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THÈSE

présentée et soutenue publiquement le 6 Septembre 2006

pour l’obtention du

Doctorat de l’Université de Caen
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>fCH���;
�!�"��;��� A?�9�L>$�;�R�;�<����"�"�!�Al	 =@�L���8ob= �_��!�"�"�����	.!��@> ���<�IXm> ���)Y�"���������!��@�8> ���GCD�FE J���= ����!��n> ���GCH���;
�!�"��;��� A?�
������������ob=@�:#
\ ð ^)ST!�= �8>fCH��K.!�"�>fU<�@!�=@��A?!��<��"�!��@�8o<=@�����M��!�Al	 ���FE$�;��J4K �;�����;"��4> ���GCH���;
�!�"��;��� A?��>fCD�2=@���;��> ��J������@>$=�qDo<= �
�9������= ���N�����8��!<�F�B�������<���I> �NP8���9!�= ��s7���������dYG���;�R= �@�4�;!��.�;�;Al�;���4
b��=@��������� �@��XM���MY�!����8��= "R�����8	.!��;g<�@��A?���L���
���������<������"��m\]���@J�!�"�O�A?���eõ����Lø<^F# 6w�V��!��j�;�;Al�;���M> ���I��!�Al	 ���FE��;��J���K �;�����;"����I�������<�I> !��@���hCH�ucd!�= ����"eXV�����;�����
> Jrc�X���!�� �<=����
qDP8Q¦ �ø�sw> ������!�Z ���4��> >$�;���[Y`�eXl��"�!����������@����A?!<> J�"�J��:#
\`ò�^I�2�@��=@�[����U��@!�=@�e!�K@�����@!��@�4o<=@�����l��!�Al	 ���FE$�;��JMK �;�����;"���> ���GCH���;
�!�"��;��� A?�V>fCD�2=@���;��> ��������������ob=@�X�
|��§���
�
ô~y%��×%x5Ó%�³�
�M����������Y`���;�e��=@�����f= �@����!��7�;�;Al�;����
b��=@��������� �@�B\]���@J�!�"�O�A?� ð ^F# ST!�= ���FY`!����9U$�@!�=��I�@����!�AlA?����	����
��"�"��;�bJ���XB���������V��!��@���;=@����!�����= "4�����N���<������"��NAB�����4�@!�=@����A?J��;�;!�"�!��@�N�GCD!�"�>$"���> �m
:"����@> ��= "���!�� �<=@��	.!�= "
��������"����������m���I�@!�=@�e> !�� �@!��@�4> ���I����"�A?���e>fCD��"�"���= "V\]���@J�!�"�O�A?��ò�^F#
\`õ�^N�N!���"�����"�!�������O�A?�l"�J���= �;�����m������= �@�B�������;g����V�@�@�l���M����A?!hgb��� �@�l> �����n��!�Al	 ���FE$�;��JlK �;�����;"��?>fC = �@�
�b��"�����!��t> �e�GCH���;
�!�"��;��� A?�N"���	 ��> �N> �Nù��<= ���$qr�����@ú�� ����
b����= "R�����8���<������"��9#$s8�������4�b��"�����!��t>$�[�fO�"��4��= "8> ��=$E
	.!��;�<���I�9�����e�GCD!�"��;
:�;�������:#$ST!�= �8>fCH��K.!�"�>|���4����= �;��	.!�= "L����!�	 	.��"R�����L��	 	.�����R"�J���= "����[Y`���7CD������	 �;=@��� E ��AB�����
> J�	.���@>l> �R���4�����;�;���L> ���,���<��"�J����h#��2�@��= �;���:U����eA�= �;���;	 �;���9������!��?"���	 ��> �8�7CD�����0	 �;=@�,���4~,~,S�UuAB�����,��!�= �����,�����
A�= �;���;	 �;���9������!:�@�N> !��<�e���l��!�Al	 ���FE$�;��J������e���

O(nα)
	.!�= "4> ���e���<������"��4> �M�����;�;���

n
�9�b���

α > 3/2
#@}0!�= "

�������b��"�����!��@�9U��@!�=@��A?!��<��"�!��@�8ob=@�����M��!�Al	 ���FE��;��JeA?!hgb��� �@�4��������!�=��dq�ob=���>$"�������o<=@��\����@J�!�"�O�A?� ó ^F#�sNCD�����
���
	 "���Al��O�"��lY`!����mob=7C = �����;
�!�"��;��� A?�|��=@���;��>$�����x"���	 ��> �B�������������;g$��J?����A?!hgb�F�@�@�:#wy����;"��9��=$EjUw�i��= A?�Fq
y�����������Al	@�?����QR���;��J��®qDy��kyIQ� ñ s�!��<�?���_���[g$��Jn��� A?!hg���� �@�n�GCH���;
�!�"��;��� A?�W>@�W�<����� ��JFq�+_�;AlA?��"�A|��� �
AB�����L�;���L!��<�L��!��@����> J�"�JN����A�= �;���;	 �;���9������!��W������������ob=@�:#�6�CH�������;g�����> �N�GCH���;
�!�"��;��� A?��> �Nù��<= ���$qr�����@ú��@����
��
���������������<�������;����A?���<��K�����J��|��= "m�GCH�������;g$���|>fCH���;
�!�"��;��� A?���l>$�;�����;�<����"�"�!�Al	 =@��o<= �R��!�"�"�����	.!��@> ���<�?X�> ���
	.!�"�����!��@�M> �V�GCH���;
�!�"��;��� A?�?>fCD�2=@���;��> �:#f6w�V�@!�A�K "���>fCDJ�����	.����AB�����M��=@�����0���|�����;�;���VK �;�����;"��l> ����> !�� �@J����
> �M��!�"��������e> �������4���;
�!�"��;��� A?���4��!��<��	 "�J������<��J����4��=W���@J�!�"�O�A?��ý$#
\]ø<^N67���M���;
�!�"��;��� A?���M�;�<����"�"�!�Al	 =@�m��!��<���;��J��MXt�`CDJ��b!��;= ����!���>@����"�������������=@�����������[Y`��>@���@���GCD�FE J���= ����!���> �
�GCH���;
�!�"��;��� A?�t>fCD�2=@���;��> �:#T�N!���"��?> ��"�� ����"m"�J���= �;�����mA?!��<��"��Bob=@�l���
�����;�;���lK@�[�_���["��B>$=�"��������B���;��=@JBXn= �@�
Y�"���������!��x\]"�������!�� �@���;���h^I> ���GCD�FE J���= ����!��7U_��=@�����w��	 	.����JM��!��<���;�<=����<�9U���= �;�I= �@����!��f�@!�"�AB�����B\]���@J�!�"�O�A?� ñ ^F#
s8�����8�����M���
�b��"�����!��x>$������"�O����B>7C =@��"�J���= �;������K �����x��!�� �<=�> �?})� �;�;�;	 	:qD}2� �êþ% %sR���V��A?J��;��!�"�JB	���"�Q����;��J��
>@���@�¥q QR��� ÷ þuK~s�#

åmÌ]Ë@À?m7y����@������	 "���Al��O�"�������������!��7U@�@!�=@�e> J���"��;��!��@�e�����4���;
�!�"��;��� A?���4>fCD�2=@���;��> ��������������ob=@���e���eJ������$q
>$=@�hUb�GCH���;
�!�"��;��� A?��> �Nù��<= ���$qr�����@ú�� ����
������8�����L���;
�!�"��;��� A?���I> �[���R�;�<����"�"�!�Al	 =@�h#$y����@�R�����8��"�!����8	���"��������
o<= �7��= �;�b���<�9U$�@!�=@�e> JF�@� ������!��@�������I	���"���A?O���"����e�;Al	.!�"������<���4> ���I��"�!����I�©g�	.����>fCH���;
�!�"��;��� A?���4�����@!�=@�����
> !�� �@!����������I"�J���= �;��������	 "��;�@���;	���=$Ef#�~0�;��������A?���<�9U@�@!�=@�e��!��@���;=@!��@�9#
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� �@�W> ���@��	����L��"����;����"e��J�	���"�J�A?���<�e�;���9����> ���I	.!��;g<�@��A?���e���I�����9���I> �������<������"��9U ���V	 "���Al��O�"��M�����Fq
����!����;�<��"�!<>$= �;��> �����@!���������!��@�m��!�AlA�= �@������=$Ei> ��=$E���!��<���FE������h# � �����l��������!���������!��@�9Uf������	_��"���A?O���"����
��>$A?���������<��> ���V> JF�@� �;����!��@�V��> ���<����ob=@����>@���@�m�����V> ��=$E��9���9#w6w���V����������!��@�V��= �;�����<������	 "�J������<�����<��>@���@�
�GCD!�"�>$"��l�����M���;
�!�"��;��� A?����>fCD�2=@���;��> �?������������ob=@�������MJ������@>$=@�9Uf�����M���;
�!�"��;��� A?���m�;�<����"�"�!�Al	 =@�m���������M���;
�!�q
"��;��� A?���e> �Mù��<= ���$qr�����@ú�� ����
��:#
=ÞÝ)ß�Ý4= 0�Ü7Ñ�Ï.Ñ�ÒGÜTÖ�Ù
ã$ÜwÞ�ÞÉâRÖ)Ó�Ù
Ïfâ�à¸Ú�Ó�â�à¸ã$ÜwÖTÑ�Ó3à0Ñ:Ó�Ù

�N!�=@��J���=@>$��!��@�M�����M���;
�!�"��;��� A?���VX|���|Y`!�������= "������M���<������"��M���M��= "�������	.!��;g��@��A?���9#f6�CD�F������A�K ���?> ���
���<������"��l������= "������B�����l�@!���J

N
����!�"��?o<=@�t�GCH��� �@�9��=

Fq[X]
>@J����;
:�@�n�GCD���@����A�K ���W> ���l	.!��;g<�@��A?���|Xk= �@�

�;�@> J�����"�Al�;�@J��?��= "��GC =@� ��ob=@�l��!�"�	@�
Fq

X
q
J���J�A?���<���h#fy����@�����t��= �;���:U

A
> J����;
:�@�l��!��;�

N
Uj��!��;���GCH��� �@�9��=

Fq[X]
#

67��> ��
:"�J�>fC = �n	.!��;g<�@��A?�N�@!��$qG��= �
u
�����8�@!���J

deg u
#�},!�= "

u = 0
U<�@!�=@�8	.!:��!��@�

deg u = −∞ # ��= "8�����
���<������"��R	.!:���;���[Y`�9U���!�=@�R��!��@����> J�"�!��@�R���M�:������= "L��K@��!��;=@�e=@��=@���;��� ||v|| = v

�����@>$���8o<=@�e��= "R������	.!��;g��@��A?���9U
�@!�=@����!��@����> J�"�!��@�N���B�:������= "���K@��!��;=@��= �;��"���A?J���"���ob=@�l> JF�@� ����	���" ||v|| := qdeg v ��� ||0|| = 0

#.6w�B�����;�;���
>fC = �����<������"��@!��$qG�<= �GUj�@!���J��

`(v)
Uj�����N���B�����;�;����K �;�����;"���> �

v
u.���;����������J�
b�����lX blg vc + 1

!��
lg

�����N���
��!�
b��"��;��� A?�|����K������Bòn��� bxc ���������n	���"������B���<����O�"��B> �

x
#76w�n�����;�;���

`(v)
>fC = ��	.!��;g��@��A?�

v
�@!����<= �

�����M���l�@!�A�K "��B> �B��!<�F�B�������<����> =�	.!��;g<�@��A?�:Uw�G#D�:#;U
1 + deg v

#�!e��	.!��;g��@��A?�B�����m>$�;�M= � �;�����;"��|������!��
��!<�F�B�������<��> !�Al�;�����<�I�����

1
#<y����@�8���N�9���L> ���L���<������"��9U������LJ���JFA?�������L= � �;�����;"����I��!��<�8	���"L> JF�@� �;����!��
��!�=@�

������J���J�A?���<���e�@!��$qG�<= ���e> �
N
#

6)CD���@����A�K ���
Ω
> ���e���<��"�J�����	.!:�����;K �����e> ���e���;
�!�"��;��� A?���4>fCD�)=@���;��> �m�����

Ω = {(u, v) ∈ A2; 0 ≤ ||v|| < ||u||, u = � �;�����;"�� }. \ ð # ð ^
}0!�= "4��!�= �4J���JFA?�����

(u, v)
> �

Ω
U@���������;�;���m> �M���l	����;"��

(u, v)
�����e���;Al	 ����A?���<�4���������;�;���

`(u)
> �

u
�������

�@!�"�A?�M> �M����������	����;"��:U@�@!���J�� ||(u, v)|| U@�����I�����@!�"�A?� ||u|| > � u #
=ÞÝ)ß�Ý)ß Ô�×GÛ7ÜwÐbÒ`Ñ:Ý�Þ Ó�Ù
Ú�à�álâRã ×�Ò�Ú�Óxã ×GÏfÙ�Ù�Ò48,â�Ó�Ù
Ó Ñ(6 Ñ:Ó�ÖRÚ�âRÙ

��!��;�
u
���
v
> ��=$EWJ���J�A?���<���4> �

A
�9����� ||v|| < ||u|| ��� v 6= 0

#@6w�?>$�;�<������!�����=@���;��>$����� �@��> �
u
	���"

v������> !�� �@J��M	���"
u = m · v + r

!�� ||r|| < ||v|| ���
m ∈ A.

\ ð #Hò�^
6)CD���<������"

m
\]"�����	7#

r
^2�hCH��	 	.���[���4���4o<=@!��������<��\]"�����	7#b���e"��������h^)> �e���m>$�;��������!��t��=@���;��>$����� �@�:#@s8�������N>$�;��������!��

��>$A?��������"���	 "�J������<��������!���AB����"����������;���
(
v
u

)
= M[m]

(
r
v

)
,

!��
M[m] =

(
0 1
1 m

)
.

6)CH���;
�!�"��;��� A?�L>fCD�2=@���;��> �L�F�j������=@�8> ���T>$�;��������!��@�T��=������������;�����@cd=@��ob=wCDX����Ro<=@�)���)"�����������!��;�T�<= �G#u67�R> ��"�� ����"
"����������@!��
�<= �7�����e����!�"��I���N	 
���>f#_�<�f	.!�= "I= �@�����<��"�J��

(u, v) = (v0, v1)
U$�GCD�FE$J���= ����!��������I��!�Al	.!:��J��M> ���

p
>$�;��������!��@����= �;�:���<�����9U

v0 = v1 ·m1 + v2, v1 = v2 ·m2 + v3, . . . , vp−1 = vp ·mp + 0,
\ ð #Hõ�^

����!�"��
vp

�����I����	 
���>W> �
(v0, v1)

���I�@!�=@�4�9�b!��@�I����"�����������!��WAB����"����������;���:U
(
v1
v0

)
= M(i)

(
vi+1

vi

) �9�b���
M(i) := M[m1]M[m2] . . .M[mi].

\ ð # ø<^
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á�r��������x���������y%xH�¥	��
�
�%�É�7y%���C�Cñ������
y����@�)���M��= �;���:U��@!�=@����!��@����> J�"�!��@�R= �@�¥���z�%x�}�ñS�4> ���GCH���;
�!�"��;��� A?�N>fCD�2=@���;��> �:U<���<��"��������)�;�@>$�������

i
���
j
U

��	 	.����J��?���;
�!�"��;��� A?�l>fCD�)=@���;��> ���;�<����"�"�!�Al	 = E(i,j)
U.o<= �,��!�AlA?���@���B�9�����V���B	����;"��

(ai, ai+1)
�����F����"�J��

���M�9������= ���l���n��= �;���l> �l>$�;��������!��@�B\ ð #Hõ�^N���<��"��l�����MJ�����	.���
i
���
j − 1

#f6w�n��!�"������l> �l�����m���;
�!�"��;��� A?�B�����
��!�Al	.!:��J��M> �����V	����;"��

(aj , aj+1)
���e> ������AB����"������

M(i,j)
��!�"�"�����	.!��@>@���<�NX����V��"��������@�M>fCD�FE J���= ����!��7U

M(i,j) := M[mi+1]M[m2] . . .M[mj ].
\ ð # ñ ^

6T�������;�;�;�MK �;�����;"��M> ������AB����"������ M(i,j)
�����I�@!���J��

`(i,j)
�������������dY`���;�

`(vi+1) − `(vj) − 2 ≤ `(i,j) ≤ `(vi) − `(vj+1) + 2.
\ ð #Hý�^

s8!�AlA?�e��!�= �����R�����)AB����"��������
M[m]

��!��<���;�<�b��"����;K �����9U�������AB����"��������
M(i)

���e��!��<�8��=@�����_���8��>$A?���������<�
��!�AlA?�M�;�<�b��"����

M−1
(i) =

(
ai+1 bi+1

ai bi

)
,

�9�b��� {
ai+1 = ai−1 −mi · ai, a0 = 0, a1 = 1,
bi+1 = bi−1 −mi · bi, b0 = 1, b1 = 0.

\ ð # þ:^
�)�n	���"����;��= �;����"e	.!�= "

i = p
U������I��!<�F�B�������<���

ap = a
���
bp = b

��!��<����	 	.����J��I�����I��!<�F�B�������<���e> ��PL���9!�= �
���e���������dY`!��<�I���VY�!�"�A�= ����K ��������!�� ��=@�:U

a · v1 + b · v0 = pgcd(v0, v1).

6�CH���;
�!�"��;��� A?�M>fCD�2=@���;��> �MJ������@>$=W�9������= ���MX����mY�!����8���N	 
���>
���L������!<�F�B�F�����<�e> ��PL���9!�= �
a
#$}0!�= "��������$U��;�

�F�f������=@���������9������= ���4��= �;�����<�������
	 �;=@�e> ����>$�;��������!��@�9U

a0 = 0, a1 = 1, ai+1 = ai−1 −mi · ai,
	.!�= "

i = 1 . . . p− 1
\ ð # ó ^

\
ap = a

^F#h67!�"���o<=@�
v1

���
v0

��!��<�w	 "���Al����"��0���<��"�����=$EfU9���)��!<�F�B�������<�
a
��!�"�"�����	.!��@>VXI�GC �;�<����"����)A?!<>$= �����;"��

> �
v1

A?!<>$= ��!
v0
#76)CH���;
�!�"��;��� AB�|>fCD�2=��F�;��> �tJ������@>$=x!��j"��?> !��@�?= ��A?!hg�������= ��!�AB������o<=@�|> �?�9������= ����"

> ���e�;�<�b��"�������A?!<>$= �����;"����N���mo<= �w������	���"4�FE ��Al	 ���M= ���;����Xl���l
�J��@J�"�������!��k> �m����J��e	 = K �;��o<=@���4���e	 "��;��J����
>$=W	 "�!���!<��!����mv�� � #
=�Ý)ßbÝ�> Ô�×�Û7Ü7ÐbÒ`Ñ:ÝRÞßÓ�Ù
Ò©ÖwÑ:Ó@Ð�ÐbÜwÞãâRâ�Ù

�4!�=@���;�<��"�!<>$= ����!��@��AB���;�<���������<�m> ���m���;
�!�"��;��� A?���m>$�;�����;�<����"�"�!�Al	 =@�mo<= �2��!��<�M��>@��	 ��J��mX|���n��!�A�q
	 "�J��@���@����!��WAB�����4��=@�����wXV�GCH�������;g$���M> ���e���;
�!�"��;��� A?���4> ��ù��<= ��� qr�����@ú�� ����
���#.s8���4���;
�!�"��;��� A?���4!��<��J���J
�;�<��"�!<>$=@�[���,���4	 "���Al��O�"��8Y�!����,>@���@�²qDy�Q� �ø%s$	.!�= ",�GCH�������;g$���L> �8�GCH���;
�!�"��;��� A?��> �867��� A?��"dq��)=@���;��> �§qD67����õ ó s�#
},!�= "�> ��=$E��;�@>$�������

i, j
o<= �����������dY�!��<�

0 ≤ i ≤ j ≤ p
U7�GCD�FE$J���= ����!���> �?�GCH���;
�!�"��;��� A?�t>fCD�2=@���;��> �t���<��"��

�����eJ�����	.���
i
���
j
��!�"�"�����	.!��@>�X��GCH���;
�!�"��;��� A?�m�;�<����"�"�!�Al	 = E(i,j)

#@���7�FE$��������>@�F= En�©g<	.���e>fC �;�@>$�������
(i, j)

U
������!���ob=wC �;����> J�	.���@> ���<�m>$�;"���������A?���<��>$=i�@!�A�K "��l>fCDJ�����	.���

p
Uj!�=�> �V���|�����;�;���

n = `(v0)
> �V�GCD���<��"�J��:#

�N!�=@�I�@!���!��@�
Ωn

�GCD���@����A�K ���m> �������<��"�J����e> �������;�;���
n
U

Ωn := {(v0, v1); 0 < v1 < v0, `(v0) = n}.
y����@�e����o<= �7��= �;�9U

γ, δ
���������dY�!����I��������!��@>$�;����!��@�4��= �;�:���<�����Mp

γ ∈ [0, 1], 0 < δ < 1 − γ
#

�N�É�7y%���C�Cñ��³� E[γ,δ]

@�<= "8= �@�N���<��"�J��

(v0, v1)
> �

Ωn
U<�GCH���;
�!�"��;��� A?� E[γ,δ]

��!�AlA?���@���MXM���
ke �;��J�"�������!��
> �

�GCH���;
�!�"��;��� A?�l>fCD�)=@���;��> �:Uf> O��No<=@�����B�����;�[����>$=k"��������
vk

�|>$�;Al�;�<=@J�> �
γ · n U_�G#D�:#;U `(vk) ≤ (1 − γ) · n U�����9CH��"�"�{����t��!�"���ob=��B���������;�;���t>$=�"��������

vi
�����@��!�"��t>$�;Al�;�<=@Jn> �

δ · n UT�G#D�:#;U `(vi) ≤ (1 − γ − δ) · n #� = ��"���A?���<�4>$�;�9U �@!�=@�e�9�b!��@� E[γ,δ] = E(i,j)
�9�b���

i := min{k; `(vk) ≤ n− bγ nc}, j := min{k; `(vk) ≤ n− bγ nc − bδ nc}.
ð9÷



� ñ��
ô��������$�>
n�N� ��y%�
���Cñ��³�
�
	Çð òr|S}��ó��	��
� �;
�!�"��;��� A?� Eδ(u, v)

� �;
�!�"��;��� A?� Êδ(u, v)
n := `(u) n := `(u)
i := 1 i := 1
v0 = u

U
v1 = v v0 = u

U
v1 = v

M0 = I M0 = IS,���<�eob=@�
`(vi) > (1 − δ) · n S0���<�eo<=@�

`(vi) > (1 − δ) · n
mi := bvi−1/vic mi := bvi−1/vic
vi+1 := vi−1 −mivi vi+1 := vi−1 −mivi

Mi := Mi−1 ·M[mi] Mi := Mi−1 ·M[mi]

i+ + i+ +v4����!�= "��@��"
(vi−1, vi,Mi−1)

v4����!�= "��@��"
(vi−3, vi−2,Mi−3)

ätI)åBæ ð # ð ª � �;
�!�"��;��� A?�����;�<����"�"�!�Al	 =�� Eδ
��� Êδ

#

6)CH���;
�!�"��;��� A?� Ê[γ,δ]
��!�"�"�����	.!���>���=xA?{�A?�n���;
�!�"��;��� A?�n����=$Yeob=@�B��������"�!����V> ��"�� ��O�"�����J�����	.���V�@�|��!��<�

	����I�F�f������=@J����9# E[γ,δ]
�F� Ê[γ,δ]

��!��<��> �������;
�!�"��;��� A?���e	 = "���A?���<�����@J�!�"���ob=@���e����=$Y0���.����	.!��;�<��> ��> J�	���"��
�����N�����;= �,> �m�GCH���;
�!�"��;��� A?�l>fCD�2=@���;��> �:U.�G#D�:#

γ = 0
#_y����@�N�����9���9U��@!�=@��!�K �����@!��@�N���������;
�!�"��;��� A?��� Eδ

���
Êδ

> J���"��;���4X������@
:= "�� ð # ð
�N!�=@�,����"�"�!��@�)ob=@�8�����)���;
�!�"��;��� A?��� Ê[γ,δ]

�F� Ê1/2
��!��<�,	���"�������= �;��O�"���AB���<��K �����?��>@��	 ��J��2	.!�= ")> J���"��;"��

����	 "�!<��J�> = "��M"�J���= "����;�b��> ���GCH���;
�!�"��;��� A?��> ��ù��<= ���$qr�����@ú��@����
���#
�­�É�7y��
���Cñ��³� E<γ,δ>


b�©��������>$�[�B���;���4>fCH�������;g$����"R>$�;"���������A?���<�8�����R���;
�!�"��;��� A?���R�;�<����"�"�!�Al	@=@� E[γ,δ]
�9��"R!��

�@�?�����;�M� �RX
ob=@���;���BJ�����	.�l�;���m��!�AlA?���@�����<�9Uw� �RX
o<=@���;���?J�����	.�l�;���M����"�Al�;�@���<�9#,sNCD�����M	.!�= "�o<=@!��GU7�@!�=@�
�;�<��"�!<>$= ����!��@�I�GCH���;
�!�"��;��� A?� E<γ,δ>

#@�<= "L= �@�����<��"�J��
(v0, v1)

> �
Ωn

U<�GCH���;
�!�"��;��� A?� E<γ,δ>
��!�AlA?���@���MX

�GCDJ�����	.� bγ ·pc \�!��
p
�����)�����:��"�����K ���4����J9����!��;"��4>$=?�@!�A�K "��e��!������_>fCDJ�����	.����^2���R�9CH��"�"�{���� bδ ·pc �;��J�"�������!��@�	 �;=@������"�>f# � = ��"���A?���<�4>$�;�9U E<γ,δ> = E(i,j)

�9�b���

i := bγ pc, j := bγ pc + bδ pc.
y����@�m��!���"��t�������;g$���:Uw�@!�=@�����;��!��@��A?!��<��"���"�o<=@�?���������;
�!�"��;��� A?��� E<γ,δ>

��� E[γ,δ]
��!��<�m��"�O���	 "�!<���@���

�GC = �t> �e�GCH��= ��"��N>fC = �|	.!��;�<�L> �e�<=@�e	 "�!�K���K �;�;�������:#�},!�= "8> J�A?!��<��"���"I���������4���;Al�;�;�;��=@> �:U<��!�=@��= ���;�;����!��@�R= �
���;
�!�"��;��� A?�M���@J�!�"���o<=@���;������"�A?J�>$�����["�� E<γ,δ]

#
�­�É�7y��
���Cñ��³� E<γ,δ]


��<= "7= �@�)���<��"�J��
(v0, v1)

> �
Ωn

U��GCH���;
�!�"��;��� A?� E<γ,δ]
��!�AlA?���@���RXL�GCDJ�����	.�

k = bγ·P c���V�9CH��"�"�{����B��!�"���o<=@�B���
�����;�;���t>$=x"��������
vbγ·P c+i

��>$�;Al�;�<=@J|>@�
δ · n 	���"�"���	 	.!�"��lX������;���|> �

vk
Uw�`#D�:#;U

`(vbγ·P c+i) ≤ `(vk) − δn
#@67���e> ��=$EW���;
�!�"��;��� A?��� E<γ,δ]

��� E(i,j)
��J�"��[�����<� E<γ,δ] = E(i,j)

�9�b���

i := bγ pc, j := min{k; `(vk) ≤ n− bγ nc − bδ nc}.

ç �� *�4���×è��N���������t���Á ²����é~�*�����¨ê~�5�Á r���������z���*�
ëf�� {� �4!�=@�8��!�= �����;��!��@�L��!�Al	���"���"8�����L���;
�!�"��;��� A?���8�;�<����"�"�!�A�q
	 =@� E[γ,δ]

qDo<= �_�;������"��<����� �@���<��> �4AB��� ��O�"��N������= "����;���N	.!�= "I> J���"��;"��N�GCH���;
�!�"��;��� A?��> �Nù��<= ���$qr�����@ú�� ����
b��s
�9�b���N�GCH���;
�!�"��;��� A?� E<γ,δ>

qDob= �7�����I	 �;=@�I"�J�
:= �;����"�	 = ����o<=@���@!�=@����!�� ����������!��@���FE@��������A?���<�e��!��
�@!�A�K "��
>fCDJ�����	.����s�#��N!�=@�T�;�<��"�!<>$= ����!��@�)����!�"��T= �@�8>$���������@���8���<��"��8> ��=$E����;
�!�"��;��� A?���,�;�<����"�"�!�Al	 =�� E(i,j)

��� E(i′,j′)> JF�@� ���M	���"I����"�����������!��
d(E(i,j), E(i′,j′)) = max(|i− i′|, |j − j′|),

���|�@!�=@�n���;��!��@�tA?!��<��"���"
ob=@������>$���������@�������<��"�� E[γ,δ]
��� E<γ,δ>

�����|	.�����;���i�9������= �@����"�O��|
:"����@> �
	 "�!�K���K �;�;�;��J:#js8�����l	 "�!�= ����"��l= �@��
:"����@> ��"�J�
:= ����"��;��JM	.!�= "��GCH���;
�!�"��;��� A?� E[γ,δ]

#

ò� 
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@�ª
á�r��������x���������y%xH�¥	��
�
�%�É�7y%���C�Cñ������
=�Ý)ßbÝNì Ô�×�Û7Ü7ÐbÒ`Ñ:ÝRÞßÓxÚ�Ó�í�Ö0â)Ñ:Ý�î & ãbÝ�ïTÖ�Ý)ÏjÛ7Ó KS Õ�ðwÓ@ÐbÙ�ÒGÜwÖ'Ü7Ð<ÒGÛwÒ©Ö)Ïf×GÓ

�4!�=@���@!�=@�e�;�;Al�;��!��@�e�����0��=��9���e> ���4���<������"��9#�6)CH���;
�!�"��;��� A?�V> �Mù��<= ���$qr������ú�� ����
���qDù��<=_þ ð U_�$���_þ ð s
= ���;�;������> �LAB��� ��O�"���"�J���= "����;���I= �@�I��> J���> ��67��� A?��"¢qD67����õ ó s_ob= �������)> �I"���Al	 ��������"R> �I
:"����@> ���R>$�;�<������!��@�
	���"4> �M
:"����@> ���eA�= �;���;	 �;���9������!����N���e> ���e	.�����;�����4>$�;�<������!��@�9#@6w�?��!�Al	 ���FE$�;��J�>fC =@�@�m>$�;�<������!��������e>fCD!�"�>$"��
Θ(n2)

��= "e> ���e���<������"��e> �M�����;�;���
n
����!�"��eo<=7C �;�w�FE��������M> ����A�= �;���;	 �;���9������!:�@�N> �M��!�Al	 ���FE$�;��J

O(nα)
\�ùM�uq

"�������= K��n!�=�ST!�A�qrs8!<!�� ^��9�b���
α < 2

���;�@���)o<=@��> ����A�= �;���;	 �;���9������!��@��ob=������[qG�;�[��J����;"����m��!�AlA?�l���n~0~,S
\���!�Al	 ���FE$�;��Jm���

O(n logn log log n)
^F# �N!�=@�I��!�AlA?���@��!��@�4���������M����������!����9�������GC ��> J��M> ��6w��� A?��"9U 	 = ���

�@!�=@���;�<��"�!<>$= ����!��@�M�GCH���;
�!�"��;��� A?�B> �lù��<= ���$qr�����@ú�� ����
b�?���M���BY`!��@������!���	 "��;�@���;	������ HG \]	.!�= "mû�qrz���>
!�=Éû����[Y]qrz���>�^F#�s8��	.���@>@���<�9U)�@!�=@�l�7CDJ���=@>$��!��@�?	����l���k����"�����!��É!�"��;
:�;�������W>@�t�GCH���;
�!�"��;��� A?��> �
ù��<= ��� q
�����@ú�� �_��
���U_���I�����b��"�����!����������;g$��J��M�����I	 "�J������<��J���XV���l����������!�� ð #Hò$# ñ #
ë�ml�Pm�'�m�ë ç Â�ÇêÁ ± ÂuÍ�ÄTÍòñjÍ�Z)Í<Ì]Í<Ë@ÀßÍ�ÁBéTÂ�ÃfÆ�ÊbÄ0Ê�ÄTÍ��)Í è0ì Í<Â
y����@�0���8	 "�!<��J�> JL> �L67��� A?��"9U������0	.�����;���2���<������"��,= ���;�;����J��0	.!�= "0YG���;"��R�����0	.�����;�����2>$�;��������!��@�,��!�"�"�����	.!���> ���<�
��=$E�
:"����@> �m���<������"���> !��<�m= ������"������;���@!�A�K "��B> �lK �;���m> �l	.!���> �MY`���;K ���?!��<��J���J?��= 	 	 "��;A?J��9#w�2�@��= �;���:U
������"��;��O�"���> ��a���K.�����9����"����;���V������ob=@!��������<����������=@�N> ����
:"����@> �����<������"��M��=$Ekob=@!��������<����������=@�N> �������<������"��
��"�!��@o<=@J��9#@�N!�=@��> JF�@� ������!��@����!�= �e>fCH��K.!�"�>W����Y`!��@������!���> ����"�!��@�9����= "��:#
ó
Ê�ô,À0ÇêÁhÇ]Ã_À ë � y%x~����	����zy%x~�X|�x���ô~�%�C���

(v0, v1)
�%õ���}

v0 > v1 > 0
���
n := `(v0)


��²y�|��
m < n õ ���ô~�%�C���

(v0, v1)
	���Î?xH���tô~�%�

v0 := bv0 · 2m−nc, v1 := bv1 · 2m−nc �
���ox�y��4�Á� Tm(v0, v1)



ÐÇ�<ö�y�x�}�����y%x
Tm

�
|{ô7ô������³�
���
�
(n−m)

���C�C��	��²ô~y%��	���ö��%�������X���´�
���t��ô7ô~�����Á���������zy%x�}Á����|����X	Çð y%��	%���
m



÷¥y���y%x~�¥¤�|H�
�zð ��x9�������
v0

õ%���
� Îr�
`(v0) = m




6w�B��"��;��O�"��B>@�?a���K.�����9����A?!��<��"��|ob=@�:U7	.!�= "m= �x!�"�>$"��|> �?��"�!��@�9����= "��|> !�� �@J:Uw�����M	@"���Al�;��"��Vo<=@!��������<���
������=@�I> ����
:"����@> �e���<������"��e��!��<�e�FE ��������A?���<�e�����eob=@!��������<����������=@�I> ���e���<������"�����"�!��@ob=�J��h#
ç Â�ÇêÁ ± Â�Í�ëùø^ñfÍ�Z)Í�ÌêÍ<Ë@À�úû�²y%|��X|�x��¦ôS�������

(v0, v1)
�%õ���}

v0 > v1 > 0
���
n := `(v0) õ }Áy%x~����	����zy%x~�X�©�ô~�%�C���

(v0, v1) = Tm(v0, v1) õ �����©���*��¤�|~��x�}
�(	����������4�
� (vi)
	��5�zð �%�É�7y%���C�Cñ��³�]	Çð òt|S}�����	�����|�����ð ��x9�����Á�

(v0, v1)

o÷§y�|��]x�y���y%xH�

k
���Xô���|��FôH�����C�F��x9�������

i
ôSy�|��]����¤�|H���

vi
�������l��ö����C�

`(vi) ≤ dm/2e 
o�­��y%�
�`����*��¤�|~��x�}
�#	��
�]¤�|~y�������x9�C�
mi

	��`��ð �%�É�7y%�����Cñ��³�(	Çð òr|~}�����	��5��|��
(v0, v1)

}ÁyEüCx�}���	��(�%õ���}(���®�*�z¤�|~��x�}Á��	��
�
¤�|Sy�������x9�C�

mi
	��§��ð �%� ��y%���C�Cñ��³��	Çð òt|S}�����	��§��|��

(v0, v1)
ô~y%|��

i ≤ k − 3



},!�= ",= �@�L���<��"�J��
(v0, v1)

Uu���L��"��;��O�"��L> �La���K.�����9���?>$�;�2o<=7C �;�$�FE$�������R= �l���<������"
k
����� o<=@�R�����

k−3
	 "���Al����"��

o<=@!��������<���w������=@�w> �
(v0, v1)

��!��<�w�����wA?{�A?���To<=@�2�����
k−3

	 "���Al����"��To<=@!��������<���w������=@�w> ���T���<������"��w��"�!��@o<=@J��
Tm(v0, v1)

#$s8���8ob=@!����;�������8J������<�LJ�
b��=$EfUb���MAB����"��;���
M(k−3)

	 "�!<>$= �;���4	���"8�GCH���;
�!�"��;��� A?��>fCD�2=��F�;��> ����= "
�GCD���<��"�J��

(v0, v1)
�����N��=@�����T�����;���M	 "�!b> = �;���m	���"e�����

k − 3
	 "���Al��O�"����NJ�����	.���N> �M�GCH���;
�!�"��;��� A?�V>fCD�2=@���;��> �

��= "
Tm(v0, v1)

#.���0���������;�@���0	.!:�����;K ���V> �V�9������= ����"9UfXBA?!��;�@>$"�����!�Z ������XB	���"����;"�> �������<������"��N��"�!��@o<=@J��9U
���|AB����"������

M(k−3)
> �V�GCH���;
�!�"��;��� A?�?��= "N������
:"����@> �����������F"��9#j�2���F�f���F��=����<�����V	 "�!<>$= �;�M> �

M−1
(k−3)

���
(v0, v1)

�9�b���B> ���mA�= �;���;	 �;���9������!����V"���	 ��> ���9Uw= �@�?	����;"��
(vk−3, vk−2)

Uw> �|> ��=$E�"�������������=@�����������[Y`�M������=@�
> �

(v0, v1)
U@�����e!�K �����<=@�:#�6)CH���;
�!�"��;��� AB��> �m67��� A?��"dq��2=@���;��> ��qD67����õ ó sT"�����!�AlA?�F�����V����	 "�!<��������=@�4�9�����

���l�@!�= �����;���M	����;"��
(vk−3, vk−2)

���e��!��<���;�<=@��cr=@��o<=7CHXV= ������"������;������= �;�T!��W�;�7K�������= ���M�b��"��I�GCH���;
�!�"��;��� A?�
>fCD�)=@���;��> �m������������o<=@�?\��FY�#��@
:= "�� ð #Hò�^F#

6)CD!�"�>$"��B> �l��"�!��@�9����= "��?= ���;�;����Jl	���"m6w��� A?��"������
n/2

���M������o<=@�?J�����	.�?��!�"�"�����	.!��@>����iYG���;�mXn= �@�
�FE J���= ����!��|> �I�GCH���;
�!�"��;��� A?���;������"�"�!�Al	 = Ê1/2

��= ")�����)���<������"�����"�!��@ob=@J��h#��2�?	 "�������o<=@�:U:�GCH���;
�!�"��;��� A?� E1/2�����m>fCH��K.!�"�>�= ���;�;����JB���m	 "�!<>$= �;��= �@�?AB����"������
M (k)

#w�2�@��= �;���:Uw�GCH���;
�!�"��;��� A?�|"�����= ���|> �
3
J�����	.����	.!�= "

"�����"�!�= �b��"m���tAB����"������
M (k−3) = M(k−3)

���mo<= �)��!�"�"�����	.!���>xXt= �@�lAB����"��;���Bo<= ����= "����;��J���J?�9������= ��J��
��= "I������
:"����@> �e���<������"��9#�6w��AB����"������

M (k)
��"����@��Y�!�"�A?�M���V	����;"��

Tm(v0, v1)
U@> �������;�;���

m
U@���
= �@�M	����;"��

ò ð



� ñ��
ô��������$�>
n�N� ��y%�
���Cñ��³�
�
	Çð òr|S}��ó��	��

(v0, v1)

(v0, v1)

M(k−3)

M(k−3)

M (k)

(vk−3, vk−2)

(vk, vk+1)

Tm

(vk−3, vk−2)

ätI)åBæ ð #Hò
ª¨!4�@��J�����	.�m> ���GCH���;
�!�"��;��� A?��> �M67��� A?��"dq��2=����;��> ��#

(vk, vk+1)
> �������;�;���?���<�<�;"�!��

m/2
\]���n��!��@>$�;����!��x>fCH��"�"�{��m> � E1/2

J������<�M>fCH�9�b!��;"�	.��"�>$=����tA?!��;����J?> ���
K �;���4�;� �;������=$E@^F#.6w�?�����;�;����K �;�����;"���> �

M (k)
����������!�"��N���<�<�;"�!��

m/2
#��N!�=@�4����	.J�"�!��@�l\]�@!�=@�4	 "�J���������"�!��@�

�@!���"��V����	.!��;"N	 �;=@�4����"�>�^eo<=@�m���m"�����= �,> ����"�!����NJ�����	.���N�@�mA?!<>$�[����o<=@�m��"�O��4	.��=k���?�����;�;���V> ���N���<������"��9#
��!�=@�e���������M��g<	.!����@O����:U@���lAB����"������

M(k−3)
�����4��=@�����w> �������;�;���m���<���;"�!��

m/2
U@���e����	����;"��

(vk−3, vk−2)��= �@�|�����;�;���n>fCD���<���;"�!��
n − (m/2) = 3n/4

#0�2�É��>$A?���������<�l�����¥n©���<�<�;"�!�����p�UT���t	 "�!<��J�> Jn> �t67��� A?��"
	.��"�A?���4> ��	.��"�>$"��

n/4
K �;���e���
= ���;�;�������<��= � ��o<=@��A?�F���

n/2
K �;���9#

s8!��<��"����;"���A?���<�R��=�	 "�!<��J�> J�> �L67��� A?��"9U�ob= �$= ���;�;�����I�FE�	 �;�����;����A?���<�)�GCH���;
�!�"��;��� A?� Ê1/2
U��GCH���;
�!�"��;��� A?�

> �nù��<= ���$qr�����@ú�� ����
b�n= ���;�;�����t= �@�|Y�!��@������!���"�J���= "����;��� HG > !��<�����|"�J���= �;�����l�����V���tA?{�A?�no<=@�t�����;= �
"�����!�= "��@JM	���" Ê1/2

AB�����e> !��<���GCH��	 	 "�!<���@��> ���©g�	.��>$�;��������"dqG	.!�= "dqG"�J�
:�@��"N�����I	 �;=@�e�F�B�9�����:#
ë9ml�Pm�'Çml� æ|Ì]È_Ã�Â�ÇêÁ è0ì Íþý
Ë@ÌC)¨ÿ��nÆ�Ä HG

6T�L�@
:= "�� ð #Hõ�> !�� �@��������!<> ��> �����IY�!��@������!��Vû����[Yêqrz���> HG ���T> �)�GCH���;
�!�"��;��� A?�8> �Rù��<= ���$qr�����@ú�� ����
b�
KS #)6w�iY�!��@������!�� HG "�����!�= "��@�W���WA?{�A?�
"�J���= �;�����Bo<=@�
���kY`!��@������!�� Ê1/2

\�>fCD!��ß��!��É�@!�A|^l���?�@!�=@�
> J���"��;�b!��@��AB���;�<���������<�4������J�����	.����	 "��;�@���;	��������9#
Ðf���%x���� �;÷��K
867��	 "���Al����"W��	 	.���N"�J���= "����[YVX������;�;
:�@�

5
�����BYG���;�t��= "t> ���n���<������"��n> �������;�;���

n/2
���

"�����!�= "��@�M= �@��AB����"������m> !��<�������e��!<�F�B�������<���4��!��<�e> �������;�;���M���<���;"�!��
n/4

q ���������<�;"�!�������"��4cd=@�����[��J�	 �;=@�
����"�>�s�#<67���8���<������"��

(u1, v1)
X����M�;�;
:�@�

6
!����8����!�"��R= �@�e�����;�;���4>fCD���<���;"�!��

3n/4
#b�)�n��	 	 �;��ob=����<�8���e��"��;��O�"��

> �|a���K.�����9���7U0!��xA?!��<��"��|o<=@�
(u1, v1)

��!��<��> ����"�������������=@�����������[Y���>@���@�����W��= �;���|> ���m"�����������������=@��> �
(u, v)

#f6w�tY�!��@������!��
Adjust1

Xt���t�;�;
:�@�
7
������= "��l���������<�������;����A?���<�m���n��!��@>$�;����!��

`(u1) < 3n/4
#f},!�= "

�������$U@> ����������������������"������;���@!�A�K "��m> ��>$�;��������!��@�e��=@���;��>$���F�@�@���4��!��<�e���f������=@J����9#
�7|���¤�|H�
��÷ õ ��ð �,Ò���}�|�����y%xb	��¥�©��ö�y%x�}*����y%x HG }�y��
������ô~y%x�	5÷³��ð �,Ò��z}�|�����y%xb	��¥�zð �%�É�7y%���C�Cñ��³�¥��x9�4���
�zy��­ô�|

E1/4
��|��§��ð ��x9�����Á�

(u, v)



Ðf���%x������ ÷û���>
06w�|������!��@>���	 	.���8"�J���= "����[YNXW���W�;�;
:�@�
9
= ���;�;�����t��=@�����8> ���V���<������"���> �B�����;�;���������<�<�;"�!��

n/2
#�6w��AB����"������

M2
�����L> �4�����;�;�������<���;"�!��

n/4
���
u2

���������dYG���;�
`(u2) ≈ n/2

#�~0�;��������A?���<�9U$���MY`!��@������!��
Adjust2

�bJ�"��[���?���2�����m��!��@>$�;����!��@��>$=���"��;��O�"��B> �?a���K.�����9������!��<�M�bJF"�� �_J���������Y`���;�m!�=�> JFYG���;�m����"������;�@���
>$�;���;����!��@����=@���;��>$����� �@���9#

ÐÇ�¨	���|IÒ%�����³�´ô~�%�������
	��§����ö�y%x�}�����y%x HG }Áy%�����
�4ôSy%x�	5	��wö��%���o÷³��ð �%�É�7y%�����Cñ��³� Ê[1/4,1/4]



}0!�= "e= �@��> ������"��;	 ����!���	 "�J��������M> ���GCH���;
�!�"��;��� A?�����e> ���LY`!��@������!��@�
Adjust

U$�@!�=@��"����<�b!hg�!��@�4X5q �8��	 ÷ ý�s�#
}0!�= "8= �@�4�F����"�J��4> �e�����;�;���

n
U��@!�=@�8��= 	 	.!:��!��@�8ob=@�e���e��!�Z �8> ���8> ��=$ElY`!��@������!��@�

Adjust
�����8>fCD!�"�>$"��N��=
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@�ª
á�r��������x���������y%xH�¥	��
�
�%�É�7y%���C�Cñ������
� �;
�!�"��;��� A?� HG(u, v)

n := `(u)
S :=

����= �;�7���
Y`!��@������!���> �
nv4����!�= "��@��" HG(u, v, S)

� �;
�!�"��;��� A?� HG(u, v, S)ð
n := `(u)ò �<�
n ≤ S

����!�"��eve����!�= "��@��" Ê1/2(u, v)õ
m := bn/2c u k = n−mø
(u, v) := Tm(u, v)ñ
(s1, t1,M1) := HG(u, v, S)ý
(u1, v1) = M−1

1 (u, v)þ
Adjust1(u1, v1,M1)ó
(u1, v1) := Tk(u1, v1)÷
(s2, t2,M2) := HG(u1, v1, S)ð  
(u2, v2) = M−1

2 (u1, v1)ð:ð
Adjust2(u2, v2,M2)ð ò v4����!�= "��@��"

(u2, v2,M1 ·M2)

� �;
�!�"��;��� A?� KS(u, v)S0���<�eo<=@�
`(u) > S

n := `(u)
m := bn/2c
(u, v) := Tm(u, v)
(s, t,M) := HG(u, v)
(u, v) := M−1(u, v)~0�;��S0���<�eob=@�

v4�F��!�= "��@��"
Eucl − Classique(u, v)

ätI)åBæ ð #Hõ
ª � �;
�!�"��;��� A?�m> ��ù���= ���$qr�����@ú�� ����
���#

	 �;=@�
o(µ(n))

U !��
µ(n)

> J����;
:�@��������!�Z �e> ������A�= �;���;	 �;���9������!���= ���;�;����J��M��= "�> �������<������"��e> �������;�;���
n
# 6w���

J�����	.���
6
U
10

���
12

�F�f������=@���<��= ������"������;�W�@!�A�K "��
K

> ��A�= �;���;	 �;���9������!��@�4��= "I> ���e���<������"���> �������;�;���m��=
	 �;=@�

n
#@6w�l��!�Al	 ���FE��;��JMK �;�����;"��

B(n)
>@���GCH���;
�!�"��;��� A?� HG ��= "�> �������<��"�J����e> �������;�;���

n
���������dYG���;�e����!�"��

B(n) = 2B(
n

2
) +K · µ(n) + o(µ(n)).

�<������~,~,S �����l= ���;�;����J��:UR�9�b���
µ(n) = O(n logn log log n)

U2������!�Al	 ���FE��;��JWK@�[�_���["��W��!��������W�����|����!�"��
> �
�GCD!�"�>$"���>@�

O(n log2 n log logn)
# � �b���n= �@�
A�= �;���;	 �;���9������!:� > �W��!�Al	 ���FE��;��J

µ(n) = Θ(nα)
�9�b���

1 < α < 2
\]	���"e�FE ��Al	 ���MùM��"�������= K��?!�=�ST!�A�qrs8!<!�� ^FU@���M��!�Z ����!������w�����

B(n) = Θ(nα)
#

� ñSy%��Ò]	%|(�*��|����
S
#_y����@�4���?�b��"�����!��k!�"��;
:�;��������> ���GCH���;
�!�"��;��� A?� KS U���������= �;� S �����e� E J��FE�	.J�"��;A?���<���uq

����A?���<�m����> J�	.���@>�> �V�GCH���;
�!�"��;��� A?�?= ���;�;����Jl���$q�> ������!�=@�M> �l��������= �;�G#f6w�t�b��"�����!���o<=@�V�@!�=@��	 "�!�	.!:��!��@�
	 �;=@����!��;�
YG���[���;�<����"��b��� �;"�= ������= �;�7o<= �7> J�	.���@>�> �����V�����;�;�����;� �;���������m> ����������"�J����9#
=�Ý)ßbÝ�� 	BÓ@ÐbÙ�Ò�ÜwÖ�Ù	â�ÏjÐ�ÏfÞ:6 Ñ:Ð76@Ó_Ù�Ú)Ó KS Ó@Ñ HG

6w�k����"�����!�� o<=@�t�@!�=@�lJ���=@>$��!��@�B> �t�GCH���;
�!�"��;��� A?��> �nù���= ���$qr�����@ú�� ����
b�W�����l>$�[�fJ�"����<���W��= "l> ��=$E
	.!��;�<���e>@����������"�����!���!�"��;
:�;�������:#

ÐÇ���F|��©��� ô��ó��}Á������y�x�# 6w��	 "���Al��O�"��M> � �fJ�"����@���M���4YG���;�e��=W� �;���9��=�> ����J�����	.���
6
U
10

���
12
#�s8����J�����	.���

��!�"�"�����	.!��@> ���<�
X�����A�= �;���;	 �;���9������!�� > ��> ��=$E AB����"��������n!�=�X�����A�= �;���;	 �;���9������!�� >7C =@�@��AB����"�������	���"
= ���b���F���F=@"9#)s8���VA�= �;���;	 �;���9������!����lA?���������<�l���kcd��=�> �t
:"����@> �l���<������"��l����>@���@�l��������"�����!���!�"��;
:�;�������:U
�GCH���;
�!�"��;��� A?�n> �Bù��<= ���$qr�����@ú�� ����
��|= ���;�;�����?���
��"����@�dY`!�"�A?J��|> �B~�!�= "�����"�"���	 ��> �:#T}0!�= "�> �������<������"���> �
�����;�;���

n
U$���l~,~0S �V= �@�M��!�Al	 ���FE��;��Jmo<=������[qG�;�;�@J9���;"��m���

O(n logn log log n)
# 6w���I������� � ��o<=@���e>fCH�������;g$���

o<=@�L�@!�=@�2= ���;�;����!��@�2�@�L�@!�=@�)!��<�2	����2	.��"�Al����>fCH��K.!�"�> ��"�> ���2A�= �;���;	 �;���9������!����)	 �;=@�2"���	 ��> ����ob=@�I�����;�����)���
O(n3/2)

#@6T�lA�= �;���;	 �;����������!��i> �MùM��"�������= K���\���!�Al	 ���FE$�;��J����
O(nlg 3)

�9�b���
lg 3 ≈ 1.58

^I���<��"��m>@���@�e���
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ätI)åBæ ð # ø(ª � "�K "��n> ���l��	 	.������"�J���= "����[Y`��> �|���WY`!��@������!�� HG ��= "�=@�@�t���<��"�J��n> �t�����;�;���tK �;�����;"��
n
# �

������o<=@�V��
�=@>fUj���V	 "���Al����"MJ���J�A?���<�M���������|�����;�;���l> �V�GCD���<��"�J��
nr���������@>$=@��pl���N����������!��@>i���������|AB����"������
> �M��!�"������:#

�9��>$"��N�����@>$���Iob=@�4���mA�= �;���;	 �;���9������!:�W> �NST!�A�qrs8!<!��i\���!�Al	 ���FE$�;��J����
O(nα)

�9�b���
α ≈ 1.46
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= ������= �;�
S

ob= �8> J�	.���@>�> �B���W�����[�;���
n
> ���V���<��"�J����V> �BAB��� ��O�"��nX����|o<=@�?���|��!�Z �V��!������8> �B��!�=@�������
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�����@��> �l"�J���= "�����!��x��!��[�M	 �;=@�M	.�����;��ob=@�l���?��!�Z �M��!������R> �l��!�= �����M�����

A�= �;���;	 �;���9������!����L�F�f������=@J����L�9�:���<�R�����@�t> �e���M"�J���= "�����!��7#�6w���@
:= "�� ð # ø�"���	 "�J������<���4�����L��	 	.�����R"�J���= "����[Y��
> �M����Y�!��@������!�� HG #��4!�=@�N�9��!����e>$����	.!:��Jm��= "4������ob=��M��
�=@>W���l�����;�;���������4��x�	%|H�V> ���4���<��"�J����9#_}0!�= "4= �
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�=@>
> �N	 "�!�Y�!��@> ��= "

k
U��GCD���<��"�J��������I���<�<�;"�!��W> �N�����;�;���

n/2k #�6w������= �;� S �bJF"�� �_����=@�����
n/2h ≈ S

!��
h�����0���e����= ����= "2> �R�GCH��"�K "��L���0���R�@!�A�K "��L> ��Y`��= �;�;�����,�����,>fCD���<���;"�!��

2h #:s8!�AlA?�8�GCH���;
�!�"��;��� A?�L�;�<����"�"�!�Al	 =
Ê1/2

������>fCD!�"�>$"���o<=���>$"�������o<=@�:U.������!�Z ����!������2> ���NY���= �;�;������������> �V�GCD!�"�>$"���>@�
2h(n/2h)2

#j�i���;�<���������<�9U
Xn���n	 "�!�Y`!��@> ��= "

i
Uj�GCH���;
�!�"��;��� A?� HG �F�j������=@���<��= ���@!�A�K "��l�@� �R> �lA�= �;���;	 �;���9������!��@�n\]�;�;
:�@���Vý$U ð  W���

ð ò�^e��= "N> ���N���<������"���> �m�����;�;������=k	 �;=@�
n/2i #j�<�0�����4A�= �;���;	 �;���9������!:�@��!��<�N= �@����!�Al	 ���FE$�;��JV> �����lY`!�"�A?�

µ(n) ∼ Anα qD�:CD�����,���������L���;��=�������!��lo<= �<�@!�=@�0�;����J�"���������"��4	���"0���4��= �;����s�U:����!�"��0���8��!�Z �0��!������ > ���0	 "�!<>$= �;���
������> ���GCD!�"�>$"��m> �

A
h−1∑

i=1

2iµ(
n

2i
) ≈ Anα 21−α

2α−1 − 1
.
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:"����@> ��= "4> O���o<=@�����V�_��= ����= "

h
����������Y`���;�

h ∼ (2 − α) lg n
#

�N� ��y%���C�Cñ��³�
� HGα
#9�N!�=@�w> J����;
:�@!��@�w	���" HGα

�GCH���;
�!�"��;��� A?� HG 	.!�= "w����o<=@�������)� �;���9��=�> �)"�J���= "�����!��
���������dYG���;�

h = b(2 − α + r) lg nc Uf�9������= ��	.�����;��"�J����
r
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�=@> �V�������B��!�Z ����!������8�����V����!�"��V> �?�GCD!�"�>$"��
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Θ(nα)
#)�N!���"���!�K$cd�������[YM>@���@�|���F�����W	���"������������B> �
A?!��<��"���"tob=@�
�GC �@��= "���������ob=@��ob=@�
�@!�=@�B�����@!��@�

>fC = ���;�;������"������m����A?!hg���� ���B�FE �������:#w6)CH���;
�!�"��;��� AB�|> �Bù��<= ���$qr�����@ú�� �_��
��n������!<����JBX
���tY`!��@������!�� HGα�����I�@!���J KSα
#
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� Õ Ø�+�Øe(��03_+.&25 ¿V&25 Ø�Ú,Ûd¾I+j/d35Ü�(*&25Ù¿��
�ûÀ�-~Ú�/,¿V& -~Ú,Ø�5�5_/��JÀ�&25 &03ÙÖ03.&21"¿$À�5
y����@�V���������n����������!����@!�=@�V�;�<��"�!<>$= ����!��@��������!�Al	 ���FE$�;��JtK �;�����;"��n> ���l���;
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�������dq
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	���"���A?O���"����hU��@!�=@�)A?!��<��"�!��@�8ob=7C �;���R��>$A?���������<�R= �@�I��!��@�;�;Al�;����
b��=@��������� �@�:#b6w��	 "���Al��O�"��4����������!��|> J���"��;�
���������V�@!�����!������4����A?!<> O����V	 "�!�K���K �;�;�������l���@!������G#.�2�@��= �;���:U.�@!�=@�N��"����;��!��@����J�	���"�J�A?���<����������!�Al	 ���FE��;��J��
K �;�����;"�����������������o<=@���V\���= "e�����4	.!��;g<�@��A?�������4��= "4�����4���<������"���^FU������N��!�Al	 ���FE��;��J��NK �;�����;"����NJ������@>$=@�������e���
�����;�;���t> ���V��!��<���;�<=����<���lXW= �@�?Y�"���������!���> �B�GCD�FE J���= ����!��7#0~0�;��������A?���<�9U0�@!�=@��	 "�J������<��!��@�V�����V>$�[�fJ�"����<���
	���"���A?O���"�����> ���m���;
�!�"��;��� A?���m�;������"�"�!�Al	 =@�������@!�=@��A?!��<��"�!��@�mo<=@������= "m�������;g$���?�����M��=$�B�����<���l	.!�= "
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Ωn

> J����;
:�@�R�GCD���@����A�K ���L> ���,��!�= 	 �����
(u, v) ∈ Ω�����wo<=@�

`(u) = n
U

Ωn := {(u, v) ∈ Ω; `(u) = n}.
sR����o<=@�����@����A�K ���

Ωn
�����4A�= � �2> �����|>$������"��;K = ����!���= � �[Y�!�"�A?�V�@!���J��

Pn
#.6)CD����	.J�"����@���l���N���B�:��"������@���

>fC = �ß	���"���A?O���"��
R

��= "
Ωn

��!��<�?"�����	.�������;����A?���<�t�@!���J��
En[R]

���
Vn[R]

#�y����@�|���������W���@O����:U)�@!�=@�
A?!��<��"�!��@�eo<=7C = �W����"������;�@�e�@!�A�K "��m> ��	���"���A?O���"����4����������Y�!��<�I= �@����!��7�;�;Al�;����
b��=@��������� �@�:#
ó
Ê�ô,À0ÇêÁhÇ]Ã_À ���Çx®ôS�%���%�³�������

R
��|��

Ω
���������)ö��%���N|�xP���©y��­�����F���4�F�7�%|��Á������x9x��¨�Hð �C�t�mÒ%�����4�`���zy%������|����4�
�

(en)n õ (vn)n
���

(rn)n
�4�������
�
¤�|~�¥�
|��¥}�ñ��7¤�|H�

Ωn
y%x��o�%���

Pn

[
a ≤ R− en√

vn
≤ b

]
=

1√
2π

∫ b

a
e−t2/2dt+O(rn), (a, b) ∈ R2, rn → 0.

ÐÇ�F��|����4�
(rn)n
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ô7ôH�������¥�©��õ*���4�
�Á�*�¥	��¥}Áy%xHõ%��������x�}
��	��
R
õ����
���©���©y��Þ�����F���4�¥���o�����r�����%��������x9�<x�y��4�Á�

rn[R]

ÞÐ��
�¦��|����4�
�

en
���
vn

��y�x9�r��¤�|���õ�������x9�4�
�F÷³�zð �
��ôH���z��x�}
�F���o�©�³õ��%�
���%x�}
��	��
R
��|��

Ωn õ
en ∼ En[R], vn ∼ Vn[R].

6w���|��!����t�;�[Al�;�����n
b��=@��������� �@���n����"����@��!��<��"����<�
��!�= �����<�n>@���@�|�����n�������;g$�����|	 "�!�K���K �;�;���������9#8�)� 	���"����[q
��= �;����"9U,��!�"���ob=7C = ��	_��"���A?O���"��
���������k��!�AlA?�
>fCD�FE�	.J�"������@�����|����J9����!��;"����l��> ���<����o<=@���l�����;�@> J�	.���@>@���<���9�
\��FEßpw�@!�A�K "��t> �B	 �;�����V!�K �����<=@�l��	 "�O��

n
�����@��J���>fC = �@�|	 ��O����h^FUT�;�L��>$A?���V= �@�B��!��R�;�;Al�;���|
b��=@��������� �@�:#

6�CH���;
�!�"��;��� A?�m>fCD�2=@���;��> �m������������o<=@��"�J�	.O�����	 �;=@������= "��LY`!����I> ����>$�;��������!��@����=@���;��>$����� �@����AB�����e�����;������q����f�@�
��!��<�M	����M�;�@> J�	.���@>@���<�����h#w6T�
���;��=�������!��x����������!�"��M	 �;=@����!�Al	 �;��ob=@J��|���MA?{�A?�B����> ���M��!��)�;�;Al�;��������!��<�
���������@>$=����hU@���;������"����������<�e>$�[�B���;�����NX�> J�A?!��<��"���"9#

y����@�����?�9���M> ���m���<������"��9U7PI������>$�����MQR���;��J��]qDPRQ� ñ U7P8Q¦ �ø�s�!��<�MA?!��<��"�JBob=@�l�����M��!�Z ������> >$�;���[Y`��X
��"�!����������@���lA?!<> J�"�J��B���������dY`!��<��= �@�l��!��2�;�;Al�;���?
b��=@��������� �@�:#Ts8���M	���"���A?O���"�������!��<�m������!<����J��mXt= ����!�Z �
J���J�A?���<�����;"�����= "I�����eob=@!��������<���e���e��!��<�e> �����VY�!�"�A?�

C(u, v) :=

p∑

i=1

c(mi).
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c(m) = O(logm)
U$��������!�Z ���

c
���
C

��!��<��>$�;���4X���"�!����������@����A?!<> J�"�J��:#_s8�������M������������> ����!�Z ���
��!��<�������<��> ���@!�A�K "���=$En	���"���A?O���"����I������=@"����;�e��!�AlA?�����N�@!�A�K "���>fCDJ�����	.���

p
\]	.!�= "

c = 1
^FU������@!�A�K "��

>fCD!<����= "�"����@�����V>fC = ��o<=@!��������<�
m0

\]	.!�= "
c(m) = [[m = m0]]

^FUf���n�����;�;���l��!��������?	.!�= "���!<> ��"M��!�=@�M�����
o<=@!��������<���9U7#�#�#�67����"�J���= �;�������e> �XqDP8Q� ñ U P8Q� �ø%sw�9CD�FE$	 "��;A?���<��	���"e�FE ��Al	 ���M> �����VAB��� ��O�"��m��= �;�:���<���:#
� è ÊbÃ_Â ±�ì Í]@��¥ø�@�Ë@Ì]Ë Ä,ÇNÿ��MË@Ì�ÌêÊ<Í.ú � y%x~����	����zy%x~�¢|�x®}Áy��S�o��	7	%����� ö

C
�����©����� ö§÷�|�x®}Áy��S�t����������x9���%�C���

c
÷�}��zy%���Á���%x�}
�¥��y*	������Á�7
� �! þÍ9|��5�zð ��x~�*���³�����

Ωn
	��
�#��x9�����Á�
�(	��]���%�C�����

n õ ���(}Áy��S� C ��|����¥����×��Nô���y7����¤�|H���³��x9�§|�x��`��y%�¦�����F���4�
�7�%|��Á������x9x���	7y%x9�<��ð �
�4ô~���z�%x�}
� õ �©�³õ��%�����%x�}
�F���<�©�¨õ*�C�4���Á����	��
}Áy%xHõ%��������x�}
�
��y%x9�
En[C] = µ(c) · n+ µ1(c) +O(2−nγ), Vn[C] = ρ(c) · n+ ρ1(c) +O(2−nγ), rn[C] = O(n−1/2).

w�}��
γ
�
���<|�x���}Áy%x~�����%x��4����������}��4���³��x9��ôSy����C���Cõ���¤�|��?xP�
	��4ôH��x�	§ô~���¥	��

c

� �C�" þÐ����(}Áy%x~�����%x9�4�
�

µ(c)
���
ρ(c)

��y%x��F������x 	���Î?x9���
�����¥��y%x9�
�ó���Á�
�#÷¯���¯õ��%����|��Xô��zy
ô����®	7y%�F�Cx��%x9�4�
λ(s, w)

	��§��ð y
ô~���z���4��|���	��
���z�%x~��ö������

Gs,w,[c][f ](x) =
∑

m≥1

ewc(m)

(m+ x)2s
f(

1

m+ x
)

\ ð # ÷ ^

�*�%���Á���%x9�?�
|��
C1([0, 1])


Þ�r��|��tô�����}�����������x9� õ
µ(c) =

2 log 2

|λ′s(1, 0)|
λ′w(1, 0),

ρ(c) =
2 log 2

|λ′s(1, 0)|3
[λ′2s (1, 0) · λ′′w2(1, 0) − 2λ′w(1, 0) · λ′s(1, 0) · λ′′sw(1, 0) + λ′2w(1, 0) · λ′′s2(1, 0)].

6w�W�9������= ����K �;�[�;��J|> ���m��!��@�������<�����
µ(c)

���
ρ(c)

�����m>$�[�fJ�"����<���:#wSw"�O��m��!�= �b���<�9Uf���n	 "���Al��O�"��B> J�"��;�bJ��B> �
λ(s, w)

��������!�� �<=@�m���
(1, 0)

# },��"e�FE ��Al	 ���:U ��!�"���ob=@�
c
�����I���������;�;����K �;�����;"��

`
U

λ′s(1, 0) = − π2

6 log 2
, λ′w(1, 0) =

2

log 2
log

∞∏

i=0

(1 +
1

2i
), µ(l) =

12 log 2

π2
log

∞∏

i=0

(1 +
1

2i
).

y�C = ����= ��"��8��!���J:Uu�;�<�7CD�FE$��������	����0���@��!�"��8> ��Y�!�"�A�= ���8����!:���R> �
ρ(`)

AB�����,��=�������	 �;��"�� ñ Uh�@!�=@�0	 "�J������<��!��@�
= �@��A?J����@!<> �M
�J��@J�"������M	.!�= "4��	 	 "�!<���@��"4���V�:������= "e���I�@!�=@�4�9�b!��@��!�K �����<=W�GCD�������;AB������!��

ρ(`) ≈ 0.091.
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�!�"��;��� A?�M������������ob=@�����N��!�Al	.!:����>fC = �@��>$�;��������!��
��=@���;��>$����� �@�M> �4���mY`!�"�A?�

u = m · v + r
��= �;�����t>fC = � J�������� 
��:#26w�i��!�Al	 ���FE��;��JnK �;�����;"��n�����`���t	.!�= "l�F�f������=@��"l���k>$�;��������!�� �����
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En[B] =
2q − 1

2q
n2 +O(n) Vn[B] =

q − 1

3q2
n3 +O(n2), rn[B] = O(n−1/2).
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En[B] =
2q − 1

2q
n2 − 2q2 − q + 1

2(q − 1)q
n+

q

(q − 1)2
+O(n2q−n),

Vn[B] =
q − 1
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n3 +

q2 + 2q − 1

2q2(q − 1)
n2 +

q4 + 2q3 + 12q2 − 4q + 1

6(q − 1)3q2
n− q(q2 + 5q + 1)

(q − 1)4
+O(n4q−n).
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En[B] =
1

2
µ(`) · n2

[
1 +O(n−1)

]
Vn[B] = ρ0 · n3
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1 +O(n−1)
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B(i,j)(v0, v1) :=
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k=i+1

`(vk)`(mk).
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`(vk) ≤ `(vk+1)
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mk ≤ vk−1/vk
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B(i,j) ≤ `(vi+1) · [|j − i+ 1| + `(vi) − `(vj)].
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E(v0, v1) := `(vp)`(mp) +
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(`(vi) + `(ai))`(mi).
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En[E] = µ(l) · n2[1 +O(n−1)], Vn[E] = ρ(`) · n3[1 +O(n−1)], rn[E] = O(n−1/3).
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Vn[E] = o(n4)
#~!4�
"�J���= �;��������> ���<���;o<=@�m�����IA?!��<��"�Jm��= "I�����I	.!��;g��@��A?���9#

� è ÊbÃ_Â ±�ì Í#' ø ç Ã ì é,Ì]Í%$wÇêÁ9Ê(Z,Ç�ÀwË@Ç]Â�ÍWÊbÁ9Í<ÀTÄ0ÅTÍùødé)Ã_Ì��wÀÇ� ì Í<íEú1úûÍ9|��<��ð ��xH�����³�����
Ωn

	��
�JôSy��ó×%x5Ó%�³���
	��X���%�������

n õ ���]}Áy%�Nô����,Ò%�C�4�¨���Cx��%�C��� E 	�����ð �%� ��y%���C�Cñ��³�X	�ð òr|~}�����	��³���4��x�	�|W�7	%�³���t|�x��F�©y%�o�����F���4�¦�7��|��
£
�
����xHx�� õ 	Çð ����ôH���z�%x�}
� õ 	��¥õ��%������x�}
�F���r	��¥õ*���4�
�Á�*��	���}�y�xHõ���������x�}
�

En[E] =
2q − 1

q
· n2[1 +O(n−1)], Vn[E] =

q − 1

q2
· n3[1 +O(n−1)], rn[E] = O(n−1/2).
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En[E] =
2q − 1

q
n2 − 4q

q − 1
n+

2q3 + 8q2 − 4q + 1

q(q − 1)2
+O(n2q−n),

Vn[E] =
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(q − 1)2q2
n2 − 21q4 − 6q3 − 8q2 − 4q + 1

(q − 1)3q2
n
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(q − 1)4q2
+O(n4q−n).
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Ωn

	��
����x9�����Á�
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n õ �©�³õ��%�����������F�%���z����y������ L[δ] ���7�%����÷¨�©�¨���%�C�����
	%|]�������4� vbδP c õ

L[δ] = `(vbδP c),

��	%�³���<|�x��§��y%�v���C�����4�­���%|��
�
����xHx���	Çð �
�4ô~���z�%x�}
�X���r	��¥õ��%������x�}
�¥�ó�Cx����%�C������x
n

En[L[δ]] = (1 − δ) · n
[
1 +O(n−1)

]
Vn[L[δ]] = ρ[δ] · n

[
1 +O(n−1)

]
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}Áy%xHõ%��������x�}
�

rn[L[δ]] = O(n−1/3)
ôSy�|��§���
����x9�������
� õ

rn[L[δ]] = O(n−1/2)
ô~y%|��§���
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ρ[δ]

�����I������!<����J���=$E|> J�"��;�bJ����L> �4���MY`!��@������!��
Λ(s) = log λ(s)

U�!��
λ(s)

�����R���
�:������= "4	 "�!�	 "��V> !�Al�;�����<���V> �m�GCD!�	.J�"�������= "�> �m��"����@�dY`��"��

Gs = Gs,0,[c]
\�o<= �w�@��> J�	.���@>�	����4> �

c
^F#_�2�

	���"�������= �;����"9U
ρ[δ] = δ(1 − δ)

|Λ′′(1)|
|Λ′(1)| ≈ 1.4531δ(1 − δ).
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ρ[δ]

�����e��!�� �<=@�M���e���������dYG���;�

ρ[δ] =
δ(1 − δ)

q − 1
.
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P
U
P[γ,δ]
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P<γ,δ]

���W�@!�A�K "���>fC �;��J�"�������!��@�n> ���GCH���;
�!�"��;��� A?�k>fCD�2=@���;��> �k������������ob=@�
����> �������;
�!�"��;���@A?���V�;�<����"�"�!�Al	 =@� E[γ,δ]

��� E<γ,δ]
#wve��AB��"�o<=@!��@��ob=@�?���?�@!�A�K "��|>fCDJ�����	.���

P<γ,δ>
> �

E<γ,δ>
�����I��!�� �<=W�����L�:��= �

δ · P #$y��NA?{�A?�:U
`<γ,δ>

U
`[γ,δ]

���
`<γ,δ]

> J����;
:�@���<�������8�����[�;�����IK �;�����;"�����> ���
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�!�"��;��� A?��� E<γ,δ>

U E[γ,δ]
��� E<γ,δ]
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K < 1 õ ���r|�x¯��x9������� n0 õ �4��� �F¤�|H� õ ô~y%|�����y%|�� n ≥ n0 õ ôSy%|����y%|S�4�§�
|��C�4�
D(n)

¤�|��v���������)ö��%���

D(n) =

√
n

b(n)
,

�%õ���}
lim
n
b(n) = +∞,

���?ô~y%|��¨��y%|S�­��������y%x9x����
δ(n), γ(n)

	��
[0, 1] õ �%õ%�z}]	���x�y%�F�Cx����4��|�� D(n) õ �C�o�mÒ��l���4�³|�x¯��y%|��
£���x~�����³�����

On(γ, δ)
	��

Ωn 0 �
ô7ôH�����X��ð ��x~�����³�����³y%�z	%�Cx��%�C�����Á���©�7��� öX÷ (γ, δ)1Gõ �%õ���} Pn[On(γ, δ)] ≥ 1 −Kb(n) õ ��|�����z¤�|~����x�y%|��¥�%õ�y%x~�32
(i)

���
�
	���|IÒ¨õ��%�
���������
�
P<γ,δ]

��� bδP c ��y%x9�Pô��zy*}�ñS�
��2
∣∣P<γ,δ] − bδP c

∣∣ ≤ P

D(n)
;

(ii)
�����¥	���|EÒ`�%�É�7y%���C�Cñ��³�����Cx9�4�����zy%�Nô�|�� E[γ,δ]

��� E<γ,δ>
��y%x��Pô��zy{}�ñS����2

d(E<γ,δ>, E[γ,δ]) ≤
P

D(n)
;

(iii)
���b���%�C�����#����x��������(	��]�©� ����������}Á�Fô��zy{	%|��C�4�XôS�%�`��ð ��� �7y��
���Cñ��³�`�Cx9�4�����zy%�Nô�| E<γ,δ>

� ���b���%�C�����4 �7���4��x�	%|H��562~ô~y%|��¥��y%|S�
β õ �%õ%�z} 1 ≤ β ≤ 2 õ y%xW�

∣∣∣`β<γ,δ> − (δn)β
∣∣∣ ≤ n

D(n)
· (δn)β−1;

(iv)
���]���%���C���³���Cx��%�C����	��F�©�`����������}
�Nô��zy{	%|��C�4�¢ôS�%�F�zð �%�É�7y%���C�Cñ��³�F�Cx9�4�����zy%�Nô�| E[γ,δ]

�5���`���%�C����� 4 ����£
�4��x�	�|~��572Hô~y%|��¥��y%|S�

β õ ��õ���} 1 ≤ β ≤ 2 õ y%xW�
∣∣∣`β[γ,δ] − (δn)β

∣∣∣ ≤ n

D(n)
· (δn)β−1.
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(i)
���

(iii)
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(ii)
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(iv)

#
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(ii)
#�},��"2> JF�@�@�[���;!��B> ���)���;
�!�"��;��� A?���)�;�<����"�"�!�Al	 =@�9U:�GCH���;
�!�"��;��� A?� E[0,γ+δ]

�����_cd=@�����8���N��!��@�9�uq
��J���������!�� E[0,γ] · E[γ,δ]

# � ��!�"��9U����W� E@���<�
ε = 1/D

U �GCH��������"�����!��
(i)

���<��"��u���@�Vob=@�M�GC �;�@>$������> �m> J�	���"��N> �
E[γ,δ]

��	 	���"��������<��X��GC �;�<����"��:���;���
[(γ− ε)P, (γ+ ε)P ]

\�ob=����@>
(v0, v1) ∈ On(0, δ)

^)����!�"��Lob=@�e�GC �;�@>$�����N> �
�@��> � E[γ,δ]

��	 	���"��������<��X��GC �;�<����"������;���
[(γ + δ − ε)P, (γ + δ + ε)P ]

\`ob=����@>
(v0, v1) ∈ On(0, γ + δ)

^F#
s8������	 "�!�= �b�

(ii)
��= " On(0, γ + δ) ∩ On(0, δ)

#
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(iv)
#@yN�

(ii)
U@!��
���;"����������;�@���;=@����!��@�e��= �;�:���<�����Mp

E<γ+ε, δ−2ε> ⊂ E[γ,δ] ⊂ E<γ−ε, δ+2ε>s8!�AlA?�)���8�����;�;����> �,���LAB����"������)	 "�!<>$= �;���)	���"7= �m���;
�!�"��;��� A?���;�<����"�"�!�Al	 =������7= �@�,Y�!��@������!���> J���"�!����������<���
q �G#D�:#;U@��� E(i,j) ⊂ E(i′,j′)

����!�"��
`(i,j) ≤ `(i′,j′)

s�U$�GCH��������"�����!��
(iii)
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(iv)

#
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) · n
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= O(Knr
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1
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.
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R(i, j)
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1
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O
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A(i, j)
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Adjust
��=

�@!<��=@>
(i, j)

�bJ�"��[���
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α = 3/2 + 3r
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#8�N!�=@�n���@!�����������!��@�n����	 "�!�Y`!��@> ��= "W> �k"�J���= "�����!��
h = d(2 − α + r) lgne = d(1/2 −
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D = Θ(2h · nr) = Θ(n1/2−r)
U����

b(n) =
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µ(n)
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Y���������)ö�y�x9�

Vn[Y ] = αnVn[X] õ �%õ���} αn → 0

w�N��y%�Á� õ ���®õ��%�����������(�%��������y������ X + Y
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�
����xHx��
	Çð �
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En[X+Y ] = En[X]+En[Y ], Vn[X+Y ] = Vn[X](1+O(α1/2
n )), rn[X+Y ] = rn[X]+O(α1/3

n ).
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Y n
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Xn =
X − En[X]

Vn[X]1/2
, Y n =

Y − En[Y ]

Vn[X]1/2
.

� ��!�"��9U$��������"�����K ��������J9����!��;"��
Xn + Y n

���������dY`���;�

Pn[Xn + Y n ≤ a] = Pn[[Xn + Y n ≤ a] ∩ [|Y n| ≤ εn]] + Pn[[Xn + Y n ≤ a] ∩ [|Y n| > εn]].

6w�M> ��=$E���O�A?�M����"�A?�M������	 �;=@�I	.�����;�4ob=@�
Pn[|Y n| > εn]
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O(αn · ε−2

n )
# �i���;�<���������<�9U@	.!�= "�����	 "��FAl����"e����"�A?�:U@�@!�=@�e�9�b!��@�

Pn[Xn ≤ a− εn] ≤ Pn[[Xn + Y n ≤ a] ∩ [|Y n| ≤ εn]] ≤ Pn[Xn ≤ a+ εn]

���������I����"�A?���4X�
b��=@���@�M���4X�>$"�!��;���m��!��<�IK.!�"��@J���	���"

1√
2π

∫ a±εn

−∞
e−t2/2dt+O(rn[X]) =

1√
2π

∫ a

−∞
e−t2/2dt+O(rn[X] + εn).
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O(rn[X] + εn + αn · ε−2

n )
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ε3n = αn
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σn(X)
�����I�GCDJ��9��"��e�©g<	.�M> �

X
U�����!�"��I��������"�A?�M>fCD��"�"���= "4> ����������"������@���

�������<�e> ���GCD���@�9��>$"���A?�����

σn(X) − σn(Y ) ≤ σn(X + Y ) ≤ σn(X) + σn(Y )

���e> ���GC �<g<	.!����@O����
σn(Y ) = α

1/2
n σn(X)

#
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deg vi = deg vp +

p∑

u=i+1

degmu
���

deg ai =
i−1∑

u=1

degmu.
\`ò$# ð ^

òrx³ô~�%������}�|��ó����� õ `(vi) + `(ai)
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`(vi) + `(ai) = 2 + `(v0) − `(mi).
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`(vi) + `(ai)
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E(v0, v1) = `(vp)`(mp) +

p−1∑

i=1

`(mp)(`(vi) + `(ai)).
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E = (n+ 2) · Y0 + Y1 − Y2
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Y0(v0, v1) =

p∑

i=1

`(mi), Y1(v0, v1) = `(mp)`(vp)−`(mp)−`(mp)
2, Y2(v0, v1) =

p∑

i=1

`(mi)
2.
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Y (v0, v1) = O((`(mp) + `(vp))
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Y = 0
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C(v0, v1) =

p∑

i=1

c(mi).
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c(m) = α · degm
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C(v0, v1) =
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i=1

α · degmi = α · (deg v0 − deg vp).
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En[C] = Λ′(0) · n(1 +O(n−1)), Vn[C] = Λ′′(0) · n(1 +O(n−1)), rn = O(n−1/2)

yUT
Σ(w) = − log σ(w)

���
σ(w)

�
���v�©�oö�y�x�}�����y%x(	�� Î?xH����	7�%xH�N|�x(õ�y%���
�Cx��*���§	��
0
ôS�%�

G(σ(w), w) = 1��õ���}
G(z, w) =

∑

m:deg m≥1

ewc(m)zdeg m.
\`ò$#Hõ�^

},!�= "L���������dY`���;"��4���4	 "��;�@���;	.��> �N> J���!�Al	.!:���;����!��7U$�;�."���������XmA?!��<��"���"Iob=@�
Y1

���
Y2

��!��<�8	 �;=@�L��!��@�����<��"�J��
o<=@�

(n+ 1) · Y0
#
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C
|�x�}�yU���

��	7	%�C��� öF÷]}��zy%���Á���%x�}
�F��x9�4���
�³��	%���%���Á� � y%|���y{	������Á�S ]���Á��y*}������%|W}Áy��S�­����������x9���%�C���
c

bÍ9�

G
�
���t���������
���

����x����z�7���
��}
�"��
N� õ ���©y%�
�����
�§��y%�³��x9�C�¥	�� C ���7���l�)ö�y%x9�v�
|��
Ωn

En[C] =
q − 1

q

dG

dw
(q−2, 0) · n(1 +O(n−1)), Vn[C] = O(n).
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ßbÝ)ß�ÝNì {W6�ã$ÜwÞãâIÜTÙ�ÒGÑ�Ò`ÜTÖ Ú)Ó ×GÏ ã$ÜwÞãâ8×GÓ.à)Ò`Ñ%6b18Ò�Ö�ÏjÒ�Ð�Ó�ã ×GÏfÙ�Ù�Ò48,â)Ó

�N!�=@�N��K.!�"�> !��@�4AB���;�<���������<�N���B> J���!�Al	.!:���;����!��i> �m���?��!�Al	 ���FE$�;��JmK �;�����;"��V������������ob=@�:#_�2�kJ���"��;�����<�
`(mi)`(vi) = (1 + degmi)(1 + deg vi)

U$������!�Z �
B

���������dYG���;�

B(v0, v1) = p+

p∑

i=1

deg vi +

p∑

i=1

degmi deg vi + deg v0 − deg vp

=

p∑

i=1

deg vi−1 +

p∑

i=1

degmi deg vi + p− deg vp.
\`ò$# ø<^

67�
�@!�A�K "��W>fCDJ�����	.���
p
�����l= �É��!�Z �|Xi��"�!����������@���
A?!<> J�"�J���������!<����JW��=É��!�Z �?	 "��;Al�;���[Y

c = 1
���?���

����"����������i�����t>fCD!�"�>$"��i�;�;�@J9���;"��i���N�GCD!�� ��>$A?���n���k���@J�!�"�O�A?� ÷ #LyN��A?{�A?�:UL����	���"���A?O���"��
deg vp

�����
= �É��!�Z �?����"�Al�;�����4���?������A?!�A?���<���B��!��<�?>fCD!�"�>$"��W��!��@�������<�9#)6w��������!��@> �W��!�AlA?�W���
���;Al	 �;�[���:# � �@�
>fCH���;��J�
���"m�����M�@!���������!��@�9U7�@!�=@�M	.!:��!��@�

mp+1 = vp
# � �b���������MJ�
b���;�;��J��Vò$# ð ��= "������m> ��
:"�J��9Uf���
������!��@> �

��!�AlA?�M> ���������<�
p∑

i=1

degmi deg vi =

p∑

i=1

degmi

p+1∑

u=i+1

degmu

6w�4��!�AlA?�LX4>$"�!��;���8�����0��!�Al	.!:��J��8> ���,> !�= K �����0	 "�!<>$= �;���0������=@�T>$=�> J��b����!�	 	.��A?���<�2> �
(
∑p+1

i=1 degmi)
2 #&4"T�����0J�
b���;�;��J��,ò$# ð ��	@	 �;�;o<=@J����2X

v0
A?!��<��"����<�2ob=@�R���R�9��"�"�J��7CD�����,��= ��"��Ro<=@�

deg2 v0
#u6w�e��!�AlA?���;� �;���������

���������dYG���;�e����!�"��
p∑

i=1

degmi deg vi =
1

2
deg2 v0 −

1

2
deg2 vp −

1

2

p∑

i=1

deg2mi.

�<= "
Ωn

U
deg2 v0 = (n − 1)2

��������!��@�������<�9U
deg2 vp

�����N= �i��!�Z ������"�Al�;�����)�������|> ��"�� ��O�"��l��!�AlA?�������
= �i��!�Z �M��> >$�;���[YIX|��"�!����������@���V�;�<����"�A?J�>$�����;"���#f�2����>$A?���������<�����V���@J�!�"�O�A?� ð  $U_�@!�=@��!�K �����@!��@��o<=@�����
	���"���A?O���"�� ∑

degmi deg vi
�����N= ����!�Z ����!��@�����<��"�Jl> ���:��"������@����>fCD!�"�>$"��?��=i	 �;=@�N�;�;�@J9���;"��W\]	 = ����o<=7C �;�

�����,������!�AlA?�I> �L	���"���A?O���"����R> �8�:��"������@��������=l	 �;=@�2�;�;�@J9���;"�����^F#�}0!�= "�> J�A?!��<��"���"�o<=@�8����> J���!�Al	.!:���;����!��
ò$# øl��= �;�L���N	 "��;�@���;	.�M> ��> J���!�Al	.!:���;����!��7U �;�j"���������X�	 "�!�= �b��"Io<=@�N���N	���"���A?O���"�� ∑p

i=1 deg vi−1
��= �;�L= �@�

��!��7�;�;Al�;����
b��=@��������� �@���9������= �@������"������@���m��> J�o<=������:#.sNCD�����I�GCD!�K$c����e>$=W���@J�!�"�O�A?�m��= �;�������9#
� è ÊbÃ_Â ±�ì Í�ë�ë Ð��tôS�%���%�³�������

N
���tô~�%�z������������	���Î?x9�C�?�
|��

Ω
ôS���

N(v0, v1) =

p∑

i=1

deg vi−1.

�7	%�³���o|�x��¥��y%�v�����F�C�4�N�7�%|��Á������xHx���	Çð �
��ôH���z�%x�}Á� õ 	��¥õ����
���%x�}
�F���t	��§õ{�C�4�
�
����	���}Áy%xHõ���������x�}
�

En[N ] =
q − 1

2q
· n2 +O(n), Vn[N ] =

q − 1

3q2
· n3 +O(n2), rn = O(n−1/2).

s8�)���@J�!�"�O�A?�:Uh�����7���@J�!�"�O�A?��� ÷ ��� ð  I���w���2	 "��;�@���;	.�R> ��> J���!�Al	.!:���;����!����;Al	 �;��o<=@�)���I��!��b�;�;Al�;���)
b��=@��������� �@�
	.!�= "����l��!�Al	 ���FE��;��JMK �;�����;"��m������������o<=@�:#
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6)CDJ���=@> ��> ���8��!�Al	 ���FE��;��J��8K �;�����;"����L����"���A?O��@��XM�GCD���_���[g$���4	 "�!�K���K �;�;��������> ���8��!�Z ���L��> >$�;���[Y`�LXm��"�!����dq
�����@����A?!<> J�"�J��4!�=|�;�<����"�A?J�>$�����;"��:U ��=$E?��!�Z ���R����"�Al�;����=$Et���;�@���_o<=7CH��=|��!�Z �

N
#b6w����"�����������!��@�L��> >$�;���;�b���

���<��"��I�����2��!��<���;�<=����<���R���,���I> ��
:"�J��)> ���)ob=@!��������<���2Y�!��<�)ob=@�L���N��!�A�K �;������!��;"��e���_���[g�����o<=@�I�����,K@�;���|��>@��	$q
��J��NX��GCDJ���=@> �4> �e�����R��!�Z ���h# � ����	 "���Al��O�"��NJ�����	.�:Ub= �@�4!�=B	 �;=@������= "��8��J�"�������
�J��@J�"�����"��������L��!��<�8������!<�F��J����
��= 	���"���A?O���"��WJ���=@>$��J:#Rs8���l��J�"������l"����$Y���"�A?���<�?��!�= �����l�����l�;�$Y�!�"�AB������!��@�B>$= 	���"���A?O���"��
	.!�= "l��!�= �����
�������F����"�J����N	.!:�����;K �����9#_�)�@��= �;���:U_�����4A?!�A?���<����>$=�	���"���A?O���"�����!��<�4"����;��J�����=$E���!<�F�B�������<����> �����B��J�"����:#
6�CD!�K$cd�������[Y2�����I> !��@�M>fCD�FE���"����;"��M��������!<�F�B�������<���9#�6)CD�FE$��"���������!���>@������!<�F�B�������<���4��= �;�I��!�=�cd!�= "��I����A?{�A?�
	 "��;�@���;	.�
pj�:CD���������B	.!:���;����!������N���|������= "��l> �������;� 
:=@����"��[��J��M> !�Al�;�����<�����Mo<= �,> J�����"�Al�;�@���<�M�GCH����g�Al	 ��!�q
����o<=@�V> ������!<�F�B�����F����������> �mY`���;�9U_�GCH����g�Al	 ��!�����o<=@�V> ���N	���"���A?O���"����9#f6w�|>$�[�B��= �;��J������N> ����"�!�= �b��"N= �@�
�FE$	 "���������!������;����"��������;����> ���N��J�"������Nob= �TA?�������kJ����;>@�F�����������N���;� 
:= ����"��;��J��9#.y����N>$���F���;!��@�����;"������FE����������<�
���M��"����@��Y�O�"����<������"������;�@���m	 "�!�	 "���J���J���> �?> J���!�Al	.!:���;����!���> ���m> !�� �@J���������= �@�?> J���!�Al	.!:���;����!�����= "M�����
��J�"������9#

algorithme

paramètre dictionnaire singularités

asymptotiques
expressions
alternatives

séries
génératrices

�N!�=@�I�FE�	@�[��o<=@!��@�IAB���;�<���������<�������L��> J����I	 "��;�@���;	��������e> ������������> J�AB��"����@�:#@67����!��<���FE$����> ���L	.!��;g��@��A?���
YG���;�0ob=@���@!�=@�,��K.!�"�> !��@�0	.��= �dq�{���"��8����	���"������R����	 �;=@�0���;Al	 ���8> �R���������R>$�����F�;	 �;�;�@�:#�}0!�= "0= �@���;�<��"�!<>$=@������!��
	 �;=@�e��!�Al	 ��O����:U@�@!�=@��"����<�b!hg�!��@�4��=
�;�;��"���> �M~0���ucd!������e���N����>$
����I�����WqD~)� ÷:÷ s�#
ß�Ý�>bÝ4= & 6@ÐbÒGÓ_Ù
Û�6�Ö<6@Ð�Ï.Ñ:ÐbÒ�ã$Ó�Ù
Ü7Ð<Ú�Ò�Ö�ÏfÒGÐ�Ó_Ù

y����@�e���F�����M����������!��7U
Ω
> J����;
:�@��= �����@����A�K@�;�MA�= �@�w>fC = �@��Y�!��@������!���> �������;�;��� ‖ · ‖ : Ω → N

���
Ωn�����I�GCD���@����A�K ���m> ����J���J�A?���<���4> �

Ω
> �������;�;���

n
#@y����@�I��!�= �������l��= �;���:U

R
�����I= �W	���"���A?O���"��m��= "

Ω
#

6T�l��J�"�����
�J��@J�"�����"������mK �;����"���J���������!<����J��mX
R

������> JF�@� ���M	���"

SR(z, w) =
∑

x∈Ω

ewR(x)z‖x‖,

!�����������"�����K ���
z
AB��"�o<=@�����l�����;�[���m> ���GCD���<��"�J������

w
AB��"�ob=@�M����	���"���A?O���"��:#_6w�?��J�"����

S
[k]
R

>$=WA?!�A?���<�
>fCD!�"�>$"��

k
�����I����> J�"��;�bJ��

ke > �
SR(z, w)

���
w = 0

U

S
[k]
R (z) :=

dkSR

dk
w

(z, 0) =
∑

x∈Ω

R(x)kz‖x‖.

s8!�AlA?�V��!����@!�A �GC �;�@>$��o<=@�:U����?��J�"����m>$=�A?!�A?���<��>fCD!�"�>$"��
k
�����N��>@��	 ��J��VX?�GCH�������;g�����>$=

ke A?!�A?���<�
En[Rk]

> �
R
# �2�����f���9U��9����������>$������"��;K = ����!���= � �[Y�!�"�A?�m��= "

Ωn
U$���

ke A?!�A?���<�e���������dY`���;�

En[Rk] :=
1

|Ωn|
∑

x∈Ωn

R(x)k =
[zn]S

[k]
R (z)

|Ωn|
.

�r���
[zn]f

���;
:� �[�������M��!<�F�B�������<�4> �
zn >@���@�

f
#

!4��!�= ���[�R���������<�������)	.!�= "m�GCH�������;g����?����>$������"��;K = ����!��x> �
R

���������
��= �;���?> ��Y`!��@������!��@�m�9��"�������J�"���������ob=@���
φR,n

������!<����J��m��=
	���"���A?O���"��
R

����> JF�@� ���M	���"

φR,n(it) := En[eitR].
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!4�@����!��)> ��	 "�!�K���K �;�;�;��JB��������!�Al	 ��O�����A?���<��> JF�@� ���l	���"m���|Y�!��@������!����9��"�������J�"��������;o<=@�B�������lSL�@J�!�"�O�A?�
> ���¥T4=������[qG	 = ���������@�����M> ��û4�L��� 
WqDû4�L� ÷ ø�Ujû4�L� ÷:ó s)> !�� �@��= ������!��@>$�;����!�����=$�B�����<���l��= "����t��= �;����> �
Y�!����F���;!����,�9��"�������J�"���������o<=@����\�!�=V	 �;= �����,��= "

φR,n(w)
�u�@��o<=@�

R
��>$A?�������8= �@�R��!����;�;Al�[���R
b��=@��������� �@�:#�y��

	 �;=@�9U<���@= ���IY`!�"�A�= ���4�FE�	 �;�����;���N> ������Y`!��@������!��t�9��"�������J�"���������o<=@�N�����R��!�� �<=@�:U<�����R> J�"��;��������!��@�L��=@�����������;�b���
> �
φR,n

��!��@>$= �������<�NX�> ���IY�!�"�A�= �����e�FE$	 �;�����;�����e> ����!�=@�I������A?!�A?���<���9U

En[Rk] =
∂k

∂wk
φR,n(w)|w=0.

y��BAB��� ��O�"��n��������!�
:=@�
��=xA?!�A?���<�l>fCD!�"�>$"��
k
Uw�����mY`!��@������!��@�V�9��"�������J�"��������;o<=@���l�9CD�FE�	 "��;A?���<�l�9�b���B�����

��!<�F�B�������<���4> ��������J�"�����K �;����"��;J��m�������������dY�!��<�

φR,n(it) =
[zn−1]SR(z, it)

|Ωn|
=

[zn−1]SR(z, it)

[zn−1]SR(z, 0)
.

T4=@�n�������k��!��;�V	.!�= "������VA?!�A?���<���?!�=�	.!�= "�������!��L�;�;Al�;���:U0�@!�=@�l��!�AlA?���?��A?���@J��?X��FE$��"����;"��t�����l��!�q
�F�B�������<����> ���m��J�"������9#76)CD�FE$��"���������= "�	.!�= "M�����m��J�"������m!�"�>$�;�����;"����������M���l���@J�!�"�O�A?�B> �|sL��=@���<g�o<= �2"����;���
�����R���;� 
:= ����"��;��J��8> !�Al�;�����<�����LX��GCH����g�Al	 ��!�����o<=@�4> ������!<�F�B�������<���h#<}0!�= "R��!<�9���;������"R�����R���;� 
:= ����"��;��J��8> !�Al�[q
�����<�����9U$�;�7�����L�@J������������;"���> ����"�!�= �b�F"�= �@�NY�!�"�A�= ���m���[���F"��������;���m��=$En��J�"������9#�s8���LY�!�"�A�= �������9CD!�K ������� �@���<�
�9�b����> ����>$��������!�� �����;"��9�9#
ßbÝ�>�Ý)ß {�Ò�ã�Ñ�ÒGÜwÖRÖ)ÏfÒGÐ�Ó�Ù
Ù�â)Ð�×GÓ�ÙWÙ�6@ÐbÒ�Ó�Ù
Û�6�Ö<6@Ð�Ï.Ñ:ÐbÒ�ã$Ó_Ù
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i = 1, 2

U)�@!�=@�B	.!:��!��@�
Ωi

= �ß���@����A�K ����A�= � �4>fC = �@�
Y`!��@������!��ß> �W�����;�;��� ‖ · ‖i
���
Ri

= �
	���"���A?O���"��V��= "

Ωi
#��N!�=@�4> J���"��;�b!��@�4AB���;�<���������<�N= �k���@����A�K ����> ��> J���!�Al	.!:���;����!��@��> �

Ω
����Y�!��@������!��

> ���
Ωi

���;�@���wob=@��������> J���!�Al	.!:���;����!��@��������!<����J�������= "I��������J�"������h#�ÇxH��y%x®	%�l�Cö�y���x9�4�k
��<�
Ω
�����I�`C = �@�;!���>$����cd!��;�<����>@�

Ω1
���

Ω2
U �������f���mY`!��@������!���> �������;�;�������I����	���"���A?O���"��

R
��J�"��[�����<�

‖v‖ =

{
‖v‖1

���
v ∈ Ω1

‖v‖2
���
v ∈ Ω2

R(v) =

{
R1(v)

���
v ∈ Ω1

R2(v)
���
v ∈ Ω2

����!�"�����������J�"�������
�J��@J�"�����"��������
SR(z, w)

���
S

[k]
R (z)

��!��<�����t��!�AlA?��> ������JF"��;����
�J��@J�"�����"��������m> �
R1

��= "
Ω1

���
R2

��= "
Ω2

U

SR(z, w) = SR1(z, w) + SR2(z, w), S
[k]
R (z) = S

[k]
R1

(z, w) + S
[k]
R2

(z, w),
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�
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Ω
������\����kK � cd��������!����9�����h^����m	 "�!<>$= �;���9��"���J��������i> �

Ω1 × Ω2
U_���N���T���?Y�!��@������!��

> �������;�;�;�m���I����	���"���A?O���"��
R

��!��<�4��> >$�;���[Y��9U@�:CD�����4X�>$�;"��M�hC �[���I�bJ�"��[�����<�

‖v‖ = ‖v1‖1 + ‖v2‖2, R(v) = R1(v1) +R2(v1)
> O��eob=@�

v = (v1, v2)

����!�"��N���B��J�"����m
�J��@J�"�����"�������K �;����"��;J��
SR(z, w)

�����N�;��	 "�!<>$= �;��> ������J�"������4
�J��@J�"�����"���������K �;����"���J�����> �
R1��= "

Ω1
���
R2

��= "
Ω2

U
SR(z, w) = SR1(z, w)SR2(z, w)�<�7����	���"���A?O���"��

R
�7CD������	 �;=@�4��> >$�;���[Y,AB������A�= �;���;	 �;���9�����[Y�U@�G#D�:#@�9C �;�f�bJ�"��[���

R(v) = R1(v1) ×R2(v1)
> O���o<=@�

v = (v1, v2)
U

ø:ø
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Ω
�����;�;��� ‖v‖ ��!�Z �

R
��J�"�����
�J��@J�"�����"������

Ω1 ∪ Ω2 ‖v‖ = ‖v‖1
!�= ‖v‖2 R(v) = R1(v)

!�=
R1(v) SR = SR1 + SR2

Ω1 × Ω2 ‖v‖ = ‖v1‖1 + ‖v1‖2 R(v) = R1(v1).R2(v2) SR1(z)SR2(z)
R(v) = R1(v1) +R2(v2) SR1(z, w)SR2(z, w)

Ω?
1 ‖v‖ = ‖v1‖1 + . . .+ ‖vn‖1 R(v) = R1(v1) . . . R1(vn) S

[k]
R (z) = (1 − S

[k]
R1

(z))−1

R(v) = R1(v1) + . . .+R1(vk) SR(z, w) = (1 − SR1(z, w))−1

ätI)åBæ_ò$# ð ª|yN��������!�� �����;"��M	.!�= "������e��J�"������I
�J��@J�"�����"��������

����!�"������l��J�"�����>$=WA?!�A?���<�4>fCD!�"�>$"��
k
> �
R

���������@��!�"���= �W	 "�!<>$= �;��p

S
[k]
R (z) = S

[k]
R1

(z)S
[k]
R2

(z).

y����@����!�=@�I�����e�9���9U$= �W	 "�!<>$= �;�4�9��"���J���������������"���> = �;�e���W= �
	 "�!<>$= �;�9#
Í�|����4�
�
Î?x9���
�7
8�4!�=@�t����"�Al�;�@!��@�W�9������= �@�k> ��"�� ��O�"��i> J���!�Al	.!:���;����!���ob= �������|= � A?J������ 
��i> ���n> ��=$E
	 "�J���J�> ���<�����h#T�<= 	 	.!:��!��@�Mob=@�

Ω
�����?\�����K � cd��������!����h�����h^e�GCD���@����A�K ���

Ω?
1

> ������= �;�����N�@� �����?\�!�=�����> ����^
��= "

Ω1
U �:CD�����4X�>$�;"��

Ω =
⋃

n≥0

Ωn
1 .

�<�7���VY�!��@������!���> �������;�;���M��������	���"���A?O���"��
R

��!��<�e��> >$�;���[Y`�I�G#D�:#@�hC �;�;�I�bJ�"��[�����<�

‖v‖ = ‖v1‖1 + . . .+ ‖vn‖1, R(v) = R1(v1) + . . .+R1(vn)
> O���o<=@�

v = (v1, . . . , vn)

����!�"��e������	 	 �;��ob=����<�e�����e> ��=$E
> J���!�Al	.!:���;����!��@�e	 "�J���J�> ���<�����9U@���l��J�"�����
�J��@J�"�����"������MK �;�:��"���J��M����������Y`���;�

SR(z, w) =
∑

n≥0

SR1(z, w)n =
1

1 − SR1(z, w)
.

y������VA?{�A?�MAB��� ��OF"���U����f�;�M��!�Z �
R

�����IA�= �;���;	 �;���9�����[Y����
R1

U$�@!�=@�e!�K �����@!��@�

S
[k]
R (z) =

∑

n≥0

S
[k]
R1

(z)n =
1

1 − S
[k]
R1

(z)
.
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67!�"���> �����������;g$�����9U��@!�=@���FE�	 ��!��;����"�!��@����!�= �b���<�4���?K � c���������!��i���<��"������������<��"�J����

Ω
���N= �k���@����A�K ���

>$=W�©g�	.� G? × U �9�b����= �W	���"���A?O���"��
R

> ���©g<	.�m��> >$�;���[Yd#�6w�l��J�"����
SR(z, w)

�����e����!�"��e> �����VY`!�"�A?�

SR(z, w) =
1

1 −G(z, w)
U(z, w),

!��
G

���
U

��!��<�I�����I��J�"������L
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� =���!�= "��m> �l���������l���@O����:Uf�����M��J�"���������= "�!��<�M��!�=�c�!�= "���= ��= � ��ob=@�l	.�����?> !�Al�;�����<�9#w}0!�= "��FE���"����;"��
��������!<�F�B�������<���9U@����Y`!�"�A�= ����> ��sL��=@���<g
��	 	 �;��o<=@J��mXV= �W����"������M��!��<���������<�e����	.�����M> !�Al�;�����<�4�����e����!�"��
��=$�B�����<���:#:s8��	.���@>@���<�9Uu�;�$��"�"��;���Ro<=@�)���vô.Ó%���´	7y����Cx��%x��2\�!���	���"����L���;!�"��T> �R���;� 
:= ����"��;��Jh^w��!��;�w�GCD�FE$��"�J�Al�;��J
>fC = �@��> ��Al�[q�>$"�!��;����\��FE
p

1
�h�����L���NY�!��@������!��

f(z) = − log(1−z) ^F#�y����@�)���I�9���9U����NY�!�"�A�=@�;��> �4sL��=@���<g�9�b���I> ���)��!��<��!�= "���> ��ûN��� �b��� A?O��@���<�RXN�GCH����g�Al	 ��!�����o<=@��> ���)��!<�F�B�������<���9#b�©� �FE$�������L��!�= ���I= �@�I�9!<!���!�
:���
> �M��!��<��!�= "��Nob= �w��!�"�"�����	.!��@> ���<�N��������= �kX?> ���e��!��<���FE������4>$�[�fJ�"����<���4����A?O��@���<��Xl> ���4����g�Al	 ��!�����o<=@���
>$�[�fJ�"����<�����9#.�4!�=@�4�@����������K.!�"�> !��@�N	����N�;���G#.6w�B	 "�!�	.!:���;����!�����= �;�:���<���m"�J���=@A?�m���V����> "��V>fCH��	 	 �;���9������!��
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åMÂ�Ã�é)Ã�íuÇ�ÁhÇ]Ã.À2' Í�y��C�

A(z)
|�x��F�*�������¥����x����������
��}
�¨	���Î?xH���F�
|��F|�x/	%����¤�|~�¨}
��x9�����

Dr õ 	��X���%×7y%x r ���}Áy%x9�4��x���x9�
1/σ


ÑÍ9�
A(1/σ) 6= 0 õ �%��y%�Á�§����}Áy{��� }�����x9�t	��

zn 	7�%xH�¦�����*���
���
f(z)

�%õ���}

f(z) =
A(z)

(1 − zσ)k+1

õ������ Îr�¥�zð ����×��Nô���y7����¤�|H�
[zn]f(z) = A(1/σ)

(
n+ k

k

)
σn(1 +O(n−1))

�©�R��������!�= �lX
YG���;��	.!:�����;K ���t>fCD!�K ����� �;"�	 �;=@��> �B����"�A?���l>@���@�����t> J�������!�	 	.��A?���<�B����g�Al	 ��!�����o<=@���9#067���
����"�A?������= 	 	 ��J�A?���<�����;"����NY`!��<�N�;�<����"������ �;"�������> J�"��;��J�����> �����?Y`!��@������!��

A
���

z = σ
#.�N!�=@�4�7CD�����9�b!��@�

��!�= ���FY`!�����	����IK.����!��;�7#
ßbÝ�>�ÝNì ��ÜwÒ�×�Ò©Þ Ò�Ñ:Ó�Û7Ïfâ�Ù�Ù�ÒGÓ�ÖRÖ)Ó

6w����A?!�A?�F����������> J�>$= �������<�IY`�����;����A?���<�e> ���GCDJ�����	.�M>fCD�FE���"����F���;!��w#@�2�
"����:���@���@�:U 	.!�= "I�GCH�������;g$�������
>$������"��;K = ����!��7U<�;�_�����)�@J������������;"��e> ����"����@�dY`J�"���"�������"����@�����;
:�@��A?���<���L��= "�����Y�!��@������!��t�9��"�������J�"���������o<=@�

φR,n	.!�= "e����> J�>$= �;"���������!��7�;�;Al�;���:#
6w�m���@J�!�"�O�A?��> ���Nob=������[qG	 =@�;�������@�����N> ��û4�L��� 
®q û4�L� ÷ ø�s,> !�� �@�V> ���4	 "�!�	 "���J���J�����=$�B�����<�����N��= "4���

��J�"����R
�J��@J�"�����"�������> ���0A?!�A?���<���
φR,n(w) = En[ewR]

	.!�= "2o<=@�R���R	���"���A?O���"��
R
��>$A?�������L= �@�8��!����;�;Al�;���


b��=@��������� �@�:#
� è ÊbÃ_Â ±�ì Í ý ø��?ÅTË íhÇ:ÿ�é0Å0Ç]í9í9Ë@ÀTÆ�Íbí|ÄTÍ ý��VË@ÀwÈ�ú Í9|{ô7ôSy%��y%x~��¤�|H�
���³�*���
���F	��
�¥��y%�³��x9�C�

En[ewR]	Çð |�xWô~�%�z�%�³�������
R
�
|��5|�x��5�
|����4�]	Çð �
��ô~�7}
�
��ô��zy��������C���l���4���

(Ωn,Pn)
��y��C�¥�%x��%��×�����¤�|H�#��x

w
	7�%x~��|�x

õ�y%���
�Cx��*��� W 	��
w = 0

���<õ%����� Îr�

En[ewR] = exp[βnU(w) + V (w)]
(
1 +O(κ−1

n )
)

�%õ���}
βn, κn → ∞ õ U(w) õ V (w)

�%x��%��×�����¤�|~�
�¦�
|�� W ���v��ð ���
����|��¥	7��x~�¢���
O
|�xH� ö�y%���³�¢�
|�� W 
�Í9|*ô�ôSy%£

��y%xH�´	��Þô��ó|��­¤�|~�
U ′′(w) 6= 0


ª�N�©y��Á� õ ���fô~�%�z�%�³�����Á� R ��	%�³����|�x��´�©y%�J�ó�C�F�C�4�<�7�%|��Á������xHx��N	��fô~�%�z�%�³���������

En[R] = βnU
′(0)+V ′(0)+O(κ−1

n ), Vn[R] = βnU
′′(0)+V ′′(0)+O(κ−1

n ), rn = O(κ−1
n +β−1/2

n ).
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ewR(x)z‖x‖.
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σ(w)
�4�������¦¤�|H�

B(σ(w), w) = 1
���
σ(0) = σ õ�5
 � y%x�	%�C����y%x 	�� õ��%����������y%x�2§���Qö�y�x�}�����y%x

Σ(w) = log σ(w)
�7	%�³����|�x��b	����
�Cõ��Á� ����}�y�x�	�� x�y%x

xH|������ õ �l
C�7
 õ Σ′′(0) 6= 0
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En[R] = −Σ′(0) · n+O(1), Vn[R] = −Σ′′(0) · n+O(1), rn = O(n−1/2).
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En[ewR] =
[zn−1]SR(z, w)

[zn−1]SR(z, 0)
= exp(n(log σ − log σ(w)) + logK(w)) (1 +O(Θn))

!��
Θ < 1

���
K(w) = A(σ(w), w)/(σ(w)B ′

z(σ(w), w))
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Ω

�����GCD���$q
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\]�G#D�:#h�GCD���@����A�K ���R>@���0ob=@!��������<���
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���>W	.!:�����;K ������^FU

Ω ≈ G? × U , G = {m ∈ Fq[X]; degm ≥ 1}, G? = ∪n≥0Gn, U = {v ∈ Fq[X]; v
= � �;�����;"�� }.\`ò$# ñ ^
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G(z, w) =
∑

m∈G

ewc(m)zdeg m, U(z, w) =
∑

m∈U

ewc(m)zdeg m.

}0!�= "
w = 0
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G(z)
�F�
U(z)
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�bJ�"��[�����<�9U

G(z) =
(q − 1)qz

1 − qz
, U(z) =

1

1 − qz
.
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(1−G(z, w))−1 ���

(1−G(z))−1 c�!�=@��"�!��<�L= �n"������N���������<�������.	@= ����ob=@�����N��!��<�I��=$E
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(1 −G(z))−1 ��J�"��[���

(1 −G(z))−1 =
1

1 −G(z)
=

1 − qz

1 − q2z
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z = 1/q2
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C(v0, v1) =

p∑

i=1

c(mi).
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Ω
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C
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c
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SC(z, w) =
U(z)

1 −G(z, w)
=

1

1 − qz

1

1 −G(z, w)
,

\`ò$#Hý�^
!��

G(z, w)
������������J�"�����
�J��@J�"�����"������MK �;�:��"���J��M��= "��GCD�F������A�K ��� G ������!<����Jm��=W��!�Z �

c
#
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SC(z, w)
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#
6T����J�"����

U(z)
�������������;g<���;o<=@����= "2����>$����ob=@�������<��"�J

D1/q
> �I"��9gb!��

1/q
#<s8!�AlA?�

c(m) = O(`(m))
U

	.!�= "L��!�= �
ε > 0

U��;�j�FE��������4= �n��!������;����
�� W > �
0
���L= �n>$����o<=@�N�����<��"�J

Dε
> �4"��hg�!��

(1/q)− ε
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G(z, w)
�������������;g�����ob=@����= "

Dε×W #:}0!�= "
σ = 1/q2 U G(σ, 0) = 1

���
G(σ)U(σ) 6= 0

#
�)�B	���"�������= �;����"9U

σ
�����)�GC = � ��ob=@�e	.���;�4���;Al	 ���e> �

SR(z, 0)
>@���@�

Dε
#�6w����> J�"��;�bJ�����	���"��������;������	���"�"���	 	.!�"��

X
z
���
w
> �
G(z, w)

��!��<�8�@!��$qG�<= �;�����M\����LA?{�A?���L����"���������A?���<�I	.!:���;���;�b����^�> O��8o<=@�4���N��!�Z �LJ���J�A?���<�����;"��
c
�����B�@!��ß�<= �G#R�©�4�FE$�;����������!�"��|= �@�WY�!��@������!��

σ(w)
> JF�@� ���k��= "B= �ß��!������;����
���> �

w = 0
�����[���kob=@�

G(σ(w), w) = 1
���
z = σ(w)

�����m�GC = � ��o<=@�B	.�����|> �
SC(z, w)
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Dε
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���@J�!�"�O�A?�

FS
Uh�[�<"��������RXI	 "�!�= �b��"0ob=@�

Σ(w) = log σ(w)
��>$A?���T= �@�R> J�"��;��J��R������!��@> ���@!��$qG�<= �;���R��!�"���o<=@�
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Σ′′(0)��!��;�I�<= �;���:#
��Í ìxì Í�� ÍPy%�C�

σ(w)
�©��ö�y�x�}�����y%xb	�� Î?xH���­ô~�%�

G(σ(w), w) = 1
ô~y%|��

w
	7�%xH�
|�xbõ�y%���
�Cx��*����	��

0
���

Σ
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Σ = log σ

Þ�­��y%�
� õ Σ′′(0) = 0
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G(σ(w), w)

�9CDJ���"��;�e��!�=@�I���VY�!�"�A?�

G(σ(w), w) =
∑

m∈G

efm(w) �h�����
fm(w) = wc(m) + Σ(w) degm.

}2��"�> JF�@� �;����!���> �
σ(w)

U
G(σ(w), w) = 1

���I���W> J�"��;�:���<��> ��=$E|Y`!����8	���"I"���	 	.!�"��4X
w
U��@!�=@��!�K �����@!��@�

0 =
∑

m∈G

(f ′′m(w) + f ′m(w)2)efm(w) \`ò$# þ:^

�<�
Σ′′(0) = 0

UT����!�"��
f ′′m(0) = Σ′′(0) degm = 0

	.!�= "m��!�= �
m

>@���@� G ���m�GCDJ�
b���;�;��Jtò$# þnA?!��<��"��|o<=@�
f ′m(0) = 0

	.!�= "���!�= �
m ∈ G #fs8!�AlA?�

f ′m(0) = c(m) + Σ′(0) degm
U
c(m) = −Σ′(0) degm

���������
�;�;�@J9���;"��e���

degm
#�QNJ�"��[��!��@�)��!�= �)> �LA?{�A?��o<=@�

Σ′(0)
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Σ′(0) = −q2∂wG(q−2, 0)

∂zG(q−2, 0)o<= �7�����e����"���������A?���<�e�@J�
b�����[Y2���
c
�����I�@!��W�<= �G#

v4J����;	 "�!<ob=@��A?���<�9UL���
c
�����|> ������Y�!�"�A?�

c(m) = α · degm
U)������J�"����

G(z, w)
��>$A?���|= �@�WY`!�"�A�= ���

�FE$	 �;�����;���?p
G(z, w) =

(q − 1)qzeαw

1 − qzeαw
.

6T�4Y`!��@������!��
σ(w)

����������!�"���> !�� �@J���	���"
σ(w) = 1/(q2eαw)

��!��;�
Σ(w) = −2 log q−wα ���

Σ′′(0) = 0
#
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n
#

s8�?"�J���= �;�����������M�GCDJ�ob= �;�:�������<����=@"M�����M	.!��;g<����A?���V> ���M"�J���=@�[�������m> �BPI������>$�[qGQ����;��J��k\�qDP8Q� ñ UwPRQ� �ø%sR���
���@J�!�"�O�A?�

BV
^T> !��<�2���N	 "���= �b�I���8�;�;Al�;������= E����<������"��9#:6w�N	���"������I	 "��;�@���;	�������> �L����> J���!�Al	.!:���;����!��|> �8���

��!�Al	 ���FE$�;��JLK �;�����;"��LJ������@>$=@�I�����,> �8���eY�!�"�A?�
(n+2)Y0

!��
Y0

�����0���L��!�Z �)��> >$�;���[YjXN��"�!����������@���8A?!<> J�"�J��
������!<����Jt��=���!�Z ��J���J�A?���<�����;"��

c = `
# � �;�@���GU

(n + 2)Y0
��= �;��= �@�|��!��8�;�;Al�;���|
b��=@��������� �@�t>fCD����	.J�"����@���

o<=���>$"�������o<=@�M���e> ���:��"������@���M��= K ��o<=@�M���
n
#

ø ÷
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6w�L��!�Z ��XN��"�!����������@���LA?!<> J�"�J��
Y0

o<= ���;�<���F"��<�����<�)>@���@�2���N> J���!�Al	.!:���;����!��B> �L���N��!�Al	 ���FE��;��JIK �;�����;"��
J������@>$=@�I�����2������!<����JI��=l��!�Z �)J���J�A?���<�����;"��

c(m) = `(m)
#�6w����J�"����8
�J��@J�"�����"������

G(z, w)
�����,��J�"��[��������!�"��

G(z, w) =
∑

m∈G

zdeg mew`(m) =
(q − 1)qze2w

1 − qzew
.

6)CDJ�o<=�������!��
G(σ(w), w) = 1

�V	.!�= "e��!��;= ����!��

σ(w) =
1

qew((q − 1)ew + 1)
���������e> ��=$En	 "���Al��O�"����4> J�"��;��J����e> �

Σ = log σ
���

0
��!��<�

Σ′(0) = −2q − 1

q
,

���
Σ′′(0) = −q − 1

q2
.

67�M��!�Z �
Y0

��= �;��>@!��@��= �@����!��f
b��=@��������� �@�M> ��	_��"���A?O���"����

En[Y0] =
2q − 1

q
· n+O(1), Vn[Y0] =

q − 1

q2
· n+O(1), rn[Y0] = O(n−1/2)

�������@�GCD!��t��>$A?�������I���@J�!�"�O�A?� ð  ���= ")��������!�Z ������!��@�����<��"�J��hU�������!�Al	 ���FE$�;��JeK �;�����;"��eJ������@>$=@�4��>$A?���R= �@�
��!��7�;�;Al�;����
b��=@��������� �@�m> ��	���"���A?O���"����

En[E] =
2q − 1

q
· n2 +O(n), Vn[E] =

q − 1

q2
· n3 +O(n2), rn[E] = O(n−1/2).

ßbÝNìwÝNì ��Ó ã$Ü��2Ñ
N

Ó�ÙuÑ�Û7ÏfâRÙ�Ù�Ò�Ó�Ö
6w�V��!�Z �N	 "��;�@���;	����)>@���@�N���|> J���!�Al	.!:���;����!���> �����|��!�Al	 ���FE��;��J�K �;�����;"���������������ob=��MYG���;�4�;�<����"��b��� �;"����

��!�Z �
N

�����@!�=@����!�= ��!��@��A?!��<��"���"Mo<=7C �;�2��>$A?����= �@�V��!��,�;�;Al�;���V
b��=@��������� �@�:#j}2��"�> JF�@� �;����!��7Uj���BY`!�"�A?�

�J��@J�"������m> �

N
�����

N(v0, v1) =

p∑

i=1

deg vi−1.

�2�É= ���;�;�������<�?����Y`!�"�A�= ����ò$# ð ��= "l�����?> ��
:"�J��B> ���
vi

���?���É�;�<����"��������l�����?> ��=$E ���;
:�@���?��!�AlA?���9U2= �@�
Y�!�"�A�= ���m���;����"��������;���m> �

N
���
Y`!��@������!���> ����> ��
:"�J��e> ���eob=@!��������<���e�����

N(v0, v1) =

p+1∑

u=1

u degmu,
�9�b���

mp+1 = vp.

�N!�=@��= ���;�;����!��@�e= �@��Y�!����e> �M	 �;=@�e����K � c���������!��
Ω ≈ G? × U ���e���M>$��������!�� �����;"���	.!�= "4�FE$	 "��;A?��"e���?��J�"����


�J��@J�"�����"������MK �;�:��"���J��M> �
N
#@6w��K � cd��������!�������"�J���"��;�

Ω ≈ U + G × U + G × G × U + . . . .

�N!�=@�2�@!���!��@�
cj

������!�Z �
cj(m) = j ·degm

#�}0!�= "�= �B���@����A�K ���4> �I���NY`!�"�A?� G× . . .×G×U = Gp×U U������!�Z ����= "N���
je ���@����A�K ��� G �����4� E$JVX

cj
���4���V��!�Z ����= " U �����e� E JVX

cp+1
# � �;�@���T> JF�@� �GU.�����N��J�"������


�J��@J�"�����"��������
Gj(z, w)

���
Uj(z, w)

������!<����J����e��=���!�Z �
cj

��= "I���������@���FAVK ����� G ��� U ���������dY`!��<�

Uj(z, w) = U(z, j · w) =
1

1 − qzejw
, Gj(z, w) = G(z, j · w) =

(q − 1)qzejw

1 − qzejw
.

ñ  
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6w�M>$���F���;!��@�����;"��m�9CH��	 	 �;��o<=@�m����!�"��4��=W	���"���A?O���"��

N
�����@!�=@�e!�K �����@!��@���GCD�FE$	 "���������!��

SN (z, w) = U(z, w) +
∑

p≥1

G(z, w)G(z, 2w) . . . G(z, pw)U(z, (p+ 1)w)

= Φ(−(q − 1),−qz, ew)

!��W���VY�!��@������!��
Φ
������> JF�@� ����	���"

Φ(u, ξ, t) =
∑

p≥0

tp(p+1)/2 ξpup

∏p+1
j=1(1 + ξtj)

.

Φ
���������dY`���;�m�GC ��> ���<���;��J

Φ(u, ξ, t) = 1 − tξ(1 − u)Φ(tu, ξ, t)
#,s8�������B��> ���<���;��J|"�����O����|>$=�> !�AB���;�@�t> ���

q
q��9������= ���e����A?O��@��	���"��;�@>$=@������!��kX����VY`!�"�A�= ���

Φ(u, ξ, t) = 1 +
∑

n≥1

(−1)n(tξ)n
n−1∏

j=0

(1 − utj).

� 	 	 �;��o<=@J��VXl���?��J�"����
SN (z, w)

U_!���!�K �������<�N= �@�MY�!�"�A�= ���V���;����"��������;�b�Vob= �7YG���;�4�������;"���A?���<�M��	 	���"��u����"��
�����e��!<�F�B�������<���9U

SN (z, w) = 1 +
∑

n≥1

zn(qew)n
n−1∏

j=0

(1 + (q − 1)ewj).

6T�l��J�"�����
�J��@J�"�����"�������> ���IA?!�A?���<���4>$=W��!�Z �
N

��= "
Ωn

�����e����!�"��eJ�
b�����mX

En[exp(wN)] =
[zn−1]SN (z, w)

|Ωn|
= e(n−1)w

n−2∏

j=0

[
1 + (q − 1)ewj

q

]
.

6w�4	���"���A?O���"��
N

��= �;�I����g�Al	 ��!�����o<=@��A?���<�L= �@�N��!��.
b��=@��������� �@��> O��Lo<=@�4���4	���"���A?O���"��
N = N/(n− 1)���������dY`���;�V��=@������= �@�?��!��R
b��=@��������� �@�:#T�i���;�<���������<�9UT���W��JF"��;�B
�J��@J�"�����"������t> ���mA?!�A?���<����> �

N
���������dYG���;�

En[exp(wN)] = exp δn(w)
�9�����

δn(w) = w +
n−2∑

j=0

fw(
j

n− 1
)

!��
fw

�����I����Y`!��@������!��
fw(t) = log

1 + (q − 1)ewt

q
.

6T��Y`!�"�A�= ���N>fCD�2= ����"dq��k���Fq�6T��=@"��;�n��"����@��Y�!�"�A?�4= �@�N��!�AlA?�4���|=@�@�e�;�<��J�
:"����������L��	 	 �;��ob=@J���X
δn(w)

U<!��
!�K �������<�

δn(w) = n.U(w) + V (w) +O(n−1)
!��

V
�����I= �@��Y`!��@������!����������;g�����ob=@�M�;�@> J�	.���@>@���<���m>@�

n
>@���@�I= �W�b!������;����
��M> �

0
���

U(w) =

∫ 1

0
f(t)dt =

∫ 1

0
log

1 + (q − 1)ewt

q
.

6T�l��J�"�����> ����A?!�A?���<�����bJ�"��[���m����!�"��

En[ewN ] = exp(n · U(w) + V (w))(1 +O(n−1))

ñ$ð
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�9�b���N= �
����"�A?�M>fCD��"�"���= "�= � �[Y�!�"�A?�����

w
# 67�����@J�!�"�O�A?�M> ����o<=������[qG	 = ���������@������> ��û4�L��� 
?�9CH��	 	 �;��o<=@�MX

N
�������WA�= �;���;	 �;�����<�e	���"

(n− 1)
U ���<��"��u���@�M������!��f�;�;Al�;���M
b��=@��������� �@�M> �

N
> ��	���"���A?O���"����

En[N ] = U ′(0) ·n2+O(n) =
q − 1

2q
·n2+O(n), Vn[N ] = U ′′(0) ·n3+O(n2) =

q − 1

3q2
·n3+O(n2),

���e> �����;����������> �M��!��<����"�
����@���
rn[N ] = O(n−1/2)

#
�2����>$A?���������<�
�������@J�!�"�O�A?� ÷ UR�@!�=@�t	.!�= �b!��@�n�9������= ����"n�����n��!��@�������<�����n>@!�Al�[�_���<�����
o<= �4�;�<����"dq

���;��� ���F���L>@���@�R���m��!��_�;�;Al�;���N>@�e���m��!�Al	 ���FE$�;��JNK �;�����;"��N������������o<=@�:#<},!�= "8�GCD����	.J�"����@���:U��;��YG��= �L��=@����������� �;"
��!�Al	 ���4> � 1

2 deg2 v0/2 = (n−1)2/2
o<= �@�;�<����"��������<�8>@���@������> J���!�Al	.!:���;����!��
����!�"��Ro<=@�I	.!�= "

vn
Ub����= ���

���t����"������@���l>$=���!�Z ��
b��=@���������
N

�;�<����"��������<�9#f6T�n��!�Al	 ���FE��;��JlK �;�����;"��?������������o<=@�
B

��= �;�M����!�"���= �@����!��
�;�;Al�;����
b��=@��������� �@�M> ��	���"���A?O���"����

En[B] =
2q − 1

2q
· n2 +O(n), Vn[B] =

q − 1

3q2
· n3 +O(n2), rn[B] = O(n−1/2).

6w�l��J�"����
SN (z, w)

���������dY`���;�I= �@�MJ�o<=�������!��
Y`!��@������!�� �@���;���m> ������Y`!�"�A?�
SN (z, w) = U(ewz, w) +G(ewz, w)SN (ewz, w).

s8���©g�	.�l>fCDJ�o<=�������!�������"����@��!��<��"��?	���"M�FE ��Al	 ���l��!�"��M> ���GCH�������;g$���?> ��	���"���A?O���"�����> ���©g<	.�l��!�� 
:=@��= "
> �M���@��Al�;�@��A?�F���9#
ßbÝNìwÝ�� #|ÜwÖTÑ�Ò�Ö,â)ÏfÖTÑ*)ßâ�Ö�Ó;3rÐbÏjã�Ñ�Ò�ÜwÖ'Ú�Ó�×�à�Ó.àv6�ã â2Ñ�Ò�ÜwÖ

6T����J�"����W
�J��@J�"�����"������k> �
L[δ] �����?�@!���J������;Al	 ����A?���<�

S[δ]
# � �b���W����K � cd��������!��

Ω ≈ G? × U U)�����"�����������!��@�e��=@"L������> ��
:"�J��e����������>$��������!�� �����;"����9U@������JF"��;��K �;����"���J��
S[δ]

��>$A?���e��!�AlA?��Y`!�"�A?�M���;����"��������;�b�

S[δ](z, w) = U(zew) ·
∑

p≥0

G(z)bδpcG(zew)p−bδpc.

�i���;�<���������<�9U����
δ
���������e"�������!�� �@���

δ = c/(c+d)
U<����!�"��8���tJ���"��;�:���<�

p = k(c+d)+ j
U����m��J�"����4����"�J���"��;�

S[δ](z, w) = U(zew) ·




c+d−1∑

j=0

G(zew)j−bδjcG(z)bδjc


 · 1

1 −G(z)cG(zew)d
.

\`ò$# ó ^

�©�w����������!�"���YG�����;����> �M�bJ�"��[����"Nob=@�
S[δ]

�bJ�"��[���M��!�= �����4�����4��!��@> �[���;!����N>fCH��	 	 �;���9������!���>$=����@J�!�"�O�A?�
FS

#
�N!���!��@�7��!�= ���FY�!����w= �@�2	.�����;���R>$�[�B��= �;��J:#u}0!�= "

w = 0
U��;���w��������= "��w> �

z
	.!�= "w������ob=@���;�����

G(z)cG(zew)d =
G(z)c+d �:��= �

1
��!��<�

z =
e2ikπ/(c+d)

q − 1 + qe2ikπ/(c+d)
, k ∈ N.

67�t	.�����t> !�Al�;�����<�?�����
z = 1/q2

���V�����V	.����������!�=@�dq�> !�Al�;�����<�l�9CD!�K ������� �@���<�B�9�b���
k = ±1

#0}2�;=@�����
> J��@!�Al�;��������= "

(c + d)
> �

δ
�����V
:"����@>fU0	 �;=@�V����>$���������@���t���<��"��t���|	.�����t> !�Al�;�����<�?���V�;�|	.�����n��!�=@�dq

> !�Al�;�����<�N�����@>iX?�hCH��� �<= ����"9#.67�mA?{�A?��	 �@J��@!�A?O��@����	 	���"��u������= "e�����N���<������"��N���N�:CD�����4���?"�������!���	.!�= "
����ob=��F�;���i��!�=@�n�@�k	.!�= �b!��@�W�������;g$����"
�GCH���;
�!�"��;��� A?��> �iù���= ���$qr�����@ú�� ����
b���9�b���k= �@�kA�= �;���;	 �;���9������!��
>fCD!�"�>$"��M	 �;=@�I	.�����;�eo<=@�

O(n3/2)
#

�2�W>@JF"��[�:���<��> ��=$EtY�!����L���V"����������;!��
δ logG(σ(w)) + (1− δ) logG(σ(w)ew) = 0

	���"I"���	 	.!�"��eX
w
U

������> ��=$En	 "���Al��O�"����4> J�"��;�bJ����e> �
σ(w)

��	 	���"������������<�e���e���W	 "��������<�
w = 0

U$�@!�=���!�K �����@!��@�

σ′(0) =
δ − 1

q2
, σ′′(0) =

(δ − 1)(q(1 − δ) − 1)

q2(q − 1)
.

ñ ò
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6w����> ��=$E
	 "���Al��OF"����4> J�"��;�bJ����e> �

Σ(w) = log σ(w)
�bJ�"��[�����<�4����!�"��

Σ′(0) = −(1 − δ), Σ′′(0) = −δ(1 − δ)

q − 1
.

s8�����7����"�Al�;�@�M����	 "���= ���M>$=W���@J�!�"�O�A?� ñ #

Ô�¼98 � 1"ØdÚ���5_& ¿V&25 -~¾��m3_5�-~¾�1�-0&2143�+×Ö25
6w��	���"�������	 "�J���J�> ���<���8"���
:"�!�= 	.�8�GCH�������;g����R> ����!�=@�T�����0��!�Z ���0	 "��;�@���;	���=$E�>@���0> J���!�Al	.!:���;����!��@�9#�y����@�

����������	���"������:Uh�@!�=@�w��"����;��!��@�T�����0��= ��"����T��!�Z ���9#u�4!�=@�wA?!��<��"�!��@�0o<=@�2�����T��!�Z ���0X���"�!����������@���)�;�<����"�A?J�>$�����;"��
���8�����8��!�Z ���R����"�Al�;����=$Et!��<�8= �@�4����	.J�"����@�������R= �@�e�:��"������@���N>fCD!�"�>$"��N��!��@�������<�L!�=|�;�;�@J9���;"��N���

n
#<�N!�=@�

J�����K �;������!��@�L���;�@���_���e���@J�!�"�O�A?� ð  m���R�����R"�J���= �;�������R
�J��@J�"���=$Et��= "R�;���8��!�Al	 ���FE$�;��J��8K �;�����;"����L������������o<=@�e���
J������@>$=@�:#
ß�Ý��bÝ4= #|ÜC�2Ñ�Ù
ÏfÚRÚ�ÒGÑ:Ò43�Ù�)ßã$ÐbÜwÒ�Ù�Ù�ÏfÖ�ã$Ó�Ò�ÖTÑ:Ó@ÐbÞ:6�Ú�ÒGÏfÒGÐ�Ó

�4!�=@��� E$!��@�e= ����!�Z �4J���J�A?���<�����;"��
c
�����To<=@�����m��!�Z �N��> >$�;���[YR������!<����J

C
�����NXl��"�!����������@���M�;�<����"�A?JFq

>$�����;"��:#:},!�= "2�����2��!�Z ������> >$�;���[Y��9U����L>$��������!�� �����;"����9CH��	 	 �;��o<=@�L>$�;"���������A?���<�9#�6T�N��J�"����8
�J��@J�"�����"������IK �;�:��"���J��
��>$A?���e����Y`!�"�A?��
�J��@J�"������

SC(z, w) =
U(z)

1 −G(z, w)

\`ò$# ÷ ^
!��

G(z, w)
���������m��J�"����N������!<����J��N��=t��!�Z �8J���J�A?���<�����;"��

c
#b67���8��J�"������8> ����A?!�A?���<���L>fCD!�"�>$"��

1
!�=

2
��!��<�

�����e> J�"��;��J�����	���"�"���	 	.!�"��NX
w
> �
SC(z, w)

	 "������������
w = 0

U ��!��;�

S
[1]
C =

U ·G[c]

(1 −G)2
, S

[2]
C =

U ·G[c2]

(1 −G)2
+ 2

U ·G2
[c]

(1 −G)3
\`ò$# ð  �^

�9�b���
G[ci]

��������J�"������
G[ci] =

∑

m∈G

c(m)izdeg m.

!4�@�eY`!����8> �N	 �;=@�9U������L��J�"������L��!��<�8��"�O��L���;Al�;�����;"�����X������;�����I!�K �����<=@���L	.!�= "L�����L���<������"��M\��FYd#bY`!�"�A�= ����õ$# ð ø
����	 "�!�	.!:���;����!�� ÷ ^F#@�2�W"���Al	 �����9���<�

U(z)
���
G(z)

	���"��;��= "����FE$	 "���������!��@�e�FE ���������e>@���@�I�����e��J�"������
S

[j]
C

U
�@!�=@�e!�K �����@!��@�e�����LY`!�"�A�= �����4���;����"��������;�����

S
[1]
C (z) =

(1 − qz) ·G[c](z)

(1 − q2z)2
, S

[2]
C (z) =

(1 − qz) ·G[c2](z)

(1 − q2z)2
+ 2

(1 − qz)2G2
[c](z)

(1 − q2z)3
.

6T�t��J�"����
S

[j]
C

��>$A?���M= �i	.�����l>fCD!�"�>$"��
j + 1

���
z = q−2 #j�2����	 	 �;��o<=����<�M���BY`!�"�A�= ���l>fCD�FE$��"���������!���ø

	 = ���������@!�"�AB���;����������!���	���"����M�9��"�>$�;�����w> �
Ωn

U �����e> ��=$En	 "���Al����"��eA?!�A?���<���e> �
C

��J�"��[�����<�

En[Ci] =
[zn−1]S

[i]
C (z)

|Ωn|
=

(
q − 1

q
G[c](q

−2) · n
)i

(1 +O(n−1)).

�)�|	���"������F=@�[����"9U$���e����"�A?�N���
n2 > �e���m����"������@�����9CH��� �<= ���:#�6w�m�:��"������@���N> ���8��!�Z ���I��> >$�;���[Y`�LX���"�!����������@���

�;�<����"�A?J�>$�����;"��m�������;��Y`���;�
Vn[C] = En[C2] − En[C]2 = O(n).s8�����0J�����K �;�;�N���M	 "���Al����"N"�J���= �;�����N>$=����@J�!�"�O�A?� ð  ?��!��@����"������<�N�����N��!�Z@���NXB�F"�!��;�������@���m�;�<����"�A?J�>$�����;"��:#

s8����> ��"�� ����"�����!��<�m> !��@�?	 �;=@�m��!��@�����<��"�J��Vob=@�l�����M	���"��������m	 "��;�@���;	��������Vob= ����!��<�M��!�= ������> �l�:��"������@�����
��= K ��o<=@���9#

ñ õ



� ñ��
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ßbÝ���Ý)ß #|Ü��)Ñ:Ù
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6w���R��!�Z ���)����"�Al�;����=$EB��!��<�)��!�=@�)��������!�Z ���R> �I���NY`!�"�A?�
O((`(mp)+`(vp))

k)
	.!�= ")= �B���������F"

k
� E J:#

�<�
T
>@JF��!����I������!�Z ������"�Al�;�����

T (v0, v1) = `(mp)+`(vp)
U:�����)��!�Z ��������"�Al�;����=$E?!����)��!�= �)����= "�A?!�A?���<�

>fCD!�"�>$"��B��!��@���������m���)���m����= ����A?���<�����)��!�=@�M�����MA?!�A?���<����> �
T

��!��<�m��!��@�������<���9#�!4�@��Y`!����M> �?	 �;=@�9Uf���
>$��������!�� �����;"��t��	 	 �;��o<=@J|X

T
���VXn���nK � c���������!��

Ω = U + G? × G × U ��!��@>$= �;��Xn���
��J�"����?
�J��@J�"�����"������
K �;����"��;J��

ST (z, w) =
U(z, w)G(z, w)

1 −G(z)
+ U(z)

�9�b���
G(z, w)

���
U(z, w)

��!��<�4�����4��J�"������eK �;�:��"���J�����������!<����J�������=���!�Z �NJ���J�A?���<�����;"��
c
��= " G ��� U #_},��"> J�"��;�������;!��wU ���l��J�"����M>$=
A?!�A?���<�4>fCD!�"�>$"��

k
����������Y`���;�

S
[k]
T (z) =

1

1 −G(z)

(
d

dwk
U(z, w)G(z, w)

)
|w=0 =

1 − qz

1 − q2z

(
d

dwk
U(z, w)G(z, w)

)
|w=0.

ve��AB��"�o<=@!��@�8���@��!�"��4= �@��Y`!��;�R���M���;Al�;����"��;��J4>@����Y`!�"�A�= �����8���<��"��e���4�9���R	.!��;g��@!�Al�����j�������4�9���8���<������"�\��FYd#
	 "�!�	.!:���;����!�� ð  �^F#
s8!�AlA?�

U(z, w)
���
G(z, w)

��!��<���������;g<����o<=@���4>@���@�4= ��>$����ob=@�m��!��<���������<������"���������A?���<�
1/q2 	.!�= "

w��=$�B����AlA?���<�L	.�����;�9U��;�j���n�����L> �4A?{�A?�N> �4����> J�"��;�bJ��
ke # � �;�@���GU<�����8��J�"������ S[k]

T

��>$A?���������<�I= �t= � ��o<=@�
	.���������;Al	 ����> !�Al�;�����<�M���

z = 1/q2
#j6w�t	 "�!�	.!:���;����!���ø
���<��"��u���@�lo<=@�V������!b�F�B�������<�m> �

zn >@���@�
S

[k]
T���������dYG���;�

[zn]S
[k]
T (z) = q2n

(
d

dwk
U(z, w)G(z, w)

)
|w=0,z=q−2(1 +O(n−1)).

� �b���B�����@!�"�AB���;����������!�� 	���"V���|�9��"�>$�;�����I> �
Ωn

UT�@!�=@�V>@J�> = ����!��@��o<=@�B��!�=@�V������A?!�A?���<���l> �
T

��!��<�
>fCD!�"�>$"��m��!��@�������<�9#_s8�����w> J�A?!��<��"��M���M> ��=$E$��O�A?��	.!��;�<�e>$=W���@J�!�"�O�A?� ð  $#
� ����������> ��> �V�@!���"��l�������;g$���:U.�@!�=@�M�9�b!��@����!�Al	 ��O�����A?�����M> J�A?!��<��"�Jl�����N���@J�!�"�O�A?��� ÷ ��� ð  $#�&4"������
���@J�!�"�O�A?���e��!����I��=$�B�����<���I	.!�= "I�:���;��> ��"I����> J���!�Al	.!:���;����!���> ��������!�Al	 ���FE��;��JMK �;�����;"��M> ���GCH���;
�!�"��;��� A?�
J������@>$=7#_67�m	 "��;�@���;	.�V> �m> J���!�Al	.!:���;����!��i�9CH��	 	 �;��o<=@�����e�@!�=@�4!�K �����@!��@�N���?��!��w�;�;Al�;���m
b��=@��������� �@��> �

E\]���@J�!�"�O�A?�Mø<^F#

ÔJ¼
_ � Ö���&�Ú,¾L-�-|&)(*&2143_5\-�+×Ö2-T/�5û¿V&25�(¸¾e(*&2143_5 ¿V&25�-�¾e(.-�Ú�&<;M/d35Ö25]=V/�1$Ø�/�+j&25
a:=@��ob=7CHX�	 "�J������<�9U��@!�=@���@!�=@�R��!�AlA?���R��!��<���F����J��8> ���)����"�A?���8> !�Al�;�����<���8>@���@��������> J��b����!�	 	.��A?���<���

����g�Al	 ��!�����ob=@���n> ���t��!�Al	 ���FE$�;��J��tK �;�����;"����9#Ly����@�n����������	���"����;�:U8�@!�=@�|A?!��<��"�!��@�
��!�AlA?���<�
�9�b���������
��J�"������I
�J��@J�"�����"��������hU@�@!�=@�e!�K �����@!��@��= �@�m����g�Al	 ��!�����o<=@��	 �;=@�I	 "�J��������:#
ßbÝ���Ý4= #|ÏfÙ�Ú�Ó�×�à�Ïj×�Û7Ü7ÐbÒ`Ñ�Ý�Þ Ó�ã ×�ÏfÙ�Ù�ÒÖ8,â)Ó

6T�l��!�Al	@�;�FE$�;��Jm> ���GCD���;
�!�"��;���@A?�m�����������;o<=@��������> !�� �@J���	���"

B(v0, v1) =

p∑

i=1

`(mi)`(vi).

�N!�=@�I	.!:��!��@�
∆z

�GCD!�	.J�"�������= "Nob= �T��
:�;�e��= "I��������J�"�������
�J��@J�"�����"��������4���
z
	���"

∆z(F (z)) = (zF (z))′.
6)C �;�<��J�"�{��M> ��������!�	.J�"�������= "M�����No<=7C �;�wYG���;����	 	���"��u����"��V���B�����;�;�;��> ���4	.!��;g��@��A?���9#j�2�i�F�f���9U_���

F
������> �

���VY�!�"�A?�
F (z) =

∑

m

zdeg m ����!�"��
∆z(F (z)) =

∑

m

`(m)zdeg m,

ñ ø
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�����õ�����y
ô7ôH������x9�C�²ô�����}����
	��
�§��y%�³��x9�C�¥	��
�
}�y��­ô����mÒ��C�4��������x��%�C���
�
!��W���l��!�AlA?�M���NY`���;�e��= "I= �����@����A�K ���m> ��	.!��;g��@��A?���9#

� �b�������lK � cd��������!��
Ω ≈ G? × U ���������e"�����������!��@�Nò$# ð U����?��J�"����M
�J��@J�"�����"������V>$=W	 "��FAl����"4A?!�A?���<�N> �

B
������> !�� �@J��M	���"

S
[1]
B =

1

1 −G
∆z(G)∆z(

U

1 −G
) =

1 − qz

1 − q2z
· q(q − 1)(2z − qz2)

(1 − qz)2
· 1

(1 − q2z)2
.

\`ò$# ð:ð ^
�©�<��= �;���;�b��A?���<�9Uf����	 "���Al����"

∆z

�J��@O�"��

`(mi)
����!�"��Mo<=@�����l������!��@>i
�J��@O�"��

`(vi)
#J!4�@�l��= ��"��lAB��� ��O�"��

> �k�b!��;"
�����n> �i> J���!�= 	.��"
�GCD�FE J���= ����!���> �k�GCH���;
�!�"��;��� A?��>fCD�2=@���;��> ��������"�!����n	���"���������p8���i> J�K = �
o<= �
��!�"�"�����	.!��@>���=�	 "���Al����"Mo<=������[qG�;�<�b��"����:Uj�`CDJ�����	.�

i
��!�"�"�����	.!��@>@���<����=

G(z)
>@���������V	 "��FAl����"

∆z
�������

�@��> ���GCD�FE$J���= ����!���o<= �7��!�"�"�����	.!��@>�X����l��J�"����M>@���@�I���M> ��=$E$��O�A?�
∆z

#

début
quasi−inverse quasi−inverse

finétape i

6T�l��J�"����
S

[1]
B

�9CDJ���"��;�4��=@�����7��!�=@�I����Y`!�"�A?�

S
[1]
B (z) =

A1(z)

(1 − q2z)3

�9�b���
A1

�������;g<����o<=@�8��= "T���8>$����o<=@�8> �R"��9g�!��
1/q

���
A1(q

−2) = (2q−1)/q
#u6w�R	.�����8>@!�Al�[�_���<�

z = 1/q2������>fCD!�"�>$"��
3
# 6w��	 "�!�	.!:���;����!���ø?�hCH��	 	 �;��ob=@�M���4��	 "�O��I��!�"�AB���;�;��������!���	���"������9��"�>$�;�����T> �

Ωn
U ���<��"��u���@�

o<=@�e�GCD����	.J�"����@���������8>fCD!�"�>$"��No<=���>$"�������o<=@�:#�!4�@�4�FE���"���������!��n	 �;=@���@�@�N�F�j������=@J����9�����4� � })67����!��@>$= �;�
��=W"�J���= �;������	 �;=@��	 "�J������

En[B] =
2q − 1

2q
n2 − 2q2 − q + 1

2(q − 1)q
n+

q

(q − 1)2
+O(n2q−n).

6w�M����"�"�JM> �����l��!�Al	 ���FE$�;��J�K �;�����;"��m���������dYG���;�

B2(v0, v1) =

p∑

i=1

`(vi)
2`(mi)

2 + 2
∑

1≤i<j≤p

`(mi)`(vi)`(vj)`(mj).

6T�?��J�"����M
�J��@J�"�����"��;����>$=�	 "���Al����"4A?!�A?���<�N	.!�= "e���l	 "���Al��O�"��V��!�AlA?���9CD!�K �������<�N> �MAB��� ��O�"������;Al�;�����;"��
X|�����;���V!�K �����<=@�V	.!�= "

B
���i> J���!�= 	����<�������N�FE J���= ����!��@�����k��"�!����N	���"��������9#j}0!�= "����B������!��@> �V��!�AlA?�:U.�;�

YG��= �����������mY`!����N> J���!�= 	.��"��GCD��E J���= ����!������ ñ 	���"��������lp_> ��=$E�	.!�= "N������J�����	.���
i
���
j
���N�����N��"�!�������= ��"����

���;��=@J����e�9�:���<�9U���=
Al�;�;����=����e��	 "�O��
i
���
j
#

quasi−inverse étape
i

quasi−inverse étape quasi−inverse
j

ST!�=�c�!�= "������x= ���;�;�������<�V���WK � c���������!�������������"�����������!��@�l��= "������V> ��
:"�J��9UT������J�"����B
�J��@J�"�����"������
>$=�������!��@>
A?!�A?���<�4> �

B
����������Y`���;�

S
[2]
B =

1

1 −G
∆2

z(G)∆2
z(

U

1 −G
)

\`ò$# ð ò�^

+2
1

1 −G
∆z(G)∆z

(
1

1 −G
∆z(G)∆z(

U

1 −G
)

)
.

ñ:ñ
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6w�l��J�"����
S

[2]
B

�9CDJ���"��;�4��=@�����7��!�=@�I���VY�!�"�A?�

S
[2]
B (z) =

A2(z)

(1 − q2z)5

�9�b���
A2

�������;g�����ob=��l��= "����l>$����ob=@�l> �V"��9gb!��
1/q

���
A2(q

−2) 6= 0
#f67��	.�����l> !�Al�;�����<�

z = 1/q2 �����
>fCD!�"�>$"��

5
#�6w��	 "�!�	.!:���;����!��
ø��9CH��	 	 �;��o<=@�N������	 "�O��8�@!�"�AB���;����������!��
	���"8�����9��"�>$�;�����f> �

Ωn
U����<��"��u���@��ob=@�

���m������!��@>�A?!�A?���<�������4>fCD!�"�>$"��
Θ(n4)

#9!4�@�m�FE���"���������!��k	 �;=@���@�@���F�f���F��=@J��V�9������� � })67����!��@>$= �;��X
= �W"�J���= �;������	 �;=@��	 "�J������e���I	���"e>$�[�fJ�"����@���:U �����:��"������@���M> �

B
���������dYG���;�

Vn[B] =
q − 1

3q2
n3 +

q2 + 2q − 1

2(q − 1)q2
n2 +

q4 + 2q3 + 12q2 − 4q + 1

6(q − 1)3q2
n− q(1 + 5q + q2)

(q − 1)4
+O(n4q−n).\`ò$# ð õ�^

ßbÝ���Ý)ß #|ÏfÙ�Ú�Ó�×�à�Ïj×�Û7Ü7ÐbÒ`Ñ�Ý�Þ Ó 6@Ñ�Ó_Ö�Ú�â
6T�V��!�Al	 ���FE$�;��J�>@�N�GCH���;
�!�"��;��� A?�M>fCD�)=@���;��> �MJ������@>$=W�9CDJ���"��;����!�=@�L���mY`!�"�A?�

E = B +X
!��

X
�����L���

��!�Z �
X(v0, v1) =

p−1∑

i=1

`(mi)`(ai).

67�M��!�Z �
X

�����I��"�O��e���;Al�;�����;"��mX�������!�Al	 ���FE$�;��JMK �;�����;"��M������������ob=@�
B
# �2��	���"�������= �;���F"hU@�����IA?{�A?���e��> J����

�9CH��	 	 �;��o<=@���<��	.!�= "����e�9������= �_> ���)A?!�A?���<���8���)��������J�"������)
�J��@J�"�����"������e	.!�= "�������>@�F= El	 "���Al���F"���A?!�A?���<���
��!��<�e> !�� �@J�����	���"

S
[1]
X = ∆z(

1

1 −G
)∆z(G)

UG

1 −G

���

S
[2]
X = ∆2

z(
1

1 −G
)∆2

z(G)
UG

1 −G

+ 2∆z(∆z(
1

1 −G
)∆z(G)

1

1 −G
)∆z(G)

UG

1 −G
.

�©� Y`��= ���@!�����"R���M��g�A?J���"����4�9�b������������J�"������Rò$# ð:ð ���8ò$# ð òm������!<����J����8X
B
# � =B�;����=|> �e> J�"��;�b��"¢÷�����Î?xt	.!�= "


�J��@J�"���"4�����
`(vi)

U@���?> J�"��;�:������!��k����YG���[�N��=�> J�K = �e	.!�= "e
�J��@J�"���"4�����
`(ai)

#�6w�l	 "�J������@����> �
G

��=���!���J
> �

U
�����N>$=@����=�YG���;�Nob=@�m���B��!�AlA?��>@���@�N���B> JF�@� �;����!��i>@�

X
�����e�;�;Al�;��J��lX

p − 1
#_67�V�9���;��= �2> �������

��J�"������IA?!��<��"��Mo<=7CD���;��������!��<��> ������Y`!�"�A?�

S
[i]
X (z) =

Ai

(1 − q2z)2i+1
,

!��
Ai

�����4�������;g�����ob=@����= "����m>$����o<=@�M> �M"��9g�!��
1/q

���
Ai(1/q

2) 6= 0
#_s8!�A�K �;�@J������9�b�������l	 "�!�	.!:���;����!��

ø?�������V��!�"�AB���;�;��������!���	���"����M����"�>$�;�����w> �
Ωn

U$�GCD����	.J�"����@���m�F����������"������@���m> �
X

����������Y�!��<�

En[X] =
2q − 1

2q
n2 − (2q + 1)(3q − 1)

2(q − 1)q
n+

2q3 + 7q2 − 4q + 1

q(q − 1)2
+O(n2q−n)

���

Vn[X] =
q − 1

3q2
n3 +

15q3 − 13q2 + 3q − 1

2(q − 1)2q2
n2 − 191q4 − 50q3 − 60q2 + 4q − 1

6(q − 1)3q2
n

+
27q5 + 31q4 − 36q3 + 6q2 − 5q + 1

q2(q − 1)4
+O(n4q−n).

\`ò$# ð ø<^
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	��
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�
}�y��­ô����mÒ��C�4��������x��%�C���
�
6�CD����	.J�"����@���m> �

E
�����I���l��!�AlA?�M> ��������	.J�"����@�����4> �

X
�F�e> �

B
��!��;�

En[E] =
2q − 1

q
n2 − 4q

q − 1
n+

2q3 + 8q2 − 4q + 1

q(q − 1)2
+O(n2q−n).

6T������"������@���M> �
E

YG���;�I�;�<����"��b��� �;"����l��!h����"������@���m> �
X

����> �
B

�����bJF"�� �_�

Vn[E] = Vn[B] + Vn[X] + 2
��!h�

n(X,B)
!�� ��!h�

n(X,B) = En[BX] − En[B]En[X].

ST!�=@�8�����8J���J�A?���<���L��!��<�8��!�� �<=@�L����=$Y7�GCD����	.J�"����@����> �
B ·X #<67�N��!�Z �

B ·X �����8> !�� �@J��4	���"8����Y`!�"�A�= ���

B(v0, v1) ·X(v0, v1) =

p−1∑

i=1

`(mi)
2`(vi)`(ai) +

∑

1≤j<i≤p

`(mi)`(mj)`(vi)`(aj)

+
∑

1≤i<j≤p−1

`(mi)`(mj)`(vi)`(aj).

},!�= "�����	 "���Al��O�"��4��!�AlA?�:U��;�_��=$�?�R> �e��!�= 	.��"������R�FE$J���= ����!��@�8���B��"�!�����	���"��������R��!�AlA?�e	 "�J���J�> ��AlA?���<�9#
6T�l��J�"�����
�J��@J�"�����"������m	.!�= "e����������	���"������m�����

∆z(
1

1 −G
)∆2

z(G)∆z(
UG

1 −G
) :=

A3(z)

(1 − q2z)4

!��
A3

�m�����8A?{�A?���L	 "�!�	 "���J���J���ob=@�
A1

���
A2

#�67�N	 "���Al����"
∆z


�J��@O�"��
`(ai)

U<���N������!���>|
�J��@O�"��
`(mi)

2����������"�!�������O�A?��
�J��@O�"��
`(vi)

#
},!�= "e���l������!��@> �m��!�AlA?�:U@�;�w��=$�?�e> �M>@J���!�Al	.!:����"4�������;�@ot	���"��������e��!�AlA?�m�����IY�!�����	 "�J���J�> ���<�����N�������
��J�"�����
�J��@J�"�����"������V������!<����J�����J�"��[���m����!�"��

∆z(
1

1 −G
)∆z(G)

1

1 −G
∆z(G)∆z(

U

1 −G
) :=

A4(z)

(1 − q2z)5
.

!��
A4

�������WA?{�A?���W	 "�!�	 "���J���J���o<=@�
A1

���
A2

#��©�<��= �;���;����A?���<�hU������W> ��=$E 	 "���Al����"��
∆z


�J��@O�"����<�
`(mj)`(aj)

����!�"��eo<=@��������> ��=$E
> ��"�� ����"��e
�J��@O�"����<�
`(mi)`(vi)

#
~0�;��������A?���<�9U2���k> ��"�� ��O�"��W��!�AlA?�
������	 �;=@�l>$�[�B���;���WX���"����;����"9#)}0!�= "l
�J��@J�"���"

`(vi)
U0�����lJ�����	.���

i + 1cd=@��o<=7CHX
p
��!��<���@J������������;"����?����!�"��?ob=@�t	.!�= "l
�J��@J�"���"

`(aj)
U0�����lJ�����	.���

1
X
j − 1

��!��<��= ���;�;����J����9#��<�
i < j

U �;�7	.��= ��g
�9�b!��;"e���@������=@���@��A?���<�N> ���e> ��=$En�9!��@���4�����@!�=@���@��	.!�= ��!��@��= ���[�;������"e> ��=$EtY`!����I�GCD!�	.JFq
"�������= "4> �m> J�"��;��������!��

∆z
��= "e> ��=$En�9!��@���e�@!��W�;�@���;=@�����e�GC = �@�m>@���@���GCH��= ��"��MAB�����eo<= �7�������@���:��=@���@���<�9#

6�C ��> J��4�����8> �IYG���;"����;�<����"��b��� �;"8>@���R����"�����K �����R�;�<����"�A?J�>$������"����
u
���
t
AB��"�ob=����<�8�����R> ��=$E?�9!��@���8���L�9gb���<�

�FE@��������A?���<�e����A?{�A?�M"������Mob=@�
z
#

`(aj)
p$����"�����K@�;�

u

`(vi)
p$�:��"�����K ���

t

ji

� �b�������������m> J���!�Al	.!:���;����!��7U����l��J�"�����
�J��@J�"�����"������m�����e> �����VY�!�"�A?�

∆t∆u

(
1

1 −G(uz)
∆z(G(uz))

1

1 −G(ztu)
∆z(G(zt))

U(zt)G(zt)

1 −G(zt)

)
|t=u=1 :=

A5(z)

(1 − q2z)5
.
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}Á���¥	��
�tôSy%��×%x5Ó%�³�
�
�2� ��!�A�K �;�����<�B��!�= �����?�����?��J�"������9U,���i��J�"����
>$=É	 "���Al����"?A?!�A?���<�B> �

X · B ��>$A?���?= � = � ��o<=@�n	.�����
>fCD!�"�>$"��

5
���
z = 1/q2

# � 	 "�O����FE$��"���������!��k�9�b��������	 "�!�	.!:���;����!���ø?	 = �����@!�"�AB���;����������!���	���"����M�9��"�>$�;�����
> �

Ωn
Ub�GCD!�"�>$"���> �e�GCD����	.J�"����@����> �

X ·B �����
Θ(n4)

#�!4�@�4�FE$��"���������!��n	 �;=@���@�@���9�b���4� � })67��A?O��@����=
> J��b���;!�	@	.�FA?�����e	 "�J������e> �

En[X ·B]
���e> �����l��!h����"������@���m> �

X
����> �

B
U

��!h�
n(X,B) =

q − 1

6q2
n3 +

3q2 − 2q + 1

2(q − 1)q2
n2 +

2(8q4 − 2q3 − 3q2 + 4q − 1)

3(q − 1)3q2
n

−24q3 + 3q2 − 7q + 1

(q − 1)4
+O(n4q−n).

\`ò$# ð9ñ ^
6w���:��"������@���M> �

E
�����IAB���;�<���������<�4�9������= ����K �������I�bJ�"��[���

Vn[E] =
q − 1

q2
n3 +

11q3 − 11q2 + 3q − 1

(q − 1)2q2
n2 − 21q4 − 6q3 − 8q2 − 4q + 1

(q − 1)3q2
n

−22q5 − 20q4 + 23q3 − 1 − 4q2 + 5q

(q − 1)4q2
+O(n4q−n).
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��U V�UWT �K·h`lZl�kcwgojk·f_1[KcB] }�e9gojfg�`~§¨u@[1amZ^] Y�_9`�a�Y>_9Z^]W_fehg�`<UoUBUoUBUoUBUoUBUBUoUBUoUBUoU�£>T
��U V�U V h×�Ga�Y>cd�kYk`|] Z^] Y>_djkgJs [�a�Y>cd�Ks gmif] Zl����Zlg7_1j>ehg¸UBUoUBUoUBUoUBUoUBUBUoUBUoUBUoU�£k�
��U V�U � �×[7u:] [K_ha�gdjkgJs [�a�Y>cd�Ks gmif] Zl�< k]W_h[k]Wu�goa1s [h`{`|] }�e9g UoUBUoUBUoUBUoUBUBUoUBUoUBUoU�£k�
��U V�U � ¡3Y>_9Z^]W_fe1[K_GZ~¦�eK_9g�§¨u@[1amZ^] Y�_�jfg�sWx gmi1�Ga7eGZ^] Y�_pUBUoUBUoUBUoUBUoUBUBUoUBUoUBUoU�£kq
��U V�U � rbs tkYEu:] ZmvfcwgG`�]W_9Zlg7u�u�Y�cd�feh`�UoUBUoUBUoUBUoUBUoUBUoUBUoUBUoUBUoUBUBUoUBUoUBUoU�£kq
��U V�U £ ¡KZ\[9Z~j�x [ � [K_1a,gkcwg7_9Z~jfg�sWx [K_h[Ks ·h`\g UoUBUoUBUoUBUoUBUoUBUoUBUoUBUBUoUBUoUBUoU�£k�

�3(��  µCf/18)FED�M�CK+�CK/1HI-�/18:6fFED (�(<(�(<(�(�(<(�(�(<(�(�(<(�(<(�(�(<(�(�(<(�(<(�(�(<( ¹�­
��U ��UWT �E�7u:] g�`�tk�k_9�ku�[9Zmu:] a,gG`bjfg6hÑ]Wu:] a1vKs g,Z UoUBUoUBUoUBUoUBUoUBUoUBUoUBUBUoUBUoUBUoU�¤?i
��U ��U V ¢��7�ku�[9Zlgkefu�`�jkgBZmu�[K_h`l§NgkuzZ UoUBUoUBUoUBUoUBUoUBUoUBUoUBUoUBUoUBUBUoUBUoUBUoU�¤>T
��U ��U � hÑ] amZ^] Y�_f_1[k]Wu�gB`,eKuÞs g�`bY>�k�7u@[9Zlg7eKu�`BUBUoUBUoUBUoUBUoUBUoUBUoUBUoUBUBUoUBUoUBUoU�¤kV
��U ��U � h×� � g7s Y��f�kg7cwgk_GZl`��7u�Y��7u�gog,Z�]Wc��1u�Y>�7u�g�`ºUBUoUBUoUBUoUBUoUBUoUBUBUoUBUoUBUoU�¤k�
��U ��U � �E�7u:] gJ�7Y�efu�s g�`�a,Y£uGZl`�[1jfjI] Z^] §N`ãUoUBUoUBUoUBUoUBUoUBUoUBUoUBUoUBUBUoUBUoUBUoU�¤7�
��U ��U £ �E�7u:] gJ�7Y�efu�s g�`�a,Y£uGZl`~Zlg7u�cB]W_1[Ke�i�UBUoUBUoUBUoUBUoUBUoUBUoUBUoUBUBUoUBUoUBUoU�¤7�
��U ��U ¤ �E�7u:] gJ�7Y�efu�s goa,Y�_GZ^]W_Keh[K_9Z~¦�ef_hg�§¨u@[1amZ^] Y>_<jkgJsWx g,ih�9a1e9Z^] Y>_ UoUBUBUoUBUoUBUoU�¤k�
��U ��U q �E�7u:] gJ�7Y�efu

M
UoUBUoUBUoUBUoUBUoUBUoUBUoUBUoUBUoUBUoUBUBUoUBUoUBUoUBUoUBUoU�¤k£

��U ��U � �E�7u:] g�`B�7Y�efu
A−A

g,Zba�Y>_S¤�gGa,Zmefu�g
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� =�������	 �;��"��n	 "�J���J�> ���<�9U0�@!�=@�l�9�b!��@�l�������;g���J|����>$������"��;K = ���;!��É> ������!�Al	 ���FE��;��J���K �;�����;"����l> ���l���[q


�!�"��;��� A?����>fCD�2=@���;��> �B������������o<=@�l���MJ������@>$=x��= "�������	.!��;g��@��A?���9#7�N!�=@�m�9��!��@�MJ�
b������A?���<��J���=@>$��Jl���n��!��
�;�;Al�;���l> ���M��!��<���;�<=����<����X|= �@�VY]"���������!���> ���GCD�FE$J���= ����!��7#Ts8�l������	 �;��"��B��K.!�"�> ��������A?{�A?����	_��"���A?O���"����
AB������>@���@�I�����9��>$"���> �������<������"��9#@6w����!�Al	 ���FE$�;��J�A?!hg���� �@�M> ���GCH���;
�!�"��;��� A?�m> ��ù��<= ���$qr�����@ú�� ����
b�M	��uq
"���A?J���"�J KSα

�����4��=@�����w��"����;��J���Xl��"��9����"��e�GCH�������;g$���m> ���4���;
�!�"��;��� A?���N�;�<����"�"�!�Al	 =@�9#_6w����A?{�A?���4��> J����
o<=@����= "L�����I	.!��;g<�@��A?���e�9CH��	 	 �;��ob=@���<�e>@���@�I�����9��>$"���> �������<������"��9# �2�
	���"�������= �;����"9U@�@!�=@�I	 "�!�	.!:��!��@��> ���
> J���!�Al	.!:���;����!��@��	.!�= "�������!�Al	 ���FE$�;��JtK �;�����;"��tJ������@>$=@�n���V�����V��!��<���;�<=����<���lo<= �8���������dY`!��<�����|	 "��;�@���;	.�
> �?> J���!�Al	.!:���;����!��7#T�N!�=@�M��!�AlA?��������!�"��M"���A?���@J��VX
J���=@>$����"m������A?{�A?���MY`��Al�;�;������> �?��!�Z ���MAB�����m��= "
���������<������"��9#06w�WA?J����@!<> �|= ���;�;����J��|��= "m�����m	.!��;g��@��A?���VJ������;��������!�A�K �;������!��;"��
�������;g<����o<=@�:#,s8�������|A?JFq
���@!<> �?J������;�m��>@��	 ��J��B�9��"���!�=@��������	���"���A?O���"����m�9CD�FE$	 "��;AB�������<�¦n©���;Al	 ����A?���<��p?���iY`!��@������!���> ����> ��
:"�J��
> ����o<=@!��������<���e���e>$=
	@
���>7#@�k���;�@��= "���=@����A?���<�9U������7CD������	 �;=@�������9���e��= "I���������<������"��4���I���M>$��������!�� �����;"��
��= "������V��J�"�������
�J��@J�"�����"��������V�@�t�9CH��	 	 �;��ob=@�|	 �;=@�9#T�©���7CD����������!�"��V	 �;=@��	.!:�����;K ���|>fCD!�K ����� �;"l>$�;"���������A?���<�
= �@��Y�!�"�A�= �������[���F"��������;���m> ������J�"������9#

6�CD���_���[g$���i>$g�����Al��ob=@�k= ���;�;�����k= �����@��Al�;� > J���!�= "���Jk	.!�= "n��"�!�= ����"n= �@��Y�!�"�A?�����;����"��������;������=$E
��J�"������9#

Algorithme
ou source

séries
génératrices

analyse des
singularités asymptotique

opérateur
générateur

analyse
spectrale

Système
dynamique

ST!�= ��>fCH��K.!�"�>fU��GCH���;
�!�"��;��� A?�4�����2��=?��!�AlA?�I= �B��g$����O�A?�I>$g<����Al��o<=@�e��
:���������<�)��= ")������> !�� �@J����9#�6�CD!�= ���;�
������������o<=@�e> ���8��g$����O�A?���R>$g�����Al��ob=@���R	.!�= "LJ���=@>$����"8�GC J��b!��;= ����!��n> ���8> !�� �@J����8�������GCD!�	.J�"�������= "I> �e��"����@�dq
Y���"��t\�!�=x!�	.J�"�������= "�> �Bv�=@���;���h^XqDve=@�hþ ó s8o<= ��> J�	.���@>x>fC = ��	���"���A?OF��"��|��!�Al	 ���FE �

s
#76)C ��> J��|!�"��;
:�;�������

> �n�GCH�������;g$���W>$g�����Al��ob=@�W�����?>fC = ���[�;������"?�����?!�	.J�"�������= "��|> �n��"����@�dY���"���\����?����= "��?> ���������@>@���@�����F^V	.!�= "

�J��@J�"���"������R��J�"������)
�J��@J�"�����"��������9#��2�@��= �;���:U������8��������!��@�R> �I�GCH���;
�!�"��;��� A?�N���I��"���>$= �������<�LX���"��9�b��"���> ���R>$���Fq
����!�� �����;"����8���|��������!��@�R��= ")������!�	.J�"�������= "���\����R> !��@����= ")��������J�"�������^F#��)�@��= �;���:U��GCH�������;g$���e> �������;� 
:= ����"��;��J��
> ������J�"������N	.!�= "��FE$��"����;"�����������!<�F�B�������<����	��������m	���"N= �@���������;g$���V> �������;� 
:= ����"��;��J���> ����!�	.J�"�������= "��9#j�©�
�����L������������o<=@�N���
�������;g$���eY`!��@������!�� �@���;����> �N"����;����"L�����L���;� 
:= ����"��;��J��I> ���L!�	.J�"�������= "��eX³����|�����	.������"��:#S!e�@�
	 "�!�	 "���J���JIY`!��@>@��A?���<�������e> ���)!�	.J�"�������= "��R> �I��"����@�dY`��"��������)o<=7C �;�;�R��>$A?���������<��= �@�I= � ��o<=@�I��������= ")	 "�!�	 "��
> !�Al�;�����<���:Uj�@!���J��

λ(s)
U�����!���J���>$=k"��������V>$=i��	.������"���	���"N= �i����= �N��	.������"����G#7������!��i���B��������= "�> �

λ(s)
U

������!�	.J�"�������= "��R
�J��@J�"�������= "��L��>$A?���������<��\�!�=B�7CH��>$A?���������<�8	�����^,= �?	.�����e���
s
#�6)CDJ���=@> �4> ���R���;� 
:= ����"��;��J��

> ���4��J�"������4���M"���A?O��@�V> !��@��Xl= �@�V�������;g$���m��	.������"������:#�!4�@��Y`!����e�����N���;� 
:= ����"��;��J��N> J�����"�Al�;�@J����hU_�GCDJ�����	.�
>fCD�FE���"���������!���> ������!<�F�B�������<���4�9CH��	 	 �;��o<=@�M�����@!�=@��!�K �����@!��@�e�����e����g<Al	 ��!�����o<=@���9#

6�CD���_���[g$���M>$g<����Al��o<=@�������L�@J���>$=
AB��"�����
��M���<��"���> ��=$E
> !�AB���;�@���mp��GCH�������;g$���?\����
A?!hgb��� �@�h^8>fCH���[q

�!�"��;��� A?���t���B�����|��g$����O�A?���B>$g�����Al��o<=@���9#8s8��������A?J����@!<> �:UR�;� �;����J���	���"|P8"��;
:�;������Q����;��J��kXxsL�����7U����
> J��b���;!�	@	.�m> ��	 = ���e= �@�m>$�;�h���;�@��>fCH��� �@J����N���4�?��!��<��"��;K =@JVX�"�J���!�=@>$"��m> �M�@!�= ���9��=$EW	 "�!�K ��O�A?���N��= "������
A?!����N���e���������;
�!�"��;��� A?������"��;��� A?J�����o<=@���9# � =k������	 �;��"�� ó U@�@!�=@����	 	 �;��ob=@!����4	.!�= "4���?	 "���Al��O�"��mY�!����e�����
������� � ��o<=@���,>fCH�������;g$���8>$g�����Al��ob=@�L�F��Y`!�= �;�;���8> �8> !�� �@J����9#�}0!�= ",o<=@����ob=����2�������;g$�����0>$g�����Al��ob=����2��= "T�����
A?!����9U<�@!�=@�8"����<��!hgb!��@�LX¨q s8~0Q¦ ð U<PL�4Q¦ ð U<PL!�=9 ð U<P8Q� :ò�s�#�67���8	 "���Al��O�"����I�������;g$�����8���tA?!hgb��� �@�N> ���

ý� 
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J���=@>$��J��h#R6�CH�������;g����k>$g�����Al��ob=@�k�9CH��	 	 �;��o<=@�kX�> ���@!�A�K "���=$E����;
�!�"��;��� A?���
���;�@���No<=7CHX�> ���@!�A�K "���=$E
	���"���A?O���"�����qDPR"��hþ�ý@U,QR��� ÷:ó � U,QR���l � �KwU,QR���l :õ$U)PLyIQ� :ò$U)y�Q¦ �ø@U)y���y�Q� ñ s�#)67���?	 "���Al��O�"����t�������;g������
>$g�����Al��o<=@���4J����������<��> ���N�������;g������4����A?!hg���� �@�:U�AB�����N���kò� � :ò$U_PI������>$�0���eQ����;��J��¨qDP8Q¦ �ø�U�PRQ� ñ s0!��<�
�F�f������=@J�= �@��	.��"���J��?���;
:� �[���9�����;�b��#7�2�;�����m!��<�M��>@��	 ��Jl���tA?J����@!<> �l	.!�= "�"�J9���;������"����t	 "���Al��O�"��B�������;g����
>$g�����Al��o<=@�l����>$������"��;K = ����!���> ���M��!�Z ���M��> >$�;���[Y`�MXn��"�!����������@����A?!<> J�"�J��:#Ts8!�AlA?�l��= "�������	.!��;g<�@��A?���hU
����������Y`��Al�;�;����> ����!�Z ���N"���
:"�!�= 	.��	 �;=@������= "��N	���"���A?O���"�����������= "���������!�AlA?�V���m�@!�A�K "���> �V>$�;���;����!��@�9U����
�@!�A�K "��V> ��o<=@!��������<����J�
b��=$EkX

1
U����?�����;�;������!���������> �m��!�=@�4������ob=@!��������<���hU_�����:#.�i�����4� �T���B��!�Al	 ���FE$�;��J

K �;�����;"��:U@� �7������!��<���;�<=����<��XV= �@��Y�"���������!���> ���GCD�FE J���= ����!����@����!��<�e��> >$�;���[Y`�eXl��"�!����������@����A?!<> J�"�J��:#
�N!���"���!�K$cd�������[YL>@���@������������	 �;��"��l������> ��> !�� �@��"�������
:"����@> ����J�����	.����	.!�= "�> J�A?!��<��"���"������N���@J�!�"�O�A?���
ò$U$õ$U ñ �F�Iýmo<= �.��!��@����"��@���<�L"�����	.�������;�b��A?���<�L���m��!�Al	 ���FE$�;��JNK �;�����;"��N������������o<=@�:U<J������@>$=@�:U����N��!��<���;�<=����<�
X|= �@�mY�"���������!���> ���GCD�FE J���= ����!������N�����N	���"���A?O���"����M> �������;
�!�"��;��� A?�����;�<����"�"�!�Al	 =@�h#f�4!�=@���9�b!��@�N�<=���=
	 "���Al����"
������	 �;��"��ko<=@���GCH�������;g$����> ���n���;
�!�"��;��� A?���n�;�<����"�"�!�Al	@=@�n�����t��=$�B�����<����	_!�=@"t> J�����"�Al�;�@��"n���
��!�Al	 ���FE$�;��JVK �;�����;"��VA?!hg���� �@��> �������;
�!�"��;��� A?������!�=@�dq�ob=���>$"�������ob=@��� KSα

#jsNCD�����N���?	 "��FAl��O�"��VY�!����No<=@�
����>$������"��;K = ����!��
> �4������!�Al	 ���FE��;��JNK �;�����;"��������8��"����;��J��:# sNCD�����L��=@�����_���m	 "���Al��O�"��4Y�!����8o<=7C = �@���������;g����4���
A?!hgb��� �@�M>fC = �����;
�!�"��;��� A?����!�=@�dq�o<=���>$"�������o<=@�M�����I"�J9���;����J��:#

�r���%x�#L�N!�=@�
��= �;��!��@�n�����
J�����	.���W>fC = �@���������;g$���i>$g�����Al��o<=@�:#I6w��	 "���Al��O�"�������������!�� 	 "�J������<���i���
��g�����O�A?�|>$g�����Al��o<=@�n������!<����JnXW�GCH���;
�!�"��;��� A?�
>fCD�2=@���;��> �n���V�����V> J���!�Al	.!:���;����!��@�?> ���V��!�Al	 ���FE$�;��J��VK �[q
�����;"����h#7�4!�=@��"���A?�F��!��@����=@�����2�GCH�������;g����?> ���m���;
�!�"��;��� A?���m�;�<����"�"�!�Al	 =��VXt= ��= � ��o<=@�l	���"���A?O���"��

M
#

6T�|>@�F= E���O�A?�l����������!��i�;�<��"�!<>$= �;����������J�"������N
�J��@J�"�����"��;�����m���N������!�	.J�"�������= "���> �V��"����@�dY`��"��9#j�2�@��= �;���:Uj�����
��J�"������L
�J��@J�"�����"��������4> ���I	���"���A?O���"����e��!����I�FE$	 "��;A?J����e�h������������!�	.J�"�������= "��9#@6w����"�!�������O�A?�MJ�����	.��>7CD���_�uq
�;g$���L��	.������"��������F���������;g�����ob=@�I> ���)!�	.J�"�������= "��������,����������J�����=�	 "�!<�������;�B������	 �;��"��:#�ST!�= ���FY`!����9U�X4��������������!��
õ$# ø@U<�����R	 "�!�	 "���J���J��I�������;g�����ob=@���L> ���R��J�"������R��!��<�8�FE�	 �;��o<=@J����9#<6w��> ��"�� ��O�"��N����������!��
��K.!�"�> �4�GCDJ�����	.�N>fCD�FE<q
��"���������!���> ���e��!<�F�B���;�������4���I�����4����g<Al	@��!�����ob=@���9#

�
¼^Ô © ��5@3O�)(*& ¿ª��1$Øe(*/��JÀV&»&03Ù¿$Ö2-~¾e(.- ¾�5�/�3_/,¾�1V5
67���2> J���!�Al	.!:���;����!��@�)��= "0�����0	.!��;g��@��A?���2J����������<�2	 "��;�@���;	�������A?���<��>$=@���2Xe���4"�����������!��l���;Al	 ���8���<��"��R���

> ��
:"�Je> ���)��!��<���;�<=��������R���2����> ��
:"�J�> ����ob=�!������F�����9#<s8�������I"�����������!��t��>$A?����= �?J�o<= �;�:�������<����= "2���������<������"��
o<= �fYG���;���;�<����"��b��� �;"e�����eK "����@���@���e�;�<�b��"������e>$=���g$����O�A?�M>$g�����Al��ob=@��������!<����JmXl�GCD���;
�!�"��;���@A?��>fCD�2=@���;��> �:#
� �:���<��> ��	 "�!�	.!:����"�������> J���!�Al	.!:���;����!��@�hU@�@!�=@��	 "�J������<��!��@�e���M��g$����O�A?��>$�;�e> ���LY�"���������!��@�e��!��<���;�<=@���9#
>�Ý)ßbÝ4= & Ø)ÙhÑU��Þ Ó�Ú2Ø)Ö)ÏfÞ�Ò48,â�Ó�Ú)Ó�Ù(3rÐbÏjã�Ñ�Ò�ÜwÖ�ÙWã$ÜTÖwÑ�Ò�Ö,â�Ó�Ù

6w�e	 "���Al��O�"��8J�����	.�8> �R�GCH�������;g����R>$g�����Al��ob=��R�����0>fCH������!<������"0= �V��g$����O�A?�R>$g�����Al��ob=@�LX��GCH���;
�!�"��;��� A?�
>fCD�)=@���;��> �:#

�<= "?= �@�����<��"�J��
(v0, v1)

�GCH���;
�!�"��;��� A?��>fCD�2=@���;��> ��������������o<=@�W�F�j������=@�W= �@����J�ob=@���@����> �W>$�;�<�����;!����
��=@���;��>$����� �@���N> �����VY�!�"�A?�

v0 = m1v1 + v2, v1 = m2v2 + v3, . . . , vp−1 = mpvp + 0.

�<����=��;����=l>7C !�K�����"�����"2���N��= �;���I> ���2��!�= 	 �����
(vi, vi+1)

U�!��l!�K@����"��b�8�����,"�������!�� �@�����
vi+1/vi

U�����!�"��2�;� �FE$�������
= �@��Y`!��@������!��

T
�����;���Mo<=@�

T

(
v1
v0

)
=
v2
v1
, . . . , T

(
vi+1

vi

)
=
vi+2

vi+1
, . . . , T

(
vp

vp−1

)
= 0.
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ätI)åBæ_õ$# ð ªn�<g$����O�A?�M>$g<����Al��o<=@�M> ���LY�"���������!��@�e��!��<���;�<=@���

6w�|Y�!��@������!��
T

�����M��	 	.����J���Y�!��@������!���> �l> J��9������
��l!�=���� �[Y��9Uj��
:�;�M��= "��GC �;�<����"��:���;���
[0, 1]

���M������> JF�@� ���
	���"

T (x) =
1

x
−
⌊

1

x

⌋
, T (0) = 0.

6w�l	����;"��
(I, T )

Y`!�"�A?�����M��g�����O�A?�M>$g�����Al��ob=@�m>$�;�4> ���IY]"���������!��@�4��!��<���;�<=@���9#�!e����g$����O�A?�M>$g�����Al��ob=@�
\�> ���GC �;�<����"������;���h^������I= �@��	����;"��

(Ĩ , T̃ )
Y�!�"�A?J��M	���"�= �W�;�<����"������;���

Ĩ
����= �@��Y�!��@������!��

T̃ : Ĩ → Ĩ
o<= �7�����

C2 	���"4A?!�"����9��=$E���= "e= �@�m	���"����;����!����@� ���m!�=k> J��@!�A�K "���K ����> �
Ĩ
���e�����;����o<=@�m������ob=@�mA?!�"����9��=$E������

����"���������A?���<�8A?!��@!���!��@�:#�!4�@��"���	 "�J������<��������!��n
:"���	 � ��ob=@�N> �
T
�����R> !�� �@J���X������@
:= "��Nõ$# ð #<6w��Y�!��@������!��

T
��������= "�c��������;���V	���"�A?!�"����9��=$E���= "��������;�<����"��:���;�;���

Im =] 1
m+1 ,

1
m ]

#jyN�V	 �;=@�hU.������K � c���������!��@���[������"������
h[m]

> �
T
"�������"����;�<�����4X

Im
��!��<��> �����@!�A?!�
:"���	 � �����4> JF�@� �����e	���"

h[m] : [0, 1[→ Im, h[m](x) =
1

m+ x
, ∀m ≥ 1.

!4�@�NK � c���������!��W�;�<����"����������e��	 	.����J���K "����@���@���;�<�b��"�������� H > J����;
:�@���GCD���@����A�K ���m> ���LK "����@���@�����;�<�b��"������9U

H = {h[m] : x→ 1

m+ x
; m ≥ 1}.

!4�@��K "����@�������;�<����"����V> ��	 "�!�Y�!��@> ��= "
n
�����N���n��!�Al	.!:��J��l> �

n
K "����@���@�����;�<�b��"������9#j�4!�=@���@!���!��@� Hn�GCD���@����A�K ���m> ���IK "����@���@���4> ��	 "�!�Y�!��@> ��= "

n
�F� H? = ∪n≥0Hn ���M����Al�[qG
:"�!�= 	.�m��� 
����@>$"�JM	���" H U

Hn = {h1 ◦ h2 ◦ . . . ◦ hn; hi ∈ H, ∀i}, H? = ∪n≥0Hn, H0 = {id}.
},��"4��!��@����"�=@������!��7U

vi/vi−1 = h[mi](vi+1/vi)
����	���"e�;�@>$=@������!��7U��@!�=@�4!�K �����@!��@�e���m> J�������!�	 	.��A?���<�����

Y]"����F���;!�����!��<���;�<=@�m>$=
"�������!�� �@���
vi/vi−1

U
vi

vi−1
= h[mi] ◦ . . . ◦ h[mp](0) =

1

mi +
1

mi+1 +
1# # #

mp−1 +
1

mp

.
\`õ$# ð ^

ý:ò
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@��
�Í9×����4�����
	�×�x��%�F��¤�|H�F���r	���}Áy%�NôSy%�
�C����y%x~�
6w�V> ��"�� ����"�ob=@!��������<�������4	���"N��g<	.!����@O����V>$�[�fJ�"����<��> �

1
���Vo<= �T�@!�=@�4YG���;�4�;�<��"�!<>$= �;"����GCD���@����A�K ��� F =

H\{h[1]}
#_s8!�AlA?�M��= "I�����I	.!��;g��@��A?���9U �GCH���;
�!�"��;��� A?��>fCD�2=@���;��> �m��!��@����"�= �;������K � cd��������!��

Ω ≈ (H0 + H?F) × N?.
\`õ$#Hò�^

(H0 + H?F)
�����|�GCD���@����A�K ���i> ���n��= �;�����t����> ����\���g�A�K.!��;����J���	���" H0 ^B!�= ��!��<���������<�W��=�A?!��;�@�t= �

o<=@!��������<��\ H?F ^I���
N? �������GCD���@���FAVK ����> ���e	 
���>W	.!:�����;K �����9#�6w�?	 "�J������@����> � H0 �����4>$=@����=$E����<��"�J����

(u, v)
�9�b���

v = 0
#jy����@�������9���9U.�;�,�7C gk�B	�����> ��> J�������!�	 	.��A?���<�m���kY�"���������!��@����!��<���;�<=@���M��������	 
���>

�����
u
#0s8�������|K � c���������!��������VXW"���	 	 "�!<���@��"?�9�b���|�����;���t!�K �����<=@�t��= "�������	.!��[g��@��A?���
\êY�!�"�A�= ���nò$# ñ ^F#06w�

K � c���������!��������I= �
	.��=W	 �;=@�e���;Al	 ���M�9��"e��= "I������	.!��;g<�@��A?���9U F = G #}0!�= "e= �@�MK "����@���@�m�;�<����"����
h = h1 ◦ . . . ◦ hp

> ��	@"�!�Y�!��@> ��= "
p
U
ei(h)

> J����;
:�@�M���lK "����@���@�m�;�<����"����
> ���@�x\`��=W"���� 


i
^L��!�Al	.!:��J��M> ���

p− i
> ��"�� ��O�"����eK "����@���@���e�;�<����"������9U

ei(h) = hi+1 ◦ . . . ◦ hp, i ≤ p− 1.
y��)���IA?{�A?�)AB��� ��O�"��:Uu���LK@"����@���@�)�;������"�����>$=�> J�K = �

bi(h)
\`��=m"���� 


i
^f�����w���LK "����@���@���;�<�b��"�������!�Al	.!:��J��

> ���
i− 1

	 "���Al��O�"����eK "����@���@���9U
bi(h) = h1 ◦ . . . ◦ hi−1, i ≥ 2.

6w!�"���ob=7C �;�R�7C g���= "��W	����V>fCH��A�K �;
:= �`��J:UT������K "����@���@���V> �?�@�x���V> �|> J�K = �V����"�!��<���@!���J����
ei

���
bi
#w67���

K "����@�������I�;�<�b��"������I> ��> J�K = �����I> �4�@�
> �
h
��!��<�L�;��J�������=$En��!��<���;�<=����<���

vi
���
ai
#$�N!�=@�I�9�b!��@�I> Jrc�X���=

o<=@��������"�������������=@�����������[Y��
vi

��J�"��[�����<�
vi+1

vi
= ei(0)

���N��!�AlA?�������eK@"����@���@���4�;�<�b��"������
h[m]

��!��<�N> ���e�@!�A?!�
:"���	 � ������> ��> J�����"�Al�;�����<� −1
U����

D[x]
> J����;
:�@�

���M> J��@!�Al�;��������= "N> �
x
	.!�= "�= �W"�������!�� �@���

x
U$�����

vi
��J�"��[�����<�4J�
b������A?���<�

D

[
vi+1

vi

]
= D[ei(0)] = |e′i(0)|−1/2 ���

vi =
	 
���>

(v0, v1)|e′i(0)|−1/2.
\`õ$#Hõ�^

!4�@��	 "�!�	 "���J���Jm��g<A?J���"���o<=@���FE$�������M�h�������;���e��!��<���;�<=����<���
ai

AB�����e�9�b����������K "����@���@���e>$=�> J�K = �9U
|ai| = |b′i(0)|−1/2.

\`õ$# ø<^
6w���0J�
b���;�;��J��2õ$#Hõe���,õ$# øN��!��<�0J�o<= �;���������<�����2��=$EM"�����������!��@�,��= "T�����0> ��
:"�J��T�;�<��"�!<>$= �;�����,	.!�= "T�����T	.!��;g��@��A?���
\]�b!��;"4����AlA?� ð ^F#_�2�;��������= "�!����4= ��"������V���������<�������T	.!�= "4�GCH�������;g$����> �m��!�=@�4�����N��!�Z ���N> ������������	���"������:UjX
��!�AlA?���@����"4	.!�= "����l> J���!�Al	.!:���;����!���> ����!�=@��������	���"���A?O���"����9#
>�Ý)ßbÝ)ß {W6_ã$ÜwÞãâIÜwÙ�Ò`Ñ�ÒGÜwÖ Ú�Ó�×GÏßã$ÜwÞãâR×GÓ3à)Ò`Ñ%6b6 Ñ:Ó�Ö�ÚRâ)Ó

6w�l> J���!�Al	.!:���;����!��
h = bi ◦ ei−1 = bi ◦ hi ◦ ei

���<��"��u���@�
v−2
0 = v−2

p · |h′(0)| = v−2
p · |b′i(ei−1(0))| · |e′i−1(0)| = v−2

p · |b′i(ei−1(0))| · |h′i(ei(0))| · |e′i(0)|,���jK@�;����ob=@����������"�A?�
`(vi) + `(ai) + lgmi

����> J���!�Al	.!:���m���
`(vi) + `(si) + lgmi = `(v0) + 1 + f + di + fi,

\`õ$# ñ ^

�9�b���
di := d

(1)
i + d

(2)
i , d

(1)
i := lg

∣∣∣∣
h′i(0)

h′i(ei(0))

∣∣∣∣ , d
(2)
i := lg

∣∣∣∣
b′i(ei−1(0))

b′i(0)

∣∣∣∣ ,
\`õ$#Hý�^

f := {lg v0}, fi := −{lg vi} − {lg si}.� �b�������������m> J���!�Al	.!:���;����!��7U��@!�=@��!�K �����@!��@�e= �@�M> J���!�Al	.!:���;����!���>@�����l��!�Al	 ���FE��;��JMK �;�����;"��mJ������@>$=@�:#
ý:õ
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Ê<Æ�Ã ì é)Ã�íhÇêÁhÇ]Ã_À Æ�Ã ì é0Ì]Í£$wÇ�Á9Ê�Ê�Á9Í<ÀTÄ,ÅwÍ3ú¢ÐÇ��}�y��­ô����mÒ��C�4� ����x��%�����

E
	��/�zð �%�É�7y%£

���C�Cñ��³�
	Çð òr|~}��ó��	��X���4��x�	%|]����	���}�y��­ô~y��*�F��x

D = (`+ 1) · Z + Y
�%õ���}

Y = −Y1 +O(Y2) + Y3 + Y4 + Y5.

w�}��
`
�
���<���¨���%�C������	��
����x9�����Á�
��	���Î?xH���tô~�%�

`(u, v) = `(u) = `(v0)
���

Z =

p−1∑

i=1

`(mi), Y1 =

p−1∑

i=1

`(mi) · lgmi, Y2 = (`(mp) + lg vp)
2,

\`õ$# þ:^

Y3 = f ·
p−1∑

i=1

`(mi), Y4 =

p−1∑

i=1

di · `(mi) Y5 =

p−1∑

i=1

fi · `(mi).
\`õ$# ó ^

�<= "L�����8	.!��;g��@��A?���9U�����> J���!�Al	.!:���[���;!���> �
D

�9CDJ���"��;�:���;�M\`Xm	.��=n	 "�O���^R��!�=@�8���MY`!�"�A?�
(`+ 1) ·Z − Y1 +

O(Y2)
#.67��������"�A?������!�"�"��������[Y`����= 	 	 ��J�A?���<�����;"����m>@���@�N�����9����> �������<������"����<����� �@���<���@!�����AlA?���<�M> �V���

>$�[�fJ�"����@���M���<��"������������;�;����K �;�����;"��m���I������!�
b��"��;��� A?�m> ���e���<������"��9#
6w���I��!�Z ���

Z
���
Y1

��!��<�I��	 	.����J��I> ���I��!�Z ���I��> >$�;���[Y`�I����"I���N��!��<�8������!�AlA?��>fC = �
��!�Z �IJ���J�A?���<�����;"��
��= "M��!�=@�m�����mob=@!��������<���h#TsL!�AlA?�B��= "M�����M	.!��;g��@��A?���9U7�����m��!�Z ���V��> >$�;���[Y`�M	.!�= "�"�!��<�V{���"��|X
��"�!����������@���
A?!<> J�"�J���!�=iXB��"�!����������@�����;�<����"�A?J�>$�����;"��:#f67�V��!�Z �

Y2
��������	 	.����JV= �k��!�Z �N����"�Al�;�����,	 = ����o<=7C �;�T�@�mY`���;�

�;�<����"��b��� �;"eo<=@��������J���J�A?���<���4> ������> ��"�� ��O�"��mJ�����	.�B\]���Mo<=@!��������<�
mp

��������	 
���>
vp
^F#

s8!�AlA?�M�����IK "����@���@�����;������"������
h
��!��<�I��!�= �����e> ������Y`!�"�A?�

h(x) = (αx+ β)/(γx+ δ),
�9�b���

α, β, γ, δ
> �������<������"���	 "���Al����"��4���<��"��M��=$E
���

0 < γ ≤ δ
U

���?>$������!�"�����!���������K.!�"���J��:U.�:CD�����dq©Xuq�>$�;"��:U_	.!�= "4��!�= �
x, y ∈ [0, 1]

U@	.!�= "4��!�= ���mK "����@���@�m�;�<�b��"����
h ∈ H? U!��x� |h′(x)| ≤ 4|h′(y)| #TsR����ob=@�?��!�Z �

d
(j)
i

�����m����!�"��M= � �[Y`!�"�A?J�A?���<�mK.!�"��@J?	���"�= �@�?��!��@�����������
d
���

�;�4��� �����|> ��A?{�A?��	.!�= "
f
���B�����

fi
#��©���������<�n����!�"��|o<=@�W	.!�= "

i = 3, 4, 5
U)�����|��!�Z ���

Yi
��J�"��[�����<�

Yi = O(Z)
#j67���M�������;g�������> ����	���"���A?O���"����

Y3
U
Y4

���
Y5

����"�J�>$= �������<�mXB�GCH�������;g$����> �
Z
#.}0!�=@"

Y1
���

Y2
U$�@!�=@��"���	 "����@!��@����������"�Al�;�@!���!�
:����> ���I	.!��;g��@��A?���9#

ó
Ê>ô2À0Ç�ÁhÇ]Ã.ÀÙ' � �! 
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mp õ 	��¨���$ö�y��
�³� T (v0, v1) = O((`(mp) + `(vp))
k)
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k
|�x ��x9�������<Î�Ò��`���
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C(v0, v1) =

p−1∑

i=1

c(mi),
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c
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c(m) =
O(`(m))
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Z
������X���"�!����������@����A?!<> J�"�J��e���

Y1
������X���"�!����������@���I�;�<����"�A?J�>$������"��:#<�4!�=@�

��!�= �����;��!��@��A?!��<��"���"Mo<=@�����|��!�Al	 ���FE$�;��JVK �;�����;"��
E

��>$A?����= �@����!��,�;�;Al�;���V
b��=@��������� �@��������	 	 �;��o<=����<�
���?	 "��;�@���;	.�|> �B> J���!�Al	.!:���;����!��7#2s8!��<��"����;"���A?���<�l��=$E�	.!��;g��@��A?���9U7�;�R������> Jrc�X
��!�� �<=�o<=@�l��������!�Z ���VX
��"�!����������@���NA?!<> J�"�J�����>$A?���������<�L= �@�4��!��.�;�;Al�;���N
b��=@�����;��� ���N>fCD����	.J�"����@�������L> �4�:��"������@���4�;�;�@J9���;"����I���

n
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	�×�x��%�F��¤�|H�F���r	���}Áy%�NôSy%�
�C����y%x~�
\]���@J�!�"�O�A?�

BV
^F# s8!�AlA?�

`+ 1
�����L��!��@�������<�I���IJ�
b���7X

n+ 1
��= "

Ωn
U<���N���@J�!�"�O�A?�

BV
��	@	 �;�;o<=@J�X

Z���<��"��u���@�mo<=@�
(`+ 1) · Z ��= �;��= �@����!��f�;�;Al�;���M
b��=@��������� �@�M> ��	���"���A?O���"����

En[(`+1) ·Z] = µ(`) ·n2 +O(n), Vn[(`+1) ·Z] = ρ(`) ·n3 +O(n2), rn[(`+1) ·Z] = O(n−1/2).

�i���;�<���������<�9U0	.!�= "
i = 3, 4, 5

UT!�� �
Yi = O(Z)

#T67���V����	.J�"����@���������V����������"������@������> ���
Yi

�bJ�"��[�����<�
����!�"��������I"�����������!��@�e��"��;�����������

En[Yi] = O(En[Z]) = O(n),
���

Vn[Yi] ≤ En[Y 2
i ] = O(En[Z2]) = O(n2).

6w���
Yi

\
i = 3, 4, 5

^?��!��<�n��!��@�����<��"�J��n	���"n"���	 	.!�"��WX
(` + 1) · Z #8}0!�= "
���������dYG���;"�������	 "��;�@���;	.�i> �

> J���!�Al	.!:���;����!��7U@�;�fY`��= �eJ�
b������A?���<�eA?!��<��"���"e������!��@�����<��"�������!:��> ���e��!�Z ���
Y1

���
Y2
#

� è Ê<Ã�Â ±<ì Í�ëS� � �" þÍ�y%���
C
|�x:}Áy��S�
�7	7	��C��� ö5÷¯}��zy%���Á����x�}
�`��x��4���
�³��	%���%���Á� � y%|;��y{	������Á�S b���
��y{}����(��|

}Áy��S�²�������³��x9���%�C���
c

Þ�N��y%�Á�§���
�§��y%�³��x9�C�¥	��

C
�������l��ö�y�x9�f��|��

Ωn

En[C] =
12 log 2

π2


∑

m≥1

c(m) log(1 +
1

m(m+ 2)
)


 · n(1 +O(n−1)), Vn[C] = O(n).
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� �b���4���4���@J�!�"�O�A?�:U$���4	 "��;�@���;	.��> �N> J���!�Al	.!:���;����!��W�9CH��	 	 �;��o<=@��XM������!�Al	 ���FE$�;��JNK �;�����;"���J������@>$=@�:# 6)CD���dq
	.J�"����@�������,���N�:��"������@���I��!��<�)����g<Al	 ��!�����o<=@��A?���<�)�GCD����	.J�"����@�������,���N����"������@���I> �

(`+1) ·Z U����,���N�<�;���������> �N��!��<�b��"�
����@���������
O(n−1/3)

�9��"L����"������[���L��!�Z ���L��!��@�����<��"�J��I!��<�8= �@�4����"������@���N>7C !�"�>$"��No<=���>$"�������ob=@�:#
�<�_���e���@J�!�"�O�A?� ð òM�����8��>$Al���9Ub���M��!����;�;Al�;���4
b��=@��������� �@�N> �����m��!�Al	 ���FE��;��J4K �;�����;"��NJ������@>$=@�N������	 "�!�= �bJ��
\]���@J�!�"�O�A?�Võ�^F#
>�Ý)ßbÝ�> 	BÏjÐbÒGÏfÖRã$Ó�Ú�Ó�×�Ï ã$ÜwÞãâR×�Ó.à)Ò`Ñ%6b1RÒ©Ö)ÏfÒGÐbÓxã ×�ÏfÙ�Ù�ÒÖ8,â)Ó

�4!�=@�l> J���"��;�b!��@�������I���k��!���cd������= "��
(C)

>$=����@J�!�"�O�A?��òko<= �8�;Al	 �;��o<=@�n�GCDJ�
b���;�;��J
��= �;�����<���n��= "V�����
�:��"������@�����9U

3Vn[B] = Vn[E] +O(n2).},!�= "e�������$U �@!�=@���;�<��"�!<>$= ����!��@�e��������!��<���;�<=����<���N��	 	 "�!<���@J��
ti
���
wi

> JF�@� ����	���"

ti := b′i(ei−1(0))
−1/2 ���

wi := vi/vp = e′i(0)
−1/2.

�N!�=@����!��@����> J�"�!��@�4> ��=$En�@!�= �b�9��=$E
��!�Z ���

A(v0, v1) :=

p∑

i=1

`(mi) lgwi, A(v0, v1) :=

p∑

i=1

`(mi) lg ti,

o<= �)Y�!��<���[������"������ �;"V> ���m��!�
b��"��;��� A?���lX
���
	 �������|> ���m�����;�;������K �;�����;"����9#T�©���m����"�!��<�mY`�����;����A?���<�V
�J��@J�"�J��
�9�b���������e!�	.J�"������F=@"��4> �M��"����@�dY`��"��e���e�;���e��!��<�4��=@�����7��"�O���	 "�!<���@���4> ���4��!�Al	 ���FE��;��J��4K �;�����;"����4������������o<=@���
���eJ������@>$=@���e	 = ����ob=@���GCD!����

B = A+ Z · lg vp +O(Z)
���

E = (A+A) + Z · lg vp +O(Z).

6w���0����"������@�����2> �
O(Z)

���
Z ·lg vp

��!��<�0��!�= �����0�����,> ��=$E�>fCD!�"�>$"��L��=V	 �;=@�,o<=���>$"�������ob=@�(«b#u�N!�=@�0	.!�= ��!��@�
> !��@���u�?"�A?��"���"�!����e���@!:�����mp
¬
Vn[Z · lg vp] ≤ En[Z2

· lg2
vp] ≤ En[Z4]1/2En[lg4

vp]1/2 = O(n2).
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nÐ��
}Á���¥	��
����x9�������Á�

ð #�6w�I��!�Al	 ���FE��;��J)K �;�����;"���J������@>$=@�
E
��= �;�f= �@�2��!��:�;�;Al�;���)
b��=@��������� �@�)> �2	���"���A?O���"��

[Θ(n2),Θ(n3), O(n−1/3)]�����
A+A

��= �;�I= �@����!��7�;�;Al�[����
b��=@��������� �@�M>@��	���"���A?O���"��
[Θ(n2),Θ(n3), O(n−1/3)]

#
ò$#�6w�I��!�Al	 ���FE��;��J)K �;�����;"���������������o<=@�

B
��= �;�7= �@�2��!��:�;�;Al�;���)
b��=@��������� �@�)> �2	���"���A?O���"��

[Θ(n2),Θ(n3), O(n−1/3)]�����
A

��= �;�I= �@����!��7�;�;Al�;����
b��=@��������� �@�m> ��	���"���A?O���"��
[Θ(n2),Θ(n3), O(n−1/3)]

#
õ$#N&4�����GCDJ�ob= �;�:�������@���

Vn[E] = 3Vn[B] +O(n2)
�����

Vn[A+A] = 3Vn[A] +O(n2)
#

�2����= 	 	.!:�����<�M���l���@J�!�"�O�A?� ð ò
> J�A?!��<��"�J:U7���
��!�Al	 ���FE$�;��J?K �;�����;"��
E

��= �;��= �@�l��!��)�;�;Al�;���?
b��=@��������� �@�
> !��<�����|�:��"������@����������> �V���BY�!�"�A?�

Vn[E] = ρ0 · n3 + O(n2)
#f��!�=@���GC �<g�	.!����@O����l>$=k���@J�!�"�O�A?� ð ò$U.���

����"����������m> �
A+A

�����e> !��@�M> �����VY`!�"�A?�
Vn[A+A] = ρ0 · n3 +O(n2)

#
�N!�=@�)	 "�J������<��!��@��AB���;�<���������<�L> ��=$E?��!���cd������= "����

(G)
���

(C)
#�6w�M��!���c�������= "��

(C)
	.��"�A?���R> ��	 "�!�=$q

�b��"?�GCDJF
b���;�;��J
Vn[E] = 3Vn[B] + O(n2)

��= "?�����B����"������@�����9#��k!��<��"���"B������!���c�������= "��
(G)

����"����;�B= �
	 "���Al����"m	����|\]�@!��x��=$�B�����<��^N	.!�= "�!�K ����� �;"m���n��!����;�;Al�;���?
b��=@��������� �@�B> �l���W��!�Al	@�;�FE$�;��J?K@�[�_���["��B�������dq
����o<=@�

B
#

"Jml�Pm�"�m�ë ç Ã_Àr­�Í<Æ:ÁhÅwÂ�Í
(G)

Í�Á|Ì]Ã_Ç8Ì�Ç ì ÇêÁ9Í�ÄTÍ
B

�N!�=@�I��!�= �����;��!��@��!�K ����� �;"�= �@�M> J���!�Al	.!:���;����!������;Al�;�����;"��MX������;���M!�K �����<=@�M��= "L�����I	.!��;g��@��A?���I	.!�= "
������!�Al	 ����E$�;��JNK �;�����;"���������������o<=@�V\]�b!��;"�Y`!�"�A�= ����ò$# ø����R���@J�!�"�O�A?� ð:ð 	���
��4øbò�^F#��i�����R����> J���!�Al	.!:���;����!��
����"���	 �;=@�I>$�[�B���;���Mob=@����= "L�����L	.!��;g��@��A?���9#�s8�����V�����L>$=���=tYG���[�Io<=@�N�;�j�7CD�����L	 �;=@�I	.!:�����;K ����>fCD�FE$	 "��;A?��"
�����������;�;�����lK �;�����;"����B�9�b���n����= ����A?���<�?������	���"���A?O���"����

`(mi)
#2�4!�=@���;�<��"�!<>$= ����!����?> !��@�
> �t�@!�= �b�9��=$E

	���"���A?O���"����9Uj������!�Z �
r = lg vp + lg v0 − `(v0)

�F�����t��J�o<=@���@���
θi

ob=@�V�@!�=@��> JF�@� ������!��@��AB���;�<���������<�9#
�N!�=@�I�@!���!��@�

xi
�;�M"�������!�� �@���

vi+1/vi
qDob= �w�����4��=@�����7J�
b���T��=�"�������!�� �@���

wi+1/wi
# 6T��"�����������!��

wi−1 =
miwi + wi+1

���<��"��u���@�mo<=@�:U$	.!�= "���!�= ���w�9�b���
1 ≤ i ≤ p

U

lgwi−1 − lgwi = lg(m1 + xi) = `(mi) + θi,
�9�����

θi = lg
mi + xi

m̃i
,

\`õ$# ÷ ^
���
m̃i

���B	 �;=@�N	.�����;���V	 = ���������@���V> �V> ��=$Ek��=kA?!��;�@��J�
b������X
mi

#_ve��AB��"�o<=@!��@��o<=@�
θi

���������dY`���;� −1 ≤
θi ≤ 1

#�6T�N"�����������!��|õ$# ÷ "��FAl	@�����������4"�����������!��?	.!��;g��@!�Al�������
`(vi−1)−`(vi) = `(mi)−1

U����9U:>@���@�2���I�9���
���<������"9U ������= �;���

θi
c�!�=@������A?{�A?��"������Mob=@��������= �;������!��@�������<���M����J�
b�����mX −1

>@���@�������9���I	.!��;g<�@!�Al�����G#
� ��!�"��9U$	.!�= "���!�= �

i
U
0 ≤ i ≤ p− 1

U !����

lgwi =

p∑

j=i+1

[`(mj) + θj ],

���9U��9����������> JF�@� �;����!���> �
r
U ���V"�����������!���	 "�J���J�> ���<���M	.!�= "

i = 0
���<��"��u���@�m��= "

ωn
���l> J���!�Al	.!:���;����!��xp

p∑

i=1

[`(mi) + θi] = lgw0 = n− r.
\`õ$# ð  �^

67�M��!�Z �
A
	.��= �4����!�"��e�9CDJ���"��;"��

A(v0, v1) =

p∑

i=1

([`(mi) + θi] − θi)


∑

j>i

[`(mj) + θj ]


 =

1

2
(n− r)2 − 1

2
(n− r) −

p∑

i=1

θi lgwi.

�N!�=@�I�����@!��@�e> ��	 "�!�= ����"�����	 "���Al��O�"�����������"�����!���> �����V	 "�!�	.!:���;����!�����= �;�����<���:#
åMÂ�Ã�é)Ã�íuÇ�ÁhÇ]Ã.ÀÙA

(a)
Í�|��

Ωn õ ���§}Áy%�Nô����,Ò%�C�4�N���Cx��%�C���²�
ô�ô��zy{}�ñS�Á� A 	��r��ð �%� ��y%�
���Cñ��³�´	Çð òr|~}�����	��´}������Á����¤�|~�
õ������ Îr�¥�©��	��z}Áy%�Nô~y��
������y�x

A =

[
n2

2
−N

]
− n[r +

1

2
] + r

�%õ%�z}
N =

p∑

i=1

θi lgwi.
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@��
�Í9×����4�����
	�×�x��%�F��¤�|H�F���r	���}Áy%�NôSy%�
�C����y%x~�
� �S 3���²ô��ó|�� õ ���
}Áy��S� Θ

���7�%�Þ÷³�©�³��y%�F�³�
	��¥��y�|��§�����
θi
���7���l��ö��%���

Θ :=

p∑

i=1

θi = [n− Z] − r,

���
Θ
��|����<|�x��¥��y%�v�����F���4�­�7�%|��Á������xHx���	��²ôS���z�%�³�������
�

[O(n), O(n), O(n−1/3)]

6w��	.!��;�<�
(b)

�����I= �@�m��!��@��J�o<=@���@���m>$�;"��������m> ������"�����������!��iõ$# ð  l���e>$=WY`���;�eo<=@�����M��!�Z �
Z

�����I= ����!�Z �
��> >$�;���[Y�X���"�!����������@����A?!<> J�"�J��m����o<=7C �;�7���������dY`���;�I= ������!��7�;�;Al�;����
b��=���������� �@�B\]���@J�!�"�O�A?�mP8QM^F#

6w�l��!���cd������= "��
(G)

�����I�;��Jm��=���!�Z �
N
# 6w��	���"���A?O���"��

N
��>$A?���e��!�AlA?��Y�!�"�A?�m���;����"��������;�b�

N =

p∑

i=1

(
∑

j<i

θi) · lg(mi + xi).

�N!���!��@�e���?���;Al�;�;�;��=@> �V�9�����M���M��!�Z �
N

	.!�= "e������	.!��;g��@��A?����\]���@J�!�"�O�A?� ð:ð 	���
��Møbò�^F#.s8!�AlA?�m���m��!�Z �
Θ

������
b��=@�����������9�b���M> �M	���"���A?O���"��
[O(n), O(n), O(n−1/3)]

U ����Y`��������= "
(
∑

j<i θi)
������	 "�!�K���K ����A?���<�
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A?���<������Y`!��@������!���> ����> J��@!�Al�;��������= "��M> ���NK "����@���@�����;�<�b��"������l\]�b!��;"4Y�!�"�A�= �����Mõ$#Hõ|����õ$# ø<^F#j67������J�"������

�J��@J�"�����"��������I>@�4yN�;"������ �����L��!��<�L����!�"��R	@�[=��L��>@��	 ��J����8	.!�= "8�����I�������;g������9#��4!�=@�8��!�AlA?���@��!��@�I���������N�����Fq
����!����9�b���l= �@�?>@������"��;	 ����!��x> ���m��J�"������M
�J��@J�"�����"��������V> �?yN�;"������ �����9#w�N!�=@�M�;�<��"�!<>$= ����!��@�V���@��= �;���?�GCD!�= ���;�
������������ob=@�L>@���)��g$����O�A?���,>$g�����Al��o<=@���9U�XN���9�b!��;",�����2!�	.J�"�������= "���> �8��"����@�dY���"��9#:6w������������!��Bõ$#Hõ$#Hõ�> J���"��;�)�����
>$��������!�� �����;"��9����= "8�����I!�	.J�"�������= "������L��!�= �����L�����L����������!��@�I��= �;�����<�����L��"����;�����<��> ���RY`!�"�A�= ���������;����"��������;�����
> ���e��J�"����������
Y`!��@������!���> ����!�	.J�"�������= "��h#

ý ÷



� ñ��
ô��������
��
nÐ��
}Á���¥	��
����x9�������Á�
>bÝ�>�Ý4= & 6@Ð<ÒGÓ�Ù
ÛÇ6�Ö?6@ÐbÏ_Ñ:ÐbÒ©ã$Ó�ÙWÚ)Ó°{�ÒGÐbÒ©ãbÝ�×GÓ Ñ

�N!�=@�|� E !��@�
R

= ��	���"���A?O���"�����= "
Ω = ∪nΩn

#86w����J�"�����
�J��@J�"�����"�������K �;�:��"���J��É\�> �iyN�;"������ ������^
������!<����J��mX

R
�����e> JF�@� ����	���"

SR(s, w) =
∑

(u,v)∈Ω

ewR(u,v)

us
,

!������e�:��"�����K ���
s
AB��"�o<=@�8�GCD���<��"�J��I���0���4����"�����K@�;�

w
�����0�;��J��IX4���e�:������= "2>$=V	���"���A?OF��"��:#b�<�

rn(w)
> J����;
:�@�

������!�AlA?����= A�= ��J��m> ���
ewR(u,v) �9�b��� u = n

U$������J�"�����K �;����"���J��M�9CDJ���"��;����!�=@�L����Y�!�"�A?�M>fC = �@����"����7��J�"����
> �My4�;"������ �����

SR(s, w) =
∑

n≥1

rn(w)

ns
, rn(w) =

∑

(n,v)∈Ω

ewR(n,v).

6w�?��J�"����
S

[k]
R

>$=�A?!�A?���<�N>fCD!�"�>$"��
k
�����4> JF�@� ������!�AlA?�m���?> J�"��;��J��

ke 	���"e"���	 	.!�"���X
w

> �
SR(s, w)���

w = 0
U

S
[k]
R (s) :=

dkSR

dk
w

(z, 0) =
∑

(u,v)∈Ω

R(u, v)k

us
.

s8!�AlA?�����t��J�"����VK �;�:��"���J��:Uj���
r
[k]
n

> J����;
:�@�����t��!�AlA?����= A�= ��J��l> ���
R(u, v)k �9�b���

u = n
U
S

[k]
R

�hCDJ���"��;�
��!�=@�I���VY�!�"�A?�M>fC = �@����"����7��J�"�����> �MyN�;"������ �����

S
[k]
R (s) =

∑

n≥1

r
[k]
n

ns
, r[k]

n =
∑

(n,v)∈Ω

R(n, v)k.

s8!�AlA?�B	.!�= "���������J�"�������!�"�>$�;�����;"����9Uw���W��J�"����B>$=�A?!�A?���<�V>fCD!�"�>$"��
k
�����V��>@��	 ��J��tX
�GCH�������;g$���|>$=

keA?!�A?���<�
En[Rk]

> �
R
#h6�CD���@����A�K ���

Ωn
"���
:"�!�= 	.�R��!�= �����T�����T���<��"�J����,> �������;�;���

n
Uu�:CD�����,X�>$�;"��R�GCD�F������A�K ���

> ������!�= 	 �����4>fCD���<������"��
(u, v)

�9�����
u > v

���
`(u) = n

#@�k�����

`(u) = n
J�o<= �;����= �4X

2n−1 ≤ u ≤ 2n − 1.

6w��	 "�!�K���K �;�;�;��J���= "
Ωn

J������<�e= � �[Y�!�"�A?�:U@���
ke A?!�A?���<�4���������dYG���;�

En[Rk] :=
ψ

[k]
n

|Ωn|
�9�b���

ψn =
2n−1∑

u=2n−1

r[k]
u =

2n−1∑

u=2n−1

[u−s]S
[k]
R (s).

�r�F�
[u−s]f

���;
:� �[���������7������!<�F�B�������<�N> �
u−s >@���@�

f
#

y���AB��� ��O�"�����������!�
:=@����= A?!�A?���<�W>fCD!�"�>$"��
k
UR���x��J�"����i> ���tA?!�A?���<���
�9CD�FE$	 "��;A?�k���ßY`!��@������!�� > ���

��!<�F�B�������<���4> ��������J�"�����K �;����"��;J��:U

En[ewR] =
ψn(w)

|Ωn|
�h�����

ψn =
2n−1∑

u=2n−1

ru(w) =
2n−1∑

u=2n−1

[u−s]SR(s, w).

s8!��<��"����;"���A?���<�
��=$EÉ��J�"������B!�"�>$�;�����;"����9U��@!�=@�|��!�AlA?���t��A?���@J��tX��FE$��"����;"��W	 �;=@������= "��|��!<�F�B�������<���t���
A?{�A?�m����Al	@�h#_���T�FE$��������> ��=$EW�©g�	.���N>fCD�FE���"���������= "���	.!�= "4�����4��J�"������N> ��yN�;"������ ������p@�����4���@J�!�"�O�A?���4����=$q
K.J�"������@�Bo<= �I�@�
> !�� �@���<�B	����?> �
����"�A?�W>fCD��"�"���= "9U����l����Y`!�"�A�= ���W> �
},��"�"�!�� o<= ��> !�� �@�W> ���l����"�A?���
>fCD��"�"���= "��9#)6w���?����"�A?���?>fCD��"�"���= "��B��!��<�l�;Al	.!�"������<���B>@���@�?�@!:�B�������;g������hU,��= "���!�= �l	.!�= "?�����l����"������@�����
������������!����m�;�;Al�;�����V
b��=@��������� �@���9#T�N!�=@�m= ���;�;������"�!��@��> !��@�B���nY`!�"�A�= ���|> �|}0��"�"�!��7#0�2����!��<��"���	���"������:U0���
Y�!�"�A�= ����> ��}0��"�"�!�� xP�z}
�
�
�
���4�M> ���I�;�$Y�!�"�AB������!��@��	 �;=@�LY�!�"���������= "L�����L	.��������> �����V��J�"����:# �N!�=@����K.!�"�> !��@�
����	 "�!�K ��O�A?�m>@���@�I���l����������!���õ$# ñ #
þ% 
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!e�m��=�c����w>fCDJ���=@> �)	 "��;�@���;	��������M���@J�!�"�����> ���w��g�����O�A?���w>$g<����Al��o<=@���T�����7�GCDJ���=@> ��> ���7��"��uc�������!��;"����T>fC = �
	.!��;�<�

x
��!�=@�M�GCH��������!���> �?���nY`!��@������!��x> �B> J��9������
��:#0}0!�= "����������;
�!�"��;��� A?����>fCD�2=@���;��> �:UT�@!�=@����!�AlA?���

�;�<��J�"�������J��B	���"t> ���B��"��uc�������!��;"����|	���"�������= �;��O�"����9U8�����;�����t> ���B"�������!�� �@�����h#Ls8���B��"���cd������!��;"����|"����@��!��<��"����<�
��!�= �����

0
���V�@�n����A�K �����<��	����l>$=���!�= ���©g�	 ��ob=@���h#0�k�����V�@!�=@�?���;��!��@����������!�Al	���"���"B��=$Ex��"��ucd������!��;"����

	 �;=@��
�J��@J�"���ob=@���h#b67�e��!�Al	.!�"�����A?���<�L> ���)��"��uc�������!��;"����R
�J��@J�"���ob=@���8>fC = �B��g�����O�A?��>$g�����Al��ob=���������> J���"��;�
	���"n�GCDJ��b!��;= ����!���> ���n> ���@���;��J��h#L6)CD���@����A�K ���

I
�����tA�= �@��>fC = �@�i> ���@���;��Jk�;� �;���������

f = f0
���n������o<=@�

�;��J�"�������!�� > �
T

A?!<>$�[��������������> ���@���;��J:#I67���
> ���@���;��J��W��=@�����������;�b���
f1
U
f2
U�#�#�#�>@J���"��;�b���<�W�GCDJF�b!��;= ����!��


:��!�K������
> = ��g�����O�A?�:#0�©�L�FE$�������t= � !�	.J�"�������= "9U)��	@	.�F��Jn��"����@�dY�!�"�AB������= "B> �n> ���@���;��J
!�= !�	.J�"�������= "?> �
},��"�"�!��$q�~ "�!�K.��� �;=@�hUfo<= �,��J�"��[���

G[fn] = fn+1
����	 �;=@��
�JF��JF"����;��A?���<�

fn = Gn[f0]
#j}0!�= "�������g$����O�A?�

>$g�����Al��o<=@�M> ���LY�"���������!��@�e��!��<���;�<=@���9U�������!�	.J�"�������= "N������> JF�@� �7	���"

G[f ](x) :=
∑

h∈H

|h′(x)| · f ◦ h(x) =
∑

m≥1

1

(m+ x)2
· f(

1

m+ x
).

�©�0�����N��"�O��N= ���;����>fCH�ucd!�= ���F"�= �i	���"���A?O���"�����= 	 	 ��J�A?���<�����;"��
s
�u�@�i> ��
�J��@J�"���"���������J�"�������> �VyN�;"������ �����9#

s8�����l> JF�@�@�[�e�GCD!�	.J�"�������= "4>@����"����@�dY`��"��
Gs

\�!���!�	.JF"�������= "4> ��ve=@���;���XqDve=@�hþ ó s]^FU

Gs[f ](x) :=
∑

h∈H

|h′(x)|s · f ◦ h(x) =
∑

m≥1

1

(m+ x)2s
· f(

1

m+ x
).

�N!�=@�)��!��@����> J�"�!��@��J�
b������A?���<��= �@�I> ��"�� ��O�"��I
�J��@J�"����;����������!��|> �L�GCD!�	.J�"�������= "R> �L��"����@�dY`��"����u�@�?> �L��"����[���F"
�����R��!�Z ���)"����������[Y`�RX�= �B��!�Z �RJ���J�A?���<�����;"��

c
#�6)CD!�	.J�"�������= "L> �I��"������dY���"���	.!��@> J�"�J

Gs,w,[c]
"����������[Yw��=|��!�Z �

c
�����

Gs,w,[c][f ](x) =
∑

h∈H

ewc(h)|h′(x)|s · f ◦ h(x) =
∑

m≥1

ewc(m)

(m+ x)2s
· f(

1

m+ x
).

y����@�����������M> JF�@� �;����!��7U �@!�=@�I��> �������[��!��@��������!�Z �
c(m)

	.!�= "�= �W���<������"
m
U@�9�b�����;����!�Z �

c(h[m])
��= "L���

K "����@�������;�<�b��"����l������!<����J��lX
m
#j},!�= "

w = 0
U.�GCD!�	.J�"�������= "M	.!���> J�"�Jl�������GCD!�	.J�"�������= "m> ����"����@�dY���"��Mob= �

�@�N> J�	.���@>t	����L>$=n��!�Z �LJ���J�A?���<�����;"��
c
#<�i���;�<���������<�9U$���

c
�����LJ������@>$=n	���"I��> >$�;���;���;��J�XM�GCD���@����A�K ����> ���

K "����@�������e�;�<�b��"������ H? U ��� ne �;��J�"�JM> �
Gs,w,[c]

���I���Mob=������[qG�;�<����"����
(I − Gs,w,[c])

−1 �bJ�"��[�����<�

Gn
s,w,[c][f ] =

∑

h∈Hn

ewc(h)|h′(x)|s · f ◦ h(x),

(I − Gs,w,[c])
−1 =

∑

h∈H?

ewc(h)|h′(x)|s · f ◦ h(x).

�N!�=@�I����"�Al�;�@!��@�N�9�������GCD!�	.J�"�������= "4>$=W	 "���Al����"�A?!�A?���<�
G

[c]
s

������!<����JM��=W	���"���A?O���"��
c
U > JF�@� �w��!�AlA?�

���l> J�"��;�bJ���	���"I"���	 	.!�"��4X
w

���
0
> ���GCD!�	.J�"�������= "e	.!��@> J�"�J

Gs,w,[c]
U

G[c]
s [f ] :=

(
d

dw
Gs,w,[c][f ]

)
|w=0 =

∑

h∈Hn

c(h)|h′(x)|s · f ◦ h(x).

ST!�=@�B�����|!�	.J�"�������= "��|	 "�J���J�> ���<���t�hCD�FE�	 "��;A?���<�t��= "?�GCD���@����A�K ����> �WK "����@���@���;�<����"������ H #����e�����BK �����
���<�����@>$=|	.!:�����;K ����>7C J������@> "��e������> JF�@� �;����!��@�LX�= �B��!�=@�����@����A�K ���e> � H #�},��"R�FE$��Al	 ����	.!�= "��GCD���@����A�K ���
F U$�GCD!�	.J�"�������= "e	.!��@> J�"�J

Fs,w,[c]
������!<���;JM�9CDJ���"��;�

Fs,w,[c][f ] :=
∑

h∈F

ewc(h)|h′(x)|s · f ◦ h(x).

þ ð
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}0!�=@"
i = 1, 2, 3

U Hi
> J����;
:�@�4= �n���@����A�K ����> �eK "����@���@���L�;�<�b��"������RA�= � �j>fC = �t	���"���A?O���"��

ci
��= "8�����

K "����@���@���N�;�<�b��"������9#.���0�FE$�;�����m= �k> �;������!�� �_���["�����= "4������!�	.J�"�������= "���ob= �0�����N���;Al�;�����;"���X|�����;= �2> ���N��J�"������
!�"�>$�;�����;"����9#
�ÇxH��y%x/	%����ö�y%��x��4�7
w�<� H1

�������GC = � ��!���>$����c�!��;�<��� H2 ∪ H3
!�=��GC = � ��!���������>$����c�!��;�<���l�������,���V	���"���A?O���"��

R1
�bJ�"��[���

R1 = 1H2R2 + 1H3R3����!�"���������!�	.J�"�������= "��4> ����"����@�dY`�F"�����= "e��= " H1
�9CDJ���"��;�����<�

Gs,w,[c1] = Gs,w,[c2] + Gs,w,[c3], G[c1]
s = G[c2]

s + G[c3]
s .

s8!�AlA?�m��= "I�����I	.!��;g��@��A?���9U = ����= � ��!���>$����cd!��;�<���M������"���>$=@�[�e	���"�= �@�M��!�AlA?�M��= "I�����e!�	.J�"�������= "��9#
�r�zy{	%|��C�o}Á�%���4�
�
����x�
_�<� H1 = H2H3

!��n�����IJ���J�A?���<����> � H2H3
��!��<�I> �N���mY`!�"�A?�

h2 ◦ h3
�9�b���

hi ∈ Hi���e���f��������!�Z ����	 "��;Al�;���[Y��
ci

��= " Hi
�bJ�"��[�����<�

c1 = c2 + c3
U�����!�"��

Gs,w,[c1] = Gs, w, [c3] ◦ Gs,w,[c2].

�N!���!��@�0�����$�GC �;�<�b��"�����!��l> �8�GCD!�"�>$"��I> ���,!�	.J�"������F=@"��2	���","���	 	.!�"���Xe�GCD!�"�>$"��I> �L��!�Al	.!:���;����!��?> ���,K "����@���@���9#
67�L	 "�!<>$= �;���9��"���J��������B�9�b���L> ���2��!�Z ������> >$�;���[Y`�2���8��"���>$= �;�2	���"2= �@�I��!�Al	.!:���;����!��B> ���2!�	.J�"�������= "��)	.!��@> JFq
"�J��9#@}0!�= "e> ���e��!�Z ����A�= �;���;	 �;���9�����[Y��9U@����	 "�!<>$= �;�4�9��"���J������������<��"��u���@�mJ�
b������A?���<�4= �@����!�Al	.!:���;����!���AB�����
> ����!�	.J�"�������= "��4>$=W	 "���Al����"eA?!�A?���<�9#.�<�

c1 = c2 · c3
U@����!�"��

G[c1]
s = G[c3]

s ◦ G[c2]
s .

P8����� ���<�����@>$=7UL�����|"�����������!��@�n��!��<�nX�"���	 	 "�!<���@��"W�9�b���������;�����t!�K ������=@���n��= "|�����t��J�"������|
�J��@J�"�����"��������
!�"�>$�;�����;"�����\]�b!��;"L�@
:= "��Mò$# ð ^F#H!e�
	 "��;�@���;	.��
�J��@J�"����T��	 	���"��u���mp$����	 "�!<>$= �;�e��= "L��������J�"�������!�"�>$�;�����;"����e�����
"���Al	 ������JM	���"�= �@�M��!�Al	.!:���;����!�����= "I�����e!�	.J�"�������= "��9#
Í9|��C�4����Î?xH���
�1
_�<� H1 = H?

2

���e���f��������!�Z ����	 "��;Al�;���[Y`�e��!��<�e��> >$�;���[Y`�9U �G#D�:#;U

c1(h) = c2(h1) + . . .+ c2(hp),
> O��eob=��

h = h1 ◦ . . . ◦ hp,

����!�"���������!�	.J�"�������= "��e	.!��@> J�"�J��e��J�"��[�����<�

Gs,w,[c1] = (I − Gs,w,[c2])
−1.

y���A?{�A?�:U����f��������!�Z ���e��!��<��A�= �;���;	 �;���9�����[Y��9U@�G#D�:#;U

c1(h) = c2(h1) × . . .× c2(hp),
> O��eob=��

h = h1 ◦ . . . ◦ hp,

����!�"���������!�	.J�"�������= "��4>$=W	 "���Al����"�A?!�A?���<�e�bJ�"��[�����<�

G[c1]
s = (I − G[c2]

s )−1.

�<= "?�;���l	.!��;g��@��A?���9U2�����?��= �;�������@� �����B��!��@>$= �����������<�|J�
b������A?���<�tXi> ���?o<=������[qG�;�<�b��"������9#26w�k�@
:= "���õ$#Hò
"�J���= A?�M�����e> J���!�Al	.!:���;����!��@�9#
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��
N��
�ÍP���������­����x����z��������}
�
�

H1
��!�Z �

c1
!�	.J�"�������= "

H2 ∪H3 c1 = c2
!�=

c3 Gs,w,[c1] = Gs, w, [c3] + Gs,w,[c2]

H2H3 c1 = c2 · c3 G[c1]
s = G[c3]

s ◦ G[c2]
s

c1 = c2 + c3 Gs,w,[c1] = Gs,w,[c3] ◦ Gs,w,[c2]

H?
2 c1 = c2 × . . .× c2 G[c1]

s = (I − G[c2]
s )−1

c1 = c2 + . . .+ c2 Gs,w,[c1] = (I − Gs,w,[c2])
−1

ärI�åBæ_õ$#Hò
ª|yN��������!�� �����;"��M	.!�= "������e!�	.J�"�������= "��4> ����"����@��Y���"��

>�Ý�>bÝNì {W63ðwÓ�×GÜÑâwâIÓ�Þ Ó�ÖTÑ�Ù	â�Ð�ÜÑâ�Ð�Ó�Ó@Ñ�Ò�ÞãâRÐ�Ü�â�ÐbÓ�Ù
�4!�=@�N�9�b!��@�e�<=�o<=@�M�GCH���;
�!�"��;��� A?�V>fCD�2=@���;��> ����!��@����"�= �;�9U_��= "e= �@�����<��"�J��

(u, v)
U@����> J�������!�	 	.��A?���<�

���?Y]"���������!��|>$=?"�������!�� �@���
v/u

#<s8��> J��b����!�	 	.��A?���<�8������>$�;�)	 "�!�	 "���	 = ����ob=@�I����> ��"�� ����"8ob=@!��������<�R�����)	���"
��!��@����"�=@������!��B>$�[�fJ�"����<�)>@�

1
#:���@�FE��������IJ�
b������A?���<��= �?> J�������!�	 	.��A?���<���;Al	 "�!�	 "���!��l���I> ��"�� ����"�o<=@!��������<�

�����
1
#w}2�;=@��	 "�J�������J�A?���<�9U0���

v/u = h[m1] ◦ . . . ◦ h[mp](0)
�����M���|> J�������!�	 	.��A?���<��	 "�!�	 "��k\

mp > 1
^FU

����!�"��4����> J��b����!�	 	.��A?���<���;Al	 "�!�	 "��V�����N> !�� �@Jm	���"
v/u = h[m1] ◦ . . . ◦ h[mp−1] ◦ h[mp−1] ◦ h[1](0)

U_!�=
J���"��;�N��= ��"���A?���<�

v

u
=

1

m1 +
1

m1 +
1# # #

mp−1 +
1

mp

=
1

m1 +
1

m1 +
1# # #

mp−1 +
1

mp − 1 +
1

1

.

ST!�=@�?�����?��!�Z ���Bo<=@�n�@!�=@�?= ���;�;����!��@�B�9CDJ������@> ���<�B������= "����;����A?���<�n��= > J�������!�	 	.��A?���<�|�;Al	 "�!�	 "������B��=
�;����=É>@�t�@�
��!��@����> J�"���"Bo<=@�t���
> J�������!�	 	.��A?���<�B	 "�!�	 "��:U2�@!�=@�?��!��@����> J�"���"�!��@�B>@���@�l���k��= �;���t�����?> ��=$E
> J��b����!�	 	.��A?���<���9#�s8�����i�k> ��=$E���!��@��J�ob=@���@�����9#2ST!�= �l>fCH��K.!�"�>fU2��=��;����= > �|��"��9�:���;�;����"l��= "V�GCD���@����A�K ���
Ω = (H0+H?F)×N? Uu�@!�=@�0��"��9�:���;�;��!��@�2��= "0�GCD���@����A�K ��� Ω̃ = H?×N? #��2�@��= �;���:U�	.!�= ",��!�= �,	���"���A?O���"��
X

ob=@�n�@!�=@�B�9�b!��@�l>@J���� �e��= 	���"��9�:���<�9U2�@!�=@�l�7CDJ���=@>$��!��@�B	 �;=@�
X

AB�����?��!��É�FE������@����!��
X̃

X
Ω̃
#2�2�

YG���;�9U��@!�=@�8	.!�= �b!��@�LA?!��<��"���"�ob=��4	.!�= "L��!�=@�L�����L��!�Z ���Io<= �.�@!�=@�L�;�<��J�"����������<�9U������������ 
���A?���<��>fCD����	������
	 "�!�K���K@�[�;�����������)> �8	���"���A?O���"����7C �;�ªÁ@=@���@�������l"������l�����2"�J���= �;����������� �@!��@��J��9#�67���2"�J���= �;����������� �@!��@��J�����= "
X

��!��<�)JF
b������A?���<����"����$	.!�= "
X̃

���2"�J����[	@"�!<ob=@��A?���<�9U������2"�J���= �;�������)> J�A?!��<��"�J��)	.!�= "
X̃

��!��<�)J�
b������A?���<�
��"����f	.!�= "

X
#

~0�[E$!��@�
X

= �t	���"���A?O���"�����= "
Ω
���
X̃

= �t	 "�!���!�� 
���A?������> �
X

��= "
Ω̃
#�}0!�=@"L��!�= �LJ���J�A?���<�

x
> �

Ω
U

�GCDJ���J�A?���<�¥�C�Nô��zy
ô����M> �
Ω̃
������!<����JmX

x
�����I�@!���J

x̃
# � ��!�"��9U ����	 "���Al����"eA?!�A?���<�4> �

X
���������dY`���;�

En[X] = Ẽn[X̃] +
1

2|Ωn|
∑

x∈Ωn

X̃(x̃) −X(x).

�N!�=@����!�AlA?�M> !��@�m��A?���@J�X�J���=@>$����"e����	���"���A?O���"��
X̃(x̃) −X(x)

��= "
Ωn

#
y����@�������9���e!��

X
�����I= �W��!�Z �N��> >$�;���[Y)������!<����Jm��=���!�Z �e	 "��;Al�;���[Y

c
U$�@!�=@�4�9��!��@�

X̃(x̃) = c(mp − 1) + c(1) +

p−1∑

i=1

c(mi)

�9�b���
(m1, . . . ,mp)

�����Bo<=@!��������<���|>$=ß> J�������!�	 	.��A?���<�t	 "�!�	 "��k������!<����J�Xi�GCD���<��"�J��
x
#)�2� 	���"������F=@�[����"

X̃(x̃) − X(x) = c(mp − 1) + c(1) − c(mp)
ob= ����= � 	 "���Al����"nA?!�A?���<�
>fCD!�"�>$"��i��!��@�������<��\��������

þ�õ



� ñ��
ô��������
��
nÐ��
}Á���¥	��
����x9�������Á�
���W> J�A?!��<��"��k��!�AlA?�W�����|��!�Z ���B����"�Al�;����=$E�^F#Ls8�W	���"���A?O���"����7C �;�<����"��<�����<�t> !��@��	����B>@�����?���W����"�A?�
> !�Al�;�����<�9#
�©�,��������"��|> �VA?{�A?��	.!�= "���!�=@��������	���"���A?O���"����m��K.!�"�> J��9#f6)CD��"�"���= "m��!�AlAl������������!��@����> J�"����<�M���V��!�Z �
��= "

Ω̃
�7CH��= "�����=@��= ���n�;�@����> ���@���W��= "����������F"�A?���?J���=@> �;J��h#2�2� "����:���@���@�:U2��!��@����> J�"���"

Ω̃
���;Al	 �;�[���n�����

�@!���������!��@�e	 = ����ob=@���GCD!���J����;�������M�9���I	���"�������= �;����"4> =W> ��"�� ����"4ob=@!��������<�V\�ob= �w> !��;�e{���"��M>$�[�jJ�"����<�4> �
1
^F#

>bÝ�>�Ý�� & 6@Ð<ÒGÓnâIÜTâ)Ði×�Ó�ÙWã$Ü��)Ñ:ÙWÏfÚ�Ú�ÒGÑ�Ò�3�Ù
�N!�=@�M"����;�;!����MAB���;�<���������<�������m��J�"������M
�J��@J�"�����"����������9�b���l�����m!�	.J�"�������= "��V> �l��"����@�dY`��"��m����= ���;�;�������<�

������>$��������!�� �����;"����h#
�N!�=@�N� E !��@��= ����!�Z ��	@"��;Al�[��� Y

c
���
C

���l��!�Z �m��> >$�;���[Y�������!<����J:#ws8!�AlA?�
Ω̃

�����M����K � c���������!��x�9�b���
H? ×N? U X�= �
��!�= 	 ���

(u, v)
��!�"�"�����	.!��@>
= �@�N= � ��o<=@�NK@"����@���@���;�<�b��"����

h
> � H? ���I��!��n	 
���>

d ∈ N? #� �b�������n"����������;!���õ$#Hõ$Uf�GCD���<������"
u
�bJ�"��[���

u = d|h′(0)|−1/2 #f}2��"m> JF�@� �;����!��7U7���?��!�Z ����> >$�;���[Y
C

�@��Y`���;�
	����M�;�<����"��b��� �;"m���?	 
���>f#w�N!�=@�M	.!:��!��@������!�"��

C(u, v) = C(h)
�9�����

h
���
K "����@���@�?�;�<�b��"����B������!<����J��BX

(u, v)
#@6w�l��J�"�����
�J��@J�"�����"������MK �;�:��"���J��M> �

C
> ���������<�

S(2s, w) =
∑

(u,v)∈Ω

ewC(u,v)

us
=
∑

d≥1

∑

h∈H?

ewC(h)

d2s
|h′(0)|s = ζ(2s)(I − Gs,w,[c])

−1[1](0),
\`õ$# ð ø<^

!��
ζ
�����I����Y`!��@������!��

ζ
> �Mv�����AB��� �7#

�N!���"��V!�K$cd�������[Y8�����N>fCDJ���=@>$����"����B����"������@����> ������!�Z ������> >$�;���[Y���X|��"�!����������@�����;�<����"�A?J�>$�����;"��:#f},!�= "��������$U
�;�wYG��= ���������;g$����"N������> ��=$E�	 "���Al����"��NA?!�A?���<���h#.67������J�"������N> ���NA?!�A?�F������>fCD!�"�>$"��

1
���

2
�9CD!�K ������� �@���<�

����> J�"��;�����<��= �@��!�=�> ��=$E�Y`!����N	���"�"���	 	.!�"��mX
w

���t��J�"����
S(s, w)

#j6w�t> J�"��;�:������!���>fC = ��o<=������[qG�;�<�b��"����
�����LY`!�"�A?���;����A?���<�4> JF�@� ���M	���"

d

dw
(I − Gs,w,[c])

−1 = (I − Gs,w,[c])
−1 ◦

(
d

dw
Gs,w,[c]

)
◦ (I − Gs,w,[c])

−1

� 	 "�O���> J�"��;��������!��@�hU �@!�=@�e!�K �����@!��@������	 "�!�	.!:���;����!�����= �;�:���<���:#
åMÂ�Ã�é)Ã�íuÇ�ÁhÇ]Ã.À²} Ð��
�����������
�
	��
�
	���|EÒ¥ô������F�����Á�§��y%�³��x9�C�
	Çð |�xW}Áy��S�t�7	7	%����� ö

C õ �%�Á��y{}������%|�}�y��S�²������£�³��x9���%�C���
c
��y�x9�o	7y�xHx��Á�
�tôS�%�

S[1](2s) = ζ(2s)(I − Gs)
−1 ◦ G[c]

s ◦ (I − Gs)
−1[1](0),

S[2](2s) = ζ(2s)(I − Gs)
−1 ◦ G[c]

s ◦ (I − Gs)
−1[1](0)

+2ζ(2s) ◦ (I − Gs)
−1 ◦ G[c]

s ◦ (I − Gs)
−1 ◦ G[c]

s ◦ (I − Gs)
−1[1](0)

�N!�=@�,����"�"�!��@�2	���"2���N��= �;���Lo<=@�L������o<=@�Lo<=������[qG�;�<�b��"�������>$A?���2= �l	.�����I���;Al	 ���I���
s = 1

#:�2�l	���"�������= �;����"9U
������J�"�����>$=m	 "��FAl����"0A?!�A?���<�,��>$A?���T= �m	.�����R> !�= K ���R���

s = 2
����ob= �<> !�� �@��= �@�R����g<Al	 ��!�����o<=@���;�[��J����;"��

>$=n	 "���Al����"�A?!�A?���<�9#@yN��A?{�A?�:U$���V��J�"�����>$=
������!��@>nA?!�A?���<���hCD�FE�	 "��;A?�M�9�b���N��"�!����Io<=������[qG�;�<�b��"������I���
��>$A?���R= �?	.�����e��"��;	 ���e���

s = 2
���eob= ���;Al	 �;��ob=@�e= �@�4����g�Al	 ��!�����ob=@�eo<=���>$"�������o<=@�e>$=|������!��@>?A?!�A?���<�9#

6w�l����������!���õ$# øB> J���"��;�e	 "�J����;��J�A?���<�e�����I	 "�!�	 "���J���J��N�������;g<���;o<=@���e> �M��������J�"������9#
>bÝ�>�Ý�� & 6@Ð<ÒGÓnâIÜTâ)Ði×�Ó�ÙWã$Ü��)Ñ:Ù
Ñ:Ó@ÐbÞ�Ò�Ö�Ïjâ�à

6w���0��!�Z ���T����"�Al�;����=$E��hCD�FE�	 "��;A?���<�0>@�)AB��� ��O�"��R	.!��;g<��!�Al�������L���
`(mp)

���
`(vp)

���T���
p = 0

Uu����!�"��T�;���
��!��<�R�<= ���9#��4!�=@�R�@!���!��@�

W
���4��!�Z �R���F"�Al�[�_���

W (v0, v1) = `(mp)+ `(vp)
#$�<�

T
������= �n��!�Z �R����"�Al�;�����GU

����!�"��L�;�j�FE��������
k
�����fob=@�

T = O(W k)
#�6w���8A?!�A?���<����>fC = �
��!�Z �L����"�Al�;�����f��!��<�L>fCD!�"�>$"�����!����������<�I���j���
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�
����= ����A?���<�N���w��!�=@�4�����eA?!�A?���<���N> �

W
��!��<�4>fCD!�"�>$"�������!��@�������<���9#_}2= ����o<=@�

W
�����N��> >$�;���[YR�������?�����;�;�;�

>$=i	 
���>i����>$=i> ��"��@�;��"Mo<=@!��������<�9U.���t����"�����J�
:������Al	 ��!hgbJ��l�9�b������������!�Z ������> > �[��� Y`���9CH��	 	 �;��o<=@�����N�@!�=@�
!�K �����@!��@�e����	 "�!�	.!:���;����!�����= �;���������:#
åmÂuÃ_é)Ã�íhÇêÁhÇ]Ã_À ëq� ÐÇ�F�*�������
	��³���C����}�ñ������t����õ��%�����Á�

W
�7	������?|�x��
�,Ò
ô����
�
�
��y%xW�%�©�4����x�������õ%����x"ö�y%x�}�����y%x

	��
�
y
ô~���z���4��|��Á��	��¥����ö�y��
�³�

SW (2s, w) = ζ(2s) + ζ(2s, w, [`])Gs,w,[`] ◦ (I − Gs)
−1[1](0)

yUT
ζ(s)

�
���o�©��ö�y%x�}�����y%x
ζ
	��7´´�������%xHxW���

ζ(2s, w, [`])
�����<����ö�y�x�}�����y%x

ζ
ôSy%x�	������Á�

ζ(2s, w, [`]) =
∑

d≥1

ew`(d)

d2s
.

ÐÇ�����������
	%|]��y%�³��x��o	Çð y%�z	%���
k
�~ð y���������x9�t��xW	����
�Cõ��%x9�

k
ö�y%���oô~�%�§�z�
ô7ô~y%���r÷

w
���<õ%���
� Îr�

S
[k]
W (2s) =

(
dk

dwk
(ζ(2s, w, [`])Gs,w,[`])|w=0

)
◦ (I − Gs)

−1[1](0)

s8!�AlA?�?�����M��J�"������m> ����!�=@�M�����MA?!�A?���<����Y`!��<���;�<����"��b��� �;"M= ��= � ��ob=@�?o<=������[qG�;�<����"����:Uf���;��������>$A?���������<�
= ��= � ��ob=@�t	.�����n���;Al	 ���t> !�Al�;�����<�?���

s = 2
���nob= �L���<��"��u���@�
ob=@�|�����VA?!�A?���<���l��!��<�V��!�=@��>fCD!�"�>$"��

��!��@�������<�9#@67����	 "�!�	 "���J���J��N�������;g<����o<=@���e����"�!��<�e�FE$	.!:��J����I	 "�J�������J�A?���<�NX���������������!���õ$# ø@#
>�Ý�>bÝ�µ & 6@ÐbÒGÓùâIÜwâ�Ði×GÓ�ã$ÜTÖwÑ�Ò©Ö0â�ÏjÖTÑ*)ßâRÖ)Ó;3dÐ�Ïfã�Ñ:Ò�ÜwÖ'Ú�Ó�×�à�Ó.àv6�ã â)Ñ:Ò�ÜwÖ

�4!�=@���@!�=@�I�;�<��J�"�������!��@�IAB���;�<���F�_���<�N��=���!�Z �
L̃[δ] > JF�@� �7	.!�= "�= �W"�������!�� �@���

δ
	���"

L̃[δ](v0, v1) = log vbδpc.

�N!�=@�I��!�= �����;��!��@�IA?!��<��"���"eob=@������	���"���A?O���"��M��= �;�L= �@����!��j�@!�"�AB�����m�9�����������LA?{�A?���IA?!�A?�F������ob=@�N���
	���"���A?O���"��

L[δ] \��FYd#$���@J�!�"�O�A?� ñ ^F#
��!��;�

h
���VK@"����@���@���;�<�b�F"�����> ��	 "�!�Y�!���> ��= "

p
������!<����J��MXV= �@�����<��"�J��

(v0, v1)
���
d
����	 
���>f# 6T�VK "����@���@�

h
	.�F=@�I�9CDJ���"��;"�����!�=@�8���MY`!�"�A?�

h = hb ◦ he
!��

he
�����L���mK "����@���@��> �4�@�

ebδpc(h)
#��N!�=@�I�9�b!��@�I����!�"��L���

"�����������!��7U
e2w log vbδpc

v2s
0

=
v2w
bδpc

v2s
0

=
1

d2s−2w
|h′(0)|s|h′e(0)|−w.

\`õ$# ð9ñ ^
!��

d
�����|����	 
���>�> �

(v0, v1)
#R6T��K "����@���@�

he
�����t= �@��K "����@���@�k�;�<�b��"����k> ��	 "�!�Y�!��@> ��= "

p − bδpc��	 	���"����F�_���<�4X��GCD���@����A�K ��� Hp−1−bδpcF #@�<�
Gs,h

> J����;
:�@���GCD!�	.J�"�������= "e��!�Al	.!:�����<���m������!<����J��MX
h
U��G#D�:#;U

Gs,h[f ] = |h′|sf ◦ h,
����!�"����GCDJ�
b���;�;��J�õ$# ð9ñ > ���������<�9U

e2w log vbδpc

v2s
0

=
1

d2s−2w
Gs−w,he ◦ Gs,hb

[1](0).

�)����!�AlAB���<�M��= "N��!�=@�������N	 
���>i	.!:�����;K �����9Uj��= "N��!�= ������������	 "�!�Y`!��@> ��= "��
p
�F����!�= ������������K "����@���@���

he���
hb

	.!:�����;K �����9U$���l��J�"�����
�J��@J�"�����"�������> ���IA?!�A?���<���4> �
L̃[δ] ���������dY`���;�

SL̃[δ](2s, 2w) = ζ(2s− 2w)
∑

p≥0

G
p−bδpc
s−w ◦ Gbδpc

s [1](0).

þ ñ



� ñ��
ô��������
��
nÐ��
}Á���¥	��
����x9�������Á�
�N!�=@�?	.!�= "�"���!��@�|�@!�=@�|��!��<�����<����"n> �����������WY�!�"�A�= ����AB�����|���;������>$A?���|= �@�
Y`!�"�A?�W	 �;=@�|���;Al	 �����������
"�������!�� �@���

δ
�����4J���"��;�4��!�=@�e���VY`!�"�A?�

δ = c/(c+ d)
#�y����@�4���m�9���9U@��!�= �4���<������"

p
�9CDJ���"��;�4��!�=@�e���VY`!�"�A?�

p = k(c + d) + r
�9�b���

0 ≤ r < c+ d
#�6w�?	 "�!�	.!:���;����!��i��= �;�����<�����9CD!�K �������<�N����"���Al	 �����9���<�N���?��!�AlA?�

��= "
p
	���"�= �@�M��!�AlA?�M��= "

k
���
r
#

åMÂ�Ã�é)Ã�íuÇ�ÁhÇ]Ã.À�ë_ë Ð��������
���X	����§������}�ñ������­���Cõ��%�������³���
��y{}����Á����|³ôS�%�z�����������
L̃[δ] ��	%�³���t���Jö�y%���F|������%�ó£�4����x������Cõ��

SL[δ](2s, 2w) = ζ(2s− 2w)
c+d−1∑

r=0

G
r−bδrc
s−w ◦ Gs,w ◦ Gbδrc

s [1](0)

�%õ���}
Gs,w

����	@����=@> !�q�ob=������[qG�;�<�b��"����

Gs,w =
∑

k≥0

Gkd
s−w ◦ Gkc

s .

67�i����"�A?��> �k	@����=@> ! o<=������[qG�;�<����"����k�<�����<�W>$= Y`���;�
o<=@�k	.!�= "
w = 0

UL!���"�����"�!�= �b�k���i�<"�����o<=������[q
�;�<�b��"����:# �<�

Gs−w
���

Gs
��!�AlA�= ���������<�9U ��XV���@��!�"��N�@!�=@����= "���!��@�I= �t�bJ�"��;����K ����ob=������[qG�;�<�b��"����:#@s8�N�7CD�����

AB���;�@��= "���=@����A?�����4	����I���M�9���9#@ST!�= ���FY`!����9U@!����9CH���������@>�X����Mo<=@���;��	@����=@>@!?ob=������[qG�;�<����"����m��>$A?�������M�����
A?{�A?����	 "�!�	 "���J���J��N�������;g�����o<=@���eob=@�����Mob=������[qG�;�<����"����:#@�2��	���"�������= �;����"9U��@!�=@������"�"�!��@�eo<=7C �;���e��	 	.!�"������<�
��=@�����f= �W= � ��o<=@��	.���;�m> !�Al�;�����<�9#

v4��AB��"�ob=@!��@�8ob=@�e��= "������)	.!��;g��@��A?���9Ub�����R��J�"�������
�J��@J�"�����"��������
G(zew)

���
G(z)

��!�AlA�= �������9U<���eo<= �
����!��@>$= �;�NXV=@�
��"����7o<=������[qG�;�<�b��"����?\��FY�#�Y`!�"�A�= ���mò$# ó ^F#
>bÝ�>�Ý�¶ & 6@Ð<ÒGÓnâIÜTâ)Ð

M
� ��������������!�� õ$#Hò$# ñ UI�@!�=@���9�b!��@�nA?!��<��"�J���!�AlA?���<�����i���@J�!�"�O�A?��ý����i"���A?O��@��X��GCH�������;g��������

A?!hgb��� �@�M>$=W	���"���A?O���"��
M2w �9�b���

M(v0, v1) =
vbγpc+bδpc

vbγpc · v−δ+ε
0

.

y����@�l�������;��=�������!��ß> �n��������������!��É	 "�J���J�> ���<���:U������lK "����@���@���B�;�<����"������?J����������<�B��!�= 	.J����|��� > �F= E �9��"
����= �2����"��������

vbγpc
J������;����K.!�"�> J�\�!�= ��"��

v0
^F#ws8��������Y�!����hUj> ��=$E���!��<���;�<=����<���m��!����MXt��"����;����"Bp

vbγpc
���

vbγpc+bδpc
#@67���IK "����@���@�����;�<�b��"���������!��<�4����!�"��e> J���!�Al	.!:��J����e���W��"�!�����	���"��������9#

~0�[E !��@�
(v0, v1)

= �@�
���<��"�J��
> �
Ω

��= "�����ob=@���;���n�GCH���;
�!�"��;��� A?�W>fCD�)=@���;�;>@�W������������o<=@�n���f������=@�
p
>$�[q

���;����!��@�9#f�©�2�FE$��������= �@�l= � ��o<=@�lK "����@���@�?�;�<����"����
h
���M= ��= � ��o<=@�?���<������"M	.!:���;���[Y

d
������!<����J��mX

(v0, v1)
#

6w�iK "����@���@�
h
���
> J���!�Al	.!:���W���É��"�!����lK "����@���@���

g, r, k
> �
	 "�!�Y�!��@> ��= "��B"�����	.�������;����� bγpc U bδpc ���

p− bγpc − bδpc ���I�����;�����eo<=@� h = g ◦ r ◦ k #@yN��	 �;=@�9U ��������!��<���;�<=����<���4����������Y�!��<�

(g ◦ r ◦ k)′(0) = v−2
0 , (r ◦ k)′(0) = v−2

bγpc, k′(0) = v−2
bγpc+bδpc.

67������"�A?��
�J��@J�"����T> ��������J�"����M>$=W	 "���Al����"�A?!�A?���<�4> �
M2w �9CDJ���"��;�4����!�"��

M2w(v0, v1)

v2s
0

=
1

d2s−
·

v2w
bγpc+bδpc

v2w
bγpc · v

2s−2(δ−ε)w
0

= k′(0)s− · r′[k(0)]s+ · g′[r ◦ k(0)]s− ,

�9�b���
s− := s − (δ − ε)w

U
s+ := s + (1 − δ + ε)w

#�6T�?	 "�!�	.!:���;����!��i��=@�[�:���<�����9CD!�K �������<�����k��!�AlAB���<�
��= "I��!�= ������������K "����@���@���

g, r, k
������= "���!�=@�I������	 
���>

d
#

þ�ý
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åmÂuÃ_é)Ã�íhÇêÁhÇ]Ã_À ëS� ÐÇ�¦�����
���
S

[1]
M

	%|¢ô������F�����t��y%�³��x9�Ç	��
M

�~ð ��}��
���
S

[1]
M (2s) = ζ(2s−)Hs,w[1](0)

��õ���}
Hs,w

���²ô9����|S	7y`¤�|S�%�
��£Ö��x9õ����
���

Hs,w =
∑

p≥0

G
p−bγpc−bδpc
s−

◦ G
bδpc
s+ ◦ G

bγpc
s−

.

},!�= "
w = 0

U��@!�=@�N!�K �����@!��@�N= ����"����0ob=������[qG�;�<�b��"����:#_67���4	 "�!�	 "���J���J����������;g�����ob=@����> �
H

��!��<�e	 "�!<���@���
> �t�����[������> �

G
#TST!�= ���FY`!����9Uw�GCH�������;g$���|	.!�= "

G
���?Y`���;���9�b���B= �x"�������!�� �@���I��!��@�������<����!��<��"����;"���A?���<�?X

�����;���m> �
H

!��W�@!�=@�I�;Al	.!:����"�!��@�e> ����"�������!�� �@�����4�9�b����>@��
:"����@> �e> J��@!�Al�;��������=@"��9#
>�Ý�>bÝêä & 6@ÐbÒGÓ_Ù	âIÜwâ�Ð

A − A
Ó Ñ�ã ÜwÖE·�Ó�ã�Ñ�â)ÐbÓ

(C)
�©���GUb�[�_�7CD�����R	�����	.!:�����;K ���4>fCD!�K ����� �;"8= �@�4�FE�	 "���������!��t���;����"��������;�b�4	.!�= "R���M��J�"����e
�J��@J�"�����"������4K �;�:��"���J��

SR(s, w)
\
R = A

!�=
A
^FU AB�����e�:CD�����I	.!:�����;K ����	.!�= "e��������J�"������

S
[i]
R (s)

�9�b���
i = 1, 2

#
�4!�=@�e> JF�@� ������!��@�e>fCH��K.!�"�>W�����@!���������!��`n©��"�!<���@����pMo<= �7����"�����"�O��I= ���;���M>@���@�e���������M����������!��7#

ó
Ê�ô,À0ÇêÁhÇ]Ã_À , � y%x~����	����zy%x~�<��ð ��� ���{����� A ����x������Á�Þô~�%�o���
�t	���|EÒ
y
ô~���z���4��|��Á�r�
|��Cõ��%x9�C�L2~�©�§	����
�Cõ�������y%x¦ô~�%�
���
ô7ô~y%����÷

s õ x�y��4�Á� ∆ õ ���J��ð y
ôH���z������y%x�	��Þô~y%x�	����z������y%x õ x�y��4�Á�Þô~�%� W[c]
¤�|���ô~y%x�	������­}�ñS�7¤�|H�N}Áy%�Nô~y�����x9�4�

	�ð |�xÙy
ôH���z���4��|��`	������z�%x~�)ö*�����¦�%õ���}5���5}Áy��S�
c(h)


w�²�%�5�mÒ����Nô���� õ W[c]Gs = G
[c]
s

¹¸<��Ò�y%x~�

k
�������³��x��C�

A1, A2, . . . , Ak
	�� A 
ÞÐÇ��ö�y%x�}*����y%x [A1, A2, . . . , Ak](s)

�
���<�©�<ö�y%x�}�����y�x®	��¥õ��%�����������
s
�����%����÷

ζ(2s)(I − Gs)
−1 ◦A1Gs ◦ (I − Gs)

−1 ◦A2Gs ◦ . . . ◦AkGs ◦ (I − Gs)
−1[1](0)

��x®}��zy*}�ñS���²}�y�x9�4��x��%x��
k
����������x9�C���
���t	%�C�r	Çð y��z	%���

k



�)�W	���"�������= �;����"9U@��������J�"������I
�J��@J�"�����"��������4>fC = ����!�Z �4��> >$�;���[Y
C

�������;Al	 �;�[�����<�4���

S
[1]
C = [W ], S

[2]
C = [W 2] + 2[W,W ].

�N!�=@�eJ���=@>$��!��@�eAB���[�����������<�e���l��!���c�������= "��
(C)

�����@!�=@�e!�K �����@!��@�e= �@�m�FE�	 "���������!��
	@"�J��F�����M> �����l��J�"����
> �MyN�;"������ �����

S
[2]

A−Ā

#
åmÂuÃ_é)Ã�íhÇêÁhÇ]Ã_À ë�" ÐÇ�²ô~�%�������

S̃
[2]

A−Ā

	��N�©�¥�*���
���
S

[2]

A−Ā

¤�|��>ö��%��������|������³��x9�Þ�Cx9�4����õ���xH�C�­��y�|��­�����N}��zy{}�ñS���C�
	�ð y%�z	����¦�%|³��y%�Cx~�

3
ô~��|��¹®����Á����}����C�v}�y����³�N���¥��y����³�¦	��¦	���|IÒ������������

Γ1(s)
� ¤�|����Hð �mÒ�ô������³�¦�%õ���}���y%|��

���
�
}��zy{}�ñS���C�
	�ð y%�z	����
4
 õ ��� Γ2(s)

� ¤�|��v�~ð �mÒ
ô������³���%õ���}F��y%|������
�¥}��zy{}�ñS���C��	Çð y%�z	%���
3
 õ y�T

Γ1(s) := [∆,∆,W,W ] + [W,W,∆,∆] − [W,∆,∆,W ] − [∆,W,W,∆],

���
2Γ2(s) = [∆,∆,W 2]+[W 2,∆,∆]− [∆,W 2,∆]+[∆2,W,W ]+[W,W,∆2]− [W,∆2,W ]+

+[∆,∆W,W ] + [W,∆W,∆] − [∆,W,∆W ] − [W,∆,∆W ] − [∆W,∆,W ] − [∆W,W,∆]

åmÂuÍ�Å�\.ÍHmf�4!�=@�e��!�AlA?���@��!��@�N�9�b��������	 "���Al����"�A?!�A?���<�9U@	 = �����@!�=@����"����;��!��@������A?!�A?�F���e>fCD!�"�>$"���ò$#
º �*�5������ ­¡<» �*��¡7���7¼7� �N!�=@��J���=@>$��!��@�8>fCH��K.!�"�>|�����R��!�Z ���RJ���J�A?���<�����;"����

[`(mi) ·w2w
i ], [`(mi) · ā2w

i ]
	.!�= "

= �W	.�����;�
w
#@67���e��J�"�������> �My4�;"������ �����4��!�"�"�����	.!��@>����<�����4��!��<�

ζ(2s) ·
∑

p≥i

G
p−i
s−w ◦ Gs,[`] ◦ Gi−1

s [1](0), ζ(2s) ·
∑

p≥i

Gp−i
s ◦ Gs,[`] ◦ Gi−1

s−w[1](0).

þ:þ



� ñ��
ô��������
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nÐ��
}Á���¥	��
����x9�������Á�

�i���;�<���������<�9U,�����l��J�"������l> �nyN�;"������ �����
(2 log 2)S

[1]
A (s), (2 log 2)S

[1]

Ā
(s),

��!��<�?!�K �����<=@���?����	 "��������<�?���
��!�AlA?�V��= "4��!�=@�4�����4�;�@>$�������

i
���<��"��

1
���
p
U_���N����	 "��������<�����B> J�"��;��J���	���"N"���	 	.!�"���X

w
\����

w = 0
^F#

� 	 "�O��I���V	 "��FAl��O�"��mJ�����	.�³q �G#D�:#[U����
	 "��������������l��!�AlA?�M��= "I��!�=@�������I�;�@>$�������
i
s�U

ζ(2s) (I − Gs−w)−1 ◦ G[`]
s ◦ (I − Gs)

−1[1](0), ζ(2s) (I − Gs)
−1 ◦ G[`]

s ◦ (I − Gs−w)−1[1](0)

���9U���	 "�O�������> ��=$E$��O�A?�MJ�����	.�

(2 log 2) · S[1]
A = [∆,W ], (2 log 2) · S [1]

Ā
= [W,∆]

\`õ$# ð ý�^
º �*�5������ �¡<» �*��¡7���[½~� }0!�= "m�����m��"�!����MA?!�A?���<���V>fCD!�"�>$"��

2
U
En[A2],En[Ā2],En[A · Ā]

Uf�@!�=@�m��"����;��!��@�
>fCH��K.!�"�>
���M��!�Z@��J���J�A?���<�����;"��

[`(mi) · `(mj) · u2w
i · uj

2t]
U$	.!�= "

uk ∈ {vk, āk}
�F�e> ���I�;�@>$�������I� E$���
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4[W,W,∆,∆] + 2[W,∆,W,∆] + 2[W,W,∆2] + 2[W,∆W,∆].
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|f(σ0 + it)| ≤ κ · max(1, ·tξ).
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|��§�©�¨�ó���%x��¥õ���������}Á�%��� <(s) = σ − α õ ���������������
���<|�xH� ö�y%�������³��x9�r��y%��x��Á�

|f(σ − α+ it)| ≤ κ · max(1, |t|ξ), ∀t ∈ R,

��
§��y%��x³	��r��ð �7Ò��r������� õ ���N�*�������´�
����|�x9� ö�y%�
�³������x9�J��y%��x��Á�o��|��o���§���%x�	�� |<(s)−σ| ≤ α
��� |=(s)| > t0 õ

|f(s)| ≤ κ · max(1, |t|ξ), ∀s, |=(s)| > t0.
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f(s, w)

�������l��ö����C�Þ���Nô��zy
ô��������4�
US(s, w)

�~ð �C�J�mÒ%�����4��|�x(õ�y%���
�Cx��*���
}Áy%�Nô����mÒ�� W 	��

w = 0 õ |�x2õ�y%���
�Cx��*�������Á���
Σ
	��¨���$ö�y��
�³�

Σ =]σ0 − α, σ0 + α[
�%õ���}

α > 0 õ 	��
�}Áy%xH�����%x9�4�
ξ ∈ [0, 1[ õ t0 > 0

���
κ > 0

�4���ó�¥¤�|~�
�>

f(s, w)

�7	������<|�x®|�xH��¤�|H�²ô.Ó%���������Nô�������x
s = σ(w)

�%õ%�z} <(σ(w)) ⊂ Σ
ô~y%|��¥��y%|S�

w ∈ W õ��
��
|��§�©�¨�ó���%x��¥õ���������}Á�%��� <(s) = σ0 − α õ �������������F�
���<|�x9� ö�y%����������x9�r��y%��x��Á�

|f(σ0 − α+ it, w)| ≤ κ · max(1, |t|ξ), ∀t ∈ R, ∀w ∈ W,

��
§��y%��xW	��¥�zð �7Ò��¥���Á��� õ ���������������
���<|�x9� ö�y%�������³��x9�r��y%��x��Á�§�
|��§���5�z�%x�	�� <(s) ∈ Σ
��� |=(s)| > t0




|f(s, w)| ≤ κ · max(1, |t|ξ), ∀|=(s)| > t0, ∀w ∈ W.
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US(s, w)

������	@�[=���Y�!�"����Nob=@�e���M	 "�!�	 "���J���J
US(s)�9��",���eK.!�"��@�I�����0= � �[Y�!�"�A?�I��= "0���R�b!������;����
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US
#

unique pole dominant
dans le demi−plan

borne uniforme
sur la droite verticale

borne uniforme
loin de l’axe réel
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A
!��<�R= �t	.!��;�<�8��!�AlA�=@�ip

���;�����lY`!��<�?��!�= �����B�;�<����"��b��� �;"B���Wo<=������[qG�;�<�b��"����
(I − Gs)

−1 #o&4"9U)y�!��;
�!�	<g<���#qDy�!�� ÷:ó se	 = ���BPI������>$�4���
QR���;�;J��(qDPRQ� ñ U7P8Q¦ �ø�s�!��<�MA?!��<��"�JBo<=@�����?o<=������[qG�;�<�b��"����?���������dYG���[�M���n	 "�!�	 "���J���J

US(s)
�9�b����= ��	.�����

���;Al	 ���N���
s = 1

\���!��;"8	 "�!<�������;�
������	 �;��"��h^F#�s8�������4	 "�!�	 "���J���J����e��"����@�dY`O�"��4K �����n���<�����@>$=
��= "R�����L��J�"������9#
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���%x�}Á�#�Cx9�4�����³�z	%���%�C��� õ ���b���������
S[i](2s)

	%|¯��y%�³��x��¦	Çð y%�z	%���
i
ô~y%|��

i = 1, 2
� 	7y�xHx��Á�§ô~�%�¨���³ô��zy
ô~y����C����y%x°&( (���������)ö��%�C�N���³ô��zy�ô��
�����4�

US(s)
���r��	%�³���<|�x�|�xH��¤�|H�²ô.Ó%���
	�ð y%�z	����

i+ 1
��x
s = 1
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W (2s)
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�����4� US(s)
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�C�Nô�������x
s = 1
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� S[1]
A (2s) õ S[1]
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(2s) õ S[2]

A (2s) õ S[2]
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AĀ
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Ā
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L̃[δ]

6T�m��J�"����4> �NyN�;"������ ���F�LK �;����"���J���������!<����J��NX
L̃[δ] YG���;�R�;�<����"��b��� �;"8���e	@����=@> !Vob=������[qG�;�<����"���� Gs,w

#<}0!�= "
w = 0

U�����	@����=@> !lo<=������[qG�;�<�b��"����������I= �
�<"����7ob=������[qG�[������"����:# },��"�	.��"���= "�K�������!��7U�!��
�hCH���������@>WXV����o<=7C �;�
�bJ�"��[����= �@�l	 "�!�	 "���J���J

US(s, w)
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US(s, w)
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S[δ](2s, 2w)

���������)ö��%�C�¥���]ô��zy
ô��������4�
US(s, w)


����
ô���|�� õ ��� s = σ(w)

�����<��ð |�xH��¤�|H�²ôªÓ%����	7y%�F�Cx��%x9�Pô~y%|�� <(s) > σ0
���
w ∈ W õ �%��y%�Á�

σ(0) = 1, σ′(0) = 1 − δ
���

σ′′(0) = δ(1 − δ)
Λ′′(1)

Λ′(1)
,

y�T
Λ(s) = log λ(s)

�%õ���}
λ(s)

��ð |�xH��¤�|~�¥õ��%����|��²ô���y
ô�����	7y%�F�Cx��%x9�4�
	��¥�zð y
ôH���z���4��|��
Gs
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s8!��<��"����;"���A?���<�e��=t	@����=@> !�ob=������[qG�;�<�b��"����
Gs,w

U<�GCD!�	.J�"�������= "
Hs,w

����"��m= ���;�;����J��9�b���N> ���8"�������!�� �@�����
δ
���
γ
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�GCDJ�ob= �;�:�������<�?> �

Gs,w
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��	 	���"��u���8�9�b���I�����2	@����=@> !�q�o<=������[qG�;�<�b��"������

Gs,w
���

Hs,w
#bs8!�AlA?���GCD!�	.J�"�������= "

Hs,w
�����2= ���;�;����Je�9�b���I> ���

> J��@!�Al�;��������= "��4
:"����@>@�9U ��!�=@�e> ���b!��@��	 "�J���������"e���l��!��@>$�;����!��
US(s, w)

����> !�� �����<�N> �����;�$Y�!�"�AB������!��@�
��= "I�GCDJ��b!��;= ����!���> ���I�b!������;����
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K0,K1,K2,K3,K
′
4,K

′
5,K

′
6,K

′
7

õ������ Îo�%x9�¢���³ô��zy
ô��
�����4�
�
|���õ��%x9�4�~2vôSy�|��]��y%|�����x��������

D ≥ 1 õ x�y���y�x~� S ���¯���%x�	��#	��`���³ö�y%����� |<s − 1| ≤ K1/D
2 õ ��� W���]õ�y%���
�Cx��*����"�J����X	��

w = 0
	��(�©� ö�y%����� |w| ≤ K2/D


o�N�©y%�
� õ ô~y%|��(��y%|S�¥�z������y%xHx���� δ ∈]0, 1[
	��

	���x�y%�F��x����4��|��
D õ ôSy�|�����y%|S� ε ��õ���} 1/D ≤ |ε| ≤ K3/D õ �©�F�*������� SM (2s, 2w)

������������õ%�¥�%|
ô~�%�z�%�³�������
M2w õ �%õ���}

M(a0, a1) :=
abγpc+bδpc

abγpc · a(−δ+ε)
0
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���������)ö����C�?�����rô���y
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|���õ��%x9�4�
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(i)
�´y%|�����y%|S�

w ∈ W õ ���F��������� s→ SM (2s, 2w)
��	%�³���v|�x(|�xH��¤�|~�rô.Ó%���

s = σ(w)
	7�%x~�¢���³���%x�	��

S 
 � �rô.Ó%���F�
���t	Çð y%��	%��� 1



(ii)
�²y%|��¨��y%|S�

w ∈ W õ y%xÙ� |σ(w) − 1| ≤ K ′
4/(2D

2)

Ã���§ô��ó|�� õ ���r�,Ò%�l���4� w0 ∈ W 	%|b��®��³�

���©��x��
¤�|H�
ε õ ôSy%|��§���z¤�|~��� σ(w0) − 1 < 0

��� |σ(w0) − 1| ≥ ε2/(4K)



(iii)
Í9|�� W õ ���¥���
����	%| E(w)

	��
SM (2s, 2w)

��x
s = σ(w)

���7���l��ö��%���
K ′

5 ≤ |E(w)| ≤ K ′
6



(iv)

Í9|��­�������©��x��¢õ���������}Á�%��� <s = 1−K1/D
2 õ ����ô~y%|��¦��y%|�� w ∈ W õ ���
�����
��� SM (2s, 2w)

���������)ö��%���

|SM (2s, 2w)| ≤ K ′
7 ·D2 max(1,=s)ξ.

(v)
w
���mÒ��l���4�

t0 > 0
�4����¤�|H�´ôSy%|��

s ∈ S ��õ���} |<(s)| > t0 õ �������������§õ%���
� Îr�

|SM (2s, 2w)| ≤ K ′
7 ·D2(=s)ξ.
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��>$A?���,= �@�R	 "�!�	 "���J���JL> ���©g�	.�

US
U9Y`!�= "�� �;�0= �V> J��b����!�	 	.��A?���<������g<Al	 ��!�����o<=@�R	 "�J������9#�a:=@��ob=7CH��=V��"��9�:���;�

��"�O��e"�J������<�N> �mPI������>$�T���eQR���;��J��¨qDPRQ� �ø%s�U@�;�w�7CDJ������;�4	�����	 "�!�= �bJmo<=@�������4!�	.J�"�������= "�����>$A?�������������<�N= �@�
	 "�!�	 "��;J���J

US
#267���B�������;g$�����l>$g�����Al��o<=@����\���= "l�����?���;
�!�"��;��� A?���|��=@���;��>$�����@��^����tK.!�"����������<�|> !��@�W��=

���@J�!�"�O�A?�M����= K.J�"����F�k> ��y�������� 
��m���eXl> ���e�������;g$���������WA?!hg���� �@�:#
�4!�=@�e��!�AlA?���@��!��@�N���������m����������!��k�9�b�������VY�!�"�A�= ���m> �M},��"�"�!������e��!��
= ���[�;����������!���>@���@�������e�FE$��"����Fq

����!��@�h#2�)�@��= �;���:U2�@!�=@�|��	 	 �;��o<=@!��@�B���������nY`!�"�A�= ���
	.!�= "?���W�9������= �e> �
��!�=@�l�����?A?!�A?���<���B> �
��!�=@�?�����
	���"���A?O���"����h#

ó õ
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6T��Y�!�"�A�= ���e> �e}0��"�"�!��t>fCD!�"�>$"��
2
"����;������������!<�F�B�������<���L>fC = �@�e��J�"����e> �ey4�;"������ �����L�9�b���I= �@���;�<��JF
:"����;�

��!�Al	 ���FE$�m��= "I���M> ��Al�[qG	 ������> �M��!��<����"�
����@���:#
B7Ã�Â ì ÅTÌ]ÍÉÄTÍ åNÍbÂ�ÂuÃ_À Í�y%���

F (2s) :=
∑

n≥1 an/n
2s |�x��������
���`	��Ä�§�C�
��}�ñ������§}Áy%xHõ%��������x9�4�5��|��

<(s) > σ0
���µÎ�Ò7y�x~�

D > max(0, σ0)

ÞÐÇ�dö�y%���F|����
	����´���
�zy�xW	Çð y%�z	%���
� 0 ò?ò���� 1 �
���r	�y%xHx��Á�tô~�%�

Ψ(T ) :=
∑

n≤T

n∑

j=1

aj =
1

2iπ

∫ D+i∞

D−i∞
F (s)

T 2s+1

s(2s+ 1)
ds.

67���IY�!�"�A�=@�;���e��= "I�����IA?!�A?���<����Y�!��<���;�<����"������ �;"e��������!�AlA?���

ψ(n) =
n∑

j=1

aj

���I	 �;=@�I	���"�������= �;��O�"���A?�����9U
ψ(2n − 1) − ψ(2n−1)

# ���f�7CD�����I	����L	.!:�����;K ����> ��"�����"�!�= ����"e>$�;"���������A?���<�4�����

:"����@> ��= "��9U_AB�����NPI������>$�,���4Q����;��J���qDPRQ� �ø%s,����s8������"�������!�q s8���Á :ý�s,!��<�N> J���"��;�N= �@��> J�AB��"����@�V
�J��@J�"������
	.!�= "�"�����"�!�= �b��"������IA?!�A?���<���4> ����	���"���A?O���"����9#

òt����ô~�ò�Å2­�mÒ������7}�����y%x®ô~�%�¨�©��ö�y��
�F|����`	��´�´���
�zy�x�
)�<�
F (2s)

���������dYG���;�����W	 "�!�	@"���JF��J
US(s)

U0����!�"��
F

��>$A?���t= � = � ��o<=@��	.�����
s = σ0

>@���@�B= �@��K����@> ��> �����iY`!�"�A?� <(s) ∈]σ0 − α, σ0 + α[
�F�t�����

= � �[Y`!�"�A?J�A?�F���nK.!�"��@J��
��= "t�����;�;
:�@���b��"������9�����k
b��=@���@�i���t��!��;��> ���GCH�uE ��"�J����G#L�2� �;�<��J�
:"������
��= "t= �
"���������� 
:��� R > J��;�;Al�;��J
	���"������l>$"�!��;����� <(s) = σ0 ± α

��� |=(s)| = t
U,���?����YG���������<�������@>$"��

t
�b��"��

�GC �;�$�@� �GU

unique pole dans 
la bande

rectangle

�GC �;�<��J�
:"�������X�>$"�!��;���i�����n�FE ��������A?���<�n����Y`!�"�A�= ���k> �k},��"�"�!��7U8�GC �;�<��J�
:"�������X�
b��=@���@�i�����tK.!�"��@J��k	���"
O(T 2σ0+1−2α)

Xi����=����n> �n���k	 "�!�	 "���J���J
US(s)

���l	.!�= "l������A?{�A?���l"�������!��@�hU0�����l�;�<��J�
:"��������?��= "������
�;�;
:�@���8�@!�"��;�9!��<���������L�����@> ���<�8�b��"��

0
#<6�C �;�<��J�
:"���������= "R���4"���������� 
:���������8J�
b������A?���<�I> !�� �@J��4	���"8���e"�J�����>$=

������!��W�������@J�!�"�O�A?�m> ��sL��=@���<gb# � =n�������GU �GCDJ�����	.�M>fCD�FE$��"���������!���> !�� �@�

Ψ(T ) = Res(F (2s)
T 2s+1

s(2s+ 1)
, s = σ0) +O(T 2σ0+1−2α).

!��i���V"�J�����>$=�������> �V���BY`!�"�A?�
T 2σ0+1P (log T )(1 + O(T−1))

�9�����
P

= �i	.!��;g��@��A?�l> ��> ��
:"�J
k
���,���

	.�����B������>fCD!�"�>$"��
k + 1

# � �b���l��������J�"������M
�J��@J�"�����"��������VK �;����"���J����hU7���W> J�AB��"����@�|�����M���
A?{�A?�|���m�@!�=@�
!�K �����@!��@�R= �@�N����g<Al	 ��!�����ob=@�4> ���

Ψ(T )
�9�b����= �B����"�A?�4>fCD��"�"���= "R= � �[Y`!�"�A?�4���

w
#b67��Y`���;�Ro<=@����������"�A?�

>fCD��"�"���= "V��!��[��= � �[Y�!�"�A?�|���
w

�����m�;Al	.!�"������<�V	.!�= "���	 	 �;��ob=@��"����B���@J�!�"�O�A?�|> ����o<=������[qG	 = ���������@������> �
û4�L��� 
@#
ó ø
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bò�Ò7���z�7}�����y%x~�����t���
×%�Nô���y�����¤�|~���
òt���
ôH����27ô~���Á���*���?ôS���´�����N	%�l�����
����|S����y�x~�²���l�
���Á�
�1
b67���

Ψ(T )
�@����!��<�)	�������>@��	 ��J��)	.!�= ")�����9������= ��> ���

A?!�A?���<���8> ���)	���"���A?O���"����L�9�����I���M>$������"��;K = ����!��|= � �[Y�!�"�A?�e��=@"2�����
Ωn

#��2�?"��F�:���@���@�:U��;������!�"�"�����	.!���> ���<�
X|= �@�l��= ��"��l>$������"��;K = ����!��

Pn
��= "�= �����@����A�K ������J�
�O�"���A?���<�M>$�[�fJ�"����<�

Ωn
\]�b!��;"XqDP8Q¦ �ø�Ufs8���
 :ý�s]^F#7�<= "

�����R���@����A�K ���:U������)	���"���A?O���"����8!��<�)=@�B�����@������> !��@��= �@������	.JF"����@����Ub= �@�I�:��"������@���:U�#;#;#;#bob= �������9������= �����<�
�9�b���������

Ψ(T )
#

òt���
ôH���*2v�����%x~�)ö*�����t	��
�
���
��|��©�����C�¥��|��
Ωn

.67���N����	.J�"����@�����N���4�����4�:��"������@�����4	.!�= "N���B>$������"��;K = ����!��

�;��������J������<����!�� �<=@���9U.�;�,�����N	.!:�����;K ���lX?��"��9����"��N�����N����AlA?��� ð  tX ð øn> ��qDP8Q� �ø%s�U.> �������N��"����@��Y�J�"���"���= "
Ωn

�9�����n���i>$������"��;K = ����!��É= � �[Y`!�"�A?�:#Rs8�t��"����@�dY���"��l�@J����������;���n��!�= ���FY�!����?o<=@�n>@���@�l���n	 �;"��
> ���?�9���9U0���
	���"���A?O���"��l��������=i	 �;=@��>fCD!�"�>$"���	.!��;g<�@!�Al�����)���k���|�����;�;����> �������<��"�J����9Uj���Vo<= �,������J��<��> ��AlA?���<�������9���
> ����!�=@���@!:�I	���"���A?O���"����9#
>�Ý��bÝ)ß Ô â�âR×©Ò�ã$Ï.Ñ�Ò`ÜwÖ Ïfâ�à âRÏ.ÐbÏjÞ�� Ñ:Ð�Ó_ÙWÚeà�Ò�ÖTÑ�6@Ð%�@Ñ

ST!�= �����?�����B��J�"������B��>$A?���������<�B= �@�n	 "�!�	 "��;J���J�> �n�rg<	.�
US

#2���������B����!�"��l	.!:�����;K ���
>fCH��	 	 �;��o<=@��"?���
Y`!�"�A�= ���M> �M}0��"�"�!���	.!�= "e�FE���"����;"�����������!<�F�B�������<���9#
"�ml,Pml�Pm�ë ç Ã_ÀTí�Á9Ë@À.Á9Í<íBÄTÃ ì Ç�ÀTË@À.Á9Íbí

�4!�=@�V��!�AlA?���@��!��@��	���"V= �x����AlA?�to<= �8> !�� �@�|�����V��!��@�������<������> !�Al�;�����<�����l>fC = ����"�!<���@���9#0�N!�=@�
"���	 	.����!��@��ob=@�M�����4��"�!<���@�����4�;������"��<����� �@���<��Xl����Y`!����e	.!�= "e�����4��!�Z ������> >$�;���[Y��hU@�����4��!�Z ���4����"�Al�;����=$E����
�����e��!�Z ���

A
���
A
#

��Í ìxì Í#" ødï¢Y7ÅTÇ�\ Ë@Ì]Í�À.Á?Ë@ÅwÁ9Ã_ÅTÂBÄ0Í
s = 1

ÄTÍ<í?Æ�ÂuÃfÆ è ÍbÁ9íEúø�9y%|S�4�����������¥	��³�§������}�ñ������o	��§���dö�y%�
�³�
[A1, A2, . . . Ak] õ y�TX}�ñ��7¤�|~� Ai

y
ôH�����r��|��r���
�²y
ô~���z���4��|��Á�´	��t���z��x~�)ö*���������J�4���S¤�|~�
AiG[ψ]

�����P��x��4�����z������� õ�³|�x³ô.Ó%���
	�ð y%�z	����
k + 1

��x
s = 1 õ ���²���������7	%�³���<|�xW	���õ%����y
ô7ôH���³��x��t	��§����ö�y��
�³�

[A1, A2, . . . , Ak](s) =
k∑

p=0

ak−p

|λ′(1)|p · 1

(s− 1)p+1
+O(1)

�%õ���}
a0 =

k∏

i=1

I[AiG]
yUT

I[H] :=

∫

I
H[ϕ](t)dt

���
ϕ(x) :=

1

log 2

1

1 + x
.

\`õ$#Hò� �^

&4����!��@���������to<=@�B������!��@�������<���n> !�Al�;�����<���n�@�t> J�	.���@>�ob=@�t> ���V!�	.J�"�������= "��
A1, A2, . . . , Ak

���V�@!��
> ���GCD!�"�>$"��M>@���@������ob=@���f�;������!��<��>$����	.!:��J��M#�s8��������	 "�!�	 "���J���J�"���AB��"�o<=���K ���M���<��"��u���@��"��?> ���e��� �<= ��������!��@�
>@���@�������I����"�A?���4> !�Al�;�����<���9#

s8��������	 "�!�	 "���J���JM�������<��>fC = ��J�o<= �;�:�������<�e���
s = 1

>$=�o<=������[qG�;�<�b��"����:U

(I − Gs)
−1[f ] ∼ 1

s− 1
· −1

λ′(s)
ϕ

∫

I
f(t)dt.

\`õ$#Hò ð ^

6�CD!�	.J�"�������= "
Gs

��>$A?���L= �@�4= � ��o<=@�4��������= "8	@"�!�	 "��N> !�Al�;�����<���
λ(s)

��J�	���"�J��N>$=t"��������4>$=n��	.������"��4	���"
= �É����= �l��	.������"����G#Rs8�������n	 "�!�	 "���J���Jn�;�@>$= �;�l=@�@�n> J���!�Al	.!:���;����!��ß> �t�GCD!�	.J�"�������= "B> �n��"����@�dY���"��?����	���"
�;��J�"�������!���>$=�o<=������[qG�;�<����"����:U

Gs = λ(s)Ps + Ns, (I − Gs)
−1 =

1

1 − λ(s)
Ps + (I − Ns)

−1

ó:ñ



� ñ��
ô��������
��
nÐ��
}Á���¥	��
����x9�������Á�
!��

Ps
�����e= �W	 "�!�cd��������= "No<= �w��!�AlA�= ���V�9�b���

Ns
���

Ns
��= ��"��9gb!�����	.������"����T����"���������A?���<�N	 �;=@��	.�����;�

o<=@� |λ(s)| # � �b���N����������> J���!�Al	.!:���;����!��7U ����ob=������[qG�;�<����"�������>$A?���I= �n	.������> !�Al�;�����<����!�"���o<=@�
λ(s) = 1

U
���Mob= �7�����I�����9���e���

s = 1
#@�k���;�<���������<�9U����

s = 1
U$�GCD!�	.J�"�������= "

P1
�����e��!�� �<=@�M���e���������dYG���;�

P1[f ] ∼ ϕ

∫

I
f(t)dt.

6)CDJ�o<= �;���������<�0>$=mob=������[qG�[������"����2�������<�T����!�"��7�;AlA?J�>$��������A?���<�9#uv4��AB��"�ob=@!��@�0��=@������o<=@�2���L"�����������!��
ζ(2) =

π2/6
���
λ′(1) = −π2/(6 log 2)

�;�<����"������F���R>@���@�)����> J��b����!�	 	.��A?���<�8>$=B��"�!<���@����	.!�= "R��� �����b��")= �
λ′(1)

#
s8!�AlA?��������o<=@�Io<=������[qG�;�<�b��"����I���������dYG���[�2= �@�L	 "�!�	 "���J���Je>$=l�©g<	.�

US(s)
U��;�@�����,	.!:�����;K ���I>fCH��	 	 �;��ob=@��"

��=$En��"�!<���@����������Y�!�"�A�= ���M> ��},��"�"�!������I����A?J����@!<> !���!�
:���m> J�������!�	 	.J���	���"�PI������>$�[qGQR���;��J��M���4s8������"�������!
qDP8Q¦ �ø�U<s8���Á :ý�s.�u�@�|>fCD�FE$��"����;"����GCH����g�Al	 ��!�����ob=@�e> ������!<�F�B�������<���8> ������J�"������h#<s8�����������2�GCD!�K$c����R>$=?����AlA?�
��= �;�:���<�9#
�)Í ì�ì Í('¯ø|ó
Ê7\.Í<Ì]Ã�é0é)Í ì Í<À.Á9íBË í�� ì éTÁ9Ã@ÁhÇCY7ÅTÍbíEúûÍPy%�C�

R
|�x�}Áy��S��ô~y%|��o���z¤�|~���S�©�N���������t	��Ã�§������}�ñ������

SR(2s)
�7	%�³���t|�x���ö�y%�
�F|����X¤�|��5ö��%���o�Cx9�4����õ���xH�C�¥|�xb}��zy{}�ñS���´	�������ö�y%���³�

[A1, A2, . . . , Ak]

Ñ�­��y%�
� õ }
�}��zy{}�ñS���t}Áy%x9��������|~�F÷³��ð �
�4ô~���z�%x�}
�

En[R]
�%õ���}�|�x®�4���
�³�




k∑

p=0

(2 log 2)p

p!|λ′(1)|p · ak−pn
p


 · (1 +O(2−nβ)),

ô~y%|��§|�x
β > 0


Æ���tô��ó|�� õ �©��}Áy%xH�����%x9�4��	7y%�F��x��%x9�4� a0
õ������ Îr�

a0 =
k∏

i=1

I[AiG].

�N!�=@��>$����	.!:��!��@��AB���;�<���������<�4> ����!�=@�I�����e!�= ���;����	.!�= "e�FE���"����["�����������!<�F�B�������<���4> ���e��J�"������9#
"Jml,Pml�Jml� ç ÃO�wÁ9ílË Ä0Ä,Ç�ÁhÇC)©íXØ�Æ�Â�Ã_Ç]í9íhË@ÀwÆ�ÍkÇ]ÀjÁ9ÍbÂ ì ÊbÄ,Ç]Ë@Ç]ÂuÍ

6w���e��J�"�������
�J��@J�"�����"��������e	.!�= "�= ����!�Z �4��> >$�;���[Y)��!��<��> !�� �@J����e	���"
S

[1]
C (2s) = [W[c]],

���
S

[2]
C (2s) = 2[W[c],W[c]] + [W[c2]].67������AlA?�MølA?!��<��"��mob=@�������e> ��=$En	 "���Al����"��eA?!�A?�F�����e> ���e��!�Z@���e��> >$�;���[Y`����J�"��[�����<�

En[Ci] = 2 · d[i]
0 (n log 2)i(1 +O(n−1)) =

2iI[W[c]Gs]
i

|λ′(1)|i (n log 2)i(1 +O(n−1)).

67�?A?!�A?���<�V>fCD!�"�>$"��
2
�����m> !��@�BJ�o<= �;�:�������<�V��=x�9��"�"�JB>$=�A?!�A?���<�V>fCD!�"�>$"��

1
���Bo<= �)A?!��<��"��|ob=@�?���

����"����������m������>fCD!�"�>$"�����=W	 �;=@�I�;�;�@J9���;"��:#
s8�����7����"�Al�;�@�M���V	 "���= �b�M>$=W���@J�!�"�O�A?� ð òV	.!�= "������e��!�Z ���4��> >$�;���[Y��9#
"Jml,Pml�Jm�" ç ÃO�wÁ9í�Á9Í<Â ì Ç�ÀwË@Å�$

�N!�=@�n��> !�	 ��!��@�t�����4����A?{�A?��A?J����@!<> �ko<=@��	.!�= "t�����t��!�Z ���n��> >$�;���[Y`�9#R6T����J�"�����
�J��@J�"�����"������i>$=
A?!�A?���<�4>fCD!�"�>$"��

k
>$=W��!�Z �����F"�Al�[�_���

W
������> ������Y`!�"�A?�

S
[k]
W (2s) = Hs ◦ [ ]

!��
Hs =

dk

dwk
(ζ(2s, w, [`])Gs,w,[`])|w=0.67������AlA?�Mø?���<��"��u���@�mob=@����!�=@�I������A?!�A?���<���e> �

W
����������Y�!��<�

En[W i] = 2 · b[k]
0 (1 +O(n−1)) = 2Hs[ϕ](0)(1 +O(n−1)).���Mob= �fA?!��<��"��mo<=@����!�=@��������A?!�A?���<�4>$=W��!�Z ������"�Al�;�����

W
��!��<��>fCD!�"�>$"��m��!��@�������<�9#

s8�����7����"�Al�;�@�M���V	 "���= �b�M>$=W���@J�!�"�O�A?� ð òV	.!�= "������e��!�Z ��������"�Al�;����=$Ej#
ó ý
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)��
bò�Ò7���z�7}�����y%x~�����t���
×%�Nô���y�����¤�|~���
"�ml,Pml�Pm�' ç Ã ì é0Ì]Í£$wÇêÁ�Ê#Z0Ç�ÀTË@ÇêÂ�ÍWÆ<ÌêË íhíhÇCY7ÅwÍ�Í�Á?ÆbÃ_Àr­�ÍbÆ�ÁhÅwÂ�Í

(C)
�4!�=@�N	 "�!�= �b!��@�N�����0���m���@J�!�"�O�A?�lòB��!��@����"������������|��!�Al	 ���FE$�[��JVK �;�����;"��V>@�m�GCH���;
�!�"��;��� A?�l>fCD�)=@���;��> �

������������ob=@�:# � ��������������!��tõ$#Hõ$# ÷ U��@!�=@�8�9�b!��@�)"�J�>$= �;�R�GCH�������;g����e> �
B

X��GCH�������;g����e>$=|��!�Z �
A
	 = ����ob=@���@!�=@�

�9�b!��@�I�����e> ��=$En	.!��;�<���e��= �;�:���<���
En[B] = En[A] +O(n), Vn[B] = O(Vn[A] + n2).

y��N	 �;=@�9U$���
Vn[A]

�����I>fCD!�"�>$"�����= K ��ob=@�:U@����!�"��
Vn[B]

��������=@�����f>fCD!�"�>$"�����= K ��ob=@�:#�s8���L	 "�!�	 "���J���J�����!��<�
>$=@���4XV���l> J���!�Al	.!:���;����!��

B = A+ lg vp · Z +O(Z)
�9�b���

Z(v0, v1) =

p∑

i=1

`(mi).

y����@������������> J���!�Al	.!:���;����!��7U
lg vp · Z

���
O(Z)

!��<��= �@������	.J�"����@�����;�[��J����;"��l����= �@�V�:��"������@���l��=i	 �;=@�
o<=���>$"�������o<=@�:#
�N!�=@�T	 "�!�= �b!��@�0��!�= �,>fCH��K.!�"�>V���R���@J�!�"�O�A?�Iò

(i)
#�y����@!�A�K "���=$EV��"�!<���@�����,�;�<����"�������� �@���<�2>@���@�0�����0��J�"������


�J��@J�"�����"��������l> �
A

���
A
#w},!�= "V��������= ��> �B�����V��"�!<���@�����9UT�@!�=@��>@�F�b!��@�V�9������= ����"V���?����"�A?�t> !�Al�;�����<�

\]�b!��;"l��!�=@��> !�Al�;�����<�l	.!�= "l������!���c�������= "��
(C)

^�o<= �I��	 	���"��u�����@��������A?���<�B>@���@�V�GCH����g<Al	 ��!�����o<=@�n> ���
A?!�A?���<���e#bs8�������I��!��@�������<�������L�9������= ���e�9�b���8���L����AlA?�Iø�o<= �$��"����;����> �8�GCH����g�Al	 ��!�����o<=@�I> ���)��!<�F�B�������<���
> ���e��"�!<���@�����9#
6w���L��J�"������8
�J��@J�"�����"���������> ���L> ��=$E|	 "���Al����"��LA?!�A?���<���I> �

A
��!��<�L> !�� �@J����L	���"L�����RY`!�"�A�= �����Iõ$# ð ý�	���
��

þ ó ���4õ$# ð þV	���
���þ ó #@67������AlA?��øB���<��"��u���@�������e�������;AB������!��@�e��= �;�����<������	.!�= "
En[A],En[A2]

U

(log 2) · En[A] =
1

2
I[∆G] · I[WG] ·

(
22

2!
· (log 2)2

|λ′(1)|2
)
n2 +O(n),

(log2 2) · En[A2] =
3

2
I[∆G]2 · I[WG]2 ·

(
24

4!
· (log 2)4

|λ′(1)|4
)
n4 +O(n3).

�N!�=@�N"���AB��"�o<=@!��@��ob=�������������"�A?����> !�Al�;�����<���?\�>fCD!�"�>$"��
4
^4��!��<�N�����NA?{�A?����>@���@�

En[A]2
���

En[A2]
U

���Mo<= �f	 "�!�= �b��= �@�M�������;AB������!���	.!�= "���������"����������m> �
A

> �����VY�!�"�A?�
Vn[A] = τ · n3 +O(n2).

s8�����7����"�Al�;�@�M����	 "���Al����"e	.!��[���e>$=
���@J�!�"�O�A?��ò$#
6T�l��!���cd������= "��

(C)
��= "I�����I	���"���A?O���"����

A
���
Ā

������> !�� �@J��M	���"

(C) Vn[A− Ā] − 1

3
Vn[A+ Ā] = O(n2).

},!�= "IA?!��<��"���"I���V��!���c�������= "��
(C)

U��@!�=@�I> ���b!��@�L	 "�!�= ����"�o<=@�
τ = (1/3)ρ(`)

!��
ρ(`)

�����L���V��!��@�������<���
o<= �w��	 	���"��u���4>@���@����������"�A?�m> !�Al�;�����<�4> �������:��"������@���M>$=W���@J�!�"�O�A?��õV	���
��mò ó #
��Í ìxì Í�, ÍPy%�C�

Q
�zð y
ôH���z���4��|���	����²y%���4���¨	���Î?x9�´}Áy%�F�³�����³�4�����³�¨}Áy%x~�����%x9�N	�|b¤�|S������£Ö��xHõ%���
���

(I −
GS)−1 ��y%�
�¥	%|#	���õ%����y
ô7ôH���³��x9�²��x s = 1 õ

(I − Gs)
−1 =

1

s− 1

P

|λ′(1)| + Q + O(s− 1)

��õ���}
P[f ] = ϕ

∫ 1
0 f(t)dt


Þ�N�©y��Á� õ �©��}Áy%x{ö���}���|���� (C)
�
���<õ������ Ît���¥�
��ô~y%|��
��y%|��

X,Y ∈ {∆,W} õ y%xW�

I[XG ◦ Q ◦ YG] =

∫

I
(XG)[Y ϕ](t)dt− I[XG]

∫

I
[Y ϕ](t)dt.

ó þ



� ñ��
ô��������
��
nÐ��
}Á���¥	��
����x9�������Á�
åMÂ�Í<ÅÇ\_Í9m � �b�������|	 "�!�	.!:���;����!�� ð õt������������AlA?�?õ$U.������> ��=$Ei��J�"������

Γ1
���

Γ2
!��<��= �i	.������>fCD!�"�>$"��?��=

	 �;=@�
4
���
s = 1

���I	.��= �b���<�e�9CDJ���"��;"��m��!�=@�I����Y`!�"�A?�

Γi(s) =
1

log 2 · |λ′(1)|4
1

(s− 1)4
γi +O(

1

(s− 1)3
).

Ç �*�z�5�§�zÈIë���� è������Bëv���%�´���Á Jè��*�H *�Ö�������Á 
γi
� 6w�M��!b�F�B�������<�N> !�Al�;�����<�

γ2
������J�
b���TX

2γ2 = I[∆G]2 · I[W 2G] + I[∆2G] · I[WG]2 − 2I[∆G] · I[WG] · I[∆WG].

67����!<�F�B�������<��> !�Al�;�����<�
γ1

�hCD�FE�	 "��;A?�V�9�b���M���M����"�A?����!�=@��q�> !�Al�;�����<�N> �
Γ1(s)

#��2�
s = 1

U@�����4> J����Fq
��!�	 	.��A?���<�m> ������"�!����M!�	.J�"�������= "��

(I − Gs)
−1,∆Gs,WGs

Y`!��<��"�����	.�������;�b��A?���<�M�;�<����"��b��� �;"���������"�!����
!�	.J�"�������= "��

Q,∆2G,∆WG
U ��!�=@�I���VY�!�"�A?�

(I − Gs)
−1 =

1

s− 1

P

|λ′(1)| + Q + O(s− 1),

∆Gs = ∆G + (s− 1)∆2G + O((s− 1)2) WGs = WG + (s− 1)∆WG + O((s− 1)2).6w�n��!��@�������<���l��!�=@�dq�> !�Al�;�����<���?> �V���t��J�"����
Γ1

������!�K �����<=��l���i"���Al	 �����9���<�m>@���@����������= ��> ����o<=�����"��
����"�A?���4> �

Γ
U = ��> ���e�@��=$Y2Y`��������= "��4	���"4���l��!��@�������<������!�=@�dq�> !�Al�;�����<���:#fs8��	.���@>@���<�9U_��!�=@�e����������"�A?���

!�K �����<=@�����?"���Al	 �����9���<�
∆Gs

!�=
WGs

	���")����= ")����"�A?����!�=@��q�> !�Al�;�����<��>$����	���"������������<�9#<sNCD�����)���NA?{�A?�
���@!:�����9�b���L�����2����"�A?����ob= �@��!��<������� �@���<���GCD!�	.J�"�������= "

Q
��=?> J�K = ��!�=BXN���4�@�7# � ��!�"��hU�������!��@�������<������!�=@�dq

> !�Al�;�����<���
γ1

> �
Γ1

�9CD�FE�	 "��;A?�?�<���n�������;�<��J�
:"���������> �l���tY`!�"�A?�
I[H]

\�> JF�@� ���B���xõ$#Hò� �^���!�AlA?�?= �@�
��!�AlA?�M> �Mob=�����"�������"�A?����	 "��;�@���;	���=$EfU

γ1 =
∑

X,Y ∈{∆,W}

X′ 6=X,Y ′ 6=Y

(−1)[[X=Y ]] · I[XG] · I[YG] · I[X ′G ◦ Q ◦ Y ′G].

~0�;��������A?���<�9U@���M��!<�F�B�F�����<�
γ := γ1 + γ2

�������;��Y`���;�

2γ = I[∆G]2
(
I[W 2G] + 2I[WG ◦ Q ◦WG]

)
+ I[WG]2

(
I[∆2G] + 2I[∆G ◦ Q ◦ ∆G]

)

−2I[WG] · I[∆G] (I[∆WG] + I[∆G ◦ Q ◦WG] + I[WG ◦ Q ◦ ∆G]) .�2�@��= �;���:U@��������AlA?�Mø?��= "I�GCH����g<Al	 ��!�����ob=@�m> ������"�!<���@�������;Al	 �;��o<=@�

(log2 2)·En[(A−Ā)2] =
23(log 2)3

3!|λ′(1)|3 ·γn3+O(n2)
��!��;�

En[(A−Ā)2] =
2 log 2

3|λ′(1)|3 ·(2γ)·n
3+O(n2).

Ç �*�z�5�³�zÈ>ë���� è������¨¡~�
��� è��*�H *�4�������
ρ(`)

� }0!�= "����W��!���cd������= "��
(C)

U7�@!�=@����!�Al	���"�!��@�V���W��!��@�������<���
2γ�9�b�������l��!��@�������<���

ρ(`)
o<= �w��	 	���"��u���4>@���@�I�����:��"������@���M> �����l��!�Al	 ���FE$�;��J�K@�[�_���["��MJ������@>$=@�:U

Vn[A+ Ā] =
2 log 2

|λ′(1)|3 · ρ(`) · n3 +O(n2).

!4�@���FE�	 "���������!������;����"��������;�b�M	.!�= "
ρ(`)

�����m\]�b!��;"§qDP8Q¦ ñ U P8Q� �ø%s]^
ρ(`) = λ′2s (1, 0) · λ′′w2(1, 0) − 2λ′w(1, 0) · λ′s(1, 0) · λ′′sw(1, 0) + λ′2w(1, 0) · λ′′s2(1, 0).

�i���;�<���������<�9U$	.!�= "
(X,Y ) ∈ {∆,W} U<�;�f�FE��������N> ���8"�����������!��@�����<��"�� I[XG]

���
Xλ

U����I���<��"��
I[XYG]���

XY λ
U@!�K �����<=@���e���W	 "��������<�e������> J�"��;�bJ����e> ������"�����������!��

Gs,w[ϕs,w] = λs,wϕs,w
U

I[XG] = (Xλ)

ó:ó



��
)��
bò�Ò7���z�7}�����y%x~�����t���
×%�Nô���y�����¤�|~���

I[XYG]+

∫

I
(XG)[Y ϕ](t)dt+

∫

I
(YG)[Xϕ](t)dt−I[XG]

∫

I
[Y ϕ](t)dt−I[YG]

∫

I
[Xϕ](t)dt = (XY λ).

� ��!�"��9U ���j	.!�= "e��!�= �
X,Y ∈ {∆,W} U !����

I[XG ◦ Q ◦ YG] =

∫

I
(XG)[Y ϕ](t)dt− I[XG]

∫

I
[Y ϕ](t)dt,

����!�"������l��!���cd������= "��
(C)

�����I�bJ�"��[��J��:#
"�ml,Pml�Pml, ç Ã_ÀjÁhÇ]À7ÅwË@À.Á�Ø�ÅTÀTÍ()�Â�Ë Æ:ÁhÇ]Ã_À Ä0Í�Ì©î;Í%$7ÊbÆ<Å7ÁhÇ]Ã_À

������!��É���k	 "�!�	.!:���;����!�� ð9ñ U2���i��J�"����
> �Wy4�;"������ �����BK �;�:��"���J���������!<����J�����= 	���"���A?O���"��
L̃[δ] �bJ�"��[���n���

	 "�!�	 "��;J���J
US(s, w)

U�������>$A?���N= ��= � ��o<=@�m	.���������;Al	 �������
s = σ(w)

�9�����
σ(0) = 1

#_�2�i��	 	 �;��o<=����<�
���VY�!�"�A�= ���M> ��},�F"�"�!���X�������J�"����

S[δ](2s, 2w)
U$��������!�AlA?����	���"��������;�����

Ψ(T )
�bJ�"��[�����<�

Ψ(T ) := Ψ2w(T ) =
E(w)

σ(w)(2σ(w) + 1)
T 2σ(w)+1(1 +O(T−2α)),

!�� ���t����"�A?�
>fCD��"�"���= "B������= � �[Y`!�"�A?�
���
w

���
E(w)

���������t"�J�����>$=É> �
S(2s, 2w)

���
s = σ(w)

#,67���
��!�AlA?���I	���"��������;�����4�9CDJ���"��;�b���<�eJ�
b������A?���<�4��!�=@�I���VY�!�"�A?�

Ψ2w(T ) = exp(U(w) log T + V (w))
�9�����

U(w) = (2σ(w) + 1), V (w) = logE(w) − log σ(w)(2σ(w) + 1).!4�@�|Y`!����l> �n	 �;=@�9U,���no<=@!��������<�
Ψw(n)/Ψ0(n)

��!�"�"�����	.!��@>ÉXk���i��J�"����t
�J��@J�"�����"�������> ����A?!�A?�������?>$=
	���"���A?O���"��

L̃[δ] AB�����L�9�b����= �@�4>$������"��;K = ����!��t�;�������:#�������!��|����	 "�!�	.!:���;����!�� ð9ñ U
σ′′(0) 6= 0

���R���e���@J�!�"�O�A?�
> ���Ro<=������[qG	 = ���������@�����R> �eûe�I��� 
|\]���@J�!�"�O�A?�

H
^2�9CH��	 	 �;��o<=@�e>@���@�������9��>$"��4> ����>$������"��[K@= ����!��@���;���������9#�67�

	���"���A?O���"��
L̃[δ] ��>$A?��������!�"��e= �@�m��!��T�;�;Al�;���m
b��=@��������� �@�m	.!�= "4���?>$������"��;K = ����!����;�������:# � 	 "�O��4�����4J�����	.���

> �V> J��;��������
���	 "�J������<��J�����>@���@�FqDP8Q¦ ñ U_P8Q� �ø@Ufs8���Á :ý�s�U_���BA?{�A?�V��!��,���������������dYG���;���m	���"
L̃[δ] ��= " Ωn

���
���M�9������= �w> ���e��!��@�������<�����e��!��@>$= �;�N��=W���@J�!�"�O�A?� ñ #
"�ml,Pml�Pm�A åNË Â�Ë ì ± Á9Â�ÍbíBÄ0Íbí?Ë@Ì]È�Ã_Â�ÇêÁ è0ì ÍbíBÇ�À.Á9ÍbÂ�ÂuÃ ì é,Åwí

�2����	 	 �;��ob=����<�����?Y�!�"�A�= ����> �V},�F"�"�!���>@���@�N= �@�VK����@> �����������dYG���������<�N��������!��@>$�;����!��@��> �����B	 "�!�	.!�q
���;����!�� ð ý$U,	 = ���l���É���f������=����<�?�����?J�����	.���?> �t�;��������
��n���?> �n> JFqG�;��������
��:U,���k��J�"����n> ���lA?!�A?���<���?> �t���
�:��"�����K ���

M2w ���������dY`���;�
En[M2w] =

Ψn(w)

Ψn(0)

�9�����
Ψn(w) = E(w) · 2nρ(w) +O(D2) · 2n(1− B

D2 )

���jK@�;����ob=@�
En[M2w] =

E(w)

E(0)
2n(ρ(w)−1) +O(D2) · 2−nB/D2

.

�N!�=@�L���@!�����������!��@�8AB���;�<���������<�
w0

��!�AlA?��>@���@�8����	 "�!�	.!:���;����!�� ð ý$U$���8�@!�=@����	 	 �;��o<=@!��@�L�����8�;�@J�
b���;�;��J��
> �4�k��"��b!h�W\]�b!��;"��;�@J�
b���;�;��J��Iõ$# ð:ð U�õ$# ð ò�^F# � ��!�"��hU���!�"���ob=@�

δ
���
ε
��!��<��"�������!�� �@�����I�9������= �t> J��@!�Al�;��������= "

D
U$�����I	 "�!�K���K �;�;�;��J��N>fC �;�<��J�"�{��4���������dY`!��<�

Pn

[∣∣P<γ,δ] − δP
∣∣ ≥ εP

]
≤ C1 · 2−n/(LD2) + C2 ·D2 · 2−nB/D2

,
	.!�= "N> ���4��!��@�������<�����

C1, C2, L,B
#.�<�TAB���;�<���������<�N���m> J��@!�Al�;��������= "

D
�bJ�"��[���M�GC �<g�	.!����@O�����>$=����@J�!�q

"�O�A?��ý$U �:CD�����4X�>$�;"��
D = n1/2/b(n)

�9�b���
b(n) → ∞ U@����!�"��

Pn

[∣∣P<γ,δ] − δP
∣∣ ≥ εP

]
≤ C · 2−b(n),	.!�= "

n
��=$�B����AlA?���<�N
:"����@>f#.6w�B	 "���Al��OF"���	���"������V>$=����@J�!�"�O�A?��ýB�����e	 "�!�= �bJ��:#.6w�B> ��=$E$��O�A?��	���"������

�hCD!�K �������<�VY`�����;����A?���<�B�9�b���|����"�����������!��
P[γ,δ] = P<0,γ+δ] − P<0,γ]−

���V������"�!�������O�A?�t	���"������
�����V= �@�
��!��@��J�ob=@���@���m>$�;"��������M> ����"�����������!��@��AB����"����������;�����9#

ó:÷
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�N!�=@���9�b!��@�N> J�A?!��<��"�JV��!�=@�4�����N"�J���= �;����������� �@!��@��J��N	.!�= "N���������;
�!�"��;��� A?������=@���;��>$�����@����= "N�;�������$q
������"��9#<s8���)	 "���= �b������!��<�)��!�= ������K�����J�������= ")�����2	 "�!�	 "���J���J��L�������;g<����o<=@����> ������J�"������)
�J��@J�"�����"���������\]	 "�!�	.!�q
���;����!��@� ð ø@U ð9ñ ��� ð ý�^F#��N!�=@�e�7CH�9��!��@�e	����4> J�A?!��<��"�JV�����e	 "�!�	 "���J���J��4	 = ����ob=7CD���;�����N> J�	.���@> ���<�N> �������[�����
> ���R!�	.J�"�������= "��h#<6�CH�������;g����N> ���R!�	.J�"�������= "��LJ������<�R	 = "���A?���<�8������� � ��o<=@�4���R�@�e"������������<�R	����R�@J������������;"��Fq
A?���<�<n©> ���8
:"����@> ���LJ�����	.���8=���=@���;������p4>fC = �@���������;g$���N���|A?!hgb��� �@�:U<�@!�=��L�9�b!��@�8> J�����> J�> �4���M��"����;����"���=
	 "�!<�������;�k���_��	 �;��"��:#_�N!�=@�4�9�b!��@�4> !��@�m����"�Al�;�@Jm�GCH�������;g$���m> ���N���;
�!�"��;��� A?������=@���;��>$�����@�N��= "������4���<������"��9#
� =i��!�= "���> �����������?�������;g����:U.�@!�=@�M�9�b!��@��	.!��;�<��J�K.�9��=@��!�= 	�> �V"���������A�K �����@�����m�9�b���V�`CH�������;g$������= "N�����
	.!��;g<����A?���h#_�N!�=@�4��!��@���;=@!��@������������	 �;��"��V����A?!��<��"����<��ob=7C = �@���������;g�����>$g�����Al��ob=@�V> �m�GCH���;
�!�"��;��� A?�
>fCD�2=@���;��> ����= "I�����I	.!��;g��@��A?���e������	.!:�����;K ���:#

��¼
_ � 1$ØdÚz��5�& ¿ª��1$Øe(*/��JÀ�& 5µÀ�+ Ú�&25�- ¾�Úz��13Ée(*&25
6w!�"��w>@�2�GCH�������;g$����> ���w>$�[�fJ�"����<���T��!�Z ���9U9�@!�=@�0�9�b!��@�7Al���T���mJ�����> ���@����> ���T���;Al�;����"��;��J��T���<��"��������w��J�"������


�J��@J�"�����"��������)��= "0�����0	.!��;g<�@��A?���2���0�����,!�	.J�"�������= "��)> �R��"����@��Y���"��,��= "T�����,���<������"��h#:s8���2���;Al�;����"��;��J��,�@�8��!��<�
	����,>$=@���)��=V��������"�>f#��N!�=@�2���;��!��@�0A?!��<��"���"2>@���@�,���������8	���"������Lob=7C �;� ��E$�������R= �l��g$����O�A?�8>$g<����Al��o<=@�8�;��JLX
�GCH���;
�!�"��;��� A?�R>fCD�)=@���;�;>@�R��= "7�����7	.!��;g<�@��A?���0���wob=@�2�����T!�	.JF"�������= "��T> �)��"����@�dY���"��0������!<����J��7
�J��@J�"����;�������<�T�����
��J�"������I
�J��@J�"�����"��������e!�"�>$�;�����;"����9#@vN��	 	.���;!�����ob=@�������I> ��=$EnJ�����	.���e��!�"�"�����	.!��@> ���<�4��= Et>@�F= Et	 "���Al��O�"����
> ���GCD���_���[g$���M>$g�����Al��ob=@�:#
>bÝ���Ý4= & Ø)ÙuÑU��Þ Ó�Ú)Ø)Ö)ÏfÞ�Ò48,â)Ó�Ú�Ó�Ù]3dÐ�Ïfã�Ñ�ÒGÜTÖ�ÙWã$ÜwÖTÑ�Ò�Ö,â)Ó�Ù

y����@�8������= �;���:U<�@!�=@�L�������9gb!��@�R> �4A?������"������|	���"����;��O����N���N�9���8> ���R	.!��;g��@��A?���L���8���4�9���L> ���8���<������"��9#
ST!�= �N>fCH��K.!�"�>fU_�����4���<��"�J�������	 	���"�������� �@������Xl�GCH��� �@�9��=i��=@���;��>$�����

Z
>@���@�4���m�9���4> ���N���<������"�������!�"��Nob=@�

��= "I������	.!��;g<�@��A?���9U@�GCH��� �@�9��=���=@���;��>$�����������
Fq[X]

#
y����@�B�����B> ��=$E �9���9U)�GCH���;
�!�"��;��� A?�k>fCD�2=@���;��> ��= ���;�;�����W= �@����= �;����> ��>$�;��������!��@�B��=@���;��>$����� �@���n> �W���

Y�!�"�A?�
u = m · v + r,

!�� ‖r‖ < ‖v‖!������t�@!�"�A?�?��!�"�"�����	.!��@>��:������= "m��K@��!��;=@�?��!�"�"�����	.!��@>xXt���t�@!�"�A?�l����K �;��=@���;���B��= "������M���<������"��m���mXt���
�@!�"�A?��= �;��"���A?J���"���o<=@�m��= "I�����I	.!��;g��@��A?���9U

‖u‖ = 2deg u.
�<�

(u, v)
������������!�= 	 ���?> ��> J�	���"��9Uf���n>$�;�<������!�����=@���;��>$����� �@�B��= �;�����<���V= ���;�;���������l��!�= 	 ���

(v, r)
���M���;�@���

> ����= �;���:#7�<= "����������������F"��9U.�;�2�����N������= "����)> �V"���
b��"�> ��"�������"�������!�� �@�����
v/u

���
r/v

o<= �,��!��<���;��J���	���"����
"�����������!��

T (v/u) = r/v
�9�b���

T : [0, 1] → [0, 1], T (x) =
1

x
−
⌊

1

x

⌋
=

{
1

x

}
, T (0) = 0.

�<= "
�����
	.!��;g<�@��A?���9UI�@!�=@�W!�K �����@!��@�W= �@�kY`!�"�A�= ����J�o<= �;���������<���:#�6)CD���@����A�K ����> ���
"�������!�� �@�����
Q

�����
"���Al	 ������J�	���")�GCD���@����A�K ���e> ���,Y�"���������!��@�

Fq(X)
��!��@����"�= �;�8XN	���"����;"R> �

Fq[X]
#�6w���@!�"�A?�I= �;��"���A?J���"��;o<=@�

��= "
Fq[X]

�9CDJ������@>�X
Fq(X)

	���"
∣∣∣v
u

∣∣∣ = qdeg v−deg u.

6w����!�Al	 ��J�����!��|> �
Fq(X)

"�����	.�������;�b��A?���<�8XN���N�@!�"�A?��= �;��"���A?J���"���ob=@�e�����2������!�"�	@�)> ���)��J�"������,Y�!�"�A?���;�����
> �M6w��= "����<�

Fq((1/X))
> �����VY�!�"�A?�
F =

∑

n≥n0

fn(1/Z)n,
�9�b���

n0 ∈ Z, fn ∈ Fq.

÷  
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�
s8���L��J�"������8��!��<�LXm"���	 	 "�!<���@��"��9�����4���4> J��b�F��!�	 	.��A?���<�IK �;�����;"��N> ���8"�J��F���L!��

Z
�����R"���Al	 ������JN	���"

2
#<6w�

�@!�"�A?�M= �;��"���A?J���"��;o<=@��> �
F

�����e> !�� �@J��M	���" |F | = q−n0
#_�<= "

Fq((1/X))
U �@!�=@��	.!�= �b!��@�e>@J���� �;"e= �@�

	���"������m���<����O�"��M����= �@��	���"�������Y�"���������!�� �����;"��M	���"

bF c =
0∑

n=n0

fn(1/Z)n, {F} =
∑

n>0

fn(1/Z)n.

6w���L"�������!�� �@�����
v/u

���
r/v

��	 	���"�������� �@���<�e��!�=@�L�����I> ��=$E
XV����K.!�= ����= � �;��J Xq
��= "

Fq((1/X))
������!��<�

"����;��J���	���"
T (v/u) = r/v

!��
T
�����I�GCH��	 	 �;���9������!��

T : Xq → Xq, T (x) =
1

x
−
⌊

1

x

⌋
=

{
1

x

}
, T (0) = 0.

6w����!�= 	@�;�
(T ,Xq)

Y�!�"�A?��= � ��g�����O�A?��>$g�����Al��o<=@�xob= ���������`CDJ�o<= �;�:�������<�k>$='��g�����O�A?��> g<����Al��o<=@�
([0, 1], T )

��= "I���������<������"��h#
>�Ý��bÝ)ß ±Qâ²6@ÐbÏ_Ñ:Ó�â�ÐbÙ�Ú�ÓxÑ:Ð�ÏfÖRÙ�3dÓ@Ð�Ñ�Ó Ñk×�ÒGÓ_Ö�ÙnÏ.ðwÓ�ã�×GÓ_ÙWÙ�6�ÐbÒGÓ�Ù

�4!�=@���9��!��@�N> JF�@� �0	 "�J���J�> ��AlA?���<��������g$����O�A?�m>$g�����Al��o<=@�
(T ,Xq)

#�6w���4K "����@���@���N�;�<����"������N> �
T��>$A?���������<�4���VA?{�A?��Y�!�"�A�= ���Mo<=@�������;�����e> �

T
�������������dY�!��<�I	.!�=@"

x ∈ Xq
U

h[m](x) =
1

m+ x
,

	.!�= "
m ∈ G.

6�CD!�	.J�"�������= "�> �M��"����@�dY`��"��e	.!��@> J�"�J�	���"e���m��!�Z �4	 "��;Al�;���[Y
c
�����e�;= �0��=@�����T> !�� �@Jm	���"e���lA?{�A?�MY`!�"�A�= ���

�����bJ�"��[���
Gs,w[f ](x) =

∑

m∈G

ewc(m)||h′[m](x)||sf ◦ h[m](x).

6T�

:"����@> �t>$�[�jJ�"����@���|���<��"��?������> ��=$E���!��<���FE$�������<�����<��>@���V> J�"��;��J����V> ���mK "����@���@�����;�<�b��"������9#0�<= "������
	.!��;g��@��A?���9U@���;�����e��!��<�e��!��@�������<�����e���W�@!�"�A?�:#�6w�l> J�"��;��J��M> �

h[m]
������> !�� �@J��M	���"

h′[m](x) =
−1

(m+ x)2
	.!�= "

m ∈ G.

s8!�AlA?� ||m+x|| = ||m|| 	.!�= " x ∈ Xq
�F�
m ∈ G U������@!�"�A?�e>@�

h′[m]

��������!��@�������<���e��= " Xq
���R���������dYG���;�

||h′[m](x)|| = ||m||−2 = q−2 deg m.

6�CD!�	.J�"�������= "4> ����"����@�dY`��"���	.!��@> J�"�Jm����"�J���"��;�4����!�"��

Gs,w[f ](x) =
∑

m∈G

ewc(m)q−2s deg mf ◦ h[m](x).

6T�WY`!��@������!�����!��@�������<���
1
��������!�=�c�!�= "��V���|�b��������= "V	 "�!�	 "��n> !�Al�;�����<�?> �

Gs,w
������!<����J��nX�������������= "

	 "�!�	 "��M> !�Al�;�����<���
λ(s, w)

!��7U

λ(s, w) =
∑

m∈G

ewc(m)q−2s deg m.

y����@�������9���e> ���I	.!��;g��@��A?���9U �GCH�������;g$���M��	.������"������M> ���e!�	.J�"�������= "��4> ����"����@�dY���"��e�����I��"�O��e���;Al	 �;�[��J��:#

÷$ð
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G(z, w)
�����I= ���9���I��"�O���	���"�������= �;����"4> ���GCD!�	.J�"�������= "4> ����"����@�dY`��"���	 = ����o<=@�

G(z, w) =
∑

m∈G

ewc(m)zdeg m = Gs,w[1](0)

�9�b���
q−2s = z

#$�©�j���
�����L> ��A?{FA?�M�9�b���N��������= ��"����I��J�"������L
�J��@J�"�����"���������o<=@�N�@!�=@�L	.!�= "�"���!��@���FE$	 "��;A?��"
��������"�A?����>fCD!�	.J�"�������= "��M> �m��"����@�dY`��"��9#.�2�k	���"�������= �;����"9U.�@!�=@����= "���!��@�N��"�O��4K �����k	 =�Y`���;"���= �@�V�������;g$���
>$g�����Al��ob=@�V>@���@�N���V�9���N> ���N	.!��;g<�@��A?����J�ob= �;�:�������<����X|�����;����	 "�J������<��J�����= "4���������<������"��9#.ST!�= ���FY`!����9U_���
Y`���;��o<=@�

1
��!��;�I�����b��������= "I	 "�!�	 "��M> ����!�=@�I�����I!�	.J�"�������= "��4���;Al	 �;�[���M��!��@����> J�"���K ����A?�����e������!�	.J�"�������!��@�

>@���@�������9���e> ���I	.!��;g��@��A?����\]	 = ����o<=@���;���e!�	.J�"�������= "��4��!��<�I= ���[�;����J��e�9�b�������VY�!����F���;!��
1
^�#

��¼W� : ¾e1�-~Ú,À�5_/,¾�1
y����@�R���F������	���"������:U��@!�=@�8�9�b!��@�)	 "�J������<��J��GCH�������;g$���e��!�Al	 ��O����4> ����!�=@�)������	���"���A?O���"����9#<�4!�=@�8�9��!��@�

���;�@���4J�����K �;�No<=@�W������!�Al	 ���FE��;��J�K �;�����;"���J������@>$=@�k��>$A?���|= �@����!��e�;�;Al�;����
b��=@��������� �@��\]���@J�!�"�O�A?�iõ�^F#
sNCD�����e����	 "���Al��O�"��MY`!����eob=@�����l��!��w�;�;Al�;���m>fC = ����!�Z �e�@!��k��> >$�;���[Y)�����e!�K �����<=@�:#_�4!�=@�4�9�b!��@�eJ�
b������A?���<�
��A?J��;��!�"�J������)"�J���= �;����������!�� �<=@�R��= ")�����)A?!�A?���<���R> �I������!�Al	 ���FE$�;��J�K �;�����;"��e������������ob=@�m\]���@J�!�"�O�A?�Nò�^F#�6T�
��!�� �;�;Al�;���I> �L���N�����;�;���I> =l��!��<���;�<=������RXN= �@�8Y]"���������!��B> �L�GC �FE J���= ����!��|����=@����� J���JL	 "�!�= �bJ��M\]���@J�!�"�O�A?� ñ ^F#
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∣∣∣∣
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s ||1,t ≤M · |t|ξ · θn.

�´y%|��³��y%|S�
s = σ + it

�%õ���}
σ ∈ Σ2

��� |t| > t0 õ ���¨¤�|S������£Ö��x9õ����
���³xJð �7	������N	7y%x�}�ô~���³	���ôªÓ����5���¦�
�����y%��x��²ô~�%�
||(I − Gs)

−1||1,t ≤
M

1 − θ
· |t|ξ.
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x, y ∈ I
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s = 0
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:�@Jm> ���GCH�uE ��"�J����G#

pole autour de 1

zone éloignée:
borne à la Dolgopyat

intermédiaire

zone 
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UNI
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A?!��<��"��F"�ob=@�B��= "m�`CH�uE � <(s) = 1

U7�;�?"��9gb!��x��	.������"����
ρ(s)

> �
Gs

�����m����"���������A?���<�V	 �;=@�m	.�F���[�Vo<=@�
1> O��Iob=@�

s 6= 1
# � �;�@���GU���!�AlA?�N�����9!��@�N�;�<����"�A?J�>$�����;"��M�����L��!�Al	��������:U$	���"L	.��"���= "�K�������!����������;g<����o<=@�:U����
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Gs
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t0
���
t1
	���|EÒ(���Á���ó�X�4��� ��¤�|H�

t1 > t0 > 0

~�N�©y��Á� õ ���<�mÒ%�����4�X|�xbõ�y%�l����x��{���X���Á���

Σ3
	��
s = 1

�4���f¤�|H�­ô~y%|��
��y�|��
s = σ + it

�%õ%�z}
σ ∈ Σ3

��� |t| ∈ [t0, t1] õ ���F¤�|~���
�C£4�CxHõ����Á�*���
���´�zy��
x��Á�ô~�%�§|�xP�
}Áy%x~�����%x9�4�
M3
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US(s)
#
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÷®���z�%x�}�ñS�
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 õ 	%�C�©������x9�¢���´���������)ö����l���%x9�²����}�y�x�	%������y%x UNI 
��­��y%�
� õ ô~y%|��³��y�|�� ξ ∈]0, 1/5] õ���²�mÒ��l���4�

α > 0
�4���²¤�|H�5���`¤�|~������£Ö��xHõ%���Á�*�]��	%�³���¦|�xÙ|�xH��¤�|~��ôªÓ%���(��x

s = 1
	7��x~�³���b���%x�	�� <(s) ∈

[1 − α, 1 + α]

� �C�" Õ����ô���|�� õ ���r�mÒ%�����4�¨|�x���}Áy%x~�����%x9�4� M > 0 õ |�x/�Á������ôSy����C��� ö θ < 1

���
t0 > 0

�4���ó�¨¤�|~�¥ôSy�|��¨��y%|S�
s = σ + it

�%õ%�z}
σ ∈ [1 − α, 1 + α]

��� |t| > t0 õ ���
�����4�����
��	�� Gs
�%��xH�
�­¤�|H�¨����¤�|~���
�C£4�CxHõ����
���¨��y�x9�

����ö�y����
�
��x�x�y%�
�³�tô~�%�

||Gn
s ||1,t ≤M · |t|ξ · θn,

��� ||(I − Gs)
−1||1,t ≤

M

1 − θ
· |t|ξ.

� �C���! ª¸<��x��������³��x�� õ ��|��§����	%�zy%���4�§õ���������}Á�%��� <(s) = 1 − α õ ����¤�|~���
�C£4�CxHõ����Á�*�X�
���<����ö�y%���tô~�%�
||(I − Gs)

−1||1,µ(t) ≤M ′µ(t)ξ

�%õ���}
µ(t) = 1

��� |t| < t0
���
µ(t) = |t| �
�Cx�y%x õ ��� M ′ |�x���}Áy%x~�����%x9�4�tô~y����C���Cõ��7
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s = 1
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w = 0
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(0, 1)
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f(s, w)

1 − ψ(s, w)D
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f
���
ψ
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D
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δ
ob= �.�;�<����"��������<�I>@���@�L�����L!�	.J�"��uq

����= "��e���
ψ(1, 0) = 1

# 6T�VY�!��@������!��
ψ
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D
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D
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s = σk(w)
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k = 0 . . .D−1
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σk(0) = e2iπ/D Xn�GCDJ�o<=�������!��
ψ(s, w)D = 1

>@���@�M= ���b!������;����
��?> �
(0, 1)

\]	.!�= "M���?o<=������[qG�;�<�b��"����:Uf�;�
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(0, 1)
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s = σ0(w)
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D
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Gs,w

�;�<����"��������<�R>@���@�)������J�"����I
�J��@J�"�����"������4K �;����"���J��e>$=?	���"���A?O���"��
L̃[δ] =

lg vbδpc
# �©�7������> JF�@� �;�e	���"

Gs,w =
∑

k≥0

Gdk
s−w ◦ Gck

s ,

��!�"���ob=@�
δ = c/(c+ d)

# �N!�=@�e���;��!��@��A?!��<��"���"4o<=@�
Gs,w
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US(s, w)
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Gs,w
ú � �" n�²y%|��b��y�|��

ξ ∈]0, 1/5] õ �C�
�mÒ��l���4�b|�xjõ�y%���
�Cx��*���
}Áy%�Nô����mÒ�� W 	��

w = 0
���t|�x õ�y%���
�Cx��*���F���Á���

Σ =]1 − α, 1 + α[
	��

1
�%õ���}

α > 0
�4���v¤�|H�F���­ô�����|~	7y

¤�|S������£Ö��x9õ����
���
Gs,w

�7	%�³���fô~y%|�����y�|��
w ∈ W õ |�x¯|�x9��¤�|H�¦ô.Ó%���X�
�C�Nô����¨��x s = σ(w)

	��%x~�F�����z��x�	��
<(s) ∈ Σ


� �C�" ÐÇ� ö�y%x�}�����y�x
σ(w)

���������Nô�����}��C�4���³��x��F	���Î?xH����ôS�%�
λ(σ(w) − w)1−δλ(σ(w))δ = 1

� yUT ���
�
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λ
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�
 >
ÞÐ��
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σ
��x

0
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σ′(0) = 2(1 − δ), σ′′(0) = 4δ(1 − δ)
Λ′′(1)

|Λ′(1)| .

� ���C�" ¥w����mÒ%�����4�
M > 0

���
t0 > 0

�4���ó�
¤�|H�²ô~y%|��¥��y%|S�
s = σ + it

��õ��z}
σ ∈ [1 − α, 1 + α]

��� |t| > t0 õ ���ô�����|~	7y5¤�|~������£Ö��xHõ%���Á�*�X�
���<����ö�y%������x�x�y%���³�tôS�%�

||Gs,w||1,t ≤M · |t|ξ.
� �Cõz 3¸<��x��%��������x9� õ ��|��§����	%�zy%���4�§õ%��������}Á�%��� <(s) = 1 − α õ ���tô9�*��|~	7y5¤�|~���
�C£4�CxHõ����Á�*�X�
���<����ö�y%���tô~�%�

||Gs,w||1,µ(t) ≤M ′µ(t)ξ

��õ���}
µ(t) = 1

�
� |t| < t0
��� |t| ����x�y�x õ ��� M ′ |�x���}Áy%x~�����%x9�4�tô~y����C���Cõ��7


ìwÝ)ßbÝ�> ÝIÜwÖ�Ó ×GÜwÒ©Ö Ú)Ó ×�à�Ï�à2Ó�Ð76@Ó_×
�4!�=@����= �;�b!��@�N������A?{�A?������> J�����o<=@�����|	 "��F=@���l> ��PL������>$�)����QR���;��J��:#j67�����@J�!�"�O�A?�

DBV
> JF�@� �;�

= �
�b!������;����
��
Σ =]1− α, 1 + α[

��= "L����o<=@���j��!�= �����I�����IAB�ucd!�"�������!��@�e>$=n���@J�!�"�O�A?�M�9CH��	 	 �;��o<=@���<�9# �N!�=@�
	.!:��!��@�

Σ1
�GC �;�<����"��:���;���

]1 − α/2, 1 + α/2[
��� W1

���VK.!�= ���M> �M�����<��"��
0
���e> ��"��9gb!��

α/2
# � ��!�"���	.!�= "

��!�= �
s
>@���@�2���NK����@> � <(s) ∈ Σ1

���2	.!�= "2��!�= �
w ∈ W1

U������)��!�Al	 ���FE ���
s
���
s−w !��l= �@�L	���"������L"�J����;���

>@���@�
Σ
#$�2�
	���"����;��= �;����"9U@�����LK.!�"��@����>$=
���@J�!�"�O�A?�

DBV
	.!�= " =(s) > t0

�9CH��	 	 �;��o<=@���<�9#@6w�V�@!�"�A?��>$=
	@����=@> !�q�ob=������[qG�;�<�b��"����m�����e����!�"���K.!�"��@J���	���"

||Gs,w||1,t ≤
∑

k≥0

M2 · |t|2ξ · θk(c+d) =
M2

1 − θc+d
|t|2ξ <∞.

s8�����R����"�Al�;�@�B���
	 "���= ���B> �
(iii)

���mA?!��<��"��|ob=@�B>@���@�m= �@�?"�J�
:��!���J���!��;
:�@J��|> �?�GCH�uE$�?"�J����GUw���Bob=������[q
�;�<�b��"������7CH�V	����e> ��	.�����?# 6w�l> J�A?!��@����"�������!��k����"��V��> ���<����o<=@��	.!�=@"�����	@����=@> !�q�o<=������[qG�;�<�b��"����

Hs,w
#
÷:÷
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�
y
ôH���z���4��|��
��	��
���z�%x~��ö������
ì�Ý)ß�ÝNì ÝLÜTÖ)Ó�Ïfâ2Ñ:Üwâ�ÐiÚ�Ó

(1, 0)
� = ��!�= "N> �

(s, w) = (1, 0)
U����B��!��;= ����!��i�����e	 �;=@�N>$�[�B���;�;��	.!�= "N���M	@����=@> !�q�o<=������[qG�;�<�b��"����

Gs,w
ob=@�

	.!�= "N���Vob=������[qG�;�<����"����V������������o<=@�:#_�N!�=@�N> J���!�Al	.!:��!��@���GCD!�	.J�"�������= "M���iob=�����"���	���"��������9Uj����= ���;�;�������<�N���
> J���!�Al	.!:���;����!��|��	.������"������Iø@# ð > �

Gs
#b��!��;�

V1
=@���b!������;����
��I��!�Al	 ���FE ��> �

(1, 0)
> !��<�2��!�=@�2�����)J���J�A?�F�����

(s, w)
�bJ�"��[�����<� <(s) ∈ Σ1

U
w ∈ W1

���4!������?> J���!�Al	.!:���;����!��i��	.������"������V> �
Gs

���
Gs−w

�9CH��	 	 �;��ob=@�:#
}0!�= "

j
���
k
> �������<������"��9U �GCD!�	.J�"�������= "

G
j
s−w ◦ Gk

s

����> J���!�Al	.!:���m���Wo<=�����"���	���"��������

G
j
s−w ◦Gk

s = λ(s− w)jλ(s)kPs−w ◦Ps + λ(s− w)jPs−w ◦Nk
s + λ(s)kN

j
s−w ◦Ps + N

j
s−w ◦Nk

s .

67�|	 "���Al����"�����"�A?�t��������	 	.����J|���|����"�A?�t> !�Al�;�����<�l������������"�!��;�l��= ��"�������!��<����	@	.�F��J��l> ��������"�A?����> �
"��������:#
à ���z�5�Á �¡~�­���Á *�����

�N!���!��@�
ν(t)

���W"��9gb!��ß��	.������"����N> �W�GCD!�	.J�"�������= "
Nt

���
R = log ν

#�},��"t��!��@����"�=@������!��7U8o<= �;������X
"�J���"�J����;"e�����b!������;����
��

V1
U$�;�w�FE��������M> ��=$E
��!��@�������<�����4��K���!��;=@�

a < 1
���
M1 > 0

�����;�����eob=@��	.!�= "���!�= �
t>@���@�

V1
U

||Nk
t || ≤M1a

k

� ��!�"��9U�������J�"����8YG���������<�2�;�<����"��b��� �;")= � ��o<=@��A?���<�)�����)!�	.J�"�������= "��
N

��������K@��!��;= A?���<�R��!��<�b��"�
����<���:#<s8!��@���[q
> J�"�!��@��AB���;�<���������<�R������> ��=$EB��= ��"����R��J�"������9#�67��= "��@!�"�A?�e	.��= �2YG�����;����A?���<�R{���"��e��!�Al	���"�J��NX�= �B��!�AlA?�

�J�!�A?J���"���ob=��m> !��<��������!�
b��"��;��� A?��>$=
����"�A?�M
�J��@J�"����w�����

δR(s) + (1 − δ)<Λ(s− w), δ<Λ(s) + (1 − δ)R(s− w).

�2�
s = 1

���
w = 0

U
Λ(s− w) = Λ(s) = 0

�F�
R(s) = R(s− w) = R(0) ≤ a < 0

���Mo<= �7A?!��<��"��
o<=@�m�����N���F"�A?������!����N�@J�
b�����[Y��9#j},��"�	.��"���= "�K�������!����������;g�����ob=���U.�;�2���i������> ��A?{�A?��>@���@�N=@�k��!������;����
��
V2 ⊂ V1

> �
(1, 0)

#_}0!�= "
(s, w)

>@���@�N���m��!������;����
��
V2

U������4��"�!����N��J�"������4"����������;�b������=$EW��"�!����4����"�A?����> �
"�������������!��<�R��K@��!��;= A?���<�R��!��<�b��"�
����<�����R���)�����@!�"�A?�e�����)= � �[Y�!�"�A?J�A?���<�RK.!�"��@J��e	���")= �@�e��!��@�������<���

M2
U

��= ��"���A?���<�4>$�;�

||
∑

k≥0

λ(s− w)kdPs−w ◦ Nkc
s + λ(s)kcNkd

s−w ◦ Ps + Nkd
s−w ◦ Nkc

s ||1,1 ≤M2.

� ����������> �:U:�GCH�������;g$����> �
Hs,w

����"���>$�[�fJ�"����<���e�9��"
δ
	.!�= "�"��������@>$"����b��"��

0
#��©�$YG��=@>$"��M����!�"��R> J�����"�Al�;�@��"

= �W��!������;����
��Mo<= �7����"���= �@��Y�!��@������!���>@�
δ
#

á �
�����z�5�§¡~�*�X�������P���
6w�����F"�A?�M> !�Al�;�����<�4������> !�� �@JM	���"

∑

k≥0

λ(s− w)kdλ(s)kcPs−w ◦ Ps =
1

1 − ψ(s, w)D
· Ps−w ◦ Ps

�9�b���
D = c+ d

����>@JF��!�Al�[�_������= "4> �
δ
���
ψ(s, w)

����Y`!��@������!���> JF�@� ���m��= "
V2

	���"

ψ(s, w) := λ(s− w)1−δλ(s)δ.

67�W> J��@!�Al�;��������=@"
s → 1 − ψ(s, w)D > �

ψ
��>$A?���|> ���l�9J�"�!:�?	.!�=@"?��!�= �����?�����?�:������= "��B> �

s
	.!�= "

������o<=@���;�����

ψ(s, w) = exp[2iLπ/D]
�9�b���

0 ≤ L < D.

ð  � 



�5
@�ª
á�Nx��%��×����
	%|Fô9�*��|~	7y5¤�|~���
�C£4�CxHõ����Á�*�
Gs,w

s8�����l���;
:� �[���Mob=@������Y`!��@������!��
Ψ

> JF�@� ���m��!�AlA?�
Ψ := logψ

���������dY`���;�

Ψ(s, w) := (1 − δ)Λ(s− w) + δΛ(s) =
2iLπ

D
,

�9�b���
L ∈ Z.

},!�= "
w = 0

U�!��k�
Ψ(s, w) = Λ(s) = 2iLπ/D

#@6w�m> J��b����!�	 	.��A?���<��> �
Λ(s)

	 "�O��4> �
s = 1

�����e> �M���
Y`!�"�A?�B\]�@!�=@��	.!:��!��@�

s = ρ+ it
^

Λ(s) = −B(s− 1) +A(s) · (s− 1)2
�9�b���

A(s) :=
1

2
Λ′′(1 + (s− 1)θ), θ ∈ [0, 1],

\]ø@#Hò�^
B := |Λ′(1)| U ��� A := A(1) > 0

���<��"��u���@�mob=@��	.!�= "
s
��=$�B����AlA?�F����	 "�!<���@�m> � ð U

<Λ(s) ∼ −B(ρ− 1) −At2, =Λ(s) ∼ −Bt.� ��!�"��9U����?��!�= "�K.� {s; <Λ(s) = 0} �����e	 "�!<���@�V> �m���?��!�= "�K.�V>fCDJ�o<=�������!��
B(ρ − 1) + At2 = 0

���4�����
��!��<�����<=��M>@���@�����M> ��Al�[qG	 ������
b��=@���@� <(s) ≤ 1

#
�N!�=@����!��@����> J�"�!��@�4> ��=$En	���"��������e> �M���������M��!�= "�K.�:#�6w��	 "���Al��O�"��M	���"������

A := {s; <Λ(s) = 0, |=Λ(s)| > 3π

2D
}

�����B����"���������A?���<�t��!��<�����<=@��>@���@�B����> ��Al�[qG	 ����� {<s < 1 − 4∆} 	.!�= "B= �
∆ > 0

#�},��"|= �@�W	.�����;���
	.��"���= "�K_������!��7U@�;�w�FE���������= �
�b!������;����
�� WA

>@�
w = 0

	.!�= "�����o<=@���7����> !�AB���;�@�

Aw := {s; |<Ψ(s, w)| ≤ C

D2
, |=Ψ(s, w)| > 3π

2D
}

����������"���������A?���<�4��!��<�����<=�>@���@�I���M> ��Al�[qG	 ����� {<s < 1 − 3∆} U$	.!�= "e��!�= � w ∈ WA
#

6T�l> ��=$E���O�A?�M	���"������M> ��������!�= "�K.�m�����I����	.!�"�����!��
B := {s; <Λ(s) = 0, |=Λ(s)| < π

2D
},

o<= �.�����8��!��<�����<=@�N>@���@�8���MK����@> � |<s− 1| < d
	.!�= "8= �

d
� E$J:#<}2��"R= �@�4	.�����;���4	.��"���= "�K�������!��7U��;�.�FE$�������

= �W�b!������;����
�� WB
>@�

w = 0
	.!�= "�����o<=@���7����> !�AB���;�@�

Bw := {s; |<Ψ(s, w)| ≤ C

D2
, |=Ψ(s, w)| < π

2D
}

����������"���������A?���<�4��!��<�����<=�>@���@�I����K����@> � |<s− 1| < 2d
U$	.!�= "���!�= �

w ∈ WB
#

â �~���~���$ëÃã*�C�(¡����H (�%�åä��*�� z�����ké~�(¡~�
(1, 0)

� 67��> J�������!�	 	.��A?���<�|ø@#Hò����<��"��u���@��o<=@�
3∆ > 2d

#2�N!�=@�
���@!�����������!��@�

α ∈]2d, 3∆[
���V�@!�=@��	 "�!�=@��!��@��o<=@�B����	 "�!�	 "���J���J

US(s, w)
�������bJ�"��[��J��|	.!�= "V����	���"������

> !�Al�;�����<���|\�����>@!��@��	.!�= "���!�= ���GCD!�	.J�"�������= "�^I>@�����I����K����@> � |<s− 1| < α
	.!�= "

w ∈ WA ∩WB
#

�<�
σ(w)

���������dYG���;�
Ψ(σ(w), w) = 2iπL/D

U9����!�"��w���
0
U��@!�=@�w�9�b!��@�

Λ(σ(0)) = 2iπL/D
��� <(Λ(σ(0))) =

0
#<y����@�L���4�9���9U���!��;�

σ(0)
��	 	���"��������<��X A ���R�;�.�7CH��	 	���"��������<�I	����LXm���MK����@> � |<s− 1| < α

\��9��" A �����
>@���@�I����> ��Al�[qG	 ����� <(s) < 1− 4∆

^FU$��!��;�I�;�j�7CH��	 	���"��������<�e	�����X A U ��������!�"�� =(Λ(σ(0))) = 2πL/D ≤
3π
2D

#jy����@�������9���
L = 0

\��9��"
L
���������<������"�^N���

σ
�����N���BY`!��@������!���> JF�@�@�;��	���"

Ψ(σ(w), w) = 0
#7s8�����

A?!��<��"��Mo<=@��>@���@��= �
�b!������;����
��M> �
(1, 0)

U
s = σ(w)

�����I�GC = � ��ob=@�M	.�����M> ������	���"������M> !�Al�;�����<���:#
æ �*�z�P�N *���²���
����é7�P�3ä%���*��� è������7ç"é�����è^êP���
�©�7�FE�������������= ����A?���<�4> ��=$En	.!:�����;K �;�;�;��J��e��= "����V�;�;
:�@���b��"������9����� <s = 1 − α

U

|<Ψ(s, w)| > C

D2

!�= π

2D
≤ |=Ψ(s, w)| ≤ 3π

2D
.

s8�����l���<��"��u���@�Mo<=@�����M> J��@!�Al�;��������= "
1 − ψ(s, w)D �bJ�"��[���

|ψ(s, w)D − 1| ≥ exp[C/D] − 1 ≥ C/D
!�= |ψ(s, w)D − 1| ≥ 1.~0�;��������A?���<�4��= "I���V�;�;
:�@� <s = 1 − α

U ��������"�A?�m> !�Al�;�����<�4������>fCD!�"�>$"��
O(D)

#
ð  ð
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�N!�=@�2�9��!��@�,> J�A?!��<��"�JIob=@�8>@���@�0=@�V��!������[�_��
��8> �
(1, 0)

Uu�;�$�FE$�������R= �V= � ��o<=@�R	.�����L���;Al	 ���
s = σ(w)���2o<=@�L��= ",���N>$"�!��;���L�b��"������9������X4
b��=@���@�I> �I���8	.�����:U����8����"�A?�I> !�Al�;�����<�������,K.!�"��@J����;�@���@ob=@�8�����,����"�A?���

��!�=@�dq�> !�Al�;�����<���h#�y����@�2���N�9!��@��J���!��;
:�@J��e> �L�GCH�uE �L"�J����GU:�@!�=@���9�b!��@�)!�K �����<=?= �@�IK.!�"��@�eXN����yN!��;
�!�	<g<���9#
ve�������V���|�9!��@���;�<����"�A?J�>$�����;"��:#w6w�tA?{�A?�l> J�AB��"����@�l�hCH��	 	 �;��ob=@��	 = ����o<=@�����

w = 0
U.�@!�=@��"�����"�!�= �b!��@�

���
�<"�����o<=������[qG�;�<�b��"����Wob= �e�����|�������;g�����ob=@��>@���@�?���i�9!��@�
�;�<����"�A?J�>$�����;"��:#R�2�@��= �;���:U)	���"B	.��"���= "�K�������!��
�������;g�����ob=@�:Ub�@!�=@�8!�K �����@!��@�R����A?{�A?�e"�J���= �;�����R	.!�= "R����	�����=@> !�q�ob=������[qG�;�<����"����:#�~T�;��������A?���<�9U����|"���
:"�!�=$q
	����<�N�����N�����4��"�!����N�9!��@���9U_�@!�=@��!�K �����@!��@���������@J�!�"�O�A?� ð õ$#.67�V�9������= �2> ���N> J�"��;�bJ�����> �

σ
�9CD!�K ������� �@���<�

Y`�����;����A?���<�4����> J�"��;�����<�e= �@�M!�=W> ��=$EtY`!����I	���"�"���	 	.!�"��NX
w
����"�����������!��

Ψ(σ(w), w) = 0
#

+
¼
� � 1$ØdÚz��5�& ¿"ÀÞ-�5�&�À$¿$¾��JÀ"Ø�5_/9ßb/�1³�e&,+.5_&
Hs,w

6�CD���_���[g$����>$=�	@����=@> !�q�o<=������[qG�;�<�b��"����
Hs,w

������ob=������;A?���<�W��> ���<����o<=@�xX �����;�;��>$=�	@����=@> !�q�ob=������[q
�;�<�b��"����

Gs,w
�FE$����	 ��J��Wo<=@�n�GCD!��É>@!��[�B�FE$	 �;�����[���F"B��!�=@�l�����l����"�A?���B>fCD��"�"���= "��9#)�2� �F�j���9U2�GCH�������;g����W> �

Gs,w
�hCD�����VY`���;���WX

D
��!��@�������<�9U2!��

D
���������
> J��@!�Al�;��������= "B>@�

δ
#,�r�F�GU,�@!�=@�?���;��!��@�?��!��@����> J�"���"B> ���

"�������!�� �@�����m> !��<�����l> J��@!�Al�;��������= "
D

�����@>i�b��"��N�GC �;�$�@� �G#7},��"M�FE ��Al	 ���:Uj��!�"���> ���GCH�������;g����l> ��������"�A?���
��!�=@�dq�> !�Al�;�����<����	.!�= "

Gs,w
U$�@!�=@�e�9�b!��@�I>$�;�rn©},��"�	.��"���= "�K�������!��k�������;g�����ob=@�:U �;�7���W�����I> ��A?{�A?�M>@���@�

= ���b!������;����
��
V2 ⊂ V1

> �
(1, 0)

#�#�#�p�#7}0!�= "M�GCD!�	.J�"�������= "
Hs,w

Uj�;�,Y`��=@>$"��
����	 �;=@�M�FE$	 �;�����;����"M���t�����;�;���
>$=
�b!������;����
��

V2
���nY`!��@������!���> ����> J��@!�Al�;��������= "��9#�y���	 �;=@�9U > ���I	 "�!�	 "���J���J���	.!�= "

w
"�J����7> !��;�b���<�e{���"��

> J�A?!��<��"�J��:#
� è ÊbÃ_Â ±�ì Í�ë�'¯ødåMÂuÃ_éTÂ�Ç]Ê�Á9Ê

US
é)Ã.ÅwÂ

Hs,w
ú®w
���mÒ%�����4�<ñ�|����P}�y�x~�����%x9�4���

K0,K1,K2,K3,K
′
4,K

′
5,K

′
6,K

′
7õ������ Îo�%x9�Þ���­ô��zy
ô��������4�­��|��Cõ��%x��4�62�ô~y%|��¢��y%|��?��x9�������

D ≥ 1 õ x�y���y�x~� S �©�����%x�	���	��N����ö�y��
�³� |<s−1| ≤
K1/D

2 õ ��� W ���³õ�y%�l����x��{���t"�J�����	��
w = 0

	��³���
ö�y%����� |w| ≤ K2/D

��N��y%�Á� õ ô~y%|��¨��y%|��N�z�7����y%xHxP���

δ ∈]0, 1[
	��X	���x�y����Cx����4��|��

D õ ô~y%|�����y%|S� ε �%õ���} 1/D ≤ |ε| ≤ K3/D õ ���­ô9����|S	7y�£�¤�|~������£Ö��x9õ����
��� Hs,w���������)ö��%���v���
�tô��zy
ô��������4�
����|��Cõ��%x9�4���32
(i)

�²y%|��§��y%|��
w ∈ W õ �©�X��������� Hs,w

�7	%�³���?|�x(|�xH��¤�|H�rô.Ó%���
s = σ(w)

	7�%x~�¦���¨���%x�	�� S 
 � �oô.Ó%����
���r	Çð y��z	%���
1



(ii)
�²y%|��¨��y%|��

w ∈ W õ y%xÙ� |σ(w) − 1| ≤ K ′
4/(2D

2)

¹����ô���|�� õ �C�r�mÒ%�����4� w0 ∈ W 	%|b��®��³�

�
���%x���¤�|~�
ε õ ô~y%|��¥����¤�|H��� σ(w0) − 1 < 0

��� |σ(w0) − 1| ≥ ε2/(4K)



(iii)
Í9|�� W õ ���§�����
��	%| E(w)

	��
Hs,w[1](0)

��x
s = σ(w)

�������l��ö����C�
K ′

5 ≤ |E(w)| ≤ K ′
6



(iv)

Í9|������³���©�%xP�§õ���������}������ <s = 1 −K1/D
2 õ ���Jô~y%|��¥��y%|S� w ∈ W õ ���³x�y%�����
	�� Hs,w

���������)ö��%�C�

||Hs,w||1,max(1,t) ≤ K ′
7 ·D2 max(1,=s)ξ.

(v)
w
���mÒ%�����4�

t0 > 0
�4����¤�|H�²ô~y%|��

s ∈ S �%õ���} |<(s)| > t0 õ ����¤�|~���
�C£4�CxHõ����
���
õ%���
� Îr�

||Hs,w||1,=s ≤ K ′
7 ·D2(=s)ξ.

ì�Ý�>�Ý4= /®6@ÛwÒGÜTÖ 6�×GÜTÒGÛwÖ<6@Ó�Ú)Ó�×�à�Ï�à2Ó�Ð76@Ó�×
6�C !�	.J�"������F=@"

Hs,w
�;�<����"��������<�e>@���@��������J�"�����K �;�:��"���J��M>$=W	���"���A?O���"��

M
���I�bJ�"��[���

Hs,w =
∑

p≥0

G
p−bγpc−bδpc
s−

◦ G
bδpc
s+ ◦ G

bγpc
s−

�9�b���
s− := s − (δ − ε)w

U
s+ := s + (1 − δ + ε)w

#ws8!�AlA?��	.!�= "M�;��	@����=@> !�q�o<=������[qG�;�<�b��"����
Gs,w

U.�;�
�FE��������M= ���b!������;����
��

V0
> �

(1, 0)
�����0o<=@�M	.!�= "N��!�= �

(s, w) ∈ V0
U@�����N��!�Al	 ���FE ���

s−
���
s+

��!��<�N>@���@�

ð  :ò
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N��
á�Nx��%��×����
	%|Fô9�*��|~	7y5¤�|~���
�C£4�CxHõ����Á�*�
Hs,w

�����9��>$"���>$=n���@J�!�"�O�A?�
DBV

	.!�= "I�GCD!�	.J�"�������= "e> ����"����@�dY`��"��I������������ob=@�:#$�2�
= ���;�;���������I����	 "�!�	 "���J���J
(ii)>$=WA?{�A?�����@J�!�"�O�A?�:U����V�@!�"�A?�m> �

Hs,w
�����IK.!�"��@J��M��!��;��> ���GCH�uE ��"�J����7	���"

||Hs,w||1,t ≤
∑

p≥0

M3 · |t|3ξ · θp =
M3

1 − θ
|t|3ξ.

s8�����fA?!��<��"���o<=@�N���N	@����=@> !�q�o<=������[qG�;�<�b��"����
Hs,w

��>$A?���I= �@���9!��@J������@�8	.������	.!�= "
s
��!��;�W> �N�GCH�uE �N"�J����

���
w

>@���@��= �W��!������;����
���� E ��> �
0
#

ìwÝ�>bÝ)ß {W6_ã$ÜwÞãâIÜwÙ�Ò`Ñ�ÒGÜwÖ Ïfâ2Ñ:Üwâ�ÐiÚ�Ó
(1, 0)

6w�
> J�AB��"����@�B���������nA?{�A?�?ob=���	.!�= "M����	@����=@> !�q�o<=������[qG�;�<�b��"����
Gs,w

#f�N!�=@�M> J���!�Al	.!:��!��@�m�GCD!�	.JFq
"�������= "������<= �;�4	���"��������9U.����= ���;�;�������<�4���B> J���!�Al	.!:���;����!�����	.������"�������ø@# ð #j�<�

(s, w)
��	 	���"�������� �@���<�MX

V0
U

����!�"��
s+ = s− (1− δ+ ε)w

���
s− := s− δ− εw

��	 	���"��������<�eX�= �n�b!������;����
���>@���@�L����o<=@���j�����I> J���!�A�q
	.!:���;����!��@�I��	.������"��������I> �

Gs+ ,Gs−
�FE$���������<�9#@s8!�AlA?�

Hs,w
�����L��!�Al	.!:��J���> �N> ��=$E|	_��"��������I��!��<���������<�

Gs−
���R>fC = �@�e	���"������4��!��<���������<�

Gs+

U�������> J���!�Al	.!:���;����!��@�8��	.���F��"��������R�;Al	 �;��o<=@���<�R= �@�e> J���!�Al	.!:���;����!��
> �

Hs,w
�9�����

1
����"�A?�¨	7y%�F��x��%x9�R���Nþ�����"�A?���e�@!��$q�> !�Al�;�����<�9#

'Çm�"Jml�Pm�ë � Í<Â ì Íbí?Ä0Í�ÂuÍ<í�Á9Í
sR������= �k> ���e����"�A?���4> �M"��������m�����4!�K �����<=k����"���Al	 �����9���<��>@���@�e�GCD!�	.J�"�������= "

Hs,w
U@	.!�= "N��=�A?!��;�@�

= �@����������= "e> �
t = s+

!�=
t = s−

U$�GC �;��J�"�J
Gk

t

	���"I�GC �;��J�"�JM> �����V	���"������M��!�=@�dq�> !�Al�;�����<���
Nk

t

U$�����e��= ��"����
����"�A?���2J������<�0"���Al	 ������J��2	���"0���e	���"������8> !�Al�;�����<���

λ(t)j ·Pt
\]	.!�= ",= �V�;��J�"�J8>fCD!�"�>$"��

j
^F#��N!�=@�0!�K �����@!��@�

����	 ��!�	.J�"�������= "��?p.= ��ob= �2��!��<�������<��= � ��ob=@��A?���<�M> ����!�	.J�"�������= "M> �V�©g�	.�
Nt

Uj�������[E�!�	.J�"�������= "��m�9�b���
��=WA?!��;�@��= �@�M!<����= "�"����@���m> �

Pt
#

�N!�=@��	.!:��!��@�
ν(t)

���V"��9gb!�����	.������"����)> �
Nt

���
R := log ν

#j���2�FE��������V= �i�b!������;����
��������2o<=@�
ν(s−)

���
ν(s+)

��!��<������"���������A?���<��	 �;=@��	.�����;��o<=@�
a < 1

U o<= �j�@��> J�	.���@>W	�����> �
D
# 6w�l��J�"������@����!��<���������<�4ob=@�

> ���L!�	.J�"�������= "��I> �4�©g<	.�
Nt

�����L����!�"��8�@!�"�AB������A?���<����!��<�b��"�
����@����> !��<�8������!�AlA?�N�����RK.!�"��@J��4	���"8= �@�
��!��@�������<���Mo<= �f�@�M> J�	.���@>
	����e> �

D
#

s8!��@����> J�"�!��@�eAB���;�<�����������4�����4���[EW��= ��"����4��J�"������9U@> !��<�4�������@!�"�A?���e	.��= �b���<�N���M��!�Al	���"���"eYG�����;����A?���<��X
= �@�M��!�AlA?��
�J�!�A?J���"���o<=@�m!��W������!�
b��"��;��� A?��>$=
����"�A?�M
�J��@J�"����T��>$A?���e����Y`!�"�A?��
�J��@J�"���ob=@�

L(s, w) := α−R(s−) + α+R(s+) + β−Λ(s−) + β+Λ(s+),

�9�b���
α+ + α− > 1/D, β+ + β− > 1/D

���
α+ + α− + β+ + β− = 1

#_�N!�=@�4	 "�!�= �b!��@�4AB���;�<���������<�
o<=@�����n	���"������?"�J����;���?> �

L(s, w)
�����M����"���������A?���<�m�@J�
b�����;���B��= "�= ���b!������;����
��?> �l���|Y`!�"�A?�:# |1 − s| ≤

C/D, |w| ≤ C/D
#

ST!�= �e>fCH��K.!�"�>fU@�;�7�FE$��������= �W�b!������;����
��M��!�Al	 ���FE$� V > �
τ = 1

	.!�= "�����o<=@���

<R(τ) < (1/2)R(1) < 0, |Λ′(τ)| ≤ B,
	.!�= "�= �

B > 0.

� ��!�"���!����np
max(|Λ(s+)|, |Λ(s−)|) ≤ (|s− 1| + |w|)B ≤ 2BC/D,���9U$�@��������A?���<�9U_���

C ≤ |R(1)|/(8B)
U$����	���"�������"�J����;���m> �

L(s, w)
�����I	 �;=@��	.�����;���Mo<=@�

R(1)/(2D) + |R(1)|/(4D) < R(1)/(4D) < 0.
y����@��= �
�b!������;����
��M> � V U ���������[En��J�"���������!��<�e> !��@��AB�ucd!�"�J�����	���"

1

1 − exp[R(1)/(4D)]
≤ K9 ·D.

ð  :õ
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�
y
ôH���z���4��|��
��	��
���z�%x~��ö������
'�m�"Jml�Jml� � ÍbÂ ì Í�Ä0Ã ì Ç�ÀwË@À.Á�m,åMÂuÃ_éTÂ�Ç]Ê�Á9Ê<ílÄ0Í�Ì]ËW)�Ã_ÀTÆ:ÁhÇ]Ã_À

ψ(s, w)
6w�M����"�A?�m> !�Al�;�����<�N�����4!�K �����<=�����"���Al	 �����9���<��������ob=@�m!<����= "�"����@���V> �

Gt
	���"e���M����"�A?�

λ(t)Pt
U

���e������> ������Y`!�"�A?�
F

[1]
M (s, w) · [Ps− ◦ Ps+ ◦ Ps− [1](0)]

�9�b���

F
[1]
M (s, w) =

+∞∑

p=0

λ(s−)p−bδpc · λ(s+)bδpc.

�<�jAB���;�<���������<�
δ = c/(c+ d)

�����8"�������!�� �@���w�9�����N= �
> J��@!�Al�;��������= "
D = c+ d

U<���V��J�"����
F

[1]
M

���4"�J���"��;�

F
[1]
M (s, w) =




D−1∑

j=0

λj−bδjc(s−)λbδjc(s+)




∑

k≥0

(λd(s−)λc(s+))k


 .

sNCD�����e= ����Y�"���������!���"�������!�� �@���;����	���"e"���	 	.!�"�����=$EW> ��=$EW�:��"�����K �����
X = λ(s+)

���
Y = λ(s−)

���N> �M���
Y�!�"�A?�

F
[1]
M (s, w) =

P (λ(s+), λ(s−))

Q(λ(s+), λ(s−))!��
P

���
Q

��!��<��> ����	.!��;g<����A?���4> ��>@�F
:"�J���!������T��=W	 �;=@�
D
U

P (X,Y ) :=
D−1∑

j=0

Xbδjc · Y j−bδjc, Q(X,Y ) = 1 −XcY d.

67���2���;� 
:= ����"��;��J��2> �
F

[1]
M (s, w)

��!��<�0= � ��ob=@��A?���<�)>$=@�I��=�> J��@!�Al�;��������= "�ob=@�<	.��= �2�9CDJ���"��;"��
1−ψ(s, w)D�9�b���

ψ(s, w) := λ1−δ(s−)λδ(s+).67�M> J��@!�Al�;��������= "
s 7→ 1 − ψ(s, w)D �9CH��� ��= ����	.!�= "���!�= �����������I�:������= "��e> �

s
�����;�����eo<=@�

ψ(s, w) = exp[2iKπ/D]
�9�b���

0 ≤ K < D.

s8�����l���;
:� �[���Mo<=@�����VY�!��@������!��
Ψ := logψ

���������dYG���;�

Ψ(s, w) := (1 − δ)Λ(s−) + δΛ(s+) =
2iLπ

D
,

�9�b���
L ∈ Z.

}0!�= "
w = 0

Uj!����
Ψ(s, w) = Λ(s) = 2iLπ/D

Uj�����������@J�!�"�O�A?�l> ���NY`!��@������!��@���;Al	 �;�����;������	.��= �M{���"��
��	 	 �;��o<=@J:#:}0!�= "2��!�= �

L
U���������> JF�@� �;�2= �@�L��!�= "�K.�I��= "0= �l	.�����;�,�b!������;����
��I> �

w
U�> �8���eY�!�"�A?�

s = σL(w)
U

o<= �_��!��<�������<�8�������9J�"�!:�8>$=t> J��@!�Al�;��������= "
1−ψ(s, w)D U<���������R	.�������8J������<��=@���;�����L> �

F
[1]
M (s)

#b6w���R�9JF"�!:�
�����I	 �;=@��	 "�!<���@���e> �

1
��!��<�I"����������[Y`�e��=$E

L
��������o<=@� |L| = 1

#
�N!�=@�e> J���"��;��!��@�4>7CD��K.!�"�>W���m��!�Al	.!�"�����A?���<��> �M����Y`!��@������!��

Ψ(σ + it, w)
ob=����@>

σ − 1, t, w
���
ε
��!��<�

	.�����;���9# � ���������M> J�������!�	 	.��A?���<�N> �
Λ(s)

��= ��!�= "4> �
1
U

Λ(s) = −B(s− 1) +A(s) · (s− 1)2
�9�����

A(s) :=
1

2
Λ′′(1 + sθ) > 0, θ ∈ [0, 1],

���
B := |Λ′(1)| UR�@!�=@�n> J�>$= ����!��@�9U8��� = ���[�;�������<�

(1 − δ)(σ− − 1) + δ(σ+ − 1) = (σ − 1) + εw
U

���|>@JF�b����!�	 	.��A?���<�?��= �;�����<�V	.!�= "V���W	_��"������|"�J����;���t���V�;AB��
:�;�����;"��n> �|���
Y`!��@������!��
Ψ := logψ

��=@��!�= "
> �

(s, w) = (1, 0)
U

<Ψ(s, w) = −[(σ − 1) − εw]B +

+A(s)
[
−t2 + (σ − 1)2 − 2(σ − 1)εw + ε2w2 + δ(1 − δ)w2

]

=Ψ(s, w) = −Bt+ 2tA(s)[(σ − 1) + εw].

ð  �ø



�5
N��
á�Nx��%��×����
	%|Fô9�*��|~	7y5¤�|~���
�C£4�CxHõ����Á�*�
Hs,w

6w!�"���ob=@�
t, w, ε

��!��<�4>fCD!�"�>$"��
O(1/D)

���
σ − 1

>fCD!�"�>$"��
O(1/D2)

U������e	���"��������N"�J����;�����N���4�;AB��
:�;�����;"����
> �

Ψ
���������dY`!��<�

=Ψ = −Bt+O(
1

D3
), <Ψ = −[(σ − 1) + εw]B +A(s)[−t2 + δ(1 − δ)w2] +O(

1

D3
).

�©�7> ���<�����<�N���;!�"��LYG�����;���M> ��	 "�!�= �b��"������;��AlA?�m��= �;�:���<�9#
��Í ìxì Í#A ÍPy%�C�

λ(s)
�©�³õ�������|��²ô���y
ô�����	7y%�F�Cx��%x9�4�
	��¥�zð y
ôH���z���4��|��

Gs õ ψ(s, w)
����ö�y%x�}�����y�x

ψ(s, w) := λ1−δ(s−) · λδ(s+) = λ1−δ(s− (δ − ε)w) · λδ(s+ (1 − δ + ε)w),

Λ := log λ õ ��� Ψ := logψ

<w
�t�,Ò%�����4�¨�*�4ô��§}Áy%x~�����%x��4�
�

K0,K1,K2,K3,K4,K5,K6
�4���������5¤�|H�
ô~y%|��

��y�|��o��x9�������
D ≥ 1 õ ô~y%|�����y%|��v�z������y%xHx���� δ ∈]0, 1[

	��§	���x�y%�F��x����4��|��
D õ ���
�<ô��zy
ô��������4�
�N��|��Cõ��%x��4�
�N��y%x9�õ%���
� Îr�Á�
�[2

(i) è |~�%x�	 (s, w, ε)
�������l��ö����C�

|t| ≤ K0/D, |σ − 1| ≤ K1/D
2, w

���Á���
, |w| ≤ K2/D, 1/D ≤ |ε| ≤ K3/D

���©y%�
�����
�tôS���������
�§�����������X���<�C���*�%�Cx��%�C���
	��
Ψ(s, w)

õ����
� Îr��x9�

|=Ψ(s, w)| ≤ (3π)/(2D), <Ψ(s, w) ≤ K4/D
2,

���<��ð ��¤�|~������y�x
ψ(s, w)D = 1

�7	%�³���o|�xP�§|�xH��¤�|~�
�z�7}��Cx��
s := σ(w)

�4����¤�|H�
ψ(σ(w), w) = 1



(ii) è |S�%x�	 (s, w, ε)

���������)ö��%���

|t| ≤ K0/D, σ − 1 = −K1/D
2, w

���Á���
, |w| ≤ K2/D, 1/D ≤ |ε| ≤ K3/D,

���©y%�
�o|�x��²	��
�t	���|IÒ¥}Áy%x�	%������y%xH�v��|��Cõ��%x9�4���²�
�������7���l�)ö��%���4��ôSy%|��o���<ô~�%�������r���Á�������­���P�����*����x��������t	��
Ψ(s, w) õ

<Ψ(s, w) ≥ K5/D
2 y%|

π/(2D) ≤ =Ψ(s, w) ≤ (3π)/(2D).

(iii) è |~�%x�	 (s, w, ε)
�������l��ö����C�

K0/D < |t| ≤ K ′
0, |σ − 1| ≤ K1/D

2, w
���Á���

, |w| ≤ K2/D, 1/D ≤ |ε| ≤ K3/D,

���©y%�
� <Ψ(s, w) ≤ −K6/D
2 õ ��� ψ(s, w)

õ%���
� Îr� |ψ(s, w)| ≤ exp(−K6/D
2)



'Çm�"Jml�Pm�" � Í<Â ì Í�ÄTÃ ì Ç�ÀTË@À.Á�m0åMÂ�Ã�é0Â�Ç]ÊbÁ9Êbí?ÄTÍ�Ì]ËW)©Ã_ÀTÆ:ÁhÇêÃ.À
σ
m

���R��������=@�����)�@J������������;"��|>fCDJ���=@>$����"����nY�!��@������!��
w → σ(w)

o<= �R�����m> JF�@� ���|>@���@�m= ���b!������;����
��B> �
w = 0

	���"�����"�����������!��
Ψ(σ(w), w) = 0

#
��Í ìxì ÍWV ÍPy%�C�

σ
�©�Bö�y%x�}*����y%x#	���Î?x9����	��%x~�N|�x]õ�y%���
�Cx��*���§	��

w = 0
ô~�%�N��ð �z¤�|S������y%x

Ψ(σ(w), w) = 0



� �����4��ö�y%x�}�����y%xb¤�|��²	��Öô~��x�	(	��
�­ô~�%�z�%�³���������
δ, ε õ �7	%�³���t|�x���	������Cõ��Á���*��}�y%x�	���¤�|��´�
���t|�xH� ö�y%���³���³��x9���y%��x��Á�F��x

δ, ε



�t����|�õ��7
.�4!�=@�4�9��!��@�Mp

(1 − δ)[σ′(w) − δ − ε]Λ′(σ−(w)) + δ[σ′(w) + (1 − δ + ε)]Λ′(σ+(w)) = 0,

ð  ñ



� ñ��
ô����������5
n�Nx��%��×����
	��
�
y
ôH���z���4��|��
��	��
���z�%x~��ö������
���:K �����mo<=@�,���L> J�"��;�bJ��

σ′(w)
	.��= �w�9CDJ���"��;"��)��!�AlA?�)= �@�2�@!�A?!�
:"���	 � ���

F
> �
X(w) = Λ′(σ−(w))/Λ′(σ+(w))��!�=@�I���VY�!�"�A?�

σ′(w) =
(1 − δ)(δ − ε)X(w) − δ(1 − δ + ε)

(1 − δ)X(w) + δ
= F (X(w)).

�©�.�����L��=$�B�����<�L> �NK.!�"��@��"L�����L>@JF"��[�bJ����I> �
F ′ ��� X ′ #�y����8	 "�!�	 "���J���J��IK ���F�
��!�� �<=�����> �N��!��<�b�FE��;��J�> �

Λ�;Al	 �;��ob=@�M���VK.!�"��@�
exp(−L|w|) ≤ X(w) :=

Λ′(σ−(w))

Λ′(σ+(w)
≤ exp(L|w|),

���;�@���
A1 < X(w) < A2

	.!�= " |w| < 1
U7���M�@��������A?���<�����W> J�"��;�bJ��

σ′(w)
�����m= � �[Y�!�"�A?J�A?���<�VK.!�"��@J��

	.!�= " |w| < 1
#@�2�@��= �;���:U@����> J�"��;�bJ��

X ′(w)
o<= �7������> !�� �@J��M	���"

X ′(w)

X(w)
= (σ′(w) − δ − ε)

Λ′′(σ−(w))

Λ′(σ−(w))
− (σ′(w) + (1 − δ + ε))

Λ′′(σ+(w))

Λ′(σ+(w))
�����e��=@�����f= � �[Y�!�"�A?J�A?���<�4K.!�"��@J���	.!�= " |w| ≤ 1

# y�C = ����= ��"��M��!���J:U ���l> J�"��;��J��
F ′ ���������dYG���;�

F ′(X) =
δ(1 − δ)

((1 − δ)X(w) + δ)2
��!��;�

0 ≤ F ′(X) ≤ eL

	.!�= " |w| ≤ 1
U@��� |σ′′| ������> ��Y`���;�I= � �[Y`!�"�A?J�A?���<�eK.!�"��@J��M	���"�= �@�M��!��@�������<���

K
#

'�m�"Jml�Jm�' BIÇ�À Ä0Í�Ì]Ë�éTÂ�Í<ÅÇ\_Í�Ä0ÅÉÁ è Ê<Ã�Â ±<ì Í�ë�'
6T�V	 "�!�	.!:���;����!�� ð ýV"�J��9��	 �;��= ������!�= �����I�����I	 "�!�	 "���J���J��4�������;g�����ob=@����> ��������J�"�����
�J��@J�"�����"������m������!<����J��

��=n	_��"���A?O���"��
M

#�s8!�AlA?��������J�"����������L�����:������= "�> �
Hs,w

	.!�= "I���mY`!��@������!��W��!��@�������<���
1
U�������!�= �I	 "����

���
0
U$������	 "�!�	 "���J���J��N�������;g<����o<=@���e> �����l��J�"���������!��<�e��=@�����7�����;�����e>$=�o<=������[qG�;�<����"����:#
6T�B"�J�
:��!��i	 "�!<���@��> ���GCH�uE$��"�J����2> !�� �@���;����=�X|> ��=$E�"�J�
:��!��@�9Uj> J��;�;Al�;��J�����	���"����?�;�;
:�@�V�@!�"��;�9!��<�������

|=s| = K0/D
>$=W�;��AlA?��ý$#

VtÊbÈ_Ç]Ã.À�ë9m |t| ≤ K0/D, |σ−1| ≤ K1/D
2 #��N!�=@�,= ���;�;����!��@�2���N	 "�!�	 "���J���J (i)

>$=l����AlA?��ý�ob= � 	 "�!�= ���
o<=@���GCDJ�ob=�������!��

ψ(s, w)D = 1
��>$A?���e= �@��= � ��ob=@��"������;�@�

s := σ(w)
o<= �7����������Y`���;�

ψ(s, w) = 1
#

é ä��������������*� ¡9�X�(êÁ z��¡9�5���
s = σ(w)

� � = ��!�=@"�> �
s = σ(w)

U@!����

F
[1]
M (s, w) ∼ 1

s− σ(w)

−1

ψ′
s(σ(w), w)

1

D

D−1∑

j=0

λj−j′(σ(w)−)λj′(σ(w)+)
\]ø@#Hõ�^

}0!�= "4���;Al	 �;�[����"��������@!���������!��@�9U@�@!�=@��J���"��;�b!��@�
σ
	.!�= "

σ(w)
#

�r�F�GU@!����
λ(σ−) > 1 > λ(σ+)

���
λ(σ+) = λ

δ−1
δ (σ−)

# � ��!�"��
D−1∑

j=0

λj−bδjc(σ−) · λbδjc(σ+) ≥
D−1∑

j=0

λj−δj(σ−) · λδj(σ+) = D.

y����@�I����A?{�A?���b���;�@�:U
D−1∑

j=0

λj−bδjc(σ−) · λbδjc(σ+) ≤
D−1∑

j=0

λj+1−δj(σ−) · λδj−1(σ+) = D
λ(σ−)

λ(σ+)
.

�2����!�A�K �;�����<�4������"�J���= �;�������9U ����"�J�����>$=����
s = σ(w)

���������dYG���;�
1

|ψ′
s(σ(w), w)| ≤ Ress=σFM (s) ≤ λ(σ−)

λ(σ+)
· 1

|ψ′
s(σ(w), w)| ,

ð  :ý



�5
N��
á�Nx��%��×����
	%|Fô9�*��|~	7y5¤�|~���
�C£4�CxHõ����Á�*�
Hs,w

���lo<= �2> !�� �@�l����"�J���= �;������	 = ����o<=@�
λ(σ−), λ(σ+), ψ′

s(σ(w), w)
��> A?�F�������<�m> ����K.!�"��@�����;�$Y`JF"�����= "����m���

��= 	.J�"�����= "����e>@���@��= �
�b!������;����
��M> �
w = 0

ob= �7�@��> J�	.���@>W	�����> �
δ, ε

#
º �(ë*�*�
�������*�W¡~� <s = 1 −K1/D

2, |=s| ≤ K0/D
� &4���

|F [1]
M (s)| ≤ 1

|ψ(s)D − 1| · |B(s)| �9�b���
B(s) :=

D−1∑

j=0

λ(s−)j−bδjc · λ(s+)bδjc.

�r���GU�������ob=@������"�A?� |λ(s−)|, |λ(s+)| �����)��� exp[O(1/D)]
���@K �����Bo<=@�I������o<=@�I����"�A?�

B(s)
�N=@�?A?!<>$= ���

	 �;=@�4	.�����;�Nob=@�
K10

U����e�@��������A?���<� |B(s)| ≤ K10 ·D
#�y�C = �i��= ��"��m��!���J:U����?	 "�!�	 "���J���J

(ii)
>$=�����AlA?�

ýl���<��"��u���@�mob=@�

|ψ(s)D − 1| ≥ 1
!�= |ψ(s)D − 1| ≥ exp[K5/D] − 1 ≥ K5/D

��!��;�
|F [1]

M (s)| ≤ K12 ·D2

º ���P�*�
�������*��¡~�
s−σ(w)

� �4!�=@�0	 "�!�= �b!��@�,o<=@�����R	.�����
σ(w)

�7CD�����0	����0��"�!�	�	 "�!<���@�L> �R���e�;�;
:�@�R�b��"������9�����
<s = 1 − C/D2 ��!�"���ob=@�

w
������"�J����w���e���������dYG���;� |w| ≤ C/D

# �N!�=@�I= ���;�;����!������������FAlA?�Vþ�o<= �fA?!��<��"��
o<=@� |σ′(w) − σ′(0)| ≤ K|w| #7s8!�AlA?�����|> J�"��;�bJ���> �

σ′
������J�
b�����lX −ε ��� w = 0

U_���t> J�"��;��J��
σ′(w)�bJ�"��[���

−εw − 1

2
|ε| < σ′(w) < −εw +

1

2
|ε| 	.!�= " |w| ≤ ε

2K
.

~0�;��������A?���<�9Uu�@!�=@�0�9�b!��@� |σ(w)−1| ≤ 2|ε|·|w| ≤ K ′
4/(2D

2)
>@O��To<=@� |w| �����wAB�ucd!�"�J

ε/(2K) ≤ K ′
4/D

#
&4"9Uf���

s
��	 	���"��������<��Xt���t�;�;
:�@���b��"������9����� <s = 1 −K1/D

2 U.�@!�=@�m�9�b!��@� |s − σ(w)| ≥ K ′
4/(2D

2)
X

��!��@>$�;����!��kob=@�
K1 ≥ K ′

4

#
y�C = ����= ��"��M��!���J:U@!����

σ(w0) − 1 < 0, |σ(w0) − 1| ≥ 1

2
|ε| · |w| ≥ ε2

4K
��=@�����;������o<=@�

w0
������>$=WA?{�A?�M���;
:�@�Mo<=@�

ε
��� |w0| = ε/2K

#
VtÊbÈ.Ç]Ã_À �Pm

K0/D < |t| ≤ K ′
0, |σ − 1| ≤ K1/D

2, w
"�J����

, |w| ≤ K2/D
#��4!�=@�?"���	 	.����!��@�|���

��"�!�������O�A?�8	 "�!�	 "���J���JI>$=�����AlA?�IýVp�>@���@�2���������8"�J�
:��!��7U
ψ(s, w)

�����0AB�uc�!�"�J��L����A?!<>$= ���8	_��" |ψ(s, w)| ≤
exp(−K/D2) < 1

#�s8!�AlA?�
max(1, |λ(s−)|, |λ(s+)|−1

) ≤ K
U !����

|λ(s−)|p−bδpc ≤ K|λ(s−)|p−δp, |λ(s+)|bδpc ≤ K · λ(s+)δp

�������l��J�"����
FM (s, w)

���������dYG���;�

|FM (s, w)| ≤ K2
∞∑

p=0

ψ(s, w)p ≤ K2 1

1 − ψ(s, w)
≤ K8D

2.

s8�����8����"�Al�;�@�|�`CH�������;g$���|>@���@�����W�9!��@�t��= ��!�= "�> �
(1, 0)

#T}0!�= "V���W��!����B�;�<����"�A?J�>$�����;"��:U0���B��"��9�����;�8�����
��> ���<����o<=@�RXL�GCH��= ��"���	@����=@> !�q�o<=������[qG�;�<����"����:#h�2�m	���"�������= �;����"9Uh�@!�=@�w�����@!��@�T>fCDJ�����K �;�;"w��!�= �����w�����7	 "�!�	 "���J���J��
>$=W���@J�!�"�O�A?� ð øB��!��@����"������<�e����	@����=@> !�q�o<=������[qG�;�<����"����

Hs,w
#

ð  �þ
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	��
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y
ôH���z���4��|��
��	��
���z�%x~��ö������
+
¼,+ : ¾e1�-~Ú,À�5_/,¾�1

y����@�R����������	���"������:Ub�@!�=@�8�9��!��@�8��>@��	 ��J���������"��9����=$EB���)���M> J�AB��"����@�4> �ePI������>$�_����Q����;��J��4��=$E?> ��=$E
	@����=@> !�q�o<=������[qG�;�<�b��"������9#96)CH�������;g$���)��= �;�f��!�=�cd!�=@"��f= �m> J���!�= 	���
������M��"�!����7��!������h#�6T�L	 "���Al��O�"��)�9!��@�)�����f���
�9!��@�eJ���!��;
:�@J��4> ���GCH�uE$��"�J����_!��B�����)AB��cd!�"�������!��@�LX����My�!��;
�!�	<g<���R�9CH��	 	 �;��o<=@���<����"�O��R���;Al	 ����A?���<�9# � �;�@���GU
�@!�=@��A?!��<��"�!��@�4ob=@�M�����������9!��@�M�7CH��>$A?���e	����e> ��	.�����:#�6w�l> ��=$E$��O�A?�M�9!��@�M�����e�����;���m��= ��!�= "4> �

(1, 0)
#

6wX
���@��!�"��:U7�����M��> J����M"����������<�M�����MA?{�A?���9#w6w�
> J���!�Al	.!:���;����!�����	.������"������B> ���m!�	.J�"�������= "���> �l��"����@�dY`��"��
���<��"��u���@��= �@�N> J���!�Al	.!:���;����!��W> ���8	�����=@> !�q�ob=������[qG�;�<����"������I���n= �t���F"�A?��> !�Al�;�����<�����8	 �;=@������= "��L����"�A?���
> �N"��������:#$67���L����"�A?����> �4"��������N��!��<�8��"�O��L���;���4��"����;��J�����= "L> ���L�b!������;����
�������> J�ob=����9# �2�n	���"�������= �;����"9U@�����
����"�A?�����7CH��	 	.!�"������<�R	����R> �I	.�����e>@���@�)������!������;����
��:#b67������"�A?�e> !�Al�;�����<��YG���;�R��	 	���"��u����"��e= �@�IY]"���������!��
"�������!�� �@���;����> !��<�e> �M> J��@!�Al�;��������=@"N�����e> �����VY�!�"�A?�

1 − ψ(s, w)D #_s8��������Y]"���������!��k��>$A?���e= �W= � ��o<=@�
	.�����l>@���@��= ����!������;����
��l> �V���BY`!�"�A?� {s : |<s − 1| < K/D2} × W !��

D
����������> J��@!�Al�;��������= "�> ���

	���"���A?O���"����9#T~0�;��������A?���<�9UT>@���@�M���n�9!��@�?�;�<����"�A?J�>$�����;"��|�;��������Y`�����;����A?���<�V> J�A?!��<��"�J|ob=@�l�����M	@����=@> !�q
o<=������[qG�;�<����"������V�7CH��>$A?���������<�?	�����> �t	.�����:#2�2� ��!��;�����<�l�����V��"�!������9!��@���9U0�@!�=@�l!�K �����@!��@�l����	 "�!�	 "��;J���J
US(s, w)

>@���@��= �
�b!������;����
��M> !��<�����������;�;���M������>fCD!�"�>$"��
1/D2

ST!�= �����4�����4�������;g������IY`!��@������!�� �@���<�4	���"����mob=@��������	@����=@> !�q�o<=������[qG�;�<�b��"������4��!�"�"�����	.!��@> ���<��X�= ��> J���!�=$q
	���
������ > ��=$EÉ!�=É��"�!����?	���"��������B"�J�
:= �;��O�"����t> �
�GCD�FE$J���= ����!��7#R�2�ß�������9gb���<�B>fCDJ���=@>$����"|�GCDJ�ob= �;�:�������<�|>$=
	���"���A?O���"��

N
> ���I	.!��;g��@��A?����\]�b!��;"I���@J�!�"�O�A?� ð:ð ^FU �GCD!�	.J�"�������= "N��= �;�:���<�e��	 	���"��u���e������= "����;����A?���<�

Gs−pw ◦ Gs−(p−1)w ◦ . . . ◦ Gs−w.

s8��������!�	.J�"�������= "���!�"�"�����	.!��@>n>fCH���;�;����= "��eXm���m����"�����!��t!�	.J�"�������= "�> �N������J�"����4
�J��@J�"�����"������M������!<����J���X
N
#
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�z�G�by	��t4�9�	wzy

ρ
¡>�Gujv�}~wzy�t4}�¯=�GvU���Ulj{|wzy\�zw��9�Uv	xQw�����{0¡gt4��v7ª
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r �Guby�¡jv	�Guj�!�G�by�{et4���9��w��*t4�9��}~wÉ�Ulbxz�Gv	£�{|w a ¤ºw���w@]5¡j}��~�����	�G�by�}~wzy��z�G�byU��t4�9�	wzy
n0
§
K

w��
θ
ª�²Bwzy

�jw�u&]|¡jv	w�{0�~w�v	y±v	xzyUuj}���t4�	y±y��G�9�±�jwzy�v	xzyUuj}���t4�	y±��}^tGy	y	�~�!ubwzy±�!ub�gy	w��jx�{|�G�9�Uv	w��9�q�Uv	£zyqt4�~y	x�{|w��9�T_�¡gt4vU�U��vq�jwzy
�Uv�t7��t4u&]D�jw � tDq!w�vZ� � tDq ��c�� ª r �Guby#�b�Guby1�z�G�b�zw��9�Uv	�G�by��j�G�b��yUujv#}~wzy#�	v	�G�~yU�~£�{|w�w��1�9ugt4�UvU�~£�{|w�tGy�y	w�vU�U�~�G�by7ª²Bt�¡jv	w�uj�!w��!ubw��b�Guby]¡jv	�G¡>��y	�G�gy�wzyU� © tGy	xzw�yUujv1�jw�u&]Dv	xzy	uj}���t4�	y1¡jvU���b����¡gt4u&]�ª!²fw�¡jv	w�{0�~w�v±wzyU�]uj�|v	xzyUuj}���t4�
��}^tGy	yU�~�9ubw���¤8 \�gt4}�q�y	w ¸ �G�b���U�~�G�j�bw�}�}~w��!ub�*�5���±�9ubw��jw�u&]e�G¡>x�v�t4�	w�ujv	yq¡jv	�9��lbwzyqw��e�b�GvU{|w��G�9�±�jwzy±y	¡>wz���Uv	wzyx�¯!t4}~w�{|w��9�Q¡jv	�9��lbwzy7ªf²fw|y	wz�z�G�b�Év	xzyUuj}���t4�r{|�G�9�Uv	w|�9ubwD}^t;¡jv	�G¡jvU�~x��	x0�N�GvU�	w0�jw0�z�G���Uv�tG���U�~�G�Iw����Uv�t$Ü~�bw0}^t
�z�G�9�!w�vU¯=w��b�zwQw����b�GvU{|wQ�jwzy��G¡>x�v�t4�	w�ujv	y��Uv	�G�b�9ubxzy��=w�v	y�}�¤´�G¡>x�v�t4�	w�ujv��jw��Uv�t4�byU�Nw�vU�7ª

ÒVÓªÔUÓ � Ê9ºS�5×pØS»���áo�Iº^âJ� Ãn�Iº^º^�<×n×X�
£ �G��� (B, || ||) uj��w�y	¡gtG�zw��jwwÌXt4�gtG��l��z�G{0¡j}~w@]5w�w��

G
uj���G¡>x�v.t4�	w�ujv��9uj�ft4¯�����yUujv B ª5²fw�yU¡>wz���Uv	w��jw

G
wzyU�q�b�G�	x £ ¡ G ª £ �G�Ë� λ uj�bw\�Gt4}~w�ujvq¡jv��G¡jv	w��jw G

w��
C = C(λ, r)

uj�¢�zw�v	��}~w��jw\�zw��9�Uv	w
λ
w��X�jw\v�tDq=�G�

r
�!uj�#�~y	�G}~w

λ
�5uÉv	wzyU�	wD�5uÌyU¡>wz���Uv	w�ª��1�É¡gt4vU�U�~��uj}��~w�v7§

r
y.t4�U�~yL��t4���

r < d(λ, £ ¡ G\{λ}) ª�²fwzy��z�G�byU��t4�9�	wzy
αC(G)

w��
βC(G)

�jx@�b�j�~wzy�¡*t4v
αC(G) := sup

z∈C
||(G − zI)−1||, ¹ ¤5ª ² ¼

βC(G) := max

{
1

2αC(G)
,

1

2rα2
C(G)

,
1

8r2α3
C(G)

}
,

¹ ¤5ª Î ¼
�L�Gugw����Duj�ºv�¢G}~w¢�zw��9�Uv�t4}��bt4�byD}^tÉyUuj���	w�ªV�1}�}~wzy0���9�	w�vU�9�~w��j�bw��9�e��¤°t © �Gv	���bt4�byD}~w¢v	xzyUuj}���t4�D�N�G�b�bt4{|w��9��t4}
yUuj����t4�9�7ª
�16�hIhI6¨+ÍHN®G�.g

G
i�g

G̃
k�i@¯GT�®#·�´@h�d gni@¯�h#mWm#¯JhWj P i#mn·&d °#i-kRiao`d ­ d ° Ñ

(B, || ||) ¨ Hf¯D· ·
®�m�® ­ m'¶�¯�i
λ

i#m�g
¯ ­ i ç d�j�i@¯�h3·fh�®#·fh�i*m.�~é`·Nj�i'i�gX�ªm�®�j�´�i'kRi

G
d�m#m�®Q°��X´�i0d�¯ ç i�°�gni@¯Jh3·fh�®#·fh�i

φ
i�gL·&®�m�® ­ m

C = C(λ, r)
¯ ­°#i@h�°�j�i'¶�¯����ªm�®�j�i

λ
k�¯�h�i#m@gniWk�¯!mX·�i�°Dg.h�i ¨ Hg�

G
i�g

G̃
m�d+gN�ªmªñ�® ­ g ||G − G̃|| ≤ βC(G) ³ d�j�®�h#m(j P ®#·�´@h�d+gni@¯Jh

G̃
d k+é'i�g^¯ ­ i�¯ ­ �p¶�¯�i ç d�j�i@¯JhZ·fh�®#·Nh�i�m.�~é`·Nj�i

λ̃
m0j P � ­ gn´�h.�Xi@¯Jh(kRi

C
¶�¯9�Um�d+gN�Ym~ñ�d��~g

|λ̃− λ| ≤ 2r · αC(G) · ||G̃[φ] − G[φ]||
||φ||

¹ ¤5ª6¤=¼
≤ 2r · αC(G) · ||G̃ − G||. ¹ ¤5ª6Ù=¼

²BtÉ�z�G�b�5���U�~�G� ||G − G̃|| ≤ βC(G)
��{0¡j}��~�9ubw�§S_¨�Uv�t7�!w�v	yD}^t¥�bx#�g�j���U�~�G���jw

βC(G)
§%�Uv	�G�~y0�z�G�b�5���U�~�G�by

tDq9t4�9�ruj�»� © �Lwz���U�Ë� © �~w��I¡jv	xz���~y7ªB²Bt�¡jv	w�{0�~£�v	w¶�z�G�b�5���U�~�G�ÃtGy	yUujv	w|�9ubw0}~w|�zw�v	��}~w
C
�bwe�z�G�9�U�~w��9�S¡gtGyQ�jw

�Gt4}~w�ujv�¡jv	�G¡jv	wa�jw
G̃
ª*²Btey�w��z�G�b�bwS�z�G�b�5���U�~�G�É�Ë{0¡b}Ë�~�9ubwa�!ubw

λ̃
wzyU�\}�¤ uj�j�~�!ubwS��t4}~w�ujv\¡jv	�G¡jv	wa�jw

G̃
�bt4�by

C
ª ¸ ���gt4}~w�{|w��9�7§���}>wzy	�±¡>��y	yU� © }~w��jw�v	w�}��~w�vX}~wzyq�jw�u&]¶wzyU¡gtG�zwzyq¡jv	�G¡jv	wzy�tGy	y��!���~xzyZ_ λ w�� λ̃ t7�!wz��}^tS�jw�vU�j�~£�v	w�z�G�b�5���U�~�G�fª
²Bw�}~w�{0{|wr¡jv	xz�zxz�jw��9�\wzyU��uj��v	xzy	uj}���t4����}^tGy	yU�~�9ubw���¤°t4�gt4}�q�y�w����G�b���U�~�G�j�bw�}�}~wQ�9ubw�}�¤´�G��¡>w�uj��v	w��Uv��Guj�=w�v

�bt4�byB}~w]}�����v	w\�8 �²f² b&a�� ª ¥ }={|�G�9�Uv	w��9ubw]}^t����G���=w�vU¯=w��b�zw±w��Q�b�GvU{|w���¤´�G¡>x�v�t4�	w�ujv	y:��{0¡j}��~�9ubw1}^t��z�G�9�!w�v	¯=w��g��ww���{|�9�5uj}~wr�jwzy��Gt4}~w�ujv	y�¡jv	�G¡jv�w�y��~y	�G}~xzwzy7ª
 Î}^ta¡jv	�9��lgt4���bwQy	wz���U�~�G�f§5�b�Guby�{|�G���Uv	�G�by��!ubw�}~wzy��G¡>x�v�t4�	w�ujv	y
�Uv	�G�b�9ubxzyr�z�G�9�!w�vU¯=w��9�r�!w�v	y�}�¤´�G¡>x�v�t4�	w�ujvS�jwD�Uv�t4�byU�Nw�vU�QtGy�y	�9���~x0w��9�Uv�t$Ü~�gt4�9�Q}^t;¡jv	w�uj�=w|�5uÌ�Ulbxz�Gv	£�{|w a ¤5ª
r �Guby�uj�U��}��~y	w�v	�G�by\t4uby	y	��}~w�}~w�{0{|wr¡>�Gujv�}~w��7t4}~��uj}B}^tD�z�G�byU��t4���	wr�jw�u\w��by	}�w�q ¹ ���Uªjy	wz���U�~�G��¤5ª6¤5ª ± ¼�ª
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áo�7Æ+�+�<���<ºl��â&�Iºl��ÆR��âJ�+�5ºl���f»
¸ �O]5�G�by�uj���G¡>x�v�t4�	w�ujv G : A∞(DS) → A∞(DL)

ªj²fwzy��Gt4}~w�ujv	y�¡jv	�G¡jv	wzy��b�G���9uj}�}~wzy��jw�}�¤´�G¡>x�v�t4�	w�ujv
�Uv	�G�b�9ubx

Gn = πn ◦ G
w����zw�}�}~wzyr�jwa}^t¶{et4�UvU�~�zw Mn

y	�G�9���~�jw��9�U�~�!ubwzy'ª £ w�}~�G�Ì}~wa}~w�{0{|wD¡jv	xz�zxz�jw��9�7§���}y	u&�|�X�j�G�b���jw\{|�G�9�Uv	w�vX}^tS�z�G�9�!w�vU¯=w��b�zw�w��;�b�GvU{|w��jw
πn ◦Gn

�=w�v	y
G
¡>�GujvX¡jv	�Guj�!w�vX�9ubw\}^tQ{|x��Ulb�9�jw

[�¸ s
�z�G�9�!w�vU¯=w�ª � ¤´wzyU�|}�¤´� © �Uwz���U�Ë�r�5u�}~w�{0{|w�yUuj���Gt4���e�!uj���bxz�zwzy	yU���	w�}�¤ l�q�¡>�G�Ulb£zy	w BFC ª Ê �bw�¡jv	w�uj�!wv	wzy	�Uv	w����9�	w�t4u��7tG�5v	w��jwzy±�Nv�tG���U�~�G�byX�z�G���U���9ubwzyX¡>w�uj��t4uby	yU��µ��Uv	w��Uv	�Guj�!xzw��bt4�by;�8u�w�� b�Î+� t7�!w����jwzyXwzyU¡gtG�zwzy
���G�b���U�~�G�j�bw�}~y�}~x�¯=£�v	w�{|w��9�\�5�O}�x�v	w��9�	y7ª
��69h»h�6¨_ÍH�®G�~g

G : A∞(DS) → A∞(DL)
¯ ­ ®#·�´@h�d+gni@¯Jh!kRi ­ ®�h@é0i ||G||DS ,DL

d ç i�°
DS

i�g
DL°�® ­ °�i ­ g.h.�p¶�¯�i#mti�g

DS ( DL
¨�Ó jO®+h�mwj P ®#·�´@h�d+gni@¯Jh

G
d-kRitò�® ­�­ i@m�g.h�® ­ °�d g.¯�h�i@m ³

||πn ◦ G − G||DS
≤ ||G||DS ,DL

RL

RL −RS

(
RS

RL

)n+1

.

Hf¯D· ·
®�m�® ­ m0kRi;·fjÚ¯Rm>¶�¯ P �ªjBiUTG�ªm@gni0¯ ­ g.h æ m(è�h�d ­ kGkG�Ym�¶�¯�i
DXL

°�® ­ °#i ­ g.h.�p¶�¯�i-d ç i�°
DL

ç ´@h�� MBd ­ g
DS (

DL ( DXL
i�gUgni�j�¶�¯ P ¯ ­ �~gn´�h�´

k
kRi

G
m�d+gN�ªmªñ�dG�.g

G(A∞(DS)) ⊆ A∞(DXL)
¨*Ó jO®�h#mS·
®�¯Jh;gX®�¯Jg ç i�°Dgni@¯Jh

·Nh�®#·fh�i
φ

kRi
G ³

||πn[φ] − φ||DS

||φ||DS

≤ ||φ||DXL

||φ||DS

· RXL

RXL −RS

(
RS

RXL

)n+1

.

ÔQ2E6�8f<>6bÕ1·#�Gujv
f ∈ A∞(DS)

§�}~w
ie
�z�9w@�e���~w��9�

ai
�5u»�jx��=w�}~�G¡j¡>w�{|w��9�0�jweÖ%tDq9}~�Gva�jw

g := G[f ]
w��

x0
y�t4�U�~yL��t4���7§5t7�=wz��}^tr�N�GvU{Suj}~w��jw � t4ub��l�q=§�}�¤ ���bx�¯!t4}����	x

aiR
i
L ≤ ||g||DL

ª � t4���9�	w��gt4�9�7§5}^tQ¡jv	�G¡jvU�~x��	x BFCw��9�Uv�t$Ü~�bwr}~wzy����bx�¯!t4}��Ë��x�y\y	uj���Gt4�9�	wzy7§
||πn[g] − g||DS

≤ ||g||DL

∑

i>n

ai|z|i

≤ ||g||DL

∑

i>n

(
RS

RL

)i

= ||g||DL

RL

RL −RS

(
RS

RL

)n+1

.

²Bw¢¡jv	w�{0�~w�v|v	xzyUuj}���t4�|�9�~w��9�|�5��v	wz���	w�{|w��9�¶�jw¢}^tÉ�jx@�b�j���U�~�G���jw ||G||DS ,DL

ª]·%�Gujv|}~w�y	wz�z�G�b�Ãv	xzy	uj}���t4�7§
��}]��t4uj�rv	w�{et4v	�9ubw�vS�!ubw0�	�Guj�	w0���G�b���U�~�G�I¡jv	�G¡jv	w

φ
t4¡b¡gt4vU�U�~w��9�*_ A∞(DXL)

¡juj�~ySt4¡j¡j}��~�!ubw�vQ}^t�{|µ�{|w
�jx�{et4v	��lbwat7�=wz�

RXL
t4u�}��~w�u��jw

RL
ª

²Bwzy\y�q5yU�	£�{|wzy\�&q9�gt4{0�~�9ubwzy��jwzy�t4}�¯=�GvU���Ulj{|wzy���¤8�]ub��}��~�jwa��}^tGy	yU�~�9ubw�§g�zw��9�Uv	xSw�����{0¡gt4��v�y�t4�U�~yL���G�9��}^t0¡jv	��x
¡jvU�~x��	x BFC ªg²fwzy��G¡>x�v�t4�	w�ujv	y��jwQ�Uv�t4�byL��w�vU��tGy�y	�9���~xzy�tG�5{|w��U�	w��9���j�G�b�Q�	�Guby��jw © �G�j�bwzy\�Uv	�G�b�7t4�Uujv	wzy�w��}^tD{|x��Ulb�9�jw [�¸ s�y7¤°t4¡j¡j}��~�9ubwQt4}~�Gv	y/_Dw�u&]�ª
ÒUÓªÔVÓªÔ × �<»�­E��Æ ���®�
�+Æ �f»

θ Ø K
���

n0

r �Guby\v	w��	�GujvU�b�G�by�{et4���9�	w��gt4�9�w_|}�¤´�G¡>x�v.t4�	w�ujv��jwQ�Uv�t4�byL��w�vU�
Gs,A

w��\�b�Guby��z�G�byU�~�jx�v	�G�by�uj�bwQ�Gt4}~w�ujv
¡jv	�G¡jv�w\yU��{0¡j}~w

λ
�~y	�G}~xzw\�5u¶v	wzyU�	w\�5u;y	¡>wz���Uv	w�¡gt4v±uj�;�zw�v	��}~w

C = C(λ, r)
ª9²Btr�b�GvU{|w ||Gs,A||DS ,DL

wzyU�
{et$�U�Gv	xzw�¡gt4v

δ(s,A, DL)
ª £ ��}^tS¡jv	�G¡jvU�~x��	x BFC wzyU�X�=x�vU�O�gxzw�§5}�¤´w��9�U�~w�v n0

wzyU�X}~w�¡j}�uby�¡>w��U����w��9�U�~w�v
n
�	w�}

�9ubw

δ(s,A, DL)
RL

RL −RS

(
RS

RL

)n+1

≤ βC(Gs,A).
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£ w�}~�G�a}~w±}~w�{0{|wq¡jv	xz�zxz�jw��9�7§4¡>�Gujv%�	�Guj� n ≥ n0
§'}~wzy%�G¡>x�v�t4�	w�ujv	y#�Uv	�G�b�9ubxzy

πn◦Gs,A
¹ w��%}�wzy%{et4�UvU�~�zwzy

MntGy	y	�9���~xzwzy.¼:tG�5{|w��U�	w��9�]uj�bw±uj�j�~�9ubw±��t4}~w�ujv%¡jv	�G¡jv	w
λn

_�}�¤ ���9�	x�vU�~w�ujv1�jw
C
�9uj��y.t4�U�~yL��t4��� |λn−λ| ≤ Kθn+1t7�!wz�

K = 2r · αC(Gs,A) · δ(s,A, DL) · RS

(RL −RS)
,

w��
θ =

RS

RL
.

£ ��}^tÉ¡jv	�G¡jvU�~x��	x BT FC wzyU�|�=x�vU�O�gxzw�§1}�¤´w��9�U�~w�v
n0

v	wzy	�	w�}~w�{|µ�{|w�{et4�~y|}~wzye�z�G�byU��t4���	wzy
K
w��
θ
y	�G�9�

�j�G�j�bxzwzy�¡gt4v

K = 2r · αC(Gs,A) · ||φ||DXL

||φ||DS

· RS

(RL −RS)
,

w��
θ =

RS

RXL
.
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�Gt4}~w�ujv	yQ¡jv	�G¡jv	wzyS�jwzyr{et4�UvU�~�zwzyS�Uv	�G�b�!ubxzwzy
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�bxz�zwzy	y�t4��v	w��jw��z�G�j�gt$Ü~�Uv	w�}~wzy±�z�G�byU��t4�9�	wzy
n0
§
K
w��
θ
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ª � w�¡>w��b�bt4�9�7§%��}qw@]��~yU�	weuj�Ãt4uj�Uv	w
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y	�G�9�

�5�O}�x�v	w��9�	y7§#}~wzy0�b�GvU{|wzyetGy�y	�9���~xzwzy0¡>w�uj�=w��9�eµ��Uv	w��z�G{0¡gt4v	xzwzyew����Uv�t$Ü~�gt4�9�|uj�bw © �GvU�bw�yUuj¡>x�vU�~w�ujv	w�¡>�Gujv
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∑
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=
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√
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ª � �G{0{|w�}^t����G�b���U�~�G�
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m∈A

1

(m+ x)2s
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w��\}~wrv	wzyU�	wQ�5u¨yU¡>wz���Uv	w�ª*·%�Gujv��zw�}^t5§g�b�Guby�uj�U��}��~y	�G�gy�}^t0�Uv�tG�zw

�jwzyX�G¡>x�v�t4�	w�ujv	y��jw\�Uv�t4�byL��w�vU�7ª�v�v	�G�Ulbw��b�5�~wz��Í;�bt4�byw�Èv�v	� ¤+¤ � tQ���9�Uv	�9�5uj����}~wzyX�G¡>x�v�t4�	w�ujv	y��5���	yX�9ub��}~x7t4��v	wzy
¹ ��¤´�Gv	�5v	w

0
¼#w��qt�{|�G�9�Uv	x\�9uf¤ ��}�y�¡>��y	y	£z�jw��9��uj�bw��Uv�tG�zw��9uj�b¡>w�uj�±µ��Uv	w���ubw��z�G{0{|w�uj�bw�¯=x��bx�v�t4}��~y�t4�U�~�G�¢�jw

}^t¶�Uv�tG�zwD�jwzy�{et4�UvU�~�zwzy7ª�²fwzy��G¡>x�v�t4�	w�ujv	yQ�jwa�Uv�t4�byL�Nw�vU�ry	�G�9����ub��}~xzt4��v	wzy ¹ ��¤´�Gv	�5v	w
0
¼ ¹ �!�G��v�¡gt4vrw@]5w�{0¡j}~w

�8î�v Ê b�Î+� ¼�w��±}~w�ujvX�Uv�tG�zw�wzy	�qx�¯!t4}~ww_r}^tSy��G{0{|w��jw\�	�Guj�	wzyq}~wzyq��t4}~w�ubv	yq¡jv	�G¡jv	wzy7ªJ�1�;¡gt4vU�U�~��uj}��~w�v7§jÖBv
G2

s,AwzyU��}^t;y	�G{0{|wD�jwa�	�Guby�}�wzy��7t4vUv	xzyr�jwzy��Gt4}~w�ujv	y�¡jv	�G¡jv	wzyr�jw
G2

s,A

ª � �G{0{|wD}�¤´�G¡>x�v�t4�	w�ujvQwzyU���b�GvU{et4}1w��
{|µ�{|w�t4ub�	��x�tG���L�G���9�X¡>�Gujv

s
v	xzw�}�§9}~wzyq��t4}~w�ujv	y±¡jv��G¡jv	wzyXy	�G�9�qv	xzw�}�}~wzyXw��X�zw�}^tSw��9�Uv�t$Ü~�bw�uj�bw\v	w�}^t4�U�~�G��w��9�Uv	w

ÖBv
G2

s,A

§j}^ta��t4}~w�ujv�¡jv	�G¡jv	wr�j�G{0���gt4�9�	w
λA(s)

w���uj�gw��jwry	wzy���t4}�w�ujv�y�¡jv	�G¡jv	wzy\y	�GubyoxÀ�j�G{0���gt4�9�	w
µA(s)

§

µ2
A(s) ≤ ÖBv

G2
s,A − λ2

A(s).

²1¤´�G¡>x�v�t4�	w�ujv
G2

s,A

wzy	�±}^tay	�G{0{|w���¤´�G¡>x�v�t4�	w�ujv	y��jw�}^tr�N�GvU{|w
L[f ] = |h′|s · f ◦ h ��¡ h wzyU�quj�bw © v�t4�g��lbw���9�!w�v	y	w��jw�¡jv	�4�N�G�b�bw�ubv

2
�jw A2 ª � wzy±�G¡>x�v�t4�	w�ujv	yXy	�G�9�±�z�G�j�9ubyqy	�Guby1}~w��b�G{æ��¤´�G¡>x�v�t4�	w�ujv	yX�jw��z�G{0¡>��yU�Ox

�U�~�G�¶w���}~w�ujvqyU¡>wz���Uv	w�t�x��	x�}^t4vU¯=w�{|w��9�qx��Uub�5�~x�¡gt4v £ lgt4¡j��v	�S�bt4�by/� £ lgt c+²�� ªR�]�¢t4¡j¡j}��~�9ugt4�9�qy	wzy1v	xzyUuj}���t4�	y'§yU�
h = hi ◦ hj

t7�=wz�
(i, j) ∈ A2 §5}~w�yU¡>wz���Uv	wr�jw L

wzyU��w@]btG���	w�{|w��9��ub�bw�yUuj���	w�¯=xz�G{|x��UvU�~�9ubwQ�jw�}^tS���GvU{|w
{τ−2s−2n

i,j : n ≥ 0} t7�!wz�

τi,j =
1

2
(ij + (i2j2 + 4ij)1/2 + 2).

aD±+b
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¸ ���gt4}~w�{|w��9�7§>t7�=wz��}^ta¡jv	�G¡jvU�~x��	xQ��¤°tG�j�5���U�������	xQ�jw�}^tD�Uv�tG�zw�§j}^tD�Uv�tG�zwr�jw G2
s,A

y�t4�U�~yL��t4���

ÖBv
G2

s,A =
∑

i,j∈A

τ−2s
i,j

1 − τ−2
i,j

.

�1��xz��vU���Gt4�9��ÖBv
G2

s,A − 2ζA(2s, β)2
y	�Guby�}^ta���GvU{|w�y	uj���Gt4�9�	w�§

ÖBv
G2

s,A − 2ζA(2s, β)2 =
∑

i,j∈A

τ−2s
i,j

1 − τ−2
i,j

− 2

(i+ β)2s(j + β)2s
,

�b�Guby�{|�G�9�	v	�G�by±¡gt4v±�jw�yU��{0¡j}~wzy±�7t4}~��uj}~y±�9ubw���lgtG�!ubw��	w�vU{|w�wzy	�1�bx�¯!t4�U�Ë�U§9t4uj�Uv	w�{|w��9�X�5���±�9ubw�}^t�v	w�}^t4�U�~�G�
y	uj���Gt4�9�	wrwzyU���!x�vU�O�gxzw�§

ÖBv
G2

s,A − ζA(2s, β)2 < ζA(2s, β)2.
²:tQv	w�}^t4�U�~�G��w��9�Uv	w\}^tQ�Uv�tG�zw�§9}^tQ�Gt4}~w�ujvq¡jv	�G¡jv	w��j�G{0���gt4�9�	w�w��quj�bw��jwzyq�Gt4}~w�ujv	yq¡jv	�G¡jv	wzyXy��GubyoxÀ�j�G{0���gt4�9�	w
�z�G{ © ���bxzwSt7�!wz��}�¤´w��b�7tG�5v	w�{|wz�9���jw�}^tD�Gt4}~w�ujv�¡jv	�G¡jv	w

λA(s)
w��9�Uv�t$Ü~�bwr}~w�v	xzy	uj}���t4��yUuj����t4�9�7ª

��69h»h�6��*� O i;m�d�¯&gSmX·�i�°�g.h�d�j
·&®+¯�h�j�i#m)®#·�´@h�d+gni@¯Jh#m*kRi(g.h�d ­ mªñDi@h�gBi#m�g5·fjÚ¯Rm/è�h�d ­ k-¶�¯�i
2rA(s)

d ç i�°
2rA(s) := ζA(2s, β) −

( s�h
G2

s,A − ζA(2s, β)2
)1/2

i�g
β = (1

2)(mA − (m2
A + 4)1/2)

¨
²�¤´wzyU�U��{et4�U�~�G�¨�5u�y�t4uj��yU¡>wz���Uv�t4}f¡>w�uj��µ��Uv	wQt4{|x�}��~�Gv	xQyU��}�¤´w��b�7tG�5v	w�{|w�����t4{|x�}��~�Gv	xQ�jw

λA(s)
wzyU��uj�U��}��~y�x�ª

{®��v	yU���j¯�� {®��v �$Î+� t0{|�G�9�Uv	xS�9ubwr}^t|�z�G�byU��t4�9�	w
γG

y�t4�U�~yL��t4���
0.3020 ≤ |γG| ≤ 3043

ª � �G{0{|wQ}^t0��t4}~w�ujv
¡jv	�G¡jv�w��j�G{0���gt4�9�	w��bw

G1
w�y	�

1
§5w��¢uj�U��}��~y�t4�9�X}^tS�Uv�tG�zw�§5�b�GubyX� © �	w��b�G�by |γG| − |µ| ≥ 0.18959

��¡
µ
wzyU�

uj�bw��jwzy��Gt4}~w�ujv	y�¡jv	�G¡jv	wzy�y	�GubyoxÀy	�Guby�xÀ�j�G{0���gt4�9�	wr�jw
G1

ª r �Guby�t4{|x�}��~�Gv	�G�by\t4���byU��}~w�¡jv	xz�zxz�jw��9��v	xzyUuj}���t4��z�G�j�9u�¡>�Gujv�}~w�y.t4uj��yU¡>wz���Uv�t4}%t4uj�	�Gujv��jw
γG

�9uj�fx���t4��� |γG| − |µ| ≥ 0.031
ª

ÒUÓ�ÞSÓ�Þ ç �7ÆR���5×nÃp���¬»�¾SÆ9�S�<»!�<»4­^�5â&�<»��S�ÉÖ���ÆR�SØ
r �Guby1t7�!�G�by#�jxÝ��_��5���]�!ugw±}^t��z�G�byU��t4�9�	w αC(Gs,A)

t\uj�bwq�N�GvU{|wX��}~��y	wZ¤5ª � �j£zy]�!ubwq}�¤´�G¡>x�v�t4�	w�ujv
Gs,Awzy	���g�GvU{et4}�ª>²fwzy��G¡>x�v�t4�	w�ujv	y��jwS�Uv�t4�byL�Nw�vU���bwSy	�G���\¡gtGy\�b�GvU{et4u&]¨y	ujv\}~wzy�wzyU¡gtG�zwzy A∞(D)

{et4�~y\��}~y\}~w
y��G�9��yUujv1uj�;t4uj�Uv	w�wzyU¡gtG�zw\t4¡j¡>w�}~x\wzyU¡gtG�zw��jw\u�t4v	�&q"�8î�v Ê b�Î+� �b�G�	x Hs,A

ª!·%�Gujv
x ∈ R

§
Px

wzyU�1}~w��jw�{0�Ox
¡j}^t4�

Px = {z : <(z) > x} ªf²1¤´wzyU¡gtG�zwe�jwWu�t4v	�&q Hs,A
wzyU�Q�z�G{0¡>��y	x|�jwzy��N�G�b���U�~�G�bySt4�gt4}�q��U�~�9ubwzyQyUujv

P−mA/2
§ © �GvU�bxzwzyXyUujv±�	�Gubyq}~wzyq�jw�{0�Ox�¡j}^t4�by

Px
t7�!wz�

x > −mA/2
w��q�9uj��tG�5{|w��U�	w��9�X}^trv	w�¡jv	xzy	w��9��t4�U�~�G�

���9�	x�¯�v�t4}~wQy	uj���Gt4�9�	w�§

f(z) =

∫ +∞

0
ts−

1
2 e−tzφ(t)dνA(t),

t7�!wz�
dνA(t) =

∑

n∈A

e−ntdt
w��

φ ∈ L2(νA).

� uj�j�B�jw�}^tD�b�GvU{|w
||f ||2<s,A> =

∫ +∞

0
|φ(t)|2dνA(t),

}�¤´wzy	¡gtG�zw Hs,A
wzy	��uj��w�y	¡gtG�zwr�jwwÌ�t4�gtG��lfª

¥ }>w@]5�~yU�	w��jwzyqv	w�}^t4�U�~�G�by�x��Uv	�G���	wzy�w��9�Uv	w�}~wzyXwzyU¡gtG�zwzy Hs,A
w�� A∞(DS)

ª�·%�Gujv A = H §�Ì�t © w��
Í!�-�8Ì�t © �����
w�� � tDq!w�vE� � tDq c&a@� �G�9�:¡jv	�Guj�=x±�9ubw1}~w��z�G{0¡>�GvU�	w�{|w��9�]�jw Gs

w�y	�:�z�G{0¡gt4v�t © }~wqyUujv Hs,A
w��%yUujv A∞(Ds)

ª
� w�¡>w��b�bt4�9�'§>}~w�ujv	y\{|x��Ulb�9�jwzy��bway	wQ¯=x��bx�v�t4}��~y	wS¡gtGy���tG����}~w�{|w��9��t4uÉ�7tGy���¡ A 6= H ª r �Guby��j�G�j�b�G�by��~���uj�bw�{|x��Ulb�9�jwQ�5�O}�x�v	w��9�	wr�9uj��uj�U��}��~y	w�}~wzy�¡>�G}�q9��¢G{|wzy��bw�²Bt4¯�ubw�vUv	wQ¯=x��bx�v�t4}��~y	xzy7ª

aD±&a
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i�°�g.h�d+j�i#m
�16�hIhI6��5è J ®�¯Jh(gX®�¯&gB°�®�é/·fj�iUTRi

s
gni�jl¶�¯
i

δ(s,A, DL)
°�® ­�ç i@hpèRi ³nÀ� p j P ®#·�´@h�d+gni@¯Jh'k�iWg.h�d ­ m~ñ�i@h�g

Gs,A : Hs,A → Hs,A
i#m@g`°�® ­ K@¯�è�¯�´em"¯ ­ ®#·�´@h�d gni@¯�h0� ­ gn´Xè�h�d�j�éq�~jUi@m@g

­ ®+h#é'd�j7i�gSd�¯&gX®GÝod kLK�®G� ­ gf·
®�¯�h�kRi#m ç d�j�i�¯�h#m;h�´�i@jµmwkRi
s
¨>êB­ ·
d�h@gN�p°�¯Jjë�Xi@h ³ ·
®�¯Jh s h�´�i�j ³ j�i3mX·�i�°�g.h�i(kRi

Gs,A
i#m@gEh�´�i@j ¨

nÀ��� p O iwmX·�i�°Dg.h�i*k�i
Gs,A

m#¯Jh Hs,A
i�gSm@¯�h A∞(DS)

m�® ­ g^j�i@mwéeì@é0i#m ¨
nÀ���)� p HN®G�.g

D
¯ ­ kG�ªm�¶�¯�i;� ­ gni@h@é0´�kG�.d��ªh�i�k�i�°#i ­ g.h�i

x0
i�gwkRi-h�d å ® ­

R
d ç i�°

RS < R < RL
i�g
f¯ ­ iBñ�® ­ °DgN�.® ­ k�i A∞(D)

¨:J ®�¯JhtgX®�¯&gBm�®�¯�m.Ý�i ­ m�i�é'ò�j�i A ⊂ H ³ jOd;ñ�® ­ °DgN�.® ­
Gs,A[f ]

d#· ·
d�h�gN�Xi ­ g
m Hs,A

¨
nÀ� ç p�í ®�¯�m(kR´NM ­ �Ym#m�® ­ mE·
®�¯�h(gX®+¯Jg

R
d ç i�°

RS < R < RL ³ j�i#m(g.h�®G�ªm(°�® ­ m@gXd ­ gni@m
κ1 ³ κ2

i�g
κ3

·
d�h
κ1 = ζA(2s, x0 −R), κ2 = Γ(2s) · ζA(2s, 2(x0 −R)),

¹ ¤5ª � ¼

κ3 =
∑

j≥0

(
RS

R

)j
(

j!

Γ(2s+ j)

(γjRS)2s

γ2s
j − 1

+
ζA(2s, 0)

Γ(2s)2

)1/2 ¹ ¤5ª c ¼
d ç i�°

γj = ex0/(j+1) ¨�Ó jO®�h#mwj�i#mr� ­ ´Xè d+jë�.gn´#mwm#¯�� ç d ­ gni#mwm�® ­ g ç ´�h.� MB´�i#m ³
||Gs,A[f ]||D ≤ κ1 · ||f ||DS

,
·
®�¯Jh

f ∈ A∞(D)
¹ ¤5ª aDb ¼

||f ||D ≤ κ2 · ||f ||<s,A>,
·&®�¯Jh

f ∈ Hs,A
¹ ¤5ª a+a ¼

||Gs,A[f ]||<s,A> ≤ κ3||f ||D,
·&®�¯Jh

f ∈ A∞(D)
¨ ¹ ¤5ª aD± ¼

 B��t4�9���jw�¡jv	�Guj�!w�v�}~w�}~w�{0{|w�§5�g�Guby�w@]5¡j}��~�9ub�G�by����G{0{|w�������}��z�G�b�5uj���/_auj�bw�wzyU�U��{et4�U�~�G���jw
αC(Gs,A)

ª
� �G�byU�~�jx�v	�G�by�}~wS�zw�v	��}~w

C
�jwS�zw��9�Uv	w

λA(s)
w����jwQv�tDq!�G�

rA(s)
�j�G�j�bxat4u¨}~w�{0{|w a+a w��`�
]j�G�by

z ∈ C
ª

²fwzy��jw�u&]¢���b��}�ubyU�~�G�by
Gs,A[A∞(DS)] ⊂ A∞(D),

w��
Gs,A[A∞(D)] ⊂ Hs,A,

�z�G{ © ���bxzwzy�t7�=wz��}^tav	w�}^t4�U�~�G�

z(Gs,A − zI)−1 = (Gs,A − zI)−1Gs,A − I

w��9�Uv�t$Ü~�bw��9��}~wzy��jw�u&]¢���bx�¯!t4}����	xzy
|z| ||(Gs,A − zI)−1||DS

≤ κ1 · ||(Gs,A − zI)−1||D + 1,
¹ ¤5ª aD² ¼

|z| ||(Gs,A − zI)−1||D ≤ κ2κ31 · ||(Gs,A − zI)−1||<s,A> + 1.
¹ ¤5ª a�Î ¼

� t4���9�	w��gt4�9�7§b}�¤ �G¡>x�v�t4��w�ubv Gs,A
wzyU���b�GvU{et4}ByUujv Hs,A

yU� © �~w����9ubw

||(Gs,A − zI)−1||<s,A> =
1

d(z, £ ¡ Gs,A)
=

1

rA(s)
.

¸ ���gt4}~w�{|w��9�7§*t7�!wz��}~wzyX���GvU{Suj}~wzy/¤5ª aD² w��/¤5ª a�Î §b}�¤ ���bx�¯!t4}����	x

||(Gs,A − zI)−1||A∞(DS) ≤
1

|z|2
(
κ1 · κ2 · κ3

rA(s)
+ 1

)
+

1

|z|
wzyU�X�!x�vU�O�gxzw�ª � t4���9�	w��gt4�9�7§j}�¤´wzyU�U��{et4�U�~�G���jw λA(s)

�j�G�j�bxzwrt4u�}~w�{0{|w aDb {|�G�9�Uv	wr�!ubw��	�Guj�
z
�5u��zw�v	��}~w

C
y�t4�U�~yL��t4���

|z| ≥ ζA(2s, b) − rA(s) > 0
w��Xuj�bw�{et$�U�Gv�t4�U�~�G���jw

αC(Gs,A)
y7¤´w����jxz�5uj���7ª ¸ ���gt4}~w�{|w��9�7§byU�>�b�GubyXv	xzyUuj{|�G�by��zwzy�x���t4¡>wzyX�b�Guby�� © �	w@x�b�G�by�}~w�}~w�{0{|wQyUuj���Gt4�9�7ª

aD±+±
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rA(s)
i@m@g(j�i!h�d å ® ­ k�´)M ­ �(d�¯�j�i�été'i © © ³ ·
®�¯�h!gX®�¯&g(h�d å ® ­ � ­ gni�h#é0´�kG�pdG�ªh�i

R
d ç i�°

RS < R < RL
i�g\gX®�¯Jg

s
gni@jS¶�¯�i

δ(s,A, DL) < ∞ ³ �ªjSiUTG�ªm@gni0k�i#mW°�® ­ m�gXd ­ gni#m
κi

kR´)M ­ �pi@mWd�¯�j�i@été0i
©�ã ·&®+¯�h�j�i#m�¶�¯
i�jªj�i@m

αC(Gs,A) ≤ κ1κ2κ3 + rA(s)[1 − rA(s) + ζA(2s, bA)]

rA(s)[ζA(2s, bA) − rA(s)]2
.

J h�i@¯ ç i(k+¯-j�i@été'i ©�ã ª9²Bw�yX�jw�u5ï¶¡jv	w�{0�~w�v	yq¡>�G���9�	yXy��G�9�q�jx�{|�G�9�Uv	xzy��bt4�byq}�¤°t4vU�U�~��}~wt�8î�v Ê b�Î+� �jw3î=w��
Í����&x
y��G�f§Nv��G�
z't4}~w�zDw�� Ê v © t4ðby�Í���ªg²�¤ ���bx�¯!t4}��Ë��xt¤5ª�ñ b wzy	��uj�bwS�z�G�by	xz�!ugw��g��wa�5��v	wz���	wa�jwr}^t|¡jv	�G¡jvU�~x��	xQ���GvU�	wQ�jw
�z�G�9�Uv�tG���U�~�G�fª

Ö:�Guj�	w\���G�b���U�~�G�
f
�jw Hs,A

tG�5{|w��Xuj�bw�w�ï�¡jv	wzy�yU�~�G�;���9�	x�¯�v�t4}~w�ª
�]�¢uj�U��}��~y�t4�9��}�¤ �Ë�gx�¯!t4}����	xr�jw � t4ub��l�q�x
£ ��l9ä�t4vU��zSt7�!wz��}^tDv	w�}^t4�U�~�G�

Γ(s)ζA(s, z) =

∫ ∞

0
ts−1e−ztdνA(t),

}�¤ ���bx�¯!t4}����	x¹¤5ª�ñ�ñÉy7¤´� © �U�~w��9�¢�Uv	£zy;��tG����}~w�{|w��9�7ª�²Bt»¡jv	w�uj�=wÉ�jw¨}�¤ ���bx�¯!t4}����	x¹¤5ª�ñ ± wzyU�;¡j}�uby¢�5�O�e����}~w�ª�Ö:�Guj�
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L
(p)
j (x) =

Γ(p+ 1 + j)
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j∑

k=0

j(−1)k

(
j

k

)
xk

Γ(p+ 1 + k)
.
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Gs,A[(X − x0)

j ]
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Gs,A[(X − x0)
j ](z) =

∫ ∞

0
ts−1/2e−tz
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(−x0)
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Γ(2s+ j)
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(2s−1)
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(
t

x0
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dνA(t).
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(−x0)
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Γ(2s+ j)
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0

w�� ∫ 2s/(j+1)
0 +

∫∞
2s/(j+1)
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∀j ≥ 1, ||Gs,A[f ]||<s,A> ≤ Kj
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Kj
→ RS .
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x0
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Rj |cj | ≤ ||f ||D
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||Gs,A[f ]||<s,A> ≤ κ3 · ||f ||D
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∑

j≥0

Kj

Rj
.
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ζA
ª r �Guby�t7�=�G�by'§

Gs,A[(X − x0)
j ](x) =

∑

i∈A

1

(m+ x)2s
(

1

m+ x
− x0)

j .

�]�Ì�jx��!w�}~�G¡j¡gt4�9�ry	w�}~�G�É}^t|���GvU{Suj}~wD�5u © ����¢G{|w�§�uj�bwDy	wz�z�G�b�jwDy	�G{0{|w0t4¡j¡gt4v�t$Ü~�rw���w��Ìxz��lgt4�j¯=w7t4�9��}~wzy
�jw�u5ï�yU��¯��bwzy�y	�G{0{|wzy7§j�b�Guby�� © �	w��b�G�by

Gs,A[(X − x0)
j ](x) =

j∑

u=0

(
j

u

)
(−x0)

j−uζA(2s+ u, x).

� t4���9�	w��gt4�9�7§b}~w��jx��!w�}~�G¡j¡>w�{|w��9�\�jwrÖ%tDq�}~�Gv��jw�}^ta�N�G�b���U�~�G� ζA(2s+ u, x)
t4u�¡>�G���9�

x0
y�t4�U�~yL��t4���

ζA(2s+ u, x) =

∞∑

i=0

(−1)i

(
2s+ u+ i− 1

i

)
ζA(2s+ u+ i, x0)(x− x0)

i.
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Mn,i,j

�jw�}^tD{et4�UvU�~�zw
Mn

wzyU��t4}~�Gv	y��j�G�j�bx�¡gt4v

Mn,i,j = [(x−x0)
i]Gs,A[(X−x0)

j ](x) = (−1)i
j∑

u=0

(
j

u

)(
2s+ u+ i− 1

i

)
(−x0)

j−uζA(2s+u+i, x0).
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ζA
}~w�y��G�9�7ª

·%�Gujv¶�	�Gubye}~wzyew��by�w�{ © }~w�y;��}^tGy	yU�~�9ubwzy A ⊂ H �Guô�jw�{et4�j�~£�v	w¨xz�!uj����t4}~w��9�	w
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�N�G�g���	���G�!z7w���t

ζA,[c]
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∑
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3
.
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|λ(4)|.

¥ }�wzyU�¢t4}~�Gv	y;yUu&�ey.t4�9�;�jw¨�z�G�j�gt$Ü~�Uv	w¥uj�bw¨{et$�L�Gv�t4�U�~�G�½�jw�}^tI�9ugt4�UvU�~£�{|w¥�jx�vU���!xzw¥yUujv¶}�¤ ���9�	w�vU�Gt4}�}~w Ih ª²�¤°t4¡j¡j}��~�7t4�U�~�G�
s→ Gs

wzyU��t4�gt4}�>��U�~�!ubwrw���y�tD�jx�vU���!xzw
G′

s

y�t4�U�~yL��t4��� ||G′
s||DS

≤ 8
¡>�Gujv

s ≥ 0.9
ª
 \}~�Gv	y 1

||Gs − G1||DS
≤ 8|s − 1| ª?3��Gubyat4¡j¡j}��~�9ub�G�bya}~we}~w�{0{|w¥ñ98�¦B}~w¶�zw�v	��}~w

C
�jw;�zw��9�Uv	w

1
w��a�jwev�t9>!�G�

r1 = (1 − γG)/2
wzy	�Suj�Ã�zw�v	��}~w¢�!uj�q�~y	�G}~w

λ(1) = 1
ª � t4���9�	w��gt4�9� 1 yU� s y�t4�U�~yL��t4��� |s − 1| < r2

t7�!wz�
r2 = βC(G1)/8 1 }�¤´�G¡>x�v�t4�	w�ujv Gs

tG�5{|w��|uj�bw¢uj�j�~�9ubw¢��t4}~w�ujv0¡jv	�G¡jv	w��j�G{0���gt4�9�	w
λ(s)

�bt4�by
C
�9uj�

y.t4�U�~yL��t4��� |λ(s) − 1| ≤ r
t7�!wz�

r := 16r1r2αC(G1)
ª � �G{0{|w�}�¤°t4¡j¡j}��~�7t4�U�~���

s→ Gs
wzyU�\t4�gt4}�>9�U�~�9ubw 1 }^t

ñ ± ¤
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�N�G�g���	���G�

s→ λ(s)
wzy	��t4uby�yU�ft4�*t4}6>��U�~�9ubw�ªb²BtS���GvU{Suj}~wr�jw � t4ub��l4>�t4¡j¡j}��~�!ubxzwQt4u��zw�v	��}~wr�jw��zw��9�Uv	w

1
w��

�jw�v�t9>=�G�
r1
�z�G�b�5uj���\òD}^ta{et$�U�Gv�t4�U�~�G�¨�jw�}^t0�9ugt4�UvU�~£�{|wr�jx�vU���!xzw 1

sup
Ih

|λ(4)| ≤ 4!
1 + r

(r1 − h)4
.

ã\�Dw��D�jxz�5uj���]�9ubw�}^t\�jx�vU���!xzwqy�wz�z�G�b�jw
λ′′(1)

w��%¡gt4v]yUuj���	wq�9ubw
γH

w��
ρ[δ]

y	�G�9�#�7t4}~��uj}^t © }~wzy]�j£zy#�9ubw±�jw�u5ï
wzyU�U��{et4�U�~�G�by]�jw

λ(1±h) y	�G���%�z�G�j�9ubwzy 1 �zwq�!uj��wzy	�:}~w±�7tGy#t7�!wz��}^t�{|x��Ulb�9�jwXõ ¸0/ ª ¥ }!��t4uj�:v	w�{et4v	�9ubw�v#�9ubw}~wzyX�jw�u5ï;wzyU�U��{et4�U�~�G�byX�bxz�zwzy�yU���	w��9� ¹ tGy%>�{0¡j�	�G�U�~�!ubw�{|w��9�.¼X�jw�u5ï|���G�~yq¡j}�ubyX�jw�¡jv	xz����y	�~�G���9ubw\}^tQ¡jv	xz���~yU�~�G�
�b�gt4}~wDt4�U�	w��b�5ubw0t4���byU�#�!ubwS�jw�u5ï¨�7t4}~��uj}~y��jwS{et4�UvU�~�zwzy���¤°t4uj��t4�9��¡j}�uby�¯�v�t4�b�jw�ª>²BwQ�	�Guj��v	wzy	�	wQ�	�Guj�	w����G�~y
¡>�G}�>9�g�G{0�~t4}]{et4�~y�}~wS�	w�{0¡by��jwD�7t4}~��uj}]wzyU���z�G�byU�~�jx�v�t © }~w�{|wz�9�Qt4uj¯�{|w��9�	x�ªf²fwa��t © }~w7t4uÌyUuj����t4�9��v	xzy	uj{|w
}~wzy�v	xzyUuj}���t4�	y��9uj{|x�vU�~�9ubwzy�¡>�Gujv�}^tD�z�G�byU��t4���	wr�jw =\w��byU}~w	>!ª

��lj�65>v	wzy �	w�{0¡by �Gt4}~w�ujv�� © �	w��9ubwr¡>�Gujv
γH¤ ± { ² 8Gy 85ª6¤5ñDÙ"8+Ù

ñ98 � { ² 8Gy 85ª6¤5ñDÙ"8+Ù ±�Î 8 �+�
ñD¤ Î ñ�{ 85ª6¤5ñDÙ"8+Ù ±�Î 8 �+�";";";@; ñ
± 8 ± l ²+² 85ª6¤5ñDÙ"8+Ù ±�Î 8 �+�";";";@; ñ � 8 Ù � ñ

�]�auj�U��}��~y�t4�9�#}^t��jx�vU���!xzwqy	wz�z�G�b�jwq�jxÝ�	ò��7t4}~��uj}~xzwq¡>�Gujv#}^t��z�G�byU��t4�9�	wX�jw2=\w��byU}~w	> 1 �b�Guby#� © �	w��b�G�by%}^t���t4}~w�ujvyUuj����t4�9�	w�¡>�Gujv�}~t0�z�G�byU��t4�9�	w
ρ[δ] 1

ρ[δ] = δ(1 − δ)
λ′′(1) − λ′(1)2

|λ′(1)| ≈ 1.4531 · δ(1 − δ)

ÒVÓªÒUÓªÔ Ê9×XÇ7�IÆRÃp�+�^���I­Z�I¾^Æ�×X�<»��EÃn���<ºE»�Ãn�Iº^»��S��Ö¬�5¾^»��^�7Æ+à
²:tQ�5��{|w��by	�~�G�¢�jwA=�t4uby	�j�Gv-5¨�jw\}�¤´w�y	¡gtG�zw��jw � t4�9�	�Gv

CA
wzyU�±}�¤ uj�j�~�9ubw\v	xzw�}

sA
�	w�}��9ubw

λA(sA) = 1
ª

²1¤°t4}�¯=�GvU���Ulj{|wQuj�U��}��~y	w�uj��¡jvU���b����¡>wr�jw��5�~��lb�G�	�G{0�~wQw����7t4}~��uj}~w�uj�bw�yUuj���	w���¤ ���9�	w�vU�Gt4}�}~wzy\�jw�}~�G�j¯�ugw�ubv
2−k�9uj�X�z�G�9�U�~w��9�D}^t¥�5��{|w��byU�~�G�º�jwB=�t4ugy	�j�Gv-5

sA
ª � �G�byU�~�jx�v	�G�gyD}�¤ ���9�	w�vU��t4}�}�w

[uk−1, vk−1]
� © �	w��9uby|t4¡jv	£zy

(k − 1)
x���t4¡>wzy7ª�3\�Guby¢¡>��y	�G�by

wk
}~w¥{0��}��~w�u½�bw

[uk−1, vk−1]
w��¢�z�G�by	�~�jx�v	�G�by

λ̃
uj�bwÉwzyU�U��{et4�U�~�G�Îò

2−(k+1) ¡jv	£zy��jw λ(wk)
� © �	w��9ubwSt7�=wz��}^ta{|x��Ulb�9�jwQõ ¸0/ ª ¥ }C>¢tD�Uv	�G�~y��7tGy�¡>��y	yU� © }~wzy(¦

¹ ��¼¢y	�
λ̃− 1 − 2−(k+1) ≥ 0

t4}~�Gv	y
sA ≥ wk

w��
[uk, vk] = [wk, vk−1]

ª
¹ ����¼�yU�

λ̃− 1 − 2−(k+1) ≤ 0
t4}~�Gv	y

sA ≤ wk
w��

[uk, vk] = [uk−1, wk]
ª

¹ ������¼�yU���b�G�
[uk, vk] = [wk − 2−(k+1), wk + 2−(k+1)]

ª
²Bt�¡jv	w�uj�=wq�!ugw

sA
t4¡j¡gt4vU�U�~w��9�1ò�}�¤ ���9�	w�vU�Gt4}�}~w

[uk, vk]
wzy	� © tGy�x±yUujv:}^t�yU�UvU�~���	wq�jxz��v	�G�~y	y�t4�b�zwq�jw�}^t��N�G�b���U�~�G�

s→ λ(s)
t7�!wz��}�¤ ���bx�¯!t4}����	x |λA(s+h)−λA(s)| ≥ h

¹ �!�G��v/�D=�w�� ; Ù � ¼�ª9·%�Gujvquj�bw�¡jv	xz���~yU�~�G�¢�jw
d
��lj�65>v	wzy 1uj���b�G{ © v	w�}����bx7t4��v	w�w��

d
�jw��5�~��lb�G�	�G{0�~wzy\y	�G�9�X�bxz�zwzy	y.t4��v	wzy�w�����lgtG�9ubw��5�~��lb�G�	�G{0�~wruj�U��}��~y	w�uj���b�G{ © v	w

¡>�G}�>9�g�G{0�~t4}1�f¤ �G¡>x�v�t4�	���G�gyQt4vU���Ulj{|x��U�~�9ubwzyry	�G����}�¤°t4}�¯=�GvU���Ulj{|w|wzyU��¡>�G}�>��b�G{0�^t4}�ªC3��Guby�t7�!�G�by�v	xzyUuj{|xa}~wzy
�Gt4}~w�ujv	y��9uj{|x�vU�~�9ubwzy�� © �	w��9ubwzy�¡>�Gujv�}�¤´w��by	w�{ © }~w

A = {1, 2} �bt4�by�}~w���t © }~w7t4u�y	uj���Gt4�9�7ª
��lj�65�v	wzy �	w�{0¡by ��t4}~w�ujv�� © �	w��9ubwr¡>�Gujv

C{1,2}¤ ± {0��� 85ª6¤ ² ñ ±+�
ñ98 � {0��� 85ª6¤ ² ñ ±+� 8+¤"8+Ù ±
ñD¤ ± ¤4{0��� 85ª6¤ ² ñ ±+� 8+¤"8+Ù ± �+��± 8 ¤
± 8 ñ�l 85ª6¤ ² ñ ±+� 8+¤"8+Ù ± �+��± 8 ¤5ñ Î ñQÙ ±
² 8 Î l ± Ù 85ª6¤ ² ñ ±+� 8+¤"8+Ù ± �+��± 8 ¤5ñ Î ñQÙ ±�Î+Î Ù � Ù ÎJ��² Ù �
Î 8 ñ Î lfñ�ñ 85ª6¤ ² ñ ±+� 8+¤"8+Ù ± �+��± 8 ¤5ñ Î ñQÙ ±�Î+Î Ù � Ù ÎJ��² Ù ��ÎJ� ñ ��� ¤ ÎE;+² 8
Î ¤ ±+² lfñ98 85ª6¤ ² ñ ±+� 8+¤"8+Ù ± �+��± 8 ¤5ñ Î ñQÙ ±�Î+Î Ù � Ù ÎJ��² Ù ��ÎJ� ñ ��� ¤ ÎE;+² 8+¤ ; ñ<8 ;

ñ ± Ù
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Ìq�~w���w��9�	w��b�5u 1 }�¤°t4}�¯=�GvU���Ulj{|w�y7¤°t4¡j¡j}��~�!ubw�t7�=wz����¤°t4uj�Uv	wzyew��by	w�{ © }~wzy A ¡>��y	yU� © }~w�{|w��9�|���&�b�j�~y7ª1õ�w;�	w�}~y
�7t4}~��uj}~y±�G�9�±x��	x�w�5�wz���Uubxzy±�bt4�by`� / t4} ;+� © � ª=õ�t4�by1}~w�{|µ�{|w\t4vU�U�~��}~w 1 }^t�{|x��Ulb�9�jw\õ ¸?/ trt4uby�yU�bx��	x�uj�U��}��~y	xzw¡>�Gujv��jwzy��z�G�9�Uv�t4���9�	wzy�¡>x�vU�~�9�5�~�9ubwzy7ªN�]�ÉyUuj���Gt4���\}~wQ{|µ�{|way	��lbx�{et¶�jwQ¡jv	w�uj�!w 1 �b�Guby�{|�G�9�Uv	�G�by��!ubwQ}^t{|x��Ulb�9�jweõ ¸0/ �z�G�9�!w�vU¯=w|x�¯!t4}~w�{|w��9�S�bt4�byQ�zw0�z�G���	w�ï��	w0{et4�~yr�b�Gubyr�bw0y�t7�!�G�byQt4}~�Gv	yr¡gtGyr�7t4}~��uj}~w�vQ}~wzy
�z�G�by	��t4�9�	wzy

K
w��
n0
ª

ÒUÓªÒVÓ�Þ Õ �5×�â
¾^×3�S�
ρ(`)

²Bt|�z�G�by	��t4�9�	w
ρ(`)

���9�	w�vU����w������bt4�by�}~wr�	w�vU{|wS�j�G{0���gt4�9���jwQ}~t|�Gt4vU�^t4�b�zwS�jwr}^t|�z�G{0¡j}~w�ï5���	x © ���gt4��v	w
x��	w��b�5ubw ¹ ���Uª��Ulbxz�Gv	£�{|w ² ¼�ªI�]}�}~wey'¤´w�ï�¡jvU��{|wew����N�G�b���U�~�G�Û�jwzyQ�����b�¥¡jv	w�{0�~£�v	wzya�jx�vU���!x�wzyS�jw

λ(s, w)
��¡

λ(s, w)
wzyU�:}~t���t4}�w�ujv:¡jv	�G¡jv	wq�j�G{0���gt4�9�	wq�jw1}�¤´�G¡>x�v�t4�	w�ujv]�jw1�Uv�t4�byL��w�vU�:¡>�G�b�jx�v	x

Gs,w,[`]
ª<3��GubyB�bw�y.t7�=�G�by

¡gtGyXy	�>�zw��X�G¡>x�v�t4�	w�ujv�wzyU�q�b�GvU{et4}�yUujvquj�¢wzy	¡gtG�zw��jwA=�t4v	�*>ew��q�b�Gubyq�gw\¡>�Guj�=�G�by��j�G�b�\¡gtGyX�7t4}~��uj}~w�v�}~wzy
�z�G�by	��t4�9�	wzy

n0
w��
K
ª>Ö:�Guj�	w��N�G�~y 1 �b�Guby�y.t7�=�G�by��!ubwS}^te{|x��Ulb�9�jw0õ ¸0/ �z�G�9�=w�vU¯=wDw���w���t4¡j¡j}��~�!ugt4�9��}�wzy

{|µ�{|wzyX�~�jxzwzy��!ubw\¡>�GujvX}^tS�z�G�byU��t4���	w��jwA=�w��gyU}~w	> 1 �b�Gubyq¡>�Guj�!�G�by�wzyU�U��{|w�vq}~wzyX�����b�|¡jv	w�{0�~£�v	wzy��jx�vU���=xzwzy�jw
λ(s, w)

¡gt4v�v�t4¡j¡>�GvU��ò
s
w��
w
ª � w�}^tD�b�Guby\tD�z�G�b�juj���\òD}�¤´wzyU�U��{et4�U�~�G�¨yUuj����t4�9�	w

ρ(`) ≈ 0.09152

ówô'G Ú½ú�ÇaÅ:�	�*ýgø�ú�Ç
3\�Gubyrt7�=�G�by�¡jv	�Guj�!xD�!ubwa}^t¶{|x��Ulb�9�jw0õ ¸0/ wzyU��uj�bwa{|x��Ulb�9�jw ��H ° � ° � ¡>�Gujv��7t4}~��uj}~w�v�}~wzy��Gt4}~w�ujv	y¡jv	�G¡jv�w�y��jwzyX�G¡>x�v�t4�	w�ujv	y��jw\�Uv�t4�byU�Nw�vU��òS�z�G�b�5���U�~�G�by��9ubw\�zw�u5ï.$À���ftG�5{|w��U�	w��9���jw © �G�j�bwzyX�Uv	�G�b�7t4�Uujv	wzy�w��

�9ubw�}~wzy�{et4�UvU�~�zwzy��Uv	�G�b�9ubxzwzy�y	�G���X��tG����}~w�{|w��9�\�7t4}~��uj}^t © }~wzy7ª
� w�¡>w��b�bt4�9� 1 y	�9}�¤´�G�0wzyU�%���9�	x�v	wzy	y	x±¡gt4v]�jwzy%�Gt4}~w�ujv	y#�9uj{|x�vU�~�!ubwzy#¡jv	�Guj�!xzwzy 1 ��}5wzyU�%�bxz�zwzy	y�t4��v	wX�jwq�z�G�j�gt$Ü~�Uv	w}~wzyS�z�G�byU��t4�9�	wzy

K
w��
n0

�9uj�1���9�	w�vU���~w��j�bw��9�a�bt4�byQ}^t��jwzy	��vU��¡j�U�~�G�Û�jw|}^t��9���	wzy�y	w|�jw|�z�G�9�!w�vU¯=w��b�zw�ª � w�y
¡gt4v�t4{|£��Uv	wzy�y	�G�9�¢w��³¯=x��bx�v�t4}��5�O�e����}~wzy�ò»�7t4}~��uj}~w�v¢{et4�~y¢�b�Guby�t7�!�G�by¶v�x�y��G}�u³�zw¨¡jv	� © }~£�{|wÉ¡>�Gujv¢}~wzy
�G¡>x�v�t4�	w�ujv	y\�jw��Uv�t4�byL��w�vU���b�G��¡>�G�g�jx�v	xzy\tGy	y��9���~xzy\t4u�yI>�yU�	£�{|w��*>��gt4{0�~�9ubwr�jwzyX�Nv�tG���U�~�G�by��z�G�9�U���9ubwzy7ª
²:t�{|x��Ulb�9�jw\õ ¸?/ ¡>w�uj�qt4uby	y	�gµ��Uv	w�uj�U��}��~y	xzw�¡>�Gujv±�7t4}~��uj}~w�v±}^tr�5��{|w��byU�~�G�;�jwJ=�t4uby	�j�Gv%5���¤´w��by�w�{ © }~wzy±�jw� t4�9���Gv�ò0�z�G�9�Uv�t4���9�	wzy�yU��{0¡j}~wzy\�Gu�¡>x�vU�~�9�5�~�!ubwzy7ª*õ�t4�by�}~wr¡jv	w�{0�~w�v\�7tGy 1 �b�Guby�� © �	w��b�G�by\uj�¥t4}�¯=�GvU���Ulj{|w¡>�G}�>��b�G{0�^t4}1t4}~�Gv	y��!ubwa�bt4�by�}~way	wz�z�G�b�¥�7tGy 1 �b�Gugy�t7�=�G�by�uj�j�~�9ubw�{|w��9��}^t¶�z�G�9�!w�vU¯=w��b�zwD�jwS}^te{|x��Ulb�9�jwõ ¸0/ ª
¸ ���gt4}~w�{|w��9� 1 }~wzy0t4uj�	w�ujv	y0�jwG�´õ ¸?/ ; �Q� w�� £ w © t4lº�G�9�auj�U��}��~y	x;}^t�{|x��Ulb�9�jw¢õ ¸0/ t7�=wz�¶}~w¶¡>�G���9�

x0 =
1/2

ª � w|��lb�G�ËïÌ¡gt4vU�U�~��uj}��~w�vS�f¤´w��9�Uv	we¡gtGyQ�bt4�byr�b�G�Uv	we�7tG�5v	w|¡juj�~y��!ubwet4ub��uj�»�5�~y��!ubw|�jwe�zw��9�Uv	w
1/2

wzyU�
y	�UvU�~���	w�{|w��9��w��9�!�<>=x��bt4�byq}�uj�6$�{|µ�{|w�ª*3��Guby±¡>�Gub�=�G�byquj�U��}��~y	w�vX�	�Guj�X�5�~y��!ubw

DL
�jw��zw��9�Uv	w

1/2 + δ
w��X�jw

v�t9>!�G�
1/2 + 2δ

t7�!wz�
δ ≤ 1/2

ªb²fw�v�t4¡j¡>�GvU���jw��Uv	�G�b�7t4�Uujv	w
RS/RXL

�	w��b�¨t4}~�Gv	y��!w�v	y
1/3 − ε

}~�Gv	y	�9ubw
δ
�	w��b���!w�v	y

0
�zwr�9uj�fwzyU��}^tD�9���	wzy	y�w��jw��z�G�9�!w�vU¯=w��b�zwQ� © y	w�vU�!xzw�¡gt4v�}~wzy�t4ub�	w�ujv	y��jwW�´õ ¸0/ ; �Q� ª
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²:t�¡jlgtGy�w��jw�¡jv�x�$��	v�t4���	w�{|w��9�±�Uv�t4�gyL�N�GvU{|w�}~wzy��j�G�j�bxzwzy © vUuj�	wzy�w��¶�j�G�j�bxzwzy�¡jv	x�$��Uv�t4���	xzwzy 1 �9uj�*tG�5{|w��U�	w��9�uj�bw�{0�~y	w�w��0���GvU{|w�t7�!wz�Xuj�0���GvU{et4� © �~w��e�jx�cb�j� ¹ ��t © }~wzy1v	w�}^t4�U�~�G�j�bw�}�}~w7y 1 ��t © }~w7t4u5ï0{Suj}��U�~�5��{|w��by	�~�G�j�bw�}^y 1ª�ª�ªß¼�ª1²fw�¡jv	x��Uv�t4���	w�{|w��9�¶w�5�wz���Uubw�t4uby	yU����¤°t4uj�Uv	wzye�G¡>x�v�t4�U�~�G�by¯®#}~wzy|�j�G�j�bxzwzyew����j�Gu © }~w�y	�G���0w�5ftG�zxzwzy 1}~wzy¶w�vUv�w�ubv	y;���Gv	vU��¯=x�wzy 1 }~wzye��t4}~w�ujv	ye{et4�b�9ugt4�9�	wzy;�z�G{ © }~xzwzy�k ¸ ·�°)° ; Ù 1 õr>�v ;@± m 1 w��	��ª2e±lgtG��uj�gw¨�jw¨�zwzy�G¡>x�v�t4�U�~�G�by���t4�Ë��}�¤´� © nUw����jwS�b�G{ © v	w�u5ï¥�Uv�t7�Gt4u5ï 1 �b�G��t © �Gv	�jxzy��~����ª Ê �bwr���G�~y�}�wa¡jv	x��Uv�t4���	w�{|w��9�QtG��lbw��!x 1}�¤´w�ï5�Uv�tG���U�~�G���jw ¹ �b�Guj�=w�}�}~wzy.¼q�z�G�j�gt4�~y	y�t4�g��wzy�¡>w�uj���z�G{0{|w��b�zw�v 1 w�����¤´wzyU�X}�¤´� © nUw����jw�}^ta�jw�u5ï5�~£�{|w�¡jlgtGy	w 1�zw�}�}~wQ�!uj���b�Guby����9�	x�v	wzy	y	w��~����ª
²BtQ�jw�u5ï5�~£�{|w\¡jlgtGy	w\wzyU�q�z�G{0¡>��y	xzw 1 w�}�}~w�t4uby�yU� 1 �jw�¡j}�ubyU�~w�ujv	yXx���t4¡>wzyA®9y	w�¯�{|w��9��t4�U�~�G���Gu;��}�ubyU�	w�vU���j¯ 1��}^tGy�yU�6cg�7t4�U�~�G� 1 v	wz��lbw�v	��lbw0�jwSv�£�¯�}~wzy��f¤´tGy�y	�9���^t4�U�~�G�by7ª�²Bt;y	w�¯�{|w��9��t4�U�~�G�Ìv	w�¯�v	�Guj¡>w0w��9�Uv	w0w�u5ï¨}~wzy�� © nUw��	y�9uj�jy	wqv	wzy	y	w�{ © }~w��9�7ª=²Bt�¡>w�vU�U���bw��b�zw��jwzy#¯�v	�Guj¡>wzy�t4���by	���N�GvU{|xzy 1 t4¡j¡>w�}~xzy1��}�ubyU�	w�v	y1�Gu0��}^tGy	y�wzy 1 wzyU�]w��byUuj���	w
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�Gt4}��~�jxzwX¡gt4v]}~wzy1w.ï5¡>w�vU�	y7ª�·]uj�~y 1 }~�Gv	y1�jwq}^t���}^tGy	yU�6cg�7t4�U�~�G� 1 �G�|t4�U�UvU� © ubw�uj�bw���}^tGy	y	w�ò���lgtG�!ubw�� © nUw��7ª"�]�*cb� 1��}=��t4uj�B�Uv	�Guj�!w�v:�bw�y:v	£�¯�}~wzy:�f¤´tGy�y	�9���^t4�U�~�G�a�bt4�by:}~wzy © tGy	wzy7ªleqwzy:v	£�¯�}~wzy 1 �!uj�9y	�G���:�5uQ�:>�¡>w pain, jambon⇒
beurre (80%)

k´�zw�}^t¶yU��¯��j�6cgwa�9ubwº¹"8@»Ò�jwzy�¡>w�v	y	�G�j�bwzy��9uj�#tG��lb£��	w��9���5u¥¡gt4���Éw����5u¼n	t4{ © �G�ÌtG��lb£��	w��9�
t4uby	yU�!�5u © w�ujvUv	w�m 1 ¡jv	xzy	w��9�	w��9�Buj�Q¯�v�t4�b�r���9�	x�v	µ�� 1 w��By	�G���f�zw��9�Uv.t4}�wzy%�bt4�byf}~wzyBy	���~w��b�zwzy�® © �~�l$����5�N�GvU{et4�U�~�9ubw 1{|xz�jwz�����bw 1 ��lj��{0�~w 1 w��	��ª·%�Gubv��Uv	�Guj�=w�v��jwzy�v	£�¯�}~wzy���¤°tGy�y	�9���^t4�U�~�G�by��bt4�by�uj�bw © tGy�wÉ�jwÉ�j�G�j�bxzwzy 1 �G�½�j�G����v	wz��lbw�v	��lbw�v��jwzy�z�GvUv	x�}^t4�U�~�G�by�w��9�Uv	w�}~wzyqx�}~x�{|w��9�	y��jw\}^t © tGy�w�ª*eqw��U�	w�v	wz��lbw�v	��lbw��jw��z�GvUv	x�}^t4�U�~�G�by�wzyU�q}��~xzw�òr}^tS�jxz�z�Guj�!w�vU�	w
�jw¨{|�G�U�Ë�Ny¢�5���	y¶�)v	xz�9ubw��9�	y7ªqõ�x�cb�j�~y	y	�G�by¢�zw��U�	w¥�b�G�U�~�G�³�9ugt4�b�ô}^t © tGy	w¥�jw¨�j�G�j�gx�wzy�wzyU�;uj�bw¨{et4�UvU�~�zw
© ���gt4��v	w¶��½»}~wzyQ}���¯��bwzy ¹ w��I�b�G{ © v	w

n
¼�v	w�¡jv	xzy	w��9�	w��9�a}~wzyS� © nUw���yS� © y	w�vU�!xzy ¹ ¡>w�v	y	�G�j�bwzy 1 ��ljv	�G{|��y��G{|wzy 1¾ w�ujv	y 1 ¡jv��G�	x��Ë�gw�y 1 ªzªzª�¼¶t4}~�Gv	y¶�9ubw�}~wzy¶�z�G}~�G�j�bwzy ¹ w����b�G{ © v�w m ¼Dv	w�¡jv	xzy	w��9�	w��9�;}~wzy;t4�U�UvU� © uj�	y ¹ ¯�v�t4�b� 1¡>w��U��� 1 n	t4uj�bw 1 ¡jv�x�y�w��9� 1 ªzªzª�¼�ª5õ�t4�byX�zw��7tGy 1 uj�¢{|�G�U�Ë�%wzyU�quj��w��by	w�{ © }~w���¤°t4�U�UvU� © uj�	y 1 w��Xuj�;{|�G�U�Ë�%wzy	�X�5����)v�x��9ubw��9� 1 y7¤ ��}�t4¡j¡gt4v�t$Ü~�Q¡j}�ubyU�~w�ujv	y����G��yr�bt4�byr}^t © tGy	w�ªf²Bt¢¡jv	xzy	w��b�zw|��¤ uj��{|�G�U�Ë�q�Nv	xz�!ugw��������b�5�~�9ubw|�!ubw© w7t4ub�z�Guj¡¥��¤´� © nLw��	y�¡gt4vU��t4¯=w��9��}~wr{|µ�{|wQw��by�w�{ © }~wQ��¤°t4�U�Uv	� © uj�	y 1 �zwQ�9uj�f���b�5�~�9ubwruj�bwr�N�GvU�	wQ�z�GvUv	x�}^t4�U�~�G�w��9�Uv	w¶}~wzyat4�U�	vU� © uj�	yD�!uj�q�z�G{0¡>��y	w��9�a}~we{|�G�U�Ë�Uª Ê �»{|�G�U�Ë��wzy	�S�5��� γ $��Nv	xz�!ubw��9�Dy7¤ ��}±wzy	�Q¡gt4vU��t4¯=x;¡gt4vDt4u{|�G���by

γ
$À� © nLw��	y 1 w��D}�¤´w��9�U�~w�v γ wzyU�|t4¡j¡>w�}~x;}~w¢y	w�uj��}��jw¶�)v	xz�9ubw��b�zw�ªseqw¢y	w�uj��}�wzyU�a¯=x��bx�v�t4}~w�{|w��9�e�jx�cb�j�¡gt4vS}�¤ uj�U��}��~y�t4�	w�ujv7ª#²fw¶�b�G{ © v	w;�jwe{|�G�U�Ë�Ny

γ
[ �Nv	xz�!ubw��9�	yawzyU�S¡>�G�	w��9�U�~w�}�}~w�{|wz�9�D¯�v�t4�b� 1 ¡juj�~y	�9ubw 1 �bt4�byS}~w¡j��v	we�jwzyS�7tGy 1 w��Q¡>�GujvQ�	�Guj�	we�Gt4}~w�ujvS�5u»y	w�uj��} γ 1 �zw|�b�G{ © v	w¶wzyU�Qw�ï5¡>�G�bw��9�U�~w�}qw��I}~w0�b�G{ © v	we�	�G��t4} m��¤°t4�U�UvU� © uj�	y\�jw�}^t © tGy	w�ªj·%�GujvU��t4�9� 1 �Ë}:t4¡j¡gt4v�t$Ü~��w�ï5¡>x�vU��{|w��9��t4}~w�{|wz�9� 1 �9uf¤°t7�!wz���jwzy�y	w�uj��}~y�v�t4�~y��G�j�gt © }~wzy 1}~wS�b�G{ © v	wa�jwS{|�G�U�Ë��y��Nv	xz�!ubw����	y�w�ï5¡j}��~�����	w�{|w��9��¡jv	xzy	w��9�	y�wzy	��w��¥¯=x��bx�v�t4}%v�t4�~y��G�j�gt © }~w 1 yU� © �~w��É�9ubwQ}~wzyt4}�¯=�GvU���Ulj{|wzy��9uj��v	wz��lbw�v	��lbw��9���zwzy�{|�G�U�Ë��yX�N�G�b���U�~�G�j�bw��9� © �~w��fª)�]��v	w��Gt4�b��lbw 1 �9ugt4�b�¢}~w�y	w�uj��} γ wzyU�X�Uv��G¡¡>w��U��� 1 }~w��b�G{ © v	wQ�jw�{|�G�U�Ë��y γ $��)v	xz�9ubw��9�	y�w�ï�¡j}~��y	w 1 w���}~wzy�t4}�¯=�GvU���Ulj{|wzy��bwry	�G�9��¡j}�uby�w�xe�7tG�zwzy7ª�16®?=3j@%2E6®@:6®þ:¿��=&'8:@:6ô6!&»þ)69C�24�!CE8:þ�&735&7C�ÕJe�¤´wzyU�et4���byU��uj�bw�yU���Uugt4�U�~�G�º�:>�¡j�~�9ubw¢��½º}~w¢¡j��v	w��jwzy0�7tGy

�f¤´wzyU��¡gtGy��5u��	�Guj��v	w�¡jv	xzy	w�����t4�U�Ë�1�jw�}^t0yU���Uugt4�U�~�G��v	xzw�}�}~w 1 w�����½�}�¤°t4�gt4}�>�y	wQw���{|�<>=w��j�bwr�Uv	�Guj�!wry�ta¡j}^tG�zw�gt4�Uujv	w�}�}~w�ª�õ�t4�by|�zw��U�	w��Ulb£zy	w 1 �b�Guby|��lbw�v	��lb�G�by¶òÉw�ï5¡j}��~�����	w�v|}^t¨{et4�b��£�v	w��j�G�9�0}~w¢�b�G{ © v	w�{|�<>!w����jw{|�G�U�Ë�Ny
γ
$��Nv	xz�9ubw��9�	y�x��!�G}�ubw�w��;���G�b���U�~�G���5u�y	w�uj��}

γ
�z�G�byU�~�jx�v	x�ªi3\�Guby�t7�!�G�by�t4uby	y	����lgw�v���lbxròa�z�G{0¡gt4v	w�v

¹ �	�Gu�nU�Gujv	yBw��r{|�<>!w��j�bw'¼�}~w]�b�G{ © v	w��jw1{|�G�U�Ë�Ny��Nv	xz�9ubw��9�	yBw��f}~w]�b�G{ © v	w��jw]{|�G�U�Ë��y���w�vU{|xzyÀk v	w�¡jv	xzy	w��9��t4�U�~�G�
�z�G�b�jw��by	xzwQ�jwzy�{|�G�U�Ë��yX�Nv	xz�!ubw����	y-mÀª

Ö:�Guj�	wSt4�gt4}�>5y	wrw���{|�<>=w��j�bwQ�jx © uj�	wr¡gt4v�uj�bwrx���t4¡>wQ�jw�{|�9�jx�}��~y.t4�U�~�G�¨�bw�y\yU�UvUub���Uujv	wzy\�jwr�j�G�j�bxzwzy7ª
Á ��� 1 �Ë}=��t4uj�B�Uv	�Guj�=w�vBuj�gt © �G�Q{|�9�j£�}~w u ¡jv	� © t © ��}��~yU�	w�¡>�GujvB}~wzy © tGy	wzyB�jw��j�G�j�bxzwzy7ª'·%�GujvBuj�bw1�	w�}�}~w�yU�UvUub���Uujv	w�jwq�j�G�j�bxzwzy 1 uj�U��}��~y	xzwX�bt4�by#�jwzy#�z�G�9�	w�ï5�	wzy]yU���j�Ë�!w�v	y 1 }~wq{|�9�j£�}~wX��lb�G�~yU�jwzyU�:�N�Gv	�zx�{|w��9�]v	xz�5ub���	w�ujv 1 w��]tGy	y�w�(¡>w�u;v	x7t4}��~y	�	w�ª.3��Guby�t7�=�G�gyq��lbw�v	��lbxròS�zw��9uf¤ ��}>�bw�y	�G���q¡gtGyq�Uv	�G¡�yU��{0¡j}��~yU�	w 1 �!uf¤ ��}>¡jv	w��j�gw�w��¢�z�G{0¡j�	w��jwzy�z�GvUv	x�}^t4�U�~�G�bya¡>�G�	w����U�~w�}�}~wzy�k´�9uj�±w�ï5�~yU�	w��9� 1 ¡juj�~y	�9ubwe�	�Guj�S}~w © uj�awzyU�a�jwe}~wzyQ�Uv	�Gub�=w�v7Â m 1 �	�Guj�aw��»v	wzy	��t4�9�tG�z�zwzy	yU� © }~w¥òÌ�jwzye�	wz��lj�j�~�9ubwzy�cb�bwzy;��¤°t4�gt4}�>�y	w�ª�3\�G�Uv	w���uj}��Uujv	w¨w��e�b�G�Uv	w¨w��9�9��v	�G�j�gw�{|w����;y����~w��9�U�6cg�!ubw
�b�Guby|tÉt4���byU�����b���Ë��x�yeò¥��lb�G�~yU��v0uj�Ã{|�9�j£�}~w��jw © tGy	wzy0�jw¢�j�G�j�bxzwzy 1 �9uj�±��t4���0w�ï�¡b}Ë�~�����	w�{|w��9�|v�x.��x�v	w��b�zwt4u³�z�G���	w�ï��	wÉ�jw¥}^tI�Ulbxz�GvU�~wÌ�jw¨}�¤ ���5���GvU{et4�U�~�G�fª�3��Guby;uj�U��}��~y	�G�by¢}~w¥�z�G�b�zw�¡j���jw¥y��Gujv	�zw 1 �!uj��wzyU� 1 ¡gt4v�jx�cb�j���U�~�G� 1 uj�Ã{|xz�7t4�j�~yU{|w��9uj�X¡jv	�9�5uj���|�jwzy0y%>�{ © �G}~wzy7ª Ê �bw © tGy�w¢�jw¢�j�G�j�bxzwzyºtÀ���5�N�GvU{et4�U�~�G�j�bw�}~}~w u 1t7�!wz�

m
}���¯��bwzy-$À� © nUw��	y 1 w�� m �z�G}~�G�j�bwzy [ t4�U�UvU� © uj��y 1 wzyU��t4}~�Gv	yX��v	xzxzw�¡gt4vXuj�bw\uj�j�~�9ubw�y��Gujv	�zw��9uj�>¡jv	�9�5uj��� 1�jwS{et4�j�~£�v	wD���b�jx�¡>w��b�bt4�9�	w 1 n {|�G�	y [ }���¯��bwzy [ � © nUw��	y 1 ���GvU{|xzy��jwS}^t;yUub�z�zwzy	yU�~�G�É�jwzy m ��t4}~w�ujv	y © ���gt4��v	wzy

�jwry	wzy�t4�U�UvU� © uj�	y7ª
e�¤´wzyU�D�b�G�Uv	w;{|�9�j£�}~w;¯=x��bx�v�t4} 1 ��½ 1 © ��w��ºy�Ûbv 1 }�¤ l4>9¡>�G�Ulb£zy	w¢��¤ ���b�jx�¡>w��b�btG�b�zw�w��9�Uv	w;}~wzya}���¯��bwzya¡>w�uj�¡gt4v�t$Ü~�Uv	w��Uv	£zy�v	wzyU�UvU�~���U���!w�ªjõ�t4�by�}^t�cb���jw��zw��U�	w�¡gt4vU�U�~w 1 �b�Guby�x��Uub�5�~w�v	�G�by�¡j}�uby�¡gt4vU�U�~��uj}��~£�v	w�{ew��9��}~w��7tGy��¤ uj�bw © tGy�w¶�jw;�j�G�j�bxzwzy�t��*>��gt4{0�~�!ubw u 1 ��½Û}^t¨y	�Gujv	�zw;x�{|w��U�UvU�~�zw¢wzy	�Suj�bw;y��Gujv	�zw;�*>9�gt4{0�~�9ubw 1 y��Gujv	�zw��v	xzxzw�¡gt4v�uj��y%>5yU�	£�{|w��*>9�gt4{0�~�9ubw 1õ�t4�by±}~w�{|�9�j£�}~w\¯=x��bx�v�t4} 1 }^trv	wz��lbw�v	��lbw��jw�{|�G�U�Ë�NyqwzyU�±uj�e¡jv	� © }~£�{|w��jw�·]t4�U�	w�vU� [ �¥t4�	��lb���j¯D¯=x��bx�v�t�$}��~y	x�ª�²�¤°t4�gt4}�>�y	w��5u�·#t4�U�	w�vU�Ã�Ét4�	��lj���j¯0��}^tGy	yU�~�9ubw\���~y	w�òa�jx��	w�vU{0���bw�v�}~w\�b�G{ © v	w�{|�<>=w����jw�{|�G�U�Ë�NyX��¤ uj�

�:>�¡>w��j�G�j�bxrt4¡j¡gt4v�t4�~y	y�t4�9���bt4�byXuj�bw�y	w�uj}~w�y	xz�!ubw��b�zwy®�}~wzyq{|�G�U�Ë��yq¡>w�uj�!w��9��µ��Uv	w��Uv	£zyX¯=x��bx�v�t4u5ï 1 ���GvU{|xzy�jw\y%>�{ © �G}~wzy±�z�G���U��¯"Äbyq�Gu¶�b�G� 1 w��±��}*w�ï5�~yU�	w\�jxonUòQ�jwzy±{|x��Ulb�9�jwzyX��¤°t4�gt4}�>�y�w\�bt4�byq�zw\�j�G{et4���bw 1 �9ugt4�b�e}^t
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y��Gujv	�zw�wzyU�q�)>9�gt4{0�~�9ubw�ª.3��Guby±�!�Guj}~�G�byq�~����x���t4}�ubw�vq}~w\�b�G{ © v	w�{|�<>!w��¢�jw\{|�G�U�Ë�NyX�z�G{0{Suj�by�òQ¡j}�ubyU�~w�ujv	y
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J � � ³ È õ�t4�bye}^tÌ¡jv�w�{0�~£�v	w¥y	wz���U�~�G� 1 �b�Guby¶¡jv	xzy	w��9�	w�v	�G�by¶}~w¨�7tG�5v	w¨�jw¯�Ét4�j�j��}^tIw��¶Ö:�G���!�G�bw��ô¡>�Gujv}�¤´w�ï5�Uv�tG���U�~�G���jw\{|�G�U�Ë�Ny'ª9õ�t4�byq}^tSy	wz�z�G�b�jw�y	wz���U�~�G� 1 �b�Guby±���9�	v	�9�5uj��v	�G�byX}~wzy±¡jvU���b����¡>wzyX¯=x��bx�v�t4u5ï;�jw\�Uv	�G�~yt4}�¯=�GvU���Ulj{|wzyq�9uj�by	w�vU�!w��9���jw�v	x��Nx�v	w��b�zw�¡>�Gujv1}�¤´w�ï5�Uv�tG���U�~�G�¶�jwzy1{|�G�U�Ë��y7ª ¸ ���gt4}~w�{|w��9� 1 �bt4�by1uj�bw��Uv	�G�~y	��£�{|w¡gt4vU�U�~wQw���t7��t4�9���jw��z�G�b��}�ujv	w 1 �b�Guby�¡jv	xzy	w��9�	w�v	�G�by\�9ubw�}~�!ubwzy\tEï5wzy��jw�v	wz��lbw�v	��lbw�ª

G(ôÝõ Ú��\ÿSÂNþðÿ)þpÒ ��ÇSÇaø	�	� þ%ÈVÓ�ú�ø	�\ú�Ç*þ]Ç
õ�t4�by kD�¥Ö ;@± m 1 �Ét4�j�j��}^t0w���Ö:�G���!�G�bw������9�Uv	�9�5uj�~y�w��9��uj���7tG�5v	w����GvU{|w�}f¡>�Gujv�}�¤´w�ï5�Uv�tG���U�~�G�¨�jw�{|�G�U�Ë�Nyy��Gubya�z�G�9�Uv�t4���9�	w�t4�9�U�6$�{|�G�b�G���G�bw��bt4�bya}~wzy © tGy	wzyD�jw;�j�G�j�bxzwzya{et4�~yD�jw¶�b��yrnL�Gujv	y 1 ��}Xw�ï��~yU��w¶�jw¶�b�G{y$© v	w�uby�wzyXt4¡j¡jv	�9��lbwzyX¡>�GujvX�jwzyX�z�G�9�Uv�t4���9�	wzyX¡j}�uby±¯=x��bx�v�t4}~wzydk´õ;î=²7��8"Ç 1 °ËÅr# ;"; 1 õ;î=²7��8"Ç 1 °)eË8"ÆlmÀª43��Guby�bwQ�Uv.t4�Ë��w�v��G�by�¡gtGy��zwzy��z�G�9�Uv�t4���9�	wzy�¯=x��bx�v�t4}~wzy��7t4v�}^t|¡jv	�9��lgt4���bwS¡gt4vU�U�~way	wr�N�9�7t4}��~y	wQuj�b���9ubw�{|w��9��yUujv�}^t

�z�G�9�Uv�t4�����	wSt4�9�U�6$�{|�G�b�G�	�G�bwQ}^ta¡j}�uby�uj�U��}��~y	xzw�®j}^tD�z�G�9�Uv�t4���9�	wQ�jw��Nv	xz�!ubw��b�zw�ª
õ�t4�by��zw��U�	w0y	wz���U�~�G� 1 �b�Guby��z�G{0{|w��b�zw�v	�G�byr¡gt4v��jx�cb�b�Ëv�¡jv�x����~y�x�{|w��9��}~wzy�� © nLw��	y����GvU{|w�}~y��9ubwS�b�Guby{et4�j��¡juj}~w�v	�G�gy ®�}~wzy © tGy	wzy 1 }~wzyX{|�G�U�Ë�Ny 1 }~wzy��z�G�9�Uv�t4���9�	wzy 1 w��	��ª)�]�byUuj���	w 1 �b�Guby�t © �Gv	�jw�v	�G�by�}^tav	w�¡jv	xzy	w��9��t�$�U�~�G�¢y��Guby��N�GvU{|w��jw\�Uv	w���}�}Ë�~y��jwzy±{|�G�U�Ë��y7ª ¸ ���gt4}~w�{|w��9� 1 �b�Gubyq���9�Uv	�9�5uj��v	�G�byX}^tQ�b�G�U�~�G�¢�jw © �Gv	�5ujv	w��!uj��wzyU�uj��¡>�G���9����}~xr�bt4�by�}^tD�z�G{0¡j}~w�ï5���	xQ�jwzy�t4}�¯=�GvU���Ulj{|wzy7ª

ÔjÕ��_ÕBÖ × �ÆØ �ÚÙ��ÚÙÀþ�Û�Û�Ü�� Ø �kÝBÛ � ÝBÞ��{�
ß�Þ��g­�Þ�Ü Ø ��Û2ß � ß�Ý,þ�Û Ø
Ö:�Guj����¤°t © �Gv	� 1 �jx�cb�j�~y	y	�G�by����GvU{|w�}�}~w�{|w��9�\�zwr�!uf¤´wzyU��uj�bw © tGy�w © ���gt4��v	w�ª

���! #"%$�&'$)(*"½�5å�,L`D3jC76¥@:6�@%(*"%"B�96!C|A#$N"B3b$)246jFâk?³ � ò � ú � � � � µ"³i³�² � úTò���³ � ��� � B � ú	� ¶ ³��
��� ± ��� � (A,O, fB)µ�  A = {a1, . . . , am} � ú�� � P � ³bú � é0ò ��� �BP � �¸�
�.�Xò ¶ �)ú�à O = {o1, . . . , on} � ú�� � P � ³jú � é0ò ��� � � úºµRò)K � �)ú � � fB� ú�� ¶ ³ � �J±�± � � ·{� �N�¸µ�³ � � A×O �@� ³jú {0, 1} ÈÐ ³ � ��� � ³ ¶ ��� P µRòNK � � o · µ�³´�N� � ³´� � P � �¸�
�.�Xò ¶ � a ú.� fB(a, o) = 1
È

²BtÛ��t © }~wâá5ª�ñÉ¡jv	xzy�w��9�	wÉuj�âw�ï5w�{0¡j}~w��jw © tGy	wÉ�jwÌ�j�G�j�bxzwzy © ���gt4��v	wÌ�z�G{0¡>�GvU��t4��� ± t4�U�UvU� © uj�	y�w��
¹I� © nUw��	y7ªL®\�bw¨��v	�G�ËïôwzyU�¶{0�~y	w¨w��9�Uv	w¨uj�®� © nUw��

o
w��¶uj�½t4�U�UvU� © uj�

a
�j£zy;�9ubw�}�¤´�G�½t

fB(a, o) = 1
ª

�1�»¡jv�t4�U�~�!ubw 1 }~wzy © tGy	wzySy	�G�9�S�z�9�jxzwzyDt'�=wz�|}~we{|�9�j£�}~we�Uv�t4�by.tG���U�~�G�j�bw�}X��¤´wzyU�Dò��5��v	w¶�!ubwe��lgtG�9ubwe}���¯��bwv	w�¡jv	xzy�w��9�	w�uj��� © nLw��ew��|x��9uj{|£�v	w�}~w¢�9uj{|x�v	���jwzy¶t4�U�UvU� © uj�	ye�z�G�9�	w��9ubye�bt4�by|}�¤´� © nLw��e�z�GvUv	wzyU¡>�G�b�bt4�9�7ª
²:t�cb¯�ujv	w)á5ªÝÇ¢{|�G�9�Uv	w0}~w0�z�9�bt4¯=w0�Uv�t4�by�tG���U�~�G�j�bw�}�¡>�Gubv�}�¤´w�ïjw�{0¡j}~w|�jwD}^t;��t © }~w)á5ª�ñ�ª7ÁÀ}1w�ï��~y	�	w0��¤°t4uj�Uv	wzy
�z�9�bt4¯=wzy¶�z�G{0{|w�}~w��z�9�bt4¯=w��!w�vU�U�~�7t4}���½ô��lgtG�!ubw��z�G}~�G�j�bw�v	w�¡jv	xzy	w����	w�uj�ôt4�U�UvU� © uj�;w��ex��9uj{|£�v	w��	�Guby
}~wzy�� © nLw��	y�}~wa�z�G�9�	w��gt4�9�7ª�²fwa�z�9�bt4¯=wa{et4�UvU�~���~w�}]wzyU��y	�Guj�=w��9��uj�U��}��~y	xS¡>�Gujv�{|w��U�Uv	wDw��¥{|x�{|�G��v	wa}^t © tGy�w
¹ }~�Gv	y��!ubwQ��¤´wzy	��¡>��y	yU� © }~w'¼�ª*²fwzy�}���¯��bwzy ¹ v	wzyU¡fªg�z�G}~�G�j�bwzy�¼�v	w�¡jv	xzy	w��9�	w��9��}~wzy\� © nLw��	y ¹ v	wzy	¡fª*t4�U�UvU� © uj�	y.¼�w���}~w
�z�9w�xe���~w��9�

(i, j)
�Gt4uj�

1
�j£zy1�9ubw

oi
w��
aj
y�t4�U�~yL���G�9�

fB(aj , oi) = 1
ª"Á�}bwzyU��t4uby�yU�j¡>��y	yU� © }~w��jw�v	w�¡jv	xzy	w��9�	w�v

uj�bw © tGy	w��jw��j�G�j�bxzwzy © ���gt4��v	w\y	�Guby1}^t����GvU{|w���¤ uj�e¯�v�t4¡jlbw © ��¡gt4vU�U���	w\�j�G�9��}�¤´w��by	w�{ © }~w��jwzy±y	�G{0{|w��	y±wzyU�
A∪O w��1��}bw�ï5�~yU�	wXuj�bw�t4v	µ��	w�w��9�Uv	w

a
w��
o
yU�
fB(a, o) = 1

ª ¸ ���gt4}~w�{|w��9� 1 w��0¡jv	w��gt4�9��}~w��z�G{0¡j}~x�{|w��9��t4�~v	w�5u;¯�v�t4¡jlbw © ��¡gt4vU�U���	w 1 �G�¢� © �U�~w��9�Xuj�;¯�v�t4¡jlbw��z�l$ © ��¡gt4vU�U���	w��z�G{0¡>��y�x��jw��jw�u5ï;��}��~�!ubwzyXw��X��¤°t4v	µ��	wzy�w��9�Uv	w�zwzyQ�jw�u5ï���}��~�9ubwzy7ªf²fwzySy	�G{0{|w��	yQ�jwzyQ�jw�u5ï���}��~�!ugw�yS�z�G�9�U�~w��j�bw��9�Sv	wzyU¡>wz���U���!w�{|w��9�Q}~wzySt4�U�UvU� © uj�	yaw��Q}~wzy

ñ9í ;



Î2Ñ.�J± �
�
� � F@È ë�µ ¶ � ����� � � � µ"³i³�² � ú � �^é�µ"�N� ñ�ú
t4�U�UvU� © uj�	y

� © nUw��	y
a1 a2 a3 a4 a5 a6 a7

o1 × × ×
o2 × × ×
o3 × × ×
o4 × × ×
o5 × × ×
o6 × × ×
o7 × × ×
o8 × × ×

VXW)YXZ�á5ª�ñ [ �#ïjw�{0¡j}~wr��¤ uj�bw © tGy	w��jwr�j�G�j�bxzwzy © ���gt4��v	w�ª

� © nUw��	y1w��1��}bw�ï5�~yU�	w�uj�bw�t4v	µ��	w�w��9�Uv	w
a
w��
o
yU�b}�¤´�G�¶t

fB(a, 0) = 0
ª=²fwzy1v	w�¡jv	xzy	w��9��t4�U�~�G�by±¡gt4v1¯�v�t4¡jlbwzy��G�9�

¡gt4v1w�ïjw�{0¡j}~w�x��	xXuj�U��}��~y	xzwzy1¡gt4v]}~wzy�t4uj�	w�ujv	y��jwdk´²f²?°4+ü8"Æ 1 °9��¯E8"Ç 1 °w°*8 ´ mÀª ¸ ���gt4}~w�{|w��9� 1 �Ë}bwzy	�#¡>��y�yU� © }~w��jw�jx�cb�j��v��jw�u5ï¢l4>�¡>w�vU¯�v�t4¡jlbwzy HB
w�� HB

¡>�Gujv�v	w�¡jv	xzy	w��9�	w�v�}^t © tGy	w B ªj²fwzy�y	�G{0{|w��	y�y	�G�9��}~wzy�t4�U�UvU� © uj�	yw���}~w�y�l4>�¡>w�v%$�t4v	µ��	wzy��jw HB
¹ v	wzyU¡fª HB

¼Xy	�G�9��}~wzy�� © nLw��	y ¹ v	wzyU¡fªj}~wzy��z�G{0¡j}~x�{|w��9��t4��v�wzy\�jwzy�� © nLw��	y.¼�ª
Ö:�Guj�	wzy¢�zwzy¶v	w�¡jv	xzy	w��9��t4�U�~�G�by�y	�G�9�;xz�!uj����t4}~w��9�	wzy7ªq²fw�{|�9�j£�}~w¨�Uv.t4�by�tG���U�~�G�j�bw�}��f¤´wzyU�¢t4uj�Uv	w¥�!ubw�}^t

v	w�¡jv	xzy	w��9��t4�U�~�G�É¡gt4v\}��~y	�	wS�jwSyUub�z�zwzy	y	w�ujv	y��jwzy�y	�G{0{|w��	y��z�GvUv	wzyU¡>�G�b�bt4�9�rt4u5ï�� © nUw��	y��5u¨¯�v�t4¡jlbw © ��¡gt4v-$
�U���	w�ª%õ�we{et4�j�~£�v	w¢yU��{0��}^t4��v	w 1 }~w¶�z�9�bt4¯=w;�=w�vU�U�~�7t4}Xwzy	�S}^t�v	w�¡jv	xzy�w��9��t4�U�~�G�Ã¡gt4va}��~yU�	w;�jw¶yUub�z�zwzy�y	w�ujv	ya�jwzyt4�U�UvU� © uj�	y�t4}~�Gv	yq�9ubw�}~w��z�9�bt4¯=w\{et4�UvU�~���~w�}�wzyU�q}^tr{et4�UvU�~�zw���¤°tG�lnUtG�zw��b�zw��5u;¯�v�t4¡jlbw © ��¡gt4vU�U���	w�ª5²fw\{|�9�j£�}~w
�Uv�t4�by�tG���U�~�G�j�bw�}%wzyU��t4uby	yU��}~wr�z�9�bt4¯=wr�gt4�Uujv	w�}B�jw�}�¤ l4>9¡>w�vU¯�v�t4¡jlgw HB

ª

Ô_Õ��jÕ�� ã þÆß�ÝXá Ø �
ßGâ*þ�Û2ß5Þ � ÝdÛ�ß!� Øä� Û�ß�Ýæå	ÿ þ�ÛÀþÆß"þ�Ûç�
3��G�Uv	wa¡jv	� © }~x�{et4�U�~�9ubw|wzyU���jwD�Uv	�Guj�=w�vr�jwzyrtGy�y	�9���^t4�U�~�G�byr��¤°t4�U�UvU� © uj�	yr�9uj�]�G�9��uj�É���9�	x�v	µ��7ªÆ®\�bw0tGy-$

y	�9���^t4�U�~�G�Ã��¤°t4�U�UvU� © uj�	yD�f¤´wzyU�Dt4uj�Uv	w;�9uf¤ uj�»{|�G�U�Ë�\w��S}�¤ ���9�	x�v	µ��D��¤ uj�ºt4�U�UvU� © uj�Dy�w�v�t�v	w�¡jv	xzy	w��9�	x¶¡gt4vauj�bw
�z�G�9�Uv�t4���9�	wQ�9ubw�}�¤°t4�U�UvU� © uj���!x�vU�6cgw�v�t0�Gu��b�G�fª
���= ]"%$^&'$)(>"½�g�Û,Éè¾(g&'$)��Fé®���{|�G�U�Ë�Sn �:P � �¸�
���Xò ¶ �)ú p � ú	� ¶ ³¨ú�µ ¶ ú � ³bú � é0ò ��� � � A È
Á�}Xw�ï5�~yU�	w�t4uby	yU���jwzyD{|�G�U�Ë�Ny|��¤´� © nLw��	y0{et4�~yD�b�Guby0�bw;}~wzyDuj�U��}��~y	w�v	�G�by0¡gtGy7ª#·#�Gujvet4}�}~x�¯=w�v0}�¤´xz��vU���Uujv	w 1 uj�{|�G�U�Ë�0y	w�v�tÃ�b�G�	x�y	�Guby�}^tÛ���GvU{|wÌ��¤ uj�gw���lgtHê~�bwÌ¡j}�uj�I�G�¨�!ugwÌy	�Guby¢���GvU{|w�w��by	w�{ © }��~yU�	w ¹ ��ª´w�ª

a1a2
t4u

}��~w�uÛ�jw {a1, a2}
¼�ªBõ�w|¡j}�uby 1 uj�»� © nUw�� o ∈ O ¡>�GujvUv�t¨x�¯!t4}~w�{|w��9�Dµ��Uv	w¶�z�G�byU�~�jx�v	x¶�z�G{0{|weuj�»{|�G�U�Ë� ®

o = {a ∈ A |fB(a, o) = 1} ª)3��Guby�t © �Gv	�j�G�by�{et4���9�	w��gt4�9��}^tD�b�G�U�~�G���jwryUuj¡j¡>�GvU��w����jw��)v	xz�9ubw��b�zw�ª
���= ]"%$^&'$)(>"½�5èÆk�³�µ�ò)K � � o ∈ O ú ¶�±�± µ��	� � ¶ ³�é�µ"�N� ñ

X ⊂ A noµ ¶
X � ú�� ± ��².ú � ³´� �@� ³jú o p ú.� X ⊂ on:µ ¶ ∀a ∈ X, fB(a, o) = 1

p È
O � yUuj¡j¡>�GvU� �BP ¶ ³�é�µ@�N� ñ

X
�E� ³jú � � ò � ú � B à�³vµ"�B² SuppB(X) � ú�� � P � ³jú � é0ò ��� � � úAµRò)K � �)ú�³ ¶ �fú ¶�±�± µ��	� � ³´�

X
È

O�� ñ���²�³ ¶ � ³ · � � � X �@� ³jú � � ò � ú � B às³pµ"�B² � FreqB(X)
à � ú	� ��� ·{� � � ��³ � � ��¶ ú ¶E±�± µ��	� � � X È

õ�t4�by�}�¤´w�ï5w�{0¡j}~wD�bwS}^te��t © }~w+á5ª�ñ 1 }~wS{|�G�U�Ë� a1a5
tG�5{|w����z�G{0{|wDyUuj¡j¡>�GvU�

SuppB(a1a5) = {o1, o3}
w��

�z�G{0{|w0�)v	xz�9ubw��b�zw
2
t4}~�Gv	yQ�9ubwD}~w0{|�G�U�Ë�

a1
t����G{0{|weyUub¡j¡>�GvU�

SuppB(a1) = {o1, o3, o4, o7}
w��ruj�bw

�)v�x��9ubw��b�zw
4
ª

²fwzyS¡jv	w�{0�~w�v	yS{|�G�U�Ë��yat4u5ïj�9ubw�}~yQ}~wzyS��lbw�v	��lbw�ujv	yDy	wey��G�9�Q���9�	x�v	wzy	y	xzyay	�G�9�Q}~wzyS{|�G�U�Ë�Nya�!uj�Xt4¡j¡gt4v�t4�~y	y	w��9�
�)v�x��9ubw�{0{|w��9���bt4�byX}^t © tGy	w��jw��j�G�j�bxzwzy7ªieqwzyq{|�G�U�Ë��yq���b�5�~�!ubw��9���!uf¤ uj�bw��z�GvUv	x�}^t4�U�~�G�¢�N�GvU�	w�w�ï��~yU�	w�w��9�Uv	w
}~wzy�t4�U�UvU� © uj�	y\�9uj��}~wzy��z�G{0¡>��y	w��9�7ª

ñ ´ 8



F@È�ã.ÈVÎ��@� � � � �XÏ � ³´³b� � � � ��s´µ�� ç µ"³ � ³

1 3 5
2 3 5
1 3 5
1 4 6
2 3 6
2 3 6
1 4 7
2 4 7

(a)

1 0 1 0 1 0 0
0 1 1 0 1 0 0
1 0 1 0 1 0 0
1 0 0 1 0 1 0
0 1 1 0 0 1 0
0 1 1 0 0 1 0
1 0 0 1 0 0 1
0 1 0 1 0 0 1
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(b)
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objetsattributs

objetsattributs

(d)

(e)2

3

4

56

1

7

(f)

576987:<;>=@?BADCFEHGJILKNMPOFGQMSRUTVMXW>MZY\[QR]M^O_Ea`JOcbdEaefYgMihdINjlkfemILnJOmIaoZkfp]EanQnJMZRch9qrjlsNMZefkfp]otILR]MuhvowjlYDILkfefp]oZp]MZRxR]M\hvGyjlGQMKzemIL[Q{JM|qQpx[yILefkfpxk_M}hvMwj7GQMBKzemIL[Q{JM~oPEL�UqQpx[yILefkfpxk_M�h�b�j�{H�<[�MZefKzemIL[Q{JM HB
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���<���r�v�v�_�u�N�����a�H�9���]�i�H�i�N�z�J���m���u�Z� é �z�v� �m�
� �N¡l¢¤£¦¥w£9§�¢©¨<ª¬«®­¯§y¥w£9°±°³²L�µ´·¶�¸H¢�¥a¹»º �a�<�±�<�¼�X�y�v�U�X�l�Q�L�X�9�v� �

γ ½ �<� é �z�v� �
X

���X�l�a�v�
γ ¾ �X�_�_¿Z�J�X�y�ÁÀÂ�N�a�Q��x�ÄÃf�a�P� B Å ���Æ�Z�S�X�_�_¿Z�J�X�rÇ��\���Z�È�r�É�µ�±Êa�f�z�r�µ�u¿Z�J� γ ½

FreqB(X) ≥ γ.ËÌILnJOBRUT MXWQMZY\[QR]M\GQMiR¦I}kmILqQR]M\;>= �zÍ R]MiYgEakfpÎb
a1a5

MPOfk
1
Ea`

2
�db9e_ÏPÐH`JMZnHkBYDILp]O^[yIaO

3
�dbve_ÏPÐµ`JMZn<kt=�ÑÒTVMXWH�kfemIaoZkfp]EanÓGQM}YgEakfpÎbvOib9e_ÏPÐH`JMZnHk_OÔMPOfkÔÕÖR¦I×qyIaOmM}GQM}R¦IÖe_MPom{JMZe_om{JMÄGQM}e_ØZKzR]MPOÔGÈT@IaO_O_EHoZp¦ILkfp]Ean©ÙVÚÌÛ>Ü �aÝ³Í YDILp]OR]MPOgYgEakfpÎbdO\bve_ÏPÐH`JMZnHk_OgnJM bdEaefYgMZnHk}Ðµ`�T `Jn¬otIaOD[yILefkfp]oZ`QRxp]MZe�GQM×YgEakfpÎbÌ[QRx`JODKNÏZnJÏZemIL`>W¬OmILkfp]OfbdILp]OmILnHkD`QnJMoPEanHkfemILpxnHk_MiILnHkfpÎ�UYgEanJEak_EanyMz=

� �N¡l¢¤£¦¥w£9§�¢©¨HÞß«�à~§r¢�¥t²LáJ£v¢�¥t¸Q¹¯â ��� oPEanHkfemILpxnHk_M~qQpxnyILpxe_M
q
�X�X���H���Ô���N�r�É�vÇm�z�v�d�a�ã¿Z�H�FäD�<���ÔÃ_�L�t� B �P��<� é �z�v� �

X
�_�X�yåæ�a�U�B�<���BåL�a�x�Z�H�~�N�a�J� {0, 1} �cç7�¼�a�9�f�g¿P�lè �H� é �N�v� �

X
�H�B�x�DÃ_�L�t� B ���X� szILRxp]GQM ÀU�_�X�U�È�nJEan×saILRxp]GQM Å �Z�z�µ�|�Î��Çm�a�r�v�f�a���r�³� q ���

q(X,B) = 1 (
�_���³�È�

q(X,B) = 0).ç7�»�z���f���a�H�m�X�Ò¿Z�J�
X

�Z�N�v�¦���P�a�v�c�Î��Çm�a�y�v�f�z���y�³�
q
ÀU�_�X�U�È�¤���Ì�Z�z�v�����P�a�v���Q�L�Ì�x��Çm�a�y�v�f�z���y�³� Å �

Ñ�I\oPEanHkfemILpxnHk_M~GQM
γ
�db9e_ÏPÐH`JMZnJoPM|O_MÌGQÏXéJnQpxk±GQMBR¦IÔYDILnQp]ØZe_M~Of`QpxsaILnHk_Mgê

qγ(X,B) =

{
1

Ofp
FreqB(X) ≥ γ

0
OfpxnJEan

ÑcTVMZnJO_MZYiqQR]MÌGQMPO�YgEakfpÎbdO
γ
�dbve_ÏPÐµ`JMZnHk_O7GJILnJO B MPOfk�RUTVMZnJOmMZYiqQR]MBGQMPO�YgEakfpÎbdOFÐH`Qp�O�ILkfp]O®bvEanHkFR¦I~oPEanHkfemILpxnHk_MÌGQM

γ
�dbve_ÏPÐH`JMZnJoPM|GJILnJOÁR¦IÔqyIaO_M B =QËBMBYDILnQp]ØZe_M~OfpxY\pxR¦ILpxe_M Í `Qn YgEakfpÎb X Ðµ`Qp�OmILkfp]O®bdILpxkëR¦IÔoPEanHkfemILpxnHk_M

q̃`(X,B) =

{
1

Ofp |X| ≥ `
0

OfpxnJEan
[�Ea`Qe±`QnìMZnHkfp]MZe

` ≥ 1
MPOfkS`QnÖYgEakfpÎb�Ðµ`Qp�oPEaY\[�Eaefk_MÔIL`¼YgEapxnJO

`
ILkfkfefpxqQ`Qk_Ow=îí±n¼[yILefR]MiGQM|R¦IDoPEanHkfemILpxnHk_MGQMÌR]EanQKz`JMZ`QeuhvOf`QeÁR]MPOÁYgEakfpÎbdO�jX=

Ñ�I}oPEanHkfemILpxnHk_MuGQMiR]EanQKz`JMZ`Qe^sµÏZefpÎéyM~`QnJM~[QemEa[Qefp]ÏZk_ÏuGQM~YgEanJEak_EanQp]M\ÕDOmItsµEapxe±ÐH`JMiOfp
X

MPOfk±`Qn¼YgEakfpÎb�GQMR]EanQKz`JMZ`Qe\IL`ïYgEapxnJO
`
Í ILR]Eae_Oik_Ea`QkuOf`Qe®�UYgEakfpÎbSGQM

X
h9YgEakfpÎbSoPEanHk_MZnyILnHk

X
jÌMPO_kiIL`JOmOfp�GQMgR]EanQKz`JMZ`Qe\IL`YgEapxnJO

`
=Hð³R�MXW<p]O_k_MSGÈT@IL`QkfemMZO7oPEanHk_emILpxnHk_MPO7OmILkfp]OfbdILp]OmILnHkFoPMZkfk_M±[Qe_Ea[Qefp]ÏZk_ÏBÐµ`JMSRUTVEan�e_MZKze_Ea`Q[�M^O_Ea`JO�R]MSk_MZefYgMGQM|oPEanHkfemILpxnHk_M|YgEanJEak_EanJMz=

� �N¡l¢¤£¦¥w£9§�¢©¨>ñò«®óN§r¢î¥t²æáJ£v¢�¥t¸ìôï§r¢�§J¥t§r¢�¸Q¹õâ �î�ÔÇm�a�y�v�f�a�9�y�³�
q
���X�Á�z�9�³� YgEanJEak_EanJM ���È�>�z�H�i�<� é �z�v� �

X
�Z�z�v�����P�a�¦�P�a�y�l�x��Çm�a�y�v�f�z���y�³� ½ �U�a�>�c���<� ¾ é �z�v� �~�H� X �Z�z�v�����P�a�v�Ò�a�H�m�X�l�x��Çm�a�y�v�f�a�9�y�³� ½

∀X,Y ⊂ A, X ⊂ Y ⇒ (q(X,B) = 1 ⇒ q(Y,B) = 1).

öÆILeDEa[Q[�EzOfpxkfp]Ean Í R]MPOgoPEanHkfemILpxnHk_MPO}GQM�b9e_ÏPÐH`JMZnJoPMPOgOmILkfp]O®bdEanHkÔ`QnJM [Qe_Ea[Qefp]ÏZk_Ï×GÈT@ILnHkfpÎ�UYgEanJEak_EznQp]Mz=Ò÷lnMXøÈMXk Í O_p
X
MPOfk

γ
�dbve_ÏPÐH`JMZnHk Í k_Ea`QklR]MPOcO_Ea`JO®�UYgEakfpÎbdOcGQM

X
h9YgEakfpÎbvOlpxnJoZRx`JOÒGJILnJO

X
j�O_Ean<kcIL`JO_O_p

γ
�dbve_ÏPÐH`JMZnHk_Ot=

� �N¡l¢¤£¦¥w£9§�¢©¨<ù¬«®óN§r¢î¥t²æáJ£v¢�¥t¸¼áJ¢î¥t£¦ú�ôï§r¢�§J¥t§r¢�¸Q¹õâ �î�|Çm�a�r�v�f�a���r�³�
q
���Z���a�9�³� ILnHk_pÉ�UYgEanyEak_EanJM ���r�>�a�<��<� é �N�v� �

X
�Z�N�v�¦�9�Z�a���Z�a�r�l�x��Ç_�z�y�v�f�a�9�y�³� ½ �U�a�>�c�P�a�H� ¾ é �z�v� �~�µ� X �P�z�v�¦�9�Z�z�9���a�H�m���c�Î��Çm�a�r�v�f�a���r�³� ½

∀X,Y ⊂ A, Y ⊂ X ⇒ (q(X,B) = 1 ⇒ q(Y,B) = 1).

ðûR·MXW<p]Ofk_MÌ`QnJMÌYi`QRxkfpxkf`JGQM~GJMÌoPEanHkfemILpxnHkmMZO±YgEanJEak_EanJMPO±Ea`¼ILnHkfpÎ�UYgEanJEak_EanJMtOS[�EaefkmILnHkS[yILeSMXWQMZY\[QR]M|O_`QeÁR]MoPEaüQkÁk_EakmILRÈGÈT `Qn YgEakfpÎb¤R]Eae_O_ÐH`JM^R]MPOëILkfkfefpxqQ`Qk_OëO_Ean<kFszILRx`JÏPO Í RUT pxnJoZRx`JO_pxEanÖGQM^YgEakfpÎbdOÁGJILnJOÁGÈT@IL`Qkfe_MPOëEa`×Ðµ`QpO_EanHkSGQMPOëoPEanaýfEanJoZkfp]EanJOSGQM|oPEanHkfemILpxnHk_MPOSYgEanJEak_EanJMPO±MZk±ILnHkfpÎ�UYgEanJEak_EanJMPOuÙVË^þNÑ�ÿ��z? Ý =
ËBEae_ÏZnyItszILnHkFMZk·ýÂ`JO_ÐH`·T@ÕBR¦IBéJn}GQMSoPMSom{yIL[Qpxkfe_M Í EanDOmM7éQWQMÁ`QnJM±oPEanHkfemILpxnHk_M

q
ILnHkfpÎ�UYgEanJEak_EznJM^Of`QeÒ`QnJMqyIaO_M|GQMÌGQEanQnJÏPMPOSqQpxnyILpxe_M B = (A,O, fB)

=
�Z� ?



�N���<�õ�l�N�a�_�i�µ���ì�a�y�J���x���Z���y�z��åæ�z���X�
�
	��
	�� �����������������������! #"���$%�'&( *)+",��-#��)+"��

ÑcTVMZnJO_MZYiqQR]MiGQMPOëYgEakfpÎbdOSOtTVEaefKµILnQp]O_MZnHkSnyILkf`Qe_MZRxR]MZYgMZn<k^GJILnJOë`Qn×k_e_MZpÎRxRxp]O±GÈT pxnJoZRx`JOfp]Ean hvoXb
.¤pxKz`Qe_Mi;>=0/NjX=Ñ�I [Qe_MZY\p]ØZe_MÖRxpxKznJMÖoPEanHkfp]MZnHk}R]M YgEakfpÎb|sHp]GQM Í R¦I GQMZ`>W>p]ØZYgMÖoPEanHk_pxMZn<kDR]MPO}OfpxnQKzR]MZk_EanJO Í R¦I kfe_Eap]Ofp]ØZYgMÖR]MPOoPEa`Q[QR]MPO~MZk|ILpxnJO_plGQM\Of`Qpxk_M^ýÂ`yO_Ðµ`·T@IL` YgEakfpÎb7oPEaY\[�EaefkmILnHk~k_Ea`JOBR]MPO~ILkfkfefpxqQ`Qk_Ot=·Ñ·MÔkfe_MZpxRxRxp]O|OtTVÏZR¦ILefKzpxk|emIL[QpÎ�GQMZYgMZnHkÁý®`JO_ÐH`·T@IL`>W¼YgEakfpÎbdO|oPEaY\[�EaefkmILnHk|R¦I�YgEapxkfp]ÏgGQMPO~ILkfkfefpxqQ`Qk_O~MXkÌe_ÏZkfe_ÏPoZpxk~MZnJO_`Qpxk_Mz=�C^TVMPOfkÌR¦I�emILp]O_Ean[�Ea`QeSR¦IaÐµ`JMZRxR]MÌR]MPOëkfe_MZpxRxRxp]OSO_EanHkëOmEa`QsNMZnHkëe_MZ[Qe_ÏPO_MZnHk_ÏPOë[yILeSGQMPOëR]EzOmILnQKNMPOt=

a1a2a3a4a5a6a7

a6a7a1a2

a4 a5 a6 a7a1 a2 a3

5F6987:r;>=0/~A21�e_MZpxRxRxp]OSGÈT pxnJoZRx`JOfp]Ean¼GQMPOëYgEakfpÎbvOt=
Ñ·MPO�YgEak_pÉbdOFO�ILkfp]O®bdILp]O�ILnHkÒ`QnyM±oPEanHkfemILpxnHk_MÌILnHkfpÎ�UYgEanJEak_EanyMBO_MSe_MZ[Qe_ÏPO_MZnHk_MZnHkëIL`JO_O_prOmEa`JOÒR¦I|bvEaefYgM^GÈT `QnOmEa`JO®�Ukfe_MZpxRxRxp]OgG>` kfe_MZpxRxRxp]OgGQMPOÔYgEakfpÎbdO×hvoXb�.¤pxKz`Qe_M×;>= � jX=lÑ·MÄkfe_MZpxRxRxp]OgGQMPOÔYgEakfpÎbvO\oPEanHk_emILpxnHk_ODIaG>YgMZkDILR]Eae_O`QnJM|bdEaefYgM~OfpxY\pxR¦ILpxe_Mz=rÚ±`Ö[Qe_MZY\p]MZe±nQpxsµMtIL`¼EanÖkfe_Ea`QsµM|R]M~YgEakfpÎbcsHp]GQM Í IL`ìO_MPoPEanJG×nQpxsµMtIL`¼R]MPO±OfpxnQKzR]MZk_EanJOO�ILkfp]O®bdILp]O�ILnHk^R¦IÄoPEanHkfemILpxnHk_MgMZk|IL`»nJpÎsµMtIL`

k + 1
R]MPOBYgEakfpÎbvO|GQMuR]EanQKz`JMZ`Qe

k
OmILkfp]O®bUILp]OmILnHkBR¦I�oPEanHkfemILpxnHk_Mz=ölILeë{yILqQpxkf`JGQM Í Ean¼Iæý®Ea`Qk_M~IL`JO_OfpÈR¦Iubve_ÏPÐµ`JMZnJoPM|GQM|om{yIaÐµ`JMÌYgEakfpÎbf=

3 3 4 5 5 5 6

6 5 666 6 6 6

66

a1a3 a1a5 a3a5 a2a3 a2a6 a3a6 a1a4 a4a7

a1a3a5 a2a3a6

a1 a2 a3 a4 a5 a6 a7

576987:r;>= � A21�e_MZpxRxRxp]OSGÈT pxnJoZRx`JOfp]Ean¼GQMPOëYgEakfpÎbvO±?æ�db9e_ÏPÐH`JMZnHk_OSGQMBRUTVMXWQMZY\[QR]M~ItsµMPoÌRxMPOÁb9e_ÏPÐH`JMZnJoPMPOt=
�Z� /



���<���r�v�v�_�u�N�����a�H�9���]�i�H�i�N�z�J���m���u�Z� é �z�v� �m�
1�Ea`Qk_MiR¦IDG>p87DoX`JRÎkmÏuMPOfk±GÈTVÏZnH`QYgÏZe_MZeBk_Ea`JO±R]MPOSYgEakfpÎbdO±ÐH`Qp�OmILkfp]OfbvEanHk±`QnJMioPEanHkfemILpxnHk_MuOmILnJOS[yILemoZEa`JefpxeoPEaY\[QR]ØZk_MZYgMZnHk^R]M|kfe_MZpxRxRxp]O^GQMPOSYgEakfpÎbvOt=y÷lnìMXøîMZk Í R]M|kfe_MZpxRxRxp]O^GQMPOëYgEakfpÎbdO±oPEanHkfp]MZnHk

2m ÏZR]ÏZYgMZnHk_OÔh9[�Ea`Qe
mILkfkfefpxqQ`Qk_O�j^MZkÌpxRlMPOfkB[Qe_ÏXbvÏZemILqQR]MgGÈT@ItsNEapxeÌ`QnJM\OfkfemILk_ÏZKzp]M\ÐH`Qp�bUILpxkBKµILKznJMZe|G>` k_MZY\[JOt=:9^Ea`JOBsµMXe_e_EanJO|Õ}R¦IO_MPoZkfp]Ean¼;>=0/\ÐH`JMBRUT@ILnHkfpÎ�UYgEanJEak_EanJp]M~OmMBe_ÏZsNØZR]MÌpxY\[�EaefkmILnHk_Mz=

�
	��
	�; <=�?>���@A�B�A)*",-C"��� *)D�E&( *)�����)D�B@����
öÆILe_Y\p�RUTVMZnJO_MZYiqQR]M^GQMPO�YgEakfpÎbdOFoPEanHkfemILpxnHk_O Í pxRîM�W>p]Ofk_M±GQMPOFO_Ea`JOFMZnJO_MZYiqQR]MPO7GQMSYgEakfpÎbdOFÐµ`Qpr[�MZefYgMZkfk_MZnHkGQMÔe_MZkfe_Ea`QsµMZe|R]MPO~IL`Qkfe_MPO|YgEakfpÎbdO~ItsµMPoÔR]MZ`QeBbve_ÏPÐH`JMZnJoPMz=�í±n [yILefR]MDILR]Eae_O~GQMÔe_MZ[Qe_ÏPO_MZnHkmILkfp]Ean oZEanyGQMZnJO_ÏPMz=öÆILefY\pîoPMPO�YgEakfpÎbdO Í pxRr�gI|R]MPO�YgEakfpÎbdO�RxpxqQe_MPOFMZk�R]MPO�YgEakfpÎbvOÒbdMZefYgÏPOFÐµ`Qp�O_M±GQÏXéJnQp]O_O_MZnHkÁÕ|[yILefkfpxeFGQMPOFoZR¦IaO_O_MPOGÈTVÏPÐµ`JpÎszILR]MZnJoPMPOt=

� �N¡l¢¤£¦¥w£9§�¢©¨?F «�àHG9áJIKIt¸MLDNx�µ´·¶¤£�OQá?G9¸H¢�óN¸Q¹QP �X�,R é �z�v� ���\Çm�a�y�v�f�a�9�y�9�
X

�Z�
Y

�P�a�y�±�_¿Z�<�9åæ�a�]�X�y�9�\�X�ë�P��P�Z�H�]� é �X�y�B���S�9� ���a�y�^�]� éTS�é �}���w�N�Q�a�Z�³�ÌçF�ß�_ÇZ�X�9�f�ã�a�Î�z�m�
X ∼ Y

��U��¼�_�Z�Î�z�v�d�a� ∼ ���Z�^�<�����_�X�x�z�v�d�a���è �f¿P�H�9åæ�a�]�X�rÇ��g�Z�È�Q�a�Z�v�9�v�d�a�J�î�~�µ�Ò�P�a�9�c�_è �X�Q�P� é ÃZ�x�u�H��� é �z�v� ���|Ç_�z�y�v�f�a�9�y�9�~�Z� ÇZ�x�L�m�t���i��è �f¿P�H�9åæ�a�]�X�rÇ��X�P�
Ñ�IïéJKz`QemMã;>=0V�e_MZ[Qe_ÏPOmMZnHk_M»RUTVMZnJO_MZYiqQR]MãGQMPO oZR¦IaOmO_MPO GÈTVÏPÐµ`QpxszILR]MZnJoPMPO×O_`QeÄR]Mìkfe_MZpxRxRxp]O×GQMPO YgEakfpÎbvO

2
�b9emÏZÐH`JMZnHk_OSoPEaefe_MPOf[�EanJGJILnHk^ÕÔR¦IukmILqQR]M~;>= � =

3 4 5 5 5 6

6 5 666 6 6 6

66

a1a3 a1a5 a3a5 a2a3 a2a6 a3a6 a1a4 a4a7

a1a3a5 a2a3a6

a1 a2 a3 a4 a5 a6 a73

576�87:r;>=0ViAÄC�R¦IaOmO_MPOëGÈTVÏPÐµ`QpxszILR]MZnJoPMPOSGJMZOëYgEakfpÎbdO
2
�dbve_ÏPÐH`JMZnHk_Ot=QÿìEakfpÎbdO7bvMZefYgÏPOSMZkÁYgEakfpÎbdOÁRxpxqQe_MPOt=

öÆIaOmÐµ`Qp]MZe7MZk7ILRU=<EanHk�[Qe_Ea[�EzO_Ï^GJILnJOBÙVöXWY1ÁÑ�ÜzÜzI Í öXWY1ÁÑ�ÜzÜLq Ý `JnJM^ILRxk_MZefnyILkfpxsµMBÕ|RUTVMXW>kfemIaoZkfp]Ean GQMSk_Ea`JOR]MPOFYgEakfpÎbvOÁoPEanHkfemILpxnHk_Ot=>ÑcT p]GQÏPMÌMPOfk7GÈTVMXW<kfemILpxe_MÌGQMPOFYgEakfpÎbvO7oPEanHkfemILpxnHkmOÁG>pxk_O�bdMZefYgÏPOÌhdItsNMPo^R]MX`Je�bve_ÏPÐµ`JMZnJoPMwjÐH`Qp�oPEanJOfkfpxkf`JMZnHk7`QnÄOf�>Ofk_ØZYgM±GQM±KNÏZnJÏZemILk_MZ`Qe_O7Y\pxnQpxYDILRîKze[ZaoPMBIL`JÐH`JMZR�pxR�MPO_k�[�EzO_OfpxqQR]M^GQM±e_MZkfe_Ea`QsNMZe7k_Ea`JOR]MPOÁYgEakfpÎbdOëoPEanHkfemILpxnHkmO±ItsµMPoBR]MZ`QeÁbve_ÏPÐµ`JMZnJoPMz=
� �N¡l¢¤£¦¥w£9§�¢©¨]\ ���<�N¿Z�J�ìÇZ�x�L�m�t�¼��è �_¿Z�<��åæ�z�x�X��Ç��»�N� é �Z�~�<�ß�<�J�d¿Z�J� é �z�v� �×�µ�Ô��� �H�DÊa�f�z�r�µ�Ö�U�z�����]�t�Ô�c�Z��<�J�v¿P�Q� é �z�v� �~�X�X�F�a�v�J�t�X� é �t�
ðûnHkf`QpxkfpxsNMZYgMZnHk Í `Qn YgEakfpÎbSbvMZefYgÏ�MPO_ki`Qn YgEakfpÎb^ÐH`Qp�n·T@IaG>YgMZk\[yIaOÔGQM�Of`Qe®�UYgEakfpÎbdOÔoPEanHkfemILpxnHk_OgIt�HILnHkuR¦IY_^ZYgM¼bve_ÏPÐH`JMZnJoPMz=7ölRx`JO×Ðµ`·T `QnJMìe_MZ[Qe_ÏPOmMZnHkmILkfp]Ean oPEanJGJMXnyO_ÏPM Í R]MPO�YgEakfpÎbdO�bvMZefYgÏPO×IaG>YgMZkfk_MZnHk×[�Ea`QeÄR¦IoPEanHkfemILpxnHk_MÌGQM

1
�db9e_ÏPÐH`JMZnJoPM^`QnJM^[Qe_Ea[Qefp]ÏZk_ÏÌGQM^kfemILnJOf[�EzO_pxkfp]Ean ÐH`QpîMPOfk7kfe_ØPOF`JkfpxRÎp]OmÏPM^[�Ea`QeÁGQMPO7qyIaO_MPOÁItsµMPo`Qn KzemILnJG nJEaYuqQe_MgGÈT@ILkfkfefpxqQ`Qk_OiMZkÌ[�MZ`ïGÈTVEaq>ý®MZk_ODÙVþ�`a�,V Ý =ÈÑ·MPO|YgEakfpÎbvOÌbvMZefYgÏPO~O_EanHk~IL`JO_Ofplkfe_ØPOÌRxp]ÏPOiIL`>W
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OmÏZ[yILemILk_MZ`Qe_O~Y\pxnQpxYDIL`>W�GJILnJO~R]M\KzemIL[J{JMDoPEL�UqQpx[yILefkfpxk_M�oPEHGJILnHkiR¦I qyIaO_MgGQMDGQEanQnJÏPMPOt=ÆCFMZkfk_MDe_MZR¦ILkfp]Ean I[�MZefY\p]OëIL`>W�IL`Qk_MZ`Qe_O7GQMuÙ ÛHpxKf�z? Í WëÛ(� �zÝ GÈT pxY\[�Eaefk_MZeëGQMPO�YgÏZkf{JEHGQMPOÁGQM±KzemIL[Q{JMPO7MZn�.yEa`QpxRxR]M^GQM^ËBEanQnJÏPMPOt=
9^Ea`JOSItsµEanJOÁe_MZ[Qe_ÏPO_MZnHk_Ï|R]MPOÁYgEakfpÎbdO7bdMZefYgÏPOëMZnJotIaG>emÏZO±GÈT `Qn×e_MPoZkmILnQKzR]M~GJILnJOëR¦IiéJKz`QemM~;>=0V>=

9±Ea`JOusNMZnJEanJOÔGQM}sNEapxeÔÐH`JMDR]MPOuYgEakfpÎbvOibvMZefYgÏPOibdEaefYgMZnHku`QnJM}e_MZ[Qe_ÏPO_MZnHkmILkfp]EanòoPEanJGQMZnJO_ÏPMÄEa[QkfpxYDILR]MGQMPOÒYgEakfpÎbvO�oPEanHkfemILpxnHk_Ot=g9±Ea`JOc[Qe_ÏPO_MZnHk_EanyOÒYDILpxnHk_MZnyILnHk�`QnJM±IL`Qkfe_Mëe_MZ[Qe_ÏPO_MZnHkmILkfp]EanÄoPEanJGQMZnJO_ÏPM Í kfe_ØPOÒ`QkfpxR]MYDILp]OënJEanÖEa[QkfpxYDILR]M Í qyIaO_ÏPM|Of`QeÁR]MPOëYgEakfpÎbvOëRxpxqQe_MPOt=
� �µ¡Æ¢¤£�¥w£9§r¢©¨(hò«®­ §J¥w£9°�Gv£ji�²L¸Q¹ U��X� é �N�v� ���~� �UÃX�_���i�Z�a�r�F�x�X�\�X�]� é �X�r�9� é �9�J� é �a�,R �a�¼�t�X�Q�Ô�µ�Ô�fè ����ÇZ� � ¾�X�v�z�»�µ���iÇZ�x�L�m�t���i��è �f¿P�H�9åæ�a�]�X�rÇ��X�P�
ðûnHkf`QpxkfpxsµMZYgMZnHk Í `QnãYgEakfpÎb7RxpxqQe_M\nyMÔ[�EzOmO_ØPGQM\[yIaO|GQMgO_Ea`JO|YgEakfpÎbëIt�HILnHk|R]MÔY_^ZYgMDOf`Q[Q[�Eaefkt=�Ñ·MPO|YgEakfpÎbvORxpxqQe_MPOÒb9`Qe_MZnHk�pxnHkfe_EHG>`Qpxk_O�[yILekW7IaOfk_pxGJMSMZkFILRU=yÙlWY1Áö + �,� Í WY1Áö + �z? Ý OmEa`JOcR¦IÌnJEakfp]Ean�GQMëYgEakfpÎbdO�oZR]ÏPO�MZkÒ[yILe
W7Ea`QRxp]otIL`Qk|MZkÌILRU=îGJILnJOÔÙlWYWk`��,� Ý =ÈCFMPOBGQMZefnQp]MZe_OÌ`QkfpxRxp]O_ØZe_MZnHkBR]MPO^YgEakfpÎbdO^RxpxqQe_MPOB[�Ea`Qe^KNÏZnJÏZe_MZe|GQMPO^e_ØZKzR]MPOGÈT@IaOmO_EHoZp¦ILkfp]EanÖGQM|oPEan>érILnJoPM � �,��m MZk±Õu[Qe_ÏZY\p]OmO_MPOÁY\pxnQpxYDILR]MPOt=Ñ�MPOÁYgEakfpÎbdOÁRxpxqQe_MPOSOmEanHkëO_Ea`QRxpxKznJÏPOSGJILnJOëR¦IuéJKz`Qe_M~;>=0V>=
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Ñ·MPOBq�EaemG>`Qe_MPODh9[�EzOfpxkfpxsµMÔMZkÌnJÏZKµILkfpxsNMwjBO_EanHkÌGQMZ`>W IL`Qkfe_MPOÌe_MZ[Qe_ÏPO_MZnHkmILkfp]EanJO~oPEanJGQMZnJO_ÏPMPO~GQMuk_Ea`JOÌR]MPOYgEakfpÎbdOÆsaILRxp]GQMPOw=aÚÓRUT pxnHsµMZe_O_M7GQMPOÆYgEakfpÎbvOÆRxpxqQe_MPOcEa`ubvMZefYgÏPO Í pxR>n·TVMPOfkloPMZ[�MZnJGJILnHkc[yIaO¤[�EzOmOfpxqQR]M7GQMFe_MPotILR]oZ`QR]MZeR]MPO�bve_ÏPÐH`JMZnJoPMPO¤GQMPO�YgEakfpÎbdOt=æÑ�MPO�q�Eae_G>`Qe_MPOÆOmEanHk�R]MPO�RxpxY\pxk_MPOÆMZnHkfe_M�R]MPO�YgEakfpÎbvOÆÐµ`Qp<OmILkfp]OfbvEanHk�`QnJMFoPEanHkfemILpxnHk_Mh9q�Eae_G>`Je_MÌ[�EzO_pÎk_pÎsµMwj7MZkSoPMZ`>W Ðµ`QpÈnJMÌR¦I\OmILkfp]O®bdEanHkÁ[yIaO~h9q�Eae_G>`Qe_M|nJÏZKµILkfpxsµMwjX=
� �µ¡Æ¢¤£�¥w£9§r¢rq�sò«utÔ§r²BLÆ¶�²L¸Evc§�Iw£�¥w£�O�¸Q¹ U��ÔÃ_�a�f�z�H�_�Ò�Q�L���v�v�9åL�B���Z���_è �X�J�P� é ÃX�]�B�µ��� é �z�v� �m� é �KRa� é �a�,RÔ�z��t�X�Q�~�µ�~�_è �9�rÇZ�É�H���v�z�Ö�Z�z�v�����P�a���Z�a�y�c�Î�ÄÇ_�a�r�v�f�a�9�y�³�t�
ËBMìYDILnQp]ØZe_M ÏZÐH`QpxszILR]MZnHk_M Í k_Ea`Qk Of`Je®�UYgEakfpÎbuGÈT `Qn YgEakfpÎbÔGQM¼R¦I�q�Eae_G>`Qe_M»[�EzOfpxkfpxsNMìnJM»OmILkfp]O®bUILpxk�[yIaO�R¦IoPEanHkfemILpxn<k_Mz=<Ñ�I~q�Eae_G>`Qe_M±[�EzOfpxkfpxsµM^IaO_O_EHoZp]Ï^Õ|R¦I|kmILqQR]M^;>= � MZk7Õ|R¦I~oPEanHkfemILpxnHk_MBGQM^?æ�db9e_ÏPÐH`JMZnJoPM^MPOfk�GQEanQnJÏPM[yILe {a1a3a5, a2a3a6, a1a4, a4a7}

=
� �µ¡Æ¢¤£�¥w£9§r¢rqÈ¨�«utÔ§r²BLÆ¶�²L¸Ö¢��gwyá>¥w£�O�¸Q¹ U��ïÃ_�a�f�a�<�_� ���UÊN�z�v�9åL�¼���Z�B�_è �Z�Q�P� é ÃX�]�×�H��� é �z�v� ��� é �9�J� é �z�xR�z� �P�X�Q�~�H�|�_è �9�rÇZ�É�H���d�a�»¿Z�<�c���Ì�P�z�v�¦�9�Z�a�r���Q�L�Ì�x��Çm�a�y�v�f�z���y�³�w�
ölILeëEa[Q[�EzOfpxkfp]EanìÕiR¦Iuq�Eae_GQ`Qe_MÌ[�EzOfpxkfpxsNM Í k_Ea`QkëO_Ea`JOf�UYgEakfpÎbÆGÈT `Qn×YgEakfpÎbÆGQMBR¦Iuq�Eae_G>`QemMÌnJÏZKµILkfpxsNM|OmILkfp]O®bUILpxkR¦IÌoPEanHkfemILpxnHk_Mz=Hö¤Ea`QeÒR¦IÌoPEanHkfemILpxnHk_M±GQMS?æ�dbve_ÏPÐµ`JMZnJoPM Í R¦IBq�Eae_G>`Qe_MënJÏZKµILkfpxsµMëGQMëR]IÌkmILqQR]MS;>= � MPOfkÒoPEanJOfkfpxkf`JÏPMGQMÌk_Ea`JOëR]MPOÁYgEakfpÎbdOÁnJEan>�dbve_ÏPÐµ`JMZnHk_O^ÕÔGQMZ`>W×ILkfkfefpxqQ`Qk_Ouh � /\ÏZR]ÏZYgMZnHk_O�jX=Ñ�IÌnJEakfp]Ean�GQMëq�Eae_G>`Qe_MSnJÏZKµILkfpxsµMSMPO_kÒÏZkfe_Eapxk_MZYgMZnHkFRxp]ÏPM±ÕÌR¦IÌKNÏZnJÏZemILkfp]EanÄGQMSotILnJG>p]GJILk_O�[�Ea`QeÒR]MPOFILRxKNEL�efpxkf{QYgMPOc[yILeÆnQpxsµMtIL`>WÄÙVÿM1ëÜ�y Ý =a÷cnÔ[yILe_kfp]oX`JRÎp]MZe Í ÿìILnJnQpxR]IÌMZk
1�EapxsµEanJMZngEanHkÆYgEan<kfe_ÏÁÐµ`yM7oPMZOÒILRxKNEaefpxkf{QYgMPOk_MPO_k_MZnHkiR¦I×oPEanHkfemILpxnHk_M IL`ïYgEapxnJOÔIL`QkmILnHkÔGQMgbvEap]OiÐH`·T pxRÒ�ïI×GQMDYgEakfpÎbdOiGJILnJOiR]MPO~q�Eae_G>`Qe_MPOu[�EzOfpxkfpxsµMDMZknJÏZKµILkfpxsµMz=C.¤pxnyILR]MZYgMZnHk Í R]MuotILR]oZ`QRÆGQMPO±q�Eae_G>`Qe_MPOBnJÏZKµILkfpxsNMPOBMPOfkBÏXk_e_Eapxk_MZYgMXn<kBRxp]ÏuIL`»otILR]oZ`QRÆGQMikfemItsNMZe_OmMPOY\pxnQpxYDILR]MPO±GJILnJOSGQMPOÁ{H�<[�MZefKzemIL[Q{JMPOiÙVÿ�`azz; Í Ë{1ëÜ,V Ý =
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ËBMZ[Q`Qp]Oë`QnJM|G>p��wILpxnJM~GÈT@ILnQnJÏPMPO Í R¦IubvEa`QpxRxR]M~GQMÌGQEanJnJÏPMZO±G>p]Of[�EzOmMÌGÈT `QnÖKzemILnJG nJEaYiqJe_M|GÈT@ILRxKNEaefpxkf{QYgMtO[�Ea`QeëMXW<kfemILpxe_MÌGQMPO7YgEakfpÎbvOÁO_Ea`JO7oPEanHkfemILpxnHk_M~ILnHkfpÎ�UYgEanJEak_EanJMN=?9±Ea`JOÁIwsNEanJOÁom{JEap]OfpÈGQM^n·TVMZnÄ[Qe_ÏPO_MZnHk_MZeëÐH`JMGQMZ`>W êJ���?�È6�� �È6�MZka¡£¢:¤,¥(¦ìÐµ`JpÈO_EanHkÁRxMPOSILRxKNEaefpxkf{QYgMPOÁbdEanJGJILk_MZ`Qe_OëGQMÌGQMZ`>W IL[Q[Qe_EHom{JMPOë[�EzO_OfpxqQR]MPOÁ[�Ea`QeRUTVMXW>kfemIaoZkfp]Ean¼GQMÌYgEakfpÎbvOt=?1�Ea`Qk_MXbvEap]OSnJEa`JOSILq�Eae_GQMZe_EanJO±Of`yoZoZpxnJoZk_MZYgMZnHk^GÈT@IL`Qkfe_MPO±ILRxKNEaefpxkf{QYgMPOw=
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Y ∪ {a1}

Y

Y ∪ {a2}

Y ∪ {a1, a2}

oZefpxk_ØZe_Mi? oZefpxk_ØZe_M �

57698F:r;>=@;iA C�efpxk_ØZe_MPOSGÈTVÏZR¦ILKµILKNMz=
CFMZkfk_M±OmMPoXk_pxEan�oPEaY\YgMZnJoPM±[yILeFMXW>[�EzO_MZeÒR]MPOÒ[Qe_Ea[Qefp]ÏZk_ÏPO�bvEanJGJILYgMZnHkmILR]MPO7ÐH`QprO_EanHkFÕÌR¦I|qyIaO_MSGQMPO�GQMZ`>WILRxKNEaefpxkf{QYgMPOt=J÷lnJOf`Qpxk_M Í RUT@ILRxKNEaefpxkf{QYgM~���?�È6�� �È6�Ðµ`Qpî[yILe_oPEa`QefkëR]M^kfe_MZpxRxRxp]OëGQMPO7YgEakfpÎbdOÁMZnÄR¦ILefKNMZ`QeëMPO_k7[Qe_ÏX�O_MZnHk_Ïz=<Ñ�I|kfe_Eap]O_p]ØZYgM^O_Ea`JO®�³O_MPoZkfp]EanÄO_M±oPEanJoPMZnHkfe_MBOf`Qe�RUT@ILRxKNEaefpxkf{QYgMBMZn}[Qe_ELbdEanJGQMZ`Qe�¡a¢C¤�¥(¦�=].¤pxnyILR]MZYgMZnHk ÍnJEa`JOë[Qe_ÏPO_MZnHk_EanJOSOf`JoPoZpxnJoZk_MZYgMZnHk^GÈT@IL`Qkfe_MPOëk_MPom{QnQp]ÐH`JMPOë[�Ea`QeëRUTVMXW>kfemIaoZkfp]Ean¼GQMÌYgEakfpÎbvOt=
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	�§ ¨T�� *>��f��@J",@���$© +)��X-#�!��)+",-#�����������E-#��ª* «�f�¬"�­D�r���
®±nJMgYgÏZkf{JEHGQM�OfpxY\[QR]MD[�Ea`QeuMXW>kfemILpxe_MDk_Ea`JO~R]MPO~YgEakfpÎbdOiMPO_kiGQMg[yILe_oPEa`QefpxeuR]MDkfe_MZpxRÎRxp]OÔGQMPO~YgEakfpÎbvOÔIL`oPEaY\[QR]MZkÄMZk�GQM¼nJMÖKµILe_GQMZeÄÐH`JMÖR]MPODYgEak_pÉbdO�oPEanHkfemILpxnHk_Ow=ÁCFMZkfk_M¼YgÏZkf{JEHGQMìMPO_k�Õã[Qe_EzOmoZefpxe_MÖ[J`Qp]O_Ðµ`·TVMZRxR]MnJÏPoPMPO_Ofpxk_M^R]M^[yILe_oPEa`Qe_OÁGQM

2m YgEakfpÎbdO7OwT pxR��}I
m
ILkfkfefpxqQ`Qk_Ot=>ðûRrbdIL`QkÁGQEanJo^[�Ea`QsµEapxeÁÏZR¦ILKz`JMZe7R]M^kfe_MZpxRxRxp]OÁGQMPOYgEakfpÎbvOëkfe_ØPOëemIL[Qp]GQMZYgMZnHkt=Ñ�MZOSoPEanHkfemILpxnHk_MPO^ILnHkfpÎ�UYgEanJEak_EanyMPO±ELøîe_MZnHkSGQMZ`>W oZefpxk_ØZe_MPOSGÈTVÏZR¦ILKµILKNM|[�Ea`Qe±Ea[QkfpxY\p]O_MZeëR¦IÔe_MPom{JMZe_om{JMz=
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X
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Ñ�I¼éJKz`Qe_M×;>=@;ìYgEanHkfe_M×oZEaY\YgMZn<kgR]MPO\GQMZ`>W oZefpxk_ØZe_MPODGÈTVÏZR¦ILKµILKNM [�MZ`QsNMZn<k\pxnHk_MZefsNMZnQpxet=�í±nòO_M�[QR¦IaoPMGJILnJO^R¦I}Ofpxkf`yILkfp]Ean Ea`
Y
MPOfk^`QnìYgEakfpÎb�saILRxp]GQMÔGQEanHk^R]MuOf`Qe®�UYgEak_pÉb

Y ∪ {a1}
MPO_kBIL`JO_O_p�szILRxpxGJMiYDILp]O^[yIaOR]M\O_`Qe®�UYgEakfpÎb

Y ∪ {a2}
=·ÑcT@ILRxKNEaefpxkf{QYgMD[�MZ`Qk|k_Ea`Qk~GÈT@ILq�Eae_GãoPEanJO_p]GQÏZe_MZe|R]M\YgEakfpÎb

Y ∪ {a1, a2}
oPEaY\YgM`Qn»Of`Qe®�UYgEakfpÎbFGQM

Y ∪ {a1}
YDILpxOÌIL[Qe_ØPO^sµÏZefpÎéyotILkfp]Ean G>`»oZefpxk_ØZe_M

2
Í pxRÆOtT@IL[�MZe�³PEapxkÌÐµ`JM

Y ∪ {a2}
MPOfk^`QnO_Ea`JO®�UYgEakfpÎbÒnJEan¼saILRxp]GQMiG>`¼YgEakfpÎb

Y ∪ {a1, a2}
=îCFM~GQMZefnJpxMZe^n·TVMPO_k±GQEanJoi[yIaOSszILRxp]GQMiMZk±[�MZ`Qk^GQEanJoH^Zkfe_MpxKznJEae_Ïz=>÷cnJOf`Qpxk_MBoPEaY\YgM

Y ∪ {a2}
MZO_kFnJEan�szILRxp]GQM Í R]M^oZefpxk_ØZe_M

1
pxnJG>p]ÐH`JMÌÕ~RUT@ILRxKNEaefpxkf{QYgMÌÐH`·T pxR�n·TVMPOfk7[yIaOnJÏPoPMPO_OmILpxe_M|GQMÌKNÏZnJÏZe_MZeSk_Ea`JOÁR]MPOSOf`Qe®�UYgEakfpÎbvOSGQM

Y ∪ {a2}
=ÿ»ILpxnHk_MZnyILnHk Í Ofp

Y ∪ {a1}
MZk
Y ∪ {a2}
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Y ∪ {a1, a2}

OmILkfp]OfbdILpxk~R¦I×oPEanHkfemILpxnHk_Mz=¤ðûRlbUIL`QkILR]Eae_OÄsµÏZefpÎéyMZe×GJILnJOÄR¦I qyIaO_M»G>pxe_MPoZk_MZYgMZnHk hvEa`©G>p]Of[�EzOmMZe GÈT@IL`Qkfe_MPO pxn>bdEaefYDILkfp]EanJO�jX=�®±n k_MZRBYgEakfpÎbÔMPOfkoPEaY\Yi`QnJÏZYgMZnHkBIL[Q[�MZR]Ï|`Qn9é �z�v� �|Çm�a�r�a�d�N�z� =Ñ�I KNÏZnJÏZemILkfp]Ean GQMPO}otILnJG>p]GJILk_O�MPO_kg`Qnß[�EapxnHk}oZR]ÏÖ[�Ea`Qe}RdTVM´7DotIaoZpxk_ÏìGQMPO�ILRxKNEaefpxkf{QYgMPOw=�ðûRSMPO_kgqQp]MZnÏZsHp]GQMZn<kuÐH`·T pxRFMPOfkikfe_ØPO~bUIaoZpxR]M}GJMDnJMD[yIaOuoZe_ÏPMZeu`Qn Of`Qe®�UYgEakfpÎb^Õ×[yILefkfpxeÔGÈT `Qn YgEakfpÎbSnJEan saILRxp]GQMz=¤ðûR�MPOfkoPMZ[�MZnJGJILnHkÁ[QRx`JO7G>p87DoZpxR]MBGQM±sµÏZefpÎéyMZeÁÐµ`JM±k_Ea`JOFR]MPO7O_Ea`JOf�UYgEakfpÎbvO7GÈT `QnÄYgEakfpÎb¤O_EanHkFsaILRxp]GQMPOÌhdoXe_pÎkmØXemM
2
jX=<Ñ�IsµÏZefpÎéyotILkfp]Ean�GQMgoPMgGQMZefnQp]MZeioZefpxk_ØZe_MgnJÏPoPMPO_O_pÎkmM\`QnJMgOfkfef`JoZkf`Je_MDIaGQÏPÐH`yILk_Mg[�Ea`Qe|KNÏZe_MZe~R]MPO|YgEakfpÎbvO|szILRxp]GQMPOYDILp]OBR¦I}KNÏZnJÏZemILkfp]EanïGQMÔotILnJG>p]GJILk_O|GQEapxkÌe_MPOfk_MZeÌOfpxY\[QR]Mz=#µ^ILn MZk|ILRU=ÆÙlµ^ö
¶��,� Ý oPEanJOfp]GQØZe_MZnHk~oPMZkfk_MÔÏZkmIL[�MoPEaY\YgMS`QngKNEa`QR]MZkFGÈTVÏZkfemILnQKzR]MZYgMZnHk7MZkDWÁIt�µILe_GQE~MZkFILRU=yÙlW7Ú£·ÌÜzÜ Ý [Qe_Ea[�EzO_MZnHk�Y_^ZYgMSGQMënJMë[yIaOcsµÏZefpÎéyMZeÒR]M

�Z� ;
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OmMPoPEanJGìoZefpxk_ØZe_M hvÚSRxKNEaefpxkf{QYgM_¸�¹?º*»¼¹]½[¾ 6�º*¹?�ÈjX=#WFMtIL`JoPEa`Q[ [QRx`JO^GQMiYgEakfpÎbdO\hdIL[Q[�MZR]ÏPOÌIL`JOmOfp¤otILnJG>p]GJILk_O�jOmEanHk|KNÏZnJÏZe_ÏPOiMZk|sµÏZefpÎéyÏPOiGJILnJO|R¦I qyIaO_M\YDILp]O~R]MgoPEaüQkiGQMgsNÏZefpÎéyotILkfp]Ean G>`�O_MPoPEanJGïoXefpxk_ØZe_M}MPOfk|nH`QRU=�Ñ·MPOMXW>[�ÏZefpxYgMZnHkmILkfp]EanJOÄYgEanHkfe_MZnHk Ðµ`JM¼ËBMXnyO_MX�³ÿÖpxnJMZe�e_MPOfk_M¼oPEaY\[yILemILqQR]M IL`>WßIL`Qkfe_MPO ILRxKNEaefpxkf{QYgMPOÄoPM¼ÐH`QpYgEanHkfemMBÕÌR¦IÌbdEap]OÒRUTVM´7DotIaoZpxk_ÏBG>`�OmMPoZEanyG}oZefpxk_ØZe_M^GÈTVÏZR¦ILKµILKNM^YDILp]O7IL`JO_Ofp�O_Ean�oPEaüQkt=HÑ�MS[�EapxnHk�bdILpxqQR]M^GQM±oPMPOILRxKNEaefpxkf{QYgMPO^MPOfkëR¦IÔY\p]OmM|MZn×YgÏZYgEapxe_M~GJMÌk_Ea`JOëR]MPOëYgEakfpÎbdOSotILnJG>p]GJILk_O±oPEaY\YgM|nJEa`JO^ILRxRxEanyOëR]MÌsµEapxe±ItsµMPoRUT@ILRxKNEaefpxkf{QYgM����?�È6�� �È6U=
�
	��
	�� ¿�À«ÁXÂ¬ÃYÁXÂ~Äk-#��ª« *�f�¬"�­��!�e�X�Å�f��&f­X���f&f­��Å��)���-:��ª«��p����£Æ�-:Ç� «�f�

Ñ·MPOgILRxKNEaefpxkf{QYgMPODGQM�e_MPom{JMZe_om{JMïhvEa`ÓGÈTVMXW>kfemIaoZkfp]EanrjuMZn R¦ILefKNMZ`QeDGÈT@ILq�Eae_G Í Ea`òILRxKNEaefpxkf{QYgMPOg[yILeÔnQpÎ�sµMtIL`>W Í EanHkBk_Ea`JO|MZn oPEaY\Yi`QnïÐµ`·T pxR]OBKNÏZnJØZe_MZnHk~GQMPOBYgEakfpÎbdOÌotILnJG>p]GJILk_O~GQMuR]EanQKz`JMZ`Qe
k + 1

Õ}[yILefkfpxe|GQMYgEakfpÎbdOÒsaILRxp]GQMPO�GQMëR]EanQKz`JMZ`Qe
k
=µð³RyMXW>p]Ofk_MSGQMënJEaYiqQe_MZ`JO_MPO�pxnJOfkmILnJoPMPOFGÈT@ILRxKNEaefpxkf{QYgMPOF[yILeÒnQpxsNMtIL`>WDGQEanHkÒR]M[Qe_MZY\p]MZe Í �����È6�� �È6 Í bv`Qk7pxnHsµMZnHk_ÏÌ[yILeëÚ±KzemIKÈ7ILR·MZkSILRU=QMZn � ÜzÜ,/ÄÙVÚ^ð®Û>Ü,/ Í ÚÌÛ>Ü �aÝ =QÑÒT@ILRxKNEaefpxkf{QYgMH���?�È6�� �È6MPO_kÁ[Qe_ÏPO_MZnHk_Ï~ÕÔR¦IiéJKz`Qe_Mi;>=Éy<=

9±Ea`JO}nJEak_EanJO Fk
RUTVMZnJO_MZYiqQR]MìGQMPO}YgEakfpÎbdO}saILRxp]GQMPO�GQMÖR]EanQKz`yMX`Je

k
MZk
Ck

RUTVMZnJO_MZYiqQR]MìGQMPO}YgEakfpÎbvOotILnJG>p]GJILk_O GJM¼RxEanJKz`JMZ`Qe
k
=Y�����È6�� �È6ÌoPEaY\YgMZnJoPM»[yILe�Rxpxe_M¼R¦IïqyIaO_MìGQMìGQEanQnJÏPMPO B [�Ea`JeÄoPEanJOfkfef`Qpxe_MRUTVMZnJOmMZYiqQR]M F1

GQMPOëYgEakfpÎbvOësaILRxp]GQMPOSGQMÌR]EanQKz`JMZ`Qe
1
h9RxpxKznJM � jX=QÑÒT@ILRxKNEaefpxkf{QYgMuILRxk_MZefnJM~MZnJOf`Qpxk_MÌR]MPOÁ[Q{yIaO_MPOGQMÌKNÏZnJÏZemILk_pxEanìGQM|otILnJGQpxGyILk_Ouh�bvEanJoZkfp]Ean¼áJv¤²L£9§r²L£¦ú[wy¸<¢¤jFMZkSGQMÌsµÏXe_pÉéroPILk_pxEanìGQMPOSotILnJG>p]GJILk_O±GJILnJOëR¦IÔqyIaOmMh9RxpxKznJMPO � �©yzjX=Ñ�I�KNÏZnJÏZemILkfp]EanõGQM»otILnJG>p]GJILk_O×GQMìR]EanQKz`JMZ`Qe
k + 1

Õï[yILefkfpxe×GQMìRUTVMZnJO_MZYiqQR]M
Fk

OwTVMXøîMPoZkf`JM»GQMìR¦IYDILnQp]ØZe_M^Of`QpxsaILnHk_Mz=]���?�È6j�+�È6îoPEaY\YgMZnJoPMS[yILeÒb9`JOfp]EanQnJMZe7?|Õ~?ÌR]MPOÒYgEakfpÎbvO�GQM Fk
It�HILnHkÒR]MëY_^ZYgMë[Qe_ÏXéQWQMGQM|R]EanQKz`JMZ`Qe

k − 1
h9RxpxKznJMu?\GQM|áJv¤²L£9§r²L£¦ú[wy¸<¢¤j�[�Ea`Qe±EaqQk_MZnQpxe±GQMPOëYgEakfpÎbdOSGQM|R]EanQKz`JMZ`Qe

k + 1
=y÷lnJOf`Qpxk_M ÍR]M\OmMPoPEanJG oZefpxk_ØZe_MgMPOfkÌk_MPOfk_ÏÔ[�Ea`Qe|om{yIaÐH`JMÔnJEa`QsµMtIL`ãYgEakfpÎbÌh9bvEanJoZkfp]EanÊOr¸H²L£�¡Æ¸zúmóµ²L£�¥t¸µ²L¸]qrjX=·ÛHplR]M\oZefpxk_ØZe_MMPO_kÁsNÏZefpÎéyÏ Í ILR]Eae_OëR]MÌYgEakfpÎblMPOfkÁ`Qn×YgEakfpÎblotILnJG>p]GJILk±MZkSMPOfkSIæýfEa`Qk_Ï~Õ

Ck

Í OfpxnJEan pxR�MPOfkÁpxKznJEae_Ïz=
®SnJM~bvEap]OBÐµ`JMik_Ea`JO^R]MPO^otILnJG>p]GJILk_OÌOmEanHk^otILR]oZ`QR]ÏPO Í R¦ID[Q{yIaO_MuGQMisµÏZefpÎéyotILkfp]Ean»[yILe_oPEa`QefkBR¦IDqyIaO_Mi[�Ea`QenJMiKµILe_GQMZeBÐµ`JM~R]MPO±YgEakfpÎbdO±szILRxp]GQMPOÔh9RxpxKznJMPO � Õ2yzjX=A®±nJMiMXW>ÏPoZ`Qkfp]Ean GQM������È6�� �È6ÆO_`QeSRUTVMXWQMZY\[QR]MÔ;>= � MPOfkGQEanQnJÏPMiÕuR¦IuéJKz`Qe_M~;>=0zÔ[�Ea`QeëR¦I\oPEanHkfemILpxnHk_M~GQM~?æ�db9e_ÏPÐH`JMZnJoPMz=
�����È6�� �È6±[yILe_oPEa`Qefk IL`QkmILnHk�GQM×bvEap]ODR¦I qyIaO_M¼Ðµ`JM×R¦I R]EanQKz`JMZ`QeÄG>`ß[QRx`JODKzemILnJG¬YgEakfpÎb|saILRxp]GQMz=7CFM[yILe_oPEa`Qe_OÁMPO_k�kfe_ØPO7oPEaüQk_MZ`>W�O_`Qefk_Ea`Qk7Ofp�R¦I~qyIaO_M±nJM±[�MZ`Qk�^Zkfe_M±Y\p]O_M^MZn�YgÏZYgEapxe_MB[QefpxnJoZpx[yILR]Mz=(®±nJMBIaOfkf`JoPM[�Ea`Qeie_ÏPG>`Qpxe_M}oPMDoPEaüQkuMPOfkiGQMDoPEanJOfp]GQÏZe_MZeiR]MDoPEHGJILKNMDsµMZefkfp]otILR�Ëg[QRx`Qk�ÌakuÐµ`JMgR]MDoPEHGJILKNMDkfemILnJOmIaoZkfp]EanQnJMZR ÍsµEapxe_MÌ`QnJM|IL[J[Qe_EHom{JM|{H�HqQefp]GQMgÙlµ�·{9{�,� Ý =ÑÒT pxnJoPEanHsNÏZnQp]MZnHkÄYDIæý®MZ`Qe�GQMM�����È6�� �È6^MPOfk}GÈT `QkfpxRxp]O_MZe�ÏZnJEaefYgÏZYgMZnHkÄGQMÖYgÏZYgEapxe_Mz=�÷ln MXøÈMXk�Õãom{yIaÐH`JMÏZkmIL[�M Í RUT@ILRxKNEaefpxkf{QYgMÌKµILe_GQMÌMZnÄYgÏZYgEapxe_MBk_Ea`JO7R]MPO7YgEakfpÎbvO7saILRxp]GQMPOÁGQM^R]EanQKz`JMZ`Qe

k− 1
MZk7k_Ea`JO7R]MPO7YgEakfpÎbvOotILnJG>p]GJILk_O~GQMuR]EanQKz`JMZ`Qe

k
=Èö¤Ea`Qe|GQMuKze�ILnJGQMPOÌqyIaO_MPOÌGQMÔGQEanQnyÏZMPO~GQMZnJO_MPO Í ozTVMPOfk~Õ�G>pxe_MgItsµMPouq�MtIL`JoPEa`Q[GQMuYgEakfpÎbvOBsaILRxp]GQMPO Í ���?�È6j� �È6loPEanJG>`Qpxk|Ðµ`yIaO_pÎ�³Of�<O_k_ÏZYDILkfp]Ðµ`JMZYgMZnHk~ÕD`QnJMuO�ILkf`QemILkfp]Ean GQMiR¦I}YgÏZYgEapxe_MÔoPMÐH`Qp�IÔYgEakfpxsNÏÌRUTVÏZR¦ILq�EaemILkfp]EanìGÈT@ILRxKNEaefpxkf{QYgMPO^MZn [Qe_ELbdEanJGQMZ`Qe±GÈT@ILq�Eae_GïhvoXbf=>[Qe_EHom{yILpxnJM~OmMPoZkfp]EanrjX=Ñ�IgKNÏXnyÏXe�ILkfp]Ean»GQM|k_Ea`JO±R]MPO±otILnJG>p]GJILk_OÌILpxnJOfp�ÐH`JM|R]MiotILR]oZ`QR¤GQM~R]MZ`Qe^Of`Q[Q[�EaefkÔh9[�MZnJGJILnHk^R¦I\sµÏZefpÎéyotILkfp]EanrjnJÏPoPMPOmOfpxk_M±`QnJM^Ofkfef`JoZkf`Qe_MBGQM^GQEanQnJÏPMPOÁIaGJIL[Qk_ÏPMÌÕioPMZkfk_M±k[Zaom{JMz=>ËÌILnJO�R¦I~Rxpxkfk_ÏZemILkf`Qe_M Í [QRx`JOfp]MZ`Qe_O7MXWQMZY\[QR]MPOOmEanHk}[Qe_Ea[�EzOmÏZO oPEaY\YgM¼R]MPO�kmILqQR]MPOÄGQM¼{yIaom{yILKNM Í R]MPO�{yIaOf{>�Ukfe_MPM Ù Ú^ÿ Û + Üz; Ý³Í R]MPO}kfefp]MPOÄEa` [Qe_MXéQW<�Ukfefp]MPOÙlWYÍ��z? Í W7ÿ�®a1ëÜ�y Ý³Í MZk_oz=rËBILnJO±O_EanÖÏZkmILk±GQMÌRUT@ILefkiÙÉ·BEHMK�,/ Ý³Í ·ÌEHMZkf{yILR]O^I\oPEanJOfkmILk_Ï~ÐH`JM~�����È6�� �È6�n·T@ItszILpxk[yIaOSG>`×k_Ea`QkëR¦IuY_^ZYgMÌ[�MZe®bdEaefYDILnJoPM~O_MZR]Ean×R¦I\Ofkfef`JoZkf`Qe_M|om{JEap]Ofp]M�ÎN=Ñ�IuKNÏZnJÏZemILkfp]Ean Í R]MÌOfk_EHo[ÏaILKNMÌMZkÁR¦IusµÏZefpÎéyotILkfp]EanÖO_Ean<kÁGQEanJoÌ[QefpxYgEae_G>p¦IL`>W [�Ea`QeSILYgÏZRxp]Eae_MZeSR¦IÔoPEaY\[QR]M�W>pxk_ÏGQM~���?�È6�� �È6�MZkÁpxR�MXW<p]O_k_MB[QRx`JOfp]MZ`Qe_OSEa[QkfpxY\p]OmILkfp]EanJOS[�EzOmOfpxqQR]MPOSÕ\oPMPOëÏZkmIL[�MPO~=

ÐuÑ+Ò0Ó�º¬Ò�ÔKÕ0Ö ×%ØÙÕ0×uÚBÕfÛBÚ´º¬ÚÝÜÝÜ,Þ[ß¬à#Ûfá ÚÝÓ�â�ÞÙà�Òlã�º¬Ö+ß�ä�º¬ÚBâ�Ö+å�Õ�á Ò0Ó�à�Ö©ß�º¬Öu×©à�Ò0Þ´Ó{Û¼Ö�º:×©Þ´Õ0Þ´ÓÝÓBÖ�º«æ�ÚÝÒx×©ÞÙß¬ß�Ö�º¬Ü,Þ´ÓÝÛBÖuÓ�à#ØÙÚBç�Ø[à¬à¬ß�Ò0èBÚBà�º
æKÚBÒ´×uÞ´â�Ü,Þ
º¬ÖuÓ�à]Õ0ÖAâ�ÞÙà�Òlãjé�êfÖ�º(Ø[ÚBà¬ß�Ö�º]×©Þ´Õ0Þ´ÓÝÓBÖ�ºSº¬ÞÙÓ�à(Ò0ë´ÓBÞÙß�äuÖ�ºuéÙÑ]ìíÖu×?ÕÉÖ�×uÞKÛÝØÙëÙÖAà¬ß�Ø[Ó�º�ØÙ×�à�ÒÉÞÙÓÝÓBÖuÕ�Ô[ÕÉØ«èÝØ
º¬ÖCÛ¼Þ´Òlà(î©à¬ß�Ö�ÜxØ�ß�×uÞ´Ú¼ß�ÚÝÖ
ÖuÓ�à�Ò0ï©ß�Öuâ�ÖuÓ�à%é
ð©Ò0Õ º«Þ´Ó�à*×�ñÝÞÙÒÎº¬Ò]Õ0Ö
à¬ß�Ò0Övº�ØÙÓ�º?òjÚ�ºóà�ÒlôxÖ�ß+×©Ö
×�ñBÞ´Òlç

�Z� y
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õ Gjwr§y²a£¦¥¼ö¤ôã¸ õ v�²a£9§y²L£
÷P¢*vÆ¶·¥�øî`QnJMÌqyIaO_M B MZkÁ`QnJM|oPEanHkfemILpxnHk_M

qù ¶�¥KvÆ¶·¥'ø�RUTVMZnJOmMZYiqQR]M|GQMPOëYgEakfpÎbvOësaILRxp]GQMPO F� ê F := {}� ê
C1 := {{a}|a ∈ A}? ê
k := 1/ êûú�áJ¢�¥D´·¶�¸

Ck 6= {} °³áJ£9²L¸� ê ü,üusµÏZefpÎéyotILkfp]Ean¼GQMPOëotILnJG>p]GJILk_O
V ê ý^§�¶�²g¥t§r¶�¥~Eaq>ý®MZk

o
GQM B °³áJ£9²L¸; ê YgMZkfkfe_MiÕ±ýfEa`QeÁR]MPOësaILefp¦ILqQR]MPOë[�Ea`QeëR¦IÔsNÏZefpÎéyotILkfp]Ean¼GQMPOSotILnJG>p]GJILk_O

yÄê ¡l¢þvc§�¶�²
z ê ü,üL÷lW<kfemIaoZkfp]EanìGQMPOÁYgEakfpÎbdOÁszILRxp]GQMPOÜ ê Fk := {X| q(X,B) = 1}� � ê F := F ∪ Fk�z� ê ü,ü,·ÌÏZnJÏZemILkfp]Ean¼GQMPOëotILnJG>p]GJILk_O� ? ê

Ck+1
êÉÿ^áJv�²a£9§y²a£¦ú[wy¸H¢Fh Fk

j� / ê
k + +�Z� ê ¡l¢Ó¥táJ¢�¥D´·¶�¸� V ê ²L¸N¥t§�¶�²a¢�¸H² F

�·§r¢�óz¥w£�§�¢¬áJv¤²L£9§y²a£¦ú[wy¸<¢ øÎKNÏZnJØZe_MÌR]MPOSoPILnyG>p]GJILk_O
÷P¢*vÆ¶·¥�øÈMZnJO_MZYiqQR]M Fk

GQMÌYgEakfpÎbdOÁszILRxp]GQMPOëGQMÌR]EanQKz`JMZ`Qe
kù ¶�¥KvÆ¶·¥'ø�RUTVMZnJOmMZYiqQR]M

Ck+1
GQMPOÁYgEakfpÎbdOëotILnJGQpxGyILk_OSGQMÌR]EanQKz`JMZ`Qe

k + 1� ê
Ck+1 = {}� ê ý^§r¶�²g¥t§r¶�¥|YgEakfpÎbvO

X,Y ∈ Fk
ItsNMPo

X[1..k − 1] = Y [1..k − 1]
MZk
X[k] 6= Y [k]

°³áJ£9²L¸? ê
Z := X ∪ {Y [k]}/ ê �·£�Or¸H²L£�¡Æ¸zúmóN²a£�¥t¸µ²L¸]q

(Z,Fk)
á?G�§r²BI� ê

Ck+1 = Ck+1 ∪ {Z}V ê �Á£v¢ Iw£; ê��Á£v¢ vc§r¶�²
yÄê ²L¸N¥t§�¶�²a¢�¸H²

Ck+1

�·§r¢�óz¥w£�§�¢þO��µ²a£¦¡Æ¸zúmóµ²L£�¥t¸µ²L¸]q
÷P¢*vÆ¶·¥�øÈMZnJO_MZYiqQR]M Fk

GQMÌYgEakfpÎbdOÁszILRxp]GQMPOëGQMÌR]EanQKz`JMZ`Qe
k
MZk
Z
`Qn×YgEakfpÎbÆKNÏZnJÏZe_Ï

ù ¶�¥KvÆ¶·¥'ø�s<emILp·O_p
Z
sµÏZefpÎéyMBR]M|oZefpxk_ØZe_M~? Í bUIL`>WÄOfpxnJEan

� ê ý^§r¶�²
i
GQM

1
Õ
k + 1

°³áJ£9²L¸� ê �·£
Z\Z[i] /∈ Fk

á?G9§y²ÝI? ê ²L¸N¥t§�¶�²a¢�¸H²|bdIL`>W
/ ê �Á£v¢ Iw£� ê��Á£v¢ vc§r¶�²
V ê ²L¸N¥t§�¶�²a¢�¸H²~sHemILp

57698F:r;>=Éy~A�ÚSRxKNEaefpxkf{QYgMH���?�È6�� �È6³=
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C1 F1 C2 F2 C3 F3 C4

a1 a1
h � j k_Ea`Qk_MPO

a1a3
hd?Nj

a1a3a5 a1a3a5
hd?Nj

a2 a2
h � j R]MPO

a1a4
hd?Nj

a2a3a6 a2a3a6
hd?Nj

a3 a3
h¬VNj [yILpxe_MPO

a1a5
hd?Nj

a4 a4
h¬/Nj GQM

a2a3
h¬/Nj

a5 a5
h¬/Nj

a1a2 a2a6
hd?Nj

a6 a6
h¬/Nj Õ

a3a5
h¬/Nj

a7 a7
hd?Nj

a6a7 a3a6
hd?Nj

a4a7
hd?Nj

576�87:r;>=0ziA}÷ÆWQÏPoZ`Qkfp]Ean¼GQM����?�È6j�+�È6�=
�
	��
	�� �����	��
 Äk-#��ª« *�f�¬"�­��!� ���Å�f��&f­X���f&f­X� ��)±>D�� «$u *)D�X��p��

ËÔT `QnJMÔYDILnQp]ØZe_MgKNÏXnyÏXe�ILRxM Í R]MPO~ILRxKNEaefpxkf{QYgMPO~[yILeÌnQpxsµMtIL`>W»OmEanHkBk_e_ØPOÌKNEa`QefYDILnJGQO~MZn e_MPO_OmEa`Qe_oPMÔYgÏX�YgEapxe_Mz=<ö¤Ea`QeF[yILRxRxp]MZeÁÕ|oPMZkfk_MSbdILpxqQR]MPOmO_M Í
� IÝÏ<p¤Ù � ö�í^Ñ�Ü�y Í
� IÝÏJ�,� Ý [Qe_Ea[�EzOmI~`QnJMSnJEa`QsNMZRxR]MBIL[Q[Qe_EHom{JM±qyIaO_ÏPMO_`QeSR]M~[yILe_oPEa`Qe_OBMZn¼[Qe_ELbvEanJGQMZ`QeBGÈT@ILq�Eae_GìGQ`¼kfe_MZpxRÎRxp]OBMZk^GQEanQnyIDnyILp]O_OmILnJoPMuÕgRUT@ILRxKNEaefpxkf{QYgM_¡£¢:¤,¥(¦¤=�Ë^MX�[Q`Qp]O Í GÈT@IL`Qkfe_MPO7ILRxKNEaefpxkf{QYgMPOFMZnD[Qe_ELbvEanJGQMZ`QeFO_EanHkFIL[Q[yILef`JO±ÙVÚ^Ú±öD�,� Í Ú±Ú^ö�� �XÝ GQEanHkÒ`Qn}GQMPOc[QRx`JO�oPEanQnH`JOMPO_k±5��Y½����A����¦��òÙlµ^ö
¶��,� Ý [QemEa[�EzO_ÏÌ[yILe£µ^ILnÖMZkSILRU=
ËBEae_ÏZnyItsaILnHk Í nJEa`JO�O_`Q[Q[�EzO_EanJO�ÐH`JMÖR]MPOÄILkfkfefpxqQ`Qk_OÄÐH`Qp^oPEaY\[�EzO_MZnHkÄR]MPO}YgEakfpÎbdO�O_EanHk}emILnQKNÏPOÄGJILnJORUTVEae_G>e_M±R]MXW<p]oPEaKzemIL[Q{Qp]ÐH`JMz=<ÚSpxnJO_p Í R]MSYgEakfpÎb

a5a3a8
OtTVÏPoZefpxemI

a3a5a8
=µËÌILnJOÒk_Ea`Qk_MSR¦I|Of`Qpxk_M Í [�Ea`QeÒ`Qn}YgEakfpÎb

X = x1 . . . xk
ItsµMPo

x1 <lex x2 <lex . . . <lex xk
MXkD`Qn ILkfkfefpxqQ`Qk

a
Í R¦I nJEakmILkfp]Ean

Xa
O_`Q[Q[�EzO_MZemIk_Ea`aýfEa`Qe_O±ÐH`JM

xk <lex a
=yö¤Ea`Qe±`QnÖYgEakfpÎb

X
GQM|R]EanQKz`JMZ`Qe

k − 1
Í RUTVMZnJO_MZYiqQR]M

F [X]
GQÏPOfpxKznJM~R]MPOëYgEakfpÎbdOszILRxp]GQMPO|GQMÔR]EanQKz`JMZ`QeiIL` YgEapxnJO

k
It�HILnHk|oPEaY\YgM\[Qe_ÏXéQWQM

X
h9R]MPO~ILkfkfefpxqQ`Qk_O~O_EanHk|Eae_GQEanQnJÏPO�jX=«1�Ea`JO|R]MZOILRxKNEaefpxkf{QYgMPO^MZn [Qe_ELbdEanJGQMZ`Qe±O_EanHkÁqyIaOmÏZOSOf`QeÁR¦IÔ[Qe_Ea[Qefp]ÏZk_Ï|e_ÏPoZ`Qe_OfpxsµMÌO_`QpxsaILnHk_M|GQMPOëMZnJOmMXYuqQR]MZO

Fk

Í

F [X] =
⋃

a∈A\X, Xa ��������� ��!#"
F [Xa].

hd;>= � j
1�Ea`Qk_MëR¦IBG>p87DoZ`QRxk_ÏSMPOfkcGQMëotILR]oZ`QR]MZecR]MÁ[QRx`JOlemIL[Qp]GQMZYgMZnHk�[�EzO_OfpxqQR]MÁR]MPOcMZnJO_MZYiqQR]MPO

F [Xa]
=Nö¤Ea`QeÒoPMZefkmILpxnJMPOoPEanHkfemILpxn<k_MPO�oPEaY\YgMÒR¦IÁoPEanHkfemILpxnHk_M�GQMlb9e_ÏPÐH`JMZnJoPM Í R¦I7qyIaO_MÒMPOfk·YDILpxnHk_MZnH`JMFÕ¤ýfEa`Qe·R]Eae_O�GQMPO�IL[Q[�MZR]O�e_ÏPoZ`Qe_OfpÎbdO[�Ea`QeBn·T@ItsµEapxeÌÕ}oPEanJOfp]GQÏZe_MZe|Ðµ`JMiR]MPO^pxn>bdEaefYDILkfp]EanJOBnJÏPoPMPO_OmILpxe_MPO|IL`>W¼otILR]oZ`QR]OÌGQMPO

F [Xa]
=rÚ±pxnJOfp Í [QRx`JO^R]MYgEakfpÎb

X
MPOfk7KzemILnJG Í [QRx`JO7R¦IisµÏZefpÎéyotILkfp]EanÖGQMPO7YgEakfpÎbvOëotILnJG>p]GJILk_OëO_M±bdMZemIiemIL[Qp]GQMZYgMZnHkSotILeÁR¦IikmILpxRxR]MÌGQM^R¦IqyIaOmMÌG>pxY\pxnH`JMZemI>=yölILeSMXW>MZY\[QR]M Í R¦IibdEaefYi`QR]M~;>= � [�Ea`Qeë`QnJM|oPEanHkfemILpxnHk_M~GQMBb9e_ÏPÐH`JMZnJoPM

q
O_MÌOfpxY\[QRxpÎéyM|MZn

FB[X] =
⋃

a∈A\X, Xa �����������$!#"
Xa · FB<Xa> [∅], hd;>=@?Nj

E&% B<Y > MPO_kFR]IiqyIaO_M±pxnQpxkfp¦ILR]MB[QefpxsNÏPMBGQMPOÁILkfkfefpxqQ`Qk_OëGQM
Y
MXkÁÐµ`Jp�nJM^oPEanHkfp]MZnHkëÐµ`JM±R]MPOFkfemILnJO�IaoZkfp]EanJOÁÐH`QpO_`Q[Q[�Eaefk_MZnHk

Y
=

®SnJM¼sµMZe_Ofp]Ean GQMQ¡£¢:¤,¥(¦ [�Ea`QeÄR¦I�oPEanHkfemILpxnHk_M»GQM
γ
�db9e_ÏPÐH`JMZnJoPMìMPOfkÄGQEanQnJÏPM ÕïR¦IãéJKz`Qe_M»;>=@Ü>=7öÆILe{H�<[�Eakf{JØPO_M^RUT@ILRxKNEaefpxkf{QYgMÌ`QkfpxRxp]O_M^R]MBoPEHGJILKNM^sµMZefkfp]otILRÈGQMPO7qyIaO_MPO7MZkÁOf`Q[Q[�EzO_MBÐµ`JM^k_Ea`JOFR]MPOëILkfkfefpxqQ`Qk_OÁGJILnJOR¦I^qyIaO_M7[yIaO_O_ÏPM7MZn\[yILemILYgØZkfe_MëO_EanHk

γ
�dbve_ÏPÐµ`JMZnHk_Ot=µí±ngoPEanJOfkmILk_MÁÐH`JMFR¦I^oPEanJO_kfef`JoZkfp]EanDGQMPOÆqyIaO_MPO Ba bvEaefYgMR]MSoPEaüQkÒ[QefpxnJoZpx[yILRîÕÌom{yIaÐH`JMSÏZkmIL[�Mz=g1�Ea`JOcR]MPOÒYgEakfpÎbvO^hvotILnJG>p]GJILk_O�jcGQMÁR¦IBbdEaefYgM {a, b} OmEanHkck_MPOfk_ÏPO±hvRÎpxKznJMPO;æ�©yzj7MZkSO_MZ`QR]OÁR]MPO±ILkfkfefpxqQ`Qk_O

b
ItsµMPoBR]MPOSEaq>ý®MZk_OSOf`Q[Q[�EaefkmILnHk

a
O_EanHkSIæýfEa`Qk_ÏPOëGJILnyOÁR¦IÔqyIaO_M Ba h9RxpÎKznyM~zNjX=

¡£¢:¤,¥(¦ãk_MPO_k_MiR¦I}oPEanHkfemILpxnHk_MÔOf`Qe^q�MtIL`JoPEa`Q[ [QRx`JOBGQMiYgEakfpÎbvOBotILnJG>p]GJILk_OÌÐH`JM����?�È6j� �î6³=îÑcT@IL[Q[Qe_EHom{JMMZn [Je_ELbvEanJGQMZ`QeÁbUILpxkëÐµ`·TÉ¡a¢C¤�¥(¦¼nJMÌG>p]Of[�EzO_MB[yIaOëGQMBk_Ea`JOëRxMPOÁYgEakfpÎbdO7b9e_ÏPÐH`JMZnHk_OëGQMBR]EanQKz`JMZ`Qe
k − 1

[�Ea`Qe
�Z� Ü



���<���r�v�v�_�u�N�����a�H�9���]�i�H�i�N�z�J���m���u�Z� é �z�v� �m�
õ G�wr§y²a£�¥¼ö�ôã¸('^ófG9á>¥|[�Ea`QeëR¦I

γ
�dbve_ÏPÐµ`JMZnJoPM

÷P¢*vÆ¶·¥�øî`QnJMÌqyIaO_M B Í `QnÖO_MZ`QpxR·GQMBbve_ÏPÐµ`JMZnJoPM γ MZkÁ`Qn×YgEakfpÎb Xù ¶·¥KvÆ¶·¥'ø {X ∪ Y | Y YgEakfpÎb
γ
�db9e_ÏPÐH`JMZnHkSGJILnJO B}� ê

F := {}� ê vc§�¶�²g¥t§�¶·¥
a ∈ A °³áJ£9²L¸? ê

F := F ∪ {X ∪ {a}}/ ê ü,üzC�e_ÏtILkfp]EanìGQMBR¦IÔqyIaO_M Ba� ê Ba := {}V ê vc§�¶�²g¥t§�¶·¥
b ∈ A ItsµMPo

b > a
°ûáJ£�²L¸; ê

C := support({a}) ∩ support({b})yÄê Iæ£ |C| ≥ σ
á?G9§r²BI

z ê Ba := Ba ∪ {(b, C)}Ü ê ¡l¢þIæ£� � ê ¡l¢þvc§�¶�²�z� ê ü,üaIL[Q[�MZR�e_ÏPoZ`Qe_OfpÎb� ? ê
Fa := Eclat(Ba, γ,X ∪ {a})� / ê
F := F ∪ Fa�Z� ê ¡l¢þvc§�¶�²� V ê ²L¸N¥t§�¶�²a¢�¸H²

F

576�87:r;>=@ÜiA}ðûY\[QR]ÏZYgMZnHkmILkfp]EanìGQM~¡a¢:¤,¥(¦ì[�Ea`QeëR¦IÔoPEanHkfemILpxnHk_MiGQM^bve_ÏPÐµ`JMZnJoPMz=
sµÏZefpÎéyMZe7R]MÌO_MPoPEanJGÄoZefpxk_ØZe_M|GÈTVÏZR¦ILKµILKNMÌO_`Qe7R]MZOÁYgEakfpÎbvOÁotILnJG>p]GJILk_OSGQM^R]EanQKz`JMZ`Qe

k
hvMPO_O_MZnHkfp]MZRxR]MZYgMZnHkëk_Ea`Qk_MPOR]MPO·bv`JOfp]EanJO�GQMÒGQMZ`>W|YgEakfpÎbdO�szILRÎp]GQMPOÆIt�HILnHk�R]McY_^ZYgM�[Qe_ÏXéQW>M�O_EanHk�k_MPOfk_ÏPMPO�oPMÒÐH`QpHoPEaefe_MPOf[�EanJGi`QnQp]ÐH`JMZYgMZnHkÕ RUTVÏZkmIL[�M}GQM\bv`JOfp]Ean�GQM �����î6j� �È6FOmILnJO~R¦I sµÏZefpÎéyotILkfp]Ean G>`�O_MPoPEanJG�oZefpxk_ØZe_M}GÈTVÏZR¦ILKµILKNMwjX= 1�Ea`Qk_MXbvEap]O Í R]MPOsµÏZefpÎéyotILkfp]EanJOgO_EanHkÔ[QRx`JOgM´7DotIaoPMPOgoPEaY\[yILe_ÏPMPO}ÕìoPMZRxR]MPO\GQME���?�È6j� �È6ëMZk\RUTVMPOf[yIaoPMÄYgÏZYgEapxe_MÄe_MPÐH`Qp]O\MPOfkOmILnJO�oPEaY\[yILemILp]O_Ean�YgEapxnJG>e_Mz=HËBMë[QRx`JO Í ¡£¢:¤,¥(¦ MPO_klbUIaoZpxR]MZYgMZnHk�[yILemILRxR]ÏZRxp]OmILqQR]M^otILe�R]MPO�MZnJO_MZYiqQR]MPO

F [Xa][�Ea`QeSGQMPO±ILkfkfefpxqQ`Qk_O±ItsµMPo
a /∈ X

O_EanHkëk_Ea`JOëG>p]Odý®EapxnHk_OëMZkë[�MZ`QsµMZnHk£^Zkfe_M|otILR]oZ`QR]ÏPOSO_ÏZ[yILe_ÏZYgMZnHkiÙVÑ�ÿ�� �zÝ =CFEaY\YgM����?�È6j� �î6 Í ¡a¢C¤�¥(¦»oPEanQnyI*)]k±GQMPO^ILYgÏXRxp]EaemILkfp]EznJOt=rðûR·MPOfkë[�EzO_O_pÎqJRxM~GÈTVEae_GQEanQnJMZe±R]MPO±ILkfkfefpxqQ`Qk_OÕgom{yIaÐH`JMiÏZkmIL[�M~[�Ea`Qe^G>pxY\pxnH`JMZe^R]M~nJEaYiqQe_MuGQM|YgEakfpÎbdO±otILnJG>p]GJILk_Ow=rÑ�I\bv`JOfp]Ean¼GQMiGQMZ`>W×YgEakfpÎbdOS[�MZ`Qk^OmMe_ÏZsµÏZRxMZeÁpxnH`QkfpxR]M^YgEHG>`QR]E\GQMPO7pxn>bvEaefYDILk_pxEanyOÁoPEaY\[QR]ÏZYgMZnHk�ILpxe_MPOSOf`Qe7RxMPO �a� +7�P�Z�9�-,$. Ù � ·�� �NÍ/� µ��z? Ý =].¤pxnyILR]MX�YgMZnHk Í `QnJMSIL[Q[Qe_EHom{JMS{H�HqQefp]GQMSoPEaYiqQpxnyILnHkY�����È6�� �È6y[�Ea`QeÒR]MPOcYgEakfpÎbvOÒGQMÁ[�MZkfpxk_MPOÒkmILpxRxR]MPOÒMZkY¡£¢:¤,¥(¦�[�Ea`QeR]MPOÁYgEakfpÎbdOÁ[QRx`JOëR]EanQKNO±IÔÏZk_ÏÌ[Qe_Ea[�EzO_ÏPM|[yILe�µ±px[Q[ÖMZkSILRU=JGJILnJO~Ùlµ{·{9{�,� Ý =
�
	��
	�; 0Qp
",�����'-#��ª« «�f��",­D�r���

þz`JOmÐµ`·T@Õg[Qe_ÏPO_MZn<k Í nJEa`JOBItsNEanJO^GQÏPoZefpxk^GQMZ`>WìILRÎKNEae_pÎk_{QYgMPOBÐµ`Qp�b9`Qe_MZnHk±e_MPO_[�MPoZkfpÎsµMZYgMZnHk^R]MPO±[Qp]EanQnQp]MZe_O[�Ea`QeSR¦IÔe_MPom{JMZe_om{JMiMZn×R¦ILefKNMZ`Qe±MZkSMZnÖ[Qe_ELbvEanJGQMZ`Qe^GQMÌYgEakfpÎbdOt=JÑcT pxnJoPEanHsµÏZnQp]MZnHk^GQMPO±ILRxKNEaefpxkf{QYgMPO^MZn×[Je_EL�bvEanyGQMZ`QeuMPOfkuÐH`·T pxR]O~nJÏPoPMPOmOfpxk_MZnHkÔGQMDYgMZkfkfe_M�MZn�YgÏZYgEapxe_M}R¦I×qyIaOmM}oPEaY\[QR]ØXkmMa=cCFMZR¦IÖn·TVMPOfki[yIaOik_Ea`aýfEa`Qe_O[�EzO_OfpxqQR]Mz=>ö¤Ea`QeÁoPEanHk_Ea`QefnJMZeëoPM^[Qe_EaqQR]ØZYgM Í R]MPOÁIL`Qk_MZ`Qe_OÁGQMÔÙ W7ÿ�®�1ëÜ�y Ý MZkBÙ ÛQí�9BÜ,V Ý EanHk7e_MPOf[�MPoZkfpxsNMZYgMZnHk[Qe_ÏPO_MZnHk_ÏiGQMZ`>W¼ILRxKNEaefpxkf{QYgMPO�¸Ô6�¢»MZk1�+¥+��¦È6�¦î6j� ºïÐH`Qp�GQÏPoPEa`Q[�MZnHk^R]M|qyIaO_M|pxnQpxkfp¦ILR]MiMZn¼[�MZkfpxk_OSYgEae_oPMtIL`>WÐH`Qp·kfp]MZnQnJMZnHk^MZnÖYgÏZYgEapxe_M Í [Q`Qp]O±otILR]oZ`QR]MZnHk±R]MPOSYgEakfpÎbvOëb9e_ÏPÐH`JMZnHk_OSR]EHotIL`>WÖÕgom{yIaÐH`JM|qyIaO_M~MZkësµÏZefpÎéyMZnHk±O_pR]MPO�YgEakfpÎbvOFRxEHotIL`>W�O_EanHkÒb9e_ÏPÐH`JMZnHk_OFGJILnJO�R¦I~qyIaO_MSpxnQpxkfp¦ILR]Mz=QCFMPO7IL[Q[Qe_EHom{JMPO7KNÏZnJØZe_MZnHkFk_Ea`Qk_MXbdEap]O�q�MtIL`JoPEa`Q[[QRx`JOëGQMBYgEakfpÎbdOëotILnJG>p]GJILk_OSÐH`JM����?�È6j�+�È6][Q`Qp]O_ÐH`·T `QnÖYgEakfpÎb¤[�MZ`Qk£^Zkfe_MBb9e_ÏPÐH`JMZnHkëGJILnJOÁ`Qn×GQMPOÁYgEae_oPMtIL`>W
2�3%Û¼Ò54�ä�ß�ÖuÓÝ×©Ö
ÖuÓ�à¬ß�Ö
Õ0Ö?º¬ÚBÜÝÜ,Þ[ß¬à+Û�á ÚÝÓ�â�Þ[à�ÒlãJÖ�à*Õ0Övº¬ÚÝÜÝÜ,Þ[ß¬à+Û¼Ö à�Þ´Ú�º�º¬Ö�ºÇº¬Þ´Ú�º76câ�ÞÙà�Òlã©º«Ò0â�â�ä%ÛBÒÉØ�à�º
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O�ILnJOÁRUTl^Zkfe_M|GJILnJOëR¦IuqyIaO_M|oPEaY\[QR]ØZk_M ,=, =
®SnJMDILRxk_MZefnyILkfpxsµM}IL` [yILefkfpxkfp]EanQnJMZYDMZnHkuMPOfk|RUTVÏPom{yILnHkfpxRxR]EanQnyILKµMg[QemEa[�EzO_Ï\[yILe~1�EapxsµEanJMZn¬Ùl1�Eap¦Üz; Ý =#®±nÏPom{yILnHkfpxRxR]Ean GÈTVEaq>ýfMZk_ODMPO_k\[Qe_ÏZR]MZsµÏÖIL`ò{rIaOmILe_GòGJILnJOgR¦I»qyIaOmM pxnQpxkfp¦ILR]MÖMZkgR]MPOgYgEakfpÎbvO\bve_ÏPÐµ`JMZnHk_Og� OmEanHkMZnJO_`Qpxk_MDMXW>kfemILpxk_Ot=�Ñ�MDom{JEapÎWïG>`�O_MZ`QpxR�GQM\bve_ÏPÐH`JMZnJoPMg[�Ea`QeiRUTVMXW<kfemIaoZkfp]Ean GJILnJO~RUTVÏPom{yILnHkfpxRxR]EanÓMPOfk~GQÏZRxp]otILkotILe7pxRîGQEapxkÁIaOmOf`Qe_MZe7ÐH`JMSk_Ea`JO7R]MPOFYgEakfpÎbvO�bve_ÏPÐµ`JMZnHk_OÁGQM±R¦I~qyIaO_M±pxnQpxkfp¦ILR]MBOmEanHkÁIL`JO_OfpîGQMPOFYgEakfpÎbvO�bve_ÏPÐµ`yMXn<k_OGQM\RUTVÏPom{yILnHkfpxRxR]Ean·=�ö¤Ea`QeiOtTVMZnïIaOmOf`Qe_MZe Í R]MgO_MZ`QpxRÒMPOfk~ILqyILp]O_OmÏ\oPMgÐµ`Qp�I�[�Ea`Qe~MXøÈMZk|GQM\KNÏZnJÏZe_MZe~q�MtIL`JoPEa`Q[[QRx`JOSGQM|otILnJG>p]GJILk_Ot=
9±Ea`JOuk_MZefY\pxnJEanJOÔoPMZkfk_MÄO_MPoZkfp]Ean oPEanJOmIaoZe_ÏPM IL`>W ILRxKNEaefpxkf{QYgMPOÔ[yILeu`Qn�nJEa`QsµMZRÁILRxKNEaefpxkf{QYgMÄMZn [Qe_EL�bdEanJGQMZ`Qe\5��Y½����A���2¦>�Æ=¤ÑcTVEaq>ýfMPoZkfpÎb±GQM}oPMZkÔILRxKNEaefpxkf{QYgM�MPOfkuGQMDkfpxe_MZeÔItsaILn<kmILKNM�Õ×R¦IÄbdEap]OiGQMPOuoPEHGJILKNMPOkfemILnJO�IaoZkfp]EanQnJMZR>MZk�sµMZefkfp]otILRU=Lö¤Ea`QeÆoPMZR¦I Í `QnJMÒnJEa`QsµMZRxR]MFOfkfef`JoZkf`Qe_M�GJMÒGJEanQnJÏPMPOÆIL[Q[�MZR]ÏPMk.ÆöÆ�Ukfe_MPMBhó.Je_MPÐH`JMZnHkölILkfk_MZefnM1�e_MPMwj7MPOfkSoXemÏZÏPMz=�1�Ea`Qk_MPOëR]MPOëpÎnQbvEaefYDILkfp]EanJO±Of`QeëoPMZkfk_M~Ofkfef`JoZkf`Qe_M|OmEanHk7bdEa`QefnQp]MPOSGJILnJO~Ù µ^ö
¶��,� Ý =CFMZ[�MZnJGJILnHk Í ·BEHMZkf{yILR]OBÙÉ·BEHMK�,/ Ý OmMXYuqQR]MSpxnJG>p]ÐH`JMZe7ÐH`JMSYDILRxKze_Ï^O_MPO�nJEaYiqQe_MZ`>WÄItszILnHkmILKNMPO Í R¦I|KNMPOfkfp]EanÄG>`

.ÆöÆ�Ukfe_MPMiÕÔom{yIaÐµ`JM|ÏZkmIL[�MÌMPO_k7kfe_ØPOëoPEaüQk_MZ`JOmMÌoPM|Ðµ`QpîbdILpxkëGQM~5���½�� �����2¦>�»`Qn¼ILRxKNEaefpxkf{QYgM|oPEaY\[yILemILqQR]MÕ_�����È6�� �È6�Ea`M¡a¢C¤�¥(¦�=
CFMZkfk_MuOmMZoZkfp]EanãIg[Qe_ÏPOmMZnHk_Ïi`QnJMiRxp]OfkmMiGÈT@ILRxKNEaefpxkf{QYgMtOÌGQMinyILkf`Qe_MPOBkfe_ØPO^G>pÎøÈÏZe_MZnHk_MPOt=·CFMZkfk_MiRxp]Ofk_Min·TVMPOfkqQp]MZn¬MZnHk_MZnJG>`¬[yIaOgMXW<{rIL`JOfkfpxsNMz=X9±Ea`JO\n·T@ItsµEanJO\[yIaO}ILq�Eae_GQÏ [yILegMXWQMZY\[QR]M R]MPODILRxKNEaefpxkf{QYgMPO}GÈTVMXW<k_emIaoX�kfp]Ean GQMiYgEakfpÎbdO±bvMZefYgÏPOÌGQEanHk^R]MPO^[QRx`JOÌoZEanJnH`JOBO_Ean<k@?{¤f� »¼¹ ÙVöXWY1ÁÑ�ÜzÜzI Ý³Í ?1�:¥+�BA Ù � µ��z? Ý MZk@?{¤g�+»B¹J¦ÙVö�µ±ÿ=�,� Í	C µ^ö��,/ Ý =yÑ�Ig[Qe_EHom{yILpxnJMuOmMPoXk_pxEan¼k_emILpxk_MiGQMPO^IL[Q[�Eaefk_O±[�EzOmOfpxqQR]MPO±GQM~RUT@ILnyILRx�<O_MiMZn¼YgEw�NMZnQnJMÔÕR¦I\oPEaY\[Qe_ÏZ{JMZnJOfp]EanìGQMPOSILRxKNEaefpxkf{QYgMPO±GÈTVMXW>kfemIaoZkfp]Ean¼GQMÌYgEakfpÎbvOw=
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ÏPom{yIL[Q[�MZeBk_Ea`QkBILRxKNEaefpxkf{JYgMÔGÈTVMXW<kfemIaoZkfp]Ean·=·CFMi[yILemILYgØZkfe_MÔoPEanJOfkfpxkf`JMuGQEanJoi`QnJM Ãf�z�����Ô���w�P�X�X�U�X�H�m� GQM~R¦IoPEaY\[QR]MXW<pxk_Ï|GQMPOëILRxKNEaefpxkf{QYgMPOëGÈTVMXW>kfemIaoZkfp]Ean·=J÷lnJOf`Qpxk_M Í pxRî[�MZefYgMZkëGQM^Y\p]MZ`>W IL[Q[Qe_ÏZ{JMZnJGQMZeSR]Iue_ÏPMZRxRxMÌG>p87\�oZ`QRxk_Ï7G>`Ô[Qe_EaqQR]ØZYgMz=zÚ±pxnJOfp Í MXW>p]Ofk_MX�Uk®�UpxR>`QnÔnJEaYiqQe_MÁMXW<[�EanyMXn<kfp]MZRJGQM�YgEakfpÎbdO¤szILRxp]GQMPOlEa`Ô[QRx`Qk�ÌakÆ`QnÔnJEaYiqQe_M[�EaRx�HnyEaY\p]ILR`_ÌËuT `Qn IL`Qkfe_M^oPEak_Ï Í G>pÎøîÏZe_MZnHk_OFYgEHGQØZR]MPOÁGQMSqyIaO_MPOF[�MX`JsNMZnHkFYgMZkfkfe_MBMZn�ÏZs<p]GQMZnJoPM±RUT pxnbaJ`JMZnJoPMGQMPO^qyIaO_MPOÔhvMZkBGQMiR]MZ`Qe_O^[Qe_Ea[Qefp]ÏZk_ÏPO�j±Of`Qe^R]M~nJEaYiqQe_MÔGQMiYgEakfpÎbdO±szILRxp]GQMPOt=C.¤pxnyILR]MZYgMXn<k Í oPEaY\YgMuR]MPOBILRxKNEL�efpxkf{QYgMPOëGQMBoPEaY\[QkmILKNMÌ[Qe_EaqyILqQpxRxp]Ofk_M Í nJEa`JOëMPOf[�ÏZe_EanJOSÕi[QRx`JO7R]EanQK\k_MZefYgMB[�Ea`QsµEapxeÁoPEaY\[Qk_MZeëemIL[Qp]GQMZYgMZnHkR]MÔnJEaYiqQe_MgGQM\YgEakfpÎbvO|saILRxp]GQMPO~ItsµMPoÔ`Qn Y\pxnQpxYi`QY GÈT pxn>bdEaefYDILkfp]Ean�Of`QeÌR¦I�qyIaO_Mz=�CFMPoZpl[�MZefYgMZkfkfemILpxkÔIL`>WMXW<[�MZefkmOëGÈTVMXW>kfemILpxe_MÌemIL[Qp]GQMZYgMZnHk±R¦IÔÐH`yILnHkfpxk_Ï|GÈT pxn>bdEaefYDILkfp]EanÖsµEa`QRx`JM|OmILnJOSItsµEapxeSÕuemÏX[�ÏZk_MZeSR]MÌ[Qe_EHoPMPO_Of`JOGÈTVMXW<k_emIaoZkfp]EanÖ[QRx`JOfp]MZ`Qe_OÁbvEap]Ow=

÷ln¼Ea`Qkfe_M Í R]MPOëYgEakfpÎbdO
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�dbve_ÏPÐH`JMZnHk_OSEa`

γ
�dbdMZefYgÏPOSEan<kë`Qn¼O_MZnJOë[yILefkfp]oZ`QRxp]MZe^GJILnJOSR]MPOëe_MZ[Qe_ÏPO_MZnHkmILkfp]EanJOYDILkfefp]oZp]MZRxR]MPO¤MZk·[yILe�KzemIL[Q{JMPOFhvoXbf=ZéJKz`Qe_M�;>= � �NjX=æËBILnJO�R¦I7e_MZ[Qe_ÏPO_MZnHk�ILkfp]EaniYDILkfefp]oZp]MZRxR]M Í `Qn~YgEakfpÎb
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�dbve_ÏPÐH`JMZnHkMPOfkÔÕ×`QnJM}[�MZefYi`QkmILkfp]EanÓ[Qe_ØPOuGQMPOiRxpxKznJMPOÔMZkuGQMPOÔoPEaR]EanQnJMPO Í `Qn e_MPoZkmILnQKzR]MÄGQM
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YDIæW>pxYDILR7MZn {yIL`Qk_MZ`QeGÈT@IL` YgEapxnJO

γ
RxpxKznJMPOt=J®SnÄYgEakfpÎb¤bvMZefYgÏÌMPOfkÁÐH`yILnHkSÕiRx`QpÈ`Qn e_MPoZkmILnQKzR]M|GQM
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YDIæW<pxYDILR�MZnÄ{yIL`Qk_MZ`QeSMZkëMZnR¦ILefKNMZ`QelGÈT@IL`ÔYgEapxnJO
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RxpxKznJMPOw=LËÌILnJO¤R¦ISe_MZ[Qe_ÏPO_MZnHkmILkfp]EangMZnuKzemIL[Q{JMFqQpx[yILefkfpxk_M Í `QnuYgEakfpÎb
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�dbvMZefYgÏPOFItsµMPoÁR]MZ`Qe_O�Of`Q[Q[�Eaefk_O�O_EanHk�MXn}oPEaefe_MPOf[�EanJGJILnJoPMÔh9qQp ýfMPoZkfpxsNMwjcItsµMPoÁR]MPO�O_ÏZ[yILemILk_MZ`Qe_OY\pxnQpxYDIL`>W¯ÙlWëÛ(� �JÍ ÛHpxKf�z? Ý hvMZnJO_MZYiqQR]M¼GQM¼O_EaY\YgMZk_O}ÐH`QpSR]Eae_O_ÐH`·T pxR]O}O_EanHk}Of`Q[Q[JefpxYgÏZO�GQÏPoPEanQnJMPoZk_MZn<k�R]MKzemIL[Q{JMwjX=dclnH`QYgÏZe_MZeÄGJILnJO}`Qn¬YgEHGQØZR]M»ILR]ÏtILk_Eapxe_MÖ[QemÏZoZp]O}R]MÖnJEaYiqQe_M¼GQMÖYgEakfpÎbvOgbve_ÏPÐH`JMZnHk_O}Ea`òbdMZefYgÏPOe_MZs<pxMZn<kSGQEanJo~ÕÔÏZnH`QYgÏZe_MZeSR]MPOëEaqQý®MZk_OSoPEaYiqQpxnyILk_Eapxe_MPOS[Qe_ÏPoPÏPGQMZY\YgMZn<k±oZpxk_ÏPOt=
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®±nÔYgEakfpÎb�GQMFR¦I^q�Eae_G>`Qe_M7nJÏZKµILkfpxsµM7MPOfkÆ`QnÔYgEakfpÎb�nJEan\saILRxp]GQMÁGQEanHkÆk_Ea`JOÆR]MPOlO_Ea`JOf�UYgEakfpÎbvOlO_EanHkÆszILRxp]GQMPOt=ÿ»ILnQnQpxR¦IÖMZk�1�EapxsNEanJMZn ÙVÿ�1ëÜ�y Ý EanHkiYgEanHkfemÏ�Ðµ`JMDR]MPOÔILRxKNEaefpxkf{QYgMPOÔ[yILeunQpxsNMtIL`>W�MXøÈMPoZkf`JMZnHk\IL` YgEapÎnyO`QnJMSsµÏZefpÎéyotILkfp]Ean�[�Ea`Qe7om{yIaÐµ`JM±YgEakfpÎb�GQMPO�q�Eae_G>`Qe_MPOFnJÏZKµILkfpxsNM^MZk�[�EzOfpxkfpxsµMz=>CFEaY\YgM±R¦I|q�Eae_G>`Qe_M±[�EzOfpxkfpxsµMMPOfk|pxnJoZRx`JO_MDGJILnJO~RUTVMZnJO_MZYiqQR]M}GQMPO|YgEakfpÎbdO|szILRxp]GQMPO Í R]M\nJEaYiqQe_MDk_EakmILR�GQM\sµÏZefpÎéyotILkfp]EanJOuoPEaefe_MPOf[�EanJG ÕÄR¦IkmILpxRxR]M|GQMÌR¦Iuq�Eae_G>`QemMÌnJÏZKµILkfpxsµMÌ[QRx`JOëR]MBnJEaYiqQe_M~GQMÌYgEakfpÎbvOësaILRxp]GQMPOt=
®±nßO_MPoPEanJG¬[yILemILYgØZkfe_M»Õ�ILnyILRx�<OmMZe}MPOfk�GQEanJoÖR]M×nJEaYiqQe_MìGQM×YgEak_pÉbdO}GyILnJODR¦Iãq�Eae_G>`Qe_MÖnJÏZKµILkfpxsµMz=Ú^O_O_EHoZp]ÏuÕDRUT@ILnyILRx�>O_MuG>`ìnJEaYiqQe_MÔGQMiYgEakfpÎbdO^saILRxp]GQMPO Í Ean»MZn»GJÏZGQ`QpxemI}R]M~nyEaYiqQe_Muk_EakmILRÆGQMisµÏZefpÎéyotILkfp]EanJOMXW>ÏPoZ`Qk_ÏPMPOS[yILeÁR]MPO±ILRxKNEaefpxkf{QYgMPO±MZn×R¦ILefKNMZ`Qet=
ÿ»ILp]OÁoPM^[yILemILYgØZkfe_M~Ii`Qn×IL`Qkfe_MBpxnHk_ÏZe�^ZkëGJILnJOÁR¦Iikf{JÏPEaefp]MÌGQMPO7{H�<[�MZefKzemIL[Q{JMPOt=rCFEaY\YgMBnJEa`JO7RUT@ItsµEanJOs<` Í `QnJM qyIaO_M GQMãGQEanQnJÏPMPO B O_M»YgEHGQÏZRxp]O_MãnyILkf`Qe_MZRxR]MZYgMZnHkìO_Ea`JO R¦I�bdEaefYgMãGÈT `Qn {H�H[�MZefKzemIL[Q{JM HB

=
®±nJMDkfemItsµMZe_O_M}Y\pxnQpxYDILR]MÄGÈT `Qn {H�<[�MZefKzemIL[Q{JMÄMPO_ki`Qn MZnJO_MZYiqQR]M�Y\pxnQpxYDILR|hdIL` O_MZnJOÔGQM}RdT pxnJoZRx`JO_p]EanrjiGQMO_EaY\YgMZk_O�ÐH`QpNpxnHk_MZe_O_MPoZk_Mck_Ea`Qk_MPO�R]MPO·{<�H[�MZe®�ûILe�^Zk_MPOt=æÑ·MPO¤IL`Qk_MZ`Qe_O�GQMSÙ ÿ�1ëÜ�y Ý EanHk�YgEanHkfe_ÏÒÐH`JMlR]MPO·kfemItsµMZe_O_MPOY\pxnQpxYDILR]MPOlGQM�RUT {H�<[�MZefKzemIL[Q{JM HB

bdEaefYgMZnHk¤R]MPOÆÏZR]ÏZYgMZnHk_OlGQM�R¦ISq�Eae_G>`Qe_M7nJÏZKµILkfpxsNMPOt=aËBÏZk_MZefY\pxnJMZeÆR¦ISkmILpxRxR]MYgEw�µMZnQnJM±GQMëR¦I|q�Eae_G>`Qe_MSnJÏZKµILkfpxsµM±GÈT `QnJMSqyIaOmMëe_MZs<p]MXn<k�GQEanJo^Õ~otILR]oZ`QR]MZe�R]MSnJEaYiqQe_MSYgEw�µMZn�GQMëkfemItsµMZe_O_MPOY\pxnQpxYDILR]MPO±Ðµ`JMÌ[�EzO_O_ØPGQMÌ`Qn {H�<[�MZefKzemIL[Q{JMz=
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(a) Représentation matricielle
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(b) motif fermé {1,2,3} de support {1,2}=
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(c) motif fermé {4,5,6} de support {1,2}=
séparateur minimal {1,2,3}   {3,4}

sous−graphe bipartite maximal complet {1,2,3}   {1,2}

576987:l;>= � �×A�CFEaefe_MPOf[�EanJGJILnJoPMPOgMZnHkfe_M�R]MPOuYgEakfpÎbvOibve_ÏPÐµ`JMZnHk_OÔEa` bvMZefYgÏPOÔMZkuR]MPOue_MPoZkmILnQKzR]MPO\YDIæW<pxYDIL`>WGJILnJOëR¦IÔYDILkfefp]oPM Í R]MZOSO_Ea`JO®�UKzemIL[Q{JMPOëqQpx[yILe_kfpxk_MPOSoPEaY\[QR]MZk_OSYDIæW<pxYDIL`>W×MZkëR]MPOëO_ÏZ[yILemILk_MZ`Qe_OSY\pxnQpxYDIL`>Wî=
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Ú om{yIaÐH`JMënQpxsNMtIL`}G>`Dkfe_MZpxRxRxp]OFGQMPOcYgEakfpÎbdOcszILRxp]GQMPO Í �����È6�� �È6rKNÏZnJØZe_M±GQMPOÒotILnJG>p]GJILk_O�[Q`Qp]OÒ[yILe_oPEa`Qefk�R¦IqyIaO_M~GQM|GQEanQnJÏPMPO±[�Ea`Qe±OmItsµEapxeSOtT pxR]OSOmILkfp]OfbvEanHkëR¦IgoPEanHkfemILpxnHk_Mz=rÑ�I\kmILpxRxR]MiG>`×[JRÎ`yOëR]EanQKDYgEakfpÎbcMPO_kSGQEanJo|R]MnJEaYiqQe_MFGQM�[yIaO_O_MPO�O_`Qe�R¦ISqyIaO_M�ÐH`JMk���?�È6j�+�È6>`QkfpxRxp]O_M�[�Ea`Qe�kmEa`Qk_MPO¤O_MPO�sNÏZefpÎéyotILkfp]EanJOw=LËÌILnJO�R¦IëRxpxkfk_ÏZemILkf`Qe_M ÍR]Mi[yILe_oPEa`Qe_OÌoPEaY\[QR]MZk|GQMiR¦IDqyIaO_MuMPOfkBO_Ea`QsµMZnHkBoPEanJOfp]GQÏZe_ÏÔoPEaY\YgMÔkfe_ØPOBoPEaüQk_MZ`>WìOf`Qefk_Ea`QkÌOfp¤R¦IDqyIaO_MuMPOfkMZn×YgÏZYgEapÎemM|MXW>k_MZefnJMz=rC^TVMPOfkë[�Ea`Qe_ÐH`JEap�EanÖMPO_OmILp]MÌOmEa`QsNMZnHkSGÈTVEa[QkfpxY\p]O_MZe±oPMB[rILemILYgØZkfe_Mz=
Ñ�MZOFMXW>[�ÏZefp]MZnJoPMPOÁItsNMPoSR¦I~oPEanHkfemILpxnHk_M^GQMëb9e_ÏPÐH`JMZnJoPMSYgEanHkfe_MZnHk7ÐH`·T pxR�MXW<p]Ofk_MSkfe_ØPO�[�MZ`�GQMëR]EanQKNO�YgEak_pÉbdOsaILRxp]GQMPOw=7ö¤Ea`Qe×GQMPOÄqyIaO_MPO×ILR]ÏtILk_Eapxe_MPO×E&% om{yIaÐµ`JMãILkfkfefpxqQ`QkÖIL[Q[yILefkfp]MZnHk¼Õ�`QnJMìkfemILnJO�IaoZkfp]EanõItsµMPoì`QnJM[Qe_EaqyILqQpxRxpxk_Ï

p
éQW>ÏPM Í R]MPOÁIL`Qk_MZ`Qe_OëGQMuÙVÚ^ÿ Û + Üz; Ý EanHk7YgEanHkfe_ÏÌÐµ`·T pxRî�}IwsaILpxk7[�MZ`QkÁGQM^YgEakfpÎbvOÁGQM^R]EanQKz`JMZ`Qe[QRx`JOBKzemILnJGQMÔÐH`JM

log r/logp
E&%»R]MÔO_MZ`QpxRlGQM~bve_ÏPÐµ`JMZnJoPMÔMPO_kBGQEanQnJÏu[yILe

γ = r × n
ItsNMPo

r ∈]0, 1[
MZk
nMPOfk±R]MinJEaYiqQe_MÔGQM~kfemILnJO�IaoZkfp]EanJOt=ÈCFMZ[�MZnJGJILnHk Í R¦I}G>p]OfkfefpxqQ`Qkfp]Ean MXWQIaoZk_MuGQMiR¦IDkmILpxRxR]MuG>`ì[QRx`JO±R]EanQK�YgEakfpÎbn·TVMPOfkë[yIaOëoPEanQnH`JMz=

�
	�;�	�; �  *�!>D�����X�¬",@ �����E-#��ª* «�f��",­D�r���'�X� ����&g­X�?�f&g­X�Å��) ��-:��ª*��pX�
Ñ�I|oPEaY\[QR]MXW<pxk_Ï±MZnDk_MZY\[JOFMZkÒR¦IÌoPEaY\[QR]MXW>pxk_Ï±MZn}MPOf[yIaoPMSOmEanHkÒGQMZ`>Wg[yILemILYgØZkfe_MPOÒbdEanJGJILYgMZnHkmIL`>Wg[�Ea`QeR]MPOSILRxKNEaefpxkf{QYgMPO±GQMÌe_MPom{JMZe_om{JM~MZn×R¦ILefKNMZ`Qet=
Ñ�MZO�ILRxKNEaefpxkf{QYgMPO�[yILeDnQpxsNMtIL`>WßILRxk_MZefnJMZnHk}R]MPOg[Q{rIaO_MÖGQM KNÏZnJÏZemILkfp]Ean GQMÖotILnJG>p]GJILk_O�MZkgR]MPOD[Q{yIaO_MPOGQM×sµÏZefpÎéyotILkfp]Ean·=7CFEaY\YgM¼nJEa`JODRUT@ItsNEanyODsH`¬[Qe_ÏPoPÏPGQMZY\YgMZnHk Í R]MÖoPEaüQkDk_EakmILR^GQM×k_Ea`Qk_MPO}R]MPOD[Q{yIaO_MPO}GQMsµÏZefpÎéyotILkfp]EanJOÒMPOfkcÏZkfe_Eapxk_MZYgMZnHk�Rxp]ÏëÕ^R¦IBkmILpxRxRxMSGQM7R¦I^q�Eae_G>`Je_MÁnJÏZKµILkfpxsµMÁ[QRx`JOlR]M7nJEaYiqQemMëGQM7YgEakfpÎbdOlszILRxp]GQMPOt=ÿ»ILp]O7[QRx`JOÁÐH`JMBR]M^nJEaYiqQe_M|GQMBYgEakfpÎbvO Í pxRîbdIL`JG>emILpxk±IL`JO_Ofpîk_MZnQpxeSoPEaY\[Qk_MÌG>`×oPEaüQkëGQMBR¦IusNÏZefpÎéyotILkfp]EanÖGÈT `QnYgEakfpÎb�ÐH`Qp�MPOfkFRx`Qp�kfe_ØPO7GQÏZ[�MXnyGJILnHkÁGQM±R¦I~O_kfef`JoZkf`Qe_M±`QkfpxRxp]OmÏZM\h9kfefp]M Í µBIaOf{Hkfe_MPMwjX=<Ñ�M^oPEaüQkFk_EakmILRîGQMPOF[Q{yIaO_MPOGQM\KNÏZnJÏZemILkfp]Ean�oPEaY\[Qe_MZnJGïR]M\oPEaüQk~k_EakmILRÒGQMPO|[Q{yIaO_MPO~GQMubv`JOfp]EanïMZkÌR]MgoPEaüQk|k_EakmILR�GQMPOÌsµÏZefpÎéyotILkfp]EanJOiG>`O_MPoPEanJG oZefpxk_ØZe_MgGÈTVÏZR¦ILKµILKNMz=¤CFMPO|oPEaüQk_O|GQÏZ[�MZnJGQMZnHk|qQp]MZnïMZnHk_MZnJG>`ïGQMÔR¦IÄOfkfef`JoZkf`Qe_MgGQM\GQEanQnJÏPMPOÌ`QkfpxRxp]O_ÏPMYDILp]Oë[yILe±MXW>MZY\[QR]M|R]MÌnJEaYiqQe_M~GQM|oPEa`Q[QR]MPOëbv`JOfp]EanQnJÏPOë[�MZefYgMZkfkfemILpxk^GÈT@ItsµEapxeë`QnJM|q�EanQnJM~oPEaY\[Qe_ÏZ{JMZnJOfp]EanGQMÌRUT pxY\[�Eaefk�ILnJoPM~GQMÌR¦IÔ[Q{yIaO_MÌGQMBbv`JOfp]Ean·=
Ñ�I oPEaY\[QR]MXW<pxk_Ï}MZnãYgÏZYgEapxe_MDMPOfkiIL`JO_Ofpc`Qnã[�EapxnHk~oZR]ÏgGQMPOiILRxKNEaefpxkf{QYgMPOi[yILe|nQpxsµMtIL`·=·ÑcTVMPO_[yIaoPMgYgÏX�YgEapxe_M^YDIæW>pxYi`QY `QkfpxRxp]O_Ï^[yILe����?�È6�� �È6ÈpxnHk_MZefs<p]MZnHkSIL`�YgEaYgMZnHkëE&%ÄR]M^nJEaYiqQe_MÌGQM^YgEakfpÎbvOÁotILnJG>p]GJILk_OëGQMR]EanQKz`JMZ`Qe

k
MZk�R]M±nJEaYiqQe_M^GQMSYgEakfpÎbdO�saILRxp]GQMPOFGQM±RxEanJKz`JMZ`Qe

k− 1
MPOfk�YDIæW<pxYi`QY×=<ÚëoZkf`JMZRxR]MZYgMZnHk Í k_Ea`Qk7oPMÐH`JM±RUTVEan OmILpxk7Of`Qe7R¦IioPEaY\[QR]MXW>pxk_ÏBMZnÄYgÏZYgEapxe_MÌMPOfk7G>`ÄY_^ZYgMBEae_G>e_MBÐH`JM^oPMBÐµ`JM^RUTVEanÄO�ILpxk7Of`QeFR]M^nJEaYiqQe_MGQMiYgEakfpÎbdO^szILRxp]GQMPOÌÕ�OmItsµEapÎeBÐH`JMuGJILnJOBR]Mi[Qpxe_MÔGQMPOBotIaO Í oPMZR¦I�MXW<[QR]EzO_MÔGQMiYDILnQp]ØZe_M\MXW<[�EanJMZnHk_pxMZRxR]Mz=·ÿìILp]O
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MZn»[QemILkfp]ÐH`JMÔMZkB[�Ea`QeÌGQMPOÌoPEanHkfemILpxnHk_MPOÌemILp]O_EanQnyILqQR]MPO Í ���?�È6j�+�È6le_MPO_k_MuM´7DotIaoPM\oPMÔÐµ`JpÆO_MZYiqQR]MuYgEanHkfe_MZe`QnÖoPEaY\[�Eaefk_MZYgMZnHk^G>pÎøÈÏZe_MZnHkSG>`×[Qpxe_M|GQMPOëotIaOt=
�
	�;X	�n �  +�r>k���/�
��"x@e�X����-#��ª« «�g�¬"�­��!���2�A)±>D�� «$u *)D�X��p��

CFEanHkfemILpxe_MZYgMZnHkÒIL`QWuILRxKNEaefpxkf{QYgMPOcMZnuR¦ILefKNMZ`Qe Í R¦I^oPEaY\[QR]M�W>pxk_ÏÁMZnuYgÏZYgEapxe_M7MPOfk¤[�MZ`ÔpxY\[�EaefkmILnHk_M7[�Ea`QeR]MPO±ILRxKNEaefpxkf{QYgMPO±MZn×[Qe_ELbvEanJGQMZ`Qe±otILeëpxR]OSEanHkSÏZk_ÏÌoPEan?³Z`JOS[�Ea`QeënJMÌ[yIaOÁ`QkfpxRxp]O_MZeëkfe_Ea[¼GQMÌoPMZkfk_M|e_MPO_O_Ea`Qe_oPMz=÷cn×e_MZsaILnJom{JM Í R¦IÔoPEaY\[QR]MXW>pxk_Ï~MZn k_MZY\[JOëe_MPO_k_M^bdEanJGJILYgMZnHkmILR]Mz=
Ñ�I×oPEaY\[QR]MXW>pxk_Ï}GQM\RUT@ILRxKNEaefpxkf{QYgM'¡£¢:¤�¥]¦ h9[�Ea`QeiR¦I oPEan<kfemILpxnHk_M}GQM\b9e_ÏPÐH`JMZnJoPMwjÌMPOfk~MPOmO_MZnHkfp]MZRxR]MZYgMZnHkoPEanJO_kfpxkf`JÏPM}G>`�oPEaüQkik_EakmILRFGQM}oPEanJOfkfef`JoZkfp]Ean GQMPO~qyIaO_MPO Ba =¤CFEanHkfemILpxe_MZYgMZn<k\IL`>W�ILRxKNEaefpxkf{QYgMPOu[yILe~nQpÎ�sµMtIL`>W Í R¦I~oPEaY\[QR]MXW>pxk_Ï^GQMPO7ILRxKNEaefpxkf{QYgMPOÁMZn}[Qe_ELbvEanJGJMX`JeFYgM±O_MZYiqQR]MS[JRÎ`yO7IaoPoPMZOmOfpxqQR]Mz=<ð³RrMPO_kÒkfemIaG>pxkfp]EanQnJMZRMZn}ILRxKNEaefpxkf{QY\p]ÐH`JM±GQMÁe_MZ[Qe_ÏPO_MZnHk_MZeÒR]MPOÒMXWQÏPoZ`Qkfp]EanJO�GÈT@ILRxKNEaefpxkf{QYgMPO�e_ÏPoZ`Qe_OfpÎbvOÒO_Ea`JOcR¦I^bvEaefYgMSGÈT@ILefqQe_MPOt=µ÷ln>�O_`Qpxk_M Í RUT@ILnyILRx�>O_MiGQM~oPMZefkmILpxnJO^[yILemILYgØZkfe_MPOBGQM|RUT@ILRxKNEaefpxkf{QYgMÔO_MÌbdILpxk^MZnìILkfkfefpxqQ`yILnHk^`QnìoPEaüQkBIL`>W bvMZ`QpxRxR]MPOMZkg`Qn¬oPEaüQk�IL`>W nJEHMZ`JGQODpxnHk_MZefnJMPO}GQMPODMXW>ÏPoZ`Qkfp]EanJOt=ÒöÆEa`QeDotILR]oZ`QR]MZe}R¦I oPEaY\[QR]MXW<pxk_ÏÖGQMM¡a¢:¤,¥(¦ Í pxRëYgMOmMZYiqQR]M\Of`(7DO�ILnHk|GQM\oPEanJOfp]GQÏZe_MZe~`QnãoPEaüQkiIL`>W¼bdMZ`QpxRxR]MPOÌszILR¦ILnHk

1
MZkÌ`QnãoPEaüQkiIL` nJEHMZ`JGãÏPÐH`QpxsaILR]MZnHkiIL`oPEaüQkëk_EakmILRÈ[�Ea`QeÁKNÏZnJÏZe_MZeëk_Ea`Qk_MPOÁR]MPOÁqyIaO_MPO Ba =(®±nÄq�ÏZYgEaR�oPMZ[�MZnJGJILnHk Í R]MPOSILefqQe_MPOëoPEanJOfp]GQÏZe_ÏPOSO_EanHk7kfemØZOGQÏPOmÏPÐµ`QpxRxpxqQe_ÏPOSoPM|ÐH`Qp·MPOfkÁpxnQ{yILqQpxkf`JMZR¤MXn¼ILnyILRx�>O_MÌGÈT@ILRxKNEaefpxkf{QYDMPOt=

�
	�;X	�� �  +� ÇD��)X-#���Ý *)±��� &( *)+",��-#��)+",���
9±Ea`JOÁk_MZefY\pxnJEanJOSoPMZkfk_M|O_MPoZkfp]EanÖIwsNMPoÌoPMÌÐH`JM^nJEa`JOSO_Ea`Q{yILpxk_MZefp]EanJOÁbUILpxe_M|ÕuRxEanJK\k_MZefYgM|MZnE.yEa`QpxRxR]MÌGQMËBEanQnJÏPMPOt=ÈöÆMXnyGJILnHkÌkfe_ØPOÌR]EanQKzk_MZY\[JO Í R¦IÄoPEaY\Yi`QnyIL`Qk_ÏgO_oZp]MZnHkfpÎéyÐH`JM\OtTVMPOfkÌoPEanJoPMZnHkfe_ÏPM\`QnQp]ÐH`JMZYgMZnHk~Of`QeR]MPOgoPEanHkfemILpxnHk_MPOgYgEanJEak_EanJMPODEa`òILnHkfpÎ�UYgEanJEak_EanyMPOt=cËBMZ[Q`Qp]OgÐH`JMZR]Ðµ`JMPODILnQnJÏPMZO Í R¦I¼e_MPom{JMZe_om{JM×GQMÄYgEakfpÎbvOOmEa`JO^oPEanHkfemILpxnHk_M\OtTVMPOfk±KNÏZnJÏZemILRxp]O_ÏPMz=ÈÚS`aýfEa`Qe_GÈT {H`Qp Í nJEa`JOBG>p]Of[�EzO_EanJOBGÈT@ILRxKNEaefpxkf{QYgMPO|otIL[yILqQR]MPOÌGÈTVMXW<kfemILpxe_MGQMPOëYgEakfpÎbvOSÐH`Qp·OmILkfp]O®bdEanHkÁ`QnJM|oPEanHkfemILpxnHk_M|KNÏZnJÏZemILR]M|p]O_Of`JMÌGQMÌKzemILY\YDILpxe_MPO±GQM|oPEanHkfemILpxnHk_MPOiÙ ÛQCY�,V Ý =
9±Eakfe_M~Eaq>ýfMPoZkfpÎb Í [�MZ`Qk®��^Zkfe_MuILYiqQpxkfp]MZ`>WÖEa`×`Qk_Ea[Qp]ÐH`JM~MPOfk±GQM|oZe_ÏPMZeS`QnJM|KzemILY\YDILpxe_MiGÈTVEaq>ýfMZk_OSoPEaYiqQpÎ�nyILk_Eapxe_MPO Í ÕÌRUT pxYDILKNM±GQMPO�G>p]oZkfp]EanQnyILpxe_MPOF[�Ea`Qe�R]MPO�OmÏXe_pxMPO�KNÏXnyÏXe�ILkfefp]oPMZO Í Kze[ZaoPM^ÕÌR¦IaÐµ`JMZRxR]MSpxRrO_MZemILpxk�[�EzO_OfpxqQR]MGÈT@ILnyILRx�>O_MZeSOf�>Ofk_ÏZYDILkfp]ÐH`JMZYgMZnHkSoPMZefkmILpxnJO±GQMPOÁ[yILemILYgØZkfe_MPOS[Qe_ÏPoPÏPGQMZY\YgMZn<kSe_MZnJoPEan<kfe_ÏPOt=

|~}�� � �QP��+�#F�������P
ËÌILnJOSoPM~om{yIL[Qpxkfe_M Í nJEa`JO^ItsNEanJOS[Qe_ÏPO_MZnHk_Ï|R]MPOSnJEakfp]EanJO±MPO_OmMZnHkfp]MZRxR]MPO±Of`QeëRUTVMXW>kfemIaoZkfp]EanìGQM|YgEakfpÎbvO±O_Ea`JOoPEanHkfemILpxn<k_MÁILnHkfpÎ�UYgEanJEak_EanJMz=,9±Ea`JOÆItsµEanJOÆIL`JO_OfpHpxnHkfe_EHG>`QpxklGQMZ`>WuILRxKNEaefpxkf{QYgMPOÆpxY\[�EaefkmILnHk_OlGJILnJO�RUT {Qp]O_k_Eapxe_MGQMcRUTVMXW>kfemIaoZkfp]EanuGQMlYgEakfpÎbdOt=wÑ·Mc[Qe_MZY\p]MZe Í �����È6�� �È6 Í bv`Qk�oZe_ÏPÏc[�Ea`Qe�MXW>kfemILpxe_McR]MPO·YgEakfpÎbdO�ItsµMPol`QnyMcO_kfemILk_ÏZKzp]MGQMÒe_MPom{JMZe_om{JMFMXniR¦ILefKNMZ`Qe¤GÈT@ILq�Eae_GÈ=,¡£¢:¤�¥]¦gMPOfk�ÐH`yILnHk¤ÕÁRx`QpHR]Mc[Qe_MZY\p]MZeÆILRxKNEaefpxkf{QYgM�`QkfpxRxp]O�ILnHk�R¦IÁe_MPom{JMZe_om{JMMZn×[Qe_ELbdEanJGQMZ`QeSGÈT@ILq�Eae_G·=
9±Ea`JOFnJEa`JOF[Qe_Ea[�EzO_EanJOÁGÈT@IL[Q[�Eaefk_MZeÁ`Qn�nJEa`QsµMXRÈÏPoZR¦ILpxemILKNMBOf`QeFRUTVMXW>kfemIaoZkfp]Ean GQM±YgEakfpÎb Í oPMZRx`QpÈGQM±RUT@ILnyIæ�Rx�>O_MÁMZngYgEw�NMZnQnJMz=µËÌILnJOl`QnDGQEaYDILpxnJMSE&%\R]MPO�ILnyILRx�<O_MPOÒGJILnJOcR]M7[Qpxe_MëGQMPOcotIaOÒO_EanHkcnJEaYiqQe_MZ`JO_MPOcYDILp]OcnJEane_MZ[Qe_ÏPOmMZnHkmILkfpxsNMPOSGQMBR¦IuoPEaY\[QR]MXW>pxk_ÏÌe_ÏPMZRxR]M Í RUT@ILnyILRx�>O_MÌMZnÄYgEw�µMZnQnJMBkfe_Ea`QsµMBnyILkf`Qe_MZRxR]MZYgMZnHk±OmIi[QR¦IaoPMz=J9^EzOEaq>ýfMPoZkfpÎbdO7ÕuoZEa`Jefk7MZkFR]EanQKÔk_MZefYgMBO_EanHkFYi`QRxkfpx[QR]MPOt=J1�Ea`Qk7GÈT@ILq�Eae_G Í nJEa`JO7GQÏPOfpxe_EanJO7sNÏZefpÎéyMZe7[yILeFR¦I~kf{JÏPEaefp]MGQMPO~oPEanJOfkmILkmILkfp]EanJO~[JemILkfp]Ðµ`JMPOt=�÷lnJOf`Qpxk_MgnJEa`JO~MPOf[�ÏZe_EanJOiIL[Q[�Eaefk_MZeiGQM\nJEa`QsµMtIL`>WãÏZR]ÏZYgMZnHk_OioZEanyoZMZefnrILnHkR¦IÄe_ÏPMZRxR]MDoPEaY\[QR]MXW<pxk_ÏDGQM\RUTVMXW>kfemIaoZkfp]Ean�GQM\YgEakfpÎbvOw=#.¤pxnyILR]MZYgMZnHkuÕÄR]EanQK×k_MZefYgM Í nJEa`JO~MPOf[�ÏZe_EanJO|[�Ea`QsµEapxeILnyILRx�>O_MZeSoPEanJoZe_ØZk_MZYgMZnHk±R¦I\oPEaY\[QR]MXW<pxk_Ï~GQMPO±ILRxKNEaefpxkf{QYgMPO±GQMÌe_ÏXbdÏZe_MZnJoPMPOt=JÑ�MÌ[Qe_EHom{yILpxn¼om{yIL[Qpxkfe_M~oPEanJOfkfpÎ�kf`JM^R]M^[Qe_MZY\p]MZeÁ[yIaOFsµMZe_OFk_Ea`JOÁoPMPO7Eaq>ýfMPoZkfpÎbvOÁMZkF[Qe_ÏPOmMZnHk_M^R¦I~[QemMXY\p]ØZe_M~ILnyILRx�<O_MBMZnÄYgEw�NMZnQnJMÌG>`�nJEaYiqQe_MGQMÌYgEakfpÎbdO7bve_ÏPÐµ`JMZnHk_OSMZk7bdMZefYgÏPOëGJILnyOÁ`QnJMÌqyIaO_M|GQMÌGQEanQnJÏPMPO^ILR]ÏtILk_Eapxe_Mz=
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m`e−2(γ−np`)2/n ItsµMPo

p
R¦IÄ[Qe_EaqyILqQpxRxpxk_ÏDÐH`·T `Qn�ILkfkfefpxqQ`QkuIL[Q[yILefkfp]MZnQnJMZn<kÔÕ�`QnïEaq>ýfMZk~MZk

γ > np` =HCFMZkfk_Mëq�EaefnJM Í EaqQk_MZnH`JM^ItsµMPoÁ`QnJMÁpxnJÏZKµILRxpxk_Ï±GQM^C�{JMZefnJELø Í YgEanHk_e_MSÐµ`·T pxRy�\IghvMZnDYgEw�NMZnQnJMwjl[�MZ`GQMÁYgEakfpÎbdOlbve_ÏPÐµ`JMZnHk_O�GQMÁR]EanQKz`JMZ`Qe�[QRx`JOcKzemILnJGQM±Ðµ`JM
log(γ/n)/ log p

h9YgEHG>`QR]EioPMZefkmILpxnJMPOFoZEanyG>pxkfp]EanJO�Of`Qe
m
Í
gamma

MXk
n
jX=

1�EapxsµEanJMZniIÁIL`JO_O_pz`QkfpxRxp]O_ÏcGQMPOÈe_ÏPOf`QRxkmILk_O·[Qe_EaqyILqQpxRxp]Ofk_MPO�[�Ea`QeQý®`JOfkfpÎéyMZe�OmIFYgÏZkf{JEHGQMÒGÈTVÏPom{yILnHkfpxRxR]EanQnyIaKNMSÙl1�Eap¦Üz; Ý =ðûR>YgEanHkfe_Më[yILecMXWQMZY\[QR]MëÐµ`�T `Jn\YgEakfpÎb�bve_ÏPÐµ`JMZnHkÒGJILnJOlR¦IBqyIaO_MÁGQMëGQÏZ[yILefkÒMPOfkl[Qe_MPO_ÐH`JMÁOfüQe_MZYgMZnHkcb9e_ÏPÐH`JMZnHkGJILnJOëRUTVÏPom{yILnHkfpxRxR]Ean hdÕ\oPEanJG>pxkfp]Ean¼GÈT@IaGJIL[Qk_MZeSR]M|O_MZ`QpxR
γ
jX=

� V,z



?æ���<� º �a�9�y�9�|�H�|åt�J�~���<�Ì�]�Á�r�f�µÃX�ML é �

γ

matrice de 1 matrice de 0 matrice de 1 sauf sur une
diagonale (par bloc)

576987:Dy<= � A�ölpxe_MPODMZk\YgMZpxRxR]MZ`Qe_O}GQMPOgotIaO\[�Ea`QegR]MPO\YgEakfpÎbdOÔbve_ÏPÐµ`JMZnHk_O Í bvMZefYgÏPODMZk\RxpxqQe_MPOÖêëhdINjinJEaYiqQe_MoPEanJO_kmILnHklGQMFYgEakfpÎbdO�bve_ÏPÐH`JMZnHk_O Í bvMZefYgÏPOlMZkÆRxpxqQe_MPOëh9qrj�nJEaYiqQe_MÁMXW>[�EanJMZnHkfp]MZRJGQMFYgEakfpÎbvO¤bve_ÏPÐµ`JMZnHk_O Í nJEaYiqQe_MoPEanJO_kmILnHkSGQMÌYgEakfpÎbvOÁbvMZefYgÏPOSMZkÁRxpxqQe_MPOihvowjFnJEaYiqQe_M~MXW<[�EanJMZnHkfp]MZR�GQMÌYgEakfpÎbvOÁbve_ÏPÐµ`JMZnHk_O Í bvMZefYgÏPOSMZkÁRxpxqQe_MPOw=
öcRx`JO|e_ÏPoZMZY\YgMZnHk Í öl`Qe_GQEaY MZkiILRU=cÙVöD·�·�� �zÝ EanHkiILnyILRx�>O_ÏgO_Ea`JOÌR]MÔY_^ZYgMgYgEHGQØZRxMDGQM\qyIaO_MPO~ILR]ÏtILk_Eapxe_MPOÐH`JM\ÙVÚ^ÿ»Û + Üz; Ý³Í R]MBkmIL`>W GÈTVÏPom{JMPo~Ea`×GQM|Of`JoPoPØPOëGQM~���?�È6j�+�È6³=JÚ om{yIaÐµ`JMÌnQpxsµMtIL` Í ���?�È6j�+�È6�KNÏZnJØZe_M~GQMPOotILnJG>p]GJILk_O~MZkBR]MukmIL`>W»GÈTVÏPom{JMPoÖh9e_MPOf[·=îGQM\Of`JoPoPØPO�j±MPOfkBR¦I�[Qe_Ea[�Eaefkfp]EanïGQMÔotILnJG>p]GJILk_O|nJEan»szILRxp]GQMPOgh9e_MPOf[·=szILRxp]GQMPO�jX=¤÷ln�`QkfpxRxp]O�ILnHku`QnJMgbdEap]OiGQM}[QRx`JOiR]MPOiq�EaefnJMPOuGQM C�{JMZefnJELø Í R]MPOÔIL`Qk_MZ`Qe_OÔEanHkuY\p]OuMZn ÏZs<p]GQMZnJoPMÐH`yILkfe_MÌe_ÏZKzp]EanJOSE&%×R]MPOÁkmIL`>W GQM|Of`JoPoPØPOSEa`×GÈTVÏPom{JMPo~O_EanHkë[Qe_EHom{JMPOSGQM

0
Ea`

1
=ËBMPO~ILnyILRx�>O_MPOÌ[Je_EaqyILqQpxRxp]Ofk_MPO~Ean<k|ÏZKµILR]MZYgMZnHkuÏZk_ÏÔe_ÏtILRxp]O_ÏPMPO|[yILeuC�{Qefp]OfkmEµGJEa`QR¦IÝÏHp]O}Ù Ckµ�`az,/Lq Í CYµa`�z,/zI ÍCkµ�`az �aÝ [�Ea`QeÒYgEanHkfe_MZe�RUT pxnbaJ`JMZnJoPM±GQMPOÒ{H�H[�Eakf{JØPOmMPOÒGÈT pxnJGQÏZ[�MZnJGJIanJoPM^MZkÒGÈT `QnQpÎbdEaefY\pxk_Ï±Of`QeÒRUTVMPOfkfpxYDILkfp]EanGQM~[yILemILYgØZkfe_MPO^Rxp]ÏPOBÕgRUTVÏZsaILRx`yILkfp]Ean»GQ`¼oPEaüQkBGÈT `QnJM~e_MPÐH`?^Zk_MiGJILnJO±`QnJM~qyIaO_MiGQM~GQEanJnJÏPMZO^e_MZR¦ILkfp]EanQnJMZRxR]Mz=÷cng[yILefkfp]oZ`QRxp]MZe Í pxRJYgEanHkfe_MSÐH`JMÁRUT `QnQpÎbvEae_Y\pÎkmÏSMZkÒRUT pxnJGQÏZ[�MZnJGJILnJoPM^oPEanJG>`Qp]O_MZnHkFO_Ea`QsNMZnHkFÕB`QnJMÁYDILý®EaemILkfp]EanG>`ÖoPEaüQkëe_ÏPMZR Í MZnHkfemI*)]nyILnHk±`Qn×Of`Qe_oZe_E`)]k±GQMBkfemItszILpxR·[�Ea`QeSEaqQk_MZnQpxeSR]MPOÁe_ÏZ[�EanJO_MPO±IL`>WÄe_MPÐH`?^Zk_MPOt=

ý~G9áJ¢NBgCFMFom{yIL[Qpxkfe_M7MPOfkÆEaefKµILnQp]O_Ï7GQMÒR¦ISYDILnQp]ØZe_M7O_`QpxsaILnHk_Mz=LÑ�IS[Qe_MZY\p]ØZe_M7O_MPoZkfp]Eanu[QemÏZOmMZnHk_MFG>pÎøÈÏZe_MZnHk_O[�EapxnHk_OëGQMBsH`JMBO_`Qe7R]M^[Qe_EaqQR]ØZYgM|GQM^e_MPom{JMZe_om{JM|GQMBYgEakfpÎbvO7b9e_ÏPÐH`JMZnHk_Ot=>Ñ�IuOmMPoZkfp]Ean×Of`QpxsaILnHk_MBpxnHkfe_EHG>`QpxkëR]MPO{H�<[�Eakf{JØPO_MPOÒMZklR]MPOlnJEa`QsµMtIL`>WÔe_ÏPOf`QRxkmILk_OcMZngYgEw�NMZnQnJMz=µÑ�I^kfe_Eap]O_p]ØZYgMëO_MPoZkfp]Eang[Qe_ÏPO_MZnHk_MëGQMPOlYgEHGQØZR]MPOc[�Ea`QeR]MPOmÐµ`JMZR]OÁR]MPOë{H�H[�Eakf{JØPOmMPOëOwTVIL[J[QRxpxÐH`JMZnHkt=�9±Ea`JOëk_MZefY\pxnJEanJOÁéJnyILR]MZYgMZnHkBItsNMPoÌR]MPOÁ[Qe_MZ`QsµMPOt=
< }PO QÊ�£�#Pa�A�����SR1F�� ��F~�±��� H��C�UT��WVX���

ÚS`\om{yIL[Qpxkfe_M7[Qe_ÏPoPÏPGQMZnHk Í nJEa`JOcItsNEanJOlGQÏPoZefpxkÆ[QRx`JOfp]MZ`Qe_Ole_MZ[Qe_ÏPO_MZnHkmILkfp]EanJOl[�EzO_O_pxqQR]MPOÆGQMPOÆqyIaO_MPOÆGQM7GQEan>�nJÏPMPOw=æËBILnJO¤om{yIaoZ`QnJMFGQM�oPMPO�e_MZ[Qe_ÏPO_MZnHkmILkfp]EanJO Í R]MPO�YgEakfpÎbdO
γ
�dbve_ÏPÐµ`JMZnHk_O¤Ea`

γ
�dbvMZefYgÏPO¤EanHk�`QnyM�OfpxKznQpÎéyotILkfp]Ean[yILefkfp]oZ`QRxp]ØZe_MiÐH`JMBnJEa`JOSGQÏPoZefpxsNEanJOëYDILpxnHk_MZnyILnHkt=

X 	��
	�§ ¨� *��)*"��X�ÏZXpX� �!-A",�f��&J�¬���
Ñ·MPOuqyIaO_MPOÔGQM�GQEanQnJÏPMPO\oPEanJOfp]GQÏZe_ÏPMPO\OtTVMXW<[QefpxYgMZnHk\O_Ea`JOuR¦I×bvEaefYgM�GQM}YDILkfefp]oPMPOÔqQpxnyILpxe_MPOt=cÛHp M =

(mi,j)i∈{1,...,n},j∈{1,...,m}
MPO_kÌ`QnJM\YDILkfefp]oPMgqQpxnyILpxe_M Í `QnãYgEakfpÎb

X ⊂ {1, . . . ,m} hdE&%ãRUT@ILkfkfefpxqQ`Qk
ai

MPOfkp]GQMZnHkfpÎéyÏ±ItsµMPoëO_Ean\pxnJG>p]oPM
i
jÆMPOfkl`QngYgEakfpÎb

γ
�db9emÏZÐH`JMZnHkÒOfpJOmEangOf`Q[Q[�Eaefk

S ⊂ {1, . . . , n} hvE&%gRUTVEaq>ýfMZk oi
MPOfkp]GQMZnHkfpÎéyÏSItsNMPo7O_EanÔpxnJG>p]oPM

i
j�MPOfklGQM7otILe_G>pxnyILRyIL`ÔYgEapxnJO

γ
=�Y±`Qpxkfk_MëÕ±[�MZefYi`Qk_MZecR]MZOÆRxpxKznJMPOcMZkÆRxMPOloPEaR]EanQnJMPO Í

� VzÜ
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YDIæW>pxYi`QY

Z[ \
] Z^
Z

_

[yILeÁRxpxKznJM

IL` YgEapxnJO
`QnE�tÏZe_E `

IL`×YgEapxnJO

oPEaR]EanQnJM
`QnE�tÏZe_E\[yILe

≥ γZ[ \
] Z^
Z

_

[yILeëRxpxKznJM

IL`×YgEapxnJO
`Qn'�tÏZe_E

`

`

YgEakfpÎbÆb9e_ÏPÐH`JMZnHk YgEakfpÎb¤bdMZefYgÏ

576�87:Cy<=@?iA}öle_Ea[Qefp]ÏZk_ÏPO±YDILkfefp]oZp]MXRxR]MPO^GQMPOÁYgEakfpÎbdO7bve_ÏPÐµ`JMZnHkmOëMZkÁbvMZefYgÏPO
nJEa`JO±[�Ea`QsµEanJO^Of`Q[Q[�EzOmMZe^Ðµ`JM

X
MZk
S
OmEanHkSemMZO_[�MPoZkfpxsNMZYgMZnHkÌGQM~R¦I\bdEaefYgM {1, . . . , j} MZk {1, . . . , i} =yÑ�IYDILkfefp]oPM M MPO_k|ILR]Eae_O|oPEanJOfkfpxkf`JÏPMgGÈT `Qnãe_MPoZkmILnQKzR]MgGQM

1
MZn {yIL`Qk~Õ�KµIL`Jom{JMgÐµ`JpÆnJMÔ[�MZ`Qk�^Zkfe_MDILKzemILnJG>psµMZe_OÁR]MBqyIaOSMZkëÐH`Qp·MPOfkëGQMÌ{yIL`Qk_MZ`Qe^IL` YgEapxnJO

γ
=J9^Ea`JOëMZnÖGQÏPG>`Qp]O_EanJOëR¦Iu[Je_Ea[Qefp]ÏZk_Ï~Of`QpxsaILnHk_Mgê

U���� é �z�v� �m�
γ ¾ �X�_�_¿Z�Q�Z�y�9�Ì�P�a�y�FäD�H���Á�J�X� é �>�U�z�v�d�a� �µ�X�Ì�É�xÊa�����u�Z�F�µ�X�~Çm�a�x�a�J���X�F�r��L�� ½ �µ���|�_�_ÇP�U�a�HÊa�]���u�µ�

1
é �KRz� é �a�,R �X�¼�<�a�>�³�X�<�Ô�Z�F�H�Ì�<�z�<�³�X�<�u�a� é �a�9�Q�

γ
�

Ñ�IuéJKz`Qe_M�y<=@?uemÏZO_`QYgM|oPMZkfk_M|Ofpxkf`yILkfp]Ean·=yÑ·MÌYgEakfpÎb
X = {1, . . . , j} MPOfkSMZn [QRx`JO γ �dbdMZefYgÏ|OfpÈRUT@IæýfEa`QkSGÈT `QnILkfkfefpxqQ`QkÁbUILpxkÁG>pxY\pxnH`JMZeSO_kfefp]oZk_MZYgMZnHkëR]MÌOf`Q[Q[�Eaefkt=JÚ `QnJMB[�MZefYi`JkmILkfp]EanÖGQMPOëoPEaR]EanQnJMPOë[Qe_ØPO Í oPMZR¦IÔOfpxKznQpÎéyMÐH`JM|R]M~e_MPoZkmILnQKzR]MÔGQM

1
nJM~[�MZ`Qk{^Zkfe_MuILKzemILnJG>pÆMZn¼R¦ILefKNMZ`Qe\hvMZnìKµILe_GJILnHk^R¦IgY_^ZYgMi{yIL`Qk_MZ`Qe�jX=ÈCFMZR¦IDnJEa`JOILYgØZnJM~ÕÔR¦Iu[Qe_Ea[Qefp]ÏZk_Ï~O_`QpxsaILnHk_Mgê

U���� é �z�v� ���
γ ¾ �t�X� é �X�B�P�a�y��äD�<���Á�J�X� é �>�U�z�v�d�a� �µ���|�É�ÎÊz�����i�P�F�µ���iÇm�a�x�a�J�����7�r�WLX� ½ �H���|�_�fÇt�U�a�HÊa�]���u�µ� 1é �KRa� é �a�xR �X�ì�<�a�>�³�X�H�\�Z�7�X�ì�x�a�dÊH�X�H� ½ �µ�|�<�a�>�³�X�H�Ô�a� é �z���Q�

γ
�

Ñ�IDéJKz`Qe_M_y<=@?}e_ÏPOf`QYgM\IL`JO_O_pÆoZMZkfkmMÔOfpxkf`yILkfp]Ean·=:9^Ea`JO^sµMZnJEanJOBGQMÔGQEanQnJMZeÌGQMZ`>WìotILemIaoZk_ÏZefp]O�ILkfp]EanJOÌYDILkfefpÎ�oZp]MZRxR]MPOBGQMPO^YgEakfpÎbdO±b9e_ÏPÐH`JMZnHk_OBMZk±bdMZefYgÏPO Í MZk^R]MZ`QeBGQÏZnJEaYiqQe_MZYgMZn<k|O_MiemILYgØZnJMÔGQEanJoÔIL`»GQÏZnJEaYiqQe_MZYgMPnHkGQMÌe_MPoZkmILnQKzR]MPOSGQM
1
[yILefkfp]oZ`QRxp]MZe_O±GJILnJOë`QnJMBYDILk_efp]oZM|qQpxnyILpxe_Mz=

X 	��
	�� ¨� +��)+"��X�®ZXp��Åª*��-C>k­X� Çk��>D-C��",��",�
®±nJM×qyIaO_M¼GQMÖGJEanQnJÏPMPO»h9e_MPOf[·=ÒYDILkfefp]oPMwjgqQpxnyILpxe_M¼OwT pÎn<k_MZef[Qe_ØZk_M»IL`JO_Ofp±O_Ea`JODR¦I bvEaefYgM¼GÈT `QnßKzemIL[Q{JMqQpx[yILefkfpxk_MBnJEan>�³Eaefp]MZnHk_Ï

(S1, S2, E)
E&%

S1
MPOfkFRUTVMZnJO_MZYiqQR]MÌGQMPO7O_EaY\YgMZk_O

S1 = {a1, . . . , am} oZEae_e_MPOf[�Ean>�GJILnHkcIL`>W\ILkfkfefpxqQ`Qk_OSh9e_MPOf[·=aoPEaR]EanQnJMPO�j¤MZk
S2 = {o1, . . . on}

MPO_k¤RUTVMZnJO_MZYiqQR]MÁGQMPOlO_EaY\YgMZk_OcoPEaefe_MPOf[�EanJGJILnHkIL`>WÄEaq>ý®MZk_O|h9e_MPO_[·=<RxpxKznJMPO�jX=QÑcTVMZnJO_MZYiqQR]M|GQMPOëILe�^Zk_MPO
E
MPOfk7`Qn O_Ea`JOf�³MXnyO_MZYiqQR]MÌGQM

S1 × S2
k_MZRÈÐµ`JM

(a, o)MPOfk^`QnJMÔILe�^Zk_MÔOfpÆMZkBO_MZ`QR]MZYgMZnHk|Ofp�RUTVEaq>ýfMZk
o
oPEanHkfp]MZnHkÌRUT@ILkfkfefpxqQ`Qk

a
h9e_MPOf[·=rpxR¤�¼I}`Qn

1
GJILnJO^R¦I�oPEaR]EanQnJMIaO_O_EHoZp]ÏPMSÕ

a
MZkcR¦I^RxpxKznJM±IaO_O_EHoZp]ÏPMSÕ

o
jX=NöÆILecp]GQMZnHkfpÎéyotILkfp]Ean Í `QngYgEakfpÎbÈMPOfkc`QngOmEa`JO®�³MZnJO_MZYiqQR]M

S′
1

GQM
S1

MZkO_EangO_`Q[Q[�EaefkÒMPOfkl`QnDO_Ea`JOcMZnJOmMZYiqQR]M
S′

2

GQM
S2
=N÷lng[yILefkfp]oZ`QRxp]MZe Í om{yIaÐµ`JMëÏZR]ÏZYgMZnHk�GQM

S′
1

MPOfkce_MZRxpxÏë[yILec`QnJMILe�^Zk_MÔÕ}om{yIaÐH`JMuÏZR]ÏZYgMZnHkÌGQM
S′

2

=�Ñ·MÔO_Ea`JO®�UKzemIL[Q{JM\ILpxnJOfp�bvEaefYgÏÔMZO_k±`Qn»O_Ea`JOf�UKzemIL[Q{JMiqQpx[yILefkfpxk_M\oPEaY\[QR]MZkG>`ÖKzemIL[Q{JM~pxnQpxkfp¦ILRU=yölILe±GQÏXéJnQpxkfp]Ean Í R]MÌYgEakfpÎb
S′

1

MPOfk
γ
�db9e_ÏPÐH`JMZnHk±Ofp�OmEanÖOf`Q[Q[�Eaefk

S′
2

MPOfk±GQM~otILe_G>pxnyILRÆIL`YgEapxnJO
γ
=�ËBMD[QRx`JO Í R]MDO_`Q[Q[�EaefkuMPOfkiRxMD[QRx`JOiKzemILnJG MZnJO_MZYiqQR]M}GÈTVEaq>ýfMZk_OuÐH`Qp�oPEanHkfp]MZnHkuR]MDYgEakfpÎb®=

S′
2

MPOfkILR]Eae_O|R]MÔ[QRx`JOÌKzemILnyGãO_Ea`JO®�³MZnJO_MZYiqQR]MgGQM
S2

GQEanHk|R]MPO|ÏZR]ÏZYgMZnHk_OiO_EanHkÌk_Ea`JO|e_MZRxp]ÏPO~IL`>W ÏZR]ÏZYgMZnHk_OiGQM
S′

1

=
9^Ea`JOëMZn×GQÏPG>`Qp]OmEanJOëR¦Iu[Qe_Ea[Qefp]ÏZk_Ï~O_`QpxsaILnHk_Mgê
� ;,�
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maxi

colonnes lignes

maxi
maxi

colonnes lignes

motif fermémotif fréquent

5F6987:Cy<=0/~A�ÑÈp]MZnJOSMZnHkfe_MÌR]MPOëYgEakfpÎbvOÁb9e_ÏPÐH`JMZnHk_OSEa`ÄbdMZefYgÏPOSItsµMPoBR]MPOSO_Ea`JO®�UKzemIL[Q{JMPOëqQpx[yILefkfpxk_MPO±oPEaY\[QR]MZk_Ot=
â � é �z�v� �

γ ¾ �X�_�_¿Z�Q�Z�y�Á���Z�Ò�<�¼�Z�a�H� ¾ Êz�f���y�>�gÃX�@�Q�a�Z�v�9�³�uÇm� é �r�]�Z� (S′
1, S

′
2, E|S′

1×S′
2
)
�H�

(S1, S2, E)
�³�X��¿Z�J�

S′
2

���Z�F�µ�uÇ_�z�f�a�9�r�a���a� é �a���Q�
γ
�Z���³�X��¿P�Q�

S′
2

���X���x�Á�r�É�µ�±Êa�f�a���g�Z�a�H�u�X�Q�P� é ÃZ�x�Ô�µ�
S2

åL�X�X� ²��z�y�
(S′

1, S
′
2, E|S′

1×S′
2
)
���Z�FÇm� é �r�x�P�³�

Ñ�M|YgEakfpÎb
S′

1

MPOfk±MZnÖ[QRx`JO
γ
�dbdMZefYgÏ~Ofp·RUT@IæýfEa`Qk±GÈT `QnìÏZR]ÏZYgMZnHk^MZnHkfemI*)]nJMiÐµ`JM|R]M~Of`Q[Q[�Eaefk^G>pxY\pxnH`JMiOfkfefp]oZk_MX�YgMZnHkt=JËÌILnJOëoPMÌotIaO Í

S′
1

MPOfk7R]MB[QRx`JOÁKzemILnJG×O_Ea`JOf�³MZnJO_MZYiqQR]MÌGQM
S1

k_MZR·ÐH`JMBk_Ea`QkëÏZR]ÏZYgMZnHkSGQM
S′

1

MPOfkÁe_MZRxp]ÏÕDk_Ea`QkBÏZR]ÏZYgMZnHkÌGQM
S′

2

=röÆILeÌGQÏXéJnQpxkfp]Ean Í R]MuoPEa`Q[QR]M
(S′

1, S
′
2)
bdEaefYgMi`Qn»O_Ea`JO®�UKzemIL[Q{JMuqQpx[yILefkfpxk_MÔoPEaY\[QR]MZkYDIæW>pxYi`QY ozT MPO_k®�ûÕæ�³G>pxe_M Í `Qn¼O_Ea`JOëKzemIL[Q{JMX�UqQpx[yILefkfpxkmMioPEaY\[QR]MZk^GQEanHkSk_Ea`Qk±O_`Qe®�³MZnJO_MZYiqQR]M~GJM|O_EaY\YgMZk_OSnJMbdEaefYgMÌ[yIaOÁ`Qn×KzemIL[Q{JMÌqJpÎ[rILefkfpxk_M|oPEaY\[QR]MZkt=

â � é �N�v� �
γ ¾ �t�X� é �u�X�X�Ò�<�¼�Z�a�H� ¾ Êa�f���y�Q�\ÃX� �>�a�Z�v�v�³� (S′

1, S
′
2, E|S′

1×S′
2
)
Çm� é �r�]�Z� é �¼Ra� é � é ÀÂ�a� �P�X�Q�i�µ��fè �9�rÇZ�É�µ�X�v�a� Å �³�X��¿Z�J� S′

2

�X�X�F�µ�uÇm�a�f�a�9�r�a���a� é �a���J�
γ
�

Ñ�I}éJKz`Qe_MTy<=0/�e_ÏPOf`QYgM\RxMPOÌ[Qe_Ea[Qefp]ÏZk_ÏPO|[Qe_ÏPoPÏPGQMZnHk_MPOt=·Ú�sµMPoÔoPMPOBe_MZR¦ILkfp]EanJO Í R]M\GQÏZnJEaYiqQe_MZYgMZnHkiGQMÔYgEakfpÎbvObve_ÏPÐH`JMZnHk_O�Ea`gbvMZefYgÏPO�O_MëemILYgØZnJM^IL`}GQÏZnJEaYiqQe_MZYgMZn<k7GQMSO_Ea`JO®�UKzemIL[Q{JMPO�qQpx[yILefkfpxk_MPOFoPEaY\[QR]MZk_O�YDIæW>pxYi`QYgOEa`»YDIæW>pxYi`QYgOÌGÈT `QnãoPEak_Ïz=·CFMPOBe_MZR¦ILkfp]EanJOÌEanHkÌGQÏÂý_Õ�ÏZk_Ïi`JkfpxRÎp]OmÏPMPOB[yILeBR]MPOÌIL`Qk_MZ`Qe_O|GQMÄÙVÑ·Ñ�Û C �,V Ý [�Ea`QeMXW>kfemILpxe_MÌR]MPOÁYgEak_pÉbdOÁbvMZefYgÏPO±ItsNMPo|GQMPOÁk_MPom{QnQp]ÐH`JMPOSGQMÌKzemIL[Q{JMPOt=
X 	��
	�� ¨� *��)*"��X�ÏZXpX� ª«��-:>D­�� &( 6a´Çk��>D-:�,"��¬",�

Ñ·MDKzemIL[Q{JM}oPEL�UqQpx[yILe_kfpxk_M
(S1, S2, E)

IaOmO_EHoZp]Ï}Õ×`QnJMgqyIaOmMDGQM}GQEanQnJÏPMPOiqQpxnyILpxe_M�O_MDoPEanJOfkfef`QpxkÔGQMgR¦IYDILnQp]ØZe_M\O_`QpxsaILnHk_Mz=îÑÒTVMZnJO_MZYiqQR]M
S1

h9e_MPOf[·=
S2
j±MPOfkBRUTVMZnJO_MZYiqQR]M\GQMPO|ILkfkfefpxqQ`Qk_ODh9e_MPOf[·=îEaq>ýfMZk_O�jX=:1�Ea`JOBR]MPOÏZR]ÏZYgMZnHk_OcGQM

S1
h9e_MPOf[·=

S2
j�O_EanHk¤e_MZRxp]ÏPOlMZnHkfe_M7MZ`>WiMZk¤bvEaefYgMZnHkcILpxnJOfp<`QnJM7oZRxp]ÐH`JMz=L÷lnJO_`Qpxk_M Í pxR<�iIS`QnJMÁILe�^Zk_MMZnHkfe_M|`QnÖILkfkfefpxqQ`Qk

a
GQM
S1

MZkë`Qn×Eaq>ýfMZk
o
GJM

S2
OfpÈRUTVEaq>ý®MZk

o
nJM|oPEanHkfp]MZnHkS[yIaOÁRUT@ILkfkfefpxqQ`Qk

a
=QÑ·MÌKzemIL[Q{JMILpxnJO_pÈoPEanJOfkfef`JpÎkSMPOfkÁGQEanJo|oPEaY\[�EzO_ÏÌGQMÌGQMZ`>WÄoZRxp]ÐH`JMPO7e_MZRxp]ÏPMPOëMZn<kfe_MÌMZRxR]MPOÁ[yILeëGQMPOëILe�^Zk_MPOt=yCFMBKzemIL[Q{JM|MPOfkMXWJIaoZk_MZYgMZnHk~R]M\oPEL�UKzemIL[Q{JMDG>` KzemIL[Q{JM\qQpx[yILefkfpxk_MDGQÏPoZefpxk~GJILnJOÌR¦I�[yILefkfp]M\[Qe_ÏPoPÏPGQMZnHk_Mz=�ö¤Ea`Qe~EaqQk_MZnQpxe|`QnoPEL�UKzemIL[Q{JM Í R]M\[QefpxnJoZpx[�M}MPOfk|R]MDOf`QpxszILnHkDêÈR¦Õ×E&%ãpxRÒ� I GQMPOuILe�^Zk_MPO Í EanïRxMPOiMZnQR]ØZsNMDMZk~R¦Õ E&%ïpxRcn·T � MZn I[yIaO Í EanìMZnÖYgMZkt=yËÌILnJOSR¦IgO_MPoZkfp]Ean¼[Qe_ÏPoPÏPGQMZnHk_M Í R]MPOëb9e_ÏPÐH`JMZnHk_O±Ea`ÖR]MPOëbvMZefYgÏPO±ÏZkmILp]MZnHk^GQMPO±OmEa`JO®�UKzemIL[Q{JMPOqQpx[yILefkfpxk_MPO

(S′
1, S

′
2)
oPEaY\[QR]MZk_Ot=µËÌILnJOlR]MÁKzemIL[Q{JMëoPEL�UqQpx[yILefkfpxk_M Í R]MPOÒMZnJO_MZYiqQR]MPO

S′
1

MZk
S′

2

n·TVEanHkc[yIaOcGÈT@ILe�^Zk_MoPEaY\Yi`QnJMz=yÛ<p�R]MPO7MZnJO_MZYiqQR]MPO
S1\S′

1

MZk
S2\S′

2

O_EanHk7O_`Q[Q[QefpxYgÏPOëILpxnJOfpîÐH`JM±R]MPOÁILe�^Zk_MPOÁÐH`QpîO_EanHkFp]O_O_`JMPOFGQMoPMPOÌMZnJO_MZYiqQR]MPO Í ILR]Eae_O^pxRÆe_MPOfk_MuR]MPOBGQMZ`>W»O_Ea`JO®�³oZRxp]ÐH`JMPOÌIaOmO_EHoZp]ÏPOÌÕ
S′

1

MZk
S′

2

ÐH`QpÆO_Ean<kBGQÏPoPEanQnJMPoZk_ÏPMPOt=·Ñ�IO_`Q[Q[Qe_MPO_Ofp]Ean}GQM
S1\S′

1

MZk
S2\S′

2

e_MZnJGDGQEanJoëR]MëKzemIL[Q{JMSnJEan}oPEanQnJMXW>Mz=>í±eÒ`QnDMZnJOmMZYiqQR]MSGQMSO_EaY\YgMZk_OÒk_MZRÐH`JM±OtT pxR�MPOfk�O_`Q[Q[QefpxYgÏ Í R]MSKzemIL[Q{JM^GQMZsHp]MZnHkFnJEan�oPEanQnJMXWQM^MZO_kFIL[Q[�MZR]Ï±`Qn�OmÏZ[yILemILk_MZ`Qet=<Ñ�I|éJKz`Qe_M±O_`QpxsaILnHk_MYgEanHkfemM^R]M±[yIaO_O�ILKNM^GÈT `Qn O_Ea`JO®�UKzemIL[Q{JM^qQpx[yILefkfpxk_MÌoPEaY\[QR]MZkSÕ~`QnÄOmÏX[rILemILk_MZ`Qet=(®±nJM±RxpxKznJMBMZn�KzemIaOÁOfpxKznQpÎéyM
� ; �



���<���r�v�v�_�@?æ�ed±�r�a��;L�P�i�µ��� é �z�v� �m�Æ�X�_�_¿Z�Q�Z�y�9�u�Z�r�P�Z� é ���i�N�a�Q�Ì�<���ÔÃf�L�t�u�µ�u�N�a�J�î�_���
ÐH`·T pÎR<n·T �iI±ÐH`JM�GQMPOlILe�^Zk_MPOÆMZnHkfe_MFR]MPO¤GQMZ`>WuMZnJO_MZYiqQR]MPOÆGQMFO_EaY\YgMZk_OcILR]Eae_OÆÐµ`JM�R]MPOÆIL`Qkfe_MPOÆRxpxKznJMPOÆOfpxKznQpÎéyMZnHkÐH`·T pÎR·[�MZ`QkSMXW>p]Ofk_MZeëGQMPO±ILe�^Zk_MPOt=

graphe bipartite graphe co−bipartite separateur

clique clique clique clique

®±nÖYgEakfpÎbcb9e_ÏPÐH`JMZnHk
S′

1

GQMiOf`J[Q[�Eaefk
S′

2

oPEaefe_MPOf[�EanJG»GQEanJoiGJILnJO±R]M~KzemIL[Q{JMuoPEL�UqQpx[yILefkfpxk_M\IL`»O_ÏZ[yILemILk_MZ`Qe
(S1\S′

1, S2\S′
2)
=�ö¤Ea`QeB`Qn»YgEakfpÎbcbve_ÏPÐH`JMZnHk Í

S2
MPOfk^YDIæW>pxYDILRcIL`»O_MZnJOBGQMiRUT pxnJoZRx`JOfp]Ean MZkÌID`Qn otILe_G>pxnyILRGÈT@IL`ÖYgEapxnJO

γ
=JÑcTVMZnJO_MZYiqQR]M

S2\S′
2

MPOfkSGQEanJo|Y\pxnQpxYDILR�MZk^IÔ[�Ea`Qe±otILe_G>pxnyILR¤IL`Ö[QRx`JO
n− γ

hvE&%
n
MPOfkëR]MnJEaYiqQe_M~GÈTVEaq>ý®MZk_Ot=rí±nÖMZnÖGQÏPG>`QpxkëR]MÌ[�EapxnHkSOf`QpxszILnHk|ê

U~è �X�Q�t� é ÃX�]�i�µ�X� é �z�v� ���
γ ¾ �X�_�_¿Z�J�X�y�9�Ô���X�Á�X�ãÃX� bP�_ÇP�v�d�a� �aåa�fÇu�_è �Z�Q�P� é ÃX�]�u�µ�X�B�t�³�Q�a�f�z�³�X�<�m� (S′

1, S
′
2)

�a�Êa�_���y�>�uÇm� ¾ ÃX� �>�a�Z�v�v�³�u�aåa�fÇ |S′
2| ≤ n− γ

�Z�F�³�X� �~¿Z�J�
S′

2

���X�Ò�]�Á�r� �H�7�Q�P�v�9�7�X�J�P� é ÃX�]�
S
åL�Z��� ²��a�y�

(S′
1, S)���X���H�¼�t�³�Q�a�f�z�³�X�<�P�

ËBMBY_^ZYgM Í [�Ea`Qeë`Qn×YgEakfpÎb¤bdMZefYgÏ Í
S1

MPOfkSIL`JO_OfpÈYDIæW>pxYDILR�IL`ÖO_MZnJOëGQMBRUT pxnJoZRx`JOfp]Ean¼MZkëRUTVMXnyO_MZYiqQR]M
S1\S′

1MPOfkSILR]Eae_OëY\pxnQpxYDILRU=yÑ·MPOëYgEakfpÎbdO7bdMZefYgÏPOÁsµÏZefpÎéyMZnHk±ILR]Eae_OëR¦Iu[QemEa[Qefp]ÏZk_Ï~Of`QpxsaILnHk_Mgê
U~è �X�Q�P� é ÃZ�x�u�µ��� é �z�v� �m�

γ ¾ �t�X� é �X�i�X�X�7�X�ãÃZ� bt�_ÇP�v�v�a�ã�aåL�_Çu�fè �X�Q�t� é ÃX�]�u�µ���Ì�P�³�Q�a�f�N�³�X�H��� (S′
1, S

′
2)é ���y� é � é �\Àû�a� �t�X�Q�~�µ�~�_è �9�rÇZ�É�µ�X�v�a� Å �a�}Êa�f�X�y�>�uÇm� ¾ ÃX� �>�a�Z�v�v�³�Ô�Z�F�³�X� �~¿Z�J� |S′

2| ≤ n− γ
�

Ñ�I|e_MZR¦ILkfp]Ean�MZnHkfe_MëR]MPO�O_ÏZ[yILemILk_MZ`Qe_O�Y\pxnQpxYi`QYgOFMZkÒR]MPOÒYgEakfpÎbdOcbvMZefYgÏPOFI|GQÏÂý_ÕÌÏZk_ÏS`QkfpxRxp]O_ÏPMë[yILeÒR]MPOFIL`Qk_MZ`Qe_OGQMÌÙ@Û<pÎKf�z? Í WëÛ(� �zÝ [�Ea`QelpxY\[�Eaefk_MZecR]MPOÆk_MPom{QnQp]ÐH`JMPOcGQM7KzemIL[Q{JMPOcMZnÔbvEa`JpÎRxR]MÁGQMÁGQEanQnJÏPMPOt=zÑ�I±éJKz`Qe_MÁOf`QpxszILnHk_Me_ÏPOf`QYgMÌR]MPOSGQMZ`>WÄkû�H[�MPOSGQMÌO_ÏZ[yILemILk_MZ`Qe_O±oPEaefe_MPOf[�EanJGJILnHk_O^IL`>WÄYgEakfpÎbdO7bve_ÏPÐH`JMZnHk_OëMZkÁbvMZefYgÏPOt=

clique clique

mini

clique clique

mini mini

motif fréquent motif fermé

X 	��
	�; ¨� +��)+"��X�®ZXp��Å¨�-C"x"x���f)dc�-C"�&f­D��)Xª
®±nJM»O_Ea`Qe_oPM»MPOfkÄ`Qn [Qe_EHoPÏPGQÏãILR]ÏtILk_Eapxe_M ÐH`QpBÏZYgMZk×GQMPO Of�HYiq�EaR]MPO×Õ om{yIaÐH`JMìk_Ea[©GÈT `QnJM»{JEaefR]EaKNMz=Ñ·M\[yILkfk_MZefnãYDILk_om{QpxnQK¼MPOfkÌR]M\GQEaYDILpxnJMgGQMÔRUT pxn>bdEaefYDILkfp]ÐH`JMgÐH`QpcOtT pxnHk_ÏZe_MPO_O_MgIL`>W»[Qe_Ea[Qefp]ÏZk_ÏPO~GQMPOÌYgEak_pÉbdO

� ;z?



?æ�cbH� �ì�w�µ�X�É�¦�P�z�v�v�z�»�µ�X�iÃ_�L�t���u�Z�Ò�m�����<�É�U�N�9�
hvEa` YgEak_OXjS[Qe_EHG>`Qpxk_O|[yILeÌ`QnJM\O_Ea`Qe_oPMgILR]ÏtILk_Eapxe_Mz=·Ñ·MPO|ÐH`JMPOfkfp]EanJOB[�EzOmÏPMPOÌO_EanHkÌkfe_ØPO|G>pxsNMZe_O_MPOgê�`Qn YgEakfpÎbIL[Q[yILefk_pxMZn<k®�UpxR�ÕB`Qngk_MXW>k_MÁ[Qe_EHG>`Qpxkc[rILecR¦IBOmEa`Qe_oPMB_^ÛHpyEa`Qp Í oPEaYiqQp]MZn}GQM7bdEap]O�_±CFEaYiqQp]MZn}GQMÁk_MZY\[JOlbUIL`Qk®�UpxRILkfk_MZnJG>emMë[�Ea`QecsµEapxe�IL[Q[yILemI*)]kfe_MëR]MÁYgEakfpÎbÝ_SMZk_o|=P=P=fÚ±`DGQÏZ[yILefk Í R]MPOcYgEakfpÎbvOÒoPEanJOfp]GQÏZe_ÏPO�ÏZkmILp]MZnHk�GQMPOcR]MZkfkfe_MPOoPEanJOmÏPoZ`QkfpxsNMPO±ILR]Eae_OSÐH`JMÌGQMÌnJEzOÆýfEa`Qe_O Í GQMPOëoPEanHk_emILpxnHk_MPOS[QRx`JOÁKNÏZnJÏZemILR]MPO±O_EanHkÁ`JkfpxRÎp]OmÏPMPOt=

ö¤Ea`QeÁpxn<kfe_EHG>`Qpxe_MÌR]MB[yILkfk_MZefn YDILk_om{QpxnQKDMZnÄbdEa`QpxRxR]MÌGQMÌGQEanQnJÏPMPO Í pxRÈnJEa`JO7bdIL`QkÁ`Qn k_MXW<k_Mz=J9^Ea`JOÁoPEanJOfpÎ�GQÏZe_EanJOiom{yIaÐH`JM\RxpxKznJMDGQMgR¦IÄYDILkfefp]oPMgqQpxnyILpxe_M Í Ea`ïGQM\YDILnQp]ØZe_M}ÏPÐµ`QpxszILR]MZnHk_MDom{yIaÐµ`JMDEaq>ýfMZk Í oPEaY\YgMg`QnYgEakÌ[Qe_EHG>`QpxkÌ[yILeÌ`QnJMÔO_Ea`Qe_oPMgILR]ÏtILk_Eapxe_M\O_`Qe^RUT@ILRx[Q{yILq�MZk {0, 1} =:®±nJMuqyIaO_MÔGQMÔGQEanJnJÏPMZO~Õ m ILkfkfefpxqQ`Qk_OMZk
n
Eaq>ý®MZk_O^MPOfk^ILR]Eae_O±`QnJMiOf`Qpxk_M~GQM

n
YgEak_O

(L1, . . . , Ln)
[Qe_EHG>`Qpxk^[yILe±R¦IgO_Ea`Qe_oPMiGQEanHk^om{yIaoZ`Qn»MPOfk±GQMR]EanQKz`JMZ`Qe

m
=J9^Ea`JOSIL[Q[�MZR]EanJO(é �z�v� �Ì� �xÊa���

X
Í `Qn×O_Ea`JOf�³MZnJO_MZYiqQR]M|GQM {1, . . . ,m} =

� �µ¡Æ¢¤£�¥w£9§r¢rqAqfe �a�µ� �a�9�f�a�J��¿Z�cè �H� é �z�v� �D�É�ÎÊa�î�
X ⊂ {1, . . . ,m} ���X�~Ç_�z�y�³�X�J�ò�N�a�Q�}�<���Ä� �xÊa���×�a��µ�a�Q�Ì�H� é �N�

L
���
L = `1 . . . `m

�P�c�����Q�a�<�~�U�a�<�
i ∈ X ½ `i = 1

� e �a�H�i�_ÇZ�X���_�a�Q�~�z�Î�a���
X ⊂ L

�
ðûRle_MZsHp]MZnHkiIL` Y_^ZYgMDGQM\G>pxe_MgÐµ`JMÔR¦IÄRxpxKznJMDIaG>YgMZk~GQMPO

1
IL`>W MZnJG>e_Eapxk_O|[�EapxnHk_ÏPO|[yILe|R]MÔYgEakfpÎb7RxpxKznJMgMZkÐH`·T@ILpxRxR]MZ`Qe_O Í pxR>[�MZ`Qkl�uItsµEapxelO_Eapxk

0
O_Eapxk

1
=NÛHp A = {a1, . . . , am}

Í Õ^om{yIaÐµ`JM7YgEakfpÎb�RxpxKznJM
X ⊂ {1, . . . ,m}oPEaefe_MPO_[�EanJGßnyILkf`Qe_MZRxR]MZYgMZn<kÄ`Qn YgEakfpÎb�hvGÈT@ILkfkfefpxqQ`Qk_O�j

XA
=�Ñ�MÖ[Qe_EaqJRxØZYgM»GQM¼e_MPom{JMZe_om{JM»GQMÖYgEakfpÎbdO

γ
�bve_ÏPÐH`JMZnHk_OëO_MBe_ÏPoZefpxk±oPEaY\YgM|Of`Qpxkt=

g �U�a�r���µ�a�J���
n

é �z�9�~�µ�~�x�a�HÊa�J�X�<�
m
���f�t�z�H�v�9�F�Q�a�|�H���|�Z�z�H�fÇ��\ÃX�����a���_� S ½ �v�f�a�<åL�X�~�_è �Z�Q�P� é ÃX�]�u�µ�X�é �N�v� ���B� �xÊa���X�~�µ� {1, . . . ,m} ¿Z�<�l�Z�a�r��Çm�a�y�³�X�y�µ�i�N�z�Q�~�a� é �a���J�

γ
é �z�9�P�

ÚõnJEakfe_M|oPEanQnyILp]O_OmILnJoPM Í oPMB[Qe_EaqQR]ØZYgM~GQMB[yILkfk_MZefn×YDILk_om{QpxnQKgn·T@I^ýfILYDILp]OëÏZk_ÏBkfemILpxk_Ïz=JðûRÈMPOfkÁkfe_ØPOëO_Ea`QsµMXn<ke_MPom{JMZe_om{JÏ GQMPOuYgEakfpÎbvOu[Qe_ÏPO_MZnHk_OÔGJILnJOuk_Ea`JOuR]MPOuYgEak_OÔEa` qQp]MZn GQMPOu[Qe_ÏXéQWQMPOu[Qe_ÏPO_MZnHk_OÔGJILnJO\IL` YgEapxnJOGQMZ`>W YgEak_O~h9sµEapxeÁ[yILeSMXWQMZY\[QR]MÌR]MPOëkfefp]MPO|Ù Ck.hF�� �XÝ jX=öÆEa`Qe±R]MPOSYgEakfpÎbdOëbdMZefYgÏPO Í pxR·bUIL`QkSk_MZnQpxe^oPEaY\[Qk_MuG>`ìOf`Q[Q[�Eaefk^ÐH`Qp�GQEapxk^Ofkfefp]oZk_MZYgMZnHkBGQÏPoZe_E`)]kfe_MiR]Eae_O_ÐH`·T `QnILkfkfefpxqQ`JkÒMPOfkÒIæý®Ea`QkmÏa=�FÒEap]oZpJGQEanJoÁR]M7[Qe_EaqQR]ØZYgMSÏPÐµ`QpxszILR]MZnHk�IL`\[Qe_EaqQR]ØZYgMSGQM7e_MPom{JMZe_om{JMSGQM7YgEakfpÎbdOÆbvMZefYgÏPOt=
g �U�a�r���µ�a�J���

n
é �z�9�~�µ�~�x�a�HÊa�J�X�<�

m
���f�t�z�H�v�9�F�Q�a�|�H���|�Z�z�H�fÇ��\ÃX�����a���_� S ½ �v�f�a�<åL�X�~�_è �Z�Q�P� é ÃX�]�u�µ�X�é �z�v� �m�B�É�ÎÊz�����i�µ� {1, . . . ,m} �r�_���t�X�y�9�i�N�a�Q�~�a� é �a�9�Q�

γ
é �z�9�i�Z�F�³�X��¿Z�J�i�U�a�>�c�X�H� ¾ é �z�v� �Ì�É�ÎÊa�î� Y ½

X ( Y ½ ���X�È���_���P�X�r�F�N�z�Q�B�X�v�X�vÇP�³� é �Z�y� é �a�9�Q�|�µ� é �z�9�P�
ËÌILnJOcR¦IÌOf`Qpxk_MëGQMëoPMëom{yIL[Qpxkfe_M Í nJEa`JO�ILRxR]EanJOÒoPEanJOfp]GQÏZe_MZeÒR]MPOcqyIaO_MPOÒGQMëGQEanQnJÏPMPO�oPEaY\YgMë`QnJMÁRxp]Ofk_MëGQMÁYgEak_OMZkënJEa`JOënJEa`JOÁ[QR¦Ix³PEanJO±GJILnJOÁR]M|otIaG>e_M|G>`×[yILkfk_MZefnÖYDILk_om{QpxnQKJ=
< }�� i �{�MV
������JY�A����P ���
�jTÛJ��A�
� � � ��V
�	F��u��JY�C�

ö¤Ea`QeëR¦Iu[Qe_MZY\p]ØZe_MBbdEap]OÁMZnÄbdEa`QpxRxR]MÌGQMÌGQEanQnJÏPMPO Í GQMPOÁe_ÏPOf`QRxkmILk_OÁ[Qe_ÏPoZp]OSoPEanJoPMZefnyILnHkSR]M^nJEaYiqQemMBYgEæ�NMZnGQMiYgEakfpÎbdOSbve_ÏPÐµ`JMZn<k_O^MZk±bvMZefYgÏPOBO_EanHkBGQEanQnJÏPOt=ÈCFMPO^e_ÏPOf`QRxkmILk_OBO_EanHkBEaqQk_MZnH`JOBGJILnJO^`QnìYgEHGQØZR]MÔGQMiqyIaO_MPOILR]ÏtILk_Eapxe_MPOÔoPEanJOfkfef`Qpxk_MPOÔÕ [yILefkfpxeuGQM}O_Ea`Qe_oPMPOiMZkiÐH`JMgnJEa`JOiGQÏPoZefpxsµEanJOuGJILnJO~R¦I [Qe_MZY\p]ØZe_M�O_MPoZkfp]Ean·=�ölRx`JOR]M}O_MZ`QpxR�GQMgb9e_ÏPÐH`JMZnJoPM}MPOfk~KzemILnJG Í YgEapxnJOipxRÒ�ïI×GQMgYgEakfpÎbdO|bve_ÏPÐµ`JMZnHk_Ow=�ö¤Ea`QeuGQÏPoZefpxe_M�oPMZkfk_M}ÏZsNEaRx`Qkfp]Ean ÍnJEa`JO^oPEanJOfp]GQÏZe_EanJOBGJILnJO±R¦IgGQMZ`>W>p]ØZYgMiO_MPoZkfp]Ean¼kfe_Eap]O±kû�<[�MPO±GQMiO_MZ`QpxR]OiêQéJW>M Í R]EaKµILefpxkf{QY\p]ÐH`JMÔMZkSRxpxnJÏtILpxe_Mz=
.¤pxnyILR]MZYgMZnHk Í pxR�MPOfkÒ[�MZ`}[Qe_EaqyILqQR]M^GÈTVEaqQk_MZnQpxe7GQMPO�e_ÏPOf`QRxkmILk_O�KNÏZnJÏZemIL`>WDszILR¦ILqQR]MPOÒ[�Ea`Je�k_Ea`Qk_MPO�R]MPO�O_Ea`Qe_oPMPOt=Ú [yILefkfpxe7GÈT `QnJMS{H�<[�Eakf{JØPO_MëbUILpxk_Më[�Ea`Qe7om{yIaÐµ`JMSkû�<[�M±GQMSOmMZ`QpxR Í nyEa`JO�ÏZnJEan?³PEanJO7GJILnJO�R¦I~GQMZefnQp]ØZe_M^O_MPoZkfp]EanR]MPOëkfe_Eap]OÁe_ÏPO_`QRxkmILk_Oë[QefpxnJoZpx[yIL`>W×Of`QeÁR]MPOëYgEakfpÎbvOÁb9e_ÏPÐH`JMZnHk_OëMZkÁbdMZefYgÏPOt=
X 	��
	�§ c� 
��@������Ý-C",�� *) �����EÇD-:�Ý�����X� �� *)�)�@?���

ËÌILnJO^k_Ea`Qk_MÔR¦I�Of`Qpxk_M Í R]MunJEaYiqQe_M\GÈT@ILkfkfefpxqQ`Qk_ODhvGQMÔoPEaR]EanQnJMPO�j^MPOfkBnJEak_Ï
m

MZk
n
GQÏPOfpxKznJMuR]MunJEaYiqQe_MGÈTVEaq>ýfMZk_OShvGQM7RxpxKznJMPO�jX=zðûRQMPOfkloZR¦ILpxecÐH`JM7RxM7nJEaYiqQe_MëGQM7YgEakfpÎbvOÆb9e_ÏPÐH`JMZnHk_OcGQÏZ[�MZnJGubdEaefk_MZYgMZnHkÒGQMFR¦I^kmILpxRxR]MÁGQM

� ;,/



���<���r�v�v�_�@?æ�ed±�r�a��;L�P�i�µ��� é �z�v� �m�Æ�X�_�_¿Z�Q�Z�y�9�u�Z�r�P�Z� é ���i�N�a�Q�Ì�<���ÔÃf�L�t�u�µ�u�N�a�J�î�_���
R¦I±qyIaO_Mz=Ní±ngOmILpxkÆ[yILelMXWQMZY\[QR]MÁÐµ`·T pxR>�uI±q�MtIL`JoPEa`Q[g[QRx`JOlGQMFYgEak_pÉbdO¤bve_ÏPÐµ`JMZnHk_OlGJILnJOlR]MPOÆqyIaO_MPOÆKNÏZnJÏZkfp]Ðµ`JMPOhvoPEaY\[�EaefkmILnHk~`Qn KzemILnJG nJEaYiqQe_MgGÈT@ILkfkfefpxqQ`Qk_O|[yILeÌemIL[Q[�EaefkiIL` nJEaYiqQe_MgGÈTVEaq>ýfMZk_O�j^ÐH`JMÔGJILnJOÌR]MPOÌqyIaO_MPO[QRx`JOÄe_MPoZkmILnQKz`QR¦ILpxemMPOt=ëËÌILnJOÄnJEzO×ILnyILRx�>O_MPO Í nJEa`JO nJEa`JOÄ[QR¦Ix³PEanJO×GJILnyOÄ`Qn©otIaG>e_M»R¦ILefKNM GQMlk³YDILkfefp]oPMPOe_MPoZkmILnQKz`QR¦ILpxe_MPOnmBbvEaefYDILRxp]OmÏÌ[yILeÁRUT {H�<[�Eakf{JØPO_M~Of`QpxsaILnHk_Mz=
opI«vc§J¥¼ö+¯fIw¸�qò«utÔáJIt¸ì²æ¸Hóz¥táJ¢*w�¶+G9áJ£9²L¸Q¹ U��»�r� é ÃX�_�ï��è �z�d�v�X�dÃX�>�9�

m
���Z�D�a���r�É�µ�}�Q�a��;a�r� é �v�z�Ì�Z�õ�x��r� é ÃX�_�u��è �µÃ�bt�Z�9�

n
�Z�Ò�_�_ÇZ� �r�f�w¿Z�J� é �X�r� ½

∃c > 0, log n ∼ c logm

Ñ·MPOuEaq>ýfMZk_OuO_EanHkuMZn�[QemILkfp]ÐH`JM�GQMPOuEaqJO_MZefsaILkfp]EanJOÔÐH`Qp�OmEanHkuGQÏPoZefpxk_MPOÔItsµMPoDR]MPOÔILkfkfefpxqQ`Qk_Ot=¤Ú [Qefp]Eaefp Í oPMPOEaqJO_MZefszILkfp]EanJO7[�MZ`QsµMZnHk7nJM^[yIaO�^Zkfe_MBpxnJGQÏZ[�MZnJGJILnHk_MPOëYDILp]O7nJEa`JOFbdMZe_EanJOFRUT {H�<[�Eakf{JØPO_MÌOfpxY\[QRxpÎéyotILkfefp]oPM|Of`QpÎ�saILn<k_Mz=
opI«vc§J¥¼ö+¯fIw¸¼ª¬«u÷P¢+L��gvc¸H¢+L�áJ¢�óN¸ML�¸gIg§�i0qP¸N¥KIz¹ U~è �X�Q�t� é ÃX�x�~�µ���Ì�HÃ�bP�P�9�¤�P�a� é �B�H�î�Æ�Z� é �9���]�^�9�r�µ�³�J�X� ¾�N�a�y�³�u�µ�~åæ�a�X�v�HÃX�x�X�i�a�]�_�z�U�a�9�_���P�
C�{yIaÐH`JMiRxpxKznJMÄhvEa`»Eaq>ýfMZk�jSMPOfk±pxnJGQÏZ[�MZnJGJILnHkmMÔGQMPOÌIL`Qkfe_MPO^YDILp]O^R]MPOBoPEaR]EanQnJMPO\hdILkfkfefpxqQ`Jk_O�jS[�MZ`QsNMZnHk�^Zkfe_MoPEaefe_ÏZR]ÏPMPOt=µÑ�MZO�oPEaefe_ÏZR¦ILkfp]EanJOFO_EanHkcYgEHGQÏZRxp]O_ÏPMPOFItsµMPoÁ`QnJMëOmEa`Qe_oPMÁKNÏZnJÏZemILR]Mz=g9±Ea`JO�IaGQEa[Qk_EanJO�GQEanJoëR]MÁ[�EapxnHkGQMÌsH`JMÌGQ` [yILkfk_MZefnÖYDILk_om{QpxnQKJ=
opI«vc§J¥¼ö+¯fIw¸ÖÞß«��È§r¶�²æóµ¸Q¹ U����~�HÃ�bP�P�9� ½ åt�H�iÇm� été �u�µ��� é �z�9�B�X�H�|�_è �a� �r�<�µÃm�Z� {0, 1} ½ �Z�a�y�Ò�]���7�r�_�ó²+Rµ�����è �H��� Y_^ZYgM �Z�z�H�fÇ�� S �
CFMZkfk_M~{H�<[�Eakf{JØPO_M~n·TVMPOfkS[yIaOSemMZO_kfefp]oZkfpxsNM~[Q`Qp]O_ÐH`JM~GQØPO^Ðµ`JM~GQMPO±O_�HYiq�EaR]MPO±OmEanHk±ÏZY\p]O Í nyEa`JOS[�Ea`QsµEanJOSR]MPOoPEanJOfp]GQÏZe_MZeBoPEaY\YgMiR]M|e_ÏPO_`QRxkmILk^GÈT `QnJMiO_Ea`Je_oPM~pxnJoPEanQnH`JMz=ÈCFMiO_EanHkSR]MPO±{H�<[�Eakf{JØPO_MPO^Of`QeSR¦IDO_Ea`Qe_oPM S Ðµ`QpéQWQMZe_EanHkëR]MPOÁRxpxY\pxk_MPOSG>`×YgEHGQØZR]Mz=
1�Ea`Qk_MPO7R]MPO7qyIaO_MPO7GJM^GQEanQnJÏPMPOëoPEanJOfp]GQÏZe_ÏPMPOÁp]oZpÈOmILkfp]O®bdEanHk7oPMPO7kfe_Eap]O7{H�H[�Eakf{JØPOmMPOt=>ÿÖp]O_MÌÕ~[yILefk7R¦IuO_MPoPEanJGQM{H�<[�Eakf{JØPO_M Í nJEa`JOBEaqQk_MZnJEanJOÌ`QnìYgEHGQØZR]MÔkfe_ØPO^R¦ILefKNMÔGQMiqyIaOmMPOBGQMuGQEanQnJÏPMPOÌGQEanHkBR]MPO^RxpxY\pxk_MPOÌO_EanHkÌoPMZRÎR]MPOpxY\[�EzO_ÏPMPOë[yILeëR¦I\O_Ea`Qe_oPM S =
X 	��
	�� �a�� +���2"�r
>������X� �B�Ap������

Ñ�Eae_O_Ðµ`JMiR]MuO_MZ`QpxR¤GQM~b9emÏZÐH`JMZnJoPM
γ
[yIaO_O_MiGQM

1
Õ
n
h
n
ÏZkmILnHk^R]MinJEaYiqQe_MuGÈTVEaq>ýfMZk_O�j Í R]MPO^MXW>[�ÏZefp]MZnJoPMPOpxnJG>p]ÐH`JMZnHk×Ðµ`JMìR]MìnJEaYiqQe_M GQMìYgEakfpÎbdO�bve_ÏPÐµ`JMZnHk_O MPOfkÄk_Ea`Qk×GÈT@ILq�Eae_G©MXW>[�EanJMZnHkfp]MZRÌ[Q`Qp]O GQÏPoZe_E`)]k [�Ea`QeGQMZsµMZnQpxeÁoPEanJOfkmILnHkt=Qö¤Ea`QeëGQÏZYgEanHkfe_MZeëoPMPO7e_ÏPOf`QRxkmILk_O Í nJEa`JOÁoPEanJOfp]GQÏZe_EanJOÁkfe_Eap]O7kû�<[�MPO7GQMBO_MZ`QpxR]OÌêHR]MPOÁO_MZ`QpxR]OoPEanJOfkmILnHk_O}h9{H�H[�Eakf{JØPOmM_VNj Í R]MPO|O_MZ`QpxR]OÌR]EaKµILefpxkf{QY\p]ÐH`JMPO}h9{H�<[�Eakf{JØPO_M yzj^MZkÌR]MPO|O_MZ`QpxR]OÌ[Qe_Ea[�Eaefkfp]EanQnJMZR]OuIL`nJEaYiqQe_M~GÈT@ILkfkfefpxqQ`Qk_Ouh9{H�H[�Eakf{JØPOmM~;NjX=

opI«vc§J¥¼ö+¯fIw¸ìñò«
γ
óN§r¢+IP¥táJ¢�¥a¹ U��ë�t�X�<�����µ���X�_�_¿Z�Q�Z�rÇ��

γ
���X�ÆÇm�a�J�X�U�a�y�J�Q�a�S�f���N�Q�a�Z�Æ�a�D��� é ÃX�_�

n
��è �µÃ ¾bP�P�9�P�

÷ln»[QemILk_pxÐH`JM Í `Qn O_MZ`QpxRloPEanJOfkmILnHkÌO_pxKznQpÎéyMu`Qn O_MZ`QpxRÆkfe_ØPOB[�MZkfpxkBs<p]O®�ûÕæ�UsHp]OBGQ`ìnJEaYiqQemMÔGÈTVEaq>ýfMZk_Ogh9RxpxKznJMPO�jX=ËÔT `Qn [�EapxnHkÄGQM¼sH`JM¼[QRx`JO}kf{JÏPEaefp]ÐH`JM Í `Qn OmMZ`QpxR^GQMÖb9e_ÏPÐH`JMZnJoPMìoPEanJOfkmILnHk MZnHkfemI*)]nJM»Ðµ`JM¼R¦IïoPEanHkfemILpxnHk_M�Qè � +S�a�UÃX�É�9� R]Eae_OmÐµ`JM�R¦I¼kmILpxRxR]M GQM�R¦I¼qyIaOmMÄOtT@ILKzemILnJG>pxkt=l÷lk_e_M
20
�dbve_ÏPÐµ`JMZnHkgGJILnJOÔ`QnJMÄqyIaO_MÄGQM'V,�ìEaq>ýfMZk_OMPOfk7q�MtIL`JoPEa`Q[×YgEapxnJOÁ[Qe_EaqyILqQR]MDhvMZkëGQEanJoBq�MtIL`JoPEa`Q[×[QRx`JOFbdEaefk�j�ÐH`·Tl^Zkfe_M

20
�db9e_ÏPÐH`JMZnHkëGJILnJO7`QnJMBqyIaO_MÌGQM� �,�,�,�\Eaq>ýfMZk_Ot=ö¤EzO_EanJOëYDILpxnHk_MZnyILnHk±R¦IÔGQMZ`>W>p]ØZYgMÌ{H�<[�Eakf{JØPO_Mz=

� ; �



?æ�cbH� �ì�w�µ�X�É�¦�P�z�v�v�z�»�µ�X�iÃ_�L�t���u�Z�Ò�m�����<�É�U�N�9�

Seuil constant

Seuil proportionnel

576987:?y<= � AgË^pÎøÈÏZe_MZnJoPM^MZnHkfemM±R]M^O_MZ`QpxR�RxpxnJÏtILpxe_MÌMZkFR]M^O_MZ`QpxR�[Qe_Ea[�Eaefkfp]EanQnJMZRU=JÑ�I~[yILefkfp]M^Kzefp]O_ÏPMBMPOfk�R¦Ii[yILefkfp]MÏZR¦ILKz`JÏPM|[yILeëR¦IÔoPEan<kfemILpxnHk_M~GQM^bve_ÏPÐH`JMZnJoPMz=
osI«vc§J¥¼ö*¯gIt¸ìù¬«

γ
v¤²æ§Avc§y²æ¥w£9§r¢¤¢�¸]GU¹ U��B�t�X�<�����µ�c�X�_�f¿P�Q�Z�rÇm�

γ
���Z�î�r�f�X�>�a�Z�v�d�a�J���X���a� �r� é ÃZ�_�

n
��è �µÃ ¾bt�Z�9�i�P�c�Z�z�v�����P�a�v�

γ = r · n, �aåL�_Ç
r ∈]0, 1[.

®±n¬OmMZ`QpxRë[Je_Ea[�Eaefkfp]EanQnJMZR\hvEa`¬RxpxnJÏtILpxe_MwjgOfpxKznQpÎéyM¼MZn¬[QemILkfp]Ðµ`JMÖ`QnßO_MZ`QpxRSnJEan¬nJÏZKzRxpxKNMtILqQR]M h9sµEapxeDY_^ZYgMIaOmO_Mí��ÏZR]MZsµÏwj~oPEaY\[yILe_Ï×IL` nJEaYiqQe_M GÈTVEaq>ý®MZk_Ot=ÆËÔT `Qn [�EapxnHk\GQM}s<`JM}kf{JÏPEaefp]ÐH`JM Í `Qn O_MZ`QpxRÁGQMDb9e_ÏPÐH`JMZnJoPM[Qe_Ea[�Eaefk_pxEanJnJMZRÆMZnHkfemI*)]nJMiÐµ`JM|R¦I\oPEanHkfemILpxn<k_M ���|�Jè � +S�a�UÃX�É�9�·�Q�L� R]Eae_O_ÐH`JM|R]I\kmILpxRxR]MiGQMÌR¦I\qyIaO_M~OtT@ILKzemILnJG>pxkt=ÛHpr`Qn�YgEakfpÎb�MPOfk
5%

�dbve_ÏPÐH`JMZnHkFGJILnJO�`QnJMSqrIaO_M±GQM � �,�,�~Eaq>ýfMZk_O Í pxR�O_MZemI~oPMZefkmILpxnJMZYgMZnHk
5%

�db9e_ÏPÐH`JMZnHkFGJILnJO`QnJM�qyIaO_MÄGQM � �,�,�,�,�»Eaq>ý®MZk_O\MZkue_ÏPoZpx[Qe_EHÐH`JMZYgMZnHkt=�C^TVMPOfk\Of`QeÔoPM}[Qe_pÎnyoXpx[�M ÐH`·TVMPOfkibdEanJGQÏPM�R¦IÖYgÏZkf{JEHGQMGÈTVÏPom{yILnHkfpxRxR]EanJnyILKNMÄGQM 1�EutdsNEanJMZn Ùl1�Eap¦Üz; Ý =�Ñ�I éJKz`Qe_M�y<= � YgEanHkfe_M�IL`JO_O_pÒÐH`JMDom{JEap]Ofpxei`Qn O_MZ`QpxRÒ[Qe_Ea[�Eae®�kfp]EanQnJMZR�ÏZR¦ILKz`JMëq�MtIL`JoPEa`Q[}[QRx`JOÒR]MÁkfe_MZpxRxRxp]O�GQMPOcYgEakfpÎbdOÒÐH`·T `QnDO_MZ`QpxRroPEanJOfkmILnHkÒR]Eae_O_ÐH`JMÁR¦IÌqyIaO_MëGQMSGQEanQnJÏPMPOOwT@ILKzemILnJG>pxkt=
9^Ea`JO�k_MZefY\pxnJEanJOÁItsµMPoS`Qn}nJEa`QsµMtIL`}kû�<[�M±GQM±O_MZ`QpxRrKze[ZaoPMBIL`JÐH`JMZRrnJEa`JO7ItsµEanJO7IL`JO_OfprY\p]OFMZn�ÏZsHp]GQMZnJoPM±`Qn[Q{JÏZnJEaYgØZnJM~pxnHk_ÏZe_MPO_OmILnHkt=
osI«vc§J¥¼ö*¯gIt¸ÊF «

γ
G9§AwyáQ²a£¦¥¼ö¤ôï£9´·¶�¸Q¹ U��i�P�X�<���l�µ�7���_�_¿Z�J�X�rÇ��

γ
���Z�ë��è �<�ï�z�f�a�_�±�r� �H�BÊa�_�a�r�×¿Z�J�Ô�]�u�x� ¾Êµ�a���v�9� é �u�a�×�r� é ÃX�_�

n
��è �µÃ�bt�Z�9� ½

log n = o(γ).

Û<Ea`JO�RUT {H�<[�Eakf{JØPO_M ?ïGQM¼R¦IïqyIaO_MÖe_MPoZkmILnQKz`QR¦ILpxemM Í Ean I
log n ∼ c logm

MZk}RUT {H�<[�Eakf{JØPO_MÊy e_MZs<p]MZnHk Õ
logm = o(γ)

=
X 	��
	�� ���� *���E�Ý��p������
\�",�� *���'­vr
>� #"�­xw��Ý���
\k",�� *������@��xp���",-A"��

Ú om{yIaoZ`QnãGQMPOÌO_MZ`QpxR]OÌGQÏPoZefpxk_OB[Qe_ÏPoPÏPGQMZY\YgMZnHk Í nJEa`yOÌIaOmO_EHoZp]EanJO^`QnJMÔ{H�H[�Eakf{JØPO_MgIæéJn GQMuYgMZkfkfe_MÔMZnÏZs<p]GQMZnJoPM}`Qn e_ÏPOf`QRxkmILkÔOf`QeiR]MPOiYgEakfpÎbdO~b9emÏZÐH`JMZnHk_OuEa`�bvMZefYgÏPOw=�ö¤Ea`Qeu`Qn YgEakfpÎbSRxpxKznJM
X ⊂ {1, . . . ,m}

Í
nJEa`JO�nJEak_EanJO

pX
R¦I|[Qe_EaqyILqQpxRxpxk_Ï^ÐH`·T pxRrO_Eapxk�[Qe_ÏPO_MZnHkFGJILnJO�`QnJMSRxpxKznJMuhvEa`�GJILnJOÒ`Qn}YgEak�jX=HÑ�MPOÒ{H�<[�Eakf{JØPO_MPObdEanHkÁpxnHk_MZefsµMZnQpxe±oPMPOÁ[Qe_EaqyILqQpxRxpxk_ÏPOt=

� ;,V



���<���r�v�v�_�@?æ�ed±�r�a��;L�P�i�µ��� é �z�v� �m�Æ�X�_�_¿Z�Q�Z�y�9�u�Z�r�P�Z� é ���i�N�a�Q�Ì�<���ÔÃf�L�t�u�µ�u�N�a�J�î�_���
F3B]ªyB]ª0Bv¨ à~áJI_LÆ¶þIt¸<¶�£óGDv¤²æ§Avc§y²æ¥w£�§�¢�¢�¸gG

ÚSéJnßGÈTVMXW>[QefpxYgMZe}R]MÖnJEaYiqQe_MÖYgEw�µMZnßGQMÖYgEakfpÎbvODb9e_ÏPÐH`JMZnHk_O Í nJEa`JO}[�EzO_EanJO
k(S, r) R¦I [QRx`JO}[�MZkfpxk_MR]EanQKz`JMZ`QeSGQMBYgEakfpÎb¤[�Ea`QeëR¦IaÐµ`JMZRxR]MÌk_Ea`JO7R]MPOÁYgEakfpÎbvOëGQMBR]EanQKz`JMZ`QeSOf`Q[�ÏZefp]MZ`Qe_M|EanHkÁ`QnJMB[Qe_EaqyILqQpxRxpxk_Ï~Ofkfefp]oX�k_MZYgMZnHkë[JRÎ`yOÁ[�MZkfpxk_M~Ðµ`JM

r
Í
k(S, r) = max{k : ∀X ⊂ A, |X| > k, pX < r}.ÑcT {H�<[�Eakf{JØPO_M~Of`QpxsaILn<k_MBpxY\[QRxp]ÐH`JMÌ`QnJMÌq�EaefnJM|oPEanJO_kmILnHk_MDhvMZn

m
MZk
n
jFOf`Qe

k(S, r) =
opI«vc§J¥¼ö+¯fIw¸M\¬«®� �HóN²æ§�£jIKItáJ¢�óN¸¼¸1A«vc§r¢�¸H¢î¥w£�¸]GóG9¸�L¤¸fI_v¤²æ§Ai�áJiÆ£óGv£¦¥t�gIa¹ U��X� é �z�v� ���l� �xÊa�����F�a�y�r�H���·�r�f� ¾Ã_�µÃX�9� �v�³�ï�%RX�>�a�î�X�y�v�U�X���]� é �X�y�}�µ�_ÇZ�f�a���m�P�a�y�³�ã�zåL�_Çã�x�X�<� �U�a�9���x�t� º �É�H�D�r�_�_ÇZ�¦�t� é �X�y� ½ ���|�%Ra���X�³� K > 0

�P�
θ ∈]0, 1[

�³�X� �~¿Z�J�ë�>�a�<�~�U�a�>� é �z�v� �B�É�ÎÊz���
X ⊂ {1, . . . ,m} �µ�iÇm�a�f�z���r�z� |X| ½ �a�»�
pX ≤ K · θ|X|.

ÑcT {H�<[�Eakf{JØPO_MgGQMÔGQÏPoZe_Eap]O_OmILnJoPMgMXW<[�EanJMZnHk_pxMZRxR]MDGQMPOB[Qe_EaqyILqQpxRxpxk_ÏPO~MZnHkfemI*)]nJMZnHk~ÐH`JMuR]MPOBYgEakfpÎbdOBR]EanQKNO|O_EanHkkfe_ØPO7[�MZ` [Qe_EaqyILqQR]MPOw=QðûR]O7EanHkSILpxnJOfpÈ`QnJM^bdILpxqQR]MB[Qe_EaqyILqQpxRxpxk_Ï|GÈTl^Zkfe_MÌ[Qe_ÏPO_MZnHk_OëOfpxYi`QRxkmILnJÏZYgMZnHk±GJILnJO7q�MtIL`>�oPEa`Q[ GÈTVEaq>ý®MZk_Ow=7öÆEa`Qe `Qn©OmMZ`QpxRÌGQM¼bve_ÏPÐµ`yMXnyoZM»[Qe_Ea[�Eaefkfp]EanQnJMPR Í R]M»kf{JÏPEae_ØZYgMãOf`QpxsaILnHk×oPEan>éJefYgM oPMZkfk_MpxnHkf`Qpxkfp]Ean·=
ú~ö��µ§r²B¯<ôã¸ï¨]\±P �z�Q�g�H��� Ã_�L�P� �µ���µ�a�J���m�����a�]�f�N�U�a���_���_�_ÇP�U�a�HÊa�<�x�a���_� Àd�Ý;��Q�z�9�zL��t� � Å �N�z�y�S�]�����µÃ�bt�Z�9��Z�a�r�7Êµ�Z���X�_�X�����r�H�³�J�X�r�N� été �X�y�ÔÀU�Ý;��Q�z�9�zL��P�'b Å ä}�>�z�X�v�9����è �<���D�P�a�<�fÇm� S ÀU�Ý;��Q�z�9�zL��P�Ö8 Å �P�Ì�N�a�r�^�x���é �z�v� ���|� �xÊa���X�u�a�y���<���ë�r�_�µÃf�HÃX���É�v�³�g�%R��Q�a���X�y�v�U�X���]� é �X�r�ë�µ�_ÇZ�f�a���m�P�a�y�³�\�aåL�_ÇÔ�]�X�<�u�U�a���9�x��ÀU�Ý;��>�z�9�{L��P�}| Å �]��r� é ÃX�_� é �&;µ�X�»�µ� é �z�v� ���

γ ¾ ���_�_¿Z�J�X�y�9� ½ ���z�³� Frγ ½ �>�z�H�Ì�H�Ö�P�X�<�9�·�µ�l�X�_�_¿Z�J�X�rÇ��Á�r�f���Q�a�Z�v�v�a�y���X�·�µ�|�7;��J�
γ = r · n Àd�Ý;��Q�z�9�zLX�P�Ô� Å �X�X�F�a�Ô�r�É�H�F�Q�a��;a�r� é �v�z���X�»�x�~�r� é ÃX�_�u��è �z�d�v���UÃX�>�9�i�Z��åL�X�X� ²7�

Frγ = O(mk(S,r)).

ö¤Ea`Je~R¦IÄ[Qe_MZY\p]ØZe_MgbvEap]O~MZnïMXW>kfemIaoZkfp]Ean�GQMgYgEakfpÎbvO Í `QnïoPEaY\[�Eaefk_MZYgMZnHku[�EaRx�HnJEaY\p¦ILRFG>`ãnJEaYuqQe_MDGQMYgEakfpÎbvOÁbve_ÏPÐµ`JMZnHk_OSMPOfkÁY\p]OëMZnÖÏZs<p]GQMZnJoPMz=
9^Ea`JOÁ[�Ea`QsNEanJOëe_MZRcZaom{JMZeSRUT {H�<[�Eakf{JØPO_M|MZnÖoPEanJOfp]GQÏZemILnHkS`QnJM|oPEanJG>pxkfp]Ean¼GQMÌR]IubdEaefYgM

pX ≤ Kθ|X|,
E&%

(1 − θ) · min(m,n) → ∞.Û<Ea`JOioPMZkfk_M}oPEanJG>pxkfp]Ean Í RUT@IaOf�<Y\[Qk_Eakfp]Ðµ`JM}n·TVMPOfk~[QRx`JO~nJÏPoPMPO_O�ILpxe_MZYgMZnHki[�EaRx�<nJEaY\p¦ILR]M}YDILp]OiMZRxR]M}MPOfkiGQMgR¦IbvEae_YgM
Frγ = O(

k(S,r)∑

j=1

(
m

j

)
).

CFMZkfk_Mg{H�<[�Eakf{JØPO_M\[QRx`JO|bdILpxqQR]Mge_ÏPG>`QpxkioPEanJOfp]GQÏZemILqQR]MZYgMZnHkuR¦I oPEanHkfemILpxnHk_MDYDILp]O|R]MPO~MXWQMZY\[QR]MPOioXR¦IaOmOfp]Ðµ`JMPOGQM|O_Ea`Qe_oPMPOëMZn<kfe_MZnHkëk_Ea`JOSGJILnJOÁR]M|otIaG>e_M|G>`×kf{JÏPEae_ØZYgMz=
F3B]ªyB]ª0Bcq à~áJI_LÆ¶þIt¸<¶�£óGkG9§�wráQ²L£�¥¼ö¤ôï£9´·¶�¸

Ñ�MëOmMZ`QpxRyMPOfkÒG>pxkÒR]EaKµILefpxkf{QY\p]ÐH`JM±OtT pxRyMPO_kÒGQMÁR¦IBbvEaefYgM
logn = o(γ)

=�9^Ea`JOc[Qe_Ea[�EzO_EanJOÒ`QnJMë{H�<[�Eakf{JØPO_M[QRx`JOÁbvEaefk_M|Ðµ`JMÌR¦Iu[Qe_ÏPoPÏPGQMZnHk_M~[�Ea`QeëkfemILpxk_MZeSoPMÌkû�H[�M|GQMÌOmMZ`QpxRU=
opI«vc§J¥¼ö+¯fIw¸Mh U��~�f���N�Q�a�Z�F�H�Á�r�f�µÃ_�µÃX�9�É�9�³�\�X�y�v�m�~�H� é �z�v� �B�É�xÊa���Ô�Z�Ò�P�X�Ì���<� ¾ é �N�v� ���Ì�É�ÎÊa�î���u���X�Ò�X�v�X�dÇP�³� ¾é �X�y�È�r�É�µ�7�Q�P�v�9�F¿Z�J�

1 ½
∃θ ∈]0, 1[, ∀X ⊂ {1, . . . ,m}, ∀Y ⊂ {1, . . . ,m} X ( Y ⇒ pY

pX
≤ θ,

� ;z;



?æ�cbH� �ì�w�µ�X�É�¦�P�z�v�v�z�»�µ�X�iÃ_�L�t���u�Z�Ò�m�����<�É�U�N�9�
`±MZYDILe_Ðµ`JEanJOiÐH`JMgO_p

pY /pX < θ
Í ILR]Eae_O~R]MPO~[Qe_EaqyILqQpxRxpxk_ÏPO

pX
O_Ean<k~MXW>[�EanJMZnHkfp]MZRxR]MZYgMZnHkÔGQÏPoZe_Eap]O_O�ILnHk_MPOItsµMPo^R]MBotILe_G>pxnyILR�GQM

X
MZk7R¦IuOmEa`Qe_oPM S OmILkfp]OfbdILpxkëIL`JO_OfpîR¦IuoPEanJG>pxkfp]EanMzuG>`Äkf{JÏPEae_ØZYgM � z>=Q÷ln [yILefkfp]oZ`QRxp]MXeOmEa`JO�R¦IëoPEanJG>pxkfp]Ean\ÜëMZk�[�Ea`Qe�`QnuO_MZ`QpxRµ[Qe_Ea[�Eaefkfp]EanQnJMPR Í R]MÒnJEaYiqQe_M�GQMÒYgEakfpÎbvO�bvMZefYgÏPO¤MPOfk¤IL`JO_O_pµ[�EaRÎ�<nJEaY\p¦ILRMZn R]MDnJEaYiqQe_M�GÈT@ILkfkfefpxqQ`Qk_O×hvGQM}oPEaR]EanQnJMPO�jX=Æö¤Ea`Qeu`Qn O_MZ`QpxRFR]EaKµILefpxkf{QY\p]Ðµ`JM Í R]MPOiYgEakfpÎbdO~bve_ÏPÐµ`JMZnHk_OuOmEanHkIL`JOmOfpîbvMZefYgÏPO±Õu`QnJMÌ[Qe_Ea[�Eaefkfp]Ean¼nJÏZKzRxpxKNMPILqJRxM~[Qe_ØPOt=

úHö��H§y²Ý¯Hôï¸ã¨]h±P �a�Q�g�<��� Ãf�a�P�Ä�µ�Ä�N�a�J�î�_�X�}�z�x�_�z�U�a�9�_�}�_�_ÇP�U�a�<Êa�H�x�a�9�_�»ÀU�Ý;��>�z�9�{L��P� � Å �N�a�y�±�]���}�HÃ�bP�P�9��P�a�y�ÁÊµ�X���Z�_�����9�r�µ�³�J�X�r�µ� été �Z�y�ÔÀd�Ý;��Q�z�9�zLX�P��b Å äD�Q�a�Z�v���Ä��è �<���}�Z�a�<�fÇ�� S Àd�æ;m�Q�z�9�zLX�P�Û8 Å �Z�|�N�a�y�^�]���é �z�v� ���\�É�ÎÊa�î���g�Z�z�v�����P�a�y�S�_è �æ;m�Q�z�9�zLX�P��~ ½ �]�}�r� é ÃX�_� é �&;µ�X�
Frγ

�µ� é �N�v� ���
γ ¾ �X�_�_¿Z�Q�Z�y�9� �Z�^�x�}��� é ÃX�_�é �&;µ�X�

Fermγ
�µ� é �z�v� ���

γ ¾ �t�X� é ���ë�P�a�y�l�_¿Z�<��åæ�z�x�Z�y�9�Ì�4L��^¿P�Q�B�x�±�P�X�<���î�µ�¤���_�_¿Z�J�X�rÇ��~���Z�¤�Î�mÊN�a�X�v�9� é �v¿Z�J�ÀU�Ý;��>�N�9�zL��P��? Åw½
Frγ ∼ Fermγ ,

��L��i¿Z�Q�
log n = o(γ).

CFEaY\YgM^[Qe_ÏPoPÏPGQMZY\YgMZnHk Í pxR�MPOfk�[�EzO_OfpxqQR]M^GÈT@IæøÈILpxqQRxpxe7RdT {<�H[�Eakf{JØPO_M±YDILp]OFpxRybdIL`QkÁILR]Eae_O7IL`QKzYgMZnHk_MZe7R]M±O_MZ`QpxRR]EaKµILefpxkf{QY\p]ÐH`JMz=rË^MÌYDILnQp]ØZe_M|KNÏZnJÏZemILR]M Í OfpÈR]MÌO_MZ`QpxR�GQMBb9e_ÏPÐH`JMZnJoPMÌsNÏZefpÎéyM
mθγ → 0,

R]Eae_O_ÐH`JM
m,n→ ∞,ILR]Eae_OcR]MÁnJEaYiqQe_MëYgEw�µMZnDGQMÁYgEakfpÎbvO

γ
�db9e_ÏPÐH`JMZnHk_OÒMPOfkcÏPÐH`QpxszILR]MZnHk�IL`gnJEaYiqQe_MëYgEw�µMZnDGQMÁYgEakfpÎbvO

γ
�dbvMZefYgÏPOt=

F
B]ªyB]ªyB]ª à~áJI_LÆ¶ It¸H¶¤£óGÒ¡�A·¸
ÑcT {H�<[�Eakf{JØPO_MuGJILnJO^R]MiotIaOBG>`ìO_MZ`QpxR�éQW>M~[�MZ`QkBOwT MXW>[QefpxYgMZeBGQMuGQMZ`>WÖYDILnQp]ØXemMZOÌoPEaY\[QR]ØZk_MZYgMZnHk|ÏPÐµ`QpÎ�szILR]MZnHk_MPOt=HÑ�I|[Qe_MZY\p]ØZe_M±`QkfpxRxp]OmMSRxMPO�[Qe_EaqyILqQpxRxpxk_ÏPO

pX
GQMPO�YgEakfpÎbvO�RxpxKznJMPO7ILR]Eae_OFÐµ`JMSR¦I|O_MPoPEanJGQM^O_MëqyIaO_M±Of`Qe`QnJM|O_Ea`QemoZM|oPEanJO_kfef`Qpxk_M~ÕÔ[yILefkfpxeSGQMÌR¦IÔO_Ea`QemoZMÌpxnQpxkfp¦ILR]M~MZkSGÈT `QnJM|O_ÏZefp]MÌKNÏZnJÏZemILkfefp]oPMiIaO_O_EHoZp]ÏPMz=

ÑcT {H�<[�Eakf{JØPO_M|[�Ea`QeëR]MÌO_MZ`QpxRÈéQWQM^bdILpxkëpxnHk_MZefsNMZnQpxeSR]MPOëO_EaY\YgMPO
Sγ,m

GQÏXéJnQp]MPOë[�Ea`Qe
γ
MZnHkfp]MZeS[yILe

Sγ,m =
∑

X⊂{1,...,m}

pγ
X .

ÑÒT {H�H[�Eakf{JØPO_MÁOf`Q[Q[�EzO_M7Ðµ`JM�R¦I±OmEaY\YgM
Sγ,m

MPOfkÆMXW<[�EanJMZn<kfp]MXRxR]MZYDMZnHkc[QRx`JO¤KzemILnJGQM7ÐH`JM�R¦I±O_EaY\YgM
Sγ+1,m

=
osI«vc§J¥¼ö*¯gIt¸ï¨]s¬«©O�¸µ²ÝIw£9§r¢ ¨J¹»º �z�H�u�U�a�>�ë�X�r�v�d�X�

γ ½ �9�Æ�%Ra���X�³�Ô�v�f�a���uÇ_�a�J�X�U�a�y�³�X� κγ ½ λγ
�P�
θγ

�aåL�_Ç
κγ�Q�L�X�9�v� � ½ λγ > 1

�Z�
θγ ∈]0, 1[

�³�X���]���i¿Z�J�
Sγ,m = κγ · λm

γ (1 +O(θm
γ ))

�P�
λγ > λγ+1.

ÑÒT pxnJoPEanHsNÏZnQp]MZnHkÄItsµMPo oPMÄkû�<[�M GÈT {H�<[�Eakf{JØPO_M×MPOfkgÐH`·T@ItsaILnHkDGQMÄ[�Ea`QsµEapxegRUT `QkfpxRxp]O_MZe Í pxR7bUIL`QkgotILR]oZ`QR]MZeDR]MPOOmEaY\YgMPO
Sγ,m

=�ÑcT@IL`Qkfe_M}sNMZe_O_p]Ean�GQMgRUT {H�H[�Eakf{JØPO_MD[yILefkuGÈT `QnJM\bdEaefYi`QR¦ILkfp]Ean G>pÎøÈÏZe_MZnHk_M}GQMPOiO_EaY\YgMPOiMZnbdEanJoZkfp]EanÖGQMPOë[Qe_EaqyILqQpxRxpxk_ÏPO±GQMPOÁYgEak_Ow=ËÌILnJOSk_Ea`Qk_M~R¦I\O_`Qpxk_M Í R]MÌe_ÏPMZR
pM

GQÏPOfpxKznJM|R¦I\[Qe_EaqyILqQpxRxpxk_ÏuÐH`JMÌR]M|YgEak
M

OmEapxkëKNÏZnJÏZe_Ï~[yILeSR¦IgO_Ea`Qe_oPM S =÷cn×[yILefkfp]oZ`QRxp]MZe Í nJEa`JO±ItsµEanJOÁR¦Iue_MZR¦ILkfp]Ean¼OfpxY\[QR]M
pX =

∑

M :X⊂M

pM .

� ;�y



���<���r�v�v�_�@?æ�ed±�r�a��;L�P�i�µ��� é �z�v� �m�Æ�X�_�_¿Z�Q�Z�y�9�u�Z�r�P�Z� é ���i�N�a�Q�Ì�<���ÔÃf�L�t�u�µ�u�N�a�J�î�_���
÷lnìpxnaý®MPoZkmILnHk^RUTVÏZKµILRxpxk_Ïi[QemÏZoPÏPGQMZnHkmMuGJILnJO±R]MPO^OmEaY\YgMPO

Sγ
[Q`Qp]O^MZnìÏPom{yILnQKNMtILnHkBR]MPO^OfpxKznJMPO^O_EaY\YgMPO Í R]MPO

Sγ
O�ILkfp]O®bvEanHk

Sγ,m =
∑

X⊂{1,...,m}

∑

M1, . . . ,Mγ

Mi ∈ {0, 1}m, X ⊂Mi

pM1 . . . pMγ

=
∑

M1,...,Mγ

2cγ(M1,...,Mγ)pM1 . . . pMγ

h�y<= � j
E&%
cγ(M1, . . . ,Mγ)

MPOfklR]MÁnJEaYiqQe_MSGQM7[�EzOfpxkfp]EanJO±hdGQMÁoPEaR]EanQnJMPO�jlE&%gk_Ea`JOlR]MPO
Mi

EanHkc`Qn
1
=zöÆILe�MXW>MZY\[QR]M

c2(0110001, 1001001) = 1
otILeÒR¦IÌOmMZ`QR]MÁ[�EzOfpxkfp]Ean�oPEaY\Yi`QnJM±E&%Dk_Ea`JOcR]MPOÒYgEak_OÒEanHkÒ`Qn

1
MPOfkcR¦I|GQMZefnQp]ØZe_M[�EzOfpxkfp]Ean·=

� � � � � � �� � � � � � �
ö¤Ea`QeD`QnJM qyIaOmM GQMÖGQEanQnJÏPMPO\éQWQÏPM Í RUTVÏZKµILRxpxk_Ï�y<= � YgEanHkfe_MÖÐµ`·T pxRSMPOfkDOf`(7DO�ILnHkDGQM×oPEanJOfp]GQÏZe_MZeDk_Ea`JOgR]MPO
γ
�U`Q[JRxMPOSGÈTVEaq>ýfMZk_Ot=Qö¤Ea`Qe

γ
éQW>Ï Í R]MBnJEaYiqQe_M~GQM

γ
�U`Q[QR]MPOSMPOfkÁ[�EaRx�HnJEaY\p¦ILR�MZkëGÈTVEae_G>e_M

O(nγ)
=QËÔT `Qn [�EapxnHkGQM\s<`JMÔ[QemEaqyILqQpxRxpxO_k_M Í RUTVÏZKµILRxpxk_Ï�y<= � MPOfkiIL`JO_OfpcRUTVMPOf[�ÏZemILnJoPM}Of`QeÌRUTVMZnJOmMZYiqQR]MDGQMPO

γ
�U`Q[QR]MPOiGÈTVEaq>ýfMXkmO~GQM\R¦IsaILe_p]ILqJRxM|ILR]ÏtILk_Eapxe_M

2cγ
=<÷lnÄkfpxemILnHkëIL`Ä{yIaOmILe_G�`QnÄKzemILnJG�nJEaYiqQe_MÌGQMSbdEap]O

γ
YgEak_O7[Q`Qp]OÁMZnÄotILR]oZ`QR¦ILnHk

2cγ[�Ea`QeSoPMPOÁYgEak_O Í R¦IÔR]Eap�GQMPOÁKzemILnJGQOënJEaYiqQe_MPO±GQEanQnJMÌ`Qn×[Qe_EHoPÏPGQÏ~OfpxY\[QR]MÌ[�Ea`QeSMPOfkfpxYgMZe
Sγ,m

=
9^Ea`JODemILYgMZnJEanJO�YDILpxnHk_MZnyILnHk�RUTVÏZkf`JGQMìGQM×R¦IãsaILefp¦ILqQR]M

cγ
Õã`Qn¬[Qe_EaqQR]ØZYgMìGQMÖ[yILkfk_MZefnßYDILk_om{QpxnQKoPEanQnH` êJR]M~nJEaYiqQe_MuGÈTVEHoPoZ`Qefe_MZnJoPMPOÌGÈT `Qn¼YgEakfpÎb�GJILnJOS`JnÖk_MXW>k_Mz=rÚ [yILefkfpxe^GQM

γ
oPEa[Qp]MPO

(S1, . . . ,Sγ)
GQMR¦IÔO_Ea`Qe_oPM S Í nJEa`JOëoPEanJO_kfef`Qp]O_EanJOë`QnJMÌO_Ea`Qe_oPM Sγ

GQEanHkëRUT@ILRx[Q{yILq�MZk±MPOfk {0, 1} MZkëÐH`Qp·Of`QpxkÁR]MB[Qe_EHoPÏPGQÏ|GJMKNÏZnJÏZemILkfp]EanìOf`QpxszILnHk~êJO_pÈk_Ea`Qk_MPOSR]MPOSOmEa`Qe_oPMPO S1
Õ Sγ

ÏZYgMZkfk_MZnHk^MZn×Y_^ZYgM|k_MZY\[JOS`Qn
1
Í ILR]Eae_OSR¦I\OmEa`Qe_oPM

Sγ

ÏXYgMZk±`Qn
1
Í OfpxnJEan¼MZRxR]MiÏZYgMZk±`Qn

0
=yÑcTVMXWQMZY\[QR]MuoZpÎ�³GQMPO_O_Ea`JO±GJEanQnJM~R]M|YgEak±[Qe_EHG>`Qpxk±[yILe S3

Õ\[yILefkfpxeGQM
γ = 3

oPEa[Qp]MPOSGQM S =
S1

ê � � � � �
. . .

S2
ê � � � � �

. . .
S3

ê � � � � �
. . .

S3

ê
0 1 0 0 1 . . .í±n¼sNÏZefpÎéyM|bdIaoZpxR]MZYgMZnHkBÐH`JM

cγ
MPOfk±MXWJIaoZk_MZYgMZnHk^R]M|nJEaYiqQe_MiGÈTVEHoPoZ`Qefe_MZnJotMPOBGQM

1
[Qe_EHG>`Qpxk±[yILe±R¦IgOmEa`Qe_oPM

Sγ

=QÑcT@ILnyILRx�<OmMÌMZnÄYgEw�µMZnQnJMÌG>` nJEaYiqQe_MÌGÈTVEHoPoZ`Qefe_MZnJoPMtOSGÈT `Qn YgEakfpÎb�éQWQÏBMPOfk7`Qn [Qe_EaqQR]ØZYgMBe_ÏPOmEaRx`Ä[�Ea`Qek_Ea`Qk_MPO|R]MZO~O_Ea`Qe_oPMPO|OfpxY\[QR]MPO|oPEanQnH`yMZODÙlW�F��z? Í W�F{�z; Ý =È÷lnã[yILefkfp]oZ`QRxp]MZe Í oPMÔnJEaYiqQe_MgOf`QpxkÌ`QnJM\R]EaplRxpxY\pxk_MKµIL`JO_Ofp]MZnQnJM|GÈTVMPOf[�ÏZemILnJoPM|MZkëGQMBszILefp¦ILnJoPMBRxpxnJÏtILpxe_MPOSMZn R¦IukmILpxRxR]MÌG>` k_MXW>k_Mz=Qö¤Ea`QeSGQÏZYgEanHkfe_MZeSoPMBe_ÏPOf`QRxkmILk ÍRUTVEa`QkfpxR·[QefpxnJoZpx[yILR�MPO_kÁR¦IÔOmÏZefp]MBKNÏZnJÏZemILkfefp]oPM~qQpxsaILefp]ÏPM
S(z, w) =

∑

M∈{0,1}?

ewcγ(M)z|M |,

E&% |M | MPOfk~R¦I×R]EanQKz`JMZ`QeÔG>`�YgEak
M

MZk
cγ(M)

MPOfk~R]MDnJEaYiqQe_M�GÈTVEHoPoZ`Qefe_MZnJoPMPO\GQM
1
GJILnJO

M
=+9^Eakfe_MpxnHk_ÏZe�^ZkFO_MÁ[�Eaefk_MS[QRx`Qk�ÌakFOf`QecR¦IÌszILefp¦ILqQR]M

2cγ
[Q`Qp]O_ÐH`JM

Sγ,m
MPOfkcRUTVMPO_[�ÏZemILnJoPM±GQM

2cγ
O_`Qeck_Ea`JOÒR]MPOÒYgEak_O�GQMR]EanQKz`JMZ`Qe

m
=J9^Ea`JOÁpxnHkfe_EHG>`Qp]O_EanJO±GQEanJo

Sγ(z)
R¦IÔO_ÏZefp]MBKNÏZnJÏZemILk_efp]oZMiG>` [Qe_MZY\p]MZeSYgEaYgMZnHkSGQM

cγ
GQÏXéJnQp]M[yILe

Sγ(z) =
∑

M∈{0,1}?

2cγ(M)z|M |.
h�y<=@?Nj

� ;,z



?æ�é8r� �ì�t��LX�x�X�i���N�r�É�dÇ_�HÃX�x�X�
ölILeBoPEanJOfkfef`JoZkfp]Ean Í R]MuoPEHM´7DoZp]MZnHk|GQM

zm GJILnyO
Sγ(z)

MZO_k^MXWJIaoZk_MZYgMZnHk
Sγ,m

=�ð³R¤MPO_k±qQp]MZn»oPEanQn<`»ÐH`JM~R¦InyILkf`QemMFMZkÆR¦IS[�EzOfpxkfp]Ean\GQMPOÆOfpxnQKz`QR¦ILefpxk_ÏPOlGQEaY\pxnyILnHk_MPOcGÈT `QnJM7O_ÏZefp]M�KNÏZnJÏZemILkfefp]oPMÁGQÏZk_MZefY\pxnJMZnHklR¦I^oXemEapxOmOmILnJoPMGQMPOSoPEHM´7DoZp]MZnHk_Ot=yÑcTVÏPÐH`QpxsaILR]MZnHk±GQMÌRUT {H�<[�Eakf{JØPO_M � �Ô[�Eaefk_M|Of`QeÁR]MPOë[CÌaR]MPOSGQMBR¦I\O_ÏZefp]M
Sγ(z)

=
osI«vc§J¥¼ö*¯gIt¸©¨]s «©O�¸µ²ÝIw£9§r¢ q�¹Dº �a�<�

γ
�<�ß�X�y�v�U�X�a²+Rµ� ½ �]���D�P�X�X�d�X� Sγ(z)

�P�
Sγ+1(z)

�N� é �Z�d�³�X�y�B�H��<�J�d¿Z�J�Á�{�a�x�|�X� é �r�]�i�N� é �����a�y�c�_���U�J�_ÇP�v�9åL� é �X�r�Á�X�ï�X�
z = zγ

�Z�
z = zγ+1

�aåa�fÇ
zγ < zγ+1 < 1

�
9^Ea`JOÁ[�Ea`QsµEanJOëYDILpxnHk_MZnyILnHk±ÏZnJEanJoPMZeSnJEakfe_MÌe_ÏPOf`QRxkmILkS[�Ea`Qeë`Qn×O_MZ`QpxR�GQMBb9e_ÏPÐH`JMZnJoPM|oPEanJOfkmILnHkt=
úHö��H§y²Ý¯Hôï¸�q?s¬«��È¸H¶¤£óG�óN§r¢+IP¥táJ¢�¥a¹QP �a�Q�u�H�î�DÃ_�L�P�D�µ�g�µ�a�J���m���\�z�x�_�z�U�a�9�_�\�_�_ÇP�U�a�HÊa�<�x�a���m�×ÀU�Ý;��Q�z�9�zL��P�
� Å �N�a�y���]���^�µÃ�bt�Z�9�ë�P�a�y�îÊµ�X���X�m���±�9�r�µ�³�J�X�r�N� é*é �X�r�FÀd�Ý;��Q�z�9�zL��t��b Å äë�Q�a�X�v�9�±��è �<���ë�P�a�<�fÇ�� S ÀU�Ý;��>�N�9�zL��P�
8 Å �Z�l�N�a�y���]���ë�Z� été ���

Sγ,m
åL�X�X� ²7�X�y�¤�fè �Ý;��>�N�9�zL��P�&�4� ½ �]�±�r� é ÃX�_� é �&;µ�X�×�µ� é �z�v� ��� γ ¾ �X�_�_¿Z�Q�Z�y�9� ½ �Q�a�H��<�g�t�X�H�9�J�µ�È�X�_�_¿Z�J�X�rÇ��

γ
Ç_�z�Q�X�U�a�r�lÀU�Ý;��>�N�9�zL��P�Î� Åw½ �X�X����R��Q�a���X�y�v�U�X�r�X�}�x�Á�r� é ÃX�m�ë��è �z�d�v�X�dÃZ�<�9�ÌÀûÇm�a�x�a�J���X� Å�P�È�Q�a� ;a�r� é �d�a���X�ì�]�|��� é ÃX�_�i��è �µÃ�bP�Z�9�DÀU�É�xÊa����� Åw½

Frγ = κγ

(
n

γ

)
λm

γ (1 +O(nθm
γ ))

���
κγ

�X�X�Ò�]�|�_�X���d�a�¼�µ�
Sγ(z)

�X�
zγ ½ θγ = zγ/zγ+1 ∈]0, 1[

�Z�
λγ = 1/zγ

�
Ñ�M�kf{JÏPEae_ØZYgMÁ?,�S[Qe_ÏPO_MZnHk_M�`Qnue_ÏPOf`QRxkmILkcIaOf�HY\[QkmEakfp]Ðµ`JM�YDILp]OÆMZnibUILpxk Í R¦IS[Qe_MZ`QsµM�oPEanJGQ`QpxklÕSRUTVMZnJotIaG>e_MZYgMZnHkO_`QpxsaILnHkë[�Ea`Qe

Frγ
ê

(
n

γ

)
Sγ,m − (n− γ)

(
n

γ

)
Sγ+1,m ≤ Frγ ≤

(
n

γ

)
Sγ,m.

h�y<=0/Nj
Ñ�MPOiGQMZ`>W sµMZe_Ofp]EanJOiGQMgRdT {<�H[�Eakf{JØPO_M � �×MZnHkfemI*)]nJMZnHkÔÐµ`JMgR¦I×O_EaY\YgM

Sγ,m
MPO_k~MXW>[�EanJMZnHkfp]MZRxR]MZYgMZnHku[QRx`JOKzemILnJGQMÌÐH`JM

Sγ+1,m
=<Ú�sNMPo±RUT {H�<[�Eakf{JØPO_MBGQM^qyIaO_M^e_MPoZkmILnQKz`QR¦ILpxe_M Í RUT@IaOf�<Y\[Qk_Eakfp]Ðµ`JMÌO_M^GQÏPG>`QpxkFbUIaoZpxR]MZYgMZnHkt=öc`Qp]O_Ðµ`·T pxRîOf`(7gkFÐµ`JM
Sγ,m

OmEapxk�MXW>[�EanJMZnHkfp]MZRxR]MXYDMZnHk7[QRx`JO�KzemILnJGQM±ÐH`JM
Sγ+1,m

Í pxRrMPOfk�[�EzO_OfpxqQR]M±GÈT@IæøÈILpxqQRxpxeR]MPOF{H�<[�Eakf{JØPO_MPO7MZnÄOf`Q[Q[�EzOmILnHkF[yILe7MXWQMZY\[QR]M^ÐH`JM±R¦I~OmÏZefp]M
Sγ(z)

I~`QnÄG>p]O_Ðµ`JM^GQM^oPEanHsNMZefKNMZnJoPMÌGQM±emIt�NEan
rγ

ItsµMPo
rγ < rγ+1

=yí±nÖEaqQkfp]MZnHk^ILR]Eae_OÁRUTVÏPÐH`QpxsaILR]MZnJoPM

Frγ ∼
(
n

γ

)
Sγ,m ∼ κγ,m(1/rγ)m

E&%
lim supm κ

1/m
γ,m = 1

=
< }�D i �{��V
���
�:JQH@H�������J�T��[�
�

ËÌILnJO^k_Ea`JOBR]MPO^kf{JÏPEae_ØZYgMPO Í nJEa`JOBn·T@ItsNEanJOB[yIaOÌGQÏPoZefpxkBR¦I�O_Ea`Qe_oPMu`QkfpxRxp]O_ÏPMz=îËÌILnJOBoPMZkfk_MÔ[yILefkfp]M Í nJEa`JOGQEanQnJEanyOë[QRx`JOfp]MZ`Qe_Oëkû�<[�MPOëGQM|O_Ea`Qe_oPMPOÁ[�Ea`QeSR]MPO_Ðµ`JMZRxR]MPOëR]MPOÁkf{JÏPEae_ØZYgMPO±OtT@IL[Q[QRxp]ÐH`JMZnHkt=
X 	�;X	�§ c� 
�xw���� ��� o��?�g)X *pD�����

Ñ·M}YgEHGQØZR]M�GQMDqyIaOmM}GQM}GQEanQnJÏPMPOÔGQM2W7MXe_nJEa`QRxRxp7MPOfki`Qn YgEHGQØZR]M�GQM}oPEaY\[QR]ØZk_M�pxnJGQÏZ[�MZnJGJILnJoPMN=ÆÑ·MPOEaq>ýfMZk_O�ILpxnJO_p±ÐH`JM×R]MPO�ILkfkfefpxqQ`Jk_O�O_EanHk}pxnJGQÏZ[�MZnJGJILnHk_OÄGQMZ`>WßÕïGQMZ`>WßILR]Eae_O�Ðµ`JM×R]MPO}qyIaO_MPODe_ÏPMZRxR]MPO�OmEanHkoPEaefe_ÏZR]ÏPMPOw=�CFMZ[�MZnJGJILnHk Í k_Ea`QkmMZOSR]MPO^ILnyILRx�<O_MPO±MZn×YgEw�µMZnQnJM~GQEanHkSnJEa`JO±ItsµEanJOë[yILefR]Ï~GJILnJOSRUT pxnHkfe_EHG>`JoZkfp]Ean`QkfpxRxp]OmMZnHkÌoPMuYgEHGQØZR]Mz=·Ñ�I}emILp]O_EanãMZn MPOfkÌoPMXe_kmILpxnJMZYgMXn<k~OmI}O_pxY\[QRxp]oZpxk_Ï\Ðµ`QplMZnìbUILpxk^`QnãoPIaGQe_Mup]GQÏtILRl[�Ea`QeR]MPO±ILnyILRx�<OmMZOë[Qe_EaqyILqQpxRxp]Ofk_MPOt=

� ;zÜ



���<���r�v�v�_�@?æ�ed±�r�a��;L�P�i�µ��� é �z�v� �m�Æ�X�_�_¿Z�Q�Z�y�9�u�Z�r�P�Z� é ���i�N�a�Q�Ì�<���ÔÃf�L�t�u�µ�u�N�a�J�î�_���
9^Ea`JOS[Qe_Ea[�EzO_EanJO^[QRx`JOfp]MZ`Qe_O^YgEµGJØXR]MPOBGQMHW7MZefnJEa`QRxRxp7êy`Qn¼YgEHGQØZR]M ��� é �r�]� Í `QnìYgEHGQØZR]M Êa�f�a�w�Q� ÐH`Qp�kfp]MZnHkoPEaY\[Qk_M GQMPOgILkfkfefpxqQ`Qk_OgoPEanHkfpxnH`JOgÐµ`QpÁO_EanHkÔqQpxnyILefp]O_ÏPO Í MZkÔ`Qn YgEHGQØZR]M �Xåæ�a�É�J� ÐH`QpFkfp]MZnHkgoPEaY\[Qk_M GQM�R¦Ie_ÏZ[yILefkfpxkfp]EanõGQM»om{yIaÐH`JMãILkfkfefpxqQ`Qkt=�®SnJM»O_Ea`Je_oPM»MPOfk G>pxk_M GQM=W7MZefnJEa`QRxRxp~OfpBMZRxR]M ÏZYgMZk `Qn

1
ItsNMPo»`QnJM[Qe_EaqyILqQpxRxpxk_Ï

p
MZk^`Qn

0
ItsµMPo~`QnJMi[Qe_EaqyILqQpxRxpxk_Ï

1 − p
=rÑ·MiYgEHGQØZR]MÔOfpxY\[QR]MuOf`Q[Q[�EzOmMiÐH`JM~R¦IDOmEa`Qe_oPM S MPOfk`QnJM|O_Ea`Qe_oPM|GQM�WFMZefnJEa`QRxRxpU=

U�� é �t�4LZ�x�|�X� é �r�]�i�µ���±�X�X�r�a�<���É�l�X�t�N�Q�L�t�u¿Z�J�uÇX�>�N¿Z�J�Ô�z�d�v�X�dÃZ�<�7���N�Q�a�Z�v�d�X�r�FäD�H� �HÃ�bP�P�±À³�H���~� �xÊa��� Å�aåL�_Çu�<���7���f�µÃ_�µÃX�9� �v�³�
p ∈]0, 1[

²+Rµ�m�Ô�Z���v�µ�Z�y�v�v¿P�Q�Á�Q�a�<�~�U�a�H�Ì�]���i�z�d�v���UÃX�>�9�
÷ln×GÈT@IL`Qkfe_MPOÁYgEak_O Í Ofp

χi,j
MPO_kFR¦IiszILefp¦ILqQR]M|ILR]ÏtILk_Eapxe_M|ÕiszILR]MX`Je_OÁGJILnJO {0, 1} Ðµ`QpîszIL`Qk 1

OfpîMZkÁO_MZ`QR]MZYgMZnHkOfp
aj

MPOfkÁ`Qn¼ILkfkfefpxqQ`QkS[Qe_ÏPO_MZnHkSGJILnJO
oi

Í ILR]Eae_O
χi,j

Of`Qpxkë`QnJMBR]Eap�GQM�W7MZefnJEa`QRxRxp�GQMÌ[yILemILYgØZkfe_M
p
=ö¤Ea`QeÄR]MìoPEHGJILKNM O_Ea`JO}bvEaefYgM»GQM¼KzemIL[Q{JMìqQpx[yILefkfpxk_Mòh9e_MPOf[·=FoPEL�UqQpx[yILefkfpxk_Mæj Í `QnJM ILe�^Zk_MìMZn<kfe_M¼R]MPOÄGQMZ`>WMZnJO_MZYiqQR]MPO~GQM\O_EaY\YgMZk_O~MXW>pxO_k_MgItsNMPoÔ`QnJM\[Qe_EaqyILqQpxRxpxk_Ï

p
h9e_MPO_[·=

1 − p
jX=�C^TVMPOfk|R]MÔYgEHGQØZR]M\[Qe_EaqyILqQpxRxp]Ofk_MoZR¦IaO_Ofp]ÐH`JM7GQMFKzemIL[Q{JM

G(n, p)
h9e_MPOf[·=

G(n, 1−p) j¤IaGJIL[Qk_ÏëIL`>WiKzemIL[Q{JMPOÆqQpx[yILe_kfpxk_MPOSh9e_MPOf[·=aoPEL�UqQpx[yILefkfpxk_MPO�jX=Ñ·M×YgEHGQØZR]M¼OfpxY\[QR]MÖGQM�W7MZefnJEa`QRxRxp^OmILkfp]O®bUILpxkgR]MPODoPEanJG>pxkfp]EanJO�GQMPODkfe_Eap]ODkf{JÏPEae_ØZYgMPOt=�÷lnßMXøÈMZk Í [�Ea`QeD`QnYgEakfpÎbFRxpxKznJM
X
Í O�I}[Qe_EaqyILqQpxRxpxk_ÏgMPO_kBR¦I�[Qe_EaqyILqQpxRxpxk_ÏDGÈT@ItsNEapxe~GQMPO

1
IL`>Wì[�EzOfpxkfp]EanJO|[�EapxnHk_ÏPMPOÌ[yILe

X
O_Eapxk

pX = p|X| =QÑ�IÔGQÏPoZe_Eap]O_OmILnJoPM|MXW>[�EanJMZnHkfp]MZRxR]M~GQMPO7[QemEaqyILqQpxRxpÎkmÏZO±O_M^sµÏZefpÎéyMÌMZkÁR]MBkf{JÏPEae_ØZYgM � zÔOtT@IL[Q[QRxp]Ðµ`JMz=ËÌILnJO|ÙVÑ«`BÛ(�,VzI Ý³Í nJEa`JOSEaqQk_MZnJEanJOSY_^ZYgMÌ`QnÖÏPÐµ`QpxszILR]MZnHkSG>`×nJEaYiqQe_M|GQMÌYgEakfpÎbdO7bve_ÏPÐµ`JMZnHk_OSÐµ`Qp�MPOfk

Frγ ∼ mk(S,r)

k(S, r)!
Ofp

γ = r · n.

ËBM Y_^ZYgM Í Ofp
Y

MPOfkg`Qn¬Of`Qef�dYgEak_pÉb~GQM
X
Í ILR]Eae_O

pY /pX ≤ p
MZkDR]M kf{JÏPEae_ØZYgM � Ü OtT@IL[Q[QRxp]ÐH`JM¼IL`JO_OfpU=

.¤pxnyILR]MZYgMZnHk±[�Ea`Qe
γ
O_Ea`Qe_oPMPO Í R¦I\[Qe_EaqyILqQpxRxpxk_ÏiGÈT@ItsµEapxeS`QnJM~oPEaR]EanQnJMiGQM

1
hvEa`¼ÐH`JMÌR¦IgO_Ea`Qe_oPM Sγ

ÏZYgMZkfk_M`Qn
1
j7MPO_k

pγ =�9±Ea`JOS[�EzO_EanJO m(z, u) = z((1 − pγ) + upγ)
R¦IgO_ÏZefp]MiIaO_OmEµoZp]ÏPMuÕ\RUTVMXnyO_MZYiqQR]M {0, 1} k_MZRxR]MÐH`JM

z
YDILe_Ðµ`JMiR]MZO^Of�<Yiq�EaR]MPO±MZk

u
YDILe_Ðµ`JM~R]MPO

1
=rÿ»ILpÎn<k_MZnyILnHk Í `QnÖYgEakBMZO_kS`QnìÏZR]ÏZYgMZnHkBGQM {0, 1}? MZkMZn×`QkfpxRxp]OmILnHkëR]MPOëG>p]oZkfp]EanQnyILpxe_MtO±Of`QeÁR]MPOSO_ÏZefp]MPOÁKNÏZnJÏZemILkfefp]oPMPO Í nJEa`JOSItsµEanJO

S(z, u) :=
∑

M∈{0,1}?

z|M |ucγ(M) =
1

1 −m(z, u)
.

ö¤Ea`Qe
u = 2

Í Ean×e_MZkfe_Ea`QsNM|R¦IÔO_ÏZefp]M
Sγ(z)

Ðµ`Qp�OmILkfp]O®bUILpxk
Sγ(z) =

1

1 − z(1 + pγ)
.

Sγ
IaGQYgMXk\`Qn `QnQp]ÐH`JM�[CÌaR]MÄOfpxY\[QR]MÄMZn

z = 1/(1 + pγ)
MZkÔR]M�kf{JÏPEae_ØZYgM×?,�¼YgEanHkfe_M ÐH`JM}R]M�nJEaYiqQe_MYgEw�µMZn×GQMÌYgEakfpÎb

γ
�db9e_ÏPÐH`JMZnHk_Oë[�Ea`Qe

γ
éQW>MÌMPO_k

Frγ =

(
n

γ

)
(1 + pγ)m(1 +O(θm)).

Ñ�IÔ[Qe_Ea[�EzOfpxkfp]Ean¼Of`JpÎszILnHk_MÌe_ÏPOf`QYgMÌR]MPOÁ{H�<[�Eakf{JØPO_MPOSOmILkfp]O®bUILpxk_MPOÁ[yILeëR]MPOëO_Ea`Qe_oPMPOSGQM�WFMZefnJEa`QRxRxpU=
ý|²L§�vc§�Iæ£¦¥w£9§�¢ qÈ¨ U��X�Á�P�a�H�_Çm�X�B�µ���^�X�����a�H�9� ���P�z�v�¦�9�Z�a�r���]���ë�Ý;��Q�z�9�zL��t���G| ½ ~D�Z�N�1�i�É�d�m���±�_���U�J�_ÇP�v��åa� é �X�y��a�,R��9�>�_�a�WL é ���}�u| ½ ��~ �Z���K�µ�

� yx�



?æ�é8r� �ì�t��LX�x�X�i���N�r�É�dÇ_�HÃX�x�X�
X 	�;X	�� c� 
�xw���� ��� o��?�g)X *pD������>�-:��ª*�� *pX>����

Ñ·M»YgEHGQØZR]MãOfpxY\[QR]M GQMQW7MZefnJEa`QRxRxp|nJM»kfp]MZnHk [yIaO×oPEaY\[Qk_MãGQMPO×MXW>oZRx`JOfp]EanJO [QemEwsNMZnyILnHkÖGÈT@ILkfkfefpxqQ`Qk_OoPEanHkfpxnH`yODÐH`QpëEanHkDÏZk_Ï×GQÏPoPEa`Q[�ÏPO}MZnÓ[QRx`JO_p]MZ`Qe_O}ILkfkfefpxqQ`Qk_OgqQpxnyILpxe_MPOw=cöÆILe}MXW>MZY\[QR]M×R¦IìkmILpxRxR]M Í ÐH`QpÁ[�MZ`QkOwTVMXW<[QefpxYgMZe�MZn}oPMZnHkfpxYgØZkfe_MPO Í O_MëGQÏPoPEaY\[�EzOmMSMZnDkfe_Eap]OFILkfkfefpxqQ`Qk_O±êNKzemILnJG Í [�MZkfpxk�MZkÒYgEw�NMZn·=f®±nJMÁ[�MZe_OmEanQnJMEa`×`Qn¼ILnQpxYDILR�nJMÌ[�MZ`Qka^Zkfe_M~ÕÔR¦IubvEap]OÁ[�MZkfpxk±MZkëYgEw�NMZn¼MZkëpxRÈnJMÌ[�MZ`Qka^Zkfe_M~IL`JoZ`Qn¼GQMPOëkfe_Eap]Ot=rC^TVMPOfkë[�Ea`QeYgEHGQÏZRxp]OmMXeÌoPMikû�<[�MiGQMuoPEaefe_ÏZR¦ILkfp]EanJOÌÐH`JM~nJEa`yOBItsµEanJO±pxnHkfe_EHG>`QpxkÌRxMiYgEHGQØZR]MÔGQM�W7MZefnJEa`QRxRxp¤[yILe^KzemEa`Q[�MPOt=CFMÔYgEHGQØZR]M\Of`Q[Q[�EzOmMÔÐµ`JMuk_Ea`JOÌR]MPO|ILkfkfefpxqQ`Qk_OÌe_ÏPMZR]O|O_EanHkÌGQÏPoPEa`Q[�ÏPO|MZn
K

ILkfkfefpxqQ`Qk_OÌqQpxnyILpxe_MPODh
K ≥ 2

jÏPÐH`Qpx[Qe_EaqyILqQR]MPOt=
° �a�v�

K
�<�ã�X�y�v�U�X� ½ K ≥ 2

�Z�c�X�t�N�Q�L�P�a�Q�~¿P�Q�i�x�~�r� é ÃX�m�i��è �z�d�v�X�dÃX�>�9�
m

���Z�Ò�H� é �<�É�v� �r�]�i�µ�
K ½

m = K ×m1
��ç7�¼���z�³�

χi,j
�x�Dåæ�a�X�d�µÃX�]�u�a�]�_�z�U�a�9�_�uäDåæ�a�]�X�<�m�u�N�z�Q� {0, 1} ¿Z�H�cåL�a�<�

1
�����Z�c�t�X�H�]� é �X�r��X�

aj
���Z�l�H�»�z�d�v���UÃX�>�î�r�_���P�Z�y�Ò�µ�a�Q�

oi
�CU�� é �t��LX�x�i�µ�#�±�X�X�r�a�<���É�r�Q�a�ëÊa�f�a�w�J���B���w�N�Q�L�P�i¿Z�Q�|�]���ëÊa�f�a�w�Q�X��H�

K
åL�a���d�µÃX�]���u�a�]�f�N�U�a���_�X�i�µ�~�Î�S�P�a� é �

(χi,(j−1)K+1, . . . , χi,jK)
�îè �N� é �Z�d�³�X�y�F¿Z�cè �<�ì�P�X�<�

1�Q�L�X�9�v�d�a�J���i�a�x�_�z�U�z���_� é �Z�y�7�P�Ò�<�J� �P�a� é � é �X�y�³�
Ú�sµMPo R]M×YgEHGQØZR]M¼OfpxY\[QR]M¼GQM�W7MZefnJEa`QRxRxp Í `QnJMÖ[QR¦ILnHk_MÖ[�Ea`QsaILpxk2^Zkfe_M×KzemILnJGQM¼MZkD[�MZkfpxk_MìÕ R¦I»bdEap]ODEa`¬nQpKzemILnJGQM Í nQpÈ[�MZkfpxk_M Í nQpÈYgEw�NMZnQnyMa=JÚ�sNMPo^R]MBYgEHGQØZR]MÌ[yILeÁKze_Ea`Q[�MPO Í oPMPOëOfpxkf`yILkfp]EanJOÁnJMÌO_Ean<k7[QRx`JOÁ[�EzO_OfpxqQR]MPOw=
®±nJM±[QR¦ILnHk_M^MPOfkFnJÏPoPMPO_OmILpxe_MZYgMZnHkÁOmEapxk�KzemILnJGQM Í O_EapxkFYgEw�NMZnQnJM Í O_EapxkF[�MZkfpxk_M^MZk7GQM±YDILnQp]ØZe_MBÏPÐH`Qpx[Qe_EaqyILqQR]Mz=ðûR·n·TVMXW>p]Ofk_M|[yIaO±GQM|kfemIaGQ`JoZkfp]Ean¼nyILkf`Qe_MZRxR]MuGQM~oPM|YgEHGQØZR]M~[Qe_EaqyILqQpxRxp]Ofk_Mi[�Ea`Qe±R]MPO±oPEHGJILKNMPOSYDILkfefp]oZp]MZR Í [yILeKzemIL[Q{JMPOBEa`ì{H�H[�MZefKzemIL[J{JMPOt=C9^Eak_EanJO±k_Ea`Qk_MXbdEap]O^ÐH`JMiozTVMPOfk±R¦ID[Qe_MZY\p]ØXemM~bdEap]O±ÐH`·T `Qn¼YgEHGQØZR]Mu[Qe_EaqyILqQpxRxp]Ofk_MGQMiqyIaOmMPO^GQMuGQEanQnJÏPMPOBk_MZnyILpxkBoPEaY\[QkmMuGÈTVMXWQoZRx`JOfp]EanJOBR]EHotILRxMPOghdIL`JO_O_p¤OfpxY\[QR]MPOBO_Eap]MZnHkÌMXRxR]MPOXjëR]Eae_O_Ðµ`JMinJEa`JOItsµEanJOÁpxnHkfe_EHG>`Qpxk±oPMÌYgEHGQØZR]MDÙVÑ«`^Û(�,VzI Ý =

ËÌILnJOSoPMÌYgEHGQØZR]M Í R¦IÔ[Qe_EaqyILqQpxRxpxk_ÏiÐH`·T `QnìILkfkfefpxqQ`Qk^IL[Q[yILefkfp]MZnQnJMZn<kBÕÔ`Qn¼Eaq>ý®MZk±MPOfk
1/K

=JölILe±oPEanJO_ÏX�ÐH`JMZnHk Í
pX ≤ (1/K)|X| MZk±Ofp pX

MPO_kënJEan¼nH`QRxR]M Í [�Ea`Qe±k_Ea`Qk^Of`Qe®�UYgEakfpÎb
Y
GJM

X
nJEa`JO^ItsµEanJO

pY /pX ≤
(1/K)

=rÑ·MPO^GQMZ`>W¼oPEanJG>pxkfp]EanJOBGQMPO^GQMZ`>W×[Qe_MZY\p]MZe_O^kf{JÏPEae_ØZYgMPOBO_EanHk±sµÏZefpÎéyÏPMZOw=A®±n¼ÏPÐµ`QpxszILR]MZnHk^MPO_k^IL`JO_O_pGQEanQnJÏ~GJILnJO~Ù Ñ*`^Û(�,VzI Ý =öÆEa`QecR]MëGQMZefnQp]MZeÒkf{JÏPEae_ØZYgM Í RxMPO�ILkfkfefpxqQ`Qk_O Í Ea`DGQMÁYDILnQp]ØZe_MSÏPÐH`QpxsaILR]MZnHk_MëR]MPOcoPEaR]EanQnJMPO Í OmEanHklKze_Ea`Q[�ÏPMPOÒ[yILe
K
=·CFEanJOfp]GQÏZe_EanJO|`QnãGQM\oPMPOBKze_Ea`Q[�MPOw=Èö¤Ea`Qe

γ
oPEa[Qp]MPO|GQMuR¦IÄO_Ea`Qe_oPM S

Í R¦I�[Qe_EaqyILqQpxRxpxk_ÏgÐH`·T pxRl�ìILpxkÌ`QnJMoPEaR]EanQnJMuGQM
1
GJILnJO±R]M~Kze_Ea`Q[�MuMPOfk

(1/K)γ−1 MZk±[�Ea`Qe^om{yIaÐH`JM~Kze_Ea`Q[�M Í R¦IDO_Ea`Qe_oPM Sγ

ÏZYgMZk±`Qn
1
GJILnJOoPMÔKze_Ea`Q[�MDItsNMPoÔR]I�Y_^ZYgMÔ[Qe_EaqyILqJpÎRxpxk_Ïz=*9^Ea`JOB[�EzO_EanJO

m(z, u) = zK((1 − (1/K)γ−1) + u(1/K)γ−1)R¦I O_ÏZefp]MÖIaO_O_EHoZp]ÏPMÖÕìRUTVMZnJO_MZYiqQR]MÖGQMPO
K
�U`Q[JRxMPODGQM {0, 1}K k_MZRxR]M×ÐH`JM

z
YDILemÐµ`JM R]MPOgMZnJOmMZYiqQR]MPODGQM

KO_�HYiq�EaR]MPO|hvk_Ea`JO7R]MPO7Kze_Ea`Q[�MPOë[�EzO_OfpxqQR]MPO�j�MZk
u
YDILe_ÐH`JMBR]MPOÁMZnJO_MZYiqQR]MPOëGQM

K
Of�<Yiq�EaR]MPOÁoPEanHk_MZnyILnHkë`Qn

1
=

®±n k_MXW<kmMB[Qe_EHG>`Qpxkë[yILe Sγ

MPOfkëGQMÌR¦IibdEaefYgM
({0, 1}K)? MZkëMZn×`QkfpxRxp]OmILnHkëR]MPOëG>p]oZkfp]EanQnyILpxe_MPO±Of`QeÁR]MPOëOmÏZefp]MPOKNÏZnJÏZemILkfefp]oPMPO Í nJEa`JO±ItsNEanJO

S(z, u) :=
∑

M∈({0,1}K)?

z|M |ucγ(M) =
1

1 −m(z, u)
.

öÆEa`Qe
u = 2

Í Ean e_MZkfe_Ea`QsµMÌR¦I\O_ÏZefp]M
Sγ(z)

ÐH`Qp·OmILkfp]O®bUILpxk
Sγ(z) =

1

1 − zK(1 + (1/K)γ−1)MZk
Sγ,K·m1 = Sγ,m

MPOfkiGQMgR¦I bvEaefYgM
(1 + (1/K)γ−1)m/K =�Ñ·MDnJEaYiqQe_MDYgEw�µMZn�GQMDYgEakfpÎbvO|bve_ÏPÐµ`yMXn<k_O[�Ea`QeS`Qn×O_MZ`QpxR�GQMBb9e_ÏPÐH`JMZnJoPMBéQW>M|MPOfkëGQEanJo

Frγ ∼
(
n

γ

)
(1 + (1/K)γ−1)m/K

Ñ�I»[Qe_Ea[�EzOfpxkfp]EanßOf`QpxszILnHk_MÄe_ÏPO_`QYgMÄR]MPOg{H�H[�Eakf{JØPOmMPOgOmILk_pxOfbdILpxk_MPO\[yILegR]MPOgO_Ea`QemoZMPODGQMEWFMZefnJEa`QRxRxpS[yILeKze_Ea`Q[�MPOw=
� y �



���<���r�v�v�_�@?æ�ed±�r�a��;L�P�i�µ��� é �z�v� �m�Æ�X�_�_¿Z�Q�Z�y�9�u�Z�r�P�Z� é ���i�N�a�Q�Ì�<���ÔÃf�L�t�u�µ�u�N�a�J�î�_���
ý|²L§�vc§�Iæ£¦¥w£9§�¢ qAq U��X�\�Z�a�<�fÇ����Ä�µ���±�X�X�r�a�<���É�l�Q�a�uÊa�f�a�w�J���D�Z�z�v�����P�a�y�S�]���g�Ý;��>�z�9�{L��P����| ½ ~ã�Z�+�1�Ö�É�d�m����_���³�Q�_ÇP�v�9åL� é �Z�y�Á�a�xR��9�Q�f�a��L é ������| ½ �u~ �P���K�N�
X 	�;�	�� �Ê) �r 
�xw����e��� o��?�f)� *pD������@/Z* *��p�@

ö¤Ea`JeFR]MPO7GQMZ`>W}YgEHGQØZR]MPOÁGQM�W7MZefnJEa`QRxRxpî[Qe_ÏPoPÏPGQMZnHk_O Í R]MPOÁILkfkfefpxqQ`Qk_OÁEa`�Kze_Ea`Q[�MPOÁGÈT@ILkfkfefpxqQ`Qk_OëOf`QpxszILp]MZnHkR¦IgY_^ZYgMuG>p]O_kfefpxqQ`Qkfp]Ean·=:9±Ea`JO^oPEanJOfp]GQÏZe_EanJOBYDILpxnHk_MZnyILnHkB`QnìYgEHGQØZR]Mi[QRx`JOBÏZsNEaRx`JÏuÐµ`Qp�k_pxMZn<k^oPEaY\[Qk_MÔGQMR¦IB[Qe_EaqyILqQpxRxpxk_Ï±GQMë[Qe_ÏPO_MZnJoPMSGQMëom{yIaÐH`JMSILkfkfefpxqQ`Qkt=HÑ�I|Of�<YgÏZkfefp]MëMZnHkfe_MëR]MPO�ILkfkfefpxqQ`Qk_O�MPOfk�ILpxnJOfprOf`Q[Q[QefpxYgÏPMz=
° �a�v�

(pj)j≥1
�<���|���<�9�³�u�µ�~�_�_�Z� �i�H�|�_è �9�y�³�X�Xåæ�z���x�

]θ, 1 − θ[
�Q�a�H�~�H�

θ
�Q�L���v�v� �t� P �a�Q�Ì�x� é �w�4LX�]�u�µ�

�^�X�����a�H�9� �7�Xåæ�a�É�Q� ½ �_è �z�d�v�X�UÃX�<� aj
���N�Q�a�Z�v�d�X�r�FäD�H� �µÃ�bP�P�F�aåa�fÇu�x�Ì�r�f�µÃ_�µÃX�9�É�9�³�

pj
�

Ú�sµMPoSoPMSYgEHGQØZR]M Í nJEa`JOÒe_MZk_Ea`QefnJEanJO7GJILnJO�R]M±otIaG>e_M±GÈT@ILkfkfefpxqQ`Qk_OFpxnJGQÏZ[�MZnJGJILnHk_O7YDILp]O�GQEanHk�R¦I|[Qe_EaqyILqQpxRxpxk_ÏGQMD[Qe_ÏPO_MZnJoPM}MPOfkie_MPOf[�MPoZk_ÏPMz=lCFEaY\YgM}RxMPOi[Qe_EaqyILqQpxRxpxk_ÏPOÔO_Ean<k~k_Ea`Qk_MPOÔÕÖG>p]OfkmILnJoPM�IL`�YgEapxnJO
θ
GJM

1
Í R]MPO{H�<[�Eakf{JØPO_MPOazÔMZk±ÜÔO_MBsµÏZefpÎéyMZnHkÁbUIaoZpxR]MZYgMXn<kt=÷lnãe_MZszILnJom{JM Í R¦IÄkfe_Eap]Ofp]ØZYgM\{H�<[�Eakf{JØPO_M\n·TVMPO_kÌ[yIaO|k_Ea`aýfEa`Qe_O|sNÏZefpÎéyÏPM¼hvoPMZR¦I GQÏZ[�MZnJGïGQM\R¦I Of`Qpxk_M

(pj)j
jX=ÿ»ILp]OBR¦IÄO_EaY\YgM

Sγ+1,m
e_MPOfk_M\MXW<[�EanJMZnHkfp]MZRxR]MZYgMPnHk~[QRx`JOÌ[�MZkfpxk_M\ÐH`JM

Sγ+1,m
=î÷lnïMXøîMZk Í R¦I�[Qe_EaqyILqQpxRxpxk_ÏÐH`JM^R¦IuoPEaR]EanQnJM

j
O_Eapxk7`QnJMÌoPEaR]EanQnJMÌGQM

1
MPOfk

pγ
j

MZkÁMZnÄ`JkfpxRÎp]O�ILnHkÁR¦IuGQÏXéJnQpxkfp]EanÖGQM
Sγ,m

Í nJEa`JOëEaqQk_MZnJEanJO

Sγ,m =

m∑

k=1

∑

{i1,...,ik}⊂A

pγ
i1
. . . pγ

ik
=

m∏

j=1

(1 + pγ
j ) − 1.

CFEaY\YgM×R]MPOg[Qe_EaqyILqQpxRxpxk_ÏPO
pj ∈]θ, 1 − θ[

O_EanHk}Õ R¦IìbvEap]ODG>p]OfkmILnHk_MPO}GQM
0
MZk}GQM

1
Í R]MZODOmEaY\YgMPO

Sγ,mOmILkfp]O®bdEanHk~hdIaOf�<Y\[Qk_Eakfp]ÐH`JMZYgMZnHk�j
Sγ+1,m

Sγ,m
≤
(

1 − θ(1 − θ)γ

(1 + θ)γ

)m

MZkSMZn×oPEanJOfp]GQÏZemILnHkSRUTVMZnJotIaG>e_MZYgMZn<k{y<=0/ Í nJEa`JOSEaqQk_MZnJEanJOSRUT@IaOf�HY\[Qk_Eak_pxÐH`JM~Of`QpxsaILnHk_M Í

Frγ ∼
(
n

γ

)
Sγ,m ∼

(
n

γ

) m∏

j=1

(1 + pγ
j ).

ý|²L§�vc§�Iæ£¦¥w£9§�¢ qyª U��X�F�P�a�<�fÇm�X�±�µ���±�Z���r�z�H���É�>�Q�a�ÒÊz�f�a�w�Q���ë�Z�N�v�¦���P�a�y�·�]���7�Ý;��Q�z�9�zL��t���8|\�Z��~i�É�d�m���ë�_���U�J�_Ç ¾�v��åa� é �X�y�Á�a�,R �9�>�_�a�WL é �����u|Ö�Z�U�u~H� º �a�H�i�<�»�P�X�<���g²+RH� ½ �_è �æ;m�Q�z�9�zLX�P���1�}�îè �X�X�·�Q�L�~åL�Z��� ²F�m�S�Q�a�H�u�U�a�>�³����<�9�³�
(pj)j≥1

�«�»�a�¦� ½ �<�ã�_¿Z�H�9åæ�a�]�X�r�7�z� ��� é ÃX�_�i�H� é �z�v� �m�l���_�_¿Z�J�X�y�9�Ô���X�F�N�z�J���7�Q�a�

Frγ ∼
(
n

γ

) m∏

j=1

(1 + pγ
j ).

Ñ·MPOFMXW<[�ÏZefp]MZnJoPMPOÌhvoXb®=HO_MPoZkfp]Ean'y<=0VNjlYgEanHkfe_MZnHk7Ðµ`JMëR]MSYgEHGQØZR]M±GQMaW7MXe_nJEa`QRxRxp�ÏZsµEaRx`JÏ±oPEanJG>`Qpxk7ÕÌ`JnJM Ã_�a�J�î�MPOfkfpxYDILkfp]EanòG>` nJEaYiqQe_M GQM�YgEakfpÎbdOub9e_ÏPÐH`JMZnHk_Ot=
9^Ea`JOÔOf`Q[Q[�EzOmEanJO\Ðµ`JMÄoPM�YgEHGQØZR]M OtTVÏZk_MZnJGÓIL`JOmOfpÁÕ¼`QnYgEHGQØZR]Mì[yILe}Kze_Ea`J[�MZO GQEanHkÄom{yIaÐH`JM¼Kze_Ea`Q[�MìOf`Qpxs<emILpxk�`QnßYgEHGQØZR]M»GQM�WFMZefnJEa`JRÎRxp|IaGJIL[Qk_ÏÓh9YDILp]O�nJEa`JOn·T@ItsµEanJOÁ[yIaO~ÙVMZnJoPEae_M Ý MXøÈMPoZkf`JÏÌR]MPOësNÏZefpÎéyotILkfp]EanJO�jX=

� ya?



?æ�é8r� �ì�t��LX�x�X�i���N�r�É�dÇ_�HÃX�x�X�
X 	�;X	�; �2­�-6��)�� �X��c�-:�1�« 	Z

Ú�sµMPoÒR]MPO¤YgEHGQØZR]MPOlGQMkW7MZefnJEa`QRxRxp Í R]MZOlILkfkfefpxqQ`Jk_OÁhvEa`ÔKze_Ea`Q[�MPOlGÈT@ILkfkfefpxqQ`Qk_O�j¤O_EanHk¤pxnJGQÏZ[�MZnJGJILnHk_OlR]MPO¤`QnJOGQMPOlIL`Qkfe_MPOt=aÚ�sµMPoÒR]MPOÆom{yI*)]nJMPOÆGQMFÿ»ILe%ÏµEws Í pÎR>MPO_k�[�EzO_OfpxqQR]MFGÈT@IæýfEa`Qk_MZelGQMPOÆoPEaefe_ÏZR¦ILkfp]EanJOlMZnHkfe_MFR]MPOÆILkfkfefpxqQ`Qk_O[Qe_EHom{JMPOw=:9±EakfemMiYgEHGQØZR]M\GQMuÿ»ILe%ÏNEwsÖpxnHkfe_EHG>`Qpxk|GJILnJOÔÙVÑ*`^Û(�,VLq Ý O_`Q[Q[�EzO_MuÐH`JMiR]MPOBEaq>ýfMZk_O±bdEaefYgMZnHkB`QnJMbUILY\pxRxR]MÌpxnJGQÏZ[�MZnJGJILnHk_MiGQM|om{yI*)]nJMPOSGQMÌÿ»ILe%ÏµEws�=
� �µ¡Æ¢¤£�¥w£9§r¢rqyªò«�àHö�áK�³¢�¸ML¤¸Ö­¯áQ²��r§gOÆ¹¯â ���r�P� é �����]�

(χi)i≥1
�µ�Fåæ�a�X�v�µÃZ�x�X�7�a�]�_�z�U�a���m���Á���X���<���ÁÇX�<�u�9����H���ì�z���L�zåg��è �a�f�a�_�

K ∈ N? ½ �����>�z�H�~�U�z�<� i ≥ 1 ½
P[χi+K = xi+K | χi+K−1 = xi+K−1, . . . , χ1 = x1]

= P[χi+K = xi+K | χi+K−1 = xi+K−1, . . . , χi = xi]
= P[χK+1 = xi+K | χK = xi+K−1, . . . , χ1 = xi]

Ñ�MPO\bvEaefYi`QR]MPOD[Qe_ÏPoPÏPGQMZnHk_MPODYgEanHkfe_MÖÐH`JM [�Ea`Qeg`QnJM×om{rI*)xnyM×GQM×ÿ»ILe%ÏµEws GÈTVEae_G>e_M
K
Í R¦I»saILR]MZ`Qe}GÈT `QnJMszILefp¦ILqQR]M|ILR]ÏtILk_Eapxe_MÌnJMBGQÏZ[�MZnJG×Ðµ`JMBGQMBR¦IiszILR]MZ`QeÁGQMPO

K
[Qe_ÏPoPÏPGQMZnHk_MPOësaILefp¦ILqQR]MPOSILR]ÏtILk_Eapxe_MPOSMZkÁÐH`JMBoPMZkfk_MGQÏZ[�MZnJGJILnJoPMiMPOfkÁpxnHszILefp¦ILnHk_MiItsNMPoÌR]MBk_MZY\[JOt=

®±nJMgom{yI*)]nJMDGQMgÿìILe%ÏµEws»MPOfk~oPEaY\[QR]ØZk_MZYgMZnHkuGQÏPoZefpxk_Mg[yILe|R¦I×G>p]OfkfefpxqQ`Qkfp]Ean�GQMPO
K

[Qe_MZY\p]ØZe_MPO~szILefp¦ILqQR]MPOILR]ÏtILk_Eapxe_MPO±MZkëR]MPOÁ[Qe_EaqyILqJpÎRxpxk_ÏPO^GQMBk_emILnJOfpxkfp]Ean·=�9±Ea`JOÁnJEak_MZe_EanyOëk_Ea`aýfEa`Qe_O
f = (fw)w∈{0,1}K

R¦IÔG>p]O_kfefpxqQ`>�kfp]Ean»pxnQpxkfp¦ILR]M\GQMPO
K

[Qe_MZY\p]ØZe_MPOBszILefp¦ILqQR]MPO|ILR]ÏtILk_Eapxe_MPOÌMZk
px|w

R¦ID[Qe_EaqyILqQpxRxpxk_Ï\ÐH`JMiR]MinJEa`QsµMtIL` Of�HYiq�EaR]MOmEapxk
x ∈ {0, 1} O�Iaom{yILnHk^ÐH`JM~R]MPO K [Qe_ÏPoPÏPGQMZnHk_OÌO_EanHk

w ∈ {0, 1}K =rÑ�ID[yILpxe_MuoPEanJOfkfpxkf`JÏPMuGQMiR¦IDG>p]OfkfefpÎ�qQ`Qkfp]EanÄpxnQpxkfp¦ILR]MBMZkFGQMPOF[Qe_EaqyILqQpxRxpxk_ÏPOÁGQMSk_emILnJOfpxkfp]EanJO�bdEaefYgMZnHkF`QnJM^O_Ea`Qe_oPM^ÏZKµILR]MZYgMZnHkëIL[Q[�MZR]ÏPMBom{yI*)]nJM^GQMÿ»ILe%ÏµEws�=QÑ·MÌYgEHGQØZR]M~GQM|ÿìILe%ÏµEws�Of`J[Q[�EzO_MÌÐH`JMBR¦I\O_Ea`Qe_oPM S MPOfkÁ`JnJMÌom{yI*)]nJM~GQM|ÿìILe%ÏµEws�=
�ì�w�4LX�]�u�µ���ì�z���L�zåg��è �a�f�a�_�

K � �Z�a�v� K ≥ 1 ½ f = (fw)w∈{0,1}K

�Î�Ä�a�¦�Z�v���UÃX�>�v�v�a�ì�9�J�9�v�d�a�]�i�Z�
(px|w)w∈{0,1}K ,x∈{0,1}

�x�X�F�r�_�µÃ_�µÃX�9� �v�³���i�µ�i�v�f�a�J���v�v�v�a�Q�Ì�U�a�>�³���Ì�Z�v���dÇP�³� é �X�r�È�>�a���9�v�9åL�X�~��è �H�î�iÇX�<�������u�µ�
�»�a���a�aåÔ��è �a�f�z�_�

K
�X�H� {0, 1} �CU��Ô�Z�a�<�fÇ�� S ���Z�l�x�DÇZ�<�u�9���~�µ�{�ì�a���L�aå\�L���Z�wÇZ�U�_�iä\�x�B�>�a�9�_�

((px|w), f)¿Z�<��Çm�a�Q�X�v�X�<�9�Ò�]���i�µÃ�bt�Z�9�i�µ�|�x�a�HÊz�Q�Z�H�
m

�aåL�_Çu�x�Á�r�f�wÇ��f�µ�~�X�H�9åæ�a�r� � �>�a�<�|�<� �µÃ�bt�Z� o = (χ1, . . . , χm) ½�x�Dåæ�z�x�X�<�u�µ�X�
K

���_� é ��LZ�_���|åæ�a�X�d�µÃX�]���u�X�X�FÇm�a�xÇZ�<�x�m�i���<��åL�a�y�Ò�x���a�¦�Z�v���UÃX�>�v�v�z�¼�9�J�v�v�v�a�]�
f
� º �<���Ì�]���åæ�a�]�X�<�m�u�µ�

χK+1, . . . , χm
�Z�a�y�c�P�_¿Z�J�X�y�v�U�X���]� é �X�r�7�HÃZ�³�X�J�J���uäD�_è �a�d�µ�i�µ�X�

K
���_�fÇ��_�µ�X�r�³���~åL�a�x�Z�H���Ô�X��<�v�9�É�¦�P�a�y�c�]���7�r�f�µÃ_�µÃX�9� �v�³���u�µ�~�v�f�z�Q���v�v�v�z�

(px|w)w∈{0,1}K ,x∈{0,1}

�
®±nJMBom{yI*)]nJMÌGQMÌÿìILe%ÏµEws}GÈTVEae_G>e_M

K
O_`Qe {0, 1} MPOfkÁÏPÐµ`QpxszILR]MZnHkSÕi`QnJMBom{yI*)]nJM|GQMBÿ»ILe%ÏNEws}GÈTVEae_G>e_M 1

Of`Qe
{0, 1}K =>Ñ�IÔGQMZnJOfpxk_ÏBpxnQpxkfp¦ILR]MBe_MPO_k_M^R¦IuY_^ZYgMBYDILp]OÁR]MPO7[Qe_EaqyILqQpxRxpxk_ÏPOSGQMBkfemILnJOfpxkfp]Ean pw2|w1

O_M±bvEanHkëMZnHkfe_MGQMZ`>W YgEak_OëGQMÌR]EanQKz`JMZ`Qe
K
Í
w1 = a1 . . . aK

MZk
w2 = aK+1 . . . a2K

Í MZkSOmILkfp]O®bdEanHk Í

pw2|w1
=

2K∏

i=K+1

pai|ai−1...ai−K
.

ËBMëoPMÁ[�EapxnHkÒGQMÁs<`JM Í R¦IÌO_Ea`Je_oPM S ÏZYgMZk�GQMPOlKze_Ea`Q[�MPO�GQM
K
Of�HYiq�EaR]MPOw=zÑ�IÌoPEanJG>pxkfp]Ean �U�a�>�³���ë�X�v�X�dÇP�³� é �X�y��Q�L�X�9�v�9åL��� IaO_Of`Qe_MÄÐµ`JM}R¦Iìom{yI*)]nJMÄGQMÄÿìILe�ÏNEws�MZO_kupxefe_ÏPG>`JoZkfpxqQR]M MZkgIL[�ÏZefp]EHG>p]Ðµ`JMz=�CFMPOÔGQMZ`>W oPEanJG>pxkfp]EanJOpxY\[QRxp]ÐH`JMZnHk±`Qn×q�EanÖYgÏZR¦ILnQKNM~GQMPO±Of�HYiq�EaR]MPO±MZkëRxpxY\pxk_MZnHk±R]MZO±oPEaefe_ÏZR¦ILkfp]EanJOt=A1�Ea`Qk_MXbvEap]O Í nJEa`yOSOf`Q[Q[�EzO_EanJOÐH`JM¼R]MPO oPEanJG>pxkfp]EanJO `JOf`JMZRxR]MPO GÈT pxefe_ÏPG>`JoZkfpxqJpxRxpxk_ÏãMZk GÈT@IL[�ÏZefp]EHG>p]oZpxk_ÏãO_EanHk Of`(7DO�ILnHk_MPO�[�Ea`Qe×EaqQk_MZnQpxe R]MPOY_^ZYgMPOSe_ÏPOf`QRxkmILk_Ot=

Ñ·MPOFom{yI*)]nJMPOFGQMSÿ»ILe%ÏµEws\O_EanHkÒkfe_ØPO�`QkfpxRxp]O_ÏPMPO�[�Ea`Qe7IL[Q[Qe_EHom{JMZe7GQMPOÒ[Q{JÏZnJEaYgØZnJMPOFe_ÏPMZR]Ot=HöÆILeFMXWQMZY\[QR]M ÍGQMPO MXW<[�ÏZefp]MZnJoPMPO YgMZnJÏPMPO Of`Qe�RUT@ILnQKzR¦ILp]O×EanHkÄYgEanHkfe_Ï»ÐH`·T@ItsNMPoì`Qn Eae_G>emM
K

e_MZR¦ILkfpxsµMZYgMZnHkÄbdILpxqQR]M Í `Qn[Qe_EHoPMPOmOf`JOÌGQM\ÿ»ILe%ÏNEws¼KNÏZnJØZe_M\GQMPOÌ[Q{QemIaO_MPOÌ[yILe®bdEap]OBKzemILY\YDILkfp]otILR]MPYgMZnHkioPEaefe_MPoZk_MPODÙ ÛH{yI,� �ZÝ =ÈÑcT@ILnQKzR¦ILp]O[�EzOmO_ØPGQMBk_Ea`Qk_MXbdEap]Oë`QnJM|Ofkfef`JoZkf`Qe_M~Ðµ`JMBn·TVEanHkS[yIaOÁnJÏPoPMPO_OmILpxe_MZYgMZnHk±R]MPOÁqyIaO_MPOëGQM|GQEanQnJÏPMPOt=
� yx/



���<���r�v�v�_�@?æ�ed±�r�a��;L�P�i�µ��� é �z�v� �m�Æ�X�_�_¿Z�Q�Z�y�9�u�Z�r�P�Z� é ���i�N�a�Q�Ì�<���ÔÃf�L�t�u�µ�u�N�a�J�î�_���
9^Ea`JOÁItsµEanJO7YgEanHkfe_ÏÔÙVÑ*`^Û(�,VLq Ý Ðµ`JM^R]MPO7om{yI*)]nJMPOëGQMBÿìILe�ÏNEws}OmILkfp]O®bdEanHkFR]MPOÁGQMZ`>W�oPEanJG>pxkfp]EanJO£zuMZk � �GQMPOÁkf{JÏPEae_ØZYgMPO � z\MZkS?,�>=Ñ�MZOl[Qe_MZ`QsµMPOlGJILnJOÆR]MFYgEHGQØZR]MëGQM7ÿ»ILe%ÏNEws~nJM7OwTVMXW<[QefpxYgMZnHklYDILRx{JMZ`Qe_MZ`JOmMXYgMPnHkc[yIaOcIL`JOmOfp>O_pxY\[QR]MXYgMZn<kÐH`JMDGJILnJOiR]MPO~YgEHGQØZR]MPOÔGQM W7MZefnJEa`QRxRxpU= 9±Ea`JOinJM}GQEanQnJEanJOuGQEanJo}[yIaO~p]oZpFoPMPOi[Qe_MZ`QsNMPOw=¤CFMZ[�MZnJGJILn<k Í R]MPOom{yI*)]nJMPO�GQMSÿ»ILe%ÏµEwsÔO_Ean<kÒGQMPO�otIaOc[rILefkfp]oZ`QRxpxMZe_O7GQMSO_Ea`Qe_oPMPO�G>�<nyILY\p]Ðµ`JMPO�ÐH`JMënJEa`JOc[Qe_ÏPOmMZnHk_EanJO�MZn}GQÏZkmILpxRIL` [Qe_EHom{yILpxn¼om{yIL[Qpxkfe_Mz=yÑ·MPOëOmEa`Qe_oPMPOëG>�<nyILY\p]Ðµ`JMPOSO_EanHkÁqyIaOmÏPMZOSOf`QeëGQMPOëOf�>Ofk_ØZYgMPOëG>�HnyILY\p]ÐH`JMPOëMZkënJEa`JOYgEanHkfe_MZe_EanJO�Ðµ`·TVMZRxR]MPOÒOmILkfp]O®bdEanHklR]MPOl{H�H[�Eakf{JØPOmMPO�z Í ÜÌMZk � �>=z÷cn\[yILefkfp]oZ`QRxp]MZe Í [�Ea`QelR]MPOcom{rI*)xnyMZOÒGQMëÿ»ILe%ÏNEwshdItsµMPoÔ`QnJM\YDILkfefp]oPMgGQMÔkfemILnJO_pxkfp]EanïMZkÌ`QnJMgGQMZnJOfpxk_Ï\pxnQpxkfp¦ILR]MgOfkfefp]oZk_MZYgMZnHk~[�EzOfpxkfpxsµMPO�j Í nJEa`JO~EaqQk_MZnJEanJO|R¦I[Qe_Ea[�EzOfpxkfp]Ean¼Of`QpxszILnHk_Mz=

ý|²L§�vc§�Iæ£¦¥w£9§�¢ qJÞ U��X�~ÇX�<�u�9�����i�µ���ì�a���L�aåD�&;N�a�y�c�<��� é �z�v�X�vÇ��i�H�~�v�f�z�Q���v�v�v�a� �Z���H���u�µ�Z�Q���v�³�|�9�J�9�v�d�a�]��X�v�X�vÇt�³� é �X�y�r�Q�L���v�v��åa���S�Z�N�v�¦�9�Z�a�y�¤�x�X�S�Ý;��Q�z�9�zL��P�X��| ½ ~}�Z�x�4�i�É�U�_�X�±�_���³�Q�_ÇP�v�9åL� é �Z�y�Ò�a�,Rg�9�>�_�a�WL é ���+��| ½ �u~�Z���z�N�
®±nJMiYDILkfefp]oPM\GQMukfemILnJOfpxkfp]EanãOfkfefp]oZk_MZYgMZnHkÌ[�EzO_pxkfpxsNMupxY\[QRxp]ÐH`JMu`QnJMu[Qe_Ea[Qefp]ÏZk_ÏgGÈT pxefe_ÏPG>`JoZkfpxqQpxRxpxk_ÏÔbdEaefk_Mz=·ÛHpRUTVEan×Of`Q[Q[�EzO_MBR¦Iuom{yI*)]nJM|OfpxY\[QR]MZYgMZnHkëpxefe_ÏPG>`JoZkfpxqQR]MDh9pU=VMz=>pxRÈMXW>p]Ofk_M^`Qn×MZnHkfp]MZe

k
kmMXR·ÐH`JM^R¦IiYDILkfefp]oPM|ÏZR]MZsµÏPMÕ\R¦I\[Q`Qp]O_OmILnJoPM

k
MPOfk±Ofkfefp]oZk_MZYgMZnHk±[�EzOfpxkfpxsµMwj Í ILR]Eae_OSR¦Igom{yI*)]nJM~sµÏZefpÎéyM|R]MPOë{<�H[�Eakf{JØPO_MPO�zgMZk � �>=yËÌILnJO±oPMotIaO Í nyEa`JOÁnJM|OmItsµEanJOÁ[yIaOëGQÏZYgEanHkfe_MZeSR¦I\oPEanJG>pxkfp]EanìÜ>=

< }�� ����H[V
�:����P��+�
�
CFMZkfk_MiO_MPoZkfp]Ean¼[Qe_ÏPO_MZnHk_M|R]MPO±MXW>[�ÏZefp]MZnJoPMPO^Ðµ`JM|nJEa`JO^ItsµEanJOëe_ÏtILRxp]OmÏiItsµMPoÌR]MPOSqyIaO_MPO±GQM~GQEanQnJÏPMPO^oZR¦IaO®�Ofp]ÐH`JMPOÈp]O_Of`JMPO·G>`�ÈFEae%Ï>Of{JEa[~.Æðûÿìð¤hó.Qe_MPÐH`JMZnHk�ðûk_MZYgO_MZk·ÿ¼pxnQpxnQKSðûY\[QR]MZYgMXn<kmILkfp]EanJO Í {Hkfkf[DêÉü,üwéJY\pU=VoPOt= {JMZR]OfpxnJÏ<pU= éCüzjZ=Ñ�MZOÔKzemIL[Q{Qp]ÐH`JMPO\GQM�R¦I×éJKz`Qe_M�y<=0V¼e_MZ[Qe_ÏPO_MZnHk_MZnHk\R]M}nJEaYiqQe_M GQM�YgEakfpÎbvOub9e_ÏPÐH`JMZnHk_OÔMZn bdEanJoZkfp]EanÓG>`O_MZ`QpxRÁGQM}bve_ÏPÐµ`JMZnJoPMz=lÑ·MÄkfemILpxkÔ[QR]MZpxnÓe_MZ[Qe_ÏPO_MZnHk_MÄR]M�nJEaYiqQe_M GQM�YgEakfpÎbdOÔe_ÏPMZRxR]MZYgMZnHk\b9e_ÏPÐH`JMZnHk_O\GJILnJOÔR¦IqyIaO_MÔpÎnJpÎk_p]ILR]Mz=·Ñ·MÔkfemILpxkÌ[�EapxnHkfpxRxR]Ï\R]Mu[JRÎ`yOB[Qe_EHom{JM\G>` kfemILpxkÌ[QR]MZpxnãoPEaefe_MPOf[�EanJGïIL`ãoPILR]oZ`QR±hvMXWQIaoZk|MZkÌnJEanIaOf�<Y\[Qk_Eakfp]Ðµ`JMwjÔEaqQk_MZnH`ßItsNMPoÄR]MÄYgEHGQØZR]M×GQM'W7MZefnJEa`QRxRxpSÏZsNEaRx`JÏz=c÷ln>éJn Í R]MÄkfemILpxkgG>p]O_oPEanHkfpxnH`¬MZn bdEaefYgMGÈTVMPO_otILRxp]MZe^oPEaefe_MPOf[�EanJG»IL`ÖYgEHGQØZR]MiGQM~W7MZefnJEa`QRxRxp¤OfpxY\[QR]Mz=rÑ·MPOSk_MPOfk_O±EanHk±ÏZk_Ï~MXøÈMPoZkf`JÏPO±O_`Qeë`QnJM~qyIaO_M~GQMGQEanQnJÏPMPOÌOf�<nHkf{JÏZkfp]Ðµ`JM�1 � �að � Ë � �,�xÍ MZkBGQMZ`>W¼qyIaO_MPO±e_ÏPMZRxR]MPO~C�{JMPO_OBMZkBÿ¼`JOf{Qe_EHEaY×=�ËÌILnJO^k_Ea`JO^R]MPOBotIaO ÍR]MDYgEHGQØZR]M�GQM2W7MXe_nJEa`QRxRxp7ÏZsµEaRx`JÏ}oPEanJG>`QpxkgÕ×`QnJM Ã_�a�J�î� MPO_kfpxYDILkfp]Ean G>`�nJEaYiqJe_M�GQMDYgEakfpÎbdO~b9e_ÏPÐH`JMZnHk_OhdILkfk_MZnHkfp]Ean¼ÕiRUTVÏPom{JMZRxR]MÌR]EaKµILefpxkf{QY\p]Ðµ`JMwjëILR]Eae_OÁÐH`JM^R]M^YgEHGQØZR]M|OfpxY\[QR]MÌGQM{W7MZefnJEa`QRxRxp·MPO_k7kfe_ØPO7emIL[Qp]GQMZYgMZnHkÏZR]EapxKznJÏBGQM^R¦I~e_ÏtILRxpxk_Ïz=QÑ�IiemILp]O_Ean MZn MZO_k7Ðµ`JM^k_Ea`JOFR]MPOÁILkfkfefpxqQ`Qk_OÁn·TVEanHk7[yIaO7G>`Äk_Ea`Qk7R¦I~Y_^ZYgM±bve_ÏPÐH`JMZnJoPMILR]Eae_O±Ðµ`JMÌR]M|YgEHGQØZR]M~GQM~W7MZefnJEa`QRxRxpFhvO_pxY\[QR]Mwj7pxY\[QRxp]Ðµ`JMiÐµ`·TVMZRxR]MPO±O_EanHkë[Qe_EHom{JMPOw=�Û�T pxR·n·TVMPO_kë[yIaOSÏZk_EanJnyILnHkÐH`JMBGJILnJO7R]MPO7qyIaO_MPOÁOf�<nHkf{JÏZkfp]ÐH`JMPO Í R]M^YgEHGQØZR]M|ÏXsµEaRx`JÏÌGQEanQnJMÌGQM^q�EanJO7emÏZO_`QRxkmILk_O|h9pxR·MPOfk7qQp]MZn×oPEanQnH`×Ðµ`JMR]MPOcILkfkfefpxqQ`Qk_OÒO_EanHkÆ[�MZ`goPEaefe_ÏZR]ÏPOcMZnHkfe_MÁMZ`>Wyj Í pxR>RUTVMPOfklq�MtIL`JoPEa`Q[g[QRx`JOÆ[�Ea`QelR]MPOÆqyIaOmMPOÆe_ÏPMZRxR]MZOw=zÑ�I±bvEaefYgMÁMZnMPO_otILRxp]MZecG>`ÔYgEHGQØZRxMëOfpxY\[QR]M7OtTVMXW>[QRxp]Ðµ`JMÁIL`JO_Ofp>kfe_ØPO¤bdIaoZpxR]MZYgMZnHkt=zËÌILnJOÁÙVÑ«`BÛ(�,VzI Ý³Í nyEa`JOlItsµEanJOÆYgEanHkfe_ÏÁÐµ`JM[�Ea`QeF`QnÄO_MZ`QpxRîGQMëbve_ÏPÐH`JMZnJoPM±[Qe_Ea[�Eaefkfp]EanQnJMZR
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=yÑ�IgYDILnQp]ØZe_MiGÈT@IL[Q[QemEµom{yMXeBnJMiO_MZemIg[yIaOSR¦IgY_^ZYgMiOfp�R]MiO_MZ`QpxR¤MPOfkoPEanJO_kmILnHk^Ea`¼[Qe_Ea[�Eaefkfp]EanQnJMZRU=îö¤Ea`Qe^`Qn¼O_MZ`QpxR�[Qe_Ea[�Eaefkfp]EanQnJMZR Í nJEa`JO±`QkfpxRxp]O_EanJO±`QnJM~YgÏZkf{JEHGQMuGQMiÑ�IL[QR¦IaoPMÐH`QpcGQEanQnJM\`QnJMDIaOf�HY\[Qk_Eak_pxÐH`JMgGQMÔRUT pxnHk_ÏZKzemILR]Mz=�öÆEa`Qe|`QnãO_MZ`QpxRcoPEanJO_kmILnHk Í nJEa`JO|MZnJotIaG>e_EanJO~R¦I}bdEanJoZkfp]EanpxnHk_ÏZKze_ÏPM~MZkëkfe_Ea`QsµEanJOÁ`QnÖMZnJotIaG>e_MZYgMZnHk^GQMBRUT pxnHk_ÏZKzemILR]Mz=Ñ�IDGQMZefnQp]ØZe_MÔÏZkmIL[�MuoPEanJOfp]Ofk_MuÕg`QkfpxRxp]O_MZe^R]MPO^MZO_kfpxYDILkfp]EanJOBGQM~RUT pxnHk_ÏZKzemILR]Mu[�Ea`Qe±kfe_Ea`QsµMZe^RxMPOBIaOf�<Y\[Qk_EL�kfp]ÐH`JMPOcG>`gnJEaYiqQe_MÁYgEw�µMZnDGQM7YgEakfpÎbdOÆbve_ÏPÐµ`JMZnHk_Ot=Nö¤Ea`Qec`QnDO_MZ`QpxRQ[Qe_Ea[�Eaefkfp]EanQnJMPR Í R¦IBYgÏXk_{JEHGQMëGQMëÑ�IL[QR¦IaoPMYgEanHkfemM±ÐH`JMëRUT pxnHk_ÏZKzemILR]M±[yIaO_OmMëqQef`JO_ÐH`JMZYgMZnHkFGQM
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Sγ,m
MZk
Sγ+1,m

[Q`Qp]OiÕ�R]MPO~oPEaY\[yILe_MZet=¤C^TVMPOfk|p]oZpÒÐH`·T pxnHk_MZefsHp]MZnHkRUT {H�<[�Eakf{JØPO_M~G>` kf{JÏPEae_ØZYgMi?,�>=JÑ�IuéJKz`Qe_M~oZpÎ�³GQMPO_O_Ea`JOëe_ÏPOf`QYgMÌR]MPOëÏZkmIL[�MPOSOf`JoPoPMPOmOfpxsNMPOw=

formules
initiales
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méthode de
Laplace
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seuil 0/1
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hypothèse
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ËÌILnJO�k_Ea`Qk_M±R¦I~Of`Qpxk_M Í nJEa`JO�nJEa`JO�[QR¦Ix³PEanJO7GJILnJO�R]M±otIaG>e_M±G·T `JnJMSqyIaO_M±GQM±GQEanQnJÏPMPOFqQpxnyILpxe_M±e_MPoZkmILnQKz`QR¦ILpxe_Mh9{H�<[�Eakf{JØPO_Mg?Nj±GQEanHkBR]MPOÌEaq>ýfMZk_OÌO_EanHkBpxnJGQÏZ[�MZnJGJILnHk_O}h9{H�<[�Eakf{JØPO_M /Nj±MZkBKNÏZnJÏZe_ÏPO~Õ}[yILefkfpxe|GÈT `QnJMÔY_^ZYgMOmEa`Qe_oPM S h9{H�<[�Eakf{JØPO_M � jX=,9±Ea`JOcOf`Q[Q[�EzO_EanJOcGQM7[QRx`JOcÐµ`JM7R¦I±qrIaO_MÁIaG>YgMZk
m
ILkfkfefpxqQ`Qk_O A = {a1, . . . , am}MZk

n
Eaq>ý®MZk_O O = {o1, . . . , on}

MZkënJEa`JO7éQWQEanJO
γ
`QnÖO_MZ`QpxR·GQMBbve_ÏPÐµ`JMZnJoPMz=

9±Ea`JOÁemIL[Q[�MZR]EanJOSÐµ`·T `Qn YgEakfpÎb¤RxpxKznJM
X
MPOfkÁ`Qn OmEa`JO®�³MZnJO_MZYiqQR]MÌGQMBRUTVMZnJO_MZYiqQR]M

Em = {1, . . . ,m} MZkÐH`·T pxRÈnyILkf`Qe_MZRxR]MZYgMZnHk^IaO_OmEHoZp]ÏÌÕu`Qn YgEakfpÎblGÈT@ILkfkfefpxqQ`Qk_OSGQEanHkëR]MPOëILk_kfefpxqQ`Qk_OëOmEanHkÁoPMZ`>W GÈT pxnJG>p]oPMPOë[Qe_ÏPO_MZnHk_OGJILnJO
X
=�ölILe\ILqQ`JOÔGQMDnJEakmILkfp]Ean Í nJEa`yOinJEak_MZe_EanJOgIL`JO_Ofp

X
oPM}YgEakfpÎb±GÈT@ILkfkfefpxqQ`Qk_Ow=ÆÑ�IÖ[Qe_EaqyILqQpxRxpxk_ÏÄG>`YgEakfpÎb

X
MPOfklnJEak_Ï

pX
MZkl[�Ea`Qec`QnJM7RxpxKznJM

L
[Qe_EHG>`JoZkfpxqQR]MS[yILelR¦IBO_Ea`Je_oPM Í nJEa`JOc[�EzO_EanJO

pL
O�I±[Qe_EaqyILqQpxRxpxk_Ïz=Ñ·MÌ[�EapxnHkSGQM|GQÏZ[yILefkSGQMÌk_Ea`Qk_MPOënJEzOÁ[Je_MZ`QsNMPOSMPOfkÁR]MÌR]MZY\YgM|OfpxY\[QR]M|O_`QpxsaILnHkt=

�Ò¸Hô�ôã¸ã¨Qñ U��Á�r� é ÃX�m� é �-;N�Z�
Frγ

�µ� é �z�v� ���
γ ¾ �X�_�_¿Z�Q�Z�y�9�±�N�a�Q�Á�<���^Ã_�L�P�^�µ�±�N�z�J���m���S�a�]�_�z�U�a�9�_�±ä m�HÃ�bP�P�9�Ô�Z�

n
�z�d�v�X�dÃX�>�9� ½ �µ�a�Q�|�]���u�µÃ�bt�Z�9�|�Z�z�y�ÆÊµ�X���X�m���i�����µ�³�J�X�r�N� é*é �X�r�^Àd�Ý;��Q�z�9�zL��t��b Å �>�z�|�<��� éTS@é ��P�a�<�fÇm��Àd�æ;m�Q�z�9�zLX�P�Î8 Å åa�X��� ²F�

Frγ =
∑

X⊂A

n∑

i=γ

(
n

i

)
pi

X(1 − pX)n−i h�y<= � j
° �a�µ�|�x��� éTS@é ���Ì�Ý;��>�z�9�{L��P��� ½ �]�|�r� é ÃZ�_� é �&;µ�X� Fermγ

�µ� é �z�v� �m�
γ ¾ �t�X� é �X�B�P�z�v�¦�9�Z�a�v�

Fermγ =
∑

X⊂A

n∑

i=γ

(
n

i

)
(1 − pX)n−i

∑

X⊆Y ⊆A

(−1)|Y \X|pi
Y

h�y<=0VNj
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X
`QniYgEakfpÎb

γ
�db9e_ÏPÐH`JMZnHkÆGQMcbve_ÏPÐµ`JMZnJoPM
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i ≥ γ
MZk¤R]MÒnJEaYiqQe_MFGQM�O_`Q[Q[�Eaefk_O[�EzOmOfpxqQR]MPOÒ[�Ea`Qe

X
MPOfk (n

i

) =µÿ»ILpxnHk_MZnyILnHk7ÏZkmILnHkFGQEanQnJÏ
i
EaqQý®MZk_O Í R¦I|[Qe_EaqyILqQpxRxpxk_Ï^ÐH`JM

X
IL[Q[yILefkfp]MZnQnJMZn<kÁÕoPMPO

i
Eaq>ýfMXkmOÆMPOfk

pi
X

MZkÆR¦IS[Qe_EaqyILqQpxRxpxk_ÏÁÐH`·T pxR<n·T@IL[Q[yILefkfp]MZnHkl[yIaOlIL`QW
n−i Eaq>ý®MZk_O¤e_MPO_kmILnHk_OÆMPOfk (1−pX)n−i =

� y,y



���<���r�v�v�_�@?æ�ed±�r�a��;L�P�i�µ��� é �z�v� �m�Æ�X�_�_¿Z�Q�Z�y�9�u�Z�r�P�Z� é ���i�N�a�Q�Ì�<���ÔÃf�L�t�u�µ�u�N�a�J�î�_���
÷lnÖO_EaY\YDILnHk±Of`QeÁk_Ea`JOëR]MPOÁYgEakfpÎbdOëMZkëk_Ea`JOÁR]MPO

i
Ean×e_MZkfe_Ea`QsµMÌR¦IubvEaefYi`QR]MHy<= � =Û<Eapxk

X
MPO_k±`QnìYgEakfpÎb

γ
�dbdMZefYgÏuGQM~b9e_ÏPÐH`JMZnJoPM

i
=rÚ±R]Eae_O

i ≥ γ
MZk^R]MinJEaYiqQe_MuGQMuOf`J[Q[�Eaefk_O^[�EzO_OfpxqQR]MPOBMPOfk

(
n
i

) =oclkmILnHkiGQEanQnJÏ
i
Eaq>ýfMZk_O Í R¦IÄ[Qe_EaqyILqQpxRxpxk_Ï}ÐH`JM

X
n·T@IL[Q[yILefkfp]MZnHki[yIaOiIL`>W

n − i
Eaq>ýfMZk_OÌe_MPO_kmILnHk_O~MPOfkk_Ea`aýfEa`Qe_O

(1 − pX)n−i =îÿ»ILpxnHk_MZnyILnHk|oPEaY\YgM X MPO_k^bvMZefYgÏ Í
X

IL[Q[yILefkfp]MZnHkiIL`>W
i
Eaq>ý®MZk_O^bdEaefYDILnHk|O_EanOf`Q[Q[�Eaefk\MZkÔIL`yoX`Jn Of`Qef�UYgEakfpÎb

Y
n·T@IÖR]M}Y_^ZYgMÄOf`Q[Q[�Eaefkt=
.�pxnyILR]MZYgMZnHk Í Ofp

o1, . . . , oi
OmEanHk

i
Eaq>ýfMZk_O Í R¦I[Qe_EaqyILqQpxRxpxk_Ï~ÐH`JM

X
OmEapxkëMXWQIaoZk_MZYgMZnHk±GJILnJOëRUT pxnHk_MZe_O_MPoZkfp]EanìGQMPO

i
Eaq>ý®MZk_OSMPOfkëGQEanQnJÏPM|[yILe

P

(
X =

i⋂

k=1

ok

)
= P



[
X ⊂

i⋂

k=1

ok

]
\
⋃

a∈A\X

[
Xa ⊂

i⋂

k=1

ok

]
 .

ËBMB[QRx`JO Í nJEa`JO±ItsNEanJOSoZR]ILpxe_MZYgMZnHk±RUT pxnJoZRx`JOfp]Ean
⋃

a∈A\X

[
Xa ⊂

i⋂

k=1

ok

]
⊆
[
X ⊂

i⋂

k=1

ok

]

oPM|Ðµ`Qp·MZnHkfemI*)]nJM|R¦I\GQMZ`>W<p]ØZYgM|e_MZR¦ILkfp]Ean

P

(
X =

i⋂

k=1

ok

)
= P

([
X ⊂

i⋂

k=1

ok

])
− P


 ⋃

a∈A\X

[
Xa ⊂

i⋂

k=1

ok

]
 .

Ñ�I [Qe_MZY\p]ØZe_MD[Qe_EaqyILqQpxRxpxk_Ï�GJILnJO|R]MgYgMZYiqQe_MDGQMDG>e_Eapxk_MDMPO_k~GQEanQnJÏPMg[yILe
pi

X

=·Ñ�M\[QefpxnJoZpx[�M}GÈT pxnJoZRx`JOfp]Ean>�MXW>oZRx`JO_p]EanÖMZkÁRUT pxnJGQÏZ[�MZnJGJILnyoPM~GQMPOSEaq>ýfMZk_OëoPEanJG>`Qp]O_MZnHk±ÏZKµILR]MZYgMZnHk^ÕÔRUTVÏZKµILRÎpxk_Ï

P


 ⋃

a∈A\X

[
Xa ⊂

i⋂

k=1

ok

]
 =

∑

X(Y ⊆A

(−1)|Y \X|+1pi
Y .

÷lnÖoPEaYiqQpxnyILnHkSR]MPOSGQMZ`>W GQMZefnQp]ØZe_MPOSp]GQMZnHkfpxk_ÏPO Í nJEa`JOëkfe_Ea`QsµEanJO
P

(
X =

i⋂

k=1

ok

)
=

∑

X⊆Y ⊆A

(−1)|Y \X|pi
Y .

Ñ�IubdEaefYi`QR]MHy<=0V\GQÏPoPEa`QR]MÌpxY\YgÏPG>p¦ILk_MZYDMZnHk^GQMÌoPMPOëe_MZR¦ILkfp]EanJOt=
9^Ea`JO�[�Ea`QsµEanJOÆGQØPOlÕS[Qe_ÏPO_MZnHkÆGQÏZYgEanHkfe_MZelR]M�kf{JÏPEae_ØZYgM � Ü±[yILKNM � ;�ySoPEanJoPMZefnyILnHklR]MFO_MZ`QpxR<R]EaKµILefpxkf{QY\p]ÐH`JMz=Ñ·M±kf{JÏPEae_ØZYgMBMPOfkFqyIaO_Ï±Of`QeFRUT {H�H[�Eakf{JØPOmMBÜ~ÐH`Qp�Of`Q[Q[�EzOmM±ÐH`JMSR¦I~[Qe_EaqyILqQpxRxpxk_ÏBGÈT `QnÄOf`Qe®�UYgEakfpÎb

Y
G>`�YgEakfpÎb

X
OmILkfp]O®bUILpxk

pY /pX < θ
ItsµMPo

θ < 1
=rÛ<Ea`JOëoPMZkfk_M|{H�H[�Eakf{JØPOmM Í R]MBkf{JÏPEae_ØZYgMiILnQnJEanJoPM~ÐH`JMBR]MÌnJEaYiqQe_M~GQMYgEakfpÎbvO

γ
�db9e_ÏPÐH`JMZnHk_OëMPO_këÏPÐµ`QpxszILR]MZnHk±ÕÔoPMZRx`Qp�GQMPO

γ
�dbvMZefYgÏPOt=�r�_�X�<åL�}�a�»�9�>�_�a�WL é ����~H� ö¤Ea`QeÌGQÏZYgEanHkfe_MZeÌRUTVÏPÐH`QpxsaILR]MZnJoPM Í pxRÆOf`(7gkBGQMiYgEanHkfemMXe|Ðµ`JMi[�Ea`QeBk_Ea`Qk

i ≥ γ
Í

R¦I�GQMZefnQp]ØZe_MgO_EaY\YgM\MPOfkÌÏPÐH`QpxsaILR]MZnHk_MDÕ
pi

X

=îËÌILnJOBR¦I�Of`yoZoPMPOmOfp]Ean GÈTVÏZKµILRxpxk_ÏPO|[Qe_ÏPO_MZnHk_MPO|GJILnJOÌR¦I}[Qe_MZ`QsµMGQMÌR¦IibdEaefYi`QR]MHy<=0V Í nJEa`JO±ItsNEanJOëMZn×[yILefkfp]oZ`QRxp]MZeS`QkfpxRxp]OmÏÌRUT ÏZKµILRxpxk_Ï
∑

X⊆Y ⊆A

(−1)|Y \X|pi
Y = pi

X − P


 ⋃

a∈A\X

[
Xa ⊂

i⋂

k=1

ok

]
 .

h�y<=@;Nj
9^Ea`JOÁ`QkfpxRxp]O_EanJOëYDILpxnHk_MZnyILnHkSRUT {H�<[�Eakf{JØPO_M~ÜÔ[�Ea`Qeëq�EaefnJMZeSR]IÔ[Qe_EaqyILqQpxRxpxk_ÏuÕÔG>e_Eapxk_M Í

P


 ⋃

a∈A\X

[
Xa ⊂

i⋂

k=1

ok

]
 ≤

∑

a∈A\X

P

(
Xa ⊂

i⋂

k=1

ok

)

=
∑

a∈A\X

pi
Xa

h9pxnJGQÏZ[�MZnJGJILnJoPMiGQMPOëEaq>ýfMZk_O�j

= mθipi
X

h9{H�<[�Eakf{JØPO_M~ÜNj
.

� yxz



?L���N� º �_�X�<åL�X�u�µ���~�v�f�a���|�9�>�f�z�WL é ���
ÑÒT {H�H[�Eakf{JØPO_M'y G>` O_MZ`QpxRÒR]EaKµILefpxkf{JY\pxÐH`JM»h

γ = o(log n)
jÌMZkiRdT {<�H[�Eakf{JØPO_M�?ÖGÈT `QnJMDqyIaO_MDe_MPoZkmILnQKz`QR¦ILpxe_Mh

log n ∼ c logm
jFpÎY\[JRÎp]ÐH`JMZnHk±ÐH`JM

logm = o(γ)
Í O_Eapxk

mθi ≤ mθγ = exp(logm+ γ log θ) → 0.

ÑÒTVÏZKµILRxpxk_Ï�y<=@;\OtTVÏPoZefpxk±ILR]Eae_O
∑

X⊆Y ⊆A

(−1)|Y \X|pi
Y = pi

X(1 +O(mθγ))

oPM|ÐH`QpÈYgEanHkfe_MÌRUTVÏPÐH`QpxszILR]MXnyoZMiILkfk_MZnJG>`JMz=
X 	��
	�� �
 «�f�þpD���Å��)*",@?ª*��-#���

Ú oPMÖOfkmIaGQM Í nJEa`JO}ItsµEanJODGQÏZYgEanHkfe_ÏÖR]MÖO_MZ`QRëe_ÏPOf`QRxkmILk}oPEanJoPMZefnyILn<k}R]MPOgYgEakfpÎbBbdMZefYgÏPOt=�9±Ea`JOgnJEa`JOoPEanJoPMZnHkfe_EanJO¤YDILpxnHk_MZnyILnHklOf`Qe�R]MPO�YgEakfpÎbvO�b9e_ÏPÐH`JMZnHk_Ot=wËÌILnJO�oPMZkfk_M�O_MPoZkfp]Ean Í nJEa`JO�YgEanHkfe_EanJO¤ÐH`JMcR]McnJEaYiqQe_MYgEw�µMZnïGQMÔYgEakfpÎbdOBbve_ÏPÐµ`JMZn<k_O|OmILkfp]O®bUILpxkÌ`QnJMÔbvEaefYi`QR]MDILRxk_MZefnyILkfpxsµM\bdILp]OmILn<kÌpxnHk_MZefsµMXnJpÎe~`QnJM\pxnHk_ÏZKzemILR]Mz=�Ñ·M[�EapxnHk±GQMÌGQÏZ[yILefk±MPOfkÁR]MÌR]MZY\YgM|Of`QpxszILnHkt=
�Ò¸Hô�ôã¸ã¨>ù U~è �dÊµ�a� �v�³�Ì�X�H�9åæ�a�r�³�u�X�X�c�Z�N�v�¦�9�Z�a�v�³� ½

n∑

i=γ

(
n

i

)
xi(1 − x)n−i = γ

(
n

γ

)∫ x

0
tγ−1(1 − t)n−γdt.

÷cnßIaG>YgMZkfkmILnHkDR]MÄR]MZY\YgM Í R]M nJEaYiqQe_M×GQM YgEakfpÎbvO
γ
�dbve_ÏPÐH`JMZnHk_OgGJILnJOg`QnJM qyIaO_M×GQM GQEanQnJÏPMPO}GQEanHkgR]MPOEaq>ýfMZk_OëOmEanHkÁpxnJGQÏZ[�MZnJGJILnHk_OÔh9{H�H[�Eakf{JØPO_MH/NjFMZkëKNÏZnJÏZe_ÏPOë[yILeë`QnJMÌY_^ZYgM|O_Ea`Qe_oPMDh9{H�<[�Eakf{JØPO_M � jFsNÏZefpÎéyM

Frγ = γ

(
n

γ

) ∑

X⊂A

∫ pX

0
tγ−1(1 − t)n−γdt.

h�y<=Éyzj

º �_�X�<åL�Ô�a�×�]� été ���N�N�CFEaY\YgMZn?³PEanJOS[yILeSGQÏZsµMZR]Ea[Q[�MZe
(1 − x)n−i =J9^Ea`JOëEaqQk_MZnJEanJO Í

n∑

i=γ

(
n

i

)
xi(1 − x)n−i =

n∑

i=γ

(
n

i

) n−i∑

u=0

(
n− i

u

)
(−1)uxi+u.

ÿ»ILpxnHk_MZnyILnHk Í R]MBom{yILnQKNMZYgMZnHkSGQMBsaILefp¦ILqQR]M
v = u+ i

MZk7RUT pxnHsµMZe_Ofp]Ean×GQMPOÁGQMZ`>WÄO_EaY\YgMPOÁoPEanJG>`Qp]OmMZnHkSÕiR¦InJEa`QsµMZRxR]M|ÏZKµILRxpxk_Ï Í
n∑

i=γ

(
n

i

)
xi(1 − x)n−i =

∑

v=γ

(
n

v

)
xv

v∑

i=γ

(
v

i

)
(−1)v−i.

h�y<=0zNj
®±n emILp]O_EanQnJMZYgMZnHk±[yILeÁemÏZoZ`Qe_e_MZnJoPM|YgEanHkfe_M|ÐH`JMBR¦I\O_MPoPEanJGQM|O_EaY\YgM|OmMÌOfpxY\[QRxpÎéyM|MZn

v∑

i=γ

(
v

i

)
(−1)v−i =

(
v

i

)
(−1)v−i = (−1)v−γ

(
v − 1

γ − 1

)
,

MZkëRUTVÏZKµILRxpxk_Ï�y<=0zÔsNÏZefpÎéyM~ILR]Eae_OëRUT p]GQMZnHkfpxk_Ï
n∑

i=γ

(
n

i

)
xi(1 − x)n−i =

∑

v=γ

(
n

v

)
xv(−1)v−γ

(
v − 1

γ − 1

)
.

� yaÜ



���<���r�v�v�_�@?æ�ed±�r�a��;L�P�i�µ��� é �z�v� �m�Æ�X�_�_¿Z�Q�Z�y�9�u�Z�r�P�Z� é ���i�N�a�Q�Ì�<���ÔÃf�L�t�u�µ�u�N�a�J�î�_���
Ú�sµMPolR¦IÁe_MZR¦ILkfp]Ean (n

v

)(
v−1
γ−1

)
= γ

v

(
n
γ

)(
n−γ
v−γ

) MZk�R]Mcom{rILnQKNMZYgMXn<k¤GJMcsaILefp¦ILqQR]M
w = v−γ

Í RUTVÏZKµILRxpÎkmÏÒ[Qe_ÏPoPÏPGQMZnHk_MGQMZs<pxMZn<k
n∑

i=γ

(
n

i

)
xi(1 − x)n−i = γ

(
n

γ

) n−γ∑

w=0

(
n− γ

w

)
(−1)w xw+γ

w + γ
.

ö¤Ea`Qe
x = 0

Í R¦IgO_MPoPEanJGQM~OmEaY\YgM|saIL`Qk£�tÏZe_EDMZkSR¦IgGQÏZefpxsµÏPM|[yILeSemIL[Q[�EaefkBÕ
x
MPOfkSMXWJIaoZk_MZYgMZnHk

xγ−1(1 −
x)n−γ =Jð³R·Of`(7gkSGQEanJo|GÈT pxnHk_ÏZKze_MZe xγ−1(1 − x)n−γ Õu[yILefkfpxe±GQM

0
[�Ea`Qeëe_MZkfe_Ea`QsµMZeëR¦I\O_EaY\YgMÌpxnQpxkfp¦ILR]Mz=

`±MZYDILe_Ðµ`JEanJOÒIL`\[yIaO_OmILKNMÁÐµ`JMFRUT pxnHk_ÏZKzemILR]MSGQM
0
Õ

1
G>`ÔR]MZY\YgM � ;^MPOfkle_MZRxpxÏPMÁ[yILelR¦I±e_MZR¦ILkfp]EanDOf`QpxszILnHk_MÕuR¦IubvEanJoZkfp]Ean

Γ
Í

∫ 1

0
tx−1(1 − t)y−1dt =

Γ(x)Γ(y)

Γ(x+ y)
.

h�y<=@ÜNj
÷ln×[yILefkfp]oZ`QRxp]MZe Í [�Ea`Qe

x = γ
MZk
y = n− γ + 1

Í nJEa`JOëEaqQk_MZnJEanJO
∫ 1

0
tγ−1(1 − t)n−γdt =

1

γ
(
n
γ

) .

X 	��
	�; � -#���Dp��Ý��pD���a>��f «>� «�,"��� *)�)����
γ = r · n

9^Ea`JOcILq�Eae_GQEanJOlYDILpxnHk_MZnyILnHkcR¦I±kfe_Eap]Ofp]ØZYgMÁÏZkmIL[�MÁozTVMPOfk®�ûÕæ�³G>pxe_MëMPOfkfpxYgMZelRUT pxnHk_ÏZKzemILR]MëGQMFRUTVÏPÐµ`yILkfp]Ean2y<=Éy<=ËÌILnJOÁR]M|oPIaOSG>`×OmMZ`QpxRÈ[Qe_Ea[�Eaefkfp]EanQnJMZR Í nJEa`JO±IL[Q[QRxp]Ðµ`JEanJOSR]MPOÁY_^ZYgMPOëp]GQÏPMPOSÐµ`JMBR¦IÔYgÏZkf{JEHGQM~GQMÌÑ�IL[QR¦IaoZMÕÖO�ItsNEapxeuÐH`JMDnJEa`yOip]GQMZnHkfpÎéyEanJOÔR]M}YDIæW<pxYi`QY GQM}R¦I bdEanJoZkfp]Ean pxnHk_ÏZKze_ÏPMÄMZkunJEa`JOuYgEanHkfe_EanJOÔÐH`JMDk_Ea`Qk_MpxnHk_ÏZKzemILR]MÔGQEanHk^R]MiGJEaYDILpÎnyMuGÈT pxnHk_ÏZKzemILkfp]Ean»bUILpxk±pxnHk_MZefsµMZnQpxeBoPMiYDIæW>pÎYu`QY MPOfk^ÏPÐH`QpxszILRxMZn<k_MÔÕgRUT pxnHk_ÏZKzemILR]MOf`QeÁR]M|GQEaYDILpxnJM~oPEaY\[QR]MZkt=yÑ·MÌR]MZY\YgM|O_`QpxsaILnHkëe_ÏPOf`QYgM|oPMÌÐH`JMBnJEa`JOSEaqQk_MZnJEanJOt=
�c¸<ôïôï¸ã¨?F «®­ �N¥¼ö�§#L�¸�L¤¸l�cáJv
G9áQóN¸Q¹e° �a�v�

x ∈ [0, 1]
�P�
ε
�³�X��¿Z�J�

ε < min{r, 1 − r} �#d±�Î�a���

γ

(
n

γ

)∫ x

0
tγ−1(1 − t)n−γdt =





1
���
x = 1

O(wr,n(x))
���
x < r − ε

1 −O(wr,n(x))
���
x > r + ε

�u�×�]�~�³�Z� é �u��è �Z���_�Z�H�u�N�a�J�B�]�
O
���X�Ò�<�J� �Z�a� é �u�X�

x
�Z���Î�S�P�a�rÇP�v�d�a�

wr,n
�Z�N�v�¦�9�Z�a�v�

wr,n(x) =
r
√
n√

2πr(1 − r)
w̃n

r (x)
�Z�

w̃r(x) =
(x
r

)r
(

1 − x

1 − r

)1−r

.

U��^�Z�a��ÇP�v�v�z�
w̃r

���Z�ÁÇZ�f�z�¦���Z�a�y�³�i���<�
]0, r[

�r�<�¦�Ô�µ�_ÇZ�f�a���m�P�a�y�³�i�X�H�
]r, 1[

�Z�ë�N� é �P�
1
Ç_� é*é � é �KRa� é � é�X�

r
� g �g�Q�a�Z�v�dÇZ�H�É�U�X� ½ �X� |x− r| > ε

�a�x�a���
wr,n(x) = O(θn)

�aåa�fÇ
θ = max {w̃r(r − ε/2), w̃r(r + ε/2)} < 1.

Ñ·MÔR]MZY\YgMÔYgEanHkfe_M\ÐH`JMuRUT pÎn<k_ÏZKzemILR]MDIaG>YgMZkÌ`Qn MXøîMZk|GQMÔO_MZ`QpxRU=·ÛHplR¦I}[Qe_EaqyILqQpxRxpxk_ÏgG>`»YgEakfpÎb
X

MPOfkB[QRx`JOKzemILnJGQMiÐH`·T `QnìoPMZefkmILpxn
r + ε

Í ILR]Eae_O±RUT pxnHk_ÏZKzemILR]MuMPOfkS[Qe_EHom{JMuGQM
1
MZkSR]M|YgEakfpÎb

X
IL`Qe�I\`Qn¼[�Eap]GQO±[Qe_EHom{JMGQM

1
GJILnJOSR¦I\saILR]MZ`Qe±GQM

Frγ
=?`SÏPoZpx[Qe_EHÐH`JMZYgMZnHk Í ÛHp�R¦IÔ[Qe_EaqyILqQpxRxpxk_ÏuG>`×YgEakfpÎb

X
MPOfkë[QRx`JOS[�MZkfpxk_M~ÐH`·T `QnoPMZefkmILpxn

r − ε
Í ILR]Eae_OBRUT pxnHk_ÏZKzemILR]MgMPOfk^[Qe_EHom{JM\GQM

0
MZkBR]MuYgEakfpÎb

X
IL`QemI�`Qnì[�Eap]GQOB[Je_EHom{JMÔGQM

0
GJILnJO^R¦IsaILR]MZ`Qe~GQM

Frγ
=�CFMZ[�MZnJGJILnHk Í pxRln·TVMPOfkÌ[yIaOÌpxnJoPEanJoPMZszILqQR]MDÐµ`JMÔR¦IÄOmEaY\YgM\GQMÔk_Ea`JOÌR]MPOÌYgEakfpÎbdO~It�HILnHkÌ`Qn[�Eap]GQOëbUILpxqQR]M~O_EapxkSnJEan¼nJÏZKzRxpxKNMtILqQR]M Í YDILp]OSR¦IgGQÏPoZe_Eap]O_OmILnJoPMiMXW>[�EanJMZnHkfp]MZRxR]MuGQMPOS[Qe_EaqyILqQpxRxpxk_ÏPOÔhv{H�H[�Eakf{JØPO_M

zu[yILKNM � ;z;NjÁMZY\[C^Zom{yM|oPMÌ[Q{JÏZnJEaYgØZnJMz=÷ln¼IaG>YgMZkfkmILnHkSR]MÌR]MZY\YgM � y Í nJEa`JOë[�Ea`QsµEanJOëGQÏZYgEanHk_e_MZeSR]MBkf{JÏPEae_ØZYgM � z>=º �_�X�<åL�Ô�9�>�f�z�WL é �}�u|<� Û<MZR]EanÖRUT {<�H[�Eakf{JØPO_MHzÔGQM|GQÏPoZe_Eap]O_OmILnJoPM|MXW>[�EanJMZnHkfp]MZRxR]M~GQMPOë[Qe_EaqyILqQpxRxpxk_ÏPO Í pxR�M�W>p]Ofk_M
� z,�



?L���N� º �_�X�<åL�X�u�µ���~�v�f�a���|�9�>�f�z�WL é ���

j0 ≥ 1
k_MZRrÐµ`JMë[�Ea`QeÒk_Ea`QkÒYgEakfpÎb

X
GQMëR]EanQKz`JMZ`Qe�[QRx`JOÒKzemILnJGQM±Ðµ`JM

j0
Í Ean�I

pX ≤Mθ|X| < r− ε h9[�Ea`Qe`Qn MZ[JOfpxR]Ean�[�EzOfpxkfpÎbXjX=�÷ln GQÏPoPEaY\[�EzO�ILnHkuR¦I×O_EaY\YgM�y<=Éy×MZnHkfe_MDR]MPOiÏZR]ÏZYgMZnHk_OÔGQMgR]EanQKz`JMZ`Qeu[QRx`JO~KzemILnyGQMÐH`JM
j0
MZkÁR]MPOÁÏZR]ÏZYgMZnHk_OëGQMBRxEanJKz`JMZ`QeÁ[QRx`JOÁ[�MZkfpxk_MÌÐµ`JM

j0
Í [Q`Qp]OÁMZn YDIæý®EaemILnHkëRUT pÎn<k_ÏZKzemILR]MÌ[yILe

1
[�Ea`QeÁRxMPOYgEakfpÎbdOëGQMÌR]EanQKz`JMZ`Qe^IL`×[QRx`JO

j0
Í nJEa`JOSEaqQk_MZnJEanJOëR¦IÔYDIæý®EaemILkfp]Ean

Frγ ≤
j0∑

j=1

(
m

j

)
+ γ

(
n

γ

) ∑

X⊂A:|X|>j0

∫ pX

0
tγ−1(1 − t)n−γdt.

CFMZkfk_MÌbvEap]OëMZn¼IL[Q[QRxp]Ðµ`rILnHkëR]MÌR]MZY\YgM � y Í R¦I\O_MPoPEanJGQM|O_EaY\YgM|MPOfkÁq�Eae_nJÏPMÌ[yILe

γ

(
n

γ

) ∑

X⊂A:|X|>j0

∫ pX

0
tγ−1(1 − t)n−γdt ≤ γ

(
n

γ

) m∑

j=j0+1

(
m

j

)∫ Mθj

0
tγ−1(1 − t)n−γdt

= O(
m∑

j=j0+1

(
m

j

)
wr,n(Mθj))

h9[Q`Qp]OmÐµ`JMuR]Mik_MZefYgMÔGÈTVMZefe_MZ`Qe|GJILnJO^R]M
O
G>`ìR]MZY\YgM � yDMPOfk^`QnQpÎbdEaefYgMwjX=�í±nì[�EzO_M

vj =
(
m
j

)
wr,n(Mpj)

=Ñ�MÌemIL[Q[�Eaefk
vj+1/vj

OmILkfp]O®bUILpxk
vj+1

vj
=
m− j

j + 1
θγ

(
1 +Mθj 1 − θ

1 −Mθj

)n−γ

:=
m− j

j + 1
exp(n · fn)

E&%
fn

MPOfkëGQÏXéJnQp]M|[yILe
fn = r log θ + (1 − r) log(1 +Mθj 1 − θ

1 −Mθj
).

ÿ»ILpxnHk_MZnyILnHk7[�Ea`Qe7k_Ea`Qk
x > −1

Í R¦I~bvEanJoZkfp]Ean
log(1 + x)

MPOfkFYDIæýfEae_ÏPM^[yILe
x
MZk7MZn�`QkfpxRxp]O�ILnHkFR]M±bdILpxk7ÐH`JM

Mθj < r − ε
Í nJEa`JOëEaqQk_MZnJEanJOSR¦IuYDIæýfEaemILkfp]Ean¼Of`QpxszILnHk_MB[�Ea`Qe

fn

Í

fn ≤ (1 − θ)(−r + (1 − r)
r − ε

1 − r + ε
) < 0.

Ú�sµMPo±RUT {H�H[�Eakf{JØPOmMBOf`JeFR]MPO7qyIaO_MPOFe_MPoZkmILnQKz`QR¦ILpxemMPO~h9{H�<[�Eakf{JØPO_M|?Nj Í oPMPoZpîYgEanHkfe_MÌÐH`JM
vj+1/vj

k_MZnJG�sµMZe_O
0[�Ea`Qe7k_Ea`Qk

j > j0
R]Eae_OmÐµ`JM

m
MZk
n
k_MZnJGQMZnHk7sNMZe_OFRUT pxn>éJnQpU=>Ñ�IiO_EaY\YgMBOf`Qe�R]MPO7ÏZR]ÏZYgMZnHk_O7[QRx`JOFKzemILnJGQO7ÐH`JM

j0
Of`QpxkSILR]Eae_OëRUTVÏPÐH`QpxsaILR]MZnJoPM Í

m∑

j=j0+1

(
m

j

)
wr,n(Mpj) ∼

(
m

j0 + 1

)
wr,n(Mpj0+1).

Ñ�MÌnJEaYiqQe_MÌYgEw�µMZnÖGQMBYgEakfpÎbdO
γ
�dbve_ÏPÐµ`JMZnHk_OësNÏZefpÎéyM~ILR]Eae_O

Frγ = O




j0∑

j=1

(
m

j

)
+

(
m

j0 + 1

)
wr,n(Mpj0+1)




= O

((
m

j0

)
(1 +mwr,n(Mpj0+1))

)

= O(mj0(1 +mθn)) = O(mj0),

otILe (m
j0

)
∼ mj0/j0!

MZk^ItsµMPoÌRUT {H�<[�Eakf{JØPO_Mu?\GQMPOSqyIaO_MPOSe_MPoXk�ILnQKz`QR¦ILpxe_MPO Í
mj0+1θn = o(1)

=�CFMPoZp�k_MZefY\pxnJMR¦IÔ[Qe_MZ`QsµMÌGQ` kf{JÏPEae_ØZYgMi?,�>=
� z �



���<���r�v�v�_�@?æ�ed±�r�a��;L�P�i�µ��� é �z�v� �m�Æ�X�_�_¿Z�Q�Z�y�9�u�Z�r�P�Z� é ���i�N�a�Q�Ì�<���ÔÃf�L�t�u�µ�u�N�a�J�î�_���
ðûRce_MPOfk_MgYDILpxnHk_MZnyILnHk\Õ×GQÏZYgEanHkfe_MZeuR]MgR]MZY\YgM � yÄ[�Ea`QeuoPEaY\[QR]ÏZk_MZeuRUT@ILnyILRx�<OmMDGJILnJO~R]MDotIaOiG>` O_MZ`QpxR�GQMb9emÏZÐH`JMZnJoPMÌ[Qe_Ea[�Eaefkfp]EanQnJMZR³=º �_�X�<åL�D�x� été �@�z?L� `±IL[Q[�MZR]EanJOÌÐH`JMiR]Mue_ÏPMZR

r = γ/n
MPO_k±éQWQÏuMZkÌÐµ`JMuRUTVEanìbUILpxk^k_MZnJG>e_M

n
sNMZe_O^RUT pxn>éJnQpU=Ñ�I�[Qe_MZY\p]ØZe_MgÏZKµILRxpxk_Ï\MPOfkBp]O_Of`JMÔG>pxe_MPoZk_MZYgMZnHkiG>`»Rxp]MZnïItsNMPoÔR¦IDbdEanJoZkfp]Ean

Γ
hvoXb®=rbdEaefYi`QR]MTy<=@Ü}[yILKNM � z,�NjX=Û<EapxkëR¦IubvEanJoZkfp]Ean

fn
GQÏXéJnQp]M~Of`Qe

]0, 1[
[yILe

fn(t) =
(γ − 1)

n
log t+

(n− γ)

n
log(1 − t).

Ñ�IïbvEanJoZkfp]Ean
fn

MPOfkÄoZe_Eap]O_OmILnHk_M»Of`Qe
]0, γ−1

n−1 [
Í GQÏPoZe_Eap]O_O�ILnHk_M»Of`Qe

] γ−1
n−1 , 1[

MZkÄOmI�GQÏZefpxsNÏPM»O_MPoPEanJGQM»MPOfknJÏZKµILkfpxsµMz=Jö¤Ea`Qe
x < r − ε

Í RUT pxnHk_ÏZKzemILR]M~MPO_kSILR]Eae_OëYDIæý®Eae_ÏPMÌ[yILe
∫ x

0
exp(nfn(t))dt ≤ xγ(1 − x)n−γ .

÷ln×`QkfpxRxp]OmILnHkSR¦IibdEaefYi`QR]M|GQMiÛHkfpxefRxpxnQK}ItsµMPoBR]M|oPEHM´7DoZp]MZnHkSqQpxnJEaY\p¦ILR Í nJEa`JOSEaqQk_MZnJEanJO

γ

(
n

γ

)∫ x

0
exp(nfn(t))dt = O(wr,n(x))

oPMgÐH`QplYgEanHkfemM\R]MDO_MPoPEanJG e_ÏPOf`QRxkmILkiG>`ãR]MZY\YgMz=�Ñ�IÄ[Qe_MZ`QsµMgG>`ãkfe_Eap]O_p]ØZYgMge_ÏPOf`QRxkmILk~MPO_kÌp]GQMZnHkfp]ÐH`JMDOmIL`>bÐH`JMBR]MB[�EapxnHk±GQMÌGQÏZ[yILefk±MPOfkÁR¦IÔe_MZR¦ILkfp]Ean
∫ x

0
exp(nfn(t))dt =

∫ 1

0
exp(nfn(t))dt−

∫ 1

x
exp(nfn(t))dt = 1 −

∫ 1

x
exp(nfn(t))dt.

÷lnJOf`Qpxk_M Í R]MPOÒY_^ZYgMPOFotILR]oZ`QR]OFOtT@IL[Q[QRxp]ÐH`JMZnHk7Õ|RUT pxn<k_ÏZKzemILR]M ∫ 1
x

OmIL`>b·ÐH`JMëRUTVEan}`QkfpxRxp]O_MSR¦I|GQÏPoZe_Eap]O_O�ILnJoPM±GQM
fnOf`Qe

[r + ε, 1]
=QÑ�I\GQÏZefpxsµÏPM|GQM

log w̃r(x)
MPOfkëGQEanQnJÏPM|[yILe

(log w̃r(x))
′ =

r − x

x(1 − x)
.

÷lnï[yILefkfp]oZ`QRxp]MZe Í O_p
x < r

h9e_MPO_[·=
x > r

j Í
w̃r

MPOfk~Ofkfefp]oZk_MZYgMZnHkuoZe_Eap]O_OmILn<k_MÖh9e_MPO_[·=·GQÏPoZe_Eap]O_O�ILnHk_MwjÌMZk
w̃rILkfk_MZpxnHk±O_Ean YDIæW>pxYi`QY MZn

x = r
MZkëO�ILkfp]O®bdILpxk

w̃r(r) = 1
=

9^Ea`JOëMZnÖItsµEanJOÁk_MZefY\pxnJÏiItsµMPoBR¦IÔ[Qe_MZ`QsNM|G>`×kf{JÏPEae_ØZYgM � z>=
X 	��
	�n � -#���Dp��Ý��pD����&( *)D�¼",-#)+"

Ñ�MÌnJEaYiqQe_M~GQM|YgEakfpÎbvOÁbve_ÏPÐH`JMZnHk_OSMPOfkSGQEanQnJÏ|[yILe �_è �%R��r�_�X�m���d�a�»�9�y�³�UÊa�f�a�]� y<=ÉyÔ[yILKNMHy<=Éy<=yËÌILnJOëR]M|otIaOGÈT `QnÖO_MZ`QpxR·GQMBb9e_ÏPÐH`JMZnJoPM|oPEanJOfkmILnHk Í nJEa`JOÁ`JkfpxRÎp]OmEanJOÁRUTVMZnJotIaG>e_MZYgMPnHk±Of`QpxszILnHkëGQMÌR¦IibdEanJoZkfp]Ean
(1 − t)n−γ

Í
1 − (n− γ)t ≤ (1 − t)n−γ ≤ 1.

Ñ·MÌnJEaYiqQe_M|YgEw�NMZnÖGQMÌYgEakfpÎbvO
γ
�dbve_ÏPÐH`JMZnHk_OÁsµÏZefpÎéyM~ILR]Eae_OëRUT MZnJotIaG>emMXYgMPnHk

γ

(
n

γ

)(
Sγ,m

γ
− (n− γ)

Sγ+1,m

γ + 1

)
≤ Frγ ≤

(
n

γ

)
Sγ,m,

h�y<= � �Nj
E&%

Sγ,m
MPO_kÁR¦IÔOmEaY\YgM

Sγ,m =
∑

X⊂A

pγ
X .

h�y<= �z� j

� zz?



?æ�!?æ�õ�l�a�rÇP� �H���d�a�
ÑÒTVMZnJotIaG>e_MZYgMZnHk�y<= � �uMPOfkFsaILR¦ILqQR]MBÐH`JMZRîÐµ`JM^O_Eapxk7R]M^O_MZ`QpxRîGQM±b9e_ÏPÐH`JMZnJoPMz=JÛ<Ea`JOFRUT {H�<[�Eakf{JØPO_M � �~[yILKNM � ;�y ÍR¦IÄO_ÏZefp]M

Sγ(z)
hvGQEanHkÌR]M\oPEHM´7DoZp]MZnHk~GQM

zm MPOfk|MXWQIaoZk_MZYgMZnHk
Sγ,m

jBIaG>YgMZkÌ`Qn `QnQp]ÐH`JMÔ[CÌaR]M\OfpxY\[QR]M\MZn
z = zγ

ItsµMPo
zγ < zγ+1 < 1

Í RUTVMXW>kfemIaoZkfp]Ean G>`ìoPEHM´7DoZp]MZnHk
zm GJILnJO

Sγ(z)
[yILe^R¦I\bdEaefYi`QR]MuGQMÔC7IL`Jom{H�YgEanHkfemM|ÐH`JMBRUT@IaOf�<Y\[Qk_Eakfp]Ðµ`JM~GQMPOëO_EaY\YgMPO

Sγ,m
OmILkfp]O®bUILpxk

Sγ,m = [zm]Sγ(z) =
κγ

zm
γ

(1 +O(θm
γ ))

ItsµMPo
0 < θγ < 1,

MZk
κγ

R]MÌe_ÏPOfp]G>`ÖGQM
Sγ(z)

MZn
zγ
=QöÆILe±Of`Qpxk_M Í R]MBnJEaYiqQe_M|YgEw�NMZnÖGQMÌYgEakfpÎbvO

γ
�dbve_ÏPÐH`JMZnHk_OÁsµÏZefpÎéyM

Frγ =

(
n

γ

)
κγ

zm
γ

(1 +O(θm)),

E&%
θ = max(θγ , θγ+1, zγ+1/zγ)

=yCFMPoZp·k_MZefY\pxnJM|R¦Iu[Qe_MZ`QsµM|G>`×kf{JÏPEae_ØZYgMi?,�>=
< } < � �QP��+�#F�������P

ËÌILnJO^oPMZkfk_Mu[yILefkfp]M Í nJEa`JOÌItsµEanJO±[Qe_ÏPO_MZnHk_Ïu`QnìYgEHGQØZR]M\ILR]ÏtILk_Eapxe_MÔGQMiqyIaO_MuGQMuGQEanQnJÏPMPOBqyIaO_ÏuOf`Qe^R]MPOOmEa`Qe_oPMPOt=HËÌILnJO7oPMSYgEHGQØZR]M Í nJEa`JOÁItsNEanJOFEaqQk_MZnH`Äkfe_Eap]OFe_ÏPOf`QRxkmILk_O7GQEanHk7om{yIaoZ`QnÄGQÏZ[�MZnJGÄGÈT `QnJM±{H�<[�Eakf{JØPO_MbUILpxk_M»O_`QeÄR¦I O_Ea`Qe_oPMz=Áö¤Ea`Qe×k_Ea`Qk_MPO R]MPO O_Ea`Qe_oPMPO×oZR]IaOmOfp]Ðµ`JMPO Í oPMZO {H�H[�Eakf{JØPOmMPO O_Ean<kÄsNÏZefpÎéyÏPMPO YDILp]O R]MPOOmEa`Qe_oPMPO7oZR¦IaO_O_pxÐH`JMPO7oPEanJG>`Qp]O_MZnHkëOf�>Ofk_ÏZYDILkfp]ÐH`JMZYgMZnHkëÕiGJMZO7qyIaO_MPO7GQMBGQEanQnJÏPMPOFbUILpxqQR]MZYgMZnHkëoPEaefe_ÏZR]ÏPMZOw=(®±nGQMPOÌkfemItszIL`>W¼bv`Qkf`Qe_OÌOmMZemI�GÈT@ILYgÏZRxp]Eae_MZeuÕ�R¦I}bvEap]OBR]MPOÌYgEHGQØZR]MPO~MZkÌR]MPOB{H�<[�Eakf{JØPO_MPO~IæéJnãGÈTVÏZR¦ILefKzpxe~R]Mu[QRx`JO[�EzOmOfpxqQR]MBR]M|otIaG>e_M|GÈT@IL[Q[QRxp]otILkfp]Ean�=Ñ·MPOBkfe_Eap]O^e_ÏPOf`QRxkmILk_OÌoPEanJoPMZefnJMZnHkÌR]MinJEaYuqQe_MuYgEw�µMZn»GQMuYgEakfpÎbvO±bve_ÏPÐH`JMZnHk_O^[�Ea`QeBkfe_Eap]OBOmMX`JpÎR]OÌGQM~bve_ÏX�ÐH`JMZnJoPMiG>pÎøîÏZe_MZn<k_Ot=rö¤Ea`Qe±`QnìO_MZ`QpxR�GQM|b9e_ÏPÐH`JMZnJoPMioPEanJOfkmILnHk Í nJEa`JO±YgEanHkfe_EanJO^ÐH`JM|R]M|nJEaYuqQe_M~YgEw�µMZn¼GQMYgEakfpÎbdO^bve_ÏPÐµ`JMZnHk_OÌMPO_kB[�EaRÎ�<nJEaY\p¦ILRÒMZn»R]MunJEaYiqQe_M\GÈTVEaq>ýfMZk_O|MXk|MXW<[�EanJMZnHkfp]MZRÒMZn»R]MunJEaYiqJe_M\GÈT@ILkfkfefpxqQ`Qk_Ot=öÆEa`Qe|`QnïOmMZ`QpxRÒGQMÔb9e_ÏPÐH`JMZnJoPMDIL`ãYgEapxnJO|R]EaKµILefpxkf{QY\p]ÐH`JM Í R]M\nJEaYiqQe_MDGQM\YgEakfpÎbdOBbdMZefYgÏPO~MPOfk~ÏPÐµ`QpxszILR]MZnHkIL`¼nJEaYiqQe_MuGQM~YgEakfpÎbvOSb9e_ÏPÐH`JMZnHk_Ot=�.¤pxnyILR]MZYgMZnHk Í [�Ea`Qe±`QnìO_MZ`QpxR�[Qe_Ea[�Eaefkfp]EanQnJMPRlIL`¼nJEaYiqQe_MuGÈTVEaq>ý®MZk_O Í R]MnJEaYiqQemM\YgEw�µMZnïGQM\YgEakfpÎbvOÌb9e_ÏPÐH`JMZnHk_O|MPO_k~IL`ã[QRx`JOÌ[�EaRx�<nJEaY\p¦ILRU=�Ñ�M\[Qe_MZY\p]MZe|e_ÏPO_`QRxkmILk~MPOfk|oPEan>bdEaefYgM}ÕRUT pxnHkf`Qpxkfp]EanïKNÏZnJÏZemILR]MDMZk|RxMgO_MPoPEanJG e_ÏPOf`QRxkmILkiItsaILpxk~GQÏÂýfÕ ÏZk_Ï\oPEanJOfkmILk_Ïg[�Ea`Qe|GQMPO|qyIaO_MPOBbdILpxqQR]MZYgMZnHkioPEae®�e_ÏZR]ÏPMPOSG>` kû�<[�MB[yILnQp]MZeSGQMBR¦IuYgÏZnyILKNØZe_Mz=�1�Ea`Qk_MXbdEap]O Í R]MBkfemEapxO_p]ØZYgMÌe_ÏPOf`QRxkmILkSMPOfkëoPEaY\[QR]ØZk_MZYgMZnHkSnJEa`QsµMtIL`otILe±pxR�YgMZkS[�Ea`Qe±R¦I\[Qe_MZY\p]ØZe_M~bvEap]O±MZn¼ÏZsHp]GQMZnJoPM~`QnìoPEaY\[�Eaefk_MZYgMZnHk^[�EaRx�<nJEaY\p¦ILR¤G>`¼nJEaYiqQe_MiGQM|YgEakfpÎbvObve_ÏPÐH`JMZnHk_Ot=HÚ©[�EzOfk_MZefp]Eaefp Í oPM±n·TVMPOfkF[yIaOFÏZk_EanQnyILnHk7[Q`Qp]OmÐµ`JM±[�Ea`QeF`QnÄO_MZ`QpxRréQW>M Í oPM±nJEaYiqQe_M^MPO_kFMXW<[�EanyMXnQ�kfp]MZRrILR]Eae_OÒÐµ`JM7[�Ea`Qec`QnDO_MZ`QpxRQYDIæW>pxYDILRyGQM
n
Í pxRQn�T �\IBÐH`JM7R]M7YgEakfpÎbîs<p]GQMÁÐH`QpJMPOfkÆbve_ÏPÐµ`JMZnHkt=NÑ�IBkfemILnJOfpxkfp]Eann·TVÏZkmILnHkS[yIaOëqQef`QkmILR]M Í pxR�MXW<p]OfkmMBqQp]MZn×`QnÖO_MZ`QpxR�IL`>�³GQMZR¦ÕgG>`JÐH`JMZRÈR]M|oPEaY\[�Eaefk_MZYgMZnHk^MPOfkë[�EaRÎ�<nJEaY\p¦ILRU=

9^Ea`JOÁk_MZefY\pxnJEanJO±oPMZkfk_MÌ[yILefkfp]M~Ðµ`JMZR]ÐH`JMPOÁ[�EapxnHk_OSÐH`JMBnJEa`JOën·T@ItsNEanJOë[yIaOëe_ÏPO_EaRx`ÖEa`ÖILq�Eae_GQÏDê� =#Y±`JMZRQMPOfk¤R]M�nJEaYiqQe_M7YgEw�NMZn\GQM�YgEakfpÎbdO
γ
�dbvMZefYgÏPOlGJILnJO¤R]MFotIaG>e_M7GQMPOÆOmEL`Je_oPMZOlGQMkW7MZefnJEa`QRxRxp>[�Ea`Je¤`QnO_MZ`QpxR<oPEanJOfkmILnHk�_k9^Ea`JO�emIL[Q[�MZR]EanJO¤ÐH`JMcR]MPO
1
�dbvMZefYgÏPO¤O_EanHk�MZnioPEaefemMZO_[�EanJGJILnJoPM7ItsµMPocR]MPO�O_ÏZ[yILemILk_MZ`Qe_OY\pxnQpxYDIL`>WòGJILnJO\R]MÄKzemIL[Q{JM×oPEL�UqQpx[yILefkfpxk_M×Ea`ßItsNMPoÄR]MPOgO_Ea`JO®�UKzemIL[Q{JMPOgqQpx[yILefkfpxk_MPOgYDIæW<pxYDIL`>WÓG>`KzemIL[Q{JM|qQpx[yILefkfpxk_Mz=yð³R·MPOfkSGQEanJoÌkfe_ØPOÁpxnHk_ÏZe_MPOmOmILnHkSGÈTVÏZkf`JG>p]MZe±oPMÌ[yILemILYgØZkfe_Mz=

?>=ëÿ�^ZYgMPOSÐH`JMPOfkfp]EanJOë[�Ea`QeSR]MPOëYgEakfpÎbdOëRxpxqQe_MPO±MXk±otILnJG>p]GJILk_Ot=rÑ·MPOëYgEakfpÎbdOëRxpxqQe_MPO±O_EanHkSMPO_OmMZnHkfp]MZR]Oë[�Ea`QeoPEanJOfkfef`Qpxe_MiRxMPOSe_ØZKzR]MPO^GÈT@IaO_O_EHoZp¦ILkfp]Ean ÕÔ[Je_ÏZY\pxOmO_M|Y\pxnQpxYDILR]MÔILR]Eae_O±ÐH`JM|R]MPOëYgEakfpÎbdO±otILnJG>p]GJILk_O^OmEanHkk_Ea`JOëR]MPOÁYgEakfpÎbdOëGQEanHkëR¦Iub9e_ÏPÐH`JMZnJoPM|MPOfkëotILR]oZ`QR]ÏPMz=
/>=#Y±`JMZRxR]M MPOfk�R¦I�kmILpxRxR]M

t
[�Ea`Qe R¦IaÐµ`JMZRxR]M»R]M¼nJEaYiqQe_M GQMìYgEakfpÎbdO}bve_ÏPÐµ`JMZnHkmO h9e_MPOf[·=7otILnJG>p]GJILk_OXj�MPOfkYDIæW>pxYi`QY _}÷lk~ÐH`JMZRcMPOfk~oPMÔYDIæW>pxYi`QY _ÄCFMPO|[yILemILYgØZkfe_MPOioPEaefe_MPOf[�EanJGQMZnHkÔÕ�R¦IÄkmILpxRxR]M\YgÏZYgEapxe_MnJÏPoPMPO_OmILpxe_MiÕuRUTVMXW>ÏPoZ`Qkfp]Ean¼GQM~���?�È6�� �È6U=� =#Y±`JMZRxR]M|MPOfkÁR¦IÔkmILpxRxR]MÌGQ` [QRx`JOÁR]EanQKgYgEakfpÎbÝ_|Ñ�IÔkmILpxRxR]M|G>` [QRx`JOëR]EanQK\YgEakfpÎbloPEaefe_MPOf[�EanJG¼IL` nJEaYiqQe_MGQMÌ[yIaO_O_MPOëÐH`·TVMXøîMPoZkf`JM~���?�È6j�+�È6�Of`QeëR¦IuqyIaOmMÌGQM|GQEanQnJÏPMPOt=
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;/¾À¿ ¢	ÆæÉ�ÄÇÊOÔ&Ó�È3£/Â
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9æåéè`åéè ¥&ëÝò*õÑö#ð���ï��`í ô`ó�ì ¦Ýò ð���ð#î}óiëOî!�}üËõ ë-ïÝòËì î!�(å�åLå�åLå�åLå�åLå�åLå�å�åLå�åLå�åLåøè�9Oä
9æåéè`å ç §3�ÅëÝóx�#î=õ�ì ðLï*ð��dþËõÑô`í öÇý ð�� åLå�åLå�åLå�åLå�åLå�åLå�åLå�åLå�åLå�å�åLå�åLå�åLåøè�9Oú
9æåéè`å � ¨K�ÅûÝò*÷ ôËõ�ì î!����ï*ð��dþËõÑô`í öÇý ð�� å�åLå�åLå�åLå�åLå�åLå�åLå�åLå�åLå�å�åLå�åLå�åLåøè�ú��
9æåéè`å � © í�î�ðOõ ñÇô`÷ ÷ ð��hª ëÝí ï`ô`óiðËí�î$ô`ò�«�ð#î}üËõ ëâþ ô`þOìé÷ ì î!����ª ëÝí ï`ô`óiðËí�î$ô`÷ ð��£å�å�åLå�åLå�åLåøè�úOù
9æåéè`å ù ¬}ü��Oõ ô�î�ðOò*õ
��û��Oí��Oõ ô�î�ðËò`õ
�§åLå�åLå�åLå�åLå�åLå�åLå�åLå�åLå�åLå�å�åLå�åLå�åLåøè�úOù
9æåéè`å � ­*ì ðËí�ðËí�î=õ�ð�÷ ð����|ëâò`õ öÅð��§å�åLå�åLå�åLå�åLå�åLå�åLå�åLå�åLå�åLå�å�åLå�åLå�åLåøè�úOú
9æåéè`å ä ¬}ü��Oõ ô�î�ðOò*õ�ô��®�$ëâö�ì ��¯øò`í1÷ ô`í û*ô ûOðdð#î�ï&ì ö#î�ì ëâí`í ôOìéõ ð�åLå�åLå�åLå�å�åLå�åLå�åLåøè�úOú

;/¾ÑÐ ¢	ÆæÉ�ÄÇÊOÔ&Ó�È3£/Â
�âßgÌJ¤�É�Ô&ÓÍÔ`Ã�°7Æ
É�ÌÀØ�ØÀÔMÈ�Ô×È�Æ
Â�Â3�&Ô&Óµ¾Î¾Í¾Í¾Î¾Í¾Í¾Î¾Í¾Î¾Í¾Í¾Î¾Ï¿-ãæã
9æå çæåéè ±�÷ ü`ý ô`þËðÅî!��ïOð����$ëÝò*õÑö#ð���ï��*íÇô`ó�ì ¦Ýò�ð�� åLå�åLå�åLå�åLå�åLå�åLå�å�åLå�åLå�åLå�ç$���
9æå çæå ç §3�Ëí��ËõÑô�î�ì ëâíÎïOð���üÇõ ëâþÇô`þËìé÷ ì î!����ïOð��dóiëOî�ì ªM�d÷ ì ûâí ð��Kå�åLå�åLå�åLå�å�åLå�åLå�åLå�ç$���
9æå çæå � ¥&ëÝò*õÑö#ð���ï��`í ô`ó�ì ¦Ýò ð��dó}ôËõ�, ëËñOì ðOí*í ð���²büËõ ðËó�ì �Ëõ ðLð#î�ï*ðËò�«Oì �OóiðLö#ëÝí ï-ì î�ì ëâí��Gå�ç$�Oç
9æå çæå � ¥&ëÝóQóið��

Sγ,m
ð#î�ëÝü��ËõÑô�î�ðËò`õ>óQò`÷ î�ì ï-ìéóiðËí�� ì ëÝí*í ðË÷ åLå�åLå�åLå�å�åLå�åLå�åLå�ç$���

9æå çæå ù ¥&ëÝò*õÑö#ð���ï��`í ô`ó�ì ¦Ýò ð��dó}ôËõ�, ëËñOì ðOí*í ð���²&î=õ ë&ì �=ì �ËóiðLö#ëâíÇï&ì î�ì ëÝí¸å�å�åLå�åLå�åLå�ç$���
;/¾
	 :ÎÆæÂ�ÊOØÀÉ�Ó�ÌÀÆæÂ ¾Î¾Í¾Í¾Î¾Í¾Í¾Î¾Í¾Î¾Í¾Í¾Î¾Í¾Í¾Î¾Í¾Í¾Î¾Í¾Î¾Í¾Í¾Î¾Í¾Í¾Î¾Í¾Î¾Í¾Í¾Î¾ Ð�³�;

ËÌILnJOÒR¦I|[yILefkfp]M±[Qe_ÏPoPÏPGQMZnHk_M Í nJEa`JO7ItsNEanJO�YgEanHkfe_Ï^oPEaY\YgMZnHkFR]MPOFO_Ea`Qe_oPMPO�[�Ea`QsaILp]MZnHkFpxnHk_MZefsµMZnQpxeF[�Ea`QeR¦IëYgEHGQÏZRxp]OmILkfp]EanÔGQMPO�qyIaO_MPO�GQM�GQEanQnJÏPMPOt=B®±nJMÒOmEa`Qe_oPMÒMPO_k�`Qn~[Qe_EHoPÏPGQÏBhdILR]ÏtILk_Eapxe_Mwj�ÐH`QpHÏZYgMZk¤GQMPO¤Of�<Yiq�EaR]MPOÕ}om{yIaÐH`JMikmEa[»GÈT `QnJMu{JEaefR]EaKNMz=·í±n»G>p]O_kfpxnQKz`JMuKNÏZnJÏZemILR]MZYgMZnHkÌkfe_Eap]OBotILk_ÏZKNEaefp]MPO|GQMuO_Ea`Qe_oPMPOÔêrR]MPOBO_Ea`Qe_oPMPOO�ILnJOFYgÏZYgEapxe_M Í ÕiYgÏZYgEapxe_MBq�EaefnJÏPMBMZkëÕiYgÏZYgEapxe_MBnJEan>�Uq�EaefnJÏPMz=QÑ�MPOÁO_Ea`Qe_oPMPOÁOmILnJOFYgÏZYgEapxe_MBn·T `QkfpxRxp]O_MZnHk[yIaO�R]MPO�Of�HYiq�EaR]MPO}[Je_ÏPoZÏPGQMZn<k_O�[�Ea`QeÄÏZYgMZkfkfe_M¼R]M¼nJEa`QsNMtIL` Of�<Yiq�EaR]Mz=ÁC^TVMPOfk}R]M¼otIaO�[yILe�MXWQMZY\[QR]MìGQMPOOmEa`Qe_oPMPOÁGQM{WFMZefnJEa`QRxRxp·Ea` GQM^R¦IuO_Ea`Qe_oPMBp]O_Of`JM^G>`ÄYgEHGQØZR]MÌGQM{W7MZefnJEa`QRxRxp·ÏZsµEaRx`JÏz=>Ñ·MPOÁO_Ea`Qe_oPMPOëÕiYgÏZYgEapxe_Mq�EaefnJÏPM�`QkfpxRxp]O_MZnHku`QnJM}[yILefkfp]M}q�EaefnJÏPMÄG>` [yIaO_O_ÏD[�Ea`QeÔÏZYgMZkfkfe_M�R]MDnJEa`QsµMtIL` Of�<Yiq�EaR]Ma=¤Ñ�MZOÔom{yI*)]nJMPOÔGQMÿ»ILe%ÏµEws�IL[Q[yILe_kfp]MXnJnJMZnHk^ÕÔoPMZkfk_MÌotILk_ÏZKNEaefp]Mz=�.¤pxnyILR]MZYgMZnHk Í R]MPOëO_Ea`Qe_oPMPOSÕuYgÏZYgEapxe_M|nJEan>�Uq�EaefnJÏPMÌ`Qk_pÎRxp]OmMZnHkk_Ea`QkBR]Mi[yIaO_OmÏ~[�Ea`QeÌÏZYgMZkfkfe_MuR]MunJEa`QsNMtIL` Of�<Yiq�EaR]Mz=�Ñ�I�O_Ea`Qe_oPMÔGQMPO±b9emIaoZkfp]EanJOÌoPEanHkfpxnH`JMPOÌÐH`QplÕD`Qnìe_ÏPMZR
x
kfpxe_Ï×IL`ò{yIaOmILe_G Í IaO_O_EHoZp]MÄR]M YgEakÔbdEaefYgÏ GQMPODÐµ`JEakfp]MZnHk_ODOf`JoPoPMPO_O_pÎbvO\G>`¬GQÏZsNMZR]Ea[Q[�MZYgMZnHk�MZn bvemIaoZkfp]EanoPEanHkfpxnH`yMÔMPOfk^`QnJMÔO_Ea`Qe_oPMÔÕ}YgÏZYgEapxe_MunJEan>�Uq�EaefnJÏPMz=·Ñ·MPOBO_Ea`QemoZMPOÌOmILnJO^YgÏZYgEapxe_MÔMZk|ÕDYgÏZYgEapxe_Muq�EaefnJÏPMOmEanHkëG>pxk_MPOSOfpxY\[QR]MPOë[yILeSEa[Q[�EzOfpxkfp]Ean¼IL`QWÄOmEa`Qe_oPMPOSÕÔYgÏZYgEapxe_M|nJEan q�Eae_nJÏPM|ÐH`Qp·O_EanHkSG>pxk_MPOëoPEaY\[QR]MXWQMPOt=Ñ·MPO^O_Ea`Qe_oPMPOBOmILnJOSYgÏZYgEapxe_M\ILYgØZnJMZnHkÌÕg`QnìoPEanHk_MXW>k_MiGQMioPEaY\[QR]ØZk_MupxnJGQÏZ[�MZnJGJILnJoPMÔEa`»GQM~nJEanìoPEae®�e_ÏZR¦ILkfp]EanJO7[�Ea`QeFRUT@ILnyILRx�<O_Mz=<Ñ·MPOF[Qe_EaqyILqQpxRxp]Ofk_MPOÁOmItsµMXn<k�kfe_ØPO�qQp]MZnÄÐµ`JM±ozTVMPOfkF`Qn�oPEanHk_MXW>k_M±p]GQÏtILR�[�Ea`QeFk_Ea`Qk_MÏZkf`JGQMÁYDILkf{JÏZYDILkfp]ÐH`JMëYDILp]OlR¦I^e_ÏtILRxpxk_ÏëMPOfkcO_Ea`QsµMZnHkl[QRx`JOcoPEaY\[QR]MXWQMz=NöÆILeÒMXWQMZY\[QR]M Í R]MZOlqyIaOmMPOlGQMëGQEanQnJÏPMPOnJM\O_EanHkFý_ILYDILp]OÌoPEaY\[QR]ØZk_MZYgMZnHk~nJEan oPEaefe_ÏZR]ÏPMPOt=·Ñ·MPOÌom{yI*)]nJMPO|GQM\ÿìILe%ÏµEws¼ELøîe_MZnHkB[QRx`JOÌGQM\oPEaefe_ÏZR¦ILkfp]EanJOMZnHkfe_MëR]MPOcOf�<Yiq�EaR]MPOlYDILp]OÒoPMPOÒoPEaefe_ÏZR¦ILkfp]EanJOÒe_MPOfk_MZnHkcR]EHotILR]MPO�Ea`\q�EaefnyÏZMPOw=�®±nJMFbdEap]OcMZnJoPEae_M Í RxMPOÒom{yI*)]nJMPOÒGQM
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���<���r�v�v�_��|H� º �a�9�y�F�µ�|åw�Q�Ô�&;a�r� é �d¿Z�Q�|���<�|�x���uÃ_�L�P�X�i�µ�u�N�a�J���m���
ÿ»ILe%ÏNEws O_EanHkëkfe_Ea[¼OfpxY\[QR]MPOS[�Ea`QeSYgEHGQÏZRxp]O_MZe±R¦I\oPEaY\[QR]MXW>pxk_ÏiGQM|R¦IÔe_ÏtILRxpxk_Ï~Y_^ZYgM~Ofp�oPMZR¦IgoPEanJOfkfpxkf`JM~`QnJMÏZkmIL[�M~Of`Q[Q[QR]ÏZYgMZnHkmILpxe_Mz=�öÆILe±MXWQMZY\[QR]M Í R]MPOëqyIaO_MPOSGQM~GQEanQnJÏPMPOSe_ÏPMZRxR]MPOSnJM|oPEanHkfp]MZnQnJMZnHk^[yIaOë`QnQp]ÐH`JMZYgMZnHkGQMPOëoPEaefe_ÏZR¦ILkfp]EanJO±R]EµotILR]MPOw=

ËÌILnJOëoPMZkfk_M|[yILefkfp]M Í nJEa`JOë`QkfpxRxp]O_EanJOSMPO_O_MZnHkfp]MZRxR]MZYgMZnHkSR]MPOëOmEa`Qe_oPMPOëG>�<nyILY\p]Ðµ`JMPOëpxnHkfe_EHG>`Qpxk_MPOS[yILe£WFefpÎ�Kzpxkfk_M´F�ILRxR]ÏPMuGJILnJOuÙ F�ILRc� �ZÝ IæéJn»GQMuoPEanJOfkfef`Qpxe_MuRxMPO^qyIaO_MPO^GQMuGQEanQnJÏPMPOt=·CFMZefkmILpxnJMPOBOmEa`Qe_oPMPO^G>�<nyILY\p]ÐH`JMPOO_EanHk±ÕÔYgÏZYgEapÎemM|nJEan×q�EaefnJÏPM}hvoPEaY\YgM|R¦I\O_Ea`Qe_oPM|GQMPOÁb9emIaoZkfp]EanJO±oPEanHkfpxnH`JMPO�j7YDILp]OëR]MPOëoPEaefe_ÏZR¦ILkfp]EanJO^O_EanHkGQÏPoZe_Eap]O_OmILnHk_MPO^M�W>[�EanJMZnHkfp]MZRxR]MZYgMPnHkBItsµMPoÌR]M|k_MZY\[JOt=yÑ·MPO±O_Ea`Qe_oPMPO±G>�HnyILY\p]ÐH`JMPO±O_EanHkëqyIaO_ÏPMPO±Of`QeSGQMPOSO_�<O®�k_ØZYgMPOÒG>�<nyILY\p]Ðµ`JMPOt=�1�Ea`JOcR]MPOÒEa`QkfpxR]OÒGQMPOcOf�>Ofk_ØZYgMPOcG>�HnyILY\p]ÐH`JMPOÒGQEanHkcR]MPOÒEa[�ÏZemILk_MZ`Qe_O�GQM7kfemILnJOfbvMZefkÒO_EanHkGQEanJo\G>p]Of[�EanQpxqQR]MPOÌ[�Ea`QeÌRUT@ILnyILRx�>O_M\GQMÔoPMPOÌOmEa`Qe_oPMPOt=îËBMu[QRx`JO Í R]MPOÌO_Ea`Qe_oPMPO|G>�HnyILY\p]ÐH`JMPO|MZnQKzR]Eaq�MZnHkiÕ}R¦IbvEap]OÁGQMPO7O_Ea`Qe_oPMPOÁOfpxY\[QR]MPOÁoPEaY\YgMBR]MPO7O_Ea`Qe_oPMPOÁGQM{W7MZefnJEa`QRxRxp·OfpxY\[QR]MPO|hvOmILnJOFYgÏZYgEapxe_MwjFMZk7R]MPOÁom{yI*)]nJMPOÁGQMÿ»ILe%ÏNEws hdÕuYgÏZYgEapxe_M|q�EaefnJÏPMwj Í YDILp]O±IL`JO_Ofp·GQMPOSO_Ea`Qe_oPMPOëoPEaY\[QR]MXWQMPOt=

non bornée

Bernoulli

sources dynamiques

bornéemémoire
mémoire

(sans mémoire)

markoviennes

Bernoulli
évolué

Ñ·MPOlO_Ea`Je_oPMZOlGQ�HnyILY\p]ÐH`JMPOlEanHklÏZk_Ï7`QkfpxRxp]O_ÏPMPOcÕ±R¦ISbvEap]OlMZnÔ[yILkfk_MZefn\YDILk_om{QpxnQK|MZkÆ[�Ea`QelRUT@ILnyILRx�<O_MÁGQMPOlILefqJe_MPOG>pxKzpxkmIL`>W�ÐH`Qp�oPEHGQMZnHkuR]MPOuG>p]oZkfp]EanQnyILpxe_MPO hdIL`JOmOfpFIL[Q[�MZR]ÏPOukfefp]MPO�jX=�Ñ·MPOi[Qe_EaqQR]ØZYgMPO\GQMg[rILkfk_MZefn�YDILk_om{QpxnQKoPEanJoPMZefnyILp]MZnHkÆMPOmO_MZnHkfp]MZRxR]MZYgMZnHk�R]MÒnJEaYiqQe_MÒYgEw�µMZniGÈTVEHoPoZ`Qefe_MZnJoPMPOÆGÈT `QniYgEakfpÎb�h9KNÏZnJÏZemILRxp]O_Ïwj�GJILnJO�`Qn~k_MXW>k_M[Qe_EHG>`Qpxkë[yILeÁ`QnJMÌO_Ea`Qe_oPMÌG>�<nyILY\p]Ðµ`JMDh9sNEapxeÁ[yILeëMXW>MZY\[QR]MgÙlW/F��z? Í W�F{�z; Ý jX=Qö¤Ea`QeëR]MPO7k_efp]MZO Í R]MPOÁYgEak_OëG>`G>p]oZkfp]EanQnyILpxe_MDÏZkmILp]MZnHk~[Qe_EHG>`Qpxk_O|[yILe|R¦IÄO_Ea`Qe_oPMgG>�HnrILY\pxÐH`JMgMZkÌR]MPO~ILnrILRÎ�>O_MPOÌ[�EaefkmILp]MZnHkiOf`JeBR¦IÄkmILpxRxR]M Í R¦I{yIL`Qk_MZ`Qe Í R¦IuR]EanQKz`JMZ`Qe±GQM|om{JMZY\pxnJMZYgMZnHk^GQMPOSILefqQe_MPOSG>pxKzpxkmIL`>WãÙ Ck.hF�� �zÍ WFEa`�� �NÍ Wk9#F�� �XÝ =P=P=
º �x�a��� 9^Eakfe_M|Eaq>ýfMPoZkfpÎbcGJILnJOSoPMZkfk_M|[yILefkfp]M~MPOfkSGJILnJOë`QnÖ[Qe_MZY\p]MZeSk_MZY\[JO±GQMÌ[Qe_ÏPOmMXn<k_MZeSR]MPOSO_Ea`Qe_oPMPOSG>�<nyIæ�Y\p]Ðµ`yMZOw=NCFMZkfk_M7GQMPO_oZefpx[Qkfp]EanDO_MZemISkfemØZOÆ[Qe_ÏPoZp]O_MëIæéJn\GQMFYgMZkfkfe_MÁMZn\ÏZsHp]GQMZnJoPM7k_Ea`JOÆR]MPOcIaOf[�MPoZk_OlGQMPOlO_Ea`Qe_oPMPOt=÷lnJOf`Qpxk_M Í nJEa`JO^ILRxR]EanJOSYgEanHkfe_MZe^Ðµ`JM|RxMPO±O_Ea`Qe_oPMPO±G>�HnyILY\p]ÐH`JMPOuhvoPEaY\[QR]ØZk_MPO^Ea`ÖYDILe%ÏµEwsHp]MZnQnJMPO�jÁsNÏZefpÎéyMZnHkhvO_Ea`JOëoPMZefkmILpxnJMPOë{H�<[�Eakf{JØPO_MPO�jFR]MPOëoPEanJG>pxkfp]EanJOaz Í ÜÔMZk � � h9[yILKNMPO � ;z; ÍÈ� ;z; Í·� ;�yzj7GQMPOÁkf{JÏPEae_ØZYgMPO � z Í·� ÜMZkB?,�ìh9[yILKNMPO � ;z; Í¤� ;�y Í¤� ;zÜNjX=�ÚSpxnJO_p Í nJEa`JOBIL`Qe_EanJO^YgEanHkfe_ÏuÐH`JM~R]MPO±e_ÏPOf`QRxkmILk_OÌILnQnJEanJoPÏPOÌIL`¼[Qe_ÏPoPÏPGQMZnHkom{yIL[Qpxkfe_M~OtT@IL[Q[QRxp]ÐH`JMZnHk±ÕÔ`Qn KzemILnJG×nJEaYiqQe_M|GQMÌYgEHGQØZR]MPOSGQM|O_Ea`Qe_oPMPOt=
µ�}�= ¶��QFH�C� �
���@R1P@J£����·ÍF��
�

Ñ�MZOiOmEa`Qe_oPMPO~G>�<nyILY\p]Ðµ`JMPOiOmMgoPEanJOfkfef`Qp]O_MZnHkÔÕÄ[yILefkfpxeuGQMgO_�<Ofk_ØZYgMPO~G>�<nyILY\p]Ðµ`JMPOw=�ÑcTVÏZkf`JGQM}GQMPO~O_�<O®�k_ØZYgMPO�G>�HnyILY\p]ÐH`JMPO�MPOfkD`QnJMÖqQemILnJom{JMìÕã[yILefk�MXn<kfp]ØZe_M¼GQMPODYDILkf{JÏZYDILkfp]ÐH`JMPOÄMZkDnJEa`JO}n·T@ILq�Eae_GQEanJO�p]oZpÐH`JM~R]MPO±[QefpxnJoZpx[yIL`>W»IaO_[�MPoZk_O^GQMPOBOf�<O_k_ØZYgMPO±G>�<nyILY\p]ÐH`JMPOBGQM~RUT pxnHk_MZefszILRxR]Mz=îö¤Ea`Qe^`QnJMipxnHkfe_EHG>`JoZkfp]Ean [QRx`JO[Qe_ÏPoZp]O_M Í nJEa`JOSoPEanJO_MZpxRxR]EanJOSR]MBRxpxs<e_M\ÙVÑ·ÿ»Ü �zÝ =

� zz;
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¹
	�§#	�§ ¼  *pX�g&(�����HrX)X-#� �®º
p����E�J"M�! #"��'>��� 
�Dp���",�
®±n×Of�>Ofk_ØZYgMÌG>�<nyILY\p]Ðµ`JM~GQMBRUT pxnHk_MZefszILRxR]M~MPOfkëGQÏXéJnQp·[yILeSÐH`yILkfe_M|Eaq>ý®MZk_O~ê� =Á`Qn¼ILRx[Q{yILq�MZk E éJnQp Í
?>=Á`QnJMg[yILefkfpxkfp]Ean�k_Ea[�EaR]EaKzp]Ðµ`JM}GQM

I =]0, 1[
MZnïpxnHk_MZefsaILRxR]MPOiEa`QsµMZefk_OiG>p]Ový®EapxnHk_O

Ip
[�Ea`Qe

p ∈ P
Í pU=VMz=

I = ∪p∈PIp

Í
/>=Á`QnJM~IL[Q[QRxp]otILkfp]EanìGQMÌoPEHGJILKNM

σ : I → E oPEanJO_kmILnHk_MÌpxnHk_MZefszILRxR]M
Ip
GQMÌR¦Iu[yILefk_pÎk_pxEan Í� =Á`QnJM bdEanJoZkfp]EanßGQMÖGQÏPotILR¦ILKNM hvEa`ßOf{QpÎb9kXj

T : I → I
pxnaýfMPoZkfpxsNMÖMZk

C2 Of`Qe}om{yIaÐµ`JM
Ip
=�í±n¬[�EzOmM

Jp = T (Ip)
RUT pxYDILKNM~[yILe

T
GQM

Ip
Í
hp : Jp → Ip

RUT pxn<sNMZe_O_M|R]EHotILR7hvEa`ÖqQemILnJom{JM~pxnHsµMZe_O_MwjÁGQM
T
Of`Qe

Ip
MZk H RUTVMZnJO_MZYiqQR]M~GQMPOÁqQemILnJom{JMPOSpxnHsNMZe_OmMZO H = {hp : p ∈ P} =V>=ëËBMB[QRx`JO Í Ofp

σ(Ip) = σIq

Í ILR]Eae_O
Jp ∩ Jq = ∅ =ÛHp

h = hp1 ◦ . . . ◦hpn

MPOfk�R¦IioPEaY\[�EzOfpxkfp]Ean GQM
p
qQemILnJom{JMPO7pxnHsNMZe_O_MPOÁItsNMPo

h
GQÏXéJnQp]M^Of`QeF`Qn}pxnHk_MZefszILRxR]M

JhMZkÌÕgszILR]MZ`QeBGJILnJO^`Qn¼pxnHk_MZefszILRxR]M
Ih
Í ILR]Eae_O

h
MPOfkBIL[Q[�MZR]ÏPMuqQemILnJom{JMupxnHsµMZe_O_MiGQMi[Qe_ELbvEanyGQMZ`Qe

n
=îí±nìnJEak_M

Hn RUTVMZnJOmMZYiqQR]MSGQMPOlqQemILnJom{JMPOÒpxnHsµMZe_O_MPOÒGQM7[QemELbvEanJGQMZ`Qe n =zÑ·MPOÒqQemILnJom{JMPOcpxnHsµMZe_O_MPOÒGQMÁ[Qe_ELbvEanJGQMZ`Qe n O_Ean<kR]MPOëqQemILnJom{JMPOëpxnHsµMZe_O_MPOëG>`
ne pxk_ÏZe_Ï|GQM T Í Tn =

Ñ�IÔkfemIæý®MPoZk_Eapxe_MiIaO_O_EHoZp]ÏPM~Õu`Qn×[�EapxnHk
x
MPOfkÁR¦I\Of`Qpxk_MÌGQMPOëpxk_ÏZe_ÏPOSGQM

x
O_Ea`JOÁRUT@IaoZkfp]Ean¼G>`ÖOf{QpÎb9k

T
Í

T (x) = (x, T (x), T 2(x), . . . , T k(x), . . .).

÷cnÓIL[Q[QRxp]ÐH`yILnHkÔR¦IÖbvEanJoZkfp]EanÓGQMÄoPEHGJILKNM Õ¼om{yIaÐH`JM�oPEaY\[�EzOmILn<k_MÄGQM T (x)
Í Ean GQÏXéJnQpxkÔ`Qn YgEak M(x)IaOmO_EHoZp]Ï|Õ

x
Í

M(x) = (σ(x), σ(T (x)), σ(T 2(x)), . . . , σ(T k(x)), . . .).

a b c

T 2(x) x T (x)

ö¤Ea`Qe¤`QnuÏZR]ÏZYgMZnHk
m
GQMÒRUT@ILRx[Q{yILq�MZk E Í RUT pxnHk_MZefszILRxR]MÒbdEanJGJILYgMZnHkmILR I[m]

Í MPOfk�RUTVMXnyO_MZYiqQR]MFGQMPO�pxnHk_MZefszILRxR]MPOGQMÌR¦IÔ[yILefkfpxkfp]Ean¼oPEHGJILnHkëR¦IÔR]MZkfkfe_M
m
Í
I[m] = ∪p∈P: σ(Ip)=mIp.ÑÒT pxYDILKNM|[yILe

T
GQM
I[m]

GQÏXéJnQpxkSRUT pxnHk_MZefsaILRxR]M
J[m]

ItsµMPo
J[m] = ∪p∈P: σ(Ip)=mJp. � z�y
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9^Ea`JOëoPEanJOfp]GQÏZe_EanJOëYDILpxnHkmMXnrILnHkSR¦IÔqQemILnJom{JMÌpxnHsµMZe_O_M~IaO_O_EHoZp]ÏPM~Õ

m
MZkëGQÏXéJnQp]M|[yILe

h[m](x) =
∑

p∈P: σ(Ip)=m

hp(x)1Jp(x).

ö¤Ea`Qe}om{yIaÐH`JM YgEak
w = m1m2 . . .mk

O_`Qe\RUT@ILRx[Q{yILq�MZk E
Í pxRSMXW>p]Ofk_M `QnòpxnHk_MZefsaILRxR]M bdEanJGJILYgMZnHkmILR

I[w]oPEanHk_MZnyILnHkÌk_Ea`QkBR]MPO
x ∈ I

GQEanHkBR]MPO^YgEak_O|IaO_O_EHoZp]ÏPO M(x)
oPEaY\YgMZnJoPMÔ[yILe

w
=�ÑcT pxYDILKNMÔ[yILe

T
GQM

I[w]GQÏXéJnQpxkëRUTVMZnJOmMZYiqQR]M
J[w]

=QÑ�IÔqQemILnJom{JM|pxnHsµMZe_O_M
h[w]

IaO_OmEHoZp]ÏPM|Õ
w
MPOfkëÐH`yILnHk±ÕÔMZRxR]M|GQÏXéJnQp]MÌ[yILe

h[w] : J[w] → I[w]
MZk

h[w] = h[m1] ◦ h[m2] ◦ . . . ◦ h[mk].öle_MZnJEanyOg[�Ea`QeDMXW>MZY\[QR]M R]M O_�<Ofk_ØZYgM G>�<nyILY\p]Ðµ`JM×G>`¬GQÏZsNMZR]Ea[Q[�MZYgMZnHk}qQpxnyILpxe_M×oPEaY\[�EzO_Ï×GQM GQMZ`>WqQemILnJom{JMPOuIB7gnJMPO|p]GQMZnHkfp]ÐH`JMPOiGQEanHk|R¦IÄ[Qe_MZY\p]ØZe_M¼h9e_MPOf[·=·R¦IÄOmMPoPEanJGQMwjBoPEaefe_MPO_[�EanJG�IL`ïOf�HYuq�EaRxM
0
hve_MPOf[·=

1
jX=JÑ·M|Of{QpÎbvk

T
MPOfkëGQEanQnJÏ|[yILe

T (x) = 2x[1]
=

0 1
ö¤Ea`Qe

x = 5/8
Í Ean¼I

σ(
5

8
) = 1, σ(T (

5

8
)) = σ(

1

4
) = 0, σ(T 2(

5

8
)) = σ(

1

2
) = 1, σ(T k(

5

8
)) = σ(0) = 0,

[�Ea`Qe
k ≥ 3.

Ñ·M�YgEaklIaO_OmEHoZp]ÏFÕ
5/8

MPO_k¤GQEanJo M(5/8) = (1, 0, 1, 0, 0, . . .)
=zí±nÔoPEanJOfkmILk_MFÐH`JM�ozTVMPOfk¤R]MFGQÏZsNMZR]Ea[Q[�MZYgMZnHkqQpxnyILpxe_M±GQM

5/8
=<CFMZkfk_M±[Qe_Ea[Qefp]ÏZk_Ï±OmMÁsµÏZefpÎéyMS[�Ea`Qe�k_Ea`Qk

x
GQMëRUT pxnHk_MZefszILRxR]Mz=<ËBMëYDILnQp]ØZe_M±O_pxY\pxR¦ILpxe_M Í R]MSO_{QpÎb9k

T (x) = b ·x[1] [�Ea`Qe�`Qn�MZnHkfp]MZeF[�EzOfpxkfpÎb b GQÏXéJnQpxkF`Qn�O_�<Ofk_ØZYgM±G>�HnyILY\p]ÐH`JMS[�Ea`QeFR¦I|nH`QYgÏZemILkfp]EanÄMZn}qyIaOmM
b
=ËÌILnJOcR¦IÌ[yILefkfp]Më[Qe_ÏPoPÏPGQMZnHk_M Í R]MSOf�>Ofk_ØZYgMëG>�HnyILY\p]ÐH`JMë`QkfpxRxp]O_ÏSÏZkmILpxkÒR]MëO_�<Ofk_ØZYgMëG>�<nyILY\p]ÐH`JMSGQMPOlb9e�IaoXk_pxEanyOoPEanHkfpxnH`JMPOt=yCFM^O_�<Ofk_ØZYgMBIaG>YgMZkÁ`QnJM±pxn>éJnQpxk_ÏÌGQM^qQemILnJom{JMPOÁGQEanHkëIL`JoZ`QnJMBn·TVMPOfkÁIB7gnJMz=Qö¤Ea`Qe

x ∈]0, 1[
Í R]MYgEak M(x)

MPOfkcoPEaY\[�EzO_ÏÁGQMPOcMZnHkfp]MZe_OcO_`JoPoZMPOmOfpÎbvOlÐH`QpJIL[Q[yILemILp]O_O_MZnHkÒGJILnJOlR]MÁGQÏZsNMZR]Ea[Q[�MZYgMZnHk�MZnÔb9emIaoZkfp]EanJOoPEanHkfpxnH`JMPO±GQM
x
Í ozTVMPOfk±ÕÔG>pxe_M Í

M(x) = (m1,m2,m3, . . .)
ÏPÐH`QpxsaIL`Qk±Õ

x =
1

m1 +
1

m2 +
1

m3 +
1= = =

9^Ea`JOcGQEanQnJEanJOÒYDILpxnHk_MZnyILnHkÒR¦IÌGQÏXéJnQpxkfp]Ean}GÈT `QnJMëOmEa`Qe_oPMëG>�HnyILY\p]ÐH`JMëMZn}IaGJIL[QkmILnHkFÕ^nJEakfe_MSoPEanHk_MXW<k_MoPMZRxR]MPOëpxnHkfe_EHG>`Qpxk_MPOS[yILe£W�e_pÎKzpxkfkmM&F�ILRxR]ÏPM\Ù F�ILRc� �ZÝ =
� z,z
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� �µ¡Æ¢¤£�¥w£9§r¢rqJÞ¬«��È§r¶�²æóµ¸Ö�pI�¢�áJô�£�´·¶�¸Q¹ â �î�g�Z�a�<�fÇ��Ä�&;a�r�u¸Ô�d¿Z�J�Ä���X�±�x�»�N�a�J�î�_�Ä��è �<� ��;L�X�®L�¸D���&; ¾���u¸Ô�v¿Z�J� D = (I, T, σ, E)

�Z�Ì��è �<���Ä�µ�Z�Q���v�³�}�9�J�v�v�v�a�]�
f
�X�H�

I
��U~è ���J�v�v�d�a� ���Z�z�v�v�z� �µ���x�¼�Z�z�H�fÇ����P�^�Z�a�v��Z� ÇX�<�z�¦�X�¦�m�P�a�y�

x
���<��åL�a�y�ë�x�¼�µ�Z�Q���v�³�

f
� g �Q���<�v�³� ½ �]���\�]�Z�d�v�_���\���QÇ_Ç��������9åL��¸D�X�r�Ì��¸Ô�¦�t���u�P�a�y�±Çm�Z���x�X�}¿Z�H�Çm�u¸±�Q�L�P�Z�y�Ò�]�+¸g�z� M(x)

�
®±nJM|O_Ea`Je_oPM|G>�<nyILY\p]ÐH`JM|e_MPO_O_MZYiqQR]MiÕÔ`Jn×KNÏZnJÏZemILk_MZ`Qe^[JO_MZ`JGQEL�ûILR]ÏtILk_Eapxe_Mz=C®SnyMÌKzemILpxnJM~MPOfkS`QkfpxRxp]O_ÏPM|[�Ea`QepxnQpxkfp¦ILRxp]OmMXeSR]MÌ[Qe_EHoPMPO_Of`JOSMZkëMZnJOf`Qpxk_M Í k_Ea`Qk_MPOëR]MPOëÏZkmIL[�MPOSO_EanHkSMZnHkfp]ØZe_MZYgMZnHk±GQÏZk_MZefY\pxnQp]O_k_MPOt=
¹
	�§#	�� »Q@? *�!@J",�f���e�X����Ç���-#)�&g­X���

Ñ�IDKNÏPEaYgÏZkfefp]MÔGQMPO^qQemILnJom{JMPO|Ig`QnJMipxnbaJ`JMZnJoPM\ÏZnJEaefYgMuO_`Qe±R]MuoPEaY\[�Eaefk_MZYgMZnHk|GÈT `QnJMuOmEa`Qe_oPMuG>�HnyIæ�Y\p]ÐH`JMz=Jö¤Ea`QeSnJEa`JOëoPEanHszILpxnJoZe_M Í oPEanJOfp]GQÏZe_EanJOSR]MZOëkfe_Eap]OSO_Ea`Qe_oPMPOëO_`QpxsaILnHk_MPOw=

0 01 0 1 1

Ú�sµMPoÖR]M¼[Qe_MZY\p]MZe Of�>Ofk_ØZYgM Í R]MPO �tÏZe_EzO MZk�R]MPO�`QnJO ILRÎkmMXe_nJMZnHkt=7Ú�sNMPo¼R]MìO_MPoPEanJG O_�<Ofk_ØZYgM Í `Qn!�tÏZe_E MPOfknJÏPoPMPOmOmILpxe_MZYgMZnHk±Of`Qpxs<p·GÈT `Qn×`Qn YDILp]O±IL[Qe_ØPOë`Qn×`Qn Í Ean [�MZ`Qkëkfe_Ea`QsµMZeëR]MPOëGQMZ`>W×Of�HYiq�EaR]MPOt=?.¤pxnyILR]MZYgMZnHk ÍItsµMPoBR]M|GQMZefnQp]MZe±Of�<O_k_ØZYgM Í k_Ea`JOÁR]MPOëYgEak_OSOf`Qe {0, 1} OmEanHkÁ[�EzO_OfpxqQR]MPOt=ÛH`QpxszILnHkÁR¦IiKNÏPEaYgÏXk_efp]MÌGQMPO7qQemILnJom{JMPO Í R]MPOÁOf�>Ofk_ØZYgMPOÌhvEa`×O_Ea`Qe_oPMPO�j�G>�<nyILY\p]Ðµ`JMPOëO_EanHkÁoZR¦IaO_O_ÏNhvMwjÂOÁMZnÄkfe_Eap]OotILk_ÏZKNEaefp]MPOiêQR]MPOëOf�>Ofk_ØZYgMPOëoPEaY\[QR]MZk_O Í R]MPOSOf�>Ofk_ØZYgMPOÁYDILe%ÏNEws<p]MZnJOSMZkÁR]MPOëO_�<Ofk_ØZYgMPOÁKNÏZnJÏZemIL`>WÈ=
\0Bv¨¼Bcq6Bv¨ �6I«IP¥K¯Hôï¸fIgóN§�ôÊv
G9¸N¥KI

®SnÄOf�>Ofk_ØZYgM^G>�<nyILY\p]Ðµ`JMBMPOfk7G>pxkÁoPEaY\[QR]MZkëOfp P = E MZk7Ofp�[�Ea`Qe7k_Ea`Qk7pxnHk_MZefszILRxR]M
Im
Í
T
MPOfkFqQp ýfMPoZkfpxsNMO_`Qe

Im
Í pU=VMz= Í

T (Im) = I
=«®±nJMgO_Ea`Qe_oPMDG>�<nyILY\p]Ðµ`JM}IaOmO_EHoZp]ÏPMDÕ `QnïO_�<Ofk_ØZYgMgG>�<nyILY\p]ÐH`JMDoPEaY\[QR]MZkiMPO_kG>pxk_MÄoPEaY\[QR]ØZk_Mz=cÑ�IìO_Ea`Qe_oPMÄGQMPOub9e�IaoXk_pxEanyO\oPEanHkfpxnH`JMPO Í R]MPOÔO_Ea`Qe_oPMPO\GQM�W7MZefnJEa`QRxRxpëEa` R¦IìO_Ea`Qe_oPMÄG>`ÓGQÏX�sµMZR]Ea[Q[�MZYgMZnHkÌqQpxnyILpxe_MÔO_EanHkBGQMPOBO_Ea`Qe_oPMPOBoPEaY\[QR]ØZk_MPOt=îÚ±[Qe_ØPOBom{yIaÐµ`JMÔOf�<Yiq�EaR]M Í k_Ea`JO^R]MPOBOf�HYiq�EaR]MPOBOmEanHk[�EzOmOfpxqQR]MPOt=îðûnHkf`QpxkfpxsµMZYgMZnHk Í ozTVMZO_kBR]MÔkû�H[�M\GQM\O_Ea`Qe_oPM×hvEa` O_�<Ofk_ØZYgMwj^Ðµ`QpcELø�e_MÔR]MuYgEapxnJO|GQM\oPEaefe_ÏZR¦ILkfp]EanJOMZnHkfe_M|R]MPOëOf�<Yiq�EaR]MPOt=

Ñ�MPO·O_Ea`Je_oPMZO�GQMXW7MXe_nJEa`QRxRxpµGQMl[yILemILYgØZkfe_M
p
MPOfkÈ`QnJMcO_Ea`Qe_oPMcG>�<nyILY\p]Ðµ`yMÒÕFqQemILnJom{JMPO�oPEaY\[QR]ØZk_MPO

(I, T, σ, E , f)O_`Qe^RUT@ILRx[Q{yILq�MZkiÕ}GJMX`QWìOf�<Yiq�EaR]MPO E = {0, 1} =îÑ�IDbdEanJoZkfp]Ean T O_MuoPEaY\[�EzO_M\GQMÔGQMZ`>W¼qQe�ILnJom{JMPO|IB7gnJMPOoPEaefe_MPO_[�EanJGJILnHk^Õ\om{yIaÐµ`JMÌR]MZkfkfe_M|GQMÌRUT@ILRx[Q{yILq�MZk±MZkëR]MBkmEa`QkëMPO_këGQÏXéJnQpxkSGQMÌR¦IÔYDILnQp]ØZe_M|O_`QpxsaILnHk_Mgê

I = [0, 1], f(x) = 1,

{
T (x) = x/p, σ(x) = 1,

[�Ea`Qe
x ∈ [0, p[

T (x) = (x− p)/(1 − p), σ(x) = 0,
[�Ea`Qe

x ∈ [p, 1]

9^Ea`JOëItsµEanJOSIL`JO_OfpÈoPEanJO_p]GQÏZe_MZeë`Qn YgEHGQØZR]MÌKze_Ea`Q[�ÏÌGJM{W7MZefnJEa`QRxRxp�Of`JeÁGQMPOÁKze_Ea`Q[�MPOëGÈT@ILkfkfe_pÎqJ`Qk_OSGQMBkmILpxRxR]M
t
=HÑ�I~O_Ea`Qe_oPM^G>�HnyILY\p]ÐH`JM^IaOmO_EHoZp]ÏPM±MPOfk�qyIaO_ÏPM±Of`Qe�`QnJM±O_Ea`Qe_oPM^G>�HnyILY\p]ÐH`JM

(I, T, σ, E , f)
Of`QeÒRUT@ILRx[Q{yILq�MZkGQMPO

t
�U`Q[QR]MPOënJM|oPEanHk_MZnyILnHk±ÐH`·T `Qn×OmMZ`QR

1
Í

� zzÜ
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p0 1 0 101 100 010

(a) (b)

001

576�87:Jz>= � ADÛ<Ea`QemoZMPOÁG>�HnyILY\p]ÐH`JMPO7oPEaefe_MPOf[�EanJGJILnHk~hdINj�IL`}YgEHGQØZR]MBOfpxY\[QR]M^GQM�W7MZefnJEa`QRxRxpîGQM±[yILemILYgØZkfe_M
pMZkih9qrj7IL`×YgEHGQØZR]M|Kze_Ea`Q[�Ï|GQM�W7MZefnJEa`QRxRxp�GQMÌ[yILemILYgØZkfe_M

t = 3
=

1000...0

t t t t

0100...0 0010...0 0000...1

Ñ�ISbdEanJoZkfp]Ean
T
IaG>YgMZk

t
qQemILnJom{JMPOcIB7gnJMPOlGQMFY_^ZYgMF[�MZnHk_M

t
MZk¤R¦I^G>p]OfkfefpxqQ`Qkfp]Ean\pxnQpxkfp¦ILR]MFe_MPO_k_M�R¦ISbvEanJoZkfp]EanoPEanJOfkmILnHk_M

f = 1
=�9^Ea`JO�ItsµEanJOce_MZ[Qe_ÏPO_MZnHk_ÏSR]MPOÒOmEa`Qe_oPMPOÒG>�<nyILY\p]ÐH`JMPO�oPEaefe_MPOf[�EanJGJILnHkÁIL`>WgGQMZ`>W\YgEHGQØZR]MPOGQM�WFMZefnJEa`QRxRxp¤ÕÔR]IuéJKz`Qe_M~z>= � =ËÌILnJOlR]MPOÒGQMZ`>W\otIaO Í oZMÁnJMëO_EanHkc[yIaOlR]MPOcOmMZ`QR]MPOlYDILnQp]ØZe_MPO�GQM7bdILpxe_Mz=Nö¤Ea`QeÒR]M7YgEHGQØZR]MSOfpxY\[QR]MëGQM�W7MXe_nJEa`QRxRxp ÍpxR�MPOfk�[yILe7MXW>MZY\[QR]M±[�EzOmOfpxqQR]M±GÈTVÏPom{yILnQKNMZe7R]MPOFGQMZ`>WDqQemILnJom{JMPO7Ea`ÄGÈT `QkfpxRxp]O_MZe7GQMPO�qQemILnJom{JMPOÁGQÏPoZe_Eap]O_OmILnHk_MPOt=ðûRÈMZnÖMPOfkëGQMÌY_^ZYgM~ItsµMPoBR]MÌYgEHGQØZR]M|Kze_Ea`Q[�Ïz=ölRx`JOÔKNÏZnJÏZemILR]MZYgMZn<k Í R]MPOÔO_Ea`Qe_oPMPO\OmILnJO®�UYgÏZYgEapxe_M O_M}YgEHGQÏZRxp]O_MZnHk\nyILkf`Qe_MZRxR]MZYgMZnHk}ItsµMPo�GQMPO\O_Ea`Qe_oPMPOG>�<nyILY\p]Ðµ`JMPOÌoPEaY\[QR]ØZk_MPO~Õ}qQemILnJom{JMPO~IB7gnJMPOt=·ÛHp

pω
MPO_k^R¦I}[Qe_EaqyILqQpxRxpxk_Ï\GÈTVÏZYgMZkfkfe_M\R¦IDR]MZkfkfe_M

ω
Í ILR]Eae_OBpxROf`(7gk~GQMDoPEanJOfp]GQÏZe_MZe~R]MgOf�>Ofk_ØZYgMgG>�HnyILY\p]ÐH`JMDoPEaY\[QR]MZkuÕÄqQemILnJom{JMPOuIB7gnJMPOiGQMgGQMZnJOfpxk_ÏgpxnQpxkfp¦ILR]M
f = 1MZkÔGQM�[yILefkfpxkfp]EanÓk_Ea[�EaR]EaKzp]Ðµ`JM

Iω
ItsNMPo |Iω| = pω

h9`QnJM�k_MZRxR]M}[rILefkfpxkfp]EanÓMXW>p]Ofk_M�MZkÔn·TVMPOfku[yIaOÔ`QnQp]Ðµ`JMwjX=Ñ�IgéJKz`Qe_MiO_`QpxsaILnHk_MuoPEaefe_MPOf[�EanJG»IL`ìOf�>Ofk_ØZYgMiG>�HnyILY\p]ÐH`JMuGÈT `QnJMuO_Ea`Qe_oPMiOmILnJO±YgÏZYgEapxe_MuOf`Qe±RUT@ILRx[Q{yILq�MZk
{a, b, c} ItsµMPo pa = pc = 1/4

MZk
pb = 1/2

=(9±EakmEanJOÁÐH`·T pxRîn·TVMPOfkÁ[yIaO7[�EzO_OfpxqQR]MÌGQM^e_MZ[Qe_ÏPO_MZnHk_MZeëR]MBYgEµGJØXR]MGQM�WFMZefnJEa`QRxRxp�ÏZsµEaRx`JÏ~ItsNMPoÌ`Qn×O_�<Ofk_ØZYgMÌG>�<nyILY\p]ÐH`JMDhdIibdEaefkfp]Eaefp�oPEaY\[QR]MZk�jX=
a b c

1/4 1/41/2
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\0Bv¨¼Bcq6Bcq �6I«IP¥K¯Hôï¸fIDôïáQ²$�r§]O�£9¸H¢+I

9±Ea`JO�nJEa`JO�RxpxY\pxk_EanJOÁIL`�otIaO�GQMPO7ILRx[Q{yILq�MZk_O�éJnQp]O�qQp]MZnÄÐµ`·T pxR�MXW>p]Ofk_MSGQMPOFGQÏXéJnQpxkfp]EanJOF[�Ea`Qe7GQMPOFILRx[Q{rIæ�q�MZk_Oëpxn>éJnQp]Ot=?®±n×Of�>Ofk_ØZYgMÌG>�<nyILY\p]Ðµ`JM|MPO_këG>pxkÁYDILe�ÏNEws<p]MZnÖOfp� = P ⊆ E2 =QöÆEa`Qe (m1,m1) ∈ P
Í RUT pxnHk_MZefsaILRxR]MiIaOmO_EHoZp]ÏÌGJILnJOëR¦Iu[yILefkfpxkfp]Ean¼MPO_kSILR]Eae_OënJEak_Ï

Im2|m1

=
?>=Á[�Ea`Qeëk_Ea`Qk

(m1,m2) ∈ P
Í
T (Im2|m1

) = I[m2]
MZk
σ(Im2|m1

) = m1
=

Ñ�MPO^pxnHk_MZefsaILRxR]MPO
I[m]

O_EanHk^RUTVÏPÐH`QpxsaILR]MZnHkÌGQMPOBÏXk�ILk_OBGJILnJO^R]MZOBom{yI*)]nJMPOÌGQMuÿìILe%ÏµEwsî=rÑ·Eae_O_ÐH`JM
x ∈ Im2|m1

Í
R]M~Of�>Ofk_ØZYgM|G>�<nyILY\p]ÐH`JM~MPOfkSGJILnJOSRUTVÏZkmILk

m1
MZkSRUTVÏZkmILk±O_`QpxsaILnHk Í GQEanQnJÏ~[yILe

σ(T (x))
Í MPOfkëRUTVÏZkmILk

m2
=yÑ�IYDILkfefp]oPMÌqQpxnyILpxe_M|O_Ea`JO®�xý_IaoPMZnHk_MÌÕu`Qn×Of�<O_k_ØZYgM±YDILe%ÏµEws<p]MZn×GQÏPoZefpxkÁR]MPO7[yIaOmOmILKNMPO7[�EzO_OfpxqQR]MPOëMZnHkfe_MBR]MPOÁÏZkmILk_OMZkSMPOfkëGQÏXéJnQp]M|[yILe

P = (Pm2|m1
)
ItsNMPo

Pm2|m1
= 1

O_Ofp
(m1,m2) ∈ P.Ú±`Qkfe_MZYgMZnHk|G>pxk Í

Pm2|m1
= 1

OfplMZkÌO_MZ`QR]MZYgMZnHk|O_p¤R]MÔOf�>Ofk_ØZYgM h9e_MPOf[·=�R¦I�OmEa`Qe_oPMwjS[�MZ`QkÌ[yIaO_O_MZeÌGQMÔRdTVÏZkmILk
m1

ÕuRUTVÏZkmILk
m2

h9e_MPOf[·=JÏZYgMZkfkfe_M
m1

[Q`Qp]O
m2

jX=
� �µ¡Æ¢¤£�¥w£9§r¢rqrñÓ«uI�I«IP¥K¯Hôï¸ì£9²æ²L�fLÆ¶�óz¥w£ji
G9¸Q¹ â ����;L�X�®L�¸D�@¸g�a���L�aåw�d�X�ß�X�X�B�a�v�S�9�X�_�_�a�>Çt�v�dÃX�]�»À³�_���U�È�î�Z�z� ¾�³��¸g�Z�y�B���X�_�_�a�QÇP�v�dÃZ�x� Å �X�S�<���i�r�H���m�P�a�rÇ�� �H� P ���X�^�Z�v���dÇP�³��¸D�X�y���Q�L�X�9�v�9åL�»À³�_���U�·�7���

P
�X�X�^�X�v�X�dÇP�³��¸D�X�y��Q�L�X�9�v�9åL� Å �â ���7�Z�a�<�fÇ��±�&;a�r�u¸Ô�d¿Z�Q�±���Z���z�9�³��¸g�a���a�aåt�U�X�J���~ÀU�_���³�È�w�Z�a�Z�³��¸D�X�r�y¸g�a���a�aåt�U�X�J��� Å �����X���]�±���Z���L���Z�wÇZ�U�_�äD�<�¼��;æ�Z�®L�¸D�i�&;a�r�u¸Ô�d¿Z�J�|�9���_�_�a�QÇP�v�UÃX�]��ÀU�_���³�\�P�a�X�³��¸g�Z�y�Ò���X�_�_�a�QÇP�v�dÃZ�x� Å �

ÑÒT pxefe_ÏPG>`JoZkfpxqQpxRxpxkmÏ»pxY\[QRxp]Ðµ`JM»ÐH`JMÖk_Ea`JO�R]MPOÄOf�<Yiq�EaR]MPO�[�MZ`QsNMZnHk'^Zkfe_MìÏZY\p]O IL[Qe_ØPO�`Jn oPMZefkmILpxnJOÄnJEaYiqQe_MGÈTVÏZkmIL[�MPO^Õu[yILefkfpxe±GQMBn·T pxY\[�Eaefk_MiÐµ`JMZR�Of�HYiq�EaR]Mz=?®±nJMÌÏZkmIL[�M|O_`(7gkSItsµMPoBRUT pxefe_ÏPG>`JoZkfpxqQpxR]pxk_Ï|bvEaefk_Mz=
Ñ·MPO×om{yI*)]nJMPO¼GQM ÿ»ILe%ÏNEws OmMìYgEHGQÏZRxp]O_MZnHkÖnyILkf`Qe_MZRxR]MZYgMZnHk»ItsNMPo R]MPO×O_Ea`Qe_oPMPO×G>�<nyILY\p]ÐH`JMPO YDILe%ÏµEL�s<p]MZnQnJMPOt=f.¤pÎWQEanJOc[rILe�MXW>MZY\[QR]M

(fw)w∈{0,1}K

`QnJMSGQMZnJOfpxk_ÏSpxnQpxkfp¦ILR]M±MZk
(pw1|w2

)w1,w2∈{0,1}K

R]MPOÒ[Qe_EaqyILqQpÎ�
Rxpxk_ÏPOÒGQMÁkfemILnJOfpxkfp]Ean·=µö¤Ea`Qe

w ∈ {0, 1}K
Í nJEa`JOc[�EzO_EanJO

aw
RUTVMZnHkfp]MZe�GQEanHk

w
MPOfkcR¦IBe_MZ[Qe_ÏPO_MZnHkmILkfp]EanDqQpxnyILpxe_MMZk

I[w]
RUT pxnHk_MZefszILRxR]M

I[w] = [aw, aw + 1]
=yÑcT pxnHk_MZefszILRxR]M

I
MPOfk^GQEanQnJÏ~[yILe±R¦Ige_ÏZ`QnQp]Ean»GQMPO±pÎn<k_MZefsaILRxR]MPO

I[w]OmEapxk
I = [0, 2K ]

=îÑ�IÄO_Ea`Qe_oPM\G>�<nyILY\p]Ðµ`yMÔYDILe%ÏNEws<p]MZnQnJM\ÐH`JMunJEa`JO|oPEanJOfkfef`Qp]O_EanJO|OmMZemI�GQÏXéJnQp]MgOf`QeBRUT pxn>�k_MZefszILRxR]M
I
=ÑÒT@ILRx[Q{yILq�MZk E MPO_k {0, 1}K =tÑ�IFbdEanJoZkfp]EaniGQMcoPEHGJILKNM�MPOfk�oPEanJOfkmILnHk_M�MZk�ÏZKµILR]M�Õ w Of`Qe�om{yIaÐH`JM

I[w]
ILpxnJOfpµÐH`JMR¦I^GQMZnJOfpxk_ÏFpxnQpxkfp¦ILR]M7ÐH`Qp>MPOfkÆoPEanJOfkmILnHk_M7MZklÏZKµILR]MÁÕ

fw
Of`Je¤om{yIaÐH`JM

Iw
=Lð³R<e_MPOfk_MFR]MFOf{QpÎbvk

T
Õ±oPEanJO_kfef`Qpxe_M7MZk¤R¦I[yILefkfpxkfp]Ean

(Ip)p∈P
=HC�{rIaÐµ`JMëpxnHk_MZefszILRÎR]M

I[w1]
IaG>YgMZkÒ`QnJMÁ[yILe_kfpxkfp]EanDk_Ea[�EaR]EaKzp]ÐH`JM

(Iw2|w1
)w2∈E

E&%
Iw2|w1MPO_kFGQMSR]EanQKz`yMX`Je

pw2|w1

=<Ñ�I~[yILefkfpxkfp]Ean MPOfkFGJEanQnJÏPM±[yILeFRUTVMZnJO_MZYiqQR]MBGQMPOFpÎn<k_MZefsaILRxR]MPO
Iw2|w1

=Hö¤Ea`Qe7k_MZefY\pÎ�nJMZeÒR¦IÌoPEanJOfkfef`JoZkfp]Ean Í R]MëO_{QpÎb9k
T
MZO_k�IB7gnJMë[yILecYgEae_oPMtIL`>WDMZkck_MZRyÐH`JMëO_MPOce_MPOfkfefp]oZkfp]EanJO

T : Iw2|w1
→ I[w2]OmEanHkëGQMPOÁqQp ýfMPoZkfp]EanJOt=Ñ�I^éJKz`Qe_M£z>=@?BYgEanHkfe_MëRxMëOf�>Ofk_ØZYgMÁG>�<nyILY\p]Ðµ`JMÁYDILe%ÏµEwsHp]MZnDoPEaefemMZO_[�EanJGJILnHkFÕ^`JnJMÁom{yI*)]nJMSGQMÁÿ»ILe%ÏµEwsGÈTVEae_G>e_M

1
Of`QeÁRUT@ILRx[Q{yILq�MZk {00, 01, 10, 11} It�HILnHkë[�Ea`QeSGQMZnJOfpxk_ÏÌpxnQpxkfp¦ILR]M f = (f00, f10, f01, f11

j7ItsµMPo
f00 = 1/4, f01 = 1/4, f10 = 1/6, f11 = 1/3,MZkë[�Ea`Qeë[Qe_EaqyILqQpxRxpxk_ÏPO±GQMÌkfemILnJOfpxkfp]Ean Í

�,� � � � � �z�
�,�

1/4 1/4 1/4 1/4� �
1/3 1/3 1/6 1/6� �
1/2 1/4 1/8 1/8�z�
1/5 1/5 2/5 1/5

9±Eak_EanJOSÐµ`JMÌR]MPOëO_Ea`Qe_oPMPOSG>�HnyILY\p]ÐH`JMPOSoPEaY\[QR]ØZk_MPO±O_EanHkëGQMPOëOmEa`Qe_oPMPOÁYDILe%ÏµEws<p]MZnQnJMPOÁbvEaefk_MZYgMZnHkSpxefe_ÏX�G>`JoZkfpxqQR]MPOw=JðûR·Of`(7gkëGJMÌoPEanJOfp]GQÏZe_MZeSR¦IÔ[yILefkfpxkfp]EanÖnyILkf`Qe_MZRxR]M~GQM
T 2 =

� Ü �
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I00 I01 I10 I11

½ ¾ ¿ À Á
1
4 1

6

1
3 ÛBÖuÓ�º¬Òlà�ä
Ò0ÓÝÒlà�ÒÉØÙÕ0Ö

5F6987:Az>=@?~A Û<Ea`Qe_oPM|G>�<nyILY\p]ÐH`JMÌYDILe%ÏµEwsHp]MZnQnJMiIaO_O_EHoZp]ÏPM~Õu`QnJM|om{yI*)]nJM|GQM|ÿ»ILe%ÏNEwsî=
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í±n©IL[Q[�MZRxR]MZemI O_Ea`Je_oPMìG>�<nyILY\p]Ðµ`JMìKNÏZnJÏZemILR]M»`Qn©Of�>Ofk_ØZYgMìG>�HnyILY\p]ÐH`JM»Ðµ`Jp^n·TVMZO_k�nQpÌoPEaY\[QR]MXk Í nQpYDILe%ÏµEws<p]MZn·=æËBMÒk_MZR]O�O_�<OfkmØXYgMPO¤IL[J[yILemILp]O_O_MZnHk¤[yILe¤MXW>MZY\[QR]M�R]Eae_O¤GQMÒRUTVÏZkf`JGQMFGQMPO¤ILRxKNEaefpxkf{QYgMPO
α
�³MZ`JoZRxp]G>p]MZnJOÙlW7ËUF��z? Ý =�CFMPO±Of�>Ofk_ØZYgMPOSO_EanHkSq�MtIL`JoPEa`Q[ì[QRx`JO±oPEaY\[QR]MXW>MPOBÕgÏZkf`JG>p]MZet=rÑ·MPO±[Qe_MZ`QsNMPO±ÐH`JM|nJEa`JOS`QkfpxRxp]O_EanJO[Qe_ELéJkmMXn<k^GQMPO±[Qe_Ea[Qefp]ÏZk_ÏPO^KNÏPEaYgÏZkfefp]Ðµ`JMPOBGQMPO^O_Ea`Qe_oPMPO^G>�HnyILY\p]ÐH`JMPO^oPEaY\[QR]ØZk_MPOBEa`ÖYDILe%ÏµEwsHp]MZnQnJMPOBMZkSnJMOwTVÏZk_MZnJGQMZnHkSGQEanJoÌ[yIaO±IL`>W O_Ea`Qe_oPMPOSG>�HnyILY\p]ÐH`JMPOëKNÏZnJÏZemILR]MPOt=

¹
	�§#	�� <=@?ª*pD��-:�f��"x@A�������EÇD��-#)�&f­����
9±Ea`JOÌsµMZnJEanJO|GQMÔsµEapxeÌR]MPO~IaOf[�MPoZk_O|KNÏPEaYgÏZkfefp]Ðµ`JMPOiGQMPOÌqQemILnJom{JMPO~GÈT `QnïOf�>Ofk_ØZYgM\G>�<nyILY\p]Ðµ`JMz=«9^Ea`JOoPEanJO_p]GQÏZe_EanJOBYDILpxnHk_MZnyILnHkÌR¦I}e_ÏZKz`QR¦ILefpxk_Ï\GQMPO^qQemILnJom{JMPOt=�CFMZkfk_Mue_ÏZKz`QR¦ILefpxk_ÏgI�IL`JO_O_p¤`QnJMipxnbaJ`JMZnJoPM\Of`Qe^R]MoPEaY\[�Eaefk_MZYgMPnHk^GÈT `QnJM|O_Ea`Qe_oPM|G>�<nyILY\p]Ðµ`JMz=

\0Bv¨¼B]ªyBv¨ �6I«IP¥K¯Hôï¸�LÆ£óG�á>¥táJ¢î¥g§r¶ i¤²æáJ¢�óxö�¸gIg£v¢CO�¸µ²ÝIt¸fIgóN§r¢�¥t²LáQóz¥táJ¢�¥t¸gI
®Sn×O_�<Ofk_ØZYgM|G>�HnyILY\p]ÐH`JM|MPOfkëG>pxkSG>pxR¦ILkmILnHk±OfpÈR¦I\GQÏZefpxsNÏPM|G>`ÖOf{QpÎbvkÁsNÏZefpÎéyM

|T ′| ≥ ρ−1 > 1.

ðûRÈe_MZsHp]MZnHk^IL` Y_^ZYgM|GQM|G>pxe_M|ÐH`JMBR]MPOÁqQemILnJom{JMPOSpxnHsµMZe_O_MPOëO_EanHkSoPEanHkfemIaoZkmILnHk_MPO Í pU=VMz=
∀h ∈ H, |h′| ≤ ρ < 1

Ñ�Më[QRx`JOÒ[�MZkfpxkÒe_ÏPMZR
ρ
OmILkfp]OfbdILp]OmILnHk�oPMZkfk_Më[Qe_Ea[Qefp]ÏZk_Ï^MPOfk�IL[Q[�MZR]ÏSR]MSoPEHM´7DoZp]MZnHkFGQMSoPEanHkfemIaoZkfp]EanÄG>`}Of�>Ofk_ØZYgMG>�<nyILY\p]ÐH`JMz= ®±n Of�>Ofk_ØZYgM}G>�HnyILY\p]ÐH`JM�G>pxR¦ILkmILnHkÔn·T@IaG>YgMZkÔ[yIaOuGQM}[�EapxnHk_OiéQWQMPOÔILkfkfemIaoZkfpÎbvO×h

T (x) = xMZk |T ′(x)| < 1
jX=îCFMZR¦I}ÏZsHpxk_MuÐµ`JM~R]MPO±YgEak_OBO_Eap]MZnHk±k_Ea`JOBGQMPO^Of`Qpxk_MPO^OfkmILkfp]EanQnyILpxe_MPOt=îð³R�n·T@IaG>YgMZkB[yIaO±nJEan[QRx`JOFGQMS[�EapxnHk_OFpxnJG>pÎøîÏZe_MZnHk_OÌh

T (x) = x
MZk |T ′(x)| = 1

jX=g®±n}Of�>Ofk_ØZYgMSG>�<nyILY\p]ÐH`JM±ÐH`Qp�IaG>YgMZkF`Qn}[�EapxnHkpxnJG>pÎøÈÏZe_MZnHkuYgMZki`Qn oPMZefkmILpxn k_MZY\[JOÔItszILnHkuGQM}OtTVMZn�ÏZR]EapxKznJMZet=ÆÑ�IÖO_Ea`Qe_oPM�IÖGQEanJoDk_MZnJGJILnJoPM Õ×ÏZYgMZkfkfe_M[QRx`JO_p]MZ`Qe_O^bvEap]O^R¦IDY_^ZYgMÔR]MZkfkfe_M hvoPMZRxR]M\IL`Qk_Ea`Qe|G>`ì[�EapxnHk^éQWQMwj±ItszILnHkÌGÈTVMZn ÏXYgMZkfk_e_Mu`QnJMunJEa`QsµMZRxR]Mz=·CFMPoZppxY\[QRxp]ÐH`JM×`QnòYDIL`QszILpxODYgÏZR¦ILnQKNMÖGQMPOgR]MZkfkfe_MPOt=Ò÷lnòk_MZefYgMÖGQM kfemIæýfMPoZk_Eapxe_M Í EanòsµEapxkgkfe_ØPODoZR¦ILpxe_MZYgMXn<kDR¦IG>pÎøÈÏZe_MZnJoPMgMZnHkfe_M\`QnïOf�>Ofk_ØZYgM\G>pxR¦ILkmILnHk Í `QnïOf�>Ofk_ØZYgM\Ðµ`QpÒIaG>YgMZk~`Qn [�EapxnHk|pxnJG>pÎøÈÏZe_MZnHk~MZk|`QnãOf�>Ofk_ØZYgMÐH`Qp�IaG>YgMZkS`Qn [�EapxnHkëéQW>MDhvGQMBKµIL`Jom{JMiÕÔG>e_Eapxk_MwjX=

0

1

 

 

0

1

 

 

0

1
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ÊuËÌÐ�Å�ËÌÐCÍzË
ÛyÜ�Ý
ÆWÃ�Ð�Å�Þ
ÊuÐlÉ�ÊuÐCÄWÅ�Ç�ÅWÃ´Í{Ã�Ä#ß�ÊuÐCÃ�ÄGÍ{Ã�É�Ç�ÔÌÓ�Ã�Þ6Ç�Ú{Ú
Ã�ÔMÜ�Ã�ÄGÚ{ÖCÜ�ÐCÊuÓ�Ò�ÐCÃ�Ä�ÍyÎ ËÌÐ�ÅWÃ�ÆnÓ�ËÌÅnÅWÃ�ÐCÉ�Ã�Ä�Þ
×�Ï{Ë�É�ÊuÆnÆWÃ�ÄnÚ
ÊuÐ¼Í{Ã�Ð�Å
Ç�ÏlÅWÃ�Ó�ÚCÄ#×�Ï0Î ËÌÔ0à�Ç�Ï{Å8Ú
ÊuÏ{ÆGÄ�ÎáÜ�ÔMÊuËÌâ�ÐCÃ�ÆGÍzÏãÚ
ÊuËÌÐ�Å#ËÌÐCÍzË
ÛyÜ�ÆWÃ�Ð�Å�Ø3ähËÌÐ¼Ç�ÔMÃ�Ó�Ã�Ð�Å�Þ6Ç�å1Ã�É+Ï{ÐãÚ
ÊuËÌÐ�Å�Ç�ÅnÅnÆ�ÇuÉ�ÅnË
ànÞ¼ÔMÃ�Ä
ÅnÆ�Ç$ÈnÃ�É�ÅWÊuËÌÆWÃ�Ä#É�ÊuÐ�å1Ã�Ænâ1Ã�Ð�Å8å4Ã�ÆWÄ�ÔMÃ�Ú
ÊuËÌÐ�Å#Ç�ÅnÅnÆ�ÇuÉ�ÅnË
ànØ
æ å4ÊuËÌÆ0Ï{Ð´Ú
ÊuË
ÐKÅvËÌÐCÍzË
ÛyÜ�ÆWÃ�Ð�Å�Ç8Ç�ÏCÄWÄWË4Í{Ã�Ä�É�ÊuÐCÄWÜ�×�ÏCÃ�ÐCÉ�Ã�Ä�Ç�ÔÌâ1ÊuÆnËÌÅnÖ{Ó�ËM×4ÏCÃ�Ä�Ø�Â0Ã�ÄhÇ�Ï{ÅWÃ�Ï{ÆWÄhÍ{Ã8çáè�éUê�ë�ì{Þ�êxÇ�ÔÕë�í�î
ÊuÐ�ÅGÉ�ÔÕÇuÄ�ÄWÜ+ÔMÃ�Ä�Ç�ÔÌâ1ÊuÆnËÌÅnÖ{Ó�Ã�Ä�Ã�ÏCÉ�ÔÌËMÍzËMÃ�ÐCÄ�Ã�ÐïÍ{Ã�ÏzðãÉ�ÔÕÇuÄWÄ�Ã�Ä´ñCÔMÃ�Ä�Ç�ÔÌâ1ÊuÆnËÌÅnÖ{Ó�Ã�ÄGÔMÃ�Ð�ÅWÄGÃ�Å#Æ�Ç�Ú{ËMÍ{Ã�Ä�Ø
Â0Ã�Ä�Ç�ÔÌâ1Ê�Ý
ÆnËÌÅnÖ{Ó�Ã�ÄGÔMÃ�Ð�ÅWÄGÄWÊuÐ�ÅGÉ�Ç�Æ�ÇuÉ�ÅWÜ�ÆnËMÄWÜ�ÄGÚ¼Ç�ÆGÍ{Ã�ÄGÄnÑzÄnÅWÒ�Ó�Ã�Ä#ÍzÑKÐ¼Ç�Ó�ËM×4ÏCÃ�Ä�Ç�Ñ4Ç�Ð�Å#Ï{ÐlÚ
ÊuËÌÐ�ÅGË
Ð¼ÍzË
Û6Ü�ÆWÃ�Ð�Å�É�ÊuÐ�ÅnÆ�Ç�Ë
Ý
ÆWÃ�Ó�Ã�Ð�ÅGÇ�ÏzðòÇ�ÔÌâ1ÊuÆnËÌÅnÖ{Ó�Ã�Ä8Æ�Ç�Ú{ËMÍ{Ã�Ä�Ø
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®±nïOf�>Ofk_ØZYgMgG>�HnyILY\p]ÐH`JMDOmILkfp]O®bUILpxkÌR¦I [Qe_Ea[Qefp]ÏZk_Ï}GQMgG>p]Ofk_Eae_Ofp]Ean�OtT pxRÒMXW>p]Ofk_M\`Qnãe_ÏPMZR
A > 0

k_MZRÒÐH`JM[�Ea`Qeëk_Ea`Qk_MÌqQemILnJom{JM|pxnHsµMZe_O_M
h ∈ H

Í MZkÁk_Ea`Qk
x ∈ Jh

|h′′(x)|
|h′(x)| ≤ A.

ölRx`JOBR¦I�G>p]Ofk_Eae_Ofp]Ean MPO_k^[Qe_EHom{JM\GQM
0
Í [QRx`JOBR]MPO^qQemILnJom{JMPOÌe_MPO_O_MZYiqQR]MZnHk~Õ�GQMPO^qQemILnJom{JMPO~IB7gnJMPOt=·í±e Í R]MPOOf�>Ofk_ØZYgMPO7Õ~qQemILnJom{JMPOëIB7gnJMPOÁO_EanHkFR]MPOFYgEapxnJO7oPEaefe_ÏZR]ÏPOt=>Ñ�IioPEanJOfkmILnHk_MBGQM^G>p]O_k_Eae_Ofp]EanÄMPOfk7GQEanJo^kfe_ØPOFRxp]ÏPMPOIL`>W oPEaefe_ÏZR¦ILkfp]EanJO±GQMÌR¦IÔO_Ea`Qe_oPMz=ËÌILnJO�R]MÒotIaO�GÈT `Qn\ILRÎ[J{yILq�MZk�éJnQp Í R]ISoPEanJG>pxkfp]EanÔGQM�G>p]Ofk_Eae_Ofp]EanuMPOfk�ÏPÐH`QpxszILR]MZnHk_MFÕÁR¦ISoPEanJG>pxkfp]Ean |h′′| > 0[�Ea`Qeëk_Ea`Qk_MÌqQemILnJom{JM|pxnHsµMZe_O_M

h
=Ñ�MlR]MZY\YgM�Of`QpxsaILn<k·YgEanHkfe_MÒÐH`JMlR¦I7[QemEa[Qefp]ÏZk_ÏÒGQMÒG>p]Ofk_Eae_Ofp]EaniO_MlsµÏZefpÎéyM�IL`JO_OfpN[�Ea`Qe�k_Ea`Qk_MPO�R]MPO·qQemILnJom{JMPOpxnHsµMZe_O_MPOëGQMÌn·T pxY\[�Eaefk_M~Ðµ`JMZR�Eae_G>e_Mz=

�c¸<ôïôï¸ã¨]\ �l�a�J���v�H�X�f�a�Q�c�H�u��;æ�Z�®L�¸D�F�&;a�r�u¸Ô�d¿Z�J�FäÌÃX�f�z�rÇX�>���7Çm�a�y�v�f�NÇt�U�a�y�³��� ½ �µ�FÇm�æ��õ¬ÇZ�U�X�y�È�µ�7Ç_�z�y�v�f�NÇ ¾�v�v�z�
ρ
� ° �t�N�Q�L�P�a�Q�\�H�±�r�É�H�\¿P�Q�g�]�u��;æ�Z�®L�¸D�ÔåL�Z��� ²F�\�x�u�r�f���r�X�U�Z�³�D�µ�D�a���X�U�a�����d�a���aåa�fÇD�x�ÖÇm�a�Q�X�U�z�y�³�

A
�

dS�x�a��� ½ �Q�a�<�~�U�a�>�³�ÔÃX�f�a��ÇX�>�i���Jåa�X�m�t� h ∈ H? ½ �x�ÄÃX�f�a��ÇX�>� h åL�Z��� ²F�~�x���a�¦�Z�U�a�����v�z�

∀x ∈ Jh,
|h′′(x)|
|h′(x)| ≤ A

1 − ρ
.

g �D�Q�a�X�v�dÇZ�<� �U�X� ½ ��� D = e−A/(1−ρ) ½ �a�x�a�m�

∀h ∈ H?, ∀x, y ∈ Jh, D ≤ |h′(x)|
|h′(y)| ≤ D−1.

º �_�X�<åL� � ÛHp h = g ◦ k MPOfkÁ`QnJMÌqQemILnJom{JM|pxnHsµMZe_O_MÌGÈTVEae_G>e_M p+ 1
ItsNMPo

g ∈ H MZk
k ∈ Hp

Í ILR]Eae_O
(g ◦ k)′′
(g ◦ k)′ = k′

g
′′ ◦ k
g′ ◦ k +

k′′

k′
.

CFEaY\YgM
k
MPOfkÁ`QnJMBqQemILnJom{JMÌpxnHsµMZe_O_MBGÈTVEae_G>e_M

p
Í OmIuGQÏZefpxsµÏPMBsµÏXe_pÉérM |k′| ≤ ρp =>ðûRÈMPOfkSILR]Eae_OÁkfe_ØPOFbUIaoZpxR]MÌGQMYgEanHkfe_MZeS[yILeëe_ÏPoZ`Qefe_MZnJoPM~ÐH`JM Í [�Ea`Qeëk_Ea`Qk_MÌqQemILnJom{JM|pxnHsµMZe_O_M

`
GÈTVEae_G>e_M

p
Í

∀x ∈ J`,
|`′′(x)|
|`′(x)| ≤ A(

p−1∑

i=0

ρi).

CFMPoZpyGQÏZYgEanHkfe_MSR¦I^[Qe_MZY\p]ØZe_MS[yILefkfp]MëG>`gR]MZY\YgMz=µÑ�IÌGQMZ`>W>p]ØZYgMë[yILefkfp]MëOwTVEaqQkfp]MZnHkckfe_ØPOlbUIaoXpxR]MZYgMZnHkFÕB[yILefkfpxeGQMÌR¦Iue_MZR¦ILkfp]EanÖpxnHk_ÏZKzemILR]M
∫ x

y

|h′′(t)|
|h′(t)| dt = log

|h′(x)|
|h′(y)| .CFMPoZp·k_MZefY\pxnJM|R¦Iu[Qe_MZ`QsµM|G>`×R]MZY\YgMa=

� Ü �
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¹
	�§#	�; öÝ)*",�?�âZC-#��������$© +)���-:�!��)+",-#p��±�J"M>��� *Ç�-:ÇD�����¬",@���$u *)���-#�r�A)*",-#�����

ËBEae_ÏZnyItsaILnHk Í nJEa`JO7éQW>EanJO7`JnJMBOmEa`Qe_oPMBG>�<nyILY\p]ÐH`JM S It�HILnHk7[�Ea`QeëO_�<Ofk_ØZYgMBG>�<nyILY\p]Ðµ`JM
(I, T, σ, E)MZkÔGQMZnJO_pxk_Ï}pxnQpxkfp¦ILR]M

f
=¤ö¤Ea`QeÔ`Qn YgEak

ω
Í
pω

GQÏPOfpxKznJM}R¦IÖ[Qe_EaqyILqQpxRxpxk_Ï�bdEanJGJILYgMZnHkmILR]M Ðµ`·T `Qn YgEak\GQM SoPEaY\YgMZnJoPM^[yILe
ω
MZk
I[ω]

RUT ���r�³�X��åL�a���]�Æ�Z�a���N�u¸D�X�y�U�a� GQM
ω
Í ozTVMPOfk®�ûÕæ�³G>pxe_M±RUTVMZnJO_MZYiqQR]M^GQMPO

x
kmMXR�ÐH`JM M(x)oPEaY\YgMZnJoPM|[yILe

ω
=QÑcT pxnHk_MZefszILRÎR]MÌbdEanJGJILYgMZnHkmILR�MPOfkÁ`Qn sµÏZefpxkmILqQR]MÌpxnHk_MZefszILRxR]MÌ[�Ea`QeëR]MZOSO_Ea`Qe_oPMPOëoPEaY\[QR]ØZk_MPOILR]Eae_OSÐH`JMÌozTVMPOfkë`QnJMÌe_ÏZ`QnQp]EanÖGÈT pxnHk_MZefszILRxR]MPO±GJILnJOÁR]M|otIaOÁKNÏZnJÏZemILRU=ÛHp

ω = m
ItsµMPo

m
`QnJMÄR]MZkfkfe_M×GQMÄRUT@ILRx[Q{yILq�MZk Í ILR]Eae_OgRUT pxn<k_MZefsaILRxR]MÄbdEanJGJILYgMZnHkmILR±GQM

ω
MPO_k

I[m] =
h[m](I)

=JÑ�IÔ[Qe_EaqyILqQpxRxpxk_Ï
pω

MPOfkëGQEanQnJÏPM|[yILe

pω =

∫

I[m]

f(x)dx =

∫

I
|h′[m](x)|f ◦ h[m](x)1J[m]

(x)dx.

ÿ»ILpxnHk_MZnyILnHkSOfp
ω = m1m2

MPOfkÁ`Qn YgEak~h9[Qe_EHG>`JoZkfpxqQR]MwjÁGQMÌGQMZ`>W�R]MZkfkfe_MPOSMZkÁO_p M(x)
oPEaY\YgMZnJoPM|[yILe

ω
Í

ILR]Eae_O
x ∈ I[m1]

MZk
T (x) ∈ I[m2]

O_Eapxk
x ∈ h[m1] ◦ h[m2](I) = Ih[m1]◦h[m2]

=�CFMÌemÏZO_`QRxkmILk±O_M|KNÏXnyÏXe�ILRÎp]OmMuÕk_Ea`QkBYgEakBGQMiR]EanQKz`JMZ`Qe
n
ÐH`JMZR]oPEanJÐµ`JMz=îðûR¤MPOfkÌILRxEaemOBoZR¦ILpxeBÐH`·T `QnìYgEak

ω
GQMiR]EanQKz`JMZ`Qe

n
MPO_kBIaO_O_EHoZp]ÏPMÔÕ`QnJMB`QnQp]ÐH`JMBqQemILnJom{JMÌpxnHsµMZe_O_MBGQMB[Qe_ELbdEanJGQMZ`Qe

n
nJEak_ÏPM

h[ω]

Í GQÏXéJnQp]MÌO_`Qe7`Qn pxnHk_MZefszILRÎR]M
J[ω]

MZkSÕusaILR]MZ`Qe_OGJILnJO
I[ω]

=yÛHp
ω = m1 . . .mn

Í RUT pxnHk_MZefszILRxR]MBbdEanJGJILYgMZnHkmILR�GQM
ω
MPOfk

I[ω] = Ih[ω]
= h[ω](I)

E&%
h[ω] = h[m1] ◦ h[m2] ◦ . . . ◦ h[mn].Ú�sµMPoBoPMPOënJEakmILkfp]EanJO Í R¦Iu[Qe_EaqyILqQpxRxpxk_Ï|bvEanJGJILYgMZnHkmILR]MiGQM

ω
O�ILkfp]O®bdILpxkSIL`JOmOfpÈR¦IibdEaefYi`QR]MÌpxnHk_ÏZKzemILR]M

pω =

∫

I[ω]

f(x)dx =

∫

I
|h′[ω](x)|f ◦ h[ω](x)1J[ω]

(x)dx.

öÆEa`Qe^`QnìOf�>Ofk_ØZYgM~YDILe%ÏNEws<p]MZn Í R¦Ig[yILefkfpxkfp]Ean P sµÏZefpÎéyM P ⊂ E2 MZk±R]MPO±pxnHk_MZefsaILRxR]MPOBGQMiR]ID[yILefkfpxkfp]Ean»OmEanHknJEak_ÏPO
Im2|m1

h
(m1,m2) ∈ P jX=rí±n¼GQÏPO_pxKznJM|[yILe hm2|m1

R¦IÔqQp ýfMPoZkfp]Ean¼pxnHsNMZe_O_M~GQM
T
Of`Qe

Im2|m1

=VÚSR]Eae_O Í[�Ea`QeSk_Ea`QkëYgEak
w = m1m2 . . .mk

GQMÌR]EanQKz`JMZ`Qe^IL` YgEapxnJO±? Í nJEa`JO±ItsNEanJO
h[w] = hm2|m1

◦ hm3|m2
◦ . . . ◦ hmk|mk−1

MZk
pw =

∫

I[mk]

|h′[w](t)|f ◦ h[w](t)dt.

¹
	�§#	�n ÷E>�@?�f-A",��p��f�Eª*@�)X@?�f-A",��p��f�
Ñ·Eae_OSGQMBRUT@ILnyILRx�>O_MÌGQMÌR¦IÔoPEaY\[QR]MXW<pxk_Ï|qQpxnyILpxe_M|GQMPOSILRxKNEaefpxkf{JYgMZO±MZ`JoZRxp]G>p]MZnJO Í nJEa`JO±ItsNEanJOëGQÏÂý_Õu`QkfpxRxp]O_ÏGQMPOSEa[�ÏZemILk_MZ`Qe_O±[�Ea`QeëKNÏZnJÏZe_MZeSR]MPOSO_ÏZefp]MPOëKNÏZnJÏZemILkfefp]oPMPOt=yÑ�MPOSEa[�ÏZemILk_MZ`Qe_O±GQMÌkfemILnJO®bdMZefkë[�EanJGQÏZe_ÏPO±Ea`×nJEanOmEanHkÔGQMPOuKNÏZnJÏZemILRxp]OmILkfp]EanJOgG>` kfemILnJO®bdEaefYDILk_MZ`QegGQM�GQMZnJOfpxk_ÏÄÐH`JM}nJEa`JOÔGQÏPoZefpxsµEanJOgÕÖR¦I¼O_MPoZkfp]Eanþz>= � =0V>= � =ËÌILnJOëR]M|otIaG>e_M~GQMÌR¦IubvEa`QpxRxR]M~GQM|GQEanQnJÏPMPO Í nJEa`JOë`QkfpxRxp]O_EanJOSÏZKµILR]MZYgMZnHk^GQMZ`>WÖIL`Qkfe_MPOëKNÏZnJÏZemILRxp]OmILkfp]EanJO^ÐH`JMOmEanHkÁR]MPOëEa[�ÏZemILk_MZ`Qe_O±oPEanHkfemILpxnHk_OuhvO_MPoZkfp]Ean�z>= � =0V>=@?Nj7MZkëR]MPOëEa[�ÏZemILk_MZ`Qe_O±GQMÌkfemILnJO®bdMZefkëYi`QRxkfp]G>pxYgMZnJOfp]EanQnJMPR]OhvOmMPoZkfp]EanMz>= � =0V>=0/NjX=

\0Bv¨¼B¦ñ6Bv¨ ú�²LáJ¢*Iw°³§y²aôãá>¥t¸<¶�² L�¸�L¤¸H¢+Iw£�¥t�
Ñ�IÔ[Qe_EaqyILqQpxRxpxk_Ï~ÐH`·T `Qn×YgEakSoPEaY\YgMZnJoPM|[yILeëR¦IuR]MZkfkfe_M

m
MZO_këGQEanQnJÏPM|[yILe

∫

I[m]

f(x)dx =

∫

I
|h′[m](x)|f ◦ h[m](x)1J[m]

(x)dx,

E&%
f
MPO_kSR¦IDGQMZnJO_pxk_Ï~pxnQpxkfp¦ILR]Mz=:®SnJMiÐH`JMPOfkfp]Ean¼nyILkf`Qe_MZRxR]MÔMPOfk^Ðµ`JMZRxR]MiMPO_kSR¦Ig[Qe_EaqyILqQpxRxpxk_ÏÔÐH`JM~R¦IDGQMZ`>W<p]ØZYgMR]MZkfkfe_MSO_Eapxkc`Qn

m
_Sÿ�^ZYgMëom{JEzO_MÁ[�Ea`QeÒR¦IBkfe_Eap]Ofp]ØZYgMB_±ö¤Ea`QeÒe_ÏZ[�EanJG>e_M^ÕÌoPMPOcÐH`JMPOfkfp]EanJO Í pxRQbUIL`QkÒoPEanQnyI*)]kfe_M

� Ü,V



���<���r�v�v�_��|H� º �a�9�y�F�µ�|åw�Q�Ô�&;a�r�u¸Ô�d¿Z�Q�|���<�|�x���uÃ_�L�P�X�i�µ�u�N�a�J���m���
R¦IÖGQMZnJOfpxk_Ï�IL[Qe_ØPOu`QnJM}Ea` GQMZ`>Wãpxk_ÏZemILkfp]EanJOÔGQ` Of{QpÎb9k

T
=ÆÛHp

fn
GQÏPO_pxKznJMDR¦IÖGQMZnJOfpxk_ÏÄIL[Qe_ØPO

n
pxk_ÏZemILkfp]EanJOG>` O_{QpÎb9k Í ILR]Eae_OÌpxRlMXW>pxO_k_Mu`Qn Ea[�ÏZemILk_MZ`Qe

G
Í IL[Q[�MZR]Ï �v�f�z�Q���P�a��¸g�z�³�Z�H�g�µ�}�µ�X�Q���v�³� Í k_MZRlÐH`JM

fn = Gn[f ]
=CFEaY\YgMiO_Ean×nJEaY RUT pxnJG>p]ÐH`JM Í R]MÌkfemILnJOfbvEaefYDILk_MZ`Qe^GQM~GQMZnJOfpxk_Ï|kfemILnJOfbvEaefYgM~`QnJM~GQMZnJOfpxk_Ï~MZnÖ`QnJMiIL`Qkfe_M~MZksµÏZefpÎéyMBR¦IubvEae_Yi`QR]M Í

G[f ](x) =
∑

p∈P

|h′p(x)|f ◦ hp(x)1Jp(x) =
∑

m∈E

|h′[m](x)|f ◦ h[m](x)1J[m]
(x).

ðûnHkf`QpxkfpxsNMZYgMZnHk Í R¦IÄGQMZnJOfpxk_Ï\MZn `Qn [�EapxnHk
x
IL[Qe_ØPOÌ`QnJMÔpxk_ÏZemILkfp]EanïMPOfkBR¦IÄO_EaY\YgM\GQMÔk_Ea`JOÌR]MPOBYgEae_oPMtIL`>WGQMBGQMZnJOfpxk_ÏPOëIL[Q[�Eaefk_ÏPOÁ[yILe7R]MPOÁILn<k_ÏPoZÏPGQMZn<k_OëGQM

x
ÐH`QpîOmEanHkFR]MPO

hp(x)
=>Ñ�Ii[�EanJGQÏZemILkfp]Ean×[yILe7R]MPOÁGQÏZefpxsNÏPMPO

|h′p|
MPOfkSG>`JM|ÕÔR¦IibdEaefYi`QR]M|G>`Öom{yILnQKNMZYgMZnHk±GQMÌszILefp¦ILqQR]Mz=

x

a b c

h (x)a h (x)c

Ú�sµMPoÄR¦Iì[Qe_Ea[Qefp]ÏZk_ÏÖGQMÄYu`QRxkfpx[QRxpxotILkfp]sHpxk_Ï¼GQMÄR¦I»GJÏXe_pÎsµÏPM×GÈT `QnJMÄbdEanJoZkfp]Ean¬oPEaY\[�EzO_ÏPM Í R]M
ne pxk_ÏZe_Ï×GQM

GOtTVMXW>[QefpxYgM|MZnÄbdEanJoZkfp]EanÖGQMPOëqQemILnJom{JMPOëpxnHsµMZe_O_MPOëGQMÌ[Qe_ELbdEanJGQMZ`Qe
n
Í

Gn[f ](x) =
∑

h∈Hn

|h′(x)|f ◦ h(x)1Jh
(x).

CFEaY\YgMëR]MPOcqQemILnJom{yMZO�pxnHsNMZe_OmMZOÒGQMë[Qe_ELbvEanJGQMZ`Qe
n
O_EanHkFIaO_O_EHoZp]ÏPMPO�ÕÌGQMPOcYgEak_O�GQMÁR]EanQKz`JMZ`Qe

n
Í R]M

ne pxk_ÏZe_ÏGQM
G
OwTVÏZoZefpxk±IL`JOmOfp Í

Gn[f ](x) =
∑

ω∈E<n>

|h′[ω](x)|f ◦ h[ω](x)1J[ω]
(x),

E&% E<n> MPOfkÁRUTVMZnJO_MZYiqQR]M~GQMPOÁ[Qe_ÏXéQWQMPOSGQMBR]EanQKz`JMZ`Qe
n
[Qe_EHG>`JoZkfpxqQR]MPO±[yILeÁR¦I\O_Ea`Qe_oPMz=?9±Ea`JOÁ[�EzOmEanJO

G[ω]RUTVEa[�ÏZemILk_MZ`Qe±oPEaY\[�EzO�ILnHk_M
G[ω][f ](x) = |h′[ω](x)|f ◦ h[ω](x)1J[ω]

(x).

�l�L�Ì�µ���^��;L�X�®L�¸D����¸g�a���L�aåt�U�X�Q�t� ÛHp
w = m1m2 . . .mk

MPO_kF`QnÄYgEakÁGQM^R]EanQKz`JMZ`QeSIL`ÄYgEapxnJOÁGQMZ`>W Í ILR]Eae_OR¦IBqQemILnJom{JMSpxnHsµMZe_O_M
h[w]

MPOfkÒGQEanQnJÏPMS[yILe
h[w] = hm2|m1

◦ . . .◦hmp|mp−1

=�9^Ea`JOÒGQÏXéJnQp]O_O_EanJOÒRUTVEa[�ÏZemILk_MZ`QeoPEaY\[�EzOmILnHk_M
Gm2|m1

[yILe
Gm2|m1

[f ] = |h′m2|m1
f ◦ hm2|m1

1I[m2]
.

� Üz;



|H���N� ° �a�<�fÇ����i�&;a�r��¸u�d¿Z�J���
í±n×sµÏZefpÎéyMBbdIaoZpxR]MZYgMZnHk±ÐH`JMBRUTVEa[�ÏZemILk_MZ`Qe±oPEaY\[�EzOmILn<k_M~IaOmO_EHoZp]Ï|Õ

w
OtTVÏPoZefpxk

G[w] = Gmp|mp−1
◦ . . . ◦ Gm3|m2

◦ Gm2|m1
.

\0Bv¨¼B¦ñ6Bcq ù vc�µ²Lá>¥t¸H¶�² L¤¸×¥t²LáJ¢*It°û¸µ²æ¥góN§r¢�¥t²LáJ£v¢�¥
ËÌILnJO^R]I}[yILefkfp]MÔoZEanyOmIaoZe_ÏPM\IL`>W¼otILR]oZ`QR]OÌGQMuoPEanJOfkmILnHk_MPOghvöÆILefkfp]M_VNj Í nJEa`JOÌItsµEanJOBGQÏÂýfÕDpxnHkfe_EHG>`QpxkÌR]MPOEa[�ÏZemILk_MZ`Qe_O~GQMikfemILnJOfbvMZefkÌoPEanHkfemILpxnHk_O|GQEanHkBR¦I}szILR]MZ`QeB[Qe_Ea[Qe_MÔGQEaY\pxnyILnHk_MgÏZkmILpxkBRxp]ÏPM\Õ}R¦I}G>pxYgMZnJO_p]Ean GQM

µBIL`JO_GQEae®ø GÈT `QnãMPOf[yIaoPMÔGQMgC7ILnHk_Eaet=#9^Ea`JO^nJEa`JOÌÏZkfp]EanJO|ILR]Eae_OÌRÎpxY\pxk_ÏPO~IL` otIaOÌGQMPO±bvemIaoZkfp]EanJOÌoPEanHkfpxnH`JMPOYDILp]OSGQMÌk_MZR]OëEa[�ÏZemILk_MZ`Qe_O±MXW>p]Ofk_MZnHkëqQp]MZnÖMZnHk_MZnJG>`¼GJILnJOÁ`QnÖotIaG>e_MÌ[QRx`JOëKNÏZnJÏZemILRU=
9±Ea`JOléQW>EanJO E ′ `QnDO_Ea`JOf�ûILRx[Q{yILq�MZkÒGQMÁRUT@ILRx[Q{yILq�MZk�pxnQpxkfp¦ILR E =NÑ�IB[Qe_EaqyILqQpxRxpxk_Ï±Ðµ`·T `QngYgEakÒGQMÁR]EanQKz`JMZ`Qe

n
oPEaY\YgMZnJoPM|[yILe

n
R]MZkfkfe_MPOSGQM E ′ MPOfk
P
[
ω ∈ (E ′)n

]
=

∑

ω∈(E ′)n

∫

I
|h′[ω](x)|f ◦ h[ω](x)1J[ω]

(x)dx.

÷cn×nJEakmILnHk
G[E ′]

RUTVEa[�ÏZemILk_MZ`Qe^GQMBk_emILnJO®bvMZefkSoPEanHkfemILpxnHk^Õ E ′ MZkSGQÏXéJnQp·[yILe Í

G[E ′][f ] =
∑

m∈E ′

G[m][f ] =
∑

m∈E ′

|h′[m]|f ◦ h[m]1J[m]
,

R¦IÔ[Qe_EaqyILqQpxRxpxk_Ï|[Qe_ÏPoPÏPGQMZnHk_MiOtTVÏPoZefpxk
P
[
ω ∈ (E ′)n

]
=

∫

I
Gn

[E ′][f ](x)dx.

ø ��¸g�a�f¿P�Q� � ölILeë[�MZefkf`QefqyILkfp]EanìGQMBRUTVEa[�ÏZemILk_MZ`Qe^GQMBkfemILnJOfbvMZefkSoPEanHkfemILpxnHk Í

Gs,[E ′][f ] =
∑

m∈E ′

|h′[m]|sf ◦ h[m]1J[m]
.

nJEa`JO±e_MZkfe_Ea`QsµEanJO±RUTVEa[�ÏZemILk_MZ`QeBÐH`JM|nJEa`JOBItsµEanJOS`QkfpxRxp]O_ÏiGJILnJOSR]MiotIaG>e_MiGQMPOSb9emIaoZkfp]EanJO^oPEanHkfpxnH`JMPO^R]Eae_O±G>`otILR]oZ`QR�GQMPOëoPEanJOfkmILn<k_MPOt=
\0Bv¨¼B¦ñ6B]ª ù vc�µ²Lá>¥t¸H¶�² L¤¸×¥t²LáJ¢*It°û¸µ²æ¥Dô»¶+G�¥w£jL¤£vôï¸H¢+Iw£9§r¢¤¢�¸gG

ËÌILnJOFoPMZkfk_M±OmMPoZkfp]Ean Í nJEa`JO�éQW>EanJO
γ
`Qn�MZnHkfp]MZet=<þz`JO_ÐH`·T@Õ|[Qe_ÏPOmMZnHk Í nJEa`JOÁItsNEanyO�oPEanJOfp]GQÏZe_Ï^RUTVÏXsµEaRx`Qkfp]EanGÈT `QnJMg`QnQp]ÐH`JMgOmEa`Qe_oPMgG>�<nyILY\p]Ðµ`JM S = (I, T, σ, E , f)

=�CFEanJOfp]GQÏZe_EanJOiYDILpxnHk_MZnyILnHk Í MZnã[yILemILRxR]ØZR]M}MZk~GQMYDILnQp]ØZe_MDpxnJGQÏZ[�MZnJGJILnHk_M Í RUTVÏZsµEaRx`Qkfp]Ean�GQM
γ
oPEa[Qp]MPOiGQM S =·Ú om{yIaÐµ`JMDÏZkmIL[�M Í `Qn

γ
�U`Q[QR]MZkiGQMgR]MXk_kfe_MPOiMPOfk[Qe_EHG>`Qpxkt=�CFMZR¦I\GQÏXéJnQpxkS`QnJM|O_Ea`Qe_oPM|G>�HnrILY\pxÐH`JMÌYi`QRxkfp]G>pxYgMZnJOfp]EanJnJMZRxR]M Sγ = (I, T , σ, E , f)

ItsµMPo
I = Iγ , E = Eγ , T (x1, . . . , xγ) = (T (x1), . . . , T (xγ)),

σ(x1, . . . , xγ) = (σ(x1), . . . , σ(xγ)), f(x1, . . . , xγ) = f(x1) × . . .× f(xγ).öÆEa`Qe
x ∈ I

Í R¦IÔkfemIæýfMPoZk_Eapxe_M|MZkëR]MBYgEak±IaOmO_EHoZp]ÏPOSÕ
x
O_EanHkSILR]Eae_Oëe_MPOf[�MPoZkfpxsµMZYgMZnHk±GQÏXéJnQp]Oë[yILe Í

T (x) = (x, T (x), T
2
(x), . . .), M(x) = (σ(x), σ(T (x)), σ(T

2
(x)), . . .).

öÆEa`Qe
m = (m1, . . . ,mγ) ∈ E

Í R]M�O_{QpÎb9k
T
MPO_ku[yILe\oPEanJOfkfef`JoZkfp]Ean

C2 [yILeÔYgEae_oPMtIL`>W MZkÔpxnaý®MPoZkfpÎbBOf`Qeom{yIaÐH`JMSMZnJO_MZYiqQR]M
I[m] = I[m1]× . . .×I[mγ ]

=NÑcT pxYDILKNM±GQM
I[m]

[yILecR]MSOf{QpÎb9k
T
MPOfkÒGQEanQnJÏë[yILeÒRUTVMZnJO_MZYiqQR]M

� Ü�y



���<���r�v�v�_��|H� º �a�9�y�F�µ�|åw�Q�Ô�&;a�r�u¸Ô�d¿Z�Q�|���<�|�x���uÃ_�L�P�X�i�µ�u�N�a�J���m���

J[m] = J[m1] × . . .×J[mγ ]
=HÑ�I~qQemILnJom{JM±pxn<sNMZe_O_M±Yi`QRxkfp]G>pxYgMZnJOfp]EanQnJMZR]R]MÌIaO_OmEHoZp]ÏZMBÕ

m
MZk�nJEak_ÏPM

h[m]

Í MPOfk
R¦IÔqQp ý®MPoZkfp]Ean×emÏZoZpx[Qe_EHÐH`JM~GQM

T : I[m] → J[m]
MZkSMPOfkëGQÏXéJnQp]M|[yILe

h[m](x1, . . . , xγ) = (h[m1](x1), . . . , h[mγ ](xγ)).÷ln×[yILefkfp]oZ`QRxp]MZe Í O_EanÔý_IaoPEaqQp]MZnÖOmILkfp]O®bUILpxk
Jac(h[m])(x1, . . . , xγ) =

γ∏

i=1

|h′[mi]
(xi)|.

CFEaY\YgM�[�Ea`QeuR]MPOuO_Ea`QemoZMPOÔG>�<nyILY\p]Ðµ`JMPOÔoZR¦IaOmOfp]Ðµ`JMPO Í ÕÖom{yIaÐH`JM}[Qe_ÏXéQW>M
[ω] = m1 . . .mp

[Qe_EHG>`JoZkfpxqQR]M[yILeiR¦IÖO_Ea`Qe_oPM S
Í pxRFMXW>p]Ofk_Mg`QnJMDqQemILnJom{JM}pxnHsµMZe_O_MDYi`QRxkfp]G>pxYgMZnJOfp]EanQnJMPRxR]M

h[ω] = h[m1] ◦ . . . ◦ h[mp]
GQM[Qe_ELbdEanJGQMZ`Qe

p
Ðµ`Qp·Rx`Qp�MPO_kSIaO_OmEHoZp]ÏPMz=rCFMZkfk_M|qQemILnJom{JM~MPO_këGQÏXéJnQp]MiOf`Qeë`Qn×pxnHk_MZefsaILRxR]M

Jh[ω]
= J[ω]

MZkSMPOfk±ÕsaILR]MZ`Qe_OSGJILnJO
Ih[ω]

= I[ω]
=

1�Ea`JOÌR]MPO|Ea[�ÏZemILk_MZ`Qe_O~[�Ea`Qe|R]MPO|O_Ea`Qe_oPMPO~G>�HnyILY\p]ÐH`JMPO|oZR¦IaOmOfp]Ðµ`JMPO|OtTVÏZk_MZnJGQMZnHkuÕ�R¦IÄO_Ea`Qe_oPM\Yi`QRxkfp]G>pxYgMZn>�Ofp]EanQnJMZRxR]M Sγ
=QÑÒTVEa[�ÏZemILk_MZ`Qe±oPEaY\[�EzO�ILnHk_MiIaO_O_EHoZp]Ï|ÕÔ`Qn×[Qe_ÏXéQW>M

ω
MPOfkSGQÏXéJnQp·[yILe

G<γ>,[ω][F ] := Jac(h[ω])F ◦ h[ω]1J[ω]
.

E&%
F
MPOfkÁ`QnJMBbdEanJoZkfp]EanÖoPEaY\[QR]MXWQM|GQÏXéJnQp]M~Of`Qe

I
=QÑ�IÔ[Qe_EaqyILqQpxRxpxk_ÏiG>` YgEak

ω
MPOfk±ILRxEaemOëGQEanQnJÏPM|[yILe

pω =

∫

I
G<γ>,[ω][f ](x)dx

h¬z>= � j
E&%

f
MPOfkÁR¦I\GQMZnJOfpxk_ÏÌpxnQpxkfp¦ILR]Mz=yËBMÌO_EanÖoPEak_Ï Í R]MBkfemILnJOfbvEaefYDILk_MZ`Qe±GQM|GQMZnJOfpxk_Ï|OmILkfp]O®bUILpxk

G<γ>[F ] :=
∑

m∈E

G<γ>,[m][F ] =
∑

m∈E

Jac(h[m])F ◦ h[m]1[Jm]

MZkëRUT Ea[�ÏZemILkmMX`Je±oPEanHkfemILpxnHk^Õu`QnÖO_Ea`JOf�ûILRx[Q{yILq�MZk E ′ MPOfkëGQÏXéJnQp�[yILe
G<γ>,[E ′][F ] :=

∑

m∈E ′

G<γ>,[m][F ] =
∑

m∈E ′

Jac(h[m])F ◦ h[m]1J[m]

9^Ea`JOëpxnHkfe_EHG>`Qp]O_EanJOSYDILpxnHk_MZnyILnHk±`QnÖnJEa`QsNMZR�Ea[�ÏZemILk_MZ`QeiêQRUTVEa[�ÏZemILk_MZ`Qe^GQM|kfemILnJO®bvMZefkS[�EanJGQÏZe_Ï|Yi`QRxkfpÎ�G>pxYgMZnJOfp]EanQnJMZRU=·ð³RlIaG>YgMZkÌ`QnJMÔMXW<[Je_MPO_Ofp]Ean OfpxY\pxR¦ILpxe_M\IL`>WìEa[�ÏZemILk_MZ`Qe_O|GJMikfemILnJOfbvMZefkB[�EanJGQÏZe_ÏPO|Ðµ`JMunJEa`JOItsµEanJOÌe_MZnJoPEanHkfe_ÏDR]Eae_O~GQM\RUT@ILnyILRx�<OmMgGQMPO~oPEaüQk_OiIaGQG>pxkfpÎbdO~Of`Qe|R]MZO~MZnHkfp]MZe_O Í YDILp]O|pxRcnJMgGQÏZ[�MZnJGïÐH`JM\GÈT `Qn[yILemILYgØZkfe_M~oPEaY\[QR]MXWQM
w
MZkSGÈT `QnÖoPEaüQkSÏZR]ÏZYgMZnHkmILpxe_M

c
Of`QeëRdT@ILRx[Q{yILq�MZk E =QðûR·MPOfkëGQÏXéJnQp�[yILe

G<γ>,w,[c] =
∑

m∈E

G<γ>,w,[c],[m]
ItsNMPo

G<γ>,w,[c],[m][F ] = ewc(m)Jac(h[m])F ◦ h[m]1J[m]
,

MZkSOfp
c
MPOfkëÏZk_MZnJG>`¼GQMBbdIx³PEan¼IaGQG>pxkfpxsNM~Of`QeÁR]MPOÁqQemILnJom{yMZOSpxnHsµMZe_O_MPOëGQM

T
Ea`×O_`QeÁR]MPOÁYgEak_O Í pU=VMz= Í

c(m1m2 . . .mp) = c(hm1 ◦ hm2 ◦ . . . ◦ hmp) = c(m1) + c(m2) + . . .+ c(mp),R]MPOÁpxk_ÏZe_ÏPOSGQMÌRUTVEa[�ÏZemILk_MZ`Qe±GQMÌkfemILnJO®bdMZefkë[�EanJGQÏZe_ÏÌYi`QRxkfp]G>pxYgMZnJO_p]EanQnJMZR¤OmILkfp]O®bdEanHk
Gn

<γ>,w,[c] =
∑

ω∈E
n

G<γ>,w,[c],[ω]
ItsµMPo

G<γ>,w,[c],[ω][F ] = ewc(ω)Jac(h[ω])F ◦ h[ω]1J[ω]
.

ðûR�MPOfkBÕ\nJEak_MZeBÐµ`yM~Ofp�R¦IDO_Ea`Qe_oPM S MPOfk±YDILe%ÏNEws<p]MZnQnJM Í MZRxR]MiMPOfk±[yILe^GQÏXéJnQpxkfp]Ean»pxefe_ÏPG>`JoZkfpxqQR]Mz=·CFMZkfk_M~pxefe_ÏX�G>`JoZkfpxqQpxRxpxk_Ï~OmM^k_emILnJOfYgMZk±IL`JO_Ofp�ÕÔR¦IÔOmEa`Qe_oPMBYu`QRxkfp]G>pxYgMXnyOfp]EanQnJMZR]R]Mz=
9^Ea`JO±e_MZkfe_Ea`QsµMZe_EanJOÌnyILkf`Qe_MZRxR]MZYgMZnHkÌRUTVEa[�ÏZemILk_MZ`Qe|GQMukfemILnJO®bdMZefk^[�EanJGQÏZe_ÏÔYi`QRxkfp]G>pxYgMZnJOfp]EanQnJMPRl[�Ea`QeÌMPOfkfpÎ�YgMZeëR]MPOëO_EaY\YgMPO

Sγ,m
=

� Ü,z



|<���<� ° �a�<�fÇ����i�&;a�r��¸u�d¿Z�J���u�Z�y�P�a�H�9���]�i�H�i�N�a�y���m���
¹
	�§#	�� ùa����)±��)+",��� ���A�'�Ý +pX�f&(���

Ñ�I}O_Ea`Qe_oPM Sγ

MPOfkBGQÏXéJnQp]MÔÕD[yILefkfpxeBGJM
γ
oPEa[Qp]MPOBGQMiR¦I}O_Ea`Qe_oPM S MZk^ÏZYgMZkB`Qn

1
h9e_MPOf[·=r`Qn

0
jëOfp�R]MPO

γ
oPEa[Qp]MPOSGQM S ÏZYgMZkfk_MZnHkÔh9e_MPOf[·=Qn�T ÏZYgMZkfk_MZn<kS[yIaO^j7MZnÖY_^ZYgM|k_MZY\[JOë`Qn

1
=JÑ�I\OmEa`Qe_oPM Sγ

MZO_këGQÏXéJnQp]MuÕ[yILefkfpxeSGQM
γ
oPEa[Qp]MPOëGQM^R¦IÔO_Ea`Qe_oPM S MZkÁÏZYgMZkëGQMPOëOf�HYiq�EaR]MPOëÐµ`QpÈOmEanHk7R]MPO

γ
�U`Q[QR]MZk_OëGQMPOÁOf�<Yiq�EaR]MPO

0
Ea`

1ÏZY\p]OF[yILe�R]MPO
γ
O_Ea`Qe_oPMPO S =HÑ·MSRxp]MZnÄMZnHkfe_M±R]MPOFGQMZ`>WDOmEa`Qe_oPMPOFMPOfk�YDILpxnHk_MZnyILnHkÁoZR¦ILpxe_Mz=QÛHp σ̃ MPOfk�R¦IÌbvEanyoXk_pxEanGQÏXéJnQp]M~Of`QeÁR]MPO
γ
�U`Q[QR]MZk_OSGQMÌR¦IÔYDILnQp]ØZe_M|O_`QpxsaILnHk_M Í
σ̃ : {0, 1}γ → {0, 1}, MZk

σ̃(x) = 1
O_Ofp

x = (1, . . . , 1),ILR]Eae_OgnJEa`JOg[�Ea`QsµEanJOgÏPoZefpxe_M
σ̃(Sγ) = Sγ

E&%
σ̃(Sγ)

O_pxKznQpÎéyM×Ðµ`JM×om{yIaÐµ`JM
γ
�U`Q[QR]MZkDÏZY\p]Og[yILe Sγ

MPOfkkfemILnJOfbvEaefYgÏÌ[yILe
σ̃
MZn `QnÖÏZR]ÏZYgMZnHk±GQM {0, 1} =`^ILp]O_EanQnJMZeFOf`Qe�R]I~O_Ea`QemoZMSYu`QRxkfp]G>pxYgMXnyOfp]EanQnJMZR]R]M S e_MZs<p]MZnHkFGQEanJo±MXWJIaoZk_MZYgMZnHkÁÕ|emILp]O_EanQnJMZeFO_`QeÒR¦I~O_Ea`Qe_oPM

S =
¹
	�§#	 X ÷E>�@?�f-A",��p���-#�x�Ý 
&J��@ûúrpD)���-#)Xª«-:ª«� �J"M�D��&]"��� *)D)X-#�����

Û<Eapxk E `QnìILRx[Q{yILq�MZkt=rËBILnJO±oPMZkfk_M~O_MPoZkfp]Ean Í RUTVEa[�ÏZemILk_MZ`Qe
H[ω]

GQÏPOfpxKznJM|RUT `Qn¼GQMPOSEa[�ÏZemILkmMX`Je_O±oPEaY\[�EL�O�ILnHk_MPO
G[ω]

Í
G<γ>,[ω]

Í
G<γ>,w,[c],[ω]

h
c
MPOfkSIaGJG>pxkfpÎb�jX=JËÌILnJOëk_Ea`JOÁR]MPOSoPIaO Í RUTVEa[�ÏZemILk_MZ`QeBIaO_O_EHoZp]Ï|IL`×YgEak

ω = ω1ω2 . . . ωm
GQMBR]EanQKz`JMZ`Qe

m
MPOfkSGQEanQnJÏÌ[yILe

H[ω] = H[ωm] ◦ H[ωm−1] ◦ . . . ◦ H[ω1].� �µ¡Æ¢¤£�¥w£9§r¢rqyùò« ù vc�µ²Lá>¥t¸H¶�²�áJIKIt§Èóµ£9�lüã¶¤¢ G9áJ¢+wyáJwr¸Q¹�g �U�a�r�·�N�a�y���7�H�D�x�a�HÊN�tÊH�
L
�µ� E? À³�d�9�t� L ⊂

E? Åw½ �_è �X�Q�Z�f�z�³�X�<�u�L�m�P�tÇZ�U�u�a�×�x�a�HÊN�tÊH� L ½ ���z�³� H[L] ½ ���X�7�µ�j²c�J���Q�a�
H[L] =

∑

ω∈L

H[ω].

CFEaY\YgMS[�Ea`QecR]MPOÒO_ÏZefp]MPOcKNÏZnJÏZemILkfefp]oPMPOFEae_G>pxnyILpxe_MPO Í `QnDG>p]oZkfp]EanQnyILpxe_M±MXW>p]Ofk_MÁ[�Ea`QecR]MPOÒEa[�ÏZemILk_MZ`Qe_OFIaOmO_EHoZp]ÏPOÕDGQMPO^R¦ILnQKµILKNMPOt=ÈÛHp
L1

MZk
L2

O_EanHk^GQMZ`>WÖR¦ILnQKµILKNMPO Í ILR]Eae_O^R]MZOBEa[�ÏZemILk_MZ`Qe_OÌIaO_OmEHoZp]ÏPOBÕgR¦IDoPEanJotILk_ÏZnyILkfp]Ean
L1 · L2

Ea`ÖÕÔRUT `JnQp]EanÖG>p]OvýfEapxnHk_M
L1 ⊕ L2

OmEanHkëGQEanQnJÏPOë[yILe
H[L1·L2] = H[L2] ◦ H[L1],

MZk
H[L1⊕L2] = H[L1] + H[L2].÷cn×[yILefkfp]oZ`QRxp]MZe Í RUTVEa[�ÏZemILk_MZ`QeBIaO_O_EHoZp]Ï|IL`×R¦ILnQKµILKNM

L?
1

sNÏZefpÎéyM
H[L?

1] =
∑

m≥0

Hm
[L1] = (I − H[L1])

−1.

ËÌILnJO R¦I Of`Qpxk_M Í nJEa`JO×`QkfpxRxp]O_MZe_EanJOÖM�WQoZRx`JOfpxsµMZYgMZnHk×R]MPOÄR¦ILnQKµILKNMPO¼IaO_OmEHoZp]ÏPO×Õ `Qn©YgEakfpÎbÔRxpxKznJM Í ozTVMPOfk®�ûÕæ�G>pxe_MìRUTVMZnJO_MZYiqQR]M GQMPO�YgEak_O Ðµ`QpBoPEanHkfp]MZnQnJMZnHk×R]M¼YgEakfpÎbiRxpxKznJMz=Y9^Ea`JO�sµMZefe_EanJOÄÐH`JMìoPMPO�R¦ILnQKµILKNMPO OmEanHkGQMPO�oPEanJotILk_ÏZnyILkfp]EznJO GÈT@IL`Qkfe_MPO�R¦ILnQKµILKNMPOÄMZk}nJEa`JO�MXW>[QefpxYgMZe_EanJO�R]MPO�Ea[�ÏZemILk_MZ`Qe_O IaOmO_EHoZp]ÏPO�ÕãRUT@ILp]GQMìG>`G>p]oZkfp]EanQnyILpxe_M~[Qe_ÏPoPÏPGQMZnHkt=
µ~}PO ¶{��F~�:�+�
� �ÙR1PMJ£���W·�FH�
� � � ���QFH�[��������� ���QP@PMV
�
�

Ñ�I7[yILefkfp]Ml[QemÏZoPÏPGQMZnHkmM�I7GQÏPoZefpxk�k_Ea`JO·R]MPO�IaOf[�MPoZk_O·pxY\[�EaefkmILnHk_O�GQMPO�O_Ea`Qe_oPMPO�G>�HnyILY\p]ÐH`JMPO�MZk�I7pxnHkfe_EHG>`Qpxk[QRx`JO_p]MZ`Qe_OSEa[�ÏZemILk_MZ`Qe_Ot=rö¤Ea`QeSnJEzOë[Qe_EaqQR]ØZYgMPO^GQMBbvEa`JpÎRxR]M~GQM|GQEanQnJÏPMPO Í nJEa`JO^ILRxR]EanJOënJEa`JO±oPEanJoPMZnHkfe_MZe^Of`QeR]MPOÄO_Ea`Qe_oPMPOÄG>�<nyILY\p]Ðµ`yMZO�bvEaefk_MZYgMZnHkÄYDILe%ÏµEws<p]MZnQnJMPOÄÐH`Qp^oPEaY\[Qe_MZnQnJMZnHkÖÕïR¦IãbdEap]O}R]MPO}R]MPOÄO_Ea`Qe_oPMPOÄGQM
W7MZefnJEa`QRxRxpBOfpxY\[QR]MPO}MZkD[yILeDKze_Ea`Q[�MPO Í R]MPO}OmEa`Qe_oPMPO}G>�HnyILY\p]ÐH`JMPO}oPEaY\[QR]ØZk_MPO Í ILpxnJOfp±ÐH`JM×R]MPO}om{yI*)]nJMPO}GQMÿ»ILe%ÏµEws\ÕBYDILkfefp]oPM±GQMÁk_emILnJOfpxkfp]Ean}Ofkfefp]oZk_MZYgMZnHk�[�EzOfpxkfpxsµMz=µö¤Ea`Qe�oPMëkû�H[�MSGQMëO_Ea`Qe_oPMPO�MZk�ItsµMPoÁ`Qn�ILRx[Q{yILq�MZkIaGQÏPÐH`yILk Í nJEa`JO�YgEanHkfe_EanJO7ÐH`JMëR]MPO�oPEanJG>pxkfp]EanJO�z|[yILKNM � ;z; Í Ü|[yILKNM � ;z;~MZk � �|[yILKNM � ;�yÌe_MPOf[�MPoZkfpxsµMZYgMZnHkIaOmO_EHoZp]ÏPMPOSIL`>WÄkf{JÏPEae_ØZYgMPO � zÔ[yILKNM � ;z; Í·� Üu[yILKNM � ;�yÔMZk±?,�Ô[yILKNM � ;zÜ\O_EanHkÁsµÏZefpÎéyÏPMPOt=

� ÜzÜ



���<���r�v�v�_��|H� º �a�9�y�F�µ�|åw�Q�Ô�&;a�r�u¸Ô�d¿Z�Q�|���<�|�x���uÃ_�L�P�X�i�µ�u�N�a�J���m���
¹
	��
	�§ 0Q��>k­X-:Ç��J"��E�������Ý *p��f&(�����Nr
)�-#�!�ýº
pX���

Ñ�MZOÔqyIaOmMPOÔGQM�GJEanQnJÏPMPO\ÐH`JM}nJEa`JO\oPEanJOfp]GQÏZe_EanJO\OmEanHkuqQpxnyILpxe_MPOt=lÚ [Qefp]Eaefp Í RUT@ILRx[Q{yILq�MZkDIaGQÏPÐH`yILk\MPOfk
{0, 1} =Lÿ»ILp]O�R]M�YgEHGQØZR]M7GQMkW7MZefnJEa`QRxRxp>[yILe¤Kze_Ea`Q[�MF[�MZ`Qk
^Zkfe_M7oPEanJOfp]GQÏZe_Ï7oPEaY\YgMF`QnJMFO_Ea`Qe_oPM7GQMDW7MZefnJEa`QRxRxpOf`QeÁRUT@ILRx[Q{yILq�MZk {100 . . . 0, 010 . . . 0, . . . , 000 . . . 1} =QËBM^Y_^ZYgM Í R]MPOëom{yI*)]nJMPOSGQMÌÿìILe%ÏµEws�GÈTVEae_G>e_M K Of`Qe
{0, 1} O_EanHk±GQMPO^om{yI*)]nJMPOBGQM~ÿ»ILe%ÏµEws GÈTVEae_G>e_M 1

Of`Qe {0, 1}K =�9^Ea`JO±O_EaY\YgMPO±nyILkf`QemMXRxR]MZYgMPnHk|ILYgMZnJÏPOBÕoPEanJOfp]GQÏZe_MZeSk_Ea`JOÁR]MPO±ILRx[Q{yILq�MZk_O E GQMÌR¦IibdEaefYgM
E ⊂ {0, 1}K ItsµMPo

K ∈ N?.Ú�sµMPoioPM~kû�<[�MiGÈT@ILRx[Q{yILq�MZk Í R]MZO^YgEak_O±[Qe_EHG>`Qpxk_OÌO_EanHk±s<`JO±oPEaY\YgMu`QnJMuoZEanyoPILkmÏXnrILkfp]Ean GJM~YgEae_oPMtIL`>WìGQMkmILpxRxR]M
K
=µðûRQbdIL`JkckmEa`Qk_MXbvEap]OFÏZsHpxk_MZeFoPMZefkmILpxnJO7ILRÎ[J{yILq�MZk_Ot=HöÆILe�R¦I|Of`Qpxk_M Í nJEa`JO7ILRxR]EanJOHkûoPEaRxR]MZe�R]MPOÒYgEae_oPMtIL`>WKm[�Ea`Qe~oPEanJO_kfef`Qpxe_MDGQMPOÌYgEak_O~ÐH`QpcoPEanHkfp]MZnQnJMZnHkuGQMPO|YgEakfpÎbdOÌRxpxKznJMPOt=¤ÛHp

X
MZk
Y
O_EanHk~GQMZ`>W»YgEakfpÎbdOÌRxpxKznJMPOItsµMPo

X ⊂ Y
Í nJEa`JOFsµEa`QR]EanJO7Ðµ`JM±R]M±nJEaYiqQe_M^GQM±YgEak_O7ÐH`Qp�oPEanHkfp]MZnQnJMZnHk

X
O_Eapxk7Ofkfefp]oZk_MZYgMZnHk7[QRx`JOFKzemILnJGÐH`JMÌoPMZRx`Qp�GQM

Y
=QÑÒT {H�H[�Eakf{JØPO_M~Of`QpxszILnHk_MÌnJEa`JOSIaOmOf`Qe_MÌoPMZkfk_M|Ofpxkf`yILk_pxEan�=

opI«vc§J¥¼ö+¯fIw¸ã¨r¨ « õ Gjv
ö�áJic¸µ¥a¹ ° �a�v�
w ∈ {0, 1}K �>�a�<�

K ≥ 2
� ° �

w = w1 . . . wK ½ �z�»�r�z�³� I(w) =
{i : wi = 1} �fè �X�Q�t��¸DÃX�]�\�H���i�9�r�a�dÇm�X�u���

w
�N�u¸D�Z�7�H�

1 ½ �Z���Q�a�<� X ⊂ {1, . . . ,K} ½ �_è �Z�Q�P��¸DÃZ�x� EX�µ���X�ÎÊa�î�~�x�X�&¸g�z�9�
w
�µ� E �³�X� �i¿Z�J�

X ⊂ I(w)
� ° �

X ( Y ⊂ {1, . . . ,K} ½ �a�Î�z�m� EY ( EX
�

Ñ·MPOc[QefpxnJoZpx[yIL`>W}ILRx[Q{yILq�MZk_O�ÐH`QpQnJEa`JOcpxn<k_ÏZe_MPO_O_MZnHk Í ÕBO�ItsNEapxecR]MPO�ILRÎ[J{yILq�MZk_O�GQMPOcOmEa`Qe_oPMPOÒGQM�WFMZefnyEa`QRxRÎpr[yILeKze_Ea`Q[�M|Ea`×RUT@ILRx[Q{yILq�MZk {0, 1}K k_Ea`QkSMZnHkfp]MZeSsNÏZefpÎéyMZnHkSRUT {H�H[�Eakf{JØPO_M|[Qe_ÏPoPÏPGQMZnHk_Mz=ÑcT {H�<[�Eakf{JØPO_M�z|Of`Q[Q[�EzO_MëR¦I|GQÏPoZe_Eap]O_OmILnJoPM±MXW<[�EanJMZn<kfp]MXRxR]M^GQMPOÒ[Qe_EaqyILqQpxRxpxk_ÏPOFGQMPOÒYgEakfpÎbvO Í pU=VMz= Í pxRyMXW>p]Ofk_Më`QnJMoPEanJOfkmILnHk_M
M

MXk�`QnDe_ÏPMZR
θ < 1

k_MZR]O�Ðµ`JMë[�Ea`Qe�k_Ea`QkÒYgEakfpÎb·RxpxKznJM
X
Í
pX ≤ θ|X| =µÑcT {H�<[�Eakf{JØPO_M^Ü|MPOfkÒ[QRx`JObvEae_k_M\ÐH`JMÔRUT {H�<[�Eakf{JØPO_MTzÄMZk~Of`Q[Q[�EzO_MgÐH`·T pxRcMXW>p]Ofk_M

θ < 1
k_MZRÒÐH`JMÔ[�Ea`Qe|k_Ea`Qk~oPEa`Q[QR]MDGQMÔYgEakfpÎbdOÌRxpxKznJMPO

X,Y
ItsNMPo

X ( Y
Í EanìI

pY /pX < θ
=�.¤pxnyILR]MZYgMZnHk Í RUT {H�<[�Eakf{JØPO_M � �aOf`Q[Q[�EzO_MiÐH`JM|[�Ea`Qe±k_Ea`Qk±MZnHkfp]MZe

γ
Í

pxR·MXW>p]Ofk_MBkfe_Eap]OSoPEanJOfkmILnHk_MPO
κγ

Í
λγ

MZk
θγ

ItsµMPo
κγ > 0

Í
λγ > 1

MZk
θγ ∈]0, 1[

k_MZRxR]MPOSÐH`JM
Sγ,m = κγ · λm

γ (1 +O(θm
γ ))

MZk
λγ > λγ+1.Ñ·Mgkf{JÏPEae_ØZYgM}O_`QpxsaILnHk_MgYgEanHkfe_M}ÐH`JM\R]MPOiO_Ea`Qe_oPMPOiG>�HnyILY\p]ÐH`JMPO|bdEaefk_MZYgMZnHk~YDILe%ÏµEws<p]MZnQnJMPO~sµÏZefpÎéyMZnHk~R]MPOkfe_Eap]Oë{H�H[�Eakf{JØPOmMPOÁ[Qe_ÏPoPÏPGQMZnHk_MPOw=

ú~ö��µ§r²B¯<ôã¸=qî¨ ° �a�v���<���i�Z�z�H�fÇ��g�&;a�r�u¸Ô�d¿Z�J� S �Z�z�X�³��¸D�X�r��¸g�a���L�aåt�U�X�J��� ½ �a�9�x�z�U�a�y�³� ½ �N�a�y�F�_è �a� �r�<�µÃm�Z�åL�X�X� ²F�~�fè �Ý;��Q�z�9�zL��t���4�N�
dS�x�a��� ½ S åL�X�X� ²7�|�x�X�Ì�v�_�a�¦�^�Ý;��Q�z�9�zL��t����| ½ ~Ä�P���1���Z���N�z�rÇ|�]���|�v�f�a���Ì�9�>�_�a�WL�¸D���7�r�X�9�rÇZ� �>�a�,R��a�ÖÇZ�<���r�v�v�_��r�_�_Ç��f�H�X�y� ½ äg�Z�zåæ�a�9�Ì�]���~�9�>�_�a�WL�¸D���}�u| ½ ��~ �Z���K�µ�
¹
	��
	�� »=@A)X@?��-C"��� +)��X����>��� «ÇD-:ÇD�����¬",@��'�X���M�r «",��$%������ª+)X���

Ñ�MZOB[Qe_EaqyILqQpxRxpxk_ÏPO~GQMPO^YgEakfpÎbdO^RxpxKznJMPOÌO_EanHkÌMPO_O_MZnHkfp]MZRxR]MPOB[Q`Qp]O_ÐH`·TVMZRxR]MPOBpxnHk_MZefs<p]MZnQnJMZnHk|GJILnJOBR]MPOBoPEanJG>pÎ�kfp]EanJOuGQMDk_Ea`JOiR]MPOikf{JÏPEae_ØZYgMPOt= 9^Ea`JO|éQWQEanJOuGQEanJo
X = {v1, . . . , vj}

`Qn�YgEakfpÎbSRxpxKznJM}GQM {1, . . . ,m} =9^Ea`JOëemIL[Q[�MZR]EanJO^ÐH`JMÌR]M|YgEakfpÎbcRxpxKznJM~MPOfk±oPEanHk_MZnH`ìGJILnJOS`Qn¼Eaq>ýfMZk
o
hvEa`¼GJILnJOS`QnJM|RxpxKznJMwjëOfp

o
oPEanHkfp]MZnHkR]MPOgILkfkfefpxqQ`Qk_O

av1 , . . . , avj

=ÆËÔT `Qn [�EapxnHkgGJM�sH`JM�k_MXW>k_M Í oZMZR¦I»OfpxKznQpÎéyM ÐH`JM�R]M�YgEakDIaO_O_EHoZp]Ï Õ
o
IaG>YgMZkGQMPO

1
IL`>W×[�EzOfpxkfp]EanJO^[�EapxnHk_ÏPMPO^[yILe

X
=rËÌILnJO^oPMiotIaO Í R]M~YgEakfpÎbcRxpxKznJMuMPOfk^G>pxk^oPEanHk_MZnH`»GJILnyO±R]M~YgEakt=rÑ�IG>p87DoZ`QRxk_ÏBGJILnJOFnJEakfe_MBoPEanHk_MXW>k_M^MPOfk7Ðµ`JM±R¦IiO_Ea`Qe_oPM^ÏZYgMZkÁGQMPO�[yIaÐH`JMZk_O7GQM

K
Of�<Yiq�EaR]MPO

0
Ea`

1
Õ~kfemItsµMZe_ORUT@ILRx[Q{yILq�MZk E =HÚ�sµEapxeÒ`Qn 1

GJILnJOF`QnJMS[�EzO_pxkfp]EanÄGQEanQnJÏPM±pxY\[QRxp]Ðµ`JMBGQEanJo±GJMZO7oPEanHkfemILpxnHk_MPOÁIL`Jk_Ea`Qe7GQM±oPMZkfk_M[�EzOfpxkfp]Ean·=yË^MÌ[QRx`JO Í GJMX`QW
1
[�MZ`QsµMZnHk±IL[Q[yILefk_MZnQpxe^IL`×Y_^ZYgMÌ[yIaÐH`JMZkt=ËÌILnJO~k_Ea`QkmMgR¦IÖOf`Qpxk_M Í nJEa`JO|éQWQEanJO

K
`Qn MZnHkfp]MZei[�EzOfpxkfpÎbSMZk E `Qn ILRx[Q{yILq�MZkupxnJoZRx`JOuGJILnJO {0, 1}K =

9^Ea`JOëOf`Q[Q[�EzO_EanJOSÏZKµILR]MZYgMZnHk^Ðµ`JMÌR¦IuR]EanQKz`yMX`Je
m
GQMPOÁYgEak_OSMPO_këGQMÌR¦IibdEaefYgM

m = K ·m1
ItsµMPo

m1
`QnMZnHkfp]MZeë[�EzOfpxkfpÎbf=

?,�,�



|<���<� ° �a�<�fÇ����i�&;a�r��¸u�d¿Z�J���u�Z�y�P�a�H�9���]�i�H�i�N�a�y���m���
� �µ¡Æ¢¤£�¥w£9§r¢rq:F ° �a�9�

X
�H�ï¸g�z�v� �B� �xÊa���i�H� {1, . . . ,m} �#U��|�Î�a�<ÊN�tÊµ� L(X)

�L���Z�wÇZ�d�u�a�ò¸g�z�v� �B�É�xÊa���
X�X�X�Ò�_è �Z�Q�P��¸DÃX�]�u�µ�X�&¸g�z�9�~�µ�~�x�a�HÊa�J�X�<�

m1
���<�Ì�_è �a� �r�<�µÃm�Z� E Çm�a�y�³�X���a�y�Ò�]�+¸g�z�v� �B�É�ÎÊa�î�

X ½
L(X) = {ω = ω1 . . . ωm1 = l1 . . . lm | ∀i, ωi ∈ E �Z� ∀j ∈ X, lj = 1}. h¬z>=@?Nj

Ñ�I±[Qe_EaqyILqQpxRxpxk_Ï
pX

ÐH`·T `QnÔYgEakfpÎbrRxpxKznJM7OmEapxk¤[Qe_ÏPO_MZnHklGJILnJOÆ`QnÔYgEaklOtTVMXW>[QefpxYgM7MZnubvEanJoZkfp]EangGQMFRdTVEa[�ÏZemILk_MZ`QeIaOmO_EHoZp]Ï|IL`×R¦ILnQKµILKNM
L(X)

Í

pX =
∑

ω∈L(X)

pω =
∑

ω∈L(X)

∫ 1

0
G[ω][f ](t)dt =

∫ 1

0
G[L(X)][f ](t)dt.

9^Ea`JO^ILRxR]EanJO±YDILpxnHk_MZnyILnHkBGQÏPoPEaY\[�EzO_MZe^RUTVMZnJO_MZYiqQR]M
L(X)

MZk^IL[Q[QRxp]ÐH`JMZe±R]M~G>p]oZkfp]EanQnyILpxe_MÔOf`QeSR]MPO±Ea[�ÏZemIæ�k_MZ`Qe_O±IaO_OmEHoZp]ÏZO±Õu`Qn×R¦ILnQKµILKNMiIæéJnÖGQMBkfe_Ea`QsµMZeë`QnJMÌnJEa`QsµMXRxR]M~MXW<[Qe_MPOmOfp]Ean×GQMPO
pX

=
9±Ea`JOãIL[Q[�MZR]EanJOãoPEanHkfemILpxnHk_MòÏZR]ÏZYgMZnHkmILpxe_MõhvOf`Qe»R]MPO»YgEak_O GQM RUT@ILRx[Q{yILq�MZk�jì`Qn O_Ea`JO®�³MZnJOmMZYiqQR]M GQM

{1, . . . ,K} =PÚï`Qn|YgEakfpÎb>RxpxKznJM
X
Í nJEa`JO�IaO_OmEHoXp]EanJO·`Qn

m1
�U`Q[QR]MZk�GJMloPEanHkfemILpxnHk_MPO�ÏZR]ÏZYgMZnHkmILpxe_MPO

(X1, . . . , Xm1)E&%
Xi = {j ∈ {1, . . . ,K} k_MZR·ÐH`JM

u = K · (i− 1) + j
IL[Q[yILefkfp]MZnHkBÕ

X}.ölILe�MXW>MZY\[QR]M Í [�Ea`Qe
m1 = 4

Í
K = 3

MZk
X = {2, 4, 6, 7, 11}

Í Ean~I
(X1, X2, X3, X4) = ({2}, {1, 3}, {1}, {2}) =

pxnJG>p]oPM|GJILnJOëR]MBYgEak � ? / � V ; y z Ü � � �z� � ?pxnJG>p]oPM~GJILnJOÁR]MÌYgEae_oPMtIL` � ? / � ? / � ? / � ? /YgEakfpÎbÆRxpxKznJM&þ ? � ; y �z�
oPEanHkfe�ILpÎn<k_MPOSÏZR]ÏZYgMZnHkmILpxe_MtO {2} {1, 3} {1} {2}Ñ�MPO7oPEanHkfemILpxnHk_MPOÁÏZR]ÏZYgMZnHkmILpxe_MPO7nyEa`JO�pxnJGQpxÐH`JMZnHk7R]MPO�[�EzO_pxkfp]EanJO7E&%�pxRîGQEapxkF�DIwsNEapxeF`Qn

1
GJILnJOFR]MPO�YgEak_O7GQMRUT@ILRx[Q{yILq�MZk±[�Ea`QeSOmILkfp]O®bUILpxe_MBR]MÌYgEakfpÎbÆRxpxKznJM|MZn×`Qn YgEae_oPMtIL`¼GQEanQnJÏz=Ñ·M|R¦ILnQKµILKNM

L(Y )
IaOmO_EHoZp]Ï~ÕÔ`QnJM~oPEanHkfemILpxnHk_MiÏZR]ÏZYgMZnHkmILpxe_M

Y ⊂ {1, . . . ,K} MPO_këRUTVMZnJO_MZYiqQR]M EY
GQMPOYgEak_OSGQMÌRUT@ILRx[Q{yILq�MZk^It�HILnHkÁ`Qn

1
IL`>WÄ[�EzOfpxkfp]EanJOëpxnJG>p]oPÏPMPOë[yILe

Y
Í

EY = {ω = m1 . . .mK ∈ E | ∀i ∈ Y,mi = 1}.
Ú�sµMPo7RdTVMXWQMZY\[QR]Më[Qe_ÏPoPÏPGQMZnHk Í EX2 = {101, 111} O_pQRUT@ILRÎ[J{yILq�MZk�MPOfk E = {0, 1}K MZk EX2 = ∅ OfpJRdT@ILRx[Q{yILq�MZkMPO_k {001, 010, 100} =ð³RlMPOfkÌYDILpxnHk_MZnyILnHk~oZR¦ILpxe~Ðµ`JMÔR]MuR¦ILnQKµILKNMDIaO_O_EHoZp]ÏgÕ}`Qn YgEakfpÎb7RxpxKznJM

X
O_MÔGQÏPoPEaY\[�EzO_MgMZn»bdEanJoZkfp]EanGQMPOëR¦ILnQKµILKNMPOSGQMPOSoPEanHkfemILpxnHk_MPO±ÏZR]ÏZYgMZnHkmILpxe_MPO Í

L(X) = L(X1) · L(X2) · . . . · L(Xm1).÷cnòIL[Q[QRxp]Ðµ`yILnHk\R]MÄG>p]oZkfp]EanQnyILpxe_M×Of`QeuR]MPO\Ea[�ÏZemILk_MZ`Qe_O Í RUTVEa[�ÏZemILk_MZ`Qe
G[L(X)]

OtTVÏPoZefpxk\ÏZKµILR]MZYgMZnHkgO_Ea`JOuR¦IbdEaefYgM
G[L(X)] = G[L(Xm1 )] ◦ . . . ◦ G[L(X1)]MZkëR¦IÔ[Qe_EaqyILqQpxRxpxk_Ï

pX
ÐH`·T `Qn YgEakSoPEanHkfp]MZnHkSR]MÌYgEakfpÎbÆRxpxKznJM

X
OmILkfp]OfbdILpxkÁR¦IubvEaefYi`QR]M~ILRxk_MZefnyILk_pÎsµM

pX =

∫ 1

0
G[L(Xm1 )] ◦ . . . ◦ G[L(X1)][f ](t)dt.

h¬z>=0/Nj

?,� �



���<���r�v�v�_��|H� º �a�9�y�F�µ�|åw�Q�Ô�&;a�r�u¸Ô�d¿Z�Q�|���<�|�x���uÃ_�L�P�X�i�µ�u�N�a�J���m���
¹
	��
	�� ¼  *p��f&(�����NrX)X-#� �®º
pX�����!-:�1�« �Z
����)�)����ÊÄk>����A�!�®w?���e�J"M����p��X�!wA�r� &( *)��D�¬"��� +)��

9^Ea`JOcO_Ea`Q{yILpxk_EanJOcYgEanHkfe_MZe�Ðµ`JM7[�Ea`Qeck_Ea`Qk_MëO_Ea`Qe_oPMëG>�HnyILY\p]ÐH`JM7bdEaefk_MZYgMZnHkcYDILe%ÏµEwsHp]MZnQnJMëG>pxR¦ILkmILnHk_M ÍpxRîMXW>p]Ofk_M±`QnJMBoPEanJOfkmILnHk_M
θ < 1

k_MZRxR]MBÐµ`JM^[�Ea`QeFk_Ea`Qk7YgEakfpÎbdO
X,Y

ItsNMPo
X ( Y

Í Ean×I
pY /pX < θ

=QCFMPoZpÏZkmILqQRxpxemI\RUT {H�H[�Eakf{JØPOmM~Üu[�Ea`QeSoPMPOSO_Ea`Qe_oPMPO Í Ðµ`Qp�MZRxR]MX�UY_^XYgMiMZnHkfemI*)]nJM|RUT {H�H[�Eakf{JØPOmM~z>=
CFEanJOfp]GQÏZe_EanJOBGQMZ`>W×YgEakfpÎbvO

X
MZk
Y
ItsNMPo |Y | = |X| + 1

=yÑ�MPOSR¦ILnQKµILKNMPOÌIaO_O_EHoZp]ÏPO^Õ
X

MZk
Y
OmEanHk^ILR]Eae_OGQMÌR¦IibdEaefYgM

L(X) = L1 · EA · EX · EB · L2
MZk

L(Y ) = L1 · EA · EX · EB · L2,ItsµMPo
L1

MZk
L2

GQMPOëR¦ILnQKµILKNMPO Í MZk EA

Í
EB

Í
EX

MZk EY
GQMPOëR]ILnJKµILKNMZO^IaO_O_EHoZp]ÏPO±ÕÔGQMPOSoPEanHkfemILpxnHk_MPO±ÏZR]ÏZYgMZn>�kmILpxe_MPOt=ÈÑcT {H�<[�Eakf{JØPO_M\Of`Je^RUT@ILRx[Q{yILq�MZk|pxnJGQ`Qpxk|MZn»[QRx`JOÌRdT pxnJoZRx`JO_p]EanãOfkfefp]oZk_M EY ( EX

=:9^Ea`JOBnJEak_EanJO
L
R]MR¦ILnQKµILKNM

L(X)/L(Y )
=JÚSR]Eae_O Í nJEa`JOSItsµEanJOëoZR¦ILpxe_MZYgMZnHk
pX = pY + pL = pY +

∑

w∈L

pw ≥ pY + |L|min
w∈L

pw

≥ pY (1 +
|L|

|L(Y )| ×
minw∈L pw

maxw∈L(Y ) pw
).

CFEaY\YgM^R¦IiO_Ea`Qe_oPM^MPOfk�bdEaefk_MZYgMZnHk7pxefe_ÏPG>`JoZkfpxqQR]M Í k_Ea`Qk_MPOFR]MPOF[Qe_EaqyILqQpxRxpxk_ÏPO
pw

O_EanHk7Ofkfefp]oZk_MZYgMZnHk7[�EzO_pÎk_pÎsµMPOMZkëR¦IukmILpxRxR]M|GQM
L(Y )

MXk
L
sµÏZefpÎéyMZnHk |L|/|L(Y )| = (|EX | − |EY |)/|EY | ≥ 1/2K =yÛHp γ MPO_këGQÏXéJnQp·[yILe

γ =
minw∈L pw

maxw∈L(Y ) pw
,

ILR]Eae_O
pX ≥ (1 + γ/2K) · pY

Í MXk Í GJILnJOÁR]MÌotIaOëE&%
γ
n·TVMPOfkÁ[yIaOÁnH`QR Í R]IÔoPEanJGQpÎk_pxEanìÜÔMPOfkëGQÏZYgEanHkfe_ÏPM~IwsNMPo

θ = 1/(1 + γ/2K)
=

�c¸<ôïôï¸ã¨]h �l�a�J���v�H�X�f�a�Q�
γ
�]�|�_�m�X�¤�µ�j²c�J���Q�a�

γ =
minw∈L pw

maxw∈L(Y ) pw
.

dS�x�a��� ½ �]�×�_�m�X� γ ���X��¸Ô�9�r�a�_�u�Q�a� �<���¼Çm�a�Q�Z�U�a�y�³�×���¼�µ�û�Q�X���N�a�y�u¿P�Q�ì�H�×�Î�ã�P�a�H�_Çm�»�P�i�H�×�Î� �µ�Z�Q���v�³����y�9�v�d�a�]� ½ �Z���r�a�»�µ�X�Ì�x�a�HÊµ�tÊµ��� L �Z�
L(Y )

� º � �H�7�r�_�_ÇZ���P��¸D�X�y� ½ �r�a�H�~�aåæ�a�J�
γ ≥ B ·D2 �u�

B =
min f

max f�Z�
D

�X�X�Ò�x��Çm�a�Q�X�U�z�y�³�i�µ�u�a���X�U�a�����d�a�»�a�×�]��¸}¸D���u|<�
º �_�X�<åL�w� Û<Eapxk

w
`Qn×YgEakSGQM

L
=QÚ±R]Eae_O

w
OtTVÏPoZefpxkSOmEa`JOÁR¦IibdEaefYgM

w = α · a · x · b · β ItsµMPo
(α, a, x, b, β) ∈ L1 × EA × (EX/EY ) × EB × L2.CFEaY\YgM±R¦I~OmEa`Qe_oPM±MPOfkÒbdEaefk_MZYgMZnHkFYDILe%ÏµEwsHp]MZnQnJM Í R¦I~[Qe_EaqyILqQpxRxpxk_ÏBG>`}YgEak

w
[�MZ`Qk7OtTVÏPoZefpxe_M^O_Ea`JO�R¦IÌbdEaefYgM

pw =

∫ 1

0
|h′[w](t)|f ◦ h[w](t)1J[w]

(t)dt
ItsNMPo

h[w] = h[α] ◦ hx|a ◦ hb|x ◦ h[β],

MZk
f
R¦I¼GQMZnJOfpxk_Ï�pxnQpxkfp¦ILR]Mz=Æ÷ln Y\pxnJEaemILnHk

f
[yILeÔOmEan�Y\pxnQpxYi`QY h

f
MPOfkÔOfkfefp]oZk_MZYgMZnHk\[�EzOfpxkfpxsNMwj~[Q`Qp]OÔMZnMXøÈMZoZkf`rILnHkëR]M|om{yILnQKNMZYgMZnHk±GQMÌszILefp¦ILqQR]M

z = h[β](t)
Í R¦Iu[Qe_EaqyILqQpxRxpxk_Ï

pw
MPOfkÁY\pxnJEae_ÏPM|[yILe

pw ≥ (min
I
f)

∫

I[β]

|(h[α] ◦ hx|a ◦ hb|x)′(z)|dz.

?,�z?



|<���<� ° �a�<�fÇ����i�&;a�r��¸u�d¿Z�J���u�Z�y�P�a�H�9���]�i�H�i�N�a�y���m���
Ñ�IÄ[Qe_Ea[Qefp]ÏZk_Ï}GQMgG>p]Ofk_Eae_O_p]EanïGQEanQnJÏPMg[yILe~R]M\R]MZY\YgM � zÄpxY\[QRxp]ÐH`JMDÐµ`·T pxRÒMXW>p]Ofk_M\`QnJMgoPEanJO_kmILnHk_M

D
k_MZRxR]MÐH`JMD[�Ea`Qeuk_Ea`Qk_M}qQemILnJom{JM}pxnHsµMZe_O_M

h
GQM H?

Í Ean ILpxk
infJh

|h′|/ supJh
|h′| ≥ D > 0

=�÷ln [yILefkfp]oZ`QRxp]MZe Í[�Ea`Qe
y ∈ EY

Í nJEa`JOSEaqQk_MZnJEanJO
pw ≥ (min

I
f)D

∫

I[β]

|(h[α] ◦ hy|a ◦ hb|y)
′(z)|

|(hx|a ◦ hb|x)′(z)|
|(hy|a ◦ hb|y)′(z)|

dz.

÷cn¼IL[Q[QRxp]Ðµ`yILnHkS`QnJM|O_MPoPEanJGQMBbdEap]OÁR¦Iu[Qe_Ea[Qefp]ÏZk_Ï~GQM|G>p]Ofk_Eae_Ofp]Ean Í nJEa`JOSItsµEanJOSIL`JO_O_p
min

(a,b,x,y)∈E4

minI[b] |(hy|a ◦ hb|y)
′|

maxI[b] |(hx|a ◦ hb|x)′| ≥ D,

MZkëR¦IÔ[Qe_EaqyILqQpxRxpxk_Ï~GQM
w
OmILkfp]O®bUILpxkSILR]Eae_O
pw ≥ (min

I
f) ·D2 ·

∫

I[β]

|(h[α] ◦ hy|a ◦ hb|y)
′(z)dz.

÷cn×e_ÏZpxnHkfe_EHG>`Qp]OmILnHk
f
GJILnJOÁRUT pxnHk_ÏZKzemILR]MuItsNMPoÌR¦IuY\pxnJEaemILkfp]Ean

f/(maxI f) ≤ 1
Í Ean kfe_Ea`QsµMBéJnyILR]MZYgMZnHk

pw ≥ B ·D2 · pwItsµMPo
w ∈ L(Y )

MZk
B = min f/max f

=CFMPoZp·k_MZefY\pxnJM|R¦IÔ[Qe_MZ`QsNM|G>`×R]MZY\YgMz=Ñ�MÌRxMZY\YgM|YgEanHkfe_M~Ðµ`JMÌR]I\O_Ea`Qe_oPMÌsµÏZefpÎéyMÌR¦IÔoPEanJG>pxkfp]EanìÜgItsNMPoÌ`Qn
θ
MXW<[QRxp]oZpxk_M Í

θ =
1

1 +B ·D2 · 2−K
.

CFMPoZp·YgEanHk_e_M|GQMZ`>W GQMPOëkfe_Eap]OSIaOmO_MZefkfp]EanJOëG>`×kf{JÏPEae_ØZYgMi? � =
¹
	��
	�; ¼  *� �r�A�

Sγ,m
�J"M «>�@?��-C",��p��=�þp���"����D���r�A)��x�� *)�)����

Ñ·MPO~O_EaY\YgMPO
Sγ,m

O_EanHk|R]MPO~Eaq>ý®MZk_O|[QefpxnJoZpx[yIL`>WïGJILnJO|RUTVÏZnJEanJoPÏ}GQMPOÌ{<�H[�Eakf{JØPO_MPOiG>`ãkf{JÏPEae_ØZYgM}?,�>=÷cRxR]MZO±O_EanHkëGQÏXéJnQp]MPOS[yILe
Sγ,m =

∑

ω∈{0,1}m

2cγ(ω)pω.

Ñ�MgRxp]MZn�MZnHkfe_MgR¦I×O_Ea`Qe_oPM S hvÐH`Qpc[Qe_EHG>`QpxkuGQMPO~YgEak_O~O_`Qe {0, 1} jÌMZk|R¦I×O_Ea`Qe_oPMgYi`QRxkfp]G>pxYgMZnJOfp]EanJnJMZRxR]M ShvÐH`QpÈ[Qe_EHG>`Qpxk±GQMPO
γ
�U`Q[QR]MZk_OSGQM

0
MZk

1
jFGQEanQnJM~IL`JOmOfpÈR¦IibdEaefYi`QR]M~ILRxk_MZefnyILkfpxsµM|O_`QpxsaILnHk_M Í
Sγ,m =

∑

ω∈E
m/K

2cγ(ω)pω

E&%
cγ(w)

MPOfk�R]MSnJEaYiqQe_M^GQM
γ
�U`Q[QR]MZk_OFGQM

1
GJILnJO�R]MSYgEak

w
Í
K
MPOfkÒR¦I|kmILpxRxR]M^GQMPOFÏZR]ÏZYgMXn<k_OFGQMSRUT@ILRx[Q{yILq�MZkMZk

cγ(ω)
MPOfkcR]MÁnJEaYiqQe_MSGQM

1
GJILnJO

ω
=HÛHp

ω1
MZk
ω2

O_EanHkÒGQMZ`>W\YgEak_OÒOf`Qe E Í ILR]Eae_OcR]MÁnJEaYiqQe_MSGQMëoPEaR]EanQnJMPOGQM
1
GJILnJOSR]M~YgEak

ω1ω2
MPO_kSqQp]MZn¼R]M|nJEaYiqQe_MuGQM~oPEaR]EanQnJMPOBGQM

1
GJILnJO

ω1
[QRx`JO±R]M|nJEaYiqQe_MuGQM~oPEaR]EanQnJMPOGQM

1
GJILnJO

ω2
=QÑ·M|oPEaüQkSÏZR]ÏZYgMZnHkmILpxe_M

cγ
MPO_këGQEanJo~IaGQG>pxkfpÎbcMZkëOmILkfp]O®bUILpxk

cγ(ω1 · ω2) = cγ(ω1) + cγ(ω2).CFEanJO_p]GQÏZe_EanJO|YDILpxnHk_MZnyILnHk~RUTVEa[�ÏZemILk_MZ`QeiGQMÔkfemILnJO®bvMZefk|Yi`QRxkfp]G>pxYgMZnJOfp]EanQnJMPR
G<γ>,w,[cγ ]

IaO_O_EHoZp]ÏgIL`ãoPEaüQkIaGQG>pxkfpÎb
cγ
=JÑ·MPOëpxk_ÏZe_ÏPOSGQM

G<γ>,w,[cγ ]
O_EanHkSGQEanQnJÏPOë[yILe

G
p
<γ>,w,[cγ ] =

∑

ω∈E
p

ewcγ(ω)G<γ>,[ω].

?,�,/



���<���r�v�v�_��|H� º �a�9�y�F�µ�|åw�Q�Ô�&;a�r�u¸Ô�d¿Z�Q�|���<�|�x���uÃ_�L�P�X�i�µ�u�N�a�J���m���
Ú�sµMPoDR¦I×bvEaefYi`QR]M�z>= � ÐH`QpFMXW>[QefpxYgM}R¦I×[Qe_EaqyILqQpxRxpxk_Ï GÈT `Qn YgEak

ω
MZn�bvEanJoZkfp]Ean GQM}RUTVEa[�ÏZemILk_MZ`QeDIaO_O_EHoZp]Ï ÍnJEa`JOSEaqQk_MZnJEanJO±IL`JO_O_pÈRUTVÏZKµILRxpxk_Ï

∑

ω∈E
m/K

ewcγ(ω)pω =

∫

I
G

p
<γ>,w,[cγ ][f ](t)dt

E&% nJEa`JO7e�IL[Q[�MZRxEanyOëÐH`JM^R¦IibvEanyoXk_pxEan
f
MPOfkÁR¦IuGQMZnJO_pÎkmÏBpxnQpxkfp¦ILR]MÌOf`Je

I
pxnJG>`JpÎkmMB[yILeÁR¦IÔGQMZnJOfpxk_ÏBpxnQpxkfp¦ILR]M|GQMR¦I\O_Ea`Qe_oPM S =Q÷ln×[�EzO�ILnHk w = log 2

Í R¦I\O_EaY\YgM
Sγ,m

O�ILkfp]O®bdILpxk
Sγ,m =

∫

I
G

m/K
<γ>,w,[cγ ][f ](t)dt.

h¬z>= � j
÷ln×[yILefkfp]oZ`QRxp]MZe Í R¦IÔO_ÏZefp]MÌKNÏZnJÏZemILkfefp]oPM

Sγ(z, u)
GQÏXéJnQp]MÌ[yILe

Sγ(z, u) =
∑

ω∈E
?

z|ω|ucγ(ω)pω

sµÏZefpÎéyM
Sγ(z, u) =

∫

I
(I − zKG<γ>,log u,[cγ ])

−1[f ](t)dt.

¹
	��
	�n ¼  *p��f&(�����NrX)X-#� �®º
pX�����!-:�1�« �Z
����)�)����ÊÄD",�� *���x�!wA�r�e&( *)��D�¬"��� +)
9^Ea`JOSYgEanHkfe_EanJO^GJILnJO^oZMZkfkmM~OmMPoXk_pxEanìÐH`JM|R]MPO±O_Ea`Qe_oPMPO±G>�<nyILY\p]ÐH`JMPOëbdEaefk_MZYgMZnHk±YDILe%ÏµEwsHp]MZnQnJMPO±sµÏZefpÎ�éyMZnHk�R¦IÌkfe_Eap]Ofp]ØZYgMS{H�<[�Eakf{JØPO_M Í Õ|OmIwsNEapxe Í [�Ea`Qe�k_Ea`Qk�MZnHkfp]MZe

γ
Í pxRrM�W>p]Ofk_Mëkfe_Eap]O�oPEanJOfk�ILnHk_MPO

κγ > 0
Í
λγ > 1MZk

θγ ∈]0, 1[
k_MZRxR]MPOSÐH`JM

Sγ = κγ · λm
γ (1 +O(θm

γ ))
MZk

λγ > λγ+1.Ñ·MPOSO_EaY\YgMPO
Sγ

O_EanHkSGQÏXéJnQp]MPOë[yILe
Sγ,m =

∑

X∈{1,...,m}

pγ
X

Ñ·MPOë[Qe_Ea[Qefp]ÏZk_ÏPO±Of[�MPoZkfemILR]MPOSGQMÌRUTVEa[�ÏZemILk_MZ`QeSYi`QRxkfp]G>pxYgMZnJO_pxEanJnJMZR¤O_EanHkÁp]oZp�MPO_OmMZnHkfp]MZRxR]MZOw=
\yBcq6B¦ñyBv¨ �:vc¸Hóz¥t²æ¸ML¤¸MG�NÎ§Avc�µ²Lá>¥t¸H¶�²�ô»¶+G�¥w£jLÆ£9ôï¸H¢+Iw£9§r¢¤¢�¸]G

'�IKv¤áQóN¸fID°³§r¢�óz¥w£9§r¢¤¢�¸]GjI�B·Û<MZR]Ean×RdTVMPO_[yIaoPMÌGJM^bvEanJoZkfp]EanJO Í R]MÌOf[�MPoZkfe_M|GQMPOëEa[�ÏZemILk_MZ`Qe_OSom{yILnQKNMZn<kt=JöÆILeMXW>MZY\[QR]M Í Of`QeiRUTVMPOf[yIaoPM}GQMPO~bvEanyoXk_pxEanyOipxnHk_ÏZKzemILqQR]MPO
L1
Í R]MDkfemILnJO®bdEaefYDILk_MZ`QeÔGQM}GQMZnJOfpxk_Ï�IaG>YgMZkuk_Ea`QkiR]MoPMZe_oZR]M|`QnQpxk_Ï�hvGJILnJO

C
jÁoPEaY\YgM~Of[�MPoZkfe_Mz=r÷lnÖe_MZszILnJom{JM Í Of`QeSRUTVMPOf[yIaoPM~GQMPOÁbdEanJoZkfp]EanJO

C1 Of`QeëRUT pxnHk_MZefszILRxR]M
I = [0, 1]

MZkÔYi`QnQpëGQM�R¦I¼nJEaefYgM ||f || = ||f ||∞ + ||f ′||∞
Í R]M�kfemILnJOfbvEaefYDILk_MZ`QeDGQMÄGQMZnJOfpxk_Ï×IaG>YgMZk

1oPEaY\YgMÌ`QnJpxÐH`JMÌszILR]MZ`QeÁ[QemEa[Qe_M|GQEaY\pxnyILnHk_M~OmÏZ[yILe_ÏPM|G>` e_MPOfkmMÌG>`ÖOf[�MPoZkfe_MÌ[yILeë`QnÖOmIL`QkëOf[�MPoZkfemILRU=

1 1

1 1

spectre sur L spectre sur C

?,� �



|<���<� ° �a�<�fÇ����i�&;a�r��¸u�d¿Z�J���u�Z�y�P�a�H�9���]�i�H�i�N�a�y���m���
®±ngq�Ean}MPOf[yIaoPMëbvEanJoZkfp]EanQnJMZRr[�Ea`QeÒnJEzO�Ea[�ÏZemILk_MZ`Qe_OFMPOfkÒ`QnDMPO_[yIaoPMSOf`QecR]MPÐH`JMZRypxR]O�IaG>YgMZkfk_MZnHk�`QnJMë`QnQp]ÐH`JMszILR]MZ`QeÆ[Qe_Ea[Qe_MÁGQEaY\pxnyILnHk_MÁOmÏZ[yILe_ÏPM7G>`Ôe_MPOfk_M7G>`\Of[�MPoZkfe_MF[yILel`Qn\OmIL`QkÆO_[�MPoZkfemILRU=NÛ<MZR]Ean\R]MPO¤[Qe_Ea[Jefp]ÏXkmÏZOÒGQMPOqQemILnJom{yMZO~G>`ãOf�>Ofk_ØZYgMÔG>�HnyILY\p]ÐH`JM Í pxRcMPOfkB[�EzO_O_pxqQR]MÔGQM\om{JEap]Ofpxe|GQMPO|MPOf[yIaoPMPO|GQMibdEanJoZkfp]EanJO~ILnyILRx�Hkfp]ÐH`JMPOÙ F�ILR¦Ü�yaI Í F�ILRc� �zÍ FÒILR¦Ü,zzI Í F�ILRc�,/ Ý [�Ea`QeiGJMZOiOf�>Ofk_ØZYgMPOiÕÄqQemILnJom{JMPO~{JEaR]EaYgEaef[Q{JMPOÔoPEanHkfemIaoZkmILnHk_MPOt=�öÆEa`QeoPMZefkmILpxnJOÔOf�<O_k_ØZYgMPO|KNÏZnJÏZemIL`>WßÙlW7Ë�F��z? Ý³Í RUTVMPOf[yIaoPM�IaGQÏPÐµ`yILkuMPO_k~RdTVMZnJOmMZYiqQR]M}GQMPO|bdEanJoZkfp]EanJOÔÕ saILe_p]ILk_pxEanq�EaefnJÏPMz=aölRx`JO¤e_ÏPoPMZY\YgMZnHk Í C�{yIÝ�wILRQMZk¤ÿ»IL`QYgMX�³ËBMPO_om{yILY\[JOÁÙ CFÿìË{� �zÝ EanHk¤`QkfpxRxp]O_Ï�RUTVMPO_[yIaoPMFGQMPO�bdEanJoZkfp]EanJORxpx[JOmom{Qpxk%�Pp]MZnQnJMPO�[yILe�YgEae_oPMtIL`>W~[�Ea`Qe�kfemILpxk_MZe¤GQMPO�O_Ea`Qe_oPMPO¤G>�HnyILY\p]ÐH`JMPO�YDILe%ÏµEws<p]MZnQnJMPO¤GQEanHk�R]MPO�qQemILnJom{yMZOnJMFO_EanHk�[yIaO�{JEaR]EaYgEaef[Q{JMPOt=x.¤pxnyILR]MZYgMZnHkÆGJILnJOFÙlW�F��,V Í W�F{� �zÝ³Í W7ILR¦IaG>p>MZk�F�ILRxR]ÏPM�EanHk�[Je_ÏXbvÏZe_Ï�RUTVMPOf[yIaoPMFGQMPObdEanJoZkfp]EanJO

C1(I)
IwsNMPoÌ`QnJMBnyEaefYgMÌ[yILefkfp]oZ`QRxp]ØZe_M|[�Ea`Qe^ILnyILRx�<O_MZeëR]MPOëEa[�ÏZemILk_MZ`Qe_O±GQMÌkfemILnJO®bdMZefkë[�EanJGQÏZe_ÏPOt=

9±Ea`JO±G>p]Of[�EzO_EanJO±GQEanJo~GÈT `Qn¼oPMZefkmILpxn¼nJEaYiqQe_MiGÈTVMPOf[yIaoPMPOS[�Ea`Qe±nJEzOSEa[�ÏZemILk_MZ`Qe_Ow=rËBILnJO±oPMZkfk_M|[yILefk_pxM ÍOmMZ`QR]OSGQMPO±Of�<O_k_ØZYgMPOSG>�HnyILY\p]ÐH`JMPOëbdEaefk_MZYgMZnHkSYDILe%ÏµEws<p]MZnJO±O_EanHk±ILq�Eae_GQÏPOw=�9^Ea`JOën·T `QkfpxRxp]O_MZe_EanJO^GQEanJo~[yIaOR]MPO|bdEanJoZkfp]EanJOuÕ szILefp¦ILkfp]Ean�q�EaefnJÏPMz=�ËÌILnJO~R]MDom{yIL[Qpxkfe_M�kûotILR]oZ`QRFGQMDoPEanJO_kmILnHk_MPO*m¼hUC�{yIL[Qpxkfe_M2VNj Í RUTVMPOf[yIaoPMbdEanJoZkfp]EanQnJMZRFÏXk�ILpÎk~`Qn�MPOf[yIaoPMgGQM\bvEanJoZkfp]EanJOuILnyILRx�<kfp]Ðµ`JMPOiOf`Qe|`QnïG>p]O_ÐH`JMDILR]Eae_O~ÐH`JM\[�MZnJGJILnHk~RUT@ILnyILRx�>O_MGQMPO±ILRxKNEaefpxkf{QYgMPO±MZ`JoZRxp]G>p]MZnJOuhvoXb®=Jom{yIL[Qpxkfe_MH/Nj Í nJEa`JOë`QkfpxRxp]Ofp]EanJOëRUTVMPOf[yIaoPM~GQMPO7bdEanJoZkfp]EanJO
C1 =

ËÌILnJO7k_Ea`Qk_MBR¦IuOf`Qpxk_M Í nJEa`JOÁom{JEap]Ofp]O_OmEanJO7RUTVMPOf[yIaoPM^bvEanJoZkfp]EanQnJMZR
C1(I)

[�Ea`QeÁR]MPOÁO_Ea`Qe_oPMPOëG>�HnyILY\p]ÐH`JMPOoPEaY\[QR]ØZk_MPO Í RUTVMZO_[yIaoPM7GQMPO¤bvEanJoZkfp]EanJO
C1 Of`Qelom{yIaÐµ`JM7ÏZR]ÏZYgMZnHkcGQMFR¦I±[yILefkfpxkfp]Ean (I[m])m∈E

[�Ea`QelR]MPOÆO_Ea`Qe_oPMPO
G>�<nyILY\p]ÐH`JMPO YDILe%ÏNEws<p]MZnQnJMPO Í RUTVMPOf[yIaoPM

C1(I)
[�Ea`Qe R¦I O_Ea`Qe_oPM G>�HnyILY\p]ÐH`JM»Yi`QRxkfp]G>pxYgMZnJOfp]EanJnJMZRxR]M SγIaOmO_EHoZp]ÏPM�Õ `Qn O_Ea`Qe_oPM}oPEaY\[QR]ØZk_M�MZkiRUTVMPOf[yIaoPM�GQMPO|bdEanJoZkfp]EanJO

C1 O_`Qeiom{yIaÐµ`yM}ÏZR]ÏXYgMZn<kuGQMDR¦I×[yILefkfpxkfp]Ean
(I[m])m∈E

[�Ea`QeëR¦I\O_Ea`Qe_oPM|G>�<nyILY\p]Ðµ`JMÌYi`QRxkfp]G>pxYgMZnJO_p]EanQnJMZRxR¦M Sγ
IaO_O_EHoZp]ÏPM~Õu`QnÖO_Ea`Qe_oPMÌYDILe%ÏµEws<pxMZnQnyMa=Ú�sµMPo}R]MPOÔMPOf[yIaoPMPOÔ[Qe_ÏPoPÏPGQMZY\YgMZn<kgoZpxk_ÏPO Í R]MPOu[Qe_Ea[Qe_pxÏZk_ÏPOgG>`ÓOf[�MPoZkfe_MÄGQM�RUTVEa[�ÏZemILk_MZ`Qe\Yi`QRxkfp]G>pxYgMZn>�O_p]EanQnJMZR�O_EanHkÁe_ÏPOf`QYgÏPMPOë[rILeÁR¦IÔ[Qe_Ea[�EzOfpxkfp]Ean¼Of`QpxszILnHk_Mz=

ý~²æ§Avc§�Iw£�¥w£9§r¢rqyñ¯º �a�<�
w
�_�m�X� ½ �_è ���J�X�f�z�³�X�<�|�H�Ì�v�f�a�Q�9�P�X�Z�r�Q�a�r�µ�Z�_�&¸u�<�Î�v�v�a��¸D�X�Q�X�v�a�J�î�X�

Gγ,w,[c]
�N�u¸D�Z��<���g�<�J�d¿Z�J�gåL�a�x�Z�H�Ì�r�f�����_�}�N��¸u�9�r�a�y�³�

λ(γ,w, [c])
�>�L�X�9�v�9åL� ½ ���Z�a�]�m�}�a�ã�_���X�³���a� �U�J�fÇt�v�_�Ì�>�z�\�H���Z�z�<��³�Q�_ÇP�v�_�a�ë�Z�~�N�a�y�B�]��åL�_ÇP�³�X�<�u�r�f�X�r�_�×�L�m�P�tÇP�d�Ö���Z�^�X�v�X�vÇP�³��¸D�X�y���Q�L���v�v� �t� P �~�r�É�H� ½ �X� w �X�X�^�X�v�X�dÇP�³��¸D�X�y��Q�L�X�9�v� � ½ �Î�¼åæ�a�]�X�H�|�r�f�����_���N�u¸Ô�9�r�a�y�³�����Z�ë�X�v�X�dÇP�³��¸D�X�y�c�r�É�µ�iÊa�f�z�r�µ��¿P�Q�

1
ÀÂ�4L��}¿Z�J�}�x��Çm�uÿ>�Ì���Z�S�r�a� ¾�y�H� Å �

� �HóN§rô vc§�Iw£�¥w£9§r¢ IKvc¸Hóz¥t²æá?G9¸¼B7Ñ·MPOÔ[Qe_Ea[Qefp]ÏZk_ÏPOgOf[�MPoZkfemILR]MPO\GQEaY\pxnyILnHk_MPOgGQM�RUTVEa[�ÏZemILk_MZ`Qe\Yi`QRxkfp]G>pxYgMZn>�O_p]EanQnJMZRµbUILpxk¤Ðµ`·T pxRH[�MZ`Qk
^Zkfe_M�O_ÏZ[yILe_ÏFMZnuGQMZ`>W~[yILefkfp]MPOFêw`QnJM�[yILefkfp]M�GJEaY\pÎnrILnHk_M�Rxp]ÏPM7ÕëR¦Ië[yILefkfp]MFGQEaY\pxnyILnHk_MG>`gOf[�MPoZkfe_MÁMZkl`QnJMF[yILefkfp]MëO_Ea`JO®�³GQEaY\pxnyILnHk_MëoPEaefe_MPOf[�EanJGJILnHkFIL`Ôe_MPO_k_M7G>`gOf[�MPoZkfe_Mz=µCFMZkfk_MÁGQÏPoPEaY\[�EzOfpxkfp]Ean ÍIL[Q[�MZR]ÏPM~GQÏPoPEaY\[�EzOfpxkfp]EanìOf[�MPoZkfemILR]M Í MPOfkëGQMÌR¦IibdEaefYgM
G<γ>[f ] = λ<γ>P<γ>[f ] + N<γ>[f ],

E&%
P<γ>

MPOfk�`Qn}[Qe_ELýfMPoZk_MZ`Qe7O_`Qe�RUTVMPOf[yIaoPM±[Qe_Ea[Qe_M^GQEaY\pxnyILnHkÁMZk
N<γ>

`QnÄEa[�ÏZemILk_MZ`QeÁGQMSemIt�µEanÄOf[�MPoZkfemILRO_kfefp]oZk_MZYgMZnHkS[QRx`JOÁ[�MZkfpxkSÐH`JM |λ| =JËBMB[QRx`JO Í P<γ>
MZk

N<γ>
oPEaY\Yi`Qk_MZnHkt=Ñ�I\GQÏPoPEaY\[�EzOfpxkfp]Ean¼O_[�MZoZkfe�ILRxM|pxnJG>`Qpxk±IL`JOmOfpÈ`QnJM|GQÏPoPEaY\[�EzOfpxkfp]Ean¼O_[�MPoZkfemILR]M|GQMPOÁpxk_ÏZe_ÏPO Í

Gn
<γ>[f ] = λn

<γ>P<γ>[f ] + Nn
<γ>[f ],

ILpxnJO_p·ÐH`·T `QnJM|GQÏPoPEaY\[�EzOfpxkfp]Ean¼G>`ÖÐH`yIaOfpÎ�UpxnHsµMZe_O_M Í

(I − G<γ>)−1[f ] =
1

1 − λ<γ>
P<γ>[f ] + (I − N<γ>)−1[f ].

?,�,V



���<���r�v�v�_��|H� º �a�9�y�F�µ�|åw�Q�Ô�&;a�r�u¸Ô�d¿Z�Q�|���<�|�x���uÃ_�L�P�X�i�µ�u�N�a�J���m���
\yBcq6B¦ñyBcq ú�²æ§�£jIw£j¯Hôã¸Mö
I«vc§y¥¼ö*¯gIt¸
9^Ea`JOÒYgEanHkfe_EanJO7YDILpxnHk_MZnyILnHkÁÐµ`JMSR]MPOFOmEa`Qe_oPMPOFG>�HnyILY\p]ÐH`JMPO�bvEaefk_MZYgMZnHk7YDILe%ÏNEws<p]MZnQnJMPOFsNÏZefpÎéyMZnHkFR¦I|kfe_EapÎ�Ofp]ØZYgMB{H�<[�Eakf{JØPO_Mgh9{<�H[�Eakf{JØPO_M � �NjX=Qö¤Ea`QeSOfpxY\[QRxpÎéyMZeëR]MPOÁnJEakmILkfp]EanJO Í nJEa`JOÁnJEak_EanJO

G<γ>
RUTVEa[�ÏZemILk_MZ`Qe±GQMkfemILnJO®bdMZefkëYi`QRxkfp]G>pxYgMZnJOfp]EanQnJMZR

G<γ>,log 2,[cγ ]
=ÑcTVÏZKµILRxpxk_ÏHz>= � e_MZRxp]MÌR¦I\O_EaY\YgM

Sγ,m
ÕuRUTVEa[�ÏZemILk_MZ`Qe±Yi`QRxkfp]G>pxYgMZnJOfp]EanQnJMPR�GQMÌR¦IuYDILnQp]ØZe_M~Of`QpxszILnHk_M
Sγ,m =

∫

I
G

m/K
<γ> [f ](t)dt.

Ñ�IïGQÏPoPEaY\[�EzOfpxkfp]Ean©Of[�MPoZkfemILR]MìGQM×RUTVEa[�ÏZemILk_MZ`QeÄYi`QRxkfp]G>pxYgMZnJOfp]EanQnyMZR|IL[Q[QRxp]Ðµ`JÏPM»Õ RUTVÏZKµILRxpxk_Ï¼[Qe_ÏPoPÏPGQMZnHk_MYgEanHkfe_M~Ðµ`JMBR¦I\O_EaY\YgM
Sγ,m

IuR¦IubvEae_YgM|ILkfk_MZnJG>`JM
Sγ = κγ · λm

γ (1 +O(θm
γ ))

MZk
λγ > 1,E&%×R]MPOëoPEanJOfkmILnHk_MPO

κγ

Í
λγ

MXk
θγ

O_EanHkëRxp]ÏPMPOSIL`>W Eaq>ýfMZk_OSOf[�MPoZkfemIL`>W GQEaY\pxnyILn<k_OSGQMÌRUTVEa[�ÏZemILk_MZ`Qe±Yi`QRxkfp]G>pÎ�YgMZnJOfp]EanQnJMZR�ê
λγ = λ(γ, log 2, [cγ ])1/K , κγ =

∫

I
Pγ [f ](x)dx θγ = rγ ,ItsµMPo

rγ
R]MBemIt�µEan×O_[�MPoZkfemILR�O_Ea`JOëGQEaY\pxnyILnHkt=ðûRîe_MPO_k_M|ÕÔYgEanHkfe_MZeSÐH`JM

λγ+1 < λγ
=Qö¤Ea`Qe±oPMZR¦I Í pxR·O_`(7gkëGÈTVÏZkmILqQRxpxe±ÐH`·T pxR·MXW>p]Ofk_MB`Qn×e_ÏPMZR

θ1 < 1
k_MZR�ÐH`JM

Sγ+1,m ≤ θm
1 Sγ,m.CFMZkfk_MÌ[Qe_Ea[Qefp]ÏZk_Ï~GQÏPoPEa`QR]M~G>`×R]MZY\YgM|Of`QpxszILnHkt=

�c¸<ôïôï¸�q?s�� �¤��Ra�¦�Z�³�
θ2 < 1

�<���ÔÇ_�a�J�X�U�a�y�³�i���u�H�³�J�X�r�N�a�y�Á¿Z�J�\�a�×��;L�X�®L�¸D�u�&;a�r�u¸Ô�d¿Z�Q� ½ �µ� γ �P�7�µ��x���µ�X�Q�X�9�³�~���J�v�v�d�a�x�~�³�X���x�Ô¿Z�Q� ½ �Q�a�<�~�U�a�>�³�Ò�Z�a��ÇP�v�v�z� f �>�a���v�v��åL�|���<�
Iγ+1 ½

∫

I
G<γ+1>[f ](x, t)dt ≤ θ2G<γ>[F ](x)

���
F (x) =

∫

I
f(x, t)dt.

÷lnÖom{JEap]Ofp]OmOmILnHk
f = Gk−1

<γ+1>[g]
Í Ean×YgEanHkfe_MÌkfe_ØPOëemIL[Qp]GQMZYgMZnHkS[yILeëe_ÏPoZ`Qefe_MZnJoPM|RUT pxnJÏZKµILRxpxk_Ï
∫

I
G<γ+1>[f ](x, t)dt ≤ θk

2Gk
<γ>[g](x).

CFEaY\YgM
Sγ ,m

MZO_k\Rxp]ÏPM¼Õ»RUT pxnHk_ÏZKzemILR]M¼GQM
G

m/K
<γ>

Í R]MPODO_EaY\YgMPO
Sγ,m

sNÏZefpÎéyMZnHk}oZR¦ILpxe_MZYgMZnHk}RUT pxnJÏZKµILRxpxk_Ï
Sγ+1,m ≤ θ

m/K
2 Sγ,m

hvEan [�EzOmM
θ1 = θ

1/K
2

jX=Ñ·M\R]MZY\YgMg[Qe_Ea`QsµMgÐH`JMÔR]MPO~O_Ea`Qe_oPMPO~G>�<nyILY\p]Ðµ`JMPO|bvEaefk_MZYgMZnHk~YDILe%ÏµEwsHp]MZnQnJMPOiOmILkfp]O®bdEanHkÌRUT {H�<[�Eakf{JØPO_M � �IaO_O_EHoZp]ÏPM~IL`ÖO_MZ`QpxRîéQWQMÌMZk±IL`×kf{JÏPEae_ØZYgMi?,� h9[yILKNM � ;zÜNjB=
º �_�X�<åL�Ä�a�ã�]��¸}¸g�_�z�N� Ñ·M\R]MZY\YgMD?,� O_M\GQÏZYgEanHkfemMDMZnïIL[Q[QRxp]ÐH`yILnHkiGQMZ`>WìbdEap]OÌR]MÔR]MZY\YgM¼h9kfefpxsHp¦ILR�jÌÐµ`QpOf`Qpxkt=
�c¸<ôïôï¸�qî¨ ° �a�v�

(αi)i∈I
�P�

(gi)i∈I
�µ�X�,R �X�H�v�³���¼�m�_�Z���x�X�ã�Z�^�>�a���9�v�9åL�ã�aåL�_Ç

αi ≤ 1
� ° è �9�B�%Ra���X�³���X��X�]��¸D�X�y�

i0 ∈ I ½ �Z�Ò�<�ì�_�m�X� A > 0
�³�X� �i¿Z�J�
αi0 < 1

�Z�
gi0 ≥ A

∑

i∈I

gi,

�a�x�a���
∑

i∈I

αigi ≤ (1 − (1 − αi0)A)
∑

i∈I

gi.

?,�z;



|<���<� ° �a�<�fÇ����i�&;a�r��¸u�d¿Z�J���u�Z�y�P�a�H�9���]�i�H�i�N�a�y���m���
9^Ea`JOëoPEanJOfp]GQÏZe_EanJOSk_Ea`QkSGÈT@ILq�Eae_G×R¦Iue_MZR¦ILkfp]Ean

∫

I
G<γ+1>[f ](x, t)dt =

∑

h∈Hγ

2cγ(h)Jh(x)Ah(x)

ItsµMPo
cγ(h)

R]MÌoPEaüQkSG>`×YgEak±IaO_O_EHoZp]Ï~ÕuR¦IÔqQemILnJom{JMÌYi`QRxkfp]G>pxYgMZnJO_p]EanQnJMZR]R]M
h
Í
Jh(x)

R]M7ýfIaoPEaqQp]MZn¼GQM
h
MZk

Ah(x) =
∑

k∈H

2cγ(h)−cγ+1(h,k)

∫

Ik

f(h(x), y)dy.

öÆEa`QeÌR]MPO
h
k_MZRcÐµ`JM

cγ(h)
MPOfkÌOfkfefp]oZk_MZYgMZnHk|[�EzOfpxkfpÎb Í pxRcMXW<p]O_k_Mu`Qn»pxnHk_MZefszILRxR]MÖhdIaO_O_EHoZp]Ï\Õ�`Qn»qJemILnJom{JM

k
j[�Ea`Qe7R]MPÐH`JMZR

cγ(h)− cγ+1(h, k)
MPOfkFnJÏZKµILkfpÎb¤Ofkfefp]oZk_MZYgMZnHkt=QÚSR]Eae_O

Ah
OmILkfp]O®bUILpxk�R]MPOF{H�<[�Eakf{JØPO_M^G>`ÄRxMZY\YgM? � ItsµMPo

αi0 = 1/2
MZk
A = L ·B ·D E&%

D
MPOfk�R¦I~oPEanJOfkmILnHk_M^GQM±G>p]Ofk_Eae_Ofp]Ean}e_MZnJoPEanHkfe_ÏPM^[Qe_ÏPoPÏPGQMZY\YgMZnHk Í

B = min f/max f
MZk
L = minh∈H |h′| =�ÛHp θ3 = (1 − L · B ·D/2)

Í ILR]Eae_OSR]MPO
Ah

k_MZR]O±Ðµ`JM
cγ(h) ≥ 1sµÏZefpÎéyMZnHk

Ah ≤ θ3

∫

I
f(h(x), y)dy.

9^Ea`JOëIL[Q[QRxp]ÐH`JEanJOÁ`QnJMÌGQMZ`>W<p]ØZYgMBbvEap]O7R]M^R]MZY\YgM~? �zÍ nJEan [QRx`JOÁO_`Qe7R]MPO
Ah

YDILp]OÁOf`Qe7R¦IÔO_EaY\YgMÌGQMPO
Ah

=CFMZkfk_M~O_EaY\YgM|OmILkfp]O®bUILpxkÁR]MPOÁ{H�<[�Eakf{JØPO_MPOSG>`×RxMZY\YgMiItsµMPo
αi0 = θ3

Í

∀h, Ah ≤
∫

I
f(h(x), y)dy

MZk
∃h, Ah ≤ θ3

∫

I
f(h(x), y)dy.

Ñ�MPO
gi
G>`×R]MZY\YgM~O_EanHkSIL`JO_O_p·GQEanQnJÏPOë[yILe

gh = 2cγ(h)Jh(x)

∫

I
f(h(x), y)dy

MZkësµÏZefpÎéyMZnHk
gh ≥ 1

2K

1

|E|γBDP
γ
∑

h

2cγ(h)Jh(x)

∫

I
f(h(x), y)dy

E&%
P ≤ minh∈H,x∈Jh

|h′(x)|
maxh∈H,x∈Jh

|h′(x)| .Ñ�MÌRxMZY\YgM~GQEanQnJM~ILR]Eae_OëRUTVMXW>p]Ofk_MZnJoPM|GÈT `Qn×e_ÏPMZR
θ2
k_MZR�Ðµ`JM

∫

I
G<γ+1>[f ](x, t)dt ≤ θ2

∑

h

2cγ(h)Jh(x)

∫

I
f(h(x), y)dy = θ2G<γ>[g](x)

ItsµMPo
g =

∫
I f(x, t)dt

MZk
θ2
R]MÌe_ÏPMZR

θ2 = 1 − L · P γ

2K+1 · |E|γB
2 ·D2.

CFMPoZp�k_MZefY\pxnJM|R¦I\[Qe_MZ`QsNM~G>`×R]MZY\YgMi?,�>=?9^Ea`JOësNMZnJEanJO±GQEanJo|GQM|YgEanHkfe_MZe±ÐH`JMBR]MPOSOmEa`Qe_oPMPOSG>�HnyILY\p]ÐH`JMPObdEaefk_MZYgMZnHkSYDILe%ÏNEws<p]MZnQnJMPOSOmILkfp]OfbvEanHkÁR¦I\oPEanJG>pxkfp]Ean � �gIaO_O_EHoZp]ÏPM~IL`×OmMZ`QpxR·GQMBb9e_ÏPÐH`JMZnJoPMBéQW>Mz=

?,��y
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ËÌILnJO±oPMZkfk_M~[yILefkfp]M~nJEa`JOBItsNEanJOS[Qe_ÏPO_MZnHk_Ï~R]M~otIaG>emM|KNÏZnJÏZemILRÆGQMPO±O_Ea`Qe_oPMPO±G>�<nyILY\p]ÐH`JMPOt=îCFMPO±O_Ea`Qe_oPMPOe_MZKze_Ea`Q[�MZnHkëÕ~R¦IÌbdEap]OFGQMPOFO_Ea`Qe_oPMPO7OfpxY\[QR]MPO7oPEaY\YgM±R]MPO7O_Ea`Qe_oPMPO7GQMaW7MZefnJEa`QRxRxpÈMZkFGQMPO7O_Ea`Qe_oPMPO7oPEaY\[QR]MXW>MPOÕBYgÏZYgEapxe_MënJEanDq�EaefnJÏPMz=µÿ»ILRxKze_ÏëoPMZR¦I Í nJEa`JOÒG>p]Of[�EzO_EanJOÒGÈTVEa`QkfpxR]O�GQEanHkÒR]MPOÒEa[�ÏZemILk_MZ`Qe_O�GQMÁkfemILnJOfbvMZefkc[�Ea`QeR]MPO\ÏZkf`JG>p]MZet=lÑ�MPO\O_Ea`Qe_oPMPO\G>�<nyILY\p]ÐH`JMPOubdEaefYgMZnHkgGQEanJo�`QnÓq�Ean pxnHk_MZefYgÏPG>p¦ILpxe_MÖMZnHkfe_MÄR]MZO\OmEa`Qe_oPMPOÔkfe_ØPOKNÏZnJÏZemILR]MPO±MZkÁR]MPOSO_Ea`Qe_oPMPOSILnyILRx�>OmILqQR]MPOt=
9^Ea`JOÆItsµEanJO�YgEanHkfe_ÏFÐH`JM�oPMPO¤OmEa`Qe_oPMPO¤OmILkfp]OfbvEanHk¤GQMZ`>WiGQMPO¤kfe_Eap]O�{H�<[�Eakf{JØPO_MPOÆGQMÒR¦IS[yILefkfp]M�[Qe_ÏPoPÏPGQMZnHk_Mz=Ú±pxnJOfp Í R]MDnJEaYiqQe_M}YgEw�µMZn GQM}YgEakfpÎbvO~bve_ÏPÐH`JMZnHk_Oi[�Ea`QeuR]MPO+k³qyIaO_MPOuG>�<nyILY\p]Ðµ`JMPOnmDMPOfki[�EaRx�<nJEaY\p¦ILRF[�Ea`Qe`QnÓO_MZ`QpxRÁGQM}bve_ÏPÐH`JMZnJoPM�[Qe_Ea[�Eaefkfp]EanQnJMZRuh9kf{JÏPEae_ØZYgM � z¼[yILKNM � ;z;NjuMXkgMXW<[�EanJMZnHkfp]MZRë[�Ea`QeÔ`QnÓOmMZ`QpxRFéQW>Mh9kf{JÏPEae_ØZYgM^?,�Ì[yILKNM � ;zÜNjZ=µÑ·MPOÒqyIaO_MPO�G>�HnyILY\p]ÐH`JMPO�OmILkfp]O®bdEanHkÒÏZKµILR]MZYgMZnHkFRUT {H�H[�Eakf{JØPOmM±Ü|G>`Dkf{JÏPEae_ØZYgM � Üh9[yILKNM � ;�yzjc[�Ea`QeFR]M^O_MZ`QpxR�R]EaKµILefpxkf{QY\p]Ðµ`JMz=QËBMëbUILpxk Í [�Ea`QeF`QnÄO_MZ`QpxRÈIL`}YgEapxnJOFR]EaKµILefpxkf{QY\p]ÐH`JM Í R]M±nJEaYiqQe_MGQMÌYgEakfpÎbvOÁbvMZefYgÏPOSMPOfkëÏPÐH`QpxsaILR]MZnHk±IL`×nJEaYiqQe_M~GQMBYgEakfpÎbdO7bve_ÏPÐH`JMZnHk_Ot=
9^Ea`JO\k_MZefY\pxnJEanJO}ItsµMPoÄR]M YgEHGQØZR]M×GQMÄqyIaOmMPOgGQM GQEanQnJÏPMPODÐH`·T pxY\[�EzO_MZnHkgR]MPODO_Ea`Qe_oPMPOgG>�<nyILY\p]Ðµ`JMPOw=ÑcT@ItszILnHkmILKNMÄMPOfkuÐH`·T pxRFMZnQKzR]Eaq�M}`Jn�KzemILnJG�nJEaYiqQe_MÄGQMDYgEHGQØZR]MPO\OfpxY\[QR]MPOikf{JÏPEaefp]ÐH`JMPOÔGQÏÂý_Õ×`QkfpxRxp]O_ÏPOu[yILe[QRx`JOfp]MZ`Qe_O~IL`Qk_MZ`Qe_Ot=#1�Ea`Qk_MXbvEap]O Í ItsµMPoÔoPMuYgEHGQØZR]M Í R]MZO|ILkfk_efpxqQ`Qk_O|GQEanHkBR]MPOÌoPEaR]EanQnJMPO|OmEanHkÌÏZR]EapxKznJÏPMPO|O_EanHkpxefe_ÏZYgÏPG>p¦ILqQR]MZYDMZnHkg[�MZ`òoPEaefe_ÏZR]ÏPOt=lËBM�[QRx`JO\RUT@IaOf[�MPoZkgO_ÏPÐH`JMZnHkfp]MZRÁGQ` [Qe_EHoPÏPGQÏ Í Ðµ`QpëIL[Q[QRxp]ÐH`JM×Õìom{yIaÐH`JMÏZkmIL[�M±R¦I|Y_^ZYgM^oPEaefe_ÏZR¦ILkfp]Ean MPOfk�kfe_ØPO�[�MZ`�[Qe_EaqyILqQR]M^MZn}[QemILkfp]ÐH`JMz=]®±nJMS[Qe_MZY\p]ØXemMBILYgÏZRxp]EaemILkfp]EanÄ[�EzOmOfpxqQR]MMPOfk|GQM\oPEanJOfp]GQÏZe_MZe|[QRx`JOfp]MZ`Qe_O~O_Ea`Qe_oPMPO|G>�<nyILY\p]Ðµ`JMPO~Ðµ`QplpxnHk_MZefs<p]MZnJG>emILp]MZnHkuÕÄGQMPOÌ[�EzOfpxkfp]EanJOÌ[Qe_ÏPoZp]OmMPO|Ea`ILR]ÏtILk_Eapxe_MPOt=HþNMë[�MZnJOmMëÐH`·T pxRrMPOfkck_Ea`QkFÕBbUILpxkc[�EzO_O_pxqQR]MëGQMSoPEanJOfp]GQÏZe_MZe�`QnJMSom{yI*)]nJM±GQMSÿìILe%ÏµEwsÔ[�Ea`Qe�om{yIaÐH`JMoPEaR]EanQnJMgYgEHG>`QR]E¼oPMZefkmILpxnJMPOioPEanJG>pxkfp]EanJOiO_`Qe|R]MPO|YDILkfefp]oPMPOiGQM\kfemILnJOfpxkfp]EanJOw=«®±nJMDIL`Qkfe_Mgp]GQÏPMDGQM\YgEHGQØZR]MO_MZemILpxkBGQMioPEanJO_pxGJÏXemMXeÌGQMPO±KzemIL[J{JMPOBGQMiGQÏZ[�MZnJGJILnJoPMPO|MZnHkfe_MiR]MPOBILkfkfefpxqQ`Qk_OBMZkBGQM~YgMZkfk_e_Mi`QnìYgEHGQØZR]MuOf`QeoPMPOÁKzemIL[Q{JMPOw=

?,�,z
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���fIæ¶�ôï��L¤¸fID²L�fIw¶ G�¥tá>¥KI�B·ðûR�OtT@ILKzpxk±GÈT `QnJM~GQMPOë[Qe_MZY\p]ØZe_MPOBILnyILRx�<O_MPOSMZnÖYgEw�µMZnQnJM~GJILnJOëR]M~GQEaYDILpxnJM~GQMR¦IBbvEa`QpxRxR]MSGQMëGQEanQnJÏPMPOt=g9±Ea`JOc[Qe_Ea[�EzO_EanJO�GÈT@ILq�Eae_GD`QngYgEHGQØZR]MëKNÏZnJÏZemILR�GQMÁqyIaO_MëGJMëGQEanQnJÏPMPO Í GJILnJOÒR]MPÐµ`JMZRnJEa`JOÔEaqQk_MZnJEanJOu`QnJM}MPO_kfpxYDILkfp]Ean G>`�nJEaYiqQe_M}YgEæ�NMZn GQMDYgEakfpÎbvO~bve_ÏPÐH`JMZnHk_OuMZk~bvMZefYgÏPOw=ÆCFMDYgEHGQØZR]M�GQMqyIaOmM^GQM^GQEanQnJÏPMPO/k³pxn>bdEaefYDILkfp]EanQnJMZRxR]M�mBoPEanJOfp]GQØZe_MBÐH`JM±R]MPOFYgEak_O®�URxpxKznJMPOëO_EanHkF[Qe_EHG>`Qpxk_O7pxnJGQÏZ[�MZnJGJILY\YDMZnHk[yILe|R¦IÄY_^ZYgMgO_Ea`Qe_oPMz=·ËÌILnJO~oPMÔYgEHGQØZR]M Í nJEa`JO~EaqQk_MZnJEanJO|kfe_Eap]O|e_ÏPOf`QRxkmILk_O Í om{yIaoZ`Qn�ÏZkmILnHkiIaO_OmEµoZp]ÏDÕ�`QnOmMZ`QpxR�GQMÌb9e_ÏPÐH`JMZnJoPM~MZk^Õ\`QnJM|{H�<[�Eakf{JØPO_M~O_`QeëR¦IgO_Ea`Qe_oPMz=îÛ<Ea`JOS`QnJM|{H�<[�Eakf{JØPO_MHz Í R]M|nJEaYiqQe_M~YgEæ�NMZn¼GQMYgEakfpÎbdO
γ
�db9e_ÏPÐH`JMZnHk_O Í [�Ea`Qe^`QnìO_MZ`QpxR

γ
RxpxnJÏtILpxe_MÔMZn¼R]M~nJEaYiqQe_MuGÈTVEaq>ýfMZk_O Í MPOfk±[�EaRx�<nJEaY\p¦ILRÆMZn¼R]M~nJEaYiqQe_MGÈT@ILkfkfefpxqQ`Jk_O~h9kf{JÏPEae_ØZYgM � zNjX=yC^TVMPOfkÁR¦Ii[Qe_MZY\p]ØZe_MBbdEap]OÁÐµ`·T `Qn×oPEaY\[�Eaefk_MZYgMZnHkS[�EaRx�HnyEaY\p]ILR�G>` nJEaYiqQe_MÌGQMYgEakfpÎbdOcbve_ÏPÐµ`JMZnHk_O�MPO_kÒY\pxOFMZn}ÏZs<pxGJMXnyoZM±MZnDbvEa`QpxRxR]M±GQMSGQEanQnJÏPMPOt=>Û>Ea`JOÒ`QnJMë{H�<[�Eakf{JØPO_M^Ü|MZkÒ[�Ea`Qe�`Qn}O_MZ`QpxRpxnHk_MZefYgÏPG>p¦ILpxemM Í R]MSnJEaYiqQe_M±GQMSYgEakfpÎbdOÒb9e_ÏPÐH`JMZnHk_OFMPOfkFIaO_�HY\[Qk_Eakfp]ÐH`JMZYgMZnHk7ÏPÐH`QpxsaILR]MZnHkÁIL`}nJEaYiqQe_MSYgEæ�NMZnGQM YgEakfpÎbdOÔbdMZefYgÏPOt=�CFM e_ÏPOf`QRxkmILk}I GQÏÂýfÕ ÏZk_Ï×EaqJO_MZefsµÏÄ[�Ea`Qe}GQMPO\qyIaO_MPO\bdILpxqQR]MZYgMZnHk}oPEaefe_ÏZR]ÏPMPO}G>`òkû�<[�M[yILnQp]MZeiGQM\R¦IÄYgÏZnyILKNØZe_Mz=*.¤pxnyILR]MZYgMZnHk Í [�Ea`Qe|`QnïOmMZ`QpxRÆéQWQM Í R]M\nJEaYiqQe_MgYgEw�NMZnïGQM\YgEakfpÎbdO

γ
�dbve_ÏPÐµ`JMZnHk_O[�Ea`Qe

γ
éQWQM Í MPOfkSMXW<[�EanJMZnHkfp]MZR�MZn×R]MBnJEaYiqJe_M|GÈT@ILkfkfefpxqQ`Qk_O±MZkë[�EaRx�HnJEaY\p¦ILR�MZn×R]MBnJEaYiqQe_M~GÈTVEaq>ýfMZk_Ot=

1�Ea`JOÔoPMPOue_ÏPO_`QRxkmILk_OÔOmEanHkÔEaqQk_MZnH`JO Í [�Ea`QeÔ`QnJMÄO_Ea`Qe_oPMÄI¼[Qefp]Eaefp7kfe_ØPOuKNÏZnJÏZemILR]M Í ÐH`Qp7OmILkfp]O®bdILpxk\ÕìGQMPO{H�<[�Eakf{JØPO_MPOGk³emILp]OmEanQnyILqQR]MPO*mm=·Ñ�I O_Ea`Qe_oPMÔn·TVMPOfkÌ[yIaOÌsHe�ILpÎYgMZn<k|MXW>[QRxp]oZpxk_ÏPM Í MZkÌe_MPOfk_MÔ`QnJMÔq�Eapxk_M\nJEapxe_M\ÐH`QpÏZYgMZk�GQMPOÒOf�HYuq�EaRxMPOw=zËÌILnJOÒoPMZkfk_MÁ[rILefkfp]M Í nJEa`yOÒIwsNEanJOÒMXW<{Qpxq�Ïë`QnDoPMZefkmILpxnDkû�H[�MëGQMëO_Ea`Qe_oPMPOcKNÏZnJÏZemILR]MPO�ÐH`QpO�ILkfp]O®bvEanHkÁR]MPOÁ{H�<[�Eakf{JØPO_MPOÁ`JkfpxRxMPO±ÕunJEzOÁe_ÏPO_`QRxkmILk_Ot=QÑ�MPOëO_Ea`Qe_oPMPOëO�ILnJO7YgÏZYgEapxe_M|sµÏZefpÎéyMZnHk~hUItsNMPoÌÐH`JMZR]ÐH`JMPOe_MPO_kfefp]oZkfp]EanJO�j·k_Ea`Qk_MPO¤R]MPO¤{H�H[�Eakf{yØZOmMPO¤GJMXYDILnyGQÏPMZO Í YDILp]O¤oPEanJG>`Qp]OmMZnHklÕ±GQMPO�YgEHGQØZR]MPOlGQMÒqyIaOmMPO¤GQMFGQEanQnJÏPMPOoPEaY\[QR]ØZk_MZYgMZn<k\nJEan oPEaefe_ÏZR]ÏPMPOt=ÆÑ�M}YgEHGQØZR]MÄGQMPOÔom{yI*)]nJMPOÔGQM�ÿ»ILe%ÏµEwsïILý®Ea`Qk_M�GQMPOÔoPEaefe_ÏZR¦ILkfp]EanJO\R]EHotILR]MPOMZnHkfe_M|ILkfkfefpxqQ`Qk_OëÐµ`QpÈO_M^Of`QpxsµMZnHk7GJILnJO7R¦IiqyIaO_MBGQMBGQEanQnJÏPMPO Í MZkÁoPM^YgEHGQØZR]MÌGQM^OmEa`Qe_oPM^sNÏZefpÎéyM^R¦Ii[Qe_MZY\p]ØZe_MMZkDR¦I kfe_Eap]O_p]ØZYgMÖ{H�H[�Eakf{JØPO_Mz=�Ñ·MÖYgEHGQØZR]M¼GQMPO}O_Ea`Qe_oPMPO}G>�<nyILY\p]Ðµ`JMPO Í Ðµ`Qp±oPEanHkfp]MZnHk}R]MPO}GQMZ`>WòYgEHGQØZR]MZO[Qe_ÏPoPÏPGQMZnHk_O Í [�MZefYgMZkÌGQMukfemItszILpxRxRxMZe~ItsµMPouGQMPO|ILkfkfefpxqQ`Qk_OÌGQEanHkBR]MPOÌoPEaefe_ÏZR¦ILkfp]EanJOÌnJMÔO_EanHk^[JRÎ`yOBO_MZ`QR]MZYgMZnHkR]EHotILR]MPO Í YDILp]O|MZRxR]MPOÌe_MPOfk_MZnHkÌGQÏZ[�MZnJGJILn<k_MPO~GQMuRUTVEae_G>e_M\GQMPO~ILkfkfefpxqQ`Qk_O|GJILnJOBR¦I�qyIaO_Mz=�CFMuYgEHGQØZR]MÔsµÏZefpÎéyM ÍRx`Qp�IL`JO_O_p Í R¦Iu[Qe_MZY\p]ØZe_M~MZkëR¦Iukfe_Eap]O_p]ØZYgMÌ{H�<[�Eakf{JØPO_Mz=
ý^¸H²BIKvc¸Hóz¥w£�Or¸gI�BÈÑ�MBYgEHGQØZR]M~GQM#k³qyIaOmMÌG>�<nyILY\p]Ðµ`JM�mÌMPO_kÁkfe_Ea[×OmÏPÐµ`JMZnHkfp]MZR�oPM|Ðµ`QpÈe_MZnJG RUTVEae_G>e_M|GQMPO±ILkfkfefpÎ�qQ`Qk_Oikfe_Ea[�pxY\[�EaefkmILnHkt=cíSn�[�MZ`Qki[�MZnJOmMZeuÕ×`QnJM�IL`Qkfe_M�IL[Q[Qe_EHom{JM�ÐH`Qp�oPEanJG>`QpxemILpxk\Õ `Qn�YgEHGQØZR]M�Ðµ`·TVEan[�Ea`QefemILpxklqyIL[Qkfp]O_MZe�k³qyIaOmMFGQM7GQEanQnJÏPMPOcILefq�Eae_MPO_oPMZnHk_M�mm=µÛH`Q[Q[�EzOmEanJOÆ`QnupxnJOfkmILnHklÐH`JM�R]M�[Qe_EaqQR]ØZYgMÁGQMÒbdEa`QpxRxR]MGQM~GQEanQnJÏPMPO±O_EapxkihvMZnÖ[yILefkfp]Mwj7emÏZOmEaRx`·=JðûR�oPEanJG>`Qpxk^ILR]Eae_O^ÕÔ`QnÖKzemIL[Q{JM~GQM|GQÏZ[�MZnJGJILnJoPMuEaefp]MZnHk_Ïz=�í±nÖ[�MZ`QkILR]Eae_O~Of`Qpxs<e_MÔR¦I�Y_^ZYgMgGQÏZYDILe_om{JMDÐµ`JM\GJILnyOgÙlW�F{�z; Ý MZk|oPEanJOfkfef`Qpxe_Mg`QnJMÔ{H�<qQefp]GJILkfp]Ean�GÈT `QnJMgO_Ea`Qe_oPM\MZkGÈT `QnÓKzemIL[Q{JMz=lÑcT@IL[Q[yILefpxkfp]Ezn¬GQM�YgEakfpÎbvO\GJILnJOÔ`QnÓOmMZ`QRFYgEak\[Qe_EHG>`Qpxk\[yILeÔ`QnJM�kmMXRxR]M O_Ea`Qe_oPM�{<�HqQefp]GQM×IGQÏÂý_I~ÏZk_ÏBILnyILRx�<OmÏPMz=>ÛHp�nJEa`JO�[yILefsµMZnJEanJOÁÕ|kfemILpxk_MZeFR]M±Y_^XYgM^[Qe_EaqQR]ØZYgM±[�Ea`JeFGQMPOFYgEak_OFÏZY\p]O7MZn}[yILemILRxR]ØZR]M[yILeSR¦I\Y_^ZYgM~OmEa`Qe_oPMDh9{H�<qQefp]GQMwj Í nJEa`JOS[�Ea`Qefe_EanJOSe_ÏPO_Ea`JG>e_M~R]MPOë[Qe_EaqQR]ØZYgMPO^GQM~oPMZkfk_M|[yILefkfp]M~GQM|YDILnQp]ØZe_M[QRx`JOuOmILkfp]O®bUILp]OmILnHk_Mz=�÷ln�[yILefkfp]oZ`QRxp]MZe Í nJEa`JOiO_`Q[Q[QefpxYgEanJOiR]M}o�Ìak_Ï�ILefkfpÎéyoZp]MZRxR]MZYgMZnHk\O_ÏPÐH`JMZnHkfp]MZRFGQMPOiqyIaO_MPOG>�<nyILY\p]ÐH`JMPOt=Ñ�IDGQÏZYDILe_om{JMÔGÈT@ILnyILRx�>O_MiMZn¼YgEw�µMZnQnJMuGÈT@ILRxKNEaefpxkf{QYgMPOÌO_MZYiqQR]Mi[Qe_MPO_Ðµ`JMioPEaY\[QR]ØZk_MZYgMZn<kBpxnJMXW>pxO_kmILnHk_MGJILnJOëR]M|GQEaYDILpxnJM~GQMÌR¦IubvEa`QpxRxR]M~GQM|GQEanQnJÏPMPOt=JÑ�IgÐµ`JMPOfkfp]EanÖGJMBRUT@ILnyILRx�>O_MÌe_ÏtILRxp]Ofk_M~GQMPOSILRxKNEaefpxkf{QYgMPO^GÈTVMXWH�kfemIaoZkfp]Ean×e_MPO_k_MBGJEanJoÌMZnHkfp]ØZe_MZYgMZnHk±Ea`QsNMZefkmMa=JÑcT@ILnyILRx�>O_MÌGQMBRUT@ILRxKNEaefpxkf{QYgMH���?�È6j�+�È6 Í bdEanJGQÏÌOf`QeÁR¦IinJEak_pxEan
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GQMgYgEakfpÎbvOuIL[Q[�MZR]ÏPOiYgEakfpÎbvO&kûotILnJG>p]GJILk_O*m Í nyÏZoPMPOmOfpxk_MDÐH`JM\R]MDoPEaY\[�Eaefk_MZYgMZnHkuYgEw�µMZn�GQMgk_MZR]O~YgEakfpÎbvOiO_EapxkGÈT@ILq�Eae_G}ÏZRx`JoZp]GQÏz=>CFMSoPEaY\[�EaefkmMXYgMPnHkFYgEw�µMZnD[�Ea`QefemILpxk�[Qe_EaqyILqQR]MZYgMZnHk�^Zkfe_MëY\p]MZ`>WDoPEaY\[Qefp]O�Kze[ZaoPM±Õ|GQMPOYgÏZkf{JEHGQMPO|IaO_OmMí�uO_MZYiqQR¦ILqQR]MPO|Õ}oPMZRxR]MPOÌÐH`JM~nJEa`JO|ItsNEanJOBGQÏZsµMZR]Ea[Q[�ÏPMPOBp]oZpU=:9±Ea`JO^[�MZnJO_EanJOBÐH`JMiRUT@ILnyILRx�<OmMGQMPOFILRxKNEaefpxkf{QYgMPO7MZnD[Qe_ELbdEanJGQMZ`QeFMPOfk Í O_Ea`JOÒ`QnDYgEHGQØZR]M^OfpxY\[QR]M Í O_`JO_oPMZ[QkfpxqQR]M±GÈT `QnJM^IL[Q[Qe_EHom{JMSKNÏZnJÏZefp]ÐH`JM Í[Q`Qp]O_ÐH`JM±oPMPOÁILRxKNEaefpxkf{QYgMPOÁEanHkF`QnJM^O_kfef`JoZkf`Qe_M^OfkmILnyGJILe_G�GÈT@ILRxKNEaefpxkf{QYgMPOÁe_ÏPoZ`Qe_OfpÎbdOt=HËÔT@IL`Qkfe_MPOF[rILemILYgØZkfe_MPOO_EanHk�IL`JO_OfpQkfe_ØPOlpxnHk_ÏZe_MPOmOmILnHk_O�ÕBÏZkf`JG>p]MZe Í otILecpxR]OcEanHkc`Qn\e�ÌaR]MëoPMZnHkfemILRrGJILnJOlR]MPO�ILRxKNEaefpxkf{QYgMPO�G>`gGQEaYDILpxnJM~êoZpxk_EanJOë[yILeSMXW>MZY\[QR]M|R¦IukmILpxRxR]M~GQMBR¦IÔq�Eae_G>`Qe_M|nJÏZKµILkfpxsNM|ÐH`Qp·oPEaefe_MPO_[�EanJGÖIL`>WÄkfemItsµMZe_O_MPOëY\pxnQpxYDILR]MZO±GÈT `Qn{H�<[�MZefKzemIL[Q{JM|IaOmO_EHoZp]ÏÌÕiR¦IuqyIaO_M Í R¦IukmILpxRxR]MÌGQM^R¦Ii[JRÎ`yO7KzemILnJGQMBkfemItsµMZe_O_M Í R]M^nJEaYiqQe_MÌGJM^YgEakfpÎbdOFb9e_ÏPÐH`JMZnHk_OGQMÌR]EanQKz`JMZ`Qe±GQEanQnJÏPM Í R¦IÔkmILpxRxR]M|G>`×[QRx`JOÁKzemILnJG×YgEakfpÎb Í =P=P=
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CFMZkfk_Mlkf{JØPO_Mle_MZKze_Ea`Q[�MÒGQMPO�ILnyILRx�>O_MPO·GJILnJO�GQMZ`>WÌGQEaYDILpxnJMPO¤ILRxKNEaefpxkf{QY\p]Ðµ`JMPO�qQp]MZn~G>p]O_kfpxnJoZk_OcêPRUT@ILefpxkf{QYgÏX�kfp]ÐH`JM~MZkSR¦IÔbvEa`QpxRxR]M~GQM~GQEanQnJÏPMPOw=�9^Ea`JO±ItsµEanJOSGQÏÂý_ÕgMXW<[QRxp]ÐH`JÏ Í ÕÔéJn¼GQM~om{yIaÐµ`JM~[yILefkfp]M Í nJEzO±oPEanJoZRx`JOfp]EanJOMZkSGQÏPoZefpxkënyEzOÁ[�MZe_Of[�MPoZkfpxsµMPO Í GJILnJOSom{yIaoZ`Qn¼GQMÌoPMPOSGQMZ`>W GQEaYDILpxnJMPOt=�9^Ea`JOÁsNEa`JG>efp]EanJO^IaGQEa[Qk_MZeëp]oZp Í GJILnJOoPMZkfk_M\oPEanJoZRx`JOfp]Ean KNÏZnJÏZemILR]M Í `Qn»[�EapxnHk|GQMusH`JMu[QRx`JOBkfemILnJOfsNMZe_OmM Í ÐH`QpÆOmEapxkÌIL`JO_O_p¤[QRx`JOBe_MZRxp]Ï\IL`>W»IaOf[�MPoZk_OYgÏZkf{JEHGQEaR]EaKzp¦Ðµ`JMPO^GQMBnJEakfe_M|kfemItsaILpxRU=
WFp]MXn Ðµ`JMuoPMZkfk_Mukf{JØPO_MuOmEapxk±[yILe_kmILKNÏPMÔMZn»GQMZ`>W¼[yILefkfp]MPO±Aµ`QnJMi[�Ea`QeÌom{yIaÐH`JMuGQEaYDILpxnJM�A Í nJEa`JOÌItsµEanJOIaGQEa[Qk_Ï Í GJILnJO~om{yIaoZ`QnJMDGÈTVMZRxR]MPO Í R]M\[�EapxnHk~GQM\s<`JM\GQM\RUT@ILnyILRx�>O_MgG>�<nyILY\p]Ðµ`JM Í MZk|nJEa`JOiItsNEanJO~oPEanHkfefpxqQ`JÏÕubUILpxe_M|ÏZsµEaRx`JMZe±oPM|GQEaYDILpxnJM Í MZnJoPEae_M|nyILp]O_OmILnHkt=�9±Ea`JO±ItsµEanJOSGÈT@ILq�Eae_GÖGQÏZsµMZR]Ea[Q[�Ï|R]M|otIaG>e_M~GQMÌRUT@ILnyILRx�>O_MG>�<nyILY\p]ÐH`JMuMZn»G>p]O_kfefpxqQ`Qkfp]Ean Í GJILnJOBR]MuGQEaYDILpxnJMÔGQMiRUT@ILefpxkf{QYgÏZkfp]ÐH`JMz=#9^Ea`JO±YgEanHkfe_EanJO|ILpxnJO_p¤R]Muo�Ìak_ÏiKNÏX�nJÏZefp]ÐH`JM|GQMÌRUT@IL[Q[Qe_EHom{JM|pxnQpxkfp]ÏPM|[yILe£WÁILR¦IaG>p�MZkUFÒILRxR]ÏPMz=�9±Ea`JOSItsµEanJOSIL`JOmOfp Í GJILnJOëR¦I\GQMZ`>W<p]ØZYgM|[yILefkfp]M|GQMR¦I\kf{yØZOmM Í ÏZk_MZnJG>`¼R]M~GQEaYDILpxnJMi[�Eak_MZnHkfp]MZR¤GQM|RUT@ILnyILRx�>O_M~G>�<nyILY\p]ÐH`JM Í MZnìGQÏXéJnQp]O_OmILnHk±`QnÖYgEHGQØZR]MiGQM|qyIaOmMGQM|GQEanQnJÏPMPO Í bvEanJGQÏ|Of`QeëGQMPOëp]GQÏPMPOëGQ�HnyILY\p]ÐH`JMPOt=
9±Eakfe_MgkfemItszILpxRÒe_MZ[�EzO_M\éJnyILR]MZYgMZnHkÔOf`Qe|`QnJMDGQEa`QqQR]M�IaoZkfpxsHpxk_Ï}GQM\YgEHGQÏZRxp]O�ILkfp]Ean MZkiGÈT@ILnyILRx�<OmMa=�ËÌILnJO`QnßGQEaYDILpxnJM bdEaefk_MZYgMZnHkDYDILkf{JÏZYDILkfp]O_Ï¼oPEaY\YgM¼oPMXRx`Qp±GQM×RUT@ILefpxkf{QYgÏZkfp]Ðµ`JM Í R¦I»YgEHGQÏZRxp]OmILkfp]Eanßn·TVMPOfkD[yIaORUT@IaoZkfpxs<pxk_ÏëoPMZnHkfemILR]M	�µMZRxR]MÁMPO_k¤éJnyILR]MZYgMZnHkFIaOmO_Mí�7bdIaoZpxR]M Í MZkcMPOfk Í MZn\k_Ea`JOÒotIaO Í qQp]MZn}k³qyILRxp]O_ÏPM�mm=Hí±n\[�MZ`Qk�ILR]Eae_OOmM\bdEHotILRxp]O_MZeÔOf`QeuGQMPOÔIL[Q[Qe_EHom{JMPOÔ[Qe_EaqyILqQpxRxp]Ofk_MPOiéJnJMPO Í MZkuEaqQk_MZnQpxe\GQMPOie_ÏPOf`QRxkmILk_Oukfe_ØPOi[Qe_ÏPoZp]Ot=¤ËÌILnJOi`QnGQEaYDILpxnJM�k³nJEa`JsNMtIL`zm Í oPEaY\YgMSoPMZRx`QpyGQMÁR¦I^bvEa`QpxRxR]MSGQMÁGQEanQnJÏPMPO Í [�MZ`DMPOfklbvEaefYDILRxp]O_Ïih9[�MZ`DMPOfklbvEaefYDILRxp]OmILqQR]M Í[�MZ`Qk®��^Zkfe_Mm_æj Í MXkSRdT@IaoZkfpxs<pxk_Ï~GQMÌYgEHGQÏZRxp]OmILkfp]EanìMPOfkSoPMXn<kfemILR]M~MZkSG>p87DoZpxR]Mz=yÑ·MPOëYgEHGQØZR]MPOSe_ÏtILRxp]Ofk_MPO±O_EanHkSOmILnJOGQEa`Qk_MÌkfe_Ea[×oPEaY\[QR]MXW>MPOë[�Ea`QeëÐH`·TVEanÄ[Q`Qp]OmO_MBMPOf[�ÏZe_MZeë�D[Qe_Ea`QsµMZeëGQMPOÁoPEaY\[�Eaefk_MZYgMZn<k_Oë[Qe_EaqyILqQpxRxp]O_k_MPOÁkfemØZOéJnJOw=Ë^`Ô[�EapxnHkÒGQM7sH`JM7YgÏZkf{JEHGQEaR]EaKzp]ÐH`JMëMZklkfemILnJOfsµMZe_O_MÁGQM7RUT@ILnyILRx�<OmMÁG>�HnyILY\p]ÐH`JM Í MXkcGQM7YDILnQp]ØZe_MSIaGJIL[Qk_ÏPMÕÔom{rIaoX`JnÖGQMPOëGQEaYDILpxnJMPO Í pxRÈe_MPOfk_MBq�MtIL`JoPEa`Q[ìÕibUILpxe_Mz=yC^TVMPOfkë[�Ea`QeSoPMZR¦I\Ðµ`JMBnJEa`JOSO_Ea`Q{yILpxk_EanJOSoPEanHkfpxnH`JMZenJEzO±e_MPom{JMZe_om{JMPOBGJILnJO^om{yIaoZ`Qn»GQM~oPMPO^GQEaYDILpxnJMPO Í otILe±nJEa`JO±KµILe_GQEanJOBILpxnJOfp�R¦Ig[�EzO_OfpxqQpxRxpxk_ÏiGQM~[�MZe_O_ÏZsµÏZe_MZeGJILnJOloPMPOlGQMZ`>WÔIaoZkfpxs<pxk_ÏPOlO_oZp]MZnHkfpÎéyÐH`JMPO Í YgEHGQÏZRxp]O_MZecMZkÆ[Qe_Ea`QsµMZe Í ÐH`Qp>O_EanHk Í [�Ea`QeÆnJEa`JO Í oPEaY\[QR]ÏZYgMZnHkmIapxe_MPOt=
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ÙVÚ^Ú^ö��,� Ý `~=NC^=aÚSKµILe�È7ILR Í CB=NC^=aÚ±KzKµILe%È7ILR Í ILnJG�FÔ=�Fu=�FÔ=LölemIaO�IaGÈ=JËBMZ[Qkf{ÔéJe_OfkÆKNMZnJMZemILkfp]EanDELbrR]EanQK[yILkfk_MZefnJOt=Ìð³n º �f�tÇ��m�_�a���<ÊL�g�®�u�9�>�u����Rz�9��dÔ�+� °�������P�P ½ dÔ�+� º �_�X�m� Í [yILKNMPO � �,zwA �z� z Í?,�,�,�>=
ÙVÚ^Ú^ö�� �XÝ `~=wC^=tÚ±KµILe%È7ILR Í C^=æC^=tÚSKzKµILe%È7ILR Í ILnJG&FÔ=�FÔ=�FÔ=PölemIaO�IaGÈ=zÚ�kfe_MPMl[Qe_ELýfMPoZkfp]EanuILRxKNEaefpxkf{QY bdEaeKNMZnJMZemILkfp]Ean×ELb�b9e_MPÐH`JMZnHk7pxk_MZY O_MZk_Ot=�ð³n�� �a�<���r�z�·�®� º �a�f�a���]�X���a�r� P �¦�Z�v���UÃX�>�³�f�¼�l��¸S���<�v�9�HÊ�1� ¾ b ° �J�_ÇZ�d�a�·�¦�����J�i�a�¼�µ�xÊL� ¾ �Q�X�9�P�a��¸g�a��Çm�Ô�N�N�U�@¸Ô���J�9�HÊ Í [yILKNMPO£/,V,�wA]/�y �zÍ ?,�,� � =
ÙVÚ^ðfÛ>Ü,/ Ý `~=�Ú±KzemIKÈ7ILR Í 1Ì=�ð³Y\p]MZRxpxnJO�ÏHp Í ILnJG�Úu=¤ÛgÈ7ILY\pU=ÖÿÖpxnQpxnQK»IaO_OmEHoZp¦ILkfp]Ean�ef`QR]MPOiq�MZk�ÈFMPMZn O_MZk_OELbBpxk_MZYgODpxn¬R¦ILefKNMÖGJILkmILqyIaO_MPOt= ðûnßº �f�tÇæ�B�f�×�9�>�ï�u~4~�bQdÔ�+� °���� �ïç P�� �r�³�X�����z�v�v�z�r�a��l�a�t�t�X�_�X��Çm�u�a�M�ì�a�r�wÊµ��¸D�X�y�7�®� P �z�U� ½�� �L�m�H���HÊN�U�a� ½ â«° d Í [yILKNMPO±?,��ytA<? � ; Í�� ÜzÜ,/>=ÙVÚ^Ñ·Ñ*� �XÝ ÿ�=yÚ±{H`JMPO Í Úi=yÑ�ILefKzpxRxRxp]MZe Í ILnJGãFu=yÑÈpxYDIt�µMz=a° �Q�_ÇP�v�f�z�¤Çm�u¸±�r�>�U�z�v�d�a�Q�Ò�Z�z�uÃ_�a�<�r�µ�_�×���J�X�f� ¾�U�a��� =ÒC�{yIL[QYDILn�� µBILRÎR�üzCk`SC Í ?,�,� � =
ÙVÚ^ÿ Û + Üz; Ý `~=<Ú±KzemIKÈ7ILR Í µu=<ÿ»ILnQnQpxR¦I Í `~=QÛHefp�ÏzILnHk Í µi=(1�EapxsNEanJMZn Í ILnJG Úi=KFÒMZe%ÏaILYgEQ=
.yIaO_k7G>p]O_oPEwsµMZef�ELb|IaO_O_EHoZp¦ILkfp]Ean¬ef`QR]MPOt= dS�aåæ�z�rÇ����×��� � �����7�]�_�tÊµ� P �¦�PÇm�aåL�X��; �a�r� P �z�U�Ê�Ö���y���HÊ Í [yILKNMPO

/,��ytA]/z?,z Í�� ÜzÜz;>=
ÙVÚÌÛ>Ü �aÝ `~=�Ú±KzemIKÈ7ILRcILnJG=`i=îÛHe_p8ÏzILnHkt=~.yIaO_kÌILRxKNEaefpxkf{QYgOBbdEae^Y\pxnQpxnQKÖIaO_O_EHoZp¦ILkfp]Ean»ef`JRxMPOw=|ð³n�� �r�v�x��l�a�t�t�X�_�X��Çm�|�a� �J�X��;~U��a�dÊµ� P �z�U�´�S�L�t���\À!�AU P ��è ~Ë8 Åw½ ° �a�y�v�d�tÊN�g�µ�g�¤�µ���]� ½ ���µ�9�]� Í [yILKNMPO� z�ytA � ÜzÜ Í�� ÜzÜ � =
ÙVÚ�F��,� Ý Úi=FÚ£Ï<{yIts<pBILnJG!WB=/FÒILRxR]ÏPMz= Ú�sµMXe�ILKNM¼qQpxkÂAHoPEaY\[QR]M�W>pxkû� ELbi÷l`JoZRxp]GQMtILnõILRxKNEaefpxkf{QYgOw= ðûnº �f�wÇ��_�_�a�9�HÊL�»�®� � �«daU º è �1� ½ U��_ÇP�v�<�_� e �z�³���Ö��� �l�u¸±�r�<�³�Z� ° ÇZ�d�Z�rÇ�� ÀP�u|Ý��b Åw½ ° �r�X���HÊH�X� Í[yILKNMPOa/�yx/wA]/,z�y Í ?,�,�,�>=
ÙlWÁILqAyxz Ý Í\=µðX=fWÁILq�MZnJÏNEQ=�í±n�I|[Qe_EaqQR]MZY ELb+·ÌIL`JOmOt=+° �aåw�d�Z� �ì�z�9�Q��¸g�z�v�vÇm�a� P ���æ�Î�N�-;��u~×ÀP� Å Í [yILKNMPO� /z;wA �Z� � Í�� Ü�yxz>=
ÙlW7Úa·ÌÜzÜ Ý `~=�þJ= WÁIt�µILe_GQE Í `i=�Ú±KzemIKÈ7ILR Í ILnJG ËÔ=
·^`QnJEa[Q`QR]EzOt= CFEanJOfk_emILpxnHk®�UqyIaO_MPG ef`QR]M}Y\pxnQpxnQKìpxnR¦ILefKNM Í GQMZnJO_McGJILkmILqyIaOmMPOt=aðûniº �f�wÇw�J�®�Ò�9�Q���-�N�9� � �y�wè �y�l�a�w�P�>�a� P �z�U� g �HÊz�����m�X�X�9�HÊ ½ ° ;N�a����; ½dS�H�X�v�X�d�a� �d� Í [yILKNMPO � z,zwA � Ü�y Í�� ÜzÜzÜ>=
ÙlWYWY`a�,� Ý þJ= ��.7=?WFEa`QRxp]otIL`Qk Í Úu=(WF�]ÏNE¼ÈëO�ÏHp Í ILnJG¼C^=J`SpxKNEakfkfpU=lÚS[Q[QemEtW<pxYDILkfp]Ean¼ELb�bve_MPÐµ`JMZnJoZ�ÄÐµ`JMZefp]MPOqH�¬YgMtILnJO×ELb~bve_MPMX�³O_MZk_Ot= ðûn º �X�9�rÇZ� �r�x�X�»�f� P �z�U�Å�Ö�9�J�9�HÊÓ�a�r� � �����7�]�_�tÊµ� P �¦�PÇm�aåL�X��;À º"�{P�P è �1� Åæ½ U�;N�a� ½ �î�f�a��Çm� Í [yILKNMPOayxVwA]z,V Í ?,�,�,�>=ÙlW7ËUF��z? Ý þJ=#W7Ea`Qe_GQEan Í W ËÌILpxe_MtIL`>W Í ILnJGQWB=
F�ILRxR]ÏPMz=uË^�<nyILY\p]otILRÒILnrILRÎ�>Ofp]O|ELb

α
�³÷l`JoZRxp]GQMtILn ILRxKNEL�efpxkf{QYgOt=#� �z�H�X�r�a���f�adS�VÊN�a�X�v�9�4¸u� ½ 8â8 Í [yILKNMPO±? � ;wA<?,z,V Í ?,�,�z?>=ÙlWYÍ�z,V Ý `~=yö¤=AWFe_MZnHkBILnJGMµu=l1Ì=�ÍB`QnQKJ=SÚ Of�<O_k_EaRxp]o|sHR]Ofp¤ILefemIt� bvEae±pÎn<k_MZKNMZe±KNoPG¼oPEaY\[Q`QkmILkfp]Ean·=±ðûn

d ø#� �%$ ¾ ? ½ º �f�wÇm�m�_�a�9�HÊL�B�®�S�9�>� ° �Xåa�X�y�9� ° ;u¸±�Q�L���9��¸ �a�ã�l�u¸±�r�>�³�X�YdS�X�9�9�4¸D�P�v�vÇuÀ®�f�H�µ�Q�a�
� �%$&�Ò�a�<Ê Åw½ �ngxgNg � °×º �_�X�m� Í [yILKNMPO �z� zwA � ?,V Í�� Ü,z,V>=

ÙlWYÍ��z? Ý C^=�W7EaefKNMZRxkBILnJG�`i=?ÍBef`JO_Mz=Áð³nJG>`JoZkfp]Ean»ELbÒIaO_O_EHoZp¦ILkfp]Ean¼ef`QR]MPOiêyÚ±[Qefp]Eaefp�pxY\[QR]MZYgMZnHkmIakfp]Ean·=ð³n �-�z�9�ï�l�a�t�t�X�_�X�rÇ��u�a�Ó�l�u¸±�r�>�U�z�v�d�a�r�a� ° �U�z�v�¦�Z�v�vÇX� ½ �^�X�X� �9� ½ � �X��¸g�a�/; Í [yILKNMPOa/zÜ,VwA � �,� Í?,�,�z?>=
? � /



�ë�dÃX�É�d�_Êa�_���y�µ�U�
ÙlW7ÿM®�1ëÜ�y Ý Û<MZefKNMZ� W�efpxn Í `^Iæý®MPMZsuÿìEak�È7ILnQp Í þNMXøîe_MZ�ÔËÔ=,®SRxRxYDILn Í ILnJG}ÛH{yILR]EaY 1�O_`Qet=yË^�HnyILY\p]oÁpxk_MZYÔ�OmMXkloPEa`Qn<kfpxnQK~ILnJGÔpxY\[QRxp]otILkfp]Eangef`QR]MPOÆbdEaeÆYDILe%ÏNMZklqyIaO%ÏµMZklGJILkmI>=Jðûn2°���� �ïç P �l�a�t�t�X�_�X��Çm� Í[yILKNMPO±?,V,VwA<?z; �JÍ�� ÜzÜ�y<=
ÙlWY98F�� �XÝ þJ=gW7Ea`Qe_GQEan Í ÿ�=f9^MZq�MZR Í ILnJGTWB=1FÒILRxR]ÏPMz=�í±nDkf{JMSO_kmIao[Ïµ�³Ofp��tMSELbÈKNMZnJMZemILRrkfefp]MPOw= ���>�_�a�_�Z�v�dÇ_�z��9�t�P�a��¸g�z�v�dÇX�|�z�Q�£dF�N�r�É�vÇm�z�v�d�a�Q� Í /,V ê � ;,/wA � z,V Í ?,�,� � =
ÙlW7Ea`�� �XÝ þJ=XWFEa`Qe_GQEan·=¬ÛHp��tM×ILnJG [yILkf{>�UR]MZnQKzkf{ßELb^[yILkfefp]oZp¦I»kfefp]MPO×êÆË^�<nyILY\p]otILRSO_Ea`Qe_oPMPOgoPEanHk_MXW<kt=

ø �a�r�µ�u¸ ° �v�X�>ÇP�v�<�_���u�a�r��d±� Êµ�a���v�9�4¸u� Í [yILKNMPO±?,zzÜwA]/ � V Í ?,�,� � =
ÙlWFe_M¼ya; Ý `i=Vö¤=KW�e_MZnHkt=zÚ±nyILRx�>Ofp]O·ELb>kf{JMlqQpxnyILef�Ì÷l`JoZRxp]GQMtILnÔILRxKNEaefpxkf{QY×= dS�VÊN�a�X�v�9�4¸u���a�r�\�l�u¸±�r�x��Ra�9�7; ½e �'�¬�a�9�_�fÇt�v�v�a�J�^�z�r�u�_�_Ç��X�y�l�_���X�H�Î�9�uÀ®�f�H�<�>�z� � �É�7���J�f�a�JÃ Åw½ dSÇm�N�µ��¸u�dÇ º �_����� Í [yILKNMPOY/z? � A

/,V,V Í·� Ü�ya;>=
ÙlWFefpc�,/ Ý Í\=fWFefpxKzKNOt=îÚ [Qe_MPoZp]O_MSoPEaY\[Q`JkmILkfp]EanÄELbîkf{JMSKµIL`JO_O®��Ï<`J�NT Y\pxn>��ÈÁpxe_OfpxnQKuoPEanJO_kmILnHkt=:1�MPom{QnQp]otILRe_MZ[�Eaefk Í öle_MZRxpxY\pxnyILef� e_MZ[�Eaefk Í ?,�,�,/>=
ÙlWëÛ(� �aÝ Ú±nQnJMYW7MZefef�uILnJG\ÚSR¦ILpxnDÛHpxKµIt�<e_MZkt=?`SMZ[QemMZOmMZnHkfpxnQK~I±oPEanJoPMZ[QkcR¦ILkfkfp]oPM7qH�uI±KzemIL[Q{·=AP ���ZÇP�_�Z�³�

dF�N�r�É�d�_�T�ì�z�9�>��¸g�z�v�dÇX� Í·�Z�z� h � �û?NjÌê@?�ytA � ? Í ?,�,� � =
ÙlWY1Áö + �,� Ý ¶\=#WÁIaOfkfp]GQM Í `~=#1¤IaEa`QpxR Í 9u=ÈöÆIaOmÐµ`Qp]MZe Í ·Ô=�ÛHkf`QY\YgM Í ILnJGãÑc=�Ñ�IÝÏH{yILRU=}ÿÖpxnQpxnQKÖY\pxnQpxYDILRnJEan>�Ue_MPG>`QnJGJIanHk}IaOmO_EHoZp¦ILkfp]EanÓef`QR]MPO\`JOfpxnQKìbve_MPÐµ`yMXn<k\oZR]EzO_MPG pxk_MZYgO_MZk_Ot=�ðûn(� �y�³�X�X�r�z�v�d�a�r�a��l�z�t�P�Z�_�X�rÇ��i�z� P �_�a�QÇP�v��åa�Ô�a�r�ÖçSÃ�bt�fÇt� P �N�U�µÃ_�L�P���}À P çBç P è �1� Å Í [yILKNMPO±Ü�ya?wA<Ü,zz; Í ?,�,�,�>=ÙlWY1Áö + �z? Ý ¶\= WÁIaOfkfp]GQM Í `~= 1¤IaEa`QpxR Í 9u=¤öÆIaO_ÐH`Qp]MZe Í ·Ô=lÛHkf`QY\YgM Í ILnJG Ñc=ÆÑ�IÝÏH{yILRU=ïöÆIaOmotILRÌê¤`QnòILRÎ�KNEaefpxkf{QYgMìGÈTVMXW>kfemIaoZkfp]Ean GJMZO}YgEakfpÎbvOgbve_ÏPÐH`JMZnHk_Ot= ���_ÇX�µ�J�d¿Z�J� �Z�~�ZÇZ�U�X�rÇ��¼�9�t�Z�z��¸g�z�v�d¿Z�J��� Í? � h � jÌê@;,VwA<Ü,V Í ?,�,�z?>=
ÙlWF`QYTzz? Ý `i=A1Ì=:WF`QYiqH�µ=�µBIL`JO_GQEae®ø G>pxYgMZnJOfp]EanãELb7C7ILn<k_EaeÌO_MZk_Ot=)� �a�H�X�r�a� ø �X�9���~dS�<Êµ�'���
�»�z�9�>� Í

/,/ � ê � Üz?wA<?,�z; Í�� Ü,zz?>=
ÙlWF`QYTz,V Ý `i= 1Ì=
W�`QYiqH�µ=ÊµBIL`JO_GQEae®ø G>pxYgMZnJOfp]EanòELb^O_MZkgILefp]OfpxnQK»pxn pxn nH`QYiq�MZe\kf{JMPEaef�N=ûe �K¸gÃm�X�

���Q�f�a��; À e �'� ¾!* �a��� ½ �u~1|�b ¾ �u~1|Ë8 Åæ½ U��_ÇP�v�<�_� e �N�³���Ö�9�r�»�z�9�>��¸g�z�v�dÇX� ½ �1�,bÝ� ½ ° �r�X�9�HÊµ�X� ½ Í[yILKNMPO � A]z Í·� Ü,z,V>=
ÙlW�F{�z? Ý þJ=XW7Ea`Qe_GQEan ILnJG WB=�F�ILRxR]ÏPMz= ·BMZnJMZemILRxp��tMPGò[yILkfk_MZefn>�UYDILk_o�{QpxnQK OfkmILkfp]Ofkfp]oPOw= �l�a�9�Î�w¿Z�<���K¸�a� �ì�z�9�Q��¸g�z�v�vÇZ�»�a�r� �l�u¸±�r�>�³�X� ° ÇZ�U�X�rÇ�� � d±�VÊN�a�X�9�9�4¸u� ½ �J�_�m��� ½ �l�u¸DÃX�9�r�z�U�a�X�vÇZ�ì�a�r�º �_�µÃ_�µÃX�9� �v�7; Í [yILKNMPO±? � ÜwA<?z;,V Í ?,�,�z?>=
ÙlW�F{� �aÝ FÔ=�W7ILR¦IaG>pÆILnJGMWB={F�ILRxR]ÏPMz=ÁË^p]OfkfefpxqQ`Qkfp]EanyILRlILnyILRx�<O_MPO±ELbc÷c`JoZRxp]GQMtILn ILRxKNEaefpxkf{QYgOt=ëð³n»º �f� ¾Ç��m�_�a���HÊa�i�®�ad±�]�X���%R,+Bd e daUë�FçDè � 8 Í [yILKNMPO � yx�wA � z �JÍ ?,�,� � =
ÙlW�F{�,V Ý FÔ=«WÁILR¦IaG>pFILnJGeW^=0FÒILRxR]ÏPMz=Ä÷l`JoZRxp]GQMtILnÓILRxKNEaefpxkf{QYgOÔILe_MgKµIL`JO_Ofp¦ILn·=�� �a�<�X�r�a�F�®� e �K¸gÃm�X�

���Q�f�a��; ½ �1�1� ½ �r�T� Í [yILKNMPOa/,/ � A]/,zz; Í ?,�,�,V>=ÙlW�F{�z; Ý þJ=�W7Ea`Qe_GQEan»ILnJG�W^=CFÒILRxR]ÏPMz=FöÆILkfk_MZefn¼YDILk_om{QpxnQK�O_kmILkfp]Ofkfp]oPOSEan¼oPEaefe_MZR¦ILk_MPG¼O_Ea`Qe_oPMPOt=Áº �f� ¾Ç��m�_�a���HÊa�i�®�aU+d�� �ne è �N� ½ U e � ° b1|1|¼? Í [yILKNMPO±?z? � A<?,/�y Í ?,�,�z;>=
Ù CFMPO[�z; Ý ÷ë=SCFMPO�ILemILkfk_EQ= `SMZYDILe%Ï>O×ILnJG©MXW<k_MZnJOfp]EanJO×Ean©kf{JMì[rIL[�MXe.-Z÷l`JoZRxp]GQMtILn ILRxKNEaefpxkf{QY ILe_MKµIL`JOmOfp¦ILn/- Í qH��qyILR¦IaG>p·sî=JILnJGÄszILRxR]ÏPMÌq·= Í oPEaY\Yi`QnQp]otILkfp]EanJO±[�MZe_O_EanQnJMZRxR]MPOt=�?,�,�z;>=
Ù Ck.hF{� �XÝ þJ=ÈC�R]ÏZYgMZnHk Í ö¤=A.¤R¦IæýfEaR]MZk Í ILnJGMWB=¼F�ILRÎR]ÏPMz=SË^�<nyILY\p]otILR¤OmEa`Qe_oPMPO±pxnÖpxn>bdEaefYDILkfp]Eanìkf{JMPEaef�ïêÚ¯KNMZnJMZemILR�ILnyILRx�>Ofp]OSELb¤kfefp]M|Ofkfef`JoZkf`Qe_MPOt= dS�VÊN�a�X�9�9�4¸Ô�dÇm� Í ?zÜQh � jBê0/,��ytA]/z;zÜ Í ?,�,� � =
Ù Ckµ�`az,/zI Ý Û�=SCkµ�`SðfÛ]1Sí^Ë|í�®±Ñ·Ú�ÍÌðfÛ�= ÷cOfkfpxYDILkfpxnQKòqQR]EHo[Ï kfemILnJO®bdMZe_O×ILnJG ýfEapxn Ofp��tMPOt= ðûn dÔ�+�

°���� �ïç P Í [yILKNMPO � �wA]V �JÍ ÿ»It� � Ü,z,/>=
Ù Ckµ�`az,/Lq Ý Û�=cCkµa`±ð®Û]1Sí^Ë|í�®^Ñ·ÚaÍÌðfÛ�=»÷ÒOfkfpxYDILkfpxnQK e_MPoPEae_G O_MZR]MPoZkfpxs<pÎk_pxMPOw=0� �t�Z�z��¸g�z�v�d�a� ° ;L�X�³��¸i� Í

zQhd?NjBê � �,VwA �z� V Í�� Ü,z,/>=

? �Z�



Ù Ckµ�`az �aÝ Û�=HCkµa`±ð®Û]1Sí^Ë|í�®^Ñ·Ú�ÍÌð®Û�=�ð³Y\[QRxp]otILkfp]EanJOFELbÈoPMZefkmILpxnJO�IaOmOf`QY\[Qkfp]EanJOcpxnDGJILkmILqyIaOmMÁ[�MZe®bdEae®�YDILnJoPM}MZsaILRx`yILkfp]Ean·= dÔ�+� �Q�f�z�Q�Z�NÇt�v�v�a�J�g�z� P �z�U�µÃ_�L�P� ° ;L�X�³��¸u� Í ÜQhU?Nj\ê � ;,VwA � zz; Í þN`QnJM� Ü,z � =
Ù CFÿìË�� �aÝ .7=ÁC�{yIÝ�wILR~ILnJGjFu=7ÿìIL`QYgMX�³ËBMPO_om{yILY\[JOw= ÛHkmILkfp]Ofkfp]otILRÌ[Qe_Ea[�MZefkfp]MPO×ELbiKNMZnJMZemILRÌYDILe%ÏµEwsG>�HnyILY\p]otILR¤O_Ea`Qe_oPMPO~êyIL[Q[QRxp]otILkfp]EanJO±k_Egpxn>bvEaefYDILkfp]Ean¼kf{JMPEaef�µ=YP ���ZÇZ�m�Z�³�~�ì�z�9�>��¸g�z�v�dÇX�i�a���

���>�_�a�_�Z�v�dÇm�a���l�u¸±�r�>�³�X� ° ÇZ�U�X�rÇ�� Í ;Qhd?NjBê@?,z,/wA]/ �Z�JÍ ?,�,� � =
Ù CFÿlF��,/ Ý .7=ÈC�{yIÝ�wILR Í Fu=îÿìIL`QYgM Í ILnJG=WB=
FÒILRxR]ÏPMz=ÔÛH�<Ofk_ØZYgMPOÌG>�<nyILY\p]Ðµ`yMZO|MZk|ILRxKNEaefpxkf{QY\p]ÐH`JMz=iðûn

.7=ÒC�{H�]�wIÝÏ ÷ÒGÈ= Í MPG>pxk_Eae Í d±� Êµ�a���v�9�4¸u� ° ��¸Ô�����a� Í [yILKNMPO � ? � A � V,�>=Òð©9a`±ðûÚ `±MPOt=
`SMZ[�Eaefk
V,�,�,/ Í ?,�,�,/>=

ÙVËÌILpc� �aÝ WB=îËÌILpxe_MtIL`>WÈ= d±�r�a��;L�P�D�H���D�a� Êµ�a���v�9�4¸D���D��è g �QÇZ�É�v�µ� � �H�î�D���µ�r�f�wÇX�>���&;a�r�u¸Ô�d¿Z�Q� =Ôöl{JËkf{JMPOfp]O Í 17{JØPO_M�®±nQpxsµMZe_Ofpxk_Ï~C7IaMZn Í ?,�,� � =
ÙVË|CY� �aÝ 9i=ÆËBMXW>k_MZe_OgILnJG 1Ì=cC7ILR]GQMZe_Ot=Å17{JMPEae_MZkfp]otILRëq�Ea`QnJGQOgEanÓkf{JMÄOfp��tM ELb^oPEanJGQMZnJO_MPGÓe_MZ[Qe_MX�O_MZnHkmILkfp]EanJOt=¤ð³nòg �+�'U ¾ º"��P�P �z�1� 8 � �a���t���<���ã�a� � �r���7�]�_�tÊµ� P �¦�PÇm�aåL�X��;\�9� � ���a�>Çt�v��åL�

P �N�U�µÃ_�L�P���}À �{P1�%P è � 8 Åw½ º ���Z� ½ � �U�z� ; Í [yILKNMPO±?,VwA]/z; Í ?,�,� � =ÙVËBMZRcV �aÝ µi=LËBMZR¦ILnQKNMz=�·BÏZnJÏZemILRxp]OmILkfp]EangG>`ukf{JÏPEae_ØZYgMÁGÈT p�ÏNMZ{yILemI>= d±�J�r�a�]��� ° ÇZ�U�X�y�v� ²�¿Z�J���ë�µ�Á�_è gNe{° ½?$� Í [yILKNMPO±? � /wA<? � ? Í�� Ü,V � =
ÙVË{.hFÌÜ�y Ý µi=ÆËÌIL`JGQÏ Í ö¤=
.¤R¦Iæý®EaR]MZk Í ILnJG WB=�FÒILRxR]ÏPMz= Ú±nòItsµMZemILKNMX�³oPIaOmM×ILnyILRx�>Ofp]O\ELb^kf{JM�·ÌIL`JO_O_p¦ILnILRxKNEaefpxkf{QY¯bdEae�R¦ILkfkfp]oPM�e_MPG>`JoZkfp]Ean·= �l��¸gÃZ���r�N�U�a���dÇX� ½ º �f�HÃf�HÃX���É�v�7;|�a�r�g�l��¸S���<�v�9�HÊ ½ � Í [yILKNMPO/zÜ�ytA � /,/ Í�� ÜzÜ�y<=
ÙVË^pÎW�yx� Ý þJ=JËÔ=JË^pÎW>Ean·=D17{JMÌnH`QYiq�MZe^ELblOfk_MZ[JOëpxn×kf{JM|÷l`JoZRxp]GQMtILn ILRÎKNEae_pÎk_{QY×=2� �a�<���r�z���f� e �K¸DÃm�X�

���>�_�a��;_� Í [yILKNMPO �J�Z� A � ?z? Í�� Ü�yx�>=
ÙVËBþNÑ�ÿ��z? Ý Ñc=·ËBM_`±IaMPG>k Í ÿ =ÈþµIaMZKNMZe Í Û�=VËu=�Ñ·MPM Í ILnJGÊµi=·ÿìILnQnQpxR¦I>=}Ú kf{yMZEae_�»ELb7pxnJG>`JoZkfpxsµMDÐµ`JMZef�ILnJO%ÈFMZefpxnQK×hvMXW>k_MZnJGQMPG ILqJOfkfemIaoZk�jX=¤ð³n3�ngNgNg(� �y�³�X�X�r�z�v�d�a�r�a�l�l�a�t�t�X�_�X��Çm�~�a� P �z�U���Ö�9�J�9�HÊÀ � � P � è �Ý� Åw½ �ì�µ�wÃf�L���µ�±�¤�v�7; ½ � ���>�z� Í [yILKNMPO � ?,/wA � /,� Í ?,�,�z?>=ÙVËBÑ·ÿìËUF{�z; Ý WB=FËÌILpxe_MtIL`>W Í ÑÒ=7ÑÈ{JEak_M Í FÔ=Fÿ»IL`QYgMX�³ËBMPO_om{yILY\[JO Í ILnJG WB=�FÒILRxR]ÏPMz= Ú±nyILRx�<Ofp]OÄELb~bUIaOfksNMZe_O_p]EanJOëELb¤kf{JM|÷l`JoZRxp]G¼ILRxKNEaefpxkf{QY×= �Z�a�K¸u���~ä�d e � ° Í ?,�,�z;>=
ÙVËBÿìËUF{�,V Ý WB=wËÌILpxe_MtIL`>W Í FÔ=wÿìIL`QYgMX�³ËBMPO_om{yILY\[JO Í ILnJGHWB=�F�ILRxRxÏPMz=g17{JM�ÑÈ�µIL[�Ea`QnJEws|k_Eaefk_Eap]OmM�ILnJG~kf{JMG>�µIaGQpxo~{yILe_Mz=FðûnÖË^p]O_oZe_MZk_MiÿìILkf{JMZYDILkfp]oPOBILnJG�17{JMPEae_MZkfp]otILRcCFEaY\[Q`Qk_MZe|Û<oZp]MXnyoZM Í MPG>pxk_Eae_O Íº �f�wÇ��_�_�a�9�HÊL�u�®�adS�®��dÖè �-� Í [yILKNMPO�y � A<Ü �JÍ ?,�,�,V>=
ÙVËBEaR¦Ü,z Ý ËÔ=îËBEaRxKNEa[H�HILkt=gí±nãGQMPotIt�»ELb7oPEaefe_MZR¦ILkfp]EanJO|pxnïILnJEzOmEws(ayE¼ÈëOt= dS�y�r�a� �\�®���ì�N�9�>��¸g�z�v�dÇX� ½� 80? Í [yILKNMPOa/,V�ytA]/zÜ,� Í�� ÜzÜ,z>=
ÙVË{1ëÜ,V Ý þJ=�ËBMZYgMZkfe_EwsHp]oPO|ILnJGlFu=A17{QpU=ÌÛ<EaYgMue_MZYDILe%Ï<OBEanìKNMZnJMZemILkfpxnQK×ILefYgOfkfe_EanQK×ILnJG¼pxn>bdMZefefpxnQKb9`QnJoZkfp]EanQnyILR�GQMZ[�MZnJGQMZnJoZp]MtOSe_MZR¦ILkfp]Ean·= dSÇP�U�ì��;µÃm�X�X���Z�v�dÇm� Í·� ?Qhd?NjBê � ;�ytA � z,� Í�� ÜzÜ,V>=
ÙVËUF�� �aÝ WB=µËÌILpxe_MtIL`>W�ILnJG2W^=4F�ILRxR]ÏPMz=·Ë±�<nyILY\p]otILRÈILnyILRx�>Ofp]O�ELb·kf{JMS[rILemILYgMZkfefp��tMPGÄÑ·MZ{QYgMZe®�³÷l`yoZRxp]GILRxKNEaefpxkf{QY×= �l�u¸DÃX�9�r�z�U�a�X�dÇX� ½ º �f�µÃ_�µÃX�9� �v�7; ½ �l��¸S���<�v�9�HÊ Í [yILKNMPO � ÜzÜwA]V,/z; Í ?,�,� � =
ÙVË^�<emÜ�y Ý C^=�÷ë=�Ë^�<e_MPO_Ean·=ßâ �rÇm�Z�X�U�a�9�y�7;E�»�a�r�tÊµ��¸g�Z�y�±�9� � �t�Z�z��¸g�z�v�d�a� ° ;L�X�³��¸i� Í om{yIL[Qk_MZeuÚ�W�pÎ�qQRxp]EaKzemIL[Q{H�gEan ®SnJoPMZefkmILpxnHkû�gÿ»ILnyILKNMZYgMZnHk�pxnDðûn>bvEaefYDILkfp]Ean ÛH�<Ofk_MZYgOw=AÍBRx`gÈFMZeFÚëoPIaGJMXY\p]oöl`QqQRxp]Of{JMZe_O Í�� ÜzÜ�y<=
ÙV÷Ò÷�z,V Ý C =J÷lRxRxp]O_Ean¼ILnJGE.7=Q÷lRxRxp]OmEan·=�º �X�J¸D� e ��¸DÃm�X��� =Xµ^MZefYDILnQn Í öÆILefp]O Í·� Ü,z,V>=
Ùl. ·BöD� �XÝ öl{QpxRxpx[Q[�M�.¤R¦IæýfEaR]MZk Í þBIts<p]MZe�·BEa`Qe_GQEan Í ILnJGßËÌILnQp]MZR^öÆILnyILefp]EQ= 17{JM¼oPEaY\[QR]MZk_M»ILnyILRx�>Ofp]OELb±I×[�EaRx�<nJEaY\p¦ILRFbdIaoZk_Eaefp��wILkfp]EanòILRxKNEaefpxkf{QY EwsµMZe~éJnQpxk_MDéyMZR]GQOt=.� �a�<���r�z�7�®��d±�VÊN�a�X�9�9�4¸u� Í� �Qh � jBê0/�ytA]z �zÍ ?,�,� � =

? � V



�ë�dÃX�É�d�_Êa�_���y�µ�U�
Ùl.
µ Ü Ý C^= .Jefp]MPO_MZnÓILnJG ËÔ=+µ^MZnJOfR]MZ�µ=M17{JM�OfkmILkfp]Ofkfp]oPOÔELbSoPEanHkfpxn<`JMPG�b9emIaoZkfp]EanJOibdEaei[�EaRx�<nJEaY\p¦ILR]OEwsµMZe±IuéJnQpxk_MÌéyMZR]GÈ=Fð³nìº �f�wÇ��_�_�a�9�HÊL�Ô�®�~�9�>�{d#¸D�X�X�vÇm�a���ì�z�9�>��¸\�N�v�vÇm�a� ° �wÇZ�U�Z�7; ½ �Q�a�h�Ý�O8 ½ Í[yILKNMPO±?z;z; � A<?z;�yx/ Í�� ÜzÜz;×hdÜNjX=
Ùl.¤pxn��,/ Ý Û�=?`~=J.¤pxnJom{·= �ì�z�9�>��¸\�N�v�vÇm�a���l�a�J�X�U�a�y�9� =cC7ILYiqQefp]G>KNM~®±nQpxsNMZe_O_pxkû��öle_MPO_O Í ?,�,�,/>=
Ùl.¤R¦I,�z; Ý ö¤=?.¤R¦IæýfEaR]MZkt=X9±Eak_MPOSGQMÌoPEa`Qe_Ow=
1�MPom{QnQp]otILR�e_MZ[�Eaefk Í ð©9a`±ðûÚ `SEHoPÐH`JMZnJoPEa`Qefk Í öÆILefp]O Í ?,�,�z;>=
Ùl.Æö�ÛQÛ>Üz; Ý ®u=+.rIt�<�µIaG Í ·Ô=¤ölp¦ILk_MZk_O%Ï<�µ�ÂÛ<{yIL[Qpxe_E Í ILnJG ö¤=lÛHYi�<kf{·==ÍBnJE¼ÈÁR]MPG>KNM G>p]O_oPEwsµMZef��ILnJG GJILkmIY\pxnQpxnQK}ê�1�E¼È7ILe_GQOFIB`QnQpÎbv�HpxnQKÌbvemILYgMíÈFEae%Ïî=�ð³n4� �y�³�X�X�r�z�v�d�a�r�a���l�a�t�t�X�_�Z�rÇm�B�a� � �r���7�]�_�tÊµ�

P ���ZÇm�aåL�X��;Ä�a�r� P �N�U�_�Ö�9�J���<Ê×À �{PaP ¾ ~H� Åw½ º �a�Z�v�Î�z�r� ½ â*° d Í [yILKNMPOazz?wA]z,z Í�� ÜzÜz;>=Ùl.cÛ>Üz; Ý ö¤=#.¤R¦Iæý®EaR]MZk~ILnJG=`i=ÈÛ<MPG>KNMíÈÁp]o[Ï�= dS�ï�9�y�v�f�w�a�>Çt�v�v�a���U�×�9�Q�g�a���a� ;L�X�¦�\�®�\�a�VÊN�a�X�9�9��¸i� =~ÚÁG<�G>p]OmO_Ean C MPOfR]MZ��Ñ·EanQKzYDILnìöl`QqQRxp]Of{QpxnQKÄCFEQ= Í ðûnJoz= Í W7EzOfk_Ean Í ÿìÚ Í ®ÌÛ<Ú ÍÈ� ÜzÜz;>=
Ùl.cÛ>ÜzÜ Ý ö¤=,.¤R¦Iæý®EaR]MZkÒILnJG�`i=zÛ<MPG>KNMíÈÁp]o[Ïî= d±�r�a��;z�v�vÇi�l�u¸DÃX�9�r�z�U�a�X�dÇX�ÌÀP�u~1~1~ Å =JW7EHExÏipxnÔ[Qe_MZ[yILemILkfp]Ean ÍOmMZM~ILR]O_E\ð©9�`SðÂÚ�`±MPO_MtILe_om{E`±MZ[�Eaefk_O � z,z,z Í ?,�z?z; Í ?,/�ya; Í ?zÜ,Vz; Í·� ÜzÜzÜ>=
Ùl.hF{�,� Ý ö¤=
.¤R¦IæýfEaR]MZkDILnJG WB=�FÒILRxR]ÏPMz=ÓCFEanHkfpxnH`JMPG b9emIaoZkfp]EanJO Í oPEaY\[yILefp]O_EanßILRxKNEaefpxkf{QYgO Í ILnJG éJnJMO_kfef`JoZkf`Qe_M±oPEanJOfkmILnHk_Ot=Èðûn �l�a�Q�Z�v���QÇP�v�9åL� ½ g R��J�X�X��¸g�Z�y�U�a�·�Z� e �a� ¾ Ul���î�f�z�YdS�r�z� ;L����� ½ �Ö�vÇZ�>�X����Q�X�f� ½ º �_�tÇ��m�f�z���HÊa�i�f�D�l�a�r�N�a�d�a���ì�z�9�Q��¸g�z�v�vÇm�a� ° �tÇP�d�Z�7; ½ �Q�z�#�¼? Í [yILKNMPOaV,/wA]zz? Í ?,�,�,�>=
ÙÉ·ÌIL`���y Ý C^=?.7=�·ÌIL`JOmOt=
`SMPom{JMZe_om{JMPO±ILefpxkf{QYgÏZkfp]ÐH`JMPOt= �Á�x�a�rÇZ�<�a�f� ½ º �a����� ½ �u~æ�,b Í·� z,��y<=
ÙÉ·{W��z? Ý þJ=*·^e%�P�<YDILR¦Iæ��W�`JOmO_Mz= $|�z�r�µÃ_�t���×�®� P �z�U���Ö�9�J�9�HÊ×�a�r� � �r���Á�x�_�tÊH� P ���ZÇm�aåL�X��; Í om{yIL[Qk_MZeË^p]O_oZe_MZkfp��wILkfp]EanìELb¤nH`QYgMZefp]otILR¤ILkfkfefpxqQ`Qk_MPOw=�íSW<bvEae_GE®SnQpxsµMZe_Ofpxkû�Äöle_MPO_O Í ?,�,�z?>=
ÙÉ·�·{`��z? Ý ÿ¼pxnJEzOX9i=f·ÌILe_ELbUILR¦IÝÏHp]O Í þNEa{yILnJnJMPOk·BMZ{Qe%ÏµM Í ILnJG `^Iæý®MPMZs�`±IaOfk_EaKzpU=
Y±`JMZef�<pxnQKiILnJGÔY\pxnQpxnQKGJILkmIiOfkfe_MtILYgOBêµ�NEa`�EanQRx�gKNMZkFEanJM±R]EHExÏDI|kf`Qk_Eaefp¦ILRU=�ð³n�°���� �ïç P �l�z�t�P�Z�_�X�rÇ�� Í [yILKNM^;,/,V Í?,�,�z?>=
ÙÉ·�·GF�� �XÝ .7=k·BMPMZefk_O Í WB=k·BEHMZkf{yILR]O Í ILnJG¬þJ=xF�ILnßGQMZnrWF`JO_O_om{JMz= Ú k_pÎKz{<kD`Q[Q[�MZe}q�Ea`QnJGßEanßkf{JMnH`QYiq�MZe^ELblotILnJG>p]GJILk_M~[yILkfk_MZefnJOt=�ðûn��ngNgNg5� �y�³�X�X�r�z�v�d�a�r�a���l�a�t�t�X�_�X�rÇ��u�a� P �N�U�_�¼���J�9�HÊÀ � � P �©è �1� Åæ½ ° �a� � �L�P� ½ â*° d Í [yILKNMPO � V,VwA � ;z? Í ?,�,� � =ÙÉ·Bÿ�Í�1ëÜ�y Ý ËÔ=
·^`JnJEa[Q`QR]EzO Í µi=�ÿ»ILnQnQpxR¦I Í `~=+ÍB{yILe_GQEan Í ILnJGeµu=+1�EapxsNEanJMZn·=ìËÌILkmI×Y\pxnQpxnQK Í {H�<[�MZe®�KzemIL[Q{ÓkfemILnJOfsµMZe_OmILR]O Í ILnJG YDIaom{QpxnJMÄR]MtILefnQpxnQKJ=�ðûn dÔ�+� °���� du��� ¾ °���� �ïç P ¾ °��!� d ø �

° ;�¸±�Q�L���9�K¸ �a� º �X����ÇZ�@���x���i�®� P �z�U�µÃ_�L�P� ° ;L�X�³��¸u�gÀ º ç P�° è ~¼? Åw½ �J�>ÇX�P�a� ½ â*° d ÍÈ� ÜzÜ�y<=ÙÉ·Bÿ Û>Ü�y Ý ËÔ=«·^`QnJEa[Q`QR]EzO Í µi=îÿìILnQnQpxR¦I Í ILnJGãÛ�=·Û>ILRx`aýfI>=~Ë^p]O_oPEwsNMZefpxnQKÖILRxRÆYgEzOfkÌOf[�MPoZpÎéyoÔO_MZnHk_MZnJoPMPOqH��emILnJGQEaY\p��tMPGìILRÎKNEae_pÎk_{QYgOt=Òð³n6� � P � Í [yILKNMPO±? � VwA<?z?zÜ Í�� ÜzÜ�y<=
ÙÉ·BEHMK�,/ Ý WB=�·ÌEHMZkf{yILR]Ot=�ÛH`QefsµMZ��Ean bve_MPÐµ`JMZnHkë[yILkfk_MZefnÖY\pxnQpxnQK Í ?,�,�,/>=
ÙÉ·BEHE �J�XÝ ðX=ÆþJ=�·BEHEHGÈ=e17{JM�b9emIaoZkfp]EanyILRSG>pxYgMZnJOfp]EanòELbBoPEanHkfpxnH`JMPG b9emIaoZkfp]EanJOw= º �f�wÇw�u�l�u¸DÃt� º �µ���]�

° �tÇw� Í /�yÄê � ÜzÜwA<?z?,z Í�� Ü �J� =
ÙÉ·^e_E�V,V Ý Úu=:·^e_Eakf{JMZnJG>p]MPo[Ï�=^öle_EHG>`Qpxk_OBk_MZnJO_Eaefp]MZR]O^k_Ea[�EaR]EaKzpxÐH`JMPOBMZkBMPOf[yIaoPMPO±nH`JoZR]ÏtILpxe_MPOt= �»��¸g�a�9�m��®�~�9�>��d#¸D�X�X�vÇm�a�M�»�z�9�>��¸g�z�v�dÇ_�z� ° �wÇZ�d�P�7; ½ �N� ÍÈ� Ü,V,V>=
Ùlµ^MXp¦;zÜ Ý µu=
µ^MZpxRxqQe_EanQn·=¬í±nÓkf{JM×ItsµMZemILKNMÄR]MZnQKzkf{¬ELbÌI»oZR¦IaO_OgELb^oPEanHkfpxn<`JMPG bvemIaoZkfp]EanJOt= e �K¸gÃm�X�

���Q�f�a��;��a�r��dS���a� ;L�X�¦� ½ �_�µ�cÃ�; º ���J�<�f�a� ½ e �'� ¾�* �a��� ½ º �x�Z�J��¸ Í [yILKNMPOaz�ytA<Üz; Í�� Üz;zÜ>=
Ùlµ^MXnrÜz? Ý ËÔ=+µ±MZnJO_R]MX�µ=¼CFEanHkfpxnH`JMPGïbvemIaoZkfp]EanÓC7ILn<k_EaeuOmMXkmO Í µBIL`JO_GQEae®ø¬G>pxYgMZnJOfp]EanÓILnJGãbv`QnJoZkfp]EanyILRILnyILRx�>Ofp]Ot=7� �a�<���r�z���®� e �K¸DÃm�X�����>�f�z��; ½ �Q�a�	83� Í [yILKNMPOa/,/z;wA]/,V,z Í�� ÜzÜz?>=
Ùlµ^MXnrÜ �aÝ ËÔ=Cµ^MZnJOfR]MZ�N={17{JMunH`QYiq�MZeÌELb�O_k_MZ[JO±pxn»kf{JMu÷l`JoZRxp]GQMtILnïILRxKNEaefpxkf{QY×=8� �a�<���r�z�l�®� e �K¸gÃm�X�

���Q�f�a��; ½ �Q�a�	8C~ Í [yILKNMPO �Z� ?wA � zz? Í·� ÜzÜ � =
Ùlµ^MXnrÜz; Ý ËÔ=¼µ±MZnJOfR]MZ�µ=zÚ [�EaRx�<nJEaY\p¦ILRHkfpxYgM�ILRxKNEaefpxkf{QYõbdEae·kf{JM�µBIL`JO_GQEae®øgG>pxYgMZnJOfp]EanuELbyIÁoPEanHkfpxnH`JMPGbvemIaoZkfp]EanìC7ILnHk_Eae±O_MZkt=7� �a�H�X�r�a�¤�®� e �K¸DÃ_�Z�2���>�_�a��; Í V,zQh � jBê@ÜwA � V Í�� ÜzÜz;>=
Ùlµ^MXnA� �aÝ ËÔ=Jµ^MZnJOfR]MZ�µ= �l�a�y�v�9�J�J�f�Ô�î�_�NÇP�v�d�a�Q� = C EaefR]G¼Û<oZp]MZnHkfpÎéyo Í k_EDIL[Q[�MtILe Í ?,�,� � =
? � ;



Ùlµ�·{9{�,� Ý þJ=:µ±px[Q[ Í ®u=#·&9QnHk%�tMZe Í ILnJGÊ·Ô=:9BIÝÏH{yIaMZp��wIaGQMZ{·=uÿÖpxnQpxnQKÖIaO_O_EHoZp¦ILkfp]Ean ef`QR]MPO\êîGQMZefpxs<pxnQKÖIOf`Q[�MZefp]Eae±ILRxKNEaefpxkf{JY qH� ILnyILRx�<O_pxnQKgk_EHGJIt�îT O±IL[Q[Qe_ENIaom{yMZOw=Òðûn¼º �X�9�rÇZ� �r�x�X�~�®� P �z�U�T�Ö�9�J�9�HÊ�a�r� � �r���Á�x�_�tÊµ� P ���ZÇm�aåL�X��;ìÀ º"�{P�P è �1� Åæ½ U�;N�a� ½ �È�f�a�rÇ�� Í ?,�,�,�>=Ùlµ^ö
¶��,� Ý þJ=xµ^ILn Í þJ=LöÆMZp Í ILnJG~¶\=¼¶^pxn·=>ÿ¼pxnQpxnQK^b9e_MPÐH`JMZnHkÆ[yILkfk_MZefnJO
ÈÁpxkf{JEa`QkcotILnJG>p]GJILk_M7KNMXnyMXe�ILkfp]Ean×êÚ bve_MPÐµ`JMZnHkf�U[yILkfk_MZefnÖkfe_MPM~IL[Q[Qe_ENIaom{·=Òðûn du�+� °���� �ïç P:� �r�³�X�����z�v�v�z�r�a�Ò�l�a�t�P�Z�_�X�rÇ��u�a�
�ì�a�r�wÊµ��¸D�X�y�7�®� P �z�U�¼À °���� �ïç P è �1� Åw½ P �a���x�L� ½ â«° d Í [yILKNMPO � A � ? Í ?,�,�,�>=ÙlµaÈ7IzÜ �aÝ µi= ��Í\=:µ£È7ILnQKJ= ���Q�f�a��L�¸D���u�É�J¸Ô�v�³�S�>�a�<�u�]���i�Z�v���QÇP�v�<�_���gÇm�u¸DÃX�9�r�z�U�a�9�_���g�P�7�]���F�P�a�rÇP�v�d�a�Q��a�X�9�9�4¸D�Z�v�d¿Z�J��� =Òöl{JË kf{JMPOfp]O Í ÷coPEaR]M|öÆEaRx�Hk_MPom{QnQp]ÐH`JM Í .JemILnJoPM Í·� ÜzÜ � =

ÙlµaÈ7IzÜ,z Ý µi= ��Í\=fµaÈ7ILnQKJ=·í±n}oPEanHsNMZefKNMZnJoPM±emILk_MPOÒpÎnDkf{JMSoPMZnHkfemILRrRxpxY\pxkÒkf{JMPEae_MZYgOÒbdEaeÒoPEaYiqQpxnyILk_Eaefp¦ILROfkfef`JoZkf`Qe_MPOt=/g �H�f���J�_�a� � �a�H�X�r�a�¤�®�D�l�u¸DÃX�9�r�z�U�a�X�vÇZ� ½ �J�a���u~ Í [yILKNMPOa/z?zÜwA]/ � / Í�� ÜzÜ,z>=
ÙVþµMZqyÜ,V Ý 1Ì=ÈþNMZq�MZR]MtILn·=DÚ GQEa`QqQR]MgG>pxKzpxk~Ñ·MZ{QYgMZei÷l`JoZRxp]G�ILRxKNEaefpxkf{QY bdEaeBéJnJG>pxnQK×kf{JM\KNoPGãELbFR]EanQKpxnHk_MZKNMZe_Ot=#� �a�H�X�r�a�¤�®� ° ;u¸DÃ_�a� �dÇ��l�u¸±�r�>�U�z�v�v�z� Íî� ÜQh � ��/NjÌê �Z� VwA � V�y Í�� ÜzÜ,V>=
ÙVþ]·{®�� �aÝ íu=aþNMZnJÏ<pxnJO_Ean Í ÑÒ=l.7=�·ÌEanJ�wILRxMí� Í ILnJG\ÿ�=x®±efqyI�;JO%Ï<pU=yí±n\kfemILnJO®bvMZecEa[�MZemILk_Eae_OÆbdEaeloPEanHkfpxnH`JMPGb9emIaoZkfp]EanJOHÈÁpxkf{�e_MPOfkfefp]oZk_MPG�G>pxKzpxk_Ot=Öº �f�wÇ��m�f�z���HÊa���f�D�9�>� U·�z�r�N�a�e�ì�N�9�>��¸g�z�v�dÇ_�z� ° �wÇZ�d�P�7; Í?,�,� � =
ÙVþµöÒÜzÜ Ý íu=îþNMZnJÏ<pxnJO_EanãILnJG ÿ�=îö¤EaRxRxp]oPEakfkt=ÔCFEaY\[Q`QkfpxnQK×kf{JMÔG>pxYgMZnJOfp]EanãELbFG>�<nyILY\p]otILRxRx�ìGQMXéJnJMPGO_MZk_OÔpÌê

e2
ILnJG q�Ea`JnJGQMPGÓoPEanHkfpxnH`JMPG bvemIaoZkfp]EanJO Í [QemMX[JefpxnHkt=e1�MPom{QnQp]otILRëe_MZ[�Eaefk Í ð³nJO_kfpxkf`QkÿìILkf{yÏXYDILk_pxÐH`JMPO±GQMÌÑ·`QY\pxnH� Í�� ÜzÜzÜ>=

ÙVþf`a�,V Ý WB=<þNMZ`JG>�ÄILnJG�.7=(`ëp]Ea`QRxkt=lº �L�Z� ¾ �r�f�wÇ��m�f�z���HÊa�~�®�Ì�9�>� � �y�³�Z���r�N�v�v�a���a� � �z���t���<���ï�a� � �r��� ¾�x�_�tÊH� P ���ZÇm�aåa�X��;õ�9� � �r�a�QÇP�v�9åL� P �z�U�µÃ_�L�t���õÀ �{P1�%P è � 8 Å Çm� ¾ �Î�wÇm�z�³�_���l�9�9� �9�>� g �+��U ¾º"�{PaP è � 8 Í om{yIL[Qk_MZeiËÌILkmILqyIaO_MT1�emILnJOf[�EzOfpxkfp]EanïbvEaeuCFEanJOfkfemILpxnJMPG hUC�R]EzO_MPGyjÌöÆILkfk_MZefn ÿ¼pÎ�nQpxnQK Í [yILKNMPOazzÜwA � ��y<=FÛH[QefpxnQKNMZe Í ?,�,�,V>=
ÙlÍ�Í�z,z Ý þJ=�ÍBnJEa[>b9YDIaom{JMZe7ILnJGgÚi=,ÍBnJEa[>bvYDIaom{JMZet=C17{JMëMXWJIaoZklR]MZnQKzkf{}ELb�kf{JMë÷l`JoZRxp]GQMtILnÄILRxKNEaefpxkf{QYpxn

Fq[X]
= �ì�z�9�>��¸g�z�v�Õ�a� ½ �Q�z�«bÝ� Í [yILKNMPO±?zÜ�ytA]/,� �JÍ�� Ü,z,z>=ÙlÍBnH`Ay �XÝ ËÔ=V÷ë=kÍBnH`Qkf{·=�17{JM»ILnyILRx�<Ofp]OÄELbiILRxKNEaefpxkf{QYgOw= ð³n ·ÌIL`Jkf{Qp]MZe®�!F±pxRxR¦ILe_O Í MPG>pxk_Eae Í dSÇP�³���»�z�Çm�a�HÊa�WLX�i�µ���+¸g�z�9�>��¸g�z�v�dÇZ�U�X�Q� Í sµEaRx`QYgM~/ Í [yILKNMPO±?z;zÜwA<?�y �JÍ�� Ü�y � =

ÙlÍBnH`yÜ�y Ý ËÔ=V÷ë=AÍBnH`Qkf{·= ���Q�u�a�Z�Á�®�}�l��¸S���<�³�X�ë�r�f�mÊa�f�u¸}¸Ô�9�HÊ ½ �Q�a� �K¸D��� ½ =�/Le_G¼MPG>pxkfp]Ean Í ÚÁGQG>p]O_EanC MPO_R]MZ��Ñ·EanQKzYDILn¼öc`QqQRxp]Of{QpxnQKÄCFEQ= Í·� ÜzÜ�y<=
ÙlÍBnH`yÜ,zzI Ý ËÔ=V÷ë=AÍBnH`Qkf{·= ���Q�u�a�Z�Á�®�}�l��¸S���<�³�X�ë�r�f�mÊa�f�u¸}¸Ô�9�HÊ ½ �Q�a� �K¸D�H� ½ =�/Le_G¼MPG>pxkfp]Ean Í ÚÁGQG>p]O_EanC MPO_R]MZ� Í `SMtIaG>pxnQK Í ÿìIaO_O�Iaom{H`JO_O_MZk_O ÍÈ� ÜzÜ,z>=
ÙlÍBnH`yÜ,zLq Ý ËÔ=V÷ë=AÍBnH`Qkf{·= ���Q�u�a�Z�Á�®�}�l��¸S���<�³�X�ë�r�f�mÊa�f�u¸}¸Ô�9�HÊ ½ �Q�a� �K¸D��b ½ =Á?Le_G¼MPG>pxkfp]Ean Í ÚÁGQG>p]O_EanC MPO_R]MZ� Í `SMtIaG>pxnQK Í ÿìIaO_O�Iaom{H`JO_O_MZk_O ÍÈ� ÜzÜ,z>=
ÙlÍB`J�w?,z Ý `~=Èíu=:ÍB`J�NT Y\pxn·=uÛH`QeB`Qn»[Qe_EaqQR]ØZYgM\GQMuKµIL`JOmOt= d^�d�v�Á�µ�X�ë�l�a�HÊz�_���m�P� � �y�³�X�X�r�z�v�d�a�r�a�]�g�µ�X�

�ì�z�³��¸g�z�v�dÇZ� ½ �Q�a�¤� ½ �±�a�Î�mÊa�r� Í [yILKNMPOaz,/wA]zzÜ Í�� Üz?,z>=
ÙVÑ=<?zÜ Ý ö¤=�Ñ·ÏZs<�N=ÖÛH`QeiR]MPO~R]Eap]OuGQMg[QemEaqyILqQpxRxpÎkmÏ�GQEanHkuGQÏZ[�MZnJGQMZnHkuR]MPOiÐH`JEakfp]MZnHk_OuoPEaY\[QR]MZk_OÔMZk~pxn>�oPEaY\[QR]MZk_OSGÈT `QnJMÌb9emIaoZkfp]EanÖoPEan<kfpxnH`JMz= �ë�<���x� ° �tÇæ�*�ì�z�9�>�È�È�f�a��Çm� Í V�yÄê � yxzwA � Ü �JÍ�� Üz?zÜ>=
ÙVÑ�ILY � V Ý ËÔ=aÑ�ILYgÏz=A9^Eak_MÁOf`QelR]IBRxpxY\pxk_MëG>`\nJEaYiqQe_MëGQMÁG>pxs<p]Ofp]EanJOcGJILnJOlR¦I^emMZom{yMXemom{JMëG>`\[QRx`JOcKzemILnJGoPEaY\Yi`Qn¼G>pxsHp]O_MZ`QeSMZnHkfe_M|GQMZ`>WÄnJEaYiqJe_MPOSMZnHkfp]MZe_Ot= �c� ø �:dSÇm�N�µ� ° Çæ� ÍÈ� Ü ê0zz;�ytA]z�yx� Í�� z � V>=
ÙVÑ�MZ{�/,z Ý ËÔ=Ýµu=aÑ·MZ{QYgMZet=y÷l`JoZRxp]GÈTVOÒILRxKNEaefpxkf{QY bvEaeÆR¦ILefKNMFn<`QYiq�MZe_Ot= d8¸D�?�ì�z�9�Q�?�ì�a��� Íæ� Vuê@?z?�ytA<?,/,/ Í� Ü,/,z>=
ÙVÑ·{JE�� �aÝ Ñc=ÈÑÈ{JEak_Mz=gCFEaY\[Q`JkmILkfp]Ean�ELb7IÄoZR¦IaO_OÌELb7oPEanHkfpxnH`JMPG»bvemIaoZkfp]EanãoPEanJO_kmILnHk_Ot=\º �_�tÇ��m�f�z���HÊa�D�®�

dS�]�X����R>+Bd e d£US�FçU�Ç8 Í [yILKNMPOë[Q[ � ÜzÜwA<? � � Í ?,�,� � =

? � y



�ë�dÃX�É�d�_Êa�_���y�µ�U�
ÙVÑ·Ñ�Û C �,V Ý þzpxn<�µILn�ÑÈp Í µBILp]Ðµ`yILn}Ñ·p Í ËBEanQnH�DÛ<Ea{ Í ILnJGDÑÈpxYgO_EHEan C EanQKJ=îÚ oPEaefe_MPO_[�EanJGQMZnJoPM±q�MZk�ÈFMPMZnYDIæW>pxYDILR�oPEaY\[QR]MZk_M|qQpx[yILefkfpxk_M~O_`QqQKzemIL[Q{JO±ILnJG×oZR]EzOmMPG [yILkfk_MZefnJOt=�ð³nìº"�{PaP Í [yILKNMPO �Z� ;wA� Vz; Í ?,�,�,V>=
ÙVÑ·ÿ»Ü �aÝ Úu=<Ñ�IaO_EakmI\ILnJGÄÿ ÿ»Iao[ÏNMZ�µ= ���>�N�L� ½ �î�f�µÇP�U�a� �|�a�r� e �a���P�@? ° �U�tÇZ�<�L�X�v�dÇ�dB�U�J�fÇt�9�|�f� P ;a�r� ¾¸Ô�dÇX� =lÚ±[Q[QRxp]MPG×ÿ»ILkf{JMZYDILkfp]otILRÆÛ<oZp]MZnJoPMiÜ�y Í ÛH[QefpxnQKNMZe Í�� ÜzÜ � =
ÙVÑ·ÿ=� �aÝ ·\=QÑ·M|ÿ»IL{JMPoz=X®±kfpxRxp]OmILkfp]Ean¼GQMPOSILefqQe_MPOSemIaG>p]otIL`>W [�Ea`QeëR]MPO±ILRxKNEaefpxkf{QYgMPO±GQM|GJILkmIæ�UY\pxnQpxnQKO_`QeÒKzefpxRxR]M^GQM±otILR]oZ`QRlh9YgÏZYgEapxe_M^GQM±GQMtINjX=·ÿ»IaOfk_MZetTVO�kf{JMPOfp]O Í ®±nQpxsNMZe_Ofpxk_Ï±GQM±ölp]otILe_G>p]M Í ?,�,� � =
ÙVÑ«`^ÛJ�,VzI Ý ÑÒ=NÑÈ{JEak_M Í .7=,`Sp]Ea`QRxk Í ILnJGgÚu=µÛ<Ea`QR]MZkt=�Ú�sNMZemILKNMÁnH`QYuq�MXe�ELb�bve_MPÐµ`JMZnHk�ILnyGgoZR]EzO_MPG\[yILkfk_MZefnJOpxnÔemILnJGQEaY GJILkmILqyIaO_MPOt=Qðûn �l�a�t�t�X�_�X��Çm�±��è dF�N�r�_�Z�y�v�¦���Z�tÊµ�~À��«dF�Áè �-� Åw½ e �vÇ�� ½ �î�f�a��Çm� Í [yILKNMPO/ � VwA]/z;,� Í ?,�,�,V>=
ÙVÑ«`^ÛJ�,VLq Ý ÑÒ=�ÑÈ{JEak_M Í .7=C`ëp]Ea`QRxk Í ILnJGìÚu=îÛ<Ea`QR]MZkt=ÌÚ�sNMZemILKNMin<`QYiq�MZeÌELbcb9e_MPÐH`JMZnHk\hvoZR]EzO_MPGyjS[yILkfk_MZefnJOpxn�q�MZefnJEa`QpxRxRxp�ILnJG}YDILe%ÏµEws<p¦ILnÄGJILkmILqyIaO_MPOw=�ð³n3�ngNgNg(� �y�³�X�X�r�z�v�d�a�r�a�l�l�a�t�t�X�_�X�rÇ��|�z� P �z�U�

�¼���J�9�HÊÖÀ � � P � è �-� Åw½ $|�z�µ�Z�U�a� ½ â*° d Í [yILKNMPO�y � /wA(y � ; Í ?,�,�,V>=ÙVÑ�F��z;zI Ý ÑÒ=FÑ·{JEak_M ILnJG WB=/F�ILRxR]ÏPMz=�·ÌIL`JO_Ofp¦ILn R]I¼ÈëO}bdEae�kf{JMìYDILpxn [yILemILYgMZk_MZe_O×ELbikf{JM»÷l`JoZRxp]GILRxKNEaefpxkf{QYgOw= �z�X�v�dÇZ�]�~���Jåw�9�³�7�Q�a�H�{dS�VÊN�a�X�9�9��¸u�dÇm� Í ?,�,�z;>=
ÙVÑ�F��z;Lq Ý ÑÒ=ÆÑÈ{JEak_M×ILnJG WB=�F�ILRxR]ÏPMz=�ÛH{yILe_[ÓMPOfkfpxYDILk_MPOÔbvEaeÔkf{JM�YDILpxn [yILemILYgMZk_MZe_ODELbSkf{JM ÷l`JoZRxp]GILRxKNEaefpxkf{QY×=7º �f�wÇm�m�_�a�9�HÊL�u�®�aU*d�� �ne è �N� ½ U e � ° b1|1|C? Í [yILKNMPO±;,zzÜwA(yx�z? Í ?,�,�z;>=
ÙVÿ»It�JyaÜ Ý ËÔ=gµi=HÿìIt�µMZet=�ÛH[�MPoZkfemILRî[Qe_Ea[�MZefkfp]MPO7ELb�oPMZefkmILpxnÄoPEaY\[�EzOfpxkfp]EanÄEa[�MZemILk_Eae_OÁILefp]O_pxnQKipxn�OfkmILkfp]O®�kfp]otILR·YgMPom{yILnQp]oPOw= �l��¸�¸Ô�<���«�ì�z�9�Q� º �Ý;L�P� Í [yILKNMÌ[Q[Ö;,z Í·� Ü�yaÜ>=
ÙVÿ»It�>Ü �XÝ ËÔ=Hµu=~ÿ»It�NMZet= �l�z�y�v���y�Q�_�ï���f�µÇP�v�v�z�Q�¬�a�r�õ�_�Z�Î�z�³�_� �v�f�a�Q�9�Z�a��¸g�z�v�d�a�Q� = 1Ì=HW7MPG<bvEae_G Íÿ =JÍÌMtILnJM Í ILnJGÖCB=yÛ<MZefp]MPO Í·� ÜzÜ � =
ÙVÿ�`azz; Ý µu=Qÿ»ILnQnQpxR¦IgILnJGEÍ\= �³þJ=�`2ALpx{BA>=cð³nJoZRx`JO_p]Ean×GQMZ[�MZnJGQMZnJoZp]MtOiêQÚ±[Q[QRxp]otILkfp]EanÖk_E\R]EaKzp]otILR�GJILkmIæ�qyIaOmM±kf`QnQpxnQKJ=Æð³n3� �r�³�X�����z�v�v�z�r�a�l�l�a�t�t�X�_�X��Çm�~�a� P �z�U� g �HÊa�9���m�X�X���HÊ ½ U��L��dS�HÊH�X�x�X� ½ â«° d Í� Ü,zz;>=
ÙVÿ�1ëÜ�y Ý µu=Lÿ»ILnQnQpxR¦IÌILnJG�µu=Ý1�EapxsµEanJMZn·=JÑ·MZsµMZR�ÈÁp]O_MÁO_MtILe_om{gILnJGÔq�Eae_GQMZe_OlELbrkf{JMPEaefp]MPOlpxn�Ï<nJE¼ÈÁR]MPG>KNMG>p]OmoZEæsNMZef�µ=�P �z�U�_�Ö�9�J�9�HÊ}�a�r� � �r���Á�x�_�tÊµ� P �¦�PÇm�aåL�X��; Í·� h¬/NjBê@? �J� A<?,V,z Í�� ÜzÜ�y<=
Ùl9BIÝÏ(z �XÝ µu=:9^IÝÏzIaGJI>=iÿìMZkfefp]otILRlkf{JMPEaef�ÖbdEae|I�oZR¦IaO_OÌELbFoPEan<kfpxnH`JMPGìbvemIaoZkfp]Ean kfemILnJO®bdEaefYDILkfp]EanJOiILnJGkf{JMZpxeSnyILkf`QemILR�MXW>k_MZnJOfp]EanJOt= �r���O;N� � �*�»�z�9�>� Í ?Qh � jBê0/zÜzÜwA � ?z; Í�� Ü,z � =
Ùl9±pxMKz�y Ý µu=�9±p]MPGQMZefe_MZpxk_MZet=HCFEanHkfpxnH`JMPG|b9emIaoZkfp]Ean|bvEaeÈbdEaefYDILRN[�E¼ÈFMZe�O_MZefp]MPO Í [JO_MZ`JGQEaemILnJGQEaY¯nH`QYiq�MZe_O ÍILnJG RxpxnJMtILe~oPEaY\[QR]MXW>pxkû�µ= �l�z�y�v���UÃX�>�v�v�a� �U�}ÊH�X���X�f�z���a�VÊµ�tÃX�_� ½ ñ À ° �a�DCwÃX�<�dÊ ½ �u~1|H� Å Í [yILKNMPO?z? � A<?,/,/ Í µ1EaR]GQMZe®�³ölp]om{QR]MZe®��1�MZY\[yO%Ï<� Í F±p]MZnQnyI Í·� Ü,z�y<=
Ùl9±pxMKz,z Ý µu=]9±p]MPGQMZefe_MZpxk_MZet=cÛ<MPÐH`JMZnJoPMPOYÈÁpxkf{ÖILRÎYgEzO_k7[�MZe®bdMPoXkÁRxpxnJMtILeÁoPEaY\[QR]MXW>pxkû�}[Qe_ELéJR]Mz= dS�aåæ�a�rÇ�����9� �¤��;����U�a�x�_Ê&; � º �f�wÇw� guâ6ø ç|� ø * º �Ìè |C? Í [yILKNMPOa/�ytA]V �zÍ�� Ü,z,z>=
ÙVöXWY1ÁÑ�ÜzÜzI Ý 9u=yöÆIaO_ÐH`Qp]MZe Í ¶\=�W7IaOfk_pxGJM Í `i=?1¤IaEa`QpxR Í ILnJG¼Ñc=rÑ�IÝÏ<{yILRU=ë÷
7DoZp]MZnHk^Y\pxnQpxnQK�ELb�IaO_O_EHoZp¦ILkfp]Eanef`QR]MPOë`JOfpxnQKDoZR]EzO_MPG pxk_MZYgO_MZkëR¦ILkfkfp]oPMPOt=F� �t�Z�z��¸g�z�v�d�a� ° ;L�Z�³��¸u� Í ? � h � jBê@?,VwA � ; Í�� ÜzÜzÜ>=
ÙVöXWY1ÁÑ�ÜzÜLq Ý 9±p]oPEaR¦IaO|öÆIaO_ÐH`Qp]MZe Í ¶ÒsNMPO�W7IaO_kfp]GQM Í `±Iæé?ÏM1¤IaEa`QpxR Í ILnJG Ñ·Eak®é�Ñ�IÝÏ<{yILRU=\C�R]EzO_MPG O_MZkÌqyIaO_MPGG>p]OmoZEæsNMZef�ÄELblOfYDILRxR·oPEwsµMZe_O7bdEaeSIaO_OmEHoZp¦ILkfp]Ean×ef`QR]MPOt=cð³n � P dÖè ~1~ Í [yILKNMPOa/z; � A]/,z �zÍ�� ÜzÜzÜ>=
ÙVöD·�·�� �aÝ ölIL`QR C =Löl`Je_GQEaY Í Ë^pxe%Ï�F�ILn_·^`Jom{Hk Í ILnJGÔËBMZnQnQp]Olö¤=�·Be_Eakf{·=QÚ�sNMZemILKNMX�³otIaO_M7[�MZe®bvEaefYDILnJoPMELbÆkf{JM~IL[Qefp]Eaefp�ILRxKNEaefpxkf{QY×=�°�� d�� � �a�H�X�r�a�¤�a�Ó�l�u¸±�r�<�v�9�HÊ Í /,/Qh¬VNjÌê � ?z?,/wA � ?z;,� Í ?,�,� � =
ÙVöl{Qp�yx� Ý C =aöl{QpxRxpx[Q[·=îÛ<EaYgM7YgMZkfefp]otILRJe_MPOf`QRxk_OlpxnÔnH`QYiq�MZeckf{JMPEaef�ipxpU=AP ���a���ì�z�9�>��¸g�z�v�vÇX� Í /,zuê �z� ytA� z,z Í ÷cefemILkmIÔ[·=Éyxz,z Í�� Ü�yx�>=
ÙVöXµ^ÿ��,� Ý þJ=Æö¤MZp Í þy= µ^ILn Í ILnJG `~=�ÿ»IaEQ= C�R]EzO_MZkÄê¤Ú±n M´7DoZp]MZnHkgILRxKNEaefpxkf{QY bvEaeuY\pxnQpxnQKìb9e_MPÐH`JMZnHkoZR]EzO_MPGìpxk_MZYgO_MZk_Ot=Bðûn dÔ�+� °���� �ïç P � �z���t���<���Ó�a� ø ���P�_�a�_ÇX� � �����J���i�9� P �z�U�2�¼���J�9�HÊ�a��� � �����7�]�_�tÊµ� P �¦�ZÇm�aåa�X��;ìÀ P � �{P è �1� Åw½ P �a���x�L� ½ â*° d Í [yILKNMPO±? � A]/,� Í ?,�,�,�>=
? � z



Ùl`Sp]M¼yxz Ý ·Ô=LþJ=x`ëp]MZKNMZet=�9Qq�MZelG>p]MFY\pxkfkfR]MZe_MÁO_om{QefpxkfkmILnJ�wIL{QRQq�MZpQG>pxs<p]Ofp]EanyILRxKNEaefpxkf{QYgMZn·= �ì�z�9�>� e �NÇZ�µ�t� Í[yILKNMPO � V�ytA � z,� Í�� Ü�yxz>=
Ùl`S`JM¼yxz Ý ËÔ=J`ë`JMZRxR]Mz=X17{JMZefYgEHG>�<nyILY\p]oÌbdEaefYDILRxp]OfY×= dS�N�z�¦�P�a� � ���X�x��; Í·� Ü�yxz>=Ùl`S`JMKz,V Ý `±ILpxnJMZeBÚu=A`ë`JMZ[Q[�MZRU=BÑÈpxnJMtILeÌoPEaY\[QR]MXW>pxkû�ìILnJG¼emILnJGQEaY OmMPÐµ`JMZnJoPMPOt=Bð³n�gÔâ6ø ç|� ø * º � Í[yILKNMPO � ;�ytA � z,z Í�� Ü,z,V>=
Ùl`S`JMKzz; Ý `~=ÈÚu=#`S`JMZ[Q[�MZRU= dS�r�z� ;L�����g�a�r� P �����xÊa�Ó�®� ° �v�m�f�u¸ �¤�@�r�>�X��� =}ÛH[QefpxnQKNMZe®�!FÒMZefR¦ILK Í W7MZefRxpxn Í� Ü,zz;>=
Ù Û<ÚBÜz; Ý `~=µÛHefp�ÏaILnHk�ILnJG_`~=zÚSKzemIKÈÁILRd=�ÿÖpxnQpxnQK~ÐH`yILnHkfpxkmILkfpxsNMSIaOmO_EHoZp¦ILkfp]Eangef`QR]MPOlpxngR¦ILefKNMÁe_MZR¦ILkfp]EanyILRkmILqQR]MPOt= ðûnõº �f�wÇ��_�_�a�9�HÊL�ï�®�»�9�>� �u~1~H� dÔ�+� °���� �ïç P �9�y�³�X�X�r�z�v�d�a�r�z�BÇm�a�t�t�X�_�X�rÇ����a�

�ì�a�r�wÊµ��¸D�X�y�7�®�~�N�z�U� ½ �ì�a�y�v�m�f�a� ½ �l�a���N�N� Í [yILKNMPO � A � ? Í·� ÜzÜz;>=Ù ÛQCY�,V Ý Úi=ïÛ<Ea`QR]MZk ILnyG WB=ïC�e_ÏZY\pxRxR]MZ`>WÈ= Ú±n M´7DoZp]MZnHk bvemILYgMíÈFEae%Ï bdEae Y\pxnQpxnQKÿayMXW>pxqQR]MoPEanJOfkfemILpxnHk_Ot=Èðûn�º �NÇZ� ²�Ç ¾ dB���d� �l�z�t�P�Z�_�X�rÇ��B�z� � �r���Á�]�f�tÊH� P ���ZÇm�aåL�X��;g�a�r� P �N�U�H�Ö�9�J���<Ê ½À º d �{P�P è �-� Åæ½ $~�a�r�a� ½ �·�d�Z�v���u¸ Í ?,�,�,V>=
Ù Û<om{Ay �XÝ Úi=yÛ<om{JEanQ{yILKNMz=FÛ<om{QnJMZRxR]MÌq�MZe_MPom{QnH`QnJKDsNEan'ÏµMZkfk_MZnHqQef`Jom{JMZnHk�ÈÁp]oÙÏHRx`QnQKµMZn·= dSÇP�U� � �t�Z�z��¸g� ¾�v�vÇm� Í [yILKNMPO � /zÜwA �Z�z�JÍ�� Ü�y � =
Ù ÛH{yIzÜz? Ý þJ=<ÛH{yILRxRxpxkt=:`±MtILRJnH`QYiq�MZe_ODÈÁpxkf{Dq�Ea`QnJGQMPGD[yILefkfp¦ILRrÐH`JEakfp]MZnHk_Ot=HI|Of`QefsµMZ�N= U~è g �Q�P�Z�ÎÊa�î��¸D�X�y�

�ì�z�9�>��¸\�N�v�v¿Z�J� Í /,z ê � V � A � z�y Í�� ÜzÜz?>=
Ù ÛH{yIzÜ,/ Ý þJ=�ÛH{yIL[Qpxe_EQ= �l�u¸±�Q�L���v�v�v�z�»���J�X�f�z�U�a���u�a����ÇP�Î�L�����dÇ_�z�µ�X�H�rÇt�v�v�a� �9�>�_�a��; =Y1�emIaoZk_OSpxnÖÿ»ILkf{JMX�YDILkfp]oPO Í ÛH[QefpxnQKNMZe®�!FÒMZefR¦ILK Í�� ÜzÜ,/>=
Ù ÛH{yI,� �XÝ C�R¦IL`JGQMB÷ë=JÛH{yILnQnJEan·=ÆÚ©YDILkf{JMZYDILkfp]otILR·kf{JMPEaef�}ELb¤oPEaY\Yi`QnQp]otILkfp]Ean�= �ì�µÃX�9�]�g�l��¸S���<�v�9�HÊ�a�r�ì�l�u¸}¸Ô�H�y�vÇm�z�v�d�a�Q� ø �Zåt�U�'� Í VQh � jBê0/wA]V,V Í ?,�,� � =
Ù ÛHpxKf�z? Ý Úi=·ÛHpxKµIt�<e_MZkt= P �z�U�'�Ö���y���HÊ � �<���D�X�N�r�f�wÇX�>�B�Q�a�\�x���|Êz�f���y�>�X� =uöc{JË kf{JMPO_p]O Í ®±nQpxsNMZe_O_pxk_Ï

WFR¦ILp]O_MÌölIaO_otILR Í C�R]MZefYgEanHk±ð_ð Í ?,�,�z?>=
Ù ÛQí�9BÜ,V Ý Úi=7Û>ItszIaO_MZe_M Í ÷ë=Áí±Y\p]MZoZpxnJO�ÏHp Í ILnJG Û�=k9^ItszILkf{JMz=¯ÚSn M´7DoZp]MZnHk×ILRxKNEaefpxkf{QY bvEae}Y\pxnQpxnQKIaO_O_EHoZp¦ILkfp]EanÖef`QR]MPOÁpxn×R¦ILefKNM|GJILkmILqyIaO_MPOt=cðûn �AU P ��è ~Ý� ÍÈ� ÜzÜ,V>=
Ù ÛHk_Mt;�y Ý þJ=JÛHk_MZpxn·=cCFEaY\[Q`QkmILkfp]EanyILR·[Qe_EaqQR]MZYgOSIaO_OmEHoZp¦ILk_MPG2ÈÁpxkf{ emIaotIL{×ILRxKNMZqQemI>=G� �a�H�X�r�a���®�g�l�u¸ ¾�r�>�U�z�v�v�a���a� º �Ý;L���dÇX� Í·� ê0/zÜ�ytA � �,V Í�� Üz;�y<=
Ù Û � � �aÝ ËÔ=ÈÛHk_MZ{QR]ÏgILnJG»ö¤= � pxY\YgMZefYDILnQn·=iÚ qQpxnyILef�Öe_MPoZ`Qe_OfpxsµMuKNoPG ILRxKNEaefpxkf{QY×=uº �_�tÇ��m�f�z���HÊa�g�®�

d e � ° è �Ç8 ½ U e � ° b��z?æ� Í [yILKNMPO �J�z� A � ?,V Í ?,�,� � =
Ùl1�Eap¦Üz; Ý µ^ILnQn<`�1�EapxsNEanJMZn·=BÛ>ILY\[QRxpxnQKÄR¦ILefKNMiGJILkmILqyIaO_MPO±bdEae^IaO_OmEHoXp¦ILkfp]Eanìef`QR]MPOt=Sðûn�� �r�³�X�����z�v�v�z�r�a��l�a�t�t�X�_�X��Çm�~�a� �J�X��;HU��a�UÊµ� P �z�U�´�±�L�P���gÀ!�AU P ��è ~H� Åw½ �Ö�K¸DÃf�a� ½ � �r�a�d� Í [yILKNMPO � / � A �Z� V>=ÿ¼EaefKµILn�Í|IL`>bvYDILn Í�� ÜzÜz;>=
Ù F�ILR¦Ü�yaI Ý WB=6F�ILRxR]ÏZMz=gÚ±RxKNEaefpxkf{QYgO|bvEae|oPEaY\[Q`QkfpxnQKìOfpxKznJO|ELb

2 × 2
GQMZk_MZefY\pxnyILnHk_O�êÈG>�<nyILY\p]oPOiILnJGItsNMZemILKNMX�³otIaOmMgILRxKNEaefpxkf{QYgOt=\º �f�wÇ��_�_�a�9�HÊL�D�f�Ô�9�>��|¼�9�'d±�J�J�Q�a� g �H�f���J�_�a� ° ;u¸S�Q�L�X���K¸ �a�

dS�VÊN�a�X�v�9�4¸u� ½ gD° d¼è ~C? ½ U e � ° �Ý�4|Ë8 ½ ° �r�X�9�HÊµ�X�6�J�X�X�Î�wÊ Í [yILKNMPO � zz;wA � ÜzÜ Í�� ÜzÜ�y<=Ù F�ILR¦Ü�yæq Ý WB=�FÒILRxR]ÏPMz=Èí±[�ÏZemILk_MZ`Qe_OFGQM�`ë`JMZRxR]MX�³ÿ»It�µMZecKNÏZnJÏZemILRxp]O_ÏPO�MZk�ILnyILRx�>O_MëGQMPO�ILRxKNEaefpxkf{QYgMPOFGÈTV÷l`>�oZRxp]GQM|MZkSGQM~·ÌIL`JOmOt= dëÇt�U��d±���v�9�4¸D�Z�v�dÇm� Í z � =@? ê � � � A �Z�z�JÍ�� ÜzÜ�y<=
Ù F�ILR¦Ü,zzI Ý WB={F�ILRxR]ÏPMz=7Ë±�<nyILY\p]oPO±ELblkf{JM~WFpxnyILef� ÷c`JoZRxp]GQMtILnìÚ±RxKNEaefpxkf{QY ê�.Q`QnJoZkfp]EanyILRlILnyILRx�<O_p]O±ILnJGEa[�MZemILk_Eae_Ot= dS�VÊN�a�X�9�9��¸u�dÇm� Í ?z?Qh � jBê@;z;,�wA<;,z,V Í�� ÜzÜ,z>=
Ù F�ILR¦Ü,zLq Ý WB=�F�ILRxR]ÏPMz=g.QemIaoZkfp]EanJOÆoPEanHkfpxnH`JMPOlÕSoZEan<kfemILpxnHk_MPO¤[�ÏZefp]EHG>p]Ðµ`JMPOw=H� �a�H�X�r�a�J�®� e �K¸gÃm�X�~���>�_�a��; Í

ya?Äê � z,/wA<?,/,V Í�� ÜzÜ,z>=
Ù F�ILRc�,�zI Ý WB=�F�ILRxR]ÏPMz=yË^pxKzpxk_OÒILnJGgoPEanHkfpxnH`yILnHk_OcpxnD÷l`JoZRxp]GQMtILn�ILRxKNEaefpxkf{QYgOt=NMZefKNEHG>p]oësNMZe_Of`JOlkmIL`Qq�MZefp¦ILnkf{JMPEae_MZYgOt=I� �z�H�X�r�a�î�µ� ���>�_�a���U�B�µ��� e �u¸DÃX�m���^�µ���±�a�f�µ�_�a�,R ½ � � e � ÍJ� ?gê0V,/ � A]V�yx� Í ?,�,�,�>=

? � Ü



�ë�dÃX�É�d�_Êa�_���y�µ�U�
Ù F�ILR��,�Lq Ý WB=1F�ILRxRxÏPMz=ÈÚ `QnQpÎbv�HpxnQK|bvemILYgMíÈFEae%ÏÔbdEaeckf{yM±ILnyILRx�<O_p]OÒELb�I|oZR¦IaO_O�ELb·÷l`JoZRxp]GQMtILn ILRxKNEaefpxkf{QYgOw=º �_�tÇ��m�_�a���HÊa�±�®��U*d�� �ne è �1� ½ U��_ÇP�v�<�_� e �N�³���Á���ì�l��¸S���<�³�X� ° ÇP�d�X��Çm� ÍQ� y,ya;Ôê0/ � /wA]/,V �JÍ ?,�,�,�>=
Ù F�ILR�� �XÝ WB=0F�ILRxR]ÏPMz= Ë±�<nyILY\p]otILRFO_Ea`Qe_oPMPOipxnïpxn>bvEaefYDILkfp]Ean kf{JMPEaef�òê*.J`QnJGJILYgMZnHkmILRFpxnHk_MZefszILR]OÔILnJG

ÈFEae_G×[Qe_MXéQW>MPOt= dS�VÊN�z���v�9�4¸Ô�vÇm� Í ?zÜ ê@?z;z?wA]/,�z; Í ?,�,� � =
Ù F�ILR��,/ Ý WB=4FÒILRxR]ÏPMz=·Ë^�<nyILY\p]otILRîILnyILRx�>Ofp]OFELb�I~oZR¦IaO_OFELb·÷c`JoZRxp]GQMtILn ILRxKNEaefpxkf{QYgOw= ���Q�f�z�_�Z�v�vÇm�a�l�l��¸ ¾�r�>�³�X� ° ÇZ�U�X�rÇ�� Í ?zÜ�yÄê �z� ytA � zz; Í ?,�,�,/>=
Ù F�ILR��z; Ý WB=�FÒILRxR]ÏPMz=H÷c`JoZRxpxGJMPILn\G>�<nyILY\p]oPOt=(P ���ZÇZ�_�Z�³�S�a�r�g�l�a�y�v�9�J�Q�a�H� P ;a�r�u¸Ô�vÇm�a� ° ;æ�Z�³��¸u� Íµ� VQh � j Í?,�,�z;>=
Ù C µ^ö��,/ Ý þJ= C ILnQK Í þJ=(µ^ILn Í ILnJG�þJ=>ö¤MZpU=ÆC�R]EzOmMZkKJ êQÛ>MPILemom{QpxnQKubdEaeFkf{JM±q�MPOfkÁOfkfemILk_MZKzp]MPOFbvEaeFY\pxnQpxnQKbve_MPÐµ`yMXn<k¤oZR]EzO_MPGipxk_MZYgOmMXkmOt=<ð³n dÔ�+� °������{P�PL� �y�³�Z�����z�v�v�a���a�î�l�a�w�P�X�m�X�rÇ��ë�a� � �r���7�]�_�tÊµ�

P ���ZÇm�aåL�X��;Ä�a�r� P �N�U�_�Ö�9�J���<Ê ½M� �a�m�µ�9�HÊz�U�a� ½ â*° d Í ?,�,�,/>=Ù C pxeÙy �aÝ ÷ë= C pxe_OfpxnQKJ=Jí±nÔkf{JM�kf{JMPEae_MZY ELb:·|IL`JO_OÂAgÍB`JOfY\pxn<AHÑ·ÏZs<�ÔILnJGÔIa.¤e_Eaq�MZnQpx`JOÂAµkÂ�H[�M7kf{JMPEae_MZYbdEae7bv`QnJoZkfp]EanÖOf[yIaoPMPOt= dSÇP�U��d±�X�9�9�4¸D�Z�v�dÇm� Í ? � ê0V,��ytA]Vz?,z Í�� Ü�y � =
Ù ¶FIL[yÜz; Ý C^=lÍ\= ¶FIL[·= �È�H�r�µ�u¸D�X�y�U�a� º �f�µÃX�]��¸u�Ä�9�Åd±� Êµ�a���v�9�4¸Ô�dÇ d±� Êµ�wÃX�f� = ölefpxnJoPMZk_Eanr®SnQpxsµMZe_Ofpxkû�ölemMZOmO ÍÈ� ÜzÜz;>=
Ù ¶�Í�yxV Ý Úu= C^=f¶FIaEÔILnyG�ËÔ=V÷ë=JÍBnH`Qkf{·=¤Ú±nyILRx�<Ofp]O7ELb�kf{JMBOf`QqQkfemIaoZkfpxsµMÌILRxKNEaefpxkf{QY bdEaeFKze_MtILk_MPOfkÁoPEaYÔ�YgEanÖG>pxs<p]O_Eae_Ot=Òº �f�tÇæ� e �z�³�#dSÇm�N�µ� ° Çw� â*° d Í ya? ê � ya?,�wA � ya?z? Í�� Ü�yxV>=
Ù � IÝÏ(�,� Ý ÿìEa{yILY\YgMPG þµItsµMPMPG � IÝÏ<pU=lÛ<otILR¦ILqQR]M|ILRxKNEaefpxkf{QYgO7bdEaeëIaO_O_EHoZp¦ILkfp]EanÄY\pxnQpxnQKJ="�ngxgNg �Q�f�z�Q�P�

� �r���Á�]� P �z�U� g �HÊµ� ÍÈ� ?Qhd?NjÌê0/�ya?wA]/zÜ,� Í ?,�,�,�>=
Ù � ·�� �XÝ ÿ = � IÝÏHp�ILnJG�Í\=�·BEa`JGJI>=
.rIaOfk7sµMZefkfp]otILRÈY\pxnQpxnQK\`JOfpxnQKgG>pÎøîO_MZk_Ow= 1�MPom{QnQp]otILR«`±MZ[�Eaefk�� � � �zÍ?,�,� �g�z�zÍ `±öcð Í ?,�,� � =
Ù � µ��z? Ý ÿ = � IÝÏ<pîILnJGÄC^= �³þJ=]µ^Ofp¦IaEQ=�C�{yILefY êHÚSn�M´7DoZp]MZnHkÁILRxKNEaefpxkf{QY bvEaeFoZR]EzO_MPGDpxk_MZYgO_MZkFY\pxnQpxnQKJ=ðûn ° �_Çm�a�r� °�� d{� � �r�³�X�����z�v�v�a���a�ë�l�a�t�t�X�_�Z�rÇ��}�a� P �z�U�E�Ö���y���HÊïÀ °(P � è �Ý� Åæ½ d±���É�9�HÊz�U�a� ½â*° d Í ?,�,�z?>=
Ù � ö�í^Ñ�Ü�y Ý ÿ = � IÝÏHp Í Û�=·öÆILe_kf{yIaOmILemILkf{H� Í ÿ =�í±Kzpx{yILemI Í ILnJG C =·ÑÈpU= 9^MíÈ ILRxKNEaefpxkf{QYgO~bdEaeÌbdIaOfk~G>p]O®�oPEwsµMZef��ELbÆIaO_O_EHoZp¦ILkfp]Ean ef`QR]MPOt=ÆðûnÄËÌIts<p]G�µ^MPo[ÏNMZefYDILn Í µ^MZp�Ï]ÏHpÈÿìILnQnQpxR¦I Í ËÌILef�<RÈöle_MZKzpxq�Ean Í

`^ILYDIaOmILYi�_®±kf{H`Qef`JOmILYi� Í ILnJG}ÿ¼MZnQR]EiöÆILe%Ï Í MPG>pxk_Eae_O Í � �'bN�f� � �y�v�x�c�l�a�w�P�È�z� � �r���7�]�_�tÊµ�
P ���ZÇm�aåL�X��;Ä�a�r� P �N�U�_�Ö�9�J���<Ê Í [yILKNMPO±?,z,/wA<?zÜz;>=yÚ±Ú^Ú^ðÒöle_MPO_O ÍÈ� ?æ� � V � ÜzÜ�y<=

Ù � `£`a.ÆÜzÜ Ý ËÔ=VÚu= � pxKz{JMPG Í Û�=:`±ILqyIaOmMPGJI Í `i=A`^IÝÏNEak_EaYDILR¦ILR¦I Í ILnJG=.7=C.yMZOmom{JMZkmI>=|Ë±p]O_oZe_MZkfp��wILkfp]EanãYgMX�kf{JEHGQO~pÎnïOf`Q[�MZefs<p]O_MPG R]MtILefnQpxnQKJ=pg �rÇ ;NÇZ�x���J�_�a�v�»�f�×�l��¸S���<�³�X� ° ÇZ�U�X�rÇ����a�r� ���fÇX�H�r�a�x�_Ê-; Í� � ê0/,VwA]V,� Í�� ÜzÜzÜ>=

?z?,�


