type de couplage avecles bosons de Higgs) peuvent être obtenues.
1Dans les articles c'est l'asym�etrie �a 2 spins violant la Parit�e APVLL = �++�����+++��� qui est discut�ee, mais il

apparâ�t qu'elle est �equivalente �a l'asym�etrie �a 1 spin avec l'inconvenient d'avoir une expression relativement
compliqu�ee lorsque l'on tiend compte des degr�es de polarisation partiels de chaque faisceau (voir [28] pour
les formules et d�etails).
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1.2.2 Recherche de Z 0 leptophobesArticle publi�e sous la r�ef�erence : Phys. Lett. B441 (1998) 376 .
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1.2.4 Contraintes sur le secteur scalaire avec des neutronsArticle publi�e sous la r�ef�erence : Eur. Phys. J. C24 (2002) 149.
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1.2.5 Discussion et prospectiveLes analyses propos�ees pr�ec�edemment seront r�ealis�ees prochainement au RHIC. N�eanmoins,ces �etudes ont �et�e r�ealis�ees �a l'ordre le plus bas de la th�eorie des perturbations. Dans uncontexte hadronique il est clair que les corrections QCD sont tr�es importantes et doiventêtre prises en compte. L'utilisation d'asym�etries de spin r�eduit ce probl�eme comparative-ment �a toute analyse bas�ee sur l'�etude de sections e�caces non polaris�ees. Cependant,il faut r�ealiser que les contributions non nulles �a ces asym�etries de spin violant la parit�eproviennent d'interf�erences entre les diagrammes avec �echange de gluons et ceux faisantintervenir l'�echange des autres bosons de jauge, et en particulier les neutres (Z0 et Z 0).Remarquons que les bosons Z0 et W fournissent une contribution directe (r�esonance) cequi se traduit par le petit pic �a ET � 40 � 45 GeV dans la �gure 2 du premier articlepr�esent�e pr�ec�edemment. Il en sera de même du Z 0 leptophobe si MZ0 < 300GeV . End'autres termes, si on n�eglige les r�esonances, les contributions dominantes (LO) viennent�a l'ordre O(�s�W )(des processus �a 4 quarks).A l'ordre suivant O(�2s�W ) (NLO) on constate que de tr�es nombreux diagrammes vontintervenir [30, 31] (voir aussi [32] pour la fastidieuse liste de diagrammes !). En e�et, ilfaut tenir compte, d'une part, des corrections QCD (O(�s)) aux interf�erences pr�ec�edentes(O(�s�W )), mais aussi d'autre part, des corrections faibles (O(�W )) �a tous les processusQCD (O(�2s)). Ce dernier type de corrections va faire entrer dans le jeu les gluons. D'autrescorrections �a prendre en compte sont celles concernant le d�enominateur de l'asym�etrie.Le terme dominant est d'ordre O(�2s) mais les corrections d'ordre O(�3s) peuvent attein-dre 60 �a 80% d'augmentation (facteur K) selon l'�energie consid�er�ee. Ces corrections aud�enominateur vont donc avoir un e�et important sur la normalisation de l'asym�etrie maisheureusement aucun sur sa forme (car QCD conserve la parit�e).Par cons�equent, au vu de l'explosion du nombre de diagrammes (plus d'un facteur 10),de la nouvelle contribution des gluons, des e�ets de d�enominateur et en r�ealisant que lescorrections NLO font intervenir seulement un facteur �s � 0:1 suppl�ementaire, il devenaitextrêmement di�cle d'estimer intuitivement la v�eritable importance de ces corrections.La proximit�e des mesures et la volont�e d'obtenir des r�esultats aussi pr�ecis que possibleimposait donc la n�ecessit�e de r�ealiser les calculs �a l'ordre suivant.J'ai ainsi discut�e des di��erentes corrections �a calculer avec Werner Vogelsang (BNL),Daniel de Florian (Universit�e de Buenos Aires) et Marco Stratmann (RIKEN). Finalementc'est Stefano Moretti et Douglas Ross de l'Universit�e de Southampton qui ont entreprisces calculs [33, 31]. Les principaux r�esultats pour la production de jets au RHIC [31] sontdonn�es sur la �gure 1.5.
On constate ainsi que les corrections sur l'asym�etrie varient de +100% �a -70% selonl'�energie transverse consid�er�ee pour le jet ! Cependant, la �gure 1.5 donne ces pr�edictionspour deux ensembles de distributions partoniques polaris�ees di��erents (Ghermann-Stirling-A [34] et GRSV-standard [26]) et on peut r�ealiser que les corrections changent beaucoupd'une param�etrisation �a l'autre.
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Ceci nous montre donc qu'a�n d'�etudier d'�eventuels signaux de nouvelle physique auRHIC-Spin, il est fondamental de tenir compte des corrections d'ordre sup�erieur mais ausside r�eduire consid�erablement les incertitudes sur les distributions partoniques, ce qui estheureusement au programme de la collaboration RHIC-Spin.

Figure 1.5: Corrections �a l'ordre O(�2s�W ) en fonction de l'�energie transverse pour laproduction de jets au RHIC-Spin avec ps = 600GeV (courbes s'�etendant jusqu'�a ET =300GeV ) et ps = 300GeV (courbes s'�etendant jusqu'�a ET = 150GeV ). Les 4 plotscorrespondent �a quatre observables distincts : section e�cace, asym�etrie conservant laparit�e, asym�etries violant la parit�e �a 1 et 2 spins (label sur les �gures), et ceci pour deuxtypes de distributions partoniques polaris�ees. Source [31]
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1.3 Recherche de la supersym�etrie violant la R parit�eau LHC
L'�etude qui suit concerne la recherche de signaux supersym�etriques violant la R Parit�eaupr�es du collisionneurs LHC dans le canal de production d'un seul top (pp! t�b + X).

Le LHC est un collisionneur proton-proton qui devrait entrer en fonction tr�es prochaine-ment (2008). L'�energie des faisceaux (non-polaris�es) sera de 7 TeV donnant ainsi un �energiecaract�eristique (ps = 14 TeV ) sup�erieure d'un ordre de grandeur �a celle du collisionneuractuel le plus puissant. Avec une luminosit�e int�egr�ee de L = 10 fb�1 attendue au boutd'un an dans le cas le plus d�efavorable, le LHC repr�esente le meilleur espoir de nouvellesd�ecouvertes pour la communaut�e.
Le processus de production d'un seul quark top semble prometteur pour tester desmod�eles violant les nombres leptonique (L) et baryonique (B), ce qui est le cas des mod�elessupersym�etriques avec R parit�e bris�ee. Un autre avantage de ce processus est que lespr�edictions du mod�ele standard sont relativement bien �etudi�ees [35, 36]. D'autre partla contamination du signal par d'autres processus est tr�es bien simul�ee par les di��erentsg�en�erateurs d'�ev�enements.
Article publi�e sous la r�ef�erence : Phys. Rev. D61 (2000) 115008.
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We investigate the potential of the LHC to probe the R parity violating couplings involving the
third generation by considering single top production. This study is based on particle level event
generation for both signal and background, interfaced to a simplified simulation of the ATLAS
detector.

I. INTRODUCTION

The conservation of the baryon B and lepton L number is a consequence of the gauge invariance and renor-
malizability of the Standard Model. In supersymmetric extensions of the Standard Model, gauge invariance and
renormalizability do not imply baryon and lepton number conservation. We shall consider in what follows the Min-
imal Supersymmetric Standard Model (MSSM) together with baryon or lepton number violating couplings. These
Yukawa-type interactions are often referred to as R-parity violating couplings. They can mediate proton decay to an
unacceptable level and for this reason a discrete symmetry R was postulated [1] that acts as 1 on all known particles
and as −1 on all the superpartners:

R = (−1)3B+L+2S (1)

where S is the spin of the particle. In the MSSM with a conserved R-parity the lightest supersymmetric particle
(LSP) cannot disintegrate into ordinary particles and is therefore stable. The superpartners can be produced only in
pairs so that one needs usually to wait for high energy colliders.

In models [2] not constrained by the ad-hoc imposition of R-parity one can still avoid proton decay and the
experimental signatures can be quite interesting: single production of supersymmetric particles and modification of
standard decays and cross-sections due to the exchange of these sparticles, which could be observed at lower energies
compared to the R-parity conserving model. In the following we shall investigate top quark production taking into
account R-parity violating effects. The top quark being heavy with a mass close to the electroweak symmetry breaking
scale, it is believed to be more sensitive to new physics than other quarks. The mechanism we plan to study is single
top quark production at LHC, which is complementary to top quark pair production and reliably well known in the
Standard Model.

Two basic ways to probe new physics can be investigated. The first one is a model independent analysis, in which
the effects of new physics appear as new terms in an effective Lagrangian describing the interactions of the third
family with gauge bosons and Higgs [3–5]. The effects due to the interactions between quarks and gauge bosons will
be visible at LEP2, e+e− next linear colliders and the Tevatron whereas dimension 6 CP violating operators affect
the transverse polarisation asymmetry of the top quark. The second way is to consider a new theory which contains
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the Standard Model at low energies. A possible framework is supersymmetry. In the Minimal Supersymmetric Model
with R parity conservation, the single top production at Tevatron is enhanced by a few percent due to gluino, squarks,
higgs, charginos and neutralinos corrections, the magnitude being sensitive to tanβ [6]. The decays t → cV with
V = g, Z, γ, which are small in magnitude in the Standard Model (BR ' 10−10 − 10−12), may be enhanced by a few
orders of magnitude in the MSSM [7]. If the stop and the charged Higgs are light enough new top decays are possible
[8]. Our purpose is to investigate the effects of R parity violation. The superpotential contains three types of new
terms:

W 6R = λijkLiLjĒk + λ′
ijkLiQjD̄k + λ

′′

ijkŪiD̄jD̄k (2)

the first two terms violating the leptonic number and the last the baryonic one. Here L and E are isodoublet and
isosinglet lepton, Q and D are isodoublet and isosinglet quark super-fields, the indices i, j and k run for the three
lepton and quark families. In the following we shall assume that R-parity violation arises from one of these terms
only.

The feasibility of single top quark production via squark and slepton exchanges to probe several combinations of R
parity violating couplings at hadron colliders has been studied [9–11]. The LHC is better at probing the B violating
couplings λ′′ whereas the Tevatron and the LHC have a similar sensitivity to λ′ couplings. We perform a complete
and detailed study including for the signal all channels using a Monte Carlo generator based on Pythia 6.1 [12], taking
into account all the backgrounds and including the ATLAS detector response using ATLFAST 2.0 [13].

The paper is organised as follows. Section II is devoted to an evaluation of the different subprocesses contributing
to single top production (standard model, squark, slepton and charged Higgs exchanges). The potential of the LHC
to discover or put limits on R-parity violating interactions is given in section III.

II. SUBPROCESSES CONTRIBUTING TO SINGLE TOP PRODUCTION

The R-parity violating parts of the Lagrangian that contribute to single top production are:

L 6R = λ′
ijk ẽi

Ld̄k
Ruj

L − λ
′′

ijk(d̃k
Rūi

Ldj
L + d̃j

R(d̄k
L)cui

L) + h.c. (3)

The superscript c corresponds to charge conjugation. There are altogether 27 and 9 λ′
ijk and λ′′

ijk Yukawa couplings,

respectively. The most suppressed couplings are λ′
111 ≤ 3.5 × 10−4, λ′

133 ≤ 7 × 10−4, λ
′′

112 ≤ 10−6, λ
′′

113 ≤ 10−5 (for
bounds see [14]). In order to fix the kinematical variables, the reaction we consider is

ui(p1) + dj(p2) → t(p3) + b(p4) , (4)

the pk being the 4-momenta of the particles and the indices i and j refer to the generations of the u and d-type quarks.
We first discuss valence-valence (VV) or sea-sea (SS) subprocesses (this notation refers to the proton-proton collisions

at the LHC, but the calculation is valid in general). The SM squared amplitude due to W exchange in û-channel 1 is
suppressed by the Kobayashi-Maskawa matrix elements VuibVtdj

:

|MV V
WW |2 = g4 |Vuib|2 |Vtdj

|2 1

(û − m2
W )2 + m2

W Γ2
W

p1 · p2 p3 · p4, (5)

where g, m and Γ denote the weak coupling constant, the mass and the width of the exchanged particle. The H±

exchange in û-channel is included in the calculation but numerically suppressed by the quark masses and the mixing
matrix elements for the charged Higgs sector KuibKtdj

(under the assumption K = V ):

|MV V
H±H± |2 =

g4

16 m4
W

|Kuib|2 |Ktdj
|2 1

(û − m2

H±)2 + m2

H±Γ2

H±

[(v2
bui

+ a2
bui

) p1 · p4 + (v2
bui

− a2
bui

) mbmui
][(v2

djt + a2
djt) p2 · p3 + (v2

djt − a2
djt) mdj

mt], (6)

vud and aud are respectively the vector and axial vector couplings of H± to quarks:

1The ”hat” symbol refers to the usual Mandelstam variables for the process at the parton level

2



vud = md tan β + mu cot β aud = md tan β − mu cot β (7)

The interference term between the W and H± is:

2Re(MV V
WH±) = − g4

8 m2
W

|Vuib| |Vtdj
| |Kuib| |Ktdj

| (û − m2
W )(û − m2

H±) + mW ΓW mH±ΓH±

[(û − m2
W )2 + m2

W Γ2
W ][(û − m2

H±)2 + m2
H±Γ2

H± ]

× [(vbui
+ abui

)(vdjt + adjt) mbmdj
p1 · p3 + (vbui

+ abui
)(vdjt − adjt) mbmt p1 · p2

+ (vbui
− abui

)(vdjt + adjt) mui
mdj

p3 · p4 + (vbui
− abui

)(vdj t − adjt) mui
mt p2 · p4]. (8)

The scalar slepton exchange in û-channel is taken into account but appears to be suppressed within our assumptions
on the λ′ couplings (see below). It reads:

|MV V
ẽk

L
ẽk

L

|2 = λ′2
ki3 λ′2

k3j

1

(û − m2

ẽk
L

)2 + m2

ẽk
L

Γ2

ẽk
L

p1 · p4 p2 · p3. (9)

The interference term between scalar slepton and W reads:

2Re(MV V
Wẽk

L

) = − g2 |Vuib| |Vtdj
|λ′

ki3 λ′
k3j

(û − m2
W )(û − m2

ẽk
L

) + mW ΓW mẽk
L
Γẽk

L

[(û − m2
W )2 + m2

W Γ2
W ][(û − m2

ẽk
L

)2 + m2

ẽk
L

Γ2

ẽk
L

]
md mb p1 · p3. (10)

The interference term between scalar slepton and H±, which is suppressed, reads:

2Re(MV V
ẽk

L
H±) =

g2

4 m2
W

λ′
ki3 λ′

k3j |Kuib| |Ktdj
|

(û − m2
H±)(û − m2

ẽk
L

) + mH±ΓH±mẽk
L
Γẽk

L

[(û − m2

H±)2 + m2

H±Γ2

H± ][(û − m2

ẽk
L

)2 + m2

ẽk
L

Γ2

ẽk
L

]

× [(vbui
+ abui

)(vdjt + adjt) p1 · p4 p2 · p3 + (vbui
+ abui

)(vdj t − adjt) mdj
mt p1 · p4

+ (vbui
− abui

)(vdjt + adjt) mui
mb p2 · p3 + (vbui

− abui
)(vdjt − adjt) mui

mdj
mbmt]. (11)

The down type squark exchange in ŝ-channel squared amplitude is dominant and given by:

|MV V

d̃k
R

d̃k
R

|2 =
4

3
16 λ

′′
2

ijk λ
′′
2

33k

1

(ŝ − m2

d̃k
R

)2 + m2

d̃k
R

Γ2

d̃k
R

p1 · p2 p3 · p4. (12)

The corresponding interference terms are:

2Re(MV V

Wd̃k
R

) = −2

3
8 g2 |Vuib| |Vtdj

|λ′′

ijk λ
′′

33k

(û − m2
W )(ŝ − m2

d̃k
R

) + mW ΓW md̃k
R

Γd̃k
R

[(û − m2
W )2 + m2

W Γ2
W ][(ŝ − m2

d̃k
R

)2 + m2

d̃k
R

Γ2

d̃k
R

]
p1 · p2 p3 · p4, (13)

and:

2Re(MV V

d̃k
R

H±) =
2

3

g2

2 m2
W

λ
′′

ijk λ
′′

33k |Kuib| |Ktdj
|

(û − m2
H±)(ŝ − m2

d̃k
R

) + mH±ΓH±md̃k
R

Γd̃k
R

[(û − m2
H±)2 + m2

H±Γ2
H± ][(ŝ − m2

d̃k
R

)2 + m2

d̃k
R

Γ2

d̃k
R

]

× [(vbui
+ abui

)(vdjt + adjt) mbmdj
p1 · p3 + (vbui

+ abui
)(vdj t − adjt) mbmt p1 · p2

+ (vbui
− abui

)(vdj t + adjt) mui
mdj

p3 · p4 + (vbui
− abui

)(vdjt − adjt) mui
mt p2 · p4]. (14)

Let us now take into account the subprocesses involving valence-sea (VS) quarks. The SM squared amplitude due

to W exchange in the ŝ-channel, being proportional to (Vuidj
Vtb)

2
is dominant for quarks of the same generation. It

reads:

|MV S
WW |2 = g4 |Vuidj

|2 |Vtb|2
1

(ŝ − m2
W )2 + m2

W Γ2
W

p1 · p4 p2 · p3. (15)

The charged Higgs contribution in the ŝ-channel is suppressed by the quark masses of the initial state. The squared
amplitude is:

|MV S
H±H± |2 =

g4

16 m4
W

|Kuidj
|2 |Ktb|2

1

(ŝ − m2

H±)2 + m2

H±Γ2

H±

× [(v2
djui

+ a2
djui

) p1 · p2 − (v2
djui

− a2
djui

) mdj
mui

][(v2
bt + a2

bt) p3 · p4 − (v2
bt − a2

bt) mbmt]. (16)
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The interference term between W and H± is:

2Re(MV S
WH±) = − g4

8 m2
W

|Vuidj
| |Vtb| |Kuidj

| |Ktb|
(ŝ − m2

W )(ŝ − m2

H±) + mW ΓW mH±ΓH±

[(ŝ − m2
W )2 + m2

W Γ2
W ][(ŝ − m2

H±)2 + m2

H±Γ2

H± ]

× [(vdjui
+ adjui

)(vbt + abt) mbmdj
p1 · p3 − (vdjui

+ adjui
)(vbt − abt) mdj

mt p1 · p4

− (vdjui
− adjui

)(vbt + abt) mbmui
p2 · p3 + (vdjui

− adjui
)(vbt − abt) mui

mt p2 · p4 ]. (17)

Concerning R parity violating terms, slepton exchange in ŝ-channel and down type squark exchange in the û-channel
contribute:

|MV S
ẽk

L
ẽk

L

|2 = λ′2
kij .λ

′2
k33

1

(ŝ − m2

ẽk
L

)2 + m2

ẽk
L

Γ2

ẽk
L

p1 · p2 p3 · p4

|MV S

d̃k
R

d̃k
R

|2 =
4

3
16 λ

′′
2

i3k λ
′′
2

3jk

1

(û − m2

d̃k
R

)2 + m2

d̃k
R

Γ2

d̃k
R

p1 · p4 p2 · p3. (18)

The interference terms involving the scalar lepton are:

2Re(MV S
Wẽk

L

) = − g2 |Vuidj
| |Vtb|λ′

kij λ′
k33

(ŝ − m2
W )(ŝ − m2

ẽk
L

) + mW ΓW mẽk
L
Γẽk

L

[(ŝ − m2
W )2 + m2

W Γ2
W ][(ŝ − m2

ẽk
L

)2 + m2

ẽk
L

Γ2

ẽk
L

]
md mb p1 · p3, (19)

and:

2Re(MV S
ẽk

L
H±) =

g2

4 m2
W

λ′
kij λ′

k33 |Kuidj
| |Ktb|

(ŝ − m2
H±)(ŝ − m2

ẽk
L

) + mH±ΓH±mẽk
L
Γẽk

L

[(ŝ − m2

H±)2 + m2

H±Γ2

H± ][(ŝ − m2

ẽk
L

)2 + m2

ẽk
L

Γ2

ẽk
L

]

× [(vdjui
+ adjui

)(vbt + abt) p1 · p2 p3 · p4 − (vdjui
+ adjui

)(vbt − abt) mtmb p1.p2

− (vdjui
− adjui

)(vbt + abt) mdj
mui

p3 · p4 + (vdjui
− adjui

)(vbt − abt) mui
mdj

mbmt]. (20)

The interference terms involving the scalar quark are:

2Re(MV S

W.d̃k
R

) = −2

3
8 g2 |Vuidj

| |Vtb|λ
′′

i3k λ
′′

3jk

(ŝ − m2
W )(û − m2

d̃k
R

) + mW ΓW md̃k
R

Γd̃k
R

[(ŝ − m2
W )2 + m2

W Γ2
W ][(û − m2

d̃k
R

)2 + m2

d̃k
R

Γ2

d̃k
R

]
p1 · p4 p2 · p3 (21)

and:

2Re(MV S

d̃k
R

.H±) =
2

3

g2

2 m2
W

λ
′′

i3k λ
′′

3jk |Kuidj
| |Ktb|

(ŝ − m2

H±)(û − m2

d̃k
R

) + mH±ΓH±md̃k
R

Γd̃k
R

[(ŝ − m2

H±)2 + m2

H±Γ2

H± ][(û − m2

d̃k
R

)2 + m2

d̃k
R

Γ2

d̃k
R

]

× [(vdjui
+ adjui

)(vbt + abt) mbmdj
p1 · p3 − (vdjui

+ adjui
)(vbt − abt) mdj

mt p1 · p4

− (vdjui
− adjui

)(vbt + abt) mbmui
p2.p3 + (vdjui

− adjui
)(vbt − abt) mui

mt p2.p4 ]. (22)

The dominant terms are the squared amplitude due to ẽ exchange, and for initial quarks of the same generation
(i = j), the interference between W and d̃. The result is sensitive to the interference term only if the product of λ′′

couplings is large (around 10−1). For subprocesses involving quarks of different generations in the initial state the
situation is more complex and all amplitudes have to be taken into account.

The resonant ŝ-channel processes have been studied in [11], for first family up and down quarks. For the B-violating
couplings, the study of ŝ-channels cd → s̃ and cs → d̃ can also be found in [11]. The û-diagram has been studied at
the Tevatron for the first family of up and down quarks [10].

In the present note we have improved previous calculations for LHC because we have included all contributions
to single top production. Since the dominant terms are those considered in the literature, our complete evaluation
validates the approximations done in previous papers.

III. DETECTION OF SINGLE TOP PRODUCTION THROUGH R-PARITY VIOLATION AT THE LHC

We have carried out the feasibility study to detect single top production through R-parity violation at the LHC by
measuring the lνbb final state using the following procedure.
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First, we have implemented the partonic 2 → 2 cross sections calculated using Eqs. (5)–(22) in the PYTHIA
event generator. Providing PYTHIA with the flavour and the momenta of the initial partons using a given parton
distribution function (p.d.f.)2 it then generates complete final states including initial and final state radiations and
hadronization.

The generated events were implemented in ATLFAST to simulate the response of the ATLAS detector. In particular,
isolated electrons, photons were smeared with the detector resolution in the pseudo-rapidity range of |η| < 2.5. In
the same way and the same η region the measured parameters of the isolated and non-isolated muons were simulated.
Finally, a simple fixed cone algorithm (of radius R = 0.4) was used to reconstruct the parton jets. The minimum
transverse energy of a jet was set at 15 GeV. According to the expected b-tagging performance of the ATLAS detector
[15] for low luminosity at the LHC we have assumed a 60% b-tag efficiency for a factor 100 of rejection against light
jets.

The same procedure was applied to the SM background with the exception that we used besides PYTHIA also the
ONETOP [16] event generator.

The integrated luminosity for one year at low luminosity at the LHC is taken to be 10 fb−1.
The number of signal events depends on the mass and the width of the exchanged sparticle, and on the value of the

Yukawa couplings (see Section II). We assume that only one type of Yukawa coupling is nonzero, i.e. either sleptons
(λ′ 6= 0) or squarks (λ′′ 6= 0) are exchanged. The width of the the exchanged sparticle is a sum of the widths due to
R-parity conserving and R-parity violating decays:

Γtot = ΓR + Γ/R (23)

where Γ/R is given by

Γ/R(q̃i
R −→ qjqk) =

(λ′′
ijk)2

2π

(M2

q̃i
R

− M2
top)

2

M3

q̃i
R

(24)

for the squarks, and it is given by

Γ/R(l̃iL −→ qj q̄k) =
3(λ′

ijk)2

16π

(M2

l̃i
L

− M2
top)

2

M3

l̃i
L

(25)

for the sleptons. The number of signal events depends also on the flavour of the initial partons through their p.d.f. In
Table I we display the total cross section values for different initial parton flavours in the case of exchanged squarks of
mass of 600 GeV and of R-parity conserving width ΓR = 0.5 GeV. We took for all λ′′ = 10−1, which yields a natural
width of the squark which is smaller than the experimental resolution. Table II contains the same information for
slepton exchange ( λ′ = 10−1, for a slepton of mass of 250 GeV and a width of ΓR = 0.5 GeV). Other processes are
not quoted because the small value of the limits of their couplings prevents their detection.

In order to study the dependence of the signal on the mass and the width of the exchanged particle we have fixed
the couplings to 10−1 and have chosen three different masses for the exchanged squarks: 300, 600 and 900 GeV,
respectively. For each mass value we have chosen two different ΓR: 0.5 and 20 GeV, respectively. For the first case
Γ/R dominates, whereas in the last one, when Γtot ≈ ΓR, the single top-production cross section decreases by a factor

∼ 10. We have considered here the ub parton initial state, since this has the highest cross section value. Besides,
we have also generated events with a cd initial partonic state and an exchanged s̃-quark of mass of 300 GeV, for
comparison with the simulation presented in Ref. [11].

In order to study the dependence on the parton initial state we have fixed the mass of the exchanged squark to 600
GeV and its width with ΓR = 0.5 GeV and varied the initial state according to the first line of Table I.

Finally, for the exchanged sleptons we have studied only one case, namely the ud̄ initial state with a mass and
width of the exchanged slepton of 250 GeV and 0.5 GeV, respectively. In each case we have generated about 105

signal events.
The different types of background considered are listed in Table III together with their estimated cross sections.

The irreducible backgrounds are single top production through a virtual W (noted W ∗), or through W -gluon fusion.

2We have used the CTEQ3L p.d.f.
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W -gluon fusion is the dominant process (for a detailed study see [17]). A Wbb final state can be obtained either in
direct production or through Wt or tt̄ production. Finally, the reducible background consists of W -nj events where
two of the jets are misidentified as b-jets.

We have used the ONETOP [16] event generator to simulate the W -gluon fusion process. For the other backgrounds
we have used PYTHIA. We have generated from one thousand (W ∗) to several million events (tt̄) depending on the
importance of the background.

The separation of the signal from the background is based on the presence of a resonant structure of the tb final
state in the case of the signal. The background does not show such a structure as it is illustrated in Fig 1.

In the process to reconstruct the tb final state first we reconstruct the top quark. The top quark can be reconstructed
from the W and from one of the b-quarks in the final state, requiring that their invariant mass satisfy

150 ≤ MWb ≤ 200GeV.

The W is in turn reconstructed from either of the two decay channels:

W → ud̄

W → lν.

Here we have considered only the latter case which gives a better signature due to the presence of a high pt lepton
and missing energy. The former case suffers from multi-jets event backgrounds. As we have only one neutrino, its
longitudinal momentum can be reconstructed by using the W and top mass constraints. The procedure used is the
following :
- we keep events with two b-jets of pt ≥ 40 GeV, with one lepton of pt ≥ 25 GeV, with Emiss

t ≥ 35 GeV and with a
jet multiplicity ≤ 3,
- we reconstruct the longitudinal component (pz) of the neutrino by requiring Mlν = MW . This leads to an equation
with twofold ambiguity on pz.
- More than 80% of the events have at least one solution for pz. In case of two solutions, we calculate Mlνb for each
of the two b-jets and we keep the pz that minimises |Mtop − Mlνb|.
- we keep only events where 150 ≤ Mlνb ≤ 200 GeV.

Next, the reconstructed top quark is combined with the b quark not taking part in the top reconstruction. An
example of the invariant mass distribution of the tb final state is shown in Fig. 2.

In order to reduce the the tt̄ background to a manageable level, we need to apply a strong jet veto on the third jet
by requiring that its pt should be ≤ 20 GeV.

The invariant mass distribution of the tb final state after having applied this cut is shown in Fig. 3. The signal to
background ratio is clearly increased in comparison to Fig. 2.

Once an indication for a signal is found, we count the number of signal (Ns) and background (Nb) events in an
interval corresponding to 2 standard deviations around the signal peak for an integrated luminosity of 30 fb−1. Then
we rescale the signal peak by a factor α such that

Ns/
√

Nb = 5.

By definition the scale-factor α determines the limit of sensitivity for the lowest value of the λ′′ (λ′) coupling we can
test with the LHC:

λ′′
ijk · λ′′

lmn ≤ 0.01 ·
√

α.

In Table IV we show the limits obtained for the combinations of λ′′
132λ

′′
332 for different masses and widths of the

exchanged s̃-quark. Also shown are the current limit assuming assuming a mass for m̃f = 100 GeV, the number
of signal and background events, as well as the experimentally observable widths of the peak (Γexp). In Fig. 4 we
compare our results with those obtained in Ref. [11] for ms̃ = 300 GeV, and a cd initial state, using parton-level
simulation. We ascribe the lower efficiency of this analysis to the more detailed and realistic detector simulation
employed.

In Table V we compile the sensitivity limit of the bilinear combination of the different Yukawa couplings one can
obtain after 3 years of LHC run with low luminosity, if the exchanged squark has a mass of 600 GeV. For its width
we consider ΓR = 0.5 GeV and a component Γ/R given by Eq.(24).

For the exchanged sleptons (cf Table II) we have calculated the sensitivity limit of the bilinear combination of
the different Yukawa couplings only for the most favourable case, i.e. for the ud̄ partonic initial state. We obtain
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4.63×10−3 for the limits on λ′
11kλ′

k33 (in comparison with the limit of 2.8×10−3 obtained by Oakes et al.). For those
cases where the exchanged squark (slepton) might be discovered at the LHC we have made an estimate on the precision
one can determine its mass. For this purpose, we have subtracted the background under the mass peak and fitted a
Gaussian curve on the remaining signal. This procedure is illustrated in Fig. 5 for the case of 600 GeV squark mass
and ub partonic initial state. For the assumed value of the coupling constant, the error on the mass determination is
dominated by the 1% systematic uncertainty on the jet energy scale in ATLAS [15].

IV. CONCLUSIONS

We have studied single top production through R-parity violating Yukawa type couplings, at the LHC.
We have considered all 2 → 2 partonic processes at tree-level, including interference terms. The calculated 2 → 2

partonic cross sections have been implemented in PYTHIA to generate complete particle final states. A fast particle
level simulation was used to obtain the response of the ATLAS detector. We have taken into account all important
SM backgrounds.

We have studied the signal-to-background ratio as a function of the initial partonic states, the exchanged sparticle
mass and width, and of the value of the Yukawa couplings.

At the chosen value of the coupling constants (∼ 10−1), significant signal-to-background ratio was obtained only in
the ŝ-channel, in the tb (lνbb) invariant mass distribution, around the mass of the exchanged sparticle, if

(i) the exchanged sparticle is a squark, and
(ii) its width due to R-parity conserving decay is of the order of a GeV.

In this case we obtain a significance of S = Ns/
√

Nb > 5 for the whole mass range investigated (300 – 900 GeV) for
an integrated luminosity of 30 fb−1. This means, that squarks (d̃ or s̃) with narrow width might be discovered at the
LHC. The experimental mass resolution would permit to measure the squark mass in this case with a precision of
∼ 1%.

Conversely, if no single top production above the SM expectation is observed at the LHC, after 3 years of running at
low luminosity, the experimental limit on the quadratic combination of the λ′′ couplings can be lowered by at least one
order of magnitude, for narrow width squarks. In the case of the exchanged sleptons significant signal-to-background
ratio can be obtained in the case of ud̄ partonic initial state, i.e. for the combination of the λ′

11kλ′
k33

couplings. Due
to the lower rate, as compared to squark exchange, in the absence of a signal the current limit can be improved only
by a factor 2. The difference between the significance in our study and the one in Ref. [11] can be explained by the
different degree of detail in the simulation process.
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Fig. 1 - Invariant mass distribution of lνbb for the backgrounds after three years at LHC at low luminosity. The tt̄
background dominates (dashed histogram).
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Fig. 2 - Invariant mass distribution of lνbb combination for the signal and backgrounds (dashed histogram) after
three years of LHC run at low luminosity. The signal corresponds to an exchanged s̃-quark of 600 GeV mass and 0.5
GeV width. The initial partons are ub and the λ′′ couplings are set to 10−1.
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Fig. 3 - Invariant mass distribution of lνbb for the signal and backgrounds (dashed histogram) after three years at
LHC at low luminosity after having applied the cuts.
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332 Yukawa couplings we obtain for the cd initial state at the

LHC after 1 year with low luminosity, for an exchanged s̃-quark of mass of 300 GeV (circles). The result obtained by
Oakes et al., is also shown (triangles). The squares indicate a result obtained by applying the cuts used by Oakes et

al. on our sample.
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Fig. 5 - The background subtracted mass distribution fitted with a Gaussian in case of an exchanged s̃-quark of 600
GeV for a ub initial parton state. It corresponds to 3 years of LHC run with low luminosity.
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TABLES

Initial partons cd cs ub cb

Exchanged particle s̃ d̃ s̃ d̃ s̃

Couplings λ′′

212λ
′′

332 λ′′

212λ
′′

331 λ′′

132λ
′′

332 λ′′

231λ
′′

331 λ′′

232λ
′′

332

Cross section in pb 3.98 1.45 5.01 0.659

TABLE I. Total cross-section in pb for squark exchange in the ŝ-channel for a squark of mass of
600 GeV assuming ΓR = 0.5 GeV.

Initial partons ud̄ us̄ cd̄ cs̄ ub̄ cb̄

Couplings λ′

11kλ′

k33 λ′

12kλ′

k33 λ′

21kλ′

k33 λ′

22kλ′

k33 λ′

13kλ′

k33 λ′

23kλ′

k33

Cross section in pb 7.05 4.45 2.31 1.07 2.64 0.525

TABLE II. Total cross-section in pb for slepton exchange in the ŝ-channel for a slepton of mass
of 250 GeV assuming ΓR = 0.5 GeV.

Background σ × BR (pb)

W ∗ 2.2
gluon fusion 54

Wt 17
tt̄ 246

Wbb 66.6
Wjj 440

TABLE III. σ× Branching Ratio for backgrounds.

ms̃ (GeV) 300 600 900

ΓR (GeV) 0.5 20 0.5 20 0.5 20

Ns 6300 250 703 69 161 22

Nb 4920 5640 558 1056 222 215

Γexp (GeV) 24.3 30.5 37.5 55.6 55.4 62.1

Limits on λ′′
× λ′′ 2.36×10−3 1.21×10−2 4.10×10−3 1.51 ×10−2 6.09×10−3 2.09×10−2

TABLE IV. Sensitivity limits for the values of the λ′′

132λ
′′

332 Yukawa couplings for an integrated
luminosity of 30 fb−1. For the other quantities see the text. Current limit is 6.25×10−1.

Initial partons cd cs ub cb

Exchanged particle s̃ d̃ s̃ d̃ s̃

Couplings λ′′

212λ
′′

332 λ′′

212λ
′′

331 λ′′

132λ
′′

332 λ′′

231λ
′′

331 λ′′

232λ
′′

332

Ns 660 236 703 96

Nb 558

Γexp (GeV) 38.5 31.3 37.5 40.1

Limits on λ′′
× λ′′ 4.26×10−3 7.08×10−3 4.1×10−3 1.11×10−2

TABLE V. Sensitivity limit of the Yukawa couplings for an exchanged squark of mass of 600
GeV assuming ΓR = 0.5 GeV, for an integrated luminosity of 30 fb−1. Current limit is 6.25×10−1 .
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1.4 Nouvelle Physique aupr�es de HERA polaris�e
Le collisionneur HERA �etait d�edi�e �a l'�etude de la di�usion profond�ement in�elastique viades collisions entre protons et �electrons (ou positrons). L'�energie caract�eristique �etaitde ps = 300 GeV et la luminosit�e int�egr�ee a �ni par atteindre quelques centaines depb�1 (� 0:5 fb�1). La polarisation des faisceaux de positrons et d'�electrons pouvait êtreobtenue sans trop de di�cult�e. En revanche, le faisceau de proton �etait non polaris�e maisil a �et�e consid�er�e tr�es s�erieusement de le polariser lorsque les responsables du collisionneuret des exp�eriences pensaient au futur d'HERA. J'ai ainsi �et�e contact�e par Albert de Roeck(DESY/CERN) qui m'a demand�e de r�ealiser des �etudes sur l'int�erêt de polariser le faisceaude protons pour analyser d'�eventuels signaux de nouvelle physique. Plus tard, Yves Sirois(Polytechnique) et Abbhay Deshpande (Yale/BNL) m'ont demand�e des �etudes similairespour des projets, aujourd'hui avort�es, de collisionneurs ep avec di��erentes �energies, telsque TESLAxHERA qui aurait pu avoir ps = 1 TeV ou eRHIC avec ps = 100 GeV maisune tr�es forte luminosit�e.

Les types de nouvelle physique testables �a HERA (et autres collisionneurs ep) doiventfaire intervenir de nouveaux couplages entre �electrons et quarks. Ces même mod�eles peu-vent induire des e�ets dans le processus de Drell-Yan dans le cadre des collisions du Teva-tron (p�p! l+l� +X). Au vu de la tr�es grande di��erence d'�energie entre les deux machines,il est assez clair que le Tevatron avait la plus grande chance de d�ecouverte. Une �etude plusattentive a montr�e que les contraintes �etaient plutôt compl�ementaires et �a peu pr�es compa-rables mais qu'il fallait tenir compte aussi d'autres r�esultats comme les limites venant duLEP ou de la violation de parit�e dans les atomes de Cesium. Par cons�equent, la question laplus int�eressante pour HERA n'etait pas ce qui pouvait y être d�ecouvert mais plutôt, en casde d�ecouverte d'un nouveau couplage �electron-quark aupr�es d'une quelconque exp�erience,quelles informations auraient pu être obtenues �a partir des divers observables mesurables�a HERA.
Les mod�eles que j'ai consid�er�es sont les interactions de contact entre �electrons et quarksainsi que les nouvelles interactions dues �a la pr�esence de leptoquarks. En ce qui concerneles interactions de contact, un article a �et�e publi�e en 1999 [28] mais les principaux r�esultatsont �et�e donn�es dans ma th�ese. Par cons�equent, je ne reporte pas cette analyse dans cettehabilitation.L'article qui suit traite des possibles manifestations de leptoquarks. Les leptoquarkstrouvent une origine th�eorique dans les th�eories de grande uni�cation o�u ils sont as-soci�es �a des bosons de jauge (leptoquarks vectoriels), dans les th�eories supersym�etriquesviolant la R parit�e o�u ils sont associ�es aux super-partenaires des quarks (leptoquarksscalaires/squarks), et en�n dans certains mod�eles de sous-structure. L'approche suivie estpurement ph�enom�enologique et ne tiens compte que de l'invariance de jauge. Le r�esultatimportant obtenu est que la polarisation des faisceaux permet une identi�cation de la na-ture du leptoquark, ce qui semble beaucoup plus di�cile voire impossible sans polarisation.Malheureusement, ces �etudes sont obsol�etes car le collisionneur HERA ne fonctionne
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plus. Il faut �egalement soulign�e qu'aucun signal n'a indiqu�e s�erieusement la pr�esence d'unenouvelle interaction entre �electrons et quarks jusqu'�a pr�esent.
Article publi�e sous la r�ef�erence : Eur. Phys. J. C14 (2000) 165.
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Chapitre 2 : D�etermination des
param�etres cosmologiques et
propri�et�es de l'�energie noire
Fin 2001, j'ai entrepris avec Pierre Taxil une reconversion th�ematique. La premi�ere ann�eeje me suis int�eress�e �a la physique des astroparticules, et en particulier �a la physique des neu-trinos ou plutôt des t�elescopes �a neutrinos (ANTARES, AMANDA, ICECUBE), ainsi qu'�ala probl�ematique des rayons cosmiques d'extrêmement haute �energie. En parall�ele, l'anciengroupe ALEPH (LEP) du CPPM �etudiait de plus en plus la physique et la cosmologie as-soci�es aux supernovae de type Ia (SNIa) consid�er�ees comme chandelles standard. Il estapparu que les perspectives en cosmologie �etaient tr�es all�echantes, et c'est ainsi qu'�a partirde 2002/2003 je me suis concentr�e sur la cosmologie en liaison avec des exp�erimentateurs.Le moteur de mes recherches est l'�etude des propri�et�es de l'�energie noire, la composanteprincipale de l'Univers qui est �a la source de l'acc�el�eration r�ecente de l'expansion et quin'est plus vraiment remise en cause depuis 1998 grâce aux analyses des SNIa.Ces �etudes �etant �a la fronti�ere de nombreux domaines di��erents de la physique fonda-mentale (voir l'introduction), je vais essayer de donner une vision claire de la probl�ematiqueen d�etaillant dans l'introduction de ce chapitre les divers �el�ements essentiels. Les articles,relativement techniques, suivent.

Dans cette introduction, nous rappellerons rapidement les bases th�eoriques du mod�elestandard de la cosmologie ce qui nous permettra d'introduire les param�etres cosmologiques.Ensuite nous pr�esenterons les r�esultats exp�erimentaux les plus marquants qui sont li�es aux�etudes qui suivront. Nous d�etaillerons alors les di��erents mod�eles d'�energie noire qui sontun des ponts entre cosmologie et physique (th�eorique) des particules. En�n, une analysecritique de l'extraction des param�etres cosmologiques sera donn�ee. Nous discuterons, enparticulier, le probl�eme de la d�eg�en�erescence g�eom�etrique et des tr�es fortes corr�elations quiexistent entre les divers param�etres.
La seconde section est constitu�ee de 4 articles qui traitent de l'extraction des param�etrescosmologiques �a partir des SNIa. Les 3 premiers s'int�eressent aux biais de certains param�etresqui peuvent amener �a une interpr�etation erron�ee des r�esultats. Ces biais trouvent leurorigine, du point de vue th�eorique, dans les fortes d�eg�en�erescences entre param�etres, et du

109



point de vue exp�erimental, dans le grand nombre d'hypoth�eses qu'il faut faire au niveau del'analyse pour extraire les param�etres. Nous avons donc entrepris d'�etudier les e�ets de cesdi��erentes hypoth�eses d'analyse. Dans le quatri�eme article, nous n�egligeons les probl�emesde biais et nous nous concentrons sur l'optimisation des projets d'observation de SNIa.Plus pr�ecis�ement, nous essayons de r�epondre �a la question suivante : \Vaut-il mieux unsondage profond ou un sondage large pour extraire des informations sur la dynamique del'�energie noire ?" En d'autres termes, nous tentons d'optimiser la profondeur en redshiftainsi que le nombre total de SNIa �a d�ecouvrir, quantit�es caract�erisant le sondage.
A�n d'�eviter le probl�eme des biais, et a�n de fournir les meilleures contraintes possibles,il apparâ�t indispensable de r�ealiser des analyses de donn�ees combinant plusieurs sondescosmologiques. Cet exercice est relativement di�cile car il faut analyser les diverses sondesdans un même cadre th�eorique et avec les même hypoth�eses, ce qui techniquement n�ecessitela fusion et la compr�ehension de plusieurs codes num�eriques en g�en�eral assez complexes.La troisi�eme partie du chapitre est d�evou�ee �a ce type d'analyses dites \combin�ees". Le pre-mier travail a �et�e r�ealis�e en 2005 en collaboration avec des �equipes du CPPM et de Saclay.Nous avons combin�e les donn�ees les plus r�ecentes (�a cette �epoque) venant de l'�etude desSNIa et du rayonnement de fond cosmologique (CMB) pour contraindre l'�equation d'�etat(dynamique) de l'�energie noire. Nous avons r�ealis�e �egalement un travail de prospectivesur les contraintes que l'on pourrait obtenir sur l'�equation d'�etat en combinant les SNIaet le CMB avec les mesures de cisaillement gravitationnel (WL). Un second travail a �et�er�ealis�e, �n 2006, en collaboration avec une �equipe chinoise de l'institut des hautes �energiesde P�ekin. Nous avons combin�e les donn�ees les plus r�ecentes des SNIa, du CMB mais aussides grands sondages de galaxies (spectre de puissance des galaxies mesur�e par SDSS). Pourla premi�ere fois cette analyse tentait de contraindre simultan�ement l'�equation d'�etat dy-namique de l'�energie noire et la courbure de l'Univers.
La derni�ere partie pr�esente un nouveau test cosmologique �a partir des propri�et�es cin�ematiquesdes galaxies. L'id�ee originale, essentiellement due �a Christian Marinoni, est d'utiliser lesvitesses particuli�eres des galaxies a�n de construire des "r�egles" standard ainsi que des"chandelles" standard. Le premier article, relativement th�eorique, pr�esente l'id�ee de base.Le second applique cette id�ee aux mesures faites par la collaboration VVDS qui a r�ealis�eun sondage profond de galaxies avec une spectroscopie tr�es pr�ecise.

2.1 Introduction
2.1.1 Le Mod�ele Cosmologique Standard
Les �equations de baseLe mod�ele cosmologique standard repose sur la th�eorie de la relativit�e g�en�erale et surle principe cosmologique. Ce dernier stipule que l'on peut consid�erer l'univers commehomog�ene et isotrope aux grandes �echelles. L'origine de cette hypoth�ese, du point de vue
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th�eorique, remonte �a Copernic et au refus de supposer l'existence d'une r�egion (et d'unedirection) particuli�ere dans l'univers, et a �et�e rendu populaire par Einstein au d�ebut duXXeme si�ecle. Du point de vue observationnel, il est con�rm�e par l'apparente homog�en�eit�econstat�ee �a des �echelles sup�erieures �a 100Mpc.Si on consid�ere un univers maximalement sym�etrique on est alors amen�e �a utiliser lam�etrique de Friedmann-Robertson-Walker (FRW) donn�ee par :
ds2 = �dt2 + a2(t) " d2r1� kr2 + r2(d�2 + sin2 �d�2)# (2.8)

o�u k, l'indice de courbure, est tel que k = 1; 0;�1 correspondant �a un univers ouvert,plat et ferm�e, respectivement. a(t) est le facteur d'�echelle, qui peut être consid�er�e comme\�etalon de longueur", et dont la valeur aujourd'hui a0 est normalis�ee �a 1 pour un universplat, ou a20 = k=(H20 j
T � 1j) pour une courbure non-nulle (H0 et 
T sont des param�etrescosmologiques mesurables dont les d�e�nitions suivent). Les variations du facteur d'�echellesont mesurables grâce �a la mesure du redshift z qui est une mesure relative de la dilatationde l'espace entre deux instants, et qui est associ�e, pour un ph�enom�ene lumineux, �a lavariation de la longueur d'onde du photon. On a ainsi la relation :
a(t)a0 = �(t)�0 � 11 + z (2.9)

Le param�etre de Hubble H(t) d�ecrit l'expansion et est d�e�nit par :
H(t) = _aa (2.10)

Au temps pr�esent on d�e�nit H0 = 100h kms�1Mpc�1 avec la contrainte observationnelle0:4 < h < 0:9.La d�eriv�ee seconde du facteur d'�echelle est reli�e au param�etre de d�ec�el�eration q(t) :
q(t) = ��aa_a2 (2.11)

La valeur de ce param�etre aujourd'hui, q0, est n�egative ce qui implique la pr�esence d'une�energie noire lorsque l'on tient compte de la dynamique tir�ee des �equations d'Einstein.Avant de rentrer dans ces d�etails, continuons la description de la cin�ematique en intro-duisant les diverses notions de distances sp�eci�ques �a la cosmologie.La distance comobile est donn�ee par :
r(z) = a0Sk  1a0

Z z0 1H(z0)dz0
! (2.12)

o�u Sk(x) = sinh(x); x; sin(x) pour k = 1; 0;�1, respectivement.Cette distance va servir de base �a la d�e�nition d'autres distances en cosmologie dontles interpr�etations sont beaucoup plus intuitives. La mesure de ces distances est au coeurde la d�etermination des param�etres cosmologiques d�etaill�ee dans ce chapitre.
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La distance lumineuse dL(z) relie le 
ux L �emis par un objet de redshift z au 
uxobserv�e par unit�e de surface aujourd'hui � :
� � L4�d2L (2.13)

On peut alors montrer que : dL(z) = r(z)(1 + z) (2.14)La distance angulaire dA(z) relie la distance propre d'un objet prise perpendiculairement�a la direction radiale (de propagation des photons) �l?, �a l'angle sous-tendu �� :
�l? � dA �� (2.15)

De cette d�e�nition on obtient :
dA(z) = r(z)(1 + z) = dL(z)=(1 + z)2 (2.16)

A pr�esent, nous allons tenir compte de la dynamique d�ecrite par les �equations d'Einstein2:
R�� � R2 g�� = 8�GT�� (2.17)

Ces �equations relient la dynamique de la m�etrique (et donc du facteur d'�echelle a(t)) viale tenseur de Ricci R�� et le scalaire de Ricci R, au contenu �energ�etique de l'univers(repr�esent�e par le tenseur �energie-impulsion T��). En utilisant la m�etrique FRW et ensupposant que les �el�ements constitutifs de l'univers peuvent être d�ecris par un 
uide parfait,nous obtenons les �equations de Friedmann :
H2 = � _aa�2 = 8�G3 X

i �i � ka2 (2.18)
et �aa = 4�G3 X

i (�i + 3pi) (2.19)
o�u �i et pi sont les densit�e et pression du 
uide de nature i.La premi�ere �equation relie le facteur d'�echelle et la courbure aux densit�es des divers�el�ements de l'univers. On introduit alors la densit�e critique �c = 8�G=3H2 qui permetde d�e�nir les param�etres cosmologiques 
i = �i=�c qui sont des rapports de densit�es. Lapremi�ere �equation de Friedmann se simpli�e alors grandement :


T =X
i 
i = 1� 
k; (2.20)

ce qui permet de d�e�nir le param�etre 
k = �k=(a2H2) pour repr�esenter le terme decourbure.
2L'�eventuelle pr�esence d'une constante cosmologique sera discut�ee dans la prochaine section.
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En g�en�eral, on consid�ere 3 composantes distinctes, la mati�ere (i � M , qui peut sed�ecomposer en baryons et mati�ere noire), la radiation (i � R, qui peut se d�ecomposer enphoton et neutrino, i.e. les particules relativistes), et l'�energie noire (i � X). Ces troiscomposantes ont des �evolutions temporelles radicalement di��erentes. L'�evolution d'un
uide parfait dans un univers en expansion est soumise �a l'�equation suivante :
_�i + 3H(�i + pi) = 0 (2.21)

qui donne la relation int�egrale suivante :
�i(z)�i(0) = exp �3 Z z0 (1 + wi(z0)) d ln(1 + z0)� (2.22)

o�u wi = pi=�i est l'�equation d'�etat du 
uide i. On peut alors d�e�nir le param�etre de Hubbleen fonction des valeurs actuelles des param�etres 
i et de l'�equation d'�etat de l'�energie noirewX(z) :
E2(z) =  H(z)H0

!2 = (1 + z)3
m + �X(z)�X(0) 
X + (1 + z)2
k (2.23)
On a utilis�e le fait que la mati�ere est telle que wM = 0 (impliquant une �evolution de ladensit�e en a�3), et que la radiation correspond �a wR = 1=3 (�R ' a�4). Ceci impliqueque la radiation a domin�e la dynamique de l'univers avant celle de la mati�ere. L'�equationd'�etat de l'�energie noire est inconnue et c'est la quantit�e physique qui va fortement nousoccuper par la suite. Remarquons seulement que si l'�energie noire est associ�ee �a une con-stante cosmologique alors wX = w� = �1, la densit�e �� est une constante et il apparâ�talors que le destin de l'univers est control�e par cette composante inconnue. Cependant,avant de d�etailler les divers mod�eles d'�energie noire, nous allons pr�esenter succinctementles contraintes observationnelles existantes sur ces param�etres cosmologiques.

Notons que le mod�ele pr�esent�e est parfaitement homog�ene et isotrope, il ne permetdonc qu'une description simpli��ee de l'Univers, on parle de description du \fond". Si onveut tenter d'expliquer l'origine des di��erentes structures peuplant l'univers, il faut allerplus loin dans notre description. Les mod�eles de formation des structures n�ecessitent deperturber les �equations d'Einstein a�n d'�etudier la croissance des 
uctuations de densit�e.Nous verrons que de nombreuses sondes cosmiques sont sensibles �a cette physique, et quel'obtention d'informations �ables sur les propri�et�es de l'�energie noire n�ecessitent la priseen consid�eration de ces sondes. Cependant, l'ensemble des travaux pr�esent�es dans cettehabilitation ne s'int�eressent principalement qu'�a des contraintes venant du fond. Nous ned�etaillerons donc pas cette physique de la croissance des perturbations. N�eanmoins, lors del'�etude des analyses combin�ees nous inclurons par exemple le CMB, ou l'analyse du spectrede puissance des galaxies ou encore les e�ets de cisaillement gravitationnel, qui impliquentcette physique de la croissance des 
uctuations primordiales. Cependant l'introduction�a cette physique reste assez lourde et je pr�ef�ere laisser le lecteur int�eress�e consulter lesr�ef�erences suivantes [37, 38, 39] plutôt que de surcharger ce manuscrit. Nous allons nous
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concentrer sur les param�etres cosmologiques suivants :Pour le fond :
� les densit�es 
i pour les baryons (i = b), la mati�ere (i = M , incluant baryons etmati�ere noire froide), la radiation (i = R), l'�energie noire (i = X) et une eventuellecourbure spatiale pour l'univers (i = k);
� les param�etres d�ecrivant une �equation d'�etat dynamique pour l'�energie noire, e.g. w0et wa (d�e�nis dans la section suivante);
� la constante de Hubble, e.g. H0 ou h;
� un param�etre de normalisation du diagramme de hubble, e.g. MS pour les SNIa (quiinclut H0 mais aussi la magnitude absolue des SNIa, relativement mal connue) .Pour d�ecrire les inhomog�en�eit�es et en particulier les physiques du CMB, du WL et de laformation des structures on introduit au moins les param�etres suivants :
� l'indice spectral du spectre de puissance primordial ns;
� un param�etre de normalisation du spectre de puissance, e.g. �8 ou A selon lesd�e�nitions utilis�ees;
� la profondeur optique de r�eionisation � .

Les contraintes observationnellesNous discutons �a pr�esent les mesures qui ont eu le plus d'impact r�ecemment et qui sont enlien direct avec les �etudes des propri�et�es de l'�energie noire.L'�etude des SNIa donne des contraintes fortes sur le ph�enom�ene d'acc�el�eration. LesSNIa sont des objets rares (� 1/si�ecle/galaxie) mais tr�es brillants. On les consid�ere commedes chandelles standard car il apparâ�t que leurs luminosit�es (intrins�eques) sont compa-rables. Th�eoriquement, on le comprend en associant aux SNIa un m�ecanisme d'explosionqui change peu d'une SN �a l'autre. Plus pr�ecisemment, on suppose qu'une SNIa r�esultede l'implosion d'une naine blanche qui vient juste d'atteindre la masse de Chandrasekhar(� 1:4M�). On imagine un syst�eme double o�u une �etoile, devenue une naine blanche,accr�ete la mati�ere de son �etoile compagnon jusqu'�a l'instant critique du d�ebut de la super-novae.Observationnellement, on distingue les SNIa des autres types de SN grâce �a leurs pro-pri�et�es photom�etriques et spectrales. En e�et, la courbe de lumi�ere (�evolution de la lumi-nosit�e dans le temps) des SNIa est caract�eris�ee par une croissance initiale relativement lente,et le spectre pr�esente une raie d'absorption pour le Silicium �a � 600nm. Concr�etement, lesSNIa peuvent avoir des variations en luminosit�e tr�es importantes, mais il existe plusieursproc�edures exp�erimentales dites de \standardisation" qui permettent de r�eduire fortementla dispersion de l'�echantillon (au maximum de 15% aujourd'hui).
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Figure 2.6: Diagramme de Hubble �a partir des SNIa les plus r�ecentes [53]. La courbe enpointill�ee correspond au best-�t en supposant un univers plat caract�eris�e par 
M = 0:27.La �gure ins�er�ee correspond au diagramme de Hubble \r�esiduel" obtenu en soustrayantaux donn�ees et �a di��erents mod�eles th�eoriques, un mod�ele d'univers vide [53].
Une fois ces �etapes franchies, on peut alors construire un diagramme de Hubble quirelie la magnitude e�ective de la SNIa �a son redshift. La magnitude apparente e�ective,m, est reli�ee �a la magnitude absolue des SNIa, M , et �a la distance lumineuse dL par :

� = m�M = 5 log10  dLMpc
!+ 25 (2.24)

o�u les facteurs num�eriques viennent des conventions choisies pour d�e�nir m et M en as-tronomie. Techniquement, pour ne pas trop d�et�eriorer la d�etermination des param�etrescosmologiques, on d�e�nit un param�etre de normalisation (ou de nuisance) MS qui englobeles incertitudes sur M et sur H0 :
m(z) = 5 log10(DL) +M � 5 log10(H0=c) + 25 =MS + 5 log10(DL) (2.25)o�u DL(z) � (H0=c) dL(z) est la distance lumineuse ind�ependante de H0. La �gure 2.6donne le diagramme de Hubble avec les donn�ees les plus r�ecentes. De ce diagramme onextrait des contraintes sur les param�etres cosmologiques.

Cependant, d�es que l'on veut extraire des contraintes sur la courbure et/ou sur les pro-pri�et�es de l'�energie noire on est confront�e au probl�eme des d�eg�en�erescences entre param�etresce qui nous oblige �a contraindre �a la main certains param�etres (i.e. utilisation de "priors")ou �a r�ealiser des analyses combin�ees.
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Une sonde cosmologique fr�equemment utilis�ee est le CMB. La mesure des anisotropiesdu fond di�us, r�ealis�ees par COBE en 1992 puis par WMAP depuis 2003, et bientôt parPlanck, permet de contraindre un grand nombre de param�etres associ�es �a des physiquestr�es di��erentes (expansion/g�eom�etrie, in
ation, r�eionisation, normalisation du spectre depuissance des grandes structures ...). En ce qui concerne l'expansion, le CMB fournitd'excellentes contraintes sur la courbure de l'Univers (param�etre 
T ), mais n'est sensiblequ'�a une moyenne de l'�equation d'�etat de l'�energie noire donn�ee par [40] :
�w � Z dz
X(z)wX(z)= Z dz
X(z) (2.26)

A�n de contraindre wX(z) il est �egalement fondamental d'avoir de tr�es bonnes infor-mations sur 
M . Les sondages de galaxies sont alors fr�equemment utilis�es. Plusieurs typesd'observables de nature tr�es di��erente peuvent être d�e�nis comme les comptages d'amas, lamesure du spectre de puissance des galaxies, les e�ets de cisaillement gravitationnels (WL)ou encore la mesure des oscillations baryoniques acoustiques (BAO). Chaque observable ases avantages et inconv�enients, et en particulier, est plus ou moins sensible aux mod�eles deformation des structures et d'�energie noire. Nous ne rappellerons pas ici les caract�eristiqueset propri�et�es de chaque type de mesure qui sont bien d�etaill�ee dans les revues suivantes[41, 42, 43].
En combinant ces di��erentes sondes cosmologiques on obtient des contraintes plus oumoins pr�ecises. La �gure 2.7 donne les contraintes sur 
X (et la courbure 
T = 
M +
X)lorsque l'on suppose que l'�energie noire est une constante cosmologique (i.e. X = �).
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Figure 2.7: Contours dans le plan 
M -
� �a partir des observations de SNIa et des BAO.Les contraintes sont donn�ees pour chaque sonde s�epar�ement ou en les combinant, pour desdeg�es de con�ance de 68.3%, 95.5% et 99.7% [44].
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Figure 2.8: Contours dans le plan w-
M �a partir des observations de SNIa[45], du CMB[49]et des BAO[50]. Les contraintes sont donn�ees pour chaque sonde s�epar�ement (labels port�essur la �gure, contours �a 95%CL) ou en les combinant (traits pleins, contours �a 95%CL et99%CL), tir�ees de [45].
Si on suppose maintenant que l'�energie noire n'est pas forc�ement une constante cos-mologique mais un 
uide avec une �equation d'�etat constante (i.e. wX(z) = w = cste), onobtient alors les contraintes donn�ees sur la �gure 2.8.
En�n, si on veut avoir une description plus g�en�erale des mod�eles d'�energie noire, ondoit consid�erer une �equation d'�etat dynamique. A cette �n, la param�etrisation [46, 47]wX(z) = w0+waz=(1 + z) est souvent utilis�ee. On peut alors obtenir des contraintes dansle plan (w0,wa), ce qui est illustr�e par la �gure 2.9 qui donne les contraintes pour chaquesonde s�epar�ement ou en les combinant[45]. Bien qu'il ait �et�e suppos�e que l'univers �etaitplat, on constate que les contraintes sur l'�equation d'�etat de l'�energie noire sont encoreassez faibles, ce qui nous demande d'avoir une grande ouverture d'esprit lorsque l'on vaconsid�erer les divers mod�eles d'�energie noire.
A partir des 3 �gures pr�ec�edentes on r�ealise que chaque sonde fournit des contraintesassez "faibles" mais qui indiquent des directions de d�eg�en�erescence di��erentes. Raisonpour laquelle les analyses combin�ees sont aussi puissantes en fournissant des contraintesrelativement fortes.Si maintenant on s'int�eresse aux r�esultats de ces contraintes on s'apercoit qu'elles ten-dent vers un mod�ele particulier, appel�e \mod�ele de concordance", ou �CDM , qui estcaract�eris�e par un univers plat avec constante cosmologique tel que 
M � 0:3 et 
X � 0:7.Une �etude plus attentive, en consid�erant une �energie noire avec �equation d'�etat dynamique,montre que le mod�ele �CDM est au bord des contours �a 1�. Si on essaye alors de re-construire l'�evolution en redshift de wX(z) on obtient le r�esultat surprenant que wX(z)
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Figure 2.9: Contraintes dans le plan (w0,wa) �a partir des donn�ees les plus r�ecentes deSNIa[45], du CMB[49] et des BAO[50], en supposant que l'univers est plat. Les contraintessont donn�ees pour chaque sonde s�epar�ement (labels port�es sur la �gure, contours �a 95%CL)ou en les combinant (traits pleins, contours �a 95%CL et 99%CL), tir�ees de [45].
franchit la barri�ere probl�ematique w = �1 [52] comme montr�e sur la �gure 2.10.
2.1.2 Mod�eles d'�energie noireLa nouvelle composante \�energie noire" doit rendre compte de l'acc�el�eration de l'expansion(pour des revues consulter [42, 54, 55, 56]). Si on suppose qu'un seul 
uide est pr�esent,il doit être tel que wX < �1=3 (si on n�eglige la radiation mais en tenant compte de lamati�ere cette relation devient wX < �
T=(3
X)). On constate donc que l'�energie noiredoit avoir une �equation d'�etat n�egative, ce qui correspond �a un 
uide relativement exotique.

Le candidat le plus simple est une constante cosmologique ou l'�energie du vide, selonle point de vue adopt�e. Le mod�ele de concordance, en accord avec les donn�ees, correspond�a cette hypoth�ese. Cependant, il sou�re de deux di�cult�es : le probl�eme de la constantecosmologique, fondamental pour les physiciens des particules mais n�egligeable ou infond�epour les astronomes, ainsi que le probl�eme de co��ncidence.
Une constante cosmologique est un terme suppl�ementaire dans les �equations d'Einsteinqui deviennent : R�� � R2 g�� � �g�� = 8�GT�� (2.27)

Historiquement, ce terme a �et�e introduit par Einstein pour construire un univers statique.Supprim�ee par la suite grâce �a la d�ecouverte de l'expansion et de la notion d'un univers dy-namique, elle fut r�eintroduite r�ecemment pour expliquer l'apparente platitude de l'universet l'acc�el�eration r�ecente. Dans les �equations de Friedmann on voit apparâ�tre alors le
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Figure 2.10: Evolution en redshift de wX(z) �a partir des observations les plus r�ecentesde SNIa[53], du CMB[49] et des BAO[50], tir�ee de [53]. La courbe pleine est associ�ee �a laparam�etrisation 2.35, et la courbe en pointill�ee �a un developpement de Taylor du quatri�emeordre.
terme �=3 dans le membre de droite, nous permettant de d�e�nir le param�etre 
�. Lescontraintes observationnelles actuelles indiquent 
� � 0:7 ce qui se traduit en terme dedensit�e d'�energie par �1=4� � 10�3 eV .Pour les astronomes et les sp�ecialistes de la relativit�e g�en�erale ce terme est de natureg�eom�etrique et il n'est pas n�ecessaire de lui trouver une origine plus fondamentale. Cepen-dant, pour les physiciens des particules et les experts de th�eorie quantique des champs, ilapparâ�t que l'�etat fondamental de la th�eorie, qu'on appelle aussi le vide, est un invariantde Lorentz. Sa description math�ematique est �equivalente �a la pr�esence d'un 
uide par-fait dont l'�equation d'�etat vaut wvide = �1. On obtient alors une correspondance entrecette �energie du vide et la constante cosmologique (� = 8�G�vide). Pour la cosmologie, ladi��erence est surtout technique et il importe peu de savoir si on ajoute dans les �equationsd'Einstein un terme �a gauche (partie g�eom�etrique) ou �a droite (partie constitutive). Dupoint de vue physique, la di��erence est fondamentale, mais la distinction est elle possible?Aujourd'hui il est di�cle de r�epondre �a cette question ...Le probl�eme de la constante cosmologique [56, 57, 58] apparâ�t lorsqu'on essaye d'estimerla densit�e d'�energie du vide dans le cadre de la th�eorie quantique des champs. En fait,le vide sou�re des mêmes probl�emes que les particules scalaires �a savoir que les correc-tions radiatives sont quadratiquement divergentes. On a discut�e ce point dans la section1.1 �a travers le probl�eme dit hi�erarchique o�u l'on a vu que mH � �2cut avec �cut le cut-o� de notre th�eorie. Pour la densit�e d'�energie du vide on obtient �vide � �4cut, on parleaussi de catastrophe ultraviolette. Vu les �echelles impliqu�ees en physique des particules(MEW � 100GeV , MSUSY � 1TeV ou MP � 1019GeV ) on constate que les estimationsde �1=4vide sont entre 1015 et 1030 trop �elev�ees par rapport �a �1=4� . Moralit�e, de grands progr�es

119



restent �a faire pour calculer la densit�e d'�energie du vide en th�eorie quantique des champs.Peut-être la solution sortira-t-elle des th�eories quantique de la gravitation, mais nous n'ensommes pas encore l�a !Nous adopterons donc le point de vue de l'astronome par la suite en faisant abstractionde ce probl�eme et en parlant de constante cosmologique et non d'�energie du vide.
Venons en �a pr�esent au probl�eme de co��ncidence qui est �a l'origine d'un grand nombrede mod�eles d'�energie noire : on constate que les densit�es de mati�ere (noire) et de constantecosmologique sont du même ordre de grandeur aujourd'hui (�� � 0:7�c et �M � 0:3�c) alorsque les �evolutions temporelles de ces deux composantes sont tr�es di��erentes (�� = cste et�M � a�3). C'est donc une co��ncidence tr�es surprenante qui a motiv�e la construction d'ungrand nombre de mod�eles d'�energie noire tentant de donner une origine dynamique �a ceph�enom�ene.
Les mod�eles d'�energie noire se d�ecomposent en deux grandes classes. Soit on consid�ereque nos hypoth�eses de travail sont justes, et il est alors indispensable de rajouter une nou-velle composante dans l'univers, l'�energie noire proprement dite qui est en g�en�eral d�ecritepar un nouveau champ scalaire (classique). Soit on consid�ere qu'une de nos hypoth�eses estfausse ce qui se traduit par une modi�cation de nos �equations de base. Il n'est alors plusn�ecessaire d'introduire une nouvelle composante, mais la nouvelle dynamique interpr�et�eedans un cadre standard se traduit par un nouveau 
uide \e�ectif", que l'on nomme toujours�energie noire. Nous verrons que la simple distinction entre ces deux classes d'interpr�etationdemande d�ej�a un programme de recherche tr�es ambitieux.

� Mod�eles avec champ scalaire :
Cette approche est la plus simple car elle conserve nos �equations de base. La dy-namique de l'�energie noire est repr�esent�ee par celle d'un champ scalaire, ce qui n�ecessitel'introduction d'un potentiel V (�) de forme inconnue. La description �a l'aide d'un lagrang-ien canonique correspond aux mod�eles dits de quintessence. A�n de rendre compte descontraintes observationnelles qui indiquent une �equation d'�etat plutôt exotique (w < �1r�ecemment), des mod�eles modi�ant le lagrangien canonique sont apparus. Nous d�etaillonsdans la suite ces divers mod�eles.
Les mod�eles de quintessence trouvent leurs origines dans les travaux de Ratra-Peebles[59] et de Wetterich [60], qui reprenaient les id�ees d�evelopp�ees pour les mod�eles d'in
ation(qui correspond �a une acc�el�eration de l'expansion mais dans les instants primordiaux del'univers). On suppose que le champ scalaire � couple minimalement, c'est �a dire qu'ilressent la gravit�e �a travers la courbure de l'espace-temps et qu'il poss�ede un auto-couplagerepr�esent�e par le potentiel V (�). La dynamique du champ est alors d�ecrite par le lagrangiencanonique suivant : L� = 12@��@��� V (�): (2.28)

120



o�u le terme cin�etique est canonique et le plus simple possible (i.e. lin�eaire et positif). Apartir du th�eor�eme de Noether on en d�eduit la forme du tenseur �energie impulsion :
T�� = 2p�g �(

p�gL)�g�� (2.29)
o�u g est le d�eterminant de la m�etrique.On peut relier les propri�et�es du champ scalaire �a celles d'un 
uide parfait, ce quisimpli�era les discussions ult�erieures :

�� = 12 _�2 + V (�) (+12(r�)2) (2.30)
p� = 12 _�2 � V (�) (�16(r�)2) (2.31)

A�n d'expliquer une acc�el�eration r�ecente il faut que le champ scalaire roule encore versle minimum de son potentiel, ce qui se traduit par une masse du champ extrêmement faible(� 10�30 eV ). La longueur d'onde Compton du champ est alors de l'ordre du rayon deHubble ce qui nous laisse supposer que le champ a une distribution spatiale tr�es doucedans l'univers observable. On n�egligera donc le gradient du champ dans les deux �equationspr�ec�edentes.On d�e�nit alors l'�equation d'�etat du champ par wX = p�=�� qui est dynamique dansle cas g�en�eral i.e. wX � wX(z). On constate que si le terme cin�etique est faible devant lepotentiel alors la dynamique se rapproche fortement de celle d'une constante cosmologique(i.e. wX ! �1). Dans tous les cas on peut r�ealiser que cette �equation d'�etat est born�eeentre �1 et 1 (�1 � wX � 1).L'�equation du mouvement du champ scalaire est l'�equation de Klein-Gordon :��+ 3H _� = �dV=d� (2.32)
qui est �equivalente �a l'�equation de continuit�e (�eq.(2.21)).Grâce �a ces formules d'�equivalence on peut facilement passer d'une description en termede champ scalaire �a celle en terme d'un 
uide parfait. Par la suite nous nous concentreronssur ce dernier type de description. Ce choix est renforc�e [55] par la di�cile reconstructiondu potentiel scalaire �a partir des donn�ees. Notons que la description en terme d'un 
uidee�ectif peut englober l'ensemble des mod�eles d'�energie noire.

La dynamique du champ scalaire peut alors se r�esumer �a la connaissance des troisquantit�es suivantes [55] : 
X , wX(z) et w0X(z) = dwX=d ln a. Les deux derni�eres fonctionspermettent de d�e�nir un espace des phases pour la dynamique de l'�energie noire. A titred'exemple, on peut d�ecomposer les mod�eles de quintessence en deux sous-classes [61] appel�emod�eles \freezing" ou \thawing", qui di��erent par le signe de w0X comme montr�e sur la�gure 2.11.Di��erents mod�eles issus de la physique des hautes �energies se placent dans ces deuxsous-classes. Par exemple des mod�eles avec axions, dilatons, modulis ou encore avec des
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Figure 2.11: Trajectoires des mod�eles de quintessence, \freezing" et \thawing", dansl'espace de phase (wX(z),w0X(z)), tir�e de [61].
pseudo bosons de Nambu-Goldstone, rentrent dans la classe \thawing". Les mod�eles desupergravit�e [62] ou des mod�eles avec brisure dynamique de la supersym�etrie, rentrent dansla classe \freezing". D'autres mod�eles de nature plus ph�enom�enologique peuvent aussi êtreplac�es dans ces sous-classes. Par exemple, les mod�eles \tracker3" [63] grâce �a un choix judi-cieux du potentiel permettent d'obtenir des solutions avec acc�el�eration r�ecente quelque soitles conditions initiales du champ (�ini,�0ini), et rentrent dans la classe \freezing". Notonsque les d�e�nitions de ces classes de mod�eles ne sont pas absolues et que certains mod�elesde quintessence peuvent être situ�es en dehors (voir e.g. [64].

Comme une alternative aux mod�eles de quintessence qui semblent peu en accord avecles donn�ees, un autre ensemble de mod�eles a �et�e construit. Les mod�eles de "k-essence" [65]sont construits �a partir d'un lagrangien non canonique (e.g. L = K(@��)V (�)) o�u le rôledu terme cin�etique est renforc�e, voir dominant. Ces mod�eles rentrent, en g�en�eral, dans laclasse \thawing" [66]. Les mod�eles "phantom"[67], particuli�erement exotiques, poss�edentla propri�et�e wX < �1 et sont construits �a l'aide d'un terme cin�etique n�egatif. Leurs trajec-toires dans le plan (wX(z),w0X(z)) se distinguent ais�ement de celles des mod�eles pr�ec�edents.En�n, une derni�ere classe de mod�eles o�u le champ scalaire poss�ede des couplages aux neu-trinos [68] semblent int�eressante. Beaucoup plus de d�etails et de r�ef�erences peuvent êtretrouv�es dans [54].
3Les mod�eles de supergravit�e [62] rentrent aussi dans cette classe.
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� Mod�eles avec modi�cation des �equations de base :
A�n d'�eviter d'inclure directement une nouvelle composante dans le mod�ele cosmologiquestandard, on peut changer les �equations de Friedmann ou directement les �equations d'Einstein.Dans le premier cas, ce sont les hypoth�eses d'isotropie et d'homog�en�eit�e qui sont remisesen cause. Des mod�eles tr�es int�eressants, dits de "back-reaction" des inhomog�en�eit�es [69,70, 71], relient l'acc�el�eration pr�esente �a la formation des structures qui sont le r�esultat desinhomog�en�eit�es primordiales et de l'instabilit�e gravitationnelle. Les premiers mod�eles ap-parus [69] ont �et�e fortement critiqu�es [72], en revanche des d�eveloppements r�ecents [70, 71]semblent prometteurs.De nombreux mod�eles ph�enom�enologiques [73, 74] ont aussi �et�e construits dans lesquelson postule une nouvelle forme pour l'�equation de Friedmann, o�u la relation entre H2 et lesdensit�es n'est plus lin�eaire. Des mod�eles d�eriv�es des th�eories des cordes et des mod�eles o�ula mati�ere noire poss�ede des auto-couplages tombent dans cette cat�egorie.
Les extensions de la relativit�e g�en�erale sont nombreuses, et je ne citerai ici que lesmod�eles suivants ayant obtenus quelques succ�es :i) Les th�eories tenseur-scalaire [75] o�u un champ scalaire fondamental couple directement �ala courbure. Ces th�eories sont tr�es souvent les manifestations �a basse �energie des mod�elesavec dimensions supl�ementaires.ii) Les mod�eles qui modi�ent l'action d'Hilbert/Einstein par l'ajout de nouveaux termesde courbure [76, 77].iii) Les mod�eles d�eriv�es des th�eories des cordes comme le mod�ele DGP [78] ou de Def-fayet [79] peuvent pr�edire l'existence de ph�enom�enes tr�es surprenants comme une auto-acc�el�eration.
Plutôt que de d�etailler ces divers mod�eles th�eoriques, �a notre niveau il est plus importantde r�ealiser que ces mod�eles, interpr�et�es dans un cadre standard (i.e. avec les �equations deFriedmann), sont �equivalents �a la pr�esence d'un 
uide aux propri�et�es non standard. Ene�et, on peut d�e�nir une �equation d'�etat e�ective [55] :

weff � �1� 13 d ln �H2
d ln a (2.33)

o�u �H2 repr�esente la variation du taux d'expansion entre le nouveau mod�ele et le mod�elestandard sans �energie noire :
�H2 � (H=H0)2 � 
M(1 + z)3 (�
k(1 + z)2) (2.34)

Par cons�equent, il est aussi possible de d�e�nir des trajectoires dans le plan (wX(z),w0X(z))o�u wX(z) et w0X(z) sont �a pr�esent e�ectifs. Par exemple, la �gure 2.12 donne quelques tra-jectoires de mod�eles ph�enom�enologiques modi�ant les �equations de Friedmann de la fa�con
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suivante �H2 � H� [74]. Les mod�eles avec � = 0:5 et � = 1 sont repr�esent�es [55]. Remar-quons que ce dernier mod�ele correspond au mod�ele DGP [78] d�eriv�e des th�eories des cordes.

Figure 2.12: Trajectoires des mod�eles du type �H2 � H� avec � = 0:5 et � = 1 (�equivalentau mod�ele DGP), dans l'espace de phase (wX(z),w0X(z)), tir�e de [55]. Les lignes pointill�eesd�elimitent la zone de la classe \freezing". La courbe du mod�ele DGP est continue jusqu'�az = 0, les croix indiquent les valeurs �a z = 1; 2; 3.
� Les probl�emes :

Utiliser une approche bas�ee sur la d�etermination de l'�equation d'�etat pour distinguerles divers mod�eles d'�energie noire est pertinent car cela permet de d�e�nir une m�ethodeind�ependante de tout mod�ele sp�eci�que. Cependant les probl�emes sont nombreux dontvoici une liste minimale :
* N�ec�essit�e de d�e�nir une param�etrisation :La caract�erisation de l'�energie noire passe, au moins, par la connaissance d'un nombre (
X)et de deux fonctions wX(z) et w0X(z). Malheureusement, les donn�ees observationnelles nepeuvent pas contraindre un nombre �elev�e de param�etres. Des �etudes r�ecentes montrent quel'on peut esp�erer contraindre au plus deux param�etres caract�erisant wX(z) [80]. Avec lesanalyses combin�ees ce chi�re peut sans doute augmenter un peu mais cela reste �a �etudier.Il faudrait donc avoir une intuition physique pour imaginer grossi�erement la forme de ces
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fonctions, ce qui est tr�es audacieux aujourd'hui vu le grand nombre de mod�eles propos�es.Cependant, un consensus se forme autour de l'utilisation de la param�etrisation suivante[46, 47]: wX(z) = w0 + wa z1 + z (2.35)
qui semble poss�eder des propri�et�es int�eressantes et en particulier reproduit correctementbon nombre de mod�eles (voir [55] pour plus de d�etails). En particulier, w0 est la valeur del'�equation d'�etat aujourd'hui, et wa est une mesure de la variation temporelle w0X :

wa � (�w0X=a)jz=1 = �2w0X(z = 1): (2.36)
Bien-entendu, cette description �a deux param�etres ne peut pas d�ecrire toutes les dy-namiques possibles. Par exemple, la forme donn�ee par l'�eq.(2.35) impose une relationlin�eaire dans l'espace de phase (wX(z),w0X(z)), car on a la relation w0X = wX � w1 o�uw1 = wX(z !1) = w0 + wa.D'autres param�etrisations ont �et�e propos�ees, voir [81] pour une liste r�ecente, maisaucune ne semble plus adapt�ee que la param�etrisation de l'�eq.(2.35). Par exemple, unsimple d�eveloppement de Taylor en z a tout d'abord �et�e propos�e : wX(z) = w0+w1z, maisd�es que l'on tiend compte du CMB on a besoin de calculer wX �a tr�es haut redshift (i.e.zCMB � 1089) et on s'apercoit que wX devient tr�es grand (si w1 > 0) ce qui fait divergerla densit�e d'�energie noire. Il est donc indispensable de faire attention au comportement �ahaut z de toute param�etrisation. En particulier, le CMB impose w1 = wX(z ! 1) < 0[82].Il est aussi possible de d�e�nir des approches n'utilisant aucune param�etrisation, commel'analyse en composantes principales [83], la \d�erivation" des donn�ees [84, 85] ou encoredes techniques par it�eration adaptative [86]. Il apparâ�t que ces m�ethodes ont leurs propresavantages et inconv�enients, ce qui ne les rend pas comp�etitives par rapport �a l'approcheparam�etrique mais plutôt compl�ementaires.
* D�eg�en�erescence des param�etres cosmologiques :Une fois une param�etrisation de wX(z) choisie on peut d�e�nir l'ensemble des param�etrescosmologiques intervenant dans le param�etre de Hubble H(z) (voir �eq.(2.23)), �a savoir 
M ,
X , w0 et wa. Les distances, qui sont mesur�ees exp�erimentalement, sont reli�es au niveaude la th�eorie au param�etre de Hubble H(z) �a travers une relation int�egrale (�eq.(2.14) et�eq.(2.12)). Cette relation int�egrale va produire de tr�es fortes d�eg�en�erescences entre lesdivers param�etres [87, 88], ce qui rend leur d�etermination di�cile. Nous allons d�etaillerce point dans la prochaine section car il est �a l'origine de l'existence de nombreux biaisd'analyse ce qui motive la r�ealisation des analyses combin�ees a�n de rendre moins s�ev�erece probl�eme.
* N�ecessit�e de tenir compte de la croissance des structures et/ou d'autres tests :Il apparâ�t que plusieurs mod�eles d'�energie noire issus de classes di��erentes peuvent cor-respondre exactement aux mêmes �equations d'�etat e�ectives. Par exemple, les th�eories
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tenseur-scalaire sont �equivalentes aux mod�eles avec termes de courbure suppl�ementaires[76]. De même certains mod�eles de backreactions sont �equivalents aux mod�eles de quintes-sence [70]. L'�equation d'�etat et sa d�eriv�ee ne sont donc plus su�sant pour caract�eriserles mod�eles d'�energie noire. Il faut utiliser d'autres observables qui vont aller plus loindans la distinction entre mod�eles. De grands espoirs se fondent sur les contraintes quel'on peut obtenir �a travers l'�etude de la croissance des structures. Par exemple, Lindera montr�e r�ecemment [89] qu'une param�etrisation du facteur de croissance pourrait êtreutile �a la distinction des mod�eles respectant ou non la relativit�e g�en�erale. Pour certainsmod�eles, en particulier ceux issus de la physique des hautes �energies, il sera n�ecessairede tenir compte de nombreux tests di��erents, comme les r�esultats du LHC sur l'existencede nouvelles particules, forces ou sym�etries, les tests locaux de la relativit�e g�en�erale, lav�eri�cation de la relation de dualit�e entre distances (i.e. relation entre dL(z) et dA(z), voir�eq.(2.16)), le test de l'�equation de Poisson ou encore le test du principe d'�equivalence ....Cette probl�ematique est relativement bien d�ecrite dans [90, 91].
2.1.3 La d�eg�en�erescence g�eom�etriqueInitialement la d�eg�en�erescence g�eom�etrique a �et�e trait�ee dans le cadre de l'�etude desanisotropies du CMB, mais en fait elle est g�en�erique �a l'utilisation de distances (lumineusesou angulaires) en cosmologie. Le c�ur du probl�eme vient de la relation int�egrale entre lesdistances et le param�etre de Hubble d � R 1=H(z) (voir les �equations (2.14) et (2.16)).La d�eg�en�erescence g�eom�etrique est telle que l'on peut avoir des spectres de puissancedes anisotropies du CMB identiques pour des �evolutions du bruit de fond tr�es di��erentes[92, 93, 87, 40]. Pour cela il faut satisfaire trois conditions :* contenus en baryons et en mati�ere noire identiques,* spectre de 
uctuations primordiales identiques,* param�etres de d�ecalage R (\CMB shift parameter") identiques.
Le param�etre R est de�ni par :

R = p
Mqj
kjSk
 qj
kj Z zCMB0 1E(z0)dz0

! (2.37)
= (1 + z)H0q
M dA(zCMB) (2.38)o�u zCMB = 1089 [49], Sk(x) = sinh(x); x; sin(x) pour 
k > 0 (k = 1;
T < 1); 
k =0 (k = 0;
T = 1); 
k < 0 (k = �1;
T > 1) respectivement, et

E(z)2 =  H(z)H0
!2 = (1 + z)3
m + �X(z)�X(0) 
X + (1 + z)2
k; (2.39)

o�u �X(z)�X(0) est donn�e par l'�eq.(2.22) qui avec la param�etrisation donn�ee par l'�eq.(2.35) fournit:�X(z)�X(0) = (1 + z)3(1+w0+wa)e�3waz=(1+z): (2.40)
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Figure 2.13: Haut : Spectre de puissance du CMB pour les mod�eles repr�esent�es par les 5points de la �gure 2.14. Bas : e�ets r�esiduels de chaque mod�ele par rapport �a un universplat avec 
M = 1, les valeurs pr�es de chaque courbe donnent 
�h2. Les deux lignes externeshachur�ees donnent les d�eviations standard duent �a la variance cosmique, indiquant doncque les divers mod�eles sont indistinguables. Figure tir�ee de [87].
Dans le cadre de la th�eorie lin�eaire des perturbations, aucune mesure des anisotropies duCMB, quelque soit leur pr�ecision, ne permet de briser cette d�eg�en�erescence[87]. Cela imposedes limites fondamentales sur la reconstruction de la courbure, du param�etre de HubbleH0 et sur les propri�et�es de l'�energie noire [87, 40]. Pour illustrer ceci la �gure 2.13 donne lespectre de puissance des anisotropies du CMB pour des mod�eles di��erents repr�esent�es parles 5 points de la �gure 2.14 mais v�eri�ant les 3 conditions de d�eg�en�erescence g�eom�etrique.Ces mod�eles di��erents uniquement par leurs valeurs de 
k et 
� mais poss�edent la mêmevaleur de R ce qui est illustr�e sur la �gure 2.14. Ces mod�eles sont donc d�eg�en�er�es dupoint de vue du CMB. La �gure 2.14 donne les d�eg�en�erescences pour plusieurs valeurs deR, montrant ainsi que pour des valeurs de R raisonnables on a une in�nit�e de mod�elesd�eg�en�er�es. Cette d�eg�en�erescence entre la courbure et une constante cosmologique, i.e.entre 
k et 
�, a �et�e �etudi�ee en d�etails dans [87] o�u il est montr�e que sans informationext�erieure les erreurs sur 
k et 
� sont de l'ordre de 0.1 et 1, respectivement, et ce quelquesoit la pr�ecision des mesures du CMB.
Si on �elargit notre espace des param�etres pour aller au-del�a d'une constante cos-mologique, comme par exemple en supposant des mod�eles d'�energie noire avec wX = cste
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Figure 2.14: Lignes de d�eg�en�erescence avec R constant dans le plan (
k,
�). Les valeurs deR sont donn�ees pr�es de chaque courbe. Les 5 points donnent les positions de chaque mod�eleayant un spectre de puissance indistinguable des autres. Le poin �a l'origine correspond aumod�ele SCDM tel que 
T = 
M = 1. Figure tir�ee de [87].
ou avec une �equation d'�etat dynamique, on renforce ce probl�eme de d�eg�en�erescence. Onpourra consulter [40] qui donne les lignes de d�eg�en�erescence dans le plan (
M ,w) pourun univers plat. La �gure 2.15 donne les mod�eles d�eg�en�er�es dans le plan (w0,wa) pourdi��erentes valeurs des param�etres de densit�e.Chaque point du plan (w0,wa) correspond �a un mod�ele particulier pour lequel on calculeR. A�n de voir quels mod�eles sont d�eg�en�er�es, les contours sont obtenus en demandantR = 1:70�0:03, qui est la valeur actuelle[94] d�eduite des derni�eres mesures de WMAP[49].On peut remarquer que cette valeur est obtenue sous de nombreuses hypoth�eses (e.g.univers plat avec constante cosmologique) et que cela peut avoir un fort impact sur ler�esultat [95], mais cela importe peu pour nos propos.A partir de la �gure 2.15, on constate que la position et la taille de la zone d�eg�en�er�eevarient beaucoup avec les param�etres de densit�e :

� Pour les mod�eles ouverts (plot en haut �a gauche avec 
M = 0:3 et 
X = 0:6) la zoned�eg�en�er�ee se r�eduit �a une ligne tr�es �ne.
� Pour les mod�eles plats (plot en haut �a droite avec 
M = 0:3 et 
X = 0:7) on obtient
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Figure 2.15: D�eg�en�erescence g�eom�etrique dans le plan (w0,wa) pour 
M = 0:3 et 
X = 0:6(en haut �a gauche); 
M = 0:3 et 
X = 0:7 (en haut �a droite); 
M = 0:3 et 
X = 0:74(en bas �a gauche); 
M = 0:3 et 
X = 0:8 (en bas �a droite). Les contours correspondent �aR = 1:70� 0:03, est la limite CMB w1 = w0 + wa > 0 est donn�ee.
une ligne tr�es �ne pour les mod�eles phantom mais la zone d�eg�en�er�ee augmente dansla partie w0 > �1.

� Pour les mod�eles l�eg�erement ferm�es tels que 1 < 
T � 1:06 (plot en bas �a gauche avec
M = 0:3 et 
X = 0:74), on obtient une zone d�eg�en�er�ee extrêmement importante. Lad�eg�en�erescence g�eom�etrique est donc particuli�erement probl�ematique et les mesuresdu CMB ne peuvent pas distinguer ces divers mod�eles.
� Pour les mod�eles ferm�es avec 
T > 1:06 (plot en bas �a droite avec 
M = 0:3 et
X = 0:8), R est bien en-dessous de la valeur 1.70 pour toutes valeurs de (w0,wa). Parcons�equent, la d�eg�en�erescence g�eom�etrique n'est pas un probl�eme pour les mod�elesferm�es avec 
T > 1:06, sauf si les contraintes du CMB sur R r�eduisent fortement lavaleur centrale obtenue (par exemple �a cause de nouvelles hypoth�eses d'analyse).
Ces r�esultats permettent de comprendre indirectement les r�esultats exp�erimentauxactuels, en particulier ceux contraignant simultan�ement la courbure et une �equation d'�etatdynamique pour l'�energie noire pr�esent�es en section 3 de ce chapitre, qui indiquent unepr�ef�erence pour les mod�eles l�eg�erement ferm�es mais absolument compatible avec les mod�elesplats. C'est pour cet ensemble de param�etres que l'espace de phase est le plus grand, etde tr�es loin. Les mod�eles ferm�es avec 
T > 1:06 sont exclus car incapables de fournir R =1:70� 0:03 quelque soit (w0,wa). Pour les mod�eles ouverts la d�eg�en�erescence g�eom�etrique
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est op�erationnelle : on peut avoir R = 1:70 � 0:03 avec 
M � 0:3 pour satisfaire les con-traintes issus des grandes structures et avec des couples (w0,wa) en accord avec les mesuresde SNIa. Cependant ces mod�eles ouverts sont exclus, ou plutôt n�eglig�es, par les m�ethodesstatistiques habituelles, car l'espace de phase associ�e est extrêmement faible.
Les probl�emes rencontr�es pr�ec�edemment se retrouvent pour toutes les autres sondescosmologiques avec quelques nuances. Par exemple, pour les SNIa les d�eg�en�erescencesentre les param�etres sont dues[88] �a la forme de la distance lumineuse (�eq.(2.14)) mais�a pr�esent la borne d'int�egration n'est plus zCMB = 1089 mais le redshift de la SNIa laplus lointaine qui aujourd'hui est zSN = 1:7. Cette di��erence a son importance car elleva permettre de briser partiellement les d�eg�en�erescences lors de la combinaison des deuxsondes. La brisure n'est que partielle car malheureusement la description des anisotropiesdu CMB implique tellement de param�etres qu'il y a de nombreuses d�eg�en�erescences en susde la g�eom�etrique. On pourra consulter [82, 96] qui discutent en d�etails ces probl�emes pourle CMB. Les travaux pr�esent�es dans la prochaine section traitent ces probl�emes dans le casdes SNIa.

2.2 Supernovae : biais et prospectives
Dans cette partie nous nous concentrons sur l'�etude des SNIa. Les param�etres cosmologiquesconcern�es sont au nombre de cinq : 
M , 
X , w0, wa (ou w14) et MS le param�etre de nor-malisation des SNIa. Ce dernier param�etre est surtout contraint par les SNIa proches (i.e.z < 0:1) et nous l'�etudierons tr�es peu. Il apparâ�t que les SNIa seules ne peuvent pascontraindre les quatre param�etres restant. Si on essaye de le faire on obtient des erreurstr�es grandes, même avec les projets de mesure de plus de 2000 SNIa (e.g. SNAP). On estdonc oblig�e de contraindre �a la main (ou grâce �a des analyses combin�ees, voir la prochainesection) deux de ces param�etres. Les hypoth�eses qui sont g�en�eralement faites sont lessuivantes :

� On suppose que l'�energie noire est une constante cosmologique (wX = �1). Les quan-tit�es que l'on cherche �a contraindre sont alors 
M et 
X , et donc la courbure. Unarticle est en cours de r�edaction sur ce type d'approche mais dans le cadre d'analysescombin�ees.
� On suppose que l'univers est plat, ce qui impose la relation 
X = 1 � 
M et doncsupprime un param�etre. La deuxi�eme hypoth�ese concerne l'�equation d'�etat qui estchoisie constante wX(z) = w = cste. Le premier article s'int�eresse aux e�ets de cettederni�ere hypoth�ese qui peuvent être tr�es important, surtout sur la d�etermination de
M .
4Pour les deux premiers articles nous avons utilis�e le d�eveloppement de Taylor au premier ordre de

l'�equation d'�etat : wX(z) = w0 + w1z. Pour les SN seules, les r�esultats avec wa sont tr�es similaires et on
a grossi�erement la relation w1 � wa=2.
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� On suppose que l'univers est plat et on rajoute une contrainte ext�erieure sur 
M(prior). Si l'erreur suppos�ee pour 
M est petite, cela revient �a �eliminer du jeu lesdensit�es et les param�etres restants sont w0 et wa. Le deuxi�eme article �etudie les e�etsd'un prior erron�e sur 
M . Nous verrons que le choix 
M = 0:27 � 0:04 utilis�e parplusieurs collaborations exp�erimentales force les donn�ees �a converger vers le mod�ele�CDM quelque soit la veritable cosmologie.
Le troisi�eme article �etudie les contraintes directes sur l'acc�el�eration. En e�et, il estpossible de relier directement la distance lumineuse au param�etre de d�ec�el�eration q(z).Avec cette approche on n'utilise pas les �equations de Friedmann mais on a besoin d'uneprescription pour d�ecrire q(z). La m�ethode utilis�ee par Riess et collaborateurs [97], �etaitde supposer une �evolution lin�eaire (i.e. q(z) = q0 + q1z). Nous avons montr�e que cettehypoth�ese lin�eaire est dangereuse pour l'interpr�etation des r�esultats. Depuis, les analysestentant de contraindre q(z) directement sont plus ra�n�ees [98].
Dans le quatri�eme article, nous n�egligeons les probl�emes de biais et nous nous concen-trons sur l'optimisation des projets d'observation de SNIa. Plus pr�ecis�ement, nous essayonsde r�epondre �a la question suivante : \Vaut-il mieux un sondage profond ou un sondagelarge pour extraire des informations sur la dynamique de l'�energie noire ?" En d'autrestermes, nous tentons d'optimiser la profondeur en redshift ainsi que le nombre total deSNIa �a d�ecouvrir caract�erisant le sondage.

2.2.1 Biais dû �a une �equation d'�etat dynamiqueArticle publi�e sous la r�ef�erence : Phys. Rev. D70 (2004) 043514.

131



���������
	���
���������	����������������! #"�$%���&	���'�����(*)+�,��-/.0����1 �2���3�2�41��
�5'��764"#�2�4��	8��.9�2���:�<;="��>���,��	?�@.A-B�C�>�2�

DCEGF4H*ECI�JLKNMPORQ&STE�UTVXWYJ[Z

\ M^]`_aK
M%b2M%S�c`OYd
J[egf2MhUic�jM^kRKNJ[egf2MlQ \ VRdNM%mon`pBQ�q�Fsrut`vRwowxH�VlKNdNMPJ[ZLZ[M \ MPb2MyWzmCQ2q&KNVR]2{PM
VR]2bz|#]CJL}oMPKNd
JL_YjM~b2MhS�KNk�}RM^]2{PMRQ�H�VRKNd
M^JLZ[Z[MlQ2q�KaVl]2{^M

� ECUiJ[Z[egf2JL]�Q � E���VRZ[My_uQ&��E�q�kof2{scCM^�RQ \ E�UTVRk

\ M^]`_aK
M%b2MhS�c`OBdNJ[egf2M%b2M^d=STVRK
_NJ[{^fCZ[M^d�b2M%H�VlKNdNMPJ[ZLZ[MRQ \ VRdNMhmonop
q<Fsr�t`vlwowxH�VRK
dNM^JLZ[ZLM \ M^b2M0WzmCQ�q�KaVl]2{^M

�9�>�P�u�X�2�R�

��� dNM^K4}lVl_aJLko]�kR�=_ac2kofCdaVR]2bCd�kl�=_�OB��MA�,V�d
f2��M^KN]Ck�}lVRMAd
c2kof2ZLb+kl��MPK�_ac2MA��kod
_�bCJ[KNMP{P_�VR�C�2KNk`Vl{sc
_ak��CKNk � Mz_Nc2M�b�VlKN�+M^]2MPKN�RO+{^kR]g_NM^]`_AkR��_Nc2M�fC]2JL}RM^KNd
MRE UicCJ[d¢¡�JLZ[Z � M�f2]Cb2M^K4_sVR�lM^] � O£�¤fC_Nf2KNM
Z¥VRK
�oM��oKNkRf2]2bYF � VRdNMPb�d
f2K
}RMPOBd¦�¤koZLZ[k�¡7MPb � OzVxdN��Vl{^Mh�¢JLdNdNJLko]�§©¨Cª � S@«oDo���@H­¬0E&®�M%VRb2b2K
M^dNd=_ac2M
�2KNk � Z[M^��kR�<M0WY_NKaVR{y_aJL]2��_ac2M�{PkodN��koZLko�oJ[{^VRZ&��VRKNVR�¢My_aMPKNd7�¤K
ko��_Nc2M��¤fC_Nf2KNM�b2Vl_sV�JL]¯V��¢kBb2MPZ�J[]Cb2MyF
�°MP]2b2M^]`_�VR�2�CKNk`VR{sc�Qo¡�JL_ac���J[]CJ[�¢VRZgVRdNd
f2���C_aJLko]2d�ko]�_Nc2Mi�2KNJLkoK>�g]2k�¡�ZLM^b2�oM�kR��d
ko�¢M7��VRKaVl�¢My_aM^K
d^E
®�M�{Pko]2{^MP]`_aKaVX_aM~ko]¯_ac2M�{Pko����VRKNJLdNko] � MP_�¡�M^MP]­V�±�b2fC{^J¥VlZ���kYb2MPZ�VR]CbA_Nc2M�±2_N_NJ[]2���¤fC]2{P_NJ[ko]AVR]Cb
VRb2KNMPdNd�J[]¯�2VRK
_NJ[{^fCZ¥VRK@_ac2M�My��MP{P_�kR�T]2M^�RZ[M^{y_aJL]2�A§²kRKi]2kR_0¬�_ac2M�_NJ[��M�MP}RkoZ[fC_NJ[ko]¯kl��_Nc2M�M^egf�VX_aJ[kR]³kl�
d
_sVX_aMRE@®�Mh�2K
M^dNMP]`_�VxeBf2VR]`_aJL_aVl_aJ´}oMhVR]�VlZLOBdNJLd=kl�T_Nc2M � J¥VRdi¡�c2JL{sc�{uVl] � MhJL]`_aKNkBb2f2{PM^b � O¯_Nc2M~±2_
F
_aJ[]C�%�2K
kY{PM^b2fCKNMRE�¨YfC{sc � J¥Vld�{^VR]2]2kR_ � M#J[�o]CkoKNMPb9VRd�dNkBko]9VRd@_ac2M#d
_aVl_aJLd
_aJL{uVRZ�MPKNK
koKNd@�¤KNko�µ�2K
M^dNMP]`_
b�Vl_sVxVRK
M�b2KaVld
_aJL{uVRZLZLO¢J[���2KNk�}RM^b�E

S � \ ¨zª=f2� � M^K
dh¶�mRwCE·wRnCE·��dPQ&mowCE¸wonCE \ e
¹~MyO`F�®�koKNb2d~¶�{PkodN��koZ[kR�oJ[{^VRZ���VlKaVR��MP_NM^KNd7F@d
f2��M^KN]Ck�}lVRM
ª#f2� � M^Kikl�T±��Rf2KNMPd%¶ir�n
H�VRKN{sc�vRnonlº
\ S�U7F,vRnonRº`«RSTE¸nonom
\ S@S@HAF�S>F4vRnonlºlF,nCr
VR]2ko]`OB�¢kRf2di�»_a�AkoKi�oko�Cc2M^K~¶�{^�C_^E¸fC]2JL}`F���KNdPE¼�¤K
�½F��¾VlJ[Z[d#¶½}BJ[KNMyOC¿�{P�C_uE¼f2]2J´}`F���KNd^EÀ�¤K^Q2_NJ[ZLeBfCJ[]&¿�{^�C�2�zE¼J[]�vl��tCEÀ�¤K



r

� ���������
	���
��������

UicCM¢�oMP]2M^KNVRZ���VRKNVRb2JL�o� JL]�{^kod
�¢koZLko�ROzJ[d�_Nc�Vl_~¡7M�VRK
MxZ[JL}BJL]2�9J[]*V��&Vl_~fC]2JL}RM^KNd
MRQ�¡�c2J[{sc*J[d
b2ko��J[]�Vl_NM^b � O+V*]CMuVRK
ZLO c2ko��ko�oMP]2M^kRf2dx{^ko���°kR]2M^]`_x¡�JL_Nc/]2MP�`Vl_aJ´}oMA�2K
M^dNd
f2KNMlE Uic2J[d�{^kR�¢��klF
]2M^]`_~J[d#kR�»_aMP]�{uVRZLZ[M^b­��VRKN�³��]2M^K
�RO+§²����¬=VR]2b�{uVlf2dNMPd�_ac2M�M0WC�2VR]2dNJLko]�KaVl_NM�kR��_Nc2M�f2]2J´}oM^K
dNM�_ak
VR{^{PM^Z[MPKaVl_NMRE

UicCM�KNMP{^M^]`_���MuVRd
f2KNMP�¢MP]`_ad kR�5_�OB��M��,V�dNfC�°MPKN]2k�}lVRMx§»_ac2MPKNMuVX�»_aM^K7b2M^]2kl_aM^b³¨Yª�¬7VRK
M#_Nc2M���kod
_
b2J[K
M^{P_�My}YJLb2M^]C{^M³kR�¦_Nc2MA�2KNMPdNM^]C{^M­kR�=_acCJ[dx{^ko����ko]2M^]`_�� roQ@vYQ�tCQ�º�� E+��_¢JLd�VRZ[d
k*{Pko]C±�K
�¢MPb � O
_ac2M�{Pko� � JL]�Vl_aJLko]­kR�@K
M^dNfCZL_ad��¤K
ko� _Nc2M�Z¥VlKN�oM0F�dN{^VRZ[M b2J[d4_aKNJ � fC_NJ[ko]­kl���oVRZ¥VXWYJLM^d�������Vl]2b _ac2Mx��kod
_
�2KNMP{^J[d
M¦b�VX_sV ko]¢_ac2M�{PkodN��J[{=��J[{^K
k�¡ Vu}oM � VR{s�g�oKNkRf2]2b*§ \ H��i¬@�¤KNkR� _ac2M¦® JLZ[�gJ[]CdNko]¾HzJ[{PKNk�¡7V�}RM
� ]2JLdNkR_NKNko�2JLM�S�KNk � M¢§¤® H � S@¬��¼p�� E � K
M^{PM^]`_¦{Pko� � JL]2M^b³VR]2VRZLOBdNJLdiJ[di�2K
M^d
M^]`_aMPb­J[]��Àw�� E
 =MP{^M^]`_NZLO¾_Nc2M�b2My_aM^{y_aJLko]¯kR�<_ac2M�Z[Vl_aM¦��]g_NM^�oKNVl_aMPbz¨CVR{sc2d,F�®�koZL�¤Mx§¤�4¨B® ¬7MP�°M^{y_=c�VRd K
M^J[]Y�¤koKN{PM^b¯_ac2M
{uVRd
M%�¤koK=���!�Àm��©E � Z[Z5_Nc2J[d�J[d=��kod
_��¤KNMPegf2M^]`_aZ´O³J[]`_aMPKN�2K
MP_aMPb­J[]A_acCM%�¤KaVl�¢My¡7koK
�¯kR�>_Nc2M d
klF�{^VRZ[ZLM^b
" {^ko]C{^koK
b�VR]2{PM \ kRdN��koZ[ko�lO " � r�n�� E

� �¤f2]2b2VR�¢MP]`_sVRZ<�2K
k � Z[MP� J[d�_ac2M%J[b2MP]`_aJL±2{uVl_NJ[ko]AkR�½_Nc2Mhf2]2b2MPKNZLOBJL]2�¾]�VX_af2K
M%kR����� ¶�{PkodN��klF
Z[ko�oJL{uVRZB{^kR]2d
_aVR]`_uQgegf2J[]`_aMPdNd
M^]2{PM¦koK�d
ko�¢My_ac2JL]2�~M^ZLdNMh§¤�¤kRK�V~K
MP}BJ[My¡�d
M^M�� rRr��»¬0E½Uic2M���kod
_�{Pko�¢��ko]
¡ VuO JLd¦_akA��MuVRd
f2KNM�J´_ad�M^egf�VX_aJ[kR] kR�7d4_sVl_NM³§ ��kg¨2¬¦bCMP±�]2MPb�Vld$# % &('*)�+,'?¡�c2M^K
M$&('?JLd�_ac2M
�2KNMPdNdNfCKNM�VR]Cb-+,' _Nc2M¦MP]2M^K
�RO�b2M^]2d
JL_�O�kR��_Nc2M����iEgUic2M#KaVl_NJ[khkR��_acCM���� b2MP]2dNJ´_�O�_Nk%_Nc2M¦{PKNJL_NJ[{^VRZ
b2M^]2d
JL_�O³¡�J[ZLZ � M%b2M^]2kl_aM^b/.0'�J[]�V¢�oMP]2M^KNVRZ>��kYbCM^Z�VR]2b�.01�J[]³_ac2M%dNJ[���2ZLM^d
_#{uVldNM�kR��V \ kodN��klF
Z[ko�oJL{uVRZ \ kR]2d
_aVR]`_h§2#3%!4%r�¬0E5.�6 J[d�_ac2M¦{^koK
KNM^d
�°kR]2b2J[]C����VRKNVR�¢My_aMPK@�¤koK�§ � VlK
OokR]2J[{87�{PkoZ[b¢b�VRK
�C¬
�¾Vl_
_aMPK^E

� ]¯VR� � JL_aJLkof2d7¨Cª �CKNko�oKNVR�µJ[d�]2k�¡ kR]¾_ac2M=¡ VuORE@������koK
_aVR]`_7�2JLM^{PM^d kR�<JL]C�¤koK
�¾Vl_NJ[ko]�¡�JLZ[Z � M
�2KNk�}BJ[b2MPb � O�Z¥VlKN�oM��oKNkofC]2bYF � VRdNMPb�dNf2K4}oMPOBd@dNf2{sc¢VRd>_Nc2M�¨YfC�°MPKN]2k�}lV:9<MP�`VR{yO�¨YfCK
}oMyO³§©¨Yª;9�¨2¬*� r�v<�
VR]2b~_ac2MPdNM7JL]`}oM^d4_aJL�`Vl_aJLko]2d5¡�J[ZLZ`{^f2ZL�¢JL]�Vl_NM>¡�JL_Nc�V�dN��VR{PM7��J[d
dNJ[kR]%Vld�_Nc2M ¨Bf2�°MPKN]2k�}lV � {^{PM^Z[MPKaVl_NJ[ko]
S�K
k � M~§©¨Cª � S@¬TJL]2d
_NKNf2��M^]`_uQR��VRK
_>kR��_acCM�DRkoJ[]`_½��VRKN�%��]2M^K
�RO�H³J[dNd
J[ko]¯§©Do���@H­¬yQX¡�c2J[{scxVlJ[��d½Vl_
_ac2M�b2JLdN{^k�}RM^K
O�Vl]2b��¤kRZ[Z[k�¡ F�f2��kR�°dNko��M#vRnonon~¨Cª=�,Vh��M^K�ORMuVRK@J[]�_acCM=K
M^b2d
c2JL�»_�KNVR]2�oM>=?% nA@·vB4­r,@·p
¡�JL_ac­}RM^K4O �2KNMP{^JLdNM��¢VR�o]2J´_af2b2M �¢M^VRdNf2K
M^��M^]`_ad�� r�t�� E � �@{Pkof2KNd
MRQ5_acCM�}RVlZ[J[bCJL_�O³kR��_ac2M�k � _sVRJL]2M^b
�2KNMP{^J[d
J[ko]*¡�J[ZLZ�]2kR_�bCM^��M^]2b kR]�_ac2M¢dNJL�^M¾kl� _ac2M9¨Cª dNVR���2Z[M�ko]2Z´OoQ � fC_�VRZLdNk³ko]�_Nc2M9V � J[Z[J´_�O­_ak
{^ko]`_aK
koZ½_acCM¢d4OYd4_aMP�¾Vl_NJ[{xf2]2{PM^K4_sVRJL]g_NJ[MPd Vl_~_Nc2MxdaVR��MxZ[MP}RM^ZC� ruº�� E¢Uic2MPdNM¢d
OBd
_NM^�¢Vl_aJL{¢MPKNKNkRKNdhVRKNM
{^ko��J[]2��ko] ko]2M¯dNJLb2M¾�¤K
ko�!_Nc2M¯J[]2d4_aK
f2�¢MP]`_xJL_ad
M^Z´�%§²{uVlZ[J � KaVl_NJ[ko]�Q>MP_a{lQ�ELE´E ¬ Vl]2b VRZ[d
k­�¤KNko� _ac2M
¨Cª VRd4_aK
ko�2c`OBdNJ[{^VRZ MP]g}BJLKNko]2��M^]`_³§¤MP}RkoZ[fC_NJ[ko]�Q>Z[MP]2dNJL]2�­My��MP{P_adPQ�ELE´E ¬0E­Uic2M³¨Cª � S3{^koZLZ¥V � koKNVl_aJLko]
�2KNko��kod
M^d=V��oZ[k � VRZ�d
_NKaVl_NM^�RO¾_akx{^ko]`_NKNkoZ5d
f2{sc�My��MP{P_ad#Vl_i_Nc2M~�°MPKN{^MP]`_¦ZLMP}oMPZD� rut��©E

��]9_Nc2J[d@{^kR]g_NMyWB_uQCJL_�J[d7]CM^{^MPdNdNVRK
O9_Nk�VR]2VRZLOB�^M#}oM^K4O¾{^VRKNMy�¤f2Z[Z´O�Vl_7¡�cCJ[{sc¯�2K
M^{^JLdNJLko]9Z[My}oMPZ°J´_�¡�JLZ[Z
� M���kodNd
J � ZLM�_ak�b2KaVu¡ VR]`O¯{^ko]C{^Z[fCdNJ[kR]2di�¤KNko��_ac2M~MyWY��M^{y_aM^bzKNJL{sc�VR��kof2]`_�kR�Tb�Vl_aVCE

� fC_acCkoKNd�c�Vu}oMhf2d
M^bz_Nc2M~�2KNMPdNMP]g_�¨Cª b�Vl_aV�_ako�oMy_ac2MPKi¡�JL_acAd
J[��f2Z[Vl_aMPb¯dNMy_ad�_akA¶

E MP}lVRZLf�Vl_aM�_Nc2MhVR{^{Pf2KaVl{PO¯ko]A_acCM�.01³��VlKaVR��MP_NM^K _ak�}lVRZLJ[b�Vl_NM¦_acCM%Vl{^{^MPZ[MPKaVl_NJ[ko]�E

E �¢M^VRdNfCKNM�_acCM%���+_ac2K
kof2�oc¯_acCMhMPegf�Vl_aJLko]³kR�>d4_sVl_NM�¡�JL_ac
# {Pko]2d
_aVR]`_=J[]AKNMPb2dNc2J´�»_uE

E MP}BJ[bCM^]2{PM V���kodNd
J � ZLM�KNM^bCdNc2J´�»_�b2M^��M^]2bCM^]2{PM?#�§2=`¬7¡�JL_NcA}lVRK
J[kofCdi��VRKaVl�¢My_aKNJL�uVl_NJ[ko]Cd^E

E Z[kBko�³Vl_�_Nc2M��¢kBb2MPZTb2MP�°MP]2b2MP]2{^MPd�VR]2b bCM^�oMP]2M^KNVR{^JLM^dhVR]2b d4_af2bCO�_ac2M���kod
dNJ � Z[M�d4_aKaVX_aM^�RJ[M^d
_ak � K
MuVR�¾_Nc2M~Z¥Vl_
_aMPK^E

UicCM^KNM*J[d³V Z¥VRK
�oM {^kR]2dNMP]2dNf2d³_ac�VX_³_Nc2M��¤fC_af2K
M�¨Cª8b�Vl_sVGF�HJI<KML¢¡�J[Z[Z¦c�Vu}oM*b2JON�{^fCZL_aJLM^d¯_ak
{^ko]2d4_aKNVRJ[]¾VR]¾My}okoZ´}YJL]2� MPegf�Vl_aJLko]¾kl��d
_aVl_aM¦VR]2b¾_Nk � K
MuVR����kBb2M^Z&b2MP�oM^]2MPKaVR{PJ[MPd^E���_7JLd��¢VR]2b2Vl_akoK4O
_ak c�Vu}RM�V��2KNJLkoK��B]Ck�¡�ZLM^b2�RM­kR��_acCM�}lVRZ[f2MPd¾kR�~d
ko��M­��VRKNVR�¢My_aMPKNd^E���]���VRK4_aJ[{Pf2Z¥VlK^QiV��CKNM^{PJ[d
M



v

�B]Ck�¡�ZLM^b2�RM¾kR� .�6�¡�J[Z[Z � M�M^dNd
M^]`_aJ[VRZ7J´� ko]CM¾c2ko��M^dh_akz�2J[{s��kofC_h_acCM�=�b2MP�°MP]2b2MP]2{^M9kl��# §¤dNMPM
MRE¼�2E � r � Q&r �CQ&r�pYQ&r�wBQ°rumYQYvRnCQYvYr��¥¬�MP}oMP]¯J[]x_ac2M#dNJL�¢�2ZLM^d4_D��Vl_7{PkodN��koZLko�ROoE��#k�¡�MP}oMPK^QC_Nk f2d
M¦d
ko�¢M
�2J[MP{^M^d�kR�<J[]Y�¤koKN�¢Vl_aJLko]��¤KNkR��kl_ac2MPK7dNkRf2KN{PM^d7_Nc�VR]A¨CªhQYJ´_�¡�JLZ[Z � M¦M^d
dNMP]g_NJ¥VRZ&_ak {^ko� � J[]2M�_ac2M¦b�Vl_sV
J[]¯V {Pkoc2MPKNM^]`_�¡7V�ORQC_ac2Vl_iJ[d�f2]2b2MPK _ac2M¦daVR��M�c`OB�°kR_Nc2M^d
J[dPQ2J[]9�2VRK
_NJ[{^fCZ¥VRK@ko]9_acCM����+�CKNko��M^K4_aJ[MPd^E

� ]�_ac2MxkR_Nc2M^K~c�Vl]2b�Q<dNko��Mx�°kl_aM^]`_NJ¥VRZ½bCJON�{^f2Z´_aJLM^d�c�Vu}oM � M^M^]*��koJ[]`_aMPb�kRfC_ � O }RVlKNJ[kRf2d~VRfYF
_ac2koK
d^Ez��]2b2M^MPb�Q���kod
_ ��VR��M^KNd%c�Vu}oM � M^MP] �¾VlJ[]2Z´O J[]`_aMPKNMPd
_aMPb�J[] �CKNM^bCJ[{P_NJ[]2�CQT�¤koKhMuVR{sc�{PkodN��klF
Z[ko�oJL{uVRZ°��VRKNVR�¢My_aMPK^QC_Nc2M%MPKNK
koKNd=VRK
kof2]2b³dNko��M�±�b2f2{PJ¥VRZ�}lVRZLf2MRQC{^Z[kRdNM�_akx_ac2M~ko]CM^d=k � _sVlJ[]2MPbA�¤K
ko�
_ac2M¯�2K
M^d
M^]`_�b�Vl_sV�VRd�.�6 % nA@¸t�� .0' % nA@·p�� # % 4%r��	� # )
� = % nCE���]�_acCJ[d��2K
kY{PM^b2f2K
MRQ�_ac2M
�¤KaVR��MP¡�koKN��J[dxV ��VRK4_aJL{^f2Z[VRK ±�b2fC{^J¥VlZ �¢kBb2MPZiVR]2b�_acCM³{scCkodNMP]£±2_
_aJ[]C�­�¤f2]2{P_NJ[ko] JLd�f2dNf�VlZ[ZLO�_ac2M
ko]2M�f2dNMPb _ak��RM^]2MPKaVl_NM¢_acCM¾b�Vl_aVCEAUic2J[dhd
_NKaVl_NM^�RO*JLdh}lVRZLf�V � ZLMx�¤kRK VA±�KNd4_�M^d4_aJL�¾Vl_NM � fC_�JLdh_NkYk
KNM^d4_aK
J[{P_NJL}RM�_ak��2J[]Ab2k�¡�]A_ac2M~f2]2bCM^KNZ´OBJ[]2�x�2c`OBdNJL{^d�¡�c2J[{sc³J[did
k��²VRKifC]2�g]2k�¡�]�E

q�koK=MyWCVR���2ZLMRQ5HzVRkoK=MP_~VRZ E�� r �<�½VR]Cb��~MPKN�lM�VR]2b �½�¤d4_sVl_Nc2J[kof �¸vRn<�>c�Vu}RM�d
_NKNM^d
dNMPb�_Nc2M��2K
k � F
Z[M^��di¡�c2J[{sc­VRKNJLdNMhJL�>_Nc2MhKNM^bCdNc2J´�»_�b2MP�°MP]2b2M^]C{^M�kR�>_ac2M%M^egf�Vl_NJ[ko]zkR�½d4_sVl_NM J[d=]2MP�oZ[MP{P_aMPb�¡�c2MPKNMuVld
_ac2JLd>b2MP�°MP]2b2M^]C{^M�J[dT�2KNMPdNM^]`_^E½Uic2Mi��f2Z´_aJL�2Z[M�J[]`_NM^�oKNVRZYK
M^Z[Vl_aJLko] � MP_�¡�M^MP]�_Nc2M ZLf2�¢JL]2kod
JL_�O�b2JLd
_aVR]2{^M
VR]2b #µd
�¢M^VRKNdhkofC_hJ[]Y�¤koKN�¢Vl_aJLko]�V � kofC_$#�VR]2b�JL_ad~_aJL�¢M0F�}lVRK
J¥Vl_NJ[ko]�E � dNd
f2�¢JL]2�³J[]�_ac2Mx±2_N_NJ[]2�
�¤f2]2{P_NJ[ko]³_ac�VX_;# J[d#V¢{Pko]2d
_aVR]`_uQ�¡�c2M^K
MuVRd�J´_¦JLd#]CkR_¦JL]z_Nc2M%±�bCf2{^J[VRZ<�¢kBb2M^Z Q&{uVR]zZ[MuVlbz_ak¾V¢}oMPK
O
¡�KNko]2�*M^d4_aJL�¾Vl_NMAkR�¦_Nc2M " {^ko]2d4_sVR]`_ " koKxMP}RM^] " MP�°M^{P_NJL}RM " # }lVRZLf2MRE � _¢_Nc2MAdaVR��M³_NJ[��MRQ�_ac2M
{^M^]`_NKaVRZ�}lVRZLf2M�kR� .�6 §¤koK .0'�¬ J[d � VRb2ZLO¾KNMP{^ko]2d4_aK
f2{P_NM^b�E

��_#J[d=f2]�Vu}RkoJ[b�V � Z[M~_ak��oMP_¦dNko��M%VR� � JL�of2JL_NJ[MPd7¡�c2M^]z_aK
OBJL]2�¢_Nk¢±2_¦V¢��VlK
_aJL{^f2Z[VRK ±�b2fC{^J¥VlZ�{Pkod4F
�¢koZLko�ROz¡�JL_ac�_acCM " ¡�K
ko]2� " �¢kBb2MPZ�
¾��]�_acCM¢�¤koZLZ[k�¡�J[]2�CQ�¡7Mx¡�J[ZLZ�{uVRZLZ½_ac2JLd%�2K
k � ZLM^� _acCM " � J¥VRd
�2KNk � Z[M^� " E q&kRK��2KNMPdNMP]g_�¨Cª b�Vl_aVCQ<VRd�¡�JLZ[Z � MxdNc2k�¡�]�Q<_acCJ[d�egf2MPd
_aJLko]*J[d�]2kR_hV¯{Pko]2{^MPKN]�VRd�_ac2M
d
_sVX_aJ[d4_aJL{uVRZ&M^K
KNkoK
d ko]¯��kYbCM^Z���VRKaVl�¢My_aM^K
d7d4_sVuO9Z[VRKN�oM=b2f2M#_ak�_acCM�Z[JL�¢J´_aM^bxd4_sVl_NJ[d
_NJ[{Pd^E���]9_acCM��°MPK4F
dN��M^{P_NJL}RM¦kR����f2{sc9K
J[{sc2MPK ¨Cª daVl�¢�2ZLM^dPQg_Nc2J[d � J[VRd��CKNk � ZLM^� {^VR]2]2kl_ � M¦JL�o]2koK
M^b�E�®�M#VRb2b2K
M^d
d7_ac2M
�2KNk � Z[M^� J[]³V���koK
Mhegf�Vl]g_NJL_aVl_aJ´}oM�¡ VuO¯_Nc�VR]A_ac2M%VRfC_Nc2koKNd=kR�*�¸vRv<�5¡�c2J[{sczc�Vu}oM%ko]2ZLO¾{^ko]CdNJ[bCM^KNMPb
dNko��M¢d
�°MP{^J´±�{¾{PZ¥VRd
dNM^d%kR� ��kBb2M^ZLd^E¯��]�_Nc2J[dh��VR��M^KPQT¡�M¾JL]g}RM^d4_aJ[�oVl_aMx_ac2M��¤f2Z[Z��2VRKaVR��MP_NM^KhKaVR]C�oMRQ
J[]£V���kYb2MPZ�J[]2b2MP�°MP]2b2MP]g_¾¡ VuOoQ _Nk�egf�VR]`_NJL�»O ¡�c2M^K
Mz_Nc2M�� � J¥Vld���{^K
MuVl_NM^d9��kR_aMP]`_aJ¥VlZib2JON�{^fCZL_aJLM^d
VR]2b�¡�c2MPKNM�J´_�{uVl] � M J[�o]2kRKNM^b�E¦®�M VRZ[d
k9MP}lVRZLf�Vl_NM%_acCM�J[����VR{y_¦kR���CKNJ[kRKNd#¡�cCM^]�ko]2Z´O­¨Yª:��MuVXF
dNf2K
M^��M^]`_ad~VRK
M�f2d
M^b�Eh®�M��RMP_~V9c�Vl]2b2Z[M ko]­_ac2M���kod
dNJ � Z[M � J¥VRd�JL]`_aKNkBb2f2{PM^b JL]�_ac2MxVl]�VRZLOBd
J[d � O
Z[kBko�gJ[]2�¯VX_h_Nc2Mxb2JL�°M^K
M^]`_hc`OY��kR_Nc2M^d
J[d~¡�c2J[{sc�VRKNMxb2kR]2M�Vl_�_ac2M�±2_
_aJL]2�¯�¤f2]2{P_NJ[ko]�ZLMP}oMPZ©E� �M^dNfCZL_ad
VRKNM��2K
M^d
M^]`_aMPb­J[]¯_acCMh�2VRKaVR��MP_NM^Kid
��VR{^MhkR��_ac2M�±�bCf2{^J[VRZ���kYb2MPZ[d ¡�M~c�Vu}oMhdNJ[� f2Z¥Vl_NM^b�E

UicCJ[d@��VR��M^K�J[d�koK
�`VR]2JL�^M^b¢VRd��¤koZ[ZLk�¡�d^E>��]¾¨YMP{P_aJLko]¯v�¡�M#K
M^{uVlZ[Z�_ac2Mi_Nc2M^koK
MP_NJ[{uVlZ�bCM^dN{PKNJL�C_aJLko]¢kl�
_ac2M��¾VR�R]2JL_Nf2b2MyF�KNMPb2dNc2J´�»_<b2J¥Vl�oKaVR� �¤kRK�d
f2��M^KN]Ck�}lVRM VR]2b ¡�M7�2K
M^d
M^]`_½_acCM7MyWY��M^K
J[��M^]`_sVRZBdNJ´_af�VX_aJ[kR]�E
®�M�JLb2M^]`_NJL�»O�_ac2M�K
M^ZLMP}lVR]`_i��VRKNVR��MP_aMPKNd7¡�cCJ[{scAM^]`_aMPK�VRd _acCM���VRKNVR�¢My_aMPKNd kR�<_Nc2M¦±�b2fC{^J¥VlZ���kYb2MPZ[d
VR]2b¯¡7Mhb2My±�]2M~_ac2M � J[VRd ¡�c2J[{sc³{^kRf2Z[b � MhJL]`_aKNkBb2f2{PM^b � O9_ac2M�±2_
_aJL]2�x�2KNkB{^MPb2f2KNMlE

��] dNMP{P_NJ[ko] tCQ¦¡�M �¤kY{Pf2dAko] _ac2M�M0WY_NKaVR{y_aJLko] kR�%_Nc2M*��kg¨ �2VRKaVR��MP_NM^K #��uE ®�M�J[ZLZ[f2d4_aKaVX_aM
_ac2Mx{^kR]C�¤f2dNJLko]�{^K
MuVl_NM^b � O _Nc2M � J¥Vld�ko]�MyWCVR���2Z[MPd^E�Uic2MP]�¡�M¾VR]2VRZLOB�^M�_Nc2MxJ[����VR{y_�kR� � J¥VRd�kR]
dNJ[� f2Z¥Vl_NM^b%b�Vl_sV�¶<¡�Mi{^ko]2d
J[b2MPK½�¤fC_afCKNM d4_sVl_NJ[d
_NJ[{^VRZYdNVR���2Z[MPd½{^koK
KNMPdN��ko]2b2JL]2��_akh¨Cª � S�Qg¨Cª;9�¨�VR]Cb
VRZ[d
k�V daVl�¢�2ZLM¦{PkoKNK
M^dN��ko]2bCJ[]2��_Nk��2KNMPdNMP]g_=b�VX_sVCE>®�M¦_NK
O¾_Nk ±�]2b9_Nc2M�daVX�¤M^d
_7¡ VuO¾�¤kRK7MyWB_NKaVR{y_aJ[]C�
VR]¾My��MP{P_aJ´}oM # �¤K
ko� _ac2M#b�Vl_aVh¡�JL_Nc¾��J[]2JL��f2� � J¥VRd@VR]2b¾�¢JL]2J[��fC� �2K
J[koK
d^E � f2K@dNf2���¢VRK
O�VR]Cb
{^ko]2{PZ[f2d
J[ko]Cd�VRKNM~�oJ´}oM^]³J[]³¨BM^{P_NJ[ko]³º2E



t

� ����� ���	�
� �5��� � ����
���
?��	 �����;� ���;�B�8
�
����,��
�� ��� �����

����� � ��� �! ¦$ �<�&�41���	7�2��6�.0����1��5� �@���
Uic2MAd
_afCb2J[MPd¢�2K
M^d
M^]`_aMPb�J[]�_acCJ[d���VR��M^K�VRK
MA�°MPK
�¤koK
�¢MPb ¡�J´_ac dNJL��f2Z[Vl_aMPb+d
f2��M^KN]Ck�}lVRM³daVl�¢�2ZLM^d
¡�JL_ac�d
_sVX_aJ[d4_aJL{^dhM^egf2JL}lVRZLM^]`_ _Nk�¡�c�Vl_ ¡7M9M0WY�°MP{P_�_akzc�Vu}oM¯JL]�_ac2M��¤fC_afCKNMREz®�M9{Pko]2{PM^]`_aKNVl_aM9kR]
_ac2K
M^M=dNMP_Nd7kR��b�Vl_sV�¡�c2JL{sc9dNJL��f2Z¥VX_aM _acCM¦d
_aVl_aJLd
_NJ[{uVlZ2�°k�¡�M^K�kR��_acCM#�2K
M^d
M^]`_�VR]2b��¤fC_afCKNM=b�Vl_sVYE>®�M
¡ VR]`_~_ak³M^���2c�VldNJ[�PM�_ac2MxJ[����koK
_aVR]2{^M kR�7_Nc2M��¤fC_af2K
MxdaVR���2Z[M�kl� dNfC�°MPKN]2k�}lVRMx_sVR�lM^]*ko]��RKNkof2]Cb
¡�c2J[{sc�VRKNM�ZLJ[��JL_NM^b � O­_Nc2Mxd
OBd
_NM^�¢Vl_aJL{^d~J[]Cc2M^K
M^]`_~_ak¯_ac2JLd~VR�2�2K
k`VR{sc � fC_%VRK
M�d
_aVl_aJLd
_aJL{uVRZLZLO³ko]2M
koKNb2MPKikR�½�¢VR�o]CJL_afCb2M��oK
MuVl_NM^K _ac2VR]³_Nc2M~�2KNMPdNMP]g_#daVl�¢�2ZLMRE

E ®�M�K
M^�2K
kYb2fC{^M#_Nc2M��2f � ZLJ[d
c2M^b¢b�Vl_sV~kR��STMPKNZ[� fC_N_NM^K@MP_�VRZ©E��¤KNko� �Àº�� E>®�M=_aVR�RM=b2JLKNM^{y_aZ´O�_ac2M
MP�°M^{y_aJL}RM¾�¢VR�o]2J´_af2bCM�kl�7_acCM¾daVl�¢�2ZLM�tzkR� _Nc2J[d~��Vl�°MPK^QT¡�cCJ[{sc {PkoKNK
M^dN��ko]2bCd%_ak��on­¨Yª#�,VCQ
{^koK
KNMP{P_aMPb��¤KNkR��¹ {^koK
KNM^{y_aJLko]2d^Q�MyWB_NJ[]2{y_aJ[kR]�VR]Cb�d
_NKNMy_a{sc+§¤_Nc2M%}lVRZLf2M^d#VRK
M%�oJ´}oMP]�J[]³UTV � Z[M
t�kR���Gº��¥¬yE�Uic2MhM^K
KNkoK
d�ko]A�¾VR�R]2JL_Nf2b2M�}lVRK
O¾J[]¯_acCMhKNVR]2�oM �ÀnCE´r �XF,nYE vov��©E

E ®�M�d
J[��f2Z[Vl_aMid
ko��M��¤fY_af2K
M#b�VX_sV~{^ko��J[]2���¤K
ko� �oK
kof2]2b¢dNf2K4}oMyO¾Vld@_Nc2M�Z¥VRK
�oM=¨Cª;9�¨xdNf2K4}oMPO
Vl_ \ q �=U � � �©E Uic2J[d~dNfCK
}oMyO*c�VRd�d
_aVRK
_NM^b*J[]�vRnonRt¯VR]2b�_ac2MxM^d4_aJL�¾Vl_NJ[ko]­Vl�»_aMPK � ORMuVRK
d%kl�
KNf2]C]2J[]2�~JLd½_ak~KNMP�oJ[d4_aM^K�V~daVl�¢�2ZLM kR��pRnon�J[bCM^]`_aJ´±�M^b¾¨Cª#�,V�JL]x_Nc2M�KNMPb2dNc2J´�»_@KaVR]2�RM�nA@·t#" =$"
roET®�M�dNJL��f2Z¥VX_aMiV~daVR���2ZLM�VRd�KNM^��koK4_aM^b�J[]xUTV � ZLM�r=JL]�VR�oKNMPM^��M^]`_�¡�JL_Nc�_Nc2M�MyWY�°MP{P_NM^b¾KNVl_aM
kR�>� � � E=®�M�VldNdNfC�¢M V¢�¢VR�o]2J´_af2b2M~b2JLdN��M^K
dNJ[kR]�kR��nYELr � �¤koK=MuVR{sc­d
f2��M^KN]Ck�}lV¯VR]Cb�{^kR]2d
_aVR]`_
J[]¯K
M^b2d
c2JL�»_#Vl�»_NM^K�VRZLZ�{^koK
KNMP{P_aJLko]2dPE

E ®�M�d
J[��fCZ¥Vl_NM b�Vl_aV9�¤KNko� V¾�¤fC_af2K
MxdN��VR{PMx�¢JLdNdNJLko]­ZLJ[�RM�¨Cª � STQ�¡�c2JL{sc��2Z[VR]2d¦_NkAb2J[d
{^k�}oMPK
VRKNkRf2]2b�vRnononxJ[b2MP]`_aJL±2M^b ¨Yª#�,VCQ�Vl_=KNMPb2dNcCJL�»_¦nCE v%" =&"~roE p�¡�JL_Ncz}RM^K
O³�2K
M^{PJ[dNMh�2c2kl_ako��MP_NK
O
VR]2b%dN��M^{P_NKNkod
{^ko�`ORE�Uic2Mi¨Cª+b2J[d4_aK
J � fC_NJ[ko]hJ[d��oJ´}oM^]%J[]%U>V � Z[M=rg§¤�¤K
ko� � ruº��»¬0E>Uic2M��¾Vl�o]2JL_Nf2b2M
b2J[d
�°MPKNd
J[ko]¯JLdiVRdNd
f2��M^b¯_ak � M�{^ko]2d4_sVR]`_=VR]Cb³JL]2b2MP�°MP]2b2M^]`_=kR�<_acCM�KNM^bCdNc2J´�»_=Vl_�nCE´r � �¤koKiVlZ[Z
¨Cª �¼d�Vl�»_NM^K�{PkoKNK
M^{y_aJ[kR]�E � ] dNko��M�d4_af2b2JLM^dPQ�¡7M�JL]2{^ZLf2b2Mh_ac2M�My��MP{P_~kR�@Vlb2b2J[]C�¯V¾{^kR]2d
_aVR]`_
VR]2bAf2]2{PkoKNK
M^Z[Vl_aMPbzJL]³K
M^b2d
c2JL�»_�d4OBd
_aMP�¾VX_aJ[{~MPKNKNkRKikR�½nYE·n`v�ko]A_acCMh�¢VR�o]CJL_afCb2MRE

� d
MP_7kR�5tonRn~}RM^K
Ox¡�M^ZLZ�{^VRZ[J � KaVX_aM^b¢¨Y]C�,V Vl_@KNMPb2dNcCJL�»_'" nA@´r#d
c2kof2ZLb � M#��MuVldNf2K
M^b � Ox_acCM#JL]2{^ko��F
J[]2��¨Cª��²Vl{P_akRK
O9�CKNk)(
MP{P_?�¸vlt<� E@UicCJ[didaVl�¢�2ZLM�J[di]CM^M^bCM^bA_akx]2koK
�¾VRZLJ[�PM#_acCM �#f �2� Z[M�b2J[VR�oKaVl� VR]Cb
¡�J[Z[Z � M~{^VRZ[ZLM^b¯J[]¯_Nc2M��¤koZ[ZLk�¡�JL]2� _Nc2M " ª#M^VRK � O " dNVR���2Z[MlE
� " ¨Cª � S " § " ¨Yª;9�¨ " ¬ daVl�¢�2ZLM��¢M^VR]2d=J[]¯_acCJ[d���VR��M^K=VxdNJ[� f2Z¥Vl_NJ[ko]¯kl�>_acCMhd4_sVl_NJ[d4_aJ[{Pd�MyWY�°MP{P_NM^b
�¤KNko� _Nc2M9¨Yª � S ZLJ[�RM���J[dNd
J[ko]/§ " ¨Cª;9�¨ " dNf2K4}oMPOC¬%{Pko� � JL]2M^b*¡�JL_Nc�_acCM9tononA]2M^VRK � O ¨Cª �¼d^EAU�k
�¾VR�lM�kof2K¦�°koJL]`_�{^ZLMuVRKPQ°¡�M�b2k¯]2kR_¦{^ko]CdNJ[bCM^K�J[]z_ac2M��CKNM^d
M^]`_aMPb�d4_af2bCJ[M^d�_Nc2M�M0WC��M^K
J[��M^]`_sVlZ>d
OBd,F
_aM^�¢Vl_NJ[{�MPKNKNkRKNd^Q�fC]2Z[MPdNd�kR_acCM^K
¡�JLdNM~dN��M^{PJL±�MPb�E

* +-,/. +-,/0 +-,21 +-,/3 +-,/4 +-,65 +-,/7 +-,/8 9�,:+ 9�,;9 9�,/. 9�,/0 9�,21 9�,/3 9�,/4 9�,65
<>=@?!< A 1B1 3B4 7�+ 8B4 9C+B+ 9C+�1 9C+D7 A A A A A A A A
<>=@EGF 0B3 4H1 8B3 9I.H1 9I3�+ 9J5K9 9I7B0 9J5�8 9J5H+ 9I3B3 9L1). 9I0�+ 9B9I8 9C+)5 8H1 7�+
U>V � Z[M9ro¶'MONKPRQTSCUWVDX�Y[Z\P]NK^`_TabSdcRY�NHe�SLUfMgVKhJ_iSjQJk�QlZmM
VDX�n>omp�ZmM�UJSdciYfqTZ\XbaGXrVDUtsTu�vwsx_lMgcysTu�z|{
UJSCYre�Sd}Da~Z�hDSL^;kio



º

����� � ��� �2���<�������2���5��6�.0����1��5� �@���
��]*_Nc2Mxd
_sVl]2b�VRK
b�q�KNJLM^b2�¢VR]2]BF  �k � MPKNd4_ako]YF©® VlZ[�RMPK¦��MP_NKNJ[{lQ�_ac2M�VR�C��VRKNMP]`_%�¢VR�o]CJL_afCb2M�kR�7VRd
_NKNklF
�2c`OYd
J[{^VRZ5k � (
MP{P_ad={uVl] � M~MyWY�2KNMPdNd
M^b VRd=V��¤f2]2{y_aJLko]AkR�T_Nc2M~Z[f2��J[]CkodNJ´_�O¾b2JLd
_aVR]2{^Mx¶

� § =`¬ % �������
	 ��§���
C¬ 7�����4 �������
	 ��§�� � )��^¬ 7£v � % ��� 7 ��������	 ��§���
2¬ §4r�¬
¡�c2M^K
M���� JLd=_Nc2M�V � dNkoZLfC_aM~�¢VR�o]2J´_af2b2M~kR��¨Cª#�,VCQ����i�¢V�O � M {Pko]2d
J[b2MPKNM^b­VRd¦V�]2koK
�¾VRZLJ[�^Vl_aJLko]
��VRKaVl�¢My_aM^K%VR]2b���
�§ =`¬ � §�� � )!�P¬ �"
�§ =`¬hJ[d%_Nc2M#� ��$&% K(' L&) L K(' L K+*�ZLf2�¢JL]2kod
JL_�O b2JLd
_aVR]2{^M�_ak Vl]
k � (
M^{y_#Vl_�KNMPb2dNc2J´�»_C=CE���_#JLdiKNMPZ¥Vl_NM^b¯_ak�_acCMh{Pko��k�}BJL]2�xb2J[d4_sVR]2{PM-,2§2=`¬ � O��
�§ =o¬ % §4r 7 =`¬.,2§2=`¬yQ�¡�c2MPKNM

,C§ =`¬ %
/001 002

	3 4�5�6 d
J[]5§87 4C.:9�;<¬ �!.:9 "/n;�� .:9C% n	3 5�6 d
J[]2c<§ 7 .:9<;5¬ � .:9-=/n
§©vo¬

¡�J´_ac .:9 % r 4 .?> 4 .0'�� r 4 .A@ � § t`¬; % B�C� � ���§2=�D´¬ � = D §²ºg¬

VR]2b E ��§2=`¬� �GFIH % §4r 7 =o¬�J .?>�7 +,'�§ =`¬
+,'~§ n`¬ .0' 7 §4r 7 =o¬ H .:9
� § � ¬

¡�JL_ac +,'�§ =`¬
+,'�§ n`¬ % M0WY�LK tAB C� §,r07 #�§2= D ¬
¬ �¢Z[]5§,r 7 = D ¬8M § �`¬

ª=kR_aM�_Nc�Vl_i¡�M%c�Vu}RM%]2MP�oZ[MP{P_NM^bA_ac2M~KaVlb2J¥Vl_NJ[ko]¾{^ko���°kR]2M^]`_C.ONTE
PRQSPTQ�U V WYX[Z �]\ X_^ �a`T�u� Z�bYc�^&deb �R� Z�X(b
� ±C_N_aJL]2�A�¤f2]2{P_NJ[ko]*J[dhVR]*MyWY�2K
M^d
dNJ[kR]��¤koKf��§ =o¬�JL]*_NM^K
�¢d~kR� V³]gf2� � M^KhkR�7��VRKaVl�¢My_aM^K
d^Eg��§ =`¬
J[dhf2dNf�VlZ[ZLO­MyWY�2KNMPdNd
M^b J[]*_aM^K
�?kR� _acCM¾{^kRdN��koZ[ko�RJ[{uVlZ>��VRKNVR��MP_aMPKNd%{^ko]`_sVlJ[]2MPb�J[]���e�E[§ � ¬�� r � Q@r �YQ
r�pBQ�ruwCQ�r�mYQ&vRnYQ�vYr�� � fC_�kR_acCM^Ki��kodNd
J � JLZ[JL_NJ[MPd�K
M^ZLOBJL]2��ko]¯�oMPko�¢My_aK
J[{uVlZ���VRKNVR��MP_aK
J[�^Vl_aJLko]2d@koK�VRK � J´F
_aKaVlK
O�VR]2daVX_a��c�Vu}oM � M^MP]��2K
ko��kodNMPb �¼vlº<�©E%��]�_Nc2J[d¦��VR��M^K^Q�¡�MxVRb2kR�C_�_ac2M�±2KNd
_hVl�2�2KNkoVR{sc ¡�c2M^K
M
_ac2M¢{^kod
�¢koZLko�oJL{uVRZ���VlKaVR��MP_NM^KNd%c�Vu}oM¯Vzb2J[K
M^{P_ �2c`OBdNJ[{^VRZ7JL]`_aM^K
�2KNMy_sVl_NJ[ko]*¡�JL_Nc2J[]��~MP]2M^KNVRZ* �M^Z[VXF
_aJL}BJ´_�OoE ® J´_ac�dNf2{sc�VR]�VRZ´OBdNJ[dPQ�_ac2Mx{Pko]2d
_NKaVRJL]`_adhVRKNM�VRJL�¢MPb­_ak � M���kBb2M^Z½JL]2b2MP�°MP]2b2M^]`_%VR]2b*{uVl]
� Mhf2dNMPb­�¤koK=J[]`}oMPd
_aJL�`Vl_NJ[ko]³kR��V�Z¥VRK
�oM�}RVlKNJ[My_�OAkR��������kYbCM^Z[dPE �#k�¡�MP}oMPK^Q�¡�M�c�Vu}RM%_ak¢{sc2kBkodNM V
��VRKaVl�¢My_aKNJL�uVl_NJ[ko]¢�¤koK _ac2M�_NJ[��Mx§²koKiK
M^b2d
c2JL�»_s¬7}RVlKNJ¥VX_aJ[kR]9kR��_ac2Mh��kg¨°E

UicCM�{Pf2KNK
M^]`_���VRKaVl�¢My_aKNJL�uVl_NJ[ko]Cd�kR� #�§ =o¬�¡�cCJ[{sch{uVR] � M½�¤kRf2]2bhJ[]�_ac2M�ZLJL_aMPKaVl_Nf2KNM½VRKNM�_acCM@ZLJ[]2M^VRK
ko]2M�� r�p<�©¶:#�§ =`¬ % #��57 # 	 =ih>_acCM�kR]2M�VRbC}okB{uVX_aM^b � O�9<JL]2b2MPK-�¼v � ��¡�JL_ac�V � My_N_aMPKhVRd
OB���C_akR_NJ[{
� MPc�Vu}YJLkoK�¶>#�§2=`¬C% #��57 #Oj =,)2§4r 7 =o¬kh�VR]2b�VRZLdNk�#�§ =`¬>% #��04ml�Z[]<§,r�7 =`¬#�¤K
ko� �¸vRn��½¡�c2JL{sc
J[d VlbC}okB{uVl_NM^b¯_ak b2M^d
{^KNJ � M~V%Z¥VRK
�oM¦dNVR�¢�CZ[M¦kl�<eBfCJ[]`_aMPdNdNMP]2{^Mh��kYb2MPZ[d@{sc�VRKNVR{P_NM^KNJL�^MPb � O9V%¡7M^VR�gZLO
}RVlK
OBJ[]2�9��k`¨°E°®�M�{sc2kBkodNM _Nc2M�Z[JL]2MuVlK#ko]CM ¡�c2J[{sc*VRZLZ[k�¡�d#_Nk9{^kR�¢��VlKNM���kod
_¦MuVRd
J[Z´O³_Nk¯�2KNMy}BJ[kof2d
¡7koK
�gd^E@��]A_Nc2J[d�{^VRdNMlQ&��e&E[§ �`¬ � M^{Pko�¢MPd^¶

+,'�§ =`¬ % +,'�§ n`¬on J8p+q C §4r 7 =`¬ Jsr 	�t p�u 4 p_q�v §©po¬

ª#MP}RM^K4_ac2MPZ[M^d
d^Q�kofCK7KNMPdNf2Z´_adiVlKNM�MPdNdNMP]`_aJ¥VlZ[ZLO�JL]2b2M^��M^]Cb2M^]`_ikR�5_Nc2M�{sc2kRJ[{^M¦kR�5_ac2JLd7��VlKaVR��MP_NKNJ[�^Vl_aJLko]
dNJ[]C{^M�_acCM�KNM^bCdNc2J´�»_�KaVR]2�RM�kR�T_Nc2Mh¨Cª b�VX_sV�J[d ZLJ[��JL_NM^b¢_Nk�= " v�Vl]2b³_Nc2M�dNMP]2dNJ´_aJ´}YJ´_�O9kR�<_Nc2M~b�Vl_sV



�

ko]�#�§2=`¬#{^kR]2{^MPKN]2d��¢VRJ[]CZLO¯_acCM�}RVlZ[f2MPd¦_sVR�lM^] � O # Vl_�KNMPZ¥Vl_NJL}RM^ZLO³ZLk�¡3K
M^b2d
c2JL�»_Nd:=�� nA@·v�4£nA@¸º
§¤_acCM " d
¡�M^My_¦d
�°kR_ " kR��� r�wCQ�r�pBQ�vYr �»¬�¡�cCM^KNM%VRZLZ���VRKNVR��MP_aK
J[�^Vl_aJLko]2d7K
M^b2fC{^MhKNkof2�Rc2ZLO�_ak�_acCMhZLJ[]2M^VRK
ko]2MRE

qTJ[]�VRZLZLORQ`]2kR_aM=_ac�VX_7��kYbCM^Z[d�¡�JL_Nc¾]2kR]YF�_NKNJL}BJ[VRZ2}lVRKNJ[Vl_aJLko]2d�kR��_Nc2M���kg¨ #�§ =`¬0QYZLJ[�RM�_acCM��2dNMPf2b2klF
�okoZ[bCd
_akR]2M#��kBb2M^Z�kR�<KNMy�,E �¼v����©QY{uVR]2]CkR_ � M�b2MPdN{^K
J � M^b � O¢dNf2{sc¯��VlKaVR��MP_NKNJ[�^Vl_aJLko]2dPE \ ko]2d
M^egf2MP]g_NZLORQ
kof2K�VR]�VlZLOBdNJLdib2kYMPd�]2kR_=VR�2�CZLO9_Nkx_Nc2J[di�gJL]2bzkl�>��kYbCM^Z[dPE

UicCM^KNMy�¤koKNMlQ�±2}oMh��VRKNVR�¢My_aMPKNdic�Vu}oM~_ak � M�±2_N_NM^b³J[]¯_ac2M~��kod
_��RM^]2MPKaVRZ5�2K
kY{PM^b2fCKNMR¶��� � .�6 � .0' � #���� # 	 E
PRQSPTQSP V WYX[Z �]\ X_^ �a`�� d � Z ����� X �e\��
®�M~b2My±�]2M�±�b2f2{PJ¥VRZ5��kBb2M^ZLd7¡�c2J[{sc³b2MP�°MP]2b�ko]A_acCMh�2VRKaVR��MP_NM^K
d �
	� � .�	 6 � .�	' � #�	� � #�	 	 E

��]£koKNbCM^K¢_Nk��lM^MP��_ac2JLd¢��Vl�°MPK¢{PZ[MuVlK^Q�¡�M­{Pko]2{^MP]`_aKaVX_aM�kR]£_acCMz{^VRdNM³¡�c2M^K
M�_ac2M³��VRKNVRb2JL�o�
.A@ % r#J[d�}oMPKNJL±2M^b � Ox_ac2M=±�b2f2{PJ¥VRZ&��kYbCM^Z[dPE>Uic2JLd@}lVRZLf2M=J[d@J[]¢VR�oKNMPM^��M^]`_@¡�JL_ac�_ac2M#J[]A��Vl_aJLko]�VRK4O
��VRKaVlb2J[�o��Vl]2b JL_#J[d#dNf2�2��koK4_aM^b � O³_ac2M�VR]�VRZ´OYd
J[d#kR��_ac2M KNJ[{sc­VR�¢kRf2]`_�kR��b2Vl_sV¢�¤K
ko��_ac2M \ H��
�¸p<� E�. 	' J[d�_Nc2M^]¢]2k%ZLko]2�oMPK��¤KNM^M%§2. 	' %3r 4 . 	 6 ¬�VR]2b�QgJ´��]2kl_7d4_sVl_NM^b¾kl_ac2MPK
¡�J[d
MRQ`_acCM#��VlKaVR��MP_NM^KNd� 	� Vl]2b . 	 6 VRK
M�±CWYM^b­VX_u¶I� 	� % 4#tA@ �¢VR]Cb�. 	 6 % nA@¸tCE

��_�_af2K
]2dikofC_�_ac�VX_ ��� � MPJ[]2��V ]2koK
�¾VRZLJ[dNVl_aJLko]x��VRKaVl�¢My_aM^K�§²d
M^M�MPe�E[§4r�¬N¬yQY_ac2M#{sc2kodNMP]¯±�b2f2{PJ¥VRZ
}RVlZ[f2M �
	� c�VRd=]2k¾JL]A��f2MP]2{^M%ko]�kofCK={Pko]2{PZ[f2d
J[ko]2dPEiUic2M~}RVlKNJ¥VX_aJ[kR]³bCf2Mh_Nk¾b2J´��MPKNMP]g_;.�	 6 }lVRZLf2M^d
c�VRd � M^MP]+JL]`}oM^d4_aJL�`Vl_aMPb�E����>. 	@
�% roQ�J´_�VR�2��MuVlKNd _Nc�Vl_�kofCK�KNMPdNf2Z´_ad�{^VR]�{sc�VR]2�RM¯dNJ[�R]2JL±�{^VR]`_aZ´OoE
� ]�VRZ´OBdNJ[dikl�>]2kR]YF �&VX_��¢kBb2M^ZLd ¡�J[ZLZ � Mh�CKNM^d
M^]`_aMPb�MPZ[dNMy¡�c2M^K
M �¼vop�� E

U�k��¤kY{Pf2diko]¯_acCM�b�VRKN�¢M^]2MPKN�RO9�¢M^VRdNf2K
M^��M^]`_uQ2¡�M��2K
ko�°kRdNM�_ak�d
{uVR]zV�Z¥VRK
�oM¦}lVRK
J[MP_�O¾kR�<±�b2fYF
{^J¥VlZ½�¢kBb2MPZ[d�VRdhV¯�¤f2]2{y_aJ[kR]*kl��_Nc2Mx{^kof2�CZ[Mz§2#�	� � #�	 	 ¬yE�®�Mxc�Vu}oM�dN{uVl]2]2M^b*_ac2Mx�2Z[VR]2Mz§2#�	� � #�	 	 ¬
§²c2MPKNMuVX�»_aM^K¢b2M^]CkR_aMPb � O���¬x�¤koK�_ac2M³}lVRZ[f2MPd�4¦v " #�	� "8n�VR]Cb 4�v " #�		 " vYE ®�M���VuO
��VRK
_NJ[{Pf2Z¥VRK�VX_N_aMP]`_aJ[kR]³_Nk�_Nc2M K
M^b2f2{PM^b­�CZ¥VR]2M����+VldNdNkB{^J[Vl_aMPbz_Nk�_Nc2M%KNVR]2�oMPd�4hr�" #�	� " n¢VR]Cb
4%r " #�	 	 "�roQC¡�c2JL{sc�KNMP�2KNMPdNMP]g_Nd�V�KNM^VRdNkR]�V � ZLMh{PZ¥VRd
dikR�>_Nc2M^kRKNMP_NJ[{^VRZ���kYb2MPZ[dPE���]2b2M^MPb�Q&J[]A��kod
_
kR�2_acCM �¢kBb2MPZ[dTV�}lVRJLZ¥V � Z[M�J[]h_ac2M7Z[JL_NM^KNVl_af2K
MRQXZ[JL�RM�_ac2M egf2JL]`_aM^d
dNMP]2{^Mi��kYbCM^Z[d0� ror�� Ql_acCM7¡7M^VR�hM^]2MPKN�RO
{^ko]2bCJL_aJLko]�# 	� = 4hr¢JLd�daVl_NJ[d
±2M^b/§²dNMPM¢MlE¸�CE��¼vRw��»¬0E�UicCMPO*VRZLdNkA�°kRdNdNMPdNd%J[]��oM^]CM^KaVlZ�VAK
M^Z[Vl_aJ´}oM^Z´O
¡7M^VR��=9bCM^��M^]2b2MP]2{^M��¤koK�_acCM���kg¨ �¼vRnCQ�r�p<� E �#k�¡�MP}RM^K^Q�¡�M�{Pko]2dNJLb2M^K#_ac2Mh�¤f2Z[Z<�2Z[VR]2M��µJL]�koK
b2M^K
_ak�JL]2{^ZLf2b2M�JL]9kof2KiVl]�VRZLOBd
J[d ��koKNM#MyWYkR_NJ[{���kYbCM^Z[d@¡�c2J[{sc9}BJLkoZ¥Vl_NM#_Nc2M¦¡�MuVR�9MP]2M^K
�RO9{Pko]2b2J´_aJLko]9koK
¡�c2J[{sc¯VlKNM=b2M^d
{^KNJ � MPb � O¢V%��kYb2J´±�M^b¢q�KNJLM^b2�¢VR]2]�M^egf�Vl_NJ[ko]¢koK � O¢Vh�¢kBb2JL±2M^bx_ac2MPkoK
O�kR�5�RKaVu}BJL_�O
§¤¡�MhK
MP�¤MPK�_Nk��¸vRm<�5�¤koK�V�KNM^{PM^]`_#Z[J[d4_ikR�T�¢kBb2MPZ[d�VR]2bAK
MP�¤M^K
M^]2{PM^da¬yE

PRQSPTQ�� � W \ `��u� Z�bYc ��\`� WYX �
UTk¦VR]�VRZ´OYd
M�_Nc2M�§¤dNJ[� f2Z¥Vl_NM^b&¬�b�VX_sVCQRV#��J[]2JL�¢JL�uVl_NJ[ko]#�2KNkB{^MPb2f2KNM7c�VRd � M^MP]�f2d
M^b �Àton<� E � d
_sVl]2b�VRK
b
q>J[d
c2M^K��¢Vl_NKNJ´W¦VR�C�2KNk`Vl{sc VRZLZ[k�¡�d�V �²VRd4_<M^d4_aJ[�¢Vl_NM½kR�g_ac2M��2VRKaVR��MP_NM^K�MPKNK
koKNdPE>Uic2JLd5�¢My_ac2kBb�J[d�cCk�¡ F
MP}oMPK>ZLJ[��JL_aMPb~VRd�JL_<b2kBM^d�]2kR_�OBJ[M^ZLbh_Nc2M@{^M^]`_NKaVRZg}lVRZ[f2MPd<kR�2_acCM@±2_
_aMPb ��VRKNVR��MP_aMPKNdPE>Uic2MP]%¡�M VRb2kR�C_uQ
f2]2Z[MPdNd�d
�°MP{^JL±2M^b�Q7V­�¢JL]2J[��J[�^Vl_aJLko]��CKNkB{^M^bCf2KNM � VldNM^b+ko]+V Z[M^VRd
_�d
egf�VRKNM³��MP_acCkYb�E�Uic2MAZ[M^VRd
_
dNegf�VRK
MiM^d
_NJ[�¢Vl_akRKNdTVRKNM bCMP_aMPKN��J[]2MPb � O _acCM �¢JL]2J[� f2� kR�&_acCM�� H % § � 4 � § =�� . � #�¬ @�� 4 	 § � 4� § =�� . � #�¬
¬yQ2¡�c2MPKNM � % § � 	 @ @ @ ��� ¬7J[d7_Nc2M�}oM^{y_akoK�kR�T�¢VR�o]2J´_af2b2M#�¢M^VRdNfCKNM^��M^]`_Nd^Q[� § =�� . � #�¬
_ac2M {PkoKNK
M^d
�°ko]Cb2J[]2��}RM^{P_NkoK�kR���2K
M^b2JL{P_aMPb�}RVlZ[f2MPd�VR]2b � _acCMi{^k�}lVRKNJ[VR]2{^M7�¾Vl_NKNJ W kl��_Nc2Mi��MuVRd
f2KNMPb
�¾VR�R]2JL_Nf2b2M^dPE>Uic2M=M^K
KNkoK@ko]�{^kod
�¢kRZ[ko�oJL{uVRZY��VRKNVR�¢My_aMPKNd�J[d�M^d4_aJL�¾Vl_NM^b¢Vl_�_ac2M=��J[]2JL��f2� � O�f2d
J[]2�



�

_ac2M�±�KNd4_7kRKNb2MPK�MPKNKNkRK��2K
ko��VR�oVl_aJLko]�_aM^{scC]2J[egf2Ml¶�� % � @ � @ ��� ¡�c2MPKNM�� J[d�_ac2M=M^K
KNkoK@�¢Vl_aK
J´W�kR]
_ac2M~{^kRdN��koZ[ko�RJ[{uVlZ°��VlKaVR��MP_NM^KNd�Vl]2b � _acCM DoVl{^k � J[VR]AkR��_ac2M�_aKNVR]2d4�¤koKN�¢Vl_aJLko]�E

� �¤f2ZLZ � F���VRKNVR��MP_aMPK�±2_ § � F�±C_0¬�kR��_Nc2M�K
MuVRZ�koK�dNJL��f2Z¥VX_aM^b+b�Vl_aV��oJ´}oMPd¢_acCMz{PM^]`_aKNVRZ=}lVRZLf2M^d
VR]2b�M^K
KNkoK
d��¤koK¦_acCM�±2}oMx��VRKNVR��MP_aMPKNdPE���] _ac2M��¤koZLZ[k�¡�J[]C�2Q�_Nc2M�]2koK
�¾VlZ[J[�^Vl_aJLko]³��VRKaVl�¢My_aM^Kf���¦J[d
Z[MP�»_i�¤K
M^MhJ[]A_ac2M�±2_^Q&f2]2Z[MPdNd=dN��M^{PJL±�MPb�Q�Vld=J´_ad�{^kRKNKNMPZ¥Vl_NJ[ko]¯¡�J´_acA_ac2M~{^kRdN��koZ[ko�RJ[{uVlZ���VRKNVR��MP_aMPKNd=J[d
d
_aK
ko]2� � r�m�� E�UTkx{Pko]2d
_NKaVRJL]AVR{^{Pf2KaVX_aM^Z´O¾_Nc2J[di��VlKaVR��MP_NM^K^QB¡�c2J[{scAJLd7±CWYM^b³J[]¯��kod
_ kR�<_ac2M~��VR��M^K
d^Q
¡7M~f2d
Mh_Nc2M�}oM^K4OAZ[k�¡ KNM^bCdNc2J´�»_#d
J[��fCZ¥Vl_NM^b��Nª=MuVRK � O " daVR���2ZLM�kR�½tRnon�¨Cª%E

����� 	 �������5� ��.A��
��B���4	�� $���� �5�
�~"����
Uic2M^K
M~VRKNM�b2J´��MPKNMP]g_7¡ VuOBdi_ak�{sc2kBkodNM~V ±C_N_aJL]2���2K
kY{PM^b2f2K
MRE�����ko]2M�kR]2ZLO�¡ Vl]g_Ndi_ak���J[]2JL�¢JL�^Mi_ac2M
M^KNK
koKNd@ko]�_ac2M�±2_N_NJ[]2�h��VRKNVR��MP_aMPKNdPQCVhdNJ[���2ZLM�q>J[d
c2M^K�VR�2�2K
k`VR{sc¢dNc2kofCZ[b � M=dNfAN�{^JLM^]`_iVl]2b¾d
c2kof2ZLb
�oJL}RM�{^ko]C{^Z[fCdNJ[kR]2d b2MP�°MP]2b2J[]C��ko]9_ac2M¦J[]2J´_aJ¥VlZ2±2_ic`OB�°kR_Nc2M^d
J[dPE�ª=MP}RM^K
_Nc2M^ZLM^d
d^Q�VRd7¡�M�c�Vu}oMhVRZLKNMuVlbCO
M^���2c�VRd
J[�^MPb�Qg_ac2JLd7VR�C�2KNk`Vl{sc9J[d@±�b2f2{PJ¥VRZ&��kYb2MPZ&b2M^��M^]2bCM^]`_=VR]2b¢{uVR]9ZLMuVRb�_ak%dNko��M � J[VRd�_ac�Vl_@¡�M
¡ VR]`_@_akhegf�VR]`_aJ´�»OoE½Uic2MP]�QYVl�»_aMPK�V~�2K
M^dNMP]`_sVl_NJ[ko]¢kR��b2J´��MPKNMP]g_�q>JLdNc2MPK�KNM^d
f2ZL_Nd^Qg¡7M�¡�J[ZLZ2MyWY��kodNM=kof2K
d
_aKNVl_aMP�RO9_Nk�fC]2b2M^K
d
_aVR]2b­Vl]2bzM0WY�2Z[koK
M�_ac2M � J[VRdiJ[]`_aK
kYbCf2{^MPb � OAd
ko�¢M�±C_N_aJL]2��VR�2�2K
k`VR{sc�E

PRQ��TQ�U � W \�� Z � W \g�¾�����T� X ��� W
UTkA��M^K
�¤kRKN� V¯qTJ[dNcCM^K��¢Vl_aK
J´W­VR]�VRZ´OYd
J[dPQ5V9±�b2f2{PJ¥VRZ½��kBb2M^ZTJ[d�{sc2kod
M^]�VR]2b�±CWYM^b�E�®�M�_sVl�RM�_ac2M
" {^ko]C{^koK
b�VR]2{PMh��kBb2M^Z " }oM^K
dNJLko]zkl�T_Nc2M~dNJ[���2ZLM^d
_���Vl_�� \ �~H8�¢kBb2MPZ½¶

. 	 6 %�nA@¸t��D. 	' %�nA@·p��5# 	� % 4hr��D# 		 % n�¡�JL_Nc � 	� % 4¦tA@ �
®�M~{uVlZ[Z�_Nc2J[di��kYbCM^Z ��� �2JL]¯_ac2M��¤koZLZ[k�¡�J[]2�CE

��VR{sc���*�*�% K��-)�� I�� Ls'���� L7J[d�b2My±�]2MPb � OAV���VRK4_aJ[{Pf2Z¥VlK {sc2koJL{^M~kR��_ac2M~��VRKNVR��MP_aMPKNdi_ak � M�±2_N_NM^b�¶
KNM^bCf2{^JL]2��_ac2M�]gf2� � M^Kikl�T�2VRKaVR��MP_NM^K
d ¡�J[Z[Z°J[���2KNk�}RM¦_ac2M��2VRKaVR��MP_NM^KiMPKNKNkRKNdiJ[]9_Nc2M�±2_
_aJ[]C���¤f2]2{yF
_aJ[kR]�EiS�KNJLkoKNd#VRKNMhJ[]`_NKNkBb2f2{^MPb � OA±CWYJ[]2�¾V¢��VlKaVR��MP_NM^K#Vl_#V¢�2K
M^b2My±�]2M^b­}lVRZLf2MhkoK#JL]2dNJLb2MhV¢�oJ´}oMP]
KaVR]2�RMRE

UTV � ZLM9vA�oJL}RM^d~_ac2M¢M^K
KNkoK
d%k � _sVRJL]2M^b�¡�JL_Nc�_acCM9q>JLdNc2MPKh�¢Vl_NKNJ´W�VR]�VRZ´OYd
J[d��¤koK~}lVRKNJLkof2d�±2_N_NJ[]2�
�2KNkB{^MPb2f2KNMPd�¡�JL_ac _Nc2M³¨CªC9T¨�VR]Cb+¨Cª � S dNJL��f2Z¥VX_aM^b�b�Vl_sVYE�Uic2M¯]gf2� � MPKNd�VRKNM¾J[] VR�oK
M^MP�¢MP]g_
¡�JL_ac¯_Nc2MhVR]�VRZ´OYd
J[dikR��}lVRKNJLkof2d�VRfY_ac2koK
d�� r � Q5r �YQ5r�pYQ�r�wCQ�r�mCQ&vRnYQ�vYr � E
q>J[�ofCKNM r��RJL}oMPd7_acCM�{^ko]`_akRf2KNdik � _sVRJL]2M^b9JL]9_ac2M¦�2Z¥VR]CMx§ .�6 � #��0¬7Vl_ �RwCE·t! \ 9 ¡�JL_ac9_Nc2M~¨Cª � S
d
_sVX_aJ[d4_aJL{^d^QY�¤koK _ac2JLd ±�b2f2{PJ¥VRZ5��kBb2M^Z�¡�J´_ac2JL]9_ac2M~dNVR�¢M�±C_N_aJL]2�x�2KNkB{^MPb2f2K
M^d^E
� d={uVR] � MhdNMPM^]��¤K
ko� _acCM%±�K
d
_#Z[J[]CM�kR�½UTV � ZLM�vxVR]2b³�¤KNko� _Nc2M � Z¥VR{s�9MPZ[ZLJ[�2d
MhJL]�qTJ[�2E�rRQ°Vx{^kR�xF
�2Z[My_aM � ��VRKaVl�¢My_aM^K,F�±2_ § � F�±2_s¬^§ ��� � .�6 � .0' � #�� � # 	 ¬0Ql¡�JL_Nc�]2k�VldNdNfC�¢�C_NJ[ko]Cd>ko] _Nc2M7}lVRZLf2M^dTkR��_ac2M
{^kod
�¢koZLko�oJL{uVRZ<��VRKNVR��MP_aMPKNd#FiJ[]2{PZ[f2b2JL]2�¾]Ck¯{^ko]2d4_aKNVRJ[]`_�ko] _Nc2M?�&Vl_N]2M^d
d~kR��_ac2M�fC]2JL}RM^KNd
MyF=OBJ[MPZ[b2d
_akBk�Z¥VRK
�oM�M^K
KNkoK
d�ko]¯_ac2M~{^kRdN��koZ[ko�RJ[{uVlZ°��VlKaVR��MP_NM^KNd _NkxdNMP_#VR]`O¯bCMP±�]2J´_aM�{Pko]2{^ZLf2dNJLko]2d�MP}RM^]³¡�JL_ac
_ac2M~c2JL�oc¯d
_aVl_aJLd
_aJL{^d�daVl�¢�2ZLM�MyWY��M^{y_aM^bz�¤koK _ac2M%¨Cª � SD7�ª#M^VRK � OAb�Vl_aVCE
q>J[�2E@r¯dNcCk�¡�dx{PZ[MuVlKNZLO�_Nc�Vl_�_acCM9KNMPb2f2{P_NJ[ko] kR��_Nc2M¯]gf2� � M^K�kR��±2_
_aMPb+�2VRKaVR��MP_NM^K
d�koKs«RVl]2b _ac2M
d
_aK
M^]2�l_ac2MP]2J[]2��kR��_ac2M$.�6µ�2KNJLkoK^QYKNMPb2f2{^MPd#_Nc2M~{^ko]`_akRf2KNdPE

UicCM7dNMP{^ko]Cb�Z[J[]CM@kl��U>V � Z[M7v=�2K
M^d
M^]`_ad�MPKNKNkRKNdT¡�J´_ach_ac2M���VRKaVlb2J[�o��kR�&V#��M^K4�¤M^{y_aZLO:�&VX_>f2]CJL}oMPKNd
M
§ .A@�%:r�¬�Vl]2b³_Nc2M � F�±2_�K
M^b2fC{^M^d=_ak¢V�ºlF�±2_ §���� � .�6 � #�� � # 	 ¬yE@��_¦Vl�2�°M^VRKNdi_Nc�Vl_��¤koKi_ac2M%¨Cª � S
d
_sVX_aJ[d4_aJL{^d^Q`kR]2M#�RMP_ad � MP_N_NM^K�M^d4_aJL�¾Vl_NM^d�kR�M#��7VR]Cb-.�6 � fC_�_ac2M=M^K
KNkoK�ko]�# 	 JLd�VRZL¡7VuOBd�Z[VRKN�oMlE½q�koK
¨Cª;9�¨°Q�My}oM^]³_ac2M~MPKNKNkRKiko]�#��=J[diZ[VRKN�RMRE



p

U>V � Z[M�vY¶����������
	����
����������������	����������
��������� ��!"�$#%�
	&!����(')�������+*,���-���
./	&�
	�������!��0�1��	&')���
��2��
�����43-���5��')�1�����5	768���
9 �����
��:-	<;������
��2)3����=�����/:-����	<��� ��!>��!��?�/@BA%�C���-�D�/@BE�FG���H�5�I����3J���1��� 9 ��� .�K�LM!-��;J�/:-�1�
���N')�/�/���O�
	��)����	�'P��� ��2�Q
�
�����R�1���-	&�������B��� ��!,SUTVXWZY7[�\ ]�^<_ T` Wba�\ [�^M_ Tc Wba�\ed=^gf Th WZYji�^gf Tk Wba K�LM!��?�<����lnmo	���������2�p _ ` 3����
���
����������	&3J���q��	M���C��!��P�1���-	�������� ��� _ ` WUa�\ [�rsa�\
i m _ ` Wta-\ [�rsa-\ a-i p1KBLM!��?�
���J���
	(uvQw;���xJy�Qw;��z���-� [ Qo;��z�1�������1Q
	�3J���-��	����)��!-�(;��&��� ��2C3����/�����/:�����	7uHQo;-��moS V ^�_ ` ^�_ c ^&f h ^�f k p1x-y�Qw;��vmoS V ^�_ ` ^�f h ^&f k p����-� [ Qo;��vmoS V ^5_ ` ^�f h p1x
����	�3J���{��� 9 ���
.�K7|}m _ c p7!-��	��J�����,��')�+�������D68����'~��!��?�����-� �P	&�
�-�1� _ c W�i7Y�_ ` �
	������
���-2����z�)68�����?3q���5��')�1�����
��*��1��3���68������!���uvQw;��(��!������P|}m _ c pB�
	 9 ����.D�
����2���K�|}moS V p�!-��	z�q��������')�+��������68����'���!��P�����-� �)	&�
�-���P� ��	 9 ���
:���x
����:-2�!��
. iv� x��5!-����2���	��<����l=� .)68������!�� 9 ����� ��:-	<;��&��� �-203����/�����/:�����	���!q����l/	����P��!��(� �-��� :q	&�
���>��64��!��j@7�������=.C�/@
	���')3��
��K

q>JL_ .�6µ�2K
J[koK VRd
dNf2���C_aJLko]2d ��§ .�6x¬ ��§ #��0¬ ��§ # 	 ¬ ��§ .�6�¬ ��§2#��s¬ ��§ # 	 ¬
¨Cª � S ¨Cª � S ¨Cª � S ¨Yª;9�¨ ¨Cª;9�¨ ¨CªC9T¨

� F©±2_ ]2k ]2k roE � r º2E´r � roroE¸n`p rumCELrun �otCE¸t`p =~r�non
ºlF©±2_ ]2k .A@
%:r nCE´ruº nCE´ror roE¸tCr roE·nRw roE·vYr pYE¸mRº
ºlF©±2_ ¡7M^VR� .A@
%:r nCE¸now`v nCE¸n`p�� nCE·pop nCELrun nCELr8�Cr nCE¸wom
ºlF©±2_ d4_aKNkR]2� .A@
%:r nCE¸nCr nCE¸n ��� nCE´r�plº nCE·nYr nCELrRr�p nCE � ror
tXF©±2_ ]2k .A@ % roQ # 	 % n nCE¸nCr � nCE¸n,�ot « nYE·n,�Rm nCE´r�m «
tXF©±2_ ¡7M^VR� .A@ % roQ # 	 % n nCE¸nCr � nCE¸n,�ot « nYE·n � p nCELr � w «
tXF©±2_ d4_aKNkR]2� .A@ % roQ # 	 % n nCE¸nonow nCE¸nRº`n « nCE·nYr nCE·nlºgp «

� b2b2JL]2�­dNkR�¢M9�CKNJ[kRK%�g]2k�¡�Z[MPb2�oM¯kR�>.�6 JL�¢�CKNk�}oMPd��oKNM^Vl_aZ´O�_ac2M9d
JL_Nf�Vl_aJLko]�¶�_Nc2M9daVl�¢M9ºXF�±2_
§ ��� � .�6 � #���� # 	 ¬7�¤koK#¨Cª � S VR]2b�¨Cª;9�¨¯¡�JL_aczV�¡7M^VR�¯�2KNJLkoKiko]�.�6 §²nA@ v$" .�6 " nA@¼ºg¬7OBJ[MPZ[b2d
V��okYkBb9MPd
_aJL�¾VX_aJ[kR]9kR� #�� � fC_�d4_aJ[ZLZ�V }RM^K4O¯Z¥VRK
�oM¦MPKNK
koK �¤koK*# 	 §¤dNM^M~ZLJ[]2M¦t�kR��U>V � Z[M~v�¬0E � ]CZLO¾V
d
_aK
ko]2���CKNJ[kRK7ko] .�6�§2.�6 % nA@¸tP� nA@¸nCr�¬�KNM^VRZ[Z´OxJ[���2KNk�}oMPd7_acCM¦dNJ´_af�VX_aJ[kR]¢�¤koK # 	 VRd7{^VR] � M¦dNM^MP]
�¤KNko��Z[JL]2M º¯kl��U>V � Z[MxvYE�UicCM^dNM�{Pko]2{PZ[f2d
J[ko]2d�VRKNM�JL] VR�oK
M^MP�¢MP]g_¦¡�JL_ac kl_ac2MPK��2f � ZLJ[d
c2M^b K
M^dNfCZL_ad
� r � Q5r �CQ�r�pYQ�r�wCQ�r�mCQ�vRnBQ�vYr � E

� ]2M={uVl]9{^ko]C{^Z[fCb2M=_Nc�Vl_@_ac2M=b2My_aM^K
�¢JL]�Vl_NJ[ko]xkR�<V~��kodNd
J � ZLM#K
M^b2d
c2JL�»_�b2M^��M^]Cb2M^]2{PM�kR��_Nc2M#��k`¨
KNM^�¢VRJL]2d�_ac2M���kod
_hb2J N¢{Pf2ZL_~_aVRdN�&E � Z[Z�VRfY_ac2koK
d Vl�oKNMPM�kR]�_acCMx�¤kRZ[Z[k�¡�JL]2�¯d
_aVl_aMP�¢MP]g_^¶%_Nkz�oMy_%V
�okYkBb �2K
M^{^JLdNJLko]�kR]�_Nc2Mx��VRKNVR�¢My_aMPKh�Rk�}RM^K
]2J[]2�A_acCM�K
M^b2d
c2JL�»_hMy}okoZLfC_aJLko]�kR��_Nc2M���kg¨°Q<V¯±2_~¡�JL_ac
V�d4_aKNkR]2�¢�CKNJ[kRK=kR]�.�6 § " d4_aKNkR]2� " �¢M^VR]2d#Vl_�_ac2Mh�°MPKN{PM^]`_¦ZLMP}RM^Z»¬ JLd=]CM^M^bCM^b�¡�J´_ac2JL]³_Nc2M?.A@ % r
��VRKaVlb2J[�o�³E

PRQ��TQSP � W \­� Z ��� �T� X � ��\��
¨YMP}RM^KaVlZ�{Pko���¢MP]g_Ndiko]A_ac2M~�2K
MP}BJ[kofCd#Vl�2�2KNkoVR{sc�VlKNM�J[]AkoK
b2M^K~¶

F¾Uic2M~dNMy_N_aJL]2�xkR�Td
_aK
ko]2���2KNJLkoKNdiJL]2dNJLb2M�_acCM~±C_#d
c2kof2ZLb � M�_sVl�RM^]A¡�JL_Ncz{^VRfC_NJ[ko]�E
q>J[K
d
_<kR�CVRZLZ©Qu_acCM�{PkodN��koZ[kR�oJ[{^VRZl�2VRKaVR��MP_NM^K .�6 J[d5�²VRK��¤KNkR� � MPJ[]2����MuVRd
f2KNMPb�Vl_5_Nc2M@�°MPKN{^MP]`_
Z[My}oM^Z �ÀtCr � E@¨Yk2Qg_ac2JLd��gJL]2b9kR�5�CKNJ[kRK@{^VR]2]2kl_ � M�VR�2�CZ[J[MPb � Z[J[]Cb2ZLORQBMy}oMP]¯JL��_Nc2M^K
M�J[d@c2ko��M�_ac�Vl_
_ac2JLdi��VRKNVR�¢My_aMPKi�¢JL�oc`_ � M�¡�M^ZLZ5�¢M^VRdNf2K
M^b � O9_ac2M�_NJ[��M~¨Cª � S��2KNk�}BJ[bCM^d�b�Vl_aVCE

F9�½}oM^] JL] V��¤fC_Nf2KNM9{Pko]`_aM0WY_^Q�dNko��M9b2kRf � _ad {uVR] � M¾KNVRJ[d
M^b V � kofC_%_ac2M9K
M^ZLMP}lVR]2{PM9kR�i}oMPK
O
�2KNMP{^JLdNM��2K
J[koK
d � r � Q>r8����VR]Cb­_ac2MPJ[K�f2d
M�c�VRd�_Nk � M�d
MP_�¡�J´_ac dNkR�¢M�{^VRfC_NJ[ko]2d ¶¦VRZLZT_Nc2M . �¼d
dNc2kRf2Z[b � M�k � _sVRJL]2M^b/f2]2b2MPK¾_ac2M�daVR��M�c`OB�°kl_ac2MPdNJ[d § VRd4_aKNkR�2c`OYd
J[{^VRZ©Q�MyWY��M^K
J[��M^]`_sVRZ Qi���



w

-2

-1.8

-1.6

-1.4

-1.2

-1

-0.8

-0.6

-0.4

-0.2

0

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
Ωm

w
0

q>J[�ofCKNM­ro¶ #%�
	�!����P����������:���	?� � ��!��>3��
�����"m _ ` ^�f h p?��� ] � x [n���
AG68���0�,�1��	&')��� ��2��
�����<�1���q	��5�����P��	���!��

;J�/:-�1�
���-'P�/�/���oK�LM!��7�
����2��M����	&!����)�1��������:��g����������	&3J���-�-	R���(��!��zuvQw;���mwS V ^�_ ` ^�_ c ^&f h ^&f k p1K�LM!-�M��!������7�/���&�����
����������:��5	P����������	&3J���q�����"��!���y�Qo;-��moS V ^5_ ` ^&f h ^�f k p)��� ��! ��� 3����
����m8�
����2���	��{p{x����+��! �"�<����l _ ` 3���� ����m8�wK ��K
_ ` W a-\ [7r a-\ i p����-�$���+��!>�)	&��������2 _ ` 3����
���jm8�wK ��K _ ` W a�\ [�r�a�\ a�i x=	�'0���
� ��	������ �
� 3q	&�vp{KgLM!��j	����
�
�>�1��������:��5	
����������	&3J���q�B������!-� [ Qw;��vmoS V ^5_ ` ^�f h pN��� ��!I���<����l _ ` 3-���
����m �
����2���	&�5pN���-�(��� ��!?�7	&�������-2 _ ` 3-���
����mo	&'0��� �
��	&�5p1K
#-������!��
	g;-�&���
��2I3����/�����/:�����x���!��������
	<���
')��	&�����I����� �������-���7�J�1������������!��z����	���	������������-�	���<����l
�(3���� ���}68��� _ ` K

�2KNkR�°MPK
_aJLM^da¬½VR]2b�{^koK
KNM^Z[Vl_aJLko]2d�Vl�¢ko]C�~±C_N_aMPb¢�2VRKaVR��MP_NM^K
d@c2V�}RM=_Nk � Mi_sVl�RM^]¢�2KNkR�°MPKNZLO J[]`_ak
VR{^{Pkof2]`_��¤koK _acCMh{Pko� � JL]2M^bAd4_sVl_NJ[d
_NJ[{^VRZ5VR]�VlZLOBdNJLd _ak � M~K
M^Z[My}lVR]`_uE

��]�_Nc2J[dT��VR��M^KPQR¡7M�VX_N_aMP�¢�Y_>_ak¦MyWB_aKNVR{P_½_Nc2M JL]C�¤koKN�¢Vl_NJ[ko]2d5�¤K
ko� ¨Yª£b�Vl_aVCQR_Nc2M^K
MP�¤koK
MiVu}okoJLb2J[]2�
_ac2M¢§²{Pko]2d
J[d
_NM^]2{yOC¬��2K
k � ZLM^��diM^]2{Pkof2]`_aMPKNM^b³¡�c2M^]z{^ko]Cd
_aKNVRJ[]CJ[]2��.�6 ¡�JL_NczM0WY_NM^K
]�VRZ5b�Vl_aVCE

UicCM¢K
M^dNfCZL_ad~�¤KNkR� U>V � Z[M¾v³Vl]2b�qTJ[�2E½r�Z[M^VRb*f2dh_NkzZLMuVu}oM¢VRd
J[b2M�_acCM¢b2My_aMPKN��J[]�Vl_NJ[ko]�kR��_ac2M
KNM^bCdNc2J´�»_~b2M^��M^]2bCM^]2{PM9kR�@_ac2M���kg¨�VR]2b�_ak³{^ko]2d
J[b2MPK:#�� VRdhVR] " My��MP{P_NJL}oM " {Pko]2d
_aVR]`_$#���
�
¢��k`¨
��VRKaVl�¢My_aM^KPE>Uic2MP]�¡�M�{^ko]C{^M^]`_NKaVl_NM=kR]x_Nc2M � M^d
_@d4_aKaVX_aM^�lO _ak~M0WY_NKaVR{y_5#����¤KNko�:�2KNMPdNM^]`_@koK½�¤fC_Nf2KNM
¨Cª:b�VX_sV�¡�J´_ac­��J[]CJ[�¢VRZ�VRd
dNf2���C_NJ[ko]2d#ko]­�2K
J[koK
d%¶ ¡�M fCdNM _Nc2M ��VlKaVRb2JL�o� .A@�%µr�MPJL_Nc2M^K=¡�JL_ac
]2k��CKNJ[kRKNd�koK�¡�JL_ac+¡7M^VR� �2KNJLkoKNdxko] .�6¾E/®�Mz�¤kB{^f2d�ko]£V�tXF©±2_�§ ��� � .�6 � #��0¬xkRK¢ko]£V�ºXF�±2_
§ ��� � .�6 � #���� # 	 ¬�¡�c2MPKNM~¡7Mh�g]2k�¡ VRZLKNMuVlbCO¾_Nc�Vl_�_ac2M~�2K
M^{PJ[dNJLko]Ako]
# 	 ¡�JLZ[Z � M~Z[k�¡~E

� t�F�±2_id
c2kof2ZLbAVRZL¡7VuOBdi�2KNk�}BJ[b2M � MP_
_aMPKi{^ko]2d4_aKNVRJ[]`_ad _Nc�VR]³V�ºlF©±2_uE�UTV � ZLM~v dNc2k�¡�dPQ�cCk�¡�MP}RM^KPQ
_ac�Vl_#_ac2M KNM^bCf2{P_NJ[ko] kR��_Nc2M�MPKNKNkRKNd�JLd¦��koKNM%J[���°koK4_sVR]`_=�¤koK .�6 _Nc�VR]­�¤koKC#��~VR]2b d
J[]2{PM _ac2M?#��
M^KNK
koK�J[di]2kl_#d4_aK
ko]2�oZ´O¯J[���2KNk�}RM^b�Q2_Nc2M~f2dNMhkR�>_Nc2M~ºlF�±C_�dNM^MP�¢d�_acCM � M^d4_#d4_aKNVl_aMP�RO¯�¤koKiMyWB_NKaVR{y_aJ[]C�
#�� �¸vYrlQ7ruº��©E­®�M¾¡7VR]`_�_ak ��koJ[]`_%kofC_�_Nc�Vl_�_Nc2J[d%{^ko]2{PZ[f2d
J[ko]�JLd ko]CZLO�}lVRZ[JLb��¤koK _Nc2M�� ±�b2f2{PJ¥VRZ
�¢kBb2M^Z E���]�dNko��M~kR_ac2MPK=±2b2f2{^J[VRZ<�¢kBb2MPZ[d^Q2_Nc2M%tXF�±2_={^VR]­J[]C{^KNM^VRdNMh{^kR]2dNJLb2M^KNV � ZLO¯_Nc2Mh{^ko]2d4_aKNVRJ[]`_ad
ko]�#���¡�J´_acxKNMPdN��M^{y_@_Nk�_ac2M�ºlF©±2_u¶Tq>J[�Rf2KNM�v��oJ´}oMPd½_ac2M�MyWY��M^{y_aM^b¢{^ko]`_Nkof2KNd�JL]�_ac2M��2Z[VR]2Mh§ .�6¢Q #��0¬
�¤koK�_ac2MA_�¡�k*±�bCf2{^J[VRZi�¢kBb2MPZ[d³§2#�	� % 4�vBQ #�	 	 %8n`¬�VR]2b�§2#�	� % 4hroQ #�		 %8nA@·vo¬0E£Uic2M � M^d
_
{^ko]2d4_aKNVRJ[]`_ad�ko] .�6�VR]2b #��=VRKNM~�oJ´}oM^] � O9_acCM%t�F�±2_^E

� ]�_Nc2M kl_ac2MPK¦c�VR]Cb�Q°bCkoJ[]2�¾V¢{Pko�¢�CZ[MP_NM%��J[]CJ[��J[�uVX_aJ[kR]9�2KNkB{^MPb2f2K
M�dNc2k�¡�d¦_Nc�Vl_=_ac2M%{^MP]g_NKaVRZ
}RVlZ[f2MPd��oJL}RM^] � O _acCMAtXF�±2_�{uVR] � M9�²VRK�Vu¡ VuO��¤K
ko� _Nc2M9±�b2fC{^J¥VlZ7}lVRZ[f2MPd^E�Uic2J[d��²VR{y_�c�VRd � M^MP]
�°koJL]`_aM^b¯kRfC_ � O9d
MP}oMPKaVRZ<VlfC_ac2kRKNd:� r � Q°r �CQ�vlnCQ�vov��©E�Uic2JLd c�VR�C�°MP]2di¡�c2M^]¯_acCM�±2_N_NJ[]2��c`OB��kR_ac2MPdNJLd
VRKNM�]2kl_=}RM^K
JL±�MPb � O¯_acCM~±2b2f2{^J[VRZ���kYbCM^Z©QY]�VR��M^Z´O¯Vx{^ko]2d4_sVR]`_#��kg¨¯J[]¯_ac2MhtXF©±2_%§2# 	 % no¬�Vl]2b³V



m

-2.2

-2

-1.8

-1.6

-1.4

-1.2

-1

-0.8

0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
Ωm

w
0

q>J[�ofCKNM vY¶
�

��������:��5	7�
����!��P3��
�����$m _ ` ^&f h p7�H� ] � x [$� �
A�68������!��?;q�/:-���
���%')�/�/���
	Pm f Th W�Y � x f Tk WUa p

���-� m f Th W�Yji x f Tk W a-\ � p{KCLM!��0�
����2��0����	&!-���sm 	�')��� �<	&��� �
�-p(�1��������:-��	j����������	&3J���-�����D��!���y�Qw;���m [ Qo;-�5p{K>E
������l _ ` 3����
���M!-��	M�J�����D:-	&���NK

}RVlK
OBJ[]2�¢ko]2M�JL]z_Nc2M ±�b2fC{^J¥VlZT��kYbCM^Z�§2#�	 	 �%:n`¬0E¦��]­_acCJ[d¦{^VRdNM�� %2F�� F�� L % K+* � I '�� � Ls' I<K *�� L L��k*�% $
	 F!* L�I�
 *�� L � I�� 	 I<HJI �!%�� F�Ho)AF�� F 	 Lk* L �
�yE~Uic2JLd � J¥Vld¦�2K
k � Z[MP� JLd�b2f2M%_ak9_acCM�b2M^�RM^]2MPKaVR{yO kR��_ac2M
±2_N_NJ[]2���¤f2]C{P_aJLko]AVR��ko]2��_Nc2M�}lVRKNJLkof2di{^kRdN��koZ[ko�RJ[{uVlZ��2VRKaVR��MP_NM^K
d$� r � Q�r ��� E � ¡�KNko]C��c`OB��kR_ac2MPdNJLd
ko] ko]2M¾��VRKaVl�¢My_aM^K%J[d%{^ko���°MP]2daVX_aM^b�JL]�V­]2ko]�_aKNJ´}BJ¥VRZ�¡7V�O � O�_Nc2M¾}lVRZ[fCM9kR�i_acCM9kR_acCM^KNdPE­®�M
�B]Ck�¡�VRZ[d
k��¤KNko�3_acCM }RVlKNJ[kRf2d�q>JLdNc2MPK�VR]�VRZ´OYd
J[d½�CKNM^d
M^]`_aMPb¾JL]�_ac2MiZLJL_N_NM^KNVl_af2K
M:� r�wYQ2rumCQgvYrlQ2ruº��Y_ac�Vl_
_ac2M
L � � I �
��b2MP�°MP]2b­ko]z_ac2M%{^M^]`_NKaVRZ<}lVRZ[f2MPd#kl�½_ac2M%{^kod
�¢kRZ[ko�oJL{uVRZ���VRKaVl�¢My_aM^K
d^E¦¨YJ[]C{^M~_ac2MPdNM�Z[VRd
_
ko]2M^d=VRK
M � J¥VRd
M^b�QY_ac2MPJ[KiM^K
KNkoK
d=VRKNMhVRZLdNk � J¥VldNM^b �¼vYroQ�r^º��©E
Uic2M^]�_Nc2M egf2M^d4_aJLko]�kR�&{sc2kBkodNJL]2� � MP_�¡�M^MP]x_Nc2MitXF©±2_�Vl]2b _acCM ºlF�±C_½J[dT]2kR_>dNk�k � }BJ[kofCd½VR]2bxVl�2�°M^VRKNd
_ak � M�±�bCf2{^J[VRZ���kYb2MPZ�b2MP�°MP]2b2M^]`_^E

��]A_acCM%]2M0WB_#d
M^{y_aJ[kR]³¡�M%�CKNM^d
M^]`_�JL]Ab2MP_aVRJ[Z5Vxd
_Nf2bCOAkR��_acCJ[d � J¥Vld � OAM0WY�2Z[koK
J[]2��_Nc2M~KaVR]2�RMhkl�
±�b2f2{PJ¥VRZ���kBb2M^ZLd ¡�c2J[{sc³J[d�Vl�°M^{y_aMPb�Q�J[]AkoK
b2M^Ki_akx{Pko]2{^ZLf2b2M~ko]A_ac2M�}lVRZLJ[b2J´_�O¢kl�½VxtXF©±2_uE
9<My_ fCd%��koJ[]`_hkofC_h_ac2Vl_hkR_ac2MPK � J¥VRd�¡�kof2Z[b � M�J[]`_NKNkBb2f2{^MPb � O�V³bCM^��VRK4_af2K
M¢�¤K
ko� _acCM�.A@ %�r
��VRKaVlb2J[�o� J[]A_ac2M~±�b2fC{^J¥VlZ���kBb2M^Z5koK�J´�T_Nc2M%{PM^]`_aKNVRZ<}RVlZ[f2M~kR�T_ac2M�.�6 �2K
J[koKifCdNM^b�J[]A_ac2M~±2_N_NJ[]2�
�2KNkB{^MPb2f2KNM=J[d�]2kl_@_Nc2M�daVR��M=VRd�_ac2Mi±�b2fC{^J¥VlZ�ko]2MRE�UicCM^dNM � J¥Vld½¡�J[Z[Z � M=d
_Nf2b2J[MPb¢JL]¾V��¤fC_Nf2KNM���VR��M^K
�¸vop �©E

� � � � �B� �'�
����
 
���� n�� 
 � ��
?����� � 
������ � 
 ��
������B��� � �!�����
� 
����8	�� ��� �$� 
 ��� ���

UTk � M�V � ZLM¦_ak {sc2kYkRdNM�_acCM � MPd
_id4_aKaVX_aM^�lO¾�¤koK M0WB_aKaVl{P_aJL]2� #��uQB¡7M�¡7VR]`_i_ak�_NM^d
_i_Nc2M�K
M^Z[My}lVR]2{^M�kl�
_ac2Mh±2_N_NJ[]2�¢�2KNkB{^MPb2f2KNMlE=®�M c2V�}RM���M^K
�¤kRKN��M^bz�¤kRK=_Nc�Vl_��Cf2KN��kodNM V¾{^kR�¢�2ZLMP_NM%d4_af2bCO³kR��_Nc2M � J¥VRd
J[]`_aK
kYb2fC{^M^b � Ox_ac2M�b2J´��MPKNM^]`_@±2_N_NJ[]2�~�2K
kY{PM^b2fCKNM^dPE � �»_aMPK@Vhb2MPdN{PKNJ[�Y_aJ[kR]¢kR�°_ac2M=�2K
k � Z[MP� _acCKNkof2�Rc
Vxd
c2koK4_�J[Z[ZLf2d
_NKaVl_NJ[ko]�Qg¡�M~�2KNMPdNMP]g_=_acCM�KNM^d
f2ZL_Nd�kR�TV��¤fCZ[Z�d
{uVR]AkR��_ac2M¢§ #�	� � #�		 ¬7�2Z¥VR]CM��¤koK�¨Cª � STQ
¨Cª;9�¨�VR]2b VAdaVl�¢�2ZLM�{^koK
KNMPdN��ko]2b2JL]2�³_Nkz�CKNM^d
M^]`_�b2Vl_sVCE�Uic2M�dN{^VR]2]2JL]2�zJLd~b2ko]2M � O ±CWYJ[]2�A_ac2M
±2_N_NJ[]2�¢�2KNkB{^MPb2f2KNMxVl]2b­}lVRK
OBJ[]C�¾_ac2M%}RVlKNJ[kRf2d¦��VlKaVR��MP_NM^KNd#kR��_ac2M%±�b2f2{PJ¥VRZ��¢kBb2MPZAh�¡�M���M^K
�¤kRKN�



r�n

V�t�F�±2_=VR]Cbz{Pko�¢�2VRKNM�J´_ _akx_ac2M~K
M^dNfCZL_�kR��_ac2M~ºlF©±2_i¡�c2MPKNM$# 	 JLdiZ[MP�»_7�¤KNM^MlE
����� � 6464"�-B�C���>���,�7	?�@.¯�2��� ���4��-£�����Y���
9<My_�f2d�d4_sVRK4_�¡�JL_Nc�dNko��M9J[ZLZ[f2d4_aKNVl_aJLko]2d~kR��_ac2M � J¥VRd�JL]`_aKNkBb2f2{PM^b � O�_Nc2MAtXF©±2_��2K
kY{PM^b2fCKNMRE*®�M
{sc2kYkRdNM�_acCKNM^Mxb2J´��MPKNMP]g_~��kBb2M^ZLd�VR]2b�ZLkYko�zVl_�_Nc2M�{^MP]`_aKaVlZ½}RVlZ[f2MPd�kR��_ac2M���VlKaVR��MP_NM^KNd�k � _sVRJL]2M^b
�¤KNko��_ac2M�±2_^¶

E Uic2M�ko]2MxkR� H�VRkRK�MP_%VRZ©E � r ����§2# 	� % 4#nA@ pBQ # 	 	 % n @·w`¬0E�Uic2M¢tXF�±2_hVl�2�2Z[JLM^b­_NkA_Nc2J[d~��kYbCM^Z
{^Z[M^VRKNZ´O��CKNk�}BJ[b2MPdhd
ko��M�M^KNK
ko]2MPkof2d~KNMPdNf2Z´_adx¶:.�6 % nA@ �ovD� nA@¸nCr�t¯Vl]2b #��$% 4hr,@ � º`w�� nA@LrumRº2E
ª#kR_NM _ac�Vl_½kof2K�{^MP]`_aKaVlZ2}RVlZ[f2MPd�VRKNM d
Z[JL�oc`_aZLO%b2J´��MPKNM^]`_��¤K
ko� _Nc2M�ko]2MPd�kR��� r ���©Q`_acCJ[d½JLd½b2f2Mi_ak~d
�¾VRZLZ
b2JL�°M^K
M^]2{PM^d � My_�¡7MPM^]�_Nc2M~{sc2kod
M^] ¨Yª3dNVR���2Z[MPd^E

qTJ[�of2K
M@t=d
c2k�¡�dT_acCM@_�¡�k¦MPZ[Z[JL�C_aJL{uVRZl{^ko]`_Nkof2KNd��¤KNko� _ac2M�tXF�±C_>Vl]2b%_Nc2M�ºXF�±2_@¶�_acCM7ºlF©±2_<M^ZLZ[J[�CdNM�J[d
{^M^]`_NM^KNMPb�ko]%_Nc2M�±�b2f2{PJ¥VRZ`}lVRZ[fCM^d½VldTM0WC��M^{y_aMPb�¡�c2M^K
MuVRd>_Nc2M�tXF�±2_TM^ZLZ[JL�2dNM�J[d5}RM^K
Oh�²VRK�Vu¡ VuORE½Uic2J[dTJ[d
b2f2M�_ak�_ac2M=Z¥VlKN�oMi{sc2kRdNM^]-#�		 }lVRZ[f2M�Vl]2b¢_Nc2J[d � M^c�Vu}BJ[kRK@c2VRd � M^MP]9VRZLKNM^VRbCO���koJL]g_NM^b�kofC_ � O¢H�VRkoK
MP_>VRZ©E�§²d
M^M7q>J[�2E � kR��KNMy�,E�� r �<�¥¬yE � d�b2J[d
{^f2d
dNMPb � O~_Nc2M^d
M VRfC_Nc2koK
d^Ql_Nc2M0#��>VR]2b�# 	 ��VRKNVR��MP_aMPKNdTVRKNM
d
_aK
ko]2�oZ´OA{^koK
KNMPZ¥Vl_NM^b�bCf2M%_Nk¾_ac2Mh�¤f2]2{y_aJ[kR]�VRZ��¤koK
��kl��+,'�§2=`¬�§²��e&E[§©po¬
¬yE � d
dNf2��J[]C�¯V¢�PM^KNk¢}RVlZ[f2M
�¤koK�# 	 § VRd%J[]�_Nc2M¯tXF©±2_0¬�¡�c2MPKNMuVld _ac2M¢±�b2f2{PJ¥VRZ�}lVRZ[fCM¾J[dhZ¥VlKN�oM¢VR]2b ��kod
JL_aJ´}oMlQ>J[d%{^ko����M^]2dNVl_aMPb
� O*V9±2_
_aMPb #��~}RVlZ[f2M�¡�c2JL{sc�JLd���f2{sc���koK
M�]2M^�`VX_aJL}RM�_ac�VR]*JL_Nd�±�b2f2{PJ¥VRZ½}lVRZLf2MRE �=k�¡�MP}RM^KPQ>_ac2M
¡�c2koZ[MxMy��MP{P_�JLd~�¢koK
MxdNf � _NZ[M�b2f2M�_akA_ac2M�d
_NKNko]2�z{^koK
KNMPZ¥Vl_NJ[ko]2d � MP_�¡�M^MP] .�6 VR]2b�#��¯§²VR]2b # 	
VRZ[d
kg¬�M^]`_NM^KNJL]2��_ac2M�JL]`_aM^�RKaVRZ°KNM^Z[Vl_aJLko]¯��egd^E[§²º2Q � Q �`¬yE�Uic2JLdiJ[d _Nc2M�KNM^VRdNko]¯¡�c`O
.�6µJ[diVlZ[dNk � J¥VRd
M^b�E

-2

-1.8

-1.6

-1.4

-1.2

-1

-0.8

-0.6

-0.4

0.1 0.2 0.3 0.4 0.5 0.6 0.7
Ωm

w
0

q>J[�ofCKNM�tC¶
�

��������:-��	�� �n��!-�P3-�
�����>m _ ` ^&f h pz��� ] � x [D� �
A 68���z��!��P;q�/:-���
���%')�/�/���
	0m f Th W Y7a�\ed x f Tk W

a-\ � p1m������������7���wK}'P�/�/����� i�]�� p1KgLM!�������	�!����nmo	&��� �
�-pM�1��������:-�M����������	&3J���q��	<���P��!��jy�Qo;-�jm [ Qw;��5pM����������:���K%EU������l
_ ` 3����
����!-��	M�q�����D:-	����NK
	��������$���-	���� 9 ����!-�z�
����2��(�/� �J�������-�1��	M� �$��!-���1����������� 9 ��� :���	M�1��')�
��2P68����' ��!-�������
[ Qo;-�����-�$y�Qw;���;��&��� �-203����/�����/:�����	�K

E ���<¡�M�_sVR�lM�_ac2M¦�¢kBb2M^Z½§2# 	� %!4%rRQ(# 		 %�n @ vo¬0QY¡�c2JL{scAc�VRdiV �
d
�¾VlZ[Z " # 		 }lVRZLf2MRQYJL_7Z[MuVlb2d7_ak�V
dN�¢VRZ[ZLM^K � J¥VRd�¶½¡�Mh�oMP_>.�6 % nA@¸t`vlº0�/nA@¸nCr ��VR]2b
#��0% 4hr,@·novYr��/nA@¸n,�`pBE>®�M~d
M^M�_ac�VX_i_ac2MPKNM~J[d
V � J¥VRdikR��_acCMhkRKNb2MPK=kl�7roE � � �¤koK .�69Q�Vl]2b�V�d
�¾VRZLZ � J[VRdi¡�JL_Nc2J[]9_Nc2M~d
_sVX_aJ[d4_aJL{uVRZ�MPKNK
koK �¤koK�#��uE



ror

Uic2M�{^MP]g_NKaVRZ°}RVlZ[f2MPd~§²{PKNkod
dNM^da¬7b2J[d
�2Z¥VuORM^bAJ[]¯qTJ[�of2K
M�v kR�5_Nc2M�M^ZLZ[JL�2dNMPd��¤koK@_ac2M~tXF©±2_iVl]2b9_ac2M�ºXF�±2_
VRKNM�b2J´��MPKNM^]`_ � fC_�_acCM¦tXF©±2_@M^ZLZ[J[�CdNMiJ[d�JL]2{^ZLf2b2M^b�J[]�_Nc2M#ºXF�±2_@ko]2MlQYJL]2b2JL{uVl_NJ[]2�~V~dN�¢VRZ[Z � J¥VRd�ko]�ko]2M
��VRKaVl�¢My_aM^Kh§ #��0¬ VR]2bzV�]2kR_�_akBk � JL� � J¥VRdiko]A_acCMhd
M^{Pko]2b�§ .�6x¬yE

E q>JL]�VRZ[Z´OoQ�¡�J´_ac�_ac2M��¢kBb2MPZ=§2#�	� % 4¦vYQ #�		 % n`¬¦¡�c2JL{sc c�VRdh]2k�=�b2MP�°MP]2b2M^]C{^M9kR��_ac2M¢��kg¨°Q
_ac2MPKNM~J[di]2k � J[VRd�VR]2b � kR_ac³M^ZLZ[J[�CdNM^d VRKNM~{^MP]`_aM^K
M^bzko]³_Nc2M~daVR��M���koJ[]`_%§²d
M^M%q>J[�Rf2KNM~vR¬yE

ª=kR_aM#_ac�Vl_7_ac2MPKNM�JLd7]2k�d
J[�o]2J´±�{uVl]g_ � J¥Vld7�¤koK�_Nc2M�]2kRKN�¢VRZ[JL�uVl_NJ[ko]x��VRKNVR��MP_aMPKO���@J[]¾_Nc2M¦_Nc2KNMPM
{uVRd
M^d^E

����� � ��64� �~���o���5��	���-£.0���/�2��� ��� 
��
UTk�egf�Vl]g_NJL�»O�_ac2M � J¥VRdPQY¡�M�dN{^VR]¯_ac2M#�¤f2Z[Z��2Z¥Vl]2M�� § #�	� � #�		 ¬�f2dNJL]2� _Nc2M��2K
kY{PM^b2f2K
M~tXF�±C_uQ2VldNdNfC�xF
J[]2�AV �&Vl_~f2]CJL}oMPKNd
MREx®�M�±�K
d
_%b2MP±�]CM¢b2J´��MPKNMP]g_~�Pko]2MPd%JL]�_Nc2J[d��CZ¥VR]2M�¡�c2MPKNM�_acCM¢My��MP{P_adhkR�@_ac2M
� J¥VRdi{^VR] � M�egf�VR]`_NJL_sVX_aJL}RM^Z´O9M^d4_aJL�¾Vl_NM^b�E

UicCM%�2Z[VR]2M �3JLdib2JL}BJ[bCM^bAJ[]¯_acCKNM^M~b2JLd
_NJ[]2{y_��^ko]2MPd%¶

E Uic2M%ª#ko] \ ko]`}oM^K
�oJ[]C����ko]2M¾§ ª \ �5¬7¡�c2M^K
M%_acCMh±2_#c�VRd=dNkR�¢Mhb2MP_NM^{y_sV � ZLM%�CKNk � ZLM^��d^¶�_ac2M
±2_%J[d � VRb�M^JL_Nc2M^K � M^{uVlf2dNM � H =µt���§	� � MPJ[]2�A_ac2M¢]gf2� � M^KhkR� b2MP�oKNMPM^d�kl�7�¤KNMPM^b2kR�9¬0Q>koK
� MP{uVRfCdNMz_Nc2M³M^KNK
koK�ko]/ko]CMzkR�#_ac2M³±2_N_NM^b£��VRKaVl�¢My_aM^KxJLd¾V � k�}oM�roE/®�M�VRZLdNk*KNM (
M^{P_¢±2_ad
OBJ[M^ZLb2J[]C� dNko��M�.�68}lVRZ[fCM^dx�²VRK�V�¡7VuO��¤KNko� {^f2K
KNM^]`_¾MyWY�°MP{P_aVl_aJLko]2d^Q7]�VR��M^ZLO�¡7MzKNMPeBfCJ[KNM
nA@´r�4 ��§ .�6�¬ " .�6 "�r�@�7 ��§2.�6x¬yE
Uic2J[d¦�^ko]2M J[d¦d
c�VRb2MPb�J[] kof2K#�2Z[kl_ad^E~ª=ko]2M�kl�@_Nc2M ±�bCf2{^J[VRZ>��kYbCM^Z[d=Z[kB{uVX_aM^b�J[]­_acCJ[d�ª \ �
{uVR] � Mh±2_N_NM^b�¡�J´_acz_Nc2M��2K
kY{PM^b2fCKNM�t�F�±2_^E#Uic2MPKNMy�¤koKNMlQ�¡�JL_Nc�KNM^VRZ�b�Vl_sVYQ�_Nc2M%±2_¦�2KNkB{^MPb2f2K
M
¡�J[ZLZ � MhM0WY{^Z[fCb2M^b�E

E Uic2M:�7J[VRdNMPb
��kR]2M�§ ���5¬@J[d _acCM���VRK
_�kl� � ¡�cCM^KNM�_Nc2M�±2_�{^ko]`}RM^KN�RM^d=�°MPK
�¤M^{y_aZ´OoQ � fY_i¡�c2M^K
M
¡7Mh�g]2k�¡ �¤KNkR� _ac2MhdNJL��f2Z[Vl_aJLko]¾_ac2Vl_�¡7M%VRKNM��²VRKi�¤K
ko� _acCMh±�bCf2{^J[VRZ�}lVRZ[f2MPd^¶�®�M%egf�VR]`_NJL�»O
_ac2JLd � J¥VRd@VRd�_acCM#b2J´��MPKNMP]2{^M � My_�¡7MPM^]9_acCM#{PM^]`_aKNVRZ�}lVRZLf2M�kR�5V~±2_N_NM^b¢��VRKaVl�¢My_aM^K
� VR]2b�_ac2M
±�b2f2{PJ¥VRZ°}RVlZ[f2M�����E�ª#VR��M^ZLO�_acCM " � J¥VRd " J[dib2My±�]2M^b�VRd

�¯§���¬ % ��� 	 4���� § w`¬

��]%�RM^]2MPKaVRZ Q�� �% n=VR]2bh¡7M@b2MP±2]2M�_Nc2M � J¥VRd
M^bh�^ko]2M�VRd5_acCM���VlK
_�kR� � ¡�cCM^KNM��¯§���¬:=~��§��x¬
¡�c2M^K
M���§���¬ J[d _acCMhd4_sVl_NJ[d4_aJ[{^VRZ�MPKNK
koK�ko]��9E
Uic2M�J[���°kRK
_sVl]g_>�°kRJ[]`_�J[d½_Nc�Vl_�_Nc2J[d½�Pko]2M�J[d�fC]2b2MP_NM^{y_sV � ZLMi¡�JL_ac�K
MuVRZ�b2Vl_sVCET��_�J[d½_Nc2MiKNMP�oJ[ko]
¡7M�¡ Vl]g_ _ak­JLb2M^]`_aJ´�»O*VR]2b�_Nk���J[]2JL�¢JL�^M�_Nc2KNkofC�oc�VR]�VR�2�2K
ko�2KNJ[Vl_aM�{sc2koJL{^M9kl� _ac2M�±2_N_NJ[]2�
�2KNkB{^MPb2f2K
MRE

E Uic2M#I@VlZ[J[bCJL_�O���kR]2M�§»I��5¬�J[d�_acCM¦KNMP�¾VlJ[]2JL]2�~��VRK
_�kR� � ¡�c2M^K
M¦_ac2M�±2_7{^ko]`}oMPKN�oMPd ��M^K
�¤MP{P_NZLO
VR]2b/¡�cCM^KNM��9§���¬ " ��§���¬yE ���~¡�M KNMPeBfCJ[KNMz_ac2JLd¾{^kR]2b2JL_NJ[ko]£�¤koK¢_Nc2M��¤f2ZLZ#d
MP_¯kR�~±2_
_aMPb
��VRKNVR�¢My_aMPKNd _akR�oMP_Nc2M^KPQ2¡7Mh{uVR]Ab2My±�]2M%V �,�¤f2Z[Z " }lVRZ[JLb2JL_�O��^kR]2M9§»�¤f2Z[Z�I��5¬0E
\ ko]2d
M^egf2M^]`_NZLOoQ`_Nc2M7{Pko]`_akof2K
d�dNMP��VRKaVX_aJ[]C�¦_ac2M0���9VR]2b�_Nc2M7I��¾J[]%_Nc2M �2Z[VR]2M �3{^koK
KNM^d
�°kR]2b
_ak�_acCMhJL]`_aKNJL]2dNJL{�Z[JL�¢J´_sVl_NJ[ko]�kR��_ac2M�±2_
_aJL]2�x�2KNkB{^MPb2f2KNM�¡�c2JL{sczJLdi{^ko]CdNJ[bCM^KNMPb�E



r�v

®�M ]Ck�¡ Vl�2�2ZLO¯_Nc2J[d�d4_aKaVX_aM^�lOzkl��VR]�VRZ´OBdNJ[d�_ak�_ac2M ¨Cª � S VR]2b�¨Yª;9�¨³d
J[��f2Z[Vl_aMPbzb2Vl_sVCEiUicCM
J[����VR{P_ kR�T_Nc2M � J¥Vldiko]³_Nc2M~�2KNMPdNMP]g_�¨Cª d
_aVl_aJLd
_NJ[{uVlZ�daVl�¢�2ZLM�J[d�VRZLdNkx�2K
M^dNMP]`_aM^b�E

����� � ���B���4	�� $���� �5�
�~"����<-£.0�@�� ���� �
�RQ��TQ�U � \`��\g� � Z�b �C� Z�X(b X_^ � W \ ��� `��	�2��� Z � Z ��

� X[b \B�

-2
-1.5

-1
-0.5

0
0.5

1
1.5

2

-2 -1.5 -1 -0.5 0
w0

F

w
1F

-2
-1.5

-1
-0.5

0
0.5

1
1.5

2

-2 -1.5 -1 -0.5 0
w0

F
w

1F

-2
-1.5

-1
-0.5

0
0.5

1
1.5

2

-2 -1.5 -1 -0.5 0
w0

F

w
1F

-2
-1.5

-1
-0.5

0
0.5

1
1.5

2

-2 -1.5 -1 -0.5 0
w0

F

w
1F

q>J[�ofCKNM7ºC¶��g���
�
���+��.�� ������	�m ��!��+����p1x����
��	&�����J������	Mm8!q�H���5!-���-p%���q�I@B���
�

��� 9 ����2�� ��2��J������	Mm8���
���5l�pR68���g�(�/@BE�F
�
�
l��7�������j	��1�}68����S V �����
.$mo��p{x _ ` m �qp{x f h m ��p}���q�P��� �-��!��B3-���5��')�1�����5	4����2��1��!����Bmo�-p{K}LM!��B3����/�����/:����M�
	<� [ Qw;��
��� ��!��P������l _ ` 3����
����K}LM!�� 9 ���&���
�����N�
� ���j��� f Th WXY7a�\ y � 	���3-����������	��/���1���
���5�H��� �-2P')�/�/���
	�68����' ���������
���5�H���
��2
������	�K

®�M9Vl�2�2ZLO _Nc2J[d%�¢My_ac2kBb�_Nk�b2My_aMPKN��J[]2M�_ac2M�}RVlZ[J[bCJL_�O­�Pko]2MPd�f2dNJL]2��_Nc2M9tXF©±2_%ko]�_Nc2M¯¨Cª � S
dNJ[� f2Z¥Vl_NM^b¯b�VX_sVCE � ¡�MuVR�¯�2K
J[koK7ko]�.�6¢Q .�6 % nA@·tC��nA@´roQ2c2VRd � MPM^]³f2dNMPb�E
q>J[�ofCKNM ºoVCQ � Q¸{lQ¸b��oJ´}oM _Nc2M�b2JL�°M^K
M^]`_�}lVRZ[JLb2JL_�OA�Pko]2MPd��¤koK-����§²q>J[�Rf2KNM%º`V`¬yQ .�6!§²q>J[�Rf2KNM%º � ¬yQM#��
§ q>JL�of2KNM¦ºo{�¬iVR]2b¯�¤koK _Nc2M�_ac2K
M^Mh��VRKNVR�¢My_aMPKNd _sVl�RM^]³_ako�RMP_acCM^K%§ q>JL�of2K
M�ºob&¬0E

��]³VRZLZ°_Nc2M�±��of2K
M^d^Q2_Nc2M�Z[JL]2M # 	 	 %�n�{^koK
KNM^d
�°kR]2b2di_ak�_Nc2MhVR{P_Nf�VRZ�f2] � J[VRdNMPb¯±�b2f2{PJ¥VRZ���kBb2M^ZLd^E
� ]CM�{uVR]~dNMPM�_ac�Vl_�_ac2M5�7J[VRdNMPb ��ko]2M�J[d�VRZL¡7VuOYd5ZLJ[��JL_NM^b � O�_Nc2M�ª \ �>E^Uic2M�Z[JL]2MB#�	� %!4%r�)C§ t,.�	' ¬ �
4¦nA@¼º`w³dNM^�2VRKaVl_NM^dh_ac2M¢�¢kBb2M^ZLd�¡�c2J[{sc�{^koK
KNM^d
�°kR]2b�_ak�VR] Vl{^{^MPZ[MPKaVl_NJ[]2�³f2]2J´}oM^K
dNM�_akBb�VuO�§ #�	� "
4¦nA@¼º`w`¬��¤K
ko� _Nc2M~b2M^{PM^ZLM^KaVX_aJ[]C��kR]2M^d §2# 	� = 4¦n @¸º`wo¬yE

95kBko�gJ[]2�xVX_=_Nc2M�}lVRZ[JLb2JL_�O��^kR]2M��¤koKiMuVR{scz��VRKNVR�¢My_aMPKiJ[]2b2J´}BJ[b2f�VlZ[ZLOA¶



r�t

E ���~§ qTJ[�of2K
M~º`V`¬ J[d�M^d
dNMP]g_NJ¥VRZLZLOAf2] � J[VRdNMPbz�¤koK���kYbCM^Z[di¡�c2JL{sc�{PkoKNK
M^dN��ko]2bz_ak¢VR{^{PM^Z[MPKaVl_NJ[ko]
§2#�	� " 4#nA@¸ºow`¬�M0WY{^M^�Y_��¤koK�Z¥VRK
�oM~]2M^�oVl_aJ´}oM~}RVlZ[f2MPd#kR� #�		 E ®�Mh]2kR_NJ[{^M�_Nc�Vl_ ���iJ[d#VRZL¡7VuOYd
�¢M^VRdNfCKNM^b�¡�J´_ac VR] M^K
KNkoK � MP_
_aMPK�_ac�VR]�_Nc2MA�°MPKN{^MP]`_�_Nc�VR]2�gd�_ak­_Nc2M��Nª=MuVRK � O " daVR���2ZLMRE
Uic2M^K
MP�¤koK
M J´_¦JLd#M^VRd
OA_ak¢�oMP_�V � J[VRd=�oKNM^Vl_aMPK=_Nc�VR]�_Nc2J[d=M^K
KNkoKPE �=k�¡7My}oM^K#_ac2JLd � J[VRd�c�VRd¦]Ck
KNM^VRZ�{^kR]2dNMPeBfCM^]2{PM�ko]¯_ac2M~b2My_aMPKN��J[]�Vl_NJ[ko]¯kl�T_Nc2M~kR_ac2MPK���VRKaVl�¢My_aM^K
d^E

E .�6 § q>JL�of2KNM>º � ¬yQ�{Pko]`}oM^K
dNMPZLOoQlJ[d�fC] � J¥VRd
M^bhko]2ZLO=�¤koK<V d
�¾VRZLZ � Vl]2bhVRKNkofC]2b�_ac2M�Z[JL]2M #�	 	 % nCE
��_~�¢M^VR]2d�_Nc�Vl_��¤koK���kod4_~kR� ��� �¢kBb2MPZ[d¦¡�J´_ac­}lVRK
OBJL]2�³��k`¨°Q�_acCMx±C_N_aMPb�.�6�JLd�d
_aK
ko]2�oZ´O
� J¥VldNM^bAJL]A_Nc2J[d ±C_N_aJL]2�x�2KNkB{^MPb2f2K
MRE

E #���§²q>J[�ofCKNMhºo{�¬iJ[d�}lVRZ[JLbzJL]­V¢Z[VRKN�RMh�2VRK
_¦kR�½_acCM KNMPb2f2{PM^b �2Z[VR]2M ����Q�¡�cCJ[{sc­{PkoKNK
M^dN��ko]2bCd
_ak¯_acCM¢�2K
M^d
M^]`_�Vl{^{^MPZ[MPKaVl_NJ[ko]�KNMP�oJ[kR]/§ #�	� " 4¦n @¸º`wo¬yE � _Nc2M^K4¡�J[d
Mx¡�Mx�²VRZ[Z½JL] _ac2M��7J[VRdNMPb
��ko]2Mh¡�c2J[{sc�Q��¤kRK¦J[]Cd
_sVl]2{^MlQ�{^ko]`_aVRJ[]2d#_ac2M��CKNMP}BJLkof2dNZ´O�egf2kl_aM^b���kYbCM^Z�kR�7H�VRkoK#MP_~VRZ E � r ���©E
� fC_ad
J[b2M ����Q°�¤koK=Z¥VlKN�oM � #�		 �B}RVlZ[f2MPd^Q°¡�MxVRK
M J[]³_ac2M �7J¥VRd
M^b���kR]2MRE \ kR]2dNMPeBfCM^]`_aZ´OoQ5ko]2M
c�VRdi_ak�_aVR�RM~dNkR�¢M~{uVlfC_aJLko]2d ¡�c2MP]�f2d
J[]2��_acCM%t�F�±2_i�¤koKiM0WB_aKaVl{P_aJL]2��#��uE

UicCM¦�¤f2Z[Z&I@VRZLJ[b2J´_�O ��ko]2M¦JLd7d
c2k�¡�]³JL]9q>JL�2EBºob¯VR]2d7J[d7bCKNJL}RM^]¯�¢VRJ[]CZLO � O¾_Nc2M � J¥VRd�ko]9_ac2M .�6
��VRKaVl�¢My_aM^KPE � ]2M={uVR]¢{^ko]2{PZ[f2bCM#_ac2Vl_�_ac2M¦tXF�±2_@JLd@}lVRZLJ[bxko]9VlZ[Z���VRKNVR��MP_aMPKNd�_ako�RMP_acCM^K��¤koK�±�b2f2{PJ¥VRZ
�¢kBb2M^ZLdh¡�cCJ[{sc c�Vu}oMAV�d
�¾VlZ[Z@b2M^��M^]2bCM^]2{PM³JL] KNMPb2dNcCJL�»_u¶x¡�c2MP] #�	� = 4hroQ½_Nc2M9}lVRZ[JLb2JL_�O JLd �¤koK
� #�		 �%"�nA@·vYQ�kR_Nc2M^K4¡�J[d
MhJ´_iJ[]C{^KNM^VRdNMPd=_Nk � #�		 �i" nA@¼º2E

-2

-1.5

-1

-0.5

0

0.5

1

1.5

2

-2 -1.5 -1 -0.5 0
w0

F

w
1F

q>J[�ofCKNM � ¶��/��')�C��	I#4�
2-K y��P68��� f h �
�"��!-�C����	&����!-�����0�<�C����� ��� :-�-�1���������
�H���������-� �����-	&�������I� � ������	�!�� 6 �
	�./	�����'0�H���
�z������������6 a K a � ���>��!-�j')��2���� ��:q�/��	�K

� ]2M�c2VRd _akxM^���2c�VldNJ[�PM�_ac�VX_ _ac2M~M0WC��M^K
J[��M^]`_sVlZ�M^K
KNkoK ¡�JLZ[Z�VRZ[d
k�{^ko]`_aVRJ[]Ad
OBd4_aM^�¢Vl_NJ[{�M^K
KNkoK
d^E
Uic2M^d
M9Z¥Vl_
_aMPKhc2V�}RM � M^MP] M^d4_aJ[�¢Vl_NM^b��¤koK�¨Yª � S � ruº�� E9®�M¾c�Vu}oM¢dNJL��f2Z¥VX_aM^b�_acCJ[dh{uVRd
M9VR]2b*_ac2M
KNM^d
f2ZL_@JLd��oJ´}oMP]¢ko]¾q>J[�CE � Qg¡�c2M^K
M#¡�M#c�Vu}RM¦J[]C{^Z[fCb2M^b¾Vh{Pko]2d
_aVR]`_ f2]C{^koK
KNM^Z[Vl_aMPb¢d4OBd
_aMP�¾VX_aJ[{=M^K
KNkoK
ko]zM^VR{sc­�¢VR�o]2J´_af2bCM��¢M^VRdNf2K
M^��M^]`_uEiUicCM%{Pko]2dNMPegf2M^]2{PM�kR�½JL]2{^K
MuVRd
J[]2�x_acCM%MPKNKNkRK#JLd#Vl]�J[]C{^KNM^VRdNM



ruº

kR��_Nc2M=I@VlZ[J[bCJL_�O ��ko]2M^dPE \ ko����VRKNMPb�_Nk�q>JL�2Eoºo{lQ`_ac2M�I��³�¤kRKD#���J[d�dNf � d
_aVR]`_aJ¥VlZ[ZLO M^]2Z[VRKN�RM^b�E�ª=kR_aM
_ac�Vl_#_ac2Mxª \ � J[d¦K
M^b2fC{^M^b�JL]�_ac2M�dNVR��M%_aJL�¢MlE�Uic2M�I����¤koK-�����¤koZ[ZLk�¡�d�_acCM�daVR��M � M^c�Vu}BJ[kRf2K^Q
_ac2M~ko]2M~kR� .�6 � MPJ[]2����fC{sc�Z[MPdNd=Vl�°M^{y_aM^b�E

®�M~c�Vu}oM%VRZ[d
kxZ[kBko�RMPbzVX_i_ac2M~J[����VR{y_ikR��_ac2M$.�6µ�2KNJLkoKiko]Akof2K�K
M^dNfCZL_adP¶
E ® c2M^]�_Nc2M^K
M JLd=]Ck¾�2K
J[koKPQ&_Nc2MhKNM^d
f2ZL_Nd�VRK
Mh}RM^K4Oz{Pko����VRKaV � Z[M¢§ � fC_¦d
Z[JL�oc`_aZLO¾¡7koK
dNMu¬�_ak�_ac2M

¡7M^VR�¯�2KNJLkoK {^VRdNMhb2M^d
{^K
J � M^bzV � k�}RMRE
E ® cCM^]*V¾d
_NKNko]C�9�2KNJLkoK¦JLd¦f2d
M^b+§¤MRE¼�2ELQ���§ .�6�¬ % nA@·nYr�¬yQ�_ac2M�MPKNK
koK¦ko]­_Nc2M���VlKaVR��MP_NM^KNd¦VRKNM

KNM^bCf2{^MPb � fC_#_ac2M~I���VlZ[dNkCEiq>J[�CE �oV¢�RJL}oMPd=_Nc2M%I����¤koK>#��#¡�J´_ac³_ac2JLd=�CKNJ[kRK^Ei��f2M~_ak�_ac2Mhd
_NKNko]C�
�2KNJLkoKiko]�.�69Q&VRZ[Z�_Nc2M � J¥VRd�My��MP{P_#J[d�KNMP�°koK4_aMPbzko]³_ac2M:#��#��VRKaVl�¢My_aM^Ki¡�c2JL{sczJLd�d
_aK
ko]2�oZ´O � J[VRdNMPb
VRdidNc2k�¡�]³ko]zq>J[�ofCKNM �oVYE�95kYko�gJL]2���¢kRKNM�{^ZLkodNMPZLO¾Vl_i_acCMhK
M^b2fC{^M^b ����Q2kR]2M~dNM^MPdi_ac�Vl_i_Nc2M�I�� J[d
Z[J[��JL_NM^b�_ak�_ac2M~ZLJ[]2M # 	 	 %�nCE�Uic2MPKNMP�¤kRKNM�¡7MhZ[kRdNM�_acCM~�²Vl{P_i_ac2Vl_ #��#JLdiJ[]A�oMP]2M^KNVRZ�¡7MPZ[Z�±C_N_aMPb � O
_ac2JLd ±2_N_NJ[]2�x�2K
kY{PM^b2f2K
MRE

UicCM {^ko]C{^Z[fCdNJ[kR] J[d�_ac�VX_T_Nc2M�±2_
_aJL]2�¦�2K
kY{PM^b2fCKNMitXF©±2_Tf2dNMPb�J[] _Nc2M7{^VRdNM kl�&V¦c2JL�oc�¨Cª+d
_aVl_aJLd
_aJL{^d
MyWY�°MPKNJL�¢MP]g_�ZLJ[�RMz¨Cª � S�Q�{^VR] � M³f2dNMy�¤f2Z=_Nk�{Pko]2d4_aKaVlJ[] #��¢�¤koK�V�Z[VRKN�RM¯��VRK
_�kR�#_ac2Mz�2Z¥Vl]2M �¾Q
¡�c2J[{sc+{^koK
KNMPdN��ko]2b2dx_ak*VR{P{^M^ZLM^KNVl_aJL]2���¢kBb2M^ZLd^Q�ko]2Z´O�¡�c2MP]/]2k��2K
J[koK�kRKxV�¡�MuVR���CKNJ[kRK�ko] .�6
J[d¾fCdNM^b�E:Uic2M kl_ac2MPK9{^kod
�¢kRZ[ko�oJL{uVRZi�2VRKaVR��MP_NM^K
d�§ .�6 MPdN��M^{^J[VRZ[Z´OC¬¢VRK
M­d
_NKNko]2�RZLO � J¥VRd
M^b�Q=VR]Cb
d
_aK
M^]2�l_ac2MP]2J[]2��_Nc2M>.�6 �2K
J[koKT¡7koK
dNMP]2d@_Nc2MidNJ´_af�VX_aJ[kR]�E \ ko]C{^M^K
]2J[]C�%���*�¢kBb2MPZ[d>¡�c2JL{sc¢ZLMuVRb�_Nk~V
�2KNMPdNM^]`_¦b2M^{PM^Z[MPKaVl_NJ[ko]�Q�J´_#VR�2��MuVRK
d¦{^ZLMuVRK
ZLO9�¤K
ko� _Nc2M �2K
M^{PM^b2JL]2�¢±��Rf2KNMPd^Q&_ac�Vl_=_acCM {^kRdN��koZ[ko�RJ[{uVlZ
��VRKaVl�¢My_aM^K
d�VRKNM � J[VRdNMPbAMP}oMP]­JL�<_Nc2M�_aJ[��M�b2MP�°MP]2b2MP]2{^M%kR�T_Nc2Mh��kg¨AJLd ¡7M^VR�&E

-2

-1.5

-1

-0.5

0

0.5

1

1.5

2

-2 -1.5 -1 -0.5 0
w0

F

w
1F

-2

-1.5

-1

-0.5

0

0.5

1

1.5

2

-2 -1.5 -1 -0.5 0
w0

F

w
1F

q>JL�of2K
M �C¶��/��'P����	�#%� 2qK y��B68��� f h � �>��!-������	��(��6��P	&�������-2 _ ` 3����
������p����/@BE�F�x��qp����/@�A4� K

�RQ��TQSP V X � ���2� Z � X(b ��\`��� \
\ b � W \ ��� `T�¢� b �/� W \�� � `��
®�M�c�Vu}RM�d
c2k�¡�]��CKNMP}BJLkof2dNZ´O�_Nc�Vl_�_acCMxtXF�±2_~�CKNkB{^M^bCf2KNMx�¢V�O � M�f2dNMy�¤f2Z½_akAMyWB_NKaVR{y_:#��hMy}oMP]�J[]
_ac2M#�2KNMPdNM^]C{^M�kR��_Nc2M � J¥VRd@b2f2M¦_Nk%_Nc2M¦c`OB�°kl_ac2MPdNJ[d0# 	 % nCE�Uic2M¦d
J[���2Z[MPd
_�ºlF�±C_7�2K
kY{PM^b2fCKNMx§»¡�JL_ac
]2kx{^ko]2d4_aKNVRJ[]`_�ko] # 	 ¬ VRZLZ[k�¡�d7_acCMhM0WB_aKaVl{P_aJLko]AkR� #��=¡�J´_ac2kofY_=VR]`O � J¥VldidNJ[]C{^M:# 	 J[diJ[]C{^Z[fCb2M^bAJ[]
_ac2M¦±C_uQ � fY_i¡�JL_ac9VR]AJ[]2{PKNMuVldNM�kR�<_Nc2M�d
_aVl_aJLd
_aJL{uVRZ�M^K
KNkoK
diko]¯MuVl{sc³�2VRKaVR��MP_NM^KPE½®�M�Vlb2KNMPdNd�]2k�¡ V



r �

-2

-1.5

-1

-0.5

0

0.5

1

1.5

2

-2 -1.5 -1 -0.5 0
w0

F

w
1F

q>J[�ofCKNM¾pY¶ ��m f h ^�[�Y ;��1p Y |}m f h ^ y Y ;��1pz68���?��!��>�/@BE�FX���H�5�����q�����<����l _ ` 3���� ����K>LM!�����!�� ���$3-�����
����������	&3J���q��	 �����7����2��H��� 9 ���/� �J�������-�1��x���!��<!-�H�5�5!����j3q�����O���z��3q��	&� ��� 9 ���/� �J�������-�1��x���!������
���5l�����2�� ���j�1��������	�3q���-��	
���P��!���@B���

�
��� 9 ����2�� �-2���������	�K

{^ko����VRK
J[dNkR]¯kR�T_Nc2M~M^K
KNkoK
d=k � _sVRJL]2M^bAko] #��i¡�JL_Nc³_Nc2M^d
M~_�¡�k¾bCJL�°M^KNMP]`_i±2_N_NJ[]2�x�2K
kY{PM^b2f2K
M^dPE

U�k¯{^kR� � J[]CM%_acCM � J¥Vld¦M^K
KNkoK¦VR]2b­_Nc2M�d
_aVl_aJLd
_NJ[{uVlZ�MPKNK
koK^Q�¡�M�{sc2kBkod
MxV¢±2_�egf�VRZLJL_�O³M^d4_aJL�¾Vl_NkoK
kR�T_Nc2M~�2KNkB{^MPb2f2K
M%Vld��¾§2#��0¬5%�� � H § #��0¬ 7�� H § #��0¬�¡�c2JL{sczK
M^b2f2{PM^d=_ak���§2#��s¬ �¤kRK _ac2M~ºlF©±2_uE
q>J[�ofCKNM�pi{^ko����VRK
M^d�_Nc2M@_�¡�k=�2KNkB{^MPb2f2KNMPd � O~b2JLdN�2Z[VuOYJL]2� _acCM@bCJL�°M^KNMP]2{^M�kR�YM^K
KNkoK
d��9§2#�� �at 4 ±2_0¬�4
��§2#�� �Nº 4 ±2_0¬#¡�J´_ac�V9¡7M^VR�­�2K
J[koK#ko]�.�6¾E UicCM¢t�F�±2_�JLd��2K
MP�¤M^K
KNMPb�Q5¡�JL_ac _Nc2J[d�MPd
_NJ[�¢Vl_akoKPQ�JL]�V
Z¥VRK
�oM���VRK4_=kR�T_Nc2M~�2Z¥Vl]2M � ¡�c2J[{sc³{^kRKNKNMPdN��ko]2b2d�_akx��kYbCM^Z[d ¡�J´_acA�2K
M^dNMP]`_�VR{P{^MPZ[M^KNVl_aJLko]�E

UicCMA_�¡�k � Z¥Vl{s��VRK
MuVRd�{PkoKNK
M^d
�°ko]Cb+_Nk­_ac2MAª \ � kl� � kR_Nc ±C_N_aJL]2�­�2K
kY{PM^b2fCKNM^dPE Uic2MPKNMP�¤kRKNMRQ
ko]2Mx{uVR]C]2kR_h{^ko]C{^Z[fCb2M��¤kRK~V³�2K
MP�¤MPKNM^]C{^M¢�¤kRK�_ac2M�ºlF�±C_~J[]�_ac2JLd��^ko]2MlE¾Uic2Mx_�¡�k�c�Vl_N{sc2M^b��^ko]CM^d^Q
{^koK
KNM^d
�°kR]2b2J[]C�A_NkAZ¥VRK
�oM }lVRZ[fCM^d�kR��� #�	 	 � Q5JL]2b2JL{uVl_NM�V¯�2KNMy�¤M^KNMP]2{^M��¤koK¦_Nc2MxºlF�±2_^E�Uic2JLdhJLd�b2f2M�_ak
_ac2M � J[VRd�ko]�#���J[]2cCM^KNMP]`_�_ak�_ac2M=tXF©±2_uETUic2M^K
M�J[d�VRZLdNk~V�]�VRK
KNk�¡�c2Vl_a{sc2MPb � VR]2b�¡�c2M^K
M=_Nc2MiºlF©±2_�J[d
d
_aJLZ[Z��2K
MP�¤MPKNKNMPbAVRZL_Nc2kof2�Rc¢_acCM � J¥Vld�JLd7dN�¢VRZLZ©E�Uic2J[d7VR�2��MuVRK
d7_ak � M�V%�^ko]2M=¡�c2M^K
M�_ac2M#{^koK
KNMPZ¥Vl_NJ[ko]
� My_�¡7MPM^]/#��~VR]2b # 	 J[d¦d
�¾VlZ[Z�VR]2b­_Nc2M^]�Q�_ac2M M^KNK
koKNd#�¤KNko� _acCM�ºlF�±C_�VR]Cb­_ac2M tXF�±2_�VRKNM%dNJL�¢JLZ¥VRKPQ
_ac2M~ºlF©±2_ � MPJ[]2�xd
Z[J[�Rcg_NZLO � MP_N_NM^K%§²ZLM^d
d�_Nc�VR]�v  x¬7MyWY{^MP�C_�kR]A_Nc2M~Z[JL]2M #�		 %�nYE

��]³_ac2M~¡�c2J´_aMhKNM^�RJ[ko]2dPQ2_ac2M~_�¡�k9��VRKNVR�¢My_aMPKNd #���VR]Cb�# 	 VlKNM~d
_NKNko]2�RZLOA{^kRKNKNMPZ¥Vl_NM^bzVR]2b³_ac2MP]
_ac2MhtXF©±2_�c�VRd�{^ZLMuVRK
ZLO¾V�d
�¾VlZ[Z[MPK7MPKNKNkRK^E

¨Bk2Q�¡�M�{uVR]�{^kR]2{^ZLf2b2M _Nc�Vl_�¡�J´_ac�V¾¡�MuVR�&Q�_acgf2d�{Pko]2d
M^K
}lVl_NJL}RMRQ<�2KNJLkoK¦kR]/.�6 _ac2MxtXF©±2_�JLd�J[]
�oM^]2MPKaVRZ � MP_
_aMPK�_Nc�VR]¯_acCMhºXF�±2_i_Nk�M0WB_aKaVl{P_C#����¤kRK�VR{^{PM^Z[MPKaVl_NJ[]2�x��kYbCM^Z[dPE

���	� � 	���6��#-C�4-£.0���� ���
9 
�RQ � Q�U � \`��\g� � Z�b �C� Z�X(b X_^ � W \ ��� `��	�2��� Z � Z ��

� X[b \B�
� dNJ[��J[Z[VRKTVR]�VRZ´OYd
J[d½c2VRd � MPM^]��°MPK
�¤koK
�¢MPb��¤koK�V�dNJ[� f2Z¥Vl_NM^b�dNVR�¢�CZ[M {PkoKNK
M^dN��ko]2bCJ[]2��_ak�_Nc2M=¨Cª;9�¨gF
Z[J[�lM�d
_aVl_aJLd
_aJL{^dPE



r �

UicCM9}RVlKNJ[kRf2d I@VRZLJ[b2J´_�O ��ko]2M^d k � _sVlJ[]2MPb �¤koKx¨CªC9T¨�¡�J´_ac V�¡�MuVR� .�6 �2KNJLkoK�VRK
M9dNcCk�¡�]+J[]
q>J[�ofCKNM^d�wRVCQ � Q¸{lQ¸b

-2
-1.5

-1
-0.5

0
0.5

1
1.5

2

-2 -1.5 -1 -0.5 0
w0

F

w
1F

-2
-1.5

-1
-0.5

0
0.5

1
1.5

2

-2 -1.5 -1 -0.5 0
w0

F

w
1F

-2
-1.5

-1
-0.5

0
0.5

1
1.5

2

-2 -1.5 -1 -0.5 0
w0

F

w
1F

-2
-1.5

-1
-0.5

0
0.5

1
1.5

2

-2 -1.5 -1 -0.5 0
w0

F

w
1F

q>J[�ofCKNM wY¶ �g���
�
�/� ��.��J������	Mm ��!��+����p1x ���
��	&�����J������	Mm !-�H�5�5!����-p����-�?@B���
�

��� 9 ����2�� �-2 �J���-��	Mm8���
���5l�pR68���}�j�/@�A4�
�
�
l����������0	��1�768����S V �����
.nmo��p1x _ ` m8�qp����-� f h m ��p����q�����
�N��!��?3-���5��')�1�����5	�����2��1��!����Im �-p1KMLM!-��3����=�����/:-���(�
	
� [ Qo;������ ��!��P�<����l _ ` 3����
����K

®�M~b2M^bCf2{^M~�¤KNko� _ac2JLd ±��of2K
M~_Nc�Vl_~¶

E ����JLd<VRZ[��kod
_�f2] � J¥VRd
M^b~�¤koK<VR{P{^M^ZLM^KNVl_aJL]2�i�¢kBb2MPZ[d<VR]2bhVRZLdNki�¤koK5b2MP{^MPZ[M^KNVl_aJL]2��ko]2MPd��CKNk�}BJ[b2MPb
_ac2M~K
M^b2d
c2JL�»_�b2MP�°MP]2b2MP]2{^M%J[didN�¢VRZLZ�§ � #�		 �i" nA@ �`¬�§ q>JL�2E2wRV`¬yE

E .�6 J[d�]2kR_ � J[VRdNMPbxJ[]x�¢kRd
_�kR��_ac2M�K
M^b2f2bCM^b��2Z¥VR]CM�����VR]Cb�J´_�J[d � J[VRdNMPbxkofC_ad
J[b2Mi_Nc2J[d��2Z[VR]2M
JL� � #�	 	 �
= n @ �³§ qTJ[�2ECw � ¬yE

E #��%JLd~]2kR_ � J¥VRd
M^b*�¤koKhVR]�JL�¢��koK4_sVR]`_~��VRK4_hkR�7_Nc2M¢�CZ¥VR]2Mx{PkoKNK
M^dN��ko]2bCJ[]2�³_akzVR{^{PM^Z[MPKaVl_NJ[ko]
§2#���" 4#nA@¼º`w`¬�§ qTJ[�2ECwR{�¬0E

E Uic2MhtXF�±C_#JLd�V��RkYkBb¯±2_N_NJ[]2�x�2K
kY{PM^b2f2K
M��¤koK�KNM^{Pko]2d4_aKNfC{P_aJL]2��F�H HC{^kRdN��koZ[ko�RJ[{uVlZ°��VlKaVR��MP_NM^KNd
dNJL��f2ZL_aVR]2MPkof2dNZ´Ox�¤koKiVR{P{^M^ZLM^KNVl_aJL]2����kYb2MPZ[d�§2#���" 4¦n @¸º`wo¬@¡�c2M^]A_acCM�KNMPb2dNc2J´�»_�b2M^��M^]Cb2M^]2{PM
J[did
�¾VRZLZ � #�		 �i"�nA@ �³§¤dNM^Mhq>JL�2E2wlb&¬yE � _ac2MPK
¡�JLdNM�_ac2M~K
M^dNfCZL_=J[d � J[VRdNMPb�E

E Uic2M¦fCdNM¦kl�5V%d4_aK
ko]2� �CKNJ[kRK@kR]�.�6:¡�koKNd
M^]2d�_ac2M#dNJL_Nf�Vl_NJ[ko]A¶B#���J[d � J¥VRd
M^b��¤koK���kod4_�kl��_ac2M
�2Z¥Vl]2M � VRd�dNc2k�¡�]zko]³q>J[�2EA� � E



r�p

\ kR�¢��VlKNJ[]C��_Nc2M^d
MzK
M^d
f2ZL_Nd�¡�J´_ac�_ac2M�¨Cª � S {uVldNM³dNc2k�¡�d¢_Nc�Vl_�_Nc2Mz{Pko]2{PZ[f2d
J[ko]2d�VRK
MAeBfCJL_aM
dNJ[��J[Z[VRK � fC_7_ac2M¦}lVRZLJ[b2J´_�Ox�^ko]CM^d �¤koK ¨Cª;9�¨9VRK
M���f2{sc¯Z[VRKN�oMPK�_Nc�VR]¾�¤koK ¨Cª � STE���fCM¦_ak _Nc2M�ZLk�¡�M^K
d
_sVX_aJ[d4_aJL{^d�kofCK�{^KNJ´_aMPKNJ[kR]��¯§���¬W" ��§���¬¦J[d�ZLM^d
d�{^ko]2d4_aKNVRJ[]2JL]2�2E ª#kR_NM�_ac�Vl_�_Nc2M�ª \ ���^ko]CM^dhVRKNM
d
_aK
ko]2�oZ´O9K
M^b2f2{PM^b�VRd�MyWY�°MP{P_NM^bz¡�J´_ac¯_acCMhZLk�¡7MPK=d4_sVl_NJ[d4_aJ[{Pd^E

�RQ � QSP V X � ���2� Z � X(b ��\`��� \
\ b � W \ ��� `T�¢� b �/� W \�� � `��
®�M���M^K4�¤koKN� _Nc2M�daVl�¢M%{^ko����VRK
J[dNkR]�kR��_Nc2M�M^K
KNkoK
d�ko] #���k � _sVRJL]2M^bz�¤KNko� _acCM _�¡7k¯�CKNkB{^M^bCf2KNMPd
tXF�±2_=Vl]2bAºlF�±2_^Q2d
_NJ[ZLZ�¡�JL_NczV�¡�MuVR�¯�CKNJ[kRK ko]�.�6¾E

-2

-1.5

-1

-0.5

0

0.5

1

1.5

2

-2 -1.5 -1 -0.5 0
w0

F

w
1F

q>J[�ofCKNM9mY¶ ��m f h ^�[(Y ;��5p Y |}m f h ^ y Y ;��{pj��� f h 68���P�n�/@�A4�"�
� l��C��������	��1�)���-�����<����l _ ` 3����
����K�LM!��
��!-�+����3-���&�M�1��������	�3q���-��	g���)������2��H��� 9 �B�/� �J�������-�1��x=��!��(����	&!����03-���&�<���)��3J��	��+��� 9 ���/� �J�������-�1��x=��!��z���
���5l)����2��
���
����������	&3J���q��	g���)��!���@B���

�
��� 9 ����2�� �-2 �J������	�K

qTJ[�of2K
M9m­d
c2k�¡�dx_Nc2M¯b2J´��MPKNM^]C{^M¯kR�=M^K
KNkoK
d � MP_�¡�M^M^]+_ac2M9tXF�±2_�VR]2b _acCM¯ºlF�±2_^E�Uic2MAtXF�±C_�J[d
�2KNMy�¤M^KNK
M^b/¡�cCM^]�_acCM � J[VRd�J[d�dN�¢VRZ[ZikoKx¡�c2MP]�_ac2MA_�¡7k���VRKaVl�¢My_aM^K
d-#��¾VR]2b # 	 VRKNMzd
_aK
ko]2�oZ´O
{^koK
KNM^Z[Vl_aMPb�E¦® c2MP]/#�		 " n¾_Nc2M�c�Vl_N{sc2M^b�K
M^�oJLko]�JL]�_ac2M�VR{^{PM^Z[MPKaVl_NJ[]2�¾�^ko]2M c�VRd�d
J[��J[Z¥VlKikoKNJL�oJ[]
VR]2b9�2K
ko��M^K
_NJ[MPd VRd@_ac2M�]2VRKNK
k�¡ c2Vl_a{sc2MPb¯�^ko]CM�kR�<q>JL�2E�pBQC]�VR��M^Z´O�_ac�VX_ � kR_ac¾±C_N_aJL]2� �CKNkB{^M^bCf2KNMPd
�2KNk�}BJ[b2M~JL]9�²VR{P_�}oMPK
OA{Pko�¢�2VRKaV � Z[M�MPKNKNkRKNd^E

����� � 	���6��#-C�4- .0��� � -g�2�>�2�4-g���.�5��6z-Y��1 $�6,� �5�@������-C$ ��	 �~�
	�� �C� �����  	 �
���>�C�

®�M#{uVR]9bCMP±�]2M#_ac2M=}RVlZ[J[bCJL_�O��Pko]2M^d@�¤koK�_Nc2M¦d4_sVl_NJ[d4_aJ[{Pd�kl��_ac2M#�2KNMPdNMP]g_#¨Yª daVl�¢�2ZLM=�¤K
ko� _acCM�¨ \ S
{^koZLZ¥V � koKaVX_aJ[kR]��Gº��5J[]`_NKNkBb2f2{^MPbzJL]z¨YM^{y_aJ[kR]�vBELroE

qTJ[�of2K
M�r�noVx�oJL}RM^d�_ac2M~�¤f2ZLZ�I@VRZ[JLb2JL_�O���ko]2M~k � _aVRJ[]CM^bA¡�JL_acCkofC_#VR]`OA�2KNJLkoKiko]�.�6¾E7Uic2MhZ¥VlKN�oM
dNJ[�PM�kR�5_Nc2J[d��^ko]2M�d
c2k�¡�d _ac�VX_ _ac2M¦KNM^d
f2ZL_NdiVRK
M�]2kR_ � J¥VRd
M^b�§²Vl_�r=�<¬��¤koK7��kod4_ikR�5_acCM��2Z¥Vl]2M��¢E���]



r�w

-2

-1.5

-1

-0.5

0

0.5

1

1.5

2

-2 -1.5 -1 -0.5 0
w0

F

w
1F

-2

-1.5

-1

-0.5

0

0.5

1

1.5

2

-2 -1.5 -1 -0.5 0
w0

F

w
1F

q>J[�ofCKNM~r�nC¶�#-:��
� �g��� �
�/� ��. � ������	����q� ���
��	&�����J������	�68���M�?�
�

F�� �
l��z���H�5��	&���<��� ��!C��p����I3����
�����qp����<����l _ `
3-���
����K%LM!-��@

�
�n�������-���73��
���������D�/:-�(���P��!��j�
����2��z���������5	<��� _ ` ���-� f h K

�²VR{P_�ko]CZLO .�6µJ[d�VX��MP{P_aMPb � OAV � J[VRd^E

� ¡�MuVl� .�6 �2KNJLkoK kR�B��§2.�6�¬5% nA@´r~c�VRd � M^M^]Af2d
M^bA_akxb2KNV�¡�q>JL�2E°run � Q2�oJ´}BJ[]2� _Nc2M�I@VRZLJ[b2J´_�O
��ko]2M¢�¤kRK?#��³§²JLb2M^]`_NJ[{uVlZ@_Nk�_ac2M¢�¤f2Z[Z�I��5¬0ETUic2M¢I���J[d%dNZ[JL�oc`_aZ´O�KNM^bCf2{^MPb+{Pko����VRKNMPb�_akz_ac2M9]Ck
�2KNJLkoKi{uVRd
M � fC_¦J´_�KNMP�¾VRJL]2diegf2JL_NM%JL�¢��koK4_sVR]`_ ¡�J´_ac2JL]A_Nc2Mh�2Z¥VR]CM �¢EiH³koKNMh�2KNMP{^JLdNM^Z´OoQ&JL_=Vl�2�°M^VRKNd
_ac�Vl_�_ac2M#f2�2��M^K �2VRK
_7kR�5_ac2M � J¥VldNM^b¯�Pko]2MPdiVRKNM#{^ko����VRKNV � ZLM=�¤koK � kl_ac9]2k�VR]2b¾¡�MuVR�¢�2KNJLkoK@{uVRd
M^d^E
� ]CZLO�_acCM�Z[k�¡�M^K7�2VRK
_7kR��_acCM � J¥VldNM^b¾�^ko]2M#kR��q>JL�2E�r�n � JLd7d
�°MP{^JL±2{#_ak%_ac2M=¡7M^VR�¾�2K
J[koK�{^VRdNMlE�ª=kR_aM
_ac�Vl_7{sc�VR]2�RJ[]2��_Nc2M�M^K
KNkoK@}lVRZ[f2M#kR�<_ac2M¦�2KNJLkoK�c2VRd Z[J´_N_NZ[M={^ko]2d
M^egf2MP]2{^MPd#ko]9_Nc2M�d
c�VR��M�kR�5_acCM¦I��>E

UicCJ[d ±2_
_aJL]2�­�2K
kY{PM^b2f2K
M¯J[dh¡�J[b2MPZLO�f2dNMPb _Nk­MyWB_NKaVR{y_xJ[]C�¤koK
�¾VX_aJ[kR]2d��¤KNko� �2KNMPdNMP]g_¢¨Yª b�Vl_sV
� roQ5vYQ5tCQ�ºCQ5t`v<� E�Uic2MxKNMPdNf2Z´_ad~�2f � ZLJ[d
c2M^b�J[] _Nc2M^d
M�K
MP�¤MPKNM^]C{^M^d VRKNM�}lVRZLJ[b��¤kRK��¢kBb2M^ZLd¦¡�JL_Nc�{^ko]YF
d
_sVl]g_h��kg¨�E5q�KNko� kof2K�±�]2bCJ[]2�odPQ5ko]2M�{^VR]�MyWB_aMP]2b�_Nc2M�}lVRZ[JLb2JL_�O³kR��_acCM^dNMxK
M^dNfCZL_adhVR]Cb*{Pko]2{PZ[f2b2M
_ac�Vl_���kYb2MPZ[d�¡�JL_Nc¯V%K
M^b2d
c2JL�»_�b2MP�°MP]2b2M^]`_=��kg¨�¡�cCJ[{sc¾}RM^KNJ´�»O���#�		 � "/nA@ p~�¾VuO � M#±2_
_aMPb � O¢_Nc2J[d
tXF�±2_��CKNkB{^M^bCf2KNM�¡�JL_Nc³V � J[VRd ¡�c2JL{sczd4_sVuOBd � M^ZLk�¡ _acCMhd4_sVl_NJ[d4_aJ[{^VRZ�MPKNKNkRK^E
¨Yk2QC¡�M~{^ko]2{PZ[f2bCM�_ac�Vl_i¡�M~{uVR]¯_NKNf2d4_%§ Vl_~r=�5¬@_ac2M~K
M^dNfCZL_ad � VRdNMPbzko]¯�CKNM^d
M^]`_�¨Cª b�Vl_aVxk � _sVRJL]2M^b
¡�JL_ac�V­tXF©±2_%¡�cCM^KNM¢¡7M9]CM^�oZLM^{P_%_ac2M¢KNMPb2dNc2J´�»_�b2MP�°MP]2b2MP]2{^M¯kR�7_ac2M¾��k`¨°Q>f2d
J[]2��V .�6 �2K
J[koKhkoK
]2kR_uE � ]CZLOz§¤±2b2f2{^J[VRZ»¬���kYb2MPZ[d�¡�JL_Nc9V d4_aK
ko]2��K
M^{^MP]`_ }lVRKNJ[Vl_aJLko]2d�kR��_Nc2M���kg¨��¾VuO�Z[M^VRb¢_Nk � J[VRdNMPb
KNM^d
f2ZL_Nd^E

UicCM�{^ko����VRK
J[dNkR]�kR��_acCM��°kl_aM^]`_NJ¥VRZLJL_aJLM^d�kR��_Nc2MxtXF�±C_�VR]2b­_Nc2M�ºlF©±2_¦_Nk¯MyWB_aKNVR{P_ #���b2kYMPd�]2kR_
dNM^MP�8}oM^K4O*KNM^ZLMP}lVR]`_uE �#k�¡7My}oMPK^Q>¡�M¾c�Vu}RM¾{sc2MP{s�RM^b�_Nc2J[d~��koJ[]`_uQTVR]2b�JL_hVR�C�°M^VRKNd~_ac�VX_%_Nc2M¾t�F�±2_
�2KNk�}BJ[b2MPdxdNko��M¯{^ko]Cd
_aKNVRJ[]`_Nd�kR] #��x¡�c2JL{sc/VRK
M¯KNkofC�oc2ZLO ton  � My_N_aMPK�_ac�VR]�¡�J´_ac�_ac2MAºlF©±2_��¤koK
�¢kod4_�kR� �¾E

qTJ[]�VRZLZLORQR¡7M¦c�Vu}oM�K
M^�¢VRKN�lM^b¾_Nc�Vl_@_ac2M#{^M^]`_NKaVRZ&}lVRZ[f2MPd7kR� #�� VR]2b�.�6 VRKNM=dNcCJL�»_aMPb¯VRd��¤koZ[ZLk�¡�d^¶
JL� #�	 	 JLd���kodNJ´_aJ´}oM�¡7M#c�Vu}oM #�� = #�	� VR]2b�.�6 = .�	 6 QCVR]Cb¾_ac2M#{^ko]`}RM^KNd
M�JL�M#�		 " nCE>®�M¦bCk ]2kR_
KNM^{Pk�}oM^K�_acCJ[didNJL�¢�CZ[M � M^c�Vu}BJ[kRf2Ki¡�JL_ac¯_Nc2M%¨Cª � S�VR]2b�¨Cª;9�¨¯daVR���2ZLM^d^E



r�m

� �
� � � 
?� � 
 ��	 
>����
��8� �B����� �

��]­_ac2JLd���VR��M^KPQ�¡7M�c2V�}RM�d
_Nf2b2J[MPb­_ac2M � M^d4_�d
_NKaVl_NM^�ROz_ak¯M0WY_NKaVR{y_�_acCM�{^kod
�¢koZLko�oJL{uVRZ5��VlKaVR��MP_NM^KNd
VR]2b9JL]9��VRK4_aJ[{Pf2Z¥VlK@_Nc2M¦b�VlKN��M^]2MPKN�RO¾{^ko���°kR]2M^]`_7�¤K
ko� _ac2M#�¤fC_af2K
M�dNfC�°MPKN]2k�}lVRM�b�VX_sV%¡�J´_ac2JL]¾_ac2M
.A@ % r#��VRKNVRb2J[�R�zE�®�M=c�Vu}oM�{Pko����VRKNMPb¾K
M^dNfCZL_ad@�¤KNko�:_ac2M#�2KNMPdNM^]`_id4_sVl_NJ[d4_aJ[{Pd@¡�J´_ac�_ac2M=ko]2MPd�¡�M
{uVR]*MyWY��M^{P_~�¤K
ko� �¤fC_Nf2KNMxZ¥VlKN�oM��RKNkof2]CbYF � VldNM^b*dNfCK
}oMyOBd�VR]2b��¤KNkR� V9�¤fC_afCKNMxdN��Vl{^M�MyWY�°MPKNJL�¢MP]g_
Z[J[�lMh¨Cª � STE
��]�kRKNb2MPK½_ak � M�VRd��¢kBb2MPZ2J[]2bCM^��M^]2b2MP]`_7Vld��°kod
dNJ � Z[M7¡�M�c�Vu}oM�Z[kBko�lM^bxVl_@V�Z[VRKN�oM7KaVR]2�RMikR�&±�b2f2{PJ¥VRZ
�¢kBb2M^ZLd � O¢}RVlK
OBJ[]2�%_ac2M��2VRKaVR��MP_NM^K
d7kR�5_Nc2M�M^egf�VX_aJ[kR]¯kR�<d
_aVl_aM�kl�5_ac2M�b2VRKN��M^]2MPKN�RO-#�	� VR]2b #�		
¡�c2M^K
M�#�	�§ =o¬D% #�	� 7 #�	 	 =�� r�p<�©E

® J´_ac��2K
M^d
M^]`_7d4_sVl_NJ[d4_aJ[{Pd½koK>_Nc2Miko]2MiM0WY�°MP{P_aMPb¢�¤K
ko� V�d
f2K
}RMPOxZ[JL�RM�¨Yª;9�¨°Qo�2K
M^{PJ[dNJLko]�ko]�# 	 J[d
}oM^K4O9¡�MuVR�¯Vl]2b¯_ac2M��2c`OBdNJL{uVRZ5egf2MPd
_NJ[ko]A{^kR]2{^MPKN]2di_acCMhM0WB_aKaVl{P_aJLko]¯kR� #���VR]2b .�69E�q�koKiVx¨Cª � S
Z[J[�lM�MyWY��M^KNJL�¢MP]`_=V��okBkBb¯�2KNMP{^J[d
J[ko]Ako] # 	 J[diko]CZLO9��kod
dNJ � Z[M�¡�JL_Nc³V�d4_aKNkR]2�x�2KNJLkoKiko] .�69E

U�k�Vu}okRJ[b¢_Nc2M¦fCdNM¦kl�5d
_NKNko]2� �2KNJLkoKNd�ko] .�6¢QB¡�M�c�Vu}oM=�¤kY{Pf2dNMPb¯ko]¢_Nc2M¦M0WB_aKaVl{P_aJLko]¾kl� #�� ko]2Z´O
VR]2b�]2M^�oZLM^{y_aM^b¢_ac2M># 	 {Pko]`_aK
J � fC_NJ[ko] � O�±CWYJ[]2�%JL_�JL]�_Nc2M=±C_N_aJL]2�h�2KNkB{^MPb2f2KNMlE½®�M=c�Vu}oM=_ak~�²VR{^M=J[]
_ac2JLd�{^VRdNM=_ac2M=�2KNk � Z[MP� kR�5J[]`_NKNkBb2f2{^JL]2�%V � J[VRd�J´��_Nc2M=±2b2f2{^J[VRZ�}lVRZ[f2M=kR� # 	 	 JLd@�²VlK�Vu¡7VuO¢�¤K
ko� _ac2M
±CWYM^bAko]2MlE�®�M�{Pko�¢�2VRKNM�_Nc2M � J[VRd7_ak�_Nc2M�d
_aVl_aJLd
_NJ[{uVlZ°MPKNKNkRK ¡�c2J[{scAJ[d7MyWY�°MP{P_NM^bA�¤koK MuVl{sc³d
f2K
}RMPORE

U�k�d
_Nf2bCO�_Nc2M�}RVlZ[J[bCJL_�O=kR�YdNf2{sc%Vid
_aKNVl_aMP�ROoQ�¡�M@c2V�}RM��2KNMPdNM^]`_NM^b�Vl]hM0WB_aM^]CdNJL}RM�d4_af2bYO~kR�g±�b2f2{PJ¥VRZ
�¢kBb2M^ZLd J[]AV �&VX_�f2]2JL}RM^K
dNM~J[]9¡�c2JL{sc³¡�M�}lVRK
O-#�	� VR]2b
#�	 	 J[]³V�{^ko���2ZLMP_aM�KNVR]2�oM 4¦v#" #�	� "/n
VR]2b 4¦v
" #�		 " vz{PkoKNK
M^dN��ko]2bCJ[]2�­_Nk V­Z¥VRK
�oMx}RVlKNJ[My_�O�kl�=���3_Nc2M^koK
MP_NJ[{uVlZ���kYbCM^Z[dPE � ] _ac2M
kR_ac2MPK c�Vl]2b �
	� VR]Cb .�	 6 VRKNM�±CWYM^b�E ��]�_Nc2M¾±2_ ¡7M9c2V�}RM¯f2dNMPb�J[] �RM^]2MPKaVRZ�Vz¡�MuVR���2KNJLkoK%kR]
.�6¯§&��§2.�6x¬�" nA@´r�¬#Vl]2b�¡�M�c�Vu}oM�ZLkYko�lM^b�Vl_#_ac2M � J¥VRd#J[]`_aK
kYbCf2{^MPb � O�±CWYJ[]C��# 	 % nCE¦®�M�{uVlZ[Z
_ac2JLdi�2KNkB{^MPb2f2KNM�_Nc2MhtXF�±2_%§���� � .�6 � #��0¬7�2K
kY{PM^b2fCKNMRE

q�koK=¨Yª � S § VR]2b�¨CªC9T¨C¬iZLJ[�lM�d
_sVX_aJ[d4_aJL{^d^QY¡7M~k � _aVRJ[]¯_Nc2M��¤koZ[ZLk�¡�JL]2��{Pko]2{^ZLf2dNJLko]2d�¶

E #��¦JLd=]CkR_ � J¥VRd
M^b��¤koK=VR]zJ[���°kRK
_sVl]g_=��VlK
_=kR�½_Nc2M d
{uVR]2]CM^b­�2Z[VR]2M¾§2#�	� � #�	 	 ¬ ¡�c2J[{scz{^koK
KNMyF
dN��ko]2b2di_Nk���kBb2M^ZLdib2M^d
{^KNJ � J[]C�¢Vx|=]2JL}RM^KNd
Mh¡�cCJ[{sc³J[d _akBb�VuO¯JL]zVl{^{^MPZ[MPKaVl_NJ[ko]�E

E �¤koK����yQo¡�Mi�oMP_>_ac2M dNVR��M {^ko]C{^Z[fCdNJ[kR] � fC_�¡�MiM^���2c�VRd
J[�PM7_ac�VX_½_ac2JLd>��VlKaVR��MP_NM^K½JLd>dNk~��fC{sc
{^ko]Cd
_aKNVRJ[]CM^bAJ[]¯_acCM~±C_N_aJL]2�x�2KNkB{^MPb2f2K
M~_Nc�Vl_#V�dN�¢VRZ[Z � J¥Vldic�VRd�]2kx}YJLdNJ � Z[M�My��MP{P_^E

E .�6�JLdid
_NKNko]2�RZLO � J¥VRd
M^bAJL��_ac2M~K
M^b2d
c2JL�»_�b2MP�°MP]2b2MP]2{^M%J[diZ¥VlKN�oM�§ � #�		 �
=�nA@·v2§²nCE �o¬N¬yE

E ���5V~d
_NKNko]2�%�2KNJLkoK�ko] .�6:J[d�f2d
M^b�Q #��7JLd � J¥VRd
M^bx�¤koK��¢kod4_@kR��_acCM#�2Z[VR]2MlE½ª¦Vl�¢MPZLOoQ`_Nc2M¦t�F�±2_
�2KNkB{^MPb2f2K
MhJLdiKNMPZ[MP}lVR]`_�_akxM0WY_NKaVR{y_>#��#J´�TkR]2ZLO9Vx¡�MuVR�
.�6µ�2K
J[koK JLdif2dNMPb�E

®�M�c�Vu}oM@{^ko����VRK
M^b�_acCM7VR{P{^f2KNVR{PO�kR�Y_Nc2M@KNM^d
f2ZL_Nd<ko]�_ac2M5#�����VRKaVl�¢My_aM^K�_Nki_ac2M�ko]2MPdTk � _sVRJL]2M^b
JL� # 	 JLdiZ[My�»_i�¤KNM^MhVRdiJL]³VxºXF�±2_%§���� � .�6 � #�� � # 	 ¬i�CKNkB{^M^bCf2KNMlE

®�M#�¤kRf2]2b9_ac2Vl_uQBJ[]¢dN�2J´_aM¦kl�5_ac2M � J¥VRdPQB_Nc2M�tXF©±2_��2KNkB{^MPb2f2KNMlQC¡�c2MPKNM # 	 JLd�±CWYMPb�Q2{uVl] � M#f2dNMPb
�¤koK�¨Cª � S VR]Cb9¨CªC9�¨�_Nk�_aM^d4_�VR{^{PM^Z[MPKaVl_NJ[]2����kBb2M^ZLd�VR]2bx�oJ´}oM � MP_N_NM^K�koK�MPeBfCJL}lVRZ[MP]`_�KNM^d
f2ZL_Nd½_ac�Vl]
_ac2M�dNJL�¢�2ZLM^d4_%ºXF�±2_h¡�c2M^K
M-# 	 J[dh{^ko���2Z[My_aMPZLO��¤K
M^MlE³UicCJ[dhJ[dh]2kzZLko]2�oMPKh_NKNf2M�JL� � #�		 ��JLdhZ[VRKN�RMRE
q&kRK�b2M^{PM^ZLM^KaVX_aJ[]C�³��kBb2M^ZLd¦_ac2M�ºXF�±2_~JLd��¾VR]Cb�Vl_akRK
OoE ª#kR_NM�_ac�VX_uQ<{^ko]C{^M^K
]2J[]C�A_Nc2Mx{sc2koJL{^M�kR�@_ac2M
]BfC� � MPK>kR�2��VRKaVl�¢My_aM^K
d�_Nk � M�±2_
_aMPb�Ql_Nc2M � VuORM^dNJ[VR]���MP_acCkYbh�2KNMPdNMP]g_NM^bxJ[]��¼tRt<�YdNM^MP�¢dT�2KNkR�¢JLdNJ[]C�2E

UicCM^dNM={^kR]2{^ZLf2dNJLko]2d½c�Vu}RM � M^MP]¢d
MP_�f2d
J[]2�~ko]CZLOh_ac2M }lVRZLf2M�.�	 6 %�nA@¸t¦�¤koK>_acCM�±2b2f2{^J[VRZC��kBb2M^ZLd^E
����_ac2Mh_aKNfCM }lVRZ[f2MhJ[d#b2JL�°M^K
M^]`_¦_Nc2M�VRK
MuVRd#kR��_acCM b2J´��MPKNM^]`_�I@VlZ[J[bCJL_�O ��ko]CM^d¦JL]2{^K
MuVRd
M�JL�>_ac2M%{^ko]YF
_aKNJ � fC_NJ[ko]³kR����� J[d=dN�¢VRZLZ[M^KPQ&]�VR��M^ZLOAJ´�5.�	 6 JLd¦Z¥VlKN�oMPK^E \ ko]`}oMPKNdNMPZLORQ�JL�5.�	 6 "�nA@·tYQ�_Nc2M%}lVRZLJ[b2J´_�O
kR�T_Nc2MhtXF�±C_�J[diKNMPb2f2{PM^b�E



vRn

|=dNJL]2�¦_acCM7�2K
M^dNMP]`_aZLO�Vu}RVlJ[Z¥V � Z[M�d
_aVl_aJLd
_NJ[{^d�kR��_Nc2M�¨ \ S�{^koZLZ¥V � koKNVl_aJLko]��Àº��©QoJ´_½Vl�2�°M^VRKNdT_ac�Vl_T_ac2M
�2KNkB{^MPb2f2KNM%¡�c2M^K
M # 	 J[d=±CWYM^b�{uVR] � M _NKNf2d4_aMPb­�¤koK�VRZL�¢kRd
_¦VRZ[Z5_acCM ±�b2f2{PJ¥VRZ���kYb2MPZ[d={^ko]CdNJ[bCM^KNMPb
c2M^K
MRE � ]2ZLO ±2b2f2{^J[VRZ��¢kBb2MPZ[d�¡�JL_Nc�d4_aKNkR]2��K
M^{^MP]`_�}lVRKNJ[Vl_aJLko]2d�kR��_ac2M¾��k`¨/§ � #�	 	 � = nA@·po¬��¾VuO
Z[MuVlbA_Nk � J¥VRd
M^bAKNMPdNf2Z´_adPE

95My_7f2d@��koJ[]`_@kofC_�_ac2Vl_7kl_ac2MPK � J¥VRd�¡�kof2Z[b � M=J[]`_NKNkBb2f2{^MPb�Q � O¾V~b2MP��VRK
_Nf2KNM��¤KNkR� _ac2MC.A@ %3r
��VRKaVlb2J[�o� J[]¯_acCMh±�bCf2{^J[VRZ5�¢kBb2MPZ©QCkRK=J´�T_Nc2M~{^MP]g_NKaVRZ5}lVRZLf2M~kR�T_Nc2M�.�6��2K
J[koKiJ´_ad
M^ZL� §²fCdNM^bzJ[]A_ac2M
±2_N_NJ[]2�¢�2KNkB{^MPb2f2KNMu¬#J[d#]2kR_�_Nc2M�dNVR�¢M VRd#_Nc2M ±�bCf2{^J[VRZ�}lVRZLf2MRE¦��]2b2M^MPb*V¾dN�¢VRZ[Z � J[VRd¦JL]z_Nc2M��2K
J[koK
{^kof2ZLbzJL]2b2f2{PM%d
ko��M%d4_aKNkR]2� � J[VRd��¤koKi_ac2MhkR_acCM^K={^kod
�¢koZLko�oJL{uVRZ��2VRKaVR��MP_NM^K
d^E Uic2MPdNM � J¥VRdi¡�J[ZLZ � M
d
_afCb2J[MPbzJL]AVx�¤fC_Nf2KNM~��Vl�°MPK$�¸vop��©E

��_½c�VRd � M^MP]xVRbC}okB{uVX_aM^bxK
M^{^MP]`_aZLO��ÀtRº��C_Nc�Vl_>JL_½d
c2kof2ZLb � M MuVRd
J[MPK>_ak�{Pko]2d4_aKaVlJ[]�_acCMi��� b2M^]2d
JL_�O
+,'�§2=`¬=Vl]2bAJL_ad _NJ[��M�b2MPKNJL}lVl_NJL}RM$+ D' § =o¬yQ�J[]Cd
_aM^VRb³kR�>{Pko]2d4_aKaVlJ[]2JL]2��_ac2M~MPeBf2Vl_aJLko]zkl�>d4_sVl_NM$#�§ =`¬0E

UicCM^dNM�VRfY_ac2koK
d�c�Vu}oMxd
J[��f2Z[Vl_aMPb V9Z¥VlKN�oMh}RVlKNJ[My_�O�kl�@±2b2f2{^J[VRZ>��kBb2M^ZLd¦J[]z_ac2M�KNVR]2�oM�4hr,@·v��
#�	� � 4¦n @ � Vl]2b 4%r�@ � � #�		 �3nA@ � Q°¡�cCJ[{sc J[d¦VRZ[��kod4_¦{Pko�¢�CZ[MP_NM^Z´OA{^ko]`_sVlJ[]2MPb J[]­kofCK#I@VRZLJ[b2J´_�O
��ko]2MA�¤koK¢¨Cª � S §¤dNMPM­q>JL�2E � ¬yE/Uic2MPO£J[]`_aMPKN�2K
MP_¢�2c`OBdNJ[{^VRZ[Z´O ��VRK4_ad�kR��_acCJ[dx�2Z¥Vl]2MzJL]+_NM^K
� kl�
J[]2{PKNMuVldNJ[]C�2Q2b2MP{^KNM^VRdNJL]2��koKi]2ko]YF��¢kR]2kR_akR]2J[{¦���/b2M^]CdNJL_NJ[MPd>+,'�§ =o¬yE

UicCM^J[K�Vl�2�2KNkoVR{scAJ[d JL]g_NM^K
M^d
_NJ[]2��_NkxVR]2d
¡�M^K�J´��_Nc2M~���£MP]2M^K
�RO¯b2MP]2dNJ´_�O9JLd�V�{^ko]2d4_sVR]`_=koK ]CkR_uE
ª#MP}RM^K4_ac2MPZ[M^d
d^Q��¤kB{^fCdNJ[]C�¾ko]³_ac2M%M^egf�Vl_NJ[ko]zkR��d
_aVl_aM%JL_NdNM^Z´�½K
M^�¢VRJ[]2d��¢VR]2b�VX_akoK4OAJL�,Q��¤koK=J[]2d4_sVR]2{PMRQ
ko]2M¦¡7VR]`_adi_ak%}RVlZ[J[b2Vl_aM#�2KNMP{^J[d
M^Z´O¢_Nc2M~VR{^{PM^ZLM^KaVX_aJ[kR]9dNJL]2{^MlQ2J[]¾_Nc2J[d7{uVRd
MRQ�V��2K
M^{PJ[dNM��g]2k�¡�ZLM^b2�oM�kl�
#��~§ VR]CbAVRZ[d
k ko]
.�6 Vl]2b
.0'�¬�J[d7]CM^{^MPdNdNVRK
ORE7q>JL]�VRZLZLOoQo¡�M�¡�kof2Z[b¾Z[J[�lM#_Nk��°kRJ[]`_7kRfC_ _ac2Vl_7_NK
OBJ[]2�
_ak³VR]2d4¡7MPK VR]`O���VlK
_aJL{^f2Z[VRK�egf2MPd
_aJLko]*ko]*_Nc2Mx]�Vl_Nf2KNMxkR� ��� KNMPegf2J[K
M^d%VR]�JL]`}oM^d4_aJL�`Vl_aJLko] ko]�_ac2M
{sc2koJ[{PM~kR�T_Nc2M~�¢kRd
_�KNMPZ[My}RVl]g_i±C_N_aJL]2�x�2KNkB{^MPb2f2K
M^d^E

�¯��� bYX � ��\�� c ��\ b ���
®�M#¡�JLdNc¾_Nk _ac2VR]2� � ECH�VR�Pf2KNM�Vl]2b¢_Nc2M���M^� � M^K
d�kR�5_Nc2M 9<V � koKNVl_akoJLKNM�b � � d4_aKNkR�2c`OYd
J[egf2M�b2M

H�VRKNd
M^JLZ[Z[MlQ`�¤koK�_Nc2M^JLK7dNfC�2�°kRK
_uQCVR]2b¯VlZ[dNk���E 95J[]2bCM^K^QA hECHzJLeBfCM^Z�Vl]2b¯q7EC¨B_aMPJ[]2MPK^QB�¤koK7c2MPZ[�C�¤fCZ°b2JLd4F
{^f2d
dNJ[kR]2d^E � \ MP]`_aKNM¦b2M�S�c`OYd
J[egf2M�Uic�jM^koK
J[egf2M " JLd7|¦H� 3�`vRn`p�F �N|=]2JL_YjM�H³J´WB_aM#b2M  �M^{sc2MPKN{sc2M " kl�
\ ª; #¨9VR]2b¯kR�5_Nc2M�|#]CJL}oMPKNd
JL_aJLM^d �4b2M�S�KNk�}oMP]2{^M " Q �
b2M¦Z¥V�H jMPb2JL_NM^K
KaVR]�jMPM " VR]Cb��
b2f³¨Yf2b¯U�kof2ZLko]YF
I@VRK " FB9<V � koKaVl_NkoK
O¢V�N�ZLJ¥Vl_NM^b¢_NkxqB |¦H � H §²qB �vRvRmCr�¬0E � \ M^]`_NKNM�b2M�S�c`OBdNJLeBfCMhbCM^diSTVRK
_NJ[{^fCZ[M^d
b2M�H�VlKNdNMPJ[ZLZ[M " J[d��N|#]CJL_YjM HzJ WY_NM b2M? =MP{sc2M^K
{sc2M " kR� \ ª; #¨2«l�,ª�vlS@t¯Vl]2b­kR�½_Nc2M�|=]2JL}RM^K
dNJL_�O �
b2M
Z¥VxH jMPb2JL_NM^KNKNVR]�jMPM " E

� �|�-� ��� ��
�� �

� r�� ¨°E&STMPKNZ[� fC_N_NM^K�MP_=VRZ E � d4_aK
ko�2c`OBd^E°DCE�� U�� Q � � � §,r�momomo¬
�¼v<� � E �xE  �J[MPdNdiMP_#VRZ ELQ � d
_NKNko]�E�DCE U(U
	 Q�r�nRnom³§4r�momRw`¬
�Àt�� DCE�UTko]CK
O¯My_¦VlZ©E´Q � d4_aKNkR�2c`OYdPE°DCE���� � Q5r¢§©vRnRnot`¬yE
�Gº��� hE � E&¹�]2ko�AMy_¦VlZ©E�VRd4_aK
klF��2c�«RnotonomRt,�ow
� � �hdNM^MhMRE¼�2E�c`_N_N��¶·«o«l{P�¤c`_^E¸c�Vu¡7VRJ©E¼M^bCf&«o¨Y{PJ[M^]C{^M�« \ q �#U 9�¨gF � 9<�~«lcCJ[d
_NkoK
O vRnonYroE¸c`_N�¢Z
����� �xE��½�¤d4_sVl_Nc2J[kofAMy_¦VlZ©E´Q&Hzko]�E&ª=kR_uE( hE � d
_aK
ko]�¨YkY{lE � �
� Q 9<tom³§ vRnon`vo¬0E



vYr

�¼p<�%��E·ªhE�¨Y�°MPKN�oMPZ5MP_#VRZ E5§¤® H � S \ koZLZ¥V � koKaVX_aJ[kR]&¬ � d
_NKNko�2c`OBd^E°DCE�¨YfC�2�2Z©E U ��� Q5r�p � § vRnonot`¬0E
�Àw�� H�E�UTMP�o�¢VRKN�9My_#VRZ©E´Q2VRd4_aK
klF��2c�«RnotCr�nopovRt
�Àm��� hE�¨Y{PKaVR]`_Nko]zMy_#VRZ©ECVRd
_NKNklF��2c&«RnotRn`pRtot �
� r�n<�~dNM^M¾MRE¼�2E>ªhE �7VRc2{uVlZ[Z©Q>DCE¸STE � d4_aK
J[�RMPK^Q�¨�E>S�M^KNZL��fC_
_aM^K%VR]2b STE·DCE½¨B_NM^JL]2c�VRK
bC_uQ�¨B{^J[MP]2{^M P � � Q

ruº`wCr¢§4rumomom`¬7Vl]2bzK
MP�¤dPE2_ac2MPKNM^JL]�E
� ror �hSTE·DCE·S�EYS�M^M � Z[MPd7VR]Cb �#E  #Vl_NKaVCQ  �MP}�EBHzkBb�E`S�c`OBd^E´Q � ��Q ��� mx§©vlnonot`¬½VR]Cb�K
MP�¤MPKNM^]C{^M^d@_ac2MPKNMPJ[]Th

U�E&S>VRb2�¢VR]�V � c�VR]�Q&S�c`OBd^E  �M^�C_^E � � � Q�vRt � § vRnonot`¬0E
� r�v��~dNM^MhMRE¼�2E�c`_N_N��¶·«o«ldN]CZ[d^E¼J[]�vl��tCEÀ�¤K
� r�t<�~dNM^MhMRE¼�2E�c`_N_N��¶·«o«ldN]2VR��E¼Z � Z E¸�ok�}
� ruº�� � E �xE&¹�J[��MP_#VRZ ELQ�Hzko]�E&ª=kR_uE  ~E � d4_aK
ko]­¨BkY{lE � � � Q&monRmz§ vRnonRº`¬yE
� r � �~�sE�H�VRkoKPQ  hE ��KNf2d4_aM^JL]�Vl]2b³STE·DCE�¨B_aMPJ[]2c�VlKNbC_^Q&S�c`OBd^E  �MP}�E 95MP_N_^E � 	 Q �z§ vRnonCr�¬yE
� r �<�~�sE�H�VRkoKiMy_¦VlZ©E´Q�S�cgOBdPE  �MP}�E ��	 ��Q5r�vRtononRtA§©vRnonovo¬yE
� r�p��%DCEl®�M^Z[ZLM^K>VR]2b � E � Z � KNMP{scg_^Q`S�c`OYdPE  =My}�E,95MP_
_uE � 	 Q�r�motRm�§©vlnonCr�¬ h`S�cgOBdPE  =My}°E ��	 ��Q�r�nRt � r�v

§©vRnonovo¬yQ�Vl]2bzK
MP�¤MPKNM^]C{^M^d�_acCM^KNMPJ[]�E
� r�w<�h��E �#fC_NM^K
M^K#VR]2bzH�E·¨°E&UTf2K
]2M^KPQ&S�cgOBdPEM �MP}�E ��	 � Q5r�vRt � vop¯§ vRnonCr�¬yE
� r�m<�%H�E �~kRZ[J¥VX_ac9My_¦VlZ©E´Q � d4_aKNkR]�E�� � d4_aKNkR�2c`OYdPE � � � Q �³§©vRnonYr�¬yE
�¸vRn<�$�¦E&q7E ��M^K
�RM%VR]2b �xE&�½�¤d4_sVl_Nc2J[kof�Q&Hzko]�E&ª=kR_uE( hE � d
_aK
ko]z¨YkB{RE � � �5Q&tRtz§ vRnon`vR¬yE
�¸vYr �h��E2I E 95J[]2b2MPK�VR]2bz��E �#fY_aM^K
M^KPQ&S�c`OBd^E  �MP}�E ��	 � Q&nowCr�tRnotA§©vRnRnot`¬yE
�¸vov��h��E&��J�S�JLMP_NKNk�VR]2b�DCEÀF�q7E \ Z[VRM^d
�RM^]Cd^Q�Hzko]�E&ª=kR_uE  ~E � d
_aK
ko]�¨YkY{lE � � U Q5r�vlmomA§©vRnRnot`¬yE
�¸vRt<��®3E H�E�®�kYkBbYF©I@VRdNMyO9MP_#VRZ ELQCVRd
_NKNklF��2c&«Rnlº`nCr � rut
�¸vlº���I�EB¨CVRcC]2J�MP_�VRZ ELQgDo��U�S 95MP_
_uE � � QYvRnCr%§©vlnonot`¬ hg|%E � Z[VR� MP_�VRZ©E´QBHzko]�Egª#kR_^E  hE � d
_NKNko]¾¨YkB{RE

� � � Q<r�n � p³§©vlnonot`¬ h�H�E&UTMP�o�¾VlKN�&Q�S�c`OBd^EM =My}�E ��	 	 Q<r�not � nop³§ vRnon`vR¬kh&��E �#fY_aM^K
M^K¦VR]2b ��E
¨B_sVRK
�g�¾VR]�Q<S�c`OBd^E� �MP}�E 95My_N_uE � � Q<notYr�tonCrA§ vRnonoto¬kh<STE·¨°E \ kRKaVRdNVR]2JL_NJ½VR]Cb��iE·DCE \ ko��M^Z[VR]2b�Q
S�c`OBd^E  �MP}�E ��	 � Q&n,�Rt � vYr�§ vRnonot`¬0E

�¸v � �h��E2I E 95J[]2b2MPK^Q�S�c`OBd^E  =My}�E 9<My_N_^E�� � Q�nRmCr�tonCr¢§ vRnonot`¬0E
�¸v��<�%DCE � E&q�KNJLM^�¢VR]9MP_#VRZ ELQ2S�c`OBd^E  �MP}�E 95MP_
_uE � ��Q�vRn`popA§4rumom � ¬0E
�¸vop��%DCEÀF,H�E2I�JLKNMPO¾MP_#VRZ ELQ2JL]A�2KNMP��VRKaVX_aJ[kR]�E
�¸vRw<�hSTE �%E&q�KaVR���C_Nko]�Q�VRd4_aK
klF��2c�«Rnoton`vlnon`p VR]CbzK
MP�¤M^K
M^]2{PM^d�_ac2MPKNMPJ[]�E
�¸vRm<�%¨°E&ª#MPdNdNMPKNJLd¦VR]Cb�9�E�S�M^KNJ´}okoZ[VRKNkR�°kofCZ[kodiVld
_aK
klF��Cc&«RnRº`nYr ��� ��VR]Cb³K
MP�¤MPKNM^]C{^M^d=_ac2MPKNMPJ[]�E
�¼ton<� � fCK%d
J[��f2Z[Vl_aJLko]�_NkYkoZ Q�_ac2M �N¹�kod
�¢kod
c2k�¡ " Q�c�VRd � MPM^]�bCMP}oMPZ[ko�C�°MPb � O � E5UiJ[ZLegf2J[]*VR]2b�J[d

V�}lVRJLZ¥V � Z[M¦fC�°ko]³KNMPegf2M^d4_¦koKibCJ[KNMP{P_NZLO¯VX_
cg_
_a��¶·«o«l�¢VRK4¡i¡i¡~E¸JL]&vl��tCEÀ�¤Ks«XKNM^]CkoJ[Ka«R¹�kodN��kodNcCk�¡~E¼c`_a��Z©E



vov

�¼tCr � � E��7Z¥VR]C{sc�VRKNb MP_ VlZ©E´Q � d4_aKNkR]�E�� � d4_aK
ko�2c`OBd^E � U�P Q+t � § vRnonot`¬ h U�E­¨Yc�VR]C�Bd VRd
_NKNklF
�2c&«RnRºonCruº`nomYE

�¼t`v�� � E�HzMPZ[{sc2JLkoKNK
J5MP_#VRZ©E´Q�S�c`OBd^E  =My}°E ��	 � Q&nRº`t � nom³§©vRnonRt`¬kh&¨�E �¦VR]2]CM^d
_aVRb­Vl]2b��iE�HzkRK
_ad
M^ZLZ©Q
S�c`OBd^E  �MP}�E ��	 	 Qgn��ot � nowx§ vRnon`vR¬kh  ~E,�7M^VR]¾Vl]2b � EgHzMPZ[{sc2JLkoKNK
J©Q`S�c`OBd^E  �MP}�E ��	 �5QBnRºCr�ton`v
§©vRnonovo¬yE

�¼tot<�~U�E·��E�¨CVlJ[]2J Q�DCE2®�M^Z[ZLM^KiVl]2b­¨�E 9�E �7K
J[b2ZLMRQ2Vld
_aK
klF��Cc&«Rnoton ��� v��CE
�¼tRº�����E2®�VR]2�xMP_#VRZ ELQ�Vld
_aK
klF��Cc&«RnRº`novRnowon�Vl]2bzK
MP�¤MPKNM^]C{^M^d=_ac2MPKNMPJ[]�E



2.2.2 Biais dû �a 
MArticle publi�e sous la r�ef�erence : Phys. Rev. D70 (2004) 121301.
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2.2.3 Biais dû �a une �evolution non-lin�eaire de q(z)Article publi�e sous la r�ef�erence : Phys. Rev. D72 (2005) 061302.
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¦al���o�ePoq��oqm0�_fho�uveK¨{�Uu�g}®�¯Ry� �kPoq��k�o�m	�§iPd�gcoq��d�i'�V��gh����d�f0d�g�y\ Ad!rCmhd¬�¡�4uve#f0dÃ�£b{��gh�qu§f0d���kPePoqpnrCd
¸�¥vd�ePd�g0�_fho�eP¥¡�x�v�v� mco��!rP���_f0d�i¡dÃ���\d�ghoq��d�e#f0m���gcuvrPePi¡f0kCd�iV�_f��!¦\d�mµf�ÄPfxyC «d�d�mµf0oq�§�_fhd	f0kCd� �o�iCfhk
u�­>fhkPd�®�¯ªiPo�mµf0gco�¦PrCfho�uve½¨
stkCd�d<�nf0g0�_��f0d�i¼�_���qrPd�m���ghd¬iPoqmh�P���xlvd�iZoqe's"��¦C��d!ÙcÙ�¨KÙFe'f0kPoqm�s"�_¦P��d_y½ Ad�kV�x��d�rCmhd�i(��mcfhghuveC¥
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��iPuv�Cfho�eP¥¡mµf0gcuveP¥4�Pghoquvghm�oqm�gcd���uv¥vePo {�d�iZf0u&¦\d�iV��eP¥vd�ghuvrCm�Ö¶mhd�d �Ë�Cy��RÐ8�»×Ã¨�bAuv���V��gco�eP¥� �oºf0kZuvrPg
�PghdÃ��oquvrPm"ÄCf0m�y_ Adtmcd�dAfhkV�_f���kV�_eP¥vo�eC¥	f0kPdaY¬Ö��v×L�V��gh����d�f0gco|{��_f0oquve�­¶gcuv� À�p\¨�Ö��#×Lf0u�À�pU¨�Ö Åv×>kP��m
ePu�f
��kV��eP¥vd�i¬f0kPd{¦\d�kP�R�noquvghm
iCo�mh��rPmhmcd�i�o�e��Ë���I¨
ÙFe¬�V�_gcf0oq��rP����gL��kPu�u�mho�eC¥���mcfhghuveP¥��Cgho�u�g"��gcuvrPePi �cb��
�<y¿���PrPmhkCd�m`Yt¯�f0uR A��ghiPm	�0�  �kPd�ghdx�_m�y� �oqfhk'�§ Ad���°�d�g��Pghoquvg}fhkPd!��d�e#f0g0�_�"�_����rPd�u�­�Yt¯�o�m}����d���gh�ºl
��uR Ad�g>fhkV��e��0�vyv�}­6�_��f" �kCo���k¬kV��m>¦�d�d�e¬ePu_f0o���d�i!¦#l��§�_eal ��rCfhkPuvgcmtÖ6mcd�d{d_¨Á¥C¨c� � �Pyn�RÐCy����Cy�����yv�v�p�»×Ã¨
stkCd(d�mcf0oq�§��f0d�iÓ®�¯4�_���qrPd�m&��u�eCÄVgh� f0kV�_f&fhkPd¼�}ePoº�vd�gcmhd¼o�m&�Pgcd�mhd�e#f0�qlÓoqe ��e ������d���d�g0�_fho�uve

�PkV��mcd�yD�_f��vÅ]~��`y��t¨ ± d¬eCu�f0d fhkV�_f�fhkPd¬dÃ�nf0gh����fhd�i'�_����rCd ­¶uvg��§ «dx��°��Pghoquvg	oqm�� '´�x {�xl�­¶gcuv�
f0kPd������?L �_���qrPd ®�¯`� @}�<yÁÐC¨�stkCo�m�oqm���iPo�gcd��Ãf���uveCmhd�parPd�eP��d�u�­�fhkPd¬dÃ�nf0gh����fhd�i'�_����rCd!u�­)f0kPd
��uvoqe#f�Ö�Yt¯  Y���×<yD �kCo���k¢oqm�� '³�R A�xl'­¶ghuv� Ö/@��  �#×<¨ ± oºf0k'f0kCd�mµf0ghu�eP¥��Cgho�u�g�yKf0kCd�d�ghgcuvghm�uveZ®�¯Ry
��m�uveZu�fhkPd�g��P��g0����d�fhd�gcm�yD��gcd¬mclnmcfhd����_f0oq�x���q�ql4mh�������qd�g� �kPd�e �cb o�m�����uvmcd f0u�fhkPd�bAuveP��uvghiP��e#f
��u�iCd��>�_���qrPd¡Ö�� �<yÁ�#×Ã¨�stkPoqm���u�eP���qrPmhoquve� «uvrP��i�¦�d!iCo ��d�ghd�e#f�oq­� «d¬rPmhd!���»��gc¥vd�gª��d�eafhg0���>���_��rPd
­¶uvg`�cb ¸�oqeZfhkPo�m�����mhd_y>fhkPd�®�¯����_��rPd! «uvrP�qi(¦\d�d��vd�e·��uvghd¬ePd�¥#�_fhoq�vd_yD¦PrCf� �oqfhk(mcrP��k·�¡�»�_gh¥vd
d�ghgcuvg{f0kP�_fªoqftoqmtePu�fª��u�mhmhoq¦P��d}f0u���uveP����rPiCd�¨
�>o�eV���q�ql�ynoº­LePu��PghoquvgAoqm����P�P�qo�d�i§uve��cb§yPuvePd�����e&��uveP����rPiCd� �oqf0k¡mcuv��d��x��rCfho�uve�fhkV�_f�®�¯^}¤�

�_fª�v��~²b	¨¿��¨
± d��x��e¼���qmhu&��iCiPghd�mhm�f0kPd��Pgcuv¦P��d�� u�­)fhkPd�iPd�fhd�gh��o�eP�_f0oquve�u�­�f0kPd¬�_���qrPd!u�­�f0kPd¬fhg0��ePmcoqfho�uve

ghd�iCmhkPoº­Çfa�;��¦\d�fF «d�d�e§iPd���d���d�g0�_fho�uve���ePi�������d��qd�gh�_f0oquveK¨"~�o�eP��dªfhkPd�°ao�ePd��§�_fho�������ÄPf)lno�d���iPoqeP¥�f0kCd}®�¯
��ePi�® : �_����rCd�mt­¶uvrPePi�o�e�|ªdÃ­£¨w�È���Lo�m�¦Po���mhd�iKy�u�ePd�����ePePu_f	¦\d�fhu�u���uve�ÄViPd�e#f} �oqf0k4f0kPd���iC��u����_f0d�i���_��rPd`�;�T�Ø�<y6�#Ð�� �<yº�R�C¨
�>o�¥P¨��¡iPo�mc�P�»�xlnm�f0kPd¬­¶rPeC��f0oquve'®CÖ��#×�� ®�� ��Ö��#×	��u����Pr�f0d�iZ­¶ghu�� fhkPd�¦�d�mcf�ÄPf�Ö�!#"K×}�_���qrPd�m�u_­

f0kPd¡�V�_g0����d�fhd�ghm�d�eafhd�gco�eP¥¼À�pU¨»ÖI�v×Ã¨ stkPdZ�(' ��eCi¤��' oqe#f0d�gµ�_����m���gcd¡��uv���PrCfhd�i ¦#l·f��_°noqeP¥'f0kPd
�Pghuv¦P��¦Po��qoqfFl¬iCd�ePmcoqfFl�u�­Dmhoq�!rP���_f0d�i�d<�C�\d�gco���d�e#f0m{��ghuvrCePi�fhkPd�®$� �aÖ��#×��_���qrPd}oqe§d�����k¡ghd�iPmhkPoº­Çf{¦PoqeK¨
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± d�mcf0oq����rPmcd��� «dx�_°¼�Cgho�u�g �cb �¹�Fy.�v�`�Ø�Fy.��¨&stkPd�dÃ�nf0gh����fhd�if�;�t�_���qrPd���uvghgcd�mc��uveCiPm f0u4f0kPd
��uvoqe#fA �kPd�ghd�®$� �nÖ��;�I×u� ���_ePi 5A-
���5 � Ö�� �i�;�I×jx �C¨ ± d�ÄVePi��;� ���<yÁ�G� �

¯�� :6N$ ¯�� ¯ � y� �kPd�gcd�fhkPd�d�gcghuvgcm���ghd
d��_����rP�_f0d�i4­¶gcuv� f0kCd �;���Cghuv¦V�_¦Po��qoqfFl�iCd�ePmcoqfFlv¨ ± oqf0k&f0kCd�iClneV�_��oq�x����®CÖ��#×<yUuvrPgªd�ghgcuvghm}��gcd�mc�§���q�
¦�d��x��rPmcd�fhkPd�f0gh��ePmhoºf0oquve¡o�mtmµf0d�d���d�gªfhkV��e4o�e¡f0kCd��qo�ePd���g{°ao�eCd����_f0oq�x�����x��mcd�Ö¶®PÖ��#×u��®�¯ �´® : �#×ÃyU��m�x��e4¦�d�mcd�d�e�­¶ghu�� �"o�¥C¨��C¨� rPg���d�eafhg0���)�_����rCd�oqm�­6��g�­¶ghuv� fhkPd�Ï�fhkPd�u�ghd�fho�������Ï �;�tu�­{fhkPd&bAuveC��uvgciV��eP��d&��uniPd��ª¸ �;�
�� N�� *�
� * � �6:�s g @ �?� �Fy.��ÐªÖÇ­¶uvg)�cb �¹�Fy.�v��×Ã¨���uvgcd�uR�vd�g�y" «d�kV�x�vd§uv¦Pmhd�gc��d�i·f0kP�_fxy>��uve#f0gh��gcl¼f0u4f0kPddÃ�nf0gh����fho�uve!u_­U®�¯xy�fhkPd{d<��fhg0���Ãf0oquve!u�­��;�Uoqm>�vd�gcl �!rP��k¬iPd���d�ePiPd�e#f)rP�\uve!fhkPdA��kPu�mhd�e��V�_g0����d�fhgho|{����
f0o�u�e�­¶uvg
Y¬Ö��#×Ãy½��­6����f	��d�e#f0o�u�ePd�i�¦al4�_��ghoquvrPm	��rCf0kCuvghm��Á����yK���p� ¨}stkPd�e½yKuvePd!����e�mµf��xl��CghrPiPd�e#f
��ePi mcf0�_f0d�fhkV�_f�y) �oºf0k �Pgcd�mcd�e#f�iV�_f���y)fhkPd¡dÃ�nfhg0���Ãf0d�i��;���_����rPd§o�m!��d�gcf0��o�eC�ql(�!rP��k ��d�mhm¬ghu�¦PrPmcf
f0kV��e·fhkPd¡dÃ�nfhg0���Ãf0d�i´®�¯¬�_���qrPd�y)d���d�e´o�e ��iClneV�_��oq�x���A���P�Pgcu#����kK¨ ± d¡mckPuvrP�qi ����mcu'��uvoqe#f!uvrCf
f0kV�_f�ePu�mclnmcfhd����_f0oq�x���)d2�½d���f0m ��ghd�f��_°�d�e¢o�e#f0u�������uvrPe#f!oqe¼fhkPd�mcd§dÃ���_��rV�_fho�uveCm�yDo�e¼�V��gµf0o���rP�»�_g��
ePuvgh�����qo�m0��f0o�u�e�d ��d��Ãf�¦�dÃfF Ad�d�e·�qu8  ��ePiZkPoq¥vkZghd�iPmhkPoº­Çf�mhrP�\d�gcePuR���_d� «uvrP�qi¢���½d���f�iPo�gcd��Ãf0�ql�f0kPd
iPd�fhd�gh��o�eP�_f0oquve�u�­ �;�£¨
ÙÉf�oqm	oqeafhd�gcd�mcfho�eP¥�fhu&d��_����rP�_f0d� �kV�_f�mhkCuvrP��i'¦\d!f0kCd¬¦�d�mcf�mcfhg0�_fhd�¥�l�f0u¡d<��fhg0���Ãf�®�¯���ePi �;��o�e

f0kPd�­¶rCfhrPghd_¨·�ªmho�eC¥(��¦Co»��mcd�i ��dÃf0kPuniKy���m!fhkPd¡��oqePdx��g�°ao�ePd��§�_fho������«u�ePd�y) �o��q�«¦\d� Au�ghmhd¡ �kPd�e
f0kPd�mµf��_fho�mµf0o������Ad�ghgcuvghm  �oq����iPd���ghd���mhd_¨¢¾ iClneV����o������ y"���qfhkPuvrP¥�k ��uniPd��Ò�FiPd���d�ePiPd�eaf¬���P�Pgcu#����kKy
ghd�����oqePm��¬¥vu�uni¡ {�xl¡fhu�d�mcf0oq�§��f0d�f0kCd�¦\d�kP�R�noquvg�u�­"fhkPd�������d���d�g0�_fho�uve½¨�ÙFe��"oq¥P¨)�CyP «d�mckPuR  f0kPd
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ghd�mcrP�qfhm�­¶uvg��¡mcf0�_f0oqmcfho��x�_�>mh�����C��d!d<�C�\d��Ãf0d�i(­¶ghu�� fhkPd¬mh�V�_��dÃ�É¦V��mcd�i ~�z}¾�j ��oqmhmco�uve �È�8�8�" �kPd�gcd
f0kPdªmclnmcfhd����_f0oq�x���VrCeP��d�gcf��_o�e#f0oqd�m�mhkPuvrC��i§¦\d���uve#fhghuv�q��d�i��_f)f0kCd}mh����dª��dÃ�vd��\u_­K�Pgcd���oqmhoquveK¨
stkV�_eP°am
f0u§fhkPd!ghoq��k�m0�_���P�qd u�­«�_�v�v��~�z}d���ePi�����mcu§f0u§fhkPd!����gh¥vd�g0�_eP¥vd!u�­)gcd�iPmckPoq­Çf¬ÖI�<y¿� � � �1�]y¿�v×ª�
�vd�gµl&�Pghd���oqmhd�iPd�fhd�gc��oqeV�_f0oquve¡u�­Lf0kPd�fhg0��ePmcoqfho�uve¡gcd�¥voquve&mhkPuvrC��i4¦�d����q��uR Ad�iK¨)�Vuvg{oqePmcf0��eP��d_yV �oqf0k
f0kPd��	��� L ÄViPrC��o»�_�L�_���qrPd�m!Ö�Yt¯^� @��  Y���� �  �cb � �<y.���v×Ãy\°�d�d��PoqeP¥&�� «dx��°��Pghoquvgªuve �cb§y
uvePd�¥vd�fhm
�;� �Ø�Fy¿Ð#� � ¯�� ¯��$ ¯�� ¯ � �_ePi�®�¯j� @	�<y¿ÅvÅ � ¯�� N �$ ¯�� : g ¨± d�d�mµf0oq�§�_fhd�f0kV��f{f0kPd���uvghgcd���f��Cghun��d�iCrPghd�­¶uvg{fhkPd�­¶rCf0rCghd�o�mAfhu��R��uvo�i&rPmco�eP¥¬�Cgho�u�ghmtuve��cb§¨
± d��PghdÃ­¶d�g>o�ePmµf0dx�_i f0kPd���u��!¦Po�eP�_f0oquve�u_­PmhrC��d�ghePuR�_��d{iV��f��ª �oºf0k�u�f0kPd�g>�Cghuv¦\d�m>mhrP��k���mDf0kCdtbt���	y
f0kPd ± d���° z�gh�x��oºf��_fho�uveP������d�ePmco�eP¥���ePi¼f0kPd�¥#�������nlZ��uR «d�g mc��d���fhghrP�4¨¡stkPo�m�°ao�ePi(u�­t��d�fhkPu�i
 �o����"ePu�f�o�e#f0gcu�iPrC��d�dÃ�nf0d�gheV����¦Po���mhd�m ��eCi¢mhu���d�ghd���d�e#f �V���\d�ghm�¥vu4o�eZf0kV�_f�iPoqghd��Ãf0oquve Ö¶mhd�d§d�¨È¥P¨�Ò�RÐny\���vyU����yU�vÅ��»×Ã¨
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± d¡f0kV�_eP°¢f0kCd4��d�� ¦�d�ghm¬u�­}f0kPd4�D��¦\uvg0�_fhuvo�gcd§iT�È¾	mµf0gcuv�Pk#lnmho�parPd�iPd�����gcmhd�oq���qd¡��ePi´¾	����o�e
���G{�rCghd�o�e&�V��gµf0oq��rP����gA­¶uvg{­¶gcrPoqfc­¶rP�½iPoqmh��rPmhmco�uvePm�¨
� ���v�������'����


� �;��|�¨È¾ ¨ Â ePuv�&dÃf	�_� ¨P¾}mcf0gcuv�Pk#lnm�¨��C¨��	���Ky��R�#�&ÖI���v�v�#×
�È����¾ ¨%z�¨U|�o�d�mhmtd�f}���I¨qyC¾	mcfhghuv�Ckalnm�¨��C¨������½yUÐ�Ð#Å&Ö ���v�8�a×
�Ë�8��s�¨Uj"��iP����eV�_¦PkV��eKy\bArCghghd�e#f�~���o�d�eP��d_yVo�e&�Pghd�mhm�y��_mcf0gcu_�F�CkUÆ��G�P���R�G�]�
�:�G��Ù�¨D����uvg�yD|�¨ �AghrCmcf0d�o�e¼��ePi¼jL¨��C¨D~af0d�oqePkV��gciCfxyKj)k#lnm�¨Á|�d��\¨¿��dÃfhfx¨����Ky�Ð¼Ö ���v���8× tDÙ�¨D���_uvg�d�f
��� ¨ºyVj�k#l�m�¨¿|�d��\¨ X �	�Ky��8�_�v�v�v�&ÖI���v�#�v×

�ÈÅ����C¨ ± d�����d�gt��ePi4¾ ¨V¾}��¦Pgcd���k#fxyUj�k#lnm�¨Á|ªdÃ�\¨ X ���Ky��R�v�#Å��R�¡Ö ���v�v�v×
�ËÐ8� �	¨U�A¨ z�d�gc°�d���ePi z�¨UÀ
­¶mµf��_fhkPo�uvr½yU��z	|�¾�~�������yU����ÖI���v�#��×
�È����À�¨U��oqePiPd�g�yU��mcfhghu_�É�PkUÆ��8�#�vÐC�R���
�Ë�8���C¨Ë�£�(¨PÔ�oqghd�l§d�f}���I¨qyVj�k#lnm�¨Á|ªdÃ�\¨ X � ��yU�G�#�#Å��;�4Ö ���v�8�a×
�Ë�8���C¨Ë�£�(¨PÔ�oqghd�l§d�f}���I¨qyVj�k#lnm�¨Á|ªdÃ�\¨ X � ��y��8���R�v���aÖI|}×	ÖI���v�G�a×
�Ò�R�����(¨\bAkPd��_���q��oqd�gt��eCi\U!¨VjLuv�»�_ghmh°aoIyPÙFe#fx¨��C¨.��uniK¨Áj�kalnm�¨ X"! ��y\���R�4Ö �����C�8×
�Ò�v� ��À�¨PÔ ¨U��o�ePiPd�g�yVj�k#lnm�¨�|ªdÃ�\¨U�DdÃfhf�¨	����yV���C�R�v�C��ÖI���v�v�#×
�Ò�8�p�$#¬¨ ± ��eP¥���ePi��(¨VsLd�¥v����gh°UyUj�k#lnm�¨Á|ªdÃ��¨Á��d�fcfx¨��	%Ky\�8�C�R�v�#�¡ÖI���v�G�a×
�Ò�R������¨\~�d�� �h��°�d�f}��� ¨ºyV��mµf0gcu_�F�PkVÆ��G�#�#�_�#�v�
�Ò� �8��s�¨¿|�¨\bAkPuvrPiCrPghk#l���ePi&s�¨Uj"�_iP�§�_eV��¦PkV�_eKyV¾	mµf0ghu�eK¨Á¾}mcfhghuv�Pk#lnm�¨	&�%����v�#�&Ö �_�v�#Åv×
�Ò�8Åp� U!¨V|}�_��dÃfhf0oIyU~�¨ ± ¨V¾	�q��d�e&�_ePi'�C¨ ± d��q��d�g�yP�_mcf0gcu_�F�CkUÆ��G�#���#Åv�8�
�Ò�RÐ���¾ ¨U�}�P��iPk#lvd_y½�¼¨VÙFmhkV��°Uy\j>¨��C¨\~nfhd�o�eCkV��ghi�fxyU��mµf0ghu��F�PkUÆ_�G�P�v�R���v�

�



�Ò�8�p��b	¨�¾	gh��d�eCiV��gho {Ã�Fj)oq��uve'dÃf���� ¨ºyDj�k#l�m�¨¿|�d��\¨Á��d�fhf�¨����Ky �G�#�v�¼Ö �����v�#×2tDj�k#lnm�¨Á|ªdÃ�\¨ X ���KytÖ �_�v�C�8×
�R�v�#Å��x�

�Ò�R����|�¨\b{���qiC «d����IyPj�k#lnm�¨Á�DdÃfhf�¨�� � &��KyK���4ÖI���v�#�v×
�Ò�R����~�¨.�¼¨½b{�_ghghu�� yC¾�¨ U�d��Vd���oq��d���eCi��¼¨Vs>gcu�iPiCd�eKy\��mµf0ghu��F�PkUÆ_�G�#�v�v���C�
�Á����� U!¨Á¾�¨ U�o���rCm���ePi ± ¨ ± |�d��P°_uPyUj�k#l�m�¨½|�d��\¨ X � ��yU�v�v�#Åv���¡Ö ���v�8�a×
�Á��� ��~�¨U©	��eCePd�mµf���i���ePi4Àt¨\��Buvghmµf0d���� y��C¨\bAuvmh��uv� ¨�¾	mµf0ghu��V��gcf�¨¿j�k#lnm��v��yDÖ �����G�a×A�v���v¨
�Á�v�p��j>¨¿~�¨\bAuvg0�_m0��ePoºf0oKdÃf}��� ¨ºyVj�k#l�m�¨\|ªdÃ��¨ X � ��yU�v�v�v���v�vÐ&Ö �_�v�G�a×
�Á����� �	¨Á¾�¨ �{��mcmhd�f�y\j>¨¿~�¨\bAuvg0�_m0��ePoºf0o��_ePi��¼¨ Â rCe){�yV¾}mcf0gcuv�Pk#lnm�¨��C¨ � ! �&�����F� ��ÖI���v�G�#×
�Á�8�8��mhd�d�k#fhfh�K¸.Æ�Æ_mheV�_�K¨Á�q¦P� ¨È¥vuR��u�g�À�¨PÔ ¨U��o�ePiPd�g�yU��mµf0gcu_�F�PkVÆ��G�#�vÐ��R�vÐ
�Á�vÅp���(¨VÙFmhkV�_°\y\��mµf0gcu_�F�PkVÆ��#Å��C�RÅ��G�

�



2.2.4 Prospective SNIa : champ large ou profond ?Article publi�e sous la r�ef�erence : Astronomy and Astrophysics 464 (2007) 837.
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2.3 Analyses combin�ees
A�n d'�eviter le probl�eme des biais, et dans le but de fournir les meilleures contraintespossibles, il apparâ�t indispensable de r�ealiser des analyses de donn�ees combinant plusieurssondes cosmologiques. Cependant, les sondes faisant appel aux mod�eles de 
uctuationsprimordiales de densit�e soit directement (e.g. CMB) soit indirectement �a travers la seuleutilisation du spectre de puissance aujourd'hui (e.g. grandes structures), font intervenirbeaucoup plus de param�etres cosmologiques (et astrophysiques) que les seules �etudes dedistances comme les SNIa. Cette multitude de param�etres nous force tout de même �ae�ectuer un certain nombre d'hypoth�eses. Par ailleurs, chaque sonde �a ses propres sourcesd'erreurs syst�ematiques qui trouvent leurs origines dans les incertitudes de mesure oude calibration de nature purement astrophysique mais aussi dans les aspects purementexp�erimentaux des appareillages fournissant les mesures.Dans les articles qui vont suivre nous avons n�eglig�e ces probl�emes de biais potentiels etd'erreurs syst�ematiques. Nous avons surtout cherch�e �a obtenir des contraintes directement�a partir des donn�ees. Nous pr�esentons �egalement quelques travaux de prospectives r�ealis�esa�n d'estimer la puissance des analyses combin�ees.

Le premier travail a �et�e r�ealis�e en 2005 en collaboration avec des �equipes du CPPMet de Saclay. Nous avons combin�e les donn�ees les plus r�ecentes (�a cette �epoque) venantde l'�etude des SNIa et du rayonnement de fond cosmologique pour contraindre l'�equationd'�etat (dynamique) de l'�energie noire. Nous avons �egalement r�ealis�e un travail de prospec-tive sur les contraintes que l'on pourrait placer sur cette �equation d'�etat en combinant lesSNIa et le CMB avec les mesures de cisaillement gravitationnel.
Un second travail a �et�e r�ealis�e, �n 2006, en collaboration avec une �equipe chinoise del'institut des hautes �energies de P�ekin. Nous avons combin�e les donn�ees les plus r�ecentesdes SNIa, du CMB, mais aussi des grands sondages de galaxies (spectre de puissance desgalaxies mesur�e par SDSS). Pour la premi�ere fois cette analyse tentait de contraindre simul-tan�ement l'�equation d'�etat dynamique de l'�energie noire ainsi que la courbure de l'Univers.
Le programme d'�etude futur sera justement d'estimer l'impact des biais et des er-reurs syst�ematiques quelle que soit leur nature, sur la d�etermination des param�etres cos-mologiques. Comme mentionn�e pr�ec�edemment un travail est en cours sur les e�ets del'hypoth�ese wX = �1 sur la reconstruction de la courbure dans le cadre d'une nalysecombinant les SNIa, le CMB et les BAO.

2.3.1 Combinaison SN+CMB et prospective avec WL sur lespropri�et�es de l'�energie noireArticle publi�e sous la r�ef�erence : Astronomy and Astrophysics 448 (2006) 831.
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Abstract. A major quest in cosmology is the understanding of the nature of dark energy. It is now well known that a combination
of cosmological probes is required to break the underlying degeneracies on cosmological parameters. In this paper, we present a
method, based on a frequentist approach, to combine probes without any prior constraints, taking full account of the correlations
in the parameters. As an application, a combination of current SNIa and CMB data with an evolving dark energy component
is first compared to other analyses. We emphasise the consequences of the implementation of the dark energy perturbations
on the result for a time varying equation of state. The impact of future weak lensing surveys on the measurement of dark
energy evolution is then studied in combination with future measurements of the cosmic microwave background and type Ia
supernovae. We present the combined results for future mid-term and long-term surveys and confirm that the combination with
weak lensing is very powerful in breaking parameter degeneracies. A second generation of experiment is however required to
achieve a 0.1 error on the parameters describing the evolution of dark energy.

Key words. cosmology: cosmological parameters – supernovae – CMB – gravitational lensing – large-scale structure in the
universe – dark energy – equation of state – evolution

1. Introduction

Supernovae type Ia (SNIa) observations (Knop et al. 2003, Riess et al. 2004) provide strong evidence that the universe
is accelerating, in very good agreement with the WMAP Cosmic Microwave Background (CMB) results (Bennett et al. 2003,
Spergel et al. 2003) combined with measurements of large scale structures (Hawkins et al. 2003, Tegmark et al. 2004). The
simplest way to explain the present acceleration is to introduce a cosmological constant in Einstein’s equations. Combined with
the presence of Cold Dark Matter, it forms the so-called ΛCDM model. Even if this solution agrees well with current data, the
measured value of the cosmological constant is very small compared to particle physics expectations of vacuum energy, requiring
a difficult fine tuning. A favourite solution to this problem involves the introduction of a new component, called ”dark energy”
(DE), which can be a scalar field as in quintessence models (Wetterich 1988, Peebles & Ratra 1988).

The most common way to study this component is to measure its ”equation of state” (EOS) parameter, defined as w = p/ρ ,
where p is the pressure and ρ the energy density of the dark energy. Most models predict an evolving equation w(z). It has been
shown (e.g., Maor et al. 2001, Maor et al. 2002, Virey et al. 2004a, Gerke & Efstathiou 2002) that neglecting such evolution
biases the discrimination between ΛCDM and other models. The analysis of dark energy properties needs to take time evolution
(or redshift z dependence) into account.

Other attractive solutions to the cosmological constant problem imply a modification of gravity (for a review, cf., e.g., Lue
et al. 2004, or Carroll et al. 2005 and references therein). In this case, there is no dark energy as such and thus no dark energy
equation of state. In this paper, we consider only the dark energy solution, keeping in mind that Lue et al. (2004), among others,
have shown that the induced changes in the Friedmann equations could be parameterised in ways very similar to a dark energy
evolving solution.

? “Centre de Physique Th éorique” is UMR 6207 - “Unit é Mixte de Recherche” of CNRS and of the Universities “de Provence”, “de la
M éditerran ée” and “du Sud Toulon-Var”- Laboratory affiliated to FRUMAM (FR 2291).
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As various authors have noted (e.g., Huterer & Turner 2001, Weller & Albrecht 2002), SNIa observations alone will not be
able to distinguish between an evolving equation of state and ΛCDM. This technique indeed requires prior knowledge of the
values of some parameters. In particular, the precision on the prior matter density Ωm has an impact on the constraints on the
time evolution of the equation of state w, even in the simplest flat Universe cosmology (e.g., Virey et al. 2004b).

Extracting dark energy properties thus requires a combined analysis of complementary data sets. This can be done by com-
bining SNIa data with other probes such as the CMB, the large scale distributions of galaxies, Lyman α forest data, and, in the
near future, the observation of large scale structure with the Sunyaev-Zeldovich effect (SZ) (Sunyaev & Zeldovich 1980) or with
weak gravitational lensing surveys (WL), which provide an unique method to directly map the distribution of dark matter in the
universe (for reviews, cf., e.g., Bartelmann & Schneider 2001, Mellier et al. 2002; Hoekstra et al. 2002, Refregier 2003, Heymans
et al. 2005 and references therein).

Many combinations have already been performed with different types of data and procedures, (e.g., Bridle et al. 2003, Wang
& Tegmark 2004, Tegmark et al. 2004, Upadhye et al. 2004, Ishak 2005, Seljak et al. 2004, Corasaniti et al. 2004, Xia et al.
2004). All studies have shown the consistency of existing data sets with the ΛCDM model and the complementarity of the
different data sets in breaking degeneracies and constraining dark energy for future experiments. But the results differ by as
much as 2σ on the central values of the parameters describing an evolving equation of state.

In this paper, we have chosen three probes, which seem to best constrain the parameters of an evolving equation of state
when combined, namely, SNIa, CMB and weak lensing. Considering a flat Universe, we combine the data in a coherent way,
that is to say, under identical assumptions for the dark energy properties for the three probes, and we completely avoid the use
of priors. This had not always been done systematically in all previous combinations. We also adopt a frequentist approach for
the data combination, where the full correlations between the cosmological parameters are taken into account. This method
allows us to provide, simultaneously, confidence intervals on a large number of distinct cosmological parameters. Moreover, this
approach is very flexible as it is easy to add or remove parameters in contrast with other methods.

The paper is organised as follows: In Sec. 2, we describe our framework and statistical procedure, based on a frequentist ap-
proach, which can accommodate all parameters without marginalisation. For our simulation and analysis, we use the CMBEASY
package for CMB (Doran 2003), the Kosmoshow program for SNIa (Tilquin 2003) and an extension of the calculations from
Refregier et al. (2003) for weak lensing. In each case, the programs take into account the time evolution of the equation of state
(cf Sec. 2.2 for details).

In Sec. 3, we apply this method to current data sets of SNIa and WMAP data. We first verify that the constraints on the
cosmological parameters estimated with a Fisher matrix technique (Fisher 1935), are consistent with those obtained with a
complete error analysis. We then compare these errors with other works and discuss the differences. In particular, we discuss how
the treatment of the dark energy perturbations can explain some of the differences found in the literature.

In Sec. 4, we study the statistical sensitivities of different combinations of future surveys. We simulate expectations for the
ground surveys from the Canadian French Hawaii Telescope Legacy Surveys (CFHTLS) and new CMB data from Olimpo as
well as the longer term Planck and SNAP space missions. For these future experiments, the results are combined with a Fisher
matrix technique, compared and discussed.

Finally, our conclusions are summarised in Sec. 5.

2. Combination method

In this section, we first summarise the framework used in this paper, and describe our approach based on frequentist statistics.

2.1. Dark Energy Parametrization

The evolution of the expansion parameter is given by the Hubble parameter H through the Friedmann equation

(

H(z)
H0

)2

= (1 + z)3Ωm +
ρX(z)
ρX(0)

ΩX + (1 + z)2Ωk, (1)

with

ρX(z)
ρX(0)

= exp

[

3
∫ z

0

(

1 + w(z′)
)

d ln(1 + z′)

]

(2)

where the ratio of the dark energy density to the critical density is denotedΩX in a general model andΩΛ in the simplest case
of a Cosmological Constant (w = −1). ΩM is the corresponding parameter for (baryonic+cold dark) matter. Note that we have
neglected the radiation component ΩR. The present total and curvature density parameters are Ω and Ωκ = 1 − Ω, respectively.
The present value of the Hubble constant is parameterised as H0 = 100h km s−1 Mpc−1.
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As it is not possible to constrain a completely unknown functional form w(z) of the time evolution of the equation of state,
we adopt a parametric representation of the z dependence of the equation of state. We need this parametric form to fit all the data
sets over a large range of z: from z ' 0 − 1 for the SNIa and weak lensing, up to z ' 1100 for the CMB. For this purpose, we
choose the parametrization proposed by Chevallier & Polarski (2001) and Linder (2003) :

w(z) = w0 + waz/(1 + z), (3)

which has an adequate asymptotic behaviour. In this paper, we thus use two parameters, w0 and wa, to describe the time evolution
of the equation of state (see justifications in Linder & Huterer 2005). For this parametrization of w(z), Eq. 2 reduces to:

ρX(z) = ρX(0) e−3waz/(1+z) (1 + z)3(1+w0+wa). (4)

For a constant w ≡ w0 (wa = 0), the usual form ρX(z) = ρX(0) (1 + z)3(1+w0) is recovered.
The comoving distance χ is defined as

χ(z) =
∫ z

0

c
H(z′)

dz′, (5)

and the comoving angular-diameter distance r(χ) is equal, respectively, to χ, R0sin(χ/R0), R0 sinh(χ/R0), for a flat, closed and
open Universe where the present curvature radius of the universe is defined as R0 = c/(κH0) with respectively κ2 ≡ 1, −Ωκ, and
Ωκ.

2.2. Statistical approach

Most recent CMB analysis use Markov Chains Monte Carlo simulations (Gilks et al. 1996, Christensen & Meyer 1998) with
bayesian inference. The philosophical debate between the bayesian and the frequentist statistical approaches is beyond the scope
of this paper (for a comparison of the two approaches see, for instance, Feldman & Cousins 1998 and Zech 2002). Here, we
briefly review the principles of each approach.

For a given data set, the bayesian approach computes the probability distribution function (PDF) of the parameters describing
the cosmological model. The bayesian probability is a measure of the plausibility of an event, given incomplete knowledge. In
a second step, the bayesian constructs a ’credible’ interval, centered near the sample mean, tempered by ’prior’ assumptions
concerning the mean. On the other hand, the frequentist determines the probability distribution of the data as a function of the
cosmological parameters and gives a confidence level that the given interval contains the parameter. In this way, the frequentist
completely avoids the concept of a PDF defined for each parameter. As the questions asked by the two approaches are different,
we might expect different confidence intervals. However, the philosophical difference between the two methods should not
generally lead, in the end, to major differences in the determination of physical parameters and their confidence intervals when
the parameters stay in a physical region.

Our work is based on the ’frequentist’ (or ’classical’) confidence level method originally defined by Neyman (1937). This
choice avoids any potential bias due to the choice of priors. In addition, we have also found ways to improve the calculation
speed, which gives our program some advantages over other bayesian programs. Among earlier combination studies (e.g., Bridle
et al. 2003, Wang & Tegmark 2004, Tegmark et al. 2004, Upadhye et al. 2004, Ishak 2005, Seljak et al. 2004, Corasaniti et
al. 2004, Xia et al. 2004) only that of Upadhye et al. (2004) uses also a frequentist approach.

2.2.1. Confidence levels with a frequentist approach

For a given cosmological model defined by the n cosmological parameters θ = (θ1, . . . , θn), and for a data set of N quantities
x = (x1, . . . , xN) measured with gaussian experimental errors σx = (σ1, . . . , σN), the likelihood function can be written as:

L(x, σx; θ) =
1
√

2πσi

exp

(

−
(xi − xi,model)2

2σ2
i

)

. (6)

where xmodel = (x1,model, . . . , xN,model) is a set of corresponding model dependent values.
In the rest of this paper, we adopt a χ2 notation, which means that the following quantity is minimised:

χ2(x, σx; θ) = −2 ln(L(x, σx; θ)) (7)

We first determine the minimumχ20 of χ2(x, σx; θ) letting free all the cosmological parameters. Then, to set a confidence level (CL)
on any individual cosmological parameter θi, we scan the variable θi: for each fixed value of θi, we minimise again χ2(x, σx; θ)
but with n − 1 free parameters. The χ2 difference, ∆χ2(θi), between the new minimum and χ2

0, allows us to compute the CL on
the variable, assuming that the experimental errors are gaussian,
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1 − CL(θi) =
1

√
2Ndo f Γ(Ndo f /2)

∫ ∞

∆χ2(θi)
e−t/2tNdo f /2−1dt (8)

where Γ is the gamma function and the number of degrees of freedom Ndo f is equal to 1. This method can be easily extended
to two variables. In this case, the minimisations are performed for n − 2 free parameters and the confidence level CL(θi, θ j) is
derived from Eq. 8 with Ndo f = 2.

By definition, this frequentist approach does not require any marginalisation to determine the sensitivity on a single individual
cosmological parameter. Moreover, in contrast with bayesian treatment, no prior on the cosmological parameters is needed. With
this approach, the correlations between the variables are naturally taken into account and the minimisation fit can explore the
whole phase space of the cosmological parameters.

In this study, the minimisations of χ2(x, σx; θ) are performed with the MINUIT package (James 1978). For the 9 parameter
study proposed in this paper, each fit requires around 200 calculations of χ2. The consumed CPU-time is dominated by the
computation of the angular power spectrum (C`) of the CMB in CMBEASY (Doran 2003). In practice, to get the CL for one
variable, as shown, for instance, in Fig. 1, the computation of the C` is done around 10000 times. The total number of calls to
perform the study presented in Tab. 1, is typically 3 or 4 times smaller than the number of calls in the MCMC technique used by
Tegmark et al. (2004). This method is very powerful for studying the impacts of the parameters: it is not costly to add or remove
parameters because the number of C` computations scales with the number of parameters, in contrast with the MCMC method,
which requires the generation of a new chain.

2.2.2. Combination of cosmological probes with Fisher matrices

In parallel with this frequentist approach, to study the statistical sensitivities of different combinations of future surveys, we
perform a prospective analysis based on the Fisher matrix technique (Fisher 1935). We validate this approach by comparing its
estimates of the statistical errors for the current data set with those obtained with the frequentist method described above.

The statistical errors on the n cosmological parameters θ = (θ1, . . . , θn) are determined by using the inverse of the covariance
matrix V called the Fisher matrix F defined as:

(V−1)i j = Fi j = −
∂2 lnL(x; θ)
∂θi∂θ j

, (9)

where L(x; θ) is the likelihood function depending on the n cosmological parameters and a data set of N measured quantities
x = (x1, . . . , xN). A lower bound, and often a good estimate, for the statistical error on the cosmological parameter θi is given by
(Vii)1/2.

When the measurements of several cosmological probes are combined, the total Fisher matrix F tot is the sum of the three
Fisher matrices FS N , FWL and FCMB corresponding respectively to the SNIa, weak lensing and CMB observations. The total
covariance matrix F−1

tot allows us to estimate both, the expected sensitivity on the cosmological parameters, with the diagonal
terms, and the correlations between the parameters, with the off-diagonal terms. The Fisher matrices for each probe are computed
as follows.

CMB: In the case of CMB experiments, the data set vector x corresponds to the measurements of C`, the angular power spectrum
of the CMB from ` = 2 to some cutoff `max. Using Eq. 9, the Fisher matrix is written as

(FCMB)i j =

`max
∑

l=2

1

σ2
C`

· ∂C`
∂θi
· ∂C`
∂θ j

(10)

where σC` is the statistical error on C` obtained directly from published results or estimated as (see Knox 1995):

σC` =

√

2
(2` + 1) fsky

[

C` + (θ f whms)2 · e
`2θ2f whm

8 ln(2)

]

(11)

where the second term incorporates the effects of instrumental noise and beam smearing. In Eq. 11, θ f whm, fsky, and s are respec-
tively the angular resolution, the fraction of the sky observed and the expected sensitivity per pixel.

The C` and their derivatives with respect to the various cosmological parameters are computed with CMBEASY (Doran
2003), an object oriented C++ package derived from CMBFAST (Seljak & Zaldarriaga 1996).

SNIa: The SNIa apparent magnitudes m can be expressed as a function of the luminosity distance as

m(z) = Ms0 + 5log10(DL) (12)
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where DL(z) ≡ (H0/c) dL(z) is the H0-independent luminosity distance to an object at redshift z. The usual luminosity distance
dL(z) is related to the comoving angular-diameter distance r(χ) by dL(z) = (1+ z) · r(χ), with the definition of r(χ) and χ(z) given
in Sec. 2.1. The normalisation parameter Ms0 thus depends on H0 and on the absolute magnitude of SNIa.

The Fisher matrix, in this case, is related to the measured apparent magnitude mk of each object and its statistical error σmk

by

(FS N)i j =
∑

k

1
σ2

mk

· ∂mk

∂θi
· ∂mk

∂θ j
. (13)

Weak lensing: The weak lensing power spectrum is given by (e.g., Hu & Tegmark 1999, cf, Refregier 2003 for conventions)

C` =
9

16

(H0

c

)4

Ω2
m

∫ χh

0
dχ

[

g(χ)
ar(χ)

]2

P

(

`

r
, χ

)

, (14)

where r(χ) is the comoving angular-diameter distance, and χh corresponds to the comoving distance to horizon. The radial weight
function g is given by

g(χ) = 2
∫ χh

χ

dχ′ n(χ′)
r(χ)r(χ′ − χ)

r(χ′)
, (15)

where n(χ) is the probability of finding a galaxy at comoving distance χ and is normalised as
∫

dχ n(χ) = 1.
The linear matter power spectrum P(k, z) is computed using the transfer function from Bardeen et al. (1986) with the con-

ventions of Peacock (1997), thus ignoring the corrections on large scales for quintessence models (Ma et al. 1999). The linear
growth factor of the matter overdensities δ is given by the well known equation:

δ̈ + 2Hδ̇ − 3
2

H2Ωm(a)δ = 0, (16)

where dots correspond to time derivatives, and Ωm(a) is the matter density parameter at the epoch corresponding to the dimen-
sionless scale factor a. This equation is integrated numerically with boundary conditions given by the matter-dominated solution,
G = δ/a = 1 and Ġ = 0, as a → 0 (see eg. Linder & Jenkins 2003). We enforce the CMB normalisation of the power spectrum
P(k, 0) at z = 0 using the relationship between the WMAP normalisation parameter A and σ8 given by Hu (2004). Considerable
uncertainties remain for the non-linear corrections in quintessence models (cf. discussion in Hu (2002)). Here, we use the fitting
formula from Peacock & Dodds (1996).

For a measurement of the power spectrum, the Fisher matrix element is defined as:

(FWL)i j =
∑

`

1

σ2
C`

∂C`
∂θi

∂C`
∂θ j
, (17)

where the summation is over modes ` which can be reliably measured. This expression assumes that the errors σC` on the lensing
power spectrum are gaussian and that the different modes are uncorrelated. Mode-to-mode correlations have been shown to
increase the errors on cosmological parameters (Cooray & Hu 2001) but are neglected in this paper.

Neglecting non-gaussian corrections, the statistical error σC` in measuring the lensing power spectrum C` (cf., e.g.,
Kaiser 1998, Hu & Tegmark 1999, Hu 2002) is given by:

σC` =

√

2
(2l + 1) fsky















Cl +
σ2
γ

2ng















, (18)

where fsky is the fraction of the sky covered by the survey, ng is the surface density of usable galaxies, and σ2
γ = 〈|γ|2〉 is the shear

variance per galaxy arising from intrinsic shapes and measurement errors.

2.3. Cosmological parameters and models

For the studies presented in this paper, we limit ourselves to the 9 cosmological parameters: θ = Ωb,Ωm, h, ns, τ,w0,wa, A
and Ms0 , with the following standard definitions:
- (Ωi , i=b,m) are densities for baryon and matter respectively (Ωm includes both dark matter and baryons),
- h is the Hubble constant in units of 100 km/s/Mpc,
- ns is the spectral index of the primordial power spectrum,
- τ is the reionisation optical depth,
- A is the normalisation parameter of the power spectrum for CMB and weak lensing (cf Hu & Tegmark (1999) for definitions).
The matter power spectrum is normalised according to the COBE normalisation (Bunn & White 1997), which corresponds
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to σ8 = 0.88. This is consistent with the WMAP results (Spergel et al. 2003) and with the average of recent cosmic shear
measurements (see compilation tables in Mellier et al. 2002, Hoekstra et al. 2002, Refregier 2003).
- Ms0 is the normalisation parameter from SNIa (cf Sec. 2.2.2),
- Dark energy is described by the w0 parameter corresponding to the value of the equation of state at z=0. When the z dependence
of the equation of state is studied, an additional parameter wa is defined (cf Sec. 2.1).

The reference fiducial model of our simulation is a ΛCDM model with parameters Ωm = 0.27, Ωb = 0.0463, ns = 0.99,
h = 0.72, τ = 0.066, A = 0.86, consistent with the WMAP experiment (see tables 1-2 in Spergel et al. 2003). In agreement with
this experiment, we assume throughout this paper that the universe is flat, i.e., Ω = Ωm + ΩX = 1. We also neglect the effect of
neutrinos, using 3 degenerate families of neutrinos with masses fixed to 0.

In the following, we will consider deviations from this reference model. For the equation of state, we use as a reference
w0 = −0.95 and wa = 0 as central values (we have not used exactly w0 = −1 to avoid transition problems in the CMB
calculations). To estimate the sensitivity on the parameters describing the equation of state, we also consider two other fiducial
models: a SUGRA model, with (w0 = −0.8,wa = 0.3) as proposed by, e.g., Weller & Albrecht (2002) to represent quintessence
models, and a phantom model (Caldwell 2002) with (w0 = −1.2,wa = −0.3).

In this analysis, the full covariance matrix on all parameters is used with no prior constraints on the parameters, avoiding
biases from internal degeneracies. We have implemented the time evolving parametrization of the equation of state in simulations
and analysis of the three probes we consider in this paper, i.e. CMB, SNIa and weak lensing.

3. Combination of current surveys

We first apply our statistical approach to the combination of recent SNIa and CMB data, without any external constraints
or priors. The comparison of the statistical errors obtained with a global fit using this frequentist treatment, with those predicted
with the Fisher matrix technique, also allows us to validate the procedure described in Sec. 2. Finally, we compare our results
with other published results.

3.1. Current surveys

We use the ’Gold sample’ data compiled by Riess et al. (2004), with 157 SNIa including a few at z > 1.3 from the Hubble
Space Telescope (HST GOODS ACS Treasury survey), and the published data from WMAP taken from Spergel et al. (2003).

We perform two distinct analyses: in the first case, the equation of state is held constant with a single parameter w0 and we fit
8 parameters, as described in Sec. 2.2; in the second case, the z dependence of the equation of state is modelled by two variables
w0 and wa as defined in Sec. 2.1, and we fit 9 parameters.

3.2. Results

The results of this frequentist combination of CMB and SNIa data are summarised in Tab. 1. When the equation of state
is considered constant, we obtain w0 = −0.92+0.10

−0.13 (1-σ) and the shape of the CL is relatively symmetrical around the value
of w0 obtained at the χ2 minimum. When a z dependence is added to the equation of state, the CL is still symmetrical with
w0 = −1.09+0.13

−0.15 but wa becomes asymmetrical with a long tail for smaller values of wa, as can be seen in Fig. 1. The 1-D CL for
wa gives the resulting CL at 68%(1σ) and 95%(2σ): wa = 0.82+0.21

−0.26
+0.42
−0.80.

Tab. 1 compares the 1σ errors obtained with the frequentist method and the errors predicted with the Fisher matrix techniques.
The agreement is good, and in the remaining part of this paper, for the combination of expectations from future surveys, we will
use the Fisher matrix approach.

However Upadhye et al. (2004) noticed that the high redshift limit of the parametrization of the EOS plays an important role
when we consider CMB data which impose w(z → ∞) < 0. With our choice of parametrization (see definition in Eq. 3), we get
the condition w0 + wa < 0. When a fit solution is found close to this boundary condition, as is the case with the current data, the
CL distributions are asymmetric, giving asymmetrical errors. The Fisher matrix method is not able to represent complicated 2-D
CL shapes, as those shown in Fig. 2. For example, the error on wa increases when the (w0,wa) solution moves away from the
’unphysical’ region w0 +wa > 0. To avoid this limitation, we will thus use fiducial values of wa closer to zero for the prospective
studies with future surveys.

It is worth noting that the solution found by the fit corresponds to a value of w slightly smaller than -1 for z = 0, and a value
of w slightly larger than -1 for high z. The errors are such that the value of w is compatible with -1. However, this technically
means that the Universe crosses the phantom line in its evolution. This region (w < −1) cannot be reached by the fit, if dark
energy perturbations are computed in the CMBEASY version we use. To obtain a solution and compare with other published
results, we therefore probed two different conditions, both illustrated in Fig. 2.
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Table 1. Results of the frequentist fit to WMAP and Riess et al. (2004) SNIa data. For the 8 parameter fit with a constant EOS, the first column
gives the value of the variable at the χ2 minimum, with the confidence interval at 68% (1 σ), the second column shows the 1σ error computed
with the Fisher matrix techniques. The third and fourth columns present the same information for the 9 parameter fit with a z dependent EOS.
The 1σ errors are symmetrical for all the variables except for wa. Its error goes from +0.21

−0.26 for CL at 68% to +0.42
−0.80 for CL at 95% (see text).

constant EOS z dependent EOS
fit σFisher fit σFisher

Ωb 0.049+0.005
−0.003 ±0.003 0.055+0.003

−0.003 ±0.003
Ωm 0.29+0.05

−0.04 ±0.04 0.33+0.04
−0.04 ±0.04

h 0.69+0.03
−0.02 ±0.03 0.69+0.03

−0.02 ±0.03
nS 0.97+0.03

−0.03 ±0.03 0.97+0.03
−0.03 ±0.03

τ 0.13+0.04
−0.04 ±0.04 0.14+0.04

−0.04 ±0.04
w0 −0.92+0.10

−0.13 ±0.11 −1.09+0.13
−0.15 ±0.14

wa - - 0.82+0.21
−0.26 ±0.25

A 0.79+0.08
−0.07 ±0.10 0.80+0.08

−0.07 ±0.10
Ms0 15.94+0.03

−0.03 ±0.03 15.95+0.03
−0.03 ±0.03
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Fig. 1. Confidence level (CL) plots on parameters w0 (left) and wa (right), using WMAP and Riess et al. 2004 SNIa data for a 9 parameter fit
with evolving EOS. The dashed lines correspond to the 68%(1σ) and 90%(1.64σ) confidence intervals.

First, we removed altogether the perturbations for the dark energy, which gives the results presented above. This allows a
comparison with Seljak et al. (2004), who have likely removed dark energy perturbations. Their central value corresponds to
w0 = −0.98+0.38

−0.37 and wa = −0.05+1.92
−1.13 at 95%(2σ). It is closer to w = −1 than our result and gives errors for wa larger than the

ones we get. The comparison is however not exact, since Seljak et al. use a bayesian approach for the fits, and give results for
an evolving equation of state, only for the total combination of the WMAP and SNIa data with other SDSS probes (galaxies
clustering, bias, and Lyman α forest).

We also performed the fits, including dark energy perturbations, only when w > −1 (which is the default implementation in
CMBFAST). Caldwell & Doran (2005) have argued convincingly that crossing the cosmological constant boundary leaves no
distinct imprint, i.e., the contributions of w < −1 are negligible, because w < −1 dominates only at late times and dark energy
does not generally give strong gravitational clustering. Our analysis, including dark energy perturbations only when w > −1,
gives a minimum (cf. right hand side plot in Fig. 2) for w0 = −1.32+0.15

−0.19 and wa = 1.2+0.5
−0.8 at 1σ. This is some 2σ away from

the no perturbation case. We remark that these values are very close to those obtained by Upadhye et al.(2004), who use a
procedure similar to ours, without any marginalisation on parameters, a weak constraint w0 +wa ≤ 0 inside their fit. Their result,
w0 = −1.3+0.34

−0.39 and wa = 1.25+0.40
−2.17 at 95%(2σ), has almost the same central value as our fit, when we switch on the dark energy

perturbation for w > −1. The errors we get are also compatible, and are much larger than in the no perturbation case.
The importance and impact of introducing dark energy perturbations has been discussed by Weller & Lewis (2003). Their

combined WMAP and SNIa analysis with a constant sound speed also gives a more negative value of w, when a redshift
dependence is taken into account. Although Rapetti et al. (2004) observe a reduced effect when they add cluster data, they still
indicate a similar trend. Finally, when dark energy perturbations are included, we observe that the minimisation is more difficult
and correlations between parameters increase.

We conclude that our results are compatible with other published papers using various combinations of cosmological probes.
There is a good agreement of all analysis when w0 is constant, showing that data agree well with the ΛCDM model. However,
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Fig. 2. Confidence level contour plots with WMAP and Riess et al. 2004 SNIa data, for the 9 parameter fit with a z dependent EOS in the plane
(w0,wa). The plot on the left hand side corresponds to the case when we introduce no dark energy perturbation. For the plot on the right hand
side, we introduce dark energy perturbations only when w > −1.

large uncertainties remain for the location of the minimum in the (w0,wa) plane, when a redshift variation is allowed. We
emphasise that this is not due to the statistical method but to internal assumptions. Upadhye et al.(2004) mention the sensitivity
to the choice of parametrization. We show that the introduction of dark energy perturbations for w > −1, can change the minimum
by nearly 2σ and that the minimum is not well established as correlations between parameters increase, and errors, in this zone
of parameter space are very large.

For the sake of simplicity, we decided to present, in the rest of this paper, a prospective study without dark energy perturba-
tions, using a Fisher matrix technique.

4. Combination of future surveys

In this section, we study the sensitivity of the combination of future CMB, SNIa and weak lensing surveys for dark energy
evolution. We expect new measurements from the CHTLS surveys in SNIa and weak lensing in the next few years, which can
be combined with the first-year WMAP together with the expected CMB data from the Olimpo CMB balloon experiment. These
are what we call ’mid term’ surveys.

The combined mid term results will be compared to the ’long term’ expectations from the next generation of observations in
space which are under preparation, i.e., the Planck Surveyor mission for CMB, expected in 2007, and the SNAP/JDEM mission,
a large imaging survey, expected for 2014, which includes both SNIa and weak lensing surveys.

4.1. Mid term surveys

The different assumptions we use for the mid term simulations are as follows, and are summarised in Tab. 3.

CMB: We add to the WMAP data, some simulated CMB expectations from the Olimpo balloon experiment (Masi et al. 2003),
equipped with a 2.6 m telescope and 4 bolometers arrays for frequency bands centered at 143, 220, 410 and 540 GHz. This
experiment will also allow us to observe the first ”large” survey of galaxies cluster through the SZ effect. For this paper, we will
limit our study to CMB anisotropy aspects.

For a nominal 10 days flight with an angular resolution θ f whm = 4′ and with fsky ' 1%, the expected sensitivity per pixel is
s = 3.4 × 10−6. We use Eq. 11 to estimate the statistical error σC` on the angular power spectrum.

SNIa: We simulate future SNIa measurements derived from the large SNLS (2001) ground based survey within the CFHTLS
(2001). This survey has started in 2003 and expects to collect a sample of 700 identified SNIa in the redshift range 0.3 < z < 1, af-
ter 5 years of observations. We simulate the sample, as explained in Virey et al. (2004a) with the number of SNIa shown in Tab. 2,
in agreement with the expected SNIa rates from SNLS. We assume a magnitude dispersion of 0.15 for each supernova, constant
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in redshift after all corrections. This uncertainty corresponds to the most favourable case in which experimental systematic errors
are not considered.

A set of 200 very well calibrated SNIa at redshift < 0.1 should be measured by the SN factory (Wood-Vasey et al. 2004)
project. This sample is needed to normalise the Hubble diagram and will be called the ’nearby’ sample.

Table 2. Number of simulated SNIa by bins of 0.1 in redshift for SNLS+HST and SNAP respectively.

z 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 1.1 1.2 1.3 1.4 1.5 1.6 1.7
SNLS + HST - 44 56 80 96 100 104 108 10 14 7 12 5 2 3 1
SNAP 35 64 95 124 150 171 183 179 170 155 142 130 119 107 94 80

Finally, to be as complete as possible, we simulate a set of 54 SNIa, expected from HST programs, with a magnitude disper-
sion of 0.17 for each supernova, at redshifts between 1 and 1.7. Tab. 3 summarises the simulation parameters.

Weak lensing: The coherent distortions that lensing induces on the shape of background galaxies have now been firmly measured
from the ground and from space. The amplitude and angular dependence of this ‘cosmic shear’ signal can be used to set strong
constraints on cosmological parameters.

Earlier studies of the constraints on dark energy from generic weak lensing surveys can be found in Hu & Tegmark (1999),
Huterer (2001), Hu (2002). More recently, predictions for the constraints on an evolving w(a) were studied by several authors
(e.g., Benabed & van Waerbeke 2004, Lewis & Bridle 2002). We expect, in the near future, new cosmic shear results from the
CFHTLS wide survey (CFHTLS 2001).

In this paper, we will consider measurements of the lensing power spectrum C` with galaxies in two redshift bins. We will
only consider modes between ` = 10 and 20000, thus avoiding small scales where instrumental systematics and theoretical
uncertainties are more important.

For the CFHTLS survey, we assume a sky coverage of 170◦2. The rms shear error per galaxy is taken as σγ = 0.35 and the
surface density of usable galaxies as 20 amin−2 which is divided evenly into to redshift bins with median redshifts zm = 0.72 and
1.08. The redshift distribution of the galaxies in each redshift bin is taken to be as in Bacon et al. (2000) with the above median
redshifts (cf Tab. 3 for a summary of the survey parameters). We use Eq. 18 to estimate the statistical error σC` .

4.2. Long term survey

The future will see larger surveys both from the ground and space. To estimate the gain for large ground surveys compared
to space, critical studies taking into account the intrinsic ground limitation (both in distance and in systematics) should be done,
and systematic effects, not included here, will be the dominant limitation. In this paper, we limit ourselves to the future space
missions.

We simulate the Planck Surveyor mission using Eq. 11 with the performances described in Tauber et al. (2004). Assuming
that the other frequency bands will be used to identify the astrophysical foregrounds, for the CMB study over the whole sky, we
consider only the three frequency bands (100, 143 and 217 GHz) with respectively (θ f whm = 9.2′, 7.1′ and 5.0′) resolution and
(s = 2.0 10−6, 2.2 10−6 and 4.8 10−6) sensitivity per pixel.

We also simulate observations from the future SNAP satellite, a 2 m telescope which plans to discover around 2000 identified
SNIa, at redshift 0.2< z <1.7 with very precise photometry and spectroscopy. The SNIa distribution, given in Tab. 2, is taken
from Kim et al. (2004). The magnitude dispersion σ(m)disp is assumed to be 0.15, constant and independent of the redshift, for
all SNIa after correction. Moreover, we introduce an irreducible systematic error σ(m)irr following the prescription of Kim et al.
(2004). In consequence, the total error on the magnitude σ(m)tot per redshift bin i, is defined as: σ(m)2tot,i = σ(m)2

disp/Ni +σ(m)2
irr

where Ni is the number of SNIa in the ith 0.1 redshift bin. In the case of SNAP, σ(m)irr is equal to 0.02.
The SNAP mission also plans a large cosmic shear survey. The possibilities for the measurement of a constant equation of

state parameter w with lensing data were studied by Rhodes et al. (2004), Massey et al. (2004), Refregier et al. (2004). We extend
here the study in the case of an evolving equation of state. We use in the simulation the same assumptions as in Refregier et al.
(2004) with a measurement of the lensing power spectrum in 2 redshift bins, except for the survey size, which has increased from
300◦2 to 1000◦2 (Aldering et al. 2004) and for the more conservative range of multipoles ` considered (see §4.1).

The long term survey parameters are summarised in Tab. 3.

4.3. Results

The combination of the three data sets is performed with, and without, a redshift variation for the equation of state, for both
mid term and long term data sets.
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Table 3. Simulation inputs for CMB, SNIa and Weak Lensing observations

CMB surveys
fsky f(GHz) θfwhm(′) s(10−6)

Current WMAP (Spergel et al.(2003)) full sky 23/33/41/61/94 13 -
Data

Mid term Olimpo 0.01 143/220/410/540 4 3.4
Data +WMAP

Long term full Sky 100 9.2 2.0
data Planck 143 7.1 2.2

217 5.0 4.8
SN surveys

SN # Redshift range Statistical error Systematic error
Current Riess et al. (2004) + HST 157 z < 1.7 ∼ 0.25 -
Data

Mid term SNfactory 200 z < 0.1 0.15 -
Data SNLS 700 0.3 < z < 1 0.15 -

HST 54 1 < z 0.17

Long term SNfactory 300 z < 0.1 0.15
Data SNAP 2000 0.1 < z < 1.7 0.15 0.02

WL surveys
zm (2 bins) A(deg2) total ng(amin−2) σγ

Mid term CFHTLS 0.72, 1.08 170 20 0.35
Data

Long term SNAP 0.95, 1.74 1000 100 0.31
Data

The different plots in Fig. 3 show the results for individual mid term probes and for their combination. The results are for a
constant w0, plotted as a function of the matter density Ωm. The combined contours are drawn using the full correlation matrix
on the 8 parameters for the different sets of data.

The SNLS survey combined with the nearby sample will improve the present precision on w by a factor 2. The expected
contours from cosmic shear have the same behaviour as the CMB but provide a slightly better constraint on Ωm and a different
correlation with w: CMB and weak lensing data have a positive (w,Ωm) correlation compared to SNIa data, which have a negative
correlation. This explains the impressive gain when the three data sets are combined, as shown in Tab. 4. Combining WMAP
with Olimpo data, helps to constrain w through the correlation matrix as Olimpo expects to have more information for the large
` of the power spectrum.

Fig. 4 gives the expected accuracy of the mid term surveys on the parameters of an evolving equation of state. The CL
contours plots of wa versus w0, are obtained with a 9 cosmological parameter fit. Here also, we observe a good complementarity:
there is little information on the time evolution from SNIa with no prior, while the large redshift range from CMB data is adding
a strong anti-correlated constraint on wa.

A combined analysis proves far superior to analysis with only SNIa. In the favourable case, where we add more SNIa from
HST survey, we expect a gain of a factor 2 on the errors, but it is not enough to lift degeneracies and the expected precision on
wa with these data will not be sufficient to answer questions on the nature of the dark energy.

The simulated future space missions show an improved sensitivity to the time evolution of the equation of state. The accuracy
on wa for the different combinations are summarised in Tab. 4. There is again a large improvement from the combination of the
three data sets. The precision, for the long term surveys, will be sufficient to discriminate between the different models we have
chosen, as shown in the left hand side plot of Fig. 5 and in Tab. 5, while it is not the case for the mid term surveys. This figure
illustrates, moreover, that the errors on wa and w0, and the correlation between these two variables are strongly dependent on the
choice of the fiducial model.

More generally, the combination of the probes with the full correlation matrix allows the extraction of the entire information
available. For instance, the large correlation between nS and wa observed for the weak lensing probe combined with the precise
measurement of ns given by the CMB, gives a better sensitivity on wa than the simple combination of the two wa values, obtained
separately for the CMB and weak lensing. Such an effect occurs for several other pairs of cosmological parameters considered
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Fig. 3. CL contours for mid term CMB (WMAP +Olimpo), SNIa and weak lensing data from CFHTLS and the combination of the three probes
for the 8 parameter fit in the plane (Ωm,w0) (see also Tab. 4). The solid lines represent 68% (1 σ), 95% (2σ), and 99% CL contours.

Table 4. Expected sensitivity on cosmological parameters for three scenarii: Current supernova and CMB experiments (WMAP and Riess et
al.2004), mid term experiments (CFHT-SNLS (supernova surveys), CFHTLS-WL (weak lensing) and CMB (WMAP+Olimpo)), long term
experiments (CMB (Planck) and SNAP (supernovae and weak lensing)). For each scenario, the first column gives the 1σ error computed
with the Fisher matrix techniques for the 8 free parameter configuration and the second columns gives the 1σ error for the 9 free parameter
configuration.

Scenario Today Mid term Long Term
Ωb 0.003 0.004 0.001 0.002 0.0008 0.0008
Ωm 0.04 0.04 0.01 0.01 0.004 0.004
h 0.03 0.03 0.01 0.01 0.006 0.006
ns 0.03 0.03 0.006 0.009 0.003 0.003
τ 0.05 0.04 0.01 0.01 0.01 0.01
w0 0.11 0.22 0.02 0.10 0.02 0.04
wa − 0.99 − 0.43 − 0.07
A 0.10 0.10 0.02 0.02 0.02 0.02
Ms0 0.03 0.03 0.01 0.01 0.01 0.01

in this study. The plot, in the right hand side of Fig 5, is an illustration of this effect. It shows the combination of the 3 probes in
the (w0,wa) plane. The 1σ contour for the combined three probes, is more constraining than the 2-D combination in the (w0,wa)
plane of the three probes.

Finally, in the long term scenario, the weak lensing probe provides a sensitivity on the measurement of (w0,wa) comparable
with those of the combined SN and CMB probes, whereas in the mid term scenario the information brought by weak lensing
was marginal. This large improvement observed in the information provided by the weak lensing, can be explained by the larger
survey size and the deeper volume probed by SNAP/JDEM, compared to the ground CFHTLS WL survey. We thus conclude
that adding weak lensing information will be an efficient way to help distinguishing between dark energy models. If systematic
effects are well controlled, the future dedicated space missions may achieve a sensitivity of order 0.1 on wa.
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Fig. 4. CL contours for mid term CMB (WMAP +Olimpo), SNIa and weak lensing data from CFHTLS and the combination of the three probes
for the 9 parameter fit in the plane (w0,wa) (see also Tab. 4). The solid lines represent 68% (1 σ), 95% (2σ), and 99% CL contours.

Table 5. Expected sensitivity on cosmological parameters for the long term missions with CMB (Planck) and SNAP (supernova surveys and
weak lensing) for the 9 free parameter configuration.

Model ΛCDM SUGRA Phantom
Ωb 0.0008 0.0008 0.0007
Ωm 0.004 0.004 0.003
h 0.006 0.006 0.005
nS 0.003 0.003 0.003
τ 0.01 0.01 0.01
w0 0.04 0.04 0.03
wa 0.07 0.06 0.14
A 0.02 0.02 0.02
Ms0 0.015 0.014 0.013

The SNAP/JDEM space mission is designed, in principle, to control its observational systematic effects for SNIa to the %
level, which is probably impossible to reach for future ground experiments. In this study, we assign an irreducible systematic
error on SNIa magnitudes of 0.02 and systematic effects have been neglected for CMB and weak lensing. This can have serious
impacts on the final sensitivity, in particular, on the relative importance of each probe.

Other probes, whose combined effects we have not presented in this paper, but intend to do in forthcoming studies, remain
therefore most useful. For example, the recent evidence for baryonic oscillations (Eisenstein et al. 2005) is a proof that new
probes can be found. The present constraints that these results provide, do not improve the combined analysis we present here.
However, getting similar results from different probes greatly contributes to the credibility of a result, in particular, when the
systematical effects can be quite different, as is the case for the different probes we consider. Finally, the joint analysis of cluster
data observed simultaneously with WL, SZ effect and X-rays, will allow the reduction of the intrinsic systematics of the WL
probe.
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Fig. 5. CL contours for future space data from SNAP (SNIa and WL) and Planck (CMB) for a 9 parameter fit in the plane (w0,wa). The left hand
side figure shows the combination of SNAP (SNIa+WL) and CMB for three different models (ΛCDM, SUGRA and Phantom). The solid lines
represent 68% (1 σ), 95% (2σ), and 99% CL contours. The right hand side figure shows the CL for the combined three ”long term” probes.
The solid lines are the 1σ contours for different combinations: WL alone, combined SNIa and CMB, and the three combined probes.

5. Conclusions

In this paper, we have presented a statistical method based on a frequentist approach to combine different cosmological
probes. We have taken into account the full correlations of parameters without any priors, and without the use of Markov chains.

Using current SNIa and WMAP data, we fit a parametrization of an evolving equation of state and find results in good
agreement with other studies in the literature. We confirm that data prefer a value of w less than -1 but are still in good agreement
with the ΛCDM model. We emphasise the impact of the implementation of the dark energy perturbations. This can explain the
discrepancies in the central values found by various authors. We have performed a complete statistical treatment, evaluated the
errors for existing data and validated that the Fisher matrix technique is a reliable approach as long as the parameters (w0,wa) are
in the ‘physical’ region imposed by CMB boundary condition: w(z → ∞) < 0.

We have then used the Fisher approximation to calculate the expected errors for current surveys on the ground (e.g., CFHTLS)
combined with CMB data, and compared them with the expected improvements from future space experiments. We confirm that
the complete combination of the three probes, including weak lensing data, is very powerful for the extraction of a constant w.
However, a second generation of experiments like the Planck and SNAP/JDEM space missions is required, to access the variation
of the equation of state with redshift, at the 0.1 precision level. This level of precision needs to be confirmed by further studies
of systematical effects, especially for weak lensing.
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2.4 Test cosmologique �a partir de la cin�ematique desgalaxies
Dans cette partie nous proposons un nouveau test cosmologique �a partir des propri�et�escin�ematiques des galaxies. L'id�ee originale, essentiellement due �a Christian Marinoni, estd'utiliser les vitesses particuli�eres des galaxies a�n de construire des \r�egles" standard ainsique des chandelles standard.Il est connu depuis longtemps (Tully & Fisher 1977 [99, 100]) qu'il existe une relation,bas�ee sur les observations, entre la vitesse de rotation d'une galaxie spirale et son diam�etre,ainsi qu'avec sa luminosit�e. Du point de vue th�eorique, on s'attend �a l'existence d'une tellerelation dans le cadre des mod�eles de formation des structures avec mati�ere noire froide[101]. La relation de Tully-Fisher est utilis�ee localement pour d�eterminer les distances desgalaxies et la constante de Hubble H0.Dans les articles qui suivent il est propos�e d'utiliser cette relation dans un contextecosmologique a�n de d�e�nir des \r�egles" standard et des \chandelles" standard �a hautredshift. Plus pr�ecisemment, la relation de Tully-Fisher nous indique que des galaxiesspirales poss�edant la même vitesse de rotation ont statistiquement la même taille et lamême luminosit�e. L'expansion de l'univers a un e�et direct sur l'�evolution dans le temps(i.e. en redshift) de ces propri�et�es physiques. On peut alors utiliser les catalogues degalaxies �a haut redshift, tel que ceux fournis par les collaborations VVDS [102](disponible)ou zCOSMOS [103] (en cours de mesure), pour tenter de mettre en application ce testcosmologique et contraindre les param�etres du fond (
M , 
X et wX).Malheureusement, la situation se complique lorsque l'on prend en compte les �evolutionsdans le temps des diam�etres et des luminosit�es dues �a la physique interne des galaxies. Onobtient alors une correspondance entre les e�ets cosmologiques et les e�ets d'�evolution in-trins�eque. On s'est aussi int�eress�e aux biais sur les param�etres cosmologiques que peuvententrainer les e�ets d'�evolution intrins�eque et aux moyens de reconnaitre sans ambiguit�esses e�ets.

Le premier article, relativement th�eorique, pr�esente l'id�ee de base. Le second appliquecette id�ee aux mesures r�ealis�ees par la collaboration VVDS qui a r�ealis�e un sondage profondde galaxies avec une spectroscopie tr�es pr�ecise. Ces deux articles seront publi�es prochaine-ment dans Astronomy & Astrophysics.
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ABSTRACT

We suggest to use the observationally measured and theoretically justified correlation between size and rotational velocity of galactic
discs as a viable method to select a set of high redshift standard rods which may be used to explore the dark energy content of the
universe via the classical angular-diameter test. Here we explore a new strategy for an optimal implementation of this test. We propose
to use the rotation speed of high redshift galaxies as a standard size indicator and show how high resolution multi-object spectroscopy
and ACS/HST high quality spatial images, may be combined to measure the amplitude of the dark energy density parameter ΩQ,
or to constrain the cosmic equation of state parameter for a smooth dark energy component (w = p/ρ, −1 ≤ w < −1/3). Nearly
1300 standard rods with high velocity rotation in the bin V = 200 ± 20 km s−1 are expected in a field of 1 sq. degree and over the
redshift baseline 0 < z < 1.4. This sample is sufficient to constrain the cosmic equation of state parameter w at a level of 20% (without
priors in the [Ωm,ΩQ] plane) even when the [OII]λ3727 Å linewidth-diameter relationship is calibrated with a scatter of ∼40%.
We evaluate how systematics may affect the proposed tests, and find that a linear standard rod evolution, causing galaxy dimensions
to be up to 30% smaller at z = 1.5, can be uniquely diagnosed, and will minimally bias the confidence level contours in the [ΩQ,
w] plane. Finally, we show how to derive, without a priori knowing the specific functional form of disc evolution, a cosmology-
evolution diagram with which it is possible to establish a mapping between different cosmological models and the amount of galaxy
disc/luminosity evolution expected at a given redshift.
Key words. cosmological parameters – cosmology: observations – cosmology: theory – cosmology: cosmological parameters –
galaxies: high-redshift – galaxies: fundamental parameters – galaxies: evolution

1. Introduction

Several and remarkable progresses in the understanding of the
dynamical status of the universe, encourage us to believe that,
after roaming from paradigm to paradigm, we are finally con-
verging towards a well-founded, internally consistent standard
model of the universe.

The picture emerging from independent observations and
analysis is sufficiently coherent to be referred to as the concor-
dance model (e.g. Tegmark 2006). Within this framework, the
universe is flat (ΩK = −0.003+0.0095

−0.0102) composed of ∼1/5 cold
dark matter (Ωcdm ∼ 0.197+0.016

−0.015) and ∼3/4 dark energy (ΩΛ =
0.761+0.017

−0.018), with large negative pressure (w = −0.941+0.017
−0.018),

and with a very low baryon content (Ωb = 0.0416+0.0019
−0.0018).

Mounting and compelling evidence for accelerated expansion
of the universe, driven by a dark energy component, presently
relies on our comprehension of the mechanisms with which
Supernovae Ia (SNIa) emit radiation (see Perlmutter et al. 1999;
Riess et al. 2001) and of the physical processes that produced
temperature fluctuations in the primeval plasma (see Lee et al.

� Centre de Physique Théorique is UMR 6207 - “Unité Mixte de
Recherche” of CNRS and of the Universities “de Provence”, “de
la Méditerranée” and “du Sud Toulon-Var”- Laboratory affiliated to
FRUMAM (FR 2291).

2001; de Bernardis et al. 2002; Halverson et al. 2002; Spergel
et al. 2006.)

Even if the ambitious task of determining geometry and evo-
lution of the universe as a whole, which commenced in the
1930s, now-day shows that the relativistic Friedman-Lemaître
model passes impressively demanding checks, we are faced with
the challenge of developing and adding new lines of evidence
supporting (or falsifying) the concordance model. Moreover,
even if we parameterize our ignorance about dark energy de-
scribing its nature only via a simple equation of state w = p/ρ,
we only have loose constraints on the precise value of the w pa-
rameter or on its functional behavior.

In this spirit we focus this analysis on possible complemen-
tary approaches to determining fundamental cosmological pa-
rameters, specifically on geometrical tests.

A whole arsenal of classical geometrical methods has been
developed to measure global properties of the universe. The cen-
tral feature of all these tests is the attempt to directly probe the
various operative definitions of relativistic distances by means
of scaling relationships in which an observable is expressed as
a function of redshift (z) and of the fraction of critical density
contributed by all forms of matter and energy (Ω).

The most remarkable among these classical methods are
the Hubble diagram (or magnitude-redshift relation m =
m(M, z,Ω)), the Angular diameter test (or angle-redshift rela-
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tion θ = θ(L, z,Ω)), the Hubble test (or count-redshift relation
N = N(n, z, Ω)) or the Alcock-Paczinsky test (or deformation-
redshift relation Δz/zΔθ ≡ k = k(z,Ω)). The common key idea
is to constrain cosmological parameters by measuring, at vari-
ous cosmic epochs, the scaling of the apparent values m, θ, N,
k of some reference standard in luminosity (M), size (L), den-
sity (n) or sphericity and compare them to corresponding model
predictions.

The observational viability of these theoretical strategies has
been remarkably proved by the Supernova Cosmology Project
(Perlmutter et al. 1999) and the High-z Supernova Team (Riess
et al. 2001) in the case of the Hubble diagram. With a parallel
strategy, Newman et al. (2002) recently showed that a variant of
the Hubble test (N(z) test) can be in principle applied to distant
optical clusters selected in deep redshift survey such as VVDS
(Le Fèvre et al. 2005) and DEEP2 (Davis et al. 2000), in order
to measure the cosmic equation-of-state parameter w.

Unfortunately, the conceptually simple pure geometrical
tests of world models, devised to anchor relativistic cosmology
to an observational basis, have so far proved to be difficult to im-
plement. This is because the most effective way to constrain the
evolution of the cosmological metric consists in probing deep
regions of the universe with a primordial class of cosmological
objects. Besides the complex instrumental technology this kind
of experiments requires, it becomes difficult at high redshift to
disentangle the effects of object evolution from the signature of
geometric evolution.

Since geometrical tests are by definition independent from
predictions of theoretical models or simulations, as well as from
assumptions about content, quality and distribution of matter
in the universe (mass fluctuations statistics, e.g. Haiman et al.
2001; Newman et al. 2001, galactic biasing, e.g. Marinoni et al.
1998; Lahav et al. 2001; Marinoni et al. 2006, Halo occupa-
tion models, e.g. Berlind et al. 2001; Marinoni & Hudson 2002;
van den Bosch et al. 2006) it is of paramount importance to try
to devise an observational way to implement them. The tech-
nical maturity of the new generation of large telescopes, multi
object spectrographs, large imaging detectors and space based
astronomical observatories will allow these tests to be more ef-
fectively applied in the near future (Huterer & Turner 2000). In
this paper, we describe a method to select a class of homolo-
gous galaxies that are at the same time standard in luminosity
and size, that can be in principle applied to data coming from
the zCOSMOS spectro-photometric survey (Lilly et al. 2006);
of the deep universe.

An observable relationship exists between the speed of ro-
tation V of a spiral galaxy and its metric radial dimension D as
well as its total luminosity L (Tully & Fisher 1977; Bottinelli
et al. 1980). From a theoretical perspective, this set of scaling
relations are expected and explicitly predicted in the context of
CDM models of galaxy formation (Mo et al. 1998). The Tully-
Fisher relations for diameter and luminosity have been exten-
sively used in the local universe to determine the distances to
galaxies and the value of the Hubble constant. We here suggest
that they may be used in a cosmological context to select in a
physically justified way, high redshift standard rods since galax-
ies having the same rotational speed will statistically have the
same narrow distribution in physical sizes.

The picture gets complicated by the fact that the standard
model of the universe implies some sort of evolution in its con-
stituents. In a non static, expanding universe, where the scale
factor changes with time, we expect various galaxy properties,
such as galaxy metric dimensions, to be an explicit function of
redshift. In principle, one may break this circular argument be-

tween model and evolution with two strategies: either by under-
standing the effects of different standard rod evolutionary pat-
terns on cosmological parameters, or by looking for cosmologi-
cal predictions that are independent from the specific form of the
disc evolution function.

In this paper, following the first approach, we study how dif-
ferent disc evolution functions may bias the angular-diameter
test. We simulate the diameter-redshift experiment using the
amount of data and the realistic errors expected in the context
of the zCOSMOS survey. We then evaluate how different disc
evolution functions may be unambiguously recognized from the
data and to what extent they affect the estimated values of the
various cosmological parameters. We also explore the second
approach and show how cosmological information may be ex-
tracted, without any knowledge about the particular functional
form of the standard rod evolution, only by requiring as a prior
an estimate of the upper limit value for the relative disc evolution
at some reference redshift.

This paper is set out as follow: in Sect. 2 we review the the-
oretical basis of the angular diameter test. In Sect. 3 we describe
the proposed strategy to select high redshift standard rods. In
Sect. 4 we digress on how implement in practice the “θ − z” test
with zCOSMOS data, and in Sect. 5 we present the zCOSMOS
expected statistical constraints on cosmological parameters. In
Sect. 6 we discuss different possible approaches with which to
address the problem of standard rod evolution. Conclusions are
drawn in Sect. 7.

2. The angular diameter test

We investigate the possibility of probing the cosmological met-
ric using the redshift dependence of the apparent angular diame-
ter of a cosmic standard rod. What gives this test special appeal
is the possibility of detecting the “cosmological lensing” effect,
which causes incremental magnification of the apparent diame-
ter of a fixed reference length.

Let’s consider the transverse comoving distance (see Hogg
1999)

r(z,Ωm,ΩQ, w) =
c

H0
√| Ωk |

S k

(√| Ωk |
∫ z

0
E(x)−1dx

)
(1)

where

E(x) =
[
Ωm(1 + x)3 + ΩQ(1 + x)3+3w + Ωk(1 + x)2

]1/2
(2)

and where S −1(y) = sinh(y), S 1(y) = sin(y), S 0(y) = y while
Ωk = 1 −Ωm −ΩQ.

An object with linear dimension D at a redshift z has thus an
observed angular diameter θ

θ(z, p) =
D

r(z, p)
(1 + z) (3)

which depends on the general set of cosmological parameters
p = [Ωm,ΩQ, w] via the relativistic definition of angular dis-
tance, dA = r(z, p)/(1 + z).

This test may be implemented without requiring the knowl-
edge of the present expansion rate of the universe (the depen-
dence from the Hubble constant cancels out in Eq. (3)). At vari-
ance, although characterized by a smooth and diffuse nature,
dark energy significantly affect the dynamic of the universe.
From Eq. (1) it is clear that the angular-diameter test depends on
the dark energy component via the expansion rate evolution E(z).
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Fig. 1. The relative sensitivity of the angular diameter distance (dA) and
volume element (dV /dz) to a change in the values of Ωm, ΩQ and w.
The partial derivatives are computed with respect to the position (Ωm =
0.3,ΩQ = 0.7, w = −1) in the parameter space.

The more negative w, the more accelerated the expansion is and
the smaller a fixed standard rod will appear to an observer.

The efficiency of different cosmological observables in prob-
ing the nature of space-time ultimately depends upon their sen-
sitivity to the cosmological parameters Ωm,ΩQ, w. The relative
sensitivity of empirical cosmological tests based on the scaling
of the angular diameter distance (dA) and of the volume element
(dV/dz = (c/H0)(r2/E(z)) is derived in Fig. 1, where we as-
sume that Poissonian errors are constant in time and no redshift-
dependent systematics perturb the measurements (e.g. Huterer
& Turner 2000). Since the luminosity distance (i.e. the distance
inferred from measurements of the apparent magnitude of an ob-
ject of known absolute luminosity) is defined as dL = (1+ z)2dA,
we note that the angular diameter test has the same cosmological
discriminatory power as the Hubble diagram. The upper panel
of Fig. 1 shows that the sensitivity of both dA and dV/dz to the
mean mass density parameter, Ωm, increases monotonically as
a function of redshift. This means that the deeper the region of
the universe surveyed, the more constrained the inferred value
of Ωm is.

Conversely, the sensitivity of both empirical tests to a change
in the constant value of w peaks at redshift around unity, and
levels off at redshifts greater than ∼5. The reason for this is that
the dark energy density ρQ, which substantially contributes to
the present-day value of the expansion rate was negligible in the
early universe (ρQ/ρM ∝ (1 + z)3w, see Eq. (2)).

The fact that we are living in a special epoch, when two
or more terms in the expansion rate equation make compara-
ble contributions to the present value of E(z), can be appreci-
ated in the central panel of Fig. 1. Because each of the terms
in Eq. (2) varies with cosmic time in a different way, there is
a redshift window where the search for ΩQ is less efficient (i.e.
2 < z < 4). Therefore one can maximize the cosmological infor-
mation which can be extracted from the classical tests of cosmol-

ogy, and specifically from the angular diameter test, by devising
observational programs probing a large field of view in the red-
shift range 0 ≤ z ≤ 2.

3. The standard rod

A variety of standard rod candidates have been explored in previ-
ous attempts of implementing the angular diameter-redshift test:
galaxies (Sandage 1972; Djorgovski & Spinrad 1981), clusters
(Hickson 1977; Bruzual & Spinrad 1978; Pen 1997), halo clus-
tering (Cooray et al. 2001). Those methods failed to yield con-
clusive evidence because the available redshifts were few and
local, and the quality of the imaging data used in the estimate of
sizes was poor.

Good quality size measurements for high redshift objects
have become available for radio sources (e.g. Miley 1971;
Kapahi 1975; and recently several authors Kellermann 1993;
Wilkinson et al. 1998, have reported a redshift dependence of
radio source angular sizes at 0.5 < z < 3, which is not easily
reconciled with other recent measurements of the cosmological
parameters (but see Daly & Djorgovski 2004, for results more
consistent with the concordance model.)

The radio source results may be affected by a variety of se-
lection and evolutionary effects, the lack of a robust definition
of size, and by difficulties in assembling a large, homogeneous
sample of radio observations (Buchalter et al. 1998; Gurvits et al.
1999).

A common thread of weakness in all these studies is that
there are no clear criteria by which galaxies, clusters, extended
radio lobes or compact radio jets associated with quasars and
AGNs should be considered universal standard rods. Moreover,
lacking any local calibration for the metric size of the standard
rod, the standard rod dimension (parameter D in Eq. (3)) is often
considered as a free fitting parameter. Since the inferred cos-
mological parameters heavily depend on the assumed value for
the object size (Lima & Alcaniz 2002), an a priori independent
statistical study of the standard rod distribution properties is an
imperative prerequisite.

We thus propose to use information on the kinematics of
galaxies, as encoded in their optical spectrum, a) to identify in an
objective and empirically justified way a class of objects behav-
ing as standard rods, and b) to measure the absolute value of the
standard rod length. The basic idea consists in using the velocity-
diameter relationship for disc galaxies (e.g. Tully & Fisher 1977;
Saintonge et al. 2007) as a cosmological metric probe. In Fig.
2 we plot the local relationship we have derived in Paper II of
this series (Saintonge et al. 2007) between half-light diameters
and rotational velocities inferred using the Hαλ6563 Å line. The
sample used to calibrate the diameter-velocity relationship is the
SFI++ sample described by Springob et al. (2007). Also shown
is the the amplitude of the scatter in the zero-point calibration of
the standard rods.

In the local universe, rotation velocities can be estimated
from either 21 cm HI spectra or from the Hαλ6563 Å optical
emission lines. However, the Hα line is quickly redshifted into
the near-infrared and cannot be used in ground-based optical
galaxy redshift surveys at z > 0.4, while HI is not detectable
much past z = 0.15. Only [OII]λ3727 Å line widths can be suc-
cessfully used in optical surveys to infer the length of a standard
rod dimension D at z ∼ 1. Clearly one could obtain rotational
velocity information for high redshift objets by observing the
Hα line with near-IR spectrographs. However it is much easier
to get large samples of kinematic measurements using OII and
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Fig. 2. The diameter vs. velocity relationship calibrated in Paper II is
plotted using a black line. Shadowed regions represent the 1 and 2σ
uncertainties in the calibrated relationship. D represents the corrected
(face on) half light diameter while the velocity has been measured us-
ing the Hα line. Dotted lines represent the upper and lower relative
uncertainty [σD/D]int = 0.15 in diameters. The conservative relative
dispersion in the relationship assumed in this study ([σD/D]int = 0.4)
is also presented using dashed lines. With this conservative choice
we take into account that sizes and velocity are measured in the high
redshift universe with greater uncertainties. Within the interval cen-
tered at V = 200 ± 20 km s−1 (mean physical galaxy dimension
∼10 ± 1.5 h−1 kpc which roughly corresponds to an isophotal diame-
ter D25 ∼ 20 ± 3 h−1 kpc), we will select galaxies with total absolute
I magnitude MI − 5 log h = −22.4 (see Paper II). The velocity selected
standard rods at z ∼ 1 are thus well within the visibility window of
deep galaxy redshift surveys such as the VVDS (Le Fèvre et al. 2005)
or zCOSMOS (Lilly et al. 2006). For exemple the VVDS is flux limited
at I < 24 and selects objects brighter then MI ∼ −20 + 5 log h at z = 1.

multi-slit devices, rather than get sparser samples using a single-
object, near-IR spectrograph.

A detailed study of the kinematical information encoded in
the [OII] line are presented in Paper II. In that paper we have ex-
plored the degree of correlation of optical Hα and [OII] rotational
velocity indicators, i.e. how well the rotation velocities extracted
from these different lines compare. Moreover, we have derived
a local diameter-velocity relationship, and we have investigated
the amplitude of the scatter in the zero-point calibration of the
standard rods.

We finally note that the present-day expansion rate sets the
overall size and time scales for most other observables in cos-
mology. Thus, if we hope to seriously constrain other cosmo-
logical parameters it is of vital importance either to pin down
its value or to devise H0-independent cosmological tests. Note
that, given the calibration of the diameter–linewidth relation in
the form H0 = f (V), the θ-expression in Eq. (3) is effectively
independent of the value of the Hubble constant.

4. Optimal test strategies

In this section we outline the optimal observational strategy
required in order to perform the proposed test. With the pro-
posed selection technique, the photometric standard rod D is
spectroscopically selected and the sample is therefore free from
luminosity-size selection effects, that is from the well known
tendency to select brighter and bigger objects at higher redshifts
(Malmquist bias) in flux-limited samples. However it is crucial
that a large sample of spectra be collected, in order to obtain

√
N

gain over the intrinsic scatter in the calibrated V(OII)-diameter
relationship.

4.1. Galaxy sizes measurement

Since galaxies do not have sharp edges, their angular diameter
is usually defined in terms of isophotal magnitudes. However
since surface brightness is not constant with distance, the success
in performing the experiment revolves around the use of metric
rather than isophotal galaxy diameters (Sandage 1995).

A suitable way to measure the photometric parameter θ,
without making any a-priori assumption about cosmological
models, consists in adopting as the standard scale length esti-
mator either the half-light radius of the galaxy or the η-function
of Petrosian (1976). The Petrosian radius is implicitly defined as

η(θ) =
〈μ(θ)〉
μ(θ)

, (4)

i.e. as the radius θ at which the surface brightness averaged in-
side θ is a predefined factor η larger than the local surface bright-
ness at θ itself.

Both these size indicators are independent of K-correction,
dust absorption, luminosity evolution (provided the evolutionary
change of surface brightness is independent of radius), wave-
band used (if there is no color gradient) and source light profile
(Djorgovski & Spinrad 1981).

4.2. Standard rods optimal selection

The choice of the objects for which the velocity parameter V and
the metric size is to be measured is a compromise between the
observational need of detecting high signal-to-noise spectral and
photometric features (i.e. selecting high luminosity and large ob-
jects) and the requirement of sampling the velocity distribution
function (n(V)dV ∼ V−4 for galaxy-scale halos) within an inter-
val where the rotator density is substantial.

Given the estimated source of errors (see next section), and
the requirement of determining both ΩQ and w with a preci-
sion of 20%, we find, guided by semi analytical models predict-
ing the redshift distribution of rotators (i.e. Narayan & White
1988; Newman & Davis 2000), that an optimal choice are V =
200 km s−1 rotators.

In particular, as shown in Paper II, the I band character-
istic absolute magnitude of the V = 200 km s−1 objects is
MI ∼ −22.4 + 5 log h70 i.e. well above the visibility threshold
of flux-limited surveys such as zCOSMOS or VVDS (as an ex-
ample, for Iab = 24 the limiting magnitude of the VVDS, one
obtains that MI � −21 + 5 log h70 at z = 1.5). Therefore, with
this velocity choice, the selected standards do not suffer from
any Malmquist bias (i.e. any effect which favors the systematic
selection of the brighter tails of a luminosity distribution at pro-
gressively higher redshifts).
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4.3. The zCOSMOS potential

In Sect. 2 we have emphasized that an optimal strategy to study
the expansion history of the universe consists in probing, with
the angular diameter test, the 0 ≤ z ≤ 2 interval. However, in
order to collect a large and minimally biased sample of standard
rods over such a wide redshift baseline, we need the joint avail-
ability of high quality images and high resolution multi-object
spectra.

Space images allow a better determination of galaxy struc-
tural parameters (sizes, luminosity, surface brightness, inclina-
tion etc) at high redshift. In particular, the ACS camera of the
Hubble Space Telescope can survey large sky regions with the
key advantages of a space-based experiment: diffraction limited
images no seeing blurring, and very deep photometry. Ground
multi-object spectrographs operating in high resolution mode al-
low a better characterisation of the gravitational potential-well of
galaxies, facilitating the fast acquisition of large samples of stan-
dard rods. For example, in the spectroscopic resolution mode
R = 2500 (1′′ slits), the VIMOS spectrograph (Le Fèvre et al.
2003) allows to resolve the internal kinematics of galaxies via
their rotation curve or line-width. Note that the VIMOS slitlets
can be tilted and aligned along the major axis of the galaxies in
order to remove a source of potentially significant error in the
estimate of the rotation velocities.

These observational requirements are mandatory for a suc-
cesfull implementation of the proposed cosmological probe. The
practical feasibility of the strategy is graphically illustrated in
Fig. 3. In this figure we show a high resolution spectra of a
galaxy at z = 0.5016 obtained with a total exposure of 90 min
with VIMOS. The ground and space (ACS) images of the galaxy
are also shown for comparison.

Interestingly, a large sample of rotators can be quickly as-
sembled by the currently underway zCOSMOS deep redshift
survey, which uses the VIMOS multi-object spectrograph at the
VLT to target galaxies with ACS photometry in the 2 sq. degree
COSMOS field Scoville et al. 2003). In principle, one can mea-
sure in high resolution modality R = 2500 the line-widths of
[OII]λ3727 Å up to z ∼ 1.4 by re-targeting objects for which
the redshift has already been measured in the low-resolution
(R = 600) zCOSMOS survey. Since the spectral interval cov-
ered in high resolution mode is limited to ∼2000 Å, this allows
us to determine the optimal telescope and slitlets position angles
in order to maximize the number of spectra whose OII emission
lines fall onto the CCDs. With this fast follow-up strategy one
could be able to target about 200 rotators per pointing with an
exposure time of 4 h down to Iab = 24.

In the following we will use the zCOSMOS sample as a test
case to assess the performances of the proposed cosmological
test.

5. Constraints on cosmological parameters

In this section we present in detail some merits and advantages
of the proposed approach for constraining the value of the funda-
mental set of cosmological parameters. We evaluate the potential
of the test, within the zCOSMOS operational specifications, in
placing constraints not only on the simplest models of the uni-
verse, which include only matter and a cosmological constant,
but also on so-called “quintessence” models (Turner & White
1997; Newman et al. 2002), For the purposes of this study, we
assume in this section w to be constant in time up to the redshift
investigated z ∼ 1.4.

We assume that a V(OII)-diameter relation can be locally
calibrated, and that the diameter of V = 200 km s−1 rotators may
be inferred with a worst(/optimal) case relative error [σD/D]int =
40%(/15%) (see Sect. 3 and Fig. 2). The main contributions to
this error figure are uncertainties in measuring linewidths, galaxy
inclinations and the intrinsic scatter of the empirical relation it-
self. We then linearly combine this intrinsic scatter with the un-
certainties with which the Petrosian or half-light radius may be
determined from the ACS photometry. The error on the half light
radii is about σθ = ±0.04′′ almost independent of galaxy sizes
in the range 0.1–1′′ (S. Gwyn, private communication).

We consider as the observable of the experiment the loga-
rithm of the angle subtended by a standard rod. We use the log-
arithms of the angles rather than angles themselves because we
assume that the object magnitudes, rather than diameters, are
normally distributed around some mean value. Moreover, in this
way the galactic diameter becomes an additive parameter, whose
fitted value (when a z = 0 calibration is not available) does not
distort the cosmological shape of the θ(z) function.

The observed values log θ are randomly simulated around the
theoretical value log θr (cf. Eq. (3)) using the standard deviation
given by

σ =
[(
σD

D

)2
int
+

(
σθ
θ

)2
obs

]1/2
· (5)

For the purposes of this section, θr is computed assuming a flat,
vacumm dominated cosmology with parametersΩm = 0.3,ΩQ =
0.7, and w = −1 as reference model. The confidence with which
these parameters are constrained by noisy data is evaluated using
the χ2 statistic

χ2 =
∑

i

[log θi − log θthi (z, p)]2

σ2
, (6)

where θth is given by Eq. (3).
We also derive the expected redshift distribution of galaxies

having circular velocity in the 180 ≤ V ≤ 220 km s−1 range,
in various cosmological scenarios within the framework of the
Press & Schechter formalism (Narayan & White 1988; Newman
& Davis 2000). We note that due to the correlation between cir-
cular velocity and luminosity, these galaxies could be observed
to the maximum depth (z ∼ 1.4) out to which the OII is within
the visibility window of VIMOS. We take into account the uncer-
tainties in the semi-analytic predictions and our ignorance about
the fraction of discs to be observed that will have a spectroscop-
ically resolved [OII]λ3727 Å line, by multiplying the calcu-
lated halo density by a “conservative” factor f = 0.2. Using the
VIMOS R = 2500 resolution mode data, we thus expect to be
able to implement our angular-diameter research program using
nearly 1300 standard rods per square degree, which is what has
been simulated (see Fig. 4).

Since we do not make a-priori assumptions about any pa-
rameter, and in particular we do not assume a flat cosmology,
results should be distributed as a χ2

ν with ν = 3 degrees of free-
dom, which can be directly translated into statistical confidence
contours, as presented in Fig. 5. This figure shows that even
without assuming a flat cosmology as a prior and considering
a diameter-linewidth relationship with a 40% scatter, by target-
ting ∼1300 rotators we can directly infer the presence of a dark
energy component with a confidence level better than 3σ. At
the same time, its equation of state can be constrained to bet-
ter than 20% (∼10% if the the diameter-linewidth relationship is
calibrated with a ∼15% relative precision).
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Z=0.5016

2 arcsec
F775W=19.5
I=39 deg
PA=43 deg

Fig. 3. Upper: public release image of the galaxy α = 53.1874858, δ = −27.910975 at redshift 0.5016, taken with the filter F775W (nearly I band)
of the ACS camera by the GOODs program. For comparison the same galaxy as imaged in the EIS survey with the WFI camera at the ESO 2.2mt
telescope at La Silla. Botton left: raw spectrum of the galaxy taken by VIMOS at the VLT-UT3 telescope with a total exposure time of 90 min
and a spectral resolution R = 2000. Slitlets have been tilted according to the major axis orientation (Position Angle= 43◦). Botton right: final
processed spectrum showing the rotation curve as traced by the Hb (λ4859 Å) line.

6. Standard rod evolution

The previous analysis shows that the angular diameter test, when
performed using fast high resolution follow-up of zCOSMOS
spectroscopic targets may be used as a promising additional
tool to explore the cosmological parameter space and directly
measure a dark energy component. However, the impact of any
standard rod evolution on these results needs to be carefully
examined.

First of all, we may note that the expected variation with
cosmic time of the total galaxy luminosity due to evolution in its
stellar component does not affect the metric definition of angular
diameters unless this luminosity change depends on radius (see
Paper III of this series, marinoni et al. 2007, for a detailed analy-
sis of this issue). Moreover, we can check each galaxy spectrum
or image for peculiarities indicating possible evolution or insta-
bility of the standard rod which may be induced by environmen-
tal effects, interactions or excess of star formation.

Any possible size evolution of the standard rod needs to
be taken into account next. Interestingly, it has been shown
by different authors that large discs in high redshift samples
evolve much less in size than in luminosity in the redshift range
0 < z < 1. Recent studies show that the amount of evolution to
z ∼ 1 appears to be somewhat smaller than expected: disc sizes
at z ∼ 1 are typically only slightly smaller than sizes measured
locally (Takamiya 1999; Faber et al. 2001; Nelson et al. 2002;
Totani et al. 2002). This is also theoretically predicted by simula-

tions; Boissier & Prantzos (2001), for example, show that large
discs (i.e. fast rotators) should have basically completed their
evolution already by z ∼ 1 and undergo very little increase in size
afterwards. Infall models (e.g., Chiappini et al. 1997; Ferguson
& Clarke 2001; Bouwens & Silk 2002) also predict a mild disk
size evolution. Disk sizes at z ∼ 1 in these models are typically
only 20% smaller than at z = 0.

6.1. Analysis of the biases introduced by evolution

Even if literature evidences are encouraging, we have to be
aware that even a small amount of evolution may introduce
artificial features and bias the reliability of the cosmological
inferences.

In this section we directly address this issue by considering
different evolutionary patterns for the standard rods, and by ana-
lyzing to what level the simulated true cosmological model may
still be correctly inferred using evolved data. In other words, we
investigate how different disc evolutionary histories affect the
determination of cosmological parameters by answering to the
following three questions:

a) is there a feature that may be used to discriminate the pres-
ence of evolution in the data?

b) which cosmological parameter is more sensitive to the even-
tual presence of disc evolution?, and in particular what are the
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Fig. 4. Left: redshift evolution of the differential comoving number density of halos with a circular velocity of 200 km s−1 computed according to
the prescriptions of Newman & Davis (2000) in the case of a flat cosmological model having Ωm = 0.3 today and a cosmological constant. Only
a fraction f = 0.2 of the total predicted abundance of halos (i.e. ∼1300 objects per square degree) is conservatively supposed to give line-width
information useful for the angular-diameter test. Right: simulation of the predicted scatter expected to affect the angular diameter-redshift diagram
should in principle achieve with the angular diameter test. The simulation is performed assuming the sample is composed by ∼1300 rotators with
V = 200 km s−1 and that a flat model with parameters [Ωm = 0.3,ΩQ = 0.7, w = −1] is the true underlying cosmological framework. The circular
velocity has been converted into an estimate of the galaxy diameter (Dv = 20 kpc) by using the velocity-diameter template calibrated by Bottinelli
et al. (1980). The worst-case scenario ([σD/D]int = 40%) is presented. The solid line visualizes the underlying input cosmological model θΛCDM(z),
while triangles are drawn from the expected Poissonian fluctuations. The dot-dashed line represents the expected scaling of the angular diameter
in our best recovered cosmological solution. The dashed and the dotted lines represent the angular scaling in a Einstein-de Sitter and Euclidean
(non-expanding type cosmology with zero curvature) geometry respectively.

effects of evolution on the value of the inferred dark energy
density parameterΩQ?

c) is there a particular evolutionary scenario for which the in-
ferred values of ΩQ and w are minimally biased?

For the purposes of this analysis, we consider for the angular
diameter-redshift test the baseline (0.1 ≤ z ≤ 1.4) divided in bins
of width dz = 0.1 and assume a relative scatter in the mean size
per bin of 5%. This scatter nearly corresponds to that expected
for a sample of 1300 rotators (with 0 < z < 1.4 and dz = 0.1)
whose diameters are individually (and locally) calibrated with
a 40% precision. We then select a given fiducial cosmology
(input cosmology), apply an arbitrary evolution to the standard
rods, and then fit the evolved data with the unevolved theoreti-
cal prediction given in Eq. (3) in order to obtain the best fitting
(biased) output cosmology and the associated confidence levels
contours. We decide that the best fitting cosmological model of-
fers a good fit to the evolved data if the probability of a worse χ2

is smaller that 5% (i.e. P(χ2 > χ2
obs) < 0.05).

We adopt three different parameterizations to describe an
eventual redshift evolution of the velocity selected sample of
galaxy discs Dv: a late-epoch evolutionary scenario (ΔD/D ≡
(Dv(z) − Dv(0))/Dv(0) = −|δ1| √z) where most of the evolution

is expected to happen at low redshifts and levels off at greater
distances (δ1 is the relative disc evolution at z = 1), a linear evo-
lutionary scenario (ΔD/D = −|δ1|z) without any preferred scale
where major evolutionary phenomena take place (i.e. the gradi-
ent of the evolution is nearly constant), and an early-epoch evo-
lution scenario (ΔD/D = −|δ1|z2) where most of the evolution is
expected to happen at high redshift.

We note that for modest disc evolution, the linear parame-
terization satisfactorily describes the whole class of evolution-
ary models whose series expansion may be linearly represented
(for example, the hyperbolic model (Dv(z) = Dv(0)/(1 + |δ1|z))).
For z � 1 it also represents fairly well the exponential model
(Dv(z) = Dv(0)(1−z)δ). Moreover, the linear model is the favored
scenario for disc size evolution at least at low redshift (�1.5) as
predicted by simulations (e.g. Mo et al. 1998; Bouwens & Silk
2002).

First, let’s assume that w = −1 and that the dark energy be-
haves like Einstein’s cosmological constant. In Fig. 6 we con-
sider three different input fiducial cosmological models (a flat
Λ-dominated universe (ΩΛ = 0.7), an open model (Ωm = 0.3)
and an Einstein-de Sitter universe (Ωm = 1)) and show the char-
acteristic pattern traced by the best fitting output values (Ωm,
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Cosmological Constraints

Fig. 5. Predicted 1, 2, and 3σ confidence level contours for application of the angular-diameter test. The likelihood contours have been derived by
adopting a Λ-cosmology [Ωm,ΩQ, w] = [0.3, 0.7,−1] as the fiducial model we want to recover, and by conservatively assuming one can obtain
useful line-widths information for a sample of galaxies having the redshift distribution and the Poissonian diameter fluctuations simulated in
Fig. 4. Confidence contours are projected onto various 2D-planes of the [Ωm,ΩQ, w] parameter space, and the jointly best fitted value along the
projection axis, together with the statistical significance of the fit, are reported in the insets. Note the strong complementarity of the confidence
region orientation which is orthogonal to the degeneration axis of the CMB measurements. Top: constraints derived assuming that one might
survey only 1 square degree of sky and that the V(OII)-diameter relation is locally calibrated with a 40% of relative scatter in diameter. Center:
as before but assuming a scatter of 15% in diameters. Bottom: confidence contours for a survey of 16 deg2 (which corresponds to the full area
surveyed by VIMOS-VLT Deep Survey) assuming a template V(OII)-diameter relationship with a scatter of 30% in diameters.

ΩΛ) inferred by applying the angular diameter test to data af-
fected by evolution. A common feature of all the various evo-
lutionary schemes considered is that the value of Ωm is system-
atically underestimated with respect to its true input value: the
stronger the evolution in diameter and the smaller Ωm will be,
irrespectively of the particular disc evolutionary model consid-
ered. Since many independent observations consistently indicate
the existence of a lower bound for the value of the normalized
matter density (Ωm � 0.2), we can thus use this parameter as a
sensitive indicator of evolution.

Once the presence of evolution is recognized, the remaining
problem is to determine the level of bias introduced in the dark

energy determination. If the gradient of the disk evolution func-
tion increases with redshift (quadratic evolution), then the esti-
mates ofΩΛ are systematically biased low. The contrary happens
if the evolutionary gradient decreases as a function of look-back
time (square root model). If the disc evolution rate is constant
(linear model), then even if discs are smaller by a factor as large
as 40% at z = 1.5 the estimate of the dark energy parameter is
only minimally biased. The net effect of a linear evolution is to
approximately shift the best fitting ΩΛ value in a direction par-
allel to the Ωm axis in the [Ωm,ΩΛ] plane.

More generally, by linearly evolving disc sizes so that they
are up to 40% smaller at z = 1.5, and by simulating the apparent
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Fig. 6. Best fitting cosmological parameters inferred by applying the angular diameter test to data affected by evolution. The output (biased)
estimates of Ωm and ΩΛ are plotted as a function of the relative diameter evolution for the following evolutionary models: linear (solid line),
square-root (dotted line) and quadratic evolution (dashed line). The biasing pattern is evaluated for three different fiducial cosmologies: a flat,
Λ-dominated cosmology (ΩΛ = 0.7, left), a low-density open cosmology (Ωm = 0.3, center) and a flat, matter-dominated model (Ωm = 1, right).

angle observed in any arbitrary cosmological model with matter
and energy density parameters in the range 0 < Ωm < 1 and
0 ≤ ΩΛ ≤ 1 (w = −1) we conclude that the maximum deviation
of the inferred biased value of ΩΛ from its true input value, is
limited to be |max(δΩΛ)| � 0.2, whatever the true input value of
the energy density parameter is. In other terms, in the particular
case of a linear and substantial (<40% at z = 1.5) evolution of
galaxy discs, the central value of the dark energy parameter is
minimally biased for any fiducial input model with 0 ≤ Ωm < 1
and 0 ≤ ΩΛ ≤ 1).

We have shown that the presence of evolution is unambigu-
ously indicated by the “unphysical” best fitting value of the pa-
rameter Ωm. We now investigate the amplitude of the biases in-
duced by disc evolution in the [ΩQ, w] plane. We assume for this
purpose that w is free to vary in the range −1 ≤ w ≤ −1/3, which
means assuming that the late epoch acceleration of the universe
might be explained in terms of a slow rolling scalar field.

We first consider a situation where the disc size evolution
is modest, and could be represented by any of the three models
considered. Whatever the mild evolution model considered (less
then 15% evolution from z = 1.5) and assuming a scatter in the
angular diameter-redshift diagram of 5% in each redshift bin,
we find that the input values of ΩQ and w are contained within
the 1σ biased confidence contour derived from the evolved data.

Figure 7 shows the 1, 2 and 3σ “biased” confidence contours
obtained by fitting with Eq. (3) a simulated angular-diameter
redshift diagram in which discs have been linearly evolved. We
show that, if disc evolution depends linearly on redshift and
causes galaxy dimensions to be up to 30% smaller at z = 1.5,
the true fiducial input values of ΩQ and w are still within 1σ of
the biased confidence contours inferred in presence of a standard
rod evolution (and a scatter in the angular diameter-redshift re-
lation as low as 5% in each redshift bin). We have tested that
these conclusions hold true for every fiducial input cosmology
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Fig. 7. 1, 2, and 3σ confidence level contours in the [ΩQ, w] plane computed by applying the angular-diameter test to data unaffected (upper panel)
and affected by diameter evolution (lower panel). We consider a linear model for disc evolution normalized by assuming that discs were smaller
by 30% at z = 1.5, and a nominal relative error in the standard rod measures of 5% per redshift bin (see discussion in Sect. 6.1). The effects of disc
evolution onto cosmological parameter estimation are compared to the evolution-free case for three different fiducial cosmologies: a low matter
density open cosmology (Ωm = 0.3, left) a flat, Λ-dominated cosmology (ΩΛ = 0.7, center), and an Einstein-de Sitter model (Ωm = 1, right).

with parameters in the range 0 ≤ Ωm ≤ 1, 0 ≤ ΩQ ≤ 1 and
−1 ≤ w ≤ −1/3.

Thus, if, disc evolution is linear (as predicted by theoretical
models) and substantial (up to ∼30% at z = 1.5), or arbitrary
and mild (up to ∼15% at z = 1.5), then in both cases the an-
gular diameter test reduces from a test of the whole set of cos-
mological parameters, to a direct and fully geometrical test of
the parameters subset (ΩQ, w). For example, in a minimal ap-
proach, the angular diameter test could be used to test in a purely
geometrical way the null hypothesis that “a dark energy compo-
nent with a constant equation of state parameter w is dominating
the present day dynamics of the universe”. Moreover, as Fig. 7
shows, an universe dominated by dark energy may be satisfacto-
rily discriminated from a matter dominated universe (ΩQ = 0).

In the evolutionary pictures considered, galaxy discs are sup-
posed to decrease monotonically in size in the past. Since the
sensitivity of the test to changes in the linear diameter D is de-
scribed by a growing monotonic function in the redshift interval
[0, 1.4], one may hope to test cosmology in a way which is less
dependent on systematic biases by limiting the sample at z ≤ 1.
However, by doing this we would halve the number of standard
rods available for the analysis (∼600 with respect to the original
∼1300). The test efficiency in constraining cosmological param-
eters would consequently be significantly degraded.

6.2. The Hubble-diagram using galaxies

The same velocity criterion that allows the selection of stan-
dard rods also allows the selection of a sample of standard can-
dles. Using the same set of tracers, the Tully & Fisher relation-
ships connecting galactic rotation velocities to luminosities and
sizes offer the interesting possibility of implementing two differ-
ent cosmological tests, the angular-diameter test and the Hubble
diagram.

Thus, we have analyzed how the effects of luminosity evolu-
tion may bias the estimation of cosmological parameters in the
case of the Hubble diagram. Assuming that the absolute lumi-
nosity L of the standard candle increases as a function of red-
shift according to the square root, linear and quadratic scenar-
ios, then the value of Ωm is systematically overestimated. The
value of Ωm is biased in an opposite sense with respect to the
angular diameter test (see Fig. 6). Therefore, it is less straight-
forward to discriminate the eventual presence of evolution in the
standard candle on the basis of the simple requirement that any
“physical” matter density parameter is characterized by a pos-
itive lower bound. The different Ωm shifts (with respect to the
fiducial value) observed when the evolved data are fitted using
the Hubble diagram or the angualr diameter test are due to the
fact that, given the observed magnitudes and apparent angles, an
increase with redshift in the standard candle absolute luminos-
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ity causes the best fitting distances to be biased towards higher
values, while a decrement in the physical size implies that real
cosmological distances are underestimated.

Moreover, even considering a linear evolutionary picture for
the absolute luminosity as well as a modest change in the stan-
dard candle luminosity, i.e. ΔM = M(z)−M(0) = −0.5 at z = 1.5,
the input fiducial cosmology falls outside the 3σ confidence con-
tour obtained by applying the magnitude-redshift test to the sam-
ple of evolved standard candles. Note that error contours are de-
rived by assuming a scatter of σM = 0.05 per redshift bin in the
Hubble diagram. Since, at variance with the size of large discs,
galactic luminosity is expected to evolve substantially with red-
shift (within the VVDS survey, ΔM ∼ −1 in the I band for M∗
galaxies Ilbert et al. 2005) we conclude that the direct implemen-
tation of the Hubble diagram test as a minimial test for the pa-
rameter subset [ΩQ, w] using galaxy rotation as the standard can-
dle indicator is more problematic. As an additional problem, we
note that galaxy luminosity is seriously affected by uncertainties
in internal absorption corrections, and that due to K-correction,
the implementation of the Hubble diagram requires multi band
images to properly describe the rest frame emission properties
of galaxies.

6.3. The cosmology-evolution diagram

In this section we want to address the more general question of
whether it is possible to infer cosmological information knowing
a-priori only the upper limit value for disc evolution at some
reference redshift (for example, the maximum redshift surveyed
by a given sample of rotators). In other terms, we explore the
possibility of probing geometrically the cosmological parameter
space in a way which is independent of the specific evolution
function with which disc sizes change as a function of time. The
only external prior is the knowledge of an upper limit for the
amplitude of disc evolution at some past epoch.

Given an arbitrary model specified by a set of cosmological
parameters p, and given the observable θobs(z), i.e. the apparent
angle subtended by a sample of velocity selected galaxies (with
locally calibrated diameters Dv(0)), then

εθ(z, p) = θobs(z) − θth(Dv(0), z, p) (7)

is the function which describes the redshift evolution of the stan-
dard rod, i.e εθ = (Dv(z) − Dv(0))/dθ in the selected cosmology.

Let’s suppose that we know the lower and upper limits of the
relative (adimensional) standard rod evolution (δ(z̄) = |ΔDv(z̄)|

Dv(0) ) at
some specific redshift z̄.

Assuming this prior, we can solve for the set of cosmological
parameters (i.e. points p of the cosmological parameter space)
which satisfy the condition

δl(z̄) ≤ |εθ(p, z̄)|
θth(D(0), z̄, p)

≤ δu(z̄). (8)

This inequality establishes a mapping between cosmology and
the amount of disc evolution at a given redshift which is com-
patible with the observed data. By solving it, one can construct
a self-consistent cosmology-evolution plane where to any given
range of disc size evolution at z̄ corresponds in a unique way a
specific region of the cosmological parameter space. Vice versa,
for any given cosmology one can extract information about disc
evolution. Clearly, the scatter in the angular-diameter diagram
directly translates in the uncertainties associated to the evolution
boundaries in the cosmological space.
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Fig. 8. Cosmology-evolution diagram for simulated data which are af-
fected by evolution. Apparent angles and luminosities of the veloc-
ity selected sample of rotators are simulated in a ΛCDM cosmology.
Standard rods and candles have been artificially evolved so that at
z̄ = 1.5 discs are 26% smaller and luminosities 1.4 mag brigther. The
cosmological plane is partitioned with different boundaries obtained by
solving equation 8 for different values of δ(z̄ = 1.5), i.e. of the external
prior representing the guessed upper limit of the relative disc evolu-
tion at the maximum redshift covered by data. The external prior is also
expressed in term of absolute luminosity evolution (see discussion in
Appendix A).

We note that the boundaries of the region of the cosmologi-
cal parameter space which is compatible with the assumed prior
on the evolution of diameters at z̄ can be equivalently expressed
in term of the maximum absolute evolution in luminosity (see
Appendix A). This because, as stated in the previous section, ve-
locity selected objects have the unique property of being at the
same time standards of reference both in size and luminosity.

With this approach, one may by-pass the lack of knowledge
about of the particular evolutionary track of disc scalelengths
and luminosities and try to extract information about cosmol-
ogy/evolution by giving as a prior only the fractional evolution
in diameters or the absolute evolution in magnitude expected at
a given redshift. The essence of the method is as follows: instead
of directly putting constraints in the cosmological parameters
space by mean of cosmological probes, we study how bounded
regions in the evolutionary plane (ΔD

D ,ΔM) map onto the cosmo-
logical parameter space.

In Fig. 8 we show the cosmology-evolution diagram de-
rived by solving Eq. (8) for different ranges of δ(z̄). The refer-
ence model is the concordanace model (Ωm = 0.3, ΩQ = 0.7,
w = −1) and the reference evolution at z̄ = 1.5 is assumed to be
δ(z̄) = 0.25 for discs, and Mv(z̄)−Mv(0) = −1.5 for luminosities.
The cosmology-evolution diagram represents the unique corre-
spondance between all the possible cosmological models and the
amount of evolution in size and luminosity which is compatible
with the observed data at the given reference redshift. Using in-
dependent informations about the range of evolution expected
in the structural parameters of galaxies, for exemple from sim-
ulations or theoretical models, one may constrain the value of
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Fig. 9. As in Fig. 8 but for a different cosmology (an Einstein-de Sitter
universe).

cosmological parameters Vice versa, if the cosmological model
is known, then one may directly determine the evolution in mag-
nitude and size of the velocity selected sample of rotators.

With this approach, the possibility of discriminating between
different cosmologies depends on the amount of evolution affect-
ing the standard rods at redshift z̄. Two different sets (p1 and p2)
of cosmological parameters may be discriminated at z = z̄ if the
relative disc evolution at z̄ is known to a precision better than

δ(z̄) <
|r(z̄, p2) − r(z̄, p1)|

r(z̄, p1)
· (9)

For example, this kind of analysis shows that an Einstein-de
Sitter universe may be unambigously discriminated from a crit-
ical universe with parameter Ωm = 0.3,ΩQ = 0.7, w = −1. if
the relative disc evolution at z̄ = 1.5 is known with a precision
better than 28%. In a similar way, an open (Ωm = 0.3,ΩQ = 0)
universe may be discriminated from an Einstein de-Sitter uni-
verse if δ(z̄) < 17%.

7. Conclusions

The scaling of the apparent angular diameter of galaxies with
redshift θ(z) is a powerful discriminator of cosmological models.
The goal of this paper is to explore the potentiality of a new
observational implementation of the classical angular-diameter
test and to study its performances and limitations.

We propose to use the velocity-diameter relationship, cali-
brated using the [OII]λ3727 Å line-widths, as a tool to select
standard rods and probe world models. As for other purely ge-
ometrical test of cosmology, a fair sampling of the galaxy pop-
ulation is not required. It is however imperative to have high
quality measurements of the structural parameters of high red-
shift galaxies (disc sizes and rotational velocity). Surveys with
HST imaging and high enough spectral resolution will thus pro-
vide the fundamental ingredients for the practical realization of
the recipe we have presented.

In order to avoid any luminosity dependent selection effect
(such as for exemple Malmquist bias) it is necessary to ap-
ply the proposed test to high velocity rotators. We show that
nearly 1300 standard rods with rotational velocity in the bin
V ∼ 200 ± 20 km s−1) are expected in a field of size 1 deg2 over
the redshift range 0 < z < 1.4. Interestingly this large sample
can be quickly assembled by the currently underway zCOSMOS
deep redshift survey, which uses the VIMOS multi-object spec-
trograph at the VLT to target galaxies photometrically selected
using high-resolution ACS images.

Even allowing a scatter of 40% for the
[OII]λ3727Å linewidth-diameter relationship for disc galaxies,
we show that the angular-diameter diagram constructed using
this sample is affected by a scatter of only ∼5% per redshift
bin of amplitude dz = 0.1. This scatter translates into a 20%
precision in the “geometric” measurement of the dark energy
constant equation of state parameter w, through a test performed
without priors in the [Ωm,ΩQ] space.

Current theoretical models suggest that large discs (i.e. fast
rotators) evolve weakly with cosmic time from z = 1.5 down
to the present epoch. Anyway, we have explored how an even-
tual evolution of the velocity-selected standard rods might affect
the implementation of the test. We have shown that any possible
evolution in the standard rods may be unanbiguously revealed
by the fact that even a small decrement with redshift of the disc
sizes shifts the inferred value of the matter density parameter
into “a-priori excluded” regions (Ωm < 0.2).

We have shown that a linear (as expected on the basis of
various theoretical models) and substantial (up to 40% over the
range 0 < z < 1.5) disc evolution minimally biases the inferred
value of a dark energy component that behaves like Einstein’s
cosmological constant Λ. Moreover we have shown that assum-
ing that discs evolve in a linear-like way as a function of redshift,
and that their sizes were not more than 30% smaller at z = 1.5
with respect to their present epoch dimension, then the angular
diameter test can be used to place interesting constraints in the
[ΩQ, w] plane. In particular, assuming a scatter of 5% per redshift
bin in the angular diameter-redshift diagram (nearly correspond-
ing to the scatter expected for a sample of 1300 rotators with
0 < z < 1.4, dz = 0.1, whose diameter is locally calibrated with
a 40% precision), we have shown that the input fiducial [ΩQ, w]
point is still within the 1σ error contours obtained by applying
the angular diameter test to the evolved data.

Finally, we have outlined the strategy to derive a cosmology-
evolution diagram with which it is possible to establish an in-
teresting mapping between different cosmological models and
the amount of galaxy disc/luminosity evolution expected at a
given redshift. The construction of this diagram does not require
an a-priori knowledge of the particular functional form of the
galaxy size/luminosity evolution. By reading this diagram, one
can infer cosmological information once a theoretical prior on
disc or luminosity evolution at a given redshift is assumed. In
particular if the amplitude of the relative disc evolution at z̄ = 1.5
is known to better than ∼30%, then an Einstein-de Sitter universe
(Ωm = 1) may be geometrically discriminated from a flat, vac-
uum dominated one (Ωm = 0.3, ΩQ = 0.7). Viceversa, one can
use the cosmology-evolution diagram to place constraints on the
amplitude of the galaxy disc/luminosity evolution, once a pre-
ferred cosmology is chosen.

In conclusion, given the simple ingredients entering the pro-
posed implementation strategy, nothing, besides evolution of
discs, could in principle bias the test. Even so, evolution can
be easily diagnosed and, under some general conditions, it can
be shown that it does not compromise the possibility of detect-
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ing the presence of dark energy and constraining the value of its
equation of state.

In the following papers of this series (Saintonge et al. 2007;
Marinoni et al. 2007), we implement the proposed strategy to a
preliminary sample of velocity-selected high redshift rotators.
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Appendix A

Given a spectroscopically selected sample of objects with con-
stant rotational velocity we can derive the observed magnitude
mo of a standard candle of absolute magnitude Mv(0) located at
redshift z, by using the standard relation Sandage (1972)

mo = mth(Mv(0), z, p) + εM(z) + K(z) (10)

where

mth = Mv(0) + 5 log dL(z, p) + 25

and were dL is the luminosity distance, K(z) is the K correction
term and εM(z) is the a-priori unknown evolution in luminosity
of our standard candle, i.e. εM(z) = ΔMv(z) = Mv(z) − Mv(0) is
the difference between the absolute magnitude of an object of
rotational velocity V measured at redshift z and the un-evolved
local standard value Mv(0).

From the definition of wavelength-specific surface bright-
ness μ we deduce that the variation as a function of redshift in
the average intrinsic surface brightness (within a radius R) for
our set of homologous galaxies is

Δ〈μth(z)〉R = ΔMv(< R) − 5 log
R(z)
R(0)
·

By opportunely choosing the half light radius Dv as a metric def-
inition for the size of a galaxy we immediately obtain

Δ〈μth(z)〉D = εM(z, p) − 5 log
(
εθ(z, p)

θth(D(0), z, p)
+ 1
)
· (11)

The intrinsic surface brightness evolution is not an observable,
but in a FRW metric this quantity is related to the surface bright-
ness change observed in a waveband Δλ by the relation

Δ〈μo(z)〉D = Δ〈μth(z)〉D + 2.5 log(1 + z)4 + K(z). (12)

Thus, once we measure the redshift evolution of Δ〈μo(z)〉D for
the sample of rotators, the absolute evolution in luminosity cor-
responding to a given relative evolution in diameters can be di-
rectly inferred using Eq. (11).
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Abstract. The rotational velocity of distant galaxies, when interpreted as a size (luminosity) indicator, may be
used as a tool to select high redshift standard rods (candles) and probe world models and galaxy evolution via the
classical angular diameter-redshift or Hubble diagram tests. We implement the proposed testing strategy using a
sample of 30 rotators spanning the redshift range 0.2 < z < 1 with high resolution spectra and images obtained by
the VIMOS/VLT Deep Redshift Survey (VVDS) and the Great Observatories Origins Deep Survey (GOODs). We
show that by applying at the same time the angular diameter-redshift and Hubble diagrams to the same sample
of objects (i.e. velocity selected galactic discs) one can derive a characteristic chart, the cosmology-evolution
diagram, mapping the relation between global cosmological parameters and local structural parameters of discs
such as size and luminosity. This chart allows to put constraints on cosmological parameters when general prior
information about discs evolution is available. In particular, by assuming that equally rotating large discs cannot
be less luminous at z = 1 than at present (M(z = 1) ∼< M(0)), we find that a flat matter dominated cosmology
(Ωm = 1) is excluded at a confidence level of 2σ and an open cosmology with low mass density (Ωm ∼ 0.3) and
no dark energy contribution (ΩΛ) is excluded at a confidence level greater than 1σ. Inversely, by assuming prior
knowledge about the cosmological model, the cosmology-evolution diagram can be used to gain useful insights
about the redshift evolution of baryonic discs hosted in dark matter halos of nearly equal masses. In particular, in
a ΛCDM cosmology, we find evidence for a bimodal evolution where the low-mass discs have undergone significant
surface brightness evolution over the last 8.5 Gyr, while more massive systems have not. We suggest that this
dichotomy can be explained by the epochs at which these two different populations last assembled.
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1. Introduction

Deep redshift surveys of the Universe, such as the
VIMOS/VLT deep redshift survey (VVDS, Le Fèvre et
al. (2005)) and the ACS/zCOSMOS survey (Lilly et al.,
2006) are currently underway to study the physical prop-
erties of high redshift galaxies. Motivated by these major
observational efforts, we are currently exploring whether
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high redshift galaxies can also be used as cosmological
tracers. Specifically, we are trying to figure out if these
new and large sets of spectroscopic data can be mean-
ingfully used to probe, in a geometric way, the value of
the constitutive parameters of the Friedmann-Robertson-
Walker cosmological model.

A whole arsenal of classical geometrical methods has
been developed to measure global properties of the uni-
verse. The central feature of all these tests is the attempt
to probe the various operative definitions of relativistic
distances by means of scaling relationships in which a dis-
tant dependent observable, (e.g. an angle or a flux), is
expressed as a function of a distance independent fixed
quantity (e.g. metric size or absolute luminosity).

A common thread of weakness in all these approaches
to measure cosmological parameters using distant galaxies
or AGNs selected in deep redshift surveys is that there are
no clear criteria by which such cosmological objects should
be considered universal standard rods or standard candles.

Motivated by this, in previous papers (Marinoni et al.
(2004) and Marinoni et al. (2007), hereafter Paper I) we
have investigated the possibility of using the observation-
ally measured and theoretically justified correlation be-
tween size/luminosity and disc rotation velocity as a viable
method to select a set of high redshift galaxies, with sta-
tistically homologous dimensions/luminosities. This set of
tracers may be used to test the evolution of the cosmologi-
cal metric via the implementation of the standard angular
diameter-redshift and Hubble diagram tests.

Finding valid standard rods, however, does not solve
the whole problem; the implementation of the angular
diameter-redshift test using distant galaxies is hampered
by the difficulty of disentangling the effects of galaxy evo-
lution from the signature of geometric expansion of the
universe.

In Paper I we have determined some general conditions
under which galaxy kinematics may be used to test the
evolution of the cosmological metric. We have shown that
in the particular case in which disc evolution is linear and
modest (<30% at z = 1.5), the inferred values of the dark
energy density parameter ΩQ and of the cosmic equation
of state parameter w are minimally biased (δΩQ = ±0.15
for any ΩQ in the range 0 < ΩQ < 1).

In Paper I, we also looked for cosmological predictions
that rely on less stringent assumptions, i.e. which do not
require specific knowledge about the particular functional
form of the standard rod/candle evolution. In particular,
we showed how velocity-selected rotators may be used to
construct a cosmology-evolution diagram for disc galax-
ies. This is a chart mapping the local physical parameter
space of rotators (absolute luminosity and disc linear size)
onto the space of global, cosmological parameters (Ωm,
ΩQ). Using this diagram it is possible to extract infor-
mation about cosmological parameters once the amount
of size/luminosity evolution at some reference epoch is
known. Vice-versa, once a cosmological model is assumed,
the cosmology-evolution mapping may be used to directly
infer the specific time evolution in magnitude and size of

disc galaxies that are hosted in dark matter halos of sim-

ilar mass.

We stress that this last way of reading the cosmology-
evolution diagram offers a way to explore galaxy evolu-
tion which is orthogonal to more traditional methods. In
particular, insights into the mechanisms of galaxy evo-
lution are traditionally accessible through the study of
disc galaxy scaling relations, such as the investigation
of the time-dependent change in the magnitude-velocity
(Tully-Fisher) relation (e.g., Vogt et al (1996); Böhm et
al. (2004); Bamford et al. (2006)), of the magnitude-size
relations (e.g., Lilly et al. (1998); Simard et al. (1999);
Bouwens & Silk (2002); Barden et al. (2005)), or of the
disc “thickness” (Reshetnikov et al., 2003; Elmegreen et
al., 2005). By applying the angular size-redshift test and
the Hubble diagram to velocity-selected rotators, we aim
at tracing the evolution in linear size, absolute magnitude
and intrinsic surface brightness of disc galaxies that are
hosted halos of the same given mass at every cosmic epoch
explored.

In this paper, we present a pilot observational pro-
gram that allowed us to test whether galaxy rotational
velocity can be used to select standard rods, and to de-
rive the cosmology-evolution diagram for disc galaxies at
redshift z = 1. Our observing strategy was to follow-up in
medium resolution spectroscopic mode with VIMOS a set
of emission-line objects selected from a sample of galax-
ies in the Chandra Deep Field South (CDFS) region for
which high resolution photometric parameters were avail-
able (Giavalisco et al., 2004).

The outline of the paper is as follow: in §2 we de-
scribe the VVDS spectroscopic data taken in the CDFS
region. In §3 we outline a strategy to test the consis-
tency of the standard rod/candle selection. In §4 we de-
rive the cosmology-evolution diagram for our sample of
rotators, and in §5 we present our results about disc size,
luminosity and surface brightness evolutions. Discussions
and conclusions are presented in §6 and §7, respectively.
Throughout, the Hubble constant is parameterized via
h70 = H0/(70kms−1Mpc−1). All magnitudes in this pa-
per are in the AB system (Oke & Gunn, 1983), and from
now the AB suffix will be omitted.

2. Sample: observations and data reduction

Our strategy to obtain kinematic information for the
largest possible sample of rotators at high redshift was
to re-target in medium resolution mode (R=2500) galax-
ies in the CDFS region for which a previous pass in low-
resolution mode (Le Fèvre et al., 2004) already provided
spectral information such as redshifts, emission-line types,
and equivalent widths, for galaxies down to I=24. Galaxies
were selected as rotators if their spectra was blue and char-
acterized by emission line features (OII, Hβ, OIII, Hα).
CDFS photometry was then used to confirm the disc-like
nature of their light distribution (i.e. the absence of any
strong bulge component), and also to avoid including in
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the sample objects with peculiar morphology or undergo-
ing merging or interaction events.

The final sample of candidates for medium resolution
re-targeting was defined by further requiring that the in-
clination of the galaxy be greater than 60◦ to minimize
biases in velocity estimation, and that its identified emis-
sion line fall on the CCD under the tighter constraints im-
posed by the medium resolution grism. Once the telescope
pointing and slit positioning were optimized using the low-
resolution spectral information, the remaining space on
the focal plane mask was blindly assigned to galaxies in
the field.

Spectroscopic observations have been obtained with
the VIMOS spectrograph on the VLT Melipal telescope
in October 2002. The slit width was 1 arcsecond giving a
spectral resolution R=2500 as measured on the FWHM
of arc lines. Using the VIMOS mask design software and
capabilities of the slit-cutting laser machine (Bottini et
al., 2005), slits have been placed on each galaxy at a posi-
tion angle aligned with the major axis. The seeing at the
time of observations was 0.8 arcseconds FWHM with an
integration time of 1 hour split in three exposures of 20
minutes each.

Most of the galaxies in the CDFS area surveyed by the
VVDS have high resolution images taken with the ACS
camera of the HST by GOODs. Images are available in
four different filters (F435W, F606W, F775W, F850LP)
noted hereafter B,V,I and Z, respectively. A small fraction
of the targeted galaxies has only I band images provided
by the ESO Imaging Survey (Arnouts et al., 2001).

The galaxy rotational velocity has been estimated us-
ing the linewidths of the emission lines. A detailed analysis
of the velocity extraction algorithm and of the potential
systematic errors implicit in this technique are presented
in Paper II of this serie (Saintonge et al., 2007). This tech-
nique to measure rotation velocities imposed itself since
many galaxies at high redshift were too small to measure
rotation curves reliably, and since summing all the light
to form velocity histograms increased the signal-to-noise
ratio (S/N) of the detected lines.

Magnitudes have been computed in the I band and
a K-correction was applied (see Ilbert et al. (2005) for a
detailed discussion). They were also corrected for galac-
tic absorption using the maps of Schlegel et al. (1998)
in the CDFS region (i.e. on average a correction of ∼
0.0016), and for galaxy inclination by adopting a stan-
dard empirical description of internal extinction Aλ in
the pass-band λ, γ log(sec i), where i is the galaxy incli-
nation angle as calculated from the galaxy axis ratio and
γI = 0.92 + 1.63(log 2v − 2.5) (Tully et al., 1998) where v
is the maximum rotational velocity of a galaxy.

Galaxy sizes have been specified in terms of the half-
light diameter (HLD) inferred in the I band. Typical er-
rors in the measurements are σθ ∼ 0.04”. In Paper I we
stressed the importance of using a metric rather than an
isophotal definition of galaxy diameters for cosmological
purposes (e.g. Sandage, 1995). We also verified that the
HLDs for our sample of galaxies do not depend on wave-

length; there is no systematic difference in the inferred
metric diameters when the HLD is computed in the B,
V, I or z filters (see also Sandage & Perelmuter (1990), de
Jong (1996)). The scatter in the HLDs inferred in different
bands is of order 0.02” and therefore small in comparison
to the observational uncertainties σθ.

[OII] linewidths have been translated into an esti-
mate of the galaxy rotational velocity, v, as detailed in
§3.2 of Paper II. Rotational velocity was derived using
[OII](3727Å) lines (24 objects), [OIII](5007Å) lines (10
objects) and Hα(6563Å) (5 objects). 23 galaxies have ve-
locities in the range 0 < v( km s−1) ≤ 100 (with mean
velocity of the sample ∼ 60 km s−1) and 16 galaxies have
velocities in the range 100 < v(km s−1) ≤ 200 (with mean
velocity of the sample ∼ 143 km s−1) .

After data reduction, we were left with a sample of 39
objects, 27 of which have high resolution imaging. As for
the remaining objects with ground photometry, we only
consider in the following those with z < 0.2, in order to
exclude faint and small galaxies for which the size mea-
surements are severely compromised by seeing distortions.
Therefore, our final ”science” sample contains 30 objects.

Data are organized and presented in Table 1 as follows:
col.1 : galaxy ID in the EIS catalog, col.2 : redshift, col.3
rotation velocity, col.4 : half-light angular radius, col.5 :
magnitude, col.6 : surface brightness within the half-light
radius.

3. Selection of Standard rods/candles

An observable relationship exists between the metric ra-
dial dimension D of a disc and its speed of rotation v. An
analogous empirical relationship connects rotation with
luminosity (Tully & Fisher, 1977). In Paper I we have
proposed to use information on the kinematics of galaxies,
as encoded in their OII emission-line width, to objectively

identify standard rods/candles at high redshifts. A discus-
sion of the requirements and of the optimal strategies to
fulfill this observational program is detailed in Paper I.

A variety of standard rod candidates have been ex-
plored in previous attempts of providing a direct geomet-
rical proof of the curvature of the universe. A common
thread of weakness in all these attempts is that there are
no clear physical nor statistical criteria by which the pro-
posed objects (clusters, extended radio lobes or compact
radio jets associated with quasars and AGNs) should be
considered universal standard rods/candle.

Even assuming that a particular class of standards is
identified, the length of the rod remains unknown. Since
the inferred cosmological parameters heavily depend on
the assumed value for the object size (Lima & Alcaniz,
2000), an a-priori independent statistical study of the
standard rod absolute calibration is an imperative pre-
requisite. In Paper II, we used a large sample of galaxies
from the SFI++ catalog (Springob et al., 2007) to fix the
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EIS ID z v(km s−1) θo(arcsec) mo µo (mag/arcsec2)

30445 0.9332 97 0.180 23.744 22.03
32177 0.8934 68 0.149 23.681 21.54
31328 0.4164 79 0.606 22.297 23.20
32998 0.1464 28 0.857 20.794 22.45
34826 0.4559 204 0.715 22.684 23.95
34244 0.5321 55 0.298 22.324 21.69
29895 0.6807 44 0.220 23.571 22.23
37157 0.8677 129 0.751 23.399 24.77
33200 0.1267 96 0.806 20.519 22.04
33763 1.0220 130 0.755 23.404 24.79
31501 1.0360 140 0.747 23.513 24.87
31194 0.3320 80 0.818 21.950 23.51
29342 0.4680 55 0.481 23.565 23.97
29232 0.8610 155 0.370 22.320 22.15
34325 0.3334 26 0.221 23.570 22.20
34560 0.8618 28 0.204 23.549 22.00
36484 0.7539 25 0.202 23.781 22.30
16401 1.1000 306 0.913 21.628 23.42
17811 0.8143 170 0.726 23.573 24.87
17362 0.6814 178 0.683 22.379 23.54
22685 0.8411 115 0.891 22.147 23.88
17255 0.1787 99 1.203 21.758 24.16
15152 0.7931 169 0.895 21.702 23.46
15099 0.3661 70 0.509 21.171 21.70
19702 0.6770 62 0.295 22.812 22.16
16377 0.5621 36 0.490 22.944 23.37
17421 0.7834 99 0.361 23.280 23.06
20202 0.5763 26 0.190 23.318 21.70
18416 0.8859 99 0.205 23.637 22.18
17534 0.3493 35 0.271 23.837 22.99
15486 0.6613 146 0.551 22.495 23.20
19684 0.8588 104 0.424 22.790 22.92
18743 0.6800 81 0.447 22.950 22.70
15553 0.4584 183 0.991 19.292 21.26
18417 0.5350 36 0.342 22.877 22.54
18779 0.5623 59 0.351 22.445 22.15
21252 0.5795 102 0.414 22.854 22.93
20708 0.1228 166 1.540 18.427 21.40
18853 0.6509 116 0.556 21.350 22.10

Table 1. Properties of the Galaxy Sample

local calibration values for absolute magnitudes and linear
diameters of galaxies with a given rotational velocity.

3.1. Velocity selection of rotators: test of consistency

We have seen that, in order to implement the proposed
test, we need two sample of rotators: the “data sample”
(galaxies with the same rotational velocity selected over
the widest possible redshift range; the sample presented
in §2), and the “calibration sample” (rotators at redshift
z ∼ 0 for which the physical size of the linear diameter is
known; the SFI++ sample analyzed in Paper II). This last
sample allows us to calibrate the zero-point of the Hubble
and angular size-redshit diagrams (i.e. Mv(0) and Dv(0)
in eqs. 2 an 4).

We stress that the disc rotational velocity of galaxies
in the two samples is measured using two different velocity

indicators (spectroscopic lines) and two different velocity
extraction methods. Specifically we use OII linewidths to
measure the rotational velocity of the distant “data” sam-
ple and Hα rotation curves to measure the velocities of the
local “calibration” galaxies. Therefore, it is imperative to
check that possible biases or errors introduced by combin-
ing velocities inferred using systematically different mea-
suring techniques do not prevent a meaningful comparison
between different samples at different redshifts.

To this purpose we have implemented the following
testing strategy. Given a spectroscopically-selected sam-
ple of standard candles Mv(0) with rotational velocity v,
one can derive the observed apparent magnitude mo of a
standard candle located at redshift z, by using the relation
(Sandage, 1988):

mo = mth(Mv(0), z, p) + εM (z, p) + K(z) (1)
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where

mth = Mv(0) + 5 log dL(z, p) + 25 (2)

and where dL(z, p) is the luminosity distance (depend-
ing on the set of cosmological parameters p), K(z) is the
K-correction term and εM (z, p) is the a-priori unknown
cosmology-dependent evolution in luminosity of our stan-
dard candle, i.e. εM (z, p) = Mv(z, p) − Mv(0) is the dif-
ference between the absolute magnitude of an object of
rotational velocity v measured at redshift z with respect
to the un-evolved local standard value Mv(0).

Similarly, one can parameterize any possible evolution
affecting the standard rod Dv(0) by writing its observed
apparent subtended angle at redshift z as

θ0 = θth(Dv(0), z, p)[1 + δ(z, p)] (3)

where the theoretically expected angular scaling (θth) is
given by

θth =
Dv(0)

dA(z, p)
, dA = dL(1 + z)−2 (4)

and where δ(z, p) is a cosmology-dependent function
which describes the relative redshift evolution of the stan-
dard rod, i.e δ ≡ (Dv(z, p) − Dv(0))/Dv(0) ≡ εD/Dv(0).
We note that any possible evolution in the standard rod
angular size is related to the evolution in its linear dimen-
sion as follows: εθ = εD/dA. Here and in the following, we
assume that the angular size of fixed-velocity rotators is
estimated using the galaxy half-light diameter Dv.

From the definition of wavelength-specific surface
brightness, µ, we deduce that the variation as a function of
redshift in the average intrinsic surface brightness within
a radius R for our set of velocity selected galaxies (i.e.
∆〈µin(z)〉R ≡ 〈µin(z) − µin(0)〉R) is

∆〈µin(z)〉R = ∆Mv(< R) + 5 log
R(z)

R(0)
(5)

By choosing the half-light diameter Dv as a metric
definition for the size of a standard rod, we immediately
obtain the intrinsic surface brightness evolution within Dv

as

∆〈µin(z)〉Dv
= εM (z, p) + 5 log(1 + δ(z, p)). (6)

While the specific amount of evolution in luminosity and
size do in principle depend on the specific background
cosmological model adopted, the corresponding evolution
in intrinsic surface brightness is a cosmology-independent
quantity.

The evolution in intrinsic surface brightness is not a
directly measurable quantity, but, in a FRW metric, this
quantity can be easily related to the apparent surface
brightness change observed in a waveband ∆λ by the re-
lation

∆〈µo(z)〉Dv
= ∆〈µin(z)〉Dv

+ 2.5 log(1 + z)4 + K(z) (7)

We note that the left-hand side of Eq. 7 is directly measur-
able using photometric images. Moreover, it can be mea-
sured without assuming any specific galaxy light profile

and it will be, in general, a non linear function of redshift.
By combining eqs. 1, 3, 6 and 7 we define the η function:

η = mo(z) − ∆〈µo(z)〉Dv
+ 5 log θo(z). (8)

The specific combination in Eq. 8 of observed mag-
nitudes, half-light diameters, and evolution in the ob-
served surface brightness within the HLD (∆〈µo(z)〉Dv

=
〈µo(z)〉Dv

− 〈µo(0)〉Dv
) is, by construction, a redshift-

invariant quantity which is equal to

η = Mv(0) + 5 logDv(0) + 25. (9)

From a theoretical point of view, we emphasize that
the η-estimator given in Eq. 8 does not explicitly depend
on i) K correction, ii) evolution in luminosity or size of
our standard sources and iii) on the specific gravitational
model assumed to derive the exact functional form of the
angular and luminosity distances.

From an observational point of view, we stress that
Eq. 8 can be directly estimated using photometric images
of the “data” sample, while Eq. 9 may be expressed in
terms of the locally measured absolute magnitudes and
linear diameters of our “calibration” sample. Therefore,
by simply comparing the values of the η function inferred
using the “data” sample (Eq. 8) with the constant value
predicted using the “calibration” sample (Eq. 9), we can
test for the presence of eventual biases in our data. The
goal is to reveal possible systematics that could be intro-
duced, for example, by the different techniques with which
rotation properties are inferred locally (mainly using Hα

rotation curves) and at higher redshift (mainly using OII
line-widths). Clearly, a mismatch would indicate that our
spectroscopic selection technique fails in selecting homol-
ogous classes of objects embedded in halos of nearly the
same mass at different redshifts.

Since our total sample is still limited, at present it is
practical to implement the proposed test of consistency by
defining only two broad classes of velocity-selected galax-
ies: a low-velocity sample of standard rods/candles with
0 < v ≤ 100km s−1 containing 22 galaxies with mean ro-
tational velocity of ∼ 60 km s−1 (S60 sample) and a high-
velocity set of objects with 100 < v < 200km s−1 contain-
ing 8 rotators with mean velocity of ∼ 143 km s−1 (S143

sample). The size (HLD), absolute luminosity and mean
surface brightness µ(0) within the HLD of local galaxies
are derived using the calibration relationships of Paper II
and are quoted in Table 2. Clearly, with more high reso-
lution data becoming available, it will be possible to split
the sample in finer velocity bins and thus select standard
rods/candles having smaller size/luminosity dispersions.

In Figure 1 we plot the η-estimator (see Eq. 8) for the
S60 sample of rotators. The first and third terms on the
RHS of Eq. 8 were estimated as explained in §2, while
the second term was evaluated by fitting the observed SB
with a linear model and subtracting from the observation
the zero point of the model (i.e. the value 〈µ0(0)〉 inferred
using the linear model).
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〈v〉/(km s−1) D(0)/(h−1

70
kpc) M(0) − 5 log h70 µ(0) (mag/arcsec2)

60 4.30 ± 2.8 −18.80 ± 0.75 21.50 ± 0.74
143 9.00 ± 2.5 −21.40 ± 0.44 20.45 ± 0.70

Table 2. Local calibration for diameters, absolute magnitudes and surface brightness within the half light radius as derived in
Paper II

Fig. 1. The η estimator scatter plot computed using Eq. 8
and the S60 sample. The dotted line is the best fitted linear
regression to the data, while the solid line represents the best
fitted constant model. The dashed line represents the estimated
values for the η function obtained by using locally calibrated
values for the standard rods and candles, i.e. using Eq. 9 with
the values specified in Table 2. The best fitting linear regression
is consistent with being a constant function of redshift.

A series of conclusions can be immediately drawn.
First, the best fitting linear regression is very well approxi-
mated by a constant function of redshift. This shape is not
only theoretically expected, but it is consistent with the
hypothesis that none of the relevant photometric parame-
ters (angular sizes, magnitudes, surface brightnesses) mea-
sured for our sample of rotators suffer from any redshift-
dependent systematics.

Secondly, the consistency of the measurements can be
assessed by comparing the scatters in η estimated by us-
ing Eq. 8 and Eq. 9. The average scatter in Eq. 8 mea-
sures the quality with which angular diameters, magni-
tudes and surface brightnesses have been measured in
the “data” sample. This is an extremely useful indicator
since measuring structural parameters for distant, faint
and small galaxies is not an error-free task. ση is thus a
quality parameter which describes the overall consistency
of our measurements of the three observables mo, µo and
Do. The average scatter in Eq. 9 indicates the robustness

with which local velocity data can be used to select stan-
dard candles/rods. In other terms it reflects the intrinsic
scatter in the calibration of the Tully-Fisher relation for
local diameters and magnitudes. Clearly, if scatter in Eq.
8 is comparable or bigger than scatter in eq 9, then our
high redshift data would be of low quality and definitely
useless. The scatter in Eq. 8 (ση = 0.035) is nearly one
order of magnitude smaller than that inferred using Eq. 9
(∼ 0.3), and, together with the absence of any trend in the
distribution of the residuals, shows that the photometric
parameters of the “data” sample have been consistently
determined over all the redshift baseline.

Finally, the normalization of this constant function
tells us about the effectiveness of our kinematic mea-
surements (i.e. about the homogeneity of the sample of
velocity-selected rotators). The fact that the η-value in-
ferred using the “data” sample of rotators with v =
60 km/s (Eq. 8) is well within the errors of the η value
estimated using Eq. 9 and our local “calibration” sample
(∼ 0.3) allows us to conclude that both the high redshift
sample and the local one are homogeneously selected in ve-
locity space. The low redshift counterparts of our rotators
have a mean luminosity and a mean diameter which com-
bines in Eq. 9 to give the value which was independently
inferred using available local data: the high redshift galax-
ies in the S60 sample are compatible with the hypothesis
of being the progenitors of local galaxies having a stan-
dard physical size of D60 = 4.30h−1

70
kpc and an absolute

luminosity M60 = −18.80+ 5 logh70, as derived using the
SFI++ sample in Paper II.

The consistency test performed using the η indicator
assures us that velocities measured using different meth-
ods both locally and at high redshift are free of system-
atics. Galaxies with velocity v at high redshift may ac-
tually have intrinsic luminosities and diameters different
from those determined for the local sample of galaxies with
similar velocity. But there is no evidence against the hy-
pothesis that they are embedded in dark matter halos of
similar masses. Moreover, if the halo mass does not change
across cosmic time (for example by merging or accretion
phenomena), galaxies with velocity v estimated using OII
linewidths at high redshift will eventually evolve into local
galaxies having linear size and absolute luminosity com-
patibles with the values predicted by the Tully-Fisher re-
lations (D(v) and M(v)) locally calibrated using Hα ro-
tation curves.
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Fig. 2. Left: angular diameter-redshift diagram for galaxies with 0 < v < 100km s−1 (red points) and 100 < v < 200km s−1 (blue
points). Galaxies for which HST images are available are indicated with a square. Diamonds represent galaxies with ground
photometry (EIS catalog; Arnouts et al., 2001). The angular diameter scaling predicted in a flat, Λ-dominated cosmology
(Ωm = 0.3,ΩΛ = 0.7) is shown. The theoretical expectation has been derived assuming as standard rods the locally (z = 0)
calibrated half-light diameters of galaxies (see Table 2) at the characteristic velocity corresponding to the mean of the observed
velocity distribution of galaxies in the two velocity ranges considered. These values are D(z = 0, v = 60 km s−1) = 4.3h−1

70
kpc

for the S60 sample (solid line) and D(z = 0, v = 143 km s−1) = 9h−1

70
kpc for the S143 sample (dotted line). Right: The inferred

half-light diameter D for the S60 (red) and S143 (blue) samples of galaxies is plotted as a function of the rotational velocity
of galaxies. The same cosmology as before is assumed for converting angles into linear diameters. The local calibration for the
diameter-velocity relationship (see Eq. 3 of paper II) is overplotted together with 1σ and 2σ uncertainties in the zero-point
calibration (shaded area).

3.2. Velocity selection of rotators: proof of concept

After checking the consistency of the strategy to select ro-
tators based on the use of different spectral emission lines
and different velocity indicators at different redshifts, we
now show that, by selecting low/high velocity rotators, we
effectively identify distinct classes of small/big disc galax-
ies which can be used for cosmological studies.

In the right panel of Figure 2 we plot the intrinsic
linear diameter of the high redshift rotators recovered by
assuming a flat, lambda-dominated cosmology (Ωm = 0.3,
ΩΛ = 0.7, h70 = 1). The relative scatter at a given veloc-
ity is comparable to what is found locally. In particular we
observe a tighter relationship for big rotators and a looser
one for smaller discs. We are however comparing samples
of systematically different richness. As a matter of fact,
because of the specific form of the galaxy mass function,
the number density of rotators decreases as a function of
velocity (e.g. White & Frenk 1991, Marinoni & Hudson
2002). This plot confirms that a tight selection in rota-
tional velocity space translates into a tight selection in
diameters, even at high redshift.

In Figure 2 (left panel), we also show the angular
diameter-redshift diagram for our sample of high redshift

objects. While no obvious relation seems to exist between
the apparent angular dimension and its redshift, by sepa-
rating the sample into rotational velocity classes (S60 and
S143) evidence for this relation starts to appear; the angle
subtended by galaxies in the low-velocity sample are sys-
tematically lower, at any redshift, with respect to those
of faster rotators. The tightness of the relation becomes
even clearer when the theoretically expected θ vs. z scal-
ing relations are overplotted (the theoretical θ(z) relation
assumes the intrinsic size of the galaxies given in Table 2
and a flat, Λ-dominated cosmology).

4. Cosmology-Evolution diagram at z = 1

As shown in Paper I, if we assume that the evolution of
discs is linear with redshift (or can be linearly approxi-
mated in the redshift range of interest) and mild (less then
30% at z = 1.5), then one can use the angular diameter-
redshift test to detect in a direct way the eventual presence
of a dark energy component. Since our data are still too
sparse for placing any meaningful constraint onto this cos-
mological parameter, we here use our sample to construct
the cosmology-evolution plane (see §6.2 of Paper I).
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Fig. 3. Left: Cosmology-evolution diagram for the S60 sample at z = 1. The cosmological plane is partitioned with different
boundaries obtained by solving equation 10 for different values of δ, i.e. of the relative evolution in disc size at z = 1. Boundaries
corresponding to different relative disc evolutions from δ = 0 to δ = −30% in steps of 5% intervals are shown. We also show
the set of possible absolute luminosity evolutions at z = 1 which are compatible with a given set of cosmological models.
These upper/lower limits in luminosity evolution have been derived by using Eq. 6. Boundaries in disc relative evolution (δ) are
uncertain by a 23% factor, while luminosity evolution boundaries are uncertain by 0.27mag. Right: the same but for the S143

sample of higher mass objects.
Disc relative evolution boundaries are uncertain by a 20% factor, while luminosity evolution boundaries are uncertain by 0.2mag.

This diagram allows us to visualize the set of cosmo-
logical parameters which are compatible with a given in-
terval of disc/luminosity evolution, and vice versa how
much evolution is expected given a specific cosmology. It
establishes a one-to-one correspondence between cosmol-
ogy and the amount of evolution in disc or luminosity at
a given redshift.

Given the local calibration for diameters and magni-
tudes of galaxies within a particular velocity interval, we
construct the angular diameter-redshift and Hubble dia-
grams in any possible cosmological model p spanning the
range p1 = Ωm = (0, 1) and p2 = ΩΛ = (0, 1). We then
solve for the set of points p of the parameter space which
satisfy the condition

δl(z̄) <
εD(z̄, p)

D(0)
< δu(z̄) (10)

where δl and δu are the lower and upper limits in relative
disc evolution at redshift z = z̄. For consistency, we thus
require that the amount of evolution having to be intro-
duced in order for both sizes (εD(z, p) = Dv(z, p)−Dv(0))
and luminosities (εM (z, p) = Mv(z, p)−Mv(0)) to fit ob-
servations, be compatible with Eq. 6 which describes the
observed evolution of the intrinsic mean surface brightness
within the HLD of the objects, a cosmology-independent
observable.

Solving for eqs. 6 and 10 we can thus construct a self-
consistent cosmology-evolution plane, where to any given

upper/lower limit for the evolution of diameters or lumi-
nosity at z = z̄ corresponds in a unique way a specific re-
gion of the cosmological parameter space. In Figure 3 we
show the cosmology-evolution diagram for both the S60

and S143 samples at redshift z = 1. This plot establishes
a direct link between global properties of the cosmologi-
cal background, such as curvature, dark matter and dark
energy content, and the local structural parameters of ro-
tators.

Let’s assume that the luminosity of v = 200 km s−1

rotators cannot be fainter at z = 1, which means that the
light output of high redshift rotators hosted in dark matter
halos of v = 200 km s−1 cannot be smaller than that emit-
ted by present day galaxies hosted in such halos. This can
be expressed as the following boundary condition for the
luminosity evolution of the fast rotators: ∆M(z = 1) ≤ 0.
Therefore, we assume that the luminosity produced per
unit mass is declining (or at most constant) since z = 1,
and since we are considering halos of similar mass, that
galaxies as a whole have been fading away. By inspecting
the cosmology-evolution diagram for the S143 sample we
can conclude, using this a-priori constraint, that a flat,
matter-dominated cosmology (Ωm = 1) is excluded at
a confidence level of ∼ 3σ. Even more interestingly, the
∆M(z) ≤ 0 constraint allows us to conclude that an open
cosmology with low mass density (Ωm ∼ 0.3) and with no
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Fig. 4. Left : Angular diameters versus redshift for the S60 sample. The dotted line represents the theoretical scaling (Eq.
6) predicted assuming a standard rod of size D60(z = 0) = 4.3h−1

70
kpc and a ΛCDM background cosmological model with

parameters (Ωm = 0.3, ΩΛ = 0.7). The solid line represent the best fitting linear evolutionary model obtained by assuming
εD = αz in Eq. 4. Errorbars represent the uncertainties in the calibration of the local standard rod (see Table 2) σD/D ∼ 0.6.
Right : Hubble diagram for the S60 rotators. The dotted line represent the theoretical scaling predicted assuming a standard
candle of absolute luminosity M60(z = 0) = −18.80 + 5 log h70 and the same cosmology as before. The solid line represents the
best fitting linear evolutionary model for luminosities obtained by using εM = βz in Eq. 1. Errorbars represent the uncertainties
in the calibration of the local standard candle (see Table 2) σm = 0.75.

Fig. 5. The same as in Figure 4 but for the S143 sample of rotators.
Errorbars in the angular diameter-redshift diagram (left) represent the uncertainties in the calibration of the local standard rod
(see Table 2) σD/D ∼ 0.3. Errorbars in the Hubble-diagram (right) represent the uncertainties in the calibration of the local
standard candle (see Table 2) σm = 0.2.
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Fig. 6. Top: relative evolution in the diameter size for the S60

sample of low velocity rotators. We assume the zeropoint di-
ameter normalization quoted in Table 2 and a a ΛCDM cosmo-
logical framework. Errorbars represent 1σ scatter in the cali-
bration of the local standard rod. The dotted line represent the
best fitting linear evolutionary model for diameters obtained
by assuming εD = αz in Eq. 4. The solid line represents the
upper limit on relative disc evolution estimated by correcting
for the Malmquist bias affecting the data. Center: Evolution
of the absolute magnitude of galaxies in the S60 sample and
in a ΛCDM cosmological framework. We assume as standard
luminosity the mean absolute magnitude of a sample of sim-
ilar rotators at z ∼ 0 (see Table 2). Errorbars represent 1σ
scatter in the calibration of the local standard candle. The
dotted line represent the best fitting linear evolutionary model
for luminosities obtained by using εM = βz in Eq. 1. The solid
line represents the inferior limit on absolute magnitude evolu-
tion estimated by correcting for the Malmquist bias affecting
the data. Bottom: evolution in the intrinsic surface brightness
within the half-light diameter. This evolution is independent of
the particular cosmological background. The dotted line repre-
sents the combination (Eq. 6) of the best fitting diameter and
luminosity evolution functions.

dark energy contribution (ΩΛ) is excluded at a confidence
level greater than 1σ.

We stress that these cosmological conclusions are
drawn by assuming that, whatever the strength of the lu-
minosity evolution of galaxies with redshift, this evolution
cannot lead to the brightening v = 200 km s−1 rotators
from z = 1 to the present time. We include evolution in
our analysis from the beginning, and we only reject a-

posteriori cosmological models that are associated at a
particular cosmic epoch (z = 1 in our case) with unlikely
galaxy evolutionary models.

Fig. 7. Same as Figure 6 but for the S143 sample.

5. Diameter and Luminosity evolution in a
ΛCDM cosmological model

Insights into the mechanisms of galaxy evolution are tradi-
tionally accessible through the study of disc galaxy scaling
relations, such as the investigation of the time-dependent
change in the magnitude-velocity (Tully-Fisher) relation
(e.g., Vogt et al (1996); Böhm et al. (2004); Bamford
et al. (2006)), of the magnitude-size relations (e.g., Lilly
et al. (1998); Simard et al. (1999); Bouwens & Silk
(2002); Barden et al. (2005)), or of the disc “thickness”
(Reshetnikov et al., 2003; Elmegreen et al., 2005). Yet ow-
ing to sample selection effects, and differences in analysis
techniques, these studies have come to widely divergent
conclusions. In this study, we have explored and adopted
a different approach: we infer information about size and
luminosity evolution of galaxies by constructing their re-
spective angular diameter-redshift and Hubble diagrams
in a fixed reference cosmology.

In Figure 4 and 5 we show the angular diameter-
redshift and Hubble diagrams for the S60 and S143 sam-
ples, respectively. The expected scaling in the flat, Λ-
dominated cosmology with Ωm = 0.3 and ΩΛ = 0.7 is
shown together with the best fitting function obtained by
assuming a simple linear redshift evolution for both diam-
eters and absolute magnitudes. Both diameters and angles
for the 2 velocity samples are normalized at z = 0 by using
the values derived in Paper II and shown in Table 2.

The disc and luminosity evolution in a ΛCDM cosmol-
ogy for both small and large rotators is shown in Figure
6 and 7, respectively. In these figures, we also show how
these theoretically-derived evolutionary patterns combine
together to give the evolution of the intrinsic surface
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brightness (see Eq. 5), and how this last quantity com-
pares to the observed one, which as stated earlier does
not depend on the adopted cosmological model.

As stressed in Paper I, the test should be performed
with big rotators i.e. using bright candles whose selec-
tion is unbiased in a flux-limited spectroscopic survey. Our
sample of v = 200 km s−1 meets this criteria. However,
because of the specific form of the galaxy luminosity func-
tion, our preliminary sample is dominated by small rota-
tors, whose magnitude distribution could be affected by
the Malmquist bias: the observed distribution of galax-
ies might not include the fainter tail of members hav-
ing a rotation velocity satisfying our selection criteria
(0 < v < 100). Even though he GOODs catalog is virtu-
ally unbiased in surface brightness selection for the mag-
nitude range considered in this paper, our measurements
of surface brightness evolution could be biased simply be-
cause of the flux cut at I=24 characterizing our sample.
One could in principle miss low surface brightness galaxies
of the same size as those observed, simply because their
magnitudes are fainter then the survey limit. However, us-
ing the low redshift SFI++ sample we have checked that
galaxies that are on the faint end tail of the magnitude dis-
tribution also tend to be the smaller discs. Therefore, no
Malmquist effect is expected to contaminate the observed
intrinsic surface brightness evolution.

The spectroscopic survey in the CDFS region is flux-
limited at I < 24. Since the standard candle of the S60

sample has an absolute luminosity M60 = −18.8+5 logh70

while the brighter luminosity sampled at z = 1 is M =
−20.2+5 logh70, we could be overestimating the observed
evolution in luminosity. The fact that we see in our I=24
magnitude-limited sample rotators with v = 100 km s−1

at z = 1 can be interpreted in two different ways: i) these
rotators were effectively much brighter in the past, or ii)
we only sample the brightest objects, scattered around the
standard absolute value. To address the latter, we correct
our results for any possible Malmquist bias.

Let’s consider the difference between the survey flux
limit and the theoretically-predicted best fitting function
to the observed magnitude distribution, ∆ = 24 − mbfit.
A simple estimate of the Malmquist bias is obtained by
assuming that the best fitted apparent magnitude is sys-
tematically overestimated as a function of distance by the
additive quantity 3σ − ∆(z), where we assume that the
scatter in the standard candle calibration is constant as a
function of redshift. In other words, we assume that the
galaxies we see are the brighter subset of standard rods
whose luminosity scatters around M60.

We have implemented this correction consistently both
for galaxy luminosities and diameters. The incidence of the
Malmquist bias on our conclusions is graphically shown in
Figure 6. Due to the strong influence of the Malmquist cor-
rection term, the observed disc and luminosity evolution
for the slow rotators sample S60 is compatible with the
following diametrically opposite interpretations: i) data
are affected by the Malmquist bias and therefore small
discs have undergone almost no luminosity evolution but

a strong size evolution (they were nearly 50 % smaller at
z = 1 than at present epoch), or ii) data are unaffected by
the Malmquist bias and the small discs have undergone
strong luminosity evolution but not much size evolution
since z ∼ 1.

Since there is marginal evidence that the scatter
around the expected disc and luminosity evolution is de-
creasing as redshift increases (see Figure 6), we take a
conservative position and assume, in the following, that
our S60 sample is affected by the Malmquist bias. Only a
sample of small rotators selected in a magnitude-limited
survey deeper than the CDFS will allow to unambigu-
ously resolve the issue by differentiating between the two
opposite scenarios. However, we stress again that the large
rotators sample S143 does not suffer from Malmquist bias
selection effects.

6. Discussion on the Evolution of Structural
Parameters

Assuming a ΛCDM cosmology, several conclusions can be
reached about the evolution of the structural parameters
of fixed-velocity rotators.

1. The surface brightness evolution of discs is signifi-
cantly different for the two populations, S60 and S143:
∆µ = −1.90 ± 0.35 mag/arcsec2 for the slow rotators
(S60) and ∆µ = −0.25± 0.27 mag/arcsec2 for the fast
rotators (S143).

2. The fast rotators show neither significant size nor lu-
minosity evolution since z = 1.

3. Under the conservative assumption that most of the
luminosity difference over redshift for the small rota-
tors is due to the Malmquist bias, they appear to have
gone through a significant size evolution and no lumi-
nosity evolution since z = 1. (however the opposite is
true in the limiting case in which Malmquist bias min-
imally affects our low-velocity data. In this case, small
discs have undergone strong luminosity evolution but
not much size evolution since z ∼ 1.)

The results presented in the previous section highlight
the potential of the geometrical tests, not only to con-
strain cosmological parameters, but also to derive informa-
tion about the evolution of galaxy structural parameters.
However, the extent of the analysis that can be performed
at this point is significantly reduced by the small sample
of galaxies available with deep photometry and high res-
olution spectroscopic measurements, and by the limiting
magnitude of the CDFS. This magnitude limit introduces
a potentially very strong Malmquist bias for the sample
of small discs, S60, which prevents us from determining
if the surface brightness increase of ∼ 1.9 mag/arcsec2 of
these galaxies at z = 1 is due to a strong luminosity or size
evolution (or a combination of both). This distinction has
not been made by most previous studies either, but could
be achieved in the future using the strategy proposed here
and a deeper, more complete galaxy sample.
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Because at the limiting magnitude of I=24 of the
VIMOS spectroscopic survey the GOODs photometric
catalog is unbiased in surface brightness selection, con-
clusions can however be reached about the surface bright-
ness evolution of discs. While we find strong evolution
for the small rotators, the large rotators seem to have
retained a constant surface brightness since z = 1. The
evolution of more than one mag/arcsec2 at z = 1 for the
small discs is consistent with results of previous studies
of the magnitude-size relation (e.g. Schade et al. (1996);
Forbes et al. (1996); Lilly et al. (1998); Roche et al.
(1998); Saintonge et al. (2005); Barden et al. (2005)),
or of the magnitude-velocity (Tully-Fisher) relation (e.g.
Milvang-Jensen et al. (2003); Böhm et al. (2004); Bamford
et al. (2006)). While others report very little or no
surface brightness evolution (e.g. Simard et al. (1999);
Ravindranath et al. (2004)), Barden et al. (2005) rec-
onciles this discrepancy by considering the different data
analysis techniques. It also seems likely that some of these
results are affected by the selection criteria applied. For
example, some authors selected their samples on the basis
of blue colors (Rix et al., 1997), strong emission line equiv-
alent widths (Simard & Pritchet, 1998), or large disc sizes
(Vogt et al, 1996). The two former criteria prefer late-type
spirals, whereas the latter criterion leads to the overrep-
resentation of large, early-type spirals. With our strategy,
based on a spectroscopic follow-up of objects with OII
emission-lines selected from a purely flux-limited redshift
survey, biases are largely reduced.

In §3.1, we have shown that the two classes of galaxies
at high redshift with rotation velocity estimated on the
basis of their OII linewidths represent in an unbiased way
the progenitors of local discs whose velocity is inferred
using the Hα rotation curves. We stress that this state-
ment does not imply that every high redshift galaxy with
the same rotational velocity as a local galaxy is its direct
progenitor. Due to the prevalence of mergers, interactions
and accretion phenomena in the past, this is actually an
unlikely scenario. What the η-test guarantees is that the
high- and low-z samples represent the same populations
of rotators with nearly the same mass. While interactions
were more frequent in the past, are known to lead to the
onset of star formation events and could therefore provide
an explanation of the excess in luminosity of the small
discs at high z, all the ACS images were examined and
show that all the galaxies in the sample are not undergo-
ing merger events.

Under the hierarchical scenario for the growth of struc-
ture, the following scaling relation for the disc scalelength,
Rd, of dark matter systems is predicted (Mo, Mao &
White, 1998):

Rd ≈ 8.8h−1kpc
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where λ is the disc spin parameter, Vc the circular velocity,
jd the angular momentum of the disc as a fraction of that
of the halo, and md is the disc mass as a fraction of that
of the halo. Since there is no dependency of λ on redshift

and since jd/md = 1 if discs are formed while conserving
specific angular momentum, the disc scalelength of dark
matter systems having a given circular velocity scales as

Rd ∝ H−1(z), (11)

where z corresponds to the redshift of formation of the
galactic discs. Under the fairly safe assumption that the
diameter of the stellar disc of a galaxy scales with the
scalelength of its dark matter halo, the diameter of our
velocity-selected standard rods should also evolve as D ∝
H−1(z). This relation therefore predicts that discs forming
at the present epoch should be larger by a factor of 1.8
than those that formed at z = 1. This estimate agrees
with our most pessimistic scenario for the Malmquist bias,
which asks for the small discs to be larger by a factor of
two at z = 0.

Interestingly, the fact that no size evolution is seen for
the large rotators may tell us something about the time
of formation of these systems. In Eq. 11, the dependency
of the radius Rd is on the value of the Hubble constant at

the epoch of last assembly of the discs. This corresponds to
the last time when there was a significant reshuffling of the
disc (i.e. the last incidence of a major merger). Since the
discs in our S60 sample show size evolution that is consis-
tent with Eq. 11, the redshifts at which we observe them
probably coincide with the epochs at which these systems
are still forming. Due to the paucity of the galaxy sample
at hand, no firm conclusion can be reached at this point,
but there are some hints that the large discs were already
in place by z = 1 while most of the small discs have assem-
bled since then. There is tantalizing evidence of a similar
effect in the scaling relation between disc scalelength and
rotation velocity observed for nearby galaxies, where the
smallest discs appear to be consistent with an epoch of
last formation at z < 0.5 while this is pushed back at
0.5 < z < 1.0 for the larger systems (Spekkens, 2005).

Note that a relation similar to Eq. 11 also exists for
the disc surface density, Σ0. However, it is not as straight-
forward to extend that relation to predict the behavior of
surface brightness, because of its dependency on the stel-
lar mass-to-light ratio. Therefore, a similar interpretation
can not be made for the observed surface brightness evo-
lution of the discs, as it is not possible to disentangle the
combined effects of redshift and mass-to-light ratio evolu-
tion.

Finally we note that fast rotators cannot have stopped
forming stars at least over the epochs explored in this
study. The constancy of their luminosity up to z = 1 can
be explained in terms of star-formation activity continu-
ously on-going for a Hubble time.

7. Conclusions

The goal of this pilot observational program is to investi-
gate the relationship between global properties of the uni-
verse (geometric curvature, dark matter and dark energy
content) and local structural parameters of disc galaxies
(disc linear size and absolute luminosity). To this purpose
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we apply the angular size-redshift test and the Hubble
diagram at the same time to the same class of standard
objects, namely, velocity-selected disc galaxies. As such, it
presents one of the first attempts to investigate if specific
subsamples of high redshift galaxies can be used as cosmo-
logical tracers complementary to SNIa and CMB observa-
tions. This approach allows us to construct a cosmology-
evolution diagram at redshift z = 1, the chart that allows
for the mapping of the cosmological parameter space onto
the disc galaxy structural parameter space (diameter, lu-
minosity and surface brightness). Assuming prior knowl-
edge about disc evolution, this diagram allows us to draw
some interesting cosmological conclusions. If we assume
that the absolute magnitude evolution is constrained to
be negative at z = 1 (i.e. it is impossible that v = 200
km s−1 rotators were fainter at z = 1 than at the present
time, which means that their luminosity per unit mass was
higher in the past), we find with the data at hand that:

1. a flat matter-dominated cosmology (Ωm = 1) is ex-
cluded at a confidence level of 2σ.

2. an open cosmology with low mass density (Ωm ∼ 0.3)
and no dark energy contribution (ΩΛ) is excluded by
present data at a confidence level of 1σ.

On the other hand, by fixing the background cosmo-
logical model, the cosmology-evolution diagram allows us
to investigate the evolution in the structural parameters
of disc galaxies which are hosted in dark matter halos of
similar mass. Assuming a ΛCDM model, we find that:

1. while small mass galaxies go through a strong sur-
face brightness evolution of −1.90± 0.35 mag/arcsec2

since z = 1, larger discs only evolve by −0.25 ± 0.27
mag/arcsec2,

2. under the assumption that our sample of small discs is
affected by the Malmquist bias, this surface brightness
evolution is caused by an increase in the size of the
fixed-velocity rods by a factor of two from z = 1 to the
present epoch,

3. discs hosted in more massive halos, which are not af-
fected by the Malmquist bias, show neither size nor
luminosity evolution, suggesting that they finished as-
sembling before z = 1, unlike the smaller discs that
are still undergoing formation at z < 0.5.

We conclude that the luminosity evolution observed is
coherent with the emerging picture of a differential star
formation history for galaxies of different masses (Juneau
et al., 2005). These results are also consistent with the
growth of structure predicted in the universe described by
the concordance cosmological model (Mo, Mao & White,
1998; Bower et al., 2006).

In this preliminary study we are still limited by the
small number statistics affecting our sparse sample. While
with a larger sample of high resolution spectra and images
one can detect in a direct way the eventual presence of a
dark energy component (see Paper I), it was not possi-
ble to apply the angular diameter-redshift test and put a

constraint on its amplitude and on its equation of state pa-
rameter w with the amount of data currently available. For
the same reason, galaxies were separated in only two ve-
locity bins to construct the cosmology-evolution diagram.
This limits the class of mass-selected objects for which we
can trace evolution across different cosmic epochs. The
availability of a larger sample will allow finer velocity bins,
and therefore less scatter in the results.

To conclude, we reiterate that the rotational velocity
of distant galaxies, when interpreted as a size (luminos-
ity) indicator, may be used as an interesting tool to select
high redshift standard rods (candles). Though the power
of geometrical tests to constrain fundamental cosmolog-
ical parameters has long been recognized, only with the
recent large, deep redshift surveys have their implementa-
tion been made possible. With only a limited amount of
data but a novel and physically justified technique to se-
lect standard rods/candles, we have shown that these tests
can give useful insights not only on the value of fundamen-
tal cosmological parameters, but also the time evolution
of fundamental galaxy observables in mass-selected disc
rotators.
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