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➸➌➚ ✁ ➚ ✁ ✺❴✻■❊❈❅●✻■❍❏✼❄❂❃✼❄✾▼❅●✻■❊☎◆●❆❈◆●❍✇⑥❏❍✇✾❳❂❃❍✇④⑤❑●❀❄✾✩➚✡➚✰➚✡➚✰➚✰➚✡➚✰➚✡➚✜➚✰➚✡➚✰➚✰➚✡➚✰➚ ✫✶✵

➸➁➚à➸ ✺✧✻✽❊➁➳❄✼✿P●❑➌✻■❀✰P✔✕ ❀❄✾✽❂■❍✇✈♦❆✄❂❃❍❏❊☎❁✑P●❀✿✾▼❅❇❆✄✻❃❆❈✈✦➫❄❂■✻■❀✿✾✶➚✰➚✰➚✡➚✰➚✡➚✜➚✰➚✡➚✰➚✰➚✡➚✰➚ ✧ ➸
➸➁➚ ✞ ✺✧✻✽✼❄➻❦❍✇✾✽❍✇❊☎❁☞➚✡➚✜➚✰➚✡➚✰➚✰➚✡➚✰➚✡➚✰➚✰➚✰➚✰➚✰➚✡➚✰➚✡➚✰➚✰➚✡➚✰➚✡➚✜➚✰➚✡➚✰➚✰➚✡➚✰➚ ✧ ➸
➸➁➚ ✆ ➲➺❊☎❁●➳✿⑥❏❑●✾■❍❏❊☎❁●✾▼❀❄❂✤❅❛❀✿✻✽✾■❅❛❀✿➳❄❂■❍❏➻❈❀✿✾⑨➚✰➚✰➚✰➚✰➚✡➚✰➚✡➚✰➚✰➚✡➚✰➚✡➚✜➚✰➚✡➚✰➚✰➚✡➚✰➚ ✧★✩

✵ ✛ ❪❣❪❶♥Ñ❧ ✔☎r➌❢s❧♣❫❛❥❺r❇❵✠✟ ❪❶❜②❧✆✟☛✢❄❪❴❫❡❢♦t❝❤✡✂➬r●❜✴✔☞☛✕✚✣✢✚t❝❤ ♥ ✣ ✚❦♥♣❤ ✔❈❢❐❜✄❧ ✔✝❧ ❢✜✚ ✌✦✤
✞ ➚ ✷ ❯➒❁⑤❂■✻■❊❦P●❑●➳✴❂❃❍✇❊❈❁ ➚✰➚✡➚✰➚✰➚✡➚✰➚✡➚✰➚✰➚✰➚✰➚✰➚✡➚✰➚✡➚✰➚✰➚✡➚✰➚✡➚✜➚✰➚✡➚✰➚✰➚✡➚✰➚ ✩☎✂
✞ ➚ ✁ ✺✧✻✽✼✿✾✽❀✿❁✝❂➵❆✄❂■❍✇❊☎❁❋P●❀❄✾❖P●❊❈❁●❁●✼✿❀❄✾☞➚✰➚✰➚✰➚✰➚✰➚✡➚✰➚✡➚✰➚✰➚✡➚✰➚✡➚✜➚✰➚✡➚✰➚✰➚✡➚✰➚ ✩ ✷
✞ ➚à➸ ▲❱❅●❅●✻✽❊➁➳➵③➌❀✡❑●❁➌❍❏➻✄❆❈✻■❍❏✼✿❀ ➚✡➚✰➚✡➚✰➚✰➚✰➚✰➚✰➚✡➚✰➚✡➚✰➚✰➚✡➚✰➚✡➚✜➚✰➚✡➚✰➚✰➚✡➚✰➚ ✩ ✫
✞ ➚ ✞ ▲❱❅●❅●✻✽❊➁➳➵③➌❀✡✈✗❑➌⑥❏❂❃❍➘➻✄❆❈✻■❍❏✼✿❀ ➚✰➚✡➚✰➚✰➚✰➚✰➚✰➚✡➚✰➚✡➚✰➚✰➚✡➚✰➚✡➚✜➚✰➚✡➚✰➚✰➚✡➚✰➚ ✵✧✷
✞ ➚ ✆ ➲➺❊☎✈♦❅●❆❈✻❃❆❈❍❏✾■❊☎❁✑P➌❀✿✾✤✻■✼✿✾✽❑●⑥❏❂❃❆✄❂❃✾✒➚✰➚✰➚✰➚✰➚✡➚✰➚✡➚✰➚✰➚✡➚✰➚✡➚✜➚✰➚✡➚✰➚✰➚✡➚✰➚ ✵☎➸
✞ ➚ ✫ ➲➺❊☎❁●➳✿⑥❏❑●✾■❍❏❊☎❁●✾▼❀❄❂✤❅❛❀✿✻✽✾■❅❛❀✿➳❄❂■❍❏➻❈❀✿✾⑨➚✰➚✰➚✰➚✰➚✡➚✰➚✡➚✰➚✰➚✡➚✰➚✡➚✜➚✰➚✡➚✰➚✰➚✡➚✰➚ ✵ ✧

✕ ❫❛❥✕✔✝♥Ñ❵✕✢❐❧♣❫❛❥ q ✚❦❥✕✚⑤❜sr❇♥♣❤ ✤ ✤
✍ ❧♠❞❶♥Ñ❧♣❫❡q❡❜②r➌❪✎☛❣❧♠❤ ✖✘✗ ✗
✛ ❥❶❥❝❤✏✟✮❤✣✢ ✖ ✖ ✁
✛ ✕ ❫✑✂➬❪❣r●❜sr❇❧ ✢✿❫❛❥ t❣❤✣✢✒✂ ✚✝❢✓☛❝❫✮t❣❤✣✢✦t ✣ ❤✣✢❄❢s❧✔✂➬r➌❢✐❧♠❫❛❥ ✖ ✖✘✵
✍ ✙✳✪➅✌✍☛ ☛❣❤❦❵❝❜s❤✔❪❶r➌❜✕☛❣❤❦❵❝❜s❤ ✖ ✬ ✖



� ✎✭✡ ✌ ✝ ✟✠✝✓✡ ✌ ✁✄✂✆☎✞✝☛✁✂✁☎✄

✞ ➚✥✷ í✿ÝÞ×ÙÝÑßþý♣ÝÞß✝✆✿ùsá■ý➧ú✐á✽ý ☞❾ÛÞß✟✞sÝÑßà÷✴á✽ý➧ú✐á■ý✠✞sÛÑß ✟✤ý✡✞✄Ú✴Ý✮úsá✽ý☞☛⑨×ÙÛ ☞✍✌sü✽ý✍× �✁�àá✎☛⑨×Ùø②ú②ý◗á❳Ý☞✏✥ÛÞ×✴ø✒✑❳×✴ßàý
ý♠ù②Û �à×✓✞❈ü❳ÛÞß Ú✐ú✐á❴ú✐ù✕✔ õ ï✖✔ õ ï ✝ ✔✗✔ ✝ ×Ùù✱ó õ ï õ ✝ ï ✝ ✔✘✔✴ó✒✙ ➚✰➚✡➚✰➚✰➚✡➚✰➚✡➚✰➚✜➚✡➚✰➚✰➚ ✩☎✆

✞ ➚ ✁ û❇×ÙÛÜ×✚☛✜✛❾ÝÞÛÑá■ý � Ú❄ø✣✢✴ùsá✤☛➛ü✥☛➺Ú❄ß ÛÞá❴á✽ý♠ÝÑß✝☛➛ü✽ý✦✞✄Ú❄ùsÛ �àá✧☛➛Ú❐ú✣✛ �àá✤æ ☎ ✙ õ ë✠✞✄Ú❄ùsÛ �àá✽ý❝ýÑü❳ÛÞßàá✽ý
� Ú✘✢★✞②ÛÑß ✟

(Xit)t
i = 1, 2

✙ ➚✡➚✰➚✰➚✡➚✰➚✡➚✰➚✰➚✡➚✜➚✰➚✡➚✰➚✡➚✰➚✰➚✡➚✰➚✡➚✜➚✰➚✡➚✰➚ ✩ ✧
✞ ➚ ➸ í✿ÝÞ×ÙÝÑßþý♣ÝÞß✝✆✿ùsá■ý❝ú✐á■ý ☞❳ÛÑß✝✞✐ÝÑßà÷✴á■ý✮ú✐á✽ý❣ÛÑü■ý♠ßþú✐ù②ý

(εit)t

ö
i = 1, 2

ö ßþýÑýÑù②ý❝úsá �à×✜☛➛Ú✐ú✐ü �àßþýÑ×✚✩
ÝÑßàÚ✴ø✗æ ☎ ✙ õ ë✪✙ ➚✡➚✰➚✡➚✰➚✜➚✡➚✰➚✰➚✡➚✰➚✡➚✰➚✰➚✡➚✰➚✜➚✡➚✰➚✡➚✰➚✰➚✡➚✰➚✡➚✰➚✜➚✡➚✰➚✰➚ ✩★✩

✞ ➚ ✞ å❛ý♠ÝÑß✝☛➛×ÙÝÑßàÚ✴ø✱ú✐á✽ý✫✞②×ÙÛÜ×✚☛✜✛❾ÝÞÛÑá■ý✠✞✄Ú❄ùsÛ � á■ý☞☛➛Ú❐ú✣✛ �àá✽ý ☎ ✙ ✝ ✩ ☎ ✙ ó➣á❾Ý ☎ ✙ ☎ ✩ ☎ ✙ ò✬✙ ➚✜➚✡➚✰➚✰➚ ✵ ✂
✞ ➚ ✆ û❇×ÙÛÜ×✚☛✜✛❾ÝÞÛÑá■ý❛á■ý♣ÝÞß✟☛➛ü✽ý✫✞✄Ú❄ùsÛ � á✤☛➛Ú✐ú✬✛ � á✮✭●ê❣é✔ú✐ü✰✯✄øsß✱✞②×✴Û ☎ ✙ õ ó ➚✰➚✡➚✰➚✜➚✡➚✰➚✰➚ ✵ ✞

▲✡➚ ✷ û❇×ÙÛÜ×✚☛✜✛❾ÝÞÛÑá■ý❶á■ý♣ÝÞß✟☛➛ü■ý✤✞✄Ú❄ùsÛ❴ùsø✲☛➛Ú✐ú✬✛ �àá✴✳➭â✵✳➋ê❣é❝î✍ä✶✳➋×✴ù②ýÑýÑßàá❳ø ☞❾á❳ø✿ÝÞÛÑü➛ÛÞü✽ú✐ùsß Ý
ú✐ü✰✯✄øsß✱✞②×✴Û➋æ ✝ ✙ ☎ ✔✿ë✷✩➒æ ✝ ✙ ☎✞✝ ë❣æ

n = 300
ë✪✙ ➚✡➚✰➚✰➚✡➚✜➚✰➚✡➚✰➚✡➚✰➚✰➚✡➚✰➚✡➚✜➚✰➚✡➚✰➚✡✷✦✷ ✆

▲✡➚ ✁ û❇×ÙÛÜ×✚☛✜✛❾ÝÞÛÑá■ý❴á✽ý♠ÝÑß✝☛➛ü✽ý✧✞❈Ú✴ù②Û➽ùsø✸☛➺Ú✐ú✬✛ � á✹✳➭â✵✳➋ê❣é❝î✍ä➝í❐ÝÑù②ú✐á✽ø✿Ý✓✺✰ò✰ú✐á✎✢❄ÛÑü■ý✧ú✐á
� ßàØ❈á❳ÛÑÝÑü❴ú✐ü✰✯✄øsß✱✞②×✴Û✧æ ✝ ✙ ☎ ✔✿ë✷✩➒æ ✝ ✙ ☎ ✝ ë❶æ

n = 300
ë✪✙ ➚✜➚✰➚✡➚✰➚✡➚✰➚✰➚✡➚✰➚✡➚✜➚✰➚✡➚✰➚✡✷✦✷✜✫

▲✡➚à➸ û❇×ÙÛÜ×✚☛✜✛❾ÝÞÛÑá■ý❶á■ý♣ÝÞß✟☛➛ü■ý✤✞✄Ú❄ùsÛ❴ùsø✲☛➛Ú✐ú✬✛ �àá✴✳➭â✵✳➋ê❣é❝î✍ä✶✳➋×✴ù②ýÑýÑßàá❳ø ☞❾á❳ø✿ÝÞÛÑü➛ÛÞü✽ú✐ùsß Ý
ú✐ü✰✯✄øsß✱✞②×✴Û➋æ ✝ ✙ ☎ ✔✿ë✷✩➒æ ✝ ✙ ☎✞✝ ë❣æ

n = 500
ë✪✙ ➚✡➚✰➚✰➚✡➚✜➚✰➚✡➚✰➚✡➚✰➚✰➚✡➚✰➚✡➚✜➚✰➚✡➚✰➚✡✷✦✷ ✧

▲✡➚ ✞ û❇×ÙÛÜ×✚☛✜✛❾ÝÞÛÑá■ý❴á✽ý♠ÝÑß✝☛➛ü✽ý✧✞❈Ú✴ù②Û➽ùsø✸☛➺Ú✐ú✬✛ � á✹✳➭â✵✳➋ê❣é❝î✍ä➝í❐ÝÑù②ú✐á✽ø✿Ý✓✺✰ò✰ú✐á✎✢❄ÛÑü■ý✧ú✐á
� ßàØ❈á❳ÛÑÝÑü❴ú✐ü✰✯✄øsß✱✞②×✴Û✧æ ✝ ✙ ☎ ✔✿ë✷✩➒æ ✝ ✙ ☎ ✝ ë❶æ

n = 500
ë✪✙ ➚✜➚✰➚✡➚✰➚✡➚✰➚✰➚✡➚✰➚✡➚✜➚✰➚✡➚✰➚✡✷✦✷ ✩

▲✡➚ ✆ û❇×ÙÛÜ×✚☛✜✛❾ÝÞÛÑá■ý❶á■ý♣ÝÞß✟☛➛ü■ý✤✞✄Ú❄ùsÛ❴ùsø✲☛➛Ú✐ú✬✛ �àá✴✳➭â✵✳➋ê❣é❝î✍ä✶✳➋×✴ù②ýÑýÑßàá❳ø ☞❾á❳ø✿ÝÞÛÑü➛ÛÞü✽ú✐ùsß Ý
ú✐ü✰✯✄øsß✱✞②×✴Û➋æ ✝ ✙ ☎ ✔✿ë✷✩➒æ ✝ ✙ ☎✞✝ ë❣æ

n = 1000
ë✰✙ ➚✰➚✰➚✡➚✜➚✰➚✡➚✰➚✡➚✰➚✰➚✡➚✰➚✡➚✜➚✰➚✡➚✰➚✡✷✦✷✽✵

▲✡➚ ✫ û❇×ÙÛÜ×✚☛✜✛❾ÝÞÛÑá■ý❴á✽ý♠ÝÑß✝☛➛ü✽ý✧✞❈Ú✴ù②Û➽ùsø✸☛➺Ú✐ú✬✛ � á✹✳➭â✵✳➋ê❣é❝î✍ä➝í❐ÝÑù②ú✐á✽ø✿Ý✓✺✰ò✰ú✐á✎✢❄ÛÑü■ý✧ú✐á
� ßàØ❈á❳ÛÑÝÑü❴ú✐ü✰✯✄øsß✱✞②×✴Û✧æ ✝ ✙ ☎ ✔✿ë✷✩➒æ ✝ ✙ ☎ ✝ ë❶æ

n = 1000
ë✰✙ ➚✜➚✰➚✡➚✰➚✡➚✰➚✰➚✡➚✰➚✡➚✜➚✰➚✡➚✰➚✡✷ ✁❈✂

✧



� ✁ ✂✆☎✞✝ ✟✠✝✓✡ �✂✁ ✁✠✒✏✝✓✡

✞ ➚ ✷ û❛ÛÑß ✟✜ý✵✞❈ÚÙÝ✦✌②Ú✴ÛÜ×ÙßàÛÑá■ý☞☛➺Ú☎✄❄á❳ø②ý❣ú✐á✽ý✦☛➛×✴Û ☞✍✌②ü✽ý☞✏✥ÛÜ×Ùø✒✑✽×Ùßþý❝á❳Ý❶× �✁� á✥☛⑨×Ùø②ú ✞❈Ú✴ùsÛ �à× ✞✄ü✎✩
ÛÞßàÚ❐úsá➋×✆� �þ×Ùø✿Ý❝ú✐ù✕✔ õ ï✖✔ õ ï ✝ ✔✗✔ ✝ ×Ùù✱ó õ ï õ ✝ ï ✝ ✔✘✔ ☎ ➚✰➚✡➚✰➚✰➚✡➚✰➚✡➚✜➚✰➚✡➚✰➚✰➚✡➚✰➚ ✩✝✁

✞ ➚ ✁ å❛÷✴Ú✆�àù✐ÝÞß Ú❄ø✸ú✐á■ý✮✞sÛÞß ✟✡ý✡✞❈ÚÙÝ✤✌sÚ✴ÛÜ×ÙßàÛÞá✽ý➭ú✐á✽ý✮☛⑨×ÙÛ ☞✍✌sü■ý❶å❛å✝✆➤æ✥á✽ø ✌✄×Ùù✐Ý✧✺✹✢❄×✴ù ☞✍✌sá■ë ö
û●Ú☎✞✍á❳ÛÞøsá✠✟❐Ý➧æ✥á❳ø✓✌②×✴ù✐Ý ✺➭ú✐ÛÞÚ✴ß ÝÑá❃ë✱✞❈Ú✴ùsÛ �þ×✦✞❈ü❳ÛÞßàÚ❐úsá✍ú✐ù✜✔ õ ï✖✔ õ ï ✝ ✔✗✔ ✝ ×✴ù➽ó õ ï õ ✝ ï ✝ ✔✗✔ ☎ ✙ ✩ ➸

✞ ➚à➸ ✟ Ú✿Ú✘☛❺ýÑùsÛ✮ùsø ☛➛Ú✴ßþý✮ú✐ù õ ï✖✔❄ó✿ï ✝ ✔✗✔ ✝ ×Ùù✵ó✗✔❐ï✖✔❄ó✿ï ✝ ✔✗✔ ✝ æ➘á❳ø✱Ø②×❄ýÞë✰✙ ➚✜➚✰➚✡➚✰➚✰➚✡➚✰➚ ✩ ➸
✞ ➚ ✞ å❛÷✴Ú✆�àù✐ÝÞß Ú❄ø ✺ �✡✠ ü ☞✍✌②á �✁� á � Ú✘✢❄×✴ÛÑß Ý✡✌✣☛➛ß ✆✿ùsá❖ú✐á■ý✓✞sÛÑß ✟✦ý✡✞✄Ú✴Ý✜✌②Ú✴ÛÜ×ÙßàÛÑá■ý➣ú✐á■ý★☛⑨×✴Û ☞✍✌sü■ý

å❛å✝✆ æ✥á❳ø ✌②×✴ù✐Ý✮✺✴✢❄×✴ù ☞✍✌sá■ë ö û●Ú☎✞✍á❳ÛÞøsá✠✟❐Ý➽æ➘á❳ø ✌②×Ùù✐Ý✤✺❱ú✐ÛÑÚ❄ß ÝÞá■ë✫✞✄Ú❄ùsÛ �à×✴✞✄ü✽ÛÑßàÚ✐ú✐á
úsù ✔ õ ï✚✔ õ ï ✝ ✔✘✔ ✝ ×Ùù✱ó õ ï õ ✝ ï ✝ ✔✗✔❄ó✣✙ ➚✰➚✰➚✰➚✰➚✡➚✰➚✡➚✰➚✰➚✡➚✰➚✡➚✜➚✰➚✡➚✰➚✰➚✡➚✰➚ ✩❈✞

✞ ➚ ✆ ä❣ßàý♠ÝÑÚ✘✢✴ÛÜ×✚☛✜☛➛á▼ú✐á✽ý✧✞sÛÑß ✟✸ý✡✞❈ÚÙÝ ✌sÚ❄ÛÞ×✴ß ÛÞá✽ý✮✞❈Ú✴ù②Û �à× ✞❈ü❳ÛÞßàÚ❐úsá✤ú✐ù ✔ õ ï✖✔ õ ï ✝ ✔✗✔ ✝ ×Ùù
ó õ ï õ ✝ ï ✝ ✔✘✔ ☎ ú✐á✽ý✠☛⑨×ÙÛ ☞✍✌sü■ý❛å❡å☛✆➥æ✥á❳ø✹✌②×✴ù✐Ý☞✺★✢❄×✴ù ☞✍✌sá❃ë ö û●Ú☎✞◗á✽ÛÑøsá ✟❐Ý➭æ✥á✽ø ✌✄×Ùù✐Ý ✺
úsÛÑÚ❄ß ÝÞá■ë✪✙ ➚✰➚✡➚✜➚✰➚✡➚✰➚✰➚✡➚✰➚✡➚✰➚✰➚✰➚✰➚✰➚✡➚✰➚✡➚✰➚✰➚✡➚✰➚✡➚✜➚✰➚✡➚✰➚✰➚✡➚✰➚ ✩❈✞

✞ ➚ ✫ ✡✐ê❣î❺á❳Ý▼û➌ü✽ÛÑßàÚ✐ú✐Ú✗✢❄ÛÞ×✗☛✜☛➺á✱ú✐á■ý ✞sÛÞß ✟✳ý✵✞❈ÚÙÝ❖ú☞✠ ü � á ☞➒ÝÑÛÞß ☞❾ß ÝÑü ✺ �✌✠ ü ☞✍✌sá �✁� á �àÚ✗✢✿×ÙÛÞß Ý ✌✬✩
☛➛ß ✆✿ùsá✧ú✐ù ☛⑨×ÙÛ ☞✍✌sü➭×✆� �àá✎☛⑨×✴ø②ú✤å❛å✝✆ ✙ ➚✰➚✰➚✰➚✡➚✰➚✡➚✰➚✰➚✡➚✰➚✡➚✜➚✰➚✡➚✰➚✰➚✡➚✰➚ ✩✝✆

✞ ➚ ✧ ✡✐ê❣î❺á❳Ý▼û➌ü✽ÛÑßàÚ✐ú✐Ú✗✢❄ÛÞ×✗☛✜☛➺á✱ú✐á■ý ✞sÛÞß ✟✳ý✵✞❈ÚÙÝ❖ú☞✠ ü � á ☞➒ÝÑÛÞß ☞❾ß ÝÑü ✺ �✌✠ ü ☞✍✌sá �✁� á �àÚ✗✢✿×ÙÛÞß Ý ✌✬✩
☛➛ß ✆✿ùsá✧ú✐ù ☛⑨×ÙÛ ☞✍✌sü✦✏✥ÛÜ×Ùø ✑❳×Ùßþý➧û●Ú☎✞◗á✽ÛÑø②á✠✟❐Ý✥✙ ➚✰➚✡➚✰➚✡➚✰➚✰➚✡➚✰➚✡➚✜➚✰➚✡➚✰➚✰➚✡➚✰➚ ✩ ✫

✞ ➚ ✩ ✍ ÷✴Ú✆�àù✐ÝÞß Ú❄ø❖ú✐á■ý ✞②ÛÑÚ ☞❾á■ýÑýÑù②ý◗ÛÑü■ý♠ßþú✐ùsá �àý
(εit)t

ö
i = 1, 2

ö ßþýÑýÑù②ý➧ú✐á �à×★☛➛Ú✐ú✐ü �àßàýÞ×➵ÝÞß Ú❄ø
æ ☎ ✙ õ ë✰✙ ➚✡➚✰➚✡➚✜➚✰➚✡➚✰➚✰➚✡➚✰➚✡➚✰➚✰➚✰➚✰➚✰➚✡➚✰➚✡➚✰➚✰➚✡➚✰➚✡➚✜➚✰➚✡➚✰➚✰➚✡➚✰➚ ✩ ✧

✞ ➚❩✵ ä❣ßàý♠ÝÑÚ✘✢✴ÛÜ×✚☛✜☛➛á➽ú✐á■ý ✞sÛÑÚ ☞❳á✽ýÞý♠ù②ý❶ÛÞü✽ýÑßàú✐ù②á �þý
(εit)t

ö
i = 1, 2

ö ßþýÑýÑù②ý➋ú✐á �à× ☛➛Ú❐úsü �àß ✩
ýÞ×➵ÝÞß Ú❄ø✸æ ☎ ✙ õ ë✰✙ ➚✜➚✰➚✡➚✰➚✰➚✡➚✰➚✡➚✰➚✰➚✰➚✰➚✰➚✡➚✰➚✡➚✰➚✰➚✡➚✰➚✡➚✜➚✰➚✡➚✰➚✰➚✡➚✰➚ ✩ ✩

✞ ➚ ✷ ✂ ✡✐ê❣î➡á❾Ý❝û✝ê❣î ✡♦ú✐á✽ý☞✞sÛÞÚ ☞❾á■ýÑýÑù②ý
(ε1t)t

ö ßþýÑýÑù②ý✮ú✐á �þ×✓☛➺Ú✐ú✐ü � ßþýÞ×➵ÝÑßàÚ✴ø✗æ ☎ ✙ õ ë✪✙ ➚✰➚✡➚✰➚ ✩ ✵
✞ ➚ ✷✶✷ ✡✐ê❣î➡á❾Ý❝û✝ê❣î ✡♦ú✐ù ✞sÛÑÚ ☞❳á✽ýÞý♠ù②ý

(ε2t)t

ö ßþýÞý♠ù②ý✮úsá �þ×✜☛➛Ú✐ú✐ü �àßàýÞ×➵ÝÞß Ú❄ø✸æ ☎ ✙ õ ë✰✙ ➚✰➚✡➚✰➚ ✩ ✵
✞ ➚ ✷ ✁ ✡✐ê❣î❋ú✐á■ý☞✞sÛÑÚ ☞❳á✽ýÞý♠ù②ý

(ξit)t

ö
i = 1, 2

✙ ➚✜➚✡➚✰➚✰➚✡➚✰➚✡➚✰➚✰➚✡➚✰➚✜➚✡➚✰➚✡➚✰➚✰➚✡➚ ✵ ✂
✞ ➚ ✷✐➸ ✡✐ê❣î ☞❾ÛÞÚ✴ßþýÑü❳á✽ý➧ú✐á■ý☞✞sÛÞÚ ☞❳á✽ýÞý♠ù✄ý

(εit)t

ö
i = 1, 2

✙ ➚✡➚✰➚✡➚✰➚✰➚✡➚✰➚✜➚✡➚✰➚✡➚✰➚✰➚✡➚ ✵ ✁
✞ ➚ ✷ ✞ ✡✐ê❣î❋ú✐á■ý☞✞sÛÑÚ ☞❳á✽ýÞý♠ù②ý

(ξit)t

ö
i = 1, 2

✙ ➚✜➚✡➚✰➚✰➚✡➚✰➚✡➚✰➚✰➚✡➚✰➚✜➚✡➚✰➚✡➚✰➚✰➚✡➚ ✵☎➸
✞ ➚ ✷ ✆ é❝ü✽ýÑù✄� ÝÜ×➵ÝÜý▼ú✐á✕✞sÛÞü❳÷❐ßþý♠ßàÚ✴ø✖á❳ø

J + 30
ú✐á✕✞sÛÞß ✟✖ý✵✞❈ÚÙÝ✤ú✎✠ ü �àá ☞❾ÝÑÛÞß✁☞❳ß ÝÞü✜ú✐ù ☛⑨×ÙÛ ☞✍✌sü

×✆� �àá✎☛⑨×✴ø②ú✤✞❈Ú✴ùsÛ �à×✦✞✄ü✽ÛÑßàÚ✐ú✐á◗úsù★✔ õ ï õ ✝ ï ✝ ✔✗✔ ☎ ×Ùù➽ó õ ï õ ✝ ï ✝ ✔✘✔ ☎ á❾Ý●ú✐ù★✔ õ ï✖✔✑✏✴ï ✝ ✔✗✔ ☎
×✴ù✵ó õ ï✚✔✒✏❄ï ✝ ✔✘✔ ☎ ✙ ➚✡➚✰➚✰➚✡➚✰➚✡➚✰➚✰➚✰➚✰➚✰➚✡➚✰➚✡➚✰➚✰➚✡➚✰➚✡➚✜➚✰➚✡➚✰➚✰➚✡➚✰➚ ✵ ✫

✩



✵

✞ ➚✥✷✜✫ é✮ü✽ýÑù✄� ÝÞ×ÙÝÞý✍ú✐á ✞②ÛÑü✽÷✿ßþýÑß Ú❄ø⑨á❳ø
J + 30

úsá ✞sÛÞß ✟⑨ý✡✞❈ÚÙÝ✮ú✐ù✴☛⑨×ÙÛ ☞✍✌sü ✏✥ÛÜ×Ùø ✑❳×Ùßþý ✞❈Ú✴ù②Û �þ×
✞✄ü✽ÛÑßàÚ✐ú✐á❴ú✐ù✕✔ õ ï õ ✝ ï ✝ ✔✗✔ ☎ ×✴ù❱ó õ ï õ ✝ ï ✝ ✔✘✔ ☎ á❾Ý❣ú✐ù✕✔ õ ï✖✔✑✏✴ï ✝ ✔✗✔ ☎ ×Ùù✱ó õ ï✖✔✒✏❄ï ✝ ✔✗✔ ☎ ✙ ➚ ✵★✫

✞ ➚✥✷ ✧ é❝ç✰í❐å á❳ø ☛➛Ú☎✄✴á❳ø②øsá✦æ✥å❛å✝✆ ✺✸✢✿×Ùù ☞✍✌②á✜á❾Ý✵û●Ú☎✞◗á✽ÛÑø②á✠✟❐Ý ✺✖ú✐ÛÑÚ❄ß ÝÞá■ë ✞✄Ú❄ùsÛ✱ùsøsá
✞sÛÞü❳÷❐ßàýÑßàÚ✴ø✤á✽ø

J + 30
✙ ➚✰➚✡➚✰➚✡➚✰➚✰➚✡➚✰➚✡➚✰➚✜➚✡➚✰➚✰➚✡➚✰➚✡➚✰➚✰➚✡➚✜➚✰➚✡➚✰➚ ✵ ✧

❮❱➚✥✷ é❝ç✰í❐å✕✌②á❳ùsÛÞá ✞②×✴Û✱✌sá❳ù②ÛÑá❛úsá✽ý✱✞②ÛÑß ✟➭ý✡✞✄Ú✴Ý✱✏✥ÛÜ×Ùø✒✑✽×Ùßþý ✞✄Ú❄ùsÛ⑤ùsø ✌sÚ✴ÛÞß✁�✽Ú✴ø➋ú✐á ✞sÛÞü❳÷❐ßþý♠ßàÚ✴ø
ú✎✠ ùsø ☛➺Ú❄ßàý✥✙ ➚✡➚✰➚✡➚✰➚✜➚✡➚✰➚✰➚✡➚✰➚✡➚✰➚✰➚✡➚✰➚✜➚✡➚✰➚✡➚✰➚✰➚✡➚✰➚✡➚✰➚✜➚✡➚✰➚✰➚✡✷ ✁☎✁

❮❱➚ ✁ é❝ç✰í❐å ✌sá❳ù②ÛÑá ✞②×ÙÛ ✌sá❳ùsÛÞá❶úsá✽ý ✞sÛÑß ✟▼ý✵✞❈ÚÙÝ ✏✥ÛÞ×✴ø✒✑❳×✴ßàý ✞✄Ú❄ùsÛ✍ùsøsá ✞sÛÑü✽÷❐ßàýÑß Ú❄ø⑨á❳ø
J + 30

✙ ✷ ✁ ➸
❮❱➚ ➸ é❝ç✰í❐å ✌sá❳ù②ÛÑá ✞②×ÙÛ ✌sá❳ùsÛÞá❶úsá✽ý ✞sÛÑß ✟▼ý✵✞❈ÚÙÝ ✏✥ÛÞ×✴ø✒✑❳×✴ßàý ✞✄Ú❄ùsÛ✍ùsøsá ✞sÛÑü✽÷❐ßàýÑß Ú❄ø⑨á❳ø

J + 30
✙ ✷ ✁✄✞

❮❱➚ ✞ é❝ç✰í❐å ✌sá❳ù②ÛÑá ✞②×ÙÛ ✌sá❳ùsÛÞá❶úsá✽ý ✞sÛÑß ✟▼ý✵✞❈ÚÙÝ ✏✥ÛÞ×✴ø✒✑❳×✴ßàý ✞✄Ú❄ùsÛ✍ùsøsá ✞sÛÑü✽÷❐ßàýÑß Ú❄ø⑨á❳ø
J + 30

✙ ✷ ✁☎✆
❮❱➚ ✆ é❝ç✰í❐å✲✌sá✽ùsÛÞá✠✞✄×ÙÛ ✌sá❳ù②ÛÑá✮ú✐á■ý ✞sÛÑß ✟➽ý✡✞✄Ú✴Ý❡× �✁� á✥☛➛×✴ø②ú★✞✄Ú❄ùsÛ❇ùsøsá ✞sÛÞü❳÷❐ßþý♠ßàÚ✴ø➽á❳ø

J +30
✙ ✷ ✁ ✫

❮❱➚ ✫ é❝ç✰í❐å✲✌sá✽ùsÛÞá✠✞✄×ÙÛ ✌sá❳ù②ÛÑá✮ú✐á■ý ✞sÛÑß ✟➽ý✡✞✄Ú✴Ý❡× �✁� á✥☛➛×✴ø②ú★✞✄Ú❄ùsÛ❇ùsøsá ✞sÛÞü❳÷❐ßþý♠ßàÚ✴ø➽á❳ø
J +30

✙ ✷ ✁ ✧
❮❱➚ ✧ é❝ç✰í❐å✲✌sá✽ùsÛÞá✠✞✄×ÙÛ ✌sá❳ù②ÛÑá✮ú✐á■ý ✞sÛÑß ✟➽ý✡✞✄Ú✴Ý❡× �✁� á✥☛➛×✴ø②ú★✞✄Ú❄ùsÛ❇ùsøsá ✞sÛÞü❳÷❐ßþý♠ßàÚ✴ø➽á❳ø

J +30
✙ ✷ ✁★✩

❮❱➚ ✩ é❝ç✰í❐å✲✌sá✽ùsÛÞá✠✞✄×ÙÛ ✌sá❳ù②ÛÑá✮ú✐á■ý ✞sÛÑß ✟➽ý✡✞✄Ú✴Ý❡× �✁� á✥☛➛×✴ø②ú★✞✄Ú❄ùsÛ❇ùsøsá ✞sÛÞü❳÷❐ßþý♠ßàÚ✴ø➽á❳ø
J +30

✙ ✷ ✁ ✵



�✂✁ ✌✏✒☎✄ ✟ ✁✝✆ ✌ ✎✞✄ ✁

✷ ✂



✷✦✷

�✂✁☎✄ ✆✞✝ ✟ ✠✡✠☞☛✝✆ ✝✌✟ ✠☛✎ ✝ ✌✜✠✎✍ ☞ ✏ ✁☎✎ ✄ ✝ ✆ ✞✒✑✓☛☎✎ ✏✳✁ ✟✕✔ ☛ ✟ ✁☎✞✺✌ ✆✟✠✗✖
✞✡✠✴✌✘☛
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(

1 − 2νz + z2
)−d

=
∑

j≥0

C
(d,ν)
j zj ,
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∀ j ∈ N, C
(d,ν)
j =

[ j
2 ]
∑

k=0

(−1)k Γ (d+ j − k) (2ν)j−2k

Γ (d) Γ (k + 1)Γ (j − 2k + 1)
,
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Γ (a) =

∫ ∞

0

xa−1e−xdx.
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✞ (d,ν)
0 = 1

✞ (d,ν)
1 = 2dν

∀j > 1,
✞ (d,ν)

j = 2ν(d−1
j

+ 1)
✞ (d,ν)

j−1 − (2d−1
j

+ 1)
✞ (d,ν)

j−2 .
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φ (B)
k
∏

i=1

(

I − 2νiB +B2
)di (Xt − µ) = θ (B) εt,
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❈✰❨❪❨▼❑✰●✢☛❘❑❘■◗●❙❑❘■ ❚✴❆✖☛ ❖✓❁ ❑✰▲✸❏❘❑❘■✪❯❄❑ ✁✭❑ ✁❄❑✰▲❬❭❘❈✦❁ ❑✰❆ ✆ ✁ ✄ ❚✴❆✖☛ ❖✓❁▼❑✰▲✸❏❘❑❘■ ✠✦❫

✙ ❤✄✂➬r●❜✒✣➧❵❝❤ ✖✆☎ ✬ ☎ ✖✥✤ ❈✦▲✧■★●❙❑ ❏ ❈❂■ ✿✒✑
k = 1

❑✰❃
ν = 1

●❙❑ ❨❬❆❵✿✽❏❘❑❘■❘■✰❁❪■ ✁ � ✟ ✠ �
✟
k
✄ ❚☛❈❄❏✰❃ ❑✰❁✹❆❵■ ❯❄❑✰❊✽❋✖❑✰▲▼❃ ❁❄▲ ❨❬❆❵✿✽❏❘❑❘■❘■✰❁ ■ ✆ � ✟ ✡ ✠ �

(p, 2d1, q)
❫ � ❋❍▲✧■✰❋ ✂ ●❙❑❘■ ❨❬❆❵✿✽❏❘❑❘■❘■✰❁ ■

✁ � ✟ ✠ �✠✟
k
✄ ❚☛❈❄❏✰❃ ❑✰❁❄❆❘■◗■✽✿❂▲▼❃ ❁❄▲✸❑ ✁✦☛✰▲✕☛✰❆❉❈✦●❳❋❙■✓❈✦❃✩❋✖✿❂▲ ❯❄❑❘■❲❨❬❆❘✿✽❏❘❑❘■❘■✰❁❪■✝✆ � ✟ ✡✆✠ � ❫

❲✵❁➡✻■❆❈❅●❅❛❀✿⑥✇⑥❏❀❱❍❏➳✿❍➧④⑤❑●❀❄⑥✇④⑤❑●❀✿✾▼③✝➾❦❅◗❊✄❂❃③●➫❄✾■❀✿✾✤❅❛❀✿✻■✈✦❀❄❂✽❂➵❆❈❁✝❂▼P✔✕ ❆❈✾✽✾■❑●✻✽❀✿✻▼⑥ ❆✗✾❳❂➵❆✄❂■❍✇❊☎❁●❁●❆❈✻■❍➘❂❃✼❱❀✴❂
⑥ ❆✗➳❐❆✄❑●✾❃❆❈⑥❏❍❏❂■✼✵P●❑➡❅●✻■❊❦➳✿❀❄✾■✾■❑➌✾✿➚
✧ (H0)

①
φ (B) = I − φ1B − · · · − φpB

p
❀❄❂
θ (B) = I − θ1B − · · · − θqB

q
✾✽❊☎❁✝❂

P●❀❄❑➁Ó❺❅❛❊☎⑥❏➾❦❁✦✥☎✈✦❀✿✾✸❁✔✕à❆❐➾☎❆❈❁✝❂✖❅❇❆✄✾✘P●❀➡✻❃❆❈➳❄❍✇❁●❀❄✾✦➳❄❊☎✈✦✈✗❑●❁●❀❄✾✘❀❄❂✦❆❐➾✝❆❈❁✝❂✦❂❃❊☎❑➁❂❃❀✿✾✚⑥❏❀✿❑●✻✽✾
✻■❆❈➳✿❍❏❁●❀✿✾▼❀✿❁❋P●❀❄③●❊☎✻■✾▼P●❑❋➳✿❀❄✻■➳❄⑥✇❀✜❑●❁●❍➘❂❃✼❈➚
✧ (H1)

① |di| < 1
2

✾■❍ |νi| < 1
❊☎❑ |di| < 1

4

✾✽❍ |νi| = 1
❅❛❊☎❑●✻

i = 1, · · · , k ➚

✠ ✡✌☞✍✡ ☞ ★ ➑ ➇ ➔❱➑●➊❾➉✍❸➁➉✮➃➥➔❱➑ ➇❴↕ ❽ ↕ ➊❾❻❳➊❾➃✝❸➁➊❳➙➺⑧❱❷✮➃

❚✱❆❈❁●✾✘➳❄❀❄❂■❂■❀✑✾■❀❄➳❄❂❃❍❏❊☎❁✔✒❶❊☎❁ ✻❃❆❈❅➌❅◗❀❄⑥✇⑥✇❀♦⑥✇❀❄✾✗✻■✼❄✾■❑●⑥➘❂➵❆✄❂■✾✗✻■❀❄⑥ ❆✄❂■❍❏➹♣✾✗➯✔⑥✇❆✹✾✽❂❃❆✄❂❃❍❏❊☎❁●❁❇❆✄✻■❍❏❂■✼♦❀✴❂✦➯
⑥✖✕ ❍✇❁✝➻☎❀❄✻■✾■❍❏◆●❍✇⑥❏❍❏❂■✼✱P●❀✿✾❖❅●✻■❊❦➳✿❀❄✾■✾✽❑●✾✵⑥✇❊☎❁➌❰☎❑●❀✜✈♦✼❄✈♦❊❈❍✇✻■❀✜❰☎✼❄❁●✼✿✻■❆❈⑥✇❍❏✾■✼❄✾✿➚◗➲➺❀✿✾❖❅●✻■❊☎❅➌✻■❍✇✼✴❂❃✼❄✾✓✒❛✼❄❂➵❆ �
◆●⑥✇❍❏❀✿✾✸❅●❆❈✻✦❩✜❍❏✻❃❆❈❍➘❂❃❍❏✾✰❀✴❂ ✛✮❀✿❍✇❅➌❑●✾❋Ï✫✷✽✵✦✵ ✆ Ò✰❀✴❂✘➷➬❊❦❊❦P✧✼➛❆✄✻■P ❈✦●✥❫✤Ï✫✷✽✵✶✵ ✩ Ò✰✒❣✾■❊☎❁✝❂✚✻✽✼✿✾■❑➌✈♦✼❄❀✿✾
P❇❆❈❁●✾▼⑥ ❆✘✺❴✻✽❊☎❅◗❊❈✾■❍❏❂■❍✇❊☎❁ ✷❈➚ ✁ ➚✥✷☎➚
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✯ ❜s❫❡❪❴❫ ✢✿❧♣❢s❧♣❫❛❥ ✖✆☎ ✬ ☎ ✖ ✝✔✿❂❁❪■◗●❙❑❘■ ☎ ✠✴❨▼✿❂❃✄☎✡✝❘■✽❑❘■
(H0)

❑✰❃
(H1)

✂✢●❙❑P❨❬❆❵✿✽❏❘❑❘■❘■✰❁ ■ ✁ � ✟ ✠ �
✟
k

❚☛❈❄❏✰❃ ❑✰❁❄❆❘■
(Xt)t∈Z

❯✦☛ ◆ ▲▼❋✺❑✰▲ ✆✁�❪❫✄✂ ✠✳❑❘■✰❃ ■✰❃ ❈✦❃❇❋✖✿❂▲▼▲❬❈✦❋❍❆❵❑✆✂✺❋❍▲▼❊✦❑✰❆❵■✰❋❇❭✓●❙❑ ❑✰❃✘❏ ❈✦❁❪■✓❈✦●✥❫ ✝❀❈
❆❵❑ ❨❬❆✖☛❘■✽❑✰▲▼❃✖❈✦❃✩❋✖✿❂▲ ❈✦❁❄❃ ✿❂❆❘❑ ✁✦❆❵❑❘■❘■✰❋❍❊✦❑✮❋❍▲ ◆ ▲▼❋✖❑ ❑❘■✰❃✝❯❄✿❂▲▼▲✕☛❘❑P❨✧❈✦❆

εt =
∞
∑

j=0

αj (d, ν, φ, θ)Xt−j ,
Ï✫✷❈➚ ✆ Ò

✿✒✑✪●❙❑✺❊✦❑❘❏✰❃ ❑✰❁✹❆
d = (d1, · · · , dk)

′ ✂
ν = (ν1, · · · , νk)

′ ❑✰❃✜✿✒✑✪●❙❑❘■ ❨▼✿❂❋❇❯❂■
(αj (d, ν, φ, θ))

j∈N❯❄❑ ❏❘❑✰❃✩❃ ❑ ❆❵❑ ❨❬❆✖☛❘■✽❑✰▲▼❃ ❈✦❃❇❋✖✿❂▲ ❈✦❁❄❃ ✿❂❆ ☛ ✁✦❆❵❑❘■❘■✰❋❍❊✦❑ ❋❍▲ ◆ ▲▼❋✖❑ ■✽✿❂▲▼❃☎❃ ❑✰●❩■ ❖✓❁▼❑
α0 (d, ν, φ, θ) = 1❑✰❃ ❨▼✿❂❁❄❆✪❃ ✿❂❁❄❃

j ≥ 1
✂❲✿❂▲ ❈ ✎

αj (d, ν, φ, θ) = πj (d, ν) −
min(j,p)
∑

i=1

φiπj−i (d, ν) +

min(j,q)
∑

i=1

θiψj−i (d, ν) ,
Ï ✷☎➚ ✫✝Ò

❑✰❃P●✥❈ ❆❘❑ ❨❬❆✖☛❘■✽❑✰▲▼❃✖❈✦❃✩❋✖✿❂▲ ❱ ✿ ✠❪❑✰▲▼▲✸❑✪❱ ✿✦❭✓❋❍●❙❑✪❋❍▲ ◆ ▲▼❋✖❑ ❯✦❁ ❨❬❆❵✿✽❏❘❑❘■❘■✰❁❪■
(Xt)t∈Z

❑❘■✰❃✝❯❄✿❂▲▼▲✕☛❘❑
❨✧❈✦❆✮●✌✡✍☛ ❖✓❁✧❈✦❃✩❋✖✿❂▲✚■✰❁✹❋❍❊❂❈✦▲▼❃ ❑ ✎

Xt =
∞
∑

j=0

βj (d, ν, φ, θ) εt−j ,
Ï✫✷❈➚ ✧ Ò

✿✒✑ ●❙❑❘■✢❨▼✿❂❋❇❯❂■
βj (d, ν, φ, θ)

❯❄❑✮❏❘❑✰❃✩❃ ❑✘❆❵❑ ❨❬❆✖☛❘■✽❑✰▲▼❃ ❈✦❃❇❋✖✿❂▲✳❱ ✿ ✠ ❑✰▲▼▲✸❑✘❱ ✿✦❭✓❋❍●❙❑❲❋❍▲ ◆ ▲▼❋✖❑❲■✽✿❂▲▼❃
❃ ❑✰●❩■ ❖✓❁▼❑

β0 (d, ν, φ, θ) = 1
❑✰❃✜❨▼✿❂❁❄❆✮❃ ✿❂❁❄❃

j ≥ 1
✿❂▲ ✿✦❭✓❃❇❋✖❑✰▲▼❃✜✎

βj (d, ν, φ, θ) = ψj (d, ν)+

min(j,p)
∑

i=1

φiβj−i (d, ν, φ, θ)−
min(j,q)
∑

i=1

θiψj−i (d, ν) ,
Ï ✷☎➚ ✩ Ò

❈✦❊✦❑❘❏
πj (d, ν) =

∑

0≤l1,··· ,lk≤j,
l1+···+lk=j

C
(−d1,ν1)
l1

. . . C
(−dk ,νk)
lk

,
Ï✫✷❈➚❩✵✝Ò

❑✰❃
ψj (d, ν) = πj(−d, ν).

Ï✫✷❈➚ ✷ ✂ Ò

✺❣❊☎❑●✻
k = 1

❀✴❂
ν = 1

✒➧❊☎❁✩❊☎◆➌❂■❍✇❀❄❁⑤❂✜⑥❏❀✘✻■✼❄✾■❑●⑥➘❂➵❆✄❂✵P●❆❈❁●✾✜⑥✇❀✗➳✿❆❈✾✜P✔✕ ❑●❁ ❅➌✻■❊❦➳✿❀✿✾✽✾■❑●✾✰Ô❦▲ �
➴▼❯❳❉☞▲✗Ï♠❅✔✒ ✁ P✔✒ ④➁Ò✴➚

✺❣❊☎❑●✻➭❆❈❁❇❆❈⑥➘➾➁✾✽❀✿✻❶❑●❁●❀➺✾✽✼✿✻✽❍✇❀➺➳➵③➌✻■❊☎❁●❊❈⑥✇❊☎❰☎❍❏④⑤❑●❀✧❅❇❆❈✻➭⑥❏❀✿✾❣❅●✻■❊❦➳✿❀❄✾■✾✽❑●✾➋⑥✇❊❈❁●❰☎❑●❀➣✈♦✼❄✈♦❊❈❍✇✻■❀✧❰☎✼❄❁●✼ �
✻■❆❈⑥✇❍❏✾■✼❄✾✓✒✐⑥✇❀❄✾❝✾✽❂➵❆②❂❃❍✇✾❳❂❃❍❏➳✿❍✇❀❄❁●✾✮P●❍❏✾■❅❛❊☎✾■❀❄❁⑤❂❶P●❀➣P●❀✿❑❦Ó✸❊❈❑➌❂❃❍❏⑥✇✾❴①✐⑥ ❆⑨➹♣❊☎❁●➳✴❂❃❍❏❊☎❁✜P✔✕à❆✄❑➌❂❃❊❦➳✿❊☎✻✽✻■✼❄⑥ ❆✄❂■❍✇❊☎❁
❀❄✈♦❅➌❍✇✻■❍❏④⑤❑●❀✰ÏÑÔ❦▲✤➲⑨Ò❴❀✴❂➣⑥ ❆✵P●❀✿❁➌✾■❍❏❂■✼▼✾■❅❛❀✿➳❄❂■✻❃❆❈⑥❏❀▼❀✿✈✦❅●❍✇✻✽❍✇④⑤❑●❀❈➚❪✗➌❆❈❁●✾➣❅◗❀❄✻✽❂■❀✤P➌❀❖❰☎✼❄❁●✼✿✻■❆❈⑥✇❍➘❂❃✼❄✾✓✒
❊❈❁♦❅●✻✽✼✿✾✽❀✿❁✝❂❃❀❖P❇❆❈❁●✾➣⑥ ❆✱✾✽❑●❍❏❂■❀✤P➌❀✿✾➣✻■✼✿✾✽❑●⑥❏❂❃❆✄❂❃✾➣✻■❀❄⑥ ❆✄❂■❍❏➹♣✾❴❆✄❑➁Ó✚➳✿❊❈✈♦❅❛❊☎✻✽❂■❀✿✈✦❀✿❁✝❂❃✾❴❂■③●✼✿❊☎✻✽❍✇④⑤❑●❀❄✾
P➌❀✰➳❄❀✿✾✤P●❀✿❑❦Ó✑➹♣❊☎❁●➳✴❂❃❍✇❊❈❁●✾⑨P❇❆❈❁●✾✤⑥✇❀❱➳❐❆❈✾✤P✔✕ ❑●❁☞❅➌✻■❊❦➳✿❀✿✾✽✾■❑●✾❱❩✵❀✿❰☎❀❄❁❦◆●❆❈❑●❀✿✻✤➯
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q
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′ ✒✿❊ ✄
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LW (X,ψ) =
1

2π

∫ π

−π

{

log (fX (ω, ψ)) +
In (X,ω)

fX (ω, ψ)

}

dω,
Ï✫✷☎➚✥✷✽✵✝Ò
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In (X,ωj)
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In (X,ωj) =
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2πn
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∣

∣

∣

∣

n
∑
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t e

iωjt

∣

∣

∣

∣

∣
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ωj =
2πj

n
, 0 ≤ j ≤

[n

2

]
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fX (ω) =
σ2

ε

2π

|θ (eiω)|2

|φ (eiω)|2
k
∏

j=1

|2 cos (ωj) − νj|−dj .
Ï✫✷☎➚ ✁ ✷sÒ
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(Xt)t∈Z
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ωi

✂✔❨▼✿❂❁❄❆
i = 1, · · · , k ✂❅■✽✿❂▲▼❃❲❏❘✿❂▲▼▲▼❁▼❑❘■✓❫ ✝ ❋

n→ ∞ ✂
❈✦●❙✿❂❆❵■✝●❙❑❘■✙❑❘■✰❃✩❋❍❱ ❈✦❃ ❑✰❁❄❆❘■

α̂n

❑✰❃
d̂n

❯❄❑
α

❑✰❃
d

■✽✿❂▲▼❃✏❈❂■✡✠✣❱✱❨❬❃ ✿❂❃❇❋❇❖✓❁ ❑✰❱ ❑✰▲▼❃✜❋❍▲❬❯✦☛ ❨▼❑✰▲❬❯❪❈✦▲▼❃❍■✆✂
❑✰❃

n
1
2 (α̂n − α0) → N

(

0, 4πV (α)−1) ,
Ï✫✷☎➚ ✁☎✁ Ò



➸ ✂

✿✒✑
V (α)

❑❘■✰❃P●✥❈ ❱ ❈✦❃✩❆✴❋✖❏❘❑ ❯❄❑ ❯✦❋❍❱ ❑✰▲✧■✰❋✖✿❂▲
(p + q + 1) × (p+ q + 1)

❯❄❑✪❃ ❑✰❆✴❱ ❑ ✁✦☛✡✄
▲✕☛✰❆ ❈✦● ✎

V (α)ij =

∫ π

−π

g2 (ω)
∂g−1 (ω)

∂αi

∂g−1 (ω)

∂αj

dω,
Ï ✷☎➚ ✁ ➸✝Ò

❑✰❃
n

1
2

(

d̂n − d0

)

→ N
(

0, 4πV (d)−1) ,
Ï✫✷❈➚ ✁✄✞ Ò

✿✒✑
V (d)

❑❘■✰❃✺●✥❈ ❱ ❈✦❃✩❆✴❋✖❏❘❑ ❯❄❑ ❯✦❋❍❱ ❑✰▲✧■✰❋✖✿❂▲
k × k

❯❄❑✪❃ ❑✰❆✴❱ ❑ ✁✦☛✰▲✕☛✰❆❉❈✦● ✎

V (d)ij =

∫ π

−π

log

∣

∣

∣

∣

4 sin

(

ω − ωi

2

)

sin

(

ω + ωi

2

)∣

∣

∣

∣

log

∣

∣

∣

∣

4 sin

(

ω − ωj

2

)

sin

(

ω + ωj

2

)∣

∣

∣

∣

dω.
Ï✫✷❈➚ ✁☎✆ Ò
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h
✂✘❨▼✿❂❁✹❆

h ≥ 1
✂ ▲✸✿❂❃✚☛

X̂t (h)
✂ ❑❘■✰❃ ❯❄✿❂▲▼▲✕☛ ❨✧❈✦❆★●✌✡ ❑ ✂☛❨❬❆❵❑❘■❘■✰❋✖✿❂▲

■✰❁✹❋❍❊❂❈✦▲▼❃ ❑ ✎

X̂t (h) = ξh (B)Xt,
Ï✫✷❈➚ ✁ ✫☎Ò

✿✒✑
ξh (B) =

∑

j≥0

ξj (d, ν, φ, θ, h)Bj .
Ï✫✷❈➚ ✁ ✧ Ò

✓✏❑❘■✡❨▼✿❂❋❇❯❂■
(ξj (d, ν, φ, θ, h))

j∈N

■✽✿❂▲▼❃✡❯❄✿❂▲▼▲✕☛❘■✡❨✧❈✦❆✏✎

ξj (d, ν, φ, θ, h) = −
h−1
∑

i=0

βi (d, ν, φ, θ)αh+j−i (d, ν, φ, θ)
❨▼✿❂❁✹❆

j ≥ 0,
Ï✫✷☎➚ ✁★✩ Ò

✿✒✑ ●❙❑❘■✪❏❘✿✽❑☞✟ ❏✰❋✖❑✰▲▼❃❍■
(βj (d, ν, φ, θ))

j∈N

❑✰❃
(αj (d, ν, φ, θ))

j∈N

■✽✿❂▲▼❃ ❯❄✿❂▲▼▲✕☛❘■✱❯❪❈✦▲✧■✭●✥❈
✛✡❆❵✿❘❨▼✿✽■✰❋❍❃❇❋✖✿❂▲ �❪❫✁�❄❫ �❪❫
❬❖❁➤❅●✻■✼❄P●❍✇➳✴❂❃❀❄❑●✻❋❆❈❑➌❂❃❊❈✻■✼✿❰❈✻■❀✿✾✽✾■❍➘➹✸❁❇❆②❂❃❑●✻✽❀✿⑥✵➯ ⑥✖✕ ③●❊☎✻✽❍✇Õ❄❊☎❁

h
✒➛❅◗❊❈❑●✻

h ≥ 1
✒➺❅◗❀❄❑➌❂➡✃❄❂■✻■❀

❊☎◆➌❂❃❀❄❁⑤❑➡➯✡❅❇❆❈✻❳❂❃❍❏✻➽P●❀❱⑥ ❆✰✺✧✻✽❊☎❅❛❊☎✾■❍➘❂❃❍✇❊❈❁ ✷☎➚ ✁ ➚ ✞ ➚❦❭✧❁✑❀✴➮✍❀✴❂ ✒❦❊☎❁✳❊☎◆➁❂❃❍✇❀❄❁✝❂⑨➯✸❅❇❆✄✻✽❂❃❍❏✻✧P●❀✱⑥ ❆✰✻■❀ �
❅●✻■✼❄✾■❀✿❁✝❂❃❆✄❂❃❍❏❊☎❁✚▲✱➴

(∞)
P●❑✚❅●✻✽❊➁➳❄❀✿✾✽✾■❑●✾➺❩✜▲❱➴❱❉❋▲➤➯

k
➹♠❆✄➳❄❂❃❀❄❑●✻■✾✧⑥✩✕ ✼❄④❦❑●❆✄❂❃❍❏❊☎❁✘✾■❑●❍➘➻✄❆❈❁✝❂❃❀✵①

X̂AR
t (h) = −

∑

j≥0

αj+h (d, ν, φ, θ)Xt−j .
Ï✫✷❈➚ ✁ ✵☎Ò



➸✹✷

❯➒⑥✮❀❄❁☞P➌✼✿➳✿❊❈❑●⑥✇❀✵❂❃✻✽➫✿✾⑨➹♠❆❈➳❄❍✇⑥✇❀❄✈♦❀❄❁✝❂ ✒➌⑥✩✕ ❀ÙÓ➁❅●✻■❀❄✾■✾■❍❏❊☎❁❋P●❀
X̂t (h)

①

X̂t =

h−1
∑

j=0

βj (d, ν, φ, θ) X̂AR
t (h− j) .

Ï✫✷☎➚ ➸ ✂ Ò

❲✱❁✳✾☛✕ ❍❏❁✝❂❃✼✿✻✽❀✿✾✽✾■❀✵✈♦❆❈❍✇❁✝❂❃❀❄❁❇❆❈❁✝❂➺➯✡⑥✖✕ ❀✿✻✽✻■❀❄❑●✻➺P●❀❖❅●✻■✼✴➻❦❍✇✾■❍❏❊☎❁✖P➌❑✑❅●✻■✼❄P●❍✇➳✴❂❃❀✿❑➌✻➺P●❀❄✾➛✈♦❊❈❍✇❁●P●✻✽❀✿✾
➳✿❆❈✻■✻✽✼✿✾☛✒❡❆❈❍✇❁●✾✽❍✮④⑤❑✔✕à➯✚✾■❊❈❁❋❍❏❁✝❂❃❀✿✻❳➻✄❆❈⑥✇⑥❏❀✱P●❀✜➳✿❊☎❁✹✤❡❆❈❁●➳❄❀❈➚

✯ ❜s❫❡❪❴❫ ✢✿❧♣❢s❧♣❫❛❥ ✖✆☎ ✬ ☎✁� ✝✔✿❂❋❍❃
(Xt)t∈Z

❁❄▲ ❨❬❆❘✿✽❏❘❑❘■❘■✰❁❪■ ✁ � ✟ ✠ � ✟
k

❚☛❈❄❏✰❃ ❑✰❁❄❆❘■ ❏❘❑✰▲▼❃✩❆✖☛
■✰❃✖❈✦❃❇❋✖✿❂▲▼▲❬❈✦❋❍❆❘❑✆✂✡❋❍▲▼❊✦❑✰❆❵■✰❋❇❭✓●❙❑ ❑✰❃✭❏ ❈✦❁ ■✓❈✦●☛✂❲❯❄✿❂▲▼❃❲●❙❑✘❨❬❆❘✿✽❏❘❑❘■❘■✰❁❪■✍❯✗✡ ❋❍▲▼▲✸✿❂❊❂❈✦❃✩❋✖✿❂▲✧■

(εt)t∈Z

❑❘■✰❃
❁❄▲ ❭✓❆✴❁✹❋❍❃✡❭✓●✥❈✦▲✸❏ ✁☎❈✦❁❪■❘■✰❋✖❑✰▲ ❯❄❑✮❊❂❈✦❆✴❋❇❈✦▲✸❏❘❑

σ2
ε

◆ ▲▼❋✖❑✓❫ � ●❙✿❂❆❘■✆✂❲✿❂▲ ❈ ✎

P

{

X̂t (h) − t1−α
2
MSE (h)

1
2 ≤ Xt+h ≤ X̂t (h) + t1−α

2
MSE (h)

1
2

}

= 1 − α,Ï✫✷☎➚ ➸✧✷sÒ
✿✒✑
t1−α

2

❑❘■✰❃ ●❙❑✏❚✴❆ ❈❄❏✰❃❇❋❍●❙❑✙❯❄❑✭●✥❈✍●❙✿❂❋ ✁❪❈✦❁❪■❘■✰❋✖❑✰▲▼▲✸❑✱❈✦❁ ❆✴❋❙■✓❖✓❁▼❑
α

❑✰❃ ✠ ✝ ✆
(h)

❑❘■✰❃ ●✌✡ ❑✰❆✴❆❵❑✰❁✹❆
❖✓❁✧❈❪❯✦❆❉❈✦❃✩❋❇❖✓❁▼❑✪❱ ✿ ✠❪❑✰▲▼▲✸❑ ❯✦☛ ◆ ▲▼❋✖❑✡❨✧❈✦❆ ✎

MSE (h) = σ2
ε

h−1
∑

j=0

β2
j (d, ν, φ, θ) .

❭❴❁✧✤●❁✔✒✧❁●❊❈❂❃❊❈❁●✾✘④⑤❑●❀✔➲➺❊❈⑥✇⑥✇❀✴❂✘❀❄❂✖❩✵❑●✼✿❰☎❆❈❁ Ï ✁❈✂☎✂ ➸✝Ò✸✾■❀➡✾■❊❈❁⑤❂✦❍❏❁⑤❂■✼✿✻✽❀✿✾■✾✽✼✿✾♦❆❈❑❺➳❐❆❈✾✚P●❀➡⑥ ❆
❅➌✻■✼❄➻❦❍❏✾■❍✇❊❈❁♦P●❀▼❅●✻✽❊➁➳❄❀✿✾✽✾■❑●✾➽⑥✇❊☎❁●❰❈❑●❀▼✈♦✼❄✈♦❊☎❍❏✻■❀➛❰❈✼✿❁●✼❄✻❃❆❈⑥❏❍✇✾■✼❄✾❖ÏÞ❩✵❀✿❰☎❀❄❁❦◆●❆❈❑●❀✿✻➽➯

k
➹♠❆✄➳❄❂❃❀❄❑●✻■✾❃Ò

❁➌❊☎❁☞❰☎❆❈❑●✾■✾✽❍✇❀❄❁●✾✿➚

✄ ✁ � ✂ ✆ ✍ ✞✡✁☎✎✜✎✘✦ ✎ ✆ ✍ ☞ ☎ ✦✳✁ ✝ ☛☎✄ ✍ ✠✴✆❅✁ ✞ ✍ ✄ ✠✚✠☛☞✓☛☎✎☎✄ ✏✳✁

✟✕✔ ✑✓☛✝✌✘☛✝✆ ✍ ✎✜✞ ☛ ✏ ✝ ✎✔✌✜✠☛✞✡✠✰✌✘☛

✠☛✡ � ✡✎✠ ★ ➑●➉✮➃❦❷ ➍ ❸➁❽➋❸➁➊ ➇✧➍ ❹❱⑧➨➏ ➇ ❹❱➂✮❻❾❷

❚❱❆❈❁●✾✱➳❄❀✸❅❇❆❈✻■❆❈❰☎✻■❆❈❅●③●❀✣✒❛❊❈❁✔P●✼☛✤●❁●❍❏❂❖⑥✇❀❄✾❱❅●✻✽❊➁➳❄❀✿✾■✾✽❑●✾✵Ô❦▲✱➴▼❯❳❉☞▲
(p, d, q) � ❩✜▲❱➴⑨➲➛Ð (r, s)❍❏❁✝❂❃✻■❊❦P●❑●❍➘❂⑨❅❇❆❈✻✤❮➛❆✄❍✇⑥✇⑥❏❍✇❀✍❑✰❃✝❈✦●✥❫❣Ï✫✷ ✵✶✵ ✆ ÒÙ➚❡❲✱❁☞✾☛✕ ❍❏❁⑤❂■✼✿✻✽❀✿✾■✾✽❀✡❀❄❁●✾■❑➌❍❏❂❃❀✡❆❈❑➁Ó✑❅●✻■❊☎❅➌✻■❍✇✼✴❂❃✼❄✾⑨❅●✻■❊ �

◆●❆❈◆●❍✇⑥❏❍✇✾❳❂❃❍✇④⑤❑●❀❄✾➛❀❄❂✤✾❳❂➵❆✄❂■❍✇✾✽❂■❍✇④⑤❑●❀❄✾⑨P●❀✜➳✿❀✰❅●✻■❊❦➳✿❀❄✾■✾■❑➌✾✿➚

✎ ✚✄✂➭❥❶❧ ❢s❧♣❫◗❥ ✖✆☎ ✁ ☎ ✖ ✝✔✿❂❋❍❃
(εt)t∈Z

❁✹▲ ❭✓❆✴❁❄❋❍❃✡❭✓●✥❈✦▲✸❏ ❏❘❑✰▲▼❃✩❆✖☛ ❯❄❑✙❊❂❈✦❆✰❋❇❈✦▲✸❏❘❑
σ2

ε

❫✱❴✜▲ ❨❬❆❵✿ ✄
❏❘❑❘■❘■✰❁❪■

(Xt)t∈Z

❑❘■✰❃✔❯✦☛ ◆ ▲▼❋❀❏❘✿❂❱✍❱ ❑✙☛✰❃ ❈✦▲▼❃❬❁❄▲✱❨❬❆❘✿✽❏❘❑❘■❘■✰❁❪■ ✆ � ✟ ✡✆✠ �
(p, d, q)− ✁ � ✟ ✞✝✆

(r, s)■✰❃✖❈✦❃❇❋✖✿❂▲▼▲❬❈✦❋❍❆❘❑ ❑✰❃P❋❍▲▼❊✦❑✰❆❵■✰❋❇❭✓●❙❑✙■✆✡ ❋❍●✔❊☞☛✰❆✴❋ ◆✝❑✮●✌✡✍☛ ❖✓❁✧❈✦❃❇❋✖✿❂▲★■✰❁✹❋❍❊❂❈✦▲▼❃ ❑✏✎

φ (B) (I − B)d (Xt − µ) = θ (B) εt,
Ï✫✷☎➚ ➸ ✁ Ò



➸ ✁

✿✒✑

εt | Ft−1 ∼ N
(

0, σ2
t

)

, σ2
t = a0 +

r
∑

i=1

aiε
2
t−i +

s
∑

i=1

biσ
2
t−i,

Ï✫✷❈➚à➸☎➸☎Ò

✿✒✑
d

❑❘■✰❃✭❁✹▲ ▲✸✿❂❱ ❭✓❆❵❑☎❚✴❆❉❈❄❏✰❃✩❋✖✿❂▲▼▲❬❈✦❋❍❆❵❑✆✂
µ

❑❘■✰❃✱●✥❈ ❱ ✿ ✠❪❑✰▲▼▲✸❑ ❯✦❁✚❨❬❆❵✿✽❏❘❑❘■❘■✰❁❪■✆✂
φ (B)

❑✰❃
θ (B)

■✽✿❂▲▼❃✘❯❄❑✰❁ ✂ ❨▼✿❂● ✠❂▲✕✔❂❱ ❑❘■ ❯✦☛ ◆ ▲▼❋❙■✍❯❪❈✦▲✧■ ●✥❈ ✤ ☛ ◆ ▲▼❋❍❃❇❋✖✿❂▲ �❪❫✁� ❫ � ❑✰❃❲❊☞☛✰❆✴❋ ◆P❈✦▲▼❃❲●✌✡ ☎ ✠ ✄
❨▼✿❂❃☞☎✡✝❘■✽❑

(H0)
❫ ✡ ❏✰❋ ✂ ✘ ❑❘■✰❃✺●✌✡ ✿❘❨✆☛✰❆❉❈✦❃ ❑✰❁❄❆✮❆❘❑✰❃✖❈✦❆❉❯ ✂

a0 > 0
✂
a1, · · · , ar, b1, · · · , bs ≥ 0

✂

r
❑✰❃
s

■✽✿❂▲▼❃◗❯❄❑❘■✳❑✰▲▼❃❇❋✖❑✰❆❘■◗❨▼✿✽■✰❋❍❃❇❋ ❚❵■✳❑✰❃ Ft−1

❑❘■✰❃✱●❙❑
σ− ❈✦● ✁ ✝✓❭✓❆❵❑✳❑✰▲ ✁❄❑✰▲❬❯✦❆✖☛◗❨✧❈✦❆ ❃ ✿❂❁❄❃ ❑

●✌✡ ❋❍▲ ❚ ✿❂❆✰❱ ❈✦❃❇❋✖✿❂▲ ❨✧❈❂■❘■ ☛❘❑ {εt−1, εt−2, · · · }
❫

❲✵❁➡✻✽❀✿✈♦❆❈✻■④⑤❑●❀✵④⑤❑●❀✰✾■❍
d
❀✿✾❳❂✤❑●❁☞❀❄❁✝❂❃❍✇❀❄✻⑨❅◗❊❈✾■❍❏❂■❍❏➹❝❊☎❑➡❁⑤❑●⑥✩✒❇❆❈⑥✇❊❈✻■✾➛⑥❏❀✿✾⑨✼✿④⑤❑❇❆②❂❃❍✇❊❈❁●✾✡Ï✫✷☎➚ ➸ ✁ Ò �

Ï✫✷☎➚ ➸☎➸✝Ò❝P●✼☛✤❇❁➌❍✇✾■✾✽❀✿❁✝❂➣❑●❁✘❅●✻✽❊➁➳❄❀✿✾■✾✽❑●✾✧▲✱➴▼❯❳❉☞▲
(p, d, q)− ❩✵▲✱➴➛➲➛Ð (r, s)

➚✝❲✱❁✘❅❛❀✿❑➌❂➣❆❈❑➌✾■✾■❍
✻■❀✿✈♦❆❈✻✽④❦❑➌❀✿✻➭④⑤❑●❀➽✾■❍❦⑥ ❆▼➻❈❆✄✻■❍ ❆✄❁●➳✿❀➣➳✿❊☎❁➌P●❍❏❂■❍✇❊☎❁●❁➌❀✿⑥✇⑥❏❀

σ2
t

✒②P●✼☛✤❇❁➌❍➁❅❇❆✄✻⑨Ï✫✷❈➚à➸☎➸☎Ò✰✒s❀✿✾❳❂➋➳✿❊❈❁●✾✽❂❃❆❈❁✝❂❃❀
❆❈⑥✇❊☎✻✽✾✵⑥✇❀✘❅●✻✽❊➁➳❄❀✿✾✽✾■❑●✾

(Xt)t∈Z

✾✽❑●❍❏❂✰❑●❁➪❅●✻✽❊➁➳❄❀✿✾■✾✽❑●✾✗Ô❦▲✱➴▼❯❳❉☞▲
(p, d, q)

❂❃❀❄⑥❴④⑤❑✔✕ ❍❏⑥✧❆❋✼✴❂❃✼
❍✇❁✝❂❃✻✽❊➁P●❑➌❍❏❂➛❅●❆❈✻❖❩✜✻■❆❈❁●❰☎❀❄✻⑨❀❄❂✱✑❈❊✐➾☎❀✿❑❦Ó➬Ï✫✷✽✵ ✩❈✂ Ò➽❀❄❂❖Ð✤❊☎✾ ✙⑤❍✇❁➌❰✔Ï ✷✽✵ ✩ ✷sÒÙ➚

✠ ✡ � ✡ ☞ ★ ➑ ➇ ➔❱➑●➊❾➉✍❸➁➉✮➃➥➔❱➑ ➇❴↕ ❽ ↕ ➊❾❻❳➊❾➃✝❸➁➊❳➙➺⑧❱❷✮➃

✛❝❀✰❅●✻✽❊➁➳❄❀✿✾■✾✽❑●✾✜❩✵▲✱➴⑨➲➛Ð
(r, s)

P●✼☛✤❇❁➌❍❶❅❇❆✄✻❖⑥✩✕ ✼❄④❦❑●❆✄❂❃❍❏❊☎❁ Ï ✷☎➚ ➸☎➸✝Ò⑨❀❄❂❖❍✇❁✝❂❃✻✽❊➁P●❑➌❍❏❂✤❅❇❆❈✻❖❮➺❊☎⑥ �
⑥✇❀✿✻✽✾■⑥❏❀❄➻➝Ï✫✷✽✵ ✩ ✫✝Ò✵❅◗❀❄❑➌❂✘◆●❍❏❀✿❁ ✾ ☛●✻✗✃❄❂■✻■❀✳✻✽❀✿✈✦❅●⑥ ❆✄➳✿✼✦❅❇❆❈✻✗❑●❁ ❆❈❑➌❂❃✻✽❀✳✈✦❊➁P●➫❄⑥✇❀♦➯☞➻✄❆❈✻■❍✇❆❈❁●➳❄❀
➳✿❊☎❁●P➌❍❏❂❃❍❏❊☎❁●❁●❀❄⑥✇⑥❏❀⑨③●✼❄❂■✼✿✻■❊❈✾■➳✿✼❄P❇❆❈✾❳❂❃❍✇④⑤❑●❀❖❂❃❀✿⑥❛④⑤❑●❀❱⑥❏❀✿✾➽✈♦❊❦P●➫✿⑥❏❀✿✾✧▲✱➴➛➲➛Ð➦➯✸✾✽❀✿❑●❍❏⑥✖✒✝❍✇❁✝❂■✻■❊❦P●❑●❍❏❂
❅❇❆❈✻☎✛✮❍✮❀❄❂✭✛✮❍➣Ï✫✷✽✵✦✵ ✫✝Ò✴➚●❚✱❆❈❁●✾▼⑥✇❀✵❂■③●✼✿❊☎✻✽➫✿✈✦❀✵✾■❑●❍➘➻✄❆❈❁✝❂ ✒❇❊☎❁❋✻❃❆❈❅➌❅◗❀❄⑥✇⑥✇❀❱④❦❑➌❀✿⑥✇④⑤❑●❀❄✾❱❅●✻✽❊☎❅●✻✽❍✇✼ �
❂❃✼✿✾✧P●❀▼◆❇❆✄✾■❀▼P●❑✦❅●✻■❊❦➳✿❀❄✾■✾■❑➌✾➽P●✼✰✤❇❁●❍❡❅❇❆❈✻❴⑥✩✕ ✼❄④⑤❑❇❆✄❂❃❍❏❊☎❁☞Ï✫✷☎➚ ➸ ✁ Ò � Ï ✷☎➚à➸❈➸✝Ò✴➚✄❚❱❊☎❁●❁➌❊☎❁●✾➣P✔✕à❆✄◆◗❊☎✻✽P
⑥✖✕ ③⑤➾❦❅❛❊❈❂❃③➌➫✿✾■❀

(H2)
✾✽❑●❍❏➻✄❆❈❁✝❂■❀✦①

✧ (H2)
①✟✗➁❑●❅●❅❛❊☎✾✽❊☎❁●✾✸④⑤❑●❀

a0 > 0
❀❄❂✡⑥✇❀✿✾✰➳✿❊❦❀ �✦➳❄❍✇❀✿❁✝❂■✾

ai, i = 1, · · · , r ❀❄❂ bi, i =

1, · · · , s ❂❃❀✿⑥❏✾▼④❦❑➌❀
r
∑

i=1

ai +

s
∑

i=1

bi < 1
✒●❀✴❂

d < 1
2

➚

✟ ☛✛✚❦❫❡❜✄✂✄✂➬❤ ✖✆☎ ✁ ☎ ✖ ✝ ❁ ❨❪❨▼✿✽■✽✿❂▲✧■ ❖✓❁▼❑ ●✌✡ ☎ ✠✴❨▼✿❂❃✄☎✡✝❘■✽❑
(H2)

■✽✿❂❋❍❃✭❊☞☛✰❆✰❋ ◆ ☛❘❑✓❫ ✝ ❋
φ (B) =

θ (B) = I
✂✡❈✦●❙✿❂❆❵■✮❋❍● ❑ ✂✶❋❙■✰❃ ❑✮❁✹▲✸❑✮■✽✿❂●❳❁❄❃✩❋✖✿❂▲ ❁❄▲▼❋❇❖✓❁▼❑

(εt, Xt) Ft−
❱ ❑❘■✰❁✹❆❉❈❪❭✓●❙❑◗■✰❃✖❈✦❃✩❋✖✿❂▲ ✄

▲❬❈✦❋❍❆❘❑ ❈✦❁ ■✽❑❘❏❘✿❂▲❬❯ ✿❂❆❉❯✦❆❵❑✱❨▼✿❂❁❄❆✍●❙❑ ❱ ✿✓❯ ✝✰●❙❑ ❯✦☛ ◆ ▲▼❋✜❨✧❈✦❆ ●❙❑❘■ ☛ ❖✓❁✧❈✦❃✩❋✖✿❂▲✧■ ✆✁�❪❫✁� � ✠ ✄ ✆✁�❪❫✁�☎� ✠✦❫
✓ ❈✍■✽✿❂●❳❁✹❃❇❋✖✿❂▲

(εt, Xt)
❑❘■✰❃✝❯❄✿❂▲▼▲✕☛❘❑✡❨✧❈✦❆ ✎

εt = Zt

[

a0 +
∞
∑

j=1

δ
′

(

j
∏

i=1

At−i

)

ξt−j

]

1
2 ❈❪❫✥■

,
Ï✫✷❈➚à➸ ✞ Ò

❑✰❃

Xt =
∞
∑

k=0

(k + d− 1)!

k! (d− 1)!
εt−k

❈❪❫✥■
,

Ï✫✷❈➚à➸ ✆ Ò



➸❈➸

✿✒✑
ξt = (a0Z

2
t , 0, · · · , 0, a0, 0 · · · , 0)

′

(r+s)×1

✆❉❏✆✡ ❑❘■✰❃ ✟ ❯✦❋❍❆❵❑✳●✥❈ ❨❬❆❘❑✰❱✍❋✞✝✰❆❵❑★❏❘✿❂❱✱❨▼✿ ✄
■✓❈✦▲▼❃ ❑ ❯✦❁ ❊✦❑❘❏✰❃ ❑✰❁✹❆✍❊❂❈✦❁❄❃

a0Z
2
t

❑✰❃☎●✥❈ ✆ ❆✁� � ✠❂❋✞✝✰❱ ❑ ❏❘✿❂❱✱❨▼✿✽■✓❈✦▲▼❃ ❑ ❑❘■✰❃
a0

✠ ✂
Zt

❑❘■✰❃☎❁❄▲✸❑
■✰❁❄❋❍❃ ❑ ❯❄❑ ❊❂❈✦❆✴❋❇❈❪❭✓●❙❑ ❈✦●✢☛ ❈✦❃ ✿❂❋❍❆❵❑ ❋❍▲❬❯✦☛ ❨▼❑✰▲❬❯❪❈✦▲▼❃ ❑ ❑✰❃ ❋❇❯❄❑✰▲▼❃❇❋❇❖✓❁ ❑✰❱ ❑✰▲▼❃ ❯✦❋❙■✰❃❇❆✴❋❇❭✓❁ ☛❘❑ ❯❄❑ ●❙✿❂❋
▲✸✿❂❆✴❱ ❈✦●❙❑✍❏❘❑✰▲▼❃❇❆✖☛❘❑ ❆✖☛ ❯✦❁❄❋❍❃ ❑✆✂

δ = (a1, · · · , ar, b1, · · · , bs)
′ ❑✰❃✡●✥❈ ❱ ❈✦❃✩❆✴❋✖❏❘❑

At

❑❘■✰❃✝❯✦☛✡✄
◆ ▲▼❋✖❑✡❨✧❈✦❆✏✎

At =











α1Z
2
t · · · αrZ

2
t β1Z

2
t · · · βsZ

2
t

I(r−1)×(r−1) O(r−1)×1 O(r−1)×s

α1 · · · αr β1 · · · βs

O(s−1)×r I(s−1)×(s−1) O(s−1)×1











,

❈✦❊✦❑❘❏
Ir×r

❑❘■✰❃☎●✥❈★❱ ❈✦❃❇❆✴❋✖❏❘❑✍❋❇❯❄❑✰▲▼❃❇❋❍❃ ☛✓❫ ✓✜❑❘■✙❨❬❆❵✿✽❏❘❑❘■❘■✰❁ ■
(εt)t∈Z

❑✰❃
(Xt)t∈Z

■✽✿❂▲▼❃✘❈✦●❙✿❂❆❵■
■✰❃❇❆✴❋✖❏✰❃ ❑✰❱ ❑✰▲▼❃✢■✰❃✖❈✦❃✩❋✖✿❂▲▼▲❬❈✦❋❍❆❵❑❘■ ❑✰❃❲❑✰❆ ✁❄✿✓❯✦❋❇❖✓❁ ❑❘■✓❫

❲✱❁✜✾✓✕ ❍✇❁✝❂■✼✿✻■❀❄✾■✾✽❀➣✈♦❆❈❍❏❁⑤❂■❀✿❁❇❆✄❁⑤❂✮❆❈❑➁Ó✵❅➌✻■❊☎❅●✻✽❍✇✼✴❂❃✼✿✾✮✾❳❂➵❆✄❂■❍✇✾❳❂❃❍✇④⑤❑●❀❄✾✮P●❀❴➳✿❀✧❅●✻✽❊➁➳❄❀✿✾✽✾■❑●✾❣Ô➁▲❱➴✤❯❳❉❋▲
(p, d, q) �❩✵▲✱➴➛➲➛Ð

(r, s)
➚✔✛✮❀✸❂■③●✼✿❊☎✻✽➫✿✈✦❀✗✾■❑➌❍❏➻✄❆❈❁✝❂✵✻■✼❄✾■❑●✈✦❀✘④⑤❑●❀✿⑥❏④⑤❑●❀✿✾✵✻✽✼✿✾■❑➌⑥❏❂➵❆②❂❃✾✵❅●✻✽✼✿✾■❀❄❁✝❂❃✼✿✾✜❅❇❆✄✻

✛✮❍❏❁●❰✚❀❄❂✘✛✮❍➣Ï✫✷✽✵✦✵ ✧ Ò✴➚

✟ ☛✕✚⑤❫❡❜✄✂✄✂➬❤ ✖✆☎ ✁ ☎ ✬ ✝✔✿❂❋❍❃
(Xt)t∈Z

❁✹▲✱❨❬❆❵✿✽❏❘❑❘■❘■✰❁❪■ ✆ � ✟ ✡ ✠ �
(p, d, q)− ✁ � ✟ ✞✝✆

(r, s)
✂

❏❘✿❂❆❵❑❘■ ❨▼✿❂▲❬❯❪❈✦▲▼❃ ✟ ●✥❈ ✤ ☛ ◆ ▲▼❋❍❃❇❋✖✿❂▲ �❪❫✁� ❫ �❪❫
�❪❫ ✝ ❋

d < 1
2

❈✦●❙✿❂❆❵■ ●❙❑✭❨❬❆❵✿✽❏❘❑❘■❘■✰❁❪■
(Xt)t∈Z

❑❘■✰❃P■✰❃✖❈✦❃✩❋✖✿❂▲▼▲❬❈✦❋❍❆❵❑ ❈✦❁★■✽❑❘❏❘✿❂▲❬❯✚✿❂❆❉❯✦❆❵❑ ❑✰❃
❨▼❑✰❁✹❃✢■✽❑✪❆✖☛ ☛❘❏✰❆✰❋❍❆❵❑✙■✽✿❂❁❪■◗■✓❈✘❚ ✿❂❆✴❱ ❑✮❱ ✿ ✠❪❑✰▲▼▲✸❑✮❱ ✿✦❭✓❋❍●❙❑✙■✰❁❄❋❍❊❂❈✦▲▼❃ ❑ ✎

Xt − µ = φ−1 (B) θ (B)
∞
∑

k=0

(k + d− 1)

k! (d− 1)!
εt−k,

Ï✫✷☎➚ ➸ ✫✝Ò

✿✒✑
εt

❑❘■✰❃ ❯✦☛ ◆ ▲▼❋P❨✧❈✦❆ ●✌✡✍☛ ❖✓❁ ❈✦❃❇❋✖✿❂▲ ✆✁�❪❫✁� ✂ ✠✦❫ � ❋❍▲✧■✰❋ ✂✮●❙❑✍❨❬❆❵✿✽❏❘❑❘■❘■✰❁❪■
(Xt)t∈Z

❑❘■✰❃
❑✰❆ ✁❄✿✓❯✦❋❇❖✓❁▼❑ ❑✰❃✢■✰❃✩❆✴❋✖❏✰❃ ❑✰❱ ❑✰▲▼❃ ■✰❃✖❈✦❃❇❋✖✿❂▲▼▲❬❈✦❋❍❆❘❑✓❫

�❄❫ ✝ ❋
d > −1

2

❈✦●❙✿❂❆❵■ ●❙❑✭❨❬❆❘✿✽❏❘❑❘■❘■✰❁❪■
(Xt)t∈Z

❑❘■✰❃❲❋❍▲▼❊✦❑✰❆❵■✰❋❇❭✓●❙❑✓❫ � ●❙✿❂❆❘■ ●❙❑✱❨❬❆❵✿✽❏❘❑❘■❘■✰❁❪■
(εt)t∈Z

■✆✡✍☛❘❏✰❆✴❋❍❃ ■✽✿❂❁ ■◗■✓❈✭❚ ✿❂❆✴❱ ❑ ❈✦❁❄❃ ✿❂❆ ☛ ✁✦❆❵❑❘■❘■✰❋❍❊✦❑✮❋❍▲ ◆ ▲▼❋✖❑✱■✰❁✹❋❍❊❂❈✦▲▼❃ ❑ ✎

εt = φ (B) θ−1 (B)

∞
∑

k=0

(k − d− 1)!

k! (−d− 1)!
(Xt−k − µ) .

Ï✫✷☎➚ ➸ ✧ Ò

❲✱❁ ❁●❊✄❂❃❀✑❅❇❆❈✻
γ (k) =

✂☎✄✝✆ (Xt,Xt−k)
✆✟✞✡✠ (Xt)

⑥ ❆☞➹♣❊☎❁➌➳❄❂❃❍❏❊☎❁ P✔✕ ❆❈❑➌❂■❊➁➳❄❊☎✻■✻✽✼✿⑥✇❆✄❂❃❍❏❊☎❁➬P✔✕ ❑●❁➥❅●✻✽❊➁➳❄❀✿✾ �
✾✽❑●✾✑Ô❦▲✱➴▼❯❳❉☞▲

(p, d, q)− ❩✜▲❱➴⑨➲➛Ð (r, s)
➚➺❚✱❆❈❁●✾♦⑥ ❆ ✺✧✻✽❊☎❅❛❊☎✾■❍➘❂❃❍✇❊❈❁ ✷☎➚ ➸➌➚✥✷✶✒✧❊☎❁ P●❊☎❁➌❁●❀✦✒

➳❄❊☎✈✦✈♦❀✜P❇❆❈❁➌✾❱⑥✇❀✵❂■③●✼✿❊☎✻✽➫✿✈✦❀ ✁ Ï ✞ Ò⑨P●❀✗Ð✤❊☎✾ ✙⑤❍❏❁●❰✔Ï ✷✽✵ ✩ ✷✐Ò✰✒❡⑥✖✕ ❀✴Ó➁❅●✻✽❀✿✾■✾✽❍✇❊☎❁✹❆❈✾✽➾❦✈✦❅➌❂❃❊✄❂❃❍✇④⑤❑●❀
P➌❀✰➳❄❀❄❂✽❂❃❀✵➹♣❊☎❁●➳✴❂❃❍✇❊❈❁❋P✸✕à❆❈❑➁❂❃❊❦➳✿❊☎✻✽✻■✼✿⑥✇❆✄❂❃❍❏❊☎❁➧➚
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✯ ❜s❫❡❪❴❫ ✢❐❧♣❢✐❧♠❫❛❥ ✖ ☎ ✁ ☎ ✖ ✝ ❋
(Xt)t∈Z

❑❘■✰❃❬❁❄▲✱❨❬❆❘✿✽❏❘❑❘■❘■✰❁❪■ ✆ � ✟ ✡✆✠ �
(p, d, q)− ✁ � ✟ ✞✝✆

(r, s)■✰❃ ❈✦❃❇❋✖✿❂▲▼▲❬❈✦❋❍❆❵❑✱❑✰❃✏❋❍▲▼❊✦❑✰❆❘■✰❋❇❭✓●❙❑❲❯✦☛ ◆ ▲▼❋✹❨✧❈✦❆❲●❙❑❘■ ☛ ❖✓❁ ❈✦❃❇❋✖✿❂▲✧■ ✆✁�❪❫✁� � ✠ ✄ ✆✁�❪❫✁�☎� ✠ ✂ ❈✦●❙✿❂❆❘■✡■✓❈ ❚ ✿❂▲✸❏✡✄
❃✩❋✖✿❂▲ ❯✗✡ ❈✦❁❄❃ ✿✽❏❘✿❂❆✰❆✖☛✰●✥❈✦❃❇❋✖✿❂▲ ❊☞☛✰❆✴❋ ◆✝❑ ✎

γ (k) ∼ c |k|2d−1 ❖✓❁ ❈✦▲❬❯
k → ∞,

Ï ✷☎➚à➸ ✩ Ò
✿✒✑ ❏ ❑❘■✰❃✺❁❄▲✸❑✍❏❘✿❂▲✧■✰❃ ❈✦▲▼❃ ❑✝❨▼✿✽■✰❋❍❃❇❋❍❊✦❑✓❫

✠ ✡ � ✡✁� ➟➡➃✝❸➁➊✽➏➅❽➋❸➁➊ ➇✧➍ ❹❱❷✮➃ ★ ❽❴➑●❽➣➏➅➂✍❸❦➑●❷✮➃

❚✱❆❈❁●✾▼➳✿❀✜❅❇❆✄✻❃❆❈❰☎✻■❆❈❅●③●❀✣✒●❊☎❁➡❅●✻✽✼✿✾■❀❄❁✝❂❃❀✰⑥ ❆✘✈♦✼✴❂❃③●❊❦P●❀✵P●❀✵✈♦❆②Ó➁❍✇✈✸❑●✈ P➌❀✜➻❦✻■❆❈❍✇✾✽❀✿✈✗◆●⑥✇❆❈❁●➳❄❀
❅●✻■❊☎❅❛❊☎✾✽✼✿❀✚❅❇❆❈✻✪✛✮❍✇❁●❰➡❀✴❂ ✛✮❍✤Ï ✷✽✵✶✵ ✧ Ò❱❅❛❊☎❑●✻✵❀❄✾✽❂■❍✇✈✦❀✿✻✜⑥✇❀❄✾✵❅❇❆❈✻❃❆✄✈♦➫✴❂❃✻■❀❄✾✜P✔✕ ❑➌❁➬❅●✻✽❊➁➳❄❀✿✾■✾✽❑●✾
Ô➁▲✱➴▼❯❳❉☞▲

(p, d, q)− ❩✵▲✱➴➛➲➛Ð (r, s)
➚✣✗➁❑●❅●❅❛❊☎✾✽❊☎❁●✾❴④⑤❑●❀

X1, · · · , Xn

✾✽❊☎❁✝❂➋❰☎✼❄❁●✼✿✻✽✼✿✾❴❅❇❆✄✻
❑●❁✘❅●✻■❊❦➳✿❀❄✾■✾✽❑●✾➣Ô➁▲✱➴▼❯❳❉☞▲

(p, d, q)− ❩✵▲✱➴➛➲➛Ð (r, s)
✒❈P➌✼☛✤❇❁●❍➌❅❇❆❈✻➋⑥❏❀✿✾➋✼❄④❦❑●❆✄❂❃❍❏❊☎❁●✾▼Ï ✷☎➚à➸ ✁ Ò �

Ï✫✷☎➚ ➸☎➸✝Ò✴✒➭❆❐➻☎❀❄➳➡❑●❁●❀✑✈✦❊s➾❈❀✿❁●❁➌❀✑✾■❑●❅●❅❛❊☎✾✽✼✿❀➡➳✿❊☎❁➌❁❦❑➌❀✑✼✿❰✝❆❈⑥❏❀✑➯✔Õ✿✼❄✻■❊●➚❴❲✵❁ ❁➌❊❈❂❃❀✳❅●❆❈✻
γ =

(φ1, · · · , φp, θ1, · · · , θq, d)
′ ✒
δ = (a0, a1, · · · , ar, b1, · · · , bs)

′ ❀❄❂
λ =

(

γ
′

, δ
′
)′ ➚

✗➁❑●❅●❅❛❊☎✾■❊❈❁●✾▼④❦❑➌❀
λ0 =

(

γ
′

0, δ
′

0

)′ ❀✿✾✽❂✤⑥✇❆✡➻❦✻❃❆❈❍❏❀✱➻❈❆✄⑥✇❀✿❑➌✻⑨P●❑➡❅❇❆❈✻❃❆✄✈♦➫✴❂❃✻■❀
λ
❀❄❂✤✾■❀✵❂■✻■❊☎❑➌➻❈❀

➯✔⑥✖✕ ❍✇❁✝❂❃✼❄✻■❍✇❀❄❑●✻✸P➌❑❺➳❄❊☎✈✦❅❇❆❈➳❄❂
Θ
➚ ✛✢✕ ❀❄✾✽❂■❍✇✈♦❆✄❂❃❀❄❑●✻✗❅❇❆❈✻✘⑥✇❆✹✈✦✼❄❂❃③➌❊➁P●❀✖P●❑➥✈✖❆②Ó➁❍❏✈✗❑●✈ P●❀

➻➁✻■❆❈❍✇✾✽❀✿✈✗◆➌⑥ ❆❈❁●➳❄❀✳ÏÑ❉ ✛❝❭➣Ò
λ̂n

P●❀
λ
✾✽❑●✻

Θ
✈♦❆②Ó➁❍✇✈✦❍✇✾■❀✜⑥✇❆✚➹♣❊☎❁➌➳❄❂❃❍❏❊☎❁✔❊☎◆⑤➼✽❀✿➳❄❂■❍❏➻❈❀✗P●❊☎❁●❁➌✼✿❀

❅❇❆❈✻✵①

L (λ) =
1

n

n
∑

t=1

ℓt, ℓt = −1

2
lnσ2

t −
ε2

t

2σ2
t

.
Ï✫✷❈➚à➸✶✵☎Ò

❲✵❁ ✻■✼❄✾■❑●✈✦❀☞P●❆❈❁●✾✦⑥✇❀✑❂❃③●✼❄❊☎✻■➫❄✈♦❀❋✾■❑➌❍❏➻✄❆❈❁✝❂✖⑥❏❀✿✾✦❅●✻■❊❈❅●✻■❍❏✼❄❂❃✼❄✾✖❆✄✾✽➾❦✈♦❅➁❂❃❊❈❂■❍✇④⑤❑●❀✿✾✦P●❀❋⑥✖✕ ❀✿✾ �
❂❃❍✇✈♦❆✄❂■❀✿❑●✻✚❉★✛❣❭

λ̂
P➌❀

λ
❀✴❂♦P➌❀☞⑥✇❆✩✈♦❆✄❂■✻■❍✇➳❄❀✑P✔✕ ❍✇❁➌➹♣❊☎✻✽✈✖❆②❂❃❍✇❊❈❁➧➚➋❲✱❁❺✼✿❁●❊❈❁●➳✿❀☞P✔✕à❆✄◆◗❊☎✻✽P

⑥✖✕ ③⑤➾❦❅❛❊❈❂❃③➌➫✿✾■❀
(H3)

✾✽❑●❍❏➻✄❆❈❁✝❂■❀✦①
✧ (H3)

①▼✗➁❑●❅●❅❛❊☎✾■❊❈❁●✾❖④⑤❑●❀✰⑥✇❀✵✈✦❊☎✈✦❀✿❁✝❂⑨P✔✕ ❊☎✻✽P●✻■❀ ✞ P●❑❋❅●✻■❊❦➳✿❀❄✾■✾■❑➌✾
(εt)t∈Z

❀ÙÓ➌❍❏✾✽❂■❀❈➚
✟ ☛✛✚❦❫❡❜✄✂✄✂➬❤ ✖✆☎ ✁ ☎ ✁ ✝✔✿❂❋✖❑✰▲▼❃❅●❙❑❘■ ❨❬❆❵✿✽❏❘❑❘■❘■✰❁❪■

(Xt)t∈Z

❑✰❃
(εt)t∈Z

❯✦☛ ◆ ▲▼❋❙■✟❨✧❈✦❆✘●❙❑❘■ ☛ ❖✓❁✧❈☎✄
❃✩❋✖✿❂▲✧■ ✆✁�❪❫✁� � ✠ ✄ ✆✁�❪❫✁�☎� ✠ ❑✰❃ ■✓❈✦❃❇❋❙■ ❚☛❈✦❋❙■✓❈✦▲▼❃❍■✮●❙❑❘■ ☎ ✠❘❨▼✿❂❃☞☎✡✝❘■✽❑❘■

(H0)
✄
(H3)

❫ � ●❙✿❂❆❵■

−1

n

n
∑

t=1

[

∂2ℓt

∂γ∂γ
′

∂2ℓt

∂δ∂γ
′

∂2ℓt

∂γ∂δ
′

∂2ℓt

∂δ∂δ
′

]

p.s→
[

Ωγ 0

0 Ωδ

]

,
Ï✫✷❈➚ ✞✝✂ Ò

●❙✿❂❆❘■✓❖✓❁▼❑
n→ ∞ ❑✰❃

Ωγ

❑✰❃
Ωδ

■✽✿❂▲▼❃P❯❄❑❘■✪❱ ❈✦❃❇❆✰❋✖❏❘❑❘■✡❨▼✿✽■✰❋❍❃✩❋❍❊✦❑❘■ ❯✦☛ ◆ ▲▼❋✖❑❘■✡❨✧❈✦❆ ✎

Ωγ = E

[

1

σ2
t

∂εt

∂γ

∂εt

∂γ′
+

1

2σ4
t

∂σ2
t

∂γ

∂σ2
t

∂γ′

]

,
Ï✫✷❈➚ ✞ ✷✐Ò

❑✰❃

Ωδ = E

[

1

2σ4
t

∂σ2
t

∂δ

∂σ2
t

∂δ′

]

.
Ï✫✷❈➚ ✞⑤✁ Ò
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✟ ☛✕✚⑤❫❡❜✄✂✄✂➬❤ ✖✆☎ ✁ ☎ ✵ ✝✔✿❂❁❪■✮●❙❑❘■ ☎ ✠❘❨▼✿❂❃☞☎✡✝❘■✽❑❘■✮❯✦❁ ✾ ☎✆☛❘✿❂❆ ✝✰❱ ❑ �❪❫✁� ❫✁� ✂✝✿❂▲ ❈ ●❙❑❘■✪❆✖☛❘■✰❁❄●❳❃ ❈✦❃❍■
■✰❁❄❋❍❊❂❈✦▲▼❃❍■✏✎

�❪❫ ✡✰● ❑ ✂✶❋❙■✰❃ ❑ ❁❄▲ ❑❘■✰❃❇❋❍❱ ❈✦❃ ❑✰❁❄❆ ✠ ✓ ✆
λ̂n

❯❄❑
λ

■✓❈✦❃❇❋❙■ ❚☛❈✦❋❙■✓❈✦▲▼❃✡●✌✡✍☛ ❖✓❁✧❈✦❃✩❋✖✿❂▲ ■✰❁❄❋❍❊❂❈✦▲▼❃ ❑ ✎

∂L (λ)

∂λ
= 0

❑✰❃
λ̂n

P→ λ0

❖✓❁ ❈✦▲❬❯
n→ ∞ ❫

�❄❫ √
n
(

λ̂n − λ0

)

D→ N
(

0,Ω−1
0

) ❖✓❁ ❈✦▲❬❯
n → ∞ ✂☎❈✦❊✦❑❘❏

Ω0 = diag (Ωγ0 ,Ωδ0)✿✒✑
Ωγ0

❑✰❃
Ωδ0

■✽✿❂▲▼❃✺●❙❑❘■✪❊❂❈✦●❙❑✰❁❄❆❵■ ❯❄❑
Ωγ

❑✰❃✡❯❄❑
Ωδ

❑✰▲
λ = λ0

❫

✙ ❤ ✂ r●❜✒✣➧❵❣❤ ✖✆☎ ✁ ☎ ✖ ✝ ❋✔●✥❈ ❊❂❈✦❆✴❋❇❈✦▲✸❏❘❑✭❏❘✿❂▲❬❯✦❋❍❃✩❋✖✿❂▲▼▲✸❑✰●❍●❙❑
σ2

t

❑❘■✰❃✏❁✹▲✸❑✱❏❘✿❂▲✧■✰❃ ❈✦▲▼❃ ❑ ❨▼✿✽■✰❋❍❃❇❋❍❊✦❑
❈✦●❙✿❂❆❵■ ●✥❈ ❨❬❆❘✿✽❏ ☛ ❯✦❁❄❆❵❑ ❯✗✡ ❑❘■✰❃✩❋❍❱ ❈✦❃❇❋✖✿❂▲ ❯❄❑❘■✪❨✧❈✦❆❉❈✦❱ ✝✰❃❇❆❵❑❘■ ■✽❑ ❆✖☛ ❯✦❁✹❋❍❃ ✟ ❏❘❑✰●❍●❙❑✳❯❄✿❂▲▼▲✕☛❘❑◗❨✧❈✦❆
✘ ☛✰❆ ❈✦▲ ✆✁�✁�✁�✁✂ ✠✙❨▼✿❂❁✹❆✮●❙❑❘■✝❨❬❆❵✿✽❏❘❑❘■❘■✰❁❪■✝✆ � ✟ ✡✆✠ �

(p, d, q)
❈✦❊✦❑❘❏✮❊❂❈✦❆✴❋❇❈✦▲✸❏❘❑ ❏❘✿❂▲✧■✰❃ ❈✦▲▼❃ ❑✓❫

✄ ✁☎✄ � ☞✍✌ ✆ ✍✂✏ ✦ ✞P✌✜✠✡✍ ☞ ✝ ✦✁�✄✂✳✆ ✍ ✞P✁☎✎✏✎✘✦ ✎ ✆ ✍ ☞✆☎ ✦✳✁✞✝ ☛☎✄ ✍✪✠✴✆✟✁
✝ ✦ ✟ ✌✜✠✡✤ ✝ ✆❅✠✡☛☎✎

✠☛✡ ✞ ✡✎✠ ★ ➑●➉✮➃❦❷ ➍ ❸➁❽➋❸➁➊ ➇✧➍ ❹❱⑧➨➏ ➇ ❹❱➂✮❻❾❷

❲✱❁✜✾✓✕ ❍✇❁✝❂■✼✿✻■❀❄✾■✾✽❀➽❆✄❑➁Ó✵❅●✻✽❊➁➳❄❀✿✾✽✾■❑●✾❶Ô➁▲❱➴✤❯❳❉☞▲ ✈✸❑●⑥❏❂■❍❏➻✄❆❈✻■❍❏✼✿✾❄➚☛✛✮❀❄✾❣✈✦❊❦P●➫✿⑥❏❀✿✾✮Ô❦▲✱➴▼❯❳❉☞▲
(p, d, q)❊❈❁⑤❂✜✼✴❂❃✼✚❍✇❁✝❂■✻■❊❦P●❑●❍❏❂■✾✱P❇❆❈❁➌✾✵⑥ ❆✳⑥✇❍➘❂■❂■✼✿✻❃❆②❂❃❑●✻✽❀✸❅❇❆❈✻✰❩✵✻❃❆✄❁●❰☎❀✿✻✵❀✴❂ ✑❈❊✐➾☎❀✿❑❦Ó➝Ï✫✷✽✵ ✩❈✂ Ò❖❀❄❂✰Ð✤❊☎✾ �✙⑤❍❏❁●❰ Ï ✷✽✵ ✩ ✷sÒÙ➚❣❚✱❆❈❁●✾✗➳❄❀✖❅❇❆✄✻❃❆❈❰☎✻■❆❈❅●③●❀✣✒❶❊❈❁ ❅●✻■✼❄✾■❀❄❁⑤❂■❀✑⑥✇❀❄✾✡✈✦❊➁P➌➫✿⑥✇❀❄✾✸Ô❦▲✱➴▼❯❳❉☞▲✷✈✗❑➌⑥❏❂❃❍ �

➻✄❆❈✻✽❍✇✼❄✾✖Ï ➱➭▲❱➴❖Ô❶❯❳❉☞▲✵Ò✱❍✇❁✝❂■✻■❊❦P●❑●❍❏❂■✾✵❅❇❆❈✻ ✗➁❊✽✼➽❀✿⑥✇⑥❖Ï ✷✽✵ ✩ ✧ ❀❄❂ ✷✽✵ ✩ ✵✝Ò✴➚❣➲➺❊❈✈♦✈✦❀✘⑥✇❀❄❑●✻✜❁●❊☎✈
⑥✩✕ ❍❏❁●P●❍❏④❦❑➌❀✦✒➌➳❄❀✿✾✤✈♦❊❦P●➫❄⑥✇❀✿✾➺✾■❊☎❁✝❂✤❑●❁●❀✰❰☎✼✿❁➌✼✿✻❃❆✄⑥✇❍✇✾■❆✄❂❃❍❏❊☎❁✳P●❀❄✾▼✈♦❊❦P●➫✿⑥❏❀✿✾▼Ô❦▲✱➴▼❯❳❉☞▲

(p, d, q)
➚

✺❣❊☎❑●✻❴P●❀❄✾❴✾■❊☎❑➌➳✿❍✇✾➭P●❀⑨➳✿⑥✇❆❈✻✽❂■✼✦✒❈❊❈❁✘✾■❀⑨⑥✇❍❏✈♦❍➘❂❃❀➣❆❈❑✘➳✿❆❈✾❴P●❀✿✾❴❅➌✻■❊❦➳✿❀✿✾✽✾■❑●✾➣Ô❦▲✱➴▼❯❳❉☞▲ ◆●❍❏➻✄❆❈✻✽❍✇✼❄✾✿➚

✎ ✚✄✂➭❥❶❧ ❢s❧♣❫◗❥ ✖✆☎ ✵ ☎ ✖ ✝✔✿❂❋❍❃
εt = (ε1t, ε2t)

′ ❁❄▲ ❭✓❆✰❁❄❋❍❃✡❭✓●✥❈✦▲✸❏ ❯❄❑✮❱ ✿ ✠❪❑✰▲▼▲✸❑✮▲▼❁✹●❍●❙❑ ❑✰❃P❃ ❑✰●
❖✓❁▼❑ ❏❘✿❂❊

(εit, εjs) = δ (t, s)Kij

✂ ❨▼✿❂❁❄❆
i, j = 1, 2

❫ ✆P▲ ■✰❁✽❨❪❨▼✿✽■✓❈✦▲▼❃✭❖✓❁ ❑ ●✥❈ ❱ ❈✦❃✩❆✴❋✖❏❘❑
❯❄❑✙❊❂❈✦❆✴❋❇❈✦▲✸❏❘❑✡✄ ❏❘✿❂❊❂❈✦❆✰❋❇❈✦▲✸❏❘❑

K = (Kij)
❑❘■✰❃✡❯✦☛ ◆ ▲▼❋✖❑✺❨▼✿✽■✰❋❍❃❇❋❍❊✦❑✆✂ ❈✦●❙✿❂❆❵■◗●❙❑P❨❬❆❵✿✽❏❘❑❘■❘■✰❁ ■✙❊✦❑❘❏✡✄

❃ ✿❂❆✴❋✖❑✰●
(Xt)t∈Z

❯❄❑✙❯✦❋❍❱ ❑✰▲✧■✰❋✖✿❂▲
l = 2

■✰❁✹❋❍❃✢❁❄▲★❱ ✿✓❯ ✝✰●❙❑ ✆ � ✟ ✡✆✠ � ❭✓❋❍❊❂❈✦❆✴❋ ☛✘■✆✡ ❋❍●❬❊☞☛✰❆✴❋ ◆✝❑
●✌✡✍☛ ❖✓❁✧❈✦❃❇❋✖✿❂▲★■✰❁✹❋❍❊❂❈✦▲▼❃ ❑✏✎

Φ (B)∆ (B) (Xt − µ) = Θ (B) εt,
Ï✫✷☎➚ ✞ ➸✝Ò

✿✒✑
Φ (B)

❑✰❃
Θ (B)

■✽✿❂▲▼❃◗❯❄❑❘■✮❨▼✿❂● ✠❂▲✕✔❂❱ ❑❘■ ❱ ❈✦❃✩❆✴❋✖❏✰❋✖❑✰●❩■ ❯✗✡ ✿❂❆❉❯✦❆❵❑
p

❑✰❃
q

❆❵❑❘■ ❨▼❑❘❏✰❃✩❋❍❊✦❑✡✄
❱ ❑✰▲▼❃✖❫ ✡ ❏✰❋

∆ (B) = diag
[

(I −B)d1 , (I −B)d2

] ❑✰❃
µ = (µ1, µ2)

′ ❫



➸ ✫

✙ ❤✄✂➬r●❜✒✣➧❵❝❤ ✖✆☎ ✵✗☎ ✖ ✝ ❋
dj = 0

✂❀❨▼✿❂❁✹❆
j = 1, 2

✂✢●❙❑P❨❬❆❵✿✽❏❘❑❘■❘■✰❁ ■✮❯✦☛ ◆ ▲▼❋ ❨✧❈✦❆✙●✌✡✍☛ ❖✓❁✧❈✦❃❇❋✖✿❂▲
✆✁�❪❫✄✂ � ✠✭■✽❑✝❆ ☛ ❯✦❁❄❋❍❃ ✟ ❁❄▲ ❨❬❆❵✿✽❏❘❑❘■❘■✰❁❪■ � � ✟ ✠ � ✆ ✠ ❁❄●❳❃✩❋❍❊❂❈✦❆✴❋❇❈✦❃ ❑ � ✟ ✠ � ✠✦❫ ✝ ❋

l = 1
❈✦●❙✿❂❆❵■

●❙❑✝❨❬❆❵✿✽❏❘❑❘■❘■✰❁ ■ ❯❄❑✰❊✽❋✖❑✰▲▼❃✺❁❄▲ ❨❬❆❵✿✽❏❘❑❘■❘■✰❁ ■ ✆ � ✟ ✡✆✠ � ❫

✠ ✡ ✞ ✡ ☞ ★ ➑ ➇ ➔❱➑●➊❾➉✍❸➁➉✮➃➥➔❱➑ ➇❴↕ ❽ ↕ ➊❾❻❳➊❾➃✝❸➁➊❳➙➺⑧❱❷✮➃

❲✵❁❋✾✓✕ ❍✇❁✝❂■✼✿✻■❀❄✾■✾✽❀✸P❇❆❈❁➌✾❖➳❄❀❄❂■❂■❀✡❅●❆❈✻✽❂■❍✇❀✰❆❈❑➁Ó➡➳❄❊☎❁●P●❍➘❂❃❍❏❊☎❁●✾▼P●❀✜✾✽❂❃❆✄❂❃❍❏❊☎❁●❁❇❆❈✻✽❍❏❂■✼✵❀❄❂❖P✔✕ ❍❏❁✝➻☎❀✿✻✽✾■❍ �
◆●❍✇⑥❏❍❏❂❃✼✜P●❀❄✾✱❅●✻✽❊➁➳❄❀✿✾■✾✽❑●✾✰Ô➁▲❱➴✤❯❳❉☞▲❿✈✗❑●⑥❏❂■❍❏➻✄❆❈✻✽❍✇✼✿✾❄➚❛❲✱❁✔P●❊☎❁●❁➌❀✸❂❃❊☎❑➁❂✵P✔✕ ❆❈◆◗❊❈✻■P✔⑥❏❀✿✾❱③✝➾❦❅❛❊ �
❂❃③●➫❄✾■❀✿✾⑨❁➌✼✿➳✿❀❄✾■✾■❆❈❍✇✻✽❀✿✾⑨❅❛❊☎❑●✻⑨❆❈✾✽✾■❑●✻✽❀✿✻⑨⑥✇❆✡✾✽❂❃❆✄❂❃❍❏❊☎❁●❁❇❆✄✻■❍❏❂■✼❖❀✴❂⑨⑥✖✕ ❍✇❁✝➻❈❀✿✻■✾✽❍✇◆●❍❏⑥✇❍➘❂❃✼▼P●❑✑❅●✻✽❊➁➳❄❀✿✾■✾✽❑●✾
➱➭▲❱➴❖Ô➭❯❳❉❋▲✸➚
✧ (H4)

①➣❲✱❁❺✾■❑●❅➌❅◗❊☎✾✽❀☞④⑤❑●❀❋⑥✇❀❄✾✚❅❇❆❈✻❃❆✄✈♦➫✴❂❃✻■❀❄✾✘P●❀❋✈♦✼❄✈♦❊☎❍❏✻■❀♦⑥✇❊☎❁●❰❈❑●❀➡✾■❊☎❁✝❂✚❂❃❀❄⑥✇✾✚④⑤❑●❀
−1

2
< di <

1
2

❅◗❊❈❑●✻
i = 1, 2

➚

✧ (H5)
①▼✛✮❀✿✾▼❅◗❊❈⑥❏➾❦❁✦✥☎✈✦❀✿✾➛P➌❀❄❂

(Φ (B))
❀✴❂▼P●❀❄❂

(Θ (B))
❁✔✕ ❊❈❁⑤❂✤❆✄❑●➳✿❑●❁➌❀✰✻■❆❈➳✿❍❏❁●❀✵➳✿❊❈✈ �

✈✗❑➌❁●❀✜❀❄❂❖❊☎❁✝❂✤❂■❊☎❑➌❂■❀✿✾▼⑥✇❀❄❑●✻■✾▼✻❃❆✄➳✿❍✇❁➌❀✿✾▼❀✿❁☞P●❀✿③●❊❈✻■✾✤P●❑☞➳❄❀✿✻✽➳✿⑥✇❀✜❑●❁➌❍❏❂❃✼✄➚❇❯➒➳✿❍❝P●❀✴❂
(Φ (B))P●✼❄✾■❍❏❰☎❁●❀✜⑥✇❀✵P●✼✴❂❃❀❄✻■✈✦❍✇❁❇❆❈❁✝❂▼P●❀✜⑥✇❆✗✈✖❆✄❂■✻■❍❏➳✿❀

Φ (B)
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✂✢❋❍▲ ✄
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P✔✕ ❑➌❁☞❅●✻✽❊➁➳❄❀✿✾✽✾■❑●✾✤⑥✇❊☎❁➌❰☎❑●❀✵✈✦✼✿✈✦❊☎❍✇✻✽❀✱✈✗❑●⑥➘❂❃❍❏➻✄❆❈✻✽❍✇✼✄➚

✗➁❊☎❍❏❂
f (ω, ψ)

⑥ ❆ P●❀❄❁●✾■❍➘❂❃✼✔✾✽❅◗❀❄➳❄❂❃✻■❆❈⑥✇❀ P➌❑ ❅●✻■❊❦➳✿❀❄✾■✾■❑➌✾☞⑥❏❊☎❁●❰☎❑●❀☞✈♦✼❄✈♦❊❈❍✇✻■❀☞✈✗❑●⑥➘❂❃❍❏➻✄❆❈✻✽❍✇✼
(Xt)t∈Z
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f (ω, ψ) =
1

2π

(

∞
∑

j=0

eiωj

)

K (µ)

(

∞
∑

j=0

eiωj

)∗

.
Ï✫✷❈➚ ✞☎✞ Ò

❯➒➳✿❍✖✒
ψ = (θ, µ)

❀❄✾✽❂❖⑥✇❀✜➻☎❀✿➳✴❂❃❀❄❑●✻❱P●❀✡❅❇❆❈✻■❆❈✈♦➫✴❂❃✻✽❀✿✾⑨❂❃❀❄⑥❣④⑤❑●❀
θ
❀❄✾✽❂❱➳✿❊☎❁●✾❳❂❃❍➘❂❃❑●✼✰P●❀✿✾✤❅❇❆❈✻■❆ �

✈♦➫✴❂❃✻■❀❄✾✜P●❀✚✈♦✼❄✈♦❊☎❍❏✻■❀
(d1, d2)

′ ✒✮P➌❀✿✾✰❅❇❆❈✻❃❆✄✈♦➫✴❂❃✻■❀❄✾✵P●❀✚⑥ ❆✳❅❇❆✄✻✽❂❃❍❏❀✗➱➭▲❱➴❱❉❋▲
Φij

❅◗❊☎❑➌✻
i = 1, 2

❀✴❂
j = 1, · · · , p ❀❄❂ Θij

❅❛❊☎❑●✻
i = 1, 2

❀❄❂
j = 1, · · · , q ➚✜✛✮❀✦❅●❆❈✻❃❆❈✈✦➫❄❂■✻■❀

➻☎❀✿➳✴❂❃❊☎✻✽❍✇❀❄⑥
µ = (µ1, µ2)

′ ❀✿✾❳❂✱⑥✇❆✦✈✦❊✐➾☎❀✿❁➌❁●❀✸P●❑☞❅●✻■❊❦➳✿❀❄✾■✾✽❑●✾
(Xt)t∈Z

➚❛❭❴❁✧✤❇❁✸✒
A∗ ❀✿✾❳❂✱⑥❏❀
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A
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l
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❀❄✾✽❂❱P●❀✡❰❈✼✿❁●✼❄✻■❀✿✻❖❑●❁✹✼❄➳➵③❇❆❈❁✝❂❃❍❏⑥✇⑥❏❊☎❁

X1, · · · , Xn

P●❀✸P●❍❏✈♦❀❄❁●✾■❍❏❊☎❁
l
➳✿❊☎✻✽✻■❀❄✾■❅❛❊☎❁●P❇❆❈❁✝❂✱➯♦⑥ ❆

P➌❀✿❁●✾✽❍❏❂❃✼✦✾■❅❛❀✿➳✴❂❃✻■❆❈⑥✇❀
f (ω, ψ)

P●✼✰✤❇❁●❍✇❀✦❅❇❆❈✻✰⑥✖✕ ✼✿④⑤❑❇❆②❂❃❍✇❊❈❁ Ï ✷☎➚ ✞❈✞ Ò✴➚✏✗➌❆✄❁●✾✡❅❛❀✿✻❳❂❃❀✦P●❀✖❰❈✼✿❁●✼ �
✻■❆❈⑥✇❍➘❂❃✼✣✒✐❊☎❁✘✾■❑●❅➌❅◗❊☎✾✽❀➛④⑤❑●❀➛⑥❏❀➺◆●✻✽❑●❍❏❂

(εt)t∈Z

❀❄✾✽❂➣❩✜❆❈❑●✾✽✾■❍✇❀❄❁✗➳✿❀❄❁✝❂❃✻■✼⑨❀✴❂➋✻✽✼✿P●❑●❍➘❂➋➳✣✕ ❀❄✾✽❂✧➯❱P➌❍✇✻■❀

(

Re (εt)

Im (εt)

)

∼ N

[ (

0

0

)

,

(

I 0

0 I

) ]

.

❚❖❀✦❅➌⑥✇❑●✾☛✒➧❊☎❁➪✾■❑●❅●❅❛❊☎✾✽❀✦④⑤❑●❀
εn−k = εk

❅❛❊☎❑●✻
1 ≤ k ≤ n

2
− 1

❊☎✄
εk =

➴✤❀
(εk) −

i
❯➒✈

(εk)
❀❄✾✽❂✵⑥❏❀✡➳❄❊☎❁②➼✽❑●❰❈❑●✼✸P●❀✡⑥ ❆✚➻❈❆✄✻■❍ ❆✄◆●⑥✇❀

εk

➚◗➴▼❀✿✈♦❆❈✻■④⑤❑●❊☎❁➌✾❱④⑤❑●❀✸❅❛❊☎❑●✻
k 6= n

2

❀✴❂
n❊❈❁☞❆

E
(

εkε
′

k

)

= 0
❀❄❂

E (εkε
∗
k) = 2I

➚

✗❦❍
(Xt)t∈Z

❀❄✾✽❂✚❑●❁ ❅➌✻■❊❦➳✿❀✿✾✽✾■❑●✾✚✻✽✼✿❀✿⑥➺❆❈⑥✇❊❈✻■✾✸✾■❆✔P●❀✿❁➌✾■❍❏❂■✼✑✾■❅❛❀✿➳✴❂❃✻❃❆✄⑥✇❀✳❀❄✾✽❂✘❑●❁➌❀✳➹♣❊☎❁●➳❄❂■❍✇❊☎❁
Ð✤❀✿✻✽✈♦❍➘❂❃❍✇❀❄❁●❁●❀❖➳✦✕ ❀✿✾✽❂❖➯✘P●❍❏✻■❀

f (ω, ψ) = f ∗ (ω, ψ)
➚▼✛❝❆✗P●❀✿❁➌✾■❍❏❂■✼✵✾■❅❛❀✿➳✴❂❃✻❃❆✄⑥✇❀✵❅❛❀✿❑➌❂✤❆❈⑥❏❊☎✻■✾

✾✽❀✜P●✼✿➳❄❊☎✈♦❅❛❊☎✾✽❀✿✻▼✾■❊☎❑➌✾❖⑥✇❆✗✈✖❆❈❁➌❍✇➫✿✻✽❀✱✾■❑➌❍❏➻✄❆❈❁✝❂❃❀✚①

f (ω, ψ) = U (ω)M (ω)U∗ (ω) ,
Ï✫✷☎➚ ✞⑤✆ Ò

❊ ✄
M (ω)

❀✿✾❳❂✱❑●❁➌❀✸✈♦❆✄❂❃✻✽❍✇➳✿❀✜P●❍✇❆❈❰☎❊☎❁●❆❈⑥✇❀✵P✔✕ ❊☎✻✽P●✻■❀
l × l

P●❊☎❁✝❂✱⑥❏❀✿✾✤➳✿❊☎✈✦❅❛❊☎✾❃❆❈❁✝❂■❀✿✾✤✾■❊☎❁✝❂
⑥❏❀✿✾✱➻❈❀✿➳❄❂■❀✿❑●✻✽✾✡❅➌✻■❊☎❅●✻✽❀✿✾✜✻■✼❄❀✿⑥❏✾✜❆❈✾■✾✽❊➁➳❄❍✇✼✿✾✜➯✑⑥✇❆♦➹♣❊☎❁●➳✴❂❃❍✇❊❈❁

f (ω, ψ)
❀✴❂
U (ω)

❀✿✾✽❂✰⑥✇❆✖✈✖❆ �
❂■✻■❍❏➳✿❀✦P●❀✿✾✸➻❈❀✿➳✴❂❃❀✿❑➌✻■✾✗❅●✻✽❊☎❅●✻✽❀✿✾✗➳❄❊☎✈♦❅➌⑥✇❀✴Ó➁❀❄✾✸P✔✕ ❊☎✻■P➌✻■❀

l × l
❂❃❀❄⑥✇⑥❏❀✦④⑤❑●❀

U∗ (ω)U (ω) =

U (ω)U∗ (ω) = I
➚❣➲➺❀✴❂■❂❃❀✦P●✼❄➳✿❊☎✈✦❅◗❊❈✾■❍❏❂■❍✇❊☎❁ P➌❀✦⑥✇❆✑P●❀✿❁●✾✽❍❏❂■✼✦✾✽❅◗❀❄➳❄❂■✻❃❆❈⑥❏❀✦❀❄❁✝❂❃✻❃❆❂✲ ❁●❀✚④⑤❑●❀

f (ω, ψ)
1
2
❀✿✾❳❂❱✼❄❰✝❆❈⑥✇❀✱➯❋①

f (ω, ψ)
1
2 = U (ω)M (ω)

1
2 U (ω)∗ ,

Ï✫✷☎➚ ✞ ✫✝Ò
❊ ✄

M
1
2
❀❄✾✽❂✜⑥ ❆✳✈♦❆✄❂■✻■❍✇➳❄❀✗P●❍✇❆❈❰☎❊☎❁❇❆✄⑥✇❀✰P✔✕ ❊❈✻■P●✻✽❀

l × l
P➌❊☎❁✝❂✡⑥❏❀✿✾✱➳❄❊☎✈✦❅◗❊☎✾■❆❈❁✝❂❃❀❄✾✰✾✽❊☎❁✝❂✜⑥✇❀❄✾

✻■❆❈➳✿❍❏❁●❀✿✾✜➳✿❆❈✻■✻✽✼✿❀✿✾✰P●❀❄✾✰➻✄❆❈⑥❏❀✿❑●✻✽✾✰❅➌✻■❊☎❅●✻✽❀✿✾✰❆❈✾✽✾■❊❦➳✿❍✇✼❄❀✿✾✡➯✑⑥ ❆✑P●❀✿❁➌✾■❍❏❂■✼♦✾✽❅◗❀❄➳❄❂■✻❃❆❈⑥❏❀
f (ω, ψ)

➚
❯➒⑥◗❀✿✾❳❂✤❆❈⑥✇❊☎✻✽✾➽❂■✻■➫✿✾➛➹♠❆✄➳✿❍✇⑥❏❀❱P●❀❱✈♦❊☎❁✝❂■✻■❀✿✻➺④❦❑➌❀

f (ω, ψ)
1
2 f (ω, ψ)

1
2 = f (ω, ψ)

➚●❚❱❀✵❅➌⑥✇❑●✾☛✒
⑥✇❆➪✈♦❆✄❂■✻■❍✇➳❄❀

f (ω, ψ)
❀✿✾❳❂✳✾✽➾❦✈✦✼❄❂■✻■❍✇④⑤❑●❀☞❀❄❂✖❊☎❁ ❆

f (−ω, ψ) = f (ω, ψ)
′ ➚P✛❣❆➪✾■✼❄✻■❍✇❀

{Xt}n
t=1

❀❄✾✽❂➺❰☎✼✿❁●✼❄✻■✼❄❀❱❀✿❁✖❑➌❂❃❍❏⑥✇❍✇✾■❆❈❁✝❂➣⑥ ❆✵❂❃✻❃❆✄❁●✾✽➹♣❊☎✻✽✈✖❆②❂❃❍✇❊❈❁♦P●❀❱Ô❇❊☎❑●✻■❍❏❀✿✻✧P●❍❏✾■➳✿✻✽➫❄❂■❀❱✾■❑➌✻➺P●❀❄✾
➳❄❊☎✈✗◆●❍❏❁❇❆❈❍❏✾■❊☎❁●✾✜⑥❏❍✇❁●✼✿❆❈❍✇✻✽❀✿✾✵P●❀❄✾✸✼✿⑥❏✼✿✈✦❀✿❁✝❂❃✾ {εt}

n
2
t=1

❀✴❂
(εn)

➚❣▲❖⑥✇❊☎✻✽✾✓✒✮✾✽❍➽⑥❏❀✿✾✵➹♣✻■✼❄④❦❑➌❀✿❁●➳❄❀✿✾
P➌❀☞Ô❇❊☎❑➌✻■❍✇❀❄✻

ωk

✾■❊❈❁⑤❂✚❂■❀✿⑥✇⑥❏❀✿✾✗④⑤❑●❀
ωk = 2πk

n

❅◗❊❈❑●✻
k = 1, · · · , n ❀✴❂✚⑥✇❀❄✾✗➻❈❆✄✻■❍ ❆✄◆●⑥✇❀❄✾
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❆❈⑥✇✼✿❆✄❂❃❊☎❍❏✻■❀❄✾➛P●✼☛✤●❁●❍✇❀❄✾✤❅●❆❈✻✵①

Vk = UkM
1
2
k εk,

❅❛❊☎❑●✻
k = 1, · · · , n

2
, n,

Ï✫✷❈➚ ✞✘✧ Ò
❀❄❂

Vn−k = UkM
1
2
k εk = V k

❅◗❊☎❑➌✻
1 ≤ k ≤ n

2
− 1,

Ï ✷☎➚ ✞ ✩ Ò

❊☎✄
Uk = U (ωk)

❀✴❂
M

1
2
k = M

1
2 (ωk)

➚✍▲❱❍✇❁➌✾■❍✖✒◗⑥✖✕ ✼✿➳➵③❇❆✄❁⑤❂■❍✇⑥❏⑥✇❊☎❁
X1, · · · , Xn

✾❃❆✄❂■❍✇✾❳➹♠❆❈❍ �
✾❃❆❈❁✝❂⑨⑥✇❆✡P●❀❄❁●✾■❍➘❂❃✼✱✾✽❅◗❀❄➳❄❂❃✻■❆❈⑥✇❀

f (ω, ψ)
❀✿✾✽❂➛❰☎✼✿❁●✼❄✻■✼❄❀✜➯✸❅❇❆❈✻❳❂❃❍✇✻➣P●❀✱⑥✩✕ ✼❄④⑤❑❇❆✄❂❃❍❏❊☎❁✳✾✽❑●❍❏➻✄❆❈❁✝❂❃❀✡①

Xt =
(π

n

)
1
2

n
∑

k=1

Vke
itωk ,

❅❛❊☎❑●✻
t = 1, · · · , n. Ï ✷☎➚ ✞ ✵✝Ò

✠ ✡ ✞ ✡✟✞ ➟➡➃✝❸➁➊✽➏➅❽➋❸➁➊ ➇✧➍ ❹❱❷✮➃ ➔❱❽❴➑●❽➣➏➅➂✍❸❦➑●❷✮➃

✗➁❊☎❍❏❂
Xt = (X1t, X2t)

′ ❑➌❁ ❅●✻■❊❦➳✿❀❄✾■✾✽❑●✾✗➱➭▲❱➴❖Ô❶❯❳❉☞▲✬❍❏❁⑤❂■✻■❊❦P●❑●❍➘❂✡P●❆❈❁●✾✸⑥✇❆☞❚❖✼☛✤❇❁●❍➘❂❃❍❏❊☎❁
✷☎➚à➸➁➚ ✷☎➚▼✗➁❍✮⑥✇❀❄✾⑨③⑤➾❦❅❛❊❈❂❃③➌➫✿✾■❀❄✾

(H4)
❀✴❂

(H5)
✾■❊❈❁⑤❂▼➻❈✼✿✻■❍✥✤❇✼✿❀❄✾❱❆✄⑥✇❊☎✻✽✾⑨⑥✇❀✵❅●✻✽❊➁➳❄❀✿✾■✾✽❑●✾

(Xt)t∈Z❆❈P●✈✦❀❄❂❋❑●❁●❀➪✻■❀❄❅●✻■✼❄✾■❀✿❁✝❂❃❆✄❂❃❍❏❊☎❁❼✈✦❊s➾❈❀✿❁●❁➌❀ ✈✦❊☎◆●❍❏⑥✇❀ ❍✇❁✹✤❇❁●❍✇❀✩P●❊❈❁●❁●✼✿❀➪P❇❆❈❁➌✾✹⑥✖✕ ✼✿④⑤❑❇❆②❂❃❍✇❊❈❁
✾■❑●❍➘➻❈❆✄❁⑤❂■❀✚①

Xt = D−1 (B) Φ (B) Θ (B) εt

= G (B) εt

Ï✫✷❈➚ ✆❈✂ Ò

❊☎✄➡⑥✇❀✿✾▼❅❛❊☎⑥❏➾❦❁✦✥❈✈♦❀❄✾➛P✔✕ ❊☎✻■P●✻✽❀✿✾✤❍✇❁✧✤●❁●❍✇✾
Gij (B)

❅❛❊☎❑●✻
i, j = 1, 2

✾■❊❈❁⑤❂✤P●✼✰✤❇❁●❍❏✾✤❅●❆❈✻✜①

Gij (B) =
∞
∑

k=0

Gij (k, θ)Bk,
Ï✫✷❈➚ ✆ ✷✐Ò

❀❄❂❶❊☎✄✸⑥❏❀✿✾❣➳✿❊❦❀ �✦➳✿❍❏❀✿❁✝❂❃✾
(Gij (k, θ))

k∈N

✾■❊❈❁⑤❂❶P●✼✴❂❃❀✿✻✽✈♦❍❏❁●✼✿✾❣❀✿❁✸❑➌❂❃❍❏⑥✇❍✇✾■❆❈❁✝❂❝⑥✇❀❄✾❣➳❄❊➁❀✁�✦➳✿❍✇❀❄❁✝❂❃✾
P●❀✿✾▼❅❇❆❈✻❳❂❃❍❏❀✿✾⑨▲✱➴❼❀✴❂❱❉☞▲✫P●❑➡❅●✻■❊❦➳✿❀❄✾■✾■❑➌✾❱❀❄❂✤P●❀✜⑥✇❆✗✻■❀✿⑥✇❆✄❂❃❍❏❊☎❁✑✾■❑➌❍❏➻✄❆❈❁✝❂❃❀✘①

(I −B)−di = I +

∞
∑

k=1

Γ (di + k)

k!Γ (di)
Bk.

Ï✫✷❈➚ ✆☎✁ Ò

❯➒⑥➧✾✓✕ ❀✿❁●✾✽❑●❍❏❂❖④⑤❑●❀✚①
∞
∑

k=0

tr (G (k, θ))KG∗ (k, θ) <∞.
Ï ✷☎➚ ✆ ➸✝Ò

❚✱❆❈❁●✾▼⑥ ❆✗✾✽❑●❍❏❂■❀✦✒❇❊☎❁➡✾☛✕ ❍❏❁⑤❂■✼✿✻✽❀✿✾■✾✽❀✸➯✘⑥✩✕ ❀❄✾✽❂❃❍❏✈✖❆②❂❃❍✇❊❈❁✳P●❑❋❅❇❆❈✻❃❆✄✈♦➫✴❂❃✻■❀
ψ
◆❇❆❈✾■✼✜✾✽❑●✻▼⑥✖✕ ✼✿➳➵③❇❆❈❁ �

❂❃❍✇⑥❏⑥✇❊☎❁
X1, · · · , Xn

❍❏✾■✾✽❑✰P➌❑✡❅●✻✽❊➁➳❄❀✿✾✽✾■❑●✾❝➱➭▲❱➴❖Ô❶❯❳❉☞▲ P●❊☎❁●❁➌✼➣P●❆❈❁●✾❝⑥ ❆⑨❚❱✼✰✤❇❁●❍➘❂❃❍✇❊❈❁✍✷☎➚ ✞ ➚ ✷☎➚
✺❶❊☎❑●✻➽✻■✼❄❅◗❊☎❁➌P●✻■❀❱➯✡➳✿❀✴❂■❂■❀✱④⑤❑●❀✿✾❳❂❃❍✇❊❈❁✔✒➁❅➌⑥✇❑●✾✽❍✇❀✿❑➌✻■✾✧❂❃✻❃❆❐➻✄❆❈❑➁Ó♦❊☎❁✝❂➺✈♦❊☎❁✝❂■✻■✼✤④❦❑➌❀✱⑥✖✕ ❆❈❅●❅●✻✽❊➁➳➵③➌❀



➸✦✵

✾✽❅◗❀❄➳❄❂■✻❃❆❈⑥❏❀✖✼❄❂❃❆❈❍❏❂✰❅●⑥❏❑●✾✡❆✐➻✄❆❈❁✝❂❃❆❈❰☎❀✿❑➌✾■❀❈➚➭❭❴❁ ❀❄➮◗❀❄❂✓✒❶⑥✇❆❋➹♣❊☎❁●➳✴❂❃❍❏❊☎❁ P➌❀♦➻❦✻❃❆❈❍❏✾■❀❄✈✗◆●⑥ ❆✄❁●➳✿❀✦❀✿✾❳❂
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P●❆❈❁●✾⑨➳✿❀✴❂■❂■❀✰✾✽❀✿➳✴❂❃❍✇❊❈❁✑④❦❑➌❀✰⑥✇❆✸✈✦✼❄❂❃③➌❊➁P●❀❱P●❀✵❅●✾■❀❄❑●P●❊ � ✈✖❆sÓ➌❍❏✈✗❑●✈✒P●❀✱➻❦✻❃❆❈❍❏✾■❀❄✈✗◆●⑥ ❆✄❁●➳✿❀✱P➌❀
➷➤③➌❍❏❂■❂■⑥✇❀✚Ï ✯ ❉ ✛❝❭➽Ò➛❅●✻✽❊☎❅❛❊☎✾■✼❄❀✰❅●❆❈✻✤Ð❖❊☎✾✽❊s➾☎❆✹Ï ✷✽✵✶✵ ✫✹✒✔✷✽✵✶✵ ✧ Ò✴➚
✗❦❊☎❍❏❂

w (ωj)
⑥ ❆✵❂❃✻■❆❈❁●✾✽➹♣❊❈✻■✈✦✼✿❀✤P●❀❱Ô❇❊☎❑➌✻■❍✇❀❄✻✢✤❇❁●❍✇❀✤◆❇❆❈✾✽✼✿❀❖✾■❑●✻➽⑥✖✕ ✼✿➳➵③❇❆❈❁✝❂■❍✇⑥✇⑥❏❊☎❁

X1, · · · , Xn❀✴❂✤P●✼☛✤❇❁➌❍✇❀✜❅❇❆❈✻✵①

w (ωj) =
1√
2nπ

n
∑

t=1

Xte
itωj .
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✛✮❀❄✾➛❂❃✻❃❆✄❁●✾✽➹♣❊☎✻✽✈♦✼❄❀✿✾⑨P●❀✜Ô❇❊☎❑➌✻■❍✇❀❄✻P✤❇❁➌❍✇❀✿✾
w (ωj)

✒
j = 1, · · · , n ❆✄P●✈♦❀✴❂■❂■❀✿❁✝❂▼❑●❁●❀✵P●❍❏✾✽❂■✻■❍ �◆➌❑➌❂❃❍❏❊☎❁✳❨✤❊☎✻■✈♦❆❈⑥✇❀✤✈✗❑●⑥➘❂❃❍➘➻❈❆✄✻■❍✇✼❄❀⑨❅◗❊❈❑●✻

n
❅➌✻■❍✇✾✧❂❃✻✽➫✿✾➛❰❈✻❃❆❈❁●P✍➚➌❭❴⑥✇⑥❏❀✿✾➽✾■❊☎❁✝❂⑨❍❏❁●P●✼✿❅❛❀✿❁➌P❇❆❈❁✝❂❃❀❄✾

❀✴❂❖❆❈P●✈✦❀❄❂■❂■❀✿❁✝❂▼➳➵③❇❆❈➳❄❑●❁●❀✡⑥ ❆✗P●❀❄❁●✾■❍➘❂❃✼✜P●❀✜P●❍✇✾❳❂❃✻✽❍✇◆●❑➌❂■❍✇❊☎❁✑P➌✼☛✤❇❁●❍❏❀✵❅❇❆❈✻✜①

1

π2

[ P●❀❄❂
(f (ωj, ψ))−

1
2

] ❀✴Ó➁❅ [−1

2

❂❃✻ (
f−1 (ωj, ψ)w (ωj)w

∗ (ωj)
)

]

, j = 1, · · · , n,
Ï✫✷☎➚ ✆☎✆ Ò

❊ ✄ ❂❃✻
(A)

❀❄✾✽❂✘⑥✇❆❋❂■✻❃❆❈➳❄❀✳P●❀✳⑥✇❆✹✈✖❆②❂❃✻■❍❏➳✿❀
A
❀❄❂✸❀✴Ó➁❅➥❀✿✾❳❂✘⑥ ❆☞➹♣❊❈❁●➳❄❂■❍✇❊☎❁ ❀✴Ó➁❅◗❊❈❁●❀✿❁✝❂❃❍❏❀✿⑥❏⑥✇❀❈➚

✺❣❊☎❑●✻✱❅➌⑥✇❑●✾❖P●❀✗P●✼✴❂➵❆❈❍❏⑥✇✾❱✾✽❑●✻✱➳❄❀❄❂■❂■❀✗P●❀❄❁●✾■❍➘❂❃✼✗P●❀✸❅●✻■❊☎◆●❆❈◆●❍✇⑥❏❍❏❂■✼✦✒❇❊☎❁✔✻✽❀✿❁✝➻☎❊❈❍✇❀✘➯✖⑥✩✕ ❊❈❑➌➻❦✻❃❆❈❰☎❀
P➌❀✡Ð❖❆❈❁●❁❇❆✄❁ Ï ✷✽✵ ✧❈✂ Ò✴✒➌❅❇❆✄❰☎❀✿✾ ✁☎✁✄✞ � ✁☎✁☎✆ ➚

❬✤❁●❀➪❆❈❅●❅●✻✽❊❐Ó➌❍❏✈✖❆②❂❃❍✇❊❈❁➝P●❀✩⑥ ❆ ⑥❏❊☎❰ � ➻➁✻■❆❈❍✇✾✽❀✿✈✗◆➌⑥ ❆❈❁●➳❄❀ Ln (ψ)
◆❇❆❈✾■✼❄❀ ✾✽❑●✻✑⑥✖✕ ✼✿➳➵③●❆❈❁✝❂❃❍✇⑥❏⑥✇❊☎❁

X1, · · · , Xn

❀✿✾❳❂❱❆✄⑥✇❊☎✻✽✾➛P●❊☎❁●❁➌✼✿❀✰❅❇❆❈✻⑨⑥✖✕ ❀✴Ó➁❅●✻✽❀✿✾✽✾■❍✇❊❈❁☞✾✽❑●❍❏➻✄❆❈❁✝❂❃❀✚①

Ln (ψ) = −
n
∑

j=1

[

log (
P●❀❄❂

(f (ωj , ψ))) +
❂❃✻ (

f−1 (ωj, ψ) In (X,ωj)
)]

,
Ï✫✷☎➚ ✆ ✫✝Ò

❊ ✄
In (X,ωj)

❀❄✾✽❂✤⑥✇❀✵❅❛✼✿✻✽❍✇P●❊❈❰☎✻❃❆❈✈✦✈✦❀❱P●❊☎❁➌❁●✼✿❀✰❅❇❆❈✻⑨⑥✩✕ ✼❄④❦❑●❆✄❂❃❍❏❊☎❁➪Ï✫✷☎➚ ✆ ✧ Ò➺✾✽❑●❍❏➻✄❆❈❁✝❂■❀✦①

In (X,ωj) = w (ωj)w
∗ (ωj) .

Ï✫✷☎➚ ✆ ✧ Ò
✛❝❆♦➹♣❊❈✻■✈✦❀✡❍❏❁⑤❂■✼✿❰☎✻■❆❈⑥✇❀✣✒❇❁●❊❈❂■✼✿❀

L̂n (ψ)
✒❛P●❀✗⑥✖✕ ❀✴Ó➁❅●✻✽❀✿✾✽✾■❍✇❊❈❁

Ln (ψ)
P●✼✰✤❇❁●❍❏❀✸P❇❆❈❁➌✾❱⑥✖✕ ✼✿④⑤❑❇❆ �

❂■❍✇❊☎❁➪Ï ✷☎➚ ✆ ✫✝Ò➺❀✿✾❳❂❖❆❈⑥✇❊☎✻✽✾⑨P●❊☎❁●❁➌✼✿❀✰❅❇❆❈✻⑨⑥ ❆✸➹♣❊❈✻■✈✗❑●⑥❏❀✱✾■❑➌❍❏➻✄❆❈❁✝❂❃❀✚①

L̂n (ψ) = −n
[
∫ π

−π

log (
P●❀✴❂

(f (ω, ψ))) dω +

∫ π

−π

❂■✻ {
f−1 (ω, ψ) In (X,ω)

}

dω

]

.
Ï✫✷☎➚ ✆★✩ Ò

➲➺❀✴❂■❂■❀➬➹♣❊☎❁●➳✴❂❃❍✇❊❈❁
L̂n (ψ)

❀❄✾✽❂✩❆✄❅●❅◗❀❄⑥✇✼❄❀➬④⑤❑❇❆❈✾✽❍ � ❅➌✾■❀✿❑➌P●❊ � ➻❦✻■❆❈❍✇✾✽❀✿✈✗◆●⑥✇❆❈❁●➳❄❀❈➚✱✗➁❑●❅●❅❛❊☎✾■❊❈❁●✾
P●❆❈❁●✾✦⑥ ❆✩✾■❑●❍➘❂❃❀➡④⑤❑●❀ ∫ π

−π
log

P●❀❄❂
f (ω, ψ) dω

❀✿✾❳❂✳P●❍➘➮✍✼❄✻■❀✿❁✝❂■❍ ❆❈◆●⑥❏❀✑❅❇❆❈✻✚✻❃❆✄❅●❅◗❊❈✻✽❂♦➯
ψ
➚

❚❖❀✗❅●⑥✇❑➌✾❱❅❛❊☎❑●✻❱❅➌✻■❀✿✾✽④⑤❑●❀✗❂❃❊☎❑➁❂✱❅❛❊☎❍✇❁✝❂
ω
✒❛❊❈❁✔✾■❑●❅➌❅◗❊☎✾✽❀✘④⑤❑●❀

f−1 (ω, ψ)
❀❄✾✽❂✜❆❈❑➌✾■✾■❍❶P●❍❏➹ �

➹♣✼❄✻■❀❄❁⑤❂■❍ ❆❈◆➌⑥✇❀✵❅❇❆❈✻⑨✻■❆❈❅●❅❛❊☎✻✽❂✤➯
ψ
➚❛❲✱❁☞❁●❊✄❂❃❀✵❅❇❆❈✻

Hj (ψ) = ∂

∫ π

−π

log
P●❀❄❂

f (ω, ψ) dω/∂ψj

Ï✫✷☎➚ ✆ ✵✝Ò



✞✝✂

❀❄❂

hj (ω, ψ) =
∂f−1 (ω, ψ)

∂ψj

.
Ï✫✷❈➚ ✫ ✂ Ò

▲❱❍✇❁➌✾■❍▼❑●❁➝❀❄✾✽❂■❍✇✈♦❆✄❂❃❀❄❑●✻ ✯ ❉★✛❣❭
ψ̂n

P➌❀
ψ
❀✿✾❳❂✳P●✼✰✤❇❁●❍▼❂❃❀✿⑥▼④⑤❑●❀

Sn

(

ψ̂n

)

= 0
❆✐➻❈❀✿➳

Sn (ψ)
❀✿✾❳❂✗⑥✇❀✚❰☎✻■❆❈P●❍❏❀✿❁✝❂✰P●❀

L̂n (ψ)
➳✿❊☎❁➌✾✽❂❃❍➘❂❃❑●✼✦P●❀❄✾✸➳✿❊❈✈♦❅❛❊☎✾❃❆✄❁⑤❂■❀✿✾

Snj (ψ)
P●✼✰✤❇❁●❍❏❀✿✾

❅❇❆❈✻✵①

Snj (ψ) = Hj (ψ) +

∫ π

−π

tr [hj (ω, ψ) In (X,ω)] dω. j = 1, · · · , p+ q
Ï✫✷☎➚ ✫✧✷sÒ

✗➁❊☎❑●✾✤P●❀✿✾❱➳✿❊☎❁●P➌❍❏❂❃❍❏❊☎❁●✾⑨❂❃✻✽➫✿✾❖❰☎✼✿❁●✼❄✻❃❆❈⑥❏❀✿✾☛✒◗Ð✤❊☎✾■❊✐➾☎❆ Ï✫✷✽✵✦✵ ✫✧✒✜✷✽✵✶✵ ✧ Ò▼❆✦P●✼✿✈✦❊☎❁✝❂❃✻✽✼✡⑥❏❀✿✾✤❅●✻■❊ �
❅●✻■❍❏✼❄❂❃✼❄✾✤❆❈✾✽➾❦✈✦❅➌❂❃❊❈❂■❍✇④⑤❑●❀❄✾⑨P●❀✜➳✿❀❄❂❖❀✿✾❳❂❃❍❏✈✖❆✄❂■❀✿❑●✻ ✯ ❉★✛❣❭⑨➚
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∏

i=1

(1 − 2ηiB +B2)di (Xt − µ) = θ (B) εt
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Ï ✁ ➚ ✁ Ò



✞☎✞

❊☎✄
µ
❀✿✾❳❂✜⑥ ❆✖✈✦❊✐➾☎❀❄❁●❁●❀✘P●❑✩❅●✻✽❊➁➳❄❀✿✾■✾✽❑●✾

(Xt)t∈Z

✒
(εt)t∈Z

❀❄✾✽❂✜❑●❁ ❅●✻✽❊➁➳❄❀✿✾✽✾■❑●✾✜✾■❑➌❅●❅◗❊❈✾■✼
➳✿❀✿❁✝❂■✻■✼❋P●❊☎❁✝❂✦⑥ ❆✹➻✄❆❈✻■❍✇❆❈❁●➳❄❀✑➳✿❊☎❁●P➌❍❏❂❃❍❏❊☎❁●❁●❀❄⑥✇⑥❏❀

σ2
t

❅❇❆❈✻✘✻❃❆✄❅●❅◗❊❈✻✽❂✦➯ ⑥ ❆
σ � ❆❈⑥✇❰☎➫❄◆●✻■❀ Ft =

σ (εs, s < t)
➻❈✼✿✻✽❍ ✤❇❀✜⑥✖✕ ✼✿④⑤❑❇❆②❂❃❍✇❊❈❁❋✾✽❑●❍❏➻✄❆❈❁✝❂■❀✦①

∀t, σ2
t = a0 +

r
∑

i=1

aiε
2
t−i +

s
∑

j=1

bjσ
2
t−j .

Ï ✁ ➚à➸☎Ò

φ (B)
❀❄✾✽❂✔❑➌❁❼❅◗❊❈⑥❏➾❦❁✦✥☎✈✦❀➪❆❈❑➌❂❃❊❈✻■✼✿❰❈✻■❀✿✾✽✾■❍➘➹✗P✔✕ ❊☎✻■P➌✻■❀

p
❀❄❂

θ (B)
❀❄✾✽❂✹❑●❁❼❅❛❊☎⑥❏➾❦❁✦✥☎✈✦❀

✈♦❊✐➾☎❀❄❁●❁●❀✤✈♦❊❈◆●❍✇⑥❏❀➛P✔✕ ❊☎✻■P●✻✽❀
q
❍❏❁✝❂❃✻■❊❦P●❑●❍➘❂❃✾❴P❇❆✄❁●✾✧⑥ ❆✜❚❱✼☛✤●❁●❍❏❂■❍✇❊☎❁✚✷☎➚ ✁ ➚ ✷❈➚ ✛❝❀❄✾➽❅●❆❈✻❃❆❈✈✦➫❄❂■✻■❀❄✾

P●❀✚➳✿❀✿✾✜P●❀❄❑➁Ó➪❅❛❊☎⑥❏➾❦❁✦✥☎✈✦❀✿✾✵✾✽❊☎❁✝❂✰P●❀✿✾✜❅❇❆❈✻■❆❈✈✦➫❄❂❃✻✽❀✿✾✵P●❀✚✈✦✼✿✈✦❊☎❍✇✻✽❀✗➳✿❊❈❑●✻✽❂■❀❋①✍❍✇⑥✇✾❱➳✿❊☎✻✽✻■❀✿✾ �
❅◗❊☎❁➌P●❀✿❁✝❂▼❆❈❑✖➳✿❊☎✈✦❅◗❊❈✻✽❂❃❀❄✈♦❀❄❁✝❂➛❀✿❁✑✈✦❊✐➾☎❀❄❁●❁●❀✱P●❑✑❅➌✻■❊❦➳✿❀✿✾✽✾■❑●✾

(Xt)t

➚➌❮➝❀✿✾❳❂⑨⑥✖✕ ❊☎❅❛✼✿✻❃❆②❂❃❀✿❑➌✻
✻■❀❄❂❃❆❈✻■P➝P●✼☛✤❇❁➌❍❱❅❇❆❈✻

BXt = Xt−1

➚✝✛✮❀✿✾✳❅●❆❈✻❃❆❈✈✦➫❄❂■✻■❀❄✾
0 < di <

1
2
, i = 1, · · · , k✾■❊☎❁✝❂❖⑥✇❀✿✾▼❅❇❆✄✻❃❆❈✈✦➫❄❂■✻■❀✿✾✤P●❀✰✈♦✼❄✈♦❊❈❍✇✻■❀✵⑥❏❊☎❁●❰☎❑➌❀✦✒❇⑥✇❀❄✾▼❅❇❆❈✻❃❆✄✈♦➫✴❂❃✻■❀❄✾ |ηi| < 1, i = 1, · · · , k✾■❊☎❁✝❂✗⑥❏❀✿✾✰❅❇❆❈✻■❆❈✈♦➫✴❂❃✻✽❀✿✾✰P●❀✖⑥❏❊➁➳✿❆❈⑥✇❍❏✾❃❆✄❂■❍✇❊☎❁ P●❀❄✾✡➹♣✻✽✼✿④⑤❑●❀✿❁➌➳✿❀✿✾✘P➌❀✖⑥ ❆➡⑥✇❊❈❁●❰☎❑●❀✦✈♦✼❄✈♦❊❈❍✇✻■❀✣✒

k❀✿✾✽❂✚❑➌❁ ❁●❊☎✈✗◆●✻✽❀✑❀✿❁✝❂❃❍❏❀✿✻ ✤●❁●❍Þ➚➭❨❖❊❈❂■❊☎❁●✾✘④⑤❑●❀✑⑥✇❀❄✾✸➹♣✻■✼❄④⑤❑●❀✿❁●➳❄❀✿✾
ωi = arccos (ηi)

❅◗❊☎❑➌✻
i = 1, · · · , k ✾■❊☎❁✝❂✜❆❈❅➌❅◗❀❄⑥✇✼✿❀❄✾✵❩ � ➹♣✻✽✼✿④⑤❑●❀✿❁➌➳✿❀✿✾❄➚ ✛✮❀✸❅●✻✽❊➁➳❄❀✿✾✽✾■❑●✾

(ξt)t∈Z

❀✿✾❳❂✵❑●❁✔❅➌✻■❊❦➳✿❀✿✾ �
✾■❑●✾✵◆●✻✽❑●❍❏❂✱◆●⑥ ❆❈❁➌➳✸➹♣❊☎✻✽❂✱P●❊☎❁✝❂✜⑥ ❆✖⑥❏❊☎❍❣✾■❀✿✻■❆✑❅●✻■✼❄➳✿❍✇✾✽✼✿❀✚P❇❆❈❁➌✾✵⑥ ❆✖✾✽❑●❍❏❂■❀❈➚✮➲➺❀✚❅●✻✽❊➁➳❄❀✿✾✽✾■❑●✾✜❀✿✾❳❂
❍✇❁●P●✼❄❅◗❀❄❁●P❇❆❈❁✝❂♦P●❀

εt

❀❄❂✳P➌❑➝❅❇❆❈✾✽✾■✼✔P➌❀☞➳❄❀✹❅●✻✽❊➁➳❄❀✿✾■✾✽❑●✾✿➚✡✛✮❀✿✾✖❅●❆❈✻❃❆❈✈✦➫❄❂■✻■❀❄✾♦④⑤❑●❍❖❆❈❅●❅❇❆ �
✻❃❆❈❍❏✾■✾■❀❄❁✝❂➽P●❆❈❁●✾➣⑥✖✕ ❀✴Ó➁❅●✻■❀❄✾■✾✽❍✇❊☎❁✔Ï ✁ ➚ ➸✝Ò➋✾■❊☎❁✝❂➽❆❈❑●✾✽✾■❍❛P●❀✿✾➣❅❇❆❈✻■❆❈✈✦➫❄❂❃✻✽❀✿✾✧P●❀✤✈♦✼❄✈♦❊❈❍✇✻■❀➺➳✿❊☎❑●✻❳❂❃❀✣✒
✈✖❆❈❍❏✾➺❍❏⑥✇✾➺➳✿❆❈✻❃❆✄➳❄❂❃✼❄✻■❍❏✾■❀✿❁✝❂▼⑥❏❀✱➳✿❊☎✈✦❅❛❊☎✻✽❂■❀✿✈✦❀✿❁✝❂⑨❀✿❁✑➻✄❆❈✻✽❍ ❆❈❁●➳❄❀✱P●❑➡❅●✻✽❊➁➳❄❀✿✾■✾✽❑●✾

(Xt)t

➚●❯➒⑥➧❀✿✾❳❂
P●❊☎❁●➳✱❍❏✈♦❅❛❊☎✻❳❂➵❆❈❁✝❂➽P●❀✱❁●❊❈❂■❀✿✻➛④⑤❑●❀✵⑥❏❀❱✈✦❊➁P➌➫✿⑥✇❀❖P●✼☛✤●❁●❍✍❅❇❆✄✻➛⑥✇❀❄✾➛✼✿④⑤❑❇❆✄❂■❍✇❊☎❁➌✾✜Ï ✁ ➚✥✷sÒ✧❀❄❂✰Ï ✁ ➚ ✁ Ò
➳✿❊☎❁✝❂❃❍❏❀✿❁✝❂✚➯ ⑥ ❆❋➹♣❊☎❍✇✾✡P●❀✿✾✚❅❇❆❈✻■❆❈✈✦➫❄❂❃✻✽❀✿✾✗P➌❀✑✈♦✼❄✈♦❊☎❍❏✻■❀✦⑥✇❊☎❁➌❰☎❑●❀✳❀✴❂✘P●❀✿✾✚❅❇❆✄✻❃❆❈✈✦➫❄❂■✻■❀✿✾✸P●❀
✈♦✼❄✈♦❊☎❍❏✻■❀❖➳✿❊☎❑●✻❳❂❃❀✄➚

✛❝❀❄✾♦③✝➾❦❅❛❊❈❂❃③●➫❄✾■❀❄✾✖✾■❑➌❍❏➻✄❆❈❁✝❂❃❀❄✾♦✾✽❊☎❁✝❂✖❁●✼❄➳✿❀❄✾■✾❃❆✄❍✇✻■❀❄✾✖❅❛❊☎❑●✻✦❆❈✾✽✾■❑●✻✽❀✿✻✦⑥ ❆ ✾✽❂❃❆✄❂❃❍❏❊☎❁●❁❇❆❈✻✽❍❏❂■✼✳P●❑
❅●✻■❊❦➳✿❀❄✾■✾■❑➌✾

(Xt)t∈Z

P●✼✰✤❇❁●❍❝❅❇❆❈✻⑨⑥❏❀✿✾⑨✼❄④❦❑●❆✄❂❃❍❏❊☎❁●✾✡Ï ✁ ➚✥✷sÒ � Ï ✁ ➚ ✁ ÒÙ➚

(H6)
① |di| < 1

2

✾✽❍ |ηi| < 1
❊☎❑ |di| < 1

4

✾✽❍ |ηi| = 1
❅❛❊☎❑●✻

i = 1, . . . , k
➚

(H7)
① ✛✮❀✿✾▼❅❇❆❈✻■❆❈✈✦➫❄❂❃✻✽❀✿✾▼P●❀✜⑥✇❊❦➳❐❆✄⑥✇❍✇✾■❆✄❂❃❍❏❊☎❁

ηi, i = 1, · · · , k ✒●✾✽❊☎❁✝❂❖✾✽❑●❅●❅❛❊☎✾■✼❄✾❖➳❄❊☎❁●❁⑤❑●✾❄➚

✺➭❆❈✻➛⑥✇❆✡✾✽❑●❍❏❂■❀✦✒➌✾✽❍✍➳❄❀✿✾⑨❅❇❆❈✻■❆❈✈✦➫❄❂❃✻✽❀✿✾➛P➌❀✱⑥✇❊❦➳❐❆❈⑥❏❍✇✾■❆✄❂❃❍❏❊☎❁✚✾■❊☎❁✝❂⑨❍❏❁●➳✿❊☎❁➌❁❦❑➌✾✓✒●❁●❊❈❑●✾➛❑➌❂■❍✇⑥✇❍❏✾■❀❄✻■❊☎❁●✾
⑥✖✕ ❆❈❅●❅●✻✽❊➁➳➵③●❀✵P➌✼❄➻☎❀❄⑥✇❊☎❅➌❅◗✼❄❀✡❅❇❆✄✻➺➶➽❆s➼✽❍✇✈♦❆➡Ï✫✷✽✵✦✵ ✆ Ò➽❅❛❊☎❑●✻▼⑥✇❀❄✾⑨❀✿✾❳❂❃❍✇✈✦❀✿✻❄➚

➴✤❀❄✈✖❆❈✻✽④⑤❑●❊☎❁●✾❖❀✿❁✧✤❇❁ ④⑤❑●❀ Ft

✒❛⑥ ❆
σ � ❆❈⑥❏❰☎➫✿◆➌✻■❀✸❀❄❁●❰☎❀❄❁●P●✻■✼❄❀✘❅❇❆❈✻❖⑥✇❀✸❅●❆❈✾■✾✽✼✗P●❑ ❅●✻✽❊➁➳❄❀✿✾■✾✽❑●✾

(εt)t∈Z

➳❄❊☞✌Ü❁●➳❄❍✇P●❀✣✒✧✾■❊☎❑●✾✖⑥✇❀✿✾♦➳✿❊☎❁➌P●❍❏❂■❍✇❊☎❁●✾✦P●❀☞➳❐❆❈❑●✾■❆❈⑥✇❍➘❂❃✼❋❀❄❂✖P✔✕ ❍❏❁✝➻☎❀✿✻✽✾■❍❏◆●❍✇⑥❏❍❏❂❃✼ Ï♣④❦❑➌❍❱P●✼ �
➳✿❊☎❑●⑥❏❀✿❁✝❂➽P●❀✿✾➽③⑤➾❦❅❛❊❈❂❃③➌➫✿✾■❀❄✾

(H0)
✒
(H2)

❀❄❂
(H6)

Ò✴✒❦❆✐➻❈❀✿➳✱➳❄❀✿⑥❏⑥✇❀▼❀✿❁●❰❈❀✿❁●P●✻✽✼✿❀❖❅❇❆❈✻➣⑥✇❀▼❅❇❆❈✾✽✾■✼



✞✝✆

P➌❑☞❅●✻✽❊➁➳❄❀✿✾✽✾■❑●✾
(Xt)t∈Z

➚

❚❱❆❈❁●✾✘⑥ ❆❋✾■❑●❍➘❂❃❀✣✒➭❁●❊☎❑➌✾✗✻❃❆❈❅➌❅◗❀❄⑥✇⑥✇❊❈❁●✾✸⑥❏❀✿✾✸❀ÙÓ➁❅●✻■❀❄✾■✾■❍❏❊☎❁●✾✚P●❀❄✾✗➹♣❊☎✻■✈✦❀✿✾✸❆❈❑➌❂❃❊❈✻■✼✿❰❈✻■❀✿✾✽✾■❍➘➻☎❀✑❀❄❂
✈✦❊✐➾☎❀❄❁●❁●❀✤✈♦❊☎◆➌❍✇⑥✇❀➺❍✇❁✧✤❇❁➌❍✇❀✿✾✧❆✄❍✇❁●✾✽❍❇④❦❑➌❀❖⑥❏❀✿✾❴❅●✻✽❊☎❅●✻■❍❏✼❄❂■✼✿✾➣❆❈✾✽➾❦✈✦❅➌❂❃❊✄❂❃❍✇④⑤❑●❀❄✾➽P➌❀✤⑥✇❆✱➹♣❊☎❁●➳❄❂■❍✇❊☎❁
P✸✕à❆❈❑➁❂❃❊❦➳✿❊☎✻✽✻■✼✿⑥✇❆✄❂❃❍❏❊☎❁➝❀✴❂➡P●❀ ⑥ ❆ P➌❀✿❁●✾✽❍❏❂❃✼ ✾✽❅◗❀❄➳❄❂■✻❃❆❈⑥❏❀ P●❀✿✾✑❅●✻✽❊➁➳❄❀✿✾✽✾■❑●✾✹❩✜❯❳❩✵▲✱➴➛➲➛Ð ➯

k➹♠❆✄➳❄❂❃❀❄❑●✻■✾➣P●✼✰✤❇❁●❍✇✾✧❅❇❆✄✻➣⑥❏❀✿✾❴✼❄④❦❑●❆✄❂❃❍❏❊☎❁✔Ï ✁ ➚✥✷sÒ � Ï ✁ ➚ ➸✝Ò❶④⑤❑●❀✤❁●❊☎❑●✾✧P●❀✴➻☎❊☎❁➌✾➛➯✰❩✜❑➌✼✿❰✝❆❈❁✹Ï ✁✄✂☎✂☎✂ Ò
❀✴❂✸Ï ✁❈✂☎✂ ➸✝Ò✴➚

✯ ❜s❫❡❪❴❫ ✢✿❧♣❢s❧♣❫❛❥ ✬ ☎ ✬ ☎ ✖ ✝✔✿❂❋❍❃
(Xt)t∈Z

❁❄▲ ❨❬❆❵✿✽❏❘❑❘■❘■✰❁ ■ ✁✦☛✰▲✕☛✰❆ ☛❅❨✧❈✦❆❲●❙❑❘■ ☛ ❖✓❁✧❈✦❃✩❋✖✿❂▲✧■ ✆ �❄❫ � ✠ ✄
✆ �❄❫✁� ✠✦❫ ✝ ❋✺●❙❑❘■ ☎ ✠❘❨▼✿❂❃✄☎✡✝❘■✽❑❘■

(H0)
✂
(H2)

❑✰❃
(H6)

✠ ■✽✿❂▲▼❃✡❊☞☛✰❆✰❋ ◆ ☛❘❑❘■ ❈✦●❙✿❂❆❵■ ●❙❑✭❨❬❆❵✿✽❏❘❑❘■❘■✰❁❪■
(Xt)t∈Z

❑❘■✰❃✢■✰❃ ❈✦❃❇❋✖✿❂▲▼▲❬❈✦❋❍❆❵❑✆✂✝❏ ❈✦❁ ■✓❈✦●✟❑✰❃✺❋❍▲▼❊✦❑✰❆❵■✰❋❇❭✓●❙❑✓❫
�❪❫ ✝❀❈✺❚ ✿❂❆✴❱ ❑❲❱ ✿ ✠❪❑✰▲▼▲✸❑❲❱ ✿✦❭✓❋❍●❙❑❲❋❍▲ ◆ ▲▼❋✖❑✭❑❘■✰❃❅❯❄✿❂▲▼▲✕☛❘❑✆✂✧❨▼✿❂❁❄❆❲❃ ✿❂❁❄❃

t
✂▼❨✧❈✦❆❲●✌✡✍☛ ❖✓❁✧❈✦❃❇❋✖✿❂▲

■✰❁✹❋❍❊❂❈✦▲▼❃ ❑ ✎

Xt =

∞
∑

j=0

βj (d, η, φ, θ) εt−j ,
Ï ✁ ➚ ✞ Ò

✿✒✑★●❙❑❘■✝❨▼✿❂❋❇❯❂■
(βj (d, η, φ, θ))

j∈N

■✽✿❂▲▼❃✡❯❄✿❂▲▼▲✕☛❘■✪❯❪❈✦▲✧■◗●✌✡✍☛ ❖✓❁ ❈✦❃❇❋✖✿❂▲ ✆✁�❪❫✁� ✠✦❫

�❄❫ ✝❀❈✮❚ ✿❂❆✴❱ ❑ ❈✦❁❄❃ ✿❂❆ ☛ ✁✦❆❵❑❘■❘■✰❋❍❊✦❑ ❋❍▲ ◆ ▲▼❋✖❑ ■✆✡✍☛❘❏✰❆✴❋❍❃✄✂✟❨▼✿❂❁❄❆ ❃ ✿❂❁✹❃☎❃✄✂✘❯❄❑✍●✥❈ ❱ ❈✦▲▼❋✞✝✰❆❵❑ ■✰❁❄❋ ✄
❊❂❈✦▲▼❃ ❑ ✎

εt =

∞
∑

j=0

α (d, η, φ, θ)Xt−j,
Ï ✁ ➚ ✆ Ò

✿✒✑★●❙❑❘■✝❨▼✿❂❋❇❯❂■
(αj (d, η, φ, θ))

j∈N

■✽✿❂▲▼❃✡❯❄✿❂▲▼▲✕☛❘■✪❯❪❈✦▲✧■✮●✌✡✍☛ ❖✓❁✧❈✦❃✩❋✖✿❂▲ ✆✁�❪❫✄✂✟✠✦❫

✺❣❊☎❑●✻✘⑥✇❆✹❅●✻■❀❄❑➌➻☎❀➡P●❀✑⑥✇❆ ✺❴✻■❊☎❅❛❊☎✾■❍➘❂❃❍❏❊☎❁ ✁ ➚ ✁ ➚✥✷✶✒➭❊❈❁❺✻✽❀✿❁✝➻☎❊❈❍✇❀➡❆❈❑➁Ó ❆❈✻✽❂■❍✇➳❄⑥✇❀✿✾✡P●❀❋❩✵❑●✼✿❰✝❆✄❁
Ï ✁❈✂☎✂☎✂ Ò➽❀❄❂✸Ï ✁✄✂☎✂ ➸✝ÒÙ➚

✯ ❜s❫❡❪❴❫ ✢✿❧♣❢s❧♣❫❛❥ ✬ ☎ ✬ ☎ ✬ ✝ ❁✽❨❪❨▼✿✽■✽✿❂▲✧■ ❖✓❁▼❑ ●❙❑❘■ ☎ ✠❘❨▼✿❂❃☞☎✡✝❘■✽❑❘■ ❯❄❑ ●✥❈ ✛✡❆❵✿❘❨▼✿✽■✰❋❍❃❇❋✖✿❂▲ �❄❫✁�❄❫ �
■✽✿❂❋✖❑✰▲▼❃P❊☞☛✰❆✴❋ ◆ ☛❘❑❘■✆✂✡❈✦●❙✿❂❆❘■✪●✥❈✱❚ ✿❂▲✸❏✰❃❇❋✖✿❂▲ ❯✗✡ ❈✦❁✹❃ ✿✽❏❘✿❂❆✴❆ ☛✰●✥❈✦❃❇❋✖✿❂▲

ρ (h) =
❏❘✿❂❊

(Xt, Xt−h)
❯✦❁

❨❬❆❵✿✽❏❘❑❘■❘■✰❁❪■✙❯✦☛ ◆ ▲▼❋✧❨✧❈✦❆✱●❙❑❘■✞☛ ❖✓❁ ❈✦❃❇❋✖✿❂▲✧■ ✆ �❄❫ � ✠ ✄ ✆ �❄❫✁� ✠ ✂❅❯❪❈✦▲✧■✭●❙❑✮❏ ❈❂■✪✿✒✑
φ (B) = θ (B) =

I
❑✰❃

max
j=1,··· ,k

dj > 0
■✆✡✍☛❘❏✰❆✴❋❍❃✢■✽✿❂❁ ■✮●✥❈✭❚ ✿❂❆✴❱ ❑✙■✰❁❄❋❍❊❂❈✦▲▼❃ ❑✏✎

ρ (h) =
∑

j=1,··· ,k,dj>0

V d,η
j h2d∗j−1 (cos (hωj) + o (1))

■✰❋
h→ ∞,

Ï ✁ ➚ ✫✝Ò

❈✦❊✦❑❘❏
{ ➱ (d,ν)

j = C
′

j

■✰❋
ωj = 0

✿❂❁
π,➱ (d,ν)

j = 2C
′

j

■✰❋
0 < ωj < π

❫ Ï ✁ ➚ ✧ Ò



✞ ✫

✡✽❏✰❋ ✂
C

′

j = fε (ω) Γ
(

1 − 2d∗j
)

sin
(

d∗jπ
)

D2 (j) ,
Ï ✁ ➚ ✩ Ò

✿✒✑
fε (ω)

❑❘■✰❃✺●✥❈✳❯❄❑✰▲✧■✰❋❍❃ ☛✱■ ❨▼❑❘❏✰❃✩❆❉❈✦●❙❑ ❯✦❁✍❨❬❆❵✿✽❏❘❑❘■❘■✰❁ ■
(εt)t∈Z

❫ ✤ ❑✝❨❬●❳❁❪■✆✂

{

d∗j = 2dj

■✰❋
ωj = 0

✿❂❁
π,

d∗j = dj

■✰❋
0 < ωj < π

❫ Ï ✁ ➚❩✵☎Ò

✆✡▲ ◆ ▲ ✂

D (j) =















∏

j 6=l

|2 (cos (ωj) − cos (ωl))|−dj
■✰❋
ωj = 0

✿❂❁
π,

|2 sin (ωj)|
∏

j 6=l

|2 (cos (ωj) − cos (ωl))|−dj
■✰❋

0 < ωj < π
❫ Ï ✁ ➚ ✷ ✂ Ò

✓ ❈✚❯❄❑✰▲✧■✰❋❍❃✚☛ ■ ❨▼❑❘❏✰❃❇❆❉❈✦●❙❑
fX (ω)

❯✦❁ ❨❬❆❵✿✽❏❘❑❘■❘■✰❁ ■
(Xt)t∈Z

❑❘■✰❃☎❯❄✿❂▲▼▲✕☛❘❑☎❨✧❈✦❆ ●✌✡ ❑ ✂☛❨❬❆❵❑❘■❘■✰❋✖✿❂▲
■✰❁✹❋❍❊❂❈✦▲▼❃ ❑ ✎

fX (ω) =

∣

∣

∣

∣

φ (e−iω)

θ (e−iω)

∣

∣

∣

∣

k
∏

j=1

|2 (cos (ω) − cos (ωj))|−2dj fε (ω) .
Ï ✁ ➚ ✷✦✷sÒ

✝✔✿❂▲ ❑ ✂☛❨❬❆❘❑❘■❘■✰❋✖✿❂▲ ❈❂■✡✠✣❱✱❨❬❃ ✿❂❃✩❋❇❖✓❁▼❑✮■✆✡✍☛❘❏✰❆✴❋❍❃☞✂ ■✰❋
ω → ωj

✂
j = 1, · · · , k ✂✡❯❄❑ ●✥❈✳❱ ❈✦▲▼❋✞✝✰❆❵❑

■✰❁✹❋❍❊❂❈✦▲▼❃ ❑ ✎

fX (ω) ∼
∣

∣

∣

∣

φ (e−iω)

θ (e−iω)

∣

∣

∣

∣

D2 (j) |ω − ωj |−2d∗j fε (ω) .
Ï ✁ ➚ ✷ ✁ Ò
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❂❃❍✇❊❈❁●✾▼Ï ✁ ➚ ✷sÒ � Ï ✁ ➚ ➸✝Ò✰✒✄❍✇❁●➳❄⑥✇❑❇❆✄❁⑤❂➋⑥✇❀✿✾❴❅●❆❈✻❃❆❈✈✦➫❄❂■✻■❀❄✾➋P●❀▼✈♦✼❄✈♦❊❈❍✇✻■❀➽⑥✇❊☎❁➌❰☎❑●❀

(d1, . . . , dk)
✒☎⑥✇❀❄✾

❅❇❆❈✻❃❆✄✈♦➫✴❂❃✻■❀❄✾➛P●❀✱✈✦✼✿✈✦❊☎❍❏✻■❀✤➳✿❊☎❑●✻❳❂❃❀✱③➌❊☎✈♦❊❈✾■➳✿✼❄P❇❆❈✾❳❂❃❍✇④⑤❑●❀
(φ1, . . . , φp, θ1, . . . , θq)

❀✴❂▼⑥✇❀❄✾
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(a0, a1, . . . , ar, b1, . . . , bs)
➚
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µ = 0
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✻✽✼✿✼❄➳✿✻■❍➘❂✜①

φ (B)

k
∏

i=1

(1 − 2ηiB +B2)diXt = θ (B) εt.
Ï ✁ ➚✥✷✐➸✝Ò
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❅❛❊☎❑●✻✤⑥✇❀✜➳✿❆❈✾✱❩✜❆❈❑●✾✽✾■❍❏❀✿❁✹❀✴❂❱❁➌❊☎❑●✾✤❀✿❁✹P➌✼✿P●❑●❍❏✾■❊☎❁➌✾❱⑥✇❀❄✾❖✻✽✼✿✾✽❑●⑥❏❂❃❆✄❂❃✾✤❅◗❊❈❑●✻▼⑥✇❀✜➳❐❆❈✾✙✗❦❂❃❑➌P●❀✿❁✝❂❐➚
❚ ✕à❆❈❑➁❂❃✻■❀❋❅❇❆❈✻❳❂✖❁➌❊☎❑●✾✦❅◗❊☎❑➁➻☎❊☎❁●✾♦✻■❀❄✈✖❆❈✻✽④⑤❑●❀✿✻✦④⑤❑●❀☞❂■❊☎❑●✾✦➳✿❀✿✾♦✻■✼❄✾■❑●⑥➘❂➵❆✄❂■✾♦❅❛❀✿❑➌➻❈❀✿❁✝❂✳✃✴❂❃✻✽❀
✼✴❂❃❀❄❁●P●❑●✾❖➯✘❑●❁●❀✰❅●⑥✇❑●✾⑨❰❈✻❃❆❈❁●P➌❀✰➳❄⑥ ❆❈✾✽✾■❀✜P●❀✜⑥✇❊❈❍✇✾➺➻❈✼✿✻■❍✥✤❡❆❈❁✝❂✤⑥ ❆✗➳❄❊☎❁●P●❍➘❂❃❍✇❊❈❁✑✾■❑●❍➘➻❈❆✄❁⑤❂■❀✚①

(C0) :
✛❝❆❋P➌❍✇✾✽❂■✻■❍❏◆●❑➌❂❃❍❏❊☎❁ ➳✿❊❈❁●P●❍❏❂■❍✇❊☎❁➌❁●❀✿⑥❏⑥✇❀✸P➌❑➬❅●✻✽❊➁➳❄❀✿✾■✾✽❑●✾

(εt)t∈Z

❀✿✾✽❂✡✾✽➾❦✈✦✼❄❂■✻■❍✇④⑤❑●❀✦❀❄❂
✾✽❀✿✾✤✈♦❊❈✈♦❀❄❁⑤❂■✾⑨P✔✕ ❊☎✻■P●✻✽❀ ✞ ✾✽❊☎❁✝❂☎✤❇❁●❍✇✾❄➚

❭❴❁➡❀❄➮◗❀❄❂✓✒➌⑥❏❀✿✾➛P●✼✴➻☎❀❄⑥✇❊☎❅●❅❛❀✿✈✦❀✿❁✝❂■✾✤P➌❀✵⑥ ❆✡❂■③●✼✿❊☎✻✽❍✇❀❱❆❈✾✽➾❦✈✦❅➌❂❃❊❈❂■❍✇④⑤❑●❀✱P➌❀✵⑥✖✕ ❀✿✾✽❂■❍✇✈♦❆✄❂❃❍❏❊☎❁✖➲❲✗ ✗
❁➌❀✱P●✼✿❅❛❀✿❁➌P●❀✿❁✝❂✤❅❇❆❈✾➛P➌❀✵⑥✖✕ ❀✴Ó➁❅●✻■❀❄✾■✾✽❍✇❊☎❁✑❀ÙÓ➌❅➌⑥✇❍✇➳❄❍❏❂■❀❱P●❀✱⑥✇❆✸⑥✇❊❈❍◗➳❄❊☎❁●P●❍➘❂❃❍✇❊❈❁●❁●❀✿⑥❏⑥✇❀▼P●❑➡❅●✻✽❊➁➳❄❀✿✾ �
✾✽❑●✾

(εt)t∈Z

✒●✈♦❆❈❍❏✾➛✻■❀❄❅◗❊☎✾✽❀✿❁✝❂❖✾■❑●✻▼⑥ ❆✘➳❄❊☎❁●P●❍➘❂❃❍✇❊❈❁
(C0)

➚

✗❦❊☎❍❏❂❴❑➌❁●❀❖✾✽❑●❍❏❂■❀⑨P●❀⑨➻✄❆❈✻■❍✇❆❈◆●⑥✇❀❄✾❴❆❈⑥❏✼❐❆✄❂■❊☎❍✇✻✽❀✿✾
X1, · · · , Xn

❰☎✼✿❁●✼❄✻■✼❄❀❖❅❇❆✄✻❴⑥✇❀⑨✈✦❊➁P●➫❄⑥✇❀➛P➌✼☛✤❇❁●❍
❅●❆❈✻⑨⑥✇❀❄✾✤✼❄④⑤❑❇❆✄❂❃❍❏❊☎❁●✾✡Ï ✁ ➚ ✁ Ò � Ï ✁ ➚ ✷❐➸✝Ò✴➚➁❨❖❊❈❂■❊☎❁●✾✜①

γ = (d1, · · · , dk, φ1, · · · , φp, θ1, · · · , θq) ,

δ = (a0, a1, · · · , ar, b1, · · · , bs),
❀✴❂
ω = (γ, δ)

⑥✇❀❄✾✵❅❇❆❈✻❃❆✄✈♦➫✴❂❃✻■❀❄✾✜➯✑✼❄❂❃❑➌P●❍✇❀❄✻✿➚✏✗➁❊☎❍➘❂
ω0 = (γ0, δ0)

⑥✇❆✖➻➁✻■❆❈❍✇❀✗➻✄❆❈⑥❏❀✿❑●✻✵P➌❑
❅●❆❈✻❃❆❈✈✦➫❄❂■✻■❀

ω
❀❄❂✡✾■❑●❅➌❅◗❊☎✾✽❊☎❁●✾✰④⑤❑✔✕ ❀❄⑥✇⑥❏❀✘✾■❀✚❂❃✻■❊❈❑➌➻☎❀✦➯➡⑥✖✕ ❍✇❁✝❂❃✼❄✻■❍✇❀❄❑●✻✱P●❀

Θ
✒✮❊☎✄

Θ
❀❄✾✽❂✡❑●❁

➳❄❊☎✈✦❅❇❆❈➳❄❂▼P➌❀
R

r+s+p+q+k+1 ➚

❲✱❁✦✻❃❆❈❅➌❅◗❀❄⑥✇⑥✇❀⑨④⑤❑●❀✣✒➁✾✽❍❇⑥✇❀❄✾➽❊☎◆➌✾■❀✿✻❳➻✄❆✄❂❃❍❏❊☎❁●✾✧❍✇❁●❍➘❂❃❍✇❆❈⑥✇❀❄✾
X0, X−1, X−2, . . .

✾■❊❈❁⑤❂➽✾■❑➌❅●❅◗❊❈✾■✼✿❀❄✾
✤➁Ó➌❀❄✾✘❊☎❑ ❁⑤❑●⑥❏⑥✇❀✿✾✡➳✿❀✳④⑤❑●❍➽❀✿✾❳❂✘✼✿④⑤❑●❍➘➻❈❆✄⑥✇❀✿❁✝❂✗➯✹✾■❑●❅➌❅◗❊☎✾✽❀✿✻✘④⑤❑●❀✳⑥❏❀✿✾✰➻❈❆✄✻■❍ ❆✄◆●⑥✇❀❄✾✸❆❈⑥❏✼❐❆✄❂■❊☎❍✇✻✽❀✿✾
ε0, ε−1, ε−2, . . .

✾✽❊☎❁✝❂✝✤➌Ó➁❀✿✾⑨❊☎❑✖❁❦❑➌⑥✇⑥✇❀❄✾✓✒➁❆❈⑥✇❊❈✻■✾➣⑥✖✕ ❀✿✾✽❂■❍✇✈♦❆✄❂❃❀❄❑●✻➣P●❀✱⑥ ❆✰✾■❊☎✈✦✈✦❀❱P●❀❄✾➛➳❐❆❈✻✽✻■✼❄✾
➳❄❊☎❁●P●❍➘❂❃❍❏❊☎❁●❁●❀❄⑥✇✾➛✼✴❂❃❑●P●❍❏✼✵✾■❀❄✻❃❆✚❆❈✾✽➾❦✈✦❅➌❂❃❊✄❂❃❍✇④⑤❑●❀❄✈♦❀❄❁✝❂▼✼✿④⑤❑●❍❏➻✄❆❈⑥❏❀✿❁✝❂✤➯✘➳✿❀❄⑥✇❑●❍➧P➌❑❋✈♦❆②Ó➁❍✇✈✸❑●✈
P➌❀➡➻❦✻■❆❈❍✇✾✽❀✿✈✗◆●⑥✇❆❈❁●➳❄❀✩ÏÞ❉ ✛❝❭➣Ò✰✒➋➻❈❊☎❍✇✻✦➲➺③⑤❑●❁➌❰ Ï ✷✽✵✶✵ ✞ ÒÙ➚❴➲➺❀✴❂■❂❃❀➡✻✽❀✿✈♦❆❈✻■④⑤❑●❀✡➼✽❑●✾❳❂❃❍✥✤❇❀✑⑥✖✕ ❆❈❅ �
❅➌✻■❊❦➳➵③●❀✜④❦❑➌❀✡❁●❊❈❑●✾▼❑➌❂❃❍❏⑥✇❍✇✾✽❊☎❁●✾➛❍❏➳✿❍Ñ➚



✞ ✩

✬ ☎ ✁ ☎ ✖✆☎ ✖ ☛ ✢❄❢s❧✔✂➬r➌❢✐❧♠❫❛❥ t❝❤✣✢✳❪❶r●❜sr ✂ ✂⑤❢❐❜②❤✣✢✖❪❣r●❜ ✕✚✌❶✌ ❪❴❫❛❵❣❜❋❵❣❥ ❞❣❜②❵❶❧ ❢ ✙✳r❇❵✕✢✁�
✢❐❧♣❤➁❥

❨❖❊☎❑●✾➭❅●✻■✼❄✾■❀✿❁✝❂■❊☎❁●✾❴❀✿❁✘P➌✼❄❂➵❆✄❍✇⑥❦⑥ ❆❖✈✦✼❄❂■③●❊❦P●❀➛P✔✕ ❀✿✾❳❂❃❍✇✈♦❆✄❂■❍✇❊☎❁✰P●❀✿✾❴❅●❆❈✻❃❆❈✈✦➫❄❂■✻■❀❄✾➭P●❑✘✈✦❊➁P➌➫✿⑥✇❀
Ï ✁ ➚ ✁ Ò � Ï ✁ ➚✥✷✐➸✝Ò✧④⑤❑❇❆❈❁●P❋⑥✇❀✱◆➌✻■❑●❍➘❂ (εt)t∈Z

✾■❑●❍➘❂▼❑●❁●❀✵⑥❏❊☎❍✍➳❄❊☎❁●P●❍➘❂❃❍✇❊❈❁●❁●❀✿⑥❏⑥✇❀✱❩✰❆❈❑➌✾■✾■❍❏❀✿❁●❁➌❀❈➚ ✛❝❆
⑥✇❊☎❍❶P●❑ ◆➌✻■❑●❍➘❂

(εt)t∈Z

➳✿❊☎❁➌P●❍❏❂■❍✇❊☎❁●❁➌❀✿⑥✇⑥❏❀✿✈✦❀✿❁✝❂✵➯✑⑥✇❆✖❂❃✻■❍❏◆●❑✩❀✿❁●❰❈❀✿❁●P●✻✽✼✿❀✦❅❇❆❈✻✵⑥❏❀✗❅❇❆❈✾✽✾■✼✦P●❀
(Xt)t∈Z

✒❶❁●❊❈❂❃✼❄❀ Ft−1

✒➋❀✿✾❳❂✘❑●❁●❀✑⑥❏❊☎❍ N (0, σ2
t )

❊ ✄ ⑥ ❆☞➻✄❆❈✻✽❍ ❆❈❁●➳❄❀
σ2

t

❀❄✾✽❂✚P●❊☎❁➌❁●✼✿❀✑❅❇❆✄✻
⑥✖✕ ❀✴Ó➁❅●✻■❀❄✾■✾✽❍✇❊☎❁ Ï ✁ ➚à➸✝ÒÙ➚ ✛✢✕ ❀✿✾✽❂■❍✇✈♦❆✄❂❃❀❄❑●✻

ω
P●❀❄✾✚✈♦❊☎❍❏❁●P●✻✽❀✿✾✗➳✿❆❈✻■✻✽✼✿✾✘➳✿❊❈❁●P●❍❏❂■❍✇❊☎❁➌❁●❀✿⑥❏✾✑ÏÞ➲❲✗✧✗●Ò

④❦❑➌❀❋❁➌❊☎❑●✾✦❆❈⑥✇⑥❏❊☎❁●✾✗✼✴❂❃❑●P➌❍✇❀✿✻✚❍❏➳✿❍✖✒❶❁●❊❈❂■✼
ω̂

✒❴P❇❆❈❁●✾✚⑥✩✕ ❀❄✾■❅❇❆❈➳❄❀
Θ

P●✼❄➳✿✻■❍➘❂✦❅●✻■✼❄➳✿✼✿P➌❀✿✈✦✈♦❀❄❁⑤❂✓✒
❀✿✾✽❂❖❊☎◆➌❂■❀✿❁⑤❑●❀✰❀✿❁☞✈✖❆②Ó➁❍❏✈♦❍❏✾❃❆❈❁✝❂⑨⑥✇❆✚⑥❏❊☎❰ � ➻➁✻■❆❈❍✇✾✽❀✿✈✗◆➌⑥ ❆❈❁●➳❄❀❱➳❄❊☎❁●P●❍➘❂❃❍✇❊❈❁●❁●❀✿⑥❏⑥✇❀✱P➌❑✹❅●✻✽❊➁➳❄❀✿✾■✾✽❑●✾
(εt)t∈Z

✾■❑●✻▼✾■❆
σ− ❆❈⑥❏❰☎➫✿◆➌✻■❀ F0

➚❇➲➺❀❄❂■❂■❀✰➻❦✻■❆❈❍✇✾✽❀✿✈✗◆●⑥✇❆❈❁●➳❄❀✵✾✓✕ ✼✿➳✿✻✽❍❏❂✜①

LG(ω) =
1

n

n
∑

t=1

ℓt, ℓt = −1

2
log(σ2

t ) −
ε2

t

2σ2
t

.
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∂ℓt
∂γ

=
1

2σ2
t

(
ε2

t

σ2
t

− 1)
∂σ2

t

∂γ
− εt

σ2
t

∂εt

∂γ
,

Ï ✁ ➚ ✷ ✆ Ò

❀❄❂

∂ℓt
∂δ

=
1

2σ2
t

(
ε2

t

σ2
t

− 1)
∂σ2

t

∂δ
.
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∂εt

∂φj

= −φ−1 (B) εt−j,
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∂εt

∂θj

= −θ−1 (B) εt−j,
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∂εt

∂d
= log(1 − 2ηB +B2)εt

=

∞
∑

j=1

cos(ωj)

j
εt−j.
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∂σ2
t

∂γ
= 2

r
∑

i=1

aiεt−i

∂εt−i

∂γ
+

s
∑

j=1

bj
∂σ2

t−j

∂γ
,
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∂σ2
t

∂δ
= ε̃t,
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❊ ✄
ε̃t =

(

1, ε2
t−1, . . . , ε

2
t−r, σ

2
t−1, . . . , σ

2
t−s

)′ ➚
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∂2ℓt
∂δ∂δ′

= − 1

2σ4
t

∂σ2
t

∂δ

∂σ2
t

∂δ′

(

ε2
t

σ2
t

)

+
1

2

(

ε2
t

σ2
t

− 1

)

∂

∂δ

(

1

σ2
t

∂σ2
t

∂δ′

)

,
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∂2ℓt
∂γ∂γ ′

= − 1

σ2
t

∂εt

∂γ

∂εt

∂γ′
− 1

2σ4
t

∂σ2
t

∂γ

∂σ2
t

∂γ′

ε2
t

σ2
t

+

(

ε2
t

σ2
t

− 1

)

∂

∂γ

[

1

2σ2
t

∂σ2
t

∂γ′

]

− 2εt

σ2
t

∂εt

∂γ

∂σ2
t

∂γ′
+
εt

σ2
t

∂2εt

∂γ∂γ ′
.
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∂LG (ω)

∂ω
= 0,
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❑✰❃
ω̂n

P→ ω0

❖✓❁✧❈✦▲❬❯
n→ ∞ ❫

�❄❫ √
n (ω̂n − ω0)

D→ N(0,Ω−1
0 )

❖✓❁✧❈✦▲❬❯
n→ ∞ ✂❲✿✒✑

Ω0 =
❯✦❋❇❈ ✁

(Ωγ0 ,Ωδ0)
✂
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Ωγ0 = E

([

1

σ2
t

∂εt

∂γ

∂εt

∂γ′
+

1

2σ4
t

∂σ2
t

∂γ

∂σ2
t

∂γ′

])

,
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Ωδ0 = E

([

1

2σ4
t

∂σ2
t

∂δ

∂σ2
t

∂δ′

])

.
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Ω̂γ =
1

n

n
∑

t=1

[

1

σ2
t

∂εt

∂γ

∂εt

∂γ′
+

1

2σ4
t

∂σ2
t

∂γ

∂σ2
t

∂γ′

]

.
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Ω̂δ =
1

n

n
∑

t=1

[

1

2σ4
t

∂σ2
t

∂δ

∂σ2
t

∂δ′

]

.
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−1

n

n
∑

t=1

(

∂2ℓt

∂γ∂γ
′

∂2ℓt

∂δ∂γ
′

∂2ℓt

∂γ∂δ
′

∂2ℓt

∂δ∂δ
′

)

p.s→
(

Ωγ 0

0 Ωδ

) Ï ✁ ➚ ✁✄✞ Ò
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✂
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Ωγ = E

[

1

σ2
t

∂εt

∂γ

∂εt

∂γ′
+

1

2σ4
t

∂σ2
t

∂γ

∂σ2
t

∂γ′

]
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Ωδ = E

[

1

2σ4
t

∂σ2
t

∂δ

∂σ2
t

∂δ′

]
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E

(

∂εt

∂di

)2

= 4
∞
∑

j=1

cos2 (jωi)

k2
E
(

ε2
t

)

= 2

∞
∑

j=1

1 + cos (2jωi)

j2
E
(

ε2
t

) Ï ✁ ➚ ✁☎✆ Ò

= 2

[

∞
∑

j=1

1

j2
+

∞
∑

j=1

cos (2jωi)

j2

]

E
(

ε2
t

)

= 2

(

π2

3
− πωi + ω2

i

)

E
(

ε2
t

)

<∞.
Ï ✁ ➚ ✁ ✫✝Ò

❭❴❂

∂2εt

∂d2
i

= log2
(

1 − 2ηiB +B2
)

εt

= 4

(

∞
∑

k=1

cos (kωi)

k
Bk

)2

εt.
Ï ✁ ➚ ✁ ✧ Ò

➲➺❊☎✈♦✈✦❀✱⑥❏❀✵❅●✻■❊❦➳✿❀❄✾■✾■❑➌✾
(εt)t∈Z

❀❄✾✽❂❖✾✽❂➵❆②❂❃❍✇❊❈❁●❁❇❆❈❍❏✻■❀✦✒➁❊☎❁➡P●✼✿P➌❑●❍❏❂❖❆❈⑥❏❊☎✻■✾➛④⑤❑●❀✦①

E
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)

<∞.

❚❱❀✜❅●⑥✇❑●✾☛✒
E
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(∂2εt) /
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∂d∂d
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|Ft−1
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E
(

∂2ℓt

∂δ∂δ
′

) ✒
E
(

∂2ℓt

∂δ∂γ
′

) ❀✴❂
E
(

∂2ℓt

∂γ∂γ
′
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−1

n

n
∑

t=1

∂2ℓt
∂γ∂γ ′

p.s→ Ωγ ,
④⑤❑❇❆✄❁●P

n→ ∞ Ï ✁ ➚ ✁★✩ Ò

❀❄❂

−1

n

n
∑

t=1

∂2ℓt
∂δ∂δ′

p.s→ Ωδ,
④⑤❑❇❆❈❁●P

n→ ∞ Ï ✁ ➚ ✁ ✵✝Ò
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✧ 1
n

∑ ∂ℓt(ω0)
∂ω

P→ 0 �

✧ ∃M(ω0) > 0
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∀ε > 0
✒
P
{

− 1
n

∑ ∂2ℓt(ω0)

∂ω∂ω
′ ≥M(ω0)

}

> 1 − ε ∀ n > n1(ε) �

✧ ∃M <∞ ❂❃❀❄⑥➧④⑤❑●❀
E
[∣

∣

∣

∂3ℓt(ω)
∂ωi∂ωj∂ωk

∣

∣

∣

]

< M ∀ω ∈ Θ
➚
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∂ℓt

∂ω

]

ω=ω0
= 0

➚
✗➁❊☎❑●✾✘⑥❏❀✿✾✚③✝➾❦❅◗❊❈❂■③●➫✿✾✽❀✿✾

(H0)
✒
(H2) � (H3)

✒➋⑥✇❀❄✾✘❅●✻■❊❦➳✿❀❄✾■✾■❑➌✾
(Xt)t∈Z

❀✴❂
(εt)t∈Z✾■❊☎❁✝❂➡✾❳❂❃✻■❍❏➳❄❂■❀✿✈✦❀✿❁✝❂✑✾✽❂❃❆✄❂❃❍❏❊☎❁●❁❇❆✄❍✇✻■❀❄✾✳❀❄❂➡❀❄✻■❰☎❊❦P●❍❏④❦❑➌❀✿✾✿➚➛❭✧❁ ❆❈❅➌❅●⑥✇❍❏④❦❑●❆❈❁✝❂✑⑥✇❀✹❂■③●✼✿❊ �

✻■➫❄✈♦❀✵P✔✕ ❀✿✻✽❰☎❊❦P●❍✇➳❄❍❏❂❃✼✣✒➌❁●❊❈❑●✾▼❊☎◆➌❂❃❀❄❁●❊☎❁●✾✤⑥ ❆✗➳❄❊☎❁●P●❍➘❂❃❍❏❊☎❁➪ÏÑ❆✝ÒÙ➚
✛✮❀✘⑥✇❀✿✈✦✈✦❀ ✁ ➚ ➸➌➚✥✷✶✒➧❁●❊❈❑●✾✵P●❍❏❂✱④❦❑➌❀

Ω0

❀❄✾✽❂✜P●✼✰✤❇❁●❍✇❀✘❅❛❊☎✾✽❍❏❂❃❍➘➻☎❀✣✒➧❆❈⑥❏❊☎✻■✾✱❅❛❊☎❑●✻❖❂❃❊☎❑➌❂■❀
➳✿❊☎❁➌✾✽❂➵❆✄❁⑤❂■❀

c 6= 0
✒❇❁➌❊☎❑●✾✤❆❐➻☎❊☎❁●✾✰①

1

n

n
∑

t=1

c
′ ∂2ℓt(ω0)

∂ω∂ω′
c

p.s→ −c′Ω0c.
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n > n1

✒

P

{∣

∣

∣

∣

∣

1

n

n
∑

t=1

c
′ ∂2ℓt(ω0)

∂ω∂ω
c + c

′

Ω0c

∣

∣

∣

∣

∣

< ∆ (c)

}

> 1 − ε.
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P

{

−1

n

n
∑

t=1

c
′ ∂2ℓt
∂ω∂ω′

c >
c
′

Ω0c

2

}

> 1 − ε
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∂3εt

∂di∂dj∂dk

= log
(

1 − 2ηiB +B2
)

log
(

1 − 2ηjB +B2
)

log
(

1 − 2ηkB +B2
)

εt

=

(

∞
∑

k1,k2,k3=1
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cos(ωjk2)

k2

cos(ωkk3)

k3

)
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E

(

∂3εt
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= E
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∞
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cos(ωik1) cos(ωjk2) cos(ωkk3)

k1k2k3
εt−k1−k2−k3

)2

=
∞
∑
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cos2(k1ωi)

k2
1

cos2(k2ωj)

k2
2

cos2(k3ωk)

k2
3

E
(

ε2
t−k1−k2−k3

)

= 8
(π

3
− ωiπ + ω2

i

)(π

3
− ωjπ + ω2

j

)(π

3
− ωkπ + ω2

k

)

E
(

ε2
t

)
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∂ℓt
∂ω

∂ℓt
∂ω′

)
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p.s→ Ω0.

✗➁❍✱❁●❊☎❑➌✾❋❅❛❊☎✾✽❊☎❁●✾
Sn =

∑n

t=1 b0
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S2
n

)

]−1 [
1

n
E
(

S2
n|Fn−1

)

]

p.s→ 1.
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n
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∂ℓt
∂ω

D→ N (0,Ω0) .
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n
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c
′

[

∂2ℓt
∂ω∂ω′

]
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LS(ω) = n

[

log Γ

{

(l + 1)

2

}

− log Γ

(

l

2

)

− 1

2
log (l − 2)

]

− 1

2

n
∑

t=1

{

log(σ2
t ) + (l + 1)

[

log(1 +
ε2

t

σ2
t (l − 2)

)

]}
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∂LS (ω)

∂ω
= 0,
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ω̂n

P→ ω0
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n→ ∞ ❫

�❄❫ √
n (ω̂ − ω)

D→ N(0,Ω−1
0 )
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∂γ′
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2σ4
t

∂σ2
t

∂γ

∂σ2
t

∂γ′

])
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Ωδ0 = E

([

1

2σ4
t

∂σ2
t

∂δ

∂σ2
t

∂δ′

])
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Ω̂γ =
1

n

n
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t

∂εt

∂γ
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∂γ′
+

1

2σ4
t

∂σ2
t

∂γ

∂σ2
t

∂γ′

]

,
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Ω̂δ =
1

n

n
∑

t=1

[

1

2σ4
t

∂σ2
t

∂δ

∂σ2
t

∂δ′

]

.
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α0 = (φ1, . . . , φp, θ1, . . . , θq)
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LW (Y, ψ) =

[n
2 ]
∑

j=1

In(X,ωj)

g(ωj, ψ)
,
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g (ωj, ψ) =

∣

∣

∣

∣

θ (eiωj )

φ (eiωj )

∣

∣

∣

∣

2 k
∏

i=1

|2 (cos (ωj) − ηi)|−2di ,
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k◆✄✂ ☛✓❫✁� ✿❂❁❪■ ■✰❁ ❨❪❨▼✿✽■✽✿❂▲✧■ ❖✓❁ ❑ ●❙❑❘■☎❚✴❆✖☛ ❖✓❁ ❑✰▲✸❏❘❑❘■ ❯❄❑ ●❙✿✽❏ ❈✦●❳❋❙■✓❈✦❃✩❋✖✿❂▲ ✂
ηi, i = 1, · · ·k ✂☎■✽✿❂▲▼❃

❏❘✿❂▲▼▲▼❁ ❑❘■✓❫ ✝ ❋
n → ∞ ✂❲❈✦●❙✿❂❆❵■ ●❙❑❘■ ❑❘■✰❃✩❋❍❱ ❈✦❃ ❑✰❁❄❆❘■

α̂n

❑✰❃
d̂n

❯❄❑
α

❑✰❃
d

■✽✿❂▲▼❃❲❈❂■✡✠❂❱✱❨❬❃ ✿ ✄
❃✩❋❇❖✓❁▼❑✰❱ ❑✰▲▼❃ ❋❍▲❬❯✦☛ ❨▼❑✰▲❬❯❪❈✦▲▼❃ ■✆✂P❑✰❃

ψ̂n
p.s→ ψ.

✤ ❑✝❨❬●❳❁❪■✆✂
n

1
2 (α̂n − α0) → N

(

0, 4πV (α)−1) ,



✆★✧

✿✒✑
V (α)

❑❘■✰❃ ●✥❈ ❱ ❈✦❃❇❆✴❋✖❏❘❑ ❯❄❑ ❯✦❋❍❱ ❑✰▲✧■✰❋✖✿❂▲
(p+ q) × (p+ q)

❯❄❑✪❃ ❑✰❆✰❱ ❑ ✁✦☛✰▲✕☛✰❆ ❈✦● ✎

V (α)ij =

∫ π

−π

g2 (ω, ψ)
∂g−1 (ω, ψ)

∂αi

∂g−1 (ω, ψ)

∂αj

dω,

❑✰❃
n

1
2

(

d̂n − d0

)

→ N
(

0, 4πV (d)−1) ,

✿✒✑
V (d)

❑❘■✰❃ ●✥❈ ❱ ❈✦❃✩❆✴❋✖❏❘❑ ❯❄❑ ❯✦❋❍❱ ❑✰▲✧■✰❋✖✿❂▲
k × k

❯❄❑✮❃ ❑✰❆✴❱ ❑ ✁✦☛✰▲✕☛✰❆ ❈✦● ✎

V (d)ij =

∫ π

−π

log

∣

∣

∣

∣

4 sin
(ω − ωi)

2
sin

(ω + ωi)

2

∣

∣

∣

∣

log

∣

∣

∣

∣

4 sin
(ω − ωj)

2
sin

(ω + ωj)

2

∣

∣

∣

∣

dω.

✛✮❀➛➩⑨③➌✼✿❊☎✻✽➫✿✈✦❀ ✁ ➚à➸➁➚à➸❱❀❄✾✽❂✧❑●❁✘➳❄❊☎✻■❊❈⑥✇⑥ ❆✄❍✇✻■❀✧P●❑✘➩⑨③➌✼✿❊☎✻✽➫✿✈✦❀ ✁ ➚à➸❖P●❀▼Ð❖❊☎✾✽❊✐➾✝❆✦Ï✫✷✽✵✦✵ ✧ Ò✮➳❐❆❈✻➋❍❏➳✿❍
⑥❏❀✿✾❶❅❇❆❈✻❃❆✄✈♦➫✴❂❃✻■❀❄✾❶P➌❀➛⑥✇❊❦➳❐❆❈⑥❏❍✇✾■❆✄❂❃❍❏❊☎❁✵✾■❊☎❁✝❂➭✾■❑●❅●❅❛❊☎✾✽✼✿✾❴➳✿❊❈❁●❁⑤❑●✾✿➚☎➲➺❀❄❂■❂■❀➛✈✦✼❄❂❃③➌❊➁P●❀➣P✔✕ ❀✿✾❳❂❃❍✇✈♦❆ �
❂■❍✇❊☎❁✖❀✿❁✑P●❀❄❑➁Ó✑✼✴❂➵❆❈❅❛❀✿✾➛✾☛✕à❆✄❅●❅●❑●❍❏❀✵✾■❑●✻➛⑥❏❀❖➹♠❆❈❍➘❂➺④⑤❑●❀✵⑥✇❆✸P●❀❄❁●✾■❍➘❂❃✼✱✾✽❅◗❀❄➳❄❂❃✻■❆❈⑥✇❀❱P●❑✑❅●✻■❊❦➳✿❀❄✾■✾✽❑●✾
(εt)t∈Z

✒
f (ω)

❀✿✾✽❂✤◆❛❊☎✻■❁➌✼✿❀✜❀❄❂✤❁●❀✜P●✼❄❅◗❀❄❁●P☞❅●❆❈✾▼P●❑☞❅●❆❈✻❃❆❈✈✦➫❄❂■✻■❀
ψ
➚

➲➺❊❈✈♦✈✦❀✹⑥❏❀✹➳❐❆✄✻■✻■✼☞P✔✕ ❑●❁➤❅●✻■❊❦➳✿❀❄✾■✾■❑➌✾
GARCH(r, s)

❅◗❀❄❑➌❂✑✃❄❂■✻■❀ ❆✄❅●❅●✻■❊❦➳➵③●✼✔❅●❆❈✻✳❑●❁
❅➌✻■❊❦➳✿❀✿✾✽✾■❑●✾

ARMA (max(r, s), s)
✒➋ÏÑ❮➺❊☎⑥❏⑥✇❀❄✻■✾■⑥❏❀❄➻ Ï ✷✽✵ ✩ ✫✝Ò✴✒◗❁➌❊☎❑●✾✵❆❈⑥❏⑥✇❊☎❁➌✾❖✈♦❆❈❍✇❁✝❂■❀✿❁❇❆❈❁✝❂

✾✽❑●❅●❅❛❊☎✾■❀❄✻❖④⑤❑●❀✜⑥❏❀✵➳❐❆❈✻✽✻■✼✜P●❑❋❅●✻■❊❦➳✿❀❄✾■✾■❑➌✾❖✻✽✼✿✾■❍❏P●❑●❀❄⑥
(εt)t∈Z

➻☎✼✿✻✽❍ ✤❇❀ ∀t ①

ε2
t −

max(r,s)
∑

i=1

ciε
2
t−i = a0 + υt −

s
∑

j=1

bjυt−j ,
Ï ✁ ➚ ➸ ✧ Ò

❊ ✄
ci = ai + bi

➚ ✗➁❍
i ∈ (s, r]

✒✍❁➌❊☎❑●✾✱❅❛❊☎✾■❊❈❁●✾
bi = 0

✒✍❀✴❂✱✾■❍
i ∈ (r, s]

❁●❊☎❑●✾❱❅◗❊☎✾✽❊☎❁●✾
ai = 0

❀✴❂ ∀ t , υt = ε2
t − σ2

t .

✛✢✕ ❀✿✾❳❂❃❍✇✈♦❆✄❂■❀✿❑●✻✤P●❀✡➷➤③➌❍❏❂■❂■⑥✇❀
β̂
P●❀❄✾❱❅❇❆❈✻■❆❈✈✦➫❄❂❃✻✽❀✿✾❖P●❑✔❅●✻✽❊➁➳❄❀✿✾■✾✽❑●✾✱❍❏❁⑤❂■✻■❊❦P●❑●❍➘❂❖❀❄❁➥Ï ✁ ➚à➸ ✧ Ò✰✒

❁➌❊❈❂❃✼
β = (a0, a1, · · · , ar, b1, · · · , bs)

✒✍✾✓✕ ❊☎◆➌❂■❍✇❀❄❁⑤❂✜❀❄❁ ✈✦❍✇❁➌❍✇✈✦❍✇✾❃❆✄❁⑤❂✤✾✽❑●✻✵⑥✇❀✗➳❄❊☎✈✦❅❇❆❈➳❄❂
Ω ⊂ R

r+s+1 ⑥ ❆✗➻❦✻❃❆❈❍❏✾■❀❄✈✗◆●⑥ ❆✄❁●➳✿❀✵P●❀✵➷➤③●❍➘❂■❂■⑥✇❀✱P●✼✰✤❇❁●❍❏❀✰❅●❆❈✻✵①

LW (β) =
1

n

[n
2 ]
∑

j=1

In (X,ωj)

f (ωj, β)
,

Ï ✁ ➚ ➸ ✩ Ò

❊ ✄

f (ωj , β) =
σ2

2π

∣

∣

∣

∣

ψ (e−iωj )

ϕ (e−iωj )

∣

∣

∣

∣

2

,
Ï ✁ ➚ ➸✶✵✝Ò

❆❐➻❈❀✿➳
σ2 = E (υ2

t )
➚
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β
✾✽❊☎❁✝❂❴P●❊☎❁ �
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✧ (H8)
①➽✺❶❊☎❑●✻✦❂❃❊☎❑➁❂

t = 0,±1, . . .
✒➣⑥✇❀❋❅●✻■❊❦➳✿❀❄✾■✾■❑➌✾

(ξt)t∈Z

④⑤❑●❍✤❍✇❁✝❂■❀✿✻✽➻❦❍❏❀✿❁✝❂✳P❇❆✄❁●✾
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J

✤❇❁●❍❏✾➛❂❃❀❄⑥✇✾▼④⑤❑●❀✚①
E (ξt|Ft−1) = 0 p.s,

E
(

ξ2
t |Ft−1

)

= 1 p.s,

E
(

ξ2j
t |Ft−1

)

= υ2j p.s j = 2, · · · , J
2
,

❊☎✄
υ2j

❀✿✾✽❂✤❑●❁➌❀✰➳❄❊☎❁●✾❳❂➵❆❈❁✝❂❃❀✰❀❄❂✤❊☎✄

|υJ |
2
J

(

r
∑

i=1

ai +

s
∑

i=1

bi

)

< 1.
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β̂

✒☎❁●❊☎❑●✾❴❑➁❂❃❍✇⑥❏❍✇✾✽❊☎❁●✾
J = 4

✒❈❀✴❂✧❅◗❊❈❑●✻
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J = 8
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(H10)
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✧ (H9)
①✝✛❝❆➬P●❀❄❁●✾■❍➘❂❃✼✔✾✽❅◗❀❄➳❄❂■✻❃❆❈⑥❏❀

f (ω, β)
P●❑ ❅●✻✽❊➁➳❄❀✿✾✽✾■❑●✾

(εt)t∈Z

P➌✼☛✤❇❁●❍❖❀✿❁ Ï ✁ ➚ ✁ Ò
➻❈✼✿✻■❍✥✤❇❀✜⑥✇❀❄✾✤❅➌✻■❊☎❅●✻✽❍✇✼✴❂❃✼✿✾⑨✾✽❑●❍❏➻✄❆❈❁✝❂■❀✿✾✰①

✷☎➚✤✺❣❊☎❑●✻⑨❂❃❊☎❑➁❂
β

✒ ∫ π

−π
log f (ω, β)dω = 0.

✁ ➚
f (ω, β)−1 ❀✿✾❳❂❖➳❄❊☎❁✝❂❃❍❏❁❦❑➌❀✰❀❄❁ (ω, β) ∈ [−π, π] × Ω

➚
➸➌➚
µL ({ω; f (ω, β) 6= f (ω, β0)}) ≥ 0

✒●❅❛❊☎❑●✻⑨❂❃❊❈❑➌❂
β ∈ Ω

➚❇❯➒➳❄❍
µL

✻✽❀✿❅●✻✽✼✿✾✽❀✿❁✝❂❃❀
⑥✇❆✗✈♦❀❄✾■❑●✻✽❀✰P➌❀ ✛✮❀❄◆◗❀❄✾■④⑤❑●❀❈➚

✧ (H10)
①❡❭❴❁✧✤●❁✔✒

✷☎➚
β0

❆❈❅●❅❇❆✄✻✽❂❃❍❏❀✿❁✝❂✤➯✘⑥✖✕ ❍✇❁✝❂❃✼❄✻■❍❏❀✿❑●✻➛P➌❀
Ω
➚

✁ ➚ ✯ ❑●❀❄⑥✇④⑤❑●❀❴✾■❊❈❍❏❂
β
❆❈❅●❅❇❆✄✻✽❂❃❀❄❁❇❆❈❁✝❂❣❆❈❑✵➻☎❊❈❍✇✾■❍❏❁❇❆❈❰☎❀➭P●❀

β0

✒✿❊☎❁✜✾✽❑●❅●❅❛❊☎✾■❀✧④⑤❑●❀ ∂f−1(ω,β0)
∂β❀✴❂ ∂2

∂β∂β
′ f−1 (ω, β0)

❀ÙÓ➁❍✇✾✽❂■❀✿❁✝❂✤❀❄❂✤✾■❊❈❁⑤❂✤➳❄❊☎❁✝❂❃❍✇❁⑤❑●❀❄✾❖❀❄❁
ω
❀❄❂
β
➚

➸➌➚ ∂f−1

∂β
(ω, β0)

❀✿✾❳❂
M � ⑥❏❍✇❅●✾✽➳➵③●❍❏❂■Õ✿❍✇❀❄❁●❁●❀✜❆❐➻☎❀❄➳ M > 1

2

➚



✆ ✵

✞ ➚☎✛❝❆✘✈✖❆✄❂■✻■❍❏➳✿❀

W =
1

2π

∫ π

−π

∂ log f (ω, β0)

∂β

∂ log f (ω, β0)

∂β ′
dω

❀✿✾❳❂✤❁●❊☎❁❋✾■❍✇❁➌❰☎❑●⑥✇❍❏➫✿✻✽❀❈➚

✟ ☛✕✚⑤❫❡❜✄✂✄✂➬❤ ✬ ☎ ✁ ☎ ✵ ✝✔✿❂❋❍❃
(Xt)t∈Z

❁❄▲ ❨❬❆❵✿✽❏❘❑❘■❘■✰❁❪■ ✁ ✡ ✁ � ✟ ✞✝✆ ✁☎❈✦❁ ■❘■✰❋✖❑✰▲ ✟
k

❚☛❈❄❏✡✄
❃ ❑✰❁❄❆❘■ ❯✦☛ ◆ ▲▼❋☎❨✧❈✦❆ ●❙❑❘■ ☛ ❖✓❁✧❈✦❃✩❋✖✿❂▲✧■ ✆ �❄❫✁� ✠ ✄ ✆ �❄❫ � � ✠ ✂ ❈✦❊✦❑❘❏

k
◆✄✂ ☛✓❫✞✝ ❁ ❨❪❨▼✿✽■✽✿❂▲✧■ ❖✓❁▼❑ ●❙❑❘■

☎ ✠❘❨▼✿❂❃✄☎✡✝❘■✽❑❘■
(H0)

✂
(H2)

✄
(H3)

✂
(H6)

✄
(H8)

✆ ❈✦❊✦❑❘❏
J = 4

✠ ❑✰❃
(H9)

■✽✿❂▲▼❃❲❊☞☛✰❆✴❋ ◆ ☛❘❑❘■✆✂
❈✦●❙✿❂❆❵■ ✎

β̂
P→ β

❖✓❁✧❈✦▲❬❯
n→ ∞.

✺❴✻✽❀✿❑➌➻❈❀✖①❛❭❴⑥✇⑥✇❀✵❀❄✾✽❂❖✾■❀❄✈✗◆●⑥ ❆✄◆●⑥✇❀✜➯✚➳✿❀❄⑥✇⑥✇❀✜P●❑❋➩⑨③●✼❄❊☎✻■➫❄✈♦❀ ✁ ➚✥✷✡P●❀✸❩✵❍✇✻❃❆✄❍❏❂❃❍❏✾➺❀✴❂❱➴▼❊☎◆●❍❏❁●✾■❊❈❁
Ï ✁❈✂☎✂ ✷✐Ò✴➚

✟ ☛✕✚⑤❫❡❜✄✂✄✂➬❤ ✬ ☎ ✁ ☎ � ✝✔✿❂❋❍❃
(Xt)t∈Z

❁❄▲ ❨❬❆❵✿✽❏❘❑❘■❘■✰❁❪■ ✁ ✡ ✁ � ✟ ✞✝✆ ✁☎❈✦❁ ■❘■✰❋✖❑✰▲ ✟
k

❚☛❈❄❏✡✄
❃ ❑✰❁❄❆❘■ ❯✦☛ ◆ ▲▼❋☎❨✧❈✦❆ ●❙❑❘■ ☛ ❖✓❁✧❈✦❃✩❋✖✿❂▲✧■ ✆ �❄❫✁� ✠ ✄ ✆ �❄❫ � � ✠ ✂ ❈✦❊✦❑❘❏

k
◆✄✂ ☛✓❫✞✝ ❁ ❨❪❨▼✿✽■✽✿❂▲✧■ ❖✓❁▼❑ ●❙❑❘■

☎ ✠❘❨▼✿❂❃✄☎✡✝❘■✽❑❘■
(H0)

✂
(H2)

✄
(H3)

✂
(H6)

✄
(H8)

✆ ❈✦❊✦❑❘❏
J = 8

✠ ✂ ❑✰❃
(H9)

✄
(H10)

■✽✿❂▲▼❃
❊☞☛✰❆✴❋ ◆ ☛❘❑❘■✆✂P❈✦●❙✿❂❆❵■ ✎

n
1
2 (β̂ − β0)

d→ N(0, 2W−1 +W−1VW−1),

✿✒✑

V =
2π

σ2

∫ π

−π

∫ π

−π

∂f (ω, β0)
−1

∂β

∂f (ω, β0)
−1

∂β ′
h (ω,−ω, ω)dωdω,

❑✰❃

h (ω, ω, v) =
1

(2π)3

+∞
∑

j,k,l=−∞

e−ijω−ikω−ilv ✞ ❁❄❱
(X0, Xj , Xk, Xl) ,

✿✒✑ ✞ ❁❄❱ ❑❘■✰❃✺●❙❑✍❏✰❁❄❱✍❁❄●✥❈✦▲▼❃✝❯✗✡ ✿❂❆❉❯✦❆❵❑ ✂ ❯✦❁✍❨❬❆❘✿✽❏❘❑❘■❘■✰❁❪■
(Xt)t∈Z

.

✛❝❆✸❅➌✻■❀✿❑➁➻☎❀✜P●❀✱➳❄❀✱➩⑨③●✼✿❊❈✻■➫✿✈✦❀✱❀❄✾✽❂▼✾■❀❄✈✗◆●⑥✇❆❈◆●⑥✇❀❖➯✗➳✿❀❄⑥✇⑥❏❀❖P●❑✑➩⑨③➌✼✿❊☎✻✽➫✿✈✦❀ ✁ ➚ ✁ P●❀✜❩✵❍✇✻❃❆✄❍❏❂❃❍❏✾
❀✴❂❖➴✤❊☎◆➌❍✇❁●✾✽❊☎❁ Ï ✁❈✂☎✂ ✷sÒ✴➚

➴▼❀✿✈♦❆❈✻✽④❦❑➌❊☎❁●✾✸④⑤❑●❀✖➳✿❀✿✾✸✻■✼✿✾✽❑●⑥❏❂❃❆✄❂❃✾✰✾■❊❈❁⑤❂✗❀✿❁●➳❄❊☎✻■❀✦➻❈❆✄⑥ ❆❈◆●⑥❏❀✿✾✰❅◗❊❈❑●✻✡P➌❀✿✾✗❅●✻✽❊➁➳❄❀✿✾✽✾■❑●✾✘❁●❊❈❁
❩✜❆❈❑●✾✽✾■❍❏❀✿❁●✾▼❅❛❊☎❑●✻✽➻❦❑❋④⑤❑●❀✜⑥✇❀✿✾▼③✝➾❦❅◗❊✄❂❃③●➫❄✾■❀✿✾✗Ï

H9
Ò➺❀✴❂✗Ï

H10
Ò➺✾■❊☎❍❏❀✿❁✝❂▼➻☎✼✿✻✽❍ ✤❇✼❄❀✿✾❄➚
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❨❖❊☎❑●✾➡❅●✻✽✼✿✾✽❀✿❁✝❂❃❊☎❁➌✾✔✈✖❆✄❍✇❁✝❂❃❀❄❁❇❆❈❁✝❂➡❑●❁ ❀✿❁●✾✽❀✿✈✗◆●⑥❏❀ P➌❀ ✾✽❍✇✈✗❑●⑥✇❆✄❂❃❍❏❊☎❁●✾♦❅◗❊☎❑➌✻➡➻✄❆❈⑥❏❍✇P●❀❄✻✑⑥✇❀❄✾
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k = 1
Ò➽❆❐➻☎❀❄➳✵❑●❁●❀❱➻✄❆❈✻✽❍ ❆❈❁➌➳✿❀

➳✿❊☎❁●P➌❍❏❂❃❍❏❊☎❁●❁●❀❄⑥✇⑥❏❀
(σ2

t )t

④❦❑➌❍✵✾■❑●❍➘❂☞❑➌❁ ❅●✻✽❊➁➳❄❀✿✾✽✾■❑●✾
ARCH(1)

➚▼❨✤❊☎❑●✾➡✾■❍❏✈✗❑●⑥❏❊☎❁●✾✓✒➺❅❇❆❈✻
✈♦✼✴❂❃③●❊❦P●❀✜P●❀✸❉☞❊☎❁✝❂❃❀✸➲➛❆❈✻■⑥❏❊ ✒●P●❀❄✾❱✼❄➳➵③❇❆❈❁✝❂❃❍❏⑥✇⑥✇❊❈❁●✾⑨P●❀✜❂➵❆❈❍❏⑥✇⑥✇❀

n = 300
❅●❑●❍✇✾

n = 500
❀✴❂

n = 1000
➚➌❨❖❊☎❑●✾➺❑➌❂❃❍❏⑥✇❍✇✾✽❊☎❁●✾➽P●❀✿❑➁Ó✖❂➒➾❦❅◗❀❄✾✤P➌❀✱◆●✻■❑➌❍❏❂❃✾❱①●❑●❁✑◆●✻✽❑●❍❏❂⑨▲❱➴⑨➲➛Ð✗Ï ✷sÒ � ❩✰❆✄❑●✾■✾✽❍✇❀✿❁

➳✿❀✿❁✝❂■✻■✼✑✻■✼❄P●❑●❍➘❂✗❀❄❂✗❑●❁ ❅●✻■❊❦➳✿❀❄✾■✾✽❑●✾✚▲✱➴⑨➲➛Ð✸Ï✫✷sÒ � ✗❦❂■❑●P●❀✿❁✝❂✦➯ l = 5
P➌❀✿❰☎✻✽✼✿✾✘P●❀✳⑥❏❍✇◆❛❀✿✻❳❂❃✼❈➚

✛❝❀❄✾▼✈♦❊❦P●➫✿⑥❏❀✿✾⑨✾✽❍✇✈✗❑●⑥❏✼✿✾➛✾✽❊☎❁✝❂❱P➌✼☛✤❇❁●❍❏✾⑨❅❇❆❈✻▼⑥✇❀❄✾⑨✼✿④⑤❑❇❆✄❂■❍✇❊☎❁➌✾✤✾✽❑●❍❏➻✄❆❈❁✝❂■❀✿✾✜①

(

I − 2ηB +B2
)d
Xt = εt,

Ï ✁ ➚ ✞✝✂ Ò
❊☎✄

εt = σtξt,
Ï ✁ ➚ ✞ ✷✐Ò

❀❄❂
σ2

t = a0 + a1ε
2
t−1.

Ï ✁ ➚ ✞⑤✁ Ò
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(ξt)t∈Z✾■❑●❍➘❂▼❑●❁●❀✜⑥✇❊☎❍➧❨❖❊☎✻✽✈✖❆❈⑥❏❀❈➚

☞ ✡ �✍✡✎✠ ★ ➑➌➉➧➓⑨➊❾➃➁➊ ➇✧➍ ❷ ➍ ➏ ➇ ✑✧❷ ➍❱➍ ❷

✗➁❊☎❍❏❂
X1, · · · , Xn

P➌❀✿✾✵❊☎◆●✾✽❀✿✻❳➻❈❆②❂❃❍✇❊❈❁●✾✱❍✇✾✽✾■❑●❀❄✾✜P✔✕ ❑➌❁➪❅➌✻■❊❦➳✿❀✿✾✽✾■❑●✾✡❩✵❯❳❩✜▲❱➴⑨➲➛Ð➅➯
k
➹♠❆❈➳ �

❂❃❀✿❑➌✻■✾❝P●✼☛✤●❁●❍✝❅❇❆❈✻❝⑥✇❀❄✾✮✼✿④⑤❑❇❆✄❂■❍✇❊☎❁➌✾➣Ï ✁ ➚ ✁ Ò � Ï ✁ ➚✥✷✐➸✝ÒÙ➚❐❨✤❊☎❑●✾❝❁●❊☎❑●✾❝❍❏❁⑤❂■✼✿✻✽❀✿✾■✾✽❊☎❁●✾❶❆❈❑✜❅●✻■✼❄P●❍✇➳✴❂❃❀❄❑●✻
P●❀✵✈♦❊❈❍✇❁●P●✻✽❀✿✾➛➳✿❆❈✻■✻✽✼✿✾✤➯✘⑥✖✕ ③●❊☎✻✽❍✇Õ✿❊❈❁

h > 0
P✔✕ ❑●❁➡❅●✻✽❊➁➳❄❀✿✾■✾✽❑●✾❱❩✜❯❳❩✵▲✱➴⑨➲➛Ð➐➯

k
➹♠❆❈➳✴❂❃❀❄❑●✻■✾

✾■❑●❅●❅❛❊☎✾✽✼♦✾❳❂➵❆✄❂■❍✇❊☎❁●❁●❆❈❍✇✻✽❀✦✒➧❍❏❁⑤➻❈❀✿✻✽✾■❍✇◆➌⑥✇❀✚❀❄❂✡➳❐❆❈❑➌✾❃❆❈⑥Ñ➚❝❨❖❊☎❑●✾✜❁●❊✄❂❃❊☎❁●✾
X̂t (h)

⑥✇❀✚❅●✻✽✼✿P●❍❏➳❄❂❃❀❄❑●✻
➯✖⑥✖✕ ③●❊☎✻✽❍✇Õ✿❊❈❁

h (h > 0)
➚✸✛✮❀✗❅●✻✽✼✿P●❍❏➳❄❂■❀✿❑●✻✱P➌❀✗✈♦❊❈❍✇❁●P●✻✽❀✿✾❖➳❐❆❈✻✽✻■✼✿✾❱❀✿✾✽❂✱❊☎◆➌❂❃❀❄❁⑤❑ ❀✿❁ ✈✦❍✇❁●❍ �

✈♦❍❏✾❃❆❈❁✝❂⑨⑥✩✕ ❀❄✻■✻■❀❄❑●✻➛④⑤❑❇❆❈P➌✻❃❆✄❂■❍✇④⑤❑●❀✜✈♦❊✐➾❈❀✿❁●❁●❀✜P●❀✵❅➌✻■✼❄➻❦❍❏✾■❍✇❊❈❁➧➚●❚✱❆✄❁●✾⑨❂❃❊☎❑➌❂■❀✵⑥ ❆✗✾✽❑●❍❏❂■❀✦✒●❁●❊❈❑●✾
✾■❑●❅●❅❛❊☎✾✽❊☎❁●✾➛④⑤❑●❀✱⑥❏❀✿✾➣❅❇❆❈✻■❆❈✈♦➫✴❂❃✻✽❀✿✾➺P➌❑✳✈♦❊❦P●➫❄⑥✇❀▼P●✼☛✤●❁●❍✍❅❇❆✄✻➺⑥✇❀❄✾➽✼❄④⑤❑❇❆✄❂❃❍❏❊☎❁●✾✱Ï ✁ ➚ ✁ Ò � Ï ✁ ➚✥✷✐➸✝Ò
✾■❊☎❁✝❂✤➳✿❊☎❁➌❁❦❑➌✾✿➚

❨❖❊☎❑●✾❱❊☎◆➌❂❃❀❄❁●❊☎❁●✾✱❆❈⑥✇❊☎✻✽✾❱P❇❆✄❁●✾✱⑥✇❀✸➩⑨③●✼✿❊☎✻✽➫✿✈✦❀ ✁ ➚ ✆ ➚✥✷✗✾■❑●❍➘➻✄❆❈❁✝❂✵⑥✖✕ ❀✴Ó➁❅●✻✽❀✿✾■✾✽❍✇❊☎❁ P➌❑ ❅●✻■✼❄P●❍✇➳ �
❂❃❀✿❑➌✻✤❊❈❅➌❂❃❍❏✈✖❆❈⑥◗❆❈❑➡❂❃❀❄✈♦❅●✾➛❂✤❅❛❊☎❑●✻⑨⑥✩✕ ③●❊❈✻■❍✇Õ❄❊☎❁

h
①

✟ ☛✛✚❦❫❡❜✄✂✄✂➬❤ ✬ ☎✁� ☎ ✖ ✝✔✿❂❋❍❃
(Xt)t∈Z

❁✹▲ ❨❬❆❵✿✽❏❘❑❘■❘■✰❁ ■ ✁ ✡ ✁ � ✟ ✞✝✆ ✟
k

❚☛❈❄❏✰❃ ❑✰❁❄❆❘■ ❏❘❑✰▲▼❃✩❆✖☛
■✰❃ ❈✦❃❇❋✖✿❂▲▼▲❬❈✦❋❍❆❵❑ ❋❍▲▼❊✦❑✰❆❘■✰❋❇❭✓●❙❑✳❑✰❃✮❏ ❈✦❁ ■✓❈✦●✺❯✦☛ ◆ ▲▼❋✟❨✧❈✦❆ ●❙❑❘■ ☛ ❖✓❁ ❈✦❃❇❋✖✿❂▲✧■ ✆ �❄❫✁� ✠ ✄ ✆ �❄❫ � � ✠✦❫ � ●❙✿❂❆❵■
●❙❑❲❨❬❆ ☛ ❯✦❋✖❏✰❃ ❑✰❁❄❆ ❯❄❑❘■✪❱ ✿❂❋❍▲❬❯✦❆❵❑❘■ ❏ ❈✦❆✴❆✖☛❘■ ✟ ●✌✡ ☎▼✿❂❆✴❋✄✂❂✿❂▲

h
✂ ❨▼✿❂❁✹❆

h ≥ 1
✂✺▲✸✿❂❃✚☛

X̂t (h)
✂☎❑❘■✰❃

❯❄✿❂▲▼▲✕☛✝❨✧❈✦❆◗●✌✡ ❑ ✂☛❨❬❆❵❑❘■❘■✰❋✖✿❂▲✚■✰❁❄❋❍❊❂❈✦▲▼❃ ❑✏✎

X̂t (h) = −
h−1
∑

j=1

αj (d, ν, φ, θ) X̂t (h− j) −
∑

j≥0

αj+h (d, ν, φ, θ)Xt−j ,
Ï ✁ ➚ ✞ ➸☎Ò

✿✒✑★●❙❑❘■✝❨▼✿❂❋❇❯❂■
(αj (d, ν, φ, θ))

j∈Z

■✽✿❂▲▼❃✡❯❄✿❂▲▼▲✕☛❘■ ❯❪❈✦▲✧■✮●✥❈ ✛✡❆❵✿❘❨▼✿✽■✰❋❍❃❇❋✖✿❂▲ �❪❫✁�❄❫ �❪❫

✛❣❆➛❅➌✻■❀✿❑➁➻☎❀➣P●❀✧➳✿❀✧➩⑨③●✼✿❊❈✻■➫✿✈✦❀❴❀✿✾❳❂❣✾■❍✇✈✦❍✇⑥✇❆❈❍✇✻✽❀❣➯▼➳❄❀✿⑥❏⑥✇❀➋P●❀✧⑥✇❆⑨✺✧✻✽❊☎❅❛❊☎✾■❍➘❂❃❍✇❊❈❁ ✁ P❇❆❈❁●✾❝Ô❇❀✿✻✽✻❃❆❈✻■❆
❀❄❂✚❩✵❑●✼❄❰✝❆❈❁➤Ï ✁❈✂☎✂ ✷sÒÙ➚❶➲➺❀✳✻■✼❄✾■❑●⑥➘❂➵❆✄❂✸❅◗❀❄❑➌❂✗✃✴❂❃✻■❀✖❰☎✼✿❁●✼❄✻❃❆❈⑥❏❍✇✾✽✼♦➳❄❊☎✈♦✈✦❀✦P❇❆❈❁●✾✘Ô❇❀❄✻■✻❃❆✄✻❃❆☞❀✴❂
❩✜❑●✼❄❰✝❆❈❁✦Ï ✁❈✂☎✂ ✷sÒ➭ÏÑ✺❴✻■❊☎❅❛❊☎✾✽❍❏❂❃❍❏❊☎❁ ✞ Ò◗❆❈❑✜➳❐❆❈✾✮❊☎✄✜⑥❏❀✿✾➧❅❇❆✄✻❃❆❈✈✦➫❄❂■✻■❀✿✾✮P➌❑✰✈✦❊❦P●➫✿⑥❏❀➋❁●❀❴✾■❊❈❁⑤❂❝❅●❆❈✾
➳✿❊☎❁●❁⑤❑●✾❴❀✴❂❴✾■❊❈❁⑤❂➋❀✿✾✽❂■❍✇✈✦✼✿✾➋❅●❆❈✻➭⑥✇❆❱✈♦✼✴❂❃③●❊❦P●❀➛P➌❀➛❅●✾■❀❄❑●P●❊ � ✈✖❆sÓ➌❍❏✈✗❑●✈✫P●❀➺➻❦✻■❆❈❍✇✾✽❀✿✈✗◆●⑥✇❆❈❁●➳❄❀
P●❀✵➷➤③●❍❏❂✽❂❃⑥✇❀✄➚

☞ ✡ �✍✡ ☞ ★ ➑➌➉➧➓⑨➊❾➃➁➊ ➇✧➍ ❷ ➍ ➓❶❽✧➑➌➊❾❽ ➍ →✍❷

✗➁❊☎❍❏❂ Ft

⑥ ❆
σ− ❆❈⑥❏❰☎➫✿◆●✻✽❀✩❀✿❁●❰☎❀❄❁●P●✻✽✼ ❅❇❆✄✻ {ε0, · · · , εt}

➚☎✛✢✕ ❀✿✻■✻✽❀✿❑●✻❋P●❀✩❅●✻✽✼❄➻❦❍✇✾✽❍✇❊☎❁➤P●❑
❅●✻■✼❄P●❍✇➳✴❂❃❀✿❑➌✻➣P➌❀✤✈✦❊☎❍❏❁●P●✻■❀❄✾➋➳❐❆✄✻■✻■✼❄✾➺➯✵⑥✩✕ ③●❊❈✻■❍✇Õ❄❊☎❁

h
✒✝❁●❊❈❂■✼✿❀

et,h

✒☎❅❛❊☎❑●✻
h > 0

❀❄✾✽❂➽P●❊☎❁●❁➌✼✿❀



✫❈➸

❅●❆❈✻⑨⑥✖✕ ✼✿④⑤❑❇❆✄❂■❍✇❊☎❁➡✾✽❑●❍❏➻✄❆❈❁✝❂❃❀✚①

et,h = Xt+h − X̂t (h)

=
h−1
∑

j=0

βj (d, ν, φ, θ) εt+h−j.
Ï ✁ ➚ ✞☎✞ Ò

❊ ✄❋⑥❏❀✿✾▼❅❛❊☎❍✇P●✾
βj (d, ν, φ, θ)

✾✽❊☎❁✝❂❖P➌❊☎❁●❁●✼❄✾❖P❇❆✄❁●✾▼⑥ ❆✘✺❴✻■❊☎❅❛❊☎✾✽❍❏❂❃❍❏❊☎❁ ✷☎➚ ✁ ➚✥✷☎➚

✺❴✻✽❀✿❑➌➻❈❀✖①❇❯➒⑥❝✾✓✕ ❆❈❰☎❍➘❂▼P✔✕ ❑➌❁●❀✡❀ÙÓ❦❂❃❀✿❁➌✾■❍✇❊❈❁✹P●❀✰⑥ ❆✚✺❴✻■❊☎❅❛❊☎✾✽❍❏❂❃❍❏❊☎❁ ✆ ➚✥✷✡P➌✼✿✈✦❊☎❁✝❂❃✻■✼❄❀✡P●❆❈❁●✾❖Ô❡❀❄✻ �
✻■❆❈✻❃❆✘❀✴❂✱❩✵❑●✼❄❰✝❆❈❁ Ï ✁❈✂❈✂ ✷✐❆✝ÒÙ➚

❨✤❊☎❑●✾❖❆❈⑥✇⑥❏❊☎❁●✾⑨❁●❊❈❑●✾❖❍❏❁✝❂❃✼✿✻✽❀✿✾✽✾■❀✿✻❱➯✦⑥✇❆✚➻✄❆❈✻✽❍ ❆❈❁➌➳✿❀✜➳✿❊☎❁➌P●❍❏❂■❍✇❊☎❁●❁➌❀✿⑥✇⑥❏❀✱P●❀✰⑥✖✕ ❀✿✻✽✻■❀✿❑➌✻✤P➌❀✡❅●✻✽✼❄➻❦❍ �
✾✽❍✇❊☎❁

et,h

➚❡❭❴⑥✇⑥❏❀✱❅❛❀✿❑➌❂✤✾✓✕ ✼✿➳❄✻■❍❏✻■❀✜P●❀✜⑥ ❆✗✈♦❆❈❁●❍❏➫✿✻■❀✵✾✽❑●❍❏➻✄❆❈❁✝❂■❀✦①

E
(

e2t,h | Ft

)

=

h−1
∑

j=0

β2
j (d, ν, γ)E

(

ε2
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vart (et,h) =

h
∑

i=1

β2
h−i (d, ν, γ)ωi

+

h
∑

k=1

β2
h−k (d, ν, γ)

[

s−1
∑

i=0

δi,kht−i +

m−1
∑

i=0

ρi,kε
2
t−i

]

.
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✿✒✑
m = max (r, s)

✂
ωh = e

′

1

(

I + Γ + · · ·+ Γh−1
)

e1â0
✂
δj,h = −e′1Γhem+j+1■✰❋

j = 0, · · · , s − 1
✂
ρj,h = e

′

1Γ
h (ej+1 + em+j+1)

■✰❋
j = 0, · · · , s − 1

✂

ρj,h = e
′

1Γ
hej+1

❋ ❚
j = s, · · · , m− 1

❫
✡✽❏✰❋ ✂ {ej}m+s

j=1
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∣

∣

∣
Xt+h − X̂t (h)

∣

∣

∣

√

var (et,h)
< tα

2
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= 1 − α
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ε2
t = a0 +

m
∑

i=1

(ai + bi) ε
2
t−i + νt −

s
∑

j=1

bjνt−j ,
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m = max (r, s)
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ai = 0
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i > s

❆❈❁●P
bj = 0

❍❏➹
j > r
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E
(

ε2
t+h | Ft

)

= E (ht+h | Ft)

= ωh +

s−1
∑

j=0

δj,hht−j +

m−1
∑

j=0

ρj,hε
2
t−j ,
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ωh

✒
ej

✒
Γ

✒
δj,h

✒⑨❀❄❂
ρj,h
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✎ ✚✄✂➭❥❶❧ ❢s❧♣❫❛❥ ✁ ☎ ✬ ☎ ✖ ✝✔✿❂❋❍❃

ξt = (ξ1t, ξ2t)
′ ❁❄▲ ❭✓❆✴❁✹❋❍❃✱❭✓●✥❈✦▲✸❏✍❊✦❑❘❏✰❃ ✿❂❆✴❋✖❑✰●✥❫ � ●❙✿❂❆❵■ ●❙❑✙❨❬❆❵✿ ✄

❏❘❑❘■❘■✰❁ ■ ❊✦❑❘❏✰❃ ✿❂❆✴❋✖❑✰●
Xt = (X1t, X2t)

′ ❯❄❑ ❱ ✿ ✠❪❑✰▲▼▲✸❑
µ = (µ1, µ2)

′ ■✰❁❄❋❍❃◗❁✹▲ ❱ ✿✓❯ ✝✰●❙❑
●❙✿❂▲ ✁✦❁ ❑✮❱ ☛✰❱ ✿❂❋❍❆❵❑ ✁✦☛✰▲✕☛✰❆❉❈✦●❳❋❙■ ☛✭■✆✡ ❋❍●✔❊☞☛✰❆✴❋ ◆✝❑✪●✌✡✍☛ ❖✓❁ ❈✦❃❇❋✖✿❂▲★■✰❁❄❋❍❊❂❈✦▲▼❃ ❑ ✎

D (B) (Xt − µ) = εt,
❨▼✿❂❁❄❆✪❃ ✿❂❁❄❃

t = 1, 2, · · · ÏÑ➸➌➚✥✷sÒ

✿✒✑
D (B) = diag

[

k1
∏

i=1

(

I − 2νiB +B2
)di ,

k2
∏

i=1

(

I − 2ηiB +B2
)δi

]

❈✦❊✦❑❘❏
B

❑❘■✰❃

●✌✡ ✿❘❨✆☛✰❆ ❈✦❃ ❑✰❁❄❆ ❆❵❑✰❃ ❈✦❆❉❯ ✂ |νi| ≤ 1
❨▼✿❂❁❄❆

i = 1, · · · , k1
❑✰❃ |ηi| ≤ 1

❨▼✿❂❁✹❆
i = 1, · · · , k2■✽✿❂▲▼❃◗❆❘❑❘■ ❨▼❑❘❏✰❃❇❋❍❊✦❑✰❱ ❑✰▲▼❃✱●❙❑❘■✱❚✴❆✖☛ ❖✓❁ ❑✰▲✸❏❘❑❘■✳❯❄❑ ✁✭❑ ✁❄❑✰▲❬❭❘❈✦❁▼❑✰❆✳❯❄❑❘■✪❨❬❆❵✿✽❏❘❑❘■❘■✰❁ ■

(X1t)t∈Z

❑✰❃
(X2t)t∈Z

❫ ✝✝▲ ▲✸✿❂❃ ❑
di

✂
i = 1, · · · , k1

❑✰❃
δi

✂
i = 1, · · · , k2

●❙❑❘■✝❨✧❈✦❆❉❈✦❱ ✝✰❃✩❆❵❑❘■✮●❙✿❂▲ ✁✦❁▼❑
❱ ☛✰❱ ✿❂❋❍❆❘❑ ❆❵❑❘■ ❨▼❑❘❏✰❃✩❋ ❚❵■ ❯❄❑❘■✙❨❬❆❵✿✽❏❘❑❘■❘■✰❁ ■

(X1t)t∈Z

❑✰❃
(X2t)t∈Z

❫ ✡✽❏✰❋ ✂
k1

❑✰❃
k2

■✽✿❂▲▼❃✘❯❄❑❘■
❑✰▲▼❃✩❋✖❑✰❆❵■✺❨▼✿✽■✰❋❍❃✩❋ ❚❵■✓❫✕✓✜❑P❨❬❆❵✿✽❏❘❑❘■❘■✰❁❪■✙❊✦❑❘❏✰❃ ✿❂❆✴❋✖❑✰●

εt = (ε1t, ε2t)
′ ■✰❁✹❋❍❃✢❁❄▲✚❱ ✿✓❯ ✝✰●❙❑ � � ✟ ✠ �

❯✦☛ ◆ ▲▼❋❀❨✧❈✦❆
Φ (B) εt = Θ (B) ξt,

Ï♠➸➌➚ ✁ Ò
✿✒✑

Φ (B)
❑✰❃

Θ (B)
■✽✿❂▲▼❃ ❯❄❑❘■ ❨▼✿❂● ✠❂▲✕✔❂❱ ❑❘■ ❊✦❑❘❏✰❃ ✿❂❆✴❋✖❑✰●❩■ ❯✗✡ ✿❂❆ ❯✦❆❵❑

p
❑✰❃
q

❆❵❑❘■ ❨▼❑❘❏✰❃❇❋ ❚❵■
❯✦☛ ◆ ▲▼❋❙■P❨✧❈✦❆

Φ (B) = I −Φ1B− · · · −ΦpB
p

❑✰❃
Θ (B) = I −Θ1B− · · ·−ΘqB

q

❈✦❊✦❑❘❏
Φi

✂
= 1, · · · , p ❑✰❃

Θi

✂
i = 1, · · · , q ■✽✿❂▲▼❃✜❯❄❑❘■❲❱ ❈✦❃❇❆✴❋✖❏❘❑❘■✭❏ ❈✦❆✴❆✖☛❘❑❘■❲❯✗✡ ✿❂❆ ❯✦❆❵❑❲❯❄❑✰❁ ✂ ❫
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✈✦❀❄❂✽❂❃❀❄❁⑤❂✤P✔✕ ❆❈✾✽✾■❑●✻✽❀✿✻✤⑥ ❆✗✾✽❂❃❆✄❂❃❍❏❊☎❁●❁❇❆✄✻■❍❏❂■✼✱❀❄❂✤⑥✩✕ ❍❏❁⑤➻❈❀✿✻✽✾■❍✇◆➌❍✇⑥✇❍➘❂❃✼✤P●❑❋❅●✻■❊❦➳✿❀❄✾■✾■❑➌✾✿➚

✧ (H11)
①✺✗➁❑●❅➌❅◗❊☎✾✽❊☎❁●✾✦④⑤❑●❀☞⑥❏❀✿✾✚❅❛❊☎⑥❏➾❦❁✦✥☎✈✦❀✿✾

∆ (B) = det (Φ (B))
❀✴❂

∆1 (B) =

det (Θ (B))
❁✔✕ ❊☎❁✝❂✰❅❇❆❈✾✵P●❀✘✻■❆❈➳✿❍❏❁●❀✿✾✵➳❄❊☎✈♦✈✸❑●❁●❀✿✾✵❀✴❂✜❊☎❁✝❂✱❂❃❊❈❑➌❂❃❀❄✾✰⑥❏❀✿❑●✻✽✾✵✻❃❆❈➳❄❍✇❁●❀❄✾✱❀✿❁

P●❀✿③➌❊☎✻■✾▼P●❑❋➳✿❀❄✻■➳✿⑥❏❀✜❑●❁●❍❏❂■✼❈➚

✧ (H12)
①❬✗➁❊☎❍➘❂

dj 6= 0
❂❃❀❄⑥❣④⑤❑●❀ |dj | ≤ 1

2

✾✽❍ |νj | ≤ 1
❊☎❑ |dj| ≤ 1

4

✾■❍ |νj| = 1
❅◗❊☎❑➌✻

j = 1, · · · , k1

➚

✧ (H13)
①✔✗❦❊☎❍❏❂

δj 6= 0
❂■❀✿⑥❣④❦❑➌❀ |δj | ≤ 1

2

✾■❍ |ηj | ≤ 1
❊☎❑ |δj | ≤ 1

4

✾✽❍ |ηj | = 1
❅◗❊☎❑➌✻

j = 1, · · · , k2

➚
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❆✄❑➌❂❃❊☎✻✽✼✿❰☎✻✽❀✿✾✽✾■❍❏➻❈❀➺❍❏❁✧✤❇❁●❍❏❀❴P●❑✸❅●✻✽❊➁➳❄❀✿✾✽✾■❑●✾✧❉➡➱❖❩✜▲❱➴❱❉☞▲ ➯

k
➹♠❆❈➳✴❂❃❀❄❑●✻■✾❄➚②▲❝➻✄❆❈❁✝❂➋P✔✕ ✼✿❁➌❊☎❁●➳✿❀❄✻

⑥✇❆✸✺❴✻■❊❈❅◗❊☎✾✽❍❏❂■❍✇❊☎❁✦➸➌➚ ✁ ➚✥✷✶✒➁❁➌❊☎❑●✾➺❍❏❁✝❂❃✻■❊❦P●❑●❍❏✻■❊☎❁➌✾➣P✸✕à❆❈◆❛❊☎✻✽P✳⑥✇❀❄✾➽❅❛❊☎⑥❏➾❦❁✦✥❈✈♦❀❄✾
∆ (B)

✒
∆1 (B)❀✴❂

Γi (B)
❅❛❊☎❑●✻

i = 1, · · · , 8 ➚

✗❦❊☎❍✇❀❄❁⑤❂
φ (B)

❀✴❂
θ (B)

P●❀✿❑➁Ó➬❅❛❊☎⑥❏➾❦❁✦✥☎✈✦❀✿✾✰P✔✕ ❊☎✻■P➌✻■❀✖✻✽❀✿✾✽❅◗❀❄➳❄❂■❍❏➹♣✾
p
❀❄❂
q

✒❝P●✼☛✤●❁●❍✇✾✡❅❇❆❈✻

φ (B) = φ0I −
p
∑

i=1

φiB
i ❀❄❂ θ (B) = θ0I −

q
∑

i=1

θiB
i ➚❶❨❖❊❈❑●✾✗❆❈⑥❏⑥✇❊☎❁➌✾✵➳❐❆❈⑥❏➳✿❑●⑥❏❀✿✻✰⑥✇❀✿✾

➳❄❊➁❀✁�✦➳✿❍✇❀❄❁✝❂❃✾❱P➌❑✹❅●✻✽❊➁P●❑➌❍❏❂✤P●❀✿✾❖❅◗❊❈⑥❏➾❦❁✦✥☎✈✦❀✿✾
Γ (B)

✒❡P●✼☛✤❇❁➌❍❶❅❇❆✄✻
Γ (B) = φ (B) θ (B)

➚
❨✤❊☎❑●✾▼❊☎◆➌❂■❀✿❁●❊❈❁●✾✤❆❈⑥✇❊☎✻✽✾

Γ (B) = γ0I −
p+q
∑

i=1

γiB
i ÏÑ➸➁➚à➸✝Ò

❆❐➻❈❀✿➳










γ0 (φ, θ) = φ0θ0

γj (φ, θ) = θ0φj −
j−1
∑

i=1

φiθj−i + φ0θj , ∀j ≥ 1.

ÏÑ➸➁➚ ✞ Ò
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Γ1 (B) = Φ22 (B)Θ11 (B) ,
Ï♠➸➌➚ ✆ Ò



✧❈✂

Γ2 (B) = Φ22 (B) Θ12 (B) ,
Ï♠➸➌➚ ✫✝Ò

Γ3 (B) = Φ12 (B) Θ22 (B) ,
Ï♠➸➌➚ ✧ Ò

Γ4 (B) = Φ12 (B) Θ21 (B) ,
Ï♠➸➌➚ ✩ Ò

Γ5 (B) = Φ11 (B) Θ21 (B) ,
Ï♠➸➌➚ ✵✝Ò

Γ6 (B) = Φ11 (B) Θ22 (B) ,
Ï♠➸➌➚ ✷ ✂ Ò

Γ7 (B) = Φ21 (B) Θ11 (B) ,
Ï♠➸➌➚ ✷✦✷sÒ

Γ8 (B) = Φ21 (B) Θ12 (B) ,
Ï♠➸➌➚ ✷ ✁ Ò

∆ (B) = Φ11 (B)Φ22 (B) − Φ12 (B) Φ21 (B) ,
Ï♠➸➌➚ ✷❐➸✝Ò

❀❄❂
∆1 (B) = Θ11 (B)Θ22 (B) − Θ12 (B)Θ21 (B) .

Ï♠➸➌➚ ✷ ✞ Ò
✯ ❜s❫❡❪❴❫ ✢❐❧♣❢✐❧♠❫❛❥ ✁ ☎ ✬ ☎ ✖ �❪❫ ✝✔✿❂❁❪■✺●❙❑❘■ ✆✞✠❘❨▼✿❂❃✄☎✡✝❘■✽❑❘■

(H11)
✄
(H13)

✂ ●❙❑ ❨❬❆❵✿✽❏❘❑❘■❘■✰❁❪■
(Xt)t∈Z❯❄✿❂▲▼▲✕☛✪❯❪❈✦▲✧■✪●✥❈ ✤ ☛ ◆ ▲▼❋❍❃✩❋✖✿❂▲ � ❫✁�❄❫ �✳❑❘■✰❃ ■✰❃✖❈✦❃✩❋✖✿❂▲▼▲❬❈✦❋❍❆❵❑✆✂ ❋❍▲▼❊✦❑✰❆❘■✰❋❇❭✓●❙❑ ❑✰❃☎❏ ❈✦❁❪■✓❈✦●✥❫

�❄❫ ✝❀❈✘❚ ✿❂❆✴❱ ❑✮❱ ✿ ✠❪❑✰▲▼▲✸❑✮❱ ✿✦❭✓❋❍●❙❑✮❋❍▲ ◆ ▲▼❋✖❑ ❑❘■✰❃✙✎

X1t =
∑

j≥0

βj (d, ν,Γ1 − Γ4,∆) ξt−j

+
∑

j≥0

βj (d, ν,Γ2 − Γ3,∆) ξ2t−j ,
ÏÑ➸➁➚ ✷ ✆ Ò

❑✰❃

X2t =
∑

j≥0

βj (δ, η,Γ5 − Γ7,∆) ξ1t−j

+
∑

j≥0

βj (δ, η,Γ6 − Γ8,∆) ξ2t−j ,
ÏÑ➸➁➚ ✷✜✫☎Ò

✓✜❑❘■✝❨▼✿❂❋❇❯❂■
(βj)j∈N

■✽✿❂▲▼❃✡❯✦☛ ◆ ▲▼❋❙■✝❨✧❈✦❆◗●✌✡ ❑ ✂☛❨❬❆❵❑❘■❘■✰❋✖✿❂▲✚■✰❁❄❋❍❊❂❈✦▲▼❃ ❑✏✎


































βj (d, ν, φ, θ) = θ0,

βj (d, ν, φ, θ) = θ0ψj (d, ν) +

min(j,p)
∑

i=1

φiβj−i (d, ν, φ, θ)

−
min(j,q)
∑

i=1

θiψj−i (d, ν) , ∀j ≥ 1.

ÏÑ➸➁➚ ✷ ✧ Ò

❈✦❊✦❑❘❏✮●❙❑❘■ ❏❘✿✽❑☞✟ ❏✰❋✖❑✰▲▼❃❍■
(ψj(d, ν))j∈N

❯❄✿❂▲▼▲✕☛❘■✪❯❪❈✦▲✧■✮●✌✡✍☛ ❖✓❁ ❈✦❃❇❋✖✿❂▲ ✆✁�❪❫ �✁�✟✠✦❫
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� ❫ ✓ ❈❅❚ ✿❂❆✴❱ ❑✡❈✦❁❄❃ ✿❂❆✖☛ ✁✦❆❵❑❘■❘■✰❋❍❊✦❑✺❋❍▲ ◆ ▲▼❋✖❑P❯✦❁❲❨❬❆❵✿✽❏❘❑❘■❘■✰❁ ■✺❊✦❑❘❏✰❃ ✿❂❆✴❋✖❑✰●
(Xt)t∈Z

❑❘■✰❃✸❯❄✿❂▲▼▲✕☛❘❑
❨✧❈✦❆ ✎

ξ1t =
∑

j≥0

αj (d, ν,Γ6 − Γ8,∆1)X1t−j

+
∑

j≥0

αj (δ, η,Γ3 − Γ2,∆1)X2t−j

ÏÑ➸➌➚✥✷ ✩ Ò

❑✰❃

ξ2t =
∑

j≥0

αj (d, ν,Γ7 − Γ5,∆1)X1t−j

+
∑

j≥0

αj (δ, η,Γ1 − Γ4,∆1)X2t−j

ÏÑ➸➌➚✥✷✽✵✝Ò

✿✒✑★●❙❑❘■✝❨▼✿❂❋❇❯❂■
(αj)j∈N
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α0 (d, ν, φ, θ) = φ0

αj (d, ν, φ, θ) = φ0πj (d, ν) +

min(j,q)
∑

i=1

θiαj−i (d, ν, φ, θ)

−
min(j,p)
∑

i=1

φiψj−i (d, ν) , ∀j ≥ 1.

ÏÑ➸➌➚ ✁❈✂ Ò

✓✜❑❘■✍❏❘✿✽❑☞✟ ❏✰❋✖❑✰▲▼❃❍■
(πj (d, ν))

j∈N

✿❂▲▼❃ ☛✰❃✚☛ ❯❄✿❂▲▼▲✕☛❘■✪❯❪❈✦▲✧■◗●✌✡✍☛ ❖✓❁ ❈✦❃❇❋✖✿❂▲ ✆✁�❪❫ � ✠✦❫

� ✁☎✄ ✆✟✞ ✄ ①

✗❦❍❛❂■❊☎❑➌❂❃❀❄✾➺⑥❏❀✿✾➣✻❃❆❈➳❄❍✇❁●❀❄✾➺P●❑✳❅❛❊☎⑥➘➾➁❁ ✥☎✈♦❀
∆ (B)

✾■❊☎❁✝❂➺❀✿❁✳P●❀❄③●❊☎✻✽✾➺P●❑✳➳❄❀✿✻✽➳✿⑥✇❀❖❑●❁●❍➘❂❃✼✦✒⑤❁●❊❈❑●✾
❊❈◆➌❂❃❀❄❁●❊☎❁●✾✤❆❈⑥❏❊☎✻■✾

D (B)Xt = Φ−1 (B) Θ (B) ξt,
ÏÑ➸➌➚ ✁ ✷sÒ

❆❐➻❈❀✿➳

Φ−1 =

[

Φ22 (B) −Φ12 (B)

−Φ21 (B) Φ11 (B)

]

,
ÏÑ➸➌➚ ✁☎✁ Ò

❀✴❂

Φ−1 (B) Θ (B) = ∆−1 (B)

[

Γ1 − Γ4 Γ2 − Γ3

Γ5 − Γ7 Γ6 − Γ8

]

.
ÏÑ➸➌➚ ✁ ➸✝Ò



✧☎✁

❚ ✕ ❊ ✄✔✒❇❁●❊☎❑●✾✤❆❐➻☎❊❈❁●✾

X1t =
∑

j≥0

βj (d, ν,Γ1 − Γ4,∆) ξ1t

+
∑

j≥0

βj (d, ν,Γ2 − Γ3,∆) ξ2t,
ÏÑ➸➁➚ ✁✄✞ Ò

❀❄❂

X2t =
∑

j≥0

βj (δ, η,Γ5 − Γ7,∆) ξ1t

+
∑

j≥0

βj (δ, η,Γ6 − Γ8,∆) ξ2t,
ÏÑ➸➁➚ ✁☎✆ Ò

✗➁❍✍❂❃❊❈❑➌❂❃❀❄✾⑨⑥✇❀✿✾➺✻❃❆❈➳❄❍✇❁●❀❄✾⑨P●❑➡❅◗❊☎⑥➘➾❦❁✦✥☎✈✦❀
Θ (B)
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❁●❊☎❑●✾▼❊☎◆➌❂■❀✿❁●❊❈❁●✾▼⑥ ❆✘✻■❀❄⑥ ❆✄❂■❍✇❊☎❁✳✾✽❑●❍❏➻✄❆❈❁✝❂■❀✦①

Θ−1 (B)Φ (B) = ∆−1
1 (B)

[

Γ6 − Γ8 Γ3 − Γ2

Γ7 − Γ5 Γ1 − Γ4

]

,
ÏÑ➸➁➚ ✁ ✫☎Ò

❀❄❂▼❁●❊☎❑➌✾❖❊☎◆➁❂❃❀✿❁➌❊☎❁●✾

ξ1t =
Γ6 (B) − Γ8 (B)

∆1 (B)

k1
∏

i=1

(

I − 2νiB +B2
)di X1t

+
Γ3 (B) − Γ2 (B)

∆1 (B)

k2
∏

i=1

(

I − 2ηiB +B2
)δi X2t,

ÏÑ➸➁➚ ✁ ✧ Ò

❀❄❂

ξ2t =
Γ7 (B) − Γ5 (B)

∆1 (B)

k1
∏

i=1

(

I − 2νiB +B2
)di X1t

+
Γ1 (B) − Γ4 (B)

∆1 (B)

k2
∏

i=1

(

I − 2ηiB +B2
)δi X2t.

ÏÑ➸➁➚ ✁★✩ Ò

▲❱⑥✇❊❈✻■✾

ξ1t =
∑

j≥0

αj (d, ν,Γ6 − Γ8,∆1)X1t−j

+
∑

j≥0

αj (δ, η,Γ3 − Γ2,∆1)X2t−j ,
ÏÑ➸➁➚ ✁ ✵☎Ò



✧ ➸

❀✴❂

ξ2t =
∑

j≥0

αj (d, ν,Γ7 − Γ5,∆1)X1t−j

+
∑

j≥0

αj (δ, η,Γ1 − Γ4,∆1)X2t−j .
ÏÑ➸➌➚ ➸ ✂ Ò
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(Xit)t∈Z
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i = 1, 2
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(Xjt)t∈Z

✒●❅❇❆✄✻✰①

kj
∏

i=1

(

I − 2νiB +B2
)di (Xjt − µj) =

t
∑

k=0

πk (d, ν)Xjt−k.
ÏÑ➸➌➚ ➸✧✷sÒ
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❉➡➱❖❩✜▲❱➴❱❉☞▲ ➯

k
➹♠❆❈➳❄❂■❀✿❑●✻✽✾✿➚

�✂✁☎✄ ✂ ✆ ☛✥✤ ✠✓✎ ✠✡✍ ☞
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❩✵▲✱➴❖❉☞▲✡➚➽❨✤❊☎❑●✾♦❁●❊☎❑●✾♦❍✇❁✝❂❃✼❄✻■❀✿✾✽✾■❊☎❁➌✾✖P✔✕ ❆❈◆❛❊☎✻■P➝❆❈❑➁Ó ✻■✼❄✾■❑●⑥➘❂➵❆✄❂■✾✦❂■③●✼✿❊☎✻✽❍✇④⑤❑●❀❄✾✖P●❑ ❅➌✻■✼ �



✧✄✞

P●❍✇➳✴❂❃❀✿❑➌✻✡P●❀❄✾✗✈✦❊☎❍✇❁●P➌✻■❀✿✾✜➳✿❆❈✻■✻✽✼✿✾✘➯❋⑥✖✕ ③●❊☎✻■❍❏Õ✿❊☎❁
h ≥ 1

❅❛❊☎❑●✻✰❑●❁➬❂❃❀❄⑥➽❅➌✻■❊❦➳✿❀✿✾✽✾■❑●✾❄➚➋❨✤❊☎❑●✾
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(Xt)t∈Z
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(ξt)t∈Z

❀✿✾❳❂
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(Xt)t∈Z

✒➧❁●❊❈❂■✼
X̂t (h)

✒➧❀❄✾✽❂✰P●✼☛✤●❁●❍
❅❇❆❈✻✵①

X̂t (h) = E (Xt+h | Ft) ,
ÏÑ➸➁➚à➸ ✁ Ò

❊☎✄ Ft = σ (X1s, X2s, ξ1s, ξ2s, s ≤ t)
➚

❨❖❊☎❑●✾♦P●❊☎❁●❁➌❊☎❁●✾✳P❇❆✄❁●✾✳⑥✇❀☞➩⑨③●✼✿❊❈✻■➫✿✈✦❀✔➸➁➚ ✞ ➚✥✷✔✾✽❑●❍❏➻✄❆❈❁✝❂ ✒➣⑥✖✕ ❀✴Ó➁❅●✻✽❀✿✾✽✾■❍✇❊❈❁➤❆❈❁❇❆❈⑥➘➾❦❂■❍✇④⑤❑●❀❋P●❑
❅●✻■✼❄P●❍✇➳✴❂❃❀✿❑➌✻✤P➌❀✿✾▼✈♦❊❈❍✇❁●P●✻✽❀✿✾⑨➳✿❆❈✻■✻✽✼✿✾▼P●❑❋❅●✻■❊❦➳✿❀❄✾■✾■❑➌✾

(Xt)t∈Z

➚
✟ ☛✛✚❦❫❡❜✄✂✄✂➬❤ ✁ ☎ ✵ ☎ ✖ ✝✔✿❂❋❍❃

h ≥ 1
❫ ✝ ❋

(Xt)t∈Z
= (X1t, X2t)

′

t∈Z

❑❘■✰❃✮❁✹▲ ❨❬❆❘✿✽❏❘❑❘■❘■✰❁❪■
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X̂1t (h) = −
h−1
∑

j=1

αj (d, ν,Γ6 − Γ8,∆1) X̂1t (h− j)

−αj (δ, η,Γ3 − Γ2,∆1) X̂2t (h− j)

−
∑

j≥0

αj+h (d, ν,Γ6 − Γ8,∆1)X1t−j

−αj+h (δ, η,Γ3 − Γ2,∆1)X2t−j ,
ÏÑ➸➁➚à➸☎➸☎Ò

❑✰❃

X̂2t (h) = −
h−1
∑

j=1

αj (δ, η,Γ1 − Γ4,∆1) X̂2t (h− j)

−αj (d, ν,Γ7 − Γ5,∆1) X̂1t (h− j)

−
∑

j≥0

αj+h (δ, η,Γ1 − Γ4,∆1)X2t−j

−αj+h (d, ν,Γ7 − Γ5,∆1)X1t−j ,
ÏÑ➸➁➚à➸ ✞ Ò

✿✒✑ ●❙❑❘■✱❨▼✿❂❋❇❯❂■
(αk (d, ν, φ, θ))k∈N

■✽✿❂▲▼❃✘❯❄✿❂▲▼▲✕☛❘■ ❯❪❈✦▲✧■ ●✌✡✍☛ ❖✓❁✧❈✦❃✩❋✖✿❂▲ ✆ � ❫✁� �✟✠ ✂❲●❙❑❘■✙❨▼✿❂● ✠ ✄
▲✕✔❂❱ ❑❘■

Γ1

✟
Γ8
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∆❑✰❃

∆1
■✽✿❂▲▼❃✡❯❄✿❂▲▼▲✕☛❘■✮❆❵❑❘■ ❨▼❑❘❏✰❃✩❋❍❊✦❑✰❱ ❑✰▲▼❃✺❯❪❈✦▲✧■◗●❙❑❘■ ☛ ❖✓❁ ❈✦❃❇❋✖✿❂▲ ✆ � ❫ � � ✠ ❑✰❃ ✆ � ❫ � ✂ ✠✦❫
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▲✫❅❇❆✄✻✽❂❃❍❏✻➛P●❀✜⑥✖✕ ✼✿④⑤❑❇❆②❂❃❍✇❊❈❁➪ÏÑ➸➌➚✥✷ ✩ Ò✴✒●❁●❊☎❑●✾✤❆❐➻☎❊❈❁●✾✡①

ξ1t+h =
∑

j≥0

αj (d, ν,Γ6 − Γ8,∆1)X1t+h−j

+
∑

j≥0

αj (δ, η,Γ3 − Γ2,∆1)X2t+h−j .
ÏÑ➸➌➚ ➸ ✆ Ò

❨✤❊☎❑●✾✮✈✦❊☎❁✝❂❃✻✽❊☎❁●✾➧➹♠❆❈➳❄❍✇⑥✇❀❄✈♦❀❄❁✝❂➧④⑤❑●❀
α0 (d, ν,Γ6 − Γ8,∆1) = 1

❀✴❂
α0 (δ, η,Γ3 − Γ2,∆1) =

0
➚
❲✱❁❋❀✿❁❋P●✼✿P➌❑●❍❏❂✜①

ξ1t+h = X1t+h +
h−1
∑

j=1

αj (d, ν,Γ6 − Γ8,∆1)X1t+h−j

+
∑

j≥0

αj+h (d, ν,Γ6 − Γ8,∆1)X1t−j

+

h−1
∑

j=1

αj (δ, η,Γ3 − Γ2,∆1)X2t+h−j

+
∑

j≥0

αj+h (δ, η,Γ3 − Γ2,∆1)X2t−j ,
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ξ1t+h
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X̂1t (h) = E (X1t+h | Ft)

= −
h−1
∑

j=1

αj (d, ν,Γ6 − Γ8,∆1) X̂1t (h− j)

−
∑

j≥0

αj+h (d, ν,Γ6 − Γ8,∆1)X1t−j

−
h−1
∑

j=1

αj (δ, η,Γ3 − Γ2,∆1) X̂2t (h− j)

−
∑

j≥0

αj+h (δ, η,Γ3 − Γ2,∆1)X2t−j .
ÏÑ➸➌➚ ➸ ✧ Ò
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X̂2t (h) = −
h−1
∑

j=1

αj (δ, η,Γ1 − Γ4,∆1) X̂2t (h− j)

−
∑

j≥0

αj+h (δ, η,Γ1 − Γ4,∆1)X2t−j

−
h−1
∑

j=1

αj (d, ν,Γ7 − Γ5,∆1) X̂1t (h− j)

−
∑

j≥0

αj+h (d, ν,Γ7 − Γ5,∆1)X1t−j .
ÏÑ➸➁➚à➸ ✩ Ò

❚✱❆❈❁●✾▼⑥✇❀❱➩⑨③●✼✿❊☎✻✽➫✿✈✦❀✰➸➌➚ ✞ ➚ ✁ ✾✽❑●❍❏➻✄❆❈❁✝❂ ✒➌❁●❊☎❑●✾▼✼❄❂❃❆❈◆●⑥❏❍✇✾■✾✽❊☎❁●✾➛⑥❏❀✿✾⑨❍❏❁⑤❂■❀✿✻❳➻❈❆✄⑥✇⑥✇❀❄✾➛P●❀✵➳❄❊☎❁✧✤❡❆❈❁➌➳✿❀
P●❀✿✾▼❀✿✻✽✻■❀❄❑●✻■✾✤P●❀✜❅●✻■✼✴➻❦❍✇✾■❍❏❊☎❁➡❅◗❊❈❑●✻⑨⑥✇❀✵❅●✻✽❊➁➳❄❀✿✾✽✾■❑●✾✤⑥✇❊☎❁➌❰☎❑●❀✵✈✦✼✿✈✦❊☎❍✇✻✽❀❱❰☎✼❄❁●✼✿✻■❆❈⑥✇❍❏✾■✼✵◆●❍➘➻❈❆✄✻■❍✇✼
❩✰❆❈❑➌✾■✾■❍❏❀✿❁➡❍✇❁✝❂■✻■❊❦P●❑●❍❏❂➛P❇❆❈❁●✾▼⑥ ❆✘❚❖✼☛✤❇❁●❍➘❂❃❍❏❊☎❁❋➸➌➚ ✁ ➚ ✷☎➚
✟ ☛✛✚❦❫❡❜✄✂✄✂➬❤ ✁ ☎ ✵ ☎ ✬ ✝✔✿❂❋❍❃

(Xt)t∈Z
= (X1t, X2t)

′

t∈Z
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ξt = (ξ1t, ξ2t)
′

■✰❁✹❋❍❊✦❑✰▲▼❃✘❁✹▲ ❭✓❆✴❁❄❋❍❃◗❭✓●✥❈✦▲✸❏ ✁❪❈✦❁❪■❘■✰❋✖❑✰▲ ❯❄❑ ❱ ✿ ✠❪❑✰▲▼▲✸❑ ▲▼❁✹●❍●❙❑ ❑✰❃✱❃ ❑✰●✺❖✓❁ ❑ ❊❂❈✦❆
(ξ1t) = σ2

1

✂
❊❂❈✦❆

(ξ2t) = σ2
2

❑✰❃☎❏❘✿❂❊
(ξ1t, ξ2t) =

❏❘✿❂❊
(ξ2t, ξ1t) = 0
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P







∣

∣

∣
X1t+h − X̂1t (h)

∣

∣

∣

√

MSE1 (h)
< tα1

2







= 1 − α1

ÏÑ➸➁➚à➸✶✵☎Ò

❑✰❃

P







∣

∣

∣
X2t+h − X̂2t (h)

∣

∣

∣

√

MSE2 (h)
< tα2

2







= 1 − α2
ÏÑ➸➁➚ ✞✝✂ Ò
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tα

2
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MSE1 (h)❈✦❋❍▲✧■✰❋ ❖✓❁ ❑

MSE2 (h)
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MSE1 (h) = σ2
1

h−1
∑

j=0

β2
j (d, ν,Γ1 − Γ4,∆)

+ σ2
2

h−1
∑

j=0

β2
j (d, ν,Γ2 − Γ3,∆) ,

ÏÑ➸➁➚ ✞ ✷✐Ò
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❑✰❃

MSE2 (h) = σ2
1

h−1
∑

j=0

β2
j (δ, η,Γ5 − Γ7,∆)

+ σ2
2

h−1
∑

j=0

β2
j (δ, η,Γ6 − Γ8,∆) .

ÏÑ➸➌➚ ✞⑤✁ Ò
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(βj (d, ν, φ, θ))

j∈N
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X1t+h =
∑

j≥0

βj (d, ν,Γ1 − Γ4,∆) ξ1t+h−j

+
∑

j≥0

βj (d, ν,Γ2 − Γ3,∆) ξ2t+h−j.
ÏÑ➸➌➚ ✞ ➸✝Ò
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X̂1t (h) = E
(

X1t+h|Ft

)

=
∑

j≥h

βj (d, ν,Γ1 − Γ4,∆) ξ1t+h−j

+
∑

j≥h

βj (d, ν,Γ2 − Γ3,∆) ξ2t+h−j .
ÏÑ➸➌➚ ✞☎✞ Ò
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e1t (h) = X1t+h − X̂1t (h)
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e1t (h) =

h−1
∑

j=0

βj (d, ν,Γ1 − Γ4,∆) ξ1t+h−j

+

h−1
∑

j=0

βj (d, ν,Γ2 − Γ3,∆) ξ2t+h−j.
ÏÑ➸➌➚ ✞⑤✆ Ò
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(ξ1t)t∈Z

❀❄❂
(ξ2t)t∈Z
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e1t (h) ∼ N

(

0,
√

MSE1 (h)
) ✒❡❆❐➻☎❀✿➳✸❉ ✗➌❭

1 (h)
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MSE1 (h) = σ2
1

h−1
∑

j=0

β2
j (d, ν,Γ1 − Γ4,∆)

+ σ2
2

h−1
∑

j=0

β2
j (d, ν,Γ2 − Γ3,∆) .

ÏÑ➸➌➚ ✞ ✫✝Ò
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(e2t (h))t∈Z
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e2t (h) = X2t+h − X̂2t (h)
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2 (h)
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MSE2 (h) = σ2
1

h−1
∑

j=0

β2
j (δ, η,Γ5 − Γ7,∆)

+ σ2
2

h−1
∑

j=0

β2
j (δ, η,Γ6 − Γ8,∆) .
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X1t = log (S1t)
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log (S2t)
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3
∏

i=1

(

I − 2 cos (λi)B +B2
)di
(

Xjt − X̄jt

)

= εjt, j = 1, 2,
Ï ✞ ➚✥✷sÒ
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û❇×ÙÛÜ×✚☛✜✛❾ÝÞÛÑá■ý û●Ú☎✞◗á✽ÛÑøsá ✟❐Ý✫å❡å✝✆
λ1

✔✣✙ ✝Ùô②õ ñ ✔✣✙ ✝Ùôsõ ñ
λ2

✔✣✙ ✔✴ó✑✏ ☎ ✔✣✙ ✔✴ó✒✏ ☎
λ3

✔✣✙ ò ✝ ó ô ✔✣✙ ò ✝ ó ô
d1

✔✣✙ õ ✝ ✝ ó ✔✣✙ õ ✝ ó ✝
d2

✔✣✙ ✝Ùô②õ ò ✔✣✙ ✝✆✝✐õ■ô
d3

✔✣✙ õ ✔ ✝✐õ ✔✣✙ õ ✝ ☎ ó
σ2

εit

✔✣✙ ✔❄ò ☎✞✝ ✔✣✙ ✔✒✏Ùò✴ó

�✂✁☎✄ ✆ ✞ ➚ ✁ ✧ û❇×ÙÛÜ×✚☛✜✛❾ÝÞÛÑá■ý � Ú❄ø✣✢✴ùsá✮☛➛ü✎☛➛Ú❄ß ÛÞá❴á✽ý♠ÝÑß✝☛➛ü✽ý ✞❈Ú✴ùsÛ �àá✧☛➛Ú✐ú✬✛ �àá▼æ ☎ ✙ õ ë✠✞✄Ú❄ùsÛ �àá✽ý❝ýÑü❳ÛÞßàá✽ý �àÚ✗✢
✞sÛÑß ✟

(Xit)t
i = 1, 2

✙

(Xt)t = (X1t, X2t)t
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εt = (ε1t, ε2t)
➚ ✛✮❀✿✾✗❂■✻❃❆ �

➼✽❀❄➳❄❂■❊☎❍✇✻✽❀✿✾✦P●❀✿✾♦❅●✻■❊❦➳✿❀❄✾■✾■❑➌✾
(ε1t)t

❀❄❂
(ε2t)t
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� ✁☎✄✝✆ ✞ ➚ ✩ ✧ ✍ ÷✴Ú✆�àù✐ÝÞß Ú❄ø➽ú✐á■ý ✞sÛÑÚ ☞❳á✽ýÞý♠ù②ý➁ÛÞü✽ýÑßàú✐ù②á �þý
(εit)t

ö
i = 1, 2

ö ßàýÞýÑù②ý●ú✐á �à× ☛➛Ú❐úsü �àßàýÞ×➵ÝÞß Ú❄ø❖æ ☎ ✙ õ ë✪✙

i = 1, 2
❅❇❆❈✻✵❑➌❁ ✈✦❊➁P➌➫✿⑥✇❀✸▲✱➴❖❉☞▲

(p, q)− ❩✜▲❱➴⑨➲➛Ð (r, s)
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✾✽✼✿✻✽❍✇❀✿✾

(εit)t

✒
i = 1, 2

➚
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� ✁ ✄ ✆ ✞ ➚ ➸ ✧ í✿ÝÜ×➵ÝÞßàý♠ÝÑß ✆✿ùsá✽ý❶ú✐á✽ý ☞❾ÛÞß✟✞sÝÑßà÷✴á✽ý❶ú✐á✽ý❣ÛÑü■ý♠ßþú✐ù②ý
(εit)t

ö
i = 1, 2

ö ßþýÑýÑù②ý❣úsá �à× ☛➺Ú✐ú✐ü � ßþýÞ×➵ÝÑßàÚ✴ø
æ ☎ ✙ õ ë✰✙
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�✂✁☎✄✝✆ ✞ ➚ ✵ ✧ ä❝ßþý♣ÝÞÚ✗✢❄ÛÞ×✗☛✓☛➛á❴ú✐á■ý ✞sÛÞÚ ☞❳á✽ýÞý♠ù✄ý➧ÛÑü■ý♠ßþú✐ùsá �àý
(εit)t

ö
i = 1, 2

ö ßàýÞý♠ù✄ý❝ú✐á �þ×✜☛➺Ú✐ú✐ü � ßþýÞ×➵ÝÑßàÚ✴ø
æ ☎ ✙ õ ë✰✙
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(ε1t)t

❀❄❂
(ε2t)t
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1 ξ2
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1t−3.
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â3

✩ ✔✣✙ õ ✝Ùô❄ô
� ✁ ✄ ✆ ✞ ➚ ✞ ✧ å❛ý♠ÝÑß✝☛⑨×➵ÝÞß Ú❄ø❱ú✐á■ý ✞②×✴ÛÞ×✗☛✓✛❳ÝÑÛÞá✽ý✠✞❈Ú✴ùsÛ �àá✽ý☞☛➛Ú✐ú✬✛ �àá✽ý ☎ ✙ ✝ ✩ ☎ ✙ ó➽á❾Ý ☎ ✙ ☎ ✩ ☎ ✙ ò✣✙

✛✮❀✿✾➋❅❇❆✄✻❃❆❈✈✦➫❄❂■✻■❀✿✾❴❀❄✾✽❂■❍✇✈✦✼✿✾➋P●❀❄✾❴✈♦❊❦P●➫❄⑥✇❀✿✾❶P●✼☛✤●❁●❍✇✾❴❅❇❆✄✻➋⑥✇❀❄✾➋✼✿④⑤❑❇❆✄❂■❍✇❊☎❁➌✾▼Ï ✞ ➚ ✁ Ò � Ï ✞ ➚à➸✝Ò
❀❄❂✡Ï ✞ ➚ ✞ Ò � Ï ✞ ➚ ✆ Ò➽✾■❊❈❁⑤❂✤✻✽✼✿✾■❑➌✈♦✼❄✾❖P❇❆✄❁●✾▼⑥✇❀✱❂➵❆✄◆●⑥✇❀✿❆❈❑ ✞ ➚ ✞ ➚
✛✮❀✿✾➣Ô➁▲✤➲ ❀❄✈♦❅➌❍✇✻■❍❏④⑤❑●❀✿✾❴P●❀❄✾➽❅➌✻■❊❦➳✿❀✿✾✽✾■❑●✾

(ηit)t

✒
i = 1, 2

✒❈✻■❀✿❅➌✻■✼✿✾✽❀✿❁✝❂❃✼❄❀✿✾➛❅●❆❈✻✧⑥ ❆✙✤ �
❰☎❑●✻✽❀ ✞ ➚✥✷ ✁ ✒❈➳❄❊☎❁●P●❑➌❍✇✾■❀❄❁✝❂➣➯✱❅◗❀❄❁●✾■❀❄✻❴④❦❑➌❀✤⑥❏❀✿✾➋◆➌✻■❑●❍➘❂❃✾

(ηit)t

✒
i = 1, 2

✒✄✾■❊☎❁✝❂❴◆●⑥✇❆❈❁●➳❄✾✿➚
▲❱❍❏❁●✾■❍✩✒☎❁●❊☎❑●✾➣❅❛❊☎❑➌➻☎❊❈❁●✾➺➳❄❊☎❁●➳✿⑥❏❑●✻■❀✤④⑤❑●❀✤⑥✇❀✿✾➣✈✦❊➁P●➫❄⑥✇❀❄✾➣✻✽❀❄❂■❀✿❁⑤❑●✾➺✾✽❊☎❁✝❂➺✾■❆✄❂❃❍❏✾✽➹♠❆❈❍❏✾❃❆❈❁✝❂■✾
❀❄❂✜✾✽❀✿✈✗◆●⑥❏❀✿❁✝❂✜◆●❍❏❀✿❁✩❅●✻■❀❄❁●P●✻✽❀✦❀❄❁✩➳✿❊☎✈✦❅➌❂❃❀✘⑥❏❀✿✾✵➳✿❆❈✻❃❆❈➳✴❂❃✼❄✻■❍✇✾❳❂❃❍❏④❦❑➌❀✿✾✵❊☎◆●✾✽❀✿✻❳➻☎✼✿❀❄✾✸✾✽❑●✻
⑥✇❀❄✾⑨✾■✼✿✻✽❍✇❀❄✾✤P➌❀✰❅➌✻■❍➘Ó✳✾■❅❛❊❈❂✤P●❀✜✈✖❆✄✻■➳➵③●✼✜P●❀✜⑥✖✕ ✼✿⑥❏❀✿➳✴❂❃✻■❍❏➳✿❍➘❂❃✼✱❆✄⑥✇⑥✇❀❄✈✖❆✄❁●P✳❀❄❂▼➹♣✻■❆❈❁✁�❐❆✄❍✇✾✿➚

0 500 1000 1500 2000 2500
−1

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

1

Retard (heure)

A
u

to
co

rr
e

la
tio

n

0 500 1000 1500 2000 2500
−1

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

1

Retard (heure)

A
u

to
co

rr
e

la
tio

n

�✂✁☎✄✝✆ ✞ ➚✥✷ ✁ ✧ ✡✐ê❣î✑ú✐á■ý☞✞sÛÑÚ ☞❳á✽ýÞý♠ù②ý
(ξit)t

ö
i = 1, 2

✙

✛✮❀✿✾▼✈♦❊❦P●➫❄⑥✇❀✿✾✰Ï
M1

Ò➺❀❄❂✸Ï
M2

Ò➺✻■❀❄✾■❅❛❀✿➳❄❂■❍❏➻❈❀✿✈✦❀✿❁✝❂✱❆✄✾■✾■❊❦➳✿❍❏✼✿✾✤❆❈❑❋⑥✇❊☎❰✘P➌❑☞❅●✻✽❍➘Ó➡✾✽❅◗❊✄❂
(X1t)t

P●❑✑✈♦❆❈✻✽➳➵③●✼✜❆❈⑥✇⑥❏❀✿✈♦❆❈❁●P♦❀❄❂
(X2t)t

P➌❑❋✈♦❆❈✻✽➳➵③●✼✱➹♣✻❃❆❈❁ �❐❆❈❍❏✾➛✾■❑●✻⑨⑥✇❆✸❅❛✼✿✻■❍❏❊➁P➌❀
P●❑ ✂ ✷ � ✂ ✷✞� ✁✄✂☎✂✝✁ ❆❈❑✘➸✧✷ �✹✷ ✁ � ✁✄✂☎✂ ➸⑨✾■❊☎❁✝❂❴✻✽❀✿✾✽❅◗❀❄➳❄❂❃❍➘➻☎❀❄✈♦❀❄❁⑤❂➋P●❊☎❁●❁●✼❄✾➋❅❇❆❈✻❶⑥✇❀❄✾❶✼❄④❦❑●❆ �



✵✹✷

❂❃❍✇❊❈❁●✾⑨✾■❑●❍➘➻✄❆❈❁✝❂❃❀✿✾✜①

M1 : φ(1) (B)
3
∏

i=1

(

I − 2νiB +B2
)d

(1)
i (X1t − 3.072) = θ(1) (B) ε1t,

Ï ✞ ➚ ✫✝Ò
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φ(1) (B) =
(

I − φ
(1)
1 B

)(

I − φ
(1)
2 B24

)(

I − φ
(1)
3 B168

)

,
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I − θ
(1)
1 B

)(

I − θ
(1)
2 B24

)(

I − θ
(1)
3 B168

)

,
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ε1t =
√

h1tη1t,
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ht = a
(1)
0 +

3
∑

i=1

a
(1)
i ξ2

1t−i,
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M2 : φ(2) (B)
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I − 2νiB +B2
)d
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√

√
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M

M
∑

j=1

(

X i
t+j+k − X̂ i

t+j (k)
)2

, k = 1h, · · · , 720h
✒
i = 1, · · · , 24,
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✭❡×ÙÛÞßà×✴Ø✄� á■ý û❇×ÙÛÜ×✚☛✜✛❾ÝÞÛÑá■ý û❇×ÙÛÜ×✚☛✜✛❾ÝÞÛÑá■ý
á✽ý♠ÝÑß✝☛➛ü✽ý

å ☞✽×ÙÛÑÝ
Ý ✄ ✞❈á

φ11

1

✩✷✔✒✙ ✔ ô ☎ ✏ ✔✒✙ ✔✘✔✒✏ ✂
φ11

24

✔✣✙ ✔✒✏Ùñ✴ó ✔✒✙ ✔✘✔✒✏ ✂
φ12

24

✔✣✙ ✔✴ñ ☎✞✝ ✔✒✙ ✔✘✔✒✏ ✂
φ22

24

✔✣✙ ✔ õ ñ✴ó ✔✒✙ ✔✘✔✴ñ✴ñ
φ11

48

✔✣✙ ✔✒✏ õ ✏ ✔✒✙ ✔✘✔✒✏ ✂
φ12

48

✔✣✙ ✔ ✂ ó ☎ ✔✒✙ ✔✘✔✴ñ✗✔
φ22

48

✔✣✙ ✔ ✝ ò ✝ ✔✒✙ ✔✘✔✴ñ ✂
φ11

72

✔✣✙ ✔✒✏ ☎ ò ✔✒✙ ✔✘✔✴ñ✗✔
φ12

72

✔✣✙ ✔✒✏ ✏✖✔ ✔✒✙ ✔✘✔✒✏ ✂
φ21

72

✔✣✙ ✔ ✝ ✏ ✝ ✔✒✙ ✔✘✔✴ñ✴ñ
φ11

96

✔✣✙ ✔✴ó❄ñ ✝ ✔✒✙ ✔✘✔ ô ñ
φ12

96

✔✣✙ ✔ ô ó ☎ ✔✒✙ ✔✘✔✒✏✖✔
φ21

96

✩✷✔✒✙ ✔✿ò ✝ ñ ✔✒✙ ✔✘✔✒✏Ùò
φ22

96

✔✣✙ õ ò õ✽ô ✔✒✙ ✔✘✔✒✏➵ñ
φ21

168

✔✣✙ ✔❄ò❄ò ☎ ✔✒✙ ✔✘✔✒✏ ✂
φ22

168

✔✣✙ ✔ ☎✞✂ ò ✔✒✙ ✔✘✔✒✏➵ñ
φ21

336

✔✣✙ ✔❄ò✴ó ✂ ✔✒✙ ✔✘✔✒✏ ✝
φ22

336

✔✣✙ õ ñ ✝Ùô ✔✒✙ ✔✘✔✒✏ ✂
φ11

504

✔✣✙ ✔✴ó ✝ ✂ ✔✒✙ ✔✘✔✒✏ ✝
φ12

504

✔✣✙ ✔ ✝✴ô ☎ ✔✒✙ ✔✘✔✒✏✖✔
φ21

504

✔✣✙ õ✴õ ☎ ✏ ✔✒✙ ✔✘✔✒✏ ✂
φ22

504

✔✣✙ õ✴õ ✂sõ ✔✒✙ ✔✘✔✒✏➵ñ
å❛å✝✆

σ2

1

✔✣✙ ✔ ☎✞✂✴ô
û●Ú☎✞◗á✽ÛÑø②á✠✟❐Ý

σ2
2

✔✣✙ ✔❄ò ✂ ✏

σ12

✔✣✙ ✔ õ ✏ ✝
� ✁ ✄ ✆ ✞ ➚ ✆ ✧ û❇×ÙÛÜ×✚☛✜✛❾ÝÞÛÑá■ý◗á■ý♣ÝÞß✟☛➛ü■ý☞✞✄Ú❄ùsÛ �àá ☛➛Ú✐ú✬✛ � á✤✭●ê❣é✔ú✐ü✎✯②øsß✱✞②×✴Û ☎ ✙ õ ó
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X̂n (h) +
1

2

➻❈❆✄✻
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]
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✁ ✞✝✁ ✂✰❚✱❆❈③●⑥❏❰☎✻■❀❄❁✔✒❣➴✰➚ ➷✫➚✥✒✟✛✮❍✇❑✸✒❣➲ � ➲❱➚✥✒✟✛❝❆ ✼➛❆✄✻■✻■❀❄❀✦✒ ✑➌➚➺Ï ✁❈✂☎✂ ✷✐Ò✵➱✧❊☎⑥✇❆✄❂❃❍❏⑥✇❍➘❂➒➾✹❍❏❁➪❂■③●❀
➲➛❆❈⑥✇❍➘➹♣❊☎✻■❁➌❍ ❆✖✺❣❊✽✼➺❀❄✻✗❉✹❆✄✻ ✙❈❀✴❂✦①✏✗➁❊☎❑●✻✽➳✿❀✦✒❣❉❋❀❄❂❃③➌❊➁P●❊❈⑥✇❊☎❰❈➾✹❆❈❁●P ➴▼❀✿➳✿❊❈✈♦✈✦❀✿❁ �
P❇❆✄❂■❍✇❊☎❁●✾☛✒ ✡ ✆ ✆ ✛P❆❵✿✽❏✓❫ ✄ ✁✭❑✰▲✸❑✰❆✓❫☎✾ ❆❉❈✦▲✧■✰❱ ❫ ✤ ❋❙■✰❃❇❆✴❋❇❭✽❫❙✒ ✖ ✵ ✆ Ï ✁ Ò✰✒✥✷ ✩ ✵ � ✷✽✵☎➸➁➚

✁ ✞ ➸ ✂✰❚✱❆❈✻✽◆◗❀❄⑥✇⑥ ❆❐➾✦✒✸❩✘➚ ▲✸➚✥✒ ✗➁⑥✇❆❈✈♦❆✧✒✡❉ ➚✳Ï ✁❈✂☎✂☎✂ Ò➪Ô❇❊☎✻✽❀✿➳❐❆✄✾✽❂❃❍❏❁●❰➦❂■③●❀➝✾✽③●❊☎✻✽❂ � ❂■❀✿✻■✈
P●❀✿✈♦❆❈❁●P➐➹♣❊☎✻✹❀✿⑥✇❀❄➳❄❂■✻■❍✇➳❄❍❏❂➒➾❈➚❱❚❱❊ ❂■③●❀ ❁●❀✿❑➌✻❃❆❈⑥✗❁➌❀❄❂ ✼➽❊☎✻ ✙⑤✾➪✾✽❂➵❆✄❁●P ❆ ◆◗❀✴❂■❂❃❀❄✻
➳➵③❇❆❈❁●➳❄❀✁� ✡✰▲▼❃ ❑✰❆✴▲❬❈✦❃✩❋✖✿❂▲❬❈✦● ✄ ✿❂❁❄❆✴▲❬❈✦●✟✿ ❚ ✆✏✿❂❆❘❑❘❏ ❈❂■✰❃❇❋❍▲ ✁✦✒ ✖✄✝ ✒ ✧ ✷ � ✩ ➸➌➚

✁ ✞❈✞ ✂✰❚✱❆❐➻❦❍✇P●✾✽❊☎❁✔✒ ✑➌➚➛Ï ✁❈✂☎✂☎✁ Ò✜➩❣❀✿✾❳❂❃❍❏❁●❰✔➹♣❊☎✻✡➹♣✻■❆❈➳❄❂■❍✇❊☎❁●❆❈⑥➽➳❄❊☎❍✇❁✝❂■❀✿❰☎✻■❆✄❂❃❍❏❊☎❁➧➚ ✄▼✿❂❁✹❆✴▲❬❈✦●
✿ ❚✳✾✜❋❍❱ ❑ ✝✔❑✰❆✴❋✖❑❘■ � ▲❬❈✦● ✠✽■✰❋❙■✰✒●❍✇❁✑❅●✻✽❀✿✾✽✾✿➚

✁ ✞✝✆ ✂✰❚❱❍✇❁➌❰ ✒ ✂➭➚✥✒▼❩✵✻❃❆❈❁●❰❈❀✿✻✓✒➛➲❱➚ ➷✫➚❩✑➌➚✥✒▼❭✧❁➌❰☎⑥✇❀✣✒⑨➴✰➚ Ô➺➚✱Ï✫✷✽✵✶✵❈➸✝Ò♦▲ ⑥✇❊❈❁●❰ ✈♦❀❄✈♦❊❈✻✽➾
❅●✻■❊❈❅◗❀❄✻✽❂➒➾☞❊❈➹✧✾✽❂■❊➁➳✗✙☞✈✖❆❈✻✛✙❈❀✴❂✵❆❈❁●P✩❆♦❁●❀☛✼ ✈✦❊➁P●❀❄⑥✖✒ ✄▼✿❂❁✹❆✴▲❬❈✦●✢✿ ❚ ✆P❱✱❨❬❋❍❆✴❋✖❏ ❈✦●

✆ ❋❍▲❬❈✦▲✸❏❘❑✰✒ ✖ ✒ ✩ ➸ � ✷ ✂ ✫➁➚



✷ ✂✝✆

✁ ✞ ✫☎✂✰❚❱❍✇❊☎❁➌❰☎❑●❀✦✒❡▲✡➚à❘✘➚✥✒➧❩✵❑●✼✿❰☎❆❈❁✔✒❡❚✸➚➭Ï ✁❈✂❈✂❈✞ Ò⑨❭❴✾✽❂❃❍❏✈✖❆②❂❃❍✇❁➌❰✦❅●❆❈✻❃❆❈✈✦❀❄❂■❀✿✻✽✾❖❊❈➹➋❆
k �➹♠❆❈➳❄❂■❊☎✻❖❩✜❯❳❩✵▲✱➴⑨➲➛Ð✫❅●✻✽❊➁➳❄❀✿✾■✾❄➚ ✞ ❫ ✟✙❫ � ❏ ❈❪❯❪❫ ✝✔❏✰❋❇❫✗✛❲❈✦❆✴❋❙■✰✒ ✲ ✁✞✁ ✤ Ï ✫✝Ò✴✒ ✞ ➸ ✆ �

✞☎✞✝✂ ➚
✁ ✞✘✧ ✂✰❚❱❍✇❊☎❁➌❰☎❑●❀✦✒⑨▲✡➚à❘✘➚✥✒✤❩✜❑➌✼✿❰✝❆❈❁✸✒▼❚✸➚ ✒⑨➱❱❍✇❰☎❁❇❆✄⑥✖✒➛❮❖➚✰Ï ✁❈✂☎✂✄✞ ❆✝Ò✖▲

k � ➹♠❆❈➳❄❂■❊☎✻❋❩✜❯ �❩✜▲❱➴⑨➲➛Ð➝❅●✻✽❊➁➳❄❀✿✾■✾⑨①✄❀✿✾❳❂❃❍✇✈♦❆✄❂■❍✇❊☎❁✸❆❈❁●P✘❆❈❅➌❅●⑥✇❍❏➳❐❆✄❂■❍✇❊☎❁✰❊☎❁✘❀✿⑥❏❀✿➳✴❂❃✻■❍❏➳✿❍➘❂➒➾✡✈♦❆❈✻✛✙❈❀❄❂
✾■❅❛❊❈❂▼❅●✻■❍❏➳✿❀❄✾✓✒ ✡ ✆ ✆ ✆ ✛P❆❵✿✽❏❘❑❘❑ ❯✦❋❍▲ ✁❂■ ✿ ❚✙❃☞☎▼❑

8th
✡✰▲▼❃ ❑✰❆✴▲❬❈✦❃✩❋✖✿❂▲❬❈✦● ✞P✿❂▲ ❚ ❑✰❆❘❑✰▲✸❏❘❑

✿❂▲ ✛P❆❵✿✦❭❘❈❪❭✓❋❍●❳❋❙■✰❃✩❋✖❏ ✠ ❑✰❃✄☎▼✿✓❯❂■ � ❨❪❨❬●❳❋✖❑ ❯✻❃ ✿ ✛☎✿☎✄✡❑✰❆ ✝ ✠✽■✰❃ ❑✰❱ ■✆✂ ✡ ✿☎✄✺❈ ✝ ❃ ❈✦❃ ❑
❴✏▲▼❋❍❊✦❑✰❆❵■✰❋❍❃ ✠ ✂ � ❱ ❑❘■✆✂ ✡ ✿☎✄✺❈✦✒✔✷ � ✧ ➚

✁ ✞ ✩ ✂✰❚❱❍✇❊☎❁➌❰☎❑●❀✦✒②▲✸➚ ❘✘➚ ✒❈❩✵❑●❀✿❰✝❆✄❁✔✒❈❚✡➚ ✒②➱✱❍✇❰❈❁❇❆❈⑥✖✒s❮❖➚●Ï ✁❈✂☎✂❈✞ ◆❇Ò❣Ô❇❊☎✻✽❀✿➳❐❆✄✾✽❂❃❍❏❁●❰❱❀❄⑥✇❀❄➳❄❂❃✻✽❍ �
➳✿❍❏❂➒➾✜✾✽❅◗❊✄❂➭✈♦❆❈✻ ✙✄❀❄❂❣❅●✻✽❍✇➳✿❀❄✾✏✼▼❍➘❂❃③✡❆

k � ➹♠❆❈➳✴❂❃❊☎✻❶❩✵❯❳❩✜▲❱➴⑨➲➛Ð ❅●✻■❊❦➳✿❀❄✾■✾☛✒ �✪✿❂❃ ❑❲❯❄❑
✟✘❑❘❏✆☎▼❑✰❆❵❏✆☎▼❑ ✠ ✝ ✟ � � � � ✂ ✄ � � ✂ ✆☎❏❘✿❂●❙❑ � ✿❂❆✴❱ ❈✦●❙❑ ✝ ❁ ❨✆☛✰❆✴❋✖❑✰❁❄❆❘❑◗❯❄❑ ✞ ❈❄❏✆☎✧❈✦▲ ✂
✆✔❆❉❈✦▲✸❏❘❑✰✒✸✷ � ➸✧✷☎➚

✁ ✞ ✵☎✂✰❚❱❍✇❊☎❁➌❰☎❑●❀✦✒✮▲✡➚à❘✘➚✥✒❝❩✵❑●✼✿❰✝❆✄❁✔✒✮❚✸➚➣Ï ✁❈✂☎✂✝✆ Ò❖Ô❡❊❈✻■❀✿➳✿❆❈✾✽❂■❍✇❁●❰✑❀❄⑥✇❀❄➳❄❂❃✻✽❍✇➳❄❍❏❂➒➾✔✈♦❆❈✻✛✙❈❀❄❂
✾■❅❛❊❈❂❱❅➌✻■❍✇➳❄❀✿✾☎✼▼❍❏❂■③✹❆

k � ➹♠❆✄➳❄❂❃❊❈✻✤❉✔❩✜▲❱➴❱❉❋▲ ❅●✻✽❊➁➳❄❀✿✾✽✾ ❑✰▲ ❏❘✿❂❁❄❆❘■ ❯❄❑ ❆✖☛ ❯❪❈❄❏✡✄
❃✩❋✖✿❂▲❇➚

✁ ✆❈✂ ✂✰❚❱❊☎⑥ ❆✄P●❊ ✒✪✑➌➚❩✑➌➚ ✒✰❉✹❆✄✻■✈✦❊☎⑥✖✒✵Ô➽➚✚Ï ✁❈✂❈✂❈✞ Ò✹▲❱✾❳➾❦✈♦❅➌❂■❊❈❂❃❍❏➳➥❯➒❁➌➹♣❀✿✻✽❀✿❁●➳❄❀ ➴▼❀✿✾■❑➌⑥❏❂❃✾
➹♣❊☎✻✘❉☞❑➌⑥❏❂❃❍➘➻✄❆❈✻■❍✇❆✄❂❃❀ ✛✮❊☎❁●❰ � ❉☞❀✿✈✦❊☎✻❳➾➪✺✧✻✽❊➁➳❄❀✿✾✽✾■❀✿✾☛✒ ✆☎❏❘✿❂▲✸✿❂❱ ❑✰❃✩❆✴❋✖❏❘■ ✄▼✿❂❁✹❆✴▲❬❈✦●❳✒
✌ Ï ✷sÒ✰✒ ✷✮✫ ✩ � ✷ ✵ ✂ ➚

✁ ✆ ✷✄✂✰❭✧✾✽❅✆☎✇❁➌❊☎⑥ ❆✧✒❐➴✰➚✥✒②➲➺❊☎❁✝❂❃✻✽❀✿✻❃❆✄✾✓✒❂✑➌➚✥✒s❨❖❊☎❰✝❆✄⑥✇❀✿✾☛✒✐Ô➺➚❩✑➌➚ ✒②➲➺❊❈❁●❀❾➼✽❊ ✒✐▲✡➚ ✑➌➚❦Ï ✁❈✂☎✂✝✁ Ò✍❚✱❆❐➾ �
❆❈③●❀❐❆✄P✹❀✿⑥❏❀✿➳✴❂❃✻■❍❏➳✿❍➘❂➒➾✳❅●✻✽❍✇➳✿❀✵➹♣❊☎✻✽❀✿➳✿❆❈✾✽❂■❍✇❁●❰✚◆❇❆❈✾✽❀✿P☞❊☎❁☞❂■❍✇✈✦❀✱✾■❀❄✻■❍✇❀❄✾❖✈✦❊❦P●❀✿⑥❏✾✵①❡❆
➳✿❊☎✈✦❅❇❆❈✻✽❍✇✾■❊❈❁✔✒ ✛P❆❵✿✽❏❘❑❘❑ ❯✦❋❍▲ ✁❂■ ✿ ❚✮❃✄☎▼❑ � ✂▼❃☞☎ ✛ ✝ ✞ ✞ ✒ ✗❦❀❄➻❦❍✇⑥❏⑥ ❆✧✒ ✁✄✞ � ✁✪✩ ➚

✁ ✆☎✁ ✂✰❭❴➾❦P●❀❄⑥ ❆❈❁➌P✔✒●▲✸➚✥✒❡❩✵❀✿✈♦❆❈❁✔✒➌Ð✡➚✮Ï ✷✽✵✶✵✶✵☎Ò➺Ô❇❑●❁●P❇❆❈✈✦❀✿❁✝❂❃❆❈⑥✇✾➽❊❈➹❣❀✿⑥✇❀❄➳❄❂■✻■❍✇➳❄❍❏❂➒➾♦P●❀✿✻✽❍ �
➻❈❆②❂❃❍❏➻❈❀▼❅●✻■❍❏➳✿❍✇❁➌❰ ✒☎❯➒❁ ✄ ❈✦❱ ❑❘■✽✿❂▲ ✂ ✟◗❫ ✆❉❑ ❯❪❫ ✠ ✂ ✆P▲✸❑✰❆ ✁☎✠ ✠ ✿✓❯❄❑✰●❍●❳❋❍▲ ✁ ❈✦▲❬❯ ✠ ❈✦▲❬❈☎✄
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✁ ✩★✩ ✂✡❉✹❆❈❰☎❁⑤❑●✾☛✒❶➷✫➚✥✒❴❲✱◆❛❀✿✻■③➌❀❄❂■❂■❍✇❁●❰❈❀✿✻✓✒❶Ô➺➚✥✒ ✗❦❊☎❁●❍✖✒❣➴✜➚à✺❣➚⑨Ï ✷✽✵ ✫ ✫✝Ò☎✆✏✿❂❆✰❱✍❁❄●✥❈❂■ ❈✦▲❬❯
✾ ☎▼❑❘✿❂❆❵❑✰❱ ■◗❚ ✿❂❆ ❃☞☎▼❑ ■ ❨▼❑❘❏✰❋❇❈✦●✸❚✴❁❄▲✸❏✰❃✩❋✖✿❂▲✧■ ✿ ❚ ❱ ❈✦❃✄☎▼❑✰❱ ❈✦❃❇❋✖❏ ❈✦●❅❨✡☎ ✠ ■✰❋✖❏❘■✰✒➣➸❈✻✽P
❀✿P●❁✍➚❬✗➁❅●✻■❍❏❁●❰☎❀❄✻ � ➱✧❀❄✻■⑥✇❆❈❰ ✒●❨✤❀☛✼ ➶➣❊☎✻ ✙❡➚

✁ ✩ ✵ ✂✡❉✹❆❈❁●P➌❀✿⑥✇◆➌✻■❊❈❂✓✒✐❮❱➚ ❮❱➚ ✒❐➱➣❆✄❁✸❨✤❀✿✾■✾☛✒✣✑➌➚ ➷✫➚❦Ï ✷✽✵ ✫ ✩ Ò◗Ô❡✻■❆❈➳❄❂■❍✇❊☎❁●❆❈⑥☎❮➺✻✽❊✽✼▼❁●❍ ❆❈❁✡❉☞❊ �
❂❃❍❏❊☎❁●✾✓✒➌Ô❇✻❃❆❈➳✴❂❃❍✇❊❈❁❇❆❈⑥❛❨❖❊☎❍❏✾■❀❄✾⑨❆❈❁●P✑▲❖❅●❅●⑥✇❍❏➳❐❆✄❂■❍✇❊☎❁➌✾✓✒ ✝ ✡ � ✠ ✟✘❑✰❊✽❋✖❑ ✄✢✒ ✖✘✗ ✒ ✞⑤✁☎✁ �
✞ ➸ ✧ ➚

✁ ✵ ✂ ✂✡❉☞❍✇⑥❏⑥✇❀❄✻✓✒s➴✜➚þ❩✘➚ ✒➁Ï ✷✽✵ ✧✄✞ Ò➧➩⑨③●❀✮➼■❆❈➳✗✙✕✙⑤❁●❍❏➹♣❀ � ❆❱✻✽❀❄➻❦❍✇❀✰✼✮✒ ✘❲❋✖✿❂❱ ❑✰❃✩❆✴❋ ☎✦❈✦✒ ✝✭✖ ✒✹✷ � ✷ ✆ ➚
✁ ✵✹✷ ✂✡❉☞❊☎❑●❁✝❂✓✒✝➩✵➚❛Ï ✁❈✂☎✂ ✷sÒ❴❉✹❆❈✻✛✙❈❀❄❂➺✺❶❊✽✼➽❀✿✻➽❆❈❁●P♦✺❴✻■❍✇➳❄❀➛➱✧❊☎⑥ ❆②❂❃❍✇⑥❏❍❏❂➒➾✜❍❏❁♦➴▼❀✿✾❳❂❃✻✽❑●➳❄❂■❑ �

✻■❀❄P✦❉✹❆❈✻ ✙✄❀❄❂■✾✧➹♣❊❈✻➋❭❴⑥✇❀❄➳❄❂❃✻✽❍✇➳❄❍❏❂➒➾✶✒ ✤ ❑❘❏✰❋❙■✰❋✖✿❂▲ ✝ ❁ ❨❪❨▼✿❂❆✴❃ ✝ ✠✽■✰❃ ❑✰❱ ■ ✁ ✗ ✒❈➸✧✷✶✷ � ➸ ✁☎✆ ➚
✁ ✵ ✁ ✂✰❨❖❍✩✒➧❭⑨➚ ✒✸✛✮❑●③✔✒✮✺❣➚à❮❱➚❴Ï ✁❈✂☎✂ ✷sÒ❖Ô❇❊☎✻✽❀✿➳❐❆✄✾✽❂❃❍❏❁●❰✳❅❛❊✽✼➺❀❄✻✰✈♦❆❈✻✛✙❈❀❄❂✱➳✿⑥✇❀✿❆❈✻■❍❏❁●❰✳❅●✻✽❍✇➳❄❀

❆❈❁●P✗❍➘❂❃✾❣P●❍✇✾✽➳✿✻✽❀❄❂❃❀➺✺✧❚✱Ô✹❑●✾✽❍✇❁●❰✵❆❖❮➛❆❐➾☎❀❄✾■❍ ❆✄❁ � ◆❇❆✄✾■❀✿P✘➳❄⑥ ❆❈✾✽✾■❍✥✤❇➳❐❆✄❂■❍✇❊☎❁✰✈✦❀❄❂❃③➌❊➁P✔✒
✡ ✆ ✆ ✆ ✛✘✿☎✄✡❑✰❆ ✆P▲ ✁✦❋❍▲✸❑❘❑✰❆✴❋❍▲ ✁ ✝✔✿✽❏✰❋✖❑✰❃ ✠ ✂ ❋❍▲▼❃ ❑✰❆ ✠ ❑❘❑✰❃❇❋❍▲ ✁✦✒ ✁ ✒✔✷ ✆ ✷ ✩ � ✷ ✆☎✁ ➸➌➚



✷ ✂ ✵

✁ ✵☎➸☎✂✰❨❖❍✇➳❄❊☎⑥ ❆✄❍✇✾■❀❄❁✔✒✜✑➌➚ ❚✸➚✥✒❝➴✤❍❏➳➵③⑤❂■❀✿✻☛✒➭➲❱➚ ➷✫➚✥✒✟✗❦③●❀✿◆●⑥❏✼✦✒❣❩✘➚à❮❖➚➣Ï ✁❈✂☎✂❈✂ Ò✱✺❴✻■❍✇➳❄❀✚✾■❍✇❰❈❁❇❆❈⑥
❆❈❁❇❆❈⑥➘➾➁✾✽❍✇✾❝➹♣❊☎✻➭➳❄❊☎✈✦❅◗❀✴❂❃❍❏❂■❍❏➻❈❀➣❀❄⑥✇❀❄➳❄❂❃✻✽❍✇➳➽❰☎❀✿❁●❀❄✻❃❆✄❂■❍✇❊☎❁✡➳✿❊☎✈✦❅❇❆❈❁➌❍✇❀✿✾☛✒ ✛✡❆❵✿✽❏✓❫✸✿ ❚✝❃✄☎▼❑

✞P✿❂▲ ❚ ❑✰❆❘❑✰▲✸❏❘❑✱✿❂▲ ✆P●❙❑❘❏✰❃✩❆✴❋✖❏ ❴✜❃✩❋❍●❳❋❍❃ ✠ ✤ ❑✰❆❘❑ ✁✦❁❄●✥❈✦❃❇❋✖✿❂▲ ❈✦▲❬❯✄✟☎❑❘■✰❃✩❆✴❁▼❏✰❃✩❁❄❆✴❋❍▲ ✁✍❈✦▲❬❯
✛✘✿☎✄✡❑✰❆✳✾❬❑❘❏✆☎❄▲✸✿❂●❙✿ ✁✦❋✖❑❘■ � � � � ✂ ✞ ❋❍❃ ✠ ❴✏▲▼❋❍❊✦❑✰❆❵■✰❋❍❃ ✠ ✂ ✓✜✿❂▲❬❯❄✿❂▲ ✂✪❴❅❫✁� ❫❙✒✳✫ ✫ � ✧ ✷☎➚

✁ ✵ ✞ ✂✰❨❖❍✇❀❄⑥✇✾✽❀✿❁✔✒✧❉➪➚þ❲✗➚✤Ï ✁✄✂☎✂❈✞ Ò✸❭ �✦➳✿❍❏❀✿❁✝❂✦❯➒❁➌➹♣❀✿✻✽❀✿❁●➳❄❀☞❍❏❁❺❉☞❑●⑥➘❂❃❍❏➻✄❆❈✻✽❍ ❆✄❂■❀✳Ô❇✻❃❆✄➳❄❂❃❍❏❊ �
❁❇❆❈⑥✇⑥➘➾✦❯➒❁⑤❂■❀✿❰☎✻■❆✄❂❃❀❄P✑➩⑨❍✇✈✦❀◗✗➁❀❄✻■❍❏❀✿✾▼❉☞❊❦P●❀❄⑥✇✾✓✒ ✆☎❏❘✿❂▲✸✿❂❱ ❑✰❃✩❆✴❋✖❏❘■ ✄ ✿❂❁❄❆✴▲❬❈✦●❳✒ ✌ Ï ✷sÒ✰✒
✫☎➸ � ✵ ✧ ➚

✁ ✵ ✆ ✂✰❨❖❊✝❆ ✙✄❀✿✾☛✒➋❚✸➚❩✑➌➚ ✒❶Ð❖❍❏❅◗❀❄⑥✖✒❝❘✘➚ ➷✫➚ ✒❶❉☞➳❄⑥✇❀✿❊❦P✔✒❝▲✸➚ ❯➵➚✥✒ ✑❈❍❏✈♦❀❄❁●❀✿Õ✣✒➭➲❱➚✥✒➧➶➽❆ ✙❈❊✽✼▼❍➘❂❃Õ✦✒
➲❱➚●Ï ✷✽✵ ✩ ✩ Ò❝Ô❇❊☎✻■❀❄➳❐❆❈✾❳❂❃❍❏❁●❰❱❆✄❁●❁⑤❑❇❆❈⑥❦❰☎❀✿❊☎❅➌③⑤➾❦✾✽❍✇➳❐❆✄⑥➁❂❃❍❏✈♦❀✧✾✽❀✿✻■❍❏❀✿✾☛✒ ✡✴▲▼❃ ❑✰❆✴▲❬❈✦❃❇❋✖✿❂▲❬❈✦●
✄ ✿❂❁❄❆✴▲❬❈✦●✟✿ ❚✝✆❅✿❂❆❵❑❘❏ ❈❂■✰❃❇❋❍▲ ✁✦✒ ✵ ✒ ✷ ✂ ➸ � ✷✶✷ ✆ ➚

✁ ✵ ✫☎✂✰❨❖❊☎❰✝❆✄⑥✇❀✿✾☛✒❛Ô➺➚ ✑➌➚✥✒✍➲➺❊☎❁✝❂❃❀✿✻■❆❈✾✓✒✸✑➌➚✥✒➧➲➺❊☎❁➌❀❾➼✽❊ ✒❡▲✸➚❩✑➌➚✥✒✍❭❴✾■❅ ☎✇❁●❊☎⑥✇❆✧✒❛➴✰➚❶Ï ✁❈✂☎✂✝✁ Ò⑨Ô❇❊ �
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✾ ❆❉❈✦▲✧■✓❫ ✛☎✿☎✄✡❑✰❆✞✝ ✠ ■✰❃ ❑✰❱ ■✰✒ ✖ ✌ Ï ✁ Ò✴✒❇➸ ✞⑤✁ � ➸ ✞ ✩ ➚

✁ ✵ ✧ ✂✡❲✵⑥❏✾■✾✽❊☎❁✔✒❇❉➪➚ ✒ ✗ ✎➁P➌❀✿✻✓✒✧✛❴➚✮Ï ✁✄✂☎✂❈✞ Ò➽❩✜❀❄❁●❀✿✻■❆✄❂❃❍❏❊☎❁✖❊❈➹❣✻✽❀✿❰☎❑●⑥✇❆✄❂❃❍❏❁●❰✰❅◗❊✽✼➽❀✿✻⑨❅●✻✽❍✇➳✿❀
✾■➳✿❀❄❁❇❆❈✻✽❍✇❊☎✾☛✒ ✡ ✆ ✆ ✆ ✛P❆❵✿✽❏❘❑❘❑ ❯✦❋❍▲ ✁❂■ ✿ ❚ ❃✄☎▼❑

8th
✡✰▲▼❃ ❑✰❆✴▲❬❈✦❃✩❋✖✿❂▲❬❈✦● ✞P✿❂▲ ❚ ❑✰❆❘❑✰▲✸❏❘❑

✿❂▲ ✛P❆❵✿✦❭❘❈❪❭✓❋❍●❳❋❙■✰❃✩❋✖❏ ✠ ❑✰❃✄☎▼✿✓❯❂■ � ❨❪❨❬●❳❋✖❑ ❯✻❃ ✿ ✛☎✿☎✄✡❑✰❆ ✝ ✠✽■✰❃ ❑✰❱ ■✆✂ ✡ ✿☎✄✺❈ ✝ ❃ ❈✦❃ ❑
❴✏▲▼❋❍❊✦❑✰❆❵■✰❋❍❃ ✠ ✂ � ❱ ❑❘■✆✂ ✡ ✿☎✄✺❈✦✒✔✷ � ✧ ➚

✁ ✵ ✩ ✂✰✺➭❆❈⑥❏✈✖❆✧✒②➷✫➚ ✒✝➲➺③❇❆❈❁✔✒⑤❨✰➚àÐ✰➚❛Ï✫✷✽✵✶✵ ✧ Ò➭❭❴✾✽❂■❍✇✈♦❆✄❂❃❍❏❊☎❁✗❆❈❁➌P✦➹♣❊☎✻✽❀✿➳✿❆❈✾✽❂■❍✇❁●❰✵❊❈➹◗⑥✇❊❈❁●❰ �
✈♦❀❄✈♦❊☎✻❳➾✖❅➌✻■❊❦➳✿❀✿✾✽✾■❀❄✾☎✼▼❍➘❂❃③✳✈✦❍✇✾✽✾■❍❏❁●❰✸➻✄❆❈⑥✇❑➌❀✿✾✓✒ ✄▼✿❂❁✹❆✴▲❬❈✦●✏✿ ❚✟❚ ✿❂❆❘❑❘❏ ❈❂■✰❃❇❋❍▲ ✁✦✒ ✖ ✝ ✒
➸✶✵ ✆ � ✞ ✷ ✂ ➚
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â

1
d̂

â
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â
0

â
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î◗á✽Û♠ÝÜ×Ùßàø ☞❳ÛÑù ☞❳ßà×✆�✬✯②ø②×✴ø ☞❾ßþ× �sÝÑß✝☛➺á❶ý♠á✽ÛÑßàá✽ý ö ý♠ù✌☞✍✌➛×❄ý●Ý✡✌②á❝ß ø✿ÝÞá❳Û ☞❾Ú✴ø②øsá ☞❾ÝÑá✽ú➺á✽ùsÛÑÚ✘✞✄á■×Ùø➺á �àá ☞❾ÝÑÛÞß✁☞❳ß Ý ✄
☛⑨×ÙÛ❪✡✴á❳Ý❦ý✵✞❈ÚÙÝ ✞sÛÑß ☞❾á■ý ö á✠✟✬✌sßàØsß Ý � Ú❄ø✣✢✚✩✷☛➛á✎☛➛Ú✴Û ✄ ö ß ø➋Ý ✌sá◗ýÑá❳ø②ýÑá❇Ú✚✏②ý �àÚ☎✞ � ✄ ✩ ú✐á ☞✽× ✄✿ßàø✣✢ ☞❾Ú❄ÛÑÛÞá �þ×➵ÝÞß Ú❄ø②ý
☞❳Ú✗☛➣Ø②ß øsá■ú ✞✮ß Ý ✌ ✌sá❾ÝÞá❳ÛÞÚ❄ý☛✡✴á✽ú②×✴ý♠ÝÑß ☞❾ß Ý ✄➣×Ùø②ú✓✞❈á❳ÛÞß Ú✐ú✐ß ☞✮Ú❄Û❇øsÚ✴øsá ☞ ✄ ☞✠�àá✽ý✥✙Ùâ ø ☛➛Ú✐ú✐á �àß ø✒✢✧ý♠ù ☞✍✌⑨Ø❈á✰✩
✌②×❃÷❐ßàÚ✴Û ö ✞◗á ☞❳Ú✴ø②ýÑßàúsá❳Û✮Ú✴ø✱Ú❄øsá✮✌②×Ùø②ú ö Ý✡✌②á

k
✩ ✏➘× ☞➒ÝÞÚ✴Û✦✳➭â✵✳➋ê❣é❝î✍ä ✞②ÛÑÚ ☞❾á■ýÑý➧×Ùø✄ú❱×❄úsú✐ß ÝÑßàÚ✴ø②×✆� � ✄

✞sÛÞÚ✗✞❈Ú❄ýÑá➧Ý ✞✍Ú✤☛➺á❳Ý✡✌sÚ✐úsý❛ÝÑÚ➽×✴úsú✐ÛÞá✽ýÞý●Ý ✌sá❣ÛÞá �þ×➵ÝÞá✽ú✜✞②×✴ÛÞ×✗☛➺á❳ÝÑá✽Û❡á✽ý♠ÝÑß✝☛⑨×➵ÝÑßàÚ✴ø ✞②ÛÑÚ❄Ø✄� á✥☛ ✙✴â ø⑨á✽× ☞✍✌
☛➛á❾Ý ✌sÚ✐ú ö ✞◗á❖á✠✟✬✞✄�àÚ✴ÛÞá⑨Ý✡✌②á❱×❄ý ✄ ☛✜✞✐ÝÑÚ✴ÝÑß ☞⑨Ý ✌sá❳Ú❄Û ✄ ✏✥Ú✴Û➺á✽ý♠ÝÑß✝☛⑨×➵ÝÞß Ú❄ø✱✙➌ç✜Ú✴ÛÞá❳Ú➵÷✴á✽Û ö Ý✡✌sá✱×✴ý ✄ ☛✓✞✣✩
ÝÞÚÙÝÑß ☞★✞sÛÑÚ✘✞✄á✽Û♠ÝÞß á■ý❶×✴ÛÑá➽÷➵× �àßàús×ÙÝÑá■ú✰×Ùø✄ú ☞❾Ú✘☛✜✞②×ÙÛÞá✽ú✵÷❐ßþ×❖ç✜Ú✴ø✿ÝÑá▼î✍×ÙÛ � Ú❱ý♠ß✝☛➣ù �à×ÙÝÑßàÚ✴ø②ý✥✙✝è❶ø✰Ý✡✌sá
Ú✴Ý✡✌sá✽Û✧✌②×Ùø✄ú ö ✞✍á⑨ßàø❄ÝÞÛÑÚ✐ú✐ù✌☞❾á✤×✵ø②á ✞ ☛➣ù � ÝÞß ÷➵×ÙÛÞßþ×➵ÝÑá �àÚ✴ø✒✢✚✩✷☛➺á✥☛➛Ú✴Û ✄ ✢✴á✽øsá❳ÛÜ× �àß �❳á✽ú ☛➛Ú✐ú✐á �➋æ

k
✩

✏➘× ☞➒ÝÑÚ❄Û❶ç✕✭✦✳➋ê❶é❝ç✜ê➭ë❝ßàø✜Ú✴ÛÜú✐á✽Û✮ÝÑÚ ☛➺Ú✐ú✐á �➁ßàø✿ÝÑá✽Û ☞❳Ú✴øsøsá ☞➒ÝÞá✽ú✱á❳ù②ÛÑÚ✘✞✄á■×Ùø✵á �àá ☞❾ÝÑÛÞß✁☞❳ß Ý ✄ ☛⑨×ÙÛ❪✡✴á❳Ý
ý✡✞✄Ú✴Ý✦✞sÛÞß✁☞❳á✽ý✥✙sÿ✸á➣ý♠ù✒✢✗✢✴á✽Û❝× ✞sÛÜ×✆☞❾ÝÑß ☞❳× �✱✏✥ÛÞ×✗☛➺á ✞◗Ú❄Û☛✡▼ÝÑÚ✤×❄úsú✐ÛÞá✽ýÞý✍Ý✡✌sá★✞②×ÙÛÜ×✚☛➛á❾ÝÞá❳Û✮á■ý♣ÝÞß✟☛⑨×➵ÝÞß Ú❄ø
✞sÛÞÚ✴Ø � á✥☛✹✙✝ÿ✸á⑨ßàø✿÷❄á✽ý♠ÝÑß✝✢❄×ÙÝÑá➽Ý✡✌sá▼×✴ø②× � ✄✿ÝÑß ☞❳× �●á ✟ ✞②ÛÑá■ýÑýÑß Ú❄ø②ý➭Ú✚✏◗Ý✡✌sá �àá✽×❄ý♣Ý✧ý ✆❄ù✄×ÙÛÞá✽ý ✞sÛÞá✽ú✐ß ☞➒ÝÞÚ✴ÛÜý
✏✥Ú❄Û❛Ý ✌sá➭Ý ✞◗Ú✓✞sÛÞÚ✗✞❈Ú❄ýÑá✽ú ☛➛Ú✐ú✐á �þý➧×Ùø②ú✤Ý✡✌②á❳ßàÛ ☞❳Ú✴ø✬✯❈ú✐á❳ø ☞❳á❶ßàø✿ÝÑá✽ÛÑ÷➵× �þý✥✙❘❹➁Ú✓✯②øsßþý✵✌ ö ✞✍á➭×✗✞✣✞✄� ✄➛Ý✡✌sá
Ý ✞✍Ú ✞sÛÞÚ✗✞❈Ú❄ýÑá✽ú✕☛➛Ú✐ú✐á �àý❶ÝÑÚ✤Ý✡✌sá★✏✥ÛÞá❳ø ☞✍✌✸×Ùø②ú✕✢❄á❳Û ☛⑨×Ùø✵á �àá ☞❾ÝÑÛÞß✁☞❳ß Ý ✄✕☛⑨×✴Û☛✡❄á❾Ý❶ý✡✞✄Ú✴Ý ✞②ÛÑß ☞❾á■ý❶×✴ø②ú
× ☞❾Ú✘☛✜✞②×ÙÛÞßàýÑÚ✴ø❖ßàý☞☛⑨×❄ú✐á➋Ø✄á❳Ý ✞◗á✽á❳ø❱Ý✡✌sá✽ß Û☞✏✥Ú❄ÛÑá ☞❳×❄ý♣ÝÞß ø✣✢➛×ÙØ②ß �àß ÝÞß á■ý✎✙
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�❉➓ ✼➔➑ ➌❈➊ ➑ ➋➈→✔➣✔↔✔↔
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✞ ✆✌✱✷❁✝❃✲✱✽✯❄❃④✫ ✠✧✶✷✩✬✦✸✯❄✱✷❁✌✭➅➛➜✦✸✳✸✩ ✄✔❁✂➝✮➞✌➟ ↔ ➙ ➌ ✞✡✂✘➍ ✞✮❁
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