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Chapter 1
Introduction

Cette these a pour objet I'étude de quelques équations aux dérivées partielles non
linéaires de type Dirichlet ou Neumann, a structure variationnelle, présentant un
défaut de compacité. Ce sujet trouve son origine dans des problemes de géométrie
différentielle (probleme de Yamabe avec ou sans bord) ou des probléemes de physique
(les équations de Yang-Mills).

Etant donnée la structure variationnelle de ces problemes, les solutions cherchées
correspondent aux points critiques d’une fonctionnelle F'., elles sont solutions de
I'équation F'(u) = 0. La difficulté principale commune a tous ces problemes est le
mangque de compacité. Pour remédier a cette difficulté, on utilise une forme déguisée

de compacité : la condition de Palais-Smale (PS).

Définition 1.0.1.
Soit F une fonction de classe C' sur un Banach E. On dit que F vérifie la condition
(PS) si pour toute suite (u;) telle que F'(u;) reste bornée et ||F'(u;)|| — 0, alors (u;)

est relativement compacte.

Cette condition empéche les points critiques de F' de "fuir a I'infini”.
Cependant, la condition (PS) est trop forte, c’est a dire il existe des suites non
relativement compactes pour lesquelles F' reste bornée et sa dérivée tend vers zero.
Aussi, une fonction F' peut atteindre son minimum sans vérifier la condition (PS).

On introduit, alors, une condition plus faible (PS). (voir Brézis-Coron-Nirenberg
[BCN)).

Définition 1.0.2.
Soitc € IR fixé. On dit que F vérifie (PS). si pour toute suite (u;) telle que F(u;) — ¢

et ||[F'(uj)|| — 0, alors (u;) est relativement compacte.

Cette amélioration qui peut paraitre négligeable est en fait extrémement utile

dans les applications. En pratique, on est conduit au programme suivant:
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1)Identifier les valeurs de ¢ pour lesquelles (PS). tombe en défaut.

2) Montrer que inf F' n’est pas une telle valeur.

Cette approche conduit a I’existence de solutions pour des équations a structures vari-
ationnelles. Le point d’orgue dans cette direction, est I’accomplissement de la preuve
de la conjecture de Yamabe par Aubin [A] et Schoen. La résolution du probleme de
Yamabe marque une étape dans le développement de ’analyse non linéaire.

Depuis, plusieurs travaux fondateurs ont été mis au point, citons par exemples [BN1],
[BaC], [C], [CHL], [Lel], [Pa], pour des problemes avec condition de Dirichlet, et
[AM], [AY], [Ch], [E], pour des problemes avec condition de Neumann.

Cette these se répartit en quatre chapitres. Le chapitre 1 est une introduction
générale. Dans le chapitre 2, on étudie un probleme avec la condition de Dirich-
let homogene et avec 'exposant critique de Sobolev.

Dans les chapitres 3 et 4, on s’intéresse a des problemes de Neumann non linéaires

avec une non-linéarité critique au bord.

1.1 Problemes de Dirichlet non linéaires faisant

intervenir ’exposant critique du Sobolev

On étudie une équation aux dérivées partielles elliptique non linéaire avec poids

faisant intervenir ’exposant critique de Sobolev de type

—div(p(z)Vu) = u?' + \u dans Q,
(P1),, u >0 dans €2,
u=20 sur 0,

ol € est un ouvert borné régulier de RN, N > 3, p : Q@ — IR est une fonction
strictement positive avec p € H}(Q)NC(Q), A € Ret g = %
On rappelle que pour ¢ € [1, ¢ Uinjection de Sobolev Hj(2) < L'(2) est compacte,

) _ ) _ 2N / ..
et ne l'est plus lorsque ¢ = ¢. L’exposant ¢ = 3= est appelé exposant critique de
Sobolev. On introduit alors la meilleure constante de Sobolev

Jo [Vul?dz

S = inf 5
wEHY@O\O} ( [1, ulada)s

dont les propriétés essentielles sont (voir [BN1]): S ne dépend pas du domaine Q, S
n’est jamais atteinte si Q # RN, S est atteinte sur IRY et les fonctions extrémales

sont de la forme

Upoe(z) = an 5, xRN




oll € > 0 est un parametre de concentration, o € IRY est un parametre de translation

et ay est une constante choisie de telle sorte que chacune de ces fonctions vérifie:

~AUpye = UL sur RY.

0,E

Cette partie repose sur deux résultats fondamentaux d’existence concernant le probleme
(P1), dans le cas p = 1. Le premier, du a Brezis-Nirenberg [BN1], tient compte de
la perturbation linéaire Au, le second, dit & Coron [C], tient compte de la géometrie
de 'ouvert €2 lorsque A = 0.

Les méthodes utilisées dans ce travail, font appel a la recherche de minima de la
fonctionnelle associée a (P1)q et au principe de Concentration-Compacité de Lions

[L]. On utilise également une variante du Théoreme d’Ambrosetti-Rabinowitz [AR].

1.1.1 Influence de la perturbation linéaire

On généralise les résultats de [BN1]| concernant (P1)g au cas ou le poids p # 1.
On remarque que l'existence de solutions dans ce cas dépend du parametre A et du
comportement de la fonction p au voisinage de ses minima.

On considere alors py = min{p(x), z € Q} et on suppose que p~({po}) N Q # 0.
Soit a € p~1({po}) N Q, on suppose que, dans un voisinage de a

(1.1.1) p(x) = p, + Bile — al* + |z — al*0(2),

avec k > 0, Ox > 0 et O(x) tend vers 0 quand z tend vers a.
Dans le cas ou 0 < k < 2 la situation est plus délicate, alors on se restreint au cas

ou p vérifie la condition supplémentaire
\Y (x—
(1.1.2) kg, < YPEe—a) g
x

On a le théoréme suivant

Théoreme 1.

On suppose que p € HY(Q)NC(Q) vérifie (1.1.1). Soit X la premicre valeur propre
de Uopérateur div(p(x)V.) sur Q avec condition de Dirichlet homogéne. On a
1)Sin >4 et k> 2, alors pour tout \ €]0, \{""[ il existe une solution de (P1),,.
(n—2)n

n—_(’f)ﬂ)ﬁz telle que pour

2)Sin >4 et k =2, alors il existe une constante ¥(n) = i

tout X €]5(n), X[ il existe une solution de (P1),.

3)Sin = 3 et k > 2, alors il existe une constante v(k) > 0 telle que pour tout
A €]y(k), \{"[ le probléeme (P1),, admet une solution.

4)Sin > 3,0 < k <2 etp vérifie la condition (1.1.2) alors il existe \* € [Bk%z, vl
ot B, = B min|(diam Q)2 1], tel que pour tout A €]X\*, X8V, le probléme (P1),
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admet une solution.

5)Simn >3 et k > 0, alors pour tout A\ < 0 le probléme (P1), n’a pas de solution
minimisante.

6)Sin > 3 et k > 0, alors le probléme (P1), n’admet pas de solution pour tout
A > v,

Dans la démonstration de ce théoreme, 1’outil de base est une technique de min-
imisation. Dans le cas k > 2, une estimation fine de I’énergie permet de conclure.
Cependant, dans le cas 0 < k < 2, on utilise en plus un lemme de type Hardy (voir
[HLP]).

On obtient également grace a I'identité de Pohozaev, des résultats de non existence

pour le probleme (P1), dans le cas d'un domaine étoilé.

1.1.2 Influence de la géométrie du domaine

Dans le cas ou p = 1 et A = 0, l'identité de Pohozaev montre que le probleme (P1)gq
n’admet pas de solution pour un domaine étoilé. Cependant, Coron [C] a montré
'existence de solutions concernant le probleme (P1)q pour un domaine avec un petit
trou.

Dans le cas ou p # 1, on remarque, en utilisant 'identité de Pohozaev, que pour
A =0 et pour p € H(Q) N C(Q) vérifiant Vp(x).(x — a) > 0 p.p sur €, le probleme
(P1),, n’admet pas de solution pour un domaine étoilé par rapport a a. On modifie
alors la géométrie du domaine afin d’obtenir une solution dans ce dernier cas.

Soit 2 € IRY, N > 3 un domaine borné régulier et étoilé par rapport & a, et soit
e > 0. On étudie le probleme (P1),,_ pour A = 0 avec Q. = Q\ B(a,¢).

On montre le résultat suivant

Théoreme 2.
On suppose que p € HY(2) N C(Q) vérifie Vp(x).(x —a) > 0 p.p Q, alors il existe
g0 = €0(§2,p) > 0 tel que pour tout € < &, le probleme (P1),_ admet une solution.

On s’inspire des méthodes utilisées dans [C] et dans [H]. L’idée de la démonstration

consiste a étudier la fonctionnelle

1

1
F(u) = 5/9 p(z)|Vul|*dr — 5/{) lu|?dz, u e Hg(Q).

Les solutions de (P1),,_ correspondent aux points critiques non nuls de F'. En général
F ne vérifie pas la condition de Palais Smale (PS), mais on montre que F vérifie
une condition plus faible (PS). pour ¢ e]%(poS)%, %(pOS)%[. On applique alors
une variante du Théoreme d’Ambrosetti-Rabinowitz [AR] qui permet d’obtenir une

solution.
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1.2 Problemes de Neumann non linéaires avec une

non-linéarité critique au bord

On s’interesse a des équations de Neumann non-linéaires avec poids et avec une

non-linéarité critique au bord du type

(P2) —div(p(x)Vu) = Au+ f(z,u) dans €,
P — Q) |ult™*u  sur 99,
ou Q C RN, N > 3, est un domaine borné avec un bord régulier €2, v est la normale
extérieure & 99, Q est une fonction continue et positive dans 9Q, p € H () est

2(N-1)
N—2
On sait que pour t € [1,¢[ 'injection de H'(2) — L!(99) est compacte, et ne l'est

2(N-1)

plus lorsque ¢ = ¢. L’exposant ¢ = ==~ est appelé exposant critique de Sobolev

pour l'inclusion de trace de H(2) dans L9(992).

On introduit la meilleure constante de Sobolev de linjection de trace H'(IRY)) —

LORY)
/ \Vul*dz
Sl == inf et

weH(IRY)\{0} :
/ |u|?dx
IR

ou RY ={z = (2/,zy): 2’ € RN oy > 0}.

continue et positive dans Q, ¢ = et f(.,u) est un terme d’ordre inférieur a gq.

On sait d’aprés Lions [L] que S; est atteinte, et d’aprés Escobar [E], que les fonctions
minimisantes sont de la forme

CN
(1+zn)2+ |22

W(x' xyn) =

N-—2

=

ol cy > 0 est une constante qui ne dépend que de la dimension N.
De plus

N —2 _1_
5N

Slz

oll wy = volume de sphere unité SV

On considere la condition géometrique, suivante :

On dit que (g.c) est satisfaite au point y € 02 8’1l existe un voisinage U(y) tel que
QNU(y) est contenu dans le demi-espace délimité par le plan tangent a 992 au point
y. Il s’agit donc d'un point ou toutes les courbures principales sont positives.

On note qu’on a toujours l'existence d’un point y € 99 pour lequel (g.c) est satis-

faite, voir [AY].
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On sait d’aprés [AM] que la courbure moyenne de 92 et la condition géométrique
(g.c) en un point y € 9N jouent des roles importants dans la résolution des problemes
de type (P2).

Dans le casoup=1=Q et f(x,u) =0, (P2) a été traité par plusieurs auteurs,
on cite par exemple [AY], [Ch], [CY].
On se place dans le cas ou p et @ sont des fonctions positives continues, et f(x,u)
est, soit de la forme au”, soit une fonction qui ne dépend pas de wu.

Soit xy € 02 vérifiant
—————— = min —p(x)
(Q(zo))N=2 weo (Q(z))N 2

On suppose que

(1.2.1) [p(z) = p(zo)| = ol|z — @ol)
et
(1.2.2) 1Q(x) — Q(z0)| = o(|z — zo])

pour x proche de xg.

On définit
[ 1 p(zo) N-1
2(N — 1) Q(zo)N—2"1

1.2.1 Le cas ou f(z,u) = au’

On s’intéresse au probleme suivant
—div(p(z)Vu) = M+ ofu|""?u  dans €,
(1.2.3) u#0 dans 2
Qu — Q(a)|u|%u sur 052,
avec v € Ret 2 <r <q.

On considere la fonctionnelle associée au probleme (1.2.3)

1 A 1
Io= / plo)| Vuldz — 5 / juf?dz — = / ul dz — = / P(2)Q(@)|ulds,.
2 Jq 2 Ja T Ja q Joo

On commence par étudier I'existence de solutions au probleme (1.2.3) dans le cas ou
le parametre A est strictement négatif et o un réel quelconque. Plus précisement on

a le théoreme suivant

Théoreme 3.

Soit Q € RN, N > 3 un domaine borné avec un bord 9 régulier vérifiant (g.c) en
xg et H(zg) > 0. On suppose que p vérifie (1.2.1) et Q vérifie (1.2.2). Alors pour
tout A < 0 et pour tout o € IR le probléme (1.2.8) posséde une solution.

12



Idée de la preuve: On vérifie que 'energie [, satisfait les hypotheses du Lemme

du Col, d’ou l'existence d’une suite (u,) vérifiant I,(u,) — c et I/ (u,) — 0 dans
H~(Q) avec ¢ donné par le Lemme du Col.
Dans un premier temps, on vérifie que ¢ < S;. Ensuite, on montre que la suite (up)
converge fortement vers u dans H'(Q). Pour se faire, on est conduit a distinguer les
cas a < 0 et a > 0. Dans le cas ot a < 0, on conclut en utilisant les méthodes
variationelles classiques, par contre dans le cas ou a > 0 on fait appel au principe de
Concentration-Compacité de Lions [L]. La limite u de la suite (u,) sera une solution
du probleme (1.2.3).

Dans le cas ou A est strictement positif. On considere l'opérateur —div(p(z)V .)
avec la condition de Neumann homogene au bord. On note la suite des valeurs
propres correspondantes par {\g, & € N\ {0}}. Elles vérifient 0 = A\; < Ay < ... De
plus les fonctions propres qui correspondent a A; sont les fonctions constantes.

Soit k € N\ {0} tel que A\x_; # A\g, on montre le résultat suivant

Théoreme 4.

Soit Q € RN, N > 3 un domaine borné avec un bord 0Q régulier vérifiant (g.c) en
xo et H(xg) > 0. On suppose que p vérifie (1.2.1) et Q vérifie (1.2.2). Alors pour
tout A €]Ak—_1, M| et pour tout a > 0 le probléme (1.2.3) posséde une solution.

Concernant la preuve de Théoreme 4, on raisonne comme dans le Théoreme 3 et

on conclut a l'aide de principe de min-max (voir [W]).

1.2.2 Le cas ou f(x,u) = f(x)
On considere I’équation suivante

{ —div(p(x)Vu) = M+ f(z) dans ,

Su — Q(z)|ul"?u sur 99,

(1.2.4)

On s’intéresse a l'existence de solutions du probleme (1.2.4) qui ne sont pas iden-
tiquement nulles sur le bord 9€). On suppose alors que f est telle que

(1.2.5)

—div(p(z)Vu) = A+ f(z) dans €,

g—“:u:O sur 052,
14

le probleme n’admet pas de solution.

Notons que 'hypothese (1.2.5) est satisfaite, par exemple si f ne change pas de signe.
En effet, si (1.2.5) n’est pas satisfaite pour une fonction f de signe constant, alors
on obtient une contradiction grace au Lemme de Hopf.

On distingue deux parties principales.
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Dans la premiere partie, on s’intéresse au cas ou A est srictement négatif. Pour
étudier I'existence de solutions du probleme (1.2.4), certaines conditions sur f sont

nécessaires pour cette approche. On les résume ici

( fe HYQ)NC(Q)\ {0} satisfait la condition (1.2.5)

et

(H1) (*)/Qf(x)udx< 0N</§120(x)|Vu\2d:U— A/{)\UPCZ&:) ;

Vu € H(Q), /aéo(m)Q(x)|u|qum:1.

vz

q—1

avec oy = (q — 2) [qfll} -

On note que (x) est satisfaite par exemple si || f||g-1 < M, ou M est une con-

stante connue qui ne dépend que de A, de p, de @Q et de I'injection H'(Q2) — L7(09).

Le premier résultat de cette partie est le suivant

Théoreme 5.
Soit Q € RN, N > 3 un domaine borné avec un bord 9 régulier vérifiant (g.c) en
xq et tel que H(xg) > 0. On suppose que f vérifie (H1), p vérifie (1.2.1) et Q vérifie
(1.2.2). Alors pour tout A < 0 on a

/ f(x ud:c]

I = inf i [aN (/Qp(x)|Vu]2d:c— /\u| daz>

(fm p(x)Q(x)|u|lds,

N
2

est atteint et Iy > 0.

Ce Théoreme joue un role important dans la preuve de 'existence de solutions
du probleme (1.2.4).
La démonstration de ce Théoreme repose sur des idées de Brezis-Nirenberg [BN2]

concernant un probléme de minimisation de type Dirichlet.

Le deuxieme résultat de cette partie est le Théoreme suivant

Théoreme 6.

Soit Q € RN, N > 3 un domaine borné avec un bord 9 régulier vérifiant (g.c) en
xg et H(zg) > 0. On suppose que f vérifie (H1), p vérifie (1.2.1) et Q vérifie (1.2.2).
Lorsque N = 3, on suppose de plus que f, p et Q sont assez régqulieres. On a alors

pour tout A < 0 le probléme (1.2.4) admet au moins deux solutions.
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L’idée de la preuve suit la stratégie dévélloppée par Tarantello dans [T| pour
traiter un probleme de type Dirichlet.

La fonctionnelle correspondante au probleme (1.2.4) est donnée par

I(u) = %/Qp(xﬂVu]Qd:z:—%/Q|u|2dx—/§2f(x)udx—é/mp(:c)Q(x)\uPdsm, ue H'(9).

On note
I(u) = / () [ VulPdi — A / fuf?dz — (g — 1) /a H@Q)ul'ds.

On utilise les ensembles suivants:

A={ue H(Q): (I'(u),u) =0},AT ={ueA: I(u) >0}, Ag={ueA: I,(u) =0}
et A-={ueA: I(u) <0}

Pour montrer I'existence de deux solutions, on considere les problemes de minimisa-

tion suivants

(1.2.6) co = ir/{ff(u)
et
(1.2.7) = 1/{1f I(u).

Pour montrer que l'infimum (1.2.6) est atteint pour une certaine fonction uy on fait
appel au principe variationnel d’Ekeland [AE]. Par la suite, on vérifie que ug € A"

et qu’elle correspond & un minimum local. Ainsi on a une premiere solution.

Dans le but de montrer que (1.2.7) est atteint, on applique le principe variation-
nel d’Ekeland, on obtient une suite (u,) C A~ qui vérifie I(u,) — ¢; et I'(u,) — 0
dans H~*(©2). On montre en utilisant le principe de Concentration-Compacité [L]
que si ¢; < ¢y + S, alors la suite (uy,) converge fortement vers une fonction u; dans
HY(Q).

La comparaison entre ¢; et ¢o+S; présente une grande difficulté. Pour la surmonter,
on compare séparement ¢y, ¢o + 5, avec la valeur ¢ donnée par le Lemme du Col. On
obtient 1 < ¢ < ¢y + 51.

Finalement, on vérifie que u; € A~. Ainsi on a une deuxieme solution du probléeme
(1.2.4).

Dans la deuxieme partie, on s’intéresse au cas ou le parametre A est strictement
positif. On considere le spectre {1, Aq, ...} de I'opérateur —div(p(z)V .) avec la con-
dition de Neumann homogene au bord.

Soit k € N\ {0} tel que A\y_; # A;. On pose E, = span{es,...,e;}, oll ey, ..., ¢

sont les fonctions propres qui correspondent aux valeurs propres Aj, ..., A\r_1;. On a
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la décomposition orthogonale suivante H'(Q) = E,” & E;.

Les hypotheses sur f sont données par
(H2) feEfnc(Q)\ {0} satisfait (1.2.5).
Le théoreme principal de cette partie est le suivant

Théoreme 7.

Soit Q € RN, N > 3 un domaine borné avec un bord 9 régulier vérifiant (g.c) en
xq et telle que H(xg) > 0. On suppose que p vérifie (1.2.1), Q vérifie (1.2.2) et que
f vérifie (H2). Dans les cas ou N =3 et N =4, on suppose de plus que f(zq) # 0.
Alors pour tout X\ €| A\p_1, \g|, il existe une constante o = a(p, Q, A, N) > 0 telle que

si |[fllzz < « alors le probléeme (1.2.4) admet au moins une solution.

Dans ce résultat, le fait que f soit dans E;" permet de vérifier les hypotheses du

théoréeme de min-max (voir [W]) et ainsi d’avoir une solution du probleme (1.2.4).

16



Part 1

Problemes de Dirichlet non
linéaires faisant intervenir

I’exposant critique du Sobolev
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Chapter 2

Problem with critical Sobolev

exponent and with weight

(This work in collaboration with R. Hadiji has been submitted to the Chinese Annals

of Mathematics serie B)

2.1 Introduction

In this paper we study the following problem:

—div(p(z)Vu) = u? ' + Au in Q,
(2.1.1) u>0 in Q,
u =20 on 0,

where  is a bounded domain in IR", n > 3, p :  — IR is a given positive weight
such that p € HY(Q)NC(Q), X is a real constant and ¢ = % is the critical exponent
for the Sobolev embedding of H} () into L(Q).

In [BN1], Brezis and Nirenberg treated the case where p is constant. They proved,
in particular, the existence of a solution of (2.1.1) for 0 < A < A if n > 4 and for
A< A< A\ if n =3, where A; is the first eigenvalue of —A on €2 with zero Dirichlet
boundary condition and \* is a positive constant.

In this paper, we extend this result to the general case of where p is not constant.
The study of problem (2.1.1), shows that the existence of solutions depends, apart
from parameter \, on the behavior of p near its minima and on the geometry of the
domain 2.

Set p, = min{p(z), z € O}, we suppose that p~1({p,})NQ # @ and let a € p~1({p, })N
Q.

In the first part of this work, we study the effect of the behavior of p near its minima

on the existence of solution for our problem. The method that is mostly relied upon,
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apart from the identities of Pohozeav, is the adaptations to the new context of the
arguments developed in [BN].

We assume that, in a neighborhood of a, p behaves like
(2.1.2) p(z) = p, + Belr — a|* + |z — a|"0(z),

with k£ > 0, B > 0 and 6(x) tends to 0 when z tends to a.

Note that the parameter k£ will play an essential role in the study of our problem.
Indeed, 2 appears as a critical value for k. More precisely the case k > 2 is treated by
a classical procedure, however the case 0 < k < 2 is less easily accessible. Therefore,
in this case, we restrict ourself to the case where p satisfies the additional condition
(2.1.3) k3, < W ae z € Q.

Let us notice that if p is sufficiently smooth, then condition (2.1.2) follows directly
from Taylor’s expansion of p near a.

The fact that 2 is a critical value for k appears clearly in dimension n = 4, therefore,

in this dimension and with the aim of obtaining more explicit results, we assume

f(x)
lz—al*

tion is not necessary to prove the existence of solutions.

moreover that 6 satisfies f B(a1) dx < co. Let us emphasize that this last condi-
Moreover, in dimension n = 3, the problem is more delicate, then we treat it in a
particular case; more precisely for p(x) = p, + fe|r — al¥, k > 0.

The first result of this work is the following

Theorem 2.1.1.

Assume that p € HY(Q) N C(Q) satisfies (2.1.2). Let X be the first eigenvalue of
div(p(z)V.) on Q with zero Dirichlet boundary condition, we have

1)Ifn >4 and k > 2, then for every A €]0, X[ there exists a solution of (2.1.1).
2)Ifn >4 and k = 2, then there exists a constant ¥(n) = %62 such that for
every X €)7(n), \{[ there exists a solution of (2.1.1).

3)Ifn =3 and k > 2, then there exists a constant (k) > 0 such that for every
A €]y(k), \{V[ there exists a solution of (2.1.1).

4)Ifn > 3,0 < k < 2 and p satisfies the condition (2.1.3) then there exists
A€ (B NI, where By = By min[(diam Q)*2, 1], such that for any A €JX*, A{™]
problem (2.1.1) admits a solution.

5)If n > 3 and k > 0, then for every A < 0 there is no minimizing solution of
equation (2.1.1).

6)Ifn >3 and k > 0, then there is no solution of problem (2.1.1) for every A > A\,

Remark 2.1.1.
In general, the intervals |3(n), \4*[ in 2) and [Bk";, NV in 4 ), may be empty. But
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there are some sufficient conditions for which the above intervals are nonempty:

Dife> g, f%(;ﬁ‘_) 0 (diam 0, then 3(n) < .

Notice that this condition is always true if n is rather large.

ﬁkn2 5 n2 .
2) 1 > , then B,% < A%,
P> T (M O SN

We postpone the proof of 1) and 2) in this remark until the end of section 2.3.

The second part of this work is dedicated to the study of the effect of the geometry
of the domain on the existence of solutions of our problem. More precisely, since for
A= 0and p € H(Q) N C(Q) satisfying Vp(z).(x —a) > 0 a.e in Q, the problem
(2.1.1) does not have a solution for a starshaped domain about a, we will modify
the geometry of ) in order to find a solution. Therefore, let @ C IR", n > 3 be a
starshaped domain about a and let £ > 0, we will study the existence of solution of

the problem

—div(p(z)Vu) = u?™' in Q,
(I,) u>0 inQ,,
u=20 on 0f),,

where . = Q\ B(a,¢).

For p =1 and A = 0, the problem (2.1.1) has been first investigated in [C] and an
interesting result of existence has been proved for domains with holes. In [BaC],
this last result is extended to all domains having "nontrivial” topology (in a suitable
sense). This nontrivially condition (which covers a large class of domains) is only
sufficient for the solvability but not necessary as shown by some examples of con-
tractible domains €2 for which (2.1.1) has solutions (see [D], [Di], [Pal).

In other direction, [Lel] shows that the solution of [C], on a domain with a hole of
diameter € and center z, concentrates at the point zy. In [H], the author generalized
the result of [C] for the case where u? is replaced by u? 4+ pu®, where p € IR and
l<a<yg.

In this work, we consider the case where p € H*(Q)NC(f) and satisfying Vp(x).(x —
a) > 0a.eon 2\ {a}. The method we use in this part is an adaptation of those used
in [C] and [H]. More particularly, we use the min-max techniques and a variant of
the Ambrosetti-Rabinowitz theorem [AR].

The second result of this work is the following

Theorem 2.1.2.
There exists eg = o(§2,p) > 0 such that for 0 < e < g the problem (I.) has at least

one solution in H}(€.).
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The rest of this paper is divided into three sections. In Section 1 some preliminary
results will be established. Section 2 and Section 3 are devoted respectively to the

proof of Theorem 2.1.1 and the proof of Theorem 2.1.2.

2.2 Some preliminary results

We start by recalling some notations which will be frequently used throughout the
rest of this paper. First, we define

S= inf |Vul3

uEHg [|ullg=1

that corresponds to the best constant for the Sobolev embedding H}(Q) C L().

Let us denote by U, . denote an extremal function for the Sobolev inequality

1
Upe(x) = —_ re R
(e + |z —al?)=

We set

(2.2.1) Uge(r) = (()Use(x), © € R",

where ¢ € C§°(2) is a fixed function such that 0 < ¢ < 1, and ¢ = 1 in some
neighborhood of a included in €.
We know from [BN1] that

K
(22.2) IVitaclls = == +0(1),
K
(2.2.3) | e |2= j +O0(e)
and

, & +0(1)ifn>5
(2.2.4) e 2= = |
S|loge| +O(1) if n=4

where K; and K, are positive constants with % = S, w, is the area of S® and

1
K, = — dx.
; /R (1 + 2"

We shall state some auxiliary results.
For p e CYQ) or pe HY(Q)NC(Q) and Vp(z).(x — a) > 0 a.e v € ), we consider

1 ¢ Jo Vp(2).(x — a)|Vu|*dz
—  in :
2 ueH}(Q)u0 Jo lul?dz

a(p) =
We easily see that a(p) € [—oo, +o0], and we have the following result
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Proposition 2.2.1.

1) If p € CY(Y) and there exists b € Q such that Vp(b)(b—a) < 0, then a(p) = —oo.
2) If p € HY(Q)NC(Q) satisfying (2.1.2) and Vp(x).(x —a) >0 a.e x € Q, we have
2.a) If k> 2 and p € CY(Q), then a(p) =0 for all n > 3.

2.b) If 0 < k < 2 and p satisfies condition (2.1.3) then for all n > 3 we have

2
5o (M52 (i ) <a()

Proof.

We start by proving 1). Set ¢(z) = Vp(z).(z — a) Vo € Q and let ¢ € C5°(R") such
that 0 < ¢ < 1 on IR", ¢ = 1 on the ball {z,|z| < r}, and ¢ = 0 outside the ball
{z,|z] < 2r}, where r < 1 is a positive constant .

Set @;(z) = ¢(j(z — b)) for j € N*. We have

1 Jo a(2)|Ve,(z)Pda

2 fQ ’%’de

1 fB(b?ﬂi) q(x)|V;(x)*dx
-2 fB(b,ZJ—.T) |pjl2dx

alp) <

Using the change of variable y = j(z — b), we obtain

j? fB(O,Qr) q(% +0)|V(x)Pde
2 fB(O,Qr) |o*dz

Applying the Dominated Convergence Theorem, we obtain

J0,2n) IV o(@)*dr
fB(O,2r) |p|*dz

alp) <

+o(1)

alp) < ]; q(b)

Letting 7 — oo, we deduce the desired result.
Now we will prove 2.a).

Using (2.1.2) and since p € C'(2) in a neighborhood V' of a, we write
(2.2.5) p(x) = p, + Bilz — al* + 6:1(2),
where 0; € C'(V) is such that

(2.2.6) lim 1)

z—a |x — alF
Looking at (2.2.6), we deduce that there exists 0 < r < 1, such that
(2.2.7) 01(z) < |z —alf Va € B(a,2r).
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Let ¢ € C{°(IR™) be a function such that 0 < ¢ < 1 on IR", ¢ = 1 on the ball
{z,|z| < r}, and ¢ = 0 outside the ball {z, |x| < 2r}. Set ¢;(x) = ¢(j(z — a)) for
j € N*, we have

1 [ Vp(2).(x — a)|Vi;(x)*dz
O al) <5 Jo lej|?dx '

Using (2.2.5), we obtain

0 < ( ) < kﬂk fB(a’%) |£C — a‘k‘VQOj(x)’?dx N 1 fB(m%) V@l(x)_(x _ CL)’VQOJ'(SE)Pd:C
S alp) = Z
2 fB(a 2r) i[> 2 fB(a 2 [ |2dx

Performing the change of variable y = j(x — a), and integrating by parts the second

term of the right hand side, we obtain

k 2 ) y )
0 < afp) < KB Ly W11V (y) Pz +1f5<0»2r> 01(4 + a)V (y|Vep(y) ) da
2 fB(O’%) |(,0|2d$ 2 fB(o,zr) |90|2d~17

Using (2.2.7), we write

k 2 & )
0 < a(p) < 1B Ly, W11V 0 (y)Pd L Lo WV (Ve () Py
28 fB(Ov%) |(’0|2d$ 2j+ fB(0,27") |30|2d$

Therefore, for k > 2 we deduce that a(p) = 0, and this finishes the proof of this case.

Now, in order to prove 2.b), we need to recall the following Hardy’s inequality, see
for example [CKN] or Theorem 330 in [HLP].

Lemma 2.2.1.
Let t € IR such that t +n > 0, we have Yu € H}(Q)

/m ful2dz < ( /|a: V|| dr.

2

Moreover the constant ( s optimal and is not achieved.

i)

Now we prove 2.b). Since p satisfies (2.1.3), we have for all uw € H}(Q2) \ {0},

fQ Vp(z).(x — a)|Vu(x)|?dx
Jo lu(z) [2dx

> 18 fQ lz — al*|Vu(x)|*dz
= Nk Jo [u(z)dx '

By applying the last Lemma for 0 < k£ =2+t < 2, we find

Jo Vo(2).(2 — a)|Vu(z)Pde n+k—2
fQ |u|?dx = K ( 2

2
) (diam Q)F?
This implies that a(p) > &3, (2£=2)2(diam Q)"=2. [
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Let us give the following non-existence result

Proposition 2.2.2.
We assume that a(p) > —oo. There is no solution for (2.1.1) when A\ < a(p) and Q

s a starshaped domain about a.

Proof. This follows from Pohozev’s identity. Suppose that u is a solution of (2.1.1).
We first multiply (2.1.1) by Vu(z).(z — a), next we integrate over 2 and we obtain

(2.2.8) /Quq1Vu(:c).(x —a)dxr = — x)|%dx,

(2.2.9) )\/QuVu(a:)(a: —a)dx = —g)\/g lu(x)|*dx

and
/Q—div(p(x)Vu)Vu(x).(x —a)dr = _ ; 2 /Qp(x)|Vu(x)|2dx
(2.2.10) _ % /Q Vp(@).(z — a)|Vu(z)2de

1 ou o
- 3 | e —awigi

where v denotes the outward normal to 9f2.

Before continuing the proof, we give some details about (2.2.10). Indeed

/Q—div(p(:z;)Vu)Vu( ).(x —a)d 22/8 r)0u)0;u.(x; — aj)dr

=1 j=1

where 0;. = and z; is such that x = (21, ..., %4, ..., T,)

83:
Integrating by parts the right hand side of the above equality, we obtain

/ 0;(p(x)0iu)0;u.(z; — a;)dr = /p(x)aiu 0;0;u (x; — aj)dx
Q
(2.2.11) +  Jop(x)0udjud;(x; — a;)dx
- / p(2)|Vul*(z — a).vdz.
o0
On other hand, integrating by parts we see that
1
/Qp(:r)aiu 0;0;u(xj —aj)der = —i/gl('?jp(as) JiuOju .(x; — a;)dx

— 5 Jop(2)0iu O 0;(x; — a;)dx

1
+ —/ p(z)|Vul|*(z — a).vdx.
2 Joa
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Inserting the above equality in (2.2.11), we get

—/@(p(x)({)iu)@ju.(xj —aj)dr = —%/@p(x) O Oiu (z;—aj)dx
Q Q

1

+ 3 /p(m)@-u 0ju0;(v; —aj)dx
Q

- %/ p(z)|Vul|*(z — a).vdx.
20

By making the sum over ¢ and j, knowing that when v = 0 on the boundary then
Vu = 2% v, and using the fact that d;(z; — a;) = 1 if i = j and 0 if not, we obtain
(2.2.10).

Now we return to the proof of Proposition 2.2.2.
Combining (2.2.8), (2.2.9) and (2.2.10), we write
@21@
22 L p(@)|Vu(z)Pde — 5 [, Vp(2).(z — a)|Vu(z)[*de =

x)|dx — ﬁ)\/ lu(z)|*dz.
2 Jo
On the other hand, we multiply (2.1.1) by “52u and we integrate by parts, we get

(2.2.13) —/ z)|Vu(z |dx—

-2
2)|tdz + ”—A/ lu(z)[2da.

2 Q
Combining (2.2.12) and (2.2.13), we obtain

/|u )| da:——/Vp (x —a)|Vu(x )|2d:1:——/ (x)\?ﬁ(x—a).udx:&
v
If €2 is starshaped about a, then (z — a).v > 0 on 012, and
1
)\/ ju(a) Pz — / Vp(@).(z — )| Vau(z)Pdz > 0.
0 0

It follows that
/Vp (z — a)|Vu(z)Pdz

A —JQ
~ 2
/ lu|?dx
Q
Then
/ Vp(z).(z — a)|Vul|*dz
1 o
A> = inf
2 u€HL(Q),u#0 / |U|2d{L‘
Q
and
A= a(p).
Conclusion: If u is a solution of (2.1.1), then A > a(p). O
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2.3 Existence of solutions

Let Q € IR", n > 3 be a bounded domain. In this section, we show that (2.1.1)

possesses a solution of lower energy less than p,S. We will use a minimization

technique.
Set
\V4 2de — A 24
(2.3.1) Qn(u) = Jo p(2)|Vu(z)|*de : o lu(z)|?dz
IR
the functional associated to (2.1.1).
We define
(2.3.2) Sxp) = inf  Qx(u).

weHL(Q),u#0

Let us remark that

S\p)= i /Q p(@)|Vu(z) 2dz — A /Q lu(z) 2dz.

u€Hg (), [|ullg=1

The method used for the proof of Theorem 2.1.1 is the following : First we show
that S\(p) < p,S, we then prove that the infimum S)(p) is achieved.
We have the following result

Lemma 2.3.1.
If Sx(p) < p,S for A > 0, then the infimum in (2.3.2) is achieved.

Proof.
Let {u;} C H}(2) be a minimizing sequence for (2.3.2) that is,

(2.3.3) lujllg =1,

(2.3.4) /Qp(m)|Vuj(m)|2dx - )\/Q luj(z)[Pdx = Sx(p) + o(1) as j — oo.

The sequence u; is bounded in Hj(2). Indeed, from (2.3.4), we have

/Q p(2)| V() P = Sy(p) + A / () Pz + o(1).

Using the embedding of L9(2) into L?(2), there exists a positive constant C; such
that

/Q p() Vg ()2 < S (p) + Al |2 + o(L).

Using the fact that (see (2.3.3))

lujlle =1,
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we obtain

/Q p(@)| Vg (@) Pz < Sa(p) + ACh + o(1).

Since 0 < p, < p(z) for every = € Q, we deduce
A
/ |V (x)]*dz < S\p) £ ACH )+ G +o(1).

This gives the desired result.
Since {u;} is bounded in Hj(§2) we may extract a subsequence still denoted by u;,
such that

u; = u  weakly in Hj (),
u; — u strongly in L*(Q),

u; — U a.e. on €2,

J
with |lul|, < 1. Set v; = u; — u, so that
v; =0 weakly in Hj(Q)
v; — 0 strongly in L*(Q),
— 0 a.e. on (2.

Uj

Using (2.3.3), the definition of S and the fact that ming p(z) = p, > 0, we have

/Q p(@)| Vg () Pz > p, S.

From (2.3.4) it follows that Aljul|3 > p,S — Sa(p) > 0 and therefore u # 0. Using
again (2.3.4) we obtain

(2.3.5) /ﬂp(x)|Vu(x)|2dx+/ﬂp(m)|ij(x)|2dx - )\/Q lu(x)|*dx = Sx(p) + o(1),

since v; — 0 weakly in H}(Q2). On the other hand, it follows from a result of Brezis
and Lieb [BL] that

[+ v5l1g = lullg + llvsllg + o(1),

(which holds since v; is bounded in L9 and v; — 0 a.e.). Thus, by (2.3.3), we have
1= {Jull§ + {lv;[[§ + o(1)

and therefore
1< Jlull2 4 [Jv; 1|2 4 o(1),
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which leads to

(2.3.6) 1< full

1 2
—i—p S/ﬂp(m)|ij(x)| dzr + o(1).

0
We distinguish two cases:
(a) Sx(p) > 0, which corresponds to 0 < A < A%,

(b) Sx(p) < 0, which corresponds to A > A4,
In case (a) we deduce from (2.3.6) that

237 S0 < SENE+EE) [yl @+ o).

0

Combining (2.3.5) and (2.3.7) we obtain
Jop@)[Vu(@)[? = Nu(@)Pdz + [, p(2)[Vv;(2)*dz < Si(p)ul

5\(p) (z)]Pdx + o
D) [ bl V(o) + of0).

+(

Thus
Jop(@)|Vu(z)]Pde — A [, [u(z)Pdz < Sx(p)|ull;

! [%? - 1] /Qp(f”ﬂVUj(fC)Ide +o(1).

Since Sy(p) < p,S, we deduce

(2.35) / pl(a)| Vulz) P — A / ()P < Sa(p)lull.

this means that v is a minimum of Sy(p).
In case (b), since |[ul|? < 1, we have Sx(p) < Sx(p)l|ullZ. Again, we deduce (2.3.8)
from (2.3.5). This concludes the proof of Lemma 2.3.1. O

To prove assertion 1) and 2) of Theorem 2.1.1 (case k > 2), we need the following

Lemma 2.3.2.
a) For n > 4, we have

Sx(p) < p,S for all A >0 and for k > 2.
b) For n =4 and k = 2, we have
Sx(p) < p,S for all X > 45,.

c) Forn >5 and k = 2, we have

(n—2)n(n+ 2)

Sx(p) < p,S for all X\ > = 1)

.
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d) Forn =3 and k > 2, we have

Sx(p) < p,S  for all X > ~v(k) where v(k) is a positive constant.

Proof.
We shall estimate the ratio Qx(u) defined in (2.3.1), with u(.) = u..(.).
We claim that, as ¢ — 0, we have

(2.3.9)
: /Q (2) |Vt o () Pl <

p

— >4 d
pOKl—FO(ETZ) n -~ an
n—2<k,

>4 d
p K1 + Akag + 0(63) "= a
n—2>k,

n— 228, 5+ M)w,e"5 |log e = n>4 and
POK1+( Sz ) [ log €] o(e"2 |logel) if
2 k=n-—2,
n=4 and
P, K1 + 20w, el loge| + o(e]log e|) if Lo
\ - 9
. n ol F2
Wlth Kl — (n — 2 fan Wdy, S = mln(%, TQ), 2)2/6k fR” (J_J\Wdﬂj

and M is a positive constant.

Verification of (2.3.9)
1. Case n >4 and k > 0, with k£ # 2 if n = 4.
We have

[peITu e - [ 2OV

o (e 4+ |z —al?)n2

dx+(n_2)2/ p(@)[¢(@)Ple —al

(e + |z —af?)"

sn—2) [ P 0),

e+ |z —al?)n!
Since ¢ = 1 on a neighborhood of a, we assume that ¢ = 1 on B(a,!) with [ is a small
positive constant. Therefore we get |V¢|? = 0 on B(a,l) and Vo(z).(x — a) = 0 on
B(a,l).

Thus, we obtain

(2.3.10)
v [ P@IVCE L (@)Kl af
/Qp(m)|Vua,5(:p)| dx —/Q\B(GJ)( 5 dr 4 ( 2)/Q d

e+ |z — al?)n2 (e+ |z —al?)”

_ 2(71_2)/9\3( l)p(x C(z)VE(z )(w—a)dm'

(e 4+ |x —a]?)n !
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On the other hand, we have

PVl P@IVEl o pion o)

(e+ |z —al®)2 ~ |x— a2

and

'mmquamu—a> € 1}(Q\ Bla.D))

(e+ |z —al?)n !

< ’p(w)é (2)V{(x)(x — a)

|z — af2(r=1)

Therefore, applying the Dominated Convergence Theorem, (2.3.10) becomes

/Qp(x)|Vua7a(:U)|2d$ ~ (n—2)y /Q p@)c@)lle —al7 )+ o),

(e + |z —al?)"

Using (2.1.2), a direct computation gives

n—2 2 _ 2, 2 |z —af’
g2 /Qp(x)]Vua,E(x)\ dr = (n—2)p,e 2 /(€+|$_a|2)ndx

’k—f—?

ez ~d
- 5/ 5+|$—a| g
_ o |kt2
+ (n—2)25n22/ [z —al H(I)dx

1z —aP)y

a2 (B + 6() (@) — 1)
* / (et 2 —aP) e
+ O(eT).

Using again the definition of (, and applying the Dominated Convergence Theorem,
we obtain

|z — af?

" p(2)| Vg (2))Pde = (n— 2)2]90522/(

Q alet|z —al?)m

|z — al**2

= 2)287152)@“/9(6 + |z — al?)"
+ (n—2)%" / 2 — o 20(x) dz 4+ O(e"7).

(e+ [z —al?)"
Here we will consider the following three subcases:
1.1. If n —2 > k,

n—2

=7 [ o) Vuasla) e
v & — a & — a
=p,(n —2)% 2 {/ dr — dx
o(n=2) o Cr =P Jpa G o= Py

2an‘u—aW”wh+wm>_/|x—wH%@+ﬂ@»]

(e + |z —al?)" me (€+ |z —al?)"
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Using a simple change of variable and applying the Dominated Convergence Theo-

rem, we find

a2 lyl” [y (Be + 0(a + e2y))
2 2d = I L — —
) /éj(xwu“"“(x)' ’ p“/zm(1+|y|2)"+(” T AP

+ 0(53).

[SIE

dy

Using the fact that 6(x) tends to 0 when z tends to a, we obtain

£ / p(x)\Vuaﬁ(x)Fdx =p, K1+ Akeg + 0(55),
Q

with Ky = (n —2)? [, 1‘y| ~dy and A, —ﬁkf]RnMdy.

+ly[?)n +ly[?)n

1.2. If n — 2 < k,

|k+2

2 [ VucPie = po+ -2 [
Q

q (e lz—al?)

n—2 - k+29($) n—2
— 227 |z — af ).
+ (n—2)% /Q (e+\x—a\2)"d$+0<5 )

Since €2 is a bounded domain, there exists some positive constant R such that 2 C
B(a, R) and thus

£ / p($)\Vua,5(x)|2da:: po K1+ 0(5%2)
Q

gy2.ns2 |z — al**?(B +0(2)) , |z — al*** (B + 0(2)
+(n—2)% {/(GR) ( dx /(GR) dx

e+ |z —al?)” o (E+]z—al?)m

By a simple change of variable, we get

n—2 n—2 \y|k+2(ﬁk+9(a+y))
€2 p(x Vuaﬁ:UQda: = pOK+n—2252 /
/Q (@) (@) 1 ) B(0,R) (e + [yl*)™

dy

+ O(e 7).

Using the definition of 6 given by (2.1.2), there exists a positive constant M such
that

|y +2

/ z)|Vuge(x |dx < pOK1+(n—2)s2(ﬁ —|—M)/ dy

Bo,r) (€+ [yl

n—2

+ O 2).

Using the Dominated Convergence Theorem we deduce that
7 / p(2)| Vit (2)Pda < p Ky + O(T)
Q
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and this completes the proof of (2.3.9) in this case.
1.2. If k=n—2,

/‘ 2)|Vge(z)*dr = %Kﬁ(n—%%wﬁgg/(
Q

|z —a]”

d
e+ |z —al?)” v

+ (n— 2)26%2 / (|x — a"0(z) dx + 0(5%2).

o (e+ [z —al?)"
Since €2 is a bounded domain, there exists some positive constant R such that 2 C
B(a, R) and thus

/ z)| Vg (x |dx—pOK1—|—O(5 z )

ot [ Jr—aP (Bt 6@) [ e aP (Gt 0e)
+(n — 2)% {/B(aR) d /( d

(e + |z —al?)" Bap\e (€+ [ —af)"

Hence

n— n— - n — 0
€T2 / p(l’)|vua75(l’)’2d$ _ p0K1 + (n . 2)2672 / |$ Cl| (571 2+ (fﬁ))
Q B(a,R)

(e + |z —al?)

dx

+ O(e2).

Using the definition of 6 given by (2.1.2), there exists a positive constant M such
that

(2.3.11)
e p(x)| Vg (x 2dr <p,K1+(n—2)*(Ba_ —I—Menj)/
| r@) Vo) Pt T [
+0(e"7).

On the other hand, a easy computation gives

_ aln I R 2n—1
(2.3.12) JE/ |$C”aﬂx:%£2/‘%;——m
0

Bla,R) (€ + |7 —a

|z — af”

dx

We see that, for » > 0 and for € > 0 small enough
(e+r)") =2nr(Ee+r*)"" =2nr[r? 214 5)"]
=2nr" 14+ (n—1)5 +o(5))
=2nr*l 4 2n(n — 1)er?=3 + r¥=30(e).
Thus

1
r2n=l = 5 —((e+rH™ — (n — Der?™? 41" 30(¢).
n

Therefore, inserting the last equality into (2.3.12), we obtain

_ n R 2\n\/
67122/ |z — al 5 dx = &57122/ —<<6 + T2) ) dr
Blar) (E+ |z —al?)" 2n o (e+r2)m

N R r2n—3 N R r2n—3
—wp(n —1)ez / ———dr+o (62 / —dr) .
o (e+r?)n o (e+rHn
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Using the change of variable ¢ = -+, we obtain
2

i t2n3
n—2 2
/0 (5—1—7" dr=¢’ / (142)

Applying the Dominated Convergence Theorem, we get

|3

£

t2n 3 +o0 t2n 3

aTor . dt=e"T Ao dt+o(5nT_2)

4+
r2n—3 e2
€2 fo €+7,4,)nalr — "

Thus, combining the above estimate with (2.3.13), we deduce

£ [z —al 5 dx:ﬂgnf/ —((€+T))dr+0( )
B(aR) (€ + v —al?)" 2n o (e+rH)n
and
n—2 |z —al” Wy n=2 n—2
(2.3.14) £ 2 / de = —¢ 7 |loge| + o(e 2 |loge).
Ba,r) (€ + |2 —af?)" 2

Inserting (2.3.14) into (2.3.11) we obtain

n M n_=
(n— >w22+ J9n 252 log ef o7 log ).

e%f/me%Aw&msMKﬁ
Q

2)Case n =4 and k = 2.

As we have announced in the introduction, we assume in this case the following
_O(z)
Jz—al*

/Qp(a:)!Vua,s!ZdJJ _ /Q(Z;(jf_)‘LVE(Zl)J)deJFLL/Q ((2|§r(|x)|_|z|> al”

[ PV —a)
4L Ctle—app

additional condition on 6: fB (@) ] dr < oo. We have

Using (2.1.2) and the fact that ( = 1 near a, it follows that

/p(x)!Vua,eﬁdx - 4p0/ |C(x)|2|x—glzdx+4ﬁ2/ @)z —al*
Q

q (e + [z —af?) o (e + [z —a?)!

+ 4/(’$_a’49(?4d:¢+0(1),

o (e+z—al?)

1, P 2~ a* (G + 0(x))
e e ot gyt T / Erle—api o0
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Using the fact that [ Bla ‘4 —dr < oo and applying the Dominated Convergence

Theorem , we obtain

a0 [ @)
[ﬂe+m—nﬁv“7‘ Kﬁx—m” ol

Consequently

/p($)|Vu |2dx=%/ vl dy+4ﬁ/ L ge+ o)
Q e e Jr (L+[yl?)? +\$—a\)

Let R; > 0,7 = 1,2 such that

|z — al* / |z —al* / |z — al*
dr < dx < dzx.
A—agRl (e+ |z —al?)?! o+ |z —al?)! o—al<r, (€ + |z —al?)?

We see that

|z — al* /R T
dr = w ———dr,
tL%ER@+V—aW4 ) T

R 2\4y/ R .3 3.2 4
_ lw/ ((€+r>)dr—w4/ re® + 3re? + 3er ar.
0

8 ")y (e+r?)t (e +7r2)
1 363 4360
e2
= §w4|10g6|—w4/0 Wdt—i_O(l)’

1
= §w4| loge| + O(1).

Hence, we have

/p(x)|Vua,€]2dx =D
Q

where Ky = [, a fﬁm dy. This completes the proof of (2.3.9).

Let us come back to the proof of Lemma 2.3.2.

sl loge| + O(1),

It is convenient to rewrite (2.3.9) as

(2.3.15) (
P, K1+ o(e) ifn>5and k> 2,
P K1 + Ase + 0(e) ifn>5and k=2,
e" / ()| Vg > de < { p, Ky + Aksg + o(ag) ifn>4 and k < 2,
’ P K1 + o(e) ifn=4,and k > 2,
P K1 + 2w, Baelloge| + o(elloge|) ifn=4,and k=2 .
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Combining (2.3.15), (2.2.3) and (2.2.4), we obtain

(2.3.16)
(pOS—)\%a—l—o(a) ifn>5 and k > 2|
pOS—(/\—C)%5+o(5) ifn>5and k=2,
Sx(p) < Qaluge) < PoS+ Akgg + 0(55) ifn>4,and k <2,
PyS — Agztelloge| + o(e]log ) ifn=4,and k > 2,
\ PyS — 575X — 4Bselloge| + o(e[loge|) if n =4, and k=2,

. _ Ay _ P2(n—2)n(n+2)
with C = £2 W
Assertions a), b) and ¢) of Lemma 2.3.2 follow directly for € small enough.

Now we prove d) in Lemma 2.3.2 (case n = 3 and k > 2). We will estimate the ratio

_ Jop(@)|VulPde — Aljull3

[ull3

Qx(u)

with
¢(r)

—_—. 7 = | €>0
(6—0—7”2)%’ 2l ’

u(z) = ueo(r) =

where ( is a fixed smooth function satisfying 0 < ¢ <1, ( =1in {z, [z — a| < £}
and ¢ = 01in {z, |z —a| > R}, where R is a positive constant such that B(a, R) C .
We claim that, as ¢ — 0,

(2.3.17)

K
/ (@) Vit (2) 2 = Lot

1
E2

R R
+w3/ @m+ﬁmﬁncvﬂ%W+ng/ ¢ 2dr 4 o(1).
0 0

And from [BN1], we already have

K R ,
(2.3.18) Vg |2 = 2L + wg/ ¢ (r)Pdr + O(eb),
£2 0
K
(2.3.19) uacll2 = = + O(e?),
£2
R 1
(2.3.20) e = o, / C(r)dr + O(c3),
0

where K7 and K5 are positive constants such that % = S and w, is the area of 52 .
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Verification of (2.3.17).
Using (2.1.2), (2.3.18) and the fact that ( =0 in {z, |z — a| > R}, we write

R
/ D) Vitg(@)Pde = Klwgpo / 1¢(r)Pdr

()P 2r¢(r)¢(r) | ¢ (r)
* wﬂ/ |:8+7“2 (e +1r?)? +(6+r2)3] rdr

+ O(e

Using the fact that ¢ =1 in {z, |z —a| < £}, ('(0) = 0 and ((R) = 0, we obtain

¢(r)¢'(r)rt*? [C(r)PPrt? [C(r) Pritt
—2/ €+r2 o dr —(k+3)/0 o+ 1) = ——dr — 4/0 o+ 1) .

Consequently

K R ' 2k+2
/Qp<x>|Wa,a<x>|2dx - Dot 3p0/ ')l dr+wﬂ/ K g,

€+ r?

R|C ‘2 k+4 |2 k+2
- 3wﬁ/ d7"+(k~|—3wﬁ/ o+ 7y = —dr

l\)\)—-

+

By using the Dominated Convergence Theorem, we get the desired result.
Combining (2.3.17), (2.3.19) and (2.3.20), we obtain

1
€2

wua,e):poswg[/ (b, + Br)C'(r) Pdr+k / Cr)Pr=2dr—x <<>dr}

Ko
+ 0O(e),
thus,
wy JoF CC)dr [ [ (o +8kr*)[¢ () [2dr+k [ [C(r)[2rF—2dr 1
(2.3.21) altae) =poS+ =00 [ JoT1c(r)|2dr A]E
+0(e).
R k / 2 R 2 k—9
dr + k d
Set D(k, ¢) = Jotpo T ATNCCPAr B Jy WPy — it i, )

Jo ¢ [2dr
where H is defined by

={CeCr,0<¢<1, ¢(=1n{z,|z—a < 2} and ¢ = 0 in
{z, |r —a| > R}}.
This finishes the proof of Lemma 2.3.2. ]
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Now, we go back to proof of assertion 3) in Theorem 2.1.1 (case 0 < k < 2).
First of all, let us emphasize that if the domain € is starshaped about a, the asser-
tion 3) is more interesting. Indeed, it gives a better estimate of the least value of the
parameter A over which there is a solution to problem (2.1.1).

In the case of a non-starshaped domain, combining the fact that Sy(p) = p,S with
the properties of Sy(p) (see the proof of lemma 2.3.4), we have that there exists
A* € [0, \%"[ such that for all X €]\*, \{"¥[, the problem (2.1.1) has a solution. Note
that we have no other information on \*.

Therefore, throughout the rest of this proof, we assume that the domain €2 is star-
shaped about a.

We need two Lemmas. Let us start by the following

Lemma 2.3.3.
Assume 0 < k < 2. Then there exists a constant 3, = B min[(diam Q)*~2 1] such
that

~ n2
(2.3.22) Sx(p) = p,S for every \ €] — oo,ﬁkz]
and the infimum of Sx(p) is not achieved.

Proof. We know from (2.3.16) that
SA(p) < Qa(Uae) < pS + Aksg + o(ag) with A, is a positive constant,

thus

Sx(p) < pyS.
On the other hand, we know from Lemma 2.2.2 and Proposition 2.2.1, that for 0 <
k <2, forevery A < gﬁk(%’Hf (diam Q)k_2, problem (2.1.1) has no solution. So we

exclude the case Sy(p) < p,S, otherwise, Lemma 2.3.1 will yield in a contradiction.
We conclude that for 0 < k£ < 2, we have

k k—2
(2.3.23) Sy(p) =p,S forevery A< 5@(%)2 (diam Q)F 2.
Now, we consider p defined by
p(z) =p(z) Ve € Q\ B(a,r),
(2324) ¢ B(x) =p, + Bilr —af? v € Ba, 5),
pz) = p(x) = p, + Bz — af Vz € B(a,7) \ B(a, 3),

where r < 1 is a positive constant.

Since 0 < k < 2, we have |z — alf > |z — a|? for every x € B(a,r) and p(x) > p(z)
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in €.
Let u € H}(Q) with ||ul|, = 1, then

| e = [ ju@ide> [ sV Pds = [ uPds

thus,
(2.3.25)
2 2 L, )
Jprvu@rds = [ s = [ (n,+ 50 I
A [ lut)fa + 5 [(5e) = ) Vute)Pd
Set p(z) = p, + 5(B(z) — p,)-
From (2.1.3) we deduce that
(2.3.26) p(z) —p, > Brlr —alf a.cin Q.

Indeed,
Set f(t) = p(a +t(x — a)), we have

pla) =pla) = 10 = £0) = [ f0)it = [ 0n(a+t(e = a)afe = at.
From (2.1.3), we write

1 1
p(x) —pla) = /o EVp(a—i—t(:c—a)).t(x—a)dt > kﬁk/o t* Yo — alfdt = Bi|z — al”.

Using (2.3.24) and (2.3.26), a simple computation gives p(z) — p, > Bilz — af® a.e
in Q, with 8, = £, min[(diam Q)*2,1].
Applying Lemma 2.2.1, we find

/Q(ﬁ(a:) — po)|Vu(x)|Pdz > Bk%2/9|u(x)|2dx.

Inequality (2.3.25) becomes for every u € H}(Q),

2
/p(x)|Vu|2da:—)\/ |u|2dx2/ﬁ(x)]Vu|2dx— (/\—ﬁkn—) / lu|?da.
Q Q Q 8/ Ja

Thus, we find

Sy(p) > inf Mﬁ(x)wuy?dx—@—@%z)/Q|u\2dx].

— uliz=1
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2

On the other hand A — Bk%z < %Bk% since A < Bk”;, so by (2.3.23), we conclude
that )
it | [ )l VuPde — 3= 55 [ luPde| =5,

Q 8" Ja

flullg=1
hence, (2.3.22) follows.
Now, we are able to prove that the infimum in (2.3.22) is not achieved. Suppose by
contradiction that it is achieved by some ug. Let ¢ such that Bk§ > 60 > A. Using

ug as a test function for Ss, we obtain

Vg |2 de — 5fQ lug|*dx _ fgp(x)|Vu0|2dx — )\fQ luo|*dx

[uoll3 [uoll3

S(s(p) S pr<I>

and thus Ss(p) < Sx(p) = p,S. This is a contradiction since Ss(p) = p,S for
5 < B [

The second Lemma on which the proof of assertion 3) in Theorem 2.1.1 is based

is the following

Lemma 2.3.4.
There exists \* € [Bk”;, MV], such that for all X €)JN*, \{[ we have

Sx(p) < p,S.

Proof. The proof is based on a study of some properties of the function A — S\ (p).
We have Syav(p) = 0. Indeed let o be the eigenfunction of div(pV.) corresponding

to A\{", we have
_ @)\ Ve — M [ |1 e
= 2

(J ler]7dz)s

Moreover, A — Sy(p) is continuous and S 5,12 (p) = p,S. Then according to the
© 4

Mean Value Theorem, there exists (3 G]Bkﬁ, A#¥[ such that 0 < Ss(p) < p,S. But
the function A — Sy(p) is decreasing hence VA € [3, A\{I*] we have Sy(p) < p,S, and

= 0.

SA(liiv

the Lemma follows at once. ]

Now we have all the necessary ingredients for the proof of Theorem 2.1.1.
Proof of Theorem 2.1.1 concluded: Concerning the proof of 1), 2), 3) and 4),
let u € H}(2) be given by Lemma 2.3.1, that is,

|lull; =1 and /Qp(m)|Vu(x)|2dx — )\/Q lu(z)[2dx = S\(p).
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We may as well assume that v > 0. Since u is a minimizer for (2.3.2) there exists a

Lagrange multiplier x4 € IR such that
—div(pVu) — A = pu?™* on Q.

In fact, p = Sx(p), and Sy(p) > 0 since X < A4V, It follows that yu satisfies (2.1.1)
for some appropriate constant v > 0 (v = (S (p))q%), note that v > 0 on € by the
strong maximum principle.

Now we prove the assertion 5) of Theorem 2.1.1. From (2.3.16) and since A < 0 we

have
pOS < S)\<p) < Q)\(ua,s> < pOS + 0(1)

Hence Sy(p) = p,S and the infimum is not achieved, indeed we suppose that S,(p)

is achieved by some function v € Hj(£2), in that case
S\(p) = /Qp(x)\Vu(x)Fdx _ )\/Q u(z)Pdz, with [[ull, = 1.
Using the fact that S is not attained and since A < 0, we deduce
7S <p, [ [Vulo)Pds < 53(0) =S

then we obtain a contradiction.
Finally we prove assertion 6) in Theorem 2.1.1. Let ¢; be the eigenfunction corre-

sponding to A" with ¢; > 0 on Q. Suppose that u is a solution of (2.1.1). We

have
_L&mmwmmmmwx:MWAM@%@m
:/Quq1(x)g01(x)dx—i—)\/gu(aﬁ)@l(ﬂf)diﬁ,
thus AfiVLu(x)¢1($)dm > )\/Qu(:c)@l(x)dﬂf
and

A >

This completes the proof of Theorem 2.1.1.
Proof of Remark 2.1.1

Proof of 1)

In this case, we have k = 2 and n > 4.

We have (see proof of (2.3.22) page 33)

p(z) —p, > Bolr —al* a.e €.
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Therefore

/p(x)|Vu|2dx /|Vu|2dx /|x—a|2|Vu|2dx
Q S, J9 Q ‘

Z Dy +62
/|u]2d:c /|u|2dx /|u|2dx
Q ) Q

On one hand, we apply, again, Lemma 2.2.1 (with ¢ = 0), we obtain

/ |z — al?|Vul*dz 9
Q

n
> Ve
/ lu|?dx
Q
On other hand, we have

/\Vu\zd:r: 1 /]Vu|2dx
>
/|u| dp  (diam Q) /|x| 2|u|2dx
We apply Lemma 2.2.1 (with ¢t = —2), we deduce
/|Vu| dx ) /|Vu|2dx
>
/|u| g (diam Q) /m 20y 2dz

1 (n —2)?
= (diam Q)* 4

Combining the above inequality, we get

=P + Do
/ | d 4 (diam Q) 4
and
_ 2)2 7’L2
/\dw ( _|_ o
° 4 (diam Q) & 4
) n(n —4) , 9 . .
Therefore, if we have p, > Bs (diam )7, we obtain the desired result.
(n—1)(n—2)?

Proof of 2)
Here we have n >3 and 0 < k < 2.
Using the definition of p,, we have

/ p(@)|Vul? i /|Vu| da
/|u! dx /]u| dx
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We apply the Lemma 2.2.1 (with ¢ = —2), we obtain

/p(x)|Vu|2dx /|Vu\2dx

Q ZPOQ—
/]u\de /|u!2dx
Q Q

(n —2)*
2P o
4 (diam Q)
and ( )2
)\div > n— )
vo= by (diam Q)?

Bin?
(n — 2)2 (diam Q)

Therefore, if p, > we deduce that Bk"; < \div,

2.4 The effect of the geometry of the domain

Let Q2 C IR",n > 3, be a bounded domain. We study the equation

—div(p(z)Vu) = u?' in Q,
(2.4.1) >0  mQ
u=0 on 0f2.

where ¢ = 2% and p : @ — IR is a positive weight belonging to C'(Q2) N Hg ().
We assume in this section that p is such that Vp(z).(x —a) > 0 a.e x € 2 and we
set p, = p(a).

Let us start by the following non-existence result

Lemma 2.4.1.
There is no solution of (2.4.1) if s a starshaped domain about a.

Proof. This follows from Pohozaev’s identity.

Suppose that u is a solution of (2.4.1), we have (see Lemma 2.2.2 Section 1 for A = 0),

(2.4.2) /QVp(x)(m — a)|Vu(z)|*dw +/a p(x)[(z — a).y]|%|2dx = 0.

Q
Note that (z — a).v > 0 a.e on 0f since (2 is starshaped about a.

Since Vp(z).(z — a) > 0 a.e z € Q, we deduce from (2.4.2) that 2% = 0 on 9, and
then by (2.4.1) we have

/Quql(:c)d:c = — /Q div(p(x)Vu(z))dx = %dx =0,

o0 aV
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thus

O

Suppose that €2 is starshaped about a. In view of Lemma 2.4.1, we will modify
the geometry of €2 in order to find a solution of problem 2.4.1 . For a ¢ > 0 small
enough, we set Q. = Q\ B(a,¢).

We investigate the problem (2.4.1) in the new domain €., and, throughout the rest
of this paper, we shall denote this new problem by (I.) .

Since p is a continuous function, then, V 8 > 0, dry > 0 such that Vo € ¥, where X
_0_
287
Throughout the rest of this Section, # > 0 is fixed, small enough, and ry > 0 is given

designates the unit sphere of IR", we have |p(a + roo) — p,| <

as the previous definition.
We recall the main result of this section which we have already stated by theo-

rem 2.1.2 in the introduction

Theorem 2.4.1.
There exists €9 = €o(S2, p) < 1o such that for every 0 < € < &g, the problem (1) has

at least one solution in H}(S).).

In order to prove the Theorem 2.4.1, we need to apply the following result, see
[AR],

Theorem A 1.
Let E be a C* function defined on a Banach space X, and let K a compact metric
space. We denote by K* a nonempty subset of K, closed, different from K and we
fix f* e C(K*, X).
We define P ={f € C(K,X)/f = fron K*} and ¢ = inf rep sup,e i E(f(1))
Suppose that for every f of P, we have

max E(f(t)) > max E(f(t)),

teK teK*

then there exists a sequence (uj) C X such that E(uj) — ¢ and E'(uj) — 0 in

X*.

We consider the functional
1 1
Blu) = 1 / p@)Vu(@)Pde = - [ fu(e)vde.

2 Ja. Q.

In addition to Theorem A 1, the proof of Theorem 2.4.1 requires the following result
(see [B] and Proposition 2.1 in [S])
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Theorem A 2.
Suppose that for some sequence (u;) C Hj($.) we have E(u;) — ¢ €]2(p,S9)%, 2(p,S) 2|

and dE(uj) — 0 in H Q). Then (u;) contains a strongly convergent subsequence.

See Appendix for more details.
Now, we return to the proof of Theorem 2.4.1.

We shall need the following functions:

I :Hj(Q) — R, F(u):/ 10(20)|Vu(x)|2dx—/Q lu(z)|?dx.

£

F o HNQ) — R, F(u):(pOS)S/ ()| V() [2de.

Qe

We have the following result

Lemma 2.4.2.
For every neighborhood V' of Q. there exists n > 0 such that if u # 0, I'(u) = 0 and
E(u) < 1(p,5)% +2n, then F(u) € V.

Proof.
We proceed by contradiction. We assume that there exists I a compact neighborhood

of €. not containing a, such that Vj € N*, we have

u; # 0,
[(u;) =0,
Blu) < —(n,8) 41,
Flu;) & V.

Using the fact that I'(u;) = 0, we obtain

| v = [ jupas
€ QE

and
%
z)|Vu;|?d
/p<x>\wg|2dx [T
e <fﬂg |uj|qu> q
Consequently
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Using the definition of u;, the fact that p, = ming p(z) and the definition of S, we

write
) 3
w1 [ Vuy] da: 1 w1
)? <~ o Jo. [V < E(u;) < =(p,5)7 + =
n n J
fQ |uj|qda:
and we deduce
/ p(x)|Vu;(x)*dr = (p,S)2 + o(1).
Qe

Using Theorem 2 in [C], (see also [L, Lemma 1.4 and Lemma I.1]), for a subsequence

of (u;); still denoted by (u;);, there exists zo € (. such that
p(as)|Vu]|2 (pos) 51‘0 (] - OO)

where the above convergence is understood for the weak topology of bounded mea-
sures on ), and where §,, is the Dirac measure at .

As a consequence, F(u;) € Q. C V, and this contradicts the hypothesis. O

Let Ry > 0 such that B(a,2R,) C §2.
For k € IN*, let o), € C*(IR",[0,1]) such that
op(r) =0 if |2 —a| < g7 and if [z — a| > 2Ry,
gOk( ):1 if2k2 <|ZL'—CL|<R0

We consider the family of functions

n—2

i 1—t T
ui (o) = {(1 4t —a— W} ’
where ¢ € [0,1[, o € ¥ and where X denotes the unit sphere of IR".
We see easily that [, [Vuf|*dz and [, |uf|%dz are independent of ¢ € [0, 1] and of
o € 2. We also have

[ wipa=s( [ |u;f<x>|‘1da:)3

o 1 _t) k 2 Pr\T )

vip(a) = —— @) ___,
(1=1)2+ |k(x —a—trego)|?) =

we remark that v, € Hy(€). For r > 0, let g(r) = E(rvy,), then

rg'(r) = T'(rvfy), g(r) — —oo, when 7 — +00, g(0) = 0 and g(r) > 0 for r > 0 small

Write

enough.

We conclude, from the above, that g reaches its maximum at

1
)| Ve, [Pda | a2
_ [fg | tk’ ] >0

er |Ut,k| dx

We set w7, = rvy,.. We have
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Lemma 2.4.3.

The following two statements are true:

a)vo > 0, Jkg > 1 such that (Vk > ko) then
(Vo € ¥ and Vt € [0,1], E(wf,) < £(p,S) +9)
b)Va > 0, 3u > 0 such that (u <t < 1) then
(Vo € X and Vk > 1, E(w],)< £(p,S)? + a)
and  |F(wf,)—(a+r0o)| < a.

Proof.
Before proving this Lemma, let us remark that the function v7, corresponds to the

function u, . defined in the beginning of this paper, so for more details of calculus
we refer to section 2.

We start by proving the assertion a). Let ¢ € [0, 1[, we have

Plui) = 5 [ Vb= [ jugids
T2 o |2 rd o
e O A ey AT
Qe q4 Ja.

Using the definition of r, the definition of ¢ and applying the Dominated Conver-

gence Theorem, we obtain, as k — oo,

|3

Ny _9\2(1_+\n—2 |k(z—a— troo-)\
. K (n=2)%(1-1) f{ Ly <lo—al<Ro) P@) T DT k(e troon B
o _ 2k
E(wt,k) =n 2
n —_9N2(1—_+\n 1
kn(n=2)*(1—t) f{%qx_a‘wo} (e e—— T T
2k — -
+o(1).
: . k(z—a—t
By the following change of variable y = (:':+t”’°'), we see that
, 5
_9)2 y(d-t) N ]
1 " f{i Irg <pyi< kB0 | 1oy P +aHTOU)<1+\y\2>nd3”
o _ 2E(1—%) 15
E(wt,k) = P
J T
|:{2k(1 DI 8 t<\y|<kR0+"0}1Hy‘ )
+o(1).

Applying again the Dominated Convergence Theorem, we deduce, as k — oo, that

2
(n —2)*p(a+troo) [, Lndy
il [
[szn (e dy]

= (pla+ troo)) % + (1)

&
S
=9
T
Il
S|
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Now, using the definition of ry, a simple computation shows that V6 > 0, kg > 1
such that Vk > ko, we have

which finishes the proof of a).
Now we return to the proof of b), let £ € N*, we have

Bluf) = 5 [ p@Vaifde— [ gl
2 ra
g RO AT AL
2 Jo. ’ Q)

Using the definition of ¢ and r, we easily see, as ¢ — 1, that

n n— |k(z—a—troo) 2
1 k (n_2)2(1_t) 2f ”p<x> —1)2 r—a—troo Q”dx
E(wf)) = - O rMeratno)l) +O((1— 1)),

n 1
[k (1—t)" flR” (1=t)*+[k(z—a—troo)[*)" ndz

‘ 2

~—

QN

k(z—a—troo)

By the change of variable y = =

, we get

2
2)? [ D(UE + 0+ tro0) i dy

[f]R” 1—Hy|2 dyr

Applying the Dominated Convergence Theorem, we obtain

+O((1 —t)" ).

(n = 2)%p(a +700) [ ilmrdy
09) [ () +O0((1—t)"?),

1 q
[sz” <_1+\y‘|2)ndy}

= L(pa+ro0)ESE+0((1 - t)2).

n

E(w?k) =

3|

Using the definition of ry, a simple computation shows that Vo > 0, du > 0 such
that Vu <t < 1, we have

On the other hand

Fufy) = (pS) / ()| Vo () 2,



Using the definition of r, we get

n fQ ‘Vvt k|2d
Fufy) = (p,5) "3 / 1p(2) Vg ().
bk ’ fQE |7 |7dx n bk

Using the definition of v, we write

n—2 2 |k(z—a—troo)|* a2
Fw?,) = (p,S)"% (1=)"(n = 2)* [ P(*) T ie—ainoye 2 o
tk) = (Do - i
(1 B t) fR” ((1—t)2+|k(z—a—troo)[?)" dx
_ k(z — a — troo)|?
1 —t)"2k" —22/ | d —1).
A=K =2 | PO a0 1 ke —a— trooyr ™ T
Using the change of variable y = W, we obtain
22 [ < y+a+tr0)—|y|2 dx -
F(UJU ) _ (p S)_% IRTL 0 (I+]yl?)" %
t,k - 0
S
(1-t)y (1-t)y 2
—= +a+1rgo) p(——== + a + troo

Applying the Dominated Convergence Theorem, we deduce that

9
q

2)2 fJRn (1+yy ) d

n y
| 2 (CL+TOU)+O(1—t),
[fﬂ%n 1+|y\ dy] '

(p(a + roa))%S%(a +1r90) + o(1 —t).

V|3

F(wfy) = (p,S)"2(pla+100))

w3

= (po S )_
Using the definition of ry we get the desired result. [

Consequences
Let V be a compact neighborhood of €. not containing a. Let 0 < n < 79 small
enough, which corresponds to V' as in Lemma 2.4.2, verifying roo + £ # a for |o| =1
and |a —&| < n.
By Lemma 2.4.3, there exists kg > 1 such that :

(2.4.3) E(wf,) < =(p,S)? —n, Vo € %, Vt € [0,1].

S

Remark 2.4.1.
We choose €g = £¢(§2,p) < k2 small enough and such that Ve < gy we have {z |z —
a|<e} g V.
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We fix A > 1, large enough such that E(A\wf, ) <0, Yo € X, Vt € [0,1[. In order
to apply Theorem A 1, we define the sets K, K* and the function f* as
K =0,1] x B(a,ro),
K* = 0K =[0,1] x dB(a,r) U{0,1} x B(a,ry) and
fr K — Hy (),
f(s,troo) = Aswiy -

The conclusion of Theorem 2.4.1 follows from the next

Lemma 2.4.4.
We have
(p,S)2 +2n, Vf € P.

S|

sup E(f) >
K

We postpone the proof of Lemma 2.4.4 and complete the proof of Theorem 2.4.1.
From (2.4.3) we have

o o 2 z
mgg(E(rvt,ko) = E(wt,ko) S E(p()'s’)2 - 77 \V/O' € E’ \V/t € [07 1[

r

From assertion b) of Lemma 2.4.3 there exists p, we fix ¢y €]u, 1[ such that

(p,S)2 +n, VoeX.

S|

rg;xg(E(er)vko) = E(wfo,k()) <

then

1 n 2,
E(f*) < ~(p,S)? E(f*) < =(p,S)%.
max B(f7) < - (pS)2 +n  and sup E(f7) < —(p,5)

So, by Lemma 2.4.4,

1 . 1 .
sup E(f) > —(p,S)2 +2n > —(p,S)2 + 1 > sup E(f*)
K n n oK

and 1 2
¢ = inf sup (f) €l (peS)%, —(ps5)

Applying Theorem A 1 and Theorem A 2, we obtain the conclusion of Theorem 2.4.1.

Proof of Lemma 2.4.4. We argue by contradiction. Suppose that there exists
f € CK, HY(Q.)) with f = f* on 0K, and E(f(s,€)) < L(p,8)% + 20, ¥(s,€) € K.
We consider the function G : K — IR™"!, defined by

G(s,8) = (s, F(f(s,€)))-
We will prove that
(2.4.4) deg(G, K,(\',a)) = 1.
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The map H : [0,1] x K — IR™"!, defined by

H(t,s,8) =1G(s,8) + (1 = 1)(s,€) = (5, tF(f(s,6)) + (1 = 1))

is a homotopy between G and Idg, where Idy is the Identity application of K.

To get (2.4.4), we start by checking that (A\™!,a) & H(t,0K).

If not, there exists (s,£) € 0K such that H(t,s,&) = (A7!,a), as a consequence
s=A"1and a=tF(f(\"",€) + (1 — ) = t(F(wy,,) —&) +E&.

Since s = A" €]0, 1], we have £ € dB(a, 7). But, since |[F(wy ;) — (a+1ro0)| <7
Vo € ¥ (Lemma 2.4.3, b)), the fact that t(F(wf, . ) — &)+ = a, £ € 0B(a,ro) leads
to a contradiction. Then, we deduce that (A\™',a) ¢ H(t,0K) and consequently
Vt € 10,1], deg(H(¢,.), K, (A7, a)) is well defined.

We consider the following sets:

K+ = {(5,6) € KIT(f(5,) > 0} U (0,6), K~ = {(5,€) € K[T(f(5€)) < 0} and
K° = {(5,€) € K|T(f(s,€)) = 0},

If (s,£) € OK then we have f(s,§) = f*(s,§) = Aswy, ,, and

D(f(5.6) = (sM)? / p()| Vg, o () Pl — (s7) / g, ()|

D5, = [N = (N7 | @)V, (o)

£

Since [, p(x)|Vwy, 4 (x)]*dz > 0, we see that

(24.5) If (s,)€0K andif 0<s< ' then (s,§)e K"
(24.6) If (s,6)€0K andif M '<s<1, then (s,¢)€ K"

(2.4.7) (A1 €) e K° V€€ oB(a,r).

Let (s,€) € K°, we have I'(f(s,£)) = 0. Moreover, since E(f(s,£)) < 1(p,5)2 + 2n,
looking at Lemma 2.4.2, we deduce that

F(f(s,€) e V.

Consequently V(s,¢) € K°, F(f(s,£)) # a since a € V.
Hence (A1, a) € G(KY) = G(K \ (KT U K7)), then

(2.4.8) deg(G, K*, (A", a)) + deg(G, K, (A", a)) = deg(G, K, (\", a).
On the other hand, since (A1, a) &€ H(t,0K) Vt € [0, 1] we have
deg(H(lv ‘)7 K7 ()\717 CL)) = deg(H<07 ')7 Kv ()\717 CL))
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Using the fact that H(0,.) = G, H(1,.) = Idy and deg(ldy, K,(A"',a)) = 1, we
deduce (2.4.4).

Now, to finish we will prove that

(2.4.9) deg(G, K", (A1, a)) =0

(2.4.10) deg(G, K, (A ', a)) =0.

Fix R > A7 let y € IR"*! such that |y| > R then y € G(K).

We define the path 7(t) = (tR+ (1 — t)A~}, a), for ¢ € [0, 1].

We claim that r(t) ¢ G(OK™) Vt € [0, 1].

If not, there exists (s,&) € 0K with (Rt+(1—t)A"!, a) = (s, F(f(s,£))). Hence s =
tR+(1—t) A1 > Xtand a = F(f(s,€)). But V(s,&) € K° we have F(f(s,£)) # a,
then (s,&) ¢ K° Hence (s5,€) € K N K, (2.4.5) implies that s < A™' and
this contradicts the fact that s > A7, Thus r(t) ¢ G(OK™') Vt € [0,1]. Hence
deg(G, K*,r(t)) is well defined and is independent of t.

Since (R, a) € G(K) we obtain

deg(G,K*,(R,a)) = 0.
Using the fact that
deg(G, K+, r(t)) = deg(G, K*, (R,a)) Vi€ [0,1],

we deduce (2.4.9).

Similarly, we prove (2.4.10) by using the path ¢(t) = (=tR+ (1—t)A"*,a), t € 0,1
We have that deg(G, K, q(t)) is independent of ¢. Using the fact that (—R,a)
G(K), we conclude that

J
¢
deg(G, K~, (A ', a)) = deg(G, K™, (—R,a)) = 0.

From (2.4.4), (2.4.8), (2.4.9) and (2.4.10) we obtain a contradiction, and Lemma 2.4.4

is proved.

2.5 Appendix

In this appendix, €. will be noted 2.

2.5.1 The limiting problem of (2.4.1)

Let uw € H}(€), a solution of
—div(p(z)Vu) = |u|i?u(z), z€Q,
u=70 sur 0f2
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We have
(2.5.1) —p(z)Au(z) — Vp(r).Vu(z) = |u|*u(z), =€ Q.

Let r > 0, we set

u(e) =P (),
(u is extended by 0 outside §2).
One can see that v, satisfies
nt2 r—a r—a r—a

) = "F o] 2, (

)—r~ "2 " 1Vp(z).(Vo,)(

We set y = #—* and we write the above equality according to y, we obtain

—r~ 2 p(z)Av.( ), ze

r

n+2

—r E platry)Av(y) —r T (Vp)(atry) (Vo) (y) = o7 20 (y), yeQ,

with Q, = &=

r

We multiply the above equality by r = , we get

(25.2)  —pla+ry)Av.(y) —r*(Vp)(a+71y).(Vo,)(y) = [v. |70, (y), y € Q,,

We see that {v,}, is bounded in H'(IR"), indeed

/ VerPdy = [ [Vuto)Pds

(R") and v, — w weakly in L] (IR"), as 7 — 0.
We claim that the limiting problem is

—pla)Aw(y) = |w|?*w(y), ye R"

Therefore v, — w weakly in H}.

(2.5.3)
w(z) — 0 ly| — +o0.

Indeed, let ¢ € C°(£2,). There exists ro > 0 such that K = support o C Q,, C €,
for every r < ry.

We multiply (2.5.2) by ¢ and we integrate by part, we obtain

[ pla rn) Ve Vewdy +r [ Totas ). To e
/Vp(a—i—ry) Vo (y dy—/ v, 20, () 0 () dy

Since v, — w weakly in H} (IR"), we have / Vu,.Vo(y)dy — / Vw.Vo(y)dy.
K

K
Therefore we apply [Bre, Théoreme IV.9, page 58|, and we obtain for a subsequence,
(2.5.4)
Vu.(y).Ve(y) — Vw(y).Ve(y) a.e. on K

¢ and

| there exists h € LY(K), with h > 0, such that |[Vv,(y).V(y)| < h(y) a.e. on K.
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On the one hand, since p € C(Q), there exists 3 > 0 such that p(z) < 8 Vo € Q,

moreover using (2.5.4), we obtain

pla+ry)Vo.(y)Ve(y) — pla)Vw(y)Ve(y) ae on K,

and
Ip(a +ry)Vu.(y)Ve(y)| < Bh(y) € L'(K).

We apply the Dominated Convergence Theorem to get

(2.5.5) /K pla + 1 4) Vo, (5) Voly)dy — /K p(a) V() Vep(y)dy.

On the other hand, Using Holder’s inequality, the fact that p € H*(€2) and the fact
that v, is bounded in H} (IR"), we obtain

loc

(2.5.6) r / Vp(a + Ty)'Wr(y)w(y)dy‘ < rIVpllra@) leVor| 2 — 0
K
and
(2.5.7) 7 / Vp(a + ry).er(y)go(y)dy’ — 0.
K

Moreover, since v, — w in L{ (IR™), we see that

loc

(2.5.8) / or 20, () o) dy — / ol 2w(y) o () dy.
K K
Finally, combining (2.5.5), (2.5.6), (2.5.7) and (2.5.8) we deduce, as r — 0,
/ p(a)V(y) Vo ly)dy = / ™20 (y)o(y)dy,
K K

and we deduce (2.5.3).

2.5.2 Proof of Theorem A 2

We recall that p, = p(a) = minp(z).
)
We have also, (see page 35 line 5), that

/Q p(@)[Vuf2ds

inf = P, S-

ueH ()\{0} :
/ |u|?dx
Q
Theorem A 2

Suppose that {u;} C Hg(Q) satisfies:
E(u;) — ¢, with £(p,5)% < ¢ < 2(p,5)2
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and
dE(uj) — 0 strongly in H*(Q) (j — o).
Then {u;} contains a strongly convergent subsequence.

We start by proving the following

Lemma 2.5.1.

Suppose {u;} C Hg () satisfies:

E(u;) — 1, with | < 1(p,5)2

and

dE(uj) — 0 strongly in H1(Q) (j — o0).

Then {u;} — 0 strongly in Hy(Q2), as j — oo, and | = 0.

Proof.
Let {u;} be a sequence such that E(u;) — [ < 1(p,S)2 and dE(u;) — 0.

Then we have

1 1
(2.5.9) = / p(2)|Vu;Pdr — —/ |u;j|%dx =1+ o(1)
2 Ja qJo
and
(2.5.10) —div(p(x)Vu,) = Ju;|"*u; + &, with & — 0in H '

We start by showing that {u;} is bounded in H}().
Testing (2.5.10) with u;, we obtain

(2.5.11) /Qp(x)|Vuj\2dx—/Q\uj\qu = (&, u;).

Computing (2.5.9)—%(2.5.11), we get

1 1
[ P@IVuPds = 1= g ) + o)

and .
gpoHusz < U+ &l -1 [lug |l + o(1).

From the above inequality we deduce that {u;} is bounded in Hj ().

We may extract a subsequence still denoted by u;, such that
u; — v weakly in Hj(9),
u; — v weakly in L(02).
We take, respectively, (2.5.9)—5(2.5.11), and (2.5.9)—3(2.5.11), we obtain

/p(a:)]Vuj|2da: =nl+o(1) and / |u;|%dz =nl+o(1).
Q Q
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Then

lim [ p(z)|Vu|*dz =nl and lim [ |u;|%z =nl.
J—00 0 J—00 Q

On the other hand, using Sobolev’s inequality and the fact that p(z) > p, for all

z € (), we write

/p(x)|Vuj|2dx 2p0/|Vuj|2dx
Q Q

Letting j tend to 400, we obtain

From the above inequality, we have either { =0 or [ > 1 (p S )2,
By assumption, | < %(pOS)%, we deduce that [ = 0 and u; — 0 strongly in H} ().
O

Proof of Theorem A 2
We use the procedure of the proof of Lemma 2 in ([B], page S33), (see also [S]).
Let {u;} be given as in the hypothesis of Theorem A 2. Therefore we have

1 1
(2.5.12) —/p(x)|Vuj|2dx - -/ s 9dz = ¢ + o(1)
2 Jo 4 Jo
and
(2.5.13) —div(p(z)Vuy) = |u|"Pu; + &, with & — 0in H .

As in proof of Lemma 2.5.1, we see that {u;} is bounded in H}(Q2) and therefore
u; — u weakly in H}(92).
We will obtain Theorem A 2, by contradiction. We suppose that

u; does not strongly converge to u in Hy(€2).

Set v; = u; — u, we have [, |Vv;|*dx # 0. Therefore, as in [L], (see also [B], [S] and

Lel]), there exists a sequence {x;} in €2 and a sequence r; — 0 such that
J J
/ p(2)|Vv,|*dz = v with v > 0 small enough.
B(zj,rj)

Since {z;} C Q and € is bounded, then for a subsequence, still denoted by z;, we
can assume that z; — ¢ in Q. Following [Lel, Corollary 6], we have that zy = a
and then

(2.5.14) x; —a in Q.
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Set

v(z) = r%vj(rjx +z;), z€R",
(v, is extended by 0 outside 2), since {v;} is bounded in H}(Q2), then {;} is bounded
in H'(IR"™).
We have, (see the limiting problem), that 0; satisfies
(2.5.15)
Q—x;

—p(x; + 159) A (y) — 73 (V) (; + 159). (V) (y) = |5 *05(y) + & on .

with & — 0.
Passing to the limit, on a convenient subsequence of ¥;, in (2.5.15), (see the limiting

problem for more details), we obtain ; — w weakly in L} (IR"), 0; — w weakly in
H} (IR™), and w satisfies

loc
(2.5.16) —p,Aw(y) = [w"*w(y) on R",

and as in [Lel, Proposition 3], (see also [Le2]), we have w # 0.

It is easy to see that w = (po)_q%w satisfies
(2.5.17) —Atd(y) = |0 *@(y) on R,

Therefore by the uniqueness of solution of problem (2.5.17), (see Aubin [A]), we know

n -5, Where 7, is a positive constant depending only

that @ is of the form ———
(1 +]z]?)

on n.

Now, we set

We have K 2 j
(2.5.18) Blw,) = B(u,) — E(u) — E rl . (x ;xj) o
and ]
(2.5.19) det) = dBt) = dBt) = b (?“’ (>> +o(1)

dE(w;) =o(1).
On other hand, we see that

1 — 1 — 1w
E|l—-—=w (x xj) = —/ @\Vwﬁ(u)dx - —/ ——dx.
= T 2 Jgn T T q Jrr T

’I“j J
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Using the change of variable y = , we write

Tj

1 T — I; 1 1
Bl —= w( ]> = —/ p(fvj+7“jy)|Vw(y)|2dy—5/ lw(y)|dy.

’f‘j 2

Since p is a continuous function and z; — a in , applying the Dominated Conver-

gence Theorem, we obtain

2
Ty

1 T — T, 1 1
B () ) = n [ 19wl [ ol o)

T'j

Now, we use the fact that w = (po)q%w?, we obtain

E ,}zw(x_xj) = (p,)7

2 ]
Ty

=

5 [ watkar = [ jatds] + o).

1 1 1
By definition of w, we know that {5/ (Vi (y)|*dy — —/ \u?(y)|qdy1 = -9z,
q Jrn n

n

Therefore, we deduce that

(2.5.20) El— w(x ‘xf) = ~(p,5)%.

Inserting (2.5.20) into (2.5.18), we get

Bluy) = Blw) - )~ F | <o (25 | o)

= ¢~ E(u) ~ L(p,9)% +o(1).

From the assumption in Theorem A 2, namely, ¢ € ]%(pOS)%, %(pOS )2[, and the fact
that E(u) > 0 we have

(2.5.21) ¢— Blu) - %(1905)’5 < %(pOS)Z.

Therefore, we have

E(w;) — 1 =c—E(u) — £(p,S)? < £(p,9)*

n

and
dE(w;) — 0 in H'.
Applying Lemma 2.5.1, we deduce that [ = 0 and
1

(2.5.22) c= E(u) + ﬁ(pOS)%.
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We distinguish two cases:

Case 1: If u = 0, then E(u) = 0 and (2.5.22) becomes ¢ = 1(p,S)% which is a
contradiction since ¢ €]1(p,S)z, 2(p,5) 2.

Case 2: If u # 0, then, since ¢ < 2(p,S)2, from (2.5.22), we see that E(u) < (p,S5)?
which is a contradiction.

Indeed, since u; — u, by the weak continuity of dE, we have dE(u) = 0.
Multiplying this last equality by u, we obtain

/p(:v)|Vu|2d:E:/ lul?dz.
Q Q

Therefore, since u # 0, we have

1 1
E(u) zﬁ/p(:v)|Vu|2dx——/ |u|?dx
Q qJo
1
n

/Q p(@)| Vul*da

1 [ [op(@)|Vul*dz

" (fQ |“|qu)g
> %(poS)%

Conclusion: {u;}, for a subsequence, converge strongly to .
This finishes the proof of Theorem A 2. O
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Part 11

Problemes de Neumann non
linéaires avec une non-linéarité

critique au bord
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Chapter 3

On some nonlinear Neumann
problem with weight and with

critical Sobolev trace maps

(This work is a paper in preparation)

3.1 Introduction

In this paper, we study the existence of solutions to the problem

—div(p(x)Vu) = Au+ a|u|"?u in Q,

(3.1.1) w0 in Q,
% = Q(x)|u]"%u on 052,

where Q C RN, N > 3, is a bounded domain with the smooth boundary 99, v
is the outer normal on 052, the coefficient () is continuous and positive on 9€) and

) : . L. . = _2(N-1)
the coefficient p € H'() is continuous and positive in Q. ¢ = =52, 2 < r < q,
A€ R\ {0} and o € IR. The exponent g is the critical Sobolev exponent for the
trace embedding of the space H*() into L?(99Q). The embedding of H'(Q) into

L4(0R2) is continuous, but not compact.

The case p =1 = () and a = 0 has an extensive literature and we refer to [AM], [AY],
[CK] and [CY]. It was shown that the mean curvature of JQ2 and the geometrical
condition (g.c) at some point on 9f2 play an important role in solving similar problems
of (3.1.1).

The condition (g.c) is defined as follows (see [AM] and [AY]),

(g.c): 0N is said to satisfy the geometrical condition at y € O if there exists a
neighborhood U(y) of y such that Q2 N U(y) lies on one side of the tangent plane at
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y.
Let us remark that there always exists at least one point y € 02 for which (g.c) is
satisfied. Let xy € 0€) satisfy

We assume that

(3.1.2) Ip(z) — p(xo)| = of|z — o)
and
(3.1.3) |Q(z) — Q(z0)| = o]z — o)

for x near xzg.

Throughout this paper, we suppose that 0f) satisfies the geometrical condition (g.c)
at the point xy. This condition guarantees that all the principal curvatures at x
with respect to unit outward normal are non-negative.

By {M\:(p)} we denote the sequence of eigenvalues for —div(p(z)V.) with the Neu-

mann boundary conditions

9u — (0  on J90.

{ —div(p(x)Vu) = pu in §,
du
It is known that 0 = A\ (p) < Aa(p) < ...
In this paper, we treat the case where A\ < 0 and the case where A\;_1(p) < A < \x(p)
for some k € N\ {0}.

Our main result is the following

Theorem 3.1.1.

Let Q C RN, N > 3 such that 0Q satisfies the geometrical condition (g.c) at xo and
H(zo) > 0. We assume that p and Q respectively satisfy (3.1.2) and(3.1.3). Then
1) for every A < 0 and for every o € IR there exists a solution of (3.1.1),

2) for every A €]Ak—1(p), Ak (p)[ and for every a > 0 the problem (3.1.1) possesses a

solution.

The rest of this paper is divided into three sections. In Section 1 we give some
notations and some estimates which will be used throughout this paper. Section
2, Section 3 and section 4 are devoted respectively to the study of the case A €
JAk—1(p), A (p)[ and o > 0, the case A < 0 and a > 0 and the case A < 0 and « < 0.
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3.2 Preliminary and notations

Let

Si = inf {/ \Vul*dz; w € H'(RY), / |ulldz = 1}
RY ORY

be the best constant in the trace embedding for the space H'(IRY) into LY(ORY),
where RY = {z = («/,zn) : 2/ € RN™', 2y > 0}. Due to a result of [L], S; is

achieved and from a result of [E], S; is given by

N —2
5 (wN)ﬁ, where wy is the area of SV 1.

51:

The minimizing functions are of the form

(3.2.1) W(x) = W

[|93’|2 +(1+ mN)ﬂ oz

where x = (2, xy) with 2/ € IRN~! and 7y is a positive constant depending on N.

We set
2 T — 2o

Weao(z) =777 $(a) W (

),

where xg € 002 and ¢ is a radial C'*°-function such that

with R > 0 is a small constant.
Using (3.1.2) and (3.1.3), from [AY], we have the following estimates

(3.2.2)

) Alelloge| + o(e|loge|) if N =3
[ P TP = pl) s = ple) )
Q

Ase + o(e) if N >4,
323 [ D)@ Wen| s, = plaa)Qao) By ~ H(wn) Bac) + ofc)
o0
and
O(e) if N=3
(3.2.4) [Wesol?dr = { O(c?|loge|) if N =4
Q
De? +o(?) if N >5.
L(5:7H)? ,_ wy (N =D = 2)L(*FHT ()
where A1 = QF(N—Q)WN_I’ A2 —_—, AQ— 8F<N—2) WN-1,
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(L)) _ W =DIrER))? _ )
Bl = mw]v_g, B2 = 4F(N — 1) WN=-2 and D =

The function I' is defined by

+oo
I'(z) = / e 't*7tdt for every z €]0, 4+-o0].
0

Let us notice that

A
Sl - ;

Bq
We claim that, as ¢ — 0, we have
(3‘2‘5> / p(ZE)Q(J])|WE’$O|q_1dS$ = p(IO>Q(IO)K15¥ + 0(€¥).

o0
and
o(e|loge|) if N=3
(3.2.6) /\Wgyxol’”da: =
Q

o(e) if N > 4.

The proof of these two claims are given in the appendix.
The norm in the Lebesgue space L(2) is denoted by ||.||;. We endow the Sobolev
space H'(2) with the norm

full = | [ (19l + ]

3.3 Case \;_1(p) < A< X(p) and a >0

The main result of this section is the following

Theorem 3.3.1.

Let Q C RN, N > 3 such that O satisfies the geometrical condition (g.c) at o and
such that H(x¢) > 0. We assume that p and Q) respectively satisfy (3.1.2) and(3.1.3).
Then for every A €| \p—1(p), \e(p)| and for every o > 0, the problem (3.1.1) has a

solution.

The proof of Theorem 3.3.1 relies on the following min-max principle based on a

topological linking, see [W].
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Theorem 3.3.2.
Let X = E- ® E* be a Banach space with dim B~ < oco. Let p > 0 > 0 and let
w € ET be such that ||w|| = 6. Define

M:={u=v+sw: ||u| <p,s>0,veE}
My:={u=v+sw : ve E  |jull=pand s >0 or|u|| <p and s = 0},
N:={ue E" : |ul| =6}

Let ¢ € CY(X, R) be such that
b:= %fgo >a = r%)x@.
If ¢ satisfies the Palais-Smale condition with
¢ == infer maxuen p(y(u), where I':={y € C(M,X) : v,, = id}.
Then c is a critical value of .

Let I, be a variational functional for (3.1.1) given by

1 A o 1
I, (u) = B /Qp(a:)|Vu|2dx b /Q lul?dx — - /Q |u|"dz — E/@gp(x)@(x)\ulqux.

We have the following lemma

Lemma 3.3.1.

Let {u,} C H'(Q) be a sequence satisfying

e p(wo) N—1
(3.3.1) I (uy,) < g 1)(62(950))N7f91
and
(3.3.2) I' (u,) — 0 in H Q).

Then {u,} is relatively compact in H'(£2).

Proof. We start by showing that {u,} is bounded in H'(Q). Arguing by contradic-
tion, we assume that ||u,|| — co. We set v,, = T Since {v,} is bounded in H'(2),
we may assume that v, — v weakly in H*(Q).
Using (3.3.2), for every ¢ € H*(f2), we obtain

(3.3.3)
/ (P(2)VOnVé — Avnd) dz = [Jun]|~" [ / Q) un| T 2undrds, + o / |un|r_2ungbdx]
Q [0)9] Q
+o(1).
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On the other hand, we have

(3.3.4) / p(2)Q(2)|un | *unds, < Oy ( |un\qux)q (/ \¢|qux) ’
) ) o0

and

(3.3.5) /Qlunl’"_2un¢dx < </Q Iunl"dx>r (/ﬂ |¢|de>

Combining the fact that H'(Q) C L"(Q) with the relations (3.3.1) and (3.3.2), an

easy computation yields

1
2(N — 1)

1
p-

1 1
/ p(2)Q(@)|un|'ds, < ¢ +a(- — —)/ |tn|"dz + o(||unl])-
o0 r 2" Ja
Since a@ > 0 and 2 < r < ¢, there exists a positive constant Cy such that
(3.3.6) / P(2)Q(@)|un|"ds, < Co + of[|unl])-
o0

Inserting (3.3.4), (3.3.5) and (3.3.6) into (3.3.3), we deduce that, for a positive con-

stant C5 we have

(¢=1) 1
/ (D) V0uV — Mond) d < Cs [[lunl) 5+ fuall~+] + 0(1).
Q

We obtain after letting n — oo
/ (p(x)VoVo — Avg)dx =0
Q

for every ¢ € H'(Q). Since A €]\;_1(p), \i(p)[, we see that v = 0 on Q. Con-
sequently, we may assume that v, — 0 strongly in L?(Q2) and in L"(€) since

r < q< 2. Hence, from (3.3.1) and (3.3.2), we can write

1 [

5 | p@ufae =L [ p@)Qfu s, +o(1)

and

/Q p(a)| Vo 2 = [0, 72 /8 P s, + (1),

These two relations imply that [, p(z)|Vu,|*dz = o(1) and thus v,, — 0 strongly in
H'(2), which is impossible since ||v,|| = 1. Consequently {u,} is bounded in H'(Q)
and we may assume that u, — u weakly in H'(Q).
By the concentration-compactness principle [L], there exists some, at most countable,
set J and a family (x;);es of distinct points in 02, (p1;)jes and (v})jes in ]0, +00]
such that

V> = > [Vl + > p1ds,

jed
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and

[ = [l + Y v65,

jed
weakly in the sense of measures. Moreover, for every j € J we have Sl(yj)% < pj.
Let x; be fixed. Testing (3.3.2) by a family of C''-functions concentrating at z;, we
get
P(xjo) 1o < Pl ) Q50 ), -

If vj, >0, then
(3.3.7) — <.

On the other hand we have

I(u,) — %(I'(Un), Up) = Q(N—l—l) /mp(x)Q(x)|un|quw —l—oz(% - %) /Q |uy,|"dz + o(1).
Letting n — oo we obtain

1 , 11 ) 1
= 5= L Pee@lrs, +aG =) [ urdes g > o) Qe
Using (3.3.7), the fact that « > 0, 2 < r < ¢ and also ;?61(19% (Qé()x;vq = Q(Zﬁﬁg—?’
we get

. p(x; )Yt S p(0)Sy !
T 2N = (@ )N T 2(N = 1)(Q(wo)) N
p(x0)S7

Hence

and we have a contradiction with the hypothesis ¢ < .
' 2(N = 1)(Q(a0))* 2
v; = 0 for every j € J. This gives that u, — u strongly in L(09). Since u, — u
strongly in L?(Q) and in L"(€2), by testing (3.3.2) successively by u,, and u, an easy
computation yields
lim [ p(z)|Vu,|*dr = /p(x)|Vu|2dx.
Q

n—oo 0]

Since u,, — u weakly in H'(Q), we deduce that u, — u strongly in H*(Q2) and {u,}
is relatively compact in H'(Q). O

We now apply the Theorem 3.3.2 to our case, with X = HY(Q), ¢ = I, and
E~ = span{ei(p),...,ei(p)}, where ei(p),...,e(p) are eigenfunctions corresponding
to the eigenvalues A;(p), ..., \e—1(p). We have the orthogonal decomposition X =
HY (Q)=E @ ET.

We have the following
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Lemma 3.3.2.
There exist constants 3 >0, p > 0 and p > 0 such that

I, (u) >0 forall we N

and
I,(u) <0 forallu e M,

where My ={u=v+sw : ve E ,||ul|=pands>0 or|ul] <p and s =0} and
N={ueE": |ul| =20}

Proof.

We start by a useful remark: For every u € ET, we have

[ plvutar = n) [ uar

Therefore, there exists a positive constants C'; and Cy, such that for every u € E+

we have
(3.3.8) /p(x)yvuﬁdx > Cllulf? > Gy / p(@)|Vul2dz.
Q Q

Using (3.3.8) and Holder’s inequality, we write

1 A 1 1
a@):—/mmw¢m~—/h¥m——/pm@@ww%——/mwx
2 Jq 2 Ja q Joq a Jo
(1— )
> 2020 w2 = Cyllull? — Cullul",

[\]

where C3 and C, are some positive constants.

)
mwzmw(ijﬁﬁ

and it is easy to see that there exists > 0 and 6 > 0 such that

Therefore

Cy — Cyluf*? - C4||U||T_2)

I,(u)> B YueN.
On the other hand, we have that
I,(u) — —o0, as ||ul| — +oo,

thus, there exists p > 6 such that max I,(u) <0. O
0
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We now define

Z.=E ®RW.,,=E & RW_

£,x07

where W, denotes the projection of W, ,, onto E*. From now on, we use WS, in

place of w.
Proof of Theorem 3.3.1

N—-1
We start by checking that ¢ < Q(Nf(f)%%o)w_g.

Since a > 0, we have

1w < g | [prvaids - [ s <2 [ po@lus,

then ) L N1
max I(tu) < [ p(2)|Vul?dz — X [, |u|*dx] .
ostee 2(N = 1) (foo p(2)Q(@)[ul"ds.)
for u € H'(Q) with u # 0 on 99Q.
Set
me = sup /p(x)\Vu\zdx - )\/ lu|®d.
(TR . .

faﬂp(ﬂﬁ)Q(l')’U‘qux =1
Therefore if

(3.3.9) me < —

then

plwo) Sy
B R T (e
Hence it is sufficient to show that (3.3.9) holds.
Suppose that [o, p(2)Q(x)|ul|?ds, = 1. We write u = u~ 4+ sW. 4, = (u™ +sW_, )+
sWZ,,
Since A €]A\,—1(p), Ak(p)[, we have
&0 e,20

/p(x)|VW_ 2 AW [2de <0,
Q
and
| @ VW Pde <A [ W Pde < [ W Pda =0
Q ’ Q ’ Q
as € — 0. Moreover

%
[ @ s, < 0 ([ (90 P+ W i) — o
o0 Q

as € — 0.
On the other hand, it is easy to see that f@ﬂ lu~]%ds, < Cy and 0 < s < Cy with C}
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and Cy are a positive constants.

Using the convexity of u — [ p(2)Q(z)|u|?dz, we can write
o9

= fmp(x)Q(x)]u\qux

> [ Q@ Wenldss 40 [ Qe (W) s,

o0

1 1
> / p(a:)cz(x)rswe,m\qux—cg( / \Ws,xow-ldsx)"( / \u-\qczsx)"
o0 o0 o0

where (5 is a positive constant.

Since / (W 2|7 ds, = O(5¥) (see (3.2.5)), we deduce from the above inequality
o0

that

(3.3.10) / P(2)Q()|We gy [9dx < 1+ Che’ 2
o

for some constant Cy > 0.

Since all the norms on F,  are equivalent, there exists a positive constant Cs such
that
(3.3.11)

L(p(w)Q(x)VWe,xoVU‘—AWa,xOU‘)dl’ < C5(IVWegollt + AWz [l1) [lu™ |
N-2, . _
= O 7 )[u"|.

Finally, using the above estimate, we can write

/Q p()|Vul? — A / uf?dr < / (p(@) [V 2 = A [Pz + (T |Ju" |
T2 / (D) [T W P — AW )i

< O /|u 2dz + 07 u |

/ (D)W — AW [2) 2
0 ( / p<x>@<x>|we,xo|qux) .
o0

( / Qp<x>c2<x>|ws,m|qux) %

Combining (3.2.2), (3.2.3), (3.2.4) and (3.3.10), an easy computation yields m. <
(p(20)) ™15,
N—
2N — 1)(Q(wo)) ¥

Combining Lemma 3.3.2, Theorem 3.3.2 and Lemma 3.3.1, we deduce the conclusion
of Theorem 3.3.1.

s for € > 0 sufficiently small.
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3.4 Case A\<0Oand a >0

The main result of this section is the following.

Theorem 3.4.1.

Let Q C RN, N > 3 such that O satisfies the geometrical condition (g.c) at xq and
H(zo) > 0. We assume that p and Q) respectively satisfy (3.1.2) and(3.1.3). Then
for every A < 0 and for every a > 0 there ezists a solution of (3.1.1).

The proof of Theorem 3.4.1 relies on the following variant of the mountain pass
Theorem of Ambrosetti and Rabinowitz without the (PS) condition:

Theorem 3.4.2.
Let ® be a C* function on a Banach space E. Suppose that :
(3.4.1)
There exists a neighborhood U of 0 in E and a constant p

such that ®(u)>p for every w in the boundary of U,

(3.4.2) ®0) <p and P(v)<p forsomewv & U.
Set

4. =i >
(343 °= g ze

where A denotes the class of continuous paths joining 0 to v.

Then there is a sequence {u;} in E such that

P(uj) — ¢ and P'(u;) —0 in E”.

In addition to Theorem 3.4.2, the proof of Theorem 3.4.1 requires the following

two Lemmas

Lemma 3.4.1.
Let {u,} C H'(Q) be a sequence satisfying

p(xo) N-1
(3.4.4) I (up) — ¢ < T 1)<Q($0))N_251
and
(3.4.5) I’ (u,) — 0 in H Q).

Then {u,} is relatively compact in H'(£2).
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The proof of Lemma 3.4.1 is identical to that of Lemma 3.3.1.

Lemma 3.4.2.
There exists eg > 0 such that
p(xo) N—1

sup I, (tW, ,.) < S

b LaltWenn) < 5N ) Qa2
for every 0 < e < g.
Proof.
We have

t? At? at” .

1o(tWey) :5/9( )|VW€x0|2dx——/|W”0| d — /|Wm| da
14
- p(I)Q(ZE)lWeJOHde.

4 Joo

Set
t? ,\zf2

Io(tWe zy) = 3 g p(x )|VWMO| dr — — |W€ 2o |2dz — — )| We 2o |7d 5.
Since o > 0, it is easy to see that
(3.4.6) sup Lo (tWe z) < sup Io(tW- 4, ).

t>0 t>0

Using (3.2.2), (3.2.3) and (3.2.4), an easy computation gives

Ep(ao) (Ar — Aje|loge]) — Lp(20)Q(z0) By + ofe|loge|) if N =3
Io(tWE@O) == )
Ep(xo) (A1 — Age) — %p(xo)Q(xo) (B1 — Bse) + o(e). if N >4
Set
2 .
5p(w0) (A1 — Apellogel) — Tp(x0)Q(w0) By it N =3
gt) = | )
%p(l’o) (Al — AQE) — %p(l'o)Q(l'O) (Bl — BQE) . if N > 4
It is easy to see that g achieves its maximum at
A Ae|loge| | 72
1—AS¢e|logel | a— . .
(Aot

(x0)B1
A1 —Ase —2 .
(ordmissm) ™ N 24

By a standard computation we obtain
(3.4.7)

A, ){ 1A } .
S 1— 2ellogel| + o(e|loge if N=3
(a5 L feellogel | + ofcl oge)

(Q(;;Ol)&yiz {1-@ (AQ— Ag%) e] +o(e) if N>4.
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Hence, for € small enough we have

Io(toWe wy) =

z -4 -2 .
2(1\71—1) (Q(I;E))())J)Vf2 (2_%) e (Q(ﬁ)1)31> - p(xD)Aéd 10g€| + 0(6‘ logs]) it N =3,
1

< 2
(o) AL Ay a=2 | p(zo0) __ AB (w0) A2
s (D™ — (qugs) (B2 (a2 ) + 2o
A\ [po)@o)B AByy |, plr0)@o)B :
|+ (o)™ [Pendni (g, — ) ¢ oo oy oe) N >4,
Therefore
(3.4.8)
2
1 p(wo) o < Ay )“/ :
- Si— | =——— Aselloge| 4+ o(ellogel|) if N =3,
Io(toWe ) =
o(toWe) L pll gy o) (y, 24
_ ,— =
2(N — 1) (Q(zo))N-2"" 2 q Bi
+o(e) it N >4.

\

Using the fact that I'(z + 1) = 2I'(2) Vz €]0, +00] together with the definitions of
the constants Ay, Ay, By and By, we get

A1 By

1

(3.4.9) Ay — > 0.

Combining (3.4.9), the fact that (21 < 1 and (3.4.8) we deduce that there exists g > 0
such that

1 p(l‘o) SNfl
1

(3.4.10) To(toWezo) < 2(N — 1) (Q(z0))¥2

for 0 < e < &y.
Finally, this together with (3.4.6) gives the desired result. O

Proof of Theorem 3.4.1
We start by verifying the assumptions of the Theorem 3.4.2 with £ = H*(2) and
d=1,.
Verification of (3.4.1):
Let w € H'(Q), we have

1 A o 1
L) = 5/Qp(gg)wuﬁczx _ E/Q\u|2dx _ ;/dex - a/@gp(x)@(:cﬂulqux.
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Using the embedding of H'(2) into LI(92) and L"(Q) and the fact that the norm
</ p(z)|V . |*dx — /\/ |. |2dx> is equivalent to ||.|| we obtain
Q Q

Io(u) = Mlul]® — aMo||ul|" — Ms||ul|?

where M, My and M3 are some positive constants.

This implies (3.4.1) with some p > 0 and U a small ball in H(Q).

Verification of (3.4.2):

For any v € HY(Q), u # 0 on Q, we have tLler I,(tu) = —oo. Thus there are
many v’s satisfying (3.4.2). However, it will be important for later purpose to use
Theorem 3.4.2 with a special v, namely v = ;W ;,, where ¢; is chosen large enough
so that v € U and I, (v) < 0.

It follows from Lemma 3.4.2 that for 0 < € < gy we have

1 p(xo) N—1
sup I, (tv) < S
0 Lo (10) < SN T (@) 2!
and therefore we deduce
1
(3.4.11) c< p(xo) gn-1

2(N = 1) (Q(x0))¥?
Applying Theorem 3.4.2 we obtain a sequence {u,} in H'(Q) such that I,(u,) — c
and I’ (u,) — 0 in H1(Q).
From Lemma 3.4.1, for a subsequence of {u,} (which we still call {u,}), we have
u, — u strongly in H'(Q2) and I,(u) = ¢. Thus, u is a solution of (3.1.1). This
finishes the proof of Theorem 3.4.1.

3.5 Case A<0and a <0

The main result of this section is the following

Theorem 3.5.1.

Let Q C RN, N > 3 such that OS) satisfies the geometric condition (g.c) at xo and
H(zg) > 0. We assume that p and Q) respectively satisfy (3.1.2) and(3.1.3). Then
for every A < 0 and for every a < 0 there ezists a solution of (3.1.1).

As in section 3, the proof of Theorem 3.5.1 is a consequence of the following two

Lemmas and Theorem 3.4.2.

Lemma 3.5.1.
Let {u,} C HY(Q) be a sequence satisfying

e p(xo) N-1
(3.5.1) I, (uy) < 2N 1) Q)2 S
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and
(3.5.2) I (u,) — 0 in H Q).
Then {u,} is relatively compact in H'(£2).

Proof.
We rewrite (3.5.1) as
(3.5.3)

1 1
L powuPas=3 [ Pae=2 [ pofae=L [ pwa@uas, = cvot)
2 Jq 2 Ja T Ja q Jon

and multiplying (3.5.2) by u,,, we find
(3.5.4)

/p(x)]Vun\zdx = )\/ ]un|2d:c+a/ ]un|’"d:c—|—/ p(2)Q () |un | ds, + (g4, uy)
0 Q Q o9

with &, — 0 in H1(Q).
We start by showing that (u,) is bounded in H'((2).
Computing (3.5.3)—%(3.5.4), we obtain

2(N—1_1) (/Qp(x)|Vun|2dx—)\/Q|un|2dx) :c+a(%—$)/gIunl“da:+<smun>+o<1)-

Since a < 0 and 2 < r < ¢, we have, for large n,

1

T (/Qp(x)|Vun|2dx - )\/Q ]un|2d:z:) < ¢+ (en, un) +o(1)

< e+ |lunll + o(1).

Since A < 0, the norm (/ p(2)|V.|2dr — )\/ Hde) is equivalent to ||.||, therefore
Q 0

there exists a positive constant C' such that
[un|| < C

and {u,} is bounded in H'(2). Hence we may extract a subsequence, still denoted

by {u,}, such that
u, — u weakly in H'(Q),

u, — u strongly in L?*(Q),
u, — u pointwise a.e in {2,
up, — u  weakly in L9(092),

U, — u pointwise a.e in 02,
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From (3.5.2) we have

(I' (u),v) =0 for every w € H' ()

and then u satisfies
—div(p(x)Vu) = Au+ alu|""?u in €,
fu — Q(a)|u|%u on 0f).

Hence we also have

(3.5.5) /Qp(as)|Vu|2dx = )\/Q |u\20l:76+0z/Q lu|"dz + /an(x)Q(x)|u|qu¢.

We write

Up = U+ Vj.

From a result of [BL] we have

356) [ pQ@lulds = [ )@@l + [ pe)@@lslds, + o),

Combining (3.5.3) with (3.5.6) and (3.5.4) with (3.5.6) we obtain

1 2 1 9ds, =c+ o
(357 L)+ / )| Ve — - /mpmcz(m)wdx— o(1)
and
(3.5.8)
/Q p(a)| Vul*di + / p(0)| Vo Pdz = X / juf?di + /a P s,

+/ p(2)Q(z)|v|%ds, —|—04/ |u|"dz + o(1).
o) Q
Then, using (3.5.5), we deduce that
(3.5.9) [ p@vepds = [ paQlufids, + o)
Q o0
We may therefore assume that, as n — +o0
/p(x)\ij\zd:B — [ and / p(x)Q(x)|v;|%ds, — 1.
Q o0

From the result of [Z, Theorem 02] we know that there exists a constant C'(€2) > 0,
such that for every w € H* ()

/|Vw]2da:+0(§2)/ w|Fdz > Sy (/ \w\qczx)q
Q Q 0N
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with & = if N>4and k>3=22if N =3

N -1
We apply this result for w,, = (p(x))%vn, and in particular for N = 3 we take k such

that 6 = ]3—]_\72 > k > 3, we obtain, for n large enough

/ p(@)|Vo, Pdz+C(Q) / |(p(2)) 20, |Fda = / V[(p(x))7v,]|*de

Q

o) / () vz + of1)

> 8, ( 8Q|(p<x>>%vn|qux)q +o(1).

Since k < 2% for every N > 3, thanks to the compact embedding H*(Q) — L*()

we have v,, — 0 strongly in L*(Q), and we deduce

/Qp(x)\wnmx +o(1)> S, < (p(x))%unwdsz) " o),

|
o0

Using the fact that

an easy computation yields

(3.5.10) /Q p(2)| Vo, [2dz > (%) - S, ( /a ) p(x)@(x)]vnﬁdsx)g +o(1)

and at the limit we have [ > Sllg. It follows that either [ =0 or [ > S{V_l.

We shall now see that [ > S{V ~1is excluded, which implies that [ = 0, i.e., u, — u
strongly in H'(€) and the proof of Lemma 3.5.1 will be complete.

Suppose that [ > S, Passing to the limit in (3.5.7) we obtain

1
I, — =
(u) + SN 1) c
and with the assumption on ¢ in (3.5.1) we find

(3.5.11) I(u) < 0.

On the other hand we have, by definition of I, and in view of (3.5.5),

1 A « 1
L(u) = 5/Qp(x)|Vu|2da:—§/Q|u|2d:v—;/9|u]’"d:c—6éﬂp(m)@(x)]u\qux

_ m (/Qp(x)wu\?dx - A/Q |u]2da:) ta (é - %) /Q\urdx.
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Since o < 0 and r < g we obtain
I, (u) >0
which contradicts (3.5.11). This achieves the proof of Lemma 3.5.1. [

Lemma 3.5.2.
There exists eg > 0 such that

p
sup I, (tW. ) < 2(N — 1)(Q(z0))N 2

for every 0 < e < gy.

Proof.
We have
t2 At? at’ .,
I, (tWe 1) =3 p(x ]VW”O]dx—— \WMO\ dr — \Wwo\dx
Q
=& [ @)U Wy 1ds.
a0

Using (3.2.2), (3.2.3), (3.2.4) and (3.2.6), an easy computation gives

%p(wo) (A1 — Ajellogel) — (xo)Q(xo)Bl +o(e|loge|) if N =3
I,(tWe z) =
%p(a:o) (Ap — Age) — %p(iﬂo)Q(LEo) (By — Bag) + o(e). if N > 4.

For the rest of this proof, we proceed as in the proof of Lemma 3.4.2 and we obtain
the desired result. O

Now, as in proof of Theorem 3.3.2, we apply Theorem 3.4.2 together with Lemma 3.5.1
and Lemma 3.5.2 we obtain the conclusion of Theorem 3.5.1.
Finally, combining Theorem 3.3.1, Theorem 3.3.2 and Theorem 3.4.1 we obtain

the conclusion of Theorem 3.1.1.

3.6 Appendix

In this appendix we give the proof of (3.2.5) and (3.2.6).
Let R > 0 (see the definition of R in Section 1), using the ideas developed in [AY],
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we introduce the following notations

r=(r,zy) € R""' xR and xo= (zf,7on),

Sy

zo, R) = {x € RY, |x — xo| < R},

(
B(zg, R) N Q = {(2',zy) € B(xg, R), xn — xon > p(2’ — x)},
B(zg, R) N0 = {2',xn) € B(xo, R), xny — zony = p(z’ — x()},
(

)
)
)
)

Sy

Y

x * = B(xo, R) N {xy — zon > 0}

I

(]

={(2',zn) € B(xo,R), 0 <y —zon < p(a’ — ()},

where
pla' —ap) = 3 20 il — x0i)? + o’ — o),
where {a;}1<;<n—1 are the principal curvatures at xo and H(xy) = % Z ;.

Since 02 satisfies (e.g), then p(.) > 0.

We recall the following relation

+oo r0 B F(ei)f‘(% 60— 1)
(3.6.1) /O mdr = —2 2T () 2 for28 —6 > 1.

Proof of (3.2.5):
Set v(z) = p(z)Q(x), z € Q and v = 0 outside 9. Then we have

N 1 2 % / / N
We o |" 0 ds. :&?2/ A+ Vel U(f’ION+p< xg))dm’JrO(s?)
Q l—wol<a [(€ +p(2" = 2p))? + |2 = ?] 2
o[ g Dol + o' ) o)
|z’ |<a

(e + pla))? + ')

Using Taylor’s expansion of p at z’, we obtain

(1+ V)
e+ p(@))? + 1]

L+ 5[Vl + o(VoP) [1 S @etp) (%pw)(ze + p(x')))].

(€2 + |x’]2)% (€2 4 |2'|?) (e2 4 |2']?)

N
2
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Consequently

/ / ’
51;/ W, |7 v ds, :gg/ v(zy + @', zon +N,0(x ))dx/
o0 |z’|<a (52 + |[L'/|2)7

e / Vol + ' zon + ple)
T N dx
2 la/|<a (e2 + |2'|2)2

+5¥ Np(.f’)'l}(l’lﬂ + x,, ToN —+ p(x/))
|(E/|Sa (€2+ |x/|2)¥

+O(5N“ Np(a')o(ah + o', oy + pla)) dx,>

: Niz
|z'|<a (62 4 |a!]2) 2

dz’

=T +T5+T5+ 0(T3) 4 O(E%)

We have

T = e / v(ry + ', TN +Np(xl))dx/
[o'[<a (e2+ |2']2)2

vl

)

/ / ’
RN-1 (62 + |$/|2)7

= u)]\’—25N22U(l’0)/ (T—Ndr —Fo(gTQ)7
0

1+7r2)z
ox DO
3.6.2 T, = 2 2 n -
(36:2) 1 e o
Since ’VPP Za 22 +0 ‘3;_/’2)7 then
N-1
= &2 a/ v(zp + l’oN-i-,O( ))dx’
S orea @1t

+ o 55/ xzzv(%*xlaxwip(x'))dx/ '
iz @4t
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We have

gz / v(ry + 2/, $0N+P( ))dx’
i |z'|<a

(2 + |o'2)%

< Ting oie? / 2" Po(ay + @' xon + pa)
- (N=1D Jica (e2 4 |2/]2) 2
Applying the Dominated Convergence Theorem we find that
[ o) o
[#/|<a (€% +[2'[?)2
and we deduce that
(3.6.3) Ty =0(e?) =o(e'2)
By definition of p, we have
N-1
7, = el ozi/ xjv(ry + 2, xozthQP( )
255 Jwiza (4]0
+o 5”2“/ viv(zy + 2, IONNJ:QP( D)
joj<a (€7 + |2f]?) 2
We haveN )
N+2 /xvxo—i-x ,Ton + p(2'))
A N+2 dx
= lo'|<a (€2 + |2/]?) 2
N, ¢ N
< 2iz1 @ 5Nv(xo)/ r —dr
2(N —1) o (I47r2)=2
N ; +oo N
vl@0) iy @ 5]2V/ L dr+o(e?)
2(N —-1) 0 (1+72)2
No@)PEETE) Y s v
= 5 +o(e?)
AN = 1I(532)
Thus,
No(z) DO SV 1, N g
3.6.4 T < 2 2/ £i=l 2 +o(e2)=o(c 2
( ) 3 = 4(N o 1)F(T+2) € 0(6 ) 0<8 )
Finally, combining (3.6.2), (3.6.3) and (3.6.4) we obtain
(AL e _
|sto‘qilvd8z = PN-2 ( 2 ) (2)U(IO) - +0(€T2)



Proof of (3.2.6):
We have

r(N—2) 1

/ |W5,mo|TdI = 2 / r(N=2) dz
Q Bo.R)* [(e + oy — zon)? + |o/ — 2] 7

r(N=2) 1 r(N=2)
—& NQ - / r(N—2) dx + 0(8 N2 : )
Y (e +any —xon)? + 2" — 2p]?] 2
= L1 - L2 + O(€T(N2_2) )
Now, in order to estimate L; we distinguish two cases:
Case N > 4:
By a change of variables and using polar coordinates, we obtain
C(N— 1
Ly = 52N o / oy 47
RN [(1+ay)? + [a/P] 2
+0(€2N—72(N—2))
o (N— +o00 1 +o0 B thZ
= €2N éN . </ r(N—Q)—(N_l)dl’N) / N r(N—2) dt
o (I+zy) o (1+82)" 2z
+0(82N—r2(N—2) )
Since 2 < r < q, we get
+oo N-2
L, = ;N%M N2 / —WN_QtT(Nf—% dt + 0<8W)
(3.6.5) N=2Jo (a+e)="

Case N = 3:
Here ¢ =4 and 2 < r < 4. The cases r > 3, r = 3 and r < 3 are different, therefore

we distinguish three cases.
If r > 3:

As in the above estimates we have

6—r 1 6—1r
Ly =¢> / ~dr +o(e 2
1 R [(1 + IB3)2 + |IBI|2]5 ( )

(3.6.6) L, = o(e) = o(e|loge|).

and
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If r =3:

We have 1
Ly = 53/ sdx
B*(20.R) [(€ + xn — Ton)? + |2 — 2([?]?
a 1
_ el / / ~dy'dyn
0 HlyI<a} [(€ +yn)? + |y']?]?
a 1 - t
_ 53/ —/ U gy
o E+un) o (1+2)2
a 1 a 1
:53/ dyN—Z‘fg/ 1dyN
0o E+un 0 (a2+ (e +yn)?)?
and
(3:6.7) Ly = of¢| log ).
If r <3:

Using the Dominated Convergence Theorem, we obtain

N3

/ 1
Ll =& = AT
B+(zo,R) [(€ + TN — Ton)? + [/ — 2()?]?

— 5 fB+(a:o,R) —|xfxo‘rdx + o(e2)

and
(3.6.8) Ly = o(¢| logel).

Now, we go back to estimate L.
We have

1
r(N—2) dx

r(N—2)
L2 =£ /
C e+ oy —xon)? + |2 — a2

(—3) p(y) 1
=c 2 / / r(N-2) dyndy'
{ly'|<a} /O [(e+yn)?+ Y2 2
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1

Applying Taylor’s formula to with respect to yy, we obtain

r(N—2)

[(e+ (yn)* + [y/?]

r(N—2) !
L2 _ 672 / p(y ) e dy/
{ly'I<a} (e2 + |y'|2)” 2

_ /
(N - 2)e" / Py Z(N_@ a0
{'I<a} (

ooy ) T
r(N—2) /|2
+0 (€2+1/ |y | e " dy/)
{ly'I<a} (2 + |y'|2) 2
B /|2
S T G 2>+1/ v )
{ly'|<a} (2 + [y/2)" 2

On one hand, we have

N-1 N /12
Ly = —Zizl ozlg(zv22>/ Yl (N=2) dy’
2(N—1) (<a} (2 + |y'[?)

H(N—2) /|2
» ( / L dy,) |
{lv'|<a} (2 + |y/[2) 2
If N >5:
By changing to polar coordinates, we obtain

sT(sz)/ vr A /+OO %dt
{|y/‘ga} (82 + ‘y/‘2> 2 0 (1 + t2>T

and
(3.6.9) Loy = o(e).

If N =4:
We distinguish three subcases:
Ifr > g :

As in the above case, we have

B LY
(yi<ay (E2F Y12 o (1+22)r

and

(3610) L21 = O(Ef).



Ifrzg:

Using polar coordinates, we obtain

5 |y,|2 /
L21 =£2 —§dy
{lv'|<a} (€2 + |y']?)?

and
(3.6.11) Loy = O(e2|logel) = o(e).

Ifr < % :
Applying the Dominated Convergence Theorem, we get

L21 _87"/ |y/|2 dy/
(ly<ay (E2 Y2

=" /{y/|<a} |gJ|,g|/;L2_2 dy' + o(e")
and
(3.6.12) Loy = o(e).
IfN=3

Using the Dominated Convergence Theorem, we obtain

2 2
Ly = Zi:l 04182/ |y | dy'
{lv'|<a} (

£2 4 |y’|2)%

N—-1
AL 1
— Zz:l « 62/ dy/
{

wi<a} Y1772

and
(3.6.13) Loy = o(e|logel).
On other hand, using the definition of p, we write

{/1<a}(

Loy = L
22 2(N — 1) 2 4y rV=2) Y

5T(N;2>H|y/|2 /
+o0 ——dy'|.
/ r(N-2)
{ly'I=ab(e? + [y/]?) 2
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By a change of variable and using polar coordinates, we obtain

L, W2 el e / L
2(N —1) RN (1 |:c’]2)r(N2 241
o)
and
(3.6.14) Loy = o(e).

Finally, combining all the above estimates, we deduce

o(e|loge|) if N =3
/|W5,x0\rdx =
0 o(e) HN>4

which is the desired result.
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Chapter 4

On nonhomogeneous Neumann
problem with weight and with
critical nonlinearity in the

boundary

(This work is submitted to Nonlinear Analysis: Theory, Methods and Applications,

series A. )

4.1 Introduction

In this paper, we are concerned with the problem of the form

(4.1.1) { —div(p(z)Vu) = Au+ f(z) in

% = Q(z)|ul"%u on 09,

where Q C IRY, N > 3, is a bounded domain with the smooth boundary 09, v is

the outer normal on 05, the coefficient () is continuous and positive on 9€2 and the
2(N-1)
N-2 >

and f # 0. The assumptions on f will be formulated later. The exponent ¢ is the
critical Sobolev exponent for the trace embedding of the space H'(2) into LI(d1).
The embedding of H'(Q) into L?(0N) is continuous, but not compact.

The case p =1 = @ and f = 0 is considered in [AM], [AY], [CK] and [CY]. As in

Chapiter 3, the geometrical condition (g.c) at some point on 92 play an important

A is a constant

coefficient p € H'(Q) is continuous and positive in Q. ¢ =

role in solving problems similar to (4.1.1). It is convenient to recall the definition.
(g.c): 0N is said to satisfy the geometrical condition at y € O if there exists a
neighborhood U(y) of y such that Q@ N U(y) lies on one side of the tangent plane at
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Y.
Let xy € 0f) satisfy

We assume that

(4.1.2) Ip(z) — p(xo)| = of|z — o)
and
(4.1.3) |Q(z) — Q(z0)| = of|z — wo])

for x near xzg.

Throughout this paper, we suppose that 0f) satisfies the geometrical condition (g.c)
at the point zy. This condition guarantees that the mean curvature at xy is non-
negative.

In this work, we are interested in the existence of a solution of (4.1.1) which satisfies

u Z 0 on 0f). Therefore we assume that f is chosen so that

—div(p(z)Vu) = Au+ f(z) in Q,

g—Z:u:O on 0f,

(4.1.4) the equation { has no solution.

Note that assumption (4.1.4) certainly holds if f has a constant sign on €2, otherwise

we obtain a contradiction thanks to Hopf’s Lemma.

In the first part of this work we study the case where X is negative. The assump-

tions on f are summarized in the following
[ Fe H Q) NC(Q)\ {0} satisfies (4.1.4)

and

N
2

. (*)/Qf(x)uda;m]v(/Qp(x)IVUPdJ" —A/Q’“‘zdx) ’

\ Vu € HY(Q), /mp(x)@(x)]uﬁdsx:l.

with oy = (¢ — 2) [qul} -

Let us remark that (x) certainly holds if

N
2

CNfl

[min(—)\,mjnp(x))}
Il < ox —

maxp(e)Q(x)]

o0
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where

(/|Vu| da:+/|u| dx)
C=C()= _ inf
HY(Q)\H{(Q)
(/ |u|quz>
1)

is the best constant in the trace embedding H*(2) — L(99).
To obtain the existence of solutions of problem (4.1.1) we use the strategy developed
by Tarantello, in [T], to study a nonhomogeneous Dirichlet problem with critical

Sobolev exponent. The main result is the following

Theorem 4.1.1.

Let Q € RN, N > 3 be a bounded domain with a smooth boundary O$) satisfying
(g.c) at xo and H(xo) > 0. We assume that f satisfies (H1) and the functions p and
Q respectively satisfy (4.1.2) and (4.1.3). When N = 3, we further assume that f,
p and Q are sufficiently smooth. Then for every A < 0 the problem (4.1.1) admits at

least two weak solutions.

The second part of this work is dedicated to the case where A interferes with
the spectrum {Ay, Ay, ...} of the operator div(p(x)V .) with the Neumann boundary
conditions.

It is known that 0 = A\; < Ay < ... and that the eigenfunction corresponding to A; is
constant function.

Let £ € N\ {0} such that A,y # A,. Set E, = span{es,...,e;}, where ey, ..., ¢
are eigenfunctions corresponding to eigenvalues Aq, ..., A\y_1. We have the orthogonal
decomposition H'(Q2) = E, ® E}}.

The assumption on f is the following
(H2) fe EF\{0}nC(Q) satisfies (4.1.4).

Applying the min-max principle argument based on the topological linking [W], we

obtain the following result

Theorem 4.1.2.

Let Q € RN, N > 3 be a bounded domain with a smooth boundary 0 satisfying (g.c)
at xg and H(xzg) > 0. We assume that f satisfies (H2) and the functions p and Q
respectively satisfy (4.1.2) and (4.1.8). When N =3 and N = 4 we further assume
that f(xo) # 0. For every A €|\g_1, \g[, there is a constant « = a(p,Q, A\, N) > 0
such that if || f||z2 < « then the problem (4.1.1) admits at least one solution.

The rest of this paper is divided into three sections. In section 1 we give some
notations which will be used throughout this paper. Section 2 and Section 3 are

devoted respectively to the proof of Theorem 4.1.1 and the proof of Theorem 4.1.2.
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4.2 Notation

We denote by H(zg) the mean curvature of 02 at xy with respect to the unit outward
normal. Let us recall that since 0f) satisfies (g.c) then H(zq) > 0.

Let
S, = inf {/ Vul2de; w € HY(RY), / uftda = 1}
RY RN-1

be the best constant in the trace embedding for the space H'(IRY) into L1(ORY),
where RY = {z = (¢/,zy) : 2 € R¥™', zy > 0}. By aresult of [L], S is achieved
and by a result of [E], S is given by

N —2
5 (wN)ﬁ, where wy is the area of SV~

S =

The minimizing functions are of the form

(4.2.1) W(z) = r .

[|x’]2 +(1+ .CEN)2:| oz

where z = (2/, zy) with 2/ € IRN~! and ~yy is a positive constant depending only on

N. We set
N-2 T — X

Wezo(z) =772 o(x)W(

),

€
where ¢ is a radial C*°-function such that

¢(m):{ 1 if |z — x| <

0 if | — x| >

[N][=v N |av!

with R > 0 is a small constant.
Using (4.1.2) and (4.1.3), from [AY] we obtain the following estimates

[ P@IVWes Pz = plao) s
Q

(42.2) Alelloge| + o(e|loge|) if N =3
—p(0) H (o)

Ase + o(e) if N >4,
423 [ p@QWIWonl'ds: = plan)Qan) (Br — H(an) Bas) +ofc)
and

O(e) if N=3
(4.2.4) / (Weo?dz = O(e?|loge|) if N =4

Q

De? 4+ o(e?) if N > 5.
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(DAF)? e, (N=DV PP
where A= opv — gt =g A= STV —2) N
() (V=) RGN
Br=orw cnyev-r B = mgpv oy v and D = org T Sy gy

The function I' is defined by

+o0
I'(z) = / e 't*"1dt for every z €]0, +oo.
0

Let us notice that A
1
Sl = 3 -

By

We endow the Sobolev space H'(2) with the norm

1

foll = | [ (9 + )iz

The norms in the Lebesgue space L!(f2) are denoted by |||

4.3 Case A\ <0

In this section, we study the following problem

(4.3.1) { —div(p(z)Vu) = Au+ f(z) in €,

9u — Q(z)|u|"*u on €.

Throughout this section we assume that f satisfies (H1), p satisfies (4.1.2), @) satisfies
(4.1.3), A < 0 and OS2 satisfies (g.c) at zg. We start by the following Theorem which

plays an essential role in the study of existence of a solution of the problem (4.3.1)

Theorem 4.3.1.

Let Q € RN, N > 3 be a bounded domain with a smooth boundary O satisfying
(g.c) at xo and H(xo) > 0. We assume that f satisfies (H1) and the functions p and
Q respectively satisfy (4.1.2) and (4.1.3). Then for every A < 0 we have

(4.3.2)

Iy := inf )%:1 [aN (/Qp(m)|Vu]2dx — )\/Q |u|2alzz>12V —/Qf(m)ud:v]

(foqP(*)Q@)|ulads,

1s achieved and Iy > 0.

Proof.

We use a straightforward adaptation of the proof given in [BN2] for an analogous
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minimization problem.
Let {u,} be a minimizing sequence for (4.3.2). It is easy to see that {u,} is bounded
in H'(Q), thus we may extract a subsequence, still denoted by {u,}, such that

u, — u weakly in H'(Q),

u, — u strongly in L?*(Q),

u, — u pointwise a.e in {2,

up, — v weakly in L9(09),

U, — u pointwise a.e in 02,

with ( / Qp(x)@(xnuwdsz)q <1

q
p(x)Q(x)|u]qux> = 1.
Q
Suppose, by contradiction, that

( / Qp<x>Q<x>\u|stx)‘l’ <1

Set v, = u,, — u. Using the Brezis-Lieb Lemma [BL], we obtain

It remains to prove that ( /
0

- / P)Q@)ulds, + / PE)Q)v. s, + o(1)

(which holds since v, is bounded in L(0f2) and v, — 0 a.e on 09).
We deduce that

(43.3) ( / Qp(az)@(az)|vn|qozsm)3 - [1 - ( / Qp<x>@<x>|u|qux)] )

On the other hand, we have
(4.3.4)

Io+o(1) = oy (/Qp(xHVuanx—/\/ﬂ|un|2dx> —/Qf(x)undx

. (/Qp(x)|Vu|2dx—)\/Q|u|2dx+/gp(x)|an|2dx)g —/Qf(x)udx.

From the result of [Z, Theorem 02] we have the existence of a constant C'(2) > 0,

N4

such that for every w € H*(2) we have
2
/ \Vw]2d$+C(Q)/ lw|"dx > S, </ \w\qdm)
Q Q 09
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with & = if N>4and k>3=22if N =3

N -1
We apply this result for w, = (p(x))%vn and particulary for N = 3 we take k& such
that 6 = ]3—]_\72 > k > 3, we obtain, for n large enough

[p@Tonfan+ 0@ [ o) ot

- / V[(pa)) b P + C(9) / (p(a)) bva[Fdz + (1)

2

250 ([ 10eninpas.) o,

Since k < 225 for every N > 3, thanks to the compact injection of H'(€2) into L*(£2)
we have v, — 0 strongly in L*(Q), and we deduce

/Qp(x)\wnmx +o(1)> S, < (p(x))%vnwdsz) " o).

Using the fact that

|
o0

p(%') p(Io)
Q@) 2 = Q)"

an easy computation yields
(0) o1 :
D{Xo N a
4.3.5 /p$ andeZ(—> S(/px@x Unquz> +o(1).
( ) 0 ( )| | (Q(xO))N_Q 1 00 ( ) ( )| | ( )
Inserting (4.3.3) and (4.3.5) into (4.3.4), we obtain after letting n tend to infinity
(4.3.6)

Iy > —/ f@)udz + oyx
Q
N

()| VuPdz — [Jul2de + % g i P@)0@ufids,) )|
Q Q (Q(wo)) 20

We shall now prove the opposite inequality.

Since (/ p(x)Q(x)]uPdsx) " <1 there exists t-> 0 such that
o0

(/ P(2)Q)|u + tswmwdsl,) Y
o0

For € small enough we have

/ p(z)|V(u+ t5W57$0)|2d5B — )\/ lu 4+ thE7xO|2d:1:
Q Q

:/ p(a:)|Vu\2da: — )\/ |u]2d33 + t? (/p(w)]VWmO\zdx —)\/]WWOPCZ:E) +o(1)
Q Q Q Q
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and

| = / (@) Q) + LW, 0, [1ds,
o0

_ / P lufds, +1 / Q) We s + 0(1)

From (4.2.2), (4.2.3) and (4.2.4) we deduce that

/ p(@)|V (1 + WV, o, ) 2 — A / W [2da
Q Q

(4.3.7)

:/Q (z)|VulPdz — A /\u| dz + t2p(z0) A1 + o(1)
and
(438) 1= [ p@Qul'ds, +t2p(z0)QLan) B + o(0)

We use u + t. W, ,, as a test function in (4.3.2), we deduce

N
2

Iy <CN[/ (@) |V (1 + tWe ) [2d — /\u+tW5xo\ dx]

/f (u+ ccWe o) dix

_ /Q f(@)udr + oy {/Qp(m)WuFdx _>\/Q lu|?de
: ((Qf:v(o%) o (1— </6K§9(:v)62(9:)|u|qux>)5

Passing to the limit as ¢ — 0, we get

Iy < —/Qf(x)udx+0N{/ﬂp(x)|Vu|2d:p— )\/Q|u|2dx

() 5 (o)) ]

Combining the last inequality with (4.3.6) we obtain

= —/Qf(a:) udr + oy {/é)(-’l‘?)wuﬁdx - )\/Q]u\zdx
B (%) s, (1_ /8 éa(x)Q(:E)\ulquI)z]
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Set

K :NUN[/p(:L’HVu\de —)\/ |lu|?dz
0

Q

and

) i (1= [ soawaras,

For every w € H*(2), t € IR, we consider

T+ tw) :—/Qf(x)(u+tw)dac+a]v Uﬂp(x)\wu+tw)\2dx—A/Q|u+tw|2dx

B (ﬁ) " (1— ( /8 PaQ@u+ tw|quz)) 3] )

Differentiating with respect to ¢ and passing to the limit as t — 0, from (4.3.9) we

[z

get

— — 9-2 — =
K, {/Qp(x)Vu.Vw dx )\/Quwdx K, /mp(a:)Q(x)|u| uwdsx] /Qf(a:)wdx 0
for every w € H'(Q).

We obtain that u satisfies weakly

{ —div(p(x)Vu) = Au + K%f(x) in €,

4.3.10
( ) %u — K>Q(x)|ul?%u on 9.

Since f # 0 we easily see that u #Z 0 on 2. Moreover, since f satisfies (4.1.4), then
u Z 0 on 0.

Remark 4.3.1.
Ifp € C=(Q), Q € C=(0N) and f € C=(), then by [Ch], any solution u of (4.3.10)

belongs to C>(2).

Let us note that we do not know if u(x¢) # 0 or not, but if u(zy) # 0 we can
assume that u(zg) > 0 (replace u with —u and f with — f if necessary). Therefore,
throughout the rest of proof, we assume that u(zg) > 0. Set

N
2

J(v) = oy (/Qp(x)|Vu|2dx—)\/Q|u|2dm) —/Qf(x)ud:v,

we will obtain a contradiction by showing that
(4.3.11) J(u+t-Wea) < Io
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for € > 0 small enough.
At this stage, we need to give a more explicit expression of ¢..
From (4.3.8) and (4.2.3) it follows that t. — tg as € — 0 where

1 — [0 p(2)Q(2)|u]%ds, .
p(l'O)Q(l'o)Bl ’

(4.3.12) to =

Set
(4.3.13) te =to(1+0.), with 5 - 0ase— 0.

We shall give the precise rate at which d. — 0.
We remark that if ¢ < 3 then N > 4 and if ¢ > 3 then N < 4, consequently we shall
distinguish the cases N > 4 and N = 3.
Case N >4
We have the following inequality :
For every 1 < ¢ < 3, there exists a constant C' = C(q) such that, for z, y € IR, we
have
(4.3.14)
Cla|®Hy| if [z] <yl
|2+ y|? — || — [y|?] — qzy(|z]T72 + |y[77?)] <
Clyl*=H | if 2] > Jy].
We apply (4.3.14) with x = v and y = W, ,,.
We need the following estimates which are proved in the appendix.
(4.3.15)

—1 1 = )
[pQWy W us, = DTG o
29 2I'(3)
= u(zo)De" T +o(e"T),
(4.3.16)
s [ p@Q@) (@) (o) s
| @@, s, = <5 [ BI04 o5,
asin ¢ f PR [t Wy, = of="5%)
00N {Jul<teWe o}
and

N-2

(4.3.18) tgl/ p(2)Q(x)|ul|[We | tds, = 0(e72 ).
00N |ul >t We 2y}

Looking at (4.2.3) and the above estimates, direct computation yields that the cases
N =4 and N > 5 are different and will be treated separately. Therefore we distin-

guish two cases:
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IftN>5
Combining, (4.3.13), (4.3.14), (4.3.15), (4.3.16), (4.3.17) and (4.3.18) we deduce that

1:/89p(x)Q(:c)\u|qum+tg/ P(2)Q(2)|Weny |9ds, + O(£™F2).

o0N

Using (4.2.3), we obtain

- /a P()Q)ulds, -+ 1 ) Q) (By ~ H(zo)Bac)] + o).

Consequently
2 B
(4.3.19) 2 = £2(1 4+ ZH(xo)=2¢) + o(e)
q By
and
1 B
(4.3.20) 5. = 5H(x0)§je + o(e).
We have

Ju+tWe,) = UNK/Qp(xqudx —/\/Q\u|2dx>

+2t, (/p(x)Vu.VWe,modx —)\/u Wmodx>
Q

Q

+t§ (/p(m)|VWE,xO\2dx —)\/|Wm0|2dx> ]%
Q Q

—/Qf(x)udx—ts /Qf(x) W, podz.

Using (4.2.2) and (4.2.4), we write

Ju+tWos) = oy K /Q p(2)| Vul2dz— A /Q ]u\Qd:v)

+2t. (/p(a:)Vu.VWdex —A/u Wmodw)
Q

Q
(4.3.21)

|2

2(1 4 26.) Ay — H (w0)t2 Aoe +0(2) +0(3.) }

- /Q o) ude — /Q F(2) Wy da.
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From (4.3.20) we have

J(u+tWe) = — /Q F@)uds + o(e)

vl

2 B
ow K/gjzo(x) [Vulds _)\/Q |u|2d$> +g A1+ ;tgH(ﬂfo)BﬁjAle —t(Q)AQH($O)E+O(€):| :

Therefore

J(u~+t-We 40 F O'N|:</Q p(2)|Vul*ds — )\/Q |u|2d:v)+ t%Al} . /Q f(z)udx

N Y, (2B
+—JN[(/ p(z)|Vul*ds — /\/|u|2dx>+t3A1} t2 <——2A1—A2) H(zg)e + o(e).
2 Q Q q B:

Combining the fact that I'(z + 1) = 2I'(2) Vz €]0, +o00[ with the definition of the
constants Ay, Ay, By and By, we deduce that
A1 B,

By
Using (4.3.9), (4.3.22), the fact that % < 1, the expression of ty and the expression
of K we deduce that, for € > 0 sufficiently small

> 0.

(4.3.22) Ay —

Tt tWegy) = Io + 5143 (28241 — Ag) H(zo)e + 0(2) < Iy

q B1
which gives a contradiction in this case.
If N=4
From (4.3.13), (4.3.14), (4.3.15), (4.3.16), (4.3.17) and (4.3.18) we have
1= [p@Q)ulds, + 12 [p()Q@IW..y s,

o0 o

p(2) Q@) |u(@)|"*u(z)$(x)

Q |z — wol?

—€ (qu(mo)Dtg_quqto/
0

Using (4.2.3) we obtain

5. )+ ofe),

1= / P(2)Qa)|ultds, + 19 [p(20)Q(z0) By — H (x0) Bae)]
o0

e (qutoo) 1 g [ POADDE DD 3 )4 o)

Consequently

(4.3.23)
o1 p(x)Q(x)lu(x)|"*u(z)p(x)
B, qu(xo) Dt —|—q/ P ds,

2
2 =21+ 2| H(zg) == — o0
S R B11} )

+o(e)
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(4.3.24)
q—2
5= 1| Hap 22 - 50 [z = o] e+ o(e)
C g "B, Bit§ '
Therefore
J(u+t- W, ) = JN[(/p(x)]Vude - A/\u]de)
Q Q
+2t. (/p(m)Vu.VWmde - )\/ quOd:L')
Q Q
H3(1+20.) Ay = H(zo)t3Aze + o(e) + o(2) | *
—/ flz)ude — ts/ f(x) We podx
Q Q
and
J(u+t-Wep) =

oN {(/ﬂp(mﬂVuFdx—)\/QMde) +t§A1]g/ﬂj’(Q:)udx—to/ﬂf(x) W, 4o d

+ [2t§5€A1 — H(wo)t;Ase + o(e) + 2ty (/ p(x)Vu.VW, ; dx — )\/ qude>}
0 0

N
2

N—-2

Kox K/ p(:z;)|Vu\2dx—>\/ |u]2dx> +t§A1] ’
Q Q

Using (4.3.9) we get

J(uw+t-Wea) =1o+1o [Kl (/ p(x)Vu.VW, 4 dx — )\/
Q

u Wz dz)
Q

K
— / f(I) Wa,modl‘] + t%KléaAl — H(ZL‘Q)TltgAQ&‘ + 0(8).
Q
Thus from equation (4.3.10) we derive

Tt tWen)) = Io + toF1 Gy / () Q) |ul" 0 Wi oy ds,
o0

+12K16. A1 — H(20) 512 Ase + o(e).
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Inserting (4.3.16) in the above equality, we obtain

Tt Wes,) =1+ tOK1K2/p(x)Q(:U)|U(x)|q2u(x)¢(x)d8x€

a0 |$ —$0|2

+t8K165A1—H(I0)%t3A28 + 0(6).
Therefore

J(u—l—tanO) = I()

H(l‘o)t%AQ
2

de €+ t(%(SEAl —

i i P ot

a0 \3? _370‘2

5] +o(e)

A combination of the definition of t; together with the definition of S;, namely

S; = 4% and the definition of K>, in the last inequality, allows to write
By

A
dSm £ +t8(5€B1— H((L’g)t%Bl—Q&f

J(U—i-tEWa@o) :]0+ 2A1 :|

KA [ [ p(2)Q(x)|u(z)| " *u(x)d(x)
J

Blt8_2 Q |z — 202
+o(e).
It follows from (4.3.24) that

KlAl 1 — AZ
J(u + tEWmO) = Io + Bltg_Q [5H($0)t8326 — U(Zto)tg 1D€ — H(.To)thl 2—1418
+o(e)
H(z)t2K 2 A, B toK1 A
:[0_M<A2—— ! 2>5—u(x0)D0 e 4 o(e).
2 q B 1

Since H(xg) > 0 and u(zg) > 0, from (4.3.22) and the fact that % < 1 we deduce the
desired result in this case.
Case N =3

In this case, we have ¢ = 4 therefore we use the simple identity
(4.3.25) @ +y* = |2+ |yl* + dfaPay + dayly* + 6l |y

By opposition with the other cases, in dimension N = 3, the case u(xg) = 0 and
u(zg) > 0 will be treated separately. We distinguish two subcases.

Case 1: If u(z) > 0.

In order to apply (4.3.25) with z = w and y = W, ,,, we need the following new

estimate which will be proved in the appendix.

(4.3.26) /mp(a:)Q(:c)|u(9z:)|2]V[/'E7:,30|2(1lsm < Me|loge| + o(e|loge|) = 0(&?%)7
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(4.3.27) /a ) P()Q(2)u(3)|We ao |Pdse = Mau(zo)e? + o(e?)

and
(4.3.28)

[ peQ@ @) ) Weds, =<t [ POLIEP)of
o0 5

Q |z — 20

D=

ds; + o(e

).

where M; and M, are positive constants.

From (4.3.25), (4.3.26), (4.3.27) and (4.3.28) we have

U= [ p@e@ls, <12 | Q@) Wolds,

o0N

(NI

—qe? <u(x0)Dt81—|—t

O/p(l’)Q(l‘) |u(@)|"*u(z)d(z)

GlY) |$ - $0|

dsx> + o(e2).

Using (4.2.3) we obtain

- / p(£)Q () ulds, + t3p(z0)Q(x0) By

[2}9]

et (u(xo) Dily / p(2)Q () u(w) " 2u(z)d(z) de) +oleh)

o9 |z — 20|
Consequently
(4.3.29)
q—2
 ulzo) D! + / P(I)Q(x)lft(i)\ |U(I)¢(x)dsx
=t1- p 20 o T — T I
0
and
q—2
u(ao) D / P(SU)Q(JI)I’U(T)I ’u(x)qﬁ(x)dsx
380 0= - — et 4 o(eh).

Byt
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Therefore

J(u+t-Wey) =
o3 {(/p(w)|Vu|2dx—)\/]u\2dx> +t2(1 + 26.) Ay — H(zo)ta Abe| log e| + o(e] loge])
Q 0

+o(d:) + 2t. </p(m)Vu.VWmodx—/\/u We’modx>] 2—/f(x) udx—/ f(x) W, pydx
Q Q

Q Q

~ o, K/Qp(x)wuy?dx - )\/Q \u|2d:1:> +t3A1}

+ [22?355141 + 0(0:) + 2ty </ p(x)Vu.VW, , dx — )\/ uwg,modaj)}
Q Q

v|2

—/f(a:)udx—to/f(x)Wmodx
Q Q

N-2

x Loy {(/ p(z)|Vul*dr — )\/ |u|2dx) —I—t%Al} :
Q Q

Using (4.3.9) we get

Ju+t-We o) = I +t5K16. 4, + 0(0.)

+to [Kl (/p(x)Vu.VWMOd:U — )\/u Wmodx) —/f(:v) Wg,modx} .
Q

Q Q
Thus from equation (4.3.10) we derive
J(u+t-Wey) =Io+ toKlKQ/ p(2)Q(x)|u|"u W zodss + 2K, 0. A1 + 0(6.).
G
Inserting (4.3.16) in the above equality , we write

J(u+t-Wepy) = Io+ oK1 K> / p(x)Q(x)"u(x)‘q_iu(g;)(ﬁ(x)
o0 T — T

1
dsy €2

+t3K1(5€A1 + O(&'%).
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Therefore

J(U + tEWa,xo) = Io—i—

K, {tOKQ/p(a:)Q(:C)!u(:c)|q—2u(:z:)¢(x)dsx x +t§6€A1}+o(55)
P

Q |z — 0|

[

= Iy +o(e2)+

1

(Gtssi=) T Sitoe p(@)Q(@)]u()[*2u()$(x)

(1 - (/aﬂp(x>Q<ﬂf>\u|qux) ) o |2 = o
Ay

Combining the definition of ¢y together with the definition of S, namely S; = <%,
B/

N

K, dsy + 125, Ay .

we write

J(u~+ t-We 2o )=1Io + dsye2 + t16.By| + o(e?).

K14, U p(2)Q(x)|u(@)|"*u(z)$(x)

Blt8_2 Q |z — 20|
It follows from (4.3.30) that

tKA 1 1
ﬂu+mmm):h—uuwpoé'%a+d@y
1

Since u(xg) > 0 we deduce that for € > 0 sufficiently small we have
J(U + tEWa,xo) < [Q

and we obtain a contradiction in this case.
Case 2: If u(zg) =0
From (4.3.13) we have

te =to(1+0.) with 6. — 0 ase — 0.
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We write

J(utt-We zy) = —/Q f(z)udx —/Q f(x) We zodz + o3 K/p(w)|Vu|2dx —)\/Q|u|2dx>

Q

+2t. (/p(x)Vu.VWE,dex — )\/ u I/I/'g,modyc)wL ta(1+ 26, + 62)p(wo) Ay
0 0

o

—H () 5p(wo) Ase| log | + o(e| log e] )]

_ o ) ) 3_ B
=03 K/Qp(x)lvﬂ dx )\/QM d:v) ~|—tOA1} /Qf(:v)udx to /Qf(x) We wodz

+ioy [( [ ptnvapas—a | |u|2dx) +t§A1} 2126.p(0) Ay +26%p(0) Ay
Q Q

—H (z0)t2p(xo) Abe| log e|+ 2ty (/p(x)Vu.VWWde—)\ﬁWg,xodaj)] +o(e|logel).
Q Q

Using (4.3.9) we get

K /
5 02p(x0) Ay — H (20)t5p(o) Ape log ]

+to {Kl (/ p(x)Vu.VW, , dx — )\/ uWE,dex) — / f(x) Wg,xodx]
Q Q Q

+o(e|logel).

J(u + t8W57$0) = [() + thltsgp(fL'o)Al + t(Q)

Thus from equation (4.3.10) we derive
(4.3.31)

J(u~+t-Wez) = o+ tOK1K2/ p(:v)Q(:c)|u]q’2u We zods, + thl(SEp(:co)Al
o0

135 (0) A6 — H (w0)13p(0) Abe| log ] + o(e] log e]).
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On the other hand, we apply (4.3.25) with z = v and y = W, ,,, we obtain

~

5 /a P)Q@)u(a) Pulz) Weds,

< i {1 - /8 p(2)Q(x)|u(x)| ds, — t* / p(sc)@(:v)\WE,ml‘*dsx}

9] o0

- /a P(2)Q() ()| Wi [P,

Q

< i [1 - /a 5($)Q($)|U(x)|4dsw — t5(1 + 45, + 602)p(20)Q(z0)(By — 328)}

- / QU)W s + 0(6) +0f2).

Using the expression of ty given by (4.3.12) we get
tE/ p(2)Q(2)|u(x) Pu(z) We godsy < —tgp(0)Q(0)Bid: — 3tip(20)Q(20) B162 + t§Boe
o9

2 [ Q) Wer P +0(02) + 0fe)
o0

Moreover we have (see appendix)

(4.3.32) / p(2)Q(z)u(z)|[We 4, [Pds,. = o(e]loge]).
20
Therefore
(4.3.33)
ta/an(:v)Q(x)|u($)|2u(a:) Wi nodsy < —top(x0)Q(0) B1d. — 3tip(x0)Q(20) B162

+0(0?) + o(e|loge]).
Inserting (4.3.33) into (4.3.31), we obtain

3K K
Juw+t-Wep) <Ilo— (Tletép(xo)Q(a:o)Bl - t?)?lp(m)/h) 552 + 0(53)

—H (z0)tip(xo) Ase|log e| + o(e|logel).
Using the expression of K; and ¢y we deduce that

Ju+tWe o) < Io— Kitap(wo)A162 + 0(02) — H(xo)top(zo) Abe| log €|

+o(e|logel).

Since H(xo) > 0, we conclude that for ¢ > 0 small enough we have J(u+t. W, ,,) < Iy,

which gives a contradiction in this case.
This ends the proof of Theorem 4.3.1. ]
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Now we return to the proof of Theorem 4.1.1. As announced in the introduction,
we follow the steps of [T] in studying a Dirichlet problem with critical Sobolev
exponent.

We consider the functional

I(u) = %/p(x)]Vu|2dx—%/Q]u|2dx—/ﬂf(ac)udx—é/a P()Q() ultds,, u € HI(S).

Q Q
We define the following manifolds

A = {ue H'(®): (I'(u),u) = 0},

v = {uens [paivupae = [ upds= =1 [ p@Q@lds, > o}
N = {ued: [p@Vapde =2 [ juPde—(@=1) | p)@@lupias, =0},
A =duen: /Qp(x)]VuFdx—)\/Q]u\zdx—(q—l) Lﬂp(x)Q(x)\ulqum<0

We start by studying the existence of a first solution of (4.3.1) which will be a local

minimum of I on A. We have the following

Theorem 4.3.2.

Let Q € RN, N > 3 be a bounded domain with a smooth boundary 0 satisfying
(g9.c) at o and H(xg) > 0. We assume that f satisfies (H1) and the functions p and
Q respectively satisfy (4.1.2) and (4.1.3). Then for every X <0,

(4.3.34) cop = ir/{ff
1s achieved

In order to prove Theorem 4.3.2, we need some Lemmas

Lemma 4.3.1.
Let f satisfy (H1). For every u € H(2) \ {0} such that u # 0 in 9, there exists a
unique tT = t*(u) > 0 such that tTu € A~. In particular:

Jo p(@)|Vul*dz — X [, [u]*dx s .
(¢ = 1) [yop(x)Q(2)|u]?ds, S

t+>{

and I(ttu) = max I(tu)

tztmax

Moreover, if / f(z)udx > 0, then there exists a unique t~ =t~ (u) > 0 such that
Q
tTue AT

In particular,

[ p(@) | VulPde — A [, [uf?de] 7
Ls { (¢ = 1) [y p(2)Q(2)|ul?ds,
and I(t~u) < I(tu), Vt € [0,t].
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Proof.

Set o(t) = t {/ﬂp(m)|Vu|2dx—)\/Q|u|2d4 et /mp(x)@(x)|u|qum.

It is easy to see that ¢ is concave and achieves its maximum at

o = [fﬂp(x)’vu’QdQ? — A [, \ul2d$} =
max (q—1) [y p(z)Q(z)|ultds, .

Moreover

1 } iz [(fgp(x)|Vu|2dx - )\fQ |u|2dx)q_1] =

-1 fagp(x)Q<$)‘u|qd8$
and N
(pr )| Vul*dx — )‘fQ ’“|2d$)7
timax N-1
Pl = o Qe ufds,)
with
1 ]
(4.3.35) on =(q—2) ij] :

Therefore if / f(z)udz < 0 then there exists a unique ¢t > ¢, such that

o(tT) = / f(x)udr and  H'(tT) <O.
This gives that t7u € A~ and I(tTu) > I(tu) Vit > tpax.
In case / f(z)udx > 0, by assumption (%) of (H1) we have that necessarily

fﬂ r)udr < @(tnax) and there exist ¢~ and ¢+ unique such that
0 <t <tmax <th, o) = / f(@)udz=@t") and §'(t7)>0> o' (tT).
Q

This implies that t7u € A~ and t~u € AT. Moreover I(t*u) > I(tu), Vt >t~ and
I(t7u) < I(tu), Vit € [0,t1]. O

N</ p(x)|Vul*dz — A /|u| dx) o
[(/agp(gf)Q(x)mwdsx) ] /

Let ¢t > 0 and / p(z)Q(x)|ul?ds, = 1 we have:
o)

P(tu) =1 [aN (/Qp(a:)\VuFdx - )\/Q \u]Qda:)g —/Qf(a:)ud:v] :
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For u #£ 0 on 012, let

vl

(4.3.36) Y(u) = o



given v > 0, from Theorem 4.3.1 we deduce that

(4.3.37) inf P(u) > Iy > 0.

oo P(2)Q(@) [u]ads,) T >

Lemma 4.3.2.
For every u € A\ {0}, u# 0 on 092 we have

[ prvapae = [ Pz = =1 [ p@lurds, 20

Proof.
Arguing by contradiction assume that for u € A\ {0}, u # 0 on 92 we have

(4.3.38) /Qp(x)|Vu|2dx - /\/Q lu|*dz — (¢ — 1) /mp(:zc)Q(x)|u|qu;E = 0.

Combining the last equality with the fact that u € A, we write

(4.3.39) 0=(q—2) /mp(x)Q(xﬂuPdsx - /ﬂ f(z)udz

Condition (4.3.38) gives that

[ oelupas. =%(/Q DITutds = [ o)

M-
( IVl d:z:+/ | d:c) - HuH2
-1\ /g q—

where M; = min | minp(zx)
zeQ " min p
xEQ

Using the embedding of H'(2) — L9 (89 ) there exists a positive constant M, such
that

/an(w)Q(xNUqusm > M, (/mp(ﬁ)Q(x)mpdsx)q

(/mp(x)Q(m)|u|qum); > M;%? —

Thus
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Therefore, from (4.3.37) and (4.3.39) we obtain

0<Ipy <

1 i (Jo,p(z) |Vu|2dx— A fo lul?dz) = e
Y(u) = L]—] (¢ —2) [ oo p(@)Q(@) ultds, } /f Judx

< [75] [(fgp(m)v“ da X Jy|u dx)“] ]

Joo P(2)Q(x)|u|?ds, /() (x)|u|?ds,

b{x
lg)

<(g-2) /mp<x>c2<x>|u|wsx([fﬁp( Ve dx‘”ﬂ'“' ﬂ _1):()

(4= 1) foop(2)Q(2)[ultds,

which yields a contradiction. [

As a consequence of Lemma 4.3.2 we have the

Lemma 4.3.3.
Given u € A\ {0}, uw £ 0 on 09 there exist € > 0 and a differentiable function
t=t(w) >0, we H(Q) and |w|| < ¢ satisfying

t(0)=1, tw)(u—w)eAN, for|w| <e,

and
(4.3.40)
(t'(0), w) =

2 (/Qp(x)Vu.dex—)\/Quwdx> —/Qf(x)wdm—q/mp(m)Q(x)|u|q_2uwdsx
[ | prvaae = [ jupis -1 [ ru|qux] |

Proof.
Define G : IR x H'(Q) — IR as follows

G(t,w) :t(fgp(x)|V(u —w)|*dx — /\fQ|u—w|2d:B) — 197 [, op(2)Q(z) [u—w|%ds,
- /Qf(x) (u—w)dz.
Since G(1,0) = 0 and

S0 = ([ sowpds - [ i) =@ [ poewlaris, £0

by Lemma 4.3.2, we can apply the Implicit Function Theorem at the point (1,0) and
get the desired result. ]
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We are now in a position to give the
Proof of Theorem 4.3.2
We start by showing that I is bounded from below in A.
Let u € A, we have

[ p@rvapds = [ uPds - [ pi@iras, - [ fayuds=o

() = ﬁ (/Qp(x)|Vu|2d:E—)\/Q|u|2dx) - 2<N—N_1)/Qf(as)udx

> v ([prvapas = [upae) = 5l
M N

> e — .
with M is a positive constant.
Consequently
N2
4.3.41 > ————— M||f|I%-.
(13.41) o>~y M

In order to obtain an upper bound for ¢y, let v € H'(Q) be a solution for the following

Neumann problem

{ —div(p(z)Vv) = Ao+ f(z) in €,

%:O on 0.

Let us remark that, since f satisfies (H1), namely (4.1.4), then v #Z 0 on 0f2.

We have
/f(:p)vd:v:/p(m)|Vv|2dx—)\/|v|2dx.
Q Q Q

Let to =t~ (v) > 0 as defined by Lemma 4.3.1, we write

) =% (foorvepae— [opac) =% [ porowras,

4o </é9(x)|Vv|2dx—/\/Q|v|2dx) | Q

Using the fact that tov € A we obtain

2 _
rtew) = =2 ([ porvopas—a [ piac) + 0 [ paaloras.

Since tov € AT, from the above inequality we deduce

1tw0) <~ ([ povras —a [ k) =~
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This implies that
_
2(N —1)

Applying Ekeland’s Variational principle (see [AE]) to the minimization problem

(4.3.42) co < — K="

(4.3.34), we obtain a minimizing sequence{u,} C A with the following properties
1

(4.3.43)  I(uy,) < co+ -

(4.3.44)

(w) > I(u) — % (/Qp(m)\ww — )2z — )\/Q o — un]2dx> YweA.

Combining (4.3.42) and (4.3.43), we obtain for n large
(4.3.45)

I(w) :m (/Qp(as)\VunPd:E—)\/Q\un\zd:v) —%/ﬂﬂx) wy d

t2
ST
This yields

8 2
(4.3.46) /Qf(x) Up dx > NHfHH—l > 0.

Consequently u, #Z 0 in . Since A < 0, putting together (4.3.45) and (4.3.46) we

derive
12 M
(4.3.47) Il <l < -1l

with M is a positive constant.
We now prove that ||I'(u,)|| — 0 as n — +00.

We argue by contradiction and assume that ||I'(u,)|| > « > 0, with « a constant.

1" (un)

Ty With 0 > 0 a small constant,

Applying Lemma 4.3.3 with v = u,, and w = d 77—

there exists ¢,(0) :=t¢ (6”1’%%;”) such that

I"(up)

ws = t,(0) {un — (5m

Jea

From (4.3.44) we have

% (/Qp(x)|V(w5 — ) d — )\/Q jws — un|2dx)2 > I(un) — I (ws).

Using Taylor’s expansion we obtain

L 2 — U 2 T ’ /w Up — W o
([ ¥ tws = wn) e = [ s = waar) 2 (7w, 10 = ) + o0
> (1= taO)I ). ) + 8 (B 5. 1 00+ 0(0)

113



Dividing by 0 > 0 and passing to the limit as 6 — 0 we derive

11 1t,(0) ( | v [ |un|2dx) ] > (0T () ) + | Pt

I'(un) >

whnere we nave se = s 7
h have set #, = (t'(0), ppumy

Since u,, € A we obtain

1+ |t/ (0)] (/Qp<f”>|v(un)|2d“" - A/Q |u"|2dx> |

Using (4.3.47) we conclude

] > (|1 (un)I

(4.3.48) 1 (un) || < — (1 +[£,,(0)])

=lQ

where C' is a positive constant.
Now, to conclude it remains to show that |¢/,(0)| is uniformly bounded in n.
From (4.3.40) and the estimate (4.3.47) we obtain
< —
N | fQ p(x)|Vun|2dx - )\fQ |Un|2d$ - (q - 1) faQ p(ZL‘)Q(ZE)lun|qu$|

where ('} is a positive constant.

|£,(0)

Hence we need to show that

[ e =x [ fufde = (a=1) | pe)@@)u7ds,

is bounded away from zero.
Arguing by contradiction, assume that for a subsequence (still denoted by w,) we

have
(4.3.49) /p(x)\VunIQda: - )\/ |up |*dx — (q — 1)/ p(2)Q(x)|u,|%ds, = o(1).
0 Q o0
Using (4.3.47) we obtain
/ p(2)Q(x)|uy|%ds, > v (v > 0 is a suitable constant)
o0

and

q—1

JortTu e = 3o ] o [ wQlnlras] = o),

On the other hand, combining (4.3.49) with the fact that u,, € A we see that
/f(x) B 2)/ p(@)Q@)|wn|?ds, + o(1).
Q Gl
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Finally, using the above together with (4.3.35), (4.3.36) and (4.3.37) we are led to

)

—2

0 <t | [ sl ot
<(-2) [(fﬂp(”””w"'%”f“'“”'Qd”’”)H—( [ o,

q—1 Q
=o(1)

which is impossible and we conclude that

i

Q

(4.3.50) 17 (u)|| — 0 asn — +oo.

Let ug € HY(Q) such that u,, — uy weakly in H'(Q).
From (4.3.50) we deduce that

(I'(up), w) = 0, Yw € H(Q)

and thus vy € A is a weak solution of (4.3.1).
Therefore

¢ < I(ug) = 2(N—1_1) (/Qp(x)|Vu0|2dx - )\/Q |u0|2dm) —/Qf(x)uo da

< lim I(u,) = co.

n—-+oo
Consequently u,, — ug strongly in H'(Q) and also in L?(09).
Thus iI/{f] = ¢p = I(up) and from Lemma 4.3.1 and (4.3.46) we deduce that uy € A™.
Now we claim that ug is a local minimum for /. Indeed we know from Lemma 4.3.1
that for every u € H'(Q) with u # 0 on 9Q and [, f(z) udz > 0 there exists ¢~ > 0
such that

(4.3.51)  I(tu) = I(t7u) forevery 0 <t < <fQ p(xl))?mpcéi);?()\x{glzu'r;'cijx) h
N x

Since ug € AT,

L Jup@) Ve = A fy lugPda 7
(4.3.52) t=1< < 1) [50,p(2)Q(2)|uol?ds, )

Let € > 0 sufficiently small so that
fﬂp ‘V up — w)|*dx — A [, [uo — w|*dx
fagp (JZ)|U0 - w|quzv
From Lemma 4.3.3, let t(w) > 0 such that t(w)(ug — w) € A for every ||w| < e.

Since t(w) — 1 as ||w|| — 0, we can always assume that

(fﬂp x)|V(ug — )|2dx — )\fQ lug — w|?dz
fagp (.%)‘UO - w’qux
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Moreover t(w)(up — w) € AT and we have

I(s(ug — w)) > I(t(w)(u — w)) > I(uo)

Jo p(@)|V (ug — w)|Pdx — X [, |ug — w|2dx) =
(1) [oqp(x)Q(2)|ug — wltds, '

From (4.3.52) we can take s = 1 and we obtain the desired conclusion.

for evry 0<5<(

This completes the proof. We now turn to the study of the existence of a second
solution of problem (4.3.1). Then we are led to investigate a second minimization

problem. Namely

(4.3.53) cp =inf I
We have the following result

Theorem 4.3.3.

Let Q € RN, N > 3 be a bounded domain with a smooth boundary 0 satisfying
(g9.¢) at xo and H(xg) > 0. We assume that f satisfies (H1) and that the functions
p and Q) respectively satisfy (4.1.2) and (4.1.3). Then for every A < 0 the infimum
in (4.3.53) is achieved and we have ¢y > cy.

In order to prove this last result we start by the following lemma

Lemma 4.3.4.
Let {u,} C HY(Q) be a sequence satisfying

w350 Hw) = oot g 2
and
(4.3.55) I'(uy) = 0 inH™Y(Q)

then {u,} is relatively compact in H*(Q).

Proof.
We start by showing that {u,} is bounded in H'({2). Arguing by contradiction, we

Un
llunll”

assume that ||u,|| — co. We set v, = Since {v,} is bounded in H'(Q2), we may

assume that v, — v weakly in H'(().
Using (4.3.55), for every ¢ € H'(Q)), we have
(4.3.56)

[ 090,76 = 0o = [ | @l uods, + [ f ¢dx]
+o(1).
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On the one hand, we have

=1 1
(4.3.57) / p(2)Q(@) | un] T 2unep ds, < C ( \un|qux> ' ( / ](b\qux) '
o9 o0 o0
On the other hand, we compute (4.3.54) — £(4.3.55), which gives

ﬁ /fjﬂzo(x)Q(x)\unwdsx - % /Qf<x> tn dz < ¢+ of||un]))-

Therefore

aﬂp(w)Q(ﬂf)!un!qux < My [+ [ f Il l[unll] + o([|unl])

q—1 q—1
q

P g—1
([ sor@@lunlris,) " <07 U Il 5 |14 o)
where M, M, are some positive constants.
Since ||uy,| — oo, we have

qg—1

(Agp(x)Q(w)\unlqux> <My HfHH e R LM, T HfHH e

+o([[ua ]l )
and
(4.3.58) .
s ( / Qp(x)@(xnunwdsz) < M Al F M
Folllunl P

Combining (4.3.57) with (4.3.58) we obtain

(4.350) [[un ]| [ [ Q@i tunis, + [ 10 m] L0 ase—0.

Inserting (4.3.59) into (4.3.56), letting n — oo, we deduce that

/Q (p(z)VoVeo — \vo) dx =

for every ¢ € H'(Q2). Since A < 0 we see that v = 0 on 2. Consequently, we may
assume that v, — 0 strongly in L?*(€). Hence, from (4.3.54) and (4.3.55), we can

write

1 > [Jun |2
= [ p(@)|Vo,["de = ——— [ p(x)Q(x)[vn|?ds, + o(1)
2 Jq q 0

and

/Q p(2) |V = [Jo]|72 / P s, + o(1),
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These two relations imply that [, p(z)|Vu,|*dz = o(1) and thus v, — 0 strongly in
H'(£2), which is impossible since ||v,|| = 1. Consequently {u,} is bounded in H'(Q)
and we may assume that u, — u weakly in H'(Q).

Hence, by going to a subsequence if necessary, we may assume that u,, — u weakly
in H'(Q).

By the concentration-compactness principle [L] we have

Vup|” = > [Vl + b,

jedJ

= ul? + 3 158,

jedJ

and

weakly in the sense of measures, where z; € 0€, 11; and v; are some positive constants
satisfying

2

(4.3.60) S < py

and J is a countable set.
Testing (4.3.55) by a family of C'-functions concentrating at z; with some j € J, we
get

(4.3.61) p(x;)py < p(;)Q(z))v;.
We claim that v; = 0 for every j € J, otherwise there exists jo € J such that v; >0

and from (4.3.60) and (4.3.61) we have

gy
(4.3.62) W < Vi, -

On the other hand we have

Tun) = 50 ) ) = 5= [ p@Q@nlds, =5 [ Fle)unde +o1).

Letting n — 400 we obtain
1
o= =) f P RElttss g [ feude i S oty

The fact that u is a weak solution of problem (4.3.1) gives

= mp(mﬁ)é)(%)vjy

Using (4.3.62) and the definition of ¢y we obtain

p(z0)Sy !
2(N — 1)(Q(xq))N—2
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which contradicts (4.3.54). Hence v; = 0 for every j € J. This yields that u, — u
strongly in L(09). Easily we deduce that u, — u strongly in H'(Q), which is the

desired conclusion. O

Analogously to the proof of Theorem 4.3.2, the Ekeland’s Variational Principle
(see [AE], Corollary 7.5.3) applied to minimizing problem (4.3.53) gives a sequence
{u,} C A~ satisfying I(u,) — ¢; and ||I'(u,)|| — 0. Then the conclusion of Theorem
follows from Lemma 4.3.4 if we have

plao) ST
2(N = 1)(Q(wo))V 2

However it appears difficult to derive (4.3.63) directly. Then, as in [T], we shall

(4.3.63) c <co+

obtain it by comparison with a mountain-pass value.
Let (F) be the class of continuous paths joining ug to uy + RoUs 2., with Ry > 0
fixed. We have the following result

Lemma 4.3.5.
For a suitable choice of Ry > 0 and € > 0, the value

— inf I(h(t
¢= inf max (h(t))

defines a critical value for I, and ¢ > c;.

The proof of this last Lemma relies on the following variant of the Mountain Pass
Theorem of Ambroseti and Rabinowitz [AR]

Theorem 4.3.4.
Let ® be a C* function on a Banach space E. Suppose that :
(4.3.64)
There exists a neighborhood U of 0 in E and a constant p

such that ®(u)>p for every w in the boundary of U,

(4.3.65) ®0)<p and P(v)<p forsomewv &U.
Set

3. =i >
(4.3.66) c %relarqilgg O (w) > p,

where A denotes the class of continuous paths joining 0 to v.

Conclusion :

There exists a sequence {u;} in E such that

®(u;) — ¢ and P'(uj)) —0 in E*

119



Lemma 4.3.6.
For every R > 0, there exists g = €o(R) > 0 such that

](UO + RW&;CO) < ¢y +

2(N = 1)(Q(0))V 2

for every 0 < e < gg

Proof.
The proof is similar to the proof of (4.3.11) in Theorem 4.3.1. O

Now, we are in position to give the
Proof of Lemma 4.3.5
We start by verifying the assumptions of the Theorem 4.3.4 with ug in the place of
0,0V =1-1I(u), FE=H(Q) and A = F.
Verification of (4.3.64):
Let u € HY(Q). For ¢ small enough we have

I(up + tu) — I(ug) = t{I'(ug),u) + t*>{I" (up)u, u) + o(t?)
= t2(I" (ug)u, u) + o(t?).

Since ug is a local minimum for I we deduce (4.3.64) with some p > 0 (and U a small
ball centered at ug in H*).

Verification of (4.3.65):

From the proof of Theorem 4.3.3, we have I(ug) = ¢y < 0. On the other hand, it is
easy to see that, for any v € H'(2) \ {0}, u # 0 on 99, we have tEerooI(uO +tu) =
—o00. Thus, there are many v’s satisfying (4.3.65). However, it will be important for
later purpose to use Theorem 4.3.4 with a special v, namely v = uy+ RyW, ,,, where
Ry > 0 is chosen large enough so that v & U and I(v) < 0.

Applying Theorem 4.3.4 we obtain a sequence {u;} in H*({2) such that I(u;) — ¢
and I'(u;) — 0 in H1(Q).

Combining the results of Lemma 4.3.6 and Lemma 4.3.4 we deduce that c is a critical
value for I.

Now, we will prove that ¢ > ¢; = i/{lﬁf I(u). The proof of this last fact is based on two
claims

Claim 1: A~ disconnects H 1((2) in exactly two connected components U; and Us.
Indeed, from Lemma 4.3.1, for every u € H*() there exists a unique t*(u) > 0 such
that t7(u)u € A~ and I(t*(u)u) = max I(tu).

The uniqueness of t*(u) and its extremal property give that ¢*(u) is a continuous

function of wu.
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Define for u € H'(2)

HWQ:/}mmvmmx—A/hﬁm.
Q Q

Let us remark that since A < 0, ||.||q is equivalent to the standard norm ||.||.

Set
U = {uzOoru Hullo < tF (L)}
[[ullo

%z{uwwﬂ>ﬁ(ﬁﬁ)}

We have H'(Q)\ A~ = U, UU, and AT C U;.

Since ug € AT we deduce that uy € Uj.

Claim 2: For a suitable choice of Ry, ug + RoW; 4, € Us.

Indeed, let u # 0 on 02 with ||ul]lq = 1, looking at the proof of Lemma 4.3.1, we
have .. < tT and

ol =t = ¢ |

o

and

M@M@M%%zéﬂ@wm

Therefore, using the embedding H'(Q2) — L9(99Q) and the fact that t,.. < 7, a
standard computation yields that there exists a constant M; > 0 such that 0 < t* <
M.

N

1
We choose Ry such that Ry > (— | My — ||u0||?2|) . It follows from (4.2.2)
p(wo) As
and (4.2.4) that, for € small enough we have

uy + RoW- 2, )} ?

RoWe oo ll8 = 24+ R? A 1) > M, > |t*
[uo + RoWe i [l = luolle, + Rop(o) A1 + o(1) 1 lluo + RoWe a2

which gives the result of Claim 2.

Consequently, since ug € AT C Uy and ug + RoW-. 4, € U, we see that the range of
any h € F intersects A~. Therefore ¢ > ¢; = 1[{17f I(u) and this completes the proof
of Lemma 4.3.5. From Lemma 4.3.5 and Lemma 4.3.6 we obtain (4.3.63) and this
gives the conclusion of Theorem 4.3.3.

Finally, combining the conclusions of Theorem 4.3.2 and Theorem 4.3.3 we obtain

Theorem 4.1.1. This completes this section.

4.4 Case )\ >0

It is convenient to rewrite (4.1.1) as

{—&WM@V@zAu+ﬂ@ in Q,

% = Q(z)|ul"%u on 09,

(4.4.1)
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Throughout this section we assume that f satisfies (H2), p satisfies (4.1.2), @) satisfies
(4.1.3) and OS2 satisfies (g.c) at zq and H(zg) > 0.
We recall some notations given in the introduction. By {)\;} we denote the sequence

of eigenvalues for div(p(z)V .) with Neumann boundary conditions

—div(p(z)Vu) = fu in Q,
% =0 on Of).
Let £k € N\ {0} such that A\,_1; # A,. Set E_ = span{ei,...,e;}, where ey, ..., ¢
are eigenfunctions corresponding to eigenvalues \q, ..., A\x_1. We have the orthogonal

decomposition H'(Q) = E, & E}.

Remark 4.4.1.
Since f satisfies (H2), namely f € E;"\ {0}, it is easy to see that, if there exists a
solution u of (4.4.1), then u € E;.

The proof of Theorem 4.1.2 relies on the following min-max principle based on a

topological linking, see [W],

Theorem 4.4.1.
Let X = X~ @& X' be a Banach space with dim X~ < oo. Let p > r > 0 and let
w € X be such that ||w| = 0. Define

M:={u=v+sw: |Ju| <p,s>0,ve X}
My:={u=v+sw : ve X Ju|=pands >0 or|ul <pands =0},
N:={ue X" :|ul|=r}

Let ¢ € CY(X, R) be such that
b:= %fgo >a = nﬁxcp.
If ¢ satisfies the Palais-Smale condition with

c:=inf max(y(u)), where I':={y € C(M,X) : v,, = id},

yel' ueM

then c is a critical value of ¢.

We consider the functional

1

Q—A ul?dr— xux—l x)Q(x)|ulds,, u !
) = 5 [p@Valde=3 [juPde= [fle)ude— [ p@)Q@lulds,, we 1'(@),

Set
N2 I3

K== =

We need the following two Lemmas
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Lemma 4.4.1.
Let {u,} C HY(Q) be a sequence satisfying

p(z0) ST

(4.4.2) I(u,) = c< 3N = DO K
and
(4.4.3) I'(u,) — 0 inH Q)

then {u,} is relatively compact in H*(Q).

Proof.
We argue as in the proof of Lemma 4.3.4 and we obtain that {u,} is bounded in
H'(Q). Hence, by choosing a subsequence if necessary, we may assume that u, — u
weakly in H'(Q).
By the Concentration-Compactness principle [L] we have

[V ? = > [Vul + > 16,

jeJ

and

[un|” = Jul? + ) vy,
jed
weakly in the sense of measures. Here z; € 02, p; and v; are some positive constants
satisfying
2

(4.4.4) S < py,

and J is a countable set.
Testing (4.4.3) by a family of C'-functions concentrating at z; with the same j € J

we get
(4.4.5) plx)py < plr;)Q(z;)v;.
We claim that v; = 0 for every j € J, otherwise there exists jo € J such that v; >0
and from (4.4.4) and (4.4.5) we have
(4.4.6)
We write
1
I(uy) — 2" (up), up) = ——r |2d —)\/ o2d
(1) = 30w ) = 5 (oo Tua e = [l P
_Z(N_Nl)/ﬂf(:c) tndz +0(1).
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Letting n — 400 we obtain

¢ > Q(N—l—l) (/Qp(x)|Vu|2dx - )\/Q|u|2dac) - % /Qf(x) udz

1
+m ZP(%’)M

jeJ

> m </Qp(x)|Vu|2dx - )\/Q|u|2d:c) - ﬁ/ﬂf@:) udz

2

1 2
+m Zp(a:j)Slujq

jed

> Q(N—l—l) (/Qp(x)yvu\2dx _ )\/Q]u|2d:z) _ % /Qf(x) uda

1 2

+mp(l‘jo)sll/j0.

Inserting (4.4.6) into the above inequality and using the definition of zy we find

¢ > m (/Qp(x)|Vu]2da: —)\/Q|u]2dx) —% /Qf(x) udz

1 p(l’jo) SNfl
1

AN 1) Qlay, )N

and

c = m (/Qp(x)|Vu]2d:c — )\/Q|u|2dx> — 2(N—N_1)/Qf(:c) udx

1 p(Io) N—1
AN 1) Qe 2t

(4.4.7)
+

On the other hand, combining the fact that (I'(u),v) = 0 for every v € H'(Q) and
the Remark 4.4.1 we deduce that v € F;" and we have

ﬁ (/Qp(x)|Vu|2da:—/\/Q |u|2dx) - %/@f@:) udz

1 , N
zm(xk—m/gw dx—m/ﬂf(x)udx.
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Using the Holder inequality we write

ﬁ (/Qp(x>|vu|2dx—x/g|u|2dx)—2(N—N_1)/Qf(x) uda

M=N N
> kT 2 L ,
Thus
(4.4.8)
S ([watas o [ ae) < g [ wude = aal)
_ p(x)|Vu|*dr — ul“dr | — ——— ) udx > ul]),
2(N —1) \Jg 0 2(N —1) Jq
where 0\ N N
h(t) = 2k 2042 t fort>0.
Since A\, — A > 0, it follows that h achieves its minimum at ¢, = m”f”z and
L —
(4.4.9) h(ty) = minh(t) = —K.

t>0

Inserting (4.4.9) into (4.4.7) we obtain

c> ! p(zo) SN _ K.

—2(N = 1) Q)2

This contradicts the hypothesis. Consequently, v; = 0 for each j and we deduce the

desired result as in the proof of Lemma 4.3.4. O]

We now apply the Theorem 4.4.1 with X = H'(Q), X~ = E,, X* = E and
=1

We need the following Lemma

Lemma 4.4.2.
There exist constants 3 >0, p > 0 and p > r such that

I(u) > (3 forall ue N

and
I(u) <0 for all uw € M.
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Proof.

We start by this useful remark: For every u € E;", we have

/ p(x)|Vul’de > / |u|*da.
Q Q

Therefore, there exists constants C; > 0 and C5 > 0 such that for every u € E,:“ we

have
(4.4.10) /p(a:)]Vu]Qdaz > Cllul > Cy / p(@)|Vul2dz.
Q Q

Using (4.4.10) and the Hélder inequality, we write

1 A 1
1) =5 [ @V =5 [ b= | p@pas, - [ fauds
(1-5) C
> =2 Culful = 2l = |l

- 2
where (3 is positive constant.

Thus, we have

(4.4.11) I(u) > h([Jul),
where ( N )
-5 C
ht) = — Ot — ftq = [[f]l2t.
We see easily that
A
/ _ 1 _ _ q—1 __
W) = ( Ak(p))clt Cst [ £1l2
and A\
R'(t) = (1 — C, — (¢ — 1)Cst172,
(1= (1~ 3750~ 1= 1,
We have 1
(1-x73)Ci]
W (tg) =0 with to= |-—— 20"~
(to) ’ [ (¢ —2)C3
If we let
(1— A)Cl(q - 3)
(4.4.12) Ifll> < —*

¢
2(¢-2) 7

a easy computation gives that

Consequently, since ¢ > 2, using this last inequality and (4.4.11) we obtain the
conclusion of Lemma 4.4.2 with 8 = (¢ — 2)C;t2 and 6 = . O
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Proof of Theorem 4.1.2
We start by checking that
p(xo) Sy

ST AN - DQETE

We have

t? 2\
H(We) =5 [PV Wy Pda = 2 [ We P =t [ ) Weya
2 Q 2 Q Q

5 [ QU)W 1ds.
[)9)

Using the Dominated Convergence Theorem, we easily see that
(4.4.13) / FWe s = 5 / f(ac)(b(}ﬂéz2 do+ o™
Q Q |Q? — ;U()’

Looking at (4.2.2), (4.2.3), (4.2.4) and (4.4.13), a direct computation shows that the
cases N =3, N =4 and N > 5 are different. Therefore we distinguish three cases.
When N > 5:
We have
(4.4.14)

2 44

It We,) = %p(ﬂ?o) (A= A H (20)e) — Ep(fo)Q(Io) (Bi— BaH (z0)e) + of¢)

Define

910) = G an) (A1 = A (a0)e) = = pla0)QLzo) (By — BuH ().

It is easy to see that g achieves its maximum at

by = (A1 — AxH (z0)2)) }‘1‘2 '

Qo) (B — BaH (z0)¢)

An easy computation yields

Al _1 H(ZL‘()) Al _1 < AlBg)
4.4.15 to=(=———=)2 — 2 [ Ay — e+ole).
WA 0= Gas) T a—na Qs T\ B )
From (4.3.22) we have Ay — A8y > 0.

1
Consequently, for ¢ > 0 sufficiently small we have

2 q
sup [(t W) < I(to Wey) = % (Ar — AsH (z0)e) — 2 (By — H(w) Bag)) + o(e)

- plag) S
= 3N — 1)(Q(zg))V 2

— MH(xo)e + o(e)
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where M is a positive constant.

Therefore, for € > 0 sufficiently small, if we let

2H (zo)M(N — 1)(\ — )

(4.4.16) IflI3 < e e
we obtain (o) N1
p(x0)Sy
supI(tW, ., ) < - K.
T Weso) < 50N = 1) Qo)) V2
Thus we deduce that N1
G-
c < P(20)5) - K

2(N = 1)(Q(z0))N 2
which is the desired result in this case.
When N =4
Combining (4.2.2), (4.2.3), (4.2.4) and (4.4.13), we obtain

I(tWey) = Sp(0) (A= AzH (20)e) — Sp(a0)Q(0) (Bi— BoH (w0)e)

f(@)o(x)

q |t — xo)?

(4.4.17)

—et | ——F——2dx + o(e).

Since in the case where N = 4 we have supposed that f(zo) # 0, and using the
fact that f € C(Q), without loss of generality, we can suppose that f > 0 in some
neighborhood of zy. Then (4.4.17) becomes

2 td

It We ) < %p(%) (A1— A2 H(z0)e) — Ep(%‘o)@(mo) (Bi— BaH(9)e) + o(e)

and we conclude as in the above case.
When N = 3:
From (4.2.2), (4.2.3), (4.2.4) and (4.4.13), we have
t2 t4
(4418) 1 Wes) = Golen) i = Talen)Qen)y — st [ HEan p o(eh)

For € > 0 sufficiently small, we set

h(t) = (o) = Cplan)Qan) By — et [ S0 i) 950\)

5 dx fort > 0.

Since h(t) goes to —oo as t goes to 400, sup h(t) is achieved at some t. > 0.

We have =
B (t.) = tep(mo)(Ay — t972Q () By) — €2 J’ci; z if‘o|) de =0 and h"(t.) <0,

thus

1 1

{(q—l)i)l(iCo)Bl}HStag[ﬁ}q—z‘
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Let

1 A }1
<t..

5{@—nmmwl

On the other hand, since the function t — %p(.ﬁlﬁo)Al — %p(xo)Q(xo)Bl is increasing
1

on the interval [0, <L> qj], we get

Q(zo)B1
plag)Si ! L[ f@)el)
") S S D@ T g o=l
Using (4.4.20) we deduce
p(xo)S7 1 (z)¢(x)
Inserting (4.4.21) into (4.4.18) we obtain
pa)S [ @),
I(tWe s,) < 2N = 1)(621(%))]\,_2 — g2t A r— dr + o(c2).

Since in the case where N = 3 we have supposed that f(z¢) # 0 and using the
fact that f € C(Q), without loss of generality, we can suppose that f > 0 in some
neighborhood of xy. Then, for € > 0 small enough, if we let

9 q | — x|

we deduce that

p(0)ST "
p o) < SN D QT

This completes the proof in this case.
Finally, Theorem 4.1.2 follows from the combination of Lemma 4.4.1, Lemma 4.4.2

and Theorem 4.4.1. This completes the proof.
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4.5 Appendix

Let R > 0 (see the definition of R in Section 1), using the ideas developed in

Adimurthi-Yadava [AY], we introduce the following notations

r=(2,zy) € RN"' xR and x¢= (zf,7on),

{r e RN, |z — x| < R},

B(zo, R)NQ ={(2',zn) € B(xo,R), xny — zon > p(z’ — x()},
B(zo, R) N 0N = {2/, xy) € B(xo, R), x5y —xon = p(z’ — ()},
* = B(xg, R) N {xny — zon > 0}

Yo ={(",xn) € B(zo,R), 0 < zy —xon < p(z’ — )},
where

pla’ —xp) = 52050, ail@i — w0i)? + o[ — o|?),
N-1
and {a;}1<;<n—1 are the principal curvatures at xy and H(xy) = ﬁ Z ;.
i=1
The following relation will be used frequently
/+oo r0 o F(GJQr_l)F(2ﬂ72971)
o (1+r2)° 2I(B)
Let a = % for some k € [1, N?] and set v(z) = p(z)Q(z)u(z), v € Q and v = 0
outside 0f2.

(4.5.1)

for26 —6 > 1.

4.5.1 Appendix 1

Here we give the proof of (4.3.15), (4.3.16), (4.3.17), (4.3.18).
Proof of (4.3.15):
We have

N4
[z

|W5,x0|q*11) ds, =¢ )

N

[ O,
|2'—zo|<a

00 [(e+ p(2/ — 20))* + |2/ — xp[*] =
1
_ / (L+ [VpP)2olay + o' zon +p(2)) 0 0EY),
ja'l<a (e + p(a"))? + ')

Using Taylor’s expansion of p, we obtain

(L+|VpP)2

(e + p(ah))? + [a'2)>
L+ 5IVpP +oI9pP) [ Fpla) e+ o) | (Fp(a)(2e + pa))
(€2 + ]a:’|2)% (e2 4 |2'|?) (€2 4 |2']?)

130



Consequently

/ / ,
8% / |W€7y|qflv ds, :gjgv/ U($0 + 2, xoN +Np(:L’ ))dx/
o lz'|<a (52 + |93/|2)7

e / \Vpl?u(zy + 2, zon + p(a’)
+— ~ dx
2 Jia)<a (e2+|2'|?)=

N2 Np(a")v(zy + 2', zon + p(2'))

+€ 2 N+2
#1<a (24 2

+< [ Np(a')o(wh + o', zon + pla)) dx)
l2/|<a

(82 + ’x/|2)¥

dx’

= T1 + T2 + T3 —+ O(Tg).

We have

T, — X / v(zo + 2, Ton ‘f’NP(x/))dm/
o' <a (e2+|2'|?)=

v[z

y / v(zg + 2, zon + p(2'))
RN—l

/
=N ‘x/|2)% dx' + O(e

)

1 —2
=¢c 2 v(x ———~dZ +ole T
) fo TESFCEREE

By changing to polar coordinates and using (4.5.1), we get

—+o00 N-2
T :wN_26N22v(a:0)/ T—dr+0( 7))
o (1+7r?)z

(4.5.2) = 2 ) +o(e 7).

Since |Vp|? = Zoz 27 + o(]2)?), then

N-1

v|2

[ ),
|z'|2<a

im1 (2 +|'?)*

L gg/ x?v(:v6+x’,xmv4;p(x’))dx, .
lo/[2<a (e2+|2'|?)=
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Y [ ),
S e @R

o iy afer / [« Po(eh + o v +p(a)
N (N - 1) |2/ |<a (82 + ‘LC/P)%
Applying the Dominated Convergence Theorem we find that

[ bl )
e (@ P)T

and we deduce that

By the definition of p, we have

2 ! / /
o stoleh + vt 4 o) g
|2/ |<a (82 + |QZ”| )

ro( | P 27t £ ) ).
ja/|<a (e +[='[*) 2

We haveN )
M / v(zy + 2, xon + p(2')) ,
o Q; N+2 dx
2 Y 2’| <a (2 4 |2']?) 2
NYNMla; v /‘; rv
= e2v(x dr
2(N —1) (@) o (1+72)%"
+oo N
< No(@o) 2 imy” {Z/ L dr+o(c¥)
2(N —1) o (1+72)=2
N+1 1 -1
_ Nv(x())r( 2 )F(2)2ZZ:1 azglg +O(€%)'
4(N — 1)1“(7*)
Thus,
No(zg) DT S e N N2
(454) T3 < 2 2 = €2 + O(g 2 ) = 0(8 2 )
4(N — 1)F(T+2)

Finally, combining (4.5.2), (4.5.3) and (4.5.4) we obtain

N—-2

wy—o P (BT () u(zo)e 2 2
20(3) |

\Wg,mo\qflv ds, =
Q
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Proof of (4.3.16):

Using the Dominated Convergence Theorem, it follows easily that

nee [ p(a) Q) |u(@)| P u(r)é(r)

Joo |z — x| N2

ds,

Proof of (4.3.17) and (4.3.18):
Since
{Jul < t-Wewo} C {Ja] < krez}

and
{|U’ > tawzs,xo} C {kQ > |-f17| > kf1€%}

following the arguments of the previous calculus, we write

~ k1a% rpN-2
/ W@ Wendsy < Mt [ Ty
8Qﬁ{|u|ZtEWa,x0} 0 (62 _|_ TQ)T

N
2

= Mye? + o(e

)7

N

k2 rN—2
/ |U”W57x0’q71d81 < M352/ 1 ———dr
BQQ{‘UlgteWs,xo} kie? (82 _~__7n2)7

for some constants M;, ¢+ = 1,2, 3,4. This gives the desired result.

4.5.2 Appendix 2

Here we suppose that N = 3 and ¢ = 4.

We distinguish two cases:

Case u(zg) >0

Proof of (4.3.26), (4.3.27) and (4.3.28):

Using the arguments of the derivation of the estimates in Appendix 1, we can write

/ p(@)Q ()| u(@) P[We gy [*ds, < Moe / I
N

—axr
{|#'|<a} g2 + |(L’/|

@
< Mywse ——dr

< Me|loge| + o(e|loge|) = o(c2),
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where M, and M; are some positive constants. This gives (4.3.26).

/ v(xg + 2wy + p(a'))
S dx
w<a (€24 |2']?)2

o / v(zh + 2, TN +3p($’)) Jy!
w<a (€24 |2']?)2

/ v(xy + 2, xon + p(2)) |,
- dx
RN-1 (e2 + |2'|?)z

o gg/ v(zy + 2, xon —|—3p(a:’))dx,
|z'|<a (52 + |JZ/|2)§

|/ KDl | [ UGG =

N-1\(lor<a} T3 0 |2/[3

Nl

3

/ V(@) | We o [P ds,
1o}

Q

&

ol

=&

e

+ée

+o(e?)
Using a simple change of variable and applying the Dominated Convergence Theorem

we deduce that

N

V()| We g [Pds, = MQU(%)s% +o(e

)

o0
where My is a positive constant. This gives (4.3.27).

By the Dominated Convergence Theorem we have

| p@Q@ @) Pue)Wods, = e [ P)Q@lu@)u(@)oe) ;. o o

|z — x0]

D=

).

and this gives (4.3.28).
Case u(rg) =0
Proof of (4.3.32)

Using the arguments of Appendix 1, we remark that in order to estimate

/ () Q@) () [ W [Pds,
o0

it is enough to estimate

[ et Qe e+t ()
o @+ o)} |

We have

(4.5.5)

dr’ =

e / (o + ', xon + p(x') Q@ + &', won + p(a'))uleg + 2, xon + p(2'))
R (€2 +|'?)

1
£2

/ p((z + €', zon + p(ey) Q) + ey, xon + pley’))u(zy + ', zon + p(ey’)) 0
IR

2 (+ 1y

134



Since p, @ and f are smooth enough then by the result of [Ch] u is smooth enough.

Therefore, we have
(4.5.6) lu(z) — u(xo)| < Cllullwremsy|z — x0|% Ve R

where C is positive constant and W'¢(IR?) is the Sobolev space.
Inserting (4.5.6) into (4.5.5) and using the fact that u(zy), we obtain

dz’

7 Pl + 2 zo + pl(e))Q(w + 2’ won + pla')ulzh + o, zon + ple'))
w (& + 2]

< <ple0)Qao)Clulls [ _WE o)
r (14 [y[?)>
Therefore
E / plzy + 2, won + p(2'))Q (x4 + o', zon + p(2') )u(x) + 2/, 20N + p(2')) !
RN (€2 + |2/[2)3
= o(e|logel)
and

| )@@ W, s, = ofel o)

which is the desired result.
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Résumé

Cette these est consacrée a ’étude de quelques équations aux dérivées partielles non
linéaires de type Dirichlet ou Neumann sur un domaine borné régulier, qui sont a
structure variationnelle, et qui présentent un défaut de compacité. Dans la premiere
partie, nous étudions une EDP homogene avec un opérateur non linéaire faisant in-
tervenir un poids strictement positif, une non-linéarité critique au sens de Sobolev
et un parametre A. Nous établissons des résultats d’existence et de non-existence
de solutions qui dépendent du comportement du poids au voisinage de ses minima,
du parametre A et de la géométrie du domaine. Dans la seconde partie, nous nous
intéressons a des EDP non homogenes avec poids et avec une non-linéarité critique
au bord au sens de l'inclusion de trace. Nous montrons des résultats d’existence qui
dépendent des différents coefficients des EDP étudiées et de la courbure moyenne en

un point minimum de poids.

Mots-clés
Exposant critique de Sobolev, non-linéarité critique au bord, principe de Concentration-

Compacité, principe variationnel d’Ekeland.

Abstract

This thesis is devoted to the study of some nonlinear partial differential equations of
Dirichelet or Neumann type, with a non compact variational structure. In the first
part, we study homogeneous PDE with a positive weight, with the critical Sobolev
exponent and a parameter \. We establish some existence and non-existence re-
sults which depend on the behavior of the weight near its minima, the parameter
A and the geometry of the domain. In the second part, we are interested in some
non-homogeneous PDE with weight and with a critical nonlinearity on the bound-
ary. We show some existence results which depend on the various coefficients of the

studied PDE, and of the mean curvature of the boundary of the domain.



