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Introduction et présentation des résultats
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4.3. Une représentation probabiliste des constantes du théoreme de
renouvellement de Kesten 21
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transientes de vitesse nulle 23

1.1. Motivations et applications. Les milieux aléatoires constituent un mo-
dele permettant de décrire des phénomenes de diffusion et de transport en milieux
inhomogenes, possédant néanmoins des propriétés de régularité a grande échelle
(statistique). Depuis leur apparition, 1’étude des phénomenes aléatoires en milieu

1. Marches aléatoires en milieu aléatoire

aléatoire intéresse physiciens théoriciens, biologistes et mathématiciens.
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Les milieux aléatoires sont liés a des modeles utilisés notamment par les physi-
ciens de la matiere molle pour les polymeres et les gels ; on se reportera a De Gennes
[28] pour 'un des premiers modeles de ce type. Les modeéles multi-dimensionnels
étant souvent hors de portée, on se ramene a 1’étude de modeles simplifiés : les
marches aléatoires en milieu aléatoire, par la présence méme de “pieges” (aussi ap-
pelées “trappes”) présentent les mémes types de phénomeénes que les modeles multi-
dimensionnels. Il y a deux sources d’aléa : le mouvement de la particule (correspon-
dant a 'agitation thermique) et le milieu, qui dicte les regles de déplacement. La com-
binaison de ces deux aléas de natures différentes fait que les marches aléatoires en mi-
lieu aléatoire exhibent des propriétés asymptotiques surprenantes et tres différentes
de la marche aléatoire simple.

Les marches aléatoires en milieu aléatoire uni-dimensionnelles ne constituent pas
qu'un modele jouet. Le modele est introduit, en 1967, par le biophysicien Chernov
[22], soucieux de comprendre les mécanismes de duplication de I’ADN et de dom-
mages causés a 'ADN. En 1972, Temkin [111] reprend le modele motivé par des
problemes de génétique et de métallurgie, notamment pour traiter la cinétique des
transitions de phase dans des alliages.

On peut présenter le modele de la fagon informelle suivante :

— Premierement, on associe un taux de saut aléatoire w, € |0, 1[ & chaque site

x € 7. La famille de coefficients obtenue est appelée environnement ou milieu.

— Deuxieémement, la réalisation de I’environnement étant fixée, on considere une

particule partant de 0 au temps 0. Alors, au temps 1, la particule saute en 1
avec probabilité wg et en —1 avec probabilité 1 — wy. Et ainsi de suite si, au
temps n, la particule visite le site x, elle saute, au temps n + 1, en x + 1 avec
probabilité w, et en x — 1 avec probabilité 1 — w,.

1—wy wo 1—w, w,
VAR VAR NN
-1 0 1 r—1 = xz+1

Fi1G. 1. Probabilités de transition.

Ces dernieres années, le modele a bénéficié d'un regain d’intéréts en biologie
moléculaire, dii a I'explosion de techniques monomoléculaires pour explorer la ma-
tiere biologique. En contraste avec des expériences plus traditionnelles, ces nouvelles
approches permettent d’accéder aux variations a 1’échelle de la molécule, sans avoir
besoin de faire la moyenne sur un échantillon macroscopique. Citons Lubensky et
Nelson [75] qui s’intéressent, d’un point de vue théorique, a des expériences de micro-
manipulation réalisées par Essevaz-Roulet, Bockelmann et Heslot [43]. Ils analysent
la séparation d’un double brin d’ADN grace a des micro-pinces. Le nombre de bases
rompues est modélisé par une marche aléatoire en environnement aléatoire, dont le
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role est joué par l’énergie libre du double-brin d’ADN (celle-ci est aléatoire car la
séquence des bases A-T et G-C est supposée aléatoire). Récemment, Monasson et
Cocco [23] étudient le nombre de trajectoires d’une marche aléatoire dans un envi-
ronnement aléatoire transiente a considérer pour reconstruire ’environnement. On
renvoit & Le Doussal, Monthus et Fisher [74] et la bibliographie associée en ce qui
concerne les résultats obtenus par les physiciens théoriciens.

1.2. Le modele uni-dimensionnel. On définit les marches aléatoires en mi-
lieu aléatoire uni-dimensionnelles, qui font I'objet principal de ce manuscrit, de la

facon suivante.

DEFINITION 1.1. Soit w = (w,)zez une famille de variables aléatoires indépen-
dantes et identiquement distribuées a valeurs dans ]0,1[. On appelle w I’ environ-
nement. Etant donné une réalisation de 'environnement w = (wy)zez, on appelle
marche aléatoire en milieu aléatoire la chaine de Markov (X,)n>o0 définie par Xo =0
et pour n > 0 par

P,(Xpm=2z4+1|X,=2)=w,=1-P,(Xpmu=2—-1|X,=1x).

On note P la loi de Uenvironnement et P, la lot de la marche aléatoire dans [’envi-
ronnement aléatoire w, appelée loi quenched. Enfin on note P et appelle loi annealed
la moyenne de la loi quenched sur tous les environnements, i.e. P(-) := [ P,(-)P(dw).

Remarquons que si la loi de wy est une masse de dirac, alors (X,,),>0 correspond
a la marche aléatoire simple. C’est pourquoi nous éviterons ce cas dégénéré dans la
suite.

Le terme quenched, qui est associé a la loi de la marche aléatoire condition-
nellement a l’environnement, signifie “trempé” dans la terminologie issue de la
métallurgie. La loi quenched a la propriété d’étre markovienne, mais n’est pas in-
variante par translation. La loi annealed (“recuite”), quant a elle, est invariante
par translation mais non-markovienne. Nous verrons que les comportements de la
marche aléatoire sous la loi quenched et sous la loi annealed dépendent fortement
de la loi P de I'environnement.

Dans la partie suivante, nous verrons que les marches aléatoires en milieu aléatoire
ont des propriétés tres différentes de la marche aléatoire simple. Nous y rappe-
lons les principaux résultats historiques concernant les marches aléatoires en milieu
aléatoire uni-dimensionnelles et soulignons ainsi la richesse des comportements en
milieu aléatoire, richesse résultant de la compétition entre les deux sources d’aléa :
I’environnement et 1'agitation thermique.
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2. Rappel de certains résultats connus

2.1. Récurrence-transience et loi des grands nombres. En 1975, Solomon
[102] obtient un critere de récurrence-transience pour les marches aléatoires en milieu
aléatoire. Définissons pg := (1—wy)/wp. Solomon montre que, dans le cas ou E[log py |
est défini, la marche aléatoire est récurrente si et seulement si £[log py | = 0. De plus,
il établit une loi des grands nombres : il existe une vitesse v € [—1, 1], ne dépendant
que de la loi de I’environnement, telle que, P-presque stirement,

Xn
— —, n — 00,
n
ou v vérifie e
TH >0 si Blp] < 1,
v:=2¢ 0 si (Elpg'])™" <1< Elpo),
Elpy']-1 . 11\ —
E{ZS% <0 si(Elpg' )t > 1.

On remarque notamment qu’il est possible que la marche aléatoire en milieu
aléatoire soit transiente et de vitesse nulle, contrairement a la marche aléatoire
simple. Le caractere sous-diffusif de la marche dans ce cas sera étudié plus en détails
dans les sous-sections 2.3 et 4.4.

2.2. Casrécurrent : marche de Sinai et localisation. Dans le cas récurrent,
Sinai [98] montre, en 1982, que la marche aléatoire en milieu aléatoire est nettement
plus lente que la marche aléatoire simple. Avant de préciser le résultat obtenu par
Sinai, nous donnons les hypotheéses (ne concernant que ’environnement) sous les-
quelles la marche aléatoire en milieu aléatoire est appelée marche de Sinai : il existe
0 > 0 tel que

(1.1) PO<w<1-68) = 1,
(1.2) Ellog(> —) ~ o,
(1.3) o= Var[log(1 ;Owo)] > 0.

La premiere est une hypothese technique, la seconde assure que la marche aléatoire
en milieu aléatoire est récurrente d’apres le critere de Solomon [102] et la troisieme
permet d’éviter le cas de la marche aléatoire simple. Alors, sous les hypothese (1.1)-
(1.3), Sinai [98] montre que

2 Xn loi

— boo, n — oo,

log®n
ol b, est une variable aléatoire non-dégénérée et non-gaussienne, qui ne dépend pas
de la loi de 'environnement. En 1986, Golosov [51] et Kesten [69] explicitent la loi
de cette variable aléatoire. Il est intéressant d’observer que la renormalisation en
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log® n contraste avec le comportement asymptotique de la marche aléatoire simple
en y/n, dans le cas récurrent.

Par ailleurs, la démonstration de Sinai fait apparaitre un processus qui ne dépend
que de l'environnement w et appelé potentiel. Ce potentiel, noté V = (V(x),x € Z),
est défini par :

S log(i%)  sio> 1,

V(z) = 0 Sz=0,
— S0 log(E2) i< -1,

j Xn

E

=

)

=]

{ T i

I\iu1||\'\|llluhllmim|\lln|mﬁlml|uulm,uh‘milhilhildﬁj‘lk n

Fi1Gc. 2. Potentiel donné a gauche et marche aléatoire en milieu
aléatoire associée a droite (cas récurrent).

Il s’avere que cette fonctionnelle de 'environnement joue le role d’une énergie
en physique. Plus précisément, le caractere sous-diffusif démontré par Sinai dans le
cas récurrent est di a ’existence de puits de potentiel, correspondant a des minimas
locaux pour le processus (V(z),z € Z). On parle de wallées piégeant la marche
aléatoire (X, )n>0, voir la Figure 2. En outre, Golosov [50] précise ce phénomene en
donnant des estimées précises concernant la localisation de la marche de Sinai dans
une vallée donnée. Nous renvoyons a Bovier et Faggionato [14] pour une analyse
spectrale de la marche de Sinai, permettant de raffiner le théoreme de Sinai.

2.3. Cas transient de vitesse nulle. Le comportement de la marche aléatoire

en milieu aléatoire dans le cas transient de vitesse nulle a été précisé par Kesten,
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Kozlov et Spitzer [70], qui considerent le cas transient vers +oo. Ils introduisent un
processus de branchement en milieu aléatoire avec immigration, qui tient compte des
deux sources d’aléa (I’environnement et le mouvement de la marche aléatoire) et uti-
lisent un résultat de renouvellement sophistiqué, du a Kesten [68], faisant apparaitre
I'indice k tel que E [pf] = 1. Il s’avere que cet indice détermine le comportement
asymptotique de la marche aléatoire en milieu aléatoire. Avant de donner le théoreme
correspondant, nous énoncons les hypotheses faites par Kesten, Kozlov et Spitzer,
que nous reprendrons dans les sous-sections 4.3 et 4.4 :

(a) il existe 0 < k < 1 pour lequel E [pf] =1 et E [p§log™ py] < oo,

(b) la loi de log py est non-arithmétique.
Le comportement de la marche aléatoire en milieu aléatoire dans le cas transient de
vitesse nulle est alors décrit par le résultat suivant.

THEOREME 1.1 (Kesten, Kozlov et Spitzer [70]). Sous les hypothéses (a)—(b), on
a les convergences en loi suivantes :

lim P{n"r(n) <z} = L(2),
lim P{n "X, <z} = 1- L (z71%),

ot Ly(-) est la fonction de répartition d’une loi stable complétement asymétrique
d’indice k (L, est concentrée sur [0,00)).

Remarquons que, comme la marche aléatoire en milieu aléatoire est transiente vers
400, la convergence en loi de n™"X,, est une conséquence de la convergence en loi
de n=Y*7(n). De plus, les trois auteurs obtiennent un comportement en n/logn
dans le cas k = 1 et traitent les fluctuations dans le cas balistique correspondant
a k > 1. Ce travail a été récemment étendu a des environnements markoviens par
Mayer-Wolf, Roitershtein et Zeitouni [80].

2.4. Temps local, sites favoris et concentration. Ayant observé des phé-
nomenes de ralentissement, dus a la localisation de la marche aléatoire en milieu
aléatoire au fond de vallées, il parait naturel de s’intéresser au temps local. Le temps
local en x au temps n, noté L(n,x), correspond au nombre de visites de la marche
aléatoire au site x avant le temps n et est défini par

Ln,z) = #{0<i<n: X;=uzx}, n>0,xeZ.

Grace au phénomene de localisation, on peut raisonnablement penser que le maxi-
mum du temps local de la marche aléatoire en milieu aléatoire, défini par
L*(n) := maxL(n,z), n >0,
TEL
sera considérablement plus grand que celui de la marche aléatoire simple. Dans ce
sens, Révész [88], pour un environnement particulier, et Shi [93], sous les hypotheses
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(1.1)-(1.3), montrent que

L*
lim sup (n)

n—oo n

=c >0, P-p.s.

En outre, le comportement asymptotique en ” lim sup” du maximum du temps local

est étudié par Gantert et Shi [45] dans le cas transient. La ” liminf” dans le cas
récurrent est obtenue par Dembo, Gantert, Peres et Shi [30], qui montrent que

L*(n

lim inf (n)

=cy >0, P-p.s.,
n—oo n/logyn

ou log ;) désigne la j-eme itérée de la fonction logarithme. La méme question dans
le cas transient reste un probleme ouvert.

Par ailleurs, Hu et Shi [59] caractérisent les classes de Lévy du temps local dans le
cas récurrent grace a des tests intégraux. Dans [60], ils traitent également le probleme
des sites favoris (ou sites les plus visités), que 'on définit par

(1.4) V(n) = {x€Zy: Ln,x)=L"(n)}, n > 0.

IIs prouvent notamment que le processus défini par le maximum (ou l'infimum) de
V(n) est transient vers +oo.

Andreoletti [3] s'intéresse a la propriété de concentration de la marche de Sinai,
en regardant la longueur ¢ suffisante pour que la marche de Sinai passe infiniment
souvent plus de la moitié de son temps dans un intervalle de taille 2¢. Il obtient
aussi, pour tout 0 < § < 1, I'existence d’une longueur ¢(/3) telle que

sup,ez L (n, [z — £(5), 2 + £(B)])

(1.5) lim sup >, P-p.s.,
n—oo n
ot L(n, A) := > ., L(n,z), pour tout sous-ensemble A de Z. Ce résultat confirme,

encore une fois, I'importance du phénomene de localisation mis en exergue par Sinai
[98]. Grosso modo, I'intervalle de longueur 2¢ concerné correspond a un voisinage du
fond de la vallée la plus profonde visitée par la marche aléatoire.

2.5. Grandes déviations. L’étude des grandes déviations traite le compor-
tement asymptotique de la probabilité de certains évenements rares, i.e. dont la
probabilité tend vers 0, du type P{X,,/n € A} ou P,{X,/n € A}.

En 1994, Greven et den Hollander [52] démontrent, pour les marches aléatoires
en milieu aléatoire, un principe de grandes déviations sous la loi quenched, i.e. condi-
tionnellement a l’environnement. Il est intéressant de noter que la fonction de taux
obtenue est déterministe, i.e. ne dépend pas de la réalisation de ’environnement.

Grace a une approche différente, Comets, Gantert et Zeitouni [24] obtiennent, en
plus, un principe de grandes déviations sous la loi annealed et établissent 1’existence
d’un principe de grandes déviations fonctionnel. Ils prouvent notamment que les
fonctions de taux sous les lois quenched et annealed different des lors que la fonction
de taux sous la loi annealed est non-nulle. Observons que Dembo, Gantert, Peres
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et Zeitouni [31] montrent que ce résultat n’est plus vrai dans le cas des marches
aléatoires sur un arbre aléatoire.

Citons, entre autres, [32], [37], [46], [47], [82] et [83] pour une littérature plus
détaillée concernant les grandes déviations. Nous renvoyons a [52] et [34] pour des
questions encore ouvertes a propos de grandes déviations pour les marches aléatoires

en milieu aléatoire uni-dimensionnelles.

3. Trois autres modeéles

3.1. Diffusions dans un potentiel aléatoire. En 1985, Schumacher [92] in-
troduit un équivalent continu a la marche aléatoire en milieu aléatoire. Etant donnée
la réalisation d’un processus (V(z), = € R), on appelle diffusion aléatoire dans le
potentiel V la diffusion vérifiant X'(0) = 0 et définie comme la solution formelle de
I’équation différentielle stochastique

1
dXt = d/@t - §V/(Xt)dt,

ou (3, t > 0) désigne un mouvement brownien indépendant de V. Observons que si
V n’est pas dérivable I’équation différentielle précédente n’admet qu’un sens formel.
En réalité, on définit, plus rigoureusement, la diffusion aléatoire X dans le potentiel
V, cadlag et localement bornée, comme le processus de Markov, dont le générateur

1 V(x) d V() d
2¢  dz \© de ) -

De la méme fagon que I'on peut construire la marche aléatoire simple (récurrente)

infinitésimal est donné par

a partir du mouvement brownien par l'argument de Skorokhod, Schumacher [92]
montre qu’il est possible de construire la marche de Sinai a partir d’une diffusion
dont le potentiel aléatoire est défini par V(x) := 0siz € [0,1), V(z) := >, log 1;?’
siz €n,n+1lavecn > let V(x) := Z?:nH

ol (wj)iez désigne l'environnement associé a la marche de Sinai. Etant donnée la

1—w
Wi

log =%t siz € [n,n+ 1] avec n < —1,
diffusion aléatoire X associée a ce potentiel, on considere la suite de temps d’arrét
définie par po := 0 et

pn = nf{t > p,—1: |X(t) = X(tn-1)| =1}, n>1.

Introduisons également la fonction d’échelle associée a X, a V fixé (i.e. a w fixé),
définie par A, := [; €V dy pour tout z réel. On peut alors écrire

. : A — A
Py AR (o) = i+ 1 () = 1) = L g
i+1 — A1
Autrement dit, le processus (X (i) ; n > 0) est distribué comme la marche de Sinai
(X, ; n > 0). En outre, Schumacher montre que (ft, — ftn—1)n>1 est une famille de

variables aléatoires indépendantes et identiquement distribuées ayant méme loi que
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inf{t > 0: |By| = 1}, ou B désigne le mouvement brownien standard. Comme nous
savons, de plus, que p; admet un moment exponentiel fini et est de moyenne égale
a 1, la loi des grands nombres nous dit que u, = n, presque surement. On peut
ainsi s’intéresser au comportement de la marche de Sinai en étudiant le processus
X (n) par des méthodes de calcul stochastique. Un grand nombre de résultats récents
concernant les marches aléatoires en milieu aléatoire utilisent ce genre de techniques.
Citons, entre autres, Hu [56], [57], Hu et Shi [58], [59], [60], Shi [93] et Singh [100].

En utilisant un argument de type Donsker, on constate que le potentiel d’une
marche aléatoire en milieu aléatoire peut, sous de bonnes hypotheses, étre vu asymp-
totiquement comme un mouvement brownien avec ou sans drift. C’est pourquoi il

_k

2
W désigne un mouvement brownien indépendant de 3 et k € R. Brox [16] est le

parait judicieux d’étudier la diffusion & dans le potentiel W, (z) := W (x) — £z, on
premier, en 1986, a s’intéresser a un tel processus dans le cas particulier ou kK = 0.
Il montre que le comportement asymptotique de ce processus est le méme que ce-
lui de la marche de Sinai. Par ailleurs, Kawazu, Tamura et Tanaka [65] et Hu [57]
obtiennent des résultats de localisation analogues a ceux de Golosov. Comme Kes-
ten, Kozlov et Spitzer, Kawazu et Tanaka [66] traitent le cas transient (k # 0). Ces
résultats sont précisés par les travaux de Kawazu et Tanaka [67], Tanaka [110] puis
Hu, Shi et Yor [61]. Nous renvoyons a Taleb [109] pour ce qui concerne l'étude des
grandes déviations, a Devulder [36] pour I’étude du maximum du temps local et
a Cheliotis pour des précisions concernant la localisation [19] ainsi que I’étude des
sites favoris [20].

Des diffusions dans d’autres types de potentiels sont également étudiées. Nous
citons, entre autres, Carmona [17], Cheliotis [21], Kawazu, Tamura et Tanaka [65],
Mathieu [77], [78], [79] et Singh [99], [101].

3.2. Le modele multi-dimensionnel. Contrairement au cas uni-dimension-
nel, dont la littérature est abondante, il y a peu d’articles avant 1998 concernant
les marches aléatoires en milieu aléatoire multi-dimensionnelles, nous renvoyons a
Bricmont et Kupiainen [15], Kalikow [64] et Lawler [73]. Une difficulté importante
dans I’étude de ce modele résulte de son caractére non-reversible et du fait qu’on
ne dispose que de tres peu de formules explicites. En particulier, il n'y a pas de
formule permettant de décrire le comportement balistique ou non de la marche
aléatoire, comme celle démontrée par Solomon [102] dans le cas d = 1. Au cours
des dernieres années, le domaine a connu un considérable regain d’intéréts et des
avancées considérables, cf. [8], [10], [11], [26], [27], [84], [85], [86], [87], [91], [97], [103],
[104], [105], [106], [107], [108], [112], [113], [114], [115], [116], [117]. Des progres ont
notamment été réalisés concernant le comportement balistique et les propriétés de
grandes déviations associées et concernant des lois du 0-1.
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3.3. Marches aléatoires en paysage aléatoire. Les marches aléatoires en
paysage aléatoire constituent une classe de processus stationnaires admettant une
riche diversité de comportements asymptotiques. Le modele peut étre décrit de la
fagon suivante : étant donnée une chaine de Markov portée par un espace d’états
S, il est possible d’associer un champs aléatoire a cet espace d’états, appelé paysage
aléatoire. Au fur et a mesure que la marche aléatoire évolue, elle observe le paysage
du site qu’elle visite.

On définit le modele uni-dimensionnel en considérant une marche aléatoire sur
Z, notée S = (S,, n > 0), et une famille de variables aléatoires indépendantes et
identiquement distribuées, notée £ = (&, = € Z) et indépendante de S. La marche
aléatoire en paysage aléatoire est alors définie par

Y=Y &(S), n>0.
=0

Ce processus est également appelé marche aléatoire en paysage aléatoire de Kesten-
Spitzer. On peut en faire l'interprétation suivante : si un marcheur doit payer &,
a chaque fois qu’il visite le site x, alors Y,, correspond a la quantité totale qu’il a
payée pendant l'intervalle de temps [0,n]. Une remarque importante dans ’étude
des marches aléatoires en paysage aléatoire consiste a observer que 1'on peut, dans
un certain sens, dissocier les deux sources d’aléa en réécrivant Y, en fonction du
temps local de S. En effet, il est facile de voir que

Ynzzgx[/(n,x), n >0,
z€Z
ou, exceptionnellement ici, L(n,x) désigne le temps local de la marche aléatoire S
au site x et au temps n, et non pas le temps local de la marche aléatoire en milieu
aléatoire.

En 1979, ce modele est introduit et étudié par Kesten et Spitzer [71] pour les di-
mensions d = 1 et d > 3 (la définition est analogue dans le cadre multi-dimensionnel).
Ils prouvent, en dimension d = 1, que si S et £ appartiennent aux domaines d’at-
traction de lois stables d’indice « et  respectivement, alors il existe d, fonction de
a et 3, tel que n™? Y|ni converge faiblement. Dans le cas simple ot o = 8 = 2, ils
montrent que

law

(N Y, 0<t<1) 25 (At); 0<t < 1),

N

ol « 2% 7 désigne la convergence en loi (dans un certain espace fonctionnel; par
exemple 'ensemble des fonctions bornées sur [0, 1] muni de la topologie uniforme). Le
processus (A(t), t > 0), appelé mouvement brownien en paysage aléatoire, est défini
par A(0) =0 et A(t) := [, 0(t,x) dW (z) pour t > 0, ou (W(x); z € R) désigne un
mouvement brownien réel et ({(¢,x), t > 0,z € R) la version bicontinue du temps
local d'un mouvement brownien (B(t),t > 0), indépendant de (W(x); x € R).
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Notons également qu’en 1979, Borodin analyse les cas de la marche aléatoire simple
récurrente [13] et transiente [12].

Bolthausen [7] étudie le cas de la dimension d = 2. Il montre que, si S est
une marche aléatoire récurrente et si & est de moyenne nulle et de variance finie,
alors (nlogn)~2Y],, satisfait un théoréme de la limite centrale fonctionnel. Nous
renvoyons a Den Hollander et Steif [35] pour un “survey” récent concernant les
marches aléatoires en paysage aléatoire et a Asselah et Castell [4] pour des résultats
de grandes déviations dans le cas de dimensions d > 5.

4. Présentation des résultats

4.1. Un paradoxe lié a la localisation pour la marche de Sinai. Le
deuxieme chapitre de ce manuscrit est consacré a la résolution dune conjecture
d’Erdos et Révész [42] (rappelée dans [89]) initialement posée pour la marche aléa-
toire simple. Ce travail a été réalisé en collaboration avec Zhan Shi, et a été accepté
pour publication & Annals of Probability [95]. 11 s’agit de savoir si le fait que la marche
passe quasiment tout son temps sur Z, implique que les sites favoris appartiennent
également a Z, . Pour préciser ce probleme, introduisons d’abord la notion de suite
positive : une suite (aléatoire) d’entiers 0 < n; < ng < ... est appellée suite positive
pour la marche aléatoire si

lim #{0<i<m: X; >0} _

k—o0 Nk

1.

Du fait que la marche de Sinai est connue pour un phénomene de localisation forte,
les sites favoris doivent étre situés au fond de la vallée du potentiel dans laquelle
la marche a passé presque tout son temps. Il est alors naturel de penser que, le
long d’'une suite positive, les vallées qui piegent la marche aléatoire, et donc les
sites favoris, sont portés par Z, . Rappelons que 'ensemble des sites favoris V(n) est
défini en (1.4). Nous pouvons maintenant formuler rigoureusement la conjecture de

la manieére suivante.

PROBLEME 1.1. Est-il vrai que, P-presque strement, pour toute suite positive
(ng), on ait V(ng) C Zy pour tout k assez grand ?

Cependant le comportement de la marche aléatoire peut étre tout autre : nous
obtenons le résultat suivant.

THEOREME 1.2. Sous les hypothéses (1.1)—(1.3),

P{V suite positive (n), on ait V(ng) C Z,, pour k assez grand} = 0.

En fait, la raison pour laquelle I'heuristique précédente est incorrecte est que méme
si la marche est fortement localisée au fond d’une vallée, il se peut qu’il y ait un
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grand nombre de sites au voisinage du fond de cette vallée. Dans ce cas, aucun site
n’est nécessairement favori, car le temps passé au fond de la vallée est partagé entre
tous ces sites.

4.2. Limites supérieures de la marche de Sinai en paysage aléatoire. Le
troisieme chapitre de ce manuscrit concerne une conjecture de Révész ([90], p. 353)
sur la marche de Sinai en paysage aléatoire. Des problemes combinant environnement
aléatoire et paysage aléatoire ont déja été étudiés pour des modeles plus généraux.
Par exemple, remplagant Z par un groupe dénombrable, Lyons et Schramm [76]
obtiennent, sous certaines conditions, I'existence d’une mesure stationnaire du point
de vue de la particule, pour la marche aléatoire en environnement aléatoire et paysage
aléatoire. Quant a Haggstrom [53], puis Haggstrom et Peres [54], ils utilisent ce
modele pour traiter des problemes de percolation. Voyant la percolation comme un
paysage aléatoire, ils considerent I’environnement aléatoire déterminé par ce paysage
et construisent la marche aléatoire en milieu aléatoire associée, qu’ils étudient afin
d’obtenir des informations sur ’environnement, i.e. 'amas de percolation.

Pour introduire le modele de marche de Sinai en paysage aléatoire, nous consi-
dérons d’abord la marche de Sinai (X, n > 0) sous les hypotheses (1.1)—(1.3) et
rappelons les notations P, et P associées respectivement a la loi quenched et a
la loi annealed. Comme dans la sous-section 3.3, on considere une famille de va-
riables aléatoires indépendantes et identiquement distribuées pour définir le paysage
aléatoire, noté & = (&, = € Z). On suppose, de plus, que & est indépendant du couple
(w, (Xy)n>0)- On note alors (Z,, n > 0) la marche de Sinai en paysage aléatoire
définie par

Zy=> &Xi), nx>0.
=0

Comme précédemment, remarquons que Z,, peut étre réécrit en terme du temps local
de la marche de Sinai
(1.6) Zy =Y &) L(n,x),  n>0.
z€Z,

Dans un certain sens, on dissocie ainsi les deux sources d’aléa liées a la marche de
Sinai et au paysage aléatoire.

On s’intéresse ici au comportement de la limite supérieure de (Z,,/n, n > 0) dans
le cas ot le support de la loi de & est borné supérieurement, i.e. a := esssup &y < 00.
Nous rappelons ici la propriété de concentration d’ordre 5 démontrée par Andreoletti
[3], déja précisée en (1.5),

s SUPcz L (0 [z = £(9) 2+ (9))

n—~0o0 n

Z /8a ]P)_p's'

Le cas ou (3 est tres proche de 1 associé au caractere “i.i.d.” du paysage aléatoire
nous permet de formuler la conjecture de Révész ([90], p. 353) : 'hypothese a :=
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esssup & < oo implique-t-elle que, P ® Q-presque strement,
lim sup Zn =a”?
n—oo N

Il s’avere que la conjecture n’est vérifiée que si 'on fait une hypothese supplé-
mentaire. En effet, une étude fine de la compétition entre propriété de concentration
pour la marche de Sinai et records négatifs pour le paysage aléatoire nous permet
d’obtenir le théoréme suivant [118], qui donne une solution au probléme en fonction
du comportement asymptotique de la queue de distribution de &, := max{—¢,0}.

THEOREME 1.3. Supposons (1.1)—(1.3) et a := esssup &y < o0.
(i) Si Q{&; > A} < W, pour un certain € > 0 et tout X assez grand, alors

Zn
P@Q{limsup? :a} =1

n—oo

(i) Si Q{& > A} > W, pour un certain € > 0 et tout A assez grand, alors

En fait, il est possible de donner plus de précisions dans le cas (i7). En effet, on

peut montrer que, si Q{§; > A} > m, pour un certain a < 2, alors on a que
lim, e n "ot Z, = —00, P® Q-presque siirement, pour tout ¢’ > 0. Par ailleurs, le

cas € = () reste une question ouverte.

4.3. Une représentation probabiliste des constantes du théoreme de
renouvellement de Kesten. Le quatrieme chapitre de ce manuscrit est un travail
réalisé en collaboration avec Nathanaél Enriquez et Christophe Sabot [41].

En 1973, Kesten publie un papier célebre [68] concernant le comportement de la
queue de distribution de séries de renouvellement de la forme )., A; ... A;_1B;, ou
(A;)i>0 est une suite de matrices aléatoires d x d positives et iid., et (B;)i>1 une suite
de vecteurs aléatoires i.i.d. de RY. Son résultat montre que la queue de distribution
d’une projection quelconque de ce vecteur aléatoire est équivalente a C't™", quand ¢
tend vers I'infini et ou C et x sont des constantes positives. La constante x est définie
comme la solution de I’équation k(s) = 1, avec k(s) := lim, o E[|| A1 ... A, ||*]"/™

Méme si nous nous intéressons ici au cas uni-dimensionnel, mentionnons la
généralisation du résultat de Kesten dans le cas multi-dimensionnel, récemment ob-
tenue par de Saporta, Guivarc’h et Le Page [29].

En dimension 1, Goldie [48] se passe de 'hypothese de positivité et simplifie la
preuve de Kesten. En outre, il obtient une formule pour la constante implicite C' de
Kesten dans le cas particulier ou A; est positif et x entier. En 1991, Chamayou et
Letac [18] montrent qu’en dimension d = 1, si A; a méme loi que (1 — X;)/X;, ou
X; suit une loi Beta sur (0, 1), alors la loi de la série elleeméme peut étre calculée
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de telle sorte que la constante C' est explicite. On peut alors se poser la question
suivante. Comment peut-on évaluer la constante C'?

Dans ce travail, nous considérons le cas d = 1 et supposons que : p; = A; est
une famille de variables aléatoires i.i.d., B; = 1 et quil existe x tel que E[p}] = 1.
On suppose, de plus, une condition d’intégrabilité et que la loi de logp;, qui a
une moyenne négative sous les hypotheses précédentes, est non-arithmétique. On
s'intéresse alors a la série

Ri:1+zpl"'0k-

Ces hypotheses impliquent que la queue de distribution de la série de renouvellement
est équivalente a C'xt™", quand ¢ tend vers I'infini. Notre but ici est de donner une
repésentation probabiliste de la constante Ck.

En outre, ce travail est relié a I’étude de marches aléatoires en milieu aléatoire
uni-dimensionnelles. Dans [70], Kesten, Kozlov et Spitzer montrent, en utilisant le
résultat de Kesten [68], que si la marche aléatoire en milieu aléatoire transiente est de
vitesse nulle, alors son comportement dépend d’un indice £ < 1 : la marche aléatoire

K
1/k converge en loi vers C), (si) ,ou S, est
K

en milieu aléatoire X, renormalisée par n
une variable aléatoire stable completement asymétrique d’indice k. Cependant, ils
n’obtiennent pas d’expression explicite de C,. Dans [40], nous obtenons une expres-
sion explicite, soit en fonction de la constante de Kesten C'x lorsqu’elle est connue,
soit en fonction de I'espérance d’une série aléatoire lorsque C'x n’est pas connue.
Pour cela, nous avons besoin d’estimer le comportement de la queue de distribution
d’une variable aléatoire intimement reliée a la série aléatoire R. Ceci est le second
objectif de ce quatrieme chapitre.

Soyons plus précis et considérons une famille de variables aléatoires positives
i.i.d. (p;)iez de loi Q = u®Z. On associe a la suite (p;)icz le potentiel (V},)rez défini
par

Y iy log py, sin>1,
V, = 0 sin=0,
— Zg:nH logpr, sin < -—1.

Notons p une variable aléatoire de loi . On suppose alors que la loi p vérifie

(a) il existe x > 0 pour lequel E#[p"] = 1 et E#[p"log™ p] < o0,

(b) la loi de log p est non-arithmétique.

On appelle S le maximum absolu de (Vj)g>0, défini par S := max{Vj, k > 0}.

Des résultats classiques de théorie des fluctuations [44] donnent le comportement

de la queue de distribution de S :

Pe{e® >t} ~ Cpt™",
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quand t — oo, ou
1 — EQ[e"V (k)]

KE#[p* log p|E9 [T} ]
On introduit maintenant la variable aléatoire R, qui nous intéresse, définie par

R = Zev".

n>0

C%wﬁz

On remarque alors que R satisfait ’équation de renouvellement

R 4R,

ol p est une variable aléatoire de loi p, indépendante de R. Dans [68], Kesten montre
(en fait, son résultat est plus général et concerne le cas multi-dimensionnel) qu’il
existe une constante positive C'x telle que

PR >t} ~ Cxt™",

quand t — oo. Le but de chapitre est d’obtenir une expression de cette constante
en terme de l'espérance d’une variable aléatoire simple. A cet effet, on a besoin
d’introduire une certaine transformée de Girsanov de Q). Grace a I'hypothese (a), on
peut définir

fe=p"p,
ainsi que Q =: 4®%. On définit alors M par

(17) M= S ey S e

k<0 k>0

ol (Vi )k<o est distribué sous Q{-|Vx > 0,Vk < 0} et indépendant de (Vj)r>0, qui est
distribué sous Q{:|Vi > 0,Vk > 0}. On a le résultat suivant qui donne une expression
probabiliste de C'x en fonction de E[M*], qui est fini.

THEOREME 1.4. Sous les hypothéses (a)-(b), on a le résultat suivant
PR >t} ~ Ckt™",

quand t — o0, 01
Cx = CrE[M"].

4.4. Lois limites pour les marches aléatoires en milieu aléatoire tran-
sientes de vitesse nulle. Le cinquieme chapitre de ce manuscrit est un travail
réalisé en collaboration avec Nathanaél Enriquez et Christophe Sabot [40]. II cor-
respond a une nouvelle démonstration du théoreme obtenu par Kesten, Kozlov et
Spitzer [70] dans le cas non-balistique. En utilisant le potentiel associé a I’environn-
ment w, nous obtenons une expression du parametre de la loi stable limite. En outre,
cette expression est explicite dans le cas d’environnements de Dirichlet.
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La preuve présentée ici choisit une approche radicalement différente de celles
utilisées dans [70] et [80]. Alors que les preuves de [70] et [80] sont basées sur
une représentation de la trajectoire de la marche aléatoire en termes de processus
de branchement en milieu aléatoire (avec immigration), notre approche repose sur
Iinterprétation faite par Sinai d’une particule dans un potentiel aléatoire. Cepen-
dant, dans le cas récurrent, le potentiel concerné correspond a une marche aléatoire
récurrente et Sinai introduit une notion de vallée qui n’a plus de sens dans notre
contexte, ou le potentiel est une marche aléatoire (disons négativement) biaisée. On
introduit alors une notion de vallée différente, qui est étroitement liée aux excursions
de cette marche aléatoire au dessus de son minimum passé. Par ailleurs, Iglehart [63]
donne un équivalent de la queue de distribution de la hauteur de ces excursions. Dans
un premier temps, on prouve que ’étude du temps d’atteinte du niveau n peut étre
réduite a celle du temps mis par la marche aléatoire en milieu aléatoire pour gravir
les hautes excursions du potentiel au dessus de son minimum passé entre 0 et n.
Comme ces hautes excursions sont bien séparées en espace, on peut montrer qu’elles
admettent une propriété “i.i.d.” Du coup, le probleme peut étre réduit a I’étude de
la queue de distribution du temps mis par la marche aléatoire pour gravir une telle
excursion.

Il s’avere que cette queue de distribution fait apparaitre ’espérance d’une fonc-
tionnelle d'un certain méandre associé a la marche aléatoire qui définit le potentiel.
En outre, 'espérance de cette fonctionnelle est, elle-méme, reliée a la constante du
théoreme de renouvellement de Kesten [68]. Ces deux derniers résultats sont conte-
nus dans le chapitre 4. Enfin, dans le cas ou les probabilités de transition suivent une
loi Beta, un résultat de Chamayou et Letac [18] donne une expression explicite de
cette constante, qui nous permet d’obtenir une formule explicite pour le parametre
de la loi stable limite.

Avant d’énoncer les principaux résultats de ce chapitre, nous introduisons cer-
taines notations. Le temps d’atteinte 7(x) du site  pour la marche aléatoire (X,,, n >
0) est défini par

T(z) :=inf{n >1: X,, =z}, x€Z.

Pour « € (0, 1), on note S&* une variable aléatoire stable completement asymétrique
d’indice «, ayant pour transformée de Laplace

Ele™ 5] = ¢,

pour A > 0. On introduit, de plus, la constante C décrivant le comportement de la
queue de distribution de la série de renouvellement de Kesten, voir [68], définie par

R = Zkzo eV (k) .

P{R>x}~%, T — 00.
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, . N loi s . .
On a alors le résultat suivant, ou le symbole “—” désigne la convergence en loi.

THEOREME 1.5. Soitw := (w;, i € Z) une famille de variables aléatoires indépen-
dantes et identiquement distribuées telle que

(a) il eziste 0 < r < 1 pour lequel E [pf] =1 et E [pflog™ po] < o0,

(b) la loi de log py est non-arithmétique.
Alors on a, quand n tend vers linfini,

7T/$2 K
2 (TSl oem]) S

sin(mk)

T(n) loi
nl/k

Xn loi sin(7k) ( 1 )“

—
ne 26k2C% Ephy log po] \ 8¢

Le Théoreme 1.5 est vraiment intéressant lorsque C'i est explicitement connue.
Par exemple, dans le cas d’environnements de Dirichlet, i.e. les environnements dont
la loi satisfait w;(dz) = B(;’ﬁ) 271 — 2)P 1y (2) dz, ot o, B > 0 et B(a, 8) ==
fol 27 (1 —2)° 15 (x) dz, le Théoréme 1.5 peut étre nettement plus explicite. Les

hypotheses du Théoreme 1.5 correspondent aux cas ou 0 < o — 8 < 1 et un rapide
calcul montre que Kk = a — .

COROLLAIRE 1.1. Dans le cas d’environnements w tels que wy suit une [oi
Beta(a, 3) avec 0 < a — 3 < 1, le Théoreme 1.5 s’applique avec k = o — (3. Alors
on a, quand n tend vers l’infini,

(1) 1o T V() = (B)\ 7 e
nl/x 2<sin(7r(a—/5)) B(a, B)? ) ®

Ko i salrlo - 9) _BlafP_ (1)
w T e ga) - () \SF)
— "2

ot 1 désigne la fonction Digamma définie par 1(z) = (logI')'(z) = Ok

Si C'k est inconnue, il est possible de donner une repésentation probabiliste du pa-
rametre caractérisant la loi stable limite. En réalité, on montre d’abord le Théoreme
1.6 qui suit, puis on en déduit le Théoreme 1.5.

Avant dénoncer le Théoreme 1.6, on introduit le premier record négatif du po-
tentiel défini par

ey :=inf{k > 0: V(k) <0}.

Remarquons que des résultats classiques de théorie des fluctuations (voir [44], p. 396),
garantissent que sous les hypotheses (a)-(b) du Théoreme 1.5, on a

Ele;] < 0.
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On introduit, en plus, la loi classique P associée au potentiel (V(z),z € Z) sous
P vu comme une marche aléatoire ( cette loi est notée °P dans [44], p. 406). A cet
effet, si u désigne la loi de log po, alors grace a ’hypothese (a) du Théoreme 1.5 on
peut définir la loi i = pfu et la loi P = %% qui correspond & la loi d’une suite de
variables aléatoires i.i.d. de loi fi. La définition de s implique que [ logp fi(dp) > 0.

THEOREME 1.6. Soitw := (w;, i € Z) une famille de variables aléatoires indépen-
dantes et identiquement distribuées satisfaisant les hypothéses (a)—(b) du Théoréme
1.5. Alors on a, quand n tend vers l’infini,

7(n) i 9 m  E[M®)? (1 — E[erV(e)])? %Sca
nt/x sin(m—c) E[61]2 E[p'g log pO] K

Xo 10 sin(mk) Elei*  E[p§log po] 1\"
—
nk 26 E[M*)? (1 — ElerV(e)])2 \ Sea

ou M a la loi de ’exponentielle d’un méandre définie par
loi ! v
M = e Ve + E e Vi,
k<0 k>0

avec (V)peo sous P{-|V] > 0,Vk < 0} et indépendant de (V)0 sous P{-|V}' >
0, Vk > 0}.

REMARQUE 1.1. Lorsque Ck n’est pas explicite, il est plus intéressant d’utili-
ser lexpression du parametre de la loi stable limite en termes de E[M"], qui peut
facilement étre estimé numériquement.
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CHAPTER 2

A weakness in strong localization for Sinai’s walk

Sinai’s walk is a recurrent one-dimensional nearest-neighbour random walk in
random environment. It is known for a phenomenon of strong localization, namely;,
the walk spends almost all time at or near the bottom of deep valleys of the potential.
Our main result shows a weakness of this localization phenomenon: with probability
one, the zones where the walk stays for the most time can be far away from the sites
where the walk spends the most time. In particular, this gives a negative answer to a
problem of Erdés and Révész [42], originally formulated for the usual homogeneous
random walk.
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The material of this chapter is a joint work with Z. Shi and has been accepted
for publication in Annals of Probability [95].

1. Introduction

Let w = (wy, € Z) be a collection of independent and identically distributed
random variables taking values in (0,1). The distribution of w is denoted by P.
Given the value of w, we define (X,,, n > 0) as a random walk in random environ-
ment (RWRE), which is a Markov chain whose distribution is denoted by P,. The
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transition probabilities of (X,,, n > 0) are as follows: for x € Z,
P,(Xpy=z+1|X,=2)=w,=1-PF, (Xpuu=2-1|X,=2x).

We denote by P the joint distribution of (w, (X,)).
Throughout the paper, we assume that there exists 0 < § < % such that

(2.1) P(0<wy<1-9)=1,

and that

(2:2) Ellog(L—2)] — o,
wo

(2.3) 0% = Var[log(l — u)O)] > 0.
Wo

Assumption (2.1) is a commonly adopted technical condition, and can for example
be replaced by the existence of exponential moments of log(%). It implies that,
P-as., [log(1=20)| < M :=log(45?). Condition (2.2) ensures, according to Solomon
[102], that for P-almost all w, (X,,) is recurrent, i.e., it hits any site infinitely often.
Finally, (2.3) simply excludes the case of a usual homogeneous random walk.

Recurrent RWRE is known for its slow movement: indeed, under (2.1)—(2.3), it is
proved by Sinai [98] that X,,/(logn)? converges in distribution to a non-degenerate
limit. Recurrent RWRE will thus be referred to as Sinai’s walk. We will from now
on assume (2.1)—(2.3).

For an overview of RWRE, see Zeitouni [113]. Although the understanding of
one-dimensional RWRE reached a high level in the last decade, there are still some
important questions that remain unanswered. See den Hollander [34] for those con-

cerning large deviations.

Let
(2.4) En,z) = #{0<i<n: X;=uz}, n>0, z€Z,
(2.5) V(n) := {x €Z: &n,x)= meazxﬁ(n,y)} : n > 0.

In words, £(n,x) records the number of visits at site x by the walk in the first n
steps, and V(n) is the set of sites that are the most visited. Note that V(n) is not
empty. Following Erdds and Révész [42], any element in V(n) is called a “favourite
site”.

The basic question we are addressing is: if we know that the walk spends almost
all time in Z,, does it imply that favourite sites would also lie in Z, 7

To formulate the problem more precisely, let us introduce the notion of “positive
sequence”: a (random) sequence 0 < n; < ng < ... of positive numbers is called a
“positive sequence” (for the walk (X)) if
(2.6) lim #{Ogignk:Xi>0}:

k—oo N

1.
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In words, the walk spends an overwhelming time in Z, along any positive sequence.

PROBLEM 2.1. Is it true that P-almost surely for any positive sequence (ny), we
have V(ng) C Zy for all large k?

Problem 2.1 was raised by Erdés and Révész [42] (also stated as Problem 10 on
page 131 of Révész [89]), originally formulated for the usual homogeneous random
walk.

It turns out for the homogeneous walk that the answer is no. Roughly speaking,
it is because there is too much “freedom” for the homogeneous walk, so that with
probability one, it is possible to find a (random) positive sequence along which the
walk does not spend much time in any of the sites of Z, — typically, the homogeneous
walk makes excursions in Z, without spending much time in any sites of Z,, thus
the favourite sites are still in Z_.

When the environment is random, there is a phenomenon of strong localization
(Golosov [50]); indeed, Sinai’s walk spends almost all time at the bottom of some
special zones, called (deep) “valleys”. If we know that Sinai’s walk spends almost all
time in Z, , then these deep valleys are likely to be located in Z, , and the favourite
sites — which should be located at or near to the bottom of these deep valleys —
would also lie in Z,. In other words, due to strong localization, it looks natural to
conjecture that the answer to Problem 2.1 would be yes.

However, things do not go like this. Here is the main result of the paper.

THEOREM 2.1. Under assumptions (2.1)—(2.3),

P {V positive sequence (ny), we have V(n;) C Z, for all large k} = 0.

The reason for which the aforementioned heuristics are wrong is that even though
Sinai’s walk is strongly localized around the bottom of deep valleys, it can happen
that a (relatively) big number of sites are around the bottom. In such situations,
none of these sites is necessarily favourite, since the visits are shared more or less
equally by all these sites.

The main steps in the proof of Theorem 2.1 can be briefly described as follows.

Step A. For P-almost all environment w, we define a special sequence, denoted
by (mg)r>1. This is the starting point in our construction of a positive sequence
(ng) such that for any k, V(ng) C Z_.

We mention that the special sequence (my) depends only on the environment.

Step B. Based on the special sequence (my) and on the movement of the walk,
we construct in Section 4 another sequence (ng). We prove that (ny) is a positive
sequence for (X,,), i.e., condition (2.6) is satisfied.
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Step C. Let (ny) be the positive sequence constructed in Step B. We prove in
Section 5 that P-almost surely for all large k, V(ny) C Z_.

Clearly, Steps B and C together yield Theorem 2.1.

The rest of the paper is organized as follows. In Section 2, we present some
elementary facts about Sinai’s walk. These facts will be frequently used throughout
the paper. A detailed description of Step A is given in Section 3, but the proof of
the main result of the section, Proposition 2.1, is postponed to Section 6. Sections
4 and 5 are devoted to Steps B and C, respectively. Finally, in Section 7, we make
some comments on the concentration of Sinai’s walk.

We use C; (1 < i < 22) to denote finite and positive constants.

2. Preliminaries on Sinai’s walk

We list some basic estimates about hitting times and excursions of Sinai’s walk.

In the study of Sinai’s walk, an important role is played by a process called
the potential, denoted by V' = (V(z), € Z). The potential is a function of the
environment w, and is defined as follows:

> log(+52) siaz>1,
V(:L’) = O Si T = 07
~30 o log(le) siz < —1

By (2.1), we have |V (z) = V(z — 1)| < M for any z € Z.
2.1. Hitting times. For any x € Z, we define
(2.7) T(z) :=min{n >1: X, =z}, min () := co.

(Attention, if Xy = x, then 7(z) is the first return time to x.) Throughout the paper,
we write P%(-) := P,(-| Xo = x) (thus P? = P,) and write E for expectation with
respect to P?.

It is known (Zeitouni [113], formula (2.1.4)) that for r < z < s,

(2.8) P {r(r) <7(s)} = iev(j) <iev(j)) :

The next lemma, which gives a simple bound for the expectation of 7(r) A7(s) when
the walk starts from a site « € (r, s), is essentially contained in Golosov [50].

LEMMA 2.1. For any integers r < s, we have

(2.9) max E7 [7’(7’) 1{T(r)<7(s)}] < (s—7r)*exp { max (V (i) — V(]))] )

z€(r, 8)NZ r<i<j<s
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PRrROOF. Given {7(r) < 7(s)}, the walk does not hit site s during time interval
[0,7(r)]. Therefore, 7(r) under P*{ - | 7(r) < 7(s)} is stochastically smaller than
the first hitting time of site r by a walk starting from s with a reflecting barrier (to
the left) at site s. The expected value of this latter random variable is, according
to (A1) of Golosov [50], bounded by (s — r)? exp{max,<;<j<s(V (i) — V(j))}. This
yields the lemma. ([

We will also use the following estimate borrowed from Lemma 7 of Golosov [50]:
for £ > 1 and x < y,

(2.10) P2 < 0) < o (- maxlViy - 1) - V(9]).
r<i<y

Looking at the environment backwards, we get: for / > 1 and w < «,

(2.11) Po{r(w) <} </l exp (— max V(w+1)— V(z)]) .

2.2. Excursions. We quote some elementary facts about excursions of Sinai’s
walk (for detailed discussions, see Section 3 of [30]). Let b € Z and x € Z, and
consider &(7(b), ) under P°. In words, we look at the number of visits to  of the
walk (starting from b) at the first return to b. Then there exist constants Cy, Cy
and C5 such that

(2.12) Cre VOOl < By [(r(b), )] < Cpe” VYO,
and that

(2.13) Var® [£(7(), z)] < Cs |2 — b| exp (max V(y) — V(:)s)]) e V@-vEel

b<y<z

where maxy<,<, should be replaced by max,<,<; if x < b.

3. Step A: a special sequence

Recall the constant § from condition (2.1). We write

3
Cy = %
For any 7 > 0, we define
(2.14) EHG) = min{n>0: V(n) > g},
(2.15) b*(j) := min {n >0: V(n)= 0<£§ﬁ(j) V(l’)} :
Similarly, we define
(2.16) d™(j) = max{n<0: V(n)=j},

(2.17) () = max{ngo: V(n)= min V(a:)}.
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In the next sections, we will be frequently using the following elementary estimates:
for any € > 0, P-almost surely for all large 7,

(2.18) TS EG) < ()] < 7

To introduce the announced special sequence in Step A, we define the events
(the constant C5 will be defined in (2.56)):

(2.19) Ef(j) = {=2j <V () <—j}.

e B = {_me W0)-ve<i
ey B = { me V@ -ve)l<s),
(2.22) Ef(j) = d o e VEVETON > ¢y loglog ) o
and o

02 EG) = {VeG) < %),

220 B = { e vz}

@) B = { e V-Vl
220 B = {Ss, we W)-vEI<if,
(2.27) Eo(j) = { V@V < 14 ¢
We set e

(229 )= (VB B G) = (G

In words, Ef (j), Fy(j) and Ef (j) require (V(z), 0 < z < d*(j)) to behave
“normally” (i.e., without excessive minimum, nor excessive fluctuations), whereas
E; (j) requires the potential to have a “relatively large” number of sites near the
minimum.

Similarly, Ey (j) and E5 (j) require (V(y), d”(j) < y < 0) to have no exces-
sive extreme values, Fy (j) and E; (j) no excessive fluctuations, E5 (j) no excessive
concentration around the minimum.

Later, we will see that P{E; (j) N ES(j) N ES(j) N E~(j)} is greater than a
positive constant, while P{E; (j)} tends to 0 (as j — oo) “sufficiently slowly”.

See Figure 1 for an example of w € E*(j) N E~(j).
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V(z)

loglog j

FIGURE 1. Example of w € E*(j) N E~(j)
For future use, let us note that for w € E5 (j) N EY (5) N Ey () N ES (§), we have

9]
2.2 ) s
2 by 2 V@) =V < 5

The proof of the following proposition is postponed until Section 6.

PROPOSITION 2.1. Under assumptions (2.1)—(2.3), for P-almost all environment

w, there exists a random sequence (my) such that w € E*(my) N E~(my,) for all
k>1.

By admitting Proposition 2.1, we will complete Steps B and C in the next two
sections.

4. Step B: a positive sequence

Let (my) be the special sequence introduced in Proposition 2.1. Without loss of
generality, we can assume my, > k3* for all k > 1. For brevity, we write throughout
the paper,

(2.30) bl = b"(my), dy = d"(my), = T(b),
(2.31) by == b"(my), dy =d (my), 7. =71(by).
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We define
(2.32) ng = (14 (logk)~ Y"1,

We prove in this section that P-almost surely, (ny) is a positive sequence for (X,,),
which means that, P-almost surely,

1
N

We start with a few lemmas.

LEMMA 2.2. We have, P-almost surely, for all large k,
(2.33) P, {Tk <mb < miem/12
(2.34) PArd) <7} < mpe /2
As a consequence, P-almost surely for all large k,

(2.35) <1 <7(dy).

PROOF. By (2.8), P.{r, < 7'} = Zb o eV /Z? ;,1 V). Moreover, since

max,- ;o V(j) = % (see (2.24)), we have Z ) > ¢"/3. On the other hand,
max,; o+ V(j) < % according to (2.20). Therefore, P {m, < 17} < bfem/12,
Since b < m; for large k (see (2.18)), this yields (2.33). The proof of (2.34) is along

the same lines, using the fact that max,-_;, V(j) < %t (a consequence of (2.25)).
Since my, > k, (2.33) and (2.34) yield, respectively, >, P.{m, < 7} < oo,
S PoAT(df) < 77} < oo, P-almost surely. Now (2.35) follows from the Borel-

Cantelli lemma. O

LEMMA 2.3. Let A_(n) := #{i: 0 <i<n, X; <0}. There exists a constant
Cg such that P-almost surely, for all large k,

(2.36) E, [A_(17)] < Cs (b )? ™/,

PROOF. Let z € (b, 0] NZ. Recall {(n,x) from (2.4). Recall that P*(.) :=
P,(-| Xy = x). Clearly, P,{¢(r,,x) = ¢} = (1 — 7)) 'm,, £ > 1, where

(2.37) T, = Pi{r(z) >}
= (1-w,) P {r(z) > 7}
1 —w,

S V)V
Tk
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the last identity being a consequence of (2.8). In view of assumption (2.1), this
yields

%-ﬁ(%wghxp< max @Wﬁ-—V@D>-

® by <j<i<0
Since maxb;SjSiSO(V(j) = V(i) <5, and B, [4(T, ,2)] = W—lz, this yields
E,[&(r; 2)] < Cb lby | ™.

Summing over x € (b, 0] N Z completes the proof of the lemma. O

REMARK 2.1. A similar argument shows that for all x € [0, b],

(2.38) B lE(mF,2)] < Cs b /4,

LEMMA 2.4. For any k> 1 and N > 1, we have
(2.39) Pt <717 < N} < Cge '™/3N.

Furthermore, P-almost surely, for all large k,

(2.40) E, ( ! ) < Cpmy, e 4me/3,

E 1{le<7',;}

Proor. We observe that
(241> Pw {g(Tk_7 bli_) = g} = Qk(l - Trb;r)g_lﬂ-bﬁv g Z 17

where . is as in (2.37), g := PAnT < 77}, and P{&(r,, b)) = 0} = 1 — g
Therefore, for any N > 1, P,{1 < &(7.,b) < N} < ngN. Note that,

(2.42) T+ < exp (V(b;r —1) — max V(j)) < Cg e mn/3,
* b, <j<0
the second inequality following from (2.19) and (2.24). In view of the trivial relations
7 > &(r b))+ 1and {7 < 7.} = {&(7,,bf) > 1}, this implies (2.39).
To prove the second inequality in the lemma, we note that by the strong Markov

1, +_ - + +
{re <7, } b . b, _
proverty, Eulrig=ih] = o B gl Sinee P (el ) = 0} = (1~

m ) i, £ > 1, it follows that
k k

1o+ - qr T+ 1
{T <T, } b
Ew ——k k- = — k |1 —Y_(1
(14-5(7',;,();)) (1 —my+ )2 <Og(ﬁb+) ( —ng))

IA
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The function v — log(1) is increasing in the (positive) neighbourhood of 0.

Therefore, by (2.42), (1_73;7’“1)2 log(:) < Crmy, e~4m/3 (for large k). Now (2.40)
bk‘ bk‘
follows again by means of the trivial inequality 7, > &(7,, b ) + 1. O

LEMMA 2.5. We have, P-almost surely, for all large k,

(2.43) max X; < 0.

7, <is<nyg

PROOF. By the strong Markov property, {X (i + 7, ), ¢ > 0} is independent
(under P,) of 7, . Recall that

ng = (1 + (log k)_1/4)7,;.

Therefore, we have, for any ¢ > 1,

b 12 12
Pw XZ> 4 :Pwk < < - —37)7,1€7
{mx 2 0|7 } 7)< G ) < g

the last inequality being a consequence of (2.10) (together with (2.23) and (2.24)).
As a consequence,

Cs

— + —3m -

Fy {gg%gm Xiz 0, m <7(d; )} = Toghyn & B (Tk 1{T,;<T<dg>}) -
~<i<ny,

By (2.9) and (2.29),

(244) Ew (Tk‘_ 1{7_k7<7_(d:)}> S (d—kl— - b];)2esmk/2

Since dif — b, < m}, P-almost surely, for all large k (see (2.18)) and since my, > k,
it follows that

ZP‘“ max X; >0, 7, <7(d)}) ¢ < oo, P-as.
- o <i<ng
Recall from (2.35) that 7,7 < 7(d}") P-almost surely, for all large k. Lemma 2.5 now
follows from the Borel-Cantelli lemma. O

It is now time to complete the argument for Step B by showing that (nj) is a
positive sequence for (X,,).
Combining (2.36) with (2.39) yields that

A (-
P, {% > e_mk/?’, 7',: < Tk_} < P, {A_(Tk_) > e_m’“/?’N}
+PW{T]:— <7 <N}
Ce (b, )* e™/?

—4my /3
e_mk/3N + C(;e N
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Recall that |b; | < m} P-almost surely, for all large k (see (2.18)). Choosing N :=
e and we have, for large k,

A (-
P, {77_(7—’“ ) > e ™3 ot < Tk_} < Cgm$ e ™/S,
!

Since my, > k, this yields Y, P,{A_(7;) > e ™37 7F < 77} < oo, P-almost
surely. On the other hand, by (2.35), we have 7,7 < 7. P-almost surely, for all large
k. Therefore, the Borel-Cantelli lemma shows that P-almost surely when k& — oo,

A_(7)

<e /3 ().
T -

(2.45)

Since for large k, A_(ny) = A_(1; ) + (logk)™Y4 7 (Lemma 2.5) and 7, < ny by

definition, we have proved that A-(ng)

- — 0, P-almost surely. In words, (ny) is a

positive sequence for the walk. O

5. Step C: negative favourite sites along a positive sequence

Let (ny) be the positive sequence defined in (2.32). In this section, we prove that
P-almost surely for all large k, V(ng) C Z_. As before, we use the notation b, dif
and 7,7 as in (2.30)-(2.31).

We will prove that P-almost surely, for all large &,

-
2.4 b)) > —k
( 6) g(nkﬂ k ) - (lOg k)1/37

-
2.47 max &(r,z) < —E .
( ) xe[Lkor]g( k ) — (log k)l/g

Observe that P-almost surely, we have max, ., a1 E(1y , x) = max,>1 £(7, , ), for all
large k& (by (2.35)), and max,>1 (7, , ) = max,>1 {(ny, x) (Lemma 2.5). It is now
clear that (2.46) and (2.47) together will complete Step C, and thus the proof of
Theorem 2.1.

The rest of the section is devoted to the proof of (2.46) and (2.47). For the sake
of clarity, they are proved in distinct subsections.

5.1. Proof of (2.46). Let T := 7, and
Ty =T, (k):=min{n>T_,: X, =b}, j=1,2,...

We define, for any j > 1,

Y;_(I) = g(Tj_,LL’) - g(Tj_—lv‘T)v T € 7L,
z; = Z Y ().
xze(d, ,0]

By the strong Markov property, (Z;, j > 1) is a sequence of iid random variables

(under P,). Recall that nj, = (1 + (logk)~%/4)7;". Let £ > 1. By the strong Markov
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property,
PO b)) < s 7 = £ = P S ) <
(log k)!/3 (log k)!/* (log k)!/3
Under probability P, if 7(dg) A 7(0) > ﬁ, then the walk stays in (d;,0)
during time interval [0, W] if moreover £ (#)1/4, b, ) < W’ then
¢/(log k)1/3

_ 14
Z Z; log k:)l/4

Accordingly,

¢/(log k)1/3 / /
-
< P E 7> P - < %
= w = (log k)1/4 + {T(dk) AT(0) < (log k)1/4 }

By (2.12), Eu(Z;) < Co 3 e o @ e V@)=Vl which is bounded by Ca(1+ Cs) =
Cy, according to (2.27). T herefore

¢/(log k)'/3 ,
P, —
g logk)1/4
¢/(log k)'/3
< P,q Y. (Z7 —E.Z7) > ((logk)™* = Cy (log k) /)¢
j=1
Var,(Z7)
((log k)=1/* — Cy (log k)=1/3)2(log k)13 ¢
We have Var,(Z]) < |d;\zx€(d;’0] Var, (Y, (x)). By (2.13) and (2.25)-(2.26)
Var, (Y, (z)) is bounded by Cjl|d, |e™ for all x € (d,,0]. Thus Var,(Z;) <

Cs (dy;)* ™. Accordingly, for large k,

¢/(10g k)13
_ 14 (log k)Y/° (d; )2 em
P, z->_t L .
O Tl S

We now estimate P {r(d;) ANT(0) < W} There is nothing to estimate if

¢ < (log k)14, so let us assume ¢ > (logk)Y/*. By (2.11) and (2.23),

b B V4 V4 B N Cel B
Pwk d < < 1 [V(d, +1)=V (b, )] < 4my,
%‘“—O%MW}—<mumﬂ+)e S Qogt)i°

whereas by (2.10) and (2.23),

by ¢ 4 _ Co
P < b Lt ) e v < C6E sy
{T(O) B (logk‘)”“} B ((logk)1/4 * )e = (log k)14
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Thus, for all £ > 1,

—3mk

W&@mmm : }wm£%m~cﬂ

(log k)1/4 log k)1/4 ¢ " (log k)4 ¢
As a consequence, we have proved that

¢ ‘ — ol Cho (log k)Y/6 (d,)? ™ Cnt o3
(log k)7 | °F - 4 (log k)1/4 '

Therefore,
P{&(nk, b)) < (log k)_l/gfk_, <7 <7(di)}

1, +_ - C
{Tk <7 } 11 —3m _
T } (log ]{:)1/4 e " Ey, [Tk 1{T;<T(dk+)} :

gcmeWﬁwm[

The two expectations, Ew(%l{r,j«,;}) and E, (7, 1(,-_;4r)), are estimated by
means of (2.40) and (2.44), respectively. We have therefore proved that, for large k,
P {&(ng, b)) < (logk)™ Y37, 7f < 77 < 7(d])} is bounded by

Ci
= (dF
(log k71 (%

Since |d; | < mj and dif —b, < mj, P-almost surely, for all large k (see (2.18)), and

01007 (10g ]{3)1/6 (dlz)z my e_mk/3 + - b;)2e_mk/2.
since my > k, this implies
ZP“ {€nk, by) < (log k) 7, mF <7 < 7(df)} < o0, P-as.
k
The proof of (2.46) is now completed by means of the Borel-Cantelli lemma and
(2.35). O

5.2. Proof of (2.47). The proof of (2.47) bears many similarities to the proof
of (2.46), the basic idea being again via excursions.
Let Ty := 7,5 and

We write, for any 7 > 1,

Yif(ty) = &(T)y) —&T,y), yel,
zh o= ) Vi)
ye(L, dff]

Let M = M(k) := max{j : T;" < 7,7}. In words, M denotes the number of
excursions (away from b} ) completed by the walk before hitting b; .
Let z € [1,d]]. We have

M+1

(. a) S €l o) + 3 V(@)
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and

M
#i<m o Xi >0t >) 77

Note that {M > 1} = {r;/ < 7,7}. Therefore, for any ¢ > 1 and k, := £2",
pa) = Pof(logh)*(ry,2) > #{i <7+ Xi >0}, T: <7}

< P{1<M<€}+ZP{logk:1/2§7 ) Z ok <M <k}

r=0
< PAl<M <0} + P{&(r ) >€}+ZIT,

where

kr+1 k)r-
I, = P, {(log K)Y20+ (log k)2 ) Y (2) > > Zj} :
j=1

=1
By (2.41), we have P,{1 < &(7,, b)) < (4} < m,+(, whereas P&(rtx) > 0} <
LB, [e(rf, x)] < Slemi/t, by (2.38). Thus,

(2.48) p(z )<7rb+£+ ’f mk/4+21

We now estimate I,. Recall that Y;"(x) is the number of visits at site by an
excursion (away from bi). According to (2.12), E,[Y;H(z)] < Che VE@-VEI <
C5. On the other hand, it follows from (2.12) and then (2.22) that E,(Z]") >
4 Zye[l,dkﬂ e VW-VED > ¢,Cy log log my. Since (log k)20 — C,Cyk, log log my, +
Cy (log k)2ky 1 < —S9, loglog my, (for large k; recalling that my > k%), we see
that, P-almost surely, for all large k, the probability I, is bounded (uniformly in all
r >0) by

P, {Z — B,Z) — (logk)"/? i(yy(x) — E,Y (x)) < _GG (logyy )k, }

i=1

where logy) x :=loglog z, for all z € R. Moreover, this term is bounded by

8
(C1Cyloglogmy,)? k,

By means of (2.13) and (2.20)—(2.21), Var, (Y7 (z)) < C3dfe™*; it follows that
Var,(Z) <df Y Var,(Yi"(y)) < Cs (df)%e™ .

ye[l, d}f]

[Var, (Z{) + 2(log k) Var, (Y, ()] .

Accordingly,

[ < 8C5 dif [(d;f)* + 2log ke™*
"= (C1Cyloglogmy)?k,
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Plugging this into (2.48), and using the fact that Y k=t = 2071, we get that for
any £ > 1,

FIH\2 -
max_p(x )<7Tb+€-|-C6€bk et o, QD) + 2log ke

z€[1,d] (loglog my)? ¢

Recall from (2.42) that m,+ < Cg e4m/3 Now we choose £ := e™*#/*  to see that by
(2.18),
Zd+ max p(z) < oo, P-as.

z€e(l d+]

This implies that, P-almost surely,

ZP {logk W2 max E(m,x) > #{i <71 0 X; >0}, 7',j<7'k_} < 00,

z€(l, d+]

which yields (2.47) by an application of the Borel-Cantelli lemma and (2.35). O

6. Proof of Proposition 2.1

We now prove that, for P-almost all environment w, there exists a sequence (my,)
such that w € E*(myg) N E~(my), Vk > 1, where E*(my,) and E~(m;,) are defined
n (2.28).

Let jy :=k* (k> 1) and Fj,_, :== o{V(2), 0 <2 < d"(jx_1)}.

Recall that (E) and (E; ) are independent events. If we are able to show that

(2.49) ZP{E+ Jk) | Fi_ 1} = 00, P-a.s.,

and that for some C_ > 0 and all large j,
(2.50) P{E(j)} > C.,

then Lévy’s Borel-Cantelli lemma ([96], p. 518) will tell us that with positive prob-
ability, there are infinitely many k such that w € E™(ji) N E~(jx). An application
of the Hewitt—Savage zero—one law (Feller [44], Theorem IV.6.3) will then yield
Proposition 2.1.

The rest of the section is devoted to the proof of (2.49) and (2.50), presented in
distinct subsections.

6.1. Proof of (2.49). Recall that |V(z) — V(z — 1)] < M = log 5 for any
x € L.
To bound P{E*(ji)|Fj,_,} from below, we start with the trivial inequality
E*(jr) D E*(jx) N B (jk—1), for any set BT (jx—1). We choose
B (jr-1) = { inf  V(y) > —jr1log” jk—l} :

0<y<d* (jr—1)
Clearly, BT (jx-1) is F;

Jo_,-measurable. Moreover, on BT (j,—1) N E*(j)), we have
d* (Je-1) < b (i)



44 2. A WEAKNESS IN STRONG LOCALIZATION FOR SINAT'S WALK

Recall that E*(jix) = N{_, E; (jx). Let
(i) = { max  [V(y) —V(z)] < 2 i log? iy — Gt — M} :
0<e<y<b* (jx) 4
We consider
FT(ji) := E{ (jr) N E5 (i) 0 B (i) 0 Fy" (i)
Since V(d*(jr-1)) € I,

Jh-1 T

[Jk—1, Je—1 + M], we have, by applying the strong
Markov property at d* (jx_1),
PLEG)IFc) = (L PR G0} ) Lo

EIJk71

where P,(-) := P(-|V(0) = 2), for any z € R; thus P = P,. (Strictly speaking, we
should be working in a canonical space for V', with P, defined as the image measure
of P under translation.)

Clearly, 1p+(j,_,) = 1, P-almost surely for all large k. Therefore, the proof
of (2.49) boils down to showing the existence of a positive constant C* such that

P-almost surely for all large k,
(2.51) inf P, {F*(jx)} > C—+.
2€l;, k
Let, for any Borel set A C R,
dt(A):=inf{i >0: V(i) e A}.

A simple martingale argument yields that, whenever x < y < z,

+ + y—x
- + 7Y
(2.53) Py{d*((=o0,x)) <d*([2,00))} > p—E

We now proceed to prove (2.51). Let
Ay ‘= —2jk + 3M£, Gf(jk,g) = {ag S V(b+(jk)) < ag+1} .

Then
PAF* ()} = PAETGr). F (), ESGr) s EfGe)}
Ljk/(3M)] -1
> Y PAGTGRO. B G, ES G B G}
=0
Ljk/(3M)] -1
(2.54) = D A

(=0
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Let L(k,0) := #{0 < i < d"(ji) : V(i) € [ag,aps1)}. On G (Ji, £), we clearly
have
VIR )< Y e V@V
0<z<d*(ji)
Therefore,

P]::g > Pz {Gf(]k,f) ) F2+(]k) ) E;_(]k) ) e_gML(kag) > 04 IOgIOg]k}
. . . 1 .
> P {GT(JM), Fy (i) E5 G Lk, 0) = 5 loglogjk} :
the last inequality following from the values of M := log 1%5 and Cy := %.
We define Tj := 0, and by induction,
7, = min{i >T,1: V(i) <ag},
T, = min{i>7,: V(i) > ap}, p=12 ...
Let ]
a=alk) = L§ log log ji |, T:=min{i >m: V(i) > ams}.
Since GF (i, €) N {L(k, ) > o} D {7a < T < d*(ji) < dT((—00, as))}, we have
P2 Pm < T < d* (i) < d°((~o0,ad)), B G, EF G}

Consider now the events

HiG) = { e V) - Vo)< %)

O0<z<y<m )

Hy (ji) o= { max [V(fﬁ)—V(y)]Sjk}-

T<z<y<d*(ji)

We have, for large k, {ro < T < d*(jr) < dT((—00,as)} N Hy () € F5 (ji), and
{1 < T < d™(ji) < d"((—00,a)} N Hy (jx) C E5 (ji). Therefore, for large k,

Pl = Po{ma < T < d* (i) < d* (=00, ad), H (i), Hi ()}

We apply the strong Markov property at time T'. Since V(T) € la,,, = [arg2, Qppo+
M|, we have, for large k,

Py > PAr<T<d"(), T <d"(—o0,a), Hf () } x

2. inf P,<d"(j (= — < jr v
259 x it R {dt ) < (o), mex V) - V() <}
Of course, {7, < f} ={n<Ni<mn< <Th1<7,< f} To estimate P,{---}
on the right hand side, we apply the strong Markov property successively at 7,
To-1, Ta-1, ---, 11 and 7. At time 7,, we use the following inequality (see (2.52)):
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for v € [aps1 — M, ap1),

P {2, 00) < (o0} > =M e 2

At times 7, and 7, (1 < p < «a), we use (see (2.52) and (2.53)), respectively, for
v € [agyr — M, apq) and u € [apyq, agq + M],

(app1 —M)—ar 1

Ayy1 — Qp + M n 27
Apyo — (CLg.H + M) 1

v

P, {d*([ags1,00)) < d*((—00,ad) }

P, {d+(<—007 acy1)) < d¥([agsa, OO))} arpr — a1 + M 2

v

Accordingly,
PAdr < T<d (o), T < d*((—00,ar]), Hy (i) }

2/7 4 ‘
> sz {m <d"(r), HS () } -
By Donsker’s theorem, inf.er;,  P.{m1 < d*(ji), H (jx)} is greater than a constant
(for large k, and uniformly in ¢). Thus
~ ~ C C
P{ra < T <d (o), T < d*(=o0,ad), HE ()} = 55 > =%

the last inequality following from the definition of a := L% log log ji.|. Plugging this
into (2.55) gives that for large k,

P, > @vei&fﬁ Pv{d+(jk) <d*((-oo,ad),  max  [V(z) = V(y) Sjk}
> Ot R T i, RgAr)
vela, , 0<pes VEIPT ik P3 ikt M]
where
ATV = {dt ([, 00)) < d (=00, al])}
A = for @ oo <a-x P} 2spss

(The last inequality was obtained by applying the strong Markov property suc-
cessively at the stopping times d*([jx/2,00)), d7([0,00)), d*([—jx/2,00)) and at
d*([—jk,0)).) Tt is clear that there exist constants C15 > 0 and Cjg > 0 such that

C
inf P,{A"M}>=2 min inf PAASY > .
v€lay, , Jk 2SS ve[Bt i, B3 ji+ M)
Therefore,
C1 Cis Cir
P> 4= 20
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Plugging this into (2.54) gives
x| C C
P{Ft()) > | I | 2T T8
= L%MJ g =k
which implies (2.51), and completes the proof of (2.49). 0
6.2. Proof of (2.50). We write V_(n) := V(—n), Vn > 0. Let as before
P.(:) .= P(-|V(0) = z). Under P,, for r > z, we define d~(r) exactly as in (2.16),
ie., |[d(r)| :=min{i > 0: V_(i) > r}, whereas for s < z, we define

|[d=(s)] :==min{i > 0: V_(i) < s}.

We start with the following estimate: there exist positive constants, denoted by
Cs and (9, such that

2.56) inf P e V=-@=V-(" 0D < oy [d=(r)] < |d™(—2)] § > .
e wPy ¥ < Oy ()] < Jd~(=2)| b > Cig > 0
This is essentially a consequence of Theorem 2.1 of Bertoin [5], which is a path
decomposition for (V_(s),s < n), when n is deterministic. For more details, we
refer to Lemma 3.2 of [93], which, by means of an elementary argument, extends
Bertoin’s theorem for hitting times. Inequality (2.56) then follows from this lemma
via the observation that it is possible to choose 1+c¢1; > 2¢;3 in [93] (notation of [93])
such that when E(t)NEs(r) is true (notation of [93]), we have ming<,<jq- () V-(2) =
ming<,<; V_(r) > —% (our notation).

To prove (2.50), we write 8 := 3 — — and 7 := 3 + =, and define

T = min{i>|d (=35)|: V_(i) > -85},
T = min {i > T : V_(i) < =35},
o°() = {l Q< (-l <T <) <T <l (-2}

See Figure 2 for an example of w € ©7(j).
Recall that E~(j) = N2_, E; (j). Clearly, E; (j) N E5 (j) D ©~(j). Thus

E7(j) 2 07() NE;(7) N E;(5) N E5 (7).

Let
s (1) = max (y) —V_(x J
n {d(%>|s:cs@/su(—3j>|[v s 12}’
L () = J max xr) — '
G = {ds, e @)-ve) <)

Then E5 (j) D ©~(j) N Fy (j), and E; (j) D ©~(j) N F; (j). Thus
E(j) > ©70)NE () N EL () N E5 (7).
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V_(x)

31315

—j/12 T

—Bj

—YJ

FIGURE 2. Example of w € ©7(j)

On ©=(j) N {|d=(j)| < 73} N {V_(|b-(5)]) < =37 — 772}, we have
Z e V=@=V=(b~ O] < 3¢=3" < 1

z€l0, [d= (DI [1d=(=3)|,T]

(for large j). Thus E5 (j) D Fy () N ©7(j) n{ld"(/)| < j°} n{V(]p~ ()] <

—35 — j'/2} (for large j), where

Fo(j) = S eV@ e <o b
|d- (—=3) | <a<T
and [b7(=07)| == min{n > [d™(=3j)| : V_(n) = min ¢4 (s, 7 V- ()}
For j — oo, we have P{|d=(j)] > 73} — 0 and P{V_(]b=(5)|)
§1/%,=34]} — 0. Therefore,

(2.57) PL{E(j)} = P{O7()), Fy (7), Fy (§), F5 (§)} — o(1),

€ (-35 —

where o(1) denotes a term which tends to 0 (when j — 00). The value of o(1) may

vary from line to line.

We apply the strong Markov property at time 7. Since V_(T) € I_5; :

[—37, —Bj + M], this leads to: for large j,
P{O~(j), F5 (j), Fy (j), F5 ()} = P inf PP,

UEI,ﬁj
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where
PO = Pla () < la (- < T < |a- (), T < la~ (=), F (). Fi ()}
PP = PG < (-3 < max (V-(x) = V()] <)

By Donsker’s theorem, inf,¢;_,. PP > Cy >0 (for large 7). Therefore, for large
Js
P{O7(j), Fy (), Fi (4), F5 ()} = Coo PV
To obtain a lower bound for P, we apply the strong Markov property at time
d=(—3j). Since V_(|d=(=3j)|) € I_3j—m := [-3j — M, —3j], we have

P{O™(j), F5 (4), Fy (j), F5 (j)} > Coo P® inf PP,

vel_gj_m
where
P - P{\d—@)\<|d—<—i>|<\d—<—3j>\<|d—<j>\ F—<'>}
' 3 12 RSV
4 (=59) -
PO = P o) < ld (), Y e @ eml < ¢
=0

We recall that |07 (—37)| := min{n > 0: V_(n) = minge(o,ja- (g V-(2)}-

By Donsker’s theorem, P® is greater than a positive constant (for all large 7),
whereas according to (2.56), P > Oy (for large j, uniformly in v € I_3;_57). As
a consequence, for large 7,

P{G_(j)v F3_(j)7 F4_(j)7 FS_(j)} > C'21 > 0.

Plugging this into (2.57) completes the proof of (2.50). O

7. A remark

For any set A, let {(n, A) == _,&(n,x) =#{i: 0<i<n, X; € A}.
The recent work of Andreoletti [3] focuses on:

Y, = ingmin{k >0: &n,[x—Fk, v+ k]) >an},
TEe

where a € [0, 1) is an arbitrary but fixed constant. In words, Y;, is (half) the minimal
size of an interval where the walk hits at least na times in the first n steps.
It is proved in [3] that under (2.1)—(2.3), there exists a constant ¢ € (0, c0) such
that
liminf Y, <cg, P-a.s.

n—~o0

A close look at our argument in Section 5 reveals that for some constant ¢, > 0,

(2.58) lim sup

_n > . P-a.s.
n—oo logloglogn =¢ a8
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In fact, the proof of (2.47) shows that MaX,epy, gt E(r ) < Cyy %, for some
constant Cy > 0, (P-almost surely, for all large k; ditto for all the other in-
equalities stated in this paragraph). In view of (2.35) and (2.45), this implies
maxgez §(7,,2) < Coo m. On the other hand, >, P.{r, > &, 1 <
7(df)} < oo, by (2.44). Since 7, < 7(df) (Lemma 2.2), we have 7, < &%,

Thus, we get max,ez (7, , ) < 2Cx0 ﬁ. As a result, (2.58) follows, with
0g 10g 10 Tk‘
1

2C%2 °
It is, however, not clear whether inequality “<” would hold in (2.58) with an

Cy =

enlarged value of the constant c,.



CHAPTER 3

Upper limits for Sinai’s walk in random scenery

We consider Sinai’s walk in i.i.d. random scenery and focus our attention on
a conjecture of Révész [90] concerning the upper limits of Sinai’s walk in random
scenery when the scenery is bounded from above. A close study of the competition
between the concentration property for Sinai’s walk and negative values for the
scenery enables us to prove that the conjecture is true if the scenery has “thin”
negative tails and is false otherwise.
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The material of this chapter has been submitted for publication [118].

1. Introduction

1.1. Random walk in random environment. Problems involving random
environments arise in different domains of physics and biology. Originally, one-
dimensional random walk in random environment appeared as a simple model for
DNA transcription. In the following, we consider the elementary model of one-
dimensional Random Walk in Random Environment (RWRE), defined as follows.
Let w := (w;, ¢ € Z) be a family of independent and identically distributed (i.i.d.)
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random variables defined on €2, which stands for the random environment. Denote
by P the distribution of w and by F the corresponding expectation.

Conditioning on w (i.e., choosing an environment), we define the RWRE (X,,, n >
0) as a nearest-neighbor random walk on Z with transition probabilities given by w:
(X, n > 0) the Markov chain satisfying X, = 0 and for n > 0,

PiX,=z+1|X,=2}=w,=1-P{Xp,m1=2—-1|X, =z}

We denote by P, the law of (X,,, n > 0), by E, the corresponding expectation, and
by P the joint law of (w, (X, )n>0). We refer to Zeitouni [113] for an overview of
random walks in random environment.

Throughout the paper, we make the following assumptions on w:

(3.1) 35€(0,1/2):  Pli<w<1-06} — 1.
(3.2) Ellos*—2)) = 0,
(3.3) o2 e Var[log(l;owo)] - 0.

Assumption (3.1) implies that |log(1;%)| is, P-a.s., bounded by the constant L :=
log(l%‘s). It is a technical assumption, which can be replaced by an exponential
moment of log(%). According to a recurrence-transience result due to Solomon
[102], assumption (3.2) ensures that (X,,),>o is P-almost surely recurrent, i.e., the
random walk hits any site infinitely often. Assumption (3.3) excludes the case of de-
terministic environment, which corresponds to the homogeneous symmetric random
walk.

Under assumptions (3.1)—(3.3), the RWRE is referred to as Sinai’s walk. Sinai
[98] proves that X,,/(logn)? converges in law, under P, toward a non-degenerate ran-
dom variable, whose distribution is explicitly computed by Kesten [69] and Golosov
[51]. This result contrasts with the usual central limit theorem which gives the

convergence in law of X,,/\/n.

Let
(3.4) L(n,x) = #{0<i<n: X, =z}, n>0, x€Z,
L(n,A) = Y L(n,z), n>0, ACL
€A

In words, the quantity L(n, A) measures the number of visits to the set A by the
walk in the first n steps.

The maximum of local time is studied by Révész ([90], p. 337) and Shi [93]:
under assumptions (3.1)—(3.3), there exists ¢y > 0 such that

max,ez L(n, )

lim sup > co, P-a.s.

n—~o0 n
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It means that the walk spends, infinitely often, a positive part of its life on a single
site. The liminf behavior is analyzed by Dembo, Gantert, Peres and Shi [30], who

prove that

maXgez, L(”u .CL’) /
= ¢y, P-a.s.,

lim inf
fres n/logloglogn
for some ¢ € (0,00). A concentration property is obtained by Theorem 1.3 of
Andreoletti [3], which says that, under assumptions (3.1)—(3.3) and for any 0 < 8 <

1, there exists £((3) > 0 such that
(3.5) lim sup “Peez L (0 £~ 4B), x + HB))

n—o0 n

> 0, P-a.s.

In words, for any /3 close to 1, it is possible to find a length ¢(3) such that, P-almost
surely, the particle spends, infinitely often, more than a [-fraction of its life in an
interval of length 2¢(13).

1.2. Random walk in random scenery. Random Walk in Random Scenery
(RWRS) is a simple model of diffusion in disordered media, with long-range correla-
tions. It is a class of stationary random processes exhibiting rich behavior. It can be
described as follows: given a Markov chain on a state space, there may be a random
field indexed by the state space, called a random scenery. As the random walk moves
on this state space, he observes the scenery at his location. For a survey of recent
results about RWRS, we refer to den Hollander and Steif [35], and to Asselah and
Castell [4] for large deviations results in dimension d > 5.

Let us now define the model of one-dimensional RWRS: consider S = (S,,, n > 0)
a random walk on Z and ¢ := ({(z), x € Z) = (&, x € Z), a family of i.i.d. random
variables defined on a probability space =. We refer to £ as the random scenery and
denote by @ its law. Then, define the process (Y,,, n > 0) by

called RWRS or the Kesten-Spitzer Random Walk in Random Scenery. An inter-
pretation is the following: if a random walker has to pay &, each time he visits x,
then Y,, stands for the total amount he has paid in the time interval [0, n].

The model is introduced and studied by Kesten and Spitzer [71] in dimensions
d =1 and d > 3. They prove in dimension d = 1 that, when S and £ belong to the
domains of attraction of stable laws of indice o and (3 respectively, then there exists
9, depending on « and 3, such that n=° Y|n converges weakly. In the simple case
where a = 3 = 2, they show that

(R4 Yy 0 <t < 1) 25 (A(1); 0< £ < 1),
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« law

where “ — 7 stands for weak convergence in law (in some functional space; for ex-
ample in the space of bounded functions on [0, 1] endowed with the uniform topol-
ogy). The process (A(t), t > 0), called Brownian motion in Brownian scenery, is
defined by A(0) = 0 and A(t) := [, {(t,z) dW () for t > 0, where (W(x); x € R)
denotes a two-sided Brownian motion and (¢(¢,x), t > 0,z € R) denotes the jointly
continuous version of the local time process of a Brownian motion (B(t), ¢t > 0),
independent of (W (x); x € R).

Independently, Borodin analyzes the case of one-dimensional nearest-neighbor
random walk in random scenery, see [13] and [12]. Bolthausen [7] studies the case d =
2. He proves that, if S is a recurrent random walk and &, has zero expectation and
finite variance, then (nlogn)~/2Y],, satisfies a functional central limit theorem.

1.3. Random environment and random scenery. In this paper, we con-
sider Sinai’s Walk in Random Scenery. Problems combining random environment
and random scenery have been examined for more general models. Replacing Z
by a more general countable state space, Lyons and Schramm [76] exhibit, under
certain conditions, a stationary measure for Random Walks in a Random Environ-
ment with Random Scenery (RWRERS) from the viewpoint of the random walker.
Héggstrom [53], Haggstrom and Peres [54] treat the case where the scenery arises
from percolation on a graph. In this particular case, the scenery determines the ran-
dom environment of the associated RWRE, which is used by the authors to obtain
information about the scenery.

Let us first describe the model of Sinai’s walk in random scenery. We consider
Sinai’s walk (X,,, n > 0) under assumptions (3.1)—(3.3), and recall that the environ-
ment w is defined on (€2, P). For the scenery, we consider a family of i.i.d. random
variables € 1= ({(x), x € Z) = (&, x € Z), defined on (E, @), independent of w and
(X, n > 0). To translate independence between w and &, we consider the probabil-
ity space (2 x 2, P ® @), on which we define (w, ). Moreover, we denote by P ® @
the law of (w, (X,)n>0,&). Then we define as Sinai’s walk in random scenery the
process (Z,, n > 0):

Zy = &(X)).
i=0
Observe that Z,, can be written using local time notation:
(3.6) Zn = &@)Lin,x),  n>=0,
TEL

where L(n,x) stands for the local time of the random walk at site x until time n,
see (3.4).

We are interested in the upper limit of Z,, in the case where a := esssup &y is
finite. We consider the concentration property of order ( for Sinai’s walk with 3
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close to 1 (see (3.5)), which enables us to formulate the conjecture of Révész ({90,
p. 353): does the assumption that a := esssup &y is finite imply that, P ® Q-almost
surely,

Zy,
limsup — =a?

n—oo

It turns out that the conjecture holds only under some additional assumptions on
the distribution of the random scenery. A close study of the competition between the
concentration property for Sinai’s walk and negative values for the scenery enables
us to obtain the following theorem, which gives a solution to this problem, depending
on the tail decay of {; := max{—¢&,0}.

THEOREM 3.1. Assume (3.1)—(3.3) and a := esssup &y < 00.
(i) If Q{& > A< W, for some € > 0 and all large X\, then

Zy,
P®Q{limsup? :a} =1

n—~o0

(i) If Q{& > A} > W, for some € >0 and all large A\, then

P@Q{lim Zn :—oo} =1
n—oo 7

It is possible to give more precision in the case (i7), see Remark 3.1. On the
other hand, the case ¢ = 0 is still open.

The paper is organized as follows: in Section 2, we present some key results for
the environment and for Sinai’s walk when the environment is fixed (i.e., quenched
results). In Section 3, we define precisely the notion of “good” environment-scenery
and prove Theorem 3.1 by accepting two intermediate propositions. The first one,
proved in Section 4, is devoted to the study of the RWRE within the “good”
environment-scenery. The second one, proved in Section 5, does not concern the
RWRE, but only the environment-scenery. We show that, P ® Q-almost surely,
(w,€) is a “good” environment-scenery.

In the following, we use ¢; (1 < i < 33) to denote finite and positive constants.

2. Preliminaries

In this section, we collect some basic properties of random walk in random envi-
ronment that will be useful in the forthcoming sections.

2.1. About the environment. In the study of one-dimensional RWRE, an
important role is played by a function of the environment w, called the potential.
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This process, noted V = (V(zx), x € Z), is defined on (€2, P) by:

> i log(+5) si x> 1,
(3.7) Viz):=¢ 0 stz =0,
- Z?:m—l—l log(l:ji) six < —1.

By (3.1), we observe that |V (z) — V(z —1)| < L for any = € Z. Moreover, we define
PA-} .= P{-|V(0) =z}, for any z € R; thus P = Fy. (Strictly speaking, we should
be working in a canonical space for V', with P, defined as the image measure of P
under translation.)
Let us define, for any Borel set A C R,
dt(A) = min{n>0: V(n) € A},
d (A) = max{n<0:V(n) € A}.

We recall the following result, whose proof is given by a simple martingale argument.

LEMMA 3.1. For any x <y < z, we have

—~ < PJd d"((— _
Z—SL’—FL_ y{ ([Z,OO))< (( OO,LU])} — s —
PROOF. Since (3.1) and (3.2) imply that (V(n); n > 0) is a martingale with
bounded jumps, we can apply the optional stopping theorem ([38], p. 270) at
d*([z,00)) Ad*((—o0, z]) to get

y=E[Xo] = Ey[Xa+(s00); d([z,00)) <d((—00,2])]
+Ey[Xat (—ooa)) s d7([2,00)) > dT((—00,z])].
Since X+ ([z,00)) € [2,2 + L] and Xyt ((—o0a)) € [ — L, x] by ellipticity, we obtain
y > 2P {d"([z,00)) < d"((—00,2])} + (z — L)(1 — P,{d"([z,00)) < d"((—o00,2])}),

which yields the right inequality. The left inequality is obtained by similar argu-
ments. U

Moreover, we recall a result of Hirsch [55], which, under assumptions (3.1)—(3.3),

1

37> there exists ¢; > 0 such

takes the following simplified form: for any 0 < &' <
that

(3.8) P{max V(z) < N2}~ e,N™°, N — .

0<z<N
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2.2. Quenched results. We define, for any = € Z,
7(z) :==min{n >1: X, =z}, min () := oco.

(Note in particular that when X, = z, then 7(z) is the first return time to x.)
Throughout the paper, we write P*{-} = P,{- | Xy = z} (thus P° = P,) and
denote by E” the expectation with respect to P?Z.

Recalling that w;/(1 — w;) = e~ VO=VE=D) "we get, for any r < z < s,

(3.9) PHr(r)y<7(s)} = Z_:ev(j) <Z_:ev(j)) :

This result is proved in [113], see formula (2.1.4).

The next result, which gives a simple bound for the expectation of 7(r) A 7(s)
when the walk starts from a site = € (r, s), is essentially contained in Golosov [50];
its proof can be found in [95]. For any integers r < s, we have

310 wax EIr) Lperon] < (5= e | max (V) = V(D)

z€(r, s)NZ r<i<j<s

We will also use the following estimate borrowed from Lemma 7 of Golosov [50]:
for £ > 1 and x < y,

B R <0 < e (- maVi - ) - V)
r<i<y

Looking at the environment backwards, we get: for £ > 1 and w < z,

(3.12) Pi{r(w) <} <l exp (— max V(w+1)— V(z)]) .

Finally we quote an important result about excursions of Sinai’s walk (for de-
tailed discussions, see Section 3 of [30]). Let b € Z and x € Z, and consider L(7(b), x)
under P°. In words, we look at the number of visits to the site z by the random
walk (starting from b) until the first return to b. Then there exist constants ¢, and
c3 such that

(3.13) o e VEOVO < EVIT(7(b), 2)] < 5 V@V

3. Good environment-scenery and proof of Theorem 3.1
For any 5 € N*, we define
d*(j) = min{n>0: V(n) > j},
+ (s — : > . — :
b"(j) := min {n >0: V(n) ogigﬁ(j) V(m)} .

These variables enable us to consider the valley (0,b%(j),d*(j)). Similarly, we define
d(j) = max{n<0: V(n)>j},
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b (j) = max{ngo; V(n)= min V(x)}.

d=(j)<z<0

In the next sections, we will be frequently using the following elementary estimates.

LEMMA 3.2. for any €' > 0, we have, P-almost surely for all large j,

P < VEG)| < dE)| < 5

PROOF. Fix & > 0. Let us consider the sequence (j,),>1 defined by j, := p'?/¢

for all p > 1. Using (3.8), we obtain ) ., P{d"(j,) > 1/352+¢'} < co. Therefore,

Borel-Cantelli lemma implies that, P-almost surely, d*(j,) < 1/ 3j§+5/

for all large
p, say p > po. We fix a realization of w and consider j, < j < jp41 with p > py.
Since d*(j) < d*(jpt1), we get

3 1 . / . / 1 ] 1 2+e! . / ]_ ] +1 aad . / ]_ _ 12(2+¢’)
dt < 2524 o g2+ T P+ < G2+ Z p — 52+ = 1 1 =
(7) < 30t <773 e S e 74T :

which yields d*(j) < j>*¢ for all large j. In a similar way, we can prove that
727 < d*((—o0, —j'7"]) < d*(j) for some v > 0 and all large j, which implies
427" < b*(j) for all large j. Moreover, the arguments are the same to prove that,
P-almost surely, 527" < [b=(j)| < |d=(5)| < 52t for all large . O

To introduce the announced “good” environment-scenery, we fix € > 0 such that
assumption of Part (i) of Theorem 3.1 holds. For a € (0,1) (which will depend on
£),0 < ¢y <1/6,and 7 > 100, we define

(i) =
(3.14) w(i) = =) iz
(315) 62(]) = exp { — C4’}/i+2(j>}, 1 > 0.

For convenience of notation we define e_;(j) := €o(j). In words, (7i(j))i>o represents
a decreasing sequence of distances, which enables us to classify the sites according
to the value of V(x) — V(b"(5)).

Write log,, for the p-th iterative logarithmic function. Fix ¢’ := min{1/35,¢/2} >
0, and introduce, for 7 > 100,

(3.16) M(j) = inf {n > 0: 7)) < (logy )37 |
By definition of M(j), we have

7M(j)—1(]) € |:(10g2 ])2+6’ , (log2])2+g’] .
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(1— a)2

Moreover, in view of (3.14) and since 7y,/(j) belongs to [(lngj) 2+ (log2j)2+s 1,
we get that

(3.17) M(j) ~ [ lomj. oo

|log(1 — «
Note that we choose « small enough such that
(3.18) B o= (1—-a)*2+e)—(2+¢) >0,

/

(3.19) g = % —a>0.
Then we introduce the set (the constant ¢; will be chosen small enough in (3.52))

Ony-104) = [bJr(j) =5 (a1 (), 0 () + e (VM(j)_1(j))2+E'] ’

and, for i = M(j) —2,...,1,0, the sets (the constant ¢g > 1 will be chosen large
enough in (3.60))

M(j5)—1
8.07) = [b*() — o (u0N= 676 + e D\ U BL0)
p=i+1
Observe that the sets (0;(j))o<i<m(j—1 form a partition of the interval [b*(j) —
c6 72T, b () + c6 52+']. The final sets we consider are given, for 0 < i < M(j) — 1,
by

0:(5) == ©,(j) N 1(j),

where I(j) := [dT((—o0, —j]),d"(j)]. Note that d*((—oc,—j]) < d(j) on A(j)
which will be defined in (3.27). In this case, the sets (0;(j))o<i<m(j)—1 form a
partition of I(j) into annuli (since ¢g > 1). Loosely speaking, the set ©;(j) contains
the sites x satisfying V(x) — V(b (j)) = 7:(j). To cover [d~(j),d" ()], we define

(3.20) ©.1(j) = [, 5% | 0 [ (i), d* (=00, 1))
Moreover, for the environment on Z*, we introduce the events
(3.21) AT(G) = {4 < V() < =35},
env ( - ]
. = — <= 5.
522 A = {_max W) - v <2

The first event ensures that the valley considered is “deep enough” and the second
one that the particle reaches the bottom of the valley “fast enough”. To control the
time spent by the particle in different ©;(j) during an excursion from b*(j) to b*(j),

we define
M(5)— -2

(3.23) A7 () : ﬂ { > e VRVl < (e ﬂ Az i)

= x€0,(j)
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For the environment on Z~, let

20 B7G) = (VOS] mex V) -V <i)

which ensures that the particle will not spent too much time on Z~.
Recalling that £, = max{—¢,,0}, we define for the scenery

325 ArG) = {mw & <@L S1<i<MG) -2
€O, (J
which ensures that the scenery does not reach excessive negative value in each ©;(7).
In order to force the scenery in a neighborhood of the bottom (where the particle is
concentrated), to be close to a = esssup &, we fix p € (0,1) and introduce
3.26 o 1(g) = min . > a— )
(3.26) M -107) {wEQM(j)l(j)ﬁ P}
We set
M(G)-1
A () = AT VAT (G) NAGR (), ATG) = () AR)-
i=—1

Moreover, we define
(3.27) A(f) = AT(G) N B (5) N AT().

A pair (w,€) is a “good” environment-scenery if (w,£) € A(j) for infinitely many
jeN.

For future use, let us note that for w € B“"(j) N AS"(j), we have
(3.28) VW)~ V@l =

To prove Theorem 3.1, we need two propositions, whose proofs are respectively
postponed until Sections 5 and 4. The first one ensures that almost all pair (w, &)
is a “good” environment-scenery, while the second one describes the behavior of the
particle in a “good” environment.

PROPOSITION 3.1. Under assumptions (3.1)—~(3.3), we have that P @ Q-almost
all (w,§&) is a “good” environment-scenery. More precisely, P ® Q-almost surely,
there exists a random sequence (my)r>1 such that my, > k3 and (w,€) is a good
environment-scenery along (my)g>1, i.e., (w,&) € A(my), for all k > 1.

In fact (my)r>1 is constructed in the following way. Let us first introduce the
sequence j, := p*? for p > 0. We define then (my)g>1 by my :=inf{j, > 0: (w,&) €
A(j,)} and my = inf{j, > my_1 : (w,§) € A(jp)} for k > 2. Then, Proposition
3.1 means that m, — oo, £k — 00, P ® (Q-almost surely. Before establishing the
proposition about the behavior of the particle, we extract a random sequence (ng)g>1
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from (my)r>1 such that
(3.29) > ety () < 00
k>1
Actually, we consider the sequence defined by n; := inf{m, > 1 : eprgm,)(m,) < 1}
and ny == inf{m, > ng_1 : €arm,)(Mp) < 1712} for k > 2.
To ease notations, we write throughout the paper, df := d*(ny), 7" = 7(d}}),
by = b"(ng) and d;, :=d~(ng), 7, = 7(d},). Moreover, we define, for all k > 1,

(3.30) ty = |&"].

PROPOSITION 3.2. For P ® @ almost all (w,§), we have that, P,-a.s., for all
large k,

(331) L(tk,(a_l(nk)) S 6_1(nk) tk,
(3.33) AT >

PROOF. (of Theorem 3.1).

PROOF. (of Part (i)). For any § > 0, we define £9(j) := Z%(_i 2€2(5). Re-
calling (3.6), we use Proposition 3.2 and Lemma 3.2 to obtain, for P ® Q-almost all
realization of w, £ and (Xj),>o0,

M(ng)—2

>_Xy) = (1—e“’<nk>>tk< min (nk)gm)— > eilm) te ((max &),

wE@M(nk),l =1 mG@ (TLk

for all large k. Then, Proposition 3.1 implies

(78 M(ng)—2
ZS(X]') > (1—eW(ng))ty(a—p) - Z Veilne) t
(334) 2 (1 — 5(1)(nk)) tk (a — p) — 6(1/2)(7’Lk) tk,

for all large k. We claim that, for any 6 > 0 and all large 7,

M(j)

: : 1 :
(3.35) ) < 3 ) <2 (14 3) )
i=—1
To prove (3.35), we observe that
M(j) git1(5)
5 5
ei(7) <2¢ / —dx.
Z ) M(J Z Eiv1(J (J)

i=——1
Recalling (3.15), we have that €;11(j) — &(j) = 5i+1( )(1 — gmea(i+2() =730 |
Recalling (3.14) we get that vi12(j) — Vir3(J) = Yir2(f)(1 — 7;5%(j)). Since (3.14)
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and (3.16) imply vit2(7) > Yarg)+2(J) > (log2j) 50 for 0 <i < M(j), we obtain
that vi12(7) — Vies(7) = vir2(7)/2, for all large 7 and for 0 < i < M(j). Therefore,
we get €,41(7) — (7)) > €i21(7)/2, implying that

€+1
8(6)(j)<2€M(] )+2 Z / HE) da:.

57,-‘1-1 ]

Moreover, 33204 [100%) Side < ST [T a0 e = [0 0 a,
which is less than 5M(j)( ))/6. This implies (3.35).
Combining (3.34) and (3.35) and recalling that 5‘;\4(”(]‘) — 0 when j — oo, we

get
(3.36) lim sup — Zf ) >a—p, P ® Q-a.s.

To conclude the proof, it remains only to observe that (3.36) is true for all
p > 0 and that the definition of a implies that P ® Q-a.s., % Yoo &(X;) < a, for all
n > 0. O

PROOF. (of Part (ii)). Using Theorem 1.5 of [58], we have that, for any £” > 0,
P-almost surely, maxo<;<, X; > (log n)2_5" + 1, for all large n. This implies

(3.37) Zg ) <an— max

0<e<[(logn)2—<"1 "

By assumption, there exists € > 0 such that Q {& < —A} > (log A)~2"¢. Therefore,
fixing &” < e, we get for Kk > 1 and all N > 1,

(3.38) Q{max§ <kaeV N }<exp{ erN°}

0<z<N

where ¢ —1— E,, > 0.

We choose Np = |(logp)T] for p > 1 with T large enough such that 70 > 1.
Therefore, (3.38) and the Borel-Cantelli lemma imply that, Q-almost surely, there
exists po(§) such that

_1
(3.39) max &, > kaelr - ,

0<z<Nyp

for p > po(€). Fixing a realization of £, we define p(n) by
(3.40) Noy < [(logn)*™"] < Nygay11,
for all n such that p(n) > po(€). This yields

N2
max &, > max &, >kae v |
"
0<z<[(logn)2—<"] 0<z<Ny ()
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the last inequality being a consequence of (3.39). Therefore, we obtain

max

0<z<[(logn)2—="]
> kaexp{[(logn)* 177 } exp{—([(logn)>"*'1>"" — NT7)}
> kanexp{ (sz(nsl—/‘,-l sz(ngu)}7

the second inequality being a consequence of (3.40). Moreover, we easily get that
1

N2~ () - N ;(ns” — 0, when n — oo, implying that for all large n,
k;
(3.41) max £, > =
0<z<[(logn)2—="] 2
Assembling (3.37) and (3.41), we get that limsup, ., = >°7  &(X;) < a(1 — %),
P ® @-almost surely. We conclude the proof by sending k to infinity. O
This concludes the proof of Theorem 3.1. ([

REMARK 3.1. It is possible to give more precision in the case (it). Indeed, using

the same arguments, we can prove that if Q{&, > A} > for some a < 2,

1og)\ @)
then we have, for any & > 0, that lim,,_.on —ate Zp = —00, P® Q-almost surely.

4. Proof of Proposition 3.2
To get (3.33), we observe that
PoAri Aty <t} <P {7 <t} + P {ry <t}.
Then using (3.11), (3.12) and (3.21), (3.24) we obtain
P, {7‘,:r AT < tk} <ty (674 4 e7T/6) < 9 e/6,

Since ny > k, this yields
S P AR AT <t} <2) e < oo,
k>0 k>0

We conclude by using the Borel-Cantelli lemma.

To prove (3.32), we apply the strong Markov property at 7(b;) and obtain that,
for any Ay > 0, P,{L(ty, O;(ny)) > ;(ng) tx} is less or equal than

Pfj’j{L(tk, Oi(ng)) > ei(ng) te — A} + Po{ A < T(b:) <7t PAn < T(bli_)}>

for 0 <i < M(ng) — 2. By (3.9), (3.22) and Lemma 3.2, we get, for all large k,

b+ nk/3 ,
P{rs < 7(bh)} < S < p2teem2me/3,

ek
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Since PAN, < 7(b7) < 77} < A E[T(0) 1)<,y )s (3.10) and (3.28) yield
+ _ 7-)2 2(2+¢)
P <7(bf) <) < (by —dy) e2m/3 < 2y, 2 /3,
Ak Ak
for all large k, the second inequality being a consequence of Lemma 3.2. Choosing
i := e”™/6 e obtain, for all large k,

(3.42) PoAN <7(0f) <7 b+ P {rg <7(bf)} < e

+
To treat P ; := P {L (tg, ©;(ng)) > €i(ng) t — A}, we observe that (3.30) implies
i < 2e7 /0t Therefore, we obtain

Poi < PY{L(t, 0:(m) > (ei(mi) — 2™ /%) 1}

Then, by Chebyshev’s inequality, we get

1 bt .
(El(nk) — 26_"k/6) ti B [L (tkv @2( k))] .

Furthermore, observe that Sinai’s walk can not make more than ¢, excursions from

P

b} to b before t;. Since these excursions are i.i.d., we obtain

Pe; < & (ne) _t;e_Nk/G) 0 Effj (L (7(b),0i(nk))] -

Now we recall (3.13), which yields Ef;[L(T(b:), Oi(nr))] < €33 coi ) e~ (V@-V(E)
for all 0 < i < M(ng) — 2. Moreover, by (3.23), we get for all large k and for
0<i< M) -2,

cs (ei(nn))”
(gi(ng) — 2e-m/6
for some ¢g > 0. The second inequality is a consequence of ¢;(ng) > €o(ny) and the
fact that ¢, < 1/6 implies e /6 = o(g(ny)).

Summing from 0 to M (nx) — 2 and using (3.35), we get, with g := 2(1 + 3) cs,

P < ] < cgei(ng),

M(ng)—2 M(ng)—2
(3.43) S Pui<es Y el < coenriny(nn):
=0 =0
Assembling (3.42), (3.43) and recalling (3.17), (3.29) we obtain
M(nk)—2
) PAL(b, ©i(m)) = ei(ni) tr} < (o enrgny (ne) + M(ny) e™/7) < o0,
k>1  i=0 k>1

This implies (3.32) by an application of the Borel-Cantelli lemma.
We get (3.31) by an argument very similar to the one used in the proof of (3.32),
the main ingredients being the facts that V(z) — V(b)) > 2ny, for x € ©_1(ny)
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(which is a consequence of (3.24), (3.21) and the definition of d*(j)), and that
©_,(ny) contains less than 212" sites (by (3.20)). We feel free to omit the details.

5. Proof of Proposition 3.1

We now prove that, for P ® @Q-almost all (w,£), there exists a sequence (my)
such that (w, &) € A(my), Vk > 1, where A(my) is defined in (3.27).

Let jp = k* (k > 1) and F;, | := o{V(2),&,, d (jr—1) < 2,2 < dT(jr—1)}. In
the following, we ease notations by using ~;, &; and M instead of ~;(jx), €;(jx) and

M ().
If we are able to show that
(3.44) ZP@Q{A (i) | Fjp 1} = o0, P ® Q-as.,

then Lévy’s Borel-Cantelli lemma ([38], p. 237) will tell us that P ® @-almost surely
there are infinitely many & such that (w,&) € A(ji).

To bound P ® Q{A(jx) | Fj,_,} from below, we start with the trivial inequality
A(jk) D A(k) N C(jr—1), for any set C(jr_1). We choose C(jx_1) := C"(jr_1) N
D™ (j—1) N C*(jk—1), where

env ( . inf Vv > : 1 2 -
¢ (]k—l) = {O<y<ldl+l(jk1) (y) Z —Jk—1108 ]k—l} )

D" (4 = inf V > — log? j
(]k 1) {d(jk11)<y<0 (y) Z —Jk-1108" Jk 1},

C%(jp_y) = {d(jk 1max &, < (5—1(jk))_1/2}-

_D)<e<dt (k1)
Clearly, C(jk—1) is Fj,_,-measurable. Moreover on C"(j_1) N A (ji), we have

d*(Jr—1) < d*((—o0, —jr]) < b"(ji).
Let

B (i) o= { & < (eali) ™,

max
€O _1\[d~ (Jr—1),dT (Jr—1)]
and consider

M-—1
Esce m Asce jk) N Esce(jk>
=0
Since C*°(jr—1) N E*S(ji) C A% (jk), it follows that

P®Q{A jk | Jk— 1}
P®Q{P®Q{A™(k), B (i), E*(jr), Cljk-1) | Fi_,w} | Fir 1}
P ®©Q {1gaen(i), By, v} P © Q{E (i) [w} | Fi . }-

v

v
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Now, we suppose for the moment that we are able to prove that there exists ¢;o > 0
such that, for P-almost all w

(3.45) P& QE () |w) > 1%
We get
C
P & Q {A jk | G 1} Z kll/(]4 P X Q {Aenv Benv(jk) C jk ) ‘ e 1}
C10
(346) Z k1/4 P+P 1C.sce Jk 1)7

where we use the fact that (V(z), z > 0) and (V(x), < 0) are independent pro-
cesses and introduce

Bf = P{A™(), O (k-1) | Fie i}
Py = P{B™(@k), D" (Gr-1) | Fi_,}-
To bound P from below, we introduce
env ( o N ]_k o 2 . o .
By = {_max V) - V@] < % - jitogin - - L

and consider
B () == AT (k) N Agnn (k) 0 ES™ (k)

Observe that C"(ji—1) N{maxgt(j, ,)<a<y<vt () [V (¥) =V (2)] < %—jk_l log? ju_1—

Jr—1 — L} C AS™(jx). Thus, since V(d(jx_1)) € I

Je—1 T

[jk—b jk—l + L]7 we havea
by applying the strong Markov property at d*(jx_1),
(347) P]:_ 2 < ElIlf PZ {Eenv(]k)}> 1067’”(]']971)'
2<dip—1
To bound P_ from below, we observe the following inclusion
. Jk
B D max V(y)—V(x N D" :
(]k) {d(jk)<1‘<y<d(jk1)[ (y) ( )] 3 } ( 1)
Then since V(d™(jx—1)) belongs to I;
d™(jr-1) yields
(348) Pk_ Z ( lnf PZ {Benv(]k)}) 1De7“’(jk71)'

ZGIjk71

the strong Markov property applied at

k—1)

Observe that an easy calculation yields 1¢;, ,) = 1, P ® Q-almost surely for all
large k. Therefore, recalling (3.46), (3.47) and (3.48), the proof of (3.44) boils down
to showing that

(3.49) liminf inf P, {E““(j,)} > 0,
k—oo z€lj,
(3.50) liminf inf P,{B““(jx)} > 0.

k—oo z€lj
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The rest of the section is devoted to the proof of (3.45) and (3.49), whereas (3.50)
is an immediate consequence of Donsker’s theorem.

5.1. Proof of (3.45). Since the sets {@i}—lgigM—l are disjoint, the events
B () and {A7°°(jk) fo<i<ps_1 are mutually independent. We write

M-1

PeQ{E() |w} =[] P®Q{A (i) |w} x P®Q{E*(jK) |w} .

=0

Thus, (3.45) will be a consequence of the two following lemmas.

LEMMA 3.3. For P-almost all w, we have

sce y 1
P®Q{A L (n) |w} > 57

LEMMA 3.4. There exists c11 > 0 such that, for P-almost all w,

M-2
(3.51) lim inf I1 P® Q{4 (i) |w} x P Q{E*(ji) |w} > e
=0

PROOF. (of Lemma 3.3). Recalling (3.26), (3.20) and (3.17), we get, P-almost
surely,

P®Q{AY 1(jr) |w} > exp{cs logq log, ji},

where ¢ := Q {& > a — p}. Note that the definition of @ implies —co < logq < 0.
Therefore, it remains only to observe that log, 5, = logk + log, k + log3 and to
choose c¢5 small enough such that

(3.52) cs logq > —1/5,

to conclude the proof. O

PROOF. (of Lemma 3.4). Recalling (3.25) and that (£, ).ecz is a family of i.i.d.
random variables, we get, P-almost surely, for 0 < < M — 2,

P®Q{Asce( )|w} > <Q{£O— Sgi—l/2}>206%
> exp{2cﬁfy+6 log (1—@{50 > g, 1/2})}.

Then, since Q{§, > ¢; Y ?} tends to 0 when k tends to oo and using the fact that
log(1 —xz) > —cipx for x € [0,1/2) with ¢15 := 2log2 > 0, it follows that

P®Q{Afce(jk)|w}Zexp{—cl %+ Q{£ >€—1/2}}’
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for all large k, with c¢13 := 2c¢gc12. Recalling that @ {50 > )\} < (log )\) (2+e) for
A > )Xo >0 and (3.15) we get for k large enough and uniformly in 0 <i < M — 2,

(3.53) P®Q{A(jr) |w} > exp { —cu; ﬁ},

2+e€
where 3 := (1—a)?(2+¢) —(2+ £’) > 0 by (3.18), and ¢4 := ¢33 (i) . Similarly,
since E*(jx) C A%¢(ji) and recalling (3.25), we obtain

(3.54) P®Q{E () |w} > eXp{ —015%_6},

for some c¢;5 > 0. Combining (3.53) and (3.54), we get
M—2
[T Po@{A G |w) x PoQ{E() |w} > exp{-cis 05},
i=0

with ¢16 := max{ci4, c15} and og 1= 7, Ay ZZ o % P By the same way we proved
(3.35), we obtain that, for any § > 0, there exists ¢;; < 1+ 2/ such that o5 <
c17vap1. Recalling (3.17), it follows that o5 — 0 when k& — oo, which implies
(3.51). O

5.2. Proof of (3.49). To prove (3.49), we need the following preliminary result.

LEMMA 3.5. For any 0 >0, k>1 and any 0 < p < M, we have

z i< (1+5) %
PROOF. Observe that we easily get

Z%<vp+2/ P

Recalling that v;,_1 — v; > v;_1/2, for all large j and for 1 <1i < M, we get

Z%<fyp—|—22/ w d:lf

i=p+1
Then, wapﬂ Tt jz dr < wapﬂ 2w = [ 2 'dr < /8 concludes
the proof of Lemma 3.5. O

We now proceed to prove (3.49). Let

ag = —35x — Ly, FE™ (i, £) == {aps <V () < ae} .
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Denoting 0y := | jx/vam | — 1, the inclusion |_|?"_’0 Fe (g, 0) C AS™(jx) yields

(3.55) P.AE™(jx)} > ZP{FW drn ) A (k) BS™ (jr)} =: ZP,;z
(=0

To bound P,:f , by below for 0 < ¢ < 6, we define the following levels,

(3.56) ni =k l) = ar+ 7, 0<i<M,
(3.57) M1 = Mu+1(Je, ) = ay,
(3.58) M2 = M2 (Je, £)  i=  aggr.

In the following, we introduce stopping times for the potential, which will enable us
to consider a valley having “good” properties. Let us write

T=T(t) = d" (=00, M),
T=T3t) = d*((—00,mrsa]).

Then, let us define the following stopping times, for 0 < i < M,

T = TG, 0) = d((—o0,mi)),
T, =T/(jx,0) = min{n>T: V(n) > nu_},
Ri = Rz(jk,f) = mln{n Z T;l, . V(?’L) S ’)7M_H_1}.

We introduce the events , for 0 <¢ < M — 1,

A a - ] < 2+4¢’ . < ]_k‘
Gi(jx) = {T—T, <~ Tiggrglgg%[‘/(y) V@) <<}
: L _ < ~2te _ < j_k
Gu(r) = AT Ty <y, max_ [V(y)=V(z)] <7}
and
Gi(jr) = (T} —T <A%< T, < T},
Gi(jr) = {T/ =T, <5 T/ < R}, 1<i< M.
Moreover, we set
M
i=0
and
4 . _ < Jk
Hot) = {Oggg;%[v(y) V) < 5}
H/(jk,e) = {d+(jk) < RM} .

See Figure 1 for an example of w € G(ji, {) NG’ (ji, £) N H (ji, £) N H' (jx, £).
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s

ag

Ap41

FicGure 1. Example of w € G(ji, ¢) N G'(ji, €) N H (jx, ) N H'(ji, {)
Observe that on G(jg, ¢) N G'(jx, ¢) N H'(ji, (), we have, for 0 <i < M — 1,
(3.59) T3, Thy—s) D {x € [0,d" ()] = V(@) = V(" (k) < viga ) -
Moreover, on G(jx, ¢) N G'(jk, ),

M
Ty —T,<2> 37, 0<i<M.

p=t

If we choose ¢g such that
2

3.60 > 2(1
(3.60) 0221+ 5—)
then Lemma 3.5 yields
(3.6LIT, Ty € b () — e 72 b7 () +e672F],  0<i<M—2.

Recall now definition of ©;(jx), so that, by assembling (3.59) and (3.61), we have on
G(,]k7 6) N G,(.jka g) N H,(jlm €>7

O:(x) C{z €Z: V(x) =V (" (jr) > isa}, 0<i<M-—2.
An easy calculation yields Y o ;) exp{—[V(z) =V (0" (ji))]} < 2c6 N2 e for

all0 <i < M—2, on G(jg, £)NG' (jk, £)NH'(jg, £). On the other hand, since 6 ¢4 < 1,
we get 2cq %-2+8/e_'”+2 < 5?, for all large k and uniformly in 0 < ¢ < M — 2. This



5. PROOF OF PROPOSITION 3.1 71

implies that G (jg, ) NG’ (jk, €) N H' (jk, €) C FF™ (jr, €) NASY (jx). We easily observe

ann

that G(jg, ¢) N H(jk, {) C ES™(jx), for all large k. Thus we obtain
Gk, ) NG’ (ji, ©) N H(Ji, €) NVH' (Ji, £) C FY™ (G, £) NVASY (k) N ES™ (i)

ann

Recalling (3.55), we get
P]::f Z Pz {G(]kag) ) G/(]lmg) ) H(]kag) 3 H/(]kag)} .

To bound P,{G(jk, ), G'(jk, ), H(j, ), H (jk,¢)} by below, we will apply the
strong Markov property several times.
Since V(T},) € I, == [0, mo + L], the strong Markov property applied at T},

implies, for z € I, |,

Pz P60, G0, Hlw O} inf Py {d70) < a*(-o0,mD).

To bound by below P,{---} on the right hand side, observe that P,{---} is greater
than P, {---}. Moreover since 1, > —4j; implies j, — n < 5j;, Lemma 3.1 yields

. — 1— n_a)
Py {d* (i) < d*((— > M=m _ml=m)

for all large k and some c¢;g5 > 0, which implies

P]::Z Z C18 PZ {G(jkve) ) Gl(]kve) ) H(]lm g)} .

We now apply the strong Markov property successively at (T,_;)1<i<am and T, such

that
M

(362) P> eas PAGGK O, Hw, 0} _inf @, [T wf @,

yelyy -1 =1 Y€y _pi1

where

Q;)7y = Py{d+(77M—p) < '7]2\/_;5;;’ d+(77M—p) < d+((_ooa77M—p+2])}a 0<p< M.

First, observe that i1’1fZ,€17]]WI)+1 by > @ = @), forall 1 < p < M and

DNM —p+1
.. . ! / - /
similarly infye;, @y, = Qo -1 = Qo Therefore we only have to bound

from below @ for 1 <p < M and Q. Recalling that P{A, B} > P{A} — P{B°},
we get, for 1 < p < M,
Q;, > P??pr+1{d+(nM—p) < d+(<—OO,T]M_p+2])} - Panerl{d—l—(nM—p) > 712\}——6;) )

and

Q6 > P77M+1_L {d+(nM) < d+(<—OO,T]M+2])} - P77M+1—L {d+(77M) > 7%/—[%,} .

By Lemma 3.1, we obtain, for 1 < p < M,

Porr pia {d+(77M—p) < d+((_00>77M—p+2])} > M —p+1 — NIM—p+2

NM—p — MM—pt2 + L
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and

— L — o
P, o ddt () < dF((— > M+ 2
NM41 L{ (77M) (( 00777M+2])} = M — Narae + L

Recalling (3.56) and (3.57), we bound P,,, ., {d"(n—p) < d*((—00, Nar—p+2])} by
below (for all 1 < p < M) by

—a(l—a)

TM —p+1 1— Tm—p YM —p+1 —a(l—a) -1
> ——(1-— 1—-L
YV —p 1 +L7]T41_p = YV —p ( fyM—p )( fyM—p)
YM —p+1 —a(l—a
> TEPR(1-2,07),

TM—p
for all large k. The first inequality is a consequence of (1 + z)™! > 1 — z for any

x € (0,1) and the second one is a consequence of 0 < « < 1. Similarly, recalling
(3.56), (3.57) and (3.58), we get, for all large k,

Y — L

P77M+1—L {d+(77M) < d+((—OO,T]M+2])} > m > (18,

with ¢15 > 0. Moreover, combining (3.8) and the fact that vy,_, < Varp ) for
0 <p < M yields

/ —€'/6
Prasvi {d i) 2935} < comilys  1<p<M,

P77M+1—L {d+(77M) > f)ﬁ/—[‘_a} < ciovy s

for all large k and for some c¢19 > 0. Therefore, we obtain () > ¢ for some cgp > 0
and recalling (3.19) we get, for 1 <p < M,

S YM—p+1 1— con 7

p = VM —p ( 21/7M—p)
where 3" := min{a(1 — «), 5’} > 0 (§" is defined in (3.19)) and cy; > 0. Observe
that vjff_np <Yy “for1 < p < M, and that %\_fﬁ — 0, k — 00. Recalling the fact
that log(1 — z) > —cyp 2, for x € [0,1/2), we obtain

M

M
. . M _an
inf Qp, H inf @, > 02077_ eXp {_022 ZvMﬁ—p} ’
0

el L el
Y&inpri p:ly MM —p41 =1

where Co9 = C12C21.
Recall that for any 5” > 0, there exists ¢p3 > 0 such that Zﬁil v&ﬁ_l /p < 93 7_6 "
Then, recalling (3.62), this yields, for all large k,

(3.63) Pl > e %’ PAGG 0), H{jr, )},

with ¢yy > 0. To bound P,{G(jk,?), H(jr, )} from below, we apply successively the
strong Markov property at (Ta—;)o<i<a such that

P.AG( ), H(jr, 0)} > P.AH(jr, O} T] @
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where

Q= Py {d (=00, mpr)) < min {d* (0 +5/5),027 ), 0<p<m
Recall that P{A, B} > P{A} — P{B¢}. Then (3.8) yields, for 1 <p < M,

P, {d+((—oo, Npar]) < 75*5’} > 1 — ey 00,

with co5 > 0. Moreover, using Lemma 3.1, we get, for 1 < p < M,
: g
Py {d* (s +34/5) < d* (=00, 1)} < 25 L,
with cog > 0. Therefore, observing that, for 1 < p < M, we have VP < “fl —j* =0,

k — oo, and using the fact that log(1 — z) > —cp , for z € [0, 1/2) We get that

(3.64) HQ,, > exp {—027 Z ( —an ) } |

where cg7 := 19 maX{025> C26}-
Recalling that Zp e /6
Cos, C29 > 0, (3.64) yields

(3.65) P.AG(jr, £) ; H(jr, )} > c30 Qo P {H(jx, ()},

for some ¢35 > 0. Observe that Donsker’s theorem implies that there exists c3; > 0
such that min{P.{H (ji, ()}, Qo} > cs1. Therefore, assembling (3.63) and (3.65), we
get

e'/6

< sy 1 and Z;,],w:l Yy < ca9y1 = 0(ji) for some

7M

P >c
k.l 32 —
70

where C32 = C24 C3p C§1-
Recalling (3.55) and 0 = | jk/vm] — 1, we get, uniformly in z € I;

k—17

env . ,}/
P AE"(jir)} > c32 9k7M > (33,
0

for all large k and for some ¢33 > 0, which concludes the proof of (3.49). O
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CHAPTER 4

A probabilistic representation of constants in Kesten’s

renewal theorem

The aims of this chapter are twofold. Firstly, we derive some probabilistic repre-
sentation for the constant which appears in the one-dimensional case of Kesten’s re-
newal theorem. Secondly, we estimate the tail of some related random variable which
plays an essential role in the description of the stable limit law of one-dimensional

transient sub-ballistic random walks in random environment.
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The material of this chapter is a joint work with N. Enriquez and C. Sabot and
has been submitted for publication, see [41].

1. Introduction

In 1973, Kesten published a famous paper [68] about the tail estimates of renewal
series of the form » .., A;...A;_1B;, where (4;);>0 is a sequence of non-negative
iid. d x d random matrices and (B;)i>1 is a sequence of i.i.d. random vectors of
R?. His result states that the tail of the projection of this random vector on every
direction is equivalent to Ct™", when ¢ tends to infinity, where C' and x are positive
constants. The constant x is defined as the solution of the equation k(s) = 1, with
k(s) := lim, o E(|| A;... A, ||*)*/™. The proof of his result in the one-dimensional
case, even if it is much easier than in dimension d > 2, is already rather complicated.
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Even if we are concerned by the one-dimensional case in this paper, let us mention
that a significant generalization of Kesten’s result, in the multi-dimensional case,
was recently achieved by de Saporta, Guivarc’h and Le Page [29], who relaxed the
assumption of positivity on A;.

In 1991, Goldie [48] relaxed, in dimension d = 1, the assumption of positivity on
the A; and simplified Kesten’s proof. Furthermore, he obtained a formula for the
implicit constant C' in the special case where A; is non-negative and & is an integer.

In 1991, Chamayou and Letac [18] observed that, in dimension d = 1, if A; has
the same law as (1 — X;)/X;, with X; following a Beta distribution on (0, 1), then
the law of the series itself is computable so that the constant C' is explicit in this
special case also. The following question was then asked. How does one effectively
compute the constant C'7

In our framework, we consider the case d = 1 and we make the following as-
sumptions: p; = A; is a sequence of i.i.d. positive random variables, B; = 1 and
there exists x such that E(p§) = 1. Moreover, we assume a weak integrability con-
dition and that the law of log p;, which has a negative expectation by the previous
assumptions, is non-arithmetic. In this context we are interested in the random
series

R:1+ZP1"'pk-
k>1
The previous assumptions ensure that the tail of the renewal series is equivalent
to Cxt™, when t tends to infinity. We are now aiming at finding a probabilistic
representation of the constant C.

Besides, this work is motivated by the study of one-dimensional random walks
in random environment. In [70], Kesten, Kozlov and Spitzer proved, using the tail
estimate derived in [68], that when the RWRE is transient with null asymptotic
speed, then the behavior depends on an index x < 1: the RWRE X,, normalized

by nl/n

converges in law to C) (S%)H where S, is a positive stable random variable
with index k. The computation of the explicit value of C, was left open. In [40],
the authors derive an explicit expression, either in terms of the Kesten’s constant
Ck when it is explicit, or in terms of the expectation of a random series when C
is not explicit. To this end, we need to obtain a tail estimate for a random variable
closely related to the random series R, and to relate it to Kesten’s constant. This is
the other aim of this paper.

The strategy of our proof is based on a coupling argument in the spirit of the
coupling argument used to derive the renewal theorem (cf [38], 4.3). We first inter-
pret p; ...p, as the exponential of a random walk (V},, n > 0), which is negatively

drifted, since E(logp;) < 0. We have now to deal with the series R := ) ., e,
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One can write

R=¢" g eV 5,

n>0

where S is the maximum of (V,,, n > 0). The heuristic is that S and > ., e""™%
are asymptotically independent. The coupling argument is used to derive ‘this as-
ymptotic independence. But, in order to implement this strategy, several difficulties
have to be overcome: we first need to condition S to be large. Moreover, we have
to couple conditioned processes: this requires to describe precisely the part of the
process (Vo, ..., Vry), where Ts is the first hitting time of the level S.

2. Notations and statement of the results

Let (p;)icz be a sequence of i.i.d. positive random variables with law Q = u®Z.
With the sequence (p;);cz we associate the potential (V})rez defined by

> iy log py, ifn>1,
V, = 0 if n =0,

— Zg:nH logpr, if n < —1.
Let p having law p. Suppose now that the law p is such that there is K > 0
satisfying
(4.1) E*(p") =1 and  E*(p"log” p) < co.
Moreover, we assume that the distribution of log p is non-lattice. Then the law p is
such that log p is integrable and that

(4.2) E*(log p) < 0,

which implies
Vi
lim — = /logpd,u <0,

n—oo M
under Q.
We set
S := max{Vj, k> 0},
and

H :=max{V;,0 < k <Tg_},
where Tg_ is the first positive hitting time of R_:

Te :=inf{k >0, Vi <0}.

The random variable S is the absolute maximum of the path (V)g>o while H is the
maximum of the first positive excursion. We also set

TS = mf{k Z 0, Vk = S}, TH = 1nf{k: 2 O, Vk = H}
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We clearly have, Q-almost surely,
H<S<o00, Ty<Tg< 0.

The following tail estimate for S is a classical consequence of renewal theory, see
[44],

(4.3) P > t) ~ Cpt ™,

when ¢ — 0o, where

1— EQ (eHV(TR*)>
-~ KkE#(prlog p)EQ (T )’
The tail estimate of H is derived by Iglehart, in [63],

F

(4.4) P9 > t) ~ Cpt ™",
when t — 0o, where

O L Gl PR g
1 — KJEN’(pH logp)EQ(T[&) - (1 E (e ))CF

Consider now the random variable

oo
R — E eVn
n=0

This random variable clearly satisfies the following renewal equation

R 14 )R,
where p is a random variable with law p independent of R. In [68], Kesten proved
(actually his result was more general and concerned by the multidimensional version
of this one) that there exists a positive constant Cx such that

(4.5) PR >t) ~ Cgt™",

when ¢ — oo. The constant Cx has been made explicit in some particular cases: for
k integer by Goldie, see [48], and when p law % where W is a beta variable, by
Chamayou and Letac [18]. One aim of this paper is to derive an expression of this
constant in terms of the expectation of some simple random variable.

We need now to introduce some Girsanov transform of ). Thanks to (4.1) we
can define the law

f=p"p,

and the law Q = 4®% which is the law of a sequence of i.i.d. random variables with
law fi. The definition of x implies that

/logp/l(dp) >0,
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and thus that v
lim — :/logp di >0,

n—oo N

under Q. Moreover, Q is a Girsanov transform of ), i.e. we have for all n
B2 (¢(V, ..., V) = B9 (e g(Vo, ..., Va))

for any bounded test function ¢. Let us now introduce the random variable M
defined by

(16) M= et e

k<0 k>0

where (V)r<o is distributed under Q(:|Vx > 0,Vk < 0) and independent of (V})xk>0
which is distributed under Q(-|V;, > 0,k > 0).

THEOREM 4.1. 1) We have the following tail estimate
PR >1t) ~ Cxt™",
when t — oo, where
Cx = CpE(M").
it) We have
PYR>t; H=2S5)~ Cgt™",

when t — oo, where

CK] = C[E(M’i)

Remark 4.1 : The conditioning H = S means that the path (V)r>0 never goes
above the height of its first excursion. This conditioning appears naturally in [40],
and is useful to return the path, cf Section 4.

In [40], we need some tail estimate on a random variable of the type of R but
with an extra term. Let us introduce the event

(4.7) Z:={H=S}n{V,>0,Vk <0},
and the random variable
Z = e M, M,,
where
Ts
M, = Z e_Vk>
k=—o00
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THEOREM 4.2. We have the following tail estimate

PYZ > tT) ~ Cyt™,

PR(H = 5)
when t — 0o, where

Cy = CiE(M")? = %(C’K)z.

F

Remark 4.2 : The factor 1/PY(H = S) in the last formula just comes from the
fact that the event {H = S} is now in the conditioning. But this term will not play
any role in [40].
Remark 4.3 : In [40] we need to evaluate Cy: when Ck is not explicit it is better
to use the expression of Cy in terms of E(M*) which is easy to evaluate numerically.
When Ck is explicit, we use the expression in terms of Ck.

Let us now discuss the case where the B;’s are not necessarily equal to 1. Let
(B;)i>0 be a sequence of positive i.i.d. random variables, which is independent of the
sequence (p;)i>0, and denote by R” the random series R® := By+>_,-, Brp1 - -+ pr-
The result of Theorem 4.1, 7), is then generalized into the following result.

THEOREM 4.3. If there exists € > 0 such that E(|B,|"*¢) < oo, then
PY(RE > t) ~ Cgpt™",

when t — 0o, where
Cxp = CrE((MP)")
and where MPB is defined by
MB = Ze_v’“f?k + Ze_VkBk,
k<0 k>0
with (Vi )k<o distributed under Q(-|Viy > 0,Vk < 0) and independent of (Vi)r>o which
is distributed under Q(-|Vy, > 0,Vk > 0) while (By)rez is a sequence of i.i.d. random
variables having the same distribution as By and independent of (Vi)kez-

Sketch of the proof and organization of the paper

The intuition behind Theorem 4.1 and Theorem 4.2 is the following. Let us first
consider P?(R > t|H = S). The law Q(-|Z) has a symmetry property which implies
that the variable R = Mye!” has the same distribution as M;e? (cf Section 4). Then,
the proof of Theorem 4.1 is based on the following arguments.

Firstly, we prove that the variables M; and e are asymptotically independent.
To this end, we use a delicate coupling argument which works only when H is
conditioned to be large. Therefore, we need to restrict ourselves to large values of
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H. To this end, we need to control the value of R conditioned by H; this is done in
Section 6. Then, a second difficulty is that we have to couple conditioned processes
(namely, the process (V) conditioned to have a first high excursion). We overcome
this difficulty by using an explicit description of the law of the path (Vg, ..., Vr,).
Namely, the path (V, ..., Vp,) behaves like V under Q(-|Vi > 0,Vk > 0) stopped
at some random time.

Secondly, we observe that the distribution of M; is close to the distribution of
M as a consequence of the above description of the law of (Vg, ..., Vr,).

From these two facts, we deduce that PY(R >t | Z) ~ P?(Me" >t | Z), where
M and H are roughly independent. Using the tail estimate for H we get the part
ii) of Theorem 4.1. For Theorem 4.2, we proceed similarly: the variable Z writes
M;i R and, for large H, the variables M; and R are asymptotically independent and
the law of M, is close to the law of M. Then the estimate on the tail of R allows to
conclude.

Let us now describe the organization of the proofs. In Section 3, we prove that
M has finite moments of all orders and we estimate the rest of the series M. Section
4 contains some preliminary properties of the law Q(:|Z), and Section 5 presents a
representation of the law of the process (Vj, ..., Vs) in terms of the law Q. Section 6
contains crucial estimates which will allow to restrict ourselves to large values of H.
In Section 7, we detail the coupling arguments which roughly give the asymptotic
independence of M; and e M,. Finally, in Section 8 we compile the arguments of the
previous sections to prove Theorem 4.2 and Theorem 4.1. In Section 9, we present
a Tauberian version of these tail estimates, which is the version we ultimately use
in [40].

3. Moments of M

Here is a series of three lemmas about the moment of the exponential functional of
the meanders. In this section, we denote by {V' > —L} the event {V;, > —L, k > 0}.

LEMMA 4.1. There exists C' > 0 such that, for all L > 0,
EQ<Ze‘Vk v > —L) < Cel.

k>0

PRroor. Using Markov inequality, we get

E2(Y e vz -L) gZ%+ZQ<e—Vk > %Wz ~L)et.

k>0 k>1 k>1

Since P2(V > —L) > P2(V > 0) > 0, for all L > 0,

Qe > 51V > L) = Vi < 2logk |V > ~L) < CQ(Vi < 2log k),
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Now, since large deviations do occur, we get, from Cramer’s theory, see [33], that
E@ (log po) > 0 implies that the sequence Q(V;, < 2log k) is exponentially decreasing.
The sum ), o, @(e_vk > k_12 |V > —L) is therefore bounded uniformly in L, and
the result follows. O

LEMMA 4.2. Under Q=° := Q(-| Vi > 0, Vk > 0), all the moments of - ,e”"
are finite.

PROOF. Let us treat, for more readability, the case of the second moment. Ob-
serve first that

50 (o)) 2 ome (Lo (e o))
i>0 i>0 §>i
Applying the Markov property to the process V under Q at time ¢, we get
~ 2 ~ ~ ,
2 (D)) <m0 (e md [T vz -v))
i>0 i>0 1>0

where V' is a copy of V' independent of (V})o<r<i;- Now, we use Lemma 4.1 to get
the upper bound

CE (e xeh) < B (e v),

i>0 >0
which is finite, again by applying Lemma 4.1. This scheme is then easily extended
to higher moments. O

We will need further a finer result than Lemma 4.1, we state here.

LEMMA 4.3. There exists C > 0 such that, for all L > 0 and for all € > 0, we

have

o if k<1,
EQ(Ze—V(i) v > —L) < Ce(l—n-l—s’)L’

>0
o if k> 1,
EQ(ZQ—V(D | V> —L) < Cee’L.

PROOF. Let a € [0,1] and define T{_oo —or) := min{i > 0 : V; < —aL}. Let us

write

Z eV = ( Z e_vi) 1{V>—aL}

i>0 i>0

T(foo,faL]_l o)
+< Yoty Y e—w)l{%m@}.

=0 i:T(foo,faL]
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Now, since Q(V > —A) is uniformly bounded by below, for A > 0, by Q(V >
0) > 0, we obtain that E?( ), e "

(4.8) CE?(Y eV

>0

+ C’EQ< Z e Vi, Ti—oo,—ar) < 00; V > —L)

7;<T(7oo,7aL]

+ CEQ< Z e_Vi; T(_OQ_QL] <oo; V> —L)

iZT(foo,faL]

V> —L) is less or equal than

V> —aL)

Lemma 4.1 bounds the first term in (4.8) from above by Ce®l. Furthermore, i <
T(—oo,—ar) implies e7Vi < e*L. Therefore, CeaLEQ(T(_OO,_aL}l{T(fooﬁaLKoo}) is an
upper bound for the second term in (4.8), which is treated as follows,

E® (T(—oo,—aL]1{T(,Oo’,QL]<oo}) < Z kQ (T(—o0,—ar) = k)

k>0

< ) kQ(Vi < —al)
k>0

< z:ke—kei(—%)e—k(l—e)f(—%)7
k>0

where 0 < # < 1 and I denotes the rate function associated with P which is pos-
itive convex and admits a unique minimum on R,. We can therefore bound by
below all the terms [ (—<t) by 1(0) > 0. Moreover, a more sophisticated result
yields sup, g I(z)/z < —k (see definition of & and formula (2.2.10) in ([33], p. 28)).
Therefore, we obtain

EQ (T(—OO,—aL]1{T(,oo’7QL]<oo}) S e_‘gmL Z ke—k(l—G)I(O) S Ce—eme.
k>0

As a result, the second term in (4.8) is bounded by Ce(!=0x®)L
Finally, concerning the third term in (4.8), we have that

C E@( Z eV Tcoomar) <00; V > —L)

Z'Z,I‘(foo,fozL]

< C EQ (e_VT(ooyaL] Z e_(‘/i—VT(*oo,faL]); Ti—oo,—ar) <003 V > _L)

iZT(foo,faL]

= ¢ e (e_VT(oo’aL] 1{T(*oo,7aL]<oo}E© ( Z e

V’ 2 _(L + VT(oo,aL])>) )
i>0

where V! := VT(foo,fa i T VT(foo,fa L for ¢ > 0. The last inequality is a consequence
of the strong Markov property applied at T(_s _qrz), which implies that (V/, i > 0)

is a copy of (V;, i > 0) independent of (V;, 0 < i < T(_so —ar)). Then, Lemma 4.1
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yields that the third term in (4.8) is less than

CEQ (e—VT(oo,aL] 1{T(oo,aL]<OO}eL+VT(OO,aL])
< CeLQ(T(_oov_aL] < 00) < Cell=ra)l,

Since 8 < 1 implies 1 — 0k > 1 — ko, we optimize the value of a by taking
a=—akh+1,ie. a=1/(14+kb). As a result, we get already a finer result than
Lemma 4.1 with a bound e™ instead of e”.

Now, the strategy is to use this ameliorated estimation instead of Lemma 4.1 and
repeat the same procedure. Like that, we obtain recursively a sequence of bounds, we
denote by Ce"»*. The first term in (4.8) is bounded by Ce®“rL whereas the second
and the third term are still bounded respectively by Ce(l=#)L and Ce(l_m )L,

Optimizing in « again, one chooses au, = —axt + 1, L.e. a = - +H€ The new
exponent is therefore u, 1 = au, = " “J’:H@ Thus, the sequence u,, is homographic
and converges to a limit satisfying [ = l+—6 . For k6 < 1, the limit is [ = 1 — kf and

for kA > 1, the limit is 0. Since this result holds for any 0 < # < 1, it concludes the
proof of Lemma 4.3. O

Remark 4.4 : Analogous results as in Lemma 4.1, Lemma 4.2 and Lemma 4.3
apply for > ;- e"* under Q and conditionally on the event {V, < L, Vk > 0}.

4. A time reversal

Let us denote by @F the conditional law Q*(-) := Q(-|Z), where Z is defined in
(4.7). The law Q* has the following symmetry property.

LEMMA 4.4. Under QF we have the following equality in law

[
(Vidkez = (Vi — Vg —k)kez.

PROOF. Let ¢ be a positive test function. We have
EL (9((V, = Viy-i)izo))

= ZE (L1, =p® (Vo = V=i )k0))

- I[DQ(I) ZEQ(l{VkZONIfSO}l{VkSVp ik=pt Lo<vi<v, o<k <pr (Ve — Vo )k0))-
p=0

By construction we have, for all p > 0,

law

Vo = Voeikez = (Vi) rez-
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This implies that

EC" (¢((Viy — Vig—k)k0))

1
PO > B0, vk<oy Lvisvp vizpy Lo<vi<y;,  vo<hepy O (Viizo)
p=0

[e.e]

= EY(3((Vi)rez)).
L]

This implies that under @, R has the law of e M;. This last formula will be
useful since the asymptotic independence of e and M;, in the limit of large H, is
more visible than the asymptotic independence of H and M, and will be easier to

prove.

5. The two faces of the mountain

It will be convenient to introduce the following notations: we denote by Q= the
conditional law
Q="() = Q(|Vk 0, Vk 2 0),
and by Q>° the conditional law

Q7°() = Q(|Vi > 0, ¥k > 0).
It will be useful to describe the law of the part of the path (Vp,..., V). Let

us introduce some notations. If (Yj)g>o is a random process under the law Q, then
Y, — 400 as. and we can define its strict increasing ladder times (eg)r>0 by:
e := 0, and

epr1 = 1inf{n > e, Y, > Y, }.
We define a random variable ((Yj)r>0,©) with values in RY x N as follows: the

random process (Y)r>0 has a law with density with respect to Q given by
1 - —kYey A
(e,
k=0
where Z is the normalizing constant given by
1

T 1 EQ(e ")

Then, conditionally on (Y;)r>0, © takes one of the value of the strict ladder times

with probability

e—HYep

PO = e | o((Yi)kzo)) = ==
P > S e Ve
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We denote by Q the law of ((Y;)r=0, ©). Otherwise stated, it means that, for all test
function ¢,

EQ(¢(®> (Yn)n>0 <Z € nYek¢ eka n)nZO)) .
LEMMA 4.5. The processes (Vo, ..., Vrg) and (Vg — Vg )k>o0 are independent
and have the following laws: (Vrgy,, — Vg )k>o has the law Q=" and
{
(%7 CII) VTs) aw(}/Oa ey Y@)a

where (Yi)s0,©) has the law Q.

PROOF. Let 1,0 be positive test functions. Let us compute

E° (¢%(Lﬁg+%¢—'L@g)kzo)e((vﬁ,---,‘ﬁg)))

= ) E? Qg (Vors = Vp)iz0) (Vo -, V)

= D E? Ly, voskap Livicy, wtopy ((Vosk — Vo)izo)0((Vo, - -, V3)))

p=0

= ZEQ (Li<v, viepp8(Vo, -, Vo)) B9 (Lv<o, w0y (Vi)kso))

p=0

using Markov property at time p. The second term is equal to
P9(Vi <0, Yk > 0)E9 ($((Vi)kzo)) -

Let us now consider only the first term. Using the Girsanov property of () and Q

we get
ZEQ (Lviev, kepy(Vo, -+ Vp))) = ZEQ (Lgveev, vkapye ™ 20((Vo, ..., Vp))
p=0 p=0

= ZEQ Ve d((Vo,..., V) s

where (e, ),>0 are the strict increasing ladder times of (Vj, k > 0) as defined above.
The last formula is exactly the one we need, and also imply that

1 ~
= PV, <0,Vk>0)=1—EYe "),
(which can also be obtained directly). O

Denote now by Q° the law
Q7" = Q(- | Yi > 0,k > 0).
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We will need the following result.

LEMMA 4.6. There exists a positive constant ¢ > 0 such that, for all positive test
function 1, A
EY (0(Ve, . .., Vi) < B (0(Y, ..., Yo)).

PROOF. Let ¥ be a positive test function. Thank to the previous lemma, we
have

EQ"(U(Vy, ..., Vi)

1
- - R@
= =g ta=s?Wo . Vi)
1 X -
- WZEQ(I (Y. Y,)
- 1

= ]_ — _KYGP\IIY,...’)/;

ZPO(H = 5) H S) ;0 V20, 0 Y, k> 0) (Yo ,)

IN
—_

ZPR(H = S)PQ(V;, > 0, Vk > 0) ZE (1y, >0, vas0e Y r U(Yp, . L Ye)

1
< ~
= PQ(H = S)PE(V;, > 0, Vk > 0)

using the Markov property at time e, in the fourth line. This is exactly what we

EQ™ (U (Y, ..., Ye)),

want. ]

6. A preliminary estimate

To derive the tail estimate of R or Z we need to restrict to large values of H:
this will be possible, thank to the following estimate.

LEMMA 4.7. For all n > 0 there exists a positive constant ¢, such that
EV((My)" | LH)) < ¢ Q7 as,

where | H| is the integer part of H.

PROOF. Since (V)< is independent of H under Q*, we have, for all p € N,

E (M) | [H] = p) <2 (EQ(&)) +EQ<(Z) ) =p)) .



90 4. KESTEN’S RENEWAL THEOREM

The first term on the left-hand side is finite for all n > 0 as proved in Section 3.
Consider now the last term. Using Lemma 4.6, we get

QI((iH:e_V’“)n | [H] :P)

Ty
C >0
< I—EQ ( e H = )
P ([H] = Zk_o =

C/ >0 -
i (S e (S

Now, using Cauchy-Schwarz inequality in the last expression, we get
Ty
< <(Ze_v’“)n | [H] = p)
k=0
/ ~ o)
< mwo (( S ey, cppin) 2) EQ>°( Ze‘v’“ )

k=0

/ A —KD

ce Q>O 2 Q>0
e ey R (S

But the last term is independent of p and finite by Lemma 4.2. On the other hand,
since Q(V; >0, Vk > 0) > 0 and from Markov property, we obtain

EC”’ <( > lYekE[P7p+1[)2) < cE° <( 2 1’/%6[””’“[)2) < cBf <( 2 lye’“e[o’l[)Q) 7
o k=0 k=0

which is finite since (Yj)g>o has a positive drift under Q. Finally, using the tail
estimate on H, we know that

(49) lim 7PV (|H| =p) = lim e (BY(H > p) —P¥(H = p+1))
p—00 pP—00
== C](l — e_“).

Hence, (e"?PQ" (| H| = p))~" is a bounded sequence (we do not have to consider the
cases where eventually P(| H | = p) = 0 since it is a conditioning by an event of null
probability which can be omitted). O

COROLLARY 4.1. We have, Q*-almost surely,
EQ (Z | |H]) < ecoel].

PRrROOF. We have Z = M, Mye’. Using Cauchy-Schwarz inequality and Lemma
4.7 we get

F(Z|[H]) < el (B (M) | LH)EY (M) | |H)))

1
2
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< ecpel

since M; and M, have the same law under Q. O

COROLLARY 4.2. Let h: R, — R+ be a function such that

Then, we have

when t tends to infinity.

PRrROOF. Let us do the proof for Z. Let n be a positive real such that
n> kK.

We have (all expectations are relative to the measure Q%; so, to simplify the reading,
we remove the reference to @ in the following)

P (Z>t, H<h(t) = E(P(Z>t, H<h({)||H))
< EQQum<pneP(Z 2t | [H]))
< E (Liuj<ineP (MiMy > te™ D |1 1))
< @B (1<t e E (M M) | H]))
< "E (Lim<inot """ E ((M)* | [H])) -

In the last formula, we used Cauchy-Schwarz inequality and the symmetry property
of Q%, see Lemma 4.4, to obtain

E((M2)™" | [H]) = E((M)*" | [H]).

We can now use the estimate of Lemma 4.7, which gives

Lh(t)]
PU(Z >t H<h(t) < eleyt™ Y ePP(|H| =p)
p=0
Lh(t)]

< ct"Ze"“

In the last formula, we used the fact that IP’(LHJ =p) = O(e™"?), see (4.9). Since

we chose 7 > k we can bound uniformly

h(t) \ n—r
]P)QI (Z Z t, H S h(t)) S C/lt—ne(n—n)h(t) — Cl/t—,i<eT>77 ‘

This gives the result for Z. Since R < Z, we get the result for R. OJ
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7. The coupling argument

We set
I(t) == P (e My My > 1),
J(t) =P (M, > 1),
K(t) =P (e > t).

From the estimate of Iglehart, see [63], we know that

1
K(t)~ ———=Ct™"
0~ g =5 "
when t — oco. Indeed, we have
1
QY (o — Q(H _ pPQ(H
P9 (" > 1) _PQ(H:S)(P (e >t)—P%e" >t, S>H)).
The second term is clearly of order O(t72%), the first term is estimated in [63], cf

(4.4).
We will prove the following key estimates.

PROPOSITION 4.1. For all £ > 0 there exists a function es(t) > 0 such that
limy_oo €c(t) =0 and
e EE (J(e*tM ™) (1 — ee(t)) < I(t) < E (J(e *tM ™)) (1 + e(t)),
e XE (K(e*tM ™)) (1 — e(t)) < J(t) < e*E (K(e *tM™)) (1+€(2)),
where M is the random variable defined in (4.6).

We see that Theorem 4.1 ii) is a direct consequence of the second estimate and
of the tail estimate for K(t). Theorem 4.2 is a consequence of the estimate i) and
of the estimate for J.

PROOF. Step 1: We first restrict the expectations to large values of H. Let
h: R, — R, be any increasing function such that

(4.10) lim t e =,
9

4.11 > logt.

(4.11) h(t) = 75 losgt

From Corollary 4.2, we know that
(4.12) PO (MM My > t, H < (1)) = o(t™) = o(K(t)).
Hence, we can restrict ourselves to consider
Iy(t) =P (MMM, >t | H > h(t)),
Jn(t) =P (M My >t | H > h(t)),
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Step 2: (Truncation of My, Ms). We need to truncate the sums M; and M, so that
they do not overlap. Under Q*(-|H > h(t)) we consider the random variables

t1
(4.13) My =) e,
(4.14) My =) e"5,
to
where

1
ty :=inf{k >0, V, > 3 logt} —1,
1
to :=sup{k < Ty, Vi, < H — glogt} + 1.
Since h(t) > ;5 logt, we have
0<t;1 <ty <Thy.

Clearly, by the symmetry property of QF, M; and M, have the same law under
Q*(-|H > h(t)). (Observe that the random variables M, and M, are implicitly
defined in terms of the variable ¢.)

LEMMA 4.8. Let £ be a positive real. There exists a constant cg > 0 such that

cet ™6 for k <1,

IPQI<M< €\ H>ht><
1= [ HZh) < cet /% fork > 1.

ProOF. We have, since M; > 1

P’ (Ml <e M, | H> h(t))

< p¥ (Ml My>1—c€|H> h(t))
1 o -
< EQ (M _ M, | H > h(t )
< B (M- NG| H 2 A
e—nh(t) (Yo —h(t))
< g e ( E e er™ )
PQI(H > h Pttt =
Yep 2h(t)

where in the last expression we used the result of Lemma 4.6, and the notations of
the related section, and where c is a constant depending on £ and on the parameters
of the model. Using the fact that PQ"(H > h(t)) ~ Ce " when t — oo, the
Markov property and the fact that

EQ™° Z o= r(Yep —h(1)) 1 ]
ep>k, ]P) (Y > 0 Vn > O)(l — EQ(e_HYel))

Yep >h(t)
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independently of k, we see that
P’ (Ml <e M, | H > h(t)) < EC(Y e
k=t1+1

KA1

< cetE
using the estimate of Lemma 4.3. O
Step 3: (A small modification of the conditioning.) We set
IV =Tn{S>ht)} ={Vi>0,VE <0} n{S=H}N{S>h(t)},
the event by which we condition in Sy (t), Rp(t). We set
L) =S > h()} N {Vik > 0, Vk <0} N {Vi >0, Y0 < k < T,

where 1
T% logt = iIlf{k‘ > O, Vi > g logt}.

Clearly, we have I}(Lt) C f,(f) and
BTN | L) < e,
for a constant ¢ > 0 depending only on the parameters of the model. We set
Tn(t) == PR (e%m >t iff)) ,
T(t) == P9 (eHM2 >t i,(ﬁ) ,
Ki(t) = P9 <eH >t | i,(f’) .
From Step 2 (Lemma 4.8) and Step 3, we see that we have, for all £ > 0, the following

estimate
(4.15) In(€%t) — cet™ 5 < Iy(t) < Iy(t) 4 5,
(4.16) Jn(e€t) — cet ™5 < Jp(t) < Jp(t) + et 75

Step 4: (The coupling strategy.)
Let (Y)k>0 and (Y})k>0 be two independent processes with law

QC|Ye>0,0<k<Ti)
Let us define, for all u > 0, the hitting times
T, :=inf{k >0, Y, >u}, T :=inf{k >0, Y/ > u}.
Set
Ny = Té log Ny =17

5 logt”
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We couple the processes (Y](,éJrk)kzo and (Y](;(,),Jrk)kzo as in Durrett (cf [38], (4.3), p.
204): we construct some random times K’ > Nj and K” > N[/ such that

Yier = Yien| <,

and such that (Yz . — Y )e=o and (Y, — Ygn)k>o are independent of the o-
field generated by Y{,...,Y\, and Yy, ..., Y/, The method for this {-coupling is
the following: we consider some independent Bernoulli random variables (7});en and

(n!)ien (with P(n, =1) =P(n! = 1) = 1) and we define

, o / "\ __ 17
(Z1) = ( N+TE, né)’ (Z) = Ng+Yi 772’)'

This extra randomization ensures that the process (Z, — Z}) is non arithmetic. Since
its expectation is null, there exists a positive random time for which they are at a
distance at most £ (cf the proof of Chung-Fuchs theorem (2.7), p. 188 and theorem
(2.1), p. 183 in [38]). Then we define

Yk:{ Y/, when k£ < K'|
(Y horery = Yer) + Yio,  when k> K.
Clearly, by construction, since the processes Y’ and Y” are no longer conditioned
when they reach the level zlogt, (Y3)r>o has the law
QC| Y >0, VO <k < T o).
We want that Y and Y” couple before they reach the level %logt, so we set
A:{K’<Télogt}ﬁ{K”< v

1
5 logt

Clearly, since the distribution of Y](,(,) — % logt converges (and the same for Y, cf
limit theorem (4.10), p. 370 in [44]) and since for all starting points Y](,é and Y](;é,,
Z" and Z" couple in a finite time almost surely, we have the following result (whose
proof is postponed to the end of the section).

LEMMA 4.9.

tlim P(A°) = 0.
We set

n(t) ==P(A°),

and we choose h(t) in terms of 1 by
417)  h(t) = (logt + i log n(t)) v (1% log #) V (1 — 71—%) log 1),
where V stands for the maximum of the three values. Clearly, h(t) satisfies the
hypotheses (4.10), (4.11).

Consider now two independent processes (Wy)r>0 and (W)),>o (and independent
of Y’ Y") with the same law Q=" (cf Section 5). Let e be a strict increasing ladder
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time of Y and define the process V(W, W' Y, e) = (Vi )rez by
(Vi)k<o = (=W_p)k<o,

(Vi)eso = (Yo, ..., Yo, Yo + W] oo Ye + W[, 0.

If Y. > h(t) then clearly (Vj)rez belongs to the event f}(f), and the functional M,
defined in (4.13) depends only on W and Y’; we denote it by M;(W,Y”). The
functional M, depends only on Y, W’ e; we denote it by MQ(Y, W’ e). Using Lemma
4.5, we see that

I (t)

—KrYe
(Z € plYe >ht) 1z NI (WY ) Mo (YW ep)erer >t>

where (e,),>0 is the set of strict increasing ladder times of Y (cf Section 5) and
where Z},(t) is the normalizing constant

— ]E( Z e—RYfip 1Y5p2h(t)> .
p=0

Clearly, Z,(t) ~—oo ce”*"®_ The variable Y1, —h(t) is indeed the residual waiting
time of the renewal process defined by the values of the process Y at the successive
increasing ladder epochs. Hence, it converges in distribution by the limit theorem
(4.10) in ([44], p. 370).

On the coupling event A, we have

}/;/;—K’+K”_£<Y <Y” _K'+ Ku—i_é-

My(Y, W', e,) = My(Y" W' e, — K' + K"),

for all ladder time e, such that Y, > h(t) (indeed h(t) > Flogt) and where
My(Y", W' e, — K' 4+ K") is the functional obtained from the concatenation of the
processes Y and W' at time e, — K’ + K", as it is done for My(Y, W, ep). The first
set of inequalities implies that, on the coupling event A, the set {e, —K'+ K", Y, >
h(t)} is included in the set of strict increasing ladder times of Y larger than h(t) —¢&.
So we have

~ e” > —KY),
[h (t) S Zh(t) E (1_A( Z e €p 1yl/ >h(t) §1M1 (WY/)MQ(YN Wl 6//) CXp(Y’,’,)>tC 5))
p=0

—kh(t)

+e <1Ac Ze—n(yep 1Ye >h(t)))

where (e)),>0 denote the strict increasing ladder times for the process Y. Since the
process {Y,, Ye, > h(t)} depends on the event A only through the value of Y7, , ,
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we see that the second term is less or equal than
1 e—fzh(t)
1— EQ (e_’fyel) Zh(t)

Now, the first term is lower than

e Zn—e(t)
(4.199°¢ Tft)

for ¢ large enough (using the equivalent of Z,(t)), where S” and M} are relative

(4.18) P(A°) < cP(A°).

P(eS" NE(W, V)N > te=) < e™SP(e8" N (W, V)N > te~°),

to a process V" independent of W)Y’ and with law Q(- | f}(fzg) Moreover, let us
introduce My := 35 e ~5". We need now to replace the truncated sum M, by

the meander M. Using the fact that P(3k > 0:Y, <0) < ct="/3, we see that
(4.20) P M (W, Y)MY >te™®) < P(e5"MYM >te ) + ct /"
< E(Jhgle ™ t/M)) + t7/5,

the second inequality being a consequence of IP’(f,(f) \I,(f) | f,(f)) < ct™"/* and M the
random variable defined in (4.6) and independent of V”. Finally, considering the
choice made for h(t) (cf (4.17)), we have

= PO (H > h(t) = o(t™),

z

P(A°)P? (H > h(1)) < ct™"/P(A) = o(t™").
Putting everything together (i.e., the estimates (4.12), (4.15), (4.18), (4.19), (4.20))
I(t) < P(H = h(t)In(t) + o(t™")
P(H > h(t))(Ly(e7%t) + ct=6 ) + o(t™)
P(H > h(t))(e*E(Jp-g(e™*t/M)) + cP(A%)) + o(t™")
P (RM > te™, H > h(t) — &) + o(t™),

IN A

IA

where R and M are independent processes with laws defined in Section 2 (indeed,
in the last inequality, P(H > h(t))P(A°) < /P(A°)t™" = o(t*)). Now, proceeding
exactly as in Corollary 4.2, we see that

P(RM >t, H<h(t)—¢&) =o(t™"),

(indeed, the only difference is that M; is replaced by M and that M and R are
independent). Finally, we proved that

I(t) < e CE(J (e *t/M)) + o(t™).

The lower estimate is similar. We first have, since the set {e,—K'+ K", Y, > h(t)}
includes the set of strict increasing ladder times of Y larger than h(t) + &:

T Yl/l/
I(t) > <1A Ze ”1Y“ >h(t)+eLin (wyn i w, ef) exp(Y )>te€))
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Hence, by the same argument as above
IV > e 355" N (W, Y') My > eft) + cP(A),

where S” and ]\;fé’ are relative to a process V" independent of W and Y’ and with
law Q(- | I }(Lﬁ)rg) Using, now the fact that Y, > 0 for all £ > 0 with probability at
least 1 — ¢t~*/3 and the fact that My > e $M, with probability at least 1 — ct=+/6,
and the estimate on the tail of the sum " e™¥ (of Section 3) we see that

[0 > o3 (Mes”Mg > e3€t) +o(t™/%) + (P(A°),

where M is the random variable defined in (4.6) and independent of V”. Then, we
conclude as previously.

To prove the estimate on J(t) and K (t) we proceed exactly in the same way: we
first observe that by the property of time reversal (see Lemma 4.4), we have

J(t) =P ("M, > ).
The situation is then even simpler, we just have to decouple M; and e”. O]

PROOF. (of Lemma 4.9). Denote by F, ,»(u) the probability that Z’ and Z”

couple before the level 3 log t+u knowing that Y’(,) =+ logt4y' and Y”(,), = +logt+y".

By the arguments above, F ,»(u) tends to 1 when u tends to infinity. Let A > 0, we
first prove that this convergence is uniform in 1/, " on the compact 3/ < A, 3" < A.
For this we consider the set S = (N - %) N[0, A], and for ¢/, " in § x S the function
F\y/,yu(u) the probability that Z’ and Z” starting form the points Y’(,) = %logt +9/
and Y](;é, = +logt +y” couple at a distance £/2, before the level 5 logt +u —&. Let

ou)= inf  Fyu(u).

y’eél‘, y"eS
Clearly ¢(u) — 1 when u — oo and Fyy v (u) > ¢(u), whenever 3y and y” are in
[0, A]. This implies that
1 2
liminf P(A) > lim inf lim inf (IP’( Ny~ 3 logt < A)) :

t—00 A—oo  t—oo

Moreover, PQ(Y] > 0,0 < k < T logt) = PR(Y! >0, k > 0) > 0 implies

1 - 1 - 1
P( z/v(g_g logt > A) = IP’Q(VT%IOgt—g logt > A|V >0) < cIPQ(VT%IOgt—g logt > A),

where here V' is the canonical process under (). Therefore, since Vp, — élogt
308

converges in law (under Q) to a finite random variable when ¢ tends to infinity (see
limit theorem (4.10), p. 370 in [44] or Example 4.4 part II, page 214 in [38]), this
yields liminf, ., P(A) = 1. O
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8. Proof of Theorem 4.1, Theorem 4.2 and Theorem 4.3

PROOF. (of Theorem 4.1, #i) and Theorem 4.2). Let £ > 0. By Proposition 4.1,
we have, for all A > 0 and for ¢ large enough,

J(t) < e (E(K (e tM 1y<a) + E(K (e *tM " )1p2a)) -

On the first term, for ¢ large enough, we can bound from above K (e 2tM~!') by
(m +&)(te™* M 1), For the second term we can use a uniform bound K (t) <
ct™". Thus we get
C
3(1+k)¢ I —K K —K K
1) £ K (g O B L) + et B Lur ).

Since M* is integrable, letting A tend to oo, then & tends to 0, we get the upper
bound

. CKI
limsup £ () < —— KL
msup (1) < G — g

For the lower bound it is the same. The proof of Theorem 4.2 is the same: we use
the estimate i) of Proposition 4.1 and the tail estimate for J. O

PROOF. (of Theorem 4.1, 7)).
Let us first recall (4.5) and Theorem 4.1, i), which tells that

(4.21) QR>t; H=195)= %—i—o(t_“), t — o0,

where Cx; = C7E(M"). Then, introducing
KI := Z 't O := -V, ,

0<k<Tk_
Theorem 4.1, i) is a consequence of Theorem 4.1, ii) together with the two following

lemmas.

LEMMA 4.10. We have

(4.22) Q(KI >t)= % +o(t™"), t — o0.

PROOF. Firstly, observe that K1 < R implies Q(KI > t; H = 5) < Q(R >
t; H = S). Moreover, Corollary 4.2 implies Q(KI > t; efl = e5 < t2/3) = o(t™"),
t — o0, since K1 < R. Furthermore, we have 0 < Q(KI > t; efl > ?/3) — Q(KI >
tiefl =% > 23 < Q(H #5; efl > 12/3) = o(t™"), t — oo. Therefore, we obtain,
when t — oo,

(4.23) QR>t; H=28)>Q(KI >t; e >3 +o(t™).
Since, by Corollary 4.2, Q(KI > t; efl <t/3) = o(t™"), t — 0o, we get
(4.24) Q(KI >t: e >¥3) = Q(KI > t)+o(t™),
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when t — oo. Then, assembling (4.23) and (4.24) yields
(4.25) QR>t; H=195)>Q(KI>t)+o(t™), t — oo.

On the other hand, observe that Corollary 4.2 implies that Q(R >t; H = S) =
Q(R>t; et =e% > 1?/3)40(t7%), t — oo. Moreover, since we have R = KI+e“' R/,
with R’ a random variable independent of K and O;, having the same law as R,
we obtain that Q(R > t; e/l =% > ?/3) < Q; + Q,, where

Q1 = QKI<t—t"3; R >3 el >3,

Q: = QKI>t—t3; R>t;ell =& >3
Now, since R’ and H are independent, we get Q; < Q(efl > t¥*)Q(R' > t?/3) =
o(t™"), t — 0o. Moreover, we easily have Qo < Q(K I > t — t?/3). Therefore
(426) QR>t: H=9)<QKI>t—t*+0ot™), t— .

Recalling (4.21) and assembling (4.25) and (4.26) concludes the proof of Lemma
4.10. U

LEMMA 4.11. Ck; satisfies

CK[ = (1 - EQ(G_Hol))CK.

PROOF. First, observe that Q(R > t) = Q(KI > t) + P, + P», where
P = QKI+e R >t;t?2 <KI<t),
Py = QKI+e PR >t; KI<t'?),
with R’ a random variable independent of K'I and O;, with the same law as R.
Now, let us prove that P, is negligible. Observe first that, since O; > 0 by
definition, we have P, < Q(R' > t — KI;t'/? < KI < t). Therefore 0 < P, <
P/ + Py, where
Pl = QR >t—KI;t—t*?<KI<t),
P! = QR >t—KI;t"* < KI <t—1t*%).

Since R’ and K1 are independent, (4.5) and (4.22) yield P/ < Q(R' > t**)Q(KI >
t1/2) = o(t*), t — oo. Furthermore, we have

P < Q-1 <KI<t)
< QIKI>t—t*3—Q(KI >t)

: Q(KI >t —t%3)
= Q(K[>t)< QKT —1).

Therefore (4.22) implies P] = o(t™"), t — oo. Then, we obtain P, = o(t™"), t — oc.
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Now, let us estimate . Observe that P, < Py < P,, where
P, = QYR >t; KI<t/?),
Py = Qe 9R >t—t/?).
Since R’ and O, are independent, (4.5) yields

o Q(~—rO1
(4.27) P, = B Ok = )Ox

Therefore, it only remains to estimate P,. Since R’ is independent of K1 and Oy,

+o(t™), t — 00.

we obtain for any € > 0 and ¢ large enough,

e—/iOl e—nOl
(1 —6) CKEQ <1{K1§t1/2} t’f ) SBQ S (1+€) CK]EQ (1{K1St1/2} t )

K

Moreover,

—501 Q —KO1 —KO1
e E%(e="“1) e
EQ (1{K1St1/2} tﬁ ) = T — EQ <1{K1>t1/2} t’i ) 5

and the second term on the right-hand side is less or equal than t*Q(KI > t'/?) =
o(t™"), t — oo. Thus

EQ(G_Rol)CK

tli
. . _ EQ(e~"91)Ck —K

Assembling (4.27) and (4.28) yields P, = =————F—% + 0o(t™"), t — oo. Therefore,
recalling (4.5), (4.22) and Q(R > t) = Q(KI > t) + P, + P,, we obtain Cx; =
(1 — E?(e™"1))Ck, which concludes the proof of Lemma 4.11. O

(4.28) P, = +o(t™"), t — oo.

Since Theorem 4.1, ii) together with Lemma 4.10 and Lemma 4.11 yield Cx; =
CiEQ(M*) = (1 — E9 (e "91))Ck, we get Cx = C;E?(M*)(1 — E?(e="91))~1. Now,
recalling that C; = (1 — EQ(e *%1))Cp, this concludes the proof of Theorem 4.1,
i). O

PROOF. (of Theorem 4.3).

The proof of Theorem 4.3 is based on the same arguments as in the proof of
Theorem 4.1, 7). We mainly have to check analogous statements as Lemma 4.7 and
Corollary 4.2. Namely, we check that there exists ¢ > 0 such that

EQ (MP)*3 | |H]) < e, Q- as.,

where MP .= 3715 e Ve By. Using Holder inequality instead of Cauchy-Schwarz

inequality in the proof of Lemma 4.7 we are led to check the integrability of (MP)"+=.
This is used in the proof of

B (RP > 1, H < h(1)) = oft™).
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when ¢ tends to infinity, which is analogous to the proof of Corollary 4.2 (in its R
version), choosing n = k + 5.

Now, it only remains to check the integrability of (MP)"™. To this aim, we
prove that EQ>O((Zk>O e~k By)"*¢) < 00, the case of E@° (32, _, e~ By)"*¢) being
similar. -

If kK > 1, Minkowski inequality yields

Kte
) R ~ ~ 1
E@° ((Z e_VkBk)n—i-a) < (Z EQ° ((e—kak)mrE) m)
k>0 k>0
K+e
C (Z IEQ>0 (e_(m—a)Vk)%ﬁ)

<
k>0
Kte
(4.29) < C(ZEQM(e—Vk)#s) :
k>0

the second inequality being a consequence of the independence between (B;);>o and
(Vi)i>0, while the third inequality is due to the fact that V; > 0 for i > 0 under Q>0
together with x 4+ & > 1. Choosing p such that p/(k 4+ €) > 1, let us write

EQ>O(6—Vk) < %_Fpéw(e—\/k > k—p)
Now, as in the proof of Lemma 4.1, since large deviations do occur, we get from
Cramer’s theory, see [33], that the sequence (P2 (™% > k™7));>1 is exponentially
decreasing. This yields that the sum in (4.29) is finite.

If kK < 1, observe that we can restrict our attention to the case where xk + ¢ < 1.
Then, let us write
EQ™° <(Z e—vkgk)ma) < E@° ( Z(e—vkgk)ma)

k>0 k>0

< CY EQ(emrM),
k>0

the second inequality being a consequence of the independence between (Bi)izo and
(V2)i>0. Now, the conclusion is the same as in the case k > 1. O

9. A Tauberian result

COROLLARY 4.3. Let h : R, — R, be such that
lim Ae"™ =0, lim h()\) = occ.

A—0 A—0
Then, for k <1,

1
Q1 _ \)
E (1 1+>\Z|Ih

1 T
)NPQ(H > h()\)) sin(mx)

CuA®,
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when A — 0, where I,(LA) is the event

IV =Tn{H>hN}={Vp >0,k <0}n{H=5>h(\}.

Proor. Clearly, we have
1 PQ(H = §) . 1
EQ(1 - V) = E?" (1 -
( VAR ) PR(H = S > h()\)) ( 210 1+)\Z)>
Since PO(H = S > h()\)) ~ P?(H > h()\)) we consider now
1
T
B (Lo (1 - 5 - 7))

We will forget in the following the reference to the law QZ, and simply write E for
the expectation with respect to @*. We have

(4.30) E(leh(A)(l 1 +1)\Z))

1 1
_ E<1zzem) (-1 AZ)) _ E(16H<em>§z(1 . WD'

For k < 1, the second term can be bounded by
]
VA
5122 )
=1 Nz

B (1o B | LH] = 1))

cAeP )
P14+ celer )’

Mb
=
>
>

L
1
E(Lorawres (1= 157)) <

o

=

(A

N
—

I
(]

[e=]

=

O\
< E(1)

Nl
—

=3
o

where, in the last inequality, we used Jensen inequality and Corollary 4.7, and where
¢ denotes a constant independent of A (which may change from line to line). Now,
since P(| H| = p) < ce " for a positive constant ¢, we get that

1 ey
E<16H<eh<”§Z(1 1y AZ)) < A p;o =P < N\ o(1=R)A(N)

< C/)\n()\eh()\))l—/i — 0()\&)’
for k < 1, since Ae"™ — 0, A\ — 0.

By integration by part, we see that the first term of (4.30) is equal to

E(lzzh(k)(l 1 -|-1>\Z)>

Az o0 o A
- > . _P(Z> .
[1 p S Z)} oot /Chm (1+ Az)2P(Z 2 %) dz
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The first term is lower than
C)\e(l—/i)h()\) — C)\/i()\eh()\))l—n _ 0()\&)’

for k < 1. For the second term, let us suppose first that

h(\) — oo.
We can estimate P(Z > z) by
Cy _ Cu _
_ — S > < (==———7—— K

for any 17, when A is sufficiently small. Hence we are lead to compute the integral

o Y . . 1 i i
/eh(A) 1+ >\ZZ dz = A Aeh(N) X (1 - LL’) dLL’,

1+ 26 (N)

(making the change of variables x = Az/(1+ Az)). For x < 1 this integral converges,

when A\ — 0, to
TR

Fk+1DI(=r+1) = ()’

If h(\) does not converge to co when A tends to 0, then we can take h()\) such that
h(\) < R(\), and such that 2(\) — oo, Ae™ — 0. The part of the integral between
h(A) and h(]) is of order o(A\*). For the part between h()) and oo it is the previous
estimate (this is essentially the same as proving Tauber’s theorem). O

Remark 4.5 : Let us make a final remark useful for [40]. If we truncate the series
M on the right and on the left when V) reaches the level A > 0, and if we truncate
My when H — Vj, reaches the level A then the results of Theorem 4.2 and Corollary
4.3 remain valid just by replacing in the tail estimate M by the meander truncated
at level A. More precisely, let A > 0 and consider

t ts
M, = Z e_Vk, My = Z eV H
k=t] k=t
where
ty =sup{k <0, Vi, > A}, tf =inf{k >0, V, > A} ATy
ty =sup{k < Ty, H—-V, > A}V, t5 =inf{k>Ty, Vi, > A}

then the results of Theorem 4.2 and Corollary 4.3 remain valid when we consider
7 = e MM, instead of Z, if we replace in the tail estimate M by M = Zif ek
where ¢_ and ¢, are the hitting times of the level A on the left and on the right.
Indeed, in the proof of Theorem 4.2 we see that considering the truncated M; and
M, only simplifies the proof: we don’t need to truncate M; and M, as we did. In
particular, it implies that in Corollary 4.3 we can truncate M; and M, at a level
h(A) < h(M): if A(\) tends to oo, we have exactly the same result.



CHAPTER 5

Limit laws for transient random walks in random

We consider transient random walks in random environment on Z with zero
asymptotic speed. A classical result of Kesten, Kozlov and Spitzer says that the
hitting time of the level n converges in law, after a proper normalization, towards

environment on 7

a positive stable law, but they do not obtain a description of its parameter.

different proof of this result is presented, that leads to a complete characterization
of this stable law. The case of Dirichlet environment turns out to be remarkably

explicit.
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1. Introduction

One-dimensional random walks in random environment to the nearest neighbors
have been introduced in the sixties in order to give a model of DNA replication.
Recently, this model has known a strong revival in view of applications to the detec-
tion of genetics anomalies (see for instance [23] or [75]). In 1975, Solomon gives, in
a seminal work [102], a criterion of transience-recurrence for these walks, and shows
that three different regimes can be distinguished: the random walk may be recur-
rent, or transient with a positive asymptotic speed, but it may also be transient
with zero asymptotic speed. This last regime, which does not exist among usual
random walks, is probably the one which is the less well understood and its study
is the purpose of the present paper.

Let us first remind the main existing results concerning the other regimes. In his
paper, Solomon computes the asymptotic speed of transient regimes. In 1982, Sinai
states, in [98], a limit theorem in the recurrent case. It turns out that the motion
in this case is unusually slow since the position of the walk at time n has to be
normalized by (logn)? in order to present a non trivial limit. In 1986, the limiting
law is characterized independently by Kesten [69] and Golosov [51]. Let us notice
here that, beyond the interest of his result, Sinai introduces a very powerful and
intuitive tool in the study of one-dimensional random walks in random environment.
This tool is the potential, which is a function on Z canonically associated to the
random environment. It turns out to be an usual random walk when the transition
probabilities at each site are independent and identically distributed (i.i.d.).

Let us now focus on the works about the transient walk with zero asymptotic
speed. The main result was obtained by Kesten, Kozlov and Spitzer in [70] who
proved that, when normalized by a suitable power of n, the hitting time of the level
n converges towards a positive stable law whose index corresponds to the power of
n lying in the normalization. Recently, Mayer-Wolf, Roitershtein and Zeitouni [80]
generalized this result to the case when the environment is defined by an irreducible
Markov chain.

Our purpose is to characterize the positive stable law in the case of i.i.d. tran-
sition probabilities. Let us mention here that the stable limiting law has been char-
acterized in the case of diffusions in random potential when the potential is either
a Brownian motion with drift [66], [61] or a Lévy process [99], but we remind here
that despite the similarities of both models one cannot transport results from the
continuous model to the discrete one.

The proof chooses a radically different approach than previous ones dealing with
the transient case. While the proofs in [70] and [80] are mainly based on the rep-
resentation of the trajectory of the walk in terms of branching processes in random
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environment (with immigration), our approach relies heavily on Sinai’s interpreta-
tion of a particle living in a random potential. However, in the recurrent case, the
potential one has to deal with is a recurrent random walk and Sinai introduces a no-
tion of valleys which does not make sense anymore in our setting where the potential
is a (let’s say negatively) drifted random walk. Therefore, we introduce a different
notion of valley which is closely related to the excursions of this random walk above
its past minimum. It turns out that a result of Iglehart [63] gives an equivalent of
the tail of the height of these excursions. Now, as soon as one can prove that the
hitting time of the level n can be reduced to the time spent by the random walk to
cross the high excursions of the potential above its past minimum, between 0 and
n, which are well separated in space, an i.i.d. property comes out, and the problem
is reduced to the study of the tail of the time spent by the walker to cross a single
excursion.

It turns out that this tail involves the expectation of the functional of some me-
ander associated with the random walk defining the potential. Now, this functional
is itself related to the constant that appears in Kesten’s renewal theorem [68]. These
last two facts are contained in [41]. Now, in the case when the transition proba-
bilities follow some Beta distribution a result of Chamayou and Letac [18] gives an
explicit formula for this constant which yields finally an explicit formula for the
parameter of the positive stable law which is obtained at the limit.

Soon after finishing this article, we learnt of an independent work, by Peterson
and Zeitouni [81], which, by the study of the fluctuations of the potential, showed
that a quenched stable limit law is not possible in the zero asymptotic speed regime.

The paper is organized as follows: the results are stated in Section 2, a detailed
sketch of the proof is presented in Section 3, and the rest of the paper is devoted to
proofs.

2. Notations and main results

Let w := (w;, i € Z) be a family of i.i.d. random variables taking values in (0, 1)
defined on €2, which stands for the random environment. Denote by P the distribu-
tion of w and by F the corresponding expectation. Conditioning on w (i.e. choosing
an environment), we define the random walk in random environment (X,, n > 0)
as a nearest-neighbor random walk on Z with transition probabilities given by w:
(X, n > 0) is the Markov chain satisfying Xy, = 0 and for n > 0,

P,(Xpm=2z4+1|X,=2)=w,=1-P,(Xpnn=2-1|X,=2).

We denote by P, the law of (X,,, n > 0) and E,, the corresponding expectation. We
denote by P the joint law of (w, (X,,)n>0). We refer to Zeitouni [113] for an overview

of results on random walks in random environment.
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In the study of one-dimensional random walks in random environment, an impor-
tant role is played by a process called the potential, denoted by V' = (V(zx), x € Z).
Let us introduce

I—w .
pi = d , 1€ Z.
Wi
Then, the potential is a function of the environment w, and is defined as follows:
Sor  log pi if v >1,
V(z):=¢ 0 if x =0,

— Z?:Hl logp, if z<—1.
Furthermore, we consider the weak descending ladder epochs for the potential de-
fined by ey := 0 and
€; == 1Ilf{]€ > €1 V(l{?) < V(ei_l)}, 1> 1,

which play a crucial role in our proof. Observe that (e; —e;_1);>; is a family of i.i.d.
random variables. Moreover, classical results of fluctuation theory (see [44], p. 396),
tell us that, under assumptions (a)-(b) of Theorem 5.1,

(5.1) Ele;] < 0.

Now, observe that the ((e;, e;11])i>0 stand for the set of excursions of the potential
above its past minimum. Let us introduce H;, the height of the excursion (e;, €;11]
defined by H; := maxe,<i<e,,, (V (k) — V(e;)), for i > 0. Note that the (H;);>¢’s are
i.i.d. random variables.

We now introduce the hitting time 7(x) of level  for the random walk (X,,, n >
0),

(5.2) T(z) :=inf{n >1: X,, =z}, z€Z

For a € (0,1), let S&* be a completely asymmetric stable random variable of index
«a with Laplace transform, for A > 0,

Ele™%"] = ™",
Moreover, let us introduce the constant Cx describing the tail of Kesten’s renewal
series, see [68], defined by R := 3, eV
Ck
(5.3) P{R >z} ~ —, T — 00.
l»li

Then the main result of the paper can be stated as follows. The symbol « 18w, »

denotes the convergence in distribution.

THEOREM b5.1. Let w := (w;, @ € Z) be a family of independent and identically
distributed random variables such that

(a) there exists 0 < k < 1 for which E [p§] =1 and E [p§log" py] < oo,
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(b) the distribution of log po is non-lattice.
Then, we have, when n goes to infinity,

T(n) ﬂQ( K2

nlt/s sin(7k)

1
ciEU%kgpd) se

Xy law sin(7wk) < 1 )“
% .

ne 25R2C% Ephy log po] \ 8¢

REMARK 5.1. We think that the method used in this paper could also treat the
case k=1 (see Section 9 for conjecture and comments).

The result of Theorem 5.1 is interesting when C'k is explicitly known. In the case

of Dirichlet environment, i.e. when the law of the environment satisfies wy(dzx) =

B(;ﬁ)xa_l(l — )P 1o 5y (z) dz, with a, 8 > 0 and B(a, §) := fol Y1 — x)P 1 da,

things can be made much more explicit. The assumption of Theorem 5.1 correspond

to the case where 0 < o — 3 < 1 and an easy computation leads to kK = a — 3.

COROLLARY 5.1. In the case when wy has a distribution Beta(a, ), with 0 <
a— (B < 1, Theorem 5.1 applies with kK = a — (3. Then, we have, when n goes to

infinity,

(1) T W@ =)\
ni7s QQmW@—ﬁD<M%m2) o

%o i, sisa =) Bl (LY’
% 2 la) - 0(8) \§)

where 1 denotes the classical Digamma function, ¥ (z) := (logl')'(2) =

I'(2)
I'(z) "

In the case where C'k is unknown, it is possible to give a probabilistic representa-
tion of the parameter. Actually, we obtain first Theorem 5.2, from which we deduce
Theorem 5.1. In this aim, let us introduce the classical distribution P associated
with the random walk (V(x),x € Z) under P (denoted by “P in [44], p. 406). If u
denotes the law of log pg, thanks to assumption (a) of Theorem 5.1 we can define the
law i = p§u, and the law P = [i®Z which is the law of a sequence of i.i.d. random
variables with law ji. The definition of s implies that [ logp fi(dp) > 0.

THEOREM b5.2. Let w := (w;, @ € Z) be a family of independent and identically
distributed random variables satisfying assumptions (a)—(b) of Theorem 5.1. Then,
we have, when n goes to infinity,

T(n) law 9 s E[]W“]2 (1 — E[eﬁv(el)])2 %Sca
ni/x sin(mk) Elei]?  E[pflog pol K
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X, 1aw sin(mk) Ele]*  E[p§log pol 1\"
_ é [ .
ne 26 E[M*)? (1 — ElerV(e)])2 \ See

where M has the law of the exponential of a meander, i.e.
M e
k<0 k>0
with (V})e<o under P{-|V} >0, Yk < 0} and independent of (V" xso under P{-|V}’ >
0, Vk > 0}.

REMARK 5.2. When Ck is not explicit it is better to use the expression of the
parameter in terms of E[M"] which is easy to evaluate numerically.

In the following, the constant C' stands for a positive constant large enough,
whose value can change from line to line.

3. Sketch of the proof

Let us start now with the outlines of our proof.

Since assumption (a) of Theorem 5.1 implies E[log py] < 0, the random walk
describing the potential is negatively drifted, so that the random walker will converge
almost surely to the region of lowest potential, i.e. to infinity. Along its way, it will
have to overcome some obstacles which are represented by the excursions of the
random potential above its past minimum.

Now, a result of Iglehart [63] says that, under assumptions (a)-(b) of Theorem
5.1, the tail of the height H of an excursion above its past minimum is given by

(5.4) P{H > h} ~ Cre™"", h — oo,

where

B (1 _ E[en\/(eﬂ])?
(5.5) Cr = kE[p§ log po] Ele1]’

with e; denoting the endpoint of the first excursion, so that V(e;) < 0. Iglehart’s
result is actually deduced from a former well-known result of Cramer, whose proof
was later simplified by Feller [44], concerning the tail of the maximum S of a N-time
indexed random walk which claims that

(5.6) P{S > h} ~ Cpe™"", h — oo.

Since S is stochastically bigger than H, C'; must be smaller than Cr, and a rather
straight argument of Iglehart shows that the ratio between both constants is equal
to 1 — EferV{e)],
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Recalling (5.1), the law of large numbers implies that the number of excursions
between 0 and n is almost surely equivalent to n/FE[e;]. We will be therefore inter-
ested in the asymptotic of the hitting time of the n-th excursion, we will denote by

T(en).

3.1. The general case. In a first step, we show (see Lemma 5.10) that 7(e,)
reduces to the time spent by the walker to climb high excursions, namely, higher
than h,, := @ logn. Let us notice here, that, statistically, by Iglehart’s result, no
excursion of height larger than @ log n can be found among the first n excursions.

It turns out that these excursions are spatially well separated (see Lemma 5.3),
and that there are asymptotically nP{H > h,} of these, i.e. C/n® (see Lemma 5.2).
One can therefore define boxes around, we shall denote by ([ak, dk])o<k<cyne, such
that the random walker will have a small probability to go back to a box which was
already visited. More precisely, let by and ¢, denote respectively the starting point
of the k-th high excursion and the first time this excursion reaches its maximum,
so that the following ranking a;, < by < ¢ < di holds. With an overwhelming
probability, for all k& € [0, Cin], the walker, once arrived at by, will never visit ay
again (see Lemma 5.9).

In addition, one can prove that the portions of potential between a, and dj, we
call “deep valleys” are almost i.i.d. The proof of this fact requires the introduction
of what we call “x-valleys” which are i.i.d., and coincide with the sequence of “deep
valleys” with a high probability (see Lemma 5.5).

Now, gathering these two previous facts, we get that 7(e,) can be roughly writ-
ten:

T(en) = 7(b1,dy) + ... + 7(boyne, dogne),
where the 7(by, di)’s are i.i.d. random variables representing the time spent by the
walker to cross the k-th excursion, i.e. to go from b, to dy.

Consequently, considering the Laplace transform of n=/*7(e,), we are led to the
study of the asymptotic when A goes to 0 of E[e_ﬁﬂbl’dl)]&"s (
5.1).

Now, the passage from b; to d; can be decomposed into the sum of a random

see Proposition

geometrically distributed number of unsuccessful attempts to cross the excursion,
followed by a successful attempt. The accurate estimation of the time spent by
each (successful and unsuccessful) attempt leads us to consider two h—processes
where the random walker evolves in two modified potentials, one corresponding to
the conditioning on a failure (potential ‘7, see Lemma 5.11), and the other to the
conditioning on a success (potential V', see Lemma 5.12).
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It turns out that the contribution of the last successful attempt to the quantity
7(b1,dq) is negligible so that E[e ™ i T(bl’dl)]cf " is approximately equal to

1_p(W) Cin®
=E __ XA F ’
1 —p(w) Eyle =77 ]

where F' denotes the time of an unsuccessful attempt (failure), and 1 —p(w) denotes

Crn®

B[ S0 -l Pt

k>0

the (small) probability of success which is known, by classical arguments, to be equal

to wb% (a first step of probability wj, to go to b+ 1 and then, starting at b+ 1,
z=b €
a probability % to hit d before b).
x=b €

Now, a key step consists in the fact that the linearization E, [e_ﬁF] ~1-—
2= E,[F] can be justified. The error is expressed in terms of E,[F?] which is
explicitly computed (see Lemma 5.11) and dominated by a function of the maximal
fall of the potential during its rise from V' (b) to V(c), and the maximal rise of the
potential during its fall from V'(¢) to V' (d) which can be uniformly controlled on all
the Cn® boxes (see Lemma 5.13). We are therefore led to the study of

(lmaml)

Now, E,[F] is known to be equal to 2w ) +} e~ (V@=V®)_ Therefore we are back
to the study of

1 Crnf
(¢l o))
1+ 1/H6HM1M2

where H = e denotes the height of an high excursion and where ]/\4\1 =
Sl ~(V@=VO) and My := 3¢ e~ (V@)=Y are two functionals of the potential
that depends very locally on the potential respectively around the local minimum b

V(c)=V(b)

and the local maximum c.

Since V' (b) and V (c¢) are locally extremal, these functionals can be assimilated to
two functionals of meanders associated to the random walk defining the potential.
Furthermore, a reversal time argument and the proximity of V' and V around b
show that these two quantities are asymptotically the same functionals of the same
meander. It is defined as follows M := )" _ e " where Y, is the random walk of
step log p, conditioned to be positive on all Z. This conditioning has to be understood
as follows: on Z_ it is the natural one (we condition on an event having a strictly
positive probability), whereas on Z, it represents the limit in law of random walks
of step log p that are conditioned to overshoot a high level before visiting R_ (see for
instance the paper of Bertoin and Doney [6] and the references therein for detailed
discussions on the subject) .

Furthermore, it turns out that the three quantities ef?, ]\//71 and M, are asymp-
totically independent. This delicate step based on coupling arguments, which are
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adapted from the proof of the renewal theorem for the sum of i.i.d. variables, is
treated in Chapter 4, see Proposition 4.1. As a consequence, the tail of e M, M,

can be derived, see Theorem 4.2 in Chapter 4, as well as a Tauberian result about
1
l—l—)\CHJ/\Zl Mo ’

(E {1 " 1/KZHM1M2DCW —exp{ - (2“Sin7E;K)E[M“]QCI> b+ o(1).

where C7 is given in (5.5). Now, one can be tempted to express the functional E[M*|

see Corollary 4.3 in Chapter 4. This Tauberian result yields to

in terms of the more usual constant C, see (5.3). This is the content of Theorem
4.1 in Chapter 4, which yields

(1 - E[enV(m)])
Kk E[pf log pol Eler]

Therefore, the Laplace transform of n='/%7(e,) writes

Ele -tm )] — exp{ - (2%81;2" )Cgf I)X‘} +o(1)

—exp{ = (=2 CE Bl og ol lea] ) X} + o).

sin(mk)

Cx = E[M*]Cp = E[M"]

Finally, since, by the law of large numbers, e, /n converges a.s. to Ele;], we conclude

that
(2

E[e_ﬁﬂ")] = exp{ - <2Hsm(7m) C% E[p5 log po]))\“} +o(1).

Hence, we obtain that the limit is the positive stable law with index x and parameter

R’TI'K/

sin(rk) CK [pO IOg PO]

3.2. The case of a Dirichlet environment. In the case of a Dirichlet envi-
ﬁ:ﬂa_l(l — )1 q)(x)dz, (o, 8 > 0) things
can be made much more explicit. The assumptions of Theorem 5.1 correspond to

ronment, namely when w;(dz) =

the case when 0 < a — 3 < 1 and an easy computation shows that xk = a — 3. Now,
a classical argument of derivation under the sign integral shows that

Elpf log po] = () — ¥ (5),
where 1 denotes the classical Digamma function ¥(z) := (logT')/(z) = =&

I'(z)
Furthermore, a work of Chamayou and Letac [18] shows that Cx can be made ex-
plicit. Indeed, with the notations of [18], po follows the law ﬁ,(,?q) (dz) := B(; 3 P 1+

x) P g (z)dr withp = fand ¢ = «. Then Example 9 of [18] says that }, ., eV (%)
27711 4+ 2)~*1g, (z). But we have

follows the law of ﬁg}l_ 5 having density B( )

Bins(lt,+00D) ~ g s ¢ — oo Hence, Cx = gy
The expression of the parameter can be simplified into

@ "2 la) - 9(8)

2Hsm(m@)CKE[pO log ool = sin(m(a — 8))  B(a, 8)?
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4. Two notions of valleys

Sinai introduced in [98] the notion of valley in a context where the random walk
defining the potential was recurrent. We have to do a similar job in our framework
where the random walk defining the potential is negatively drifted. The deep valleys
we introduce here are closely related to the excursions of the random walk above
its past minimum which are higher than a critical height. They consist actually in
some portion of potential including these excursions. When the critical height is
taken sufficiently large, the excursions are quite seldom and the valleys are likely
to be disjoint. In order to deal with almost sure disjoint valleys, we also introduce
x-valleys which coincide with deep valleys with high probability.

4.1. The deep valleys. Let us define the maximal variations of the potential
before site = by:
Vi) = max (V(j)-V(@)), z€N,

Viz):= min (V(j) - V(i)), x e N.

0<i<j<z

By extension, we introduce

Vi(z,y) = max (V(j) -V(@)), =<y,

r<i<j<y

Viz,y):= min (V(j) = V(i)), x <uy.

z<i<j<y
In order to define deep valleys, we extract from the first n excursions of the

potential above its minimum, these whose heights are greater than a critical height
h,, defined by

(5.7) hy =

logn,

(1—-¢)

for some 0 < ¢ < 1/3. Let (c(i));>1 be the successive indexes of excursions, whose
heights are greater than h,,. More precisely,

o(1) = inf{i >0:H; > h,,},
o(j) = inf{i>o(j—1):H > h,}, J 22,
K, = max{j >0:0(j) <n}.

We consider now some random variables depending only on the environment, which
define the deep valleys.

DEFINITION 5.1. For 1 < j < K, + 1, let us introduce

bj = eo(y);
a; = Sup{k < bj : V(l{?) - V(b]) > Dn},
T! = inf{k>b;: V(k)—V(b) > ha},
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3j = Co(h)+1>

¢; = inf{k>0b;: V(k)= max V(x)},
bjS(Ede

d; = inf{k> Ej - Vik) — V(Ej) < —-D,}.

where D, == (1 + L)logn. We call (aj,b;,cj,d;) a deep valley and denote by H
the height of the j-th deep valley.

REMARK 5.3. It may happen that two different deep valleys are not disjoint, even
if this event is highly improbable as it will be shown in Lemma 5.3 and Lemma 5.4
in Subsection 5.1.

4.2. The x-valleys. Let us introduce now a subsequence of the deep valleys
defined above. It will turn out that both sequences coincide with probability tending
to 1 as n goes to infinity. This will be specified in Lemma 5.5. Let us first introduce

vy o= inf{k>0:V(k)<-D,},

Ty = inf{k>~7: V(4§ k) > h,},

by = sup{k <T7: V(k) =0<ml<r;*V( )},

aj = sup{k <bj: V(k)—V(b) > Dy},

dy = inf{k>T7: V(k) <V},

i = inf{k>bj: V(k)= max V(x)},
by <a<d;

= inf{k>d,: V(k)=V(d,) < —D,}.

Let us define the following sextuplets of points by iteration

(v, a5, 05,15, ¢ d ,d3) = (ﬁ,a“{,b’{,Tf,cT,EI,d“{)OQd;

VR R R R

122

where 6; denotes the i-shift operator.

DEFINITION 5.2. We call a *-valley any quadruplet (a},b%,c;,d}) for j > 1.
Moreover, we shall denote by K the number of such x-valleys before e,, i.e. K} =

sup{j > 0: T} < e,}.

It will be made of independent and identically distributed portions of potential (up
to some translation).

5. Reduction to a single valley

This section is devoted to the proof of Proposition 5.1 which tells that the study
of 7(e,) can be reduced to the analysis of the time spent by the random walk to

cross the first deep valley. To ease notations, we introduce A, := —.
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PROPOSITION 5.1. For all n large enough, we have

?n KTL
Bl e [B [, )] o), £ [E2, ) o)
where K, == [ng,(1—-n"") |, K,, := [ng,(14+n"*)], g, := P{Hy > h,} and where
Ef,\y denotes the quenched law of the random walk in the environment w, starting

at x and reflected at site y.

5.1. Introducing “good” environments. Let us define the four following
events, that concern exclusively the potential V. The purpose of this subsection is to
show that they are realized with an asymptotically overwhelming probability when
n goes to infinity. These results will then make it possible to restrict the study of
7(e,) to these events.

Ai(n) = {e,<C'n},

o) = {Lnga(l — )] < Ky < [nga(1 4070},
As(n) = Mz {o(G+1) —a(j) 2 n' 7},

Ay(n) = ﬁf:”frl {d; —a; < C"logn},

where 0(0) := 0 (for convenience of notation) and C’, C" stand for positive constants
which will be specified below.

In words, A;(n) allows us to bound the total length of the first n excursions. The
event As(n) gives a control on the number of deep valleys. The event Az(n) ensures
that the deep valleys are well separated, while A4(n) bounds finely the length of
each of them.

Let us introduce the following hitting times (for the potential)

Ty :=min{z > 0: V(x) > h}, h >0,
Ty :=min{x >0: V(x) € A}, ACR.

Then, we obtain the following results.

LEMMA 5.1. The probability P{A;(n)} converges to 1 when n goes to infinity.

PROOF. It is a direct consequence of the law of large numbers as soon as C” is
taken bigger than Ele;]. O

LEMMA 5.2. The probability P{As(n)} converges to 1 when n goes to infinity.

In words, Lemma 5.2 means that K, “behaves” like C'n®, when n tends to infinity.

In particular, (5.4), which yields ¢, ~ %, and Lemma 5.2 imply

nl-

(5.8) P{K,+1>2Cm} — 0, n — oo.
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PROOF. At first, observe that
K . _ Var(K,)
in /A _ 1—c/4 _Y\n)
P{nqn >1+n "} = P{K, —ng, >n'"""¢,} < PR
the inequality being a consequence of Markov inequality and the fact that K, follows
a binomial distribution of parameter (n, g,,). Moreover, Var(K,) = ng,(1—¢,) < ng,
implies

K, /4 1

Now, Iglehart’s result (see (5.4)) implies g, ~ -$, n — oo. Therefore we get that
P{% < 1+n7%/*} converges to 1 when n goes to infinity. Using similar arguments,
we get the convergence to 1 of P{% > 1 —n~¢/4Y, O

LEMMA 5.3. The probability P{As(n)} converges to 1 when n goes to infinity.

Proor. We make first the trivial observation that
P{As(n)} > P{o(j+1)—o(j) >n""% 0<j<[20m°]; K, <2Cm°}
> Plo(j+1)—0o(j) >n'"%,0<j<[20m°|} — P{K, > 2Cn°},

the second inequality being a consequence of P{A; B} > P{A} — P{B¢}, for any
couple of events A and B. Therefore, recalling (5.8) and using the fact that (o(j +
1) — o(J))o<j<|2¢;ns| are ii.d. random variables, it remains to prove that

P{o(1) > nt3e} 20 n — oo.

Since o(1) is a geometrical random variable with parameter g,, P{o(1) > n'=3} is
1-3e . . .
equal to (1 — ¢,)™ 1, which implies

P{O‘(l) > nl—3€}\_20}nsj = (1 — qn)LQCInEJ [nl=39] > exp {_Cnl—Zaqn} )

Then, the conclusion follows from (5.4), which implies that ¢, ~ C;/n'™¢ n —

00. O

LEMMA 5.4. For C" large enough, The probability P{A4(n)} converges to 1 when
n goes to infinity.

PROOF. Looking at the proof of Lemma 5.3, we have to prove that P{d; —a; >
C"logn} is equal to a o(n™¢), n — oo. Moreover, observing that d; — a; = (d; —
dj)+ (d; — T]T) + (T]T —b;) + (bj — a;), the proof of Lemma 5.4 boils down to showing
that, for C” large enough,

"

(5.9) P{d; —d; > % logn} = o(n™°), n — oo,
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I

(5.10) P{d; - TjT > % logn} = o(n™°), n — 0o,
"

(5.11) P{TjT —b; > % logn} = o(n™°), n — 0o,
I

(5.12) P{b; —a; > % logn} = o(n™°), n — oo.

To prove (5.9), we apply the strong Markov property at time Ej such that we get
P{d; —d; > %" logn} < P{T(_oo,—p,] > CTN logn}. Therefore, we have

P{d; —d; > %logn} <P{ inf V(z)>-D,}< P{V(%logn) > —D,}.

OSxSCT” logn

Recalling that D,, := (1 + %) log n and observing that large deviations do occur, we
obtain, from Cramer’s theory, that P{V(%" logn) > —D,} < e_cT"h’g”I(_%(H%)),
with () the convex rate function associated to V. This inequality implies (5.9) by
choosing C" large enough such that CT” I (—%(1 + %)) > ¢, which is possible since
1(0) > 0.

To prove (5.10), observe first that (5.4) implies P{H ) > GL,:,) logn} ~ n= "+ =
o(n~¢), n — oo. Therefore, we obtain that P{d; — TjT > CT” logn} is less or equal
than P{T(—oo,—l%sllogn}
arguments we used to treat (5.9).

To get (5.11), observe first that

> Clogn} + o(n~¢) and conclude the proof with the same

1 C// C//
P{T; —b; > T logn} = P{Tp, > T logn | Hy > hy,}
"

< P{%logn < Ty, <oo}/P{Hy> h,}.

Therefore, Cramer’s theory, see [33], yields

"

P{%logngThn<oo} < Y Pk zhy< Y eH(R)

kZ—CZI logn kz—czl” logn
Z C
= — cl I(O) Y
ol n 4
k>>=-logn

the second inequality being a consequence of the fact that the convex rate function
I(-) is an increasing function on (m,+o00). Using (5.4), we get, for all large n,

c” C
T_p. > <
PAT) by > T logn) < o

which yields (5.11), by choosing C” large enough such that C" > ﬁ.
For (5.12), observe first that ((V(k — b;) — V(b;))a,<k<s,, @j,b;) has the same
distribution as ((V(k))a-<k<0,a,0) under P{-|V(k) > 0,a= < k < 0}, where

a” = sup{k < 0 : V(k) > D,}. Then, since P{V (k) > 0,k < 0} > 0 and
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since (V(—k), k > 0) has the same distribution as (—V'(k), k£ > 0), we obtain
" i "

Py —a; > T logn} < CP{Taop,y > - logn} < CP{V(Tlogn) > ~D,)

Now, the arguments are the same as in the proof of (5.9). O

Defining A(n) := Ai(n) N Az(n) N As(n) N As(n), a consequence of Lemma 5.1,
Lemma 5.2, Lemma 5.3 and Lemma 5.4, is that

(5.13) P{A(n)} — 1.
The following lemma tells us that the x-valleys coincide with the sequence of deep
valleys with an overwhelming probability when n goes to infinity.

LEMMA 5.5. ]f A*(n) = {Kn = K;;7 (G,j,bj,Cj,dj) = (CL;T,Z)»-< ck d;), 1 <5<

VR

K,}, then we have that the probability P{A*(n)} converges to 1, when n goes to
infinity.

PROOF. Since, by definition, the %-valleys constitute a subsequence of the deep
valleys, Lemma 5.5 is a consequence of Lemma 5.3 together with Lemma 5.4. O

REMARK 5.4. Another meaning of this result is that, with probability tending to
1, two deep valleys are necessarily disjoint.

5.2. Preparatory lemmas. In this subsection, we develop some technical tools
allowing us to improve our understanding of the random walk’s behavior. In Lemma
5.8, we prove that, after exiting a deep valley, the random walk will not come back to
another deep valley it has already visited, with probability tending to one. Moreover,
Lemma 5.9 specifies that the random walk typically exits from a *-valley on the right,
while Lemma 5.10 shows that the time spent between two deep valleys is negligible.

5.2.1. Preliminary estimates for inter-arrival times. Let us first give a prelimi-
nary result concerning large deviations, more precisely about the convex rate func-
tion associated to the potential V(-), denoted by I(-).

LEMMA 5.6. Under assumptions (a)—(b), we have
I(x)

inf — =k
>0 X

Moreover, the minimum is reached at xg := N'(k), with A(t) := log E[p}].
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PROOF. Recalling that I(-) is defined by I(x) := sup;so{tz —A(t)}, for z > 0, we
have I(z) > kx — A(k) = Kz, since A(k) = 0. Moreover, under assumption (a)—(b),
formula (2.2.10) in ([33], p. 28) implies I(A'(k)) = xA’(k), which concludes the proof
of Lemma 5.6. UJ

Let us introduce
T'(h) :=min{z >0: V(z) > h}, h >0,
TH(h) :=min{z > 0: Vi(z) < —h}, h > 0.

LEMMA 5.7. Under assumptions (a)—(b), we have, for h large enough,
E‘O [Th] S C’eh,

where g denotes the expectation under the law Py of the random walk in the random
environment w (under P) reflected at 0 and 7, :== 7(T"(h) — 1).

PRrROOF. Using (Zeitouni [113], formula (2.1.14)), we obtain that Ej [73,] is bounded
from above by E[Zogi§j<TT(h) eV=V®] . Therefore, since T"(h) < T'(h) o 6;, for
any ¢ > 0, we obtain

(5.14)  Ep[m] < ZE[l{KTT(h)} Z ev(j)_v(i)} < Bi(h) Ba(h),

i>0 i<j<T"(h)
where
pi(h) = E[T'(h)],
By(h) = E[ 3 eVU')].
0<j<T1(h)

To bound 3;(h), let us introduce the number N of complete excursions before T (h),
defined by N = N(h) := sup{i > 0 : ¢; < T'(h)}. Then, we can write (;(h) =
E[ZiNzgl(ei —e;_1)+(TT(h) —en)]. Observe that the definition of T'T(h) implies that
N is a geometrical random variable with parameter ¢ = ¢(h) := P{H > h} and
recall that, by (5.4), we have ¢ ~ Cre™*" h — oo. Therefore, we get, for h large
enough,

Bi(h) < > (1—q)q(kE[er|H < h) + E[Ty|H > h])

< 0> (1—q) q(kBle)] + E[Ty|H > 1),

the second inequality being a consequence of the fact that Ele;] < oo (see (5.1))
together with P{H < h} — 1, h — o0, by (5.4). By obvious calculations, this yields
Bi(h) < C(1—q)g ' Elei] + E[Ty|H > h], which implies with (5.4) that

(5.15) Bi(h) < Ce™ + E[T,|H > h].



5. REDUCTION TO A SINGLE VALLEY 121

Now, let us bound E[T,|H > h]. To this aim, we observe first that E[T,|H > h] <
Ce™ Zkzo(k + 1)P{T), = k+1; H > h}. Then, applying the Markov property at
time k, we get
E[T\H >h] < Ce™> (k+ 1)E[Lgeyxene """ )]
k>0

Lh)

< C) (k+1) Ze UHD PV (k) > 5}

k>0
Since large deviations do occur, Cramer’s theory7 see [33], implies P{V (k) > j} <

e kI(R), Now, recalling that (-) is an increasing function on R together with Lemma

5.6, we obtain
© .

P{V(k) = j} < e F'3emb,
Since I(0) > 0, this yields that there exists C' > 0 such that, for all large h,
(5.16) E[T,|H > h] < Ce2".
Assembling (5.15) and (5.16) implies, for h large enough,
(5.17) Bi(h) < Cet™.

In a second step, we bound [2(h). Let us first introduce & := {maxo<j<;—1 H; <
h; Hy > h} and write

Bl = DBl Y &'V

k>0 0<5<TT(h)
k—1
= Z (Z |:1€k ] —|—E|:15k 5k)7k]),
k>0  i=0

where J; := Y2700 V07V for i > 0 and J = Z?Lg}:)_l eV)=V(er) which is well
defined on &. Observe that & = {N(h) = k} and recall that N(h) is a geometrical
random variable with parameter ¢ = q(h) = P{H > h}. Then, the Markov property

applied at times (e;)1<;<x yields that B2(h) is less or equal than

w
,_-

S0~ a)*a(BlbIHy < K] Y Bl € Hy < B + BTo|Hy > BBl |H < 1),

k>0

.
Il
o

which implies that (k) is bounded by

1 q _
ElJy|Hy < h| + Hy > hl.
1— E[eV(e1)|HO < h] [JO‘ 0 < ] 1— (1 — q) [ (e1 |H0 < h] [«]0‘ 0= ]

Now, since V is transient to —oo, then Hy is almost surely finite and E[e" (V)| H, <
h] — E[eV()] < 1, when h — oo. Recalling that ¢ = g(h) — 0, h — oo, it follows
that

(5.18) Bo(h) < C(E[Jo|Hy < h) + qE[Jo|Hy > h]),
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for h large enough.

Let us first bound E[Jo|Hy > h]. Recall that if u denotes the law of log po,
thanks to assumption (a) of Theorem 5.1 we can define the law i = pfu, and the
law P = [1®% which is the law of a sequence of i.i.d. random variables with law /.
The definition of  implies that [logpi(dp) > 0. Then, using the Girsanov property
between P and P, we can write

E[70|H0 Z h] S CeRhE[e_RV(Th)jol{HOZh}]
Tp—1

< CE —~(V(Th)= Z e 1{H0>h}]
T-1
< CB[ Y O g, v
k=0
)
< CE Z Ze 1{p<V(k <p+1}}
" k>0 p=0
Lk]
< C Z P [ Z lop<cvn <p+l}i|

k>0

Moreover, Markov property yields E[Zkzo 1{;,,S\/-(k)<p+1}]~ < E[Zkzo Lio<vmy<iy)s
which is finite since (V (k))g>o has a positive drift under P.
Therefore, recalling (5.18) and (5.4), we get

(5.19) Ba(h) < C(E[Jo|Hy < h] + ")

and only have to bound E[Jo|Hy < h]. Recall that R =Y, .,e"® and observe that
Jo < R. Moreover, let us denote by EZ[-] the expectation under PZ{-} := P{:|T},
with Z := {H = S}. Then, we first observe that EZ[R|H < h] > E[R1{y_s<p)] >
E[Jo1l{g=s<ny). Furthermore, since .Jy depends only on (V' (k); 0 < k < e;) and since
P{V(k) <0; k >0} > 0, we get, by applying the strong Markov property at time
e1, that E[Jolig<py] < CE*[R|H < h], which implies

E[Jo|H < h] < CE*[R|H < h].

Therefore, we only have to prove that EZ[R|H < h] < Ce(!=®" To this aim, we
recall first that Corollary 4.1 in Chapter 4 implies that, PZ-almost surely,

(5.20) EY[R||H]|] < Celt
Now, observe that EZ[R|H < h] < CE*[R1{gpy] and let us write

Lh)

E*[R1ggeny] < ZEI[l{LHJ:k}EI[R| | H]| = kK]
k=0
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)
< O E | Lugel|

k=0
1]
< C) " PH{[H| =k}
k=0
1)
(5.21) < C) el < Celmit,
k=0

the second inequality is a consequence of (5.20) and the fourth inequality due to
the fact that PZ{|H| = k} < ce™*P for some positive constant c. Now assembling
(5.14), (5.17), (5.19) and (5.21) concludes the proof of Lemma 5.7. O

5.2.2. Important preliminary results. Before establishing the announced lemmas,
we introduce, for any z,y € Z,

7(z,y) == inf{k > 0: X, =y}
Then, we have the following results.
LEMMA 5.8. Defining DT (n) := A(n) N ﬂfz”l {7(d;,bj11) < 7(dj,d;)}, we have
P{DT(n)} — 1, n — oo.

PROOF. Recalling (5.13), we only have to prove that

Kn
(5.22) E |:1A(n) ijj {T(bj_H) > T(EJ)} — 0.
j=1
By (Zeitouni [113], formula (2.1.4)), we get, for 1 < j < K,, and for all w in A(n) :
Z a+1 L oV(k) ~
y V(dy) =V (d;)+hn
P {7— J+1 > T(d )} W S (bj+1 — dj)e (dy) (dj)+ .
k=d;

Combining (5.17) and Markov inequality, we easily get that bg, .1 — dg, = o(n)
with probability tending to 1. Moreover, by definition, V(d;) — V(d;) < —D, for
1<j<K, and bj; —d; <e, <C'n,forl<j<K,—1on A(n). Therefore, we
have

K”L
L {1A(n) > Pi{r(bjs1) > T(Ej)}} < CnE[K,)e”Prthn,
j=1
Recalling that D,, = (1++)logn, h, = £==logn and since E[K,] < C'n?, we obtain

Ko
EllA(n) > Pi{r(bi) > T(Ej)}] < Cef-1/mlogn.

i=1

which implies (5.22). O
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LEMMA 5.9. Defining DT*(n) := ﬂsz"l {r(br.d3) <7(b3,7})}, we have

J7 77

P{DT*(n)} — 1, n — oo.

PROOF. Since, by definition, the x-valleys correspond to the K, deep valleys on
A*(n), we consider Af(n) := A*( ) N As(n) N Aj(n) to control the x-valleys, where
Aj(n) is defined by Aj(n) := N; B {vi41 —a; < C"logn} N{y; < C"logn}. Using
the same arguments as in the proof of Lemma 5.4, we can prove that P{A}(n)} — 1,
n — oo, for C" large enough. Then, recalling that Lemma 5.3 and Lemma 5.5 imply
P{A*(n) N A3(n)} — 1, n — oo, it remains only to prove that

(5.23) [1% Zpb {r(d;) > (7))} — 0.

Observe that by (Zeitouni [113], formula (2.1.4)) we get, for 1 < j < K,,,
Py{r(d) > 7(3)} < (d; = by)ef” (Vv

the second inequality being a consequence of w € A*(n) N Aj(n). Then, to bound
HY=(VOD=V®:) from above, observe that (5.4) implies P{H) > () logn} ~
n~(E+) = o(n~%), n — oo, for any & > 0, which yields that P{ﬂK" {HY) <
1+E logn}} tends to 1, when n tends to co. Therefore, recalling (5.23), we only
have to prove that

+
0]

(5.24) Clognn = E |:1AT(n) Z e—(V(’Yf)—V(bj))] = 0.

Since 75 —b;_1 < C"logn on Aj(n) and b; —b;_1; > n'~>* on Ag(n), we get b; —77 >
7% for 2 < j < K,, on Af(n), for all large n. Similarly, 75 < C”logn on Aj(n)
and by > n'~% on As(n) yield by —~f > 3n'~% on Af(n). Therefore, by definition
of b; and since large deviations do occur, we obtain from Cramer’s theory, see [33],

P{A¥(n); V(b)) =V(7;1) 2

1-3e 1-3¢

') < PVt 2 e’

1-3
< e 12351(" 2 E) zo(n_‘g)7

for any 1 < j < K,,. This result implies that the term on the left-hand side in (5.24)
& nl—3e
is bounded from above by C'logn n's )E[Kn]e_ 2. Then, since E[K,] < Cn®,

this concludes the proof of Lemma 5.9. ([

LEMMA 5.10. For any 0 < n < e(+ — 1), let us introduce the following event
ITA(n) = A(n)N {Zf”l 7(dj,bj11) < nl/”‘_”} . Then, we have

P{IA(n)} — 1, n — oo.
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PROOF. Recalling that P{K, > 2Cm°} — 0, n — oo, and that Lemma 5.8
implies that P{DT(n)} — 1, n — oo, it only remains to prove

[2CnE |

P{DT(”) A { Z 7(dj, bj11) = nl/ﬁ_n}} — 0, n — 0.
j=1
Using Markov inequality, we have to prove that
[2Cn] 1
(525) E |:]-DT(n) 2; T(dj, bj+1):| =0 (W) s n — oQ.
]:
Furthermore, by definition of the event DT (see Lemma 5.8), we get
[2Crne] |2CTne] ;
]E|:1DT(n) Z T(dj, bj+1):| S E 1A(n Z E J ]+1)]
Jj=1 -
- \_20]715] 7 -
< FE 1A(n) E” w,[d; [ (bj-l-l)] :
L j=1 .
Applying successively the strong Markov property at ELQCME Ireees dy, dy, this implies
[2C |
E {1DT(H) > r(d;, bjﬂ)} < 20mfE[7(T (hy) — 1))
j=1
Therefore, Lemma 5.7 implies
[2Cn¢| ) )
IE{lDT(n) Z T(djabjﬂ)} < Cnfe < an_a(;_l)a
j=1
which yields (5.25) and concludes the proof, since 0 < n < e(% — 1). O

5.3. Proof of Proposition 5.1. Since the time spent on Z_ is almost surely
finite, we reduce our study to the random walk in random environment reflected at
0 and observe that

E[e )] = Ep [e7 7] 4 0(1), n — oo,

where [y denotes the expectation under the law P of the random walk in the
random environment w (under P) reflected at 0.
Furthermore, by definition, 7(e,) satisfies

+ Z_ {7(bj,dj) +7(dj, bjr1)} < 7(en) < 7(b1) + Zn{r(bj, d;) 4+ 7(dj,b;11)},

such that we easily get that Ej |e [ —An 7(en } belongs to
|:E|0 [e_xn (T(b1)+2§i"1{T(bj,dj)+7(dj,bj+1)})] L Ep [e—An (T(b1)+z§<;;1{T(bj,dj)w(dj,bm)})}] .
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Let us first recall that Lemma 5.8 and Lemma 5.10 imply that P{DT'(n)NIA(n)} —
1, n — oo. Then, we get that the lower bound in the previous interval is equal to

Ej _]—DT(n)ﬂIA(n)e_)\n( (o) + K (7 (b)) +7(d;, le)})] +o(1)

= Ep |1prmnrawm) e_A”ZﬁlT(bj’df)} +o(1)

= Ep _e_A"EﬁlT(bj’dj)] +o(1).

Then, applying the strong Markov property for the random walk successively at
7(bk, ), T(bk, 1), .., T(by) and 7(by) we get
- Kn
Ej [e—kn PO T(ijdj)} - E Ew 0 [ —AnT(dj)} }

L j=1

g

T b .
= F 1A*(n) ij,\O [e_)\nT(dj)i| :| + 0(1)
1

<.
Il

- K

= B|[[E, [ >H +o(1),

L ]:1
the second equality being a consequence of Lemma 5.5. Then, since Lemma 5.9
implies P{DT*(n)} — 1, we have

Kn s -
E‘O e—)\n Z]‘:1 T(bj,dj)] — E HE' |0 [1DT —An ( )i|:| ‘I’O(]-)
] K;; .
= F HEWJ;W |:1DT*(n) e_)‘”T(d;)]} +0(1)
Lj=1 J
- K
= E HEJMJ [ ~AnT(d] )” +o(1),

Since P{K,, = K}} — 1, and P{K,, < K,} — 1, with K,, = [ng,(1 + n~</%)], we
get

Ejp [e™ 7] > E{HEW [_A”( ’H +o(1).

7j=1

Then, applying the strong Markov property (for the potential V') successively at
b* *

times 7% , ..., 75 and observing that the (Ew]| . [e_’\”(dj)D __areii.d. ran-

n 5 1<j<Kn,

dom variables, we obtain that

* * K’n
Ejo [e~ nT<@n>}>E[E —WW] +o(1).

s
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Since we can easily prove that P{(a1, b, c1,dy) # (af, b}, c},d})} = o(n™%), and since
K, = O(nf), n — oo, the strong Markov property applied at ~; yields

B i) 2 5 ] o),

Using similar arguments for the upper bound in the aforementioned interval, we get

Bo fe 7] € [ B[22, o]

Ky

+o(1), E [Efil‘o [e —An“dl)]}ﬁ" + 0(1)} .

Furthermore, observe that E [Ebl‘o [ _’\"T(dl)” E [Ebl‘al [e‘A"T(dl)}] + o(n79).
This is a consequence of Lemma 5.4, definition of @ and the fact that (5.4) im-
plies P{HW 1+E Llogn} ~ n~E*) = o(n™), n — oo, for any ¢ > 0, which

gives
(1+)

E [Pl {r(a1) < 7(d1)}] < Clogne
This concludes the proof of Proposition 5.1. a

logn—Dn __ O(n—e)'

6. Annealed Laplace transform for the exit time from a deep valley

This section is devoted to the proof of the linearization. It involves h-processes
theory and “sculpture” of a typical deep valley. To ease notations, we shall use a,
b, ¢, and d instead of aq, by, ¢; and d;. Moreover, let us introduce, for any random
variable Z > 0,

1
5.26 R,(\Z) = B|———|.
(5.26) (\.2) [HM_%Z]

Then, the result can be expressed in the following way.

PROPOSITION 5.2. For any & > 0, we have, for all large n,

R (¢S, 2¢ My M) +o(n ) < E[E?, Qe O <R, (e7EN, 2 M, My) +o(n9).

where My := Y2971 o= (V@=VO) gnd M, := 5971 V@V Note that V is defined

r=a+1 €
in the following subsection.

6.1. Two h-processes. In order to estimate Eb [ _A"T(d)] , we decompose the

passage from b to d into the sum of a random geomet|rlcally distributed number, de-
noted by N, of unsuccessful attempts to cross the excursion, followed by a successful
attempt. More precisely, since NV is a geometrically distributed random variable with
parameter 1 — p satisfying

V)

Zi;}) eV(z) ’

we can write 7(d) = ZlNzl F;+ G, where the F;’s are the successive i.i.d. failures and

(5.27) l—p = w

G the first success. The accurate estimation of the time spent by each (successful
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and unsuccessful) attempt leads us to consider two h-processes where the random
walker evolves in two modified potentials, one corresponding to the conditioning on
a failure (see the potential V and Lemma 5.11) and the other to the conditioning
on a success (see the potential V' and Lemma 5.12).

6.1.1. The failure case: the h-potential V. Let us fix a realization of w. To
introduce the h-potential ‘7, we consider the valley a < b < ¢ < d and define
h(z) := P*{1(b) < 7(d)}. Therefore, for any b < = < d, we define @, = w, hgi;r)l)

and similarly (1 —&,) == (1 — wm)hf(_)l). We obtain for any b <z <y < d,
h(zx)h(zx + 1))

h(y) h(y +1)

(528 V) - V@) = (V) - V(z) + log (
Using (Zeitouni [113], formula (2.1.4)), we get

ha)hle+1) _ o e? s, e
h(y)h(y +1) 32070 eV0) 3970 eV

=Y

(5.29)

Thus we obtain for any b <z <y < ¢,

(5.30) V(y) = V(z) > V(y) - V(z).

LEMMA 5.11. For any environment w, we have

d—1
(5.31) E,[F] _2%( Z e~ (V@-V () Ze (V(@o)- vw»)’

i=a+1 i=b
and
(5.32) E, [F}] =4w, RT +4(1 —wy) R,
where
d—1 -2
RT = (1+2Ze\/(j)—\/(i—1))( —(V(i-1)— +2 Z e V(-1 V(b))’
i=b+1 j= j—it1
b—1
R = <1+2 Z eV )=V (i+1) )( ~(V(i+1)-V®) 4 9 Z o~ (VG+)- ))
i=a+1 j=i+2 j=a+1

REMARK 5.5. Alili [2] and Goldsheid [49] prove a similar result for a non-
conditioned hitting time. Here we give the proof in order to be self-contained.

PRrROOF. Let us first introduce
Nt = tlk<7(0): Xp=1i—1, X341 =i}, i>b,
N = ﬁ{k<7(b):Xk:’i+1,Xk+1:i}, 1 <b.
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Observe that, under Py, for i > b and conditionally on N;” = z, N, is the sum
of x independent geometrical random variables with parameter ;. It means that
Ep[Ni|IN;™ = 2] = £ and Varg[N}|N;” = 2] = 5.7 Similarly, under P,, for

¢ < b and conditionally on N;” = x, N,_, is the sum of x independent geometrical
random variables with parameter 1 — w;. It means that E,[N, ;|N;, = z| = xp; and
Var, [N [N, = 1] = 2.
Since
d-1 b—1
B[R] = 2wy E5[Y N+ 2(1 - wy) E,[> N7,
b+1 a+1

an easy calculation yields (5.31).
To calculate E,[F?], observe first that

d—1
E[F?) = 4w, E; [( > N;)Q} +4(1—w,) E [ Z N; }
1=b+1 i=a+1
Then, it remains to prove that Eg[( ZHl N )?] = RT and E, [(ZZ+11 N7 )} =R".
We will only treat Eg[( ng N;")?], the case of Ew[(zl;rll N;)?] being similar. We
get first
d—1 d-1  d—
(5.33)  Fs l(ZNW] Z E[(N;)]+2 ) Z E5[N; N7
b+1 i=b+1 i=b+1 j=i+1

Observe that E; [N;"N| = E [N;"E [N} |N},... N ]| = E; [NJ—JY;I} , for
Pj—1
1 < j, so that we get, by iterating,
1
E; [Nf NI = E5 [(N;")?)] ————.
[ ]] [( )]pj—l---pi

Recalling (5.33), this yields

B[S - £ strn(e§ )

b+1 i=b+1 j=itl Pi- - Pj—1
d-1 _ A A
(5.34) = Z E; [(Ni+)2} (1 +2 Z e—(v(j—n_vu_n))
i=b+1 j=i+1
Now, observe that Eg [(N;)?] = E5 [E@ [(N;F)Q\N;[l]] , which implies
Ba (N {Z Eal o Gz(f)]l{zvfl:k}} |
k>1

Since the G"’s are i.id., we get E5[GY + .- + G,(f)] = kVars[GV] + K2E5[GV)2.
Recalling that F5[G\"] = > and Varg ERE #, this yields
i i—1

Es [Nztl} + E5 [(Nitl)z}

E; [(N")?] = —=—= =
[( ! )} Wi—lpzz—l P?—l
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1 Es [(Nitl)2}
Gtpr - o | Py
Denoting Wyyq =1 and W; := (Dpt1 - - . pi1) B [(N;7)?] for b+ 1 < i < d, (5.35)
becomes

(5.35) -

Poil - Picl —~ ~ —~
Wi—=Wi1 = p+@7p = Pbt1---Pi-1 T Pot1---Pi-2,
i1
the second equality being a consequence of 1/&; 1 = p;_1 + 1. Therefore, we have

WZ‘ = Zz+2(Wj_Wj—1)+Wb+1 = ﬁb+1 e @_1 +2(1+Zz:_21 ﬁb+1 e ﬁ]), which implies

i—2
Dot1 - Pj
Ex [(N7)] = —l—2 J
| ] Pt - ]Z: (Pot1 - - - Pie1)?
1—2
(5.36) = o VE)-VO) 4 9 Z oV (@) =2V (i=D)+V(b)
j=b
Assembling (5.34) and (5.36) yields (5.32). O

6.1.2. The success case: the h-potential V. In a similar way, we introduce the h-

potential V by considering the valley a < b < ¢ < d and defining g(z) := P*{r(d) <
7(b)}. Therefore, for any b < x < d, we define 0, := w, (“TEI) and similarly (1—@,) :=

(1-—w )ggxl We obtain for any b < z < y < d,

) — (V) — Ve & 1o (981
530 V)= V) = (V) - Vo) +log (S0FEE),
Recalling (Zeitouni [113], formula (2.1.4)), we have

g(x) gz +1) _ > eV ) >, V() -
gW) gy +1) S eV U eVl T
Therefore, we obtain for any ¢ < x <y < d,

(5.39) V(y) = V(z) < V(y) = V().

(5.38)

Using the same arguments as in the failure case, we get the following result.

LEMMA 5.12. For any environment w, we have

(5.40) B G <1+ ) Y eV

i=b+1 j=i

6.2. Preparatory lemmas. The study of a typical deep valley involves the
following event

As(n) = {max{V'(a,b); =V (b,c); V(c,d)} < blogn},
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where 0 > ¢/k. In words, As(n) ensures that the potential does not have excessive
fluctuations in a typical box. Moreover, we have the following result.

LEMMA 5.13. For any 0 > ¢/k,

P{As5(n)} =1—o0(n"%), n — o0o.

PROOF. We easily observe that the proof of Lemma 5.13 boils down to showing
that

(5.41) P{V(a,b) > §logn} = o(n™*), n — 0o,
(5.42) P{-VYb,c) >dlogn} = o(n™), n — 0o,
(5.43) P{V'(c,d) > dlogn} = o(n™), n — oo.

In order to prove (5.43), let us first observe the following trivial inequality
P{V'(c,d) > 6logn} < P{V(T],d) > 6logn}.

Looking at the proof of (5.10), we observe that P{d — 7] > C'logn} = o(n™¢), for
any &' > 0, by choosing C' large enough, depending on ¢’. Therefore, we only have to
prove that P{V'(T], T) + C'logn) > dlogn} = o(n~*). Then, applying the strong
Markov property at time 7, we have to prove that P{V1(0,Clogn) > dlogn} =
o(n™%). Now, by Cramer’s theory, see [33], and Lemma 5.6, we get

P{V'(0,Clogn) > §logn} < (Clogn)* max P{V(k)>dlogn}

0<k<Clogn

IA

(Clogn)®> max e~
0<k<Clogn

< (Clogn)? exp{—kdlogn}.

Since 0 > ¢/k, this yields (5.43).
To get (5.42), observe first that

P{—VYb,c) > dlogn} < P{—=V'(b,T)) > dlogn} + P{—VY(T/,c) > 6logn}.

The first term on the right-hand side is equal to P{V+(0,T"(h,,)) > dlogn|Hy > h,,}.
Recalling that (5.4) implies P{Hy > h,} < Cn~179) for all large n and observing the
trivial inclusion {V4(0, T"(h,)) > dlogn; Ho > h,} C{T*(6logn) < Th, < T(—0c ]} -
it follows that P{—V*(b,T]) > 6logn} is less or equal than
Cn'*P{T*(6logn) < Ty, < T(-0o0l}
Lhn ]
< Cn'* Z P{Ms € [p,p+1); T*(logn) < Ty, < T(—0},
p=[510gn]
where M; := max{V (k); 0 < k < T'(6logn)}. Applying the strong Markov property
at time T}(dlogn) and recalling (5.6) we bound the term of the previous sum, for
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|0logn] <p < |h,] and all large n, by
P{S > p} P{S > h, — (p—dlogn)} < Ce "Perhn=p+ilogn))

where S := sup{V (k); k > 0}. Thus, we get P{—V(b,T]) > dlogn} < C|hn|n ",
for all large n, which yields P{—V!(b, /) > dlogn} = o(n™¢), n — oo, since
d > ¢/k. Furthermore, applying the strong Markov property at TlT , we obtain that
P{—VYT],¢) > dlogn} < P{=V}0, V) > dlogn}. In a similar way we used
before (but easier), we get, by applying the strong Markov property at T*(5logn),
that P{—V4(T},¢) > dlogn} < n~" for all large n. Since § > £/k this yields (5.42).

For (5.41), observe first that ((V(k — b) — V(b))a<k<s, @, b) has the same distri-
bution as ((V(k))a-<k<0,a™,0) under P{:|V(k) > 0,a” < k < 0}, where a~ :=
sup{k < 0 : V(k) > D,}. Then, since P{V(k) > 0,k < 0} > 0 and since
(V(=k), k > 0) has the same distribution as (—=V'(k), k > 0), we obtain

P{V'(a,b) > dlogn} < CP{V(0,T\_, p,)) > dlogn}.
Now, the arguments are the same as in the proof of (5.43). O
6.3. Proof of Proposition 5.2. Recall that we can write 7(d) = Zf\il F,+ G,

where the F;’s are the successive i.i.d. failures and G the first success. Then,
denoting F; by F, we have

ES e W) = EY e D ED e (1 - p)pt
k>0
I1—p
5.44 = EP [e M€ .
. T e

In order to replace E?

w,la

e by 1 — N\, E®, [F], we observe that 1 — A\, E? [F] <
w,|a w,|a

Ef)"a[e_)‘”F] <1- )‘nEz,m[F] + %%EZM[FQ], which implies that E[W]
belongs to ’

[E [1 —p(1 i;anj;'a[lﬂ’])} B [1 —p(1— AnEgij}’] + 2 [F2])}

w,|a

Now, we have to bound )ang'a[F ?] from above. Then, recalling (5.32), which implies
E’ [F?] < 4(RT + R™), we only have to bound R™ and R™. By definition of RT,

w,la

we obtain

(5.45) R < (d —b) (1 +2(d — b)e—W(b,d)) (3(d — b) max e—(Wj)—V(b))) .

b<j<d
Recalling that the proof of Lemma 5.4 contains the fact that P{d —a > C"logn} =
o(n™®) and that Lemma 5.13 tells that P{A5(n)} = 1 — o(n™°), we can consider
the event A*(n) := {d — a < C"logn} N As(n), whose probability is greater than
1 —o(n=¢) for n large enough. It allows us to sculpt the deep valley (a, b, ¢, d), such
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that we can bound RT. We are going to show that the fluctuations of 1% are, in
a sense, related to the fluctuations of V' controlled by As(n). Indeed, (5.30) yields
Vb, c) > Vl(b c) > —dlogn on A*(n). Moreover, (5.28) together with (5.29) imply
that V(y) — V(z) is greater than

V(y) = max V(j)]—[V(z) = max V(j)] - O(log;n),

y<j<d—1 v<j<d—1

for any ¢ < z <y < d, on A*(n). Since V(z) — max,<j<q—1 V(j) < 0 and V(y) —
max,<;j<q—1V (j) > —dlogn on A*(n), this yields Vi(e,d) > —6logn — O(logy n).
Furthermore, since (5.28) and (5.29) imply that V(c) is larger than MaXp<j<c V() —
O(log, n), assembling V! (b, c) > —8logn with V(c,d) > —6logn — O(log, n) yield
(5.46) Vb, d) > —dlogn — O(log, n),

on A¥(n). Therefore, we have, on A¥(n) and for all large n,

(5.47) R < C(logn)*n’ max e~ VO-V®),

b<j<d

Since V(b) = V(b) and (5.29) implies V() > V(z), for all b < z < ¢ (in particular

V(e) = V(¢)), it follows from (5.46) that V(j) = V(b) = (V(j) = V() + (V(¢) -
V(b))
< (
(5.47

> h, —dlogn—0O(log, n), which is greater than 0 for n large enough whenever
1 —¢)/k (it is possible since § > €/k and 0 < € < 1/3). Therefore, recalling
), we obtain, on A¥(n),

(5.48) R™ < C(logn)®n’

In a similar way, we prove that R~ < C(logn)®n®, on A¥(n), which implies that
MED [F?) < C(logn)®n®x. Now, observe that, for any & > 0, {\,E} ,[F?] <
2(1 — e%)} is included in Ai( ), such that A, Ep ,[F?] < 2(1 — e~ )Ef)‘a[F] with
probability larger than 1 — o(n~¢). Then, introducing

1

B = E{1+ Iy [F]]’

nl/ﬂl —p " wla

we get, for n large enough,

—e I p —£ —€

(5.49) R, (A)+o(n°) < E[l TPELLk —/\nF]] < Rl (e7*A) 4+ o(n™®).

In order to bound Ef)"a [e_)‘”G} by below, we observe that e™ > 1 — x, for any
x > 0, such that Eb| [ > 1 -\, E] a|G]. Therefore, we only have to bound
EY, |G from above. Recalling (5.40), we get E® 1G] < (d— b)2eV' &9 Now, let
us bound VT1(b,d). We observe first that (5.39) implies V1(c,d) < V1(c, d), which
yields V'(c,d) < §logn on A*(n). Moreover, (5.37) together with (5.38) imply that
V(y) — V(z) is less or equal than

V(y) — max V)]~ [V(a) — max V()] + Ollogy ).

b<j<y b<j<z
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for any b < r <y < ¢, on A*(n). Since V(y) — maxy<;<, V(j) < 0 and V(z) —
maxp<j<; V(j) > —dlogn on A*(n), this yields V1(b,c)
Furthermore, (5.39) and the fact that V(y) < V(c), for ¢
V(y) < V(e) for ¢ <y < d. Therefore, we have

V1(b,d) < §logn + O(log, n),

on A*(n). It means that E° ale” MGl is greater than 1 — o(n=¢) on A*(n) whenever
§ < L — ¢, which is possible since § > ¢/k and 0 < £ < 1/3. Therefore, recalling

(5.49), we obtain
(5.50)  RL(A)+o(n ) < E[E] [e ] < R (e*A) + o(n~%).

Recalling (5.31) and (5.27), we get

IOV

Ro(X, 2M (" My + wy)) < R(A) < R, (A 20"V M, M),

where M, = Zi;;l ~(V(@)-V (@) M = 3771 V@V and R, (), Z) is defined in
(5.26). Furthermore, since e’ > n"=, M, > 1 and w, < 1 we obtain that, for any
¢ > 0 and n large enough, w;, < (e — 1) HY ©,. Therefore, we have for all large n,

(5.51) R (), 2e" VM My) < RL(N) < Ru(A, 27 My Ms).
Now, assembling (5.50) and (5.51) concludes the proof of Proposition 5.2. O

7. Back to canonical meanders

Let us set S := max{V(k); k > 0}, H := max{V(k); 0 < k < Tg_} = H,,
and Ts := inf{k > 0 : V(k) = S}. Moreover, we define Z,, := {H = S > h,} N
{V(k) > 0,Vk < 0}, and introduce the random variable Z := %M M, where
M = Zh’;/z V() and My = ZZ;O eV =9 with a= = sup{k < 0: V(k) > D,}

and d* :=inf{k > e; : V(k) — V(e1) < —D,}. Then, denoting

1
R.(\)=F [—1|In} ,
1+nx2\7

we get the following result.

PROPOSITION 5.3. For any & > 0, we have, for n large enough,

Rn(€SX) 4+ 0(n™) < Rp(\, 267V My My) < Rop(e7EN) + o(n ™).

PROOF. Step 1: we replace J/\/f\l by ]\/Zf

Recall that A*(n) = {d—a < C"logn} N As(n) and that P{A*(n)} > 1—o0(n~*),
for all large n. Now, let us introduce T'(%) := inf{k > b : V(k) — V(b) > h,/2}
and J/\/f\lT = Zgiﬁ)l e~(V(®)-V®)  Recalling (5.46), we observe that M, < J/\/f\lT +
C" logne~3-+0lem o A¥(n). This implies that, for any £ > 0, we have M, — J/\/[\IT <
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(e — 1)MT for all large n, whenever § < =2, which is possible since § > ¢/x and
0 < & < 1/3. Therefore, we obtain, for n large enough,

R (5, 26V MTMy) + o(n ™) < Rn(\, 267 My Ms) < Ry (A, 27 MT Ms).

Step 2: we replace ]TJ\T by MT
- Let us denote M := Zk_ +1 e~ (VIR=V®)  Since T(%) ¢ (5.30) implies that
M < M['. Observe that (5.28) with (5.29) imply that V (y) — V(b) — (V(y) — V(b))
is less or equal than
d—1_v(j) ~d—1 1 ;
log (Zj:b e’ Z] —b+1 e’ ) Z? b eV i ? b+1 eV
d— d— — d— . d—
Zj:; eV() Z 1+1 eV (i) Z] ;eV(J) Z] ;+1 Vi)’
for any b < y < d. Therefore, on A*(n), we obtain V(y) — V(b) < (V(y) — V(b)) +
Clogne™% for any b < y < T(%”),/zvhich vields M7 > exp{Clogne %} MT.
Then, for any £ > 0, we obtain that M{ > e *M[I on A*(n) and for all large n.
This implies

Ro(\, 27 MT M) < R(\, 27 MIM,) < Ry(e7é, 27 MTM,) + o(n ™).

Now, assembling Step 1 and Step 2, we get that, for any & > 0 and n large
enough, R, (A, 2e#" M, M,) belongs to

(5.52)[Rn(e5)\, 26" MI M) + o(n™¢); Ry(e$X, 27" MT Ms) + o(n—f)] .

Step 3: the “good 7 conditioning.

Let us first observe that ((V(k —b) — V())a<k<d, @, b, ¢, d) has the same law as
(V(k))a-<i<d+>a,0, Ty, d") under P{-|Z}}, where I, := {H > h,; V!(a",0) <
hn; V(E) >0, a <k < 0}. Moreover, we easily obtain that P{{V(k) > 0,a” <
E<O0}\{V(k) >0,k < 0}} = O(n~U+") = o(n~%), that P{{H > h,} \ {H =
S} = O(n2179)) = o(n~®°) and that P{V'(a=,0) > h,} < P{Vli(a",0) >
dlogn} = o(n~¢), with the same arguments as in the proof of Lemma 5.13. There-
fore, we have P{Z], AZ,} = o(n™¢). Since 0 < R,(\,Y) < 1, for any A > 0 and any
positive random variable Y, this yields

(5.53) Ro(\, 267 MT M) = Ry (N) + o(n ™).
Now, assembling (5.52) and (5.53) concludes the proof of Proposition 5.3. O
8. Proof of Theorem 5.2

Observe first that R, (\) can be written

1
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Then, we can use Corollary 4.3 and Remark 4.5 in Chapter 4, which imply

B 1 K E[M*=2Cq " .
14+2)\.7 sin(rk) nP{H > h,}

Therefore, assembling Proposition 5.1, Proposition 5.2, Proposition 5.3 and recalling

that ¢, := P{H > h,}, we get that, for any £ > 0,

E|l \In]NT

limianE[e_’\”(e”)] > exp{—(2“ Ul E[M“]201>(e§>\)“},

n—00 Sil’l(?ﬂi)
: —n 7(e k TR K — K
lim sup E[fe™*7(n)] < exp{ - (2 sin(m—c)E[M ]201>(e Py }

Since this result holds for any & > 0, we get,

lim Efe ()] = exp{ - <2“ o E[M“]2C’I) )\“}.

n—00 sin(7k)

Now, for the conclusion of the proof of Theorem 5.2 and for the proofs of Theorem
5.1 and Corollary 5.1, we refer to the detailed sketch of the proof, see Section 3. O

9. Toward the case k=1

We intend to treat soon the critical case k = 1 between the transient ballistic and
sub-ballistic cases. This case turns out to be more delicate. Indeed, Lemma 5.7 is
replaced by a weaker statement, which says that 7(e,) reduces to the time spent by
the walker to climb excursions which are higher than alogn for o arbitrarily small.
Due to this reduced height, the new “high” excursions are much more numerous
and are not anymore well separated. The definition of the valleys should then be
adapted as well as the “linearization” argument, which is more difficult to carry out.
Moreover, a result of Goldie [48] gives an explicit formula for the Kesten’s renewal

constant, namely Cx = As a result, we should obtain, in this case, the

1
E[polog po]
following result, which takes a remarkably simple form: X, /(;}) converges in

probability to E[pglog pol/2.
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Marches aléatoires en milieu aléatoire sur 7 : études de
localisation dans les cas récurrent et transient

Résumé : Les marches aléatoires en milieu aléatoire constituent un modele permettant
de décrire des phénomenes de diffusion et de transport en milieux inhomogenes, possédant
néanmoins des propriétés de régularité a grande échelle. Le premier chapitre, introductif,
illustre la richesse de comportements des marches aléatoires en milieu aléatoire. Le second
chapitre concerne la marche de Sinai (cas récurrent) et répond négativement & une con-
jecture d’Erdos et Révész initialement posée pour la marche aléatoire simple. Il révele un
paradoxe lié au phénomene de localisation obtenu par Sinai. Dans le troisieme chapitre,
nous nous intéressons a la limite supérieure de la marche de Sinai en paysage aléatoire et
traitons une conjecture de Révész. Les quatrieme et cinquieme chapitres concernent les
marches aléatoires en milieu aléatoire transientes de vitesse nulle. Un résultat classique de
Kesten, Kozlov et Spitzer dit que le temps d’atteinte du niveau n converge en loi, apres
renormalisation, vers une variable aléatoire positive stable, mais ils n’obtiennent pas la
description de son parametre. Nous présentons ici une nouvelle preuve de ce résultat:
une analyse fine du potentiel associé a I’environnement nous permet d’obtenir une car-
actérisation complete de la loi stable limite. Le cas d’environnements de Dirichlet s’avere
étre particulierement explicite.

Mots-clés : marches aléatoires en milieu aléatoire sur Z, marche de Sinai, localisation,
temps local, lois stables, théorie des fluctuations pour une marche aléatoire, h-processus,
lois Beta, série de renouvellement, couplage.

Random walks in random environment on 7 : localization
studies in the recurrent and transient cases

Abstract: Random walks in random environment is a suitable model for diffusion and
transport in inhomogeneous media that have regularity properties on a macroscopic scale.
The first introductive chapter illustrates the wide variety of behaviors that are captured
by the random walks in random environment model. The second chapter concerns Sinai’s
walk (the recurrent case), which is known for a phenomenon of strong localization. Our
main result shows a weakness of this localization phenomenon. In particular, we give a
negative answer to a problem of Erd6s and Révész, originally formulated for the usual
homogeneous random walk. In the third chapter, we focus our attention on the upper
limits of Sinai’s walk in random scenery and treat a conjecture of Révész. The fourth
and fifth chapters deal with transient random walks in random environment with zero
asymptotic speed. A classical result of Kesten, Kozlov and Spitzer says that the hitting
time of the level n converges in law, after a proper normalization, towards a positive sta-
ble law, but they do not obtain a description of its parameter. A different proof of this
result is presented: a close study of the potential associated to the environment leads to a
complete characterization of this stable law. The case of Dirichlet environment turns out
to be remarkably explicit.

Keywords: random walks in random environment on 7Z, Sinai’s walk, localization, local
time, stable laws, fluctuations theory for random walks, h-processes, Beta distribution,
renewal series, coupling.



