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Carbon nanotubes

Tubes made of carbon atoms with # radiuses, # chiralities.

AFM image of an individual carbon nanotube between Pt
electrodes spaced by 50 nm. Tans et al, lature 386 (1997) 474

chralnanciube (nm] J=<0 <307

» Different properties.
» How to sort nanotubes.
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Optical spectrum

» A way to sort nanotubes. Monochromatic light sent on CN, low
temp.

» Optical absorption spectrum / w
» Optical absorption spectrum related to radius & chirality.

» explain a part of the optical absorption spectrum (Infrared).
(Absorption by e™)
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Optical response, physical explanation

Sending light and looking at the absorption of semiconductor CN.

» Without e~ -e~ interaction: .

» periodic lattice = bands & gaps ’W
» Semiconductor: G. state=valence bands full, | L

conduction bands empty.

» Absorption < Energy. &
» With e~-e~ interaction (weak): T 59
» “excitons”. Wannier (1937), Elliot(1957), Mahan. VERIED EE k
» exciton, coupled e ~-h™: Hexcn = En¢n AE .
» Absorption spectrum at OK with Eq=gap, n=control T ~~._enduction band
adiabaticity: TR =

[¢¥a(0)[?
o) ~ ; (En + Eg + hw)[(En + Eg — fw)? + (hn)?]

Valence band
[Haug, Koch] f

» Nanotubes: Exciton eigenstates depend onr.
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Nanotube model

Reduction to 1d

Pertubation by light
| ngorption spect.

Exciton model
(Pedersen)

V Perturbation
theory

1d model
exciton

Comparison of
results
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Model for exciton

» Pedersen 2003, Kostov et al. 2002
» Exciton: 2 particles on a tube.
» Exciton model Hamiltonian: H = —#;Xf —

Y L LR V11 _ _

Hamiltonian with Coulomb pot. on a cylinder

v

1

\/X2 + 4r2sin® L

» "center of mass” separation: X = (m1X; + mzx2)/(my + my)
X=X1—X2,Y =Y2,Y=Y1—VY2
_ 2 2 2 2
H=-— o — g — o - 0 - Vr(X,y)
2u0x2  2pudy?  2mpdY2  mypdY dy
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From H' to H, one-dimensional effective Hamiltonian

_ 52 52 52 52 r
> H= T 2p0x2 T 2p0y?2 T 2my0Y2 T mp0Ydy -V (va)

. . 2
» Projection over modes of —% = 3 5zPn (p.b.c)

. 2
» Transverses modes with energy 5> and
xn(Y) = ﬁelg\(: Pn = [xn >< xnl

» Only low lying spectrum is interesting.
» Projection on the ground transverse mode n = O:

Ay A
19P)H" (19Pg) = — == — =X V", inL?>(RxrS?t
(1®Po)H" (1Py) 20 24 ) (Rxrs?)
» same fory:
A .
:raff*—z;z —Veg in LZ(R)
; l r l
Ver(X) = 5— ——dy
—7 /X2 4+ 4r2sin £
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From H' to H, one-dimensional effective Hamiltonian

éff Vn,m
H = Motz = Haiag + Hoftdiag, i
= H"ﬁ + r2 = Hdiag + Foffdiag, IN

Vm,n
2(Z; L2(R)).

Vi =50 / x#0
T 1/x2 + 4r2sin y
» Perturbation theory: comparison H' and Hdiag
> z € p(Hig), r small
> |[(H = 2)~t — (HL; — z)~1|| "=° 0, informations on the spectrum
> Hotidiag is Hdiag-form bounded.

v

Difficulty: Hl4 depend on r, choice of z depend on'r.
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Unperturbed model

1 r 1
Vi) = 5 [ dy
21 J—ar | /x2 4 4r2 sin? x
r

Using perturbation theory for small r+ quadratic forms, Hig
approximated by:

Hew = &2¢ — 44 = Ey with conditions at zero:

[W(f) —Zw’(—s)

v

v

lim

e—0

r
+2mz¢mﬂ_o

v

Odd ¢’ not continuous.
final Hamiltonian depend on r, spectrum is asymptotic.
Similar to Loudon,1959: V (x) L a=r/2.

~ x[+ar

v

v
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results

» even states (S), energies: E, = —ﬁ and functions: Whittaker
Un(x) = Wa(r,n),%(|x|)-

» «(r,n) such that f(a(r,n),r,n) =0.

» odd states (P), energies: E, = —n—lz and functions (P): Laguerre
n(x) = e~ 2IxLE_, (Ix]).

» fundamental energy: E, ~ —4(Inr)? for small r.

=)
‘

:

:
*
b
&
b4

bt

K

W,
3 -
» Stronger bound in 1D. 5 - Secondpstae iy,
. . 2 + - Second s state E,
» excited states: energies & 5 | - First pstate E,,
eigenvectors. B2 Ground state B, | |
S — Variational E ¢
o
'ﬁleo %1 02z 03 04 _ 05 06

Nanotube radius r [ a% ]
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Pertubation by light
Nanotube model Reductionto 1d ébgorp}ion spect.

Exciton model
(Pedersen)

V" Perturbation

theory Spectrum of 1d model
Reduction to exciton
1d model £ Conduction band

exciton
+ Efk) @)
Comparison of
results
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Model for particles on a nanotube

Nanotube ring: cylinder with P.B.C.
L2(7,) = L2([-5, 5) x (—=r,7r))
N fixed atoms (no phonons)

N delocalized electrons

Coulomb interaction between e~

v

v

v

v

I S i
e 20x2  20y?

A
+ Va6, %) + 5 D Ve (% =Xy — i)
— k=1

onHN =L3(7 ) ® - @ L3(T,)
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The potentials

» Vg periodic potential /x,y, smooth.
» e~ -e~ interaction (for infinite cylinder but not torus):

1
VE(x,y) = —
\/ X2 + 4r2sin® £

Periodization + tend to Coulomb when L — oo

N
HC = (

1o 18
20x? 20y}

N >

+Val, ) + 5 Y Vet (5 — XYy — Vi)
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From H. to Hp, one-dimensional effective Hamiltonian
for low lying spectrum

N

192 102 A
He := - + Vai(x, ¥j)) + 2 Z Ve 0g =Xk Y~ Yi)

(_ 2 9992
e 2 0x 28y ol

» Projection over modes of

2 2
~2%7 = Laehn ><xal (pbe)
n

. 2
» Transverses modes with energy 7 and
jin
xn = 75"
» Projection on the ground transverse mode n = O:

N 1 8 A N ) 1 mr d
Ho = J_Zl(—ia +Vat(xj))+2 j#kZ_lV (Xj_Xk), Vat(X) = % ‘/_ﬂ'r Vat(x7y) Yy
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Convergence for small r

v' periodization of exciton potential:

1 /" 1
Veri(X) = —/ dy
27 J—x \ /x2 + ar2sin ¥

» for z € p(Ho)

r—0

IRe(z) = Ro(z)ll < f(r,z) =0

» But spectrum of Hy unknown.
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Pertubation by light
Nanotube model Reductionto 1d ébgorp}ion spect.

Exciton model
(Pedersen)

V" Perturbation

theory Spectrum of 1d model
Reduction to exciton
1d model L Conduction band

exciton
+ Efk) @)
Comparison of
results
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Model with external field & linear response

v

Absorption spectrum: linear response, Kubo formula
Tr(pP)

Electromagnetic pertubation:

F(t,w,n) = Focos(wt)e™ = Foad'(t,w,n)

n > 0 adiabatic parameter. switched adiabatically from —oo.
Weyl gauge:

v

v

v

v

N >

> V(X — X).

N 2
1 10
H(t) = 2 ( 9 —Foa(t,w,m) - valx) +
j#k=1

i OX

N
- HO + FOa(tvwvn)P + E(Foa(tvwvn))z

» a(t,w,n) € LY(~o00,0), a” continue.
» Fo small for linear response.
» Perturbation (P) Hp-bounded.
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Model with external field & linear response

Absorption spectrum: linear response

1L /10 2 P
H(t) = zj <|_8_x, - a(t,w,n)Fo) + Vai(X) + Ej;;l\/(xj — X).

In the canonical ensemble:

> Liouville Equation: 22 = i[p, H(t)]
. . el . —BH
» with initial condition peq = p(—c0) = %
le=elly = 3\ compy € <
» Th. X.70 [RS2], existence of a propagator, but initial cond. at —cc.
> p(t) = Qt, —00)peqQ” (t, —o0).
» Solution exists and is unique. p(t)P trace class.
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Absorption spectrum

> p(t) = peq +1 [1[p(0), H(o)ldo
> Trp(t)P = TrpeqP + FoTrp1(t)P + o(Fo). P total momentum.

Absorption: linear response.

a(w) = ReTr(p1(0)P)]

> with: o
p1(0) =i / a(o,w,n)e' "M [P, pegle'"odo.

» At temperature OK:
»
| < i, P > |2

)= L B B P + Pl —Eo =P 7 7]

» Ey, ¢x: states of the N particles Hp.
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Pertubation by light
Nanotube model Reductionto 1d ébgorp}ion spect.

Exciton model
(Pedersen)

V" Perturbation

theory Spectrum of 1d model
Reduction to exciton
1d model £ Conduction band

exciton
+ Efk) @)
Comparison of
results
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Study of Hg

» Fock subspace of N fermions, statistical physics formalism.
» Basis: eigenvectors of non-interacting e~ problem, antisym.
» Important vectors: |0 > (ground state), a% ,a, k|0 >, (Llh*t+1le™).

EEE Conductionband &=
» 2 bands. T oew
> no spin
» same k (justified by physics). g
» quadratic behavior around O. E
T Valence b(‘a\nd n K
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Study of Hg

Reduction to the subspace: |0 >, a% ,a, k|0 >, (ground state+ 1 h* in
valence band, 1 e~ in conduction band).

» Physicists use it for low T and A small. But...
» (N +1 x N + 1) matrix on £2(N + 1):

- < 0|Ho[0 > < 0[Hoa;, \ ap, k|0 >
< 0lay, yap, kHol0 > < Olag an, kHoay b, k|0 >
Eo A0
g ) E = E N, )\
(/\9* okk' (Ec + gap) + HeX) © o)
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A small

M — Es WY,
T A\N* Eg + gap + Hex
» Feshbach: \6*6 rank one perturbation of Hey. Krein:
f(z) =z — \?(6*,Rex(2)0*) = O, eigenvalues intertwined
» provided we know o(Hey)), non degenerated eigenvalues.
approximation:

M — Eg 0
"\ 0 Eg+gap -+ He
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Hey to exciton

v

Hex: N x N matrix.

For N — oo: negative o(Hex) is close (O(ﬁ)) to spectrum of:

HS, =D — X,  onlL?(—m, )

v

v

with a scaling k — ak:

o2 <D(04') B 2\7*(04-)) oan(—z z)

a? a’ o

v

a = A and X\ small; perturbation th. with unperturbed op.
(O(X?/°]In \|)):

2
h = )2 (D”(O)% - \7*()\-)) on L2(R).
» Fourier:
0? 1 1 1 (7 1
o~ VG V0= [ ey
2mox2 A A 2r J_. x2+4sin2%

» This is the Hamiltonian of the exciton (with CM removed).
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Pertubation by light
Nanotube model Reductionto 1d ébgorp}ion spect.

Exciton model
(Pedersen)

V" Perturbation

theory Spectrum of 1d model
Reduction to exciton
1d model L Conduction band

exciton
+ Efk) @)
Comparison of
results
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Conclusions

Summary
» relation between radius and absorption peaks + quasi
analytic results.
» “Rigourous approach” for the absorption coefficient
» justification of “Pedersen” exciton
» New physical results for excitons in nanotubes

Suggestions

» Matrix M, Biexcitons,...

» reduction to one dimension, spectrum of the unperturbed
model
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Absorption coefficient

CNwr - [¢n(0)[?

)= 2 B T By i+ II(En + B~ E T P

1
x [140(==)+O0\?°In) >+0 1
(24 0(7) + 00 mA) ) + 01/5(0)
\E
+ Conduction band
T KK -
B,
T K&K
T Valence band " K
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The interaction potential

» e~ -e~ interaction (for infinite cylinder but not torus):

1
Ve(x,y) = -
\/ X2+ 4r2sin® &

Periodization: (y # 0, p # 0)

Vi(p.y) = %Z_W [ &PVt = 2xaizor sty 2)

L
marX 2 l
Vot (x Z eV —+/ C’(x’,y)dx’t

meZ

NIV—

» tend to Coulomb when L — oo
N
10> 10?2 A
He =) (~553 ~ 5307 +Valq %) +5 D Vet (% — X, Vi — Yk)

2
e 2 0x; 28y ol
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The interaction potiential
v" periodization of exciton potential:

1

1 T
Ver(X) = —/ dy
27 Jor | [x2 + ar2sin? y

> V() "= [ x|
» More regular than the Coulomb
potential. v’ € L2.

» A-bounded with bound 0 on the
line.

N1 o2 A .
Ho = Z(_EW +ValX)) + 5 > Vi —x)
-1 j

» with domain: D(A).
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