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?Z�mBDCxd{r�G]C¢noO1ejC|BpGjMzC|sDBjTU�-GjMzC£nDe!�&�-BEK��SB4³+r1KzMLy8w1B � ML?1NUT+BD?�df�xe!wU�!BD��K/�msDy�wUMz�]GjKLBD?5d¢BD?
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AUe!��G]ML?1BDC°Gj��e!�|A1sDC°A�Gj?1C°nDBDdxdfB{A1MzC|C|BD�xdfG]dfMze!?�T5}pCfGJ�je!ML� ��K G�rU�|e!r�G]N5G]dfMze!?�A1BDC e!?1A1BDC
BD?-sDK GjC�dfMzngMzd|s�KzML?1sgGjML�xBlGj?1MzC|ejd|�|e!r�BjT5KLG@r1�|ejr�GjN5G]d|MLe!?2A1BgC£e!?1A1BDC KLML?UsJGj�xMLC|sDBgC°G]w~�je!MLCxM=u
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rU�|e!r�G]N5G]dfMze!?�A1BDC_e!?UA1BgC`sgKLGjCxd|MLy8w1BDC�BDCxd�A1e!?Un&Nje!wU�!BD�|?1sDB-r1Gj�`A1BgC�sgy8w�G]d|MLe!?UCpA1Mz� u
��sD�|BD?8d|MLBDKLKLBDC ' �)�!�����)� ��� ;�c�e!wU�!BD?5d-ej?¤sgnD�|Mzd2ngBDKLKLBDC�u®ngM�Cxe!w1C�KLG ��e!�x�-B&A��Sw1? CxI�Cxd �g�&B
AUM ��sg�|BD?5dfMLBDK�KzML?1sgGjML�xBEA1w C|BDnge!?1A�e!�xA1�|B];10�Mz?1C|M�e!?�GUT�A�Gj?1C�KLB�C�I�Cxd �D�-Bpej�xdfOUe!?1e!�x�-s
�xBgn4doGj?1Njw1K GjMz�|B@AUB�nDe+ej�|A1e!?U?1sgBDC

(x1, x2, x3)
T

cijklul,kj = ρui,tt,

�:�;biU;=< �

e���KLBgC
cijkl

C|ej?8d@KLBgC�nge!�&r�ejCfGj?5dfBDC@A1w d|Bg?1CxBgw1�pA1BDCp�|MzN!MLA1M=dfsDCgT
u = u(x, t)

BDCxdpKzB
AUsgr1KLGjngBD�-BD?8d2�-sDnJGj?UMLy8w1B�Mz? ��?1M=dfsDC|ML�-GjK/T�K G���Mz�|N!w1KzB~A1sg?1e]dfB KLG�A1sD�|M=�!sgB�r�Gj�xd|MLBDKLKLB]T
B4d
ρ
BgCxdEKLG���G]C|C|B@�je!KLwU�-Mzy�wUB�A1w�C|ejKLMLAUBj; �vnDM�KLB�d|Bg?1CxBgw1�EA1BDC{�|MLNjMLA1M=dfsgC¢r�ejC|C|sDA1B`KLBDC

C�I��-s4df�|MzBgCE�&ML?1BDw1�|BDC{BDd���G �xBgw1�xBgCEC|w1M=�]Gj?5dfBgCDT

cijkl = cklij, cijkl = cjikl.

�:�;biU;b: �

²°�|BD?1e!?1Cª��GjMz?5dfBg?1Gj?5dªw1?UB�e!?1AUB�r1KLGj?1B£r1�|e!Nj�|BgCxC|M=�!B�Mz?1O1e!�&e!N �D?1BjT]C|B¢A1sgr1KLG�#JG]?8d
GJ�jBgn�KLG&��Mzd|BgC|CxB

v
BDd�KLB_?1e!���1�xB_AZ�me!?UA1B

k
A1Gj?1C�KLG-A1Mz�|BDnDdfMze!?

x1
T�BDd�r�e!wU�Hy8w1M�KLBgC

rUK Gj?1C{AZ�bGj�&r1KzMzdfwUA1BgC{sDN5GjKLBDC{C|e!?5d�?1e!�x��G]w+³�}
x1
T�C|ejw1CEK G2��e!�x�-B �

u = U (kx2)
B�� k(x1−vt) + c.c.,


/:+;bi+;bR��
e��

U
?1B A1sDr�BD?1A`y�wUB£AUB°K G��]Gj�|MLGj�1KzB

kx2
BDd��vnj;Snj;
	-BgCxd)K/�bG]�1�|s4�+MLG]dfMze!?@A1B°K/�mB ³+r1�|BDC|C|Mze!?

�vnge!�&r1KzB4³+B�ngej? �xw1N!w1s�	o; .�BgC`sDy�w1G]dfMze!?1C 
�:�;biU;=< �HCxB~�|sgAUw1MLCxBg?5d_GjKLe!�xCp} w1?�CxI�Cxd �g�&B
AUB_R­sDy�w1G]dfMze!?1CEA1M ��sg�xBg?5dfMzBgKzKLBgC �$�����)� ���)� ��� T1AUw�CxBgnDe!?1A�ej�|A1�xB��

TU ′′ −
M
(R +R � )U ′ + (Q− ρv2I)U = 0,


/:+;bi+;mV �
e���KzBgCE�-G]df�xMLngBDC

T
T
R
T
Q
Cxe!?5dHAUs ��?1MzBgC�r�Gj�{KzBgw1�{nDe!�-r�e!C|Gj?5dfBgC 
/c�df�xe!O�T�<7Y![!: �4T

Tik = ci2k2, Rik = ci1k2, Qik = ci1k1.

�:�;biU;bq �
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 ?&noO1BD�|noO�Gj?5d{wU?-�&e+AUB{r�Gj�xd|MLBDK�C|e!w1C ��e!�x�-B{B ³Ur�e!?1BD?5dfMLBDKLKzB �
U(kx2) = U0

B � kqx2
T

e �
U0

BDCxd`w1?��jBgnDd|Bgw1�`nDe!?1CxdfGj?5d�BDd
q
w1?1B~y8w�Gj?5dfM=dfs�nDe!�-rUKLB4³+B]T�e!?�Gj��e!wUdfM=dp} KLG

���$� ��� 	 ���$� ��� � ����� � ����	 ���$� �

AUBDd
[q2T + q(R +R � ) +Q− ρv2I] = 0.


�:+;miU;m[��
k�B4d|d|B2sgy8w�G�dfMLej?�T�AUMzdfB �vA1B­k�O1�xMLC�dfe���BgK 	oT�BgC�d@w1?�r�e!K=I�? � �&B�BD?

q
}-nDe+B��&ngMLBD?5dfC

�|sgBDKLCD; 
 ?©N!sg?Usg�fG]K�T(MLK°Cg�mGjN!M=d�A��mwU?1B � ��� 	 ���	��� T(KLej�|C|y8w��mGjw1nDw1?¤A1BDC�G�³+BDC
x1
T
x2
T
x3?��mBDCxdlGjKLMzN!?1s�GJ�!Bgn�w1? G�³+B@A1BHCxI��&sDdf�xMLB�A1w �-G]dfsD�|MLGjw*
�e!w �1MzBg?-C�
1�DTUC|M�KLB��-G]dfsD�|M G]w

?1B@r�e!C|C �gA1B`GjwUngw1?1BpC�I��-s4df�|MzB � ; c+BgC{�|GjngMz?1BgC�?1B@r�BgwU�jBg?5d�A1e!?1n ,4df�xB@B4³+r1�xML�&sgBgC�A1B
�0G�#ge!? Gj?�GjK=I�d|MLy8w1B]TUA��mGjr1� �gC{K G`dfO1sDe!�|MzB�A1B
�`GjKze!MLC 
���BJGjAZT�<7Y5WjY �4; >@? r�BgwUdl��GjKzN!�|s
dfe!wUdEej�UdfBD?1ML�{A1BDCH�xsgCxw1KzdfG]dfCEB4³+r1KzMLnDMzdfBDC{A�Gj?1CEnDBg�xdfGjML?UBgCEngMz�|ngej?1CxdfGj?1ngBDCHB4dE�|sDC|e!w1AU�|B
Bg?5dfM
�g�|BD�-BD?5d¢nDBg��doGjMz?1C r1�|e!�UK��g�&BgC£Gjw�³~nge!?5d|e!w1�|C£CfG]?1C�GJ�je!ML� ��BgC|ejML?&A1BgC£�fGjnDML?1BDC A1B
K G�C|B ³�dfMLy8w1B];

.°�SB4³+Bg�&r1KzBEGj�|noO1s4dvI�r�BEA1B{nDBldvI+r�BEA1B{r1�xe!�1K��D�-B¢BgC�d¢KLG��|BDnoO1Bg�xnoO1B�A1B '�� ���	� ��	 ���$�
��� ' ��� � 	 ����� � ��� ��� � �$� ��� ��' �$� 	 ���	��� ���-��� ��� ����� 
�w1?1BEsgy8w�G]d|MLe!?&A1e!?5d KLG��+M=dfBDC|C|B�BgC�d
K G � ��� ' � ML?1nDe!?1?8w1B �4; k�B4d|dfB�y�wUBgCxd|MLe!?�G�e+nDngw1r�s�AUBl?1e!���U�|Bgw�³2noOUBg�|noOUBgw1�xC£r�Bg?UA�Gj?5d
r1KLw1CxMLBDw1�|C�A1sDngBg?U?1MLBDCgTpngej�-�&B�K��mG¤�fGjnDe!?5dfs � ML?1N A�G]?1C wU? Gj��dfMzngKLB��|sgngGjr1M=dfw1KLG]dfM=�

�:ji!i]V

a
�4; .(G_�|sgwUC|C|M=dfB@KLG_r1Kzw1ClG]��e!w+dfMLB�A�Gj?UC�ngB�A1e!�-GjML?1BEBDCxd{KLG_�&MLC|BHGjw r�e!Mz?8d¢A1w

��e!�|�-GjKLMzC|�&BHMz?5dfsgNj�fGjK�AUB���Gj�|?1B4d|d�BDd .�ejd|O1B 
�<7Y!�!q �4T+y�wUM(CD�bG]r1r1w1MzBpC|w1��KLBDCldf�fGJ�]Gjw+³
r1MLe!?U?1MLBD�|C£A1B`c�d|�|e!O 
 <7Y![5: � ;°k�BpA1BD�|?1MzBg��G2ML?5df�xe+AUw1Mzd¢KLBDC�df�|GjnDd|MLe!?1C£Cg�SB4³+BD� #JG]?8d�Cxw1�
KLBgC�r1K Gj?UC

x2 =
nge!?UCxdJ; 
0?1ej�|�-GjKLBHe!�|MzBg?5dfsDB��!BD�|CEKLBDC

x2
nD�|e!MzC|C|Gj?5dfC��£C|e!w1C{KLG_��e!�x�-B �

σi2 = −ci2kluk,l =
M
kti(

M
x2)

B � (x2−vt) + c.c.,

�:+;miU;bW �

e �
t = TU ′ −

M
R � U ;


/:+;miU;b� �
r1w1MLC�G2df�|Gj?1Cx��ej�|�&s 
/:+;bi+;mV � Bg? w1? C�I�Cxd �D�-BpAUM ��sg�|BD?5dfMLBDKZA1w�r1�|BD�-MzBg��ej�|A1�xB@r�ejw1��KzB
�!Bgn4dfBDw1��}~[~nge!�&r�e!CfGj?5d|BgC

ξ = [u, t] � ;10HML?1CxM�T 
/:+;miU;mV���BgCxd�sDy�wUMz�]GjKLBD?5d�} �

ξ′ =
M
Nξ,

e �
N =

[

N1 N2

N3 + ρv2I N �1
]

,

/:+;miU;bY �

BDd
N1 = −T−1R � , N2 = T−1, N3 = RT−1R � −Q.


/:+;miU;z<Ji��
� B ?1e!�2�1�|BDw+³��xsgCxw1KzdfG]dfC-A1sgnDe!w1KLBD?5d A1B nDBDd|d|B���e!�x��w1K G�dfMLej?�; 
 ?�r�Gj�xd|MLnDw1KLMzBg�&e!?
df�|ejwU�!B_y�wUB_K/�msDy�w1G]dfMze!? AUB2K G���Mzd|BgCxC|B2AUBgC�ej?1A1BgCHA1B�C|w1���0GjngB_r�BDwUd�CxB2�&BDdxdf�|B�C|ejw1C
K G2��e!�x�-B

A1BDd
M(v) = 0,


�:+;miU;=<!< �
e �

M(v)
BgC�dHKzB 	 ��� � ����� ��� ��� �&������� ��� TUA1e!?5d�KLBpAUsDdfBD�|�&ML?�G]?8dgT��|sDBgK�T�BDCxd�w1?1B`��e!?1n u

dfMLej? �&e!?1e]dfe!?1BQA1sDng�xe!MLCxCfGj?5dfB�A1B
v
C|BDw1KLBD�-BD?5d 
0GjML?1CxMpK G¤��Mzd|BgC|CxB�A1B©K/�mej?1A1BQA1B

<7i



:�;�>p?UA1BgCEKLMz?1sJG]ML�|BDClBg?�sgKLGjCxd|MLnDMzdfs�KLML?UsJGjMz�|B

Cxw1�x�0G]ngBjT£y8w�Gj?1A BDKLKLB-B4³+MLC�dfB]T¢BDCxd~K��Sw1?1Mzy8w1B �fG]ngML?UB A1B�ngB4d|dfB sDy8w�G]dfMze!? � ; FEBgC�dfB KLB
ngGjKLnDw1K�A1B

|M(v)|
TUy8w1M�BgC�d{KLejML?&A�� ,4df�xB�df�xMz��M GjK/T5��G]MLC BgC�d{?1sJG]?1�-ejML?1C£r�ejC|C|Mz�1KLB�Gj?�G�u

K=I8dfMLy8w1BD�-BD?5d{A�Gj?1C�ngBg��doGjMz?1BgC{CxMzd|w�G]dfMze!?1C£A1BpCxI��&sDd|�|MLB];£c+ML?Ue!? e!? wUd|MLKzMLC|B�A1BDCldfBgnoO�u
?UMLy8w1BgC�?8w1�&sg�|Mzy8w1BgC_GJ�jG]?1ngsDBgC�Cg�mGjr1r1wUI!Gj?5d�Cxw1�_KzB���e!�|�-GjKzMLC|�&B2Mz?5dfsgNj�fGjK 
��lGj�|?UBDd|d
� .�ejdfOUBjT�<7Yj�5q �£ejw C|w1�lwU?1Bpsgy8w�G]d|MLe!? AUB`F�MznJG]dxdfM�?1e!?+u®KLML?UsJGjMz�|B 
���Mz�xI�w��]e���T�<7Yj�5q��
� w � � MLBDK��jB]T(:ji!i5:��4;_>@?©G]r1r�BDKLKzB2K��Ssgy8w�G�dfMLej? 
�:+;miU;=<!< �4TZK�� ���	� ��	 ���$� ��� ' � � � 	
����� �
��� ��� 	
� A��Sw1?1B�e!?1AUB�AUB�Cxw1�x�0G]ngBj;

� ?1B�G]wUdf�xB�GjrUr1�|e�noO1BjT�y�wUMHG�Gjw1CxC|M��|B+#gw���BJG]w1nge!wUr�A��mG]d|d|Bg?5dfMze!?�T¢nge!?1CxMLC�dfB }
�xBgnoO1BD�|noO1BD��K��Ssgy8w�G�dfMLej?�AUB-KLG���Mzd|BgCxC|B&C|e!w1C���e!�|�&B­r�e!KzI�?1e!�&M G]KLBj;-k�B4d|dfB&sgy8w�G�dfMLej?
BDCxd&GjKze!�|C2K G ��e!�x�-B � �fG�dfMLej?�GjKLMzC|sDB 	~A1B K/�msDy8w�G]dfMze!?¤B ³1G]nDdfB 
/:+;bi+;z<!< �4;©k�BDdxdfB�y8w ,Dd|B
AZ�mw1?�r�e!K=I�? � �&B�BDCxd�?�G]dfwU�|BgKzKLBEBDd¢�|BD�-ej?8d|B@}�K�� � Mz?5�!Bg?5d|Bgw1� 	�AUBgC�ej?1A1BgC¢A1B�Cxw1�x�0G]ngBjT
.�e!�xA�F�G7I�KzBgMLNjO 
�<J�!�5q � T�y8w1M�sgK
�D�!B�Gjw nJG]�|�|s2KLBgCHA1Bgw�³ �&Bg���U�|BgCHA1B�Cxe!? sgy8w�G�dfMLej?
B ³UGjnDd|B_BD? �&MLKzMLBgw-MLCxejdf�xe!r�B]T�}­CfGJ�!ejML�gT

(

2 −
v2

v2
T

)

= 4

√

1 −
v2

v2
T

√

1 −
v2

v2
L

,

�:+;miU;=<�: �


�e �
vT

BDd
vL

Cxe!?5d KLBDC-��Mzd|BgCxC|BgC AUBgC e!?UA1BgC A1B��!e!Kzw1�&B �&B4d e!�Ud|MLBD?8d�CfG nDsgK
�g�1�xB
nDw1�1Mzy�wUB �

(

v2

v2
T

)3

− 8

(

v2

v2
T

)2

+

(

24 − 16
v2

T

v2
L

) (

v2

v2
T

)

− 16

(

1 −
v2

T

v2
L

)

= 0.

�:�;biU;=<7R��

.�e!�xC|y8w1B
x1
T
x2
T+B4d

x3
C|ej?8dlGjKLMzN!?1sDC�GJ�!BDnpA1BgClG�³+BgClA1B�CxI��-s4df�xMLBjT�e!? ej�UdfMzBg?5d{GjwUC|C|M

wU?1B_nDw1�1Mzy�wUB_BD?
v2 
/c��!B��8KLe1T(<7YjV5� �4; .�e!�|Cxy�wUB2C|BDw1K

x3
BDCxd�GjKLMzN!?1s`GJ�!BDn2w1? G�³+B_AUB

C�I��-s4df�|MzBjT ej?¤e!�Ud|MLBg?5d2w1?1B y8w�Gj��dfMzy�wUB Bg?
v2 
/k�w1�|�xMLBjT�<7Y5Wj[	�EPSR]\ �4; .)ej�|C|y8w1B CxBgw1K

x2
BgC�d�GjKzMLN!?Us~G7�jBgn&w1?¤G�³UB&A1B&CxI��&sDdf�xMLB~e!?�e!�Ud|MLBg?5d�w1?©r�e!K=I�? � �&B­A1B-AUBgN!�xs�<7:


 � G]tgMLB4��T <7Y!�5W��
�ZB4dpA1B�� ,g�&B2CxM nj�SBgC�d
x1

C|BDw1KLBD�-BD?8d@y�wUM BgC�d`GjKLMzN!?1s_GJ�!Bgn­wU?QG�³+B
AUB&C�I��-s4df�|MzB�
 � ML?UN1T(:ji!ijV

b
� ; � Gj?1C`KLBDC�GjwUdf�xBgC`nJG]C_e!?Qe!�+dfMLBD?5d_wU?©r�e!KzI�? � �-B�AUB

AUBgN!�xs�:!W�Bg?
v2 
 � GjtgMzBD��T�<7Y!�jY��4; ��MLBD?~Bg?5dfBD?1A1w�T8A1B{?1ej���1�|BDw1C|BDC°�fGjnDML?1BDC°r�Gj�|GjC|M=dfBgC

Cxe!?5dlMz?8d|�|e�A1w1M=dfBgC£Gjw-nge!wU�|C�AUw�r1�xe+nDBgC|Cxw1ClA1BH�fG]d|MLe!?1GjKLMzCfG]d|MLe!? 
�r�e]dfBg?5d|MLBgKzKLBD�-BD?8d¢:][
G]�xdfB4�0GjnDd|C�� � k�BDr�BD?1A�Gj?5dgT�MLK)BgC�dpGJ�]Gj?5doGjNjBgw+³ r�e!w1��r1KLw1CxMLBDw1�|CH�fGjMzC|e!?1C�A1B�df�fGJ�]GjMzKLKLBD�
GJ�jBgn�w1? r�e!K=I+? � �-B];

•
�vK�CD�bGJ� �g�|B`r�G]�x��e!MzC¢y8w1B@K/�msDy8w�G]dfMze!?�AUB@K G`�+M=dfBDC|C|B�BgCxdlw1? r�ejKzI�? � �&B�d|� �DClC|Mz�~u
r1KLB]T�y8w1B~�|MLBD?�?1B­K G]MLC|CxBg�Hr1�|sDCfGjN!BD��Gjw ��w�AUB­K G ngej�-r1KzB4³+Mzd|s2A1BDC`sgy8w�G]d|MLe!?1C
A1B_k�O1�|MzCxdfe �ZBDK�;

•
� ejwUdfBDC�KLBDC��|GjngMz?1BgCHC|e!?5d@ej�UdfBD?�wUBgC@A1B_��G]?1M��D�|B�y�w1GjC|MhuvML?UCxdoG]?8dfGj?1sDB2}&K��mGjMLA1B
A1B~C|noO1sD��GjC�?8w1�&sg�|Mzy8w1BgC�sgr1�xe!wU�jsgCgTªGJ�!Bgn&KLB­AUBgN!�xs-A1B~r1�xsgnDMLC|Mze!?QC|e!wUO�GjMzd|sj;
²�e!w1�pCxsgKzBgnDd|MLe!?U?1Bg�@nDBgKzKLB2y8w1MªBgCxdp�]GjKzMLA1B]TZMzK�Cxw �~d`A��msDKLMz�-Mz?1Bg��KLBDC@�fGjnDML?1BDC

v2nge!�&r1KLB ³+BgC B4d KLBDC �fG]ngML?UBgC
v2 ?1sDN5G]d|Mz�!BDCgT5r1wUMLCªAUB�dfBDCxdfBD� KLBDC �fG]ngML?UBgCª�xBgC�doGj?5dfBDCG7�jBgn�K��Ssgy8w�G]d|MLe!? AUB�KLG��+M=dfBDC|C|B`B ³1G]nDdfB];

<j<



:+;X>@?1A1BDCHKzML?1sgGjML�xBgC�BD? sDK GjC�dfMzngMzd|s@KLMz?1sJG]ML�|B

� MLN!wU�|B2:+;z< � � �|ej?8d|C@A��Se!?1A1B2C|w1�pKLG-C|wU�x�0GjnDB­A��mwU?�ng�|MzCxdfGjKªA1B2ngw1M=�+�xB 
���w1BDd � � B u
C|noO�Gj�&r1CDT�:jijijV �4;{k�e!�-r1Gj�fGjMzC|e!?�Bg?5d|�|B2KzBgC��|sDC|w1K=doG]d|CHB ³Ur�sg�xML�&Bg?5doG]w+³ r�Gj��ML�&r�GjnDd
K GjCxBg�-
0}@N5Gjw1noOUB �ªBDd KLBgCªr1�|sDA1MLn4dfMLej?1C MLCxC|w1BDC°A1B{K��Ssgy8w�G�dfMLej?�A1BlKLGH��MzdfBDC|CxB{C|e!w1C ��ej�|�&B
r�e!K=I�?1e!�&M GjKzB 
0}~AU�|e!M=dfB � ;

•
� e!wUdfBDC{KLBDCl�fGjnDML?1BDC{e!?5d{w1?1BpMz?5dfBg�xr1�|s4doG]d|MLe!?ZTUBDdEnDe!�|�xBgCxr�e!?UA1Bg?5dH}�A1BgCldvI�r�BgC
A��Se!?1A1BDC@A1M ��sg�xBg?5dfCD; � B�?1ej���1�|BDw+³�B+��e!�xd|C@A��SMLA1BD?8d|M
��ngG]dfMze!?�AUB�ngBDC@�fGjnDML?1BDC
e!?5d�sDd|s�BD?5df�|BDr1�|MzC 
 � G7I�Kze!�gT_<7Y!�U< � � GjtgMzBD��T2<JY!�5W�� 
 �!BD�xI � � BDC|noO�G]�-r1CDT
:ji!i!R �4;

•
�p� � nDB�Gjw r�ejKzI�? � �&BjTEe!?�r�BgwUd�ej�UdfBD?1ML���0G]ngMLKzBg�&Bg?5d AUBgC�B4³+r1�xBgC|CxMLe!?UC G]r+u
r1�|e�noO1sDBgC�AUB_KLG­��M=dfBgCxC|B�BgKzKLB4u®� ,D�-B 
 � e!tDO�GjB4��T(<7Y!Y+< ���!e!Mz�|B`A�Gj?1C�ngBD�xdfGjML?1BDC
ngMz�|ngej?1CxdfGj?1ngBDCgT�A1BDCHB ³+r1�|BDC|C|Mze!?1C�B4³UGjn4dfBgC 
xPSY]\ � � ML?1NUTX:ji!ijV

a
�4;

•
0�K��mGjMLAUB A1w r�e!K=I�? � �&B�e!? r�BDwUd d|�fGjnDBg��KLBDC C|w1���0GjngBDC�A1BDC�KLBg?5d|Bgw1�xC A��Sw1?
ng�xMLCxdfGjK G]?1MLCxejdf�xe!r�B2BDd`�|BDnge!?UCxdfM=dfw1BD�`KLBgC��-ejd|Mz��C@AUBgCp���|e!?5d|CpA��mej?1A1BgC`B ³1G]nDdfB u
�-BD?5d 
��HwUBDd � � BDC|noO�G]�-r1CDT�:]i!ijV1TU�je!ML� � MLN!w1�xB`:+;=< �4;

����� �	��

����

����������������� � ��!#"
!%$�!'&(!)�*��!)��+-,
²�e!w1�`KzBgC`e!?1A1BDC_AUB-F�GJI�KLBgMzN!O�T)K G nDe!?1A1M=dfMLej?QGjw+³QnDe!?5dfe!w1�xC_BDCxd_y8w1B-KzBgC 	 ����� 	 ���$� �
A1MLCxr�Gj�fG]MLC|CxBg?5d_C|w1��K G�C|w1���0GjngB&KLMz�1�|B~A1w©C|e!KzMLA1B&Gj?UMLC|e]df�|ejr�B]; 0�Mz?1C|M MzK°C|Bg�2�1KLB&r1KLwUC
?�G]dfwU�|BgK)A1Bpd|�fGJ�]GjMLKzKLBg�lG7�jBgn_KLBgC{d|�fGjn4dfMLej?1C 
�:+;miU;m���ly�wZ�bGJ�!BDn2KzBgC�A1sgr1KLGjngBD�-BD?5dfCg;-�U�bGjM
A1e!?1n@sDng�xMzdlKzBgC¢sgy8w�G]d|MLe!?1C�A1w �-ejwU�!BD�-BD?8dlC|e!w1C¢��e!�|�&B�A��Sw1? C�I+C�d �D�-BpA��Ssgy8w�G�dfMLej?1C
A1M ��sg�xBg?5dfMzBgKLKzBgClAUw CxBgngej?1A�e!�xA1�|Bpr�e!w1�

t
T

T̂ t′′ −
M
(R̂ + R̂ � )t′ + Q̂t = 0,


�:+;=<!;=< �
<�:



:�;�>p?UA1BgCEKLMz?1sJG]ML�|BDClBg?�sgKLGjCxd|MLnDMzdfs�KLML?UsJGjMz�|B

e���KzBgCE�-G]df�xMLngBDC
T̂
T
R̂
T
Q̂
Cxe!?5dHAUs ��?1MzBgC�r�Gj�

T̂ = (N3 +ρv2I)−1, R̂ = N1(N3+ρv2I)−1, Q̂ = N1(N3 +ρv2I)−1N �1 +N2.
�:�;z<!;b: �
²°w1MzCgT�}`K��mGjMLA1B{AUB�KLG@dfBgnoOU?1MLy8w1BHA1BgC£ML?5dfsDN!�fG]KLBgC°rU�|Bg�&M��D�|BDC 
 � e!tDO�GjBD��T�<7Y!Y5q��4T5ngB4d|d|B
��ej�|��w1KLG]dfMze!?�r�Bg�x�-B4d A��mej�UdfBD?1ML� K��Ssgy8w�G�dfMLej?&AUB�KLG@�+M=dfBDC|C|B�C|ejw1C°��e!�|�&B{r�ejKzI�?1e!�&M GjKzB
Kze!�|Cxy8w1B

x3
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ξ(0) · ÎNnξ(0) = 0,

�:+;b:+;=< �

e��
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�jG]�|M G�dfMLej?�A1B�K G@��MzdfBDC|CxB�GJ�!BDnHK/�bG]?1N!KLB�A1BHnDe!w1r�BEA1w�N!BD�|�-Gj?1Mzw1� T]KLe!�xC|y8w1B�K G���Mzd|BgCxC|B
A1w C|ej? A�Gj?1CHKLB��-s4dfO�G]?1e!K)BgC�d 
0� 2]C"� �E:jiji!i*
�nge!w1�x��B_A1w ��G]C��4T�R!i!ijiUT�R5qji!iUT�V5i!iji

0ngejw1�|��B�A1w O1GjwUd � ; ² Kzw1C­K G�r1�xBgCxC|MLej? 
�BDd&A1e!?1n�KLG���M=dfBgCxC|B�A1w C|e!?&�~G]w1N!�&Bg?5dfB]T
r1KLw1C-K��SB+��BDd�A1B K��mGj?1MzC|ejd|�|e!rUMLB�BgC�d ��G]�|y8w1sjT{BD? GjngnDe!�|A GJ�jBgn�KLBDC�B ³Ur�sg�xMLBD?1ngBDC A1B
k��|e��EO8w1�|C�d�B4d�G]K�; 
/:ji!iU< � ;
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� � " �	�#

�����#����� ��� � � �	��� � ��
���������� $ !%��
�! � 
�!
��
*,
.�BDC&Mz?1Cxd|�|w1�&Bg?5d|C~}�d|�fGj?UC|A1w1n4dfBDw1�|C-A��mej?1A1BgC~A1B�Cxw1�x�0GjnDB�r1MLsDtge]uvGjnge!wUCxdfMzy8w1BgC­Cxe!?5d
Mz?1?1e!�2�1�fGj�UKLBgCDTlC|wU�xdfejwUd A�G]?1C�K/�mMz?1A1w1C�df�|MzB AUB�K G�nge!�&��w1?UMLnJG�dfMLej? C|Gj?1C �1K 
6dfsgKzs4u
rUO1e!?1B-r�e!��doGj�UKLBjT�CxI�Cxd �g�&B A1B-r�e!CxMzd|MLe!?1?UBg�&Bg?5d2NjKLe!��G]K�T�dfsDKLsD��MzC|MLej? ngejw1KLBDw1�gT�nJGjr+u
d|Bgw1�xCgTEBDd|nj; �ae � MLKzC-Cxe!?5d wUd|MLKLMzC|sDC&nDe!�&�-B ��Kzd|�|BDC-O�G]wUdfBDC����|sDy�wUBg?1nDBgC 
/FEe7I!BD� �
� MLBgwUKLBgC|GjML?5dgT(:ji!i!i�� ; .�B­ngejw1r1K G]N!B�A1B~K��SsgKLGjCxd|MLnDMzdfs2GJ�!Bgn~KLG r1MLsDtge]u®sgKLBDnDd|�|MLnDMzd|s2ngej�~u
rUKLMLy8w1B@��ej�xdfBD�-BD?5dHKzB`r1�|e!�UK��g�&BpA1B`K G­r1�xe!r�GjN!G]dfMze!? A1BgC�e!?1AUBgC�A��mMz?5dfBg���0GjngB]TX� ,D�-B
A1Gj?1C�KLB&nJGjA1�xB-AUB-K/�bGjrUr1�|eJ³+ML�-G]dfMze!?�y8w�GjCxM=uvC�doG]d|MLy8w1B]; 
°? r�Gj��dfMzngw1KzMLBg�DT)K G ��G�df�|MzngB
AUB`c�df�xe!O r�G]C|C|BpAUB@K G`doGjMzKLKLB

6× 6
}�KLG�dfGjMLKzKLB

8× 8
; k�Bgr�Bg?UA�Gj?5dJT�e!?�r�BDwUd{wUd|MLKLMzC|BD�

KzBgC{sDy�w1G]dfMze!?1C{��e!?1A�G]�-BD?8dfGjKLBDC{r�ejw1�{�|sDC|e!w1AU�|B�ngBg��doGjMz?1CEnJGjCEA��Se!?1AUBgCEA��SML?5dfBD�x�0GjnDBj;
0HML?1CxM�T�r�e!w1�pK/�me!?UA1B�A1B ��KzBgw1C�dfBgMz?+u �pw1K=I5GjB4� 
�r�e!KLGj�|MzCfG]d|MLe!? O1e!�xMLtgej?8dfGjKLB�df�|Gj?1C�u

�jBg�xC|B � TpK��Ssgy8w�G]d|MLe!? A1B©k�O1�xMLC�dfe���BgK@CxB��0G]nDdfej�|MLCxB Bg?5d|M��g�xBg�&Bg?5d�r�ejw1��K G¤CxI��&sDd|�|MLB
[]�-� 
0BDd£K/�msDy�w1G]dfMze!?~A1BEK G@��MzdfBDC|CxBHnDe!�|�xBgC|r�e!?1A1Gj?5dfB�BgCxd¢KLMz?1sJG]ML�|B¢Bg?

ρv2 � G]KLe!�xC°y�wUBr�e!w1�HKLBDC�CxI��&sDd|�|MLBDC
4̄
T
4̄2
��T

4̄3
� TZ:jRUT�nj�SBgC�d`w1?1B�y8w�G]�xdfMzy8w1Bj; 
 d|e!?1?�Gj�&�&Bg?5dJT�e!?

d|�|e!w+�!B Ph<�W�\�y8w1B­A�Gj?1C�ngB�A1BD�|?1MzBg�HnJGjCDT�K��Ssgy8w�G]d|MLe!?�A1B2KLG-��MzdfBDC|CxB�r�ejw1��A1BDCpnge!?UA1M=u
d|MLe!?UC¢G]w+³&KLMz�-M=dfBgCª�-s4doGjKzKLMLCxsgBDC°BgCxd�w1?1B �	� ����� ��	 ���	��� BD?

ρv2 ; k�B��xsgCxw1KzdfG]d£A1BgC¢r1KLw1CCxML�&r1KLBDCgT8y8w��Se!?�?1B�r�e!wU�]GjMzd£r�G]C¢A1B4��ML?1BD��}�K��mG7�]Gj?UngBjT8BDCxd��0G]ngMLKzBg�&Bg?5d e!�Ud|Bg?8w N!� � ngB
G]w+³ sgy8w�G]d|MLe!?UC&��e!?UA�Gj�&Bg?5doGjKzBgCD;�²�ejw1�-wU?1B Cxw1�x�0G]ngB�?Ue!?+uv�&sDdfGjKLKzMLCxsgBjT°ej? df�xe!wU�jB
wU?1B`C|B4³�d|MLy8w1B�Bg?

ρv2 ; � ?1B���ejMLC{K G2��M=dfBgCxC|B`df�xe!wU�!sDBjTXK G­A1BDC|nD�|MLr+dfMLej?�nDe!�&r1K��4dfBpA1BDCnoO1Gj�-rUC�BD? AUsgngejw1KLB]T1�!e!Mz� � MLN!wU�|B`:+;m[U;
>@? r�BgwUd{Gjw1C|CxM�d|�|e!w+�!Bg��A1BgCl�xsgCxw1KzdfG]dfC¢B4³+r1KLMzngM=dfBgC£r�e!w1��KzBgC¢e!?1A1BDClr1MLsDtge]uvGjngejw1C�u

d|MLy8w1BDC{A1B`C|w1���0GjngB�}�A1BDw+³�ngej�-r�e!CfG]?8d|BgC�Pm:!q�\�B4d�r�e!wU�lKLBDC{e!?1A1BDCEd|�fGj?UCx�!BD�|CxBgC�O1e!��u
Mztge!?5dfGjKLBDC{A�Gj?1CEKLBDC{Cxd|�|w1n4dfw1�xBgC�nDe!w1noO1B 2]C|wU�1Cxd|�fG]d2PmRjiUTXk{q�\ 
�e!?1A1BDC�AUB .�e7�!B �4;

� ��
 �	�#

��� 
#� ��� ����� � � ��� 

��� � ��� � 

����� � 

� ��� ���
��� ��� ����� � � &(!%��� ,

� Gj?1C�K/�mMz?1A1w1C�df�|MzB-AUBgC�CxBg�&M=uvnDe!?1A1wUnDdfBDw1�|CDT A1BDC2dfBDnoO1?1MLy8w1BDC~GJ�jG]?1ngsDBgC�r�Bg�x�-B4d|dfBD?5d
K/�msDK Gj��e!�|G]dfMze!? A1B���G�dfsg�xM Gjw�³�}~N!�fGjAUMLBg?5d�A1B�r1�|ejr1�|MzsDdfsDCg; 0�ML?UC|M�e!? r�BDwUd�ML�-GjN!ML?UBg�
y8w1BHr�ejw1�¢wU? C|w1�UCxdf�|G]d

x2 ≥ 0
T8K G`�|MzN!MLAUMzdfs

c44
T+KLG�nDe!?1C�doGj?5dfBHr1MLsDtge]u®sgKzBgnDd|�|Mzy�wUB

e15
T

KLG�ngej?1CxdfGj?5dfB{A1MzsgKLBDnDd|�|MLy8w1B
ε11
T!B4d K GH�-GjCxC|Bl�!ejKLw1�&MLy8w1B

ρ
�jG]�|MLBD?5dªdfejw1C A1B{KLG�� ,D�-B

�-Gj?1M
�g�xBpGJ�!Bgn�K G­r1�xej��e!?1AUBgw1� �

{c44(x2), e15(x2), ε11(x2), ρ(x2)} = {c◦44, e
◦

15, ε
◦

11, ρ
◦}f(x2),


�:�; q+;=< �
e��

c◦44
T
e◦15
T
ε◦11
T
ρ◦
C|e!?5d@AUBgCpngej?1CxdfGj?5dfBgCDT�BDd

f
BgC�dpK G � �$� � 	 ���$� ��� �)��� � � � �����!� � 	(�


�e!?�r�e!CxB
f(0) = 1

� ;Ek�BDdxdfB�O5I+r�ejd|O �gCxB�BgC�d��1MzBg? C�
1��ML�x�|sJG]KLMLC�dfB@�-GjMzC�BDKLKzBpr�BD�|�&BDd
AUB¢�0GjMz�|B A1BgC�r1�|ejN!� �DC Gj?�G]KzI8dfMzy�wUBgCgT]y8w1M+r�e!w1�x�|e!?5d�C|BD�x��ML�(A��SsDdoG]KLe!?+u®�|s4��sg�|BD?1ngB¢KLe!�xC�AUw
r1GjC|C|GjN!B@}_A1BgC¢ML?1O1ej�-e!Njsg?1sDMzdfsDC r1KLw1C¢nge!�&r1KzMLy8w1sgBDCg; �vK�GjrUr�Gj�fG��Ld£y8w1B@KLBDC£��ej?1nDd|MLe!?1C
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� MLN!wU�|Bp:�;b[ �°>p?UA1BpA1B ��KzBgw1C�dfBDML?+u �`w1K=I5GjB4��r�e!w1��K��Se7³�I�A1B@AUBp�1MLCx��wUdfO NjBg�|�-Gj?1Mzw1�
P=<7R�\�;1.)G � MLN!wU�|BEA1B�N!Gjw1noO1BH�|BgrU�|sgCxBg?5dfBpKLG`�]Gj�xM G]d|MLe!?~A1BHK Gp��MzdfBDC|CxBpGJ�!BgnHK��mGj?1N!KzBEA1B
nge!w1r�Bj;£k�BDKLKzBHA1B�A1�|e!M=dfB��-ej?8d|�|B�KLBDC¢�]Gj�|MLG]dfMze!?1C A1BDClnoO�Gj�&r1C/
�A1sgr1KLGjngBD�-BD?5d�df�|Gj?1C u
�!Bg�xC|B]T¢nDe!?5df�fG]ML?5dfB-A1B ngMzCfGjMzKLKLBD�-BD?5dJT(r�ejd|Bg?5dfMzBgK¢sgKLBDnDd|�|MLy8w1B]T°ML?1AUw1nDd|MLe!?¤sDKLBDnDdf�xMLy8w1B �
G7�jBgn�KLG�r1�xej��e!?1A1BDw1�gT�KLe!�xC|y8w1B_K G-Cxw1�x�0G]ngB­BgC�dp?1e!?�uv�&sDdoG]KLKLMzC|sDBpBDdpK/�bGj?UN!KLB`A1B�nDe!w1r�B
BgCxd

42◦30′
;

A��mMz?1O1e!�&e!N!sD?1sgM=dfs@Cxw1Mz�]Gj?5d|BgCEr�ejw1�
f
T

exp(2βx2), (βx2 + 1)2,
cosh2(βx2 + δ)

cosh2 δ
,

cos2(βx2 + δ)

sinh2 δ
,


/:+;bq+; :��
GjML?1CxM y�wUB�KLBDw1��ML?5�!BD�|C|B]T°r�BD�|�&BDdxdfBg?5d2w1?1B��xsgCxe!KLwUd|MLe!?©nge!�&r1K
�DdfB&A1w©r1�|e!�UK��g�&B&A1B
K��Se!?1A1B{A1B ��KzBgw1C�dfBgMz?+u �pw1K=I5GjB4��Bg?&CxI��&sDd|�|MLB�[j�&��; � BDC¢�&sDd|O1e�A1BgC C|ej?8d£r1�xe!r�e!C|sDBgC
r�e!wU�{r�BD�|�&BDd|d|�|BpA1B`N!sD?1sg�xBg��A��mGjwUdf�xBgCEr1�xe ��KLCDT1ngej�-�&Bpr�Gj�{B ³UBD�-rUKLB �

f(x2) =
tanh2(βx2 + δ)

tanh2 δ
,


/:+;bq+;bR �
y�wUMEG K��mG7�]Gj?5dfGjN!B C|wU�­KLBgC­rU�|sgnDsgA1BD?5dfBgC-A1B�?1B �|Gj�-GjMLC�dfBg?UA1�|B �!BD�|C&tgsD�|eQe!w �!BD�|C
K��SML? ��?UM�; 
°KzKLB�AUsgng�xMzd{wU?��-G]d|sg�|MLGjw A1ej?8dEKzBgClr1Gj�fGj���Dd|�|BDC

c44(x2)
T
e15(x2)

T
ε11(x2)

T
ρ(x2)

noO�Gj?1NjBg?5d�AZ�mw1?UB��]GjKzBgw1� Mz?1Mzd|M GjKzB
c◦44
T
e◦15
T
ε◦11
T
ρ◦

} K��SML?5dfBD�x�0GjnDB
x2 = 0}�w1?1B �]GjKzBgw1��GjCxI��&rUdfe]dfMLy8w1B

{c◦44
T
e◦15
T
ε◦11
T
ρ◦}/ tanh2 δ

T_e �
δ > 0

BDCxd�w1?
r�Gj�fG]� �4df�|B�G��xwUCxdoG]�1KLB];{�vngM�TXKzB�r1Gj�fGj���Dd|�|B

β
r�BgwUd�Gjw1CxC|M ,Ddf�xB�G��xwUCxdfs_r�ejw1�EA1sgnD�|ML�xB

Gjw1C|CxMZ�1MzBg? w1?UB��]Gj�|MLG]dfMze!?-KzBg?5dfB�A1BgC{r1�xe!r1�xMLsDd|sgC�G7�jBgnpKLG2r1�|e]��e!?1A1BDw1�gT+y�wZ�mw1?UB@�jG]�|M=u
G]dfMze!? �|Gjr1MzA1B`y�wUM�nDe!? ��?1BD�fGjM=d�K/�mMz?1O1e!�&e!N!sD?1sgM=dfspA�G]?1CHwU?1B2nDe!w1noO1B �1?1B2r1� �gCHA1B2KLG
C|w1���0GjngB]; . �SML?+¡�w1Bg?UngB�A1B�noO�Gjy8w1B�r1�|e ��K{C|w1�­KLG�r1�|e!r1GjN5G]d|MLe!?¤AUB�K/�mej?1A1B BgC�d~df� �DC
��Gj�xy8w1sgB]T�BDdEr�Bg�|�&BDd�A1B`�&e+AUM
��BD�lC|BDC�ngGj�fG]nDdfsD�|MzCxdfMzy8w1BgC�}­�!e!Kze!?5dfsj;
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� B-�0G�#ge!? C|ML�&MLKLGjML�xBjT �xB-�-B-C|w1MzC2ML?5d|sg�|BDC|Cxs }�K G�r1�|ejr�GjN5G]d|MLe!?�A��Sw1?1B ej?1A1B�AUB
F�GJI�KLBgMzN!O 
�A1Bgw�³�ngej�-r�e!CfG]?8d|BgC"�HA�Gj?1C�w1?�A1Bg�&M=u®BgCxr�GjngB2Gjw+³ �]Gj�|MLG]dfMze!?1CEB4³+r�e!?1Bg?�u
d|MLBDKLKLBDCgTZG7�jBgn~r�e!w1�@e!�	�xBgnDd|Mz�£A1B­�&e+AUsgKLMzC|BD��KLBDC@e!?1AUBgC`C|MzC|�&MLy8w1BgC�A�Gj?1CpKzBgC@�&MLKzMLBgw�³
C�df�|G]dfM ��sgC¢PmR!:�\�;��vngM+Gjw1CxC|M�K��SML?1O1ej�-e!Njsg?1sDMzdfs �xejw1B¢wU?�� � KzB¢rU�|sgr�e!?1AUsg�fG]?8dg; 
°?�r�G]�xdfMzn4u
wUKLMLBD�gT!BDKLKzBlML?5df�xe+AUw1MzdªA1B{K G@A1MzC|r�Bg�xC|MLej?­r�e!wU�°KLBgC°ej?1A1BgC A1BEF�GJI�KLBgMzN!O 
0y8w1M�Cxe!?5d ?1e!?+u
AUMLC|r�Bg�xC|M=�!BgC(Bg?_�-MzKLMzBgwpO1e!�&e!N �D?1B � T�BgKLKzB A1MLC�dfML?UN!w1B°KLB nDe+B��-nDMLBD?8d�A��mG]d|d|sg?8w�G]d|MLe!?�A1BDC
AUsgr1KLGjngBD�-BD?8d|CHAUB�nDBgw+³ A1BDC�d|�fGjn4dfMze!?1CgT�B4d�BgKLKzBpr�BDwUdE��e!�|nDBg��K��mGj�&r1KLM=dfw1A1B�}&ejC|ngMzKLKzBg�
BD? AUsgng�xe!MLCxCfGj?5dHGJ�!BDn_KLG~rU�|ej��e!?UA1Bgw1�D;

<JY



:+;X>@?1A1BDCHKzML?1sgGjML�xBgC�BD? sDK GjC�dfMzngMzd|s@KLMz?1sJG]ML�|B

:ji



� � ������
�� � �

� � �	��
 ��� � ��� ����
 � ��
 � � ������
&
 � 
 ��
 �

��� ��� ��� � ��� �����


°?~sgKLGjCxd|MLnDMzdfs¢�0GjML�1KzBg�&Bg?5d ?Ue!?+uvKzML?1sgGjML�xBjT�e!?~r�ejw1C|CxB�KzBgC°A1s4�!BDKLe!r1r�Bg�&Bg?5d|C£AUBgC sgy8w�G�u
d|MLe!?UCE}~K/�mej�|A1�xB@C|e!wUO�GjMzd|sjT�B4dEe!?�?1sgN!KzMLN!B�KLBgCld|Bg�x�-BDC�Cxw1Mz�]Gj?5d|Cg; 
°? ��' �$� 	 ��� � 	(� � �$�&%
' �)�!�����)� � r1�xe!r1�xBg�&Bg?5d2AUMzdfB]T�ej?©?1B&?1sDN!KLMzN!B~Gjw1nDw1? dfBD�|�&Bj; � e!w+dfBgC_KLBDC�Nj�fGj?1AUBgw1�xC
Cxe!?5d°ngej?1C|BD�x�!sDBgC BDdªKLBDC sgy8w�G]d|MLe!?UCªA1w��&e!wU�jBg�&Bg?5d°Cxe!?5d°A1Mzd|BgC�B4³UGjnDd|BgCD; 
 ?2N!sg?1sD�fGjK
MzK!Cg�mGjN!M=d)A1B£CxI�Cxd �g�&BgCªAZ�msDy�w1G]dfMze!?1C(Gjw+³`AUsg�|M=�!sDBgCªr1Gj�xd|MLBgKzKLBDC�?1e!?+u®KLMz?1sJGjMz�|BDC�nge!wUr1KLsDBgCg;
c�M�e!?~Cg�SML?5dfsD�|BgCxC|B�}`wU?-�-G]dfsD�|MLGjw­A1e!?1?Us 
�M�;SBj;ªwU?1BEKLe!M1AUB�nDe!�&r�e!��dfBD�-BD?8d AUe!?1?1sDB �4T
ej?�r�Bgw+dEr�Gj�x��ejMLC�d|�|e!wU�jBg�{A1BDCEC|e!KzwUdfMze!?1ClB ³1G]nDdfBDCgT��!ejML�Ek�O�G]r1Mzd|�|B�q+;£c+MZe!?�noO1Bg�xnoO1B
AUBgC A1s4��e!�|�-G]d|MLe!?1C)e!w_A1BgCª�-e!w+�!Bg�&Bg?5d|C y8w1M+B ³+MLCxd|Bg?5d°r�e!w1�)dfe!wUCªKLBDCª�-G]dfsD�|MLGjw+³�T]ej?
?UB�d|�|e!wU�jB�y8w1BHKLBgC A1s4��e!�|�-G]d|MLe!?1C°OUe!�-ejN �g?1BDC 
�ngBDKLKLBDC¢y8w1MXe!?5d¢w1?�Nj�fGjA1MzBg?5d£A1BgC¢A1s4u
��ej�|�-G]dfMze!?1C�}@nge!�&r�ejCfGj?5dfBDC ngej?1CxdfGj?5dfBgC"�4T8ngej�-�&B�K/�bG��&e!?5df�xs 
°�|Mzn ��CxBg?�
�<JY5q!q � ;°c+M
KzBgC£��G�dfsg�xM Gjw�³~C|e!?5d �)� ��� � � ������� ��� ' ��� 
�Cg�SMLKLC ?1BHr�BD�|�&BDdxdfBg?5d�y�wUB�A1BDC�A1s4��e!�|�-G]dfMze!?1C
MzC|e�noO1e!�xBgC��{GjKze!�|C�MLKZI�G­nDML?1y��0G]�-MzKLKLBDC¢AUB�AUsD��e!�x��G]d|MLe!?UClr�ejC|C|Mz�1KLBDCg;

�vKlI G�w1? A1e!�-GjMz?1B e � K��Se!? r�BgwUd&�-GjKLNj�|s-d|e!wUd~�0GjMz�|B A1BDC~r1�|e!Nj� �gC~BD? d|e!wUdfB
Njsg?1sD�fGjKzMzdfs]T�n]�mBDCxd nDBgKLwUMHA1B K G�dfO1sDe!�|MzB AUBgC � � � ����� ��� 	 � �)� ������� ��� 	�� � � ; �vnDMHej?
nDe!?1CxMLA �D�|BEw1?1B�N!�fG]?1A1BEA1sD��ej�|�-G]dfMze!?­O1e!�&e!N �D?1B{r�ejw1� w1?-Cxe!KLMzA1B{ngej�-r1�xBgCxC|ML�UKLB 
0ejw
CD�mMzK)BgCxd�ML?1nDe!�&r1�|BDC|C|Mz�1KLB]T�K��Sw1?1B�A1BgCHngMz?1y A1sD��ej�|�-G]dfMze!?1C{r�e!C|CxML�1KzBgC��{BDdHe!?�I Cxw1r�Bg��u
r�e!CxB{w1?-AUsgr1KLGjngBD�-BD?8d AZ�bGj�&r1KzMzdfwUA1B�Mz? ��?1M=dfsgCxML�-GjKLB]; 0�ML?UC|MUej?-G@d|e!wUd°A��mGj��e!�|A~w1?UB
Nj�fGj?1AUBHA1s4��e!�|�-G]d|MLe!?­O1ej�-e!N �g?1B�CxdfG]dfMzy�wUBjT8r�ejw1�¢KLGjy8w1BgKzKLB{e!?&wUd|MLKLMzC|B{KzBgC£sgy8w�G]d|MLe!?1C
B ³UGjnDd|BgC A1B K��SsgK G]CxdfMzngM=dfs ?1e!?�uvKLMz?1sJG]ML�|B �Er1w1MLC-e!?�nDe!?1C|MzA �g�xB�w1?�r�B4dfMzd��-ejwU�!BD�-BD?8d
r�e!w1��KLBgy8w1BDK�e!? KzML?1sgGj�|MzC|B�KLBgC�sgy8w�G]d|MLe!?1ClGjw �!e!MzC|Mz?�GjN!B@AUBpK G_Nj�fGj?1AUBpA1sD��e!�x��G�dfMLej?�;
k�BDC{sgy8w�G]d|MLe!?UC�C|ej?8dE�-GjMz?8d|Bg?�G]?8d£��Bg�x�-BD�-BD?5dlsDdfGj�1KzMLBgCDTUN!� � ngB�Gjw+³�B+��e!�xd|ClA1B �¢MLejd

 <7Y![5q��4TX>@N!A1BD? 
�<7Y!�]V �4T1B4d���BgGjw1ngejw1r AZ�bGjw+df�|BDCg; 
°KLKzBgC{C|B`KzMLC|BD?5d

A0jilkuk,lj = ρui,tt,

/R+;biU;=< �

e��
A0

BgC�d�KLB2d|Bg?1CxBgw1�pMz?1CxdfGj?5doGj?1s 
�y8w�G]df�xM��D�-B�ej�|A1�xB �HA1BDC`�-e�A1w1KzBgC�AZ�msDK GjC�dfMLnDMzd|sj;

°?QA1sD?1ejdoG]?8d`r1Gj�

F
KzB�N!�|GjA1MLBD?5dpA1B­K G Nj�fGj?1AUB�A1sD��ej�|�-G]dfMze!? CxdfG]dfMzy8w1BjT�CxBgC`ngej�~u

:�<



RU;X>@?1A1BDCHKzML?1sgGj�|MzC|sgBDClBg?�sgKLGjCxd|MLnDMzdfs�?1e!?+u®KLML?UsJGjMz�|B

r�e!C|Gj?5dfBDC�Cxe!?5d
A0jilk = FjαFlβ

∂2W

FiαFkβ

,

0RU;miU; :��

e �
W = W (F )

BgC�dHKLG2A1BD?1C|M=dfspA��Ssg?1BD�|N!MzBpA1B`A1sD��ej�|�-G]dfMze!?�A1w�Cxe!KLMzA1Bj;£c+M�KLBpCxe!KLMzA1B
BgCxdlML?1nDe!�-rU�|BgCxC|Mz�1KLB]T8d|e!wUd|BgClKzBgC�AUsD��e!�x��G]d|MLe!?UC£B4dl�&e!wU�jBg�&Bg?5dfClCxe!?5d{MLCxe+noOUe!�|BDCgTUnDB
y�wUM�ML�&r�e!CxB@KLBDCEKLM G]MLC|ej?1C�Mz?8d|Bg�x?1BgCEC|wUMz�]Gj?5dfBDC

A1BDd
F = 1, ui,i = 0,


/RU;miU;mR��
BDd�nge!?UA1w1MzdH}~K��SML?5df�xe+AUw1nDd|MLe!? A��Sw1? ��w1Kzd|MLr1KzMLngG]dfBDw1��A1B .)GjN!�|Gj?1N!B]T�C|e!wU�jBg?5d@AUsg?1ejd|s
p
;�.�BgCEsgy8w�G�dfMLej?1CEML?1nD�|sg�&Bg?5dfGjKLBDC{A1w �&e!wU�jBg�&Bg?5d�C|e!?5dHGjKze!�|C

A0jilkuk,lj − p∗,i = ρ∂2ui/∂t
2,


0RU;miU;mV��
e �

p∗
BDCxd�K��SML?Ung�|sD�-BD?5dEA1B

p
;

.�BDClsgy8w�G]d|MLe!?UC�ML?Ung�|sD�-BD?5doGjKzBgC�AUw �-ejwU�!BD�-BD?8dle!?5dlngKLGjML�xBg�&Bg?5d¢w1?1B@CxML�&MLK G]�|Mzd|s
G7�jBgn@nDBgKzKLBgC£A1BHK��SsgK G]CxdfMzngM=dfs{KLMz?1sJG]ML�|BEG]?1MLCxejdf�xe!r�B 
�:�;biU;=< �oTUGJ�jBgn@y8w1BDKLy8w1BgC�A1M ��sg�xBg?1nDBgC
��G��xBDw1�|BDCg; 
°?­r�G]�xdfMzngw1KzMLBD�gTjKzBgC �&e�A1w1KLBDC

A0jilk

A1sgr�Bg?UA1Bg?5d£A1BlKLG�KLe!M�A1B{nDe!�-r�e!��dfB4u
�-BD?8d 
/}Hd|�fGJ�!BD�|C

W
�(BDd AUBlK G�rU�|s4u®A1sD��ej�|�-G]dfMze!? 
0}�df�fGJ�jBg�|C

F
� T!BDd MzKLC(?1B{r�ejC|C �DA1Bg?5d

y�wUB�KzBgCECxI��&sDd|�|MLBDC{�-Mz?1BgwU�|BgC �

A0jilk = A0lkji,

0RU;miU; q��

BDd ?1e!? KLBgC�CxI��&sDd|�|MLBDC���G��xBDw1�|BDC 
/:+;miU; :��
2
; �vK@I G A1e!?1n©G r1�|Mze!�|MpV8q �&e+A1wUKLBgC

A��msDK GjC�dfMzngMzd|s-Mz?1A1sDr�BD?1A�Gj?5dfC 
�nge!?5d|�|B�:+< BD? sgK G]CxdfMzngM=dfs�KzML?1sgGjML�xB&Gj?1MLCxejdf�xe!r�B ��B4d~KLBDC
nge!�x�|BgCxr�ej?1A�Gj?1nDBgC-Bg?5df�xB�KLBDC-AUBgw+³ CxI�C�d �g�&BgC-A��Ssgy8w�G]d|MLe!?1C-?1B�C|e!?5d-r�GjC-GjwUdfej��G�u
dfMLy8w1BDCg;�>@?�r�BDwUd�nDBgr�Bg?1A�G]?8d2�|s uvsgnD�|Mz�|B~KLBDC_sDy�w1G]dfMze!?1C�C|e!w1C_K G ��e!�|�&B~r1�|sDnge!?UMLC|sDB
r�Gj�`c�d|�|e!OZT�BDd`r�Gj���!BD?1ML�`} df�|Gj?1Cxr�e!CxBg�pe!w�}�GjA�G]rUdfBD�pA1B­?1e!���U�|Bgw�³��|sDC|w1K=doG]d|CpA1w
��e!�|�-GjKLMzC|�&BHAUB���Gj�|?1B4d|d�u .�ejdfOUB4u�c8df�|ejO�;

.°�SML?5dfsD� ,4d)A1BgC��xsgC|wUKzdoG�dfC�e!�Ud|Bg?8w1C)MLnDMj�xsgC|MzA1B°A�Gj?UC(KzBgw1�xC�Gjr1rUKLMLngG]dfMze!?1CZ}lK�� ����� � � 	
�$%
��' �$� 	 ��� � 	(� T2}�K/� ������' � ��	 ���$��� �$�&% ����� 	 � ��� 	 ����� A1BgCQCxd|�|w1n4dfw1�xBgC�sDK GjC�dfe!�&sg�xMLy8w1BgC�Bg?
N!sg?1MzBgC ngM=��MLKUB4d¢GjwUdfej�-e!�UMLKLB]TjB4d�}`K��mGjnDe!w1Cxd|MLy8w1B{w1K=df�|GjC|e!?Ue!�|B{A1BDC£d|MLCxC|w1C �1Mze!KLe!NjMLy8w1BgC
�-e!wUC¢BD? � ��� � ������� ���	��� � �$�&%(' �)�!�����)� � ; .�BHr1�|BD�-MzBg�£A1e!�-GjML?1B�ngej?1ngBD�|?1B@KzBgC¢C|e!KzMLA1BDC
KLML?UsJGjMz�|BgCªr1�|s uvngej?8d|�fGjMz?5dfCgT�BDd¢ngej�|�|BDC|r�e!?1A�}�KLG`Cxr�sDngMLGjKLMzCfG]d|MLe!?­A1BDC�sDy�w1G]dfMze!?1C ML?1nD�|s u
�-BD?8dfGjKLBDCEA1Bgr1wUMLC �vr�B4dfM=dE�-e!w+�!Bg�&Bg?5dHC|w1�HN!�fG]?1A AUsgr1KLGjngBD�-BD?8d 	`�!BD�|C �vr�B4dfM=dH�&e!w+u
�!Bg�&Bg?5dHC|w1�Er�BDd|Mzd�A1sgrUK GjnDBg�&Bg?5d 	f; .�B`A1BDw+³+M��g�&B�A1e!�-GjML?1B�nge!?1nDBg�x?1B2KzBgC �xe!ML?5d|C{Bg?
nJGje!w+dfnoO1e!wUnlC|e!wUCªKLBDCªr�e!?5dfC ejw2C|ejw1C KLBDCªMz�-�&Bgw1�UKLBgC)MzC|e!KzsgC(C|MLCx�-Mzy8w1Bg�&Bg?5dJT]e!w�A�G]?1C
KLBgCp�jsgO1Mzngw1KzBgCgT�y8w1M C|e!?5d_C|e!w1�&MLC`}�A1B&N!�fGj?UA1BgC�nge!�&r1�xBgC|CxMLe!?UCg; .�B~df�xe!MLCxM��g�&B�A1e�u
��GjMz?1B��xBgnDe!w1�xdH}�KLG2dfO1sDe!�|MzBpML?1nD�|sg�&Bg?5dfGjKLB@ngGj�ldfejw1C{KLBDCldfMLCxC|w1C{�&e!w1C{Cxe!?5dEC|e!wU�-MzC
}�A1B­N!�|Gj?1A1BDC@nge!?5d|�fGjMz?8d|BgCp�xsgC|MzA1w1BDKLKLBDC�A�G]?1CpKLB_nge!�xr1C`Gjw �xBgr�e!CgT�B4d`} A1B�N!�|Gj?1A1BDC
A1sD��e!�x��G�dfMLej?1ClBg?�C|BD�x��MLnDBj;
:!:



RU;X>@?1A1BDCHKzML?1sgGj�|MzC|sgBDClBg? sgKLGjCxd|MLngM=dfsH?1e!?+u®KLML?UsJGjMz�|B

�(� � �	�#

��� 
�� ����� � ��� � � � 
�� ��� ����� � � ����

��� ��� � ��� �
��� ��� � ����������� � 
�!%� � ! � �(!'� � ,

� B�?1e!�2�1�|BDw+³ r1�|ej�1K��D�-BDC&ej?8d-sDd|s �xsgCxe!KLw1C&A�Gj?UC�KLB�A1ej��GjMz?1B A1BDC�e!?1AUBgC&ML?1nD�|s4u
�&Bg?5dfGjKLBDC�A��SML?5dfBD�x�0GjnDBjT+nge!�&�-BHK��SB4³+r�e!C|BHK��mGj�xd|MLngKzBEA1B@�|B4��w1Bpr�Gj� �`w1t 
�:ji!i!: �4T8�-GjMLC
A1Gj?1CªKzBgw1�(y8w�GjCxM=u®d|ejdoG]KLMzd|s°MLKzC(Cxe!?5d KzML�&MzdfsDC�}�K/�ms4dfw1A1B£A1BDC �$� ����� � � �)� � � � ��' ��� T�KLej�|C|y8w1B
KLG�AUML�|BDnDd|MLe!?�A1B&r1�|e!r1GjN5G]d|MLe!?QBDd2K G A1Mz�|Bgn4dfMze!?©AZ�bG]dxdfsD?�w1G]dfMze!? Cxe!?5d�GjKzMLN!?UsgBgC�GJ�!BDn
AUBgw+³©A1BDC_A1Mz�|BDnDdfMze!?1C`r1�xML?1nDMLr�GjKzBgCpA1B&K G N!�|Gj?1A1B~r1�xs4u®A1sD��e!�x��G�dfMLej?�; .)G�Cxd|�|w1n4dfw1�xB
AUBgC{sgy8w�G�dfMLej?1C{BgC�d�GjKLe!�xC�CxML�&MLK G]ML�|B�}�nDBgKLKzB@A1BDC{sgy8w�G]d|MLe!?1C{r�e!w1��w1?1Bpe!?1AUBpBg?�sgKLGjC�u
d|MLnDMzdfs`KzML?1sgGjML�xBpe!�xd|O1ejdf�xe!r�BjT�KLe!�xC|y8w1B�K G~A1ML�xBgnDd|MLe!? A1B2rU�|e!r�G]N5G]dfMze!?�BDd�K G~A1ML�xBgnDd|MLe!?
AZ�bG]dxdfsD?�w1G]dfMze!?�C|e!?5dHGjKLMzN!?1sDBgCEGJ�!BDn_A1BDw+³ G�³+BgCEA1B`C�I+�&sDd|�|MzBj;

� G]?1C¢KzBEnJGjA1�xBEA1BgC£e!?1A1BDC¢rU�|ML?UngMLr1GjKLBDCgT �D�mGjM1sDd|w1A1Mzs�KLGpr1�|e!r1GjN5G]d|MLe!?­A��Sw1?1B�e!?1AUB
G]nge!w1C�dfMzy�wUB­}�K��SML?5d|Bg�x�0G]ngB2AZ�mw1?�AUBg�&M=uvBDC|r�G]ngB2BD�-rUKLM)A��Sw1?�C|e!KzMLA1B_A1sD��ej�|�&s2BDd�A��Sw1?
AUBg�&M=uvBDC|r�G]ngB�Bg�&r1KLMEA��Sw1?�¡�wUMLA1B��+MzC|y8w1BDw+³�; .)G A1M �-nDw1Kzd|s rU�|ML?UngMLr1GjKLB MzngM��|sgCxMLA1B
A1Gj?1C@KLG&�xsgngej?1ngMzKLM G�dfMLej?�TX}�K��SML?5d|Bg�x�0G]ngBjT�A1BDC�noO�Gj�&r1C .)GjNj�fGj?1NjMLBg?UCHwUd|MLKzMLC|sDCHr�e!w1��KLB
Cxe!KLMzA1B@GJ�jBgn`KLBDClnoO�Gj�&r1C 
°w1KLsD�|MzBg?1Clw+dfMLKzMLCxsgC�r�e!w1��KLB�¡�wUMLA1B];�.(G��&ejd|Mz�]G]dfMze!?&A1BpngBDC
d|�fGJ�]Gjw+³ sDdoG]Mzd{A1B@d|�|e!w+�!Bg�EA1BDC{�|sDC|w1K=doG]d|C{r1�|sDKLML�&ML?1GjML�xBgC£r�e!wU�lK G��&e+AUsgKLMzCfG]d|MLe!?&A1BDC
Mz?1Cxd|�|w1�&Bg?5d|C{}2w1K=df�fG]C|e!?1C�ML?5df�|G�u®�]GjCxngw1KLGjML�xBgC 
0ML?5d|Bg�x�0G]ngB@G]�xd �D�|B/22C|Gj?1N � ;�.°�bGj?1GjKzI�C|B
�&e!?5df�xB�y8w��mGjw+³�O�GjwUd|BgCª���xsgy8w1Bg?UngBgC wUd|MLKzMLC|sDBgC�Bg?­ML�-GjN!BD�|MzB£�&sgAUMLnJG]KLB 
�dvI�r1MLy8w1BD�-BD?5d
<Ji�� ��t �4T�K��Se!?1A1B�BgC�d@�|Gjr1MLAUBg�&Bg?5d@G�d|dfsD?8w1sgB�Cxw1��wU?1B�r1�xej��e!?1A1BDw1��y�wUMª�|BDr1�|sDC|BD?8d|B
�&e!Mz?1CEA1B�< 2jqji	��

�lA1B_K��Ssgr�G]MLC|CxBgw1��A��Sw1?1B2Gj�xd �g�|B]TZB4d�y8w1B_K��Se!?�r�BgwUd�A1e!?1n�?1sDN!KLMzN!Bg�
KLG�nge!wU�|�1w1�xB_B4d�K��Ssgr�GjMzC|CxBgw1� ��?UMLBpA1B`ngB4d|d|B_A1BD�|?1M
�g�xBj;

� G]?1C_KzB�nJG]A1�|B~A1BDC_e!?UA1BgC`?1e!?�uvr1�xML?1nDMLr�GjKzBgCDT �D�bG]M �-MzCpKLBDCpsgy8w�G]d|MLe!?1CpAUw©�&e!w+u
�jBg�&Bg?5d�C|e!wUC_KLG���e!�|�&B�A1B-c�d|�|e!O�T�B4d �D�bGjMªr1wQ�|sgCxe!w1A1�xB-AUB­?1e!���1�xBgw+³�r1�|e!�UK��g�&BgC
Nj� � nDB~Gjw+³QsDy�w1G]dfMze!?1Cp��e!?1A�G]�-BD?8dfGjKLBDC 
�:�; :+;=< � ; 0�Mz?1C|M°e!?Qr�BgwUd`�xsgCxe!w1A1�xB-BD?8d|M��D�|B4u
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FEMz��KzML? 
0C|ejwU�!BD?8d@wUdfMzKLMLCxs`r�e!wU���&e+A1sDKLMzC|Bg�EKzB_ngGje!wUd|noO1e!w1n �HA1sD��ej�|�&sjTZwU? r1�|ej�1K��D�-B
rU�|e!r�e!C|s`r�G]� � K GJ��ML? 
 <7Y![!R���B4dE�|BDCxdfs�e!wU�jBg��dJ;
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BDC|r�G]ngBgCDT¢�0GjM=dfC�AUw � ,g�&B �-G]dfsD�|MLGjw¤O5I�r�BD�|sgKLGjCxd|MLy8w1B]T¢e!?5d­s4dfs�C|w��xBDdfC&} KLG � ,D�-B
rU�|s4u®A1sD��ej�|�-G]dfMze!?�GJ�!BDn&dfGjw+³QA1B~A1MzK G]dfG]dfMze!?�rU�|ML?UngMLr1Gjw+³
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0noO�Gjw ��GjNjB
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x1 = X1

T
x2 = X2

T
x3 = X3 + γX1

T°e �
γ
BDCxd~K G�y8w�Gj?5dfM=dfs A1B�ngMLC|GjMLKzKLBD�-BD?8d�� �-ej?¤r�BDwUd

r�BD?1C|BD��r�Gj�£B4³+BD�-r1KzB�}�w1? G]�1C|e!�x��BDw1��AUBHCxBgngejw1C|CxBgC{C|MzC|�&MLy8w1BDC¢Cxe!w1C�wU? � � d|ML�&Bg?5dJ;
�`� � ngBQ} K��mGjnDe!w1Cxd|e]uvsDK GjC�dfMzngMzd|sjT{e!? r�BgwUd�A1s4dfBD�|�&ML?1BD� C|e!? sDdfG]d�A1B�A1s4��e!�|�-G]dfMze!?�;
0�ML?UC|M�T�K G��+M=dfBDC|C|B@�]Gj�xMLBHBg? ��e!?1n4dfMze!? A1BpK/�bGj?UN!KLB�A1Bpr1�xe!r�GjN5G�dfMLej?�BDdlA1BpK G�y�w1Gj?5dfMzd|s
A1B¢nDMLC|GjMLKzKLBg�&Bg?5d �)r�Gj�(B4³+BD�-r1KzBjT]KLBgC(�-G�³+ML�-GlBDd��-Mz?1ML�-GlA1B�KLGE��M=dfBgCxC|B¢A1B¢K/�mej?1A1B£A1B
C|w1���0GjngBEe!?5d£KLMzBgw­A�Gj?UC£KzBgC°A1Mz�|BDnDdfMze!?1C°A1BEr1Kzw1C N!�fG]?1A1BgC A1MzK G]dfG]dfMze!?2B4d£nge!�&r1�|BDC|CxMLe!?�T
�|BgCxr�BDnDd|Mz�!BD�-BD?5dJTXA1e!?5d�e!?�r�BDwUd�A1e!?1npd|�|e!wU�jBg�EK��Se!�xMLBg?5dfG]dfMze!?�;
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� MLN!wU�|B_RU; : � 0H�xd �g�|B2C|e!w1�&MLCxB�}�wU? N!�fG]?1A�ngMzCfGjMzKLKLBD�-BD?5d �E�]Gj�xM G]d|MLe!?�A1B�KLG&��Mzd|BgCxC|B

0?1e!�x��G]KLMLCxsgB¢r�Gj�°�fG]r1r�ej�xd£}pngBDKLKLB{AZ�mw1?UB�ej?1A1BEA1Bl�!ejKLw1�&B �ªA��Sw1?1BEe!?UA1B�Gjnge!wUCxdfMzy8w1B
A1B-Cxw1�x�0G]ngB&Bg?©��ej?1nDd|MLe!?QA1B&K G�y8w�Gj?5dfM=dfs~A1B&ngMLC|GjMLKzKLBD�-BD?8dg;->p?Q�!ejMzd�y8w1B�KLG�r1Gj�|e!M
Gj�xd|sg�|MzBgKzKLB{A��Sw1? O1e!�&�&B�AUBpWji�G]?1C�CxB � �xMLN!MzA1M
�1B 	 
 < �g�xB@GjC�I��-rUd|ejdfB��!BD�xdfMznJGjKzB �°�1MLBD?
G7�]Gj?5d­y8w1B nDBgKzKLB�AZ�mw1? O1ej�-�&B�A1B :]VQGj?1C 
/: �g�&B GjC�I��-rUd|ejdfB �4;Q�vngM/T K��mGj��d �g�xB BgC�d
�-e�A1sgKzMLCxsgB�r1Gj�lKLB��-e�A �gKzB�A1B
�pBg?5dgT1y8w1M��|BD?1A df� �gC{�1MzBg? ngej�-rUd|B@A1w��fG]MLA1MzC|C|BD�-BD?5d
A1BgC{�!BDML?1BDCHCxe!w1CEK��SB+��BDd�A��Sw1?1Bpd|Bg?1CxMLe!?�;

:]V



RU;X>@?1A1BDCHKzML?1sgGj�|MzC|sgBDClBg? sgKLGjCxd|MLngM=dfsH?1e!?+u®KLML?UsJGjMz�|B

ej?�s4dfw1AUMLB@K/�me!?UA1BpA1B�c�d|e!?1BgKzBDI-�!e7I5GjNjBJGj?5d�KLB@Kze!?1N�AUB�KLG2�1MzC|C|BDnDd|�|MLnDBpA1BpK��mGj?1NjKLB�AUB
AUsgnJG]K GjN!B]TªKze!�|Cxy�wUB�KLBDC2A1Mz�|BDnDdfMze!?1C�r1�|Mz?1ngMzr�GjKzBgC�A��mwU?¤C|e!KzMLA1B&?1B-C|e!?5d­r�G]C�GjKzMLN!?1sDBgC
GJ�jBgn�KLBgCEA1Mz�|BDnDdfMze!?1ClrU�|ML?UngMLr1GjKLB@AUB�K/�bG]wUdf�xBpC|e!KzMLA1B]TU�!e!Mz� � MLNjw1�|B@VU; :+;�.°�mGj?�GjK=I�C|B`BgC�d
AUsD�!BDKLe!rUr�sDB BD?8d|M��D�|Bg�&Bg?5dgT �xw1C|y8w��m}©K/�ms4doGj�UKLMLCxC|BD�-BD?8d~AUB�K/�msDy8w�G]dfMze!? A1B�K G ��MzdfBDC|CxB
Cxe!w1C)��e!�|�&B B4³+r1KzMLngM=dfB]; 
°?_r1�|BD?�Gj?5d KLG{��M=dfBgCxC|B¢sgN5GjKzB£}�tDsg�|eHA�Gj?1C(ngB4d|d|B¢A1BD�|?1M
�g�xBjTjej?
ej�UdfMzBg?5d(KLB£ng�|M=d �D�|B A1B��UMz��w1�xnJG]d|MLe!?�T7y8w1M�A1e!?U?1B¢KzB°doGjw+³_A1B£ngej�-r1�xBgCxC|MLej?_nD�|Mzd|MLy8w1B£Gjw+u
AUBgK }�A1w1y8w1BDK�KLG_Cxd|�|w1n4dfw1�xBjT+BDd¢A1e!?1nHKLB �xe!ML?5dJT8A1B4��MLBg?U?1Bg?5d{Mz?1CxdfGj�1KLBDCgT5�!ejML��k�O�Gjr1M=df�|B
VU;
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�U�mGjM8sDd|w1A1Mzs¢A1BDCªe!?UA1BgC�ML? ��?UMzdfsDC|Mz��GjKzBgC�AUBlF�G7I�KzBgMLNjO�ejw2A1Blc�dfe!?UBgKLB4I`C|B¢r1�|e!r1GjN!BJG]?8d
A1Gj?1C@A1BDCpA1Bg�&M=u®BgCxr�GjngBDCp�|BD?1A1w1C`Gj?UMLC|e]df�|ejr�BDC�r�Gj��A1B�N!�|Gj?1A1BDCpA1sD��e!�x��G�dfMLej?1CHC�doG�u
d|MLy8w1BDC O1ej�-e!N �g?1BDC�Kze!�|Cxy8w1BQKLBgC��-G]dfsD�|MLGjw+³�Cxe!?5d�Cxw �xBDd|C�} w1?1B ' � ����� �$� �)� 	
��� � �
MzC|ejd|�|e!r�B�Gj�|�UMzdf�|GjML�xBj; .°�mMz?8d|sg� ,Dd¢A1B�nDBgC�s4dfw1AUBgC�BDCxdl}�KLG`��e!MzC B4³+r�sD�|Mz�-BD?8dfGjK �ªKzM GjMzC|e!?
AUB ��BgKzKlr�ejw1��A1BDC&�&sDdfGjw+³¤�|BgnDw1Mzd|C�dfBDKLC­y8w1B�GjKLwU�-Mz?1MLw1��T(ngw1M=�+�xBjT£tgMz?1n ��KzM GjMzC|e!?
AZ� 
°�|Mzn �8C|Bg? r�e!wU��AUBgC�ng�|MzCxdfGjw+³Q�-GjngKzsgC ��KLM G]MLC|ej? A��mGjML�xB&r�e!w1�pKzBgC`�&Bg���1�|Gj?1BDC�AUB
NjKLe!�1wUKLBgC{�xe!w1N!BDCgT�B4dfnj; �XBDd�dfO1sDe!�|Mzy8w1B �£KLG­KLM G]MLC|ej? A��SML?1nDe!�-rU�|BgCxC|Mz�1MLKzMzdfsHBgC�d�BD? B��ZB4d
B ³+ngBgr+dfMLej?1?1BgKzKLB�nJGj�£K G`r�Gj��dfMzB�AUw�dfBD?1C|BDw1��A1BDC�nDe!?5df�fG]ML?5dfBDC�y8w1M�KLw1M�BDCxd{G]C|C|e�ngMzsgB�BgC�d
Cxr1O1sD�|MLy8w1B]TXngB`y8w1M�?��SBgCxdHr�GjCE?1sDngBDC|CfG]ML�|BD�-BD?5d�KzB@nJGjC�r�e!w1�{w1?1B`KzM GjMzC|e!? Njsg?1sD�|MLy8w1B];
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.�e!�xC|y8w��Se!? sDd|w1A1MLB�KLBgC­ej?1A1BgC­AUB��!e!Kzw1�&BjT°e!? Cg�SML?5d|sg�|BDC|CxB�BD? N!sg?1sD�fGjK�Gjw+³¤e!?1A1BDC
OUe!�-ejN �g?1BDCgT8r�e!w1�°KLBDC|y8w1BDKLKLBDC K��mGj�-rUKLMzd|w1A1B¢�|BgC�dfBEngej?1CxdfGj?5dfB 
 � MzN!w1�|BER+;bR

1
�ªe!w&�]Gj�xMLB

A1Gj?1C�K G�A1ML�xBgnDd|MLe!?QA1B-r1�|ejr�GjN5G]d|MLe!?	
 � MLN!wU�|B~RU;mR
2
� ; ��G]d|O1sg�-G]dfMzy8w1Bg�&Bg?5dJT(e!?©KLBgC

�xBgr1�xsgCxBg?5dfB_r�Gj�{A1BDCHA1sDr1K G]ngBg�&Bg?5d|C�AUB�KLG2��e!�|�&B

u = a
B�� ω(sn·x−t) +

n];mn];
,


0RU;bR+;z< �
e��

a
BgCxd KzB��!BDnDd|Bgw1� 
/}@nDe!�-r�e!C|Gj?5dfBgC°�xsgBDKLKLBDC���AUB{r�e!KLGj�|MzCfG]d|MLe!?ZT

ω
BDCxd£K G�rUw1KLC|G]dfMze!?�T

n
BgC�d_KzB2�!BDnDd|Bgw1��w1?1M=doGjMz�|B 
0} nge!�&r�ejCfGj?5dfBDC`�|sgBDKLKzBgC���A�Gj?1C`K G AUML�|BDnDd|MLe!?�A1B­rU�|e!r+u

G]N5G]dfMze!?�T�B4d
s
BgC�d2KLG KLBD?8d|Bgw1�`CxnJGjKLGjML�xBj;��@w�Gj?UA

s
BDd
ω
C|e!?5d��|sDBgKLKzBgCDT(K/�bG]�-r1KzMzd|w1A1B

?UB��]Gj�xMLB`r�GjC���y8w�Gj?UA
ω
BDCxd�nge!�&r1KLB ³+BjTXK��mGj�&r1KLM=dfw1A1B�BgCxd�G]dxdfsg?8w1sDB�GJ�!BDn2KzB�d|Bg�&r1C��

y8w�G]?1A
s
BgCxd�nDe!�-rUKLB4³+B]T1K��mGj�&r1KLM=dfw1A1BHBgC�d�G]�-e!��dfMzB 
0e!w�Gj�&r1KzM
��sDB ��GJ�!BDn_K/�mBDC|r�G]ngBj;

k�e!�&�&B�e!? K/�bG��+wZT1KLBDC�e!?1AUBgC �)��� � � � ����� ��� �xe!w1BD?8dlw1? � � KzB�r1�xsgr�e!?1A1sD�fGj?5d{BD?
sDK GjC�dfMzngMzd|sj;(²�ejw1�ªnDBgC e!?UA1BgCDT!K��mGj�&r1KLM=dfw1A1B��jG]�|MLB£C|Mz?8w1C|e!MzA�GjKzBg�&Bg?5d(A�Gj?1C�K GEA1ML�xBgnDd|MLe!?
AUB�r1�|e!r1GjN5G]d|MLe!? BDd BDCxd�G]dxdfsg?8w1sDBQA�Gj?1C wU?1BQGjwUd|�|B A1Mz�|BDnDdfMze!?�T{�!ejML� � MLN!w1�xB RU;SV1;
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� MLN!wU�|BpRU;mR �£>@?1A1BDCHAUB`�je!KLwU�-BpO1ej�-e!N �g?1BDC

e!?1A1BQML?UO1e!�&e!N �g?UB BgC�d�w1?UBQdfGjnoO1B�Gj�xA1w1BjT�A1w �0G]Mzd�A1BDC�?Ue!���1�xBgw1CxBgC�A1ML�xBgnDd|MLe!?UC
BDd`ML?Unge!?1?8w1BDCg; � ?1B~r1�|e�ngsDA1w1�|B~C�I+C�dfsD��G]d|MLy8w1B~A1B~�|sDC|e!KzwUdfMze!?QG sDd|s~sgK G]��e!�xsgB­r�G]�
��e!w1KLGj?1N!BD��BDd ��GJI!BDC 
�<7YjY!R��4T�BD?2r�Gj��doGj?5d�A1B£K GE�|BgrU�|sgCxBg?5doG�dfMLej?2C|wUMz�]Gj?5dfB£A1BgC�e!?1A1BDC
ML?1O1ej�-e!N �g?1BDCgT

u = A
B � ω(S·x−t) +

nj;Snj; 
/RU;mRU;b: �
�vngM�T�KzB �jBgn4dfBgwU�ªA1B r�e!K Gj�xMLC|G]dfMze!?

A
r�BgwUd ,Dd|�|B ngej�-r1KzB4³+BjT�A1B£� ,D�-B°y8w1B£K G{r1wUKLCfG�dfMLej?

ω
BDd°KzB£�jBgn4dfBgwU�°A1BgC KzBg?5dfBDw1�|C

S
; .�BDCª�!BDnDdfBDw1�|C nDe!�-rUKLB4³+BDCªC|ej?8d°Gjr1r�BgKLsDC � ������� 	
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BDd_KLBgwU�2GjKzN �g�U�|B&BgCxd2r�Gj����e!MLC`A1sD�|e!wUdfGj?5dfB �­GjML?UC|M A1Bgw�³ �UMz�!BDnDd|Bgw1�xC
A
BDd

B
r�Bgw�u

�!Bg?5d ,Dd|�|B }�KLG���ejMLC � r1Gj�fGjKzK��DKLBgC 	*

A × B = 0

��BDd&e!��dfO1ejN!e!?�Gjw�³ 

A · B = 0

�
nge!�&�-B

A = (1,
M
, 0)

B4d
B = (2

M
,−2, 0)


�y�wUM¢r1Kzw1C2BDCxdgT°ngBgC2A1Bgw+³©�!BDnDd|Bgw1�xC­Bg?
r�Gj�xd|MLnDw1KLMzBg�`C|e!?5d �vMLCxejdf�xe!r�BDC 	 �

A · A = B · B = 0
; � � ?1B���ejMLC2nDBDdxdfB GjKzN �g�U�|B

GjC|CxML�&MLKLsDBjT�K��Se!�Ud|Bg?5dfMze!? BDdEKLG�ngK G]C|C|M ��nJG�dfMLej? CxI�Cxd|sg�-G]dfMzy8w1B`A1B@dfe!w+dfBgCEKzBgC{C|ejKLwUd|MLe!?1C
C|B`A1sg�xe!w1KzBg?5d�A1Bp�0G�#ge!?�?�G�dfw1�xBgKLKzBj;

0HML?1CxM �D�bGjMprUw e!�Ud|Bg?1Mz��d|e!wUd|BgC�KLBgC�C|ejKLwUd|MLe!?1C�A1B�K G ��e!�x�-B	
/R+;bRU;b: � r�e!w1��w1?
��G]d|sg�xM Gjw�A1B � e�e!?1B4I5u FEMz��KLMz? 
�ML?1nDe!�-rU�|BgCxC|Mz�1KLB �)A1s4��e!�|�&s@Pmq�\UBDd r�e!w1�ªw1?��-G]dfsD�|M G]w
A1B ��GjA1Gj��G]�|A 
0nDe!�&r1�|BDC|C|Mz�1KLB �_A1s4��e!�|�&s�PS[]\�; � B r1Kzw1C �D�bG]MlsDdfGj�1KLM¢y8w1BgK�dvI�r�B�A1B
��G]d|sg�xM Gjw�T�w1?1B­��e!MzC@A1sD��ej�|�&sjT�r�Bg�|�&BDd@K G r1�xe!r�GjN5G�dfMLej? A��Se!?1A1BDC_r1KLGj?1BDC � KLej?1N!Mzd|w+u
A1ML?�G]KLBgC 	 


A × S = 0
��A1Gj?1C{dfe!w+dfBgCEKzBgCEA1ML�xBgn4dfMLej?1C`P=<JY]\�;

.�BDC@Gjr1rUKLMLngG]dfMze!?1CEA1B_K G&d|O1sgej�|MLB�A1BDC@e!?1A1BDC�Mz?1O1e!�&e!N �D?1BgC�C|e!?5dpMz?1?1e!�2�1�fGj�UKLBgC
nge!�&�-B�e!? r�BDwUd&KLB ngej?1CxdfG]dfBD�&MzngMlB4d&r�Gj�­B4³+BD�-r1KzB�}�K G�KLBDnDdfwU�|B A1B�K��mGj��dfMLnDKLB-A1B
�|BD��w1B`r�G]� � BgngKzBg�xn�B4dHGjK�; 
/:ji!i5q��4;

:j[



RU;X>@?1A1BDCHKzML?1sgGj�|MzC|sgBDClBg? sgKLGjCxd|MLngM=dfsH?1e!?+u®KLML?UsJGjMz�|B

� MLN!wU�|B`RU;SV �£>@?1A1BDC�AUB`�je!KLwU�-BpMz?1O1e!�&e!N �D?1BgC

:jW



RU;X>@?1A1BDCHKzML?1sgGj�|MzC|sgBDClBg?�sgKLGjCxd|MLnDMzdfs�?1e!?+u®KLML?UsJGjMz�|B

:j�
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k��SBgC�d r1�|Mz?1ngMzr�GjKzBg�&Bg?5d �¢MLejd-
�<7Y![!q �)y8w1M1G�ML?1M=dfMzs¢K/�ms4dfw1A1B�A1BlK�� �)� � 	�� � �)' � 	 � �)� ���"��� ���&%
	���' � ;°c�e!?­r�ejML?5d A1B¢�+wUBlBgC�d y�wUB{C|M1G]w2�!e!MzC|Mz?�GjN!B¢A��mwU?1B{N!�fG]?1A1BlA1s4��e!�|�-G]d|MLe!?�T�C|ejKLw+u
d|MLe!?2A1BgC°sDy�w1G]dfMze!?1C A1B�K��Ssgy8w1MLKzML�1�xBjT�e!?­r�BgwUd d|�|e!w+�!Bg�°wU?­sgy8w1MLKzML�1�xB�G]A �|GjngBD?5d 
0e!w�BD?
K/�me�ngnDw1�|�xBg?1nDB�w1?UB�ML? ��?1Mzd|s~A��bG]wUdf�xBgC�sDy�wUMLKLMz�1�|BDC`nJGj�_KLBgC�sgy8w�G�dfMLej?1C_Mz?1ng�xsg�&Bg?5doG]KLBgC
Cxe!?5d�KLML?UsJGj�xMLC|sDBgClB4d�K GjMzC|C|BD?5d�Gj�|�1M=df�|GjML�xB�K��mGj�&r1KLM=dfw1AUBHA1B`KLG�r�BD�xdfwU�|��G]d|MLe!?&�4T1G]KLe!�xC{MLK
I G~Mz?1CxdfGj�1MzKLMzd|sj;

>@? r�BgwUdpGjw1C|CxM�r1Gj�xd|ML��A1BgC@sDy8w�G]dfMze!?1CHML?1nD�|sg�&Bg?5dfGjKLBDC�A1w �&e!wU�jBg�&Bg?5dJT�r1KLw+d � d
y8w1B~A1B­K/�msDy8w1MLKzML�1�xBjTZB4d`r�Gj���!Bg?UML�`} K G � ,g�&B�nDe!?1ngKzw1C|Mze!?�; 0�ML?UC|Mªr1Gj�pB4³+Bg�&r1KzBjT�K G
��M=dfBgCxC|B`A��Sw1?1Bpe!?UA1BpA1BpC|wU�x�0GjnDBpr1�|Mz?1ngMzr�GjKLBHA�Gj?1C{wU?�Cxe!KLMzA1B�AUB � e+ej?1BDI5u FEMz��KzML?�BD?
rU�|s4u®A1sD��ej�|�-G]dfMze!? r1K G]?1BpBgC�dHAUe!?1?1sDB�r1Gj� �

c2 = 1 − σ2
0λ

−4,

0VU;biU;=< �

e��
σ0 ' 0.2956

BDCxd`K G �|GjngMz?1B��xsgBgKzKLB�AUB
σ3 + σ2 + 3σ − 1 = 0


 � KLGJ�+Mz?�Tª<JY![!R�� ;
�vnDM

c
BDCxd�KLG���Mzd|BgCxC|B�AUB�K��Se!?1AUB-A1B-C|w1���0GjngB-?1e!�x��GjKzMLCxsgB~r�Gj���fGjrUr�e!��d_}�K G ��MzdfBDC|CxB

vT

AUB_K/�me!?UA1B`O1e!�&e!N �g?UB�AUB_nDMLCfG]MLKLKzBg�&Bg?5dlB4d
λ
BDCxdHKLBpdoG]w+³�A1B�A1MLKLG]doG�dfMLej? A�Gj?1C�K G

AUML�|BDnDd|MLe!?�A1B­rU�|e!r�G]N5G]dfMze!?�; 0
λ = 1

T�KLB�Cxe!KLMzA1B�BDCxd`MLCxejdf�xe!r�B�BDd
c2 ' 0.9126

TZK G
�]GjKzBgw1�@d|�|e!w+�!sgB~r�G]� .�e!�xA�FHGJI�KLBDMLN!O 
 <7�!�5q ��r�e!wU�pKLBgC`Cxe!KLMzA1BgCpKzML?1sgGjML�xBgC�MzC|ejd|�|e!r�BgC
Mz?1ngej�-r1�xBgCxC|ML�UKLBgCD; .)ej�|C|y8w1B

λ → ∞
T)K G ��Mzd|BgCxC|B&A1B~K��Se!?1A1B~A1B~C|wU�x�0GjnDB&d|Bg?1AQ�!BD�|C

KLG��+M=dfBDC|C|B�A1B�K��Se!?1A1B`O1ej�-e!N �g?1B`A1B`ngMzCfGjMzKLKzBg�&Bg?5d 

c→ 1

�4;�k�Bgr�Bg?UA�Gj?5d@Kze!�|Cxy�wUB
λAUsgng�xe �LdgT

c2
A1sDng�|e �LdJT �xw1C|y8w��m}�tDsg�|e�y�wUM�BgC�d­G]dxdfBDML?5d2r�e!w1�

λ ' 0.544
; 0µngB 	�� � �

������� � � � ����� ���$� ��� � 	 ���	� � T�K��Se!?1A1B�?1B2CxB�r1�xe!r�GjN!B�r1Kzw1CgT�BDd�e!?��xBDdf�xe!wU�jB�KLBDCHA1s4��e!��u
�-G]d|MLe!?1CHML?1nD�|sD�-BD?8dfGjKLBDC�C�doG]d|MLy8w1BgCpAUB ��MLe]dJ;�>@?�A1Mzd@y�wUB­KLB2AUBg�&M=uvBDC|r�G]ngB2¡XG]����B
Kze!�|Cxy8w1Bly8w��SMLK1BDCxd°nDe!�-rU�|ML�&s�AUB{V5[ � ; 0Hw+uvA1BDK }�AUB{ngBldoG]w+³�T

c2 < 0
B4d A1e!?1n�K G�r�Bg� u

d|w1�|�1G]dfMze!?�T1y8w1M)BgC�d�rU�|e!r�e!�xd|MLe!?U?1BgKzKLB@}~B � k(x1−cvT t) T1�]G~ng�|e �Ldf�xB`B4³+r�ej?1Bg?5dfMzBgKzKLBg�&Bg?5dGJ�jBgn
t
;

�vK£BgC�d�A1e!?Un-nDK GjMz��y8w1B-K��SsDd|w1A1B&A1BgC_e!?1A1BDC2ML?Ung�|sD�-BD?5doGjKzBgC�A��mMz?5dfBg���0GjngB&r�Bg�|�&BDd
AUB��0G]ML�|B AUBgC&r1�|e!Nj� �gC~B4d-AUB�Njsg?1sD�|Bg�&w1?1B�s4dfw1A1B�A1B�K��SML?UCxdoG]�1MLKzMzdfs&CxdfG]dfMzy8w1BjT£dfe!wUd
CxML�&r1KLBD�-BD?5d¢BD? r1�|BD?�Gj?5d{KLG���Mzd|BgC|CxB@sgN!GjKLBH}2tgsD�|e�A1Gj?1ClKzBgC�sDy8w�G]dfMze!?1CD; �vK�I-G�GjwUC|C|M

:]Y



V1;Xc�dfGj�1MLKzMzd|s�Bg?�sgKLGjCxd|MLnDMzdfs�?1e!?+u®KLML?UsJGjMz�|B

A1BgC¢nJGjC¢A��ms4dfw1AUB�A1BHK��SML?1C�doGj�1MzKLM=dfs�e�� K��Se!?&?1B�r�BgwUd¢wUd|MLKLMzC|BD�£AUBgC�Cxe!KLw+dfMLej?1C CxdoG�dfMLy8w1BDC
ML?1nD�|sg�&Bg?5dfGjKLBDCgTZB4dpe ��K/�me!?�BgCxd`ej�1KLMzN!s_AUB2�0GjML�xB�GjrUr�BDK } A1BDCpC|e!KzwUdfMze!?1C�ML?1nD�|sg�&Bg?�u
doGjKzBgC ���$� � � ���	� ��� T!nge!�&�&B�r�Gj�ªB4³+Bg�&r1KLB�r�e!wU�ªK��SsDd|w1A1BlAUB{K��SML?1C�doGj�1MzKLM=dfs°A��SML?5dfBD�x�0GjnDB
KLe!�xC|y8w1B@K/�mw1?�A1BgC{A1BDw+³ CxBg�&M=u®BgC|r1GjngBDC{BgCxdlBg�&r1KLM�A��Sw1? ¡�w1MLAUB 
0y8w1M�?��bG]A1�-B4d{r�GjC�A1B
noO�Gj�&r1CEA1B`A1sD��e!�x��G�dfMLej? CxdfG]dfMzy�wUB �4;


°? �1?_e!?p?UejdfB°y8w��SMLK!B ³+MLCxd|B°��BgGjw1nDe!w1r�A��bG]wUdf�xBgC�dvI�r�BDC(AZ�mMz?1CxdfGj�1MLKzMzd|sgC�sgK G]CxdfMzy8w1BgCDT
?1e!?�AUsgng�xMzd|BgClr�G]�¢K/�bGjrUr1�|e�noO1B�Mz?1ng�xsg�&Bg?5doG]KLBjT8nDe!�-�&B�K��SML?1C�doGj�1MzKLM=dfslA1BHr�ejML?5dxu®KLML�&Mzd|B
r�e!wU��A1BgC~�&Bg���U�fGj?1BDC­C|r1OUsg�|Mzy8w1BgC 
��je!ML�~c�BgnDd|MLe!? Cxw1Mz�]Gj?5dfB �2e!w nDI�KzML?1A1�xMLy8w1BDC­Bg?
ML?U¡XG�dfMLej?�T]K/�mMz?1CxdfGj�1MzKLMzd|s A1B�d|e!�|CxMLe!? 
/GjrUr�Gj�|M=dfMze!?_AZ�mw1?UBl��ejw1ngKzB �4T]K��SML?1C�doGj�UMLKLM=dfs°A1B¢?8w+u
ngKLsgG]dfMze!? 
/Gjr1r1Gj�|M=dfMLej?-A��Sw1?1Bp�Uw1KLKzB �4T8B4dfnj;=TU�je!ML�£K��mGj�xd|MLnDKLBEA1B@�xBD��w1B@A1B �`BD?8d/
�:ji!i!q �4;

� e!wUd|BgC°nDBgC s4dfw1A1BDC°e!?5d°A1BDC �|sDr�BD�|ngwUC|C|Mze!?1C°Mz�-r�e!�xdfGj?5dfBDC�r�e!w1� K/�ms4dfw1AUBjT!KLGH�&e+A+u
sgKLMzCfG]d|MLe!?ZT�B4dEK G�r1�xsgA1MznDd|MLe!? A1BDC{r1O1sD?1e!���g?1BDC�AUB@�0G]dfMzN!w1B@B4dEA1B@���fGjn4dfw1�xBpA1BgCEnDe!�~u
r�e!C|Gj?5dfCEsgKLGjCxd|e!�&sg�|Mzy8w1BgC{B4dHAUBgC{dfMzC|C|wUC��UMLe!Kze!N!MLy8w1BDCl�&e!w1Cg;

"���� � ��� � � ������� ��� 
�� ���
� � � � ��� � �
� ���#��� � � 
��
� ���
����� � � � ��� � �(� ,

�pwUMLngej?1y8w1B~G N!e!?U¡�s~w1?Q��G]KLKLej? A1B~��Gjw1AU�|w1noO1B&BgC�d`�0Gj�-MzKLMzBg��GJ�!Bgn&KLB­rUO1sg?1ej� �D?1B
A�� �)� � 	�� � �)' � 	(� ��� � ���)� 	 %(' ��� � 	 � �{Gjw�A1sg�1w+d@A1w Nje!?U¡XGjNjBjT�MLK��0GjwUd���e!w1�x?1ML��w1?1B���e!�xd|B
r1�|BDC|C|Mze!?Qr�ejw1�`Gjw1N!�&Bg?5d|Bg�`KLB��|GJI!e!?�A1w���GjKLKze!?�T�rUw1MLC@��MLBD?5d_wU?��|GJI!e!?�ng�xMzdfMzy8w1B~}
r�Gj�xd|ML�¢A1w1y8w1BgK)KzB@N!e!?U¡�GjN!BpC|Bp�0GjM=dlr1�xBgCxy�wUB_C|Gj?1CEB+��e!�xdg;�.�Bpnge!�&r�ej�xdfBD�-BD?5dEA��mwU?1B
�-BD���1�fG]?1BlC|rUO1sg�xMLy8w1BE�0GjMzd|BlA1BldfMzC|Cxw-�1Mze!KLejN!MLy8w1B£�-ejw 
6�!BDC|C|MzBjT�Gj?1s4���|MLCx�-B]T5wUdfsD�|w1CDT
BDdfn]; ��BgCxdªnge!�&r1K
�DdfBD�-BD?5dªA1M �ZsD�|BD?8dgT!nJG]��KLGHr1�xsgC|BD?1ngB�A1B ���1�xBgC�A1B�nDe!KLKLGjN �g?UB¢A�G]?1CªKLG
��G]d|�|MzngB �0GjM=dfB°A��SsgKLGjCxd|ML?1B°��MLBD?8d��|BD?U��e!�xngBg�(BDd(C�doGj�1MzKLMzC|Bg��KzB°dfMLCxC|w�TjGJ�!Bgn¢A1BgC�GJ�]Gj?5doGjN!BDC
sD��MLA1BD?5dfCªr�e!w1�(K GECfG]?8d|sj; k�BDd|d|B�A1M �ZsD�|BD?1ngB£��e!?1A�Gj�&Bg?5dfGjKLB G�sDdfs¢e!�1CxBg�x�jsgB{G]w2�&e!ML?1C
A �gC`<7Y!ijYUTU�!ejML� � MzN!w1�|B�V1;z<j;

.°�SsgKLGjCxd|MLngM=dfs�?1e!?+u®KLML?UsJGjMz�|B(nJGjrUd|w1�|B°d|� �gC��UMLBg?`nDBgC�A1BDw+³`ngej�-r�e!�xd|Bg�&Bg?5dfCDT�Bg?`r1�|e�u
r�e!C|Gj?5d(A1BgC��-e�A �gKzBgC�O5I�r�BD�|sDK GjC�dfMLy8w1BDCªy8w1M8A1e!?U?1Bg?5d�A1BgC���G]d|sg�xM Gjw+³ � Cxe!w1r1KzBgC 	°r�e!wU�
KLBgC sDK GjC�dfe!���g�xBgC 
�dvI�r1MLy8w1BD�-BD?5dJT�KLB��-e�A �gKzB{A1B � e+ej?1BDI5u FEMz��KzML? �ªB4d�A1BDC��-G]dfsD�|MLGjw+³
y�wUM�CxB��fG]MLA1MzC|C|BD?5d�BD? B4³�dfBD?1C|Mze!? r�e!w1�£KLBDC£d|MLC|Cxw1C��UMLe!Kze!N!MLy8w1BDC �-e!wUC 
6dvI+rUMLy8w1Bg�&Bg?5dgT
KLB`�-e�A �DKLB`B4³+r�e!?1Bg?5d|MLBgK(A1B � w1?1N � ; 
°? r�Gj�xnge!w1�|Gj?5d�KLG&KzMzdxdfsg�|G]dfwU�|BpBDdHKLBDCHAUe!?1?1sDBgC
B4³+r�sD�|Mz�-BD?8dfGjKLBDCgT �D�bGjM��-ej?8d|�|sHy�wUBpnoO�Gjy8w1B`�-e�A �DKLB�rU�|e!r�e!C|s�r�e!wU�lKLBDClsgKLGjCxd|e!� �D�|BDC
� �D?1B&}�w1?UB&Mz?1CxdfGj�1MzKLMzd|s2A1B&r�e!ML?5dxu®KLMz�-M=dfBjT�BDd�y8w1B&noO�Gjy8w1B-�-e�A �gKzB�r1�xe!r�ejC|s&r�e!wU�
KLBgC°d|MLC|Cxw1C£�1MLe!Kze!N!Mzy�wUBgC°�&e!w1C ?1B����g?UB�r1GjC�}�w1?1B�ML?1C�doGj�UMLKLM=dfslAUBHr�e!ML?5d�uvKLMz�-M=dfBHPmR+<g\�;
�U�bGjMlGjw1C|CxME�-e!?5d|�|s�y8w1B�C|MEK G �&Bg���U�fGj?1B�CD�msDr�GjMLCxC|M=d�
0C|M{Cxe!?�sDr�GjMzC|C|BDw1�~r�GjCxC|B�A1B
K��Se!�|A1�xB

δ = (B − A)/A
}�K��Se!�|A1�xB

δ2 T�e � A
BgCxd2KLB~�fGJIje!? Mz?8d|Bg�x?1B-AUw ��GjKzKLe!?�B4d

B
KLB_�fGJI!e!?�B ³�dfBg�x?1B � T�GjKze!�|C�KLB_�fGJI!e!?�nD�|M=dfMLy8w1B_A��SML?1C�doGj�UMLKLM=dfspA1B2r�e!Mz?5dxuvKzML�&Mzd|B 
0CD�mMzK

B4³+MLC�dfB � BDCxd¢GjngnD�|w�T8B4d¢nDBjT8y8w1BgKXy8w1BEC|ejMzd KLB{�&e�A �gKzBlO5I+r�Bg�xsgKLGjCxd|MLy8w1B�noO1e!MLCxM�;��vK1Cg�mGjN!M=d
A1e!?1n`K }�AZ�mw1?��|sDC|w1K=doG]d ��� �������"� ��' ;
R!i



V1;Xc�dfGj�1MLKzMzd|s�Bg? sgKLGjCxd|MLngM=dfsH?1e!?+u®KLML?UsJGjMz�|B

� MLN!w1�xB�V1;=< �&�v?U¡XG]d|MLe!? A��mwU? �1GjKLKze!? BD? ��Gjw1A1�xw1noO1B]T�} N5G]w1noO1BjT B4d­A1B��jBgC|CxMLBDC&AUB
noO1G]d�BDd�A1B`C|Mz?1N!BgCDTX}­A1�|e!M=dfB 
/>pCx��ej�|?1B]T�<7Y!i!Y�� ;°²�ejw1�EKLBpnJG]e!wUdfnoOUe!w1njTXK/�mMz?1CxdfGj�1MLKzMzd|s
AUB�r�e!Mz?8d�uvKzML�&MzdfBEBDCxd���G]�|y8w1sgB]T�r�BDw�G]r1� �DCHR~ng��A1B`�fGJI!e!?Z;

"
� � � ��� � � �#����� ���	� � � � ��
���� 

� � � ��� � � � � � 
�� ����� � ��� � � �
��� � !)� 
 !%� 
(! ��� !%� � !%� ��! �(� !
� �*,

k�O1Gjngw1?UB A1B �&BgC~s4dfw1A1BDC~C|w1�~KLBDC­e!?1A1BDC~A1B�FHGJI�KLBDMLN!O B4d~A1B c�dfe!?UBgKLB4I¤A�G]?1C~KLBgC
Cxe!KLMzA1BgCEr1�xs4u®A1sD��e!�x�-sDC�G&A1ej?1?1s�KLMLBDw�}&w1?UB2Gj?1GjKzI�C|B`A1B�K G­C�doGj�1MzKLM=dfsj;10HML?1CxM �D�bGjM�rUw
s4dfw1AUMLBg�2K G C�doGj�UMLKLM=dfs&A1B Cxw1�x�0GjnDB BDd­AZ�mMz?8d|Bg���0GjngB AUw nJGje!w+dfnoO1e!wUnQP=<!<jTl<�q+T£:!:�T :jRUT
R+<g\�T(A1BDC�C|e!KzMLA1BDC�} KLMLGjMLCxe!?QML?5dfBD�|?1B-GjwUd|�|B&y8w1B�nDBgKLKzB-AZ�mMz?1nge!�&r1�xBgC|CxML�1MzKLM=dfs Ph<!<!T£<�q+T
:j:+T°k{:�\/T B4d2A1BDC2dfMzC|Cxw1C2�1Mze!KLejN!MLy8w1BDC��&e!w1C-Ph<�q+T°:]iUT RU<D\�T(�!e!Mz�_A1BDw+³©B4³+Bg�&r1KzBgC2BD?
� MLN!w1�xB@V1;b:+;

� ?1B{dfBg?UA�Gj?1nDB�Njsg?1sD�fGjKzBjT5}p�fG]r1r1�|e�noO1BD�°A1B{ngBDKLKLB�A1B{K Gpc�BgnDd|MLe!?~r1�xsgnDsgA1BD?8d|BjT�BgC�d
y8w1B�KLBDC{�-e�A �DKLBgC{w+dfMLKzMLCxsgC{r�e!w1�{KLBDC{dfMLCxC|w1CE�1Mze!KLejN!MLy8w1BDCl�-ejw1C{C|e!?5dH��BgGjw1nDe!w1r�r1KLw1C
C�doGj�UKLBgC_y8w1B�nDBgw+³©wUd|MLKLMzC|sDC�r�e!w1��KLBDC2sDK GjC�dfe!���g�xBgCg; 0HML?1CxM w1?¤C|ejKLMLAUB&AUB � e�e!?1B4I8u
FEMz��KzML? 
�sgK G]Cxdfej� �D�|B ��r�e!CxC �gAUB_w1?�doG]w+³�A1B�nge!�&r1�xBgC|CxMLe!?�nD�|Mzd|MLy8w1BpA1B_iU;m[![![U<pr�e!w1�
K/�mMz?1CxdfGj�1MzKLMzd|s`A1B­C|w1���0GjngB­BD?Qnge!�&r1�|BDC|CxMLe!?�sDy�wUM=uv�UM=³+M GjKzB�dfGj?1N!BD?5dfMLBDKLKzBjT�G]KLe!�xC�y8w1B­KLB
�&e�A �gKzB{B4³+r�ej?1Bg?5dfMzBgK�A1B � wU?1N_?Z�mBD?�r�e!C|C �gA1BHr�GjC£r�e!wU�£KzBgC �]GjKLBDw1�|C r1O5I�C|Mze!KLe!NjMLy8w1BgC
AUBgC�r�Gj�fG]� �4df�|BDC{�-sDnJGj?UMLy8w1BgCD;

k�BDr�BD?1A�Gj?5d¢MLK+�0G]wUd C|BEN5Gj�xA1Bg�°AUB{nge!?1nDKLw1�xB{y8w1e!MLy8w1BEnDB�Cxe!Mzd A1BEngBDdxdfB{dfBD?1A�Gj?UngBjT
nDe!�&�-BHKLB@�&e!?5df�xBpK��SsDdfwUA1B@A��Sw1?1B`nge�y8w1BpC|rUO1sg�xMLy8w1B`sgr�G]MLC|CxBpBg?�ngej�-r1�xBgCxC|MLej?QPmRU<D\�;
.)G � MLN!wU�|B�V1;bR&�-ej?8d|�|B_KLBgCE�]Gj�|MLG]dfMze!?1CEA1w�dfGjw+³ A1B_nge!�&r1�|BDC|CxMLe!? ng�|M=dfMzy�wUB2GJ�!BDn�KLB
�|Gjr1r�e!�xd

A/B
r�ejw1� KLB¢nJGjejwUdfnoO1ejw1nl?1BDe]u ��e+e �]sgBD?�T5e �

A
BgCxd KLB��|GJI!e!?­Mz?8d|Bg�x?1BlA1BlKLG

nDe+y8w1B_C|r1OUsg�|Mzy8w1B2B4d
B
KLB��fGJI!ej?�B4³�d|Bg�|?UBj; .�e!�|Cxy�wUB

A/B → 1
TXK G­nge�y8w1B2A1B4��MLBg?5d

Mz? ��?1Mz�-BD?5d ��?UB BDd­KzB-dfGjw+³©A1B nDe!�-rU�|BgCxC|Mze!? dfBD?1A¤�!BD�|C <!;*.)ej�|C|y8w1B
A/B → 0

T
R+<
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� MLN!wU�|B V1;b: � 0�N5GjwUnoO1B �(�v?1CxdfGj�1MzKLMzd|s A1B�Cxw1�x�0GjnDB�r�e!w1�(w1?�Cxe!KLMzA1B¢AUB � e�e!?1B4I8uvF�M=��KLML?
C|e!w1�&MLC2}�w1?1B N!�|Gj?1A1B AUsD��e!�x��G]d|MLe!? r1K Gj?UBjT°C|wUMz��MLB AZ�mw1? N!�|Gj?1A nDMLCfG]MLKLKzBg�&Bg?5d � KLG
� MLN!wU�|B �|BDr1�|sDC|Bg?5d|B�KzBgC)�]Gj�|MLG]dfMze!?1C)A1w2dfGjw+³_A1BlnDe!�-rU�|BgCxC|Mze!?2nD�|Mzd|MLy8w1B

λ
BD?���e!?1n4dfMLej?

A1B�K G&y8w�Gj?5dfM=dfs�A1B2ngMLC|GjMLKzKLBD�-BD?8d
γ
;`c+Gj?1C@nDMLCfG]MLKLKzBg�&Bg?5dJT

λ ' 0.544
;`>@?��je!Mzdpy8w1B

KLB�nDMLC|GjMLKzKLBg�&Bg?5d��|BD?1A K G�Cxw1�x�0G]ngB r1Kzw1C�CxdfGj�1KzB Pm:ji]\/; 0�A1�|e!M=dfB � ��Mz��G]d|sg�xM GjwQ�0GjMzd
A1w � ,g�&B Cxe!KLMzA1B�A1sD��ej�|�&s�A1BQr�Gj�xd�B4d AZ�bGjw+df�|BQA1BQK/�mMz?8d|Bg���0GjngB ��AUBgw+³ A1BDC�G�³UBDC
r1�|Mz?1ngMzr�Gjw+³©A1B A1s4��e!�|�-G]d|MLe!?©A��mwU?1B��-e!M=dfMzs&?UB C|e!?5d~r�GjC~G]KLMLNj?1sgC_GJ�!Bgn�A1BDw+³ A1BDC
G�³+BgC°r1�xML?1nDMLr�Gjw�³�A1B{K/�bG]wUdf�xBl�-ejMzdfMzsj; 
°?~nge!�&r1�|BDC|CxMLe!?�Tjw1?1BEML?1C�doGj�UMLKLM=dfs A��SML?5dfBD�x�0GjnDB
C|B�A1sD�jBgKLejr1r�B�KLB`Kze!?1N&A1B_KLG­�1MLCxC|Bgn4df�xMLngB�A1B��-sDC�u®e!�|MzBg?5doG]d|MLe!?ZT1��G]MLC{KLB`�1Mz��G�dfsg�xM Gjw
BgCxd�r1Kzw1C{CxdfGj�1KzB�y8w1B`noO�G]y�wUB_�&e!Mzd|MLsHr1�|MzC|B`C|sDr�Gj�|sD�-BD?5d2Pm:+<g\/;

K G nge�y8w1B&A1BD��MLBD?5d2Mz? ��?1Mz�-BD?8d@sgr�GjMzC|CxB-B4d_KzB�doGjw�³QA1B~nge!�&r1�xBgC|CxMLe!?�ng�xMzd|MLy8w1B�dfBD?1A
�!Bg�xC�iU;m[![![U<!T{y8w1MHBgC�d KLB�doGjw+³�ng�xMzd|MLy8w1B�AUB nge!�&r1�xBgC|CxMLe!?�r�e!wU� w1?�A1BD�-MhuvBgCxr�GjnDB
Bg? nDe!�&r1�|BDC|C|Mze!? sgy8w1M=u®�1M=³+MLGjKLB dfGj?1N!BD?8d|MLBDKLKLB];�²(e!w1��KLBDC��]GjKzBgw1�xC�Mz?5dfBg�x�-sDA1M G]ML�|BDCgT
KLB�¡XGj����G]N!B�G�KLMzBgw�CxBgKze!?�nDBg�xdfGjML?UC��&e+A1BDC�BD?���e!?1n4dfMLej? A1B�K G��jG]KLBgwU�-A1B

A/B
;

>p?�Cg�mG]dxdfBg?UA1�fGjM=d_} ngB&y8w��Sw1?1B�nDe+y8w1B~�0GjM=dfB~A��Sw1?©d|MLC|Cxw �1Mze!KLejN!MLy8w1B��&e!w 
0�&e+A �gKLB
B4³+r�ej?1Bg?5dfMzBgK�A1B � w1?1N���C|e!M=dE��BgGjw1ngejw1r rUKLw1CECxdfGj�1KzBpy�wZ�mw1?UB_nDe+y8w1B`Bg?�nJG]e!wUdfnoOUe!w1n
KLe!�xC|y8w��SBgKLKzB�BDCxd£sgr�G]MLC|CxBjT5r1wUMLC|y8w1BEKzBlA1Bg�&M=u®BgCxr�GjngB 
�sgr�G]MLC|CxBgw1�°Mz? ��?1MzB ��BD?­dfMLCxC|w~�&e!w
BgCxdª��BgGjw1nDe!w1r�r1Kzw1CªC�doGj�UKLB£y�wUBlKLB£A1Bg�&M=u®BgCxr�GjngB£Bg?2nJGje!w+dfnoO1e!wUnj;1.°�mGj?�GjK=I+CxB��&e!?5df�xB
y�wZ�mMzKp?��mBD? BDCxd �|MzBg?�THBDd�y8w1B©n]�mBDCxd K��SML?5�!BD�|CxB©y8w1M`C|BQr1�xe+AUw1Mzdg; .�BQr�Gj�|GjA1eJ³+B©CxB
�|sgCxe!wUd�KLe!�xC|y8w��Se!?�nDe!�-rU�|Bg?UA�y8w1B�K/�mMzA1sJGjKzMLC|G]dfMze!? A1w�AUBg�&M=uvBDC|r�G]ngB�nDe!�|�xBgCxr�e!?UA�}
w1?1B­A1e!wU�1KLB�KzML�&Mzd|B ��?1e!?QC|BDw1KLBD�-BD?8d �

A/B
A1e!MzdHdfBD?1A1�|B­�jBg�|CptDsg�xe1T���G]MLC@G]w1C|CxM �

K G�Kze!?1N!w1BDw1�@A��Se!?1AUB­A1B­K G�r�Bg��dfw1�x��G]d|MLe!? AUe!MzdpAUBD�!BD?1ML�pMz? ��?1Mz�-BD?5d@r�BDdfM=dfB�AUBD�]Gj?5d
B
;
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�lGjN!?1e�B4d��`w1t�
 <7Y!�5W+T°<JY!Y5W �Hej?8d��&Bg?1s­AUB&?Ue!���1�xBgw1CxBgC�sDdfwUA1BgC�C|w1�`KLG�C�doGj�UMLKLM=dfs
A1BgC�C|e!KzMLA1BDCªA1s4��e!�|�&sgC(KLe!�xC|y8w��SMLKzC�Cxe!?5d noO�Gj�xN!sgCªr�Gj�(w1?2¡�w1MzA1B¢��MzC|y8w1Bgw�³Z;°�vKzC�r1Gj�xd|Bg?5d
R5:



V1;Xc�dfGj�1MLKzMzd|s�Bg? sgKLGjCxd|MLngM=dfsH?1e!?+u®KLML?UsJGjMz�|B

� MLN!w1�xB°V1;mR � � ?1B£nge�y8w1B£C|r1O1sD�|Mzy�wUB¢?1BDe]u ��e+e �jsgBD?1?1B¢A1B �fGJI!e!?_ML?5dfsD�|MzBgw1�
A
BDd(�fGJIje!?

B ³�dfsg�xMLBDw1�
B
A1B4�+MzBg?5d_ML?1C�doGj�1KzB­Bg?�nge!�&r1�xBgC|CxMLe!?©GjwQdoG]w+³Qng�xMzd|MLy8w1B

λa

T(y�wUM°BgCxd_K G
�]GjKzBgw1�EKLG~rUKLw1CEN!�|Gj?1A1B�A1BgC

λ
(n)
a

r�e!w1�EnoO�G]y�wUB2�&e+A1B 
�MLngMZKLBgC��&e+A1BDCH:+TXRUTXV1T�q+TX[UT
�+TZ<7iUT�<�q+TU:jiUT+R!iUT+V5iUTUqji2Cxe!?5dl�|BDr1�|sDC|BD?8d|sgC"�4;l²�Gj��B ³+Bg�&r1KLB�}

A/B = 0.85

6¡ �gnoO1B

�jBg��dfMLngGjKLB �4T1KzBp�-e�A1BpnD�|Mzd|MLy8w1BpBDCxd
λ

(4)
a ' 0.94

; �@w1BDKLy8w1BDCHB ³UBD�-rUKLBgCEA1Bp¡XG]����GjN!BDC
Cxe!?5d��-e!?5d|�|sgC 
0}

n =
:+T�R+T�<7iUT�<7q �4T+��GjMzCl?1ejd|e!?1C{y8w1B�K��mGj?�GjK=I�C|B@BDCxd�KLMz?1sJGj�xMLCxsgB@B4d

?UB2A1e!?U?1B2A��SML?UA1MLngG]dfMze!?�?1M)C|w1�HK��mGj�-rUKLMzd|w1A1B@AUB2K G~r�Bg�xd|w1�|�1G]dfMze!? ?UM�Cxw1�HCxe!? CxMLN!?1B
PSRU<g\/;

RjR
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� MLN!wU�|B VU;mV ���@M=dfBgCxC|B A1B K/�mej?1A1B ML?Ung�|sD�-BD?5doGjKzB¤}�K��SML?5dfBD�x�0GjnDB A��Sw1? C|ejKLMLAUB¤?1sge�u
�He�e �jsDBg?�nDe!�-rU�|ML�&s 
0�-GjCxC|B��!e!Kzw1�-Mzy8w1B

ρ
Tl�&e+A1wUKLB�A1B�ngMLC|GjMLKzKLBD�-BD?8d~Mz? ��?1M=dfsDC|M=u

��GjK
C

� B4d�A��mwU? ¡�wUMLA1B���MLCxy�wUBgw+³�
���GjCxC|B �je!KLw1�&MLy8w1B
ρ∗
TH�-e�A1w1KzB A1BQngMzCfGjMzKLKzB4u

�-BD?8d2AUI�?�Gj�&MLy8w1B
µ∗

�4;*.(G nge!w1�x��B�sgr�GjMzC|CxB �|BDr1�|sDC|Bg?5d|B�KLG���Mzd|BgCxC|B A1B�K��Se!?1A1B-A1B
FHGJI�KLBDMLN!O 
�ML?5dfBD�x�0GjnDB&Cxe!KLMzA1B 2��+MzA1B � �)KLBgC`nDe!w1�|��BgC ��?UBgC��|BgrU�|sgCxBg?5dfBD?5d­K G���Mzd|BgCxC|B&A1B
K��Se!?1A1B&A��SML?5dfBD�x�0GjnDB r�ejw1�_AUM ��sg�|BD?5dfBgC2nge!���UML?�GjMzC|e!?UC_A1BDC�r�Gj�|Gj���Ddf�xBgC_��G]d|sg�xM Gjw+³�;
.)ej�|C|y8w1B

ρ∗/ρ
A1Mz�-Mz?8w1BjTXKLBDCHnDe!w1�x��BDC ��?1BDC�C|B2�fGjr1rU�|e�noO1Bg?5d@AUB2K G&nge!wU�|��B2sgr1GjMLCxC|B

A�Gj?1C�K G��|sDN!MLe!?�A1B&�0GjML�1KzB­nge!�&r1�xBgC|CxMLe!?Z; .�e!�|Cxy�wUB
µ∗ω/C

A1ML�&ML?8w1B]T(KzBgC�nge!wU�|��BgC
��?1BgC­CxB �fGjrUr1�|e�noO1Bg?5d&A1B KLG nge!wU�|��B sgr�G]MLC|CxB A�Gj?1C­KLG��|sDN!MLej? A1B ��e!�xd|B ngej�-r1�xBgC u
C|MLej?�; .�BgC`nDe!w1�|��BgC �1?1BgC`dfBD?1A1Bg?5d`�!BD�|C`tgsD�|e�KLe!�xC|y8w1B­KzB2doGjw�³QA1B­ngej�-r1�xBgCxC|MLej?�CxB
�fGjr1rU�|e�noO1B`A1B�iU;mVjV!V�
0ML?UCxdoG]�1MLKzMzdfs�A1B`C|wU�x�0GjnDB �4TXC|Gj?1C �|Gj�-GjMLClK/�bG�d|dfBDML?1AU�|B­PSR!R]\/;

A��mwU?1B`e!?1A1B`ML?Ung�|sD�-BD?5doGjKzBpr1�|e!r�e!��dfMLej?1?1BgKzKLB�}
B�� (kx1−ωt),


�V1;mRU;z< �
e ��KzB�?Ue!���1�xB A��Se!?1AUB

k
BgC�d ��� � � ' ��� � BDd-K GQr1w1KzCfG]d|MLe!?

ω
BgCxd �"����')' � ;�²°w1MLC&MLKzC

noO1Bg�xnoO1Bg?5d_}�y8w1BgK�doGjw+³�A1B�nDe!�&r1�|BDC|C|Mze!?�A1w Cxe!KLMzA1B2KLG-��Mzd|BgC|CxB
ω/<(k)

d|Bg?1A �jBg�|C
tgsg�xe1; k�BDr�BD?1A�Gj?5d&ngB4d|d|B G]r1r1�|e�noO1B A1w r1�xe!�1K
�g�&B A1B K��SML?UCxdoG]�1MLKzMzdfs~?��SBgC�d&r�GjC­nge�u
O1sg�xBg?5dfB�G7�jBgn-KLBgC`sDy�w1G]dfMze!?1C�A1w �&e!wU�jBg�&Bg?5d�A�Gj?1C�KLB­¡�w1MzA1B&nJGj�`C|M

ω/<(k) = 0A�Gj?1C 
0VU;bRU;=< �oTjG]KLe!�xC�e!?�e!�UdfMzBg?5d)w1?�A1sgrUK GjnDBg�&Bg?5d(CxdoG�dfMLy8w1B B4d�KzB°noO�Gj�&r`A1BgC)��MzdfBDC|CxBgC

0�|BDy8w1MLC`A�Gj?UC�KzBgCpKze!MLC@AUB&nDe!�&r�e!��dfBD�-BD?8d`AUwQ¡1w1MLA1B �@A1MLCxr�Gj�fG��LdJ; 
°?©noO1BD�|noO�G]?8d�}
�|BgrU�|e�A1w1ML�xB�KLBgwU�|C��xsgCxw1KzdfG]dfCDT �D�bG]M�nDe!�&r1�|MzC&y8w��mGjw+³ �]GjKLBDw1�|C&?8w1�&sg�|Mzy8w1BgC-noO1e!MLCxMLBDC
r�e!wU��KzBgC�r�Gj�|Gj� �4df�xBgC��-sDnJGj?1Mzy8w1BgCDT�KLG~��M=dfBgCxC|B_BgCxd�r�B4dfM=dfB 
0�&e!ML?UC{A1B�< 2�<7i-iji!i	��

�
A1B`K G2��Mzd|BgC|CxB`A1B`K��Se!?1A1BpA1B@�je!KLwU�-B ����GjMzClBgKzKLB@?Z�mBDCxd�r�GjCE?8w1KLKzBjTU�je!ML� � MLN!wU�|BpV1;SV1;

�U�mGjM�BD?1C|w1M=dfB`noO1BD�|noO1s�w1?1B�C|e!KzwUdfMze!? C|ejw1CEK G2��e!�x�-B
B � k(x1−vt) =

B kv−t B � k(x1−v+t),

�V1;mRU; :��

e � KLB_?1e!���U�|B�A��Se!?1AUB
k
BgC�d �"����' BDdpKLG&��Mzd|BgC|CxB

v = v+ +
M
v−

BgC�d ��� � � ' ��� � ;`>@?
df�|ejwU�!B&GjKze!�|C@y8w��SBg?�ngej�-r1�xML�-Gj?5d@KzB�C|e!KzMLA1B]T

v+ A1sgnD�|e �zdJT�BDd �1?1Mzdpr1Gj� ,Dd|�|B~sgN5G]K°}
RjV



V1;Xc�dfGj�1MLKzMzd|s�Bg? sgKLGjCxd|MLngM=dfsH?1e!?+u®KLML?UsJGjMz�|B

tDsg�xe 
0KLBDC@noO�Gj�&r1CpCxe!?5d`GjKLej�|C�rU�|e!r�e!�xd|MLe!?U?1BgKzC@}�B kv−t B � kx1
TZwU? � � � ����� ��� 	 ?1e!?+u

rU�|e!r�G]N5G]dfM=��� ; � Gj?5d y8w1B
v− < 0

TEK G r�Bg��dfw1�x��G]dfMze!?��xBgCxd|B�CxdfGj�1KLB]; � ML?�G]KLBg�&Bg?5d
} r�G]�xdfMz��A��Sw1? ngBD�xdoG]ML?�doG]w+³ A1B�nDe!�-rU�|BgCxC|Mze!? ng�|M=dfMzy�wUBjT�MLK�?Z�SI�G rUKLw1C y8w1BQA1BDC
Cxe!KLw+dfMLej?1C�r�e!w1�­KLBDC|y8w1BDKLKLBDC

v− > 0
T¢Mz?1A1MLy8w�G]?8d�K��SML?1C�doGj�1MzKLM=dfsj;©>@? df�xe!wU�!B�y8w��Sw1?

Cxe!KLMzA1B ?1sDe]u ��e+e �]sgBD?�ngej�-r1�xML�&s BgC�d�r1Kzw1C~CxdfGj�1KLB�Kze!�|Cxy�wZ�mMzK{BgCxd�Gjw nge!?5dfGjnDd-A��Sw1?
¡1w1MLA1Bp��MLCxy8w1Bgw+³�y8w1B`Kze!�|Cxy�wZ�mMzK�BgC�d�G]w nDe!?5doGjn4dHAUw���MLAUBj;
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²(e!w1��KzBgC�ej?1A1BgC­AZ� � � � ' � 	�� ������� ��� T e!? ?UB �0GjMzd2Gjw1nDw1?1B�Gjr1rU�|eJ³+ML�-G]dfMze!?�;�>@? CxB
rUK GjnDBpA1e!?1n`A�Gj?UC�KzBpnJGjAU�|B`A1B`K�� ��' �$� 	 ��� � 	(�/� �$�&%(' �)�!�����)� � ;

>@?�Gjr1r�BgKzKLB
x
KzBgC@nDe+e!�xA1e!?1?UsgBgCpA1Gj?1CpK G-nge!? �1N!w1�fG�dfMLej? nge!wU�fGj?5dfB­AZ�mw1?Qr�e!ML?5d

y8w1M(sDdfGjMzdEBD?
X

A�Gj?1C�K G~ngej? ��N!w1�|G]dfMze!?�A1B2�xsD��sD�|Bg?UngBj;�>@?�Gjr1r�BgKLKzB
F
KLB`N!�|GjA1MLBD?5d

AUBgC�A1s4��e!�|�-G]d|MLe!?1C 

F ≡ ∂x/∂X

��B4d
W

K G�A1Bg?UC|Mzd|s�A��Ssg?UBg�|NjMLB�AUB A1sD��ej�|�-G]dfMze!?


W = W (F ))

; .�B 	
��� � ��� � ����� ���$� 	 � ���)� 	 ��� ����� � � � ���
T
BDCxdHKLMzs`}~KLG­A1sD��e!�x��G�u

d|MLe!? r1Gj�
T = J−1F

∂W

∂F
,


�q�;biU;=< �
e��

J ≡
A1BDd

F
;H²(e!w1��KLBDC�C|ejKLMLAUBgC �)� ��� � � ������� ��� ' ��� T

J = 1
}&d|e!wUdH�-ej�-BD?8dgTXBDd

TBDCxd�A1e!?U?1s`r�Gj�
T = F

∂W

∂F
− pI,


/q+;bi+; : �
e��

p
BDCxd�w1?���w1Kzd|MLr1KzMLngG]dfBDw1�¢AUB .)GjNj�fGj?1NjBj; 
°? ��?�T�KzBgC ���	� ��	 ���$� � � � � � � ����� ��� 	 T

BD? K/�bG]�1C|BD?1ngB`A1Bp��e!�xngB`A1Bp�!e!Kzw1�&BjT1Cxe!?5d

A1M=�
T = ρ

∂2x

∂t2
,


�q�;biU;mR��

e���AUMz� A1sDC|MzN!?1B`K��Se!r�sg�fG�dfBgwU�lA1Mz�jBg�xN!Bg?1nDB_A1Gj?1CEK G­ngej? ��N!w1�|G]dfMze!? ngejw1�fGj?5d|Bj;
��MzBg?`sD��MzA1Bg�&�-BD?5dJT7�|sDC|e!wUA1�|B ngBDC)sgy8w�G]d|MLe!?1C�?Z�mBDCxd(Bg?`N!sD?1sg�|GjK!r�GjC�wU?1B°C|Mz?1sgnDw1�|B]T

� ,g�&B�CxM K��Se!?�Cg�mG ���fGj?UnoO1MzdpAUBgC`nge!?UA1Mzd|MLe!?1C�Gjw+³ KLML�&Mzd|BgC�Bg?QC|B~r1KLG�#JG]?8d@Bg?Q�-MzKLMzBgw
Mz? ��?1M/T°nge!�&�&B r�ejw1��KLBDC­e!?1A1BDC~A1B �!e!Kzw1�&Bj; k�e!?5df�|B d|e!wUdfB�G�d|dfBD?5dfB ngBDr�BD?1A�Gj?5dgT
ej? r�Gj�x��MzBg?5d~} d|�|e!wU�jBg�­A1BDC�C|ejKLwUd|MLe!?1C_B4³UGjn4dfBgCDT nge!�&�-B-r�Gj��B ³+Bg�&r1KLB-KLBgC2e!?1A1BDC
AUB&r�e!KLGj�|MzCfG]d|MLe!? nDML�xngw1KLGjML�xB�r1�|ejr�e!CxsgBDC_r�G]��klGj�|�xe!KLK 
 <7Y![5W���r�e!wU�p?��mMz�-r�e!��dfB­y8w1BgK
Cxe!KLMzA1B@nDe!�-rU�|BgCxC|Mz�1KLBpe!w�ML?Unge!�&r1�|BDC|CxML�1KzBjT

x = X + A cos k(z − ct), y = Y ± A sin k(z − ct),

�q�;biU;SV �
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q+;X>@?1A1BDCHA��mGj�&r1KLM=dfw1AUB ��?1MzB

� MLN!wU�|B q+;=< � 
°noO1e!N!�|Gjr1O1MzB 
/}�N5Gjw1noOUB �-A1w�C|BgMz?�A��Sw1?1B r1G]dfMzBg?5dfB r1�|sDC|Bg?5dfGj?5d w1?
���1�|e!GjA1sg?Ue!�-B	
�A1M Gj���Dd|�|B <7i �-� ��BDd ML�-GjN!B�AZ�msDK GjC�dfMLnDMzd|sQGjC|Cxe+nDMLsgB 
/} A1�xe!Mzd|B �4T
e!�UdfBD?8w1BHr1Gj� K Gp�-BDC|w1�xBHAUBgC �+M=dfBDC|C|BDC�A1BDC¢ej?1A1BgC¢A1BEngMzCfGjMzKLKLBD�-BD?5d°��GjCxC|B4u����|sDy�wUBg?1nDBj;
>p?��xBg�-Gj�|y8w1B­wU?1B­nge!?Unge!�xA�Gj?1nDB�df� �DCp?1BDdxdfB­BD?8d|�|B­KLG�tge!?UB�df� �DCpA1w1�xB­A1B­K��SML�-GjN!B
A��msDK GjC�dfMzngMzd|s@BDd�KLG�tge!?1B`r�Bgw�sgnoO1ejN �g?1B�A1B`K��SsgnoOUe!N!�fG]r1O1MLB 
���Bg�xnge��QB4dHGjK�;=T�:jijijV �4;

e �
A
T
k
T
c
Cxe!?5d A1BgC°nDe!?1C�doGj?5dfBDCgT8e!w�BD?1ngej�|B{KLBDC e!?1AUBgC df�|Gj?1C��!Bg�xC|BDC£AUB{r�e!KLGj�|MzCfG]d|MLe!?

KLML?UsJGjMz�|B�rU�|e!r�e!C|sDBgC�r�Gj� �je!OU? 
 <7Y![![��£BDd�r�Gj� ��ejw1K Gj?UN!Bg�{B4d �HGJI!BgC 
�<JY!Y5: � T

x̄ = x + f(n · x − ct)a, x = FX, a · n = 0,

�q�;biU;bq �

C|w1r�Bg�xr�e!CxsgBDC C|w1�ª?��mMz�-r�e!��dfB y8w1BgKzKLB£r1�|s uvA1s4��e!�|�-G]dfMze!?�O1e!�&e!N �g?UB
F
r�e!w1�ªwU?�C|e!KzMLA1B

A1B ��GjA�G]��Gj�xA�
0ngej�-r1�xBgCxC|ML�UKLB �ªejw-A1B � e�e!?1B4I5u FEMz��KLMz? 
0ML?Unge!�&r1�|BDC|CxML�1KzB �
�5MzngM
f
BDCxd

w1?1BE��e!?1nDd|MLe!?~C|G]dfMzCx�0GjMzCfGj?5d£K��Ssgy8w�G]d|MLe!?~A1BDC¢nDe!�|AUBgC¢��Mz�1�fGj?5d|BgCgT
c
BgC�d�wU?1BHnDe!?1C�doGj?5dfB]T

n
BgC�d�KzBl�!BDnDdfBDw1��wU?1Mzd|s{A�Gj?1C K GpA1Mz�|BDnDdfMze!? 
/G]�|�1M=df�fG]ML�|B ��A1BEr1�xe!r�GjN5G�dfMLej?­BDd

a
BgC�d¢KzB

�!Bgn4dfBDw1�{w1?1M=dfs�A1Gj?1ClKLG_A1Mz�|Bgn4dfMze!?�A1B�r�e!KLGj�|MzCfG]d|MLe!?­d|�fGj?1C��!BD�|C|B]; .�e!�xC|y8w1B@KLG �����(� ��� %
� ���$� A1w �&MLKLMzBgw BDCxdH�-e�A1sgKzMLCxsgB`BDdHr1�|MzC|B�Bg? nge!�&rUdfB]T�ej? r�BgwUd@Gjw1CxC|M(C|B�A1Bg�-Gj?1A1BD�
y�wUBgKLKzBgClCxe!?5d�KLBgC�ngML�xnge!?UCxdoG]?1ngBDCH}­�xsgw1?1Mz�lr�e!w1�l�!ejML�lw1?�sDy�wUMLKLMz�1�|BHCg�SML?1C�doGjKzKLBD�lBg?5df�xB
K G�A1MzC|r�Bg�|CxMLe!?�B4dHKLG�?1e!?+u®KLMz?1sJGj�xMzd|s�BDd�e!�UC|Bg���!BD�HKLG�?�GjMLCxCfGj?UngB�A��mej?1A1BgCECxe!KLM=doGjMz�|BgCD;

k�BDC�Mz?8�jBgC�dfMLN!G]dfMze!?1C{C|ej?8dHng�xw1ngMLGjKLBDCEr�e!wU��KLG­nge!�&r1�|sDO1Bg?UC|MLej?�A1BDCHr1OUsg?1e!���g?UBgC
?1e!?+u®KLML?UsJGjMz�|BgC¢A�Gj?1CEKzBgCldfMzC|Cxw1C{�-ejw1C{nge!�&�&B@Bg?�dfsD�-e!MzN!?1B@K/�msD�-BD�|N!BD?1ngBpAUBgC{dfBDnoO+u
?1MLy8w1BDC�AZ�mMz��GjNjBg�|MzB�sDnoO1e!N!�|Gjr1O1Mzy�wUB_w1K=df�|G�uv�|Gjr1MLAUBjT8�!e!Mz� � MLN!wU�|B�q+;=<!;
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� Gj?1C�w1?1BQs4dfw1A1B�r1�xsgKLMz�-Mz?�GjMz�|B�P=<D\ �D�bGjM�sDdfwUA1MLsQKLBDC nge!?UC|sgy8w1BD?1ngBDC A1BQK G¤KzM GjMzC|e!?
ML?5dfBD�|?1B�A��SML?1nDe!�-rU�|BgCxC|Mz�1MLKzMzdfs�C|w1��K G r1�xe!r�GjN5G�dfMLej? AUBgC�ej?1A1BgC e!?1A1BDC nDe!�&r1KLB ³UBDC
B4³+r�ej?1Bg?5dfMzBgKzKLBgCDT1A1B`K G���e!�x�-B �

x = X + A
B � ω(S·X−t) + A

B
−
� ω(S·X−t),


/q+;=<!;z< �
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q�;�>p?UA1BgCEA��mGj�&r1KLM=dfw1A1B ��?1MLB

e��
A

BgCxd�KzB �1Mz�jBgn4dfBgwU��AUB�r�e!KLGj�|MzCfG]d|MLe!?�T{AUB��-e�A1w1KzB ��?1M/T
ω
BgC�d�K G¤r1w1KzCfG]d|MLe!?


��|sDBgKLKzB � T
S
BDCxd_KLB­�1M=�!Bgn4dfBDw1�_AUBgC�KLBg?5d|Bgw1�xCgT(BDd�K G ��G]�|�|B~A1sD?1ejd|B-KLG y�w1Gj?5dfMzd|s~nge!?+u

�xwUN!w1sgB]; �U�bGjM d|�|e!w+�!s~y8w1B-r�e!w1�@d|e!w1C`KLBDCpC|e!KzMLA1BDCpML?1nDe!�&r1�|BDC|C|Mz�1KLBDCgT�w1?UB&ej?1A1B � �$%
' ��� ��� ��� ��')' � � 	 ���	� ��� ��� 	 


A × A 6= 0
�lA1ejMzd-,4df�|B � � � � ����� � 


S × S = 0
�4T�B4dEw1?1B

ej?1A1B �)��� � � � ����� � 

S ×S 6= 0

�£AUe!Mzd ,Dd|�|B � �$' ��� ��� ��� ' �)�!�����)� ��� ��� 	 

A×A = 0

� ;
k�B­�xsgCxw1KzdfG]d`BgC�d�Gjw1C|CxM �]GjKLMzA1B2CxM KLB�Cxe!KLMzA1B�BDCxd`r1�xs4uvAUsD��e!�x�-s];���MzBg?�C�
1�gT)r�e!w1�@w1?UB
ej?1A1B �)� ��� � 	(��� ��� ��' � ngBgCª�|BgC�df�xMLnDd|MLe!?UCª?1B�d|MLBD?1?1Bg?5d°rUKLw1C�BDd°e!?2r�BDwUd°GJ�!ejML�ªwU?1Ble!?1AUB
Mz?1O1e!�&e!N �D?1B@r�e!K G]�|MLCxsgBpBDKLKLMzrUdfMzy8w1Bg�&Bg?5dJ;

k�e!�&�&B ��e!wUK Gj?1NjBg�£BDd �HG7IjBgC 
 <7Y!Y5: �£GJ�jG]Mzd¢A1e!?1?1s�w1?1BpA1BDC|ng�xMLrUd|MLe!?�nge!�&r1K��4dfB
AUBgC e!?UA1BgC O1ej�-e!N �g?1BDC�A1B r�e!KLGj�|MzCfG]d|MLe!? BgKzKLMzrUdfMzy�wUB 
/q+;bi+; q �­A�Gj?UC KLBDC C|e!KzMLA1BDC-AUB
��e+e!?UBDI5u FEMz��KLMz? A1sD��ej�|�&sgCgT�MLK{C|BD���1KLGjMzd~?�G�dfw1�xBgKEA1B��|BgnoOUBg�|noOUBg� KzBgC&e!?1A1BDC-Mz?1O1e]u
�&e!N �D?1BgCEA1B`r�e!K G]�|MLC|G]dfMze!?�KzML?1sgGjML�xB�A�G]?1CEngBgC�� ,g�&BgC{C|ejKLMLAUBgCg; �jB`Cxw1MLCEr�Gj��dfM�AZ�mw1?UB
ej?1A1B`A1B`K G2��e!�x�-B

x̄ = x+g(b · x)f(n · x−ct)a, x = FX, a · n = 0, b = n × a,
�q�;z<!;b: �
e��

f
B4d
g
C|e!?5d&A1BDC���e!?1nDd|MLe!?UC�ML?1nDe!?1?8w1BDCg; 
 dfej?1?�Gj�&�-BD?5d­e!?¤df�xe!wU�jB�y8w��SMLnDM�KzB

�&e!wU�jBg�&Bg?5d¢BgCxd¢�|sDN!MXr�Gj� A1BDC�sgy8w�G�dfMLej?1C A1M ��sg�xBg?5dfMzBgKLKzBgC e!�xA1ML?�G]ML�|BDC ' �)�!�����)� ��� T5�1MLBD?
y8w1B{d|e!wUdfBEKLG�dfO1sDe!�|MzB{C|e!M=d ?1e!?+u®KLML?UsJGjMz�|B�B4d y8w��bG]w1ngw1?&dfBD�|�&B{?��bG]Mzd sDd|sE?1sgN!KzMLN!s]; �U�mGjM
s4dfw1AUMLsEngBDC¢e!?UA1BgC£A�Gj?1C£KLBDC C|e!KzMLA1BDC°A1B ��e+e!?UBDI5u FEMz��KLMz?�sgKLGjCxd|MLy8w1BDC�Pm:�\XBDd ��MLCxnge�sgKLGjC�u
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0nDe!�&r1�|BDC|C|Mz�1KLBDCgT5�-GjMLC�r�BD�|�&B4u
dxdoGj?5dHKLB�A1sgnDe!w1r1KLGjN!B`df�|Gj?1Cx�jBg�xCfGjK 2]KLe!?UN!Mzd|w1A1ML?1GjK)� ;-�U�mGjM(Gjw1C|CxMªs4dfw1A1Mzs_B4d@N!sD?1sg�|GjKLMzC|s
KzBgC�ej?1A1BgC­OUe!�-ejN �g?1BDC­A1w¤dvI�r�B�klG]�|�|ejKLK 
/q+;miU;mV���A�Gj?UC­KLBgC2C|e!KzMLA1BDC�sgKLGjCxd|MLy8w1BgC2ML?+u
nDe!�&r1�|BDC|C|Mz�1KLBDC{Bg?��|e]doG]d|MLe!?�Ph<7�]\/T1A�G]?1C{KLBDC{C|e!KzMLA1BDClnge!�&r1�xBgC|CxML�1KzBgC{A1MzC|CxMLr�G]d|Mz��C�Pb:]V]\�T
B4d�A�Gj?1CEKLBDC{C|e!KzMLA1BDC{ML?1nDe!�&r1�|BDC|C|Mz�1KLBDC{A1MLCxC|Mzr�G]dfM=��ClBDd�A1MzC|r�Bg�xC|Mz��C`Pmk�Vj\/;
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d|MLnDw1KLM
�g�|B]T�wU?1B­ML?1OUe!�-ejN!sg?1sDMzd|sjT�w1?1B­�&MLng�xe!Cxd|�|w1n4dfw1�xBjT�B4dfn]; �U�mGjM�wUdfMzKLMLCxs2KzB2�&e+A �DKLB
d|�|MhuvA1Mz�-BD?1C|Mze!?1BgK�BDd�r1OUsg?1e!�&sg?Ue!KLe!NjMLy8w1B@r1�xe!r�e!C|s`r�Gj�EFEw1�1Mz?�BDdHGjK�;-
�<7Y!Y!q �4;

� e!wUd­AZ�bGj��e!�xA �D�bG]M£d|�|e!wU�js A1BDC­KLMLBD?1C�Bg?5df�xB KLBgwU�2KLejM£AUB nge!�&r�e!�xd|Bg�&Bg?5d2B4d­K G
d|O1sgej�|MLB~A1BDC�¡1w1MLA1BDC_?Ue!?+u ��B �{d|e!?1MLBD?1C`A1B&C|BgnDe!?1A©N!�fGjAUBjT(r�e!wU� �1?�GjKLBD�-BD?5d_sDng�xML�|B
KLG_Kze!MXA1B�nDe!�-r�e!��dfBg�&Bg?5d�A��mwU? C|e!KzMLA1B�?1e!?�uvKLMz?1sJG]ML�|BEA1MzC|r�Bg�xC|Mz��ML?1nDe!�-rU�|BgCxC|Mz�1KLB�C|e!wUC
KLG_��e!�x�-B

T = T1 + T2
e �

T1
BgC�dEK G2r�G]�xdfMzB ��' �$� 	 ���	��� A1w dfBD?1C|BDw1�EA1BgC{nDe!?5df�fG]ML?5dfBDC

RjY



q+;X>@?1A1BDCHA��mGj�&r1KLM=dfw1AUB ��?1MzB

A1B_klGjw1noO5I!TXnj�SBgC�dxuv}�uvA1Mz�|B

T1 = −pI + 2(∂W/∂I1)B − 2(∂W/∂I2)B
−1,


/q+;b:+;z< �
Bg?Qdfe!wUd|B~N!sg?1sD�fGjKzMzd|s 


B ≡ FF t T I1 ≡
d|�
B
T
I2 ≡

df�
B−1 � T�BDd T2

BgC�d�K G r�Gj��dfMzB
�����(� ����� ����� A1w�dfBg?UC|BgwU�HA1BDCHnDe!?5df�|GjML?5dfBDCEA1B_klGjw1noO5I!TXMLnDM

T2 = ρψ′

2(D ·D)
[

A2 − A2
1

]

.

/q+;b:+; :��

� Gj?1C(ngB4d|dfB£A1BD�|?1M
�g�|B£sgy8w�G�dfMLej?�T
ψ′
BgC�dªKLG�A1sD�|M=�!sgB£A��Sw1?1B£sg?1BD�|N!MzB¢KzML�1�xB°A1B �HBDKL�&O1e!KLt

GjC|Cxe+nDMLsgB~} KLG A1MLCxr�BD�|C|Mze!?	
/FEw1�1Mz?�B4d�GjK�; 
�<7Y!Y!q �He!?5d`r1�xMLCpC|ejML?QA1B~nge!?UCxdf�xw1ML�xB­w1?
�-e�A �gKzB�y8w1Mp�xBgC|r�Bgn4dfBQKLBDC KLe!MzC�A1B�KLG dfO1BD�|�&e+A+I+?1Gj�-Mzy8w1B �-B4d

D
BgC�d KzB�dfBD?1C|BDw1�

A1BgC&doGjw+³ AUB A1s4��e!�|�-G]d|MLe!?�T
D ≡ [∂v/∂x + (∂v/∂x)t]/2

Tle��
v ≡ ∂x/∂t

BgC�d
K G���Mzd|BgC|CxB ��r�Gj�`GjMzKLKLBDw1�|CDT

A1
B4d
A2

C|e!?5d�KLBDCpA1Bgw+³�rU�|Bg�&MLBD�|C@d|Bg?1CxBgw1�xC_A1B~FEMz��KzML?+u

 �xMLn �8C|BD?�;�k��SBgCxd­GjML?1CxM¢y8w1B�r�Gj��G]?�GjKLejN!MLB&GJ�!BDn KLBDC_¡�w1MzA1BgC2?1e!?+u �HB �{d|e!?1MzBg?1CDT°e!?
r�BDwUd�r�Gj�|KzBg�lAZ�mw1? � �$' � ��� � � � �����$� � ��� ����� ;

²(e!w1�EK G�Kze!M�A1B`nDe!�-r�e!��dfBg�&Bg?5dEsDK GjC�dfMLy8w1B �D�mGjM�noOUe!MLCxM

Σ = C10(I1−3)+C01(I2−3)+C20(I1−3)2 +C02(I2−3)2 +C11(I1−3)(I2−3),
/q+;b:+;bR �
e ��KzBgC

Cij

C|e!?5d�ngML?Uy r�Gj�fG]� �4df�|BDC-�-G]d|sg�|MLGjw+³�T�y8w1M�r�BgwU�jBg?5d ,Dd|�|B G��xw1C�dfsgC�r�e!wU�
w1? KLMzC|CfG]N!B-ejrUdfMz��GjK/; k�B nJGjC2nge!wU���xB�Gjw1C|CxM�KzB��&e+A �DKLB&�|BDngBg�&�&Bg?5d­r1�xe!r�ejC|s r�G]�
��Gj�&MLK=dfe!?-BDdHGjK�;-
�:ji!i]V ��r�ejw1�{KLBDC�NjBgKLC{B4d�KLBgCld|MLCxC|w1CE�&e!w1C{ML?Unge!�&r1�|BDC|CxML�1KzBgCgT

Σ = −2µi2 + ni3 + ν4i
2
2,


/q+;b:+;mV��
e �

µ
BgC�dpKLB_nge�B �&ngMzBg?5d`A1B�nDMLC|GjMLKzKLBg�&Bg?5d�A1B .)Gj�&s 
�sgKLGjCxd|MLngM=dfs�KLMz?1sJGjMz�|B �4T

n
BgC�dpw1?

nge�B �&ngMzBg?5d`A1B�� w1�x?�GjN!O1Gj? 
0sDK GjC�dfMLnDMzd|s2?1e!?�uvKLMz?1sJG]ML�|B�A1w�df�xe!MLCxM��D�-B�e!�|AU�|B � T
ν4
BgC�d

w1? nDe+B��&ngMLBD?5dHAUB�K/�msDK GjC�dfMzngMzd|s@?1e!?�uvKLMz?1sJG]ML�|BHA1w�y�w1G]df�xM��g�&Bpe!�xA1�|B`BDd�e �
i2
T
i3
Cxe!?5d

KLBgC A1BDw+³+M��D�-BEBDd d|�|e!MzC|M��D�-B�ML?5�]Gj�|MLGj?5dfC°r1�xML?1nDMLr�Gjw�³­A1w~dfBD?1C|BDw1��A1BDC¢nDe!?5df�|GjML?5dfBDC A1B
�`�xBgBg?�u .)GjN!�|Gj?1N!B];

²(e!w1�EK G�AUMLC|r�Bg�xC|Mze!? �D�bGjM�rU�|MLC

ψ = ρβ0(D · D) + ρ
β1

2
(D · D)2,


/q+;b:+; q��
e �

β0
B4d
β1
C|ej?8d�A1BDCHnDe!?1C�doGj?5dfBDCH�-G]d|sg�|MzBgKzKLBgC¢r�ejC|Mzd|Mz�jBgCg;

²°w1MzCgT)�&ejdfM=�!s�r�G]�pKLBgC`�xsgC|wUKzdoG�dfCpB4³+r�sg�xML�&Bg?5doGjw�³QsD�je+y8w1sDC_r�G]�pK G � MLNjw1�|B~q�;z<!T
�D�bGjM�noO1BD�|noO1sQA1BDC C|e!KzwUdfMze!?1C�Cxe!w1C KLG©��e!�|�&B�AZ�me!?UA1BgC A1B�ngMLC|GjMLKzKLBD�-BD?8d&r�e!K G]�|MLCxsgBDC
KLML?UsJGjMz�|Bg�&Bg?5dgT

x = X + u(Y − ct), y = Y, z = Z,

/q+;b:+;b[ �

e �
u
BgC�d�ML?1nDe!?1?8w1B�BDd

c
BgC�d�w1?1B`nge!?UCxdoG]?8d|B 
�K G2��Mzd|BgCxC|B � ;
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q�;�>p?UA1BgCEA��mGj�&r1KLM=dfw1A1B ��?1MLB
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� MLN!w1�xBHq+; : � >@?1A1BgC¢C|e!KzMzdfGjML�xBgC°A1B��!e!Kzw1�-B�r�e!w1�£KLBgC£KLejMLC A1B�nDe!�&r�e!��dfBD�-BD?8d 
�q�; :+;mR��
B4d 
�q+;b:+;bq �4; 0�N5Gjw1noOUB ��e!?1A1B{AUB�AUsD��e!�x��G]d|MLe!?�}@r1�|e �1K�nge!?1C�doGj?5d A1BECxw1r1r�e!�xd Mz? ��?1M
ej�UdfBD?�wUB{GJ�!Bgn

β0 6= 0
T
β1 = 0

; 0�A1�xe!Mzd|B �(e!?1AUB�A1B¢A1sD��e!�x��G�dfMLej?2}�r1�|e �1K+nDe!?1CxdfGj?5d
AUB�Cxw1r1r�e!�xd�nDe!�-r1GjnDdEe!�+dfBg?8w1B_GJ�!BDn

β0 = 0
T
β1 6= 0

;

.�e!�xC|y8w1B
β0 6= 0

T+e!?�d|�|e!wU�jB@A1BDC{C|e!KzwUdfMze!?1C ��� ��� 	 ��� A1BgClsDy8w�G]dfMze!?1C¢A1w �-ejwU�!B u
�&Bg?5dHC|e!wUC���e!�x�-B`A��Se!?1AUBgC�C|e!KzMzdoG]ML�|BDC � r1wUKLC|BDC 	�}~C|wUr1r�ej�xdHML? ��?UM�T1�!ejML� � MLNjw1�|B�q+;b:+;
.�e!�xC|y8w1B

β0 = 0
T!ej?~d|�|e!w+�!B{A1BDC£Cxe!KLw+dfMLej?1C ��� ��� 	
��� A1BgC sDy�w1G]dfMze!?1C A1w&�&e!wU�!BD�-BD?5d

Cxe!w1Cª��ej�|�&B¢A��Se!?1AUBgC Cxe!KLM=doGjMz�|BgC��vr1w1KLCxBgC 	�ejw � �8Mz?��8C 	lG7�jBgnlwU? ��� ��� �$� 	 ��� � � ��� 	 Tjw1?UB
e�ngnDw1�|BD?1ngB`df� �gCE�fG]�|B 
 � Gjw1N!Mz?�T�<7Y!YjY��¢r�e!w1�{KLBDCEe!?1A1BDC�A1Gj?1CEKLBDC{C|e!KzMLA1BDCgTU�je!ML� � MzN]u
wU�|B q�; :+;�k�BDC2e!?UA1BgC_C|e!?5d�Cxw1r�Bg�|Cxe!?1Mzy�wUBgC�r�G]�_�|Gjr1r�e!�xd2} KLG���Mzd|BgCxC|B�AZ�mw1?UB�e!?1AUB
AUB�ngMzCfGjMzKLKLBD�-BD?5d�KzML?1sgGjML�xBjTX��G]MLC�KzBgw1����MzdfBDC|CxB­�|BgC�dfB~Gj�x�1Mzd|�fGjMz�|B];`k�B�C|ej?8d`AUBgCpC|ejKLw+u
d|MLe!?UCpB4³UGjnDd|BgC_A1BgC`sgy8w�G�dfMLej?1C`A1w©�&e!wU�jBg�&Bg?5d �ªGjw1nDw1?1B&r1�|e�ngsDA1w1�|B&A1B~�|sDA1w1n4dfMLej?
G]CxI��-r+dfejd|MLy8w1Bp?��mG&s4dfs`B+��Bgn4dfw1sDBj;

VU<
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��� � � � � ����� ��� � �	� � �
���
	���	 
��������������������
�������� !���
²(e!w1�¢KLBgC¢e!?1A1BDCl?1e!?�uvKLMz?1sJG]ML�|BDC ��� ���$' � � � T+��BJG]w1nge!wUr �|BgC�dfBp}`�0GjML�xB �ªe!?1A1BDC�df�|Gj?1C�u
�jBg�xC|BgC r�e!KLGj�|MzC|sgBDC-BDKLKzMLrUd|MLy8w1Bg�&Bg?5d~A�G]?1C KLBDC-Cxe!KLMzA1BgC&A1MzC|r�Bg�|CxMz��C-ML?1nDe!�-rU�|BgCxC|Mz�1KLBDCgT
nDe!w1r1KLGjN!B£KLe!?UN!Mzd|w1A1ML?1GjK)2�d|�fGj?UCx�!BD�|CxB°A�Gj?1C(KLBDC�Cxe!KLMzA1BgC(A1MLCxr�BD�|CxMz��C(nge!�&r1�|BDC|CxML�1KzBgCgT�e!?+u
AUBgC£�-e�A1w1KzsgBgC 
6�!e!Mz� �`ej�|��G]d|noO1BD�]GpBDd�>@Cxd|�|e!C �5I�
�<7Y!�jR���e!w�klGjA1B4d 
 <7Y!�5W��ªr�e!wU�°KLBgC
�&e�A �gKzBgC{y8w�GjCxM=uvnDe!?5dfMz?�wUC��4TUML?U¡�wUBg?1nDB_A��Sw1?1B`r1�xs4u®A1sD��e!�x��G�dfMLej?�TUB4dfnj;

0HML?1CxM�e!? r�BgwUd�r�Gj��B ³UBD�-rUKLB N!sD?1sg�|GjKLMzC|BD�2K��Se!?1AUB 
�q+;b:+;m[��oT°r�e!KLGj�|MzC|sDB�KLMz?1sJG]ML�|B u
�&Bg?5dgTX}~K/�mej?1A1BpC|wUMz�]Gj?5dfB]T�r�e!KLGj�|MzC|sDB@BgKzKLMLr+dfMLy8w1BD�-BD?5dJT

x = λ−
1

2X + u(y − ct), y = λY, z = λ−
1

2Z + v(y − ct),

/[U;=<!;=< �

e��
λ
BgC�d£KLB¢dfGjw+³�A1B{r1�|s uvA1s4��e!�|�-G]d|MLe!?_A�Gj?1C°KLG�A1ML�xBgn4dfMLej?

Y
; � BgC£Gj?�GjK=I�C|BgCªr1�|sDKLML�­u

Mz?�GjMz�|BgC¢�|s4� �gKzBg?5d�y8w1B`KLBgC�e!?1A1BDC�Cxe!KLM=doGjMz�|BDC¢A1BpCxw1r1r�e!�xdEMz? ��?1MZe!w A1BpC|wUr1r�ej�xdEngej�~u
r1GjnDd-Bg?���ej�|�&BgC&A1B rUw1KLCxBgC�ejw�A1B ��Mz?�� A1MLCxr�Gj�|GjMLCxC|Bg?5d-A �gC-y8w1B�KLG�r�e!K G]�|MLC|G]dfMze!?
?Z�mBDCxdEr1Kzw1ClKLMz?1sJG]ML�|B]T8C|w1N!Njsg�fG]?8dly�wUBpngBgC{ej?1A1BgC{Cxe!?5dEK��SB4³+ngBDrUdfMze!? r1KzwUd � dly8w1BpK G_�|s4u
NjKLB �Ur�e!wU�{w1?1B�r�e!KLGj�|MzCfG]d|MLe!?-BgKzKLMLr+dfMLy8w1B]TUCxBgw1KzBgCEKLBDC�ej?1A1BgCEr�sg�xMLe�A1MLy8w1BDC{C|w1�1CxMLC�dfBg?5dg;
� B�r1Kzw1CgT�e!? r�BgwUd_Cg�mG ���fGj?UnoO1ML��A1w¤Cxe!w1ngM£A��Se!�Ud|Bg?1Mz��AUBgC2Cxe!KLw+dfMLej?1C`B4³UGjnDd|BgC�r�e!w1�
AUBgCpKLejMLC�A1B�ngej�-r�e!�xd|Bg�&Bg?5d@AUe!?1?1sDBgCgT�BD?��|BDnoO1Bg�xnoO�Gj?5d�A1BgCpCxe!KLwUd|MLe!?UC�GjrUr1�|e�noO1sgBDC
r1Gj�~A1BgC&A1sD�jBgKze!r1r�Bg�&Bg?5dfC�GjCxI�rUd|ejdfMzy�wUBgC&�-KzwUdfMhuvsgnoOUBgKLKzBgCD; 0�Kze!�|C~e!? df�xe!wU�!B�y8w1BjT
�	� ��' �	� � � ��� 	 ' � ' ��� ��� ��� � � �$� 	 ��� ��� 	 A1wQC|e!KzMLA1B]TZKzBgCpsgy8w�G�dfMLej?1CpA1wQ�-ejwU�!BD�-BD?8d
CxBE�|sgAUw1MLCxBg?5d£}pK��Ssgy8w�G]d|MLe!? 
�nge!�&r1KzB4³+B �ªA1B���e!�xd|B �¢BgN]u®A1B � �|MzBgC°�&e+AUM
��sDB 
 � �`A �/�4;
0HML?1CxM1w1?~KLMzBg?2��ej�xd Cg�SsDdfGj�1KzMzd BD?5df�|BEKzBl�-e�A �DKLBlA1MzC|r�Bg�xC|Mz�-
�q+;b:+;=< ��u�
�q�; :+;b: ��B4d KLBDC �-e�A+u
�DKLBDC2y8w�GjCxM=uvnDe!?5dfMz?�wUC2A1B �xsgC|Gjw+³©?1e!?+u®KLMz?1sJGjMz�|BDC 
6�!e!Mz��²(BDI��fGj�xA BDd � Gjw+³+e!MzCgT :jijijV1T
r1Gj�{B4³+Bg�&r1KzB �4T�e���nDBDdxdfB�A1Bg�x?1M��D�|B`sgy8w�G]d|MLe!?�r1�xsD�]GjwUdg;

� �mGjwUd|�|BDC@Gj?�G]KzI�C|BDCHCxw1N!N �D�|Bg?5dHy8w1B2nDBg�xdfGjML?UBgCEKLe!MzC{A1B�nge!�&r�ej�xdfBD�-BD?5dHr�Bg�x�-B4dxu
d|Bg?5dpK/�msD�-BD�|N!BD?1ngB_A��mej?1A1BgC�C|e!KzMzdoG]ML�|BDC�}�C|w1rUr�e!��dpC|BD�-MhuvMz? ��?1M#" A1BgC � �8ML?��8C�CxBg�&M=u

V!R



[U;�²�BD�|Cxr�BDnDdfM=�!BDC

nge!�&r�Gjn4dfC 	 " y8w1MEnge!?1C�dfM=dfw1BD�fGjMzBg?5d~A1BgC&C|ejKLwUd|MLe!?1C­B ³UGjnDd|BgC&r�e!wU�&KzB �-ejML?1C�B ³+e]u
dfMLy8w1BDCg;

� ML?�GjKzBg�&Bg?5d �xB@r�GjCxC|Bg�|GjM�}2KLG2�|sDC|e!KzwUdfMze!? A1B�r1�|e!�UK��g�&BgC�A��mej?1A1BgC{?Ue!?+uvKzML?1sgGjML�xBgC
� ����� ���$� ��� 	 ���$� � � � � ' ��� � 	
��� T1dfBgKzCEy�wUB_nDBgw+³�A1BDC�e!?UA1BgC�A1B`C|w1���0GjngB�e!w�A1BgCHe!?1A1BDC
A�Gj?1CEKLBDC{nDI�KLMz?1A1�xBgCg;

� �
	���� 
��������������������  ���
²�e!w1�_KLBDC �$� ����� ' �)�!�����)� ��� ��� ��' �$� 	 ��� � 	(� ' �)�!�����)� � ��� ��� ��	 � ��� � T �xB�nDe!�&rUdfB&e!�Ud|Bg?1Mz�
K��Ssgy8w�G]d|MLe!? AUB@K G_��M=dfBgCxC|BpB ³UrUKLMLnDMzd|B�r�e!w1�lKzBgC�ej?1A1BgC{AUB�c+noO1e!K=dfB 
�ML?5dfBD�x�0GjnDB@C|e!KzMLA1B 2
¡�w1MLAUB�r�Gj���0GjMzd���A�Gj?UCpw1?Qr1K Gj?�AUB­CxI��-s4df�xMLBj; 0�Kze!�|C�A1BgC`C|Mz��w1KLG]dfMze!?1C�?�wU�-sD�|MLy8w1BDC
BDd�AUBgC2B ³+r�sD�|MLBD?1ngBDC�C|Mz�-MzK GjMz�|BDC`} ngBDKLKzB-r1�xsgCxBg?5dfsDB Bg? � MzN!w1�xB�:�;z< r�e!w1�x�|e!?5d2GJ�!e!Mz�
KLMLBDw�TUBD? w+dfMLKzMLC|Gj?5d{A1BgCEnD�|MLC�doGjw�³�C|e!wUC�noO1Gj�|N!BD�-BD?5d�¡1w1MLA1B];
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BDd�C|e!?5d�C|w��xBDdfC } A1B©Nj�fGj?1AUBgC�A1sD��ej�|�-G]dfMze!?1C �vBg? C|Bg����MLngB�	o;�k��mBDCxd�r�e!wU�|y8w1e!MpKLG
dfO1sDe!�|MzB A1B¤K/� ��' �$� 	 ��� � 	(� � �$�&%(' �)�!�����)��� G �xejw1s¤w1?�� � KLB�ngKzBD�~A�Gj?UC KLB©A1sD�jBgKLejr1r�B u
�-BD?8dHA1B�KLG&nDe!�&r1�|sDO1Bg?1CxMLe!?�A1w ngej�-r�e!�xd|Bg�&Bg?5dH�1MLe!�&sgngGj?1Mzy�wUB_A1w�r�e!Mz?5dHAUB2��w1B
r1O1sg?Ue!�-sD?1e!Kze!N!MLy8w1B];

.)G&Cxdf�xw1nDd|w1�|B_ML?5dfBD�|?1B 
0ejw�O1MzCxdfejKLe!N!MzB ��A��Sw1?�dfMLCxC|w�G-w1?1B_ML?U¡1w1Bg?1nDB2BDC|C|BD?5dfMLBDKLKzB
C|w1��ngB4d|d|B��xsgr�e!?1CxB��&sgngGj?1Mzy�wUBj; ²�Gj��B4³+Bg�&r1KLB]T�w1? ngej?1Cxd|Mzdfw1Gj?5d�ML�&r�e!��doGj?5d�A1B
?1e!���1�xBgw+³ d|MLC|Cxw1C�BDCxd�KLB�nge!KzK GjN �D?1B 
0C|ejw1C�CxBgC A1M=�!BD�|C|BDC���e!�x�-BDC��4Tpy8w1M_BgC�d �|BDK G�u
dfMz�jBg�&Bg?5d-�fGjMzA1B 
�nge!�&r�Gj�xs�G]w+³ ��G]d|sg�xM Gjw+³ Bg?5��ML�|ej?1?�Gj?5dfC"�-BDd�nge!?+� �g�|B A1BgC-r1�|e�u
r1�|MzsDdfsDC ��� ��� ��	 ����� ��� Gjw�dfMzC|Cxw��1MLe!Kze!N!Mzy�wUBj; 
°?�N!sD?1sg�|GjK�TEKLBDC�dfMzC|Cxw1C �1Mze!KLe!NjMLy8w1BgC
�-e!wUC&Cxe!?5d�AUBgC&��G]d|sg�xM Gjw+³¤��e!�xd|Bg�&Bg?5d&ML?1O1ej�-e!N �g?1BDC&B4d G]?1MLCxejdf�xe!r�BDCgT£�!e!Mz� � MLN]u
w1�|B�[U;b:+; .�Bgw1�~nDe!�-r�e!��dfBg�&Bg?5d~BDCxd-sgK G]CxdfMzy8w1B e!w � ,D�-B���MzC|nge�sgKLGjCxd|MLy8w1B 
0nDB�y�wUM
�|Bgy8w1MzBg��d�w1?UB�A1BDC|ng�xMLrUd|MLe!? nge!?UCxdfM=dfwUd|Mz�jB�GjrUr1�|e!rU�|MLsDB � T¢�!ejML�|B�A�Gj?UC�ngBD�xdfGjML?1BDC�nDML��u
nge!?1C�doGj?UngBgC 
6dfBDKLKLBDC¢y8w1B�K��mGj?1N!Mze!r1K G]CxdfMzB � T!ML?1sDK GjC�dfMzy�wUB 
�ngB@y8w1M��|Bgy8w1MzBg��dlw1?1BHdfO1sDe!�|MzB
A1BHK/�mBD?1A1e!�&�-GjN!Bg�&Bg?5d��
�5A1B�r1KLwUCgT�KLBgC£r1�xe!r1�|MzsDd|sgC£��G]d|sg�xMLBgKzKLBDC noO�Gj?1NjBg?5d{GJ�!BDn@K�� � N!B
BDd�A1M ��sg�xBg?5dHA��mwU?1B_BDC|r �gnDB�}~K��mGjwUdf�xB`BDd�A��Sw1?�Mz?1A1Mz��MzA1w�}&K/�bGjw+df�|B]; .)G~r1KLwUr�Gj�xd�A1BDC
V5[



[U;�²(Bg�xC|r�BgnDd|Mz�jBgC

� MLN!w1�xBQ[U;b: � ��e!KLtgGjrU��BDKpBDd�GjK�; 
�:jiji!i����&e+A1sDKLMzC|Bg?5d�KLG C�df�xw1nDd|w1�|B©nge!�&r1KLB ³+B�AUB
K/�bG]�xd �D�|B 
/}�AU�|e!M=dfB �{r�Gj�Hw1? dfwU��B_ngML�xngw1KLGjML�xB`nDI�KLMz?1A1�|Mzy8w1B_sDr�GjMzC 
/}-N5Gjw1noO1B �4; � e!wUd
AZ�bGj��e!�xA�T�Bg?Q�|BDr1�|sDC|BD?8dfG]dfMze!?�w1?1B4u®nge!wUnoO1B ��r1w1MLCDT�A1Bgw�³�u®nge!wUnoO1BgCDTªr�e!w1�pML?Unge!�xr�e!�xBg�
KLG �&BgAUM G BDd K/�bG]AU�!BD?8d|MLnDBj; . �mGj?1MzC|ejd|�|e!rUMLBQA1w1B Gjw+³ �0Gj�&MLKzKLBgC AUB ���1�xBgC A1B nDe!K=u
KLGjN �D?1B�BD?1noO � CxC|sgBDC~BgCxd��-e�A1sgKzMLCxsgB&Bg? ngej?1C|MzA1sg�|Gj?5d­y8w1B noO�Gjy8w1B nDe!w1noO1B BDCxd­�xBg?+u
��ej�|ngsDB2r�G]��AUBgw+³ �0Gj�&MLKLKzBgClAUB ���U�|BgCHB4³�dfBD?1C|Mz�1KLBDC�r�G]�fGjKzK��gKzBgCDTXGj�|�|Gj?1N!sDBgC�Bg? O1sDKLMzngBgC
C�I��-s4df�|Mzy8w1BgCD;

G]?�GjKzI�CxBgC2AUw ngej�-r�e!�xd|Bg�&Bg?5d_A1BgC�dfMLCxC|w1C_�-ejw1C`C|B�Cxe!?5d­GjrUr1wUI!sDBgC­Cxw1�_KLG�d|O1sgej�|MLB
AUB�K/�msDK GjC�dfMzngMzd|sjT�BDd �xw1Cxy�wZ�b} �|sgnDBg�&�-BD?5dJT@KzBgC�KLe!MzC A1B�nge!�&r�e!�xd|Bg�&Bg?5d�sgKLGjCxd|MLy8w1BgC
MzC|ejd|�|e!r�BgC­s4doGjMzBg?5d~r1�xe+sD�-Mz?1Bg?5dfBDCg; ²°KLw1CxMLBDw1�|C­Kze!MLC­G]?1MLCxejdf�xe!r�BDC­e!?5d&sDdfs�wUd|MLKzMLC|sDBgC
A1Gj?1C­K G KzMzdxdfsg�|G]dfwU�|BjTª��GjMzC2BDKLKLBDC�C|ej?8d~AUB ?�G]dfwU�|B�GjA O1e�njT C|Gj?1C~�|s4��sg�|BD?1ngB�} w1?UB
C�df�xw1nDd|w1�|B Cxe!w1C�u �|GjngBD?5dfB�BDd~C|Gj?1C­nJG]A1�|B �-G]dfOUsg�-G]dfMzy�wUB-C�I+C�dfsD��G]d|MLy8w1B r�e!w1��KzBgw1�
AUsD�!BDKLe!rUr�BD�-BD?8dg; � ?1B{�xBD��w1B�ng�xMzdfMzy8w1BlA1BDC£Kze!MLCªA1B{nge!�&r�e!�xd|Bg�&Bg?5d£Gj?1MzC|ejd|�|e!r�BgC°B ³�u
MzCxdfGj?5dfBgC BDCxd¢A1e!?1?1sDBHA1Gj?1C w1? G]�xdfMzngKzBl�|sDngBg?5d¢r�Gj� �HejKLtJG]rU��BgK�B4d�G]K�;-
/:ji!i!i �4T!y8w1MXr�Gj�
G]MLKLKzBgw1�xC�sDdfGj�1KLM=d(w1?2ngGjA1�|B¢N!sg?Usg�fG]K+r�e!w1�(K��mGj?�GjK=I�C|B A1B¢d|BgKzKLBgC)Kze!MLC)BDd�r�e!w1�(K��SML?1nDKLw1CxMLe!?
AUBgC�A1sDdfGjMLKzClCxd|�|w1n4dfw1�|Gjw+³�;lk�B4dHGj�xd|MLngKzBpG­A1s �|}~sDd|s`ngMzd|spr1KLwUC�AUB&<Ji!i2��e!MLCD;

.)G`nge!�&r1�|sDO1Bg?UC|MLej?-A1BDC¢B��ZB4dfC£A1BEK G ��� ������� ��� ��� T!A1w&�|BD�-e�A1BgKLGjN!B{B4d¢AUB�K/�bG]A�Gjr+u
dfG]dfMze!? A�Gj?1C KzB ngGjA1�xB�A1B �&e�A �gKzBgC~��G�dfO1sD��G]d|MLy8w1BDC-BD?�BgC�d Bg?1nDe!�|B }©w1?�C�doGjAUB
�1GjKL�1w+dfM G]?8dg; �@w1BgKzy�wUBgC��xsgCxw1KzdfG]dfC&r1�|ej�-B4d|dfBDw1�|C-r�BDwU�!BD?5d ,Dd|�|B d|�|e!w+�!sgC�A�Gj?1C-KLBgC
�&e�A �gKzBgC�nDML?1sD��G�dfMLy8w1BDC�A1B�ng�|ejMLC|C|Gj?1nDB��!e!Kzw1�&sDdf�xMLy8w1B�dfBgKzCly8w1BpngBDw+³ rU�|e!r�e!C|BDClr�Gj�
FEe�A1�|MzN!w1Bgt~B4d�GjK/; 
 <7Y!YjV � ; k�BDC2�&e+A �DKLBDC�ej?8d�s4dfs G]�-sDKLMLej�|sgCpr1Gj�`ngBgC2GjwUd|Bgw1�xC2BDd
r1Gj�@A��mGjwUd|�|BgCDT��!e!Mz�@r�Gj�@B ³+Bg�&r1KLB~F�GjnoO1B4��BDd`G]K�; 
�<7Y!Yj����B4d`K��mGj�xd|MLngKzB_AUB­CxI�?5dfO �DC|B
AUB � Gj��Bg� 
�:ji!i+< �4;Ek�BDr�BD?1A�Gj?5d�ngBgCH�-e�A �DKLBgCEe!?5dHKLBDw1�|C�KLMz�-M=doG]d|MLe!?1C£BDdgT�BD?�r�G]�xdfMzn4u
wUKLMLBD�gT1CxB_nDe!?5dfBD?8d|Bg?5dHA�� ,4df�xB_A1BDC|nD�|MLr+dfMz��CEr�e!w1�EKLBDC{nge!?UC|sgy8w1BD?1ngBDCpA1B`K G­ng�xe!MLCxCfGj?UngBjT
rUKLwUd � d`y8w1B~A1B&��ejw1�|?1Mz�@w1?��-e7IjBg?�A��bG]?�GjKzI�CxB&AUBgC�r1�|e�ngBDC|C|wUC2A1B~K G nD�|e!MzC|C|Gj?1ngB&BDd
AUB�K��mGjA�GjrUdfG]dfMze!?�; 0�Mz?1C|M/TEMLK��xBgC�dfBQ��BgGjw1nDe!w1r } �0GjML�xB r�ejw1� r1�xe!r�ejC|Bg� wU? ngGjA1�xB
d|O1sgej�|MLy8w1B~A1B~KLG ng�|ejMLC|C|Gj?1nDB&B4d�A1w©�xBg�&e+AUBgK G]N!B ��A��mGjr1� �gC��Hw1�&r1O1�xBDIjT(MzKªCD�bGjNjMzd`K }
AZ�mw1?�A1BDCH��BgCxe!ML?1C{KzBgCEr1Kzw1C{r1�|BDC|C|Gj?5dfC�AUB�KLG��1MLej�-sDnJGj?1Mzy8w1Bpnge!?5d|Bg�&r�e!�|GjML?UBj;
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°? �1?�TpKLBDC�ngGj�fG]nDdfsD�|MzCxdfMzy8w1BgC�A1sDng�|M=dfBDC�nDM=u®A1BgCxC|w1CDTpC|r�sgngM ��y8w1BgC�Gjw+³�d|MLCxC|w1C��1M=u
e!KLe!NjMLy8w1BgC­�&e!w1CDT¢AUBD���|e!?5d ,Dd|�|B�y8w�Gj?5dfM ��sgBDC-B ³Ur�sg�xML�&Bg?5doG]KLBg�&Bg?5dgT�GJ�!BDn�KzB r1�|e!��u
K��g�&B`sD��MLAUBg?5dpA1BDC��&BgC|wU�|BgC�ML?��+M=�!e1;�k��SBgCxd@K }~w1? A1e!�-GjMz?1B`e � K��SsDd|w1A1B`dfO1sDe!�|Mzy8w1B
A1BgC e!?UA1BgC�GjnDe!w1Cxd|MLy8w1BDC�A1Gj?1C KLBDC dfMzC|C|wUC �-e!wUC r�BDwUd �xe!w1BD� w1? � � KzB ��G �xBgw1� B4d
� ,D�-B©A1e!?1?1BD�Qw1?�sgKLGj?�r�ejw1��K�� ������' � ��	 ���$� ��' 	�� �$� �$� �$� � A1BDC�e!�|N5G]?1BgC�B4dQr�e!wU�
w1?�A1MLGjN!?1e!C�dfMzn��&sgAUMLnJG]K�?Ue!?+uvMz?5�jG]C|Mz��BDd�?1e!?+u®A1BgC�df�|wUnDdfM=� ; .)G©d|O1sgej�|MLB�A1BDC e!?1A1BDC
A��bG]�-r1KzMzd|w1A1B�ML? ��?1Mzd|sgCxML�-GjKLB CxB©rU�|e!r�G]N!BJGj?5d A�Gj?1C A1BgC nge!�xr1C�?1e!?+u®KLML?UsJGjMz�|Bg�&Bg?5d
sgK G]CxdfMzy8w1BgC~r�BgwUd-ML?1nDe!�|r�e!�xBg�­BDd&A1sDng�xML�|B�ngej�-r1K
�Dd|Bg�&Bg?5d~KLBDC&B��ZB4dfC&A��Sw1?1B�N!�fGj?UA1B
r1�|s uvngej?8d|�fGjMz?5dfBQO1e!�&e!N �D?1BjT@AUB©K/�bGj?UMLC|e]df�|ejr1MLB AUw1B¤} A1BgC��0Gj�&MLKzBgC A1B ���1�xBgC�B4³8u
dfBg?UC|ML�UKLBgC2r�Gj�fG]KLK��DKLBDCgTªAZ�mw1?UB sgr�G]MLC|CxBgw1� �1?1MLB]T°e!w¤A1B K/�mBD?1A1w1M=d2A��Sw1?1B Cxw1�x�0G]ngBjT Cxw1�
KLBgC{ngGj�fG]nDdfsD�|MzCxdfMzy8w1BgCE�&BgC|wU�fGj�1KzBgC 
���M=dfBgCxC|B]T�r�e!KLGj�|MzCfG]d|MLe!?�T+Gj�&r1KLM=dfw1AUB �£AZ�mw1?UB_e!?UA1B
w1Kzd|�fGjCxe!?1e!�xBj;��vKE�xBgCxd|B�nDBgr�Bg?1A�G]?8d���BgGjw1nDe!w1r�}Q�0GjML�xBjT£BDd �xw1C|y8w��SMLnDMEr�BDw�A1B�dfBg?�u
doG]d|Mz�!BDC2C|G]dfMzCx�0GjMzCfGj?5dfBDC2e!?5d2sDdfs��-BD?1sgBDC­}���e!wUd_r�e!wU�2B4³UGj�&ML?UBg�2KzBgC_B+��BDdfC2A��mwU?1B
r1�|s uvngej?8d|�fGjMz?5dfB�?1e!?+u®O1e!�&e!N �g?UB 
6dfBDKLKLB`y8w1B_ngBgKzKLB`�|BD?1ngej?8d|�|sDB�A�Gj?1C�K G~N!sDe!�-s4df�xMLB�}
CxI��-s4df�xMLBln4I+KzML?1AU�|MLy8w1B{AZ�mw1?UBEGj�xd �g�|BEG]?1MLCxejdf�xe!r�B�A1sD��e!�x�-sDB � T5A��mwU?1B�Gj?1MLCxejdf�xe!r1MzB�e!� u
dfO1e!�xO1e!���UMLy8w1B 
6dfBgKzKLBHy�wUBpK��mGj?1MLCxejdf�xe!r1MzBHA1wUB`}�A1Bgw+³��0Gj�&MLKLKzBgC A1B ���U�|BgCEr�G]�fGjKzK��gKzBgC
A1B`nge!KzK GjN �D?1B � TUA��Sw1?1B`nDe!?5df�fG]ML?5dfB`�|sDC|MzA1w1BgKzKLB]T1BDdEA1B`KLG~nD�|e!MzC|C|Gj?1ngB];

� � � ��� � �	���������������������������  ����� �	� ��� � �	� � ��
 �
. �Se!� �xBDnDd|Mz��N!sg?Usg�fG]K�A1B nDB r1�|e �xB4d­BgC�d~A��mGj�-sDKLMze!�|BD�_KLG�nge!�&r1�xsgO1BD?1C|Mze!? A1B K G �-s u
nJGj?1Mzy8w1BQ?1e!?+u®KLML?UsJGjMz�|B�AUBgC dfMzC|C|wUC��UMLe!Kze!N!MLy8w1BDC �&e!w1C dfBDKLC y8w1B�ngBDw+³ A1BgC�r�G]�|e!MzC
Gj�xd|sg�|MzBgKzKLBgC�e!w A1B KLG�r�BJGjw�T GJ�jBgn�w1?1B�G]dxdfBD?8d|MLe!? r�Gj�xd|MLnDw1KLM
�g�|B&r�e!�xd|sgB�} K G�ng�xe!MLC u
CfGj?1nDBjT]}{K GlCxdfGj�1MzKLMzd|s�B4d�}lK��SsD�]GjKLw1G]dfMze!?@?1e!?�uvA1BDCxdf�xw1nDd|Mz�jBj; .�BDC(�&sDd|O1e�A1BgC�BD�-r1Kze7I!sgBDC
C|Bg�xe!?5d 	 �&���$� ���	� ��� T!r�ejw1�°K��SsgnD�|Mzd|w1�|B�A1BgC sgy8w�G�dfMLej?1C A1w~�-e!w+�!Bg�&Bg?5dgT5A1BgC sgy8w�G�dfMLej?1C
A1B_K/�msDy8w1MLKzML�1�xB@BDdHA1BgCHsgy8w�G]d|MLe!?UCHMz?1ng�xsg�&Bg?5doGjKzBgCEr�e!w1�EA1BgCHKLe!MzC{A1B�nge!�&r�ej�xdfBD�-BD?5d
N!sg?1sD�fGjKzBgC�� ��� � � 	 ��	 ���	� ��� 
�A1sD�jBgKLejr�BD�-BD?8d|C���wUKzdfMhuvsDnoO1BgKzKLBgCDT�Gj?�G]KzI�C|B � �
�HT�B4dfn]; � �
� ��� ' ��� ������� �����	� ��� T�r�e!w1�pKLG��xBgnoO1BD�|noO1B-A1B~KLe!MzC@A1B~ngej�-r1�xejdfBD�-BD?5d_CD�bG]r1r1wUI!Gj?5d2Cxw1�
A1BgC-�|sgCxw1KzdfG]dfC&B4³+r�sg�xML�&Bg?5doGjw�³ � ��� � �)� ���	����� T¢r�e!wU�-KLG©�&MLC|B�Gjw r�ejML?5d�AUB�r1�xejdfe]u
dvI+r�BgC£CxI�?5dfOUsDdfMzy8w1BgClAUBHCxe!KLMzA1BgC°sDK GjC�dfMLy8w1BDC¢�xs4u®Bg?U��e!�xngsDC¢r�G]�£AUBgC ���1�|BDC�B ³+d|Bg?1CxML�1KzBgC��
� � � ��� ���	� ��� TUr�e!w1�lKLG��|sgCxe!KLw+dfMLej? nge!�&r1K
�DdfB�A1BgC{sDy�w1G]dfMze!?1C{BDdEKzBgw1��ML?5dfBD�|r1�xsDdoG�dfMLej?
N!�fGjrUO1MLy8w1B ��B4d �1?�GjKLBD�-BD?5dJT ��� � � ��� ��	 ��������� 	�� �"������� 	 ������� T�r�e!wU�pK G nge!?+���|e!?5doG�dfMLej?
G7�jBgn�KLBDC{�|sgCxw1KzdfG]dfC{�jBg?�Gj?5dHA1B`K G�KzMzdfsD�fG]d|w1�|B��-sDA1MLngGjKLB];

k�MhuvA1BDC|Cxe!w1C �D�mB ³Ur�e!CxB©y8w1BDKLy8w1BgC e!� �xBDnDdfM=��C�C|r�sgngM ��y8w1BgC�GJ�jG]?8d A��SBg? r1�|sDC|Bg?5d|Bg�
A1Bgw+³ Bg?�A1sDdfGjMLK�A1Gj?1CEKLBDC�CxBgn4dfMLej?1CEC|w1M=�jG]?8d|BgCD;


�M)� A1sD�jBgKze!r1r�Bg��A1BDC(Kze!MLC�A1B nge!�&r�e!�xd|Bg�&Bg?5d)Gj?1MzC|ejd|�|e!r�BgCZsgK G]CxdfMzy8w1BgC�B4d(��MzC|nge�sgKLGjC�u
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W = µ(I1 − 3) + F (I4, I5, I6, I7, I8),
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F (I4) = E(I4 − 1)2,
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F (I4, I5) = (k0/k1){exp[k1(I4 − 1)2] − 1} + (k0/k2){exp[k2(I5 − 1)2] − 1},
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I4 = A1 · BA1, I5 = A2 · BA2,
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The incompressible limit in linear anisotropic elasticity, with applications to surface waves and  
elastostatics. 
14th US National Congress of Applied Mechanics. 
Virginia Tech, Blacksburg (Etats-Unis). 
25 juin 2002. 

  
[3] DESTRADE M. 
 Surface stability analysis of a predeformed Bell-constrained half-space. 

Second Canadian Conference on Nonlinear Solid Mechanics. 
Simon Fraser University, Vancouver (Canada). 
20 juin 2002. 

 
[2] DESTRADE M. 

Finite inhomogeneous motions and deformations of a Mooney-Rivlin material. 
Nonlinear Elasticity. 
City University of Hong-Kong (Chine). 
08 avril 2000. 

 
[1] DESTRADE M. 

Finite-amplitude inhomogeneous plane waves in a deformed Blatz-Ko material. 
First Canadian Conference on Nonlinear Solid Mechanics. 
University of Victoria (Canada). 
16 juin 1999. 
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COMMUNICATIONS A DES CONGRES, SYMPOSIUMS 
 
[7] DESTRADE M. 
 The secular equation for surface waves in orthotropic elastic materials. 

Summer Mathematics Symposium. 
Dublin Institute for Advanced Studies (Irlande). 
13 juin 2001. 

 
[6] DESTRADE M. 
 The secular equation for surface waves in orthotropic elastic materials. 

Summer Mathematics Symposium. 
Dublin Institute for Advanced Studies (Irlande). 
13 juin 2001. 
 

[5] DESTRADE M. 
 Finite-amplitude plane waves of complex exponential type propagating in incompressible materials. 
 Irish Mechanics Society Symposium. 
 University of Limerick (Irlande). 

01 avril 2000. 
  
[4] DESTRADE M. 
 Finite inhomogeneous motions of a deformed Mooney-Rivlin material. 

Christmas Mathematics Symposium. 
Dublin Institute for Advanced Studies (Irlande). 
(contribution invitée). 
22 décembre 1999. 
 

[3] DESTRADE M. 
 Finite-amplitude inhomogeneous plane waves in a deformed Blatz-Ko material. 
 Irish Mechanics Society Symposium on Advances in Mechanics. 

University College, Dublin (Irlande). 
(contribution invitée). 
25 mai 1999. 

  
[2] DESTRADE M. 
 Finite amplitude plane waves propagating in a deformed Blatz-Ko material. 
 Gesellschaft für Angewandte Mathematik und Mechanik (GAMM99). 
 Université de Metz (France). 

12 avril 1999. 
 

[1] DESTRADE M. 
 New exact solutions for neo-Hookean materials. 

Easter Mathematics Symposium. 
Dublin Institute for Advanced Studies (Irlande). 
01 avril 1999. 
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SEMINAIRES, WORKSHOPS 
 
[17] DESTRADE M. 

5 lectures on Interface Waves in Pre-Stressed Incompressible Solids. 
CISM Advanced Course on Waves in nonlinear pre-stressed materials. 
Centre International des Sciences Mécaniques, Udine (Italie). 
(contributions invitées). 
04-08 septembre 2006. 

 
[16] DESTRADE M. 

Linear, linearized, and nonlinear waves in solids. 
Mathematics Colloquium. 
Université Libre de Bruxelles, Bruxelles (Belgique). 
(contribution invitée). 
18 mai 2006. 

 
[15] OTTENIO M. (oratrice); DESTRADE M.; OGDEN R.W. 

Propagation d’ondes à l’interface d’un élastomère déformé et d’un fluide visqueux. 
Quatrièmes Journées du GdR US: Etude de la propagation ultrasonore en milieux non-homogènes 
en vue du Contrôle Non Destructif. 
Giens (France).  
(contribution invitée). 
17 mai 2006. 

 
[14] DESTRADE M. (orateur); SACCOMANDI G. 

Vibrations and traveling waves in second-grade solids. 
Analysis and its applications Seminar. 
Department of Mathematics, University of Arizona, Tucson (Etats-Unis).  
(contribution invitée). 
04 avril 2006. 

 
[13] DESTRADE M. 

Linear, linearized, and nonlinear waves in solids. 
Applied Mathematics Colloquium.  
Interdisciplinary Program in Applied Mathematics, University of Arizona, Tucson (Etats-Unis). 
(contribution invitée). 
31 mars 2006. 

 
[12] DESTRADE M. 

Rayleigh waves and surface stability for deformed elastic solids. 
Mechanics Seminar Series. 
Mechanical Engineering Department, University College, Dublin (Irlande). 
(contribution invitée). 
28 février 2005. 

 
[11] COLLET B.; DESTRADE M. (orateur) 

Secular equation for Bleustein-Gulyaev waves in 4bar crystals. 
Troisièmes Journées du GdR US: Etude de la propagation ultrasonore en milieux non-homogènes 
en vue du Contrôle Non Destructif. 
INRIA-Rocquencourt (France). 
(contribution invitée). 
22 octobre 2004. 

 
[10] DESTRADE M. 

Equation de la vitesse pour des ondes élastiques aux interfaces planes de milieux anisotropes. 
Journée Interfaces et Guides d'Ondes (GdR US). 
Université Pierre et Marie Curie, Paris (France). 
9 juin 2004. 
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SEMINAIRES, WORKSHOPS 
 
[9] DESTRADE M. 

Explicit secular equations for interface waves in anisotropic solids. 
MATHmONDES, French-British Workshop on Mathematical Techniques for Waves Problems. 
Ecole Nationale Supérieure des Techniques Avancées, Paris (France). 
(contribution invitée). 
01 juin 2004. 

 
[8] DESTRADE M. 

Equation de la vitesse pour des ondes élastiques aux interfaces planes de milieux anisotropes. 
Journées Propagation des ondes sismiques : Modèles et application (GdR ONDES). 
Ecole Nationale Supérieure des Arts et Métiers, Paris (France). 
24 mai 2004. 

 
[7] DESTRADE M. 

Less numerical problems for the speed of surface waves. 
Seminario di Matematica. 
Dipartimento di Matematica, Universita di Lecce (Italie). 
(contribution invitée). 
23 février 2004. 
 

[6] DESTRADE M. 
Equation de la vitesse pour une onde d'interface en élasticité anisotrope. 
Séminaire de Mécanique. 
Laboratoire de Modélisation en Mécanique, Paris (France). 
9 janvier 2004. 

 
[5] DESTRADE M. 

Ondes d'interface dans des solides élastiques incompressibles pré-contraints. 
Séminaire Ondes Guidées. 
Centre de Recherches pour l'étude et la simulation de la propagation des ondes. 
CNRS/INRIA/ENSTA, Paris (France) 
(contribution invitée). 
27 novembre 2003. 
 

[4] DESTRADE M. 
Ondes de surface en élasticité anisotrope : nouvelle approche. 
Séminaire de Mécanique Théorique. 
Laboratoire de Modélisation en Mécanique, Paris (France). 
(contribution invitée). 
26 février 2002.  

 
[3] DESTRADE M. 

 Surface waves in anisotropic elasticity: A new approach. 
 Applied Mathematics Seminar. 
 Texas A&M University, College Station (Etats-Unis). 

12 novembre 2001. 
 

[2] DESTRADE M. 
New exact solutions for neo-Hookean materials. 
Postgraduate Research Day. 
University College, Dublin (Irlande). 
25 novembre 1999. 

 
[1] DESTRADE M. 
 Finite elastic waves propagating in finitely deformed rubber. 

Postgraduate Research Day. 
University College, Dublin (Irlande). 
23 novembre 1998. 
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COLLABORATIONS 
 

BELGIQUE : 
Philippe BOULANGER, 
Département de Mathématiques, 
Université Libre de Bruxelles, Bruxelles. 
 
ETATS-UNIS :  
Alain GORIELY, 
Department of Mathematics, 
University of Arizona, Tucson. 
 

Paul MARTIN, 
Mathematical and Computer Sciences, 
Colorado School of Mines, Golden. 
 

Thomas TING, 
Division of Mechanics and Computation, 
Stanford University, Stanford. 
 
FRANCE : 
Martine BEN AMAR, 
Laboratoire de Physique Statistique, 
Ecole Normale Supérieure, Paris. 
 

Bernard COLLET, Pierre-Yves LAGRÉE, Gérard MAUGIN, 
Laboratoire de Modélisation en Mécanique, 
Université Pierre et Marie Curie, Paris. 
 

Erwan FLECHER, Mourad KAROUIA, Pascal LEPRINCE, 
Service de Chirurgie Thoracique et Cardio-Vasculaire, 
Groupe Hospitalier de la Pitié-Salpêtrière, Paris. 
 

Patrick GARDA, Johan MAZEYRAT, Olivier ROMAIN, 
Laboratoire des Instruments et Système de l’Ile-de-France, 
Université Pierre et Marie Curie, Paris, France. 
 

Mélanie OTTÉNIO, 
Laboratoire de Mécanique Physique, 
Université de Bordeaux 1, Talence. 
 
IRLANDE : 
Michael HAYES, 
Department of Mechanical Engineering, 
University College, Dublin. 
 
ITALIE : 
Giuseppe SACCOMANDI, 
Dipartimento di Ingegneria dell'Innovazione, 
Università degli Studi di Lecce, Lecce. 
 
ROYAUME-UNI : 
Yibin FU, Graham ROGERSON, 
Department of Mathematics, 
University of Keele, Keele. 
 

Raymond OGDEN, 
Department of Mathematics, 
University of Glasgow, Glasgow, Scotland. 
 

Aleksey PICHUGIN, 
Department of Mathematical Sciences, 
Brunel University, London. 
 

Nigel SCOTT, 
School of Mathematics, 
University of East Anglia, Norwich. 
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VISITES 
 
ETATS-UNIS :  
Department of Civil Engineering, Mechanics and Metallurgy, 
University of Illinois, Chicago. 
1 semaine en juillet 2002. 
 
Department of Mathematics, 
University of Arizona, Tucson. 
2 semaines en mars 2006. 
 
FRANCE : 
Laboratoire de Mécanique Physique,  
UMR 5469, Université Bordeaux 1. 
1 semaine en juillet 2004. 
 
 
IRLANDE : 
Department of Mathematical Physics, 
University College Dublin. 
2 mois, juillet-août 2001. 
 
Department of Mechanical Engineering, 
University College Dublin. 
1 mois, juillet 2004; 
1 mois, août 2005; 
1 mois, août 2006; 
1 semaine en novembre 2006. 
 
 
ITALIE : 
Dipartimento di Ingegneria dell'Innovazione, 
Università degli Studi di Lecce, Lecce. 
1 semaine en février 2004 ; 
1 semaine en avril 2005 ; 
1 semaine en avril 2006. 
 
 
ROYAUME-UNI : 
Department of Mathematics, 
Keele University. 
1 semaine en juin 2004; 
1 semaine en avril 2005. 
 
School of Computing, Science and Engineering, 
University of Salford, 
1 semaine en août 2003. 
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SERVICES 
 

EVALUATION D’ARTICLES : 
Acta Acustica United with Acustica (1 article).  
Arabian Journal of Engineering Science (1 article). 
Archives of Applied Mechanics (2 articles). 
Archives of Mechanics (1 article). 
Canadian Journal of Physics (1 article). 
Central European Journal of Physics (1 article). 
Comptes Rendus de Mécanique (1 article). 
European Journal of Mechanics/Solids (1 article). 
IEEE Transactions on Ultrasonics, Ferroelectrics, and Frequency Control (1 article). 
IMA Journal of Applied Mathematics (1 article). 
International Journal of Engineering Science (2 articles). 
International Journal of Mechanical Sciences (1 article). 
International Journal of Nonlinear Mechanics (2 articles). 
International Journal of Solids and Structures (2 articles). 
Journal of Elasticity (1 article). 
Journal of Mechanics of Materials and Solids (1 article). 
Journal of Physics A (1 article). 
Journal of Sound and Vibration (3 articles). 
Journal of the Acoustical Society of America (4 articles). 
Journal of Vibration and Control (1 article). 
Mathematics and Mechanics of Solids (2 articles). 
Mechanics Research Communications (1 article). 
Proceedings of the Royal Society, Series A (1 article). 
Quarterly Journal of Mechanics and Applied Mathematics (4 articles). 
Ultrasonics (1 article). 
Wave Motion (5 articles). 
 
 

THESES : 
Rapporteur pour la thèse de D. Prikaschilov, University of Salford, Royaume-Uni, 2004. 
Examinateur pour la thèse de E. Diouf, Université de Paris 13, 2005. 
Evaluation d’une candidature à une bourse de thèse, Fonds National de la Recherche Scientifique, 
Belgique, 2005. 
 
 

ORGANISATION D’UNE UNIVERSITE D’ETE : 
DESTRADE M., SACCOMANDI G.  
Advanced course sur les ondes dans les ondes dans les matériaux nonlinéaires pré-contraints, 
Centre International des Sciences Mécaniques (CISM), Udine, Italie, 03-08 septembre 2006. 
 
 
EDITION D’UN LIVRE : 
DESTRADE M., SACCOMANDI G., Editeurs. 
DESTRADE M., FU Y., JOLY P., NORRIS A.N., OGDEN R.W., SACCOMANDI G., Contributeurs. 
"Waves in Nonlinear Pre-Stressed Materials", 
CISM Lecture Notes, Springer, 2007 (à paraître). 
 
 
VIE DU LABORATOIRE : 
2002-2003 : responsable sécurité ; 
2005- : membre du comité « Séminaire de Mécanique ». 
Invitation de personnalités scientifiques :  

Ph. BOULANGER (Université Libre de Bruxelles), A. DARINSKII (Université de Tours), Y. FU (University of 
Keele), M.D. GILCHRIST (University College Dublin), P.A. MARTIN (Colorado School of Mines), R.W. 
OGDEN (University of Glasgow), G. SACCOMANDI (Università di Lecce), A.L. SHUVALOV (Université de 
Bordeaux 1). 
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ENSEIGNEMENTS 
 
Sept. 2006 :  Cours sur les ondes d’interface dans les solides pré-déformés,  
  Advanced Course, Centre International des Sciences Mécaniques (CISM), Udine, Italie. 
  5 heures. 
 
2004-2005 : Cours sur les ondes dans les solides isotropes et anisotropes (réf : MIS-MSP-CLNL-302C), 
  Master 1 : Sciences et technologies, Mention : Sciences de l'ingénieur, UPMC, Paris. 
 18 heures. 
 
2001-2002 :  Cours sur les équations différentielles, 

Licence 3 : Ingénieurie, Texas A&M University, College Station, USA. 
135 heures. 
 

2000-2001 :  Cours sur les équations différentielles, 
Licence 3 : Ingénieurie, Texas A&M University, College Station, USA. 
180 heures. 
 

1997-1998 :  Travaux dirigés sur les équations différentielles,  
Licence 3 : Ingénieurie, University College, Dublin, Irlande. 
90 heures. 
Travaux dirigés de physique mathématique,  
Licence 1 : Physique Mathématique, University College, Dublin, Irlande. 
90 heures. 
 

 
 
ENCADREMENT DE THESE 
 
Doctorante : Mlle Mélanie Otténio, 2003-2006. 
 
Laboratoires :  Laboratoire de Modélisation en Mécanique (UMR 7607), 
 Université Pierre et Marie Curie, Paris ; 

Department of Mathematics,  
University of Glasgow, Ecosse, Royaume-Uni. 

 
Encadrement : M. Destrade, Paris (66%), R.W. Ogden, Glasgow (33%), G.A. Maugin (1%). 
 
Titre : Ondes et stabilités de surface et d’interface dans les solides hyperélastiques déformés. 
 
Financements : Allocation de recherche, 2003-2006. 

Ministère de l’enseignement supérieur et de la recherche. 
Stevenson Exchange Scholarship, 2004-2005. 
University of Glasgow, Ecosse, Royaume-Uni. 
Aide à la mobilité internationale, Co-Tutelle de thèse, 2004-2006. 
Ministère délégué à la recherche et aux nouvelles technologies. 
Bourse de séjour pour une semaine au Département de Mathématiques, University of 
Keele, Juin 2005, Programme Alliance, Ministère des Affaires Etrangères / British Council. 
Bourse de séjour pour l’Université d’été : “Innovative applications of rubber-like mechanics 
in material science and biomechanics”, Août 2005, Universidad de Cantabria, Espagne. 
 

Soutenance :  le 20 septembre 2006. 
 Pour 2006-2007, Mlle Otténio est en stage post-doctoral (CNRS) au Laboratoire de Mécani-

que Physique, UMR 5469, Université de Bordeaux 1. 
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FINANCEMENTS 
 
[16] ROMAIN O., MAZEYRAT J., LAUTRU D., LAGREE P.-Y., DESTRADE M., LEPRINCE P.,  

KAROUIA M., KOKABI H., GARDA P. 
Conception d’une endoprothèse électronique dédiée à l’évaluation de l’endotension dans les ané-
vrismes de l’aorte abdominale. 
Bonus Qualité Recherche, 
Université Pierre et Marie Curie, 
2006-2008. 

 
[15] DESTRADE M.; OGDEN R.W., 

Biomechanics of soft tissues: growth and adaptation; waves and stability. 
International Joint Project, 
CNRS / Royal Society. 
2006-2008. 
 

[14] DESTRADE M.; GILCHRIST M. 
Indentation of a prestressed hyperelastic material. 
International Collaboration Travel Support, 
Enterprise Ireland, 
2006-2007. 

 
[13] DESTRADE M.; GILCHRIST M.; OTTENIO, M. 

Enfoncement d’un matériau hyperélastique pré-contraint. 
Candidature pour des échanges de chercheurs en coopération internationale, 
Convention internationale CNRS / Irish Research Council for Science, Engineering and Technology, 
2006. 

 
[12] DESTRADE M. 

Biomechanics of soft tissues: Growth, waves, and stability. 
Proposal for a Marie Curie Outgoing International Fellowship, 
European Commission, 6th Framework Programme, 
Résultat 1er tour: positif ; Résultat 2ème tour: négatif. 

 
[11] DESTRADE M.; SACCOMANDI G. 

Acoustique des tissus vivants mous. 
Séjour Scientifique de Haut Niveau, 
Ministère de l’éducation nationale, de l’enseignement supérieur et de la recherche, 
2005. 

 
[10] DESTRADE M.; SACCOMANDI G. 

Acoustique des tissus vivants mous. 
Bourse d’accueil pour chercheur étranger senior, 
Ministère de l’éducation nationale, de l’enseignement supérieur et de la recherche /  
Ville de Paris, 
2005. 

 
[9] DESTRADE M.; FU Y.B., OTTENIO M. 

Calcul de la vitesse de propagation des ondes de bord dans des plaques d’anisotropie générale. 
Programme d’Actions Intégrées franco-britannique Alliance, 2ème Année, 
Ministère des Affaires Etrangères / British Council, 
2004. 
 

[8] DESTRADE M.; OTTENIO, M. 
Ondes de volume, de surface, et d’interface dans des matériaux hyperélastiques pré-contraints. 
Aide à la mobilité internationale, Co-Tutelle de thèse, 
Ministère délégué à la recherche et aux nouvelles technologies, 
2004. 
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FINANCEMENTS 
 
[7] DESTRADE M.; OTTENIO, M. 

Bulk, surface, and interface waves in pre-stressed hyperelastic materials. 
Stevenson Exchange Scholarship, 
University of Glasgow, 
2004. 
 

[6] DESTRADE M.; SACCOMANDI G. 
Waves in nonlinear pre-stressed materials. 
Course proposal, 
International Centre for Mechanical Sciences (CISM), 
2003. 
 

[5] DESTRADE M.; FU Y.B., BROOKES D. 
Calcul de la vitesse de propagation des ondes de bord dans des plaques d’anisotropie générale. 
Programme d’Actions Intégrées franco-britannique Alliance, 1ère Année, 
Ministère des Affaires Etrangères / British Council. 
2003. 

 
[4] DESTRADE M.; MAUGIN G.A., OTTENIO, M. 

Ondes de volume, de surface, et d’interface dans des matériaux hyperélastiques pré-contraints. 
Allocation de recherche, 
Ministère de l’éducation nationale, de l’enseignement supérieur et de la recherche, 
2003-2006. 

 
[3] DESTRADE M. 

Small and finite amplitude waves in prestressed elastic materials. 
Marie Curie Individual Fellowship, 
Fourth Framework Programme, European Commission, 
1998-2000. 
 

[2] DESTRADE M., HAYES M. 
Small and finite amplitude waves in prestressed elastic materials. 
Application for a Research Scholarship, 
Enterprise Ireland, 
1997-1998. 

 
[1] DESTRADE M., HAYES M. 

Small and finite amplitude waves in prestressed elastic materials. 
Open Postgraduate Scholarship, 
University College, Dublin, 
1997. 
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MICHEL DESTRADE 
 

Détails Personnels:  
38 ans, Français, marié, 2 enfants. 
 
Tél.: 01-4427-7166 
Fax: 01-4427-5259. 
e-mail: destrade@lmm.jussieu.fr 
web: www.lmm.jussieu.fr/~destrade 
Adresse: 
Laboratoire de Modélisation en Mécanique,  
CNRS (UMR7607), Université Pierre et Marie Curie. 
Case 162, 4 Place Jussieu, 75252 Paris Cedex 05. 
 
THEMES DE RECHERCHE 
 

Ondes de faible et de grande amplitude dans les matériaux élastiques pré-contraints; 
Stabilité des structures élastiques déformées; 
Ondes de surface piézo-acoustiques; 
Ondes de surface et d’ interface en élasticité anisotrope; 
Elasticité non-linéaire des tissus biologiques mous. 
 
PUBLICATIONS 
 

Articles, Journaux Internationaux: 33 (18 comme co-auteur, 5 contributions invitées), 
Articles, Actes de Conferences: 6 (3 comme co-auteur). 
Livre, Edition: 1 (à paraître). 
Livre, Chapitre: 1 (à paraître). 
 
AUTRE ACTIVITE SCIENTIFIQUE 
 

Présentations: 42, dans 9 pays (31 contributions invitées). 
Enseignement: 5 ans, en lycée, licence, et master. 
Doctorante:  Mlle Mélanie Otténio (2003-2006, en co-tutelle avec R.W. Ogden, University of Glasgow). 
Collaborations: 22 collaborateurs dans 6 pays. 
Jurys de Thèse: University of Salford, Royaume-Uni (2004); Université de Paris 13 (2005). 
Evaluations:  40 articles pour 25 Journaux. 
Coordinateur: avec G. Saccomandi, d’un Advanced Course sur les 
  "Waves in Nonlinear Pre-Stressed Materials", 
  au Centre International des Sciences Mécaniques (CISM), 
  Udine, Italie, 03-08 septembre 2006. 
Co-Editeur: avec G. Saccomandi, des Lecture Notes for the Advanced Course on  
  "Waves in Nonlinear Pre-Stressed Materials", 
  À paraître chez Springer, 2007. 
Financements: 15. 
 
FORMATION 
 

Ph.D. Mathematical Physics, University College, Dublin, 1999. Directeur: M. Hayes. 
IUFM Physique-Chimie, Académie de Rennes, 1997. 
M.Sc. Mathematical Physics, University College, Dublin, 1996 (First Class Honours.) 
Agrégation Physique, Ecole Normale Supérieure de Cachan, 1992. 
 
EMPLOI PRESENT ET RECENT 
 

2002-2006:  Chargé de Recherche 1ère classe,  
 Laboratoire de Modélisation en Mécanique, CNRS, Paris. 
2000-2002:  Visiting Assistant Professor, Dept of Mathematics, Texas A&M University (USA). 
1998-2000:  Marie Curie Fellow, 4th Framework Programme, European Commission (basé à University 

College, Dublin, Irlande). 
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