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②✰❨ ✸❂❨ � ✹✆✮✰✥❂✘✛✔✗✥✪✚✻✴✲✮✭● ❨❯❨❯❨❯❨❯❨✾❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨✾❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨✾❨❯❨❯❨❯❨ � ✵

②✰❨✷✵ ✈❡✬✭✘✛✚✴✮✭✽✪✥✪❖✌✘✛✶✷✮✰✬❴▲❈✵❛✜✳❃❑✮✧✽✪✫✗✵✷✶❝✖✛✜✼✘✛✶✷✮✤✬❙✽✪✔✾✚✴✫✗✖✴✔✣✜✤✥✧✦❪❨❯❨❯❨❯❨✾❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨✾❨❯❨❯❨❯❨ �✧✼
②✰❨✷✵✧❨❝② ❭❴✮✧✽✪❏✗✵✷✔✾✽✪✶✷✖✴❖✗✚✴✔✌✘♠❨❯❨❯❨❯❨❯❨✾❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨✾❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨✾❨❯❨❯❨❯❨ �✧✼
②✰❨✷✵✧❨ � ❭❴✮✧✽✪❏✗✵✷✔✾✽❘✥✪✶✷✽✪✔ ❨❯❨❯❨❯❨❯❨✾❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨✾❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨✾❨❯❨❯❨❯❨ �✧✿

❀ ✮✎❁✍✆✠✜☎✎✑✤✓✚✞✄á✤✡✚ ✄➭�✖✮ë✟✡✒❩☞➼✆✞�✏✎✑✁ ✱❂✱
� ❨❝② ●✧✶✷❃✳✥✪✵❛✜✼✘✛✶❝✮✰✬❙✽✪✶✷✖✴❖✗✚✴❏✌✘✛✔ ❨❯❨❯❨❯❨❯❨❯❨✾❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨✾❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨✾❨❯❨❯❨❯❨ �✰�

� ❨❝②✰❨❝② ❺❥✖
2
❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨✾❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨✾❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨✾❨❯❨❯❨❯❨❯❨ � �

✳



✸ �✂✁☎✄✝✆✟✞✡✠☎✞☞☛✍✌✎✁✑✏✓✒✟✔☞✕✖✞☞☛

� ❨❝②✰❨ � ❵☞✬✪✔✌✘ ❨❯❨❯❨❯❨❯❨❯❨❯❨✾❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨✾❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨✾❨❯❨❯❨❯❨❯❨❯❨❯❨ � ✳
� ❨❝②✰❨ � ✗ ★✪✬✪✔✌✘ ❨❯❨❯❨❯❨❯❨❯❨✾❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨✾❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨✾❨❯❨❯❨❯❨❯❨❯❨❯❨ � ✸
� ❨❝②✰❨ � ✚✴✔✣✜✤✵❱❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨✾❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨✾❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨✾❨❯❨❯❨❯❨❯❨❯❨❯❨ � ✼

� ❨ � ●✧✶✷❃✳✥✪✵❛✜✼✘✛✶❝✮✰✬ ✽❘✥✪✶✷✽✪✔ ❨❯❨❯❨❯❨✾❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨✾❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨✾❨❯❨❯❨❯❨❯❨❯❨❯❨ � ✼

✱ ★ ❁✞✄ ✎✑✒❩✟✡✆✞�✏✎✑✁ ☞✓✁✌☞✓✒➩✗✙✆✞�✏✣✑✟✓✚ ✤✡✟é✛✢☞✙✄ ✮ ✎✑✁☎✎✙✘➇✪✫✟✛✚✜✚✯✚➛★ ✢✤✣

� ❨❝② ③❘✮✰✬✪❖✌✘✛✶✷✮✰✬✪✬✪✔✗❃❑✔✗✬✱✘✆✽✪✔✗✖✆✚✴✮✰✥❂✘✛✔✗✥✪✚✴✖❆❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨✾❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨✾❨❯❨❯❨❯❨❯❨❯❨❯❨ � ✳
� ❨ � ●✭❍✧✖■✘✛❏✗❃❑✔❯❃❑✮✰✬✪✮❋❞❡✺✪✥✑✥✉✔✗✚❶❨❯❨✾❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨✾❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨✾❨❯❨❯❨❯❨❯❨❯❨❯❨ � ✸

� ❨ � ❨❝② ❚⑧✚✴✫✗✖✴✔✗✬✱✘⑦✜✼✘✛✶✷✮✰✬❴✽✪✥❴✖■❍✧✖■✘✛❏✗❃❑✔ ❨❯❨❯❨❯❨❯❨❯❨❯❨✾❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨✾❨❯❨❯❨❯❨❯❨❯❨❯❨ � ✸
� ❨ � ❨ � ▼✡✘✛✥✪✽✪✔❆✜✤✬❘✜✤✵❝❍✭✘✛✶✷❅✭✥✪✔✲✽✪✥❴✖■❍✧✖■✘✛❏✗❃❑✔ ❨❯❨❯❨❯❨✾❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨✾❨❯❨❯❨❯❨❯❨❯❨❯❨ � ✵
� ❨ � ❨ � ❚⑧✚✴✮✰✺❘✜✤✺✪✶✷✵✷✶❝✘✴✫✗✖♠✽✪✔✗✖✆✫✌✘⑦✜✼✘✛✖

(a, b)
❨❯❨✾❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨✾❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨ � ✼

� ❨ � ❨ � ❚⑧✚✴✮✰✺❘✜✤✺✪✶✷✵✷✶❝✘✴✫✗✖♠✽✪✔✗✖✆✫✌✘⑦✜✼✘✛✖
(a, b, x)

❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨✾❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨✾❨ ✳ �

� ❨ � ●✭❍✧✖■✘✛❏✗❃❑✔❯❃❑✮✰✬✪✮❋❞❡✺✪✥✑✥✉✔✗✚♠❫✪✮✰❃❑✮✰❢✰❏✗✬✪✔ ❨❯❨❯❨❯❨❯❨❯❨❯❨✾❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨✾❨❯❨❯❨❯❨❯❨❯❨❯❨ ✳ ✵
� ❨ � ❨❝② ❚⑧✚✴✫✗✖✴✔✗✬✱✘⑦✜✼✘✛✶✷✮✰✬❴✽✪✥❴✖■❍✧✖■✘✛❏✗❃❑✔ ❨❯❨❯❨❯❨❯❨❯❨❯❨✾❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨✾❨❯❨❯❨❯❨❯❨❯❨❯❨ ✳ ✵
� ❨ � ❨ � ●✧✮✰✵✷✥❂✘✛✶✷✮✰✬ ❨❯❨❯❨❯❨❯❨✾❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨✾❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨✾❨❯❨❯❨❯❨❯❨❯❨❯❨ ✳ ✼
� ❨ � ❨ � ❚✒✔✗✚■❲❳✮✰✚✴❃❄✜✤✬✪❖✗✔✗✖✆✽✪✥❴✖■❍✧✖■✘✛❏✗❃❑✔❯❃❑✮✰✬✪✮✼❞❡✺✪✥✑✥✉✔✗✚☞❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨✾❨❯❨❯❨❯❨❯❨❯❨❯❨ ✸ �

� ❨ � ❵✟✜✤✖✆❃❑✮✰✬✪✮✼❞❡✺✪✥✑✥✉✔✗✚♠✬✪✮✰✬❉❫✪✮✰❃❑✮✰❢✰❏✗✬✪✔ ❨❯❨❯❨❯❨❯❨❯❨❯❨✾❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨✾❨❯❨❯❨❯❨❯❨❯❨❯❨ ✸ �
� ❨ � ❨❝② ❚⑧✚✴✫✗✖✴✔✗✬✱✘⑦✜✼✘✛✶✷✮✰✬❴✽✪✥❴✖■❍✧✖■✘✛❏✗❃❑✔❯❃❑✮✰✬✪✮✼❞❡✺✪✥✑✥✉✔✗✚✟✬✪✮✰✬❴❫✪✮✰❃❑✮✰❢✰❏✗✬✪✔✏❨❯❨✾❨❯❨❯❨❯❨❯❨❯❨❯❨ ✸ �

� ❨ � ❨ � ✈❡✬✪✽✪✶✷❖✗✔✗✖✆✽✪✔✾★✻✔✗✚■❲❳✮✰✚✴❃❄✜✤✬✪❖✗✔ ❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨✾❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨✾❨❯❨❯❨❯❨❯❨❯❨❯❨ ✸ ✳

✢ò★ ❁✞✄ ✎✑✒❩✟✡✆✞�✏✎✑✁ ☞✓✁✌☞✓✒➩✗✙✆✞�✏✣✑✟✓✚ ✤✓✚í✆✫✎✖✔✫✎✑✒✯✎✩✦✓�②✚✞✄✃✒✬�✂✁✑❁✍☞✩�②★✩✚➼✄ ✦★✧

� ❨❝② ✹✆✫✗✖✴✔✣✜✤✥❴✵✷✶✷✬✪✫✣✜✤✶✷✚✴✔✲❫✪✮✰❃❑✮✰❢✰❏✗✬✪✔ ❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨✾❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨✾❨❯❨❯❨❯❨❯❨❯❨❯❨ ✸ ✵
� ❨❝②✰❨❝② ❭❴✮✧✽✪❏✗✵✷✔❈❨❯❨❯❨❯❨❯❨❯❨✾❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨✾❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨✾❨❯❨❯❨❯❨❯❨❯❨❯❨ ✸ ✵
� ❨❝②✰❨ � ❚⑧✚✴✫✗✖✴✔✗✬✱✘⑦✜✼✘✛✶✷✮✰✬❴✽✪✥❴✚✴✫✗✖✴✔✣✜✤✥ ❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨✾❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨❯❨✾❨❯❨❯❨❯❨❯❨❯❨❯❨ ✸ ✼
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✢✰✔✗✚✴✖✲✵❛✜❑✚✴✮✰✥❂✘✛✔✗✥✪✚✙✖✴✥✪✶❝✢✤✜✤✬✱✘✣❨✻❁✙✶✷✬✪✖✴✶❊P✻✥✪✬♣✚✴✮✰✥❂✘✛✔✗✥✪✚✙★✻✔✗✥❂✘✯q✌✘✛✚✴✔❆✚✴✔✗★✪✚✴✫✗✖✴✔✗✬✭✘✛✫✏❖✗✮✰❃❑❃❑✔❯✖✴✥✪✚✙✵❛✜ ✌❘❢✰✥✪✚✴✔❬②✰❨❝② � ❨
✗ ✬❜✬✪✮✤✘✛✔✗✚✛✜
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✵✷✔✏✺✪✥✑✥✉✔✗✚✾✽✹✶❝✵⑧✜✤✥✪✚✛✜❉✥✪✬✪✔❈★✻✮✰✵✷✶❝✘✛✶❝❅✭✥✪✔✏✽✪✔✏✘❡❍✧★✻✔❄③❱✈①③ ✗ ✔✌✘❯✥✪✬✪✔❈❖✣✜✤★❘✜✤❖✗✶❝✘✛✫

C
❨✕◆✯✜✼✬✪✖❯✵✷✔✗✖

❖⑦❫❘✜✤★✪✶❝✘✛✚✴✔✗✖✆✖✴✥✪✶❝✢✼✜✤✬✭✘✛✖✗P❘✮✰✬❉✚✴✔✗★✪✚✴✫✗✖✴✔✗✬✱✘✛✔✗✚✛✜❄✥✪✬❴✚✴✮✰✥❂✘✛✔✗✥✪✚♠❖✗✮✰❃❑❃❑✔✯✖✴✥✪✚✆✵❛✜ ✌❘❢✰✥✪✚✴✔❈②✰❨❝② � ❨

✮✎✛✣✢✕❈ � ★ ✂ ✙ ✗✜★✩✛✘✕✔✢✥✤✔✗✚✙✎✙✞✝ ✦
✓✹✜✆❃❑✮✧✽✪✫✗✵✷✶✷✖✛✜✼✘✛✶❝✮✰✬✾✽✪✥❯✘✛✚✛✜☞✌❘❖❤★✪✚✴✔✗✬✪✽✳✥✪✬✪✔❣★❘✜✤✚■✘❱✶✷❃❑★◗✮✰✚■✘⑦✜✤✬✭✘✛✔⑧✽❘✜✤✬✪✖✒✵❊✿ ✫✌✢✤✜✼✵✷✥❘✜✼✘✛✶✷✮✰✬✾✽✪✔❣★✻✔✗✚■❲❳✮✰✚✴❃❄✜✤✬✪❖✗✔✗✖

✽❀✿ ✥✪✬ ✚✴✫✗✖✴✔✣✜✤✥❀❨✆✈①✵✯✔✐✦❂✶✷✖■✘✛✔ ✥✪✬ ❢✰✚✛✜✤✬✪✽ ✬✪✮✰❃✳✺✪✚✴✔❜✽✪✔❪❃❑✮✧✽✪❏✗✵✷✔✗✖❉✚✴✔✗★✪✚✴✫✗✖✴✔✗✬✱✘⑦✜✤✬✭✘♣✽✪✔✗✖ ✽❘✥✧✦ ✽✪✔❪✽✪✮✰✬✪✬✪✫✗✔✗✖
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★✻✮✰✥✪✚❑✵✷✔✗✖❈✽✪✮✰✬✪✬✪✫✗✔✗✖❄✶✷✬❂❲❳✮✰✚✴❃❄✜✼✘✛✶❝❅✭✥✪✔✗✖✗❨❤◆✲✜✤✬✪✖❑✬✪✮✤✘✛✚✴✔❴❖✣✜✤✖✗P❤✬✪✮✰✥✪✖❑✬✪✮✰✥✪✖❑✶✷✬✭✘✛✫✗✚✴✔✗✖✴✖✴✮✰✬✪✖❄✜✤✥ ✽❘✥✧✦⑤❢✰✫✗✬✪✫✗✚✴✫✤P
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F i l e  d ' a t t e n t e P r o c e s s u s  d e  d é p a r t  d e s  d o n n é e s
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✘①❍✧★◗✔❉✽✪✔❄✘✛✚✛✜☞✌❘❖❙✖✴✥✪✚✏✵✷✔❄✚✴✫✗✖✴✔✣✜✤✥❀❨❤r⑧✬ ✔ ✥✉✔✌✘✣P✡✮✰✬s✜✸✜✝✥❀✜✤✶✷✚✴✔❙▲♣✽✪✔❬✬✪✮✰❃✏✺✪✚✴✔✗✥✧✦④★❘✜✤❅✭✥✪✔✌✘✛✖✗P❤✜✤✶✷✬✪✖✴✶☞✵❛✜✩★✻✮❋❞
✖✴✶❝✘✛✶✷✮✰✬④✽✪✔❙❖⑦❫❘✜✤❅✭✥✪✔❉★❘✜✤❅✭✥✪✔✌✘❈✖✴✥✪✚✏✵✷✔❬✚✴✫✗✖✴✔✣✜✤✥s✶✷✬✭✘✛✔✗✚■✢✧✶✷✔✗✬✱✘✏✽❘✜✤✬✪✖✏✵❊✿ ✫✌✘⑦✜✼✘✳✽✪✔❙❖✗✔✗✵✷✥✪✶⑨❞❡❖✗✶❊❨❱❵☞❫❘✜✤❅✭✥✪✔❉★❘✜✤❅✭✥✪✔✌✘
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✽✪✔❈✵✷✶✷❢✰✬✪✔✗✖✲✽✪✔❈★✪✚✴✮✧✽✪✥✪❖✌✘✛✶✷✮✰✬❜✔✌✘❯✽✪✔❈✚✴✫✗✖✴✔✣✜✤✥✧✦✉❨✒❺❥✮✰✥✪✖❯✜✤✽❘✜✤★❂✘✛✮✰✬✪✖✾✽✪✮✰✬✪❖❈❖✗✔✌✘✳✜✤✵❝❢✰✮✰✚✴✶❝✘✛❫✪❃❈✔✏✜✤✥✧✦❜❖✣✜✤✚✛✜✤❖✌✘✛✫✐❞
✚✴✶✷✖■✘✛✶✷❅✭✥✪✔✗✖✙✽✪✔✗✖✲✚✴✫✗✖✴✔✣✜✤✥✧✦✸✽✪✔❆❖✗✮✰❃❑❃✳✥✪✬✪✶✷❖✣✜✼✘✛✶✷✮✤✬✩✫✌✘✛✥✪✽✪✶✷✫✗✖✗P✉✔✗✬♣✖✴✥✪★✪★✪✚✴✶✷❃❄✜✤✬✭✘✙★❘✜✤✚✙✔✐✦❂✔✗❃❑★✪✵✷✔❆✵❊✿ ❫✱❍✧★✻✮✤✘✛❫✪❏✗✖✴✔
✽✪✔ ✒✾✺✪✵✷✮✭❖✣✜✤❢✰✔ ✔✧❅✭✥✪✶☞✬❀✿ ✜✩★❘✜✤✖❆✵✷✶✷✔✗✥ ✽❀✿ q✌✘✛✚✴✔❬✽❘✜✤✬✪✖✳✬✪✮✤✘✛✚✴✔❄❖✣✜✤✖✗❨❱❺❥✮✰✥✪✖✳✥❂✘✛✶✷✵✷✶❝✖✴✮✰✬✪✖❯❖✗✔✌✘❈✜✤✵✷❢✰✮✰✚✴✶⑨✘✛❫✪❃❑✔✤P✕❖✣✜✤✚
✵✷✔✗✖❥✖✴✶✷❃✳✥✪✵❛✜✼✘✛✔✗✥✪✚✴✖✆✔✗❃❑★✪✵✷✮❦❍✰✫✗✖❥✽❘✜✤✬✪✖✙✵✷✔✾✽✪✮✰❃❄✜✤✶✷✬✪✔✾✽✪✔✗✖✙✚✴✫✗✖✴✔✣✜✤✥✧✦♣✬✪✔❯★✻✔✗✚✴❃❑✔✌✘✴✘✛✔✗✬✱✘✲★❘✜✼✖✙✽✪✔❯❃❑✮✧✽✪✫✗✵✷✶✷✖✴✔✗✚✆✵✷✔
✘✛✚✛✜☞✌❘❖✯❖✗✮✰❃❑❃❑✔✯✥✪✬ ✽❘✥✪✶✷✽✪✔✤❨❘❺❥✮✰✥✪✖❥✜✤✵✷✵✷✮✰✬✪✖✟✽✪✫✗❖✗✚✴✶✷✚✴✔✾✖✴✮✰✬❉❲❳✮✰✬✪❖✌✘✛✶✷✮✰✬✪✬✪✔✗❃❑✔✗✬✱✘✣❨

0 ✂☎✄ ✢✠✒ ✁ ✒✕✁✛✘✚✒✜✏ ✁ ✁ ✒ ✆✟✢

❵☞✔✌✘✴✘✛✔✏★✪❫❘✜✤✖✴✔✏✖✴✔✗✚■✘❯▲❬✶✷✬✪✶❝✘✛✶❛✜✤✵❝✶❝✖✴✔✗✚✙✵✷✔✗✖✙✢✤✜✤✚✴✶❛✜✤✺✪✵✷✔✗✖ ✡❳✽✪✫✗❖✗✚✴✶❝✘✛✔✗✖✯★✪✵✷✥✪✖✯✜❦✢✼✜✤✬✭✘✯✵❊✿ ✜✤✵✷❢✰✮✰✚✴✶⑨✘✛❫✪❃❈✔✎☞♠✘✛✔✗✵✷✵✷✔✗✖✙❅✭✥✪✔❈✵✷✔
✘✛✔✗❃❑★✪✖✗P✪✵✷✔✯✬✪✶❝✢✱✔✣✜✤✥❉✽✪✔✗✖❥✺✪✥✑✥✉✔✗✚✴✖✗P❘✵✷✔✗✖♠✢✧✶❝✘✛✔✗✖✴✖✴✔✗✖❥✽✪✔✯✘✛✚✛✜✤✬✪✖■❲❳✔✗✚■✘✣P❝❨✗❨✗❨

1 ✂✝✆✟✞ ✧✓✢★☛ ☎ ☛✓✢ ✁ ✏✓✞ ✒ ✞ ✁✛✢ ✁ ✏✓✞ ✩✙✘✜☛✝✏✙✩✪✆✟✞ ✁ ☛✓✞ ✩✪✏ ☛ ✁ ✘✜☛✝✏✡✠✖✞☞☛ ☛✓✩✪✏

◆✲✜✤✬✪✖❬❖✗✔✌✘✴✘✛✔✸★✪❫❘✜✤✖✴✔✤P✟✮✤✬ ✽✪✫✌✘✛✔✗✚✴❃❑✶✷✬✪✔✩✵✷✔✗✖❬✽❘✜✼✘✛✔✗✖❬✽✪✔✗✖❙★✪✚✴✮✧❖⑦❫❘✜✤✶✷✬✪✖❬✫✌✢✰✫✗✬✪✔✗❃❑✔✗✬✱✘✛✖❴▲ ★❘✜✤✚■✘✛✶✷✚❄✽✪✔♣✵❊✿ ✫✌✘⑦✜✼✘
✜✤❖✌✘✛✥✪✔✗✵❊❨ ✗ ✬❉✖✗✿ ✶✷✬✭✘✛✫✗✚✴✔✗✖✴✖✴✔❆✜✤✥✧✦❉✬✪✶❝✢✰✔✣✜✤✥✧✦❉✽✪✔✗✖❥✺✪✥✑✥✉✔✗✚✴✖✆✔✗✬❴✽✪✶✷✖■✘✛✶✷✬✪❢✰✥❘✜✤✬✱✘♠✘✛✚✴✮✰✶✷✖✟❖✣✜✤✖✾❹

❞❄✈①✵❂✖✴✔♠✚✴✔✗❃❑★✪✵✷✶⑨✘✣P❋✽✪✮✰✬✪❖♠✵✷✔☞★✪✚✴✮✧❖⑦❫❘✜✤✶✷✬✏✫✌✢✰✫✗✬✪✔✗❃❑✔✗✬✱✘❣✖✴✥✪✚✡❖✗✔♠✺✪✥✑✥✉✔✗✚⑧✖✴✶✷❢✰✬❘✜✤✵✷✔✗✚✛✜❥❅✭✥❀✿ ✶✷✵❂✔✗✖■✘❤★✪✵✷✔✗✶✷✬ ✡
BFj

☞
✔✌✘❆✮✰✬❪✽✪✫✌✘✛✔✗✚✴❃❑✶✷✬✪✔❈✵✷✔✏✘✛✔✗❃❑★✪✖❯✜✤✥✪❅✭✥✪✔✗✵❣✖✴✔❑★✪✚✴✮✧✽✪✥✪✶✷✚✛✜❙❖✗✔✌✘❆✫✌✢✰✫✗✬✪✔✗❃❑✔✗✬✱✘ ✡

TBj

☞✯✔✗✬❜❲❳✮✰✬✪❖✌✘✛✶✷✮✰✬❪✽✪✥
✬✪✶❝✢✱✔✣✜✤✥❴✜✤❖✌✘✛✥✪✔✗✵✹✽✪✥❉✺✪✥✑✥✉✔✗✚✆✔✌✘❥✽✪✔✾✵❛✜✳✢✧✶❝✘✛✔✗✖✴✖✴✔❯▲❈✵❛✜✼❅✭✥✪✔✗✵✷✵✷✔✲✶✷✵❀✖✴✔✾✚✴✔✗❃❑★✪✵✷✶❝✘✣❨

❞❄✈①✵✡✖✴✔✏✢✧✶❝✽✪✔✤P✕✽✪✮✰✬✪❖✏✵✷✔✳★✪✚✴✮✧❖⑦❫❘✜✤✶✷✬❜✫✌✢✰✫✗✬✪✔✗❃❑✔✗✬✱✘❆✖✴✥✪✚✯❖✗✔❈✺✪✥✑✥✉✔✗✚✾✖✴✶✷❢✤✬❘✜✤✵✷✔✗✚✛✜❬❅✭✥❀✿ ✶✷✵✡✔✗✖■✘✯✢✧✶✷✽✪✔✓✡
BEj

☞
✔✌✘❆✮✰✬❪✽✪✫✌✘✛✔✗✚✴❃❑✶✷✬✪✔❈✵✷✔✏✘✛✔✗❃❑★✪✖❯✜✤✥✪❅✭✥✪✔✗✵❣✖✴✔❑★✪✚✴✮✧✽✪✥✪✶✷✚✛✜❙❖✗✔✌✘❆✫✌✢✰✫✗✬✪✔✗❃❑✔✗✬✱✘ ✡

TBj

☞✯✔✗✬❜❲❳✮✰✬✪❖✌✘✛✶✷✮✰✬❪✽✪✥
✬✪✶❝✢✱✔✣✜✤✥❴✜✤❖✌✘✛✥✪✔✗✵✹✽✪✥❉✺✪✥✑✥✉✔✗✚✆✔✌✘❥✽✪✔✾✵❛✜✳✢✧✶❝✘✛✔✗✖✴✖✴✔❯▲❈✵❛✜✼❅✭✥✪✔✗✵✷✵✷✔✲✶✷✵❀✖✴✔✯✢✧✶✷✽✪✔✤❨

❞❄✈①✵❀✚✴✔✗✖■✘✛✔❆✜✤✥❉❃❑q✗❃❑✔✯✬✪✶❝✢✰✔✣✜✤✥❀P❘✽✪✮✰✬✪❖✾★❘✜✤✖✆✽❀✿ ✫✌✢✰✫✗✬✪✔✗❃❑✔✗✬✱✘✲★◗✮✰✥✪✚✆❖✗✔✾✺✪✥✑✥✉✔✗✚✖✡
TBj = INF

☞✐❨
✗ ✬❙❲♥✜✤✶❝✘♠✽✪✔✾❃❑q✗❃❑✔✯★✻✮✰✥✪✚♠✵❊✿ ✫✌✘⑦✜✼✘✆✽✪✔✗✖❥✚✴✮✰✥❂✘✛✔✗✥✪✚✴✖✾❹

❞❙●✧✶☞✵✷✔❄✚✴✮✰✥❂✘✛✔✗✥✪✚✳✫✌✘⑦✜✤✶❝✘ ✗ ③✡③☞P❱✜✤✵✷✮✰✚✴✖❯✮✰✬ ✵✷✔❄★❘✜✤✖✴✖✴✔✗✚✛✜✸▲ ✗ ❺✄▲✩✵❊✿ ✶✷✬✪✖■✘⑦✜✤✬✱✘
TMi

❅✭✥✪✶☞✔✗✖■✘✏❢✰✫✗✬✪✫✗✚✴✫
✜✤✵✷✫✣✜✼✘✛✮✰✶✷✚✴✔✗❃❑✔✗✬✱✘ ✡❳❖✗✮✰✬✱✘✛✔✗✬✧✥❴✽❘✜✤✬✪✖

Gi

☞✐❨
❞❙●✧✶☞✵✷✔❄✚✴✮✰✥❂✘✛✔✗✥✪✚✳✫✌✘⑦✜✤✶❝✘ ✗ ❺❯P✡✜✤✵✷✮✰✚✴✖❯✮✰✬ ✵✷✔❑★❘✜✤✖✴✖✴✔✗✚✛✜❜▲ ✗ ③✡③ ▲✩✵❊✿ ✶✷✬✪✖■✘⑦✜✤✬✱✘

TMi

❅✭✥✪✶☞✔✗✖■✘✏❢✰✫✗✬✪✫✗✚✴✫
✜✤✵✷✫✣✜✼✘✛✮✰✶✷✚✴✔✗❃❑✔✗✬✱✘ ✡❳❖✗✮✰✬✱✘✛✔✗✬✧✥❴✽❘✜✤✬✪✖

Wi

❨
r⑧✬ ✌❘✬❆✮✰✬❯✖✗✿ ✶✷✬✭✘✛✫✗✚✴✔✗✖✴✖✴✔✟▲✆✵❊✿ ✫✌✢✰✫✗✬✪✔✗❃❑✔✗✬✭✘❱❅✭✥✪✶✭❃❑✔✌✘ ✌❘✬✳▲✆✵❛✜♠✖✴✶✷❃✏✥✪✵✷✜✼✘✛✶❝✮✰✬ ✡❳✵❛✜♠✖✴✶✷❃✳✥✪✵❛✜✼✘✛✶❝✮✰✬✾✖✗✿ ✜✤✚✴✚✴q✌✘✛✔❣✵✷✮✰✚✴✖✴❅✭✥✪✔
✵✷✔✯✽✪✔✗✚✴✬✪✶✷✔✗✚♠✚✴✮✰✥❂✘✛✔✗✥✪✚❥✜✳✘✛✚✛✜✤✬✪✖✴❃❑✶✷✖♠✥✪✬✪✔✾❖✗✔✗✚■✘⑦✜✤✶✷✬✪✔✯❅✭✥❘✜✤✬✭✘✛✶❝✘✛✫✯✽✪✔✾✽❘✥✧✦
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❹❂✢✰✔✗❖✌✘✛✔✗✥✪✚❥❖✗✮✰✬✭✘✛✔✗✬❘✜✤✬✱✘❥✵❛✜✏✽❘✜✼✘✛✔✯✽✪✥❴★✪✚✴✮✧❖⑦❫❘✜✤✶✷✬❉✫✌✢✰✫✗✬✪✔✗❃❑✔✗✬✭✘✙★◗✮✰✥✪✚✆❖⑦❫❘✜✤❅✭✥✪✔❯✺✪✥✑✥✉✔✗✚
TBM

❹ ✌❘✬❴✽✪✔✾✵❛✜✳✖✛✶❝❃✏✥✪✵❛✜✼✘✛✶❝✮✤✬
EM

❹❀✢✰✔✗❖✌✘✛✔✗✥✪✚❯❖✗✮✰✬✱✘✛✔✗✬❘✜✤✬✱✘❆✵✷✔✳★✪✚✴✮✧❖⑦❫❘✜✤✶✷✬❜✫✌✢✰✫✗✬✪✔✗❃❑✔✗✬✭✘❯✽✪✔❈❖✐❫❘✜✤❅✭✥✪✔❈✚✴✮✰✥❂✘✛✔✗✥✪✚✗P✕❖✗✔✌✘❯✫✌✢✰✫✗✬✪✔✗❃❑✔✗✬✱✘
★✻✔✗✥❂✘✡q✌✘✛✚✴✔

R
✡❳★❘✜✤✖✴✖✛✜✤❢✰✔✟▲✙✵❊✿ ✫✌✘⑦✜✼✘ ✗ ❺⑤✽✪✥✳✚✴✮✰✥❂✘✛✔✗✥✪✚ ☞✹✮✰✥

F
✡❳★❘✜✤✖✴✖✛✜✤❢✰✔✟▲❥✵❊✿ ✫✌✘⑦✜✼✘ ✗ ③✡③❴✽✪✥✳✚✴✮✰✥❂✘✛✔✗✥✪✚ ☞

TM
❹✪✢✰✔✗❖✌✘✛✔✗✥✪✚❥❖✗✮✰✬✱✘✛✔✗✬❘✜✤✬✭✘❥✵❛✜✳✽❘✜✼✘✛✔✾✽✪✥❴★✪✚✴✮✧❖⑦❫❘✜✤✶✷✬❉✫✌✢✰✫✗✬✪✔✗❃❑✔✗✬✱✘✙★✻✮✰✥✪✚✆❖⑦❫❘✜✤❅✭✥✪✔❯✚✴✮✰✥❂✘✛✔✗✥✪✚

G
❹✰✢✰✔✗❖✌✘✛✔✗✥✪✚❣❖✗✮✰✬✭✘✛✔✗✬❘✜✤✬✱✘❣✵✷✔✗✖⑧✘✛✔✗❃❑★✪✖❤❃❑✮❦❍✱✔✗✬❈✽❀✿ ✶✷✬✪✽✪✶✷✖✴★✻✮✰✬✪✶✷✺✪✶✷✵❝✶⑨✘✛✫ ✡ ✗ ③✡③ ☞❱✽✪✔✗✖❣✚✴✮✰✥❂✘✛✔✗✥✪✚✴✖ ✡❳❢✰✫✗✬✪✫✗✚✴✫

✜✤✵✷✫✣✜✼✘✛✮✰✶✷✚✴✔✗❃❑✔✗✬✱✘✆✜✤✥❉✽✪✫✗✺✪✥❂✘✙✽✪✔✾✵❛✜✳✖✴✶✷❃✳✥✪✵❛✜✼✘✛✶❝✮✰✬❙★❘✜✤✚♠✵❛✜✳❖✗✮✰❃❑❃❄✜✤✬✪✽✪✔
Generate

☞

W
❹✻✢✰✔✗❖✌✘✛✔✗✥✪✚✾❖✗✮✰✬✱✘✛✔✗✬❘✜✤✬✱✘✾✵✷✔✗✖✙✘✛✔✗❃❑★✪✖✲❃❑✮❦❍✱✔✗✬✸✽✪✔✳✽✪✶✷✖✴★✻✮✰✬✪✶✷✺✪✶✷✵❝✶⑨✘✛✫ ✡ ✗ ❺ ☞✆✽✪✔✗✖✯✚✴✮✰✥❂✘✛✔✗✥✪✚✴✖✎✡❳❢✰✫✗✬✪✫✗✚✴✫

✜✤✵✷✫✣✜✼✘✛✮✰✶✷✚✴✔✗❃❑✔✗✬✱✘✆✜✤✥❉✽✪✫✗✺✪✥❂✘✙✽✪✔✾✵❛✜✳✖✴✶✷❃✳✥✪✵❛✜✼✘✛✶❝✮✰✬❙★❘✜✤✚♠✵❛✜✳❖✗✮✰❃❑❃❄✜✤✬✪✽✪✔
Generate

☞

e
❹❘❖✗✮✰✬✱✘✛✶✷✔✗✬✱✘✆✵✷✔✯★✪✚✴✮✧❖⑦❫❘✜✤✶✷✬❉✫✌✢✱✫✗✬✪✔✗❃❈✔✗✬✭✘ ✡❳✚✴✮✰✥❂✘✛✔✗✥✪✚✴✖✆✔✌✘❥✺✪✥✑✥✉✔✗✚✴✖✆❖✗✮✰✬❂❲❳✮✰✬✪✽✪✥✪✖ ☞

KM

❹✪❖✗✮✰✬✭✘✛✶✷✔✗✬✱✘✆✵❊✿ ✶✷✬✪✽✪✶✷❖✗✔✲✽✪✥❴✚✴✮✰✥❂✘✛✔✗✥✪✚✆✽✪✮✰✬✱✘❥✵❊✿ ✫✌✢✰✫✗✬✪✔✗❃❑✔✗✬✱✘❥✖✴✥✪✶❝✢✤✜✤✬✱✘❥✔✗✖■✘❥✵✷✔✯★✪✵✷✥✪✖♠★✪✚✴✮✧❖⑦❫✪✔



�✜✞ �✜✞ ✚ ✒ ✌ ✆ ✆ ✁✑✏✓✒✌✄ ✁✁� ✆ ✒✟✠☎✞ � ②

KB

❹✪❖✗✮✰✬✭✘✛✶✷✔✗✬✱✘✆✵❊✿ ✶✷✬✪✽✪✶✷❖✗✔✲✽✪✥❴✺✪✥✑✥✉✔✗✚✆✽✪✮✰✬✱✘❥✵❊✿ ✫✌✢✰✫✗✬✪✔✗❃❑✔✗✬✱✘❥✖✛✥✪✶⑨✢✤✜✤✬✱✘❥✔✗✖■✘❥✵✷✔✯★✪✵✷✥✪✖✆★✪✚✴✮✭❖✐❫✪✔
K

❹✕❖✗✮✰✬✱✘✛✶✷✔✗✬✱✘❯✵❊✿ ✶✷✬✪✽✪✶✷❖✗✔✳✽✪✥ ✚✴✮✰✥❂✘✛✔✗✥✪✚✾✮✰✥❪✽✪✥❪✺✪✥✑✥✉✔✗✚❯✽✪✮✰✬✱✘❯✵❊✿ ✫✌✢✰✫✗✬✪✔✗❃❑✔✗✬✱✘❆✖✴✥✪✶❝✢✤✜✤✬✱✘❯✔✗✖■✘❆✵✷✔✏★✪✵✷✥✪✖
★✪✚✛✮✭❖⑦❫✪✔

0
❨ ✈①❺❥✈❡❧♠✈❡❁✲✓✕✈■●✧❁⑧❧♠✈ ✗ ❺

t = 0; ∆t = 0;α = O; x = ~0; L = 0;x0 = INF ; q = Q; P = ~0; BM = INF ;
v1 = U1; TBM = τf ; Generate W,G;
✚ ✛✘✤ ✙

i = 2 � M ✁ ✙ ★✩✙✎☎ {vi = min(vi−1, Ui); }

1
❨ r✡❸✯r❤❺✙r❣❭✩r❤❺❥❧ ●❂✇❥✈ ❸❱❁✲❺❥❧ ●❂✇✻✹ ✓✹r❣● ✹ ✗ ✇❥❧✆r❤✇✻✹✙●❉r⑧❧ ✓✹r❣●❉❷✟✇✙③✡③✡r ✹✙●

✚ ✛✘✤ ✙
j = 1 � M − 1 ✁ ✙ ★✩✙✎☎✄✂✠✗✖✎✢

vj > vj+1 : TBj = (Bj − xj)/(vj − vj+1); EBj = BFj;
vj < vj+1 : TBj = xj/(vj+1 − vj); EBj = BEj;
vj = vj+1 : TBj = INF ;☎ ✛ ✠✗✖✎✢

✆
✚ ✛✘✤ ✙

i = 1 � M ✁ ✙ ★✩✙✎☎✄✂✢✦✞
(αi = D)

✖✎✓ ✌✜✄✝✢
EMi = Ri; TMi = Gi;✢✦✞

(αi = O)
✖✎✓ ✌✜✄✝✢

EMi = Fi; TMi = Wi;✢✦✞
(vM 6= 0)

✖✎✓ ✌✜✄✝✢
TBM = q/vM

✢✦✞ ✛ ✌✜✛
TBM = INF ;✆

2
❨ r✡❸✯r❤❺✙r❣❭✩r❤❺❥❧ ●❂✇❥✈ ❸❱❁✲❺❥❧

KM = argmin(TMi)
✚ ✛✘✤ ✙

i = 1, . . . ,M ;
KB = argmin(TBi)

✚ ✛✘✤ ✙
i = 1, . . . ,M − 1;✢✦✞

(TMKM
> TBKB

)
✖✎✓ ✌✜✄✝✢

K = KB; ∆t = TBK ; e = EBK✢✦✞ ✛ ✌✜✛
K = KM ; ∆t = TMK ; e = EMK ;

3
❨ ❁❥❵☞❧✆✇❥❁✲✓✕✈■●✧❁⑧❧♠✈ ✗ ❺ ◆✲✇ ● ✏❯●✧❧✆r❣❭✩r

t = t + ∆t; q = q − vM∆t; Debj = Debj + vj∆t;
U = U − ∆t.~1; W = W − ∆t.~1;
✚ ✛✘✤ ✙

j = 1 � M − 1 ✁ ✙ ★✩✙✎☎✄✂
temp = xj; xj = xj + (vj − vj+1)∆t;✢✦✞

temp = Bj

✁✧✘
vj − vj+1 > 0

✖✎✓ ✌✜✄✝✢
{Pj = (vj − vj+1)∆t; xj = Bj;}

Lj = Lj + (temp + xj)∆t/2;



� � �✂✁ ✁☎✄★✒ ✏✓✕✖✞ �✜✞ ✤✁�✪�✄✂✝✌✏✎✣✘✛✚ ✎✣✘ ✚ � ✤✧✑✙✁ ✓ � � ✌ ✠

✆
✠☛✖✎✢

e = FK : αK = D; vK = 0;Gi = 1/ri;
✇❥★◗✽❘✜✼✘✛✔✤❨ ◆✙✮ ✻✆✬ ✡ ✑ ☞

;
e = RK : αK = O;

●✧✔✌✘✣❨ ③❱✵✷✮❉✻✾❨ ✹❥✜✼✘✛✔ ✡ ✑ ☞
;
✇❥★✻✽❘✜✼✘✛✔✤❨ ◆✙✮❉✻✆✬ ✡ ✑ ☞

;
e = BEK :

✇❥★◗✽❘✜✼✘✛✔✤❨ ◆✙✮ ✻✆✬ ✡ ✑ ☞
;☎ ✛ ✠✗✖✎✢

4
❨ ❧✆r❣●✧❧ ◆✲r ③❱✈①❺

✢✦✞
(e = τf )

✖✎✓ ✌✜✄✝✢ ✜✤✵✷✵❝✔✗✚♠▲❄● ✗ ✹✒❧♠✈①r
✢✦✞ ✛ ✌✜✛ ✜✤✵✷✵✷✔✗✚♠▲❈▼✡❸✯▼❤❺✙r❣❭✩r❤❺❥❧ ●❂✇❥✈ ❸❱❁✲❺❥❧ ●❂✇✻✹⑩✓✹r❣● ✹ ✗ ✇❥❧✆r❤✇✻✹✙●❉r⑧❧ ✓✹r❣●❉❷✟✇✙③✡③✡r ✹✙● ✽

5
❨ ● ✗ ✹❱❧♠✈①r

◆✙✔✗✺✪✶❝✘✁�✯◆✙✔✗✺ �❋✘✕✽
❺❥✶❝✢✱✔✣✜✤✥❉❃❑✮❦❍✱✔✗✬❉✽✪✔✗✖❥✺✪✥✑✥✉✔✗✚✴✖

= L/t
✽

❚ ✹ ✗ ❵✟▼❤◆✲✇✻✹❥r❣●❴✇❥❧♠✈①✓✕✈■●❂▼❤r❣●
✚✥✙✜✛ ✦ ☎✲✢✥✤ ✙✎☎❙●✧✔✌✘✣❨ ③❱✵✷✮ ✻✾❨ ✹❥✜✼✘✛✔ ✡❳✬ ☞
✠☛✖✎✢

xn−1 = 0 : vn = min(vn−1, Un);
xn−1 > 0 : vn = Un;☎ ✛ ✠✗✖✎✢

✚✥✙✜✛✣✦ ☎✲✢✥✤ ✙✎☎❙✇❥★◗✽❘✜✼✘✛✔✤❨ ◆✙✮ ✻✆✬ ✡❳✬ ☞
✗ ✙ ✕✘✗ ✟✟✤✌☎

((xn

☎ ✂ ✗ ✡ ★ ✢✌☎
)
☎ ✗

(n < M − 1)) ✁ ✙ ★✩✙✎☎✄✂
{n = n + 1;

●✧✔✌✘✣❨ ③❱✵✷✮❉✻✾❨ ✹❥✜✼✘✛✔ ✡❳✬ ☞
;✆

❵✙✿ ✔✗✖■✘✆❖✗✔✌✘❥✜✤✵✷❢✰✮✰✚✴✶❝✘✛❫✪❃❈✔✙❅✭✥✪✶❀✬✪✮✰✥✪✖♠✖✴✔✗✚■✢✧✶✷✚✛✜✳✽✪✔✯✺❘✜✤✖✴✔✯★✻✮✰✥✪✚✟✮✰✺❂✘✛✔✗✬✪✶✷✚✟✽✪✔✗✖✆✚✴✫✗✖✴✥✪✵❝✘⑦✜✼✘✛✖✟✬✭✥✪❃❑✫✗✚✴✶✷❅✭✥✪✔✗✖✆▲
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✮✰★◗✫✗✚✛✜✼✘✛✶✷✮✰✬✪✖⑧✶✷✬✭✘✛✔✗✚✴✬✪✔✗✖✗P✱✶✷✵❂✬✪✔♠✘✛✚✛✜✤✬✪✖✴❃❑✔✌✘❤★❘✜✤✖❤✽✪✔✆❖✗✔✗✵✷✵✷✥✪✵✷✔✗✖❤✜✤★✪★❘✜✤✚■✘✛✔✗✬❘✜✤✬✱✘☞✜✤✥ ✽❘✥✧✦❈✫✌✘✛✥✪✽✪✶✷✫✤❨ ✗ ✬❑✽✪✶⑨✘❣✜✤✵✷✮✰✚✴✖
❅✭✥❀✿ ✶✷✵✉✔✗✖■✘✆✶✷✬✪✽✪✶✷✖✴★✻✮✰✬✪✶✷✺✪✵❝✔✤❨✧✈❡✵❀✽✪✔✌✢✧✶✷✔✗✬✱✘✆✽✪✶✷✖✴★✻✮✰✬✪✶✷✺✪✵✷✔✙✵✷✮✰✚✴✖✴❅✭✥❀✿ ✶✷✵✻✔✗✖■✘❥✽✪✶✷✖✴★◗✮✰✖✴✫✾▲❆✘✛✚✛✜✤✬✪✖✴❃❑✔✌✘✴✘✛✚✴✔✯✽✪✔✗✖♠❖✗✔✗✵✷✵✷✥✪✵✷✔✗✖
✽✪✥ ✽❘✥✧✦ ✫✌✘✛✥✪✽✪✶✷✫✤❨✒◆✲✜✤✬✪✖❯✵❊✿ ✫✌✘✛✥✪✽✪✔❄★✪✚✴✮✰★◗✮✰✖✴✫✗✔✤P✒✥✪✬ ✚✴✮✰✥❂✘✛✔✗✥✪✚

Ri

✔✗✖■✘✳❖✣✜✤✚✛✜✤❖✐✘⑦✫✌✚✛✶❝✖✛✫❑★❘✜✤✚✾✵✷✔✗✖❯★❘✜✤✚✛✜✤❃❑❏✌✘✛✚✴✔✗✖
✖✴✥✪✶❝✢✼✜✤✬✭✘✛✖✖✡ ✌❘❢✰✥✪✚✴✔ � ❨❝② ☞✲❹

❞
1/λi

❹✪❧✒✔✗❃❑★✪✖✆❃❑✮❋❍✰✔✗✬❉✽✪✔✾✽✪✶✷✖✴★✻✮✰✬✪✶✷✺✪✶✷✵❝✶❝✘✛✫✙✽✪✥❴✚✴✮✰✥❂✘✛✔✗✥✪✚
Ri❞

1/µi

❹❘❧✒✔✗❃❑★✪✖✆❃❑✮❦❍✱✔✗✬❉✽❀✿ ✶✷✬✪✽✪✶✷✖✴★✻✮✰✬✪✶✷✺✪✶✷✵❝✶⑨✘✛✫✲✽✪✥❴✚✴✮✰✥❂✘✛✔✗✥✪✚
Ri❞

Ui

❹✪❸✲✶❝✘✛✔✗✖✴✖✴✔✾✽✪✔✯✘✛✚✛✜✤✬✪✖■❲❳✔✗✚■✘❥✽✪✥❴✚✴✮✰✥❂✘✛✔✗✥✪✚
Ri✓✕✔✗✖❣✘✛✔✗❃❑★✪✖☞❃❑✮❋❍✰✔✗✬✪✖☞✽✪✔✙✽✪✶✷✖✴★✻✮✰✬✪✶✷✺✪✶✷✵❝✶⑨✘✛✫✆✔✌✘✟✽❀✿ ✶✷✬✪✽✪✶✷✖✴★✻✮✰✬✪✶✷✺✪✶✷✵❝✶⑨✘✛✫✆✽✪✥❬✚✴✮✰✥❂✘✛✔✗✥✪✚☞★✻✮✤✥✪✚☞✬✪✮✤✘✛✚✴✔ ✽❘✥✧✦❬✖✴✮✰✬✱✘

❖✣✜✤✚✛✜✤❖✌✘✛✫✗✚✴✶✷✖■✘✛✶✷❅✭✥✪✔✗✖❙✽✪✥ ✘❡❍✧★✻✔❜✽✪✔ ✽❘✥✧✦ ✜✤✥✪❅✭✥✪✔✗✵✯✮✰✬ ✖✗✿ ✶✷✬✱✘✛✫✗✚✴✔✗✖✴✖✴✔✤❨✙●✧✶✯❖✤✿ ✔✌✖✴✘❴✥✪✬ ✽❘✥✧✦☛✒❯★✪✚✴✶✷✮✰✚✴✶❝✘⑦✜✤✶❝✚✴✔ ✔✻P
❖✗✮✰❃❑❃❑✔❥✵✷✔✆✘✛✚✛✜✤✬✪✖✴★✻✮✰✚■✘✟✽✪✔✙✢✰✮✰✶⑨✦✉P❂✜✤✵✷✮✰✚✴✖❣✵✷✔✙✚✴✮✰✥❂✘✛✔✗✥✪✚☞✖✴✔✗✚✛✜❆✘✛✚✴❏✗✖☞✽✪✶✷✖✴★✻✮✰✬✪✶✷✺✪✵✷✔❥★◗✮✰✥✪✚✟❖✗✔ ✽❘✥✧✦✉P✪✜✤✵✷✮✰✚✴✖❣❅✭✥✪✔✯✖✴✶
❖✤✿ ✔✗✖■✘♠✥✪✬ ✽❘✥✧✦❬✽✪✔✲✺❘✜✤✖✴✖✴✔✲★✪✚✴✶✷✮✰✚✴✶❝✘✛✫✤P✭✵✷✔❥✚✴✮✰✥❂✘✛✔✗✥✪✚✟✖✴✔✗✚✛✜❆❃❑✮✰✶✷✬✪✖❣✽✪✶✷✖✴★✻✮✰✬✪✶✷✺✪✵✷✔✤❨✧◆✙✔✲❃❑q✗❃❑✔✤P✭✖✴✶✉✵✷✔❥✚✴✫✗✖✴✔✣✜✤✥❙✔✗✖■✘
❖⑦❫❘✜✤✚✴❢✰✫✤P✧✵✷✔✆✘✛✔✗❃❑★✪✖☞✽❀✿ ✶✷✬✪✽✪✶✷✖✴★◗✮✰✬✪✶✷✺✪✶✷✵❝✶⑨✘✛✫✆✖✴✔✗✚✛✜❆★✪✵✷✥✪✖❣✫✗✵✷✔✌✢✱✫✙❅✭✥✪✔✙✖✗✿ ✶✷✵✻✔✗✖■✘✟★✻✔✗✥❬❖⑦❫❘✜✤✚✴❢✰✫✤❨❂❺❥✮✰✥✪✖ ✌❂✦❂✮✰✬✪✖✟✽✪✮✰✬✪❖
❖✗✔✗✖❆★❘✜✤✚✛✜✤❃❑❏✌✘✛✚✴✔✗✖✾✔✗✬ ❲❳✮✰✬✪❖✌✘✛✶✷✮✰✬❪✽✪✥❪✘❡❍✧★✻✔❑✽✪✔✯✽❘✥✧✦❪✔✌✘❆✽✪✔❄✵❛✜❙❖✐❫❘✜✤✚✴❢✰✔❑✽✪✥ ✚✴✫✗✖✴✔✣✜✤✥④❅✭✥✪✔❄✬✪✮✰✥✪✖✾✢✰✮✰✥✪✵✷✮✰✬✪✖

� ✳



� ✸ �✂✁ ✁☎✄★✒ ✏✓✕✖✞ � ✞ ☛ �✛✚ ✌✤✁✙✑ � � ✌ ✠✔✓✣✠✙✓ ✁✁�✍� �✄✂ ✑☞✘ ✎✒✑ � ✓ ✚ ✤ ✌ ✠ ✌✆☎✞✝ ✑✠✟✡✟ ✘ ☛

✚✴✔✗★✪✚✴✫✗✖✴✔✗✬✭✘✛✔✗✚✗❨

O F F    O N  

m
i

l
i

É t a t  0 É t a t  1

✤✦✥★✧✪✩ � ❨❝②✬✫❬③❘✮✰✬✪❖✌✘✛✶✷✮✰✬✪✬✪✔✗❃❑✔✗✬✱✘ ✗ ❺ � ✗ ③✡③ ✽❀✿ ✥✪✬❴✚✴✮✰✥❂✘✛✔✗✥✪✚
Ri

❵☞❫❘✜✤❅✭✥✪✔✙✚✴✮✰✥❂✘✛✔✗✥✪✚
Ri

★✻✮✰✖✴✖✴❏✗✽✪✔✲✥✪✬❄✺✪✥✑✥✉✔✗✚
Bi−1

✽❘✜✤✬✪✖☞✵✷✔✗❅✭✥✪✔✗✵◗✶✷✵❘✖■✘✛✮✧❖✔✓✤✔✙✵✷✔✗✖❣✽✪✮✰✬✪✬✪✫✗✔✗✖☞✚✴✔ ✠✗✥✪✔✗✖✗❨ ✗ ✬
✬✪✮✤✘✛✔

Ci−1
✵❛✜✳❖✣✜✤★❘✜✤❖✗✶❝✘✛✫✯✽✪✥❴✺✪✥✑✥✉✔✗✚

Bi−1
❨

✓✕✔✗✖❥★◗✫✗✚✴✶✷✮✧✽✪✔✗✖✆✽✪✔❯✽✪✶✷✖✴★✻✮✰✬✪✶✷✺✪✶✷✵❝✶⑨✘✛✫✲✽✪✔
Ri

P◗✚✴✔✗✖✴★◗✔✗❖✌✘✛✶❝✢✱✔✗❃❑✔✌✬✭✘✙✽❀✿ ✶✷✬✪✽✪✶✷✖✴★✻✮✰✬✪✶✷✺✪✶✷✵❝✶⑨✘✛✫✤P❂✖✴✥✪✶❝✢✰✔✗✬✭✘❥✽✪✔✗✖✙✵❝✮✰✶✷✖
✔✐✦❂★✻✮✰✬✪✔✗✬✱✘✛✶✷✔✗✵✷✵✷✔✗✖✆✽✪✔✾❃❑✮❦❍✰✔✗✬✪✬✪✔✗✖

1/λi

P✪✚✴✔✗✖✴★✻✔✗❖✌✘✛✶❝✢✰✔✗❃❑✔✗✬✱✘
1/µi

❨
✓✹✜❆❃❄✜✼✘✛✚✴✶✷❖✗✔

Mi

✖✴✥✪✶❝✢✤✜✤✬✱✘✛✔✲✔✗✖■✘✆✵✷✔✙❢✰✫✗✬✪✫✗✚✛✜✼✘✛✔✗✥✪✚✟✽✪✔✲✵❛✜❆❖⑦❫❘✜☞☛❛✬✪✔✙✽✪✔❯❭✩✜✤✚ ✓✤✮❦✢❄✚✴✔✗★✪✚✴✫✗✖✴✔✗✬✭✘⑦✜✤✬✱✘✆✵❊✿ ✫✌✢✰✮✰✵✷✥✧❞
✘✛✶✷✮✰✬✩✽✪✔❆✵❊✿ ✫✌✘⑦✜✼✘❥✽❀✿ ✥✪✬✸✚✴✮✰✥❂✘✛✔✗✥✪✚

Ri

❨✻◆✲✜✤✬✪✖✙✵❛✜❑✚✴✔✗★✪✚✴✫✗✖✴✔✗✬✱✘⑦✜✼✘✛✶✷✮✰✬♣✖✴✥✪✶❝✢✤✜✤✬✱✘✛✔✤P✻✵✷✔❯★✪✚✴✔✗❃❑✶✷✔✗✚✆✫✌✘⑦✜✼✘✲✔✗✖■✘✲✵❊✿ ✫✌✘⑦✜✼✘
✗ ③✡③ ✔✌✘❥✵✷✔✯✖✴✔✗❖✗✮✰✬✪✽✩✔✗✖■✘❥✵❊✿ ✫✌✘⑦✜✼✘ ✗ ❺✾❨

Mi =

[

−µi µi

λi −λi

]

✓✕✔❉✢✰✔✗❖✌✘✛✔✗✥✪✚
~vi

❖✗✮✰✬✱✘✛✶✷✔✗✬✱✘❄✵✷✔✗✖✏✢✧✶❝✘✛✔✗✖✴✖✴✔✗✖❄✽✪✔❉✘⑦✚✛✜✤✬✪✖✴❃❑✶❝✖✛✖✴✶✷✮✤✬⑤✽✪✥ ✚✴✮✰✥❂✘✛✔✗✥✪✚
Ri

✵✷✮✰✚✴✖✴❅✭✥❀✿ ✶✷✵♠✔✗✖■✘❄✽❘✜✤✬✪✖
✵❊✿ ✫✌✘⑦✜✼✘ ✗ ③✡③ ✮✰✥ ✗ ❺❯❨

~vi =
[

0 Ui

]
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◆✲✜✤✬✪✖❆✵❛✜❉✖✴✥✪✶❝✘✛✔✤P✹✬✪✮✰✥✪✖✳✜✤✵✷✵✷✮✰✬✪✖✯★✪✚✴✫✗✖✴✔✗✬✭✘✛✔✗✚❆✵❊✿ ✫✌✘✛✥✪✽✪✔❬✜✤✬❘✜✤✵❝❍✭✘✛✶✷❅✭✥✪✔❈✽✪✥④❖✣✜✤✖❯❃❑✮✰✬✪✮✼❞❡✺✪✥✑✥✉✔✗✚✗❨✕❁✒✢✰✔✗❖❄✵✷✔✗✖

✬✪✮✤✘⑦✜✼✘✛✶✷✮✰✬✪✖❣✽✪✔✲✵❛✜❯✖✴✔✗❖✌✘✛✶✷✮✰✬ � ❨❝②✰P✧✵✷✔✗✖☞❃❄✜✼✘✛✚✴✶✷❖✗✔✗✖☞❢✰✫✗✬✪✫✗✚✛✜✼✘✛✚✴✶✷❖✗✔✗✖✟✚✴✔✗★✪✚✴✫✗✖✴✔✗✬✱✘⑦✜✤✬✱✘✆✵❊✿ ✫✌✢✱✮✰✵✷✥❂✘✛✶✷✮✤✬❄✽✪✔✗✖✟✚✛✮✤✥❂✘⑦✔✌✥✪✚✛✖



� ✼ �✂✁ ✁☎✄★✒ ✏✓✕✖✞ � ✞ ☛ �✛✚ ✌✤✁✙✑ � � ✌ ✠✔✓✣✠✙✓ ✁✁�✍� �✄✂ ✑☞✘ ✎✒✑ � ✓ ✚ ✤ ✌ ✠ ✌✆☎✞✝ ✑✠✟✡✟ ✘ ☛

R1
✔✌✘

R2
✖✴✮✰✬✱✘❯❹

M1 =

[

−µ1 µ1

λ1 −λ1

] ✔✌✘
M2 =

[

−µ2 µ2

λ2 −λ2

]

✓✕✔✗✖♠✢✰✔✗❖✌✘✛✔✗✥✪✚✴✖✙✽✪✔✾★✪✚✴✮✰✺❘✜✤✺✪✶✷✵✷✶⑨✘✛✫✗✖✟✖■✘⑦✜✼✘✛✶✷✮✰✬✪✬❘✜✤✶✷✚✴✔✗✖✆✜✤✖✴✖✴✮✭❖✗✶✷✫✗✖❥✖✴✮✰✬✱✘❥✽✪✮✰✬✪❖❈❹

~w1 =

[

λ1

λ1 + µ1

µ1

λ1 + µ1

] ✔✌✘
~w2 =

[

λ2

λ2 + µ2

µ2

λ2 + µ2

]

✓✕✔✗✖♠✢✰✔✗❖✌✘✛✔✗✥✪✚✴✖❥✢✧✶❝✘✛✔✗✖✴✖✴✔✗✖❥✖✴✮✰✬✱✘❯❹

~v1 =
[

0 U1

] ✔✌✘
~v2 =

[

0 U2

]

� ✛✣✢✤✛✁� äÞ➷✩★✁�➛➹✁� ✮q➾✰✮✶✦✯✷❄✸✃➴✐➪❄✸❇✷❃✦❿➹ ✦✯✸
(a, b)

✓✕✮✰✚✴✖✴❅✭✥❀✿ ✮✰✬✸✫✌✘✛✥✪✽✪✶✷✔❆✵✷✔❯❖✣✜✤✖✲❃❑✮✰✬✪✮✼❞❡✺✪✥✑✥✉✔✗✚❥✽✪✫✗❖✗✚✴✶❝✘✲★✪✚✴✫✗❖✗✫✗✽✪✔✗❃❑❃❑✔✗✬✱✘✣P✉✶✷✵✹❲♥✜✤✥❂✘✙✖✗✿ ✶✷✬✭✘✛✫✗✚✴✔✗✖✴✖✴✔✗✚✯✜✤✥✸★✪✚✴✮✼❞
❖✗✔✗✖✴✖✴✥✪✖❆❃❑✜✤✚ ✓✰✮❦✢✧✶✷✔✗✬✸✽✪✫ ✌❘✬✪✶⑧✖✴✥✪✚✯✵❊✿ ✔✗✖✴★❘✜✤❖✗✔❈★✪✚✴✮✧✽✪✥✪✶⑨✘✾✽✪✔✗✖✯✽✪✔✗✥✧✦❜✚✴✮✰✥❂✘✛✔✗✥✪✚✴✖✗❨✹r⑧✬❜✚✴✫✗❢✰✶✷❃❑✔❆✘✛✚✛✜✤✬✪✖✴✶❝✘✛✮✰✶✷✚✴✔❆✵❛✜
★✪✚✴✮✰✺❘✜✤✺✪✶✷✵✷✶❝✘✛✫✙✽✪✔❯✵♥✿ ✫✌✘⑦✜✼✘

(a, b)
✔✗✖■✘❥✽✪✫ ✌❘✬✪✶✷✔✾★❘✜✤✚✯❹

p(t; a, b) = Pr[
✵❊✿ ✫✌✘⑦✜✼✘✆✽✪✔✗✖❥✚✴✮✰✥❂✘✛✔✗✥✪✚✴✖❥▲✏✵❊✿ ✶✷✬✪✖■✘⑦✜✤✬✱✘

t
✔✗✖■✘

(a, b)]

✓⑧✿ ✔✗✖✴★❘✜✤❖✗✔✾✽❀✿ ✫✌✘⑦✜✼✘✆❖✗✮✰✬✪✖✴✶✷✽✪✫✗✚✴✫✾✔✗✖■✘✆✽✪✔✾✽✪✶✷❃❑✔✗✬✪✖✴✶✷✮✰✬
4

✡ ✌❘❢✰✥✪✚✴✔ � ❨ � ☞✐P❂✮✰✬❉✬✪✮✤✘✛✔✾✜✤✵✷✮✰✚✴✖
~p(t)

✵✷✔✲✢✰✔✗❖✌✘✛✔✗✥✪✚
★✪✚✴✮✰✺❘✜✤✺✪✶✷✵✷✶❝✘✛✫❥✘✛✔✗✵✕❅✭✥✪✔❑❹

~p(t) =
[

p(t; 0, 0) p(t; 0, 1) p(t; 1, 0) p(t; 1, 1)
] ✡ � ❨ � ☞

❁ ✟✟✤✌✙ ✗ ★✩✛✘✕✄✂ ✙ ❈ ✘✘★ ✂ ✂ ✙ ✕✘✗✝� ✬ ❈ ✡✘✛✟� ✤✣✗✜★✩✛✘✕ ✢✌☎ ✂ ❈ ✗ ✙ ✗✎✂
(a, b)

✓⑧✿ ✫✌✢✰✮✰✵✷✥❂✘✛✶✷✮✰✬❙✽✪✔✌✖✆✫✌✘⑦✜✼✘✛✖♠✽✪✥❉✖■❍✧✖■✘✛❏✗❃❑✔✾✔✗✖■✘❥✚✴✫✗❢✰✶✷✔✲★❘✜✤✚✟✽✪✔✗✖✆✫✗❅✭✥❘✜✼✘✛✶✷✮✰✬✪✖♠✽✪✶ ✥✉✫✗✚✴✔✗✬✱✘✛✶✷✔✗✵✷✵❝✔✗✖✗❨✪r⑧✵✷✵✷✔✗✖✟✖✗✿ ✮✰✺✧❞
✘✛✶✷✔✗✬✪✬✪✔✗✬✭✘✙✽✪✔❆✵❛✜❈❃❄✜✤✬✪✶✷❏✗✚✴✔✾✖✴✥✪✶❝✢✤✜✤✬✱✘✛✔✤❨❀●✧✥✪★✪★✻✮✰✖✴✮✰✬✪✖✙❅✭✥✪✔❆✬✪✮✰✥✪✖✙✖✴✮❋❍✰✮✰✬✪✖✙✽❘✜✤✬✪✖✙✵❊✿ ✫✌✘⑦✜✼✘

(0, 0)
▲❑✵❊✿ ✶✷✬✪✖■✘⑦✜✤✬✱✘

t + dt
❨❘✈❡✵✕✔✐✦❂✶✷✖■✘✛✔✯✘✛✚✴✮✰✶✷✖✟❲♥✜ ✠✗✮✰✬✪✖♠✽✪✔❯★❘✜✼✚✴✢✰✔✗✬✪✶✷✚✆▲✏❖✗✔✌✘✙✫✌✘⑦✜✼✘✆★✪✚✴✫✗✖✴✔✗✬✱✘✛✫✗✔✗✖✙✖✴✥✪✚✆✵❛✜ ✌❘❢✰✥✪✚✴✔ � ❨ � ❨

❞ ✟ ✵❊✿ ✶✷✬✪✖■✘⑦✜✤✬✱✘
t
✮✰✬❬✫✌✘⑦✜✤✶❝✘☞✽✪✫①♦✴▲❯✽❘✜✤✬✪✖✟✵❊✿ ✫✐✘✐✜❋✘

(0, 0)
✔✌✘♠✜✤✥✪❖✗✥✪✬❬✽✪✔✗✖✟✽✪✔✌✥✧✦❬✚✴✮✰✥❂✘✛✔✗✥✪✚✴✖✟✬❀✿ ✔✗✖■✘✟✽✪✔✌✢✱✔✗✬✭✥

✽✪✶✷✖✴★✻✮✰✬✪✶✷✺✪✵✷✔❯✽✪✥✪✚✛✜✤✬✱✘✯✵❊✿ ✶✷✬✱✘✛✔✗✚■✢✤✜✤✵✷✵❝✔❯✽✪✔❆✘✛✔✗❃❑★✪✖
dt

✡❳✵❛✜❑★✪✚✴✮✰✺❘✜✤✺✪✶✷✵✷✶⑨✘✛✫❯✽✪✔✳✖✴✔✳✘✛✚✴✮✰✥❂✢✰✔✗✚✲✽❘✜✤✬✪✖✲❖✗✔✳❖✣✜✤✖
✔✗✖■✘

1 − (µ1 + µ2)dt
☞✐❨

❞ ✟ ✵❊✿ ✶✷✬✪✖■✘⑦✜✤✬✱✘
t
✮✰✬ ✫✌✘⑦✜✤✶❝✘❄✽❘✜✤✬✪✖❬✵❊✿ ✫✌✘⑦✜✼✘

(0, 1)
✔✌✘❙✵✷✔✩✚✴✮✰✥❂✘✛✔✗✥✪✚

R2
✔✗✖■✘❉✽✪✔✌✢✰✔✗✬✭✥ ✶✷✬✪✽✪✶✷✖✴★✻✮✰✬✪✶✷✺✪✵✷✔

✽✪✥✪✚✛✜✤✬✭✘✆✵❊✿ ✶✷✬✭✘✛✔✗✚■✢✼✜✤✵✷✵❝✔✲✽✪✔✯✘✛✔✗❃❑★✪✖
dt

✡❳✵❛✜✳★✪✚✴✮✰✺❘✜✤✺✪✶✷✵✷✶❝✘✴✫✲✽✪✔✾✖✴✔✾✘✛✚✴✮✰✥❂✢✰✔✗✚✆✽❘✜✤✬✪✖✆❖✗✔✾❖✣✜✤✖✆✔✗✖■✘
λ2dt

☞✐❨
❞ ✟ ✵❊✿ ✶✷✬✪✖■✘⑦✜✤✬✱✘

t
✮✰✬ ✫✌✘⑦✜✤✶❝✘❄✽❘✜✤✬✪✖❬✵❊✿ ✫✌✘⑦✜✼✘

(1, 0)
✔✌✘❙✵✷✔✩✚✴✮✰✥❂✘✛✔✗✥✪✚

R1

✔✗✖■✘❉✽✪✔✌✢✰✔✗✬✭✥ ✶✷✬✪✽✪✶✷✖✴★✻✮✰✬✪✶✷✺✪✵✷✔
✽✪✥✪✚✛✜✤✬✭✘✆✵❊✿ ✶✷✬✭✘✛✔✗✚■✢✼✜✤✵✷✵❝✔✲✽✪✔✯✘✛✔✗❃❑★✪✖

dt
✡❳✵❛✜✳★✪✚✴✮✰✺❘✜✤✺✪✶✷✵✷✶❝✘✴✫✲✽✪✔✾✖✴✔✾✘✛✚✴✮✰✥❂✢✰✔✗✚✆✽❘✜✤✬✪✖✆❖✗✔✾❖✣✜✤✖✆✔✗✖■✘

λ1dt
☞✐❨

✈❡✵❤✔✗✖■✘✏▲❉✬✪✮✤✘✛✔✗✚❆❅✭✥❀✿ ✮✤✬④✬✪✔❄★◗✔✗✥❂✘✳★❘✜✤✖❯★❘✜✤✖✴✖✴✔✗✚❆✽✪✶✷✚✴✔✗❖✌✘✛✔✗❃❑✔✗✬✭✘❯✽✪✔❄✵❊✿ ✫✌✘⑦✜✼✘
(1, 1)

▲❴✵❊✿ ✫✐✘✐✜❋✘
(0, 0)

✜✤✥
★✪✚✴✔✗❃❑✶✷✔✗✚♠✮✰✚✴✽✪✚✴✔✤P❘✥✪✬✪✔✾✖✴✔✗✥✪✵✷✔✯✢✤✜✤✚✴✶❛✜✼✺✪✵✷✔✯★◗✔✗✥❂✘❥❖✐❫❘✜✤✬✪❢✰✔✗✚✆✽❀✿ ✫✌✘⑦✜✼✘❥★◗✔✗✬✪✽❘✜✤✬✭✘❥✥✪✬❴✶✷✬✱✘✛✔✗✚■✢✤✜✤✵✷✵❝✔

dt
❨
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t t  +  d t

( 0 , 0 )

( 0 , 1 )

( 1 , 0 )

( 0 , 0 )

1  -  ( m 1 + m 2 ) d t

l 2 d t

l 1 d t

✤✦✥★✧✪✩ � ❨ � ✫❬▼✡✢✰✮✰✵✷✥❂✘✛✶✷✮✰✬❙✽✪✥❴✖■❍✧✖■✘✛❏✗❃❑✔❯❃❑✮✰✬✪✮✼❞❡✺✪✥✑✥✉✔✗✚❱♦■✥✪✖✴❅✭✥❀✿ ▲❈✵❊✿ ✫✌✘⑦✜✼✘
(0, 0)

❵☞✔✗❖✗✶✹✬✪✮✰✥✪✖✆✽✪✮✰✬✪✬✪✔✾✥✪✬✪✔✾✚✴✔✗✵❛✜✼✘✛✶✷✮✰✬❙✔✗✬✱✘✛✚✴✔✾✵✷✔✗✖✆★✪✚✴✮✰✺❘✜✤✺✪✶✷✵✷✶⑨✘✛✫✗✖✟✽✪✔✗✖❥✽✪✶ ✥✉✫✗✚✴✔✗✬✱✘✛✖✆✫✌✘⑦✜✼✘✛✖✾❹

p(t + dt; 0, 0) = p(t; 0, 0)(1 − (µ1 + µ2)dt) + p(t; 0, 1)λ2dt + p(t; 1, 0)λ1dt

✟ ★❘✜✤✚■✘✛✶✷✚✳✽✪✔❉❖✗✔✌✘✴✘✛✔❉✚✴✔✗✵❛✜✼✘✛✶✷✮✰✬❀P✒✮✰✬⑤✜✤✺✻✮✰✥❂✘✛✶❝✘❈▲✸✵❊✿ ✫✗❅✭✥❘✜✼✘✛✶✷✮✰✬ ✽✪✶ ✥✉✫✗✚✴✔✗✬✱✘✛✶✷✔✗✵✷✵❝✔ ✡ � ❨ � ☞❆✽✪✔❙✵❛✜♣❃❄✜✤✬✪✶✷❏✗✚✴✔
✖✴✥✪✶❝✢✼✜✤✬✭✘✛✔✏❹

p(t + dt; 0, 0) − p(t; 0, 0)

dt
= −p(t; 0, 0)(µ1 + µ2) + p(t; 0, 1)λ2 + p(t; 1, 0)λ1

d

dt
p(t; 0, 0) = −p(t; 0, 0)(µ1 + µ2) + p(t; 0, 1)λ2 + p(t; 1, 0)λ1

✡ � ❨ � ☞

◆❆✿ ✜✤★✪✚✴❏✗✖❥✵❛✜✳✽✪✫ ✌❘✬✪✶❝✘✛✶✷✮✰✬❉✽✪✔
~p(t)

✡ ✢✰✮✰✶✷✚ ✡ � ❨ � ☞ ☞✐P✪✮✰✬❉★✻✔✗✥❂✘❥✫✗❖✗✚✴✶✷✚✴✔ ✡ � ❨ � ☞☞✽✪✔✾✵❛✜✳❃❄✜✤✬✪✶✷❏✗✚✴✔✲✖✴✥✪✶❝✢✤✜✤✬✱✘✛✔❈❹

d

dt
p(t; 0, 0) = ~p(t)









−(µ1 + µ2)
λ2

λ1

0









✡ � ❨ � ☞

❺❥✮✤✘✛✚✴✔❆✔✗✖✴★❘✜✤❖✗✔✳✽❀✿ ✫✌✘⑦✜✼✘✙✔✗✖■✘✯✽✪✔❆✽✪✶✷❃❑✔✗✬✪✖✴✶✷✮✰✬
4
P◗✶✷✵✹✔✐✦❂✶✷✖■✘✛✔❆✽✪✮✰✬✪❖❯✘✛✚✴✮✰✶✷✖✙✜✤✥❂✘✛✚✴✔✗✖✙✫✗❅✭✥❘✜✼✘✛✶✷✮✰✬✪✖✙✽✪✶ ✥✉✫✗✚✴✔✗✬✧❞

✘✛✶✷✔✗✵✷✵❝✔✗✖✟❅✭✥✪✔❯✵❊✿ ✮✰✬❉✮✰✺❂✘✛✶✷✔✗✬✱✘✆✖✴✥✪✚✆✵✷✔✯❃❑q✗❃❑✔✯★✪✚✴✶✷✬✪❖✗✶✷★◗✔✤❨

t t  +  d t

( 0 , 0 )

( 0 , 1 )

( 1 , 1 )

( 0 , 1 )

m 2 d t

1  -  ( m 1 + l 2 ) d t

l 1 d t

✤✦✥★✧✪✩ � ❨✷✳ ✫❬r✡✢✰✮✰✵✷✥❂✘✛✶✷✮✰✬❙✽✪✥❴✖■❍✧✖■✘✛❏✗❃❑✔❯❃❑✮✰✬✪✮✼❞❡✺✪✥✑✥✉✔✗✚❱♦■✥✪✖✴❅✭✥❀✿ ▲❈✵❊✿ ✫✌✘⑦✜✼✘
(0, 1)
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◆❆✿ ✜✤★✪✚✴❏✗✖❥✵✷✜ ✌❘❢✰✥✪✚✴✔ � ❨✷✳✧P✪✮✰✬❉✮✰✺❂✘✛✶✷✔✗✬✭✘✆★◗✮✰✥✪✚✆✵❊✿ ✫✌✘⑦✜✼✘
(0, 1)

✵❊✿ ✫✗❅✭✥❘✜✼✘✛✶✷✮✰✬❙✽✪✶ ✥✉✫✗✚✴✔✗✬✭✘✛✶✷✔✗✵✷✵❝✔ ✡ � ❨✷✳ ☞✙❹

p(t + dt; 0, 1) = p(t; 0, 1)(1 − (µ1 + λ2)dt) + p(t; 0, 0)µ2dt + p(t; 1, 1)λ1dt

d

dt
p(t; 0, 1) = ~p(t)









µ2

−(µ1 + λ2)
0
λ1









✡ � ❨✷✳ ☞

✗ ✬❉★✪✚✴✮✧❖✗❏✗✽✪✔❯✽✪✔✾✵❛✜✳❃❑q✗❃❑✔✯❃❄✜✤✬✪✶✷❏✗✚✴✔✲★✻✮✰✥✪✚♠✵✷✔✗✖✆✽✪✔✗✥✧✦❴✽✪✔✗✚✴✬✪✶✷✔✗✚✴✖✆✫✐✘✐✜❋✘⑦✖
(1, 0)

✔✌✘
(1, 1)

❨

t t  +  d t

( 0 , 0 )

( 1 , 0 )

( 1 , 1 )

( 1 , 0 )

m 1 d t

1  -  ( m 2 + l 1 ) d t

l 2 d t

✤✦✥★✧✪✩ � ❨ ✸ ✫❙▼✡✢✰✮✰✵✷✥❂✘✛✶✷✮✰✬❙✽✪✥❴✖■❍✧✖■✘✛❏✗❃❑✔❯❃❑✮✰✬✪✮✼❞❡✺✪✥✑✥✉✔✗✚✒♦■✥✪✖✴❅✭✥❀✿ ▲❑✵❊✿ ✫✌✘⑦✜✼✘
(1, 0)

❚✒✮✰✥✪✚✆✵❊✿ ✫✌✘⑦✜✼✘
(1, 0)

✡ ✌❘❢✰✥✪✚✴✔ � ❨ ✸ ☞✐P✪✮✰✬❉✮✰✺❂✘✛✶✷✔✗✬✱✘✆✵❊✿ ✫✗❅✭✥❘✜✼✘✛✶✷✮✰✬❉✖✴✥✪✶❝✢✼✜✤✬✭✘✛✔❈❹

p(t + dt; 1, 0) = p(t; 1, 0)(1 − (µ2 + λ1)dt) + p(t; 0, 0)µ1dt + p(t; 1, 1)λ2dt

d

dt
p(t; 1, 0) = ~p(t)









µ1

0
−(λ1 + µ2)

λ2









✡ � ❨ ✸ ☞

t t  +  d t

( 0 , 1 )

( 1 , 0 )

( 1 , 1 )

( 1 , 1 )

m 1 d t

1  -  ( l 2 + l 1 ) d t

m 2 d t

✤✦✥★✧✪✩ � ❨✷✵✕✫❙▼✡✢✰✮✰✵✷✥❂✘✛✶✷✮✰✬❙✽✪✥❴✖■❍✧✖■✘✛❏✗❃❑✔❯❃❑✮✰✬✪✮✼❞❡✺✪✥✑✥✉✔✗✚✒♦■✥✪✖✴❅✭✥❀✿ ▲❑✵❊✿ ✫✌✘⑦✜✼✘
(1, 1)

✓✕✔✾✽✪✔✗✚✴✬✪✶✷✔✌✚✆✫✌✘⑦✜✼✘
(1, 1)

✡ ✌❘❢✰✥✪✚✴✔ � ❨✷✵ ☞☞✽✪✮✰✬✪✬✪✔✾✵❊✿ ✫✗❅✭✥❘✜✼✘✛✶✷✮✰✬ ✡ � ❨✷✵ ☞✐❨

p(t + dt; 1, 1) = p(t; 1, 1)(1 − (λ2 + λ1)dt) + p(t; 0, 1)µ1dt + p(t; 1, 0)µ2dt
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d

dt
p(t; 1, 1) = ~p(t)









0
µ1

µ2

−(λ1 + λ2)









✡ � ❨✷✵ ☞

③❱✶✷✬❘✜✤✵✷✔✗❃❈✔✗✬✭✘✕✵✷✔✗✖✕❅✭✥❘✜✼✘✛✚✴✔❣✫✗❅✭✥❘✜✼✘✛✶✷✮✰✬✪✖✙✡ � ❨ � ☞✐P✟✡ � ❨✷✳ ☞✐P✟✡ � ❨ ✸ ☞✉✔✌✘✢✡ � ❨✷✵ ☞✉✚✴✫✗❢✰✶✷✖✴✖✛✜✤✬✱✘✒✵❊✿ ✫✌✢✰✮✰✵✷✥❂✘✛✶✷✮✰✬✯✽✪✔✗✖✒✫✌✘⑦✜✼✘✛✖
✽✪✔❥✬✪✮✤✘✛✚✴✔✆✖■❍✧✖■✘✛❏✗❃❑✔✙❃❑✮✰✬✪✮✼❞❡✺✪✥✑✥✉✔✗✚❤★✻✔✗✥❂✢✰✔✗✬✱✘✟q✌✘✛✚✴✔❥✫✗❖✗✚✴✶❝✘✛✔✗✖❣✖✴✮✰✥✪✖❣❲❳✮✰✚✴❃❑✔♠❃❄✜✼✘✛✚✴✶✷❖✗✶✷✔✗✵❝✵❝✔✤❨✭❵✙✿ ✔✗✖■✘✟✵❊✿ ✫✗❅✭✥❘✜✼✘✛✶✷✮✰✬
✽❀✿ ✫✌✢✰✮✰✵✷✥❂✘✛✶✷✮✰✬❉✽✪✔✾✵❛✜✳❖⑦❫❘✜☞☛❛✬✪✔✾✽✪✔❆❭✩✜✤✚ ✓✤✮❦✢❉✔✗✬❴✚✴✫✗❢✰✶❝❃❑✔✲✘✛✚✛✜✤✬✪✖✴✶❝✘✛✮✰✶✷✚✴✔✤❨✉❹

d

dt
~p(t) = ~p(t)M

✡ � ❨ ✼ ☞

✮✄✂

M =









−(µ1 + µ2) µ2 µ1 0
λ2 −(µ1 + λ2) 0 µ1

λ1 0 −(λ1 + µ2) µ2

0 λ1 λ2 −(λ1 + λ2)









❭ ✔✗✖■✘✲✵✷✔❯❢✰✫✗✬✪✫✗✚✛✜✼✘✛✔✗✥✪✚✲✽✪✔❆✵❛✜❈❖✐❫❘✜☞☛❛✬✪✔❯✽✪✔✏❭✩✜✤✚ ✓✰✮❦✢❴✚✴✔✗★✪✚✴✫✗✖✴✔✗✬✭✘✛✫✗✔✏✖✴✥✪✚✙✵❛✜✂✌❘❢✰✥✪✚✴✔ � ❨ � ❨✻✈❡✵✒★◗✔✗✥❂✘✯q✌✘✛✚✴✔
✔✐✦❂★✪✚✴✶✷❃❑✫♠✖■❍✧✬✭✘✛❫✪✫✌✘✛✶✷❅✭✥✪✔✗❃❑✔✗✬✱✘✟❖✗✮✤❃❑❃❑✔✆✵❛✜✯✖✴✮✰❃❑❃❑✔♠✽✪✔ ✑✯✚✴✮✰✬✪✔✗❖✔✓✤✔✗✚✘✡ ✢✰✮✰✶✷✚❤✜✤✬✪✬✪✔✐✦❂✔✙❁✘☞✡✽✪✔✗✖❣❢✰✫✗✬✪✫✗✚✛✜✼✘✛✔✗✥✪✚✴✖
❃❄✜✤✚ ✓✤✮❦✢✧✶✷✔✗✬✪✖✆✽✪✔✌✖❥✽✪✔✗✥✧✦❴✚✴✮✰✥❂✘✛✔✗✥✪✚✴✖

R1

✔✌✘
R2

❹

M = M1 ⊕ M2 =

[

−µ1 µ1

λ1 −λ1

]

⊕

[

−µ2 µ2

λ2 −λ2

]

=









−(µ1 + µ2) µ2 µ1 0
λ2 −(µ1 + λ2) 0 µ1

λ1 0 −(λ1 + µ2) µ2

0 λ1 λ2 −(λ1 + λ2)









✡ � ❨ ✿ ☞

✔ ✙✜✛✏✕✄✙✛✕ ★ � ★ ✗❉❈ ✂ ✂ ✗ ✙ ✗✜★✩✛✘✕✥✕✌✙ ★✩✙✎☎ ✂ ✢✌☎ ✂ ❈ ✗ ✙ ✗✎✂
(a, b)

✓✕✔✟✢✱✔✗❖✌✘✛✔✗✥✪✚❣✽✪✔♠★✪✚✴✮✰✺❘✜✤✺✪✶✷✵✷✶❝✘✛✫☞✖■✘⑦✜✼✘✛✶✷✮✰✬✪✬❘✜✤✶✷✚✴✔
~w
✜✤✖✴✖✴✮✧❖✗✶✷✫❥▲

M
✘✛✔✗✵✪❅✭✥✪✔

~wM = 0
★◗✔✗✥❂✘❣q✌✘✛✚✴✔✆✮✰✺❂✘✛✔✗✬✭✥

✽✪✶✷✚✴✔✗❖✌✘✛✔✗❃❑✔✗✬✱✘❱❖✗✮✰❃❑❃❑✔❣✵✷✔❤★✪✚✴✮✧✽✪✥✪✶❝✘❱✽✪✔ ✑✯✚✴✮✰✬✪✔✌❖ ✓✤✔✗✚✡✽✪✔✗✖✒✢✰✔✗❖✌✘✛✔✗✥✪✚✴✖
~w1

✔✌✘
~w2

★✪✥✪✶✷✖✴❅✭✥✪✔
M

✔✗✖■✘✡✵❛✜✆✖✴✮✰❃❑❃❑✔
✽✪✔✝✑✯✚✴✮✰✬✪✔✗❖✔✓✤✔✗✚❆✽✪✔

M1
✔✌✘

M2
❨❱❵✙✿ ✔✗✖■✘✳✥✪✬✪✔❑★✪✚✛✮✤★✪✚✛✶❝✫✌✘✛✫❑✽✪✔❑✵❛✜❉✖✴✮✰❃❑❃❑✔❈✽✪✔✝✑✯✚✴✮✰✬✪✔✗❖✔✓✰✔✗✚❄❹✕✖✴✶

ǫ1
✔✌✘

ǫ2✖✴✮✰✬✱✘☞✽✪✔✗✥✧✦❑✢✤✜✤✵✷✔✗✥✪✚✴✖❣★✪✚✴✮✰★✪✚✴✔✗✖☞✚✴✔✗✖✴★✻✔✗❖✌✘✛✶❝✢✰✔✗❃❑✔✗✬✱✘✟✽✪✔
A1

✔✌✘
A2

✜❦✢✰✔✗❖✙✵✷✔✗✥✪✚✴✖❤✢✰✔✗❖✌✘✛✔✗✥✪✚✴✖✟★✪✚✴✮✰★✪✚✴✔✗✖✟✜✤✖✴✖✴✮✭❖✗✶✷✫✗✖
ω1

✔✌✘
ω2

P✕✜✤✵✷✮✰✚✴✖
ǫ1 + ǫ2

✔✗✖■✘✾✥✪✬✪✔✏✢✼✜✤✵✷✔✗✥✪✚✲★✪✚✴✮✰★✪✚✴✔✏✽✪✔
A1 ⊕ A2

✔✌✘✾✵✷✔❆✢✰✔✗❖✌✘✛✔✗✥✪✚✾★✪✚✴✮✰★✪✚✴✔❈✜✤✖✴✖✴✮✧❖✗✶✷✫✳✔✗✖■✘
ω1 ⊗ ω2

✡❳❁✙✬✪✬✪✔✐✦❂✔✏❁✘☞✐❨✕❵✙✿ ✔✗✖■✘❯❖✗✔✳❅✭✥✪✔✏✬✪✮✰✥✪✖✲❲♥✜✤✶✷✖✴✮✰✬✪✖✲★◗✮✰✥✪✚✯✽✪✫✌✘✛✔✗✚✴❃❑✶❝✬✪✔✗✚
~w
✢✰✔✗❖✌✘✛✔✗✥✪✚✯★✪✚✴✮✰★✪✚✴✔✏✽✪✔

M✜✤✖✴✖✴✮✭❖✗✶✷✫❯▲✏✵❛✜✳✢✼✜✤✵✷✔✗✥✪✚✆★✪✚✴✮✰★✪✚✴✔
0
❨

~w = ~w1 ⊗ ~w2 =

=
[

w(0, 0) w(0, 1) w(1, 0) w(1, 1)
]

=

[

λ1

λ1 + µ1

λ2

λ2 + µ2

λ1

λ1 + µ1

µ2

λ2 + µ2

µ1

λ1 + µ1

λ2

λ2 + µ2

µ1

λ1 + µ1

µ2

λ2 + µ2

]



✳ � �✂✁ ✁☎✄★✒ ✏✓✕✖✞ � ✞ ☛ �✛✚ ✌✤✁✙✑ � � ✌ ✠✔✓✣✠✙✓ ✁✁�✍� �✄✂ ✑☞✘ ✎✒✑ � ✓ ✚ ✤ ✌ ✠ ✌✆☎✞✝ ✑✠✟✡✟ ✘ ☛

� ✛✣✢✤✛✞✝ äÞ➷✩★✁�➛➹✁� ✮q➾✰✮✶✦✯✷❄✸✃➴✐➪❄✸❇✷❃✦❿➹ ✦✯✸
(a, b, x)

✓✕✮✰✚✴✖✴❅✭✥✪✔❆✵❊✿ ✮✰✬✳♦■✮✰✶✷✬✭✘✆✵❛✜✏✢✼✜✤✚✴✶❛✜✤✺✪✵✷✔✾✽❀✿ ✫✌✘⑦✜✼✘✙❖✗✮✰✬✱✘✛✶✷✬✭✥✪✔
x
P◗✚✴✔✗★✪✚✴✫✗✖✴✔✗✬✱✘⑦✜✤✬✭✘✲✵✷✔✾✬✪✶❝✢✰✔✣✜✤✥✩✽✪✥✩✺✪✥✑✥✉✔✗✚✗P✉✜✼✥✧✦

✽✪✔✗✥✧✦♣✢✤✜✤✚✴✶❛✜✤✺✪✵✷✔✌✖✙✽❀✿ ✫✌✘⑦✜✼✘✯✽✪✶✷✖✴❖✗✚✴❏✌✘✛✔✗✖
a
✔✌✘

b
✚✴✔✗★✪✚✴✫✗✖✴✔✗✬✱✘⑦✜✤✬✭✘✾✵❊✿ ✫✐✘✐✜❋✘ ✗ ❺ ✮✰✥ ✗ ③✡③⑤✽✪✔✗✖✯✚✴✮✰✥❂✘✛✔✗✥✪✚✴✖

R1

✔✌✘
R2

P❘✮✰✬❉✮✰✺❂✘✛✶✷✔✗✬✱✘✆✥✪✬❴✔✗✖✴★❘✜✤❖✗✔❯✽❀✿ ✫✌✘⑦✜✼✘❥❫✱❍✧✺✪✚✴✶✷✽✪✔✤❨◗✓✹✜✏★✪✚✴✮✰✺❘✜✤✺✪✶✷✵✷✶❝✘✛✫✙✽✪✔❯✵♥✿ ✫✌✘⑦✜✼✘
(a, b, x)

✔✗✖■✘✙✜✤✵✷✮✰✚✴✖✲❹

P (t, x; a, b) = Pr[
✬✪✶❝✢✱✔✣✜✤✥❉✺✪✥✑✥✉✔✗✚

≤ x
✔✌✘❥✵❊✿ ✫✌✘⑦✜✼✘✆✽✪✔✗✖✆✚✴✮✰✥❂✘✛✔✗✥✪✚✴✖✙▲✏✵❊✿ ✶✷✬✪✖■✘⑦✜✤✬✱✘

t
✔✗✖■✘

(a, b)]

◆✙✔✳✵✷✜❑❃❑q✗❃❑✔❆❃❄✜✼✬✪✶✷❏✗✚✴✔❯❅✭✥✪✔✳★✪✚✴✫✗❖✗✫✗✽✪✔✗❃❑❃❑✔✗✬✱✘✣P✉✮✰✬♣★✻✔✗✥❂✘✯✬✪✮✼✘⑦✔✌✚ ~P (t, x)
✵✷✔✾✢✱✔✌❖✌✘✛✔✗✥✪✚✯★✪✚✴✮✰✺❘✜✤✺✪✶✷✵✷✶⑨✘✛✫

✔✗✬❴✚✴✫✗❢✰✶✷❃❑✔✲✘✛✚✛✜✤✬✪✖✴✶❝✘✛✮✰✶✷✚✴✔✳❹

~P (t, x) =
[

P (t; 0, 0; x) P (t; 0, 1; x) P (t; 1, 0; x) P (t; 1, 1; x)
]

❁ ✟✟✤✌✙ ✗ ★✩✛✘✕✄✂ ✙ ❈ ✘✘★ ✂ ✂ ✙ ✕✘✗✝� ✬ ❈ ✡✘✛✟� ✤✣✗✜★✩✛✘✕ ✢✌☎ ✂ ❈ ✗ ✙ ✗✎✂
(a, b, x)

✓⑧✿ ✫✗❅✭✥❘✜✼✘✛✶✷✮✰✬❙✽❂❍✧✬❘✜✤❃❑✶✷❅✭✥✪✔✯★◗✔✗✥❂✘❥q✌✘✛✚✴✔✯✮✰✺❂✘✛✔✗✬✭✥✪✔✾★❘✜✤✚✟✥✪✬✪✔❯✜✤✬❘✜✤✵❝❍✧✖✴✔✲✶✷✬ ✌❘✬✪✶❝✘✛✫✗✖✴✶✷❃❄✜✤✵❝✔✙✽✪✔✗✖✆✫✗❅✭✥❘✜✼✘✛✶✷✮✰✬✪✖
✽❀✿ ✫✗❅✭✥✪✶✷✵✷✶✷✺✪✚✴✔❯★✪✚✴✮✰✺❘✜✤✺✪✶✷✵✷✶❝✖■✘✛✔❯✔✌✘✲✥✪✬✪✔✳✜✤★✪★✪✚✴✮❦✦❂✶✷❃❄✜✼✘✛✶❝✮✰✬✩✜✤✥✩★✪✚✴✔✗❃❑✶✷✔✗✚❥✮✰✚✴✽✪✚✴✔ ✍ ❁✯❭♣● ✼ �✓✒ ❨ ✗ ✬♣★✪✚✴✮✧❖✗❏✗✽✪✔❆✽✪✔
✵❛✜✳❃❑q✗❃❑✔✲❃❄✜✤✬✪✶✷❏✗✚✴✔✲❅✭✥✪✔✾★✻✮✰✥✪✚♠✮✰✺❂✘✛✔✗✬✪✶✷✚ ✡ � ❨ ✼ ☞✐P✪❃❄✜✤✶✷✖☞✔✗✬❴✶✷✬✱✘✛✚✴✮✧✽✪✥✪✶✷✖✛✜✤✬✱✘✟✵✷✔✯✬✪✶❝✢✰✔✣✜✤✥❉✽✪✥❉✺✪✥✑✥✉✔✗✚✗❨✻●✧✥✪✚♠✵❛✜
✌❘❢✰✥✪✚✴✔ � ❨ ✼ P✭✮✰✬❄✢✰✮✰✶❝✘☞✵✷✔✗✖☞✽✪✶ ✥✉✫✗✚✴✔✗✬✱✘✛✔✗✖✟★◗✮✰✖✴✖✴✶✷✺✪✶✷✵✷✶❝✘✛✫✗✖❤✽✪✔✲★❘✜✤✚■✢✰✔✗✬✪✶✷✚✟▲❯✵❊✿ ✫✌✘⑦✜✼✘

(0, 0, x < X < x + dx)
❨ ✟

★❘✜✤✚■✘✛✶✷✚❥✽✪✔❆❖✗✔✌✘✴✘✛✔✎✌❘❢✰✥✪✚✴✔✤P✻✮✰✬✩★✻✔✗✥❂✘✲✔✐✦✧✘✛✚✛✜✤✶✷✚✴✔❯✥✪✬✪✔❆✚✴✔✗✵❛✜✼✘✛✶✷✮✰✬❴✵✷✶❛✜✼✬✭✘✆✵✷✔✗✖✙★✪✚✴✮✰✺❘✜✤✺✪✶✷✵✷✶⑨✘✛✫✗✖✆✽✪✔❆❖⑦❫❘✜✤❅✭✥✪✔✳✫✌✘⑦✜✼✘✣❨
✈❡✵✹✔✗✖■✘✙▲❈✚✴✔✗❃❄✜✤✚✴❅✭✥✪✔✗✚✆❅✭✥✪✔❯✵❛✜✏★✪✚✴✮✰✺❘✜✤✺✪✶✷✵✷✶⑨✘✛✫✯▲❈✵❊✿ ✶✷✬✪✖■✘⑦✜✤✬✱✘

t
✽✪✔✾✵❊✿ ✫✌✘⑦✜✼✘

(a, b, x1 < X < x2)
✔✗✖■✘✙✫✗❢✱✜✤✵✷✔✾▲

P (t; a, b; x2) − P (t; a, b; x1)
❨

t t  +  d t

( 0 , 0 ,  x  <  X  <  x + d x )

( 0 , 1 ,  x + U 2 d t   <  X  <  x + d x + U 2 d t ) ( 0 , 0 ,  x  <  X  <  x + d x )

1  -  ( m 1 + m 2 ) d t

l 2 d t

l 1 d t
( 1 , 0 ,  x - U 1 d t   <  X  <  x + d x - U 1 d t )

✤✦✥★✧✪✩ � ❨ ✼ ✫❙▼✡✢✰✮✰✵✷✥❂✘✛✶✷✮✰✬❙✽✪✥❴✖■❍✧✖■✘✛❏✗❃❑✔❯❃❑✮✰✬✪✮✼❞❡✺✪✥✑✥✉✔✗✚✒♦■✥✪✖✴❅✭✥❀✿ ▲❑✵❊✿ ✫✌✘⑦✜✼✘
(0, 0, x < X < x + dx)

P (t + dt; 0, 0; x + dx) − P (t + dt; 0, 0; x)

= [P (t; 0, 0; x + dx) − P (t; 0, 0; x)] (1 − (µ1 + µ2))dt

+ [P (t; 0, 1; x + dx + U2dt) − P (t; 0, 1; x + U2dt)] λ2dt
✡ � ❨❝② ✶ ☞

+ [P (t; 1, 0; x + dx − U1dt) − P (t; 1, 0; x − U1dt)] λ1dt

r⑧✬❴✥❂✘✛✶✷✵✷✶❝✖✛✜✤✬✱✘♠✵✷✔✲❲♥✜✤✶❝✘♠❅✭✥✪✔❑❹

P (t + dt; 0, 0; x + dx) − P (t + dt; 0, 0; x) =
∂

∂x
P (t + dt; 0, 0; x)dx



� ✞ �✜✞ ✚✁�✑☛ ✏ ✔☞✌✫✞ ✌ ✄ ✁ ✄ ☎ ✄ ✆✄✂ ✞☞✕ ✳ �

✵❊✿ ✔✐✦❂★✪✚✴✔✗✖✴✖✴✶✷✮✰✬ ✡ � ❨❝② ✶ ☞☞★◗✔✗✥❂✘❥✖✣✿ ✫✌❖✗✚✴✶✷✚✴✔❯✽✪✔✾✵❛✜✳❃❄✜✤✬✪✶✷❏✗✚✴✔✲✖✴✥✪✶❝✢✤✜✤✬✱✘✛✔❈❹

∂

∂x
P (t + dt; 0, 0; x)dx =

∂

∂x
P (t; 0, 0; x)(1 − (µ1 + µ2)dt)dx

+
∂

∂x
P (t; 0, 1; x + U2dt)λ2dtdx

+
∂

∂x
P (t; 1, 0; x − U1dt)λ1dtdx

[

∂

∂x
P (t + dt; 0, 0; x) −

∂

∂x
P (t; 0, 0; x)

]

dx = −(µ1 + µ2)
∂

∂x
P (t; 0, 0; x)dtdx

+
∂

∂x
P (t; 0, 1; x + U2dt)λ2dtdx

+
∂

∂x
P (t; 1, 0; x − U1dt)λ1dtdx

❵☞✮✰❃❑❃❑✔

P (t; 0, 1; x + U2dt) = P (t; 0, 1; x) +
∂

∂x
P (t; 0, 1; x)U2dt

P (t; 1, 0; x − U1dt) = P (t; 1, 0; x) −
∂

∂x
P (t; 1, 0; x)U1dt

✔✗✬❴✖✴✶✷❃❑★✪✵✷✶ ✌◗✜✤✬✱✘✆✜✤✥❉★✪✚✛✔✌❃❑✶✷✔✗✚♠✮✰✚✴✽✪✚✴✔✤P❘✮✰✬❉✮✰✺❂✘✛✶✷✔✗✬✭✘✆❖✗✮✤❃❑❃❑✔✯✫✗❅✭✥❘✜✼✘✛✶✷✮✰✬❜❹

∂2

∂x∂t
P (t; 0, 0; x) = −(µ1 + µ2)

∂

∂x
P (t; 0, 0; x) + λ2

∂

∂x
P (t; 0, 1; x) + λ1

∂

∂x
P (t; 1, 0; x)

r⑧✬✸✶✷✬✭✘✛✫✗❢✰✚✛✜✤✬✱✘✲✵❊✿ ✫✗❅✭✥❘✜✼✘✛✶✷✮✰✬♣★✪✚✴✫✗❖✗✫✗✽✪✔✗✬✱✘✛✔❈★❘✜✤✚✲✚✛✜✤★✪★◗✮✰✚■✘✾▲
x
✔✌✘✯✔✗✬✸✥❂✘✛✶✷✵✷✶✷✖✛✜✤✬✱✘✙✵✷✔❆✢✰✔✗❖✌✘✛✔✗✥✪✚ ~P (t, x)

P
✮✰✬❉★✻✔✗✥❂✘❥✫✗❖✗✚✴✶✷✚✴✔✏❹

∂

∂t
P (t; 0, 0; x) = ~P (t, x)









−(µ1 + µ2)
λ2

λ1

0









✡ � ❨❝②✰② ☞

✈❡✵✒✚✴✔✗✖■✘✛✔
3
✫✗❅✭✥❘✜✼✘✛✶✷✮✰✬✪✖✙✽✪✔❆❖✗✔❆✘❡❍✧★✻✔✤❨❀✓✹✜❄✖✴✔✗❖✗✮✰✬✪✽✪✔✳★✻✔✗✥❂✘✲q✌✘✛✚✛✔❯✘✛✚✴✮✰✥❂✢✰✫✗✔✳✔✗✬✸✖✗✿ ✶✷✬✱✘✛✫✗✚✴✔✗✖✴✖✛✜✤✬✱✘✾▲❄✵❊✿ ✫✌✘⑦✜✼✘

(0, 1, x)
✡ ✌❘❢✰✥✪✚✴✔ � ❨ ✿ ☞✐❨

t t  +  d t

( 0 , 0 ,  x  <  X  <  x + d x )

( 0 , 1 ,  x + U 2 d t   <  X  <  x + d x + U 2 d t ) ( 0 , 1 ,  x  <  X  <  x + d x )
1  -  ( m 1 + l 2 ) d t

m 2 d t

l 1 d t
( 1 , 1 ,  x + ( U 2 - U 1 ) d t   <  X  <  x + d x + ( U 2 - U 1 ) d t )

✤✦✥★✧✪✩ � ❨ ✿ ✫❬▼✡✢✰✮✰✵✷✥❂✘✛✶✷✮✰✬❙✽✪✥❴✖■❍✧✖■✘✛❏✗❃❑✔❯❃❑✮✰✬✪✮✼❞❡✺✪✥✑✥✉✔✗✚❱♦■✥✪✖✴❅✭✥❀✿ ▲❈✵❊✿ ✫✌✘⑦✜✼✘
(0, 1, x < X < x + dx)
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r⑧✬❴✫✗❖✗✚✴✶❝✢✼✜✤✬✭✘✆✵❛✜✏✚✴✔✗✵❛✜✼✘✛✶✷✮✤✬❙✵✷✶❛✜✤✬✱✘♠✵✷✔✗✖♠★✪✚✛✮✤✺❘✜✤✺✪✶✷✵✷✶❝✘✛✫✗✖✟✽✪✔✾❖⑦❫❘✜✤❅✭✥✪✔❯✫✌✘⑦✜✼✘✣P❘✮✰✬❴✜❙❹

P (t + dt; 0, 1; x + dx) − P (t + dt; 0, 1; x)

= [P (t; 0, 1; x + dx) − P (t; 0, 1; x)] (1 − (µ1 + λ2))dt

+ [P (t; 0, 0; x + dx + U2dt) − P (t; 1, 0; x + U2dt)] µ2dt

+ [P (t; 1, 1; x + dx − U1dt) − P (t; 1, 1; x − U1dt)] λ1dt
r⑧✬✸✖✴✶✷❃❑★✪✵✷✶ ✌◗✜✤✬✱✘✲✜✤✥♣★✪✚✴✔✗❃❑✶✷✔✗✚✙✮✰✚✴✽✪✚✴✔❆✖✛✥✪✚✲✵✷✔❆❃❈q✗❃❑✔❆★✪✚✴✶✷✬✪❖✗✶✷★✻✔❆❅✭✥✪✔✳★✪✚✴✫✗❖✗✫✗✽✪✔✗❃❑❃❑✔✗✬✱✘✣P❀✮✰✬♣✮✰✺❂✘✛✶✷✔✗✬✱✘

✵❊✿ ✫✗❅✭✥❘✜✼✘✛✶✷✮✰✬❉✖✴✥✪✶❝✢✼✜✤✬✭✘✛✔❈❹

∂

∂t
P (t; 0, 1; x) =

∂

∂x
P (t; 0, 1; x)U2 + µ2P (t; 0, 0; x) − (µ1 + λ2)P (t; 0, 1; x) + λ1P (t; 1, 1; x)

❵☞✔✌✘✴✘✛✔✾✫✗❅✭✥❘✜✼✘✛✶✷✮✰✬❉★✻✔✗✥❂✘❥✖✗✿ ✫✗❖✗✚✴✶✷✚✴✔✾✖✴✮✰✥✪✖❥✵❛✜❆❲❳✮✰✚✴❃❑✔✏❹

∂

∂t
P (t; 0, 1; x) +

∂

∂x
~P (t, x)









0
−U2

0
0









= ~P (t, x)









−(µ1 + µ2)
λ2

λ1

0









✡ � ❨❝② � ☞

r⑧✬❙★✪✚✴✮✧❖✗✫✗✽❘✜✤✬✱✘✆✽✪✔✯✵❛✜❆❃❑q✗❃❈✔✲❃❄✜✤✬✪✶✷❏✗✚✴✔✙★✻✮✤✥✪✚♠✵✷✔✗✖✟✽✪✔✗✥✧✦❙✽✪✔✗✚✴✬✪✶✷✔✗✚✴✖✟✫✌✘⑦✜✼✘✛✖
(1, 0, x)

✔✌✘
(1, 1, x)

P❂✮✰✬
✮✰✺❂✘✛✶✷✔✗✬✭✘❥✵✷✔✗✖❥✽✪✔✗✥✧✦♣✽✪✔✗✚✴✬✪✶✷❏✗✚✴✔✗✖✙✫✗❅✭✥❘✜✼✘✛✶✷✮✰✬✪✖❥✽✪✶ ✥✉✫✗✚✴✔✗✬✱✘✛✶✷✔✗✵✷✵✷✔✗✖✗❨✻●✧✥✪✚❥✵❛✜✂✌❘❢✰✥✪✚✴✔ � ❨❝② ✶ P◗✮✰✬♣✜❑✚✴✔✗★✪✚✴✫✗✖✴✔✗✬✱✘✛✫✳✵✷✔✗✖
✽✪✶ ✥✉✫✗✚✴✔✗✬✭✘✛✔✗✖✆★✻✮✰✖✴✖✴✶✷✺✪✶✷✵✷✶⑨✘✛✫✗✖✟✽✪✔✾★❘✜✤✚■✢✱✔✗✬✪✶✷✚✆▲✏✵❊✿ ✫✌✘⑦✜✼✘

(1, 0, x < X < x + dx)
▲✏✵❊✿ ✶✷✬✪✖■✘⑦✜✤✬✱✘

t + dt
❨

t t  +  d t

( 0 , 0 ,  x  <  X  <  x + d x )

( 1 , 0 ,  x - U 1 d t   <  X  <  x + d x - U 1 d t ) ( 1 , 0 ,  x  <  X  <  x + d x )
1  -  ( l 1 + m 2 ) d t

m 1 d t

l 2 d t
( 1 , 1 ,  x + ( U 2 - U 1 ) d t   <  X  <  x + d x + ( U 2 - U 1 ) d t )

✤✦✥★✧✪✩ � ❨❝② ✶ ✫❬▼✡✢✰✮✰✵✷✥❂✘✛✶✷✮✰✬❉✽✪✥❴✖■❍✧✖■✘✛❏✗❃❑✔✾❃❑✮✰✬✪✮✼❞❡✺✪✥✑✥✉✔✗✚❱♦■✥✪✖✴❅✭✥❀✿ ▲❈✵❊✿ ✫✌✘⑦✜✼✘
(1, 0, x < X < x + dx)

✗ ✬✏✮✰✺❂✘✛✶✷✔✗✬✭✘❤✜✤✵✷✮✰✚✴✖❱★✻✮✰✥✪✚⑧✵❊✿ ✫✌✘⑦✜✼✘
(1, 0, x < X < x+dx)

✵❊✿ ✫✗❅✭✥❘✜✼✘✛✶✷✮✰✬✳✖✴✥✪✶❝✢✤✜✤✬✱✘✛✔♠❅✭✥✪✶❘★◗✔✗✥❂✘❣✖✗✿ ✫✗❖✌✚✛✶❝✚✛✔
✖✴✮✰✥✪✖❥✵❛✜❆❲❳✮✰✚✴❃❑✔ ✡ � ❨❝② � ☞✐❨

P (t + dt; 1, 0; x + dx) − P (t + dt; 1, 0; x)

= [P (t; 1, 0; x + dx) − P (t; 1, 0; x)] (1 − (λ1 + µ2))dt

+ [P (t; 0, 0; x + dx + U2dt) − P (t; 0, 1; x + U2dt)] µ1dt

+ [P (t; 1, 1; x + dx − U1dt) − P (t; 1, 0; x − U1dt)] λ2dt

∂

∂t
P (t; 1, 0; x) +

∂

∂x
~P (t, x)









0
0
U1

0









= ~P (t, x)









µ1

0
−(λ1 + µ2)

λ2









✡ � ❨❝② � ☞
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✓✕✔✗✖✯✘✛✚✛✜✤✬✪✖✴✶❝✘✛✶✷✮✰✬✪✖✙★✻✮✰✖✴✖✴✶✷✺✪✵✷✔✗✖✯★✻✮✰✥✪✚✾✜✼✘✴✘✛✔✗✶✷✬✪✽✪✚✴✔✳✵✷✔✏✽✪✔✗✚✴✬✪✶✷✔✗✚✯✫✐✘✐✜❋✘❦P
(1, 1, x < X < x + dx)

P❀✖✴✮✰✬✱✘
✚✴✔✗★✪✚✴✫✗✖✴✔✗✬✱✘✛✫✗✔✗✖✙✖✴✥✪✚✆✵❛✜ ✌❘❢✰✥✪✚✴✔ � ❨❝②✰②✰❨

t t  +  d t

( 1 , 0 ,  x - U 1 d t   <  X  <  x + d x - U 1 d t ) ( 1 , 1 ,  x  <  X  <  x + d x )
1  -  ( l 1 + l 2 ) d t

m 1 d t

m 2 d t

( 1 , 1 ,  x + ( U 2 - U 1 ) d t   <  X  <  x + d x + ( U 2 - U 1 ) d t )

( 0 , 1 ,  x + U 2 d t   <  X  <  x + d x + U 2 d t )

✤✦✥★✧✪✩ � ❨❝②✰②✬✫❬▼✡✢✰✮✰✵✷✥❂✘✛✶✷✮✰✬❉✽✪✥❴✖■❍✧✖■✘✛❏✗❃❑✔❯❃❈✮✰✬✪✮✼❞❡✺✪✥✑✥✉✔✗✚❱♦■✥✪✖✴❅✭✥❀✿ ▲❑✵❊✿ ✫✐✘✐✜❋✘
(1, 1, x < X < x + dx)

r⑧✬❴✫✗❖✗✚✴✶❝✢✤✜✤✬✱✘✆✵❛✜✏✚✴✔✗✵❛✜✼✘✛✶✷✮✰✬❬❅✭✥✪✶✹✵✷✶✷✔✲✵✷✔✗✖♠★✪✚✴✮✰✺❘✜✤✺✪✶✷✵✷✶⑨✘✛✫✗✖♠✽✪✔✗✖✆✽✪✶ ✥✉✫✗✚✴✔✗✬✱✘✛✖✆✫✌✘⑦✜✼✘✛✖✗P❘✮✰✬❉✘✛✚✴✮✰✥❂✢✰✔❈❹

P (t + dt; 1, 1; x + dx) − P (t + dt; 1, 1; x)

= [P (t; 1, 1; x + dx) − P (t; 1, 1; x)] (1 − (λ1 + λ2))dt

+ [P (t; 0, 1; x + dx + U2dt) − P (t; 0, 1; x + U2dt)] µ1dt

+ [P (t; 1, 0; x + dx − U1dt) − P (t; 1, 0; x − U1dt)] µ2dt

∂

∂t
P (t; 1, 1; x) +

∂

∂x
~P (t, x)









0
0
0

U1 − U2









= ~P (t, x)









0
µ1

µ2

−(λ1 + λ2)









✡ � ❨❝② � ☞

✈❡✬✱✘✛✚✴✮✧✽✪✥✪✶✷✖✴✮✰✬✪✖✾✶✷❖✗✶✡✵✷✔✏✢✰✔✗❖✌✘✛✔✗✥✪✚ ~d
P✕❖✗✮✰✬✱✘✛✔✗✬❘✜✤✬✱✘❆✵✷✔✗✖✲✢✧✶❝✘✛✔✗✖✴✖✴✔✗✖❆✽✪✔✏✢✼✜✤✚✴✶❛✜✼✘✛✶✷✮✰✬✸✽✪✥❪✬✪✶❝✢✱✔✣✜✤✥❜✽✪✥ ✺✪✥✑✥✉✔✗✚

✖✴✔✗✵✷✮✰✬✏✵❊✿ ✫✌✘⑦✜✼✘✡✽❘✜✤✬✪✖⑧✵✷✔✗❅✭✥✪✔✗✵✪✮✰✬❈✖✴✔✟✘✛✚✴✮✰✥❂✢✰✔✯❹✰❖✤✿ ✔✗✖■✘❤✵❛✜✙✽✪✫✗✚✴✶❝✢✱✔ ✡♥✮✤✥ ✒☞✽✪✚✴✶❝❲ ✘ ✔✧☞✐❨✱✓✕✔☞✢✱✔✗❖✌✘✛✔✗✥✪✚ ~d
✔✗✖■✘❤✽✪✮✰✬✪❖♠✽✪✔

✽✪✶✷❃❑✔✗✬✪✖✴✶✷✮✰✬
4
✔✌✘ ~P (t, x)

✔✗✖■✘✙✵❛✜✏✖✴✮✰❃❑❃❑✔✾✽✪✔ ✑✯✚✴✮✰✬✪✔✗❖✔✓✰✔✗✚❥✽✪✔✗✖❥✢✰✔✗❖✌✘✛✔✗✥✪✚✴✖✙✢✧✶❝✘✛✔✗✖✴✖✴✔✗✖
~v1

✔✌✘
~v2

✡❳❁✙✬✪✬✪✔✐✦❂✔
❁✘☞✆✔✗✬♣✘✛✔✗✬❘✜✤✬✱✘✯❖✗✮✰❃❑★❂✘✛✔✳✽✪✥♣✖✴✶✷❢✰✬✪✔ ✡❳★◗✮✰✥✪✚✲✵✷✔❆✚✴✮✰✥❂✘✛✔✗✥✪✚✙❅✭✥✪✶✡✚✴✔✗❃❑★✪✵✷✶⑨✘✙✵✷✔❆✺✪✥✑✥✉✔✗✚✗P✉✖✴✮✰✬♣✢✰✔✗❖✌✘✛✔✗✥✪✚✲✢✧✶❝✘✛✔✗✖✴✖✴✔
✔✗✖■✘☞★✻✮✰✖✴✶❝✘✛✶❝❲✉✔✌✘☞✵✷✔✆✢✰✔✗❖✌✘✛✔✗✥✪✚❣✢✧✶❝✘✛✔✗✖✴✖✴✔✙✽✪✥❄✚✴✮✰✥❂✘✛✔✗✥✪✚☞❅✭✥✪✶◗✵✷✔♠✢✧✶✷✽✪✔❥✔✗✖■✘✟✽✪✔❥✖✴✶✷❢✰✬✪✔❥✬✪✫✗❢✱✜✼✘✛✶❝❲ ☞✐❨✱✈❡❖✗✶❊P✱✮✰✬❬✜❯✽✪✮✰✬✪❖❯❹

~d = ~v1 ⊕ (−~v2)

= ~v1 ⊗~1 −~1 ⊗ ~v2

=
[

0 −U2 U1 U1 − U2

]

✓✹✜❑❃❄✜✼✘✛✚✴✶✷❖✗✔✾✽✪✶❛✜✤❢✰✮✰✬❘✜✤✵✷✔
D

❖✗✮✰✬✱✘✛✔✗✬❘✜✤✬✭✘✲✵✷✔✗✖❥✫✗✵✷✫✗❃❑✔✗✬✭✘✛✖❥✽✪✔ ~d
✔✗✖■✘✾✜✤★✪★◗✔✗✵✷✫✗✔ ✒✲❃❄✜✼✘✛✚✴✶✷❖✗✔✾✽✪✔❆✽✪✚✴✶❝❲ ✘ ✔✻❨

◆✲✜✤✬✪✖✆✬✪✮✤✘✛✚✴✔✾❖✣✜✤✖✾❹

D =









0 0 0 0
0 −U2 0 0
0 0 U1 0
0 0 0 U1 − U2









✡ � ❨❝②✜✳ ☞



✳✧✸ �✂✁ ✁☎✄★✒ ✏✓✕✖✞ � ✞ ☛ �✛✚ ✌✤✁✙✑ � � ✌ ✠✔✓✣✠✙✓ ✁✁�✍� �✄✂ ✑☞✘ ✎✒✑ � ✓ ✚ ✤ ✌ ✠ ✌✆☎✞✝ ✑✠✟✡✟ ✘ ☛

③❱✶✷✬❘✜✤✵❝✔✗❃❑✔✗✬✱✘ ✡ � ❨❝②✰② ☞✐P ✡ � ❨❝② � ☞✐P ✡ � ❨❝② � ☞✐P ✡ � ❨❝② � ☞❣★✻✔✗✥❂✢✰✔✗✬✱✘✙✖✗✿ ✫✗❖✗✚✴✶✷✚✴✔✯✖✴✮✰✥✪✖✆✵❛✜❆❲❳✮✰✚✴❃❑✔✲✽❀✿ ✥✪✬❉✖✴✔✗✥✪✵✷✔✾✫✗❅✭✥❘✜❋❞
✘✛✶✷✮✰✬❉✽❂❍✧✬❘✜✤❃❑✶✷❅✭✥✪✔✯✔✗✬❴✥❂✘✛✶✷✵✷✶✷✖✛✜✤✬✱✘♠✵❛✜✳✽✪✫ ✌❘✬✪✶❝✘✛✶✷✮✰✬❉✽✪✔✾✵❛✜✳❃❄✜✼✘✛✚✴✶✷❖✗✔✲✽✪✔✾✽✪✚✴✶❝❲ ✘✾❹

∂

∂t
~P (t, x) +

∂

∂x
~P (t, x)D = ~P (t, x)M

✡ � ❨❝②✚✸ ☞

✔ ✙✜✛✏✕✄✙✛✕ ★ � ★ ✗❉❈ ✂ ✂ ✗ ✙ ✗✜★✩✛✘✕✥✕✄✙ ★✩✙✎☎ ✂ ✢✌☎ ✂ ❈ ✗ ✙ ✗✎✂
(a, b, x)

●✧✮✰✶❝✘ ~P (x) = limt→+∞
~P (t, x)

✵✷✔❬✢✰✔✗❖✌✘✛✔✗✥✪✚❄❖✗✮✰✬✱✘✛✔✗✬❘✜✤✬✱✘❄✵✷✔✗✖❈★✪✚✴✮✰✺❘✜✤✺✪✶✷✵✷✶⑨✘✛✫✗✖✏✖■✘⑦✜✼✘✛✶✷✮✰✬✪✬❘✜✤✶✷✚✴✔✗✖✏✽✪✔✗✖
✫✌✘⑦✜✼✘✛✖

(a, b, x)
❨

~P (x) =
[

P (0, 0; x) P (0, 1; x) P (1, 0; x) P (1, 1; x)
]

◆✲✜✤✬✪✖❴✵✷✔❜❖✣✜✤✖❴✽✪✥ ✚✴✫✗❢✰✶✷❃❑✔✸✖■✘⑦✜✼✘✛✶✷✮✰✬✪✬❘✜✤✶✷✚✴✔✤P✟✵❛✜s✽✪✶✷✖■✘✛✚✴✶✷✺✪✥❂✘✛✶✷✮✤✬ ✽✪✔❪★✪✚✴✮✰✺❘✜✤✺✪✶✷✵✷✶⑨✘✛✫♣✢✱✫✗✚✴✶ ✌❘✔❜✵❛✜s★❘✜✤✚■✘✛✶✷✔
✶✷✬✪✽✪✫✗★✻✔✗✬✪✽❘✜✤✬✱✘✛✔♠✽✪✥✏✘✛✔✗❃❑★✪✖✡✽✪✔ ✡ � ❨❝②✚✸ ☞✐❨✱❵☞✔✗★◗✔✗✬✪✽❘✜✤✬✭✘✣P✰✶✷✵❂✔⑦✦❂✶✷✖■✘⑦✔✟✽✪✔✗✖⑧✽✪✶✷✖✴❖✗✮✰✬✱✘✛✶✷✬✧✥✪✶❝✘✛✫✗✖❱✽❘✜✤✬✪✖⑧✵❊✿ ✔✐✦❂★✪✚✴✔✗✖✴✖✴✶✷✮✰✬
✽✪✔ ~P (x)

✜✤✥ ✬✪✶❝✢✱✔✣✜✤✥ ✽✪✔✗✖❆✫✌✘⑦✜✼✘✛✖❯❲❳✚✴✮✰✬✭✘✛✶✷❏✗✚✴✔✗✖ ✡
x = 0

✺✪✥✑✥✉✔✗✚❯✢✧✶✷✽✪✔❑✔✌✘
x = C1

✺✪✥✑✥✉✔✗✚❆★✪✵✷✔✗✶✷✬ ☞✐❨✒●✧✮✰✶❝✘
~π(x)

✵❛✜✳★❘✜✤✚■✘✛✶✷✔✾✜✤✺✪✖✴✮✰✵✷✥✪❃❑✔✗✬✱✘✆❖✗✮✰✬✱✘✛✶✷✬✧✥✪✔✯✽✪✔ ~P (x)
❨◗❵☞✔✌✘✴✘✛✔❯✽✪✶✷✖■✘✛✚✴✶✷✺✪✥❂✘✛✶✷✮✰✬❬✔✗✖■✘✙✵❛✜✳✖✴✮✰✵✷✥❂✘✛✶✷✮✰✬❙✽✪✔❈❹

d

dx
~π(x)D = ~π(x)M

★✻✮✰✥✪✚
0 ≤ x ≤ C1

✡ � ❨❝②✜✵ ☞
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✺❘✜✤✺✪✶✷✵✷✶❝✘✛✫✗✖✟✽✪✔✗✖❥✫✌✘⑦✜✼✘✛✖✟❲❳✚✛✮✤✬✭✘✛✶✷❏✗✚✴✔✗✖✗❨

❁✻✗ ✙ ✗✎✂ ✢✌☎ ✕ ✤✁� ☎ ✙ ✡✥★ ✢✌☎❈✓✕✔✗✖✟★✪✚✴✮✰✺❘✜✤✺✪✶✷✵✷✶⑨✘✛✫✗✖❣✖■✘⑦✜✼✘✛✶✷✮✰✬✪✬❘✜✤✶✷✚✴✔✗✖❣✽✪✔✌✖✟✫✌✘⑦✜✼✘✛✖
P (a, b; 0)

✽❘✜✤✬✪✖✟✵✷✔✗✖✴❅✭✥✪✔✗✵✷✖
✵✷✔✯✺✪✥✑✥✉✔✗✚✆✔✗✖■✘❥✢✧✶✷✽✪✔✯✖✴✮✰✬✭✘✆✽✪✫ ✌❘✬✪✶✷✔✗✖❥★❘✜✤✚✯❹

Pr[
✺✪✥✑✥✉✔✗✚♠✢✧✶✷✽✪✔✾✔✌✘❥✫✌✘⑦✜✼✘✆✽✪✔✗✖❥✚✴✮✰✥❂✘✛✔✗✥✪✚✴✖

(a, b)] = π(a, b; 0)
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✬✧✥✪✵✷✵✷✔✤❨❘r⑧✬❴✔ ✥✉✔✌✘✣P❘✥✪✬ ✒✲✽✪✚✴✶❝❲ ✘✕✔❙★◗✮✰✖✴✶❝✘✛✶❝❲❱✖✴✶✷❢✰✬✪✶ ✌❘✔✯❅✭✥✪✔✾✵✷✔✾✺✪✥✑✥✉✔✗✚✆✖✴✔❯✚✴✔✗❃❑★✪✵✷✶⑨✘✣P❂✵❛✜✏★✪✚✴✮✰✺❘✜✤✺✪✶✷✵✷✶⑨✘✛✫✲✖■✘⑦✜✼✘✛✶✷✮✰✬✧❞
✬❘✜✤✶✷✚✴✔❬✽✪✔❬✚✴✔✗✖■✘✛✔✗✚✏✽❘✜✤✬✪✖✏❖✗✔✌✘✏✫✌✘⑦✜✼✘✏✽✪✔❙✺✪✥✑✥✉✔✗✚❆✢✧✶✷✽✪✔❬✔✗✖■✘❈✽✪✮✰✬✪❖❬✬✧✥✪✵❝✵✷✔✤❨✒✈❡✵☞❍④✜

1
✮✰✥

2
✫✌✘⑦✜✼✘✛✖✳✽✪✔❙✽✪✚✴✶❝❲ ✘

★✻✮✰✖✴✶❝✘✛✶❝❲✟✖✴✥✪✶❝✢✼✜✤✬✭✘❆✵✷✔❑✖✴✶✷❢✰✬✪✔❑✽✪✔
U1 − U2

❹✹✽❘✜✤✬✪✖❆✵❊✿ ✫✌✘⑦✜✼✘
(1, 0)

P✒❅✭✥✪✔✗✵✷✵✷✔✗✖❯❅✭✥✪✔❬✖✴✮✰✶❝✔✗✬✭✘
U1

✔✌✘
U2

✡❳✬✪✮✰✬
✬✧✥✪✵✷✵✷✔✗✖✆✘✛✮✰✥❂✘✛✔✗✖✙✵✷✔✗✖✙✽✪✔✗✥✧✦ ☞✐P✉✵✷✔❯✽✪✚✴✶❝❲ ✘❥✢✤✜✤✥❂✘

U1
✔✌✘✲✔✗✖■✘✯✽✪✮✰✬✪❖❯✘✛✮✰✥✼♦■✮✰✥✪✚✴✖✙★✻✮✰✖✴✶❝✘✛✶❝❲ ✽❘✽❘✜✤✬✪✖✲✵♥✿ ✫✌✘⑦✜✼✘

(1, 1)
P✻✵✷✔

✽✪✚✴✶❝❲ ✘♠✢✼✜✤✥❂✘
U1 − U2

P❘✶✷✵✉✔✗✖■✘❥✽✪✮✰✬✪❖✾★✻✮✰✖✴✶❝✘✛✶❝❲✹✽❘✜✤✬✪✖✆✵✷✔✯❖✣✜✤✖✆✮✄✂❉✵❛✜❆✢✧✶❝✘✛✔✗✖✴✖✴✔❯✽✪✔✯✘✛✚✛✜✤✬✪✖■❲❳✔✗✚■✘✆✽✪✔
R1

✔✗✖■✘❥★✪✵✷✥✪✖
❢✰✚✛✜✤✬✪✽✪✔✾❅✭✥✪✔❯❖✗✔✗✵✷✵✷✔✲✽✪✔

R2
✡
U1 > U2

☞✐❨ ✗ ✬❴✜✏✽✪✮✰✬✪❖❈❹

P (1, 0; 0) = 0
❅✭✥✪✔✗✵✷✵✷✔✗✖✆❅✭✥✪✔✾✖✴✮✰✶✷✔✗✬✱✘

U1

✔✌✘
U2

✽✪✶ ✥✉✫✗✚✴✔✗✬✱✘✛✔✗✖✆✽✪✔
0

P (1, 1; 0) = 0
✖✴✶

U1 > U2

❁✻✗ ✙ ✗✎✂✯✢✌☎ ✕ ✤✁� ☎ ✙ ✚✗�✖☎✲★ ✕ r⑧✬✩❖✗✔❆❅✭✥✪✶✹❖✗✮✰✬✪❖✗✔✗✚✴✬✪✔❆✵✷✔✗✖❥✫✌✘⑦✜✼✘✛✖❥✮✄✂✩✵✷✔✾✺✪✥✑✥✉✔✗✚❥✔✗✖■✘✙★✪✵✷✔✗✶✷✬❀P❘✵✷✔✗✖❥★✪✚✴✮✰✺❘✜❋❞
✺✪✶✷✵✷✶❝✘✛✫✗✖♠✜✤✥✧✦❙❲❳✚✴✮✰✬✱✘✛✶✷❏✗✚✴✔✗✖✆✖✴✮✰✬✱✘❥✽✪✫ ✌❘✬✪✶✷✔✗✖✆✽✪✔✾✵❛✜✳❃❄✜✤✬✪✶✷❏✗✚✴✔✯✖✴✥✪✶❝✢✼✜✤✬✭✘✛✔❈❹

Pr[
✺✪✥✑✥✉✔✗✚✆★✪✵✷✔✗✶✷✬❙✔✌✘❥✫✌✘⑦✜✼✘❥✽✪✔✗✖✆✚✴✮✰✥❂✘✛✔✗✥✪✚✴✖

(a, b)] = Pr[
✫✌✘⑦✜✼✘❥✽✪✔✗✖✆✚✴✮✰✥❂✘✛✔✗✥✪✚✴✖

(a, b)] − π(a, b; C1)

= w(a, b) − π(a, b; C1)



� ✞✁� ✞ ✚✁�✑☛ ✏ ✔☞✌✫✞ ✌ ✄ ✁ ✄ ☎ ✄ ✆✄✂ ✞☞✕ ✁ ✄ ✌ ✄✁�✑✔ ✁ ✞ ✳ ✵

●✧✥✪✚✯✵✷✔✏❃❑q✗❃❑✔✳★✪✚✴✶✷✬✪❖✗✶✷★✻✔✳❅✭✥✪✔❑★◗✮✰✥✪✚✾✵❝✔✗✖✾✫✌✘⑦✜✼✘✛✖✯✽✪✔❈✺✪✥✑✥✉✔✗✚✯✢✧✶✷✽✪✔✤P❀✵✷✔✗✖✯✫✌✘⑦✜✼✘✛✖✾✽✪✔✏✺✪✥✑✥✉✔✗✚✾★✪✵✷✔✗✶✷✬✸✽✪✮✰✬✱✘❯✵✷✔
✽✪✚✴✶❝❲ ✘✯✔✗✖■✘❆✬✪✫✗❢✱✜✼✘✛✶❝❲❣✮✰✬✭✘✾✥✪✬✪✔❑★✪✚✴✮✰✺❘✜✤✺✪✶✷✵✷✶⑨✘✛✫✳✖■✘⑦✜✼✘✛✶✷✮✰✬✪✬❘✜✤✶✷✚✴✔✳✬✭✥✪✵✷✵✷✔✤❨✕r⑧✬❪✔ ✥✉✔✌✘✣P✹✥✪✬❪✽✪✚✴✶❝❲ ✘✯✬✪✫✗❢✱✜✼✘✛✶❝❲☞✖✴✶✷❢✰✬✪✶ ✌❘✔
❅✭✥✪✔✯✵❝✔✲✺✪✥✑✥✉✔✗✚✟✖✴✔✲✢✧✶✷✽✪✔✤P❂✵❛✜❯★✪✚✛✮✤✺❘✜✤✺✪✶✷✵✷✶❝✘✛✫❥✖■✘⑦✜✼✘✛✶✷✮✰✬✪✬❘✜✤✶✷✚✴✔❥✽✪✔✲✚✛✔✌✖✴✘✛✔✗✚✟✽❘✜✤✬✪✖♠❖✗✔✌✘♠✫✌✘⑦✜✼✘♠✽✪✔✲✺✪✥✑✥✉✔✗✚♠★✪✵✷✔✗✶✷✬❄✔✗✖■✘
✽✪✮✰✬✪❖❑✬✭✥✪✵✷✵✷✔✤❨✕✈❡✵⑧❍❪✜

1
✮✰✥

2
✫✌✘⑦✜✼✘✛✖❯✽✪✔❑✽✪✚✴✶❝❲ ✘❯✬✪✫✗❢✱✜✼✘✛✶❝❲☞✖✴✥✪✶❝✢✤✜✤✬✱✘❆✵✷✔❈✖✴✶✷❢✰✬✪✔❈✽✪✔

U1 − U2
❹✹✽❘✜✤✬✪✖❯✵❊✿ ✫✌✘⑦✜✼✘

(0, 1)
P❀❅✭✥✪✔✗✵✷✵✷✔✗✖✲❅✭✥✪✔✏✖✴✮✰✶✷✔✗✬✱✘

U1

✔✌✘
U2

✡❳✬✪✮✰✬✸✬✧✥✪✵✷✵✷✔✗✖❥✘✛✮✰✥❂✘✛✔✗✖✯✵✷✔✗✖✲✽✪✔✗✥✧✦ ☞✐P✕✵✷✔ ✒✲✽✪✚✴✶❝❲ ✘ ✔❴✢✤✜✤✥❂✘
−U2

✔✌✘
✔✗✖■✘♠✽✪✮✰✬✪❖✙✘✛✮✰✥✼♦■✮✰✥✪✚✴✖☞✬✪✫✗❢✱✜✼✘✛✶❝❲✯✽✭✽❘✜✤✬✪✖✟✵❊✿ ✫✌✘⑦✜✼✘

(1, 1)
P✧✵✷✔✙✽✪✚✴✶❝❲ ✘☞✢✼✜✤✥❂✘

U1 −U2
P✧✶✷✵✻✔✗✖■✘♠✽✪✮✰✬✪❖✲✬✪✫✗❢✱✜✼✘✛✶❝❲✹✽❘✜✤✬✪✖

✵✷✔⑧❖✣✜✤✖✒✮✄✂❆✵❛✜✟✢✧✶❝✘✛✔✗✖✴✖✴✔❣✽✪✔❤✘✛✚✛✜✤✬✪✖■❲❳✔✗✚■✘❱✽✪✔
R2

✔✗✖■✘❱★✪✵✷✥✪✖✹❢✰✚✛✜✤✬✪✽✪✔❣❅✭✥✪✔❣❖✗✔✗✵✷✵✷✔❤✽✪✔
R1

✡
U2 > U1

☞✐❨ ✗ ✬❆✜✆✽✪✮✰✬✪❖❥❹

P (0, 1; C1) = 0
❅✭✥✪✔✗✵✷✵✷✔✗✖✆❅✭✥✪✔✾✖✴✮✰✶✷✔✗✬✭✘

U1
✔✌✘

U2
✽✪✶ ✥✉✫✗✚✴✔✗✬✱✘⑦✔✌✖❥✽✪✔

0
P (1, 1; C1) = 0

✖✴✶
U2 > U1

✓✕✔✗✖❣✫✗❅✭✥❘✜✼✘✛✶✷✮✰✬✪✖ ✡ � ❨ ✼ ☞❱✔✌✘✘✡ � ❨❝②✚✸ ☞❱✽✪✫✗❖✗✚✴✶❝✢✰✔✗✬✱✘☞✵✷✔✆❖✗✮✰❃❑★◗✮✰✚■✘✛✔✗❃❑✔✗✬✱✘❣✽✪✥❑✖■❍✧✖■✘✛❏✗❃❑✔❥❃❑✮✰✬✪✮✼❞❡✺✪✥✑✥✉✔✗✚✗P✱✬✪✮✰✥✪✖
✜✤✵✷✵✷✮✤✬✪✖✾✚✴✫✗✖✴✮✰✥✪✽✪✚✴✔❬❖✌✔✗✖✳✫✗❅✭✥❘✜✼✘✛✶✷✮✰✬✪✖❆✜☞✌❘✬④✽✪✔❑✽✪✫✌✘✛✔✗✚✴❃❑✶✷✬✪✔✗✚❯✵✷✔✗✖❯✶✷✬✪✽✪✶✷❖✗✔✗✖❯✽✪✔❄★◗✔✗✚■❲❳✮✰✚✴❃❄✜✤✬✪❖✗✔❑✽✪✥④✖■❍✧✖■✘✛❏✗❃❑✔
❃❑✮✰✬✪✮✼❞❡✺✪✥✑✥✉✔✗✚✗❨❀❺❥✮✰✥✪✖❆✜✤✵✷✵❝✮✰✬✪✖✯✔✗✬✱✢✧✶✷✖✛✜✤❢✰✔✗✚✾✽✪✔✗✥✧✦❪❖✣✜✤✖❈❹✕✵✷✔✏❖✣✜✤✖✾✽✪✥❪✖■❍✧✖■✘✛❏✗❃❑✔❑❃❑✮✰✬✪✮✼❞❡✺✪✥✑✥✉✔✗✚✯❫✪✮✰❃❑✮✰❢✤❏✗✬✪✔
✡
U1 = U2

☞✟✔✌✘✆✵✷✔✯❖✣✜✤✖✆✽✪✥❴✖■❍✧✖■✘✛❏✗❃❑✔❯❃❑✮✰✬✪✮✼❞❡✺✪✥✑✥✉✔✗✚♠✬✪✮✰✬✧❞❡❫✪✮✰❃❑✮✰❢✤❏✗✬✪✔ ✡
U1 6= U2
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R 1 B 1 R 2

l 1  =  1 0

m 1  =  1

l 2  =  0 , 5

m 2  =  1

C 1  =  1 0

U = 1 0 U = 1 0
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✖✴✮✰✬✱✘ ✡
1er
✫✌✘⑦✜✼✘

ON
P
2eme

✫✌✘⑦✜✼✘
OFF
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M1 =

[

−µ1 µ1

λ1 −λ1

] ✔✌✘
M2 =

[

−µ2 µ2

λ2 −λ2

]

=

[

−1 1
10 −10

]

=

[

−1 1
0, 5 −0, 5

]
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~v1 =
[

0 U
] ✔✌✘

~v2 =
[

0 U
]
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=
[

0 10
]

=
[

0 10
]
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~w1 =
[

0, 91 0, 09
] ✔✌✘

~w2 =
[

0, 33 0, 67
]
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M =









−2 1 1 0
0, 5 −1, 5 0 1
10 0 −11 1
0 10 0, 5 −10, 5









✔✌✘
D =









0 0 0 0
0 −10 0 0
0 0 10 0
0 0 0 0








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{(1, 0), (0, 1), (1, 1), (0, 0)}
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D =









10 0 0 0
0 −10 0 0
0 0 0 0
0 0 0 0









M =









−11 0 1 10
0 −1, 5 1 0, 5

0, 5 10 −10, 5 0
1 1 0 −2








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D =

[

D1 0
0 0

]

=









10 0 0 0
0 −10 0 0
0 0 0 0
0 0 0 0









M =

[

M1 M10

M01 M0

]

=









−11 0 1 10
0 −1, 5 1 0, 5

0, 5 10 −10, 5 0
1 1 0 −2








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~π =

[

~π1 ~π0
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d

dx
~π1D1 = ~π1M1 + ~π0M01

✡ � ❨❝② ✼ ☞

0 = ~π1M10 + ~π0M0
✡ � ❨❝② ✿ ☞
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M0
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~π0

✔✗✬❉❲❳✮✰✬✪❖✌✘✛✶✷✮✰✬❙✽✪✔
~π1

▲✏★❘✜✤✚■✘✛✶✷✚✟✽✪✔ ✡ � ❨❝② ✿ ☞✙❹

~π0 = −~π1M10M
−1
0 .

✡ � ❨ �✧✶ ☞
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d

dx
~π1D1 = ~π1(M1 − M10M

−1
0 M01)

✡ � ❨ � ② ☞

✈❡✵❤✜❉✫✌✘✛✫❑★✪✚✴✮✰✥❂✢✰✫ ✍ ❭❴✶❝✘ ✼ ✼ P✒●✧❧ ✿ ✿☞✒ ❅✭✥✪✔❑✵❛✜❙❃❄✜✼✘✛✚✴✶✷❖✗✔
(M1 − M10M

−1
0 M01)

✔✗✖■✘❆✥✪✬❪❢✰✫✗✬✪✫✗✚✛✜✼✘✛✔✗✥✪✚
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d

dx
~π1

[

U 0
0 −U

]

= β~π1

[

−λ1µ2 λ1µ2

µ1λ2 −µ1λ2

]

✜✣✢✱✔✗❖

β =
λ1 + λ2 + µ1 + µ2

(λ1 + λ2)(µ1 + µ2)
✗ ✬❴★◗✔✗✥❂✘❥✽✪✮✰✬✪❖✯❲❳✮✰✚✴❃✏✥✪✵✷✔✗✚☞✵✷✔✯✖■❍✧✖■✘⑦❏✌❃❑✔❯✽❀✿ ✫✗❅✭✥❘✜✼✘✛✶✷✮✰✬✪✖✆✽✪✶ ✥✉✫✗✚✴✔✗✬✱✘✛✶✷✔✗✵✷✵✷✔✗✖✟✮✰✚✴✽✪✶✷✬❘✜✤✶✷✚✴✔✗✖✯❹

d

dx
~π1 =

β

U
~π1

[

−λ1µ2 −λ1µ2

µ1λ2 µ1λ2

]

✡ � ❨ � � ☞
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d

dx
~π1 = 0, 06~π1

[

−10 −10
0, 5 0, 5

]

✡ � ❨ �✤� ☞
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U1 > U2
✬✪✶✕✽❘✜✤✬✪✖✆✵✷✔✲❖✣✜✤✖✆✮✄✂

U1 < U2
★✪✥✪✶✷✖✴❅✭✥✪✔

U1 = U2 = U
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P (1, 0; 0) = π1(1, 0; 0) = 0

P (0, 1; C1) = 0
P❘✽✪✮✰✬✪❖

π1(0, 1; C1) = w(0, 1) =
λ1

λ1 + µ1

µ2

λ2 + µ2

= 0, 61
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{0,
β

U
(µ1λ2 −

λ1µ2)}
❨ ✗ ✬❆✽✪✶✷✖■✘✛✶✷✬✪❢✰✥✪✔❣✽✪✔✗✥✧✦✳❖✣✜✤✖✟❹❋✵✷✔☞❖✣✜✤✖❱✫✗❅✭✥✪✶✷✵✷✶✷✺✪✚✴✫ ✡

λ2/µ2 = λ1/µ1 = I
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✛ ✙ ✂ ❈ ✟✟✤✥★ � ★✖✕✥✙ ❈✁�
λ2/µ2 = λ1/µ1
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★✪✚✴✮✰★✪✚✴✔✗✖❯❹

~ϕ1 =
[

1 1
]

~ϕ2 =

[

U

−βIµ1µ2

0

]

✔✌✘❥✵✷✜✏✖✴✮✰✵✷✥❂✘✛✶✷✮✰✬❙❢✰✫✗✬✪✫✗✚✛✜✤✵✷✔✯✔✗✖■✘

~π1(x) = a1~ϕ1 + a2(~ϕ2 + x~ϕ1)

✗ ✬♣✥❂✘✛✶✷✵✷✶❝✖✴✔❯✵✷✔✗✖✙❖✗✮✰✬✪✽✪✶❝✘✛✶✷✮✰✬✪✖✲✜✤✥✧✦❴❲❳✚✴✮✰✬✭✘✛✶✷❏✗✚✴✔✗✖✙✜☞✌❘✬✸✽❀✿ ✮✰✺❂✘✛✔✗✬✪✶✷✚✙✵✷✔✗✖❥✢✼✜✤✵✷✔✗✥✪✚✴✖✲✽✪✔✗✖✲❖✗✮✰✬✪✖■✘⑦✜✤✬✱✘✛✔✗✖
a1

✔✌✘
a2

✔✌✘✆✮✰✬❴✮✰✺❂✘✛✶✷✔✗✬✱✘✾❹

π(1, 0; x) =
µ1µ2

(1 + I)(C1µ1µ2(1 + I) + U(µ1 + µ2)
x

π(0, 1; x) =
µ1µ2

(1 + I)(C1µ1µ2(1 + I) + U(µ1 + µ2)

(

U(µ1 + µ2)

(1 + I)µ1µ2

+ x

)
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✽✪✔✗✥✧✦✩✜✤✥❂✘✛✚✴✔✗✖✆✫✌✘⑦✜✼✘✛✖✾❹

π(1, 1; x) =
µ1µ2

I(1 + I)(C1µ1µ2(1 + I) + U(µ1 + µ2)

(

U

(1 + I)µ2

+ x

)

π(0, 0; x) =
Iµ1µ2

(1 + I)(C1µ1µ2(1 + I) + U(µ1 + µ2)

(

U

(1 + I)µ1

+ x

)

✛ ✙ ✂✯✕ ✛✘✕ ❈ ✟✟✤✥★ � ★✖✕✥✙ ❈✁�
λ2/µ2 6= λ1/µ1
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γ = β/U(µ1λ2 − λ1µ2)
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~ϕ0 =
[

µ1λ2 λ1µ2

]

~ϕ1 =
[

1 1
]
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~π1(x) = a1~ϕ0 + a2e
(γx)~ϕ1
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~π1(x) = a1

[

0, 5 10
]

+ a2e
(−0,57x)

[

1 1
]
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a1

✔✌✘
a2

❹

π(1, 0; x) =
λ1λ2µ1µ2

λ1µ2 − µ1λ2eγC1

1 − eγx

(λ1 + µ1)(λ2 + µ2)

π(0, 1; x) =
λ1µ2

λ1µ2 − µ1λ2e(γC1)

λ1µ2 − µ1λ2e
γx

(λ1 + µ1)(λ2 + µ2)
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π(1, 1; x) =
λ1µ1µ2

(λ1µ2 − µ1λ2eγC1)(λ1 + µ1)(λ2 + µ2)(λ1 + λ2)
(µ2(λ1 + λ2) − λ2e

γx(µ1 + µ2))

π(0, 0; x) =
λ1λ2µ2

(λ1µ2 − µ1λ2eγC1)(λ1 + µ1)(λ2 + µ2)(µ1 + µ2)
(λ1(µ1 + µ2) − µ1e

γx(λ1 + λ2))
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π(1, 0; x) = 0, 0303(1 − e−0,57x)

π(0, 1; x) = 0, 0606(10 − 0, 5e−0,57x)
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M10 =

[

1 10
1 0, 5

] ✔✌✘
M−1

0 =

[

− 2
21

0
0 −0, 5

]

✗ ✬❴✮✤✺❂✘⑦✶❝✔✗✬✭✘❥✜✤✵✷✮✰✚✴✖✟★✻✮✰✥✪✚
~π0

❹

~π0 =
[

0, 0058(10.5 − e−0,57x) 0, 0152(20 − 10, 5e−0,57x)
]
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π(0, 1; 0)
☞✐❨ ✗ ✬❉❖✗✮✰✬✪✖■✘⑦✜✼✘✛✔

✫✗❢✱✜✤✵✷✔✗❃❑✔✌✬✭✘❯❅✭✥✪✔❬★✻✮✰✥✪✚
x > 3

P✹✵✷✔✗✖❆★✪✚✴✮✰✺❘✜✤✺✪✶✷✵✷✶⑨✘✛✫✗✖✾✖■✘⑦✜✼✘✛✶✷✮✰✬✪✬❘✜✤✶✷✚✴✔✗✖❯✽✪✔✗✖
4
✫✌✘⑦✜✼✘✛✖❆✖✴✮✰✬✱✘✳★✪✚✛✜✼✘✛✶✷❅✭✥✪✔✗❃❑✔✗✬✱✘

❖✗✮✰✬✪✖■✘⑦✜✤✬✱✘✛✔✗✖✗P✒❖✗✔❈❅✭✥✪✶❤✖✴✶✷❢✰✬✪✶ ✌❘✔❈❅✭✥❀✿ ✔✗✬ ✚✴✫✗❢✰✶✷❃❑✔✏✖■✘⑦✜✼✘✛✶✷✮✰✬✪✬❘✜✤✶✷✚✴✔✤P❀✮✰✬❪✖✴✔❑✚✴✔✌✘✛✚✴✮✰✥❂✢✰✔✗✚✛✜❴✚✛✜✤✚✴✔✗❃❑✔✗✬✱✘❆✜✣✢✱✔✗❖❑✥✪✬
✺✪✥✑✥✉✔✗✚✆✽✪✮✰✬✱✘❥✵❝✔✯✬✪✶❝✢✱✔✣✜✤✥❉✽✪✫✗★❘✜✤✖✴✖✴✔✗✚✛✜

3
❨



✸ � �✂✁ ✁☎✄★✒ ✏✓✕✖✞ � ✞ ☛ �✛✚ ✌✤✁✙✑ � � ✌ ✠✔✓✣✠✙✓ ✁✁�✍� �✄✂ ✑☞✘ ✎✒✑ � ✓ ✚ ✤ ✌ ✠ ✌✆☎✞✝ ✑✠✟✡✟ ✘ ☛

0 1 2 3 4 5 6 7 8 9 10
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

Niveau x du buffer

P
ro

ba
bi

lit
é 

st
at

io
nn

ai
re

pi(1,0;x)
pi(0,1;x)
pi(1,1;x)
pi(0,0;x)

✤✦✥★✧✪✩ � ❨❝② � ✫❬❚⑧✚✴✮✰✺❘✜✤✺✪✶✷✵✷✶⑨✘✛✫✗✖♠✖■✘⑦✜✼✘✛✶✷✮✰✬✪✬❘✜✤✶✷✚✴✔✗✖✟✽❘✜✤✬✪✖✆✵✷✔✯❖✣✜✤✖✆✽✪✔✾✬✪✮✤✘✛✚✴✔✾✔✐✦❂✔✗❃❑★✪✵✷✔

� ✛✁� ✛✁� ä✙➪➭➷✁� ★✽➷ ✿ ➹✬➘✫✬➦➪❄✸❧➴✫✪ ✸✔✓✤✸ ✦✯❁✕✿ ➪✹✿❂★✬➘✫★✄✂ � ✪✆☎✠➪➭➷
✓✕✔✗✖❯★❘✜✤✚✛✜✤❃❑❏✌✘✛✚✴✔✗✖❯✜✤✥✧✦❂❅✭✥✪✔✗✵✷✖❆✮✰✬❪✖✗✿ ✶✷✬✭✘✛✫✗✚✴✔✗✖✴✖✴✔❄✖✴✮✰✬✱✘❆✵✷✔❈✽✪✫✗✺✪✶❝✘❯❃❑✮❋❍✰✔✗✬❪✽✪✔❈✘✛✚✛✜✤✬✪✖✴❃❑✶✷✖✴✖✴✶✷✮✰✬❀P✕✵✷✔✏✘⑦✜✤✥✧✦

✽✪✔✾★✻✔✗✚■✘✛✔✗✖❥✔✌✘❥✵✷✔✯✬✪✶❝✢✰✔✣✜✤✥❉✽✪✔❯✚✴✔✗❃❈★✪✵✷✶✷✖✴✖✛✜✤❢✰✔✯❃❑✮❦❍✰✔✗✬❴✽✪✔✗✖✆✺✪✥✑✥✉✔✗✚✴✖✗❨

✤ ❈ ✕ ★ ✗✝✞ ✛ ✆✏☎✲✕
✗ ✬✳❖✣✜✤✵✷❖✗✥✪✵✷✔☞✵✷✔☞✽✪✫✗✺✪✶❝✘✡❃❑✮❦❍✱✔✗✬❀P

X
P✼✔✗✬✏❃✏✥✪✵❝✘✛✶❝★✪✵✷✶✷✜✼✬✭✘✒✵❛✜❥✢✧✶❝✘✛✔✗✖✴✖✴✔✟✽✪✥✏✚✴✮✰✥❂✘✛✔✗✥✪✚

R2
★❘✜✤✚❱✵❛✜✙★✪✚✴✮✰★◗✮✰✚■✘✛✶✷✮✰✬

✽✪✔✆✘✛✔✗❃❑★✪✖❤★❘✜✤✖✴✖✴✫✗✔❥✽❘✜✤✬✪✖❤✵✷✔✗✖❤✫✌✘⑦✜✼✘✛✖❤✮✄✂❈✽✪✔✗✖❣✽✪✮✰✬✪✬✪✫✗✔✗✖❣✖✴✮✰✬✭✘❤✘✛✚✛✜✤✬✪✖✴❃❑✶✷✖✴✔✗✖✗P✰❖✤✿ ✔✗✖■✘✟▲✾✽✪✶✷✚✴✔♠❅✭✥❘✜✤✬✪✽❑✵✷✔♠✺✪✥✑✥✉✔✗✚
✔✗✖■✘✆✬✪✮✰✬✧❞ ✢✧✶✷✽✪✔✙✔✌✘♠❅✭✥✪✔

R2
✔✗✖■✘ ✗ ❺ ✮✰✥❬✺✪✶✷✔✗✬❙❅✭✥❘✜✤✬✪✽

B1
✔✗✖■✘✟✢✧✶✷✽✪✔✲❃❄✜✤✶❝✖☞❅✭✥✪✔

R1
✔✌✘

R2
✖✴✮✰✬✱✘✟✘✛✮✰✥✪✖✟✵✷✔✗✖

✽✪✔✗✥✧✦ ✗ ❺❯❨

X = U(w(1, 1) + w(0, 1) − π(0, 1; 0))

=















U

(

µ2

λ2 + µ2

−
U(µ1 + µ2)

(1 + I)2(C1µ1µ2(1 + I) + U(µ1 + µ2)

) ✫✗❅✭✥✪✶✷✵✷✶✷✺✪✚✴✫

U

(

µ2

λ2 + µ2

−
λ1µ2

λ1µ2 − µ1λ2e(γC1)

λ1µ2 − µ1λ2

(λ1 + µ1)(λ2 + µ2)

) ✬✪✮✰✬❴✫✗❅✭✥✪✶✷✵✷✶✷✺✪✚✴✫
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★◗✮✰✥✪✚✆✵✷✔✯✽✪✫✗✺✪✶❝✘✆❃❑✮❦❍✱✔✗✬

X = 0, 91
❨
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X
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C1
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✽✪✫✗✺✪✶❝✘✆❃❑✮❦❍✰✔✗✬❀❨✻❵☞✔✗❖✗✶✹❖✗✮✰✬ ✌❘✚✴❃❑✔✯❖✗✔❯❅✭✥❀✿ ✮✰✬❴★◗✮✰✥❂✢✤✜✤✶❝✘✆★✻✔✗✬✪✖✴✔✗✚❥✽✪✔✾❃❄✜✤✬✪✶✷❏✗✚✴✔✲✶✷✬✱✘✛✥✪✶❝✘✛✶❝✢✰✔✤❨
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(1, 0, C1)
P✕✽✪✮✰✬✪❖❑✵✷✔
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Prt

✔✗✖■✘✙✫✗❢✱✜✤✵✕▲✏✵❛✜✏★✪✚✴✮✰✺❘✜✤✺✪✶✷✵✷✶⑨✘✛✫✲✖■✘⑦✜✼✘✛✶✷✮✰✬✪✬❘✜✤✶✷✚✴✔✲✽✪✔✾❖✗✔✌✘❥✫✌✘⑦✜✼✘✾❹

Prt = w(1, 0) − π(1, 0; C1)

=















IC1µ1µ2 + U(µ1 + µ2)

(1 + I)(C1µ1µ2(1 + I) + U(µ1 + µ2)

✫✗❅✭✥✪✶✷✵✷✶✷✺✪✚✴✫

µ1λ2

(λ1 + µ1)(λ2 + µ2)

e(γC1)(λ1µ2 − µ1λ2)

λ1µ2 − µ1λ2e(γC1)

✬✪✮✰✬❴✫✗❅✭✥✪✶✷✵✷✶✷✺✪✚✴✫
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µ1λ2
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µ1❢✰✚✛✜✤✬✪✽❈❖✗✮✰✚✴✚✴✔✗✖✴★✻✮✰✬✪✽❬▲✾✥✪✬❑✚✴✮✰✥❂✘✛✔✗✥✪✚☞✜✤❃❈✮✰✬✭✘❤❅✭✥✪✶❘✬✪✔❥✚✴✔✗✖■✘✛✔❥★❘✜✤✖❤✵✷✮✰✬✪❢✤✘✛✔✗❃❑★✪✖⑧✶✷✬✪✽✪✶✷✖✴★✻✮✰✬✪✶✷✺✪✵❝✔♠✔✌✘

λ2
❢✰✚✛✜✤✬✪✽

❖✗✮✰✚✴✚✴✔✗✖✴★◗✮✰✬✪✽❴▲❆✥✪✬❬✚✴✮✰✥❂✘✛✔✗✥✪✚♠✜✣✢✼✜✤✵✻✘✛✚✴❏✗✖☞★✻✔✗✥❙✽✪✶✷✖✴★✻✮✰✬✪✶✷✺✪✵✷✔✤P✭✮✰✬❬❖✗✮✰❃❑★✪✚✴✔✗✬✪✽❬✽✪✮✰✬✪❖✲❅✭✥✪✔✲✵✷✔✗✖☞★✻✔✗✚■✘✛✔✗✖✟✖✴✮✰✶✷✔✗✬✱✘
✫✗✵✷✔✌✢✰✫✗✔✗✖❥✽❘✜✤✬✪✖✆❖✗✔✾❖✣✜✤✖✗❨

✁ ★ ✡✟☎ ✙ ✤ ✞ ✛ ✆✟☎✲✕ ✢✥✤ ✕ ✤✁� ☎ ✙
✗ ✬✩✮✰✺❂✘✛✶✷✔✗✬✱✘✙✵✷✔❯✬✪✶❝✢✰✔✣✜✤✥✩❃❑✮❦❍✱✔✗✬

C̃1

✽✪✥♣✺✪✥✑✥✉✔✗✚
B1

✔✗✬✩✘⑦✜✤✬✱✘✙❅✭✥✪✔✳✖✴✮✰❃❑❃❑✔✾✽✪✔✗✖✙✬✪✶❝✢✰✔✣✜✤✥✧✦✩❃❑✮❦❍✱✔✗✬✪✖
✖✴✥✪✚♠✘✛✮✰✥✪✖✆✵✷✔✗✖♠✫✌✘⑦✜✼✘✛✖✆✽✪✶✷✖✴❖✗✚✴✔✌✘✛✖✆✔✌✘❥✵✷✔✗✖♠✫✌✘⑦✜✼✘✛✖♠❲❳✚✴✮✰✬✭✘✛✶✷❏✗✚✴✔✗✖✗❨

C̃1 =
∑

a,b

(

C1(w(a, b) − π(a, b; C1)) +

∫ C1

0

xf(a, b; x)dx

)

✮✄✂
f(x; a, b)

✔✗✖■✘❥✵❛✜✳✽✪✔✗✬✪✖✴✶❝✘✛✫✾✽✪✔✾★✪✚✴✮✰✺❘✜✤✺✪✶✷✵✷✶❝✘✴✫✲✽✪✔✾✵❊✿ ✫✌✘⑦✜✼✘
(a, b, x)

❨
✓⑧✿ ✜✤★✪★✪✵✷✶✷❖✣✜✼✘✛✶❝✮✰✬❙✬✭✥✪❃❑✫✗✚✴✶✷❅✭✥✪✔✾✽✪✮✰✬✪✬✪✔

C̃1 = 0, 40
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M1 =

[

−λ1 λ1

µ1 −µ1

] ✔✌✘
M2 =

[

−λ2 λ2

µ2 −µ2

]

~v1 =
[

U1 0
] ✔✌✘

~v2 =
[

U2 0
]

~w1 =

[

µ1

λ1 + µ1

λ1

λ1 + µ1

] ✔✌✘
~w2 =

[

µ2

λ2 + µ2

λ2

λ2 + µ2

]
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~w = ~w1 ⊗ ~w2 =

=

[

µ1

λ1 + µ1

µ2

λ2 + µ2

,
µ1

λ1 + µ1

λ2

λ2 + µ2

,
λ1

λ1 + µ1

µ2

λ2 + µ2

,
λ1

λ1 + µ1

λ2

λ2 + µ2

]
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M = M1 ⊕ M2 =









−(λ1 + λ2) λ2 λ1 0
µ2 −(λ1 + µ2) 0 λ1

µ1 0 −(µ1 + λ2) λ2

0 µ1 µ2 −(µ1 + µ2)









D =









U1 − U2 0 0 0
0 −U2 0 0
0 0 U1 0
0 0 0 0








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U1 − U2
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U1

✔✌✘
U2

✖✴✮✰✬✱✘
ON B1
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❖✣✜✤✖✆✮✄✂ ✡

U1 − U2 > 0
☞✲❹

P (1, 1; 0) = π(1, 1; 0) = 0

P (1, 0; 0) = π(1, 0; 0) = 0

P (0, 1; C1) = 0
✡ � ❨ � � ☞
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B1

✖✴✔✯✢✧✶✷✽✪✔ ✡
U1 − U2 < 0

☞✲❹

P (1, 1; 0) = π1(1, 1; 0) = 0 π(1, 1; 0) = 0
P (1, 1; C1) = 0 ⇔ π(1, 1; C1) = w(1, 1)
P (0, 1; C1) = 0 π(0, 1; C1) = w(0, 1)
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R2

✮✰✥
R1
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R1

✔✌✘
R2

✖✴✮✰✬✱✘ ✗ ❺ ✔✌✘
U1 < U2

❨

X = U2(w(1, 1) + w(0, 1) − π(0, 1; 0))
★✻✮✤✥✪✚

U1 > U2

X = U2(w(1, 1) − π(1, 1; 0) + w(0, 1) − π(0, 1; 0)) + U1π(1, 1; 0)
★✻✮✰✥✪✚

U1 < U2

✔ ✛✘✤ ✙ ✦ ☎✲✕❂✗ ✙✛✘✟☎ ✢✌☎ ✂✆✚ ☎ ✙✚✗ ☎ ✂
✟ ✬✪✮✰✥❂✢✰✔✣✜✤✥❴✮✰✬❴✽✪✶ ✥✉✫✗✚✴✔✗✬✪❖✗✶✷✔✯✵✷✔✗✖♠❖✣✜✤✖✆✮✄✂

U1 > U2
✔✌✘

U1 < U2✛ ✙ ✂
U1 > U2 �
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(1, 0, C1)

✔✌✘
(1, 1, C1)

P✻✽✪✮✰✬✪❖✳✵✷✔✗✖
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Prt = U1(w(1, 0) − π(1, 0; C1)) + (U1 − U2)(w(1, 1) − π(1, 1; C1)) ✡ � ❨ � ✳ ☞
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✛ ✙ ✂
U1 < U2 �
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(1, 0, C1)

P❱✵✷✔✗✖✳★✻✔✗✚■✘✛✔✗✖✏✖✴✮✰✬✭✘
✜✤✵✷✮✰✚✴✖✯❹

Prt = U1(w(1, 0) − π(1, 0; C1))
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C̃1
✽✪✥♣✺✪✥✑✥✉✔✗✚

B1
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C̃1 =
∑

a,b

(

C1(w(a, b) − π(a, b; C1)) +

∫ C1

0

xf(a, b; x)dx

)
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✥✪✬♣✥✪✬✪✶✷❅✭✥✪✔❆✚✴✮✰✥❂✘✛✔✗✥✪✚✙✫✗❅✭✥✪✶❝✢✤✜✤✵✷✔✌✬✭✘

Re
1

❅✭✥✪✶✡✜✤✥✪✚✛✜❑✵✷✔❯❃❑q✗❃❑✔❯❖✌✮✰❃❑★✻✮✰✚■✘✛✔✗❃❑✔✗✬✱✘✙❅✭✥✪✔✳✵✷✔❯✖■❍✧✖■✘✛❏✗❃❑✔✳✖✴✶✷❃❑★✪✵❝✔
❖✗✮✰✬✪✖■✘✛✶❝✘✛✥✪✫❙★❘✜✤✚

R1

P
R2

✔✌✘
B1

❨⑧❺❥✮✰✥✪✖✏✽✪✔✌✢✰✮✰✬✪✖❑✽✪✮✰✬✪❖❙✽✪✫✌✘✛✔✗✚✴❃❑✶✷✬✪✔✗✚✳✵✷✔✗✖✏❖✣✜✤✚✛✜✤❖✌✘✛✫✗✚✴✶✷✖■✘✛✶✷❅✭✥✪✔✗✖✏✖✴✥✪✶❝✢✤✜✤✬✱✘✛✔✗✖
★✻✮✰✥✪✚

Re
1

❹

1/λe
1

❹✪❧✒✔✗❃❑★✪✖✆❃❑✮❋❍✰✔✗✬❴✽✪✔✾✽✪✶✷✖✴★◗✮✰✬✪✶✷✺✪✶✷✵❝✶❝✘✛✫✙✽✪✥❴✚✴✮✰✥❂✘✛✔✗✥✪✚
Re

1

1/µe
1

❹❘❧✒✔✗❃❑★✪✖✆❃❑✮❦❍✱✔✗✬❉✽❀✿ ✶✷✬✪✽✪✶✷✖✴★✻✮✰✬✪✶✷✺✪✶✷✵❝✶⑨✘✛✫✲✽✪✥❴✚✴✮✰✥❂✘✛✔✗✥✪✚
Re

1

U e
1

❹✪❸✲✶❝✘✛✔✗✖✴✖✴✔✾✽✪✔✯✘✛✚✛✜✤✬✪✖■❲❳✔✗✚■✘❥✽✪✥❴✚✴✮✰✥❂✘✛✔✗✥✪✚
Re

1◆✲✜✤✬✪✖✾✵❛✜❬✖✴✥✪✶❝✘✛✔✏✬✪✮✰✥✪✖✾★✪✚✴✫✗✖✴✔✗✬✱✘✛✮✰✬✪✖❯❖✗✮✰❃❑❃❑✔✗✬✱✘✾✽✪✫✌✘✛✔✗✚✴❃❑✶✷✬✪✔✌✚✯❖✗✔✗✖❯❖✣✜✤✚✛✜✤❖✐✘⑦✫✌✚✛✶❝✖✴✘✛✶✷❅✭✥✪✔✌✖✣❨✕✇❥✬✪✔✏❲❳✮✰✶✷✖
Re

1❖✣✜✤✚✛✜✤❖✌✘✛✫✗✚✴✶✷✖✴✫✤P✡✬✪✮✰✥✪✖❈✫✌✘✛✥✪✽✪✶✷✮✰✬✪✖✳✵✷✔❬✖■❍✧✖■✘✛❏✗❃❑✔❉❖✗✮✰❃❑★✻✮✰✖✴✫❙✽✪✔
Re

1

P
B2

P
R3

P✟❨✗❨✗❨❝P
RK

★✪✥✪✶✷✖✴❅✭✥✪✔
Re

1

✜✸✵✷✔
❃❑q✗❃❑✔❆❖✗✮✰❃❑★◗✮✰✚■✘✛✔✗❃❑✔✗✬✭✘✙❅✭✥✪✔

R1
P
R2

✔✌✘
B1
❨✉❺❥✮✰✥✪✖✯✜✤★✪★✪✵✷✶✷❅✭✥✪✮✰✬✪✖❥✔✗✬✪✖✴✥✪✶❝✘✛✔✳✵✷✔❯❃❑q✗❃❑✔❆★✪✚✴✮✭❖✗✫✗✽✪✫✏✖✴✥✪✚✙❖✗✔

✬✪✮✰✥❂✢✱✔✣✜✤✥❬✖■❍✧✖■✘✛❏✗❃❑✔✯✜☞✌❘✬❄✽✪✔✙✽✪✫✌✘✛✔✗✚✴❃❑✶✷✬✪✔✗✚
Re

2

P✭✵✷✔❥✚✴✮✰✥❂✘✛✔✗✥✪✚❣✫✗❅✭✥✪✶❝✢✤✜✤✵✷✔✗✬✱✘♠▲
Re

1

P
R3

✔✐✘
B2

❨ ✗ ✬❬★◗✮✰✥✪✚✴✖✴✥✪✶❝✘
✵❊✿ ✮✰★✻✫✗✚✛✜✼✘✛✶✷✮✰✬❯✽❀✿ ✜✤❢✰✚✴✫✗❢✱✜✼✘✛✶✷✮✰✬✆♦■✥✪✖✴❅✭✥❀✿ ▲✙✽✪✫✌✘✛✔✗✚✴❃❑✶✷✬✪✔✗✚

Re
K−2

❅✭✥✪✶❂✜❦✢✰✔✗❖
BK−1

✔✌✘
RK

❖✗✮✰❃❑★◗✮✰✖✴✔✟✵✷✔❣✽✪✔✗✚✴✬✪✶✷✔✗✚
✖■❍✧✖■✘✛❏✗❃❑✔❯✖✴✶✷❃❑★✪✵✷✔✯▲✏✫✌✘✛✥✪✽✪✶✷✔✗✚✗❨

✛ ✜✌✙✁� ✕✌☎ ✢✌☎ ✮ ✙ ✙✎✍ ✛ ✡ ✙✛✚✄✚✥✙✜✛✣✦ ✜✕❈ ☎ ✢✥✤ ✂ ✆✌✂ ✗ � ✞✡☎☞✞ ✛✘✕ ✛☎✘ ✕ ✤✁� ☎ ✙

r⑧✬✩✚✴✫✗✽✪✥✪✶✷✖✛✜✤✬✱✘❥✵❊✿ ✫✌✘✛✥✪✽✪✔❯✽✪✥✩✖■❍✧✖■✘✛❏✗❃❑✔❯❖✗✮✰❃❑★✪✵✷✔✌✘❥▲❑✵❊✿ ✜✤❢✰✚✴✫✗❢✱✜❋✘⑦✶❝✮✰✬❙✽✪✔❯✽✪✔✗✥✧✦✩✚✴✮✰✥❂✘✛✔✗✥✪✚✴✖❥❖✗✮✰✬✪✖✴✫✗❖✗✥❂✘✛✶❝❲❳✖✗P
✬✪✮✰✥✪✖✟✚✴✫✗✽✪✥✪✶✷✖✴✮✰✬✪✖✟✵❛✜❯❖✗✮✰❃❑★✪✵✷✔✐✦❂✶❝✘✛✫❥✽✪✥❙✖■❍✧✖■✘✛❏✗❃❑✔✯▲❆✫✌✘✛✥✪✽✪✶✷✔✗✚✗P✧❖✗✔✲❅✭✥✪✶✉★✻✔✗✚✴❃❑✔✌✘✟✽✪✔✙✘✛✚✴✮✰✥❂✢✰✔✗✚✟✥✪✬✪✔✲✖✴✮✰✵❝✥❂✘⑦✶❝✮✰✬
✽✪✔☞❃❄✜✤✬✪✶✷❏✗✚✴✔❣✜✤✬❘✜✤✵❝❍✭✘✛✶✷❅✭✥✪✔✤❨❋◆✲✜✤✬✪✖❱✵✷✔❤❖✐❫❘✜✤★✪✶⑨✘⑦✚✴✔ � P❋✮✰✬❆★✪✚✴✫✗✖✴✔✗✬✱✘✛✔✟✵❛✜✆❃❄✜✤✬✪✶✷❏✗✚✴✔⑧✽❀✿ ✮✰✺❂✘✛✔✗✬✪✶✷✚✒✵✷✔✗✖✒★✪✚✴✮✰✺❘✜✤✺✪✶✷✵✷✶⑨✘✛✫✗✖
✖■✘⑦✜✼✘✛✶✷✮✰✬✪✬❘✜✤✶✷✚✴✔✗✖❑✽✪✔❉✘✛✮✰✥✪✖❄✵✷✔✗✖❑✫✌✘⑦✜✼✘✛✖❄✜✤❖✗❖✗✔✗✖✴✖✴✶✷✺✪✵✷✔✗✖❄★✻✮✰✥✪✚❑✥✪✬ ✖■❍✧✖■✘✛❏✗❃❑✔✩❃❑✮✰✬✪✮✰✺✪✥✑✥✉✔✗✚✗❨❣✓✹✜ ✌❘❢✰✥✪✚✴✔ � ❨❝②✰②
✚✴✔✗★✪✚✴✫✗✖✴✔✗✬✭✘✛✔❉❖✗✔✗✚■✘⑦✜✤✶✷✬✪✖✳✽✪✔❙❖✗✔✗✖✏✫✌✘⑦✜✼✘✛✖❈✜✼✶✷✬✪✖✴✶☞❅✭✥✪✔❙✵✷✔✗✖❆✘✛✚✛✜✤✬✪✖✴✶❝✘✛✶✷✮✰✬✪✖❆✔✗✬✭✘✛✚✴✔❬❖✗✔✗✖❈✫✌✘⑦✜✼✘✛✖✗❨⑧❵☞✔✗✖❈✫✌✘⑦✜✼✘✛✖✳✖✴✮✰✬✭✘
✽✪✶❝✢✧✶✷✖✴✫✗✖♠✔✗✬❉✽✪✔✗✥✧✦❉❖✣✜✼✘✛✫✗❢✰✮✰✚✴✶✷✔✗✖✯❹✪✵✷✔✗✖✟✫✌✘⑦✜✼✘✛✖♠✽✪✔✾✺✪✥✑✥✉✔✗✚✟✢✧✶✷✽✪✔

(a, b, 0)
✔✌✘✆✵✷✔✗✖✟✫✌✘⑦✜✼✘✛✖♠✽✪✔✾✺✪✥✑✥✉✔✗✚♠✬✪✮✰✬✧❞ ✢✧✶✷✽✪✔

(a, b, x)
P❘✽❘✜✤✬✪✖♠✵✷✔✗✖♠✫✌✘⑦✜✼✘✆✽✪✔✾✺✪✥✑✥✉✔✗✚♠✬✪✮✰✬✧❞ ✢✧✶✷✽✪✔✯✮✰✬❉✶✷✬✪❖✗✵✷✥❂✘♠✵✷✔✗✖♠✫✌✘⑦✜✼✘✛✖✟❲❳✚✴✮✰✬✭✘✛✶✷❏✗✚✴✔✗✖♠✽✪✔✯✺✪✥✑✥✉✔✗✚✆★✪✵✷✔✗✶✷✬❀❨✪✓✕✔✗✖

✫✌✘⑦✜✼✘✛✖♠❢✰✚✴✶✷✖✴✫✗✖☞✖✴✮✰✬✭✘♠✽✪✶❝✘✛✖✘✒✙✜✤❖✌✘✛✶❝❲❳✖✚✔⑧P❂❖✤✿ ✔✗✖■✘❥▲✳✽✪✶✷✚✴✔✙❅✭✥✪✔✯✵✷✔✙✚✴✮✰✥❂✘✛✔✗✥✪✚♠✜✣✢✤✜✤✵✻✘✛✚✛✜✤✬✪✖✴❃❑✔✌✘✟✽✪✔✗✖♠✽✪✮✰✬✪✬✪✫✗✔✗✖✗❨❘✓✕✔✗✖
✜✤✥❂✘✛✚✴✔✗✖❥✫✌✘⑦✜✼✘✛✖♠✖✴✮✰✬✭✘❥✽✪✶❝✘✛✖ ✒✙✶✷✬❘✜✤❖✌✘✛✶❝❲❳✖ ✔✻❨



� ✞ �✜✞ ☛ ✆☞☛✖✞ ✁ ✆ ✆ ✒ ✁ ✆ ✁✝✒ ✕✖✞ ✁ ✄ ✁ ✁ ✄ ✌ ✄✁�✑✔ ✁ ✞ ✼✰�

( 1 , 1 , x )

l 2

l 1

( 0 , 1 , x )

( 0 , 0 , x )

( 1 , 0 , x )

m 2

m 1

l 1

m 1

l 2

m 2

( 1 , 1 , 0 )

( 0 , 1 , 0 )

( 0 , 0 , 0 )

m 1

l 2

m 1

l 1

l 2

m 2

q 2

q 1

B u f f e r  v i d e B u f f e r  n o n  v i d e

E t a t  a c t i f

E t a t  i n a c t i f

P ( 0 , 0 ; 0 )

P ( 0 , 1 ; 0 )

P ( 1 , 1 ; 0 )

P ( 0 , 0 ; x )

P ( 1 , 0 ; x )

P ( 0 , 1 ; x )

P ( 1 , 1 ; x )

✤✦✥★✧✪✩ � ❨❝②✰②✬✫❬▼✡✘⑦✜✼✘✛✖✆✽✪✥❴✖■❍✧✖■✘✛❏✗❃❑✔ ✒✙❃❑✮✰✬✪✮✼❞❡✺✪✥✑✥✉✔✗✚ ✔

❵☞✔✌✘✴✘✛✔❙❖⑦❫❘✜☞☛❛✬✪✔❬✬❀✿ ✔✗✖■✘❈★❘✜✤✖✳✥✪✬✪✔❙❖⑦❫❘✜☞☛❛✬✪✔❬✽✪✔❉❭✩✜✤✚ ✓✰✮❦✢④✔⑦✦✪✜✤❖✌✘✛✔✤❨❤✓✕✔✗✖❆✘✛✚✛✜✤✬✪✖✴✶❝✘✛✶✷✮✰✬✪✖❆✔✗✬✱✘✛✚✴✔❙✵✷✔✗✖✳✫✌✘⑦✜✼✘✛✖
(1, 1, x)

P
(1, 1, 0)

✔✌✘
(0, 1, x)

P
(0, 1, 0)
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1/θ1

✔✌✘
1/θ2
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M =





















−(λ1 + λ2 + θ1) λ2 λ1 0 θ1 0 0
µ2 −(λ1 + µ2) 0 λ1 0 0 0
µ1 0 −(µ1 + θ2 + λ2) λ2 0 θ2 0
0 µ1 µ2 −(µ1 + µ2) 0 0 0
0 λ2 0 0 −(λ1 + λ2) λ1 0
0 0 0 0 µ1 −(µ1 + λ2) λ2

0 µ1 0 0 0 µ2 −(µ1 + µ2)





















◆✲✜✤✬✪✖❆❖✗✔✌✘✴✘✛✔❑❃❄✜✼✘✛✚✴✶✷❖✗✔✤P✕✮✰✬ ✜❴✮✰✚✴✽✪✮✰✬✪✬✪✫✤P✒✜✤✚✴✺✪✶❝✘✛✚✛✜✤✶✷✚✴✔✗❃❈✔✗✬✱✘✣P✕✵✷✔✗✖✾✫✌✘⑦✜✼✘✛✖❆✽✪✔❑✵❛✜❙❃❄✜✤✬✪✶✷❏✗✚✴✔❈✖✴✥✪✶❝✢✤✜✤✬✱✘✛✔❴❹
(1, 1, x)

P
(1, 0, x)

P
(0, 1, x)

P
(0, 0, x)

P
(1, 1, 0)

P
(0, 1, 0)

P
(0, 0, 0)
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❖⑦❫❘✜✤★✪✶❝✘✛✚✴✔ � ❨

λ1

P
µ1

P
λ2

✔✌✘
µ2

✖✴✮✰✬✱✘✾✵✷✔✗✖✯❖✣✜✤✚✛✜✤❖✌✘✛✫✗✚✴✶✷✖■✘✛✶✷❅✭✥✪✔✗✖✯❖✗✮✰✬✪✬✭✥✪✔✗✖❯✽✪✔✗✖✾✚✴✮✰✥❂✘✛✔✗✥✪✚✴✖
R1

✔✌✘
R2

❨❀✓✕✔✗✖
✖✴✔✗✥✪✵✷✔✗✖✆✶✷✬✪❖✗✮✤✬✪✬✧✥✪✔✗✖✆✽✪✔✯✬✪✮✤✘✛✚✴✔✯✖✴❍✧✖■✘✛❏✗❃❑✔✾✖✴✮✰✬✱✘❥✽✪✮✤✬✪❖

θ1
✔✌✘

θ2
❨◗❵☞✔✗✵✷✵✷✔✗✖①❞❡❖✗✶❀✖✴✮✰✬✱✘❥✮✰✺❂✘✛✔✗✬✭✥✪✔✗✖✙▲✳★❘✜✤✚■✘✛✶✷✚✟✽✪✔✗✖
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(θ1 + λ1 + λ2)P (1, 1; x) = µ2P (1, 0; x) + µ1P (0, 1; x)

(θ2 + µ1 + λ2)P (0, 1; x) = λ1P (1, 1; x) + µ2P (0, 0; x)
❵☞✔✗✖❥✽✪✔✗✥✧✦❉✫✗❅✭✥❘✜✼✘✛✶✷✮✰✬✪✖✆✽✪✮✰✬✪✬✪✔✗✬✱✘❥✵✷✔✗✖✆✔✐✦❂★✪✚✴✔✗✖✴✖✴✶✷✮✰✬✪✖❥✽✪✔

θ1

✔✌✘
θ2

❹

θ1 =
µ2P (1, 0; x) + µ1P (0, 1; x)

P (1, 1; x)
− (λ1 + λ2)

θ2 =
λ1P (x; 1, 1) + µ2P (0, 0; x)

P (0, 1; x)
− (µ1 + λ2)
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� ❨❝② � ❨

( 0 )( 1 )

m e

l e

a g r é g a t i o n( 1 , 1 , x )

l 2

l 1

( 0 , 1 , x )

( 0 , 0 , x )

( 1 , 0 , x )

m 2

m 1

l 1

m 1

l 2

m 2

( 1 , 1 , 0 )

( 0 , 1 , 0 )

( 0 , 0 , 0 )

m 1

l 2

m 1

l 1

l 2

m 2

q 2

q 1P ( 0 , 0 , ; )

P ( 0 , 1 ; 0 )

P ( 1 , 1 ; 0 )

P ( 0 , 0 ; x )

P ( 1 , 0 ; x )

P ( 0 , 1 ; x )

P ( 1 , 1 ; x )

P ( 1 ) P ( 0 )
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λe

1

✔✌✘
µe

1
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(0, 0, x)
P

(1, 0, x)
P
(0, 0, 0)

P
(0, 1, 0)

P
(0, 1, x)

P
(1, 1, 0)

P
(1, 1, x)
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M part
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Mpart =

[

MB MBBc

MBcB MBc

]

✡ � ❨ �✤� ☞
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=





















−(µ1 + µ2) µ1 0 0 µ2 0 0
λ1 −(λ1 + µ2) 0 0 0 0 µ2

0 µ1 −(µ1 + µ2+) µ2 0 0 0
0 0 λ2 −(µ1 + λ2) 0 µ1 0
λ2 0 0 θ2 −(µ1 + λ2 + θ2) 0 µ1

0 λ2 0 λ1 0 −(λ1 + λ2) 0
0 λ2 0 0 λ1 θ1 −(θ1 + λ1 + λ2)




















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~π
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~πpart
❨

~πpart =
[

π(0, 0; x) π(1, 0; x) π(0, 0; 0) π(1, 0; 0) π(0, 1; x) π(1, 1; 0) π(1, 1; x)
]

●✧✮✰✶❝✘
Γ
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−Mpart
❨
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P part
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Npart = I + ΓMpart

❨☞●✧✮✰✶❝✘
zpart
1

✵❛✜❜✽✪✶✷✖■✘✛✚✴✶✷✺✪✥❂✘✛✶✷✮✰✬
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zpartNpart = zpart
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Mpart

✔✌✘
~πpart

✔✗✬✩❖✗✮✰✬✱✘✛✶✷✬✧✥❴✽✪✔✌✢✧✶❝✔✗✬✪✬✪✔✗✬✭✘✙✔✗✬✩✽✪✶✷✖✴❖✗✚✴✔✌✘
Npart

✔✌✘
~zpart

☞✐❨ ~zpart
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~πpart
P✭❖✣✜✤✚

~zpart = ~πpartΓ
~πpartΓ~1T
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Npart =

[

NB NBBc

NBcB NBc

]

=























0 µ1

µ1+µ2

0 0 µ2

µ1+µ2

0 0
λ1

λ1+µ2

0 0 0 0 0 µ2

λ1+µ2

0 µ1

λ1+µ2

0 µ2

λ1+µ2

0 0 0

0 0 λ2

µ1+λ2

0 0 µ1

µ1+λ2

0
λ2

µ1+λ2+θ2

0 0 θ2

µ1+λ2+θ2

0 0 µ1

µ1+λ2+θ2

0 λ2

λ1+λ2

0 λ1

λ1+λ2

0 0 0

0 λ2

θ1+λ1+λ2

0 0 λ1

θ1+λ1+λ2

θ1

θ1+λ1+λ2

0























~zpart =
[

~zB~zBc ]
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Mpart

P
Npart

✔✌✘
zpart
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Ton = 1/λe

1✔✌✘
Toff = 1/µe

1
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1/λe
1 = −vB(MB)−1~1T ✮✄✂

vB =
zBc

NBcB

zBcNBcB~1T

1/µe
1 = −vBc

(MBc

)−1~1T ✮✄✂
vBc

=
zBNBBc

zBNBBc~1T
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0
✖✴✶✷✬✪✮✰✬ ☞❤❖✗✮✰❃❑❃❑✔✙★✪✚✴✫✗✖✴✔✗✬✱✘✛✫

✽❘✜✤✬✪✖✎✍ ❭❴✮✭❖ ✶✰� ✒ ❹

Mij =

[

−λij λij

µij −µij

]

, ~vij = (Uij, 0)

❁✹✢✰✔✗❖✆❖✗✔✗✖❤✬✪✮✤✘⑦✜✼✘✛✶✷✮✰✬✪✖✗P✤✵✷✔✟❢✰✫✗✬✪✫✗✚✛✜✼✘✛✔✗✥✪✚⑧❃❄✜✤✚ ✓✤✮❦✢✧✶✷✔✗✬
M1

✽✪✥❈✖■❍✧✖■✘✛❏✗❃❑✔♠❖✗✮✰❃❑★✻✮✰✖✴✫♠✽✪✔
R11

P❂❨✣❨✗❨❝P
R1N1

P
B1

✔✌✘
R21

✔✗✖■✘❥✥✪✬✪✔✾❃❄✜✼✘✛✚✴✶✷❖✗✔✯❖✣✜✤✚✴✚✴✫✗✔✾✽✪✔✾✽✪✶✷❃❑✔✗✬✪✖✴✶✷✮✰✬
2N1+1 ✽✪✮✰✬✪❖❈❹

M1 = M11 ⊕ M12 ⊕ . . . ⊕ M1N1
⊕ M21

✓✕✔❴✢✱✔✗❖✐✘⑦✔✌✥✪✚ ~d1
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2N1+1 ✢✧✶❝✘✛✔✗✖✴✖✴✔✗✖❬✽✪✔✩✘✛✚✛✜✤✬✪✖■❲❳✔✗✚■✘❬✽✪✔✗✖❬✽✪✮✰✬✪✬✪✫✗✔✗✖❬✽❘✜✤✬✪✖
B1

✔✗✖■✘
✮✰✺❂✘✛✔✗✬✭✥s✽✪✔❙✵❛✜✩❃❑q✗❃❑✔❬❃❄✜✤✬✪✶✷❏✗✚✴✔❬✔✗✬ ✘✛✔✗✬❘✜✤✬✱✘❈❖✗✮✰❃❑★❂✘✛✔❬✽✪✥s✖✴✶✷❢✰✬✪✔✤❨⑧❵☞✔✗★✻✔✗✬✪✽❘✜✤✬✱✘❄✽❘✜✤✬✪✖✏✵❛✜✩✖✴✮✰❃❑❃❑✔❬✽✪✔
✑✯✚✴✮✰✬✪✔✗❖✔✓✤✔✗✚✲✮✰✬♣★✪✚✴✔✗✬✪✽✪✚✛✜❄✖✴✮✰✶✷✬✩✽✪✔❆❃❑✮✭✽✪✶ ✌❘✔✗✚❥✵✷✔❯✖✴✶✷❢✰✬✪✔❯✽✪✔✗✖✙✢✰✔✗❖✌✘✛✔✗✥✪✚✴✖✲✢✧✶❝✘✛✔✗✖✴✖✴✔✗✖✲✽✪✔❆❖⑦❫❘✜✤❅✭✥✪✔✳✚✴✮✰✥❂✘✛✔✗✥✪✚❆❹
★◗✮✰✖✴✶❝✘✛✶❝❲❤✖✴✶✡✵✷✔✳✚✴✮✰✥❂✘✛✔✗✥✪✚✯✚✴✔✗❃❑★✪✵✷✶❝✘✙✵✷✔✳✺✪✥✑✥✉✔✗✚✾✜❦✢✼✜✤✵✡✔✌✘✾✬✪✫✗❢✱✜✼✘✛✶❝❲❤✖✗✿ ✶✷✵❱✵✷✔❆✢✧✶✷✽✪✔✤❨❀✈❡❖✗✶✡✵✷✔✗✖✲✚✛✮✤✥❂✘⑦✔✌✥✪✚✛✖

R11

P❱❨✣❨✗❨❝P
R1N1

✚✴✔✗❃❑★✪✵✷✶✷✖✴✖✴✔✗✬✱✘❱✵✷✔❣✺✪✥✑✥✉✔✗✚✤✡❳✖✴✶✷❢✰✬✪✔❣★✻✮✰✖✴✶❝✘✛✶❝❲
+~v1i

☞✕✔✌✘✡✵✷✔☞✚✴✮✰✥❂✘✛✔✗✥✪✚
R21

✵✷✔❣✢✧✶✷✽✪✔✘✡❳✖✴✶✷❢✰✬✪✔❣✬✪✫✗❢✱✜✼✘✛✶❝❲
−~v21

☞✐❨

~d1 = ~v11 ⊕ ~v12 ⊕ . . . ⊕ ~v1N1
⊕ (−~v21)

✓⑧✿ ✔✗✖✴★❘✜✤❖✗✔❯✽❀✿ ✫✌✘⑦✜✼✘❥✽✪✶✷✖✴❖✗✚✴✔✌✘❥✜✤✶✷✬✪✖✴✶✕✔✗✬✪❢✰✔✗✬✪✽✪✚✴✫✾✔✗✖■✘✙✽✪✔✾✽✪✶✷❃❑✔✗✬✪✖✴✶✷✮✰✬
2N1+1 ❨◗✓✕✔✗✖✆★✪✚✴✮✰✺❘✜✤✺✪✶✷✵✷✶❝✘✴✫✗✖

p1(t; α11, . . . , α1N1
, α21)

✽✪✔✆❖⑦❫❘✜✤❅✭✥✪✔❥✫✌✘⑦✜✼✘ ✡
α11

P✪❨✣❨✗❨❝P
α1N1

P
α21

☞❱✖✴✮✰✬✭✘❤✽✪✫ ✌❘✬✪✶✷✔✗✖❣✽✪✔✆❖✌✔✌✘✴✘⑦✔✆❃❄✜✤✬✪✶✷❏✗✚✴✔✲❹

p1(t; α11, . . . , α1N1
, α21) = Pr[

✓⑧✿ ✫✌✘⑦✜✼✘❥✽✪✔✗✖✆✚✴✮✰✥❂✘✛✔✗✥✪✚✴✖❥✜✤✥❉✘✛✔✗❃❑★✪✖
t
✔✗✖■✘

(α11, . . . , α1N1
, α21)]

✗ ✬❙✬✪✮✤✘✛✔
~p1(t)

✵✷✔✙✢✰✔✗❖✌✘✛✔✗✥✪✚✆★✪✚✴✮✰✺❘✜✤✺✪✶✷✵✷✶⑨✘✛✫✲▲✳✵❊✿ ✶✷✬✪✖■✘⑦✜✤✬✱✘
t
❨❂✈❡✵❀❖✗✮✰✬✱✘✛✶✷✔✗✬✱✘♠✵✷✔✗✖♠★✪✚✴✮✰✺❘✜✤✺✪✶✷✵✷✶⑨✘✛✫✗✖☞✽✪✔✗✖

2N1+1

✫✌✘⑦✜✼✘✛✖
(α11, . . . , α1N1

, α21)
❨

r✡✘❥❖✤✿ ✔✗✖■✘❥✵❊✿ ✫✗❅✭✥❘✜✼✘✛✶✷✮✰✬❉✖✴✥✪✶❝✢✼✜✤✬✭✘✛✔✾❅✭✥✪✶✕✚✴✫✗❢✰✶❝✘✆✵♥✿ ✫✌✢✱✮✰✵✷✥❂✘✛✶✷✮✰✬❬✽✪✔✾❖✗✔✌✘❥✔✗✖✴★❘✜✤❖✗✔❯✽❀✿ ✫✌✘⑦✜✼✘❥✽✪✶✷✖✴❖✗✚✴✔✌✘❯❹

d

dt
~p1(t) = ~p1(t)M1

✓✕✔✩✢✱✔✗❖✌✘✛✔✗✥✪✚❙✖■✘⑦✜✼✘✛✶✷✮✰✬✪✬❘✜✤✶✷✚✴✔✩❖✗✮✰✚✴✚✴✔✗✖✴★✻✮✰✬✪✽❘✜✼✬✭✘
~w1

❖✗✮✰✬✱✘✛✶✷✔✗✬✭✘❙✵✷✔✌✖❙★✪✚✴✮✰✺❘✜✤✺✪✶✷✵❝✶❝✘✛✫✗✖❄✖■✘⑦✜✼✘✛✶✷✮✰✬✪✬❘✜✤✶✷✚✴✔✗✖❄✽✪✔
❖⑦❫❘✜✤❅✭✥✪✔❯✫✌✘⑦✜✼✘

(α11, . . . , α1N1
, α21)

❨

~w1 =
[

w1(1, . . . , 1) . . . w1(0, . . . , 0)
]

r⑧✬❴✶✷✬✭✘✛✚✴✮✭✽✪✥✪✶✷✖✛✜✤✬✭✘♠✵✷✔✯✬✪✶❝✢✱✔✣✜✤✥❴✽✪✥❴✺✪✥✑✥✉✔✗✚
B1
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P1 (t; α11, . . . , α1N1
, α21; x1) =

Pr[
✬✪✶❝✢✰✔✣✜✤✥❴✽✪✥❉✺✪✥✑✥✉✔✗✚

≤ x1
✔✌✘❥✵❊✿ ✫✌✘⑦✜✼✘✆✽✪✔✗✖✆✚✴✮✰✥❂✘✛✔✗✥✪✚✴✖❥✜✤✥❉✘✛✔✗❃❑★✪✖

t
✔✗✖■✘

(α11, . . . , α1N1
, α21)
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✗ ✬❉✬✪✮✤✘✛✔ ~P1(t, x1)
✵✷✔✲✢✱✔✗❖✌✘✛✔✗✥✪✚❥★✪✚✴✮✰✺❘✜✤✺✪✶✷✵✷✶⑨✘✛✫✯▲✏✵❊✿ ✶✷✬✪✖■✘⑦✜✤✬✱✘

t
❨✪✈❡✵✕❖✗✮✰✬✱✘✛✶✷✔✗✬✭✘✆✵✷✔✗✖♠★✪✚✴✮✰✺❘✜✤✺✪✶✷✵✷✶❝✘✛✫✗✖

P1(t; α11, . . . , α1N1
, α21; x1)

❨
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✽❘✜✤✬✪✖❥✵✷✔✲❖✐❫❘✜✤★✪✶❝✘✛✚✴✔✯✖✴✥✪✚✆✵❛✜✳✚✴✫✗✖✴✮✰✵✷✥❂✘✛✶✷✮✰✬❴✜✤✬❘✜✤✵❝❍✭✘✛✶✷❅✭✥✪✔✯✽✪✥❉❖✣✜✤✖❥❃❈✮✰✬✪✮✼❞❡✺✪✥✑✥✉✔✗✚✯❹

∂

∂t
~P1(t, x1) +

∂

∂x1

~P1(t, x1)D1 = ~P1(t, x1)M1
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D1

❖✗✮✰✬✱✘✛✶✷✔✗✬✱✘♠✵✷✔✗✖✟✫✗✵✷✫✗❃❑✔✗✬✱✘✛✖♠✽✪✔ ~d1
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✽❀✿ ✫✗❅✭✥✪✶✷✵✷✶✷✺✪✚✴✔❥✽✪✔✲✵❊✿ ✫✌✘⑦✜✼✘ ✒❥✺✪✥✑✥✉✔✗✚☞✢✧✶✷✽✪✔✙✔✌✘♠✽✪✚✴✶❝❲ ✘✟✬✪✫✗❢✱✜✼✘✛✶❝❲ ✔✻P❂❖✤✿ ✔✗✖■✘✆✵✷✜❆✽✪✔✗✚✴✬✪✶✷❏✗✚✴✔✲❖✗✮✰✵✷✮✰✬✪✬✪✔✙✽✪✔✲✵❛✜❯❃❄✜✼✘✛✚✴✶✷❖✗✔
Md

1

❹◗▲✏✵❊✿ ✫✗❅✭✥❘✜✼✘✛✶✷✮✰✬❉✖■✘⑦✜✼✘✛✶✷✮✰✬✪✬❘✜✤✶✷✚✴✔✲✖✴✥✪✶❝✢✼✜✤✬✭✘✛✔✏❹

(~P−

1 (C1) − ~P−

1 (0))Θ1 + ~P 0
1 (0)M 0−

1 + ~P−

1 (0)M−−

1 = 0
✡ ✳✧❨ � ☞

✜✣✢✰✔✗❖❑❹
❨ ~P−

1 (C1)
❖✗✮✰✬✭✘✛✶✷✔✗✬✱✘✟✵✷✔✗✖✟★✪✚✴✮✰✺❘✜✤✺✪✶✷✵✷✶⑨✘✛✫✗✖❣✖■✘⑦✜✼✘✛✶✷✮✰✬✪✬❘✜✤✶✷✚✴✔✗✖☞✽✪✔✗✖✟✫✌✘⑦✜✼✘✛✖✟✮✄✂❬✵❛✜❯✢✧✶❝✘✛✔✗✖✴✖✴✔✲✽✪✔✲✚✴✔✗❃❑★✪✵✷✶✷✖✴✖✛✜✤❢✰✔

✽✪✥❴✺✪✥✑✥✉✔✗✚✆✔✗✖■✘✙✬✪✫✗❢✱✜✼✘✛✶❝✢✰✔✯✔✌✘❥✵✷✔✯✬✪✶❝✢✰✔✣✜✤✥❴✽✪✥❴✺✪✥✑✥✉✔✗✚✆✔✗✖■✘
≤ C1

P❘❖✤✿ ✔✗✖■✘✲▲✏✽✪✶✷✚✴✔✯✺✪✥✑✥✉✔✗✚✆✬✪✮✰✬✧❞ ✢✧✶✷✽✪✔✤❨
❨ ~P−

1 (0)
❖✗✮✰✬✭✘✛✶✷✔✗✬✱✘✯✵✷✔✗✖✲★✪✚✴✮✰✺❘✜✤✺✪✶✷✵✷✶⑨✘✛✫✗✖✙✖■✘⑦✜✼✘✛✶✷✮✰✬✪✬❘✜✤✶✷✚✴✔✗✖✙✽✪✔✌✖✯✫✌✘⑦✜✼✘✛✖✯✮✄✂✸✵❛✜❑✢✧✶❝✘✛✔✗✖✴✖✴✔✏✽✪✔✳✚✴✔✗❃❑★✪✵✷✶✷✖✴✖✛✜✤❢✰✔

✽✪✥❴✺✪✥✑✥✉✔✗✚✆✔✗✖■✘✙✬✪✫✗❢✱✜✼✘✛✶❝✢✰✔✯✔✌✘❥✵✷✔✯✺✪✥✑✥✉✔✗✚✆✔✗✖■✘✆✢✧✶✷✽✪✔✤❨
❨ ~P 0

1 (0)
❖✗✮✰✬✱✘✛✶✷✔✗✬✱✘❯✵✷✔✗✖✯★✪✚✴✮✰✺❘✜✤✺✪✶✷✵✷✶❝✘✛✫✗✖✲✖■✘⑦✜✼✘✛✶✷✮✰✬✪✬❘✜✤✶✷✚✴✔✗✖✯✽✪✔✗✖❯✫✌✘⑦✜✼✘✛✖✾✮✄✂❜✵❛✜❬✢✧✶❝✘✛✔✗✖✴✖✴✔❑✽✪✔❈✚✴✔✗❃❑★✪✵✷✶✷✖✴✖✛✜✤❢✰✔

✽✪✥❴✺✪✥✑✥✉✔✗✚✆✬✧✥✪✵✷✵✷✔✲✔✌✘❥✵✷✔✯✺✪✥✑✥✉✔✗✚✆✔✗✖■✘✆✢✧✶✷✽✪✔✤❨
✓✹✜❑❃❄✜❋✘⑦✚✴✶❝❖✗✔

Md
1

❖✣✜✤✚✛✜✤❖✌✘✛✫✗✚✴✶✷✖✴✔❯✽✪✮✰✬✪❖❆✵✷✔✾✖■❍✧✖■✘✛❏✗❃❑✔❆❖✗✮✰❃❑★✻✮✰✖✴✫❯✽✪✔
R11

P✹❨✗❨✗❨❝P
R1N1

P
B1

✔✌✘
R21

❨✻◆✙✔
★✪✵✷✥✪✖❑✽❘✜✤✬✪✖❑❖✗✔✌✘✴✘✛✔✩✚✴✔✗★✪✚✴✫✗✖✴✔✗✬✱✘⑦✜✼✘✛✶✷✮✰✬❀P❣✮✰✬ ✜❪✽✪✶ ✥✉✫✗✚✴✔✗✬✪❖✗✶✷✫❉✵✷✔✗✖❑✫✌✘⑦✜✼✘✛✖❄✽✪✔❴✺✪✥✑✥✉✔✗✚❑✢✧✶✷✽✪✔❴✔✌✘❄✵✷✔✗✖❑✫✌✘⑦✜✼✘✛✖❄✽✪✔
✺✪✥✑✥✉✔✗✚✲✬✪✮✤✬✧❞ ✢✧✶✷✽✪✔✤❨✉❁ ❖✗✔✗✖✲✫✌✘⑦✜✼✘✛✖✲❖✗✮✰✚✴✚✴✔✗✖✴★✻✮✰✬✪✽✪✔✗✬✱✘✾✽✪✔✗✖✲★✪✚✴✮✰✺❘✜✤✺✪✶✷✵✷✶❝✘✛✫✗✖❥✖■✘⑦✜✼✘✛✶✷✮✰✬✪✬❘✜✤✶✷✚✴✔✗✖❥❖✗✮✰✬✱✘✛✔✗✬✭✥✪✔✗✖✾✽❘✜✤✬✪✖
✵✷✔❬✢✰✔✗❖✌✘✛✔✗✥✪✚ ~P d

1

✔✌✘❑✽✪✔✗✖ ✒✾✽✪✚✴✶❝❲ ✘✛✖✙✔ ~dd
1

✜✤✖✴✖✴✮✭❖✗✶✷✫✗✖✗P❤✮✰✬s★✻✔✗✥❂✘❑❖✗✮✰✬✪✖■✘✛✚✴✥✪✶✷✚✴✔❉❖✗✔✗✖✏✢✱✔✗❖✌✘✛✔✗✥✪✚✴✖❄▲✸★❘✜✤✚■✘✛✶✷✚✏✽✪✔
~P tri

1 (0)
P
~wtri

1

✔✌✘ ~dtri
1

❨

~P d
1 =

[

~wtri − ~P tri(0) ~P 0(0) ~P−(0)
] ✡ ✳✧❨ � ☞

~dd
1 =

[

~dtri ~0
] ✡ ✳✧❨ � ☞



✿ ✸ �✂✁ ✁☎✄★✒ ✏✓✕✖✞ � ✞ �✁� ✓ ✁✙✑ ✓ � � ✌ ✠ ✎✣✘ ✂ ✘ ☛ ✟✛✌✏☛ ✤ ✓✣✠ � ✘✛✚ ✎✄✂ ✑ ✠ ☛ �✛✚✜✘ ✓ ✑ � ✌✥✤ ✂ ✁ ✘ ✕ ✘

✜❦✢✰✔✗❖ ~0
✵✷✔✙✢✰✔✗❖✌✘✛✔✗✥✪✚✆✬✧✥✪✵✉✽✪✔✯✽✪✶✷❃❑✔✗✬✪✖✴✶✷✮✰✬❬✵✷✔✲✬✪✮✰❃✳✺✪✚✴✔✲✽❀✿ ✫✌✘⑦✜✼✘✛✖♠✽✪✮✰✬✱✘✆✵❛✜❯✢✧✶❝✘✛✔✗✖✴✖✴✔✯✽✪✔✲✘✛✚✛✜✤✬✪✖■❲❳✔✗✚■✘✆✔✗✖■✘✆✬✭✥✪✵✷✵✷✔

✮✰✥ ✬✪✫✗❢✱✜✼✘✛✶❝✢✰✔✤❨❱r⑧✬ ✔ ✥✉✔✌✘✣P❱✽❘✜✤✬✪✖ ~dd
1

P ~0 ✚✴✔✗★✪✚✴✫✗✖✴✔✗✬✱✘✛✔❙✵❛✜❉✢✧✶❝✘✛✔✗✖✴✖✴✔❙✽✪✔❄✢✼✜✤✚✴✶❛✜✼✘✛✶✷✮✰✬❪✽✪✥ ✬✪✶❝✢✰✔✣✜✤✥ ✽✪✥④✺✪✥✑✥✉✔✗✚
✡❳✽✪✚✴✶❝❲ ✘☎☞❯✽❘✜✤✬✪✖❈✵✷✔✗✖✏✫✌✘⑦✜✼✘✛✖✏✽✪✔❉✺✪✥✑✥✉✔✗✚✏✢✧✶✷✽✪✔✤❨❤❵☞✔✌✘✴✘✛✔❙✢✧✶❝✘✛✔✗✖✴✖✴✔❉✔✗✖■✘❑✽✪✮✰✬✪❖❙❲❳✮✰✚✴❖✗✫✗❃❑✔✗✬✱✘❈✬✭✥✪✵✷✵✷✔✤P❱★✪✥✪✶✷✖✴❅✭✥✪✔❉✖✴✶
✔✗✵✷✵✷✔❆✔✗✖■✘✾★✻✮✰✖✴✶❝✘✛✶❝✢✰✔✤P✉✜✤✵✷✮✰✚✴✖✙✮✰✬✸✖✴✮✰✚■✘✯✽✪✔✏✵❊✿ ✫✌✘⑦✜✼✘✲✽❘✜✤✬✪✖✲✵✷✔✗❅✭✥✪✔✗✵✡✵✷✔❆✺✪✥✑✥✉✔✗✚✯✔✗✖■✘✯✢✧✶✷✽✪✔✳✔✌✘✯✔✗✵✷✵✷✔❆✬✪✔✳★✻✔✗✥❂✘✯q✌✘✛✚✴✔
✬✪✫✗❢✱✜✼✘✛✶❝✢✱✔✯★✪✥✪✶✷✖✴❅✭✥✪✔❯✵✷✔✲✺✪✥✑✥✉✔✗✚❥✔✗✖■✘✆✢✧✶✷✽✪✔ ✡❳✬✪✶❝✢✱✔✣✜✤✥❉✽✪✥❴✺✪✥✑✥✉✔✗✚✆✬✪✮✰✬✧❞❡✬✪✫✗❢✱✜✼✘✛✶❝❲ ☞✐❨

✓✕✔✏✖✛✮✤✥✪✖■❞❡✖■❍✧✖■✘✛❏✗❃❑✔❄✜✤✶✷✬✪✖✴✶✡❃❑✮✭✽✪✫✗✵✷✶✷✖✴✫✳✖✴✔✗✚✛✜❉✥❂✘✛✶✷✵✷✶✷✖✴✫✳✽❘✜✤✬✪✖✾✵❛✜❬❃❑✫✌✘✛❫✪✮✧✽✪✔✏✽❀✿ ✜✤❢✰✚✴✫✗❢✱✜✼✘✛✶✷✮✰✬❜✜☞✌❘✬❪✽✪✔❈✽✪✫✐❞
✘✛✔✗✚✴❃❑✶✷✬✪✔✗✚♠✵✷✔✗✖♠❖✣✜✤✚✛✜✤❖✌✘✛✫✗✚✴✶✷✖■✘✛✶✷❅✭✥✪✔✗✖✆✽✪✥❴✚✴✫✗✖✴✔✣✜✤✥❀❨

✂ ✔✞✝ ✝ ✔✟✎ ✠ ✘ ✖❙✂ ✖✁� ☞ ✂ ✞ ✔ ✂ ☞ ✎✹☛ ✘ ✍
✓✕✔✗✖✲✚✴✫✗✖✴✥✪✵❝✘⑦✜✼✘✛✖✲★✪✚✴✫✗❖✗✫✗✽✪✔✗✬✱✘✛✖✾✬✪✮✰✥✪✖✲★✻✔✗✚✴❃❑✔✌✘✴✘✛✔✗✬✱✘✯✽❀✿ ✫✌✢✤✜✤✵✷✥✪✔✗✚✲✽✪✔✳❃❄✜✤✬✪✶✷❏✗✚✴✔❆✜✤✬❘✜✤✵❝❍✭✘✛✶✷❅✭✥✪✔❆✵✷✔✗✖✲★◗✔✗✚■❲❳✮✰✚①❞

❃❄✜✤✬✪❖✗✔✗✖❆✽❀✿ ✥✪✬ ✖■❍✧✖■✘✛❏✗❃❑✔❄❃❑✮✰✬✪✮✼❞❡✺✪✥✑✥✉✔✗✚✾❃✏✥✪✵⑨✘⑦✶ ❞❡✖✴✮✰✥✪✚✴❖✗✔✗✖✗❨✹✓✕✮✰✚✴✖✴❅✭✥✪✔❄✵✷✔❈✖■❍✧✖■✘✛❏✗❃❑✔❬✔✗✖■✘❯✘✛✚✴✮✰★ ❢✰✚✛✜✤✬✪✽❀P✹✽✪✥
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1/µe

1
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✓✰✮❦✢✧✶✷✔✗✬❜✽✪✔✏❖✗✔❈✖■❍✧✖■✘✛❏✗❃❑✔❈✔✗✖■✘
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❖✗✮✰❃❈❃❑✔✳✔✐✦❂★✪✵✷✶✷❅✭✥✪✫✏✽❘✜✤✬✪✖✾✵❛✜❄✖✴✔✗❖✌✘✛✶✷✮✰✬❜★✪✚✴✫✗❖✗✫✗✽✪✔✗✬✱✘✛✔✰❨❱❵☞✔✐✘✛✘✛✔✏❃❄✜✼✘✛✚✴✶✷❖✗✔
❖✗✮✰✬✭✘✛✶✷✔✗✬✱✘✡✵✷✔✗✖✒✘✛✚✛✜✤✬✪✖✴✶❝✘✛✶✷✮✰✬✪✖✹✔✗✬✱✘✛✚✴✔✟✵✷✔✗✖❱✫✌✘⑦✜✼✘✛✖❱✽✪✥✏✖■❍✧✖■✘✛❏✗❃❑✔✟❖✗✮✰✬✪✖✴✶✷✽✪✫✗✚✴✫✤❨✰❵☞✔✗✖⑧✫✌✘⑦✜✼✘✛✖❱✖✴✮✰✬✱✘✡❖✣✜✤✚✛✜✤❖✌✘✛✫✗✚✴✶✷✖✴✫✗✖✡★❘✜✤✚
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[
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[
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α11...α21

(

C1(w(α11, . . . , α21) − π(C1; α11, . . . , α21)) +

∫ C1

0
xf(x; α11, . . . , α21)dx

)
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0 0 0, 06 0 0, 06 0 0, 09 0, 01
]

r⑧✬✪✖✴✥✪✶❝✘✛✔✤P✱✮✰✬❑❃❄✜✤✬✪✶✷★✪✥✪✵✷✔
M1

✔✌✘
d1

❖✗✮✰❃❑❃❑✔✟✔✐✦❂★✪✵✷✶✷❅✭✥✪✫✆✽❘✜✤✬✪✖❣✵❛✜✯★❘✜✤✚■✘✛✶✷✔♠★✪✚✴✫✗❖✗✫✗✽✪✔✗✬✱✘✛✔✙★✻✮✰✥✪✚❤✮✤✺❂✘⑦✔✌✬✪✶✷✚
✵✷✔❉❢✰✫✗✬✪✫✗✚✛✜✼✘✛✔✗✥✪✚

M tri
1

✔✌✘❑✵✷✔❉✢✰✔✗❖✌✘✛✔✗✥✪✚
dtri

1

P❤✽✪✶ ✥✉✫✗✚✴✔✗✬✪❖✗✶❛✜✤✬✱✘❑✵✷✔✗✖❈✫✌✘⑦✜✼✘✛✖❑✖✴✔✗✵✷✮✰✬ ✵✷✔❉✖✴✶✷❢✰✬✪✔❉✽✪✥ ✽✪✚✴✶❝❲ ✘✣❨ ✗ ✬
✚✴✔✗❃❄✜✤✚✴❅✭✥✪✔✙❅✭✥❀✿ ✶✷✵◗❍❄✜

4
✫✌✘⑦✜✼✘✛✖✟✽❘✜✤✬✪✖☞✵✷✔✗✖✴❅✭✥✪✔✗✵✷✖☞✵✷✔❥✽✪✚✴✶❝❲ ✘☞✔✗✖■✘♠★◗✮✰✖✴✶❝✘✛✶❝❲✕✡❳✵✷✔✙✺✪✥✑✥✉✔✗✚

B1

✖✴✔✲✚✴✔✗❃❑★✪✵✷✶❝✘☎☞✐P
1
✫✌✘⑦✜✼✘

✮✄✂❴✶✷✵❀✔✗✖■✘❥✬✭✥✪✵❊P✪✔✌✘
3
✫✌✘⑦✜✼✘✛✖❥✜✣✢✱✔✗❖✾✥✪✬❴✽✪✚✴✶❝❲ ✘♠✬✪✫✗❢✱✜✼✘✛✶❝❲✗✡❳✵✷✔✯✺✪✥✑✥✉✔✗✚

B1

✖✴✔✯✢✧✶✷✽✪✔✎☞✐❨
◆✲✜✤✬✪✖✯✵✷✔❆✘⑦✜✤✺✪✵✷✔✣✜✤✥✸❖✗✶⑨❞❡✽✪✔✗✖✴✖✴✮✰✥✪✖✗P❀✮✰✬❜✚✴✫✗★✻✔✗✚■✘✛✮✰✚✴✶✷✔✳✵✷✔✗✖✲✫✌✘⑦✜✼✘✛✖✯✽✪✥❜✖✴✮✰✥✪✖①❞❡✖■❍✧✖■✘⑦❏✌❃❑✔❑✫✌✘✛✥✪✽✪✶✷✫✤P✉✚✛✜✤★✪★✻✔✗✵✷✮✰✬✪✖

❅✭✥❀✿ ✶✷✵⑧❲♥✜✤✶❝✘❯✶✷✬✱✘✛✔✗✚■✢✰✔✗✬✪✶✷✚❯✵✷✔✗✖❯✚✴✮✰✥❂✘✛✔✗✥✪✚✴✖
R11

P
R12

✔✌✘
R21

❨✒r⑧✬❪❲❳✮✰✬✪❖✌✘✛✶✷✮✰✬❪✽✪✥④✖✴✶✷❢✰✬✪✔❈✽✪✥④✽✪✚✴✶❝❲ ✘✾✔✌✘✳✽✪✔❑✵❛✜
★✻✮✰✖✴✶❝✘✛✶✷✮✰✬✏✽✪✔✗✖❤✫✌✘⑦✜✼✘✛✖❤✽❘✜✤✬✪✖ ~d1

✮✰✬❑✽✪✫✌✘✛✔✗✚✴❃❑✶✷✬✪✔♠✵✷✔✗✖⑧★✻✔✗✚✴❃✳✥❂✘⑦✜✼✘✛✶✷✮✰✬✪✖⑧▲✯✔ ✥✉✔✗❖✌✘✛✥✪✔✗✚❣★✻✮✰✥✪✚✡✘✛✚✴✮✰✥❂✢✰✔✗✚❤✵✷✔✗✖⑧✫✌✘⑦✜✼✘✛✖
❖✗✮✰✚✴✚✴✔✗❖✌✘✛✔✗❃❑✔✗✬✭✘✆✘✛✚✴✶✷✫✗✖♠✽❘✜✤✬✪✖ ~dtri

1

❨

★✻✮✰✖✴✶❝✘✛✶✷✮✰✬❙✽❘✜✤✬✪✖ ~d1
✫✌✘⑦✜✼✘✆❖✗✮✰✚✴✚✴✔✗✖✴★✻✮✰✬✪✽❘✜✤✬✱✘ ✽✪✚✴✶❝❲ ✘ ★✻✮✰✖✴✶❝✘✛✶✷✮✰✬❙✽❘✜✤✬✪✖ ~dtri

1② ✡①②✰P❝②✰P❝② ☞ � ②
� ✡①②✰P❝②✰P ✶ ☞ ✼ �

� ✡①②✰P ✶ P❝② ☞ ❞ � ✼
� ✡①②✰P ✶ P ✶ ☞ � �

✳ ✡ ✶ P❝②✰P❝② ☞ ❞ � ✵
✸ ✡ ✶ P❝②✰P ✶ ☞ � �

✵ ✡ ✶ P ✶ P❝② ☞ ❞ ✸ ✸
✼ ✡ ✶ P ✶ P ✶ ☞ ✶ ✳

✗ ✬❙★✻✔✗✚✴❃✳✥❂✘✛✔✲✵✷✔✗✖✟✫✌✘⑦✜✼✘✛✖✆✜☞✌❘✬❙✽✪✔✯✚✴✔✗❢✰✚✴✮✰✥✪★◗✔✗✚♠✽❘✜✤✬✪✖♠✵✷✔✙✺✻✮✰✬❙✮✰✚✴✽✪✚✴✔✯✵✷✔✗✖✟✫✌✘⑦✜✼✘✛✖✟✽✪✔✯✽✪✚✴✶❝❲ ✘✟★✻✮✰✖✴✶❝✘✛✶❝❲①P✭✬✧✥✪✵
✔✌✘❥✬✪✫✗❢✱✜✼✘✛✶❝❲①❨ ✗ ✬❉✮✰✺❂✘✛✶✷✔✗✬✱✘✾❹

~dtri
1 =

[

2 8 4 4 0 −6 −2 −2
]

✗ ✬❙✘✛✚✴✶✷✔✯✽✪✔✾✵❛✜✳❃❑q✗❃❑✔✯❃❄✜✤✬✪✶✷❏✗✚✴✔✯✵✷✔✯❢✰✫✗✬✪✫✗✚✛✜✼✘✛✔✗✥✪✚
M tri

1

✔✌✘✆✵✷✔✗✖✆★✪✚✴✮✰✺❘✜✤✺✪✶✷✵✷✶⑨✘✛✫✗✖✟✖■✘⑦✜✼✘✛✶✷✮✰✬✪✬❘✜✤✶✷✚✴✔✗✖
wtri

1

❹

M tri
1 =

























−2.25 0.25 0 0 0 0 1 1
1 −3 1 1 0 0 0 0
0 1 −3 0 1 0 0 1
0 1 0 −3 1 0 1 0
0 0 1 1 −3 1 0 0
0 0 0 0 0.25 −2.25 1 1
1 0 0 0.25 0 1 −2.25 0
1 0 0.25 0 0 1 0 −2.25

























~wtri
1 =

[

0.2 0.05 0.05 0.05 0.05 0.2 0.2 0.2
]
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Md
1

P❂✔✌✘♠★✪✵✷✥✪✖☞★✪✚✴✫✗❖✗✶✷✖✴✫✗❃❑✔✗✬✭✘
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✽✪✔✾✽✪✚✴✶❝❲ ✘♠✬✪✫✗❢✱✜✼✘✛✶❝❲①P✪✵❛✜✳✽✪✶✷❃❑✔✗✬✪✖✴✶✷✮✰✬❙✽✪✔

Θ1

✖✴✔✗✚✛✜❈✽✪✮✰✬✪❖✾✽✪✔
3
❹

~P−

1 (C1) =
[

0.2 0.2 0.2
] ❖✣✜✤✚ ~P (C1) = ~w1

~P−

1 (0) =
[

0.09 0.06 0.06
]

~P 0
1 (0) = 0.0077

◆✙✮✰✬✪❖✾✽❀✿ ✜✤★✪✚✴❏✗✖❥✵❊✿ ✫✗❅✭✥❘✜✼✘✛✶✷✮✰✬ ✡ ✳✧❨ � ☞✙❹

Θ1 =





0.69 0 0
0 0.35 0
0 0 0.35




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M tri

1

✵✷✔✗✖❆✖✴✮✰✥✪✖①❞❡❃❄✜✼✘✛✚✴✶✷❖✗✔✗✖
M++

1

P
M+0

1

P
M+−

1

P
M0+

1

P
M00

1

P
M0−

1

P
M−+

1

P
M−0

1

✔✌✘
M−−

1
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M tri
1 =

























−2.25 0.25 0 0 0 0 1 1
1 −3 1 1 0 0 0 0
0 1 −3 0 1 0 0 1
0 1 0 −3 1 0 1 0
0 0 1 1 −3 1 0 0
0 0 0 0 0.25 −2.25 1 1
1 0 0 0.25 0 1 −2.25 0
1 0 0.25 0 0 1 0 −2.25

























M++
1 =









−2.25 0.25 0 0
1 −3 1 1
0 1 −3 0
0 1 0 −3









M+0
1 =









0
0
1
1









M+−

1 =









0 1 1
0 0 0
0 0 1
0 1 0









M0+
1 =

[

0 0 1 1
]

M00
1 =

[

−3
]

M0−
1 =

[

1 0 0
]

M−+
1 =





0 0 0 0
1 0 0 0.25
1 0 0.25 0



 M−0
1 =





0.25
0
0



 M−−

1 =





−2.25 1 1
1 −2.25 0
1 0 −2.25





✗ ✬❬★✻✔✗✥❂✘✆✜✤✶✷✬✪✖✴✶✻❖✗✮✰✬✪✖■✘✛✚✴✥✪✶✷✚✴✔✙✵✷✔✙❢✰✫✗✬✪✫✗✚✛✜✼✘✛✔✗✥✪✚
Md

1

P✧✵✷✔❥✢✰✔✗❖✌✘✛✔✗✥✪✚♠✽✪✔✲★✪✚✴✮✰✺❘✜✤✺✪✶✷✵✷✶⑨✘✛✫✗✖❣✖■✘⑦✜✼✘✛✶✷✮✰✬✪✬❘✜✤✶✷✚✴✔✗✖ ~P d
1



② ✶ � �✂✁ ✁☎✄★✒ ✏✓✕✖✞ � ✞ �✁� ✓ ✁✙✑ ✓ � � ✌ ✠ ✎✣✘ ✂ ✘ ☛ ✟✛✌✏☛ ✤ ✓✣✠ � ✘✛✚ ✎✄✂ ✑ ✠ ☛ �✛✚✜✘ ✓ ✑ � ✌✥✤ ✂ ✁ ✘ ✕ ✘

✔✗✖■✘✙✵✷✔✲✢✰✔✗❖✌✘✛✔✗✥✪✚✆✢✧✶❝✘✛✔✗✖✴✖✴✔ ~dd
1

✽❀✿ ✜✤★✪✚✴❏✗✖ ✡ ✳✧❨❝② ☞✐P ✡ ✳✧❨ � ☞☞✔✌✘ ✡ ✳✧❨ � ☞✙❹

Md
1 =









































−2.25 0.25 0 0 0 0 1 1 0 0 0 0
1 −3 1 1 0 0 0 0 0 0 0 0
0 1 −3 0 1 0 0 1 0 0 0 0
0 1 0 −3 1 0 1 0 0 0 0 0
0 0 1 1 −3 1 0 0 0 0 0 0
0 0 0 0 0.25 −2.94 1 1 0 0.69 0 0
1 0 0 0.25 0 1 −2.60 0 0 0 0.35 0
1 0 0.25 0 0 1 0 −2.60 0 0 0 0.35
0 0 1 1 0 0 0 0 −3 1 0 0
0 0 0 0 0 0 0 0 0.25 −2.25 1 1
1 0 0 0.25 0 0 0 0 0 1 −2.25 0
1 0 0.25 0 0 0 0 0 0 1 0 −2.25









































~P d
1 =

[

0.2 0.05 0.05 0.05 0.04 0.11 0.14 0.14 0.01 0.09 0.06 0.06
]

~dd
1 =

[

2 8 4 4 0 −6 −2 −2 0 0 0 0
]

✗ ✬ ✬✪✮✤✘✛✔❑❅✭✥✪✔❄✽❘✜✤✬✪✖ ~dd
1

✮✤✬❪✘⑦✚✴✮✰✥❂✢✰✔❑❅✭✥❘✜✼✘✛✚✴✔❄✫✌✘⑦✜✼✘✛✖❯✽✪✔❄✽✪✚✴✶❝❲ ✘❯✬✭✥✪✵❊P✕❖✗✔❄✖✴✮✰✬✱✘✳✵✷✔✗✖❯✫✌✘⑦✜✼✘✛✖❯✽✪✔❑✺✪✥✑✥✉✔✗✚
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✽✪✔✯✢✤✜✤✚✴✶❛✜✼✘✛✶✷✮✰✬❙✽✪✥❉✬✪✶❝✢✱✔✣✜✤✥❉✽✪✥❴✺✪✥✑✥✉✔✗✚✆✔✗✖■✘✆❲❳✮✰✚✴❖✗✫✗❃❑✔✗✬✭✘✆✬✭✥✪✵✷✵✷✔✯✖✴✶✷✬✪✮✰✬❉✮✰✬❉✖✛✮✤✚✴✘✆✽✪✔✾❖✗✔✌✘❥✫✌✘⑦✜✼✘✣❨

r⑧✬✪✖✴✥✪✶❝✘✛✔❆✮✰✬❴✘✛✚✴✶✷✔❯✵✷✔✗✖✙✫✌✘⑦✜✼✘✛✖✲✜✤❖✌✘✛✶❝❲❳✖✙✜☞✌❘✬✩✽✪✔❆✽✪✫✌✘✛✔✗✚✴❃❑✶✷✬✪✔✗✚
λe

1

✔✌✘
µe

1

❨ ✗ ✬✩✢✼✜❄✵✷✔✗✖❥✚✴✔✗❢✰✚✴✮✰✥✪★✻✔✗✚✙✽✪✔❆✵❛✜
❃❑q✗❃❑✔✯❃❄✜✤✬✪✶✷❏✗✚✴✔✯✽❘✜✤✬✪✖

Mpart
1

P
dpart

1

P
wpart

1

✔✌✘
P part

1 (0)
❨

◆✲✜✤✬✪✖✏✵✷✔❄✘⑦✜✤✺✪✵✷✔✣✜✤✥ ❖✗✶ ❞❡✽✪✔✗✖✴✖✛✮✤✥✪✖✣P✡✮✰✬ ✚✴✫✗★✻✔✗✚■✘✛✮✰✚✴✶✷✔❬✵✷✔✗✖✳✫✌✘⑦✜✼✘✛✖✏✽✪✥s✖✴✮✰✥✪✖①❞❡✖■❍✧✖■✘✛❏✗❃❑✔❉✫✌✘✛✥✪✽✪✶✷✫❙✔✗✬s❖✗✮✰✬✪✖✴✶⑨❞
✽✪✫✗✚✛✜✤✬✭✘✯✵❊✿ ✫✌✘⑦✜✼✘✙✢✧✶✷✽✪✔✳✮✰✥✸✬✪✮✰✬♣✢✧✶✷✽✪✔❆✽✪✥❜✺✪✥✑✥✉✔✗✚✗❨❀❚✒✮✰✥✪✚✲✚✴✔✗★✻✫✗✚✴✔✗✚✯✵✷✔✗✖✲✫✌✘⑦✜✼✘✛✖✯✜✤❖✌✘✛✶❝❲❳✖✙✮✰✬✸✥❂✘✛✶✷✵✷✶❝✖✴✔❆✵✷✔✗✖✲✽✪✔✗✥✧✦
❖✗✚✴✶❝✘✛❏✗✚✴✔✗✖✏✫✗✬✪✮✰✬✪❖✗✫✗✖❈✽❘✜✤✬✪✖ ✳✧❨ � ❨ � P❱✮✰✬ ✽✪✫✌✘✛✔✗✚✴❃❑✶✷✬✪✔❬✵✷✔✗✖✏★◗✔✗✚✴❃✏✥❂✘⑦✜✼✘✛✶✷✮✰✬✪✖✳▲✸✔ ✥✉✔✗❖✐✘⑦✥✪✔✌✚❈★✻✮✰✥✪✚✳✘✛✚✴✮✰✥❂✢✰✔✗✚✏✵✷✔✗✖
✫✌✘⑦✜✼✘✛✖✆❖✗✮✰✚✴✚✴✔✗❖✌✘✛✔✗❃❑✔✗✬✭✘❥★❘✜✤✚■✘✛✶❝✘✛✶✷✮✤✬✪✬✪✫✗✖♠✽❘✜✤✬✪✖ ~dpart

1

❨

★✻✮✰✖✴✶❝✘✛✶✷✮✰✬❙✽❘✜✤✬✪✖ ~dtri
1

✫✌✘⑦✜✼✘✆❖✗✮✰✚✴✚✴✔✗✖✴★✻✮✰✬✪✽❘✜✤✬✱✘ ✘❡❍✧★✻✔✾✽✪✔✾✵❊✿ ✫✌✘⑦✜✼✘ ★✻✮✰✖✴✶❝✘✛✶✷✮✰✬❙✽❘✜✤✬✪✖ ~dpart
1② ✡

x1
✽❝②✰P❝②✰P❝② ☞ ✜✤❖✌✘✛✶❝❲ ② �

� ✡
x1

✽❝②✰P❝②✰P ✶ ☞ ✬✪✮✰✬✧❞①✜✤❖✌✘✛✶❝❲ ②
� ✡

x1
✽❝②✰P ✶ P ✶ ☞ ✬✪✮✰✬✧❞①✜✤❖✌✘✛✶❝❲ �

� ✡
x1

✽ ✶ P❝②✰P ✶ ☞ ✬✪✮✰✬✧❞①✜✤❖✌✘✛✶❝❲ �
✳ ✡

x1

✽ ✶ P ✶ P ✶ ☞ ✬✪✮✰✬✧❞①✜✤❖✌✘✛✶❝❲ �

✸ ✡
x1

✽ ✶ P ✶ P❝② ☞ ✜✤❖✌✘✛✶❝❲ ②✰②
✵ ✡

x1

✽ ✶ P❝②✰P❝② ☞ ✜✤❖✌✘✛✶❝❲ ② ✶
✼ ✡

x1
✽❝②✰P ✶ P❝② ☞ ✜✤❖✌✘✛✶❝❲ ✿

✿ ✡ ✶ ✽ ✶ P ✶ P ✶ ☞ ✬✪✮✰✬✧❞①✜✤❖✌✘✛✶❝❲ ✳
② ✶ ✡ ✶ ✽ ✶ P ✶ P❝② ☞ ✬✪✮✰✬✧❞①✜✤❖✌✘✛✶❝❲ ✸
②✤② ✡ ✶ ✽ ✶ P❝②✰P❝② ☞ ✜✤❖✌✘✛✶❝❲ ✼
② � ✡ ✶ ✽❝②✰P ✶ P❝② ☞ ✜✤❖✌✘✛✶❝❲ ✵

~dpart
1 =

[

8 4 4 0 0 0 0 0 −2 −2 −6 2
] ✡ ✳✭❨ ✿ ☞

~P part
1 =

[

0.05 0.05 0.05 0.04 0.01 0.09 0.06 0.06 0.14 0.14 0.11 0.20
]



� ✞✁� ✞ ✘ ✂✂✞☞✌✝✄★✆✟✞ ② ✶ ✳

M
part
1 =











































−3 1 1 0 0 0 0 0 0 0 0 1
1 −3 0 1 0 0 0 0 1 0 0 0
1 0 −3 1 0 0 0 0 0 1 0 0
0 1 1 −3 0 0 0 0 0 0 1 0
0 1 1 0 −3 1 0 0 0 0 0 0
0 0 0 0 0.25 −2.25 1 1 0 0 0 0

0 0.25 0 0 0 1 −2.25 0 0 0 0 1
0 0 0.25 0 0 1 0 −2.25 0 0 0 1
0 0.25 0 0 0 0 0.35 0 −2.60 0 1 1
0 0 0.25 0 0 0 0 0.35 0 −2.60 1 1
0 0 0 0.25 0 0.69 0 0 1 1 −2.94 0

0.25 0 0 0 0 0 0 0 1 1 0 −2.25











































❺❥✮✰✥✪✖✟✜✣✢✱✮✰✬✪✖✟▲❆★✪✚✴✫✗✖✴✔✗✬✱✘♠✺✻✔✗✖✴✮✰✶✷✬❄✽✪✔
Npart

1 = I + Γ−1
1 Mpart

1

✔✌✘✟✽✪✔✙✽✪✥❄✢✱✔✗❖✌✘✛✔✗✥✪✚✟✽✪✔✙★✪✚✴✮✰✺❘✜✤✺✪✶✷✵✷✶⑨✘✛✫✗✖
✖■✘⑦✜✼✘✛✶✷✮✰✬✪✬❘✜✤✶✷✚✴✔✗✖✟❖✗✮✰✚✴✚✴✔✗✖✴★✻✮✰✬✪✽❘✜✤✬✱✘

zpart
1

❨❘◆❆✿ ✜✤★✪✚✴❏✗✖❥✵❛✜✳✽✪✫ ✌❘✬✪✶❝✘✛✶✷✮✰✬❉✽✪✔
Γ1

✔✌✘❥✽✪✔
Npart

1

P✪✮✰✬❪❹

Γ1 =









































3 0 0 0 0 0 0 0 0 0 0 0
0 3 0 0 0 0 0 0 0 0 0 0
0 0 3 0 0 0 0 0 0 0 0 0
0 0 0 3 0 0 0 0 0 0 0 0
0 0 0 0 3 0 0 0 0 0 0 0
0 0 0 0 0 2.25 0 0 0 0 0 0
0 0 0 0 0 0 2.25 0 0 0 0 0
0 0 0 0 0 0 0 2.25 0 0 0 0
0 0 0 0 0 0 0 0 2.60 0 0 0
0 0 0 0 0 0 0 0 0 2.60 0 0
0 0 0 0 0 0 0 0 0 0 2.94 0
0 0 0 0 0 0 0 0 0 0 0 2.25









































Npart
1 =









































0 0.33 0.33 0 0 0 0 0 0 0 0 0.33
0.33 0 0 0.33 0 0 0 0 0.33 0 0 0
0.33 0 0 0.33 0 0 0 0 0 0.33 0 0
0 0.33 0.33 0 0 0 0 0 0 0 0.33 0
0 0.33 0.33 0 0 0.33 0 0 0 0 0 0
0 0 0 0 0.11 0 0.44 0.44 0 0 0 0
0 0.11 0 0 0 0.44 0 0 0 0 0 0.44
0 0 0.11 0 0 0.44 0 0 0 0 0 0.44
0 0.10 0 0 0 0 0.13 0 0 0 0.38 0.38
0 0 0.10 0 0 0 0 0.13 0 0 0.38 0.38
0 0 0 0.09 0 0.24 0 0 0.34 0.34 0 0

0.11 0 0 0 0 0 0 0 0.44 0.44 0 0








































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zpart
1 =

[

0.13 0.13 0.13 0.07 0.00 0.53 0.24 0.24 0.13 0.13 0.11 0.13
]
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λe

1

❢✰✚✛⑥✤❖✗✔✲▲❆✵❊✿ ✫✗❅✭✥❘✜✼✘✛✶✷✮✰✬ ✡ ✳✧❨✷✳ ☞❤✔✌✘✆✜✤✥✧✦❄✖✴✮✰✥✪✖①❞❡❃❄✜✼✘✛✚✴✶✷❖✗✔✗✖
MB

1

P
NBcB

1

✔✌✘
zBc

1

❹

MB
1 =

















−3 1 1 0 0 0
1 −3 0 1 0 0
1 0 −3 1 0 0
0 1 1 −3 0 0
0 1 1 0 −3 1
0 0 0 0 0.25 −2.25

















NBcB
1 =

















0 0.11 0 0 0 0.44
0 0 0.11 0 0 0.44
0 0.10 0 0 0 0
0 0 0.10 0 0 0
0 0 0 0.09 0 0.24

0.11 0 0 0 0 0

















zBc

1 =
[

0.13 0.13 0.13 0.07 0 0.53
]
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Re

1

❹

1/λe
1 = 0.78
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µe

1
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MBc

1

P
NBBc

1

✔✌✘
zB
1

❨

MBc

1 =

















−2.25 0 0 0 0 1
0 −2.25 0 0 0 1

0.35 0 −2.60 0 1 1
0 0.35 0 −2.60 1 1
0 0 1 1 −2.94 0
0 0 1 1 0 −2.25

















NBBc

1 =

















0 0 0 0 0 0.33
0 0 0.33 0 0 0
0 0 0 0.33 0 0
0 0 0 0 0.33 0
0 0 0 0 0 0

0.44 0.44 0 0 0 0

















zB
1 =

[

0.24 0.24 0.13 0.13 0.11 0.13
]
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Re

1

❹

1/µe
1 = 1.88
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Re

1
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U e
1
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(0; 1, 0, 1)
P
(0; 0, 1, 1)

P
(x1; 1, 0, 1)

P
(x1; 0, 1, 1)

P
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(x1; 0, 0, 1)
P
(x1; 1, 1, 1)
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❨

X1 = 4
✦

0.06 + 4
✦

0.06 + 6
✦

0.14 + 6
✦

0.14 + 6
✦

0.11 + 6
✦

0.20 = 3.99

●❂✜✤❖⑦❫❘✜✤✬✭✘✩❅✭✥✪✔
Re

1

✜s✵✷✔❜❃❑q✗❃❑✔❜✽✪✫✗✺✪✶❝✘✩❅✭✥✪✔
R21
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★✪✚✴✮✰✺❘✜✤✺✪✶✷✵✷✶⑨✘✛✫✲✖■✘⑦✜✼✘✛✶✷✮✰✬✪✬❘✜✤✶✷✚✴✔✲✽❀✿ q✌✘✛✚✴✔✾✽❘✜✤✬✪✖✆✵❊✿ ✫✌✘⑦✜✼✘ ✗ ❺ ✔✗✖■✘ λe

1

µe
1
+λe

1

P◗✜✤✵✷✮✰✚✴✖✲❹

U e
1 = X1

µe
1 + λe

1

λe
1
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Re

1

❹
❞

1/λe
1 = 0.78❞

1/µe
1 = 1.88❞

U e
1 = 5.65
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


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a11 a12 · · · a1n❨❨❨ ❨❨❨ ❨ ❨ ❨ ❨❨❨
am1 am2 · · · amn




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B =







b11 b12 · · · b1q❨❨❨ ❨❨❨ ❨ ❨ ❨ ❨❨❨
bp1 ap2 · · · bpq
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
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C = A ⊗ B =
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a11B a12B · · · a1nB❨❨❨ ❨❨❨ ❨ ❨ ❨ ❨❨❨
am1B am2B · · · amnB
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A =
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a11 a12

a21 a22
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
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b11 b12 b13

b21 b22 b23

b31 b32 b33
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C =

[

a11B a12B
a21B a22B

]

=

















a11b11 a11b12 a11b13 a12b11 a12b12 a12b13
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a11b31 a11b32 a11b33 a12b31 a12b32 a12b33

a21b11 a21b12 a21b13 a22b11 a22b12 a22b13

a21b21 a21b22 a21b23 a22b21 a22b22 a22b23

a21b31 a21b32 a21b33 a22b31 a22b32 a22b33
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








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
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P1 (αA) ⊗ B = A ⊗ (αB) = α(A ⊗ B)
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✽✪✔✗✥✧✦❜✜✤✥❂✘✛✚✴✔✗✖

❃❄✜✼✘✛✚✴✶✷❖✗✔✗✖♠✽✪✔✾❃❑q✗❃❑✔✯✽✪✶✷❃❑✔✗✬✪✖✴✶✷✮✰✬❀P✪✜✤✵✷✮✰✚✴✖✯❹
(A + B) ⊗ (C + D) = A ⊗ C + A ⊗ D + B ⊗ C + B ⊗ D

P3 (A ⊗ B) ⊗ C = A ⊗ (B ⊗ C)
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n
✦
p
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In
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Ip
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n
✦
n
✔✌✘

p
✦
p
❨
Inp = In ⊗ Ip = Ip ⊗ In

P5 (AC) ⊗ (BD) = (A ⊗ B)(C ⊗ D)

P6
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n
✦
n
✔✌✘

p
✦
p
✜✣✢✱✔✗❖

spect(A) = λ1, . . . , λn

✔✌✘
spect(B) = µ1, . . . , µp
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spect(A ⊗ B) = {λiµj | i = 1 . . . n; j = 1 . . . p}
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xi ⊗ yj
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yj
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µj
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A = [aij]
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B = [bij]
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C = A ⊕ B = A ⊗ Ip + In ⊗ B

✚ ☎ ☎ ✞✡✚✗�✖☎
�
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A
✔✌✘

B
✽✪✔✾✵❊✿ ✔✐✦❂✔✗❃❑★✪✵✷✔✲★✪✚✴✫✗❖✗✫✗✽✪✔✗✬✱✘

✔✗✖■✘✙✫✗❢✱✜✤✵✷✔✯▲❉❹

















a11 + b11 b12 b13 a12 0 0
b21 a11 + b22 b23 0 a12 0
b31 b32 a11 + b33 0 0 a12

a21 0 0 a22 + b11 b12 b13

0 a21 0 b21 a22 + b22 b23

0 0 a21 b31 b32 a22 + b33
















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~x
✔✌✘

~y
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n
✔✐✘

p
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~x ⊕ ~y = ~x ⊗ ~1p +~1n ⊗ ~y

✮✄✂ ~1p

✔✌✘ ~1n

✖✴✮✰✬✭✘❥✽✪✔✗✖♠✢✰✔✗❖✌✘✛✔✗✥✪✚✴✖✙✵✷✶✷❢✰✬✪✔✗✖✟✥✪✬✪✶❝✘⑦✜✤✶✷✚✴✔✗✖♠✽✪✔✾✽✪✶✷❃❑✔✗✬✪✖✴✶✷✮✰✬✪✖✟✚✴✔✗✖✴★✻✔✗❖✌✘✛✶❝✢✰✔✗✖
p
✔✌✘

n
❨

✚ ☎ ☎ ✞✡✚✗�✖☎
�

●✧✶
~x =

[

x1 x2

] ✔✌✘
~y =

[

y1 y2 y3

] P◗✜✤✵✷✮✰✚✴✖✲❹

~x ⊕ ~y =
[

x1 x2

]

⊗
[

1 1 1
]

+
[

1 1
]

⊗
[

y1 y2 y3

]

=
[

x1 + y1 x1 + y2 x1 + y3 x2 + y1 x2 + y2 x2 + y3

]
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✺✪✥✑✥✉✔✗✚✆❃❄✜✤✬❘✜✤❢✰✔✗❃❑✔✗✬✱✘✆✖■❍✧✖■✘✛✔✗❃❴❨❤✈❡✬ ✠ ✩✪✆✑✄✝☛✝☛✪✣✛✒ ✢ ✄ ✏ ✆✠✟ ✁ ✡✠☛ ✄ ✂ ✂ ✂ ✄ ✍ ✄ ✄ ✞ ✄ ☛♣P✉② ✿ ✿ ✼ ❨
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❃✳✥✪✬✪✶✷❖✣✜✼✘✛✶✷✮✰✬✪✖⑧✬✪✔✌✘✝✻✟✮✰✚ ✓✭✖✗❨ ✄ ✂ ✄ ✞ ✂ ✝✗✩ ✁✛✢✎✏ ✁✥✄ ✁ ✒ ✆✟✢✎✏ ✆✟✢ ✞ ✆ ☎ ☎ ✞ ✢✠✒ ✄✪✁ ✁ ✒ ✆✟✢✎✏✌P✰r ✵ ✳✤❷ ❹❝② � ✸ ✸ ✫
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✍ ✑❯●✪❵ ✑ ✿ ✸ ✒ ❇✏❨ ✑✯✔✗✖✴✶✷✽✪✶✷✖✗P✧❁❆❨✪●✧✶✷✬✪❢✰❫❀P✧◆❆❨✪❵☞❫✪✔✗✥✪✬✪❢✪P✪✜✤✬✪✽ ✏ ❨✟✏ ❨ ✑ ✻✟✮ ✓◗❨✒③❘✔✣✜✤✖✴✶✷✺✪✶✷✵❝✶⑨✘①❍✏✮✤❲✟✽❘✥✪✶✷✽✧❞❡✽✪✚✴✶❝✢✱✔✗✬
✖✴✶✷❃✳✥✪✵❛✜✼✘✛✶❝✮✰✬✳❲❳✮✰✚❤❁⑧❧❥❭ ✬✪✔✌✘✰✻☞✮✰✚ ✓◗❨❀✈❡✬ ✠ ✩✪✆✑✄✝☛✝☛✪✣✛✒ ✢ ✄ ✏ ✆✠✟ ✁ ✡✠☛ ✄ ✂ ✂ ✂ � ✘✜✆ ✠ ☛✝✄✝✆ ☎✏P✤✢✱✮✰✵✷✥✪❃❑✔ � P
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✍ ✑ ✏ ✿✰�☞✒ ❇✏❨ ✑✯✔✗✖✴✶✷✽✪✶✷✖❱✜✤✬✪✽❈❩❂❨ ✏④✜✤✵✷✚✛✜✤✬✪✽❀❨ ✴✲✥✪✶❝❖ ✓✯✖✴✶✷❃✏✥✪✵❛✜✼✘✴✶✷✮✤✬❯✮✤❲❘❁⑧❧❥❭ ✺✪✥✑✥✉✔✗✚✴✖ ✻✆✶❝✘✛❫❆✮✰✬✧❞❡✮ ✥❑❃✳✥✪✵❝✘✛✶ ❞
❖✗✵❛✜✤✖✴✖❣❭✩✜✤✚ ✓✤✮❦✢ ✽❘✥✪✶✷✽✏✖✴✮✰✥✪✚✴❖✗✔✗✖✗❨ ☛ ✆ ✣✥☛✓✘✚✒ ✢ ✄✦✁✛✢ ✣ ✞ ✆ ☎ ☞ ✞ ✁ ☛✓✩ ✂ ✒ ☎ ✞ ✘ ✁ ✁ ✒ ✆✟✢❘P � ✡ � ☞❤❹ � ✸ ✿ ✫ � ✵✧✸❂P
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② � ②
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