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Chapitre 1

Introduction

Cette these porte sur I'analyse haute fréquence de I’équation de Helmholtz
avec terme source. L’équation étudiée modélise la propagation, en régime
harmonique en temps, d'une onde haute fréquence dans un milieu d’indice
variable. Elle s’écrit :

2
—i%ue(x) + Au®(x) + ng(f) ut(x) = éfe(:c), r € R% (1.0.1)
Dans toute la suite, la variable = parcourt tout I’espace R¢ en dimension
d supérieure ou égale a trois. Dans l'écriture précédente, n désigne l'in-
dice de réfraction du milieu dans lequel les ondes se propagent, et € est
la source émettrice. Ce terme source f° modélise un signal présentant des
phénomenes de concentration et/ou oscillation a 1’échelle €, € > 0. Le méme
petit parametre £ > 0 mesure la fréquence typique 1/ des modes propres de
I'opérateur de Helmholtz A + n?(z) /g%

Pour cette raison, des interactions résonantes peuvent se produire entre
les oscillations dues a la source f© et celles, a la méme fréquence, dictées
par 'opérateur de Helmholtz. C’est I'un des phénomenes que nous étudions
quantitativement dans cette these.

Enfin, le terme —ic.u®(x)/e, ol . est un parametre strictement posi-
tif qui tend vers 0 quand ¢ — 0, permet d’assurer I'existence et l'unicité
d’une solution u® & I’équation (1.0.1) dans L?(R?) pour tout € > 0. Son signe
sélectionne, en un certain sens, u® comme la solution sortante de (1.0.1). 11
s’agit en d’autres termes d’une condition de radiation a l'infini, qui prescrit
la nature des oscillations de u® a l'infini. En effet, I'une des difficultés de
I’étude de I'équation de Helmholtz provient de ce que 1’équation

2
Aus(z) + %ue(gg) — gi? (@), (1.0.2)
seule (sans terme d’absorption) ne suffit pas a déterminer la solution u® de
maniere unique. Pour assurer l'unicité de la solution, il est nécessaire de
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préciser la condition de radiation a l'infini satisfaite par u®. Ceci peut se faire
de deux maniéres: soit en ajoutant un terme régularisant (d’absorption) dans
le membre de gauche de I’équation (1.0.2), approche que nous avons adoptée
ici, soit en précisant une condition de radiation de type Sommerfeld a l'infini.

L’une des questions qui se pose naturellement est celle du lien entre les
deux approches. C’est d’ailleurs I'un des points centraux de notre étude. Nous
renvoyons a la fin de cette introduction pour des détails sur ce point (ou au
Théoreme 4.3.2).

Nous étudions la limite haute fréquence ¢ — 0 dans 1'équation (1.0.1) en
terme de mesures de Wigner ou mesures semi-classiques. Ces mesures sont
un moyen de décrire la propagation asymptotique de quantités quadratiques,
telle la densité locale d’énergie |uf(z)|?, quand € — 0. La mesure de Wi-
gner 4 est une mesure sur 'espace des phases (position x fréquence): u(x,§)
peut-étre vue comme 1’énergie portée par les rayons au point z a la fréquence
¢. Ces mesures ont été introduites par E. Wigner [Wig], et développées par
P.-L. Lions, T. Paul [LP], P. Gérard [Gérl], ce dernier insistant plus par-
ticulierement sur le calcul pseudo-différentiel semi-classique (voir aussi C.
Gérard, A. Martinez [GM], et l'article de revue P. Gérard, P. Markowich,
N. Mauser, F. Poupaud [GMMP]). Tous ces outils, y compris les opérateurs
pseudo-différentiels semi-classiques, sont adaptés a I’étude des phénomenes
de concentration et d’oscillation ¢ une échelle donnée, ici ¢ (les mesures semi-
classiques sont a rapprocher des mesures de défaut sans échelle introduites
par P. Gérard [Gér2] et L. Tartar [Tar]).

Précisément, une mesure de Wigner p associée a la suite (u®) bornée dans
L*(RY) (ou dans un espace de type L? & poids, comme nous le verrons plus
loin) peut étre obtenue (a extraction pres) comme limite faible de la suite
des transformées de Wigner associées a u®

We () (2,6) = Fye (u (a: + g%) us (g; - 5%)) , (1.0.3)

lim We(u®) = faiblement,

e—0

ou F,_¢ désigne la transformée de Fourier en la variable y seulement. De
maniere équivalente, on obtient i en testant u® contre des opérateurs pseudo-
différentiels semi-classiques : pour un symbole a € C>°(T*R?), on a

lifé(Opg’(a)us,ue) = /a(az,ﬁ)d,u. (1.0.4)

De nombreux travaux ont déja montré l'efficacité de cet outil dans la
description de la limite haute fréquence (ou limite semi-classique). Pour des



articles dans des contextes proches de ceux étudiés ici, mentionnons [BCKP],
[CPR] pour I'étude haute fréquence de I'équation de Helmholtz avec terme
source, ainsi que [GL], [Mil2] pour des cas avec interface. Pour des contextes

un peu différents, citons par exemple [EY], [PR], [BKR], [Col].

Nos résultats concernent deux cadres d’étude. D’abord (Chapitre 2), nous
étudions le cas de deux sources quasi-ponctuelles (i.e. localisées autour de
deux points distincts de R?) qui envoient des rayons dans toutes les direc-
tions. Pour ce cas, nous nous limitons a un indice de réfraction constant dans
tout 'espace. Puis (Chapitres 3 et 4), nous considérons le cas d'un indice
de réfraction discontinu le long d’une interface séparant deux milieux inho-
mogenes non bornés (ce qui correspond a un probléme de transmission), avec
une source localisée pres de 1'origine. Ce dernier point constitue la plus im-
portante partie de notre travail.

Dans les deux cas, nous obtenons le résultat suivant :

sous des hypothéses géométriques appropriées (détaillées plus loin), la
mesure de Wigner u(x,£) associée a u® est l'intégrale, le long des rayons de
loptique géométrique et jusqu’en temps infini, d’une source d’énergie, notée
Q(x,£) dans la suite, qui mesure les interactions résonantes entre la source
f¢ et la solution u®.

Dans le premier cas, nous montrons de plus que les interactions résonantes
entre les deux sources ponctuelles sont négligeables dans I'asymptotique € —
0: seule compte l'interférence constructive entre le milieu d’indice n et chaque
source prise séparément.

Dans le second cas, nous montrons enfin que I'interface induit un phénome-
ne de réfraction de I’énergie : certains rayons de I'optique géométrique donnent
naissance a une partie transmise et une partie réfléchie a la traversée de la
discontinuité.

La structure de la preuve, identique dans les deux cas, est la suivante.
Dans un premier temps, nous établissons des estimations uniformes sur la
suite (u®) dans des espaces appropriés (la suite (u®) n’est pas uniformément
bornée dans L?). Ceci nous permet de définir une mesure de Wigner associée.
Dans un deuxieme temps, nous étudions la propagation de cette mesure.
Brievement, nous montrons que la mesure de Wigner p associée a u® est
toujours solution d’une équation de transport cinétique (de type Liouville)
dans l'espace des phases (ou dans un ouvert de T*R%), de la forme
{ §-Vau+ %Van - Vep = source, (1.0.5)

+ condition de radiation.

Techniquement, I'obtention de 1’équation (1.0.5) nécessite deux étapes prin-
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cipales.

D’abord, on détermine complétement le terme source d’énergie, noté Q(z,£).
Typiquement, on a besoin pour cela d’identifier la condition de radiation
a l'infini satisfaite par la limite de la suite de solutions remises a 1’échelle
w(z) = &7 uf(ex). Comme indiqué plus loin, w® satisfait une équation de
Helmholtz dont il est délicat de suivre la condition de radiation uniformément
lorsque € — 0.

Ensuite, I’équation de transport sur p ne suffit pas a déterminer p de
maniere unique: il faut ajouter une condition de radiation a linfini. Celle
que 'on obtient est la trace de la condition prescrite sur u® a travers le signe
de a.. On montre que p(z,§) — 0 lorsque |z| — +o0 avec z - £ < 0. En
d’autres termes, p est nulle a l'infini dans la direction entrante. Cette in-
formation permet alors d’obtenir p en utilisant ’équation de transport. Si
(X (t),2(t)) est la bicaractéristique passant par (z,£) au temps ¢ = 0, on peut

calculer la valeur de p en (z,£) a partir de p(X(¢),=(¢)), t < 0, en remontant
cette courbe, tant qu’elle est définie:

(€)= u(X(1).2(1)) + / QX () 2(s))ds.

Comme les hypotheses géométriques faites sur I'indice impliquent que | X (¢)| —
+oo et X(t) - Z(t) < 0 lorsque t — —o0, on obtient par passage a la limite

p(g) = / QX () 2(s))ds.

Dans la suite de cette introduction, nous détaillons les résultats obtenus
dans cette these, d’abord dans le cas de deux sources puis dans le cas d'un
indice discontinu.

1.1 Cas de deux sources (Chapitre 2, [Foul])

Dans le chapitre 2, nous nous intéressons a ’analyse haute fréquence de
I'équation de Helmholtz (1.0.1) dans le cas de deux sources quasi-ponctuelles,
localisées pres de deux points distincts de R?. Pour simplifier les calculs, les
résultats de ce chapitre sont présentés en dimension trois (le résultat serait
le méme en dimension d > 3). Précisément, on considere 1'équation

Qe 5 5 n<x>2 5 o 1 5 3
—i—u (x) + Au®(x) + o U () = ?S (), z€R (1.1.1)
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5°(@) = Si(a) + Si(0) = 5 () + 55 (L)

g3 € €

et ¢ est un point de R? distinct de 1'origine, les profils de concentration Sy
et 5] étant des fonctions données.

Nous nous restreignons au cas d’un indice de réfraction constant dans R®:
n(x) = 1. Notre analyse, basée sur une étude en Fourier, repose fortement
sur cette hypothese.

Dans ce probleme, deux types d’interactions sont a quantifier: d’une
part I'interaction entre les oscillations dues aux sources et celles, a la méme
fréquence, dictées par 'opérateur de Helmholtz A + 5%; d’autre part, 'inter-
action entre les deux sources S5 et SY.

De tels problemes d’analyse haute fréquence des équations de Helmholtz
avec terme source ont été étudiés par J.-D. Benamou, F. Castella, B. Per-
thame, T. Katsaounis, et O. Runborg dans [BCKP, CPR], articles aux-
quels notre travail fait suite. Dans [BCKP], les auteurs consideérent le cas
d’une source ponctuelle et d'un indice de réfraction régulier général alors que
dans [CPR], ils traitent le cas d’une source concentrée autour d’une sous-
variété générale avec un indice de réfraction constant (le cas d’'un indice
régulier général pour une telle source a été traité plus récemment par une
autre approche par X. P. Wang, P. Zhang [WZ]). Ici, nous empruntons les
méthodes utilisées dans les deux articles [BCKP, CPR].

Dans le cas d’une source ponctuelle, i.e. quand S® se réduit a S§, et avec
un indice de réfraction constant, il est montré dans [BCKP] que la mesure
de Wigner correspondante iy est la solution de ’équation de Liouville

0 () + € - Vopo(r.6) = Qul) = Tszd@B(Ef = DISHEP. (112

Ici, le terme 07 signifie que p est la solution sortante donnée par

0
no(ed) = [ Qula+ 1)

En particulier, la source d’énergie )y créée par S; a son support en x = 0. De
meme, si la source S se limitait a S, la mesure de Wigner correspondante
1 serait solution de I’équation de tranport (1.1.2) avec pour terme source

Q1(z.8) = 3(x — q1)3(J€]* = D[S ()],

(47)?
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qui a son support en x = ¢;. La propriété d’orthogonalité sur les mesures de
Wigner nous laisse alors penser que la mesure i associée a u® est solution de
I’équation de Liouville avec Qg + 1 pour terme source.

Dans ce sens, nous prouvons le théoreme suivant. Notons toutefois que
notre preuve ne repose pas sur la propriété d’orthogonalité?®.

Théoréme 1 Si (x)VSy, (x)VS; € L2(R®) pour un certain N > 1/2, la
mesure de Wigner i asssociée a (uf) vérifie l’équation de transport suivante

1 o 2 a 2 2 L
£~w=w(5(x>\50(£>l +6(z—q1)[S1(8)] )5(I£I —1):=Q(z). (1.1.3)

De plus, u est la solution sortante de l’équation (1.1.3) dans le sens faible
suivant : pour toute fonction test R € C2°(R®), si l'on note g(x,£) = [;° R(x+
£t,€)dt, on a

/R R(r&)du(r) = - /R Q&g e (1.1.4)

Comme annoncé dans l'introduction, la preuve de ce résultat se fait en deux
étapes, la premiere étant I'obtention de bornes uniformes sur la suite (u®),
la seconde I’étude de la mesure de Wigner associée. Tous calculs faits, les
points délicats de I'analyse se réduisent a ’étude de la suite (a®) solution de
I’équation

—iacea® + Aa® 4+ af = 5 <J; — %)

D’une part, nous montrons que (a°) est uniformément bornée, ce qui in-
duit des estimations uniformes sur (uf). D’autre part, nous montrons que
(a®) converge faiblement vers 0 quand ¢ — 0, ce qui permet de déterminer
entierement le terme source de I’équation (1.1.3). Ce dernier point ne découle

pas du fait que S; (:c — ‘18—1) converge faiblement vers 0 quand e — 0 (son

support est translaté autour de ¢;/¢). En effet, la solution de I’équation de
Helmholtz dépend globalement de 'information contenue dans la source, y
compris de celle qui se trouve a l'infini (en ¢ /¢).

Pour montrer les deux points annoncés, nous utilisons la formule expli-
cite pour la transformée de Fourier de a®. Cette analyse fait apparaitre le role
particulier des rayons émis par la source localisée en 0 qui pointent dans la
direction de la source localisée en ¢; (et réciproquement) : ces rayons sont les

1. Patrick Gérard nous a fait remarqué que les mesures pg et g1 sont mutuellement
singuliéres, ceci en utilisant un argument de dimension analogue a celui de notre preuve.
Le résultat du Théoreme 1 découle alors directement de la propriété d’orthogonalité.
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seuls a induire une interférence entre les deux sources. Cette derniere s’avere
négligeable a la limite ¢ — 0. Pour montrer ce point, on utilise de maniere
cruciale le fait que les rayons considérés forment un ensemble de dimension
un seulement.

Ces résultats étant établis, la preuve du Théoreme 1 découle des propriétés
prouvées dans [BCKP]. Nous écrivons I’équation satisfaite par la transformée
de Wigner associée a (u°), et nous passons a la limite ¢ — 0 dans les différents
termes qui apparaissent dans cette équation. Le seul terme difficile a traiter
(et nouveau) est le terme source.

Notons que la condition de radiation (1.1.4) est une version améliorée de
la condition de radiation prouvée dans [BCKP]. Notre argument repose sur
'observation que p est localisée dans I’ensemble d’énergie {|¢|*> = 1}, une
propriété qui n’était pas exploitée dans [BCKP].

1.2 Cas d’un indice discontinu le long d’une
interface

Les troisieme et quatrieme chapitres concernent ’analyse de 1’équation
de Helmholtz (1.0.1)

2
QL n“(x 1
—i—u(x) + Au(z) + ( )ua(a:) = —f(x), z€R?
2 2

€ € €
pour un indice de réfraction discontinu le long d’'une interface séparant deux
milieux inhomogenes non bornés. La source est ici localisée pres de 1'origine.
Plus précisément, I'indice de réfraction est donné par

w1 e nan

ou 4, Q_ sont deux ouverts non bornés de R? qui vérifient Q, U Q_ =
O, UQ_ =R? et la source est choisie comme

o) = =7 (%),
€2 €
La premiere étape de I'analyse (Chapitre 3) est I'obtention de bornes uni-
formes sur la suite (u). Ensuite, nous étudions la propagation de la mesure de
Wigner associée a (u®) dans le Chapitre 4. Chacun de ces points séparément
est délicat, comme nous le détaillons maintenant.
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1.2.1 Estimations uniformes (Chapitre 3, [Fou2])

Dans le chapitre 3, nous prouvons des estimations uniformes sur la solu-
tion de ’équation de Helmholtz (sans hautes fréquences)

—iaw + Aw + n*(z)w = f(x), r € RY, (1.2.2)
ott I'indice de réfraction n? est donné par (1.2.1).

Le lien entre cette équation et I’équation haute fréquence (1.0.1) se fait
en introduisant la solution remise a 1’échelle

d—1

w(z) =¢ 2 u'(ex), (1.2.3)
qui vérifie de maniere évidente 1’équation
—iaew® + Aw® + n*(ex)w® = f(x). (1.2.4)

Afin de les appliquer a (1.2.4) ultérieurement, nous souhaitons obtenir des
estimations sur la solution w de (1.2.2) qui soient compatibles avec les hautes
fréquences, i.e. avec le changement d’échelle (1.2.3). Cela nous impose d’une
part de faire des hypotheses sur I'indice qui soient transparentes au change-
ment de variable x — ex, et d’autre part d’utiliser des normes homogenes en
espace.

Dans le cas d'un indice discontinu, de telles estimations ne sont pas dis-
ponibles dans la littérature. En effet, les résultats antérieurs ne satisfont pas
I'invariance d’échelle: il s’agit pour I’essentiel de bornes inhomogenes, dans
des espaces L? & poids (premier résultat di & Eidus [Eid1], voir aussi [Zha] et
[DP]). Classiquement, si 'on note L? I’espace L? & poids (x)® = (1 + |z|?)*/2,
alors pour s > 1/2, si f € L?, la solution de ’équation (1.2.2) (avec un indice
régulier ou non) est uniformément bornée dans L? _:

lollze < Clflzz. (1.25)
De nombreux travaux concernent également 1’obtention de telles bornes pour
la solution de I’équation haute fréquence (semi-classique) —ia.cu® + > Auf +
n(x)*u® = f(x). Mentionnons par exemple [Wan], [Bur].

2

Nous utilisons la norme de Morrey-Campanato, définie pour v € Lj,,

1
= sup — lu(z)|*d, (1.2.6)
r>0 I Jp(r)

[l
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ou B(R) est la boule de rayon R, ainsi que la norme duale

1= 3 (2% [

1/2

f(@)dz) ", (1.2.7)
JEZ C()

ot C(j) = {z € RY/27 < |z| < 2771}, Ces normes, qui sont bien homogenes

en la variable d’espace, sont utilisées par B. Perthame, L. Vega [PV1] dans

le cas d’un indice de réfraction régulier, et ont été introduites, dans leur

version inhomogene, par S. Agmon, L. Hérmander [AH] pour I’étude de tels

problemes dans le cas de coefficients constants.

Nous énoncons maintenant nos hypotheses et résultats.

Nous supposons que l'interface entre les deux milieux I' = 9Q, = 9Q_
est une surface réguliere (Lipschitz suffit). On note v(z) le vecteur normal
unitaire en x € I orienté de 2_ vers €2,. Nous supposons également que
I'interface I' et I'indice de réfraction satisfont :

(H1) I existe a > 0 tel que la d-ieme composante de v vérifie

ve(r) > a pour tout = €T (1.2.8)

(H2) le saut de l'indice [n?](z) = n?(z) — n’(z) est de signe constant
pour tout x € I'; on note o son signe.

(H3) n® € L.
(H4)
2;2}3 % = < 0. (1.2.9)
(H5)
1 sup 21“M = [y < 0. (1.2.10)
ez CU) n?(z)

ol Vn? désigne Vn%rlg+ + Vn?1q , i.e. la dérivée de n? en dehors de l'in-
terface, et 9yn? est la dérivée partielle de n? par rapport a la variable z4 en
dehors de l'interface.

(H6) 81 + (> < 1.

Nous souhaitons commenter ces hypotheses, inspirées de [PV1]. Notons
tout d’abord que ces hypotheses autorisent un indice n a longue portée, et
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meéme une certaine croissance : n peut ne pas tendre vers une constante a 1’'in-
fini. Par ailleurs, les hypotheses (H2), (H4) et (H5) imposent des restrictions
sur le comportement des rayons de 1'optique géométrique. La condition (H4)
induit la dispersion a l'infini de ces rayons. En effet, on impose que la par-
tie négative de x - Vn?, qui contribue & faire “revenir” les rayons, soit petite.
Les conditions (H2) et (H5) assurent que les rayons traversent 'interface dans
un sens déterminé (de la gauche vers la droite si le saut de 'indice est positif).

Le théoreme principal de ce chapitre est le suivant.

Théoréme 2 FEn dimension d > 3, supposons (H1)-(H6). Alors, la solution
de l’équation de Helmholtz (1.2.2) vérifie les estimations suivantes :

[Vwl

bt (I Py + [ Jour| JoPde < CIAE,
(1.2.11)

%* + ||nw|

ou C' est une constante qui ne dépend que de o, (31 et B, et dy est la mesure
de surface euclidienne sur I

Nous voudrions insister sur différents points de notre analyse.

D’abord, on obtient les bornes uniformes souhaitées dans l’espace ho-
mogene B* pour w et pour son gradient (ce sont les deux premiers termes du
membre de gauche de (1.2.11)). Ces bornes traduisent de maniere optimale la
décroissance de la solution w a infini (Jw(z)| ~ 1/|z|*2"). Elles impliquent
les bornes usuelles (1.2.5) dans les espaces L? & poids.

D’autre part, les deux derniers termes du membre de gauche de (1.2.11),
qui donnent des estimations en norme L? sans poids, signifient que, dans un
certain sens, 1’énergie n’est pas captée par 'interface, et qu’elle irradie princi-
palement dans les directions o1 9;n? s’annule. Ces estimations d’énergie sont
a rapprocher de celle obtenue dans le cas d’un indice régulier par Perthame,
Vega [PV2], d’apres laquelle 1'énergie |w|? irradie principalement dans les di-
rections des points critiques de n,, (ol n, est donné par n(xr) — noo(ﬁ),
quand |z| — 00).

Dans un cadre plus restrictif, celui d’'une interface plane, nous complétons
le Théoréme 2 en montrant aussi une borne uniforme dans L? sur la trace
du gradient de w sur I'interface. Cette derniere borne s’avére nécessaire dans
I’étude haute fréquence faite au Chapitre 4, pour laquelle nous nous limitons
donc au cas d’une interface plane.
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Théoreme 3 Sous les hypothéses du théoreme 2, si l’on suppose de plus que
[ = {zq =0} et qu’il existe 3 > 0 tel que (x)11°|V,n?| € L>, alors

[l 19wpde’ < (U115 + 1920715 (1212)

(ou l'on note v = (z',24) ).
Ici, C' est une constante qui ne dépend que de o, By, Bo et ||[(z) PV, n|| 1o

Notre preuve est basée sur une méthode de multiplicateurs empruntée a
Perthame et Vega. Comme dans [PV1], nous utilisons d’abord un multipli-
cateur de type Morawetz, ViyyVw + %Aww, qui permet de faire apparaitre
les propriétés dispersives de ’équation. Nous le combinons ensuite avec un
multiplicateur elliptique, w. Suivant Eidus [Eid1], nous utilisons également
un multiplicateur spécifique au cas avec une interface pour laquelle une di-
rection joue un role particulier (ici la direction z4) : il s’agit de Jyw. Les deux
premiers multiplicateurs nous permettent de controler a la fois Vw et w loca-
lement dans L? par ||f|| 5. On borne ensuite l'intégrale de |w|? sur l'interface
grace au troisieme multiplicateur. Pour obtenir I’estimation sur la trace du
gradient de w au Théoreme 3, nous utilisons de plus le multiplicateur nd w.

Notons que le multiplicateur utilisé dans [PV1], ainsi que les bornes qui
y sont obtenues, sont a rapprocher, pour 1’équation des ondes, du travail de
C. Morawetz [Mor], et pour les équations cinétiques de P.-L. Lions, B. Per-
thame [LPe]. Nous renvoyons aussi & [Per| pour un lien entre les propriétés
dispersives de 1’équation de Schrédinger et celles de 1’'équation de Vlasov,
ainsi que, dans le méme esprit, a [Col] et [CP].

1.2.2 Propagation de la mesure de Wigner (Chapitre
4, [Fou3])

Dans le chapitre 4, nous étudions la propagation de la mesure de Wigner
associée a u° solution de (1.0.1), quand l'indice est discontinu le long de
I'interface plane I' = {xy = 1}:

n(x) ifxg>1
n2 ( {L‘) _ ;—( ) : d =
n(x) ifxg <l
On suppose qu'il existe ng > 0 tel que n?(x) > n2 pour tout x € R%, de sorte
que I'équation (1.0.1) est uniformément de ”type Helmholtz”. On suppose

enfin que le saut de l'indice a l'interface I' est de signe constant, positif:
[n?(z) = n?(z) — n%(xz) > 0 pour tout z € I.
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Avant de détailler nos deux principaux résultats, nous introduisons plu-
sieurs mesures : 4 et pu4 désignent les mesures de Wigner associées respective-
ment a u® et aux restrictions de u® a chacun des deux milieux ug = 1, >1yu°.
Ces trois mesures sont définies sur T*R¢:

= liIT(l] We(u), pye = lir% We(u).

Les mesures p4 sont somme de deux termes : une mesure a support a l'intérieur
du milieu {xq 2 1}, d.e. 1{5,>1}/1+, €t un terme porté par le bord {zq = 1}. La
décomposition suivante, déja observée par L. Miller dans le cas de ’équation
de Schrodinger, est encore vraie ici car la trace de la source f¢ a Uinterface
est nulle & la limite ¢ — 0: il existe des mesures p%+ définies sur T*T telles
que

proe = g zippie + 0(2a — 1) ® (&) © p%.

En d’autres termes, la contribution de p4 a linterface est portée par les
fréquences telles que &; = 0, qui correspondent aux rayons dits ”glancing”.

Notre premier résultat, valide pour un indice de réfraction général, décrit
le phénomeéne de réfraction induit par I'interface. Selon la direction de pro-
pagation, la densité d’énergie est soit totalement réfléchie soit partiellement
réfléchie et partiellement transmise selon les lois de Snell-Descartes. Plus
précisément, nous montrons le théoreme suivant.

Théoréme 4 (Cas général)

Supposons qu’il y a dispersion a l'infini des rayons de ['optique géométrique
(voir les hypothéses du Chapitre 3).

Supposons de plus :

(a) hypothese de non-interférence (il n’y a pas de densité qui arrive en un
méme point de l'interface a partir des deux milieuz),

(b) il n’y a pas d’énergie captée par Uinterface (u* =0).

Alors, la mesure de Wigner associée a (u®) est donnée par

u(z ) = / (5:Q)(x &), (1.2.13)

—0o0
ot S} est le semi-groupe de Snell-Descartes associé a l'indice de réfraction n

et Q) est donné par

Q&) = g @S (P — 2 O) (FOF + f©a(©).  (1214)

Ici, q est une densité L? sur la sphere |€|* = n*(0), dont la valeur est inconnue
en général.
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Ce résultat appelle plusieurs commentaires.

1- La source d’énergie () provient de I'interaction résonante entre la source
f¢ et la solution u°. En particulier, () est concentrée a 'origine via la masse
de Dirac () et sur les fréquences résonantes |£]? = n?(0) via la masse de
Dirac §(|¢]* — n?(0)).

2- Comme nous 'avons expliqué dans 'introduction, la valeur de la fonc-
tion auxiliaire ¢ qui apparait dans (1.2.14) est liée a la condition de radiation
a l'infini satisfaite par la limite faible w de la suite de solutions remises a
I'échelle w®(x) = €72 u®(ex). La valeur ¢ = 0 caractérise le fait que w est la
solution sortante de I’équation Aw + n(0)?*w = f. Dans le cas général, on ne
connait pas la valeur de ¢, car on ne connait pas la condition de radiation
sur w.

3- L’intégrale en temps infini dans 'expression (1.2.13) traduit la condi-
tion de radiation a l'infini vérifiée par la mesure p. Le suivi de cette condition
dans le processus de passage a la limite est I'une des difficultés centrales de
notre étude.

4- L’hypothese (b) d’absence d’énergie captée par U'interface est liée a la
fois a la condition de radiation a l'infini satisfaite par la trace de la mesure
de Wigner p sur Uinterface, et a I’(absence d’)énergie portée par les rayons
glissants a l'interface.

Dans le cas particulier ou les indices n, et n_ sont constants, que nous
appellerons cas homogene dans la suite, nous montrons que les hypotheses
(a) — (b) du Théoreme 4 sont vérifiées. Notons que ces hypotheses, qui sont
de nature géométrique, peuvent étre ou non satisfaites pour un indice quel-
conque (penser par exemple au cas d'un indice pour lequel un méme rayon
revient plusieurs fois a U'interface). La preuve des hypotheses (a) et (b) ainsi
que l'identification de ¢ dans le cas homogene constituent ainsi le second
résultat important de ce chapitre.

Théoréme 5 (Cas homogéne)
Quand les indices n et n_ sont constants, on a:

(i) Uhypothése de non-interférence du Théoreme 4 est vérifiée,

(ii) p%% =0, i.e il n’y a pas d’énergie captée par linterface,

(iii) w est la solution sortante de l’équation de Helmholtz Aw + n*w = f,
.e. ¢ = 0.

La combinaison des théoremes 4 et 5 nous permet d’obtenir une expres-
sion totalement explicite pour la mesure de Wigner p dans le cas homogene.

Nous donnons maintenant les principaux ingrédients des preuves de ces
deux résultats.
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Preuve du Théoréme 4.

Notre preuve du théoreme 4 est une combinaison de deux méthodes:
celle introduite par L. Miller [Mill] pour I'étude de la limite semi-classique
de problemes de transmission pour les équations de Schrodinger, et celle in-
troduite par Benamou, Castella, Katsaounis, Perthame [BCKP] pour étudier
la limite haute fréquence des équations de Helmholtz avec terme source dans
le cas d’un indice de réfraction régulier. Nous donnons maintenant quelques
détails de la preuve.

Dans une premiere étape, nous établissons des bornes sur la suite des
transformées de Wigner associées a (u®). Comme dans [BCKP], nous dédui-
sons ces estimations a partir des bornes uniformes sur la suite (u*) que nous
avons établies au Chapitre 3. Avant d’aller plus loin, nous voudrions insister
sur un point technique important. Pour traiter le phénomene de réfraction
de I'énergie, qui met en jeu le transfert de ’énergie a travers 'interface, nous
avons besoin de définir les mesures de Wigner associées aux traces de u® et
e0quf sur I'interface. Pour ce faire, il nous faut des bornes uniformes sur ces
traces, bornes dont nous ne disposons pas dans le cas d’une interface générale
(i.e. lorsque I' n’est pas un hyperplan).

Dans une deuxieme étape, nous étudions la mesure de Wigner u hors de
linterface. Pour cela, nous suivons [BCKP]. Comme l'indice de réfraction est
régulier a l'intérieur de chaque milieu, on peut utiliser leurs résultats pour
obtenir I’équation de transport satisfaite par la mesure de Wigner p hors
de l'interface. Leur preuve étant basée sur des estimations du type de celles
prouvées au Chapitre 3, on obtient

1
0fpu+&- Vo + évan(:c) Vep = Q, (1.2.15)

a Uintérieur de chaque milieu, ot @ est donné par (1.2.14). Comme dans le
cas d’un indice régulier, le terme 07y est la trace de la condition de radiation
sortante sur u°. Il a ici un sens particulier: il détermine ;1 comme la solution
sortante de (1.2.15) donnée par

w(z€) = / QX (1) Z(1))dt,

pour les points (x,§) tels que la courbe bicaractéristique (X (¢),Z(t)) définie

par
{ Xt = Z@), X(0) = =z
=(t) = 3V.n®(X(1), E0) = &
n’atteint pas l'interface pour t € (—o00,0).
Dans une troisieme étape, nous étudions le comportement de la mesure de
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Wigner a la traversée de I'interface en utilisant la méthode de L. Miller [Mill],
[Mil2]. L’approche est la suivante. Nous écrivons d’abord les équations de
transport jusqu’au bord satisfaites par py. Ces équations sont obtenues sous
une forme faible, en utilisant seulement des opérateurs test tangentiels, i.e.
des opérateurs pseudo-différentiels dont le symbole a est polynomial en &,
(voir formule (1.0.4)). Nous obtenons ainsi une description du transport de
I’énergie jusqu’au bord. La "trace” de ces équations a l'interface nous donne
un systeme d’équations au bord. La résolution de ce systeme permet de
décrire le transfert de I'énergie a l'interface. On obtient en particulier les
coefficients de réflection et de transmission partielles.

Enfin, pour obtenir (1.2.13), on utilise ’équation de transport (1.2.15)
ainsi que la condition de radiation a I'infini et les relations de propagation au
bord obtenues a I’étape précédente. La méthode est la suivante : pour obtenir
la valeur de p au point (x,£), on remonte la bicaractéristique passant par ce
point en ¢ = 0. Plusieurs cas se présentent : si cette courbe n’atteint pas I'in-
terface pour t € (—00,0), on utilise la condition de radiation a I'infini hors de
I'interface pour obtenir p; sinon, on a une relation entre pu(z,£) et la valeur
de p au point ot la bicaractéristique atteint l'interface (z,£). On utilise alors
les relations de propagation au bord pour obtenir une relation entre p(7,£) et
la valeur de p le long du rayon transmis ou réfléchi. On itere alors le procédé.
Les hypotheses que nous faisons assurent que les rayons partent a 'infini en
dehors de l'interface, ce qui nous permet de conclure.

Preuve du Théoréme 5.

Pour prouver le point (7), on utilise I’équation de transport vérifiée par
1 en dehors de l'interface, ainsi que la condition de radiation a l'infini hors
de linterface. La source f¢ étant concentrée d’un seul coté de l'interface,
la source d’énergie @) est nulle a droite de 'interface. Ainsi p est constante
le long des bicaractéristiques du coté droit de l'interface. La condition de
radiation a l'infini nous permet alors de conclure que p est nulle le long des
rayons tels que &; < 0. Cela signifie qu’il n’y a pas d’énergie qui arrive a
I'interface a partir de la droite.

Pour prouver (i7) et (iii), on utilise la formule explicite de la résolvante
de 'opérateur de Helmholtz qui est disponible dans ce cas particulier.

Intuitivement, comme la source f¢ se trouve en dehors de l'interface, et
comme les rayons glissants ({; = 0) ne peuvent provenir de I'un des deux
milieux dans le cas homogene (£ est constant le long des bicaractéristiques),
la source ne peut apporter d’énergie a 'intérieur de I'interface (rappelons que
p?+ est supportée par ¢; = 0). Cependant, nous ne savons pas montrer que
pu?% = 0 par des méthodes locales, car 1’équation de Helmholtz tient compte
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des rayons en temps infini. Nous avons donc besoin d’informations globales,
et c¢’est la raison pour laquelle nous faisons appel a la formule explicite de la
résolvante.

En utilisant cette expression, la preuve du point (ii) repose sur une étude
de phase (non-)stationnaire avec singularité. En effet, on sait déja que pu
est & support dans l'ensemble {£? = n(x)?}. Pour cette raison, si I'on note
£ = (€,&,) € RY, les racines

WL(E) = \f€7 —n} Eiaee

des équations 2 = n% — ¢"*(—ia.e) apparaissent naturellement a la fois dans
la phase et comme fonctions tests. Typiquement, nous devons estimer des
termes de la forme

1 1 el e _ i @)

= Az ¢ & dy'dg dc’ 1.2.16
6# wi(gl)e (x7y7C7€) y g C ( )

oll 2 est borné, et 'amplitude A est & support pres de ("2 = n?. Tout d’abord,
pour |¢'| loin de n_, la phase est non-stationnaire par rapport a la variable y'.
Il reste donc a traiter le cas ou |€'| est proche de n_, i.e. pres de la singularité
de w®. Apres changement de variable, le terme & estimer est de la forme

2
t+nZ Vitiace

: = B(t)dt, (1.2.17)

1 1 ’
62
g% / \/t + iaeé

ou B est a support pres de t = 0.

Maintenant, pour traiter la singularité de \/t + ia.e quand ¢ — 0 dans
(1.2.17), I'ingrédient clef est une déformation de contour dans le plan com-
plexe, jointe avec l'utilisation d’extensions presque analytiques: il existe une
extension B de B dans le plan complexe (& support compact dans C si B est
a support compact dans R) telle que, pour tout N,

’%é(z) < Cy|Zm 2|V, (1.2.18)

En utilisant cette extension et la formule de Green-Riemann, on décompose
I'intégrale précédente en la somme d'une intégrale de B sur {Im 2 = [}
(3 > 0 fixé) et d'une intégrale de dB/9z sur {a.e < ITm z < 3}. La premitre
se majore en utilisant un théoreme de phase non-stationnaire usuel, la racine
Vvt 410 n’étant plus singuliere. Pour estimer la seconde, on sépare les do-
maines |Zm z| < &% et |Im z| > €°. Pour |Im z| < £°, on utilise la propriété
(1.2.18) des extensions presque analytiques. Pour |Zm z| > £°, on utilise que
\/Z est minoré par £%2, de sorte que chaque intégration par parties donne
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un gain de taille £7%/2. Toutes ces estimations nous permettent in fine de

montrer que 'intégrale (1.2.17) est O(™).

Pour finir, nous voudrions détailler la maniere dont la valeur de ¢ est liée
a la condition de radiation a I'infini satisfaite par la limite w de w®. Comme
w® est solution de

—ioew® + Aw® + n*(ex)w® = f(x),

il est clair que sa limite faible w est solution de 1’équation a coefficients
constants

Aw +n*(0)w = f. (1.2.19)

Cependant, cette équation seule ne suffit pas a déterminer w de maniere
unique. Dans le cas général, on sait (voir [AH]) qu’il existe une densité ¢ €
L%(]€)* = n?(0)) telle que toute solution de (1.2.20) soit donnée en Fourier
par

w(E) =w (€)+Z— (£)(€]* = n*(0)),

q mesurant le défaut d’unicité. C’est cette densité qui apparait dans le terme
source d’énergie () du Théoreme 4.

Pour assurer I'unicité de la solution a (1.2.19), il faut préciser la condition
de radiation a l'infini satisfaite par w. Les conditions a l'infini considérées
dans la littérature pour assurer 1'unicité sont diverses généralisations des
conditions de radiation de Sommerfeld, qui s’écrivent dans le cas d’un indice
constant n(z) = n(0):

{5 O o 41).
u(z) = O (|z]|~1=172)

quand |z| — oo.
En particulier, il y a existence et unicité d’une solution vérifiant

Aw + n*(0)w = f, (1.2.20)
2

lim — / }— +in( do = 0. (1.2.21)

r—0o0 T

Cette solution, notée wy, est appelée solution sortante de 1’équation (1.2.20).
On a

o—in(O)z]

|
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ou, en Fourier,

of€) = (e =) +i0)7' /(&)
= (po(grmmy) +igole” - w ) f©.

Pour cette question de 'unicité d’une solution a 1’équation de Helmholtz
(1.2.20) avec condition de radiation a I'infini (et le lien avec le principe d’ab-
sorption limite), y compris dans le cas d'un indice de réfraction non constant,
nous renvoyons par exemple a D. M. Eidus [Eid2], Y. Saito [Sai], B. Perthame,
L. Vega [PV2].

Le probleme de la détermination de la condition de radiation satisfaite
par la limite faible w se pose déja quand l'indice de réfraction est régulier.
Dans ce cas, F. Castella [Cas| et X.-P. Wang, P. Zhang [WZ] ont montré
récemment par deux approches différentes que la limite faible de la suite de
solutions de (4.1.5) est effectivement la solution sortante de (1.2.20).
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2.1 Introduction

In this article, we are interested in the analysis of the high frequency limit
of the following Helmholtz equation

2
i A+ n(‘z) ut =5%(z), zeR’ (2.1.1)
g g

with

1 1 —
§°(2) = Si(x) + Si() = 55(2) + 55 ()
where ¢; is a point in R? different from the origin.
In the sequel, we assume that the refraction index n is constant, n(z) = 1.

The equation (2.1.1) models the propagation of a source wave in a
medium with refraction index n(z). There, the small positive parameter ¢
is related to the frequency w = ﬁ of u®. In this paper, we study the high
frequency limit, i.e. the asymptotics € — 0. We assume that the regularizing
parameter a. is positive, with a. — 0 as ¢ — 0. The positivity of a. ensures
the existence and uniqueness of a solution u® to the Helmholtz equation
(2.1.1) in L*(R3) for any € > 0.

The source term S® models a source signal that is the sum of two source
signals concentrating respectively close to the origin and close to the point
q1 at the scale €. The concentration profiles Sy and S; are given functions.
Since ¢ is also the scale of the oscillations dictated by the Helmholtz operator
A+ 6%, resonant interactions can occur between these oscillations and the
oscillations due to the sources S; and S7. On the other hand, since the two
sources are concentrating close to two different points in R3, one can guess
that they do not interact when ¢ — 0. These are the phenomena that the
present paper aims at studying quantitatively. We refer to Section 3 for the
precise assumptions we need on the sources.

In some sense, the sign of the term —ia.u®/e prescribes a radiation
condition at infinity for u®. One of the key difficulty in our problem is to
follow this condition in the limiting process € — 0.

We study the high frequency limit in terms of Wigner measures (or semi-
classical measures). This is a mean to describe the propagation of quadratic
quantities, like the local energy density |u(x)[?, as € — 0. The Wigner
measure pu(z, ) is the energy carried by rays at the point = with frequency
¢. These measures were introduced by Wigner [Wig] and mathematically
developed by P. Gérard [Gérl] and P.-L. Lions and T. Paul [LP] (see also
the surveys [Bur] and [GMMP]). They are relevant when a typical length e
is prescribed. They have already proven to be an efficient tool in the study
of high frequencies, see for instance [BCKP], [CPR] for Helmholtz equations,
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P. Gérard, P.A. Markowich, N.J. Mauser, F. Poupaud [GMMP] for periodic
media, G. Papanicolaou, L. Ryzhik [PR] for a formal analysis of general
wave equations, L. Erdés, H.T. Yau [EY] for an approach linked to statis-
tical physics, and L. Miller [Mil2] for a study in the case with sharp interface.

The high frequency limit of Helmholtz equations has been studied in
Benamou, Castella, Katsaounis, Perthame [BCKP] and Castella, Perthame,
Runborg [CPR|. In [BCKP], the authors considered the case of one point
source and a general index of refraction whereas in [CPR], they treated the
case of a source concentrating close to a general manifold with a constant
refraction index. In the present paper, we borrow the methods used in both
articles.

In the case of one point source, for instance S; only, with a constant index
of refraction, it is proved in [BCKP] that the corresponding Wigner measure
1o is the solution to the Liouville equation

1

(4@25@)5(‘5‘ — D[S,

0+M0<$,§> + f : Vxﬂo(xaé) = Q(](.T,f) =

the term 0" meaning that p is the outgoing solution given by

0
o(,€) = / Qole + t6,€)dt.

In particular, the energy source created by S is supported at z = 0. Sim-
ilarly, the energy source created by the source S is supported at z = ¢.
Thinking of the orthogonality property on Wigner measures, one can guess
that the energy source generated by the sum S§ + S7 is the sum of the two
energy sources created asymptotically by S§ and S7.

Indeed, we prove in this paper that the Wigner measure p associated with
the sequence (u®) satisfies

Oﬂz(a:, f) + f . qu(x, f) = Qo + Q1, (2.1.2)

where @y and @; are the source terms obtained in [BCKP] in the case of one
point source. However, our proof does not rest on the mere orthogonality
property’.

Let us now give some details about our proof. Our strategy is borrowed
from [BCKP)]. First, we prove uniform estimates on the sequence of solutions

IPatrick Gérard pointed out to us that the measures 1o and p1 are mutually singular,
using a dimension argument which is analogous to that of our proof. Hence, the result
directly follows from the orthogonality property.
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(uf). It turns out that we also need to study the limiting behaviour of (and
to estimate) the rescaled solutions eu®(ez) and eu®(q; +ex). The latter point
is the key difficulty in our paper. It relies on the study of the sequence (a®)
such that

—iagea® + Aa® +a° =5 (az — %)
Using the explicit formula for the Fourier tranform of a®, we prove that a°
is uniformly bounded in a suitable space and that a® — 0 as ¢ — 0 weakly.
We would like to point out that our analysis, based on a study in Fourier
space, strongly rests on the assumption of a constant index of refraction.
Secondly, our results on the Wigner measure then follow from the properties
proved in [BCKP]. They are essentially consequences of the uniform bounds
on (uf): we write the equation satisfied by the Wigner transform associated
with (uf), and pass to the limit ¢ — 0 in the various terms that appear in
this equation. The only difficult (and new) term to handle is the source
term.
Third, we prove an improved version of the radiation condition of [BCKP].
Our argument relies on the observation that p is localized on the energy set
{|€]? = 1}, a property that was not exploited in [BCKP].

The paper is organized as follows. In Section 2, we recall some defini-
tions and state our assumptions. Section 3 is devoted to the proof of uni-
form bounds on the sequence of solutions (u¢) and of the convergence of the
rescaled solutions. Then, in Section 4, we establish the transport equation
satisfied by the Wigner measure p together with the radiation condition at
infinity. In the appendix, we recall the proof of some results established in
[BCKP] that we use in our paper.

2.2 Notations and assumptions

In this section, we recall the definitions of Wigner transforms and of the
B, B* norms introduced by Agmon and Hérmander [AH] for the study of
Helmholtz equations. Then, we give our assumptions.

2.2.1 Wigner transform and Wigner measures

We use the following definition for the Fourier transform:

) = (Frmcu)(€) = o [ e uta)de
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For u,v € S(R3) and € > 0, we define the Wigner transform

W)@, ) = (Foeule + 5v)o(e - ).
We(u) = We(u,u).

In the sequel, we denote W¢ = W#(u®).

If (uf) is a bounded sequence in L*(R?) (or in some weighted L? space
as we will see later on), it turns out that (see [Gérl], [LP]), up to extracting
a subsequence, the sequence (IW¢(uf)) converges weakly to a positive Radon
measure £ on the phase space T*R? = R? x R called Wigner measure (or
semiclassical measure) associated with (u®):

Vip € C(RY), lim (W5 (7). ) = / o, €)dp (2.2.1)

We recall that these measures can be obtained using pseudodifferential
operators. The Weyl semiclassical operator a"(x,eD,) (or OpY (a)) is the
continuous operator from S(R?) to §'(R?) associated with the symbol a €
S'(T*RY) by Weyl quantization rule

@ D)) = s [ [ K (S5 ce) stpete<asay. 22

We have the following formula: for u,v € &'(RY) and a € S(R? x R%),
(We(u,v),a)s.s = (0,a" (2,eD,)0W) s s, (2.2.3)

where the duality brackets (.,.) are semi-linear with respect to the second
argument. This formula is also valid for u, v lying in other spaces as we will
see in Section 3.

2.2.2 Besov-like norms

In order to get uniform (in €) bounds on the sequence (u), we shall use

the following Besov-like norms, introduced by Agmon and Hérmander [AH]:
for u, f € L2 (R3), we denote

loc
A 1/2
|ul|g= = sup <2_]/ |u|2dx) ,
jz-1 C(j)

Ifls = 32 (2 [ ispan)”

j>—1 (J
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where C(j) denotes the ring {z € R3/27 < |z| < 2771} for j > 0 and C(—1)
is the unit ball.

These norms are adapted to the study of Helmholtz operators. Indeed,
Agmon and Hérmander [AH] proved that if v is the solution to

—tav+Av+v=f
where @ > 0, then there exists a constant C' independent of o such that
ol < Clfl5-

Perthame and Vega [PV1] generalised this result to Helmholtz equations
with general indices of refraction.

We denote for x € R3, |z| = WZ?:1 IL‘j2 and (z) = (1 + [2[*)V/2.

For all § > %, we have

lullzz, = (@) ull2 < C(6)lull 5, (2.2.4)

and

Iflls < CO ez (2.2.5)

We end this section by stating two properties of these spaces that will
be useful for our purpose (the reader can find the proofs in [AH]). The first
proposition states that, in some sense, we can define the trace of a function
in B on a linear manifold of codimension 1.

Proposition 2.2.1 There exists a constant C' such that for all f € B, we
have

/ 1 (e ) szeydar < ClLflls.
R

The second property gives the stability of the space B by change of vari-
ables in Fourier space.

Proposition 2.2.2 Let Q;, €y be two open sets in R3, 1 : Q; — Qy a C?
diffeomorphism, x € C1(R®). For all u € B, we denote

Tu=F"! (X(ﬁ o w))

Then
[Tulls < Clixllea [P llezllwll5-
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2.2.3 Assumptions

We are now ready to state our assumptions. Our first assumption, bor-
rowed from [BCKP], concerns the regularizing parameter o, > 0.

(H1) a. > &7 for some v > 0.
This assumption is technical and is used to get a radiation condition at in-
finity in the limit ¢ — 0. Next, in order to compute the limit of the energy
source, we shall need the assumption

(H2) (z)VSy € L*(R?) and (z)VS; € L*(R®) for some N > L + %
Note that (H2) implies that the source terms Sy and .Sy belong to the natural
Besov space that is needed to actually solve the Helmholtz equation (4.1.1):

||SO||B7 ||Sl||B < 0.

2.3 Bounds on solutions to Helmholtz equa-
tions

In this section, we first establish uniform bounds on the sequence (u) that
will imply estimates on the sequence of Wigner transforms (W¢). It turns
out that we shall also need to compute the limit of the rescaled solutions wy
and wj defined below in order to obtain the energy source in the equation
satisfied by the Wigner measure pu.

Before stating our two results, let us define these rescaled solutions. Following
[BCKP] and [CPR], we denote

{ w () eus(ex),

wi(x) = eu(q +ex).

(2.3.1)

They respectively satisfy

€

—iacewy + Awf +wi = Sp(z) + 51 (;L» _ q_1)7
—iozewi + Aw +wi = So(z+ L)+ 5 (2).

We are ready to state our results on «*, wg and wf.

Proposition 2.3.1 Assume Sy, S1 € B. Then, the solution u® to the
Helmholtz equation (2.1.1) satisfies the following bound

[ul[ 5= < C([[Soll 5 + [[51l]),

where C s a constant independent of €.
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Proposition 2.3.2 Let wg and wi be the rescaled solutions defined by
(2.3.1). Then, the sequences (w§) and (wj) are uniformly bounded in B*
and they converge weakly-x in B* to the outgoing solutions wy and wy to the
following Helmholtz equations

Awo + wg = So
AUjl +wy = Sl)

i.e. wo and wy are given in Fourier space by

o SO
w;(§) = EP—14i0 —<p-v-(

1 , = ‘
g o) T - D)0, =01
Remark: The Helmholtz equation Aw + w = S does not uniquely specify
the solution w. An extra condition is necessary, for instance the Sommerfeld
radiation condition. When the refraction index is constant equal to 1, this
condition writes

1 0 2
lim = ‘—w n iw‘ do = 0. (2.3.2)
r—oor Jo | Or

Such a solution is called an outgoing solution.

Alternatively, still assuming that the refraction index is constant, the outgo-
ing solution to the Helmholtz equation may be defined as the weak limit w

of the sequence (w?) such that
—idw’ 4+ Aw® + w® = S(x).

We point out that the two points of views are equivalent in the case of
a constant index of refraction (which is not true for a general index of
refraction).

We prove the two propositions in the following two sections. As we will
see in the proofs, our main difficulties are linked to the rays that are emitted
by the source at 0 towards the point ¢; (and conversely). Hopefully, the
interaction between those rays is ”"destructive” and not constructive.

2.3.1 Proof of Proposition 2.3.1

In the sequel, C' will denote any constant independent of €.

The scaling invariance
|

uf|lB < [lwgll B,

makes it sufficient to prove bounds on wg. Since wy is a solution to

—ia.ew] + Aw; + wi = So(z) + S1(z — %)
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we may decompose wj = w§ + a®, where w§ and a® satisfy

—ioews + Awg +wg = So(x),
—iagea® + Aa® +a® = 5 (x — q—l).

£

First, we note that the bound ||w§||z- < C||So||5 is established in Agmon-
Hormander [AH] (see also Perthame-Vega [PV1]). Hence, the proof of
Proposition 2.3.1 reduces to the proof of the following lemma.

Lemma 2.3.3 If a® is the solution to

—iagea’® + Aa® +a° =5 (:p — %)

then a® is uniformly (in €) bounded in B*:

la®|lg- < C||S1||B

Proof. We want to prove that
Vve B, [{a°,v)] <ClS|slv]s.

Using Parseval’s equality, we write

: e 51()(¢)
(a ,v>:/RS _‘£‘2+1_i€a€d§. (2.3.3)

To estimate this integral, we shall distinguish the values of £ close to or far
from two critical sets: the sphere {|¢|? = 1} (the set where the denominator
in (2.3.3) vanishes when ¢ — 0) and the line {¢ collinear to ¢;} (the set
where we cannot apply directly the stationary phase theorem to (2.3.3)).

More precisely, we first take a small parameter ¢ €]0,1[, and we distin-
guish in the integral (2.3.3), the contributions due to the values of ¢ such
that [€2 — 1] > 6 or [€2 — 1] < . Let x € C°(R) be a truncation function
such that x(\) = 0 for |[A\] > 1. We denote xs(&) = X(WT_l). We accordingly
decompose

L e S () e HSONEO —xs(6))
%v) = /R3 —[€)2 + 1 —ica. d£+/R3 —[€]? + 1 —iea.
= I*+1I°

dg

First, since the denominator is not singular on the support of xs, we easily
bound the first part with the L? norms

XL | & .
7 < P 6o,
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and using B < L2, we obtain the desired bound
17| < CllSylllv]l5- (2.3.4)

Let us now study the second part 11¢ where the denominator is singular.
Up to a rotation, we may assume ¢; = |q1|e;, where e; is the first vector of
the canonical base. We make the polar change of variables

rsin # cos ¢
&= rsinfsing
r cos 6

Remark: In order to make the calculations easier, we write this paper
in dimension equal to 3, but the proof would be similar in any dimension
d> 3.

Hence, q; - € = |q1|rsin 6 cos ¢, and we get

‘ql‘rsmecosap

€ __ € -~ < B 9 .
i —/_TQH_Z.S% (S15(1 = x8)) (E(r, 0, 0))r? sin Odrdody

Now, we distinguish the contributions to the integral dfd¢ linked to the
values close to, or far from, the critical direction {§ = 5, ¢ =0 or ¢ = 7}
(which corresponds to the case {{ collinear to ¢;}). To that purpose, let
n > 0 be a small parameter and denote

o o o) f0a(53) o) )
N e 7 e

Let ko, kr € C° be such that (1 — xs)ko(6, ¢) is a localization function on €
and (1 — xs)kx(0,¢) is a localization function on ,. We denote k = ko + k.
We write

‘ql‘rsm0cos<p

e
I7F =
/—7"2—1—1—28045(

—zmrschosgo
e _ % s
b [ G 0.9 (1~ )6, )% sin it
e ‘ql‘rsm0cos<p
— - 2 i
s [ (SR .91~ xs(r)) (1 — KO, )i sin o
Ir° = 115+ 11IC+ 1VE.

)

10)(€(r,0,9)) (1 = x5(r)) Ko (6, )1 sin Odrdfdp

)
(39

)
|
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The two parts 111§ and 111 being similar, we only write how to estimate
I115. In order to translate the stationary point in (0, 0), we consider the new
variable o = 6 — 7. The phase function is 7g(«, ) = r cos a cos ¢ so

0
- —sinacosp = 0 at (a,p) =(0,0),
o
]
O
and the Hessian at the point (0,0) is

D?g(0,0) = ( _01 _01 ) .

We apply the Morse lemma: upon choosing 1 > 0 small enough, there exists
a C* change of variables on g, («, @) — (a/,¢’), such that

= —cosasing = 0 at (a,¢)=1(0,0).

0/2 ()012
- 7
g(a,¢) 5 g
Then, we make the change of variables o = \/go/ , o = \/ggo' . Finally, we
decompose (1 — xs)ko = x'x?, with x!, x? € C°. Thus, we obtain, for the
contribution /71§, the formula

L () _
I = / B R TS (r, ", " \T?v(r, ", o")drda"d¢", (2.3.5)
where
'S, = f-’l((XISAl)05(7%04(04",@”),@(04”,@”))>,
T?y = f1(__:2fr11ti;;;i(x2@)O5(7”,04(04//,90”)790(0//,90”))

2
><_
r

d¢ d(a, ¢)
d(r,a,gp)”d(a’,z’) )

As a first step, using Proposition 2.2.2, we directly get TS, € B with

1T 815 < CllSi]5.

As a second step, we study T?v. Since for 7 close to 1,

—r+1+1ca,
—r2 + 1 —iea,

we recover, from Proposition 2.2.2,

T?v e B and I1T%v]|5 < C|lv||5.
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Now, we apply Parseval’s equality with respect to the r variable in the formula
(2.3.5)

a1 -

III D s =0 T ardaray
P = S s et

—

lay |

i a’ " —(eae —1 q
— /e L (a4 2)1{t>0}€ (cocitp  (T1S(. — |8—1|,.,.))(p—t,a”,<p”)

x]—"rﬂp(Tx%) (p, ", " )dtdpda" dp" .

where 10y denotes the characteristic function of the set {t > 0}.
Hence, we obtain

—

1155) < < / ||m<Tlsl<.—@,.,.»(p»nm)

9 ( / ||fmp<f27)><p>||mdp)
et < (1m0 -2D1a0) ([17200) 1)
1 < S ( [ Irsioiean) ([ 1rulde)

Now, using Proposition 2.2.1, we get

115
|11

ClIT*SullslI 70| 5

<
< ClSilslvlis,

which is the desired estimate.

We are left with the part IV¢, which corresponds to the directions ¢ that
are not collinear to ¢;. We denote K’ the support of (1 — xs)(1 — k) which
is a compact set. If we denote

m = |§|2 -1, m=-q- ¢ (2-36)

d(n1,m2) :< 2 )
d¢ —q1

is of maximal rank 2 for ¢ € K’. Hence, there exists a finite covering (€2;);=1.m
(m € N) of K’ such that in Q;, we can make the change of variables £ —
n, where 1y, 1y are given by (2.3.6) and 73 is one of the components of £

then,
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(depending on ;). We denote x; = X?X? some localization functions on €2;
such that (1 — xs)(1 — k) =>_7", x;. Thus, for j =1,...,m,

-q1 =12
[ S = [ =S| i
v - —= _ v
—[&? + 1 +ica, LOXs —11 + iea. 10%3) d

If we denote

7S = F- 1(()(]51) £),
Ty = F~ 1 ’—})

J

and if F; denotes the Fourier transform with respect to the n; variable,
Parseval’s equality with respect to n; gives

[ ] = e [ @ o

X{
x(Fr ( ;U v))(z1)e 2/ dtdzydnadns

< ClSisllvls,
using Proposition 2.2.1 again. Summing over j, we obtain
[V < CllStsllv]l 5,
which ends the proof of the bound

[{a%, 0)] < Cl|Si|s[|v]|5-

2.3.2 Proof of Proposition 2.3.2

As before, we prove the result for the sequence (wf) only. As we did
in the proof of Proposition 2.3.1, we write w§ = w§ + a°. Since w§ is the
solution to a Helmholtz equation with constant index of refraction and fixed
source, it converges weakly-* to the outgoing solution wg to Aw + w = Sj.
Hence, it suffices to show the following result.

Lemma 2.3.4 Ifa® € B* is the solution to

—iagea® + Aa® +a° = 5 (:L’ — %)

then a® — 0 in B*.
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Proof. The proof of this result requires two steps (using a density argument):
1. for v € B, we have the bound ’(aﬂvﬂ < Cl[Sillsllvls
2. if S; and v are smooth, then (a®, v) — 0.

The first point is exactly the result in Lemma 2.3.3. It remains to prove the
convergence in the smooth case (the second point above).

We write PP
= [ S0,
R3 _‘g‘Q +1- Qe
We are thus left with the study of

[ e
R.(¢y) = /RS My Z.msdg (2.3.7)

where 1) = 5,0 belongs to S(R3).

As in the proof of Lemma 2.3.3, we distinguish the contributions of various
values of £. We shall use exactly the same partition, according to the values
of £ close to, or far from, the sphere |{| = 1 and collinear or not to ¢;. We
shall use the same notations for the various truncation functions.

We first separate the contributions of ¢ such that |€2—1| < § and |£2—1| >
0 using the truncation function ys:

q

[ (O U1 = xo(9))
) = [ S et [ e
= I*+1I°.

In the support of ys, since the denominator is not singular, we can apply
the non stationary phase method. Since ¢; # 0, we may assume ¢ # 0 and
we have

e _ £ [ n (x5 ()

r= iqh Jas € ga&(—|§|2+1—i5a€)d£

_ = 61“151-5( O, (V(€)x5(8)) 29(E)xs(6)6 )
R3

._1 -
qq

=€+ 1 —dea.  (=[E)P +1 —icac)?

Hence, we obtain the bound

. 5 1 2
< o [ (et + Slew)de

Since ¢, (x) and & xv belongs to S, we have, as ¢ — 0,

IF — 0.
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Let us now study the second term I1°. As, in Section 2.3.1, we first
decompose [I¢ into the sum I1I§ + I1I; + IV*. We then use the same
changes of variables. It leads to the following formula for /11§

i 9L (p "2 _ //2)

—i% (r—a?—p

(& €

II]E: -~ " ! 1 /! d d //d /!
0 / 1 X(r, o, "), o, ") drda”dy”,

where
X(ra”, ") = ((1 = xo)ko) 0 &(r,a(@”, "), p(@”, "))
2(—r+1+ica.) | d(a, @)
r(—=r?2+1—ica.) |d(o/, )
Y(r,a”, @) = dog(rala”,¢"),p(a”, ¢"),
are still smooth functions that are bounded independently from e.

Using Parseval’s inequality with respect to the variables (a; ¢"), we obtain
the bound

Y

—“ql‘r
1>

e it efis()\QJr,uQ) o~ drdnd
| S P

1L < Ce

To obtain the convergence of 111§, it remains to study an integral of the
following type

/ 6E—Mdr, where w € S.
r—1j<s —7 + 1 +ica;
This is done in the following lemma.

Lemma 2.3.5 Yw € S, V0 € (0,1), we have
Slai

/ wdr = —ZTHU(O) + Oe%O(gie)'
|

rl<s —T T+ Q.
Using this lemma, we readily get the estimate
[[1IF] < Ce'™? Vo e (0,1), (2.3.8)
which proves that 111 — 0 as € — 0.

There remains to give the
Proof of Lemma 2.3.5. We write

1 71'@7' d 71'@7'
/ £ - 9 w('r) dr = / e ur) (r —iea;)dr
s —T +ica, 5 72+ (ea)?
§ —ilal, P
= —z'z—:aa/ e Wy w(r) dr +/ e_i%rirw(ﬂ dr
s 2+ (ea.)? s r2 4 (eag)?
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We have

5 .
cag _Zlql‘asy ( )
, e w(eay ,
_[ = — c d - 0
Z/a g1 W imwl),

and
0 r

g r
Il = /5 (e—i@rw(r) — w(O))WdT + /5w(0)mdr )

The last term vanishes because the integrand is odd. Moreover, using the
smoothness of w, we easily obtain that for all € (0, 1),

—i—=T ¢
™ Tw(r) — w(0)] < C(;(g)
Thus,

/ \r|9 Ldr

We are left with the study of 7V°. We use the same change of variables
as in Section 2.3.1.

e - Z )| e

—|§'|2 + 1 +ica.

_ 2/7«& gyl
_ i / %8n2((wxj)(§(n))‘j—i‘)dﬁ

The integral obviously converges with respect to all the variables except 7.
It remains to prove the convergence with respect to the n; variable, i.e. the

convergence of
—T + 1€

6 = 0, ((0x5) (€ ) f )

is smooth and compactly supported with respect to n. It is a consequence of
the fact that the distribution (z +40)~! is well-defined on R by
1 1
=pu.(—) —imd(x).
x + 10 pv(x) imo(x)

We conclude that IV* — 0 and (a®,v) — 0 as ¢ — 0. O

’ /‘: (efz‘q—;‘rw(r) —w(0)) r? + 7(;0‘5

and the result is proved. [

where
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2.4 Transport equation and radiation condi-
tion on

In this section, we state and prove our results on the Wigner measure
associated with (u®). Since we established the uniform bounds on (u¢) and
the convergence of (w§), (w5), these results now essentially follows from the
results proved in [BCKP]. We first prove bounds on the sequence of Wigner
transforms (W¢) that allow us to define a Wigner measure p associated to
(uf). Then, we get the transport equation satisfied by p together with the
radiation condition at infinity, which uniquely determines pu.

2.4.1 Results

Theorem 2.4.1 Let Sy, S; € B and X\ > 0. The sequence (W¢) is bounded
in the Banach space X3 and up to extracting a subsequence, it converges
weak-x to a positive and locally bounded measure p such that

1
SUP_/ / pl,€) ddg < C(|Soll 5 + [191]])". (2.4.1)
lz|<R JE€R?

r>0 1

The Banach space X7 is defined as the dual space of the set X of functions
@(l‘7§) such that 90(% y) = ff*?/(@(xvf)) SGtiSﬁ@S

/ sup (1 + 2] + [y) (. y)ldy < oo. (2.4.2)
R

3 xeR3

Theorem 2.4.2 Assume (H1), (H2), (H3). Then the Wigner measure p
asssociated with (u®) satisfies the following transport equation

1 o 2 a 2 2 L
&«sz(é(@\so(al +6(z—q1)[S1(8)] )5(I£I —1) = Q(z). (24.3)

Moreover, p is the outgoing solution to the equation (2.4.3) in the following

sense: for all test function R € CZ(R®), if we denote g(x,§) = [° R(x —
&t, &)dt, then

[ R gdute§) = = [ @06 ade (2.4.4)

Remark: Here the support of the test function R contains 0, contrary to
[BCKP].
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2.4.2 Proof of Theorem 2.4.1

This theorem, that is proved in [BCKP], is a consequence of the uniform
estimate on the sequence (u°) in the space B* obtained in Proposition 2.3.1.
We observe that for any A > 0,

(@) =22 (2) ]| 12 < Clu]

B < C([[Sollz + (1511 5) (2.4.5)

hence, for any function ¢ satisfying (2.4.2), we have

el

) / (x4 £9) [z — 5y)
e (a4 Gy O — Gy)2
< CIfI3 / sup (Ja] + [y1) (2, )| dy.

3 $ER3

g |1 g |1
(o -+ Sy) ¥ — Z9)HH gl (@, y)dedy

So (W#(u®)) is bounded in X3}, A > 0. We deduce that, up to extracting a
subsequence, (W¢(uf)) converges weak-+ to a nonnegative measure j satis-

fying
(1, D) < C||f||%/ sup (|| + [y[) " o(2, y)|dy. (2.4.6)

R3 $ER3

We refer for instance to Lions, Paul [LP] for the proof of the nonnegativity
of u.
The bound (2.4.1) is obtained using the following family of functions

1 2
R e 7 Y

and letting 6 — 0, R — oo. U

2.4.3 Proof of the transport equation 2.4.3

This section is devoted to the proof of the transport equation satisfied
by p. We first write the transport equation satisfied by W¢ in a dual form.
Then, we study the convergence of the source term (the convergence of the
other terms is obvious). Finally, choosing an appropriate test function in
the limiting process, we get the radiation condition at infinity satisfied by
p. Proving first a localization property, we improve the radiation condition

proved in [BCKP].
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Transport equation satisfied by W=¢

We satisfies the following equation
aWe+¢-V,We =@Q°, (2.4.7)

where, for ¢ € S(T*RY), if p(z,y) = F, L.(¢(x,£)),

y—¢&

<Q€7w> = Ezm <WE(SE7UE)7w>

This equation can be obtained writing first the equation satisfied by

v (z,y) = u(z + %y)ﬁ(x — %y)

From the equality

e _ ETA0 € NE (N ATE( ENaE €
Vy - Var© = S[Aw (z + gy)u(e — Sy) — Aw(z — gy)u(@ + Sy)].,

we deduce

l

v +1iV, - V,0of + [nZ(x + Ey) — nQ(x — Ey)}v6 = o.(z,y),

% 9 9
where
B e m 4 Vi (e — o) — T — S 4 &
o(r,y) = 5[5 (v + 5y)u(x = 5y) = F(z — y)u(e + 2y)]-

After a Fourier transform, we obtain the equation (2.4.7).
Then we write the dual form of this equation. Let 1) € S(R®), we have

ac(We, ) — (W*,§- Vo) = (Q°, ). (2.4.8)
By the definition of the Wigner measure u, we get
a(We ) —0 and (W E-Vb) — (u, & - V).

Hence we are left with the study of the source term (Q°, ).
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Convergence of the source term

In order to compute the limit of the source term in (2.4.7), we develop

(@0 = ST (W55, 00),0) + W5 (5F,0), ).

Thus, the result is contained in the following proposition.

Proposition 2.4.3 The sequences (eWe(S§,uf)) and (eWe(S5,u?)) are
bounded in S'(R%) and for all real-valued ¢ € S(RY), we have
: e(Qe € 1 _ a
iy (W4 (S5,0°) V)ss = s [ TOROWO.0de, (249)
e—0 (271') R3
3 £ £ &€ 1
}:E%E“/V (Slv u )7 ¢>S’,S = (271')3

where wy and wy are defined in Proposition 2.5.2.

/RS W1 (€)S1(€)v(qr, €)dE, (2.4.10)

Using Proposition 2.4.3, we readily get for any real-valued test function v,

Q%) = s ([ BOKOw0.9d+ [ TOS©u(w o)

_ ﬁ ( / IO ~ 1)9(0,€)de
+ [ ISP Dot e )

which is the result in Theorem 2.4.2. [

Let us now prove Proposition 2.4.3.

Proof of Proposition 2.4.3. The two terms to study being of the same type,
we only consider the first one in our proof. Let ¢ € S(T*R?) and p(x,y) =
F L ((x,€)), then we have

y—&

£ \— £
€<W€(ngu€)v¢>8’,8 = 8/58(1‘ + éy)u6($ - 5y)g0(l‘,y)d£dy
— [ i@l + y)eleta + ooy
As a first step, let us prove that e(We(S§, u®),¢)s s is bounded. Using
that ¢ € S(R??), we get

(W (S5, u), ¥hsrs| < C / ()N |So(2)
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for any £ > 0 and 1/2 < 8 < N, upon using the Cauchy-Schwarz inequality
in z.

Then, we distinguish the cases |z| < |y| and |z| > |y| : the term Stemming
from the first case gives a contribution which is bounded by C' f k —i=5 and

the second contribution is bounded by C' f . Hence, upon choosmg k large
enough, we obtain

|e(W2(S5, u%), ¥)sr,s| < Cll@)™ Sollz w5+

As a second step, we compute the limit (2.4.9). We write

W50 0) = [ SoCo@gte+) (= (o + §) o) - (0. oy

" / T (@) So( — 1) (0, y)dzdy
— L4+IL.

Reasonning as above, we readily get that lim. .o /. = 0. Indeed, since
¢ € S(R??), we have, for all k € N, for all z, y € R?,

‘90<€<:E + %),y) — @(O,y)‘ < Cs|x‘<;!y|leq05%—wy|>.

Hence,

wi(z + )| (=] + [y)) ™!
(£ +y)? ()"
B+1

€ x| +
S C€||<x>NSO||L2||w0||B*/ sup %d?/

vy nems @)Y (y)F

o< ce [N 1L dady

for any £ > 0 and 1/2 < < N — 1. As above, the previous integral con-
verges for k large enough. Therefore, ¢ — 0.

We end the proof by proving that the second term I/° converges to
[ So(z)we x+y)1p(0,y)d:cdy. We have

1L = / Wi (2) (S0 # 00, ) (2)da.
Hence, since w§ converges weakly-* in B*, it suffices to prove that Sy (0, .)

belongs to B. We denote ¢ = (0,.). Then, ¢ € S(R?). Let 1/2 < 8 < N.
We have, using (2.2.5),

1505015 < CliSo xoll33 = € [ (2)%]50 « oo
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Moreover, upon using the Cauchy-Schwarz inequality, we get, for all z € R3,

Soxpla)? < ( | 1uta - y>||¢<y>|dy)

( [ 18 - y>|2|¢<y>|dy) ( L |¢<y>|dy)
< ollulSol + 61(a).

Therefore, we obtain

IA

IS0 * ¢l < CH¢HL1/<x8>25\50(x—y)\2\¢(y)\dy

x 28
< C’||(x)NSO||L2/ sup %dy,

3 3
Ry zeR

for any k. As before, this integral converges. Thus, we have established that
So * (0, .) belongs to B, which implies that

. — / Sola)5 (2 + )0, y)derdy.

0

2.4.4 Proof of the radiation condition (2.4.4)

It remains to prove that p satisfies the weak radiation condition (2.4.4).

Support of

In order to prove the radiation condition without restriction on the test
function R (as assumed in [BCKP]), we first prove a localization property
on the Wigner measure p. This property is well-known when u® satisfies a
Helmholtz equation without source term. It is still valid here thanks to the
scaling of S°.

Proposition 2.4.4 Under the hypotheses (H1), (H2), (H3), the Wigner
measure [ satisfies

supp(p) C {(@,&) € R/ [¢]* = 1}.

Proof. Let ¢ € C°(R®) and ¢° = ¢" (z,eD,). Let us denote H® = —e2A —1.
Since u® satisfies the Helmholtz equation (2.1.1), we have

ieeu® + Houf = £25°. (2.4.11)
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Moreover, H is a pseudodifferential operator with symbol |£|? — 1. By pseu-
dodifferential calculus, ¢°H® = Op¥ (¢ (x, €)(|€|> — 1)) + O(e) so, using the
definition of the measure u, we get that

lim (¢ Heu' ) = T (OpY (6(a, (€] — 1)u, )
— [ 0w O)1€P - 1)
Using the equation (2.4.11), we write
(6 Huf uf) = e2(6°5°, u)—ioue(9°uf, uf) = 2(W(S%, ), 6) —icvee (6°0F ).

On the one hand, Proposition 2.4.3 gives that lim._oe?(W¢(S¢, uf), ¢)
0. On the other hand, (¢°u®,u®) is bounded so lim._a.e(¢u®, u®) = 0.
Therefore, for any ¢ € C°(R®), we have [ ¢(|¢]* — 1)dp = 0, so supp(u) C

{1¢7 =1}

O

Proof of the condition (2.4.4)

Using the previous localization property, in order to prove the radiation
condition (2.4.4), one may only use test functions R € C°(R%) such that

supp(R) C R%\{¢ = 0}.
Let R be such a test function. We associate with R the solution ¢° to

—aeg"+ & Vg = R(I,f)
By duality, we have
(Q°,9°) = (W5, R),

so that it sufffices to establish the following two convergences:
lim (@, %) = (Q..). (2.4.12)

i (W*, B) = (f, ), (2.4.13)

where () et g are defined in Theorem 2.4.2.

As before, since R € X, for any A > 0, the limit (2.4.13) follows from the
weak-* convergence of W*¢ in X3.

On the other hand,

(Q°,9°) = Im o So(x)w(x + y)gé(elr + %], y)dxdy (2.4.14)

+Im | Si(eywile+y)g(a + e+ 5], y)dedy,
R6
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so (QF, g°) is the sum of two terms of the same type. Such a term has been
studied in [BCKP], where the following result is proved.

Proposition 2.4.5 Assume (w®) is bounded in B* and that (w®) converges
weakly-* in B* to wy. Assume Sy satisfy (H3). Let R € C2°(R®) be such that
supp(R) C RO\{& = 0}. Let g° be the solution to

—a.g" + & Vg = R(l‘, f)
and g(z, &) = [;° R(x + €, €)dt. Then, we have

. - . ~ Yy 1 T~
lim | So(z)wi(x +y)g*(elz + S], y)dady = —3/ So(§)wo(£)g(0,&)dE.
e—0 R6 2 (27T) R3
Proof. The proof of this result is written in the appendix. OJ
Using the proposition above together with Proposition 2.3.2, we get that

lim(Q*, g°)

1 1 e~
~ Im ( s [ Biom©s0.0 ; [ Sm@staoac)
(2m)? (2m)3 Jps

47r (/ Sa(©)[a(¢” >9(07f)d5+43\§1(§)|25(§2—1)g(q1,£)d§).

Thus, the radiation condition (2.4.4) is proved.

A Proof of Proposition 2.4.5

In the sequel, we denote

G = / Syl (e + ) (el + 2, g)dudy.

2

A.1 Bounds on G°

In order to study G®, we need a preliminary result on the test function
g

g°.
Lemma A.1 Let R € C>*(R%\ {¢€ = 0}). We denote g° the solution to
—aeg° +&£.V,.9° = R(x,§). (A1)
It 1s given by the explicit formula
o _ 1
F.6) == [ en(—adl Mg R - s O (A2)
0
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Then we have the estimate

VM 20, |g(z,y)| < O — (A.3)

where .. denotes the infimum of two numbers, and C' is a constant depending
on M and R.

Proof. Let a be a multiindex such that |a| < M. We denote w = % We

write

i) = Ty [0 | e - 9| as)

+o0
:/RB dge™ / ds Y Clascaene "0 (i00) (~aclé|s)

=0 bedef

x(—a€|f|ls>f<z’ag>c<—sw><z'ax>d<z’ag>e(%R) (2 — ws, O)(AA)

Using that
e ReC(RO\{J€] = 0}) 50

e there exists 19, A, B > 0 such that supp(R) C {|z| <ro} x{A <|¢] <
B}?

e R and its derivatives belong to L'(R®).
o [(i0¢)"(—acl€]7ls)| < Cs, VY [¢] = A.
o [(i0)(=sw)| < Cs, V¥ [¢] > A.
e in the integral above, s € [|x| — ro,|z| + ro], so for |z| large enough, we
can use the equivalence s ~ |z| ~ (x) (where we dente for a, b > 0, a ~ b if
Jey, >0/ cra < b <coa), we get in (A4),

1" (2, )] < Cla)™ exp(—=(x)).

B
The desired estimate follows. O

Using this lemma, we estimate

61 < | [ wile + 9S00 (e + oy

M T %-1-0 T N 2 -N <8(I+ %>>M /\a;M
< o [ BBl i sl L
< CllwgllpI{2)™ So(x) |l 2
10y -n 2+ )Y A et
ol e R
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Now, we prove that the integral

+ M/\ —-M
Ie :/ sup <x_'_y>%+0<x>—N1 <€(‘SC| ’yD Oés dy
R

3 zeR3 <y>M

is bounded uniformly with respect to €.
Let us define the following three subsets in RS

A ={(z,y) eRY/|z| = |y}, Be={lz[ <[yl [e" ] < 1},

A5
C. = {Ja| < Iyl [+ > 1}, (4.5)

where £ means £'~° with § > 0 sufficiently small.

If (z,y) € A, then

v (e + )M A o™
(y)M

Now, we distinguish the relative size of (ex) and £7:
o if (cx) > &7, we have

(aty)+0(z)

< Cla) M (e na; ) (y) M.

<x>%+ole<<€x>M /\OfM) < <I>%+07N1877M < e=1(3+0-N1+M)
V)< < :
o if (cx) < e, we have (z) < L(ex), hence we get

<x>%+07N1(<€x>M Aa;M) < <x>%+07N1877M < M= (r ) (GH0-N).

Now, we choose 1/2 + 0 such that N; < % + 0. Then, we get the following
bound for the contribution of the set A, to Z.

CE'\/M(W+1)(1/2+ON1)/ <y>fMdy

R3

Since N; > % + %, we can choose M > 3 such that this contribution is
uniformly bounded with respect to e.

If (z,y) € B, then |ey| <1 so we obtain
M A oM

(o4 ) eoga) 0 SRR < pgyareie

Thus, the corresponding contribution to Z¢ is bounded by C' [, (y)y™ +%+Ody
which is convergent.
If (z,y) € C., then

AT A yssefend At

()M =V ()™

(w0l
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Since |y| > e 110, if we denote z = ey, we have |z| > &°, for some § > 0,

which implies that

«(2) >

(z).

Q“m
G (=%

Thus, we have

Lo € [ (Z g as i
RS

< CEM(16)4/ <Z>7M+%+O<<z>M A EdyM)dZ
R3

where we used the hypothesis (H1) a. > £7.

We distinguish two cases, according to the relative size of (z) and e™7. We

have

IN

/ (2>%+0—<Z>M pe dz E_MV/ (z)3H0-M g,
(z)>e=7 <Z>M (z)>ev

Ce(3+0),

IN

and

—~
IA
™
2
—~
IS
~
=
+
o
—~
N
~
g
>
m\
2
S
QL
I\
IN

/ (z) 2104
(2)<e7

< Ce1(3+0).
Hence, we get
7. < O eM(1-0)—4—(3+0)

443y
-6

To conclude, we choose M >
with respect to ¢.

, which gives that Z. is uniformly bounded

A.2 Convergence of G°

We decompose G¢ in the following way

6 = [ uile+ 1)Su@) (el + §).y) — F0.0)dady

+ /R6 wi(z + y)So(2) (97(0,y) — §(0,y))dxdy

= [ wita+ 9S50, g)drdy
R
= L.+ I1I.+ 111,
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Using the same method as in Section A.1, we prove that I., II. — 0.
Then, we may write

I11. = /RG w(z)(So *9(0,.)) (z)dz.

Moreover, we established in the proof of Proposition 2.4.3 that if ¢ is rapidly
decreasing at infinity, then Sy * ¢ € B. Hence, since (w§) converges weakly-x*
in B* to wy, we get

lim 111, = /R () (S0 910, )) ()i,

which ends the proof.
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having pointed out to me the short proof of our result that is indicated at
the bottom of page 26.
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3.1 Introduction

We consider the following Helmholtz equation
icu + Au+n(z)u = f(z), v € R% (3.1.1)

We assume that the refraction index n is nonnegative and discontinuous at
the interface between two unbounded inhomogeneous media €., 2 such
that O, UQ_ = Q, UQ_ = R? We write

g () ifreQy
nlw) = {n(az) if v € Q_.

We study here the limiting absorption principle, i.e. the limit when ¢ — 0%
of equation (3.1.1): our goal is to prove bounds on u that are uniform in e.
A related question is the statement of the Sommerfeld radiation condition
for the following equation

Au+n(z)u = f(z), 2 € R (3.1.2)

This is an open problem in the full generality of our assumptions, stated
below.

In this article, we prove uniform Morrey-Campanato type estimates
for this equation, using a multiplier method borrowed from [PV1]. These
bounds encode in the optimal way the decay: |u(z)| ~ 1/ |x|% at infinity
of the solution u. They imply weighted L2-estimates for the solution u. We
also prove a uniform L%-estimate without weight for the trace of the solution
on the interface, which states that u carries essentially no energy on this set.

In order to state precisely our assumptions and results, we need the fol-
lowing notations.

First, we use the Morrey-Campanato norm, defined for u € L?

locy

1
=sup — lu(z)|*dx, (3.1.3)
r>0 R Jp(r)

i

where B(R) denotes the ball of radius R. We also use the following dual

norm
s =30 (27 [

JEZL J)

F @) v (3.1.4)

where C(j) = {z € R/ < |2| < 2*1}.
The duality is given by the easy estimate

| [ fude] < 117151

. (3.1.5)
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Note that both norms B and B* are homogeneous in space.

We also denote the radial and tangential derivatives by

o_=z 9 _g_r9
or |z or |z Or”
On the other hand, we assume that the interface between the two media
' =00, = 0Q_ is a smooth surface (Lipschitz is enough). Let dvy be the

euclidian surface measure on I' and v(x) be the unit normal vector at x € I'
directed from Q_ to €2,. We denote, for x € I', the jump

[n](z) = ny(z) —n_(z).
Throughout this paper we will write Vn instead of Vn lq, +Vn_1q_, the

derivative of n outside the interface. Similarly, dyn will denote the partial
derivative of n with respect to the x4 variable outside the interface.

The key assumptions we make on the interface I' and the refraction index
n are the following. We comment on these assumptions later.
(H1) There is o > 0 such that the d-th component of v satisfies

ve(r) > a forall zel. (3.1.6)

(H2) [n](z) has the same sign for all z € T'; the following notation will be
convenient: let ¢ = — if [n] is non-negative and o = + if [n] is non-positive.
(H3) n € L*>*, n > 0.
(H4)

QZsup (- Vnlz))- = (1 < 0. (3.1.7)

ez CW) n(x)

(H5)

1 ;

— Zsup QJ“M = Iy < 00. (3.1.8)

a <= ) n(z)

(H6) 81 + G2 < 1.

We are now ready to state our main theorem.

Theorem 3.1.1 For dimensions d > 3, assume (H1)-(HG6). Then, the solu-
tion to the Helmholtz equation (3.1.1) satisfies the following estimates :

V. ul? 1
V- dx+sup

Vu =
Vel || r>0 R? S(R)

lu|*dor

2 HIn*2ul

1/2
bl

+ [l tady+ [ (ol luPds < C 71, (309
I R

where C' is a constant depending only on o, 1 and [s.
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We would like to stress several aspects of our analysis. First, the homo-
geneity of the estimates and assumptions makes this theorem compatible
with the high frequencies. The scaling invariance plays a fundamental role
in the high frequency limit of Helmholtz equations as we will see in the next
chapter (see Benamou et al [BCKP], Castella et al [CPR] for the case of a
regular index of refraction).

We would like to point out several terms in the left-hand side. The last
two say that, in principle, the energy is not trapped at the interface and it
mainly radiates in the directions where d;n vanishes. On the other hand,
the first two terms essentially assert that v and Vu belong to the optimal
space B*, provided fe B. This is the same Morrey-Campanato estimates
as in the regular case.

Let us now comment our assumptions on n. First, they allow some
growth at infinity : n does not go to a constant at infinity. The hypotheses
(H2), (H4) and (H5) can be understood as conditions on the trajectories of
the geometrical optics. The condition (H4) implies the dispersion of these
trajectories. The conditions (H2) and (H5) ensure that the energy goes
from one side of the interface to the other. The condition (H5) involves
both the interface and the index: it becomes a weaker assumption on the
index when the interface is close to a hyperplane (a ~ 1). This type of
assumptions is natural in the study of the high frequency limit where the
link with Liouville’s equations can be understood through Wigner transform
(see L. Miller [Mil2] for a refraction result in the case of a sharp interface
for Schrodinger equation, E. Fouassier [Fou3] for high frequency limit of
Helmholtz equations with interface; for an account on high frequency limit
for wave equations, see P.-L. Lions, T.Paul [LP], and [BCKP], [CPR] for
Helmholtz equations without interface).

Taking [n] = 0 in Theorem 3.1.1, i.e. the case without interface, our
results boil down to the uniform estimate proved by B. Perthame, L.
Vega [PV1] when the refraction index satisfies assumptions (H3)-(H4) with
f1 < 1. Under these assumptions, they also proved in [PV2] an energy
estimate saying that the energy |u|* mainly radiates in the directions of the
critical points of n., (where n., is given by n(z) — nm(ﬁ), |z] — o0).
In our case, the corresponding energy estimate corresponds to the last two
terms.

In the case of two unbounded media, similar results, but not scaling
invariant, were obtained in previous papers. Eidus [Eidl] first proved
weighted- L2-estimates, and the L?-estimate on the trace of the solution on
the interface, for a piecewise constant index of refraction. To do so, he
assumed that the interface satisfied an extra ”cone-like” shape condition,
|z - v] < C for x € T'. Under the same assumption on the interface,
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Bo Zhang [Zha] also proved inhomogeneous B*-B estimates when n is a
long-range perturbation of a piecewise constant function. S. DeBievre, D.W.
Pravica [DP] proved weighted-L?-estimates in a very general context using
Mourre’s commutator method. In particular they considered the case of an
index that is smooth outside of a compact set in the x4-direction and only
bounded in this compact set.

Our proof is based on a multiplier method. Following B. Perthame,
L. Vega [PV1], we use a combination of a Morawetz-type multiplier and
of an elliptic multiplier. Following Eidus [Eidl], we combine it with a
multiplier specific to the case with an interface for which one direction plays
a particular role (the z4-direction here). The first two multipliers allow us
to control both Vu and u locally in L? by || f|| ; and we estimate the integral
over the interface of |u|? using the third multiplier.

The article is organized as follows. In Sections 2 and 3, we present the
basic multipliers and the particular choice we make here to prove Theorem

3.1.1. Then, in Section 4, we give another estimate containing the trace of
Vu on the interface.

3.2 Basic identities

Lemma 3.2.1 The solution to the Helmholtz equation (3.1.1) satisfies the
following four identities, for smooth real valued test functions v, 1,

- [ @ivu@i+5 [ Al + [ el

= Re » f(@)p(z)u(x), (3.2.1)

2l
&
Il
N
S
k.‘
&
AS)
&5
=
&

[ e@lu@F ~Tm [ Vet Vat

R4 Rd

4
~Tm [ Vo) Vulw)ita) + 5 [ lvla) - V(@)ua) P o)

[ Vit D@ Va@)—; [ Al [ v

= —Re [ 1@V Vile) + 5A0(@)a(w), (323)
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%/F[n]ud(a:)\u(:cﬂzdfy(x) —i—%/Rd Aan () |u(x)]?

= —Re » f(@)O0qu(x) —eIm | wu(zx)oqu(x). (3.2.4)

Rd

Proof. The identities (3.2.1) and (3.2.2) are obtained by multiplying the
Helmholtz equation (4.1.1) by ¢u and then taking the real and imaginary
parts. The identity (3.2.3) is obtained using the Morawetz-type multiplier
Vi (z)-Viu(z)+5A¢(z)u(z) and taking the real part. To get the last identity
(3.2.4), we use the multiplier d;u and take the real part. [

Lemma 3.2.2 The solution to the Helmholtz equation (3.1.1) satisfies the
following estimate

[P arie) + - [ @)l

sz/ \f&da\+25}lm/ uaday+1/ dn)olul®. (3.2.5)
Rd R4 «

]Rd<

Proof. This lemma follows directly from the identity (3.2.4) using the hy-
pothesis (H1). O

3.3 Proof of theorem 3.1.1

The following proof in which all the details are included for the con-
venience of the reader is essentially adapted from [PV1], apart from the
treatment of the terms involving the interface and the partial derivative with
respect to the x4-direction, which is the key difficulty of this paper.

We derive the proof of theorem 3.1.1 from the above identities. We make
the following choice of test functions ¥ and ¢, for R > 0,

/R for|z| <R
xz/|z| for |z| > R,

1/2R for |z| < R
plr) =
0 for |z| > R.

We also need the following calculations (in the distributional sense)

9i;/ R for |[z] <R
(03l — wizj)/|2]* for || > R,

ijw(x) = {
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d/R for [z| < R
(d—1)/|x| for |z| > R,
and the inequality
1/m(2 A¢)>d_1/ vdop for v >0 (3.3.1)
— — o . 3.
4 Joa TV AR Jyp R =

We add the identity (3.2.1) to (3.2.3), which gives, using the inequality
(3.3.1), for the previous choice of 1, ¢,
o | ot [ [ L (vor - | wl)
2R Jp(r) 2R lz|> R ] |z]
d—1

+@ﬁ"wm+/ww><mww
<c [ i@l ve [ @iVl + 5 [ (Vo) Inw)-lut)?
-+054Ju@nwwu»w%§zjmnw-vwwwmﬁww

Then, we use the inequality (3.2.5), together with the bound |V| < 1 to
estimate the trace term

T RCCTESy BTy G LINTET,

\Veu(z)*  d—1 / 2
"—/ + u dO’R
w>r |7 2R? S(R)‘ |

<c [ @ e [ r@ivael+ce [ ju@)vae)
%1L;vw@»Vm&ww¢m2+§hé;@nm»Aumn?

Our task is to estimate the terms in the right-hand side of the last in-
equality. We separate them in three types : those containing the source f,
those containing ¢ and those containing the index n.

We begin by the two terms containing f. Using the duality estimate (3.1.5),
we get for all § > 0

LIVl < 19ulls 11
SIS ully. + Call 71

N
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For the second term, we use a Cauchy-Schwarz inequality to obtain, for
all § >0

JET

. 1/2 } 1/2
< sup—/ |u|2dch) (QJ/ |f|2)
<R>O R? Jsm) ]ZE% c()
1
< 5supR— lul*dor + Cs|| f1]%-
R>0 S(R)

Next, we turn to the term containing €. First, using the identities (3.2.2)
and (3.2.1) with ¢ = 1, one can notice

(e < [ 1l
/ Vi <l [ 11l

Hence, using again the duality estimate (3.1.5), we obtain for all 6 > 0
< [ 1lval < Clula 1
dllullg. + Csll 1%

The terms with n remain. We write

IA

Rd ez /CU n\xl
1
< <sup / \u\Q) ZsupQ z-Vn)-
r>0 B Jp(r) =AY nlz|

Hence,

[ (Vo6 V) ful@) <

Similarly, we get

. Ad<8dn<x>>a|u<x>|2 < Bolul?

o B

Putting all these estimates together gives for all § > 0

B Lo TH 4 [ @l [ On)

\Vou()]?  d—1 / >
+/ + |u|*dor
|z|>R || 2R? S(R)

< (B + Bz + 0)Jullh. + 0lIVullh. + Csll £%-
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Hence, choosing § small enough (depending on (31 + (3) and taking the
supremum with respect to R, we obtain

V., ul?
IVl + Il + [ o,
e |2]
1 2 2
+sup — ul*dor < C . 3.3.2
s [ Pden < CIfE (352)

To end up the proof, it remains to estimate the two last terms in the left-
hand side of (3.1.9). We use the inequality (3.2.5) and the previous bounds

Sl )Py + [ @um)-ofuf

1
gc/ |f8du|+05/ |u|vu|+c—/ (0am)o |ul?
R4 Rd QO JRrd
< C(IFI1% + llullE.)-

Using (3.3.2) we obtain

[l i+ [ @un)-olal? < g1,

This ends the proof.

3.4 Another trace estimate

In this section, we assume that the interface I' is a hyperplane I' = {z4 =
0}. Then we prove the following extra uniform estimate

Theorem 3.4.1 Under the assumptions of Theorem 3.1.1, if we assume
moreover that T = {xq = 0} and there exists 3 > 0 such that (z)'*°|V,n| €
L>, then

il (vuto)pas < (101 +19.715) (3.41)

where C' is a constant depending only on a, B1, B2 and ||{z) TPV nl| L.
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To prove this theorem, we will need the following identity
Lemma 3.4.2 The solution to the Helmholtz equation (3.1.1) satisfies

5 [ Vou@Par =5 [ o] oauta)Pae’ = 5 [ 07 futa) P

1 1
— | O |Vpu(z)|*dx’ + —/ Oan |8du(x)|2dx'+Re/Vxln-Vx,u Ogquidx
Rd

2
/ 1(n* () \u\Q—ezIm/ x)O0gqu(x)

= /]Rd n(x)f(z)osu(z). (3.4.2)

Proof. This identity is obtained by multiplying the equation (3.1.1) by nd,u
and taking the real part. [

Proof of Theorem 3.4.1:

Firstly, note that V,n u € B:

|Ven ullp < Z(QJH/ (;p>_2_25|u|2)1/2

jez ()
< 9J+1 2-243 1/2
< > () ul?)
j<0 c@)
_ 1/2
+Z 2]-1—1/ —2 25|u|2)
j>0 cl

but, using (3.1.9), we have, for § > 0,
1
K2y 72 ullz2 < Cllull g < ClIfll 5,
hence

Jj+1 3 _1_B
IVanulg < Clfllpd 27 +CY 27| (x) > 2ul 2

<0 >0

< Cliflls

So, we can apply the estimate (3.1.9) to Vu. Indeed, V, u satisfies the
following Helmholtz equation

ieVyu~+ AVyu+n(x)Veu =V f(z) + Ven u, (3.4.3)

so Vu satisfies

[t 1V’ < € (1T A1+ 1413).
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Then, we use (3.4.2) to get

[l 10uaas < [ fil] (Vo + [ Ji¥]] P+ [ 190090
I I I R4
+/ |ad<n2)uu\2+g/ n\uada|+/ nlfogil. (3.4.4)
R4 Rd R4

Since n € L*>, we have

/F 7] Julde’ < 2l / [n]l[uf?dz’ < CIIFI

and

/ 104 [uf? < 2o / Banllul < CIISIP.
]Rd ]Rd

Moreover, using the hypothesis (2)1*#|V,n| € L, and the estimate (3.1.9),
we get

L IVanlVul? < €IVl < OIS

Hence, estimating the two last terms in the rigth-hand side of (3.4.4) as
before and using (3.1.9), we get

[l 0uas < € (11 + 19.0715).
and thus the theorem is proved.
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4.1 Introduction

In this article, we are interested in the analysis of the high frequency limit
of the following Helmholtz equation

—iaeu® + 2 Auf + n?(z)uf = —f5(2) = — f(g), (4.1.1)
)

where the variable = belongs to R? for some d > 3.
We assume that the refraction index is given by

0=k ) 112

We also assume that there exists ng > 0 such that n*(x) > nZ for all
x € R, which means that equation (4.1.1) is uniformly of “Helmholtz type”.
Problem (4.1.1), (4.1.2) corresponds to a transmission problem across the
flat interface I' = {z4 = 1}. We assume that the jump at the interface
I satisfies [n?](z) = n?(z) — ni(x) > 0 for all z € T. This is the only
interesting situation, as we explain below.

Equation (4.1.1) modelizes the propagation of a source wave in a medium
with scaled refraction index n?(x)/e?. There, the small positive parameter &
is related to the frequency w = ﬁ of u®. In this paper, we study the high
frequency limit, i.e. the asymptotics € — 0.

The source term f° models a source signal concentrating close to the
origin at the scale €, the concentration profile f being a given function. Since
¢ is also the scale of the oscillations dictated by the Helmholtz operator
A+ %, resonant interactions can occur between these oscillations and the
oscillations due to the source f¢.

Moreover, the interface induces a refraction phenomenon of the energy.
As we will see later on, the energy concentrates along the rays of geometrical
optics. We choose here the jump of the index at the interface to be positive,
which is the interesting case since those rays are attracted by the regions of
high index.

These are the two phenomena that the present paper aims at studying
quantitatively in the asymptotics ¢ — 0. We refer to Section 2 for the
precise assumptions we need on the source f, together with the refraction
index n?.

We assume that the regularizing parameter a. is positive, with a. — 0
as ¢ — 0. The positivity of a. ensures the existence and uniqueness of a
solution u° to the Helmholtz equation (4.1.1) in L*(R?) for any € > 0. In
some sense, the sign of the term —ia.cu® prescribes a radiation condition

at infinity for u®. One of the key difficulty in our problem is to follow this
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condition in the limiting process ¢ — 0. We will discuss that point later on.

We study the high frequency limit in terms of Wigner measures (or
semiclassical measures). This is a mean to describe the propagation of
quadratic quantities, like the local energy density |u®(z)|?, as e — 0. The
Wigner measure p(z,§) is the energy carried by rays at the point z with
frequency £. These measures were introduced by E. Wigner [Wig] and then
developed by P. Gérard [Gérl], P.-L. Lions, T. Paul [LP] (see also C. Gérard,
A. Martinez [GM] and the survey [GMMP]). They are relevant when a
typical length e is prescribed. They have already proven to be an efficient
tool in such problems ([BCKP], [CPR], [GL], [Mil2]).

Let us now give a rough idea of our main results. First, we introduce
various measures: u, i+ denote the Wigner measures associated respectively
with ©® and with the restrictions u% of u® to each medium. These three
measures are defined on T*R?. Last, we prove that there exist two measures
u9% defined on T*T that are, in some sense, the traces of py at the interface:

pe = Lz s + 0(z — 1) ® 8(&) © p.

Our first result, that is valid for a general index of refraction, describes
how the sharp interface induces a refraction phenomenon. Depending on
the propagation direction, the energy density is either totally reflected, or
partially reflected and partially transmitted according to Snell-Descartes’s
law. More precisely, we prove the following theorem.

Theorem 1 (General case)
Assume there is dispersion at infinity of the rays of geometrical optics
(which corresponds to geometrical hypotheses on the refraction index n, see

(H2)-(H6) page 74).
Assume also:

(a) non-interference (no density comes from both sides at a same point of
the interface, see (H13) page 1006),

(b) no energy is trapped in the interface (u%* =0, see (H14) page 106).

Then, the Wigner measure associated with (uf) is given by

pe6) = [ (SQ)(w. €t (41.3)

—00

where Sy is the Snell-Descartes semi-group associated with the refraction in-
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dex n (see Section 6 for a precise definition) and Q is given by

Qe &) = (@) (1€ — n2(0) (IF©)F + f©a©)),  (4.1.4)
20+ 17

where q is an L* density on the sphere {|¢|* = n?(0)}.

In this theorem, the energy source ) comes from the resonant interaction
between the source f¢ and the solution u®. In particular, () is concentrated
at the origin via the Dirac mass d(z) and on the resonant frequencies
|€]2 = n?(0). The value of the auxiliary function g is related to the radiation
condition at infinity satisfied by the weak limit w of the rescaled sequence
of solutions w®(z) = T uf(ex). In the general case, we cannot compute
the actual value of g. Also, in the expression (4.1.3), the integral up to
infinite time translates the radiation condition at infinity satisfied by the
measure p. The follow-up of this condition in the limiting process is one
the key difficulties in our study. Last, the assumption that no energy
is trapped in the interface is linked both with the radiation condition
at infinity satisfied by the trace of the Wigner measure ;o on the inter-
face, and with the (absence of) energy carried by gliding rays at the interface.

In the particular case when the indices n, and n_ are constant, a situation
that we call the homogeneous case in the sequel, we prove that the previous
assumptions are satisfied. The dispersion at infinity is obvious in that case
since the rays are pieces of lines. The proofs of hypotheses (a)-(b) together
with the identification of ¢ in that case constitute our second main result.

Theorem 2 (Homogeneous case)
When the two indices ny and n_ are constant, we have:

(i) the non-interference hypothesis is satisfied,

fii) 1% =0,

(i1i) ¢ = 0 (i.e. w is the outgoing solution to the Helmholtz equation Aw +
n*w=f).

The combination of Theorem 1 and Theorem 2 gives a completely
explicit expression for the Wigner measure p in the homogeneous case.

To prove point (i), we proceed as follows: we first use the fact that
the energy source in the transport equation satisfied by p away from the
interface is concentrated on one side of the interface (at z = 0), which
implies that p is constant along the rays on the right side of the interface.
Next, we use the radiation condition at infinity outside the interface, which
gives that p vanishes at infinity along the incoming rays. From these two
facts, we deduce that no energy is carried by incoming rays at the interface
from {zys > 1}.
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To prove points (ii) and (iii), we exploit the explicit formula for the
resolvent of the Helmholtz operator that is available in the particular case
of two homogeneous media, which reduces to a study of (non-)stationary
phase with singularity. Indeed, if we denote & = (¢,&;) € R, since the
measure 4 is supported in the set €2 = n?(x), the roots /£ — nk +ia.e to
the equations &2 = n% — £(—ia.¢) naturally appear in the expressions that
we consider. In order to treat the singularity of these roots near £ = n3
when ¢ — 0, the key ingredients are a contour deformation in the complex
plane and the use of almost-analytic extensions.

The method we use to prove Theorem 1 is a combination of two methods:
the one introduced by L. Miller [Mill] for the study of the semiclassical limit
of transmission problems for Schrodinger equations, and the one introduced
by Benamou, Castella, Katsaounis, Perthame [BCKP] to study the high
frequency limit of Helmholtz equations with source term and smooth index
of refraction. Let us give some details.

As a first step, we establish bounds on the sequence of Wigner transforms
associated with (u®), which will ensure the existence of a Wigner measure .
These bounds are deduced, as in [BCKP], from uniform (in €) bounds on the
sequence (uf). To establish the latter, we rather study the rescaled sequence

we(x) = e%ua(sx),

which obviously satisfies
—ioeew® + Aw + n®(ex)w® = —f(z). (4.1.5)

We use the results independently proved by the author in [Fou2] using a mul-
tiplicator method borrowed from [PV1]. Under some homogeneous disper-
sive conditions on the refraction index, these provide uniform homogeneous
Besov-like estimates, together with uniform L?(T') estimates on the traces of
w® and 0,,w* on the interface. Once these bounds are established, we readily
obtain bounds on u°.

However, as we have already mentionned, it turns out that our method
also requires to identify the limit w = limw*® (it exists up to extraction)
in order to determine the source term (). This limit w clearly satisfies the
following Helmholtz equation with constant index

Aw +n*(0)w = —f. (4.1.6)

Unfortunately, the equation (4.1.6) does not identify w in a unique way. In
the general case, we cannot identify w as the outgoing solution to this equa-
tion. Two difficulties arise: the treatment of the interface and the variability
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of the indices n(x). We only identify w as the outgoing solution to (4.1.6)
when the two media are homogeneous (Theorem 2). This problem already
appears when the refraction index is smooth. In the latter case, Castella [Cas]
and Wang, Zhang [WZ] recently proved by two different approaches that the
weak limit of the solution to (4.1.5) is the outgoing solution to (4.1.6).
Before going further, we would like to emphasize here that we cannot obtain
the estimates on u® for a general interface (i.e. if the interface is not a hy-
perplane), which prevent us from studying the high frequency limit in this
more general context. More precisely, we still get the homogeneous bounds
on u® and eVu® in B*, together with the uniform bound in L?*(I') on the
trace uj, but we cannot obtain anymore the uniform bound in L*(T) on the
trace gadufr that is also necessary in our study.

As a second step, we study the Wigner measure p outside the interface.
This is done following Benamou et al [BCKP]. Since the refraction index is
smooth in the interior of each medium, we can use their results to get the
transport equation satisfied by the Wigner measure p outside the interface.
Their proof is based on estimates of the type we proved in [Fou2], thus we
obtain that

1
0T +&- Vo + 5vmrﬂ(:c) Vep = Q, (4.1.7)

in the interior of each medium, where @) is given by (4.1.4). The term 0%y is
the track of the outgoing radiation condition on u®. It determines p as the
outgoing solution to (4.1.7) in the following particular sense:

(1]

(. €) = / QX (1).2(1))dt,

(e 9]

for (z,&) such that the bicaracteristics (X (¢),Z(t)) defined by

{X(t) = =2(0),
=(t) = 3Ven? (X(#)),

0) = =z
0) = ¢

does not reach the interface for t € (—o00,0). As in [BCKP], we have to
handle two specific difficulties: the treatment of the source term (that can
be done thanks to the appropriate scaling chosen for f€), and the proof of
the radiation condition on u. By proving first a localization property on p,
we improve the radiation condition at infinity proved in [BCKP].

As a third step, we study the behaviour of p at the interface. For this,
we use the method of Miller [Mill], [Mil2]. We first write the transport
equations up to the boundary satisfied by p in a weak form, using only
tangential test operators. Next, using these transport equations, we obtain
the local propagation relations at the interface (in particular the refraction).

Finally, to obtain (4.1.3), we last use the transport equation (4.1.7)

[ <
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together with the radiation condition at infinity and the propagation
relations at the boundary obtained in the previous step.

Our paper is organized as follows. In Section 2, we first recall the two
points of view while studying Wigner measures, pseudodifferential operators
or Wigner transforms. Then we give our main assumptions on the refraction
index and the source profile f. In Section 3, we establish uniform bounds
on the sequence (u) and the sequence of Wigner transforms (W¢(u®)). In
Section 4, we obtain the transport equations satisfied by Wigner measures
outside the interface and up to the boundary. In Section 5, we prove our
refraction result in the case of two homogeneous media, which illustrates our
procedure in this easier case (the geometry of rays is explicitely known in
this case). Then, we extend the result to the general case in Section 6, i.e.
for non constant indices. Section 7 is devoted to the proof of the radiation
conditions at infinity in the homogeneous case (as we have already seen, the
Helmholtz equation and the kinetic transport equation (4.1.7) must be both
complemented by such a condition to determine a unique solution). These
conditions concern the limit w of the rescaled solution to the Helmholtz
equation on the one hand, and the Wigner measure "inside” the interface
on the other hand. In Appendix A, we detail the derivation of the explicit
formula for the solution u° in the homogeneous case. We recall in Appendix
B some results about sharp truncation and pseudodifferential operators we
use in our study. Finally, in Appendix C, we give the proofs of the properties
on tangential test operators.

4.2 Notations and assumptions on the source
and the refraction index

4.2.1 Semiclassical measures and Wigner transform

In this section, we recall some usual definitions and notations we will use
in the sequel together with the link between the two different points of view
in the study of semiclassical measures (using peudodifferential operators or
Wigner transforms).

We use the following definition for the Fourier transform:

w() = U = ! e Su(x)dx
) = (Frocu)(€) = oy [ ula)de

The Weyl semiclassical operator a"(z,eD,) (or Op¥(a)) is the continuous
operator from S(R?) to &'(R?) associated with the symbol a € §'(T*R%) by
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Weyl quantization rule

ile=v)-g y)& SL’ Yy
(@@ =D)e) = o [ [ .6 fy)dcdy.

If a € S(T*RY) then a*(z,eD,) is continuous from S&'(R?) to S(R?) and it is
continuous from H*(R%) to H* (R?) for any real s, s’ with as ¢ — 0,

||6Lw({L‘,€Dx)||L(HS7HS/) — O(l) / ifSZS/
”a’w<x7€D:v)HL(Hs7Hs’) - O(é?sis> ifSSS/.

For u,v € S(R?) and ¢ > 0, we define the Wigner transform

Weuo)(@,6) = (Freo)u(e+ S9)o(e = Jy)).
We(u) = We(u,u).

We have the following formula: for u,v € &'(R?) and a € S(R? x R?),
(We(u,v),a)s s = (u,a”(z,eDy)v) s s, (4.2.1)

where the duality brackets (.,.) are semi-linear with respect to the first
argument. This formula is also valid for u, v lying in other spaces as we will
see in Section 3.

If (uf) is a bounded sequence in L2(R?) (or in some weighted L? space as it
is the case in our problem), it turns out that, up to extracting a subsequence,
there exists a Wigner measure (or semiclassical measure) p associated with
(uf), i.e. a positive Radon measure on the phase space T*R? = R? x Rg
satisfying:

Va € C°(R*), lir%(ua,aw(x,z—:Dx)ueﬁz = lin&(WE(ue),a) = /a(x,f)dp

4.2.2 Assumptions on the refraction index and the
source
In the sequel, we denote z = (z', z4) a point in R

In order to get uniform (in €) bounds on the sequence (u®), we use the

following homogeneous Besov-like norms: for u, f € L?

1
2 2
Ul g« — SUpP —= u d[L‘,

1l = S 2/ pPdz) "

JEZ
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where B(R) denotes the ball of radius R, and C(j) the ring {z € R?/27 <
|z| < 27F1}.

These norms were introduced (in their inhomogeneous version) by Agmon
and Hormander [AH], and they have been used recently by Perthame and
Vega [PV1].

They satisfy the following duality relation

< full g1 15

' / (@) f(z)dw

We denote for x € R4, |z| = \/E;l:l x? and (z) = (1 + |z|?)1/2.

For all § > 1, the space B* is contained in the weighted L? space L?; with
inhomogeneous weight (x)~:

(2)ull i < C()Jul 5. (4.2.2)

[ullr2, = |
Similarly, we have for all 6 > 1/2,

1fll5 < CONfIlrz-

We are now ready to state our assumptions. Our first (technical)
assumption, borrowed from [BCKP], concerns the regularizing parameter:

(H1) a > &7 for some v > 0.

Next, we need assumptions on the refraction index that are mainly related
to the dispersion at infinity of the rays of geometrical optics. The following
five are those made in [Fou2] to obtain the estimates on u®.

(H2) there exists ¢ > 0 such that [n?](x) > cfor all z € T,
(H3) there exists ng > 0 such that n € L>®, n > ny.

(H4)
(z - Vn*(z))

QZsup 2(2) — = 31 < o0,

‘oz CU)
(15)
S appn Gt

Zog” )

(HG) ﬁl +/82 < 17
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Next, following Benamou et al[BCKP], in order to follow the radiation
condition in the limiting process, we assume a stronger decay at infinity on
the index:

(H7) (x)NoV,n2 € L™ for some Ny > 2,
(H8) V,n?2 locally Lipschitz on {x € R?/x4 = 1}.

As we will see in Section 3, to get uniform bounds on u®, we assume that
the source term satisfies

(HO) 1Al IV fll 5 < 00

In order to compute the limit of the energy source, we make, as in [BCKP],
the stronger assumption

(H10) (x)Nf € LA(R) for some N > 3 + 2% and (z)M0,,f € L*(RY)
for some Ny > 1/2.

Finally, we assume
(H11) f € Hz*(R%) for some s > 0,
so that the traces of f on hyperplanes are well-defined in LQ(RﬁTl), and

(H12) lim. o || f (-, 1) ||L2<Ri71> = 0.

The last assumption can be rewritten as [|f*(-, 1)|| j2ge-1) — 0 as e — 0, so

it means that no source density remains at the interface as ¢ — 0.

Let us comment the assumptions we make on the index n. The conditions
(H2) and (H5) are specific to the case with interface: they mainly ensure
that the energy goes from one side of the interface to the other. The
hypothesis (H4) together with (H3), ensures the dispersion at infinity of
the rays of geometrical optics outside the interface. (H4) is a kind of wirial
assumption. We would like to point out that we do not require that the
index n goes to a constant at infinity.

We recall here how such hypotheses (H3), (H4) induce the dispersion at
infinity of the bicharacteristic curves at zero energy, i.e. the zero energy is
non-trapping (at least without interface). Indeed, when the bicharacteristics
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does not intersect the interface, (X(t),=(¢)) is defined by the Hamiltonian
system (for instance),

X(t) = 2(), X(0) =
{ =t) = Iv.n? (X)), E(0) = ¢, (4.2.3)

where the index of refraction n_ is smooth.

Let (z,) be such that €2 = n?(z). Then, X (¢)? = 2X(¢)-E(¢) and SX(t)-

2(t) =Z(t)* + 3X(t) - Von? (X(t)). Since (H4) implies that for all z € RY,

(@ Vrt@). 41

n?(x) -2 2
we get
d =) _ 2 1 2 n_(X(t)* _ ng
SX(0)Z(0) = n (X0 + 5 X(0) Vor? (X(0) 2 =P ST

Hence, for ¢ sufficiently negative, we have X (t)-Z(t) < %gt and X (t)? > %3152.
Thus we proved that

| X(t)] o0 with X(¢)-Z(t) <0 as t— —o0.

4.3 Bounds on u°, W(u®), We(f¢, u)

The first step in our study is to prove uniform bounds on the sequence
of Wigner transforms (W¢(u®)), which will ensure the existence of a Wigner
measure associated with the sequence of solutions (u®) (up to extracting a
subsequence). As in [BCKP], we deduce these bounds from uniform homo-
geneous bounds on (uf).

4.3.1 Bounds on the solution to the Helmholtz equa-
tion

In this part, we give uniform bounds on the sequences (u°) and (eVuf)
and their traces on the interface. This will allow us to define the various
Wigner measures that appear in our problem. The following theorem is
proved in [Fou2| (using the multiplier method introduced by Perthame and
Vega [PV1]):

Theorem 4.3.1 (borrowed from [Fou2]) Under the hypotheses (H2)-
(H7), the solution to the Helmholtz equation (4.1.1) satisfies

%*+£‘[nz]‘ |u€|2dx’+/r‘[n2]‘ leVus|*da’
<C(IfIE+ VAR (4.3.1)

|leVue|

B+ Il
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where C' does not depend on €.

Remarks: Actually, in [Fou2/, we proved the result for e =1, but thanks to
the homogeneity of the norms and assumptions, it also holds for e € (0,1).

Let us say again that, for more general interfaces (not hyperplanes), we
cannot get the uniform bound in L?(T) on the trace e0qu®, which is necessary
in our study.

We draw two consequences of these bounds that will be useful for our
purpose. First, we study the limit of the rescaled sequence defined by

w(z) = g%us(&tx)

that appears while computing the limit of the source term in the transport
equation satisfied by the Wigner measure p. One can notice that, thanks to
the homogeneity of the norm B*, we have the following scaling invariance

°|

7|

[
V]

g = v
g = lleVus|z..

Theorem 4.3.2 (i) We may extract from (w®) a subsequence which con-

verges weak-x in B* and strongly in L2, (RY) to a solution w of

Aw +n(0)*w = —f. (4.3.2)

As a consequence, there erists a density ¢ € L*(|£|*> = n*(0)) such that
N N LT
(&) = 1o(€) +i5¢(I(IE]* = n*(0)), (4.3.3)

where wq is the outgoing solution to (4.3.2), given by

(€)= (1§P=n2(0)+i0) " f(€) = (pv.( )+iZO(IE[P=n%(0))) f(&).

1
€17 = n2(0)
(ii) If ny and n_ are constant then w is the outgoing solution wqy to (4.3.2),
r.e. ¢ =0.

Remark: In general, we cannot identify w as the outgoing solution to
(4.3.2).  This problem already appears in the case of a smooth index of
refraction (i.e. without interface). It has been solved in that case only re-
cently by two different approaches by Castella [Cas/, and Wang, Zhang [WZ].

Proof. The first part of point (7) can be easily deduced from Theorem 4.3.1
using Rellich’s theorem. The formula (4.3.3) can be found in [AH]. Point
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(11) is proved in Section 7. O

The second property we will need in our study is the e-oscillation of the
sequence of solutions (uf).

Proposition 4.3.3 The sequence (u®) is strongly e-oscillating of order 2+ s:
for all ¢ € C*(RY), |eD,[*¢le D,|*uf is bounded in L*(R?) .

Proof. Let ¢ € C*(RY). From property (4.2.2) and the estimate (4.3.1),
we deduce that the sequences (uf), (éVu®) are bounded in L2 4(R?) for any
B > 1/2. Since u® is the solution to the Helmholtz equation (4.1.1), with a
source term f¢ bounded in L? 5(R?), (JeD,|*uf) is also bounded in L? 4(R?).
Hence, |eD,|*pu® is bounded in L?*(RY) and so is |eD,,|*¢n’*u® by Lemma
B.4. Moreover, (|eD,|*f¢) is bounded in L*(R%). Indeed,

el Foll e = 1 el Fell e = V&I 1El 7o

which is bounded since f € H2*(R%). Hence, using the equation (4.1.1), we
deduce that |eD,,|*p|eD,,|*u® is bounded in L?(RY). O

4.3.2 Bounds on the Wigner transforms W¢(u®) and
WE(fE, uE)

From Theorem 4.3.1, we now deduce bounds on the sequences of Wigner
transforms (We(u®)) and (We(f¢,u%)). We obviously need uniform bounds
on (We(uf)). The study of the sequence (We(f,u)) is also necessary to
handle the source term in the high frequency limit. Indeed, W¢(u®) satisfies
the following equation, where W¢ stands for W¢(u®):

1

QWS+ & VW o 250 WE = T W) o= (4.3.4)

with Z¢(x, &) = 2%‘7:?1—’5 <n2 (:p + %y) —n? (x — %y))
This equation can be obtained writing first the equation satisfied by
v¥(z,y) = v (z + Sy)uf (z — Sy). From the equality

g _ E € E € _ E _ 1€ _ E 2 E
Vy - Var© = S[Aw (2 + gy)us(e — 5y) — Aus(z — gy)u( + Sy)].,

we deduce

a.v° +1iV, - V0f + 2%: [nZ(x + %y) — nQ(x — %y)}va = o.(z,y),
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where

0u(e,) = o [+ S)EE(e = S) — Fole — Syl + Sy)]

After a Fourier transform, we obtain the equation (4.3.4).

The following two results are proved in [BCKP] (we write the proofs below
for the convenience of the reader).
Proposition 4.3.4 (borrowed from [BCKP]) Assume that the sequence
(uf) is bounded in B*. Then, for any \ > 0, the sequence of Wigner trans-
forms (W¢(u®)) is bounded in the Banach space X5 below and , extracting a
subsequence, converges weak-x to a monnegative, locally bounded measure

such that .

sup /x<R /&Rd du(z, &) < CHfHB. (4.3.5)

r>0 R
The Banach space X5 is defined as the dual space of the set Xy of functions
2(,€) such that o, ) = Fe,($(r,€)) satisfies

[ s (1 bl o) oty < o (136)
R¢ zeRe

The second result is due to the particular choice of the scaling of the
source term in the Helmholtz equation (4.1.1).

Proposition 4.3.5 (borrowed from [BCKP]) Let (u®) be a sequence of
functions bounded in B*, and f € L% (R%) with N > 1. We denote f*(z) =
1 f(%). Then, the sequence (We(f¢,u)) is bounded in S'(T*R?) and for

all ¢ € S(T*RY), we have

1 1 s
lim —(W*e(f, u® s = —— U d 4.3.
i (W) V) = oy [ BEOAOU0.0d  (43)
where w is defined in Proposition 4.5.2.

Proof of Proposition 4.3.4.

We observe that

(@) ™22 (2) ]| 2 < O]

s < Clfllg

hence, for any function ¢ satisfying (4.3.6), we have
[(W5(uw7), @)

ut|(z + Sy)|uf|(z — §
S/ (@ + Sy [l fy)(x+§y>%+°(x—Eyﬁ*olwl(w,y)dwdy
R2d <x+§y)5+0<x— §y>5+0 2 2

<CIFIE [ sup el + 1) lele pldy.
R? zeR4
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Therefore, (W¢(u®)) is bounded in X}, A > 0. We deduce that, up to ex-
tracting a subsequence, (W¢(u®)) converges weak-* to a nonnegative measure
1 that satisfies

(1, )] < C||f||2,g/]R Suﬂg(|$| + [y *0le(, y)ldy. (4.3.8)
d xc

We refer to [LP] for the proof of the nonnegativity of pu.
The bound (4.3.5) is obtained using the following family of functions

1 2,, 1
R — —lyl*/n —
QOM (l’,y) - ,ug/ge Y HRX(<:’C> S R)
and letting 4 — 0, R — ooc. UJ

Proof of Proposition 4.3.5.
Let v € S(T*RY) and p(x,y) = F,*

y—¢&

(¥(z,€)), then we have

é(We(feaus),wSas = g/fe(er %y)F(x — %y)w(:c,y)dxdy

— [ H@# @+ y)eteta+ oy

Hence, using that 1 € S(R*), we get

N e 0l ()
< ¢ [@N@FEEE G

(z+y)”
S sup dy
Btéwﬂu@N@w

for any £ > 0 and # > 1/2, upon using the Cauchy-Schwarz inequality in .
Then, we distinguish the cases |z| < |y| and |z| > |y| : the term stemming
from the first case gives a contribution which is bounded by Ce [ (y;l% and

RUGTRERTE

< Cl{=)

the second contribution is bounded by Ce [ (Z%' Hence, upon choosing k
large enough, we obtain that

SV ), | < Clla)

Now, in order to compute the limit (4.3.7), we write
1 _ o .
e ) = [ rewte ) (5 (= (o4 5) ) - 900.9)) dody

+/f@ﬁﬂx+w¢®wwmw
= I.+11I.
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Reasonning as above, we readily get that lim. .o /. = 0. For the second term,

we use the strong convergence of (w®) in L7 , which implies

1.~ [ f@yle + 9)i0,y)dady.

O

4.4 Transport equations on the Wigner mea-
sures

The next step in our study is the derivation of the transport equations
satisfied by the various Wigner measures that appear in our problem. These
equations are of two different types. The first one is the transport equation
satisfied by the Wigner measure p in the interior of each medium, it is de-
duced from the case with a smooth index of refraction studied in [BCKP].
The other two equations concern the Wigner measures associated with the
restrictions of (u®) to each side of the interface up to the boundary: the pres-
ence of the interface induces some extra source terms in these equations that
involve the Wigner measures associated with the traces of u® and €9,u® on
the interface.

As we have already noted for the Helmholtz equation, the kinetic transport
equation (of Liouville type) satisfied by the Wigner measure g must be com-
plemented by a radiation condition at infinity to determine a unique solution.

4.4.1 Notations

Throughout our study, we shall use the following notations.

For a function ¢ defined on R? x R* for some k& > 0, we denote ¢, the
trace of p on I' x R¥.

(u,v) denote the scalar product of u and v in L2(R%), (u,v)+ the scalar
product of their restrictions to L?(zq = 1), and (u,v)r the scalar product of
their traces on T if they are defined in L*(T).

In the sequel, we denote H® = —¢?*A — n?(z). H* is a selfadjoint semi-
classical operator with symbol [£|*> — n?(z). The equation (4.1.1) can be
rewritten

iaeeu® + Hou® = f(x).

Similarly, we denote HS = —e2A — ni (z).
For all x € R?, ¢’ € R we denote wi(z,&') = ni(z) — |¢']%
We denote ug = 1(,,>1yu® the restrictions of u° in each medium, defined
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on RY. Next, the sequences (u3) are bounded in B*(R?). Thus, we can
associate with them two Wigner measures p_ and p, on T*R? as defined in
Theorem 4.3.4.

Since the sequences of traces (uj.) and ((¢0,,u%);;) are bounded in

L*(T'), we can also associate with the sequence (uf,s (€05,u%));) a matrix

. v vl
valued Wigner measure )

Crucial property
As pointed out by Luc Miller [Mil2], the hermitian positivity of this matrix
measure will be crucial in our proof. We have the following property

7| < ()2 (0)V2, (4.4.1)

4.4.2 Behavior of the Wigner measure in the interior
of each medium

In the interior of each medium, the refraction index is smooth. The behav-
ior of the Wigner measure in that case is studied in Benamou et al [BCKP].
We recall their result in Theorem 4.4.2. Actually, they proved the analogous
of Theorem 4.4.2 with a weaker radiation condition at infinity. The condition
we state here can be easily deduced from the one they proved together with
the localization property stated in Propositon 4.4.1.

Support of

The following localization property is well-known without source term. It
is still valid here thanks to the particular scaling of f¢.

Proposition 4.4.1

supp(Lr- i) C {(,€) € TR/ [¢* = n(x)*}.
Proof. Let ¢ € C*(T*(R?\ T)) and ¢* = ¢*(x,eD,). By pseudodifferential

calculus, ¢° H® = Op¥(¢(x, £)(|€|*—n(2)?))+O(g) hence, using the definition
of the measure u, we get

lim (6w, ) = Tim (Op2(6(e, €) (€2 = n(w)?))u, o)
= [ ol )€ = (@)
Using the equation (4.1.1), we write

(gbaHEuEv ua) = (¢Ef€7 UE) - ia5€(¢€u€, UE) = (Wa(fea us)’ ¢) - ia5€(¢€u€, UE)'
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On the first hand, Proposition 4.3.5 gives that lim._o(We(f¢, u®),¢) = 0
On the other hand, (¢°u®,u®) is bounded, hence lim. . a.e(¢u®, u) = 0.
Therefore, for any ¢ € C(T*(R*\ T')), we have [ ¢(|¢|> — n?(z))dp = 0,
thus supp(1r-@arp) C {[€> = n(x)*}. O

Transport equation on ;. away from the interface

Theorem 4.4.2 Under the assumptions (H1)-(H10), the measure u satisfies
the following transport equation as a distribution in
T*(RI\T)

€ Vot t 5 Van?(e) - Ve = Q(r,€) in T'(R\T), (4.4.2)

where Q(r,€) = zrrr0(2)5 (€ —n2(0)) F(€)(F(€)+(€)), and g € LA(€? =
n?(0)) is given in Pmposztion 4.3.2.

Moreover, 1 satisfies the following outgoing condition at infinity : for all
functions R € C®(T*(R*\ T")) such that g(x,§) = +°O R(x + t&,&)dt is
supported in one side of the interface, we have

_ e 1 n2.
(u, Ry = /{g2n(0)2} | (€)]7g(0,&)dE + /RM QVxn Vegdp. (4.4.3)

Proof. The proof of (4.4.2) is a straighforward adaptation of [BCKP].
In [BCKP], the radiation condition (4.4.3) is stated in a weaker form,
using only test functions R such that supp(R) C R?*\{¢ = 0}. Actually,
as we see from the previous localization property, this is not a restriction. [J

From the previous radiation condition (4.4.3), we deduce the following.
Corollary 4.4.3

w(x,&) =0 when |z| — oo with x-& <0 and x4 # 1.

Proof. Let ¢ be positive. We look for M such that for all test function R €
C°(T*(R4\T)) with support in {|z| > M, z-& < 0}, we have: |(u, R)| < 4.
Let R € C°(T*(R¥\T')) be as in (4.4.3). We may assume that R has support
in {|¢| > n(0)/2}. Then, the radiation condition (4.4.3) gives

- 2V n* - Vegdpu.

(4. R) = / FOPg(0,6)de +
{&2=n(0)2}

As a first step, we prove that the first term vanishes if R is supported in

{z-£ < 0}. Indeed, ¢(0,¢) = fo (t€,&)dt and t€-€ > 0 for all t > 0. Thus,
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if supp(R) C {z - & < 0}, then ¢(0,¢) = 0.

As a second step, let us study the term fRQd V.n? - Vegdpu.

First of all, let us show that V,n?- Vg is integrable for the measure p.
In order to prove that point, we will use that u satisfies (4.3.5), so that, for
all N > 1, 1/(z)" is integrable for the measure . Let us bound V¢g. Since
there exists M; such that R has support in {M < |z| < M;}, the only non
vanishing contribution in the integral defining g(z, ) comes from ¢ such that

M- M
Mool oy Mtz (4.4.4)
n(0) n(0)
Thus, we can compute
2A11(~b(»)\)z\
Ve &) = [ "7 (V.4 VoRGe + )i
2 n(O)I

Now, the derivatives of R are uniformly bounded. Hence, we get

1v11(+\)x|

n(0
Veg(a,§)] < C tdt

21VI—\ac|

n(0)

< CO(1+|z])

where C denotes any constant independent of z and &.
Therefore, since we assumed that there exists Ny > 2 such that (z)V,n? €
L we get

|Van® - Veg| < O/ ()™,

Since 1/(z)M~! is integrable for j, there exists Ms such that

‘ / V.n? - Vegdu| < 4. (4.4.5)
|z|>Ms

There now remains to estimate the part coresponding to || < Ms. When
|x| < Ms, then for M large enough, we have |z + t&| > c|t| for ¢ satisfying
(4.4.4). Hence, we get, for all [ € N,

|tV + V) Rz + )| < o

Thus, there exists M§ > My such that

/A{(’SM(; |(tv$ + Vg)R(l’ + tf)dﬂ <.
2

n(0)
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Using that V,n? is bounded, we get, for R with support in {|z| > M}},

’/ V.n?® - Vegdu| < C6. (4.4.6)
x| <M

This last estimate together with (4.4.5) gives
[{n, B)| < C9,

which ends the proof. O

4.4.3 Study up to the boundary

The above result does not say anything about the Wigner measure p
close to the boundary I', where refraction occurs. In order to write the
transport equations up to the boundary, we first define tangential test oper-
ators. These operators, that act as differential operators in the d-th variable,
will be adapted to the treatment of the interface (by integration by parts).
Using these test operators, we then study the propagation of the Wigner
measure up to the boundary. More precisely, since the behaviour at the
boundary depends on the side from which the rays come, we study sepa-
rately the measures associated with the restrictions of (u¢) to each medium,
p+. In the second paragraph, we first prove a localization property on p4
similar to that of Proposition 4.4.1. Then, in the third paragraph, we write
the transport equation up to the boundary in a weak form.

Tangential test operators

Following L. Miller [Mil2], we introduce the class 7"(R?) of tangential
test operators of order n. We denote C*(R%* 1) := {w : R? x Rg,_ R

R/ Fo_yw € CX(RE x R}

Definition 4.4.4 The semiclassical operator ¢° :Agow(:c,&th) is said to be
in T*(RY) if p(x,€) = Yop_y wn(x, &) with ¢y, € C2(R*).

In other words, the tangential test operators have symbols that are polyno-
mial in the &; variable. We will denote ¢5 = (o)W (z,eD,).

Actually, we will only use tangential test operators of order 1. Indeed, as
usual, in order to obtain transport equations on Wigner measures, we test
u® against commutators involving H¢. Thinking of the euclidian division
of a tangential symbol (considered as a polynomial in &;) by the symbols
|€|? — n?, that are of degree 2 in &4, one can understand that no information
is lost using only tangential test operators of order 1.

Moreover, since they are differential operators in the xg4-variable, these
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tangential operators have ”"good” properties concerning the sharp trunca-
tions on {z4 = 1}, translated in Lemma 4.4.5.

Remark: The transmission problem we consider here can be rewritten
as two boundary value problems. The first propagation result concerning
Wigner measures for these problems was obtained by P. Gérard and E.
Leichtnam [GL] who were concerned with the Helmholtz equation with
constant index of refraction and Dirichlet boundary condition on a convex
domain. As pointed out by L. Miller, the method we use here avoids one of
their delicate tool: a euclidian division of symbols.

We give here the properties of these operators we shall need in the sequel.
The reader can find the proofs of these results (borrowed from [Mill]) in
Appendix B.

Lemma 4.4.5 (borrowed from [Mill]) For any ¢¢ € T*(RY), any trun-
cating function x € C°(R) which equals 1 on [—1,1], and any xo € CZ(R),
(1) lim,_g (Xo(ngd)¢€uft,ui) — (XO(&thd)qﬁEua, u5)i =0

(1) lim sup,_,, (X(%Dxd)gbeui,ui) — (gbeue,ue)i — 0 as p — +oo.

This lemma is a consequence of the e-oscillation of (u¢) and the L-estimates
on the traces of u® and eVu®. Its proof does not use the fact that u® is a
solution to the Helmholtz equation (4.1.1). The second lemma corresponds
to an integration by parts with respect to the x,; variable.

Lemma 4.4.6 (borrowed from [Mill]) For all ¢¢ € T*(R?), for all
u,v € C*(R,,, D'(RE™)),

1

_g <<¢€Ua U)i - (Ua (¢€>*u>i) = j:(qﬁiv, U>F + ((b;gD:vdv? U>F + ((2537), 5D:vdu)1‘-

Support of

As for the Wigner measure j, we have the following localization property
for the measures associated with the restrictions (u%.).
Proposition 4.4.7 (i) supp(ps) C {|¢]? = n3(x)}.
(i) o= ps + p.
Proof. Point (ii) is consequence of point (i) together with the orthogonality
property on Wigner measures. Indeed, since [n?] # 0 on the boundary, the
measures p_ and p, are mutually singular. Hence, the Wigner measure
associated with u® = u +uZ, i.e. p, is the sum of the measures associated
with u and uf.

Now, let us prove point (i). Let o € C°(R), w € C®(R¢ xR 1) and Q° =
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wW(x,eDy). From the definition of the measures ps and pseudodifferential
calculus, we have

(XO@JDLJfFfJiUian)‘*(/"XOW(§2—'niQfDdﬂi- (4.4.7)

On the one hand, by Lemma 4.4.5, the left-hand side of (4.4.7) has the
same limit, as € — 0, as (xo(eDy,) Hu®, u®)4. Using the Helmholtz equa-
tion (4.1.1), we may then write

(X0(eDy,)QHou®, uf)y = (x0(eDs, )2 f5, u%) £ — tace(xo(€Dyy) 27U, u’) 1
= (We(f%,u®), xow)+ — taee(xo(e Dy, )70, uf4.4.8)

Let us now study the two terms in the right hand side of (4.4.8). Reasonning
as in the proof of proposition 4.3.5, we have

l{%(we(fev us)’ X0W>i =0.
On the other hand, lim. o a.e(xo(eDs,)2u®, u®)x = 0. Therefore, for any

X0, w, we have [ xow(&? — nk(x))dps = 0. Hence, (€% — ni(x))pse = 0 and
supp(p) C {[¢[* = ni(2)}. [

Transport equation on iy up to the boundary

The following property specifies what happens at the boundary.
Proposition 4.4.8 For all ¢y, 1 in C(RE x RE ™), we have

— <Mi, (5 -V, + %Vgcni : Vg)(goo + 901€d)> = (Q+, vo + ¢1&a)
1

L.
+ S (v (€17 = nd)ene)rer £+ (Rev’ s ore)rer £ 50, rye)rer - (4.4.9)

where Q. = 0, and Q- = grar=d(@)3(|l* —n2(0) (1F(©)F + f(©)a()). q
being given in Proposition 4.3.2.

Proof. As usual, in order to get the transport equations satisfied by p4,
we test uS against commutators that involve H¢. Specifically, we take ¢° €
THRY), o(x,€) = po(x, &) + ¢i(z, )€y denoting its symbol. We apply
Lemma 4.4.5 with [H¢, ¢°] € T?(R?). This gives

1 €
lim 1 _< <—Dx>H5, e 5)
Jim Timsup o (O~ D, [HF, ¢7Jus, ui

= hr?jélp 215 ([He, ¢lus, u€>i, (4.4.10)
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whenever x is in C:°(R) and equals 1 on [—1,1]. The limit of the left-hand
side in (4.4.10) equals

1
lim x(%) (5 Vot 5Vt vg) o s

p=>+oo
1
= / <§ Vg + §Vxn2i : Vé) © dps.

The last inequality uses that -V o+ %ani Ve is bounded on the support
of py, together with the dominated convergence theorem. Now, let us study
the right-hand-side of (4.4.10). It reads, expanding the commutator and
using that H°u® = f¢ —ia.cu®,

i
2

([H7, ¢Fuf,uf) . = Q_Zg (H ¢"u,u) . —
= 215 (He(beus’ Ue)i - 2_ <¢€f€7 ue)i - % <¢€u€7 ue)i :

In order to make the "adjoint” terms appear, we use that (H¢)*u® = H°u® =
f& —ta.eu® to write the following equality

216 <¢€H€u€’ us)i
1
€

Qe £ € 5 Z £ € E\*, € Z £ € £
_?(gbuvu):l::_z_e(gbu?(H)u):l:+2_6(¢uaf):l:'
We thus get
7; € £ I3 I3 Z E _IE,  E I3 Z e € E\* E
2—6([H,¢]U7U)i = 2—€(H¢U7U)i—2—8(¢ua(ﬂ)u)i

+21€ (67, f9), — 2% (O f5 ), . (44.11)

Next, we study separately the terms involving the source f¢ and the terms
involving H¢ in the right-hand side of (4.4.11).

First step: study of é (p°us, f°), — 2_25 (p°f5,u®),

We have
3 O SN m O = g (VU e)s = (VS )),
= 2% (ImWe(f,u),0), .

The limit of this last term is given by the following lemma.
Lemma 4.4.9

lim L (Im Wg(fey ue)a SD):I: = <Q:|:7 90>7

e—0 2¢

where Q4 are defined above.
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We postpone the proof of this lemma. From this lemma, we obtain the
source term coming from f in (4.4.9), i.e. (Q+, ).

Q_Z(Heqssus’us)i_ é(QSEUE,(HE)*UE)i

Second step: study of

This is done in the lemma below.
Lemma 4.4.10 For all ¢* € T'(R?), we have

i € IE ) E € £, ,€ E\*, E
—g[(Hgbu,u)i—(gbu,(H)u)i]
= :l:((bg(EDrdua)Hv u]ap)p + (‘bguipv (8D$du€)]F)F
£ (¢ (€D N1 (e D)y ) £ (s = €)W diuf, i )r + O(e).
Let us again postpone the proof of this lemma and first end the proof of
Proposition 4.4.8.
From Lemma 4.4.10 and the definition of v, 7, v”, we directly deduce that

: ? g LE, E g g, € EN* €
th(l)lp—g[(H U, u )i— ((bu ,(HS)*u )i}
= i/2¢01rR€(dVJ) i/(”i —512)9011pdVi/<P11rdV

Putting together the results of the first and second step, we obtain the limit
of the right-hand side of (4.4.10):

lim sup —é ([HE, ¢%|u®,uf)

e—0
= (Q+,p) /2900%736((1”]) + /(”i - 512)901]pd’/ i/@l]rdv'
Finally, using the equality (4.4.10), the proposition is proved.

There remains to prove the two lemmas 4.4.9 and 4.4.10.

Proof of Lemma 4.4.9.
As in the proof of Proposition 4.3.5, we can write

1
€

(We(fe,ut), 0), = /f(x)ﬁ(a: + ") o (6 (:c' + %) ,axd,y/) dzdy’
—/&zf(x)ﬁ(x + 1) (6 (:c' + %I) ,ETq, y/) dxdy’
- / f(2)04w¢ (z + )1 (5 (x' + %) ET 4, y’) dady’.
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Since w¢, dyw® are bounded in B*, and felL, ouf € L2 for some N, N; >
1/2, we get that £ (We(f*, u), ) ©), is umformly bounded with respect to e.
Then, we argue aS in the end of the proof of Proposition 4.3.5. We need the
strong convergence of w® and dyw® in L2 (R?) to w and dsw respectively.
These two convergences are consequences of the uniform estimate for w® in

H} (R?) together with the Rellich’s theorem. We deduce
lim L (W57 w).0)e = [ @)t +y)eo (0.y) drdy
:Bd<

/ Oaf (x)W(x +y')¢1 (0,y") dedy’

o / - f(x>adw(x + y')gpl (0, y/) dzdy.

Hence,
ti 2 (275,09, ) = [ FOTOR0.0)
and
llg% - (WE(f5, %), 0), = 0.
We conclude using Zmw(§) = § (f(ﬁ) + q(f)) 5(&% — n*(0)), where ¢ is an
L? density on the sphere £ = n?(0). O

Proof of Lemma 4.4.10.
We use Lemma 4.4.6 with v = ¢°u® and u = u® to get

_g [(He(beue’ ” ) ( Hs)*ue)i}
= +(¢"u’, eD,,u’ ) + (eDy, 0% u, uf)
= +(¢°u’, e Dy ) | £ (¢7e Dy ut, 1)

F+( (Dg,p)"u®, u)r,

where we use that eDq¢° = ¢°(eD,,) + (D, )" (see relation (C.1) in Ap-
pendix C for k =0 and k£ = 1).

This calculation readily gives the result for tangential test operators of
order 0. Indeed, since the trace of u° is bounded in L?*(T'), we have

(e(Dyyp0)“us,u)r = O(e) ase — 0.

Thus, the result is proved for ¢° = ¢j. Let us now study the case
when ¢° = (p1&4)"(x,eD,). We are left with the following two terms:
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((p1€a) s, eDy,u) . and ((p1€4)" (e Dy, )us, uf)r. Using again the relation
(C.1), we get

((‘plfd)wuengl“due)p = (‘bi(EDrdue)vEDivdue)p_'_E((Drdgol)wueng:vdue)p

2
£
(<(p1£d)w<8D£Bd>u€7 UE)F = ((bi <€D$d>2u€7 UE)[‘ + 5 ((Dxd()Ol)w(EDmduE)? ue)["
As before, &((Da,p1)"u, Dy uf) . = O(e) and & ((Dayip1)" (e Dpyuf), uf) . =

O(e). Hence,
((pr1€a) v’ eDyu) . = (¢5(eDy,uf),eDyu’) .+ Ofe)
((gplgd (eDy,)u® ua)F = (gbi(sDwd)QuE,uE)F + O(e).
Moreover, (eD,,)* = H® + (n% — £?)%, from which we deduce

(P17 (eDs, ) *uf, u)r = (¥ Hu®, u)r + (o7 (n — §%)"us, w)r
= (Y50 )r + ((nl - ’2)w90§”u€ u)r + 0(e).

Now, since

(Soqiu(xv EDx)fE, ua)F = ((9011r)w(x7 ng’)f]Epv u]ap)F
= (W€<f]€p7u§|F)7 ¢I]F>7
we obtain
(Y (2, €D2) f%,u)r| < Cll fillzm 1w, [l 2y
Hence, the assumption (Hll) and the boundedness of (uj) in L3(T) imply

(pY(x,eDy) ff,u)r - 0 ase — 0.

This ends the proof of the lemma. O

4.5 Refraction result in the case of two ho-
mogeneous media

In this section, we assume that n, and n_ are two constants with
n_ > ny > 0. We choose to first detail our method in the easier case of
two homogeneous media. Indeed, the strategy of proof is exactly the same
as in the general case but the geometry of the rays is easy to treat in that
particular case (the rays are pieces of lines). Moreover, in this special case,
we get a completely explicit formula for the Wigner measure associated with



92 Chapitre 4. Refraction by sharp interfaces

(uf), in particular because we can identify the various radiation conditions
at infinity that are necessary to entirely determine the Wigner measure pu.

Now we state our main result in the case of two homogeneous media.

Theorem 4.5.1 Assume (H1) and (H9)-(H12). Let u® be the solution to
the Helmholtz equation (4.1.1). Assume that the refraction indices ny and
n_ are constant, with n_ > ny. Then, the Wigner measure associated with
(u®) is given by

p(x, &) =
0
1{xd<1,5dzo}/ Qx4 t&£,&)dt

—00

0 S .

[e.9]

" I_T:d R¢r - EE
+ 1{xd§1,§d<—\/ [n2]} ( /ﬂ Q(I + 18, £>dt + /_ o (f )Q(x + &, f)dt)
€d

l1—z4
&d

aT(ENQ(E + e, é)dt),

o0

0
+ 1{xd21,fd>0}([_x Q(l‘ + t&:&)dt + /
=t -

where

1 R
Qz,8) = W5(37)5(52 —n2)|f(OI,
(élv _gd)v T = (l‘/, 2— SCd),

! 2 2 = |4 T — é
(g,sgn@d) fmn]), <,1+<d 1>|€d|>,

and the coefficients of partial reflection and partial transmission are

aR(gl) _ 2 vV W— (8) ? aT(g/) _ ) \/er(é’) — \/w* (él)
Vwi(§) + Vw-(&) VWi (&) + /(&)

Before going further, let us comment Theorem 4.5.1 with the help of
Figure 1 (where the regions Vj, j = 1,...4 are defined in Section 5.2). In
order to compute the value of p at the point (x, &), we first use the transport
equation (4.4.2) to obtain the relation between p(z,¢) and the value of u
along the bicaracteristics (z + t&,€) until the time when this curve reaches
the interface:

£ =
£ =

2

0
(e, €) = plx +t6,€) + / Qe+ s€, £)ds,
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N 1z,
= d
2

St —oc0

Figure 4.1: Rays of geometrical optics in the homogeneous case.

The first part of p in Theorem 4.5.1, i.e. when (z,£) € V; in Figure 1,
corresponds to points (z,£) on the left side of the interface such that the
bicaracteristics passing through (z,£) at t = 0 does not reach the interface
for t € (—00,0). The value of p at such points is obtained using the
radiation condition at infinity stated in Lemma 4.4.3. The second part of
i, i.e. when (z,€) € V5 in Figure 1, corresponds to points (z, &) on the left
side of the interface such that the bicaracteristics passing through (z,¢) at
t = 0 reaches the interface at a point where the ray is totally reflected (at
time (1 — x4)/&q). Finally, the third and fourth parts of p correspond to the
two parts of the ray drawn for (z,£) € V3 in Figure 1. For such points, the
energy is partially reflected and partially transmitted at the interface.

Theorem 4.5.1 is proved in the subsequent sections 4.5.1 and 4.5.2. We
first define the boundary measures (related to the traces of the measures
p+ at the boundary). Then, we obtain the propagation relations at the
boundary (total reflexion and refraction) using the transport equations up to
the boundary obtained in the previous section. Finally, we get the Wigner
measure p by solving the transport equation satisfied by p and using both the
radiation condition at infinity and the propagation relations at the boundary.
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4.5.1 Boundary measures

In this section, we introduce the boundary measures related to the trace
of p on the interface and we give relations between these measures and the
semiclassical measures v, 7 and v/ associated with the traces of u® and its
derivative e0yu® on the interface. This task is performed using the transport
equations on py up to the boundary (4.4.9).

Existence and notations
Outside the interface, p is a solution to the transport equation

1 .
£ Vap =Q(z,§) = W‘S(@‘S(KP —n2)[FEP,

which we can rewrite, when &; # 0,

1, 1

—& - Vup=—Q(x,§).

g8 V=g Q9

In the last equation, the coefficients are smooth in R x (R{ \ {&4 = 0}).

Moreover, since f € B, its Fourier transform f belongs to L2(|¢|2 = n2),

hence Q € C (R,,, D'(RY ' x RY))) and £Q(x,€) € C(Ry,, D'(R " x (RE\

{€4=10})). Therefore, using Theorem 4.4.8” in Hérmander [Hérl] we deduce
€ C (Ry,, D'(RE' x (RE\ {€a=0}))).

For this reason, we can define, in {£; # 0}, the traces

Op b +

ph = pp,—t (4.5.1)

These measures inherit the positivity of © and they satisfy the jump formula:

Doy (Loyzipt) = 1yy21 05,10 £ 6(2g — 1) ® .

<

Since we have the localization property supp(u+) C {|¢|*> = n3}, there exist

four nonnegative measures u3, i (see Figure 2) such that

= 08t V) ® p + 0(& — Ver) @ pl (4.5.2)
pe = 6(6a—wo) @ p 4 6(6a + o) @ p (4.5.3)
where w4 has been defined in Section 4.1, wy = n% — "2

Our goal is now to find relations between p™, p’', p® and pS* that
translate the transmission/reflection phenomena at the interface.

First, let us introduce the following last measures.
Lemma 4.5.2 There exist two nonnegative measures pu2+ on T*T with sup-
port in the set {|'|*> =n2} such that

e = L zppe + 6(zg — 1) ® 6(&q) @ p*.
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out out

H= Hy

Figure 4.2: Boundary measures

Remark: This means that the density at the interface (rq = 1) can be
only carried by the gliding rays & = 0. In the particular case we are
studying, these rays don’t ”"come from” one medium since £ is constant along
a ray. Hence, we will have to study separately the density inside the interface.

Proof. Let 6 € C°(RY, S(R™1)). Let x € C*(R) such that x(0) = x'(0) = 1,
X(A) = 0if A < —1 and xy(A\) = 2if A > 1. Let n > 0. We use the
transport equation given by the proposition 4.4.8 with ¢y = 0 and ¢ (2, ') =

n X(”—;)Q(x,f’). It gives

- <,Ui7§ : Vx(n X(xdn_ 1>9§d)> = <Qi777 X(xdn_ 1)9§d>

+ n <V + (ni - §/2)V7 00>T*F7

where 6, is the trace of 6 at the interface I'. )
Since Q4 =0, Q_ = Wé(w)éﬂfﬁ —n2)|f(£)|* and X(xd_l) has support

n
near 4 = 1, we deduce that (Q+,n X(xd;1)9§d> = 0 for n small enough.

Moreover, € - V. (n x (62 )0g1) = x'(%62)€30 + & - Vb x (252 )&,
converges pointwise to 1, dzl}fﬁ 0 as 7 — 0 and it is uniformly bounded with
respect to 1 on the support of p4. Thus, using the dominated convergence
theorem, we deduce (1y,,—137p+,0) = 0. Since the test function 6 is
arbitrary, we get supp(1syyfiz) C {ra = 1,& = 0} N {|€f =n2}. O

Next, we obtain the relations that we are looking for, depending on the
regions of T"T".

Lemma 4.5.3 For&; # 0, in the set {wy > 0}, we have
(i) £Re v’ = Jwr(ug" — pi),
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(1) 30 = wa(ug" + plf — 5v).
Proof. Let x € C*°(R) be a nonnegative function such that y(A\) =0if A <1

and y(A) = 1if A > 2. We denote x,({') = X(ni ¢ ). Let xo € C be
a nonnegative function such that xo(1) = 1 and supp( 0) C [1/2,3/2]. Let
0 € CXRE" x RE™).

We successively use the transport equation given by Proposition 4.4.8 with
the choice g = x,(§)0(2', &) x0(xa), Y1 = 0, next with ¢y =0,

01 = Xy(&)0(2', &) x0(zq). This gives the two relations

~{pe, & Vapo) = (Qx,00) £ (Re v’ xp0) 1ot
—(p+,& - Vapi&a) = (Qx, 1) 1<V+W¢V Xn0) o1

Since Q1 =0, and Q_ =

20(2)8(|¢1* = n?)| f(§)[?, we have
(Q+,00) = (Q+, 1) = 0.

Moreover, using Lemma 4.5.2, we get

—(px, € Vopo) = —(Lggziyis € Vo) — (0(za — 1) © 6(q) @ p™*,€ - Vo)
= (& Va(liuzyp), o) — (17, xy & - V).

Since the support of u%* lies in {¢ = n? }, and since y,, vanishes on this set,
we deduce

lim (17, X &'+ Vb)) = 0.
7’]*)

In the same way, we may prove (§(zq — 1) ® §(&7) @ p%, & - Va(p1&4)) — 0
as n — 0.

Finally, since for all (2/,{') € T*T, x,)(£)0(2',€') — 1z _¢n_qf(2, ) as
1n — 0, we obtain

(" — :ui)\/wﬂ:a O)rr = £(Rev’ 0)rr
L.
<(Mim + Mi Dws, ) rer, = 5(’/ +wiv, 0)per.
Last, 6 being arbitrary, the lemma is proved. O

Lemma 4.5.4 (i) v =0 on {w, =0}.
(ii) Re(v”) =0 on {w, <0}.

Proof. Let x € C*°(R) be a nonnegative function such that y(A\) =0if A <1
and x(A) = 1if A > 2. Let xo € C2°(R) be a nonnegative function such that
xo(1) = 1 and supp(xo) C [1/2,3/2]. Let § € C*(R% ! x Rgfl).
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/2_n2
We use the transport equation 4.4.9 with ¢y = X(WT*)G(SC’,Q)XO(M),

¢1 = 0. Since supp p4 C {|€|* = n%}, we have

<M:|:7§ : Vx900> = 07

hence - )
‘f ‘ —ny

<Re(u‘]),x< ; )«9(x',£')>T*F =0.

Then taking the limit n — 0, we get
<R€(VJ)7 1{w+<0}‘9(5617 & )yrr = 0.

Thus, Re(rv’) =0 on {w, < 0}.
To obtain the result on {w; = 0}, we again use the transport equation
4.4.9. Let x € C*(R) be nonnegative, x(0) = 1, x’(0) = 0, and x, (&) =
¢ |2 —n3
X(

); 0 and xo are as before. We write the transport equation (4.4.9)
with g = 0 and p1(z, &) = 0(2', &) xo(a) Xy (&)

(a5 & - V(0 x0xnEa)) = (Q, 0 xoxna) + (¥ + wiv, 0 xpa) o1

This gives

(7,0 Xu€a)rr = — (W11, 0 Xp€a)rr + (14, € Var XoXn€a) + (114, €50 X0Xn)
(4.5.4)
where we have used (@, 6 xoXx,&¢) = 0. This last relation comes from the fact
that o vanishes on the support of @ (i.e. when z = 0).
Now, we study the three terms in the right hand side of (4.5.4). The first
term is easily bounded by

| [ o] <alll] [ oav].

To bound the other two terms, we use that the support of p, lies in {|¢]? =
n?} ={& = w;}. We obtain

| [ ¢ Vatronadnc] < VANl [ € To0du,
| [l < Wl [ Blda.

Hence, the right hand side of (4.5.4) tends to 0 as n — 0. Since x,, converges
pointwise to 1y, —o}, taking the limit 7 — 0 in the equation (4.5.4), we get
v =0 on the set {w; = 0}.

Moreover, by the hermitian positivity of the semiclassical matrix valued
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measure associated to the traces of u® and £0,,uf, we have [v/| < v/2p1/2,

Therefore, v/ vanishes on the set {w, = 0} as well. O

Let us end this section with the following result on the measures %+
Unfortunately, the equation (4.5.5) does not suffice to determine p% = 0.
This last point is linked with the radiation condition at infinity satisfied by
1% (see Theorem 4.5.6 and Section 7.2).

Lemma 4.5.5 The measures u2* satisfy the following transport equation in
T*T (Pinside the boundary”):

¢ Vau® = 0. (4.5.5)

Proof. The proof is similar to that of Lemma 4.5.4. To obtain the result, we
use the transport equation 4.4. 9 Let x € C(R) be nonnegative, x(0) = 1,

X' (0) =0, and x, (¢) = X(‘“n 1), Let 0 € C*(RE x RE™). Let > 0 be
a small parameter.
We write the transport equation (4.4.9) with ¢o(z,&) =

9($'>§')X ( 1/3) Xn(g/) and Y1 = 0:

e € 9200 () ) = (@us0 (55 ) b + (Rev” b,

(4.5.6)
Let us first prove that the right-hand side of (4.5.6) vanishes. Indeed,

since 4 = 0 and @Q_ has support at x = 0, we get (Q+, 0 x (%) Xn) = 0.

Moreover, Rev” vanishes on {w, < 0} = {£{” > n?}, hence it vanishes on
the support of x,. Thus, we obtain (Rev”, 6 x,)rr = 0.

Now, we prove that the left hand-side of (4.5.6) is equal to {(u%*, &'V .0).
We have

T / g z !
(s 20 (55 ) € = s 050 (55 ) wole)
T !
i € - Tt x (55 ) 0(€)
+<,uaia f/ ' V:v’eXn(él»
First, as in the proof of Lemma 4.5.4, we write

f ! /
‘ nl—%xn(g )X ?71/3 edp/:l: =

Hence, we get, as n — 0,

¢ ,
(10 S (n‘f;g) (€)= 0.

11
23 A (A%) [

/5 -V /Qd,ui




4.5. Refraction result in the case of two homogeneous media 99

Td

Second, since & - V.6 x (W) Xy(&'))) weakly converges to 0 when  — 0

almost everywhere for the measures 1(;,>1y4+, we have

Tq
Lz € Tt () €)= 0 asy—0.
Third, since % has support in {£2 = n2}, we get

(UO% €V wlxy (€)) — (uP*, € -V,u0) asn— 0.

In conclusion, we obtain (u?t, ¢ - V0) = 0. O

4.5.2 Reflexion/transmission at the interface

In this section, we end the proof of our main theorem in the case of two
homogeneous media. We prove it by solving Cauchy problems with respect
to the x4 variable. These problems are of two types: in the regions where
the rays of geometrical optics do not reach the interface when t — —oo, we
solve Cauchy problems with boundary conditions at infinity in space; in the
other regions, we solve Cauchy problems with initial data at x4 = 1.

We use the following partition of phase space

TR = {g< 1,6 >0 U{zg <1,—/[n?] <& <0}

Uzg < 1,8 < —v/[n?]} U{xg > 1,6 < 0}
U{‘rd217£d>0}u{xd:17§dzo}
= MMuWuWVsuV,uVsuVs.

The value of p in the first five regions will be obtained by solving the trans-
port equation (4.4.2) on each region V; (j = 1,...,5), using the radiation
condition at infinity and Lemmas 4.5.3 and 4.5.4 to get the values at the
boundary. At variance, the value of u in Vg cannot be obtained using a
transport equation since no ray coming from one media reaches the interface
with £; = 0 (the rays are given by (x+t&, £) in the homogeneous case). Thus,
we have to study directly ;%*. The following proposition implies that = 0
in the region V.

Theorem 4.5.6 When n_ and n, are constant, we have

p* = 0.

Proof. The reader can find the proof of this theorem in Section 4.7.2. Using
the explicit formula known for the resolvent of the Helmholtz operator in
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that particular case, the study reduces to a (non-)stationary phase method
with singularities. These singularities come from the roots \/ £? —ni +iae
that appear both in the phase function and as test functions and that are
singular near £ = n% when ¢ — 0. In order to treat this problem, the key
ingredients are a contour deformation in the complex plane and the use of
almost-analytic extensions. 0

In the first region Vi, p is the solution to £ - V,u = @) with the outgoing
condition at infinity p(z, &) — 0 as |z] — oo with z-£ < 0 (it is a consequence
of the radiation condition 4.4.3). On the other hand, if (x,&) € V;, then for
all t <0, (x +t£,¢&) € V1. We deduce

0
&) = plo +16,6)+ [ Qe+ s6.€)ds.

Taking the limit ¢ — —oo, we obtain the value of y in Vi:

0
(€)= / Qe + s, £)ds,

AS a Consequence,
) 0
5(€a — /o) @ pin (ol &) = / Q' + 51+ &g, ).

In particular, the measure " is known.

Now, we compute u in the region V5. We consider the following part of
the interface: {w_ > 0} N{w,; < 0}, which corresponds to 0 < w_ < [n?]. On
out

this set, since Re v’ = 0, from Propositions 4.5.3 and 4.5.4, we get pu%“* = u'.
Hence, for —/[n?] < &; < 0, we recover

8(€a+ Vo) @ u™ = §(&a— oo) @ u(a, &)

0
- / Q(x' 4 s&', 1+ s&4,€)ds (4.5.7)

where & = (&, —&;). Hence, we are left with the following Cauchy problem in
the x4 variable with initial data (4.5.7) at the interface x4 = 1: for (z,§) € V5,

{axdmf;lf/-vx/u:fm, Cmg<l
1lieamry (2, €) = [° Q2! + €', 1 + 564, €)ds.
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This problem is explicitely solvable. For (z, ) € V3, we obtain

, d
Ww,€) = (@ + =) - /Qx+ s )
0
= / Q@%(l& + )&, 1+ 584, €)ds

l—z4

/Q ss@g

:L/dQW+@J—m+@@%

o0

0
—|—[ Q(l’/—Ftél,SL’d—Ftéd,f)dS

&d
(x7§> (l’l,Q xd>§)
o +
t=0
/ )
t — —o0
Tq = 1

Figure 4.3: Total reflection

Remark: One can notice that 1_% 1s the time at which the bicharacteristics
reaches the interface. The point (x',2 — x4) is the symmetric of x with
respect to the interface (see Figure 3).

Next, we consider the part {w_ > 0} N {w; > 0} of the interface. In the
region Vjy, u satisfies the equation £ - V,u = 0 with the outgoing radiation
condition at infinity pu(x,&) — 0 as |z| — oo, - £ < 0. Hence, p = 0 in this
region and

,u+ =0.
In the next lemma, we write the relations between the other three measures
pm, pett %t These relations translate the refraction phenomenon. The
proof of this result is borrowed from [Mill].
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Lemma 4.5.7 Let B C {w_ > 0} N {w; > 0} be a Borel set.
If it = 0 in B, then p3"* = o™ p™ and po*t = offp™.

Proof. Using lemma 4.5.3, we get

VA4 wiv = 2w pl"t =2\/w; Re v,

D‘]

. 1% . "
But the matrix measure < 7 ) is hermitian so

7| < ()3 ()2

HGDCQ, Wwe recover

N[=
N[=

<U4wir=2/w; Rev! < 2(w+y)%(v)

=

2w 1) ()
and
V=wiv in {w_ >0} N{wy > 0}.

Thus, we now have five equations (the equation above and the four equations
in Lemma 4.5.3) involving the six unknown measures v, o, v/, p%, ;' and
p™. After some calculations, we deduce

pot = oy,

pro o= ol

where the coefficients ot and o are defined in Theorem 4.5.1. O

Using this lemma, we can now determine p in the remaining regions V3
and V5 by solving Cauchy problems with initial data at x4 = 1.

In the region V3, making the same calculations as in the second region,
we obtain the reflected part (with a partial reflexion coefficient):

0
,lL(ZL', 6) = [—xd Q(l’, + tg,a T4+ tgd) g)dS
&g

T QRO QU 16,2 — wa+ ty, E)ds.

—00

In the region V5, we have

0
a6 = [ Qo+ 6.6
&d

0 —_— ~ ~,
+/ J@Q@+%§%+f@+@@ﬂ,
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SO
Ly
d
pe.6) = [ QU+ st g)ds
0 1—z4 ~
fa / / &a S
o (OQ (2" + s&, 1+ (wa — 1)€—d + 84, &) ds.
This ends the proof of Theorem 4.5.1. O

4.6 Refraction result in the general case

This section is devoted to the proof of our main result in the case of a
general index of refraction. We use the same method as in the homogeneous
case studied in Section 5. The main extra difficulty is of course the geometry
of the rays. As it is usual in such problems, we first define the induced
geometry of the boundary, i.e. the elliptic, hyperbolic and glancing regions.
One of the main differences is that, in the general case, there exist glancing
rays that come from the media at the interface and may carry some energy.

4.6.1 Geometry of the boundary

In order to state our assumptions (in particular what we mean by "non
gliding condition” ), we need to define a geometry of the interface. From each
side of the interface, we can define an induced partition of the boundary
(that is usual in the study of boundary problems).

We recall that wy(2/,¢) = ni(a/,1) — &2, where ni(z/,1) =
lim,, 1+ n2 (z).

Let m+ be the restriction of the projection map T*R4]y — T*T to the
characteristic set Y1 = {£? = n?(x), 24 = 1}. Then, from each side, T*T" can
be decomposed as the union of the following regions:

— the elliptic region &4 = {(2/,¢') € T*T' |wy(2',&") < 0} is such that

7 (Ex) =0,

— the hyperbolic region Hy = {(2/,¢’) € T*T" |wx (2, ') > 0} is the set of
points which possess two distinct inverse images by m.: (7))~ }(2/, &) =
Fywe(', &) and (73) 71 (2, &) = £/ws (2, §),

— the glancing region G, = {(2',¢') € T*I'|wy(2',£') = 0} is the set of
points which possess only one inverse image. There, the hamiltonian
vector field is tangent to T*T.

The last region can be decomposed into the following three subregions:

— the diffractive region gi = G+ N {£0yn% > 0} of points at which the
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hamiltonian vector field and its opposite are pointing into the consid-
ered side,

— the gliding region G4 = G4 N {+d;n3 < 0}

— the gliding region of higher order G{ = G+ N {+d;n?% = 0}
Remark: In the constant coeficient case, the glancing region G is reduced
to the gliding region of higher order G°.

We define H9 = 7' (Hy)N{£E > 0} and HP = 7' (He )N {+E; < 0}
Let R : H™ = HT be the reflection map such that R = (")~ o 7 on
He“ and R = (7°“*)~! o 7 on H™.
Finally, we define the transmission map T, : 7' (H,) — 7' (H_): for all
X € TR,
{ 7 (X) = (T, (X)), |
(X, T, (X)) € H™ x Hou UHo x H™,

and we denote T_ = T;l.

4.6.2 Boundary measures

As in the case of two homogeneous media studied in Section 5.1, we
can define boundary measures p*, 5, as in formulas (4.5.2), (4.5.3), to-
gether with the measures % as in Lemma 4.5.2. The measures u', ps%
are nonnegative measures defined on the hyperbolic regions Hy and p%* are
nonnegative measures on 7*I" with support in G.. Using the same method
as in the homogeneous case, we can prove the following two lemmas similar

to Lemma 4.5.3 and Lemma 4.5.7.

Lemma 4.6.1 In the set Hy N"H_, we have

(i) £Re v’ = \Jwi(ug" — pit'),

(i) 30 = wa(ug" + plf — 5v).

Lemma 4.6.2 Let B be a Borel set included in Hy NH_.

(i) If i = 0 on B, then pS™ = offp™ and po*t = o™y’ on B,

(i) If i’ = 0 on B, then p®* = ofp™ and ps = o™ on B,

where
2. /w_
af=1-o' =|—¥Y"—
\/u)+ — N/ W

Proof. The proof is the same as Lemma 4.5.7. [

2

The third result is the analogous to Lemma 4.5.4 in the inhomogeneous
case. Indeed, in the homogeneous case, the glancing region coincides with



4.6. Refraction result in the general case 105

the gliding region of higher order G°, therefore the following lemma reduces
tor=v’=0o0ng.

Lemma 4.6.3 On the glancing region G,, o € {+,—}, we have:
(i) (02w = 10,
(ii) % =0 on G¢ and v = v/ =0 on G2 U GP.

Proof. The second point is is an easy consequence of point (i), since © and
1% are nonnegative measures, cdyn2 > 0 on G¢ and 9;n% = 0 on G°. Let us
prove point (i). We use the same multipliers as in the proof of Lemma 4.5.4.
Let xo € C° be a nonnegative function such that x(0) = 1 and supp(xo) C
[—1/2,1/2], let 6 € C®(R%T x R?Tl). Let x € C*(R) be nonnegative,
x(0) =1, X’(0) = 0, and x,(z,¢&) = X(%") = X(M) We write the
transport equation (4.4.9) with ¢y = 0 and @1 = 0 xo(zq — 1)x,(x,&). It
gives:

1
- <,u07 (§ ' vm + ivxnz ' v&) (‘9 XOXngd»
L.
= <Q7 0 XOXn§d> + 0-5 <V + Wel, 0 Xn&d)T*F-

Since (&’ -V + %Vx/ni . ng) wy = 0, there are only two extra terms
to handle in comparison with the proof of Lemma 4.5.4. These are
2

</~Lm %X'(%’) Xo) and <Ma7 %adn§9X0Xn>-

Using the Lebesgue’s dominated convergence theorem, the last one is easily
seen to tend to %<,u01{w0:0}7 dan20xo) as n — 0.

We turn to the study of the first term. The support of p, lies in {£2 = w, },

2

then ’%X’(%’)@Xo’ is bounded by [|[Ax'(A)||L=|0 xo| on the support of p,.
Now, using the dominated convergence theorem, together with the fact that

“7” X (“7”) converges pointwise to 0, we obtain the devined

63 / wa
(Ko gX (7)9X0> —0 asn—0.

Eventually, we have obtained

- <M01{w0:0}, Uﬁcﬂﬁ@Xo) = <D1g, 0)rer.

Now, we replace xo(xq — 1) by Xo(xdnfl) in the previous equation.

Since there are no derivatives with respect to x4, we can apply again
the dominated convergence theorem as n tends to 0.  This yields:
— (%, 00m20) = (g, 0)7r+r. The lemma is proved. O
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4.6.3 Snell-Descartes semi-group and last assumptions

As in the constant coefficient case, our proof of the refraction result
will use the transport equation (4.4.2) in the interior of each medium, the
propagation properties at the interface given in Lemma 4.6.2 together with
the radiation condition at infinity (4.4.3). For this purpose, we need to
define the "past” of any point (z,£) € T*RY, i.e. a "trajectory” from —oo
to 0 that passes through (z,&) at t = 0 (because of the outgoing radiation
condition at infinity, we need the "past” of (z,&) and not its ”future”).

The lemmas 4.6.2 and 4.6.3 allow us to study the propagation of the
measure at the interface except when

e density comes upon GY U GY from {z4; > 1} or upon G° U G? from
{SCd < 1},

e density comes upon H, N'H_ from both sides at the same point.

For this reason, we need to assume the non gliding condition:
(H13) p?+ (G U Gl) = u?- (G2 U G?) =0,

and the non interference condition:
(H14) p and p™ are mutually singular.

Note that hypothesis (H13) ensures that no density can be trapped in
the interface. Indeed, (H13) together with Lemma 4.6.3 imply that % = 0.

Now, we define the Snell-Descartes semi-group (see for instance L.
Miller [Mil2]).
Let (7,€) € T*RY and (b,) € {R, T} be given. We construct a map
v :] — 00,0] — T*R? by a recursive process. For all ¢t < 0, we denote
1) = (27(1), € (1))
Initially, we set n = 0. If (z,€) & (34 \ (G4 UHT)) U (Z2\ (G- UH™))
then 7 is stationary: v = (z,€). If not, then (z,¢) € &, \ (G2 U G U Ho™)
for some o € {+,—} and 7 is identified with the bicharacteristical flow
(X(t),Z(t)) from (x,£) on a maximal interval (¢,0]. When the inter-
val is finite, v has a limit from the right (z,£) € G2 U G% U H2 at ¢,

Then, we iterate the previous step from ~y(¢) defined as v(t) = (z,£) when
(z,€) € G2UGY, and otherwise as: if 7,(Z, &) € Hy N'H_ then () = R(z, £);
if m,(z,€) € Hy N H_ then n is replaced by n + 1, andy(f) = R(z,¢) if
by = R, y(t) = T,(z,€) if b, = T. The trajectory thus defined is continuous

from the left with limit from the right.
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HiNH_,by=T
H-N(E:UGy) t

Figure 4.4: Rays of geometrical optics in the general case.

The past of (z,§) € T*R” in the term ¢ € R_ is the set A, . of the
various restrictions to (¢, 0] of the trajectories v obtained by the above process
starting from (z,¢) and a choice of a sequence (b,) € {R, T}"". Given the
positive bounded continuous reflection and transmission coefficients ot and
al on Hy N'H_ (see Lemma 4.6.2), we assign to each trajectory v € Al o)
the weight a(7) obtained by mutiplying, for each choice b € {R, T} made
during its construction, the value taken by o’ at the corresponding point of
H, N'H_. Moreover, if v is stationary for ¢’ < ¢, we let a(y) =0 for ¢’ <.
By construction, the pasts satisfy the following semigroup property: the
trajectories 7 of Aléx,ﬁ) which coincide on (to,0] (where to > t1) with vy €
A?i,g) are obtained by gluing to it the trajectories v € At;o@?), i.e. setting
v(t) = o(t) for all t € (to,0] and ~(t) = v/ (t — tp) for all t € (t1,1].
Moreover, a(vy) = a(yo)a(v'), and EVGA@,@ a(vy) = 1. Therefore, we may

define a positive contraction semigroup (S):<o on bounded Borel functions
f on T*R? by:

Sif(x, &)= > alyf (@ t).&h).

t
€A 6

We call Snell-Descartes semigroup the dual semigroup (S;):<o acting on the
set M(T*R?) of positive Radon measures on phase space.

We can now state our last assumption: in order to use the radiation
condition at infinity, we need that the rays go at infinity away from the
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interface, so we assume that

(H15) for all (z,&) € T*RY, for all choice of (b,) € {R, T}, the map ~
constructed by the above process satisfies:

3 T(y) < 0 such that ¥Vt <T(y), v(t) is stationary or = (t) # 1,

i.e. 7(t) coincides with the bicharacteristic curve for ¢ < T'(v) if 7 is not
stationnary.

4.6.4 Refraction result

Let us first state precisely the main result we are going to prove in the
general case.

Theorem 4.6.4 Assume (H1)-(H15). Then, the Wigner measure associated
with the sequence (u®) is given by

= OO (S:Q)d,

where Q(a,€) = grkrrd(2)0(€* — n*(0))f() (£(€) +a(©)). g being as in
Theorem 4.5.2, and S} is the Snell-Descartes semi-group defined in Section
4.0.3.

Now, we can end the proof of this result. First of all, as in Section 5.2, we
have two results concerning the propagation at the boundary. The first one,
that will imply the refraction result, is stated in Lemma 4.6.2. The second
one, that will give the total reflexion result, is contained in the following
lemma.

Lemma 4.6.5 (total reflection)
On the set H_ N (€4 U Gy), we have p'™ = p*.

Proof. From Lemma 4.6.3, we have v = v/ = 0 on G¢ U GY, and
—(8an?) po+ = 0. Hence, using the hypothesis (H14) (u%(G9) = 0), we
get 7 =0 on GY. Hence, v/ = 0 on G%. Thus, the first identity in Lemma
4.6.1 gives that p" = p on H_N (£, UGy). O

Proof of Theorem 4.6.4.

Let (z,€) € T*RY. If (2,€) € T*R?\ (X, UX), (z,€) & supp(u), so
p(x, &) = 0 and looking at the construction of the semi-group S}, we have
also S} = 0 for all ¢ < 0. Hence, p(z,§) = ffoo S;Qdt.
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If (z,€) € (G+ UG- UH UH™), then we have S; = 0 for all ¢ < 0 and
p(x, &) = 0 (since u® = 0).

Last assume (z,&) € ¥_ N{xy < 1} (the case (z,&) € ¥y N{xy > 1} can
be treated similarly). Omne can define the bicharacteristic curve. Let (¢, 0]
be the maximal interval on which the bicharacteristic curve passing through
(x,€) at t = 0 is defined.

If t = —o0, using the transport equation in the interior of the medium,
we obtain for all ¢t < ¢,

i, €) = p(X (1), 2(¢ /@ ),Z(s))ds

Hence, using the outgoing radiation condition stated in Corollary 4.4.3 and
the fact that | X (¢)| — oo with X (¢) - Z(¢) < 0, we get that

0

p(z, &) = / Q(X(s),=(s ))ds:/_ooSt*th.

If £ is finite, let (7, &) = lim,_z+ (X (¢),Z(t)). Then, (Z,£) € HO“UGUG?.

As before, we have
(. €) = / QX (5), Z(s))ds

If (z,€) € Hy NH_, then using the hypothesis (H14), we can assume that
p = 0 and from Lemma 4.6.2, we obtain, letting t — —oo, u°“ = afty’™.
Thus,

[I]

W€ = aFR (56— Jao) @ / QX
= a0, £(D) + / Qa7 (s), €(s))ds

where 7y is defined as in the previous section with b, = R.

If (z, {) € (G U&y) NH_, from Lemma 4.6.5 (total reflection), we get
ot = . Thus,

[I]

w6 = R (0(ga— o) e / Q(x
— (@ (B),€(5) + / Qa7(s), €7(s))ds.

If (z,€) € G2 UG, since we assume that no density is trapped in the
interface (hypothesis (H13) and Lemma 4.6.3), we have that p_(z,&) = 0.
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Moreover, in the construction of the Snell-Descartes semi-group we let S; = 0
for t < tif ~y is stationary for ¢ < ¢, which is the case here. Hence, we directly
get

(. €) = / Qa7 (s), £7(s))ds.

From now on, we may iterate the process from the point (z,£). In this
way, we obtain, for all t < 0,

p(z, §) = aly) ()" (1),£7(1)) +/t a(y)(s)Q(x7(s),£7(s))ds,
with v € A, ¢

Now, we use the hypothesis (H15): there exists T'(y) < 0 such that
Vt < T(v), v(t) is stationary or x)(t) # 1. We have already proved that, if v
is stationary from some time 7'(y), then

0
a6 =+ [ )£ (). (5)ds
If there exists T'(y) such that V¢t < T'(), z(t) # 1 then v coincides with the
bicaracteristic curve for ¢ < T'(7) so that |z7(t)| — oo with z7(t) - £7(t) < 0.
Hence, the radiation condition 4.4.3 implies that p(z7(t),£7(¢)) tends to 0 as
t — —o0o. In that case, we conclude

i€ = [ al)(6)Q(s).€1(5)ds.

[e.e]

This ends the proof of our main theorem in the general case. O

4.7 Proofs of the radiation conditions in the
case of two homogeneous media

2 .
n, ifxg>1
In this section, we assume that n?(x) = { + d , ny,n_ being

n? ifxy <1,
two constants such that n_ > n, > 0.

This section is devoted to the proofs of Proposition 4.3.2 (last statement)
and Proposition 4.5.6. Our proofs use the explicit formula available in the
homogeneous case for the resolvent of the Helmholtz operator. They rest on
a precise study of oscillatory integrals with singularities, which is performed
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using (non)-stationary phase methods. We need the following two theorems
that are proved in [Horl]. The first one is a (complex) stationary phase
theorem and the second one is a non stationary phase theorem. We would
like to point out that, in both statements, the phase function may depend
on a parameter lying in a compact set.

Theorem 4.7.1 Let K C RN be a compact set, X an open neighbourhood
of K. If u € C*(K), ¢ € C(X), Im(p) >0 in X, and Det(p") # 0 at the
critical points of o, then

(2 C (0%
’/ 2 () da §)\N/2 sup |0%u(zx)|.
zeK,
lal<2N

Moreover, this bound is uniform if p depends smoothly on a parameter in a
compact set.

Theorem 4.7.2 Let u € CL(RY) with support in the conpact set K, and
@ € C*L such that Im(p) > 0 and ¢’ # 0 on K. Then, we have the following
estimate

’ / ei/\‘p(x)u(x)dx’

J
< Cmeas(K lzsupw |”( sup |a%o<x>\> sup [o%u()].

o w€K 2<|a|<I+1 || <l—j

where C' is bounded when ¢ stays in a bounded set in C*1.

4.7.1 Proof of the radiation condition on w (Proposi-
tion 4.3.2)

Let w® be the solution to
—ioeew® + Aw + n.(2)*w® = —f(z), (4.7.1)

where n.(z) = n(ex).
We aim at proving that the weak limit w of the sequence (w*®) is the outgoing
solution to the equation

Aw +n*w = f, (4.7.2)

given in Fourier space by
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Thus, we want to prove that for all f € B, ¢ € B,

lim (w®, ¢) = / SN e (4.7.3)

e—0 R4 52 — TL2_ —+ ZO

Since we already proved in [Fou2] that for f € B and ¢ € B, the following
bound holds:

[(w, @) < ClIf I 5ll9 5,

where C' is a constant independent of f, we only have to prove relation
(4.7.3) when f and ¢ are smooth.

Let us denote by F’ the Fourier transform with respect to =’ only, namely:

F' (&, xq) = (Fome f)(&, x4). With this notation, F'w® (£, z4) satisfies
0z, (Fw)(€,wa) + (nZ(wa) — €7 +icee) (Fw) (', wa) = (F ), 2a)-

Let w& (&) = /&2 —n2 +ia.e, where we choose the square root with a
nonnegative real part. In the sequel, we will often write w? instead of w% (£').

The calculation that is detailed in Appendix A leads to the following
formula for the kernel of the resolvent:

ﬂﬂam:/W@mwvwam@d

where
1 (of —ws )2 1 1
(¢ _ T B C D Y (PR TR TR 1)
= + +

R <§787t> 1{s>§,t>%}2wa (6 + [nQ] € : : )
+
e €

Wy —wo —w§ [s—1[+ws [t—1]

+ 1{s>§,t<§}W€

A S T
+ 1{s<§,t>%}+[77/72]€ © |s—Z[Hwit—2]
1 € _ ,,€)2 . )
* 1{s<l t<l}2 5 (<w[ QT)JF) eiw*(|87%|+‘t7%‘)_i_e*w,‘sfﬂ)
e’ e wE n
= (RS 5+ 5+ B+ B+ B(E5,0) (17.4)

With the help of this formula, we obtain

6
5_2 €
w = Wy

k=1

where

ﬂmﬂm:/@@%%VWﬂM@w
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The last part of the kernel Rg will give the outgoing solution in the limit
e — 0. We begin by proving that the contributions of the first five terms
vanish when ¢ — 0, the only difficult term to handle being the fifth term R:.

Let ¢, f € C°(RY). Then, F'¢, F'f € C*(Ry,, S(RE)). Let M > 0
be such that the supports of ¢ and f with respect to the x,; variable are
contained in the interval [—M, M]. Then, if ¢ is small enough (¢ < 77), the
first four terms vanish because of the truncation z4 > 1/e. For 1 < k < 4,
we indeed have

(wy, ¢) = /Ri(§/7$dayd)f/f(§/,yd)]:/¢(§/af€d)d£'d$ddyd = 0.

Let us now study the fifth term

S eI e (12 ,
(ws, ) = / L W) =B e @)@ raa () PO ) dE dirady,

we 2[n?]

We have several difficulties to handle in the treatment of this term:

e first, the phase function is stationary at & = 0,

e second, the phase function w® (¢') = /€2 — n? + ia.e is singular near
£? =n% when ¢ — 0,

e third, the test function (w® (&) — w5 (£'))?/we (&) is both singular near
§% =n3 and £ = n? when £ — 0.

Hence, we first decompose the previous integral with respect to size of
&', in order to separate the stationary point and the singularities of w® and
ws. Near the stationary point, since there is no singularity anymore, we
apply a usual stationary phase theorem. When ¢’ is far from 0, we have to
treat the singularities of w® and w?. In that case, we write the test function
as the sum of a function that is singular near £ = n% and a function that
is smooth near £? = n%. To estimate the latter, we only make integrations
by parts, the phase function being non-stationary here. To estimate the
part with w? as test function, we decompose it into two parts: an integral
over ¢ —n%| < &% and an integral over [¢* — n2| > &°. The first integral
is directly bounded by Ce%? and we estimate the second one by making
integrations by parts.

Let xo € C°(R) be a truncation function such that xo(r) =0 for |r| > 1
and yo(r) =1 for |r| < 1/2. Let § € (0,1). We define

X(€) = xo (2@2)-

Ny
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Using the truncation function y , we decompose the term wg into

(w5, ¢)
€ _ ,,€)2 )
— 2[7112] /X(gl)%ewf(g:vdyd)f/f(gl’yd>f/¢<§/’$d)
1 € __,,€)2 s
+ 2[712] /(1 — X(é‘/))%ew(gxdyd)flf(é-l’yd>fl¢<§/’ SUd)
= I.+1I..

First case: ¢’ close to 0

We first bound the part I.. In this term, w® and w? are both smooth,
hence we may directly use the complex stationary phase theorem 4.7.1. In
our case, we apply this theorem with large parameter \ = % — xq — yq (for

e small enough, % — Ty — Yqg > %) and with phase function iw® (). We

denote ¢, (&) = iy/&? —n% + in (the phase function is ¢,..). The function
¢, then depends smoothly on 7 € [0, 1] when &' € supp(x). Moreover, the
only critical point of ¢, is & = 0 and it satisfies

idfl

()

Det (},(0)) =

Hence, we can apply Theorem 4.7.1 to get the uniform bound (for & small
enough)

drqdyq
Ll < ¢ / ( -

2 — 24— Ya) °

£

ag,(Mx(@f’f(g’,yd>f'¢<s',xd>)‘

X sup
¢ lal<2(d-1) w-
< CeT
Second case: ¢’ far from 0
e _,,E\2
In this set, expanding the square in (w*wf;*), we decompose the test

function into two parts: a part that is smooth near £ = n?, corresponding

£\2
to we + (L:;) and a part that is singular near £ = n?, corresponding to

—2wi. We obtain
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1 €2 s o
e = 55 / <1—x<£’>>(w€+<f;_) Jer T () ya) Fo(€ s wa)
1 Ny, & —w (2—zg— / / / /
Il A G e (R L
= JII. +1IV..

1- Study of I11.:
We first consider the part I11., where the test function is smooth near
¢ = n2. In order to treat the singularity of w®, we make integrations by

. : —w ($-2a—va)
parts with respect to the x4 variable to make the term ewisdyd appear:

—we (£ —rq—yq)
ME = [ G (1= 07 € 0 0, (F'0) + ()20

Next, we use the following formula

—wE (2 —gy— !
e (s —za—Ya) _ 1 6 . Vgle_wi(%_xd_yd)
we (% — T4 — ya) [§]?

to write

Il = / 67“}5(%7“7%) V£/ ’ ( g/ (1 - X)f/f(82 f’(b-i- ((,f )2_7:'/¢>)
2[712](% _l'd_yd) |€/|2 Ty n

Thus, wusing that the test function is bounded and the fact that
‘g o yd‘ > é for e small enough, we directly obtain

[[11.| < Ce.

2- Study of IV.:
In this term, the test function w? is singular near £ = n%. We use the

following truncation function: x*(¢") = xo (|§’|:ni> to decompose IV..
1 W (2, —
e = o [Q= €)= @hte P ) FoE )

) ﬁ J O P ) F o€

(a) & far from n2 (at scale €°)
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Let us first study the term V.. We proceed as for the estimate of I11..
We write

oW (2=2a—ya)
Vo= - / 1= (= XAV F L€ ya)Ony(F'9)

[n?] we

~we (2-z4—ya) /
-/ el (\f’I? (1 =200 = XV (E)F f0:,F'9).

We must handle two singular terms: the term involving Vws and the term

involving Vx°. The second one is bounded by Ce'=. For the first one, we
use the fact that, on the support of 1 — x*,

W ()] = (€7 —n?)” + (ae)®)/* = &2

5/

Thus, [Vwi| = || < Ce~%/2 on the support of F'f, and we obtain
+

)

V| < Ce(2),
(b) & close to n? (at scale £°)
Finally, the estimate of the term VI, directly follows from the bound
W (€] < (€% + (ae)?)* for € € supp(x°).
We get
VL] < O + (aee))V".

Thus, we obtain (wg, ¢) — 0 as ¢ — 0.

There remains to compute the limit of the sixth contribution

(w, ¢) = / L st lraud 1 (¢! o) (€, 20)dE dady,

2w

= [t [ egiei_mdidxd)df

using Parseval’s formula. But, a direct computation gives

' e—we |zl 1
—ixq€q _
e drg = -
/ 2w £ —n? +ia.e’

sy f(©)9(6) f(©)o(6)
(s, 0) = / £2 —n? +ia55d£ =0 /52 —n? JriOd§

SO
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i.e. wg converges to the outgoing solution to the Helmholtz equation with
constant coefficient (4.3.2).

In conclusion, we have obtained that w® converges weakly to the outgoing
solution to (4.7.2).

4.7.2 Proof of the radiation condition for p%+ in the
case of two homogeneous media
This section is devoted to the proof of Proposition 4.5.6, i.e. u%* =0, in

the case of two homogeneous media.
Let 0 € C°(R% x Rg/_l). We want to prove that

/9(:6',5')du‘9i =0.

In order to do this, let xo € C°(R) be again a truncation function such
that xo(r) = 0 for |r| > 1, xo(r) = 1 for |r| < 1/2, and let n > 0 be a

small parameter. We denote V¥, (z,§) = Q(x’,ﬁ’)%(éd)x()(”_l>. Then, by

"
definition of the Wigner measure p, we have for any fixed n > 0

iy (Ot (U)o} = [ 0, €)d

Moreover, since p = 1y, 134 + Ligy<iyii— +0(xq — 1) @ 8(&4) @ (u®* + po-),
we get, passing to the limit n — 0,

i limy(Op2 (¥, )u", ) = xallr [ 00/, €)d + ). (473

n—0e—0
where || xollz: € [1,2]. Indeed,

{L‘d—l

/‘I’n(fcaﬁ)dﬂ = /e(xlaf/)%(ﬁd)Xo< )d(l{xd>1}:u++1{acd<1}:u*)

50) / 0’ €)d(u + i)

and g (mdgl) — 0 asn — 0 almost everywhere on the support of 1, <1344+

1¢z,<13p1—, from which it follows that the first term in the right hand side
converges to 0 when 7 — 0. Using the equality (4.7.5), our problem first
reduces to proving that

lim im(OpY (¥,,)u®, u®) = 0. (4.7.6)

n—0e—0
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Indeed, relation (4.7.6) readily implies u%+ + p?- = 0, from which we deduce
ud+ = - =0, using the fact that u+ and - are nonnegative.

Alternatively, the fact that p% + pf- = 0 implies p% = p~ = 0 can
be seen using the localisation property satisfied by p%%. Indeed, we have
supp(p®) C {€? = n%}, hence pu?- and p?+ have disjoint supports. Note
that, using this last property, at some point of our proof, we will study

separately the two measures p%- and p%+, choosing first the test function

0(x', &) with support close to £ =n? and then close to £ = n%.

Let us make two other reductions. First, (u®) being uniformly bounded
in B*, it suffices to prove

lir% lir% |OpZ (¥,)u|| gz = 0. (4.7.7)
n—0e—

Last, we may assume, using a density argument, that the source f is
smooth: F'f € C*(R%). Indeed, we have, for A > 0 (the space X, is defined
in Proposition 4.3.4),

{Op2 (Ty)us,ul)| < ClFIBINT,Ix, < ClAG

(where we have used that ||U,| x, < C uniformly with respect to n). This is
our last reduction.

In the sequel, we will actually prove the following stronger result.
Proposition 4.7.3 There exists ng > 0 such that for all n < ny,

|02 (Wy)ur]| g = O(%).

The end of this section is devoted to the proof of Proposition 4.7.3.
We use the following explicit formula for u®, where the kernel of the
resolvent R° is given by (4.7.4):

ue(y) _ / / yd d)f/f(CI,Zd)ddeCI

= Zl@(y)

k=1
with, for £ =1,.

L / L (0, )P (G

We recall that

[Op2 (W, )] = 3 22 (/ |0pz<wn>uf<x>|2dx)l/2.

JEZ
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In order to bound ||Op¥ (¥, )uf| z, our strategy is the following: we look
for an estimate of Op¥ (¥, )u®(z) in L*> depending on the annulus C'(j) where
x lies.

Lemma 4.7.4 Let M > 0 be such that supp(F'f) C B(0, M) and supp(f) C
B(0, M), B(0,M) being the ball of radius M centered at the origin.
Let us denote J = [logy M + 3]. We have the following properties:

(1) For all j <0, for all z € C(j), Op¥(¥,)u*(z) = 0.

(ii) For all j > J, for all integer p > 0, for all x € C(j), there exists an
integer k > % such that

|Op2 (W,)us ()] < CeP277¥,

where C' 1s a constant independent of j, x.

(11i) For all 0 < j < J, for all integer p > 0, for all x € C(7),
Ope (Wy)us ()] < Ce”,
where C' is a constant independent of j, x.

Remark: Note that if € is small enough (é > M), the first, second and
fourth terms 3, u3, uj vanish (because of the truncation 1(. 51/ in RJ,
R;, R5).

Before proving this lemma, let us show how it implies Proposition 4.7.3.
Using Lemma 4.7.4, we obtain the following bound: for all integer p, there
exists an integer k > % such that

J—1
[Opz (W, 5 < C(Ze”+26”2“d“>)
j=0

Jj=J
< (CeP

(22—

where we have used that the series > isr2 drl

) converges for k > ==,

There now remains to prove Lemma 4.7.4.

Proof of Lemma 4.7.4.
In the sequel, we omit the coefficient ﬁ in front of the integral defining
Op?(¥,)u°. We have, performing the integration with respect to the &,
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variable,
Ope (Vy)u(z)
_ 1 jemwe oo Yd / / x/+yl /
= [T R (0 ) ()
Tatyd _
XXo(6a)xo )dydgdc'dz
1 i(x/_ ¢! z'y/'C/ - $/+ /
:E&T/e g + e R( /7%’zd>flf(<-/’zd)9< 2y’§/>

Zd+yd

XXO(“ - yd) XO( 2 ; — 1)dyd§'dg'dzd. (4.7.8)

Proof of point (i).
Let j < 0 and x € C(j). Then |z4] < 2/ < % For such a value of x4,

rdtyd _q

Yq Xo(f”ds;yd) has support in {|ys < % + ¢} and yg — Xo( — ) has
support in {ys > 3 — 2n}. Hence, if n and £ are small enough, we have

1
)=o

(a:d - yd) (—xd;ryd -
X0 X0
€ n

which gives, using the formula (4.7.8),

Op? (Vy)u(z) = 0.

Proof of point (ii).
Let j > J, and € C(j). First of all, if |x4| > 2, then one can easily
check that for n and e small enough, we have

Ta+Yd

Tg — —1
X0< d yd)Xo( : ) =0,
€ n

Op? (Vy)u(z) = 0.

which gives

'ty
2

Now, assume |z4| < 2. In the previous integral, we have < M. Hence,
2] > Ja| = [va > 271 =2 > 272,
@ =yl = 120 — (2 )| = P [ 4y > P -2

Thus, since M < 2773 for j > J, we get |2/ — /| > 2972, This allows us to
use a non-stationary phase method to bound Op¥ (¥, )u®(z) for z € C(j).

Indeed, if we denote
7 — y/
Py e
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we get
(@' —y")-€

=cle' =

@l =y)-€
=

e

which implies, for any k € N,

_ .(x/—‘/)- s
Ot (W (a) = b5 [ R (0 ) P )

/ / o Td+yd __ 1
x('L)* <0($ Rl f)) vo (P ) xo(—E—— ) dydg'd(dza
2 € n
As a consequence, using that R = R = R = 0 for € small enough, that

Rg is uniformly bounded with respect to €, and that Rf, Rg are bounded by

C/\/a.e, we get

f—3d=1
w € € 2
|Ope (\IIU)U (ZL‘)| S 02(]',2)]? /—0458
5]“_%
= Oian

Now, let p € N. We choose k > p + 2222 (which implies that k > 4£1)
and we obtain, |
Op2 (W,)u ()] < CpeP277*.

Proof of point (iii).

This is the most difficult case. We are left with the terms with 0 < j < J.
Here, we treat separately the measures p%- and p%+. Indeed, in order to
prove that p% = 0 (respectively p+ = 0), using that p?- (resp. p) is
supported in {{? = n2} (resp. {? = n2}), it suffices to choose a test
function 6 supported near {£? = n?} (resp. {€? =n?}).

Let a be a small positive parameter such that a < min (%, @)

We begin with the study of u-. Let us explain our strategy (it is the
same for the study of u%). We have to treat the singularity of the root
ws = \/ €72 —n? +ia.e. In order to do this, we make a contour deformation
in the complex plane. If we denote z = &2 — n? + ia.e, the expression
that we have to study corresponds to an integral over Zmz = a.c (Rez
being bounded). Using almost-analytic extensions and the Green-Riemann
formula, we write it as the sum of an integral over Zm z = 3, where (3 is a
positive constant, and an integral over a.e < Zmz < 3. In the integral over
Imz = f3, the root /&2 —n% + i3 is no longer singular, thus we can apply
a usual non-stationary phase theorem. In order to treat the integral over
a.e < Imz < 3, we separate the sets |Zm z| < &° and [Zm z| > £°. For
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|Zm z| < &%, we use the property of almost-analytic extensions (see (4.7.9)).
For |Im z| > €°, we use that /2 is bounded from below by %% so that
each integration by part gives a power of e'~%/2.

First case: study of ;% (0 is supported close to £? = n?)

We assume that supp(f) C {|¢* — n?| < a/2}. We consider separately
the contributions due to |’| close to, or far from, n_. For that purpose, we
define

2.2
() = x5
We write
w € _ 1 M zy ¢! e ~1 Yd
Op? (Vy)u(z) = esw?/e TSR (C — Zd)
<F () (1 () 0T )

Tat¥d

xXo(xd;yd>Xo( 277 1)dyd£’d§’dzd

1 (' —y")-¢
+ 3d—1 /6 ¢+Z Re( ' yd zd)
€2 €

< F (- (O0(F L€
ZTdtyd

e N G L

= [ (z)+ 117 (z).

1- Contribution of |¢’| far from n_

Let us first study the part I° where the root w® is not singular. The
gradient of the phase function (x' —¢') - & + ' - ' + 1w (¢)|yq — £24| with
respect to the gy’-variable is (' — £’. Since we have

|¢" — &'| > min <\/n2_—i—a—\/nQ_—l—g,\/nQ_—g—\/nQ_—a),

the operator

¢-¢
[ —¢p

is well-defined. Moreover it satisfies

@ =y)e |yl (@' =y e |y
el (€Z++Z%> =e 7+ZyT.

L=—>">_.v,



4.7. Proofs of the radiation conditions in the homogeneous case 123

Hence, we get, for all p € N,

_ _3d—1 N T (O N Yd
15 (1‘) — P73 / P K- = ya—ezal pe ( ey Zd)
ya<l

€

<P a2 ()1 =)Ly (0(F L6 )

Td+Yd

Td — Yd —
XXO( - )Xo( 277

3d+~
2

)dydg'dc'dzq,

and
|57 < CeP™

Thus, for such 6,
I (x) = O(e™).

2- Contribution of |(’| close to n_

Now, we are left with the part I75~, for which we have to treat the
singularity of w® , that appears both in the phase and in the test functions,
near |('| = n_. In that case, we study separately the contributions due to

¢, R:, and R5. We denote them IIg~, II~ and 115 respectively. We
begin with the term I75 ™.

a- Estimate of I15~

We have
15 (@)
N ) € (! /
B % /yd<1 G0 +z’y;<“’§“|ydwd%£(f(’<'z)d) -(¢)
O B L Y e e P

We first make the polar change of variables ¢’ = pw’ and then t = p?> —n?.

We get

g,—
115 (2)
. /
- / / eii(”uf/)f/ﬂiyl'flW*i\ﬂ?—%s\yrszdl 9(t, &' za)
3d—1 0
7z Jyg<1 Jsi? 2\t +iae

Tdt+Yd

/ / - _
<05 o (o (=
€ n

where g(t,w', z4) = F'f («/t +n2w, zd> Xo (£) (t+n2)@=3/2 is smooth and
compactly supported with respect to t.

1
)dtdw’dydg'dzd,
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Next, in order to make a contour deformation to avoid the singularity of
w®, we use the almost-analytic extension of g, §(t,w’, z4), defined as in the
following proposition. This object was first introduced by Hérmander [Hor2]
(also see for instance [DG], [DS]).

Proposition 4.7.5 Let g € C*(R). Then, there exists a function § €
C*(C), such that

99

gr =9, ‘E(z) < Cy|ZmzN, N e N. (4.7.9)

Since g may be constructed as follows

o0 n

3t +is) = D "9 g(t) =X (Mns):

n=0

for an appropriate sequence (), ), the behavior (smoothness and support) of
g with respect to the variables w’ and z; is not modified. We get

Ia_
/ / (Gt ey, o G W 2a) g(t,w'; zq)
ya<1Js%; ¢ 24/t + ta.€

1
) dtd dyde'dzy,

Ta+Yd

VTR MEETE =

S

Now, we apply the Green-Riemann theorem on the following set of the com-
plex plane: Q = {z =t+is / t € [—a,a], s € [a.c, 3]}. We also denote

Co.e = {t+ia.e /te€[—a,al},
I's = {t+if/te[—a,al}.

The complex version of the Green-Riemann formula is: for all G € C!,

/ G(z)dz = 22'/ iG(z)dZ A dz
o0 07

(where dz A dz = 2idtds if z =t +is).
This yields, using that a is outside the support of g with respect to the
variable t,
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[[E,*< / / i@ ”)E +z” o \/mf—lyd ezq
6
yd<1 Fﬁ

—iaee, W, zd)e(x' + §,>
2 /z 2
Ta+yd

_ —1
XXO(:cd . yd>X0( 2 - )dzdw’dé’dzd
&= y)& Hy o’ \/mf—lyd 221
/yd<1/ 2\/2

g(z —iaee, W zd)9<x,;y,,§’)

82
Td — Yd Zadta _ 1 ! gel
><X0< . )XO( 277 )dAdwdgdzd

= [II5 (2) + IV ()
i fomiacetnZ L jyg-ezg)

where we used that < 577 is holomorphic in an open set
containing {2 when ¢ > 0 is fixed.
We first study the term 1715~ . We write

. 1 ; r_t
Iy~ (x) = T/ e
ez Jya

g(t+ip — iaes,w’,zd)9<x’ +y f')
2VI+ipB 2
Tatyd

Td — Yd
o)

In this integral, the phase is non-stationary with respect to t. Indeed, if we
denote ¢(t) = iy’ - w'\/t +iB —icce + n% — /Et +iB|ya — €za| (we consider
ace, B,y - w and |y; — €z4| as parameters, which lie in a compact set), we
have

t+if—iocetn? — L0

1
) dtdwde'dz,

S

aQO( ) Zy, w' |yd—52d‘
t —.

Vi+if —iae+nt  VE+ip
On the one hand, if we denote M; = 27 + 2M, we have

iy - W < M,
N T e e CERP e
on the other hand,
|[Ya — €24 1

VE+iB | T 2vB
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We choose  small enough such that (ﬁ < ﬁ. With this choice, we

get

1
0ip()] > 5—-

2V
Moreover, the derivatives of ¢ are uniformly bounded. To conclude, we use
the non-stationary phase theorem 4.7.2, thus obtaining

IS = O(™).

We end the proof by studying the term IVy~. We decompose this term
into two parts, according to the relative size of |Zm(z)| with respect to &°,
where 6 > 0 is a small parameter to be chosen later. We still use xq as
truncation function. We write

(x u)E il

1/z iace4+n? **\yd €24
IV (z) = / /
0 ( ) 8 2 yd<1 2\/z
Im(z))

eo

82 g(z —iaee, W Zd)Xo(
A Pl

(z y)& +il

\/z iaee+n?Z ——\yd ezq|
=
yd<1 2\/5

X5z g(z —ia.e, W, 2g)(1 = xo) (IT;(Z))

/ _ zatys _
10T ) o (AT o () A e
n

— Vi (@) + VI (@),

)dz A dzdw'de'dz

Now, to estimate Vg'~, we use the property (4.7.9) of the almost-analytic
extension g. We readily get

Vo (2)| < CN-"57 (4.7.10)
For the term Vg™, we write
- G et - Yy ez
Vi) = et Jo N ERE

g S
xg(t +is —iaee, W', z4)(1 — Xo) (5)

, . B Tatya _ q
xﬁ(x ;ry ,§'>X0(xd : yd)XO( 2 7 )dtdsdw’dydfldzd
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and make integrations by parts with respect to the variable ¢. Since g is
compactly supported and a is outside the support of g, no boundary term
appears. Let us denote

iy’ W’ _ lya—ez4l
\/t-l—is—iozge-‘rn% Vitis
L — ) 't
iy -w’ _ lya—ezdl
\/t+is—iocga+n2_ Vitis
We have, using that [t| < a and s > &°,
M, |Yya — €z4| 1

and

<
- \/nz,—a Vit +is

_2\/37

iy W
Vit +is —ia.e +n?

hence for 3 small enough,

1
=Wk

iy W Ya — €24

4.7.11
Vit +is —ia.e +n? Vit +is ( )

Thus, L is well defined and we have

i fiiis Lylw! - - ViFi
g \/t+is—ia56+ng—#|yd—ezd|> _ ez%‘/t+zs—za56+ng—%\yd—azd

el (ei
Hence, we get, for all P € N,

VE () =2t [ [ e e e
ya<l JQ
1 0 s
t7\P . L ,
x("L) (%/ﬁ%g(t + 18 — 108, W, zd)) (1 —x0) (5)
/ / _ Tatya _
X@(‘T ;y 7g/))((](l'd yd>X0( 2 )dtdsdw’dydf’dz(fl?m)
3

S

Now, we use the fact that, in this integral, s > &°.

Lemma 4.7.6 For all P € N*, there exist kp € N*, Cp > 0 and gp € C
such that

tr\P 1 §~ c / o i
(‘L) <72 —t+i302g(t+ls iaee, W' zq) | (1 — xo0) (€6>

S CPg_kP(SgP(t7 S, wla Zd)'
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Proof. The term ¢ *7%/2 comes from the fact that, on the support of
(1= x0) (5), we have |/t +1is| > &%/ O

From this lemma together with the estimates (4.7.10) and (4.7.12), we de-
duce, for all N and P,

3d—1_kp$d
2

1V (@) < Vi) + V)] < CeN- 48 4 ool 58,

which implies that
IV ™ (z) = O(e™).

(Indeed, let K € N*. We first choose P > L;l + 2K, then ¢ sufficiently
small such that kpd < 2K, hence P — &;1 — @ > K and finally, N large
enough such that 0N — ?’d% > K. Then |IVg5 ™ (z)| < CeF).

Thus, we have obtained that for § supported close to £2 = n?, for x €
C),0<j<J,

Opz' (Wy)ug(x) = O(e™).

b- Estimate of /17 ()
Now, let us study the term corresponding to us.

2[n2]5%

Q) WSO

we (¢)
Zatyd

x@(x,;ylaf/)X(J(:Cd;yd)Xo( : 77_

Since we are considering [(’| close to n_, the root w? (¢’), that appears as a
test function, is not singular. Moreover, the coefficient in front of w® in the
phase function, |yq — 1| + |24 — 1| is still bounded from below by 1/2 for
e and n small enough. Thus, we may use exactly the same method as for
the estimate of the term IIg~ (using almost-analytic extensions). We get,
as before,

(@ —y)eg |yl wEE)
1157 (x) = - —/ T S T (a1 Heza 1)
ya<l

1
) dyde'd!dzg

1127 = 0(e™).

c- Estimate of 113 (z)
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We are left with the term corresponding to u5. We have

)"

x (W (¢) = wi(¢)) FF(C, za)x- (<)

Tdt+Yd

/ / _ _
<0 o (M (=
€ n

The different point here is that the two roots w® and wj appear in the phase
function. Thanks to the localization of # near £”> = n2 and to the fact that
the parameter |ez; — 1] is bounded from below, this term is exponentially
small with respect to e. Indeed, in this integral, we have n? —a < [(']? <
n? + a, so that

Ve et wE () W& (¢h
137 (x) = - _/ o I i = 1 |- T ez
Ya>1

)dydg'dn'dzd

Rewi (¢') = Re \/Q’Z —n? +ia.e > \/[n? —a.

Hence, since |ezg — 1| > 1/2, we get

€,— e
|[[3 (.T})‘ S C 3d—1
so that
157 (z) = O(e™).
We have obtained, for § with support close to £? = n? |

lim | Op (W,)u]| = 0.

In conclusion of our study, p?- = 0.

Second case: study of u%+ (6 is supported close to {2 = n%r)

We assume that supp(6) C {|¢* —n%| < a/2}. Our strategy is similar to
the one we used in the first case. We consider separately the contributions
due to |(’| close to, or far from, n,. For that purpose, we define

2 2
¢ —ni

).

X+(C’) = Xol(
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As before, we write

OpZ (Vy)u(x)
1 =Dy
= | ¢ et ER(C%QQ)WﬂC%wﬂ—XACD
2
/ / . Tityd __ 1
x0( € o () xo () aydg'ac'az,
€ "
1 g =y 7}
+€&T/€ = PR ( '7?dazd)f/f(C'72d)X+(C/)
/ ’ _ Tatyd _
<0(T5 € Do (T o () dwdeldC

= 19" (z) + 115 ().

1- Contribution of |(’| far from n4

Let us first study the part I". As for the term 75—, the gradient of the
phase function with respect to the y’-variable, (' —¢’, is bounded from below.
Hence, making integrations by part with respect to this variable, we get

It (z) = O(e™).

2- Contribution of |¢’| close to ny

Now, we are left with the part I75". In that case, we again study sepa-

rately the contributions due to R§, Rg, and R5. We denote them I, I157
and [ ]§’+ respectively. The structure of the proof of the estimate for each
term is the same as for the term 175 ™:
e we first make the polar change of variable ¢’ = pw’ and then t = p* —n3,
e we then use the almost-analytic extension of the test function and the
Green-Riemann formula to decompose the integral into the sum of three
terms:

e an integral over Zm z = [ that we estimate using the non-stationary
phase theorem 4.7.2. Here, neither the phase function nor the test function
are singular anymore, hence we only have to prove that the gradient of the
phase function satisfies c

> —. .
I@wy_v@ (4.7.13)

e an integral over a.e < [Zm z| < & that we estimate using the property
(4.7.9) of almost-analytic extensions.

e and an integral over 3 > |[Zmz| > £° that we estimate using the
non-stationary phase theorem 4.7.2. Here, the phase function function still
satisfies

C
Ol > —=. 4.7.14
|0l NG (4.7.14)
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On this set, we have to treat the singularity of the test function, which is
done as in Lemma 4.7.6.

Thus, to estimate each term II5", I15" and I, it remains to prove
the estimates (4.7.13) and (4.7.14).

a- Estimate of I ()

We have
1 @y @2h F(C )
II5T () = _ et e i — lya—eza| Z_J\> 1 *d) /
4+ 1 Zatya _ q
><9< 5 Y f') X0 (g@d - yd))XO (#)dydfldcdzd-

With the announced changes of variables, the phase function rewrites

o(t,s) = z’y’~w’\/t +n% +is —icee — \/t — [n?] + islyq — €24

where s = Imz € |oee, 0] (aee, B, ¥ - w' and |ys — £24| are considered as
parameters lying in a compact set).

Since
iy - W' M, |Yya — €24l 1
< and = 5
ViE+n2 +is —iaee n? —a t—[n2] +is|  2V/s
we get, for # small enough, s < g3,
oup(t)] >
tP = A
4V

which implies (4.7.13) and (4.7.14).

b- Estimate of II5"(x)

We have
1 . x/—y/ N Ay/. ! WE_(CI)
]I§’+(l‘) = / 617( VDL 8 T (fyg—1]+eza—1])
£ Yya<l
2
(wi (CI> - wi(CI)) / ’ !
X 2wi<<,) F f(C ) zd)XJr(C)
4+ 1 Tatyd 1
%0( =€ )xo (= (@a = ya) )Xo —2—— ) dydg'd( dz.
€ n
Here,

o(t,s) = iy'-w’\/t+ni +is —iaee — \t — [n?]+is(Jya — 1| + |eza — 1]) .
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Similarly, we get, for # small enough, and s < 3,
Oip(1)| >
¥ Z A
t 4/
which implies (4.7.13) and (4.7.14).

Here, w?, that appears as a test function, is singular. We treat this problem
as in the proof of the estimate of VI~ (see Lemma 4.7.6).

c- Estimate of 1757
We have
e+ ]_ (z y ) { ’(’ w (C )‘ 71‘7‘”3,(4‘/) ‘EZ 71‘
;7 = — e’ =
g2 ya<l
x (W (¢') = wi(¢) F F(C, za)x+ (<)
x/_'_ ’ 1 Tat¥d 1
xe( . Y ,5/) X()(g(xd - yd)) X0<2T>dyd§’dg'dzd.

Hence, the phase function, after the changes of variables, writes

o(t,s) = z'y'w/\/t +n? +is —iace—/t — [n?] +islya— 1] =Vt + is|ezg—1].

Then,

iy - W' lya — 1| |eza =1
\/t+ni+is—ia€5 Vit —[n? +is Vit +is

Orp =

On the one hand,
1

=ING

lezg — 1|

Vt+1s

and on the other hand,

iy - W lya — 1|
VE+n2 +is —ioee  Jt— [n7] +is

Thus, for § small enough and s < 3, we have

0o > —=

it

In conclusion, we have obtained that p%+ = 0.
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A The resolvent in the homogeneous case

We give here some details about the derivation of the explicit formula
for the solution to the Helmholtz equation (4.7.1). Since we can apply the
Fourier transform with respect to the ' variable, it is sufficient to make the
calculations when the dimension d equals to 1. We may also assume that
e = 1. Hence, we are left with the following equation

—w'+wiw = f forz>1, (A1)
—w" +wiw = f forx <1, (A.2)

where w, and w_ are chosen with a positive real part.

Let use first calculate w when > 1. We can write
w(z) = a(z)e?+* 4+ b(x)e ¥+,
where a and b satisfy
a (z)e™ + b (x)e ™+ = 0. (A.3)

Then, w”(z) = wiw + wi(d'(x)e“+* — V' (x)e “+7) so, using (A.1) and (A.3)
we obtain the following system satisfied by a’ and b':

a/(x)ew+x + b/<x>€—w+x — O
d(r)wpet® — V(x)wie ™t = —f
Thus, we get
/ -1 / 1
a(r) = 5—e " f(z) V()= —e*"f(x).
2(,()+ 2(,()4,

Integrating these equalities, we obtain

a(z) = L(/xme“"*‘l’f(y)dy+01)a

2wy
b(z) = i(/ 6“*yf(y)dy+0$),

where C' and C’i are two contants.
Thus, we have for z > 1,

1 +o00
w(r) = — ( / e W) f(y)dy + C e+

N 2W+

+/ e”+(xy)f(y)dy+0+e”+m).

—00
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Similarly, we get for = <1,

+oo
w(z) i( / e f()dy + O et

- 2W+

+ / e_w*(x_y)f(y)dy + C:e_“x) .

[e.e]

Now, we use that w € H?(R) to determine the constants. First, it implies
that C7 = CT = 0. On the other hand, since H*(R) C C!'(R), we write the
continuity of w and w’ at the point x = 1. This gives the following system

e~ W+ w 1 400

o
— . ——Ct = — —w-lv=1l £ (4)d
2w, T 2w 2w | € f(y)dy

1 “+oo y—1]

_ W Y— d

2y ) € f(y)dy

+o0 1
67W+CJ: + ew—Cj — _/ ew—yl|f+/ e*w_|y71|f

1 S

+o00 1
+/ e w1l g _/ e~y
1 —00o

Hence,

Wy — W-

+oo 1
C; = L [Tty - [ eniay
1 g

W +w_ o

9 1
+Lew+/ e ==l f(y)dy

W +w_ s

ot = S [ gy [ e
- (,L)Jr‘i‘wf —00 o ! yy
2w_

+o0o
e [ ey
1

W +w_

Finally, we obtain for x > 1,

w(p) = = ( / " el )y

2wy

n?

1
Wy — wW_
+/ + . efw+|mfl|fw_|y71|f(y>dy

o 1]
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and for z <1,
we) = o [ e
_i_/_‘oo (W-l— [;QT—) ew_|ml|w_|y1|f(y>dy)

+o0o W_ — Wy
+/ e le=l=os =11 £ () dy.
T )

B Sharp truncation and c-oscillation

Definition B.1 A sequence of functions (u®) is e-oscillating if it is bounded
in L2 (RY) and for all ¢ € C(RY), limsup, [, |pué|2dé — 0 as p — oo.

loc e&|>
Definition B.2 A sequence of functions (u®) is strongly e-oscillating if it
is bounded in L2 _(R?) and for some order s > 0 : for all p € CZ(R?),

loc

(|leDg|*puf) is bounded in L?(R?).

Definition B.3 A sequence of functions (u®) is e-oscillating in x4 if it is
bounded in L2 (R?) and for all ¢ € C*(RY), limsup. fl6£d|>p |Qué|2de — 0
as p — oo. A sequence of functions (u) is strongly e-oscillating in x4 if
it is bounded in L2 (RY) and for some order s > 0 : for all ¢ € CZ(RY),

loc

(|e Dy, |*pu®) is bounded in L*(R?).
Lemma B.4 (i) For all s € [0,1/2], for all f € H*(R),
11 D2l " Losofllz2@y < Csll|Dal”fllz2w)-
(i) If X € C(R) satisfies x(€) < Oy (€)™ then
ke N, k< M+ s, [x(eDa) (Do) Losol 2w = O(E°).

Lemma B.5 (i) If the sequence (u®) is e-oscillating (respectively strongly e-
oscillating, e-oscillating in x4), then its truncation (1,,51u%) is -oscillating
(respectively strongly e-oscillating, e-oscillating in x4).

(ii) If (u®) and (eD,,)* ) are bounded in L} _(RL) for some K € N*, and
if for all k € N such that k < K, the sequences of traces (u3|z,—1) of uj, =
(eD,,)fus are bounded in L7 (RYY), then for all k < K, the sequence of
extensions (u°,) of ug by zero is e-oscillating in x,.

The reader can find the proofs of these results for instance in L.
Miller [Mil2].
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C Tangential test operators

We give here the proofs of the results on tangential test operators.

Proof of; Lemma 4.4.5:
Let w € C?(Riflg,l). Then, for all kK € N,

(w€g )" (2,eDy) = (w€3)" (w, €Dz )e Dy, + %(Dxdwgi)w(lﬂ eD,) (C.1)

—eD,,(wE)" (z,eD,) — %(Dwdwfg)w(x, eD,). (C.2)

Hence, by induction, we get that for all ¢° € T™(RY), there exist wy, €
C>°(R??1) such that

¢ =Y Q(eD,,)" + <67, (C.3)
k=0
where QF = wi(2,eD,) and ©° = S7—) "1 *05 | with 6 € TF(R?).

Thanks to (C.3), it suffices to prove the lemma for operators of the form
¢F =S Q% (eD,,)*. Using lemma B.5 i) and ii), we obtain that for 0 <
k <2,us = 1y,31(eDy,)*u is e-oscillating. Since Qf, contains no derivative
with respect to the x4 variable, we get that Qfug ; is e-oscillating, and it is
compactly supported uniformly with respect to €. Thus, using Lemma B.4(i),
we get

HXO(EDM)Q}? ((ngd)kufl: - ufl:,k) HL2 - O(ES)

for some s € (0,%). Thus, point (i) is proved.

—
L2

Since Qfug ; is e-oscillating, we have lim sup, _,, H <X(%Dxd) —1) Qiuik‘

0 as p — +o0. Hence, limsup,_,, H (X(%Dxd) _ 1)¢sui

, 0as p— 400
L

and point (ii) follows from point (i) with xo(&4) = X(%d). O
Proof of Lemma 4.4.6:

Let w € C®°(R*1). We denote QF = w¥(x,eD,).
At the first order, using the relation (C.2) and integrating by parts, we obtain

(Wea)"(w,eDa)v, 1), = (eDr, 20, u), — %((Dl'dw)wv7u):|:
= Fie (Qv,u) . + (

= +ie (Qev, u)
= +ie (Qev, u)
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At order 2, we first use the relations (C.1) and (C.2) to compute

2

w 154 8 w
(W) = (eD4,)Q%(eDy,) + Z(Didw) :
Hence,
2
€ € w
((wgs)w(l‘, ED$)U7 u):l: = (ngdQ ngd'Ua u):t + Z((D?gdw) U,u)i

2

19

= +ie (€D, v, u)r + (¢Dy,v, (Qa)*z—:DJCdu)jE + 1 ((Didw)wv, u)jE

= +ie (e D, v, u)r +ie (v, () eDyu)r + (v,eD,, () €Dy u) 1
2

e
+Z ((Didw)wv, U)

= i (QeD,,v, u)r + ie(Qv, e Dy u)r + (v, ((w{ﬁ)w)*u)i,

+

which ends the proof. O
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