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��� � #�� � ��� V X�¼½¼½SWQ\U9V �;d�¾TXRQTd,X�¾\XR¾<U,Xx¼<d,SbL���XxÀÂÀ�X�¼ ¾TX
	��,d,SbÀ�S�bÁ�X�¼�� Å ÁÂ¾)Ã¢L,X�ÀøV ÁÂd��{SWQTN Å ¾TÁÄÃ¢L,X Xx¼ ¾
Å L�	�X�d¢¾½QTXMU,Xx¼ NPS��bXxd,¼5UDX�	xSWNPN%L,d,Á�	 Å ¾TÁ�Sbd Å 	�¾TL,X�À�¼
��]JX�¼ Å � Å d�	xO�X�¼ ¾TX
	��Dd,SbÀÂS�bÁ�Ã¢L,Xx¼ Á�N » ÀÂÁÄÃ¢L,X�d�¾�L,d�	�� Å d?^
bXxN Xxd�¾�	xSWdD¼½ÁÂU,O�Q Å ¿DÀÂX U,X d,Sb¼<N S.U,Xx¼ U,X�	�Sbd,¼½SbNPN Å ¾TÁ�Sbd´XR¾<U,X�	�SbNPN)LDd,Á�	 Å ¾TÁÂSbd����rSbL,¼�	�Xx¼ O
	�� Å d�bX�¼<U,XNPXx¼½¼ Å bXx¼�¼½Sbd�¾�bORQTOx¼ »�Å Q®U,Xx¼ » QTSW¾TS 	xSbÀÂXx¼�U,X!	�SbNPN)LDd,Á�	 Å ¾TÁÂSbd,¼"	�SbN » À�X$#?X�¼MÃ¢L,X\ÀøV L,¾TÁÂÀ�ÁÂ¼ Å ¾TXxL?QMd,X%	xSbd�¾½Q'&bÀÂX
»uÅ ¼�¾TSa¾ Å À�X�NPX�d¢¾(� � X�¼�LD¼ Å bX�QT¼�¼½SbL�� Å ÁÂ¾TX�d¢¾MÃ¢L,X)À�X�L?QT¼"	�SbNPN%L,d,Á�	 Å ¾TÁ�SWdD¼®¼½SbÁÂXxd�¾�)õ¼½O
	xL?QTÁ�¼½O�X�¼*)*� � X�¼"	xSWd+	�X » ^¾TXxL?QT¼%UDX,	�Xx¼ » QTSW¾TS-	�SbÀ�X�¼�U,X,	�SbNPN)LDd,Á�	 Å ¾TÁÂSbd�¼½O
	xL?QTÁÂ¼½Xxd�¾�WQ�.�	�X�/�U,X�¼�NPOR¾'�DS¢UDX�¼0	�Q1� » ¾TS�aQ Åa» �DÁ�Ã¢L,Xx¼%À�X�¼
O(	�� Å d�bXx¼MU,X NPX�¼½¼ Å bX�¼ U Å dD¼ L,d�Xxd2�?Á QTSbd,dDX�NPX�d�¾,)��DSW¼ ¾TÁ�À�X )*��3Md�¾TX�À>Xxd2�?Á QTSbd,dDX�NPX�d�¾\X�¼ ¾�	�Sbd,¼ ¾TÁÂ¾TL,O�U9V L,d
»uÅ Q½¾TÁ�	�Á »�Å d�¾5N Å À��,Sbd,d�4R¾TX Åa»,» XxÀÂO ÁÂd¢¾½QTL,¼5SWL Å ¾½¾ Å Ã¢L Å d�¾(�?KMSWLD¼ ¼½L »,» Sb¼½Sbd,¼�Ã�LDXMÀøV Á�d�¾½QTL,¼5	xSWd¢¾½Q'&WÀ�X ÀÂXMQTO�¼½X Å L¼½L,Q�À�XxÃ¢L,XxÀ9À�X�¼�NPX�¼½¼ Å bX�¼®¼½SWd¢¾�O(	�� Å d�bO�¼
�� Å ��ORQTÁ�6+	 Å ¾TÁ�Sbd�U,Xx¼ » QTSW¾TS 	xSbÀÂXx¼7	RQ1� » ¾TS�WQ Åa» �,ÁÄÃ�LDX�¼ Å ¼½¼½L?QTX\Ã¢L9V ÁÂÀ=d9V X$#?Á�¼ ¾TX »�Å ¼5U9V Å ¾½¾ Å Ã¢L,X » Sb¼½¼½ÁÂ¿DÀÂX<ÀÂSWQT¼
UCV L,dDX)X
#?O
	�L,¾TÁÂSbd©UDL » QTSW¾TS-	�SbÀ�X!� Å 	xX0/ÏL,d8	xXRQ½¾ Å Á�d�ÁÂd�¾½QTLD¼MSWL » X�QTN X�¾®U,X)¾½QTSbL���XRQML,d,X Å ¾½¾ Å Ã¢L,X��93Md,X)UDX�¼
� � » Sa¾'�+:�¼½X�¼%ÁÂN » SWQ½¾ Å d�¾TX�¼0� Å ÁÂ¾TX�¼)X�d;��O�QTÁ<6+	 Å ¾TÁÂSbd UDX » QTSW¾TS-	�SbÀ�X�¼!	RQ1� » ¾TS�WQ Åa» �,ÁÄÃ�LDX�¼)Xx¼ ¾=)õÀ V �2� » SW¾'��:�¼½XsU,X
	��,Á�>uQTX�NPX�d¢¾ »�Å Q'� Å ÁÂ¾?)sY9À�X ¼½XxL,À¬NPS��bXxd´UCV SW¿,¾TXxd,Á Q)ÀÂX@	xSWd¢¾TX�d¢L U9V L,d´NPXx¼½¼ Å bXA	��,Á�>uQTO Xx¼ ¾\U,X�	xSbd,d Å?B ¾½QTXPÀ Å
	xÀÂX(�+U,X UDO
	��DÁ<>uQTXxNPX�d�¾(�>[¢Á'L,d » QTSW¾TS-	�SbÀÂX X�¼ ¾ » QTSbL���O ¼1C?Q\¼½SbL,¼�	xXR¾½¾TX0� � » Sa¾'�+:�¼½X U,X�	��DÁ<>uQTXxNPX�d�¾ »�Å Q'� Å ÁÂ¾(D
	xX�À Å Xx¼ ¾JÁÂd,¼½L�EP¼ Å d�¾ » SWL,Q Å ¼½¼½L?QTXRQ5Ã¢L9V LDd,X®ÁÂd��{SWQTN Å ¾TÁ�SbdA	xSbd�6DU,Xxd�¾TÁÂXxÀÂÀ�X�O(	�� Å d�bO�X®¼½L?Q ÀÂX�QTO�¼½X Å LFWQ�.?	xX"/\L,d
» QTSa¾TS-	xSWÀ�X"	RQ1� » ¾TS�WQ Åa» �,ÁÄÃ�LDX®X�d¢¾½QTXMU,X�L�# »�Å Q½¾TÁ�	�Á »�Å d�¾T¼JQTXx¼ ¾TX®¼½X
	�Q':R¾TX�� �;Àu¼½X » X�L?¾5Ã¢L,X�	�XRQ½¾ Å Á�d,X�¼ » QTS » QTÁ�OR¾TOx¼
Å À�bOR¿,QTÁÄÃ¢L,X�¼�L?¾TÁ�À�ÁÂ¼½OxX�¼�U Å d,¼�À�X » QTSW¾TS-	�SbÀ�X » XRQTNPXR¾½¾TXxd�¾G/PÀ V ÁÂd¢¾½QTL,¼�UCV SW¿,¾TXxd,Á Q®U,X\À V ÁÂd+�~SWQTN Å ¾TÁÂSbd��

3Md�U,X�¼MNPS���X�d,¼ » SWL,Q Å > Å Á ¿�ÀÂÁÂQ�	xXR¾½¾TX!�2� » SW¾'��:�¼½X%U,X0	��DÁ<>uQTXxNPX�d�¾ »�Å Q'� Å ÁÂ¾MX�¼ ¾MU,X » QTXxd,U?QTX%X�dH	�SbN » ¾TX
	xXRQ½¾ Å Á�d,X�¼ » QTS » QTÁÂO�¾TO�¼ Å À�WO�¿,QTÁÄÃ�LDX�¼�U Å d,¼}À�X�NPS.U�:xÀÂX´U,XH��ORQTÁ�6+	 Å ¾TÁ�Sbd Å 6Dd U9V Å d Å À<�?¼½X�Q�U,X�N Å d,Á�:RQTX » À�L,¼QTO Å ÀÂÁ�¼ ¾TX®À�X�¼ » QTSW¾TS-	�SbÀÂXx¼
�¢KMSbL,¼ U,O
�bXxÀÂS »,» SWdD¼JL,dDX Åa»,» QTS-	��DX��~SWQTNPX�À�ÀÂX » SWL,Q À Å �bO�QTÁ<69	 Å ¾TÁÂSbdsUDX®À Å\» QTS » QTÁ�OR¾TOUDX5¼½X
	�QTXR¾+U9V Á�d��~SWQTN Å ¾TÁÂSbd » SbL?Q+ÀÂXx¼ » QTSa¾TS-	xSWÀ�X�¼I	RQ1� » ¾TS�WQ Åa» �,ÁÄÃ¢L,X�¼¬Xxd » QTO�¼½X�d+	�X�U,X5¾'�,O�SWQTÁ�X�¼+OxÃ¢L Å ¾TÁÂSbd,dDX�À�ÀÂXx¼
X�¾�U,X\ÀøV �,SbN SbNPSWQ » �,Á�¼½NPX��

J ��K2�ML�N _� � �PORQ O�QTÁ<6+	 Å ¾TÁÂSbdF�{SWQTN XxÀÂÀ�X�D » QTSW¾TS 	xSbÀÂXx¼S	RQ1� » ¾TS�WQ Å§» �,Á�Ã¢L,Xx¼
D » QTS » QTÁ�OR¾TOx¼ Å À�bOR¿,QTÁÄÃ¢L,X�¼
D¾'�DO�SWQTÁÂXx¼�OxÃ¢L Å ¾TÁ�SWdDd,X�À�ÀÂXx¼
�
TVU � %����	  � �5�DX�QTÁÂ¼½X�S��5¾'�,X}Á�d�¾TX�QTd,XR¾PS���d,X
W�¾TX(	��,dDSWÀ�S�bÁÂXx¼�� Å ¼%QTXxÁÂd+�~SWQ'	�XxU�¾'�,XFX�X$�ýQTSbÀÂX

S��7	xSbN » L?¾TXRQ%¼1	�Á�X�d�	xXÏÁÂdY	�SbNPN%L,d,Á�	 Å ¾TÁÂSbd ¾TX
	��Dd,SbÀÂS�����Z�5�DXPQTX(	�X�d¢¾ » QTS�aQTXx¼½¼%ÁÂd ¾'�,Xx¼½XP¾TX
	��Dd,SbÀÂS�bÁÂXx¼!� Å ¼¿DQTSWL+��¢¾ Å U?Q Å N Å ¾TÁ�	I	�� Å d+WX0Á�d<¾'�,X[W Å �?¼��,S�WYW XI	xSbN N%L,dDÁ�	 Å ¾TX Å dDU%	xSWdD¼½L,NPX��*\MÀÂÀb¾'�,X�¼½XI	xSbN N%L,dDÁ�	 Å ¾TÁ�Sbd
Å 	�¾TÁ<�?ÁÂ¾TÁÂXx¼ Å QTX®¼½L?¿�]1X(	R¾J¾TS!	�SbN » À�X$#@	xSWNPN%L,d,Á�	 Å ¾TÁ�Sbd » QTSW¾TS-	�SbÀÂ¼0¾'� Å ¾ Å LD¼½XRQ U,S.X�¼Jd,SW¾S	xSWd¢¾½QTSWÀ9	xSbN » ÀÂX�¾TX�À����
3M¼½X�QT¼�S��^	�SbNPN)LDd,Á�	 Å ¾TÁÂSbd » QTSW¾TS-	�SbÀ�¼�QTXxÃ¢L,ÁÂQTX<¾'� Å ¾�¾'�,XxÁ Q"	�SbNPN%L,d,Á�	 Å ¾TÁÂSbd,¼ Å QTX�_;¼½X(	�L?QTX$`'�M�5�,X)U,X$��XxÀÂS » X�QT¼S��9¾'�,X�¼½X�	xSbN N%L,dDÁ�	 Å ¾TÁ�Sbd » QTSW¾TS-	�SbÀ�¼ Å Á�N ¾TS�¼½X
	�L,QTX�	�SbNPN)LDd,Á�	 Å ¾TÁÂSbd,¼ Á�d Å �,Sb¼ ¾TÁÂÀ�XMX�d �.ÁÂQTSbd,NPX�d�¾5¿ �A	�Q1� » ^
¾TS�WQ Åa» �,Á�	JNPX Å dD¼
��[¢L�	�� Å d�Xxd2�?Á QTSbd,NPX�d¢¾^	xSbd,¼½ÁÂ¼ ¾T¼'S�� Å UDÁÂ¼1�,Sbd,Xx¼ ¾[	xSWNPN%L,d,Á�	 Å ¾TÁ�Sbd »�Å Q½¾TÁ�	xÁ »�Å d�¾(D�	 Å À�ÀÂXxU Å d
_;Á�d�¾½QTL,UDXRQa`�SWQ[_ Å ¾½¾ Å 	'X�XRQa`'����b X®¼½L »,» Sb¼½X�¾'� Å ¾0¾'�,X�Á�d�¾½QTL,U,X�QS	�Sbd�¾½QTSbÀ�¼+¾'�,X®d,XR¾cW SWQ1XPSbd@WG�,Á�	��Ï¾'�,X�NPX�¼½¼ Å bX�¼
Å QTX\X$#�	�� Å d�bXxU��

�5�,XA�bX�QTÁ<69	 Å ¾TÁÂSbdýS�� Å 	�Q1� » ¾TS�WQ Åa» �,Á�	 » QTSW¾TS-	�SbÀ0X�ÁÂ¾'�,XRQ%X�dD¼½L?QTX�¼%¾'� Å ¾)d,S Å ¾½¾ Å 	'X ÁÂ¼ » Sb¼½¼½ÁÂ¿DÀ�X Å  Å Á�d,¼ ¾¾'�DXsX
#?X
	�L,¾TÁÂSbd�S���¾'�,X » QTSW¾TS 	xSbÀJÁÂd » QTX�¼½X�d+	�X�S�� Å 	�XRQ½¾ Å Á�d�Á�d�¾½QTL,U,X�Q(D>SWQ SW¾'�,XRQ1W�Á�¼½X�X
#��,Á ¿�Á ¾T¼ Å d Å ¾½¾ Å 	�Xd�
e d,XPÁÂN » SWQ½¾ Å d�¾ Å ¼½¼½LDN » ¾TÁÂSbd Á�d´¾'�,Xf��X�QTÁ<6+	 Å ¾TÁÂSbd S��S	�Q1� » ¾TS�aQ Åa» �DÁ�	 » QTSa¾TS-	xSWÀ�¼<Á�¼<¾'�,X ¼½SW^g	 Å À�À�X�UH_ » X�Q'�~X(	R¾
	�Q1� » ¾TS�aQ Åa» � � Å ¼½¼½L,N » ¾TÁÂSbd-`'D�WG�,Á�	��P¼ ¾ Å ¾TXx¼'¾'� Å ¾'¾'�,X5Sbd,À��0W Å �%¾TS SW¿,¾ Å Á�dfX?d,S�W�ÀÂXxU�bX Å ¿9SWL,¾ Å dPX�d�	�Q1� » ¾TX�UNPXx¼½¼ Å bXsÁ�¼)¾TShX?d,S�W�ÁÂ¾T¼)UDX
	RQ1� » ¾TÁ�SbdiX�X$���j�5�,Á�¼0� � » Sa¾'�DX�¼½Á�¼)Á�¼%dDSa¾�¼½L�EA	xÁÂXxd�¾%¾TS8bL Å Q Å d�¾TX�X�¼½X
	�L,QTÁ ¾c� Á�d
QTX Å ÀÂÁÂ¾c���-� ¾5Á�¼ » Sb¼½¼½Á ¿�ÀÂXM¾'� Å ¾7	xXRQ½¾ Å Á�d » QTS » XRQ½¾TÁ�X�¼ L,¼½X�U}ÁÂds¾'�,X » QTSW¾TS-	�SbÀ Å À�ÀÂS�W�¾'�DXMÁÂd�¾½QTLDU,XRQ ¾TS�SW¿,¾ Å ÁÂd�¼½SbNPXÁ�d��{SWQTN Å ¾TÁ�Sbd��

e d,X@W Å �´¾TShW X Å X�Xxd´¾'�DÁÂ¼ » X�Q'�~X(	R¾!	RQ1� » ¾TS�WQ Åa» �2� Å ¼½¼½LDN » ¾TÁÂSbdýÁ�¼\¾TS©¾ Å XbXÏÁ�d�¾TS Å 	
	xSbL,d�¾%Á�d ¾'�,XÏNPSW^
UDX�Àj	xXRQ½¾ Å ÁÂd Å À�WX�¿,Q Å Á�	 » QTS » XRQ½¾TÁ�X�¼
�Mb X�UDX$��X�À�S »´Å �~SWQTN Å À Å§»D» QTS Å 	��k�{SWQ���XRQTÁ��l�.Á�d��¾'�,X�¼½SW^g	 Å ÀÂÀ�X�U´¼½X
	�QTX
	$�
» QTS » XRQ½¾c��S��j	RQ1� » ¾TS�WQ Å§» �,Á�	 » QTSW¾TS-	�SbÀÂ¼�Á�d�¾'�,X » QTX�¼½X�d+	�X<S��>XxÃ¢L Å ¾TÁ�SWd Å À9¾'�,XxSaQTÁ�X�¼ Å d,U�S��j�,SbN SbNPSWQ » �,Á�¼½N=�

m �7nAo ����� �pOrq SWQTN Å À2��XRQTÁ�6+	 Å ¾TÁ�Sbd�D�	�Q1� » ¾TS�aQ Åa» �DÁ�	 » QTSW¾TS-	�SbÀ�¼
D Å À�WX�¿,Q Å Á�	 » QTS » XRQ½¾TÁ�X�¼
D�X�Ã¢L Å ¾TÁÂSbd Å À
¾'�DX�SWQTÁÂXx¼
�
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	xÁÂU Å ¿�ÀÂX\NPS.U,L,À�S Es
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� � ��q���¡Wvx·.qWz{�Rvaz{¨8pCw.�P�8w.�Ïn>q�oDv�oC¡bo=|~w.� ¶ � � �

� � � �+QTSW¾TS-	�SbÀÂXx¼�U,OR¾TX�QTNPÁÂd,Á�¼ ¾TX�¼
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� � f � V L,d » QTSW¾TS-	�SbÀ�X UDOR¾TXRQTNPÁ�d,Á�¼ ¾TX���XRQT¼�L,d©¼a�?¼ ¾':�NPX<U,X%	�Sbd�¾½Q Å Á�d�¾TX�¼�¿DÁ�X�d©U,O$6�d,Á ���%���%�����%� � _ �

¹ � y>z21'¡b�,v§z~o=y ¶ � ¸�º! � � ��XxÀ Å ¾TÁ�Sbd,¼�Xxd�¾½QTX<LDd,Á<69	 Å ¾TÁÂSbd©XR¾�ÀÂX » QTSW¿DÀ�:�NPX\U,X\¼½O
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! � � � � � V L,d,Á�6+	 Å ¾TÁ�Sbd�Xx¼ ¾�d,O
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! � � � _ � V L,d,Á�6+	 Å ¾TÁ�Sbd�dCV Xx¼ ¾ »�Å ¼�¼½L�EÏ¼ Å d�¾TX��r���%�%�����%���%���%���%���%�����%�%���%�����%� � _bc

! � _ 3Md,Á�6+	 Å ¾TÁ�Sbd �	����
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! � _ � � � Á�X�d�Xxd�¾½QTX<LDd,Á<69	 Å ¾TÁÂSbd©XR¾�O�Ã¢L Å ¾TÁÂSbd,¼�U,Á�S » � Å d�¾TÁ�X�d,dDX�¼
� ���%���%�����%�%���%�����%� � _ �
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� � � � � KMSW¾ Å ¾TÁ�Sbd,¼�XR¾�UDO$6Dd,ÁÂ¾TÁ�SWdD¼
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� � _ [2�?¼ ¾':xN Xx¼ � U,O » Xxd,U Å d�¾T¼���U9V O�Ã¢L Å ¾TÁÂSbd,¼
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��� � q�oC¡b·?�>prq�w��rw��8·.¡¢z ��z~o=y ¶ � ' �
� `�� � � O
6Dd,ÁÂ¾TÁÂSbd,¼
� �%���%���%���%�����%�%���%�����%���%�%�����%���%���%���%���%�����%�%���%�����%� � f !

� `�� � � � �8X�QTNPX�¼
DD¼½SbL,¼ ^ø¾TX�QTN Xx¼
D9� Å 	R¾TXxL?QT¼
�����%���%�%�����%���%���%���%���%�����%�%���%�����%� � f �
� `�� � � _ �+QTX�L���X�¼
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¿�ÁÂXxd�U,O$6�d,Á �[���%�����%�%���%� � Æbc
� `-� � � V L,d©¼a�?¼ ¾':�NPX

ME

¿�ÁÂXxd�UDO$6Dd,Á �bX�QT¼�LDd�¼a�?¼ ¾':�NPX\U,O » X�d,U Å d�¾�UCV O�Ã�L Å ¾TÁ�Sbd,¼
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� `�� � � � [2�?¼ ¾':�NPX<U,X%	�Sbd�¾½Q Å Á�d�¾TX�¼G� Å 	�¾TX�L?Q » QTO�¼½X�Q1� Å d�¾(�I�%�����%���%�����%�%���%�����%�%���%� � Æ �
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f�� � ��S¢U+:�À�X�U,X » QTX�L���X�UDX � SbÀÂX
�.^ � Å S Å ��X
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£ L?] SbL?QTU9V �¢L,Á�U Å d,¼rÀ Å ¼½S-	�Á�OR¾TO+NPS¢UDXRQTd,X�DxÀøV Á�d��{SaQTN Å ¾TÁÄÃ�LDX+X�¼ ¾rSbNPd,Á » QTO�¼½X�d¢¾TX���Z0ÀÂÀ�X+¼�V X�¼ ¾rÁ�d�¾½QTS.U,L,ÁÂ¾TX+U Å d,¼dDSa¾½QTXI�.Á�X0Ã�LDSa¾TÁ�U,Á�X�d,dDX+X�¾8ÀøV SWQTU,Á�d Å ¾TX�L?Q(D�Xxd�¾½Q Å?B dDO »uÅ QrÀøV Xx¼½¼½SWQ>U9V Á�d�¾TX�QTd,XR¾(D�¼�V Xx¼ ¾rU,OxN S-	�Q Å ¾TÁ�¼½O�Y�U,X0d,SbN\¿DQTX�L�#
�{S���XRQT¼ » Sb¼½¼1:�U,Xxd�¾ÏUDX�dDSW¼�]1SbL?QT¼PL,dDX}¿9S B ¾TX Å L�#�ÀÂX�¾½¾½QTX�¼ OxÀÂX(	R¾½QTSbd,ÁÄÃ¢L,X�� � V Å§»D»�Å QTÁ ¾TÁ�Sbd�U,X©À V ÁÂd+�~SWQTN Å ¾TÁ�Ã¢L,X
U Å dD¼\d,SW¾½QTXPÃ¢L,SW¾TÁÂU,Á�X�d;	�� Å d+WXPd,Sb¼\NPS.U,X�¼\UDX�	xSbd,¼½SbN N Å ¾TÁ�SWd XR¾\U,X@	�SbNPN%L,d,Á�	 Å ¾TÁÂSbd����;À+X�¼ ¾\U,O�¼½SWQTN Å ÁÂ¼
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DD¾TX�À=LDd�d¢L,NPORQTSPU,X�	 Å Q½¾TX ¿ Å d�	 Å ÁÂQTX�DÃ¢L,Á8d,X\U,SbÁ<��Xxd�¾ »uÅ ¼�¾TSWN)¿=X�Q®X�d¢¾½QTX\U,X\N Å L�� Å ÁÂ¼½Xx¼�N Å ÁÂd,¼
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	RQTX�¾�Xxd©¼½SbÁÂ¾®U,Á�¼½¼½ÁÂN%L,À�O�X��M\Z��X
	\À Å ¼ ¾TO
 Å d,S�aQ Åa» �DÁÂX�DDLDd�N Xx¼½¼ Å WX)X�¼ ¾�	 Å 	��,O!	 Å Q®Á�À
dDX » X�L,¾ 4R¾½QTX<U,OR¾TX(	R¾TO�� � X<d,SbN)¿,QTXxL,¼½X�¼�¾TX
	��,d,ÁÄÃ�LDX�¼5�{L?QTXxd�¾�Á�d2��X�d�¾TOxX�¼ 	�SbNPN X<ÀøV Xxd�	RQTX<Á�d2�?ÁÂ¼½ÁÂ¿DÀ�X Å L}¾TX�N » ¼UDX �0ÀÂÁ�d,X�� �;XRQP¼½Á�:
	xÀÂX Å � Å d�¾	�W^1]&�%SbL�Xxd�	�SWQTX}QTO(	�XxN NPXxd�¾ÏÀÂX=W Å ¾TXRQTN Å Q1X?ÁÂd� Ã¢L,Á » XRQTNPXR¾ÏU,X©U,Á�¼½¼½ÁÂN%L,À�XRQÀ�Xf	�S » �.QTÁ����¾<U9V L,d,X ÁÂN Å bX�¼ Å d,¼\Ã¢L9V ÁÂÀ Åa»,»�Å Q Å Á�¼½¼½X ¼½L?Q<ÀøV Á�N Å WX�� � V Å L?¾½QTX�¼M¾TX
	��,d,ÁÄÃ¢L,X�¼ » SWL,Q<¼½O
	xL?QTÁÂ¼½X�Q<À�X�¼
	xSbN N%L,dDÁ�	 Å ¾TÁ�Sbd,¼ �{L?QTX�d�¾�U,O$��XxÀÂS »,» OxX�¼
D,XxÀÂÀ�X�¼�¼½SWd¢¾ » SbL?Q�À Å%» ÀÂL »uÅ Q½¾�¿ Å ¼½O�Xx¼�¼½L?Q�L,dDX Åa»,» QTS 	��,X�	RQ1� » ¾TS�WQ Å ^
» �,Á�Ã¢L,X � U,L;WQTX
	 � X.QTL » ¾TSb¼��k	 Å 	��,X�Q\XR¾\UDX � WQ Åa» �,X�Á�d ��O
	�QTÁ QTX*��� � Xx¼ ¾TX(	��,d,ÁÄÃ¢L,X�¼%	RQ1� » ¾TS�WQ Åa» �,ÁÄÃ�LDX�¼
D
	xSbd�¾½Q Å Á QTXxN Xxd�¾0/�À Å ¼ ¾TO
 Å d,S�WQ Å§» �,ÁÂXÏL,¾TÁÂÀ�ÁÂ¼½OxX »�Å Q��MÁÂ¼ ¾ Å�� Å X�L,¼
D8NPS¢UDÁ<6DXxd�¾%ÀÂXx¼\N Xx¼½¼ Å WXx¼)SWQTÁ�bÁ�d Å L�# » SWL,Q
À�X�¼ QTXxd,U?QTX � ÁÂd�	xSbN » QTO
�,Xxd,¼½Á ¿�ÀÂXx¼�� Å 6�d}U9V Å ¼½¼½L?QTXRQ�LDd�	�XRQ½¾ Å Á�d}d,Á��bX Å L}U,X<¼½O
	�L,QTÁ ¾TO�� Å 	�X Å L�# Å ¾½¾ Å Ã¢L Å d�¾T¼
�

3Md,X<U,X�¼ » QTX�NPÁ�:�QTX�¼5¾TX(	��,d,ÁÄÃ¢L,X�¼ 	�Q1� » ¾TS�aQ Åa» �DÁ�Ã¢L,Xx¼�X�¼ ¾�À�X�	��,Á�>uQTX�NPX�d¢¾ »�Å Q�¾½Q Å dD¼ » Sb¼½Á ¾TÁ�Sbd����'SbL?QG	��,Á��~^
�~QTXRQ LDd�NPX�¼½¼ Å bX�D¬ÀøV SWQTU?QTX�U,X�¼PÀÂX�¾½¾½QTX�¼�U,L�N Xx¼½¼ Å WX�SWQTÁ�bÁ�d Å À5X�¼ ¾ » XRQTN%L?¾TO��1�'SbL?QPÀ�X}U,O(	��,Á�>uQTXRQ(D¬Á�À ¼½L�EP¾UCV Åa»,» À�ÁÄÃ�LDXRQ À Å NPOR¾'�,S.U,X%Á�d2��XRQT¼½X��d3Md�U,Xx¼ » QTXxNPÁÂX�QT¼MX
#.XxN » ÀÂXx¼�	�Sbd,d¢LD¼ U9V L,d�¾TX�Àj	��,Á�>uQTX�NPXxd�¾ X�¼ ¾ À Å �$� � �
 �{# �W� � � � 
 � � 
 � D,L?¾TÁ�ÀÂÁ�¼½O�X Å L Q :�NPX ¼½Á�:
	xÀÂX Å � Å d�¾ �W^1] »uÅ Q�ÀÂXx¼ WQTX
	�¼
��	xSbd,¼½ÁÂ¼ ¾TX\X�d�L,d}¿9.a¾TSbd�D Å L?¾TSbL?Q�U,L�Ã�LDX�ÀXx¼ ¾)Xxd?QTSbL,À�O�XsL,d,XsÀ Å d,Á�:RQTXÏU,XF	�LDÁ Q(� � V X$# » OxU,ÁÂ¾TX�L?Q)O(	RQTÁÂ¾)¼½SbdýNPX�¼½¼ Å bXÏ¼½L,Q%À Å À Å dDÁ�:�QTX�D » LDÁÂ¼%L,d,XF�{SWÁ�¼\¾TX�Q½^
NPÁ�d,O À Å U,O�QTSWLDÀÂX X�¾�À V X�d2��SbÁ�X�� � X QTO
	�X » ¾TX�L,Q5Xxd?QTSbL,À�X�/�¼½Sbd�¾TSbL?Q�À Å À Å d,Á�:RQTX QTX �xL,X ¼½L?Q�L,d�¿M.§¾TSbd}U,X<N@4�NPX
UDÁ Å N@:R¾½QTX�D�	xX\Ã¢L,ÁCÀÂL,Á » XRQTNPXR¾ Å ÁÂd,¼½Á8U,X<QTXR¾½QTSbL���XRQ�À�X ¾TX
#.¾TX SWQTÁ�bÁÂd Å À �

3Md,X Å L?¾½QTX%¾TX(	��,dDÁ�Ã¢L,X�D Åa»,» X�À�O�Xf	��,Á�>uQTX�NPX�d¢¾ »�Å Q<¼½L?¿D¼ ¾TÁÂ¾TL?¾TÁ�SWd Dd	xSbd,¼½ÁÂ¼ ¾TX@/F	�� Å d�bXRQ<ÀøV Å À » � Å ¿=X�¾ » SWL,Q
	��,Á�>uQTXRQ®L,d©NPXx¼½¼ Å bX���Z0ÀÂÀ�X\OR¾ Å ÁÂ¾�UDO ]1/ L?¾TÁ�ÀÂÁ�¼½O�X)U,L©¾TX�N » ¼�U,Xx¼�QTSbN Å Á�d,¼®¼½SbL,¼®ÀÂX\dDSWNAUDX � 	��,Á�>uQTX�NPXxd�¾®U,X
]JOx¼ Å Q$�9� �'SbL?Q�	��DÁ<>uQTX�QML,d�NPX�¼½¼ Å bX�D�Á�À�� Å L?¾®U,O(	 Å À�XRQ®U,X)¾½QTSWÁ�¼®ÀÂX�¾½¾½QTX�¼�U Å dD¼�ÀøV Å À » � Å ¿=X�¾"	�� Å Ã¢L,X%ÀÂX�¾½¾½QTX\U,LNPXx¼½¼ Å bX!/%¾½Q Å d,¼½NPXR¾½¾½QTX����'SbL?Q�U,O(	�S.U,X�Q�L,d�NPXx¼½¼ Å bX%	��,Á<>=QTO�DDÁÂÀ9¼½L�EP¾�U,X\U,O
	 Å ÀÂX�Q 	�� Å 	xL,d,X\U,X�¼�À�XR¾½¾½QTXx¼5U,X� » SW¼½ÁÂ¾TÁ�SWdD¼)U Å dD¼)À�Xs¼½Xxd,¼%ÁÂd2��X�QT¼½XsU,XsÀøV Å À » � Å ¿=X�¾(�8KMSbL,¼ » QTOx¼½X�d�¾TSbd,¼%L,dýX
#?X�N » À�XÏU9V L,dýNPX�¼½¼ Å bX,	��,Á�>uQTO
»uÅ Q!	xXR¾½¾TXPNPOR¾'�,S.U,X©Y � ����� � � � , � � � q � ���8Z0d Åa»,» À�Á�Ã¢L Å d�¾�À Å NPOR¾'�,S.U,XÏX$# » Sb¼½O�XA	�ÁÂ^¥U,X�¼½¼½LD¼ » SWL,Q

�
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U,O
	��,Á<>=QTXRQ 	�X NPX�¼½¼ Å bX dDSWLD¼JQTX�¾½QTSbL���SWdD¼ À Å 	�O�À�:R¿DQTX » �,Q Å ¼½X\Ã�LDX » QTSbd,Sbd�� Å �bL,À�X�¼®]JO�¼ Å Q Åa» Q':�¼5¼ Å �?Á�	�¾TSWÁÂQTX¼½L?Q � � Å QTd Å 	xX QTSbÁCU,L "5SWQT¼ » �,SWQTX%/���OxÀ Å Y � Q Z0K�� Q � � � Q �½]S�&���� X%	��,Á�>uQTX�NPX�d¢¾®UDX Q Á�bX�d�:�QTX � % Q �c:�NPX\¼½Á�:
	xÀÂX*�JXx¼ ¾®L,d Å L?¾½QTX%	��,Á�>uQTX�NPX�d¢¾ »uÅ QM¼½L?¿D¼ ¾TÁÂ¾TL?¾TÁÂSbd��9�;À8¼�V Å bÁÂ¾
U9V LDd,X��{SaQTNPX » À�L,¼<O$��SbÀÂL,OxX�UDL 	��,Á�>uQTX�NPXxd�¾<U,Xs]JO�¼ Å QPY8_WcF	��,Á�>uQTX�NPX�d¢¾T¼ UDXÏ]JOx¼ Å Q\¼½Sbd�¾ Åa»,» ÀÂÁÄÃ¢L,O�¼<U Å d,¼L,d 	xXRQ½¾ Å Á�d#SaQTU,QTX���]JX�¾}SaQTU,QTXH	�SWQ½QTX�¼ » SWdDU /ýL,d�N SW¾}SbL#LDd,X » �?Q Å ¼½Xk	�Sbd,d.L,X�U,X�À V X$# » OxU,Á ¾TXxL?Q�X�¾�UDL
QTO
	�X » ¾TX�L,Q<UDL NPX�¼½¼ Å bX��']JXR¾½¾TX ÁÂd��{SWQTN Å ¾TÁ�Sbd »uÅ Q½¾ Å bO�X@	xSWdD¼ ¾TÁ ¾TL,XPL,d,X ��# ��� Ã¢L,Á » XRQTNPX�¾<UCV X
>=X
	�¾TL,XRQ\U Å d,¼ÀÂX<¿=Sbd}SWQTU?QTX\ÀÂXx¼�U,Á<>9ORQTX�d¢¾T¼ 	��,Á�>uQTX�NPXxd�¾T¼�U,X%]JOx¼ Å Q(��\MÁ�d,¼½Á D,À Å N�4xNPX�	�À�X
� » XRQTNPXR¾G/ À Å �{SbÁÂ¼�U,X�	��,Á<>=QTXRQ�XR¾
U,O
	��,Á<>=QTXRQ<L,d�NPX�¼½¼ Å bX��9KMSW¾TSbd,¼ Ã¢L,X�D9U Å d,¼ L,d,X�À Å d�bL,X U,Sbd,d,O�X�D=L,d,X�O�¾TL,U,X�U,Xf�~QTOxÃ¢L,Xxd�	�X�U9V Å§»D»�Å QTÁ ¾TÁ�SbdU,X�¼MÀÂX�¾½¾½QTX�¼�U,X%À V Å À » � Å ¿9XR¾MU Å dD¼®L,d©¾TX
#¢¾TX!�{SWL,QTd,Á ¾ML,dDX Å ÁÂU,X » QTO(	�Á�X�L,¼½X » SbL?Q � 	 Å ¼½¼½X�Q �}À�X�¼"	��DÁ<>uQTXxNPX�d�¾T¼
»�Å Q�¼½L?¿�¼ ¾TÁ ¾TL?¾TÁ�Sbd,¼
��'Sb¼½¼½O�U Å d�¾ML,d�¾TX$#.¾TX U9V L,d,X\À�Sbd�bL,X�L?Q®¼½L�EÏ¼ Å d�¾TX�D�Á�À9Xx¼ ¾ Å ÀÂSWQT¼ » Sb¼½¼½Á ¿DÀ�X)U,X<U,X
�?ÁÂd,X�Q�ÀÂXx¼
ÀÂX�¾½¾½QTX�¼�À�X�¼ » À�L,¼�L,¼½ÁÂ¾TO�Xx¼
DDXR¾ Å ÁÂd,¼½Á8U,X%	�SbNPNPX�d�	xXRQ"/ UDO
	��DÁ<>uQTX�Q�ÀÂX\NPX�¼½¼ Å bX��

�'SbL?Q)¾TXRQTNPÁ�d,XRQ(DZ	xÁ ¾TSbd,¼)L,d UDXRQTd,Á�XRQ%X$#?X�N » À�XF�,ÁÂ¼ ¾TSWQTÁÄÃ¢L,X�� � SWQT¼)U,XÏÀ Å ¼½X
	�Sbd,UDXAWLDXRQ½QTXsN Sbd,UDÁ Å À�X�DrÀÂXx¼
Å À�À�X�N Å d,U,¼�NPÁ QTXxd�¾ Å L » SbÁ�d�¾�À Å N Å 	��,ÁÂdDX � Z0K���,��H\ ���+]JX�À�À�XR^g	�Á » XRQTNPX�¾½¾ Å ÁÂ¾%U,X,	��,Á�>uQTXRQ L,dýNPX�¼½¼ Å bX
aQ�.�	xXF/�L,d UDÁÂ¼ » Sb¼½ÁÂ¾TÁ���OxÀÂX(	R¾½QTSW^¥NPO
	 Å dDÁ�Ã¢L,XsÃ¢L,Á DrXxdi�{SWd+	R¾TÁ�SWdýU9V L,d,XF	xÀÂX(� UDSWdDd,O�X�D8QTO Å À�ÁÂ¼ Å ÁÂ¾%L,d,X,	�XRQ½¾ Å Á�d,X
	�SbN)¿DÁÂd Å Á�¼½SbdÏUDX�¼½L?¿D¼ ¾TÁÂ¾TL?¾TÁ�SWdD¼ » SWÀ�� Å À » � Å ¿9OR¾TÁÄÃ�LDX�¼+X�¾0U,X�¾½Q Å dD¼ » Sb¼½Á ¾TÁ�Sbd,¼
� \MÁÂdD¼½ÁDÀ�X�¼ Å À�ÀÂXxN Å d,UD¼ » Xxd,¼ Å ÁÂXxd�¾
	�SbNPN)LDd,Á�Ã¢L,X�Q<U,Xx¼ ÁÂd+�~SWQTN Å ¾TÁÂSbd,¼ Xxd�¾TSWL,¾TX%¼½O
	xL?QTÁÂ¾TO�/sÀ�X�L?QT¼M¾½QTSbL » X�¼
�-� Å Á�¼ À�X�¼ Å À�À�ÁÂOx¼
D=¼½SbL,¼<À Å U,ÁÂQTX
	�¾TÁÂSbdU9V \MÀ Å d �8L?QTÁ�d��D=NPÁÂQTX�d�¾ Å L » SbÁÂd¢¾ � ] e � e [,[ 3\[ � ��D=L,d�U,Xx¼ » QTX�NPÁ�XRQT¼ SaQTUDÁÂd Å ¾TXxL?QT¼
D�	�X
	xÁ ÅÏ» X�QTNPÁÂ¼MU,XU,O
	��,Á<>=QTXRQ�ÀÂXx¼ NPX�¼½¼ Å bX�¼ WOxd,ORQTOx¼
D »�Å Q5Z0K���,��H\0�0�>SbL?Q » À�L,¼�U,X » QTO
	�Á�¼½Á�SWdD¼ ¼½L,Q5ÀøV �,ÁÂ¼ ¾TSbÁÂQTX U9V Z0K���,��H\«XR¾
U,X�¼S	�S.U,X�¼J¼½X
	�QTXR¾T¼0X�dFbO�d,O�Q Å À D�dDSWLD¼JÁÂd2�?ÁÂ¾TSbd,¼0À�X®ÀÂX(	R¾TX�L,QS/%	�Sbd,¼½LDÀ ¾TX�QJÀ�XG	�OxÀ�:�¿,QTX�À�Á<�.QTX®U,X [9�,[.ÁÂd����� [.ÁÂd � ��� �

���	� � ��� � � � � 
���n �,K���
������ � �_� �
� Å 	RQ1� » ¾TS�WQ Åa» �,Á�X%X�¼ ¾ LDd�Xxd,¼½X�N)¿DÀ�X U,X%¾TX
	��,d,ÁÄÃ�LDX�¼ Ã¢L,Á » QTSW¾':(WXxd�¾ L,d�NPX�¼½¼ Å bX�Xxd�À�X%¾½Q Å dD¼1�~SWQTN Å d�¾

X�dÏL,d Å L?¾½QTX�NPX�¼½¼ Å bX)Y 	�XR¾½¾TX�¾½Q Å d,¼1�{SaQTN Å ¾TÁ�SWdsNPS.U,Á<6�X�À V Á�d��~SWQTN Å ¾TÁÂSbdF	�Sbd�¾TXxd¢L,X®U Å d,¼0À�X®NPX�¼½¼ Å bX�SWQTÁ�bÁÂd Å À
» SbL?QrQTX�d,U,QTX+ÀøV ÁÂd��{SWQTN Å ¾TÁ�Sbd\¾½Q Å d,¼½NPÁÂ¼½XJd,Sbd!	�SbN » QTO(�,X�d,¼½ÁÂ¿DÀ�X�� � X�¼Z	RQ1� » ¾TS�WQ Å§» �,X�¼rÁÂd2��Xxd�¾TX�d�¾>UDX�¼rNPOR¾'�,S.U,Xx¼U,XS	��,Á�>uQTX�NPX�d¢¾'UDX » À�L,¼'X�d » À�L,¼^	�SbN » ÀÂX
#?X�¼
D?	xSbN » SW¼½OxX�¼>UCV L,dDX7�~Sbd�	�¾TÁÂSbd�U,XS	��,Á�>uQTX�NPX�d¢¾'X�¾>UCV L,dDX7�~Sbd�	�¾TÁÂSbdU,X%U,O
	��,Á<>=QTX�NPX�d�¾(� � Å �~Sbd�	�¾TÁÂSbd�U,X0	��,Á�>uQTX�NPXxd�¾ » XRQTNPX�¾®UDX0	��DÁ<>uQTX�QML,d�N Xx¼½¼ Å WX�U,Sbd,d,O m »�Å Q L,d,X �$# ���
k
DuL,d »�Å Q Å N@:R¾½QTX)U,X%À Å �{Sbd�	R¾TÁ�Sbd�U,X!	��,Á<>=QTX�NPX�d�¾(�uKMSbL,¼®d,SW¾TSbd,¼

{m}k
ÀÂX%N Xx¼½¼ Å WX m 	��,Á<>=QTO »�Å QMÀ Å 	xÀÂX(�

k
�

m→
�{Sbd�	R¾TÁ�Sbd�U,X�	��,Á�>uQTX�NPX�d¢¾� 	�À�X
�

→ {m}k

� Å �~Sbd�	�¾TÁÂSbdPU,X�U,O
	��,Á�>uQTX�NPX�d¢¾ » X�QTNPXR¾S/ »�Å Q½¾TÁÂQ0U9V L,dPNPX�¼½¼ Å bXG	��,Á�>uQTO {m}k U,X�QTXR¾½QTSbL���XRQ+À�X�NPX�¼½¼ Å bXSaQTÁ�bÁÂd Å À m 	xSWdDd Å ÁÂ¼½¼ Å d�¾®À Å 	�À�X
�>U,X<UDO
	��DÁ<>uQTXxNPX�d�¾(�

{m}k →
�{Sbd�	R¾TÁ�Sbd�U,X\U,O
	��,Á<>=QTX�NPX�d�¾� 	xÀÂX(�

→ m

]JX�¼%�~Sbd�	�¾TÁÂSbd,¼�	�Q1� » ¾TS�WQ Åa» �,ÁÄÃ¢L,X�¼\¼½Sbd�¾\Xxd WOxd,ORQ Å À'¿ Å ¼½OxX�¼<¼½L,Q\U,Xx¼ » QTSW¿DÀ�:�NPX�¼\N Å ¾'�DO�N Å ¾TÁ�Ã¢L,Xx¼<U,ÁÂ¾T¼
� U,Á�EA	�Á�ÀÂXx¼ �;/�QTO�¼½SbL,U?QTX��Z\MÁ�d,¼½Á0¼ Å d,¼0	�Sbd,d Å?B ¾½QTXÏÀ Å 	�À�X
�5U,XÏU,O(	��,Á�>uQTXxN Xxd�¾�ÁÂÀ0Xx¼ ¾%U,Á�E@	xÁÂÀ�XsU,XÏUDO
	��DÁ<>uQTX�Q
L,d�NPX�¼½¼ Å bX�D0X�¾A	�X�D+¾ Å d�¾sÃ¢L9V Á�À�d9V X$#?Á�¼ ¾TXRQ Å�»uÅ ¼ÏUDX©NPS��bXxd�U,X�QTO�¼½SbL,U,QTX©À�X » QTSW¿DÀ�:�NPX©UDÁ ¾ � U,Á�E@	xÁÂÀ�X ���
KMSWLD¼ » QTOx¼½X�d�¾TSbd,¼�Á�	�ÁCÃ�LDX�ÀÄÃ�LDX�¼5L,d,Xx¼�U,X�¼�N O�¾'�,S.U,X�¼5L,¼½LDX�À�ÀÂXx¼�U,X�	��DÁ<>uQTXxNPX�d�¾�X$#?ÁÂ¼ ¾ Å d�¾TXx¼
���'SWL,Q 	�XxÀ Å d,SbL,¼U,ÁÂ¼ ¾TÁ�d�bL,Sbd,¼ÏU,X�L�#r	 Å ¾TO
bSWQTÁ�X�¼ U,X=	��DÁ<>uQTXxNPX�d�¾(D¬À�X�¼@	��,Á�>uQTXxN Xxd�¾T¼P¼a�?N O�¾½QTÁ�Ã¢L,Xx¼�X�¾PÀ�X�¼�	��,Á<>=QTX�NPX�d�¾T¼ Å ¼a�.^N O�¾½QTÁ�Ã¢L,Xx¼
���'SbL?Q » ÀÂL,¼�U,XsU,O�¾ Å ÁÂÀ�¼
D>ÀÂX�ÀÂÁ��.QTXPQTO(�~O�QTX�d�	xXÏU,X "��+[ 	��Dd,X�Á�XRQ�� [ 	�� � c � XR¾%U,X�d,SbN\¿DQTX�L�# Å L?¾½QTXx¼
SWL��¢Q Å bX�¼�� � + `b`�D)�MSa¿u`W`�D)"5L�	x` � D)��SWÀÄ` � D � �)`�_ � » QTS » Sb¼½X�d¢¾ L,d Å§» XRQ ��L Å ¼½¼½X �f	�SbN » ÀÂX�¾ U,X�¼MUDÁ<>=O�QTX�d�¾TXx¼N O�¾'�,S.U,X�¼�UDX%	��,Á�>uQTX�NPXxd�¾T¼�X
#?ÁÂ¼ ¾ Å d�¾TXx¼
�

f
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� XS	��,Á<>=QTX�NPX�d�¾¬¼a�.NPO�¾½QTÁ�Ã¢L,X L?¾TÁ�ÀÂÁ�¼½XJÀ Å N@4�NPX7	xÀÂX(� » SbL?Q^	��,Á<>=QTXRQ'X�¾>U,O(	��,Á�>uQTX�Q'L,d�NPX�¼½¼ Å bX�� � Å 	�Sbd,d Å Á�¼ ^
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U,Xf	�X » QTS.U,LDÁ ¾<ÀÂXx¼MUDX�L�#�d,SbN\¿DQTX�¼ » QTXxNPÁÂX�QT¼ X�¼ ¾<L,d » QTSa¿�À�:xN Xf	xSbd,d¢L�UDÁ<EA	�Á�À�X��r]JX » QTSW¿DÀ�:�NPX X�¼ ¾ Åa»,» X�À�O
» QTSW¿DÀ�:xNPX�U,X8� Å 	R¾TSWQTÁ�¼ Å ¾TÁ�Sbd�� � X�¼F�~Sbd�	�¾TÁÂSbd,¼,/ ¼½Xxd,¼sL,d,ÁÄÃ¢L,X Å ��X
	©¾½Q Åa»,» X�¼½Sbd�¾(DJX�À�À�X�¼ Å LD¼½¼½Á D7� Å 	�Á�À�X�NPX�d�¾
	 Å À�	xL,À Å ¿�ÀÂXx¼JN Å ÁÂ¼ À�X�L?Q QTO
	xÁ » QTS?Ã¢L,X®X�¼ ¾ UDÁ<EA	�Á�À�X�/\X
>=X
	�¾TL,XRQ ¼ Å L�� » SbL?Q5ÀÂXx¼ » XRQT¼½Sbd,dDX�¼5Ã�LDÁM	�Sbd,d Å Á�¼½¼½X�d�¾5L,d,XÁÂd��{SWQTN Å ¾TÁ�Sbd�¼½X
	�Q':R¾TX�Y>À Å ¾½Q Åa»,» X��j\MÁÂdD¼½Á D'À Å � Å 	R¾TSWQTÁÂ¼ Å ¾TÁ�SbdýX�d » QTS.U,LDÁ ¾ U,X�U,X�L�#ýd,SbN\¿DQTX�¼ » QTX�NPÁ�XRQT¼�X�¼ ¾
L,d,X=�~Sbd�	�¾TÁÂSbd /�¼½X�d,¼PL,dDÁ�Ã¢L,X Å ��X
	}¾½Q Åa»,» X�Y¬¼½Á5d,SbL,¼@	�Sbd,d Å Á�¼½¼½SWdD¼PL,d�U,X�¼ UDX�L�#�d,SbN\¿DQTX�¼ » QTX�NPÁÂX�QT¼
D¬ÁÂÀU,X$�?Á�X�d�¾ Å À�SaQT¼ Å Á�¼½O »�Å Q L,dDX%¼½Á�N » ÀÂX�U,Á��?ÁÂ¼½Á�Sbd�U,X)QTX�¾½QTSWL��bX�QMÀ�X%¼½X(	�Sbd,U�d,SbN)¿,QTX » QTXxNPÁÂX�Q(�uKMSbL,¼MÁ�ÀÂÀ�L,¼ ¾½QTSbd,¼
	�ÁÂ^¥U,X�¼½¼½SbL,¼"	�Xx¼�NPO�¾'�,S.U,X�¼�U,X�	��,Á�>uQTX�NPX�d¢¾(� � V Å ¿=SWQTU©d,SbL,¼�U,O
	�QTÁ<��Sbd,¼�À�X%	��,Á�>uQTXxN Xxd�¾.� [ \0D+	xXRQ½¾ Å ÁÂdDX�NPX�d�¾
ÀÂX » À�L,¼I	�Sbd,d¢LÏXR¾+À�X » À�L,¼+L,¾TÁÂÀ�ÁÂ¼½O�UDX�¼I	��,Á�>uQTX�NPXxd�¾T¼ Å ¼a�?N O�¾½QTÁ�Ã¢L,Xx¼
DWXxd,¼½L,ÁÂ¾TX�d,SbL,¼ » QTOx¼½X�d�¾TSbd,¼+À�X 	��,Á�>uQTX�NPXxd�¾
Å ¼a�?NPOR¾½QTÁÄÃ¢L,X » QTSa¿ Å ¿�ÁÂÀ�ÁÂ¼ ¾TX\UCV Z0À , Å N Å À �

c
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� ¶ 7 ¶ ¸ ¶ � � 5rz�
+q§w?¦´w,y�v ���8� � � � � ¹ � ¶
� X%	��,Á<>=QTX�NPX�d�¾�� [ \0D�ÁÂd �bXxd�¾TO »�Å Q.��Á��bXx¼ ¾(D9[ � Å NPÁ Q®X�¾G\�UDÀÂXxN Å d�X�d ��� �"! DDXx¼ ¾�¿ Å ¼½O)¼½L?QMÀ�X » QTSW¿DÀ�:xNPX

UDÁ<EA	�Á�À�XJU,X À Å � Å 	R¾TSWQTÁ�¼ Å ¾TÁÂSbd%U9V L,d�X�d�¾TÁ�XRQ'X�d » QTS.U,L,ÁÂ¾'U,X U,X�L�#!aQ Å d,UD¼>d,SbN)¿,QTX�¼ » QTX�NPÁ�XRQT¼
� � Å 	xÀÂX(� » L?¿DÀ�ÁÄÃ�LDXXx¼ ¾�	�Sbd,¼ ¾TÁÂ¾TL,OxX+U,X.�
n, e

�uXR¾rÀ Å 	xÀÂX(� » QTÁ<��O�X0X�¼ ¾ � d, n ��¾TX�À¢Ã¢L,X n = pq
S
	
p
XR¾
q
¼½Sbd�¾rU,X�L�#<d,SbN)¿,QTX�¼ » QTX�NPÁÂX�QT¼
D

e ∈ {2, . . . , (p − 1)(q − 1)}
X�¾
d
Xx¼ ¾0	 Å À�	�L,À�OP¾TXxÀJÃ�LDX ed = 1

N S.U
(p − 1)(q − 1)

���'SbL?Qf	��,Á�>uQTX�Q »uÅ Q
ÀøV Å À�bSWQTÁ ¾'�,NPX�� [-\"L,d}NPX�¼½¼ Å bX m UDX®¾ Å Á�À�ÀÂXMÁ�d��{ORQTÁ�X�L?QTX�/ n Å ��X
	 À Å 	�À�X
� » L?¿DÀ�Á�Ã¢L,X � n, e �¬d,SbL,¼5	 Å À�	xL,À�SWdD¼MY

{m}(n,e) = me NPS.U n
�'SWL,Q8QTXR¾½QTSbL���X�Q8ÀÂX0N Xx¼½¼ Å WXJSWQTÁ�bÁ�d Å À m / »�Å Q½¾TÁ QrU9V L,d)N Xx¼½¼ Å WX 	��,Á<>=QTO m′ = {m}(n,e)

dDSWLD¼Z	 Å À�	xL,À�SWdD¼+Y

m = (m′)d N S.U n
� ¶ 7 ¶ ¸ ¶ ¸ � 5rz�
+q§w?¦´w,y�vs� �Â� | � �u¦´�u| � � � ¹uº � ¶
Z0d ��� ! Æ-D.Z0À , Å N Å À=Á�d2��X�d�¾TXML,dDX®¾TX(	��,d,ÁÄÃ¢L,XMU,X�	��,Á<>=QTX�NPX�d�¾ Å ¼a�?NPOR¾½QTÁÄÃ¢L,X » QTSW¿ Å ¿DÁ�ÀÂÁ�¼ ¾TX � & �R& L,d�N@4�NPX

NPXx¼½¼ Å bX m » X�L,¾ Å ��SbÁÂQ » À�L,¼½Á�X�L?QT¼h	��,Á�>uQTO�¼�U,Á�>=ORQTXxd�¾T¼
�®]JX�¾½¾TXH�{SbÁÂ¼�À�X » QTSW¿DÀ�:�NPX´U,Á�EA	�Á�ÀÂX´L?¾TÁ�À�ÁÂ¼½O´Xx¼ ¾�ÀÂX
À�S� Å QTÁÂ¾'�,NPX U,ÁÂ¼1	�QTXR¾(D » QTS��bXxd Å d�¾�UDX À Å ¾'�DO�SWQTÁÂX<U,X�¼5d,SbN)¿,QTX�¼
D � & �R& / »�Å Q½¾TÁ Q�U,X ga NPS.U p Á�À=Xx¼ ¾�U,Á<EA	xÁÂÀ�X U,X
QTX�¾½QTSbL���XRQ

a
D�S 	

ga N S.U p U,O�dDSa¾TX g /�À Å5» L,ÁÂ¼½¼ Å d�	xX a NPS.U,L,À�S p � �'SbL?Q>L?¾TÁ�ÀÂÁ�¼½XRQ>À�X 	��,Á�>uQTX�NPXxd�¾>U9V Z+À , Å N Å À DÁ�Àd� Å L?¾�U9V Å ¿=SWQTU�	��,SbÁÂ¼½ÁÂQ�L,d�WQ Å d,U}d,SbN)¿,QTX » QTX�NPÁÂX�Q p X�¾5L,d�bO�d,O�Q Å ¾TX�L?Q g U,L�WQTSbL » X N%L,À ¾TÁ » À�Á�	 Å ¾TÁ��rU Å d,¼
Z/pZ

� � Å 	xÀÂX(� » QTÁ���O�X%X�¼ ¾ LDd�dDSWN)¿,QTX�Xxd�¾TÁ�XRQ Å À�O Å ¾TSbÁ QTX χ ¾TXxÀ>Ã¢L,X 1 ≤ χ ≤ p − 2
� � Å 	xÀÂX(� » L,¿DÀÂÁÄÃ¢L,X%Xx¼ ¾

	xSbd,¼ ¾TÁ ¾TLDO�X<UDX
p, g
XR¾
h = gχ N S.U p � � Å Q"	xX�	��,Á<>=QTX�NPX�d�¾(D�L,d�NPX�¼½¼ Å bX m 	��,Á<>=QTO\X�¼ ¾�QTX » QTO�¼½Xxd�¾TO »�Å Q�LDd

	xSbL » À�X UDXPd,SbN)¿,QTX�¼ (a, b)
�'�'SbL?Q!	xS.U,XRQ)L,d NPX�¼½¼ Å bX�D�	��,SbÁ�¼½ÁÂ¼½¼½Sbd,¼ Å À�O Å ¾TSbÁÂQTX�NPX�d�¾)LDd d,SbN)¿,QTX r ¾TXxÀ+Ã¢L,X

1 ≤ r ≤ p− 2
XR¾G	 Å À�	xL,À�SWdD¼�À�X%	�SbL » À�X<UDX<d,SbN)¿,QTX�¼ (a, b)

¾TXxÀCÃ�LDX Y

{m}(p,g,h) = (gr NPS¢U p,mhr NPS.U p) = (a, b)

KMSbL,¼CQTX�¾½QTSWL��bSbd,¼rÀÂX0NPX�¼½¼ Å bX m / »�Å Q½¾TÁÂQrU,L!	��,Á�>uQTO
(a, b) = {m}(p,g,h)

D�	�Sbd,d Å Á�¼½¼ Å d¢¾ χ D�X�d!	 Å À�	xL,À Å d¢¾0Y

m =
b

aχ

NPS.U
p

�
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+q§w?¦´w,y�v§� ��� 38¦ ·�v�qWz{¨8pCw?� ¶
�;À'X$#?ÁÂ¼ ¾TX�UDX�d,SbN)¿,QTXxL,¼½X�¼\N O�¾'�,S.U,X�¼<U,Xf	��,Á�>uQTX�NPX�d¢¾T¼ Å ¼a�?NPOR¾½QTÁÄÃ¢L,X�¼
�9Z0ÀÂÀ�X�¼<¼½Sbd�¾\¼½SbL���X�d�¾<Q Å ¾½¾ Å 	��,O�Xx¼

/�L,d » QTSW¿DÀ�:�NPX}N Å ¾'�DO�N Å ¾TÁ�Ã¢L,X}U,Á�EA	�Á�ÀÂX�D^	�SbNPNPX}ÀÂX�	��,Á�>uQTX�NPX�d¢¾ U,X � Å ¿�ÁÂd�D¬Á�d2��X�d�¾TO}Xxd � � �"� D¬Ã¢L,Á Xx¼ ¾
¿ Å ¼½O�¼½L,Q<À�X » QTSW¿DÀ�:�NPX U,Á<EA	xÁÂÀ�X�UDX�¼MQ Å 	xÁÂdDX�¼�	 Å Q½QTOxX�¼ U Å d,¼<L,dk	xSWQ » ¼�6Dd,Á �r]JÁ ¾TSbd,¼ L,d,X U,X�QTd,Á�:�QTX�NPOR¾'�,S.U,XUDX�	��,Á�>uQTX�NPXxd�¾ÏÃ¢L,Á QTX » Sb¼½X�¼½L?QPL,d » QTSW¿DÀ�:�NPX}UDÁ<EA	�Á�À�X}¿=X Å L�	xSbL »�» ÀÂLD¼�	xSbN » ÀÂX
#.X��[�;À ¼�V Å bÁÂ¾PU,X�À V L,¼ Å bXUDX�¼!	xSWL,Q½¿=X�¼)XxÀÂÀ�Á » ¾TÁ�Ã¢L,Xx¼)X�dY	RQ1� » ¾TS�WQ Åa» �,Á�X » QTS » Sb¼½OÏXxd ��� ! Æ »uÅ Q ��ÁÂÀ�À�XRQ�� ��Á�À ! Æ � � » SbL?Q%L,d,X Å§»D» QTS-	��,X
bOxd,ORQ Å À�X<U,Xx¼ 	�SbL?Q½¿=Xx¼�XxÀÂÀ�Á » ¾TÁ�Ã¢L,Xx¼
D�	�� �c� »uÅ Q®X$#?XxN » ÀÂX � �MSa¿ ! Æ � ���
-.+øI +øI � %'$¬@ -.$ )+2r¯�29-�/ @M7=(0@ %06r@M/;2r@J-?¯3®2r¯ 7�µM/ �%*,2�� 28@ -?¯3¯ '�� 69-.*D/ °5±®28¯32C- $¬¯ '��

� 69-.*D/ °5±®28¯,+
KMSbL,¼ 	�SbN »�Å QTSWdD¼ 	�Xx¼0U,X�L�#�¾c� » Xx¼0U,XG	��DÁ<>uQTXxNPX�d�¾T¼ Ã�LDÁD¼½Sbd�¾S	�SbN » À�O�NPX�d�¾ Å ÁÂQTX�¼JXR¾0SbNPd,Á » QTO�¼½Xxd�¾T¼JU Å d,¼À�X�¼ » QTSa¾TS-	xSWÀ�X�¼ 	�Q1� » ¾TS�aQ Åa» �DÁ�Ã¢L,Xx¼�N S.U,X�QTd,X�¼
�� XA	��,Á�>uQTX�NPXxd�¾%¼a�?NPOR¾½QTÁÄÃ�LDXÏX�¼ ¾ » ÀÂLD¼\Q Åa» ÁÂUDXF/h	 Å À�	xL,À�XRQ%XR¾)L?¾TÁ�ÀÂÁ�¼½XsU,X�¼!	xÀÂX(�~¼)U,XP¾ Å Á�ÀÂÀ�X�¼ » À�L,¼ » XR¾TÁÂ¾TX�¼

Ã¢L9V L,d 	��,Á�>uQTX�NPXxd�¾ Å ¼a�?NPOR¾½QTÁÄÃ¢L,X�� � X » À�L,¼
D9Á�À'Xx¼ ¾ ¿ Å ¼½O U,Xx¼��{SWd+	R¾TÁ�SWdD¼ N Å ¾'�,OxN Å ¾TÁÄÃ¢L,X�¼ ¼½Á�N » À�X�¼<X�¾<U,Sbd�	
� Å 	�Á�ÀÂXxNPX�d�¾'ÁÂN » À�X�NPXxd�¾ Å ¿DÀÂXx¼ Å L%dDÁ<��X Å L�N Å ¾TO�QTÁÂXxÀ �*� Å Q^	�Sbd�¾½QTX�D » SWL,Q^	�� Å Ã¢L,X7	�SbNPN%L,d,Á�	 Å ¾TÁÂSbd Å ��X
	7	�� Å Ã¢L,X

�
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»�Å Q½¾TÁ�	xÁ »�Å d�¾(DDL,d,X�	xÀÂX(�rU,Á<>9ORQTX�d¢¾TX X�¼ ¾�d,O(	�Xx¼½¼ Å ÁÂQTX����;À�� Å L?¾�UDSWd+	�bORQTX�Q5À Å U,Á�¼ ¾½QTÁ ¿DL,¾TÁÂSbd�U9V L,d=WQ Å d,U�d,SbN)¿,QTXU,X0	�À�X
�{¼
D�¼ Å 	�� Å d�¾<Ã¢L,X)À Å U,Á��.LDÀ� Å ¾TÁÂSbd�U,X)À Å 	�À�X
�'¼½X�Q Å ÁÂ¾�	 Å ¾ Å ¼ ¾½QTS » �DÁ�Ã¢L,X » SWL,Q®À Å ¼½O(	�L?QTÁÂ¾TO)U,X)À Å 	xSWNPN%L?^
d,Á�	 Å ¾TÁÂSbd��

3Mdi	��,Á�>uQTXxN Xxd�¾ Å ¼a�?NPOR¾½QTÁÄÃ�LDX » XRQTNPXR¾%U,XÏ¼½Á�bd,XRQ0� Å 	�Á�ÀÂXxNPX�d�¾%LDd NPX�¼½¼ Å bX�D Å ÀÂSWQT¼%Ã¢L9V L,dY	��,Á�>uQTX�NPXxd�¾
¼a�.NPO�¾½QTÁ�Ã¢L,X®d,X » XxL?¾JÀ�X"� Å ÁÂQTX�� � Å U,ÁÂ¼ ¾½QTÁÂ¿DL?¾TÁ�SbdsU,Xx¼ 	�À�X
�{¼ » L?¿DÀ�Á�Ã¢L,Xx¼JX�¼ ¾0¾½Q':x¼0¼½Á�N » ÀÂX�/!WO�QTXRQ Å ��X(	G	xX"WXxd?QTXU,X 	��,Á�>uQTX�NPX�d¢¾(� � X » ÀÂLD¼
D2	�X�¾½¾TX5NPOR¾'�DS¢UDX�U,X 	��,Á�>uQTX�NPX�d¢¾0L?¾TÁ�ÀÂÁ�¼½X�UDX�¼I	xÀÂX(�~¼+UDX aQ Å d,UDX�¼+¾ Å ÁÂÀ�ÀÂXx¼¬X�¾+dDO
	�Xx¼½¼½Á ¾TXL,d�¾TXxN » ¼�U,X=	 Å À�	�L,À » ÀÂLD¼ ÀÂSbd�´XR¾ » À�L,¼ U,X�QTXx¼½¼½SWL,Q'	�X�¼ÏÃ¢L,X}ÀÂSWQT¼ U9V L,d 	��,Á�>uQTX�NPXxd�¾P¼a�?NPOR¾½QTÁÄÃ�LDX�D^	xX
	�Á5/
	 Å L,¼½X\U,X\À Å 	�SbN » À�X$#?ÁÂ¾TO<U,Xx¼�S » O�Q Å ¾TÁ�Sbd,¼G/ X
>=X
	�¾TL,XRQ(�

����� ��� � � � _� O ��� � �2��K�� 
��	_� � ��� � �c� ���#� L�� 
����2�U�c��� � �

�'SbL?Q Å ¾½¾ Å Ã�LDXRQ<L,d » QTSW¾TS-	�SbÀ�X0	�Q1� » ¾TS�WQ Åa» �,ÁÄÃ¢L,X�D9Á�À>X$#?Á�¼ ¾TX�U,X�L�# Å§»D» QTS-	��,Xx¼ » Sb¼½¼½Á ¿�ÀÂXx¼�Y � ÅÏ» QTXxN Á�:RQTX
	�Sbd,¼½Á�¼ ¾TX!/ X�¼½¼ Å ��XRQMU,X\U,O
	��,Á�>uQTXRQ�À�X�¼�NPXx¼½¼ Å bXx¼G	��,Á�>uQTOx¼�O(	�� Å d�bO�¼
�9]JX<¾c� » X<U9V Å ¾½¾ Å Ã¢L,Xx¼�U,O$��XxÀÂS »,» OxX�¼ »�Å QÀÂXx¼�	RQ1� » ¾TS�WQ Åa» �,Xx¼ » SWQ½¾TX ¼½L?Q)ÀøV Å À�bSWQTÁ ¾'�,NPX@	RQ1� » ¾TS�WQ Åa» �,ÁÄÃ¢L,XPX�N » À�S(��O�� � Å ¼½X(	�Sbd,U,X Åa»,» QTS-	��DX ¼½L »,» Sb¼½X
Ã�LDX�À Å NPOR¾'�,S.U,X U,X�	��,Á<>=QTX�NPX�d�¾\X�¼ ¾\ÁÂd �.Á�SbÀ Å ¿DÀ�X�D WQ�.?	xX�/�LDd�Q Å Á�¼½Sbd,d,XxN Xxd�¾\ÀÂS�bÁÄÃ�LDX�D�	��,X�Q'	��,XA/�Sa¿D¾TX�d,ÁÂQ
U,X ÀøV Á�d��{SaQTN Å ¾TÁ�SWd �r]JX�WXxd?QTX U9V Å ¾½¾ Å Ã�LDX�Xx¼ ¾ Åa»,» X�À�O�X Å ¾½¾ Å Ã�LDX�À�S�WÁÄÃ¢L,X��9KMSbL,¼ » QTOx¼½X�d�¾TSbd,¼\N Å Á�d�¾TX�d Å d¢¾<À Å
» ÀÂLD¼ 	xO�À�:R¿,QTX\U,X%	�Xx¼ Å ¾½¾ Å Ã¢L,Xx¼�ÀÂS�bÁ�Ã¢L,Xx¼
�
Z0d ��� � ! D-�!�uKMXxX�U�� Å N XR¾��Y�8[ 	��?QTS.X�U,X�Q � K\[ � ! ¿ � 6,QTXxd�¾ » QTX�dDU?QTXf	�Sbd,¼1	xÁÂXxd�	�X Ã�LCV L,d » QTSW¾TS 	xSbÀÂX%L?¾TÁÂ^ÀÂÁ�¼ Å d�¾ÏL,d 	 Å d Å À5U,X=	�SbNPN)LDd,Á�	 Å ¾TÁÂSbd » L?¿�ÀÂÁ�	�d9V X�¼ ¾ »uÅ ¼Pd,O(	�Xx¼½¼ Å ÁÂQTX�NPXxd�¾PL,d�O(	�� Å d�bX�U,X}NPXx¼½¼ Å bXx¼P¼1C?Q(D

N�4xNPX<¼½Á9¾TSWL,¾TX�¼5À�X�¼�Á�d��{SWQTN Å ¾TÁ�Sbd,¼5¾½Q Å d,¼½NPÁÂ¼½Xx¼�¼½Sbd�¾G	�Q1� » ¾TO�X�¼ »�Å Q�L,dh	��,Á�>uQTX�NPXxd�¾�ÁÂd �.Á�SbÀ Å ¿DÀ�X�� � X »�Å Q½¾�À Å
	�Sbd�	�X » ¾TÁ�SWd N@4�NPXsU,L » QTSa¾TS-	xSWÀ�X�DrU,X�¼)Á�d��{SWQTN Å ¾TÁ�Sbd,¼!	�Sbd�6�U,X�d�¾TÁ�X�À�À�X�¼ » X�L��bXxd�¾04R¾½QTXÏU,O(	�SbL���XRQ½¾TXx¼ »�Å Q%LDd
ÁÂd�¾½QTLD¼
�
- +{H + - �%2"4M*,(+-.(�7=(0ª12.+
]JX » QTSW¾TS 	xSbÀÂX�U,O(	RQTÁÂ¾<ÀøV O(	�� Å d�bX U,X NPX�¼½¼ Å bX�¼<X�d¢¾½QTX�U,XxL�# »�Å Q½¾TÁ�	�Á »�Å d�¾T¼
D »�Å Q\X$#?XxN » ÀÂXf\MÀ�Á�	xX�X�¾�"5SW¿ D

Ã�LDX)d,SbL,¼®UDO�d,SW¾TXRQTSbd,¼�QTXx¼ » X
	�¾TÁ<��X�NPXxd�¾ »�Å Q A XR¾ B � � X�¼®U,XxL�# »�Å Q½¾TÁ�	xÁ »uÅ d¢¾T¼G��X�L,À�X�d¢¾®O(	�� Å d�bX�Q®Xxd©¾TSbL?¾TX
¼½O
	�L,QTÁ ¾TOÏL,dDXA	�À�X
� » QTÁ<��OxX Nb

� � X » QTSW¾TS-	�SbÀ�XPL?¾TÁ�À�ÁÂ¼½XÏL,d Å À�WSWQTÁÂ¾'�,NPXÏU,XA	��DÁ<>uQTXxNPX�d�¾ Å ¼a�?NPOR¾½QTÁÄÃ¢L,X��8KMSbL,¼U,O�d,SW¾TSbd,¼ »�Å Q {m}pub(A)
LDd�NPX�¼½¼ Å bX m 	��,Á�>uQTO »�Å Q+À Å 	�À�X
� » L?¿DÀ�Á�Ã¢L,X5U9V \MÀ�Á�	xX pub(A)

X�¾[	�Sbd,¼½Á�U,O�QTSWdD¼+Ã�LDX
¾TSWLD¼�À�X�¼ »�Å Q½¾TÁ�	�Á »�Å d�¾T¼G	�Sbd,d Å Á�¼½¼½X�d�¾�¾TSbL?¾TXx¼�ÀÂXx¼ 	xÀÂX(�~¼ » L?¿DÀ�Á�Ã¢L,Xx¼
� � X » QTSW¾TS 	xSbÀÂX\X�¼ ¾�U,O(	RQTÁÂ¾G	�SbNPN X\¼½L,ÁÂ¾\YCY

� �G\MÀÂÁ�	�XÏX�d2��SbÁÂX,/ "5SW¿ýL,d NPX�¼½¼ Å bXA	��,Á<>=QTO »�Å Q)À Å 	xÀÂX(� » L?¿DÀ�ÁÄÃ�LDXÏU,X "5Sa¿�D pub(B)
���;ÀI	xSWd¢¾TÁÂXxd�¾)¼½Sbd

ÁÂU,Xxd�¾TÁÂ¾TO
A
XR¾�LDd�dDSWN)¿,QTX Å À�O Å ¾TSbÁ QTX Na

� �~Q Å?B 	��,X�NPXxd�¾��,	��,SbÁ�¼½Á »uÅ QG\MÀ�Á�	�X�D Å L,¼½¼½Á Åa»,» X�À�O � � ����� �_-�G3Md,X@�~SbÁ�¼%	�XPNPX�¼½¼ Å bXPQTX ��L D�" SW¿i	��,SbÁÂ¼½ÁÂ¾)L,d dDSWL��bX Å L d,Sbd�	�X Nb
XR¾\QTO » Sbd,Ui/=\MÀÂÁ�	�X�� �;À¬Xxd2��SWÁ�XPÀÂX

d,Sbd�	�X
Na
» QTO
	�OxU,X�NPNPX�d¢¾�QTX ��L D Å Á�d,¼½Á8Ã¢L,X<ÀÂX\d,SbL���X Å L�d,Sbd�	xX Nb

U Å d,¼�LDd�NPXx¼½¼ Å bX%	��,Á�>uQTO »uÅ Q�À Å
	�À�X
� » L?¿DÀ�Á�Ã¢L,X\UCV \MÀ�Á�	xX�D pub(A)

�
Nb

	�Sbd,¼ ¾TÁÂ¾TL,X<À Å �{L?¾TL?QTX%	�À�X
�rO(	�� Å d�bO�X��
�-�G\MÀÂÁ�	�X%	�Sbd�6,QTNPX!/ "5Sa¿�Ã�LCV XxÀÂÀ�X Å ¿DÁÂXxd�QTX ��L©ÀÂX\N Xx¼½¼ Å WX�D�X�d�À�L,Á9QTXxd2��S(� Å d�¾®ÀÂX\dDSWd+	�X Nb

	��DÁ<>uQTO »�Å Q
pub(B)

D,À Å 	�À�X
� » L?¿DÀ�Á�Ã¢L,X\UDX$"5SW¿ �

1 A → B : {A,Na} 	�
� (B)

2 B → A : {Na, Nb} 	
�� (A)

3 A → B : {Nb} 	�
� (B)

�+QTSW¾TS-	�SbÀÂX � � f�� � Y�+QTSW¾TS 	xSbÀÂX<U,X\KMXxX�U�� Å N ^1[ 	��?QTS.X�U,X�Q(�
3Md,X5�{SWÁ�¼'À�X » QTSW¾TS-	�SbÀÂX ¾TXRQTNPÁÂdDO�D�\MÀ�Á�	xX X�¼ ¾I	�Sbd2� Å Á�d�	�LDX UCV Å ��SbÁ Q+X
>=X
	�¾TL,O L,d,X5¼½Xx¼½¼½ÁÂSbdPU,L » QTSW¾TS 	xSbÀÂX Å ��X
	

" SW¿ D?	 Å Q'Á�À¢À�L,Á Å QTX�d �bS���O ¼½SWd�d,Sbd�	�X�� � XJN@4xN X�D*" SW¿ » Xxd,¼½X Å ��SbÁ Q[	�SbNPN)LDd,Á�Ã¢L,O Å ��X(	S\MÀÂÁ�	�X��*�;ÀÂ¼ »�Å Q½¾ Å bX�d�¾

!
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Å À�SWQT¼�L,d,X�Á�d��{SWQTN Å ¾TÁ�SbdY	xSWNPN%L,d,X
Nb
Ã¢L,ÁJ¼½X�Q Å À Å 	�À�X
� » L?¿DÀ�Á�Ã¢L,X}L?¾TÁÂÀ�Á�¼½O�X�U Å dD¼�ÀÂXxL?QT¼f	�SbNPN%L,d,Á�	 Å ¾TÁÂSbd,¼

�{L?¾TL?QTXx¼
���;À�¼ » X�d,¼½Xxd�¾�O
 Å À�X�NPX�d�¾MÃ¢L9V ÁÂÀ�¼�¼½Sbd�¾®À�X�¼�¼½X�LDÀÂ¼"/�	xSWdDd Å?B ¾½QTX Nb
�

-.+{H +� ��²{$>-.-.$¬°5±®2.+
3Md,X � 
 
 ��� � � Xx¼ ¾�ÀøV X
#?O
	�L,¾TÁÂSbd«U9V LDd,X SbL » ÀÂLD¼½ÁÂXxL?QT¼�¼½Xx¼½¼½ÁÂSbd,¼�U,L » QTSW¾TS-	�SbÀ�X Ã¢L,Á » XRQTNPX�¾H/�À V Á�d�¾½QTL,¼

UCV Åa»,» QTXxd,U?QTX�L,dDX�ÁÂd��{SWQTN Å ¾TÁ�Sbd�¼½L »,» SW¼½OxX�¼½X(	RQ':�¾TX�� ,0� � S(W X©¾½QTSbL���X�D �4� Å d,¼ Åa» Q':�¼sÀ Å�» L?¿DÀ�Á�	 Å ¾TÁ�Sbd�U,L
» QTSa¾TS-	xSWÀ�X�DCL,d,X Å ¾½¾ Å Ã�LDX�Xxd´L?¾TÁ�À�ÁÂ¼ Å d�¾)L,d SbL?¾TÁ�À Å L,¾TSWN Å ¾TÁÄÃ�LDX U,X���ORQTÁ�6+	 Å ¾TÁ�SWd U,X » QTSW¾TS-	�SbÀ�X�¼�	RQ1� » ¾TS�WQ Å ^
» �,Á�Ã¢L,Xx¼ � � S�W � c � �,]JX�¾½¾TX Å ¾½¾ Å Ã�LDX�Xx¼ ¾ » À�L,¼7	�Sbd,d¢LDX®¼½SbL,¼ ÀÂXMd,SbN UDX � N Å dsÁ�dÏ¾'�,X®NPÁÂU,UDÀÂX �9�.Z0ÀÂÀ�X » XRQTNPX�¾
/%LDd}ÁÂd�¾½QTLD¼�]S� Å QTÀ�Á�X�D?Á�U,Xxd�¾TÁ<6�O »�Å Q C D.UCV SW¿,¾TXxd,Á Q�À�XMdDSWd+	�X

Nb
O(	�� Å d�bO »uÅ Q \MÀÂÁ�	�X XR¾ "5SW¿ �0�'SbL?Q 	�X�� Å ÁÂQTX�D

]S� Å QTÀ�Á�X7] SWLDX<U,XxL�#}¼½X�¼½¼½Á�SWdD¼�Xxd »�Å Q Å ÀÂÀ�:�À�X<UDL » QTSa¾TS-	xSWÀ�X�	xSbN NPX\ÁÂd,UDÁ�Ã¢L,O%	xÁ ^¥U,Xx¼½¼½SbL,¼\Y
\MÀÂÁ�	�X%	�SbNPNPX�d�	xX\L,d,X\¼½X�¼½¼½Á�Sbd�U,L » QTSa¾TS-	xSWÀ�X Å ��X
	�]S� Å QTÀ�Á�X%aQ�.�	xX!/ ÀøV Xxd2��SWÁ � � � � � V ÁÂd�¾½QTLD¼�U,O
	��,Á�>uQTX%	�X

NPXx¼½¼ Å bX�X�¾¬QTO
	�L » :RQTX5ÀøV Á�U,X�d¢¾TÁ ¾TO�U9V \MÀ�Á�	xX5XR¾+¼½SbdPd,Sbd�	xX Na
�2�;À » XxL?¾+X�dD¼½L,Á ¾TX 	xSbN NPXxd�	�X�Q+L,d,X Å L?¾½QTX5¼½Xx¼½¼½ÁÂSbd

Å ��X
	 "5SW¿ýXR¾%¼½XA� Å Á QTX »uÅ ¼½¼½X�Q » SbL?Q!\MÀ�Á�	�X Å L » Q':x¼)U,X	" SW¿ýX�dýÀÂLDÁ+Xxd2��S�� Å d�¾�ÀÂXsNPX�¼½¼ Å bX�_-� � � � V Åa» Q':�¼%ÀÂXNPXx¼½¼ Å bX%Ã¢L9V Á�À Å QTX ��L D"5Sa¿ » Xxd,¼½X%	�SbNPN%L,d,ÁÄÃ¢L,XRQ Å ��X
	%\MÀ�Á�	xX��+�;À9QTO » Sbd,U©U,Sbd�	!/�\MÀ�Á�	�X%	�SbNPNPX\À V Á�d,U,ÁÄÃ�LDX
À�X » QTSW¾TS 	xSbÀÂX��+�;À »�Å Q½¾TÁ�	�Á » X »�Å Q"	xXR¾®Xxd2��SbÁZ/ÏÀ Å ¼½X(	�Sbd,U,X)O�¾ Åa» X\UDX\À Å » QTX�NPÁ�:�QTX\¼½Xx¼½¼½ÁÂSbd � � _ X�d�¾½QTX0\MÀÂÁ�	�X\X�¾
]S� Å QTÀ�Á�XJX�¾^/MÀ Å ¼½X(	�Sbd,U,X5OR¾ Åa» XJU,X À Å ¼½X(	�Sbd,U,X5¼½X�¼½¼½Á�SWdÏ_-� _�Xxd�¾½QTX�]S� Å QTÀÂÁ�XJX�¾1"5SW¿ ��� 	�X ¼ ¾ Å U,XJUDL » QTSW¾TS 	xSbÀÂX�D
\MÀ�Á�	�X 	�SbNPN%L,d,ÁÄÃ�LDX Å ��X
	5]S� Å QTÀ�Á�X��+� Å Q>¼½L,ÁÂ¾TX�D§X�d � ���-D Åa» Q':x¼ Å �bSbÁÂQ>U,O
	��,Á�>uQTO0À�X0N Xx¼½¼ Å WX0QTX���L�D*\MÀ�Á�	xX¬QTX�d2��SbÁ�X
/�]S� Å QTÀ�ÁÂXÏÀ�X�¼\dDSWd+	�X�¼ Na

XR¾
Nb

	�Q1� » ¾TO�¼ »�Å Q%À Å 	xÀÂX(� » L,¿DÀÂÁÄÃ¢L,X pub(C)
D 	xSWNPNPXA	�XxÀ Å Xx¼ ¾)¼ » O
	xÁ<6DOÏU Å dD¼

À�X » QTSa¾TS-	xSWÀ�X��u]S� Å QTÀ�Á�X%	�Sbd�	�À�L?¾ Å À�SWQT¼�À Å ¼½X(	�Sbd,U,X\¼½X�¼½¼½Á�Sbd Å ��X
	$"5SW¿ »�Å Q®ÀÂX\NPX�¼½¼ Å bX%_ ���-�u]S� Å QTÀ�Á�X%	�Sbd,d Å?B ¾
Å Á�d,¼½Á=ÀÂX d,Sbd�	xX Nb

X�¾ "5SW¿ » X�dD¼½X »�Å QTÀ�XRQ5Xxds¾TSbL?¾TXM¼½O(	�L?QTÁÂ¾TO�/0\MÀÂÁ�	�X Å À�SWQT¼5Ã¢L9V Á�Àd	�SbNPN%L,d,ÁÄÃ�LDX X�d�� Å ÁÂ¾ Å ��X
	]S� Å QTÀ�Á�X��

1.1 A → C : {A,Na} 	�
� (C)

2.1 C → B : {A,Na} 	�
� (B)

2.2
XR¾

1.2 B → A : {Na, Nb} 	
�� (A)

1.3 A → C : {Nb} 	
�� (C)

2.3 C → B : {Nb} 	
�� (B)

]JX » QTSW¾TS-	�SbÀÂXM¼½X�Q½¾ /)O(	�� Å d�bX�Q5L,d,X�	�À�X
�8¼a�?NPOR¾½QTÁÄÃ�LDX Nb
X�d�¾½QTX�\MÀ�Á�	�X XR¾ " SW¿ � � V ÁÂd�¾½QTLD¼7	xSbd,d Å?B ¾�N Å Á�d?^¾TXxd Å d�¾�	�XR¾½¾TXf	�À�X
�cD=Á�À » X�L,¾ Å À�SaQT¼�	�Sbd�¾TÁ�d¢L,XRQ\¼ Å d,¼ Å L�	xL,d » QTSa¿�À�:xN X@/�O
	xSbL?¾TXRQ À�X�¼ NPXx¼½¼ Å bXx¼ Xxd2��S��bOx¼ »�Å Q

"5SW¿8/f\MÀÂÁ�	�X�D?À�X�¼�U,O(	��,Á�>uQTX�Q�XR¾�N@4�NPX�D,¼½X�� Å ÁÂQTX »�Å ¼½¼½XRQ » SbL?QG\MÀ�Á�	�X��,Z0d}X
>=XR¾(D,Á�À » X�L,¾5QTO » SWdDU?QTX%/ "5Sa¿©X�d
	��,Á�>uQ Å d�¾�¼½X�¼�QTO » Sbd,¼½Xx¼ WQ�.�	�X!/ À Å 	�À�X
�>¼a�.NPO�¾½QTÁ�Ã¢L,X Nb

�

�#�
	 � _��� ��� _� K ���c�:� �

� Å d,¼}À Å » QTX�NPÁ�:RQTX »�Å Q½¾TÁÂX�D d,SbL,¼}U,OR¾ Å Á�ÀÂÀ�Sbd,¼}À�X�¼}U,Á�>=ORQTXxd�¾TX�¼�	xSbN » SW¼ Å d�¾TXx¼�Ã¢L,ÁMÁÂd¢¾TXRQ1�?ÁÂXxd,d,Xxd�¾�U Å d,¼À Å ��ORQTÁ�6+	 Å ¾TÁ�Sbd�UDX » QTSa¾TS-	xSWÀ�X�¼@	�Q1� » ¾TS�WQ Åa» �,ÁÄÃ¢L,X�¼
�+KMSbL,¼ » QTO
	�Á�¼½Sbd,¼ÏÀ�X�¼PUDX�L�#�¾c� » Xx¼PU9V Á�d�¾½QTL,¼sÃ¢L,X©d,SbL,¼
O�¾TL,U,Á�Sbd,¼ »�Å Q}À Å ¼½L,Á ¾TX�Y ÀøV ÁÂd�¾½QTLD¼ »�Å ¼½¼½Á��)X�¾}ÀøV Á�d�¾½QTL,¼ Å 	R¾TÁ�� � � Å d,SW¾TÁ�SWd U,X�À V �2� » SW¾'��:�¼½X´U,Xk	��,Á�>uQTXxN Xxd�¾
»uÅ Q'� Å Á ¾)¼½X�Q Å O
 Å ÀÂXxN Xxd�¾%ÁÂd�¾½QTS.U,LDÁ ¾TX��CZ0À�ÀÂXÏ¼ ¾TÁ » L,À�XsÃ¢L,XPÀ�XP¼½XxL,À+NPS��bXxd U,XÏU,O
	��,Á�>uQTXRQ)L,d NPX�¼½¼ Å bXsX�¼ ¾)U,X
	xSbd,d Å?B ¾½QTX�¼ Å 	�À�X
��UDXsUDO
	��DÁ<>uQTXxNPX�d�¾(�1�0L,ÁÂ¼
D¬d,SbL,¼ Å �bSbd,¼�Q Å ¼½¼½X�N)¿DÀ�O}ÀÂXx¼ » QTÁ�d�	�Á »�Å L�# QTO�¼½L,ÀÂ¾ Å ¾T¼�X$#?Á�¼ ¾ Å d¢¾T¼Xxd;�bO�QTÁ<69	 Å ¾TÁÂSbd U,X » QTSW¾TS-	�SbÀÂXx¼%	�Q1� » ¾TS�aQ Åa» �DÁ�Ã¢L,Xx¼PY8UCV Å ¿=SWQTU ¼½SbL,¼%ÀøV � � » Sa¾'�+:�¼½XÏU,LY	��,Á�>uQTX�NPXxd�¾ »�Å Q'� Å ÁÂ¾(D
Xxd,¼½L,ÁÂ¾TX<ÀÂXx¼�U,Á<>9ORQTX�d¢¾T¼5QTO�¼½L,ÀÂ¾ Å ¾T¼�Ã�LDÁ=¾TXxd�¾TX�d�¾�U9V Å > Å ÁÂ¿DÀ�Á QG	xXR¾½¾TX�� � » Sa¾'�+:�¼½X<Xxd}Á�À�ÀÂL,¼ ¾½Q Å d�¾®U Å d,¼ 	�� Å 	�L,d�UDX�¼
	 Å ¼\À Å ¾'�,O�SWQTÁ�X »�Å Q%LDd X$#?XxN » ÀÂXÏU,X » QTSa¾TS-	xSWÀ�X��8Z0d�6Dd�Drd,SbL,¼%U,O( Å bXxSWdD¼\U,Á�>=O�QTX�d�¾T¼ » QTSa¾TS-	xSWÀ�X�¼)L?¾TÁ�ÀÂÁ�¼ Å d�¾À ÅP» QTS » QTÁÂO�¾TO%U9V �DSWNPSbNPSWQ » �,Á�¼½N X�¼½SbÁÂ¾ »�Å Q ÀÂXxL?Q�	�Sbd�	�X » ¾TÁ�SWd�N@4�NPX�Du¼½SbÁÂ¾ »�Å Q ÀÂX!	��,SbÁ<#�U,X%À Å NPO�¾'�,S.U,X)U,X
	��,Á�>uQTX�NPX�d¢¾8L,¾TÁÂÀ�ÁÂ¼½OxX�� � Å ¼½L,ÁÂ¾TX0U,XI	xXR¾½¾TX¬¾'��:�¼½X�D��~X�Q Å À V SW¿�] XR¾>U,X+ÀøV O�¾TL,U,XI	xXR¾½¾TX » QTS » QTÁÂO�¾TO+U9V �,SbNPSWNPSWQ » �,Á�¼½NPX�D
» X�L�O�¾TL,U,Á�O�X7] L,¼TÃ¢L9V / » QTO�¼½Xxd�¾(�

�
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KMSbL,¼ » QTS » Sb¼½Sbd,¼0U9V Å ¿=SWQTU U Å dD¼+À Å UDX�L�#?Á�:�NPX »uÅ Q½¾TÁ�X�U,X�À Å ¾'��:�¼½X�LDd,X�X
#.¾TX�d,¼½Á�Sbd UDLPNPS.U�:�À�X�U,X � SbÀÂX
�¢^
� Å S�Ã�LDÁ » XRQTNPXR¾�U,X » QTX�d,U,QTXsXxdY	�SbN » ¾TXsÀøV Å > Å ÁÂ¿DÀ�ÁÂ¼½¼½XxN Xxd�¾ U,X�ÀøV �2� » SW¾'��:x¼½XsU,Lr	��,Á�>uQTXxN Xxd�¾ »uÅ Q'� Å Á ¾�Xxd
ÁÂd�¾TO(WQ Å d¢¾!/�	�X NPS.U�:�À�X L,dDX�¾'�,O�SWQTÁ�X OxÃ¢L Å ¾TÁ�Sbd,d,X�À�À�Xf��ORQTÁ�6 Å d�¾%	xXRQ½¾ Å ÁÂdD¼�	�QTÁ ¾':�QTX�¼
� � X�QTXx¼ ¾TX�U,XPÀ Å ¼½X(	�Sbd,U,X
»�Å Q½¾TÁÂX�U,X 	�X�U,S-	xL,NPX�d�¾ 	�Sbd�	xXRQTd,X�À V ÁÂd¢¾½QTL,¼ »�Å ¼½¼½Á�� ��KMSbL,¼+OR¾ Å ¿DÀ�ÁÂ¼½¼½Sbd,¼0L,d,X Åa»,» QTS 	��,X�Ã¢L,Á?¾½Q Å ÁÂ¾TX5UDX�N Å d,Á�:RQTX
�,SbN S��:�dDXÏÀÂXx¼)U,Á�>=ORQTXxd�¾TX�¼\¾'�,O�SWQTÁ�X�¼)OxÃ¢L Å ¾TÁ�SWdDd,X�À�ÀÂXx¼<QTXxÀ Å ¾TÁ���X�¼0/�À Å}» QTS » QTÁ�OR¾TOÏU9V �,SbNPSbN SWQ » �DÁÂ¼½NPX��>KMSbL,¼QTX�U,OxN Sbd�¾½QTSbd,¼'U9V Å ¿=SWQTU%À�X0QTOx¼½L,ÀÂ¾ Å ¾ » SbL?Q'À�X » QTSW¿DÀ�:�NPX U,X U,O�U,L+	R¾TÁ�SWd�U Å d,¼'ÀÂX NPS.U�:�À�XJL,¼½L,XxÀ.U,X � SbÀÂX
�.^ � Å S�D
» L,Á�¼
D.d,SbL,¼ ÀÂX » QTSbL���SWdD¼ U Å d,¼ ÀÂX�	 Å U?QTX®U9V L,d�¼½X�L,Àu¼a�?N)¿=SbÀ�X��,SbN SbNPSWQ » �,ÁÄÃ¢L,XM¼½L?Q5L,dsS » ORQ Å ¾TXxL?QJN%L,d,Á=U,Xx¼
Å #?Á�SbN Xx¼�U,L � SbL�X$#�	�À�L,¼½Á��(�ÏX�¾�U,Xx¼ WQTSWL » X�¼ Å ¿9O�À�ÁÂXxd,¼
�,Z0d,¼½LDÁ ¾TX\d,SbL,¼ 	�Sbd,¼½Á�U,ORQTSbd,¼�À�X�	 Å ¼5S
	=	�X<¼a�?N)¿=SbÀÂX
�,SbN SbNPSWQ » �,ÁÄÃ¢L,X<X�¼ ¾�L,d,X��{Sbd�	R¾TÁ�Sbd�U,X�	��,Á�>uQTX�NPXxd�¾(D?X�¾5LDd,X��{SWd+	R¾TÁ�SWd}U,X�	��,Á<>=QTX�NPX�d�¾ 	xSWNPN%L?¾ Å ¾TÁ��bX » SbL?QÀÂXx¼'¾'�,O�SWQTÁ�X�¼¬OxÃ¢L Å ¾TÁ�Sbd,d,X�À�À�X�¼¬U,L � SbL X
#-	xÀÂLD¼½Á����)XR¾+UDX�¼[WQTSbL » X�¼ Å ¿=OxÀÂÁ�X�dD¼¬X�¾¬U,OxN Sbd�¾½QTSbd,¼0Ã¢L,X5À�X » QTSa¿�À�:xN X
U,X�U,O�U,L+	R¾TÁ�SWdýUDXsÀøV ÁÂd�¾½QTLD¼%X�¼ ¾ U,O
	xÁÂU Å ¿�ÀÂX�� q ÁÂd Å À�X�NPXxd�¾ d,SbL,¼%NPSbd�¾½QTSbd,¼�/©¾½Q Å �bX�QT¼%U,Xx¼%X
#.XxN » ÀÂXx¼�Ã�LDXsÀÂX
» QTSW¿DÀ�:xNPXÏU9V L,d,Á�6+	 Å ¾TÁ�SbdýXR¾%ÀÂX » QTSa¿�À�:xN XsU,XsU,O�UDL�	R¾TÁ�Sbd U,XsÀ V Á�d�¾½QTL,¼%NPS¢UDL,ÀÂS�LDd,XP¾'�DO�SWQTÁÂXÏO�Ã¢L Å ¾TÁÂSbd,d,XxÀÂÀ�X¼½SWd¢¾�U,XxL�# » QTSW¿DÀ�:�NPX�¼�Á�d,U,O » X�dDU Å d�¾T¼
�
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1 A → B : s⊕Ka

2 B → A : s⊕Ka ⊕Kb

3 A → B : s⊕Kb
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1 A → B : {A,Na} 5!6%7 (B)

2 B → A : {Na, Nb} 586)7 (A)

3 A → B : {Nb} 5!6%7 (B)

� 9WL ! X�� �Y6<4�9S=Á=Q9&�Y_m4è0�bD9;G�EVG�=@254\b"E � � X�4 qmg � ! L767E@=Q4 � 9;G I X%$ EHGm=@68A � _mLp=@EÁA;G � 4�L84Y=Á=Q4[=@2 � I 4 g 4 I =¥_dGP49S=Á=Q9&�7_n4��Y_dEhGP4ÎOm4Y_5=+Om9 I29 =@6<4:6 ! 9SXòE I�! 4"4YGÄO�6 !7I 4YG�L84 � $ _dGWEHGm=@67_ I Om9 I8I E J o � X 4 I =tG ! L<4 I8I 9;EV6<4 � 4"L8A;G I E � ! 6<4Y6_dG�EVGn=@67_ I 9TLp=@E J:�7_5E I 4BJY9;E@=ÆOm9 I8I 4Y6tOmA;_56¦_5G 9FRT4YGn=h25A;GwG 9 =Q4"4p=�9;EVG I EB98OTO�6<4YG � Nb I _aOTOmA I�!29 =@6<4 I 4<LY6<4p= o
G U



�S�������x��	 ���"	 �`� ���M!F*&$�������*��M!M�"!#���#�����1�����M��	 !M����	�� ���

R �Suws>uwy}ws<�S�<�lvF��~fÿU�w��ywy���{ ��z]uwy zfyT��s<u��>�SvY�<z 2BywÿU}Pÿpu5�Ú}�� �>���F�wuwzfs<ÿUuwy ��ÿpvps<ÿY�
s
{+yw��u��>�wzfs<�Sy�� �luwÿ~�ÿ`}ws<�S�<�dvp��~�ÿ`ÿ��K� �3X5skÿFyO2V��ywvp�<zf��y��wÿ��kvF�;}n�Svpzf����Î�wÿÚ~ � z�yT��s<u���}ms<z���ÿ��ÎÿFy�vp���"}w�<ÿS���� z�~+ÿ��K�k���pvFzf�m� �m~�ÿ �lu � uwy}ms<�;�<�dvF�S~�ÿÄ}ws����ÿYs��Tÿ[umy ��ÿpvps<ÿY�

s
ÿpy }ws����ÿFywvpÿ�� � uwy�zfyl��s<u��U�SvY�<z 2Î}P�������p�m�SyT�UvFÿYs��8�Sz�ywÿ��"va�;}n�Svpzf����p{^yw��u���mz«s<��y�� �luwÿÚ~�ÿ`}ws<���m~����Uÿ>�mÿ����Fvpu5s<zf��Úÿ��K�k���Fvpz��m� �m~fÿÚ}P��u5s¥vpÿp���<ÿ �U�d���p~�z��<���<z���y&�wÿ>~ � zfyl��s<u��p�b�B�����Uÿ>yw��u��~�ÿ ��ÿps�s<��y��]}m~�u��h�8��s<�Dz�~mÿ��K�]}P������z��m~fÿ �lu � uwyD}ws<�S�<�lvF��~fÿ ����z«� �3X5stvp��yT��s<ÿÎuwyDz�yT��s<u��t����ÿFv�vFÿYs��8�Sz�ywÿ��hvF�;}n�SvFz«�����mÿÎ���p�wuwvp�<zf��y\ÿp���lu � ÿFy\�Suw���Uÿpyl�8�;yl�t~�ÿÎ}P��u��T��zfst�wÿk~ � z�yT��s<u��B}n�;stuwywÿk�<x��p�Ss<z�ÿ ���lum�;�<zf��ywymÿp~�~fÿ�{l~�ÿÎ}ws<�S�<�dvp��~�ÿ}Æ�������F�wÿÚ�S~��Ss��uwymÿ{2H�Sz�~f~�ÿ`ÿp�Îywÿ ����zf��}m~�u�� �3X5sF�

4¥�S�<�Sy����luwÿ�~�� �	�Ys<z�
mvF�;�<z��Sy��mÿ[}ws<�S�<�dvp��~fÿ��UvYs��d}w�<���Ss8��}nxwz��luwÿ��U�m�Sy��U~�ÿ�vF���U� � uwy�zfyT��s<u��"}n������z 2 E o 4 o}Æ�SuwsÎ~�ÿ`}ms<� �n~����"ÿ>�wÿ>���p�muwvY�<z���y��wÿ>~ � z�yT��s<u��p{nvF��y��K�<z«�<umÿÚuwymÿ`}ws<ÿ��Uz��ps<ÿ��p�8��}Æÿ`y��Fvpÿ����<�Szfs<ÿM� 
my��mÿ �	�Ys<z�
mÿps~�ÿ¦}ms<� �n~����"ÿÚ�mÿ ���pvFu5s<zf��`�wÿ���}ws<�S�<�dvp��~�ÿ���vps��l}m�<�S�Ss8�;}mxwz��luwÿ��p�

\P]��P]�� ��� vÚ�'a����`ul� Nk� _��¥�	�M�w�+��� > a v¥�^��
<�^��a ]
R �Suws¥vp�����UÿpywvFÿYs 0\�Sym�S~f� ��ÿps¥ÿp� �	�ps<z 
mÿps¥~fÿ��Î}ws<�S�<�dvp��~�ÿ��kvYs��d}w�<���Ss8�;}mxwz��Tumÿ��p{�~�ÿ��kv7xwÿYs<v7xwÿpuws�k��yT� �U������p~�z����\~�ÿ�� 2V��ywvp�<zf��y�� �D�;�<x����D�;�<z��luwÿ��>�wÿ\v7xwz���s<ÿ��Uÿpyl�>}���s:�wÿ��W� �P� e��<ÿ��>yw��zfs<ÿ��p�W�wÿD�<ÿF~f~�ÿ ���Ss��<ÿ �luwÿ\~fÿ

��ÿFuw~ �"�a�Tÿpy��wÿM���Fv8xwz���s<ÿps¥uwy �Uÿ����<�;��ÿ:v7xwz �Ps�Mÿ��K�¦�wÿMvF��ywym�fef��s<ÿM~��\vp~�ÿ�2^�wÿM���Fv8xwz���s<ÿ��UÿFyT�F���Bÿp���<ÿ>xT�d}P����<x�����ÿ`vp��y���z��K�8�SyT��0"vp��y���z����Ys<ÿpsÎ~fÿ�� � �p�<xw�d�wÿ����mÿ¦v7xwz���s<ÿ��Uÿpyl�Îvp�����"ÿÚ�wÿ��K� �P� ef�<ÿ���yw��z«s<ÿ��#�\ÿ��K�k��}m}Pÿp~��pÿxl�l}Æ�;�<x�����ÿÚ�wÿÚv7xwz �Ps<ÿ��UÿpyT�Î}n�;s�2@�;zf�F��Bÿp���<ÿ`xT�d}P�S�<x�����ÿ>�:}Pÿps�"z��Î�wÿ`��s<��u��TÿYsk�wÿÚyw��� �ws<ÿpu���ÿ���2H�Sz�~f~�ÿ��Î�mz«�<ÿ��
�M~f����z��luwÿ��#� ��u5sÎ�mÿÚyw�����ms<ÿpu��[}ws<�S�<�lvF��~fÿ��p�

\P]��P]�� ( � > _P�`u ]
�+ÿ���}ws<�S�<�dvp��~�ÿ��+vps��d}w�<���;s8�;}mxmz��luwÿ��3u5�<zf~�z���ÿpyT�²�wÿ��3yw��� �ws<ÿ�� �S~��a���<��zfs<ÿ��Q��2�s8�Sz��'�¦�m�Sy��3~�ÿpu5s �K} �pvpz�
mva���<z���yÆ�

�BÿF~�� ��z���ywz�
mÿ �luwÿ~fÿ���py��ps8���<ÿFu5s��wÿyw��� �ws<ÿ��&�S~��F�;�<��z«s<ÿ����T�;s8�SyT�<zf��uwywÿW}ws<���n� �mz�~fzf��o2@�;z��m~�ÿ �luwÿ�wÿFu��ym��� �ws<ÿ����S~��F�;�<��z«s<ÿ�������zfÿFyT��zf�mÿpyT�<z��luwÿ��p���Bÿ���yw��� �ws<ÿ��Î�S~��F�;�<��z«s<ÿ������Syl�Î�;}w}PÿF~���� GPA;GPL<4 I ��4¥�Su�����u5}w}Æ������y���n�;y��B~�� ��uwz«�<ÿ �luwÿÎ�<�Su��B~�ÿ��Byw��ywvFÿ�� ����yT���wÿ��Bym��� �ws<ÿ��t�wz��K�<zfymvY��BÿY�tz��"}ws� �5z���z �n~fÿ��p{dÿY���luwÿky � z��"}P�Ss��<ÿ �Tumÿp~}���s��<z�vpzf}n�SyT�Îxw��ywyhVY�<ÿ`��u�}n����}muwz�����ÿÚ���Fy��Ys<ÿpsÎuwy�yw��ywvpÿ��
�+ÿ yw��� �ws<ÿ��wÿ yw��ywvFÿ��Äÿ��K�Ä}P�S�<ÿpyl�<zfÿF~f~�ÿ��Uÿpyl�Äzf~�~�z��Uzf��S{BvFÿ �luwzks<ÿpyw��~�� ���ps<z 
nvF�;�<zf��y��wÿ��\}ws<�S�<�lvF��~fÿ��vps��d}w�<���;s8�;}mxmz��luwÿ���zfym���pvFzf�m� �m~�ÿS��g¥ywÿ^s<ÿ��K��s<z�vY�<z��Sy�����u��TÿpyT�3vp��y���z����ps�pÿ]ÿ��K�+�wÿ��P�Ss<ywÿYs+~�ÿ]yw�����ms<ÿ]�wÿ]yw��ywvFÿ�� �vFÿp~��kywÿ���u%&U� }n����2H�;s<v����Uÿpyl�'0ks<ÿpym�5s<ÿt~�ÿB}ws<���m~����Uÿ����pvFzf�m� �m~�ÿ �D�Sz��^~����Tÿtuwy"�wÿ��²}P��z�yT�� �luwz5ÿ��K�x0k~ � �;s<z���zfymÿ�mÿ>~ � z�yw���pvFzf�n� �nzf~�z«�����4¥�S�<��y�� �luwÿM~fÿ 2H�Szf�¥�wÿ>vF��y���zf���Ys<ÿYs¦umy&yw��� �ws<ÿ �P�Ss<y��>�wÿ ��ÿ�����z���y��p{Pyw��u��k}ÆÿYs�UÿY�¥�wÿvF��y���zf���Ys<ÿYs �lu � z�~Æy � �[� �lu � uwy�yw�����ms<ÿ 
mywz��wÿ`yw��ywvFÿ���uw�<zf~�z�������ÿY���w��ywv`�wÿ`vp��y���z����ps<ÿYsÎ~�ÿ���ym�Symvpÿ���vF��� �Uÿ�mÿ��[vp��y��K�8�SyT�<ÿ��Ä�wÿFu�� 0è�wÿFu����wz��K�<z�ywvp�<ÿ��p{�vpÿ �luwz¥~����Tÿ �mÿpu���}Æ�Sz�yT���ÿ�����ÿFyT�<zfÿF~��[�mÿ�~ � z�yw���Fvpz��m� �mzf~�zf����wÿ~�� �	�Ys<z�
mvF�;�<z���y��wÿ��¥}ws<�S�<�dvp��~fÿ��¦vYs��d}w�<���Ss8�;}mxwz��luwÿ��p�bg¥ywÿU�Su5��s<ÿM}P������z �nzf~�z«��Uÿ��K�`�wÿ"vp��y���z����ps<ÿYsÚ~fÿ��¦yw��ywvFÿ��vF��� �Uÿ��wÿ��x2H�SymvY�<z��Sy��^���p}Pÿpym�m�SyT�<ÿ��]�mÿ����Uÿ����<�S��ÿ��]s<ÿ�5pu��^}ws�pv��p�wÿ����"ÿFyT�h�m�Sy��h~�� ��ÿ�����z��Sy�{Tvp�����Uÿ�~�ÿQ2H�Syl�r¦��r�~��Sywv7xwÿY��� r�~��&¡ G £m��u��k��� ÿFzf�mÿpy	�n�Sv7xW� � ÿFz¢�&� £mÿpy��U�d���p~�z��<�;yl�h~fÿ�� }ms<�;�<�dvF�S~�ÿ��^vps��d}w�<���;s8�;}mxmz��luwÿ��^�Ss�
Svpÿ

0Ú�wÿ��]vF~��Su���ÿ��B~f����z��Tumÿ��p�S�Bÿp���<ÿÎ�;}w}ms<�lv7xwÿÎz��"}m~fz��luwÿ �luwÿÎ�wÿFu��"ym�Symvpÿ�� ��ÿYs<��yT�B�wz�� �Ys<ÿFyT�� ��znÿp� ��ÿpum~fÿ��"ÿFyT� ��z~�ÿ�� �Uÿ����<�S��ÿ�� �pv7xm�Syw�����Î}ws�pv��p�wÿ����"ÿFyT� ����yT�¥�wz � �Ys<ÿpyl��p��Z`�Sy��kvpÿ>vF���kzf~ ��ÿÚ}Pÿpuw� �luwÿ>~�ÿ�� �pV��Uÿ��kyw��ywvFÿ��
����z�ÿpyT�>u5�<z�~fz������Ú�m�Sy��Ú�mÿpu�� ��ÿ�����zf��y�� �luwz]vp�����"ÿFywvpÿFyT�`}���s>~fÿ����pV��Uÿ��`}ws<ÿ��Uzfÿps���pv8xn�;ym�Sÿ��`�wÿ��Uÿ����<�S��ÿ��ÿp���w��ywvÚvp��yw�wumz���ÿFyT��0"�wÿ{2H�Su�����ÿ��Î�;���8���luwÿ��p��Rh~�u���}ws�pvFz������"ÿFyT�F{mÿFy[s<ÿY}ws����ÿpyT�8�SyT�Î~�ÿ���}ws<�S�<�dvp��~�ÿ��t}���sÎ�mÿ��vF~��Su���ÿ��3�wÿI�¥�Ss<yÆ{�r¦�ar�~��Sywv7xwÿY� �;uw�<�;s<z���ÿ �luwÿBv8xm���luwÿ �Uÿ����<�S��ÿ ����z«�²u5�<z�~�z����h}m~fu���zfÿFu5s�>2H�Sz��p{;�;z�y���zlzf~lvp��y���z����ps<ÿumyDyw��� �ws<ÿ¥yw��y �Æ�;s<y��Î�mÿ ��ÿ�����z���y��p� �3ÿ�}ms<�lvFÿ�����u��t�wÿks������~fuw�<zf��y\u5�<z�~�z����kywÿk�<ÿYs�UzfymÿÎ�m�SymvÎ}n���[2H�;s<v����Uÿpyl�ÿFy ���py��Ys8�S~@{ �D�Sz��:zf~ �U��yT��s<ÿ �luwÿD}P��u5s:�wÿ��>}ws<�S�<�dvp��~�ÿ��W� �D��s �lu����p� i"�\�8�S���SÿF�d��k`~����<ÿYs�Uz�ym�Sz�����yè�wÿ
�<�\}ms<�lv��p�wuws<ÿ:ÿ��K�Ú������u5s�FÿS���vF�Su���ÿ"�wÿ:~�� �U�l���p~�z��<�;�<z��SyW�wÿ��`yw��ywvFÿ��p{Ævpÿp���<ÿ>}ws<�dv��p�wu5s<ÿ:}PÿFu5� 2H��u5s<ywzfs`�wÿ
� 2H�Su�����ÿ�� �Ä�;���8���Tumÿ��p{n�����8���luwÿ�� �luwz�ywÿ`}Pÿpu���ÿFyT��}n���k���T��zfsÎ~�zfÿFu�ÿpy[}ws8�;�<z��luwÿS�

G �



����������	�
������	���������������������� ���"!#�"�%$&�'���)(&�����*�	,+�-.�"!)�

687�� � BFE��:6"C 8 C>E N����)ECC8 ; C�E 7

4¥��u��¦}ws����ÿFyT�<��y��`zfvFz ~fÿ��¦�mz � �ps<ÿpyT��¦s����uw~f�8�;��¦�mÿ:���Fvpz��m� �mz�~fzf��:ÿp�`� � zfym���pvFzf�m� �mz�~�z«��"ÿ��5z��K�8�SyT��¥}Æ�Suws`~fÿ}ws<���m~����UÿB�wÿ ���Fvpu5s<zf��BÿY� ~�ÿh}ws<���m~����UÿB�wÿt���F�wuwvY�<z���yM�wÿB~ � zfyT��s<u��p� ZÚ�;y��²uwy>}ms<ÿ��Uzfÿps²�<ÿ��"}�� yw��u��>2H�lva�S~fz�����y��yw�S��s<ÿ\�;���<ÿpyl�<zf��y ��uwsM~�ÿ�� �U�d���p~�ÿ�� �luwzBvp��y���z����Ys<ÿFyT�:~ � xT�d}P�S�<x�����ÿ\�wuèv7xwz �Ps<ÿ��UÿpyT�M}n�;s�2@�Sz«�F�>m]y���uwz«�<ÿ\yw��u��
�"��yT��s<��y��k~fÿ���s����uw~f�8�;���ÿ��dz��K�8�SyT�� �luwzÆ�<ÿFyT�<ÿpyT�Î� � �f�Æ�Sz��m~fzfskvpÿY���<ÿ`xT�d}P�S�<x�����ÿ��

��� xT�d}P�S�<x�����ÿ¦�wÿ`v8xwz���s<ÿ��"ÿFyT��}���s�2@�Sz«�Î�M}ÆÿYs�Uz���� � � �m�<ÿpywzfs��wÿ`yw�����ms<ÿpu��Äs����um~«�8�;�����uws�~�ÿ��t}ms<�;�<�dvF�S~�ÿ��vYs��d}w�<���Ss8��}nxwz��luwÿ��p���ks�
SvFÿ80DvFÿY���<ÿ �U�d���p~�z��<�;�<z���y �mÿ�� � �p�<xw�d�wÿ��¥�mÿMv8xmz ��s<ÿ��UÿpyT�F{P~�ÿ��¦v8xmÿYs<v8xmÿpu5s�¦��yT�¥}nu
��� �f��s8�Sywv7xwz«s"�wÿ\~��&vp���"}m~�ÿ �5zf�� �D�;�<x����D�;�<z��Tumÿ ����u�� ��l��Svpÿpyl�<ÿÄ�Su�� 2H�SymvY�<z��Sy��>vps��d}w�<���;s8�;}mxmz��luwÿ��>ÿp�:�Szfy���z
���ps<z 
nÿYsM~fÿ��`}ws<�S�<�dvp��~�ÿ��>vYs��d}w�<���Ss8�;}mxwz��Tumÿ��p�`4¥��u��Ú}ws����ÿFyT�<��y��>~�ÿ��Ú}ws<z�ywvpzf}n�Su��W��s8���S�Su��W�wÿDvFÿ��>�wÿYs<ywz��Ys<ÿ���;ymy��pÿ��h}P��u5sB~�� �	�Ys<z�
mvF�;�<z���yD�wÿk}ws<�S�<�dvp��~fÿ�� ���Su��B~ � xl�l}Æ�;�<x�����ÿk�wÿkv8xwz���s<ÿ��"ÿFyT�B}n�;s�2@�;zf�F���Bÿ��hs����uw~f�8�;�� ����yT�s�pvF�;}mzf�<uw~����]�m�Sy��h~��,F zf��u5s<ÿ�-d� G }n�S�SÿÎvpz�� vp��yT��s<ÿ��&mhy���uwzf�<ÿS{T�wÿ�yw��� �ws<ÿFu��:��s8���S�Su��K2Hu5s<ÿFyT�]��� �Tÿp~��S}w} ���]�m�Sy��~ � �S}w�<z��luwÿ�� � �f�Æ�Sz��m~�z«s]vFÿY���<ÿtxT�d}P�S�<x�����ÿt�mu:v7xwz �Ps<ÿ��UÿpyT�^}n�;s�2H�Szf� }P��u5s'Vp��s<ÿh}m~�u�� }ws<�dv7xwÿ��wÿB}ws<z��Uz«�<z��Tÿ�� vps��d}���<�S�Ss8�;}mxwz��luwÿ��p{�ÿY�²ywÿ]}n~fu��²~�ÿ��3vp��y���z����ps<ÿYs²vp�����Uÿh�wÿ�� �Æ�fe��<ÿ��3yw��z«s<ÿ��p� �3� �D� lKÿpu5s<ÿ]}n�;s��<z�ÿh�wÿBvpÿ��+��s8�����Su��`ÿ��K�
�n�����pÿ ��u5s`~ � � lK��u5�`�wÿM}ms<�;}ms<z��p����`�S~������ws<z��Tumÿ��¦�m�Sy��`~�� �"�d���F~fz��<�;�<zf��yW�wÿ��¥}ms<�;�<�dvF�S~�ÿ��¦vYs��d}w�<���Ss8�;}mxwz��luwÿ��p�
�Bÿp~��"}Pÿps�UÿY�k�wÿMvF�;}w�<u5s<ÿpsk~�ÿ�� �K} �Fvpz�
mvpzf����k�wÿ���2H��ywvY�<z���y��kvYs��d}w�<���Ss8��}nxwz��luwÿ��ku5�<zf~�z����pÿ��kÿp� �p�T�S~fÿ��UÿpyT�¥vpÿps���8�;z�ywÿ��B}ws<�S}ws<z��Y������;~���� �ws<z��luwÿ�� �Tumÿ¥~fÿ¥}ws<�S�<�dvp��~fÿ¥uw�<zf~�z���ÿ¦�wÿ¥}n�;s�� �<�:vp��ywvFÿY}w�<z���y �8V��UÿS�S4¥��u��B}ws����ÿpyT�<��y��
�Tumÿp~��Tumÿ�� � uwy��¥�mÿ��Î}ms<zfywvFz«}��;u�����s8���S�Su���ÿ �5z��K�8�SyT�� �luwz3�f�Æ�Sz��m~fz�����ÿpyl�¦~ � xT�d}P�S�<x�����ÿM�wÿMv7xwz �Ps<ÿ��UÿpyT�¥}n�;s�2H�Szf�F�
g¥ywÿ �5uwÿ �K�dyl�<x��Y�<z��luwÿ[�mÿ�vpÿ��:s����uw~f�8����Uÿ��K�U�m�Symy��pÿ��n�;y��"~�� 
m��u5s<ÿ -d�B- }n�S��ÿ -��d{ }P��u5sDuwywÿ �dumÿÄ}m~�u��vp���"}m~��p�<ÿ`v)2[���[Z �D¡���£ �

�3�Su��"vpÿ��Ms����uw~«�8�;��82Vuws<ÿpyT�"���w�<ÿFylu��"�m�Sy��U�wz � �Ys<ÿpyl�� �U�d���p~�ÿ��"vp�����Uÿ[~fÿ �K}nz � va�;~�vpum~ � |#�j�&� £Á{ ~��&s���
�pvYs<zf�<u5s<ÿ\�mÿ �Muw~f�<z�� ÿpy���ÿ����n~fÿ��p{ ~fÿ��MvF~��Su���ÿ��:�wÿ �¥�Ss<y � r�~��&¡ G {D4#4{��¡�-d{'�¥��uh¡��f£Á{²��uñÿpywvF�;s<ÿÄ~fÿ��O� �K��s8�;ym�
�K}n�Svpÿ����O� F �{�j�&U £ ��4¥��u�� �pym�Syh5p��y��t~�ÿ��Bs����uw~f�8�;�� �<�Sy�� �Uÿpyl�<zf��ywywÿps�~�ÿ �"�d���F~fÿ¥uw�<zf~�z�����{5vF�;stz�~�ÿ��K��� � u��<�S�Sÿ� � �SvFvpÿY}m�<ÿYs �luwÿ\vFÿ��>s����um~«�8�;��>s<ÿ��K�<ÿFyT� �S�S~�zf�mÿpyT�:�m�Sy��:~fÿ��M�Su5��s<ÿ�� �"�d���F~fÿ��p�DY�~Bÿ �5z��K�<ÿ\� �ò�Szf~�~fÿFu5s�MvFÿYs��8�Sz�y����s8�����Su�� �luwz'2H��yT�Ú~�ÿU~fz�ÿpy ÿpyT��s<ÿ"~�ÿ��Ú�mz � �ps<ÿpyT����U�l���p~�ÿ��`}ws<�S}P�������p{+vp�����UÿU~fÿ"}n�;}mz�ÿYs>�wÿ��n��r�z��K�8�;s<ÿp~�~fz 4p=9SXòEVE � r�� �`|�¡ � £ �Tumz�}Pÿps�"ÿp���wÿ 2@�Sz«s<ÿ¦~�ÿ¦~fz�ÿpy[ÿFyT��s<ÿ¦~�ÿ����S~f�����ws<ÿ����wÿ¥}ms<�lvFÿ�����u���ÿY��~��Ms���pvps<z«�<uws<ÿ¥�wÿ �Muw~f�<z �ÿpy���ÿ����n~fÿ�����u[vp�����Uÿ¥~�ÿ¥}n�;}mz�ÿYs��mÿ@�BÿYs��Tÿ��<�;�<� 4p=B9SXòEHE ���[Z | + ¡&¡f£ �luwzPs<ÿp~�zfÿ¦~�ÿ����K��s8�Syw����ÿY��~��>s���FvYs<zf�<u5s<ÿ
�>uw�<~fz�� ÿpy���ÿ�� �m~fÿ��p�
\�]��F]%^ r2= �`_ � � vÚ�'a����`ul�ON s _��¥�	�>�m�+��� > awv¥� � 
��]��a ]

Z`�Sy��^vpÿY���<ÿ ��ÿpvp�<zf��yÆ{Sym�Su��²}ws����ÿpyT�<��y��^~�ÿ�� }ws<zfymvpzf}n�Su��>s����um~«�8�;�� �wÿ �	�Ys<z�
mvF�;�<z��Sy:�mÿB}ms<�;�<�dvF�S~�ÿ�� vps��l}m�<� ��;s8�;}mxmz��luwÿ�� �p�8� �m~fz�� ����u�� ~ � xT�d}P�S�<x�����ÿB�wu:v8xmz ��s<ÿ��UÿpyT�²}���s�2@�Sz«�F�f4¥�Su��3s8�;}w}Pÿp~���y�� �luwÿ ����u�� vpÿY���<ÿBxT�d}P�S�<x�����ÿ~fÿ ��ÿpuw~ �U�a�Tÿpy&�wÿÚs<ÿY��s<��u��TÿYsk~�ÿ��Uÿ����<�S��ÿ>v7xwz �Ps�`}n�;skumy �;~����Ss<z«�<x��Uÿ>�wÿ>v8xwz���s<ÿ��UÿFyT�kÿ��K�¥�wÿÚvF��ywym�fef��s<ÿÚ~��vp~�ÿ�2Î�wÿ[���pv8xmz ��s<ÿ��UÿpyT�F� �+ÿ��M}ms<z��Uzf�<z �Tÿ��UvYs��d}w�<���Ss8��}nxwz��luwÿ�� ����yT�\�;~��Ss� �5uwÿ��"vp�����Uÿ[�wÿ�� �P� ef�<ÿ��:yw��zfs<ÿ��p�
�+ÿ��Î}ws<�S}ws<z��p����¥�S~f�����ws<z��luwÿ��Î�wÿ��F2H��ywvY�<z���y��Î�wÿ>v8xmz ��s<ÿ��UÿpyT�¥ywÿ ����yT�Î}n���¥�S~f�Ss�Î}ws<z���ÿ��kÿpy&vp���"}w�<ÿÚ�n�;y��Î~��
���ps<z 
nvF�;�<zf��yW�wÿ��¦}ws<�S�<�dvp��~�ÿ��p� �+ÿ:�8� �m~fÿa�Su -d� G }n�S��ÿ:vFz � vF��yT��s<ÿ:s����u��"ÿU~fÿ��¥}ws<z�ywvpzf}n�Su�� s����uw~f�8�;��¦�mÿ:���Fvpz���m� �mzf~�zf��¦ÿp��� � z�yw���pvFzf�n� �nzf~�z«��Úÿ �5z��K�8�;yl��t}P��u5sÎ~�� �	�Ys<z�
mvF�;�<z���y[�wÿ`}ws<�S�<�dvp��~fÿ���vYs��d}w�<���Ss8��}nxwz��luwÿ�������u��Îvpÿp���<ÿxT�d}P�S�<x�����ÿ��
}~��`~,��~,� 	 ) �������)��� ��
��¢����
C)��.�
D� �>���,���*)�~
�+ÿ��"}ws<�S�<�lvF��~fÿ��:vps��l}m�<�S�Ss8�;}mxwz��luwÿ�� ����yT������u��Tÿpyl�U���pvps<z«������Su��82V�Ss�Uÿ��wÿÄ}PÿY�<zf��:}ws<���;s8�����Uÿ�����z��:}n~fÿ��p�
�l��u��TÿpyT�\~fÿ��:}ms<�;�<�dvF�S~�ÿ��Uvps��l}m�<�S�Ss8�;}mxwz��luwÿ�������yT�\vp��y��K�<zf�<u����U� � uwywÿ �����luwÿFywvpÿ��wÿ �Uÿ����<�S��ÿ��DÿFy	�T�F�	���UÿY�s<ÿ�5pu��p{²vpÿ��M�S} �ps8���<z���y�� ����yT�:ÿ�� �Fvpu5��Fÿ��>ÿFyw2V��ywvp�<zf��yè�wuè���Ys<��uw~�ÿ��UÿpyT�"�wuè}ws<�S�<�lvF��~fÿ����Bÿp���<ÿD�mÿ���vYs<zf}w�<z���yvp��ywvpz���ÿ&ywÿ�s<ÿFyw��}n���U}P��u5s[�Su5�8�SyT�Ä~�� ���ps<z 
nvF�;�<zf��y��Sz����FÿS�D� �ps<z 
nÿYs\uwy�}ws<�S�<�dvp��~�ÿ�vYs��d}w�<���Ss8�;}mxwz��luwÿ�ÿFy�<�Suw�<ÿ"���py��ps8�;~�zf��"ÿ��K�Úuwy}ws<���m~����UÿUz�yw���pvFzf�n� �n~fÿ�� � � z�yw���Fvpz��m� �mzf~�zf��:}ms<���5z�ÿpyT�>�mÿ:}n~fu���z�ÿpuws�>���K}PÿFvY��`�mÿ"~��
�"�d���F~fz��<�;�<zf��y��wÿ��t}ws<�S�<�dvp��~�ÿ��p{5vp�����Uÿ`~fÿ¦yw��� �ws<ÿ`yw��y �P�Ss<y��¦�wÿ ��ÿ�����zf��y��p{m~��M~���yw��uwÿpu5sÎ�wÿ����Uÿ����<�S��ÿ��p{w~��

- ¡



�S�������j�"!)- �q������!#���S	�!)��� ����!)�

���
	������������������
� � ����� ��� �

���
	���������������� ������� � � ����� ��� �
!
" � � ������#$� %'&��(#�������#$� �

)+* ,.-0/1,2)+*�354�6�798;:
<>=@?BA$CED

FG" �IH �J���( "�KML

N2O
P(Q )9R P$S(T 6�:
<>U5V'W�X Y[Z'Z\A$CED

FG" �]H �J���( "�KML

N2O
P(Q )9R P$S(T 6 :
<>U@V'W$X�Y[ZMZ\A$C^Y�_@`ba�c
d$d^Y�efZ\A g+D

h\��� H
i � i j���k	�� ��� " H ������ ��� L
_@U�l /m, ? N a�U ,2)+*�354�6�:98
<n_[`�a�c
d�d�Y0Z�o5=

+
A X T D

h\��� H
i � i p���k	�� ��� " H ������ ��� L

N2O
P$Q )qR P$S$T 6�: <>_@`ba�c
d$d^Y�efZ\A g+D

" &��(#r��� �I� � i��9s2t �( 	k� � ����� i � ��u " � K � � L
_ Q )9R P$S(T 6 : <n=0c
A X S D

v5�� t ��#�� K � � 	 " �w i � � L
U�l /1, ? N a�U

<nx / A XyD

h\��� H
i � i j���k	�� ��� " H ������ ����z
v5�� t ��#�� K � �]{ �� t �J	��J� t|t+}b~ � �

�q���J� t���t � �p� � { �( " � K � � L
_ Q )qR P$S$T 6�: <>` *�� d WyD

v@�� t ��#�� K � � 	 " �w i � � L
_ Q )qR P$S$T 6�: <>=0c
A X T D

�r����#$� ~B� � L
_@U�l /m, ? N a�U ,2)+*�354�6�:98

<yZ�`'Z\A X�Y\c1��A��yD

v5�� t ��#�� K � �I~B� � H�s2~ �
� H L

/1, ? N a�U�<n_j��W$XyD

�|�;�f��-d� G�� R]s<z�ywvpzf}n�Su��[s����uw~f�8�;���ÿ��dz��K�8�SyT�� ����u��Î~ � xl�l}Æ�;�<x�����ÿ`�mÿ`v8xmz ��s<ÿ��UÿpyT�Î}n�;s�2H�Szf�F�

- G



����������	�
������	���������������������� ���"!#�"�%$&�'���)(&�����*�	,+�-.�"!)�

���Fy��Ys8�;�<z���y[�wÿÚyw��ywvpÿ��p��4¥��u������pvps<z �T��y�� ��uwvFvpz�ywvY�<ÿ��UÿpyT� �luwÿF~��luwÿ�� � uwy����wÿ���}ws<zfymvpzf}n�Su��Äs����uw~f�8�;���� � zfym��� �vpz��m� �mzf~�zf��`ÿ �5z��K�8�SyT���}Æ�SuwsÎ~fÿ`}ws<���m~����UÿÚ�wÿ����pvFu5s<z«�������u���~ � xT�d}P�S�<x�����ÿÚ�wÿÚv8xwz���s<ÿ��"ÿFyT�Î}n�;s�2H�Szf�F�
�lzwym�Su��^vF�Sy���zf���ps<��y��]uwyUyw��� �ws<ÿ��P�Ss<y����wÿ ��ÿ�����z���y��p{T~ � zfym���pvFzf�m� �mz�~�z«���}ws<���5z�ÿpyT�B�S~f�Ss�]�wÿ�~��¦���py��Ys8�;�<zf��y�wÿ���yw��ywvpÿ��p��R]~�u���z�ÿpu5s��vF�d�m�S�Sÿ����wu[}ws<���m~����Uÿ`�wÿ¦vF�;s�s<ÿ��K}P��yw�m�SywvFÿ¦�mÿ R ���K�@� Z#� U � £ ����yT��}ws<�S}P���������m�Sy��vpÿ>vF���p�b�n��m��Tÿpy&ÿY�,�M��¥��~��5s<ÿpz�v8x �U��yT��s<ÿFyT�¥ÿpy�uw�<zf~�z��<�SyT�¥vFÿ`}ws<���m~����Uÿ>z�yw���Fvpz��m� �m~�ÿ �luwÿÚ~�ÿÚ}ws<���m~����UÿÚ�wÿ

���pvpuws<z«��"}P��u5sÚuwyym��� �ws<ÿ �P�Ss<y��U�wÿUyw��ywvFÿ��`s<ÿ��K�<ÿUÿpywvF�Ss<ÿ"zfym���pvFzf�m� �m~�ÿO� mP�jU � £ ��Z¦ÿ �pV��"ÿA�M�>�B���U��y��
�+uwyw�mx\ÿp�I�:���B�Ss��<z�ÿYs ���Q��¡ G £n}ws<��u��TÿFyT���luwÿk~�ÿÎ}ws<���m~����Uÿ¥ÿ��K�tÿpymvp�Ss<ÿkzfyw���pvpz��m� �m~�ÿ �pV��Uÿ �<�Sy��tu5�<z�~fz���ÿYst�wÿvp~�ÿ�2 �²vp���"}P�����pÿ��p�fZ`�Sy��²vFÿ��²�mÿpu��M�;}w}ws<�dv7xwÿ��p{S~ � zfym���pvFzf�m� �mz�~�z«��B}ws<���5zfÿFyT� �wuK2@�Sz«� �luwÿB~��Î�8�Szf~�~�ÿB�wÿ�� �Uÿ����<�S��ÿ��y � ÿ��K��}�� � �P�Ss<y��FÿS�

mhy G �&�&�d{b4M�bZ`u5s<��zfy 4Y=¦9SX o � Z �`|o�S�&� £ �U��yT��s<ÿFyT�Ú~ � z�yw���Fvpz��m� �mz�~fzf��U�wu�}ms<� �n~����"ÿU�wÿ����pvpuws<z«�� �pV��"ÿÿpy �P�Ss<ym�SyT�M~����8�;z�~�~fÿ\�wÿ �"ÿ����<�S�Sÿ��p�>Y�~��>}ws<��u��TÿFyT�:~fÿFu5sMs����uw~f�8�;�Mÿpyèvp�d�m�SyT�:~������Fy��Ys8�;�<z��Syè�wÿ\yw��ywvFÿ���ÿFyvp~��;u���ÿ��>ÿ��dz��K�<ÿpyl�<zfÿF~f~�ÿ��>�wÿ2�¥�Ss<y �;s�
SvFÿD�Su���}ms<z��Uzf�<z �Tÿ��M�wÿDv8xwz���s<ÿ��"ÿFyT�MÿY�>�wÿDvF�Sy��K��s<uwvY�<z���y�mÿU}n�Sz«s<ÿD�wÿ
�"ÿ����<�S�Sÿ��p��R^��s>uwywÿU�Sym�S~f����ÿ:}m~�u�� 
mywÿS{��>�Æ| �D�S�wzf��ÿY�,� �D�Bxm�;s8�;�<��ywz �d� |#��¡�- £ �U��yT��s<ÿpyT�F{�ÿFyWu5�<z�~fz��<�SyT�uwywz��Tumÿ��UÿpyT�Î~��M}ws<z��Uz«�<z��Tÿ`�wÿ`v8xwz���s<ÿ��UÿFyT�F{��luwÿ`~�ÿ¦}ws<���m~����Uÿ¦�mÿ ���pvFu5s<zf��¦ÿ��K�Îzfyw���pvpz��m� �m~�ÿ`ÿFy[vF�l�n�;yl��uwywÿ
�U�Sv7xwzfymÿÚ�wÿ �+uws<zfyw�10"�wÿpu��[vF���"}w�<ÿFu5s�p�
}~��`~,��~�} 	 ) �������)��� ��
`� 
C)��.�
D� �>���,�¢�G)�~
|k}ws���B���T�SzfsBzf�mÿpyT�<z�
��Î~�ÿ��]}ws<z�ywvpzf}n�S~�ÿ��]s8�Sz�����y��h�wÿk~ � zfym���pvFzf�m� �mz�~�z«��Î�muU}ws<���m~����UÿÎ�mÿ ���Fvpu5s<zf���}P��u5sB~�ÿ��]}ws<����<�lvF��~fÿ��]vYs��d}w�<���Ss8�;}mxwz��Tumÿ�������u��h~ � xT�d}P�S�<x�����ÿÎ�wuDv7xwz �Ps<ÿ��UÿpyT�h}n�;s�2H�Szf�F{�vF��� �UÿÎ~��`~��Sym�Sumÿpu5sB�wÿ����Uÿ����<�;��ÿ��p{~fÿ�yw�����ms<ÿ��wÿ ��ÿ�����z��Sy��^��u"ÿFywvp�Ss<ÿ�~fÿ�yw��� �ws<ÿ�yw��y �Æ�;s<y����wÿ�yw��ywvFÿ��p{�yw��u�� }ms����ÿpyl�<�Sy��^~�ÿ�� s����uw~«�8�;��^�wÿ������vpz��m� �mzf~�zf�� ���Su��²vFÿY���<ÿhxT�d}P�S�<x�����ÿB�wuMv7xwz �Ps<ÿ��UÿpyT� }n�;s�2H�Szf�F�&�Bÿ��3s����uw~f�8�;��²y��Fvpÿ�����zf�<ÿpyl�²�wÿ[2H�Ss��<ÿ��3s<ÿ��K��s<z�vY�<z���y��
��u5sÎ~�ÿ���}ws<�S�<�dvp��~�ÿ���}P��u5s ���dzf�<ÿYsÎ~ � z�yw���pvFzf�n� �nzf~�z«�������u�� ��l��SvpÿFyT�<ÿ@0"vFÿ¦}ws<���m~����UÿS�

| V��"ÿ ��zn~�ÿkyw��� �ws<ÿk�wÿ ��ÿ�����z���y��Bÿ��K� ��u5}m}P����� �P�Ss<y��S{lÿp� ��z�~fÿkyw��� �ws<ÿk�mÿkyw��ywvFÿ��Bu5�<z�~fz������Bÿ��K�B~�uwzP�;u�����z
�P�Ss<y��S{²z�~By � ÿ��K�M}�� �K2@�Svpz�~fÿÄ�wÿ �U��yT��s<ÿYs��luwÿÄ~fÿ\}ws<���m~����UÿÄ�wÿ ���pvFu5s<z«��Äÿ��K�:���Fvpz��m� �m~fÿ�{²vF�;s:~ � zfyT��s<u��M}Pÿpu5�ÿpyw��ÿpym�5s<ÿYs�umy[yw�����ms<ÿ¦z�y�
mymzP�wÿ �Uÿ����<�S��ÿ��p��|è� �Îu���z�yw���Îz«�<v7x[ÿp��|è�"�+uws<um�Sywz�� �@�Q¡ G £��Syl���Y�<ÿFyw�wu[~ � �p�<uw�wÿ
�"ÿFy��pÿk}���sJ�Ú�d| �D�S�wz�� 4p=h9SX o � | ���j¡�-�£Pÿp�B}ws<�S}P����ÿpyT��umywÿk}ws<�dv��F�wu5s<ÿk�mÿ¥���pvFz���z���yÄvp���q4#R�� vp���"}m~��Y�<ÿk}P��u5s~fÿÚ}ws<���m~����UÿÚ�mÿ����Fvpu5s<zf��>���Tÿpv>uwy&yw�����ms<ÿ��P�Ss<y��>�wÿ���ÿ�����zf��y�� ����u��k~ � xT�d}P�S�<x�����ÿ>�wÿ>v8xwz���s<ÿ��"ÿFyT�k}n�;s�2H�Szf�F{�m�Sy���~fÿ �U�d���F~fÿ¦� �ò�����8���lum�SyT���mÿ#Z¦��~�ÿ � � !B�;�w�S4¥��u���ÿ �d}m~�z��luw��y���ÿFyÄ���p�8�;z�~PvFÿ �U�d���F~fÿ¦�m�Sy���~�� ��ÿpvp�<zf��y � � G}n�S�Sÿ{T+�l�

g¥yÄ�wÿ��B}ws<ÿ��"z�ÿYs�ts����uw~f�8�;��B�m�Sy���vpÿk�m���D�Sz�ywÿ¥ÿ��K�t~fÿks����uw~f�8�����wÿ#Z:��Z¦��~�ÿ � 4p=h9SX o }P��u5s�~fÿ��h}ms<�;�<�dvF�S~�ÿ��}mzfym� �Á}Æ�Sym�WÿFyT��s<ÿ[�wÿpu��è}n�;s��<zfvFz«}n�SyT��O� ZH!{U � £ { �&n�v8xm���luwÿ[}n�;s��<zfvFz«}n�SyT�DywÿA2@�Sz«� �lu �ò��}m}m~fz��luwÿYsDuwywÿ ��uwz«�<ÿ� � �S} �ps8�;�<ÿpu5s� ��u5s¥~�ÿ �Uÿ����<�S��ÿ �lu � zf~²�Us<ÿ�5Fu&ÿp�Îs<ÿpy ����z�ÿMÿpy���uwzf�<ÿM~fÿ �Uÿ����<�S��ÿ:�Szfy���z3���Fy��Ys������� �Y�<uw�wÿM�wÿ>vpÿ��}ws<�S�<�lvF��~fÿ��>}mz�yw���Á}P��yw� }PÿYs�Uÿp�:� � ���w�<ÿpywzfs:umywÿ\}ws<�dv��p�wu5s<ÿÄÿpyè�<ÿ��:} �>}P��~f�dym���Uz��S~ i"�WR�� �PY�| m ��k`}P��u5ss������uw�5s<ÿ ~fÿ&}ws<���m~����Uÿ �wÿ ���Fvpu5s<zf��&�wÿ vpÿ��D}ws<�S�<�dvp��~fÿ��Dÿp�\vFÿS{ �pV��"ÿ&}P��u5sÄumy yw��� �ws<ÿ yw��y�� �Æ�;s<y��&�wÿ
��ÿ�����z��Sy��p�

mhy G �&U&�d{��M���+���tÿj� �+���#�&U�£m�¥���w�<ÿpydu:uwyMs����uw~f�8���^�wÿ����Fvpz��m� �mz�~fzf��B}P��u5s]~fÿB}ms<� �n~����"ÿ��wÿ����pvpuws<z«������TÿpvuwyUyw�����ms<ÿ�yw��y �P�Ss<y����mÿ�yw��ywvFÿ�� }P��u5s]uwymÿ ���Su�� � vp~�� ����ÿ�}n�;s��<z�vpuw~�z��ps<ÿ��wÿt}ws<�S�<�dvp��~�ÿ��p�&Z`�Sy����<� ����u�� � vF~�������ÿ�wÿ>}ws<�S�<�dvp��~�ÿ��p{Pzf~ � ��u5}w}P�����"~��D�8�Sz�~f~�ÿM�wÿ�� �Uÿ����<�S��ÿ�� ��ÿFvYs<ÿY�� �Æ�;s<y��pÿS{�ÿp� �luwÿMv7xm���Tumÿ>}n�;s��<z�vpzf}n�SyT�¥}muwz�����ÿ�;yn�;~f����ÿYsk~fÿ�� �Uÿ����<�S��ÿ���s<ÿ)5pu��ÎÿY� �Tumÿ`~�ÿ��Îzf�wÿFyT�<zf���� ���Sz�ÿpyl�Îzfy�2 �Ys8� �m~�ÿ���0:}���s��<zfsÎ�wÿ��"ÿ����<�S�Sÿ��p�
�Ú�M�k���D�;yduflK��� ÿY�F�n�h�lu5s<ÿ���x �Y�<uw�wz�ÿpyl�B~�ÿÎva���B� n\~�ÿÎym��� �ws<ÿ¥�mÿÎym�Symvpÿ��By � ÿ��K�h}n��� �P�Ss<y���{lÿpy\vp��y���z���� �s8�;yl� �mz�ÿpy �3X5s �wÿFu��Ús<ÿ��K��s<z�vY�<z���y��p� R]s<ÿ��Uz��Ys<ÿ��"ÿFyT�F{;zf~��3}ws<��u��TÿFyT� �luwÿB~�ÿh}ws<���m~����UÿB�wÿ ���Fvpu5s<zf��Bÿ��K� ���Fvpz��m� �m~fÿÿpy���u5}w}P���<�SyT� �luwÿ�~��¥�8�Sz�~f~�ÿ��mÿ����"ÿ����<�S�Sÿ�� ���Szf���P�Ss<y��pÿ�ÿY� �lu �ò�;umvpuwy ���Su�� �Á�<ÿYs�Uÿ��]� � uwy��Uÿ����<�S��ÿÎywÿ�}muwz�����ÿ

VY��s<ÿMuwywz�
��:���Tÿpv:uwy ����u�� �Á�<ÿps�"ÿ:� � uwyW�;uw��s<ÿ �Uÿ����<�;��ÿA� � �S¡ � � £Á�Z`�Sy��¥uwy �mÿpu��5z����Uÿ>�<ÿ��"}��K� � ��¡ � ��£ {Pzf~��
2V�Ss<vpÿFyT�¦~��DvF��yw�wzf�<zf��y��wÿMym�Sy�uwywz�
mvF�;�<z��Sy��wÿ�� ����u�� �Á�<ÿps�Uÿ��¦v8xwz���s���¦ÿpy�z��"}P���<�SyT���luwÿ>�<��u�� ���Su�� �Á�<ÿYs�Uÿ��v8xwz���s��������z�ÿpyT� �D�;s �Tu����{i"�`�8�S�S��ÿF�O��k^}���s�uwy[ym��� �ws<ÿj2Vs8�Sz��p���l��u���vFÿY���<ÿ¥yw��u��Tÿp~�~�ÿ¥vF�Sym�wz«�<z���y[ÿY�t}Æ�Suws�umyyw�����ms<ÿ>yw��y �P�Ss<y��Ú�mÿÚyw��ywvpÿ��ÎÿY�kuwywÿÚ�8�Szf~�~fÿÚ�mÿ��"ÿ����<�S�Sÿ>yw��y �Æ�;s<y��pÿS{nzf~��k�����U��yT��s<ÿpyl� �luwÿ>~fÿ`}ms<� �n~����"ÿ

-�-



�S�������j�"!)- �q������!#���S	�!)��� ����!)�

�mÿ ���pvFu5s<z«��Äÿ��K�M���pvpz��m� �m~�ÿS��|��S~fxmÿpu5s<ÿFu���ÿ��Uÿpyl�M�<��u��M~�ÿ��M}ws<�S�<�dvp��~fÿ��Mywÿ �	�Ys<z�
mÿFyT�M}n���:vpÿY���<ÿDs<ÿ��K��s<z�vY�<z���yÆ{}���sDÿ��dÿ��"}m~fÿ�~�ÿÄ}ws<�S�<�dvp��~�ÿ[�mÿ !h�Sxm�S~���� � r�|#4jU �d{'R^�Suh¡ G {����.���)£Î�&n�vpÿYs��8�Sz�y����Uÿ����<�S��ÿ��Uv7xwz���s��������yT�s<ÿFy	�T�a�����F0"uwy&�Su5��s<ÿ`}n�;s��<zfvFz«}n�SyT� �<�Sy���}P��u��T�Szfs�VY��s<ÿ`���pv7xwz���s���p�
Y�~]ÿ �5z��K�<ÿD�wÿ\yw�����ms<ÿpu��W��s8���S�Su�� � � �'��¡ � {'� ��� + ¡ � �+{`Z �`|o�S�&� £B�m�Sy��M~fÿ���luwÿp~��>~�ÿ��M�Su5�<ÿFu5s�>vp��y���z�����Ys<ÿpyl�W~�ÿè}ms<� �n~����"ÿ��wÿ ���pvFu5s<z«������Tÿpv�uwy ym��� �ws<ÿ �Æ�;s<y��ñ�mÿñym�Symvpÿ��Wÿp�W� �ò�Su5��s<ÿ���s<ÿ��K��s<zfvp�<zf��y��p�@�Bz���<��y�� �M�x�B���U��y�� �+umyw�wx ÿY� �:�x�B�;s��<z�ÿYsW� � �'��¡ � £ �luwzBvp��y���z����ps<ÿpyT�UuwywÿÄvp~�������ÿ[�wÿ\}ws<�S�<�dvp��~fÿ��p{²�n�;y��:~�� �

�luwÿF~f~�ÿ�0�v7xm���Tumÿ\ÿpy	�T��zh�mÿ �Uÿ����<�S��ÿ\umyñ�;��ÿFyT�:ywÿD}PÿFu5�Mvp�S}mz�ÿYs �lu � uwywÿ ��ÿFuw~�ÿ\vp���"}P���<�SyT�<ÿÄ�wu �Uÿ����<�S��ÿs<ÿ)5puÆ�'Y�~�� �U��yT��s<ÿFyT� �luwÿ[~�ÿÄ}ws<���m~����Uÿ[�wÿ ���Fvpu5s<zf���ÿ��K�D�;~��Ss�"���Fvpz��m� �m~fÿ�ÿpy � �qm��#R�� �PY�| mÎ� �M�[�lÿpz��w~tÿp�
�U� �hÿYs�D�W�����j¡�� £ �Y�<uw�mzfÿFyT�ÎÿFy����p�8�Szf~�~��"vF���:}n~fÿ��dzf��Ú�wÿÚvFÿY���<ÿ`vF~�������ÿ>�wÿ`}ws<�S�<�dvp��~�ÿ��ÎÿY� �U��yT��s<ÿpyT� �TumÿÚ~fÿ}ms<� �n~����"ÿ¥�wÿ ���pvFu5s<z«��kÿ��K��Z m��#R � �PY�|�m � vF���:}n~fÿp�F� �+ÿ��h��s8�����;u��"�wÿ�!:���Bxwÿ ���S~fz�ÿYs 4Y=h9SXòEVE � � ��� + ¡ � ��£�ÿp�
4M��Z¦u5s<��z�y 4Y=k9SXòEHE � Z �D|o�S�&� £ ��u5}w}P����ÿFyT� �luwÿM~��D�8�Szf~�~�ÿ>�mÿ�� �Uÿ����<�;��ÿ��¥ÿ��K� �P�Ss<y��Fÿ>ÿp�¥� �m�<zfÿFywywÿpyl� �p�T�S~fÿ��
�UÿFyT� �luwÿh~fÿh}ws<���m~����Uÿh�wÿ ���pvpuws<z«��Bÿ��K�>Z m��#R�� �PY�| m�� vp���"}m~�ÿY�F� Z`�Sy�� ����yM�;}w}ms<�lv7xwÿS{�r¦�ar�~��Sywv7xwÿY��� rPR�¡ � £vF��y���zf���Ys<ÿhumy>ym��� �ws<ÿ �P�Ss<y��B�wÿByw��ywvpÿ��3ÿp�²u5�<z�~fz���ÿhuwy>}ws<�dv��p���B�wÿ �D��s �lum�S��ÿh�mÿ��3}ws<�S�<�lvF��~fÿ���i"�B�8�S����zfym� �hk}Æ�Suws>���w�<ÿFywz«sM~������Fvpz��m� �mzf~�zf��D�m�Sy��>~�ÿDvF���Ú� � uwyèyw��� �ws<ÿDym�Sy �P�Ss<y��D�wÿ ��ÿ�����zf��y��>}P��u5sM~fÿU}ms<� �n~����"ÿ\�wÿ
���Fvpu5s<zf��S��Z �ò�Su5��s<ÿ��hs����uw~«�8�;�� ��z��Uzf~��Sz«s<ÿ��t�wÿk���pvpz��m� �mz�~fzf�� � r��Ss"¡ G {�|o��¡ G £�ÿ��5z��K�<ÿFyT�t�m�Sy��t� � �Su5��s<ÿ�� �U�l���p~�ÿ��
�luwÿÚvFÿpu���vp��y���z����Ys����}ws�Fv��p�mÿ����UÿpyT�F�b�Bzf�<�Sy��Î~fÿ`s����uw~f�8���¥� �m�<ÿpylu�}n�;s#�M� ���5���<ÿF~'� ���5�"¡�-�£3�m�Sy��Î~�ÿ��luwÿF~�z�~
�U��yT��s<ÿ��luwÿ`~��:}ws<�S}ws<z��Y��`�wÿ I 48L7684Y=�JYA;6Y= �m�Sy��Î~�ÿ¦vF��yT�<ÿ �d�<ÿ¦�wÿ`~ � �S~���� �ws<ÿÚ�wÿ¦}ws<�dvFÿ�����u���ÿ��K�����Fvpz��m� �m~fÿ���g¥y
��ÿFvYs<ÿp�

s
�	�Ys<z�
mÿÚ~��"}ms<�;}ms<z��p��Ú�wÿ���ÿFvYs<ÿp�F2H�Ss�� ��z+uwywÿ ��ÿ�����z��Sy vp��yT�<ÿFym�SyT�k~�ÿ���ÿFvYs<ÿp�

s
ÿ��K�kz�yw�wz��K�<zfyw��um� �m~�ÿM�wÿ�<��u5�<ÿ�����ÿ�����zf��y�� �luwz�vp��yT�<z�ÿpyw�5s8�Sz�ÿpyT�k~�ÿ ��ÿpvps<ÿY�

s′
0"~��M}n~��SvpÿÚ�mÿ

s

\P]��F]q\ � ���hu s�> � �>�]� )�Rj�%u�ul�+��� > a Nk�OR9P � � vÚ�'a����`ul�ON s _��¥�	�>�m�+��� > awv¥� � 
��]��a ]
�+ÿ��k}ws<z��Uz«�<z��Tÿ��¦�mÿ:v8xwz���s<ÿ��UÿFyT�`ÿ��"}m~��a�	�pÿ��`�m�Sy��`~fÿ��¥}ws<�S�<�dvp��~fÿ��¥vps��d}w�<���;s8�;}mxmz��luwÿ�� ����yT�F{Æ~��D}m~�u5}n�;s���muU�<ÿ��:} �p{	�n�����Fÿ�� ��u5s��wÿ��[2H��ywvY�<z���y�� �D�;�<x����U�;�<z��luwÿ���0���ÿFy��Buwywz��luwÿS�h�B��y���z����Ys<ÿpstvpÿ��h}ws<z��"zf�<z���ÿ��BvF��� �Uÿ�mÿ�� � �P� e��<ÿ��"yw��z«s<ÿ��1�è� }PÿYs�Uz��"�wÿ �	�Ys<z�
mÿYsUvpÿps��8�Szfy��:}ws<�S�<�dvp��~�ÿ��"vYs��d}w�<���Ss8��}nxwz��luwÿ��"ÿY�"���pvp��u��ds<zfs"�mÿ��

2@�Szf~�~�ÿ����wÿ ���pvFu5s<z«��Wz��"}P�Ss��8�SyT�<ÿ��p���B�����UÿWyw��u���~�ÿ����p�8�Szf~�~fÿps<��y��[}n�;s��wÿ���ÿ �5ÿ��"}m~�ÿ����wÿ�}ws<�S�<�dvp��~�ÿ��p{�z�~ÿ��5z��K�<ÿÎ�mÿÎym��� �ws<ÿFu���ÿ����;���8���Tumÿ�� �luwznu5�<z�~fz���ÿpyT�t�wÿ��h}ms<�;}ms<z��p����B�S~���� �ws<z��luwÿ��B�wuD}ws<�S�<�dvp��~�ÿÎ~fumz � �pV��Uÿ¥�Su\�wÿ~�� ���Y�<xm�l�mÿ"�wÿUv8xwz���s<ÿ��"ÿFyT�Úuw�<zf~�z����FÿS�>�B��y���z����Ys<ÿps>~fÿ�� ���Y�<xm�l�mÿ��`�mÿ"v8xwz���s<ÿ��"ÿFyT�>ÿY�Ú~�ÿ��`}ws<�S�<�lvF��~fÿ�� �<�Sy��}ms<ÿpyw�5s<ÿÚÿpy�vF���:}m�<ÿ`vpÿ���}ms<�;}ms<z��p����Î�S~f�����ws<z��luwÿ���ymÿ¦}Pÿps�"ÿp��}n�����mÿ¦��s<��u��TÿYs��<��u5�<ÿ���~fÿ��Î�;���8���luwÿ��p�
4¥��u��t}ws����ÿpyT�<��y�� �D�SzfyT�<ÿFym�SyT�k~fÿ����wz � �Ys<ÿpyl�����s8�����Su�� �luwzP}ws<ÿFywywÿpyl�Îÿpy�vF���"}w�<ÿ`~ � �f�Æ�Sz��m~�z�����ÿ��"ÿFyT�k�wuv7xwz���s<ÿ��Uÿpyl�Ú}n�;s�2@�Sz«�Mÿpy vp��y���z����ps8�;yl�M~���}m~�u5}n�;s��M�wu�<ÿ��"}��Muwy yw�����ms<ÿ �P�Ss<y��D�wÿ ��ÿ�����zf��y��p� ���ò� lj��u5�M�wÿ�<x��p�Ss<zfÿ�� ���lum�;�<zf��ywymÿp~�~fÿ��¥}ÆÿYs�UÿY�`� � �f�Æ�Sz��m~fzfsÚ~ � xT�d}P�S�<x�����ÿU�wuWv7xwz �Ps<ÿ��UÿpyT�Ú}n�;s�2H�Szf�ÚÿY�`� �ò�Sym�S~«����ÿpsÚ�wÿ �D� �ymz��ps<ÿh}m~fu��3s�a�S~fz��K�<ÿB~�ÿ��²}ws<�S�<�dvp��~�ÿ��²vYs��d}w�<���Ss8�;}mxwz��Tumÿ��p�f4¥��u��3}ws����ÿpyT�<��y�� � �ò� �P�Ss<�:vpÿYs��8�Sz�y��²��u5�<z�~�� vF�;}n� �m~�ÿ���mÿ�}ws<ÿpyw�ws<ÿÎÿpyDvp���"}w�<ÿ�vpÿps��8�;z�ywÿ��^}ws<�S}ws<z��Y����B�;~���� �ws<z��luwÿ��p��mhy���uwzf�<ÿÎyw��u��h���FvYs<z��T�Sy��]~fÿ��^}ws<z�ywvpzf}n�Su��"s����uw~���8�;��t�wÿ¦���pvFzf�m� �mz�~�z«��¦ÿ �5z��K�8�;yl����luwzn�<ÿpyl�<ÿpyT��� � �f�Æ�Sz��m~fzfs�vFÿY���<ÿkxl�l}Æ�;�<x�����ÿ¥}P��u5s�~�ÿk}ws<���m~����Uÿ¦�wÿ¦���p�wumvY�<z��SyÿFy�vp��y���z����ps8�;yl�Îuwy�z�yT��s<u���}n������z�2 ÿp��~�ÿ¦}ws<���m~����UÿÚ�wÿ����Fvpu5s<zf��`ÿFy[}ws����ÿFywvpÿÚ� � uwy�z�yT��s<u��k�SvY�<z 2Q��BÿY���<ÿ¥}ms� �

��ÿFyT�8�;�<zf��yÄy � ÿ��K�t}�� ��ÿ �5xm�Su��K�<z���ÿ�{5yw��u������T�Sy��Bs�a�S~fz����¥umywÿ �p�<uw�wÿk}m~�u��tvF���:}n~��p�<ÿK� �[Z �>¡���£ �SZ`�Sy��t~�� ��uwzf�<ÿS{ym�Su��M}P�Ss��<ÿps<�Sy��:yw�S��s<ÿ[�;���<ÿpyT�<z���yñuwywz��luwÿ��UÿFyT� ��uws"vFÿYs��8�Szfymÿ��M�<x��F�;s<z�ÿ�� ���lum�;�<zf��ywywÿF~f~�ÿ��p� �+ÿ\�8� �m~fÿa�Su -d� -}��;��ÿQ-��Ms�FvF�;}mzf�<uw~fÿÚ~ � ÿpy���ÿ�� �m~�ÿÚ�wÿ���s����uw~f�8��������pvYs<zf���vpz��Q�;}ws���p�
}~ �`~�}~,� �§�b�f� � � ~

Y�~+ÿ �5z��K�<ÿÚ}PÿFu�� � ��u5�<zf~��¥�Su5�<���U�;�<z��luwÿ�� �luwz �	�Ys<z�
mÿpyT�¥~fÿ���}ms<�;�<�dvF�S~�ÿ��kvYs��d}w�<���Ss8��}nxwz��luwÿ��kÿpy�}ms<ÿpym�SyT�¥ÿpyvF���:}m�<ÿ`~�ÿ���}ws<�S}ws<z��Y����Î�S~������ws<z��Tumÿ��p{myw��u��Îÿpy�}ws����ÿFyT�<��y�� �ws<z�� �Tÿ��UÿFyT�Îvpÿps��8�;z�y��p�
��� ��u5�<zf~SR]s<� �hÿYs<z 2m��� �TÿF~f�S}w} �t}n�;s r¦�Srt~��Sywv8xmÿY�Q� r�~��&¡fT £5}PÿYs�UÿY�x0k~ � uw�<zf~�z��<�;�<ÿFu5s^�wÿ��K} �pvFz 
mÿps^uwywÿB�<x��F�Ss<zfÿ

���lum�;�<zf��ywywÿF~f~�ÿ`�Ss�
Svpÿ@0U�wÿ��kvp~��;u���ÿ��Î�wÿ �¥�Ss<yÆ���3ÿ�� ���lum�;�<zf��y��k�Szfy���z �U�d���F~fz����pÿ���}n�;sk�wÿ��Îvp~��Su���ÿ��Î�mÿ��¥�;s<y
����yT�k�Sym�S~«�����pÿ��t}n�;sÎ~ � ��u5�<zf~Á���lz���ym�S~f��y�� �luwÿ¥}Æ�Suws��wÿ��t�<x��F�;s<z�ÿ������Tun���<z���ywywÿF~f~�ÿ�����s<�;}�vF���:}n~fÿ��dÿ���~ � ��u5�<z�~Æywÿ�<ÿps�Uzfywÿ`}n���p�

- �



����������	�
������	���������������������� ���"!#�"�%$&�'���)(&�����*�	,+�-.�"!)�

��� ��u5�<z�~ �¥ÿYs�Uÿ��Q� r��`R[¡ � £5}Pÿps�UÿY�]�wÿ��	�Ys<z�
mÿps���zwumywÿ��w��ywy��Fÿ�ÿ��K� ��ÿpvps�Y�<ÿ��m�Sy��^umy:}ms<�;�<�dvF�S~�ÿS�&Y�~w���py��Ys<ÿ~ � ÿpy���ÿ�� �m~fÿM�wÿ��k�w��ywy��pÿ�� �Tu � uwy&z�yT��s<u��¥ywÿ>�w��zf�Î}n���¥�;}w}ms<ÿpyw�5s<ÿMÿY�k~ � ÿFy���ÿ�� �m~�ÿM�wÿ>�w��ywy��pÿ��kyw��y ��ÿFvYs�Y�<ÿ��p�
g¥yÄ�wÿ��t���SlKÿpvp�<z�2 �t�wÿ¦~��Mym�Su���ÿF~f~�ÿ ��ÿps��zf��y[�wÿ¥vFÿY����u5�<zf~ ��ÿps8�;zf���wÿ¥}ws<ÿFyw�5s<ÿ¦ÿpyÄvF���:}m�<ÿ¥~��Myw�S�<zf��y[�wÿk�<ÿ��"}��}P��u5sÎ~�� �	�Ys<z�
mvF�;�<z��Sy��wÿ���}ws<�S�<�dvp��~fÿ���vYs��d}w�<���Ss8�;}mxwz��Tumÿ��p�

�3��}m~��;�<ÿx2V�Ss�Uÿ]|C� Y3��RP| � |¥r�r + ¡���£lÿ��K�3vF�;}n� �m~�ÿ]� �ò�Sym�S~«����ÿps3~�ÿ���}ws<�S�<�dvp��~fÿ��+ÿpy`}ws<ÿFym�SyT�3vFÿYs��8�Szfymÿ���}ws<���}ws<z��p����]�S~������ws<z��Tumÿ��p���BÿY���<ÿB}m~��;�<ÿ �q2H�Ss�"ÿ�ÿ��K�]vp���"}P�����pÿ��wÿ��^��u5�<z�~�� ��uwz ���SyT��Pc+�¥y��Á�<xwÿ�� F²~f� �q| �d�wÿp~��z�BxwÿFv �TÿYs
i ��F�|o�Qkx� rP| �j¡ � {;r�|�j¡�� ��£ {���xwÿtvp��y��K��s8�Szfyl��� �+����zfv�� �n����ÿp�:|����8�Sv ���lÿa��s<v7xwÿYsQi � � � |����dÿ kx� �3u5s"¡�� £Á{��l|I� �
�n����ÿp��|��l�mÿp~��z�Bxwÿpv ��ÿps{i �l|I�P|o�QkQ� |#��¡�� ��{5|#��¡fT���£Æÿp�J��s<ÿFÿ¥|¥u5�<���U�;�8� �n����ÿp�Ä��y[|¥u5�<���U�;�<z�vk|k}w}ms<���5z��
�U�;�<z���yp2H�;s]�<xwÿÎ|¥ym�S~«����z��]�&2��lÿFvpu5s<zf���8R]s<�;�<�dvF�S~���i �+|#T��.RPk�� rJ���j¡��l{TrJ���{¡���£ ��� �pvFÿ����UÿpyT�F{T~��¦}ws<�S}ws<z��Y���wu �Î��u"ÿ �5vp~�u���z 2b�M� �Y���� lK��u5��pÿQ0¦~ � ��u5�<z�~�� � � |I���.mÎ�.�Bÿp�^�Suw�<zf~wÿ����<�F�Tÿ��m�Sy�� �<�¦�wÿps<ywz��Ys<ÿ �Tÿps��zf��yW� �+uws"¡�� £� � �S�w�S}w�<ÿpsÎumywÿÚ�;}w}ws<�dv7xwÿ��U�l�muw~��Szfs<ÿÚ� 
my��wÿ`}ws<ÿFyw�5s<ÿÚÿpy�vp���"}w�<ÿ`�mz � �ps<ÿpyT�<ÿ����<x��p�Ss<z�ÿ�� ���Tun���<z���ywywÿF~f~�ÿ��p�

g¥ywÿks�Fvpÿpyl�<ÿ �Y�<uw�wÿ¥�mÿ#|è� �¥u����<�Szfy[ÿY�PZ:�h�lÿps<ÿY�j� �{��¡�� £PvF���"}n�;s<ÿ¦~ � ��u5�<z�~�|C� Y3�.RÆ| ÿY��~ � ��u5�<zf~$�¥ÿYs�Uÿ��p�
�Bÿ��Ú�wÿFu�����u5�<z�~��ÚvF�Sy���zf���ps<ÿpyT�>�wÿpu���~��Syw�T�S�Sÿ��Ú�wÿ��K} �pvFz 
nvF�;�<zf��y�wz�� �Ys<ÿFyT��ÚÿpyÿpyT��s�FÿUÿY�Úymÿ:��s8�Szf�<ÿpyT�Ú}n����wÿ�� �pV��Uÿ���}ws<�S}ws<z��p����Î�S~������ws<z��Tumÿ��p�mrtz�ÿpy �luwÿ`vpÿ����wÿpu��[�Suw�<zf~���ywÿ ����zfÿFyT��}n����vF���:}���s8� �m~�ÿ��F0 �U��y����5z��p{
��ÿp~��SyA|ñ� �¥u����<�Sz�y[ÿY�PZ:���lÿps<ÿY�<~�ÿ����¥ÿps�Uÿ�����ÿ�� �m~�ÿ¥}m~�u��P2H�SvFzf~�ÿ 0:u5�<z�~fz���ÿYs �Tu � |C� Y3��RP| ÿY�ts�Fvpzf}ws<���Tumÿ��UÿpyT�|C� Y3�.RP| ��ÿ����n~fÿ:vF�Sy���zf���ps<ÿYs¥}m~�u��¦�wÿ>}ms<�;�<�dvF�S~�ÿ��¥�wÿ>}���s¦~ � ÿ �d}ws<ÿ�����z��5z«��>}m~�u��¦�Ss8�;ym�wÿM�wÿ ����y ~��Syw�T�S��ÿM�wÿ
�K} �pvFz 
mva�;�<zf��yÆ�

g¥yÄ�Su5��s<ÿ¥��u5�<z�~nÿ��K�t~ �ò�;yn�;~f����ÿpu5s��wÿk}ws<�S�<�lvF��~fÿ#4�� �d� | ÿF����� £P�wÿ{�k��| ÿF�S�w��� �p���BÿY�t��u5�<z�~�ÿ��K� �n����� ��u5s~fÿ��B�<ÿpv7xwywz��Tumÿ��t�wÿ ��u5s��Ás�F�wuwvY�<z���yoi"�`ym�;s�s<�)�Îz�yw�1��k]ÿp�B}Pÿps�UÿY���wÿk}ms<ÿpyw�5s<ÿ¦ÿpyÄvF���"}w�<ÿ¦vpÿps��8�Szfywÿ��h�<x��p�Ss<zfÿ��
���lum�;�<zf��ywymÿp~�~fÿ��p��ZÚ�;y��"~�� }ws<ÿ��Uz��Ys<ÿ �TÿYs��z���y �wÿ�~ � �Sym�S~f� ��ÿFu5sF{^vpÿps��8�;z�ywÿ��Ms�F�S~�ÿ��"vp~�������z��luwÿ��U�wÿ[���p�muwvY�<z���y
�Y�8�SzfÿFyT�Î}ws<z���ÿ��kÿpy�vF���:}m�<ÿ`}P��u5s �U�d���p~�z���ÿpskuwywÿÚ}ws<�S}ws<z��Y��Ú�wu&v8xwz���s<ÿ��"ÿFyT� �K�����Y��s<z��luwÿS��Bÿp���<ÿ`}ws<�S}ws<z��Y��vp��y���z��K�<ÿ�0¦s<ÿ��D�;s �luwÿYs �luwÿÎv8xmz ��s<ÿpsh�wÿFu��82V��z��huwy��Uÿ����<�S��ÿ

m
yw��u��hs<ÿp�w��ywywÿ

m
�&R^�;sB~�� ��umz«�<ÿ�{T~ � ��u5�<z�~n� �Y��� ���F~fz��Ss�{� | ÿF�&¡&¡f£Á{l� 
nyU� �ò�Sym�S~«����ÿYsB~fÿ��^}ws<�S�<�dvp��~fÿ��^u5�<z�~fz��<�SyT�B~ � ÿ �d}P��ywÿFyT�<zfÿF~f~�ÿQ0`~�� Z`z &Dÿ � �¥ÿF~f~��D�SyÆ{Tvp�����"ÿ~fÿ`}ws<�S�<�lvF��~fÿ{Y �`|M� G }ms����ÿpyl��`�m�Sy��Î~�� ��ÿpvp�<zf��y -d� T5� -d�B�:}n�S��ÿ � -d�

��� ��u5�<z�~��t���K}PÿpsQ� �+���#����� £Á{S��� �Tÿp~��S}w} �t}���s��M���+���tÿ�ÿY�^|M� �����Î����vp�dÿS{��U�d���p~�z���ÿ�}n�;s��<zfÿF~f~�ÿ��Uÿpyl�^~�ÿ�v8xmz�2 �
2�s<ÿ��"ÿFyT�^�wÿ �hÿYs<ym��� i �luwzdu5�<z�~�z���ÿt~�ÿ@����u:ÿ �5vF~fu���z 2�hk8���ks�
SvpÿP0¥vpÿp� ��u5�<z�~��M� �+���tÿ � ��� �&��£5��s<�Su��S�¥vpÿYs��8�Sz�ywÿ�������8���luwÿ�� ��u5st~�ÿÎ}ws<�S�<�lvF��~fÿ��P| 4 � �P| 4jU&� £ {T}ws<�S�<�lvF��~fÿk���FvYs<zf�Bÿpy\���p�8�;z�~��m�Sy��B~�� ��ÿFvY�<z��Sy -d�B�d� -d� T>}n�S��ÿ � �d�
Z¦ÿ�}m~�u��hvpÿY�]��u5�<z�~5}Pÿps�UÿY�h� � �Sym�S~f����ÿYsh~�ÿ��^}ms<�;�<�dvF�S~�ÿ��h���Tÿpv��<z��"ÿ��K�8���:} ������u��hvpÿYs��8�Sz�ywÿ��]xT�d}P�S�<x�����ÿ��p��4¥��u��}ws����ÿFyT�<��y��Î�m�Sy��Î~�� ��ÿFvY�<z��Sy-d� T5� -d�B�M}n�S��ÿ � TUuwy�}ws<�S�<�lvF��~fÿ`u5�<z�~fz��<�SyT�kvpÿ��Îyw�S�<z��Sy��p�

4¥��u��t}ms����ÿpyl�<�Sy����D�SzfyT�<ÿFym�SyT��vFÿYs��8�Sz�ywÿ��t}ws<�S}ws<z��Y������S~���� �ws<z��luwÿ���u5�<z�~fz����pÿ����m�Sy���~fÿ��t}ws<�S�<�dvp��~�ÿ��tvps��d}���<�S�Ss8�;}mxwz��luwÿ��p��4¥��u��Î�m�Symyw��y��Î}P��u5skv8xn���luwÿÚ}ws<�S}ws<z��Y��Úuwy&ÿ �5ÿ��"}m~�ÿ>�wÿ`}ws<�S�<�dvp��~fÿÚuw�<zf~�z��<�SyT�¥~��"}ws<�S}ws<z��Y��ÿ �d}m~�zfvFz«�<ÿ��"ÿFyT�¥�n�;y�� �<� �K} �Fvpz�
mvF�;�<z��Sy��Su }P�������p�m�SyT�¦uwymÿ:�;���8���Tumÿ���� ���Fÿ ��u5s¦vFÿY���<ÿ>}ws<�S}ws<z��Y�����|$v8xn���luwÿ}ws<�S�<�lvF��~fÿÚ���pvps<z«�F{wyw��u�� �pyw��y�5F�Sy���~�ÿ���}ws<z�ywvFz«}n�Su��[s����uw~f�8�;����<x��p�Ss<z��luwÿ�� �luwz ����yT�¥�������dvpz����p�
}~��`~�}~�} �K�D��� ! �S¥¦�S���1�&�¥ ¥¦�b���S�f�	�3~

g¥y�v7xwz �Ps<ÿ��UÿpyT�kÿ��K�ÎvF��� �Mu5�8�;�<z 2 ��� z�~ �	�ps<z 
mÿÚ~��:}ws<�S}ws<z��Y�����uwz��S�SyT�<ÿpc

{{m}k1
}k2

= {{m}k2
}k1� n

m
ÿ��K��umy �Uÿ����<�S��ÿS{

k1
ÿp�
k2

����yT�Î�wÿFu��Ävp~�ÿ�2 ���mz��K�<z�ywvY�<ÿ��p��4¥��u����m�Symyw��y���� � � �P�Ss<���wÿFu��Äÿ��dÿ��"}m~fÿ����wÿ}ws<�S�<�lvF��~fÿ��tu5�<z�~fz��<�SyT��vpÿY���<ÿk}ms<�;}ms<z��p��¥ÿp��ÿpy���umz«�<ÿ¦yw��u��ts8�;}w}Æÿp~��Sy��t~�ÿ��ts����uw~f�8�;��B�<x��p�Ss<z��luwÿ��t~��>}ws<ÿFym�SyT��ÿFyvp���"}w�<ÿS�
��� ��!��h�����&� ��� 
D���D�`��¥w�$!����D����¥w�$!&� �	� � ! �.��
 ��� � � �"!��h�����&� ���~

�Bÿ]}ws<�S�<�dvp��~fÿ]z�y	�TÿpyT��Bÿpy G �&����}n�;s3|M�f�dxm���"zfs²ÿ��K�3���FvYs<zf�3�m�Sy��3~ �ò�;s��<zfvF~fÿh�wÿ �w� �B~��;s��`ÿp�C�w� �T�SvF� �������.�&��£s<ÿpvpÿFy��<�SyT�>�wÿDyw�����ms<ÿpu���}ws<�S�<�dvp��~�ÿ��`ÿp�>�;���8���luwÿ��p�>�BÿU}ws<�S�<�lvF��~fÿUÿ��K� �p�T�S~fÿ��UÿpyT�Ú}ws����ÿpyT��D�m�Sy��Ú~�ÿU~�z �ds<ÿ
�>|k}m}m~fz�ÿp���hs��l}m�<�S�Ss8�;}mxT���Ä�wÿÚr¥��lv7xwywÿpz�ÿYs ���lv8x����f£Á�

-fT



�S�������j�"!)- �q������!#���S	�!)��� ����!)�

v5���� K�� 	k�����
���(� i # t�� �
�
��� K�� � � t  i��

v5���� K�� 	k����� � �(# i  ��t �
���
	r�������� � � �^��� �
� � ���� ��� ���
	r�������� � � �^��� �
� � ���
������ ���

F �
	 	 i
t " t�� & ��t �

� i #�� ��� ��J	��J� t
/1, ? N arU <+Z�o@=@?BA	��D )q*�,.-[/1,E)q*�354�6 :�8

<+Z�o@=@?BA	��D
v � � H�s2~ �
� H ~ �� t ��#�� K � �

)+* ,.-0/m,E)q*�3G4�6�:�8 <q?�
���A�X+D

v@�� u� � /1, ? N arU <+Z�o@=@?BA X+D )q*�,.-[/1,E)q*�354�6 :�8 <+Z�o@=@?BA X+D _ Q )9R P$S(T 6 : <+Z�=���A��yD

� � i �  # K i���� {�� / ? N arU <+Z�o@=@?BA XyD
FG" �IH �J���( "�K

_ Q )qR P�S(T 6 : <+Z�`�c
A X+D
�r����#$� ~B� ��z � " � � ���
��#��

_ Q )9R P$S(T 6 : <+Z�`mZ\A X+D

v@�� t �
#$� K � � �� �9t �� � � t^�

)q*�,.-[/1,E)q*�354�6 :�8 <+Z�o@=@?BA X+D
��� � s � " } " i
t ��	 " t " z � " � � ���
��#��

_ Q )qR P$S$T 6�: <^� : ��A XyD

� �� i�~ � " ��� K � �J� /m, ? N a�U <yZ�� : A XyD _ Q )qR P$S$T 6�: <nc�� 3 A	�$Y�a�c
A��2D
��� � s � " } " i
t ��	 " t " z � " � � ���
��#��

_ Q )qR P$S$T 6�: <^� : ��A XyD

� �� i�~ � " ��� K � �J�
� t � 
~ �
���J� t�� � K>K �

	k��� i K " � ��

/1, ? N arU

<yZ�o@=
+
A X S D

FG" �IH �J���( "�K
_ Q )9R P$S(T 6�: <nc�� 3 A	�9D

v@�� t �
#$� K � � �� �9t �� � � t^�

)+* ,.-0/m,E)q*�3G4�6�:�8 <yZ�o@=
+
A�X S D

v5�� ~  � � t �k% F ���
K�� � �~ �����J� t�� � K>K ��	��
� i K " � ��

� " � � ������#��
c :+3|Rn, _ Q )qR��2R.* O / � *�) Q+P 
�� : <yV1`b=5��A	��D

� � 	k� ��t " 	 ~�� /1, ? N a�U��! 	" _ Q )9R P$S(T 6 : <nxmU\`�A	��D c :q3|R>, _ Q )9R#�yR * O / � *^) QyP 
�� : <n_]V0A$��D

i G kQR ��u5s`~�ÿM}ws<���m~����Uÿ:�wÿ"���p�wumvY�<z��Sy��wÿ:~ � zfyT��s<u��p{Æ~��\yw�S�<z��Sy��wÿM�<ÿ��"}��¦y �ò�D}n���¦�mÿ ��ÿpy��p�>�BÿMs����uw~f�8�;� ��ÿ���p�wuwzf�>�w��ywvD�wuWs����um~«�8�;� �<�Sy��Ú�<x��p�Ss<z�ÿ����lum�;�<z���ywywÿp~�~�ÿ"ÿFyvp��y���z����ps8�;yl�>~�ÿ����S�S~�ÿpu5s�`�<ÿ��:}Æ�;s<ÿF~f~�ÿ��ÚvF��� �Uÿ�mÿ���vp��y��K�8�SyT�<ÿ���vF��ywyluwÿ��Î�wÿ`~ � zfyT��s<u��p�
�|�;�f��-d�B- � � �pvF�;}mzf�<uw~��;�<z�23�wÿ���s����uw~f�8����Î�wÿÚ���pvFzf�m� �mz�~�z«��Úÿpy�}ws����ÿFywvpÿÚ�wÿ¦�<x��p�Ss<zfÿ�� ���lum�;�<zf��ywywÿF~f~�ÿ��p�

-��



����������	�
������	���������������������� ���"!#�"�%$&�'���)(&�����*�	,+�-.�"!)�

� 4 I LY67E OP=@E A;G � _¦O�6<AS=QA�L<ASX�4 Z �+ÿK�j�lxn� �Uzfs�� � ��x5s<ÿpÿ��qR �����xR]s<�S�<�dvp��~��My��Fvpÿ�����zf�<ÿ�~ � ÿ��"}m~��Szm� � uwyDv8xwz���s<ÿ��UÿFyT�vp�����>uw�8���<z 2���Y�~]ÿ��K� �K} �Fvpz�
��U�mÿU~�� �D�Sywz��Ys<ÿ ��uwz ���SyT�<ÿ"}P��u5s>�mÿpu���S��ÿpyT��§c�|¥~�z�vpÿU���pym�;��U}n�;s
A
ÿp�>rt������pyw�S��`}n�;s

B
�

1 A → B : {m}Ka
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1 A → B : P,G

2 B → A : exp(G,Nb)
�U�d�

P

3 A → B : exp(G,Na)
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{Na,B,Kab, {Kab,A}Kbs}Kas
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1 A → S : A,B,Na

2 S → A : {Na,B,Kab, {Kab,A}Kbs}Kas

3 A → B : {Kab,A}Kbs

4 B → A : {Nb}Kab

5 A → B : {succ(Nb)}Kab
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{Na,B}Kas
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�luwÿ

A
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A
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B
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i.1 A → S : A,B,Na

i.2 S → A : {Na,B,Kab, {Kab,A}Kbs}Kas

ii.3 I(B) → A : {Na,B}Kas

ii.4 A → I(B) : {Na′}Na

ii.5 I(B) → A : {succ(Na′)}Na
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⊕
��~�ÿ��"}ws<�S}ws<z��Y����

(E1)
� � �������dvpz��;�<z �5zf��S{

(E2)
�wÿ�vp�����Mu5�8�;�<z �5zf��S{

(E3)
~ � ÿ �5z��K�<ÿFywvpÿ� � uwy �F~����"ÿFyT�ÎywÿFu5��s<ÿ

0
ÿY�Î~��:}ws<�S}ws<z��Y��

(E4)
�wÿÚywzf~f}P�S�<ÿpymvpÿS�

x⊕ (y ⊕ z) = (x⊕ y)⊕ z
i,m G k

x⊕ y = y ⊕ x
i,m�-�k

x⊕ 0 = x
i,m � k

x⊕ x = 0
i,m�T�k
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S
���Bÿk}ws<�S�<�lvF��~fÿ¥u5�<zf~�z���ÿ �F���S~�ÿ��Uÿpyl�t�m�Sy����<� �K} �pvFz 
mva�;�<zf��yÄ~fÿ
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��ÿYs��Tÿpu5s
S
�Sg¥ymÿ 2V��z���~fÿ¦}ws<�S�<�dvp��~�ÿ 
mymz@{wv7xm���Tumÿ¥}���s��<z�vpzf}n�SyT�

x
ÿp�
y
}���s��8�S��ÿ¦uwymÿ¦ym�Su���ÿF~f~�ÿ`vp~�ÿ�2+�wÿ ��ÿ�����z���y

Kxy
vp��ywyduwÿÚumywz��luwÿ��UÿpyT�k�wÿ��Î�wÿFu��Ä}n�;s��<z�vpzf}n�SyT��

x
ÿp�
y
��R²��u5sÎ}m~�u��Î�wÿ���z��"}m~�zfvFz«���{mym�Su���}ws����ÿpyT�<��y��k~fÿ}ws<�S�<�lvF��~fÿ�}P��u5sh��s<��z��h}n�;s��<zfvFz«}n�SyT��

A
{
B
ÿY�
C
�	� � �S��ÿpyT�

A
vp�����UÿpywvFÿÎ~fÿÎ}ws<�S�<�lvF��~fÿÎÿY�hvF��� �Muwymz��luwÿ¥���Tÿpv~fÿ ��ÿYs��TÿFu5sÎÿpy[}n�����<�SyT��}n�;s�~�ÿ¦}n�;s��<zfvFz«}n�SyT�

B
}mumz���}n�;sÎ~�ÿ¦}n�;s��<zfvFz«}n�SyT�

C
�w|¥z�y���zÆ~��:ym�Su���ÿF~f~�ÿ`vp~�ÿ�2

Kab
ÿ��K�uwywÿÎvp~�ÿ�2�uwymz��luwÿ��"ÿFyT�]}n�;s��8�S���pÿÎÿpyT��s<ÿ

A
ÿY�
B
ÿp�]~��`yw��u��Tÿp~�~�ÿ�vF~fÿ)2

Kcb
ÿ��K�huwywÿÎvp~�ÿ�2Puwywz��Tumÿ��UÿpyT�h}n�;s��8�;���FÿÿpyT��s<ÿ

B
ÿY�
C
�

1 A → B : Xa = h((A,B,Na),Kas), A,B,Na

2 B → C : Xb = h((B,C,Nb,Xa),Kbs), B, C,Nb,Xa

3 C → S : Xc = h((C, S,Nc,Xb),Kcs), C, S,Nc,Xb

4 S → C : A,B,Kab⊕ h(Na,Kas), {A,B,Na}Kab,

B,A,Kab⊕ h(Nb,Kbs), {B,A,Nb}Kab,

C,B,Kbc⊕ h(Nc,Kcs), {C,B,Nc}Kbc

5 C → B : A,B,Kab⊕ h(Na,Kas), {A,B,Na}Kab,

B,A,Kab⊕ h(Nb,Kbs), {B,A,Nb}Kab,

B, C,Kbc⊕ h(Nb,Kbs), {B,C,Nb}Kbc

6 B → A : A,B,Kab⊕ h(Na,Kas), {A,B,Na}Kab
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Kbc⊕ h(Nb,Kbs)

�luwzP~�uwz ���Syl��s<ÿpy ���a�	����}n�;s�~fÿ ��ÿps��Tÿpu5s
S

0:~ � �p�8��}Æÿ
4
�SRhuwz���luwÿ

C
vF�Symym�fef�M~���vp~�ÿ�2

Kbc
zf~]}Pÿpu5�M�S~��Ss�{2@�Sz«s<ÿD~�ÿ��Ä��u ÿ �5vp~�u���z 2F��ÿpyT��s<ÿDvpÿ��>�wÿFu�� �Uÿ����<�S��ÿ��MÿY�>vpÿp���<ÿUvp~�ÿ�2�{}P��u5st���w�<ÿFywzfst~��>vF~fÿ)2

Kab
�h�Bÿp���<ÿ¥�;���8���luwÿkÿFyo�`�w���Uz�yw�§����ÿ¥���Fy��Ys8�S~�z���ÿ �nzfÿFyÄÿpyl�<ÿpyw�wuA0

n
}n�;s��<z�vpzf}n�SyT��p�

�"!��h�)���&� ��� � � � !�� 
 
 (��>� #S��������� �"!f�$#S�h�&¤ �h~
�BÿÚ}ms<�;�<�dvF�S~�ÿM�wÿMvF��� �Muwymzfva���<z���y }P��u5s¥~�ÿ��¥s����ÿa�;u�� �<�Sy�� 
n~3ÿ��K�¥}m~fu��¥vp��ywylu ����u��¦~fÿMyw��� �mÿÚ}ms<�;�<�dvF�S~�ÿ
� m�R � U ¡�-&�&� £Á�`�Bÿ>}ws<�S�<�dvp��~fÿMÿ��K�¥��s��� ��z��"}m~�ÿS{Pz�~+}Pÿps�UÿY�¥�mÿÚ}ms<�;��F��ÿYs¥~�ÿ�� �Fv8xm�Syw��ÿ��¥�wÿM�w��ywy��pÿ��¥~f�Ss�¥�wÿvp�����>umywzfva�;�<zf��yW�Îz�
��
� 4 I LY67E OP=@E A;G � _�O�6<AS=QAaL8ASXf4 Z ���ò�S�SÿFyT�

A
v7xwz �Ps<ÿD~�ÿ �Uÿ����<�;��ÿ

M
ÿpy vF�S~�vpuw~��SyT�M~�ÿ¦�[��u ÿ �5vF~fu���z 2���ÿFyT��s<ÿ

RC4(v,Kab)
ÿp�M~���}n�Sz«s<ÿ

〈M,C(M)〉
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1 A → B : v, 〈M,C(M)〉 ⊕RC4(v,Kab)

R]s<�;�<�dvF�S~�ÿ -d� Tw� �.c�R^s<�S�<�dvp��~�ÿ�� m�R<i � zfs<ÿp�Om �luwz��S�S~�ÿpyT�FR]s<z��S�SvY��k8�
�3�Ú}ws<ÿ��"z��Ys<ÿ`�;���8���Tumÿ ��ÿ ��ÿYs���uwywz��luwÿ��UÿFyT�t�mÿ��B}ws<�S}ws<z��Y����B�mu �`��u\ÿ��5vp~�u���z�2��n�S4¥�Su��BvF�Sy���zf���ps<��y��t~�ÿ��v7xwz���s���

C1
ÿY�
C2
�wÿ�� �Uÿ����<�S��ÿ��

P1
ÿY�
P2
���Tÿpv¥~�ÿ �pV��Uÿ �Tÿpvp�<ÿpu5s

v
ÿp�t~�� �pV��"ÿ¥vF~fÿ)2

k
�S4¥�Su��Bva�;~�vpum~f��y��~�ÿ��M�Su�ÿ��dvF~fu���z�2x�Ä�wÿ

C1
ÿp�
C2

c

C1⊕ C2 = 〈P1, C(P1)〉 ⊕RC4(v, k))⊕ (〈P2, C(P2)〉 ⊕RC4(v, k))

= 〈P1, C(P1)〉 ⊕ 〈P2, C(P2)〉)⊕ (RC4(v, k)⊕RC4(v, k)) (E1)(E2)

= 〈P1, C(P1)〉 ⊕ 〈P2, C(P2)〉 (E3)(E4)
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x× (y × z) = (x× y)× z
iÁ� �����dvFz��;�<z��dzf�� k#i,m G k

x× y = y × x
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x× 1 = x
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x× x−1 = 1
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exp(exp(x, y), z) = exp(x, y × z)
i,m��&k

exp(x, 1) = x
i,m���k
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exp(exp(g, 1), Nb) = exp(g, (1×Nb)) (E5)

= exp(g,Nb) (E1)(E2)(E3)ÿY�
(exp(g,Na), Nb)) = exp(g, (Na×Nb)) (E5)
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1 A → B : g, gNa

2 B → C : gNb , gNa , (gNa)Nb

3 C → A,B : (gNb)Nc , (gNa)Nc
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A
}P��u5s�s<ÿp��s<��u��TÿYsÎ~��"vp~�ÿ�2²�wÿ�Ss<��u5}Pÿ

exp(g,Na×Nb×Nc)
c

exp(exp(exp(g,Nb), Nc), Na) = exp(exp(g,Nb×Nc), Na) (E5)

= exp(g,Na×Nb×Nc) (E1)(E2)(E5)
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exp(exp(g, 1), Na) = exp(g,Na)
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exp(g,Na)
�Su�����z²vp��ywyduwÿM�wÿ:~ � z�yT��s<u��p�`�Bÿp���<ÿM�;���8���luwÿMÿ��K�¥}P������z �m~�ÿMva�;s¦~fÿM}ws<�S�<�lvF��~fÿymÿ �	�Ys<z�
mÿÚ}�� �k~ � z��wÿFyT�<z«��M�wÿ��¥�S��ÿpyT��p��R²��u5s ���dzf�<ÿYs¥vpÿ>�SÿFy5s<ÿ>� � �;���8���luwÿ>~fÿ��k�Su5�<ÿFu5s�Î}ws<�S}P����ÿpyT�¦�S~��;s�¥uwywÿ�����p~�z��;s8�;�<z���y��m�Sy��Î~����luwÿp~�~�ÿ`~�ÿ��k�;��ÿFyT�� ���ò�Su5�<ÿpyl�<z 
mÿFyT� � |{�M�Q¡&¡f£ �

	 ) �����¢����� �K�f��)���!f� (`�`� �8� � �$��������� � ~
4¥��u��Î}ws����ÿpyT�<��y��¦� �ò� �P�Ss<� ~fÿ��¥yw��� �ws<ÿpu���s����uw~«�8�;�� ��u5s¦~�ÿ��¥�Ss<��u5}Pÿ��¦� � �p~�zfÿFy�� ��ÿpum~��¦ÿY�¦ÿpy���uwzf�<ÿMvpÿFu��

�luwz�vp��y���z����ps<ÿpyT�k~fÿ����Ss<�Suw}Pÿ��k� � �p~�zfÿFy��ÎÿY��~ � ÿ �d}P��ywÿpyl�<zfÿF~f~�ÿ �U�d�wuw~��Sz«s<ÿ��
� ! �� �'� �p� �@)%�,���S� � ~

�+ÿ�}ws<���m~����Uÿ��wÿÎ���F�wuwvY�<z���yU�wÿ�~ � zfyT��s<u��]ÿ��K�h���pvpz��m� �m~�ÿ��m�Sy��h~fÿ�va���^�wÿ��]�Ss<��u5}Pÿ��B� � �p~�zfÿFy��]vp�����Uÿ�~ � ��yT�
�U��yT��s���M���B���U��y�� �+uwym�wx�ÿp�H�:���lx��U�;�<z��T���¦��� ����¡ � £ �

�+ÿ�}ws<���m~����UÿW�wÿ ���Fvpu5s<zf���}P��u5s�~fÿ��[�Ss<��u5}Pÿ���� � �p~�z�ÿpy��W2Vuw��� �P�Ss<����}n�;s �w�P| z�~f~�ÿpy ÿY� �:���dx��D���<z��
�T���O� |o�S¡ � {S�lx��p¡ Tm{.|o��¡�� £Á�.Z`�Sy��BuwyD}ws<ÿ��Uz�ÿYsh�<ÿ��"}���� |o��¡ � £ {lz�~��hs�p�wuwz���ÿpyl�B~�ÿ�}ms<� �n~����"ÿk�wÿ ���pvpuws<z«��kÿpyumy&}ms<� �n~����"ÿ"�wÿ �<�;�<z�� 
n� �mz�~�z«��"�wÿ:vp��yT��s8�Sz�yT�<ÿ��p�>�BÿM}ws<���m~����Uÿ:�mÿMs������~fuw�<zf��y��mÿ:vp��yT��s8�Szfyl�<ÿ��¦ÿ��K�`ÿpy���umz«�<ÿs�F�wuwzf�@0[~��[s������~�u5�<zf��y� � ���Tun���<z���y�� �lum�S�5s8�;�<z��luwÿ��`�wz��S}mxm�SyT�<z�ÿpywymÿ��p{�}ws<���m~����UÿDÿpy���py��Ys8�S~^zfym���pvFzf�m� �m~�ÿS�
R^�;s�~�� ��uwzf�<ÿS{dz�~��Bs8��� �Fywÿpyl�t~��Ús������~fuw�<zf��yÄ�wu �K���K����"ÿ¥�wÿ¥vp��yT��s8�Sz�yT�<ÿkÿFyÄuwy �K� �K����Uÿ¥� � ���lum�;�<zf��y �lum�S�5s8� ��<z��luwÿk}n�;s��<z�vpuw~�zfÿps{� �lx��p¡ Tw{S| ��¡���£ �SY�~��t}ws<�S}P����ÿpyT�Î�S~��;s��uwymÿ ���Y�<xw�d�wÿ¥�wÿ¦s������~fuw�<zf��yA2H�;s���vp���"}m~�z��lu��Fÿ¦�wÿvFÿ����K� �K����Uÿ��Ú}n�;s��<zfvFuw~fz�ÿYs�Ú� � ���Tun���<z���y�� �lum�S�5s8�;�<z��luwÿ��ÚÿY�>� �m�<zfÿFywywÿpyl�M�;~��Ss�Úumywÿ"}ws<�dv��p�wu5s<ÿU�wÿD���pvFz���z���y}Æ�SuwsÎ~�ÿ`}ws<���m~����UÿÚ�wÿ����pvFu5s<zf��Úÿpy�}ws����ÿFywvpÿÚ�mÿÚ~��"�<x��F�Ss<zfÿ����lum�;�<zf��ywymÿp~�~fÿÚ�wÿ����Ss<��u5}Pÿ��k� � �p~�z�ÿpy���}P��u5skuwyym��� �ws<ÿ �Æ�;s<y��`�wÿ���ÿ�����z��Sy��p�

/h���S~�ÿ��Uÿpyl�F{`}P��u5sèuwy'yw��� �ws<ÿ yw��y �P�Ss<y����mÿ ��ÿ�����z���y��èÿY�è���Tÿpv uwy'ym��� �ws<ÿ �wÿ�yw��ywvFÿ�� �Æ�;s<y��S{
�U� �hÿYs�D� � �]ÿps"¡ � £t}ws<�S}P����ÿ�uwyñs����uw~f�8�;�"�wÿ[���pvpz��m� �mz�~fzf��Ä}P��u5sUuwywÿ�vp~�������ÿÄ}n�;s��<zfvFuw~fz��Ys<ÿ[�mÿÄ}ws<�S�<�lvF��~fÿ��ÿFy}ws����ÿFywvpÿD�wÿD~��[�<x��p�Ss<zfÿ ���lum�;�<z��Symywÿp~�~fÿD�mÿ��>�;s<��u5}Æÿ��M� � �F~fz�ÿpy��p�'�BÿY���<ÿUvF~�������ÿDvF�;s�s<ÿ��K}P��yw�è�Su��W}ws<�S�<���vF��~fÿ�� �luwz�}PÿFu��TÿpyT�#VY��s<ÿ �"�d���F~fz������Î}n�;s¥uwy �Su5�<���D�;�<ÿÚ� �ò�;s��ws<ÿ��mz�� �wzfs<ÿpvp�<zf��ywywÿF~@��Y�~ ��� ÿ��K�¦�Su�����z3z�yT��Ys<ÿ������ 0~��:���pvFzf�m� �mz�~�z«��`�wÿ¦�mÿpu��[�Su5��s<ÿ��t�<x��p�Ss<z�ÿ������lum�;�<zf��ywywÿF~f~�ÿ��Î������ÿ��¦}ws<�dv8xwÿ��p��R]s<ÿ��Uz��ps<ÿ��Uÿpyl�F{wzf~Ævp��y���z����Ys<ÿ`~�ÿ����s<��z�� }ws<ÿ��Uz�ÿYs�h� �dz����Uÿ�� E o 4 o |#�[4 c�| �����dvpz��;�<z �5zf��S{.�B�����Mu5�8�;�<z �5zf���ÿY���F~����UÿpyT�x4¥ÿFu5��s<ÿS�&Z¦ÿpu��dz����Uÿ��"ÿFyT�F{z�~P}ws<ÿFyw�[ÿFy�vp���"}w�<ÿ¦~�ÿ��Î� �5z����Uÿ���|#�[4 }n~fu���~�ÿ����wÿpu�� ���lum�;�<z��Sy�� ��uwz ���SyT�<ÿ��

−(x+ y) = (−x) + (−y)
ÿp�

−(−x) = x
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1 A → S : A, {Ta,B,Kab}Kas

2 S → B : {Ts,A,Kab}Kbs
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1.1 A → S : A, {Ta,B,Kab}Kas

1.2 S → B : {Ts,A,Kab}Kbs

2.1 I(B) → S : B, {Ts,B,Kab}Kbs

2.2 S → A : {Ts′, B,Kab}Kas

3.1 I(A) → S : A, {Ts′, B,Kab}Kas

3.2 S → B : {Ts′′, A,Kab}Kbs
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〈〈x, y〉, z〉 = 〈x, 〈y, z〉〉
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h(g(x, y)) = g′(h(x), h(y))
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{x}k×{y}k = {x×y}k
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{〈x, y〉}k = 〈{x}k, {y}k〉
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k = (e, n)
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{x ∗ y}k = {x}k ∗ {y}kvF�;s
{x}k = xe �U�d�
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C(x⊕ y) = C(x)⊕ C(y)

��� z�yT��s<u�� �"�d�wz�
mÿ>�S~��;s�Îuwy �Uÿ����<�;��ÿÚz�yT�<ÿYs<vFÿY}w��Úv8xwz���s�ÚÿpyW2@�Sz��<�SyT�k~fÿA�M�Su�ÿ �5vp~�u���z 2'�Ä�wu �Uÿ����<�;��ÿÚ�wÿ
���Sy�v7xw��z ��ÿp�¦�Sz�y���z �ws<��uwz�~f~�ÿM��u v7xm�Syw��ÿM~�ÿ �Uÿ����<�S��ÿ:ÿpy&}ws����ÿYs��S�SyT�¦~�� ����� �Uÿ:� � z�yT��F�;s<zf��S{ �luwz �����<ÿ��K�<ÿYs8��wÿ>~�� ���;~�z��wz«��>�wu �Uÿ����<�S��ÿS��R ��u5s¥vpÿF~��5{�~ �ò�;���8���lum�SyT�¥zfyT�<ÿps<vpÿp}w�<ÿ

〈M,C(M)〉 ⊕ RC4(v,Kab)
ÿp�kvp��ywym�fe��

D
����� z�yT��s<u���}Pÿpu5�k�S~��Ss�����w�<ÿFywz«sÎ~�ÿ`v7xwz���s�Ú�������dvpz��>�Su �Uÿ����<�;��ÿ

M ⊕D
ÿFy�vF�S~fvFuw~��;yl�{c

(〈M,C(M)〉 ⊕RC4(v,Kab))⊕ 〈D,C(D)〉

= RC4(v,Kab)⊕ (〈M,C(M)〉 ⊕ 〈D,C(D)〉) (E1)(E2)

= RC4(v,Kab)⊕ 〈M ⊕D,C(M)⊕ C(D)〉 (E6)

= RC4(v,Kab)⊕ 〈M ⊕D,C(M ⊕D)〉 (E5)
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m]~�ÿpvp��s<��ywzfvP�B�l�mÿ]r��l� �pi,mP�Br�k�z�~�ÿ �5z��K�<ÿ]uwywÿB�;���8���luwÿS�*�k�;}w}PÿF~f��y��hlju��K�<ÿ]~���}ws<�S}ws<z��p��xmP�Brdc
{A,B,C}k =

{A}k, {B}k, {C}k
�&n ~��U�8�Szf~�~�ÿÚ�wÿ�� �m~��dv��

A
{
B
{
C
ÿ��K�¥uwy �Muw~«�<zf}m~�ÿM�wÿ>~��"�8�Sz�~f~�ÿ>�wÿ��n~f�dv>u5�<z�~�z����FÿÚ}n�;s¥~fÿv8xwz���s<ÿ��UÿFyT�ÎvF��y���zf���Ys�S�
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B
�m�Sy�� �<�¦s�p}P��y���ÿk�SuU}ws<ÿ��Uz�ÿYsh}n�;s��<z�vpzf}n�SyT�

A
}P��u5s � �5z«�<ÿps �luwÿÎ~ � zfyl��s<u��hywÿÎs�pu5�<z�~fz���ÿÎvFÿ �Uÿ����<�S��ÿS�

1 A → B : {Na,A}pub(B)

2 B → A : {Na,Nb,B}pub(A)

3 A → B : {Nb}pub(B)
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{Na,Nb}pub(A)
0Ä}n�;s��<zfs�wÿ

{Na,Nb,B}pub(A)
�;s�
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{Na,Nb, I}pub(A)

ÿp���wÿ��D�;ym�wÿYs�0
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1.1 A → I : {A,Na} ����� (C)

2.1 I(A) → B : {A,Na} ����� (B)

2.2 B → I(A) : {Na, Nb, B} ����� (A)

1.2 B → A : {Na, Nb, I} ����� (A)

1.3 A → I : {Nb} ����� (I)

2.3 I(A) → B : {Nb} ����� (B)
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i Ai → S : Bi = {V i, ri}pub(S)

n+ 1 S → Ai : S
���pv8xmz ��s<ÿ

B1 ∗ ... ∗Bn
ÿY��}mu��m~fz�ÿÚ~�ÿ¦s����um~«�8�;�Î�wu �T�;�<ÿ��

R^s<�S�<�dvp��~�ÿ -d� �l� -�c�R]s<�S�<�dvp��~�ÿ¦�mÿÚ���pvF���"}w�<ÿ���ÿpvps<ÿY��� � �F~fÿFvY�<z��Sy�0:}m~�u���z�ÿpu5s�k�Su5�<�Ss<zf����p�
�ks�
SvpÿW0W~�� }ws<�S}ws<z��Y��[� � xw���U���U�;s�}nxwz����Uÿ�{���z�~fÿ[s����uw~f�8�;�"ÿ��K�"}P����zf�<z�2¥�S~f�Ss�U~�ÿw�&�SumzF�èÿ��"}P�Ss��<ÿ[~fÿs�)2 �ps<ÿpyw�mu���{ ��� z�~ ÿ��K�Úy��p�T�;�<z�2B�S~��;s�`~fÿ �Dyw��y �&�T�S��ywÿS{ ��z�yw��yWzf~ ���[�;uw�8�;yl�`�wÿ ���S�<ÿ��¥}P��u5s��luwÿ"�wÿ ���S�<ÿvF��yT��s<ÿS� | ��ÿFvÄvFÿY���<ÿ\�<ÿFv8xwymz��luwÿ�{ ~fÿ ��ÿps��Tÿpu5sUywÿ����pv7xwz �Ps<ÿ lK���D�Sz��"~�ÿ �T�S�<ÿ[� � umy ��ÿpum~ �T�S�8�SyT�§0 ~���2V��z��p{ z�~ymÿ:}Æÿpu5�>�w��ywv"}n���>�;����s<z��muwÿYs>uwy �T�;�<ÿ§0[umy �T�;�8�SyT�F���BÿY���<ÿ"}ws<�S}ws<z��p��U� � �Syw��yT���D�;�F{+z�yT��s<�d�wuwzf�<ÿ"�n�;y��Ú~��

��ÿFvY�<z���y -d� G � -l� -M}n�S��ÿ G Tw{mÿ��K�ÎuwymÿÚ�wÿ���}ws<�S}ws<z��Y�����z��"}P�Ss��8�SyT�<ÿ�� �lu � umy[}ms<�;�<�dvF�S~�ÿ`�wÿ �T�S�<ÿ`�m�Szf� �	�Ys<z�
mÿYsF�
}~��~�}~ � ��� ��! �h�)���&� ��� � � �¦~

mhy G �&U&�8|è� �3�;�<ÿ��n�F�T����xwzÁ{�4M��|��;���u �F���5z+ÿY��Z:� r¦�h4¥ÿ�� �D�;y�}ws<�S}P����ÿFyT�¥uwy�}ws<�S�<�dvp��~�ÿÚ� � �pv8xn�;ym�Sÿ>�wÿvF~fÿ)2{� �P|�4jU � £�ÿpyT��s<ÿ[�wÿpu��}���s��<z�vpzf}n�SyT��"u5�<z�~fz��<�SyT�Uuwy ��ÿps��Tÿpu5s
S
���Bÿ\}ws<�S�<�dvp��~�ÿ\uw�<zf~�z���ÿ[~�ÿ ���Su ÿ��dvF~fu��

��z 2����m�Sy�� ���Sy�2H��ywvY�<z���ywywÿ��UÿFyT�F{���z yw��u��¥uw�<zf~�z�����y��¦uwy�v8xmz ��s<ÿ��UÿpyT�¦xw���U���U�;s�}nxwz��luwÿ"vpÿF~��\ÿpyT��s8�fe�ywÿ:uwywÿ�;���8���luwÿS�
� �



����������	�
������	���������������������� ���"!#�"�%$&�'���)(&�����*�	,+�-.�"!)�

��� �)��! �	�`� ���� 
�� ��!��h�)���&� ��� � ���ò�;��ÿFyT�
A
���py��ps<ÿDuwy yw��ywvpÿ

Na
�DY�~^�����mu5�<ÿ\�S~��;s�>~�ÿU}ws<�S�<�lvF��~fÿUÿpyÿpy	�T�a�l�;yl�B�Su ��ÿps���ÿFu5shvFÿ�yw��ywvFÿ

Na
v7xwz���s��}���sB~��`vp~�ÿ�2�}mu��n~fz��luwÿ��mu ��ÿYs��Tÿpu5s

pub(S)
���+ÿ ��ÿYs��Tÿpuws]}ms� �5zfÿFyT��;~��Ss�`~�ÿ ��ÿpvF��yw��S�SÿFyT�

B
�Tumÿ

A
����uwxm�Sz«�<ÿUvp�����>umywz��luwÿpsM����ÿFv"~�uwz@� ���ò�S�SÿFyT�

B
s<ÿpy	�T��zfÿD�;u ��ÿps��Tÿpu5s ���Syyw��ywvpÿ

Nb
v7xwz �Ps�`}n�;s

pub(S)
�
Nb

��ÿYs8�D~��Uvp~�ÿ�2 �luwÿ`}���s��8�S��ÿYs<��yT�¥~�ÿ��Î�mÿpu��&�S�SÿFyT��kuwywÿ@2V��z��k~fÿÚ}ws<�S�<�dvp��~fÿ

mywzÁ� �3ÿ ��ÿYs��Tÿpuws¥}PÿFu5�`�S~f�Ss�¦���pv8xmz ��s<ÿps¦~�ÿ��`�wÿpu�� �Uÿ����<�S��ÿ��¦ÿp�¥s<ÿFy	�T�F�Tÿpsj0Ä~ � �S��ÿpyl�

A
{P~�ÿ��U��u ÿ��5vp~�u���z�2P��wÿ��Î�wÿpu��Äym�Symvpÿ��

Na
ÿY�
Nb
�m|¥zfy���z�~ �ò�S��ÿpyT�

A
}Pÿpuw��s<ÿY��s<��u��Tÿps

Nb
va��sÎz�~�vF�Symym�fef�

Na
�

1 A → S : A,B, {Na}pub(S)

2 S → B : S,A

3 B → S : B,A, {Nb}pub(S)

4 S → A : S,B,Nb⊕Na

R^s<�S�<�dvp��~�ÿ -l� �d� � chR]s<�S�<�dvp��~�ÿ¦� � �Fv8xm�Syw��ÿÚ�wÿÚvp~�ÿ�2 �P| 4M�
� ����� (��`� � m]y G � �fTw{D�M� �w�D�lz�� �U��y��`}ws����ÿFyT�<ÿ:uwywÿU�;���8���luwÿ ��u5s`vFÿM}ws<�S�<�lvF��~fÿ�{ ��z yw��u��`u5�<zf~�z����Sy��¦~fÿv8xwz���s<ÿ��UÿFyT�I� �l| � | |o�S���;�f£ �S�Bÿ�v8xwz���s<ÿ��UÿFyT�F{�vp�����Uÿ�ym�Su��]~ �ò���T�Sy��^s8�;}w}Æÿp~��Î�;uD��� �nu5�]�mÿ�vpÿY���<ÿ ��ÿpvp�<zf��yÆ{}P�������p�wÿÚ~��:}ws<�S}ws<z��p��Ú� � xw���"���U�Ss�}mxwz����Uÿ���uwz��S�SyT�<ÿpc

{x ∗ y}k = {x}k ∗ {y}k
�BÿY���<ÿ¦�;���8���luwÿ �UÿY��ÿpy ljÿFuÄuwy[z�yT��s<u��

I
ÿY������y[vp���"}m~fz�vpÿ

M
{5~ � z�yT��s<u���vp��ywym�fe�������yÄyw��ywvFÿ

NI
ÿY��vpÿp~�uwz�wÿ ����y vF���:}n~fz�vpÿ

NM
� ��� z�yT��s<u��¦z�yT�<ÿYs<vFÿY}w�<ÿ:�m�Sy��¦uwymÿ ��ÿ�����z��SyWyw�Ss�D�;~�ÿ:~�ÿ �"ÿ����<�S�Sÿ

{Nb}pub(S)
ÿp�[lK��uwÿ~fÿ¥}ms<�;�<�dvF�S~�ÿ¦yw�Ss�U�S~�ÿ��Uÿpyl�Î���Tÿpv ����y�vp���"}m~fz�vpÿ

M
�5|¥u[~�z�ÿpu[� � ÿpy	�T�a�TÿYs

{NI}pub(S)
�Su ��ÿYs��TÿpuwsF{wzf~Æÿpy	�T��zfÿ~fÿÚ}ws<�d�wuwzf�¥�wÿÚvFÿ��Uÿ����<�;��ÿ>ÿp�k�wu �Uÿ����<�S��ÿ>z�yT�<ÿYs<vFÿY}w�������zf� c

{NI}pub(S) ∗ {Na}pub(S)
vpÿ �luwz+ÿ��K� �F���S~D0

{NI ∗Na}pub(S)
va�;st~�ÿ¥v8xwz���s<ÿ��"ÿFyT��ÿ��K�txw���U���U�;s�}nxwz��luwÿ����+ÿ ��ÿYs��TÿFu5s��;}ws�������T��zfsts<ÿ�5Fu

{NM}pub(S)
�wÿ~��"}n�;s��Î�wu�vp���"}m~�zfvFÿÚ�wÿ`~ � zfyT��s<u��p{ws<ÿp�<��u5s<ywÿ

NI ∗Na⊕NM
����� z�yT��s<u���}Pÿpu5�k�S~��Ss��s<ÿp��s<�Su���ÿps

Na
�

1 I → S : I,M, {NI}pub(S) ∗ {Na}pub(S) = {NI ∗Na}Pub(S)

2 S → M : S, I

3 M → S : M, I, {NM}pub(S)

4 S → I : S,M, (NI ∗Na)⊕NM

mhy G �&���T{��w�f| z«�<v7xwÿp~�~ 4Y=²9SXòEHE �U�d���p~�z���ÿFyT�^vpÿB}ws<�S�<�dvp��~fÿh}Æ�Suws ~ �ò�Sym�S~«����ÿps^���Tÿpvt~ � ��u5�<z�~�| u5s φ � Z Z,��!{��- £Á�
Y�~���y �ò�;s�s<z �TÿFyT��}�� �F0:s<ÿp��s<�Su���ÿps{� | |o�S���;�f£+~ � �;���8���luwÿ¦}ws<�S}P�����pÿ¦}���s �M� �w��lz����U��y��@���lz��§�fT&£^���3� �pV��"ÿ�;ymy��pÿ�{ �3���tÿDÿp� �Î����vF�lÿ � ���#����£Bu5�<zf~�z���ÿpyT�M~ � �Suw�<zf~IF�Z�� � �Î���"�fTw{ ���<���&��£hÿp�8�Q��R � �¥�T��U��l{C�Î���"����£h}P��u5s�;yn�;~f����ÿYsBvpÿÎ}ws<�S�<�lvF��~fÿÎÿY�]��s<��u��TÿFyT�B�wÿ�ym��� �ws<ÿFu���ÿ��t�;���8���luwÿ��hvF�;sB~fÿ����Uÿ����<�;��ÿ��Bywÿ ����yT�h}n���B�Su5�<xwÿFyT�<z�
����p�
Y�~��"���pvp��u��ds<ÿFyT�"umywÿ��;���8���luwÿ ��ÿ�� �m~�� �m~fÿ�0�vpÿp~�~�ÿÄ�wÿ �M�@�w�[�lz�� �U��y��Uÿpyñs<ÿ%lj��um�SyT�U~�ÿÄ}ws<ÿ��"z�ÿYs��Uÿ����<�S��ÿ� � umywÿ ��ÿ�����zf��y�vp�Ss�s<ÿpvp�<ÿ`�wu[}ws<�S�<�dvp��~�ÿ¦ÿpyT��s<ÿ

A
ÿY�
B
���Bÿp���<ÿ`�;���8���luwÿ¦}PÿFu5�QVp��s<ÿ ��u5}w}Æ�����FÿÚyw��y�� �S�S~�zf�mÿ`vF�;syw��u��t}P��u��T�Sy��tz��D�S��zfymÿYs �lu � uwy ��ÿYs��TÿFu5sts<ÿ�2Hu���ÿ¥�wÿ¥s<ÿzlK��uwÿYs�~�ÿk}ws<�S�<�dvp��~�ÿ¥���Tÿpv¦uwy �pV��"ÿ �Uÿ����<�S��ÿ¥}P��u5s�~fÿ}ws<ÿ��Uz�ÿYs �pv8xn�;ym�Sÿ��

R ��u5sh}ws<ÿpyw�ws<ÿ�ÿFyUvp���"}w�<ÿ��<��u5�<ÿ�~��¦}muwz����<�Sywvpÿk�wÿ�~ �ò�����8���luwÿÎ�wÿ �M���w���lz�� �U��y��p{lyw��u��h�wÿ��T�Sy��]ÿFy5s<z�v8xwzfs~fÿ��\va�;}n�Svpzf����\�wÿ ~ � z�yT��s<u��\}n�;s[~��}ms<�;}ms<z��p��&� � xw���U���"�Ss�}mxmz����Uÿ ��uwsÄ~ � �;} �Ys8�;�<ÿpu5s[�wÿ&�Ss<��u5}Pÿ�� � �p~�z�ÿpy��p�
�Îÿ��D�;s �luw��y��p{ ��z�~fÿ�v7xwz���s<ÿ��Uÿpyl�"}P�������p�wÿ�~���}ws<�S}ws<z��Y�� ��uwz ���SyT�<ÿ[� � xw���U���U�;s�}nxwz����Uÿ c

{a}k ⊕ {b}k =

{a ⊕ b}k
{+z�~hÿ��K�>}Æ������z��m~�ÿD� � �S�m�;}w�<ÿpsMvpÿp���<ÿ\�����8���luwÿ��>�Bÿp���<ÿ\�����8���luwÿDy��pvFÿ�����zf�<ÿDuwyèzfyl��s<u��:�;vp�<z�2�{ ��zhyw��u��vp��y���z����Ys<��y��:~ �ò�;���8���luwÿD}P��u5s"~fÿ

⊕
ÿY�:� ���K��s8�F�T��y��M~�ÿ\v8xmz ��s<ÿ��UÿpyT�:}n�;sM~��&vp~�ÿ�2t}nu��m~�z��luwÿ\�wu ��ÿYs��TÿFu5sM}n�;suwy �K�����Æ�S~�ÿ"xw���"���U�Ss�}mxwz��luwÿ

h
�luwÿ ��ÿFuw~ ~�ÿ ��ÿYs��Tÿpu5s`}Pÿpu5�`���p��s<uwz«s<ÿ�{��;~��Ss�`yw��u��¦}P��u��T�Sy��`�;}w}n~fz��luwÿYs`~��}ws<�dv��p�mu5s<ÿ �TumÿÎym�Su�� �p~�� �Æ�;s<��y��B�m�Sy��B~�ÿÎv7xm�;}mzf��s<ÿFY3Y3Y²}n�S��ÿ GHG �`}P��u5sBs<ÿY��s<��u��TÿYsBvFÿY���<ÿk�;���8���luwÿ@iH}Æ�SuwsBuwywÿ}ws����ÿFyT�8�;�<zf��y�vp���"}m~��Y�<ÿ`�mÿ`vpÿp��ÿ��dÿ��"}m~fÿÚvp��y���uw~f�<ÿYs � Z � � �Q¡���£,k8�

T�¡



���������>���P����������	��f����	 �@�������������������� *�� ��� �������*�	 !	��� �

\P]���]�� ( ��ud_P� > ad�m� ) s a5�j� > u ]
|k}ws���>������zfsÚs�p}PÿYs��<�Ss<z��UÿY�ÚvF~���������� �[Z �>¡���£]}n�;sÚ�<x��F�;s<z�ÿ������lum�;�<zf��ywywÿF~f~�ÿ��Ú~�ÿ��`}ms<�;�<�dvF�S~�ÿ��ÚvYs��d}w�<���Ss8� �}nxwz��luwÿ��p{Fyw��u�� �p�<uw�wz��Sy��Æ}n~fu���}n�;s��<z�vpuw~�z��Ys<ÿ��UÿFyT�+vpÿps��8�Szfywÿ��Æ�<x��F�;s<z�ÿ�� ���lum�;�<zf��ywymÿp~�~fÿ��Æ}P�������p�m�SyT�²uwy �K��� �P��~�ÿxm���U���U�Ss�}mxwz��Tumÿ"���pyw�S��

h
��u5sÚuwyW�S} �ps8�;�<ÿpu5sÚ���Fyw�S��M}n�;s>~fÿ �K��� �P��~�ÿ

⊕
� �+ÿ��¦�<x��F�Ss<zfÿ�� ���lum�;�<zf��ywywÿF~f~�ÿ��

�p�<uw�wz��pÿ���}P�������p�wÿFyT�ÎvFÿYs��8�Sz�y����wÿ��k� �5zf���Uÿ�� ��uwz��S�SyT��{c
G �

(x⊕ y)⊕ z = x⊕ (y ⊕ z)
i@| �����dvFz��;�<z��dzf��`|{k

-d�
x⊕ y = y ⊕ x

i �B�����Mu5�8�;�<z �5zf��@�Qk
� �

0⊕ x = x
i,g¥ymz«��jg k

Tw�
x⊕ x = 0

i,4¥z�~f}P�S�<ÿpywvFÿ 4 k
�d�
x⊕ I(x) = 0

i,Y�y	�Tÿps��ÿ{YQk
�d�
h(x⊕ y) = h(x)⊕ h(y)

i �¥���U���"�Ss�}mxmz����UÿÚx�k
4¥��u��`yw��u��>z�yT��Ys<ÿ������Sy��Ú�m�Sy��ÚvFÿY���<ÿ:�<x�����ÿD�Su����<x��p�Ss<z�ÿ�� ���lum�;�<zf��ywywÿF~f~�ÿ��ÚÿFy�}ms����ÿpymvpÿU�mÿ"~ �ò� �5z����"ÿ	�� � xw���U���U�;s�}nxwz����UÿM}P��u5s¦~�ÿ �K�����Æ�S~�ÿM�mÿ 2H�SymvY�<z��Sy

h
ÿY�¦~fÿ��¥�wz�� �Ys<ÿFyT�<ÿ��k�<x��p�Ss<z�ÿ�� ���lum�;�<z���ywywÿp~�~�ÿ��Î}Æ�Suws¦~fÿ

�K��� �P��~�ÿ
⊕

�luwÿ`ym�Su������Fyw�S�<��y���}���s@c
� �����>~��:�<x��p�Ss<z�ÿ ���lum�;�<z���ywywÿp~�~�ÿ`vp��y��K�<zf�<u��Fÿ`�wÿ��Î� �5zf���Uÿ�� G { -d{mÿY���d�
� ����� 	���~��k�<x��F�;s<z�ÿ ���Tun���<z���ywywÿF~f~�ÿtvp��y��K�<zf�<u��Fÿt�wÿ��]� �dz����Uÿ�� G {�-d{ � { T¥ÿp�I�l{SvFÿY���<ÿB�<x��p�Ss<z�ÿtvp�Ss�s<ÿ��K}P��yw�

0"uwy�xw���U���U�;s�}nxwz����Uÿ ��u5sk~fÿA�>��u�ÿ �5vF~fu���z 2x�n�
� �����k~��`�<x��F�Ss<zfÿ ���lum�;�<z��Symywÿp~�~fÿkvp��y��K�<zf�<u��pÿÎ�mÿ��B� �5z����Uÿ�� G { -l{ � { �¦ÿp���d{l�m�Sy��hvFÿÎvF���hym�Su��]}n�;s<~�ÿYs<��y���mÿ`~ � xw���U���U�;s�}nxwz����Uÿ ��uwsÎ~�ÿ����Ss<��u5}Pÿ��Î� � �F~fz�ÿpy��p�
Z`�Sy��h~�����ÿFvp��yw�wÿk}n�;s��<zfÿÎ�mÿkvpÿk�w�dvpu��Uÿpyl�F{lyw��u��h}ws����ÿFyT�<��y��t~fÿ �U�d���p~�ÿk�wÿ�Z¦��~fÿ�� � !B�S�Úÿp�Bv8xwÿps<v8xw��y��P0~ � �Y�<ÿpym�5s<ÿh}Æ�Suws²}ms<ÿpyw�5s<ÿtÿpy:vF���:}m�<ÿB�wÿ��²�<x��F�Ss<zfÿ�� ���lum�;�<z��Symywÿp~�~fÿ��p{��<x��F�Ss<zfÿ�� �luwzl}PÿFu��TÿpyT�'Vp��s<ÿhs<ÿp}ws����ÿFyT��pÿ��}���stuwy �K���K����Uÿk�wÿÎs���pvYs<zf�<u5s<ÿÎvF��y��muwÿFyT�F��Rhuwz��p{lyw��u��t�w��ywyw��y��tuwywÿ¦�;}w}ws<�dv8xwÿk}P��u5sB~�ÿkva���h}n������z�2��m�Sy��t~fÿ

�U�d���F~fÿt�mÿPZ¦��~�ÿ � � !h�S� �Y�<ÿFyw�wuÆ{S�m�Sy��^~����luwÿp~�~fÿ�yw��u�� �U��yT��s<��y��^uwy"}ws<ÿ��Uz�ÿYs s����uw~f�8���]���py��ps<z��luwÿ��wÿ�~��lva�S~fzf��
��z��"}m~�ÿ"ÿpy�}ws����ÿFywvpÿ"�mÿ��¦�<x��p�Ss<z�ÿ�� ���lum�;�<zf��ywywÿF~f~�ÿ��p��mhy���uwzf�<ÿ:yw��u����U�Syl��s<�Sy��¦vF��� �UÿFyT�Úvpÿ:s����uw~f�8�;�¦}Pÿpuw�
Vp��s<ÿ��;}w}m~�z��lu����Su�vF���"�wu �U�d���p~�ÿ�vp~�� ����z��luwÿ��wÿWZ¦��~�ÿ � � !h�S��}P��u5sUs<ÿY��s<��u��TÿYsU~fÿ�s����uw~f�8�;�"�wÿ����p�wumvY�<z��Sy}Æ�Suwsk~�ÿÚ}ws<���m~����Uÿ>�mÿ>~ � z�yT��s<u��p�R]umz��kyw��u��¥~ �ò�;}w}m~�z��luw��y��¦�Su&vF���k�wÿ��Î�<x��F�;s<z�ÿ�� ���Tun���<z���ywywÿF~f~�ÿ�� ��uwz��S�SyT�<ÿ��@c
�����T{ ����� 	��Äÿp� �����l�`mhy ��� zfy��K}nz«s8�SyT�:�wÿDyw���Ú��s8���S�Su��Wz�ywzf�<z��Su�� � � � �Q¡��l{ � � �Q¡ Tf£ �luwz^��s8�Szf�8�SzfÿFyT�Ú}Æ�Suws~��"}ws<ÿ��"z��Ys<ÿ@2H�Sz��Î~��"}ws<�S}ws<z��Y��>� � xm���U���U�Ss�}mxwz����"ÿ ��u5s¥vFÿ��Î�S} �ps8���<ÿFu5s�k�������dvpz��;�<z�2 �ÎÿY�kvp�����Mu5�8�;�<z�2 �k�m�Sy��~�ÿDvF���>}n������z 2Q{x�n�DZ¦ÿp~��SuwywÿD}ws<�S}P���<��uwymÿU}ws<�dv��p�wu5s<ÿ1R�� �PY�| m � Z¦ÿp~¢¡��;�f£h}P��u5s>s������uw�5s<ÿ\~fÿD}ws<���m~����Uÿ\�wÿ���p�wuwvp�<zf��yÚ�wÿ]~ � z�yT��s<u���}P��u5s3vpÿ����<x��p�Ss<z�ÿ�� ���Tun���<z���ywywÿF~f~�ÿ��p����� zf���Fÿ }ms<zfywvFz«}��;~�ÿ]�wÿhvpÿ^��s8�����Szf~�ÿ��K�3�wÿ^s<ÿ��"}m~��Svpÿps�mz � �ps<ÿpyT�<ÿ��B�;}w}m~�z�vF�;�<zf��y��B�mÿ��]s�F��~fÿ��B�wÿkvp��y��K��s<uwvp�<zf��yD}P��u5sB~�ÿ �K� � �P��~�ÿkxw���U���U�;s�}nxwz��luwÿ

h
ÿY�B~�ÿ �K��� �P��~�ÿ

⊕
}n�;s\uwywÿ ��ÿFuw~�ÿ � �U�Svps<� �ès�p��~�ÿ��wÿ����p�wumvY�<z��Sy��x4¥�Su�� �Y�<uw�wz�ÿYs<��y��Dÿpy���umz«�<ÿ&~fÿ��"�<x��p�Ss<z�ÿ�� �����
	��&ÿY�

�����T{Æ~��;s��luwÿU~�ÿ �K��� �P��~fÿ"xm���U���U�Ss�}mxwz��TumÿUÿ��K�Ú~�ÿ �K��� �P��~fÿ"�mÿ"v8xwz���s<ÿ��"ÿFyT�ÚvF��� �Mu5�8�;�<z 2h��uW}n���p��4¥�Su��}ms<�;}Æ������y��Ú�;~��Ss�`uwywÿ:}ws<�dv��p�mu5s<ÿ:�wÿ:���Fvpz���zf��y�}P��u5s`~�ÿM}ws<���m~����Uÿ"�wÿ:���p�wuwvp�<zf��yW�wÿ:~ � z�yT��s<u��`ÿpy�}ws����ÿFywvpÿ�mÿ:vFÿ��¦�<x��p�Ss<z�ÿ��p��m]y�
myWyw��u�� �U��yT��s<��y��Ú~fÿ��¥s<ÿF~��;�<z���y��`ÿ �5z��K�8�SyT�<ÿ��`ÿpyT��s<ÿ"~fÿ"}ws<���m~����Uÿ"� � uwywz�
mvF�;�<z��SyÿY�Ú~fÿ}ms<� �n~����"ÿÚ�wÿÚ���F�wuwvY�<z���y��wÿÚ~ � zfyl��s<u��p�
Z`�Sy��^~��¥�mÿYs<ywz��Ys<ÿ�}n�;s��<zfÿ�{Syw��u��x2H�lva�S~fz�����y��^yw�S��s<ÿ������<ÿFyT�<z��Sy���u5s]~fÿ�vF���]�SvY�<z 2m}Æ�Suws]~��¥�<x��F�;s<z�ÿ ����� 	��Îÿp�}ms<�;}Æ������y��tuwywÿk}ms<�lv��p�wuws<ÿk�wÿ¥���pvFz���z���yD}Æ�Suwst~fÿk}ws<���m~����Uÿ¥�wÿ ���pvFu5s<z«����.4¥��u��Bva�;s8�;vp��Ys<z�����y��B� � � �P�Ss<�ÄuwywÿvF~�������ÿ¥�wÿk}ms<�;�<�dvF�S~�ÿ��p{d~�ÿ��B}ws<�S�<�lvF��~fÿ��B���p�<ÿYs�Uz�ywz��K�<ÿ��p��mhy���uwzf�<ÿS{dym�Su�� �U�Syl��s<�Sy��t~fÿ¥~�z�ÿpyÄÿpyT��s<ÿ¥~ � uwywz�
mva���<z���yÿp�k~�ÿÚ}ms<� �n~����"ÿM�wÿ ���pvpuws<z«�����R]umz�� �p~�� �Æ�;s<��y��¥uwywÿ ���Y�<xw�d�wÿM�wÿÚs������~�u5�<z��Sy }P��u5s¥uwywÿMvp~�������ÿÚ}���s��<z�vpum~fz��Ys<ÿ� � ���Tun���<z���y��M�mzf�S}mxm�SyT�<z�ÿpymywÿ��p��mhy�
nyñyw��u��M}ws����ÿpyT�<��y��:yw�S��s<ÿD}ms<�lv��p�wuws<ÿ\�mÿ\���pvpz���z��Syñ}P��u5s:uwy yw�����ms<ÿ

�Æ�;s<y��¥�wÿ ��ÿ�����z��Sy���ÿpyÄ}ws����ÿpywvFÿ¦�wÿ¦~��>�<x��p�Ss<zfÿ ���lum�;�<z���ywywÿp~�~�ÿ������
	��T���BÿY���<ÿk}ws<�dv��F�wu5s<ÿ¦ym�Su��t}Pÿps�"ÿp���wÿs<ÿp��s<��u��TÿYs[� Z � � �Q¡���£l~ � �;���8���luwÿ]���Fvp��u��TÿYs��<ÿ^}���sx�M� �w� �lz�� �U��y�� ��u5s²~�ÿ^}ws<�S�<�dvp��~�ÿ]�wÿ �P| 4M{aÿpy �"�d���F~fz��<�SyT�~�ÿ`v7xwz���s<ÿ��Uÿpyl�k���K�����Y��s<z��Tumÿ¦�mu ��ÿps��Tÿpu5sÎ}n�;sÎ~��p2V��ywvp�<zf��y�xm���U���U�Ss�}mxwz��Tumÿ
h
���

T G



����������	�
������	���������������������� ���"!#�"�%$&�'���)(&�����*�	,+�-.�"!)�

T+-



� �������	��
 � ����������

� ����������� D  �D  "!# �B�$&%3@ �('  �D �*) @ ' % � B?E
+ @ ' % � B?E ,.-�E7E7@�/10 F

T �





Chapitre 3
��� ��� � ������� �), � � ��� ��� ��� � �������
	�� 
$� � 
'� �����
����� �������ñ����� 
���#�������+*�,-���/.

0���� � EÁA;_ I�� E I =@254ÚbDA I = � 9;GlRl4Y6<A;_ I ?BA;6 � EVG b\9S=@254YbD9S=@E L Ipo3qm]s<z�v��3ÿ��"}m~�ÿÚrtÿF~f~Á�
���B�����]���m�

Öm��� �3¤ÄÛ[�nÂnÙTÃf¤\Â�¤��M�wÃf¤S¢�����ÅT�����¦�¦�¥�¦�¥�¦�¦�¥�¦�¥�¥�¦�¦�¥�¦�¥�¦�¦�¥�¦�¥�¥�¦�¦�¥� §��Ý�©«ªa©«ªÊêhì�¸d¹F±jíTç8·j®8·]ÓT¶"à`¹SÓTç8Õ«®F© ©�©�©�©�©�©�©�©�©�©�©�©�©�©�©�©�©�©�©�©�©�©�©�©�©�©�©µ³��Ý�©«ªa© ¨µÑ�®�·�ìS·�±jç8à`®�ÓT®�ÓT»8ÓT¶T¯<±jºá¹�Ì"ÓT®�åt¹aÕ«®<Ë�� �3ÍF¹l©�©�©�©�©�©�©�©�©�©�©�©�©�©�©�©�©�©�©µ³SâÖm�f� �3¤ÄÛ[�nÂnÙTÃf¤\Â�¤��M�wÃf¤S¢�����ÅT�&���Y¤�Ç�ÂÆô�ÅS¢l¤�¿UÂ�¤S `���p�d�P�a�f�;�7�� `ÅdÃ"!l�S½P�a�"#nôn¤S a�n�¥� §�$Ý�© ¨S©«ªÊÑ�®�àÚ¹;ÓTç8Õ«®�ÓT®�åt¹�Õá®<Ë%�&�²ÍF¹`»�±j®8ÌTÓT¶U¸lÍF°]¶TÌT®�±jíT»8¹a°�º«®�»8Ï;¶lÍF±jºá¹�ÌTÌT®<Õ«Õ«®a© ©�©�©�©�©µ³;éÝ�© ¨S© ¨µÑ�®�àÚ¹;ÓTç8Õ«®�åt¹�Õá®<Ë%�&�²ÍF¹`»�±j®8ÌTÓT¶U¸lÍF°]°�»8»<¯8°�ºá±j¶T°�®a©k©�©�©�©�©�©�©�©�©�©�©�©�©�©�©�©µ³;ðÝ�© ¨S© Ýæåtºáîw»8°�®8Ì�±j®8·^±jíT»8¹a°�º«®8·]»8ÏS¶lÍp±jº«¹aÌTÌT®8ÕáÕ«®8·]¯8¹aÌT·jº«ÓT»<°�»8®8·7©'©�©�©�©�©�©�©�©�©�©�©�©�©�©ëÐ�ª
' u���� �mu5�Î�mÿ��k�;ymy��pÿ�� �Tun����s<ÿ�� �5zfyw�S�F{hZ¦��~fÿ��ÄÿY�H!B�S�O� ZH!{U G £3�Syl� �"�d���F~fz����Ú~�ÿ���vF�;}n�SvFz«������wÿÚ~ � z�yT��s<u��}���s¦uwy �"�d���F~fÿM�wÿM���p�wumvY�<z��Sy���4¥�Su��Î}ws����ÿpyT�<��y��¥� �ò� �P�Ss<�&~�ÿ �U�l���p~�ÿ>�Ss<z���zfywÿF~3�wÿ@Z¦��~�ÿ � � !B�;�ÄÿY�¥ÿpy���umz«�<ÿ~ � ÿ �d�<ÿpy���z���y:u���uwÿp~�~fÿ��wÿ�vFÿ �U�d���F~fÿt}n�;s^umywÿt�<x��F�Ss<zfÿ ���lum�;�<zf��ywywÿF~f~�ÿS�.�Bÿp���<ÿBÿ��d�<ÿpy���z���y"�Suw���UÿpyT�<ÿ�~fÿt}P��u��T��zfs�mÿk���F�wuwvY�<z���y\�wÿ¥~ � zfyl��s<u��tÿY�B}PÿYs�Uÿp���;z�y���z�umywÿ �	�Ys<z�
mva���<z���y\�wÿ��h}ws<�S�<�dvp��~�ÿ��BvYs��d}w�<���Ss8��}nxwz��luwÿ��Bvp��yT��s<ÿ¥uwy�;���8���lum�SyT��}n~fu���}muwz����<�SyT�F{nvFÿ��Tumz+������u5s<ÿÚuwy�}m~�u����Ss8�Syw��ywz��TÿF�Su��wÿ ���Fvpu5s<zf��S�
mhy���uwzf�<ÿS{�yw��u��[s<ÿF���;s<�w��y���}m~�u��[}ms�pvpz������UÿFyT��~�ÿ��[�<x��F�Ss<zfÿ�� ���lum�;�<z��Symywÿp~�~fÿ��[}P�������p�n�;yl��uwy �K��� �P��~�ÿ

�nzfym�Szfs<ÿ 9 I8I A�L7E 9S=@E J�4Y=ML8A;b"b:_w=Q9S=@E J i@|#�Qk8�>4¥��u�� ���p}n�;s<��y��"vpÿ �K��� �P��~�ÿ[�wÿA2H��ywvY�<z���y y��Q�Sz«s<ÿ�{ �mÿ��U�Su5��s<ÿ��
�K��� �P��~�ÿ��k�mÿ>~��U�<x��F�Ss<zfÿ�{�ÿY�¥yw��u��¥~�ÿÚs<ÿp}ws����ÿFyT�<��y��k}n�;s¥umywÿMyw��u��Tÿp~�~fÿ>s�p��~�ÿM�wÿM���p�wumvY�<z��Sy

(GX)
�m�Sy��¥~�ÿ

�U�d���F~fÿ �p�<ÿpyw�mu&�wÿ Z¦��~�ÿ � � !B�;�w��4¥�Su��ku5�<z�~fz���ÿYs<��y��¥�n�;y��k~�� ��uwzf�<ÿ>�mÿ>~��U�<x�����ÿMvpÿ �U�d���p~�ÿ �Y�<ÿFyw�wu�}n�;s¥�mÿ���<x��p�Ss<zfÿ�� ���lum�;�<z��Symywÿp~�~fÿ��p�
T+�



�.���5�b���M��!3	�� � �-����� �M���{�����@� ��� ������� � �`���j���"![����������	�� ���M!#����(S� � ��	,+�-.�"!)�

�p7�9 � N � = 5��#6�N 5AN
	 = 6�N�I��� 8 =�7

mhy G �&U G {hZ¦��~fÿ��ÄÿY�H!h�S�W� ZH!{U G {�Z#!{U � £Æ}ws<�S}P����ÿFyT�Îuwy �U�d���p~�ÿ`�mÿ`~ � z�yT��s<u���}P��u5sÎ�Sym�S~f����ÿYsÎ~�ÿ���}ws<�S�<���vp��~fÿ���vps��l}m�<�S�Ss8�;}mxwz��luwÿ����wÿ`vp�����Muwywz�vF�;�<zf��y��p�b�Bÿ �U�l���p~�ÿ¦ÿ��K��vF�Sy��K�<z«�<u��`� � uwy �K���K����Uÿ`�wÿ¦}ws<ÿpu��Tÿ`���F�wz���;u���}ms<�;�<�dvF�S~�ÿ��¥vYs��d}w�<���Ss8�;}mxwz��Tumÿ��¥ÿY�¥s<ÿp}ws����ÿFyT�<ÿM~�ÿ��¥va�;}n�Svpzf���� �luwÿ>}P�������p�wÿFyT�`uwyW�����8���lum�SyT�¥}P��u5s`�;}��}ws<ÿpyw�ws<ÿ��wÿ�~ � zfy�2H�Ss�D���<z���yÆ{�}n�;shÿ �5ÿ��:}n~fÿ ��� zf~mvF�Symym�fef�humywÿ�vp~�ÿ�2�ÿp�]umy"�<ÿYs�Uÿ�z�~5}PÿFu5�]v7xwz���s<ÿYshvFÿ��<ÿYs�Uÿ����TÿpvvpÿY���<ÿ"vp~�ÿ�2���4¥��u��`�m�Symyw��y��Ú~fÿ��ÚxT�d}P�S�<x�����ÿ��j2@�Sz«�<ÿ��¥}���s>~�ÿ �U�d���p~�ÿU�wÿpZ¦��~fÿ�� � !h�S�w{+���S�SyT�Ú�wÿU~fÿ"}ws����ÿpyT�<ÿps}m~fu���ÿFy����Y�8�Szf~Á�
�P]%^']%^ ��� v>�'a ���DuT�Du N s ���HN���Rj� ]

�+ÿ �U�d���p~�ÿ¥�mÿ Z¦��~fÿ�� � !h�S�:ÿ��K��uwy[�wÿ��t}ws<ÿ��Uzfÿps� �U�d���F~fÿ���2H�Ss�Uÿp~��B}Æ�Suws�~�� �	�Ys<z�
mvF�;�<z���yÄ�wÿ¥}ms<�;�<�dvF�S~�ÿ��vYs��d}w�<���Ss8��}nxwz��luwÿ��p� �BÿY���<ÿx2V�Ss�D�S~fz��<�;�<zf��y>�mÿ���}ms<�;�<�dvF�S~�ÿ��+z����F�S~�z���ÿB~fÿ���}ws<�S�<�dvp��~�ÿ��+ÿpy>vp��y���z����ps8�;yl�²~fÿ���}P��z�yT��
��uwz ���SyT��p�
%b~���~,��~,� �O� ! ) ���.��� �
C).���,�$��)�~

�+ÿ �U�d���F~fÿ¥�wÿ#Z`�S~�ÿ � � !B�S�>ymÿk}ws<ÿFyw�\}n���tÿpyÄvF���"}w�<ÿ¥~��>ym�;�<z���yÄ�wÿk�<ÿ��"}��p{dywzP~�ÿ��B}PÿYs��<ÿ��B�wÿ �Uÿ����<�;��ÿ��p�
4¥�Su�� ��u5}m}P�����Sy��¦umy s����ÿa�Su �Dzf���F�S~x� E o 4 o �SuwvFuwy �"ÿ����<�S�Sÿ �pv7xm�Syw���:y � ÿ��K�¥}Pÿps<�wu�ÿY�¥�<��u��¦~�ÿ�� �Uÿ����<�S��ÿ��
���Syl�¦ÿpy	�T�a�	���¦ÿY�ks<ÿ)5pu��¥z�y��K�8�SyT�8�Sy����"ÿFyT�¥}n�;s¦~�ÿ��¦�S��ÿpyT��p�P|¥zfy���z@{Æ����ÿFvM~�ÿ �"�d���F~fÿ:zfyl��s<�l�muwz«�¥}n�;s Z¦��~fÿ���ÿY�
!h�S�w{lzf~ny � ÿ��K�h}n���h}P������z��m~fÿ¥�wÿÎ}ws<ÿpym�5s<ÿkÿpy\vp���"}w�<ÿk~fÿÎ�<ÿ��"}��B�m�Sy��B~�ÿ��hva�;}n�Svpzf����h�mÿÎ~ �ò�����8���lum�SyT�F�.Z¦ÿÎ}m~fu��p{�m�Sy���vpÿ �U�d���p~�ÿS{d�<��u��t~�ÿ��tva�Sym�Su��\�wÿ¦vp�����>umywzfva�;�<zf��y�������yT� ��u5}w}P��������Vp��s<ÿk}mu��m~�z�v��p{w�Sz�y���zPym�Su�� �������Uÿ���m�Sy���umy�ÿFy	�5z«s<��ywymÿ��UÿpyT�k~�ÿ¦}m~�u��Îxw���K�<z�~fÿ`}P������z �n~fÿÚ}P��u5sÎÿ��ÆÿpvY�<umÿYs�~�� �	�ps<z 
mva�;�<zf��yÆ�
%b~���~,��~�} � ����� ! �h� �f���� 
D� �§¥o� � ��� ��� �2)�� ������� ) � ~

mhyñs�a�;~�zf��S{^~fÿ�� �Uÿ����<�S��ÿ�� �pv8xn�;ym�����:}n�;sD�wÿ��D�;��ÿFyT��U~f�Ss�"� � uwywÿ�vp�����>umywzfva�;�<zf��y ����yT�D�wÿ��Uv8xm�fe�ywÿ���wÿ �mz«��p��Z`�Sy��DvFÿ �U�d���F~fÿ�{]vF�����Uÿ��m�Sy��\�wÿ�yw�����ms<ÿpu���ÿ��\�;}w}ws<�dv7xwÿ�� �K��� �P��~fz��luwÿ��\ÿpy �	�Ys<z�
mvF�;�<z���y��wÿ}ws<�S�<�lvF��~fÿ��p{d~�ÿ����Uÿ����<�S��ÿ����Fv8xm�Syw����������yT�Î� ���K��s8�Sz«��t}n�;s��mÿ��t�<ÿYs�Uÿ������Fy��Ys���t}n�;s�uwywÿ`�S~���� �ws<ÿ¦�wÿ¥�<ÿYs�Uÿ��p�
Z`�Sy��D~�ÿ �U�d���F~fÿ&zfywzf�<z��;~k�wÿOZ¦��~�ÿ � � !B�;�w{]vFÿY���<ÿ&�S~f��� �ms<ÿ��wÿ��<ÿYs�Uÿ��\ywÿ�vF��yT�<zfÿFyT� �luwÿ�~�ÿ�� �K��� �P��~fÿ��D�wÿ��
2V��ywvp�<zf��y��t�mÿ¥v8xwz���s<ÿ��UÿFyT�F{5�wÿ¥vp��y��K��s<uwvp�<zf��yÄ� � uwywÿ¥}n�Sz«s<ÿ¦ÿY�tumyÄÿpy���ÿ�� �m~�ÿ¦�wÿk�<ÿYs�Uÿ��BvF�Sy��K�8�;yl��p��Z`ÿk}m~fu��p{~fÿ��kz��wÿpyT�<zf����¥�wÿ��k}n�;s��<zfvFz«}��;yl��kxw��ywy�Vp�<ÿ��¦�;z�y���z �luwÿ>~�ÿ��kym�Symvpÿ�� ����yT�ks<ÿp}ws����ÿFyT����k}n�;s¥�wÿ��kvp��y��K�8�SyT�<ÿ��k�wÿ~�����zf��ym�;�<u5s<ÿ��
%b~���~,��~&% �W¤ ���h�f���%��� 
��t� �>� � !��S¥o�S��� �`� ! �q���¢��~

�+ÿ �U�d���p~�ÿS{B}ms<�;}Æ�����Wÿpy G � U G }���sWZ`�S~�ÿ � ÿY� !h�S�w{�2@�;zf�[~ � xT�d}P�S�<x�����ÿ��wu v7xwz���s<ÿ��Uÿpyl�Ä}n�;s�2@�;zf�F� �+ÿ��
�"ÿ����<�S�Sÿ���v7xwz �Ps��������yT���w��ywv¦�Sym�S~f��������vp�����Uÿ¦�wÿ�� � �P��z«�<ÿ��tym�Szfs<ÿ����Dvp��yT�<ÿpyn�;yl��umy �Uÿ����<�S��ÿ��Tu � z�~Py � ÿ��K�}P������z �m~�ÿÚ� � ��u��ds<z«skuwywz��luwÿ��Uÿpyl� ��z�~��"vp~�ÿ�2²�wÿ`���pv8xmz ��s<ÿ��UÿpyT�kÿ��K�ÎvF�SymyluwÿS�
%b~���~,��~ � �@��D�`���$� �����`�&�¦�,�>�¢�f������� 
`� � �¢�,��� ! � � ~

Z`�Sy��h~�ÿ �U�d���p~�ÿÎ�wÿQZ`�S~�ÿ � � !B�S�5{TuwyDzfyl��s<u��]}Pÿpu5�Bu5�<zf~�z���ÿYshy � z��:}Æ�;s��<ÿ �luwÿp~w�<ÿps�"ÿ �lu � zf~n�`������ÿYs��	� ��uwsh~fÿs����ÿF�SuD}ws�pv��p�wÿ����"ÿFyT�tÿY�BvFÿS{d�Su5�8�SyT�B�wÿ�2V��z�� �lu � z�~n~�ÿÎ������zfs<ÿS�.4¥��u��h�mz�����y��txm� �mzf�<uwÿp~�~fÿ��UÿpyT���Tumÿ8�¦~ � z�yT��s<u��ÿ��K�h~fÿ�s����ÿF�Su��:�Szfy���z@{T~�ÿ����"ÿ����<�S�Sÿ��p{ �luwzwvFz«s<vFuw~�ÿpyT� ��u5sh~�ÿ�s����ÿa�;u�{�����yT�hvp��ywydu��^}n�;sh~ � z�yT��s<u��hÿY�]vp��y��K�<zf�<uwÿFyT�~ � ÿpy���ÿ�� �m~fÿ>�wÿ��<�"vp��ywyn�;z����<�SywvpÿÚz�ywzf�<z��S~�ÿS�
T+�



�����&���'� ����� �"���j�h���@� ��� �����b�&���

%b~,��~,��~�� �@� �`���.�¢�G) � 
`� � �¢�,��� ! � � ~
Z`�Sy��]vFÿ �K���K����Uÿ�{�~ � zfyT��s<u��^}Æÿpu5�B�;}w}m~�z��luwÿpshuwywÿÎ�wÿ��]s�F�S~�ÿ��h�w��ywy��pÿ��^}n�;sB~fÿ �U�d���F~fÿ��&Y�~w}PÿFu5�h���Fv8xwz���s<ÿpsumy �Uÿ����<�S��ÿ ��� z�~²vp��ywyn� e��¦~��\vp~�ÿ�2^�mÿM���Fv8xwz���s<ÿ��UÿFyT�F{Pz�~+}PÿFu5�¦v8xmz ��s<ÿps¦uwy �Uÿ����<�S��ÿ"���TÿFvMy � z��"}P�Ss��<ÿ �Tumÿp~�~fÿvF~fÿ)23ÿFy �<�"}P������ÿ�����zf��y&ÿY�kz�~�ÿ��K�Îva�;}n� �m~fÿÚ�mÿÚvF�Sy��K��s<uwz«s<ÿ>ÿY�Î���Y��s<uwzfs<ÿÚ�wÿ��Î}n�Sz«s<ÿ��Î�wÿÚ�<ÿYs�Uÿ��p��Bÿ��ÎvF�;}n�SvFz«����

����yT� �U�d���p~�z����Fÿ���}n�;sÎuwy �K���K����Uÿ`�wÿÚ���p�wuwvp�<zf��y �luwÿÚyw��u���}ws����ÿFyT�<��y��Î�m�Sy��Î~�� ��ÿFvY�<z��Sy ��uwz��S�SyT�<ÿ��
�Q]%^']q\ K � u � u&a �+��� Nk� N�y�N s _�a5�j� > Nk� � � R�� =���� �^� ]

mhyvF��y���zf���Ys8�SyT�>�<��u5�<ÿ��Úvpÿ��>xT�d}P�S�<x�����ÿ��p{3~fÿ �U�d���F~fÿD�wÿ§Z`�S~�ÿ � � !B�S��ÿ��K�>vF��y��K�<z«�<u��D� � umy �K���K����UÿD�wÿ���p�wuwvp�<zf��y\~f����z��TumÿS{l�&nD~��>vp��ywym�Sz����<�Sywvpÿ¥zfywzf�<z��;~�ÿk�wÿk~ � z�yT��s<u��tÿ��K�hs<ÿY}ws����ÿpyT��FÿÎ}n�;stuwyDÿFy���ÿ�� �m~�ÿ¥�wÿÎ�<ÿYs�Uÿ��
T
�.�Bÿ�� �<ÿYs�Uÿ��^vp�Ss�s<ÿ��K}P��yw�mÿpyT�h�;u��>�wz�� �ps<ÿpyT�� �"ÿ����<�S�Sÿ�� �pv7xm�Syw����� ~��Ss�^�wu:}ws<�S�<�lvF��~fÿ��p{ 0¥vFÿYs��8�Szfy��²ym�Symvpÿ��p{�Su��[vF~fÿ)2 ��}mu��m~fz��luwÿ��ÎÿY�k�Su��[z��wÿpyl�<z«������wÿ����wz�� �Ys<ÿFyT��Î�S��ÿpyl��p�
4¥��u��Ms8�;}w}Æÿp~��Sy����luwÿF~f~�ÿ[ÿ��K�U~�� �K��s<uwvY�<u5s<ÿ[�mÿ[vFÿ �K� �K����Uÿ[�wÿÄ}ms<ÿpu��TÿS{]���S�SyT�D�wÿÄ}ws����ÿFyT�<ÿYsF{^�m�Sy��U~��


n�Suws<ÿ � � G {w~fÿ����wz � �Ys<ÿpyl�<ÿ��ts�p��~�ÿ����wu �U�d���p~�ÿ¦�wÿ Z¦��~fÿ�� � !h�S�Ms<ÿY}ms����ÿpyl�8�;yl��~�ÿ¥}P��u��T��zfs��SvFvp�Ss<���j0M~ � zfyl��s<u��p�
�+ÿ �U�d���F~fÿ�u���uwÿF~5�mÿ�Z¦��~fÿ�� � !h�S�8� ZH!{U G £m��� 
mymz«�]~fÿ�� vF�;}n�SvFz«����²�mÿt���p�wuwvp�<zf��y"�wÿ�~ � z�yT��s<u��^ÿpy ��u5}w}Æ���<�SyT�~ � xT�d}P�S�<x�����ÿB�wÿtv8xmz ��s<ÿ��UÿpyT�²}���s�2@�Sz«�F�f4¥�Su��²yw�S�<��y��3}n�;s ~fÿ �����luwÿFyT�

T ` u
~�ÿ�2H�Szf� �luwÿB~ � z�yT��s<u��²}PÿFu5�²���F�wuwzfs<ÿ~�ÿ��<ÿYs�Uÿ

u
0`}n�;s��<z«sB�wÿ �<�Úvp��ywym�Sz����<�;ymvpÿkzfymz«�<z��S~fÿ

T
ÿFyUu5�<z�~fz��<�SyT�B~�ÿ��]s�F�S~�ÿ��h�wÿ ���Sy �K���K����"ÿk�wÿÎ���F�wuwvY�<z���yÆ�

�Bÿ �K���K����"ÿ:�mÿ:���F�wuwvp�<zf��y����pvps<z«�¦}n�;s`~�� 
m��u5s<ÿ � � G ÿ��K�`vp���"}P�����:�wÿ��¥s�p��~�ÿ�� ��uwz��S�SyT�<ÿ��Kc
(A)
~ � zfyl��s<u��Ú�������ÿps��	� ��u5sÚ~fÿ"s����ÿF�SuWuwy��<ÿps�Uÿ:ÿp�`zf~^~fÿUvp��ywym�fe��F{

(P )
~ � zfyT��s<u��¦}PÿFu5�`vp��y��K��s<umz«s<ÿ"umywÿ:}n�Szfs<ÿp0\}���s��<zfsÚ�wÿ�mÿpu����<ÿYs�Uÿ��p{

(UL)
{
(UR)

z�~��<�Sz«� �p�T�S~fÿ��UÿpyT�Mÿ �d��s8�Sz«s<ÿDv8xm���luwÿDvF���"}P���<�SyT�<ÿ\� � uwywÿU}n�Szfs<ÿS{
(C)
~ � z�yT��s<u��}Æÿpu5���S~��;s��v8xwz���s<ÿYs�uwy �Uÿ����<�S��ÿ

m
}���s�uwywÿ¦vp~�ÿ�2

k
{
(D)

��� z�~Pvp��ywym�fe��t~��Mvp~�ÿ�2
k
z�~n}Æÿpu5���S~f�Ss�t���Fv8xwz���s<ÿpstuwy

�Uÿ����<�;��ÿÚv7xwz �Ps�¦}n�;skvpÿY���<ÿ`vF~fÿ)2Q�
(A)

u ∈ T

T ` u

(P )
T ` u T ` v
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(Eq)
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(A)

u ∈ T

T `E u

(P )
T `E u T `E v

T `E 〈u, v〉

(C)
T `E u T `E v

T `E {u}v

(Eq)
T `E u u =E v

T `E v

(UL)
T `E 〈u, v〉

T `E u

(UR)
T `E 〈u, v〉

T `E v

(D)
T `E {u}v T `E v

T `E u

(F )
T `E u1 . . . T `E un

T `E f(u1, . . . , un)

�|�;�f� � � - � �3ÿ �U�d���p~�ÿ`�wÿ`}ws<ÿpu���ÿÚ�mÿjZ¦��~�ÿ � � !h�S���Y�<ÿFyw�wuO0"uwymÿ`�<x��p�Ss<z�ÿ ���lum�;�<zf��ywywÿF~f~�ÿ
(E)
�

�Q]q\�]q\ K �����HN���Rj� � �IRj� = ��� � � ybad� > N s v¥� ����y�y`_P�n� a s �w� ]
�Bÿ �U�d���F~fÿÎy � ÿ��K�]}�� �B�;}w}ws<�S}ws<z��Î}P��u5shuwyDs8�Sz�����ywymÿ��UÿpyT���Su5�<���U�;�<z��luwÿ ��uwsh~�ÿ��h}ws<ÿpu���ÿ��hvF�;sh~��¦�<x��F�Ss<zfÿ

���lum�;�<zf��ywywÿF~f~�ÿ
E
}Pÿpu5�ÚzfyT�<ÿps��Tÿpywzfs{0Ä�<�Suw� �U���UÿFyT�Ú�m�Sy��`~��\}ms<ÿpu��TÿS��R �Suws ���5z«�<ÿps`vpÿF~��Äyw��u��`vF�Suw}P��y��`~���<x��p�Ss<zfÿ ���lum�;�<z��Symywÿp~�~fÿDÿpy�mÿpu��W}n�;s��<zfÿ��pc+uwywÿU}ws<ÿ��Uz��ps<ÿ"}n�;s��<z�ÿ

S
�<��uflK��u5s�`}ms����ÿpyl�<ÿD�m�Sy��Ú~�ÿ��Ú}ws<ÿFu��Tÿ��

i@�n�;y��Byw�S��s<ÿÎva���B~ �ò�������lvFz��;�<z��5z«��¥ÿY�B~��>vp�����Mu5�8�;�<z �5zf�� k8{Tÿp�tuwywÿ ��ÿpvp��yw�mÿÎ}n�;s��<z�ÿ �luwÿ¥yw��u�� �U�d���p~�z�����y��t}n�;sumy �K���K����UÿÚ�wÿ¦s���pvps<z«�<u5s<ÿ
R
�

4¥��u�� ��u5}w}P������y�� �luwÿ ~�ÿ �K���K����Uÿ��wÿ&s���pvYs<zf�<u5s<ÿ
R
ÿ��K�[vp��y��muwÿFyT�[ÿp�\�<ÿYs�Uz�ywÿ �U�d�wuw~��ñ~���<x��F�Ss<zfÿ

S
i@yw��u��U~�ÿ �U��yT��s<ÿYs<��y��D�m�Sy��U~�� ��uwz«�<ÿ�}P��u5sD~�ÿ��U�<x��p�Ss<z�ÿ�� �luwz�yw��u��Dzfyl��Ys<ÿ�����ÿFyT��k8�x4¥��u��D������y����Pÿ�����z�y�mÿ�����
mywzfs\uwywÿ�ym�;�<z���y �wÿO2H�Ss�"ÿ�yw�Ss�D�S~fÿ �������dvpz��pÿ �Su �K���K����Uÿ��wÿ�s���FvYs<zf�<u5s<ÿ

R
�U�d�wuw~�� ~��W�<x��F�Ss<zfÿ

���lum�;�<zf��ywywÿF~f~�ÿ
S
�

� ).�'�D��� ���� � ����� ! ¥¦� �S� �q��! ¥¦�¦����! ¥¦����� � �PA;E@= (R,S) _dGP43O�6 !7I 4YGm=Q9S=@E A;G I A;_ I JYA;67b\4 � 4B6 ! ! LY67EH=@_56<4
� 4DXf9�=@2 ! A;67EÁ4 ! �Y_m9S=@E A;GwGP4pXVXf4 E o 
 Gñ=Q4767b\4 t 4 I =¥47G 2H�Ss�"ÿUyw�Ss�U�S~�ÿ I $ EHX G $ N 9:On9 I � 4D=Q4Y67bD4 s =Q4pX��Y_m4
t→R/S s � t I 4>6 ! � _5EH=�4YG s Om9;6Ú_dGP4>6 �QR�Xf4 � _ I N I = �Yb\4 � 4>6 ! ! L767E@=@_d684 R b\A � _5XfA S ��o �nE t→∗ s 4Y= s 4 I =4YG"JYA;67b\4ÚGPA;67bD9SX�4:9SXfA;6 I G�A;_ I � EV6<A;G I �7_n4 s 4 I =BXf9ÎJpA;67bD4>GPA;67bD9SX�4 � 4 t g � ! G�AS= ! s = t ↓ o

�Îÿ��D�;s �luwÿ`~�ÿ��F2H�;s�Uÿ���yw�Ss�U�S~�ÿ�� ����yT�kuwywz��luwÿ���0"vp~�������ÿÚ� � ���luwz ���S~fÿFywvpÿ¦}ws���p�
T.�



�.���5�b���M��!3	�� � �-����� �M���{�����@� ��� ������� � �`���j���"![����������	�� ���M!#����(S� � ��	,+�-.�"!)�


�� �S¥������ % �nEkGPA;_ I 9 � A;G I Xf9�6 �QR�Xf4 � 4[6 ! ! L767E@=@_d6<4 I _dE � 9;Gn=Q4 f(x ⊕ y) →R f(x) ⊕ f(y) 4p= S 4 I =`Xf9=@2 ! A;67E 4>9 I<I AaLYE 9S=@E � 4Ú4p=BL<A;b"b"_5=Q9S=@E � 4>9 I8I A�L7E ! 4Ú9;_ I NSb �<ASX�4 ⊕ g 9SXfA;6 I Xf9�JpA;67bD4¦GPA;67bD9SX�4 � 4 f((a⊕ b)⊕ c)4 I = f(a)⊕ f(b)⊕ f(c) o
�+ÿ��Q2H�Ss�Uÿ���yw�Ss�D�S~fÿ�����yT�k~fÿ���}ms<�;}ms<z��p���� ��uwz��S�SyT�<ÿ��jc
�
∀u, v

c
u =E v ⇒ u ↓ =S v ↓�
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(A)
u ∈ T

T ` u ↓R/AC

(P )
T ` u T ` v

T ` 〈u, v〉 ↓R/AC

(C)
T ` u T ` v

T ` {u}v ↓R/AC

(UL)
T ` r

T ` u ↓R/AC

if 〈u, v〉 = r

(UR)
T ` r

T ` v ↓R/AC

if 〈u, v〉 = r

(D)
T ` r T ` v

T ` u ↓R/AC

E J r = {u}v9;G � u ↓R/AC = u

(F )
T ` u1 ↓R/AC . . . T ` un ↓R/AC

T ` f(u1, . . . , un) ↓R/AC
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(〈u, v〉) ↓ = 〈u ↓, v ↓〉
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�S~f�Ss�>~��[��s8�Sy��32H�;s�D�;�<z��Sy� �P��u5�<zf��ÿFy�uwywÿ¦}ms<ÿpu��Tÿ`�mÿ

T ` u ↓
�

(Eq)

(R1)
P1

T `E u1 u =E v

T `E v
⇒ (R)

P1

T ` v ↓

(R)

(R1)
P1

T `E u1 . . .
(R1)

P1

T `E u1

T `E v
⇒ (R)

(R1)
P1

T `E u1 . . .
(R1)

P1

T `E u1

T ` v ↓

�|�;� � � � T � ��s8�Sy��32H�Ss�U�;�<z���y��Î� � uwywÿ`}ws<ÿFu��Tÿ`�wÿ
T `E u

ÿpy�uwywÿ`}ws<ÿFu��Tÿ`�wÿ
T ` u ↓

�
4¥��u���s<ÿp�T�;s<�w��y��Î~fÿ����wz�� �ps<ÿpyT���}P��u5sÎ~��"�wÿps<ywz��ps<ÿ¦s�F�S~�ÿ`�mu �K���K����"ÿpc
• (A)

c�R^�;sÎ��� 
mywzf�<z��Sy��wÿÚvpÿp���<ÿ¥s�F��~fÿ�{w~�ÿ¦s����uw~«�8�;�Îÿ��K�F2V�Ss<v����UÿpyT�ÎÿFyW2H�Ss�Uÿ`yw�Ss�D�S~fÿ��
• (Eq(E))

cb�B�����Uÿ
(R,S)

ÿ��K�kuwymÿ`}ws����ÿpyT�8�;�<z���y ����u��F2H�Ss�"ÿ>�wÿÚs���FvYs<zf�<u5s<ÿ`�wÿ>~��"�<x��p�Ss<z�ÿ
E
yw��u�����T��y��

u ↓ = v ↓
i �U�d�wuw~��

S
khyw��u��k� �m�<ÿpyw��y����mz�ÿpy�uwymÿ`}ws<ÿpu��TÿÚ�wÿ

T ` u ↓

• (P )
{
(C)
�Su

(F )
c�R^�;s¥xT�d}P�S�<x�����ÿM� � z�yw�wumvY�<z��Sy ��u5s¥�<�Suw�<ÿ��k~fÿ��kxT�d}P�S�<x�����ÿ��k�wÿ>~��Us�p��~fÿMÿY�¦����ÿFv>~�ÿ

2@�Sz«� �luwÿ
f(u1, . . . , un) ↓ = f(u1 ↓, . . . , un ↓) ↓

ÿp��~�ÿ���}ws<�S}ws<z��Y����
({u}v) ↓ = {u ↓}v ↓

{
(〈u, v〉) ↓ =

〈u ↓, v ↓〉
yw��u���vF��ywvp~�uw��y��p�

•
i,Z k8{T}n�;stzfyw�muwvY�<z���y

T ` {u}v ↓
ÿY�
T ` v ↓

{5���Tÿpv
{u}v ↓ = {u}v ↓ ↓

ÿY�B~��Ús�F��~fÿKi,Z@k^yw��u��B���w�<ÿFyw��y��
T ` u ↓

{w}n�;sÎvp��y������TumÿpyT�kuwywÿ`}ws<ÿpu��TÿÚu5�<z�~�z��<�SyT�
`
�

•
i,g �'kh�;sKi,g�� kh}n�;sÎzfyw�muwvY�<z���y�ym�Su������w�<ÿFyw��y���~�ÿ`s����um~«�8�;�F�

� Z`�Sy��¦~�� ��uwz«�<ÿ�{Æyw��u�� �U��yT��s<��y�� �lu � zf~²ÿ��5z��K�<ÿ �mzfÿFy�uwymÿM}ws����ÿFyT�8�;�<zf��y ����u��j2V�Ss�Uÿ:�wÿMs���FvYs<zf�<u5s<ÿ>}Æ�Suws�<��u5�<ÿ��k~fÿ��k�<x��p�Ss<z�ÿ�� ���lum�;�<zf��ywywÿF~f~�ÿ�� �luwÿMyw��u��¥vp��y���z����Ys<ÿps<��y��¥�n�;y��¥~��U}���s��<z�ÿ Y3Yt}n�S��ÿ T+�l�P|¥z�y���z@{��n�;y��¥~��
��umz«�<ÿ�{wyw��u�����s8���S�Sz�~f~�ÿYs<��y�� �lu � ���TÿpvÚ�wÿ��F2H�;s�Uÿ���yw�Ss�D�S~fÿ��p�
�Q]q\�]�� � �	�@y+�w� > a5�`u a ��y��h�m�j�`uwy�? s �>aw��� >�> ��R R��Duw_P� > ud� N�y���y+�`u ]

4¥��u�� �p�<uw�wz��Sy��`�wz�� �Ys<ÿFyT�<ÿ��`�<x��p�Ss<zfÿ�� ���Tun���<z���ywywÿF~f~�ÿ��ÚzfyT�<ÿps8�S�Sz����<�SyT�M���TÿpvUuwy�;} �Ys8�;�<ÿpu5sM�������lvFz��;�<z 2hÿp�vF��� �Mu5�8�;�<z 2
⊕
��R �Suws �U�l���p~�z���ÿpskvpÿF~��Uyw��u��kz�yT��s<�d�wuwz�����y��k~��"s�F�S~�ÿ

(GX)
�m�Sy��k~fÿ �U�l���p~�ÿÚ�wÿ{Z`�S~�ÿ � � !B�;�z�yT��s<�d�wuwzf�`}ws�pv��p�wÿ����"ÿFyT�Ú�n�;y��`~�� 
m��u5s<ÿ � �B�\}��;��ÿ ��umz ���;yl�<ÿS{�vpÿF~��Ä}Pÿps�"ÿp�@0[uwyzfyT��s<u�� ��� zf~]vp��ywym�fe��Úuwyym��� �ws<ÿ 
mywz3�wÿÚ�<ÿps�Uÿ��

u1, . . . , un
�mÿ>vp��y��K��s<uwzfs<ÿ>~ � �;}w}n~fz�vF�;�<z��Sy �wu �K��� �P��~fÿK0UvFÿY�kÿFy���ÿ�� �m~�ÿM�wÿÚ�<ÿYs�Uÿ��

i@vFÿpvFzÆvF�;sÎ~fÿ��K�����Æ�S~�ÿ
⊕
ÿ��K�k�������dvpz��;�<z�2Mk8�

4¥��u�� �Y�<uw�wz�ÿYs<��y��p{²�n�;y��M~�ÿ�� ��ÿFvY�<z���y�� 2Hu5�<u5s<ÿ��p{3~�ÿ��>�<x��p�Ss<zfÿ�� ���lum�;�<zf��ywymÿp~�~fÿ��>}ws����ÿpyT��Fÿ��M�n�;y��M~�� ��ÿFv ��<z���y	-d�B�d� � }n�S��ÿFT G c ��� �l{ �����
	��T{ �����T{ ����� 	
{.}.
{ ���
{.}.
{l� n �����
	

{.}.
���Fyw�S�<ÿ�~��`�<x��p�Ss<z�ÿ ���lum�;�<z��Sy��ymÿp~�~fÿÚ�m�Sy��k~����luwÿp~�~�ÿÚ~fÿÚv7xwz �Ps<ÿ��UÿpyT�¥�wz��K��s<z��muwÿ ��u5sk~�ÿA�M��u�ÿ �5vF~fu���z 2x�ÄÿY� ���
{.}.
~��"�<x��p�Ss<z�ÿÚ�m�Sy��Î~����Tumÿp~�~fÿ~�ÿ`v7xwz���s<ÿ��Uÿpyl�Î�wz��K��s<z��muwÿ ��u5sÎ~ � �;} �Ys8�;�<ÿpu5sÎ�mÿ��Î�;s<��u5}Æÿ��k� � �p~�zfÿFy��p�h4¥��u��Îvp��y���z����Ys<ÿps<�Sy��k�Su�����z+~fÿ����<x��F�Ss<zfÿ��

����� 	
{.}.
ÿp� ���

{.}.
�&n[~fÿ¦v8xwz���s<ÿ��"ÿFyT��ÿ��K��vp�����Mu5�8�;�<z�2��SR²��u5s�v7xm�Svpuwywÿ`� � ÿFyT��s<ÿ¦ÿp~�~fÿ��p{dym�Su������T��y���������� �vFz��:uwy �K���K����"ÿ"�wÿMs���pvYs<zf�<u5s<ÿ:ÿY� �"��yT��s�:~��Ävp��y��nuwÿpywvFÿ:ÿY�`~��\�<ÿYs�Uz�ym�Sz�����y��mÿ:vpÿ �K���K����UÿW� � � �Q¡fT £Á{Æÿpyuw�<zf~�z��<�SyT�¥~ � ��u5�<zf~��Bz��Uÿ§���[|¦����£ ��4¥��u���~�ÿ��U��yT��s<��y��kÿpy����Y�8�Sz�~�uwywz��luwÿ��UÿFyT�kz�vpzÆ}P��u5sk~�ÿÚvF���Î�wÿÚ~��:�<x��F�Ss<zfÿ

����� 	��T�
� G
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(A)
u ∈ T

T ` u ↓R/AC

(P )
T ` u T ` v

T ` 〈u, v〉 ↓R/AC

(C)
T ` u T ` v

T ` {u}v ↓R/AC

(GX)
T ` u1 . . . T ` un

T ` u1 ⊕ . . .⊕ un ↓R/AC

(UL)
T ` r

T ` u ↓R/AC

if 〈u, v〉 = r

(UR)
T ` r

T ` v ↓R/AC

if 〈u, v〉 = r

(D)
T ` r T ` v

T ` u ↓R/AC

E J r = {u}v9;G � u ↓R/AC = u

(F )
T ` u1 ↓R/AC . . . T ` un ↓R/AC

T ` f(u1, . . . , un) ↓R/AC

� �;� � � � � � |��l���p~�ÿ^�wÿ]}ws<ÿpu��Tÿh�wÿxZ`�S~�ÿ � � !B�S�Î���TÿFv]~fÿ��`2H�Ss�"ÿ��+yw�Ss�U�S~�ÿ��3z�����uwÿ��3� � uwy��K���K����"ÿh�wÿ^s���FvYs<zf�<u5s<ÿ
R

�U�d�wuw~�� �  }ws<ÿpym�SyT�kÿpy�vp���"}w�<ÿ`uwy��S} �ps8���<ÿFu5s ⊕ �������dvpz��;�<z�2²ÿY�ÎvF�����Mu5�8�;�<z 2Q�
�k�;}w}PÿF~f��y��D� �ò� �Æ�;s<��~�ÿ��D� �5zf���Uÿ��\�������lvFz����§0�~�� �<x��p�Ss<zfÿ ���lum�;�<zf��ywymÿp~�~fÿ ����� 	��l{^ÿFy���uwzf�<ÿ��Ss<zfÿFyT�<��y��vpÿ��"� �dz����Uÿ��M}P��u5s"���w�<ÿFywz«s"uwy �K���K����UÿÄ�wÿ\s���FvYs<zf�<u5s<ÿS�>4¥��u��"�flj��u5�<��y��:vpÿYs��8�Sz�ywÿ��Ms�p��~�ÿ��:�wÿ\s���FvYs<zf�<u5s<ÿy��pvFÿ����<�Sz«s<ÿM}P��u5s 2H�;s�Uÿps¥uwy ym�Su���ÿa�Su �K���K����UÿMvp��y��muwÿFyT�F�m]y�
myÆ{Pyw��u�� �U��yT��s<��y��¥~��D�<ÿYs�Uzfyn�;z�����y �wÿ:vpÿyw��u��TÿF�Su �K� �K����UÿS�

�@��).��! ���)M(��`��� ����D�`�%� ����~ 4¥��u���vp��y���z����Ys<��y��k~fÿ�� �K��� �P��~fÿ��
⊕, 0, h

����ÿFv`~�ÿ��k� �dz����Uÿ�� ��uwz��S�SyT��{c
G �

(x⊕ y)⊕ z = x⊕ (y ⊕ z)
i@| �����dvpz��;�<z �5zf�� k

-d�
x⊕ y = y ⊕ x

i �B�����Mu5�8�;�<z �5zf�� k
� �

0⊕ x = x
i,g¥ywzf�� k

Tw�
x⊕ x = 0

i,4¥z�~«}Æ�;�<ÿFywvpÿfk
�d�
h(x⊕ y) = h(x)⊕ h(y)

i �¥���U���U�Ss�}mxwz����Uÿ k
�b¤ ��� �S¥o� 
D� !G)+)S��!f�¢�f� ! ��� � �����.� )¦¥¦��
������d� �§~ 4¥��u����Ss<z�ÿpyT�<��y��Î~�ÿ�� ���lum�;�<zf��y��Î�wÿ��k� �5zf���Uÿ��Î�wÿ`~�����Suwv7xwÿ �TÿYs��~��"�5s<��zf�<ÿ`ÿp�Î� �m�<ÿpyw��y���~�ÿ��K���K����Uÿ`�wÿ`s���FvYs<zf�<u5s<ÿ ��uwz��S�SyT� �U�d�wuw~��U|#�k�
G �

0⊕ x→ x
-d�
x⊕ x→ 0

� �
h(x⊕ y)→ h(x)⊕ h(y)

�{����'���S�D�&� �����&� ����~ 4¥��u���va�S~fvFuw~f��y��Î~�ÿ���}n�Szfs<ÿ��ÎvYs<zf�<z��luwÿ����wÿÚvpÿ��K� �K����Uÿ8c
h(x)⊕ h(0)← h(x⊕ 0)→ h(x)

h(x)⊕ h(x)← h(x⊕ x)→ h(0)�ks�
Svpÿ>�;u��\}ws<�S}ws<z��Y������mu �>��u�ÿ �5vF~fu���z 2x�\ÿY��0:~��:}ws<�S}ws<z��Y�� ��uwz��S�SyT�<ÿ
h(x⊕ y) = h(x)⊕ h(y)

yw��u�����p�wumz�����y��
h(0) = h(x⊕x) = h(x)⊕h(x) = 0

ÿp�h�m�Symv
h(0) = 0

�.mhyDz�yT��s<�d�wuwz��<�SyT�B~��Úyw��u��Tÿp~�~�ÿ�s�p��~�ÿÎ�wÿs���pvps<z«�<uws<ÿ§c
h(0) → 0

{�ym�Su��¥���w�<ÿFyw��y�� �luwÿ:~fÿ:yw��u��TÿF�Su �K���K����UÿMÿ��K�¦vp��y��muwÿFyT�`vF�;s¦zf~ ywÿMvF�Syl�<zfÿFyT�¥}m~�u���wÿ¦}n�Szfs<ÿ��ÎvYs<zf�<z��luwÿ��p�
��� !f¥w�,�`���$����x~ 4¥��u��B�m�Symyw��y��Bumywÿkz�yT�<ÿYs�}ms�Y�8�;�<zf��yD}n�;st�wÿ��B}P��~f�dy ���Uÿ��h}P��u5s �U�Syl��s<ÿYst~��`�<ÿps�Uzfym�Sz�����y�wÿ`vFÿ �K���K����UÿS{nÿpy��������dvpz��SyT��0"~��Ac

� vp��y��K�8�SyT�<ÿpc
[0] = 0

� �S�;s<z�� �m~�ÿ8c
[x] = x

� 2V��ywvp�<zf��y
h

c
[h(x)] = 2x+ 1

� 2V��ywvp�<zf��y��wud�>��u�ÿ �5vF~fu���z 2x��c
[x⊕ y] = x+ y + 1

��-
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4¥��u�� �U��yT��s<��y�� �TumÿÚ�<��u5�<ÿ��k~�ÿ��ks�F�S~�ÿ��¥�mu �K���K����Uÿ �"�d�wum~f�Ä|#� ����yT�¦���pvYs<��z����<�SyT�<ÿ��p{PvFÿ �Tumz+}ws<��u��Tÿ~��:�<ÿYs�Uz�ym�Sz�����y��wu �K���K����Uÿ`�wÿ`s���pvps<z«�<u5s<ÿ��
�

0⊕ x→ x
z��"}m~�z��luwÿpc

[0⊕ x] = x+ 1 > x = [x]
�
x⊕ x→ 0

z��"}m~�z��luwÿpc
[x⊕ x] = 2x+ 1 > 0 = [0]

�
h(x⊕ y)→ h(x)⊕ h(y)

z��"}m~�z��luwÿpc
[h(x⊕ y)] = 2x+ 2y + 3 > 2x+ 2y + 2 = [h(x)⊕ h(y)]

�
h(0)→ 0

z��"}m~�z��luwÿpc
[h(0)] = 1 > 0 = [0]


�� �S¥������ �  A;G I E � ! 6<A;G I Xf9ñ=@2 ! A;67E 4 ! �Y_m9S=@E A;GwGP4pXVXf4 � _ 0èA;_ 4('TLpXò_ I E J q OmA;_56 E g 9;EHG I E " Om9;6Y=@EH6 � 4
T = {a⊕b⊕c, b⊕d} GPA;_ I OmA;_ � A;G I � ! � _dEH6<4kXf4¦=Q4767b\4 a⊕c⊕d 4YG�_5=@E@XòE I 9;Gn=²Xf4 I N I = �YbD4 � 4¥Xf9te3R;_56<4�� o �On9FRT4 ����! =Q4YG � _"Om9;6>Xf9D6 �QRSX�4 (GX) o

(Eq)

(GX)

(A)
a⊕ b⊕ c ∈ T

T `E a⊕ b⊕ c
(A)

b⊕ d ∈ T

T `E b⊕ d

T `E a⊕ c⊕ d
a⊕ b⊕ c⊕ b⊕ d =E a⊕ c⊕ d

T `E a⊕ c⊕ d

 A;b"bD4�GPA;_ I 9 � A;G I b\A;Gm=@6 ! �Y_m4Xf9�=@2 ! A;67EÁ4����	��
�Om4Y_5= 9 =@6<4�6<4�O�6 !YI 47Gn= ! 4\Om9;6�_dG I N I = �Yb\4 � 46 ! ! LY67EH=@_56<4ÎL8A;G � 4Y6 Rl47Gn=�b\A � _5XfA��  g GPA;_ I OmA;_ � A;G I Om9 I8I 476Î9;_ I N I = �YbD4 � 4 � ASX�4 � 3��n9TAÚ_5=@E@XòE I 9;Gn=�Xf4 I JpA;67bD4 IGPA;67b\9SXf4 IYo�� GW6<4Yb\9;6(�7_n9;Gn=��7_n4 I E t[.] 4 I =t_dGñL8A;Gm=Q4 'S=Q4D4p= u _5G=Q4Y67b\4DLYXfA I8g 9SXfA;6 I t[u ↓] ↓ =S t[u] ↓ g 4p=4YG\Om9;6Y=@E L7_wXòEÁ4Y6 (u1 ⊕ . . .⊕ un) ↓ =S (u1 ↓⊕ . . .⊕ un ↓) ↓ g GPA;_ I A��p=Q47GPA;G I Xf9`O�6<4Y_ � 4 I _5E � 9;Gn=Q4 Z

(GX)

(A)
a⊕ b⊕ c ∈ T

T ` a⊕ b⊕ c
(A)

b⊕ d ∈ T

T ` b⊕ d

T ` a⊕ c⊕ d

� �
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Chapitre 4
� � � 
 �3�n��� �W� � �)����.

0 � 259 � 4Ú259 � b:ND6<4 I _5Xá= I JpA;6M9\XfA;GdR\=@EHbD4 Z
�Y_5= � � AUGPAS=hNl4Y=hCFGPA;? 25A;? � 9;b%=QA[9;6767E � 4"9S=h=@254Yb o3q�t�;s<~�Fms<zfÿF�5s<z�v8x��¦�Su����p�

���B�����]���m�
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(P )
�m�Sy��\~��

���Su�� �Á}ws<ÿpu��Tÿ
P1

����yT�t�m�Sy��
S(T, 〈w, v〉)

�S�B��� �Uÿk~��`}ms<ÿpu��Tÿ
P
ÿ��K� �Uzfymz��D�S~fÿ�{lÿF~f~�ÿkÿ��K���;~��Ss� ��z��"}m~fÿ

i@~fÿ�� �Uÿ � }n�S��ÿQ� ¡�k8{myw��u���}P��u��T��y��Î�w��ywv>�;}w}m~�z��TumÿYsÎ~�ÿÚ~fÿ�� �Uÿ 
¦}n�S��ÿQ� ¡"ÿY�Î�w��ywv
〈w, v〉 ∈ S(T )

�|¥zfy���z��<�Su���~�ÿ���y��Úuw���Îz�����u��Î� � uwymÿ`s�p��~fÿ
(P )

����yT�k�m�Sy��
S(T ) ⊆ S(T,w)

�
� �3�"�wÿYs<ymz��ps<ÿ`s�p��~fÿÚÿ��K�

(C)
�

(C)

P1

T ` u

P2

T ` k

T ` {u}k = w
R �;sÄxl�l}Æ�;�<x�����ÿ&� � zfym�wuwvY�<z���y�yw��u�� �<���T��y�� �Tumÿ��<�Su��\~fÿ��\y��Úuw���\z�����u��Ä� � uwywÿ&s�p��~fÿ

(P )
�m�Sy��\~��

���Su�� �Á}ws<ÿpu��Tÿ
P1

���Syl���m�Sy��
S(T, u)

ÿp�B�<��u��t~�ÿ��ty��Úuw����z�����u��t� � uwymÿks�F�S~�ÿ
(P )
�m�Sy��t~�� ����u�� �Á}ws<ÿpu���ÿ

P2
����yT�¥�m�Sy��

S(T, k)
�hR^�;sk����
mywzf�<zf��y&�wÿ

S u ∈ S({u}k) = S(w)
ÿp�
k ∈ S({u}k) = S(w)

{n�;z�y���z�<�Su���~�ÿ���y��Úuw���Îz�����u��Î� � uwymÿ`s�p��~fÿ
(P )

����yT�k�m�Sy��
S(T ) ⊆ S(T,w)

�
� �3�"�wÿYs<ymz��ps<ÿ`s�p��~fÿÚÿ��K�

(h)
�

(h)

P1

T ` u

T ` h(u) = w
R �;sBxT�d}P�S�<x�����ÿ�� � z�yw�wuwvp�<zf��yDyw��u�� �<���T�Sy�� �luwÿ��<�Su��]~fÿ��hy��`uw���]z�����u��B� � umywÿ�s�p��~�ÿ

(P )
�m�Sy��h~�������u�� �}ws<ÿpu��Tÿ

P1
����yT�¥�m�Sy��

S(T, u)
��R �;s¥����
mywzf�<zf��y �wÿ

S
{
u ∈ S(h(u)) = S(w)

{��;z�y���z+�<��u��¥~fÿ��Îy �`uw���z�����u��k� � umywÿ`s�p��~�ÿ
(P )

����yT�k�m�Sy��
S(T ) ⊆ S(T,w)

�
� �3�`�wÿps<ywz��ps<ÿ�s�F��~fÿÎÿ��K�

(P )
�&R ��u5sh~��Ú�wÿYs<ywz��Ys<ÿÎ�dvpvFu5s�s<ÿpywvFÿ��wÿÎ~��¦s�F�S~�ÿ

(P )
�luwzm���py��ps<ÿ�~fÿ��<ÿYs�Uÿ 
mym�S~

w
�Sz�y���z ~�ÿMs����uw~f�8���Úÿ��K� ���dz��wÿ�� �UÿFyT�`�m�Sy��

S(T,w)
� �+ÿ:s<ÿ��K�<ÿ"�wÿ"~��[�����"��y��K��s8�;�<z���y�ÿ��K����z��Uz�~��Szfs<ÿ�;u�va� ���mÿÚ~��:s�p��~�ÿ

(C)
}ws�Fv��p�mÿ����UÿpyT�¥�Sym�S~«�����pÿ��

(P )

P1

T ` u

P2

T ` v

T ` 〈u, v〉 = w
R �;sBxT�d}P�S�<x�����ÿ�� � z�yw�wuwvp�<zf��yDyw��u�� �<���T�Sy�� �luwÿ��<�Su��]~fÿ��hy��`uw���]z�����u��B� � umywÿ�s�p��~�ÿ

(P )
�m�Sy��h~�������u�� �}ws<ÿpu��Tÿ

P1
���Syl�¦�m�Sy��

S(T, u)
ÿY�k�<��u��¥~�ÿ��¥y��`um���¥z�����u��¦� � uwywÿ>s�F��~fÿ

(P )
�m�Sy��¦~�� ����u�� �Á}ws<ÿFu��Tÿ

P2
���Syl�>�m�Sy��

S(T, v)
�bR^�;sÚ����
mywzf�<zf��y�wÿ

S u ∈ S(〈u, v〉) = S(w)
ÿY�
v ∈ S(〈u, v〉) = S(w)

{Æ�Sz�y���z�<�Su���~�ÿ���y��Úuw���Îz�����u��Î� � uwymÿ`s�p��~fÿ
(P )

����yT�k�m�Sy��
S(T ) ⊆ S(T,w)

�
� �3�"�wÿYs<ymz��ps<ÿ`s�p��~fÿÚÿ��K�

(GX)
�

(GX)

P1

T ` u1

. . .
Pn

T ` un

T ` w = (α1u1 ⊕ . . .⊕ αnun) ↓
4¥�Su��`vp��y���z����ps<�Sy��Ú~fÿ��`�dvpvFu5s�s<ÿpywvFÿ��`�wÿ"~��Äs�F�S~�ÿ

(P )
�luwz ÿFyw��ÿpyw�5s<ÿFyT�Ú~�ÿ"�<ÿYs�Uÿ

v = 〈v1, v2〉
�m�Sy��uwywÿ ����u�� �Á}ws<ÿFu��Tÿ

Pi
�R^�;s¦xT�d}P�S�<x�����ÿM� � z�yw�wuwvp�<zf��yÆ{Pym�Su��¥���w�<ÿFyw��y��

v ∈ S(T, ui)
���luw}w}P������y�� �luwÿ

v 6∈ S(T,w)
{wvFÿ �luwz+z��"}m~�z��luwÿ �luwÿ

v 6∈ S(T )
{wÿp��}n�;sÎvp��y������luwÿFyT�

v ∈ S(ui)
�

��-
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�3ÿ��M�dvpvFu5s�s<ÿpywvFÿ��:�wÿ
v
����yT�"�w��ywv � �p~�z��Uz�y��pÿ��p��m�Sy��:~�� � �������UÿW�o2@�;zf�<ÿD}n�;s"~���s�F��~fÿ

(GX)
{vFÿ �luwztz��"}m~�z��luwÿ �lu � zf~�ÿ �5z��K�<ÿ[uwyñ�<ÿYs�Uÿ

uj
�<ÿp~��luwÿ

v ∈ S(uj)
���Tÿpv

j 6= i
��4¥��u��"vp��y��K��s<umz�����y���S~��Ss��uwymÿ`}ws<ÿFu��Tÿ`}m~�u��Î}PÿY�<zf�<ÿ`�wÿ

T ` w
�h4¥��u��¥�;yn�;~f������y��Î~�ÿ��Î�wÿFu�� ����u�� �Á}ms<ÿpu��Tÿ��

Pi
ÿp�
Pj
��4¥�Su��v7xwÿYs<v7xw��y��`~�ÿ"v7xwÿ��Uz�y �U� �5z��U�S~x0Ä}n�;s��<z«sÚ�wuWy �`uw�

ui
{Ps<ÿ��K}��

uj
�&n��<��u��`~fÿ��`y��Úuw���¦}Æ�������F�wÿpyl�

vvF��� �Uÿ ����u�� �Á�<ÿYs�Uÿ��p���l��z«�¥uwy��wÿ��Îv8xmÿ��Uzfy�� 
nywz«� ��u5s¥uwywÿÚs�p��~fÿ
(A)
{m�n�;y��ÎvFÿÚvF���Îyw��u��kvF�Symvp~�uw��y��

�luwÿ
v ∈ S(T )

��vpÿ �luwz²vF�Syl��s<ÿp�wzf�¦~ � xT�d}P�S�<x�����ÿ
v 6∈ S(T,w)

���d�Szf�`~fÿ��¦�wÿpu��&v8xmÿ��Uzfy�� 
mywz�����ÿpyT����u5sumywÿ[��}m}m~fz�vF�;�<z���yè�wÿÄ~���s�p��~�ÿ
(P )
{²�S~��;s�:yw��u��Ms<ÿ��"}m~�� 5p��y��:vFÿY���<ÿÄ��}m}m~fz�vF�;�<z���yè�wÿÄ~���s�p��~�ÿ\}n�;s:~��

����u�� �Á}ms<ÿpu��Tÿ �luwz���ÿ��<ÿps�UzfywÿÎ}n�;s
T ` v1

{Tyw��u��Bvp��u5}P��y��h�w��ywvÎ�<�Suw�<ÿ�~�� ����u�� �Á}ms<ÿpu��Tÿk�mÿ
v2
{Tÿp�h�m�Sy���<��u��M~fÿ��>y��`um���M�wÿ��M�wÿFu��v8xwÿ��Uzfy��p{²yw��u��>s<ÿ��"}m~�� 5p��y��M~fÿ ����u�� �Á�<ÿYs�Uÿ

v
}n�;s

v1
�D4¥��u��>���w�<ÿFyw��y��

�nzfÿFy�uwywÿ`}ws<ÿFu��Tÿ¦}m~�u��ÎvF��u5s��<ÿS{wvFÿ��luwz�vF�Syl��s<ÿp�wzf�Î~�� �Uz�ywz��D�S~�z«��Ú�wÿÚ~��"}ws<ÿpu���ÿ��
� �²�"�wÿYs<ywz��Ys<ÿ`s�p��~�ÿ`ÿ��K�

(D)
�

(D)

P1

T ` {w}k

P2

T ` k

T ` w
4¥��u���s8�Sz�����ywyw��y��Î�wÿ��pV��"ÿ �luwÿ`�m�Sy��Î~�ÿÚvF����}ws�pv��p�wÿFyT��}P��u5sk~��:s�F�S~�ÿ

(GX)
�

4¥��u��`vF�Sy���zf���ps<��y��Ú~fÿ��`�dvpvFu5s�s<ÿpymvpÿ��`�wÿU~��Äs�p��~�ÿ
(P )

�luwz^ÿpym�SÿFyw�5s<ÿFyT�Ú~�ÿ:�<ÿYs�Uÿ
v = 〈v1, v2〉

�m�Sy��umywÿ ����u�� �Á}ws<ÿpu���ÿ
P1
ÿY�
P2
�[R^�;s\xl�l}Æ�;�<x�����ÿ&� � zfym�wuwvY�<z���yÆ{Bym�Su��\���w�<ÿpyw��y��

v ∈ S(T, k)
ÿp�
v ∈

S(T, {w}k)
�b�lu5}w}Æ������y�� �luwÿ

v 6∈ S(T,w)
{mvpÿ �Tumz�z��"}m~�z��luwÿ �luwÿ

v ∈ S(T, k)
va�;s

v
ÿ��K�ÎuwymÿÚ}n�Sz«s<ÿÿp��ywÿ`}Æÿpu5��}n���QVp��s<ÿ`uwy�v8xmz ��s���p�T�S~�0

{w}k
�

�3ÿ��>�dvpvpuws�s<ÿpywvFÿ��>�wÿ
v
���Su�� �Á�<ÿYs�Uÿ��M�wÿ

k
����yT�M�w��ywvo� �p~�z��Uz�y��pÿ��8� }n�;sMvFÿD���pv7xwz���s<ÿ��Uÿpyl�F�`4¥��u��vF��y��K��s<uwz����Sy����S~f�Ss�tuwymÿk}ws<ÿFu��Tÿk}m~�u��B}Pÿp�<z«�<ÿ¥�wÿ

T ` w
��4¥��u����Sym�S~f� ����y���~fÿ��t�wÿpu�� ����u�� �Á}ws<ÿFu��Tÿ��

P1ÿp�
P2
��4¥��u��tv8xwÿps<v8xw��y��t~�ÿ¥v8xmÿ��Uzfy �D� �5z��D�S~0Ú}���s��<zfst�wu[y��`uw�

{W}k
{ls<ÿ��K}��

k
�&n\�<��u��B~�ÿ��ty��Úuw���}Æ�������F�wÿpyl�

v
vF��� �Uÿ ����u�� �Á�<ÿYs�Uÿ��p���l��z«�Duwy��wÿ��Dv8xwÿ��Uzfy���
mywzf� ��u5sDuwymÿ[s�F��~fÿ

(A)
{^�m�Sy��Dvpÿ�va� �ym�Su��tvF��ywvp~�uw��y����luwÿ

v ∈ S(T )
vpÿ �luwzPvp��yT��s<ÿp�mz«��~ � xT�d}P�S�<x�����ÿ

v 6∈ S(T,w)
���d�Szf��~�ÿ����wÿFu��Dv7xwÿ��Uz�y��


nywz�����ÿFyT� ��u5sMuwymÿ\�;}w}m~�z�vF�;�<zf��yè�wÿD~��[s�F��~fÿ
(P )
{+�S~��;s�Myw��u��>s<ÿ��"}m~��f5F��y��MvpÿY���<ÿ\�;}w}m~�zfva���<z���y �wÿ\~��s�F��~fÿ�}n�;s]~�� ���Su�� �Á}ws<ÿpu��Tÿ �luwz���ÿ��<ÿYs�Uz�ywÿ�}n�;s

T ` v1
{�yw��u��]vF�Suw}P��y��^�w��ywv��<��u5�<ÿ�~�� ����u�� �Á}ws<ÿpu���ÿÎ�wÿ

v2
{nÿp�Î�m�Sy��Î�<��u��Î~�ÿ��ky��`uw���k�wÿ��Î�wÿpu���v8xwÿ��"z�y��p{�yw��u��Îs<ÿ��"}m~��f5F��y��k~fÿ ����u�� �Á�<ÿYs�Uÿ

v
}n�;s

v1
��4¥�Su�����w�<ÿFyw��y����mz�ÿpy�uwywÿ`}ms<ÿpu��Tÿ¦}n~fu��Îvp��u5s��<ÿ�{wvFÿ��luwz�vp��yT��s<ÿF�wz«�Î~�� �Uz�ywz��U�S~�z«��Ú�mÿ`~��:}ws<ÿFu��Tÿ

T ` w
�

� �Bÿ����wÿFu��[~fÿ����"ÿ���ym�Su���}PÿYs�Uÿp���<ÿpyT�Î� � �p�8� �m~fzfsÎuwywÿ`}ms<ÿ��Uzfÿps�s����uw~f�8�;�Î�mÿ`~��lva�S~fzf��S�
��]q\�]�� K �Q_P�@RK��a�y ud�j� v�Rj� ]
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(M)
�`�Bÿp���<ÿ>s�p��~�ÿ

(M)
}ws<ÿpyw���<��u5�<ÿ��¦~fÿ��¦xT�d}P�S�<x�����ÿ��¦�wÿ��ks�F��~fÿ�� �lu � ÿF~f~�ÿMs<ÿp�Ss<��u5}Pÿ"vp�����Uÿ

��ÿ��h}ws<�S}ws<ÿ��txT�d}P�S�<x�����ÿ��BÿY�t���py��ps<ÿÎ~�� �pV��UÿkvF�Symvp~�u���zf��y �luwÿk~ � ÿpy���ÿ�� �m~�ÿ¥�wÿ��hs�p��~�ÿ�� �lu � ÿp~�~fÿÎs<ÿp�Ss<��u5}Pÿ�� �²�s�F��~fÿ
(M)

s<ÿp�Ss<��u5}Pÿ`~�ÿ���s�p��~fÿ��
(GX)

{
(h)
{
(D)
{
(C)
���Bÿ`yw��u��TÿF�Su �K���K����Uÿ`�wÿ`���p�muwvY�<z���yÆ{w���pyw�S��

SM
{vF���:}Æ�;s��<ÿÄuwywz��Tumÿ��UÿpyT�"~fÿ��>s�F�S~�ÿ��

(A)
{
(UR)

{
(UL)

{
(P )
ÿp�

(M)
ÿY�:ÿ��K�M}ws����ÿpyl��\�n�;y��:~�� 
n�Suws<ÿ1Tw� �}��;��ÿ���uwz ���SyT�<ÿS�
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�m�Sy��
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T ` w
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(A)
u ∈ T

T `E u

(P )
T `E u T `E v

T `E 〈u, v〉

(M)
T `E u1 . . . T `E un

T `E C[u1, . . . , un]

(UL)
T `E 〈u, v〉

T `E u

(UR)
T `E 〈u, v〉

T `E v
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(D)
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{
(UL)
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��4¥�Su��^s<ÿpvF�Sy��K��s<uwz�����y���;~��Ss�F0:}n�;s��<zfsÎ�mÿ`vpÿp���<ÿ¦}ws<ÿpu��TÿÚuwywÿ`}ws<ÿFu��Tÿ`�m�Sy��Î~fÿ��K���K����"ÿ
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i@~fÿ�� �Uÿ � }n�S��ÿQ� ¡�k8{myw��u���}P��u��T��y��Î�w��ywv>�;}w}m~�z��TumÿYsÎ~�ÿÚ~fÿ�� �Uÿ 
¦}n�S��ÿQ� ¡"ÿY�Î�w��ywv
〈w, v〉 ∈ S(T )

�|¥zfy���z��<�Su���~�ÿ���y��Úuw���Îz�����u��Î� � uwymÿ`s�p��~fÿ
(C)

���Syl�Î�m�Sy��
S(T ) ⊆ S(T,w)

�
� �3�"�wÿYs<ymz��ps<ÿ`s�p��~fÿÚÿ��K�

(P )
�

(P )

P1

T ` u

P2

T ` v

T ` 〈u, v〉 = w
R �;sÄxl�l}Æ�;�<x�����ÿ&� � zfym�wuwvY�<z���y yw��u�� �<���T��y�� �Tumÿ��<�Su��D~�ÿ��\y �`uw���Äz�����u��Ä� � uwywÿ&s�p��~fÿ

(C)
�m�Sy��\~��

���Su�� �Á}ws<ÿpu��Tÿ
P1

���Syl���m�Sy��
S(T, u)

ÿp�B�<��u��t~�ÿ��ty��Úuw����z�����u��t� � uwymÿks�F�S~�ÿ
(P )
�m�Sy��t~�� ����u�� �Á}ws<ÿpu���ÿ

P2
����yT���m�Sy��

S(T, v)
��R^��s���� 
mymz«�<z���yÄ�wÿ

S u ∈ S(〈u, v〉) = S(w)
ÿY�
v ∈ S(〈u, v〉) = S(w)

{d�Sz�y���z�<�Su���~�ÿ���y��Úuw���Îz�����u��Î� � uwymÿ`s�p��~fÿ
(C)

���Syl�Î�m�Sy��
S(T,w)

�
� �3�`�wÿps<ywz��ps<ÿ�s�F��~fÿ�ÿ��K�

(C)
�&R ��u5sB~��`�wÿYs<ywz��Ys<ÿÎ�dvpvFu5s�s<ÿpywvFÿ��wÿÎ~��¦s�F�S~�ÿ

(C)
�luwzm���py��ps<ÿ�~fÿ��<ÿYs�Uÿ 
mym�S~

w
�Sz�y���z ~�ÿMs����uw~f�8���Úÿ��K� ���dz��wÿ�� �UÿFyT�`�m�Sy��

S(T,w)
� �+ÿ:s<ÿ��K�<ÿ"�wÿ"~��[�����"��y��K��s8�;�<z���y�ÿ��K����z��Uz�~��Szfs<ÿ�;u�va� ���mÿÚ~��:s�p��~�ÿ

(P )
}ms�pv��F�wÿ����Uÿpyl�k�Sym�S~f� ���FÿS�

(C)

P1

T ` u

P2

T ` k

T ` {u}k = w

���



�.�������P���� 	�������	�� ����-����� �"�����@� ��� ������� � !)��� �����������

R^�;sÄxT�d}P�S�<x�����ÿ � � zfyw�muwvY�<z���y yw��u�� �<���T��y�� �luwÿ��<��u��\~�ÿ��\y��`uw���\z�����u��Ä� � uwywÿ&s�p��~�ÿ
(C)

�m�Sy��Ä~��
����u�� �Á}ms<ÿpu��Tÿ

P1
����yT���m�Sy��

S(T, u)
ÿp�B�<��u���~fÿ��By��Úuw����z�����u���� � umywÿks�F��~fÿ

(C)
�m�Sy��t~�� ����u�� �Á}ws<ÿFu��Tÿ

P2
���Syl�k�n�;y��

S(T, k)
��R �;sk��� 
mywzf�<z��Sy&�wÿ

S u ∈ S({u}k) = S(w)
ÿp�
k ∈ S({u}k) = S(w)

{n�Sz�y���z�<��u���~�ÿ��Îy��Úuw���Îz�����u��Î� � uwywÿ`s�F��~fÿ
(C)

����yT�k�m�Sy��
S(T,w)

�
�

��]��P]q\ � �w� )�R �+��� Nk� N�yCN s _�a5�j� > Nk� R9P@� > a5� s u�vÚ� s � R��c�'�HN���Rj� Nk� � �IRj� = ��� � �
u�ad� > Nk�^�"N ]

�ks�
Svpÿ 0W�<��u��Ävpÿ��\~�ÿ����Uÿ��D}ws�F~fz��Uzfyn�;zfs<ÿ��Äÿp�Ä�Su����wz � �Ys<ÿpyl�<ÿ��\yw�S�<zf��y��\�mÿ�}ws<ÿFu��Tÿ��\ÿp� ����u�� �Á�<ÿYs�Uÿ��z�yT��s<�d�wuwzf�<ÿ��>�m�Sy��>vpÿD�����mu5�>�wÿDv7xm�;}mzf��s<ÿS{+yw��u�� �������Uÿ�� �U�Sz�yT�<ÿpyn�;yl�MvF�;}n� �m~�ÿD�wÿ"s<ÿF�����U��yT��s<ÿps>�m�Sy��M~fÿ�<x��p�Ss���Uÿ ��uwz��S�SyT�k~fÿ`}ws<���m~����UÿÚ�wÿ`���F�wuwvp�<zf��y��wÿ`~ � zfyT��s<u���}P��u5sÎ~�ÿ �U�d���p~�ÿÚ�wÿjZ`�S~�ÿ � � !B�S� �K�8�Syw�n��s<���
� ��).��! ��¥¦� % �ÆA;EH= w _dG =Q4Y67bD4[4p= T _dG�4YG I 4Yb �YXf4 � 4D=Q4Y67b\4 g Xf4`O�68A��YX��Yb\4 � 4 � ! � _nLY=@E A;G � 4\X%$ EHGn=@67_ IOnA;_d6ÚXf4M=Q4767b\4 w " Om9;6Y=@EV6 � 4 I L8A;GmGP9;E I8I 9;GPL<4ÚEHGmEH=@E 9SXf4 I T 4 I = � ! L7E � 9��pXf4:4YGW=Q47b¥O I OmASXáN;G��;b:E 9SX o
� 6<4Y_ � 4 c 4¥��u��\�;}w}n~fz��luw��y��D~�ÿ��\~�ÿ����Uÿ��	��}n�S��ÿ�vpz�� vp��yT��s<ÿ�{ � }n�S��ÿ� 
S{�� }��;��ÿ ���d{�
�}n�S�Sÿ � ¡�}Æ�Suws
�U��yT��s<ÿpsh~��

S(T,w)
� ~��dvF�S~�z«���{��&n

S
ÿ��K�B~��{2H�SymvY�<z��Sy �luwzmvF�Sy��K��s<uwz«�B~�ÿ�� ���Su�� �Á�<ÿYs�Uÿ�� �K�dyl�8� �5z��luwÿ��hÿpyU�<ÿ��"}��}Æ�S~f�5y ���Uz��S~Á�&R �Suwshvp��ywvF~fu5s<ÿÎÿpyD�;}w}m~�z��Tun�;yl�h~fÿ��<x��p�Ss���Uÿ�-¥}n�S��ÿ����T{Tyw��u�� �"��yT��s<��y�� �Tumÿ�~��`���F�wuwvp�<z �mz�~�z«��ÿFy:umywÿ �Y�8�;}PÿB}Æ�Suws]yw�S��s<ÿ��K���K����Uÿ��mÿt}ws<ÿFu��Tÿ�ÿ��K�]���pvFzf�n� �n~fÿ�ÿFyM�<ÿ��:} � }P��~f�5yw���"z��S~@{�vpÿ �luwz5ÿ��K�]z���� �F�wz����F{va�;sÎv7xm���Tumÿ`s�F�S~�ÿ>�wu �K���K����UÿÚÿ��K� 
mywz�ÿ E o 4 o }P�������p�wÿ>umy�yw��� �ws<ÿ�
mymz+� � xT�d}P�S�<x�����ÿ��p�n|¥z�y���zÁ{m~�ÿÚ}ws<���m~����Uÿ�mÿ\���p�muwvY�<z���yè�wÿÄ~ � z�yT��s<u��M}Æ�Suws:~�ÿD�<ÿYs�Uÿ

w
0&}n�;s��<z«s"�wÿ��:vp��ywym�Sz����<�;ymvpÿ��:z�ywzf�<z��S~�ÿ��

T
ÿ��K�"���pvFzf�n� �n~fÿÄÿpy�<ÿ��"}���}P��~«�5y ���Uz��;~Á�

�

���
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Chapitre 5
����� �� � � � �	� �	
����	�������� �	� ��������������� ���
� ������ "!$# %&� 
'�(�)�	���+*

,�-/.1032547698:2<;3=>4@?>.A=B?C2 � ?B=CD�?>;E0>254767;GFH=GI5J1JK?1I5.C0>25476MLN.O?PJK254Q;3I5.R2 � ?G=1D�?>;/SO4@?>TUTB?>;PV�J<254W;XLN.O?2�=G=>LYJCLN8:2Z674[I5.�D�?90>254767;X.]\ ?>;U6�S^25;HSA8_LN;XLY.A?P;3=>4@?>.A=G?1`>LM\ LY.�6a25;bD�?cSO4@?>TUTB?>;X.]\ ?>;U69LY.A?PJK254Q;3I5.Adfeg�hjiNkBl]monplqisrjt5kBuZv
wcxHyzyz{M|~}^�

Ès��� �C�s���s���Y�3���A�q�>���Y�����X�����X�X���X���X�X���X�����X�X���X���X�X���X�����X�X��� ����Z�����������A�Z�������c�������c�c�������c�������c�c�������c�������c�c�������c�������c���c��������Z����� ������� ���$¡B¢M��£f�5�H�c�c�������c�������c�c�������c�������c�c�������c�������c���c�����j¤Ès�:¥ ¦X�A�:§f�3������¨Y©P�ª�s���s���Y�3�]�A��«^¬ª�N���X���X�X���X�����X�X���X���X�X���X�����X�X��� �Y��Z� �Z����O®5¯U°j±�²³¢µ´c¶Y®�·�¸9±³¡G¹9°j¢µ®�º»¡G¹U�¼�������c�c�������c�������c�c�������c�������c���c������½�Z� �Z� ��¾f¢µ·�¿�¡�¿�¡�±�°X¿�´G¿�·�¯B¢µ²�À�²³±�²³¢µ´c¡GÁC·�Á�¡�´B¢Â°j¶N¡�¶Y®�·�¸
(GXCD)

���������c�������c�c��½j¤�Z� �Z� Ã ÄE°j¹MÀ�²³Á�°�²³¸~¡��H�����c�c�������c�������c�c�������c�������c�c�������c�������c���c���Å½5�Ès��Æ ¦X�A�:§f�3������¨Y©P�ª�s���s���Y�3�]�A��«^¬ª��ÇÈ�s�É��¬^©UÊ�©3��Ë~�O���X�X���X���X�X���X�����X�X��� ÌYÌ�Z� Ãp���ÍÄE°j¹MÎ�´GÁ�´B¸µ°�±Q�A�����c�c�������c�������c�c�������c�������c�c�������c�������c���c���ÅÏÈÏ�Z� Ãp� ��ÄE°j¹MÀ�²³Á�°�²³¸~¡��H�����c�c�������c�������c�c�������c�������c�c�������c�������c���c���Ð�U�ÈÑÈs�_Ò ÓPÔZ�>¬A��ÔKÕO�Z�»�>Ôp�>¬AÖ�©>Êp©3���f�s¬ª�CÖ7×��Q¨Y©U��¬O�X�AÊ��U�>��Ë~�Ø�X�X���X���X�X���X�����X�X�����p�YÙ
Ú�Û t»Ü^iKÝsh Û tßÞàh3r3áBl:npi�â�v³ãYv_â»äªtZåZhXæNçZè�isnpésÞHtjê�npisÞHu3i^nZi^r3uëÝsl:ìAu3kBh3i�áBhjÞMáBísujn5kBlqh3ÞHujî�é^t5áBlqnZi^ish ÛqÛ hjÞ3è�isnpésÞrjnpïCïðhjisñ3npisÞ1Ý^tZisÞ1r3hKrUí^t5ä^l:áàkBh<äOtÈkðtZi^t Û�ò Þàh>k Û hjÞPáBísujnZkBl:hjÞbujî�é^t5áBlqnpisish ÛqÛ h3Þbhji�ä^kBu3Þàh3i^r3h�Ý]ó ési�Þ ò ïPôAn Û hí^nZïðnpïðnZkàä^ísl�î�é^h

h
ÞàéNkMésiCnZäAu>kGt5áBhjéNkMt5ÞàÞànYrjlqt5áBlqõªh>áErjnpïCïbéNáGt5áBlqõaè5äªésl:ÞEÞàésk Û ó nZäAu>kGt5áBh3éskoÝ^é÷ö�npéCh3øNr Û ésÞàl:õ]ùh3á�hjiNÜ^iÉÞàéNkërjh Û ésl�Ýsh3ÞëåZkBnZésäAh3Þët5ôAu Û lqh3isÞ3vAúHnpïðïChßisnpésÞ Û ó_tjêpnpisÞël Û:Û ésÞÂáàkBu»Ýªt5i^Þ Û h»rGí^t5ä^l:áàkBhPãYè Û tCõWnZi^r>áBlqnZiÝ^hCê�u>kBl:Ü^rjt5áBlqnpiRÝsh<ÞànpïðïCh<ésáBl Û l:Þàujh<Ý^tZisÞ Û hðäskBnZáBn�rjn Û hðû)ü9m�ý7Ýsu3r3kBl�áPÝ^tZisÞ Û tÉÞàh3r>áBlqnpi�ãYv þsv³ãYv þ�äªtZåZh�âZÿNèä Û ésÞbä^kBu3r3lqÞàu3ïðhji�áCÝ^tZisÞ Û t Þàhjr>áBlqnpi ãYv³æ�v³ãYvqçKäªtZåphÉâ ��� ä]nZÞàÞ��jÝsh�rjh>áàáBh<ä^kBn5ä^kBl:u3áBuKÞàésk Û h�ö�npé'h3øYr Û é^Þàl:õ�ùªvü9isÞàé^l�áBhXisnpésÞcr3npisÞàlqÝsu>kBh3kBnpisÞ Û h�r�t5Þcn�� Û hXÞ ò ïPôAn Û hXÝ^h�rGísl:ìOkBh3ïðhji�á�h3ÞÂácÝsl:ÞÂáàkBl:ô^éNáBlqõfÞàéNk Û hKö»npé�h>øNr Û ésÞàlqõ ùh3á Û h3Þ�åZkBnpéNäAhjÞëtÈô]u Û l:hjisÞ3v^ü9iNÜ^iÉi^nZé^ÞckBhjåpt5kBÝsnpisÞ Û hXr�tZÞ�n�� Û h»rGísl:ìOkBh3ïðhji�áëhjÞÂá�rjnZïðïbéNáGt5áBlqõ�h3á�ÝslqÞÂáàkBl�ôªéNáBl:õÞàésk Û h»Þ ò ïPôAn Û hßÝ^é'öbnZé�h3øYr Û é^Þàl:õMùKh>áëÝ^h3Þëå5kBnpéNä]h3Þët5ôAu Û lqh3isÞ3v

� k
	Zr3h(t5é Û h3ïðïðh÷þ�äªtZåph �Zâ�isnpésÞ�ÞBtjê�nZi^Þ�î�ésh÷Ý^tZisÞ�ésish äskBhjéNê�h÷ïðl:i^l:ï<t Û h(Ýsh
T ` w

áBnZé^Þ Û hjÞi��»ésÝsÞ/í ò äAnZáBí�jÞàh3Þ/h>á/r3npisr Û é^Þàl:npisÞ/Ý^h3ÞHk��3å Û hjÞ
(UR)

è
(UL)

h3á
(P )

Þànpi�ácÝshjÞHu Û ujïðh3i�áBÞ/Ýsh
S(T,w)

v���npésÞtZi^t Û:ò ÞànZi^ÞHï<tZl:i�áBh3i^tZi�á Û hjÞ/tZéNáàkBhjÞ9k��jå Û hjÞHÝsh�isnZáàkBh$Þ ò ÞÂá��3ïðh�Ýsh$ÝsujÝsésr3áBl:npi�t5Ü^i�Ý]ó nZôsáBhjisl:k/ésish$äskBnYr3ujÝséNkBhÝ^h»Ýsujr3lqÞàl:npiÉäAnpéNk Û h»äskBnZô Û �jïðh»ÝshßÝsujÝsésr3áBl:npiÉÝsh Û ó l:i�áàkBé^Þ3v
���
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��npésÞ1tjê�npisÞbäskBnZäAnpÞàu�é^ishKäskBnYr3u3Ý^éNkBh�Ýsh�Ýsu3rjl:Þàlqnpi�äAnpéNk Û h<äskBnZô Û �3ïðh�Ýsh�Ýsu3Ýsé^r>áBlqnZi'Ýsh Û ó lqi�áàkBésÞ1hjiáBh3ïCä^ÞMh3ø�ä]nZi^h3i�áBlqh Û3G HIH�J ÿ�æ(K^äAnpéNk Û h3ÞEáBísujnZkBl:hjÞ�LNM�OQPSR$h>áTL�UQR�v���nZáàkBh�t5äsäskBnYrGí^h�rjnZi^Þàl:ÞÂáBhWV�áàkGtZisÞàõWnZkBïCh3kÛ hjÞcäskBh3éNê�hjÞcäAnpéNk$t5kàkBl:ê�h>kWVbôAnZkBish3k Û hßisnpïPôskBhßÝ]ó_tÈä^ä Û lqrjt5áBlqnpisÞ�Ý^h Û t1õWnpisr>áBlqnpi�í^nZïðnpïðnZkàä^ísl�î�é^hßh>á�nZôsáBh�Xisl�këési�kBujÞàé Û áGt5á�Ýsh Û n�r�t Û l:áBu�äAnpéNk$tÈä^ä Û l�î�ésh>k Û hXkBujÞàé Û áGt5á�u>áBhjisÝséÉÝshZY÷r�[ ÛqÛ h3ÞÂáBh>k�Ýsé�áBísujn5k��jïðhßãPäªtZåphPæ�\�v
] v�^Xh Û tZésish G ^Xh Û ÿ��5t�KAt5ïðu Û lqnZkGtßr3hjÞMkBu3Þàé Û áGt5áBÞ9h>á9äskBnZäAnpÞBtPésish�ä^kBn�rju3ÝséskBhëhjiðáBh3ïCä^Þ9äAn Û�ò isnpïðlqt Û hji<lqi�áàkBn*XÝséslqÞBt5i�á$ésish�öPï<tZr>kBn�ùKk��3å Û hXäAnpéNkëáàkGtZl�áBh3k_V Û tCõWnZlqÞ Û t1k��3å Û h

(h)
Ýshßr3kBujt5áBl:npiÉÝ^éÉÞ ò ïßô]n Û h

h
h>á Û t1k��3å Û hÝ]ó tZÝsÝ^l�áBlqnpi

(GX)
v���nZé^Þ9äskBu3Þàhji�áBnpisÞHisnZáàkBhëkBu3Þàé Û áGt5áMä]nZésk Û hër�tZÞQL�M�RXh>áHéNáBl Û lqÞànpisÞ Û ó lqÝsu3h$Ýsh Û tßäskBnYr3u3Ý^éNkBhh3i<áBh3ïCä^ÞMä]n Û:ò i�`pïðlqt Û äAnpéNk Û h3Þ9áBísu3nZkBlqh3ÞTLNMNOTPSRXh>áQLNUTRXlqi�áàkBnYÝsésl:áBhëäªt5k ] v�^Xh Û tZési^hZè�äAnpéNkHkBh3ÝsujïCnpi�áàkBh3kr3hXkBujÞàé Û áGtÈáëhjiÉéNáBl Û lqÞBtZi�á Û h»kBujÞàé Û áGt5áëÝsh Û nYr�t Û l:áBu»Þàlqï1ä Û hßÝsé�rUí^t5ä^l�áàkBhßþsv

aSbdc�bdc eCfhgSb

^»tZisÞ Û t<ÜªåZéskBhðæYv�ç5è]isnpésÞXkGtÈä^äAh Û npisÞ Û h1ïCnYÝ� Û h1Ý^hi^Xn Û h3ê�X�jHtZn�éNáBl Û l:Þàu1h3á Û h3Þ»t5øNlqnZïðhjÞ�Ýsh Û tKáBísujn5kBlqhujî�é^t5áBl:npisi^h ÛqÛ h�L�M�Rlk
m (x⊕ y)⊕ z = x⊕ (y ⊕ z)

ý'[�ÞàÞànYr3l�t5áBl�êNl:áBu �
m x⊕ y = y ⊕ x

ýaúHnpïðïbéNáGt5áBl�êNl:áBu �
m h(x⊕ y) = h(x)⊕ h(y)

ý7g�npïðnZïðnZkàä^íslqÞàïðh �
[�lqisÞàl7èOt5é^r3ési�Þ ò ïPôAn Û hßish»äAh3ésá_n>áàkBh»Ýsu>áàkBé^l�áëisl�äªt5k Û tCk��3å Û h

(GX)
isl]äªt5k Û t1k��3å Û h

(h)
v

(A)
u ∈ T

T `E u

(P )
T `E u T `E v

T `E 〈u, v〉

(C)
T `E u T `E v

T `E {u}v

(GX)
T `E u1 . . . T `E un

T `E u1 ⊕ . . .⊕ un

(UL)
T `E 〈u, v〉

T `E u

(UR)
T `E 〈u, v〉

T `E v

(D)
T `E {u}v T `E v

T `E u

(h)
T `E u

T `E h(u)

oSp�qQr]æYv�ç m ^Xn Û h3êsX�j9tZnCu3áBh3isÝséÉäAnpéNk Û t1áBísu3nZkBlqh»u�î�éªtÈáBlqnpisish Û:Û hZLNMtR�v
^»tZisÞßésiRäskBh3ïðlqh>kßáBh3ïCä^Þ3èfisnpésÞ»kBhjÝsu3ïðnpi�áàkBnpisÞ Û hjÞ Û h3ïðïðh3Þ �KäªtZåph ����h>á1æKäªtZåph �pæ�nZôsáBhji�ésÞßÝ^tZisÞÛ hbrjtZÞ�Ýsh-^Xn Û h>êsX�j9tZnKÞÂáGtZisÝ^t5kBÝ h3á�Ýsh Û tðáBí^u3nZkBl:hPêYlqÝshpè^äAnpéNk+L�M�R�vOü9isÞàé^l�áBhbisnpésÞ�r3npisÞàlqÝsu>kBnpisÞ Û h3Þ$k��3å Û hjÞ

(h)
h>á

(GX)
äAnpéNkðnZôsáBhjisl�kCé^i'kBu3Þàé Û áGt5áðÝsh Û nYr�t Û l:áBuZvt^»tZisÞ1é^i Þàh3rjnpisÝ'áBh3ïCä^ÞCisnpésÞCïðnpi�áàkBnpisÞ<î�é^h Û tÝsu3Ýsé^r>áBlqnZi�h3iÉési^h»u>áGt5äAh»Ý^tZisÞ�rjh»Þ ò ÞÂá��3ïðhXäAhjéNáëÞàhXkGtZïðh3ish3kWV Û tbkBujÞàn Û éNáBlqnpi�Ý]ó é^iÉÞ ò ÞÂá��3ïðh»Ý]ó ujî�é^t5áBlqnpisÞÛ lqisujtZl:kBh3Þ3vAúHh»äskBnYr3ujÝsu»ésÞàé^h Û hjÞÂáëÝsu>áGtZl Û:Û u»Ý^tZisÞ Û hßrjtZÞuL�M�R�v

v�w�xyw'xyw'x zT{3|�}&~'���(�yw

��npésÞct5iªt Û:ò ÞànpisÞHï<tZlqi�áBh3i^tZi�á Û h$r3npïCäAnZkàáBh3ïðhji�á/Ýsh3Þ/ÝshjéNø<isnpéNê�h ÛqÛ hjÞ9k��jå Û h3ÞHlqi�áàkBnYÝsésl:áBh3Þ
(GX)

h>á
(h)Ý^tZisÞ Û h3ÞßäskBh3éNê�hjÞßÝshjÞ Û h3ïðïðh3ÞßäAnpéNk Û t�k��jå Û h

(C)
h>á

(D)
v H tÉÞÂáàkBésr3áBéNkBhðÝ^h3ÞßäskBhjéNê�h3ÞPÝsh3Þ Û h3ïðïðh3Þßäªt5kl:isÝ^ésr>áBlqnpi�kBhjÞÂáBh»lqÝsh3i�áBlqî�éshPî�é^h»Ý^tZisÞ Û hßr�tZÞ�Ýsh�^Xn Û h3êsX�j9tZnCÞÂáGtZisÝ^t5kBÝ]v

\5ÿ
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(D)

(R)

ddd
T ` {u}v ↓ = r

ddd
T ` v ↓

T ` u

2Z8qI5TU; {u}v ↓ ∈ S(T ) d
� TB?UL � ? k ��npésÞ»õWtZlqÞànZi^ÞßésishClqisÝsésr3áBl:npiRÞàéNk Û t�ÞÂáàkBésr>áBéNkBhðÝsh Û tKäskBhjéNê�h

P
v H h3Þ»rjtZÞßÝsh3Þ»k��3å Û hjÞ

(P )
è

(UR)
è
(UL)

è
(C)

h3á
(D)

Þànpi�áðlqÝsh3i�áBlqî�éshjÞðtZé Û h3ïðïðh�æ�äOt5åph:�pæYv H h�r�tZÞ1n�� Û t(Ýsh>kBisl �>kBh�k��jå Û h�Ýsh Û tä^kBh3éNê�h
P
h3ÞÂá Û t<k��3å Û h

(h)
npé

(GX)
èOh3ÞÂáXlqïCäAnpÞàÞàl�ô Û h1rjt5k

{u}v ↓
i]ó hjÞÂáXisl ési áBh>kBïðh1tjê�h3r Û hbÞ ò ïPôAn Û h

hhji�á1n>áBhpèsisl Û h»Þ ò ïPôAn Û h
⊕
v
�

z
	����	���� I5476 P LY.A?PSOTB?>L � ?�J14W.^4QJK2Z8:?�D�? T ` w d � 4 P =GI5.^674[?>.^6XLN.O? 2GS�SA8_4[=B2Z674[I5. D�?�8:2(T����Z8:? D�?=GI5.^;U67TUL^=3674@I5.�D�?1=���4 ��TB?UJK?>.^6 (C) D�?P8:2$0>I5TUJK?P;BLN4 � 25.ª6a?1V

(C)

ddd
T ` u

ddd
T ` k

T ` {u}k2Z8qI5TU; {u}k ∈ S(T,w) d
� TB?UL � ? k
��npésÞ9õ7tZl:ÞànpisÞHési^hëlqisÝsé^r>áBlqnZi�ÞàéNk Û tPÞÂáàkBésr>áBéNkBh$Ýsh Û t»äskBhjéNê�h

P
v H h3ÞHrjtZÞ9ÝshjÞ9k��3å Û h3Þ

(P )
è
(UR)

è
(UL)

è
(C)

h3á
(D)

Þànpi�á$l:Ý^h3i�áBl�î�ésh3Þ$tZé Û hjïðïChQ�bäªtZåphQ���Yv
m
H h»rjtZÞ�n�� Û t1Ý^h>kBisl �>kBh»k��3å Û hßÝsh Û tbä^kBh3éNê�h

P
h3ÞÂá Û t1k��3å Û h

(h)
è

(h)

P1

T ` u

T ` h(u) = wmEt5k9í ò äAnZáBí�jÞàh�Ý�ó lqisÝsésr3áBl:npi<isnpésÞ9ÞBtjê�npisÞHî�ésh�áBnpésÞ Û h3Þ9i�»é^ÝsÞ9l:ÞàÞàésÞHÝ]ó ésish�k��jå Û h
(C)

Ý^tZisÞ Û t»ÞànpésÞdXä^kBh3éNê�h
P1
ÞànZi�á�Ý^tZisÞ

S(T, u)
v^mEtÈkXÝsu>Üªisl�áBlqnpi Ýsh

S
è
u ∈ S(h(u)) = S(w)

èOtZlqisÞàlfáBnpésÞ Û hjÞ$i�ßésÝsÞlqÞàÞàésÞëÝ�ó ési^h»k��3å Û h
(C)

ÞànZi�áëÝ^tZisÞ
S(T ) ⊆ S(T,w)

v
m
H h»rjtZÞ�n�� Û t1Ý^h>kBisl �>kBh»k��3å Û hßÝsh Û tbä^kBh3éNê�h

P
h3ÞÂá Û t1k��3å Û h

(GX)
è

(GX)

P1

T ` u1

. . .
Pn

T ` un

T ` u1 ⊕ . . .⊕ un = wmEt5k9í ò äAnZáBí�jÞàh�Ý�ó lqisÝsésr3áBl:npi<isnpésÞ9ÞBtjê�npisÞHî�ésh�áBnpésÞ Û h3Þ9i�»é^ÝsÞ9l:ÞàÞàésÞHÝ]ó ésish�k��jå Û h
(C)

Ý^tZisÞ Û t»ÞànpésÞdXä^kBh3éNê�h
Pi
Þànpi�á$Ý^tZisÞ

S(T, ui)
äAnpéNk

i = 1, . . . , n
v^mEt5k$Ýsu3Ü^isl:áBl:npi Ýsh

S
è
ui ∈ S(u1 ⊕ . . .⊕ un) =

S(w)
è^tZlqisÞàl]áBnpésÞ Û hjÞ�i�ßésÝsÞël:ÞàÞàé^ÞëÝ]ó ésish»k��3å Û h

(C)
Þànpi�á$Ý^tZisÞ

zS(T,w)
v

�úHh3ÞfäskBhjéNê�h3Þ Ý^tZisÞ Û hHrjtZÞ LNM�R/Þànpi�á áàk��3Þ�Þàlqïðl Û tZl�kBhjÞtVër3h ÛqÛ h3Þ�ÝshQ^Xn Û h3ê�X�jHtZn$rjt5k Û tëáBísu3nZkBlqh9ujî�é^t5áBl:npisi^h ÛqÛ htZÞàÞànYr3lqu3h�ish Ýsu>áàkBé^l�á�t5é^r3ési áBh>kBïðhpv ��nZé^ÞðäAnpéNê�nZi^Þ<Ýsu3ïðnpi�áàkBh>k�Ýsh�ï4n3ïðh î�ésh�äAnpéNk Û t(k��3å Û h
(C)

ÝshjÞÛ h3ïðïðh3Þcä]nZésk Û h3Þ/k��jå Û hjÞ
(GX)

h>á
(h)
vªúHhjÞ Û h3ïðïðh3Þ�isnpiÉÝ^u>áGtZl ÛqÛ u3Þclqr3l]äskBnpéNê�h3i�áëî�ésh Û hjÞ�r3npisr Û ésÞàlqnpisÞ�ÝshjÞk��jå Û hjÞ

(GX)
h>á

(h)
ÞànZi�áëÝ^tZisÞ

S(T,w)
v

z
	����	���� I5476 P LY.A?cSOTG?UL � ?PJ14W.^4QJK2Z8:?CD�? T ` w FH2Z8qI5TU;P?38Q8:?C?>;U6 S(T,w) � 8:I�=G2Z8:?�d
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� TG?UL � ? kÉú$ó hjÞÂácésishXr3npisÞàu�î�ésh3isrjh�l:ïðïðu3Ý^lqt5áBhXÝshjÞ Û h3ïðïðh3ÞcþbäªtZåph,�pâYè � äªtZåZh�äskBujr3u3Ý^h3i�áBhpè \»äªtZåph�\5ÿbh>áÝsh3Þ�ÝshjéNø Û hjïCïðhjÞcäAnpéNk Û h3Þck��3å Û hjÞ
(GX)

h>á
(h)

lqisÝsl�î�é^tZi�áëî�ésh Û h3Þ�r3npisr Û ésÞàlqnpisÞ�Ý^hXrjh3Þck��3å Û hjÞcÞànpi�áëÝ^tZisÞ
S(T,w)

v
�

��npésÞ$tjê�npisÞ$Ýsnpisrßé^ishßõWnpisr>áBlqnpi�ÝshPÞànpésÞdX@áBh>kBïðhPr�t Û rjé Û t5ô Û hPh3iÉáBhjïCä^Þ�äAn Û:ò i `Zïðl�t Û h3áëé^i�kBu3Þàé Û áGt5áëÝshÛ nYrjt Û l�áBupèsi^nZé^ÞckBhjåpt5kBÝsnpisÞëï<tZl:i�áBhji^tZi�á$h3iÉÝsu3áGtZl Û�Û tCÝsu3Ý^ésr>áBl:ô^l Û l:áBu»hjiÉésishßu3áGtÈä]hZv
v�w�xyw'xyw�� ������� |*����{�� 	��	�
� 	!� �(}�� 	yw

��npésÞßáàkGtZisÞàõWnZkBïCnpisÞ Û hðä^kBn5ô Û �jïCh�Ýsh<Ý^u3Ýsésr3áBl:npi�h3i�é^ish<u3áGt5äAh<Ýsh Û tÉk��jå Û h
(GX)

h3i Û tÉkBu3Þàn Û éNáBlqnZiÝ]ó é^i�Þ ò ÞÂá��3ïðh<Ý]ó ujî�é^t5áBlqnZi^Þ Û l:i^ujtZl�kBhjÞPÝslqnZä^í^tZi�áBlqh3isishjÞ3vEúHh3áàáBh1áàkGtZisÞàõWnZkBï<tÈáBlqnpiRkBh3ÞàÞàh3ïPô Û h�V Û t�ïCu3áBísnYÝshéNáBl Û lqÞàu3h/äOtÈkMmov��Xt5kBhjisÝNkGtZi G �XtÈk ����KsäAnpéNkEkBu3ÞànpésÝNkBh�Ýsh3Þoä^kBn5ô Û �jïChjÞEÝ�ó ési^l�Ü^r�t5áBl:npiðh3i1ä^kBu3Þàh3i^r3hcÝ^hHáBí^u3nZkBl:hjÞujî�é^t5áBl:npisi^h ÛqÛ hjÞKïðn�Ý^é Û n [�ú$v ��nZé^Þ<kGt5äsäAh Û npisÞ�î�ésh Þàh3é Û h Û tRk��jå Û h
(GX)

äAnpÞàh÷ési äskBnZô Û �3ïðh÷rjt5k�h Û:Û hkBh>äskBujÞàh3i�áBh ä]n5áBhji�áBlqh ÛqÛ hjïChji�á�ési^h õ7tZïCl ÛqÛ h÷lqiNÜ^i^l:h÷Ý^h k��3å Û h3Þ3v H t�Ýsu3Ý^ésr>áBl:ô^l Û l:áBu÷h3i�ésish÷u3áGt5äAh�äAnpéNk Û hjÞt5ésáàkBh3ÞKk��3å Û h3Þ�h3ÞÂá�õ7t5rjl Û h V�ïðh>áàáàkBh hji �»éNêYkBh÷r�t5k�r3hjÞ<k��jå Û hjÞKi�ó npi�áÉî�é]ó ési�i^nZïPôskBh÷Ü^isl�Ý]ó í ò äAnZáBí�3ÞàhjÞäAnpÞàÞàl�ô Û h3Þ3v
������A������{�� xyx�� }
�({������ � I54W6 u LY.)6a?>TUJ<?>F».AI5LN;�D !�� .^4W;G;>I5.^;�8:2<03I5.A=>674[I5. 2Z6aI5J1; (u) D�? 8:2RJK25.^4 �>TB?;BLN4 � 25.ª6a?1V

� � 4 u = u1 ⊕ . . . ⊕ un
F/I��R= �N2�`>L^? ui

.]\ ?>;U6fS^25;b?>.R6��36a?ð2 � ?B= ⊕ F/2Z8:I5TU;12Z6aI5JC; (u) = {u1, . . . , un}
d

� ?>; ui
;3I5.ª6c2GS�S^?38 ! ; t5áBnpïChjÞ D�? u d

� � 4 u .A\ ?U;U6�S^25;b?U.�6��36a?12 � ?G= ⊕ 2Z8qI5TU;P2Z6aI5J1; (u) = u d
��npésÞbåpu3isu3kGt Û lqÞànZi^Þ Û t�Ýsu3Ü^isl:áBl:npi�Ý]ó_t5áBnpïChjÞ1t5ésøRhjisÞàh3ïPô Û h3Þ1ÝshðáBh3kBïðh3Þ

T
h3i�õWnZkBïðh3ÞbisnZkBï<t Û h3Þbäªt5ktÈáBnpïðÞ

(T ) :=
⋃

t∈T

t5áBnZïðÞ
(t)
v

��npésÞ<Ýsu3áGt5l ÛqÛ npisÞ Û tRrjnZi^ÞÂáàkBésr>áBlqnpi Ýsé Þ ò ÞÂá��3ïðh�Ý]ó ujî�é^t5áBlqnpisÞ Û lqisu�t5l:kBh3ÞKÝslqnZä^í^tZi�áBlqh3isishjÞ�V�äªt5kàáBl�kKÝ^éäskBnZô Û �jïðhßÝsh»ÝsujÝsésr3áBl:npi�h3iÉé^ishßu>áGt5äAhXäAnpéNk Û t1k��jå Û h
(GX)

v
m ^Xnpisisu3hjÞZk
m ési�hjisÞàh3ïPô Û h»Ü^isl�Ý^h»áBh>kBïðh3Þ T = {t0, . . . , tn}
m ésiÉáBh3kBïCh s

m ] nZkàáBl:h
m�� i1Þ ò ÞÂá��3ïðh D(T, s)

Ý]ó ujî�é^t5áBlqnZi^Þ Û l:isu�tZl�kBhjÞoÝslqnZä^í^tZi�áBlqh3isishjÞEÞàéNk Û h3ÞoêZt5kBl�tÈô Û hjÞ
X = {x0, . . . , xn}áBh Û:Û h3Þëî�ésh

T ` s
Þàl�h3á�Þàhjé Û hjïðh3i�á$Þàl

D(T, s)
äAnpÞàÞ��jÝshßésishßÞàn Û éNáBl:npi]v

m [ Û åpnZkBl�áBí^ïCh
m� rUí^tpî�é^hXáBh>kBïðh ti isnpésÞ$tZÞàÞànYr3lqnZi^Þëésish»êZt5kBlqt5ô Û h xi

äAnpéNk
i = 0, . . . , n

v
m ] l

u
hjÞÂáßési�tÈáBnpïðhðÝsh

t
è�isnpésÞßÝsujisnZáBnZi^Þ»äªt5k

δ(u, t)

Û hðisnpïPôskBhðÝ�ó�n�rjr3éNkàkBhjisr3hjÞ»Ýsh Û ó t5áBnpïðh
uÝ^tZisÞ Û h»áBh>kBïðh

t
v

m ] npl:á
A = {a1, . . . , am}

Û ó h3isÞàhjïPô Û hPÝshjÞëtÈáBnpïðh3ÞëÝsh
T ∪ {s}

v
m monpéNk$rGí^tpî�éshPt5áBnpïCh ai

Ýsh
s
è^isnpésÞëlqi�áàkBnYÝséslqÞànZi^Þ Û ó ujî�é^t5áBlqnpiÉÞàésl:êZtZi�áBh8k

δ(ai, s) =
n∑

j=0

δ(ai, tj) ∗ xj

úHh3áàáBhðujî�é^t5áBlqnpiRkBh Û lqh Û h<isnpïPôskBhKÝ�ó nYr3rjéNkàkBh3i^r3h3ÞPÝsh Û ó_t5áBnpïCh
ai
Ýªt5i^Þ Û hðáBh>kBïðh

s
hjÞÂáPujåpt Û V Û tÞànpïðïðhßÝsé�isnpïßô^kBhßÝ]ó nYr3rjéNkàkBh3isrjh3Þ�Ýsh Û ó_t5áBnpïCh

ai
Ý^tZisÞ Û h3Þ�áBh>kBïðh3Þ

tj
vH h»Þ ò ÞÂá��3ïðh»Ý�ó u�î�éªtÈáBlqnpisÞ

D(T, s)
h3ÞÂá Û tCrjnZi"!µnpisr3áBl:npiÉÝsh»áBnpéNáBh3Þ�rjh3Þ�ujî�é^t5áBlqnpisÞZk

D(T, s) :=
m∧

i=1

n∑

j=0

δ(ai, tj) ∗ xj = δ(ai, s)

\Zã
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��� 	 � �A~ 	 ��� I54W6 T = {a1 ⊕ a2 ⊕ a3, a1 ⊕ a4, a2 ⊕ a4}
?>6 s = a1 ⊕ a2

F9I��É6aI5LY;X8:?>; ai
.O?»;3I5.ª6AS^25;ß?U.6��36a?C2 � ?G= ⊕ d��PI5LY;»4W.^67TGI�D5LY4W;3I5.s;»67TBI54W; � 25TU4@2��38:?>; x0, x1, x2

LN.A?�S^I5LYTb=��N2�`ULª? ! 8 ! JK?>.^6�D�? T V
x0

S^I5LNT a1 ⊕ a2 ⊕ a3

x1
S^I5LNT a1 ⊕ a4

x2
S^I5LNT a2 ⊕ a4

� I5LYTb=��N2�`>L^?C2Z6aI5J<? ai
.AI5LY;P=>T ! I5.^;XLY.A? ! `ULª2Z674@I5.^F/?>6cI��36a?U.AI5.^;ß8q?ß;��Z;G6��>JK?ß;BLN4 � 25.ª6cV







a1 : x0 + x1 = 1

a2 : x0 + x2 = 1

a3 : x0 = 0

a4 : x1 + x2 = 0

z
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c1,1x1 + . . .+ c1,nxn = d1ddd ddd ddd
cm,1x1 + . . .+ cm,nxn = dm

wS = d1 ∗A1 ⊕ . . .⊕ dm ∗Am

Σ = {A1, . . . , Am}, TS = {t1, . . . , tm}I�� ∀i, 1 ≤ i ≤ n, ti = c1,i ∗A1 ⊕ . . .⊕ cm,i ∗Am ∀i, 1 ≤ i ≤ m,Ai
;3I5.^6cD�?U;b2Z6aI5JK?U;bD�? TS

d
� ?P;��5;U6��>J<?CDf\ ! `>L^2Z674[I5.^; (S) 2<LY.A?P;3IZ8_LN674[I5. ;G4H?36H;>?>LN8q?UJK?U.ª6H;G498:?16a?UTUJK? w ?>;G6�D ! D5L^=3674��38:?ð?>.(LY.A?

! 6a2GS^?�»S^25T>674QT1D�? TS
S^25Tß8:2<T����Z8q? (GX) d

� TB?UL � ? k
m ] l

(S)
äAnpÞàÞ��3Ýshßési^hßÞàn Û éNáBlqnpi�t Û nZkBÞ�l Û h3øNl:ÞÂáBhßésish»Þàn Û éNáBlqnZi

α
Ýsh

(S)
áBh Û:Û hßî�ésh8k







c1,1α(x1) + . . .+ c1,nα(xn) = d1vvv vvv vvv
cm,1α(x1) + . . .+ cm,nα(xn) = dm

[�lqisÞàl@è^isnpésÞërjt Û r3é Û npisÞ
wS

VCäªt5kàáBl�këÝ^h
TS

h3á
α
k

α(x1) ∗ t1 ⊕ . . .⊕ α(xn) ∗ tn

= α(x1) ∗ (c1,1 ∗A1 ⊕ . . .⊕ cm,1 ∗Am)⊕ . . .⊕ α(xn) ∗ (c1,n ∗A1 ⊕ . . .⊕ cm,n ∗Am)

= c1,1 ∗ α(x1) ∗A1 ⊕ . . .⊕ c1,n ∗ α(xn) ∗A1 ⊕ . . .⊕ cm,1 ∗ α(x1) ∗Am ⊕ . . .⊕ cm,n ∗ α(xn) ∗Am

= d1 ∗A1 ⊕ . . .⊕ dm ∗Am

= wS

m�� u3r3l:äskBnNî�ésh3ïðhji�ájè9Þànpl�á P ési^h�äskBhjéNê�h Ý^h
TS ` wS

h3i é^ish u3áGt5äAh÷tjêphjr Û tRk��jå Û h
(GX)

v ��npésÞrjnpisÞÂáàkBéslqÞànZi^Þ Û hßÞ ò ÞÂá��3ïðh
(S)

VbäOtÈkàáBl:k$Ýsh
TS

h3á
wS
v

TS = {t1, . . . , tm},Σ = {A1, . . . , Am} =
t5áBnpïCÞ

(TS)

wS = d1 ∗A1 ⊕ . . .⊕ dmAm

∀i, 1 ≤ i ≤ n, ∃cj,i1 ≤ j ≤ m, ti = c1,i ∗A1 ⊕ . . .⊕ cm,i ∗Am
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��nZé^Þ�ÝsujÝséslqÞànpisÞ Û hXáBh>kBïðh
wS

Ýsh
TS
èsl Û h>øNlqÞÂáBh»ÝsnpisrßésishßÝsu3rjnZïCäAnpÞàl:áBl:npi�Ýsh

di
hji

ci,j
è äOtÈk$r3npisÞàu�Xî�é^h3i�áëisnpésÞ$n5ô^áBh3isnpisÞ Û hßÞ ò ÞÂá��3ïðh»Þàésl:êZtZi�á-k







c1,1x1 + . . .+ c1,nxn = d1vvv vvv vvv
cm,1x1 + . . .+ cm,nxn = dm

�
��npésÞfnZôsáBhjisnpisÞ�ésiPÞ ò ÞÂá��jïCh Û l:i^ujtZl�kBh9Ý]ó ujî�é^t5áBlqnpisÞfÝslqnZä^í^tZi�áBlqh3isi^h3ÞtV�r3nYh��<rjl:hji�áBÞ

N
vZúHh9Þ ò ÞÂá��3ïðhHt�ésishÞàn Û éNáBlqnpi ÞàlYh>á Þàhjé Û hjïðh3i�áoÞàl Û h9áBh>kBïðh

s
h3ÞÂá ÝsujÝsésr>áBl:ô Û hSV�äªt5kàáBl:k Ý^h

T
hjibésishHu>áGt5äAhpv � u3ÞànpésÝNkBhHésibÞ ò ÞÂá��3ïðhÛ lqisujtZl:kBhHÝ�ó u�î�éªtÈáBlqnpisÞ ÝslqnZä^í^tZi�áBlqh3isi^h3Þ�V$r3nYh��<rjl:hji�áBÞ

N
hjÞÂá ésibäskBnZô Û �3ïðh ��mNX[r3npïCä Û h>á G mEt5ä �5þ*K[èZt5lqisÞàlYisnpésÞr3npisi^tZlqÞàÞànZi^Þ Û tðr3npïCä Û h>øNl�áBußÝsh Û tCÝsu3Ý^ésr>áBl:ô^l Û l:áBu»hjiÉé^ish»u3áGtÈä]hXäAnpéNkërjh>áàáBhXáBísu3nZkBlqh»u�î�éªtÈáBlqnpisish Û:Û hZv

aSbdc�b�� eCf����!g �	� e�
 gSb
H hjÞPäskBhjéNê�h3ÞbäAnpéNk Û h3Þ Û hjïðïChjÞ1r3npisrjh>kBi^tZi�á Û h3Þbk��3å Û hjÞ

(D)
è
(C)

è
(GX)

h>á
(h)

ish�Þànpi�á1ä Û ésÞCtZésÞàÞàlÞàl:ïCä Û h3Þorjt5k Û tëk��3å Û h
(GX)

äAhjéNá õ7tZl�kBhHÝ^l:ÞÂäªt5kGt��qáàkBhHr3h>kàáGtZlqisÞ�áBh>kBïðh3Þoî�éslYishHÞàh>kBnpi�áoÝsnpisrHäªtZÞ Ý^tZisÞ
S(T,w)

v
��� 	 � �A~ 	 �� I5.^;G4@D ! TBI5.^;X8:2<6 � ! I5TU4@? ! `>L^2Z674[I5.s.A?38Q8:?�����������FE8:2XSOTB?>L � ?»;GLY4 � 25.^6a?1I�� {a⊕ {b}k, h(a)⊕
h({b}k)} ?>6 w = h(a) ⊕ h(c) 2 � ?G= Σ0 = {a, b, c, k} d �PI5LY; =G2Z8:=ULs8:I5.^; S(T,w) = T ∪ {w} ∪

{a, c, {b}k, b, k}
d

(GX)

(h)

(A)
a⊕ {b}k ∈ T

T ` a⊕ {b}k

T ` h(a)⊕ h({b}k)
(h)

(A)
{b}k ⊕ c ∈ T

T ` {b}k ⊕ c

T ` h({b}k)⊕ h(c)

T ` h(a)⊕ h(c)

 ?36@6a?cSOTB?>L � ?P.A\ ?U;U6�S^25; S(T,w) � 8:I�=G2Z8:?1=B25TP8:?b6a?>TUJ<? h(a)⊕ h({b}k) .]\ ?>;U6�S^25;PD�25.^; S(T,w) d
H ó_t5äsäskBnYrGí^hßnZkBlqåZlqish Û:Û hbî�éshßisnpésÞ�tjê�nZi^Þ$Ýsu3êph Û nZäsä]u3h G HIH�J ÿ�æ�KfhjÞÂáëôªtZÞàu3hPÞàéNk�ÝshjÞ�áàkGtZisÞàõWnZkBï<tÈáBlqnpisÞëÝshäskBh3éNê�hjÞßî�éslMtZÞàÞàéNkBh3i�ábî�é^h Û h3ÞPt5äsä Û l:r�tÈáBlqnpisÞßÝsh1k��jå Û hjÞ

(GX)
Þànpi�áPõ7tZl�áBhjÞ Û hCä Û ésÞ»á1`ZáXä]nZÞàÞàl:ô Û hZvoúHnpïCïðhÛ hßïðnpi�áàkBh Û ó h3øYhjïCä Û h �CÞàl�isnpésÞëi^hßõWtZlqÞànZi^Þ�äªtZÞër3h3áàáBhXáàkGt5i^ÞàõQnZkBï<t5áBl:npi�Ýsh»äskBhjéNê�hßisnpésÞ�äAnpéNê�npisÞ�áàkBnpéNê�h>kÝsh3Þßi�»ésÝ^ÞßÝ^tZisÞ Û t�äskBh3éNê�h<î�éslEishCÞànpi�áßäOt5ÞßÝ^tZisÞ Û h3Þ»ÞànpésÞdX@áBh3kBïðh3ÞßÝsh

T,w
v ��npésÞXäskBujÞàh3i�áBh3kBnZi^Þßr3h>áàáBháBh3rGí^islqî�éshßh3iÉÝsu>áGtZl Û ä]nZésk Û hjÞcáBísu3nZkBlqh3Þ�ujî�é^t5áBlqnpisish ÛqÛ h3Þëtjê�h3r»rGísl:ìOkBhjïChji�á$Ýsl:ÞÂáàkBl:ô^éNáBlqõ Ý^tZisÞ Û t1Þàhjr>áBlqnZi÷æ�v³ãäªtZåZh \�\�vHü ÛqÛ h�Þ3ó_tÈä^ä Û l�î�ésh(t5é^ÞàÞàlëÝ^tZisÞKrjh�rjtZÝNkBhpèMi^nZé^ÞðäskBujõQu3kBnpisÞðä^kBu3Þàh3i�áBh>k Û ó lqÝsu3h Ý^h ] vT^»h Û t5é^ish î�éslkBh3åZkBnpéNäAh Û t(k��3å Û h

(GX)
h>á

(h)
h3i é^ishÉÞàh3é Û h'ö ï<t5r3kBn�ù�k��jå Û hÉÝsu3i^n5áBujh�äOtÈk

(GXh)
hji t5äsä Û lqî�é^tZi�áisnZáàkBh1kBujÞàé Û áGtÈáPÝsh Û nYr�t Û l:áBuCÞ ò i�áGt5øYl�î�éshðnZôsáBh3i�é�t5éRrGíªtÈäªl�áàkBhCäskBujr3u3Ý^h3i�ájv ] éNk Û ó h>øNh3ïCä Û h �Yè Û t�äskBhjéNê�hCÞàháàkGt5i^ÞàõQnZkBïðh�h3iðésishcä^kBh3éNê�h�î�ésl^ish�r3npi�áBlqh3i�á9î�é]ó ésish�Þàhjé Û h1öëï<tZr>kBn1ùPk��3å Û h

(GXh)
r3hëî�é^lNkBh3isÝ Û t�äskBh3éNê�h

S(T,W )
X Û nYrjt Û hZvI^ßt5i^Þ Û tÉÜ^åpéNkBhÉæ�v³ãÉäªtZåZh�Þàésl�êptZi�áBhZè isnpésÞPkGt5äsäAh Û npisÞ Û h�ïCnYÝ� Û h�Ýsh ^Xn Û h>êsX�j9tZn éNáBl Û l:ÞàuäAnpéNk Û hjÞ1áBí^u3nZkBl:hjÞCujî�é^t5áBlqnpisish ÛqÛ h3Þ4L�MNOTPSR h>álL�UQR�èEhji rGí^nZlqÞàlqÞàÞBt5i�á Û t�isnZáGt5áBl:npi é^Þàésh ÛqÛ hÉäAnpéNk Û h'ö npéh>øNr Û ésÞàlqõEùªv

v�w�xyw���w'x zT{3|�}&~'���(�yw
H h Û h3ïðïðh9þ�äªtZåph��pâci^nZé^Þ�l:isÝ^lqî�ésh/î�é^hEäAnpéNk ésishMäskBhjéNê�h

P
Ýsh
T ` w

Û h3Þ�í ò äAnZáBí�3ÞàhjÞ�h>á Û t�r3npisr Û ésÞàlqnpiÝsh3Þ�k��3å Û h3Þ
(UR)

è
(UL)

h>á
(P )

ÞànZi�áëÝ^tZisÞ
S(T,w)

v��npésÞëÝsujïCnpi�áàkBnpisÞëési Û h3ïðïðh»äAnpéNk Û t1k��3å Û h
(D)

h3áh3isÞàésl:áBhßisnpésÞ�äskBnpéNê�h>kBnpisÞëÝsl:kBh3r>áBhjïðh3i�á Û hXkBujÞàé Û áGt5áëÝsh Û nYrjt Û l�áBupv

\Èþ
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(A)
u ∈ T

T `E u

(P )
T `E u T `E v

T `E 〈u, v〉

(C)
T `E u T `E v

T `E {u}v

(GXh)
T `E u1 . . . T `E un

T `E C[u1 ⊕ . . .⊕ un]

(UL)
T `E 〈u, v〉

T `E u

(UR)
T `E 〈u, v〉

T `E v

(D)
T `E {u}v T `E v

T `E u

oSp�qQr�æ�v³ã m ^Xn Û h>êsX�jHt5n�u>áBh3i^Ýsé äAnpéNk Û t<áBísu3nZkBlqhbujî�é^t5áBlqnpisish ÛqÛ h-LNMNOTPSRCnpé!LNUQR�èAn�� C hjÞÂáXési÷rjnZi�áBh>øYáBhrjnpï1ä]nZÞàußÝsh»Þ ò ïPôAn Û h3Þ
h
npé
⊕
v

z
	����	 xyx � I5476 P LN.O?�SOTB?>L � ?ß;G4WJ$SA8q?1?>6c2GSA8:2Z674[?CD�? T ` u d � 4 P ?>;U6

(D)

(R)

ddd
T ` {u}v ↓ = r

ddd
T ` v ↓

T ` u

2Z8qI5TU; {u}v ↓ ∈ S(T ) d
� TB?UL � ? k ��npésÞßõWtZlqÞànpisÞßésishðlqisÝsésr3áBl:npiRÞàéNk Û t�ÞÂáàkBésr3áBéNkBhCÝsh Û t�äskBhjéNê�h

P
v H hðrjtZÞ»ÝshCôªtZÞàh

(A)
h3ÞÂáêYkGtZl@v H h3Þ/rjtZÞHÝ^h3ÞHk��3å Û hjÞ

(P )
è
(UR)

è
(UL)

Þànpi�ácésish�rjnpisÞàujî�éshjisr3h�Ýsé Û hjïCïðh�þbäªtZåZh �pâYv ] l Û tPk��3å Û h
(R)hjÞÂá�k

m (D)
k Û ó í ò äAnZáBí�jÞàh»Ý]ó lqisÝsésr3áBl:npi�h>á Û tCÝsu>Ü^i^l�áBlqnpiÉÝ^h

S
isnpésÞ�äAh3kBïCh3áàáBh3i�áëÝ^h»r3npisr Û éskBhZv

m (C)
k^l:ïCäAnpÞàÞàl:ô Û h»äªt5këÞàlqïCä Û lqr3l:áBußÝsh Û t1äskBh3éNê�h

P
v

m (GXh)
k��npésÞ$tZi^t Û�ò ÞànpisÞëh3i�Ýsu3áGt5l Û�Û tCÞÂáàkBésr3áBéNkBh»Ýsh Û t1äskBh3ésêphßÝ^tZisÞërjh»rjtZÞ3v

(D)

(GXh)

(R1)

vvv
T ` u1

... (Rn)

vvv
T ` un

T ` {u}v ↓ = r

vvv
T ` v ↓

T ` u ↓

m ] l
(Ri)

h3ÞÂá
(A)

è
(P )

è
(UR)

nZé
(UL)

t Û n5kBÞ Û hbkBujÞàé Û áGtÈá»ÝshCrjh3Þ�k��jå Û hjÞXh3ÞÂá»Ýªt5i^Þ
S(T,w)

åZk
	Zr3htZéNø Û hjïðïChjÞcä^kBu3r3ujÝsh3i�áBÞ3v
m
H t1k��jå Û h

(Ri)
ish»äAh3éNá_n3áàkBh

(GXh)
rjt5k Û t1äskBhjéNê�h»hjÞÂá$t5ä Û t5áBl:hpv

m ] l
(Ri)

h3ÞÂá Û tCk��jå Û h
(C)

è^äªt5k$ÞàlqïCä Û l:rjl�áBubÝsh Û tðäskBh3éNê�hpè Û hßkBujÞàé Û áGtÈá�Ýshbr3h>áàáBhßk��3å Û h
(C)

ishßä]h3éNá
n>áàkBh
{u}v

v ] l Û h»kBu3Þàé Û áGt5áëÝsh»rjh>áàáBh�k��jå Û h»Ý^h»rGí^l�ìOkBhjïðh3i�áëhjÞÂáëési�tZéNáàkBhXáBh3kBïðh
ui
rUísl:ìOkBuXäªt5k$ésishtZéNáàkBhKr Û h3õ~èfrjhðáBh3kBïðh<Þàh3kGt�õWnZkBr3u3ïðhji�á1u Û l:ïðlqisu<äªt5k Û h<kBu3Þàé Û áGt5á

uj
Ý]ó ésish�tZéNáàkBhKk��3å Û h

(Rj)
v H tk��3å Û h

(Rj)
i]ó h3ÞÂácäOt5Þ

(GXh)
rjt5k Û tbäskBh3ésêph»h3ÞÂáët5ä Û t5áBlqhZèsisl Û tbk��3å Û h

(P )
rjt5k

uj
Ýsnpl�áëtZisi�é Û h3k

uiî�éslOhjÞÂá/ési�rUísl�ìAkBuZv ] l
(Rj)

h3ÞÂácésish$k��jå Û h
(A)

è
(UR)

nZé
(UL)

i^nZé^Þ/r3npisr Û ésnpisÞ�î�é^h
uj
h3ÞÂácÝ^tZisÞ

S(T )
h3á�Ýsnpisr

ui
tZésÞàÞàl@v���npésÞër3npisr Û ésnpisÞëÝsnpisr

{u}v ∈ S(T,w)

�

z
	����	 x ��� I5476 P LN.O?�SOTB?>L � ?ßJC4W.s4WJK2Z8:?1D�? T ` w F/2Z8:I5TU; P ?U;U6 S(T,w) � 8qI�=G2Z8:?jd
� TB?>L � ? k
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��npésÞëõWtZlqÞànZi^Þ�ési^hßl:isÝ^ésr>áBlqnpiÉÞàéNk Û tðÞÂáàkBésr>áBéNkBhßÝsh Û t1ä^kBh3éNê�h
P
vH hßrjtZÞëÝshXôªtZÞàh

(A)
hjÞÂá�êYkGt5l@v

m ] l Û tRÝsh>kBi^l �3kBhÉk��3å Û h
(R)

h3ÞÂá k
(P )

è
(UR)

è
(UL)

t Û n5kBÞ Û h Û h3ïðïðh�þRäªtZåph �pâ(i^nZé^ÞðäAh3kBïðh>á<Ý^hr3npisr Û éNkBhpv
m
H h Û h3ïðïðh<çZç»äªtZåphi\�þðkBu3ÞànpéNá Û hßr�tZÞ�n�� Û tðÝsh>kBi^l �3kBh»k��3å Û hßhjÞÂá

(D)
è^rjt5këési^h»äskBhjéNê�hßïðl:islqï<t Û hPh3ÞÂáÞàl:ïCä Û hßh3áët5ä Û t5áBl:hßÝ]ó t5äsk��jÞ Û tbä^kBn5ä]nZÞàl:áBlqnZi÷âbäªtZåph �Zÿ�v

m (C)
k Û ó í ò äAnZáBí�jÞàh»Ý]ó lqisÝsésr3áBl:npi�h>á Û t1äskBnZäskBlqu>áBußÝsh

S
ýcçXäªtZåZhbæ�� � i^nZé^ÞcäAh3kBïðh>áàáBh3i�ácÝ^h»r3npisr Û éskBhZèrjt5k

u, k ∈ S({u}k) = S(w)
v

m (GXh)
k Û t1k��3å Û hßÞàh»äskBu3Þàhji�áBhßÞànpésÞër3h>áàáBh»õWnZkBïCh4k

(GXh)

(R1)
P1

T ` u1

. . . (Rn)
Pn

T ` un

T ` w
H ó í ò äAnZáBí�3ÞàhXÝ]ó l:isÝ^ésr>áBlqnpi�isnpésÞcÝsl:á�î�ésh�áBnpéNáBh3Þ Û h3Þ

ui
í ò äAnZáBí�jÞàh3ÞcÝshXr3h>áàáBh�Ý^h>kBisl �>kBh�k��3å Û h

(GXh)ÞànZi�á/Ý^tZisÞ
S(T, ui)

v ] l
ui ∈ S(w)

Û h$kBu3Þàé Û áGt5á/hjÞÂá/nZôsáBh3i�é�èYÞàl:i^nZi
ui 6∈ S(w)

è�Ýsnpisr�i^nZé^ÞHïðnpi�áàkBnpisÞî�é^h
ui ∈ S(T )

v � h3å�t5kBÝsnpisÞ�ä Û ésÞ�äskBujr3lqÞàu3ïðh3i�á Û h3Þ�k��3å Û hjÞ (Ri)
v

m (Ri)
i]ó h3ÞÂáëäªtZÞ

(GXh)
rjt5k

(P )
h3ÞÂáëïðlqislqïðt Û hßÝ^nZi^rßt5ä Û tÈáBlqhZv

m ] l
(Ri)

hjÞÂá Û t1k��3å Û h
(A)

è
(UR)

npé
(UL)

i^nZé^Þër3npisr Û ésnpisÞ$î�ésh
ui
h3ÞÂáëÝªt5i^Þ

S(T )
v

m ] l
(Ri)

hjÞÂá Û t1k��3å Û h
(P )

i^nZé^ÞëéNáBl Û lqÞànpisÞ Û h Û h3ïðïðh»þCäOt5åph �ZâbäAnpéNk$r3npisr Û éskBhZv
m ] l

(Ri)
hjÞÂá Û tðk��jå Û h

(C)
è^äªt5k�ÞàlqïCä Û lqr3l:áBubÝsh Û tCä^kBh3éNê�hZè Û hPkBu3Þàé Û áGt5á$Ý^hPr3h3áàáBh»k��jå Û h

(C)
ishßäAhjéNá

n3áàkBh
{u}v

v ] lHrZó h3ÞÂá1ési tZéNáàkBhðáBh3kBïðh
ui
rUísl�ìAkBu<äªt5k1ésish�tZéNáàkBh<r Û hjõaè r3h<áBh3kBïðh<Þàh3kGt õQnZkBrju3ïðh3i�áu Û lqïðl:isu�äªt5k Û h�kBujÞàé Û áGt5á

uj
Ý�ó ési^hÉtZéNáàkBh�k��jå Û h

(Rj)
v H t k��3å Û h

(Rj)
i�ó hjÞÂá1äªtZÞ

(GXh)
r�t5k Û täskBhjéNê�h»hjÞÂáët5ä Û tÈáBlqhZè^isl Û t1k��3å Û h

(P )
r�t5k

uj
Ýsnpl:á$tZisi�é Û h>k

ui
î�ésl�h3ÞÂáëésiÉrGí^l�ìOkBupv ] l

(Rj)
hjÞÂá�ésishk��jå Û h

(A)
è
(UR)

npé
(UL)

isnpésÞ�rjnpisr Û ésnpisÞ$î�ésh
uj
hjÞÂáëÝ^tZisÞ

S(T )
h>áëÝsnpisr

ui
t5é^ÞàÞàl7v

�
� k
	Zr3h+VßrjhëkBujÞàé Û áGt5á/Ýsh Û nYr�t Û l:áBuZè�äAnpéNk Û tPõQnpisr3áBl:npiKÝsh�ÞànpésÞdX@áBh>kBïðh�Þ ò i�áGt5øNlqî�ésh�isnpésÞ/tjê�npisÞHkBh3ïCä Û l Û hjÞÝsh3éNø�äskBh3ïðlqh>kBÞ$äAnplqi�áBÞ�Ýsé Û hjïCïðhCãðäªtZåph1æ \�v�úHhPkBu3Þàé Û áGt5á�Þ3ó nZôsáBlqh3i�áXÝ^hPï4njïChPäAnpéNk Û hPr�t5Þ�h Û tðáBísujn5kBlqhujî�é^t5áBl:npisi^h ÛqÛ h�L�UQR�v���npésÞëtZi^t Û�ò ÞànpisÞëï<tZlqi�áBh3i^tZi�á Û t1Ý^u3Ýsésr3áBl:npi�h3i�ésishßu>áGt5äAhXäAnpéNk$r3hjÞ�Ýsh3ésøKáBí^u3nZkBl:hjÞ3v

v�w�xyw���w�� ������� |*����{�� 	��	�
� 	!� �(}�� 	yw
��npésÞHéNáBl Û lqÞànpisÞ Û tPï8njïðhëáàkGtZisÞàõWn5kBï<t5áBlqnZi�î�ésh�Ý^tZisÞ Û h$r�tZÞQL�M�R�v � tZïðh3isnpisÞ Û hëäskBnZô Û �3ïðh+V Û tßkBujÞàn Û é
XáBl:npi�Ýsh»Þ ò ÞÂá��3ïðhXÝ]ó ujî�é^t5áBlqnpisÞ Û l:i^ujtZl�kBhjÞcÝslqnZä^í^tZi�áBlqh3isi^h3Þ3è^ïðtZlqÞ�r3h3áàáBh�õQnplqÞ3èsisnpésÞ�ish Û h3ÞckBu3Þàn Û ê�npisÞcäªtZÞ�ÞàéNk

N
v

��������� ^»tZisÞ»r3h1rjtZÞXi^nZé^Þ�kBu3Þàn Û êpnpisÞ Û h3ÞXujî�é^t5áBlqnZi^ÞXÞàéNk
Z/2Z[h]

v�úHhbäskBnZô Û �jïðh1ÞàhbkBujÞànZésá»h3i÷áBh3ïCä^ÞäAn Û�ò isnpïðlqt Û&G �	� ] � \(K@v ��npésÞ�nZôsáBhjisnpisÞ Ýsnpisr9ési1t Û åZnZkBl:áBísïðh9mNX J�
 Y÷üMäAnpéNk Û tëÝsujÝsésr3áBl�ô^l Û l�áBuHh3iPési^h9u>áGt5äAhpv
����� monpéNk Û h3ÞMåZkBnpéNäAh3ÞHtÈô]u Û l:hjisÞ3è�isnpésÞMÝsh3êpnpisÞ9Ý]ó t5ôAnZkBÝ<u>áBh3i^ÝNkBh Û t»isnZáBl:npiðÝshëÞànpésÞdX@áBh>kBïðhëh>á9Ý]ó t5áBnpïðh3Þ3v
��nZé^Þ<rjnZi^Þàl:Ýsu3kBnpisÞ�î�ésh

+
hjÞÂá Û ó n5ä]u>kGt5áBh3éNk�tZÝsÝ^l�áBlqõXÝshjÞ<åZkBnpéNäAhjÞKt5ôAu Û lqh3isÞ3v ��npésÞ<kGtÈä^äAh Û npisÞKî�ésh isnpésÞÝsu3isnZáBnpisÞ�äªt5k

na := a+ a+ . . .+ a
è
n
õQnplqÞ3v

��npésÞ�kBh3Ýsu3Ü^islqÞàÞànZi^Þëï<t5lqi�áBhji^tZi�áëõWnpisr>áBlqnpi
δ
k

m Þàl u h3ÞÂáÉési t5áBnpïðh(Ýsh t î�é^l�i]ó h3ÞÂá�äOt5ÞÉh3i)á1n>áBh�tjêphjr − t Û nZkBÞ
δ(u, t)

r3nZkàkBh3ÞÂä]nZi^Ý tZé)i^nZïPôskBhÝ]ó nYrjr3éNkàkBhjisr3hjÞ�Ýsh Û ó_t5áBnpïCh
u
Ý^tZisÞ Û hXáBh3kBïCh

t
è

m Þàl:isnpi]èNÞàl −u h3ÞÂá/ésiÉt5áBnZïðh�Ýsh t t Û nZkBÞHisnpésÞcisnZáBnZi^Þ δ(u, t) Û ó n5ä^äAnpÞàu�Ýsé�isnpïPôskBhXÝ�n�rjr3éNkàkBhjisr3hjÞHÝsh
−u

Ýªt5i^Þ
t
v

\ �
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��npésÞfkGtZïðh3i^nZi^Þ Ý^nZi^r Û h9ä^kBn5ô Û �jïCh/ÝshHÝsujÝsésr3áBl�ô^l Û l�áBu/h3ibésish/u>áGt5äAh9ä]nZésk Û tëk��3å Û h
(GXh)

tZéPä^kBn5ô Û �jïChÝ^hMkBu3ÞànpésÝskBh9ésibÞ ò ÞÂá��3ïðh9Ý�ó u�î�éªtÈáBlqnpisÞ Û lqisujtZl:kBh3Þ Ýslqn5äªí^tZi�áBl:hjisishjÞ�ÞàéNk
Z[h]

v H t�kBujÞàn Û éNáBlqnpiPÝ�ó ésiPáBh Û Þ ò ÞÂá��3ïðhÞ3ó h>ì]h3r>áBé^hXhjiÉáBh3ïCä^Þ�äAn Û�ò i�`pïðlqt ÛNG ] rUí � �Yè^m ] � ã�K@v���npésÞën5ô^áBh3isnpisÞëÝsnpisrßési t Û åpnZkBl:áBísïðhßm�X J�
 Y(üEä]nZésk Û tÝ^u3Ýsésr3áBl�ôªl Û l�áBußh3iÉé^ishßu>áGt5äAhpv
��� 	 � �A~ 	 x
	�� I54W6 T = {a1 + a2− a3− a3, a1 + a4, a2 +−a4}

?36 s = a1 + a2
FMI���6aI5LY;�8:?>; ai

.A?X;3I5.ª6Sª25;ß?>.�6��>6a?C2 � ?G= + .^4/2 � ?G= − d � I5LYTb=��N2�`>L^?b6a?UTUJK?1D�? T .AI5LN;P25;G;3I�=>4@I5.^;XLY.A? � 25TU4[2��>8q?CV
x0

S^I5LYT a1 + a2 − a3 − a3

x1
S^I5LYT a1 + a4

x2
S^I5LYT a2 − a4

� I5LNTc6aI5LY;c8:?>;�2Z6aI5JK?U; ai
.OI5LN; � ! . ! TGI5.s;cLY.A? ! `ULª2Z674@I5.^F�SªI5LYT � .A2Z8:?>J<?>.ª6oI��>6a?>.^4QT�8:?�;��Z;G6��>JK?$Df\ ! `>L^2Z674[I5.^;;GLN4 � 25.ª6/V ; �Z;U6��UJK?1V







a1 : x0 + x1 = 1

a2 : x0 + x2 = 1

a3 : −2x0 = 0

a4 : x1 − x2 = 0

647�� 	 B�D�
 ?AFu=>F��� BC;-= ;-= ;-?A@hB�D����hF-7

úHnpïCïðh Û hCïðnpi�áàkBh Û ó h>øNh3ïCä Û hl\ðäOt5åph �5þNè]rjnZi^Þàl:Ýsu3kBh>k»é^islqî�éshjïðh3i�á Û h3ÞXÞànpésÞdX@áBh3kBïChjÞ»Þ ò i�áGt5øNlqî�éshjÞXishä]h>kBïðh>á»äªtZÞßÝ]ó nZôsáBh3isl:kPési�kBujÞàé Û áGtÈáPÝsh Û nYrjt Û l�áBu1ä]nZésk Û hjÞXáBísujn5kBlqh3Þßu�î�é^t5áBl:npisish Û:Û h3Þ�L�MNOTP
{.}.

h>á�LNU
{.}.tjê�h3rRrGí^l�ìOkBhjïðh3i�á÷r3npïðïPésáGtÈáBlqõbnpé isnpi]v ��npésÞ�Ýsh3ê�nZi^ÞÉu3áBésÝslqh>k�ä Û ésÞÉä^kBu3r3lqÞàu3ïðhji�á Û ó l:i�áBh>kGtZr>áBlqnpi h3i�áàkBhÛ hKrUísl�ìAkBh3ïðh3i�ájè Û hKÝsujrGísl:ìOkBhjïChji�á1h3á Û ó nZäAu>kGt5áBh3éskbÞàésk Û h�î�é^h Û9Û hKrUísl�ìAkBh3ïðh3i�áCÝslqÞÂáàkBl�ô^é^hZvom npéNkCr3h Û t isnpésÞïðnpi�áàkBnpisÞMésiCkBu3Þàé Û áGt5áMÝsh Û nYrjt Û l�áBu/äAnpéNk Û h3Þ9t5áBnZïðhjÞEÝsh3ÞMi�»é^ÝsÞMh3iðïðtZisl:ä^é Û tZi�á Û h3ÞMt5kàôskBhjÞEÝshcäskBh3ésêphët5Ü^iÝ�ó h3ìAh3r3áBésh>k Û hjÞ k��3å Û hjÞ

(GX)

Û hHä Û ésÞ á1`5áoäAnpÞàÞàl�ô Û h/Ý^tZisÞ Û ó t5kàôskBhcÝsh9ä^kBh3éNê�hZv�úHhHkBu3Þàé Û áGt5áoisnpésÞoäAh>kBïðh>áàáàkGt$Ýshrjnpisr Û éNkBh»Ýsl:kBh3r>áBhjïðh3i�áëÝ^tZisÞ Û h»r�t5Þ�Ýsé'öPnpéÉh>øNr Û ésÞàlqõEùªèsäAnpéNk Û h3Þ�åZkBnpéNäAhjÞëtÈô]u Û l:hjisÞcn��Éési^h»tZi^t Û:ò ÞàhXä Û ésÞÜªish1h3ÞÂá»isu3rjh3ÞàÞBtZl:kBhbäAnpéNkXrjnpi�áàk1` Û h3k Û h3ÞXr3nYh��<rjl:hji�áBÞ�Ý^h>êZtZi�á Û h3Þ�áBh>kBïðh3Þ3v H t<k��jå Û h1Ýsh1rjnZi^ÞÂáàkBésr>áBlqnpi ä]nZéskÛ h»Þ ò ïPôAn Û h
h
i]ó hjÞÂá�ä Û ésÞëéNáBl Û lqÞàuZè^isnpésÞ�áàkGtjêpt5l ÛqÛ npisÞ�ÝsnpisrPtjê�h3r Û hßïðn�Ý�� Û h»Ýsh�^Xn Û h3ê�X�jHtZnðÝsh Û t1Ü^åpéNkBhbæYv_âYèä]nZésk Û t1áBísujn5kBlqh»u�î�é^t5áBl:npisish Û:Û hZLNMNOTP

{.}.
v

(A)
u ∈ T

T `E u

(P )
T `E u T `E v

T `E 〈u, v〉

(C)
T `E u T `E v

T `E {u}v

(GX)
T `E u1 . . . T `E un

T `E u1 ⊕ . . .⊕ un

(UL)
T `E 〈u, v〉

T `E u

(UR)
T `E 〈u, v〉

T `E v

(D)
T `E {u}v T `E v

T `E u

oSp�qTr�æ�v³â m ^Xn Û h>êsX�jHt5nðu3áBh3isÝséÉäAnpéNk Û tCáBísu3nZkBlqh»u�î�éªtÈáBlqnpisish Û:Û hZL�MNOTP {.}. v
��nZáàkBhHt5äsäskBnYrGí^hHr3npisÞàlqÞÂáBhSV$r3npisÞàlqÝsu>kBh3k ési^hHÞàhjé Û hßöcï<tZr>kBnßùXk��3å Û h/î�ésl�kBh3åZkBnpéNäAh Û h3Þ�k��3å Û h3Þ

(GX)
è
(C)h3á

(D)
v H hoáBísujnZk��3ïðh9ãHäOt5åphHæ \Hh3á Û h Û h3ïðïðhMþcäªtZåph��pâ/isnpésÞ�äAh>kBïðh>áàáBhji�áfÝshMisnpésÞfr3npisrjh3i�áàkBh3kfésisl�î�ésh3ïðhji�áÞàésk Û t1ÝsujÝsésr>áBlqnpi�hji�ésishXu>áGt5äAh$ä]nZéskcrjh>áàáBh�isnpéNê�h ÛqÛ h�k��3å Û h�r�tÈkjèNisnpésÞ�tjê�npisÞ Û t Û nYr�t Û l:áBu�Þ ò i�áGtÈøNl�î�ésh$ä]nZéskÛ h»Þ ò ÞÂá��jïCh

S(GXCD)
î�ésl�ishßrjnZi�áBl:hji�á$î�ésh Û h3Þ�k��3å Û h3Þ

(A)
è
(UR)

è
(UL)

è
(P )

h>á
(GXCD)

v
\�\



���������
	���������������������������� !���"�$# �% &�'�(�*)+����,-������.*/1032*�4���5�� ��&���

monpéNk$ïðnpi�áàkBh>k Û tCÝ^u3Ýsésr3áBl�ôªl Û l�áBußhji�ési^hßu>áGt5äAhßÝshßrjh>áàáBhXk��jå Û h
(GXCD)

l Û h3ÞÂá$isu3rjh3ÞàÞBtZl:kBhßÝ]ó_tZi^t Û�ò Þàh3kä Û é^ÞbÜ^i^h3ïðh3i�á Û h3Þbä^kBh3éNê�h3Þ1ésáBl Û l:Þàujh3Þ3v9úHh3áàáBhKu>áBé^ÝshKä Û é^Þ1h3øNtZr3áBhZè�h3ìAh3r3áBésu3h�Ý^tZisÞ Û t�äskBnYrUí^tZl:ish�Þàh3r3áBl:npi]èäAh>kBïðh>á9Ý]ó nZôsáBh3isl:k9ésiðkBu3Þàé Û áGt5áMÝ^h Û nYrjt Û l:áBuböXt5áBnZïðl�î�ésh�ùZv � k
	Zrjh_V»r3hckBu3Þàé Û áGt5á9isnpésÞ9Ýsu3Ýsé^l:ÞànpisÞ9lqïCïðujÝslqt�XáBh3ïðh3i�áßÝsh3éNø(r3npisÞàu�î�ésh3isrjh3ÞXlqisÝslqÞÂäAhjisÞBt5ô Û hjÞ»äAnpéNk Û tKkBujÞàn Û éNáBlqnpi�Ýsé(äskBnZô Û �3ïðhCÝshCÝsujÝsésr>áBl:ô^l Û l:áBuChji(ésishu>áGt5äAh8k
m
J npésÞ Û h3Þ/i�ßésÝsÞcÞànpi�ácrjnZi^ÞÂáBl�áBésujÞ/Ýsh$áBh3kBïChjÞHäskBujÞàh3i�áBÞcÝ^tZisÞ Û h3Þcr3npisi^tZlqÞàÞBt5i^r3h3Þclqisl:áBlqt Û h3Þ/Ýsh Û ó lqi�áàkBésÞh>áëÝ^tZisÞ Û h»ô^éNá$Ýsh Û t1äskBh3ésêphKý H h3ïðïðhðç�æbäªtZåph � ã � v

m
J npéNáBhjÞ Û h3ÞXr Û h3õWÞ�éNáBl Û lqÞàu3hjÞXr3npïðïðhbí ò äAnZáBí�jÞàh1Ýsh3Þ�k��3å Û h3Þ

(C)
h3á

(D)
Þànpi�á»u3å�t Û hjïChji�á»rjt Û rjé Û tÈô Û hjÞ

V1äªt5kàáBl:këÝsh
T
h>á
w
ý H hjïðïCh<ç �PäOt5åph � â � v

aSb��Sbdc � x��A{��Â| �����ßx
	$}��µ��'{ �Yx9yz�� b
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v�w ��w'xyw'x ���  �A����� {��
�*w
J nZésáëÝ]ó t5ôAnZkBÝ]èªisnpésÞckGt��<isnpisÞ Û tCi^n5áBlqnpiÉÝ]ó_t5áBnZïðhjÞ�lqi�áàkBnYÝsésl:áBh»Ý^tZisÞ Û tCÝsu3Ü^isl:áBl:npiRçpçXäOt5åphi\5ãYv

������A������{�� x � ��� � {���	 ��� � \ ?>.^;3?UJ �>8q?1D�?>; t5áBnpïðh3Þ Df\ LN.÷6a?>TUJK? t ?>.103I5TUJ<?».AI5TUJ<2Z8q?b?>;G6/D !�� .s4ASª25TßV
� 2Z6aI5J1; (t1 ⊕ t2) = 2Z6aI5JC; (t1) ∪ 2Z6aI5JC; (t2)
� 2Z6aI5J1; (−t) = 2Z6aI5JC; (t)
� 2Z6aI5J1; ({t1}t2) = {{t1}t2} ∪

2Z6aI5J1; (t1) ∪ 2Z6aI5JC; (t2)
� 2Z6aI5J1; (t) = {t} ;G4 t .A\ ?U;U6�S^25;P?>.�6��36a?12 � ?G= ⊕ .^4H?>.�6��>6a?C2 � ?G= − d

�ßI5LN; ! 6a?U.AD�I5.^;X=G?>6@6a?X.AIZ674@I5.(D�?$JK25.s4 �>TB?�.A2Z67LYTB?38Q8:? �PLN.÷?>.s;3?>J �38:?PD�?X6a?UTUJK?>; T ?>.ß03I5TUJ<?�.OI5TUJK2Z8:?9S^25T2Z6aI5J1; (T ) =
⋃

t∈T
2Z6aI5JC; (t) FHD�?cSA8_LN;b2Z6aI5J1; (T, t) D ! .AIZ6a?UTB2�2Z6aI5JC; (T ∪ {t}) d

��npésÞëÝsu3å�tZåph3npisÞëÝsh3éNø�äskBnZäskBlqu>áBujÞ�ÞàéNk Û hjÞët5áBnpïðh3Þ3v
��� { ��{ �(������{���� � I5LYTP6aI5LN6H6a?UTUJK? t F/2Z6aI5JC; (t) ⊆ S(t) d
��� { ��{ �(������{�� v�� I5476C2Z6aI5JC; (t) = {a1, . . . , an}

d��$8:I5TU;É478�?��54W;U6a? α1, . . . , αn ∈ Z \ {0} 6a?38�`ULª? t =
∑i=n

i=1 αiai
d

� TB?>L � ? kRúHhjÞ$Ýsh3éNøÉäskBnZäskBlqu>áBujÞëÞànpi�á�ÝshjÞ$rjnZi^Þàujî�ésh3i^r3h3Þ$Ýsh Û tðÝsu3Ü^isl:áBl:npi �1äªtZåph1æ � ÝshbÞànZé^ÞdX@áBh>kBïðh3ÞÞ ò i�áGtÈøNl�î�ésh3Þëh>áëÝsh Û tCÝsu3Ü^isl:áBl:npi�ç�ã1Ý]ó t5áBnpïðh3Þ3v
�

� hjïðt5kGî�ésnpisÞ$î�é]ó l Û h3øYlqÞÂáBh»é^ish»lqisÞÂáGtZisr3hßÝ^h Û tbk��jå Û h (GXCD)
k

(GXCD)
T ` t1 . . . T ` tn

T ` t

Þàl�h>áëÞàhjé Û hjïðh3i�á$Þ3ó l Û h3øYlqÞÂáBh»ésish»äskBhjéNê�h»Ýsh
T ` t

î�ésl]i�ó éNáBl Û l:ÞàhPî�ésh Û hjÞck��jå Û h3Þ
(A)

è
(GX)

è
(C)

h>á
(D)

v
��npésÞPl:i�áàkBnYÝsé^l:ÞànpisÞPé^ish<isnpéNê�h ÛqÛ h<i^n5áBlqnpi�ÝshðäskBh3ésêphKî�éslMrjt5kGtZr>áBu3kBl:Þàh Û hjÞPt5áBnpïðh3ÞPÝsh3ÞPi�ßésÝsÞPÝ]ó ésishäskBh3éNê�hpv

������A������{�� x���� ��� 	��� 	 }
�({�� ��� � 	 ��� .A?»SOTG?UL � ?ÉD�? T ` w `ULN4�.]\ Ls674W8³4Q;3?É`>L^?�8:?>;ðT����p8:?U; (A) F (C) F
(D) ?36 (GX) ?>;U6XLY.A?bSOTB?>L � ? t5áBnpïCl�î�ésh F�;G4MS^I5LNTÉ=��N2�`>L^?�.��9LªD�D�? T ` u .AI5LY;�2 � I5.^;É2Z6aI5J1; (u) ⊆2Z6aI5J1; (T,w) d

\ �



� � �
��� � ���&���$���� &� �&��������� ��� �����������

��npésÞ�ïðnZi�áàkBnZi^ÞXÝ^tZisÞXr3h>áàáBhbÞàhjr>áBlqnZi�î�éshbäAnpéNk�áBnpéNáBhPäskBhjéNê�h1Ýsh
T ` w

î�ésl i]ó éNáBl Û lqÞàhCî�ésh Û hjÞ$k��jå Û h3Þ
(A)

è
(C)

è
(D)

h3á
(GX)

l Û h3øYlqÞÂáBh»é^ishXäskBhjéNê�hPt5áBnZïðl�î�ésh»Ýsh
T ` w

v
��npésÞor�tÈkGtZr3áBu>kBlqÞànZi^Þoï<tZl:i�áBhji^tZi�á Û h3ÞoäskBh3ésêphjÞMî�éslYh3ìAh3r3áBésh3i�á Û h/ä Û é^Þoá1`5áoäAnpÞàÞàl�ô Û h Û t$k��jå Û h

(GX)
è5isnpésÞÛ h3Þët5äsä]h Û nZi^Þ�ÝshjÞcä^kBh3éNê�h3Þ

⊕ � ?G2 ��?>T v
�h���� � ����{�� x � � ��� 	��� 	

⊕ � �������	� � � I54W6 P LY.A?CSOTB?>L � ?÷2GSA8q2Z674@?(D�? T ` w d P ?>;U6ßLY.A?CSOTB?>L � ? ⊕ �
�
�����	� ;G4HV
� d � I5LNT»6aI5LN6 v 478 ��2K25LCSA8_LY;XLY.A?ßT����p8:?� Cv � 2 � ?G=P8:2�=>8q?70 v 4WJ1J ! D54@2Z6a?>JK?U.ª6/25L � D�?U;G;GLY;PDf\ LY.A?ßT����Z8:?

(GX) D�25.^; P F
� db?36�478M.]\ �KS^25;�D�?�T����p8:? (Dv) � LN;U6a?É2GSOT �U;<LY.A?�T����p8:? (GX) 2 � ?G=�LY.A?�T����p8:? (Cv) 25L � D�?>;B;GLN;�D�?�8q2T � �p8:? (GX) d
� h>ê�hjisnpisÞ�ÞàéNk Û ó h3øYhjïCä Û h4\1äOt5åph �5þsv H tðäskBh3ïðl �>kBhPäskBhjéNê�hPhjÞÂá�ÞàlqïCä Û h1ï<t5lqÞXisnpi ⊕ � ?G2 ��?>T rjt5k�l Ûfò tÝ^h3éNø�tÈä^ä Û lqrjt5áBlqnpisÞ/Ýsh Û tßk��jå Û h

(Ck)
tZé
X[ÝshjÞàÞàésÞcÝsh Û tßk��jå Û h

(GX)
èNt Û nZkBÞcî�ésh Û tbÞàhjr3npisÝsh�hjÞÂá

⊕ � ?G2 ��?>T h3ÞÂáÞàlqïCä Û hZv
��� 	 � �A~ 	 xyx � I54W6H8q2»SOTB?UL � ?P;GLY4 � 25.ª6a?CD�? T ` b .A\ ?U;U6�S^25; ⊕ � ?G2 ��?UTjd

(Dk)

(GX)

(A)
a+ {b}k

T ` a⊕ {b}k
(A)

{c}k − a

T ` {c}k − a
(Ck)

(A)
c ∈ T

T ` c
(A)

k ∈ T

T ` k

T ` {c}k

T ` {b}k ↓
(A)

k ∈ T

T ` k

T ` b

��8:I5TU;P`>L^?b8:2»SOTB?>L � ?ß;GLN4 � 25.ª6a?1?>;U6 ⊕ � ?G2 ��?UTjd

(GX)

(Dk)

(GX)

(A)
a+ {b}k

T ` a⊕ {b}k
(A)

{c}k − a

T ` {c}k − a

T ` {b}k + {c}k
(A)

k ∈ T

T ` k

T ` b+ c
(A)

c ∈ T

T ` c

T ` b

v�w���w'xyw�� � � }��
��� { � � }
��� {��
� � 	 � � 	 � � 	 �*w
��npésÞ�äskBu3Þàhji�áBnpisÞ Û hjÞ�áàkGtZisÞàõWnZkBïðt5áBlqnpisÞ�Ý^h÷äskBhjéNê�h3Þ Û n�r�t Û hjÞ�isu3rjh3ÞàÞBtZl�kBhjÞ�ä]nZéskÉïCnpi�áàkBh3k�î�ésh(áBnpéNáBhä^kBh3éNê�hXä]h3éNá_n3áàkBh�áàkGtZisÞàõWnZkBïðu3h»hji�ésishXä^kBh3éNê�hPt5áBnpïCl�î�éshZv

��� { �t{ �(� ����{������ I5LN6a?>;�8:?>;�67TB25.^;W03I5TUJ<2Z674[I5.^;�D�?PSOTB?>L � ?U;�D ! =>TU476a?U;ÉD�25.^;�8:?>; � �5LNTB?U;��ªd � Sª2 ��?����5F���d��Sª2 ��?ß;GLY4 � 25.^6a?C?36 ��d!�»S^2 ��?ß;GLN4 � 25.ª6a?H0>I5.ª6cD ! =>TBI#"767TB? �p8:I��G2Z8:?UJK?>.^6/8:?P.AI5J �>TB?CD�?ß.��9LªD5;PD�?P8:2»SOTB?>L � ?�d
� TB?UL � ? k ��npésÞÉÝsujisnZáBnZi^Þ�äªt5k

πx

Û t'ÞànpésÞdX@äskBhjéNê�h�Ýsh
P
tjêphjr÷äAnpéNkÉkGtZr3lqish

T ` x
v J nZésáBh3ÞÉr3h3ÞáàkGtZisÞàõWnZkBï<tÈáBlqnpisÞ»Ýsh1äskBhjéNê�h3ÞXáàkGtZisÞàõWn5kBïðhji�áßésish1äskBhjéNê�hðtjê�h3rCrjh>kàáGtZl:i^h3ÞXí ò äAnZáBí�jÞàh3Þßh>á»ési^hCr3npisr Û ésÞàlqnpihjiÉésish»äskBh3ésêphPtjê�h3r Û hjÞ�ï4njïChjÞ�í ò ä]n5áBí��3Þàh3Þëh>á Û tðï4n3ïðh»rjnZi^r Û ésÞàl:npi]v

m ^ßt5i^Þ Û tCÜ^åpéNkBhßþsv_ãbäªtZåphPæ��Yè^isnpésÞënZô^Þàh>kàê�npisÞëõ7tZr3l Û hjïChji�á$î�ésh Û h»i^nZïPôskBhßÝ^hßi�»ésÝ^Þ�Ýsujr>kBn �qájv
m ^ßt5i^Þ Û tPÜªåZéskBh»æYv þbäªtZåZh�Þàé^l�êpt5i�áBhZè Û hXisnpïPôskBhXÝshXi�ßésÝsÞcl:i^l�áBl�t Û hjÞÂá/Ý^h k

Σi=m
i=1 |πzi

|+ Σi=n
i=1 |πxi

|+

n|πv|+ n+ 1
h>á Û t1äskBh3éNê�h»Ü^i^t Û hßr3npi�áBlqh3i�á

Σi=m
i=1 |πzi

|+ Σi=n
i=1 |πxi

|+ |πv|+ 3
i�ßésÝsÞ3v Û h»i^nZïPôskBhå Û nZôªt Û Ýshßi��»ésÝsÞ$tCÝ^l:ïðlqi�ésußrjt5k

n ≥ 2
v

\��
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	���������������������������� !���"�$# �% &�'�(�*)+����,-������.*/1032*�4���5�� ��&���

(GX)

(Cv)
T ` x1 T ` v

T ` {x1}v
. . . (Cv)

T ` xn T ` v

T ` {xn}v
(R1)

���
T ` z1

. . .(Rm)

���
T ` zm

T ` α1{x1}v ⊕ . . .⊕ αn{xn}v ⊕ β1z1 ⊕ . . . βm ⊕ zm

⇓

(GX)

(Cv)

(GX)
T ` x1 . . . T ` xn

T ` α1x1 ⊕ . . .⊕ αnxn T ` v

T ` α1{x1}v ⊕ . . .⊕ αn{xn}v (R1)

���
T ` z1

. . .(Rm)

���
T ` zm

T ` α1{x1}v ⊕ . . .⊕ αn{xn}v ⊕ β1z1 ⊕ . . .⊕ βmzm

��������� � 	�
���������������������! ��#"$��%�&(' �#" (Cv) ��� (GX) "��������)���#"*'��#"*��%�&('���",+ Ri - "����.�/ �� 021������.���#"3 �� (Cv) ���3"4� n ≥ 2 �

(Dv)

(GX)

(R1)
T ` B1

T ` B
′
1

. . . (Rn)
T ` Bn

T ` B
′
n

(Cv)
T ` B T ` v

T ` {B}v

T ` α1B
′
1 ⊕ . . . ⊕ αnB

′
n ⊕ α{B}v = {u}v

T ` v

T ` u

⇓

(Dv)

(GX)

(GX)

(R1)
T ` B1

T ` B
′
1

. . . (Rn)
T ` Bn

T ` B
′
n

T ` α1B
′
1 ⊕ . . . ⊕ αnB

′
n = {c}v

(Cv)
T ` B T ` v

T ` {B}v

T ` {c}v ⊕ α{B}v = {u}v
T ` v

T ` c ⊕ αB = u

⇓

(GX)

(Dv)

(GX)

(R1)
T ` B1

T ` B
′
1

. . . (Rn)
T ` Bn

T ` B
′
n

T ` α1B
′
1 ⊕ . . . ⊕ αnB

′
n = {c}v

T ` v

T ` c T ` B

T ` c ⊕ αB = u

�*�5���2� � � 
76.� �98)' � :<;#�������(�= )�>'�����%�&(' � (Cv) ��� (Dv) "#? � '@�BA�� "����>���<�C��%#&�'�� (Cv) ����DE )�#"�"4�<"3 )�>'�����%�&('�� (GX) �B�$'�����%�&(' � (Dv)F �<"4���G��8)��%#"$'��H�9I��J�C��%#&�'�� (GX) K �MLN�#; n ≥ 2 �

� ÿ
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��� � ���&���$���� &� �&��������� ��� �����������

m ^ßt5i^Þ 
 i��olqåpéNkBhðæYv_æ<äªtZåZhbä^kBu3r3ujÝsh3i�áBhZè Û tKäskBh3éNê�h1l:isl:áBl�t Û hbäAnpÞàÞ��3Ý^h
Σi=n

i=1 |πB′

i
| + |πB | + 2|πv| + 3i��»ésÝsÞ�h3á Û t1äskBh3éNê�hXÜ^i^t Û hßt

Σi=n
i=1 |πB′

i
|+ |πB |+ |πv|+ 3

i�»ésÝ^Þ3v^mEtÈkërjnpisÞàujî�éshji�ájè Û h»isnpïPôskBhßÝshi��»ésÝsÞëÝsujr>kBn �:áëå Û nZôªt Û hjïChji�ájv
�

z
	����	 x���� I5476 P LN.O?�SOTB?>L � ?1D�? T ` w 2Z8qI5TU;X4W8 ?��54W;U6a?ßLN.A?cSOTB?>L � ? ⊕ � ?G2 ��?UTC?369;B4WJ�SA8:?1D�? T ` w d
� TB?UL � ? k ] nZl:á

P
é^ishbäskBh3ésêph1Ýsh

T ` w
è]isnpésÞXt5äsä Û l�î�ésnpisÞ+V

P

Û h3Þ$áàkGtZisÞàõWnZkBïðt5áBlqnpisÞ�Ý^hPk��3å Û h3Þ�ÝshjÞÜªåZéskBh3ÞXþNv³ãðäOt5åphðæ��Yè�æYv þKäªtZåphPä^kBu3r3ujÝsh3i�áBh1h>á»æYv³æðäªtZåph1r3l X[r3npi�áàkBhCî�ésl Ýslqïðl:i�é^h3i�á Û t<áGtZl Û:Û hbÝ^h
|P |
èAÝsnpisrÛ ó_tÈä^ä Û lqrjt5áBlqnpi<Ýsh$r3h3Þ9áàkGtZisÞàõQnZkBï<t5áBl:npisÞ9áBh>kBïðlqishZvsúHnZïðïðh Û h$isnpïßô^kBh$Ý]ó nYr3r3éskàkBh3isrjhëÝshër�t5Þ9äskBnZô Û u3ï<t5áBlqî�éshä]nZéskMn5ô^áBh3isl:kMésishck��jå Û hcÞàlqïCä Û h�h3á

⊕ � ?G2 ��?UT Ýsu3r3kBn �:áMujåpt Û h3ïðh3i�ájèZisnpésÞ9n5ô^áBh3isnpisÞEô^l:hjiðtZéCÜ^i^t Û ésishcä^kBh3éNê�h
⊕ � ?G2 ��?UT h>á�ÞàlqïCä Û hßÝsh T ` w v �
v�w���w'xyw � z
	 � ��	 ��{�� � ~�} ����� ~ 	

(D)
w

H hëäAnplqi�á/r Û h3õ]Ýsh�r3hëkGtZl:Þànpisi^h3ïðh3i�ácr3npisÞàlqÞÂáBh+Vßïðnpi�áàkBh>k Û h Û h3ïðïðh$Þàé^l�êpt5i�ácî�éslOtZÞàÞàéNkBhXî�ésh$äAnpéNkHáBnpéNáBhk��jå Û hHÝsh/ÝsujrGísl:ìOkBh3ïðhji�áEÝ]ó é^ibïðh3ÞàÞBtZåph/rGí^l�ìOkBu
{m}k

è Û h3Þot5áBnpïðh3Þ Ý^hHrjhHïðh3ÞàÞBtZåph/Þànpi�áEh3i1õWtZl:á Ý^h3Þ u Û ujïChji�áBÞÝ^h3Þët5áBnpïChjÞ�Ý^h3Þër3npisi^tZlqÞàÞBt5i^r3h3Þ$l:isl:áBl�t Û h3Þ�Ý^h Û ó l:i�áàkBésÞ3v
z
	����	 x � � I5476 P LN.O?�SOTB?>L � ? ⊕ � ?G2 ��?>T1?369;B4WJ�SA8:?1D�? T ` u D�?P8:2$03I5TUJ<?ß;GLY4 � 25.^6a?CV

(D)

(R)

ddd
T ` {u}v ↓ = r

ddd
T ` v ↓

T ` u2Z8qI5TU;P2Z6aI5J1; ({u}v) ⊆ 2Z6aI5JC; (T ) d
� TB?UL � ? k ��npésÞ�kGtZl:Þànpisi^nZi^Þ�äªt5këlqisÝsé^r>áBlqnZi�ÞÂáàkBésr3áBéNkBh ÛqÛ hXÞàésk

P
vH h»rjtZÞëÝshXôOt5ÞàhßrjnZkàkBh3ÞÂäAnpisÝ V Û tCk��3å Û h

(A)
è Û h Û hjïðïChßhjÞÂá�êYkGt5l�Ý^tZisÞër3hßrjtZÞ3v

��npésÞër3npi�áBlqi�ésnpisÞ�isnZáàkBhbtZi^t Û�ò ÞàhPÝshPr�t5Þ$hjiÉkBh3å�t5kBÝ^tZi�á Û tðÝsh>kBisl �>kBh
(R)

Ýsh Û t<ÞànpésÞdX@äskBh3ésêphbÝsh
P
î�éslÞàh»áBh>kBïðlqish»ÞàéNk

{u}v ↓
v

m (R)
h3ÞÂá

(A)
k H hXkBujÞàé Û áGtÈáëÞàhßÝ^u3Ýsésl:áëÝsh Û tðÝsu>Ü^i^l�áBlqnpiÉÝ^h Û tbk��jå Û h

(A)
v

m (R)
hjÞÂá�ésishbk��3å Û hPÝ^hPrUísl:ìOkBh3ïðh3i�á

(C)
kOr3hbrjtZÞ�hjÞÂá�lqï1ä]nZÞàÞàl:ô Û hbr�tÈkXÞànpl�á

(C)
hjÞÂá Û tðk��3å Û h

(Cv)
r3hî�ésl]r3npi�áàkBhjÝsl�kGtZl:á Û t1Þàl:ïCä Û lqr3l:áBuXÝ^h

P
èNÞànpl:á

(C)
h3ÞÂá Û tbk��3å Û h

(Cv′)
Ýsnpisr

{u}v = {u′}v′

tjêphjr
v 6= v′rjhßî�ésl�h3ÞÂáëlqïCäAnpÞàÞàl�ô Û hZv

m (R)
h3ÞÂá�é^ish k��3å Û h

(D)
áBh ÛqÛ h"î�ésh k T ` {{u}v}v′ T ` v′

T ` {u}v

v'mEt5k�í ò äAnZáBí�jÞàh Ý]ó l:i^Ýsésr>áBlqnpi
t5áBnpïðÞ

({{u}v}v′) ⊆
tÈáBnpïðÞ

(T )
èch>á�äªt5k�Ýsu>Ü^i^l�áBlqnpi)Ý�ó t5áBnpïðÞ�isnpésÞ�ÞBt3ê�npisÞ�î�éshRt5áBnZïðÞ

({u}v) ⊆t5áBnpïðÞ
(T )

v
m (R)

hjÞÂá Û tbk��jå Û h
(GX)

k H h3Þ�Ýsl�ì]u>kBh3i�áBh3Þ/ä]nZÞàÞàl:ô^l Û l:áBu3Þcä]nZésk Û h3Þ/k��jå Û hjÞ�tZé
X[ÝshjÞàÞàésÞ�Ý^h Û t1k��3å Û h
(GX)Þànpi�áHÝsujr>kBl:áBh3Þ9Ý^tZisÞ Û tXÜ^åpéNkBhXæ�v �XäªtZåZh$Þàésl�êptZi�áBhZv ��nZé^Þ9tZi^t Û:ò ÞànZi^Þ Û h3Þ9Ýsl:ìAu>kBhji�áBÞ9rjtZÞMäAnpÞàÞàl�ô Û h3Þ9ä]nZéskÛ h3Þck��jå Û hjÞ

(Ri)
k

��npésÞ�ïCnpi�áàkBnpisÞÉî�ésh rUí^tpî�ésh÷t5áBnpïðh Ý^h
{u}v ↓

h3ÞÂá�Ý^tZisÞ�tÈáBnpïðÞ
(T )

v ] npl�á
a ∈

tÈáBnpïðÞ
({u}v ↓)

èi^nZé^Þ$h3i÷ÝsujÝséslqÞànZi^ÞXî�é^h
a
h3ÞÂá�Ýsh Û t<õQnZkBïðh

{a′}v
èOh>á�l Û h>øNl:ÞÂáBhbési

i
áBh Û î�ésh

a ∈
t5áBnpïCÞ

(ui)
v ��nZé^Þuji�ésïðu>kBnpisÞ�áBnpésÞ Û hjÞ�r�t5Þcä]nZÞàÞàl:ô Û h3Þ�ä]nZésk

(Ri)
k

m (Ri)
h3ÞÂá Û tbk��jå Û h

(A)
èNäOtÈk$r3npisÞàu�î�ésh3i�á

a ∈
t5áBnZïðÞ

(T )
v

m (Ri)
h3ÞÂá Û tbk��jå Û h

(Dv′)
áBh Û:Û hßî�ésh

(Dv′)
T ` {w1}v′ T ` v′

T ` w1 = ui

v
mEt5k»lqisÝsé^r>áBlqnZi�t5áBnpïCÞ

({w1}v′) ⊆
t5áBnZïðÞ

(T )
è�tjê�h3r Û t�Ýsu3Ü^isl:áBl:npi�Ý]ó_t5áBnpïCÞßi^nZé^Þ»r3npisr Û é^nZi^Þßî�ésht5áBnpïCÞ

(ui) ⊆
t5áBnZïðÞ

(T )
h3áëÝsnpisr

a ∈
tÈáBnpïðÞ

(T )
v

� ç
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(Dv)

(GX)

(R1)

���
T ` u1

... (Rn)

���
T ` un

T ` {u}v ↓

���
T ` v ↓

T ` u ↓

oSp�qTr�æ�v � m 
~ÛqÛ é^ÞÂáàkGtÈáBlqnpi�Ýsé Û h3ïðïðh<ç>þCäªtZåph»äskBujr3u3Ý^h3i�áBhpv
m (Ri)

h3ÞÂá Û t1k��jå Û h
(Cv)

nZé
(GX)

k 
 ï1ä]nZÞàÞàl:ô Û hßr�t5k Û tCäskBh3éNê�hßh3ÞÂá
⊕ � ?B2 ��?>T h>á$t5ä Û t5áBl:hpv

m (Ri)
hjÞÂá Û t(k��3å Û h

(Cv′)
tjê�h3r

v 6= v′
è9t Û nZkBÞ

ui = {u′}v′ ↓
v/úHnpïCïðh

v′ 6= v
t5é^r3ési u Û u3ïðh3i�áÝsh<t5áBnpïðÞ

({u′}v′ ↓)
i]ó h3ÞÂáPu3å�t Û V

a
è]áBnZé^Þ»r3hjÞßt5áBnpïðh3Þ»Þànpi�áPu Û l:ïðlqisu3Þ»äOtÈkPÝ�ó tZéNáàkBhjÞ»nYr3rjéNkàkBh3isrjh3ÞÝsé�ï4njïCh<tÈáBnpïðhCÝ^tZisÞ»ésiRtZéNáàkBh
uj
tjê�h3r

j 6= i
v úHnZïðïðh Û tKä^kBh3éNê�hCh3ÞÂá

⊕ � ?B2 ��?>T h3áßt5ä Û t5áBlqh1l Ûi]ó h3ÞÂá�äªtZÞëäAnpÞàÞàl:ô Û h1î�ésh Û h3Þ�tZéNáàkBh3Þ$áBh>kBïðh3Þ$Þànplqh3i�áXl:ÞàÞàésÞXÝ]ó ésishPk��3å Û h
(GX)

npé Ý]ó ésishPk��3å Û h
(C)

èäªt5k$rjnpisÞàujî�éshji�á Û h3Þ$tZéNáàkBhjÞ�áBh>kBïðh3Þ$ÞànZi�á$l:ÞàÞàé^Þ$ésisl�î�ésh3ïðhji�á$ÝshjÞ�k��jå Û hjÞ
(A)

nZé
(D)

v [�lqisÞàlfÝ^tZisÞÛ h<äskBhjïClqh>kCrjtZÞ Û hjÞ1tÈáBnpïðh3ÞbÞànpi�áCÝsnpisr�Ý^tZisÞ1tÈáBnpïðÞ
(T )

è�Ý^tZisÞ Û h�Þàh3r3npisÝ'rjtZÞbisnpésÞCtÈä^ä Û l�î�ésnpisÞÛ ó í ò ä]n5áBí��3ÞàhßÝsh»kBu3r3éskàkBh3isrjhZèsäAnpéNkër3npisr Û éNkBhPî�éshßt5áBnpïðÞ
(ui) ⊆

tÈáBnpïðÞ
(T )

v
�

v�w ��w'xyw � zT{3|�}&~'���(� �t{�� � ~ 	 �8}�� {���	 �*w
��npésÞ�äAnpÞàÞàu3ÝsnpisÞ�ï<t5lqi�áBhji^tZi�áfáBnpésÞ Û h3Þfu Û u3ïðh3i�áBÞ]ä]nZéskfÝ^u3ïðnpi�áàkBh>k Û ó h3øYlqÞÂáBh3i^r3hMÝ]ó é^ishMäskBh3éNê�h9t5áBnpïðlqî�éshpèh>á�Ý^nZi^rEä^kBnZésêph3k Û hjÞ�Ýsh3ésø Û hjïðïChjÞ�ÞàéNk Û h3Þ�r Û h3õWÞfÝ^h3ÞfäskBhjéNê�h3Þ�lqisÝslqÞÂäAh3isÞBt5ô Û h3Þ�äAnpéNkotZÞàÞàéNkBh3k Û tëÝsujÝsésr>áBl:ô^l Û l:áBuh3iÉési^hßu>áGt5äAh»Ýsh Û tbk��jå Û h

(GXCD)
Ý^tZisÞ Û t1äskBnYrGíªt5lqishßÞàhjr>áBlqnZi�v

z
	 ���	 x�v�� I5LN6a?�SOTB?>L � ?ß;B4WJ�SA8:?1?36 ⊕ � ?G2 ��?>T1?U;U6c2Z6aI5JC4@`>L^?�d
� TB?>L � ? k ��nZé^Þ�äskBnYr3ujÝsnpisÞ�äªt5k$lqisÝsésr3áBl:npi ÞÂáàkBésr>áBéNkBh Û:Û hPÞàéNk Û tCäskBh3éNê�h

P
h3áëõ7tZl:ÞànpisÞ$ési^hßÝslqÞÂáBlqisr>áBlqnpiÝsh»r�t5Þ�äAnpéNk Û tCÝsh3kBisl �>kBhXk��jå Û h

(R)
Ýsh

P
ési^h»äskBh3éNê�hßÞàl:ïCä Û hßh3á

⊕ � ?G2 ��?>T Ýsh T ` u k
m (R)

h3ÞÂá
(A)

k
P
hjÞÂáëésish»äskBh3éNê�hPt5áBnpïðlqî�éshpv

m (R)
h3ÞÂá Û t÷k��jå Û h

(D)
áBh ÛqÛ hÉî�ésh T ` {u}v T ` v

T ` u

v�^1ó_tÈä^k��3Þ Û ó í ò äAnZáBí�jÞàhÉÝ]ó l:isÝ^ésr>áBlqnpi Û t÷äskBh3ésêph
P1

î�é^l9ÞàhKáBh>kBïðlqish<äªt5k
T ` {u}v

h>á Û t�äskBhjéNê�h
P2

î�ésl9åpu3i��>kBh
T ` v

Þànpi�áCt5áBnpïðlqî�éshjÞ3è rZó h3ÞÂá8VÝsl�kBh�î�éshðáBnpésÞ Û h3ÞPi��»ésÝsÞ
T ` w

Ýsh
P1
èfkBh3ÞÂä�v

P2
èfÞànpi�ábáBh Û Þbî�éshKt5áBnZïðÞ

(w) ⊆
t5áBnpïðÞ

(T, {u}v)
èkBh3ÞÂä�v t5áBnpïCÞ

(w) ⊆
t5áBnpïðÞ

(T, v)
v��ëk Û tÉäskBhjéNê�h

P
h3ÞÂá
⊕ � ?G2 ��?UT è�Ý]ó_t5äsk��3Þ Û h Û h3ïðïðh ç>þ�äªtZåphðäskBu�Xr3u3Ý^h3i�áBhPi^nZé^ÞëÞBtjê�npisÞXî�éshbtÈáBnpïðÞ

({u}v) ⊆
t5áBnpïðÞ

(T ) ⊆
t5áBnpïðÞ

(T,w)
v ��npésÞ$r3npisr Û é^nZi^Þ$Ýsnpisrbî�éshtÈáBnpïðÞ

(w) ⊆
t5áBnpïðÞ

(T, u)
ä]nZésk�áBnZé^Þ�i�ßésÝsÞ

T ` w
Ýsh

P
v

m (R)
h3ÞÂáXésishbk��jå Û h1ÝshbrUísl�ìAkBh3ïðh3i�á

(C)
kOi^nZé^Þ»tjêpnpisÞXÝsnpisr

u = {u1}u2

áBh Û î�é^h T ` u1 T ` u2

T ` {u1}u2

v
H ó í ò äAnZáBí�3ÞàhÉÝ]ó l:isÝ^ésr>áBlqnpi t5ÞàÞàéskBh�î�ésh Û t÷äskBhjéNê�h

P1
î�éslcÞàh�áBh3kBïðl:ish�äªt5k Û h�i��»ésÝ

T ` u
h3á Û täskBh3éNê�h

P2
î�éslcÞàh�áBh>kBïðl:i^h�äªt5k Û h�i�ßésÝ

T ` v
Þànpi�á<ÝshjéNø�äskBh3ésêphjÞ<tÈáBnpïðl�î�é^h3Þ3èMtZl:isÞàlcáBnpésÞ Û hjÞi�»ésÝ^Þ

T ` w
Ýsh

P1
èokBh3ÞÂä�v

P2
èEÞànpi�áCáBh Û Þðî�ésh�t5áBnpïCÞ

(w) ⊆
tÈáBnpïðÞ

(T, u1)
è kBhjÞÂä�vMt5áBnpïðÞ

(w) ⊆tÈáBnpïðÞ
(u2)

v ��npésÞ r3npisr Û ésnpisÞ äªt5k Û hHõ7tZl�áEî�ésh/t5áBnpïCÞ
(T, u1) ⊆

t5áBnpïðÞ
(T, {u1}u2

)
h>áot5áBnpïCÞ

(T, u2) ⊆tÈáBnpïðÞ
(T, {u1}u2

)
v

m (R)
h3ÞÂáëésish»k��jå Û h

(GX)
áBh Û:Û hßî�ésh4k

(GX)

(R1)

vvv
T ` u1

... (Rn)

vvv
T ` un

T ` u

� ã
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mEt5k�lqisÝsésr3áBl:npi rUí^tpî�é^h(äskBhjéNê�h
Pi

î�ésl»Þàh(áBh3kBïClqish�äªt5k
T ` ui

h3ÞÂá÷tÈáBnpïðl�î�é^hZèëtZl:isÞàl»áBnpésÞ Û h3Þi��»ésÝsÞ
T ` w

Ý^h
Pi
Þànpi�á�áBh Û Þëî�éshßt5áBnpïðÞ

(w) ⊆
t5áBnZïðÞ

(T, ui)
v���npésÞcïðnpi�áàkBnpisÞ$î�éshßt5áBnpïðÞ

(ui) ⊆t5áBnpïðÞ
(T, u)

ä]nZéskXáBnpésÞ Û hjÞ
i
v ��npésÞXkBhjå�tÈkBÝ^nZi^Þ Û h3Þ»Ý^l�ìAu3kBh3i�áBÞßrjtZÞXä]nZÞàÞàl:ô Û h3Þ»äAnpéNk Û hjÞXk��jå Û h3Þ

(Ri)Ý^h Û tbä^kBh3éNê�h
Pi
v

m (Ri)
h3ÞÂá

(GX)
k 
 ïCäAnpÞàÞàl�ô Û hßr�tÈk

P
hjÞÂá
⊕ � ?G2 ��?>T è^ÝsnpisrPtÈä Û t5áBlqhZv

m (Ri)
h3ÞÂá

(A)
è
(D)

k^mEt5k Û h Û hjïCïðh<ç>þðäªtZåph � çZèªt5áBnZïðÞ
(ui) ⊆

t5áBnpïCÞ
(T ) ⊆

t5áBnZïðÞ
(T, u)

v
m (Ri)

h3ÞÂá
(Ck)

k ] npl:á
a ∈

tÈáBnpïðÞ
(ui)

è]h>áßÞàéNäsäAnpÞànpisÞßî�ésh
a 6∈

t5áBnZïðÞ
(T, u)

v�úHnpïCïðh
u
h3ÞÂá»lqÞàÞàéÝsh Û ó_t5äsä Û l:r�tÈáBlqnpi�Ýsh Û t1k��jå Û h

(Ck)
i^nZé^Þ�ÞBtjê�npisÞ$î�ésh

a
h3ÞÂáëÝ^h Û tCõWn5kBïðh

{a′}k
vúHnpïðïCh

a 6∈
tÈáBnpïðÞ

(u)
è Û h�áBh3kBïðh

a
hjÞÂá�ö(u Û lqïðl:i^uRù'äªt5k�é^i�tZéNáàkBh áBh>kBïðh

uj
è
j 6= i

è/tjê�h3r
a ∈

tÈáBnpïðÞ
(uj)

voúHnpïCïðh<isnpésÞPtjê�npisÞPÞàéNäsäAnpÞàuKî�ésh
a 6∈

t5áBnpïCÞ
(T )

isnpésÞPh3i�Ýsu3Ýsé^l:ÞànpisÞbî�ésh Û tÝsh3kBisl �3kBhXk��3å Û h
(Rj)

Ýsh Û tbä^kBh3éNê�h
Pj
ishXäAh3ésáun>áàkBh»isl

(A)
èNisl

(D)
èsh3á�isl

(C)
vsmot5kërjnZi^Þàujî�ésh3i�ájè

Rj
h3ÞÂá»é^ishbk��jå Û hCÝshCrGísl:ìOkBh3ïðhji�á

(C)
vAm Û ésÞXäskBu3rjl:Þàujïðh3i�ájè�r3npïðïCh

a = {a′}k
isnpésÞ»ÞBtjêpnpisÞßî�ésh

Rj
hjÞÂá

(Ck)
èªisnpésÞ�n5ô^áBh3isnpisÞ�ÝsnpisrbÝsh3éNø t5äsä Û l:r�t5áBl:npisÞ�Ýsh Û tðk��3å Û h

(Ck)
t5é�X[Ýsh3ÞàÞàésÞ�Ý�ó ési^hßk��jå Û h

(GX)
èNrjhßî�ésl�rjnpi�áàkBh3Ýsl:á Û ó í ò äAnZáBí�jÞàhßî�ésh

P
ÞànZl:áëésish»ä^kBh3éNê�h

⊕ � ?G2 ��?>T v
�

�h���� � ����{�� x�v�� � 	 � ��	 	�����{ �(����� {�� |�~ 	 ��� � .<6a?UTUJK? v ?>;U6�?>. ä]nZÞàl:áBlqnZißr Û hjõ Df\ LN.ð6a?>TUJ<? w ?>.ë0>I5TUJK?.AI5TUJK2Z8:?ß;s\ 478�? �54W;G6a?PLY.�6a?>TUJ<? t 6a?38 `ULª? {t}v ∈ S(w) d
z
	����	 x���� I5476 P LN.O?�SOTB?>L � ? ⊕ � ?G2 ��?>TK?>6c;G4WJ$SA8:?<D�? T ` w d � I5LN;b8:?>;b6a?>TUJK?U;ð`>LY4ë2GS�S^25TB254W;B;3?>.ª6�?>.SªI5;B47674[I5.�=38:?@0bD�25.^;XLY.(.��9LªD�D�? P ;3I5.ª6/D�25.^; S(T,w) d

� TB?UL � ? k ] npl�á
P
ési^hbäskBhjéNê�h

⊕ � ?G2 ��?UT h>á»Þàlqï1ä Û hCÝsh T ` w v ] loési(áBh>kBïðh k tÈä^äªt5kGt �qá»hji ä]nZÞàl:áBlqnZir Û hjõEÝ�ó ési(áBh>kBïðh
t
î�é^lot5äsäªt5kGt��:á»Ý^tZisÞ Û tKäskBh3ésêph

P
t Û nZkBÞXrpó hjÞÂáXé^i÷ÞànpésÞdX@áBh3kBïðh1Þ ò i�áGt5øNlqî�ésh1Ý�ó ésiRt5áBnZïðhÝ^h

t
v � k
	5rjh1tZé Û h3ïðïðh�ç�æðäªtZåphbäskBu3rju3Ýshji�áBhZèOési(ÞànpésÞdX@áBh3kBïCh

t
hjÞÂáXési÷ési�t5áBnpïðhPÝ^h

T,w
vAü9i÷éNáBl Û lqÞBtZi�áÛ t1äskBnZäAnpÞàl�áBlqnpi�þ1äOt5åphi\ � èsi^nZé^Þ�nZôsáBhjisnpisÞ

k ∈ S(T,w)
v
�H h Û h3ïðïðh�ç ��isnpésÞ»äAh3kBïCh3áßÝshCkGt �<ish3k Û tÉisnZáBl:npiRÝsh÷öKï<tZr>kBn÷ù k��3å Û hCr3npi�áBhji^tZi�á

(GX)
è
(C)

tZisÝ
(D)

v k
�h���� � ����{�� x��	����� ��� } ��� � 	 � 	 � � 	�� � 	 � � . 25T �>TB?�D�?ðSOTB?>L � ? P ?>;U6PLN. � úQ^"Xat5kàôskBh Ý^h�äskBh3éNê�h8à\ ?>.^;>?>J �>8:? L D�?903?>LY478Q8:?U;GF98à\ ?>.^;>?>J �>8:? K D�?>;b=>8q?70G;GFH?36c2Z8ATG2�=U4W.A? u ;G4HV
� d P =GI5.s;G4W;U6a?1?U.(LY.(LN.s4[`>L^?P.��9LªD T ` u ?>6 L = {u} F K = ∅ F
� d P ?>;U6ED�?$8:2H03I5TUJ<?

(C)
P T ` k

T ` u

I�� P ?>;U6fLN.	� �
 � 25T �UTG?XD�?MSOTB?>L � ?X2 � ?G=ëTB2�=>4Q.A? u′ Fo?U.^;3?UJ �38:?D�?903?>LY478Q8:?U; L ?>6c?>.^;>?>J �>8:?ðD�?1=38:?@0B; K ′ F K = K ′ ∪ {k} FH?36 {u′}k ↓ = u F
� d P ?>;U6oD�?$8:2903I5TUJ<?

(D)
P T ` k

T ` u

I�� P ?>;U6fLN.	� 
 � 25T �>TB?»D�?oSOTG?UL � ?X2 � ?G=ëTB2�=>4Q.A? u′ F ?U.^;3?UJ �38:?D�?903?>LY478Q8:?U; L ?>6c?>.^;>?>J �>8:?ðD�?1=38:?@0 K ′ F K = K ′ ∪ {k} FH?36 {u}k ↓ = u′ F
�ªd P ?>;G6/D�?»8:2�03I5TUJ<?

(GX)
P1 · · · Pn

u

2 � ?G= n ≥ 1 6a?>8f`>L^?b=��N2�`ULª? Pi
?>;U6oLN.�� 
 � 25T �>TB?bD�?/SOTB?UL � ?2 � ?G=TG?U;[S^?G=3674 � ?UJK?>.^6OTB2�=>4W.O? ui

F]?U.^;3?>J �38:?ëD�?O03?ULN4W8Q8:?>; Li
FA?36]?>.^;3?UJ �>8q?�D�?�=>8:?@0G; Ki

FA?36 K =
⋃n

i=1Ki∪K
′?36 L =

⋃n
i=1 Li

d
ü9i�äªt5kàáBl:rjé Û l:h3kjè Û hjÞ�l:i^ÞÂáGt5i^r3h3ÞëÝshjÞck��jå Û h3Þ

(GX)
è
(C)

èsnpé
(D)

h3ÞÂáëési � úQ^+XatÈkàô^kBhßÝshXäskBhjéNê�hZv
� â
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aSb��Sb�� � ��	��$���$� �µ{�� ��� 	 � �N|��X| �Â| ���)�	� 	��$� �	�Y{ �P� �Px
	$}
(GXCD)

b
��npésÞëïCnpi�áàkBnpisÞ Û tCÝsujÝsésr>áBl:ô^l Û l:áBu»hjiÉésishßu3áGt5äAhXäAnpéNk Û tCk��3å Û h

(GXCD)
v

������A������{�� x�� � �
	 � ��	 � � ��� |*��� � ~ 	 }�� {�� ��� � 	 ��	��y�"�� I54W6 w LN.÷6a?UTUJK?b?>.b0>I5TUJK?».AI5TUJ<2Z8:?>F w ?>;U6Ýsu3Ýsé^r>áBl:ô Û hÉt5áBnpïðlqî�éshjïðh3i�á �KS^25T>674WT�Df\ LY.)?>.^;3?UJ �>8q? � .s4PD�?É6a?>TUJ<?>; L ;s\�478�?��Z4Q;U6a?ÉLY. � �
 � 25T �UTG? D�?SOTB?UL � ?<D�I5.ª6/8q?U;H03?>LY478Q8:?U;b;>I5.ª6 L′ ⊆ L FH8Â\ ?U.^;3?UJ �38:?<D�?>;C=>8:?@0G;PLN67478_4W; ! ?>; K ⊆ L Fc?36c8:2�TB2�=>4Q.A? w F/6a?>8³;C`ULª?S^I5LYTP6aI5LY;»8:?>;».��9L^D5; T ` t D�?P8:2»SOTB?>L � ?P.OI5LN;P2 � I5.s;bVE2Z6aI5JC; (t) ⊆ 2Z6aI5JC; (L,w) d
��npésÞXrjnZi^Þàl:Ýsu3kBnpisÞ»Ý]ó t5ôAnZkBÝ Û h1r�t5Þ»Ýsé ö<nZé�h>øNr Û ésÞàlqõ/ù tjê�h3r1é^i(rGí^l�ìOkBhjïðh3i�á»Ý^l:ÞÂáàkBl:ô^éNáBlqõaè Û hbkBujÞàé Û áGtÈáh3ÞÂá<é^ish�r3npisÞàujî�éshjisr3h�l:ïðïðu3Ýsl�t5áBh�Ýsé kBu3Þàé Û áGt5á<ÞàéNk Û h3ÞCä^kBh3éNê�h3ÞKt5áBnZïðl�î�ésh3Þ<Ýsh Û t�Þàhjr>áBlqnpi äskBujr3ujÝsh3i�áBhpvüMi^Þàésl�áBh�isnpésÞKkBhjå�tÈkBÝ^nZi^Þ Û h(rjtZÞ�ôAh�tZésr3npéNä)ä Û ésÞ�r3npïCä Û h>øNh÷Ýsh Û t�áBí^u3nZkBl:h(ujî�é^t5áBl:npisi^h ÛqÛ h LNU

{.}.
è/r�tÈkÛ hjÞ�rjn�h �<r3lqh3i�áBÞÉÝsh3Þ�áBh>kBïðhjÞ�äAh3éNê�hji�áCn3áàkBh÷äAnZáBh3i�áBlqh ÛqÛ hjïðh3i�áÉlqiNÜ^islqïðh3i�á å5kGtZisÝ^Þ3v/ä]nZésk�kBujÞànZé^ÝNkBh�r3h3áàáBhÝsl �<rjé Û áBupè^isnpésÞëéNáBl Û lqÞànpisÞ Û t1i^n5áBlqnpiÉÝsh

Z
X[ïðn�Ý^é Û hpv

v�w ��w���w'x �������
{.}.

w
^»tZisÞ Û hðr�t5ÞßÝ^é)öKnpéRh>øNr Û ésÞàlqõëù÷isnpésÞßéNáBl Û lqÞànpisÞ Û hðkBu3Þàé Û áGt5áßÝsh Û nYrjt Û l�áBu<t5áBnpïðlqî�éshCäAnpéNkPrjnZi^ÞÂáàkBésl�kBhésishëäskBnYr3ujÝséNkBh�î�ésl^äAh>kBïðh3á9Ý^hër�t Û rjé Û h3k Û ó hjisÞàh3ïPô Û hëÜªislªÝ^h�áBnpéNáBhjÞ Û hjÞMäskBhjéNê�h3Þ9äAnpÞàÞàl:ô Û hjÞ3v�mEt5k/Ýsu3Ü^isl:áBl:npi]èÛ hjÞHi�ßésÝsÞ/Ý]ó ési � úQ^"Xat5kàôskBh$Ýsh$äskBh3ésêph�Þànpi�á/Ý^h Û tßõWnZkBïðh

a1⊕ . . .⊕an
n��

ai ∈
t5áBnpïðÞ

(L,w)
h>á
ai 6= ajäAnpéNk

i 6= j
v � k
	Zr3hðtZé�kBujÞàé Û áGtÈáßÝsh Û nYrjt Û l:áBuðt5áBnpïðlqî�éshpè]l Û i]ó ò tÉî�é]ó é^i�isnpïPôskBh<h>øYäAnpish3i�áBl:h Û Ýshði�ßésÝsÞäAnpÞàÞàl�ô Û hKý7Ý^tZisÞ Û tCáGtZl ÛqÛ hßÝsh

|L|+ |w|
� èsäªt5kërjnZi^Þàujî�ésh3i�áëési�isnpïPôskBh»Ü^i^l�ÝshXä^kBh3éNê�h3Þ�äAnpÞàÞàl:ô Û hjÞ3v


~Û kBhjÞÂáBhct Û nZkBÞ�V$äskBnpéNê�h>k Û t�ÝsujÝsésr>áBlqnpi1h3i1ési^h/u>áGt5äAh9äAnpéNk Û h3Þok��3å Û hjÞ
(D)

è
(C)

h>á
(GX)

v ] hjé Û h Û t$k��3å Û h
(GX)

h3ÞÂá/äskBnZô Û u3ï<t5áBl�î�é^hZv H tbÝsu3Ýsé^r>áBlqnZi�h3i�ésishXu>áGt5äAhëä]nZésk Û tPk��jå Û h
(GX)

Ý^tZisÞ/rjh�r�t5Þch3ÞÂácujî�ésl:êZt Û hji�á
V Û tXkBu3Þàn Û ésáBl:npiðÝ�ó u�î�éªtÈáBlqnpisÞMÝsl:nZä^íªt5i�áBl:hjisish3Þ Û l:i^ujtZl�kBhjÞMÞàéNk

Z/2Z[h]
èpr3npïðïðh�isnpésÞ Û ó_tjêpnpisÞ9Ýsu>áGtZl Û:Û u3hcäAnpéNk

L�M�RcÝ^tZisÞ Û t$Þàh3r3áBl:npiCæYvqçZv�çZv_ã�äªtZåZhu\ZãYv�úHh>áàáBhHt5äsäskBnYrGí^hHhjÞÂá Þàlqïðl Û tZl�kBh V Û tëïðu>áBí^n�Ý^hHr Û t5ÞàÞàl�î�ésh3ïðhji�áoéNáBl Û lqÞàu3hÝ^tZisÞ�rjh»Ýsnpï<tZl:i^h G ú H ] ÿ�â�è]ú � � J ÿ�â(K[v
v�w ��w���w�� ���

{.}.
w

H hðkGtZlqÞànpisish3ïðhji�áCî�é^h<isnpésÞbtjê�nZi^ÞPõ7tZl�ábÞàéNk Û h�ö�npé�h>øNr Û ésÞàlqõ$ù(ish<Þ3ó_t5äsä Û lqî�ésh<äªtZÞPÝ^tZisÞ Û h<rjtZÞPÝshjÞå5kBnpéNä]h3Þ�t5ôAu Û lqh3i^Þcrjt5k�isnpésÞ�ishXäAnpéNê�nZi^Þ�tbäskBl:nZkBlAôAnZkBish3k Û hjÞcr3nYh �ðrjl:hji�áBÞcÝsh3Þ�u Û u3ïðh3i�áBÞcÝ]ó ésish»ÞànpïðïCh»ÝsháBh>kBïðh3Þ
Σi=n

i=1αiai
v���npésÞcäAnpÞànpisÞ t5áBnpïðÞ

(L,w) = {a1, . . . , an}

� i1áBh3kBïCh t h3ÞÂáMÝsl:á (L,w) � 2Z6aI5JC4@`>L^? Þàl^tÈáBnpïðÞ (t) ⊆ t5áBnpïðÞ (L,w)
v � k
	5rjhuV Û t$ä^kBn5ä]nZÞàl:áBl:npi<æ$äªtZåphW\ � èésibáBh>kBïðh

(L,w)
Xat5áBnpïðlqî�ésh

t
äAhjéNáoÞ3ó ujr>kBl:kBh/ÞànpésÞ Û t�õQnZkBïðh

α1a1+. . .+αnan
tjêphjr

αi ∈ Z
v ��nZé^Þot5äsä]h Û nZi^ÞÛ h1ê�hjr>áBh3ésk

t = (α1, . . . , αn) ∈ Z
n

Û t�kBh>äskBujÞàh3i�áGt5áBlqnZi�Ý^h
t
h>á»ÝshðïðtZisl �>kBhði^t5áBéNkBh ÛqÛ h

t1 + t2 = t1 + t2
èh>á

−t = −t
è^n�� Û ó_t5Ý^Ýsl�áBlqnpiÉÝsh»ÝshjéNøKkBh>ä^kBu3Þàh3i�áGtÈáBlqnpisÞ�Þ3ó h>ìAhjr>áBésh»r3npïCäAnpÞBtZi�áBhXäªt5kër3npïCäAnpÞBtZi�áBhZv�^XhXä Û ésÞ3èäªt5këÝsu3Ü^isl:áBl:npi]è

ai = ei
n��

ei
h3ÞÂá Û h

i
X �3ïðh»ê�h3r3áBh3éNkëésisl:áBuZv

��npésÞ�kGt5äsäAh Û npisÞEî�é�ó ési
Z � J<IÈD5LN8:? è5nZé1Þàl:ïCä Û h3ïðhji�áEési JKI�D5LN8q? è5h3ÞÂáoési1å5kBnpéNä]h/t5ôAu Û lqh3i M ïbési^lYÝ]ó ésishïPé Û áBl:ä Û l:r�tÈáBlqnpiRäªt5kPÞàrjt Û tZl:kBhCáBh Û:Û h<î�é^h

α(x + y) = αx + αy
h>á
α(−x) = −αx

äAnpéNkßáBnpéNá
α ∈ Z

tZisÝ
x, y ∈M

v���npésÞ/áàkGt3êptZl ÛqÛ npisÞctjê�h3r�ési�ïðnYÝsé Û h�ÞàéNk
Z

n èNn�� Û tPïbé Û áBl�ä Û lqrjt5áBlqnZi�äªt5k/é^iKhji�áBlqh>kch3ÞÂácÝsu>Ü^i^l:h�ÝshïðtZisl �>kBhßé^Þàésh ÛqÛ hpvmonpéNk
x1, . . . , xm ∈ Z

n isnpésÞÉÝsu3i^n5áBnpisÞ�äOtÈk
〈x1, . . . , xm〉

Û h�ÞànpésÞdX[ïðn�Ý^é Û hRÝsh
Z

n hjisåph3isÝNkBu(äªt5k
x1, . . . , xm

è 4[dQ?�d
〈x1, . . . , xm〉 = {α1x1 + . . . αmxm | αi ∈ Z}


~Û h3ÞÂáoÝsu3rjl:ÝªtÈô Û hHÝsh/ÞBtjê�nZl:koÞàl
y ∈ 〈x1, . . . , xm〉

u>áGtZi�á Ýsnpisisu
y, x1, . . . , xm

èÈrjt5korjh>áàáBhHî�ésh3ÞÂáBlqnpiPkBh>êNlqh3i�á
VbkBujÞànpésÝNkBhßési�Þ ò ÞÂá��3ïðh Û lqisujtZl:kBhßÝ]ó u�î�é^t5áBl:npisÞëÞàéNk

Z
v
� þ



� � �
��� � ���&���$���� &� �&��������� ��� �����������

��npésÞðrjnZi^ÞÂáàkBésl:ÞànpisÞðä]nZésk<ési h3isÞàhjïPô Û h�Ü^isl
L
h3á<ési áBh3kBïðh

w
èMési h3isÞàhjïPô Û h�Ü^isl�Ýsh�åpu3i^u>kGt5áBh3éNkBÞä]nZésk Û ó h3isÞàhjïßô Û h1Ýsh3Þ$áBh>kBïðh3Þ

(L,w)
Xat5áBnpïðlqî�éshjÞ�î�ésl�ÞànZi�áXÝsu3Ýsé^r>áBl:ô Û hjÞ$Ýsh

L
v ��npésÞ�ïðnZi�áàkBnZi^ÞXî�é^hPr3h3áàáBhrjnpisÞÂáàkBésr>áBlqnpi1tZÝsïðh>áEési1äAnplqi�áoÜsøNh/î�éslNh3ÞÂáMtZr3r3hjÞàÞàl�ô Û h/hji1ési1isnpïPôskBh/Ü^islNÝ]ó u>áGt5äAhjÞ3v5monpéNkEr3h Û t�isnpésÞEtjê�npisÞô]h3Þànpl:i Ý]ó u>áBh3i^ÝNkBhßési�ÞànpésÞdX[ïðnYÝsé Û hßäªt5k$é^i�isnpéNê�hjtZé åZujisu>kGt5áBhjéNkjè^r3hjr3l�é^islqî�éshjïðh3i�á$Þàl Û hßåpujisu>kGt5áBh3éskëhjÞÂái^u3r3hjÞàÞBtZl�kBhpv H hMÞànpésÞdX[ïðn�Ý^é Û hHkBu3Þàé Û áGtZi�á Ýsnpl�áAn>áàkBh9ïðl:islqï<t Û Þàh Û npiPésibr3h>kàáGtZlqißnZkBÝNkBhpv ��npésÞfäskBu3rjl:ÞànpisÞ Û ó nZkBÝNkBhrjnpisÞàl:Ý^u>kBuPÝsh Û tðïðtZisl �>kBhbÞàésl�êptZi�áBhlkªmonZésk

x = (x1, . . . , xn), y = (y1, . . . , yn) ∈ Z
n i^nZé^Þ$isnZáBnpisÞ xE yÞàl

|xi| ≤ |yi|
ä]nZésk�áBnZésá

i
èsh3á

x / y
Þàl
xE y

h>á
x 6= y

v
�h���� � ����{�� x �	�

Ext((x1, . . . , xn), x, l)
��� I54W6 l1 = (x1, . . . , xn) ?36 l2 D�?>L �C8_4W;G6a?>; � .^4@?>;XDf\ ! 8 ! JK?U.ª67;»D�?

Z
n FH?36 x ∈ Z

n FM8:2<TB?38:2Z674[I5. Ext((x1, . . . , xn), x, l) ?>;U6cD ! � .^4@?CD�25.^;ß8:?U;b=G25;X;GLY4 � 25.^67;bV
� x ∈ 〈x1, . . . , xn〉

?>6 l = (x1, . . . , xn) d
� x 6∈ 〈x1, . . . , xn〉

?>6 l = (x1, . . . , xn, y)
I�� y ?U;U6bJ14W.^4QJK2Z8 SªI5LYT 8à\ I5TBD5TG?

E
6a?>8�`>L^? y ∈ x +

〈x1, . . . , xn〉
d

� h3ï<t5kGî�ésnpisÞXî�éshPÝ^tZisÞ Û hbÝsh3ésøYl �3ïðhbrjtZÞ�Ýshbrjh>áàáBhPÝsu>Ü^i^l�áBlqnpi]èOl Û äAhjéNá ò tjê�npl�kXÝsl:ìAu>kBhji�áBÞ�rGísnpl:øÉäAnpÞdXÞàl:ô Û h3Þ�äAnpéNk
y
è^rjh3ÞërGísnpl:ø�Ýsl�ì]u>kBh3i�áëésisl�î�é^h3ïðh3i�á$ÞàéNk Û hßÞàl:åpishßÝ^h3Þër3npïCäAnpÞBt5i�áBÞ3v

��npésÞëkGtÈä^äAh Û npisÞ�î�é^h Û ó t5kBl:áBísïðu>áBl�î�éshPÝshPmMkBh3ÞÂô^éNkBåph3k�h3ÞÂá Û tðáBísu3nZkBlqhßÝ^é�äskBh3ïðlqh>k�nZkBÝNkBhPÝsh
(Z,+, >)

èî�ésl9hjÞÂábÝsnpisrKÝsujr3lqÝ^t5ô Û hZv H tÉêZt Û h3éNk1t5ô^Þàn Û éshKÝsh
y ∈ Z

hjÞÂábÝsu>Üªisl:hKäªt5k Û t�õWn5kBïbé Û hKhji�éNáBl Û lqÞBtZi�á
z
ésishêpt5kBlqt5ô Û h Û l�ôskBh!k

(y ≥ 0 =⇒ z = y) ∧ (y < 0 =⇒ z = −y)
v H ó h>øYäskBhjÞàÞàl:npi

x E y
hjÞÂábujå�t Û h3ïðhji�áÝ^u>Ü^islqÞàÞBt5ô Û hcäªt5kMési^h�õQnZkBïbé Û h�Ýsh�mMkBh3ÞÂô^éNkBåph3kjv H ó_t5äsäªt5kàáBh3i^tZisrjhcÝsh

x
t
〈x1, . . . , xn〉

Þ3ó h>øYäskBlqïCh�åZk
	Zr3h_V Û tõWnZkBïbé Û h�Þàésl:êZtZi�áBh
∃α1, . . . , αn (x = Σiαixi)

vs^Xhëä Û ésÞ
x 6∈ 〈x1, . . . , xn〉

h3ÞÂá/Þàlqï1ä Û hjïChji�á Û tPisujå�tÈáBlqnpiKÝshÛ t1õQnZkBïbé Û h�ä^kBu3r3ujÝsh3i�áBh�Ý]ó_t5äsäªt5kàáBh3iªt5i^r3hZv H ó hjisÞàh3ïPô Û h»Ýsh3Þ�u Û u3ïðh3i�áBÞcïðl:i^l:ï<tZéNøAèsÞàh Û npi Û ó nZkBÝNkBh
E
è
x
Ý^tZisÞé^i÷h3isÞàhjïPô Û h

S ⊆ Z
n hjÞÂáXÝsu>Üªisl�äªt5k Û t<õWnZkBïbé Û h1Ý^hbmMkBh3ÞÂô^éskBåZh3kik x ∈ S ∧ ¬(∃y (y ∈ S ∧ y E x))

vAü9irjnpïßôªl:i^tZi�ácáBnpéNáBhjÞ/r3hjÞ/õQnZkBïbé Û h3Þch3i^Þàh3ïPô Û hZèNi^nZé^Þ/Ý^u>Ü^islqÞàÞànpisÞcáBnpésÞ Û h3Þ
l2
áBh Û Þcî�ésh

Ext(l1, x, l2)
äAnpéNk�ésihjisÞàh3ïPô Û hPÝsnpisi^u

l1
h3á$ési

x
v ��npésÞëäAnpéNê�npisÞ$Ýsnpisrßr�t Û rjé Û h3k$õ7t5rjl Û h3ïðhji�á�ésish Û lqÞÂáBhßäªt5kàáBlqr3é Û l �3kBh

l2
è^äªt5kBïCláBnpéNáBhjÞcrjh ÛqÛ hjÞ�hji�êNl:ÞBtZåphjt5ô Û h3Þ3v

��npésÞ9kGt5äsäAh Û npisÞ Û h Û h3ïðïðh$Ýsh"^»l:r��YÞànpi G ^Xlqrpç�â�K@èNÝ^tZisÞHrjh Û h3ïðïðh Û hjÞ9áBésä Û hjÞHÞànpi�á/Ý^h3ÞHáBéNä Û h3Þ/Ý]ó hji�áBlqh>kBÞiªtÈáBéskBh Û Þ3v
z
	����	 x���� z
	����	 � 	 �C�'|�� ��{�� � � I5LYT�= �N2�`>L^?K; ! `ULª?U.A=G?K4W. � .^4[? t1, t2, . . . D�? n � 67L�SA8:?>;�D54Q;U674W.A=>67;Df\ ?>.^674[?>TU;X.A2Z67LNTB?>8³;X478�?��54W;U6a? i < j 6a?>8 `>L^? ti / tj d

��npésÞ�ïðnZi�áàkBnZi^Þ$î�é]ó l Û i]ó ò t1äªtZÞ�ÝshßrGí^t���ishßlqiNÜ^islqhßÝ^tZisÞ Û h»kBh Û t5áBlqnZi
Ext

k
z
	����	 x ��� I5476 x1, . . . , xi, . . . ∈ Z

n LY.A?ð;GLY476a?C4W. � .s4[?>F l0 8:2É;GLN4W6a? � 4@D�?>F$?>6 Ext(li, xi+1, li+1)
S^I5LNT6aI5Ls6 i d�$8qI5TU;X4W8 ?��54W;U6a?ßLN. i 6a?>8 `ULª? li = lj

S^I5LNTß6aI5Ls6 j ≥ i d
� TB?>L � ? k ] ésäsäAnpÞànpisÞ�î�ésh Û t<Þàujî�éshjisr3h (li)i∈N

ishPÞànpl:á$äªtZÞëÞÂáGt5áBlqnpisi^tZl�kBhpvy[ Û nZkBÞëisnpésÞëä]nZésêpnpisÞ$h3ø�áàkGtZl:kBhé^ish�ÞànpésÞdX[Þàésl:áBh�Ýsh
(li)i∈N

áBh Û:Û h�î�ésh�rUí^tpî�é^h�Ýsh3kBisl:h3kCu Û u3ïðh3i�á1äAnpÞàÞ��3Ýsh Û h�ï8njïðh�Þàl:åpishRý7l Û i]ó ò î�ésh
2nä]nZÞàÞàl:ô^l Û l:áBu3Þ � v���npésÞErGí^nZlqÞàlqÞàÞànZi^Þ9t Û nZkBÞMésishcÞànpésÞdX[Þàé^l�áBh�Ýsh�r3h3áàáBh/õQnZkBïðhcisnpiCÞÂáGt5áBl:npisiªt5l:kBhZv � k
	Zr3hët5é Û h3ïðïðhÝ^h ^Xlqr��NÞànpiðl Û h>øNlqÞÂáBh

li
è
lj
Ý^tZisÞMrjh>áàáBhcÞànpésÞdX[Þàésl:áBh�áBh ÛqÛ h�î�ésh

i < j
h>á
liE lj

v���npésÞEÝ^u3r3npïCäAnpÞànpisÞ
li = l′i ·x

′
ih3á

lj = l′j · x
′
j

èNn��
x′i
h3ÞÂá Û h�Ý^h>kBislqh>kcu Û u3ïðh3i�ácÝsh

li
h>á
x′j
hjÞÂá Û h�Ýsh>kBi^l:h3kcu Û u3ïðh3i�á/Ýsh

lj
vNmot5kcrjnpisÞÂáàkBésr>áBlqnpi]è

li
hjÞÂá»é^i(äskBu3ÜsøNhCÝsh Û t�Þàésl:áBh

l′j
è�h3á»Ýsnpisr

x′i ∈ 〈l
′
j〉
v úHnpïðïðh

x′j ∈ xj + 〈l′j〉
ä]nZésk»é^i

xj
è�rjh Û t�Þàlqåpisl�Üªhî�ésh

x′j − x
′
i ∈ xj + 〈l′j〉

äªt5kcÝsu3Ü^isl:áBl:npi�Ýsh
〈l′j〉

v �$k
x′i
h>á
x′j
npi�á Û hXï4n3ïðhXÞàlqåZi^h�äªt5kcr3npisÞÂáàkBé^r>áBlqnZi�èNÝsnpisr

x′j −x
′
i

h3ÞÂá/ÞÂáàkBl:r3áBh3ïðh3i�áMä Û ésÞ9ä]h>áBl:áHî�ésh
x′j
è�Þàh Û nZi Û ó nZkBÝNkBh

E
vsúHh�î�éslªr3npi�áàkBhjÝsl�á Û tßïðl:i^l:ï<t Û l:áBu$Ý^h

x′j
Ý^tZisÞÛ tCÝsu>Üªisl�áBlqnpi�Ýsh

Ext
v
�

��npésÞEésáBl Û l:ÞànpisÞ Û hjÞ
Z
X[ïðn�Ý^é Û hjÞEäAnpéNkMkBh>äskBujÞàh3i�áBh3kEáBnpésÞ Û h3ÞEáBh>kBïðh3Þ9î�ésh Û tXk��3å Û h

(GX)
ä]h3éNá9r3npisÞÂáàkBésl:kBhÝªt5i^Þ Û hbrjtZÞ�Ý^h Û tðáBí^u3nZkBl:h LNUTR�v ��nZé^ÞXt5iªt Û:ò ÞànpisÞ�ä Û ésÞ�äskBu3rjl:ÞàujïChji�áXr3npïðïðh3i�á Û h3Þ�åpu3isu3kGt5áBh3éNkBÞ�Ý]ó ési

Z
XïðnYÝsé Û h»Þànpi�á$ïðnYÝsl�Üªu3Þ�äªt5k Û ó t5äsä Û lqrjt5áBlqnZi�Ýsh Û tCk��3å Û h

(Dk)
Ý^tZisÞ Û h H h3ïðïðhðç �bäªtZåZhßÞàé^l�êpt5i�áBhZv

� æ
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	 ���	 x ��� I5476 g1, . . . , gm ∈ Z
n d �PI5LY;HSªI5L � I5.s;b=B2Z8q=ULs8:?UTPLY.�?>.^;>?>J �>8:? � .^4/D�? � ! . ! TB2Z6a?>LYTU;bD�?

Dk(g1, . . . , gm) = {t | {t}k ∈ 〈g
1, . . . , gm〉}

� TB?>L � ? k�mMkBh3ïðl �>kBhjïChji�áëisnpésÞër�t Û rjé Û npisÞ Û ó hjisÞàh3ïPô Û hßÝshßåpu3isu3kGt5áBh3éNkBÞ�Ýsh
Kk(g1, . . . , gm) = {{t}k | {t}k ∈ 〈g

1, . . . , gm〉}

] npl�á
Ik

Û ó hjisÞàh3ïPô Û hPÝsh3Þël:i^Ýsl:rjh3Þër3nZkàkBh3ÞÂä]nZi^Ý^tZi�áBÞëtZéNøÉt5áBnpïðh3ÞërGísl:ìOkBu3Þ�äªt5k Û tCr Û h3õ
k
è 4@dW?jd

Ik = {i | ∃j
áBh Û î�ésh

ai = {aj}k}n��
(a1, . . . , an)

h3ÞÂábésish<uji�ésïðu>kGt5áBlqnZi�Ýsh3Þbu Û u3ïðh3i�áBÞbÝshKt5áBnZïðÞ
(L,w)

rUísnpl:ÞàlqÞbtZé�Ýsu3ô^éNábÝsh Û t�Þàh3r>áBlqnpi]v
� i'áBh>kBïðh (L,w)

XatÈáBnpïðl�î�é^h
t
èMÝsnpi�á Û t÷kBh3äskBu3Þàhji�áGt5áBl:npi

t
hjÞÂá

(α1, . . . , αn)
èohjÞÂá<Ýsh Û t�õQnZkBïðh

{u}k
Þàlh>áßÞàh3é Û h3ïðhji�áPÞàl

αi = 0
äAnpéNkPrGí^tpî�ésh

i 6∈ Ik
v�mEtÈkPrjnpisÞàujî�éshji�ájè

(α1, . . . , αn) ∈ Kk(g1, . . . , gm)
ÞàlMh>áÞàh3é Û h3ïðh3i�áëÞàl

{

(α1, . . . , αn) = β1g
1 + . . .+ βmg

mh3á
αi = β1g

1
i + . . . βmg

m
i = 0

äAnpéNkërUí^tpî�ésh
i ∈ IkH ó h3isÞàhjïßô Û hðÝshjÞ

m
X@áBéNä Û h3Þ

(β1, . . . , βm)
ÞBtÈáBlqÞàõ7t5lqÞBtZi�áßrjh1Þ ò ÞÂá��jïChðÝ]ó u�î�é^t5áBl:npisÞ»r3npisÞÂáBl:áBésh1ô^lqh3i�ési�ÞànpésÞdXïCnYÝsé Û h1Ýsh

Z
m v ��npésÞ�rjt Û r3é Û npisÞ�ési÷hjisÞàh3ïPô Û hPÜ^i^l B ÝshbåZujisu>kGt5áBhjéNkBÞ$Ýsh1r3hPÞànpésÞdX[ïðnYÝsé Û hhk�úHí^tpî�é^h

βiÞ3ó ujr>kBl:á
γi−δi

n��
γi, δi ≥ 0

v ^Xnpisr Û hjÞfujî�é^t5áBlqnpisÞ
β1g

1
i +. . . βmg

m
i = 0

ä]nZésk
i ∈ Ik

Ýsu3Ü^islqÞàÞàh3i�á ésißÞ ò ÞÂá��jïChísnpïCnpå��3i^h÷ý7g � n�� Û h3ÞPlqisrjnZi^i�ésÞ
γi, δi

t5äsäªt5kàáBl:hjisishji�á V
N
v � i 2m

X@áBéNä Û h
(γ1, . . . , γm, δ1, . . . , δm)

h3ÞÂáésishCÞàn Û éNáBl:npi�Ýsh�ý7g � Þàloh3áXÞàhjé Û hjïðh3i�áßÞàlorpó hjÞÂá»ésishCr3npïPô^lqi^tZl:Þànpi Û lqisu�t5l:kBhðtjê�h3rCr3nYh��<rjl:hji�áBÞXÝ^tZisÞ
N
ÝshÞàn Û éNáBlqnpisÞcïClqislqï<t Û h3Þ�Ýshðý7g � v J npéNáBh�rjnpïßôªl:i^tZlqÞànpi Û l:i^ujtZl�kBh�Vbr3nYh��<r3lqh3i�áBÞHÝ^tZisÞ

Z
h3ÞÂáët5é^ÞàÞàlAésish»Þàn Û éNáBlqnpiÝshXý7g � v J npéNáBh/Þàn Û éNáBlqnpi

β
Þ3ó h3øYäskBl:ïðh/rjnpïCïðh/é^ishHrjnpïßôªl:i^tZlqÞànpi Û l:i^ujtZl�kBhuV$r3nYh��<r3lqh3i�áBÞ Ý^tZisÞ

Z
Ý]ó u Û u3ïðhji�áBÞÝsh Û ó hjisÞàh3ïPô Û hßÜ^isl

B = {(γµ
1 − δ

µ
1 , . . . , γ

µ
m − δ

µ
m) | (γµ

1 , . . . , γ
µ
m, δ

µ
1 , . . . , δ

µ
m)

Þàn Û ésáBl:npi�ïðl:islqï<t Û hPÝsh<ý7g �
}

� u3rjl�äskBnNî�éshjïChji�á�áBnpéNáBh»r3npïPô^lqi^tZl:Þànpi Û lqisujtZl:kBh�VCr3nYh��<rjl:hji�áBÞ�Ý^tZisÞ Z
Ý]ó u Û ujïðh3i�áBÞëÝsh

B
hjÞÂá�ésishßÞàn Û éNáBlqnZiÝsh Û ó hjisÞàh3ïPô Û hPn5kBlqåpl:iªt Û Ý]ó u�î�é^t5áBl:npisÞ3v [�lqisÞàl

B
h3ÞÂáëési�hjisÞàh3ïPô Û h»Üªisl]Ý^hßåZujisu>kGt5áBhjéNkBÞ3v

��npésÞën5ô^áBh3isnpisÞ
G = {b1g

1 + . . .+ bmg
m | (b1, . . . , bm) ∈ B}h3ÞÂáëésishßhjisÞàh3ïPô Û h»Ü^islfÝsh»åpu3i^u>kGt5áBh3éNkBÞëÝsh

Kk(g1, . . . , gm)
v

��npésÞðnZôsáBhjisnpisÞ<Ýsnpisr�ési hjisÞàh3ïPô Û hÉÜªisl�Ý^hÉåpujisu>kGt5áBh3éskBÞðÝsh
Dk(g1, . . . , gm)

hji ö÷Ý^u3rjt Û tZi�á�ù Û hjÞu Û u3ïðh3i�áBÞëÝsh
G
v ] npl�á

shiftk(α1, . . . , αn)
ésiÉê�h3r3áBh3éNk

(β1, . . . , βn)
Ýsu3Ü^isl]äªt5k

βi =

{

αj
Þàl
{ai}k = aj ∈

tÈáBnpïðÞ
(L,w)

0
Þàl
{ai}k 6∈

t5áBnpïðÞ
(L,w)

H ó h3isÞàhjïßô Û h»Ü^i^l�Ýshßåpu3isu3kGt5áBh3éNkBÞ�Ýsh
Dk(g1, . . . , gm)

hjÞÂáëÝsnpisr
shiftk(G)

v
�H h Û hjïðïChbãZÿCr3nZkàkBhjÞÂäAnpisÝ V Û ó_t5iªt Û npåpéshßÝsé Û hjïðïCh<ç �bäAnpéNk Û t1k��jå Û h

(Dk)
v

z
	 ���	�� 	�� I5476 g1, . . . , gm ∈ Z
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Ck(g1, . . . , gm) = {{t}k | t ∈ 〈g
1, . . . , gm〉, 2Z6aI5JC; ({t}k) ⊆ 2Z6aI5JC; (L,w)}

� TG?UL � ? k H t�äskBhjéNê�h÷õWnZi^r>áBlqnZi^ish Ýsh Û t�ï4n3ïðh ï<tZisl �>kBh(î�ésh rjh ÛqÛ h÷Ýsé Û h3ïðïðh�ç �YvQY�t5lqi�áBhji^tZi�á�isnpésÞr3npisÞÂáàkBéslqÞànpisÞ Û ó hjisÞàh3ïPô Û h»Üªisl
B
Ý^hßåZujisu>kGt5áBhjéNkBÞ�Ýsh Û ó h3isÞàhjïßô Û h

K−1
k (g1, . . . , gm) = {t | t ∈ 〈g1, . . . , gm〉

h>á$t5áBnpïðÞ
({t}k) ⊆

t5áBnZïðÞ
(L,w)}

� �
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úHh Û t�kBh>äskBujÞàh3i�áBh Û ó hjisÞàh3ïPô Û hKÝsh3ÞßáBh>kBïðh3ÞPÝsnpi�á Û h<rGísl:ìOkBhjïChji�á1t3ê�hjr
k
h3ÞÂábh3isrjn5kBh<ésiRáBh>kBïðh

(L,w)
Xt5áBnpïðlqî�éshpv H ó h3isÞàhjïßô Û h Üªisl�ÝshjÞ åZujisu>kGt5áBhjéNkBÞ Ýsh

Ck(g1, . . . , gm)
h3ÞÂá�nZôsáBhji�é�äªt5k

shift−1
k (B)

èðn��
shift−1

k (α1, . . . , αn)
h3ÞÂá Û hXê�h3r3áBh3éNk

(β1, . . . , βn)
Ýsu3Ü^isl]äªt5k

βi =

{

αj
Þàl
ai = {aj}k

tjê�h3r
aj ∈

t5áBnpïðÞ
(L,w)

0
Þàl
ai
i]ó h3ÞÂá�äªtZÞëÝsh Û tCõWnZkBïCh

{aj}k
n��

aj ∈
t5áBnpïCÞ

(L,w)

�

z
	����	���x �PI5LN;/S^I5L � I5.^;b=G2Z8:=>LN8q?UTUF ! 6a25.^6�D�I5.^. ! LN.�?>.^;>?>J �>8:? � .^4cD�?b6a?UTUJK?>; L ?36HLY.�6a?>TUJK? w F9LY.?>.^;3?UJ �>8q? � .^4$D�? � ! . ! TG2Z6a?ULNTU;<D�?<8Â\ ?U.^;3?>J �38:?�D�?>;C6a?>TUJ<?>; (L,w) � 2Z6aI5J14[`ULª?U;<`ULN4c;>I5.ª6�D ! D5Lª=>674 �>8q?U;K2 � ?G=8q2ðT����p8:? (GXCD) D�? L d
� TB?>L � ? k ] npl�áHt5áBnpïðÞ (L,w) = {a1, . . . , an}

h3á
L = {t1, . . . , tp}

è�isnpésÞ9Ýsu3Ü^islqÞàÞànpisÞ9ési^h�kBh Û t5áBl:npi
Φ
hji�áàkBhÝ^h3Þ Û l:ÞÂáBhjÞcÜ^i^l:hjÞ�Ýsh»ê�hjr>áBh3éskBÞ�Ýsh Û ï<t5i^l �3kBhßÞàésl�êptZi�áBh4k

� áGt5i�á�Ýsnpisisußé^iÉh3isÞàhjïPô Û h»Üªisl�ÝshXê�h3r3áBh3éNkBÞ
l
è^ÞànZl:á

x1, . . . , xp

Û ó ési^l:npi�Ýsh3Þ�hjisÞàh3ïPô Û h3ÞëÜ^islqÞ�Ýshßåpu3isu�XkGt5áBhjéNkBÞßÝsh
Dk(l)

tjêphjr
k ∈ L

rjt Û r3é Û u3Þ»äOtÈk Û h Û h3ïðïðh ç ��äªtZåZh<r3l X[r3npi�áàkBhpè�h3á
xp+1, . . . , xq

Û ó ésislqnpiRÝ^h3ÞhjisÞàh3ïPô Û h3ÞMÜ^i^l:ÞMÝ^h�åpu3i^u>kGt5áBh3éNkBÞ9Ýsh
Ck(l)

tjê�h3r
k ∈ L

l:ÞàÞàé^Þ9Ýsé Û hjïCïðh�ãZÿ�äªtZåphcä^kBu3r3ujÝsh3i�áBhZè�t Û n5kBÞ
Φ(l, l′)h3øNl:ÞÂáBhCÞàlEh3áßÞàh3é Û h3ïðh3i�áßÞ3ó l Û h3øYlqÞÂáBhCÝshjÞ Û l:ÞÂáBhjÞXÜ^i^l:hjÞßÝshCêphjr>áBhjéNkBÞ

l0, . . . , lq
áBh ÛqÛ h3Þßî�ésh

l = l0
è
l′ = lq

è]h3á
Ext(li−1, xi, li)

äAnpéNkëáBnpéNá
i
v

] npl�á
l0 = (tp, . . . , tp)

èMh3á
Φ(li, li+1)

äAnpéNk<áBnpéNá
i
v9mEt5k Û h Û h3ïðïðh�ç � äªtZåph � æYèMl Û h>øNlqÞÂáBh�ési

i
áBh Ûî�ésh

li+1 = li
vAmEt5k�r3npisÞÂáàkBé^r>áBlqnZi(r3h

li
hjÞÂá�ési÷hjisÞàh3ïPô Û hPÜªisl�Ý^hbåpu3isu3kGt5áBh3éNkBÞ�Ýsh Û ó h3isÞàhjïPô Û h1Ý^h3Þ$áBh>kBïðhjÞ

(L,w)
Xat5áBnpïðlqî�éshjÞëî�é^l]Þànpi�á�t5áBnZïðl�î�ésh3ïðh3i�áëÝsu3Ýsé^r>áBl:ô Û hjÞ_V1äªt5kàáBl:këÝ^h

L
v
�

a b��Sb�� � { � �X| �${E|µ}s� b
��npésÞXéNáBl Û lqÞànpisÞ»ési÷kBujÞàé Û áGtÈá»Ýsh1kBu3ujr>kBl:áBéNkBhbäskBu>Ü^øYhbä]nZésk»nZôsáBh3isl:k»ési(kBu3Þàé Û áGt5á»h3i÷áBhjï1äªÞ�äAn Û�ò isnpïðl�t ÛÝªt5i^Þ Û hßr�t5Þ�Ý]ó ésishßäskBhjéNê�hßô^lqi^tZl�kBhpv ��npésÞ$Ýsu>Ü^i^l:ÞàÞànpisÞ�Ý]ó_t5ôAnZkBÝ é^ishßäskBhjéNê�hßô^lqi^tZl�kBhPäAnpéNk Û hPrjtZÞWL�U

{.}.
èäªésl:ÞbisnpésÞbïCnpi�áàkBnpisÞCî�é]ó é^ishðä^kBh3éNê�hKÝsh

T ` w
n��RáBnpésÞ Û h3Þbu Û ujïChji�áBÞPÝsh

T
h3á
w
Þànpi�áPô^lqi^tZl�kBhjÞ1t Û nZkBÞl Û h3øYlqÞÂáBh�ésish�ä^kBh3éNê�h�Ýsh

T ` w
n��'áBnpésÞ Û h3ÞCi�»ésÝ^ÞCÞànpi�áðô^l:iªt5l:kBh3Þ3vEmonpéNkðrjnZi^r Û éNkBh�isnpésÞCéNáBl Û l:ÞànpisÞ Û tkBuju3r3kBl�áBéNkBhXäskBu3ÜsøNhXäAnpéNkëïðnpi�áàkBh3k Û tCÝsu3Ýsé^r>áBlqnZi�hjiÉésishßu3áGtÈä]hXÝ^h Û t1k��3å Û h

(GCD)
v

v�w���w � w'x �h�� �A����� {��
�*w

�h���� � ����{�� x �	� � 	 � ��	 � � �I}&� � 	 	�� ����� 	 	 �4� 	 � ��	!} � �t~ �
� � � �I}y� � 	 ��� I5476 t LY.(6a?>TUJ<?1?>.C0>I5TUJK?.AI5TUJK2Z8:?>F t ?U;U6 ôªl:i^tZl:kBhKh3i�á1n3áBh ;B4 t ?U;U6X8:2�D54 � ! TB?>.O=G?ÉD�?�D�?UL �÷6a?>TUJK?U;�D54Q;U674W.O=367;ð.AI5.�?U. 6��36a?�2 � ?G= +.^4�2 � ?G= − d � .�6a?>TUJ<?<?U;U6 t5é÷ä Û é^Þ$ô^l:iªt5l:kBh ;G496aI5LN;1=G?>;ß;3I5LN; � 6a?UTUJK?>;P; �Z.ª6a2 �54[`ULª?U;P;3I5.^6/;3I5476 �>4W.O254WTB?>;1?>.6��36a?>Fo;3I54W6M.s4H?U.(6��36a?b2 � ?B= + .^492 � ?G= − d � .�?>.^;3?UJ �>8q?1D�?ß6a?>TUJ<?>;ß?>;U6 t5é�ä Û ésÞ/ôªl:i^tZl:kBh ;G49= �N2�=>LY.RD�?b=G?>;
! 8 ! J<?>.ª67;18Â\ ?>;U6ad � .'25T �>TB?<D�?$SOTB?UL � ? P D�? T ` u ?>;U6ë25LKSA8_LN; �U4W.A254QTG?b;G4/6aI5LY;P;3?>;ß.��HL^D5;P;3I5.ª6ë25LKSA8_LN;
�>4W.O254WTB?>;3d
��� 	 � �A~ 	 x � 8:?P6a?>TUJ<? a− b ?U;U6H25L1SA8_LY; �>4Q.A254WTB?/S^25TP=GI5.ª67TB?ß8:?U;»6a?>TUJ<?>; 2a ?36 3a− 2b .O?P8:?»;3I5.ª6]S^25;3d

� h3ï<t5kGî�ésnpisÞÉî�ésh(Þàl�é^i)h3isÞàhjïPô Û h�Ýsh÷áBh3kBïðh T h3ÞÂá�t5é)ä Û é^Þ�ô^lqi^tZl:kBh(t Û nZkBÞ Û ó hjisÞàh3ïPô Û h
S(T )

ÝshjÞÞànpésÞdX@áBh3kBïðh3ÞëÞ ò i�áGtÈøNl�î�ésh3Þ Û ó h3ÞÂáëujå�t Û h3ïðhji�ájv
��npésÞMäskBnZäAnpÞànpisÞ/ésish$äskBnYr3u3Ý^éNkBh$Ýsh$Ýsujr3lqÞàl:npiKhjiðáBhjïCä^Þ9äAn Û�ò isnpïðl�t Û äAnpéNk Û hëäskBnZô Û �jïðh$Ýsh�Ýsu3Ýsé^r>áBlqnZiÝ^h Û ó lqi�áàkBésÞ Û nZkBÞBî�ésh Û ó hjisÞàh3ïPô Û hPÝsh3Þ�í ò äAnZáBí�jÞàh3Þëh>á Û tCr3npisr Û ésÞàlqnpi�Þànpi�á$Ýsh3ÞcáBh3kBïChjÞëtZé�ä Û ésÞëô^l:iªt5l:kBhZv
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v�w ��w � w�� ��� 	��� 	 �8} ���t~ �
� � � �I}&� � 	 �*w
��npésÞ$ïðnpi�áàkBnpisÞ�rjnZïðïðh3i�á�áàkGt5i^ÞàõQnZkBïðh>kXésishPäskBh3ésêphbÝsnpi�á Û hjÞ$í ò äAnZáBí�jÞàh3Þ�h3á Û t<rjnZi^r Û ésÞàl:npi÷Þànpi�á»tZéä Û é^Þcô^lqi^tZl:kBh3ÞëhjiÉésish»äskBhjéNê�hßtZéÉä Û ésÞcôªl:i^tZl:kBhKýWäskBh3ésêphßn���áBnpésÞ Û h3Þëi�ßésÝsÞëÞànZi�á$tZéÉä Û ésÞcôªl:i^tZl:kBh3Þ � v

��� 	 � �A~ 	 x�� � 21SOTB?>L � ?C;GLY4 � 25.ª6a?�D�? {c}k − {b}k I�� L = {a − b, c − d, {d}k − {a}k}
?36 K = {k}.A\ ?U;U6�S^25;b25L1SA8³LY; �U4W.A254QTG?jd

(GX)

(C)

(GX)

(A)
a− b ∈ T

T ` a− b
(A)

c− d ∈ T

T ` c− d

T ` a− b+ c− d
(A)

k ∈ T

T ` k

T ` {a}k − {b}k + {c}k − {d}k
(A)
{d}k − {a}k ∈ T

T ` {d}k − {a}k

T ` {c}k − {b}k

�ßI5LN;ß67TB25.^;Q03I5TUJKI5.s;P=G?>6@6a?ëSOTB?UL � ?C?>.÷LN.A?cSOTB?>L � ?C25L1SA8³LY; �U4W.A254QTG?jd

(GX)

(C)

(A)
a− b ∈ T

T ` a− b
(A)

k ∈ T

T ` k

T ` {a}k − {b}k
(C)

(A)
c− d ∈ T

T ` c− d
(A)

k ∈ T

T ` k

T ` {c}k − {d}k
(A)
{d}k − {a}k ∈ T

T ` {d}k − {a}k

T ` {c}k − {b}k

 i�áBésl:áBl:êphjïðh3i�ájè

〈U〉
hjÞÂá Û ó h3isÞàhjïPô Û hCÝshbáBh>kBïðh3Þ�hji÷õWnZkBïðhbisnZkBï<t Û h8VðäOtÈkàáBl:k»Ýsh3ÞBî�ésh Û Þ�isnpésÞXäAnpéNê�nZi^ÞÝsu3Ýsé^l�kBh»áBnpésÞ Û h3ÞëÞànpésÞdX[h3isÞàhjïPô Û hjÞ$Ýsh

U
h3i tÈä^ä Û l�î�é^tZi�á$ésisl�î�é^h3ïðh3i�á Û tbk��jå Û h

(GX)
v

������A������{�� � 	��
〈U〉

�� I5476 U LN.�?>.^;>?>J �>8:?ðD�?b6a?UTUJK?>;».AI5LY;1D ! .AIZ6aI5.^;/S^25T 〈U〉 8Â\ ?U.^;3?UJ �38:?ðD�?b6a?UTUJK?>;6a?>8�`>L^?ðV
〈U〉 = {(α1u1 + . . .+ αnun) ↓ | α ∈ Z, ui ∈ U}

^»tZisÞ Û h$r�t5ÞQLNMNOTP
{.}.

è Û t»äskBnZäAnpÞàl:áBl:npi�\XhjÞÂáHä Û é^ÞHÞàlqïCä Û h+VPn5ô^áBh3isl:k/h>á/õQnpisr3áBl:npisish$ÞàéNk Û tßï4njïCh$lqÝsu3hÝsh�Ýsu3rjnpéNäªtZåph�Ýsh$äskBh3ésêphpv^úHhëkBujÞàé Û áGtÈácisnpésÞHä]h>kBïðh>á/Ýsh$ä^kBnZésêph3kcî�ésh$áBnpéNáBh$äskBh3ésêph�Ýsnpi�á Û h3Þ/í ò äAnZáBí�3ÞàhjÞh>á Û tCrjnZi^r Û ésÞàl:npiÉÞànpi�á$tZé�ä Û ésÞcô^lqi^tZl:kBh3ÞcäAhjéNáun3áàkBh�áàkGtZisÞàõQnZkBïðu3h»hji�ési^h�ä^kBh3éNê�hßtZé�ä Û ésÞ�ô^lqi^tZl�kBhßtjê�h3r Û hjÞï8njïðh3Þëí ò äAnZáBí�3Þàhßh>á Û t1ï4njïChßrjnpisr Û ésÞàlqnZi�è Ý^tZisÞ Û h Û h3ïðïðhPãpãbäOt5åphßr3l X[r3npi�áàkBhZv
��� { ��{ �(������{�� ��� I5476 U LY.�?U.^;3?>J �38:? � .^4HD�?b6a?>TUJ<?>;b25L1SA8³LY; �U4W.A254QTG?U;b?36 u ∈ 〈U〉 d �$8:I5TU;»4W8�? �54W;U6a?1D�?>;6a?UTUJK?U;b25LCSA8_LN; �>4W.O254WTB?>; v1, . . . , vk ∈ 〈U〉

I�� u ∈ 〈v1, . . . , vk〉
?>6c2Z6aI5J1; (v1, . . . , vk) ⊆ 2Z6aI5JC; (u) d

� TB?>L � ? k ��npésÞMh3ìAh3r3áBésnpisÞMési^hcäskBhjéNê�hcäOtÈkHlqisÝsésr3áBl:npi<ÞàéNk Û hëisnpïPôskBhëÝ]ó u Û u3ïðh3i�áBÞMÝsh
U
vsú/t5Þ9Ýsh�ôªtZÞuk

] l
u = 0

t Û nZkBÞßisnpésÞßrGí^nZlqÞàlqÞàÞànZi^Þ
k = 0

v ] lqisnpiRl Û h>øNlqÞÂáBhðési
a ∈

t5áBnZïðÞ
(u)
è]h>áPési�áBh3kBïCh

u0 ∈ U
áBh Û Þî�é^h

a ∈
t5áBnpïðÞ

(u0)
v ] npl:á

α

Û h»õWtZr>áBhjéNkëtjêphjr Û hjî�ésh Û
u0
t5äsäªt5kGt��qácÝªt5i^Þ Û h�áBh3kBïðh

u
è^tZl:isÞàl

u = αu0 + u′
n��

u′ ∈ 〈U \ {u0}〉
vmEt5k$í ò äAnZáBí�3ÞàhßÝ�ó lqisÝsésr3áBl:npi l Û h3øNl:ÞÂáBhßÝshjÞcáBh3kBïðh3Þ$tZéÉä Û ésÞ�ô^lqi^tZl�kBhjÞ

v′1, . . . , v
′
l ∈ 〈U \ {u0}〉

áBh Û Þ$î�ésh
u′ ∈ 〈v′1, . . . , v

′
l〉
h3á$tÈáBnpïðÞ

(v′1, . . . , v
′
l) ⊆

tÈáBnpïðÞ
(u′)

v
��npésÞëÝsl:ÞÂáBlqisåpésnpisÞ�áàkBnplqÞ�rjtZÞ�k
çZv
u0
i]ó hjÞÂáßäOt5ÞPh3iRá1n3áBhðtjê�h3r

+
èftZlqisÞàl

u0 = a
v ��npésÞßäskBh3isnpisÞ

k = l + 1
è
vi = v′i

äAnpéNk
i < k

èfh>á
vk = u0

v �ëk
ui ∈ 〈U \ {u0}〉

äAnpéNk
i < k

i^nZé^Þ$nZôsáBh3i^nZi^Þ
ui ∈ 〈U〉

äAnpéNk
i < k

èªh>á
vk ∈ 〈U〉

rjt5k
u0 ∈ U

vmot5k rjnZi^ÞÂáàkBésr>áBlqnpi]è
u ∈ 〈v1, . . . , vk〉

èCh>á r3npïðïCh
a ∈

t5áBnZïðÞ
(u)

i^nZé^Þ t3ê�npisÞ t5áBnpïðÞ
(u) =tÈáBnpïðÞ

(u′) ∪ {a}
vMmEt5k<r3npisÞàu�î�é^h3i�ájè9tÈáBnpïðÞ

(vi) ⊆
t5áBnZïðÞ

(u′) ⊆
t5áBnZïðÞ

(u)
äAnpéNk

i < k
äªt5kðí ò XäAnZáBí�3ÞàhßÝ]ó lqisÝsé^r>áBlqnZi�è^h>á$t5áBnpïðÞ

(vk) = {a} ⊆
t5áBnpïCÞ

(u)
äªt5k$rGísnpl:ø�Ýsh

a
v

���
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ãYv
u0 = a − b

nZé
u0 = b − a

äAnpéNk
b ∈

t5áBnpïðÞ
(u)
voúHhKrjtZÞbh3ÞÂá1Þàh3ïPô Û tÈô Û h�tZéRäskBhjïðl:h3kbr�tZÞlk�isnpésÞrUísnpl:ÞàlqÞàÞànpisÞ

k = l + 1
è
vi = v′i

äAnpéNk
i < k

èEh3á
vk = u0

vHúHnpïðïðh�äskBu3rju3ÝshjïðïChji�ájè
ui ∈ 〈U〉ä]nZésk

i ≤ k
èotZlqisÞàl/isnpésÞCnZôsáBh3isnpisÞ

u ∈ 〈v1, . . . , vk〉
v9úHnpisr3h3kBi^tZi�á Û hjÞCt5áBnZïðhjÞ1Ýsh

u
isnpésÞCtjê�npisÞt5áBnpïðÞ

(u) =
t5áBnpïðÞ

(u′) ∪ {a, b}
h>áëÝsnpisrPt5áBnpïðÞ

(v1, . . . , vk) ⊆
t5áBnpïðÞ

(u)
v

âYv
u0 = a− b

npé
u0 = b− a

äAnpéNk�ési÷t5áBnZïðh
b
èªh3á

b 6∈
t5áBnpïCÞ

(u)
v ��npésÞëÞàésäsäAnpÞànpisÞ$ÞBtZisÞëäAh3kBÝNkBhßÝ^håpujisu>kGt Û l�áBußî�ésh

u0 = a− b
v

úHíªtZî�ésh
v′i
t3ê�hjr

1 ≤ i ≤ l
ä]h3éNá Þ3ó u3r3kBl�kBh

v′i = λia+γib+v
′′
i

n��
a, b 6∈

tÈáBnpïðÞ
(v′′i )

v ��nZé^Þ�rUísnpl:ÞàlqÞàÞànpisÞ
k = l

èsh3á
vi = (λi + γi)a+ v′′i

äAnpéNk
1 ≤ i ≤ k

v
monpéNkëáBnpéNá

i
l Û h3øYlqÞÂáBh»Ý^h3éNøÉt5áBnpïChjÞëtZé�ä Û ésÞëô^l:iªt5l:kBh3ÞëÝ^tZisÞ

v′′i
rjt5k

v′i
h3ÞÂá$tZéÉä Û ésÞcôªl:i^tZl:kBhZv

m ] l
v′′i
r3npi�áBlqh3i�áëÝsh3éNø�t5áBnZïðhjÞët Û nZkBÞ

λi = γi = 0
è^h>á

vi = v′i
hjÞÂá$t5éÉä Û é^Þ�ô^lqi^tZl�kBhpv

m ] lqisnpi]èpÞàl
v′′i
r3npi�áBlqh3i�áMé^iðt5áBnZïðh�tZé1ä Û ésÞEô^l:iªt5l:kBhZè�t Û nZkBÞ

v
h3ÞÂá9t5éCä Û é^Þoô^lqi^tZl:kBhcrjt5k

b 6∈
t5áBnZïðÞ

(vi)
vmonpéNkëáBnpéNá

i
è
v′i + γiu0 = (λi + γi)a+ v′′i = vi

è^h>áëÝsnpisr
vi ∈ 〈U〉

v
mEt5kër3npisÞÂáàkBé^r>áBlqnZi�èªt5áBnZïðÞ

(vi) ⊆
tÈáBnpïðÞ

(v′i) ∪ {a} \ {b} ⊆
t5áBnpïðÞ

(u)
v

��npésÞKïðnpi�áàkBnpisÞ<Ý^nZi^r÷î�é^h
u ∈ 〈v1, . . . , vk〉

v ] nZl:á
u′ = Σi=n

i=1αiv
′
i

v � hjïðt5kGî�ésnpisÞKÝ]ó_tÈô]n5kBÝ�î�éshrjnpïCïðh
u = αu0 + Σi=n

i=1αiv
′
i = αa − αb + Σi=n

i=1 (λia + γib + v′′i )
è
b 6∈

t5áBnpïðÞ
(u, v′′1 , . . . , v

′′
n)
h3á

α = Σi=n
i=1αiγi

è^isnpésÞënZôsáBhjisnpisÞ�Ýsnpisr4k
Σi=n

i=1αivi = Σi=n
i=1αi(v

′
i + γiu0) = Σi=n

i=1αiv
′
i + (Σi=n

i=1αiγi)u0 = u′ + αu0 = u

�

z
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 � 25T �>TB?»D�?ESOTB?>L � ?X25L»SA8_LN;��>4Q.A254WTB?
P ′ 2 � ?G=1?>.^;3?UJ �>8q?CD�?903?>LY478Q8:?U; L′ ⊆ L FH?>.s;3?>J �38:?ðD�? K ′ ⊆ K FH?369TB2�=>4Q.A? r d
� TB?>L � ? k � hjïðt5kGî�ésnpisÞ<Ý]ó t5ôAnZkBÝ î�ésh�áBnpéNáBh3ÞðlqisÞÂáGtZisr3hjÞðÝsh Û t(k��jå Û h (C)

npé
(D)

èoä]h3éNê�h3i�á4n3áàkBh�êNésh3ÞrjnpïCïðhbési÷rjtZÞ$ÞÂä]u3r3l�t Û Ý]ó ési � úQ^+XatÈkàô^kBhPÝ^hßä^kBh3éNê�hZè Û tðkGtZr3lqishbh3ÞÂáXtZé ä Û é^Þ$ô^l:iªt5l:kBh�Þàl h>á�Þàh3é Û hjïChji�á�ÞàlÛ h3ÞMõWh3ésl Û:Û h3ÞMÞànpi�áHtZéCä Û ésÞEô^lqi^tZl�kBhjÞ3v�mot5k9r3npisÞàu�î�é^h3i�ájè�ÞàlNáBnpésÞ Û hjÞEkBu3Þàé Û áGt5áBÞMÝsh3ÞMl:i^ÞÂáGt5i^r3h3Þ9Ýsh Û tXk��3å Û h
(GX)Ýªt5i^Þëé^ish»ä^kBh3éNê�h

P
Þànpi�áXtZéÉä Û ésÞ$ô^lqi^tZl�kBhjÞ$t Û nZkBÞ

P
h3ÞÂá�tZé�ä Û ésÞëô^lqi^tZl�kBhpèªh3i ÞàésäsäAnpÞBtZi�áXî�é^h Û ó hjisÞàh3ïPô Û hÝ^h»õWh3ésl Û:Û h3Þ

L
è Û ó h3isÞàhjïßô Û hPÝsh»r Û hjõQÞ

K
è^h3á Û t1kGtZr3lqish

r
Þànplqh3i�á�tZé�ä Û ésÞ�ô^lqi^tZl:kBh3Þ3v

] lqisnpi]è]l Û h3øYlqÞÂáBhCésishClqisÞÂáGtZisr3hðÝsh Û t�k��3å Û h
(GX)

Ýsnpi�á Û hbkBujÞàé Û áGtÈáßi]ó h3ÞÂá»äªtZÞßtZé(ä Û ésÞXô^l:iªt5l:kBhðh>á»n��áBnpéNáBhjÞ Û hjÞcõWh3ésl Û:Û h3Þ�Þànpi�áëtZé�ä Û é^Þcô^l:iªt5l:kBh3Þ3vOúHnpïðïðh Û tbkGtZrjl:ish»Ýsh
P
h3ÞÂáëtZé�ä Û é^Þcô^l:iªt5l:kBhXäªt5kGt1í ò äAnZáBí�jÞàhZèÛ hPrUísh3ïðlqi Ýsh Û tðkGtZr3lqishPÝsh

P
V Û t<r3npisr Û ésÞàlqnpi Ýsh Û tðk��jå Û h

(GX)
isnpi(t5é�ä Û ésÞ$ô^lqi^tZl�kBhPäªtZÞàÞàhbõQnZkBrju3ïðh3i�áäOtÈkëé^ishPtZéNáàkBhXk��jå Û h

(GX)
v�[�l:i^Þàl Û tCäskBh3ésêphßh3ÞÂáëÝsh Û tðõQnZkBïðh»Þàé^l�êpt5i�áBh4k

�������

������� T ` u1 · · · T ` un

�����
	��

�����
	�� T ` u
ý
∈ 〈u1, . . . , un〉

�vvv
T ` u′ P1 · · · Pn

P

n��
(C,D)

h3ÞÂáÉi]ó lqïCäAnZkàáBh�î�ésh Û:Û h(l:isÞÂáGtZisrjh(Ýsh(k��3å Û h
(C)

npé
(D)

è/h3á�n�� Û h3ÞÉr Û h3õWÞ�Þànpi�á�npïClqÞàh3Þ�äAnpéNkä Û ésÞÉÝsh�r Û t5kàáBuZv � k
	Zr3h V Û t�äskBnZäAnpÞàl:áBl:npi \RäªtZåph(äskBujr3u3Ý^h3i�áBh�l Û h3øNl:ÞÂáBh�Ýsh3Þ�áBh>kBïðh3ÞÉtZé)ä Û ésÞ�ô^lqi^tZl:kBh3Þ
v1, . . . , vk ∈ 〈u1, . . . , un〉

áBh Û ÞMî�ésh
u ∈ 〈v1, . . . , vk〉

h>áHt5áBnpïCÞ
(v1, . . . , vk) ⊆

t5áBnpïðÞ
(u)
vpmEt5k9rjnpisÞàujî�éshji�ájèi^nZé^Þ/nZôsáBh3isnpisÞcési^h$äskBhjéNê�h�Ýsh Û tbõWnZkBïChXÞàésl:êZtZi�áBhpèYn���isnpésÞ/isnZáBnpisÞ/äªt5k

T ` U
Û ó hjisÞàh3ïPô Û hXÝshjÞ/Þàujî�éshji�áBÞ

� �



���������
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{T ` z | z ∈ U}
k

�������

� � ���
������� T ` U

T ` v1 · · ·

������� T ` U
T ` vn

�����
	��

�����
	�� T ` u
ý
∈ 〈v1, . . . , vn〉

�vvv
T ` u′ P1 · · · Pn

P

^»tZisÞHrjh>áàáBh$t5kàôskBh�ÝshëäskBh3éNê�h�isnpésÞHÞBtjêpnpisÞcî�éshZè�ä]nZéskHáBnZésá
i
è
vi ∈ 〈U〉

hjÞÂá/ési<áBh3kBïCh�tZé<ä Û é^Þ9ô^lqi^tZl:kBhZv
��nZé^ÞHäAnpéNê�npisÞcÝsnpisr�rjnpïCïbéNáBh3k Û tPk��3å Û h

(GX)
tjê�h3r Û tPk��jå Û h

(C)
Þàésl:êZtZi�áBhpèYr�t5k/l Û hjÞÂáHáBnpé�!ÂnpéNkBÞHäAnpÞàÞàl:ô Û hÝshßõ7tZl�kBhßé^i�rGí^l�ìOkBhjïðh3i�áXtjêZtZi�á$ésishßk��3å Û h

(GX)
vAúHnpïCïðhbt5áBnZïðÞ

(vi) ⊆
t5áBnZïðÞ

(u)
ä]nZésk

1 ≤ i ≤ k
i^nZé^ÞäAnpéNê�nZi^ÞëtZésÞàÞàlfr3npïðïbéNáBh>kërjh>áàáBhßt5äsä Û l:r�t5áBl:npi�Ýsh Û t1k��3å Û h

(GX)
tjê�h3r Û tCk��3å Û h

(D)
Þàé^l�êpt5i�áBhZv [�lqisÞàl�isnpésÞn5ô^áBh3isnpisÞëésish»äskBh3éNê�hßÝsh Û tðõQnZkBïðh»Þàé^l�êpt5i�áBh8k

�������

������� T ` U

�����
	�� T ` v1

�����
	��
vvv

T ` u′1

������� T ` U

�����
	�� T ` vn

�����
	��
vvv

T ` u′n P1 · · · Pn

P

n��
u′ ∈ 〈u′1, . . . , u

′
n〉
v���npésÞ�rjnZi^r Û ésnpisÞëh3i tÈä^ä Û l�î�é^tZi�á Û ó í ò äAnZáBí�3ÞàhßÝ�ó lqisÝsésr3áBl:npi VCrjh>á$tÈkàô^kBhßÝshXäskBhjéNê�hZèrjt5k Û hßi^nZïPôskBhßÝ�ó t5äsä Û lqrjt5áBl:npisÞ$Ýsh Û t1k��jå Û h

(GX)
tCÝslqïðl:iYésußh3ácáBnpésÞ Û hjÞ�i^nZésêph�tZéNø�i�ßésÝsÞëÞànpi�á�tZé�ä Û ésÞô^l:iªt5l:kBh3Þ3v

�
��npésÞcÝsu>Üªisl:ÞàÞànpisÞ Û tPk��jå Û h

(GCD)
r3npïðïChXésish»l:isÞÂáGtZisrjh�Ý^h3Þ/k��3å Û h3Þ

(GX)
è
(C)

h3á
(D)

r3h>áàáBh�õQnZkBïðhZv
������A������{�� ��x�� � � � ~ 	

(GCD)
� � 2�T����p8:? (GCD) =GI5.ª674@?>.ª6$? ��2�=36a?UJK?U.ª6ëLY.A?C4W.^;U6a25.O=G?�D�? (GX) F�I��6aI5LN6a?>;»8:?>;X4Q.^;U6a25.A=G?U;PD�? (C) ;3I5.ª6/25L � D�?U;G;GLY;PD�?P8:2<T����Z8:? (GX) F9?3696aI5Ls6a?U;»8q?U;X4W.^;U6a25.O=G?>;PD�?ß8q2ðT����p8:? (D);>I5.ª6c25L � D�?>;B;3I5LN;PD�?P8q2ðT����p8:? (GX) d

������A������{�� ��� �
S⊕2(T )

� � I5476 T LY. ?>.s;3?>J �38:? D�?)6a?UTUJK?U;)?>. 03I5TUJ<? .AI5TUJK2Z8:?UF .AI5LY;)D ! � .^4Q;G;3I5.^;
S⊕2(T ) S^25TbV

S⊕2(T ) = 2Z6aI5JC; (T ) ∪ {a1 − a2 | a1, a2 ∈
2Z6aI5J1; (T ), a1 6= a2}

� hjïðt5kGî�ésnpisÞëî�ésh S⊕2(T )
Þàhßrjt Û rjé Û hXhji�áBhjïCä^ÞcäAn Û�ò i�`pïðl�t Û h3i

T
vqv ��npésÞcäskBnpéNê�npisÞëï<t5lqi�áBhji^tZi�áëésishkBu3Þàé Û áGt5áëÝsh Û nYr�t Û l:áBu�ä]nZésk Û hjÞcäskBhjéNê�h3Þ�kBh>äskBujÞàh3i�áBujh3Þcäªt5k$ési � úQ^"Xat5kàôskBhßÝsh»äskBh3éNê�hpv

z
	 ���	�� ��� I5476 P LN. � �
 � 25T �UTB?�D�?»SOTB?UL � ?É2 � ?B=�=GI5JCJ<?�?>.^;3?UJ �>8q?ÉD�?$0>?>LY478Q8:?>; L F�D�?�=38:?@0B; K F�?36=BI5JCJK?$TB2�=>4Q.A? r d � 4 L∪{r} ∈ S⊕2(T ) S^I5LNTëLY.÷?>.^;3?UJ �>8q?PD�?�6a?>TUJ<?>; T 2Z8:I5TU;�478]?��54W;U6a?�LY.÷25T �>TB?9SOTB?>L � ?6a?>8�`>L^?16aI5LY;»8:?>;».��9L^D5;»;>I54[?>.^6cD�25.^; S⊕2(T ) d
� TG?UL � ? k H h Û hjïðïCh1ç�âXäOt5åph � ç�tZÞàÞàéNkBh Û ó h>øNlqÞÂáBh3isrjh$Ý]ó ésish$äskBh3éNê�h�Þàl:ïCä Û h$h3á ⊕ � ?B2 ��?>T v ��nZé^Þ/tÈä^ä Û l�î�ésnpisÞt Û nZkBÞ Û tðáàkGtZisÞàõWn5kBï<t5áBlqnZi÷ÝshPäskBhjéNê�hPÝ^u3r>kBl:áBhPÝ^tZisÞ Û h Û h3ïðïðhCãZãðäªtZåZhPäskBujr3ujÝsh3i�áBhpèOtZlqisÞàlfáBnpésÞ Û hjÞ$i�ßésÝsÞÝsh Û tPäskBhjéNê�h�Þànpi�ácÝ^nZi^rXtZéKä Û ésÞ/ô^lqi^tZl:kBh3Þ3vªúHnpïðïðh

P
h3ÞÂá�Þàl:ïCä Û hZè Û tbÞàh3é Û h�äAnpÞàÞàl:ô^l Û l:áBu�hji�áàkBh�Ý^h3éNø<k��3å Û hjÞ

(GX)
h3ÞÂáßÝsh1áàkBnpéNê�h3k»é^i�Þàu�î�é^h3isrjhCÝsh1k��jå Û h3Þ

(D)
Þàésl:êNl:hðÝ]ó ésishðÞàujî�éshjisr3hðÝsh1k��3å Û h3Þ

(C)
v H t�õQkBnZi�áBl �3kBhh3i�áàkBh1ÝshjéNø lqisÞÂáGtZisrjh3ÞXÝsh Û tKk��3å Û h

(GCD)
Þàh1áBh>kBïðlqishbõWnZkBr3u3ïðhji�á�äOtÈk»ésishCÞàujî�éshjisr3h1Ý]ó_tÈä^ä Û lqrjt5áBlqnpisÞXÝshÛ tCk��jå Û h

(D)
vAúHnpïCïðh

r ∈ S⊕2(T )
äªt5k$í ò ä]n5áBí��3ÞàhZèªisnpésÞ$ÞBt3ê�npisÞ�ÝsnpisrPî�ésh

vi ∈ S⊕2(T )
r�t5këäAnpéNkëáBnpéNá

�Zÿ



� � �
��� � ���&���$���� &� �&��������� ��� �����������

i
è
atoms(v) ⊆

t5áBnpïCÞ
(u)

h3á
vi
Þànpi�á»Ýsh3Þ�áBh3kBïðh3ÞXtZé÷ä Û ésÞ�ô^lqi^tZl�kBhjÞ3vAmEtZÞXrjnZi^Þàujî�ésh3i�ájèOáBnpésÞ$áBh3kBïðh3ÞXl:ÞàÞàésÞÝ�ó ési^hPÞàujî�éshjisr3hPÝ^hPÝsu3rUísl:ìOkBh3ïðh3i�á+Vðäªt5kàáBl�k�Ýsh

vi
Þànpi�á�ÝsnpisrbÝ^tZisÞ

S⊕2(T )
èAtZl:isÞàlfáBnpésÞ Û hjÞ$i�»ésÝ^Þ�Ýsh Û tä^kBh3éNê�h»Þànpi�á$Ý^tZisÞ

S⊕2(T )
v
�
~Û i^hXkBh3ÞÂáBh»ä Û ésÞ$î�é]ó_t1ïðnpi�áàkBh3k Û tCÝsu3Ýsé^r>áBl:ô^l Û l:áBu»h3i�ési^h»u>áGt5äAhXäAnpéNk$r3h3áàáBhXk��3å Û hpv

v�w���w � w � � ���s| � ����� � 	 � � �� � 	 ��{�� � ~ } � � ��� |*��� � ��~'� � ��	��	��� 	!��� }�� 	 � 	
(GCD)

w
^»tZisÞ�r3h3áàáBh Þàhjr>áBlqnZi¼i^nZé^Þ�isnZáBh>kBnpisÞ3èßä]nZéskRä Û ésÞ�Ýsh r Û t5kàáBuZèPésish Þàu�î�ésh3isrjh Ýsh rUísl:ìOkBh3ïðh3i�áBÞ�äªt5k

{m}x1···xn

V Û t1ä Û tZr3hßÝsh
{· · · {m}x1

· · · }xn

v
��npésÞcÝsh>ê�npisÞcï<tZlqi�áBh3i^tZi�á�Ýsujr3lqÝsh>k Û t1ÝsujÝsésr>áBl:ô^l Û l:áBuXh3iÉésishXu3áGtÈä]h�Ýsh Û tbk��3å Û h

(GCD)
èYÝsu3Ü^isl:áBl:npi ãNçäOt5åph$r3l X[r3npi�áàkBh k � áGt5i�á/Ýsnpisisu$é^iKh3isÞàhjïPô Û h

U
ÝshëáBh>kBïðhjÞ/t5éKä Û é^Þ9ô^l:iªt5l:kBh3Þ/h>á/ési<áBh3kBïCh�tZé<ä Û ésÞ9ô^lqi^tZl:kBh

r
è]h>øNl:ÞÂáBh�X@á X[l Û ési^h1k��3å Û h

(GCD)
tjê�h3r Û hjÞ»õQhjésl ÛqÛ h3Þ»h>á Û hjÞ»r Û h3õWÞXr3npi�áBhji�ésh3Þ»Ý^tZisÞ

U
h>á Û t�kGtZr3lqish

r � ��npésÞÝ^l:ÞÂáBlqisåpésnpisÞëÝsnpisr»áàkBnpl:ÞërjtZÞcäAnpÞàÞàl:ô Û hjÞ�k
çZv
r
i]ó h3ÞÂá÷äOt5Þ(hji á1n>áBh'tjê�h3r

+
è�h>á�l Û h>øNlqÞÂáBh�é^ish�Þàé^l�áBh'Ýsh�áBh>kBïðh3Þ(tZéÐä Û é^Þ÷ô^lqi^tZl�kBhjÞ

({ai}vi
−

{bi}vi
)i=1,...,N

áBh ÛqÛ h(î�éshZèHäAnpéNk�áBnpéNá
i
ÞànZl:á

{ai}vi
− {bi}vi

Þànpl�á
{bi}vi

− {ai}vi

hjÞÂá�Ý^tZisÞ
U
èé^i�áBh>kBïðh

aN+1 ∈ U
isnpi hji�á1n>áBhbt3ê�hjr

+
èOh>á�ésishPÞàé^l�áBh

(hi)i=0,...,N+1
ÝshPïðnZáBÞ$Ýsh

U∗ áBh ÛqÛ hPî�ésh
{r}h0

= {a1}v1h1

h3á
{bi}vihi

= {ai+1}vi+1hi+1

äAnpéNk�áBnpéNá
i = 1, . . . , N

v
ãYv
r
h3ÞÂá$ési�áBh>kBïðhPtZé�ä Û ésÞëô^lqi^tZl:kBh

r1 − r2
è^h3áël Û h>øNl:ÞÂáBhßÝsh3ésøÉl:isÞÂáGtZisrjh3ÞëÝ^h Û tCk��jå Û h

(GCD)
rjnZïðïðhÝªt5i^Þ Û hXäskBhjïðl:h3kër�t5Þëtjê�h3r»kGtZrjl:ishjÞ

r1
èNkBhjÞÂä�v

r2
è^h>á$tjê�h3r Û tCï4n3ïðhßÞàésl:áBh»Ýshßr Û hjõQÞ

hi
v

âYv
r
h3ÞÂá�ési�áBh>kBïðh÷tZé ä Û ésÞ�ô^l:iªt5l:kBh

r1 − r2
èHh3á�l Û h>øNl:ÞÂáBh÷ésish(Þàésl�áBh(Ýsh÷áBh>kBïðh3Þ�tZé ä Û ésÞKô^lqi^tZl:kBh3Þ

({ai}vi
−{bi}vi

)i=1,...,N
áBh Û:Û hXî�ésh$ä]nZésk/áBnpéNá

i
Þànpl�á
{ai}vi

−{bi}vi

Þànpl�á
{bi}vi

−{ai}vi

hjÞÂácÝ^tZisÞ
U
è�h3áHésishëÞàésl:áBh

(hi)i=0,...,N
Ý^hëïðn5áBÞ

U∗ áBh Û:Û h$î�é^h {r1}h0
= {a1}v1h1

è
{bi}vihi

= {ai+1}vi+1hi+1ä]nZésk
i = 1, . . . , N − 1

è^h>á
{bN}vN hN

= {r2}h0

v

(D)

(D)

(GX)

(C)

(C)

(C)

(C) (C)

(C)

(C)

(C)
...− −

−

−

− −

oQp�qQr]æYv \ m 
~ÛqÛ ésÞÂáàkGt5áBlqnpiÉÝ^é�áàkBnpl:Þàl �3ïðhßrjtZÞ3v
��npésÞoáàkGtZl�áBnpisÞMÝ^tZisÞ Û t»Þàésl�áBh�Ý^hcr3h3áàáBhcÞàh3r>áBlqnpiðésisl�î�é^h3ïðh3i�á Û hcÝsh3kBisl:h3kMr�tZÞ3èpl ÛqÛ ésÞÂáàkBu�Ý^tZisÞ Û tXÜ^åpéNkBh$æYv \�èÛ h3Þ�Ýsh3ésø<äskBhjïðl:h3kBÞ�rjtZÞcu>áGtZi�á�ÞàhjïPô Û t5ô Û h3Þ3v ^»tZisÞ�rjh>áàáBh�Ü^åpéNkBhZè Û tbÞàé^l�áBh»Ýsh»r Û h3õWÞcÝsh»rGísl:ìOkBhjïChji�á�i�ó hjÞÂácäªtZÞä^kBu3r3lqÞàu3hpv��npésÞ�tjê�npisÞ�ési�áBh>kBïðhXô^l:iªt5l:kBh»r3npïðïðh»r3npisr Û é^Þàl:npiÉÝsh Û tbk��3å Û h

(GX)
èYÞàésk Û h�î�é^h Û é^ish»Þàésl:áBh»Ýshk��jå Û hjÞ

(D)
hjÞÂáctÈä^ä Û l�î�ésu3hpèYh>ácésish�Þàé^l�áBh�Ýsh$áBh3kBïðh3Þ9ô^lqi^tZl�kBhjÞ/r3npïðïðh�í ò äAnZáBí�3ÞàhjÞ/Ýsh Û tßk��jå Û h

(GX)
è�Ý^nZi�árUí^tpî�ésh1áBh>kBïðhCô^lqi^tZl�kBhðhjÞÂáßlqÞàÞàéRÝ]ó ésishðÞàujî�éshjisr3hCÝ�ó t5äsä Û lqrjt5áBl:npisÞßÝ^h Û t�k��jå Û hðÝshCrUísl�ìAkBh3ïðh3i�á

(C)
v ^»tZisÞrjh>áàáBh�Þàésl:áBh»Ýsh�áBh3kBïChjÞ3è Û hjÞ�tÈáBnpïðh3Þ�Þ3ó u Û lqïðl:i^h3i�áëÝsh3éNøCVbÝshjéNø�ýWkBh>äskBujÞàh3i�áBujÞ/äªt5k Û hjÞ�t5kBr3Þ�Ýsh Û tbÜ^åpéNkBh � èNishä^kBu3Þàh>kàêptZi�áëésisl�î�ésh3ïðh3i�á Û hXäskBhjïðl:h3këh>á Û h»Ýsh3kBisl:h3k�áBh3kBïðh»Ý^tZisÞ Û h»kBu3Þàé Û áGt5áëÝsh Û t1k��jå Û h

(GX)
vH ó l:Ý^u3h Ýsh÷isnZáàkBh÷t5äsäskBnYrGísh÷r3npisÞàlqÞÂáBh V�kGtZïðh3ish3k Û t�Ý^u3Ýsésr3áBl:npi�h3i ésish÷u>áGt5äAh Ýsh Û tRk��3å Û h

(GCD)tZé(äskBnZô Û �3ïðhCÝ�ó tZr3rjh3ÞàÞàl:ô^l Û l:áBu ýGöðkBhjtZrGí^t5ô^l Û l�á ò ù � Ý^tZisÞ Û h3ÞßÞ ò ÞÂá��3ïðh3Þ»Ýsh1kBuju3r3kBl�áBéNkBh1äskBu3ÜsøNhZè]u3áBésÝslqu3Þ»äªt5k
^CvOú/tZésr�t ÛNG ú/t5é �Zã�K[vH hjÞoáBh>kBïðh3ÞMrGísl:ìOkBujÞErjnZïðïðh

{a}xyz
Þàh>kBnpi�á9isnZáBu3Þ

axyz
è�n��

a
i]ó h3ÞÂáMäªtZÞMh3iCá1n>áBhci^l^tjêphjr�ési

+
èpi^l^tjêphjré^i Þ ò ïPôAn Û h1ÝshbrGísl:ìOkBhjïChji�ájv�úHh>áàáBhbisnZáGtÈáBlqnpi hjÞÂá$êYé^hPrjnpïCïðhbésish1rGí^t���ishbÝshbrjt5kGtZr>á��3kBh3Þ$n�� Û hPäskBhjïðl:h3k

�Nç
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áBh>kBïðhPkBh>äskBujÞàh3i�áBh Û hbïðh3ÞàÞBtZåph1rGísl:ìOkBu1Þàésl�êNl Ýsh Û tKÞàésl:áBhbÝ^hPrUísl:ìOkBh3ïðh3i�áBÞXt5äsä Û l�î�é^u3Þ�Ýsé ä Û ésÞ�äskBnpõWnZi^Ý(tZéä Û é^ÞoÞàéNäAh3kàÜ^r3lqh Û v�úHh3rjl�ä]h3éNáEtZésÞàÞàl
n3áàkBh9êNébr3npïðïðh/ésishcr3npiNÜ^åpéNkGt5áBlqnZi1Ý]ó ésiCtZéNáBnpï<t5áBhSVëäªl Û hXýGöcä^ésÞàísÝ^n��ëiäskBnYr3h3ÞàÞbù � tjê�h3r
a
rjnZïðïðhCu3áGtÈáßh>á

xyz
rjnZïðïðh1ä^l Û hZè Û t�r Û h3õ Û t�ä Û ésÞXkBujr3hji�áBh1ÞàhCáàkBnpéNê�hðt5é�Þànpïðïðh>áßÝshä^l Û hZv

��npésÞoäskBujÞàh3i�áBnpisÞMÝ]ó_tÈô]n5kBÝ Û tXr3npisÞÂáàkBé^r>áBlqnZiðÝ^tZisÞEésiðrjtZÞoÞàlqïCä Û l�Ü^upv ] lNi^nZé^ÞElqåpisnZkBnZi^ÞoäAnpéNk Û h�ïðnZïðhji�áÛ hjÞ�lqisÞÂáGtZisr3hjÞ$ä]nZÞàÞàl:ô Û h3ÞXÝ^h Û t<k��3å Û h
(D)

èAh>áXÞàl isnpésÞXÞàéNä^äAnpÞànZi^Þ»tZésÞàÞàlEî�é^hPáBnpésÞ Û h3Þ�áBh>kBïðh3ÞXh3i ä]nZÞàl:áBlqnZir Û h3õªÝ^tZisÞMésiCáBh>kBïðhcÝsh
U
ÞànZi�á9t5é^ÞàÞàlsr3npi�áBhji�ésÞMÝ^tZisÞ

U
v���npésÞEr3npisÞÂáàkBé^l:ÞànpisÞ9t Û nZkBÞEÞàl:ïCä Û h3ïðh3i�á Û hcÞ ò ÞÂá��3ïðhÝshðkBu3ujr>kBl:áBéNkBhðäskBu>Ü^øYhKî�éslMäAnpéNkPáBnpésÞßáBh>kBïðh3Þßôªl:i^tZl:kBh3Þ
{a}v − {b}w ∈ L

è�kBuju3r>kBl:áPáBnZé^ÞßáBh>kBïðh3Þ
avx

h3i
bwx

è^h>á�kBujr3l:äskBnNî�ésh3ïðh3i�á�k
{av → bw | {a}v − {b}w ∈ U

n5k
{b}w − {a}v ∈ U}

] lHisnpésÞbÞànpésí^tZl:áBnpisÞPê�u>kBl:Ü^h3k Û ó h>øNl:ÞÂáBhjisr3hKÝsh Û t�k��3å Û h
(GCD)

tjê�h3rKkGt5rjl:i^h
{a}v − {b}w

t Û nZkBÞbisnpésÞt3ê�npisÞ�!ÂésÞÂáBh-Vbê�u3kBl�Ü^h3këÞàl Û tCrGíªt ��ish
av
Þàh»kBuju3r3kBl�áëh3i

bw
Ý^tZisÞ Û h»Þ ò ÞÂá��jïChßÝshXkBuju3r3kBl�áBéNkBh»äskBu>Ü^øYhpv

��� 	 � �A~ 	 x � � I54W6 U = {a − {b}12, {b}1 − {c}3, 1, 2, 3, 4}
F/?36 r = {a}4 − {c}324

�@.AI5LN;ßLN67478_4Q;3I5.^;ß4[=U4=BI5JCJK?ßD�25.s;�8Â\ ? ��?>J$SA8q? � �b.OI5J �>TB?U;»=GI5JCJ<?ß=>8:?@0G; � d��G8]? �54W;U6a?�LN. GCD � 25T �>TB?ßD�?HSOTB?>L � ?ß2 � ?G=E0>?>LY478Q8:?>;»?36=>8:?@0G;PD�25.^; L ?36H8:2<TB2�=>4Q.A? r V

(GX)

(C4)
T ` a− {b}12

T ` {a}4 − {b}124
(C4)

(C2)
T ` {b}1 − {c}3

T ` {b}12 − {c}32

T ` {b}124 − {c}324

T ` {a}4 − {c}324
� ?ß;��Z;G6��>JK?1D�?ßT ! ! =>TU4W67LNTB?cSOT ! � ��?1I��36a?U.^L �»S^25T>674QT1D�? L ?U;U6cV

{a→ b12, b12→ a, b1→ c3, c3→ b1}

�ßI5LN;bI��>6a?>.AI5.s;bD�I5.A=
a4 7→ b124 7→ c324

�ë4W.^;G4M8:?b6a?>TUJ<? {a}4 − {c}324 ?U;U6cD ! D5L^=3674 �>8:?ð?U.(LY.A? ! 6a2GSª?cS^25Tß8:2<T � �p8:? (GCD) d
H t äskBh3ïðl �>kBh�Ýsl �ðrjé Û áBuKhjÞÂáCî�ésh�r3h3kàáGtZl:ishjÞbr Û hjõQÞbäAh3éNê�hji�á1ishKäªtZÞin3áàkBhKr3npi�áBhji�ésh3Þ1Ýªt5i^Þ

U
vomonZéskCr3hõWtZl:kBhZèNisnpésÞ/kBuju3r3kBl�ê�npisÞ

avx
hji

bwx
Þàh3é Û h3ïðh3i�á�î�é^tZisÝ

x ∈ U∗ è 4@dW?�d î�é^tZisÝ x h3ÞÂácési^hXÞàésl:áBhXÝshXÞ ò ïPôAn Û h3ÞÝsh
U
v ��npésÞ$t�!ÂnZésáBnZi^Þ�ési�ï<t5kGî�ésh3éNkjè^kBh3äskBu3Þàhji�áBu»äªt5k Û h»Þ ò ïPôAn Û h

#
è^Ý^tZisÞ Û hjÞcáBh3kBïChjÞcä]nZéskëÞàhPÞànpéNê�h3isl:kî�é^hXáBnpésÞ Û hjÞ�Þ ò ïPôAn Û h3Þ$tZé
X[Ý^h3ÞàÞànpésÞëÝsh

#
Ý^tZisÞ Û t1ä^l Û hßÞànpi�á$Ý^tZisÞ

U
v

�^nZkBïðh ÛqÛ h3ïðh3i�ájè Þànpl�á 8:?@0G6 (x) h3á TU4�� ��6 (x) è�ä]nZéskPáBnpéNáBh<rUí^t��qi^h x è�áBh ÛqÛ hKî�ésh x = 8:?@0U6 (x) · TU4 � ��6 (x) èfh3áTU4 � ��6 (x) h3ÞÂá Û h»Þàé �ðøNhßï<tÈøNlqï<t Û x Ý^tZisÞ U∗ v^isnpésÞ�rjnpisÞÂáàkBéslqÞànZi^Þ$t Û nZkBÞ Û hßÞ ò ÞÂá��3ïðhßÝsh»kBu3ujr>kBl:áBéNkBh»r3npïðïChÞàésl�á-k
{ a 8q?70U6 (v)# TU4 � ��6 (v)→ b 8:?70U6 (w)# TU4�� ��6 (w) |

{a}v − {b}w ∈ U
nZk
{b}w − {a}v ∈ U }

��� 	 � �A~ 	 x�v �PI5LY;ð2GS�SA8_4[`ULªI5.s;ð=G?36@6a?C.AI5L � ?>8Q8:?�=GI5.s;U67TULª=>674[I5.�;BLNTC8Â\ ?���?>J�SA8:? � ��I��(.AI5LN;��Z6aI5.^;18:2 =38:?@0
1 D�?K8Â\ ?>.^;3?UJ �>8q? U d �PI5LY;KI��>6a?>.AI5.^;C8:?<J �>J<? � � 
 � � 25T �UTG?�D�?XSOTG?UL � ?�`ULª?�D�25.s;ð8Â\ ?���?UJ�SA8:? � �'=G25T<8:?= ��4 �cTB?>J<?>.ª6�S^25T 1 .A\ ?U;U6�S^25;XLN67478_4W; ! D�25.^;P=G?>6@6a?�SOTB?>L � ?jd � ?ß;��Z;U6��UJK?1D�?ßT ! ! =>TU4W67LNTB?1D�? � 4[?U.ª6�D�I5.O=CV

{a#→ b1#2, b1#2→ a, b1#→ c#3, c#3→ b1#}

�ßI5LN;/S^I5L � I5.^;P2Z8:I5TU;XT ! ! =>TU4QTB? a#4 ?U. c#324 Sª25Tß8:2<; ! `ULª?U.A=G?P;BLN4 � 25.ª6a?1V
a#4 7→ b1#24 7→ c#324

�pã



� � �
��� � ���&���$���� &� �&��������� ��� �����������

�G8]? �54W;U6a? �>4@?>.�LN.A?HSOTB?>L � ?ßD5LÉ6a?UTUJK? {a}4−{c}324 ?U. LY.A? ! 6a2GS^?P2 � ?G=»8q21T����Z8:? (GCD) d � 25Tß=GI5.ª67TB?>F;G4E.AI5LY;»;BLÈS�SOTU4QJKI5.^;»8:2�=38:?@0 2 D�? U 8q?ß;��Z;G6��>JK?1D�?ßT ! ! =>TU4W67LNTB?1D�? � 4[?U.ª6�V
{a#→ b12#, b12#→ a, b1#→ c#3, c#3→ b1#}

�PI5LY;/.O?oSªI5L � I5.s;�S^25;ë2 � ?G=�=G?�;��5;U6��>J<?�T ! ! =UTU4WTB? a#4 ?>. c#324 4W8N.A\ ?>;G6oD�I5.A=oS^25;fS^I5;G;G4��38:?�D�?$D ! D5LN4QTB??>.(LY.A? ! 6a2GS^? (GCD) 8q?P6a?>TUJ<? {a}4 − {c}324 d
úHnpisÞàl:Ý^u>kBnpisÞ9ï<tZlqi�áBh3i^tZi�á Û hërjtZÞ9åpu3isu3kGt Û n�� Û h�kBu3Þàé Û áGt5á9Ý]ó ésishëk��3å Û h

(GCD)
hjÞÂá9lqÞàÞàé<Ý]ó ésish$Þàujî�ésh3i^r3hÝ^h�k��3å Û h3Þ

(D)
t5äsk��jÞ Û t(k��jå Û h

(GX)
v ��npésÞðÞàu3äªt5kBnZi^Þ Û hÉäskBnYr3hjÞàÞàésÞðÝ^h�kBuju3r3kBl�áBéNkBh�h3i Ýsh3éNø äskBnYr3h3ÞàÞàé^ÞrjnpisÞàu3rjéNáBl:õWÞ3v H nZkBÞHÝsh Û t»äskBh3ïðl �>kBh$u>áGt5äAh$isnpésÞHtjê�npisÞHésishëä^l Û h

x
h>áHÞànpésí^tZl�áBnpisÞ/t5äsä Û l�î�ésh>k/ésishëk��3å Û hëÝsnpi�áÛ hër�`ZáBuëå�tZésrGísh$r3npi�áBlqh3i�á

x
r3npïðïðh�äskBu>Ü^øYh�t Û nZkBÞ9isnpésÞHl:i^Þàr>kBl:êpnpisÞ Û h$Þ ò ïPôAn Û h

a
Þàésk Û tXä^l Û hZè�Þàl Û hëÞ ò ïPôAn Û h

a
hjÞÂácï<tZi^î�é^tZi�ájvOúHh>áàáBh�isnZáGt5áBl:npi�äAh>kBïðh>á�ÝshXÝslqÞÂáBl:i^åZé^h>k�r Û tZl�kBhjïChji�á Û hjÞcÝsh3éNøKu3áGt5äAh3Þ/Ý^l:Þ !Ânpl:i�áBhjÞ3èsisnZáBnpisÞî�ésh Þàl

x = x1 · · ·xn
t Û nZkBÞ

x = xn · · ·x1
vT^ßt5i^Þ Û h Þàhjr3npisÝ äskBnYr3h3ÞàÞàé^Þ3èHisnpésÞKh3ìAh3r3áBésnpisÞ Û ó nZäAu>kGt5áBlqnZilqi�ê�h>kBÞàh��ªÞàl�isnpésÞ$kBhjisr3npi�áàkBnpisÞ�ési Þ ò ïPôAn Û hPi^u3å�t5áBl:õEtZé Þànpïðïðh>áXÝshßä^l Û hbh3á$Þàl�é^i r�`ZáBuPÝNkBnpl:á$Ý�ó ési^hßk��jå Û hÝ^h�kBuju3r3kBl�áBéNkBhëäskBnYÝsé^l�á/rjh3ÞHÞ ò ïPôAn Û hjÞ3èNt Û nZkBÞ/isnpésÞHÝ^u>ä^l Û npisÞ/r3hjÞHÞ ò ïßô]n Û h3Þ/isujåpt5áBlqõQÞHÝ^éKÞànpïCïðh3á/Ýsh Û tßä^l Û hZvH h»Þ ò ïPôAn Û h

⊥
Ýsu3i^n5áBh Û t1Ü^i�Ý]ó ésishßrUí^t��qi^hKý 4@dW?jd è Û t1Ü^iÉÝ^h Û t1ä^l Û h � v

�h���� � ����{��	� �	����� � 	 ��� �	� � � �PI5LN;PD ! � .^4W;B;3I5.^;ß8:?>;E03I5.A=>674[I5.^;»;G6a2�?36�
Z? �5;ß6a?38Q8:?U;1`>L^?CV
� ;U6a2 ({t}k) = ;U6a2 (t) F
� ;U6a2 (t) =

⋃

a∈ �������� (t)
;U6a2 (a) F

� ;U6a2 (t) = {t} ;G4 t .A\ ?>;G6�Sª25;ß?>.�6��>6a?C2 � ?G= + ?369.s4/D�?P8:2$03I5TUJ<? {x}y d
� 
Z? �Z; ({t}k) = 
5? �Z; (t) ∪ {k}
� 
Z? �Z; (t) =

⋃

a∈ �������� (t)

5? �5; (a) F

� 
Z? �Z; (t) = ∅ ;B4 t .]\ ?U;U6�S^25;P?U.�6��36a?C2 � ?B= + ?>69.^4/D�?P8:2$03I5TUJ<? {x}y d
�PI5LY; ! 6a?>.AD�I5.^;ð=G?U;b.AIZ674[I5.s;ð25L � ?U.^;3?>J �38:?>;ðD�?ð6a?UTUJK?U; T S^25T1;U6a2 (T ) =

⋃

t∈T
;U6a2 (t) ?36�
5? �Z; (T ) =

⋃

t∈T

Z? �5; (t) d

��� 	 � �A~ 	 x���� I54W6 T = {{a}bc − {d}e, {d}ce}
FH2Z8:I5TU;»;U6a2 (T ) = {a, d} ?>6�
Z? �Z; (T ) = {b, c, e} d

] npl�á
U
ési hjisÞàh3ïPô Û hbÝsh»áBh3kBïðh3Þ�tZé�ä Û é^Þ�ôªl:i^tZl:kBh3Þ�h>á$ési�áBh3kBïðh

r
tZéÉä Û ésÞ$ô^lqi^tZl�kBhpèªisnpésÞ�Ýsu>Ü^i^l:ÞàÞànpisÞÝ^h3éNø�Þ ò ÞÂá��3ïðh3ÞëÝsh»kBu3u3r3kBl�áBéskBh�ä^kBu>ÜsøNhZv ] npl:á

Q = ;U6a2 (U, r) h3á C = 
5? �Z; (U, r) vçZv H h»Þ ò ÞÂá��3ïðhßÝshXkBuju3r>kBl:áBéNkBh»äskBu>ÜsøNh ���
1
hjÞÂáëÝsu>Üªisl]äªt5k-k

{ a 8:?70U6 (v)# TU4�� ��6 (v)→ b 8:?@0G6 (w)# TU4�� ��6 (w)

a 8:?@0G6 (v)#v1γ → b 8q?70U6 (w)# TU4 � ��6 (w)v2γ |

{a}v − {b}w ∈ U
nZk
{b}w − {a}v ∈ U,

v1v2 = TU4 � ��6 (v),
γ ∈ {⊥} ∪ {u | u ∈ U} }

ãYv H h»Þ ò ÞÂá��3ïðhßÝshXkBuju3r>kBl:áBéNkBh»äskBu>ÜsøNh ���
2
hjÞÂáëÝsu>Üªisl]äªt5k-k

{ â 8:?70U6 (v)# TU4�� ��6 (v)→ b̂ 8q?70U6 (w)# TU4 � ��6 (w)

â 8:?70U6 (v)# TU4�� ��6 (v)w2 → b̂ 8:?@0U6 (w)#w1 |

{a}v − {b}w ∈ U
nZk
{b}w − {a}v ∈ U,

w1w2 = TU4�� ��6 (w) }

�pâ



���������
	���������������������������� !���"�$# �% &�'�(�*)+����,-������.*/1032*�4���5�� ��&���

úHh3ÞEÝsh3ésøPÞ ò ÞÂá��3ïðhjÞoÝsh/kBu3ujr>kBl:áBéNkBh/ÞànZi�áMÞ ò ïðu3áàkBlqî�éshjÞ Û ó ési1Ý^h Û ó_t5ésáàkBhZèZtZéCÝsu>áGtZl Û äskBujÞEî�ésh Û h/Þ ò ïßô]n Û h
γÝ^tZisÞ Û h9Þ ò ÞÂá��jïðh ���

1
t5ÞàÞàéskBhHî�é]ó_t5é^r3ésiPÞ ò ïßô]n Û h9isu3å�t5áBlqõNi]ó t5äsäOtÈkGt��qáAV�å�tZésrUísh9Ý]ó é^ißÞ ò ïPôAn Û hHisnpißi^u3å�t5áBl:õ~vH hXÞ ò ÞÂá��3ïðh ���

2
äskBu3Þàh3kàêph»r3h>á�l:i�êpt5kBlqtZi�áërjt5k�l Û ishXäAh3éNácäAnpésÞàÞàh3k�Ýsh»Þ ò ïPôAn Û h»isu3å�t5áBl:õ~v � h3ï<t5kGî�é^nZi^Þ�î�éshisnpésÞXtjê�npisÞXÝ^tZisÞ Û hPäskBhjïClqh>k»rjtZÞ�ési^hbk��3å Û h1ÝshPkBuju3r3kBl�áBéNkBhPäAnpéNkXáBnpéNáBh3Þ�Ý^u3r3npïCäAnpÞàl:áBl:npisÞXÝsh TU4�� ��6 (v) h3i

v1
h>á
v2
èOh3á$Ýªt5i^Þ Û hPÞàhjr3npisÝ÷rjtZÞ3èOésishPk��jå Û hPÝshPkBuju3r>kBl:áBéNkBhßä]nZéskëáBnpéNáBhjÞ$Ýsujr3npïCäAnpÞàl�áBlqnpisÞ$Ý^h TU4�� ��6 (w)

h3i
w1

h>á
w2
v

��npésÞëÝsu>Ü^i^l:ÞàÞànpisÞëÝ^nZi^r Û hßÞ ò ÞÂá��jïðh»Ýsh»kBuju3r>kBl:áBéNkBh»r3npïCä Û h>áëÝsh Û tCï<t5i^l �3kBhßÞàésl�êptZi�áBh8k
���

1 ∪
���

2 ∪ {a→ â | a ∈ Q}

��� 	 � �A~ 	 x���� I54W6 U = {{a}12 − b, {b}34 − c, c− {d}234, 1, 2, 3, 4}
Fc?>6 r = a− {d}1

d �PI5LN;1D�I5.s.AI5.^;LY.^4@`>L^?>JK?U.ª6�8:?>;ßT � �p8:?>;1D�?1T ! ! =UTU4767LYTB?$S^?>T>674Q.A?>.^6a?>;�S^I5LNTC=G?>6ë? ��?>J$SA8:?<V � ?b;��Z;G6��>JK? ��� 1
=BI5.ª674[?U.ª6�S^25TUJC4;>?>;�T����Z8q?U;GF»8:2�T����Z8q? a#⊥ → b#21⊥ ?36ß8:2�T � �p8:? b#2 → c#432 d � ?�;��5;U6��>J<? ��� 2
=GI5.ª674@?>.ª6ß8:2�T � �p8:?

ĉ#432→ d̂# d � 25Tb=GI5.^; ! `ULª?U.ª67FM.OI5LN;bI��>6a?>.AI5.s;ß8:2<; ! `>L^?>.O=G?CD�?ßT ! ! =>TU4W67LNTB?ß;GLY4 � 25.ª6a?CV
a#⊥ 7→ b#21⊥ 7→ c#4321⊥ → ĉ#4321⊥ → ĉ#1⊥

������A������{�� ��� � ���I}���� 	 }�� � � � �(� � ~ 	 ��� 6a25.ª6cD�I5.^. ! Q,C,U FELN.O?ð= �N2#"W.A?1?>;U6 tZÝsïðl:ÞàÞàl:ô Û h ;G4/?>8Q8:?ð?>;U6D�?P8:2$0>I5TUJK? qx1#x2x3⊥
I��

� 4W8 ?��54W;U6a?ßLN. a ∈ Q 6a?38�`ULª? q = a I5L q = â
� ;3I54W6 x1 = ε I5L x1 ∈ C

∗(C \ U)
� x2, x3 ∈ U

∗

��� { ��{ �(������{�� � � ?÷;��5;U6��>J<?RD�?(T ! ! =UTU4767LYTB?<SOT !�� ��?RD�?�8:2';>?G=3674@I5. ��d � d � S^2 ��?��	�RT ! ! =>TU47618:?U;�=��N2#"W.O?>;2�D5J14W;G;B4 �38:?U;b?>.�= �N2#"W.A?U;b2�D5JC4Q;G;G4��38:?>;3dQd
� TG?UL � ? k¼úHh3áàáBh�äskBnZäAnpÞàl�áBlqnpi Ýsujr3npé Û h�lqïðïCujÝsl�tÈáBhjïðh3i�áðÝ^h Û t(Ýsu>Üªisl�áBlqnpi ÝshÉrGíªt ��ish�tZÝsïðl:ÞàÞàl:ô Û hÉh3áCÝ^éÞ ò ÞÂá��jïðh»Ýsh»kBuju3r>kBl:áBéNkBhXäskBu3ÜsøNhZv

�H tRäskBnZäAnpÞàl�áBlqnpi Þàésl�êptZi�áBh Û lqÞÂáBh Û h3ÞKäskBnZäskBl:u3áBu3Þ<ÞàlqïCä Û hjÞ�Ýsh Û ó lqi�ê�h>kBÞàlqnpi�h>áKÝsh Û t�Ýsu3rjnpï1ä]nZÞàl:áBlqnZi ÝshrGí^t���ishZè^i^nZé^Þ Û h3ÞëéNáBl Û lqÞànpisÞëÞBtZisÞ ò õ7tZl�kBh»kBu3õWu>kBhjisr3h»Ý^tZisÞ Û tCÞàésl:áBhZv
��� { ��{ �(������{�� � � I5LYTP6aI5LN6 x, y ∈ (C ∪ U)∗ V
� d xy = y x
� d � 4 y ∈ U∗ 2Z8:I5TU;ß8:?@0U6 (xy) = 8:?@0U6 (x) ?369TU4�� ��6 (xy) = TU4 � ��6 (x)y
H hjÞ�Ý^h3éNø Û h3ïðïðh3ÞëÞàésl�êptZi�áBÞ�ïðnpi�áàkBhji�á Û t1äskBnZäskBlqu>áBu»rjh3i�áàkGt Û h»Ýshßrjh3Þ�ÝshjéNø�Þ ò ÞÂá��3ïðh3ÞëÝshXkBuju3r3kBl�áBéNkBhpv

z
	 ���	���� � ?U;$25;G;3?UT>674[I5.^;c;BLN4 � 25.ª6a?U;�;3I5.ª6 ! `ULN4 � 2Z8:?>.ª6a?U;oS^I5LNTë6aI5LN6 a, b ∈ Q F x1, y1 ∈ {ε}∪C
∗(C \U) F

x2, y2, y3 ∈ U
∗ V

� d �G8 ��2<LY.A?ß; ! `>L^?>.O=G?CD�?PT ! ! =UTU4767LYTG?cSOT ! � ��?cSª25T ��� 1

ax1#x2⊥ 7→
∗ by1#y2y3⊥

� dß;>I5476 a = b F x1 = y1
F x2 = y2

F y3 = ε F;>I5476]4W8N? �54W;U6a?/LN.A?/; ! `>L^?>.A=G?ëD�?�6a?UTUJK?U; �U4W.A254QTG?U; {ai}vi
−{bi}wi

∈ U F i = 1, . . . , n F�?>6]LY.A?/; ! `>L^?>.O=G?D�?1=��N2#"Q.A? hi ∈ U
∗ F i = 1, . . . , n FM6a?>8Q8q?C`>L^?

�µ2 � {a}x1x2y3
= {a1}v1h1

� � � {bi}wihi
= {ai+1}vi+1hi+1

S^I5LYT i = 1, . . . , n− 1

�~= � {bn}wnhn
= {b}y1y2

�5þ
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?36�S^I5LNTXLN. i 8:?�SA8_LY;»8qI5. ��;BL�� ��?1=GI5JCJ1LN.R?U.ª67TB? y3 ?36 hi
;3I5476 ε d

z
	����	��yv � ?>;ë25;G;3?>T>674@I5.^;c;GLN4 � 25.ª6a?U;�;>I5.ª6 ! `ULN4 � 2Z8:?>.^6a?>;oS^I5LNTë6aI5LN6 a, b ∈ Q F x1, y1 ∈ {ε}∪C
∗(C \U) F

x2, y2, y3 ∈ U
∗ V

� d �U8 ��2<LN.A?ß; ! `ULª?U.A=G?CD�?ßT ! ! =>TU4W67LNTB?cSOT !�� ��?cS^25T ��� 2

âx1#x2x3⊥ 7→
∗ b̂y1#y2⊥

� d»;3I5476 a = b F x1 = y1
F x2 = y2

F y3 = ε F;3I5476A4W8s? �54W;G6a?cLY.A?c; ! `>L^?>.A=B?$D�?c6a?UTUJK?>; �>4Q.A254WTB?U; {ai}vi
−{bi}wi

∈ U F i = 1, . . . , n F�?36ALN.O?c; ! `ULª?U.A=G?D�?1=��N2#"W.O? hi ∈ U
∗ F i = 1, . . . , n FM6a?>8Q8:?ð`ULª?

�µ2 � {a}x1x2
= {a1}v1h1

� � � {bi}wihi
= {ai+1}vi+1hi+1

S^I5LYT i = 1, . . . , n− 1
�µ= � {bn}wnhn

= {b}y1y2x3?36�S^I5LNTXLN. i 8:?�SA8_LY;»8qI5. ��;BL�� ��?1=GI5JCJ1LN.R?U.ª67TB? y3 ?36 hi
;3I5476 ε d

� TB?UL � ? k � hjï<tÈkGî�ésnpisÞPÝ]ó_t5ôAnZkBÝ�î�éshðrjh3ÞPÝsh3ésø�Þ ò ÞÂá��3ïðh3ÞbÝshðkBu3ujr>kBl:áBéNkBhCäskBu3ÜsøNh ���
1
h3á ���

2
Þànpi�áÞ ò ïðu>áàkBl�î�ésh3Þ<ý H hCÞàh3é Û ô^ésá»Ý^h3Þ»nYr3r3éskàkBh3isrjh3Þ»Ýsh

γ
Ý^tZisÞ ���

1
hjÞÂá»ÝshCå�t5kGtZi�áBl�k Û ó tZÝsïðlqÞàÞàl�ôªl Û l�áBu<Ýsh1áBnpéNáBhjÞÛ h3Þ�rjnpiNÜ^åpéNkGt5áBl:npisÞXtZrjr3h3ÞàÞàl:ô Û h3Þ � vAmEt5kXr3npisÞàu�î�ésh3i�ájèAisnpésÞ�äskBnpéNê�npisÞ�é^islqî�éshjïðh3i�á Û h Û h3ïðïðhCã5þKäªtZåphßä^kBu�Xrju3Ýshji�áBhZè^r3nZkàkBhjÞÂäAnpisÝ^tZi�á$tZé�Þ ò ÞÂá��jïðh»Ýsh»kBuju3r>kBl:áBéNkBh ���

1
vmonZéskßäskBnpéNê�h3k�ýÂç � lqï1ä Û l�î�ésh÷ý[ã � èfisnpésÞßkGt5lqÞànpisisnpisÞPäªt5kbl:isÝ^ésr>áBlqnpiRÞàésk Û t Û npisåpéshjéNkbÝsh Û t�Þàujî�éshjisr3hÝ^hCk��3å Û h<ÝshCkBuju3r3kBl�áBéNkBhpv ] l Û t Û npisåpéshjéNkbh3ÞÂábi�é ÛqÛ hKt Û n5kBÞ
a = b

è
x1 = y1

è
x2 = y2

èfh>á
y3 = ε

v ] ó l ÛEò th3øst5r3áBh3ïðh3i�á�ésishßu>áGt5äAhßÝshXkBuju3r>kBl:áBéNkBh»l Û]ò t1Ý^h3éNø�rjtZÞ�äAnpÞàÞàl�ô Û hjÞ�k
çZv H t1k��3å Û hßÝshXkBuju3r3kBl�áBéNkBhßh3ÞÂáëÝsh Û tCõWnZkBïCh4k

a 8:?@0G6 (r)# TU4�� ��6 (r)→ b 8q?70U6 (s)# TU4 � ��6 (s)t Û nZkBÞ�l Û h3øNl:ÞÂáBhßési
u
áBh Û î�é^h

x1 = 8:?@0G6 (r) y1 = 8:?70U6 (s)
x2 = TU4�� ��6 (r)u y2 = TU4 � ��6 (s)u

y3 = ε

��npésÞ�rjnpisr Û ésnpisÞëh3i�rGísnplqÞàl:ÞàÞBtZi�á k
{a1}v1

⊕ {b1}w1
:= {a}r ⊕ {b}s

h1 := ui^nZé^Þ�nZôsáBhjisnpisÞ�Ý^nZi^r
{a}x1x2y3

= {a}x1x2
= {a}ru = {a1}v1h1

{b1}w1h1 = {b}su = {b}y1y2ãYv H h»Þ ò ÞÂá��3ïðhßÝshXkBuju3r>kBl:áBéNkBhßh3ÞÂáëÝsh Û tðõQnZkBïðh8k
a 8:?@0U6 (r)#r1⊥ → b 8:?@0G6 (s)# TU4�� ��6 (s)r2⊥tjê�h3r TU4 � ��6 (r) = r1r2

v ��nZé^Þët3ê�npisÞ$t Û nZkBÞ
x1 = 8:?@0G6 (r) y1 = 8:?70U6 (s)
x2 = r1 y2 = TU4 � ��6 (s)

y3 = r2,
Ý^nZi^r

y3 = r2

�pæ
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��nZé^Þ�rjnZi^r Û ésnpisÞ�hjiÉrGí^nZlqÞàlqÞàÞBt5i�á-k
{a1}v1

⊕ {b1}w1
:= {a}r ⊕ {b}s

h1 := εisnpésÞ�nZôsáBhjisnpisÞëÝsnpisr
{a}x1x2y3

= {a}r = {a1}v1h1

{b1}w1h1
= {b}s = {b}y1y2

^»tZisÞ Û h3ÞëÝshjéNø�rjtZÞ3è Û hXä Û ésÞ Û npiså<Þàé �ðøYhßrjnpïCïbési�Ýsh
h1
h3á
y3
hjÞÂá

ε
v

] ó l Û]ò t
N
u3áGtÈä]h3ÞcÝshXkBu3ujr>kBl:áBéNkBhðý

N > 1
� è Û tCrGí^t���ish»nZôsáBhji�éshßt5äsk��3Þ

N − 1
u>áGt5äAhjÞcÝshXkBuju3r>kBl:áBéNkBhXhjÞÂáÝ]ó t5äsk��jÞ Û tbäskBnZäAnpÞàl:áBl:npi � äªtZåph �5þðt5Ý^ïClqÞàÞàl:ô Û hpv^mEt5kcrjnpisÞàujî�éshji�ájèsl ÛAò t

b ∈ Q
è
y1 ∈ {ε} ∪C

∗(C \U)
èsh>á

y2, y3 ∈ U
∗ áBh Û Þëî�ésh8k

ax1#x2⊥ →
∗ by1#y2y3⊥ → cz1#z2z3⊥mot5kKí ò äAnZáBí�jÞàh�Ý]ó lqisÝsé^r>áBlqnZi�è9l Û h>øNlqÞÂáBh�ésish�Þàujî�éshjisr3h ÝshÉáBh>kBïðh3Þðô^lqi^tZl:kBh3Þ

{ai}vi
⊕ {bi}wi

∈ U
è
i =

1, . . . , n
èsh3áëésish»Þàé^l�áBhßÝshßrGí^t���ish3Þ

hi ∈ U
∗ è i = 1, . . . , n

èNáBh ÛqÛ h3Þ$î�é^h
çZv
{a}x1x2y3

= {a1}v1h1ãYv
{bi}wihi

= {ai+1}vi+1hi+1

äAnpéNk
i = 1, . . . , n− 1âYv

{bn}wnhn
= {b}y1y2h>á Û hKä Û é^Þ Û nZi^å Þàé �ðøNh�r3npïðïbési�Ý^h

y3
h3ábÝ�ó ési

hi
hjÞÂá

ε
v ��npésÞbïðnpi�áàkBnpisÞCî�é]ó l Û h3øNl:ÞÂáBh

{an+1}vn+1
⊕

{bn+1}wn+1
∈ U

è^h>áëési^hßÞàésl�áBhßÝsh»rUí^t��qi^h3ÞëÝshßr Û h3õWÞ
ki ∈ K

∗ è i = 1, . . . , n+ 1
áBh Û Þëî�ésh8k

çZv
{a}x1x2z3

= {a1}v1k1ãYv
{bi}wiki

= {ai+1}vi+1ki+1

äAnpéNk
i = 1, . . . , nâYv

{bn+1}wn+1kn+1
= {c}z1z2h>á Û hðä Û ésÞ Û npiså Þàé �ðøNh<r3npïðïbési�Ýsh

y3
h3áPÝ]ó ési

kj
hjÞÂá

ε
v 
~ÛMò tÉÝ^h3éNøRrjtZÞßäAnpÞàÞàl:ô Û hjÞPäAnpéNk Û t�k��jå Û h<ÝshkBu3u3r3kBl�áBéskBh»éNáBl Û lqÞàu3h-V Û tðÝsh>kBisl �>kBhßu>áGt5äAh8k

çZv H t1k��3å Û h»Ýsh»kBuju3r>kBl:áBéNkBh»h3ÞÂáëÝ^h Û tCõWn5kBïðh4k
b 8:?@0U6 (r)# TU4 � ��6 (r)→ c 8q?70U6 (s)# TU4 � ��6 (s)

[ Û nZkBÞël Û h>øNlqÞÂáBh
u
áBh Û î�ésh

y1 = 8:?@0G6 (r) z1 = 8q?70U6 (s)
y2 = TU4 � ��6 (r)u z2 = TU4�� ��6 (s)u

z3 = y3,
Ý^nZi^r

z3 = y3
��nZé^Þ�rjnZi^r Û ésnpisÞ�hjiÉrGí^nZlqÞàlqÞàÞBt5i�á-k

{an+1}vn+1
⊕ {bn+1}wn+1

:= {b}r ⊕ {c}s

ki := hi (i = 1, . . . , n)

kn+1 := uÝsnpisr
{a}x1x2z3

= {a}x1x2y3
= {a1}v1h1

= {a1}v1k1

{bi}wiki
= {bi}wihi

= {ai+1}vi+1hi+1
= {ai+1}vi+1ki+1

(i = 1, . . . , n− 1)

{bn}wnkn
= {b}y1y2

= {b}ru = {an+1}vn+1kn+1

{bn+1}wn+1kn+1
= {c}su = {c}z1z2

� �
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] l Û h�ä Û ésÞ Û npisåðÞàé �ðøYh»rjnZïðïbésiÉÝ^h
y3
h3á
hi
è
1 ≤ i ≤ n

èsh3ÞÂá
ε
t Û nZkBÞ Û h�ä Û ésÞ Û nZi^åCÞàé �ðøNhXr3npïðïbésiÝ^h

z3 = y3
h3á
ki = hi

hjÞÂá
ε
v

ãYv H t1k��3å Û hßÝshXkBuju3r3kBl�áBéNkBhßh3ÞÂáëÝsh Û tCõWnZkBïCh4k
b 8:?@0G6 (r)#r1γ → c 8:?@0U6 (s)# TU4 � ��6 (s)r2γ

tjê�h3r TU4 � ��6 (r) = r1r2
èªh>á

γ ∈ {u | u ∈ U} ∪ {⊥}
v��npésÞ$tjê�nZi^Þ�Ýsnpisr

y1 = 8:?@0U6 (r) z1 = 8:?@0G6 (s)
y2 = r1 z2 = TU4�� ��6 (s)

z3 = r2 y3,
Ýsnpisr

z3 = y3r2

��npésÞ�rjnpisr Û ésnpisÞëh3i�rGísnplqÞàl:ÞàÞBtZi�á k
{an+1}vn+1

⊕ {bn+1}wn+1
:= {b}r ⊕ {c}s

ki := hir2 (i = 1, . . . , n)

kn+1 := ε

Ý^nZi^r
{a}x1x2z3

= {a}x1x2y3r2
= {a1}v1h1r2

= {a1}v1k1

{bi}wiki
= {bi}wihir2

= {ai+1}vi+1hi+1r2
= {ai+1}vi+1ki+1

(i = 1, . . . , n− 1)

{bn}wnkn
= {bn}wnhnr2

= {b}y1y2r2
= {b}r = {an+1}vn+1kn+1

{bn+1}wn+1kn+1
= {bn+1}wn+1

= {c}s = {c}z1z2Û hXä Û ésÞ Û nZi^åðÞàé �ðøNhßr3npïðïbési�Ýsh
z3
h>á
kn+1 = ε

h3ÞÂá
ε
v

monZésk Û ó lqïCä Û lqrjt5áBlqnpi Ýsh�ý[ã � ê�h>kBÞ÷ýÂç � èMÞàl
a = b

è
x1 = y1

è
x2 = y2

èMh>á
y3 = ε

t Û nZkBÞ<isnpésÞKtjê�npisÞÝ^l�kBhjr>áBh3ïðhji�áëî�ésh
ax1#x2⊥ 7→

∗ by1#y2y3⊥
v ] lqisnpi]è^isnpésÞ�äskBnYr3ujÝsnpisÞcäOtÈk$lqisÝsésr3áBl:npi�ÞàéNk

n
v

] l
n = 1

t Û nZkBÞ�l Û h3øNl:ÞÂáBh
{a1}v1

⊕ {b1}wi
∈ U

h>á
h1 ∈ U

∗ áBh Û Þëî�ésh4kçZv
{a}x1x2y3

= {a1}v1h1ãYv
{b1}w1h1

= {b}y1y2h3á Û hXä Û ésÞ Û npisåðÞàé �ðøNhßr3npïðïPé^i�Ýsh
y3
h3á
h1
hjÞÂá

ε
è áBh Û î�éshßÞànpl�á

y3 = ε
ÞànZl:á

h1 = ε
v

çZv ] l
y3 = ε

t Û n5kBÞ
x1#x2 = 8:?70U6 (v1)# TU4 � ��6 (v1)h1

h>á
y1#y2 = 8:?@0U6 (w1)#

TU4�� ��6 (w2)h1
èßÝsnpisr

ax1#x2⊥ 7→ by1#y2⊥
r�tÈk Û hXáBh3kBïðhXô^lqi^tZl�kBh

{a1}v1
⊕ {b1}w2

h3ÞÂáëÝ^tZisÞ
U
v

ãYv ] l
h1 = ε

t Û nZkBÞ
x1#x2 = 8:?@0G6 (v1)#v1

1

h>á
y3 = v2

1

äAnpéNk TU4�� ��6 (v1) = v1
1v

2
1

è$h>á
y1#y2 =8q?70U6 (w)# TU4�� ��6 (w)

v�^Xnpisr
ax1#x2⊥ 7→ by1#y2y3⊥

rjt5k
{a1}v1

⊕ {b1}w2
∈ U

v
] l
n ≥ 2

t Û nZkBÞël Û h>øNl:ÞÂáBhßé^ishßÞàé^l�áBhPÝshßáBh>kBïðh3Þ�ôªl:i^tZl:kBh3Þ
{ai}vi

⊕ {bi}wi
∈ U

è
i = 1, . . . , n

è^h3á$ésishPÞàésl:áBhÝ^h»rGíªt ��ishjÞ
hi ∈ U

∗ è i = 1, . . . , n
èsáBh ÛqÛ h3Þëî�ésh

çZv
{a}x1x2y3

= {a1}v1h1ãYv
{bi}wihi

= {ai+1}vi+1hi+1

ä]nZésk
i = 1, . . . , n− 1âYv

{bn}wnhn
= {b}y1y2h3ácäAnpéNk$ési

i

Û hXä Û ésÞ Û npisåðÞàé �ðøNhßr3npïðïPé^i�Ýsh
y3
h3á
hi
hjÞÂá

ε
v

çZv ] ó l Û]ò t
i < n

áBh Û î�ésh Û h»ä Û é^Þ Û npisåðÞàé �ðøNhßr3npïðïbési�Ý^h
y3
h>á
hi
h3ÞÂá

ε
t Û nZkBÞ�äªt5këlqisÝsé^r>áBlqnZi

ax1#x2 7→
∗ bn−1

8:?@0G6 (wn−1)#
TU4�� ��6 (wn−1)hn−1y3

� \
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Y(tZl:i�áBhji^tZi�ájè i^nZé^ÞÐtjê�npisÞ
bn−1

8:?@0G6 (wn−1)#
TU4 � ��6 (wn−1)hn−1 = an

8:?70U6 (vn)# TU4�� ��6 (vn)hn
h>á

{b}y1y2
= {bn}wnhn

v ^Xnpisrpè
bn−1

8:?@0G6 (wn−1)#
TU4�� ��6 (wn−1)hn−1y3

= an
8:?@0U6 (vn)# TU4�� ��6 (vn)hny3

7→ bn
8:?@0G6 (wn)# TU4�� ��6 (wn)hny3

= by1#y2y3

ãYv ] l:i^nZi�è Û h$ä Û ésÞ Û npisåbÞàé �ðøNh�r3npïðïPé^iKÝ^h
hn
h>á
y3
h3ÞÂá

ε
v ] npl:á

s

Û hëä Û ésÞ Û nZi^åPÞàé �CøNh�r3npïðïPé^iKÝ^h
y3h>á

hi
äAnpéNk

i < n
èOh>á

y′3, h
′
i

ý
1 ≤ i < n

� ô÷áBh Û î�ésh
y3 = y′3s

h>á
h′i = his

vOmot5kXr3npisÞàujî�éshji�ájèOisnpésÞt3ê�npisÞ�k
ý@t �
{a}x1x2y′

3
= {a1}v1h′

1ýWô �
{bi}wih′

i
= {ai+1}vi+1h′

i+1

äAnpéNk
i = 1, . . . , n− 2h>ácäAnpéNk

i < n

Û h�ä Û ésÞ Û npisåCÞàé �ðøYh»rjnZïðïbésiÉÝsh
y′3
h>á
h′i
h3ÞÂá

ε
v�^Xnpisr�äªt5k�í ò ä]n5áBí��3ÞàhXÝ]ó lqisÝsé^r>áBlqnZi�è

ax1#x2 7→
∗ bn−1

8:?@0G6 (wn−1)#
TU4�� ��6 (wn−1)h

′
n−1y3

′

Y(tZl:i�áBhji^tZi�ájè5isnpésÞotjê�npisÞ
{bn−1}wn−1hn−1

= {an}vnhn

èÈrpó hjÞÂátV$Ýsl:kBh
wn−1h

′
n−1s = vnhn

vpúHnpïðïCh
s
hjÞÂáXÞàé �ðøNhbÝsh

y3
èAh>áXrjnZïðïðh Û hPä Û ésÞ Û nZi^åKÞàé �CøNh1rjnZïðïbési(Ýsh

y3
h3á
hn

h3ÞÂá
ε
èAi^nZé^Þ�rjnZi^r Û ésnpisÞî�é^h

hn = ε
èsh3á

s
h3ÞÂáëési�Þàé �ðøNhßÝsh

vn
v���npésÞ�Ý^u3r3npïCäAnpÞànpisÞ

vn = v1
ns
h>áënZôsáBhjisnpisÞ Û h»kBujÞàé Û áGtÈá�k

bn−1
8:?@0G6 (wn−1)#

TU4�� ��6 (wn−1)h
′
n−1y

′
3

= an
8:?@0U6 (vn)#v1

ny3
′

7→ bn
8:?@0G6 (wn)# TU4�� ��6 (wn)sy′3

= bn
8:?@0G6 (wn)# TU4�� ��6 (wn)hny3

= by1#y2y3

� mEt5kðrjnpisÞàujî�éshji�ájèEÞàl
t
h>á
s
Þànpi�áðáBnpésÞ Û hjÞðÝsh3éNø'Ý^h Û t(õWnZkBïðh

{m}k
t Û nZkBÞðl Û h>øNlqÞÂáBh�é^ish�äskBhjéNê�h�Ýsh

T ` {t}v − {s}w
Þàl�h3á�Þàh3é Û hjïChji�á$Þàl]äAnpéNk

u, x1, x2, x3
k

t 8:?@0U6 (v)# TU4�� ��6 (v)⊥ 7→∗ u x1#x2x3 7→ û x1#x2x3 7→
∗ ŝ 8:?70U6 (w)# TU4�� ��6 (w)⊥

z
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(GCD) 2 � ?G=�S^I5LYTM03?ULN4W8Q8:?>; L FH=>8:?@0G; K FH?369TB2�=>4Q.A? r d
� TG?UL � ? k � k
	5rjh�t5ésø Û h3ïðïðh3Þcã5þPäªtZåph �Èþbh3ácãpæ»äªtZåZh �pæYè�ê�u3kBl�Ü^h3k Û ó h3øNl:ÞÂáBhjisr3h$Ý]ó ésish�lqisÞÂáGtZisr3h$Ýsh Û tßk��jå Û h
(GCD)

Þàh»kBu3Ýsésl:á"V Û ó_t5rjr3hjÞàÞàl�ô^l Û l�áBußÝ^tZisÞëési�Þ ò ÞÂá��3ïðh»Ý^h»kBu3u3r3kBl�áBéskBh�ä^kBu>ÜsøNh»Ý^hXáGtZl ÛqÛ hXäAn Û:ò i^nZïðl�t Û hpvAúHh3rjläAh3éNá_n3áàkBh»õWtZl:áëh3i�áBhjï1äªÞcäAn Û:ò i�`pïCl�t Û Ý]ó_t5äsk��3Þ Û hjÞcáàkGtjêpt5ésø�Ýsh�^1vAú/tZésrjt ÛNG ú/tZé �pã�K@v
�úHnpïðïCh/r3npisÞàu�î�ésh3isrjhHlqïðïðu3Ýsl�t5áBhHÝsh/r3h9kBujÞàé Û áGtÈájè5åZk
	Zr3hctZéPkBu3Þàé Û áGt5áoÝsh Û nYrjt Û l�áBuHÝsé Û hjïðïChëãZâ�äªtZåph �Zÿh>áërjt5k Û ó hjisÞàh3ïPô Û h

S⊕2(T )
Þàhßrjt Û r3é Û h»hji�áBh3ïCä^Þ�äAn Û�ò i�`pïðl�t Û isnpésÞ�nZôsáBhjisnpisÞ Û h»áBísu3nZk��3ïðhßÞàésl�êptZi�á�k

� �I��{ ��� ��	 � � ?oSOTGI��>8 �>JK?�D�?�D ! D5Lª=>674[I5.�D�?ë8Â\ 4Q.ª67TULY;$D�25.^;c8:?�=G25; �>4W.O254WTB?oS^I5LNT�8:2P6 � ! I5TU4@? ! `>L^2Z674[I5.s.A?38Q8:?D�?U; �ZTBI5L�S^?>;P2�� ! 8_4[?U.^;12 � ?G=C= ��4 �cTB?>J<?>.ª6/D54W;U67TU4��>LN674 0P?>;U6cD ! =U4[D�2��>8q?1?>.�6a?UJ�SO;HS^IZ8 �Z.AI5J14[2Z8
� �



� ���s��� � ���&���$���� &� �&��������� ��� ���������-�����4�����52s����� �

647�� 	 B�D�
 ?AFu=>F��� BC;-= ;-= ;-?A@hB�D����hF��Q;�=>= � �	� �tD�
�7

��npésÞ�kGt�!ÂnpéNáBnpisÞ Û t$äskBnZäskBlqu>áBu/Þàésl�êptZi�áBh/tZé1rUísl�ìAkBh3ïðh3i�á
{{x}k1

}k2
= {{x}k2

}k1

v*^»tZisÞ Û h/rjtZÞoåpu3isu3kGt Û èl Û õWtZéNáKïCnYÝsl:Ü^h3k Û ujå��3kBh3ïðh3i�á Û h Þ ò ÞÂá��jïðh�r3npisÞàlqÝsu3kBu�h>á<kBhjisõWn5kBrjh>k Û tRisnZáBlqnZi ÝshÉäskBhjéNê�h
⊕ � ?G2 ��?>T äAnpéNknZôsáBhjisl:k Û h�kBu3Þàé Û áGt5á9Ýsh Û n�r�t Û l:áBuët5áBnZïðl�î�éshZv ^»tZisÞ Û h�r�t5ÞMô^lqi^tZl:kBhcäAnpéNkHési<rGísl:ìOkBhjïChji�áHísnpïðnZïðnZkàä^ísl�î�éshëh3árjnpïCïbéNáGt5áBlqõOäAnpéNk Û h1ö�npéðh3øNr Û ésÞàl:õfù1isnpésÞ9nZôsáBhjisnpisÞMésiðkBujÞàé Û áGt5á9Ý^h�rjnZïCä Û h>øNl:áBu�h3øst5r3ájv���npésÞEáàkGtjêZtZl Û:Û npisÞáBnpé�!ÂnpéNkBÞëtjê�h3r Û hßïðnYÝ� Û h»Ýsh�^Xn Û h3êsX�j9tZnðÝsh Û t1ÜªåZéskBhPæYv_â1äªtZåph \�\�v

a b�� bdc � { ����	� ��}s{ � b
^»tZisÞ»ési(äskBhjïClqh>k»áBhjï1äªÞ3è]isnpésÞXäskBujÞàh3i�áBnpisÞ Û hCisnpéNê�hjtZéRïCnYÝ� Û hCéNáBl Û lqÞàu1äAnpéNk Û h1r�tZÞXn�� Û h1Þ ò ïPôAn Û hí^nZïðnpïðnZkàä^ísl�î�é^hHhjÞÂá ésibrUísl�ìAkBh3ïðh3i�áEr3npïðïPésáGtÈáBlqõ~vÈü9isÞàésl:áBhHisnpésÞ ïðnpi�áàkBh>kBnpisÞ Û h9kBu3Þàé Û áGt5á r Û h3õsrjnZi^r3h>kBiªt5i�áÛ t Û nYr�t Û l:áBu�t5áBnpïCl�î�éshZèYr3hjr3lOisnpésÞHäAh>kBïðh>áàáàkGtPÝsh�r3npisr Û éNkBh�lqïðïðu3Ýsl�t5áBh3ïðh3i�ách3i�éNáBl Û lqÞBt5i�á Û h�ï4n3ïðhëäskBnYrju3Ýsuî�ésh»Ý^tZisÞ Û hßrjtZÞ�i^nZi�r3npïðïPésáGtÈáBlqõ~v

v�w � w'xyw'x �C{��� 	�} � � { � � ~ 	yw
monZésk�äskBhjisÝNkBh�hji)rjnpï1ä^áBh Û t r3npïðïPésáGtÈáBl:êNl�áBu�Ýsh Û t'ïðu>áBísnYÝsh�Ýsh�rGí^l�ìOkBhjïðh3i�ájè�isnpésÞÉr3npisÞàlqÝsu>kBnpisÞî�ésh Û h áBh>kBïðh

{u}K
kBh>äskBujÞàh3i�áBh Û h áBh>kBïðh

u
rUísl:ìOkBu äªt5k�ési)ïPé Û áBl X[h3isÞàhjïPô Û h ýGö(ïbé Û áBl X[Þàh3á ù � Ü^isl�Ýshr Û hjõQÞ

K = {kα1

1 , . . . , kαn
n }

v ��npésÞPéNáBl Û lqÞànpisÞbési�ïPé Û áBl X[h3isÞàhjïPô Û h�r�tÈk Û ó nZkBÝNkBh<Ý^tZisÞ Û hjî�ésh ÛEÛ h3ÞPr Û hjõQÞPÞànpi�át5äsä Û l�î�ésu3hjÞÉi]ó_t t5é^r3ési l:ïCäAnZkàáGtZisr3hpècï<tZl:Þ Û t'ïbé Û áBl�ä Û lqr3l:áBu�ÝshRrGíªtZî�éshRr Û h3õbh3ÞÂá�r>kBésrjlqt Û hZv ��nZáBnZi^ÞÉî�ésh
{u}∅

hjÞÂá»u3å�t Û tZé(áBh3kBïCh
u
v ��npésÞ»ïðnYÝsl:Ü^npisÞ»Ýsnpisrðésisl�î�é^h3ïðh3i�á Û tKk��jå Û hCÝshCrUísl�ìAkBh3ïðh3i�áßh3á Û t�k��3å Û hCÝshÝ^u3rGí^l�ìOkBhjïðh3i�áëÝ^tZisÞ Û hßïCnYÝ� Û hßÝshZ^»n Û h>êsX�jHtZnCu3áBh3isÝ^éÉÝsh Û tCï<tZisl �>kBhßÞàésl�êptZi�áBhZv

(CK)
T ` u T ` K

T ` {u}K ↓
(DK)

T ` r T ` K

T ` u ↓

4 0 r =E {u}K

oQp�qQr]æYv � m K = {kα1

1 , . . . , kαn
n }

v
H t�k��jå Û h

(CK)
äAh3kBïCh3á-V Û ó l:i�áàkBé^ÞßÝshðrUísl�ìAkBh>kPésiRïðhjÞàÞBt5åph

u
äªt5k Û hCïbé Û áBl X[h3isÞàhjïßô Û hKÝshðr Û h3õWÞ

K =

{kα1

1 , . . . , kαn
n }

v � u3r3l:äskBnNî�ésh3ïðhji�á Þ3ó l Û r3npisi^t��qá Û h9ïbé Û áBl X[hjisÞàh3ïPô Û h/Ýsh9r Û hjõQÞ�éNáBl Û l:ÞàuHÝ^tZisÞ Û h9ïðh3ÞàÞBtZåphHrGísl:ìOkBul Û äAh3éNá$t Û nZkBÞ�ÝsujrGísl:ìOkBh3k Û hßïChjÞàÞBtZåZhßäªt5k Û t1k��3å Û h
(DK)

v
��� 	 � �A~ 	 x �  I5.^;G4[D ! TBI5.^; T = {k1, k2, {u}{k3

1
,k2,k3}}

.AI5LY; S^I5L � I5.^;ëD�I5.A=XD ! D5LY4WTB?ë8:?�6a?UTUJK? {u}{k3}
d

(DK)

(A)
{u}{k3

1
,k2,k3} ∈ T

T ` {u}{k3
1
,k2,k3}

(A)
{k3

1, k2} ∈ T

T ` {k3
1 , k2}

T ` {u}{k3}H h�kBu3Þàé Û áGt5áHÞàéNk Û t Û nYrjt Û l�áBuëÞ ò i�áGt5øYl�î�éshëhjÞÂá9h3isrjnZkBh�êYkGt5l^äAnpéNk Û h$rGísl:ìOkBh3ïðhji�áHr3npïðïPésáGtÈáBlqõ~v [�lqisÞàlªisnpésÞi^hßkBh3å�t5kBÝsnpisÞ�Ý^tZisÞ Û t<Þàésl:áBhbésisl�î�é^h3ïðh3i�á Û hjÞëk��jå Û h3Þ�ÝshbrGísl:ìOkBhjïChji�ájèAÝshPÝsujrGísl:ìOkBh3ïðhji�áXh>á�ÝshbÞànpïðïChbh3árUísh>kBrUísnpisÞWV1äskBnpéNê�h>këé^i�kBujÞàé Û áGtÈáëÝ^h Û n�r�t Û l:áBuXäAnpéNk Û h3Þ$t5áBnpïChjÞ3v
v�w � w'xyw�� zT{3|�}&~'� � � }�� {�� � � � 	yw
� 	 � ��	 � 	 � ��{�� � � � 	 � ��	 �*w ��npésÞ�Ý^h>ê�npisÞ�ïðn�Ý^l�Ü^h3këésiÉäAh3é Û h3ÞëÝsu>Ü^i^l�áBlqnpisÞ�ÝshXáBh3kBïðh3Þ�h>áëÞànpésÞdX@áBh>kBïðh3Þt5Ü^i�Ýsh»äskBh3i^ÝNkBh»hjiÉrjnpï1ä^áBh Û t1rjnpïCïbéNáGt5áBl:êNl�áBußÝsh3Þër Û h3õWÞ3v
�h���� � ����{��	�yv�� � 	 � ��	 	�� � � � 	 } � 	s|

EK
��� .(6a?>TUJK? u ?>.C0>I5TUJK?ß.AI5TUJ<2Z8:?C?>;G6c?>. á1n>áBhßtjêphjr EK ;G4

u ?U;U6cD�?P8:2$03I5TUJK? u = {t}K
d � 4W.OI5. u .]\ ?>;U6�S^25; h3iÉá1n>áBhßtjêphjr EK d

���
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H tKisnZáBl:npi÷Ý]ó t5áBnpïðh3Þ�Ýsh Û t<Ýsu3Ü^isl:áBl:npi'çZçPäªtZåph4\ZãðÞàh>kGt<ésáBl Û l:ÞàujhbÝ^tZisÞ�r3h3áàáBhPÞàh3r3áBl:npi]v ��npésÞ�u>áBh3i^ÝsnpisÞÛ tðisnZáBlqnpi�ÝshPÞànpésÞdX@áBh>kBïðh3Þ�Þ ò i�áGt5øYl�î�ésh3Þ$h3i�ÞànpésÞdX@áBh3kBïðh3Þ$Þ ò i�áGt5øYl�î�ésh3Þðö1r3npïðïPésáGtÈáBlqõWÞXùZv ��npésÞëÝsujisnZáBnpisÞäªt5k
P [K]

Û ó h3isÞàhjïPô Û hPÝshjÞcäªt5kàáBl:áBl:npisÞ�Ý^h Û ó h3isÞàhjïPô Û h
K
v

������A������{�� � ����� {��
� �d� 	 � ��	 � ���
�&� } � ��� � 	 �4|�{��� � �(}���� ����� � \ ?>.^;3?UJ �>8q?�D�?U; ÞànpésÞdX@áBh3kBïðh3Þ Þ ò i
XáGtÈøNl�î�ésh3Þ�rjnZïðïbéNáGt5áBlqõQÞ Df\ LY.(6a?>TUJK? t ?>;U698:?�SA8³LY;HS^?367476c?U.^;3?UJ �38:? Sc(t)
6a?>8�`>L^?CV

� t ∈ S(t) d
� � 4 〈u, v〉 ∈ S(t) 2Z8:I5TU; u, v ∈ S(t) d
� � 4 {u}K ∈ S(t) ?36 K = {kα1

1 , . . . , k
αp
p }

2Z8:I5TU; u ∈ S(t) ?36 ki ∈ S(t) S^I5LYTP6aI5LN6 i 1 ≤ i ≤ p d
� � 4 u = u1 ⊕ . . .⊕ un ∈ S(t) 2Z8qI5TU;P2Z6aI5J1; (u) ⊆ S(t) d
H t Ý^u>Ü^isl:áBlqnZi¼Ý^h

Sc
Þ3ó u3áBh3isÝztZéNø h3isÞàhjïPô Û hjÞ�Ýsh áBh>kBïðhjÞ

T
h3i¼õQnZkBïðh isnZkBïðt Û h äªt5k

Sc(T ) :=
⋃

t∈T Sc(t)
vcúHnpïðïCh Û h rGísl:ìOkBhjïChji�á�h3ÞÂáKr3npïðïbéNáGt5áBl:õ Û h isnpïßô^kBh Ýsh ÞànpésÞdX@áBh>kBïðh3ÞKh3ÞÂá�h>øYäAnpishji�áBlqh Û h3iÛ t�áGtZl ÛqÛ hðÝsh Û ó h3isÞàhjïPô Û hKÝsh<r Û h3õWÞßÝsh

T
èfl Û õWtZéNáßäskBhjisÝNkBh<h3iRrjnZïCäsáBhðáBnpéNáBh3Þ Û h3ÞßrjnZïPô^lqi^tZlqÞànZi^Þßä]nZÞàÞàl:ô Û h3ÞäAnpéNk Û h3Þ/r Û h3õWÞ/Ý]ó é^iKáBh>kBïðh�rGísl:ìOkBuZv H tPi^n5áBlqnpi�Ýsh�ÞànpésÞdX@áBh>kBïðh3ÞcÞ ò i�áGtÈøNl�î�ésh3ÞHäAnpéNk Û h�r�t5Þ/isnpi�r3npïðïbéNáGt5áBl:õh3ÞÂáXr3npi�áBhji�ésh1Ý^tZisÞ Û hjÞ�ÞànpésÞdX@áBh3kBïChjÞXÞ ò i�áGt5øNlqî�éshjÞ�rjnZïðïbéNáGt5áBlqõQÞ

S(T ) ⊆ Sc(T )
èOr3h Û t�isnpésÞ»t5ÞàÞàéskBh Û hPkBu�XÞàé Û áGt5áXÝsh Û nYrjt Û l:áBubÞ ò i�áGt5øYl�î�éshZè]tZl:i^Þàl�isnpésÞ�äAnpéNê�npisÞ$áàkGtZl�áBh3k�ési^lqî�éshjïChji�á Û h3Þ�k��3å Û hjÞ

(GX)
è
(D)

è
(C)

h>á
(A)

��� 	 � �A~ 	 x � � 4 u = {a}k1,k2,k3
2Z8:I5TU;�8Â\ ?U.^;3?UJ �38:? D�?U;<;3I5LN; � 6a?UTUJK?>;<;��Z.^6a2 �Z4@`>L^?>;�=GI5JCJ1Ls6a2Z674 0G;�D�? u?U;U6cV Sc(u) = {u, a, k1, k2, k3, {a}k1, {a}k2, {a}k3, {a}k1,k2, {a}k2,k3, {a}k1,k3}

d
�C����� � 	��&� 	 � ��{ � � 	 � � 	 � � 	 � � 	 � H h3ÞcÝ^l�ìAu3kBh3i�áBhjÞcr�tÈkGtZr3áBu>kBlqÞÂáBlqî�éshjÞ/Ý^h3ÞcäskBhjéNê�h3Þ3èsÝsu3Ü^islqh3ÞcäskBujr3u3Ý^h3ï8XïChji�ájè^Þànpi�á$ï<t5lqi�áBhji^tZi�áëu3áBh3isÝ^ésh3ÞcäAnpéNkëáBh3i^l�kërjnZïCäsáBhßÝsh Û tCrjnpïCïbéNáGt5áBl:êNl�áBu»Ýsé�rGí^l�ìOkBhjïðh3i�ájv
������A������{�� � � � ��� 	��� 	 } �t~ }���� 	�	�� �(� ���t~ 	 �� I54W6 P LY.A?�SOTB?UL � ?CD�? T ` w d P F P ?>;G6cV

� t5ä Û t5áBlqh ;s\ 4W8].A\ ��2»S^25;PD�?UL ��2GS�SA8_4[=G2Z674@I5.^;P=GI5.^; ! =>LN674 � ?U;bD�?>;XT � �p8:?>; (GX) F (C) ?>6 (D) d
� Þàl:ïCä Û h ;G4/V

� db= �N2�`>L^?b. �HL^D�D�? T ` v 2GS�Sª25TB2#"W6/25LCSA8_LN;XLN.A?903I54Q;bD�25.s;b= �N2�`>L^? �>TB25.A=��N?1D�?P8:2 P d
� db= �N2�`>L^?b. �HL^D�D�? T ` v 2GS�Sª25TB2#"W6/25LCSA8_LN;XLN.A?903I54Q;b=BI5JCJK? ���GS^IZ6 � �>;3?1Df\ LN.A?ßT����p8:? (GX) d
� d �G8].]\ ��2»S^25;ßDf\ 2GS�SA8_4[=G2Z674@I5.R=GI5.^; ! =ULs674 � ?CD�?>;XT����Z8q?U; (CK) ?36 (DK′) ;G4 K ∩K ′ 6= ∅ d


~Û hjÞÂáÉáBnpé�!ÂnZéskBÞ�ä]nZÞàÞàl:ô Û hRÝshRõWésÞàlqnpisish>k ÝshjéNø tÈä^ä Û lqrjt5áBlqnpisÞ�r3npisÞàu3rjéNáBl:êphjÞ�Ýsh3ÞÉk��3å Û h3Þ
(CK)

è
(DK)h>á

(GX)
h3áðÝ]ó nZôsáBh3isl:k<é^ishÉäskBhjéNê�h tÈä Û t5áBlqhZvN^XhÉä Û ésÞ3è9h3i u Û lqïðl:i^tZi�áKrjh>kàáGtZlqish3ÞðôskGtZisrGíshjÞ3èMnpé rjh>kàáGtZlqish3Þí ò äAnZáBí�3ÞàhjÞ3è�nZé<rjh>kàáGtZlqish3ÞEk��jå Û hjÞ�ý

(D)
nZé

(C)
� isnpésÞ9äAnpéNê�npisÞMáBnpé�!ÂnpéNkBÞMáàkGt5i^ÞàõQnZkBïðh>kHésishëäskBh3éNê�hëhji<ésishäskBh3éNê�hßÞàl:ïCä Û hZv

��� { ��{ �(������{�� x
	�� I5476 K ?>6 K ′ D�?>L ��?>.s;3?>J �38:?>;�D�? =>8:?@0G;�6a?>8³;É`ULª? K ∩ K ′ = ∅ Fß2GS�SA8³4@`>L^?>T�Df\ 2��GI5TBD8:2KT����p8:? (DK) 25L÷6a?UTUJK? u SOLY4W;P8:2KT � �p8:? (CK′) ?>;U6 ! `ULN4 � 2Z8:?>.^6$`UL9\ 2GS�SA8³4@`>L^?>TCDf\ 2��BI5TGDK8:2�T����Z8:? (CK′) 25L6a?UTUJK? u ?36/?>.^;GLY476a?b8:2<T����p8:? (DK) d
� TB?>L � ? k H h»õ7t5l:á$î�ésh K ∩K ′ = ∅

äAh>kBïðh3áëÝ]ó nZôsáBhjisl:këÝsl�kBhjr>áBhjïChji�á Û h»kBu3Þàé Û áGt5ájv
�úHh>áàáBhëõWnZlqÞ3è�isnpésÞHÝsh3ê�nZi^Þ9Ý]ó_t5ôAnZkBÝ<h3ìAh3r3áBésh>k Û h3ÞHÝsu3rUísl:ìOkBh3ïðh3i�áBÞ Û h�ä Û ésÞ9á1`Zá9äAnpÞàÞàl:ô Û h$Ý^tZisÞ Û h3Þ9äskBh3ésêphjÞ

D � ?G2 ��?UT h>áëh3i^Þàésl�áBhßõWtZl:kBh Û h3ÞëÞànpïCïðhjÞ Û h»ä Û ésÞcá1`Zá�äAnpÞàÞàl:ô Û hßÝ^tZisÞ Û h3Þ�äskBhjéNê�h3Þ ⊕ � ?G2 ��?UT v
������A������{�� � ��� ��� 	��� 	

⊕ � �
�����	� 	 � D � �
����� � � � I5476 P LN.O?�SOTB?>L � ?1D�? T ` w F P ?>;U6cV
� D � �
�����	� ;G4HV

� d»4W8O.]\ ��2$S^25;»Df\ ���US^IZ6 � �>;>?PD�?»8:2CT����p8:? (GX) ?>. 6��36a?P2 � ?G= {.}K ?>6HD�?XT����p8:? (DK′) � LN;U6a?P2GSOT��>;=G?>6@6a?C2GS�SA8³4@=G2Z674[I5.RD�?P8:2<T����p8:? (GX) 6a?38Q8:?C`>L^? K ∩K ′ 6= ∅ F
çjÿpÿ



� ���s��� � ���&���$���� &� �&��������� ��� ���������-�����4�����52s����� �

� d �G8]. ��2»S^25;PD�? (C) � LN6a?P;3I5LY;XLN.O?bT����Z8:? (D) FE;G4H=ª\ ?>;U6H8:?C=G25;GFE.OI5LN;/S^?UTUJCLN6aI5.^;b?>.÷Ls674W8³4Q;325.ª68:2XSOTBIGSªI5;B47674[I5. ��� S^2 ��?C=>4 � =BI5.ª67TB?�d
� ⊕ � �
� ���	� ;G496aI5LN6a?>;P8:?>;ßT����Z8q?U; (CKi

) 4WJCJ ! D54[2Z6a?UJK?U.ª6�25L � D�?>;G;BLN;bDf\ LY.A?bT����Z8q? (GX) D�25.^; P ;3I5.^66a?38Q8:?U;1`>L^? Ki ∩Kj = ∅ SªI5LYT i, j 6a?38�`>L^? i 6= j d
� � } � ��� { � � }�����{�� � � 	 � � 	��� 	��*w ��npésÞbÝsu3i^n5áBnpisÞPäªt5k

πx

Û t�ÞànpésÞdX@äskBhjéNê�hKÝ�ó ési^h<äskBh3ésêph
P
Ýsnpi�á Û tkGtZrjl:ishßh3ÞÂá

T ` x
v

z
	����	�� ��� I5476 P LY.A?/SOTG?UL � ?ß;B4WJ�SA8:?b?>6/2GSA8:2Z674[?bD�? T ` w d �$8:I5TU;X478f?��54W;U6a?»LN.O?cSOTB?>L � ? P ′ D�? T ` w6a?38Q8:?C`>L^? P ′ ;>I5476M;G4WJ$SA8q?UF/2GSA8:2Z674[?1?>6 D � ?G2 ��?>Tjd
� TB?UL � ? k ] npl:á

P
ésishðä^kBh3éNê�hKÞàl:ïCä Û h<h3ábt5ä Û t5áBlqh<Ýsh

T ` w
v ��npésÞPáàkGt5i^ÞàõQnZkBïðnpisÞPr3h3áàáBhCäskBhjéNê�h<h3ié^ish$äskBh3ésêphXÞàlqï1ä Û hpèst5ä Û tÈáBlqh�h>á

D � ?B2 ��?>T Ýsh T ` w äªt5kclqisÝsésr3áBl:npi�ÞàéNk Û h�isnpïPôskBhXÝshXi�»ésÝ^Þ/Ý^h P v���npésÞkBhjå�tÈkBÝ^nZi^Þëî�ésh Û:Û h»hjÞÂá Û tCÝsh3kBisl �3kBhXk��jå Û h»Ý^h
P
k

m (A)
k Û t1äskBhjéNê�h»hjÞÂáëu>êNl:Ý^h3ïðh3i�áëÞàlqïCä Û hZèOt5ä Û t5áBlqh»h3á

D � ?B2 ��?>T v
m (GX)

è
(C)

kYi^nZé^Þ/t5äsä Û l�î�é^nZi^Þ/Ýsl:kBh3r>áBhjïðh3i�á Û ó í ò ä]n5áBí��3Þàh�Ý]ó l:i^Ýsésr>áBlqnpi�ÞàéNk/áBnpéNáBh3Þ Û h3Þ/ÞànpésÞdX@äskBhjéNê�h3Þh3á�rjnZi^r Û ésnpisÞ3v
m (DK2

)
kci^nZé^Þ�t5äsä Û lqî�ésnpisÞ Û ó í ò äAnZáBí�jÞàh�Ý�ó lqisÝsésr3áBl:npi ÞàéNk Û t'äªt5kàáBl:h�r Û hjõßÝsh Û t�k��3å Û h ý

DK2

� èch3ákBhjå�tÈkBÝ^nZi^Þcä Û ésÞëh3iÉÝ^u>áGtZl Û ÞëÝ]ó n��ÉäskBn�êNl:hji�á Û hßïChjÞàÞBtZåZhßrUísl:ìOkBu»Ýsh Û t1k��3å Û h
(DK2

)
k

m (A)
k Û h»kBu3Þàé Û áGt5áëh3ÞÂá$l:ïðïðu3Ý^lqt5ájv

m (C)
kHr3npïðïðh Û tRä^kBh3éNê�h÷h3ÞÂá�ÞàlqïCä Û h(isnpésÞKäAh>kBïbéNáBnpisÞ�Ýsnpisr Û h3Þ�Ýsh3éNø k��jå Û hjÞKhji éNáBl Û l:ÞBtZi�á Û täskBnZäAnpÞàl:áBl:npi�çjÿbäOt5åph»äskBu3rju3Ýshji�áBh»h3á$tÈä^ä Û l�î�ésnpisÞ Û ó í ò äAnZáBí�3ÞàhßÝ^hXkBu3rjéNkàkBh3i^r3hZv

m (GX)
k

m ÞàlZáBnpéNáBh3Þ Û hjÞ�í ò ä]n5áBí��3Þàh3ÞfÝsh (GX)
Þànpi�á�rGí^l�ìOkBujh3Þ�äªt5k Û ó h3i^Þàh3ïPô Û hMÝ^hMr Û h3õWÞ

Ki
áBh Û î�ésh

Ki∩K2 =

∅
t Û nZkBÞ�isnpésÞ$t5äsä Û lqî�ésnpisÞ Û ó í ò äAnZáBí�3ÞàhßÝ]ó l:isÝ^ésr>áBlqnpiÉÞàésk Û h3ÞëÞànpésÞdX@äskBh3ésêphjÞëh>áërjnpisr Û ésnpisÞ3v

m ] l:i^nZi isnpésÞÉäªt5kàáGtZåZhjnpisÞ Û hjÞÉí ò äAnZáBí�3ÞàhjÞÉÝsh Û t'k��jå Û h
(GX)

h3i ÞànZïðïðh3Þ�ä Û ésÞÉäAh>áBl:áBh3Þ�î�ésläskBnYÝséslqÞàh3i�áHáBnpéNáBhjÞ9ési<áBh3kBïðhërUísl:ìOkBu$h3á9i^nZé^Þ/t5äsä Û l�î�é^nZi^Þ Û t»áàkGtZisÞàõWn5kBï<t5áBlqnZi�Ýsh Û tßÜ^åpéNkBh»æ�v�çjÿäªtZåZhbÞàésl:êZtZi�áBhpv&^»tZisÞ�r3h3kàáGtZl:ishjÞ$Þàl:áBé^t5áBl:npisÞ�Ý�ó tZéNáàkBhjÞ$áàkGt5i^ÞàõQnZkBï<t5áBl:npisÞ�Þànpi�áXisujr3hjÞàÞBt5l:kBh3Þ$ä]nZéskäskBu3Þàh3kàêph3k Û t(Þàl:ïCä Û l:rjl�áBu k ��npésÞCÝsh3ê�nZi^ÞCrjnpéNäAh>k Û hjÞCí ò äAnZáBí�3ÞàhjÞðh3i Ý^nZésô Û h�Ý^tZisÞ Û hjÞ1k��jå Û hjÞ
(GX)

npé ÝshjÞëôskGtZisrUísh3Þ�h3i�áBl �>kBhjÞëÝ^h Û t<äskBh3éNê�hßä]nZésk Û h3Þ$isnpéNê�h�t5ésøÉi�ßésÝsÞ�lqi�áàkBnYÝsésl:áBÞëäªt5k Û táàkGt5i^ÞàõQnZkBï<t5áBl:npi]vs^Xhëä Û ésÞ3èNÞàl Û tßk��3å Û h
(GX)

ishëäAnpÞàÞ��jÝsh�î�é]ó ésish�í ò äAnZáBí�3Þàhpè�isnpésÞS`ZáBnpisÞHr3h3áàáBhk��3å Û hpvpúHnpïðïCh
K2∩K1 6= ∅

h>á
n ≥ 2

è Û t�áGtZl Û:Û hHÝsh Û t�äskBhjéNê�hHl:i^l�áBl�t Û hHhjÞÂá
Σi=n

i=1 |πBi
|+|πK2

|+2
èr3h�î�é^l9h3ÞÂábä Û ésÞ1å5kGtZisÝ�npé'u3å�t Û î�é^h Û t�áGtZl ÛqÛ hKÝsh Û t�ÞànpésÞdX@ä^kBh3éNê�h�ÞàhKáBh>kBïðl:iªt5i�áPäOtÈk Û tÉk��jå Û h

(DK2∩K1
)
k
Σi=n1

i=1 |πBi
| + |πK2∩K1

| + 2
v ��npésÞ<rjnpisr Û ésnpisÞ<h3i�tÈä^ä Û l�î�é^tZi�á Û ó í ò äAnZáBí�3Þàh ÝshkBu3r3éskàkBh3isrjhXÞàéskërjh>áàáBh»ÞànpésÞdX@äskBh3ésêphpv

�

(GX)

(GX)
T ` x1 . . . T ` xn

T ` x1 ⊕ . . .⊕ xn T ` y1 . . . T ` ym

T ` x1 ⊕ . . .⊕ xn ⊕ y1 ⊕ . . .⊕ ym

⇓

(GX)
T ` x1 . . . T ` xn T ` y1 . . . T ` ym

T ` x1 ⊕ . . .⊕ xn ⊕ y1 ⊕ . . .⊕ ym

oSp�qQr�æ�v � m �ªésÞàl:npi�ÝshßÝshjéNø�k��3å Û h3Þ (GX)
v

çjÿNç
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(DK2
)

(GX)

(R1)

���

T ` B1

. . . (Rn)

���

T ` Bn

T ` {u}K1
T ` K2

T ` {u}K1\K2

⇓

(DK2\K1
)

(DK2∩K1
)

(GX)

(GX)

(R1)

���

T ` B1

. . . (Rn1
)

���

T ` Bn1

T ` {u1}K1

. . . (GX)

(Rnl−1+1)

���

T ` Bnl−1+1

. . . (Rnl
)

���

T ` Bnl

T ` {ul}K1

T ` {u1}K1
⊕ . . . ⊕ {ul}K1

= {u}K1
T ` K2 ∩ K1

T ` {u}K1\K2∩K1
T ` K2 \ K1

T ` {u}(K1\K2∩K1)\(K2\K1) = {u}K1\K2

⇓

(DK2\K1
)

(GX)

(DK2∩K1
)

(GX)

(R1)

���

T ` B1

. . . (Rn1
)

���

T ` Bn1

T ` {u1}K1
T ` K2 ∩ K1

T ` {u1}(K1\K2∩K1)

. . . (DK2∩K1
)

(GX)

(Rnl−1+11)

���

T ` Bnl−1+1

. . . (Rnl
)

���

T ` Bnl

T ` {ul}K1
T ` K2 ∩ K1

T ` {u1}(K1\K2∩K1)

T ` {u}(K1\K2∩K1) T ` K2 \ K1

T ` {u}(K1\K2∩K1)\(K2\K1) = {u}K1\K2

�� �� �� � � 	 
� � �� �� � ��� � D� �� � �� ��� � K2 ∩K1 6= ∅� � n ≥ 2�

çjÿ�ã
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(GX)

(CK1
)
T ` x1 T ` K1

T ` {x1}K1

(CK2
)
T ` x2 T ` K2

T ` {x2}K2

(R1)

�����

T ` z1
. . .(Rm)

�����
T ` zm

T ` {x1}K1
⊕ {x2}K2

⊕ z1 ⊕ . . .⊕ zm

K1 ∩K2 6= ∅

⇓

(GX)

(CK1∩K2
)

(GX)

(CK1\K2
)
T ` x1 T ` K1 \K2

T ` {x1}K1\K2

(CK2\K1
)
T ` x2 T ` K2 \K1

T ` {x2}K2\K1

T ` {x1}K1\K2
⊕ {x2}K2\K1

T ` K1 ∩K2

T ` {x1}K1
⊕ {x2}K2

(R1)

�����

T ` z1
. . .(Rm)

�����

T ` zm

T ` {x1}K1
⊕ {x2}K2

⊕ z1 ⊕ . . .⊕ zm

�� ��� � � � � 	 
�� � � ��� � �  � � � � ⊕ � ��� ���� K1 ∩K2 6= ∅

� � � �� � � � � � � �  ! � � � (Ri)

� � � � " � #$ � � � � � � " � (C) �

çjÿpâ
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	���������������������������� !���"�$# �% &�'�(�*)+����,-������.*/1032*�4���5�� ��&���

��� { ��{ �(������{�� xyx � ?U;P67TG25.s;W03I5TUJ<2Z674[I5.^;1D�?ëSOTB?UL � ?>;CD�?U; � �ZLYTB?>; ��d �ßS^2 ��? ���	� ?36 ��d ��� S^2 ��?ëSOT ! = ! D�?U.ª6a?0>I5.ª6cD ! =UTGI#"W67TB?P8:?P.AI5J �UTB?1D�?P.��9LªD5;HS^25T»TG2GS�S^I5T>6/25LÉ.AI5J �UTG?1D�?ß.��9LªD5;bD�?P8:2»SOTB?>L � ?ß4W.^4W674[2Z8:?�d
� TB?>L � ? k � h3ï<t5kGî�ésnpisÞ»î�éshbáBnpéNáBh3Þ Û hjÞ$áàkGtZisÞàõWnZkBïðt5áBlqnpisÞ»ÝshbäskBh3ésêphjÞ�äskBujÞàh>kàê�h3i�á Û hjÞXí ò äAnZáBí�3ÞàhjÞXh>áÛ tðr3npisr Û ésÞàlqnpiÉÝ^h Û t1äskBhjéNê�h»lqisl�áBl�t Û hpv��npésÞër3npisÞàlqÝsu3kBnZi^Þ Û hjÞcáàkGtZisÞàõQnZkBï<t5áBl:npisÞëésish»äOtÈk$ésish4k
m � lqåpéNkBhbæYv �bäªtZåph<çjÿsçik Û h»kBu3Þàé Û áGt5áëh3ÞÂáëlqïCïðujÝslqt5ájv
m � lqåpéNkBhbæYvqçpçXäªtZåph»äskBu3rju3Ýshji�áBh8k Û h»isnpïPôskBhPÝsh»i�ßésÝsÞëÝ^h Û tbä^kBh3éNê�hßlqisl�áBl�t Û hßh3ÞÂáëÝsh4k
αI = Σi=m

i=1 |πzi
|+ |πx1

|+ |πx2
|+ |πK1

|+ |πK2
|+ 3H h»i^nZïPôskBhßÝ^hßi�»ésÝ^Þ�Ýsh Û t1äskBh3ésêphPt5äsk��3Þ�áàkGtZisÞàõQnZkBï<t5áBl:npiÉêZtZéNá�k

αT = Σi=m
i=1 |πzi

|+ |πx1
|+ |πx2

|+ |πK1\K2
|+ |πK2\K1

|+ |πK1∩K2
|+ 5

�ëô^Þàh3kàêpnpisÞ�î�é^h
|πK1
| = |πK1∩K2

|+ |πK1\K2
|
h3á
|πK2
| = |πK1∩K2

|+ |πK2\K1
|
v

αI − αT = |πK1
|+ |πK2

| − |πK1\K2
| − |πK2\K1

| − |πK1∩K2
| − 2

= |πK1∩K2
|+ |πK1\K2

|+ |πK2
| − |πK1\K2

| − |πK2\K1
| − |πK1∩K2

| − 2

= |πK1∩K2
|+ |πK2\K1

| − |πK2\K1
| − 2

= |πK1∩K2
| − 2

úHnZïðïðh
K1 ∩K2 6= ∅

èsi^nZé^ÞënZôsáBh3isnpisÞ
|πK1∩K2

| ≥ 2
h3á Û h»isnpïPôskBhPÝsh»i�ßésÝsÞëÝ^l:ïðlqi�éshZv

�J nZésáBh Û t�ÞàéNô^áBl Û l�áBucÝsé1kBu3Þàé Û áGt5áokBujÞàl:Ý^h/Ýªt5i^Þ Û t�rjnpisÞÂáàkBésr>áBlqnpi1Ý^h Û t$ôAnpisi^h/õWnZkBïðh/Ý^hHä^kBh3éNê�hZv�úHh/áàkGtjêZtZl Ûh3ÞÂá�kBujt Û l:ÞàußÝªt5i^Þ Û h Û h3ïðïðhbã � Þàé^l�êpt5i�ájv
z
	 ���	�� ��� \ 4W8H?��Z4Q;U6a?KLY.A?»SOTG?UL � ?K;G4QJ�SA8:?>F�2GSA8:2Z674[?�?36 D � ?G2 ��?UT�D�? T ` w 2Z8:I5TU;C478H? �54Q;U6a? ! ��2Z8:?>JK?U.ª6LY.A?cSOTG?UL � ?P;G4QJ�SA8:?>FH2GSA8:2Z674[?>F D � ?G2 ��?UTC?>6 ⊕ � ?G2 ��?>T1D�? T ` w d

� TB?>L � ? k ] npl:á P ésish�äskBhjéNê�hëÞàlqï1ä Û hpèYt5ä Û t5áBl:hëh>á D � ?B2 ��?>T Ýsh T ` w è�isnpésÞ/tÈä^ä Û l�î�ésnpisÞMä Û ésÞàlqh3éskBÞHõQnplqÞÛ hjÞ�áàkGtZisÞàõWnZkBï<tÈáBlqnpisÞ»Ý^h1äskBh3ésêphjÞ»Ýsujr>kBl:áBh3ÞXÝªt5i^Þ Û h3ÞXÜªåZéskBh3ÞPæYv �KäOt5åphÉçjÿsçCh>áPæYv�çZç1äªtZåph1äskBujr3u3Ý^h3i�áBhpv�úHhäskBnYr3h3ÞàÞàé^ÞMáBh>kBïðlqishërjt5k9r3hjÞ9t5äsä Û l:r�t5áBl:npisÞ9õWnZi�á9Ý^u3r>kBn �qáàkBh Û hëisnpïPôskBh$Ýshëi�»ésÝ^Þ9Ý]ó_t5äsk��3Þ Û tXäskBnZäAnpÞàl�áBlqnpi çZçZv
��nZé^ÞCnZôsáBhjisnpisÞCôªl:hji ésish�äskBhjéNê�h

⊕ � ?G2 ��?>T Ý^h T ` w è9î�é^h�isnpésÞðäAnpéNê�npisÞCkBhjisÝNkBhÉÞàl:ïCä Û h�h>áKt5ä Û t5áBlqhõWtZr3l Û h3ïðh3i�ájv � h3ï<t5kGî�ésnpisÞ<î�éshÉr3hjÞ1áàkGtZisÞàõWn5kBï<t5áBlqnZi^ÞðishÉõQnpi�áðäªtZÞ<t5äsäªt5kGt��:áàkBh�Ýsh�k��3å Û h (D)
tÈä^k��3Þðésishk��3å Û h

(GX)
h3áßislEÝshCk��3å Û h

(D)
!ÂésÞÂáBh<t5äsk��3ÞßésishCk��3å Û h

C)
� èAäOtÈkPr3npisÞàu�î�é^h3i�á Û t�ä^kBh3éNê�hðh3ÞÂáßu3å�t Û h3ïðh3i�á

D � ?G2 ��?UT v �
z
	 ���	 � 	s| ��� ��� � 		��{�� �

(DK)
��npésÞ1äskBnpéNê�npisÞ Û h Û h3ïðïðh ã��(î�ésl/äAh>kBïðh>áðÝsh�Ýsl:kBh�î�é^h�áBnZé^Þ Û hjÞtÈáBnpïðh3ÞbÝsh3ÞPi��»ésÝsÞbl:ÞàÞàésÞbÝ]ó ésish<k��3å Û h
(D)

Þànpi�ábô^l:hji�Ý^tZisÞ Û hjÞbt5áBnZïðhjÞPÝsh
Sc(T,w)

äAnpéNkbési^hðäskBh3éNê�hÞàl:ïCä Û hZèEt5ä Û t5áBl:hpè
D � ?G2 ��?UT h3á ⊕ � ?B2 ��?>T Ýsh T ` w v9úHh Û hjïðïCh�isnpésÞbäAh3kBïCh3áàáàkGt h3i^Þàésl�áBh�Ýsh�äskBnpéNê�h>k Û hÛ hjïCïðhßÝsh Û nYr�t Û l:áBußt5áBnpïCl�î�éshXäAnpéNk Û hßrGísl:ìOkBh3ïðhji�áërjnpïCïbéNáGt5áBlqõav

��npésÞ�h>ì]h3r>áBé^nZi^Þ3èsr3h>áàáBhXõWnZlqÞ3è Û tbä^kBh3éNê�h»Ý^é Û hjïðïChPã��PäAnpéNk Û h»rjtZÞcÝ^é'öPnpé�h3øNr Û ésÞàl:õEùOè Û tbäskBhjéNê�h»h3ÞÂáÞàl:ïðl Û tZl:kBh»äAnpéNk Û h»r�tZÞ�ÝshjÞ�åZkBnpéNäAhjÞët5ôAu Û l:hjisÞ3v
z
	 ���	�� ��� I5476 P LY.A?/SOTB?>L � ?X;G4WJ$SA8q?UF92GSA8:2Z674[?UF D � ?G2 ��?>TP?36 ⊕ � ?G2 ��?UTbD�? T ` u d � 4 P ?U;U6HD�?ß8:2�0>I5TUJK?

(DK)

(R)

ddd
T ` {u}K ↓ = r

ddd
T ` K ↓

T ` u

2Z8:I5TU;P2Z6aI5JC; ({u}K) ⊆ 2Z6aI5JC; (Sc(T )) d
çjÿZþ



� ���s��� � ���&���$���� &� �&��������� ��� ���������-�����4�����52s����� �

� TB?UL � ? k ��npésÞëõ7t5lqÞànpisÞëésishßlqisÝsésr3áBl:npi�ÞÂáàkBésr>áBéskBh ÛqÛ hßÞàéNk
P
v

H h»rjtZÞëÝshXôOt5Þàh4k
(R)

h3ÞÂá Û tbk��jå Û h
(A)

k Û hXkBu3Þàé Û áGt5áëh3ÞÂáëlqïðïðu3Ýsl�t5ájv
��npésÞßõQnYr�t Û lqÞànZi^ÞßisnZáàkBhðt5áàáBhji�áBl:npiRÞàésk Û tÉÝsh3kBisl �3kBhCk��jå Û h

(R)
éNáBl Û lqÞàu3h<Ý^tZisÞ Û tÉÞànpésÞdX@äskBh3ésêph<Ý^h

P
ÞàháBh3kBïðl:i^tZi�á�äOtÈk

{u}v ↓

m (R)
h3ÞÂá Û t1k��jå Û h

(CK′)
kAúHnpïðïðh

P
hjÞÂáëésish»äskBhjéNê�h

D � ?B2 ��?UT r3h Û tði]ó hjÞÂá�äªtZÞcä]nZÞàÞàl:ô Û hZv
m (R)

h3ÞÂá Û t1k��jå Û h
(DK′)

kslqïCäAnpÞàÞàl�ô Û hPrjt5k Û tCäskBh3ésêph
P
h3ÞÂá$t5ä Û t5áBl:hpv

m (R)
hjÞÂá Û t�k��jå Û h

(GX)
k9isnpésÞKkBh3å�t5kBÝsnpisÞKÝsnpisr Ý]ó n�� äskBn�êYlqh3i^ish3i�á Û hjÞ<í ò äAnZáBí�jÞàh3ÞKÝsh Û t�k��3å Û h

(GX)
Ý^tZisÞ Û t�ÜªåZéskBh�æYvqç�ãYv ��npésÞbÝsl:ÞÂáBlqisåpésnpisÞ1Ýsnpisr Û h3Þ1Ýsl�ì]u>kBh3i�áBh3ÞPäAnpÞàÞàl�ôªl Û l�áBujÞbäAnpéNk Û hjÞPk��jå Û h3Þ

(Ri)
Þàé^l�êpt5i�á Û tCÞÂáàkBésr3áBéNkBh»Ý^h

{u}K ↓
v

(DK)

(GX)

(R1)
T ` B1

T ` B
′
1

... (Rn)
T ` Bn

T ` B
′
n

T ` {u}K ↓

���
T ` K ↓

T ` u ↓

oSp�qQr]æYvqç�ã m 
~ÛqÛ ésÞÂáàkGt5áBl:npi�Ýsé�rjtZÞ (DK)
Ý^tZisÞ Û h Û h3ïðïðhPã��1äªtZåZhßr3l X[r3npi�áàkBhpv

��npésÞ ïðnpi�áàkBnpisÞ�î�ésh áBnpésÞ Û hjÞ�tÈáBnpïðh3Þ Ýsh
{u}K ↓

Þànpi�á�ÝshjÞ�tÈáBnpïðh3Þ Ýsh
Sc(T )

v ] npl�á
a ∈t5áBnpïðÞ

({u}K ↓)
v � h3ï<t5kGî�ésnpisÞ»î�ésh a h3ÞÂáXõWnZkBr3u3ïðhji�áXÝ^h Û tKõWn5kBïðh {a′}K èAh3áXl Û h3øYlqÞÂáBhbé^i i áBh Û î�ésh

a ∈
t5áBnpïðÞ

(B′
i)
v���nZé^Þ�r3npisÞàlqÝsu>kBnpisÞ$t Û nZkBÞ Û h3Þ�Ýsl:ìAu3kBh3i�áBÞërjtZÞ�äAnpÞàÞàl�ô Û h3ÞëäAnpéNk Û t1k��jå Û h

(Ri)
k

m (Ri)
h3ÞÂá Û tbk��jå Û h

(A)
v

m (Ri)
hjÞÂá Û t÷k��jå Û h

(DK′)
áBh Û:Û hÉî�ésh

(DK′)
T ` {w1}K′ T ` K ′

T ` w1 = B′
i

vEmEt5kðí ò äAnZáBí�3ÞàhÉÝ]ó l:i^Ýsésr>áBlqnpi
t5áBnpïCÞ

({w1}K′) ⊆
t5áBnpïCÞ

(Sc(T ))
èsÝ^nZi^rßt5áBnpïCÞ

(w1) =
t5áBnZïðÞ

(B′
i) ⊆

t5áBnpïCÞ
(Sc(T ))

v
m (Ri)

h3ÞÂá Û tXk��jå Û h
(C)

è�r3npïðïðh
P
h3ÞÂáHési^h�äskBh3ésêph

D � ?G2 ��?UT isnpésÞ9ÞBtjê�npisÞHî�ésh B′
i

hjÞÂá9hjiCá1n3áBhëtjê�h3r
{.}K′

áBh Û î�ésh
K ∩K ′ = ∅

v�mEtÈkßrjnZi^Þàujî�ésh3i�á
B′

i

Þ3ó_tZisi�é Û hCäªt5kßésiRtZéNáàkBhbáBh3kBïðh1í ò äAnZáBí�jÞàh
B′

jÝsh Û tðk��jå Û h
(GX)

áBh Û î�ésh1t5áBnpïCÞ
(B′

j) ⊆
tÈáBnpïðÞ

(Sc(B
′
i))
v H hßáBh>kBïðh

B′
j

ishPäskBn�êYlqh3i�á$äªtZÞ$Ý�ó ési^hk��3å Û h
(C)

r�tÈk
P
hjÞÂá
⊕ � ?B2 ��?>T èNislAÝ]ó ésish�k��3å Û h (GX)

r�t5k Û tPäskBh3ésêphXh3ÞÂá�t5ä Û tÈáBlqhZv
^»tZisÞ Û hjÞctZéNáàkBh3ÞrjtZÞ
B′

j

äskBn�êNl:hji�á�Ý�ó ési^hßk��jå Û h
(A)

npé
(D)

tZl:isÞàlot5áBnpïCÞ
(B′

j) ⊆
tÈáBnpïðÞ

(Sc(T ))
v ��npésÞ$rjnZi^r Û ésnpisÞÝsnpisrPî�é^hßt5áBnpïCÞ

(B′
i) ⊆

t5áBnpïðÞ
(Sc(T ))

v
�

zT{3|�}&~���� ��}
�({�� ��� � 	yw ��npésÞcÝslqÞÂäAnpÞànpisÞ�ï<tZl:i�áBhji^tZi�á�Ý^h�áBnpésÞ Û hjÞ/u Û ujïðh3i�áBÞcäAnpéNkcäskBnpéNê�h>k Û h Û hjïCïðh»ÝshÛ nYrjt Û l�áBußt5áBnpïCl�î�ésh»Þàé^l�êpt5i�ájv
z
	����	 � 	�� I5476 P LN.O?/SOTB?UL � ?P2GSA8:2Z674[?UF ;G4QJ�SA8:?>F D � ?G2 ��?>TP?>6 ⊕ � ?G2 ��?>TßD�? T ` w 2Z8:I5TU;�6aI5LY;�8:?>;X2Z6aI5JK?>;D�?>;X.��9LªD5;PD�? P ;3I5.ª6cD�25.s;b2Z6aI5J1; (Sc(T,w)) d

� TB?UL � ? k ��npésÞokGtZl:ÞànpisisnpisÞoäOtÈkMl:i^Ýsésr>áBlqnpi1ÞÂáàkBé^r>áBéNkBh Û:Û h/ÞàéNk Û tëä^kBh3éNê�h P k H h/r�t5ÞEÝshHôªtZÞàhcr3nZkàkBhjÞÂäAnpisÝ
V Û t1k��3å Û h

(A)
è Û h»kBujÞàé Û áGt5áëhjÞÂá$t Û nZkBÞ�lqïðïðu3Ýsl�t5ájv � h3å�t5kBÝsnpisÞëh3iÉÝ^u>áGtZl Û�Û tCÝsh3kBisl �3kBhXk��jå Û h»Ý^h P k

m (D)
k^isnpésÞëéNáBl Û lqÞànpisÞ Û h Û h3ïðïðhPã��bäªtZåphXä^kBu3r3ujÝsh3i�áBh»h>á Û ó í ò äAnZáBí�3ÞàhßÝ]ó lqisÝsé^r>áBlqnZiÉäAnpéNk$r3npisr Û éskBhZv

m (C)
k
P

h3ÞÂá áBh Û:Û h�î�é^h T ` w1 T ` w2

T ` {w1}w2

v(mEt5k lqisÝsésr3áBl:npi äAnpéNk
i = 1, 2

tÈáBnpïðÞ
(wi) ⊆t5áBnpïðÞ

(Sc(T,wi))
è9n5k

wi ∈ Sc({w1}w2
)
Ýsnpisr÷tÈáBnpïðÞ

(wi) ⊆
t5áBnpïðÞ

(Sc(w))
èMr3h î�éslëisnpésÞ<äAh>k Xïðh3áëÝsh»rjnZi^r Û éNkBhZv

çjÿpæ



���������
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m (GX)
kZt Û n5kBÞ Û t$äskBhjéNê�h

P
hjÞÂá áBh Û:Û hcî�é^h

(GX)

(R1)
T ` B1

T ` B′
1

. . . (Rn)
T ` Bn

T ` B′
n

T ` w

v ��npésÞoäskBnpé
X
êpnpisÞcî�ésh�t5áBnpïðÞ

(B′
i)
Þànpi�ácÝ^tZisÞct5áBnZïðÞ

(Sc(T,w))
è�hji<kBhjå�tÈkBÝªt5i�á Û hjÞHÝsl:ìAu3kBh3i�áBÞHr�t5ÞHäAnpÞàÞàl:ô Û hjÞ9ä]nZésk

(Ri)
k

m (A)
k^äªt5këÝsu>Ü^i^l�áBlqnpi�t5áBnpïðÞ

(B′
i) ∈

t5áBnpïðÞ
(Sc(T ))

è
m (D)

ksäªt5k Û h Û h3ïðïðhbã��bäªtZåZh<çjÿ5þ<isnpésÞën5ô^áBh3isnpisÞ Û h»kBu3Þàé Û áGt5ájv
m (GX)

kslqïCäAnpÞàÞàl�ô Û hZèªr�tÈk
P
hjÞÂá$t5ä Û t5áBlqhZv

m (CK)
k ] lAtÈáBnpïðÞ

(B′
i) ⊆

t5áBnpïCÞ
(Sc(T ))

Û hëkBujÞàé Û áGt5á/h3ÞÂá9êYkGtZl@è�Þàlqisnpi�t5áBnpïCÞ
(B′

i) 6∈
t5áBnpïCÞ

(Sc(T ))
vH h(áBh3kBïCh

B′
i

äAhjéNá�n>áàkBhRu Û lqïClqisu�äOtÈkàáBlqh ÛqÛ h3ïðh3i�á Ý^tZisÞ�ési^hRÞànpïCïðhpv ��nZé^Þ�tjê�npisÞ�Ý^nZi^rRÝsh3ésøäAnpÞàÞàl:ô^l Û l:áBu3Þ/Þànpl:á Û h3ÞctÈáBnpïðh3Þ/Ýsh
B′

i

Þànpi�á�Ý^tZisÞ
w
èYÝ^tZisÞ/rjh$r�t5Þ�tÈáBnpïðÞ

(B′
i) ⊆

t5áBnpïCÞ
(Sc(w))

è�Þànpl:ál Û h3ÞÂáHu Û lqïClqisuëäªt5kHési�t5ésáàkBh�áBh>kBïðh
B′

j

Ýsh Û t»ÞànpïðïðhZèYÝ^tZisÞ9rjhërjtZÞHt5áBnZïðÞ
(B′

i) ⊆
t5áBnpïðÞ

(Sc(B
′
j))
v

��npésÞ1äskBnpéNê�npisÞ1Ýªt5i^Þ Û h�Ýsh3kBislqh>kðrjtZÞCî�ésh�t5áBnpïðÞ
(Sc(B

′
j)) ⊆

t5áBnpïðÞ
(Sc(T ))

hji tZi^t Û�ò ÞBtZi�á Û hjÞÝsl:ìAu3kBh3i�áBÞ$rjtZÞëäAnpÞàÞàl:ô Û hjÞ3v]úHnpïðïðh
B′

i

hjÞÂá$rGísl:ìOkBußäªt5k Û ó h3isÞàhjïPô Û hbÝshPr Û h3õWÞ
K
è
B′

j

i]ó h3ÞÂá$äªtZÞëlqÞàÞàéÝ]ó ésishPk��jå Û h
(CK′)

t3ê�hjr
K ′ 6= K

èªisl�Ý]ó ésishPk��jå Û h
(C ′

K)
tjêphjr

K ′ ∩K 6= ∅
rjt5k

P
h3ÞÂá
⊕ � ?G2 ��?UT vmEt5kXrjnpisÞàujî�éshji�áXr3hPáBh>kBïðhbäskBn�êYlqh3i�áXÝ]ó é^ishPk��jå Û h

(A)
nZé

(D)
h3á�åZk
	Zr3h1tZé Û h3ïðïðhCã��ðäªtZåph�çjÿZþt5áBnpïðÞ

(B′
j) ⊆

t5áBnZïðÞ
(Sc(T ))

èfr3hKî�ésl9isnpésÞßä]h>kBïðh>ábÝsh<r3npisr Û éskBhKî�éshðäAnpéNkPáBnpéNá
i
isnpésÞbtjê�npisÞt5áBnpïðÞ

(B′
i) ∈

t5áBnpïCÞ
(S⊕(T,w))

èsi^nZé^Þëtjê�npisÞëÝsnpisr Û t Û nYrjt Û l�áBußt5áBnpïðlqî�éshpv
�

v�w � w'xyw � � � � � ~ � }�� �*w
��npésÞbrjnpisr Û ésnpisÞbhji�ä^kBu3Þàh3i�áGt5i�á Û h3ÞPkBujÞàé Û áGtÈáBÞ1Ýsh�Ýsu3rjl:ÝªtÈôªl Û l�áBuKäAnpéNk Û hKäskBnZô Û �jïðhKÝ^hKÝ^u3Ýsésr3áBl:npi�ÝshÛ ó l:i�áàkBésÞëÝ^tZisÞër3hjÞ�Ýsh3éNø�áBísujnZkBl:hjÞ�u�î�éªtÈáBlqnpisish Û:Û h3Þ3v

z
	-|�} � ��� ���
{.}.

} � 	s|+| �A� � � 	 ��	��y�_|�{��� �3� }���� � w H t Û nYrjt Û l�áBuMt5áBnpïðlqî�éshMisnpésÞ�äAh3kBïCh3áfÝshMr3npisr Û éNkBhÝsl�kBhjr>áBhjïChji�áër3npïðïðhßÝ^tZisÞ Û hßrjtZÞuLNMNOTPSR�v
z
	 |�}�� � �

{.}.
} � 	s| | �A� � � 	 ��	��y� |�{�� � �3� }���� � w � k
	Zr3h�tZé kBujÞàé Û áGtÈá Ýsh Û nYrjt Û l:áBu�t5áBnpïðlqî�éshRÝ^éÛ hjïCïðh�âZÿÉäªtZåph<äskBu3rju3Ýshji�áBhZè�isnpésÞ1n5ô^áBh3isnpisÞ Û ó hjisÞàh3ïPô Û hKÝsh<áBnpéNáBhjÞ Û h3Þbr Û hjõQÞ3è tZl:i^Þàl/î�é^h Û ó hjisÞàh3ïPô Û hKÝsháBnZé^Þ Û hjÞßt5áBnpïChjÞßéNáBl Û lqÞàu3ÞßÝ^tZisÞßé^ishCäskBhjéNê�hZv ��npésÞßïðnpi�áàkBnpisÞ Û t�Ý^u3Ýsésr3áBl�ôªl Û l�áBuðhji�ési^hðu>áGt5äAhCäAnpéNk Û t'öïðtZr3kBn�ù�k��3å Û h�Ýsh Û t�ï4n3ïðh�ïðtZisl �>kBh î�é^hÉÝ^tZisÞ Û t�Þàh3r>áBlqnpi æYv_ãYv³ã�v³ã÷äªtZåZh � þsèMr3h�î�ésl�isnpésÞCäAh3kBïðh>áðÝshr3npisr Û éNkBh»äAnpéNk Û h»r�tZÞuLNU

{.}.
v

aSb�� b�� � { � �X| �${E|µ}s� b
��npésÞHÝsujïCnpi�áàkBnpisÞcî�ésh Û h$äskBnZô Û �3ïðh$Ýsh$ÝsujÝsésr3áBl:npiKÝsh Û ó lqi�áàkBésÞ/h3ÞÂáHü���mNX ] m [�úHü'Ý^l �<r3l Û hëäAnpéNk Û h$rjtZÞô^l:iªt5l:kBh»äAnpéNk Û t1áBísujnZkBl:hßujî�é^t5áBl:npisi^h ÛqÛ hZLNM�OQP

{.}.
rjnpïCïbéNáGt5áBlqõotZÞ ò ïCu3áàkBlqî�éshpv

��npésÞ<r3npisÞàlqÝsu3kBnZi^Þ<ési rGí^l�ìOkBhjïðh3i�á�t5Þ ò ïðu>áàkBl�î�éshZè 4[dW?jd ési áBh3kBïðhÉrGísl:ìOkBu {u}k äAh3ésá4n3áàkBhÉÝsujr>k ò äsáBuÞàlMh>áPÞàhjé Û hjïðh3i�ábÞàl Û tÉr Û h3õ/lqi�ê�h>kBÞàh<Ýsh Û tÉr Û h3õ
k
è�Ýsujisn5áBujh

Inv(k)
h3ÞÂáPrjnZi^i�éshZv ��nZé^ÞßÝsh3ê�nZi^ÞPt�!ÂnpéNáBh>k Û hÞ ò ïPôAn Û hßÝsh»õWnpisr>áBlqnpi

Inv
V Û tCÞàlqåpi^t5áBéNkBh»Ý^hßisnZáàkBh»ïðnYÝ� Û h»h3á�ïðnYÝsl�Üªu Û t1k��3å Û h»ÝshßÝ^u3rGí^l�ìOkBhjïðh3i�áëäªt5k�k

(DK)
T ` r T ` Inv(K)

T ` u ↓

4 0 r =E {u}K

n��
K
h3ÞÂá Û h<ïbé Û áBl X[hjisÞàh3ïPô Û hKisnpiRêNl:Ýsh

{kα1

1 , . . . , kαn
n }

è
Inv(K)

h3ÞÂábésish<isnZáGt5áBl:npiRäAnpéNk Û h<ïPé Û áBl Xh3isÞàhjïßô Û h
{Inv(k1)

α1 , . . . , Inv(kn)αn}
è�i^nZé^ÞPÝ^u3isnZáBnpisÞbr3npïðïðh<äskBu3rju3ÝshjïðïChji�á

T ` Inv(K)
tZéNáGtZi�áÝsh1Þàu�î�ésh3i�áBÞXÝshCrGí^tpî�ésh1r Û hjõMl:i�êph3kBÞàhCî�ésh1Ý^h1ïbé Û áBl�ä Û lqr3l:áBuCtZÞàÞàn�rjl:ujhZv � hjïðt5kGî�ésnpisÞ»î�ésh1Þàl Û t�r Û h3õMlqi�ê�h>kBÞàh

çjÿ �
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i�ó hjÞÂácäªtZÞër3npisi�éshpèsl Û i]ó ò tðtZésr3é^iÉïðn ò hjiÉisl�Ýsh Û ó t5äsä^kBh3isÝNkBhpèsi^l�Ýsh Û tCåpu3i^u>kBh>kjv J npésÞ Û hjÞckBu3Þàé Û áGt5áBÞ�Ýsh Û tÞàhjr>áBlqnpi�äskBu3rju3Ýshji�áBh»Þànpi�á$h3i^r3nZkBhXêpt Û t5ô Û h3Þ3v
��npésÞEtÈä^äAh Û npisÞ Û hcrjtZÞ ô^l:iªt5l:kBh/äAnpéNk Û hPöënpé1h>øNr Û ésÞàlqõ]ùªè Û t�Þàl:áBé^t5áBl:npiCn�� Û ó h3isÞàhjïßô Û h�Ýsh3ÞEí ò äAnZáBí�3ÞàhjÞoÝsh

T
h>á Û h$ô^éNá

u
Ýsh Û tßäskBhjéNê�h

P
Ý^h
T ` u

ish�r3npi�áBlqh3i^ish3i�á/äªtZÞ/Ýsh$áBh3kBïðh3Þct3ê�hjrëä Û ésÞ/Ýsh�Ý^h3éNø�tÈä^ä Û lqrjt5áBlqnpisÞrjnpisÞàu3rjéNáBl�ê�hjÞ�Ýsé�Þ ò ïPôAn Û h
⊕
v

��npésÞEïðnpi�áàkBnpisÞMÝªt5i^Þ Û h�r�tZÞEÝ]ó ési<rGísl:ìOkBh3ïðhji�á9r3npïðïbéNáGt5áBl:õ]î�é^h Û hcäskBnZô Û �jïðh�Ýsh�Ý^u3Ýsésr3áBl:npiðh3ÞÂá9ü���mNX
] m�[�úHü Ýsl �<r3l Û h<äOtÈkbkBujÝsésr>áBlqnpi�tZé�äskBnZô Û �3ïðhKÝsé�ïðnZábési^l:õWnZkBïCh�Ý^tZisÞ Û h3ÞPÞàhjïðl X[åZkBnpéNäAhjÞbr3npïðïbéNáGt5áBl:õWÞý LN.^4 03I5TUJ��HI5TBD»SOTBI��38:?UJ 4W.R=GI5J1JCLN6a2Z674 � ?P;3?UJC4��5TBI5LÈSO; � èsÝsujisnZáBu»lqr3l  � � G Y!Y � ãÈô K[v

� ish»l:i^ÞÂáGt5i^r3hßÝséÉäskBnZô Û �3ïðh  � � h3ÞÂáëÝ^u>Ü^islqh»äªt5k�k
α1 = β1, . . . , αn = βn |= α = βn��

α
è
β
è
αi
h>á
βi
Þànpi�áPÝsh3Þßïðn5áBÞ»ÞàéNkPési�t Û ä^í^t5ôAh3ájv 
~Û h3ÞÂáßh3ÞàÞàhji�áBl:h Û äAnpéNk Û t�r3npïCä Û h3øNl�áBuCÝ^é(äskBnZô Û �jïðhî�ésh Û ó�t Û äªí^t5ôAh>á9Þànpl:áHl:iNÜªisl�ýWô^lqh3i<hji�áBh3i^Ýsé]èpáBnpéNáBhëlqisÞÂáGtZisr3h

C
Ýséðä^kBn5ô Û �jïCh  � � i�ó éNáBl Û l:Þàh$î�é]ó ésishëäªt5kàáBl:hÜªislfÝsh

Σ(C)
ÝshPrjh>á�t Û ä^íªtÈô]h>á � v � ishßáBh ÛqÛ hPl:i^ÞÂáGt5i^r3hPÝsh  � � äAnpÞàÞ��3ÝshbésishPÞàn Û éNáBlqnpi Þàl�h>á$Þàhjé Û h3ïðh3i�á�Þàl

α = β
Ý^tZisÞXrUí^tpî�ésh1Þàhjïðl X[åZkBnpéNäAh =GI5J1JCLN6a2Z674 0 ÞBt5áBl:Þàõ7tZl:ÞBtZi�á Û h3Þ»t5øNlqnZïðhjÞ αi = βi

v ��nZé^Þ�ÝsujisnZáBnpisÞXäªt5k
x =C y

Û ó u3å�t Û l�áBu<hji�áàkBh Û hjÞPïðnZáBÞ
x
h>á
y
ïCnYÝsé Û n÷r3npïðïbéNáGt5áBl�êNl:áBuZèfrjhKî�é^lMh3ÞÂábu�î�ésl�êpt Û hji�á V Û ó_tZÞàÞàh>kàáBlqnpiÞàé^l�êpt5i�áBh8k

] nZl:á
α =C β

èNÞànpl:ácl Û h>øNlqÞÂáBh�ésishXÞàésl�áBhXÝsh�äOt5l:kBh3Þ
(γ1, δ1), . . . , (γl, δl)

áBh Û:Û hXî�éshXrGí^tpî�ésh�äªtZl�kBh
(γj , δj)

hjÞÂáëÞànZl:á
αi = βi

Þànpl�á
βi = αih3á�ési^hßÞàésl�áBhßÝshßïðnZáBÞ

c1, . . . , cl
tjê�h3r

cj ∈ Σ(C)∗
áBh ÛqÛ hßî�ésh

α =C γ1c1 , δ1c1 =c γ2c2, . . . , δl−1cl−1 =C γlcl , δlcl =C β

��npésÞ�ïðnZi�áàkBnZi^ÞëÝsnpisr Û h»áBísujn5k��jïðhXÞàé^l�êpt5i�ájv
���I��{ � � ��	 v 
 25.^;<8:?É=G25; �>4Q.A254WTB?»SªI5LYT<8q2÷6 � ! I5TU4[? ! `>L^2Z674[I5.^.A?>8Q8:? ������� {.}. 2 � ?G=É= ��4 �cTB?>J<?>.ª6»=GI5J �JCLN6a2Z674 0P?36c25; �ZJ ! 67TU4[`ULª?P8:?�SOTBI��38 �>J<?1D�?CD ! D5L^=3674@I5.�D�?P8Â\ 4W.^67TULN;b?U;U6���� � � � � �  � D54 � =U478:?�d

� TB?UL � ? k
� áGt5i�áëÝsnpisisu»é^ishßl:i^ÞÂáGt5i^r3h

C = (α1 = β1, . . . , αn = βn |= α = β)
ÝséÉäskBnZô Û �jïðh  � � è^Þànpl�á

T = {{�}αi
⊕ {�}βi

| 1 ≤ i ≤ n} ∪ Σ(C)

u = {�}α ⊕ {�}βn��
�
h3ÞÂáëésishXrjnpisÞÂáGtZi�áBhZèNáBnpésÞ Û hjÞcÞ ò ïPôAn Û hjÞ�Ýsh

Σ(C)
Þànpi�á$t Û nZkBÞcr3npisÞàlqÝsu3kBu3ÞcrjnpïCïðh»ÝshjÞcr3npisÞÂáGtZi�áBhjÞ3èsh>á

α, β, αi
h3á
βi
ÞànZi�áëÝshjÞ�r Û h3õWÞ3v

� h3ï<t5kGî�ésh8ksisnpésÞ�isnpésÞckBhjÞÂáàkBh3lqåZi^nZi^Þët5éÉrjtZÞ�n�� T è u Þànpi�á�ô^lqi^tZl�kBhjÞ�h>á T è u ish»r3npi�áBlqh3i^ish3i�á$tZésrjésishr Û hjõfÝshßÝsu3rUísl:ìOkBh3ïðh3i�ábý 4@dW?jd ish»r3npi�áBlqh3isi^h3i�á�äªtZÞ Û h»Þ ò ïPôAn Û h Inv � h3á�tZésrjési�áBh3kBïCh»i]ó h3ÞÂáëhji�á1n3áBh»tjê�h3r Û hÞ ò ïPôAn Û h»Ýsh»äªtZl:kBhZvü9i�éNáBl Û lqÞBtZi�á Û hðkBujÞàé Û áGtÈábÝsh Û nYr�t Û l:áBu<Þ ò i�áGtÈøNl�î�ésh<isnpésÞPäAnpéNê�npisÞßkBh3å�t5kBÝsh3kbésisl�î�ésh3ïðh3i�á Û hjÞßäskBhjéNê�h3ÞésáBl Û l:ÞBtZi�á Û hjÞ<k��jå Û hjÞ
(D)

è
(C)

h>á
(GX)

v9mEt5k Û h Û hjïCïðh÷Ýsh Û nYrjt Û l�áBu÷t5áBnpïðlqî�ésh�âZÿRäªtZåph'çjÿpæYè/î�ésl$h3ÞÂáhjisr3nZkBh»êZt Û t5ô Û h»äAnpéNk Û hßrUísl:ìOkBh3ïðh3i�á$tZÞ ò ïðu>áàkBl�î�é^hZè Û ó h3øNl:ÞÂáBhjisr3hßÝ]ó é^ish»ä^kBh3éNê�hßÝsh
T ` u

hjÞÂáëu�î�ésl�êpt Û hji�áWVÛ ó h>øNl:ÞÂáBhjisr3h$Ý]ó é^ishëäskBhjéNê�h$Ý^tZisÞ Û tpî�ésh ÛqÛ h$áBnpésÞ Û h3Þ/t5áBnpïðh3ÞHÝshjÞHi�»ésÝ^ÞHÝsh Û tßäskBh3éNê�h$Þànpi�á/Ý^tZisÞ Û hjÞ/t5áBnZïðhjÞÝ^h
T, u

äAnpéNk�ési^h�äskBh3ésêph»Ýsh
T ` u

vsmEt5k Û tbkBh3ï<t5kGî�ésh�äskBujr3ujÝsh3i�áBhpè Û tbk��3å Û h
(D)

i]ó h3ÞÂácäªtZÞcésáBl Û l:Þàujh»Ý^tZisÞÛ t ä^kBh3éNê�h
P
Ýsh

T ` u
vEmEt5kðr3npisÞàu�î�ésh3i�ájè Û t÷äskBhjéNê�h

P
rjnpi�áBl:hji�áðési^lqî�éshjïChji�áðÝshjÞCr3npïPô^lqi^tZl:ÞànpisÞðÝshjÞk��jå Û hjÞ

(A)
è
(C)

h3á
(GX)

v
��npésÞ/t5äsä Û l�î�ésnpisÞcÝsnpisr Û tPáàkGtZisÞàõWn5kBï<t5áBlqnZi�Ýsh Û tPÜ^åpéNkBh»æYv �»äªtZåphCç3ÿsçCý7õQésÞàlqnpi�ÝshXÝshjéNøðk��jå Û h3Þ

(GX)
�h3á Û t�áàkGtZisÞàõWnZkBïðt5áBlqnpiRÝsh Û t�ÜªåZéskBhKæYvqç�â�äªtZåZh<Þàésl:êZtZi�áBh÷ýWäAh3kBïPésáGtÈáBlqnpiRÝshjÞ»k��3å Û hjÞ

(GX)
h3á

(C)
� è]äAnpéNk

çjÿ \
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(CK)

(GX)
T ` x1 . . . T ` xn

T ` x1 ⊕ . . .⊕ xn T ` K

T ` {x1}K ⊕ . . .⊕ {xn}K

⇓

(GX)

(CK)
T ` x1 T ` K

T ` {x1}K
. . . (CK)

T ` xn T ` K

T ` {xn}K

T ` {x1}K ⊕ . . .⊕ {xn}K

oQp�qQr�æYvqç�â m moh>kBïbéNáGt5áBl:npi�ÝshjÞck��jå Û h3Þ (GX)
X
(C)

h3i
(C)

X
(GX)

v
n5ô^áBh3isl:këésish»äskBhjéNê�h»Ýsh Û tCõQnZkBïðh»Þàé^l�êpt5i�áBh4k

(GX)

ýaú �
ýaú �
ý'[ � {�}γ1

⊕ {�}δ1
∈ T

T ` {�}γ1
⊕ {�}δ1vvv

T ` {�}γ1c1
⊕ {�}δ1c1

. . .
ýaú �
ýaú �
ý'[ � {�}γl

⊕ {�}δl
∈ T

T ` {�}γl
⊕ {�}δlvvv

T ` {�}γlcl
⊕ {�}δlcl

T ` {�}α ⊕ {�}βn���isnpésÞ/ÞàéNä^äAnpÞànZi^Þ3èsÞBt5i^ÞHäAh>kBÝskBh�Ýsh�åpujisu>kGt Û l�áBupèNî�ésh Û hjÞ/í ò äAnZáBí�jÞàh3Þ/Ýsh Û tPk��3å Û h
(GX)

ish$êZt Û h3i�á/äªtZÞ
0
v


~Û h3øNl:ÞÂáBhëésish�áBh ÛqÛ h�äskBhjéNê�h�ÞàlªÞànZl:á
{�}α = {�}β

è�npéðÞ3ó l Û h>øNlqÞÂáBh�é^ish�Þàé^l�áBhëÝsh�áBh3kBïChjÞ
{�}γ1

⊕{�}δ1
, . . . ,

{�}γl
⊕ {�}δl

áBh ÛqÛ h÷î�ésh÷rGíªtZî�ésh�áBh3kBïðh hjÞÂáKÞànpl:á�Ýsh Û t�õWnZkBïCh k
{�}αi

⊕ {�}βi

Þànpl�á�Ýsh Û t�õWn5kBïðh k
{�}βi

⊕ {�}αi

èsh3áëésishßÞàésl:áBh
c1, . . . , cl

áBh Û:Û hßî�ésh
{�}α = {�}γ1c1

, {�}δ1c1
= {�}γ2c2

, . . . , {�}δl−1cl−1
= {�}γlcl

, {�}δlcl
= {�}βÝ^tZisÞ Û ó t Û å��>ôskBhXÝ^h�áBh>kBïðhZèNrjh»î�éslAh3ÞÂá�ujî�ésl:êZt Û h3i�áuV Û ó h3øYlqÞÂáBh3i^r3hXÝ]ó é^ish»Þàn Û éNáBlqnpi�Ýsh

C
v ��npésÞcr3npisr Û ésnpisÞchjiéNáBl Û lqÞBt5i�á Û h1kBu3Þàé Û áGt5áßÝsh8Y(t ò k ?>6�2Z8³4Q4 G Y!Y � ãÈô KMî�éslEïCnpi�áàkBh Û t�ü���m�X ] m�[�úHü Ýsl �<rjé Û áBuðÝsé(ä^kBn5ô Û �jïCh
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^»tZisÞ Û t�Ü^åpéNkBh(æYv�ç3þNè9isnpésÞ<kGt5äsä]h Û nZi^Þ Û h3ÞðäskBlqisrjl�äªtZéNø kBu3Þàé Û áGt5áBÞ<h>øNlqÞÂáGt5i�áBÞ<h3áKn5ô^áBh3i�ésÞKÝ^tZisÞKr3h3áàáBháBí�3ÞàhXäAnpéNk Û hXäskBnZô Û �3ïðh»Ý^hXÝ^u3Ýsésr3áBl:npiÉÝsh Û ó lqi�áàkBésÞëh3i�äskBu3Þàhjisr3h»Ý]ó ésiÉnZäAu3kGtÈáBhjéNkcäAnpÞàÞàu3Ý^tZi�á Û t1äskBnZäskBlqu>áBuÝ]ó í^nZïðnpïðnZkàä^íslqÞàïChpv
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oSp�qQr�æ�v�ç3þ m � u3ÞàésïðuPÝsh3ÞckBujÞàé Û áGt5áBÞënZôsáBh3i�é^ÞcäAnpéNk Û hXäskBnZô Û �3ïðhßÝshßÝsu3Ýsé^r>áBlqnZi�Ýsh Û ó lqi�áàkBésÞ3v

çjÿ �
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� h3ï<t5kGî�ésnpisÞëî�ésh Û hXäskBnZô Û �3ïðh»Ý^h»ÝsujÝsésr>áBlqnpi�Ý^h Û ó lqi�áàkBésÞ�hji�äskBu3Þàhjisr3h»Ý]ó ésish»áBísu3nZkBlqh»ujî�é^t5áBl:npisi^h ÛqÛ hêNlqÝsh9hjÞÂá Ý^u3r3lqÝ^t5ô Û hHh>áoî�ésh Û ó ésisl:Ü^rjt5áBlqnpiPäAnpéNk Û tëáBísu3nZkBlqhMêNlqÝsh9hjÞÂá ujåpt Û h3ïðh3i�á Ýsujr3lqÝ^t5ô Û hZv�^»tZisÞ r3hHrUí^t5ä^l:áàkBhZèi^nZé^Þ/õ7tZl:ÞànpisÞ Û h Û lqh3i�hji�áàkBhXr3h3ÞcÝsh3éNø<ä^kBn5ô Û �jïChjÞ3èNhji�h>øNísl:ôªtZi�ácÝ^h3Þ/h3øYhjïCä Û hjÞcÝsh$áBí^u3nZkBl:hjÞ/ujî�é^t5áBlqnpisish ÛqÛ h3Þ3v
��npésÞ9ïCnpi�áàkBnpisÞHtZlqisÞàlªî�ésh Û h3ÞMäskBnZô Û �3ïðh3Þ9Ý]ó ésisl:Ü^r�tÈáBlqnpiðh3á9Ýsh�ÝsujÝsésr>áBlqnpi<Ýsh Û ó l:i�áàkBésÞ9ïCnYÝsé Û nßési^hcáBísujnZkBl:hu�î�é^t5áBl:npisish Û:Û hbÞànpi�áXlqisÝsu3äAh3i^Ý^tZi�áBÞ$ä]nZéskXési÷lqi�áàkBésÞ�äªtZÞàÞàl:õ~è]t Û nZkBÞ»î�éshbÝ^tZisÞ Û hbr�tZÞXt5r3áBl:õ Û ó ésisl:Ü^rjt5áBlqnZi(hjÞÂái^u3r3hjÞàÞBtZl�kBh»äAnpéNk�ä^kBnZésêph3k Û h»ä^kBn5ô Û �jïChßÝshßÞàu3rjéNkBl:áBu<ý7r3õ�rUí^t5ä^l:áàkBh � äOt5åph<çjãpæ � v

��npésÞ/äskBujÞàh3i�áBnpisÞëÝ]ó_t5ôAnZkBÝ Û hßrjtZÞcn�� Û hXä^kBn5ô Û �jïChßÝsh»Ýsu3Ý^ésr>áBlqnpiÉÝsh Û ó l:i�áàkBé^Þ�h3ÞÂáëÝsujr3lqÝ^t5ô Û hßh>á Û ó ési^l�Ü�Xr�t5áBl:npi1äAhjéNáHt Û nZkBÞ�n3áàkBhcÞànpl:á9l:i^Ýsu3rjl:Ý^t5ô Û h�Þànpl�á9Ýsujr3lqÝ^t5ô Û hcä]nZésk9r3h3kàáGt5lqishjÞoáBísu3nZkBlqh3ÞMujî�é^t5áBl:npisi^h ÛqÛ hjÞ3vpü9isÞàésl:áBhi^nZé^Þßr3npisÞÂáàkBéslqÞànpisÞPési�ä^kBn5ô Û �jïCh<l:i^Ýsu3rjl:Ý^t5ô Û hZè�h3iRr3nYÝ^tZi�á Û ó t5kàk1n>áPÝ]ó ésish<ï<tZrGíslqishðÝ^h J éNkBl:i^åNv  äªt5kàáBl:kÝ^h$r3h$äskBnZô Û �3ïðh$isnpésÞch>øNísl:ôAnpisÞHÝsh3ésøCáBí^u3nZkBl:hjÞHu�î�é^t5áBl:npisish Û:Û h3ÞHn�� Û hëäskBnZô Û �3ïðh�Ýsh�Ýsu3Ýsé^r>áBlqnZi�Ýsh Û ó lqi�áàkBésÞhjÞÂáël:i^Ýsu3rjl:Ý^t5ô Û hZèªh>á Û ó ésisl:Ü^rjt5áBlqnZi�hjÞÂáëÞànpl:áël:isÝ^u3r3lqÝ^t5ô Û hZè^Þànpl:áëÝ^u3r3lqÝ^t5ô Û hZv
çjÿ��
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��npésÞbïðnZi�áàkBnZi^ÞbåZk
	Zr3h�V�Ýsh3éNøRh3øNh3ïCä Û h3Þ1î�ésh<ï4njïCh�Þàl Û hðäskBnZô Û �3ïðhKÝ^hKÝsu3Ý^ésr>áBlqnpi�Ýsh Û ó l:i�áàkBé^Þbh3ÞÂáÝsu3rjl:Ý^t5ô Û hðïðnYÝsé Û n�ésishCáBísujn5kBlqhðujî�é^t5áBlqnZi^ish ÛqÛ hpè Û hCäskBnZô Û �3ïðh<Ý]ó é^isl�Üªrjt5áBl:npi�ïðnYÝsé Û nÉr3h3áàáBh1áBísu3nZkBlqhði]ó hjÞÂáäªtZÞ�õWnZkBr3u3ïðhji�áëÝsu3rjl:ÝªtÈô Û hßnpéÉlqisÝsujr3lqÝ^t5ô Û hpv
� bdc�bdc �� 	���|�� �A{��N|µx � yzx � 	 �µx¼�� � � ��]| �${ � �µ� b

^»tZisÞ Û t÷áBísu3nZkBlqh�êNlqÝsh�äOtÈk<h>øNh3ïCä Û hZè Û ó ési^l�Ü^r�t5áBl:npi h3ÞÂá<Ýsu3rjl:Ý^t5ô Û h G g�h>kUâZÿYè � nZô �pæYèHú�� � âYètY Y � ã5tNèmEû \ � K�h3á Û hXäskBnZô Û �3ïðh»Ý^h»ÝsujÝsésr>áBlqnpiÉÝsh Û ó l:i�áàkBésÞ Û ó hjÞÂá$t5é^ÞàÞàl7è^rjnpïCïðhßisnpésÞ Û ó_t3ê�npisÞ�kBh3ÝsujïðnZi�áàkBußÝ^tZisÞ Û hrGí^t5ä^l:áàkBhbâbäªtZåZhßþ�æ�v
� bdc�b�� �� 	���|�� �A{��N|µx � yzx � 	 �µx¼�� � | ��� ��]| �${ � �µ� b

��npésÞPrjnZi^Þàl:Ýsu3kBnpisÞ Û tÉáBísu3nZkBlqh<u�î�é^t5áBl:npisish Û:Û h<Ý]ó ési�nZäAu>kGt5áBhjéNkbtZÞàÞànYr3l�t5áBl:õch3ábr3npïðïbéNáGt5áBl:õ
⊕
ä Û ésÞbésiÞ ò ïPôAn Û h�í^nZïðnpïðnZkàä^ísl�î�é^h

h
Þàésk Û h�Þ ò ïPôAn Û h

⊕
vNmov��Xt5kBh3isÝNkGtZi�ïCnpi�áàkBh�hji�r3nYÝ^tZi�á Û hXÝsl:øYl �3ïðh$äskBnZô Û �3ïðhÝshÉg�l Û ôAh3kàáKî�é^h Û ó ésisl:Ü^r�tÈáBlqnpi ïðnYÝsé Û nRrjh>áàáBh�áBísujn5kBlqhÉu�î�éªtÈáBlqnpisish Û:Û hÉh3ÞÂá<lqisÝsujr3lqÝ^t5ô Û h G �Xt5k � ��K[vN^»tZisÞ Û hrGí^t5ä^l:áàkBh�æRäªtZåZh ���YèHisnpésÞÉt3ê�npisÞ�ïCnpi�áàkBu�î�é^h Û h äskBnZô Û �3ïðh÷Ýsh(Ýsu3Ýsé^r>áBlqnZi�Ý^h Û ó lqi�áàkBésÞ�hjÞÂá�Ýsujr3lqÝ^t5ô Û hïCnYÝsé Û n<r3h>áàáBh»ï4n3ïðh»áBísu3nZkBlqh»ujî�é^t5áBlqnpisish ÛqÛ h G HIH�J ÿ�æ�K@v
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� � �SD � ���
	�F =>; � �
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��npésÞMh>øNísl:ôAnpisÞMÝshjéNø1h3øYhjïCä Û hjÞEÝ^hcáBísu3nZkBlqh3ÞMujî�é^t5áBl:npisi^h ÛqÛ hjÞEÝ^tZisÞ Û hjÞBî�é^h Û Þ Û ó ésisl:Ü^r�tÈáBlqnpiðhjÞÂáMÞànpl:áMÝsujr3l XÝ^t5ô Û h/Þànpl�áolqisÝsu3rjl:ÝªtÈô Û h/h>á Û h9äskBnZô Û �3ïðhHÝ^h Û ó l:i�áàkBésÞ Û ésl�kBh3ÞÂáBhHlqisÝsu3rjl:ÝªtÈô Û h/ïðn�Ý^é Û n Û t�áBí^u3nZkBl:hHu�î�é^t5áBl:npisish Û:Û héNáBl Û lqÞàu3hZv
��npésÞXrjnZi^ÞÂáàkBésl:ÞànpisÞßÝ]ó_tÈô]n5kBÝ�ésish1áBí^u3nZkBl:h1u�î�é^t5áBl:npisish Û:Û h

E
Ý^tZisÞ Û tZî�ésh Û:Û h Û h1äskBnZô Û �3ïðh1Ý^h1ïðnZá»r Û npÞýGö �/nZkBÝ�äskBnZô Û h3ï ù � hjÞÂá$l:i^Ýsu3rjl:Ý^t5ô Û hbt3ê�hjrßr3h>áàáBh»áBísu3nZkBlqhßujî�é^t5áBlqnZi^ish ÛqÛ h 4[dQ?�d ÞBtjê�npl�k�ÞàlfÝshjéNø�áBh3kBïChjÞër Û npÞÞànZi�á1u3å�tZéNø�ïðnYÝsé Û n÷rjh>áàáBh<áBísu3nZkBlqhKh3ÞÂáCl:isÝ^u3r3lqÝ^t5ô Û hZv H h<ä^kBn5ô Û �jïCh�Ýsh�ïðnZá1h3i�äskBu3Þàhjisr3h�Ý]ó ésishKáBísujn5kBlqhujî�é^t5áBl:npisi^h ÛqÛ h1h3ÞÂáXési(rjtZÞ$äªt5kàáBlqr3é Û lqh>kXÝsh Û ó é^isl�Üªrjt5áBl:npi(ïðnYÝsé Û nKrjh>áàáBhPáBísujn5kBlqhZv�[�lqisÞàl7è]Þàl Û hbäskBnZô Û �3ïðhbÝshïCnZáër Û npÞëh3ÞÂáëlqisÝsu3rjl:ÝªtÈô Û hPt Û n5kBÞ Û hXäskBnZô Û �3ïðhßÝ]ó ésisl:Ü^rjt5áBlqnpi Û ó h3ÞÂá�t5é^ÞàÞàl7v

� b��Sbdc � � ��}sx � ����y¼� | ��� ��]| �${ � �µ� b
��npésÞ�r3npisÞÂáàkBéslqÞànpisÞ Û tRáBísujnZkBl:h÷u�î�é^t5áBl:npisish Û:Û h äªt5kàáBl:rjé Û l �>kBh

E
è9áBh Û:Û h(î�ésh Û h ä^kBn5ô Û �jïCh(Ýsh(ïCnZá�h3ÞÂál:isÝ^u3r3lqÝ^t5ô Û hPïðnYÝsé Û n

E
v � ishßlqisÞÂáGtZisr3hPÝ^é�äskBnZô Û �jïðhPÝshPïCnZá$hjÞÂá�r3npisÞÂáBl:áBésu3hßÝshbÝsh3éNø�áBh3kBïðh3Þër Û npÞ t1 h>á

t2
h>áëÝ]ó ési�h3isÞàhjïPô Û hßÝ�ó u�î�éªtÈáBlqnpisÞ

E
v��npésÞërGí^h>kBrGí^nZi^ÞWVCÞBt3ê�npl:këÞàl

t1 =E t2 �

monpéNkCïðnpi�áàkBh3kðî�ésh Û h�äskBnZô Û �jïðh�Ýsh�ïðn5á1ä]nZésk Û t áBísu3nZkBlqh�ujî�é^t5áBlqnpisish ÛqÛ h
E
h3ÞÂáClqisÝsujr3lqÝ^t5ô Û hpèoisnpésÞkBu3ÝséslqÞànpisÞ Û ó_t5kàk1n>á$Ý�ó ési^hßï<tZrGíslqishPÝ^h J éNkBlqisåKî�éslfh3ÞÂá$ési�äskBnZô Û �3ïðhßlqisÝsujr3lqÝ^t5ô Û hZv ��npésÞëäskBnpéNê�nZi^Þ$î�ésh Û tïðtZrUísl:i^hKÝsh J éNkBlqiså÷tjê�h3r�h3i�hji�áàkBu3h Û t�rjnZisÜ^åpéNkGt5áBl:npi'tZÞàÞànYr3lqu3h�t5é�ïðnZá

t1
Þ3ó_t5kàk1n>áBhKÞàlHh>ábÞàhjé Û h3ïðh3i�á1Þàl

t1 =E t2
è^n��

t2
h3ÞÂá Û hXáBh>kBïðhPt5ÞàÞànYrjl:u-V Û tCrjnpiNÜ^åpéNkGt5áBl:npiÉÜ^i^t Û h»Ýsh Û tCï<t5rUíslqishßÝsh J éNkBl:i^åNv

� TB?>L � ? k ��npésÞër3npisÞàlqÝsu>kBnpisÞëésishßï<tZrGí^l:ishßÝ^u>áBh>kBïðlqislqÞÂáBh»Ýsh J éNkBlqiså
M = (Q,Σ, δ,�, q0, qF )

n�� k
m Q

h3ÞÂáëési�hjisÞàh3ïPô Û h»Ü^isl�Ý�ó u3áGtÈáBÞ3v
m Σ

h3ÞÂá$ési�t Û äªí^t5ôAh>á�Ü^i^l]äAnpéNk Û h»kBéNôªtZi]v
çpçjÿ
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m δ : Q × Σ → Q × Σ × {L,R, 0}
h3ÞÂáXé^ish1õQnpisr3áBl:npi÷äªt5kàáBlqh ÛqÛ hCtÈä^äAh Û u3h1õQnpisr3áBl:npi(ÝshPáàkGtZisÞàl:áBlqnZi�èAn��

L
r3nZkàkBh3ÞÂäAnpisÝ V�é^iRÝsu3r�t Û tZåphðåptZésrUíshðÝ^é�kBéNôªtZi]è

R
VÉésiRÝsujrjt Û tZåphðÝNkBnpl�áPÝ^é�kBéNôªtZiRh3á

0
äªtZÞßÝshÝ^u3rjt Û tZåZhßÝsé�kBéNôOt5i�v

m � ∈ Σ
hjÞÂá Û h»Þ ò ïPôAn Û hÉöPô Û t5i^r1ù�ý Û h»Þàh3é Û Þ ò ïPôAn Û hPî�é^l]äAh3ésá$tÈä^äªt5kGt �qáàkBhßÞàéNk Û h»kBéNôªtZi l:iNÜªisl:ïðhji�áÞànpéNê�hji�áWVCi]ó lqï1ä]n5kàáBhPî�ésh Û ïðnZïðhji�á � v

m q0 ∈ Q
h3ÞÂá Û ó u>áGt5á�lqisl:áBlqt Û v

m qf ∈ Q
h3ÞÂá Û ó u>áGt5áëtZrjr3h>ä^áGt5i�ájv

� ish�r3npiNÜ^åpéNkGt5áBlqnpi Ýsh Û tRï<tZrGíslqish Ýsh J éNkBlqiså�h3ÞÂáðkBh3äskBu3Þàhji�áBu3h�äªt5kKési áBh3kBïCh kMÞàl Û tRï<tZrGíslqish ÞàháàkBnpéNê�h$Ý^tZisÞ Û ó u>áGt5á
q ∈ Q

èsî�é^h Û h$kBéNôªtZi�Vbå�t5é^rGísh�h3ÞÂáHkBh>ä^kBu3Þàh3i�áBu$äªt5k Û tPêZt5kBlqt5ô Û h
x ∈ V ars

h>á Û hëkBéNôªtZi
VKÝNkBnpl�áBhPäªt5k Û hbÞ ò ïPôAn Û h

a ∈ Σ
Þàé^l�êNl Ýsh Û t<êZt5kBl�t5ô Û h

y ∈ V ars
èAt Û nZkBÞ Û hßáBh3kBïðhbtZÞàÞànYr3lqu1î�ésl�kBh>ä^kBu3Þàh3i�áBhrjh>áàáBhXrjnpiNÜ^åpéNkGt5áBl:npi�h3ÞÂá�k

q

x a

y
��npésÞ�i^n5áBh3kBnpisÞ�rjh>áàáBhXrjnpiNÜ^åpéNkGt5áBl:npiÉäªt5k

q(x, a(y))
v

��npésÞoÞàéNäsäAnpÞànpisÞEî�é]ó l Û i]ó ò t$äªtZÞoÝshHáàkGtZisÞàl:áBl:npiCî�éslYäªt5kàáBhHÝ]ó ésishcr3npiNÜ^åpéNkGt5áBlqnZibÜªi^t Û hpè5rZó h3ÞÂáNV�Ýsl:kBh/ésishrjnpiNÜ^åpéNkGt5áBl:npi�î�éslEr3npi�áBlqh3i�á Û ó u>áGt5á»Ü^i^t Û
qf
v H t�ï<t5rUíslqishðÝsh J éNkBlqisåÉÞ3ó_tÈkàk1n3áBhðÞàl Û t�rjnpiNÜ^åpéNkGt5áBl:npi�Ü^i^t Û hhjÞÂáXtÈáàáBhjl:i�áBhZv]úHíªtZî�éshPáàkGt5i^Þàl�áBlqnpi Ýsh

δ
h3ÞÂá$kBh3äskBu3Þàhji�áBu3hPäªt5k�é^ishPujî�é^t5áBlqnpi Ýsh

E
áBh ÛqÛ hbî�éshPÞàl

a, b, ε ∈ Σ
è

p, q ∈ Q
h3á
x, y ∈ V ars

k
m
Û t1áàkGtZisÞàl�áBlqnpi

(q, a)→ (p, b, R)
Ýsnpisish Û ó u�î�é^t5áBl:npiÉÞàésl:êZtZi�áBh4k

q

x a

y

= p

b

x

y

��npésÞ�ésáBl Û l:ÞànpisÞ Û tCisnZáGt5áBl:npi�ä Û ésÞ$r3npisr3lqÞàh8k
q(x, a(y)) = p(b(x), y)

v
m
Û t1áàkGtZisÞàl�áBlqnpi

(q,�)→ (q, b, R)
Ýsnpisish Û ó u�î�éªtÈáBlqnpiÉÞàésl:êZtZi�áBh4k

q(x, ε) = p(b(x), ε)
v

m
Û t1áàkGtZisÞàl�áBlqnpi

(q, a)→ (q, b, L)
ÝsnpisishßÝ^h3éNø�ujî�é^t5áBlqnpisÞZk

m ∀f ∈ Σ, q(f(x), a(y)) = p(x, f(b(y)))
m q(ε, a(y)) = p(ε,�(b(y)))

m
Û t1áàkGtZisÞàl�áBlqnpi

(q, a)→ (q, b, 0)
Ýsnpisish Û ó ujî�é^t5áBl:npi k

q(x, a(y)) = p(x, b(y))
m
Û t1áàkGtZisÞàl�áBlqnpi

(q,�)→ (q, b, 0)
Ýsnpisi^h Û ó u�î�éªtÈáBlqnpi k

q(x, ε) = p(x, b(ε))
��npésÞ1t�!µnpéNáBnpisÞ Û ó u�î�é^t5áBl:npi

qf (x, y) = t2
ési^hKõQnplqÞ Û ó u>áGt5áPÜ^iªt Û t5áàáBhjl:i�ájv H h<áBh>kBïðh

t1
kBh3äskBu3Þàhji�áBh Û trjnpiNÜ^åpéNkGt5áBl:npi÷l:i^l�áBl�t Û hbÞàésl:êZtZi�áBh

q0 = (ε, w1(. . . (wn(ε)))))
èªn��

wi ∈ Σ
v H hßáBh3kBïðhPr Û npÞ

t2
h3ÞÂáXtZÞàÞànYr3lquiVÛ tCr3npiNÜ^åpéNkGt5áBlqnpi�Üªi^t Û h

qf (x, y)
Ýsh Û tðïðtZrUísl:i^hßÝsh J éNkBlqisåsv

��npésÞ�kBujÞàésïðnpisÞ Û h3Þ÷Ý^l�ìAu3kBh3i�áBhjÞ u�î�é^t5áBl:npisÞ÷Ý^h Û t áBísujnZkBl:h'ujî�é^t5áBlqnZi^ish ÛqÛ h
E
tZlqisÞàlbrjnZi^ÞÂáàkBésl�áBhpè�n��

f, a, b,∈ Σ, p, q ∈ Q, x, y ∈ V ars
k

E =







q(x, a(y)) = p(b(x), y)

q(x, ε) = p(b(x), ε)

q(f(x), a(y)) = p(x, f(b(y)))

q(ε, a(y)) = p(ε,�(b(y)))

q(x, a(y)) = p(x, b(y))

q(x, ε) = p(x, b(ε))

qf (x, y) = t2

çpçZç
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��npésÞ<ïðnpi�áàkBnpisÞ<ï<tZlqi�áBh3i^tZi�á�î�ésh Û hÉäskBnZô Û �3ïðh Ýsé ïðnZá
t1 =E t2

h3ÞÂáKu�î�ésl�êpt Û hji�á V Û ó t5kàk1n>áKÝsh Û tïðtZrUísl:i^hßÝsh J éskBl:isåKtjêphjr»hjiÉh3i�áàkBujh Û tCrjnZisÜ^åpéNkGt5áBl:npi�tZÞàÞànYr3lqu3h-V
t1
v

⇒
mEt5k/r3npisÞÂáàkBésr3áBl:npi]è�Þàl Û tPïðtZrUísl:i^h�Ýsh J éNkBlqisåPäskBhjisÝ<hjiKh3i�áàkBu3h Û tPr3npiNÜ^åpéNkGt5áBlqnZi�tZÞàÞànYr3lqu3h�tZé<áBh>kBïðh

t1
h>áëÞ3ó_tÈkàk1n3áBh»ÞàéNk$ésiÉu3áGt5á$t5rjr3h3äsáGtZi�ájè^t Û nZkBÞ

t1 =E t2
v

⇐
� áGtZi�áPÝsnpisisu<é^ish<ujî�é^t5áBlqnZi�hji�áàkBhðÝshjéNø(áBh3kBïðh3Þ

t1
h>á
t2
Ýªt5i^Þ

E
è�isnpésÞbr3npisÞàlqÝsu>kBnpisÞßáBnpéNáBhjÞ Û hjÞujî�é^t5áBl:npisÞßÝ^hðå�tZésrGísh VÉÝNkBnpl�áBh<t5äsä Û lqî�ésujhCäAnpéNkßä^kBnZésêph3kPr3h3áàáBhCu3å�t Û l:áBu ý7i^nZé^ÞßõWtZlqÞànZi^Þßrjh>áàáBhCÝslqÞÂáBlqisr>áBlqnpirjt5k Û hjÞEáàkGtZisÞàl:áBlqnZi^Þ9Ýsh Û tßïðtZrUísl:i^hëÝ^h J éskBl:isåPÞànpi�áHÝ^u>Ü^islqh3Þ9Ýsh Û tßå�t5é^rGíshëê�h>kBÞ Û t»ÝNkBnpl:áBh�äªt5k9kGt5äsäAnZkàá/t5ésøujî�é^t5áBl:npisÞMÝsh

E
� v���npésÞErGí^nZlqÞàlqÞàÞànZi^Þ Û t$ä Û ésÞMäAh>áBl:áBhcÞàujî�ésh3i^r3h�Ý]ó ujî�é^t5áBlqnZi^ÞMtÈä^ä Û l�î�ésu3hjÞMÝsh�åptZésrUísh_VXÝskBnZl:áBhäAnpéNkëÝ^u3ïðnpi�áàkBh>k
T1 =E t2

v���npésÞckGtZlqÞànpisisnpisÞ�äªtZÞël:i^Ýsésr>áBlqnpi�ÞàéNk Û t1áGtZl ÛqÛ hßÝsh»rjh>áàáBh»Þàésl:áBhßÝ]ó ujî�é^t5áBl:npisÞ3v
m ^»tZisÞ Û h$rjtZÞ/Ýsh$ôªtZÞàhZèNl Û i]ó ò tßäªtZÞ/Ý]ó ujî�é^t5áBlqnpiKh3i�áàkBh

t1
h3á
t2
r�t5k

t1
h>á
t2
ÞànZi�á/Þ ò i�áGt5øNlqî�éshjïðh3i�á Û hjÞï8njïðh3Þ3v���npésÞ$tjêpnpisÞëÝsl:kBh3r3áBh3ïðh3i�á$î�ésh Û tCrjnZisÜ^åpéNkGt5áBl:npi�h3ÞÂáëÝ^tZisÞ Û t1rjnpiNÜ^åpéNkGt5áBl:npiÉÜ^i^t Û hßÝsnpisr Û tïðtZrUísl:i^hßÝsh J éskBl:iså<Þ3ó t5kàk1n3áBhXô^lqh3i]v

m

 isÝsésr3áBl:npi k ] éNäsä]nZÞànpisÞPésish<Þàujî�éshjisr3hðÝsh

n
ujî�é^t5áBlqnpisÞ3è�isnpésÞßkBh3ï<t5kGî�é^nZi^ÞPî�é^h Û tÉr3npiNÜ^åpéNkGt5áBlqnpiÜ^i^t Û h

qf (x, y)
kBh>äskBujÞàh3i�áBh Û h�áBh>kBïðh

t2
v�mEt5kHrjnpisÞÂáàkBésr>áBlqnpi<Ýsh Û t»ï<tZrGí^l:ish$Ýsh J éNkBlqisåßl Û i]ó h>øNlqÞÂáBh�äªtZÞÝsh�áàkGtZisÞàl:áBl:npi�î�é^lsäªt5kàáBhëÝsh$r3h>áàáBhër3npiNÜªåZéskGtÈáBlqnpi]è�l Û i]ó h>øNlqÞÂáBh$î�ésh�Ý^h3ÞMáàkGtZisÞàl:áBlqnZi^ÞHî�éslªt5kàkBl:ê�h3i�áHÝ^tZisÞr3h>áàáBh�rjnZisÜ^åpéNkGt5áBl:npi]v ��npésÞbkBh3å�t5kBÝsnpisÞ1ä Û é^ÞbäskBujr3lqÞàu3ïðh3i�áCésish�Ý^h3Þ1r3npiNÜªåZéskGtÈáBlqnpisÞ

c
î�ésl9ä^kBu3r �jÝshÛ t r3npiNÜ^åpéNkGt5áBlqnpi)Ü^i^t Û hZv �ëk�äªt5k�í ò äAnZáBí�jÞàhZè�l Û»ò t ésishRÞàésl:áBhRÝsh

n
ujî�é^t5áBlqnZi^Þ�î�éslXkBh Û lqh

t1
V

t2
è isnpésÞCr3npisÞàlqÝsu3kBnZi^Þ Û t÷Ýsh3kBisl �>kBh�u�î�é^t5áBl:npi'Ýsh

E
k
tc = t2

èEt5äsä Û l�î�é^u3hKä]nZéskðt5kàkBl:êph3k4V
t2
vomEt5kr3npisÞÂáàkBésr3áBl:npiðÝsh Û tXï<t5rUíslqish�Ý^h J éNkBl:i^å»r3h3áàáBhcujî�é^t5áBl:npiCrjnZkàkBh3ÞÂäAnpisÝlVXésishcáàkGtZisÞàl:áBl:npi

Trc
èZäªt5kàáGtZi�áÝ]ó é^ish�rjnpiNÜ^åpéNkGt5áBl:npi

c
r3nZkàkBh3ÞÂä]nZi^Ý^tZi�á9tZéCáBh>kBïðh

tc
h>áHt5kàkBl�êptZi�áMÝ^tZisÞ Û tXrjnZisÜ^åpéNkGt5áBl:npiCÜªi^t Û hpv���npésÞtÈä^ä Û l�î�ésnpisÞ Û ó í ò äAnZáBí�3ÞàhPÝ]ó l:isÝ^ésr>áBlqnpi!V Û t<Þàésl:áBhßÝsh
n− 1

ujî�é^t5áBlqnZi^Þ�kBh Û l�tZi�á$Ý^tZisÞ
E

Û h»áBh3kBïðh3Þ
t1t5éðáBh>kBïðh

tc
è�t5lqisÞàl^isnpésÞ9ÞBtjê�nZi^Þ9î�ésh Û tXï<tZrGíslqishëÝsh J éNkBl:i^åPt3ê�hjr Û t»r3npiNÜ^åpéNkGt5áBlqnpiðlqisl�áBl�t Û hëtZÞàÞànYr3lqu3hé�áBh3kBïCh

t1
t5kàkBl�ê�h�ô^lqh3i�Ýªt5i^Þ Û t1r3npiNÜ^åpéNkGt5áBlqnpi

c
t5ÞàÞànYrjl:ujh»tZé�áBh3kBïCh

tc
èNhjiÉtÈä^ä Û l�î�é^tZi�á Û t1Ýsh>kBisl �>kBháàkGt5i^Þàl�áBlqnpi

Trc
i^nZé^Þ9r3npisr Û é^nZi^Þ3vYî�ésh Û tßï<tZrGíslqish�Ýsh J éNkBlqisåbî�ésl^ä^kBh3isÝKh3iKh3i�áàkBujh Û tßr3npiNÜ^åpéNkGt5áBlqnpit5ÞàÞànYrjl:ujhPt5éÉáBh>kBïðh

t1
Þ3ó_t5kàk1n>áBh»Þàéskëési�u3áGtÈá$tZr3r3h3äsáGtZi�á�rjnZkàkBh3ÞÂäAnpisÝ^tZi�á�tZéÉáBh>kBïðh

t2
v

�

� b��Sb�� �� 	���|�� �A{��N|µx � yzx � 	 �µx¼�� � | ��� ��]| �${ � �µ� b
H h�äskBnZô Û �3ïðhëÝsé<ïðn5áHh3ÞÂá9lqisÝsujr3lqÝ^t5ô Û hëäAnpéNk Û tXáBísu3nZkBlqh�u�î�éªtÈáBlqnpisish Û:Û h

E
èZäOtÈk9kBu3Ýsésr3áBl:npiKt5éðä^kBn5ô Û �jïChÝ]ó t5kàk1n3á»Ý]ó ésishCï<tZrGíslqishðÝsh J éskBl:isåsè�Ýsnpisr Û hbäskBnZô Û �3ïðhCÝ�ó ési^l�Ü^r�t5áBl:npi(äAnpéNkßr3h3áàáBhbáBísu3nZkBlqh1u�î�é^t5áBl:npisish Û:Û hh3ÞÂá$tZésÞàÞàlfl:i^Ýsu3rjl:Ý^t5ô Û hZv

��npésÞ»ïðnZi�áàkBnZi^ÞXï<tZlqi�áBh3i^tZi�áPî�ésh Û h1äskBnZô Û �3ïðhCÝsh Û ó lqi�áàkBésÞ»ïðnYÝsé Û n Û tKáBísu3nZkBlqh1u�î�é^t5áBl:npisish Û:Û h
E
h3ÞÂát5é^ÞàÞàl]l:isÝ^u3r3lqÝ^t5ô Û hZv��npésÞcr3npisÞàlqÝsu3kBnZi^Þ Û hXÞ ò ÞÂá��3ïðhXÝsh+^»n Û h>êsX�jHtZn1Ýsh Û tPÜ^åpéNkBh ��v�ç�äskBh3i^tZi�á�hji�r3npïCäsáBh Û táBísu3nZkBlqh»ujî�é^t5áBlqnpisish ÛqÛ h

E
k

(A)
u ∈ T

T `E u

(P )
T `E u T `E v

T `E 〈u, v〉

(C)
T `E u T `E v

T `E {u}v

(Eq)
T `E u u =E v

T `E v

(UL)
T `E 〈u, v〉

T `E u

(UR)
T `E 〈u, v〉

T `E v

(D)
T `E {u}v T `E v

T `E u

oSp�qTr �Yvqç m H h»ïðnYÝ� Û h»Ý^hXäskBhjéNê�hßÝshZ^Xn Û h>êsX�jHt5nðu3áBh3isÝsé V Û t1áBí^u3nZkBl:h»u�î�éªtÈáBlqnpisish Û:Û h (E)
v

çpç�ã
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monZéskëÝsujïðnZi�áàkBh>k�î�é^h Û h»äskBnZô Û �jïðhßÝsh Û ó lqi�áàkBésÞëïCnYÝsé Û n Û t1áBísu3nZkBlqhßujî�é^t5áBl:npisi^h ÛqÛ h
E
hjÞÂáël:i^Ýsu3rjl:Ý^t5ô Û hZèi^nZé^ÞEkBujÝséslqÞànpisÞ Û h�äskBnZô Û �3ïðhëÝsh$ïCnZáHr Û npÞ

t1 =E t2
t5éðä^kBn5ô Û �jïCh$ÝshëÝsujÝsésr>áBlqnpi<Ýsh Û ó lqi�áàkBésÞ3vsú$ó h3ÞÂáSVßÝsl:kBhZèi^nZé^ÞHïCnpi�áàkBnpisÞ�î�é�ó hji<éNáBl Û l:ÞBtZi�á Û h�Þ ò ÞÂá��3ïðh$Ýsh�Ýsu3Ý^ésr>áBlqnpiKÝshW^»n Û h>êsX�jHtZnPÝsh Û tßÜ^åpéNkBh �Yv�çëäªtZåZh�r3l X[r3npi�áàkBhÝ^u3Ýsésl:kBh+VßäOtÈkàáBl:kcÝséKáBh>kBïðh

t1

Û h$áBh3kBïðh
t2
h3ÞÂácujî�ésl:êZt Û h3i�áHkBujÞànpésÝNkBhXïCnYÝsé Û n

E

Û h$äskBnZô Û �3ïðh�Ýsé�ïCnZá/r Û npÞÞàé^l�êpt5i�áëh3i�áàkBh
t1
h>á
t2
v

��npésÞcäskBnpéNê�npisÞëÝsnpisr
t1 ` t2 ⇔ t1 =E t2

v�� TG?UL � ? k
m ý ⇐ � ] l

t1 =E t2
t Û nZkBÞHi^nZé^Þ/r3npisÞÂáàkBéslqÞànpisÞ/hji�t5äsä Û lqî�é^tZi�á Û ó_t5øNl:npïðh$ä^éslqÞ Û t»k��jå Û h

(Eq)
ési^h$äskBh3éNê�hÝ^h

t1 ` t2
m ý ⇒ � ��npésÞðr3npisÞàlqÝsu3kBnZi^Þ Û t(äskBh3ésêph�ïClqislqï<t Û h�Ýsh

t1 ` t2
hji isnpïßô^kBhÉÝ^hÉi�»é^ÝsÞ3v � h3å�t5kBÝsnpisÞ Û tÝ^h>kBisl �>kBh»k��3å Û hßÝsh»rjh>áàáBhXäskBhjéNê�hZv

m � áGtZi�áëÝsnpisisuPî�ésh Û h»áBh>kBïðh
t2
hjÞÂáëhji�á1n>áBh»islftjê�h3r Û hßÞ ò ïPôAn Û hßÝshXäªtZl:kBhZè^i^lftjêphjr Û hßÞ ò ïßô]n Û hßÝshrGí^l�ìOkBhjïðh3i�ájè^l Û ishXäAhjéNá_n>áàkBhßÝsl:kBh3r>áBhjïðh3i�áël:ÞàÞàé isl�Ýsh Û tCk��3å Û h

(P )
èsisl�Ýsh Û t1k��3å Û h

(C)
v

m ] l Û t÷ä^kBh3éNê�h�ÞàhÉáBh>kBïðl:i^h�äªt5k<ési^h�k��3å Û h
(UR)

è
(UL)

npé
(D)

èErjnZïðïðh Û ó ésisl�î�éshÉáBh>kBïðhÉÝ^tZisÞÛ t r3npisi^tZlqÞàÞBtZisr3h�lqisl:áBlqt Û h�h3ÞÂá
t1
î�ésl/h3ÞÂáCislHhji�á1n>áBh�t3ê�hjr Û hKÞ ò ïPôAn Û h�Ýsh�äªtZl�kBhpè isl Û hKÞ ò ïPôAn Û hÝsh<rUísl�ìAkBh3ïðh3i�ájè�h3ábî�é^h Û hjÞPujî�é^t5áBlqnZi^ÞßÝsh

E
ish<r3npïCäAnZkàáBhðäªtZÞPÝsh<Þ ò ïPôAn Û h<isl9ÝshðäOt5l:kBh<isl9ÝshrGí^l�ìOkBhjïðh3i�ájèpl ÛNò t�õWnZkBr3ujïChji�á9h3éðésishët5äsä Û lqrjt5áBl:npilV�äOtÈkàáBl:k9Ýsh

t1
Ý]ó ésiðr3npisÞÂáàkBésr3áBh3éNk9ÝshcäªtZl:kBh�nZéÝsh1rGísl:ìOkBh3ïðhji�ájv�úHhjr3l l:ïCä Û l�î�é^hCî�é^hPi^nZé^Þ$äAnpéNê�npisÞ�áàkBnpéNê�h>kXésishbäskBh3ésêphbä Û ésÞ$ä]h>áBl:á�Ýsh

t1 ` t2
èr3h»î�éslArjnpi�áàkBh3Ýsl:á Û t1ïðl:i^l:ï<t Û l:áBuXÝsh Û tbäskBh3ésêphpèstZlqisÞàl Û t1Ýsh3kBisl �3kBh�k��3å Û hXish�ä]h3éNá n3áàkBh�i^l

(UR)
èNisl

(UL)
h3á�isl

(D)
v

m ] l Û tPäskBh3ésêph�ÞàhëáBh3kBïClqish$äªt5k Û tßk��3å Û h
(Eq)

isnpésÞ/n5ô^áBh3isnpisÞHô^lqh3i Û tßäskBhjéNê�h$ïðlqisl:ï<t Û h�r3npisÞÂáBl:áBésu3hÝsh Û ó_t5äsä Û l:r�tÈáBlqnpi�Ýsh Û ó t5øNlqnZïðh»ä^é^l:ÞëÝsh Û t1k��jå Û h
(Eq)

èsrjhßî�ésl�lqïCä Û l�î�éshßî�ésh
t1 =E t2

v
�

��npésÞër3npisr Û é^nZi^ÞëÝsnpisrbî�é^h Û h»äskBnZô Û �3ïðhPÝshßÝsujÝsésr3áBl:npi�Ý^h Û ó lqi�áàkBésÞëäAnpéNk Û tCáBísujnZkBl:hßu�î�éªtÈáBlqnpisish Û:Û h
EhjÞÂáël:i^Ýsu3rjl:Ý^t5ô Û hZv

�ub��Sb�� �� 	���|�� �A{��N|µx � yzx � 	 �~x¼�� � � ��]| �${ � �µ� b
��npésÞ$r3npisÞàlqÝsu>kBnpisÞ�ésishPisnpéNê�h Û:Û hßáBísujn5kBlqhPujî�é^t5áBl:npisi^h ÛqÛ h

Es
rjnpisÞÂáàkBésl:áBh VCäªt5kàáBl�k�Ýsh Û tðáBísu3nZkBlqhßu�î�é^t�XáBlqnpisish Û:Û h

E
è�äAnpéNk Û tpî�ésh ÛqÛ h Û ó ésisl:Ü^rjt5áBlqnpi h3ÞÂáðÝsujr3lqÝ^t5ô Û hÉh>á Û h�äskBnZô Û �3ïðhÉÝsh�Ý^u3Ýsésr3áBl:npi Ýsh Û ó lqi�áàkBésÞðhjÞÂálqisÝsujr3lqÝ^t5ô Û hZv

� w���w � w'x �C{��� 	
~'~ 	�� �I��{ � � 	 � � �I}
��� {���� 	�~'~ 	��
Es
w

��npésÞCïðnYÝsl�ÜªnZi^Þ Û t÷áBísu3nZkBlqh�u�î�éªtÈáBlqnpisish Û:Û h
E
Ýsh Û t(Þàhjr>áBlqnZi äskBu3rju3Ýshji�áBhÉh3i t�!ÂnpéNáGtZi�áðési isnpéNê�hjtZéÞ ò ïPôAn Û h<Ýsh<õWnpisr>áBlqnpi

s
v ��nZé^ÞPnZôsáBh3isnpisÞPési�isnpéNê�h Û h3isÞàhjïPô Û hKÝ]ó ujî�é^t5áBlqnZi^Þ

Es
n��

f, a, b,∈ Σ0, p, q ∈

Q, x, y ∈ V ars
k

Es =







s(q(x, a(y))) = p(b(x), y)

s(q(x, ε)) = p(b(x), ε)

s((f(x), a(y))) = p(x, f(b(y)))

s(q(ε, a(y))) = p(ε,�(b(y)))

s(q(x, a(y))) = p(x, b(y))

s(q(x, ε)) = p(x, b(ε))

s(qf (x, y)) = t2

� w���w � w�� z � �
�A��t|�}�����{�� � { ���A~ {
Es

	 ��� �I�s|�� �I} � ~ 	yw
��npésÞðáàkGtZisÞàõQnZkBïðnpisÞ Û h Þ ò ÞÂá��jïðh�Ý]ó ujî�é^t5áBlqnZi^Þ

Es
h3i ési Þ ò ÞÂá��jïðh�Ýsh�kBu3u3r3kBl�áBéskBh

RES

n��
f, a, b,∈

Σ0, p, q ∈ Q, x, y ∈ V ars
k

çpçjâ
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REs
=







s(q(x, a(y))) → p(b(x), y)

s(q(x, ε)) → p(b(x), ε)

s((f(x), a(y))) → p(x, f(b(y)))

s(q(ε, a(y))) → p(ε,�(b(y)))

s(q(x, a(y))) → p(x, b(y))

s(q(x, ε)) → p(x, b(ε))

s(qf (x, y)) → t2H hÉisnpïPôskBhÉÝ]ó_t5äsä Û l:r�t5áBl:npi Ýsh Û t(õWnpisr>áBlqnpi
s
Ýsujr>kBn �qájè Û hÉÞ ò ÞÂá��jïðh�ÝshÉkBu3u3r3kBl�áBéskBh�áBh>kBïðl:i^h�Ýsnpisrpv H tr3npisÞÂáàkBésr3áBl:npi Ýsh

Es
h3ÞÂá$ôªtZÞàujhPÞàéNk�ésishbï<tZrGíslqishPÝsh J éNkBlqisåKÝ^u>áBh>kBïðlqislqÞÂáBhZèªÝsnpisrbl Û i]ó ò tCäªtZÞ�ÝshPÞàéNäAh3k XäAnpÞàl�áBlqnpiKh3i�áàkBh Û h3Þ9áBh3kBïChjÞ3è�äOtÈk/r3npisÞàu�î�é^h3i�á/l Û i�ó h3øYlqÞÂáBhëäªtZÞHÝshëäªtZl�kBh�r>kBl:áBlqî�éshpv ��npésÞHr3npisr Û ésnpisÞHÝ^nZi^r�î�éshÛ hXÞ ò ÞÂá��jïCh»Ýsh�kBu3ujr>kBl:áBéNkBh

RES

hjÞÂá�r3npi��^éshji�ájv ��npésÞchji�Ýsu3Ýsé^l:ÞànpisÞëî�ésh Û h»Þ ò ÞÂá��jïðhXÝsh�kBuju3r>kBl:áBéNkBh»tZÞàÞàn�rjl:u
V
Es

h3ÞÂáërjnZi�êph3kBåph3i�ájv���npésÞ�kGt5äsäAh Û npisÞëï<t5lqi�áBhji^tZi�á Û tCÝsu>Üªisl�áBlqnpi�Ýsh»ÞàéNk X@kBujÝsésr3áBl:npi]v
������A������{�� � ����� � � � � � � �I|*��� {�� ��� .�6a?UTUJK? t ;3?C;GLYT � T ! D5LN4W6 �j,ð4W;b.A25TUTBI �H?GD�e � ?U. t′ F ��8:2bSªI5;B47674[I5..OI5. � 25TU4[2��>8:? p ∈ Dom(t) FPLs674W8³4Q;325.ª6C8:2'T����Z8q?RD�?(T ! ! =>TU4W67LNTB? l → r ?36C8:2';GL �>;U674W67Ls674@I5. σ FðI�� σ ?U;U68Â\ LN.^4 � =G2Z6a?ULNT»8:?/SA8_LN; � ! . ! TB2Z8�D�? t|p ?36 l FM?36 t′ = σ(t[r]p)

FED ! .AIZ6 ! S^25T t [p,l→r,σ] t
′ ?>6M.OI5LN;$;BLÈS�S^I5;3I5.^;6aI5L � I5LYTU;c`>LM\ 478�.]\ �b2HS^25;cD�?ë=GI5.��H4W6�D�? � 25TU4[2��38:?U;�?>.ª67TB?�8:?>;HT����Z8:?>;�?36�8:?>;/6a?UTUJK?U;GFA4[dQ?�d V ars(l, r)∩V ar(t) =

∅ d
^1ó_t5äsk��3Þ Û hbkBu3Þàé Û áGt5á»Ýsh1g�é ÛqÛ nZá G g�é Û � ÿ�K@è Û tKÞàéNk X@kBujÝsésr>áBlqnpi ýGöði^t5kàkBn �ël:i^å ù � h3ÞÂá»r3npïCä Û �>áBhbäAnpéNk»ésisháBísu3nZkBlqh�ujî�é^t5áBlqnpisish ÛqÛ hÉkBh>ä^kBu3Þàh3i�áBu3hÉäOtÈkKé^i Þ ò ÞÂá��jïCh ÝshÉkBuju3r3kBl�áBéNkBh�rjnZi�êph3kBåph3i�á�ý7ésish�äskBu3Þàhji�áGt5áBl:npi Ýshr3h kBujÞàé Û áGt5á�h3ÞÂáÉÝsnpisisujh÷Ý^tZisÞ Û h äªt5ä^lqh>k�Ý^h��/v �ctptZÝsh3k�h3á�û v ] i ò Ýsh>k G � ] ÿsç�KXh>á�Ý^tZisÞ Û h÷äªt5ä^lqh>k�Ýsh

[bv&Y÷lqÝsÝsh Û Ý^n5kàä G Y÷lqÝ �5þ*K � v � ishbrjnZi^Þàujî�ésh3i^r3hbÝ^hbr3hbkBu3Þàé Û áGt5áXh3ÞÂá»î�éshbÞàl Û tKÞàéNk X@kBu3Ýsé^r>áBlqnZi÷áBh3kBïClqishbäAnpéNkésish»áBísujn5kBlqhXkBh>äskBujÞàh3i�áBujh»äªt5këési�Þ ò ÞÂá��3ïðh»Ýsh»kBuju3r3kBl�áBéNkBh»rjnZi�êph3kBåph3i�ájèªt Û nZkBÞ Û ó é^isl�Üªrjt5áBl:npi�h3ÞÂáëÝ^u3r3lqÝ^t5ô Û hZvmonpéNk�ïðnpi�áàkBh>k Û tbÝ^u3r3lqÝ^t5ô^l Û l:áBuXÝsh Û ó ésisl:Ü^rjt5áBlqnpi�ïCnYÝsé Û n Û tbáBísu3nZkBlqh�u�î�éªtÈáBlqnpisish Û:Û h
Es

isnpésÞ/äskBnpéNê�npisÞÝsnpisrPî�ésh Û tCÞàéNk X@kBu3Ýsé^r>áBlqnZi�ýGöPiªtÈkàkBn �ëlqiså�ù � áBh3kBïClqish»äAnpéNk
ES
v

� hjïðt5kGî�ésnpisÞ�Ý]ó t5ôAnZkBÝ�î�é]ó l ÛAò tbésiÉisnpïPôskBhXÜªisl]Ýsh�k��jå Û h3Þ�Ýsh�kBuju3r>kBl:áBéNkBhXÝªt5i^Þ REs

èNäªt5kcrjnpisÞàujî�éshji�áÛ tßÞàéNk X@kBu3Ý^ésr>áBlqnpiKt»ési<isnpïPôskBh�Ü^islªÝsh�äAnpÞàÞàl:ô^l Û l:áBu3Þ9Ý^tZisÞ Û tXk��jå Û h$tÈä^ä Û lqrjt5ô Û hZv�^Xh�ä Û é^Þ3è�áBnZé^Þ Û hjÞ9ïChjïPôskBh3ÞåptZésrUísh3ÞëÝshjÞck��3å Û hjÞ�Ýsu>ôªéNáBh3i�á�äªt5k Û hßÞ ò ïßô]n Û h»Ý^h»õWnZi^r>áBlqnZi
s
h>á�áBnZésáBh3Þ Û h3Þck��jå Û hjÞcäskBu3Þàh3kàêphji�á Û ó hjisÞàh3ïPô Û hÝsh3ÞEêpt5kBlqt5ô Û h3Þ3èªý

vars(l) = vars(r)
� vZmonpéNkMäskBnpéNê�h3k Û t�áBh3kBïClqi^tZlqÞànZi<Ýsh Û tXÞàéNk X@kBujÝsésr>áBlqnpi ýGö$i^t5kàkBn �ël:i^åbù � èisnpésÞ�r3npisÞàlqÝsu>kBnpisÞ Û tCïChjÞàéNkBh

ns
î�ésl]rjnZïCäsáBh Û hXi^nZïPôskBhßÝsh»Þ ò ïßô]n Û h3Þ

s
Ýªt5i^Þ�ési�áBh3kBïðhZv ] h Û nZi Û tbõWnZkBïChäªt5kàáBl:rjé Û l �>kBh�Ý^h�isnpÞCu3å�t Û l:áBu3Þ Û t÷ïðh3ÞàéNkBhÉÝsujr>kBn �:ájèErjt5k Û h3Þ1êZt5kBl�t5ô Û hjÞCÞànpi�áCäskBujÞàh>kàê�u3hjÞ1h3á Û h�Þ ò ïPôAn Û h�ÝshõQnpisr3áBl:npi

s

Û é^lEÝslqÞÂäªt5kGt��:ájvfmEt5kPr3npisÞÂáàkBésr3áBl:npiRÝsh Û tÉÞàéNk X@kBujÝsésr>áBlqnpi ýGöKi^t5kàkBn��ëlqiså(ù � è
σ
h3ÞÂá Û ó ésisl:Ü^rjt5áBh3éskÛ h(ä Û ésÞÉåpujisu>kGt Û Ýsh

t|p
h3á

l
v ��npésÞ�äAnpéNê�npisÞÉÝsnpisr�rjnpisr Û éNkBhRî�ésh Û t'ÞàéNk X@kBujÝsésr>áBlqnpi áBh>kBïðlqish�h>áÉÝsnpisrÛ ó ésisl:Ü^rjt5áBlqnpiÉïðnYÝsé Û n

Es
h3ÞÂáëÝsujr3lqÝ^t5ô Û hZv

� w ��w � w � z
	 � � { � ~ � ��	 � 	 ~ ��� �&� � � � 	 ����� �
�I�s|�� �I} � ~ 	 � { � � ~�{
Es
w

��npésÞëéNáBl Û lqÞànZi^Þ Û hßÞ ò ÞÂá��3ïðh»ÝshßÝsu3Ý^ésr>áBlqnpiÉÝ^hZ^Xn Û h>êsX�j9tZnðÞàésl:êZtZi�á�k
H hHÞ ò ÞÂá��3ïðhHÝshMkBuju3r3kBl�áBéNkBh

RES

áBh3kBïðl:ishHr�t5k Û hHisnpïßô^kBhHÝ]ó_t5äsä Û l:r�t5áBl:npisÞ Ý^h
s
Ý^u3r>kBn �qá h>á l Û h3ÞÂá rjnpi��^éshji�árjt5kPl Û i]ó ò tÉäªtZÞPÝshðäªtZl:kBh<r>kBl:áBlqî�éshpv H h<Þ ò ÞÂá��3ïðh<ÝshCkBuju3r3kBl�áBéNkBh

RES

h3ÞÂábÝsnpisr<rjnZi�êph3kBåph3i�ájèfÝ�ó t5äsk��jÞ Û hjÞkBu3Þàé Û áGt5áBÞ Ýsh Û t$Þàh3r>áBlqnpiCâYv³ã�v³ã�äªtZåphHþ ��è5isnpésÞou Û l:ïðlqisnpisÞoÝsnpisr Û tëk��3å Û h
(Eq)

Ý^tZisÞ Û h/Þ ò ÞÂá��jïðhHÝshQ^»n Û h>êsX�jHtZnÝsh Û t1Ü^åpéNkBh �Yv_ã1äªtZåZhßr3l X[r3npi�áàkBhßh3ácáàkGtjêZtZl Û:Û npisÞët Û nZkBÞëtjê�h3rßÝsh3ÞëõQnZkBïðh3ÞëisnZkBï<t Û hjÞ3vmonpéNk�ä Û ésÞ�Ý^h»r Û t5kàáBuZèsisnpésÞëishXäskBujÞàh3i�áBnpisÞ�äªtZÞ Û h3Þ�Ý^u3ïðnpisÞÂáàkGt5áBl:npisÞ�õWnZkBïCh Û:Û h3Þ�Ý^h3Þ�kBu3Þàé Û áGt5áBÞcÞàésl:êZtZi�áBÞrjt5kXh ÛqÛ hjÞ�Þànpi�á»Þàh3ïPô Û t5ô Û h3Þ�VKr3h ÛqÛ h3Þ�h>ì]h3r>áBé^u3h3Þ�Ýªt5i^Þ Û h3ÞXrGí^t5ä^l:áàkBh3Þ�äskBujr3u3Ý^h3i�áBÞXÝshbrjh>áàáBhPäskBhjïCl �>kBhbäOtÈkàáBlqhäAnpéNk Û h3ÞckBujÞàé Û áGtÈáBÞëÝsh Û nYrjt Û l�áBupv
çpç3þ
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(A)
u ∈ T

T `Es
u

(P )
T `Es

u T `Es
v

T `Es
〈u, v〉

(C)
T `Es

u T `Es
v

T `Es
{u}v

(Eq)
T `Es

u u =Es
v

T `Es
v

(UL)
T `Es

〈u, v〉

T `Es
u

(UR)
T `Es

〈u, v〉

T `Es
v

(D)
T `Es

{u}v T `Es
v

T `Es
u

(S)
T `Es

u

T `Es
s(u)

oSp�qQr	�Yv_ã m H h»ïðn�Ý�� Û hßÝshXäskBhjéNê�h»Ýsh�^»n Û h>êsX�jHtZnCu>áBhjisÝsé�V Û t1áBísujn5kBlqh»u�î�é^t5áBl:npisish Û:Û h (Es)
v

��npésÞ9ä]nZésêpnpisÞ/äskBnpéNê�h>k�î�é^h Û h3ÞHk��jå Û h3Þ/r Û tZÞàÞàlqî�éshjÞ/Ýsh"^Xn Û h>êsX�jHt5n 4[dQ?�d (P )
è
(C)

è
(D)

è
(UL)

h>á
(UR)

èi^h�Þànpi�á�äªtZÞ/ésáBl Û l:Þàujh3ÞcäAnpéNk�n5ô^áBh3isl:k_VPäªt5kàáBl:kcÝsé�áBh>kBïðh
t1

Û hXáBh>kBïðh
t2
v H tPäskBhjéNê�hXh3ÞÂáët Û n5kBÞcési^lqî�éshjïChji�árjnpisÞÂáBl�áBé^u3h�Ý]ó_t5äsä Û l:r�tÈáBlqnpisÞcÝsh Û tPk��3å Û h

(S)
vs[�l:i^ÞàlAÞBtjê�nZl:k�Þàl VPäªt5kàáBl:kcÝsé�áBh>kBïðh

t1
isnpésÞ/äAnpéNê�npisÞ/ÝsujÝsésl:kBhÛ h/áBh>kBïðh

t2
h3iðtÈä^ä Û l�î�é^tZi�á9î�ésh/ÝshjÞok��3å Û h3Þ

(S)
kBh3êYlqh3i�áNV�Ýsu3áBh>kBïðlqish>k Û hcisnpïPôskBhcÝ�ó t5äsä Û lqrjt5áBl:npiCÝ^h Û t$k��jå Û h

(S)
rZó h3ÞÂáWV1Ýsl:kBh»Ýsu3rjl:Ý^h>k Û ó t5kàk1n>áëÝsh Û tCïðtZrUísl:i^hßÝsh J éNkBlqisåðr3npisÞÂáàkBé^l�áBhXäskBujr3u3Ý^h3ïðïðh3i�ájv^mEtÈkërjnpisÞàujî�éshji�ájèÛ hXä^kBn5ô Û �jïChßÝ^h»ÝsujÝsésr>áBlqnpiÉÝsh Û ó lqi�áàkBésÞ�äAnpéNk Û t1áBísujnZkBl:hßujî�é^t5áBl:npisi^h ÛqÛ h

Es
kBh3ÞÂáBhßl:i^Ýsu3rjl:Ý^t5ô Û hZv

� �s|�}��t����� ~�}
��� � ��npésÞ/äskBu3Þàhji�áBnpisÞcÝ^tZisÞ Û tPÜªåZéskBh �Yv_â Û hjÞ/Ýsl:ìAu>kBhji�áBh3Þ/áBísujnZkBl:hjÞ/u�î�é^t5áBl:npisish Û:Û h3Þch>øNísl:ôAu3hjÞÝªt5i^ÞPr3hKrGí^t5ä^l:áàkBhKïCnpi�áàkGtZi�áCî�ésh Û hðä^kBn5ô Û �jïChKÝshKÝsu3Ý^ésr>áBlqnpi�Ýsh Û ó lqi�áàkBésÞbh>á Û h<äskBnZô Û �jïðh<Ý]ó ésisl:Ü^r�tÈáBlqnpiÞànpi�á$ÝshjéNø�äskBnZô Û �jïðh3Þël:isÝ^u>äAhjisÝ^tZi�áBÞ3v
mMkBnZô Û �3ïðh»Ý^hßÝsu3Ýsé^r>áBlqnZi�Ýsh Û ó lqi�áàkBésÞ
^»u3r3lqÝ^t5ô Û h 
 i^Ýsu3rjl:Ý^t5ô Û h

� i^l�Ü^r�t5áBl:npi ^Xu3rjl:Ý^t5ô Û h
∅ Es
 isÝ^u3r3lqÝ^t5ô Û h LNM�R

E

oSp�qQr �Yv_â m � ujrjt5ä^l:áBé Û tÈáBlqõHÝshjÞXáBísujn5kBlqh3Þ»u�î�éªtÈáBlqnpisish Û:Û h3Þ»äskBnpéNêZtZi�á Û ó l:i^Ýsu>äAhjisÝ^tZisrjhCÝ^é(äskBnZô Û �3ïðhðÝshCÝ^u�XÝ^ésr>áBlqnpiÉÝsh Û ó l:i�áàkBé^Þëh>áëÝséÉäskBnZô Û �jïðhßÝ]ó é^isl�Üªrjt5áBl:npi]v

çpçjæ
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Chapitre 7
� %�� %¼��������]���R��� �	� � 
�� � ���� �� ����� � *

, ��8Q8�67TULN6 ��;b25TB?1?G25;��K6aIðLN.OD�?>TU;U6a25.AD�I5.O=G?b6 �N? ��25TG?1D54Q;3=GI��5?>TB?GD��M6 �N?cSªI54Q.ª6M4W;»6aI�D54W;3=BI��Z?>Tß6 �N?>J<d�e
� t Û l Û h3n � t Û l Û hjl7v

wcxHyzyz{M|~}^�
�s��� ���3��©U�ªÇ��sÖ:�p�»ÕOÔ5©U�Z���É�Q¨A�q�B©U�p���f�X�X���X���X�X���X�����X�X���X���X�X���X�����X�X�����Y�pÌ�s�:¥ ���O�B© �����Z�»ÕO�KÇ��s¨Y©U�3ÊN��¨Y©U�p���(�X�X���X���X�X���X�����X�X���X���X�X���X�����X�X������¥���Z� �Z�����/´ ��Á�²³¢µ²�®�Á�¹U� �����c�c�������c�������c�c�������c�������c�c�������c�������c���c���Ð�>�p��s��Æ ���O�B© �����Z�»ÕO�KÇ��s¨Y©U�3ÊN��¨Y©U�p� ��q�p¨RÕOÔ���¨A�q���A���X�����X�X���X���X�X���X�����X�X������¥Y¥�s�_Ò �K×:¬A¨ �A�3��©U�ªÇ��sÖq� ÕOÔÈ©>�5������¨A�q�B©>���Y�5�j�÷¬A¨ � �ª�B© �p���'Õª� Ç��s¨Y©U�3ÊN��¨Y©U�p� ��:��¨ÕOÔ!��¨O�@� �X�X���X���X�X���X�����X�X���X���X�X���X�����X�X���X���X�X���X�����X�X������¥�Æ

" ésh Û:Û h�r Û tZÞàÞàhRÝsh�äskBnZáBn�rjn Û hjÞ�hjÞÂá X[l Û kBujt Û l:ÞÂáBhRÝ]ó u>áBésÝ^l:h3k � monpéNkÉkBu3äAnpisÝNkBh V r3h3áàáBh�î�ésh3ÞÂáBlqnpi]è�isnpésÞÝ^u>Ü^islqÞàÞànpisÞ»Ý�ó t5ôAnZkBÝ�ésishCr Û tZÞàÞàhCÝsh1ä^kBn5áBnYrjn Û h3Þßî�é^l i^nZé^ÞXÞàhjïPô Û hCäAh3kàáBl:i^h3i�áBh�k Û t�r Û tZÞàÞàhCÝshjÞXäskBnZáBn�rjn Û hjÞö1Ýsu>áBh3kBïðl:islqÞÂáBh3Þ»ùZv ��npésÞ$ïðnpi�áàkBnpisÞ�î�é]ó l Û hjÞÂá$Ýsujr3lqÝ^t5ô Û hbÝshßÞBtjê�npl�kXÞàlfési�ä^kBn5áBnYrjn Û hßh3ÞÂá�Ýsu>áBh3kBïClqislqÞÂáBhPh3iä^kBu3Þàh3i^r3hcÝsh/áBísu3nZkBlqh3ÞEujî�é^t5áBl:npisi^h ÛqÛ hjÞ3vZüMi^Þàésl�áBh�isnpésÞoäskBnZäAnpÞànpisÞEÝ]ó_tZi^t Û�ò Þàh>kMrjh3ÞoäskBnZáBn�rjn Û hjÞ Ý^u>áBh>kBïðlqislqÞÂáBh3Þhji Û h3ÞßáàkGtZisÞàõWnZkBï<t5i�ábhji�Þ ò ÞÂá��3ïðhjÞPÝ^h<rjnZi�áàkGt5lqi�áBhjÞ3v ��npésÞbÝsu>Üªisl:ÞàÞànpisÞbä Û ésÞàl:hjéNkBÞPá ò äAhjÞPÝshKÞ ò ÞÂá��3ïðh3ÞbÝshrjnpi�áàkGtZl:i�áBhjÞ1h3áCÝsu3ïðnpi�áàkBnpisÞ<î�éshKáBnpésÞ1äskBnZáBnYr3n Û h3ÞCÝsu>áBh3kBïClqislqÞÂáBh3Þ1äAh3ésêphji�áðÞàh�áàkGt5Ý^ésl�kBh�hji ési Þ ò ÞÂá��3ïðhÝ^hCrjnpi�áàkGtZl:i�áBhjÞ�ö<ô^lqh3iRÝ^u>Ü^isl/ùZè�i^n5áBlqnpiRlqi�áàkBnYÝsésl:áBhCäªt5k$#svIY÷l Û:Û h3i�h3á&%1v ] ísï<t5áBl �pn�ê G Y ] ÿ�æ�K@vI^»tZisÞ Û h3ÞrUí^t5ä^l:áàkBh3ÞPÞàésl:êZtZi�áBÞ3è i^nZé^ÞPrjnpisÞÂáàkBéslqÞànZi^Þbésish<äskBnYr3ujÝséNkBhKÝshKÝsu3rjl:Þàlqnpi�äAnpéNk Û h<äskBnZô Û �3ïðhKÝshKÞàu3rjéNkBl�áBuKh3iä^kBu3Þàh3i^r3h»Ý^h Û t1áBísujn5kBlqh»u�î�é^t5áBl:npisish Û:Û hZL�MNOTPSRbh3iÉkBu3Þàn Û êZtZi�áërjh3Þ�Þ ò ÞÂá��3ïðh3ÞëÝshßr3npi�áàkGtZl:i�áBh3Þ�ô^l:hji�Ýsu>Ü^i^l:Þ3v
' 7�9 � ?A; � ; �Q;�	�F_E � � � Fu?A= D ��D�E � F_ET7

��npésÞ$rjnZi^Þàl:Ýsu3kBnpisÞ Û hbïCnYÝ� Û hblqi�áàkBnYÝsésl:á$äªt5k �bvy^XéNkBåplqi ?36ë2Z8_4W4 G ^ H Y ] ����K n��÷ési�ä^kBn5áBnYrjn Û hPhjÞÂá�h3ié^i�h3isÞàhjïßô Û hðÝshCÞàu�î�ésh3isrjh3Þ»ÝshCïðhjÞàÞBt5åphjÞ»u3rUí^tZisåpu3Þßh3i�áàkBhCÝ^l�ìAu3kBh3i�áBÞßtZåph3i�áBÞ3v � i�u3rUí^tZisåphCÝshCïðh3ÞàÞBtZåph3ÞhjÞÂá�isnZáBu
u → v

èAn��
u, v ∈ T (F ,X )

h3á$kBh3äskBu3Þàhji�áBh Û t<Þàé^l�áBhbÝ]ó l:i^ÞÂáàkBésr>áBlqnpi ö TG?)(jL ý u � � ?>.*�5I54[? ý v � ùZv � itZåph3i�áëkBhjñ3npl:á$ési÷ïChjÞàÞBtZåZh
u
èOÞàl�r3hPïðh3ÞàÞBtZåphPÜ Û áàkBh�ýGö1ï<tÈáBrUí�ù � Û hbïðnZáBl:õëýGöbäªt5áàáBh>kBi�ù � tÈáàáBhjisÝsé Û nZkBÞ$ÝshÛ ó h>øNu3rjéNáBl:npi�isnZkBï<t Û h<Ýsé�äskBnZáBn�rjn Û hpè Û ó tZåph3i�áPrjnpi�áBl:iYéshðÝsnpisr Û hðÝsu>kBnpé Û h3ïðh3i�áßÝsé�ä^kBn5áBnYrjn Û hCh3áßh3i�êpnplqh Û hïðhjÞàÞBt5åph

v
v � iKäskBnZáBn�rjn Û h P hjÞÂá/Ýsnpisr�ésish�Þàujî�ésh3i^r3h$Ý�ó ujrGí^tZisåph3Þ/Ýsh�ïChjÞàÞBtZåZhjÞ 4[dW?jd ésish Û lqÞÂáBh�Ýsh Û tPõQnZkBïðh

(ui → vi)1≤i≤k
r3npi�áBhji^tZi�áëÝshjÞcêptÈkBl�t5ô Û h3Þ3v

çpç �



��� �N2 ��2����5�1�1�%) ���������$)"����)
�&���s�5�s��������) �

P :=







u1 → v1vvv
un → vn

��npésÞPrGísh3kBrGísnpisÞ V�ÞBtjêpnpl:kbÞàlMési^h<Ýsnpisisu3h
s
kBh3ÞÂáBh<Þàh3r>k��3áBhZèfh3i�r3npisÞàlqÝsu3kGt5i�ábî�ésh Û ó lqi�áàkBésÞbr3npi�áàk1` Û h Û hkBu3ÞàhjtZé]v�[�l:isÞàl Û ó lqÝsh3i�áBl�áBu�Ýsh3ÞðtZåZhji�áBÞ3èEî�é^l !Ânpésh3i�á Û hKä^kBn5áBnYrjn Û hZè i�ó hjÞÂá1äªtZÞ1ési^h�l:isõWnZkBï<tÈáBlqnpi�äAh3kàáBl:ishji�áBhäAnpéNk$isnpésÞ3èOh Û:Û hßi�ó t5äsäªt5kGt��qáëäOt5Þ$Ý^tZisÞ$isnZáàkBhPisnZáGt5áBl:npi]v � iÉä^kBn5áBnYrjn Û hßh3ÞÂá D ! 6a?>TUJ14W.^4Q;U6a? ÞàlfésishbÞàujî�ésh3i^r3hÝsh»ïðh3ÞàÞBtZåph3ÞëkBh3ñ3é^Þ�Ýsu3áBh>kBïðlqish»ÝshßõWtZñjnZi�ésisl�î�é^h Û hjÞ�ïChjÞàÞBtZåZhjÞëh3i�êpn ò u3Þ3è^ä Û ésÞëõQnZkBïðh ÛqÛ h3ïðh3i�á-k

������A������{�� � 	�� ��� { � {3|�{�~ 	 � 	 � 	 � � ��� � ��� 	 � � .bSOTGIZ6aI�=GIZ8:?»?U;U6 Ý ! 6a?>TUJ14W.^4Q;U6a?�;G4sS^I5LYT�6aI5LN6a?>;�;GL �>;U674W67L �674@I5.^;b=>8qI5;>?>; τ, σ ?36�S^I5LNTß6aI5LN6 i ∈ [1, . . . , n] F u1τ = u1σ, . . . , uiτ = uiσ
2Z8qI5TU; viτ = viσ

d
úHh>áàáBh�i^n5áBlqnpi<h3ÞÂáMáBnZáGt Û h3ïðh3i�á9lqisÝsu>ä]h3isÝ^tZi�áBh$Ýsh Û t»áBísu3nZkBlqh�u�î�éªtÈáBlqnpisish Û:Û hcäªésl:ÞBî�ésh Û h�Ü Û áàkGt5åphbýGö$ï<t5á XrGíslqisåðù � Þ3ó h>ìAhjr>áBésh$ïðnYÝsé Û n Û tßáBísu3nZkBlqh$u�î�éªtÈáBlqnpisish Û:Û hZè�Ýsh$ä Û ésÞ Û tPÞàéNôªÞÂáBl�áBéNáBlqnpiKäªt5kHÜ Û áàkGtZåph1ýGöXï<t5áBrGíslqisåÞàéNô^ÞÂáBl:áBéNáBl:npi�ù � i]ó h3ÞÂáXäªtZÞXésisl�î�é^hZv�^»tZisÞ Û hbr3nZkBn ÛqÛ tZl:kBh�çZèAisnpésÞ�äskBnpéNê�npisÞ»î�é]ó l Û h3ÞÂáXÝsujr3lqÝ^t5ô Û h1ÝshbÞBtjê�npl�kÞàl�ésiÉäskBnZáBnYr3n Û h»i]ó h3ÞÂáëäªtZÞëÝsu>áBh3kBïClqislqÞÂáBhXäAnpéNk Û t1áBí^u3nZkBl:hßujî�é^t5áBlqnZi^ish ÛqÛ h�L�MNOTPSR�v

��{ � {�~'~�}y� � 	 x � I5476 t1, . . . , tn, t D�?U;ë6a?UTUJK?U;$D�25.^; T (F ,X ) F�;32��ZI54QT�;s\ 4W8O? �54Q;U6a?XD�?>L �P;GL �>;U674W67Ls674@I5.^;�=>8:I5;3?>;
σ, τ 6a?38Q8:?>;1`ULª?

t1τ = t1σ ∧ . . . ∧ tnτ = tnσ ∧ tτ 6= tσ

?U;U6cD ! =U4[D�2��38:?cSªI5LYTß8q2<6 � ! I5TU4@? ! `ULª2Z674@I5.^.A?38Q8:? � � � ���sd
� TG?UL �5? k ] npl�á X = vars(t1, . . . , tn, t)

h>á
ρ
ésish»êpt5kBlqt5ô Û hßÝsl:ìAu>kBhji�áBhßÝsh

X
v ] nZl:á

t′i = tiρ(i = 1, . . . , n)
èh>á

t′ = tρ
è Û h Û hjïCïðh$h3ÞÂáHu�î�é^l�êpt Û h3i�áQV Û ó h>øNl:ÞÂáBhjisr3h$Ý]ó é^ishëÞàéNô^ÞÂáBl:áBéNáBlqnpi<r Û npÞàh

τ
áBh Û:Û hëî�ésh

t1τ = t′1τ ∧ . . .∧

tnτ = t′nτ ∧ tτ 6= t′τ
vAúHh>áàáBh�ä^kBn5ä^kBl:u3áBu»h3ÞÂá$Ýsujr3lqÝ^t5ô Û hßåZk
	5rjhßtZé Û hjïðïChbâ �bäªtZåphðç�â �Yv

�

��� 	 � �A~ 	 � 	 � ?<SOTBIZ6aI�=GIZ8:?�=GI5.^;U67TULY476ëS^25T 8à\ ?>.*�5I54CD�?÷JK?U;G;32 ��?>;�;GLY4 �525.ª67;(V x + y → x .A\ ?U;U6ëS^25;D ! 6a?>TUJ14W.^4Q;U6a?��SªI5LYT»8:2<6 � ! I5TU4[? ! `ULª2Z674@I5.^.A?>8Q8q? ��������� � FM=GI5.^;G4@D ! TBI5.^; σ = {x 7→ 0, y 7→ 0} ?36 τ = {x 7→

〈0, 0〉, y 7→ 〈0, 0〉} d �PI5LN;PI��>6a?>.AI5.^;bV (x+ y)σ = 0 = (x+ y)τ ?>6 xσ = 0 6= 〈0, 0〉 = xτ d
� 25T�=GI5.^67TG?/8:? SOTBIZ6aI�=GIZ8:?H;GLY4 �525.ª6f?>;U6fD ! 6a?UTUJC4W.s4W;U6a?ëV^8:2 �52Z8q?ULNT�D�? h(x+y) ?>;U6ALN.s4[`>L^?>J<?>.ª6fD ! 6a?UTUJC4W. ! ?LY.A?/0>I54W;ß8:2 �52Z8:?>LYTðD�? x + y � � ! ? �[J �>J<?b;G498:2�J<2Z6a=���4Q. ��;GL �>;U674W67Ls674@I5.�.]\ ?>;U6fS^25;»LY.^4[`ULª? � F/8:2 �Z2Z8:?ULNTCD�?

h(h(y)) ?>;G69LN.^4@`>L^?>J<?>.ª6cD ! 6a?UTUJC4W. ! ?PLN.A?903I54Q;ß8:?U;&�Z2Z8:?>LYTU;bD�? x+ y ?>6 x =GI5.^.^L^?>;>d
{

x+ y → h(x+ y)

x → h(h(y))

] l/isnpésÞ1r3npisÞàlqÝsu3kBnZi^Þ1ési^h�tZéNáàkBhKáBísujnZkBl:h�ujî�é^t5áBlqnpisish ÛqÛ hKn��'l Û h>øNlqÞÂáBh�ési�kBu3Þàé Û áGt5á1Ý^hKÝ^l:Þàési^l�Ü^r�t5áBl:npit Û nZkBÞ�rjh>áàáBh»rjt5kGtZr>áBu3kBl:ÞBt5áBlqnpiÉh3ÞÂáëÝsujr3lqÝ^t5ô Û h»Ý^tZisÞërjh>áàáBh�áBí^u3nZkBl:hpv
' 7�� ����E � 	u= F_E ��F �S; � � ? � D ���AF_ET7

��npésÞëÝsu>Ü^i^l:ÞàÞànpisÞ$Ý]ó_t5ôAnZkBÝÉõWnZkBïðh ÛqÛ hjïChji�á$r3hßî�é]ó h3ÞÂá$ési�Þ ò ÞÂá��3ïðhßÝshßr3npi�áàkGtZl:i�áBh3Þëh3áëh>øYä Û lqî�ésnpisÞër3npï8XïChji�áCVRäOtÈkàáBl:k�Ý]ó ési�äskBnZáBnYr3n Û h÷ÞànpésÞ Û t�õQnZkBïðh Ý�ó ési^h÷Þàujî�éshjisr3h÷Ý^h÷ïðh3ÞàÞBtZåph3ÞKkBhjñ3ésÞ�h3á�h3i�ê�n ò u3Þ�isnpésÞr3npisÞÂáàkBéslqÞànpisÞëési�Þ ò ÞÂá��3ïðh»Ý^h»r3npi�áàkGtZlqi�áBh3Þ3v
ç�ãZÿ



� � �
������) �5$� �$)"� �Z���� &�'��2��% &�5��) �

� b��Sbdc � � � ��| �N|µx � � b
��npésÞor3npisÞÂáàkBéslqÞànpisÞ�V$äªt5kàáBl�kEÝ]ó ési1äskBnZáBnYr3n Û h

P
èZÝsu3r3kBl�áEÞànpésÞ Û t�õQnZkBïðh/Ý]ó u3rUí^tZisåph/Ýsh/ïðhjÞàÞBt5åphjÞEh3i�ê�n ò u3Þh3áckBhjñ3ésÞ3è^é^iÉÞ ò ÞÂá��jïChßÝsh»rjnpi�áàkGtZl:i�áBhjÞ

C
v

P :=







u1 → v1vvv
un → vnúHh1Þ ò ÞÂá��3ïðh1Ý^h1r3npi�áàkGtZl:i�áBh3Þ»ïðn�Ý^u Û l:Þàh Û hbä]nZlqi�á»Ý^hbêNésh1Ýsh Û ó t5áàáGtpî�é^tZi�ájv H ó lqi�áàkBésÞXäskBh3i^Ý(h3i�î�ésh Û î�éshÞànZkàáBh$äAnpÞàÞàhjÞàÞàl:npiÉÝséKkBujÞàhjtZé]èNl Û ê�nZl:á/äªtZÞàÞàh>kcáBnpésÞ Û hjÞ/ïðh3ÞàÞBtZåph3Þch>ácl Û hjÞÂácrjt5äªt5ô Û h�Ý�ó hji�ê�n ò h3kcÝ^h3Þ/ïðh3ÞàÞBtZåph3ÞtZéNøRÝ^l�ìAu3kBh3i�áBÞPäªt5kàáBlqr3l:äªtZi�áBÞ3v H tÉä^kBh3ïðl �3kBh<rjnpi�áàkGtZl:i�áBh�r3npi�áBlqh3i�á1ÞàéNk Û tÉäªt5kàáBlqh<å�tZésrUísh Û t�rjnZi^i^tZl:ÞàÞBtZisrjhlqisl:áBlqt Û h1Ýsh Û ó lqi�áàkBésÞ

T0
h3áXÞàéNk Û tKäªt5kàáBlqh1ÝNkBnpl�áBh Û h1äskBhjïClqh>k»ïðh3ÞàÞBtZåphbkBhjñ3é

u1
äAh3isÝªt5i�á»ésish1ÞàhjÞàÞàl:npi�isnZk Xï<t Û hKÝ^é�äskBnZáBnYr3n Û h<äªt5k Û hKäskBh3ïðlqh>kðt5åphji�ájv H t�Þàhjr3npisÝsh�rjnZi�áàkGt5lqi�áBh�r3npi�áBlqh3i�á1ÞàéNkCÞBt äªt5kàáBlqhKå�t5é^rGíshpè Û trjnpisi^tZl:ÞàÞBtZisrjhðlqisl:áBlqt Û hðÝsh Û ó l:i�áàkBésÞ»ä Û ésÞ Û hðïðhjÞàÞBt5åph

v1
h3i�ê�n ò uðr3npïðïðhCkBu3äAnpisÞàh<tZéRïðh3ÞàÞBtZåph

u1
èfh>áPÞàéNkÛ t�äOtÈkàáBlqhKÝNkBnpl�áBh Û hðäskBnYrGí^tZlqi�ïðh3ÞàÞBtZåph<ujrGí^tZisåpuZv [�lqisÞàl Û t�rjnpisi^tZl:ÞàÞBtZisrjhKÝsh Û ó lqi�áàkBésÞbhjÞÂábr>kBnplqÞàÞBt5i�áBhZv H hi�X[l �jïChßh>áëÝsh3kBislqh>k$ïChjÞàÞBtZåZh»kBhjñ3éÉhjÞÂá

un
h3á Û t1kBu3äAnpisÞàh»ujïClqÞàhßh3ÞÂá

vn
v

C :=







T0  u1

T0, v1  u2vvv
T0, v1, . . . , vn−1  un

T0, v1, . . . , vn−1, vn  s
��npésÞ�i^nZé^ÞXl:i�áBu>kBh3ÞàÞànpisÞ�V Û t<äskBnZäskBlqu>áBu1Ýsh1Þàhjr>kBh3á 4@dW?jd èAÞBtjê�npl�k»Þàloési(lqi�áàkBésÞ�ä]h3éNá»Ýsu3Ý^ésl�kBh1é^i÷Þàhjr>kBh3á

s
v�monpéNk1ïðnYÝsu Û lqÞàh>k1r3h3áàáBhðäskBnZäskBl:u3áBu Û ó lqÝsu3h�h3ÞÂábÝshKkGt�!µnpéNáBh3kbésish�Ýsh>kBisl �>kBh�r3npi�áàkGtZl:i�áBh�tZé�Þ ò ÞÂá��jïðhKÝ^tZisÞÛ tpî�ésh ÛqÛ h Û ó lqi�áàkBésÞXÝsnpl:áXÝ^u3Ýsésl:kBh Û h1Þàh3r>kBh3á

s
V<äªt5kàáBl�k»Ýsh3Þ»ïChjÞàÞBtZåZhjÞXu3rUí^tZisåpu3Þ�ä^kBu3r3ujÝsh3ïðïðh3i�ájv ] ó l Û h3øNl:ÞÂáBhé^ish<Þàn Û éNáBlqnpi VÉr3h<Þ ò ÞÂá��jïCh<Ý^h<r3npi�áàkGtZl:i�áBh3Þbt Û nZkBÞPl Û h>øNlqÞÂáBh<ésishKt5áàáGtpî�é^h1ä]h>kBïðh>áàáGtZi�á V Û ó_t5áàáGtZî�é^tZi�ábÝshrjnpisi^t��:áàkBh

s
v ��npésÞPÝsh>ê�npisÞPr3npisÞàlqÝsu>kBh3kßáBnpésÞ Û h3ÞßÞ ò ÞÂá��3ïðh3ÞPÝsh<rjnZi�áàkGt5lqi�áBhjÞ-VÉésish<rjnpi�áàkGtZl:i�áBhðä^éslqÞPÝshjéNørjnpi�áàkGtZl:i�áBhjÞXh>áBr

. . .
è]tZéNøsî�ésh Û ÞXisnpésÞßt�!ÂnpéNáBnpisÞZV�rGíªtZî�éshCõWnZlqÞ Û t�r3npi�áàkGtZlqi�áBhCî�ésl äAh3kBïðh>á�V�ési(lqi�áàkBésÞ»ÝshÝ^u3Ýsésl:kBh Û h<Þàhjr>kBh>á
s
VÉäªt5kàáBl:kbÝsé�Ý^h>kBislqh>kbïðhjÞàÞBt5åphKujrGí^tZisåpupèfrjnpïCïðhKisnpésÞ Û ó_tjê�nZi^ÞPõ7tZl�ábÞàéNk Û h<Þ ò ÞÂá��3ïðhrjnpï1ä Û h3á

C
v 
~Û õ7tZéNáXh3i^Þàésl�áBh1u>áBésÝslqh>kXrGí^tpî�ésh1Þ ò ÞÂá��jïðhbÝsh1r3npi�áàkGtZl:i�áBh3Þ3v ] l ési÷Ý^h3ÞXÞ ò ÞÂá��jïðh3Þ$äAnpÞàÞ��3Ý^h1ésishÞàn Û éNáBlqnZiKt Û nZkBÞMl Û h>øNl:ÞÂáBh�é^ishët5áàáGtpî�éshcäAh3kBïCh3áàáGtZi�áTV Û ó lqi�áàkBésÞ9ÝshëÝsu3Ýsé^l�kBh Û hëÞàh3r3kBh>á

s
v ] l^tZésrjésiðÞ ò ÞÂá��jïChëishä]nZÞàÞ��jÝsh$Ý^h�Þàn Û éNáBlqnpi]èNt Û nZkBÞ/l Û i]ó h3øNl:ÞÂáBh$äªtZÞHÝ]ó_t5áàáGtpî�é^hëÞàésk Û h$äskBnZáBnYr3n Û h$ÞànpésÞ Û h3ÞHí ò ä]n5áBí��3Þàh3Þ/r3npisÞàlqÝsu3kBu3h3Þ3v

� áBésÝ^l:h3kMáBnpésÞ9rjh3Þ9Þ ò ÞÂá��3ïðh3ÞHh3ÞÂáHisu3rjh3ÞàÞBtZl:kBhZè�rjt5kHl Û ÞàhëäAh3ésáHî�é]ó é^i<Þ ò ÞÂá��3ïðh�ä]nZÞàÞ��jÝsh$ésishëÞàn Û éNáBlqnZi<äAnpéNk Û h3Þrjl:iªîCäskBhjïðl �3kBh3Þcrjnpi�áàkGtZl:i�áBhjÞ3è^î�éslAäAh>kBïðh3áàáBh3i�ácÝ^hXÝsu3Ý^ésl�kBh Û h»Þàh3r>kBh3áët Û nZkBÞ�î�é]ó_tjêphjr�áBnpéNáBh3Þ Û h3Þ�r3npi�áàkGtZl:i�áBh3ÞÛ hPÞ ò ÞÂá��3ïðhPi^hßäAnpÞàÞ��3ÝshPäªtZÞ$ÝshPÞàn Û éNáBlqnZi�v&^»tZisÞ$rjhPrjtZÞ Û V Û ó lqi�áàkBésÞ$äAhjéNáëô^lqh3i÷Þ��Nk�nZôsáBh3i^l�k Û hPÞàh3r3kBh>á�ï<t5lqÞä Û ésÞ9áGt5kBÝ Û ó h>øNu3rjéNáBlqnZi<Ý^éðäskBnZáBnYr3n Û hëÞ3ó_tÈkàk1n3áBh>kGtßh>á Û h�äskBnZáBnYr3n Û h$ish�äAhjéNáQn>áàkBhëhji�áBl �3kBh3ïðh3i�á9h3øNu3r3ésáBuZv ^»tZisÞÛ tßÞàésl:áBh$isnpésÞ/r3npisÞàlqÝsu>kBh3kBnZi^ÞHésiKÞàh3é Û Þ ò ÞÂá��jïðh$Ýsh$r3npi�áàkGtZlqi�áBh3Þ3èYrjt5kHáBnZé^Þ9r3hjÞHÞ ò ÞÂá��3ïðh3ÞHÞàh>kBnpi�áHkBu3Þàn Û ésÞHäªt5kÛ tCï4n3ïðh»áBh3rUísisl�î�é^hZv
�h���� � ����{�� � x � � � ��� � ��	 � 	 |�{��&� � }&���y� 	 ����� .A? r3npi�áàkGtZlqi�áBh �[TB?>;[S�d�LY.A? r3npi�áàkGtZlqi�áBhßésishPu>áGt5äAh F ésishrjnpi�áàkGtZl:i�áBh

ME � ?U;U69LN.÷; ! `>L^?>.^6cD�?b8:2$03I5TUJ<? T  u �[TB?>;[S�d T 1 u
F T ME

u � I�� T ?U;U69;3I5LY; � ?U.^;3?UJ �38:?
� .^49D�? T (F ,X ) ?>6 u ∈ T (F ,X ) d �PI5LN;ß2GS�S^?38:I5.^; T Û ó h3isÞàhjïßô Û h»ÝshjÞ�í ò äAnZáBí�3ÞàhjÞ Df\ LY.A?1=BI5.ª67TB254W.ª6a?jd � .Þ ò ÞÂá��jïChßÝsh»rjnpi�áàkGtZl:i�áBhjÞ ?U;U69LN.O?P; ! `ULª?U.A=G?CD�?1=GI5.ª67TB254Q.ª6a?>;3d
�h���� � ����{�� � ��� �3{�~ �3����{�� � � � �
����� ��� � ��	 � 	!|�{��&� � }y���y� 	 ����� .A?Ø;3IZ8_LN674[I5. Df\ LN. ;��5;U6��>J<?�D�?=GI5.ª67TB254W.ª6a?U; C �@TG?U;[S�dfLN.A? ! 6a2GS^?>F ME � ?>;U69LY.A?ß;GL �U;U674767LN674[I5. σ 6a?38Q8:?ð`>L^?

� S^I5LNTb=��N2�`ULª? T  u ∈ C 478�? �54Q;U6a?PLY.A?�SOTB?UL �5?CD�? Tσ ` uσ �
ç�ãYç



��� �N2 ��2����5�1�1�%) ���������$)"����)
�&���s�5�s��������) �

� S^I5LYT1= �N2�`>L^? T 1 u ∈ C
8q?P6a?>TUJ<? uσ ?U;U6/D ! D5Lª=>674 �>8q?C?U.(LN.O? ! 6a2GS^?1D�? Tσ �

� S^I5LYT1= �N2�`>L^? T ME
u ∈ C 8:?b6a?>TUJ<? uσ ?U;U6cD ! D5L^=3674 �>8:?ð?U.(LY.A? ! 6a2GSª? ME

D�? Tσ d
��� 	 � �A~ 	 ��x  I5.^;G4@D ! TBI5.^;<8q?PSOTBIZ6aI�=GIZ8:?K.A2�� 0<;GLY4 �Z25.^6PVc8à\ 2 ��?U.ª6 A ?U.*�ZI54@?É8:?',÷I5L ? ��=38_LY;G4 0ðe�D�?�;3I5.4@D�?>.ª674W6 ! A ?>6�Df\ LY.�;3?B=>TB?36 s =UT �USA6 ! 2��Z?B=ðLN.O?�=38:?@0b;3?G=>T��>6a?ð;��ZJ ! 67TU4@`>L^? k =GI5.^.^L^?�D�? A ?>6�D�? B F �ZT���=G?25L =���4 ��TB?UJK?>.^6/D�?��^?UTU.A25JKd � \ 2 ��?U.ª6 B =GI5.^.O254W;G;325.^698:2K=38:?70 k Sª?ULs69D�I5.A=»TB?>.��ZI ��?UT»8q?»JK?U;G;32 ��? s⊕A �8Â\ 2 ��?>.^6 A d

1 A → B : A⊕ k ⊕ s

2 B → A : A⊕ s
�PI5LY;C;GL�S�S^I5;3I5.^;ð`>L^?K8Â\ 4W.ª67TULY;<=GI5.^.A254Q;G;3?<8:?>;K=BI5.^;U6a25.ª6a?U; A ?>6 B `>LY4�TB?~SOT ! ;3?>.ª6a?U.ª6$8:?>;14[D�?U.ª67476 ! ;KD�?8Â\ 2 ��?>.^6 A ?>6�D�?�8Â\ 2 ��?>.^6 B d �PI5LY;c=GI5.^;G67TULN4Q;3I5.^;H8q?/;��Z;U6��UJK?�D�?$=BI5.ª67TB254W.ª6a?U;�=GI5TUTB?U;[S^I5.AD�25.ª6 �P=B? SOTBIZ6aI�=GIZ8:?�V

{

A,B  x⊕ k ⊕ s

A,B, x⊕ s  k
�G8 ?��54W;U6a?ßLN.A?ß;GL �>;U674W67Ls674@I5. σ = {x→ A⊕ k ⊕ s} FE.OI5LN;bI��>6a?>.AI5.s;bD�I5.A=CV

{

A,B  A

A,B,A⊕ k  k
� \ 4W.^67TULN;ßS^?>LN6bD�I5.O= =GI5.^.A2#"W67TG?É8:2�=38:?@0 k ?>.÷0>254W;>25.ª6»8:? ,(I5L ?���=>8_LN;G4 0Ke D5L SOTB?>JC4@?>T�?36PD5L ;3?G=BI5.ADJ<?>;G;>2 ��?>FE.AI5LY;bI��>6a?>.AI5.s; k 8q2�=>8:?@0»;>?G=>T��36a?1?>.^67TG?P8:?>;b2 ��?>.ª67; A ?36 B d

' 7�� ����E � 	u= F_E ��F �S; � � ? � D ���AF_E �CD�F� � ��� �CD ET7

��npésÞPÝsu3Ü^islqÞàÞànpisÞbï<tZl:i�áBh3i^tZi�á Û h3ÞbisnZáBl:npisÞPÝ^h<Þàn Û éNáBl:npi�isnpi�h>ì]nZi^ÝNkGtZi�áBhZè
F ′ X[Þàn Û éNáBlqnpi]è�Þ ò ÞÂá��3ïðh<Ýshr3npi�áàkGtZl:i�áBh3Þ�ô^l:hji�Ýsu>Ü^i^l7v J npéNáBh3Þ�rjh3Þ�isnZáBlqnpisÞ�Þàh3kBnpi�áëésáBl Û l:Þàujh3ÞëÝ^tZisÞ Û hßrUí^t5ä^l�áàkBh<çjÿbäOt5åph<ç3þs\�v

������A������{�� � ����� {�~�� ��� {����I{�� 	 ��{��
� � } �y� 	 � � .O?÷;3IZ8_LN674[I5. σ Df\ LN. ; �Z;U6��UJK?�D�?�=GI5.ª67TB254Q.ª6a? C ?>;U6isnpiÉh3ìAnpisÝNkGtZi�áBh ;G4AS^I5LYTP6aI5LN6 u, v ∈ StE(C) \ X 6a?>8³;P`>L^? uσ =E vσ
2Z8:I5TU; u =E v

d
������A������{�� � � �

F ′ � ��{�~ �3����{����� 4 F ′ ?>;U6ALN.O?c;3I5LY; � ;B4��Z.O2Z67LNTB?$D�? F 2Z8:I5TU;HLY.A?c;3IZ8_LN674[I5. σ Df\ LY.<;��5;U6��>J<?D�?1=GI5.ª67TB254W.^6a?>;P?>;U6c2GS�S^?>8 ! ? F ′ X[Þàn Û éNáBl:npi ;G4 xσ ∈ T (F ′,X ) SªI5LYTß6aI5Ls6 x ∈ dom(σ) d
� 	�� } � � � 	 x � 4 σ ?>;U6CLY.A?(;3IZ8_Ls674@I5. Df\ LY.A?�=BI5.ª67TB254W.ª6a? T  u �[TB?>;[S�d»LY.A? ! 6a2GS^?�=GI5.ª67TB254W.ª6a?U;GF ME=BI5.ª67TB254W.ª6a? � F/2Z8:I5TU; σθ ?>;G6c25LN;G;B4ELN.A?ß;3IZ8_Ls674@I5.�D�? T  u S^I5LNTß6aI5LN6a?P;GL �>;U674W67Ls674@I5. θ d
������A������{�� �&v ��� � ��� � ��	 � 	 |�{��y� � }&� �&� 	�� � � 	 � � �� �A� ��� � . ;��Z;G6��>JK?�D�?�=BI5.ª67TB254W.ª6a?U; C = {Ti 

ui}1≤i≤k
?U;U6 ô^lqh3i�Ýsu3Ü^isl ;B4HV

� d ý7ïCnpisnZáBnpislqh � S^I5LYTP6aI5LN6 i < k V Ti ⊆ Ti+1
F

� d ý7n5kBlqåpl:iªtÈáBlqnpi � SªI5LYTß6aI5Ls6a?ß;GL �U;U674767LN674[I5. θ V Cθ ;32Z674Q;W03254W6H8:2»SOTBIGSOTU4 ! 6 ! ;GLY4 �Z25.^6a?CV
∀i ≤ k F ∀x ∈ vars(Tiθ)

F ∃j < i 6a?>8 `>L^? x ∈ vars(ujθ).

��� 	 � �A~ 	 ���  ?P;��5;U6��>J<?1D�?C=GI5.^67TG254Q.ª6a?>;X.A\ ?>;G6�Sª25; �U4[?>.RD !�� .^4@d
C :=

{

T0  X ⊕ Y

T0, X  Z

 25T18:2K;GL �>;U674W67Ls674@I5. θ = {Y → X} .AI5LY;CD�I5.^.A?PLN.�;��Z;U6��UJK?ðD�?C=GI5.ª67TB254W.ª6a?U; Cθ `>LY4H.A\ ?U;U6fSª25; �>4@?>.0>I5TUJ ! =G?1`>LY4/=GI5.^67TG?BD547698q2XSOTBIGSOTU4 ! 6 ! Df\ I5TU4 �Z4Q.A2Z674[I5.Ad
Cθ :=

{

T0  0

T0, X  Z

ç�ãpã



� ���s�C, # �* �&���s�5�s�������+� ���5�1�1�4�% ��%) �5�i.(���1)��* �) ��) �5����Z����� �� &�'��2��  &�5�$)-	����� ��� �y ����

úHh>áàáBhCisnZáBl:npiRÝshðÞ ò ÞÂá��jïChðÝshðrjnZi�áàkGt5lqi�áBhjÞXô^lqh3iRÝ^u>Ü^islMh3ÞÂáßlqi�áàkBnYÝsésl:áBhCäªt5k #sv3Y÷l ÛqÛ h3iRh3á %1v ] ísï<tÈáBl X
��n�ê G Y ] ÿ�æ�K[v^ü ÛqÛ h»h3ÞÂáëÝ^u>Ü^islqh»Ý^h»ï<tZisl �3kBh»Þàlqïðl Û tZl�kBh»äAnpéNk Û h3Þ�Þ ò ÞÂá��jïChjÞ�Ýsh»rjnpi�áàkGtZl:i�áBhjÞ�é^ish»u3áGtÈä]hðýWkBhjÞÂä�v
ME

� v�^ßt5i^ÞXrjhbäOtÈäªl:h3k Û h3ÞßtZéNáBhjéNkBÞXu>áBé^Ýsl:hji�áßésishCr Û tZÞàÞàh÷öðkGtZl:Þànpisi^t5ô Û hKù Ýsh1äskBnZáBnYr3n Û h3Þ3è Û hjÞXäskBnZáBn�rjn Û hjÞö»ôªl:hji�Ýsu>Ü^i^l:Þ�ù5v��npésÞcïCnpi�áàkBnpisÞëî�ésh�áBnpésÞ/äskBnZáBnYr3n Û hjÞcÝsu>áBh3kBïClqislqÞÂáBh3Þ/äAhjéNê�h3i�áun>áàkBh�kBh>ä^kBu3Þàh3i�áBu3Þ/äªt5k�ésiÞ ò ÞÂá��jïChßÝsh»rjnpi�áàkGtZl:i�áBhjÞcôªl:hjiÉÝ^u>Ü^isl@v
' 7�� � � � � @h?A; � ; �Q;�	�F � � �AFu?A=>D��CD E � F �iFu?tE � � E ��E � 	u= F �hF

�Q; ���A? �-D���� F_E ��D�F� � ��� ��D�7

mEtÈk1r3npisÞÂáàkBésr3áBl:npi Û h<Þ ò ÞÂá��3ïðhKÝshKrjnZi�áàkGt5lqi�áBhjÞPrjnpisÞÂáàkBésl:áiVÉäOtÈkàáBl:kbÝ]ó ési�äskBnZáBnYr3n Û h<Ý^u>áBh>kBïðlqislqÞÂáBh<hjÞÂáïðnpisnZáBnpishZv 
~Û ish»kBh3ÞÂáBh»ä Û é^Þëî�é]ó VCïCnpi�áàkBh3k Û t1ä^kBn5ä^kBl:u3áBu»Ý]ó nZkBl:åplqi^t5áBl:npi]v
z
	����	 � x � 4 P ?>;G6PLY.�SOTBIZ6aI�=GIZ8:?÷D ! 6a?UTUJC4Q.^4W;U6a?÷2Z8qI5TU;�8:?�;��5;U6��>J<?(D�?÷=GI5.ª67TB254W.ª6a?U; 25;B;3I�=>4 ! ?U;U6�>4[?U.D !�� .^4 �j, �H?38Q8 � D�? � .A?BD�e � d

� TB?UL �5? k ] éNä^äAnpÞànZi^Þðî�é]ó é^i'Þ ò ÞÂá��3ïðh�Ýsh�rjnpi�áàkGtZl:i�áBhjÞ1i^h�Þànpl�áCäªtZÞ1ô^l:hji Ýsu>Ü^i^l7è äOtÈkCrjnpisÞàujî�éshji�áCl Ûh3øNl:ÞÂáBh»ésishßÞàésô^ÞÂáBl�áBésáBl:npi
µ
h>áëési^hXêZt5kBl�t5ô Û h

x
áBh Û Þëî�ésh

x ∈ vars(viµ)
h3á
x /∈

⋃

j<i vars(ujµ)
v

] npl�á
a, b

Ý^h3éNø(rjnpisÞÂáGtZi�áBh3Þbî�éslEishðÞànpi�áßäOt5ÞPéNáBl Û lqÞàu3hjÞßÝ^tZisÞ Û hðäskBnZáBn�rjn Û h1áBh Û:Û h3ÞPî�ésh
µa = {x 7→ a}h3á

µb = {x 7→ b}
v�m9éslqÞBî�é^h

x 6∈
⋃

j<i vars(ujµ)
isnpésÞPtjê�npisÞ

vjµµa = vjµµb
äAnpéNkßáBnpéNá

j < i
èfïðtZlqÞ

uiµµa 6= uiµµb
vOúHhjr3l�r3npi�áàkBhjÝsl�á Û h»õ7tZl�á$î�ésh Û h»äskBnZáBnYr3n Û hßÞànpl�áëÝsu3áBh>kBïðlqisl:ÞÂáBhpv

�
� h3ï<t5kGî�ésnpisÞßî�é]ó é^i�Þ ò ÞÂá��jïðh1Ýshðr3npi�áàkGtZl:i�áBh3ÞXô^lqh3i�Ýsu3Ü^isloi�ó hjÞÂáXäªtZÞ»õWnZkBr3u3ïðhji�á»lqÞàÞàé�Ý]ó é^i(äskBnZáBnYr3n Û hÝ^u>áBh>kBïðlqislqÞÂáBh»r3npïðïðh Û hßïðnZi�áàkBh Û ó h3øYhjïCä Û hbãpâ�v

��� 	 � �A~ 	 � ��� L�S�S^I5;3I5.^;P`>L^? f(a, a) = c ?>6 f(b, b) = c 8:?�SOTBIZ6aI�=GIZ8:?ß;GLN4 �Z25.ª69.A\ ?U;U6�S^25;PD ! 6a?UTUJC4Q.^4W;U6a?jd
1 A → B : f(x, x)

2 B → A : x

� ?ß;��Z;U6��UJK?1D�?1=GI5.ª67TB254W.ª6a?U;b25;G;3I�=U4 ! ?>;G6�S^I5LYT>6a25.ª6 �U4[?U.�D ! � .^4/V
{

T0  f(x, x)

T0, x  . . .

��npésÞ9isnpésÞ9lqi�áBu>kBhjÞàÞànpisÞ/tZé<rjtZÞHt5r3áBl:õOäAnpéNk Û t»áBísujn5kBlqhëujî�é^t5áBl:npisi^h ÛqÛ h_LNMNOTPSR�è�äªt5kàáGtZi�áHÝ]ó é^iðäskBnZáBnYr3n Û hÝ^u>áBh>kBïðlqislqÞÂáBhCisnpésÞ»äAnpéNê�npisÞPtZÞàÞànYr3lqh>kßé^i�Þ ò ÞÂá��3ïðhðÝshðr3npi�áàkGtZlqi�áBh3Þ3èfisnpésÞ»äskBnZäAnpÞànpisÞßÝ^tZisÞ Û t�Þàésl:áBhðésishä^kBn�rju3ÝséskBhHÝsh9kBu3Þàn Û éNáBl:npi1Ýsh3Þ rjh3Þ Þ ò ÞÂá��jïChjÞ ÝshHrjnZi�áàkGt5lqi�áBhjÞ3v�^ßt5i^Þ Û h/rGíªtÈäªl�áàkBh � äªtZåph�ç�ãpæ�è5isnpésÞoïðnpi�áàkBnpisÞé^iðkBu3Þàé Û áGt5áHÞàéNk Û ó ésisl:Ü^rjt5áBlqnpi<ïðnYÝsé Û n-LNM�OQPQRXisu3rjh3ÞàÞBtZl:kBh�ä]nZéskHisnZáàkBh�äskBnYrju3ÝséNkBh$ÝshëÝsujr3lqÞàl:npi]vYm9ésl:ÞHÝ^tZisÞÛ h/rGí^t5ä^l:áàkBh ��äOt5åphXç�â��YèZisnpésÞ äskBnZäAnpÞànZi^Þ é^ish/ïðu>áBísnYÝsh/ÝshHkBu3Þàn Û éNáBl:npi1Ý]ó ujî�é^t5áBlqnpisÞ�äªt5kàáBlqr3é Û l �3kBh3ÞEî�éslYisnpésÞä]h>kBïðh>áëÝsh»áBh>kBïðlqish>këisnZáàkBhPt Û åpnZkBl�áBísïðhßÝshXkBujÞàn Û éNáBlqnpiÉÝ^hßr3npi�áàkGtZl:i�áBh»Ý^tZisÞ Û hßrGí^t5ä^l:áàkBh<çjÿ1äªtZåZh<ç3þs\�v
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� ishbr3npisÝ^l�áBlqnpi isujr3hjÞàÞBt5l:kBhPä]nZéskXî�ésh Û hPäskBnZô Û �3ïðh1ÝshbÞàu3r3éskBl�áBubÞànpl�áXÝ^u3r3lqÝ^t5ô Û hbïCnYÝsé Û n�ésishPáBísujnZkBl:hu�î�é^t5áBl:npisish Û:Û h»hjÞÂá$î�ésh Û ó ésisl:Ü^rjt5áBlqnZi�ïðnYÝsé Û n<r3h3áàáBh�áBí^u3nZkBl:hßÞànpl:áëÝ^u3r3lqÝ^t5ô Û hZv���npésÞ$ïCnpi�áàkBnpisÞ$Ý]ó t5ôAnZkBÝ Û h3ÞkBh Û t5áBlqnpisÞ�î�ésl�h>øNl:ÞÂáBhji�á�h3i�áàkBhbrjh3Þ$Ý^h3éNøÉäskBnZô Û �3ïðh3Þ3vAü9isÞàésl:áBhZèOisnpésÞ�Ýsu3ê�h Û n5ä^äAnpisÞ$ési(t Û åpnZkBl:áBísïðhPÝ�ó ési^l�Ü�Xr�t5áBl:npi�äAnpéNk Û t1áBísu3nZkBlqh»u�î�éªtÈáBlqnpisish Û:Û hZLNM�OQPSRPhjiÉéNáBl Û lqÞBtZi�áëé^ishPt5äsäskBnYrGísh»ôOt5Þàujh»ÞàéNk Û h3Þ$t5ésáBnZï<t5áBh3Þ3v
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��npésÞoïCnpi�áàkBnpisÞMî�ésh Û t�Ýsu3rjl:Ý^t5ô^l Û l�áBu/Ý^h Û ó ésisl:Ü^r�tÈáBlqnpi1hjÞÂáoési1äªt5kGtZï �3áàkBhHi^u3r3hjÞàÞBtZl�kBhcï<tZl:ÞoäªtZÞ Þàé �ðÞBtZi�áä]nZésk�î�é^h Û h�äskBnZô Û �jïðh Ýsh Þàujr3éNkBl:áBu�Þànpl:áKÝ^u3r3lqÝ^t5ô Û hZv ] l Û ó ésisl:Ü^r�tÈáBlqnpi hjÞÂáKl:isÝ^u3r3lqÝ^t5ô Û h Û h�äskBnZô Û �3ïðh ÝshÞàujr3éNkBl:áBu h3ÞÂá Û ésl�tZésÞàÞàl�l:isÝ^u3r3lqÝ^t5ô Û hZè9äªt5k�rjnZi�áàkBh Þàl Û ó ési^l�Ü^r�t5áBl:npi�h3ÞÂá�Ýsujr3lqÝ^t5ô Û h÷isnpésÞ�ish äAnpéNê�npisÞ<äªtZÞrjnpisr Û éNkBhXä]nZésk Û h»äskBnZô Û �jïðhßÝshßÞàu3rjéNkBl�áBupv
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��npésÞHäskBnpéNê�nZi^Þcî�ésh$Þàl Û ó ésisl:Ü^rjt5áBlqnZi�hjÞÂá/l:isÝ^u3r3lqÝ^t5ô Û h Û h$ä^kBn5ô Û �jïCh�Ý^h$Þàu3rjéNkBl:áBu�h3ÞÂá/lqisÝsu3rjl:ÝªtÈô Û hpv���npésÞkBu3ÝséslqÞànpisÞ Û hXäskBnZô Û �3ïðhßÝ]ó é^isl�Üªrjt5áBl:npi�ÝshßÝshjéNøKáBh3kBïChjÞ

u[x1, . . . , xn]
h>á
v[x1, . . . , xn]

t3ê�hjr Û h3ÞcêZt5kBl�t5ô Û hjÞ
x1, . . . , xn

tZé äskBnZô Û �3ïðh�Ý]ó l:i^Þàu3r3éskBl�áBu�Ýsh Û ó lqi�áàkBésÞðäAnpéNk<ési^hÉÞàhjÞàÞàl:npi åZk
	Zr3h t5é äskBnZáBnYr3n Û hÉÞàésl:êZtZi�ájv/úHhäskBnZáBn�rjn Û hßrGísh3kBrGísh-V1äskBnZáBu3åph3k Û h»Þàh3r3kBh>á
s
h3i�áàkBh»ÝshjéNø�äªt5kàáBlqr3l:äªtZi�áBÞ

A
h3á
B
k

A : → M1, . . . ,Mn
ý
A
hji�ê�npl:hßési^h»Þàujî�éshjisr3hßÝsh

n
ïðh3ÞàÞBtZåph3Þ3v �

B : x1, . . . , xn → {u[x1, . . . , xn], v[x1, . . . , xn]}k
ý
B
kBu3äAnpisÝÉhjiÉlqisÞÂáGtZisrjlqtZi�á Û hjÞcêpt5kBlqt5ô Û h3Þ

x1, . . . , xn
äOtÈk Û h3Þëïðh3ÞàÞBtZåph3Þëhji�ê�n ò ujÞcäOtÈk

A
v �

A : {x, x}k → s
ý
k
hjÞÂáëé^ish»r Û hjõ�õQkGt��qrUíshZv �

� bdc�b�� �� 	���|�� �A{��N|µx � � � �� � ��{�� � 	�� ��{ ���Y� b
H tëáBísu3nZkBlqh9u�î�éªtÈáBlqnpisish Û:Û h9ÝshjÞ�åZkBnpéNäAhjÞ t5ôAu Û lqh3i^Þ�h3á Ýsh Û ó ísnpïðnpïCnZkàä^í^l:ÞàïðhSLNUTRcisnpésÞ nZìOkBhHésibh>øNh3ïCä Û hn�� Û ó é^isl�Üªrjt5áBl:npi�h3ÞÂáëÝ^u3r3lqÝ^t5ô Û hZè^rjnpïCïðh Û ó npi�áëïðnpi�áàkBußm v��Xt5kBh3i^ÝNkGtZi G �Xt5k � ��K�h3á �/v ��tZtZÝsh3k G ��tpt��pâ(K[vúHnpïðïCh Û ó tRïCnpi�áàkBu ] vN^»h Û t5é^ish G ^Xh Û ÿ �Èô�K[èMh3i ï4n3ïðhÉáBh3ïCä^Þ<î�ésh�isnpésÞ<u Û t5ôAnZkBl:npisÞ<isnZáàkBh�kBujÞàé Û áGtÈáäAnpéNk Û hXrjtZÞ�tZr>áBlqõ�Ýªt5i^Þ Û tPáBísujnZkBl:hXujî�é^t5áBlqnZi^ish ÛqÛ h+LNM�OQPQR�è Û h�äskBnZô Û �jïðhXÝshXÞàujr3éNkBl:áBu�äAnpéNkcé^i�l:i�áàkBé^Þ�tZr>áBlqõh3ÞÂá»l:isÝ^u3r3lqÝ^t5ô Û hZv úHhbkBu3Þàé Û áGt5áXhjÞÂá�äskBnpéNê�u1äªt5k»ésish1kBu3Ý^ésr>áBlqnpi÷Ý^é(Ýsl:øNl �jïCh1äskBnZô Û �3ïðhCÝ]ó g�l Û ôAh>kàá G ^»tjêy\5âYè
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��npésÞKkGt5äsä]h Û nZi^Þ�Ý]ó_t5ôAnZkBÝ Û hjÞ�t5äsäAh Û:Û t5áBl:npisÞ�r3npéNkGtZi�áBh3Þ�éNáBl Û lqÞàu3hjÞ�h3i�é^isl�Üªrjt5áBl:npi)h>áKä^kBu3Þàh3i�áBu3h3Þ�äªt5kh>øNh3ïCä Û h äªt5k �Hv���tptZÝsh>k�h>áRû v ] i ò Ý^h>k G
� ] ÿsç$K[v H hjÞRÝsl:ìAu>kBhji�áBh3ÞRí^l:u3kGtÈkBrUíslqh3Þ�Ýsh3ÞRäskBnZô Û �jïðh3Þ�Ý]ó

E
Xésisl:Ü^rjt5áBlqnZi�è^n��

E
Ýsu3Þàlqåpishßésish»áBísujnZkBl:h»ujî�é^t5áBlqnpisish ÛqÛ hZè^ÞànZi�á�k

m
Û h SOTGI��>8 �>JK? ! 8 ! JK?U.ª6a254WTB?'Df\E � LY.^4 � =G2Z674[I5. r3nZkàkBh3ÞÂäAnpisÝ V ÝshjÞÉÞ ò ÞÂá��jïChjÞ�Ý]ó u�î�é^t5áBl:npisÞ�h3i�áàkBh�ÝshjÞáBh>kBïðh3Þ�rjnZi^ÞÂáàkBésl�áBÞWV1äOtÈkàáBl:këÝshjÞ�õWnpisr>áBlqnpisÞ�Ýsh»Þ ò ïPôAn Û h3ÞëÝsh

E
h>á�Ý^h3Þ�êZt5kBlqt5ô Û h3Þ3v

m
Û h SOTBI��38 �>J<?1Df\E � LN.^4 � =G2Z674@I5.R2��Z?B=1=GI5.^;U6a25.ª6a?U; r3nZkàkBh3ÞÂä]nZi^ÝCV1Ý^h3Þ�Þ ò ÞÂá��3ïðh3Þ�Ý]ó ujî�é^t5áBl:npisÞ�h3i�áàkBh»ÝshjÞáBh>kBïðh3ÞPr3npisÞÂáàkBésl:áBÞ V�äªt5kàáBl:kPÝsh3ÞPõQnpisr3áBl:npisÞPÝsh<Þ ò ïPôAn Û hjÞßÝ^h

E
èfÝshjÞßrjnZi^ÞÂáGt5i�áBh3Þ Û l:ôskBh3Þbh>áßÝ^h3Þßêpt�XkBlqt5ô Û h3Þ3v

m
Û h SOTBI��>8��UJK?ðDf\E � LY.^4 � =B2Z674[I5. � ! . ! TB2Z8 rjnZkàkBh3ÞÂäAnpisÝ VKÝsh3Þ�Þ ò ÞÂá��3ïðhjÞ�Ý]ó u�î�é^t5áBl:npisÞ�hji�áàkBhbÝsh3Þ$áBh3kBïChjÞr3npisÞÂáàkBésl:áBÞhVRäªt5kàáBl:k�ÝshjÞ�õWnZi^r>áBlqnZi^ÞKÝsh÷Þ ò ïPôAn Û hjÞ�Ýsh

E
èHÝsh3Þ�Þ ò ïPôAn Û hjÞ�Ýsh÷õQnpisr3áBl:npisÞ Û l�ô^kBh3Þ�ý Û hjÞõQnpisr3áBl:npisÞëÝsh»Þ ò ïPôAn Û h3ÞëÝ]ó t5kBl:áBu��ju>kBnðÞànpi�áëÝ^h3Þër3npisÞÂáGtZi�áBh3Þ � h>áëÝsh3Þ�êZt5kBl�t5ô Û hjÞ3v

��npésÞ isnpésÞol:i�áBu3kBh3ÞàÞànpisÞEtZébr�t Û r3é Û Ý^h Û ó h3isÞàhjïPô Û hcïClqislqï<t Û h>áor3npïCä Û h>áoÝsh3Þ é^isl�Üªrjt5áBh3éNkBÞ3v�úHh3á hjisÞàh3ïPô Û häAh3éNátn>áàkBhHÝ^h9ä Û é^Þàl:hjéNkBÞ á ò ä]h3Þcý7ési^l�áGtZl:kBh
1
èÈÜ^i^l�áGtZl:kBh

ω
è5l:iNÜªisl�áGtZl:kBh

∞
è5npébÝsh9á ò äAh��ju>kBn

0
� èÈrjh3rjl�h3i1õQnpisr3áBl:npiÝsh»ÞBtðrjt5kBÝslqi^t Û l:áBuZv

m á ò ä]h��3u3kBnCksÞ3ó l Û i]ó h3øNl:ÞÂáBh»äªtZÞ�Ý]ó h3i^Þàh3ïPô Û hßïðlqisl:ï<t Û r3npïCä Û h>áëÝ]óE X[ésisl:Ü^rjt5áBh3éskBÞ3v
m ésisl:áGt5l:kBh4k^Þàl Û ó h3i^Þàh3ïPô Û hßïðlqisl:ï<t Û rjnZïCä Û h>áëÝ�óE X[ésisl:Ü^r�tÈáBhjéNkBÞëh3ÞÂáëÝshßr�tÈkBÝ^l:i^t Û ési]v
m Ü^isl:áGt5l:kBh4k^Þàl Û ó h3i^Þàh3ïPô Û hßïðlqisl:ï<t Û rjnZïCä Û h>áëÝ�óE X[ésisl:Ü^r�tÈáBhjéNkBÞëh3ÞÂáëÝshßr�tÈkBÝ^l:i^t Û Ü^isl@v
m l:iNÜªisl�áGtZl:kBh4ksÞàl Û ó h3isÞàhjïPô Û hPïðl:i^l:ï<t Û r3npïCä Û h>á$Ý]óE X[é^isl�Üªrjt5áBh3éNkBÞ�hjÞÂáëÝ^h»rjt5kBÝslqi^t Û lqiNÜ^isl@v
��npésÞXkGt5äsäAh Û npisÞ»Ý^tZisÞ Û t �olqåpéNkBh � vqçbäOt5åphCÞàé^l�êpt5i�áBh Û h3ÞXäskBlqisr3l:äªtZéNø÷kBu3Þàé Û áGt5áBÞ�kBujt Û l:ÞàujÞXäAnpéNk Û h1äskBn*Xô Û �jïðhKÝ�ó

E
X[ésisl:Ü^r�tÈáBlqnpi�åpu3isu3kGt Û ä]nZésk Û h3ÞbáBísu3nZkBlqh3Þbujî�é^t5áBlqnpisish ÛqÛ h3Þ kAL�MEèALNM�OQPHèAL�UHèALNMtR�è LNM�OQPSR�h>á

L�UQR�v
��npésÞ/äskBnpéNê�npisÞcÝ^tZisÞcrjh>áàáBh�Þàh3r3áBl:npi Û h$áBí^u3nZk��3ïðh-\»äªtZåphCçjæ �YvªúHh�áBísujn5k��jïðhXtZÞàÞàéNkBhßî�ésh Û ó ésisl:Ü^rjt5áBlqnpiïCnYÝsé Û n�LNM�OQPQRChjÞÂá$Ü^i^l�áGtZl:kBhPh3á$äskBnpéNê�h Û h Û h3ïðïðhPáBhjrGísi^lqî�éshCâ5þ<äªtZåph�ç�âpæYv�úHh Û h3ïðïðhbhjÞÂá�ési÷u Û u3ïðhji�ál:ïCäAnZkàáGtZi�áëÝ^tZisÞ Û h3Þcä^kBh3éNê�h3ÞëÝsé�rGíªtÈäªl�áàkBh<ç3ÿCäªtZåphðç3þs\�v
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oSp�qTr � v�ç m � ujrjt5ä^l:áBé Û tÈáBlqõ Ýsh3Þ�kBu3Þàé Û áGt5áBÞ�ÝshßÝsujr3lqÝ^t5ô^l Û l:áBuXäAnpéNk Û ó é^isl�Üªrjt5áBl:npi]v
��nZáBnZi^Þ Ý�ó t5ôAnZkBÝðî�ésh �/v ��tZtZÝsh3kEh3á � v � v ] rGíYé Û � G � ] � ��KNäskBnZäAnpÞàh3i�áMésiCt Û åpn5kBl:áBísïðh ��mRÝshcr3npïPô^lqi^tZl XÞànpibäAnpéNk Û h/äskBnZô Û �jïðh/Ý]ó ésisl:Ü^rjt5áBlqnZi�v�úHnZi^Þàl:Ýsu3kBnpisÞEï<t5lqi�áBhji^tZi�á Û t$Þàlqåpi^t5áBéNkBh

Σ
r3npïCäAnpÞàu3h/Ýshcr3npisÞÂáGtZi�áBh3Þ3èÝ�ó ési�Þ ò ïPôAn Û hXÝshXõWnpisr>áBlqnpi

⊕
tZÞàÞànYr3l�t5áBl:õ~èNrjnZïðïbéNáGt5áBlqõaèsésisl:áGt5l:kBhXh3á�tjêphjr�é^i�u Û ujïðh3i�á�ishjéNáàkBh"LNMNOTPoh>ácé^iÞ ò ïPôAn Û h9Ý]ó ísnpïðnZïðnZkàä^íslqÞàïðh
h
t3ê�hjr Û t�äskBnZäskBlqu>áBuHÞàésl�êptZi�áBh

h(x⊕y) = h(x)⊕h(y)
v�mov �Xt5kBh3i^ÝNkGtZißä^kBnZésêphî�ésh Û h�äskBnZô Û �3ïðhXÝ]ó ésisl:Ü^rjt5áBlqnZi�tjê�h3rXr3npisÞÂáGtZi�áBh3ÞcïðnYÝsé Û niL�MNOTPSRÈh3ÞÂácÝ^u3r3lqÝ^t5ô Û h G � �$û ÿpÿ�K�h3iKáBhjïCä^Þ/äAn*XÛ:ò isnpïðlqt Û è�h>á/t��ðkBïðh�î�é^h Û hëäskBnZô Û �3ïðh$Ý]ó ésisl:Ü^r�tÈáBlqnpiKåpu3isu3kGt Û h3ÞÂá ��mNX[rjnZïCä Û h>ájv�^Xhëä Û ésÞ �/v ��tptZÝsh>k ?36M2Z8_4W4Ý^nZi^ish<ési�t Û åpn5kBl:áBísïðh<Ýsh<Ýsujr3lqÝ^t5ô^l Û l:áBuðäAnpéNk Û ó é^isl�Üªrjt5áBl:npi�äAnpéNkßä Û ésÞàlqh3éskBÞßáBí^u3nZkBl:hjÞßu�î�é^t5áBl:npisish Û:Û h3Þbî�éslrjnpi�áBl:hjisishji�áCési Þ ò ïPôAn Û h�Ý]ó í^nZïðnpïðnZkàä^íslqÞàïCh�r3npïðïCh Û h3ÞCåZkBnpéNäAh3Þðt5ôAu Û lqh3isÞ G ��tpt��pâ(K[v9úHh3áðt Û åpnZkBl�áBísïðhésáBl Û l:Þàh Û hjÞcôOt5ÞàhjÞ�Ý^h � k � ôªish>kjè^l Û h3ÞÂáëÝsnpisrßÝsl �<r3l Û hßÝ^h»r3npisiªt �qáàkBh Û tCr3npïCä Û h>øNl�áBußh>østZr>áBh»Ýshßr3hXkBujÞàé Û áGtÈájv

��npésÞPäskBnZäAnpÞànpisÞ1lqr3lHési t Û åpnZkBl:áBísïðh<ôOt5Þàu�ÞàéNkCÝshjÞ1tZéNáBnpï<tÈáBhjÞPäAnpéNk Û t áBísu3nZkBlqh L�MNOTPSR�vMúHh>áCt Û åpn*XkBl:áBísïðh/rjt Û rjé Û h Û ó h3i^Þàh3ïPô Û h/rjnpï1ä Û h3áoÝ^h3Þoésisl:Ü^rjt5áBhjéNkBÞoÞàéNk Û t�ÞàlqåZiªtÈáBéskBh
Σ
v�úHh Û t$isnpésÞoäAh>kBïðh3áoésish�tZi^t Û�ò Þàhä Û ésÞbäskBu3rjl:Þàh�Ýsh Û t rjnpï1ä Û h3øYl:áBuKÝsh�isnZáàkBh�t Û åpnZkBl�áBí^ïChpv ü9isÞàésl:áBhKi^nZé^Þ1ïCnpi�áàkBnpisÞCî�ésh Û ó ésisl:Ü^rjt5áBlqnpi'tjê�h3rkBhjÞÂáàkBl:r3áBl:npiÉÞàéNk Û hjÞ�r3npisÞÂáGtZi�áBh3ÞPý7rjnpisÞàé Û áBh>k G � ] � ��K�äAnpéNk�ä Û ésÞëÝsh»Ýsu3áGtZl Û Þ � h3ÞÂá�Ü^isl:áGt5l:kBhZv���npésÞ$tÈä^ä Û l�î�ésnpisÞt Û nZkBÞ Û hKkBu3Þàé Û áGt5á1Ý^h�r3npïPô^lqi^tZl:Þànpi Ýsh �Hv ��tpt5Ý^h>kCtZisÝ ] rGíslqïðl:Ýsá X ] rGí^tZésÞàÞ G � ] � �(KHä]nZéskCn5ô^áBh3isl:k1ési t Û XåpnZkBl:áBísïðh�î�éslHr�t Û rjé Û h Û ó hjisÞàh3ïPô Û h�r3npïCä Û h>áCÝsh3Þ1ési^l�Ü^r�t5áBh3éNkBÞ1ÞàéNk Û t÷Þàl:åpi^t5áBéNkBh

Σ
tZésåpïðh3i�áBujh�t3ê�hjrKÝ^h3ÞÞ ò ïPôAn Û h3Þ Û l:ôskBh3Þ3v

�ub��Sbdc � |µ��� �����Y}s� 	���|�� �A{��N|µx � �	� ����	${ �N|µx � � ��|µx����${ ���N|µ�����$�� b
��npésÞ�kGt5äsä]h Û nZi^ÞÉhji Ýsu>áGtZl ÛXÛ h Û l:hji î�ésl»h>øNlqÞÂáBh�h3i�áàkBh Û h3ÞÉu�î�é^t5áBl:npisÞ Û lqisujtZl:kBh3ÞÉÝslqnZä^í^tZi�áBlqh3isi^h3Þ�ÞàéNkÛ ó_t5i^ishjtZé

Z/2Z[h]
h3á Û h�äskBnZô Û �jïðh�Ý]ó ésisl:Ü^r�tÈáBlqnpi ïðnYÝsé Û n LNM�OQPSR�v9úHhjr3lch3ÞÂáðési rjtZÞ1äªt5kàáBlqr3é Û l:h3kðÝsh Û táBí^u3nZkBl:hCä Û é^ÞßåZujisu>kGt Û hZè�Ýsu3ê�h Û n5ä^äAu3hCäªt5kßû v ��éNáàá G ��éNá �Zÿ�KEä]nZésk Û ó ési^l�Ü^r�t5áBl:npiRhji(äskBujÞàh3isrjhðÝshCáBísujnZkBl:hjÞïðnpisn��[Ý^t Û hjÞ3v ��nZáàkBhKäskBujÞàh3i�áGt5áBlqnZi Þàh�õQnYr�t Û lqÞàh�ésisl�î�ésh3ïðhji�áðÞàéNk Û t áBí^u3nZkBl:hhL�MNOTPSR�èEtZl:i^Þàl/h Û:Û h�h3ÞÂáCä Û ésÞÞàlqïCä Û hßh>á�ä Û ésÞër3npïCäskBu3íshjisÞàl:ô Û hPî�éshßr3h Û:Û h»Ýsnpisi^u3h»äªt5k�û v��éNáàá�ä]nZésk Û hßrjtZÞ�åpujisu>kGt Û v

��npésÞfä^kBu3Þàh3i�áBnZi^Þ Û hjÞ�i^n5áGt5áBlqnpisÞ�ésáBl Û l:Þàujh3Þ Ýªt5i^Þ Û h9kBhjÞÂáBh9ÝshHrjhHrGí^t5ä^l:áàkBh9äAnpéNkoï<t5i^l�ä^é Û h3k Û hjÞfä]n Û:ò i�`pïðh3ÞÝ^h
Z/2Z[h]

v � i m X@áBésä Û h�Ýshëä]n Û:ò i�`pïðh3ÞHÝsh Z/2Z[h]
è�ÝsujisnZáBu�äOtÈk

(p1, . . . , pm)
kBh>äskBujÞàh3i�áBh$ési�h3i^Þàh3ïPô Û hÝ^h

m
äAn Û:ò i�`pïChjÞoÝsh

Z/2Z[h]
v ��npésÞoÝsujisnZáBnZi^Þ

p.q

Û tXïPé Û áBl:ä Û l:r�tÈáBlqnpi1hji�áàkBh/ÝshjéNøPäAn Û�ò i�`pïðh3ÞEÝsh
Z/2Z[h]

v
��npésÞ�Ý^u3r3npïCäAnpÞànpisÞ$t Û n5kBÞëési�ä]n Û:ò i�`pïðh

p(h) ∈ Z/2Z[h]
Ýsh Û tCï<tZisl �>kBhßÞàésl:êZtZi�áBh4k

p(h) =

n∑

i=0

bih
i n��

bi ∈ Z/2Z

��npésÞ�i^n5áBnpisÞXäªt5k Û hCÞ ò ïPôAn Û h
�
Û h1äskBnYÝsésl:áXÝ]ó ési(áBh3kBïCh1h3áXÝ�ó ési(äAn Û�ò i�`pïðhZv�úHhbäskBnYÝsésl:á»hjÞÂáXÝsu3Ü^isläOtÈk�k

(

n∑

i=0

bih
i)� t =

n∑

i=0 | bi 6=0

hi(t)

ç�ã�\



� ���A ���� ��2s��� �� 3�

[�lqisÞàl Û hXäskBnYÝsésl:áëÝséÉäAn Û:ò i `Zïðh
(h2 + 1)

äªt5k Û h»áBh>kBïðh
(X ⊕ h(a))

Þ3ó ujr>kBl:á�k
(h2 + 1)� (X ⊕ h(a)) = h2(X)⊕X ⊕ h3(a)⊕ h(a)

^1ó_tZéNáàkBh$äªt5kàá/isnpésÞHäAnpéNê�npisÞ/Ý^u3r3npïCäAnpÞàh>kcésiKáBh>kBïðh�Þàésl:êZtZi�á Û h3ÞHêZt5kBlqt5ô Û h3Þcî�ésl Û h�r3npïCäAnpÞàh3i�ájvªúHnZi^Þàl XÝsu>kBnpisÞ9ésiðáBh>kBïðh
t
áBh Û î�ésh Û hjÞMêZt5kBlqt5ô Û h3Þ9Ýsh

t
ÞànZlqh3i�á9Ý^u3isnZáBu3hjÞEäªt5k

V(t) = {X1, . . . , Xp}
è�t Û nZkBÞ

t
äAh3ésáMÞàhÝsu3rjnZïCäAnpÞàh3kcÝsh Û t1ï<t5i^l �3kBh�Þàésl:êZtZi�áBhik

t = tX1 �X1 ⊕ . . .⊕ t
Xp �Xp ⊕ t0

n��
tX1 , . . . , tXp ∈ Z/2Z[h]

èh>á
t0
ési�áBh3kBïðh»r Û npÞ3v^ü9iNÜ^i�isnpésÞëéNáBl Û lqÞànpisÞ Û h»Þ ò ïPôAn Û h»ô^lqi^tZl:kBh

⊕
äAnpéNk Û ó_tZÝsÝsl:áBl:npi�Ý^tZisÞ

Z/2Z[h]
v

������A������{�� � ��� � 	 � � � � � ������{�~ �
������	 � 	
Z/2Z[h]

�� I54W6 p LN.ßS^IZ8 �Z.��5J<?�D�? Z/2Z[h] 6a?38^`>L^? p =
∑n

i=0 bih
i d � ? Ýsh3åZkBu D�? p F�D ! .AIZ6 ! S^25T deg(p) F �Z25LN6 n S^I5LNT bi 6= 0 d �ßI5LN; ! 6a?U.AD�I5.^;c.O2Z67LNTB?38Q8:?UJK?>.^6E=G?>6@6a?.OIZ674[I5.�25L �K67L�SA8:?>;bD�?cSªIZ8 �5.��5JK?U;/S^25T deg(p1, . . . , pn) = (deg(p1), . . . , deg(pn)) d

��npésÞ1äskBu3Þàhji�áBnpisÞðÝ]ó t5ôAnZkBÝ ésishÉïðu>áBísnYÝsh�Ýsh�kBu3Þàn Û éNáBlqnZi äAnpéNkðÝsh3ÞCÞ ò ÞÂá��jïChjÞ Û lqisujtZl:kBh3ÞCÝ]ó ujî�é^t5áBlqnpisÞÝsl:nZä^íªt5i�áBl:hjisish3Þ3v
� w ��w'xyw'x � {�~�� ��� {���� � � � �3}���� {��
�l~'���3�s}y� � 	 � �t� { � �3} �&��� 	 �
� 	 � � } � �

Z/2Z[h]
w

^»tZisÞ»ési(äskBh3ïðlqh>kXáBhjï1äªÞ3è]isnpésÞ»r3npisÞàlqÝsu3kBnZi^Þ Û t�ÞàlqåZiªtÈáBéskBh
Σ
r3npïCäAnpÞàu3hCÝsh

{⊕, h, c1, . . . , cm}
v ] npl:á

(E)
ési�Þ ò ÞÂá��jïðh»Ý]ó ujî�é^t5áBlqnZi^Þ�Ýsh Û tCõWnZkBïChßÞàé^l�êpt5i�áBh8k

(E)







A1,1.X1 ⊕ . . .⊕A1,n.Xn = B1vvv
Am,1.X1 ⊕ . . .⊕Am,n.Xn = Bmn�� Û hjÞ

Ai,j
è
Bj

Þànpi�ácÝsh3ÞHäAn Û�ò i�`pïðh3ÞHÝ^h
Z/2Z[h]

èYh>á Û hjÞHlqisr3npisiYésh3Þ Û hjÞ
Xi

ÞànZi�áctZésÞàÞàlOÝ^h3ÞHäAn Û�ò i�`pïðh3ÞHÝsh
Z/2Z[h]

v ��npésÞ�Ýsu3i^n5áBnpisÞcäªt5k
(H)

Û h»Þ ò ÞÂá��3ïðhXísnpïðnpå��jishßtZÞàÞàn�rjl:u�V
(E) 4[dQ?�d Û hXÞ ò ÞÂá��3ïðh»n���áBnpésÞ Û h3Þ BjêZt Û hji�á

0
v

(H)







A1,1.X1 ⊕ . . .⊕A1,n.Xn = 0vvv
Am,1.X1 ⊕ . . .⊕Am,n.Xn = 0

��npésÞXkGt5äsä]h Û nZi^Þ Û t�Ýsu3Ü^isl:áBl:npiRÝ]ó n5kBÝskBhZè�nZkBÝNkBh1áBnZáGt Û h>áßnZkBÝNkBh1äªt5kàáBlqh Û v�üMi^Þàésl�áBhðisnpésÞ»Ýsu3Ü^islqÞàÞànpisÞßé^in5kBÝskBhßäOtÈkàáBlqh Û hji�áàkBh Û hjÞ$áBéNä Û h3Þ�ÝshPäAn Û�ò i�`pïðh3Þ�Ýsh
Z/2Z[h]

h>á Û tðkBh Û t5áBlqnpi Ý]ó ujî�ésl:êZt Û h3isrjhbtZÞàÞànYr3lqu3hZv ��npésÞäAnpéNkàkBnpisÞëtZlqisÞàl�äªt5k Û h3këÝsh3ÞëÞàn Û ésáBl:npisÞëïðl:islqï<t Û hjÞëÝsh
(E)

ä]nZéskërjh>áàáBh�kBh Û t5áBlqnZi�Ý]ó nZkBÝNkBhpv
������A������{�� � � � � 	�~ }�����{�� � � { � � � 	 � � .O?ðTB?38:2Z674[I5. Df\ I5TGD5TB? R ;BLNTCLY. ?U.^;3?>J �38:? E ?U;U6�LN.O?ðTB?38:2Z674[I5.
�U4W.A254QTB?P;GLYT E T ! �c? �54 �5?>FM67TB25.^;G4W674 �Z?1?36c25.ª674Q;��ZJ ! 67TU4@`>L^?�dT ! ��?��54 �Z?�V ∀x ∈ E, xRx25.ª674Q;��ZJ ! 67TU4[`ULª?�V ∀x ∈ E, ∀y ∈ E, (xRy) ∧ (yRx)⇒ x = y67TB25.^;G4W674 �Z? ∀x ∈ E, ∀y ∈ E, ∀z ∈ E, (xRy) ∧ (yRz)⇒ xRz

������A������{�� � ��� � 	�~ }�����{�� � � { � � � 	��({ � }&~ 	 	 � �I} � ��� 	
~�~ 	 � � .A?KTB?>8q2Z674@I5. Df\ I5TBD5TB?�?>;U6 áBnZáGt Û h ;G4oS^I5LYT6aI5LY; x F y D�25.^; E F�.AI5LY;$2��ZI5.^; xRy I5L yRx d � .A?$TB?38:2Z674@I5. Df\ I5TGD5TB?�?>;U6 äªt5kàáBlqh ÛqÛ h ;B4o?>8Q8:?�.A\ ?>;G6ªS^25;�6aIZ6a2Z8:?4@dW?jd ∃x ∈ E, ∃ ∈ E,¬(xRy) ∧ ¬(yRx)

^»tZisÞ Û ó h3øNh3ïCä Û h�ã5þßäOt5åph�Þàésl�êptZi�áBhZè�isnpésÞHÝ^nZi^isnpisÞHé^iKh>øNh3ïCä Û h$ÝshëáBéNä Û h3ÞHÝshëäAn Û:ò i�`pïChjÞHÝsh
Z/2Z[h]l:isrjnpï1äOtÈkGt5ô Û h3ÞëäAnpéNk Û ó nZkBÝNkBh»äªt5kàáBlqh Û l:i�áàkBnYÝsé^l�áëÝ^tZisÞ Û tCÝsu3Ü^isl:áBl:npi÷â��PäOt5åphßr3l X[r3npi�áàkBhZv

ç�ã �



��� �
� �A �� ��� 2������� ��������� �

�h���� � ����{�� � �	��� �I}��(� � { � � � 	 �� I5476fD�?>L � m � 67L�SA8:?>;�D�? S^IZ8 �5.��5JK?U; (p1, . . . , pm) ?>6 (q1, . . . , qm) FA.OI5LN;D !�� .^4Q;G;3I5.^;<LN.)`ULª25;G4 � I5TBD5TB?�;GLNT�8q?U;�67LÈSA8:?>;ÉD�?bS^IZ8 �Z.��5J<?>;K6a?38�`ULª? (p1, . . . , pm) ≤ (q1, . . . , qm) ;G4»?36;3?>LN8:?>JK?U.ª6c;G4 ∀1 ≤ i ≤ mdeg(p(i)) ≤ deg(qi)
d 
 ?$SA8_LY; (p1, . . . , pm) < (q1, . . . , qm) ;B4�?>6c;3?ULs8:?UJK?>.^6;G4 (p1, . . . , pm) ≤ (q1, . . . , qm) ?36 ¬((q1, . . . , qm) ≤ (p1, . . . , pm))

��� 	 � �A~ 	 ��� � ?P67LÈSA8:?U; (x2, x3) ≤ (x2, 1) 2Z8:I5TU;P`>L^? (x2, x3) ?36 (x, x4) ;3I5.ª694W.O=GI5J�S^25TB2��38:?>;>d
��npésÞëtZÞàÞàn�rjl:npisÞ"V1rjhßî�é^tZÞàl X[n5kBÝskBhßÝsh»ï<tZisl �>kBhßi^t5áBéNkBh Û:Û h»ési^h»kBh Û tÈáBlqnpiÉÝ]ó ujî�ésl:êZt Û h3isrjhZv

�h���� � ����{�� � 		� � 	
~�}���� {���� � � � �A� �
}&~ 	�� | 	 �� I54W6ÐD�?UL � m � 67L�SA8:?>;�D�?ÐS^IZ8 �Z.��5J<?>; (p1, . . . , pm) ?36
(q1, . . . , qm) F�.AI5LY;�D !�� .s4W;G;3I5.s;K8:2÷TB?>8q2Z674@I5.�Df\ ! `>LY4 �52Z8:?>.A=G? ∼ ?U.ª67TB?ÉD�?>L �(67LÈSA8:?U;�D�?ßS^IZ8 �Z.��5J<?>;<6a?>8/`>L^?
(p1, . . . , pm) ∼ (q1, . . . , qm) ;B4�?36K;3?>LN8:?>JK?U.ª6�;G4 (p1, . . . , pm) ≤ (q1, . . . , qm) ?>6 (p1, . . . , pm) ≤

(q1, . . . , qm) d
��� 	 � �A~ 	 �yv � ? 67LÈSA8:?U; (4x2, x3) ?>6 (x2, 2x3) ;>I5.ª6 ! `>LY4 �Z2Z8:?U.ª67;¼=B25T (4x2, x3) ≤ (x2, 2x3) ?36
¬((x2, 2x3) ≤ (4x2, x3)) d

� h3ï<t5kGî�ésnpisÞ»î�éshCÝsh3ésø�áBéNä Û h3Þ»Ýshbä]n Û:ò i�`pïðh3Þ (p1, . . . , pm)
h>á

(q1, . . . , q + m)
Þànpi�áßu�î�é^l�êpt Û h3i�áBÞ�Þàlh3á�Þàh3é Û h3ïðh3i�áXÞàlfäAnpéNk�áBnpéNá

i
è
deg(pi) = deg(qi)

v&^»hßä Û ésÞ�rjnpïCïðh
Z/2Z[h]

hjÞÂá�ési÷rjnZkàä^ÞëÜ^i^l/ýWáBnpésÞ Û hjÞrjnYh��<r3lqh3i�áBÞ�Þànpi�á$Ý^tZisÞ
Z/2Z

� è Û hßisnpïPôskBhßÝshßr Û t5ÞàÞàhjÞëÝ]ó ujî�ésl:êZt Û h3isrjhXhjÞÂá�Ü^isl@v
��npésÞckGt5äsäAh Û npisÞëÝ]ó t5ôAnZkBÝ Û h Û h3ïðïðhßÝshZ^Xlqr��NÞànpi G ^»l:r�çjâ�K

z
	����	 � ��� z
	����	 � 	 �C�'|�� ��{�� � � I5LN6a?); ! `>L^?>.O=G? � .^4[? D�? 67L�SA8q?U; D54W;U674Q.A=367; Df\ ?U.ª674[?UTU;�S^I5;G4W674 0B;=GI5.ª674[?U.ª6c25L�J<I54W.^;PD�?>L � �[T ! ?38Q8:?UJK?>.^6HLY.A?P4Q. � .^4W6 ! � 67LÈSA8:?>;P=GI5J�S^25TB2��38:?>;>d
� }&���Cx � ?ß.OI5J �>TB?1D�?ß;3IZ8_Ls674@I5.^;»JC4Q.^4WJ<2Z8:?>;».AI5.÷.^Ls8Q8:?U;1Df\ LN.(; �Z;U6��UJK?1Df\ ! `>L^2Z674[I5. (E) ?U;U6 � .^4@d

� TB?UL �5? k ��npésÞëïCnpi�áàkBnpisÞëäªt5k Û ó t5ô^ÞàéskBÝshPî�é]ó l Û h3øYlqÞÂáBh»é^ishßisnpïPôskBh»Üªisl�Ýshßr Û t5ÞàÞàhjÞëÝ]ó ujî�ésl:êZt Û h3isrjh»ÝshÞàn Û éNáBlqnZi�Ýsh
(E)

åZk
	Zr3hKt5é Û hjïCïðh<Ýshl^Xlqr��NÞànpi G ^»l:r�çjâ�K[v ] éNäsäAnpÞànpisÞbî�ésh Û h<isnpïßô^kBh<Ýshðr Û tZÞàÞàh3ÞPÝ]ó ujî�ésl Xêpt Û hjisr3h�ÝshÉÞàn Û ésáBl:npisÞðïðl:i^l:ï<t Û hjÞðisnpi i�é Û:Û h3ÞðÝsh
(E)

Þànpl�á<l:iNÜªisl7èMl Û h>øNlqÞÂáBhÉt Û nZkBÞðésishÉÞàujî�ésh3i^r3hÉl:iNÜªisl:hÝ^hbáBéNä Û hjÞXl:i^r3npïCäªt5kGtÈô Û hjÞ»Ý]ó h3i�áBlqh>kBÞXäAnpÞàl:áBl:õWÞ»r3nZkàkBh3ÞÂä]nZi^Ý^tZi�áßtZé�Ýsh3åZkBuCÝsh3ÞXäAn Û:ò i�`pïChjÞXr3hðî�éslol:ïCä Û l�î�é^hé^ishðr3npi�áàkGtZÝslqr>áBlqnZi�v úHnZïðïðhðisnpésÞßÞànpïðïChjÞßÝªt5i^Þßési�rjnZkàä^Þ»Ü^isl
Z/2Z[h]

isnpésÞ»ÞBtjê�npisÞbî�é�ó l Û h>øNlqÞÂáBhCé^ishi^nZïPôskBhbÜ^isl Ý^hßáBésä Û hjÞ�ÝshPä]n Û:ò i�`pïðh3Þ$ä Û ésÞ�äAh>áBl:áXî�é]ó ési áBéNä Û hbÝshbäAn Û�ò i�`pïðh3Þ$ÜsøNubh>áXÝsnpisr1î�ésh1rGí^tpî�éshr Û tZÞàÞàhßÝ]ó ujî�ésl:êZt Û h3isrjh�V1é^iÉi^nZïPôskBh»Üªisl�Ý]ó u Û u3ïðh3i�áBÞ3v
�

� }&��� � � .A?ß;3IZ8_Ls674@I5.�D�? (E) ?>;G6H8:2<;3I5J1JK?1Df\ LY.A?ß;3IZ8_Ls674@I5.�D�? (E) ?>6cDf\ LY.A?P;>IZ8³LN674[I5.RD�? (H) d
� TB?UL �5? k H t<Ýsl:ìAu3kBh3isrjhPÝshbÝsh3ésø�Þàn Û éNáBlqnpisÞXÝsh (E)

hjÞÂá�ési^hPÞàn Û éNáBlqnZi(Ýsh
(H)

èOnZk�i^nZé^Þ�r3npisÞàlqÝsu>kBnpisÞÛ t1áBísu3nZkBlqhZLNM�OQPSRPh3á�Ýsnpisr Û tCÞànZïðïðhPÝsh»ÝshjéNø�Þàn Û éNáBlqnpisÞëÝsh
(E)

h3ÞÂáëési^h»Þàn Û ésáBl:npi�Ýsh
(H)

v
�

��nZáBnZi^Þëî�é^h Û t1ÞànpïðïðhßÝshßÝshjéNø�Þàn Û éNáBlqnpisÞ�Ý^h
(H)

h3ÞÂáëé^ish»Þàn Û éNáBl:npi Ýsh
(H)

v
� }&��� � � I5LN6a?>;X;3IZ8_Ls674@I5.^; σ D�? (H) ?U;U69LN.O?C=GI5J �>4W.O254W;3I5.�8_4Q. ! 254WTB?1D�?ß;3IZ8_Ls674@I5.^;XJC4W.s4WJK2Z8:?U;bD�? (H) d

� TB?UL �5? k ] nZl:á σ ésish�Þàn Û ésáBl:npiðÝsh (E)
é^iCÞ ò ÞÂá��3ïðh�Ýsh

n
u�î�é^t5áBl:npisÞNV

m
l:isrjnpisi�éshjÞ3è

σ
h3ÞÂáMé^i

m
X@áBéNä Û hÝ^hXäAn Û:ò i `ZïðhjÞ�Ýsh

Z/2Z[h]
v���npésÞcäskBnpéNê�nZi^Þ Û h»kBu3Þàé Û áGt5á�äªt5këlqisÝsé^r>áBlqnZi�ÞàéNk Û tbáGtZl Û:Û h»Ý^h3ÞëÞàn Û éNáBlqnpisÞ3vú/tZÞ�Ýsh»ôªtZÞàh8k ] l

σ
ésish�Þàn Û éNáBlqnZi ïðlqisl:ï<t Û h Ýsh

(H)
ési Þ ò ÞÂá��jïðh�ísnpïðnpå��jish�Ý^h

n
ujî�é^t5áBlqnpisÞ3è Û hkBujÞàé Û áGtÈáëhjÞÂáël:ïðïðu3Ý^lqt5ájv


 isÝsésr3áBl:npi k Þànpl:á
σ
ési^h�Þàn Û éNáBlqnpi�isnpi�ïðlqislqïðt Û hXÝsh

(H)
ési�Þ ò ÞÂá��3ïðh�Ý^h

m
ujî�é^t5áBlqnZi^Þ3v H ó í ò ä]n5áBí��3ÞàhÝ^h�kBu3r3éskàkBh3isrjh�isnpésÞCÝ^l�áðî�ésh�äAnpéNkCáBnpéNáBh3Þ1Þàn Û éNáBlqnZi^Þ1ä Û ésÞ1äAh3áBl�áBhjÞCî�é^h
σ
èoÞàé^l�êpt5i�á Û ó nZkBÝNkBh�Ý^u>Ü^islä^kBu3r3ujÝsh3ïðïðh3i�ájèsrjh»Þànpi�á$Ýsh3Þër3npïPô^lqi^tZl:ÞànpisÞ Û l:isu�tZl�kBhjÞ�ÝshßÞàn Û éNáBlqnpisÞëïClqislqï<t Û h3Þ$Ýsh

(H)
v

] nZl:á
τ
ési^h»Þàn Û ésáBl:npi�ïðl:islqï<t Û hPÝsh

(H)
áBh ÛqÛ hPî�ésh

τ < σ
v

ç�ã��



� ���A ���� ��2s��� �� 3�

] npl�á
d = min(deg(σi)− deg(τi)|1 ≤ i ≤ m)

èsisnpésÞëÝsu3Ü^islqÞàÞànZi^Þ
σ′ áBh Û î�ésh8k

σ′(Xi) = σ(Xi)− h
d.τXi∀1 ≤ i ≤ m

σ′ hjÞÂá$ô^lqh3i÷ésishbÞàn Û ésáBl:npi÷Ýsh (H)
rjt5k�isnpésÞXî�éshPÞàl

σ′ h3ÞÂá�ésishbÞàn Û ésáBl:npi÷h>á q hjÞÂá�ési äAn Û�ò i�`pïðhPÝsh
Z/2Z[h]

t Û nZkBÞ
qσ′ h3ÞÂá�áBnpé�!ÂnpéNkBÞ�ésish1Þàn Û éNáBlqnpi÷Ýsh (E)

h3áXî�ésh Û t<Ý^l�ìAu3kBh3isrjhbÝshbÝshjéNø Þàn Û éNáBlqnpisÞ�Ýsh
(H)

h3ÞÂáëhjisr3nZkBhßésishßÞàn Û ésáBl:npi�Ýsh
(H)

v
��nZé^Þëïðnpi�áàkBnpisÞ�ïðtZlqi�áBh3iªt5i�áXî�ésh

σ′ < σ
v]úHnpïðïCh

τ < σ
isnpésÞ�ÞBt3ê�npisÞXî�é�ó l Û h3øYlqÞÂáBhbt5é ïðnplqisÞ$ésiäAn Û�ò i�`pïðh<Ýsh

τ
î�ésl9tÉé^iRÝ^h3åZkBu<ÞÂáàkBl:r3áBh3ïðh3i�áßä Û ésÞßä]h>áBl:ábî�é^h Û hðäAn Û�ò i�`pïðh<Ýsh

σ
vfmEtÈk1Ýsu>Ü^i^l�áBlqnpiÝsh

d

Û h(Ýsh3åZkBu(Ý]ó ési�äAn Û:ò i `Zïðh(Ýsh
σ
êpt�Ý^u3r>kBn �qáàkBh(h>á Û hjÞÉtZéNáàkBh3Þ�Ýsh3åZkBu3Þ�Ý^h3Þ�äAn Û:ò i `ZïðhjÞ�Ýsh

σi]ó tZésåpïðh3i�áBh>kBnpisÞëäOt5Þ3èOÝsnpisr
σ′ < σ

v � hjïðt5kGî�ésnpisÞ�î�éshPï8njïðhPÝ^tZisÞ Û hPrjtZÞ$npé d = 0

Û tðÝsl:ìAu3kBh3isrjhh3i�áàkBh
τ
h3á
σ
Ýsujr>kBn �:ájvNmEt5k�í ò äAnZáBí�jÞàhXÝ]ó l:i^Ýsésr>áBlqnpi�i^nZé^Þ�ÞBt3ê�npisÞët Û nZkBÞ�î�ésh

τ
hjÞÂácé^ishXr3npïPô^lqi^tZl:ÞànpiÛ lqisujtZl:kBh9ÝshHÞàn Û éNáBlqnpisÞ ïClqislqï<t Û h3Þ Ýsh

(H)
v�^XhMä Û ésÞ isnpésÞfä]nZésêpnpisÞ�ujr>kBl:kBh

σ
tZlqisÞàl k

σ = σ′⊕hd.τ∀1 ≤

i ≤ m
v ^Xnpisr

σ
hjÞÂá�ô^l:hji�ésishßr3npïPô^lqi^tZl:Þànpi Û lqisujtZl:kBh»ÝshßÞàn Û éNáBlqnZi^Þ�ïðlqisl:ï<t Û h3ÞëÝsh

(H)
v

�

� }&��� � � .A?�;3IZ8_Ls674@I5. D�? (E) ?U;U6ß8:2(;>I5JCJK?�Df\ LY.A?�;3IZ8_LN674[I5. JC4Q.^4WJ<2Z8:? σ0
D�? (E) ?36PDf\ LY.A?�;3IZ8_LN674[I5.D�? (H) d

� TB?>L �Z? këú$ó hjÞÂá�ési^h9r3npisÞàu�î�ésh3isrjhMlqïCïðujÝslqt5áBhHÝséßõ7tZl�áEã/äªtZåphMäskBu3rju3Ýshji�áBhMh>á ÝséPõWtZl:áoâ/äªtZåphMäskBu3rju3Ýshji�áBh
�

� w ��w'xyw�� � 	��4� � �I}�����{�� � �A��{ � �I} �y��� 	���� 	���� ~ � �
�A��t|�}�����{�� �������	� w
^»tZisÞ Û h kBhjÞÂáBh Ýsh�r3h>áàáBh Þàh3r>áBlqnpizisnpésÞ�äskBnpéNê�npisÞ'î�ésh Û h äskBnZô Û �3ïðh�Ý]ó é^isl�Üªrjt5áBl:npi LNM�OQPQR tjê�h3rr3npisÞÂáGtZi�áBh3ÞðhjÞÂáðé^isl�áGtZl:kBhZv/úHh3r3l�h3ÞÂá<ésish�r3npisÞàujî�éshjisr3hÉÝsh Û t�r3npisÞÂáàkBésr3áBl:npi Ýsh Û ó ésisl:Ü^rjt5áBh3ésk Û h�ä Û ésÞ<åZu�Xisu>kGt Û åZk
	Zr3h�V Û t1kBu3Þàn Û éNáBl:npi�Ý]ó ujî�é^t5áBlqnZi^Þ�ÝslqnZä^í^tZi�áBlqh3isi^h3Þ Û l:i^ujtZl�kBhjÞ3v
��npésÞbrjnpisÞàl:Ý^u>kBnpisÞbé^i�hjisÞàh3ïPô Û hKÜ^islHÝshKÞ ò ïPôAn Û h3ÞbÝ^hKr3npisÞÂáGtZi�áBhjÞbÝsujisnZáBu<äªt5k

ΣC = {c1, . . . , ck}
v

��nZé^Þ�isnpésÞ�l:i�áBu>kBh3ÞàÞànpisÞ»tZé�ä^kBn5ô Û �jïCh1Ý]ó ésisl:Ü^rjt5áBlqnZi(r3npisÞÂáBl:áBésubÝ]ó é^i÷h3isÞàhjïPô Û h1Ý]ó ujî�é^t5áBl:npisÞ�Ý^h Û t<õWnZkBïCh
sj = tj

äAnpéNk
j = 1, . . . ,m

n��
sj , tj

Þànpi�á<ÝshjÞ1áBh>kBïðhjÞCr3npisÞÂáàkBésl:áBÞlV÷äªt5kàáBl�k<Ýsh3Þðu Û u3ïðhji�áBÞCÝsh
ΣC
è Û hÞ ò ïPôAn Û h1Ý�ó ísnpïðnpïðn5kàäªísl:Þàïðh

h
è Û ó n5ä]u>kGt5áBh3éNkXô^lqi^tZl�kBh

⊕
èAh3á Û t�r3npisÞÂáGtZi�áBh

0
v ] npl:á

x1, . . . , xn

Û ó hjisÞàh3ïPô Û hÝsh3Þ$êptÈkBl�t5ô Û h3Þëä^kBu3Þàh3i�áBh3Þ�Ý^tZisÞ�rjhßä^kBn5ô Û �jïChbÝ]ó ésisl:Ü^r�tÈáBlqnpi]v H hßäskBnZô Û �3ïðhbÝ]ó ésisl:Ü^r�tÈáBlqnpi÷h3ÞÂáXujî�ésl:êZt Û h3i�á+VÛ tCkBu3Þàn Û ésáBl:npiÉÝsé�Þ ò ÞÂá��3ïðhßÝ]ó ujî�é^t5áBlqnpi
(U)

Þàésl:êZtZi�á�k
i=n∑

i=1

Ai,j � xi = bj
äAnpé

j = 1, . . . ,m
ý � �

n�� Û hjÞ
Ai,j

Þànpi�á�Ýsh3Þ�äAn Û:ò i `ZïðhjÞ�Ýsh
Z/2Z[h]

è Û h3Þ
bj
ÝshjÞ]áBh>kBïðh3Þfr Û nZÞ3è�h>á Û hjÞ]êZt5kBl�t5ô Û hjÞ

xi
v ��npésÞfr3npisÞàlqÝsu>kBnpisÞÛ hßÞ ò ÞÂá��jïðhßísnpïCnpå��3i^h

(HU)
t5ÞàÞànYrjl:uPt5é�Þ ò ÞÂá��3ïðh

(U)
h3iÉkBhjï1ä Û tZñjtZi�á Û h3Þ

bi
äªt5k

0
v

i=n∑

i=1

Ai,j � xi = 0
õQnZk

j = 1, . . . ,m
ý7g � �

��� 	 � �A~ 	 � �� I5.^;G4@D ! TBI5.^;�8q2�;G4��5.A2Z67LYTG?É;GLY4 �525.ª6a? Σ = {h,⊕, c1, c2}
F s = h(X1) ⊕ X2 ⊕ h(c1)

?36
t = X1 ⊕ h

2(X2)⊕ c2
D�?>L �K6a?>TUJK?U;GF/2Z8:I5TU;»8Â\ LY.^4 � =G2Z674[I5.�D�? s ?36 t TB? �j4[?U.ª6 �<T ! ;3I5LªD5TB?1V

h(X1)⊕X2 ⊕ h(c1) = X1 ⊕ h
2(X2)⊕ c2 ⇔ h(X1)⊕X1 ⊕ h

2(X2)⊕X2 = h(c1)⊕ c2

��npésÞ�isnZáBnpisÞ
Sol(U)

ýWkBh3ÞÂä�v
Sol(HU)

� Û ó hjisÞàh3ïPô Û hßÝshjÞ�ÞàéNô^ÞÂáBl:áBéNáBl:npisÞër Û npÞàh3Þëî�ésl�Þànpi�áëÝsh3Þ�Þàn Û éNáBlqnZi^ÞÝsh
(U)

ýWkBh3ÞÂä�v
(HU)

� v � ishßÞàn Û éNáBlqnpiÉr Û npÞàhßÝsh (U)
hjÞÂáënZôsáBh3i�é^h»Ýsh Û tCïðtZisl �>kBhßÞàé^l�êpt5i�áBh8k
ç�âZÿ



��� �
� �A �� ��� 2������� ��������� �

��npésÞ�Ýsu3rjnpï1ä]nZÞànpisÞ$rGí^tpî�éshXáBh3kBïðh»Ýsé�ïðh3ïPôskBhßÝNkBnpl:áëÝsh
(U)

r3npïðïðhßÞàésl�á-k
bj =

i=k∑

i=1

Bi
j � cj

monpéNk�áBnpéNá
i = 1, . . . , k

è^isnpésÞëÝsu3Ü^islqÞàÞànZi^Þ Û h»Þ ò ÞÂá��jïChßÝ]ó ujî�é^t5áBl:npi�ý
Ei

� Þàésl�êptZi�á�k
i=n∑

i=1

Ai,j .Xi = Bi
j

äAnpéNk
j = 1, . . . ,m

ý
Ei

�

n�� Û h3Þ1êZt5kBl�t5ô Û hjÞ
Xi

ÞànZi�áCÝshjÞbäAn Û�ò i�`pïðh3ÞCÝsh
Z/2Z[h]

v ] l
σi
hjÞÂáCésish�Þàn Û éNáBlqnZi Ýsh

(Ei)
äAnpéNkCrGí^tpî�ésh

i = 1, . . . , k
èªt Û nZkBÞëisnpésÞ�nZôsáBhjisnpisÞëésishßÞàn Û ésáBl:npi

σ
Ý^h

(U)
äªt5k Û h»r�t Û r3é Û Þàésl:êZtZi�á�k

σ(xj) =
i=k∑

i=1

σi(Xj)� cj

H ó ésisl:Ü^rjt5áBhjéNk Û h�ä Û ésÞ�åpu3isu3kGt Û Ýsh
(HU)

h3ÞÂá�nZôsáBhji�é�h3i�r�t Û r3é Û tZi�á Û ó hjisÞàh3ïPô Û hXÜ^i^lAÝshjÞcÞàn Û ésáBl:npiÉïClqisl Xï<t Û h3ÞëÝséÉÞ ò ÞÂá��3ïðh
(HE)

èsrjh3r3l�åZk
	Zr3hßtZé �OtZl�ábçXäªtZåZh<ç�ã��Yv
i=n∑

i=1

Ai,j .Xi = 0
ä]nZésk

j = 1, . . . ,m
ý7g�ü �

n�� Û hjÞ»êZt5kBl�tÈô Û hjÞ
Xi

Þànpi�áPÝ^h3Þ»äAn Û:ò i `ZïðhjÞßÝsh
Z/2Z[h]

v ��nZésÞßi^n5áBnpisÞ Û ó h3isÞàhjïßô Û hðÜ^i^lEÝshjÞßÞàn Û éNáBlqnpisÞPÝsh
(HE)

äªt5k
(σk)k∈Iµ

v
� }&����v � ?MSOTBI��38 �>J<? (HU) 2PLN.ÉLY.^4 � =B2Z6a?>LYTX8q?9SA8_LY; � ! . ! TB2Z8 σH

D !�� .^4^S^25T xiσH = Σk∈Iµ
Pi,k�yk

I��
σk = {X1 ← P1,k, . . . , Xn ← Pn,k}

2��5?G= Pi,k ∈ Z/2Z[h] F9?36cI�� 8:?>; yk
;3I5.ª6cD�?U;&�525TU4[2��>8q?U;90BTB2#"[=��N?U;3d

� TB?UL �5? k
m mMkBhjïCl �>kBhjïðh3i�áði^nZé^Þ1ä^kBnZésêpnpisÞ<î�ésh σH

h3ÞÂáðési^h�Þàn Û éNáBl:npi Ýsh
(HU)

vEmonpéNk
j = 1, . . . ,m

èoi^nZé^Þtjê�npisÞ�k
Σi=n

i=1Ai,jxiσH = Σi=n
i=1Ai,j(Σk∈Iµ

(Pi,k � yk))

= Σi=n
i=1Σk∈Iµ

(Ai,j(Pi,k � yk))

= Σi=n
i=1Σk∈Iµ

(Ai,jPi,k)� yk)

= Σk∈Iµ
((Σi=n

i=1Ai,jPi,k)� yk)

= 0

m ^»h3éNøNl �3ïðh3ïðh3i�áëisnpésÞcä^kBnZésêpnpisÞ$î�éshXáBnpéNáBh»Þàn Û éNáBl:npi
σ
Ýsh

(HU)
hjÞÂáëésishßlqisÞÂáGtZisr3hßÝsh

σH
v ] npl�á

ZÛ ó h3isÞàhjïßô Û hHÝshjÞfêpt5kBlqt5ô Û h3Þ�Ýsh
xiσ

vÈm npéNk
i = 1, . . . , n

isnpésÞot3ê�npisÞ
xiσ = Σc∈ΣC

Xc
i �c+Σz∈ZZ

z
i �zh3á

(x1σ, . . . , xnσ)
h3ÞÂá1é^ish�Þàn Û éNáBlqnpi'Ýsh

(HU)
ÞàlHh3á1Þàh3é Û hjïChji�áCÞàl9äAnpéNkCrUí^tpî�é^h

c ∈ ΣC
è�ä]nZéskrUí^tpî�ésh

z ∈ Z (Xc
1 , . . . , X

c
n)
h>á

(Zz
1 , . . . , Z

z
n)
ÞànZi�áëÞàn Û éNáBl:npisÞëÝsh

(HE)
vmEt5k<r3npisÞàu�î�é^h3i�á<rGíªtZî�ésh

c ∈ ΣC
è
(Xc

1 , . . . , X
c
n)
h3ÞÂáðé^ish�r3npïPô^l:iªt5lqÞànpi Û lqisujtZl:kBhÉÝ�ó ési^hÉÞàn Û éNáBlqnpiïðlqislqïðt Û hbÝsh

(HE)
è 4[dQ?�d Xc

i = Σk∈Iµ
Qc

kPi,k
äAnpéNk

i = 1, . . . , n
n�� Û h3Þ

Qc
k

Þànpi�á»ÝshjÞ�r3nYh��<r3lqh3i�áBÞÝ^h Û t1rjnpïßôªl:i^tZlqÞànpi Û lqisujtZl:kBhZvmonpéNkHrGíªtZî�ésh
z ∈ Z

è�isnpésÞHtjê�npisÞMä]nZésk
(Zz

1 , . . . , Z
z
n)
î�ésh

Zz
i = Σk∈Iµ

Rz
kPi,k

v���nZé^ÞMhji<Ýsu3Ý^ésl:ÞànpisÞî�ésh»äAnpéNk
i = 1, . . . , n

è
xiσ = Σc∈ΣC

(Σk∈Iµ
Qc

kPi,k)� c+ Σz∈Z(Σk∈Iµ
Rz

kPi,k)� z

= Σk∈Iµ
((Σc∈ΣC

Pi,k � (Qc
k � c)) + (Σz∈ZPi,k � (Rz

k � z)))

= Σk∈Iµ
Pi,k � (Σc∈ΣC

Qc
k � c+ Σz∈ΣC

Rz
k � z)

= Σk∈Iµ
Pi,k � (Σc∈ΣC

Qc
k � c+ Σz∈ZR

z
k � z)rjhßî�ésl]áBh>kBïðlqish Û t1äskBh3éNê�hßhjiÉrGísnplqÞàl:ÞàÞBtZi�á

yk = Σc∈ΣC
Qc

k � c⊕ Σz∈ZR
z
k � z

v
ç�âYç
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8Â\ LY.^4 � =G2Z6a?>LYTë8:?oSA8³LY; � ! . ! TB2Z8ªD�? (HU) d � 2ß;BL �U;U674767LN674[I5.

σ ⊕ σH
?>;G69LN.(LY.^4 � =G2Z6a?>LYTP8:?�SA8_LY; � ! . ! TB2Z8�D�? (U) d

� TG?UL �5? k(ú$ó hjÞÂáëésishßrjnZi^Þàujî�ésh3i^r3h»lqïðïðu3Ýsl�t5áBh»Ýsé �ªtZl:á�ãbäªtZåphðç�ã��1h3á�Ýsé �Ot5l:áXæPäOt5åph»äskBu3rju3Ýshji�áBhZv
�

� }&��� � � ?oSOTGI��>8 �>JK?XDf\ LN.^4 � =G2Z674@I5.�2��Z?G=�=GI5.^;U6a25.^6a?>; S^I5LYTë8:2P6 � ! I5TU4@? ! `ULª2Z674@I5.^.A?38Q8:?����������<?U;U6fLY.^476a254QTG?jd
� TG?UL �5? k H h �ªtZl�á �Cl:ïCä Û l�î�é^hßl:ïðïðu3Ýsl�t5áBh3ïðh3i�á Û h»kBujÞàé Û áGt5ájv

�

� b��Sb�� � � {�� �9xM}^| � ��yz� � � 	���|�� �A{ �N|µx � �� �fyz�����N{E|µ}s� b
monpéNkHrjnZi^ÞÂáàkBésl�kBh$ésiðáBh Û t Û åZnZkBl:áBísïðhZè�r3npïðïCh$isnpésÞ Û ó_tjê�nZi^Þ9êYé<Ýªt5i^Þ Û t»Þàhjr>áBlqnZiðä^kBu3r3ujÝsh3i�áBhël Û Þàé �CáHÝshrjt Û rjé Û h>k Û ó h3i^Þàh3ïPô Û h9ÝshjÞfÞàn Û ésáBl:npisÞ�ïClqislqï<t Û h3Þ�Ý^éßÞ ò ÞÂá��3ïðh

(E)
v ��npésÞfr3npisÞÂáàkBéslqÞànpisÞ�Ýsnpisr9ésish9ïðu>áBísnYÝshMÝshrjt Û rjé Û äAnpéNk Û ó hjisÞàh3ïPô Û hCÝshjÞ»Þàn Û éNáBlqnpisÞ»ïClqislqï<t Û h3Þ»Ýsé�Þ ò ÞÂá��3ïðh1í^nZïðnpå��3ishðÝ]ó u�î�é^t5áBl:npisÞXÝ^l:nZä^í^tZi�áBlqh3i^ish3Þ

(HE)
h3á�ésish�Þàn Û éNáBlqnpi ïClqislqï<t Û h(äªt5kàáBlqr3é Û l �3kBh(Ýsé Þ ò ÞÂá��jïðh

(E)
v � ish�tÈä^äskBnYrGísh(äAnpÞàÞàl:ô Û h(äAnpéNkÉr3h Û tÞàh>kGtZl�á�Ý]ó éNáBl Û lqÞàh>k�ési^h áBh3rUísisl�î�é^h÷Þàl:ïðl Û tZl:kBh V�rjh ÛqÛ h÷éNáBl Û lqÞàu3h ä]nZésk Û ó ésisl:Ü^rjt5áBlqnZi LNMEv ��npésÞ�éNáBl Û lqÞànpisÞ�lqr3lésishðtÈä^äskBnYrGísh1ôªtZÞàu3hCÞàésk Û hjÞ»tZéNáBnpï<tÈáBhjÞ»t5Ü^i�Ý]ó nZôsáBh3isl:k»ési(kBu3Þàé Û áGt5áXä Û ésÞ»åpu3isu3kGt Û v ��npésÞXÝsujisnZáBnZi^Þ�äªt5k

〈Z/2Z[h],.,⊕, 0, h〉
Û t÷ÞÂáàkBésr3áBéNkBh�rjnpï1ä]nZÞàujh�Ýsh Û t áBísu3nZkBlqh�ési^l�ê�h>kBÞàh Û:Û hÉÞàéNk

Z/2Z[h]
t3ê�hjr Û t kBh Û t5áBl:npiÝ]ó nZkBÝNkBh

.
h>á Û hjÞ9Þ ò ïPôAn Û hjÞHÝsh$r3npisÞÂáGtZi�áBhjÞ3è

⊕
è
0
è�h3á

h
v ��npésÞ9ïðnpi�áàkBnpisÞcî�ésh Û t»áBísu3nZkBlqh$Ýséðä^kBh3ïðl:h3kHnZkBÝNkBhäAnpéNkërjh>áàáBhXÞÂáàkBé^r>áBéNkBhßh3ÞÂáëÝsujr3lqÝ^t5ô Û hpè^rjt5kërpó hjÞÂáëésish ;U67TUL^=367LYTB?C25LN6aI5JK2Z674[`ULª? G � � ÿpÿ�K@vmonpéNk/r3h Û tNè�isnpésÞHïðnpi�áàkBnpisÞ/r3npïðïChji�áHrjnpisÞÂáàkBésl:kBh$ési�tZéNáBnpï<t5áBh$î�éslAt5rjr3h3äsáBh Û ó hjisÞàh3ïPô Û h$ïðlqisl:ï<t Û ÝshjÞÞàn Û éNáBlqnpisÞ$tZÞàÞànYr3lqu3h3ÞëtZéÉäskBnZô Û �3ïðhßÝ]ó ésisl:Ü^rjt5áBlqnpi]v

z
	 ���	 � � � 2<6 � ! I5TU4[?1D5L1SOTG?UJC4@?>TbI5TGD5TB?cS^I5LYTP8:2ð;U67TULª=>67LNTB? 〈Z/2Z[h],.,⊕, 0, h〉 ?>;U6cD ! =U4[D�2��>8q?jd
� TB?>L �Z? k ��npésÞCïCnpi�áàkBnpisÞ<î�ésh Û t÷ÞÂáàkBésr3áBéNkBh

〈Z/2Z[h],.,⊕, 0, h〉
hjÞÂáðtZéNáBnpï<t5áBlqî�éshpèoh>áCåZk
	Zr3hÉtZékBu3Þàé Û áGt5áëÞàéNk Û h3ÞëÞÂáàkBésr3áBéNkBh3ÞëtZéNáBnpï<t5áBlqî�éshjÞ G � � ÿZÿ�KfisnpésÞër3npisr Û ésnpisÞ Û tðÝsu3rjl:ÝªtÈôªl Û l�áBupv

��npésÞðkBh>ä^kBu3Þàh3i�áBnZi^Þ Û hjÞCäAn Û:ò i `ZïðhjÞ<Ýsh
Z/2Z[h]

äªt5kKési ïðnZá<Ýsh
{0, 1}∗

v ] npl:áKési äAn Û�ò i�`pïðh
p ∈

Z/2Z[h]
áBh Û î�ésh

p(h) =
∑i=n

i=1 bih ∈ Z/2Z[h]
èon�� Û hjÞ

bi = 1
èoisnpésÞCÝsu3ÞàlqåpisnpisÞ1äªt5k

b0 · · · bn

Û h�ïðnZát5ÞàÞànYrjl:uiV
p
èªh3i÷nZkBÝsnpisi^tZi�á Û h3Þ$ô^l�áBÞ�ÝshPäAnpl:Ý^Þ$õ7t5l:ô Û hbh3i äskBh3ïðlqh>kjv H hPäAn Û�ò i�`pïðh

0
h3ÞÂá$kBh3äskBu3Þàhji�áBußäªt5k Û hïCnZá

0
v H ó lqï<t5åph»äªt5k

ν
Ý]ó ésiÉäAn Û�ò i�`pïðh»hjÞÂá�kBh3r3npisiªt5lqÞàÞBt5ô Û h»äªt5këési^hßh>øYäskBh3ÞàÞàlqnpi�Ýsh

0 ∪ {0, 1}∗
v

��npésÞ�ÝsnpisisnpisÞ Û h3Þ�tZéNáBnpïðt5áBhjÞ�î�ésl�t5rjr3h3äsáBh3i�á Û h3Þ<kBh3äskBu3Þàhji�áGt5áBl:npisÞ�ÝshjÞ<áBésä Û hjÞKÝshjÞ<ä]n Û:ò i�`pïðh3ÞKÝsh
Z/2Z[h]

h3ißõWnpisr>áBlqnpi»ÝshjÞ�kBh Û t5áBl:npisÞfÝsh Û t�ÞÂáàkBésr>áBéNkBh
〈Z/2Z[h],.,⊕, 0〉

v H t�r3npisÞÂáGtZi�áBh
0
h3ÞÂáfkBh3ïCä Û tZr3ujhEäªt5kÛ tCkBh Û tÈáBlqnpi�ési
XatZl�kBh

X1 = 0
è^h>á Û tCõWnpisr>áBlqnpi

h
äªt5k Û t1kBh Û t5áBlqnZi�Þàésl�êptZi�áBh

X1 = h(X2)
v���npésÞër3npïCä Û u3áBnpisÞÛ tðÜªi ÝshjÞ$ïðnZáBÞëäªt5kXÝsh3Þ

0
Þàl isu3rjh3ÞàÞBtZl:kBhZèOr3npïðïðhbl Û h3ÞÂá�Ý�ó ésÞBtZåphbÝ^tZisÞ Û h3Þ�tZéNáBnpï<t5áBh3Þ3v ��nZé^ÞëäskBujÞÂhji�áBnpisÞÝsnpisr Û hjÞëtZéNáBnpïðt5áBhjÞëî�ésl�Ýsu3r3kBl�ê�hji�á Û hjÞckBh Û t5áBlqnpisÞ�Ýsh Û t1ÞÂáàkBé^r>áBéNkBh4k

m
H ó_t5ésáBnZï<t5áBhXä]nZésk

X1 = 0
h3ÞÂáëÞàlqï1ä Û hPh>áëi]ó hjÞÂá�äOt5Þëu3r3kBl�áël:rjl7v

m
H ó_t5ésáBnZï<t5áBhXä]nZésk

X1 . X2
hjÞÂáëÝsu3r3kBl�áëÝ^tZisÞ Û t �ol:åpéNkBh � v³ãbäªtZåZhßÞàésl:êZtZi�áBhZv

m
H ó_t5ésáBnZï<t5áBhPäAnpéNk

X1 = X2 ⊕X3
h3ÞÂáXÝsnpisisubÝªt5i^Þ Û t �olqåpéNkBh � v³âCäOt5åphbr3l X[r3npi�áàkBhpv�úHh>á»t5ésáBnZï<t5áBhh3ÞÂáPä Û ésÞ1Þàl:ïCä Û h�î�éshKr3h Û ésl9Ýsh Û ó_tZÝsÝsl:áBl:npi�Ý^tZisÞ Û ó_t5kBl�áBí^ïCu3áBlqî�ésh<Ý^hKmMkBh3ÞÂô^éNkBåph3kbr�t5kbisnpésÞbi]ó_t3ê�npisÞäªtZÞ_VðisnpésÞ�Þànpésrjl:h3këÝ^h Û tbkBh3áBh3i�é^hZv

m
H ó_t5ésáBnZï<t5áBhbî�é^l�tZr3rjh>äsáBh Û hjÞëäªtZl�kBhjÞ

(X1, X2)
áBh ÛqÛ hPî�ésh

X1 = h(X2)
h3ÞÂá�ési�ä]h3é�ä Û ésÞ$rjnpï1ä Û h3øYhpv

��nZé^Þ$Ýsh3êpnpisÞ�isnpésÞ�ÞànpéNê�h3isl:k�Ý^h Û ó_tZisr3lqh3i^ishPêZt Û hjéNk�Ýsh
X2

äAnpéNk�õ7tZl�kBh Û t<rjnpï1äOtÈkGtZlqÞànpi]v�úHh>áXtZéNáBn*Xïðt5áBhßh3ÞÂáëÝsnpisisu»äOtÈk Û t �olqåpéNkBh � v þCäªtZåphßÞàésl:êZtZi�áBhZv
�

��npésÞ�äAnpéNê�nZi^ÞXÝsnpisrbr�t Û rjé Û h3k Û h3ÞXÞàn Û ésáBl:npisÞ�ä]nZéskXési(Þ ò ÞÂá��3ïðh Û lqisujtZl:kBh1h3i(r3npisÞÂáàkBé^l:ÞBtZi�á Û ó_t5ésáBnZï<t5áBht5ÞàÞànYrjl:uPtZéÉÞ ò ÞÂá��3ïðhßh3á�Ýshßr�t Û r3é Û h3k Û tCÞàn Û ésáBl:npi�ïðl:islqï<t Û hPåZk
	5rjhßtZéÉõ7tZl�á � äªtZåphðç�â5þsv
ç�âpã
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oQp�qQr � v³ã m [�éNáBnpï<t5áBh�ä]nZésk X1 . X2
v

ÞÂáGtÈkàá
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oSp�qTr � v³â m [�éNáBnpï<tÈáBhXäAnpéNk X1 = X2 ⊕X3
v

ÞÂáGt5kàá
X2 = 0

X2 = 1

(

0

0

)

(

0

1

)

(

1

1

)

(

0

1

)

(

0

0

)

(

1

0

)

oSp�qQr � v þ m [�éNáBnpï<tÈáBhXäAnpéNk X1 = h(X2)
v

ç�âZâ
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� TB?>L �Z? k � i�ê�h3r3áBh3éNk X h3ÞÂá1é^ish�Þàn Û éNáBl:npi'ïðlqislqïðt Û h�Ý]ó ési Þ ò ÞÂá��3ïðh�Ý]ó ujî�é^t5áBl:npisÞ1Ý^l:nZä^í^tZi�áBlqh3i^ish3Þ

φ(X)
Þàl�h>áëÞàhjé Û h3ïðh3i�á$Þàl

X
ê�u>kBl:Ü^h Û tCõWnZkBïPé Û hßÞàésl:êZtZi�áBh4k
φ(X) ∧ ∀Y

(

Y . X ∧ φ(Y ) =⇒ X . Y
)


~Û h3øNl:ÞÂáBhbô^lqh3i�é^i�tZéNáBnpï<tÈáBh1r�t Û rjé Û t5ô Û hðî�éslotZrjr3h>ä^áBh Û ó h3isÞàhjïPô Û hðÝshjÞXu Û u3ïðhji�áBÞXÝsh
X
ÞBtÈáBlqÞàõ7t5lqÞBtZi�áßr3h3áàáBhõQnZkBïbé Û hZvNú/t5k9l Û i]ó ò tßî�é]ó ésiðisnpïPôskBh�Üªisl^Ýsh�Þàn Û éNáBlqnZi^ÞMh3áHî�ésh Û h Û tZiså�t5åphëÝshër3h>áHtZéNáBnpï<tÈáBh�hjÞÂáMÜ^isl@v���npésÞåZujisu>kBnpisÞHÝsnpisr Û ó h3i^Þàh3ïPô Û h$ÝshëáBnpésÞ Û h3Þ9áBh>kBïðh3Þ/tZr3r3h3äsáBu3ÞMäªt5k/r3h>á/tZéNáBnpï<t5áBh�äAnpéNkHnZôsáBhjisl:k Û ó hjisÞàh3ïPô Û h$ÝshjÞÞàn Û éNáBlqnpisÞëïðl:i^l:ï<t Û hjÞ3v

�

� b��Sb�� � ��� �f}s{ � 	���|�� �A{��N|µx � eCf����!gSb
��npésÞHkBh3å�t5kBÝsnpisÞHï<tZlqi�áBh3i^tZi�á Û hëäskBnZô Û �3ïðh�Ý]ó ésisl:Ü^rjt5áBlqnpi LNMNOTPSRXn��

Σ
h3ÞÂáctZésåpïðh3i�áBu3hëäOtÈkcÝshjÞHÞ ò ï8XôAn Û hjÞ Û l�ô^kBh3Þ3v���npésÞ�éNáBl Û l:ÞànpisÞ Û ó_t Û åpnZkBl�áBísïðh»äskBnZäAnpÞàu»äªt5k �/v ��tptZÝsh>k ?36c2Z8_4W4 G � ] � ��K[v

� w ��w � w'x � � }&~ � { � ��� � ��	 � � ��� � A|�}���� {��Nw
monpéNkXt5äsä Û l�î�é^h>k Û ó_t Û åpnZkBl�áBísïðhbÝshbr3npïPô^lqi^tZl:Þànpi(Ýsh �/v ��tZtZÝsh3k ?>6ë2Z8_4W4 G � ] � ��K[èOisnpésÞ�Ýsh>ê�npisÞ�ïCnpi�áàkBh3kî�é^h Û ó ésisl:Ü^rjt5áBlqnZi<t3ê�hjr/kBh3ÞÂáàkBlqr>áBlqnpi Û lqisujtZl:kBh/rjnpisÞÂáGtZi�áBhchjÞÂáoÜ^isl:áGtZl�kBhpv ] nZl:áEé^i1äskBnZô Û �3ïðhcÝ]ó ésisl:Ü^r�tÈáBlqnpi�ý 4[dW?jdési<hjisÞàh3ïPô Û hëÜ^islªÝ]ó u�î�é^t5áBl:npisÞ9Ýsh Û tßõWnZkBïCh

si = ti
� è�i^nZé^ÞHtZÞàÞànYr3lqnZi^ÞQVßrGí^tpî�éshërjnZi^ÞÂáGt5i�áBh

c
t5äsäªt5kGtZl:ÞàÞBtZi�áÝ^tZisÞ Û h1äskBnZô Û �3ïðhCési�hjisÞàh3ïPô Û h

Vc
Ýsh1êpt5kBlqt5ô Û h3Þßî�ésloÞànpi�á Û h3ÞXêZt5kBl�t5ô Û hjÞ»Ý^tZisÞ Û h3ÞBî�ésh Û:Û h3Þ

c
ishCÝ^nZl:á»äªtZÞtÈä^äªt5kGt �qáàkBhZv

] éNä^äAnpÞànZi^Þ$î�ésh»isnpésÞëtjê�npisÞëésiÉnZkBÝNkBh Û lqisujtZl:kBh
<
Þàésk Û ó hjisÞàh3ïPô Û hßÝshßr3npisÞÂáGtZi�áBh3Þ

ΣC
h>á�Ý^hXêZt5kBl�t5ô Û hjÞ

X
è t Û nZkBÞPisnpésÞPÝ^u>Ü^islqÞàÞànpisÞ

Vc = {x ∈ X | x < c}
v � iRäskBnZô Û �3ïðhKÝ]ó ésisl:Ü^rjt5áBlqnZi'tjêphjr<ésish<kBh3ÞÂáàkBlqr>áBlqnpiÛ lqisujtZl:kBhXÞàéNk Û hjÞ/rjnpisÞÂáGtZi�áBh3Þch3ÞÂá�ési�ä^kBn5ô Û �jïCh»Ý]ó é^isl�Üªrjt5áBl:npi�tjêphjr Û ó t�!ÂnpéNácÝsh Û t1r3npi�áàkGtZlqi�áBhXÝsh�kBhjÞÂáàkBl:r3áBl:npiî�é^lXr3nZkàkBh3ÞÂä]nZi^Ý V Ýsnpisish3k�ési nZkBÝNkBh

<
v$úHhjr3l�ä]nZéskÉå�t5kGtZi�áBl�k î�ésh(rUí^tpî�ésh(êZt5kBl�tÈô Û h

X
Ýsé)äskBnZô Û �3ïðhäAh3éNá�n>áàkBh1lqisÞÂáGtZisr3lqu !ÂésÞÂáBhbäOtÈkßési(áBh>kBïðh1r3npisÞÂáGtZi�á

c
áBh Û î�ésh

X 6∈ Vc
v úHh>á»h3isÞàhjïPô Û hðhjÞÂá»rjt Û r3é Û t5ô Û hCh>áÜ^isl@è h>ábisnpésÞbäAnpéNê�npisÞbujr>kBl:kBh

X = Σ{X 6∈Vc}Xi,c � c
ä]nZéskbé^i�äAn Û�ò i�`pïðh

Xi,c
Ýsh

Z/2Z[h]
v [�lqisÞàl Û hjÞäskBnZô Û �jïðh3ÞHÝ]ó ésisl:Ü^rjt5áBlqnpiKtjê�h3rëkBh3ÞÂáàkBlqr>áBlqnpi Û lqisu�t5l:kBh$ÝshërjnZi^ÞÂáGt5i�áBh3ÞHÞànpi�á9kBujÞàn Û ésÞHÝ^h Û tPï8njïðhëï<tZisl �>kBh�î�éshÛ hjÞcäskBnZô Û �3ïðhjÞ�Ý]ó ésisl:Ü^r�tÈáBlqnpi]vü9i÷t5äsä Û l�î�é^tZi�á Û ó t Û åpn5kBl:áBísïðhbÝshPrjnZïPô^lqi^tZlqÞànZi(Ýsh �Hv ��tptZÝsh>k G � ] � �(K i^nZé^Þ$nZôsáBh3i^nZi^Þ$ési(t Û åpnZkBl�áBí^ïChÝ]ó é^isl�Üªrjt5áBl:npiÉäAnpéNk Û t1áBísujnZkBl:h�L�MNOTPSRbÝ^tZisÞ

Σ
u3áBh3isÝ^é�tjêphjr Û hjÞ�Þ ò ïßô]n Û h3Þ Û l:ôskBh3Þ3v

� w ��w � w�� � � � � � �A~�� }��4� 	
| �
�A� � � 	 � � �
�A��t|�}�����{���w
monpéNkHäskBnpéNê�h>k Û h Û h3ïðïðhXâ5þßäªtZåphëÞàé^l�êpt5i�áBhZè�isnpésÞ9kBh3äskBh3isnpisÞ Û hjÞ9isnZáGt5áBlqnZi^Þ9h>á/t Û åZnZkBl:áBísïðh3ÞHlqi�áàkBnYÝsésl:áBÞäªt5k �/v �ctptZÝsh3k G � ] � ��K�äAnpéNkëÞànpi t Û åpnZkBl�áBí^ïChßÝ^h»r3npïPô^lqi^tZl:Þànpi]v
��npésÞKr3npisÞàlqÝsu>kBnpisÞKï<t5lqi�áBhji^tZi�á

F = Σ ] Σ′ n�� Σ′ h3ÞÂáKési h3isÞàhjïßô Û h÷Ýsh�Þ ò ïPôAn Û h3Þ�î�é^l�rjnZi�áBl:hji�át5é ïðnplqisÞ�ési Þ ò ïßô]n Û hRÝ]ó_t5kBl�áBuRÞàéNäAu3kBl:hjéNk npé u3å�t Û V
2
v H h3Þ�isnZáGtÈáBlqnpisÞÉÞànpi�á u>áBhjisÝsésÞ�rjnZïðïðhRÞàésl:á k

t = C[t1, . . . , tn]
Þàl
C
h3ÞÂácési�r3npi�áBh3ø�áBh�Ýsh�Þ ò ïPôAn Û hXÝ^h

Σ
Þàl:ïCä Û h3ïðh3i�ách3á Û h3Þ

ti
Þànpi�ácÞÂáGtZisÝ^t5kBÝsÞ3èsnpé�Þàl

Ch3ÞÂáëési�r3npi�áBh3øYáBhXÝ^h»Þ ò ïPôAn Û hjÞëÝsh
Σ′ h>á Û h3Þ ti ish»Þànpi�áëäªtZÞ�ÞÂáGtZisÝªtÈkBÝ^Þ3v

������A������{����Ix�� �
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������A������{���� � �

#(t)
� � ?ß.AI5J �>TB?CDf\ 2Z8�6a?UTU.A2Z674[I5.RD�?b6 � ! I5TU4@?1Df\ LY.�6a?>TUJ<?C?>;G6cD !�� .^4AS^25T»4W.AD5L^=3674@I5.�V

� #(t) = 0 ;G4 t ?U;U6�SOLNT
ç�â5þ
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� ;G4Q.AI5. #(C[t1, . . . , tn]) = 1⊕max{#(ti) | i = 1, . . . , n}

�h���� � ����{�� ���	� � 	 � ��	 �8� � � } � � 	 � ��� � \ ?U.^;3?UJ �38:? AF (t) D�?/0>2�=36a?>LYT ! 67TB25. ��?>TU;�j,K2Z8_4[?U.�e � D�? t ?>;U6D !�� .^4HV
� AF (t) = {t} ;G4 t ?>;U6�SOLYT
� AF (t = C[t1, . . . , tn]) = {t} ∪AF (t1) ∪ . . . ∪AF (tn)

��npésÞckGt5äsäAh Û npisÞ Û tCÝsu3Ü^isl:áBl:npiÉÝshßÞànpésÞdX@áBh>kBïðh3Þ�î�é^l]Þàh>kGtCésáBl Û l:Þàujh»Ý^tZisÞ Û h»rGíªtÈäªl�áàkBh<ç3ÿ1äªtZåphðç3þs\bÝ^tZisÞÛ t1äskBnYr3ujÝséNkBh»Ý^h»Ýsujr3lqÞàl:npiÉäAnpéNk Û h»äskBnZô Û �jïðhßÝsh»Þàujr3éNkBl:áBuXäAnpéNk Û tbáBí^u3nZkBl:hßujî�é^t5áBlqnZi^ish ÛqÛ h�L�MNOTPSR�v
�h���� � ����{�� � � � �3{��
� �d� 	 � ��	���� � \ ?>.s;3?>J �38:?

StE(t) D�? ÞànpésÞdX@áBh>kBïðhjÞ D�? t ?>;U6ë8q?XSA8_LN;$S^?367476�?>.^;3?UJ �>8q?D�?P6a?>TUJK?U;ß6a?38�`ULª?CV
� t ∈ StE(t) F
� � 4 f(t1, . . . , tn) ∈ StE(t) ?36 f(t1, . . . , tn) ?>;U6MLY.�6a?>TUJ<?P;U6a25.AD�25TBD�2Z8:I5TU; t1, . . . tn ∈ StE(t) F
� � 4 s ∈ StE(t) ?>6 s .A\ ?U;U6�S^25;»LY.(6a?>TUJ<?P;U6a25.AD�25TBD�2Z8:I5TU; FactE(s) ⊆ StE(t) d

��� 	 � �A~ 	 � ��� I54W6 t1 = h2(a)⊕ b⊕ x ?>6 t2 = h(〈a, b〉)⊕ x FM2Z8:I5TU; StE(t1) = {t1, a, b, x}
?>6

StE(t2) =

{t2, 〈a, b〉, a, b, x}
d

z
	����	 � � � I5476 P LN.�SOTBI��38 �>J<?�Df\ LN.s4 � =G2Z674@I5. D�25.^;É8:2'6 � ! I5TU4@? E = ��������� �µ2��5?G=(D�?>;ß0>I5.A=3674@I5.^;8³4��>TB?>;<D�?C;��5J �GIZ8:?U; � ?36 θ LN. mguE
D�? P d �$8:I5TU;$SªI5LYTð6aI5LN6 x ∈ dom(θ) ?>6 v ∈ StE(xθ) \ vars(xθ) 478? �54W;U6a? t ∈ StE(P ) 6a?38 `ULª? v =E tθ

d
��npésÞfäskBnpéNê�npisÞ Û hMkBujÞàé Û áGtÈá�äAnpéNk Û ó hjisÞàh3ïPô Û hHÝ�ó ési^l�Ü^r�t5áBh3éNkBÞ rjt Û r3é Û uMäªt5k Û ó t Û åpn5kBl:áBísïðh9Ý^h9r3npïPô^lqi^tZl:ÞànpiÝ^h �/v ��tpt5Ý^h>këh>á � v � v ] rUí�é Û � G � ] � ��K@v
� TB?UL �5? kmMkBh3ïðl �3kBh3ïðh3i�ájèoi^nZé^ÞCkBh3ï<t5kGî�ésnpisÞ<î�ésh Û h Û h3ïðïðhÉh3ÞÂáðêYkGtZl/äAnpéNk<ésishÉésisl:Ü^rjt5áBlqnZi tjê�h3r�kBh3ÞÂáàkBlqr>áBlqnZiÛ lqisujtZl:kBh�Ýsh�rjnpisÞÂáGtZi�áBh3Þ�äªéNkBh3Þ3vXú$ó hjÞÂá�êYkGtZl�äAnpéNk Û t'áBísujn5kBlqh(êNl:Ý^hZèch3á�äAnpéNk L�MNOTPSR�rpó hjÞÂáÉési^h�rjnZi^Þàu�Xî�éshjisr3hëÝshëi^nZÞMkBujÞàé Û áGt5áBÞ9ÞàéNk Û ó ési^l�Ü^r�t5áBl:npi k�ésish$Þàn Û éNáBlqnpi<Ý]ó é^i<Þ ò ÞÂá��3ïðhëÝ�ó u�î�éªtÈáBlqnpisÞ ⊕

i∈I Pi(h)�Xi⊕
⊕

j∈J Qj(h)� cj = 0
tjê�h3rPkBh3ÞÂáàkBlqr>áBlqnZi Û lqisujtZl:kBhPÝshPrjnZi^ÞÂáGt5i�áBh3Þ$hjÞÂá�ésishPrjnZïPô^lqi^tZlqÞànZi Û lqisujtZl:kBhbtjê�h3rPÝshjÞêpt5kBlqt5ô Û h3Þ�h3áëÝsh3Þ�rjnZi^ÞÂáGt5i�áBh3Þ

ci
vmonZéskoåpu3isu3kGt Û lqÞàh>k Û ó é^isl:npi1ÝshHáBísujn5kBlqhZè5isnpésÞEt5iªt Û:ò ÞànpisÞ Û ó t Û åZnZkBl:áBísïðh/ÝshHrjnZïPô^lqi^tZlqÞànZi�v���nZé^Þ�kGt5äsäAh Û npisÞô^kBl �3êphjïðh3i�á Û h3Þ�äskBlqisr3l:äAh3ÞëÝshßr3h>á$t Û åpnZkBl�áBí^ïChKý7i^nZi�X[Ýsu>áBh3kBïClqislqÞÂáBh � k

ýÂç � � h3ïCä Û t5rjh>k rUí^tpî�é^hMáBh>kBïðh9isnpißä^ésk t = C[t1, . . . , tn]
äOtÈk

C[Xt1 , . . . , Xt1 ]
h>áot�!µnpéNáBh3k Û hjÞ�ujî�é^t5áBlqnZi^Þ

Xti
= ti

n�� Û h3Þ
Xti

Þànpi�á$ÝshjÞ�isnpéNê�h Û:Û h3Þ�êZt5kBl�tÈô Û hjÞ3v
ý[ã � � h3ïCä Û t5rjh>k�rGíªtZî�éshbujî�é^t5áBl:npi s = t

áBh ÛqÛ hPî�ésh
s, t

ÞànZi�á$Ý^h3ÞëáBh3kBïðh3Þëä^éNkBÞ$ï<tZl:Þ$äªtZÞ$Ý^tZisÞ Û t<ï4n3ïðháBí^u3nZkBl:hXäªt5k
Xs,t = t ∧Xs,t = s

n��
Xs,t

hjÞÂáëésishßisnpéNê�h ÛqÛ h»êptÈkBl�t5ô Û hZv
ý[â � úHí^nZlqÞàl:kcésish�äªt5kàáBl�áBlqnpi�Ýsh Û ó h3isÞàhjïßô Û hXÝ^h$êptÈkBl�t5ô Û h3Þ

X1, . . . ,Xp
èYäAnpéNk�rGí^tpî�ésh

Xi
rGísnplqÞàl�kcé^i�kBh>äskBu�XÞàhji�áGtZi�á

Xi
h>á»kBh3ïCä Û tZr3h>kßáBnpéNáBh3Þ Û hjÞXêZt5kBl�t5ô Û hjÞ

X ∈ Xi
äªt5k

Xi
ý7r3hjr3l äOtÈk Û ó_t�!ÂnpéNáßÝshjÞßujî�é^t5áBlqnZi^Þ

Xi = X
äAnpéNk�áBnpéNá

X ∈ Xi
� v

ý7þ � � áBl�î�ésh>áBh3kfrGí^tpî�éshEêpt5kBlqt5ô Û hEäªt5k
Σ
nZé

Σ′ ÝshMï<tZisl �>kBhMi^nZi�X[Ýsu>áBh3kBïClqislqÞÂáBhZèÈh>áfrUísnpl:Þàl:k ésißnZkBÝNkBh Û l:isu�tZl�kBh
X1 < . . . < Xn

v
ý[æ � H hcäskBnZô Û �3ïðhëÞàhëÝsujr3npïCäAnpÞàh�hjiðésiðä^kBn5ô Û �jïCh$Ý]ó é^isl�Üªrjt5áBl:npiðä^éskBhëtjê�h3rëé^ishckBhjÞÂáàkBl:r3áBl:npi Û lqisujtZl:kBh�Ý^h3ÞrjnpisÞÂáGtZi�áBh3Þ»ý7ÞàlqisnpiKkBh3áBnpéNkBish>kcõ7t5ésø � v�úHí^tpî�éshëä^kBn5ô Û �jïChXh3ÞÂá/kBu3Þàn Û é�h3i�r3npisÞàlqÝsu3kGt5i�á Û hjÞHêZt5kBl�t5ô Û hjÞ/ÝshÛ ó_t5ésáàkBh/áBísujn5kBlqhcrjnpïCïðh�ÝshjÞErjnpisÞÂáGtZi�áBh3Þ3v H ó ésisl:Ü^r�tÈáBhjéNkMh3ÞÂá9ÝsnpisisucäOtÈk Û t�rjnpïßôªl:i^tZlqÞànpi<Ýsh�Þàn Û éNáBlqnpisÞÝ^h3Þ�ÝshjéNø�äskBnZô Û �3ïðhjÞ�Ý]ó ésisl:Ü^r�tÈáBlqnpi
��npésÞoéNáBl Û l:ÞànpisÞ Û hjÞ äskBnZäskBlqu>áBujÞEÞàésl:êZtZi�áBh3ÞEÝ^h Û ó_t Û åpnZkBl�áBísïðhpv ] ésäsäAnpÞànpisÞMî�ésh Û ó t Û åpn5kBl:áBísïðh/kBh3áBnpéNkBishcésishÞàésô^ÞÂáBl�áBésáBl:npi

θ
v

ç�âZæ
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m m npéNk$rGíªtZî�ésh»äªtZl�kBhßÝ^hXêZt5kBl�t5ô Û hjÞ X,Y Ý^tZisÞ Û tCï4n3ïðhßr Û tZÞàÞàhßÝ]ó ujî�ésl:êZt Û hjisr3h
Xθ = Y θ

v
m m npéNkßrGí^tpî�éshbõ7tZr>áBhjéNkXu>áàkGtZisåph>k t = C[t1, . . . , tn]

Ýsh
P
èAl Û h>øNlqÞÂáBhbÝshjÞ$êptÈkBl�t5ô Û h3Þ

Xt, Xt1 , . . . , XtnáBh ÛqÛ hjÞëî�é^h
Xtθ = tθ = C[Xt1θ, . . .Xtn

θ]
v

m m npéNk Û h3Þ�êZt5kBlqt5ô Û h3Þ Xs,t
è^i^nZé^Þëtjê�npisÞ

Xs,tθ = sθ = tθ
v

m m npéNk�rGí^tpî�ésh$áBh>kBïðh C[X1, . . . , Xl]
tÈä^äªt5kGt5lqÞàÞBtZi�á�Ý^tZisÞ Û h$äskBnZô Û �3ïðh$Üªi^t Û Ý^é<ä^kBn5ô Û �jïChXÝ]ó ésisl:Ü^rjt�XáBl:npi�ä^éNkjèsl Û h3øNl:ÞÂáBh

Yt1

Ý^tZisÞ Û tbï4njïCh»r Û t5ÞàÞàh»Ý]ó ujî�ésl:êZt Û h3isrjhXî�ésh
X1
è:vjv3vjè

Ytl

Ý^tZisÞ Û t1ï4n3ïðh»r Û t5ÞàÞàhÝ]ó u�î�ésl�êpt Û hjisr3hPî�é^h
Xl
áBh Û î�ésh

C[t1, . . . , tl]
h3ÞÂáëé^iÉõ7tZr>áBhjéNk�u3áàkGt5i^åZh3këÝsh

P
vH tKÞàn Û éNáBlqnpi÷Ý^é�äskBnZô Û �3ïðh1Ý]ó é^isl�Üªrjt5áBl:npi÷ä^éNk»t Û tKõWn5kBïðhbÞàésl:êZtZi�áBh�k

X = C ′[X1, . . . , Xn]
npé

X
h3ÞÂáésish�r3npïPô^lqi^tZl:Þànpi�ÝshëêptÈkBl�t5ô Û h3ÞHisnpéNê�h ÛqÛ h3Þ/h>á Û h3Þ9êZt5kBl�t5ô Û hjÞ

Xi
h3á Û h3Þ/r3npisÞÂáGtZi�áBh3Þ/Ýsh

Σ
v�^»tZisÞHáBnpésÞ Û h3Þ/rjtZÞÛ hjÞßõWtZr>áBhjéNkBÞ»Ýsh

Xθ
äAnpéNkßési^h1êpt5kBlqt5ô Û h

X
Ý^é�äskBnZô Û �3ïðhðl:isl:áBl�t Û Þànpi�ájèfÞànZl:á

Xθ
è]Þànpl:áPési

Xtθ
ä]nZéskßésishêZt5kBlqt5ô Û h

Xt
äªt5k$r3npisÞàujî�éshji�áël Û]ò t1é^i

tθ
äAnpéNkëési�õ7tZr>áBh3ésk

t
Ýsh

P
npé�Ý]ó ésishßisnpéNê�h ÛqÛ hXêZt5kBl�t5ô Û hpv

�H óët Û åpnZkBl�áBísïðh�rjnZïPô^lqi^tZlqÞànZi r�t Û rjé Û h Û ó h3isÞàhjïßô Û h�ÜªislXh>á�r3npïCä Û h>áÉÝshjÞÉésisl:Ü^r�tÈáBhjéNkBÞ
CS(P )

v/monZéskáàkBnZésêph3k Û ó h3isÞàhjïPô Û h�Ýsh3Þ
mgu

è�isnpésÞHÝ^h>ê�npisÞ9Ýsu3áBh3r3áBh>k Û h3ÞHésisl:Ü^rjt5áBh3éskBÞ/î�é^l^Þàh>kBnpi�á/ÞàéNô^ÞàésïðujÞ9äªt5k/Ý]ó tZéNáàkBhjÞäAnpéNkënZôsáBhjisl:k
CS(P )

vOúHh>áàáBh»u>áGt5äAh»ishßrGí^tZisåph»äªtZÞ Û h»kBu3Þàé Û áGt5ájv
�47�� � D E � �CD � � � �AD�; � �	��
����7

��npésÞ»isnpésÞ»l:i�áBu>kBh3ÞàÞànpisÞßï<t5lqi�áBhji^tZi�áPtZé÷ä^kBn5ô Û �jïChðÝshCÝslqÞàésisl:Ü^rjt5áBlqnpi]è]äskBnZô Û �3ïðhCÞàlqï1ä Û hCÝªt5i^Þ»isnZáàkBhrjtZÞëî�éslftCÝsu ! VCu>áBußu>áBésÝslquXäOtÈk �/v ��tptZÝsh>këh3á$î�ésh»isnpésÞ�kBh3Ý^u3ïðnpi�áàkBnpisÞ�lqr3l@v
��npésÞ/ÝsujisnZáBnpisÞ/äªt5k

=AC

Û ó ujåpt Û l�áBuXïðnYÝsé Û n Û h3Þct5øNlqnZïðhjÞ/Ý]ó_t5ÞàÞànYrjlqt5áBl:êYl:áBuXh>ácÝsh�rjnpïCïbéNáGt5áBl:êNl�áBuXh>á/äªt5k
=

Û ó u3å�t Û l:áBu»ïðn�Ý^é Û n Û hjÞët5øNlqnZïðhjÞ�Ýsh�L�MNOTPSR�v
z
	 ���	 �&v�� I5476 t1, s1, . . . , tn, sn ∈ T (F ,X ) D�?>;H6a?>TUJ<?>;c?>.$0>I5TUJK?/.AI5TUJK2Z8:?ë2Z8:I5TU;/8:?U;�D�?>L �P25;G;3?UT>674[I5.^;;BLN4 �Z25.ª6a?U;»;3I5.ª6 ! `ULN4 �Z2Z8:?>.^6a?>;bV
� d �G8].]\ ? �54W;U6a?cS^25;bD�?ß;BL �U;U674767LN674[I5.�=38:I5;3? σ 6a?38Q8:?ð`>L^? t1σ 6= s1σ ∧ . . . ∧ tnσ 6= snσ
� d ti =AC si

S^I5LYTßLY. i ∈ {1, . . . , n}
� TG?UL �5? ký �
⇒
� � ] l

ti =AC si
ä]nZéskcé^i

i
t Û n5kBÞ

ti = si
h>á
tiσ = siσ

äAnpéNkcáBnpéNáBh3ÞcÞàéNôªÞÂáBl�áBéNáBlqnpisÞ3vsmEt5kcrjnpisÞàujî�éshji�ál Û i�ó h3øYlqÞÂáBhXäOt5ÞëÝshßÞàéNô^ÞÂáBl:áBéNáBl:npi
σ
áBh ÛqÛ hPî�é^h

t1σ 6= s1σ ∧ . . . ∧ tnσ 6= snσ
vý �

⇒
��� ] npl�á

T = {s1, . . . , sn, t1, . . . , tn}
èªÞàl

ti 6=AC si
äAnpéNk$áBnpéNá

i, 1 ≤ i ≤ n
èOt Û nZkBÞ�isnpésÞëkBujÞànZi^isnpisÞäªt5këlqisÝsésr3áBl:npiÉÞàésk Û hßisnpïPôskBhßÝshXêpt5kBlqt5ô Û h3ÞëÝsh

vars(T )
v

m ] l
n = 0

t Û nZkBÞ Û h3Þ
si
h>á Û hjÞ

ti
Þànpi�á r Û npÞ3v�mEtÈk r3npisÞàujî�éshji�ájè Û t Þàésô^ÞÂáBl�áBésáBl:npi)êNlqÝsh

ε
ÞBt5áBlqÞàõWtZl:á

t1ε 6= s1ε ∧ . . . ∧ tnε 6= snε
m ] l

n > 0
t Û n5kBÞëÞànpl�á

x ∈ vars(T )
èsh3áëÞànZl:á

g
é^i�áBh>kBïðh»r Û npÞ�áBh Û î�ésh8k

çZvëh3ÞÂá$Ýsl�ì]u>kBh3i�áëÝsh
0
è

ãYvëishßr3npi�áBlqh3i�á�äOt5ÞëÝshßÞ ò ïPôAn Û h
⊕
è^h3á

âYvëi]ó hjÞÂá�äOt5Þëési�ÞànpésÞdX@áBh>kBïðhßÞ ò i�áGt5øNlqî�éshßÝshXáBh3kBïðh»Ýsh
T
v

] npl�á
t′i = ti[x 7→ g]

h>á
s′i = si[x 7→ g]

äAnpéNk
1 ≤ i ≤ n

v���npésÞ9tjê�nZi^Þ9î�ésh
t′i 6=AC s′i

äAnpéNkMáBnpéNá
i
è�h>ááBnZé^Þ Û h3Þ

t′i
h3á
s′i
Þànpi�áëáBh>kBïðhjÞ�h3iÉõWnZkBïChßisnZkBï<t Û hZv]úHnZïðïðh

{t′1, . . . , t
′
n, s

′
1, . . . , s

′
n}
rjnZi�áBl:hji�á

n− 1êZt5kBlqt5ô Û h3Þ»l Û h>øNl:ÞÂáBhbäOtÈkßí ò äAnZáBí�3ÞàhCÝ]ó l:isÝ^ésr>áBlqnpi�ésishCÞàéNô^ÞÂáBl:áBéNáBl:npi
σ′ áBh Û î�ésh t′1σ′ 6= s′1σ

′ ∧ . . . ∧

t′nσ
′ 6= s′nσ

′ vsmEt5kërjnpisÞàujî�éshji�ájè σ = σ′ ◦ [x 7→ g]
isnpésÞënZôsáBh3isnpisÞ

t1σ 6= s1σ ∧ . . . ∧ tnσ 6= snσ.

�

z
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� TB?UL �5? k ] nZl:áPésish<õQnZkBïbé Û hðh3øYlqÞÂáBh3i�áBl:h Û:Û hðr Û npÞàh
φ = ∃x̄ψ

è�n��
ψ
h3ÞÂáPõQnZkBïbé Û h<ÞBtZisÞPî�é^tZi�áBl:Ü^h3kjèfÞànpl�á

c1∨. . .∨cn
é^ishHõWnZkBïbé Û hcÝsl:Þ !Ânpisr>áBl:ê�h/h3i1õQnZkBïðh/isnZkBïðt Û h/Ýsh

ψ
v H tëêZt Û l:Ý^l�áBu/Ýsh Û t$õQnZkBïbé Û h

φ
h3ÞÂáEujî�ésl:êZt Û h3i�á

V Û t1êZt Û lqÝsl:áBu»Ýsh
∃x̄ci

v ] nZl:á
ci = (r1 = u1 ∧ . . . ∧ rm = um ∧ s1 6= t1 ∧ . . . ∧ sn 6= tn)

úHh>áàáBh�õQnZkBïbé Û h�hjÞÂácÞBt5áBl:ÞÂÜªt5ô Û hXÞ3ó l Û h3øYlqÞÂáBh�ési�ésisl:Ü^rjt5áBh3ésk/ä Û ésÞ/åpu3isu3kGt Û
µ
Ýsh
r1 = u1 ∧ . . .∧ rm = umáBh Û î�ésh Û tCõWnZkBïPé Û hßÞàésl:êZtZi�áBhßh3ÞÂáëÞBt5áBlqÞÂÜªt5ô Û hlk

s1µ 6= t1µ ∧ . . . ∧ snµ 6= tnµ

~Û h>øNl:ÞÂáBh1ési(hjisÞàh3ïPô Û h1Ü^isloÝ]ó ésisl:Ü^rjt5áBh3éskXä Û ésÞXåpu3isu3kGt Û

µ
r�t Û rjé Û t5ô Û h1h>á Û tKÞBt5áBl:ÞÂÜOtÈô Û l Û l:áBuCÝsh Û tKÝ^l:Þàési^l�Ü�Xr�t5áBl:npiÉhjÞÂáëÝsu3rjl:Ý^t5ô Û h»åZk
	Zr3hPtZé Û h3ïðïðhPâpæ1äªtZåZh»äskBu3rju3Ýshji�áBhZv
�

ç�â�\
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Chapitre 9
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%'&�(*),+.-0/1(*),2430562758),+.-:90;<-=-0>�?A@B),+.-'5C3D24-0>E3=-05CF�GHJILKNMPO<KNQSRUT.KNQWV=X�Y6I é[Z\ZC]
^`_bacacdfehg<i

j<kml n'oqprptsvumw'x�ovyUz<{qx�ovyU|W}�~�s*w�k�k6k6k�k6k�k6k6k�k6k�k�k6k6k�k6k�k6k6k�k6k�k�k6k6k�klL�[��v���������b�U�A�U�������q���N���q�\���q���������q�D�:�`�������`�`�������`�������`�`�������`�������`���`�����=�L��v����� �¡ ��=�h¢q£��A�C���f¤8�U���q�N¤'�C��� �L¢q�=�D�B�������`�`�������`�������`�`�������`�������`���`�����=�L�j<kS¥ ¦[§EwNyD¨qx�s*wª©¬«E{*ptsvE«Eo®®yCw°¯�«�±²{v}<~�oqyC|W³.Ew�k�k6k�k�k6k6k�k6k�k6k6k�k6k�k�k6k6k�klL�Elj<k�´ µ�{LyCz�³�«Es¶«�s1·C{vw=³[um~<yC|W³.tk¸k�k6k6k�k6k�k6k6k�k6k�k�k6k6k�k6k�k6k6k�k6k�k�k6k6k�klL�<¥
¹ MJR0º.Q ZA» R�T[R�¼[½v¾'¿[KNR é º » K=I ê I é ºÀRU¼Á¾1I » X<ÂC¾1I » QWÃ é R Z R » RU¼ÁQW¼[Ä7½*KN¾1I » QWÃ é R�År½ é K:KNÂ Z ½ é T[KNR�T[R Z:ZAÆ.ZAÇ»NÈ ¾ªR Z TÊÉ ÂUÃ é I » QS½v¼ ZC]fË IL¼ Z VUR¬V=X�I�Å�Q » KNR è ¼[½ é[Z Å[KNÂ Z RC¼ » ½v¼ Z<é ¼[R¬¼[½ éNê RCMWMWR¬¾ªÂ » X[½®T[R¬T[R�KNÂ Z ½vM é.» QW½v¼ÌÅÊ½ é KT<R Z6ZAÆ.ZA»NÈ ¾ªR Z TÊÉ ÂUÃ é I » QS½v¼ Z Å�ILK » QSV é MSQWR0KNR Z Ã é I*T.K=I » QWÃ é R ZC]rÍ Â Z ½ é T.KNR¸T[R » RCM Z�ZAÆ.ZA»NÈ ¾¸R Z R ZA» RC¼�ÎvÂU¼[Â0K=I*MÏQW¼ ÇT<ÂCVCQWT<IL¿<MWR ]rÐ ½ é[Z K=ILÅ[ÅrRUMS½v¼ Z TPÉ IL¿r½*KNT�Ã é RUMWÃ é R Z ¼<½ » QW½v¼ Z ¾1I » X[ÂC¾1I » QmÃ é R Z ¼[ÂCVUR Z\Z I*Q�KNR ZC]ÊÐ ½ é<Z T[Â0Ñ�¼[Q Z\Z ½v¼ ZRU¼ Zàé Q » R1MSR Z�Ò�ZAÆ.ZA»NÈ ¾ªR Z T[Â0ÅÊRC¼[T<I*¼ »NZ TÊÉ Â�Ã é I » QS½v¼ Z¸ÓZè VUR Z'ZAÆ.ZA»NÈ ¾ªR Z Ã é I*T.K=I » QWÃ é R Z V�I�K=I*V » Â0KNQ Z Â Z Å�ILK é ¼[RT<Â0ÅrRU¼[T<I*¼[VCR:MSQW¼[Â�ILQSKNR:RC¼ » KNR°VCRCK » I*QS¼[R Z$ê ILKNQmI�¿�MSR Z Å[KN½ ê QWRC¼[¼[RU¼ » T é Å[KN½*¿<M È ¾ªR:T[R Z ÂUV é KNQ » Â'År½ é K é ¼�QW¼ » K é[ZI*V » QSÄ ]ÊÐ ½ é<Z ¾ª½v¼ » KN½v¼ Z RC¼ Zàé Q » R1Ã é É QWMÔR ZA» ÅÊ½ Z\Z QS¿<MWRªT[R°KNÂ Z ½ é T.KNR¸T[R ZBZAÆ.ZA»NÈ ¾ªR Z T<Â0ÅrRU¼[T<I*¼ »NZ TÊÉ ÂUÃ é I » QS½v¼ ZC]Ð ½ é[Z ILÅ[Å<MWQWÃ é RCKN½v¼ Z VCR »\» R » RCVDX[¼[QmÃ é R1T[RªKNÂ Z ½vM é.» QS½v¼ÁÕÖMWI ê ÂCKNQ�Ñ�VUI » QS½v¼ÀT[R1Å[KN½ » ½®VC½vMSR Z VCK Æ Å » ½vÎLK=ILÅ<X<QWÃ é R ZT�IL¼ Z MWRBVDX<ILÅ<Q » KNR çU× Å�I*ÎvR çCØ®Ù�]Ð ½ é[Z VDX[½vQ Z Q Z\Z ½v¼ Z T[R'¼[½ é[Z QW¼ » Â0KNR Z\Z R0KÚÅ�M é[Z Å�ILK » QWV é MWQ È KNRC¾ªRU¼ » Õ

Z/2Z[h]
]<Ð ½ é[Z År½ éNê ½v¼ Z ½*¿ » RC¼[QSKÛMSR Z¾ªÜU¾¸R Z KNÂ Zàé M » I »NZ År½ é K

Z
è
Z/pZ

½ é
Z/pZ[h]

]vÝ I*MWX[R é KNR é[Z RC¾ªRU¼ »jè MmI6Å[KN½*År½ Z Q » QW½v¼ ç�Þ Å�I*Î*R Zàé Q ê I*¼ » RÚ¼ÊÉ R ZA»ÅEI Zfê K=I*QWR�ÅÊ½ é K
Z[h]

è ¾ªI*Q Z KNR ZA» R ê K=I*QWRfÅr½ é K
Z
è
Z/pZ

R »
Z/pZ[h]

] HbR »\» R�Å<KN½LÅÊ½ Z Q » QW½*¼Úß�½ é R é ¼8KNàvMSRbV0K é VUQWI*MT�IL¼ Z ¼[½ » KNRÚÅ[KN½®VCÂUT é KNRÚT[RÚKNÂ Z ½*M é.» QW½v¼1T[R ZbZAÆ.ZA»NÈ ¾ªR Z8Ò T[ÂCÅrRC¼<T<I*¼ »NZ�Ó TPÉ Â�Ã é I » QW½v¼ Z3è Å�ILKbVU½v¼ Z ÂUÃ é RU¼ » ¼[½ » KNRÅ<KN½�VUÂCT é KNR6¼<R » K=I*Q » RBÅ�I Z VCR8VUI Z MWÕ ]<Ð ½ » ½v¼ Z ß é[ZA» R8Ã é R6År½ é K
Z[h] á ]<Ë RCMmI é ¼[Rªâ Ë RUM ×qã ¿[ä�I¸¾ª½v¼ » KNÂ8Ã é R8MSRÅ<KN½L¿�M È ¾¸R8T[R Z ÂCV é KNQ » Â6År½ é K é ¼ÖQW¼ » K é[Z I*V » QWÄ�R ZA» QS¼[T<ÂCVCQWT<IL¿<MWR8T<I*¼ Z MSR8VUI Z

Z[h]
]

ç�å*æ
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,.-0/ 1325464�7980:<;=2?>A@CBD;=2?>FE0G.H679:I-
Ð ½ é[Zfé[» QSMWQ Z RCKN½v¼ Z T<I*¼ Z MmI Zàé Q » R è MmI�T[Q ê Q Z QW½v¼8R é VCMWQWT[QSRU¼[¼[R�R » MWR Z T[Â » RCKN¾¸QW¼<I*¼ »NZ�Zàé KÏMSR Z ¾1I » KNQSVUR Z3è ¼[½ » QW½v¼ Zé[Zàé RCMWMWR Z Ã é R8¼[½ é[Z ¼<R6K=ILÅ[ÅrRUMS½v¼ Z Å�I Z QWVCQ ]

JLKNM#KNM O _#P®dFP[eh_IQ�R iSPUTWVSX?Q�e�P.e�_YQ�R K
á ½vQ » ∑n

i=0 bih
i ½�Z bi ∈ Z/2Z

é ¼ÁÅÊ½*M Æ ¼[àv¾ªR�T[R
Z/2Z[h]

è MSR�Å[KN½®T é Q »
�
TÊÉ é ¼ÌÅr½vM Æ ¼[àv¾¸R�ÅEI�K é ¼» R0KN¾ªR

t
R ZA» T[Â0Ñ<¼<QPVC½v¾ª¾ªR Zàé Q »5[

(

n∑

i=0

bih
i)� t =

n∑

i=0 | bi 6=0

hi(t)

\W]S^�_a`Fbc^edgfih -Lj$k=?mlL;®2,)nlL;oj<?qpsr*>utL/1- h2 + 1 j<(vk5pS-°) -
kD/¶- x+ a lq?L><>r-xw
(h2 + 1)� (x+ a) = h2(x) + x+ h2(a) + a

y z*{#|F}�~�}c�u|��S����� ^�� ~ ^��A��� }�|��Az `#^ |��A�$|�~ ����� ?L2,) V = {v1, . . . , vm}
;.>�-D><5C-0/��0pS-5lq-��L-=3C) -D;�kD50F V -05D);®>�-0><50-0/���pS-olq-��*-N3C) -0;+kD5 QS¼[T<Â0ÅrRU¼[T<I*¼ »NZ 5�� 2cp�-��L275D) - αi

) -�p�90;<-85=2 α1v1 + . . .+ αmvm = 0 (qpS?vkD5 αi = 0j<?L;+k') ?L;.) 1 ≤ i ≤ m F��t>À-D><5C-D/��0pS-olq-��*-N3C) -0;+kD5B>r?L>�2 >$l ! j<-0>ulq(L><),5B5C?L>�)nlL2,),5 T<Â0ÅrRU¼[T<I*¼ »NZ ?L; MSQWÂ Z F
y z*{#|F}�~�}c�u|��u���Ny ^*�$� z ��� ?L2,) p =

∑n
i=0 bih

i ?v� bi ∈ Z/2Z
;.>6j<?qpsr*>utL/1-�lq- ZZ � pS-�lq- �vk ! lq- p -D5D)l !¢¡ ><2b3=?L/¸/1- deg(p) = max{i|bi 6= 0} F

JLKNM#K�£ ¤ V�R+¥�¦�P®dFP�RÌacdFP�§WVtacdFP.eN¨L¥Ûi�R K
Ð ½�© Z K=ILÅ[ÅrRCMW½v¼ Z QSVUQ`MWR Z T[R�©.º KNÂ Z ©[M » I »NZ ¾ªI » X[ÂU¾1I » QmÃ*©[R Z Ã*©[R¬¼[½�© Z © » QWMSQ Z R0KN½v¼ Z Å�ILKªMmI Z ©[Q » Rqª�År½�©.KKNÂ Z ½�©[T.KNR8MWR ZÚZAÆ.ZA»NÈ ¾ªR Z T[Â0ÅÊRC¼[T<I*¼ »NZ TÊÉ ÂUÃ*©<I » QW½*¼ ZC]

« � � ` � � }�~�}c�u|¬ d®� ?L2,) P ;.>.j<?qp¯rL>utL/¶-°lq- Z/2Z[h] � 2¢pr>S� -��L2 5=) -:90;±� ;®>�>r?L/���kN- ¡ ><2Ilq-Lj<?qpsr*>$tL/¶-05 Q ∈
Z/2Z[h] ) -0p²5°90;<- P < Q ≤ 0 F
² kN-0;+�*- [�³ R�T<RCÎ*KNÂ Z ©[K`MSR Z År½vM Æ ¼<à*¾ªR Z VU½*¼ ZA» Q » ©[R�©<¼�½*KNT.KNR Z ©.K`MWR Z År½vM Æ ¼[àv¾¸R Z ª 2 F -UF Z ½*Q » p R » q T[R0©.ºÅr½vM Æ ¼[àv¾ªR Z T[R

Z/2Z[h]
ª
p = q

Z Q
deg(p) = deg(q)

R »
p < q

Z Q
deg(p) < deg(q)

]PÐ ½�© Z © » QSMWQ Z ½v¼ Z VCR »½LKNT[KNR6År½�©.KÚÅ[KN½�©�´qR0KÚMWRBKNÂ Z ©[M » I » Å�ILKÚQS¼<T�©[V » QW½v¼ Z ©.KÚMWRBT<RCÎ*KNÂ8T[R Z ÅÊ½*M Æ ¼[àv¾ªR Z�[HJI Z T<R?µ�I Z R [ År½�©.KÚMWRBÅr½vM Æ ¼[àv¾ªRB¼+©[M¢ª�MSRBKNÂ Z ©[M » I » R ZA» Â�´.QST<RC¾ª¾ªRC¼ » ´®K=I*Q ]
¶ ¼[T�©<V » QW½*¼ [ á ©.Å[År½ Z ½v¼ Z Ã*©[R�År½�©.K » ½q© Z År½vM Æ ¼<à*¾ªR Z P T[RÛT[RCÎ*KNÂ d ª�QWM�¼ÊÉ R0º.Q ZA» RÛÃ*©ÊÉ ©<¼1¼[½v¾'¿[KNRÛÑ<¼[Q�T[RÅr½vM Æ ¼[àv¾ªR Z

Q ∈ Z/2Z[h]
» RUM Z Ã·©<R

P < Q ≤ 0
] Hb½v¼ Z QWT[Â0KN½v¼ Z ©[¼�ÅÊ½*M Æ ¼[àv¾ªR

P ′ T[R¸T[RCÎ*KNÂ d + 1
ªILMW½*K Z

P ′ = bdh
d + P

½�Z
bd ∈ Z/2Z

R »
P
©[¼ År½vM Æ ¼[àv¾¸R°T[R°T[RUÎ*KNÂ

d
] Hb½v¾ª¾¸R

bd
´vIq© »

0
½�©

1
ªEQWM¼ÊÉ RCº.Q ZA» RBÃ*©ÊÉ ©<¼�¼[½v¾8¿<KNR�Ñ<¼[QÊT[R�År½vM Æ ¼<à*¾ªR Z

Q ∈ Z/2Z[h]
» RCM Z Ã*©[R

P ′ < Q ≤ 0
ª®Å<M¸© Z Å[KNÂUVCQ Z RC¾ªRC¼ »T[R0©.º�Ä ½vQ Z MSR8¼[½v¾'¿[KNR8T<R6År½vM Æ ¼<à*¾ªR Z Å[KNÂ Z RC¼ »NZ RC¼ » KNR

P
R »

0
]

�

« � � ` � � }�~�}c�u|¬�¹ � ?L2,) A ;®>r-�/1(*)¢kD243=- n × m 5=;+k Z/2Z[h] ) -�p�pS- 9D;�-epS-D5 n �*-N3C) -0;+kD5ºp²2»�L>r-05 5C?L24-D>�)27>ul ! j<-D>ulq(L>�),5�¼ n ≤ m ½ (qpS?vkD55w
∃Q ∈ Z/2Z[h], ∀b ∈ Z/2Z[h]n, ∃X ∈ Z/2Z[h]m A ·X = Q · b ¾ æ®]»¿�À

Á -Ljup²;.5 Q -D5D)IpS-ol ! ) -�kD/¸27>r(L>�)Ll�� ;®>r-'50?L;.5
Â4/¶(*)¢kD2 3=-xlq- A F
¿CØq×
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² kN-D;��L- [ á ½vQ » Ã ©[¼[R8¾ªI » KNQWVCR m×m VC½v¼ ZA» K ©<Q » R'Õ°Å�ILK » Q�KÚT<RBMmI:¾1I » KNQWVCR A RC¼ I�ß�½�© » I*¼ » T<R Z MWQSÎv¼[R Z» RUMSMWR Z Ã*©[R » ½�© » R Z MWR Z MWQSÎv¼[R Z T[R
Ã
KNR ZA» RU¼ » QW¼[T[ÂCÅrRC¼<T<I*¼ » R ZC] á ½vQ » Q MWR:T[Â » R0KN¾ªQS¼�IL¼ » T[R Ã ª Q = det(Ã)

ªVU½v¾¸¾ªRfMWR Z MSQWÎv¼[R Z T[R
Ã
Z ½*¼ » QW¼[T[Â0ÅÊRC¼[T<I*¼ » R Z MWRfT[Â » R0KN¾ªQS¼�IL¼ » R ZA» ¼[½v¼'¼*©[M 24F7-�F ª Q 6= 0

]m¶ MqR ZA» T[½v¼[VfÅr½ Z\Z Q�¿�MSRT<RJV�I*MSV�©[MSRCK�M É QW¼·´qR0K Z R�T<R
Ã
ª*¼<½ » Â

Ã−1 ]�� ILKfVC½v¼ ZA» K ©[V » QS½v¼¸T[R`M É QW¼·´qR0K Z R�TPÉ ©[¼<R`¾1I » KNQSVUR Ã−1 = 1
Q .A

′ ªv½�Z A′R ZA» ©<¼[R6¾1I » KNQSVUR6Õ°VC½®R��1VCQWRC¼ »NZ T<I*¼ Z
Z/2Z[h] ¾ Å<M¸© Z Å<KNÂCVCQ Z ÂC¾ªRU¼ » A′ R ZA» MmI » K=I*¼ Z År½ Z ÂCR6T[R6MWI°VU½ Ç ¾ªI » KNQWVCRT<R

A
À=] á ½vQ » b ∈ Z/2Z[h]n

R »
b̃ ∈ Z/2Z[h]m

MWR�´qRCV » R�©.K
b
VC½v¾¸Å<MWÂ » Â¶Å�ILK:T[R Z VC½®R��1VUQSRU¼ »NZ I�K\¿�Q » K=I*QSKNR ZÅÊ½q©[Kf½L¿ » RC¼[QSK±©[¼o´qRCV » R�©.KfT[R » ILQWMWMSR

m
] á ½*Q » X̃ = Ã−1.Q.b̃

©[¼[R Z ½vM»© » QW½*¼¸Å�ILK » QWV0©[MWQ È KNR`Tg© ZAÆ.ZA»NÈ ¾¸R Z ©[Q¸´*I*¼ »
Ã · X̃ = Q.b̃

]	� K
X
R ZA» ½*¿ » RU¼*© Õ°ÅEI�K » QSKÛT[R

X̃
RU¼¬¼[R8ÎqILKNT<I*¼ » Ã·©<RBMWR Z

n
Å[KNRC¾ªQ È KNR Z MSQWÎv¼[R Z ª<T<½*¼<V

X
R ZA»Iq© Z\Z Q�©[¼[R Z ½vM¸© » QS½v¼ÖT[R

A ·X = Q.b
]
�

,�-�
 �� :S>��D;=79:����6BD4�7����62��o>F:�������B9G.H62?>FE�����:Y-
Ð ½�© Z ¼[½ » ½v¼ Z

X = {x1, . . . , xn}
M,É RC¼ Z RC¾'¿<MWR8T[R Z ´vILKNQWIL¿<MWR Z © » QWMWQ Z ÂUR Z T<I*¼ Z ©<¼ ZAÆ.ZA»NÈ ¾¸R8TÊÉ ÂUÃ*©<I » QS½v¼ ZC]

y6z*{#|A}�~�}c�u|U�! ��#"%$ � ~'& _ ^e_ �u|��g~��u| ^)( � � � }+* (�� �g� � ��~v} (�� ^ �-, z ( � ��~�}��u| ��� �t> 5�rL5D)/.0/1- l�� ! 9D;�(qÂ),24?L><5'-05=)�;.> ZAÆ®ZA»NÈ ¾ªRB¾ª½v¼[½ » ½*¼<R8Ã*©<I Z Q Ç Ã*©<I*T.K=I » QmÃ*©[R8TÊÉ ÂUÃ*©<I » QS½v¼ Z 5�� 2cp�-05=)Llq-°pS(Û@0?vkD/¶-85=;®2c�L(L>�) -ow
z[1, 1]� t1 + . . .+ z[1, n]� tn = u1

z[2, 1]� t1 + . . .+ z[2, n]� tn + z[2, n+ 1]� tn+1 = u2FFF
z[k, 1]� t1 + . . .+ z[k, n]� tn + . . .+ z[k, n+ k − 1]� tn+k−1 = uk

0 �6pS-05 t1, . . . , tn 50?L>�)Ylq-6) -
kD/¶-D5B3=?L><5D) (L><),5 � pS-05 tn+1, . . . , tn+k−1 � z[i, j] � -C) pW-D5 ui � j<?L;�k 1 ≤ i ≤ k-C) 1 ≤ j ≤ n + i − 1 � j<-D;��L-0>�)�5�� ! 3�kD2�k=-6w tx1

i � x1 + . . . t
xp

i � xp + t0i
?v��pS-05 xi

5C?L>�)?lq-D5��L(vkD24(·��pW-D5
lq- X � pS-05 txv

i
5C?L><)?lq-D5 ! p ! /1-0>�),5 lq- Z/2Z[h] -0) t0i -05=)Û;.>Ì) -�kD/1-¬3=?L>[5D) (L>�) F h -05o�*(vkD2 (·�0pS-05 z[i, j] 5C?L><)(�j·j�-�p ! -05 ´vI�KNQmIL¿<MWR Z T[R8VC½v¼ » R0º » R -0)�>r?L;®55l ! >r?*) ?L>[5�pN� -0>[5C-0/��0pS-olq-') ?L;[) -D5�pS-D5?�L(vkD24(·��pW-D5°lq-:3=?L>�) - �*) -Dj<(vk

Z = {z[i, j]/i = 1, . . . , k, j = 1, . . . , n+ k − 1} F
1 pS-85 r*5D)/.D/¶-°l�� ! 90;<(*),24?L><58-D5D)IlL2,) Ã*©<I Z Q Ç Ã*©<I*T.K=I » QmÃ*©[R 3=(vk?pW(�j$kN-0/:22.
k=- ! 90;<(*),24?L> >u� -05=)Sj<(L5�;®>r- ! 9D;�(qÂ),24?L>�90;<(·lvk=(*),2 90;<-'/1(L2 5?p²2 > ! (L2�kN-�F
1 pS-`5�rL5D)/.0/1-Û-D5D)AlL2,) ¾ª½v¼[½ » ½v¼[R 3=(vk�3D+.(q90;<-`/¶-D/���kN-±��(L;<30+.-Ú-05D)�3�kN?L275=5C(L>�)�l�� ! 90;<(*),24?L>�-0> ! 9D;�(*),2 ?L> � 2¢pkN-�j$kN-0>$l43°30+.(q9D;�-t@C?L275npW-D5J/650/1-05J) -�kD/¶-D5Ú3=?L><5D) (L>�),5Ú9D;Y� 3�pN� ! 9D;�(*),2 ?L>5j$k ! 3 ! lq-0>�) -Û(v�*-N3�lq-�>r?L;+�*-�p�pS-05�*(vkD2 (·�0pS-05Dlq-Ú3=?L>�) -��*) -Û-0)Ê5C-D;�pS-Û-D5D)�(87U?L;.) ! pW-Aj$k=?mlL;®2,) l�� ;®>r-`>r?L;+�*-�p�pS-D�L(vkD24(·�0pS- ti 3�pS( i .0/¶- ! 9D;�(*),2 ?L>(v�*-N3';®>r-'>r?L;+�*-�p�pS-x�L(vkD24(·�0pS-xlq-¸3=?L>�) - �*) - z[i, j] F
Ð ½�© Z T<ÂC¼[½ » ½v¼ Z Å�ILK

ti
MSR ´qRCV » R0©.K

(tx1

i , . . . , t
xp

i )
ªÏKNRU¾ªILK=Ã*©[½v¼ Z Ã*©[R

ti
¼[R�VC½v¼ » QWRC¼ » Å�I Z MSR Z:» R0KN¾ªR ZVU½v¼ ZA» I*¼ »NZC]Ð ½�© Z T[ÂCÑ<¼[Q Z\Z ½v¼ Z År½�©.Ko©[¼ ZAÆ.ZA»NÈ ¾ªR�¾ª½v¼[½ » ½v¼[R�Ã*©<I Z Q Ç Ã*©<I*T.K=I » QmÃ·©<R�TÊÉ ÂUÃ*©<I » QW½*¼ Z M,É RC¼ Z RU¾'¿<MSR

Li
» RCMÃ*©[R [

9 L0 = ∅
9 Li+1 = Li ∪ {ui+1}

Z Q
{ui+1} ∪ {uj |j ∈ Li}

Z ½v¼ » T<R Z ´qRCV » R0©.K Z QS¼[T<Â0ÅrRU¼[T<I*¼ »NZ R »
Li+1 = LiZ QW¼[½v¼ ]Ð ½�© Z:Z ©[Å[År½ Z ½v¼ Z Ã·©<R�MSR Z ´vI�KNQmIL¿<MWR Z T[R�VU½v¼ » R0º » R�T<R

Z
Z ½*¼ »:» ½ » I*MSRU¾ªRC¼ » ½*KNT[½v¼[¼[ÂCR Z Å�ILK.©[¼Ì½*KNT.KNRMWR0º.QWVC½vÎ*K=ILÅ<X[QmÃ·©<R Z ©.K:MWR Z QS¼[T<QSVUR Z'» RCM Z Ã·©<R

z[i, j] ≺ z[i′, j′]
Z Q�R »:Z R0©[MWRC¾ªRC¼ »:Z Q

i < i′
ª Z Q

i = i′
I*MS½*K Z

j < j′
]

y6z*{#|A}�~�}c�u|U� f �#"%$ � ~'& _ ^ ��z ` ^ |A�A��|$~��-,¸z (�� ��~�}c�u| ��� �P> 5�r*5D)/.D/¶-�l�� ! 90;<(*),24?L><5ª-D5D) T[ÂCÅrRC¼<T<I*¼ » 5�� 2cp-05D)t/1?L>r?*) ?L>r-69D;�(L5N2¢Â�90;<(·lvk=(*),2 90;<-6-C)t5=2P) ?L;.5DpS-D5 tn+i−1
j<?L;+k i ≤ k 5C?L>�)�) -�p²5Û90;<- {tn+i−1}∪{uj |j ∈ Li}@C?vkD/¶-D>�)f;.>À-D><5C-D/��0pS-olq-5�L-=3C) -D;�kD55l ! j<-0>ulq(L><),5CF

¿CØ�¿
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\W]S^�_a`Fbc^ed���� ?L;®5Ö3=?L><5=2�l ! kN?L><5Ö3=-¬5�r*5D)/.D/¶-ºl�� ! 90;<(*),24?L><5Ö90;<-¬>r?L;.5 ! ),;glL24?L>[5 (L; ¡ p9lq-�3=-�3D+.(�jE2,)¢kN-�F
� ?L;.5B>E?*) ?L><5 t1 = h(a)⊕ a -C) t2 = b⊕ h2(a) F

z[1, 1]� t1 ⊕ z[1, 2]� t2 = h(X1)⊕ h
2(X2)

z[2, 1]� t1 ⊕ z[2, 2]� t2 ⊕ z[2, 3]� (X1 ⊕ h(X2)) = X1 ⊕ a

z[3, 1]� t1 ⊕ z[3, 2]� t2 ⊕ z[3, 3]� (X1 ⊕ h(X2))⊕ z[3, 4]� (h(X1)⊕ h(a))

= h(X1)⊕ h
2(X2)⊕X1 ⊕ a

� -'5�rL5D)/.0/1-xl�� ! 9D;�(*),2 ?L><5°-05=)L�D24-0>�;®>�5 r*5D)/.D/¶-ol ! j<-0>ulq(L>�)Ll�� ! 90;<(*),24?L>[5°3N(vkxw
1 2cpÏ-D5D)�/¶?L>E?*) ?L>r-:90;<(L5=2¢Â�90;<(·lvkN(*),249D;�-olq-Lj<(vk850(15D)¢kD;<3C),;+kN-�F
1 t3 = X1 ⊕ h(X2) � u1 = h(X1)⊕ h

2(X2)
-0) t3 -05D)Ip²2 ! 3 {u1}

F
1 t4 = (h(X1)⊕ h(a)) � u2 = X1 ⊕ a

-C) t4 -05D)Yp²2 ! 3 {u1, u2}
F

� ^�_ � � (�� ^ d Á � (�j$k�.05LpS(8>r?*),24?L>Clq-�l ! j<-D>ulq(L>r3=-�2 >�)¢kN?mlL;.2 ) -�-0>�)¢kN-WpS-05 ti -0)ApS-05 ui
lq(L><5LpW(xl !¢¡ ><2 ),24?L>��	�j<(��q-9j$k ! 3 ! lq-0>�) - � 5=2 σ -C) σ′ 5C?L><)9lq-D;*�15=;��D5D),2,),;.),24?L>[5') -0p�pS-05¸90;<- uiσ = uiσ

′ j<?L;+k°) ?L;.) 1 ≤ i ≤ N (v�*-=3
i ∈ L (qpS?vkD5 tjσ = tjσ

′ j<?L;�k8) ?L;[) 1 ≤ j < n+N F
HbR »\» R6KNRU¾ªILK=Ã*©[R Z R0K=I Z ½�©�´qRU¼ » © » QSMWQ Z ÂURBQW¾¸Å<MSQWVCQ » RC¾ªRU¼ » T�IL¼ Z MmI:Å[KNR�©�´qRBT�© » X[ÂU½*K È ¾ªR ã®]

,.-�
 � Bn>F@ � �67 �67�FB9:%�°8�H >FE����a-
³ É QWT[ÂCR6Å[KNQW¼[VCQSÅ�I*MWRBT[RBMmI°KNÂ Z ½vM»© » QS½v¼¬T<R Z�ZAÆ.ZA»NÈ ¾ªR Z T[Â0ÅÊRC¼[T<I*¼ »NZ TPÉ Â�Ã·©�I » QW½v¼ Z ¾ T[ÂCÑ<¼[Q » QS½v¼ Ø�� Å�I*Î*R6Å[KNÂ ÇVCÂCT<RC¼ » R À VC½v¼ Z Q ZA» R1Õ¶¿r½*KN¼[RCK8V=X<IvÃ*©[Rx´vI�KNQmIL¿<MWR¸T[R¸VU½*¼ » R0º » R°ÅEI�K5©[¼ » R0KN¾ªR¸VU½v¼ ZA» I*¼ » VUI*MSV�©[MmI�¿�MSR1Õ�Å[KNQS½*KNQ

¾ » X[ÂC½*K È ¾ªR ã·À=] Hb½v¾ª¾¸RB¼[½�© ZJ» K=I�´*I*QWMSMW½v¼ Z`Z ©[K Z/2Z[h]
TPÉ ILÅ[K ÈUZ MmI'Å[KN½*År½ Z Q » QS½v¼ ¿�Þ Å�I*ÎvR ¿CØq× ª.QWMÊR0º.Q ZA» R�©[¼¼[½v¾8¿<KNR°Ñ<¼[QÏTÊÉ ÂUMSÂU¾ªRC¼ »NZ T<I*¼ Z ©[¼�QW¼ » RCK ´*I*MSMWR ]$¶ MÏ¼[R'KNR ZA» R°Å<M»© Z Ã*©ÊÉ Õ¶ÂU¼*©[¾ªÂ0KNRCK6M,É RC¼ Z RU¾'¿<MSR:T<R Z�Z ½vM¸© » QS½v¼ ZÅr½�©.K:MWR Z ´vI�KNQmIL¿<MWR Z T[R�VC½v¼ » RCº » RqªÏI*QW¼ Z QJ¼[½�© Z ½*¿ » RC¼[½v¼ Z ©<¼ ZAÆ.ZA»NÈ ¾ªR�MSQW¼[ÂUI*QSKNR ]ÔÐ ½�© Z KNÂ Z ½*M¸´q½v¼ Z I*MW½*K Z VCRZAÆ®ZA»NÈ ¾ªR6Å�ILKÛMSR Z ¾ªÂ » X<½�T<R Z X<IL¿<Q » ©[RCMWMWR Z T[R6KNÂ Z ½*M»© » QW½v¼ ]Ð ½�© ZJZ ÂCÅ�ILKN½*¼ Z MSR Z ´*ILKNQmIL¿<MSR Z T[R�VU½*¼ » R0º » R

Z
RU¼�T[R�©.ºªÅ�ILK » QWR Z ª.VCRUMSMWR Z Ã*©[QEÅ[KN½m´.QSRU¼[¼[RC¼ » T[R�M É RU¼ Z RC¾'¿<MWR

L
R » MSR Z Iq© » KNR ZC][Ð ½�© Z T[ÂCÑ<¼[Q Z\Z ½*¼ Z T[½v¼[V8M É RU¼ Z RC¾'¿<MWR

ZL = {z[i, j] | i ∈ L
R »

1 ≤ j < n+ i}
]

��� z*� � & _e^ � � ?L2 ) S(C) ;®>�5�rL5D)/.0/1-'/1?L>r?*) ?L>r-ol ! j<-0>$lq(L>�)Dl�� ! 90;<(*),24?L><5°90;<(·lvkN(*),249D;�-D5 � 5=2 S(C) (¶;®>r-50?qp�;.),24?L>�(qpW?vkD562cpÏ- �L2 5D) -8;.>r-85C?qp²;[),2 ?L> σ lq- S(C) ) -�p�pW-¸9D;�- 0 ≤ zσ < Qmax
j<?L;�k8) ?L;.) z lq(L><5 ZL

F
² kN-0;+�*- [
� ½q© » TÊÉ²IL¿r½*KNT KNRC¾1ILK=Ã*©[½v¼ Z Ã*©[R�År½�©.K » ½q© »

Z ′ VU½v¼ ZA» K ©[Q » MWQSÎv¼[R�Å�ILK�MWQWÎ*¼<R�VC½v¾ª¾ªR ZL
2 F -�F Z ′ =

{z[i, j] | i ∈ L
R »

1 ≤ j < n + i}
R »'» RCMbÃ·©<R

Z ′ ⊆ Z
ª Z Q

z1 ≺ z2
R »
z2 ∈ Z

′ I*MW½LK Z z1 ∈ Z ′ ]�Ð ½�© Z¾¸½v¼ » KN½v¼ Z Ã*©[RªÅr½�©.K » ½�© »
z
T<I*¼ Z

Z ′ Z Q S(C)
I�©[¼<R Z ½vM¸© » QW½v¼ÁI*MS½*K Z QWM�RCº®Q ZA» R�©[¼[R Z ½*M»© » QW½v¼

σ
T<R
S(C)» RCMWMSR°Ã*©[R

0 ≤ zσ < Qmax
]EÐ ½�© Z ½L¿ » RC¼[½v¼ Z MSR'KNÂ Z ©<M » I » T�© » X[ÂC½*K È ¾ªR ã RC¼�V=X<½*Q Z Q Z\Z IL¼ »

Z ′ = ZL
]EÐ ½�© ZK=ILQ Z ½v¼[¼[½v¼ Z ÅEI�KÛQW¼[T�©[V » QS½v¼ Z ©.KÛMSR8¼[½v¾8¿<KNR8TÊÉ ÂUMSÂU¾ªRC¼ »NZ T[R

Z ′

� � � � ^�� � �0^��
Z ′ = ∅

ª�MSRBKNÂ Z ©[M » I » R ZA» QW¾¸¾ªÂUT[QWI »U]
��|�� �A� ~�}��u| � á ½vQ » z = max≺(Z ′)

] � ©<Q Z Ã*©[R
Z ′ ⊆ ZL

ª�¼[½�© Z År½ Z ½v¼ Z
z = z[N,M ]

År½�©.K
N
ª
M
» RUM ZÃ·©<R

N ∈ L
R »

1 ≤ M < n + N
] � ILK�X Æ ÅÊ½ » X ÈCZ R TÊÉ QS¼<T�©[V » QW½v¼�QWMÛR0º.Q ZA» R'©<¼[R Z ½vM»© » QW½*¼

σ
» RCMWMSR�Ã*©[R

0 ≤ z′σ < Qmax
ÅÊ½q©[K » ½q© »

z′ ∈ Z ′ ½�Z z′ 6= z
]Ý I*QW¼ » RC¼<I*¼ » VC½v¼ ZA» K ©<Q Z ½v¼ Z ©[¼[R Z ½*M»© » QW½v¼

σ′ T[R S » RCMWMWRBÃ*©[R 0 ≤ zσ′ < Qmax
År½�©.K » ½�© »

∀z ∈ Z ′ ]�³ IVC½v¼ ZA» K ©[V » QS½v¼ªT[R
σ′ Z É R��rRCV » ©[R`RU¼1Ã·©�I » KNR�Â » ILÅrR ZC]*Ë I*¼ Z ©[¼[R�VUQS¼�Ã·©<Q È ¾¸R�R » T[R0KN¼<Q È KNR�Â » ILÅrR`¼[½�© Z Å[KN½�©�´q½v¼ ZÃ·©<R

σ′ R ZA» Iq© Z\Z Q�©[¼[R Z ½vM¸© » QW½v¼ÖT[R S ]¿L]�Ë Â0Ñ<¼<Q » QW½v¼¬T[R
σ′ År½�©.KÚMWR Z z′ » RUM Z Ã*©[R z′ ≺ zÐ ½�© Z T[Â0Ñ<¼<Q Z\Z ½v¼ Z�[

z′σ′ = zσ
ÅÊ½q©[K

z′ ∈ Z ′ \ {z}

¿CØ�Þ



�����+��� �v���$	+���?���������
	��������	�� �

Þ®]<Ë Â0Ñ�¼[Q » QW½v¼¬T[R
σ′ ÅÊ½q©[K z = z[N,M ]á Q z R ZA» Å<M»© Z Î*K=I*¼[T�Ã*©[R Qmax

¼[½�© Z T[Â0Ñ<¼<Q Z\Z QW½v¼ Z
K, r ∈ E

» RUMÛÃ*©[R
0 ≤ r < Qmax

R »
zσ =

r +K ·Qmax
R » ¼[½�© Z År½ Z ½*¼ Z?[

z[N,M ]σ′ = rå®]<Ë Â0Ñ�¼[Q » QW½v¼¬T[R
σ′ ÅÊ½q©[K x ∈ vars(S)Ð ½�© Z V=X[RCKNV=X[½v¼ Z Õ:T<Â0Ñ<¼[QSK

σ′ » RUMPÃ*©[R [
9 ÅÊ½q©[KÚV=X<IvÃ*©[R i ∈ L \ {N} ª uiσ − uiσ

′ = 0
9 uNσ − uNσ

′ = K ·QmaxtMσÐ ½�© Z T[R�´q½v¼ Z T[½v¼[VÛKNÂ Z ½�©[T[KNR�MSR Z Â�Ã·©�I » QW½v¼ ZbZ ©[Q¸´*I*¼ » R Z ½�Z�MWI�´vI�KNQmIL¿<MWR
X ′

i

VC½*K\KNR Z ÅÊ½*¼<T�Õ
Xiσ−Xiσ

′ [











uX1

1 uX2

1 . . . u
Xp

1]]]
uX1

N uX2

N . . . u
Xp

N]]]
uX1

` uX2

` . . . u
Xp

`












�







X ′
1]]]

X ′
p







=












0]]]
K ·Qmax � tMσ]]]

0












¾ æ®]²Þ·À

Ð ½�© Z År½�©�´q½v¼ Z KNÂ Z ½�©[T[KNR8MSR ZAÆ®ZA»NÈ ¾ªR8TÊÉ Â�Ã*©<I » QS½v¼ Z�Z ©[Q¸´*I*¼ » ½�ZÖMSR Z ´vI�KNQmIL¿<MWR Z
Yi
Z ½v¼ » T<R Z ÂCMWÂC¾ªRC¼ »NZ T[R

Z/2Z[h]
[












uX1

1 uX2

1 . . . u
Xp

1]]]
uX1

N uX2

N . . . u
Xp

N]]]
uX1

` uX2

` . . . u
Xp

`












·







Y1]]]
Yp







=












0]]]
K ·Qmax]]]

0












¾ æ®]²å·À

YÛK	�*VCR�Õ8MmIBÅ<KN½LÅÊ½ Z Q » QW½*¼ ¿�å Å�I*Î*R ¿CØq× ª�M É Â�Ã*©<I » QS½v¼ ¾ æ®]²å·À I�©[¼[R Z ½vM¸© » QS½v¼ (c1, . . . , cp)
] � ILKJVU½*¼ Z ÂUÃ*©[RC¼ »

(c1 � tMσ, . . . , cp � tMσ)
R ZA» ©<¼[R Z ½vM»© » QS½v¼�T<R ¾ æ®]�Þ·À=]EÐ ½q© Z År½�©�´q½*¼ Z T[½v¼[V°T[ÂCÑ<¼[QSK σ′ Z ©.K vars(C) » RUMÃ*©[R [

Xiσ
′ = Xiσ − ci � tMσ i = 1, . . . , pÍ RC¾1ILK=Ã*©[½v¼ Z Ã*©[RJVCR Z ¾ª½�T<Q�Ñ<V�I » QS½v¼ Z ¼PÉ I �rRUV » RC¼ » Å�I Z MWR Z ´vI�KNQmIL¿<MWR Z T[RJVC½v¼ » RCº » R�T[R

Z
ª�Å�ILKÔVU½*¼ Z ÂUÃ*©[RC¼ »¼<½q© Z ÅÊ½q©�´v½v¼ Z VC½v¼ » K=I*QW¼[T.KNRfMWR Z ´*ILKNQmIL¿<MSR Z T[RfVU½v¼ » R0º » R�T[R

Z
År½�©.KÏILK\KNQ ´qRCK�ÕJ¿Ê½LKN¼<R0K�MSR Z ´*ILKNQWIL¿<MWR Z KNR ZA» I*¼ » R ZC]

Ø[]<Ë Â0Ñ�¼[Q » QW½v¼¬T[R
z′σ′ År½�©.K z ≺ z′Í ILÅ[ÅrRUMS½v¼ Z Ã*©[R
z ≺ z′

Z QÊR »`Z R0©<MSRU¾¸RU¼ »�Z Q
z′
R ZA» ©[¼[R�´vILKNQWIL¿<MWR6VC½v¼ » RCº » R

z[i, q]
½�Z

i = N
R »
q > M

ª½�©
i > N

] � ILKÚVC½v¼ Z Â�Ã*©[RC¼ » ª Z Q
z ≺ z[i, q]

I*MS½*K ZÚZ ½*Q »
q = M

R »
i > N

ª Z ½vQ »
q 6= M

]

z[i, q]σ′ =







z[i, q]σ +

n+i−1∑

j=n+N

(

p
∑

l=1

tXl

j · cl) · z[i, j]σ
Z Q
q = M, i > N

z[i, q]
Z Q
q 6= M


 ]�� Â0KNQSÑ<VUI » QW½v¼ÖÃ*©[R
σ′ R ZA» ©[¼[R Z ½vM»© » QS½v¼ÖT[R SÍ RC¾1ILK=Ã*©[½v¼ Z TÊÉ IL¿r½*KNT [

tjσ = tjσ
′ Ä ½*K

1 ≤ j < n+N ¾ æ®] Ø+ÀHbRUVCQER ZA» ©[¼[R�VU½*¼ Z ÂUÃ*©[RC¼<VCR�T[R�MmI8KNRU¾ªILK=Ã*©[R Þ Å�I*ÎvRÛÅ[KNÂCVUÂCT[RU¼ » R�R » Tg©�Ä,ILQ » Ã*©[R
uiσ = uiσ

′ År½�©.K 1 ≤ i <
N
]

² kN-0/¸2 -�k�3=(L5 i < N
[ ¼[½�© Z VC½v¼[VUM¸©[½v¼ Z T[QSKNRCV » RC¾ªRC¼ » Î*K	�*VCR�Õ ¾ æ�] Ø+À R » Iq© Ä,I*Q » Ã*©[R uiσ = uiσ

′ ÅÊ½q©[K
1 ≤ i < N

]
¿CØqå
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Á -D;*�L2 .0/¶-¸3=(L5 i = N
[ ¼[½�© Z K=I�Å<ÅrRCMW½v¼ Z Ã*©[R

r = z[N,M ]σ −K ·Qmax ¾ æ®] 
 À

� ILKÛVC½v¼ Z Â�Ã·©<RC¼ »�[

n+N−1∑

j=1

z[N, j]σ′ � tjσ
′

=
M−1∑

j=1

z[N, j]σ′ � tjσ
′ + z[N,M ]σ′ � tMσ′ +

n+N−1∑

j=M+1

z[N, j]σ′ � tjσ
′

=

M−1∑

j=1

z[N, j]σ � tjσ + r � tMσ +

n+N−1∑

j=M+1

z[N, j]σ � tjσ

¾ RC¼C© » QWMSQ Z I*¼ » ¾ æ®] Ø Å�I*ÎvR6Å<KNÂCVCÂUT[RC¼ » R À R » z[N, j]σ = z[N, j]σ′ År½�©.K j 6= M
À

=
M−1∑

j=1

z[N, j]σ � tjσ + (z[N,M ]σ −K ·Qmax)� tMσ +
n+N−1∑

j=M+1

z[N, j]σ � tjσ

¾ Î*K	�LVUR8Õ ¾ æ®] 
 À À
=

n+N−1∑

j=1

z[N, j]σ � tjσ −K.Qmax � tMσ

= uNσ −K.Qmax � tMσ

¾ Åg©[Q Z Ã*©[R σ R ZA» ©[¼<R Z ½*M»© » QW½v¼¬T<R S À
= uNσ

′

¾ Å�ILKÚT[Â0Ñ�¼[Q » QW½v¼¬T[R σ′ À

� kN?L2 5=2 .0/¶-:3=(L5 i > N
[ ¼[½�© Z VU½*¼ Z QST[ÂCKN½v¼ Z MmI

i
È ¾ªR8ÂUÃ*©<I » QW½v¼¬T<R

S 24F7-�F [ ∑1≤j<n+i z[i, j] � tj = ui �
¼

© » QSMWQ Z IL¼ »
Xiσ

′ = Xiσ − ci � tMσ
ª<¼[½�© Z ½*¿ » RC¼[½v¼ Z�[

tjσ
′ =

∑

v∈FactE(C)\vars(C)

(tvj � v)σ
′ +

∑

v∈vars(C)

(tvj � v)σ
′

=
∑

v∈FactE(C)\vars(C)

(tvj � v) +

p
∑

l=1

(tXl

j �Xlσ)−

p
∑

l=1

(tXl

j .cl � tMσ) ¾ æ®]�ã�À

¿CØvØ
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� I�KÚVU½v¼ Z ÂUÃ*©[RU¼ » ¼<½q© Z ½*¿ » RU¼[½v¼ Z?[
n+i−1∑

j=1

z[i, j]σ′ � tjσ
′

=

M−1∑

j=1

z[i, j]σ′ � tjσ
′ + z[i,M ]σ′ � tMσ′ +

n+N−1∑

j=M+1

z[i, j]σ′ � tjσ
′ +

n+i−1∑

j=n+N

z[i, j]σ′ � tjσ
′

=

M−1∑

j=1

z[i, j]σ � tjσ + z[i,M ]σ′ � tMσ′ +

n+N−1∑

j=M+1

z[i, j]σ � tjσ +

n+i−1∑

j=n+N

z[i, j]σ � tjσ
′

¾ Å�ILK ¾ æ®] Ø Å�I*ÎvR ¿CØ�å�À R » z[N, j]σ = z[N, j]σ′ ÅÊ½q©[K j 6= M
À

=

M−1∑

j=1

z[i, j]σ � tjσ + (z[i,M ]σ +

n+i−1∑

j=n+N

(

p
∑

l=1

tXl

j · cl) · z[i, j]σ)� tMσ

+

n+N−1∑

j=M+1

z[i, j]σ � tjσ

+

n+i−1∑

j=n+N

z[i, j]σ · (
∑

v∈FactE(C)\vars(C)

(tvj � v)

+

p
∑

l=1

(tXl

j �Xlσ)−

p
∑

l=1

(tXl

j · cl � tMσ))

¾ Å�ILKÚT[ÂCÑ<¼[Q » QS½v¼ÖT[R σ′ R » ¾ æ®]²ã Å�I*ÎvRBVCQ Ç VC½v¼ » KNR À À
=

n+i−1∑

j=1

z[i, j]σ � tjσ

= uiσ

¾ Åg©[Q Z Ã*©[R σ R ZA» ©[¼[R Z ½vM¸© » QW½v¼ÖT[R S À
= uiσ

′

¾ VC½v¾ª¾ªR uiσ = uiσ
′ År½�©.K i > N

À
�
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� RU¼.KNQ � ½vQW¼[VUILKNÂ ]
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-�³[�y0·Co®|7�y0s*w'~r<s1{LyDo�ptsDAP|Ssq�«E{��PE| k�k6k�k6k�k�k6k6k�k6k�k6k6k�k6k�k�k6k6k�kl!2=2lv�<kFE4�¶±S~r�wN§EwNy0¨vx�s¶~r�s1{LyDo�pPsDAP|Wsv�«E{G�Pr|#9®s*·Uw8~r�wN§EwNyD¨qx�s
ME

AP|Ssq�«�{��Pr|,k l!2HElv�<k>I?�¶±S~r�wN§EwNy0¨vx�s
ME

AP|Wsv�«E{��PE|J9®sL·Uw8~r�wN§EwNyD¨qx�s1«E{LptsqE«�o.®y'«�±²{v}�~�ovyU|S³[Ew�kUl!2H��D�v� K*���C(GLv� �+M=¤8�J�q�N�=���L�+���U���L���N�O�m�P�N���=¢!�OQ!�h�=���R�*$��U���D�t�������`�`�������`�������`���`�����&%���D�v� K*� �  ��=�q¢!�N�������¸�q��£S���h�FS����U��¢!�h�U�t�������`�`�������`�������`�`�������`�������`���`������T���D�v� K*� 'VUb�q�Ú�U¢v�+�h�N�D�P���P�N�����h���A�C�������:�q�=�f��L*�h�+M=¤B�=�OWq���=�¸�q�N���q���D�v�������`�������`���`������TG%lv�<kF�4X�·C³.-�{v«r~�·Cs¶«Es¶«E{�-*|Ww0|S³[tk�k�k6k6k�k6k�k6k6k�k6k�k�k6k6k�k6k�k6k6k�k6k�k�k6k6k�kl�E=E
� R Z RCK ´*I*¼ » T[R » ½q© Z MSR Z KNÂ Z ©<M » I »NZ ½*¿ » RU¼*© Z T<I*¼ Z MWR Z VDX<ILÅ<Q » KNR Z Å[KNÂUVCÂUT[RC¼ »NZ ª�¼[½�© Z ¾¸½v¼ » KN½v¼ Z ¾1I*QS¼ » R Ç¼�IL¼ » T<I*¼ Z MWR » X[ÂC½*K È ¾ªR � Å�I*ÎvR ¿�ãvã Ã*©[R�MSR`Å[KN½*¿<M È ¾ªR�TÊÉ QW¼ Z ÂCV�©.KNQ » ÂÚI�´qRCV�MWI » X[ÂC½*KNQWR`Â�Ã·©�I » QW½v¼[¼[RUMSMWR�T�© Ò ½q©RCº.VCM»© Z QSÄ Ó I�´qRCV5©[¼ ZAÆ ¾'¿r½vMWR8TÊÉ X[½v¾¸½v¾ª½*K\Å<X[Q Z ¾ªR'R ZA» T<ÂCVCQWT<IL¿<MWR ]�Ð ½�© Z VU½*¼ Z QST[ÂCKN½v¼ Z I*MS½*K Z MWR Z Å[KN½ » ½�VU½vMSR ZKNRCÅ[KNÂ Z RU¼ » Â Z ÅEI�KÛT[R Z�ZAÆ.ZA»NÈ ¾ªR Z T[R8VC½v¼ » K=I*QW¼ » R Z ¿<QWRC¼¬T[ÂCÑ<¼[Q Z ¾ T[ÂCÑ<¼[Q » QS½v¼ å�¿ ÅEILÎvR ¿UÞ�¿�À=]Ð ½�© Z T[ÂCÑ<¼[Q Z\Z ½*¼ Z TÊÉ²IL¿r½*KNTÖMWR Z ¼[½ » QS½v¼ Z QS¾¸År½*K » I*¼ » R Z T[R » RCKN¾ªR Z ª Z ½�© ZAÇ » R0KN¾ªR Z ª�Å<KNR0©�´qR Z R »ÛZ ½*M»© » QW½v¼ ZC]

�
¼ Z ©<Q » RÛ¼[½�© Z K=ILÅ[ÅrRUMS½v¼ Z MWRÚKNÂ Z ©[M » I » T[RÛMW½®VUI*MSQ » Â�År½�©.Kn©[¼¶QW¼ » K © Z Å�I Z\Z QWÄPI�´qRCVÛMmI » X[ÂU½LKNQWRÛÂUÃ*©<I » QW½*¼<¼[RCMWMSRÛT�©Ò ½q©ÖR0º.VCM»© Z QWÄ Ó R » T[RBM É X<½*¾ª½v¾ª½*K\Å<X[Q Z ¾¸R ]�Ð ½q© Z Å[KN½�©�´q½*¼ Z I*MW½LK Z Ã*©ÊÉ QWMÊRCº®Q ZA» R » ½�©Lß�½�©.K Z ©<¼[R Z ½vM»© » QS½v¼ Ã*©[QVU½v¼ Z R0K ´qR'MmI Ò¸ZA» K ©[V » ©.KNR Ó T[R ZÚ» RCKN¾¸R Z Å[KNÂ Z RU¼ »NZ T<I*¼ Z MmI1VU½*¼ » K=ILQW¼ » R�ªE¼[½�© Z ILÅ[ÅrRUMS½v¼ Z ©[¼[R » RCMWMWR Z ½vM¸© » QW½v¼
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©[¼[R Z ½vM»© » QW½*¼ªVU½*¼ Z R0K ´*I » KNQWVCR ¾ T[ÂCÑ<¼[Q » QS½v¼ ã�¿ ÅEILÎvR ¿ 
 ¿�À=]vÐ ½q© Z ¾¸½v¼ » KN½v¼ Z RC¼ Z ©[Q » R�Ã*©ÊÉ QWM.RCº®Q ZA» R » ½�©LßA½�©.K Z ©[¼[RZ ½*M»© » QW½v¼ VC½v¼ Z R0K ´vI » KNQSVURqª�VCRUMWIÖ¼[½�© Z ÅrR0KN¾ªR » TÊÉ Â » RC¼<T.KNR1MWR1KNÂ Z ©[M » I » T<R1MW½®VUI*MSQ » Â¶½L¿ » RC¼*© T<I*¼ Z MSR¶VUI Z VCMW½ Z
¾ VUI Z Å�I Z\Z QSÄ À Iq© Ò V�I Z I*V » QWÄ Ó*]qÐ ½�© Z År½�©�´q½v¼ Z I*MW½LK Z�» K=I*¼ Z Ä7½*KN¾ªR0KbÅ�ILKbMSRÛMWRC¾ª¾ªR Øq× Å�I*ÎvR ¿ 
 
 ª*©[¼ ZAÆ.ZA»NÈ ¾¸RT[R:VU½v¼ » K=I*QS¼ » R Z ¿<QWRC¼�T[ÂCÑ<¼[QF´qR0K Z ©<¼ ZAÆ.ZA»NÈ ¾ªR¸T[R:VU½v¼ » K=I*QS¼ » R Z ©[¼[RªÂ » ILÅrR'¿�QSRU¼�T[Â0Ñ<¼<Q ]	� Å�ILK » Q�KBTPÉ ©[¼ » RUMZAÆ®ZA»NÈ ¾ªRb¼[½�© Z VC½v¼ ZA» K ©<Q Z ½v¼ Z I*MW½*K Z ©[¼ ZAÆ.ZA»NÈ ¾ªR

ME

T[RbVC½v¼ » K=I*QW¼ » R Z ¾ MWRC¾ª¾ªR Øg¿ Å�I*Î*R ¿ 
 Ù�À=]�Ð ½�© Z T[Â » I*QWMSMW½v¼ ZVC½v¾ª¾¸RU¼ » KNÂ Z ½�©[T.KNRL©[¼ ZAÆ®ZA»NÈ ¾ªR
ME

RU¼:MWR » K=I*¼ Z Ä ½*KN¾ªI*¼ » RC¼o©[¼ ZAÆ®ZA»NÈ ¾ªRJTÊÉ ÂUÃ*©<I » QS½v¼ Z T[Â0ÅÊRC¼[T<I*¼ » R ZC]*Ð ½�© ZZ I0´q½v¼ Z KNÂ Z ½�©[T[KNR�Î*K	�*VCR6Iq©�VDX<ILÅ<Q » KNR æ Å�I*Î*R ¿�åvæ VCR »hÆ ÅrR�TPÉ Â�Ã·©�I » QW½v¼ ZC] � ½�© Z VCR Z KNÂ Z ©[M » I »NZ ÅrR0©�´vRU¼ » Iv© Z\Z QÜ » KNR6½*¿ » RU¼*© Z ÅÊ½q©[K`MWR Z`» X[ÂC½*KNQWR Z ÂUÃ*©<I » QS½v¼[¼<RCMWMSR Z
Z
ª
Z/pZ

ª
Z/pZ[h]

R »
Z/2Z[h]

][Ë I*¼ Z VUR6V=X�I�Å�Q » KNR�ª.¼[½�© ZÅ[KNÂ Z RU¼ » ½v¼ Z RC¼ÖT[Â » I*QWM Z MWI:Å[KN½®VUÂCT�©.KNR8T[RBT<ÂCVCQ Z QW½*¼¬År½�©.K
Z/2Z[h]

ª<MSR8VUI Z MWRBÅ<M¸© Z VU½*¾¸Å<MWR0º.R'Õ:¼<½ » KNR'I�´®Q ZC]Ð ½�© Z T<½*¼<¼[½v¼ Z TÊÉ²IL¿r½*KNT�T�IL¼ Z MmI°Ñ<Î�©.KNR ¿U×.]»¿ MSR ZAÆ.ZA»NÈ ¾¸RBT[R Ë ½vMSR0´ Ç�
 I*½¸I�´vRUVBMSR�Ã·©<RCMr¼<½q© ZJ» K=I�´*I*QWMSMW½v¼ ZT<I*¼ Z VURÚV=X<ILÅ<Q » KNRqª�¼[½�© Z KNRUÎ*KN½q©[År½v¼ Z MSR Z ILÅ[Å<MWQSV�I » QS½v¼ Z T[R Z K È ÎvMWR Z
(GX)

R »
(h)
T�IL¼ Z ©[¼[R Z R0©[MWR Ò ¾ªI*VCKN½ ÓK È ÎvMSR

(ME)
ª<½qZ
F
R ZA» M É RU¼ Z RC¾'¿<MWR8T<R ZÚZAÆ ¾'¿r½vMWR Z T[RBÄ ½v¼[V » QW½v¼ Z Ã·©<RB¼[½�© Z VC½v¼ Z QWT[Â0KN½v¼ ZC]

(UL)
T ` 〈u, v〉

T ` u

Hb½v¾¸År½ Z Q » QW½v¼
(C)

T ` u1 . . . T ` un ½�Z
f ∈ F r {+, h, 0}

T ` f(u1, . . . , un)

(UR)
T ` 〈u, v〉

T ` v

Hb½v¼ » RCº » R
(ME)

T ` u1 . . . T ` un I�´qRCV
C
©[¼

E
Ç VC½v¼ » R0º »

T ` C[u1, . . . , un] ↓

Ë ÂCVDX[Q �rKNRC¾ªRC¼ »
(D)

T ` {u}v T ` v

T ` u

������D¿C×.]�¿ 9 Ë ½vMWR�´ Ç�
 IL½ Â » RU¼[T�©�År½�©.K°MWI » X[ÂU½*KNQSR1Â�Ã·©�I » QW½v¼[¼[RUMSMWR����������*ªt½�Z C R ZA» M É²I�Å<Å<MSQWVUI » QW½v¼ TÊÉ ©<¼År½vM Æ ¼[àv¾ªRBT[R
Z/2Z[h]

]
HbR¶¾ª½®T È MWR¶VU½LK\KNR Z År½v¼[TÌÕÖVURCM»©[Q�T[R�MWIÖÑ<Î�©.KNR 
 ]²Þ Å�I*ÎvR Ù 
 ªÏ½�Z MmIÖÄ ½v¼[V » QW½v¼ T[R¶VDX[Q �rKNRC¾ªRC¼ » R ZA» ´�©[RVC½v¾ª¾¸R�©<¼[R6K È Î*MWRBT<R8VC½v¾¸År½ Z Q » QW½v¼Sª[V�ILKÚRUMSMWR8ILÅ[Å�ILK » QWRC¼ » Iq©.º ZAÆ ¾'¿r½vMSR Z T[R8Ä7½v¼[V » QS½v¼¬T[R

F r {+, h, 0}
]

/���-0/ � B � ��E�>FE�����:Y-
Ð ½�© Z K=I�Å<ÅrRCMW½v¼ Z TPÉ IL¿r½*KNTÖÃ*©[RUMWÃ*©[R Z T[ÂCÑ<¼[Q » QS½v¼ Z ¾1I » X[ÂC¾1I » QWÃ*©[R Z © Z ©[RUMSMWR ZC]

y z*{#|F}�~�}c�u|�� � �"! � � ��^ � } ^ |$#��u|��Az � � ?L2,) E ;.>�-0>[5C-0/��0pS-6>r?L>C�U2�lq- � ;®>r-�kN-0pS(*),24?L> R 5=;�k E -05D) ¿<QWRC¼Ä7½v¼[T[ÂUR¸½�© >r?�-0),+ ! kD24-D> 5=2Ú-C)�5C-D;�pS-0/1-0>�)�5�� 2cp � ! kD2 ¡ -�pN� ;®>r-6lq-D5�lq-D;*��3=?L>ulL2 ),24?L><5°5=;®2c�L(L>�) -05C¼ ! 90;®2c�L(qpS-0>�) -D5l�� (�j$k�.05?pN� (m�L24?L/1-xlL;�30+.?L2»� ½ w
1&% pÊ>S� - �L2 5D) -Lj�(L55lq-85=;®2,) -82 > ¡ ><24- (xn) l�� ! p ! /1-0>�),5°lq- E ) -0p�pS-ª9D;�- xn+1Rxn

j<?L;�k8) ?L;.) n F
1 ² ?L;+k�) ?L;[) -Yj�(vk0),2 - X lq- E � 2¢pÊ- �L2 5D) -�;.> ! p ! /¶-D>�) x lq- X >u� (vr�(L><)�(L;<30;®> ! p ! /¶-0><) y lq- X ) -�pP90;<-
yRx F

y z*{#|F}�~�}c�u| �('��"! � � ��^ ~m�g~�� b�� �P>�?vk lvk=-6) ?*) (qpr-05D)Ô;®>�?vk lvkN-�lq(L>[5�pS-=9D;�-�pr) ?L;®5�pS-05 ! p ! /¶-D>�),5�50?L>�)Ylq-D;*�
3 lq-0;·��3=?L/�j<(vkN(·�0pS-D5CF
y z*{#|F}�~�}c�u| �u¬ �Ny � _ ��}�| ^º^ ~ �m� �F� ~�}�~ � ~�}��u| � �t>r-Ö5N;��D5D),2,),;.),24?L> σ -05D)8;®>r-�(�j·jup�2 3=(*),24?L> l�� ;®>�5C?L;.5�Â-D><5C-D/��0pS- ¡ ><2Ilq- X �*-
kD5 T (F ,X ) F � -'5C?L;®5
Â�-0><5C-D/���pW- ¡ >[2J-05=)`(�j·j�-�p ! lq?L/¶(L27>r-xlq- σ -0)�>r?*) ! dom(σ) F
y z*{#|F}�~�}c�u| � d � � _ � ��^���h � 27/¶(��q-�l�� ;®>r-65=;g�05=),2,),;.),24?L> σ -D5D)#pN� -0>[5C-0/��0pS- img(σ) = {xσ|x ∈ dom(σ)} F
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M��LKNM#KNM � iPg�a iAR���Rq_I¥�R
	mP.iPg<aci�R���Nd��$P®i�¥ÛggR K
Ð ½�© Z QS¼ » KN½�Tg©[Q Z ½v¼ Z MSR Z ¼[½ » QW½v¼ Z�Z ©[KÚMWR Z�» R0KN¾ªR Z ª Z ½�© ZAÇ » R0KN¾ªR Z R » Ä I*V » R�©.K Z © » QWMSQ Z ÂCR Z ÅEI�KÛMmI Z ©<Q » R ]

y6z*{#|A}�~�}c�u| �g¹ � � ^+�v_ ^º� ~m��|A�A� � � � �P>À) -�kD/1- t -05D) ZA» I*¼[T�I�KNT 5=2`-0)b5C-0;�pS-0/¶-D>�)J5=2 t >u� -D5D)Aj<(L5°lq-xpW(@C?vkD/¶- f(t1, . . . , tn) ?v� t1, . . . , tn 5C?L>�)�lq-05¸) -�kD/1-05¶-C) f -05D)Ú;.>Á5�rL/��=?qpS- lq-Û@C?L>r30),24?L>�lq-�pS(Ö5=2¸�*>r(*),;+kN-
{0, h,+} F��b>�j<(vk0),2430;�p²24-
k') ?L;.) -5�L(vkD24(·�0pS-¸-05=)�;.>�) -
kD/¶-85D) (L>ulq(vk lqF
\W] ^�_a`Fbc^ ¹ ' h -�) -
kD/¶- x ⊕ h({y}k) ⊕ 〈x, b〉 >S� -05D)�j<(L5 ;.> ) -
kD/¶-�5D) (L>$lq(vk�l�(qpS?vkD5�90;<-apS-05�) -�kD/1-05
〈h(x)⊕ a, b〉 -C) {x⊕ a}k 50?L>�)Llq-05B) -�kD/1-05B5=) (L>ulq(vk lL5CF
y6z*{#|A}�~�}c�u| ��� � � ^+�v_ ^ �Az � � _ ` � � � �Fbc^���� ?L2,) P ;®>r-Wj$kN-0;+�*-�lq- T ` u F � ?L;.5olL2 50?L><5¸9D;Y� ;.>À) -�kD/1-5D) (L>ulq(vk l v -D5D)Ll ! 3=?L/Wj<?L5C(·�0pS-°lq(L><5 P 5=2Iw

1 5C?L2 ) v = 〈u1, u2〉
-C) P 3=?L>�),2 -0>�)`;.>r-¸2 ><5D) (L>E3=- lq- (UL) ?L; (UR) lq?L>�)DpN� +·r
j<?*),+ .D5C-¶-D5D) ! ),2490;<-C) ! -j<(vk T ` 〈u1, u2〉
F

1 5C?L2 ) v = {u1}u2

-0) P 3N?L>�),24-D>�)�;.>r-�2 >[5D) (L>r3=-�lq- (D) lq?L>�)�pS-051+·r
j<?*),+ .D5C-05ª5C?L>�) ! ),2 90;<-C) ! -D5�j<(vk
T ` {u1}u2

-0) T ` u2
F

y6z*{#|A}�~�}c�u| ��������� � ~ ^��A������� ?L2 ) t ;.> ) -
kD/¶- -0> @C?vkD/¶- >E?vkD/¶(qpS- � >r?L;®5il !�¡ >[2 5=5C?L>[5�j<?L;�k t =

C[t1, . . . , tn] ?v� t1, . . . , tn 50?L>�)xlq-05Ö) -
kD/¶-D5�-C) C -05D)8;.>��SÂ�3=?L>�) - �*) - � pN� -D><5C-0/��0pS- FactE(t) lq-D5 Ä I*V Ç» R�©.K Z lq- t j�(vk FactE(t) = {t1, . . . , tn}
F

\W] ^�_a`Fbc^ ¹S¬ � ?L><5=2�l ! kN?L><5LpW-D5�)¢kN?L2 5`) -�kD/1-05`5N;.2��*(L>�),5 t1, t2 -C) t3 F � (qpS30;�pW?L>[5DpS-0;+kD5Û-0><50-0/���pS-05P@C(q3C) -D;�kD50F
t1 = h2(a)⊕ b⊕ x FactE(t1) = {a, b, x}

t2 = h(〈a, b〉)⊕ x FactE(t2) = {〈a, b〉, x}

t3 = 〈a⊕ b⊕ x, d〉 FactE(t3) = {t3}

y6z*{#|A}�~�}c�u| �g� �#" � �A� *N~ ^��v_e^����ah � -0>[5C-0/��0pS-
StE(t) lq- Z ½�© ZAÇ » R0KN¾ªR Z lq- t -05D)9pW-�jup²;.5Wj<-C),2,)�-0><5C-D/���pW-lq-') -�kD/¶-D58) -0p�9D;�-ow

1 t ∈ StE(t) �
1 � 2 f(t1, . . . , tn) ∈ StE(t) -C) f(t1, . . . , tn) -05D)f;®>�) -�kD/1-'5D) (L>ulq(vk l�(qpS?vkD5 t1, . . . tn ∈ StE(t) �
1 � 2 s ∈ StE(t) -0) s >u� -D5D) j<(L5B;®>�) -�kD/1-'5D) (L>ulq(vk l�(qpS?vkD5 FactE(s) ⊆ StE(t) FÐ ½�© Z Â » RC¼[T[½v¼ Z VCR Z ¼<½ » QW½v¼ Z T[RJ¾1I*¼[Q È KNR`¼<I » ©.KNRUMSMWR�Iv©[º'RU¼ Z RC¾'¿<MWR Z T[R » RCKN¾¸R Z 24F7-�F Z ½vQ » T ©[¼¸RC¼ Z RC¾'¿<MWRT<R » R0KN¾ªR Z ¼[½�© Z ÅÊ½ Z ½v¼ Z5[

StE(T ) =
⋃

t∈T

StE(t)

\W] ^�_a`Fbc^ ¹ d�� - j$k=-D>r?L><5�pS-D5�) -�kD/1-05?lq-�p � -��q-0/WjupS-����ª-C)�3N(qpW3D;�pS?L><5�pS-05B-D><5C-D/��0pS-D5�lq-�5C?L;.5�Âh) -
kD/¶-0563=?vk�Â
k=-D5�j<?L>ulq(L>�),5�w

t1 = h2(a)⊕ b⊕ x FactE(t1) = {a, b, x} StE(t1) = {t1, a, b, x}

t2 = h(〈a, b〉)⊕ x FactE(t2) = {〈a, b〉, x} StE(t2) = {t2, 〈a, b〉, a, b, x}

t3 = 〈a⊕ b⊕ x, d〉 FactE(t3) = {t3} StE(t3) = {t3, a⊕ b⊕ x, d, a, b, x}Í RC¾1ILK=Ã*©[½v¼ Z Ã*©[R�MmIÀVU½*¼ ZA» IL¼ » R
0
R ZA» ©[¼[R�VC½v¼ Z ÂUÃ*©[RU¼[VCR�T[R�MmI�K È ÎvMSR

(ME)
]bË R Å<M»© Z

0
¼ÊÉ R ZA» Å�I Z

©<¼ » RCKN¾ªR ZA» IL¼<T<ILKNT�Å�ILK�T[ÂCÑ<¼[Q » QS½v¼ R » MWR Z Ä,I*V » R0©[K Z T[R » ½�© »¶» R0KN¾ªR Z ½v¼ » ¼<ÂCVCR Z\Z I*Q�KNRU¾¸RU¼ » T[R Z1» R0KN¾ªR ZZA» I*¼[T�I�KNT ZC]
« � � ` � � }�~�}c�u|¬*� � ?L2 ) t ;®>�) -�kD/¶-:-C) σ ;.>r-85=;g�05D),2 ),;[),2 ?L> � >r?L;®5'(v�*?L><55w

StE(tσ) ⊆ StE(t)σ ∪
⋃

x∈vars(t)

StE(xσ)
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² kN-0;+�*- [ÖÐ ½�© Z Å[KN½�©�´q½v¼ Z VUR »\» R6Å[KN½*År½ Z Q » QS½v¼¬Å�ILKÚQS¼<T�©[V » QW½v¼ ZA» K ©[V » ©.KNRUMSMWR Z ©[K t ]
9 á Q t R ZA» ©<¼[R8VC½v¼ ZA» I*¼ » R8½q©�©[¼<R�´*ILKNQmIL¿<MSR�ª<I*MW½*K Z StE(tσ) = StE(t)σ

]
9 á Q t R ZA» ©<¼ » RCKN¾ªR ZA» I*¼[T<ILKNTSª 24F -UF t = f(t1, . . . , tn)

I0´qRUV
f ∈ F \ sig(E)

ª[¼<½q© Z I�´v½v¼ Z�[
StE(tσ) = {tσ} ∪

⋃n
i=1 StE(tiσ)

Å�ILKÚT[Â0Ñ�¼[Q » QW½v¼
⊆ {tσ} ∪

⋃n
i=1 (StE(ti)σ ∪

⋃

x∈vars(ti)
StE(xσ))

ÅEI�KÚX Æ ÅÊ½ » X ÈCZ R8TÊÉ QS¼<T�©[V » QW½v¼
⊆ StE(f(t1, . . . , tn))σ ∪

⋃

x∈vars({t1,...,tn} StE(xσ))

⊆ StE(t)σ ∪
⋃

x∈vars(t) StE(xσ)

9 á Q t ¼ÊÉ R ZA» Å�I Z ©[¼ » R0KN¾ªR ZA» I*¼[T<ILKNTSª�I*MW½LK Z ¼[½�© Z I�´v½v¼ Z t = C[t1, . . . , tn]
½�Z

t1
ª ]C]U] ª

tn
Z ½*¼ » T[R Z» R0KN¾ªR ZÚZA» I*¼[T�I�KNT Z R »

C
R ZA» ©[¼ � Ç VU½v¼ » R0º » R ]�Ð ½q© Z I�´v½v¼ Z T[½v¼[V

StE(tσ) = {tσ} ∪ StE(FactE(tσ))Å�ILKÛT[Â0Ñ�¼[Q » QW½v¼Sª�½*K
FactE(tσ) ⊆

⋃n
i=1 tiσ

]<Ð ½�© Z År½�©�´q½*¼ Z I*MS½*K Z R��rRCV » ©[R0KÚMWR8¾ªÜC¾ªRBK=I*Q Z ½v¼[¼[RU¾ªRC¼ »Ã·©<R6Å[KNÂUVCÂCT<RC¾ª¾ªRC¼ »U]
� Ð ½�© Z År½�©�´q½v¼ Z Â0´®QWT[RU¾¸¾ªRU¼ » Â » RC¼<T.KNR:MmI�Å[KN½*År½ Z Q » QW½v¼ ¿0Ø Å�I*ÎvR:Å[KNÂUVCÂCT<RC¼ » RªIq©.º�RU¼ Z RC¾'¿<MWR Z T[R Z ½�© ZAÇ» R0KN¾ªR ZC]<Í RC¾1ILK=Ã*©[½v¼ Z ª » ½�© » RCÄ ½vQ Z ª�Ã*©[RBM É QW¼[VUM¸© Z QW½v¼ÖT[½vQ » Ü » KNR ZA» KNQWV » RBVU½v¾¸¾ªR8MSR8¾ª½v¼ » KNRBM É R0º.RC¾¸Å<MWR åvå®]
\W]S^�_a`Fbc^ ¹�¹ � ?L2 ) t = x ⊕ y -0) σ = {x 7→ a; y 7→ a} F � ?L;.5�(v�L?L><5 StE(tσ) = {0} ) (L>ulL2 5�9D;�-
StE(t)σ ∪ StE({xσ, yσ}) = {0, a} F
M �LKNM#K £ � g[i�¥���i�R K
Ð ½�© Z QW¼ » KN½®T�©[Q Z ½v¼ Z MWI ¼[½ » QS½v¼ÁT[R » R0KN¾ªR¶T[ÂUT�©[V » Q�¿<MWR�RC¼ ©[¼[R�Â » ILÅrR�T<I*¼ Z ©[¼<R1Å<KNR0©�´qR¶Å�ILKx©[¼<R¶QW¼ ZAÇ» IL¼<VCR¸TÊÉ ©<¼[R¸K È ÎvMSR¸Å[KNÂCVUQ Z R�ªÊT<I*¼ Z MSR:¿�© » T[R¸T[Q ZA» QS¼<Îq©<R0K8MWR Z K È Î*MWR Z T[R Ò VU½*¾¸År½ Z Q » QS½v¼ Ó R » MWR Z K È Î*MWR Z T[RÒ T<ÂCVC½v¾¸År½ Z Q » QS½v¼ Ó*]

y z*{#|F}�~�}c�u| �  �����* �Az+� ��� ~v} � b�^'^ | � | ^ z·~m� `#^�� �P>ª) -�kD/1- u -D5D)�� Ç T[ÂUT�©[V » Q�¿<MWRfRC¼?©<¼[R�Â » ILÅrR 3±j<(vk0),2�k
l�� ;.>�-0><5C-D/���pW-olq-') -
kD/¶-05 T 5=2Iw

1 T ` u -D5D)�;®>r-Dj$kN-0;+�*-xlq- T ` u ¼424F7-�F u ∈ T ?L; u = 0 ½��
1 2cpÏ- �L2 5D) - u1, . . . , un

) -0p²5°9D;�-	�
���1-05=)�;.>r-Lj$kN-0;+�*-olq- T ` u lq-°pS(Ú@C?vkD/1-'5=;®2c�L(L>�) -ow
T ` u1 . . . T ` un ����

T ` uh -ª) -
kD/¶- u -05D) T[ÂUT�©[V » Q�¿<MWR¸RC¼�©[¼[R¸Â » ILÅrR 3°j<(vk0),2ck.lq- T 5=2 u -05D) R ÂNl ! lL;<3C),2��0pS- 3°j<(vk0),2ck.lq- T �qk��q3=-63;®>r-85C-0;�pS-°k�. �qpS- R lL;Ö5�rL5D)/.0/1-xl�� 2 >U@ ! kN-D>r3=-�F
³ ½*K Z Ã*©ÊÉ QSM.¼PÉ Æ IÛÅ�I Z TPÉ I*¾'¿<QWÎq©�� » Â�ª*¼[½�© Z © » QWMSQ Z R0KN½v¼ Z T[ÂCT�©<V » QS¿<MSR`RU¼x©[¼[R`Â » ILÅrR`Iq©:MWQSR�©:T<R

R
Ç T[ÂCT�©<V » QS¿<MSRRC¼C©[¼<R8Â » ILÅrR ]

y z*{#|F}�~�}c�u| � f �
DY

*������������
� �"!$#%#"&'��&(#)����*�+,# � �t> ) -�kD/1- u -D5D) DY
Â T[ÂCT�©<V » QS¿<MSR¸RC¼�©[¼<R:Â » ILÅrR 5=2-0)Ï5C-D;�pS-0/1-0>�)Ô5N2ApS(°k�. ��pS-?l�� 2 >U@ ! kN-D>r3=-Û;[),2cp�275 ! -B-05D)�;.>r-�lq-D59k�. �qpW-D5�lL;1/¶?ml .0pS-?lq- Á ?qpS-��mÂ.-�(q?°;®5=;�-�p�2 F -�Fr;®>r-lq-D5?k�. ��pS-D5nj<(vkD/:2 {C,UL,UR,D} FÐ ½�© Z ¼[½ » ½v¼ Z

T `DY u
Z Q
u
R ZA» T[ÂUT�©[V » QS¿<MWR�RU¼ ©[¼<R ¾ R À Â » ILÅrR6Õ'ÅEI�K » QSK`T[R T ½qZ R

R ZA» ©[¼[R6T[R Z K È ÎvMSR ZZ ©[Q ´vI*¼ » R Z
(D,UL,UR,C)

]g¶ MÊR ZA» Ä I*VUQSMWRBT[R8T[ÂCVUQST<R0K Z Q
u
R ZA»

DY
Ç T[ÂUT�©[V » QS¿<MWR'Õ:Å�ILK » Q�KÚT[R

T
½�©Ö¼[½v¼ ]

³ IBÅ[KN½*År½ Z Q » QS½v¼ ¿ 
 I8Â » Â�Å[KN½�©�´qÂCRÚÅ�ILK Ý ]�Í © Z QW¼[½m´®Q » V=X -C)�(qp�272 â Í � ×qå ä<År½�©.KbMWRÚ¾ª½®T È MWRÚT[R Ë ½*MWR�´ Ç�
 I*½ZA» IL¼<T<ILKNT ]ÊÐ ½�© Z KNRUT[ÂC¾ª½v¼ » KN½v¼ Z VUR°KNÂ Z ©[M » I » År½�©.KB¼<½ » KNR:¾ª½®T È MSR¸TÊÉ QS¼ » K © Z I�´qRCV:MmI�¼[½�©�´qRCMWMWR°K È Î*MWR
(ME)
]HbR »\» R6Å[KN½*År½ Z Q » QW½v¼ Z R0K=Io© » QSMWQ Z ÂURBT<I*¼ Z MmI:Å[KNR�©�´qRBT�©ÖMWRC¾ª¾ªR å � Å�I*ÎvR ¿ 
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² kN-D;��L- [ Ð ½�© Z R��rRCV » ©[½v¼ Z MmI�Å[KNR0©�´qR�Å�ILK1QS¼[Tg©[V » QW½v¼ Z ©.K1MWR�¼[½v¾'¿[KNR¬T<R�K È Î*MWR Z TÊÉ QW¼[Ä7ÂCKNRC¼[VUR�T<R�MmIÅ<KNR0©�´qR ]HJI Z T[RB¿�I Z R [ á É QWMP¼ÊÉ Æ I:Å�I Z TÊÉ QS¼ ZA» I*¼[VUR8T[RBK È ÎvMWR8I*MW½LK Z MWR » R0KN¾ªR γ ¼PÉ R ZA» ß\I*¾ªI*Q Z T<ÂCVC½v¾¸År½ Z IL¿<MWR ]¶ ¼[T�©[V » QS½v¼ [ �ÛÆ År½ » X ÈUZ R8TPÉ QW¼[T�©[V » QS½v¼ [EZ Q�¼<½q© Z I0´q½v¼ Z ©[¼<R8Å<KNR0©�´qR
P
T[R

T ` u
VU½v¼ » RC¼<I*¼ »

n
K È Î*MWR ZTPÉ QW¼[Ä Â0KNRC¼<VCRÛR »

P ′ ©[¼[RÛÅ[KNR0©�´vRÛ¾ªQW¼[QS¾1I*MWRÛT[R T ` γ R »bZ Q P ′ » RCKN¾¸QW¼[R�I�´qRCVW©[¼[RÛQW¼ ZA» I*¼[VCR�T[RÛMWIBK È ÎvMSR
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]�Ð ½�© Z ¾ª½v¼ Ç» KN½v¼ Z Ã*©[R

uθ
R ZA»���� T[ÂCTg©[V » QS¿<MWR8RC¼�©[¼[R8Â » I�ÅÊR8Õ:ÅEI�K » QSKÚT[R
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θ′
R ZA» ©[¼[R Z ½vM¸© » QW½v¼ª¼[½v¼ªR �Ê½*¼<T.K=I*¼ » R�T[R

Cθ
] á ½vQ » u, v ∈ StE(Cθ)\

X
ªPÎLK	�*VURªÕ�MmI�Å[KN½*År½ Z Q » QW½v¼ ¿CØ Å�I*Î*R ¿0Ø�æ ª

u, v ∈ StE(C)θ ∪
⋃

x∈vars(C) StE(xθ)
ªÊRC¼�VU½*¼ Z ÂUÃ*©[RC¼<VCR

¿ 
 Ù



���·��� ��	��0���$ �������?�������»� ��	�� �

u, v ∈ StE(C)θ
] � ILK�MWRJMWRC¾ª¾ªR åLØ Å�I*ÎvR ¿�å 
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ME
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ME-05D) Ä I*V » R0©.KtÅ[KNÂ Z R0K ´*I*¼ » 5=2�j<?L;�kb) ?L;[) i � 1 ≤ i ≤ k � >r?L;.5J(v�*?L><5`9D;�- FactE(ui)\X ⊆

⋃j=n+i−1
j=1 FactE(tj)

F
\W] ^�_a`Fbc^ ¹ �®h -85�r*5=)/.0/¶-85N;.2��*(L>�)`-D5D)E@C(q30) -0;+kLj$k ! 5C-�k
�L(L>�)Lw







〈a, b〉 ME
x1 ⊕ 〈a, b〉

〈a, b〉, {x1}b ME
x2 ⊕ {x1}b

〈a, b〉, {x1}b, x2 ME
c

h -�5�rL5D)/.0/1-�5=;®2c�L(L>�)¸>S� -05D)Wj�(L5°@0(q3C) -D;�k�j$k ! 5C-�k
�L(L>�) � 3N(vkepS-D5:@C(q30) -0;+kD5 〈a, b〉 -C) {x1}b
lq-D5�) -�kD/1-05�-D>3=?L>r30p²;®5=24?L>�>r-'5C?L><) j�(L5Yj$k ! 5C-D>�),5°lq(L><5?pS-0;+kD5B+·r
j<?*),+ .D5C-05�kN-05�j<-=30),2c�L-055w







a, b ME
x1 ⊕ 〈a, b〉

a, b, x1 ME
x2 ⊕ {x1}b

a, b, x1, x2 ME
cHbR »\» R`¼[½ » QW½*¼ªR ZA» QW¾¸År½*K » IL¼ » RJÅr½�©.KbI Z\Z ©.KNR0KbÃ*©[R�MWI Ò ¿r½v¼[¼<R`T[ÂCÑ<¼[Q » QS½v¼ Ó TÊÉ ©[¼ ZAÆ.ZA»NÈ ¾ªR�R ZA» Å[KNÂ Z R0K ´qÂCRMW½*K Z Ã*©[R¸¼[½�© Z Ä I*Q Z ½*¼ Z ©[¼[R1I�¿ ZA» K=ILV » QS½v¼�RU¼�KNRC¾¸Å<MmI���I*¼ » MSR Z Ä,I*V » R�©.K Z Å�ILKBT<R¸¼[½�©�´qRCMWMSR Z VC½v¼ ZA» I*¼ » R Z T<I*¼ ZMWRÖMWRC¾ª¾ªR ØvØ Å�I*Î*R ¿�ã�Ø[]�Ð ½�© Z ¾ª½v¼ » KN½v¼ Z TPÉ IL¿r½*KNT Ã*©[RÖ¼[½�© Z1» K=I�´*I*QWMSMW½v¼ Z ¿�QSRU¼�I�´qRCV T[R Z¶ZAÆ.ZA»NÈ ¾ªR Z T[RVU½v¼ » K=I*QS¼ » R Z Ä I*V » R0©.K Z Å[KNÂ Z R0K ´vIL¼ »NZC]

¿ 
 æ



���·��� ��	��0���$ �������?�������»� ��	�� �

� ^�_a_ ^ � d®� 2Ô;®> 5�r*5=)/.0/¶-
ME

lq-°3N?L>�)¢kN(L2 >�) -D5��024-D> l !¢¡ ><2 C (¸;®>r-B5C?qp²;.),24?L> >r?L>�-��Û?L>ulvkN(L>�) -°(qpS?vkD5�2cp-D5D)E@C(q30) -0;+kLj$k ! 5C-
k
�*(L>�) F
² kN-0;+�*- [ á ½vQ » C = {t1, . . . , tn+k−1 ME

ui}i=1,...,k
©[¼ ZAÆ.ZA»NÈ ¾ªR�T[R�VC½v¼ » K=I*QW¼ » R Z

ME

¿<QWRC¼ÁT[ÂCÑ<¼[QR »
σ
©[¼<R Z ½vM»© » QW½*¼�¼[½v¼ R �Ê½*¼<T.K=I*¼ » R°T[R

ME

]�Ð ½�© Z ¾¸½v¼ » KN½v¼ Z TÊÉ²I�¿Ê½LKNT Å�ILK�QW¼[T�©<V » QW½*¼ Z ©.K6MSR'¼<½*¾'¿[KNR°T[RVC½v¼ » K=I*QS¼ » R Z MSR Z T[R�©.º�År½vQS¼ »NZ�Z ©[Q¸´*I*¼ »NZ�[
¿*]

FactE(uiσ) ⊆ (FactE(t1, . . . , tn+i−1) \ X )σ
]

Þ®] � ½�©.K » ½�© »
x
» RUM[Ã·©<R

i = min{j | x ∈ vars(uj)}
I*MW½*K Z

FactE(xσ) ⊆ (FactE(t1, . . . , tn+i−1)\X )σ
]

² k=-D;��L- [HJI Z T<R6¿�I Z R [ á Q i = 1
I*MS½*K Z

t1, . . . , tn
Z ½*¼ » VUMS½ ZC]�Ð ½�© Z I�´q½v¼ Z

FactE(u1σ) ⊆ FactE(t1, . . . , tn)
]

� ©<Q Z Ã*©[R
FactE(t1, . . . , tn) ⊆ (FactE(t1, . . . , tn) \ X )σ

ªP¼[½�© Z I�´v½v¼ Z MWR¸Å[KNRC¾ªQWR0K8År½vQS¼ »U]tË R:Å�M¸© Z ªT<I*¼ Z MWRÖÄ,I*V » R�©.K
v
T[R

u1
QSMÚ¼ÊÉ Æ I�ÅEI Z T<RC´*ILKNQmIL¿<MSR

x
ª Z QW¼[½v¼�¼[½�© Z Iq©.KNQW½*¼ Z Ã*©[R

vσ = tg
År½�©.K

©[¼ » RCKN¾¸R�VCMW½ Z
tg ∈ StE(t1, . . . , tn)

VCR¬Ã*©[QJVU½*¼ » KNRCT[Q » MSR�Ä,I*Q » Ã*©[R
σ
Z ½vQ » ©[¼<R Z ©.¿ ZA» Q » © » QS½v¼�¼[½v¼R �r½v¼[T.K=I*¼ » R ] � ©[Q Z Ã·©<Rqª

x
T[½vQ » Ü » KNR?©[¼ÖÄ,ILV » R0©.KÚT[R

u1
ªEILMW½*K Z ¼<½q© Z ½*¿ » RU¼[½v¼ Z MWR Z RUVC½v¼[T¬År½vQW¼ » T[RBMmI¾¸ÜU¾ªR8¾ªI*¼[Q È KNR'Ã*©[R6År½�©.KÛMWR6Å[KNRU¾¸QWR0KÚÅr½vQW¼ »U]

¶ ¼[T�©<V » QW½*¼ [ á Q i > 1
I*MS½*K Z ¼[½�© Z¶Z I�´q½*¼ Z Ã*©[R

FactE(uiσ) ⊆ (FactE(t1, . . . , tn+i−1))σ
] á Q�ÅÊ½q©[K

v ∈ FactE(uiσ)
¼[½�© Z I�´v½v¼ Z Ã*©[R

v = xσ
År½�©.K

x ∈ FactE(tj)
I0´qRUV

1 ≤ j < n + i − 1
ªÏI*MS½*K Z¼[½�© Z VU½*¼<VCM»©[½v¼ Z Å�ILK�QW¼[T�©[V » QS½v¼$Ã·©<R

v ∈ (FactE(t1, . . . , tn+i−1))σ
ªbVUR�Ã*©[QÚÅ[KN½�©�´qR�MWR Å[KNRU¾ªQSRCKÅr½vQS¼ »U]`Ý I*QW¼ » RC¼<I*¼ »¬Z ½vQ »

x ∈ vars(uiσ)
ªJ¾1ILQ Z

x 6∈ vars(ujσ)
År½�©.K

j < i
] � ILK¬VC½v¼ Z ÂUÃ*©[RU¼ » ªVC½v¾ª¾¸RÚMWR ZAÆ.ZA»NÈ ¾ªRÚT[RÚVC½v¼ » K=I*QS¼ » R Z R ZA» ¿�QSRU¼ªT[ÂCÑ<¼[Q�ª

x 6∈ vars(t1, . . . , tn+i−1)
]vË ½v¼[V

x
¼[R�ÅrR0© » Å�I ZI�Å<Å�ILK=I � » KNR�Õ°M,É QW¼ » Â0KNQWR0©.KJTPÉ ©[¼�Ä,I*V » R0©[KJT[R

ui
ª®V�ILKJVCRCMmI'VC½v¼ » KNRUT[Q�K=I*Q » MSR�Ä I*Q » Ã*©[R

σ
Z ½vQ » ©[¼<R Z ½*M»© » QW½v¼¼[½v¼ R��r½v¼[T.K=I*¼ » R ]

�
¼ÁVC½v¼ Z Â�Ã·©<RC¼[VURqª

x ∈ FactE(ui)
ªÏR » ¼[½�© Z VC½v¼[VUM¸©<½*¼ Z VC½v¾ª¾ªR¶Å[KNÂCVUÂCT[RU¾¸¾ªRU¼ »Å�ILKÚX Æ År½ » X ÈUZ RBTÊÉ QW¼[T�©[V » QS½v¼ ]

� Ý I*QW¼ » RC¼<I*¼ » ª Z ½vQ »
Ti = {tj | 1 ≤ j ≤ n+ i− 1}

R »
v ∈ FactE(ui) \ X

]g¶ MrRCº®Q ZA» R
v′ ∈ FactE(Ti) \ X» RCM�Ã*©[R

vσ = v′σ
]�� ©<Q Z Ã*©[R

σ
R ZA» ©[¼<R Z ©.¿ ZA» Q » © » QW½v¼À¼[½v¼ R��r½v¼[T.K=I*¼ » Rqª�¼[½�© Z I0´q½v¼ Z

v = v′
ª�VURCMmI¬¼[½�© ZÅrR0KN¾ªR » T<RBVC½v¼[VUM¸©[KNR8Ã*©[R

C
R ZA» Ä I*V » R�©.K`Å[KNÂ Z R0K ´vIL¼ »U]

�³ I�Å[KN½*Å[KNQSÂ » ÂJT[RJÅ[KNÂ Z R0K ´*I » QW½v¼:T[R Z Ä,I*V » R0©[K Z R ZA» Ä,I*VCQWMSRU¾¸RU¼ » ´qÂCKNQ�Ñ�IL¿<MWRJÅ�ILK#©[¼<R`I*¼<I*M Æ.Z R ZAÆ ¼ » ILº.QmÃ·©<RJTg©ZAÆ®ZA»NÈ ¾ªR8T[RBVU½*¼ » K=ILQW¼ » R ZC] YÛK	�*VUR8Iq©ÖMSRU¾¸¾ªR Øg¿ ÅEILÎvR ¿ 
 Ù R » Iq©ÖMSRU¾¸¾ªR Ø�Þ ª Z QPMWR ZAÆ.ZA»NÈ ¾ªRBT[R8VU½v¼ » K=I*QS¼ » R Z½L¿ » RC¼*©�¼ÊÉ R ZA» Å�I Z Ä,I*V » R�©.K�Å<KNÂ Z R0K ´vI*¼ » I*MS½*K Z MWR ZAÆ®ZA»NÈ ¾ªR:QW¼[Q » QWI*MÔ¼PÉ I¶Å�I Z T[R Z ½vM¸© » QW½v¼ ]ÊÐ ½�© Z VC½v¼ Z QWT[Â0KN½v¼ ZT[½v¼[V8T<I*¼ Z MWI Z ©[Q » R�©[¼ ZAÆ.ZA»NÈ ¾ªRBT[R8VC½v¼ » K=I*QW¼ » R Z Ä I*V » R0©.K�Å[KNÂ Z R0K ´vIL¼ »U]
M �LK��IK £ ¤ V�T�¥ �$P.e�_YQ TÛi ¦�d R®e��YQÛd P�¥Ûg[i K
Ë I*¼ Z MWR�MWRC¾ª¾ªR ØvØ Å�I*ÎvR ¿�ãLØ ªÔ¼<½q© Z KNÂUT�©[Q Z ½v¼ Z MmI Z I » Q Z Ñ�IL¿<QWMSQ » Â¬TÊÉ ©[¼ ZAÆ.ZA»NÈ ¾ªR¬T[R�VU½v¼ » K=I*QS¼ » R Z

MEÄ I*V » R�©.KªÅ[KNÂ Z RCK ´*I*¼ » Õ�MmI Z I » Q�ÑEI�¿�QSMWQ » ÂÖTÊÉ ©[¼ ZAÆ.ZA»NÈ ¾ªRÖT[RÖVC½v¼ » K=I*QS¼ » R Z
ME

¿<QWRC¼�T[Â0Ñ�¼[Q Z ©[K1MmI Z QSÎv¼<I » ©.KNRKNÂCT�©[Q » R8Õ
0
ª
⊕
ª
h
ª<R » ©[¼ÖRC¼ Z RU¾8¿�MSR'T[RB¼<½q©�´vRUMSMWR Z VC½v¼ ZA» I*¼ » R ZC]Ð ½�© Z T[Â0Ñ�¼[Q Z\Z ½v¼ Z ©[¼[Rf¼<½q©�´vRUMSMWRf¼[½ » QS½v¼BT<R Z ½�© ZAÇ » R0KN¾ªR Z År½�©.K�V�I�K=I*V » Â0KNQ Z R0KtMSR ZPZAÆ.ZA»NÈ ¾¸R Z T[R�VU½v¼ » K=I*QS¼ » R Z¿<QSRU¼ÖT[Â0Ñ<¼<Q ZC]

y z*{#|F}�~�}c�u| ��¹���"S� �A� *N~ ^+�v_ ^ | �u|%* � ~m�$|��A� � � � h � -0><5C-D/���pW-<lq-05 Z ½�© ZAÇ » RCKN¾ªR Z ¼[½v¼ Ç4ZA» I*¼[T<ILKNT l�� ;®>) -
kD/¶- t � l ! >r?*) ! j<(vk NStE(t) � -D5D)Ll !�¡ >[2J3=?L/:/¶-85=;®2,)nw
NSt(f(t1, . . . , tn)) =

⋃n
i=1 NStE(ti)

5=2 f 6∈ sig(E)

NStE(t) = {t} ∪
⋃

s∈FactE(t)\X NStE(s) 5=27>r?L>
\W]S^�_a`Fbc^ � ' � ?L2 ) t = h(x1) + x2 + 〈x3, x4 + x5〉

F � ?L;®5°(v�L?L><5
NStE(t) = {t, x3, x4 + x5}

F
¿�ã*×



� �·����� � ( q�����������
� �
ME

�v�c������� ����� ��� � �5q�C����������� �����N" ���u��%��$�I�#( ��)�*%+����	������

� ?L><5=2�l ! kN?L><5?pS-'5�rL5D)/.0/1-xlq-¸3=?L>�)¢kN(L27>�) -0565=;®2c�L(L>�)Lw






a ME
x1 ⊕ x2

a, b ME
x1

a, b, 〈h(x1), a〉 ⊕ 〈h(x2), a〉 ME
a⊕ b

� -85�r*5=)/.0/¶-:-05D)n�02 -0>al !�¡ >[2J-C)E@0(q3C) -D;�kLj$k ! 50-�k
�*(L><) F
� 2�>E?L;.5°?L/1-C) ) ?L><5?pS(6lq-0;·�L22.D/¶-¸3N?L>�)¢kN(L2 >�) - � >r?L;®5'?·�C) -0>E?L><5xw

{

a ME
x1 ⊕ x2

a, b, 〈h(x1), a〉 ⊕ 〈h(x2), a〉 ME
a⊕ b

� -85�rL5D)/.0/1-xlq-¸3=?L><)¢k=(L27>�) -056>S� -D5D) j<(L55�D24-0>al !�¡ ><2J3=?L/:/¶-5pS-'/1?L>�)¢kN-5pS(15=;��D5D),2,),;.),24?L> θ : xi 7→ xi ⊕W
F

�
¼'¼<½q© Z QW¼ Z Å<QSK=I*¼ » T[RJMmI Z ©.¿ ZA» Q » © » QW½v¼°Å[KN½*År½ Z ÂCRbT<I*¼ Z M É RCº®RU¾¸Å<MSR Øq× Å�I*Î*RJVCQ Ç VC½v¼ » KNR�ª�MmIÚÅ[KN½*År½ Z Q » QW½v¼ ¿�ãI Z\Z ©.KNR¸Ã*©[R Z QÏT[R0©[º » R0KN¾ªR Z�Z ½v¼ » T<Q �rÂCKNRC¼ »NZ I*MW½*K Z QSM Z�Z R0KN½v¼ » RU¼[VC½*KNR°T<Q �rÂCKNRC¼ »NZ ÅEI�K�©<¼[R Z ©.¿ ZA» Q » © » QS½v¼�T[RMmI¸Ä7½*KN¾ªR Z ©<Q ´vIL¼ » R [

θ = {X → X ⊕ (cX �W )}
]

« � � ` � � }�~�}c�u|¬�� � ?L2 ) t1, t2 ∈ T (F ,X ) (v�*-=3 t1 6= t2
F � ?L2,) cX ∈ Z/2Z[h] j�?L;+k¸30+.(q9D;�- X ∈ X � 5C?L2 )

W 6∈ X ;®>r-b>E?L;��L-0p�pS-n�L(vkD24(·�0pS- � -C) θ : X → T (F ,X∪{W}) ;.>E-b5=;g�05=),2,),;.),24?L>ª) -�p�pS-Ú90;<- Xθ = X⊕cX�Wj�?L;+k°3D+.(q90;<- X ∈ X F �WpW?vkD5 t1θ 6= t2θ
F

² kN-0;+�*- [ � ILK8QW¼[T�©[V » QS½v¼ Z ©.K8MmI » I*QSMWMWR¸T[R ZB» R0KN¾ªR Z t1 R » t2 ]PË I*¼ Z MWRªVUI Z T[R¸¿�I Z R¸MWR:KNÂ Z ©[M » I » R ZA» ´®K=ILQ ]¶ ¼<T�©[V » QW½v¼ [
9 á Q t1 R » t2 Z ½*¼ » T[R�©.º » R0KN¾ªR Z�ZA» I*¼[T�I�KNT Z I*MS½*K Z ¼[½�© Z I�´q½v¼ Z�[

t1 = f1(t
1
1, . . . , t

n
1 )

t2 = f2(t
1
2, . . . , t

m
2 )

á Q f1 6= f2
ILMW½*K Z

t1θ 6= t2θ
]

á Q f1 = f2
I*MS½*K Z

ti1 6= ti2
ÅÊ½q©[K�©[¼

i
ª�T[½v¼[V¬ÅEI�K¶X Æ ÅÊ½ » X ÈCZ RÖTÊÉ QS¼[Tg©[V » QW½v¼

ti1θ 6= ti2θ
ªfR »

t1θ =

f1(t
1
1θ, . . . , t

n
1 θ) 6= f2(t

1
2θ, . . . , t

n
2 θ) = t2θ

]
9 á Q t1 R ZA»ÚZA» IL¼<T<ILKNT¬R » t2 ¼ÊÉ R ZA» Å�I ZÚZA» IL¼<T<ILKNTÖI*MW½*K Z ¼[½�© Z I0´q½v¼ Z�[

t1 = f1(t
1
1, . . . , t

n
1 )

t2 = Σs∈FactE(t2)(p
s � s)ÅÊ½q©[K�©[¼�År½vM Æ ¼[àv¾ªR

ps ∈ Z/2Z[h]
ª�R »

FactE(t2)
Ã*©[QÛVC½v¼ » QWRC¼ » Iq©�¾ª½vQW¼ Z T[R0©.º�ÂCMWÂC¾ªRC¼ »NZC]-� ILKX Æ ÅÊ½ » X ÈCZ R6TÊÉ QW¼[T�©<V » QW½*¼�ÅÊ½q©[K » ½�© »

s1, s2 ∈ FactE(t2)
I�´vRUV

s1 6= s2
ª
s1θ 6= s2θ

] � ILK�VC½v¼ Z ÂUÃ*©[RU¼ » ª
t2θ
¼ÊÉ R ZA» Å�I ZÚZA» I*¼[T<ILKNTSª<R » VU½*¾ª¾ªR

t1θ
R ZA»ÚZA» IL¼<T<ILKNT¬¼<½q© Z VC½v¼[VUM¸©[½v¼ Z Ã*©[R

t1θ 6= t2θ
]

9 á QPMWR Z T[R�©.º t1 R » t2 ¼[R Z ½v¼ » Å�I ZÛZA» I*¼[T<ILKNT Z ILMW½*K Z ¼[½�© Z VC½v¼ Z QWT[Â0KN½v¼ Z F = FactE(t1) ∪ FactE(t2)
]Ð ½�© Z T<ÂCVC½v¾¸År½ Z ½v¼ Z I*MW½LK Z

t1
R »
t2
» RCM Z Ã*©[R [

t1 = ΣX∈F∩X (pX
1 �X)⊕ Σs∈F\X (ps

1 � s)

t2 = ΣX∈F∩X (pX
2 �X)⊕ Σs∈F\X (ps

2 � s)Ë ½*¼<Vqª[Å�ILKÚT[Â0Ñ<¼<Q » QW½v¼¬T<R
θ
ª<¼[½�© Z ½*¿ » RC¼[½v¼ Z�[

t1θ = ΣX∈F∩X (pX
1 �X)⊕ ΣX∈F∩X ((pX

1 .c
X)�W )⊕ Σs∈F\X (ps

1 � sθ)

t2θ = ΣX∈F∩X (pX
2 �X)⊕ ΣX∈F∩X ((pX

2 .c
X)�W )⊕ Σs∈F\X (ps

2 � sθ)

� ©[Q Z Ã*©[R
t1 6= t2

¼[½�© Z I�´v½v¼ Z T[R0©.º�V�I Z?[
¿�ã+¿



���·��� ��	��0���$ �������?�������»� ��	�� �

9 � KNRC¾ªQWR0K�VUI Z ª pX
1 6= pX

2

ÅÊ½q©[K ©<¼
X ∈ F ∩ X

] � I�K¬VC½v¼ Z Â�Ã·©<RC¼[VURqªbVC½v¾ª¾ªR
W 6= X

ªb¼[½�© Z½*¿ » RU¼[½v¼ Z Ã*©[R
X
ILÅ[Å�ILK=I�� » T<I*¼ Z

t1θ
VC½v¾ª¾ªR8VU½®R��1VCQWRC¼ » T[R

pX
1

R » T<I*¼ Z
t2θ
VC½v¾ª¾ªR8VU½®R��1VCQWRC¼ »T[R

pX
2

ª<T[½v¼[V
t1θ 6= t2θ

]
9 Ë R�©.º.Q È ¾ªR'V�I Z ª ps

1 6= ps
2

År½�©.K
s ∈ F \ X

]	� ILK�X Æ År½ » X ÈUZ R'TPÉ QW¼[T�©[V » QS½v¼Sª
sθ 6= s′θ

ÅÊ½q©[K�V=X�I*Ã*©[R
s ∈ F \ X

I�´vRUV
s 6= s′

] � ILK�VU½*¼ Z ÂUÃ*©[RC¼ » ª
sθ
ILÅ[Å�ILK=I�� » T�IL¼ Z

t1θ
I�´vRUV6VC½®R��ªVUQSRU¼ »

ps
1

R » T<I*¼ Z
t2θI�´qRCV8VU½�R��1VCQWRC¼ »

ps
2

ª�T[½v¼[V
t1θ 6= t2θ

]
� HbR »\» R�Å<KN½LÅÊ½ Z Q » QW½*¼¸R ZA» © » QSMWQ Z ÂCRJT<I*¼ Z MWIÛÅ[KNR�©�´qRbT�©¸MWRC¾ª¾ªR Ø�å ¾ Ä I*Q »fÞ·À År½�©.KfI Z\Z ©.KNR0K�Ã·©<R θ ¾ VURCM»©[Q®T[ÂCÑ<¼[QT<I*¼ Z MWI8Å[KN½*År½ Z Q » QW½v¼ ¿�ã Å�I*ÎvRÚÅ[KNÂCVUÂCT[RU¼ » R À ¼ É²I*¼[¼*©[MWRÚÅEI Z T[R0©[º » R0KN¾ªR ZbZA» I*¼[T<ILKNT Z T[Q ZA» QS¼<V »NZ T<I*¼ Z

t
] � M»© ZÅ[KNÂCVUQ Z ÂU¾¸RU¼ » ª Z Q

s
R ZA» ©[¼[R ´vILKNQWIL¿<MWR�¼[½v¼ ZA» IL¼<T<ILKNT Z ½�© ZAÇ » R0KN¾ªR¬T[R

t
ªfILMW½*K Z

sθ
R ZA» Iv© Z\Z Qn©<¼[R ´vILKNQWIL¿<MWRZ ½q© ZAÇ » R0KN¾ªR8T[R

tθ
]Ð ½�© Z I�´v½v¼ Z ¾1I*QW¼ » RC¼<I*¼ »`» ½�© Z MSR Z ÂUMSÂU¾ªRC¼ »NZ År½�©.K�Ä I*QSKNR6MSR6MWQSRU¼�T<I*¼ Z MSRBMSRU¾¸¾ªR Ø�å RC¼ » KNRBMWI:¼[½ » QS½v¼�T[RZAÆ®ZA»NÈ ¾ªRÚT<RÚVU½v¼ » K=I*QS¼ » R Z Ä,I*V » R0©[KfÅ<KNÂ Z R0K ´vI*¼ » ¿<QSRU¼¶T[ÂCÑ<¼[Q�R » MmI8T[ÂCÅrRC¼[T�IL¼<VCRÛRC¼ » KNR9´vRUV » R�©.K Z ¾ T[ÂCÑ<¼[Q » QS½v¼ Ø 
Å�I*Î*R ¿CØv×*À=]Ð ½�© Z T<ÂC¼[½ » ½v¼ Z

vars(C) = {x1, . . . , xp}
M,É RC¼ Z RU¾'¿<MSR�T[R Z ´*ILKNQmI�¿�MSR Z T�© ZAÆ.ZA»NÈ ¾¸R�T[R�VU½*¼ » K=ILQW¼ » R Z

C
]HbX<IvÃ·©<R

ti ¾ ½�© ui
À6Z É ÂUV0KNQ »

tx1

i � x1 + . . . t
xp

i � xp + t0i
½qZ MSR Z

txv

i

Z ½v¼ » T[R Z ÂUMSÂU¾ªRC¼ »NZ T<R
Z/2Z[h]

R »
FactE(t0i )∩X = ∅

]�Ð ½�© Z MSRÛT[ÂU¼[½ » ½v¼ Z Å�ILKbMWR9´vRUV » R�©.K
ti = (tx1

i , . . . , t
xp

i )
]�Ð ½q© Z T[ÂCÑ<¼[Q Z\Z ½*¼ Z ¾1ILQW¼ » RU¼<I*¼ »MWI°¿EI Z RBT[R�´qRCV » R0©.K Z:Ò8Z QWÎv¼[QSÑ<VUI » QWÄ Z�Ó T[R

C
ª[VUR »\» R6T[ÂCÑ<¼[Q » QS½v¼¬Ä7½*KN¾1I*MSQ Z RBMmI:VC½v¼ ZA» K ©[V » QS½v¼¬T[RBM,É RC¼ Z RU¾'¿<MSR

LT�©ÖV=X<ILÅ<Q » KNR æ Å�I*Î*R ¿�å*æ®]
y z*{#|F}�~�}c�u| ��� ��� ^�� ~ ^��A� �Az*{#|A} ��� ��|$~�� ^

C
�a� ?L2,) C = {t1, . . . , tn+i−1 ME

ui}i=1,...,k
;®>�5�rL5D)/.0/1-

lq-¸3=?L><)¢k=(L27>�) -05 � pN� -0>[5C-0/��0pS-�l�� 2 >ulL2 3=-05 L = Lk
kN- j$k ! 5C-0><) -xpS-05��*-N3C) -0;+kD5xl !�¡ ><2 5=50(L>�),5xlq- C -0)npN� -D><5C-D/��0pS-

Lk
-05=)Ll !�¡ ><2 )Yk ! 30;+kD5=2c�L-0/1-0>�)`3=?L/¸/1-85=;.2 )Lw
1 L0 = ∅
1 Li+1 = Li ∪ {i+ 1} 5=2 {ui} ∪ {uj | j ∈ Li}

-05D)�27>ul ! j<-0>$lq(L>�)
1 Li+1 = Li

5=2 >r?L>
� ?L;.5B>E?*) ?L><5 Bi = {uj | j ∈ L, j ≤ i}

-C) B = Bk
F

\W]S^�_a`Fbc^ ��¬ � - j$kN-0>r?L><5?pN� - �q-0/�jupS- ����j�(��q- � ���






a ME
x1 ⊕ x2

a, b ME
x1

a, b, 〈h(x1), a〉 ⊕ 〈h(x2), a〉 ME
a⊕ b

� ?L;.5¸(v�*?L>[5 L = {1, 2} � u1 = (1, 1) -0) u2 = (1, 0) F � ?L;®5¸3=(qpS30;�pS?L><5 NStE(〈h(x1), a〉 + 〈h(x2), a〉) =

{〈h(x1), a〉 + 〈h(x2), a〉;h(x1);h(x2)}
F h -D5 -D><5C-D/��0pS-D5 lq- �*-N3C) -0;+kD5 {(1, 1), (1, 0), (0, 0)} �

{(1, 1), (1, 0), (h, 0)} -C) {(1, 1), (1, 0), (0, h)} 5C?L>�) l ! j�-D>ulq(L>�),5CF Á � (�j$k .D5 pS- pW-D/¸/1- � � (qpS?vkD5�3N-5 r*5D)/.D/¶-:-05=)L�024-D>�l !¢¡ ><2b-C)E@C(q30) -0;+kLj$k ! 5C-
k
�*(L>�) F
� 2�>r?L;.5'?L/1-C) ) ?L><5�pS(6lq-D;*�L22.D/¶-:3=?L>�)¢kN(L2 >�) - � >r?L;®5°?·�C) -D>r?L><5°w

{

a ME
x1 ⊕ x2

a, b, 〈h(x1), a〉 ⊕ 〈h(x2), a〉 ME
a⊕ b

� ?L;®5B?·�C) -D>r?L><5 L = {1} -C)#p � -0><50-0/���pS-°lq-��L-=3C) -D;�kD5Û5C-C),5 {(1, 1), (h, 0)} -05D)Ô27>ul ! j<-0>$lq(L>�)b-0)Ilq?L>r383=-5 r*5D)/.D/¶-xlq-¸3N?L>�)¢kN(L2 >�) -D5B>S� -05D) j<(L55�D24-D>�l !¢¡ ><2J3N?L/¸/¶-5pS-8/¶?L>�)¢kN-5pS(15=;g�05D),2 ),;[),2 ?L> θ : xi 7→ xi ⊕W
F

� ^�_a_ ^ �u¹ � ?L2,) C = {t1, . . . , tn+i−1 ME
ui}i=1,...,k

;®> 5 r*5D)/.D/¶-�lq-13=?L>�)¢kN(L2 ><) -05
ME

�D24-D>Ul !¢¡ ><2Ú-C)@0(q3C) -D;�knj$k ! 5C-�k
�L(L>�) F �WpW?vkD5Yj<?L;+k'3D+.(q90;<- i ≤ k -C) s ∈ NStE(tn+i−1)
p � -0><50-0/���pS-xlq-?�L-=3C) -D;�kD5 {s} ∪ Bi−1-D5D)Ll ! j<-D>ulq(L>�) F

¿�ãvÞ



� �·����� � ( q�����������
� �
ME

�v�c������� ����� ��� � �5q�C����������� �����N" ���u��%��$�I�#( ��)�*%+����	������

² kN-D;��L- [ÖÐ ½�© Z R �rRUV » ©[½v¼ Z MmI:Å[KNR�©�´qRBÅ�ILKÚQS¼<T�©[V » QW½v¼ Z ©.KÛMWRB¼[½v¾'¿[KNR'T[R8VC½v¼ » K=I*QW¼ » R Z i = 1, . . . , k
T�©ZAÆ.ZA»NÈ ¾¸R8T[RBVU½v¼ » K=I*QS¼ » R Z

C
]HJI Z T[RB¿�I Z R [ á Q i = 1
I*MS½*K Z

t1, . . . , tn
VUMS½ Z ª`R » Å�ILK¬VC½v¼ Z Â�Ã*©[RC¼ »

s = (0, . . . , 0)
År½�©.K¬VDX<IvÃ*©[R

s ∈ NStE(tn)
]<Ð ½�© Z VC½v¼[VCM»©[½v¼ Z T[½v¼[V'Ã*©[RBM É RC¼ Z RU¾8¿�MSR

{(0, . . . , 0)}
R ZA» T[Â0ÅrRU¼[T<I*¼ »U]

¶ ¼[T�©[V » QS½v¼ [ á ½*Q » 1 < i ≤ k
ª¬¼[½�© Z K=I*Q Z ½v¼[¼<½*¼ Z Å�ILK VC½v¼ » K=I*T[QWV » QW½v¼ ] á ©.Å<År½ Z ½*¼ Z Ã·©<R s ∈

NStE(tn+1−1)
» RCMÚÃ*©[R

{s} ∪ Bi−1
Z ½vQSRU¼ » QW¼[T[Â0ÅÊRC¼[T<I*¼ »NZC]fÐ ½�© Z VC½v¼ ZA» K ©[Q Z ½v¼ Z ©[¼[R Z ©.¿ ZA» Q » © » QW½v¼

θ
» RCMWMSRÀÃ*©[R

Cθ
¼ÊÉ R ZA» Å�I Z ¿<QWRC¼ T[ÂCÑ<¼[Q ]D³ É QWT[ÂCR�T[R�VCR »\» R�VU½v¼ ZA» K ©[V » QW½v¼$ÎvÂC¼<Â0K=I*MSQ Z R�MSR�ÅÊ½*QW¼ » ¾ªQ ZRU¼ Â0´.QST[RU¼[VCRÌT<I*¼ Z M É RCº®RU¾¸Å<MSR Øq× ÅEILÎvR ¿�ã*×®] YÛK	�*VCR�Õ MmI Å[KN½*År½ Z Q » QW½v¼ ¿�å Å�I*Î*R ¿CØv× ª6QWM:RCº.Q ZA» R

Q ∈ Z/2Z[h], Q 6= 0
ª<R » ©[¼C´qRCV » R0©.K

(cX1 , . . . , cXp) ∈ (Z/2Z[h])p » RUMPÃ*©[R








uX1

1 . . . u
Xp

1]]] ]]]
uX1

i−1 . . . u
Xp

i−1

sX1 . . . sXp
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cX1]]]
cXp







=









0]]]
0

Q









½�Z Z R0©[M Z MWR Z ´qRCV » R0©.K Z MWQWÎ*¼<R Z
uj
ILÅ[Å�ILK=I*Q Z\Z RU¼ » T�IL¼ Z MmIª¾ªI » KNQWVCR8År½�©.K�MSR Z

j ∈ L
]EÐ ½�© Z T[Â0Ñ<¼<Q Z\Z ½v¼ ZMmI Z ©.¿ ZA» Q » © » QW½*¼

θ : {X1, . . . , Xp} → T (F, {X1, . . . , Xp,W})
Å�ILK

Xθ = X ⊕ cX �WÅÊ½q©[K » ½�© »
X ∈ {X1, . . . , Xp}

]<Ð ½�© Z Å<KN½q©�´v½v¼ Z MWR Z`» KN½vQ Z Ä,I*Q »NZ�Z ©[Q¸´*I*¼ »NZ Ã*©[QP¼[½�© Z ÅrR0KN¾ªR »\» KN½*¼ » T[RVU½v¼[VCM»©.KNR ]
���$}�~C¬ [ á ½vQ » j < i

ª.År½�©.K » ½�© Z�Z ½�© ZAÇ » RCKN¾ªR Z
v
T[R

tn+j−1
¼[½�© Z I0´q½v¼ Z

W 6∈ vars(vθ) ¾�� À=]�² kN-0;+�*-[ÖÐ ½�© Z T[Q ZA» QW¼[Î�©[½v¼ Z T<R0©.º�VUI Z�[
9 á Q v R ZA» ©[¼ » R0KN¾ªR ZA» I*¼[T�I�KNT ª » RUMªÃ*©[R v = f(v1, . . . , vn)

I�´qRCV
f
ZA» I*¼[T�I�KNT�I*MS½*K Z

vθ =

f(v1θ, . . . , vnθ)
ILMW½*K Z MWR°O�I*Q »o¿ T[ÂUVC½�©[MWR'T<R°M É ILÅ[Å<MWQWVUI » QS½v¼�T[R:M,É X Æ År½ » X ÈCZ R:TÊÉ QS¼[Tg©[V » QW½v¼ ¾�� À Iv©[º» R0KN¾ªR Z

vi
]

9 á QW¼[½v¼Ö¼[½�© Z T<ÂCVC½v¾¸År½ Z ½v¼ Z�[
v = Σi=1,...,p(v

Xi �Xi)⊕ Σf∈FactE(v)\X (vf � f)

� ILKÚT[Â0Ñ<¼<Q » QW½v¼¬T<R
θ
¼[½�© Z ½*¿ » RU¼[½v¼ Z Ã*©[R [

vθ = Σi=1,...,p(v
Xi �Xiθ)⊕ Σf∈FactE(v)\X (vf � fθ)

= Σi=1,...,p(v
Xi �Xi)

︸ ︷︷ ︸

σ1

⊕Σi=1,...,p((v
Xi .cXi)�W )

︸ ︷︷ ︸

σ2

⊕Σf∈FactE(v)\X (vf � fθ)
︸ ︷︷ ︸

σ3

� ©[Q Z Ã·©<R
W 6= X1, . . . , Xp

¼[½�© Z I0´q½v¼ Z Ã·©<R
W 6∈ vars(σ1)

] � I�K�X Æ År½ » X ÈUZ RÁTÊÉ QS¼<T�©[V » QW½v¼
¾�� À ª W 6∈ vars(σ3)

]�� ILK�X Æ År½ » X ÈCZ R�TPÉ QW¼[T�©[V » QS½v¼
Tg©�MWRC¾ª¾ªR Øqå Å�I*Î*R�Å[KNÂUVCÂUT[RC¼ » R�ª:M É RU¼ ÇZ RC¾'¿<MWR�T[R�´qRCV » R�©.K Z
{v} ∪ Bj−1

R ZA» T[ÂCÅrRC¼[T�IL¼ »U]-� ILK�VC½v¼ Z ÂUÃ*©[RU¼ » ªbQSMÛR0º.Q ZA» R T[R Z VC½®R��1VCQWRC¼ »NZ
α, α1, . . . , αj−1 ∈ Z/2Z[h]

» RCM Z Ã·©<R
α 6= 0

R »�[
α.v ⊕ α1.u1 ⊕ . . .⊕ αj−1.uj−1 = (0, . . . , 0)V*É R ZA» Õ¸T[QSKNR

α.v = α1.u1 ⊕ . . .⊕ αj−1.uj−1

á Q�¼[½�© Z ILÅ[Å<MWQmÃ·©<½*¼ Z MmI�¾°©[M » Q�Å�MSQWVUI » QW½*¼�Å�ILK�©[¼ Z VUI*MmI*Q�KNR Iq© ´qRCV » R�©.K (cX1 , . . . , cXp)
T[R Z T[R�©.ºVCà » Â Z T[RBM É Â�Ã*©<I » QS½v¼¬¼[½�© Z ½*¿ » RC¼<½*¼ Z?[

α.Σp
i=1(v

Xi .cXi) = α1.Σ
p
i=1(u

Xi

1 .cXi)⊕ . . .⊕ αj−1.Σ
p
i=1(u

Xi

j−1.c
Xi)

¿�ã*å



���·��� ��	��0���$ �������?�������»� ��	�� �

� ILK�T[ÂCÑ<¼[Q » QS½v¼1T[R
θ
MWR�¾ªRC¾'¿[KNRÚT.KN½vQ » ´vIq© »

0 ¾ V�I�K�V=X�I*Ã*©[R�Å�ILK » QWR�T[R�MmI Z ½v¾ª¾¸R9´*Iq© » 0 À=] � ©<Q Z Ã*©[R
α 6= 0

¼[½�© Z VC½v¼[VUM¸©[½v¼ Z Ã*©[R
Σp

i=1(v
Xi .cX1) = 0

ª 2 F -�F σ2 = 0�W = 0
ªER »

W 6∈ vars(σ2)
] � ILKVU½*¼ Z ÂUÃ*©[RC¼ » ª

W 6∈ vars(tn+j−1θ)
År½�©.K » ½�© »

j < n
]

�� �$}�~ de[
W 6∈ vars(ujθ)

År½�©.K » ½�© »
j < i
]

² k=-D;��L- [ á ©[Å[År½ Z ½v¼ Z MSR VU½*¼ » K=ILQSKNR 24F7-�F W ∈ vars(ujθ)
] á Q j ∈ L

I*MW½LK Z
Σp

i=1(u
Xi

j .cXi) = 0Å�ILKªVU½v¼ ZA» K ©[V » QW½v¼ÌT[R
θ
ª�R »¸Z Q

j 6∈ L
¼[½�© Z I�´v½v¼ Z Ã*©[R

Σp
i=1(u

Xi

j .cXi) = 0
V�I�K1T<I*¼ Z VUR�V�I Z

ujR ZA» T[Â0ÅÊRC¼[T<I*¼ » T[R
Bj−1
] � I�K�VU½*¼ Z ÂUÃ*©[RC¼ » ª

f ∈ FactE(ujθ) \ X
» RCM�Ã*©[R

W ∈ vars(f)
] HbRUVCQR ZA» År½ Z\Z QS¿<MWR Z R�©[MSRU¾ªRC¼ »ªZ É QWM`R0º.Q ZA» R

f ′ ∈ Fact(uj)
» RUM`Ã*©[R

W ∈ f = f ′θ
] Hb½v¾¸¾ªR¬MSR ZAÆ.ZA»NÈ ¾¸RT[R�VC½v¼ » K=I*QS¼ » R Z

C
R ZA» Ä I*V » R0©.K°Å[KNÂ Z R0K ´*I*¼ » QWMbR0º.Q ZA» R ©[¼

j′ ≤ j < i
» RCMJÃ*©[R

f ′ ∈ Fact(tn+j′−1)
]YÛK	�LVUR6Õ:MmI'Å[KN½*År½ Z Q » QS½v¼ ¿�ã Å�I*ÎvR ¿�ã�¿ ª®År½�©.K�VDX<IvÃ·©<R

f ′′ ∈ FactE(tn+j′−1)
½�Z

f ′ 6= f ′′
¼[½�© Z I0´q½v¼ Z

f ′θ 6= f ′′θ
ª[T<½*¼<V

W ∈ vars(tn+j′−1θ)
ª<VCR8Ã*©[QPVC½v¼ » KNRUT[Q » MSR8Ä I*Q »5¿ Å[KN½�©�´qÂJßN© ZA» R'I0´vI*¼ »U]

�
� �$}�~�¹ [

W ∈ vars(tn+i−1θ)
]

² k=-D;��L- [ÖÐ ½�© Z T<ÂCVC½v¾¸År½ Z ½v¼ Z
s = Σp

i=1(s
Xi �Xi)⊕ Σf∈Fact(s)\X (sf � f)

� ILKÛT[Â0Ñ�¼[Q » QW½v¼ÖT[R
θ
¼[½�© Z ½*¿ » RC¼[½v¼ Z�[

sθ = Σp
i=1(s

Xi �Xi)⊕ Σp
i=1((s

Xi .cXi)�W )
︸ ︷︷ ︸

=Q�W

⊕Σf∈Fact(s)\X (sf � fσ)

R » T[½v¼[V
W ∈ sθ

]
á Q s = tn+i−1

I*MW½LK Z ¼[½�© Z VC½v¼[VUM¸©[½v¼ Z QS¾ª¾ªÂCT[QmI » RC¾ªRC¼ » Ã·©<R
W ∈ vars(tn+i−1θ)

] á QW¼[½v¼Sª Z ½vQ »
f ∈ FactE(tn+i−1) \ X

» RCM`Ã*©[R
s ∈ NStE(f)

] � ILKªMmI�Å[KN½*År½ Z Q » QW½v¼ ¿�ã Å�I*ÎvR ¿�ã�¿ ªÔVU½v¾¸¾ªR
f ∈

FactE(tn+i−1) \ X
T[½v¼[V

fθ
¼[R�ÅrR�© » Ü » KNR�I*¼[¼*©<MSÂ�ªÔ¼<½q© Z I�´v½v¼ Z ILMW½*K Z

W ∈ vars(fθ)
ªÔR »

W ∈

vars(tn+i−1θ)
]

�
� ILK�VC½v¼ Z Â�Ã*©[RC¼ » ª

W ∈ vars(tn+i−1θ)
ÅEI�K�MWR8Ä,I*Q »6Þ R »

W 6∈ vars(ujθ)
År½�©.K » ½�© »

j < i
Î*K	�*VCR°Iv©Ä I*Q »'å ªPVURªÃ*©[Q�VC½v¼ » KNRUT[Q » MmI¶Å<KN½LÅ<KNQSÂ » Â¸TPÉ ½*KNQWÎ*QW¼<I » QW½*¼�T[R

Cθ
ªÊR » T<½*¼<V¸VU½v¼ » KNRCT[Q » MSRªÄ I*Q » Ã*©[R

C
Z ½vQ »¿<QSRU¼ÖT[Â0Ñ<¼<Q ]

� Ð ½�© Z ´vRU¼[½v¼ Z T[RB¾ª½v¼ » KNR0K�Ã*©[R Z Q ©[¼ ZAÆ.ZA»NÈ ¾ªR8T[R8VC½v¼ » K=I*QS¼ » R Z R ZA» ¿<QWRC¼¬T<Â0Ñ<¼[QtR » Ä,ILV » R0©.K�Å[KNÂ Z RCK ´*I*¼ » ªILMW½*K Z MWR Z ´qRCV » R0©.K Z T[R Z6Z ½�© ZAÇ » RCKN¾ªR Z ¼<½*¼ ZA» I*¼[T<ILKNT Z T[R¸VCR Z X Æ År½ » X ÈCZ R Z6Z ½v¼ » T[Â0ÅÊRC¼[T<I*¼ »NZ T[R Z ´qRCV » R0©.K ZT[R Z�» R0KN¾ªR Z T<R Z VC½v¼[VCM»© Z QW½v¼ Z Å[KNÂUVCÂCT<RC¼ » R ZC]Ð ½�© Z K=I�Å<ÅrRCMW½v¼ Z Ã*©ÊÉ ©[¼ KNRU¾¸Å<MWI*VURC¾ªRC¼ »
ρ : M → N

R ZA» ©<¼[R¶¿<Q ßARCV » QW½v¼ÁRC¼ » KNR�T[R�©.º RC¼ Z RU¾8¿�MSR Z T[R» R0KN¾ªR Z
M
R »
N
]ÏÐ ½�© Z T<ÂC¼[½ » ½v¼ Z I*MS½*K Z År½�©.K » ½�© Z°» RCKN¾ªR Z

t
ÅEI�K

tρ
MSR » RCKN¾¸R�½*¿ » RU¼*©ÁRC¼ÁKNRC¾¸Å<MmI���I*¼ »T<I*¼ Z

t
» ½�© » R Z MWR Z ½®VCV�©.K\KNRC¼[VUR Z�Òª» ½*Å Ç ¾ª½ ZA»:Ó T[R Z ½�© ZAÇ » RCKN¾ªR Z

s ∈ M
Å�ILK

sρ
]PÐ ½q© Z Â » RC¼[T<½*¼ Z VURCMmI�Iq©ZAÆ®ZA»NÈ ¾ªR8T[R8VC½v¼ » K=I*QW¼ » R Z R » Iq©.º Z ©.¿ ZA» Q » © » QS½v¼ Z 2 F -UF RC¼¬År½ Z I*¼ » x(σρ) = (xσ)ρ År½�©.K » ½�© » R Z MWR Z ´*ILKNQmIL¿<MSR Z

x ∈ dom(σ)
]

�
¼e© » QSMWQ Z I*¼ » MWI�¼[½�©�´qRCMWMWR¸VUILK=I*V » ÂCKNQ Z I » QW½*¼�T<R¸MWI Z RCV » QW½v¼ ¿U×®]�Ù�]²å Å�I*ÎvR¸VCQ Ç VC½v¼ » KNRªT[R Z Å[KN½ » ½�VU½vMSR Z ¿�QSRU¼T[Â0Ñ<¼<Q ZÚZ ©.KÛMmI Z QSÎv¼<I » ©.KNRBKNR ZA» KNRCQW¼ » R8Õ

{0, h,+}
ª[¼<½q© Z`» K=I*¼ Z Ä ½*KN¾¸½v¼ Z Å�ILKÛI�¿ ZA» K=ILV » QS½v¼ ¾ ILÅ[Å�MSQWVUI » QW½*¼ÖTÊÉ ©[¼KNRC¾¸Å<MmILVURC¾ªRC¼ »�À ©<¼ ZAÆ®ZA»NÈ ¾ªRbT[R`VC½v¼ » K=I*QS¼ » R Z ¿<QWRC¼:T[ÂCÑ<¼[Q®R » Ä,ILV » R0©.KÔÅ[KNÂ Z RCK ´*I*¼ » RU¼x©[¼ ZAÆ.ZA»NÈ ¾ªRb¿<QWRC¼:T[ÂCÑ<¼[QZ ©.KÚMmI Z QWÎv¼<I » ©.KNR6KNR ZA» KNRCQW¼ » R8Õ
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 ¼Ö½*¿ Z R0K ´vI*¼ » MSR Z Å[KN½vÎ*K ÈCZ KNÂUI*MWQ Z Â Z VUR Z T[R0KN¼<Q È KNR Z I*¼[¼[ÂCR Z RU¼�´vÂCKNQ�Ñ�VUI » QS½v¼ T[R'Å[KN½ » ½�VU½vMSR Z V0K Æ Å » ½vÎ*K=I ÇÅ�X[QWÃ*©[R Z ª.¼[½�© Z KNRC¾1ILK=Ã*©[½v¼ Z Ã·©<R�MWR Z ¼[½�©�´qRCMWMWR Z ILÅ[Å<KN½�VDX[R Z ´.Q Z RC¼ » Õ:I �ÊI*Q�¿�MSQSK�M,É X Æ År½ » X ÈCZ RBT�©�V=X[Q �EKNRU¾¸RU¼ »ÅEI�KNÄ,I*Q » RC¼ÀIv©<Î*¾ªRU¼ » I*¼ » MWR Z VUILÅ�I*VUQ » Â Z T<R¸M É QS¼ » K © Z ILÑ<¼�TÊÉ I*¼<I*M Æ.Z R0K8T<R¸¾1IL¼<Q È KNR:Å�M¸© Z KNÂUI*MWQ ZA» R¸MWR Z Å[KN½ » ½ ÇVU½vMSR ZC] � KNRU¼[T.KNR8RC¼¬VU½*¾¸Å » RBMWR Z Å[KN½*Å[KNQWÂ » Â Z I*MSÎvÂ0¿<KNQWÃ*©[R Z T[R Z Å[KNQW¾ªQ » Q¸´qR Z VCK Æ Å » ½*Î*K=ILÅ<X[QmÃ*©[R Z R » T[R Z�Z ÅrÂUVCQSÑ ÇV�I » QS½v¼ Z T[R Z Å[KN½ » ½®VC½vMWR Z VC½v¼ » KNQS¿g©[R�Õ�M É I �ÊI*QS¿<MWQ Z\Z RU¾¸RU¼ » T[RJVUR »\» RJX Æ År½ » X ÈCZ R ] HbR Z ¼[½�©�´qRCMWMSR Z VC½v¼ Z QWT[ÂCK=I » QW½v¼ ZKNRU¼[T[RU¼ » ¿ÊRUIq©[VC½�©.Å�Å<M»© Z VU½v¾:Å�MSRCº®R Z M É²IL¼�ILM Æ.Z R�T[R Z Å[KN½ » ½�VU½vMSR ZC]�Ë I*¼ Z VCR »\» R » X ÈUZ Rqª®¼<½q© Z I�´v½v¼ Z T[Â�´qRCMW½*Å[ÅrÂT<R1¼[½�©�´qRUMSMWR Z ¾ªÂ » X[½®T[R Z Ä7½*KN¾ªRCMWMSR Z T[R.´qÂCKNQ�Ñ<V�I » QS½v¼ VC½v¼[VUR0KN¼<I*¼ » MWIÖÅ[KN½*Å[KNQWÂ » Â¶T[R Z RCVCKNR » RU¼�Å[KNÂ Z RC¼[VUR¶T[R» X<ÂC½*KNQSR Z ÂUÃ*©<I » QW½v¼[¼[RCMWMWR Z X[½v¾ª½v¾ª½LK\Å�X[QWÃ*©[R Z År½�©.K:MSR Z Å<KN½L¿�M È ¾¸R Z T[R¶T[ÂUT�©[V » QW½v¼ÀT[R�M,É QS¼ » K © Z R » T[R Z ÂCV�© ÇKNQ » ÂªRU¼À¼[½v¾8¿<KNRª¿r½*KN¼[Â1T<R Z R Z\Z QW½*¼ Z T�IL¼ Z MSR Z Å[KN½ » ½®VC½vMWR Z V0K Æ Å » ½vÎ*K=I�Å�X[QWÃ*©[R ZC] 	 QW¼ Z Qf¼[½�© Z I�´q½v¼ Z I �ÊI*QS¿<MSQM É X Æ År½ » X ÈCZ R8T�©ÖV=X[Q �EKNRC¾ªRU¼ » ÅEI�KNÄ,I*Q »U]
� b � ��� }c{ � ��~v}��u| ^ ~ _ � �Az b } � ��~v}��u| � Ð ½q© Z I�´q½*¼ Z TÊÉ IL¿r½*KNTSªJT�IL¼ Z MWR�V=X<ILÅ<Q » KNR Þ ªJT[ÂCÎqI*ÎvÂº©[¼[R�MWQ ZA» RT<R Z T[Q �rÂ0KNRU¼ »NZ Å[KN½ » ½®VC½vMWR Z R0º.Q ZA» I*¼ »NZ © » QWMSQ Z I*¼ » T<R Z Å[KN½*Å[KNQWÂ » Â Z ILMWÎvÂ0¿[KNQmÃ*©[R Z¸Z ½vQ » T�IL¼ Z MWR Z ¾ªÂ » X<½�T<R Z T[RVDX[Q �EKNRC¾ªRC¼ » RC¾¸Å<MW½ Æ ÂCR Z ª Z ½vQ » T<I*¼ Z MmI Z ÅrÂCVUQ�Ñ�VUI » QS½v¼�¾ªÜC¾ªR°T�© Å[KN½ » ½®VC½vMWR ]�Ð ½�© Z I�´v½v¼ Z ÂCÎqI*MWRC¾ªRC¼ » ª�ÅÊ½q©[KVDX<I*V0©[¼¶T[R Z R0º.RC¾¸Å<MWR Z T[RÚÅ[KN½*Å[KNQSÂ » Â Z I*MWÎ*ÂC¿[KNQmÃ·©<R Z ª�R0º.X[QS¿rÂÛMW½LK Z Ã*©ÊÉ QWM Z RCº®Q ZA» RC¼ » MWR Zf» K=I�´vIv©[ºªT[R9´qÂ0KNQSÑ<VUI » QW½*¼R Z\Z I Æ I*¼ » T[RªMWR Z Å[KNRU¼[T.KNRªRU¼�VC½v¾¸Å » R1ILÑ<¼ÀTÊÉ²I �PILQS¿<MWQ�K'M É X Æ År½ » X ÈCZ R1T�©�V=X<Q �EKNRU¾ªRC¼ » Å�ILKNÄ,I*Q »U]tÐ ½�© Z8Z ½�©[MSQ ÇÎv¼[½v¼ Z Å�ILKN¾ªQ » ½�© » R Z VUR Z Å[KN½*Å[KNQSÂ » Â Z ILMWÎvÂ0¿[KNQmÃ*©[R Z Ã*©[R¶T[R�¼[½v¾'¿[KNR0©[º�Å<KN½ » ½®VU½*MWR Z © » QWMWQ Z RU¼ » MmIÖÅ[KN½*Å[KNQWÂ » ÂTPÉ X[½v¾ª½v¾ª½LK\Å�X[Q Z ¾ªR ]tË I*¼ Z MWR¸VDX<ILÅ<Q » KNR å ªP¼[½�© Z Å[KNÂ Z RC¼ » ½v¼ Z MSRª¾ª½®T È MWRªT[RªM,É QW¼ » K © Z'ZA» IL¼<T<ILKNT�T[R Ë ½vMSR0´ Ç

 I*½8Ã·©<Q.¾ª½®T[ÂCMWQ Z R�MSR Z V�I�ÅEILVUQ » Â Z TÊÉ ©[¼ªQS¼ » K © ZC]vÐ ½�© Z T[½v¼[¼[½v¼ Z RC¼ Z ©[Q » R�M É R0º » RC¼ Z QW½v¼¸VCMmI Z\Z QWÃ*©[R�T<R�VCR`¾ª½®T È MSRÅEI�K�©[¼<R » X[ÂC½*KNQWR:Â�Ã*©<I » QS½v¼[¼[RUMSMWR:KNRCÅ[KNÂ Z RU¼ » ÂCR:Å�ILK�©[¼ ZAÆ.ZA»NÈ ¾¸RªT[R°KNÂUÂCVCKNQ » ©.KNR¸VC½v¼·´qRCKNÎ*RU¼ » ¾ ¾ª½�Tg©[MS½ 	 H À=]Ð ½�© Z ¼<½q© ZJZ ½v¾¸¾ªR Z I*MW½LK Z Ä7½®VUI*MWQ Z Â ZbZ ©.K`MWI5´vÂCKNQ�Ñ�VUI » QS½v¼¶T<RÚÅ[KN½ » ½®VC½vMWR Z V0K Æ Å » ½vÎ*K=ILÅ<X[QmÃ*©[R Z RC¼1Å<KNÂ Z RC¼<VCR�T[RMmIªÅ[KN½*Å[KNQSÂ » Â'TÊÉ X[½v¾ª½*¾ª½*K\Å<X[Q Z ¾ªR ]rÐ ½�© Z ¼[½�© ZÛZ ½v¾ª¾ªR Z QW¼ » Â0KNR Z\Z Â Z Å<M»© Z Å�ILK » QSV�©[MSQ È KNRU¾ªRC¼ » ÕªMmIªÅ[KN½*Å[KNQWÂ » ÂTPÉ X[½v¾ª½v¾ª½LK\Å�X[Q Z ¾ªR6I0´qRUV9©<¼1½LÅÊÂ0K=I » R0©.KJI Z\Z ½®VCQmI » QSÄÊR » VC½v¾ª¾°© » I » QSÄ�ªvÅr½�©.KbMWR Z�» X[ÂC½*KNQWR Z ÂUÃ*©<I » QW½*¼<¼[RCMWMSR Z�Z ©[Q Ç
´vI*¼ » R Z.[ ��� �*ª ���������*ª �����·ª �������

{.}.
ª �	�
{.}.
ª �������

{.}.
I�´qRCV1V=X<Q �EKNRU¾ªRC¼ » VU½v¾¸¾°© » I » QWÄJR » �	�

{.}.I�´qRCV8V=X[Q �EKNRU¾¸RU¼ » VC½v¾ª¾5© » I » QWÄ ]
¿�ã*æ



� �����±	�� �
���� ��	�������" �	� � " � �v��� ���
���

��|�~ �v�A�°` � ��� }�# � Ë I*¼ Z MWRÛV=X�I�Å�Q » KNR Ø ª®¼[½�© Z I�´q½v¼ Z Å<KN½LÅÊ½ Z Â�©[¼[R6I�Å<Å[KN½®V=X[R�½LKNQWÎvQS¼�ILMWRÚÅÊ½q©[KbKNRCT[ÂU¾¸½v¼ » KNRCKMSR�Å[KN½*¿<M È ¾ªRJT[RJT[ÂCT�©<V » QW½*¼°T[RbM É QS¼ » K © Z T�IL¼ Z MSRb¾ª½®T È MSR ZA» I*¼[T<ILKNT°T[R Ë ½*MWR�´ Ç�
 I*½ÛÂ » RU¼[T�©SªLRC¼°© » QWMSQ Z I*¼ » M,É²ILÅ ÇÅ[KN½®V=X[R8Å�ILK�MS½®VUI*MWQ » Â8QW¼ » KN½®T�©[Q » R8Å�ILK Ý V 	 MWMSR ZA» R0K ] � ©[Q Z T<I*¼ Z MWR8VDX<ILÅ<Q » KNR Z ©[Q¸´*I*¼ » ª�¼[½�© Z I�´q½v¼ Z VC½v¼ Z QWT[Â0KNÂMSR'Å[KN½*¿<M È ¾ªR°T[R°T[ÂCTg©[V » QW½v¼ T[R°M É QW¼ » K © Z RC¼ Å[KNÂ Z RC¼[VUR'T<R'T<Q �rÂCKNRC¼ » R ZÚ» X[ÂU½*KNQSR Z ÂUÃ*©<I » QW½v¼[¼[RCMWMWR Z ¾ª½®T[ÂUMSQ Z I*¼ »MWI¸Å[KN½*Å[KNQSÂ » ÂBTÊÉ X[½v¾ª½v¾¸½*K\Å<X<Q Z ¾ªRqª<Å<M»© Z ÅEI�K » QWV0©<MSQ È KNRU¾¸RU¼ » MWR Z�» X[ÂC½*KNQWR Z ÂUÃ*©<I » QW½v¼[¼[RCMWMWR Z I Z\Z ½®VCQmI » Q¸´qR Z VC½v¾ Ç¾5© » I » Q¸´qR Z ªÊT�© Ò ½�©�R0º.VCM»© Z QWÄ Ó R » T[R Z Î*KN½�©.ÅrR Z IL¿rÂCMWQWRC¼ Z RU¼�Å[KNÂ Z RC¼[VUR:TÊÉ ©[¼ ZAÆ ¾'¿r½vMSR¸X[½v¾ª½v¾¸½*K\Å<X<QWÃ*©[R ]HbR »\» R6Å<KN½LÅ<KNQSÂ » Â'I Z\Z ©[KNR5©[¼[R8KNÂCRUMSMWR8QS¼ » R0K=I*V » QW½v¼¬RU¼ » KNR8T[R�©.º ZAÆ ¾'¿r½vMSR ZC]�Ð ½�© Z I�´q½v¼ Z VU½*¾ª¾ªRC¼<VCÂ8Å�ILKÚÂ » © ÇT[QSRCKbMWRÚVUI Z T[RÛM,É QS¼ » K © Z Å�I Z\Z QSÄÊRU¼ªÅ<KNÂ Z RC¼<VCRÛT[RÚVUR Zf» X<ÂC½*KNQSR Z Â�Ã·©�I » QW½v¼[¼[RUMSMWR ZC]�Ð ½�© Z I�´q½*¼ Z R Z\Z I Æ ÂÛTÊÉ Â » RU¼[T.KNRMSR Z Â » ©[T[R Z RCº.Q ZA» I*¼ » R Z År½�©.K8MSR Z6» X[ÂC½*KNQWR Z T�© Ò ½�©�RCº®VUM¸© Z QSÄ Ó R » T[R Z Î*KN½�©.ÅrR Z I�¿ÊÂCMWQSRU¼ ZC] 	 Å[K ÈUZ T[R:¼<½*¾ Ç¿[KNR0© Z R Z`» RC¼ » I » Q¸´qR Z QW¼[Ä7K ©[V » ©<R0© Z R Z T<I*¼ Z VCR »\» R�T[QSKNRCV » QS½v¼Sª[¼<½q© Z I0´q½v¼ Z T[Â�´qRUMS½*Å[ÅrÂ?©[¼[RB¼<½q©�´vRUMSMWR8ILÅ[Å[KN½®V=X[R¿�I Z ÂCR Z ©.K°T[R Z8» K=I*¼ Z Ä7½*KN¾1I » QS½v¼ Z T[RªÅ[KNR0©�´vR Z År½�©.K°½*¿ » RU¼[QSK'MmIÖT[ÂCVUQST�I�¿�QSMWQ » Â1Tg©�Å[KN½*¿<M È ¾ªR¶T[R1T[ÂCTg©[V » QW½v¼T[R¬M É QW¼ » K © Z RU¼ÌÅ[KNÂ Z RU¼[VCR¬T<R¬VCR Z:» X<ÂC½*KNQSR Z ÂUÃ*©<I » QS½v¼[¼<RCMWMSR ZC]
�
¼ Z ©[Q » Rqªf¼[½�© Z ¼[½�© ZªZ ½v¾ª¾ªR Z I »\» I*V=X[Â Z Iv©[º» X[ÂC½*KNQWR Z ÂUÃ*©<I » QW½v¼[¼[RCMWMWR Z TÊÉ ©<¼�VDX[Q �EKNRC¾ªRC¼ » T[Q ZA» KNQS¿g© » QWÄ Z ©.K°MWR Ò ½�©ÀR0º.VCM»© Z QWÄ Ó R » MWR Z Î*KN½�©.ÅrR Z IL¿rÂCMWQWRC¼ Z ªMS½*K Z Ã*©[R�MWR�VDX[Q �rKNRC¾ªRC¼ » R ZA» VC½v¾ª¾°© » I » QSÄt½q©�¼[½v¼ ¾ ������� {.}. ��� {.}. À=]®Ë IL¼ Z VCR Z�» X[ÂU½*KNQSR Z Â�Ã·©�I » QW½v¼[¼[RUMSMWR Z ªM,É QS¼ » R0K=I*V » QW½v¼�RC¼ » KNR:MSR Z6ZAÆ ¾8¿Ê½*MWR Z T[R¸V=X<Q �EKNRU¾ªRC¼ » R » M É ½LÅÊÂ0K=I » R0©.K8I Z\Z ½®VCQmI » QWÄ�ªrVU½v¾¸¾°© » I » QWÄ�R ZA» KNRC¼[Ä ½*KNVCÂCR ]HbR ZÚ» X<ÂC½*KNQSR Z Â�Ã·©�I » QW½v¼[¼[RUMSMWR Z Å[KNRU¼[¼[RC¼ » RC¼ VC½v¾¸Å » R:Iq© » I*¼ » T<R ZAÆ ¾8¿Ê½*MWR Z T<Q ZA» KNQS¿g© » QWÄ Z�Z ©[K�VCR » ½LÅÊÂ0K=I » R0©.KÃ·©PÉ QWM Æ I¶T[R:VCMWRCÄ Z T[R°VDX[Q �EKNRC¾ªRC¼ » T[Q �rÂCKNRC¼ » R ZC]rË R'Å�M¸© Z ªÊT<I*¼ Z VCR:VUI Z VC½v¼ » K=I*Q�KNRU¾ªRC¼ » Iq©�VUI Z ½qZ�QSMÏ¼PÉ Æ IÃ·©PÉ ©[¼ ZAÆ ¾'¿r½vMSR�X<½*¾ª½v¾ª½*K\Å<X[QmÃ·©<RqªqMSR Z�ZAÆ ¾8¿Ê½*MWR Z X[½v¾¸½v¾ª½*K\Å<X[QmÃ*©[R Z ÅÊR0©�´qRC¼ » Ü » KNR`T<Â » K ©[Q »NZ Å�ILK±©<¼¸T<ÂCV=X<QSÄ ÇÄmKNRU¾¸RU¼ »U] � ½�© » R Z VCR Z ¼<½q©�´vRUMSMWR Z Å<KN½LÅ<KNQSÂ » Â Z I*MSÎvÂC¿[KNQWÃ*©[R Z ¼[½�© Z ½*¼ » IL¾ªRU¼[Â Z Õ�Â » ©<T[QSRCK8Å<M»© Z Å<KNÂCVCQ Z ÂC¾ªRU¼ »MWI�Ä ½*KN¾ªR¸T[R Z Å[KNR0©�´vR Z ªÊÅr½�©.K'ILK\KNQ¸´qR0K'Õ�½*¿ » RC¼<Q�K8MmI�T[ÂCVUQST�I�¿�QSMWQ » ÂªT�©�Å<KN½L¿�M È ¾¸RªT[RªT[ÂUT�©[V » QS½v¼�T[R¸M É QW¼ » K © ZÅr½�©.K:VUR Z T[R�©.º » X[ÂU½LKNQWR Z ÂUÃ*©<I » QW½*¼<¼[RCMWMSR ZC]ÏÐ ½�© Z I�´v½v¼ Z ÅÊ½q©[K¸V=X<I*V0©<¼[R�TÊÉ RU¼ » KNR�RUMSMWR Z ¾ª½*¼ » KNÂ ©[¼[R¶¿r½*KN¼[RT[R8VU½v¾:Å�MSRCº®Q » Â'QS¼[Ä Â0KNQWR0©[KNR8T<I*¼ Z MSR'VUI Z T<R8Å[KNR0©�´vR Z ¿<QS¼�ILQSKNR ZC]

�
¼.Ñ<¼ ¼[½�© Z ¾ª½v¼ » KN½v¼ Z ªET<I*¼ Z MWR'V=X<ILÅ<Q » KNR ã ªÃ·©<R6M É ©[¼[QSÑ<VUI » QW½*¼ÖR » MSR6Å[KN½*¿<M È ¾ªR8T[RBT[ÂCT�©<V » QW½*¼¬T[R8M,É QS¼ » K © Z�Z ½v¼ » T[R0©[º¶Å[KN½*¿<M È ¾ªR Z QW¼[T[ÂCÅrRC¼[T�IL¼ »NZC]�	 Å[K ÈUZI0´q½vQSK:KNÂ Z ½*M»©ÌMWR�VUI Z Å�I Z\Z QSÄ�ª�¼[½�© Z ¼[½�© Z¸Z ½v¾ª¾¸R Z ÅrRU¼[V=X[Â Z¸Z ©.KªMSR�V�I Z T[R�M É QS¼ » K © Z I*V » QWÄ`År½�©.KªMmI » X[ÂU½LKNQWRÂUÃ*©<I » QS½v¼[¼<RCMWMSR°TÊÉ ©[¼ ZAÆ ¾'¿r½vMWR°X[½v¾ª½v¾ª½LK\Å�X[QWÃ*©[R:R » T�© Ò ½�©�R0º.VUM¸© Z QWÄ ÓE]EÐ ½�© Z År½�©.K\KNQS½v¼ Z ÅÊ½q©[K Z ©[Q ´®KNR°VCR Z» K=I0´vIq©.ºBÅr½�©.K#©[¼°QW¼ » K © Z Å�I Z\Z QWÄ[RU¼°R Z\Z I Æ I*¼ » TÊÉ ½*¿ » RC¼[QSKÔT[RJ¼[½�©�´qRUIq©.º8KNÂ Z ©[M » I »NZ År½�©.KÔT<Rb¼[½�©�´qRUMSMWR Z�» X<ÂC½*KNQSR ZÂUÃ*©<I » QS½v¼[¼<RCMWMSR ZC] � M»© Z ÎvÂU¼[Â0K=I*MWRC¾ªRC¼ » ¼[½�© Z6Z ½q©<X<I*Q » RCKNQS½v¼ Z T[ÂC¾ª½v¼ » KNRCK�©[¼ KNÂ Z ©<M » I » T[R:VC½v¾'¿<QS¼�ILQ Z ½v¼�År½�©.KMSRBÅ[KN½*¿<M È ¾ªR8T[RBT[ÂUT�©[V » QS½v¼ÖT[RBM É QS¼ » K © Z VC½v¼[VUR0KN¼<I*¼ » T[R Z`» X<ÂC½*KNQSR Z ÂUÃ*©<I » QW½*¼<¼[RCMWMSR Z T<Q Z ßA½vQS¼ » R Z

��|�~ �v�A� � � ~�} # � Ë IL¼ Z MWR6VDX<ILÅ<Q » KNR Ù ª[¼[½�© Z I�´q½v¼ Z QS¼ » KN½�Tg©[Q » ©[¼[R6V�ILK=ILV » Â0KNQ Z I » QS½v¼�T[R Z Å[KN½ » ½�VU½vMSR Z T<Â » R0K Ç¾¸QW¼[Q ZA» R ZC] HbR »\» RbVCMmI Z\Z R`T[RbÅ[KN½ » ½®VC½vMWR Z T[Â » R0KN¾ªQW¼[Q ZA» R Z T[Â0Ñ<¼<Q » MWR Z Å[KN½ » ½®VC½vMSR Z Ã*©[Q®RU¼:Ä7½v¼[V » QS½v¼:T[R Z ¾ªR Z\Z I*ÎvR ZÂCV=X�IL¼<Î*Â Z Å[KNÂCVUÂCT[RU¾¸¾ªRU¼ » År½ Z\Z\È T<RC¼ » ©[¼[R Z R0©[MWR1¾1I*¼[Q È KNR¶T<R1VU½*¼ » QS¼*©<R0K:MSR1Å[KN½ » ½®VC½vMWR ] � ©[Q Z ¼[½�© Z I0´q½v¼ ZT[Â�´qRCMW½*Å[ÅrÂ�©[¼<RÛÅ[KN½®VCÂCTg©.KNRÛT[R�T<ÂCVCQ Z QW½*¼¶År½�©.K`T[R » RUM Z Å[KN½ » ½®VC½vMSR ZC] � ½�© » Å[KN½ » ½�VU½vMSR�T[Â » RCKN¾¸QW¼[Q ZA» R Z R » K=I*¼ ZAÇÄ7½*KN¾ªR°T[½v¼[V°RU¼º©[¼ ZAÆ.ZA»NÈ ¾ªR:T[R°VC½v¼ » K=I*QS¼ » R Z¶Ò ¿<QWRC¼�T[Â0Ñ<¼<Q Ó*]EË I*¼ Z MWR°V=X<ILÅ<Q » KNR � ªr¼[½�© Z I�´q½*¼ Z Å[KNÂ Z RC¼ » Â
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