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M. GÉRARD Patrick
M. HARAUX Alain

Mme RAUGEL Geneviève (directrice)
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partie de mon jury.
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Chapitre 1 : Introduction

Cette thèse a pour sujet l’étude qualitative de la dynamique des équations des ondes
amorties. Nous considèrerons en particulier l’équation des ondes amorties à l’intérieur d’un
ouvert borné Ω ⊂ Rd :

{

utt + γ(x)ut = ∆u+ f(x, u) sur Ω
∂u
∂ν

= 0 sur ∂Ω
(0.1)

où γ ≥ 0 est une fonction bornée sur Ω et strictement positive sur un ouvert non vide de
Ω, et l’équation des ondes amorties sur le bord de Ω :

{

utt = ∆u+ f(x, u) sur Ω
∂u
∂ν

+ g(x)ut = 0 sur ∂Ω
(0.2)

où g ≥ 0 est une fonction bornée sur ∂Ω et strictement positive sur un ouvert non vide de
∂Ω.
Ces équations interviennent dans de nombreuses modélisations de phénomènes vibratoires,
comme les déplacements d’ondes sonores dans l’air, la propagation de vibrations dans un
objet... L’existence locale ou globale des solutions de ces équations est connue depuis long-
temps, mais leur étude qualitative ne s’est développée que récemment.
Les résultats principaux de cette thèse concernent la stabilité de la dynamique des équations
(0.1) et (0.2) et l’étude de la convergence de la dynamique de l’équation (0.1) vers celle
de (0.2) quand γ(x) tend vers g(x) ⊗ δx∈∂Ω au sens des distributions. Entre autres, nous
démontrons, en dimension d = 1, la généricité de la propriété de Morse-Smale par rapport à
la non-linéarité f(x, u). Ces résultats permettent en particulier de justifier la modélisation
à l’origine de l’équation (0.2).
Cette introduction se veut un aperçu rapide des résultats de cette thèse. Dans un premier
temps, nous rappelons les motivations physiques et mathématiques à l’origine de ce travail,
puis nous exposons de façon informelle les résultats obtenus, enfin, nous présentons dans
un dernier paragraphe le plan général de cette thèse.

1 Problèmes de stabilité de la dynamique

1.1 Motivations physiques

La nature, ou plutôt la modélisation que l’on en fait, regorge de systèmes dynamiques,
c’est-à-dire de systèmes qui évoluent dans le temps de façon déterministe. La compréhension
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de la dynamique de ces systèmes est aujourd’hui nécessaire pour un grand nombre d’appli-
cations pratiques. On peut citer par exemple les prévisions météorologiques, l’évolution
des écosystèmes, la propagation d’ondes cérébrales, la trajectoire d’une sonde spatiale ou
l’effet du vent sur un pont suspendu. Afin de mieux comprendre ces systèmes complexes,
il est nécessaire de faire des approximations et des simplifications. On peut par exemple
ne prendre en compte que les espèces principales d’un écosystème ou bien considérer un
fil, qui est un objet tridimensionnel, comme un objet unidimensionnel en négligeant son
épaisseur. Par ailleurs, la discrétisation d’un problème, préalable à tout calcul numérique,
est une grande source de simplifications, les ordinateurs n’effectuant pas de calculs sur des
objets continus mais sur leur approximation par des points ou des polygônes. On peut
aussi citer des approximations d’ordre historique : la mécanique newtonienne n’est que la
limite de la mécanique relativiste quand la vitesse de la lumière tend vers l’infini. Enfin,
rappelons que toute mesure de paramètres physiques est source d’erreurs.

L’étude du système approché permet-elle de décrire le comportement du
système initial ?
La réponse à cette question dépend des applications et de ce que l’on veut savoir sur le
système initial. Dans certains cas, on ne s’intéresse qu’à une évolution sur un temps fini
donné, par exemple la météo sur plusieurs jours. Il suffit alors que les trajectoires du système
approché soient assez proches de celles du système réel dans le laps de temps donné. Dans
d’autres cas, on souhaite connâıtre l’évolution générale du système pour des temps très
grands, par exemple savoir si une espèce animale survivra ou finira par s’éteindre dans les
décennies à venir, ce qui est a priori différent de savoir si la population grandira ou pas
dans les prochaines années. Une telle étude nécessite que la dynamique qualitative globale
du système approché soit semblable à celle du système réel, c’est-à-dire que la dynamique
du système soit stable sous la perturbation provenant de l’approximation du modèle. Nous
insistons sur le fait que la convergence des trajectoires sur des temps finis n’entrâıne pas
la stabilité de la dynamique, en présentant ci-dessous l’exemple d’une famille de systèmes
dynamiques dépendant d’un paramètre ε, qui subit une bifurcation de type Hopf.

ε < 0 ε > 0

dynamique de type source dynamique de type puits

ε = 0

Les trajectoires varient de façon continue, mais la dynamique globale change radicalement
en ε = 0 et est donc instable en ce point.
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1.2 Approche et motivations mathématiques

Il est connu que la question de la stabilité de la dynamique est liée à la propriété
de Morse-Smale. Soit X un espace de Banach et soit S(t) un système dynamique sur X
qui est de type gradient (comme dans tout le reste de ce paragraphe, nous renvoyons au
chapitre 2 pour plus de détails). On dit que le système gradient S(t) vérifie la propriété
de Morse-Smale si ses points d’équilibre sont en nombre fini, sont tous hyperboliques et si
leurs variétés stables et instables se coupent transversalement. Soient Λ un espace métrique
et (Sλ(t))λ∈Λ une famille de systèmes dynamiques gradients sur X vérifiant des propriétés
d’unicité rétrograde adéquates. Il a été prouvé que si Sλ0(t) vérifie la propriété de Morse-
Smale et si Sλ(t) converge de façon suffisamment régulière vers Sλ0(t) quand λ tend vers
λ0, alors la dynamique est stable par rapport à λ dans un sens qui sera précisé au chapitre
2.
Si les systèmes Sλ(t) sont définis sur des variétés compactes de dimension finie, savoir si
Sλ(t) converge de façon suffisamment régulière vers Sλ0(t) est assez simple. De plus, on sait
que presque tous les systèmes dynamiques gradients définis sur des variétés compactes de
dimension finie vérifient la propriété de Morse-Smale. Il est donc relativement aisé d’obte-
nir dans ce cas la stabilité de la dynamique sous l’effet d’une perturbation.
Comme les modèles physiques font souvent appel à des équations aux dérivées partielles
qui engendrent des systèmes dynamiques définis sur des espaces de dimension infinie, la
question de la généralisation des résultats, de la dimension finie à la dimension infinie, se
pose tout naturellement. D’une part, on veut savoir quelles sont les équations aux dérivées
partielles qui satisfont la propriété de Morse-Smale, d’autre part on doit étudier les pertur-
bations qui nous intéressent pour savoir si la convergence de la famille de systèmes Sλ(t)
vers Sλ0(t) est suffisamment régulière pour obtenir la stabilité de la dynamique. Notons que
pour des systèmes de dimension infinie, cette convergence peut être très faible. Ceci nous
amènera dans cette thèse à généraliser les résultats de stabilité connus à des perturbations
peu régulières.

2 Généricité de la propriété de Morse-Smale

Il est en général très difficile de savoir si une équation aux dérivées partielles donnée
engendre un système dynamique S(t) de type Morse-Smale. De plus, on ne connait pas
forcément S(t) de manière précise : généralement, on sait simplement que S(t) appartient
à une famille de systèmes dynamiques Sµ(t) où µ est un ensemble de paramètres que
l’on ne peut mesurer exactement. C’est pourquoi, on souhaite en général montrer que
la propriété de Morse-Smale est vérifiée pour presque tous les éléments d’une famille de
systèmes dynamiques Sµ(t), où µ est un paramètre pertinent du point de vue physique.
Ainsi, on montre dans cette thèse que les systèmes dynamiques engendrés par l’équation
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des ondes






utt(x, t) + γ(x)ut(x, t) = uxx(x, t) + f(x, u(x, t)) (x, t) ∈]0, 1[×R+

u(0, t) = 0 ou ux(0, t) = 0 t ≥ 0
u(1, t) = 0 ou ux(1, t) = 0 t ≥ 0

(2.1)

où γ ≥ 0 est une fonction bornée sur ]0, 1[ et strictement positive sur un sous-intervalle de
]0, 1[, et par l’équation des ondes amorties sur le bord







utt(x, t) = uxx(x, t) + f(x, u(x, t)) (x, t) ∈]0, 1[×R+

−ux(0, t) + g0ut(0, t) = 0 t ≥ 0
ux(1, t) + g1ut(1, t) = 0 t ≥ 0

(2.2)

où g0 et g1 sont deux réels positifs différents de un et pas tous les deux nuls, vérifient
la propriété de Morse-Smale génériquement par rapport à la non-linéarité f(x, u) (voir
chapitre 4).
Ce résultat est en grande partie lié aux propriétés spectrales des opérateurs linéaires associés
à ces deux équations. Par exemple, dans le cas de l’équation (2.1), il est connu que le spectre
de l’opérateur

A =

(

0 Id
∂xx −γ(x)

)

a une structure très particulière : la suite des parties réelles de ses valeurs propres est
bornée et n’a qu’un seul point d’accumulation égal à −1

2

∫ 1

0
γ(x)dx, et de plus, les vecteurs

propres de A forment une base de Riesz. La preuve de la généricité de la propriété de
Morse-Smale passe aussi par l’étude spectrale de l’opérateur

Ae = A+

(

0 0
f ′

u(x, e) 0

)

,

qui est la linéarisation de (2.1) autour d’un point d’équilibre (e, 0). On montre par exemple
que Ae vérifie les mêmes propriétés spectrales que A et que ses valeurs propres sont simples
génériquement par rapport à la non-linéarité f .

3 Étude d’une perturbation

Pour montrer la stabilité de la dynamique sous l’effet d’une perturbation, outre le
fait que le système limite est de Morse-Smale, il faut montrer que la convergence vers le
système limite est suffisamment régulière. Dans le chapitre 5 de cette thèse, nous étudions
la convergence de la dynamique de l’équation (0.1) vers celle de (0.2) quand γ(x) tend vers
g(x)⊗δx∈∂Ω au sens des distributions. Cela a pour but de justifier le modèle (0.2) qui découle
de la simplification suivante : si la dissipation γ(x) de (0.1) est suffisamment localisée sur
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le bord du domaine, on peut la remplacer par une dissipation de type fonction de Dirac
g(x)⊗δx∈∂Ω pour simplifier le problème. L’étude de cette convergence se fait principalement
en comparant, quand ils existent, les attracteurs globaux compacts des équations (0.1)
et (0.2), les attracteurs étant des objets très caractéristiques de la dynamique globale
des systèmes. En dimension d = 1 et sous des hypothèses naturelles, nous prouvons la
convergence des attracteurs dans H1(Ω)×L2(Ω) ainsi que la stabilité de la dynamique des
flots restreints à ces attracteurs. En dimension supérieure à un, on n’obtient en général
qu’une convergence des attracteurs dans H1−ε(Ω) × H−ε(Ω) pour tout ε > 0.
Le fait que le résultat en dimension supérieure ou égale à deux soit plus faible que celui
obtenu en dimension un est lié à un problème de théorie du contrôle. Soit Ω un ouvert
borné régulier de Rd, on pose X = H1(Ω)×L2(Ω). Soit (γn(x))n∈N une suite de dissipations
convergeant vers g(x) ⊗ δx∈∂Ω et soit An l’opérateur

An =

(

0 Id
∆ −γn(x)

)

D(An) = H2(Ω) × H1(Ω) .

Il est aujourd’hui bien connu que des arguments d’optique géométrique donnent des condi-
tions nécessaires et suffisantes sur le support de γn(x) pour l’existence de deux familles de
constantes strictement positives Mn et λn telles que

∀n ∈ N, ∀t ≥ 0, ‖eAnt‖L(X) ≤Mne
−λnt . (3.1)

L’estimation (3.1) est suffisante pour comparer les attracteurs de (0.1) et (0.2) dans
H1−ε(Ω) × H−ε(Ω) pour tout ε > 0. Toutefois, la comparaison des attracteurs dans X
nécessite une estimation plus précise telle que l’existence de deux constantes strictement
positives M et λ, indépendantes de n, telles que

∀n ∈ N, ∀t ≥ 0, ‖eAnt‖L(X) ≤Me−λt . (3.2)

Dans cette thèse, nous ferons une étude complète de (3.2) dans le cas de la dimension
d = 1, mais le cas de la dimension supérieure reste essentiellement ouvert.

4 Notes sur les chapitres suivants

Cette thèse a été rédigée en considérant que le lecteur connait principalement la théorie
des équations aux dérivées partielles. Le chapitre 2 a pour but d’introduire les notions
et définitions classiques de la théorie des systèmes dynamiques qui seront utiles à la
compréhension de cette thèse. On y trouvera aussi une revue des résultats antérieurs,
ainsi que des références.
Le chapitre 3 consiste en un aperçu rapide des résultats de cette thèse. Y sont résumés les
énoncés des principaux théorèmes, les difficultés rencontrées lors de leur démonstration et
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les idées nouvelles mises en place pour les surmonter.
Les chapitres 4 et 5 sont le coeur de cette thèse. Ils énoncent les résultats obtenus et
donnent leur démonstration. Il s’agit de deux articles destinés à être publiés, aussi sont-ils
écrits en anglais. Le premier est déjà publié dans le Journal de Mathématiques Pures et
Appliquées no84 (2005).
Le chapitre 6 est une annexe. Il regroupe des suppléments au chapitre 5 et un nouvel
exemple d’équations des ondes de type gradient.
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Chapitre 2 : Perturbations et stabilité dans
les systèmes dynamiques

Le but de ce chapitre est de présenter les notions classiques de la théorie des systèmes dy-
namiques qui seront utilisées dans cette thèse. On y passera aussi en revue les problématiques
et les résultats connus concernant la stabilité structurelle de la dynamique des équations
différentielles ordinaires et des équations aux dérivées partielles.

1 Problèmes de stabilité : le formalisme mathémati-

que

Pour simplifier, nous nous limiterons ici aux systèmes dynamiques appelés semi-groupes.

Définition 1.1. Soit r un entier positif ou nul. Soit X un espace de Banach et M une
sous-variété de X de classe Cr. La famille (S(t))t∈R+ d’applications de M dans M est
appelée semi-groupe non-linéaire de classe Cr, ou simplement semi-groupe Cr, si :
i) S(0) = Id,
ii) pour tout temps positifs t et s, S(t)S(s) = S(t+ s),
iii) l’application S : (t, U) 7−→ S(t)U est de classe C0(R+ ×M,M) et toutes ses dérivées
de Fréchet en U jusqu’à l’ordre r sont de classe C0(R+ ×X,X).
On dit que (S(t))t∈R est un groupe de classe Cr si les trois propriétés précédentes sont
vraies pour t et s dans R.

Dorénavant, nous entendrons par système dynamique, ou semi-groupe, un semi-groupe
de classe C0.
Notons que l’on peut aussi définir des systèmes discrets, où la dynamique ne correspond
plus à une évolution continue pendant un temps t ≥ 0 mais un nombre n ∈ N d’itérations
d’un processus.
Nous rappelons ici quelques définitions classiques.

Définition 1.2. Une trajectoire définie sur un intervalle I est une fonction U ∈ C0(I,X)
telle que pour tout t ∈ I et t′ ≥ 0 tel que t + t′ ∈ I, U(t + t′) = S(t′)U(t). Si I = R, on
parle de trajectoire complète.
L’orbite positive d’un borné B est l’ensemble {S(t)x / t ≥ 0, x ∈ B}.
On appelle point d’équilibre un élément e ∈ X tel que pour tout t positif, S(t)e = e.
On appelle orbite périodique de plus petite période T une trajectoire complète U(t)
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vérifiant U(t + T ) = U(t) pour tout t ≥ 0, et telle que cette propriété ne soit pas vérifiée
pour un temps T ′ ∈]0, T [.
L’ensemble ω-limite d’un point U0 est l’ensemble des points x ∈ X tels qu’il existe une
suite de temps (tn)n∈N croissant vers +∞ telle que S(tn)U0 converge vers x.
L’ensemble α-limite d’un point U0 est l’ensemble des points x ∈ X tels qu’il existe une
trajectoire (U(t))t≤0 avec U(0) = U0 et une suite de temps (tn)n∈N décroissant vers −∞
telle que U(tn) converge vers x.
Une trajectoire homocline est une trajectoire complète U(t) telle que l’ensemble ω−limite
de U(0) et l’ensemble {x ∈ X / ∃(tn) → −∞, U(tn) → x} sont égaux et sont restreints à
un seul point d’équilibre ou à une seule orbite périodique.
Une trajectoire hétérocline est une trajectoire complète U(t) telle que l’ensemble ω−limite
de U(0) et l’ensemble {x ∈ X / ∃(tn) → −∞, U(tn) → x} sont distincts et sont chacun
restreints à un seul point d’équilibre ou à une seule orbite périodique.

Soit Λ un espace métrique. Les problèmes de perturbations sont modélisés par une
famille (Sλ(t))λ∈Λ de semi-groupes C0. Sλ0(t) correspond au système dynamique initial et
pour λ proche de λ0, Sλ(t) correspond au système approché, que l’on espère de plus en
plus proche de Sλ0(t) quand λ tend vers λ0. Dire que Sλ(t) est une bonne approximation
de Sλ0(t) sur des temps finis revient par exemple à montrer une estimation du type :

∀T2 > T1 ≥ 0, ∀M > 0, sup
‖U‖X≤M

sup
t∈[T1,T2]

‖Sλ0(t)U − Sλ(t)U‖X −→ 0 quand λ −→ λ0 ,

ou une estimation plus faible dans le cas de perturbations singulières.
Si l’on souhaite faire une étude asymptotique, la convergence en temps fini ne suffit pas.
Obtenir une convergence de toutes les trajectoires en temps infini est en général illusoire. Il
faut alors se restreindre soit à l’étude d’un comportement qualitatif locale, comme l’attrac-
tivité d’un point d’équilibre, soit à l’étude de la convergence d’ensembles caractéristiques
de la dynamique comme par exemple les attracteurs compacts globaux.

Définition 1.3. On dit qu’un ensemble S1 ⊂ X attire un ensemble S2 ⊂ X si

sup
x∈S2

distX(S(t)x,S1) −→ 0 quand t→ +∞,

où distX est la distance d’un point à un ensemble

distX(x,S1) = inf
y∈S1

‖y − x‖X .

Un attracteur global compact A pour un système S(t) est un ensemble compact, inva-
riant par le flot (pour tout t ≥ 0, S(t)A = A) et qui attire tous les bornés de X.
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De nombreux systèmes physiques dissipatifs, autrement dit dont l’énergie décroit avec
le temps, possèdent un attracteur compact global. Remarquons que cet attracteur contient
toutes les trajectoires complètes.
Soit Sλ0(t) un système qui admet un attracteur compact Aλ0. Supposons que ses per-
turbations Sλ(t) admettent aussi un attracteur compact Aλ. Une première étape dans la
comparaison qualitative de la dynamique est l’étude de la convergence de Aλ vers Aλ0 en
tant qu’ensembles. Ainsi, dans le cas de l’étude d’une population animale, si Aλ0 = {0}
(c’est-à-dire si la population finit toujours par s’éteindre), la continuité des attracteurs
indique que Aλ est un ensemble très proche de {0} (c’est-à-dire que la population finit
toujours par devenir très petite). Enfin, pour affiner l’étude, on peut chercher à compa-
rer la dynamique restreinte à l’attracteur, par exemple en comparant les diagrammes de
phase : si l’attracteur limite comprend n points d’équilibres et m orbites périodiques, on
souhaite qu’il en soit de même pour l’attracteur perturbé et que les connexions homoclines
et hétéroclines soient conservées. Dans le cas de l’exemple simple Aλ0 = {0}, la conserva-
tion du diagramme de phase signifie que Aλ se réduit à un point d’équilibre unique.

2 Propriété de Morse-Smale et résultats de stabilité

2.1 Systèmes dynamiques sur des variétés compactes de dimen-

sion finie

Soit Md ⊂ Rk une variété compacte sans bord de dimension finie d et r ≥ 1. Soit
F un champ de vecteurs de classe Cr, c’est-à-dire une fonction de Cr(Md,Rk) telle que
F (x) appartienne à l’espace tangent TxMd. En définissant les trajectoires U(t) comme les
solutions de l’équation différentielle ordinaire d

dt
U(t) = F (U(t)), on obtient un système

dynamique SF (t). Dans la suite, nous considérons uniquement les systèmes dynamiques
sur Md de ce type. Notons que pour r ≥ 1, les trajectoires de tels systèmes sont toujours
prolongeables en des trajectoires complètes et que ces systèmes satisfont la propriété de
groupe d’opérateurs. De plus, comme Md est compacte, l’ensemble ω− ou α−limite de
tout point est non-vide. Pour plus de détails sur les notions de ce paragraphe ou pour les
preuves des propositions, nous renvoyons le lecteur au livre de Palis et De Melo [44] et à
celui de Shub [61].

Définition 2.1. Un point d’équilibre e est dit hyperbolique si la différentielle du système
en e DSF (e)(1) : TeMd −→ TeMd n’a pas de valeur propre sur le cercle unité. Une
orbite périodique U(t) de période T est dite hyperbolique si la différentielle DSF (U(0))(T ) :
TU(0)Md −→ TU(0)Md de SF (T ) en U(0) n’a pas de valeur propre sur le cercle unité autre
que 1 et que 1 est une valeur propre simple.
Un ensemble S ⊂ Md est dit positivement invariant si pour tout t ≥ 0, SF (t)S ⊂ S et
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invariant si pour tout t ≥ 0, SF (t)S = S.
Soit S ⊂ Md un ensemble invariant. On appelle respectivement ensemble stable et
ensemble instable de S les ensembles

W s(S) = {U0 ∈ Md / distX(SF (t)U0,S) −→ 0 quand t −→ +∞}

et
W u(S) = {U0 ∈ Md / il existe une trajectoire (U(t))t∈R−

, telle que

U(0) = U0 et distX(U(t),S) −→ 0 quand t −→ −∞}
Soit U(t) un point d’équilibre hyperbolique ou une orbite périodique hyperbolique et soit
O = ∪t∈RU(t). Soit V un voisinage de O, on appelle variété stable locale l’ensemble

W s(O,V) = {x0 ∈ V / ∀t ≥ 0, SF (t)x0 ∈ V} ,

et on appelle variété instable locale l’ensemble

W u(O,V) = {x0 ∈ V / il existe une trajectoire (x(t))t∈R−
, telle que

x(0) = x0 et ∀t ≤ 0, x(t) ∈ V} .
Si W s(O,V) est un voisinage de O, on dit que O est un puits, si W u(O,V) est un voisinage
de O, on dit que O est une source, autrement, on dit que O est un point selle.

Remarques : Dans le cas d’un système du type SF (t) en dimension finie, un point
d’équilibre est hyperbolique si et seulement si l’opérateur DF (e) : TeMd −→ TeMd n’a
pas de valeur propre sur l’axe imaginaire.
Toujours dans le cas de la dimension finie, une orbite périodique U(t) de plus petite période
T est hyperbolique si et seulement si U(0) est un point d’équilibre hyperbolique de l’appli-
cation de Poincaré. Rappelons que l’application de Poincaré Φ est l’application de premier
retour définie comme suit. Soit θ un disque transverse à la trajectoire périodique et tel que
θ ∩ {U(t), t ∈ [0, T [} = U(0). Pour x ∈ θ suffisamment proche de U(0), il existe un temps
t > 0 tel que S(t)x ∈ θ et on définit Φ(x) = S(Tmin(x))x où Tmin(x) est le plus petit temps
t > 0 tel que S(t)x ∈ θ. Cette remarque reste vraie pour certains systèmes dynamiques
de dimension infinie comme ceux engendrés par une équation parabolique (voir le livre de
Henry [28]).
Dans le cas de systèmes dynamiques définis sur des espaces non compacts, on appelle puits,
sources ou points selles les points d’équilibres qui sont des puits, sources ou points selles
du système restreint à un compact invariant caractéristique de la dynamique, typiquement
un attracteur local ou global.

Les variétés stables et instables sont reliées à leur version locale par la proposition
suivante.

10



Proposition 2.2. Soit U(t) un point d’équilibre hyperbolique ou une orbite périodique
hyperbolique et soit O = {U(t) / t ∈ R}. Il existe un voisinage V0 de O tel que pour tout
voisinage V ⊂ V0 de O, W s(O,V) (resp. W u(O,V)) est une variété et est contenue dans
W s(O) (resp. W u(O)). De plus, on a

W s(O) =
⋃

t≤0

SF (t)W s(O,V) et W u(O) =
⋃

t≥0

SF (t)W u(O,V) .

Par abus de langage, W s(O) et W u(O) sont respectivement appelées variété stable
et variété instable de O, même dans les cas où il ne s’agit pas de variétés.
On peut maintenant définir la propriété de Morse-Smale.

Définition 2.3. On appelle ensemble errant l’ensemble des points qui possèdent un voi-
sinage V tel qu’il existe un temps T > 0 tel que SF (t)V ∩ V = ∅ pour tout |t| ≥ T . Son
complémentaire est appelé ensemble non-errant.
On dit qu’un système dynamique satisfait la propriété de Morse-Smale si :
i) son ensemble non-errant est réduit à l’ensemble des points d’équilibre et des orbites
périodiques,
ii) les éléments de l’ensemble non-errant sont tous hyperboliques et sont en nombre fini,
iii) les variétés stables et instables des éléments non-errants se coupent transversalement,
c’est-à-dire qu’en tout point d’intersection, la somme des espaces tangents est égale à l’es-
pace tangent tout entier.

Soit SF (t) un système dynamique qui satisfait à la propriété de Morse-Smale. On ap-
pelle diagramme de phase de SF (t) le graphe orienté dont les sommets sont les points
d’équilibre et les orbites périodiques et dans lequel deux sommets sont reliés s’il existe une
orbite hétérocline entre les deux éléments (le sens de l’arête étant celui du temps sur l’orbite
hétérocline).

Remarque : Dans ii), l’hypothèse que les équilibres et les orbites périodiques sont en
nombre fini est redondante avec l’hypothèse d’hyperbolicité dans le cas d’une variété com-
pacte. Nous l’incluons en vue de la généralisation au cas de la dimension infinie.
De plus, un système de Morse-Smale ne peut avoir d’orbite homocline. En effet, si O est un
point d’équilibre ou une orbite périodique, on a dim(W s(O)) + dim(W u(O)) = d. Il n’est
donc pas possible que W s(O) ∩W u(O) contienne une trajectoire et que cette intersection
soit transverse.

L’intérêt de la propriété de Morse-Smale est qu’elle est une condition suffisante à la
stabilité de la dynamique (voir [43] et [45]).

Théorème 2.4. Soit r ≥ 1, soit F ∈ Cr(Md) et soit SF (t) le système dynamique associé.
Si SF (t) satisfait la propriété de Morse-Smale, alors la dynamique de SF (t) est stable dans
le sens suivant. Il existe un voisinage V de F dans Cr(Md) tel que pour tout G dans V, le
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système dynamique associé SG(t) satisfait la propriété de Morse-Smale et a un diagramme
de phase isomorphe à celui de SF (t). De plus, il existe un homéomorphisme h de Md en-
voyant les trajectoires de SG(t) sur celles de SF (t) en conservant le sens du temps.

La question est de savoir si la propriété de Morse-Smale est vérifiée pour “presque tous”
les systèmes, c’est-à-dire si c’est une propriété générique.

Définition 2.5. Soit X un espace de Banach, un sous-ensemble de X est dit générique
s’il contient une intersection dénombrable d’ouverts denses (en particulier il s’agit d’un
ensemble dense d’après le théorème de Baire). Une propriété est dite générique si elle est
vérifiée par un ensemble générique d’éléments.

Sur une variété compacte de dimension d = 2, la propriété de Morse-Smale peut être
reformulée. Il est alors possible de montrer sa généricité. On trouvera la preuve originale
du cas des surfaces orientables dans [47] et celle pour les surfaces quelconques dans [53].
On pourra aussi se référer à [44], qui contient une autre preuve du cas orientable.

Proposition 2.6. On suppose que d = 2. Un système dynamique SF (t) satisfait la pro-
priété de Morse-Smale si et seulement si :
i) tous ses points d’équilibre et ses orbites périodiques sont hyperboliques,
ii) tout ensemble ω− ou α−limite d’une trajectoire complète se réduit à un seul point
d’équilibre ou une seule orbite périodique,
iii) il n’existe pas d’orbite complète dont les ensembles ω− et α−limite sont tous les deux
des points selles.

Si r ≥ 1 et si la surface M2 est orientable, alors SF (t) satisfait la propriété de Morse-
Smale pour un ensemble générique de champs de vecteurs F de classe Cr sur M2.
Si la surface M2 est quelconque, alors SF (t) satisfait la propriété de Morse-Smale pour un
ensemble générique de champs de vecteurs F de classe C1 sur M2.

Pour obtenir la généricité de la propriété de Morse-Smale en dimension d supérieure ou
égale à 3, il faut se restreindre à la classe des champs de vecteurs gradients de classe Cr,
c’est-à-dire des champs F tels qu’il existe un champ de vecteurs G de classe Cr+1 tel que

F = −−→∇G. Nous soulignons que la quantité G(U(t)) décrôıt strictement le long des trajec-
toires U(t) d’un tel système, excepté bien sûr dans le cas où U(t) est un point d’équilibre.
En particulier, les systèmes gradients n’ont ni d’orbites périodiques, ni d’orbites homoclines.

Proposition 2.7. Soit d ≥ 2 et r ≥ 1, la propriété de Morse-Smale est générique dans
l’ensemble des champs de vecteurs gradients de classe Cr sur Md.
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Ce résultat provient de l’équivalence entre la propriété de Morse-Smale et celle de
Kupka-Smale pour les systèmes dynamiques gradients sur une variété compacte.

Définition 2.8. On dit qu’un système dynamique satisfait la propriété de Kupka-Smale
si :
i) ses équilibres et orbites périodiques sont tous hyperboliques,
ii) les variétés stables et instables des équilibres et orbites périodiques se coupent transver-
salement.

La proposition 2.7 se déduit donc du résultat de généricité suivant (voir [35], [62] et
aussi [44]).

Proposition 2.9. Soit d ≥ 2 et r ≥ 1, la propriété de Kupka-Smale est générique dans
l’ensemble des champs de vecteurs de classe Cr sur Md.

2.2 Systèmes dynamiques sur Rd

Soit F une fonction de Cr(Rd), on peut lui associer un système dynamique SF (t) exacte-
ment comme dans le paragraphe précédent. La différence avec le cas de la variété compacte
est la perte de la compacité. En particulier, les trajectoires peuvent exploser en temps fini.
Afin d’éviter cela, il peut être commode de se restreindre aux systèmes dissipatifs.

Définition 2.10. On dit qu’un système dynamique est dissipatif sur les points (resp. les
bornés), s’il existe un borné B qui attire tous les points (resp. tous les bornés).

Il est clair qu’un système dissipatif sur les bornés l’est a fortiori sur les points. La
compacité locale de X = Rd implique que la réciproque est aussi vraie pour un système
dynamique sur Rd.

Proposition 2.11. Soit S(t) un système dynamique continu sur Rd, alors S(t) est dissi-
patif sur les points si et seulement si il est dissipatif sur les bornés.

Démonstration : Le seul sens de l’équivalence à montrer est que si S(t) est dissipatif sur
les points, il l’est aussi sur les bornés. Supposons donc que B est un borné qui attire les
points sous la dynamique de S(t). Soit ε > 0, on pose Bε = {x ∈ Rd / infb∈B ‖x− b‖ ≤ ε}
et γε = ∪t≥0S(t)Bε. Soit K un borné de Rd. Par dissipation et par continuité, pour tout
point x ∈ K, il existe un voisinage Vx de x et un temps tx tel que S(tx)Vx ⊂ Bε. Comme
K est compact, on peut le recouvrir par un nombre fini de voisinages Vx1 ,..., Vxp et si on
pose T = max{txi

, i = 1, ..., p}, on a

∀t ≥ T, S(t)K ⊂ γε .

Il reste à montrer que γε est borné. En raisonnant comme pour K, on trouve un nombre fini
d’ouverts V1,..., Vq et de temps t1,...,tq tels que Bε ⊂ ∪iVi et S(ti)Vi ⊂ Bε. Soit T = max{ti},
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on a donc que pour tout t ≥ 0, S(t)Bε ⊂ ∪τ=T
τ=0 S(τ)Bε et donc que γε ⊂ ∪τ=T

τ=0 S(τ)Bε. Le
système S(t) étant continu, ∪τ=T

τ=0 S(τ)Bε est borné et γε est donc un ensemble borné qui
attire tous les bornés de Rd. �

Dans ce paragraphe, nous parlerons simplement de systèmes dissipatifs. Les orbites d’un
système dissipatif étant bornées pour des temps positifs, elles n’explosent pas et possèdent
donc un ensemble ω−limite. Par contre, même si l’unicité rétrograde reste vraie pour des
systèmes de type SF (t), une trajectoire n’est pas forcément définie pour tous les temps
négatifs.
Dans le cas d’un système gradient, on peut reconnâıtre le caractère dissipatif par l’allure
du potentiel.

Proposition 2.12. Soit G une fonction de classe C1(Rd). On suppose qu’il existe M > 0

telle que pour tout x de norme plus grande que M ,
−→∇G(x) soit non nul, et on suppose que

G est croissante à l’infini dans le sens suivant : il n’existe pas de suite (xn) ⊂ Rd telle que
‖xn‖ tende vers +∞ et G(xn) soit une suite strictement décroisante.

Alors, si F = −−→∇G, le système dynamique SF (t) associé est dissipatif.

G

équilibres hyperboliques

exemple de dynamique dissipative sur la droite

équilibre non hyperbolique

attracteur global

orbite hétérocline

Nous soulignons que pour un système dynamique gradient et dissipatif sur Rd, l’ensemble
des points d’équilibre est borné, et les propriétés de Kupka-Smale et de Morse-Smale sont
équivalentes.
On obtient, comme dans le cas de la variété compacte un résultat de généricité, voir [48].

Théorème 2.13. Soit r ≥ 1. La propriété de Kupka-Smale est générique dans l’ensemble
des champs de vecteurs de classe Cr sur Rd. En particulier, la propriété de Morse-Smale
est générique dans l’ensemble des champs de vecteurs gradients dissipatifs de classe Cr sur
Rd

Toujours par manque de compacité, nous ne pouvons pas espérer que la propriété de
Morse-Smale entrâıne une stabilité de la dynamique sur tout l’espace. Il faut donc, par
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exemple, perturber le système de façon compacte et n’observer que la dynamique res-
treinte à l’attracteur global.

Théorème 2.14. Soit F ∈ C1(Rd) et soit SF (t) le système dynamique associé.
Le système SF (t) est dissipatif si et seulement s’il admet un attracteur global compact AF .
En outre, si SF (t) est dissipatif et satisfait la propriété de Morse-Smale, alors la dyna-
mique de SF (t) est stable dans le sens suivant. Pour tout compact K ⊂ Rd tel que AF est
contenu dans l’intérieur de K, il existe un voisinage V de F|K dans C1(K) tel que pour tout
G ∈ C1(Rd) tel que G|K ∈ V et G = F en dehors de K, le système dynamique associé SG(t)
est dissipatif, satisfait la propriété de Morse-Smale et a un diagramme de phase isomorphe
à celui de SF (t). De plus, il existe un homéomorphisme h de AG dans AF envoyant les
trajectoires de SG(t)|AG

sur celles de SF (t)|AF
en conservant le sens du temps.

2.3 Systèmes dynamiques de dimension infinie

Les systèmes dynamiques qui nous intéressent dans cette thèse sont les systèmes dy-
namiques de dimension infinie engendrés par des équations aux dérivées partielles. Ces
dernières engendrent généralement des systèmes dynamiques S(t) sur un espace de Ba-
nach X de dimension infinie si on associe à toute donnée initiale U0 ∈ X l’unique solution
S(t)U0 = U(t) de l’équation dans X. Toutes les définitions introduites dans les paragraphes
précédents se généralisent au cas de la dimension infinie sans difficultés et il est naturel
de se demander si les résultats obtenus dans le cadre de la dimension finie se généralisent
de même. Comme auparavant, le premier problème est d’obtenir un système dynamique
global, c’est-à-dire que les solutions n’explosent pas en temps fini. De la même façon que
pour Rd, cela peut se faire en supposant que le système généré par l’équation est dissipatif
dans un certain sens. Soulignons que X n’étant plus localement compact, la dissipation sur
les points n’est plus équivalente à la dissipation sur les bornés. Il y a de plus de nouveaux
problèmes : on ne peut pas définir en général les trajectoires pour des temps négatifs, les
trajectoires bornées ne sont plus forcément précompactes et la notion de système gradient
ne peut pas se définir aussi simplement. Cela nous pousse à introduire les notions suivantes.

Définition 2.15. Soit X un espace de Banach. Un système dynamique S(t) : X −→ X
satisfait la propriété d’unicité rétrograde si pour tout t ≥ 0, et pour tous U et V dans
X, l’égalité S(t)U = S(t)V implique que U = V .
Un système dynamique S(t) : X −→ X est dit asymptotiquement compact ou asymp-
totiquement régulier si pour tout fermé borné B de X, il existe un compact non vide
K(B) tel que K(B) attire l’ensemble {x ∈ B / (∪t≥0S(t)x) ⊂ B}.
Un système dynamique S(t) : X −→ X est dit gradient s’il existe une fonctionnelle
Φ ∈ C0(X,R) telle que pour tout U0 ∈ X, la fonction t 7−→ Φ(S(t)U0) est décroissante au
sens large et telle que, si U0 ∈ X vérifie l’égalité Φ(S(t)U0) = Φ(U0) pour tout t ≥ 0, alors
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U0 est un point d’équilibre.

La compacité asymptotique peut se reformuler ainsi.

Proposition 2.16. Un système dynamique S(t) est asymptotiquement compact si et seule-
ment si la propriété suivante est satisfaite. Si B est un borné de X tel qu’il existe un temps
T ≥ 0 tel que l’orbite ∪t≥TS(t)B est bornée, alors pour toutes suites (bn) ⊂ B et tn −→ +∞,
l’ensemble {S(tn)bn} est relativement compact.

On obtient les résultats d’existence d’attracteur suivants.

Théorème 2.17. Soit X un espace de Banach. Un système dynamique S(t) admet un
attracteur global compact A si et seulement si
i) S(t) est asymptotiquement compact,
ii) S(t) est dissipatif sur les points,
iii) pour tout borné B ⊂ X, il existe un temps T tel que l’orbite ∪t≥TS(t)B est bornée.
De plus, A est alors la réunion des ensembles ω−limite des bornés de X et est un ensemble
connexe.

De nombreuses démonstrations de théorèmes à peu près équivalents au théorème ci-
dessus se trouvent dans les références suivantes : [18], [19], [36] et [5] qui contient aussi une
version généralisée aux systèmes multivalués (voir également [66]). Le théorème précédent
et le principe de La Salle entrâınent le résultat suivant.

Proposition 2.18. Soit S(t) un système gradient asymptotiquement compact tel que pour
tout borné B ⊂ X, il existe un temps T tel que l’orbite ∪t≥TS(t)B soit bornée. Si l’ensemble
E des points d’équilibre est borné, alors S(t) admet un attracteur global compact A qui est
l’ensemble instable de E . En outre, si E est un ensemble discret, alors E est un ensemble
fini {e1, e2, ..., ep} et A = ∪p

i=1W
u(ei).

La comparaison de la dynamique d’un système S0(t) à celle d’un système perturbé
Sλ(t) est beaucoup plus difficile dans le cadre de la dimension infinie que dans celui de Rd.
Tout d’abord, la comparaison des attracteurs en tant qu’ensemble n’est pas aussi simple,
d’autant plus que la définition de la proximité des systèmes S0(t) et Sλ(t) est plus complexe
car plusieurs topologie sont possibles. Notons de plus que, afin de simplifier les énoncés
des théorèmes, nous supposerons toujours que les systèmes Sλ(t) sont définis sur un même
espace de Banach X. Toutefois, dans les applications pratiques, ils sont souvent définis sur
des espaces Xλ variant avec le paramètre.
Voici par exemple deux résultats de convergence d’attracteurs tirés de [57] (voir aussi [4]
pour des résultats semblables). En général, la semi-continuité supérieure des attracteurs
découle rapidement de la comparaison des orbites sur des temps finis grâce aux propriétés
d’attraction et d’invariance des attracteurs.
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Théorème 2.19. Soit (Sλ(t))λ∈Λ une famille de systèmes dynamiques telle que pour tout
λ ∈ Λ, Sλ(t) admette un attracteur global compact Aλ. Soit λ0 ∈ Λ, on suppose que l’une
des deux propriétés suivantes est vérifiée :

i) il existe η > 0, T > 0 et un compact K ⊂ X tels que




⋃

‖λ0−λ‖Λ<η

Aλ



 ⊂ K

et tels que pour toutes suites λk −→ λ0 et xk ∈ Aλk
−→ x0, on ait Sλk

(T )xk −→
Sλ0(T )x0,

ou
ii) il existe η > 0, T > 0 et un borné B ⊂ X tels que





⋃

‖λ0−λ‖Λ<η

Aλ



 ⊂ B

et pour tout ε > 0 et t ≥ T , il existe θ ∈]0, η[ tel que pour tout λ tel que ‖λ0 −λ‖ < θ
et pour tout xλ ∈ Aλ, on ait ‖Sλ(t)xλ − Sλ0(t)xλ‖X ≤ ε.

Alors, les attracteurs globaux sont semi-continus supérieurement en λ0, c’est-à-dire
que

sup
xλ∈Aλ

distX(xλ,Aλ0) −→ 0 quand λ −→ λ0 .

Dans le cas d’un système dynamique gradient, l’attracteur n’est rien d’autre que l’en-
semble instable de l’ensemble des points d’équilibre. Ainsi, si les points d’équilibres sont
isolés, un résultat de convergence des variétés instables locales des points d’équilibres per-
met d’obtenir un résultat de convergence globale de l’attracteur.

Théorème 2.20. Soit (Sλ(t))λ∈Λ une famille de systèmes dynamiques gradients telle que
pour tout λ ∈ Λ, Sλ(t) admette un attracteur global compact Aλ. Soit λ0 ∈ Λ, on suppose
que l’hypothèse ii) de la proposition précédente est satisfaite, que le système dynamique
Sλ0(t) n’a qu’un nombre fini de points d’équilibre e1, e2...ep et que Aλ0 = ∪p

i=1W
u
λ0

(ei). On
suppose en outre que pour tout i, il existe un voisinage Vi de ei tel que la variété locale
instable vérifie

sup
x∈W u

λ0
(ei,Vi)

distX(x,Aλ) −→ 0 quand λ −→ λ0 .

Alors, les attracteurs sont semi-continus inférieurement en λ0, c’est-à-dire que

sup
xλ0

∈Aλ0

distX(xλ0 ,Aλ) −→ 0 quand λ −→ λ0 .
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Remarque : On peut obtenir des estimations pour ces convergences mais, même dans
le cas de la semi-continuité supérieure, il faut se restreindre aux systèmes gradients dont
les équilibres sont hyperboliques. En effet, pour de tels systèmes, on peut montrer que
l’attracteur attire les bornés à une vitesse exponentielle (voir [57] et [4]).

Si le système Sλ0(t) satisfait la propriété de Morse-Smale, on peut comparer dans cer-
tains cas les dynamiques du système initial et du système perturbé. Comme dans le cas
des champs de vecteurs sur Rd, il faut se limiter aux restrictions de la dynamique sur
l’attracteur.

Théorème 2.21. Soit k ≥ 1 et soit (Sλ(t))λ∈Λ une famille de semi-groupes de classe Ck

sur un espace de Banach X. On suppose que les systèmes dépendent de manière Ck du
temps et du paramètre dans le sens où pour tout t ≥ 0, la fonction

(λ, U) ∈ Λ ×X 7→ Sλ(t)U ∈ X

est de classe Ck et il existe T > 0 tel que la fonction

(λ, t, U) ∈ Λ×]T,+∞[×X 7→ Sλ(t)U ∈ X

est de classe Ck.
Soit λ0 ∈ Λ tel que Sλ0(t) satisfait la propriété de Morse-Smale. On suppose que pour
tout λ ∈ Λ, le système Sλ(t) admet un attracteur global compact Aλ. On suppose que ces
attracteurs sont semi-continus supérieurement en λ = λ0, et que la restriction du flot de
Sλ(t) à l’attracteur Aλ, ainsi que sa différentielle d’ordre 1, vérifient la propriété d’unicité
rétrograde.
Alors Sλ0(t) est structurellement stable dans le sens suivant. Il existe un voisinage V de
λ0 dans Λ tel que, pour tout λ ∈ V, Sλ(t) satisfait la propriété de Morse-Smale et a un
diagramme de phase isomorphe à celui de Sλ0(t). De plus, il existe un homéomorphisme
h : Aλ −→ Aλ0 qui envoie les trajectoires du système restreint Sλ(t)|Aλ

sur celles de
Sλ0(t)|Aλ0

en préservant le sens du temps.

La démonstration de ce théorème peut se trouver dans [42] (voir aussi la seconde édition
de [21]). Le problème est que l’hypothèse que Sλ(t) est de classe C1 en temps est trop
forte pour qu’on puisse appliquer ce théorème à des systèmes engendrés par des équations
aux dérivées partielles non régularisantes en temps finis, telle que l’équation des ondes
amorties. Cette hypothèse entrâıne que l’application de Poincaré d’une orbite périodique
de Sλ(t) (voir la remarque suivant la définition 2.1) est une fonction lipschitzienne de t.
Pour montrer l’existence d’une orbite périodique pour Sλ(t) qui soit proche d’une orbite
périodique hyperbolique de Sλ0(t), la méthode classique utilise la propriété de Lipschitz en
temps de l’application de Poincaré. Cela devient un problème difficile quand on ne suppose
pas que Sλ(t) est de classe C1 en temps. Heureusement, les systèmes qui nous intéresseront
ici sont tous gradients et ne possèdent donc pas d’orbites périodiques. En reprenant alors
les arguments de [42] ou [21], on obtient le résultat suivant.
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Théorème 2.22. Soit k ≥ 1 et soit (Sλ(t))λ∈Λ une famille de semi-groupes gradients de
classe Ck sur un espace de Banach X. On suppose que les systèmes dépendent de manière
continue du paramètre dans le sens où la fonction

(λ, t, U) ∈ Λ × R+ ×X 7→ Sλ(t)U ∈ X

est continue ainsi que sa dérivée par rapport à U ,

(λ, t, U) ∈ Λ × R+ ×X 7→ DSλ(t)U ∈ X .

Soit λ0 ∈ Λ tel que Sλ0(t) satisfait la propriété de Morse-Smale. On suppose que pour
tout λ ∈ Λ, le système Sλ(t) admet un attracteur global compact Aλ. On suppose que ces
attracteurs sont semi-continus supérieurement en λ = λ0, et que la restriction du flot de
Sλ(t) à l’attracteur Aλ, ainsi que sa différentielle d’ordre 1, vérifient la propriété d’unicité
rétrograde.
Alors Sλ0(t) est structurellement stable dans le sens suivant. Il existe un voisinage V de
λ0 dans Λ tel que, pour tout λ ∈ V, Sλ(t) satisfait la propriété de Morse-Smale et a un
diagramme de phase isomorphe à celui de Sλ0(t). De plus, il existe un homéomorphisme
h : Aλ −→ Aλ0 qui envoie les trajectoires du système restreint Sλ(t)|Aλ

sur celles de
Sλ0(t)|Aλ0

en préservant le sens du temps.

3 Exemples de systèmes dynamiques engendrés par

des équations aux dérivées partielles

Le but de ce paragraphe est de rappeler très brièvement les propriétés des systèmes
dynamiques engendrés par certaines familles d’ équations aux dérivées partielles (EDP)
dissipatives.
Les EDP considérées ici s’écrivent de façon abstraite comme suit. Soient X un espace
de Hilbert, A un opérateur de domaine D(A) ⊂ X qui engendre un semi-groupe linéaire
continu eAt et F une fonction de X dans X. On considère l’équation

{

∂
∂t
U(t) = AU(t) + F (U(t)) t > 0

U(0) = U0 ∈ X
(3.1)

On note S(t) le semi-groupe engendré par l’équation (3.1). Nous ne nous attarderons pas
ici sur les problèmes de semi-groupes linéaires continus ou analytiques et nous renvoyons
le lecteur intéressé au livre de Pazy [46].
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3.1 Équation parabolique en dimension un d’espace

Soient L > 0 et f une fonction localement lipschitzienne de ]0, L[×R × R dans R et
soient g0 et g1 deux fonctions de classe C0(R,R). On considère l’équation















ut(x, t) = uxx(x, t) + f(x, u, ux) (x, t) ∈]0, L[×R+

u(0, t) = 0 (ou ux(0, t) = g0(u)) t ≥ 0
u(L, t) = 0 (ou ux(L, t) = g1(u)) t ≥ 0
u(x, 0) = u0(x) ∈ H1

0(]0, L[) (ou H1(]0, L[))

(3.2)

Soit X = H1
0(]0, L[) (ou H1(]0, L[) selon les conditions aux bords choisies). Le laplacien

A = ∆ avec condition au bord de type Dirichlet (resp. l’opérateur A = ∆ − Id avec
condition au bord de type Neumann) engendre un semi-groupe analytique eAt. Si on impose
une condition de croissance sur f du type : il existe γ ∈ [0, 2[, et k ∈ C0(R+,R+) tels que

∀r > 0, ∀(x, u, p) ∈ [0, L] × [−r, r] × R, |f(x, u, p)| ≤ k(r) (1 + |p|γ) , (3.3)

alors F : u ∈ X 7−→ f(x, u, ux) est localement lipschitzienne de X dans L2(]0, L[) et
l’équation (3.2) engendre un semi-groupe C0 sur X (voir [46]).
Pour obtenir des propriétés de dissipation, il faut rajouter une condition du type

∃K > 0, ∀(x, u) ∈ [0, L] × R, |u| > K =⇒ uf(x, u, 0) ≤ 0 . (3.4)

Si f vérifie les hypothèses (3.3) et (3.4), alors l’équation (3.2) engendre un système dyna-
mique global S(t) pour lequel les trajectoires des bornés de X sont bornées. De plus, le
système est compact, puisqu’il est bien connu que l’équation parabolique est régularisante :
pour tout borné B ⊂ X et tout temps T > 0, il existe M = M(B) > 0 tel que

sup
u0∈B

sup
t≥T

‖S(t)u0‖H2 ≤M . (3.5)

On peut alors obtenir l’existence d’un attracteur global compact grâce au théorème 2.17
par exemple.
Enfin, Zelenyak a montré dans [69] que S(t) est un système gradient.

3.2 Équation parabolique en dimension supérieure

En dimension d ≥ 2, le système dynamique engendré par l’équation parabolique n’est
plus gradient en général si la non-linéarité f dépend de ux (voir par exemple [50]). On se
limite donc à l’équation parabolique suivante.
Soit Ω un ouvert borné régulier de Rd, soit p > d et soit f une fonction localement
lipschitzienne de Ω × R dans R. On considère l’équation







ut(x, t) = ∆u(x, t) + f(x, u) (x, t) ∈ Ω × R+

u(x, t) = 0 (ou ∂u
∂ν

(x, t) = 0) (x, t) ∈ ∂Ω × R+

u(x, 0) = u0(x) ∈W 1,p
0 (Ω) (ou W 1,p(Ω))

(3.6)
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Comme p > d, W 1,p(Ω) s’injecte de manière continue dans L∞(Ω) et F : u ∈W 1,p(Ω) 7−→
f(x, u) ∈ Lp(Ω) est lipschitzienne sur les bornés de X = W 1,p

0 (Ω) (ou X = W 1,p(Ω)).
L’équation (3.6) engendre alors un système dynamique local S(t) sur X.
On peut aussi considérer l’équation parabolique sur X = H1

0(Ω) (ou X = H1(Ω)). Dans ce
cas, afin que F : u ∈ H1(Ω) 7−→ f(x, u) ∈ L2(Ω) soit une fonction lipschitzienne sur les
bornés de H1(Ω), on suppose qu’il existe C > 0 et α ∈ [0, 2

d−2
] tels que

∀(u1, u2) ∈ R2, sup
x∈Ω

|f(x, u1) − f(x, u2)| ≤ C (1 + |u1|α + |u2|α) |u1 − u2| . (3.7)

Dans tous les cas, le système dynamique S(t) engendré par l’équation parabolique devient
global si on ajoute une condition de dissipation du type

lim sup
u→±∞

sup
x∈Ω

f(x, u)

u
< 0 . (3.8)

La condition précédente implique que les trajectoires des bornés sont bornées. Comme en
dimension un, le système S(t) est compact car pour tout borné B ⊂ X et tout temps
T > 0, il existe M = M(B) > 0 tel que

sup
u0∈B

sup
t≥T

‖S(t)u0‖W 2,p ≤ M

(ou bien tel que la propriété (3.5) soit vérifiée, si X = H1
0(Ω)). De plus, S(t) est gradient,

sa fonctionnelle de Lyapounov étant donnée par

Φ :

(

X −→ R

u(x) 7−→ 1
2
‖u‖2

H1 −
∫

Ω

∫ u(x)

0
f(x, ξ)dξdx

)

. (3.9)

En effet, le long d’une trajectoire u(t) = S(t)u0, Φ vérifie

∂

∂t
Φ(u(t)) = −

∫

Ω

|ut(x, t)|2dx .

Si f vérifie les hypothèses (3.7) et (3.8), le théorème 2.18 implique directement que l’équation
(3.6) possède un attracteur global compact.
Enfin, signalons que Bardos et Tartar ont montré que l’équation (3.6) satisfait la propriété
d’unicité rétrograde (voir [7]).

3.3 Équation des ondes amorties à l’intérieur du domaine

La seconde famille d’EDP qui nous intéressera ici sont les équations hyperboliques du
type équation des ondes amorties. Soit Ω un domaine borné régulier de Rd, soit γ(x) ≥ 0
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une fonction bornée sur Ω et strictement positive sur un ouvert non vide de Ω et soit f
une fonction localement lipschitzienne de Ω × R dans R. On considère l’équation







utt(x, t) + γ(x)ut(x, t) = ∆u(x, t) + f(x, u) (x, t) ∈ Ω × R+

u(x, t) = 0 (ou ∂u
∂ν

(x, t) = 0) (x, t) ∈ ∂Ω × R+

(u(x, 0), ut(x, 0)) = (u0(x), u1(x)) ∈ H1
0(Ω) × L2(Ω) (ou H1(Ω) × L2(Ω))

(3.10)

Pour mettre l’équation des ondes amorties (3.10) sous la forme classique (3.1), on pose
X = H1

0(Ω) × L2(Ω) (ou X = H1(Ω) × L2(Ω)), U(t) = (u(t), ut(t)),

A =

(

0 Id
∆ −γ(x)

)

D(A) =
(

H2(Ω) ∩ H1
0(Ω)

)

× H1
0(Ω) (ou D(A) = H2(Ω) × H1(Ω)) ,

et F : U =

(

u
v

)

7−→ F (U) =

(

0
f(x, u)

)

.

Il est bien connu que A engendre un semi-groupe de contractions eAt qui est aussi un
groupe d’opérateurs. Afin de s’assurer que F est une fonction lipschitzienne sur les bornés
de X, on peut imposer par exemple qu’il existe C > 0 et α ∈ [0, 2

d−2
] (α ∈ R si d = 1 ou

2) tels que (3.7) soit vérifié. Dans ce cas, (3.10) engendre un groupe local S(t) de classe
C0 qui devient global si on ajoute une condition de dissipation du type (3.8) qui implique
que les trajectoires des bornés sont bornées. Remarquons que comme S(t) est un groupe,
la propriété d’unicité rétrograde est vérifiée.
Si la fonction f est telle que F soit définie de D(A) dans D(A) et lipschitzienne sur les
bornés de D(A), on peut aussi considérer S(t) comme un système dynamique sur D(A). En
dimension d = 2 ou d = 3, la première composante de D(A) s’injecte dans L∞(Ω) et il suffit
donc que f soit localement lipschitzienne pour que F soit lipschitzienne sur les bornés. Il
suffit alors de vérifier que F envoie D(A) sur D(A) pour obtenir que S(t) engendre un
semi-groupe local sur D(A).
Le problème de la compacité asymptotique est plus difficile que dans le cas parabolique,
puisque l’équation n’est pas régularisante en temps fini. Toutefois, si on impose qu’il existe
C > 0 et α ∈ [0, 2

d−2
[ (α ∈ R si d = 1 ou 2) tels que (3.7) soit vérifié, alors F devient

une fonction compacte de X dans X. On peut alors montrer (voir [19]) que S(t) est
asymptotiquement compact si eAt est exponentiellement décroissant, c’est-à-dire si

∃M > 0, ∃λ > 0, ∀t ≥ 0, ‖eAt‖L(X) ≤Me−λt . (3.11)

En dimension d = 1, (3.11) équivaut à l’existence d’un ouvert sur lequel γ est strictement
positif (c’est-à-dire que le support de γ(x) est non vide). En dimension d ≥ 2, (3.11) est
plus restrictive et équivaut à la propriété suivante. Il existe une longueur L > 0 telle que
toute géodésique de longueur L (i.e. toute ligne droite de longueur L rebondissant sur les
bords de Ω selon la loi de Descartes) rencontre le support de γ(x) (voir [6]).
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support de γ

pas de décroissance exponentielledécroissance exponentielle

On peut noter en particulier que si le support de γ(x) contient un voisinage de tout le bord
∂Ω et s’il existe C > 0 et α ∈ [0, 2

d−2
[ (α ∈ R si d = 1 ou 2) tels que (3.7) soit vérifié, alors

S(t) est asymptotiquement compact.
Finalement, nous allons nous intéresser au caractère gradient de l’équation des ondes (3.10).
Tout d’abord, remarquons que la fonctionnelle

Φ :

(

X −→ R

(u, v) 7−→ 1
2
(‖u‖2

H1 + ‖v‖2
L2) −

∫

Ω

∫ u(x)

0
f(x, ξ)dξdx

)

(3.12)

décroit le long des trajectoires du système puisque si U(t) = (u, ut) est une solution de
(3.10), alors

Φ(U(t2)) − Φ(U(t1)) = −
∫ t2

t1

∫

Ω

γ(x)|ut|2(x, t)dxdt ≤ 0 . (3.13)

On aura donc prouvé que le système (3.10) est gradient si on montre que Φ(U(t)) = Φ(U(0))
pour tout t ≥ 0 implique que U est un point d’équilibre. Cela nous ramène à un problème
de prolongement unique : il faut montrer que si U(t) = (u, ut)(t) est une solution telle que
ut(x, t) est nul pour tout t positif et pour tout x dans le support de γ, alors ut(x, t) est nul
pour tout (x, t) ∈ Ω×R+. Dans le cas de la dimension d = 1, ceci est vrai dès que le support
de γ est non vide. En dimension supérieure, le problème n’est pas encore totalement résolu
bien que plusieurs conditions suffisantes soient connues. Soit ω ⊂ ∂Ω une partie du bord
dont un voisinage est contenu dans le support de γ. Si ω = ∂Ω, (3.10) engendre un système
gradient (voir [60]). Dans le cas de conditions au bord de type Dirichlet, s’il existe un point
x0 ∈ Rd tel que

{x ∈ ∂Ω / (x− x0).ν > 0} ⊂ ω ,

où ν est le vecteur normal sortant, alors le système (3.10) est gradient (voir [33]). Enfin,
dans le cas de conditions au bord de type Neumann, [37] donne diverses conditions suf-
fisantes pour avoir un système gradient. Par exemple si Ω est un disque, il suffit que ω
couvre un peu plus qu’un demi-périmètre.
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3.4 Équation des ondes amorties sur le bord du domaine

La seconde équation hyperbolique dont il sera question ici est l’équation des ondes
amorties sur le bord. Soit Ω un domaine borné régulier de Rd, soit γ(x) ≥ 0 une fonction
bornée sur le bord ∂Ω et strictement positive sur un ouvert non vide du bord, et soit f
une fonction localement lipschitzienne de Ω × R dans R. On considère l’équation







utt(x, t) = ∆u(x, t) + f(x, u) (x, t) ∈ Ω × R+
∂u
∂ν

(x, t) + γ(x)ut(x, t) = 0 (x, t) ∈ ∂Ω × R+

(u(x, 0), ut(x, 0)) = (u0(x), u1(x)) ∈ H1(Ω) × L2(Ω)
(3.14)

Le modèle physique d’où (3.14) est issu sera discuté au paragraphe 2 du chapitre 3.
Pour écrire l’équation des ondes amorties sur le bord (3.14) sous la forme (3.1), on pose
X = H1(Ω) × L2(Ω), U(t) = (u(t), ut(t)),

F : U =

(

u
v

)

7−→ F (U) =

(

0
f(x, u)

)

et A =

(

0 Id
∆ 0

)

D(A) =

{

(u, v) ∈ H2(Ω) × H1(Ω)

/

∂u

∂ν
+ γ(x)v = 0 sur ∂Ω

}

.

Contrairement à l’équation (3.10), le semi-groupe linéaire eAt engendré parA n’est généralement
pas prolongeable en un groupe d’opérateurs. A part cela, tout ce qui a été dit dans le pa-
ragraphe précédent, concernant la compacité asymptotique et les caractères gradient et
dissipatif, reste vrai. En dimension d = 1, par exemple pour Ω =]0, 1[, il est prouvé dans
[14] que eAt peut être prolongé en un groupe d’opérateurs si et seulement si γ(0) 6= 1 et
γ(1) 6= 1. Dans le cas, γ(0) = 1 ou γ(1) = 1, l’unicité rétrograde ne peut pas être vraie
pour (3.14) en général. Dans [40], il est montré qu’en dimension d ≥ 2, eAt ne peut pas être
prolongé en un groupe d’opérateurs et on trouvera dans [39] une discussion sur la propriété
d’unicité rétrograde.

4 Généricité de la propriété de Morse-Smale dans les

équations aux dérivées partielles

D’après les théorèmes 2.21 et 2.22, la propriété de Morse-Smale est une caractérisation
pertinente de la stabilité de la dynamique en dimension infinie. Peut-on prouver que, comme
dans le cas des champs de vecteurs gradients en dimension finie, presque toutes les EDP de
type gradient satisfont la propriété de Morse-Smale ? En fait, il faut commencer par définir
ce que signifie le “presque tout” dans le cadre de la dimension infinie. Pour cela, on se fixe un
espace de Banach Λ et une famille d’EDP dépendant d’un paramètre λ ∈ Λ, et on cherche
à savoir si les systèmes dynamiques Sλ(t) associés à cette famille satisfont la propriété de
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Morse-Smale génériquement par rapport à λ. Pour que le résultat soit pertinent d’un point
de vue mathématique, les systèmes Sλ(t) doivent provenir d’EDP qui appartiennent à une
même famille : équations de réaction-diffusion, équations des ondes... Bien sûr, les système
doivent dépendre d’une façon raisonnablement continue du paramètre λ. Enfin, du point
de vue physique, il faut que le paramètre λ soit effectivement une variable du problème
physique qui peut fluctuer légèrement. Typiquement, il peut s’agir des forces extérieures et
internes, de coefficients de diffusions ou bien de la forme ou de la position d’un objet, mais
il ne peut pas s’agir d’une constante physique universelle ou d’un paramètre touchant à la
structure même de l’équation.

4.1 Équation parabolique

Les premiers résultats de généricité de la propriété de Morse-Smale ont été obtenus
pour l’équation parabolique (3.2) en dimension un.
On suppose que g0 et g1 sont de classe C4(R) et que la fonction f : (x, u, p) 7−→ f(x, u, p)
est de classe C3([0, L]× (R∪ {+∞})× (R∪ {−∞}),R). D. Henry a montré dans [29] (voir
aussi [1]) que la transversalité des variétés stables et instables est automatique pour (3.2).

Théorème 4.1. Soit S(t) le système dynamique engendré par l’équation parabolique (3.2).
Sous les hypothèses de régularité précédentes, si e− et e+ sont deux équilibres hyperboliques
de S(t), alors la variété instable de e− intersecte transversalement la variété stable de e+.

Ainsi, dès que l’on impose des conditions d’existence globale et de dissipation du type
(3.3) et (3.4), la propriété de Morse-Smale pour (3.2) est équivalente à l’hyperbolicité de
tous ses points d’équilibre. On obtient donc que (3.2) engendre un système de Morse-Smale
génériquement par rapport à f , ou par rapport à L, ou par rapport aux gi, en utilisant les
résultats de généricité de l’hyperbolicité des équilibres (voir par exemple [8], [30] ou [63]).
Le caractère automatique de la transversalité est très particulier à l’équation parabolique
et à la dimension un. Il provient des théorèmes de type Sturm-Liouville sur le nombre de
zéros des fonctions propres d’un opérateur elliptique et du fait que le nombre de zéros des
solutions de l’équation linéarisée associée à (3.2) décroit avec le temps.

Le cas de l’équation parabolique (3.6) en dimension supérieure d’espace est plus difficile
car la transversalité n’est plus automatique. Dans [9], Brunovský et Poláčik ont montré
que la propriété de Kupka-Smale est générique par rapport à une non-linéarité f(x, u)
dépendant de x et de u.
Soit Ω un ouvert borné régulier de Rd et soit X = W 1,p

0 (Ω) avec p > d (de telle sorte que
X →֒ C0(Ω)). Soit k ≥ 1, on note G l’espace Ck(Ω×R,R) muni de la topologie de Whitney,
c’est-à-dire la topologie engendrée par les ouverts

{g ∈ G / |Dif(x, u) −Dig(x, u)| ≤ δ(u), i = 0, ..., k, (x, u) ∈ Ω × R} , (4.1)
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où f est une fonction de G, Dif sa différentielle d’ordre i et δ est une fonction continue
strictement positive sur R.

Théorème 4.2. L’ensemble des non-linéarités f ∈ G, telles que tous les équilibres de (3.6)
sont hyperboliques et que leurs variétés stables et instables se coupent transversalement, est
générique dans G.

Remarquons qu’on obtient comme conséquence directe la généricité de la propriété de
Morse-Smale dans l’ensemble des non-linéarités vérifiant une condition de dissipation du
type (3.8). Ce théorème est optimal dans le sens où Poláčik a montré dans [51] que l’en-
semble des non-linéarités f(x, u) = f(u) ne dépendant pas de x pour lesquelles les variétés
stables et instables des équilibres se coupent transversalement n’est pas dense dans l’en-
semble des fonctions f(u). Remarquons que le théorème 4.2 reste vrai pour d’autres condi-
tions au bord.

La démonstration du théorème 4.2 repose sur une caractérisation fonctionnelle de la
transversalité inspirée de [49]. La preuve de cette caractérisation utilise fortement la théorie
des dichotomies exponentielles (voir [28]).
Si e est un équilibre instable de (3.6), on note m(e) l’indice de Morse de e, c’est-à-dire la
dimension de la variété instable locale de e.

Proposition 4.3. Soient e− et e+ deux équilibres hyperboliques de (3.6) reliés par une
orbite hétérocline u telle que limt→±∞ u(t) = e±. Soit δ ∈]0, 1/2[, alors l’opérateur

L :

(

X = C1,δ(R,Lp(Ω)) ∩ C0,δ(R,W 2,p(Ω)) −→ Z = C0,δ(R,Lp(Ω))
v(t) 7−→ vt(t) − ∆v(t) − f ′

u(x, u(t))v(t)

)

(4.2)
est un opérateur de Fredholm d’indice m(e−) −m(e+). De plus, l’orbite hétérocline u est
transverse si et seulement si L est surjectif. Enfin, h ∈ Z est dans l’image de L si et
seulement si

∫ +∞
−∞

∫

Ω
h(x, t)ψ(x, t)dxdt = 0 pour toute solution faible ψ bornée sur R de

l’équation adjointe

ψt(x, t) + ∆ψ(x, t) + f ′
u(x, u(x, t))ψ(x, t) = 0 . (4.3)

En général, L n’est pas surjective, mais on veut montrer que cela est le cas pour une
non-linéarité f générique. Pour cela, on introduit l’application

Φ :

(

G ×X −→ Z
(f, u) 7−→ ut − ∆u− f(x, u)

)

. (4.4)

Pour un f fixé, montrer que l’équation parabolique (3.6) vérifie la propriété de Morse-Smale
revient grosso-modo à montrer que 0 est une valeur régulière de u 7−→ Φ(f, u), c’est-à-dire
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que, pour toute solution u de Φ(f, u) = 0, l’application L = DuΦ(f, u) est surjective.
Pour montrer que 0 est une valeur régulière pour un ensemble générique de non-linéarités
f(x, u), on applique alors un théorème de Sard-Smale (voir annexe du chapitre 4). Tout
revient alors à montrer que pour tout (f, u) tel que Φ(f, u) = 0, la différentielle

DΦ(f, u) : (g, v) 7−→ Lv − g(x, u)

est surjective. En fait, l’application du théorème de Sard-Smale doit être précédée d’une
longue série de réductions techniques (voir le théorème 4.c.1 de [9], sa généralisation rap-
pelée en annexe au chapitre 4 et son application donnée au paragraphe 5.2 de ce même
chapitre). En utilisant entre autres la caractérisation de l’image de L énoncée dans la pro-
position 4.3, on ramène alors la démonstration du théorème 4.2 au fait de trouver, pour un
ensemble dense de fonctions f(x, u) analytiques en u et régulières en x, pour toute solution
hétérocline u(x, t) de (3.6) (i.e. solution de Φ(f, u) = 0) et pour toute solution faible ψ(x, t)
non nulle et bornée sur R de l’équation adjointe (4.3), une fonction g(x, u) telle que

∫ +∞

−∞

∫

Ω

g(x, u(x, t))ψ(x, t)dxdt 6= 0 . (4.5)

L’avantage de s’être restreint à des fonctions f(x, u) analytiques en u est que toute solution
u de (3.6) ou ψ de (4.3) est alors analytique en temps. On cherche ensuite la fonction g
parmi les fonctions du type b(x)gε,ζ(u) où b est localisé près d’un point x0 ∈ Ω à choisir et

gε,ζ(u) =
1

ε
Θ

(

u− ζ

ε

)

où Θ(z) =

{

e−1/(1−z2) si |z| < 1
0 sinon.

Il faut alors trouver des paramètres ε et ζ tels que

I =

∫ +∞

−∞
gε,ζ(u(x0, t))ψ(x0, t)dt 6= 0 . (4.6)

Soit e− et e+ les deux points d’équilibres de (3.6) tels que u(., t) −→ e± quand t −→ ±∞.
On montre que l’ensemble des points x0 ∈ Ω tels que ut(x0, t) 6= 0 pour |t| grand et
que e−(x0) 6= e+(x0) est générique dans Ω. En outre, une propriété nodale particulière à
l’équation parabolique (voir [27]) et l’analyticité de u impliquent qu’il existe un ensemble
générique de points x0 ∈ Ω tel que

u(x0, t) = e−(x0) entrâıne ut(x0, t) 6= 0 . (4.7)

On choisit alors x0 dans l’ensemble générique des points de Ω vérifiant les propriétés ci-
dessus et on arrive à la situation suivante.
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t3(ζ)t2(ζ)t1(ζ)t0(ζ)

u(x0, t)

gε,ζ

e−(x0)

ζ

Pour simplifier, on raisonne maintenant sur la figure ci-dessus (les autres cas, comme par
exemple e−(x0) < e+(x0), sont semblables). Puisque u(x0, t) est analytique en temps, il
existe un nombre fini de temps t1, ..., tp tels que u(x0, ti) = e−(x0). Quand ζ est assez
proche de e−(x0), par le théorème des fonctions implicites, on trouve des temps ti(ζ),
analytiques en ζ , tels que u(x0, ti(ζ)) = ζ . De plus, quand ζ est assez proche de e−(x0) et
ζ > e−(x0), il existe un temps t0(ζ) proche de −∞ tel que u(x0, t0(ζ)) = ζ . La fin de la
démonstration du théorème 4.2 consiste en un raisonnement par l’absurde. Supposons que
pour tous paramètres ǫ et ζ , la propriété (4.6) ne soit pas vérifiée. En faisant tendre ǫ vers
0, on trouve que

si ζ > e−(x0),

p
∑

i=0

ψ(x0, ti(ζ))t
′
i(ζ) = 0 et si ζ < e−(x0),

p
∑

i=1

ψ(x0, ti(ζ))t
′
i(ζ) = 0 .

Comme les fonctions ti(ζ) sont analytiques en ζ et que ψ(x0, t) est analytique en temps, on
obtient que ψ(x0, t0(ζ))t

′
0(ζ) = 0 pour ζ proche de e−(x0) et ζ > e−(x0), ce qui implique

que ψ(x0, t) est nulle sur un intervalle de temps ouvert et donc est identiquement nulle par
analyticité.
Le même raisonnement peut être fait pour tout x0 dans un sous-ensemble générique, et
donc a fortiori dense, de Ω. Donc, si on ne peut pas trouver x0, ε et ζ tels que (4.6) soit
vérifiée, ψ(x, t) doit être identiquement nulle, ce qui est absurde.

4.2 Équation des ondes

L’équation des ondes amorties la plus simple est celle où la dissipation est constante.
Brunovský et Raugel ont obtenu dans [10] un résultat semblable au théorème 4.2 dans le
cas de la dissipation constante et de conditions au bord de type Dirichlet ou Neumann.
Soit d = 1, 2 ou 3 et soit Ω un domaine borné régulier de Rd. Si d = 1, on pose X =
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H1
0(Ω) × L2(Ω) dans le cas de conditions au bord de type Dirichlet et X = H1(Ω) ×

L2(Ω) dans le cas de conditions au bord de type Neumann. Si d = 2 ou 3, on pose X =
(H2(Ω) ∩ H1

0(Ω)) × H1
0(Ω) dans le cas de conditions au bord de type Dirichlet et X =

{u ∈ H2(Ω) / ∀x ∈ ∂Ω, ∂u
∂ν

(x) = 0} × H1(Ω) dans le cas de conditions au bord de type
Neumann. Soit k ≥ 3, si d = 1 ou dans le cas de conditions au bord de type Neumann,
on pose G = Ck(Ω × R,R) muni de la topologie de Whitney engendrée par les ouverts
du type (4.1). Si d ≥ 2 et dans le cas de conditions au bord de type Dirichlet, on pose
G = {f ∈ Ck(Ω × R,R) / ∀x ∈ ∂Ω, f(x, 0) = 0} muni de la topologie de Whitney.
Soit f ∈ G et soit γ un nombre réel strictement positif, on considère l’équation







utt(x, t) + γut(x, t) = ∆u(x, t) + f(x, u) (x, t) ∈ Ω × R+

u(x, t) = 0 (ou ∂u
∂ν

(x, t) = 0) (x, t) ∈ ∂Ω × R+

(u(x, 0), ut(x, 0)) = (u0(x), u1(x)) ∈ X
(4.8)

Le résultat de Brunovský et Raugel est le suivant.

Théorème 4.4. L’ensemble des non-linéarités f ∈ G, telles que tous les équilibres de (4.8)
sont hyperboliques et que leurs variétés stables et instables se coupent transversalement, est
générique dans G.

Remarquons qu’on se limite aux petites dimensions mais que la preuve fonctionne en
toute dimension, sauf que des lourdeurs techniques apparaissent car il faut que la première
composante de l’espace X s’injecte dans C0(Ω). On pourrait aussi choisir d’autres condi-
tions au bord ou un opérateur plus général que le Laplacien ∆, même d’ordre supérieur.

La démonstration du théorème 4.4 suit un schéma similaire à celle du théorème 4.2.
Toutefois, l’équation des ondes n’a pas d’effet régularisant en temps fini, contrairement à
l’équation parabolique, et cela amène trois difficultés nouvelles. D’abord, on ne peut pas
travailler avec des fonctions L et Φ définies dans les espaces X et Z de la proposition 4.3 ;
ensuite, même si f(x, u) est analytique, les solutions de (4.8) ne sont pas forcément analy-
tiques et, enfin, la propriété nodale (4.7) n’est pas connue pour l’équations des ondes. On
résout la première difficulté en utilisant des versions discrétisées de Φ et L pour l’équation
des ondes. Plus précisément, on pose

Φ :

(

G × l∞(Z, X) −→ l∞(Z, X)

(f, Un) 7−→ Un+1 − eAUn −
∫ 1

0
eA(1−t)F (S(t)Un)dt

)

,

où S(t) est le système dynamique engendré par (4.8) et A l’opérateur linéaire associé.
On obtient alors une variante de la proposition 4.3 grâce à des dichotomies exponentielles
discrètes. Pour la deuxième, il est montré dans [26] que si f(x, u) est analytique en u,
alors les solutions u(x, t) de (4.8) qui sont définies et bornées sur tout R sont analytiques
en temps. Or, les fonctions u et ψ qui interviennent dans la preuve du théorème 4.4 sont
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justement de ce type. A l’inverse des deux premières, la troisième difficulté n’est pas di-
rectement surmontable et Brunovský et Raugel ont dû modifier les dernières étapes de la
preuve du théorème 4.2 afin d’obtenir leur résultat.
Reprenons les notations du paragraphe précédent, avec U = (u, ut) trajectoire hétérocline
de l’équation (4.8) et Ψ = (ϕ, ψ) solution de l’équation adjointe

∂

∂t
Ψ(t) = −A∗Ψ(t) − (DF (U(t)))∗Ψ(t) .

Il faut trouver un point x0 ∈ Ω et des paramètres ε et ζ tels que la propriété (4.6)
soit vérifiée. Quand ζ est proche de e−(x0) et ζ > e−(x0), l’intégrale I de (4.6) peut
se décomposer en deux parties : une intégrale I0 pour des temps t proches de t0(ζ) et
donc de −∞ et une intégrale I1 pour les temps t proches des temps t1, ..., tp. En utilisant
l’analyticité de u et ψ, on effectue un développement de Puiseux qui aboutit à l’estimation
suivante

I1(ζ, ε) = (ζ − e−(x0))
r + o(ζ − e−(x0))

r + ω(ζ, ε) , (4.9)

où r ∈ Q et limǫ→0 ω(ζ, ε) = 0.
D’autre part, on peut montrer qu’il existe deux valeurs propres λ et µ de l’opérateur linéaire

Ae− =

(

0 Id
∆ + f ′

u(x, e−) −γ

)

,

telles que λ > 0 et Re(µ) < 0 et, quand t −→ −∞,

‖(u, ut)(t) − (e−, 0)‖X = eλt + o(eλt) et ‖(ψ, ψt)(t)‖X = e−Re(µ)t + o(e−Re(µ)t) .

On souhaite montrer que, pour presque tout x0 ∈ Ω, ces comportements asymptotiques
sont les mêmes pour les fonctions réelles t 7→ u(x0, t) et t 7→ ψ(x0, t). Ce point est assez
délicat pour ce qui est de la fonction t 7→ ψ(x0, t) et Brunovský et Raugel le surmontent en
faisant appel à des propriétés de presque-périodicité de l’équation des ondes libres. Une fois
obtenu le comportement asymptotique de u(x0, .) et ψ(x0, .), on peut développer l’intégrale
I0 :

I0(ζ, ε) = (ζ − e−(x0))
−Re(µ)

λ
−1p(t0(ζ)) + o(ζ − e−(x0))

Re(µ)
λ

−1 + ω(ζ, ε) , (4.10)

où limǫ→0 ω(ζ, ε) = 0 et p est une fonction réelle telle que lim supt→−∞ |p(t)| > 0.
Il suffit alors de montrer que pour une fonction f générique, le rapport des parties réelles
de deux valeurs propres distinctes de Ae− est irrationnel et donc que −Re(µ)/λ − 1 6= r.
En réunissant (4.10) et (4.9), on obtient l’existence de x0, ε et ζ tels que I = I0 + I1 est
non nulle, c’est-à-dire que (4.6) est vérifié. Ceci conclut la démonstration.
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5 Exemples de perturbations

Comme nous l’avons mentionné dans le chapitre précédent, les modèles qui nous per-
mettent d’étudier les phénomènes physiques sont souvent obtenus par des simplifications
et des approximations. Ainsi, si une famille de systèmes dynamiques Sλ(t) sur X dépend
d’un paramètre λ ∈ Λ qui est petit dans le phénomène étudié, il est tentant de faire
l’approximation λ = 0 et d’utiliser le système S0(t) pour comprendre le comportement
qualitatif du système réel. Pour justifier cette approximation, il convient de savoir si la
dynamique de S0(t) est qualitativement la même que celle de Sλ(t) pour λ petit.
Ainsi que nous l’avons vu dans le paragraphe 1, il y a plusieurs niveaux de réponse à la
question de la stabilité de la dynamique. La première est de montrer une convergence des
trajectoires en temps finis du type

∀T ≥ 0, ∀M > 0, sup
‖U‖X≤M

sup
t∈[0,T ]

‖S0(t)U − Sλ(t)U‖X −→ 0 quand λ −→ 0 . (5.1)

Ensuite, si les systèmes Sλ(t) possèdent un attracteur compact, on peut essayer de montrer
la semi-continuité supérieure ou inférieure des attracteurs dans X, en utilisant par exemple
les théorèmes 2.19 et 2.20.
Enfin, on cherche à appliquer le théorème 2.21 ou le théorème 2.22 pour obtenir la stabilité
de la dynamique. C’est ici que les résultats de généricité de la propriété de Morse-Smale
trouvent leur application. En effet, si le paramètre, par rapport auquel la généricité est
obtenue, est pertinent du point de vue physique, on peut supposer que le modèle S0(t)
satisfait la propriété de Morse-Smale (quitte à faire une nouvelle approximation) et appli-
quer les théorèmes 2.21 ou 2.22.
Il faut souligner que tous les problèmes de perturbation ne satisfont pas (5.1). Dans certains
cas, on ne peut montrer que la propriété de convergence suivante

∀T ≥ 0, ∀M > 0, sup
‖U‖Y ≤M

sup
t∈[0,T ]

‖S0(t)U − Sλ(t)U‖X −→ 0 quand λ −→ 0 , (5.2)

où Y est un sous-espace dense de X s’injectant continuement dans X. Dans les exemples,
Y est typiquement un espace de fonctions plus régulières que celles de X. Si l’équation
étudiée est régularisante en temps fini, on obtient de (5.2) que, pour tous les temps T2 ≥ T1

strictement positifs, on a

∀M > 0, sup
‖U‖X≤M

sup
t∈[T1,T2]

‖S0(t)U − Sλ(t)U‖X −→ 0 quand λ −→ 0 , (5.3)

Les perturbations vérifiant (5.1) ou (5.3) seront dites régulières, celles vérifiant seulement
(5.2) seront dites singulières ou irrégulières.
Remarquons que dans le cas de certaines perturbations, le système Sλ(t) est défini sur un
espace Xλ qui peut varier avec λ. La comparaison des systèmes Sλ(t) et S0(t) s’effectue
alors le plus souvent dans un espace dans lequel Xλ et X0 peuvent s’injecter ou se projeter.
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Enfin, il va sans dire que la liste des problèmes de perturbation présentés ici, ainsi que celle
des références associées, ne sont pas exhaustives.

5.1 Perturbation de la non-linéarité ou de l’amortissement

Perturber la non-linéarité d’une équation est peut-être la perturbation la plus simple
qui soit, car il s’agit le plus souvent d’une perturbation très régulière. Elle se rencontre dans
diverses applications pratiques, en particulier dans le cas très fréquent où la non-linéarité
dépend de paramètres physiques qui ne peuvent être mesurés précisément.
L’exemple typique est celui de l’équation parabolique (3.6). Soit Ω ⊂ Rd un ouvert borné
régulier. On rappelle que G est l’espace de fonctions défini au paragraphe 4.1 et on pose

Gdiss = {f ∈ G / lim sup
|u|−→+∞

sup
x∈Ω

f(x, u)

u
< 0} .

En utilisant les théorèmes de continuité des attracteurs 2.19 et 2.20, le théorème 2.21 sur
la stabilité de la dynamique et le résultat de généricité de la propriété de Morse-Smale du
paragraphe 4.1, on obtient le résultat suivant.

Théorème 5.1. Pour tout f ∈ Gdiss, le système dynamique Sf(t) engendré par l’équation
parabolique (3.6) admet un attracteur global compact Af . La fonction qui à tout f ∈ Gdiss

associe Af ⊂ X est semi-continue supérieurement en tout point f ∈ Gdiss, et continue
en presque tout point f ∈ Gdiss. De plus, autour de presque tout f0 ∈ Gdiss, il existe un
voisinage Vf0 tel que pour tout f ∈ Vf0, Sf(t) satisfait la propriété de Morse-Smale, Sf(t)
a un diagramme de phase isomorphe à celui de Sf0(t) et, il existe un homéomorphisme
h : Af −→ Af0 qui envoie les trajectoires du système restreint Sf (t)|Af

sur celles de
Sf0(t)|Af0

en préservant le sens du temps.

On peut aussi étudier la stabilité de la dynamique de l’équation des ondes amorties à
l’intérieur d’un ouvert Ω par rapport à une perturbation de l’amortissement γ(x) ∈ L∞(Ω).
Ce problème peut être vu comme une pertubation de la non-linéarité dans la mesure où
l’équation (3.10) n’est rien d’autre que l’équation des ondes libres utt = ∆u + g(x, u, ut)
avec une non-linéarité g(x, u, ut) = f(x, u) − γ(x)ut. Il s’agit là aussi d’une pertubation
régulière et des résultats de continuité des attracteurs ou de la dynamique peuvent être
facilement obtenus, en particulier en utilisant la généricité de la propriété de Morse-Smale
énoncée dans le théorème 1.1 du chapitre 3.
Par exemple, prenons Ω =]0, 1[ et (γε(x)) ⊂ L∞(]0, 1[,R+) une famille d’amortissements
telles que γ0(x) soit strictement positif sur un ouvert non vide de ]0, 1[.

Théorème 5.2. On suppose que γε converge vers γ0 dans L∞(]0, 1[,R+) quand ε tend
vers 0. Pour tout f(x, u) ∈ Gdiss et tout ε ∈ R assez petit, le semi-groupe Sε(t) engendré
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par l’équation des ondes (3.10) avec un amortissement γε admet un attracteur compact
global Aε. De plus, les attracteurs Aε sont semi-continus supérieurement en ε = 0 et, pour
presque toute non-linéarité f ∈ Gdiss semi-continus inférieurement en ε = 0. En outre,
pour presque toutes les fonctions f ∈ Gdiss, il existe ε0 > 0 tel que pour tout ε ∈] − ε0, ε0[,
Sε(t) satisfait la propriété de Morse-Smale et a un diagramme de phase isomorphe à celui
de S0(t). De plus, il existe un homéomorphisme h : Aε −→ A0 qui envoie les trajectoires
du système restreint Sε(t)|Aε sur celles de S0(t)|A0

en préservant le sens du temps.

5.2 Discrétisations et calculs numériques

Considérons une équation aux dérivées partielles engendrant un système dynamique
sur un espace de Banach X qui est un ensemble de fonctions définies sur un ouvert Ω ⊂
Rd. Pour pouvoir simuler par ordinateur le comportement du système S(t), on discrétise
généralement le problème en introduisant des paramètres τ et h et en considérant un
système discret (Sn

τ,h)n∈N sur un espace de dimension finie Xh. Le domaine Ω devient alors
un ensemble fini Ωh de points de Ω, chacun éloigné d’une distance au plus h de l’ensemble
des autres, le temps t est remplacé par des temps discrets nτ et les fonctions U ∈ X par
l’échantillonage Ũh = U|Ωh

. On espère alors obtenir pour τ et h assez petits une bonne idée
de la dynamique de S(t) grâce à la simulation numérique (Sn

τ,h)n∈N. Bien sûr, les résultats
de convergence de la dynamique dépendent de l’équation et du schéma numérique choisis.
Pour une revue de résultats et une liste de références, nous renvoyons à [20].
Pour illustrer ce qui précède, nous allons considérer l’exemple suivant.
Soient τ > 0, N ∈ N∗ et h = 1/N , on discrétise l’équation parabolique unidimensionnelle

ut(x, t) = uxx(x, t) + f(u(x, t)) (x, t) ∈]0, 1[×R+ , (5.4)

par un schéma semi-implicite

un+1
j − un

j

τ
=
un+1

j+1 − 2un+1
j + un+1

j−1

h2
+ f(un

j ) 0 ≤ n ≤ N, j ∈ N . (5.5)

Il s’agit d’une perturbation régulière et il faut signaler que (5.5) engendre un système de
type gradient, qui de plus vérifie, comme (5.4), la propriété de transversalité automatique
énoncée dans le théorème 4.1 (voir [38]). On peut alors appliquer les théorèmes 2.19, 2.20
et 2.22 et obtenir la convergence de la dynamique dans le cas générique où les équilibres de
(5.4) sont tous hyperboliques. Ainsi, le comportement qualitatif de la simulation numérique
est représentatif de celui de l’équation parabolique pour des pas de discrétisation assez
petits. Pour plus de précisions sur les discrétisations de l’équation parabolique, et les com-
paraisons des dynamiques associés, voir [15], [64] et [65].
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5.3 La limite parabolique de l’équation des ondes

Soient d ≥ 1 et Ω ⊂ Rd un domaine borné régulier. Soient γ > 0 et ε > 0. On s’intéresse
à la convergence quand ε tend vers 0 de la dynamique de

(Sε(t))







εuε
tt(x, t) + γuε

t(x, t) = ∆uε(x, t) + f(x, uε(x, t)) (x, t) ∈ Ω × R+

uε(x, t) = 0 (x, t) ∈ ∂Ω × R+

(uε(x, 0), uε
t(x, 0)) = (u0, u1)(x) ∈ H1

0(Ω) × L2(Ω)

vers celle de

(S0(t))







γut(x, t) = ∆u(x, t) + f(x, u(x, t))
u(x, t) = 0 (x, t) ∈ ∂Ω × R+

u(x, 0) = u0(x) ∈ H1
0(Ω)

Le problème de la limite parabolique de l’équation des ondes a un intérêt théorique évident,
mais il a aussi un intérêt pratique. En effet, l’équation parabolique est utilisée dans de nom-
breux problèmes de modélisation, par exemple en biologie des populations, en électricité,
en physique. Or, elle autorise de la propagation d’information à des vitesses infinies, ce
qui n’est pas très réaliste pour une population animale ou la plupart des objets physiques
(voir [11]). Dans certains modèles, l’évolution des populations est décrite par une équation
des ondes, qui, elle, n’autorise que de la propagation à vitesse bornée (voir par exemple
[17]). L’étude de la convergence de Sε(t) vers S0(t) permet donc de retrouver les modèles
paraboliques quand le paramètre ǫ du modèle hyperbolique est suffisamment petit pour
être choisi nul en première approximation.
Sous les hypothèses (3.7) et (3.8), les semi-groupes Sε(t) (resp. S0(t)) sont bien définis sur
X = H1

0(Ω)×L2(Ω) (resp. H1
0(Ω)). À première vue, Sε(t) apparâıt comme une perturbation

singulière de S0(t), d’autant plus que les espaces, sur lesquels Sε(t) et S0(t) sont définis,
sont différents. En fait, il n’en est rien et on peut montrer qu’il s’agit d’une perturbation
régulière du type (5.3) (cf [55]). Plus précisemment, pour tout (u0, v0) ∈ X, on peut com-
parer les trajectoires u(t) = S0(t)u0 et (uε, uε

t)(t) = Sε(t)(u0, v0) de la façon suivante. Pour
tout M > 0 et pour tout ε > 0 assez petit, il existe une constante C = C(M) telle que, si
‖u0‖2

H1 + ε‖v0‖2
L2 ≤M , alors, pour tout t ≥ 0,

ε‖∂
∂t

(tuε(t) − tu(t))‖2
L2 + ‖t(uε − u)(t)‖2

H1 ≤ ε2CeCt(1 + ‖(u0, v0)‖2
X) . (5.6)

Cette estimation amène à introduire le système dynamique S̃(t), non continu en t = 0,
défini par

{

S̃(t)(u0, v0) = (S0(t)u0,
∂
∂t

(S0(t)u0)) , t > 0

S̃(0)(u0, v0) = (u0, v0)

L’estimation (5.6) montre que la convergence de Sǫ(t) vers S̃(t) est régulière.
Pour comparer les attracteurs, on note Aε l’attracteur global compact de Sε(t) et on pose

Ã = {(u, v) ∈ X / u ∈ A0, v = ∆u+ f(x, u)} ,
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où A0 ⊂ H1
0(Ω) est l’attracteur global compact de S0(t). Les théorèmes 2.19, 2.20 et 2.22

sont applicables et on peut montrer la convergence des attracteurs Aε vers Ã. Enfin, la
dynamique est stable si on suppose que S0(t) est un système de Morse-Smale, ce qui est
une condition générique par rapport à f(x, u) d’après le théorème 4.2.
Les résultats que nous citons sont partiellement prouvés dans [55] (pour les détails, voir
[54]). Il faut bien sûr souligner que la limite parabolique de l’équation des ondes a été
l’objet de nombreuses études, parmi lesquelles [71], [3], [22], [23], [41], [34], [67], [70] et
[16]. On trouvera la mise en perspective historique de ces références dans [55].
Enfin, signalons que la limite parabolique de l’équation des ondes a aussi été étudiée dans
le cas d’une dissipation γ(x) variable, et même d’une dissipation sur le bord, voir [59] et [58].

5.4 Les domaines minces

Quand on veut modéliser les vibrations de la membrane d’un tambour ou la propa-
gation d’un courant électrique dans un fil, on se place naturellement dans des espaces de
dimension deux et un respectivement. Pourtant, la membrane, comme le fil, sont des objets
de dimension trois, mais leur épaisseur, très petite, est négligée. Cela est-il justifié ?
Le problème des domaines minces a fait l’objet de nombreuses études. Nous nous limiterons
ici à des cas modèles.
Nous utiliserons dans ce paragraphe les notations suivantes. Soit d ≥ 1 et soit Ω un domaine
borné régulier de Rd. Soit ε > 0 et soit g ∈ C1(Ω,R) une fonction strictement positive. On
pose Ωε = {(x, y) / x ∈ Ω, y ∈]0, εg(x)[}.

ǫ Ω
ǫ −→ 0Ωǫ

Équation parabolique

On étudie la convergence quand ε tend vers 0 de la dynamique de

(Sε(t))







uε
t(x, y, t) = ∆uε(x, y, t) + f(x, uε(x, y, t)) (x, y, t) ∈ Ωε × R+

∂uε

∂ν
(x, y, t) = 0 (x, y, t) ∈ ∂Ωε × R+

uε(x, y, 0) = uε
0(x, y) ∈ H1(Ωε)
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vers celle de

(S0(t))







ut(x, t) = 1
g(x)

div(g(x)
−→∇u(x, t)) + f(x, u(x, t)) (x, t) ∈ Ω × R+

∂u
∂ν

(x, t) = 0 (x, t) ∈ ∂Ω × R+

u(x, 0) = u0(x) ∈ H1(Ω)

Bien entendu, les systèmes dynamiques Sε(t) et S0(t) sont définis sur des espaces différents.
Afin de les comparer, on introduit l’opérateur de moyenne M défini de L2(Ωε) dans L2(Ω)

par Mu(x) = 1
εg(x)

∫ εg(x)

0
u(x, y)dy. La perturbation du type domaine mince pour l’équation

parabolique est régulière. Plus précisemment, il est montré dans [24] (voir aussi [56]) que
pour tout M > 0, il existe une constante C = C(M) telle que si 1√

ε
‖uε

0‖H1(Ωε) ≤M alors

1√
ε
‖t(Sε(t)u

ε
0 − S0(t)Muε

0)‖H1(Ωε) ≤ εCeCt .

Si les attracteurs globaux existent, on obtient alors leur semi-continuité supérieure par une
application directe du théorème 2.19. En outre, les théorèmes 2.20, 2.21 et 4.2 impliquent
que, pour une fonction f générique, les attracteurs sont continus et les diagrammes de
phases de Sε(t) et S0(t) sont isomorphes pour ε assez petit.
On peut étudier cette perturbation dans un cadre plus général, en particulier quand le
domaine mince est raccordé à un autre domaine (mince ou pas). On obtient alors un
système d’équations couplées. On peut citer [2] pour le raccord d’un domaine mince à
un domaine fixe, [25] pour un domaine mince en forme de L, [12] pour des domaines
minces d’épaisseurs différentes, [68] pour des domaines minces tubulaires et [52] pour la
compression dans une direction de domaines généraux, c’est-à-dire pas forcément de la
forme {(x, y) / x ∈ Ω, y ∈]0, εg(x)[}.

Équation hyperbolique

Soit γ > 0, on étudie la convergence quand ε tend vers 0 de la dynamique de

(Sε(t))







uε
tt(x, y, t) + γuε

t (x, y, t) = ∆uε(x, y, t) + f(x, uε(x, y, t)) (x, y, t) ∈ Ωε × R+
∂uε

∂ν
(x, y, t) = 0 (x, y, t) ∈ ∂Ωε × R+

(uε(x, y, 0), uε
t(x, y, 0)) = (uε

0, u
ε
1)(x) ∈ H1(Ωε) × L2(Ωε)

vers celle de

(S0(t))







utt(x, t) + γut(x, t) = 1
g(x)

div(g(x)
−→∇u(x, t)) + f(x, u(x, t)) (x, t) ∈ Ω × R+

∂u
∂ν

(x, t) = 0 (x, t) ∈ ∂Ω × R+

(u(x, 0), ut(x, 0)) = (u0, u1)(x) ∈ H1(Ω) × L2(Ω)

La grande différence avec le cas parabolique est que la perturbation du type domaine mince
est singulière dans le cas hyperbolique. Pour tout M > 0, il existe une constante C =
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C(M) telle que pour tout Uε
0 = (uε

0, u
ε
1) ∈ H2(Ωε) × H1(Ωε), l’inégalité 1√

ε
‖Uε

0‖H2×H1 ≤M
implique

1√
ε
‖Sε(t)U

ε
0 − S0(t)MUε

0 )‖H1×L2 ≤ √
εCeCt . (5.7)

Bien que cette perturbation soit singulière, on peut tout de même appliquer les théorèmes
du paragraphe 2.3 et obtenir la continuité des attracteurs. En effet, si les attracteurs des
systèmes Sε(t) et S0(t) existent, on peut montrer qu’ils sont bornés dans H2 × H1 et donc
utiliser l’estimation (5.7). Pour ce qui concerne la stabilité de la dynamique, le théorème
2.22 n’est pas applicable tel quel, voir la remarque à la fin du chapitre 3.
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[9] P. Brunovský et P. Polàčik, The Morse-Smale structure of a generic reaction-diffusion
equation in higher space dimension, Journal of Differential Equations no135 (1997),
pp. 129-181.
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[58] A. Rodŕıguez-Bernal et E. Zuazua, Parabolic singular limit of a wave equation with
localized boundary damping, Discrete and Continuous Dynamical Systems no1 (1995),
pp. 303-346.
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Chapitre 3 : Contributions dans le cadre de
cette thèse

Ce chapitre a pour but d’énoncer les résultats principaux de cette thèse, ainsi que plu-
sieurs résultats intermédiaires obtenus, qui ont leur intérêt propre en dehors du problème
étudié.

1 Généricité de la propriété de Morse-Smale

Dans le cadre de la dimension d = 1, nous avons généralisé le théorème 4.4 du chapitre
2 au cas de la dissipation non-constante, y compris pour une dissipation sur le bord. Ce
résultat est l’objet du chapitre 4 de cette thèse.
Soit k ≥ 2, on note G l’espace Ck(]0, 1[×R,R) muni de la topologie de Whitney engendrée
par les ouverts

{g ∈ G / |Dif(x, u) −Dig(x, u)| ≤ δ(u), i = 0, ..., k, (x, u) ∈ Ω × R} .

On considère l’équation des ondes amorties à l’intérieur d’un intervalle














utt(x, t) + γ(x)ut(x, t) = uxx(x, t) + f(x, u) (x, t) ∈]0, 1[×R+

u(0, t) = 0 (ou ux(0, t) = 0) t ≥ 0
u(1, t) = 0 (ou ux(1, t) = 0) t ≥ 0
(u(x, 0), ut(x, 0)) = (u0(x), u1(x)) ∈ H1

0(]0, 1[) × L2(Ω) (ou H1(]0, 1[) × L2(Ω))
(1.1)

où γ ∈ L∞(]0, 1[) est une fonction positive qui est strictement positive sur un ouvert de
]0, 1[, et l’équation des ondes amorties sur le bord de l’intervalle







utt(x, t) = ∆u(x, t) + f(x, u) (x, t) ∈ Ω × R+
∂u
∂ν

(x, t) + γ(x)ut(x, t) = 0 (x, t) ∈ ∂Ω × R+

(u(x, 0), ut(x, 0)) = (u0(x), u1(x)) ∈ H1(Ω) × L2(Ω)
(1.2)

où γ(0) et γ(1) sont deux nombres positifs, dont au moins un est strictement positif et tels
que γ(0) 6= 1 et γ(1) 6= 1.

Théorème 1.1. L’ensemble des non-linéarités f ∈ G, telles que tous les équilibres de
l’équation des ondes avec amortissement interne (1.1) sont hyperboliques et que leurs
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variétés stables et instables se coupent transversalement, est générique dans G.
L’ensemble des non-linéarités f ∈ G, telles que tous les équilibres de l’équation des ondes
amorties sur le bord (1.2) sont hyperboliques et que leurs variétés stables et instables se
coupent transversalement, est générique dans G.

Notons que le résultat du chapitre 4 est en fait plus général que le théorème 1.1 et est
valable pour une certaine classe d’EDP de dimension un, dont les équations des ondes (1.2)
et (1.1) ne sont que les exemples principaux.

La structure de la preuve du théorème 1.1 est semblable à celle du résultat de [1]. La
plupart des difficultés nouvelles provient de la structure du spectre de l’opérateur linéaire
A associé aux équations (1.1) et (1.2). Dans le cas de la dissipation γ constante, les valeurs
propres non réelles sont toutes sur la même droite verticale {z ∈ C / Re(z) = −γ

2
} et

les valeurs propres ainsi que les vecteurs propres sont liés de manière explicite à ceux du
Laplacien. En dimension 1, dans le cas de la dissipation γ(x) non constante, ou d’un amor-
tissement à support dans le bord de l’intervalle, le spectre de A est plus complexe. On sait
toutefois que la suite des parties réelles des valeurs propres a un seul point d’accumulation
qui est strictement négatif et que les vecteurs propres forment une base de Riesz (voir [2] et
[3]). Cette structure spectrale plus complexe amène des problèmes nouveaux par rapport
au cas de la dissipation constante. Par exemple, il faut montrer que si (e, 0) est un point
d’équilibre, la linéarisation du système dynamique près de (e, 0), donnée par l’opérateur

Ae = A+

(

0 0
f ′

u(x, e) 0

)

,

possède les même propriétés spectrales que A, ce qui était trivial dans le cas γ constant.
D’autre part, la démonstration de [1] utilise le fait que, si γ est constant, pour une fonction
f(x, u) générique, le rapport d’une valeur propre positive λ de Ae et de la partie réelle
de n’importe quelle autre valeur propre µ distincte de λ est irrationnel. Dans le cas γ(x)
variable, nous ne pouvons le montrer que si µ est réel. Il faut donc adapter les arguments
finaux de la preuve du cas γ constant et montrer que si µ n’est pas réel, même si les ex-
posants r et −Re(µ)/λ− 1 des développements (4.9) et (4.10) du chapitre précédent sont
égaux, la somme des termes dominants de I0 et I1 ne s’annule pas.
L’autre difficulté principale concerne l’étude asymptotique de la fonction t 7−→ ψ(x0, t)
que l’on utilise dans le développement (4.10) de la preuve du théorème 4.4 du chapitre
précédent. En effet, on ne peut plus utiliser les propriétés de presque-périodicité de l’équation
des ondes libres comme cela était le cas pour un amortissement constant. Il faut utiliser
en remplacement un argument de transformée de Laplace.
En outre, comme dans la démonstration de Brunovský et Raugel, il faut montrer que si
f(x, u) est analytique en u, alors les solutions bornées sur tout R sont analytiques en temps.
Si cette propriété était connue pour l’équation des ondes amorties à l’intérieur (1.1), c’est
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la première fois qu’elle est signalée dans le cas d’un amortissement sur le bord (1.2), en
supposant γ 6= 1.
Enfin, nous soulignons aussi qu’au cours de la démonstration du théorème 1.1, plusieurs
résultats de généricité sont démontrés. Les preuves ont été réalisées dans un cadre un peu
plus large que nécessaire, en particulier, elles sont valables en dimension quelconque.

Proposition 1.2. On considère S(t) le semi-groupe engendré par l’équation des ondes
amorties à l’intérieur ou amorties sur le bord en dimension d quelconque et on note A
l’opérateur linéaire associé. On suppose qu’il existe deux constante strictement positives M
et λ telles que le semi-groupe linéaire eAt vérifie

∀t ≥ 0, ‖eAt‖L(X) ≤ Me−λt .

Alors, génériquement par rapport à la non-linéarité f , les points d’équilibre (e, 0) de S(t)
sont hyperboliques et les valeurs propres des linéarisations Ae sont algébriquement simples.

2 Convergence vers la dissipation sur le bord

L’étude de cette perturbation fait l’objet du chapitre 5 de cette thèse. Cette étude
repose sur l’idée suivante : l’équation des ondes amorties sur le bord est un modèle de la
propagation des ondes dans un endroit où les ondes sonores ne seraient pas amorties à
l’intérieur du domaine, mais à chaque fois qu’elles rebondissent sur la paroi (typiquement,
une chambre insonorisée par de la moquette posée sur les murs). Le modèle mathématique
consiste à mettre une distribution de Dirac comme dissipation sur le bord, c’est-à-dire une
dissipation “infinie” sur une épaisseur nulle. Bien entendu, dans la réalité, la dissipation
n’est pas une fonction de Dirac, mais est très forte sur un voisinage mince du bord.
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ε

modèle : amortissement sur le bord réalité : amortissement sur un voisinage du bord

Afin de justifier que l’équation des ondes amorties sur le bord est un bon modèle, il convient
d’étudier la perturbation correspondante. Soient d ≥ 1, Ω ⊂ Rd un domaine borné régulier
et X = H1(Ω)×L2(Ω). Soit γ > 0, on pose γ∞ = γδx∈∂Ω où δx∈∂Ω est la fonction de Dirac
à support dans le bord de Ω, et pour n ∈ N, on pose

γn(x) =

{

nγ si dist(x, ∂Ω) < 1
n

0 sinon

On considère la convergence quand n tend vers +∞ de la dynamique de

(Sn(t))







utt(x, t) + γn(x)ut(x, t) = ∆u(x, t) + f(x, u(x, t)) (x, t) ∈ Ω × R+
∂u
∂ν

(x, t) = 0 (x, t) ∈ ∂Ω × R+

(u(x, 0), ut(x, 0)) = (u0, u1)(x) ∈ X

vers celle de

(S∞(t))







utt(x, t) = ∆u(x, t) + f(x, u) (x, t) ∈ Ω × R+
∂u
∂ν

(x, t) + γut(x, t) = 0 (x, t) ∈ ∂Ω × R+

(u(x, 0), ut(x, 0)) = (u0(x), u1(x))) ∈ X

Nous soulignons que nous ne présentons ici qu’un cadre simplifié pour faciliter l’exposition
des résultats. On pourrait bien sûr choisir une dissipation γ(x) ∈ L∞(∂Ω) variable, pouvant
même s’annuler sur une partie du bord, voir le chapitre 5 pour plus de détails.
La perturbation présentée ici est singulière, c’est-à-dire que l’on ne peut avoir mieux que
des estimations de convergence du type : pour tous T et s strictement positifs et pour tout
borné B de Xs = H1+s(Ω) × Hs(Ω),

sup
t∈[0,T ], U∈B

‖S∞(t)U − Sn(t)U‖X −→ 0 quand n −→ +∞ . (2.1)
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Contrairement au cas de la perturbation régulière de l’amortissement mentionnée dans
le paragraphe 5.1 du chapitre 2, la norme ‖γn‖L∞ des amortissements n’est pas bornée.
Cette différence est à l’origine de la singularité de ce problème et des diverses difficultés
mathématiques rencontrées dans son étude.
Pour tout n ∈ N ∪ {+∞}, on note An l’opérateur linéaire associé à Sn(t) et défini dans
les paragraphes 3.3 et 3.4 du chapitre 2. Pour montrer une estimation telle que (2.1), on
prouve la convergence de A−1

n vers A−1
∞ , puis des résultats abstraits sur les semi-groupes

de contractions montrant que cette convergence des inverses implique une convergence du
type (2.1) pour les semi-groupes linéaires eAnt.
Malgré la singularité de la perturbation, on peut appliquer le théorème 2.20 du chapitre
2 et montrer que la famille (An)n∈N∪{+∞} des attracteurs compacts associés aux systèmes
dynamiques Sn(t) est semi-continue inférieurement dans X quand n tend vers +∞. Pour
cela, on doit comparer les variétés instables locales des systèmes à l’aide d’un théorème de
point fixe à paramètre. Nous soulignons que, à cause de la singularité de la perturbation,
cette comparaison n’est possible que grâce à la régularité des variétés instables locales. De
même, le théorème 2.20 du chapitre 2 n’est applicable que parce que l’on peut montrer que
l’attracteur A∞ est borné dans un espace plus régulier du type Xs pour un certain s > 0.
A l’inverse de la semi-continuité inférieure, la semi-continuité supérieure ne peut être
montrée en toute généralité que dans un espace moins régulier comme X−s = H1−s(Ω) ×
H−s(Ω), pour s > 0. En effet, on ne sait pas si l’ensemble des attracteurs ∪n∈N∪{+∞}An est
borné dans un espace régulier du type Xs avec s > 0. Cette propriété serait vérifiée si on
pouvait prouver l’existence de deux constantes strictement positives M et λ, indépendantes
de n, telles que

∀n ∈ N, ∀t ≥ 0, ‖eAnt‖L(X) ≤ Me−λt . (2.2)

Dans le cas de la dimension d = 1, on fait dans le chapitre 5 une étude exhaustive de la
propriété (2.2) et on obtient des critères concrets nécessaires pour qu’elle soit vérifiée. On
montre ainsi que dans le cas simple présenté ici et en dimension d = 1, l’estimation (2.2) est
satisfaite et, par conséquent, que les attracteurs An sont semi-continus supérieurement dans
X. Dans le cas de la dimension supérieure ou égale à deux, la question de la décroissance
exponentielle uniforme (2.2) est essentiellement ouverte.
Enfin, nous montrons dans le chapitre 5 que la propriété de Morse-Smale implique la
stabilité de la dynamique, même dans le cas de la perturbation irrégulière présentée ici.
Autrement dit, nous généralisons le théorème 2.22 du chapitre 2 au cas d’une perturbation
singulière. Notre preuve n’est pas une simple généralisation de celle de [4]. En effet, nous
utilisons des arguments différents qui reposent très fortement sur la structure gradient.
Ainsi, en dimension d = 1, dans le cadre simplifié présenté ici, nous pouvons énoncer un
résultat complet de convergence. Soit Ω =]0, 1[ et soit Gdiss l’ensemble des fonctions f ∈ G

telles que

lim sup
|u|→+∞

sup
x∈Ω

f(x, u)

u
< 0 .
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En utilisant le résultat de généricité de la propriété de Morse-Smale du paragraphe précédent,
on obtient le théorème suivant.

Théorème 2.1. Pour tout n ∈ N ∪ {+∞} et f ∈ Gdiss, le système dynamique Sn(t) admet
un attracteur global compact An. Pour presque toutes les fonctions f ∈ Gdiss, les attracteurs
An convergent vers A∞ au sens de la distance de Haussdorf, quand n tend vers +∞. En
outre, si γ 6= 1, pour presque toutes les fonctions f ∈ Gdiss, il existe n0 ∈ N tel que
pour tout n ≥ n0, Sn(t) satisfait la propriété de Morse-Smale et a un diagramme de phase
isomorphe à celui de S∞(t). De plus, il existe un homéomorphisme h : An −→ A∞ qui
envoie les trajectoires du système restreint Sn(t)|An sur celles de S∞(t)|A∞

en préservant
le sens du temps.

Remarque : La méthode que nous avons utilisée pour généraliser le théorème 2.22 est
applicable à d’autres perturbations singulières de systèmes gradients. En particulier, elle
peut être appliquée à la perturbation de type domaine mince d’une équation hyperbolique,
qui a été présentée dans le paragraphe 5.4 du chapitre 2. On obtient alors, pour cette
perturbation, un nouveau résultat de stabilité de la dynamique similaire au théorème 2.1.
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Chapitre 4 : Propriété de transversalité
générique pour une classe d’équations des

ondes avec amortissement variable

1 Introduction

In the qualitative study of partial differential equations, the Morse-Smale property plays
an important role as it ensures in some sense the stability of the qualitative behaviour of
solutions. It is possible to define the Morse-Smale property for general dynamical systems.
However, since few facts are known concerning non-gradient Morse-Smale systems, even
in the finite-dimensional case, we will restrict ourselves to gradient systems, that is to
dynamical systems, for which there exists a strict Lyapunov function. We recall that the
ω−limit set of any compact trajectory of a gradient system consists only on equilibrium
points. A gradient system is said to have the Morse-Smale property if it has a finite number
of equilibria, which are all hyperbolic, and if all the stable and unstable manifolds of the
equilibria intersect transversally (we shall recall these notions before introducing Theorem
1.1 ; for more details, see [18] or [32]). For gradient systems on finite-dimensional compact
manifolds, it is well-known that the Morse-Smale property implies the stability of the sys-
tem, that is that, for small perturbations of the vector-field, the flow remains qualitatively
the same. The Kupka-Smale theorem implies that the Morse-Smale property is generic in
the class of gradient systems on finite-dimensional compact manifolds (see [32], p.152). We
recall that a set is said to be generic if it contains a countable intersection of open dense
sets, and that a property is said to be generic if it holds on a generic set. The genericity of
a property in Banach spaces implies that this property holds on a dense set ; it corresponds
to the “almost everywhere” notion in measurable spaces. So we can say that almost all the
gradient systems on finite-dimensional compact manifolds have the Morse-Smale property.

It is therefore natural to wonder what can be generalised to infinite-dimensional gra-
dient systems, in particular to those generated by partial differential equations. This is not
only a theoretical question. Indeed, when one works for example on a numerical simulation,
or on a physical system with parameters, which were imprecisely measured, one deals with
a pertubation of the original system. If the last one is stable, one can consider that the
qualitative behaviour, which is observed on the approximative system, holds for the exact
one.
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In general, infinite-dimensional gradient systems, and also gradient systems defined on
finite-dimensional non-compact manifolds, have an infinite number of equilibria. For this
reason, we consider here the Kupka-Smale property. A gradient system is said to have the
Kupka-Smale property if all its equilibria are hyperbolic and all its stable and unstable ma-
nifolds intersect transversally. Under additional dissipative hypotheses, all the equilibria of
a Kupka-Smale gradient system S belong to a compact set, which implies that the system
is Morse-Smale. In particular, if a Kupka-Smale gradient system S has a compact global
attractor A, then it is Morse-Smale. The structural stability result concerning Morse-Smale
systems on finite-dimensional compact manifolds has been extended as follows by Oliva (see
[18]). Let Sǫ(t), t ∈ R+, be a parametrized family of gradient systems, having a compact
global attractor Aǫ on X. If the attractors Aǫ are upper-semicontinuous in ǫ at ǫ = 0, and
if S0(t), t ∈ R+, is Morse-Smale, then, under additional reversibility hypotheses, the res-
trictions to Aǫ of the discrete dynamical systems (Sǫ(1))n are conjugated to the restriction
to A0 of (S0(1))n, for ǫ > 0 small enough. More precisely, there exists a diffeomorphism hǫ

from A0 onto Aǫ such that h ◦ (S0(1))n = (Sǫ(1))n ◦ h. This property implies in particular
that Sǫ(t), t ∈ R+, is still a Morse-Smale system and that its phase-diagram (that is the
description of its equilibria and the trajectories connecting them) is equivalent to the one
of S0(t). This shows that the Morse-Smale property is still relevant for infinite-dimensional
gradient systems.

Next, one can wonder if the property of genericity of the gradient Kupka-Smale systems
on finite-dimensional manifolds extends to the infinite-dimensional case in a meaningful
way. The first results on genericity of the Kupka-Smale property for partial differential
equations concern the parabolic equation

{

ut(x, t) = ∆u(x, t) + f(x, u(x, t)) , (x, t) ∈ Ω × R+

u(x, t) = 0 , (x, t) ∈ ∂Ω × R+
, (1.1)

where Ω ⊂ RN . Henry proved that in space dimension N = 1, a heteroclinic orbit connec-
ting two equilibria is necessarily transversal (see [23] and also [1]). This implies the generi-
city of the Kupka-Smale property, since the equilibria of (1.1) are all hyperbolic generically
with respect to the non-linearity f (see [4]). Unfortunately, this transversality property
is not true in higher dimension. Brunovský and Polàčik proved that the equation (1.1)
satisfies the Kupka-Smale property generically with respect to the non-linearity f , for any
dimension N ≥ 1 (see [5]).
Later, Brunovský and Raugel considered the wave equation with constant damping

{

utt(x, t) + γut(x, t) = ∆u(x, t) + f(x, u(x, t)) , (x, t) ∈ Ω × R+

u(x, t) = 0 , (x, t) ∈ ∂Ω × R+
, (1.2)

where Ω ⊂ RN and γ is a positive constant.
They proved that this equation satisfies the Kupka-Smale property generically with respect
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to the non-linearity f , for any dimension N ≥ 1 (see [6]). Notice that, as the dynamics of
hyperbolic equations are richer than the ones of parabolic equations, the transversality re-
sult of Henry is no longer true even in the one-dimensional case. So, the genericity result of
[6] is also meaningful in this case. In their proofs, Brunovský and Polàčik used an abstract
genericity theorem, that Brunovský and Raugel improved, in order to be able to apply it in
the hyperbolic case. We recall this improved version in Appendix A. This theorem is very
useful for showing genericity of the Kupka-Smale property for partial differential equations
with respect to a class of non-linearities depending on a parameter. The key points of
its proof are a version of the Sard-Smale theorem (a slightly stronger version than Theo-
rem A.2 given here), and a functional characterisation of the transversality. Applying this
abstract theorem, Brunovský and Polàčik, as well as Brunovský and Raugel, reduced their
genericity problem to the construction of a perturbation h(x, u) of the nonlinearity f(x, u),
such that a certain integral, depending on h, the heteroclinic orbits and the global boun-
ded solutions of the adjoint linearized equation to (1.1) and (1.2) respectively, does not
vanish (see the integrals I and J given by (5.7) and (5.8) in our case). In both papers,
the suitable perturbation h(x, u) is localized in the neighborhood of an appropriate point
x = x0 of the domain Ω. In [5], the choice of x0 was the consequence of delicate proper-
ties of the singular nodal set of the reaction-diffusion equation. Since corresponding nodal
properties are not available in the case of the hyperbolic equation, other techniques had
to be used. The proof in [6] uses the development of the respective globally defined and
bounded solutions u(x0, t) and ψ(x0, t), of the equation (1.2) and its corresponding adjoint
linearized equation, into fractional series in the neighborhood of certain points and also
their asymptotic development in the neighborhood of t = −∞. The asymptotic develop-
ment of these bounded solutions strongly depends on spectral properties of the linearized
equations around the equilibria.

A natural extension of the above results is the study of wave equations with non-
constant damping. As said above, spectral properties of the equation play an important
role in the proof of [6]. In particular, the existence of a Riesz basis composed by the
eigenvectors of the linearized operator is used there. The existence of such a Riesz basis is
known in general only in the one-dimensional case. For this reason, we restrict our study
here to this case. The most classical example of wave equation with non-constant damping
is the wave equation with internal local damping

{

utt(x, t) + γ(x)ut(x, t) = uxx(x, t) + f(x, u(x, t)) , (x, t) ∈ [0, 1] × R+

u(x, t) = 0 , (x, t) ∈ {0, 1} × R+
(1.3)

where γ is a nonnegative bounded function which is positive on an open subset of [0, 1].
This equation generates a dynamical system S(t) : U0 ∈ X 7−→ S(t)U0 on the Banach space
X = H1

0(]0, 1[)× L2(]0, 1[). An equilibrium E of (1.3) is said hyperbolic if the spectrum of
the linearization DUS(1)E does not intersect the unit circle in the complex plane. We also
recall that two submanifolds of X intersect transversally if, at any point of intersection, one
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of the two tangent spaces contains a closed complement of the other. For k ≥ 1, we denote
G

k the set Ck([0, 1] × R,R) endowed with the Whitney topology, that is, the topology
generated by the sets

{g ∈ G
k / |Dif(x, u) −Dig(x, u)| < δ(u), i = 0, ..., k, x ∈ [0, 1], u ∈ R},

where δ is any positive function on R and f is any function of Ck([0, 1]×R,R). A sequence
of functions fn converges to f in the Whitney topology if and only if there exists a compact
set K ⊂ R such that for all i = 0, . . . , k, the derivatives Difn converge uniformly to Dif
on [0, 1] × K, and for all n, except maybe a finite number, fn = f on [0, 1] × (R \ K).
Moreover, the space G

k is a Baire space, which means that a generic set of G
k is also a

dense set. For more details concerning this topology, see [15].

One of the main results of this paper is the following theorem.

Theorem 1.1. Let k ≥ 2 and let G
KS be the set of functions f ∈ G

k such that the damped
wave equation (1.3) satisfies the Kupka-Smale property, that is, such that all the equilibria
of (1.3) are hyperbolic and their stable and unstable manifolds intersect transversally. Then
G

KS is a generic subset of G
k.

Restricting the above space G
k, we show the genericity of the Morse-Smale property.

For example, let G
k
diss be the open subset of G

k defined by

G
k
diss = {f ∈ G

k / lim sup
u→±∞

f(x, u)

u
< 0} .

When f belongs to G
k
diss, we show in Corollary 2.7 that Equation (1.3) admits a compact

global attractor. Thus, the number of equilibria is finite and the Kupka-Smale property is
equivalent to the Morse-Smale one.

Corollary 1.2. If k ≥ 2, the damped wave equation (1.3) satisfies the Morse-Smale pro-
perty for a generic dissipative non-linearity f ∈ G

k
diss

.

The knowledge of the asymptotic behaviour of the spectrum of the linear operator as-
sociated to the wave equation with constant damping (1.2) is a key-point in the proof of
[6]. In the constant damping case, explicit relations between the eigenvalues and the eigen-
functions of the damped wave operator and those of the Laplacian operator are known. In
particular, the eigenvalues are either real or belong to the same vertical line. In the case of
the one-dimensional wave equation with non-constant damping (1.3), one only knows that
the generalized eigenvectors of the operator form a Riesz basis and that the real part of the
eigenvalues have only one point of accumulation. As these spectral properties are weaker,
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the proof of Theorem 1.1 is more involved. We emphasize that the Riesz basis property is
central in our proofs. This property is strongly linked to the dimension one as it is known
not to hold in general in higher dimensional cases. The few examples in higher dimensions
in which the eigenvectors form a Riesz basis are very particular (e.g. the constant damping
case or equation with radial symmetry, see [36]). For these reasons we only consider here
the one dimensional case.

Another important example of hyperbolic equation with non-constant damping is the
following wave equation damped on the boundary,

{

utt(x, t) = uxx(x, t) − u(x, t) + f(x, u(x, t)) , (x, t) ∈ [0, 1] × R+
∂u
∂ν

(x, t) + γ(x)ut(x, t) = 0 , (x, t) ∈ {0, 1} × R+
(1.4)

where γ is a nonnegative bounded function which is positive on at least one point of {0, 1}.
When γ(0) 6= 1 and γ(1) 6= 1, the structure of the spectrum of the linearized operator is
similar to the one of Equation (1.3). Thus, we obtain the following result.

Theorem 1.3. If we assume that k ≥ 2, γ(0) 6= 1 and γ(1) 6= 1, then the set of functions
f ∈ G

k, such that Equation (1.4) has the Kupka-Smale property, is a generic subset of G
k.

Moreover, the set of functions f ∈ G
k
diss

, such that Equation (1.4) has the Morse-Smale
property, is a generic subset of G

k
diss

.

When γ(0) = 1 or γ(1) = 1, the spectrum of the linearized operator obtained by choo-
sing f = 0 is empty. See Subsection 3.1 for a discussion of this case.

In order to enhance the common structures of Equations (1.3) and (1.4) and to make
easier the understanding of the mechanism of the proofs, we have chosen to work with an
abstract wave equation

∂

∂t

(

u
ut

)

= A

(

u
ut

)

+

(

0
f(x, u)

)

=

(

ut

−B(u+ Γut)

)

+

(

0
f(x, u)

)

, (1.5)

where the operators B and Γ will be defined in Section 2. We assume that the eigenvectors
of A form a Riesz basis. Adding other hypotheses, we prove the genericity of Kupka-Smale
property for Equation (1.5) (see Theorem 2.6). Theorems 1.1 and 1.3 will be a direct
consequences of this abstract theorem. Moreover, Theorem 2.6 can be applied to other
one-dimensional dissipative wave equations.
Notice that, in showing the genericity of the transversality, we need to prove auxiliary
properties, which have their own interest and were not known for Equation (1.4) and the
abstract version (1.5). For example, to define the global manifold structure of the stable
and unstable sets of equilibria (see [22]), we need to prove that (1.5), as well as the lineari-
zed equation (and its adjoint) satisfy a backward uniqueness property. We will also prove
that Equation (1.5) generates an asymptotically smooth dynamical system. This property
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ensures the compactness of any bounded set of trajectories. Besides, we use the asymptotic
smoothness to prove that the globally bounded solutions of (1.5) are analytic in time, when
the nonlinearity f is analytic in u. This property plays a central role in the last part of the
proof of the abstract theorem 2.6. In this paper, we also show how to use the structure of
the spectrum of the linear operator A to obtain all these auxiliary results. Indeed, the fact
that the set of rootvectors of A is a Riesz basis of the functional space enables simple and
elegant proofs of such qualitative properties.
To prove the genericity of Kupka-Smale property, we follow the lines of [6]. The main new
difficulties appear at the end of the proof, when we must prove that the integral introduced
in [5] and [6] (see (5.8) in our case) does not always vanish. Indeed, this step strongly uses
the properties of the spectrum, and so had to be modified. Moreover, the developpment of
the bounded solutions ψ of the adjoint equation in the neighborhood of t = −∞ is more
involved (see Proposition 5.5 and Lemma 5.8). In order to estimate the decay of the real
function ψ(x0, t) at some point x0 ∈ Ω, Brunovský and Raugel used a property of almost-
periodicity coming from the fact that the non-real eigenvalues of the operator all lay on
a same vertical line. In the non-constant damping case, the spectrum is more complica-
ted and such argument cannot be applied. We replaced it by a Laplace transform argument.

Section 2 of this paper is devoted to the statement of the abstract theorem (Theorem
2.6) and the proof of Theorem 1.1. In Section 3, we deal with the case of Equation (1.4)
and introduce another example. We also discuss which properties still hold in cases where
the hypotheses of Theorem 2.6 are only partially satisfied. The proof of our main theorem
is split into two parts. The first part deals with generic properties of the spectrum, inclu-
ding hyperbolicity or simplicity of the eigenvalues. These properties, given in Section 4, are
worth a separated section, as they have their own interest. The second part of the proof
of our main theorem is given in Section 5. It shows how to apply the Brunovský-Polàčik-
Raugel theorem A.1.

2 Abstract genericity theorem

In this section, we are going to state our abstract theorem. We first introduce the frame
in which we will work. In particular, we describe the space X and the operators A, B and
Γ that we introduced in the introduction.
We want our theorem to be as simple as possible and, at the same time, to be directly
applicable to as many situations as possible. For these reasons, our assumptions on A will
be as basic as possible and thus we will have to do some preliminaries to be able to state
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our main Theorem 2.6.
In order to make the reading easier, we illustrate each abstract hypothesis with the cor-
responding property in the case of the internal damped wave equation (1.3). As a result,
Theorem 1.1 will be a direct corollary of Theorem 2.6. We briefly recall that the damped
wave equation (1.3) and its analogue in higher dimension have been extensively studied for
a long time ([11], [35], [13], [38]...). In the one-dimensional case, the exponential decay of
the linear semigroup has been proved in [21] (see also [8] and [11]). In higher dimensions,
the exponential decay is still true under additional conditions ([2], [35] and [38]). In these
cases, the regularity of the complete bounded orbits is proved in [20].

2.1 Introduction of the abstract wave equation

We work in L2(]0, 1[) with the usual scalar product

< u|v >L2=

∫ 1

0

u(x)v(x)dx .

In order to define the operator A, we introduce the operators B and Γ, which satisfy the
following hypotheses.

(B) B is a real positive self-adjoint operator from its domain D(B) into L2(]0, 1[).
Moreover, we assume that B−1/2 is smoothing in the sense that B−1/2 defines a
continuous linear mapping from Hα(]0, 1[) into Hα+1(]0, 1[) for all α ≥ 0 (in particu-
lar D(B1/2) is continuously imbedded in H1(]0, 1[)).

(Gam) Γ is a continuous linear operator from D(B1/2) into D(B1/2). In addition, Γ
is a compact nonnegative self-adjoint operator on D(B1/2). In particular, for any ϕ
and ψ in D(B1/2), we have

< B1/2Γϕ|B1/2ψ >L2=< B1/2ϕ|B1/2Γψ >L2 .

We introduce the Banach space X = D(B1/2) × L2 endowed with the natural scalar
product :

〈(

u
v

) ∣

∣

∣

∣

(

ϕ
ψ

)〉

X

= < B1/2u|B1/2ϕ >L2 + < v|ψ >L2

:= < u|ϕ >D(B1/2) + < v|ψ >L2

(2.1)

Let A be the operator

A : D(A) −→ X , A

(

u
v

)

=

(

v
−B(u+ Γv)

)

, (2.2)
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where D(A) is defined as follows

D(A) =

{(

u
v

)

∈ X

/

v ∈ D(B
1
2 ), (u+ Γv) ∈ D(B)

}

.

Example of Equation (1.3) : We set B = −∆D, where ∆D is the Laplacian with
homogeneous Dirichlet boundary condition. We have

D(B) = H2(]0, 1[) ∩ H1
0(]0, 1[) and X = H1

0(]0, 1[) × L2(]0, 1[) .

The operator Γ is defined as follows.

Γ :

(

H1
0(]0, 1[) −→ H1

0(]0, 1[)
v 7−→ B−1(γ(x)v)

)

.

The operator Γ is compact. Moreover it is nonnegative and self-adjoint on H1
0(]0, 1[), since

for any (v, v′) ∈ H1
0(]0, 1[)2, we have

< Γv|v′ >D(B1/2)=

∫ 1

0

γ(x)v(x)v′(x) dx .

The operator A is simply the classical damped wave operator

A =

(

0 Id
∆D −γ(x)

)

.

Remark : Actually, we do not need to assume that B is positive. It suffices to suppose
that there exists a positive number λ such that B′ = B + λId satisfies the property (B).
An example is B = −∆N , where ∆N is the Laplacian with Neumann boundary conditions.
In such cases, we can work with B′ by replacing f(x, u) by f(x, u)− λu in Equation (2.4).

The hypotheses (B) and (Gam) imply directly the following lemma.

Lemma 2.1. For any function h ∈ L∞([0, 1],C) and any complex number λ, the operator
L from D(B1/2) into D(B1/2) defined by

Lϕ = ϕ+ λΓϕ− B−1(hϕ),

is a Fredholm operator of index 0 and L∗ = L on D(B1/2). In particular, g is in the range
of L if and only if, for all ϕ in the kernel of L, < g|ϕ >D(B1/2)= 0.
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Proof : The operator B−1(h.) is defined from D(B1/2) into D(B), so it is compact from
D(B1/2) into D(B1/2). By assumption, Γ is also compact on D(B1/2), so, as L is a compact
perturbation of the identity on D(B1/2), L is a Fredholm operator of index 0 (see for
example [3]). L∗ = L, indeed if v and ϕ are two functions of D(B1/2), we have

< Lϕ|v >D(B1/2) = < ϕ|v >D(B1/2) +λ < Γϕ|v >D(B1/2) − < B−1/2(hϕ)|B1/2v >L2

= < ϕ|v >D(B1/2) +λ < ϕ|Γv >D(B1/2) − < B1/2ϕ|B−1/2(hv) >L2

= < ϕ|v + λΓv − B−1(hv) >D(B1/2)

= < ϕ|Lv >D(B1/2)

The last claim of the lemma is just the Fredholm alternative. �

As a consequence of Lemma 2.1, we can prove that A generates a C0−semigroup.

Proposition 2.2. A is a nonpositive operator and Id − A is surjective from D(A) onto
X. As a consequence, A generates a C0−semigroup eAt of contractions on X. Moreover, A
has a compact resolvent.

Proof : If (u, v) ∈ D(A), then

〈

A

(

u
v

) ∣

∣

∣

∣

(

u
v

)〉

X

= − < Γv|v >D(B1/2) ,

so A is nonpositive and thus dissipative. We next prove the maximality, that is that Id−A
is surjective. If (h, g) ∈ X, there exists a vector (u, v) ∈ D(A) such that

(Id−A)

(

u
v

)

=

(

h
g

)

if and only if
{

u− v = h
v +B(u+ Γv) = g

(2.3)

This is equivalent to find a function u ∈ D(B1/2) such that

(u− h) + Γ(u− h) +B−1(u− h) = B−1g − h.

Lemma 2.1 implies that this is possible if Ker(Id + Γ + B−1) = {0}. But if ϕ ∈ D(B1/2)
is such that

ϕ+ Γϕ+B−1ϕ = 0,
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then
‖ϕ‖2

D(B1/2)+ < Γϕ|ϕ >D(B1/2) +‖ϕ‖2
L2 = 0 ,

and since < Γϕ|ϕ >D(B1/2)≥ 0, it follows that ϕ = 0. As a consequence of the Lumer-

Phillips Theorem (see [33]), A generates a C0−semigroup eAt on X.
Finally, we can easily prove that (Id−A)−1 is compact, using the equalities (2.3), and the
fact that B−1 and Γ are compact on D(B1/2). �

Let f be any function of Ck([0, 1] × R). Since the map
(

u
v

)

∈ X 7−→
(

0
f(x, u)

)

∈ X

is of class C1, the equation

∂

∂t

(

u
ut

)

= A

(

u
ut

)

+

(

0
f(x, u)

)

t > 0,

(

u
ut

)

∣

∣t=0

=

(

u0

u1

)

∈ X (2.4)

has a unique local solution (u, ut) ∈ C0([0, T [, X) where T is a positive time, which depends
on the initial data (u0, u1). We denote by S(t)(u0, u1) = (u, ut) the solution in C0([0, T [, X)
of (2.4) and remark that S(t) is a local nonlinear semigroup on X. If (u, ut) is a solution
in C0([0, T [, X) of Equation (2.4), the linearized equation along the solution (u, ut) is given
by

∂

∂t

(

w
wt

)

= A

(

w
wt

)

+

(

0
f ′

u(x, u(x, t))w

)

, t > 0,

(

w
wt

)

∣

∣t=0

=

(

w0

w1

)

∈ X. (2.5)

Now, we will look at the adjoint operator A∗. First notice that, with our choice of the
scalar product, we have X∗ = X. Due to Hypothesis (Gam), we verify that

A∗ =

(

1 0
0 −1

)

A

(

1 0
0 −1

)

. (2.6)

Notice that (2.6) means that the adjoint equation ∂
∂t

(u, ut) = −A∗(u, ut) is “equivalent” to
the equation ∂

∂t
(u, ut) = A(u, ut) where the time is reversed. Finally, the adjoint equation

of (2.4) is given by














∂
∂t

(

θ
ψ

)

= −A∗
(

θ
ψ

)

−
(

B−1(f ′
u(x, u)ψ)
0

)

t < 0
(

θ
ψ

)

t=0

=

(

θ0
ψ0

)

∈ X
(2.7)

To obtain our main theorem, we need to introduce spectral hypotheses.
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2.2 Spectral assumptions

As A has a compact resolvant, its spectrum consists only of isolated eigenvalues λn with
finite multiplicity. With each λn, we can associate an orthonormalized Jordan Chain

(V n
j,k)j≤mn−1,k≤mn,j−1

with
∀ 0 ≤ j ≤ mn − 1, AV n

j,0 = λnV
n
j,0

∀ 0 ≤ j ≤ mn − 1, 1 ≤ k ≤ mn,j − 1, AV n
j,k = λnV

n
j,k + V n

j,k−1

We will assume that the rootvectors form a Riesz basis of X. We say that a set (Ψn)n∈N is
a Riesz basis of X if there exist two positive constants a1 and a2, such that for any U ∈ X,
there is a unique sequence of complex numbers (αn) such that

U =
∑

n∈N

αnΨn,

and
a1‖U‖2

X ≤
∑

n∈N

|αn|2 ≤ a2‖U‖2
X . (2.8)

See [14] for details.
We assume the following spectral properties

(Spec) the operator A is such that
a) the rootvectors (V n

j,k) of A form a Riesz basis of X.

b) there exist two positive constants Mev and Cev such that all eigenvalues λ with
|λ| > Mev are simple and can be written as

λ±n = an ± ibn with an −→ −Cev . (2.9)

c) the eigenvalues are uniformly isolated in the sense that there exists a constant
αev > 0 such that

inf
n 6=m

|λn − λm| > αev .

In short, the spectrum looks like
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0
ev−C

α ev

Example of Equation (1.3) : It has been proved by Cox and Zuazua in [11] that the spec-
trum of Equation (1.3) satisfies Hypothesis (Spec). In particular, they showed the following
high-frequency estimate

λ±n = −γ0

2
± inπ +O(

1

n
) ,

where γ0 is the average of γ on [0, 1], that is,

γ0 =

∫ 1

0

γ(x) dx > 0 .

We will use an important property which easily follows from Hypothesis (Spec), but
has to be enhanced.

Proposition 2.3. Under Hypothesis (Spec), the eigenvalues of A satisfy

∑

λ∈σ(A)

1

|λ|2
< ∞.

We assume furthermore that
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(UCP) B and Γ satisfy the following weak unique continuation property : for any given
λ ∈ C, any function h ∈ L∞, and any ϕ ∈ D(B1/2) \ {0} with (ϕ + λΓϕ) ∈ D(B)
which satisfy

B(ϕ+ λΓϕ) = h(x)ϕ ,

a) ϕ vanishes only at a finite number of points of [0, 1].

b) < Γϕ|ϕ >D(B1/2)> 0.

Example of Equation (1.3) : Notice that Property (UCP)a) for Equation (1.3) corres-
ponds to the following well-known fact. If ϕ ∈ H1

0(]0, 1[) \ {0} satisfies

ϕxx(x) = (λγ(x) − h(x))ϕ(x) ,

then ϕ vanishes only at a finite number of points of [0, 1]. In particular,

< Γϕ|ϕ >D(B1/2)=

∫ 1

0

γ(x)|ϕ(x)|2 > 0 ,

and thus Hypothesis (UCP)b) obviously holds.

From the assumptions (Spec) and (UCP), we deduce the exponential decay property
of the linear semigroup eAt. We deduce as well that the semigroup eAt is in fact a group.

Proposition 2.4. Under the assumptions (B), (Gam), (Spec) and (UCP), the linear
semigroup eAt is decreasing with an exponential decay rate. More precisely, there exist
δ1
d > δ2

d > 0 and two positive constants K1
d and K2

d , such that for any U0 ∈ X and t > 0,

K1
d e

−δ1
dt ‖U0‖X ≤ ‖eAtU0‖X ≤ K2

d e
−δ2

dt ‖U0‖X . (2.10)

Besides, the C0−semigroup (eAt)t∈R+ can be extended to a C0−group (eAt)t∈R. In the same
way, the wave equation (2.4), the linearized equation (2.5) and the adjoint equation (2.7)
generate C0−groups and thus satisfy the backward uniqueness property.

Proof : Since we assumed that there exists a Riesz basis (V n
j,k) composed by rootvectors

of A, we can write

U0 =
∑

n,j,k

αn,j,kV
n
j,k ,

where the series converges normally in X. As

etAV n
j,k = (V n

j,k + t V n
j,k−1 + ... + tk V n

j,0)e
λnt ,
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we have that
etAU0 =

∑

n,j,k

αn,j,k(V
n
j,k + t V n

j,k−1 + ...+ tk V n
j,0)e

λnt .

By assumption (Spec)b), there is only a finite number of eigenvalues which are not simple,
so the multiplicity of an eigenvalue is uniformly bounded and the polynomial terms do not
matter. Since we have the equivalence of norms (2.8), to conclude, we have to show that
there exist δ1

d > δ2
d > 0 such that all the eigenvalues λn of A are in the strip

−δ1
d < Re(λn) < −δ2

d < 0.

As Property (Spec)b) holds, it is sufficient to prove that all the eigenvalues have negative
real part. We proved in Proposition 2.2 that A is nonpositive and so its eigenvalues have
nonpositive real part. If iλ ∈ iR is an eigenvalue of A with eigenvector (ϕ, iλϕ) (ϕ 6= 0),
then

ϕ+ iλΓϕ− λ2B−1ϕ = 0,

and
‖ϕ‖2

D(B1/2) + iλ < Γϕ|ϕ >D(B1/2) −λ2‖ϕ‖2
L2 = 0 .

Due to the assumption (UCP)b), < Γϕ|ϕ >D(B1/2) 6= 0, which implies that λ = 0, and thus
ϕ = 0. This proves that all the eigenvalues have negative real part.
To show that eAt can be extended to a group, we formally define e−At. Let

U0 =
∑

n,j,k

αn,j,kV
n
j,k .

We denote by βt
n,j,0,..., β

t
n,j,mn,j−1, the solutions of the system











1 t . . . tmn,j−1

0 1 . . . tmn,j−2

...
. . .

. . .
...

0 . . . 0 1





















βt
n,j,0

βt
n,j,1
...

βt
n,j,mn,j−1











=











αn,j,0

αn,j,1
...

αn,j,mn,j−1











.

Notice that the above system is well-defined for all time t ≥ 0. We set

e−AtU0 =
∑

n

e−λnt

(

∑

j,k

βt
n,j,kV

n
j,k

)

.

The property (2.8), together with the fact that the real part and the multiplicity of the
eigenvalues are bounded, imply that the operator e−At is linear continuous from X into
X, and it continuously depends on t. Besides, e−At = (eAt)−1 by construction. This shows
that eAt is a group (see [33]). �
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The following proposition shows that the exponential decay of eAt implies that the
dynamical system S(t) generated by Equation (2.4) is asymptotically smooth. We recall
that it means that any bounded positively invariant set B of X is attracted by a compact
set K(B) ⊂ B (see [17]).

Proposition 2.5. The dynamical system S(t) is asymptotically smooth.

Proof : Let f be a function of G
k and (u0, v0) be initial data in X. We denote (u(t), ut(t))

the trajectory S(t)(u0, v0). By definition of a mild solution, we have

S(t)

(

u0

v0

)

= etA

(

u0

v0

)

+

∫ t

0

e(t−s)A

(

0
f(x, u(t))

)

ds.

The linear term satisfies ‖etA‖L(X) ≤ K2
de

−δ2
dt. Moreover, the mapping F : (u, v) 7−→

(0, f(x, u)), defined from X to X, is completely continuous in the sense of [17]. Indeed, if
(u, v) belongs to a bounded set B ⊂ X then f(x, u) belongs to a bounded set of H1(]0, 1[)
and thus F (B) is a precompact set of X. Applying Theorem 4.6.1 of [17] yields that S(t)
is asymptotically smooth. �

2.3 The main theorem

As the backward uniqueness property is satisfied by the linearized equation (2.5) and
the adjoint equation (2.7), the stable and unstable sets of the hyperbolic equilibria of the
equation (2.4) are imbedded manifolds in X (see [22]), so wondering if their intersection
is transversal or not has a sense. We recall that (2.4) is said to have the Kupka-Smale
property, if all its equilibria are hyperbolic and all its stable and unstable manifolds intersect
transversally. We also recall that for k ≥ 1, G

k is the set of the functions f ∈ Ck([0, 1]×R,R)
endowed with the Whitney topology, that is, the topology generated by the sets

{g ∈ G
k / |Dif(x, u) −Dig(x, u)| < δ(u), i = 0, 1, ..., k, x ∈ [0, 1], u ∈ R},

where δ is any positive function on R.
We are now able to state our main theorem.

Theorem 2.6. Let f be a function of G
k. We assume that the operator A defined by (2.2)

satisfies all the above properties (B), (Gam), (Spec) and (UCP). We assume in addition
that the following properties hold :

(Grad) The Equation (2.4) is a gradient system.
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(Loc) For any function ϕ ∈ D(B1/2), the scalar product < Γϕ|ϕ >D(B1/2) depends only
on the values of ϕ2.

If k ≥ 2, then the set G
KS of all the functions f ∈ G

k such that (2.4) has the Kupka-Smale
property is a generic subset of G

k.

If f satisfies an additional dissipative condition, Equation (2.4) has a compact global
attractor. In this case, if (2.4) is Kupka-Smale, then it is Morse-Smale ; that is, (2.4) has a
finite number of equilibria which are all hyperbolic and all its stable and unstable manifolds
intersect transversally. Let G

k
diss be the open subset of G

k defined by

G
k
diss = {f ∈ G

k / lim sup
u→±∞

f(x, u)

u
< 0} .

When f belongs to G
k
diss, the above theorem can be improved as follows.

Corollary 2.7. We assume that all the hypotheses of Theorem 2.6 are satisfied. If f belongs
to G

k
diss

, then Equation (2.4) admits a compact global attractor. As a consequence, the set
of non-linearities f ∈ G

k
diss

such that (2.4) has the Morse-Smale property is generic in
G

k
diss

.

Proof : We only have to check that, if f belongs to G
k
diss, then Equation (2.4) admits a

compact global attractor. We follow the proof given in [19]. We have already shown that
(2.4) generates an asymptotically smooth system S(t). Next, we have to prove that S(t) is
point-dissipative, that is that there exists a bounded set which attracts each point of X.
As f belongs to G

k
diss, there exist two positive constants α and C such that

f(x, u)u ≤ C − αu2 .

This implies that the equilibrium points (e, 0) of Equation (2.4) are uniformly bounded,
since

‖(e, 0)‖2
X = ‖e‖2

D(B1/2) =

∫

(Be)(x)e(x)dx =

∫

f(x, e(x))e(x)dx ≤ C .

The asymptotically smooth system S(t) is assumed to be gradient, so all the points ofX are
attracted by the equilibria, which belong to a bounded set. Thus, S(t) is point-dissipative.
Finally, we have to verify that the trajectories of the bounded sets of X are bounded. More
precisely, let B be a bounded set of X, we set γ+(B) = ∪t≥0S(t)B. To obtain the existence
of a compact global attractor, it remains to check that γ+(B) is bounded. We define the
functional Φ from X into R as follows.

Φ((u0, v0)) =
1

2
‖(u0, v0)‖2

X −
∫ 1

0

F (x, (u0, v0))dx ,
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where

F (x, (u0, v0)) =

∫ u0

0

f(x, ζ)dζ .

If (u0, v0) ∈ D(A), then (u, v)(t) = S(t)(u0, v0) belongs to C0(R+, D(A)) ∩ C1(R+, X), and
Φ is non-increasing along this trajectory since we can write

∂

∂t
Φ((u, v)(t)) = − < Γv|v >D(B1/2)≤ 0 .

As S(t) and Φ are continuous on X, and that D(A) is dense in X, we deduce that Φ is
non-increasing along all the trajectories of S(t). In fact, Φ is a strict Lyapunov function in
the concrete examples. The first components u0 of the elements (u0, v0) of B are uniformly
bounded in H1(]0, 1[), so Φ is also bounded on B by a constant C(B). As f belongs to G

k
diss,

there exists two positive constants α̃ and C̃ such that

F (x, u) ≤ C̃ − α̃u2 .

This implies that

1

2
‖(u, v)‖2

X − C̃ ≤ Φ((u, v)) ≤ Φ((u0, v0)) ≤ C(B) .

This shows that γ+(B) is bounded in X. �

Proof of Theorem 1.1 and Corollary 1.2 : As already indicated, Theorem 1.1 and
Corollary 1.2 are direct consequences of Theorem 2.6 and Corollary 2.7. While introducing
the hypotheses (B), (Gam), (Spec) and (UCP), we have checked that Equation (1.3) sa-
tisfies all these conditions. Moreover, it is known that (1.3) is a gradient system (see for
example [19]). In addition, the property (Loc) is obviously satisfied as

∀ϕ ∈ D(B1/2), < Γϕ|ϕ >D(B1/2)=

∫ 1

0

γ(x)|ϕ(x)|2dx .

So we can apply Theorem 2.6 and Corollary 2.7. �
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3 Other examples of applications

In this section, we apply the abstract theorem to the case of the boundary damping and
thus prove Theorem 1.3. We give also another example, which illustrates the case of ope-
rators of higher order and which is interesting in the sense that we will need to generalize
Theorem 2.6. Of course, these examples are not exhaustive. In particular, other boundary
conditions can be taken in Equation (1.3). We also notice that Hypothesis (Spec) has been
proved for many other one-dimensional equations.
In the last subsection, we enhance which properties are still true for equations which do
not satisfy all the hypotheses of Theorem 2.6.

3.1 The wave equation with damping on the boundary

Like the internal damped wave equation (1.3), the equation with boundary damping
(1.4) has also attracted much attention (see for example [9], [12], [26], [27], [28], [37] and
[39]).
Theorem 1.3 is a direct consequence of Theorem 2.6 and Corollary 2.7.

Proof of Theorem 1.3 : We can assume without loss of generality that γ(0) 6= 0 (the
case γ(0) = 0 and γ(1) 6= 0 is similar). Equation (1.4) can be written in the frame of (2.4)
with A defined by (2.2). Indeed, we set

X = H1(]0, 1[)×L2(]0, 1[), B = −∂2
xx+Id, D(B) = {u ∈ H2(]0, 1[) / ux(0) = ux(1) = 0} ,

and, for any v ∈ H1(]0, 1[), we denote by Γv the solution in H2(]0, 1[) of
{

(∂2
xx − Id)(Γv)(x) = 0 x ∈]0, 1[

∂
∂ν

(Γv)(x) = γ(x)v(x) x ∈ {0, 1} .

We recall that we equipp the space X = D(B1/2)×L2(]0, 1[) with the inner product defined
by (2.1). For any v ∈ H1(]0, 1[), we have

< Γv|v >D(B1/2)= γ(0)|v(0)|2 + γ(1)|v(1)|2 . (3.1)

Thus, the operators B and Γ clearly satisfy Hypotheses (B), (Gam) and (Loc). Following
Cox and Zuazua (see [12]), we prove that Hypothesis (Spec) holds. Let

ω =

(

γ(0) + 1

γ(0) − 1

)(

γ(1) + 1

γ(1) − 1

)

.

We have the following high-frequency estimate

λ±n = − ln |ω| +
{

±inπ +O( 1
n
) if ω > 0

±i(n + 1
2
)π +O( 1

n
) if ω < 0

.
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Hypothesis (UCP)a) is a well-known unique continuation property (see [31]). To show the
property (UCP)b), we assume that λ ∈ C, h ∈ L∞, and ϕ 6= 0 is such that (ϕ + λΓϕ) ∈
D(B) and

{

B(ϕ+ λΓϕ) = h(x)ϕ
< Γϕ|ϕ >D(B1/2)= 0

that is







−ϕxx(x) = h(x)ϕ(x), x ∈]0, 1[
∂ϕ
∂ν

(x) = −λγ(x)ϕ(x), x = 0, 1
γ(0)|ϕ(0)|2 + γ(1)|ϕ(1)|2 = 0

.

Thus, ϕ satisfies both Neumann and Dirichlet conditions at the end point x=0. Simply
using Cauchy-Lipschitz Theorem, we find that ϕ = 0, that is that Hypothesis (UCP)b) is
satisfied.
Finally, it remains to show that (2.4) generates a gradient system. Although the proof is
classical (see [27]), we quickly recall it. The Lyapounov function associated to (2.4) is given
by

Φ((u0, v0)) =
1

2
‖(u0, v0)‖2

X −
∫ 1

0

F (x, (u0, v0))dx ,

where

F (x, (u0, v0)) =

∫ u0

0

f(x, ζ)dζ .

Along a trajectory (u, v) = S(t)(u0, v0) of Equation (1.4), we have

∂

∂t
Φ((u, v)(t)) = − < Γv|v >D(B1/2) ≤ 0.

Moreover, if the trajectory is such that ∂
∂t

Φ((u, v)(t)) = 0 for t ∈ [0, T ], then v satisfies
v(0) = ∂

∂x
v(0) = 0. We set v0(x) = v(x, 0) and vT (x) = v(x, T ). If we reverse the role of

time and space, v is a solution of







∂2

∂x2v(x, t) = ( ∂2

∂t2
+ Id− f ′

u(x, u(x, t)))v(x, t) 0 < x < 1, t ∈]0, T [
v(x, 0) = v0(x), v(x, T ) = vT (x) 0 < x < 1
v(x = 0, t) = ∂

∂x
v(x = 0, t) = 0 t ∈]0, T [ .

The uniqueness of the solutions of the wave equation gives that v(x, t) = ut(x, t) = 0 for
x ∈]0, 1[ and t ∈]0, T [. This implies that Φ is a strict Lyapounov function, and so that (2.4)
generates a gradient system. �

Remarks : • When γ(0) = 1 or γ(1) = 1, the spectrum of the linear operator defined
in Equation (1.4) by setting f = 0 is empty. Moreover, it is well-known that, in this case,
all solutions of the linear equation vanish in finite time, that is that Equation (1.4) does
not satisfy the backward uniqueness property. Thus, we cannot ensure that the stable and
unstable manifolds are immersed manifolds as they may have self-intersections. In this
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case, we are not able even to define the notion of transversality of these manifolds.
• In [12], Cox and Zuazua considered Equation (1.4) with ρ(x)2utt instead of utt, where
ρ is a measurable function with bounded variation and satisfies 0 < α ≤ ρ ≤ β < ∞.
We can apply Theorem 2.6 to this case if we notice that our theorem is also valid when
L2(]0, 1[) is replaced by L2

ρ(]0, 1[), that is the space L2 endowed with the equivalent norm
‖f‖2

ρ =
∫

ρ2|f |2.

3.2 A beam equation with joint feedback control

In Hypothesis (Spec)b), we assumed that there exists a constant Cev such that the
eigenvalues of A satisfy

Reλn −→ −Cev .

Obviously, a careful look at the proof of Theorem 2.6 shows that it is also valid if we assume
that the sequence (Re(λn))n∈Z has a finite number of accumulation points. The following
example, described in [16], illustrates this slight generalization.
Let f be a function in G

k, γ and K be two positive constants and let d be a point of ]0, 1[.
We study in

X = (H2(]0, 1[) ∩ H1
0(]0, 1[)) × L2(]0, 1[)

the equation























utt(x, t) + γut(x, t) = −uxxxx(x, t) + f(x, u) 0 < x < d, d < x < 1, t > 0
u(x, t) = uxx(x, t) = 0 x = 0, 1 , t > 0
∂k

xu(d+, t) = ∂k
xu(d−, t) k = 0, 1, 2 , t > 0

uxxx(d−, t) − uxxx(d+, t) = Kut(d, t) t > 0
(u(x, 0), ut(x, 0)) = (u0(x), u1(x)) ∈ X x ∈ [0, 1]

(3.2)

where, if h is a piecewise continuous function, we denote

h(d+) = lim
x→d, x>d

h(x) and h(d−) = lim
x→d, x<d

h(x) .

Theorem 3.1. If d is a rational number, then the set of functions f ∈ G
k, such that

Equation (3.2) has the Kupka-Smale property, is a generic subset of G
k.

Proof : Equation (3.2) can be written in the frame of (2.4) with A defined by (2.2).
Indeed, we set

B = ∆2, D(B) = {u ∈ H4(]0, 1[) / u(0) = u(1) = uxx(0) = uxx(1) = 0} ,

and

Γ :

(

H2(]0, 1[) ∩ H1
0(]0, 1[) −→ H2(]0, 1[) ∩ H1

0(]0, 1[)
v 7−→ γB−1v + κ(v(d))

)

,
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where, for any β ∈ R, κ = κ(β) is the solution of















κxxxx(x) = 0 0 < x < d and d < x < 1
κ(x) = κxx(x) = 0 x = 0, 1
∂k

xκ(d−) = ∂k
xκ(d+) k = 0, 1, 2

κxxx(d−) − κxxx(d+) = −Kβ
.

For any v ∈ H2(]0, 1[) ∩ H1
0(]0, 1[), an easy computation gives

< Γv|v >D(B1/2)= K|v(d)|2 + γ

∫ 1

0

|v(x)|2 dx .

Thus, the operators B and Γ clearly satisfy Hypotheses (B), (Gam) and (Loc). In [16], the
constant γ was taken to be zero and the system (3.2) was not gradient. For this reason, we
add a dissipative term γut, which gives a gradient structure to (3.2) and implies Property
(UCP). Finally, by adapting the proofs of [16], we find that the rootvectors of A form a
Riesz basis of X and that the eigenvalues of A satisfy

λ±n = −γ
2
± i(nπ)2 −K sin2(ndπ) +O(

1

n
) .

If d belongs to Q, the real parts of the eigenvalues have only a finite number of accumulation
points, and so we have constructed an example satisfying a generalized condition (Spec).
�

3.3 Equations which satisfy only part of the hypotheses

Some examples of damped wave equations do not satisfy all the hypotheses of Theorem
2.6. Although we cannot prove the generic Kupka-Smale property, some of the propositions
proved here are still valid. The hypotheses, which generally fail to be satisfied are (Grad),
(UCP)b), (Spec)b) and (Spec)c). We point out that the assumptions (Spec)b) and (Spec)c)
are crucial in the last steps of the proof of Theorem 2.6. However, such precise asymptotic
estimates of the spectrum of A are not needed to prove Proposition 2.4. Actually, in the
proof of Proposition 2.4, we only used the hypothesis (Spec)a) and the following property

(Spec’) All the eigenvalues of A belong to a strip

{z ∈ C / − β < Re(z) < −α < 0} ,

where α and β are two positive constants.
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In this proof, the assumptions (Spec)b), (Spec)c) and (UCP)b) have been used only to show
that (Spec’) holds. Likewise, other interesting properties do not require these assumptions.

Theorem 3.2. Let A be the operator defined by (2.2). Under the hypotheses (B), (Gam),
(Spec)a), (Spec’) and (UCP)a), the conclusions of Proposition 2.4, Proposition 2.5, Theo-
rem 4.3 and Proposition 5.2 are still true.

One application of this theorem is the beam equation with non-constant damping. In
[29], Li, Yu, Liang and Zhu proved that the equation

{
(

∂2

∂t2
+ γ(x)∂

∂t
+ ∂4

∂x4

)

u(x, t) = f(x, u) , (x, t) ∈ ]0, 1[×R+

u(0, t) = ∂
∂x
u(0, t) = ∂2

∂x2u(1, t) = ∂3

∂x3u(1, t) = 0

satisfies Hypotheses (Spec)a) and (Spec’), if an appropriate positivity condition on γ holds.
They also enhanced that (Spec)b) is still not known in this case. As a consequence, Theorem
3.2 is valid for the beam equation with non-constant damping.
We end this section by remarking that there are other cases of equations, which do not
exactly fit in our frame ; however, mimicing our proofs, we can show that the properties
given in Theorem 3.2 are still true. This is for example the case for the beam equations
with boundary damping, where one needs an additional equation on the boundary in order
to describe the system (see [10]).

4 Proof of the main theorem : generic spectral pro-

perties

Let (e, 0) be an equilibrium of Equation (2.4), that is a solution e ∈ D(B) of the
equation Be = f(x, e). The linearized operator at the equilibrium (e, 0) is

Ae

(

u
v

)

=

(

A+

(

0 0
f ′

u(x, e) 0

))(

u
v

)

=

(

v
−B(u+ Γv) + f ′

u(x, e)u

)

, (4.1)

with D(Ae) = D(A). Notice that (e, 0) ∈ X implies that e belongs to H1(]0, 1[) and so
f ′

u(x, e) is in C0(]0, 1[).

In this section, we study generic properties of the spectrum of the linearized operator
Ae. We need generic properties with respect to the function f , such as hyperbolicity of the
equilibria (e, 0) or simplicity of the eigenvalues of Ae. We point out that these properties
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deserve a separate section as they do not only play an important role in the proof of Theo-
rem 2.6, but have also their own interest. Their proofs, which mainly consist in applying
Sard-Smale Theorem (Theorem A.2), need almost nothing else as the facts that the eigen-
functions of Ae have some smoothness and satisfy a unique continuation property such as
(UCP)a). Thus, we would be able to prove the generic hyperbolicity of the equilibria and
the generic simplicity of the eigenvalue for a larger class of operators. But, as this is not
the main purpose of this paper, we keep most of the hypotheses of Theorem 2.6.
We only want to enhance that all the properties proved in this section are not specific to the
one-dimensional case. For this reason, we do not assume Hypothesis (Spec), which seems
to be an one-dimensional property. Instead, we will assume that A satisfies the following
exponential decay property, which is often true in higher dimension.

(ED) There exist two positive constants δd and Kd such that, for all U ∈ X, and all
t > 0,

‖eAtU‖X ≤ Kde
−δdt‖U‖X .

Remarks : • We assume Property (ED) to ensure the hyperbolicity of the equilibria. If
Hypothesis (ED) does not hold, we can say that, generically with respect to f , the equilibria
and the eigenvalues are simple. But, (ED) is needed to say that the equilibria are not only
simple, but also hyperbolic.
• We will only use one property related to the one-dimensional case, which is the fact
that H1(]0, 1[) is continuously imbedded into C0(]0, 1[). For the higher dimensional case,
replacing our space X = D(B1/2) × L2(]0, 1[) by an adequate subspace of D(An) (n large
enough), so that D(An) is continuously imbedded in C0(]0, 1[)×L2(]0, 1[), we prove mutatis
mutandis the same generic results. The only problem is that (0, f(x, u)) has to be in D(An),
and so we must be more careful and show that the perturbations of (0, f(x, u)) are still in
D(An). We refer to [6] where the cases of dimensions two and three are considered.

First, notice that an eigenvector of Ae corresponding to the eigenvalue λ is of the form
(ϕ, λϕ) ∈ D(A) and satisfies

−B(ϕ + λΓϕ) + f ′
u(x, e)ϕ = λ2ϕ.

We will have to study functionals depending on ϕ and λ, so the last formulation is not
very convenient as we must have (ϕ + λΓϕ) ∈ D(B), that is that ϕ belongs to a space
which depends on the parameter λ. That is why we will use the equivalent formulation :
ϕ ∈ D(B1/2) and

ϕ+ λΓϕ = B−1
[

(f ′
u(x, e) − λ2)ϕ

]

,

which is much easier to handle.

Proposition 4.1. Let A be the operator defined by (2.2), satisfying Properties (B), (Gam)
and (UCP) defined in Section 2. If (e, 0) is an equilibrium of (2.4), and f ∈ G

k, then the
eigenvalues of Ae with non-negative real part are all real.
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Proof : As e is in L∞(]0, 1[), f ′
u(x, e(x)) belongs to L∞(]0, 1[). Let (ϕ, λϕ) be an eigen-

function of Ae that is
−B(ϕ + λΓϕ) + f ′

u(x, e)ϕ = λ2ϕ.

By multiplying this equality by ϕ and integrating, we find

−‖ϕ‖2
D(B1/2) +

∫ 1

0

f ′
u(x, e)|ϕ|2 = λ2‖ϕ‖2

L2 + λ < Γϕ|ϕ >D(B1/2) .

If λ is not real, by taking the imaginary part of the above equality, we obtain

Re(λ)‖ϕ‖2
L2 = −1

2
< Γϕ|ϕ >D(B1/2) .

We assumed in (UCP)b) that Γ is strictly positive on the eigenfunctions, which implies
that if λ is not real, Re(λ) < 0. �

In what follows, we will denote f ′
u for f ′

u(x, e) when no confusion is possible.
Our last preliminary concerns the algebraic simplicity of the eigenvalues. Assume that there
is an element (u, v) ∈ D(A) such that

(Ae − λId)

(

u
v

)

=

(

ϕ
λϕ

)

, that is

{

v − λu = ϕ
−B(u+ Γv) + f ′

uu− λv = λϕ

So v = λu+ ϕ and

u+ λΓu+B−1(λ2u− f ′
uu) = −(Γϕ + 2λB−1ϕ).

We deduce that the algebraic multiplicity of λ is higher than one if and only if there exists
an eigenvector (ϕ, λϕ) with

Γϕ+ 2λB−1ϕ ∈ R
(

Id+ λΓ.+B−1
[

(λ2 − f ′
u).
])

(4.2)

4.1 Genericity of the hyperbolicity

We recall that an equilibrium (e, 0) of the wave equation (2.4) is hyperbolic if the
spectrum of eAe does not intersect the unit circle of C.
We recall also that G

k is the set of the functions f ∈ Ck([0, 1]×R,R) (with k ≥ 2) endowed
with the Whitney topology defined in Section 2.

Theorem 4.2. Let A be the operator defined by (2.2), satisfying Properties (B), (Gam)
and (UCP) defined in Section 2, and the exponential decay property (ED).
Let G

H be the set of all functions f ∈ G
k, such that all the equilibria of the wave equation

(2.4) are hyperbolic. Then G
H is a generic subset of G

k.
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Proof : We assumed that A satisfies the exponential decay property (ED), which means
that the radius of the spectrum of eA in strictly less than one. Let U0 be an element of X,
and U(t) = eAtU0. We have

eAeU = eAU +

∫ 1

0

eA(1−t)(0, f ′
u(x, e)u(t))dt .

As f ′
u(x, e)u(s) is bounded in H1(]0, 1[), which is compactly imbedded in L2(]0, 1[), the

operator eAe is a compact perturbation of eA, and so the radius of its essential spectrum
is the same as the one of eA, thus it is strictly less than one.
Hence, concerning the hyperbolicity, we are reduced to consider the point spectrum. To
show that no eigenvalue of eAe belongs to the unit circle, we have to prove that no eigenvalue
of Ae belongs to the imaginary axis. By Proposition 4.1, the only possible eigenvalue of
Ae on the imaginary axis is 0. In the case where 0 is an eigenvalue, there exists a function
ϕ ∈ D(B1/2) such that ϕ = B−1(f ′

uϕ). Notice that, as Id−B−1(f ′
u.) is a Fredholm operator

of index 0, its injectivity is equivalent to its surjectivity.
The following proof can be found in [5]. We just give it in our frame for sake of completeness.
Let G

H
n be the set of all functions f ∈ G

k such that all equilibria (e, 0) with ‖e‖L∞ ≤ n are
hyperbolic. We only have to prove that G

H
n is an dense open subset of G

k, as G
H = ∩nG

H
n .

First, G
H
n is open. Indeed, if (fk) is a sequence of functions of G

k \ G
H
n which converges

to some f ∈ G
k, then we have a sequence of equilibria (ek, 0) with ‖ek‖L∞ ≤ n, and a

sequence of functions ϕk ∈ D(B1/2) with ‖ϕk‖L2 = 1, such that

ek = B−1fk(x, ek(x))

ϕk = B−1((fk)
′
u(x, ek(x))ϕk).

As (ek)k is bounded in L∞, the sequence (fk(x, ek(x)))k is bounded in L∞ too and thus
(ek) is bounded in D(B1/2). Since D(B1/2) is compactly imbedded in L∞, by extracting
a subsequence, we can assume that ek −→ e in L∞. Using the equation once more, we
find that ek −→ e in D(B1/2). The same argument shows that ϕk −→ ϕ in D(B1/2).
Continuity arguments imply that (e, 0) is an equilibrium of Equation (2.4) corresponding
to the nonlinearity f , that ‖e‖L∞ ≤ n, and that ϕ = B−1((f ′

u)(x, e(x))ϕ). This means that
f 6∈ G

H
n .

We now have to prove the density of G
H
n . Let f be a function of G

k, let η : R −→ R be a
smooth compactly supported function which is equal to 1 on [−n−1;n+1]. It is sufficient
to show that there exists a dense set of functions b(x) ∈ Ck such that f(x, u) + b(x)η(u) is
in G

H
n . We apply the Sard-Smale Theorem (see Theorem A.2) with

U = {e ∈ D(B1/2) / ‖e‖L∞ < n+ 1}, V = Ck([0, 1]), Z = D(B1/2),

and
Φ(e, b)(x) = e−B−1(f(x, e) + b(x)η(e)) = e− B−1(f(x, e) + b(x)).
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Let z = 0. If (e, b) ∈ Φ−1(z), then (e, 0) is an equilibrium, moreover, as we have noticed
before, the surjectivity of DeΦ(e, b) = Id−B−1(f ′

u(x, e).) is equivalent to the hyperbolicity
of (e, 0). That is why, if the three hypotheses of Theorem A.2 are satisfied, G

H
n will be a

generic, and a fortiori a dense subset of G
k.

We next verify that the hypotheses of Theorem A.2 hold. The space V is obviously separable
and D(B1/2) is separable since it is the image of the separable space L2(]0, 1[) by the
bounded operator B−1/2. By Lemma 2.1, the operator DeΦ = Id − B−1(f ′

u(x, e).) is a
Fredholm operator of index 0 from D(B1/2) into itself. It remains to check that, if (e, b) ∈
Φ−1(0), DΦ(e, b) is a surjective map from D(B1/2) × V into D(B1/2) ; that is, for any
g ∈ D(B1/2), we must find (ϕ, c) ∈ D(B1/2) × V such that

DΦ(e, b).(ϕ, c) = ϕ− B−1(f ′
u(., e)ϕ+ c) = g .

According to Lemma 2.1, we need to find a function c such that for any ψ in the kernel of
Id−B−1(f ′

u(x, e).), the function g +B−1c is orthogonal to ψ in D(B1/2), that is that

∀ψ ∈ Ker(Id− B−1(f ′
u(x, e).)), − < c|ψ >L2=< g|ψ >D(B1/2) .

As the kernel of Id− B−1(f ′
u(x, e).) is finite-dimensional, this is clearly possible. �

4.2 Genericity of the simplicity of the eigenvalues

Let (e, 0) be an equilibrium of (2.4). The simplicity of the eigenvalues of Ae is not
directly required in the Kupka-Smale Property. But we will see that it plays a crucial role
in the proof of Theorem 2.6 (see Theorem 4.4 or Proposition 5.3).

Theorem 4.3. We assume that the operator A, defined by (2.2), satisfies Properties (B),
(Gam) and (UCP) defined in Section 2, and the exponential decay property (ED).
Let G

S be the set of all functions f ∈ G
k, such that, for any equilibrium (e, 0) of (2.4),

all the eigenvalues of the linearized operator Ae are simple. Then G
S is a generic subset of

G
k.

Proof : Let G
S
n,m be the set of all nonlinearities f ∈ G

k such that for any equilibrium
(e, 0) of (2.4) with ‖e‖L∞ ≤ n, all the eigenvalues λ with |λ| ≤ m of the linearized operator
Ae are simple. As G

S = ∩G
S
n,m, we only need to prove that G

S
n,m is an open dense set.

We can prove that G
S
n,m is an open set by proving that its complementary is closed by

using the same method as in the proof of Theorem 4.2.
Like in the proof of Theorem 4.2, we apply Sard-Smale Theorem in order to prove the
density. Let f be a function of G

k. By perturbing f , we can assume that f is of class C3

and belongs to G
H
n+1. Let η1 and η2 be two regular functions with compact support such

that for any u ∈ [−n− 1, n+ 1], η1(u) = 1 and η2(u) = u. We apply Theorem A.2 in order
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to prove that we can find two functions b1 and b2 in Ck([0, 1]) as small as wanted, such that
f(x, u)+ b1(x)η1(u)+ b2(x)η2(u) is in G

S
n,m. This is sufficient to prove that G

S
n,m is a dense

set. We set

U = {e ∈ D(B1/2) / ‖e‖L∞ < n+ 1} × (D(B1/2) \ {0}) × C,

V = {b = (b1, b2) ∈ (Ck([0, 1])2 / f + b1η1 + b2η2 ∈ G
H
n+1},

Z = (D(B1/2))2, z = (0, 0).

And we apply Theorem A.2 to the functional

Φ(e, ϕ, λ, b)(x) =

(

e− B−1(f(x, e) + b1(x) + b2(x)e)
ϕ+ λΓϕ+B−1((λ2 − f ′

u(x, e) − b2(x))ϕ)

)

.

First, we notice that U and V are open subsets of separable metric spaces. Moreover, since
f is of class C3, Φ is of class C2.
We next prove that DΦ is surjective from (D(B1/2))2 ×C× (Ck([0, 1])2 into (D(B1/2))2 at
each point of Φ−1(0). More precisely, for each (g, h) ∈ (D(B1/2))2 and (e, ϕ, λ, b) ∈ Φ−1(0),
we must find (ẽ, ϕ̃, λ̃, b̃) ∈ (D(B1/2))2×C×(Ck([0, 1])2 such that DΦ.(ẽ, ϕ̃, λ̃, b̃) = (g, h). We
choose λ̃ = 0 and b̃ = (−a(x)e(x), a(x)) where a ∈ Ck([0, 1]) has to be determined. Notice
that e = B−1(f(x, e(x))), so, as f ∈ Ck and B−1/2 is smoothing, e belongs to Hk+1(]0, 1[)
and a fortiori to Ck. So our choice b̃ = (−a(x)e(x), a(x)) belongs as claimed to (Ck([0, 1]))2.
We introduce the operator

L = Id+ λΓ + B−1((λ2 − f ′
u − b2).).

We have to find ẽ, ϕ̃ and a such that

ẽ− B−1((f ′
u(x, e) + b2)ẽ) = g

Lϕ̃ = B−1(f ′′
uu(x, e)ϕẽ) +B−1(aϕ) + h .

Since the equilibrium (e, 0) is hyperbolic, there exists ẽ ∈ D(B1/2) such that the first
equality holds. By the Fredholm alternative given in Lemma 2.1, the second equality will
hold if we find a function a ∈ Ck([0, 1]) such that B−1(f ′′

uuϕẽ) +B−1(aϕ) + h is orthogonal
in D(B1/2) to the kernel of L, which is finite-dimensional. Let (ϕ1, ...ϕp) be a basis of this
kernel. We have to find a function a such that

∀i = 1, ..., p , < aϕ|ϕi >L2= − < h+B−1(f ′′
uuϕẽ)|ϕi >D(B1/2):= ci . (4.3)

We easily deduce from the unique continuation hypothesis (UCP)a) that the set {aϕ / a ∈
Ck([0, 1])} is dense in L2([0, 1]), so we can find a function a ∈ Ck such that (4.3) is satisfied.
So Hypothesis (ii) of Theorem A.2 is fulfilled.
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It remains to prove that Hypothesis (i) of Theorem A.2 holds. We will show that, for any
(e, ϕ, λ, b) ∈ Φ−1(0), the operator

D(e,ϕ,λ)Φ : (ẽ, ϕ̃, λ̃) 7→
(

ẽ− B−1((f ′
u(x, e) + b2)ẽ)

Lϕ̃ + λ̃(Γϕ+ 2λB−1ϕ) −B−1(f ′′
uuẽ)

)

is a Fredholm operator of index 1. Let mλ be the multiplicity of the eigenvalue λ that is
the dimension of the kernel of L. If (ẽ, ϕ̃, λ̃) belongs to the kernel of D(e,ϕ,λ)Φ, then ẽ = 0
since (e, 0) is a hyperbolic equilibrium point. Hence we have

Lϕ̃ = −λ̃(Γϕ+ 2λB−1ϕ) ,

the dimension of the kernel of D(e,ϕ,λ)Φ is mλ if (Γϕ + 2λB−1ϕ) does not belongs to the
range of L, and mλ + 1 if it does. To determine the codimension of D(e,ϕ,λ)Φ, we use the
same arguments once more. As (e, 0) is a hyperbolic equilibrium, (Id−B−1((f ′

u(x, e)+b2).)
is bijective ; hence, the codimension of the range of D(e,ϕ,λ)Φ is equal to the codimension
of the range of

(ϕ̃, λ̃) 7−→ Lϕ̃+ λ̃(Γϕ+ 2λB−1ϕ)

which is mλ − 1 if (Γϕ + 2λB−1ϕ) does not belongs to the range of L, and mλ if it does.
In both cases, it follows that D(e,ϕ,λ)Φ is a Fredholm operator of index 1. Thus, all the
hypotheses of Theorem A.2 hold.
It follows, that for a generic set of functions b = (b1, b2), for any (e, ϕ, λ) such that
(e, ϕ, λ, b) ∈ Φ−1(0), D(e,ϕ,λ)Φ is surjective, that is, the codimension of its range is 0.
This implies that mλ = 1 and that (Γϕ+ 2λB−1ϕ) does not belongs to the range of L. In
other terms, this means that, for a generic set of functions (b1, b2), for any equilibrium (e, 0)
of Equation (2.4), all the eigenvalues λ of Ae are geometrically and algebraically simple. �

4.3 Genericity of the irrationality of some ratio

We will now prove that if (e, 0) is a hyperbolic equilibrium of Equation (2.4), then the
ratio between two distinct real eigenvalues of Ae is irrational for a generic set of nonlinea-
rities f ∈ G

k. Of course, this property is not really intuitive, but we use it in the proof
of Theorem 2.6. Notice that, in [6], Brunovský and Raugel proved also that the ratio of a
positive eigenvalue and the real part of one with negative real part is generically irrational.
But, in our case, we could not prove it, that is why our generic result is a little weaker.
However, this is not a problem since we could modify the method of [6].
We want also to point out that the proof of the following theorem is the only proof which
presents complications due to the choice of dealing with an abstract frame. In the case of
Equations (1.3) and (1.4), the proof is only slightly more involved than in the constant
damping case. In order to prove the result in the abstract frame, we had to introduce the
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hypothesis (Loc), which is of course satisfied in the case of Equations (1.3) and (1.4). This
hypothesis is used only in the proof of the following result.

We recall that Cev is a real number defined in Hypothesis (Spec)b) of Section 2, but
can obviously be replaced by any real number.

Theorem 4.4. We assume that the operator A, defined by (2.2), satisfies Properties (B),
(Gam), (UCP) and (Loc) defined in Section 2, and the exponential decay property (ED).
Let G

I be the set of all functions f ∈ G
k such that, for any equilibrium (e, 0) of (2.4)

and any two distinct real eigenvalues λ and µ of the linearisation Ae, there is no rational
number r ∈ Q such that λ = rµ or λ = rCev. Then G

I is a generic subset of G
k.

Proof : Let G
I
r,n,m be the set of all the functions f ∈ G

k such that, for any equilibrium
(e, 0) of (2.4) with ‖e‖L∞ ≤ n, and any two distinct real eigenvalues λ and µ of the linearized
operator Ae with |λ| ≤ m and |µ| ≤ m, we have λ

µ
6= r and λ

Cev
6= r. As the set of the

rational numbers r is countable, we only need to prove that G
I
r,n,m is a dense open subset

of G
k.

We can show that G
I
r,n,m is open exactly as we do for G

H
n in the proof of Theorem 4.2.

Here, to prove the density of G
I
r,n,m, we will not use the Sard-Smale theorem. We point out

that the density can be proved by using a version of the Sard-Smale Theorem as it is done
in [6]. But, we chose to use another method, which is possible once the generic simplicity
of the eigenvalues is proved.
First notice that, as B and A have compact resolvents, there are only a finite number of
equilibria (e, 0) with ‖e‖L∞ ≤ n and a finite number of eigenvalues λ with |λ| ≤ m. For this
reason, we only have to prove that for any equilibrium (e, 0) and any two real eigenvalues λ
and µ, we can perturb f in such a way that the perturbed eigenvalues λ and µ satisfy λ 6= r.µ
and λ 6= r.Cev. First, by perturbing f , we can assume that f ∈ G

S
n+1,m+1, that is that λ

and µ are simple. We consider perturbations of f of the form f(x, u)+ τ.a(x)(u(x)− e(x)),
where a ∈ Ck([0, 1]) will be determined later. Notice that (e, 0) is still an equilibrium of
(2.4) for these perturbation, and that, as G

S
n+1,m+1 is open, there exists a number ε > 0,

such that if |τ | < ε, λ and µ are simple eigenvalues. By the implicit function theorem,
λ(τ) and µ(τ) are C1−functions of τ and the same property holds for the associated real
normalized eigenvectors (ϕ, λϕ) and (ψ, µψ) with ‖ϕ‖L2 = ‖ψ‖L2 = 1. We differentiate the
equality

ϕ(τ) + λ(τ)Γϕ(τ) +B−1(λ2(τ) − f ′
u(x, e) − τ.a(x))ϕ(τ) = 0

with respect to τ , to obtain that, at τ = 0,

Dτλ(Γϕ+ 2λB−1ϕ) = −(Id+ λΓ +B−1(λ2 − f ′
u(x, e)))Dτϕ+B−1(a(x)ϕ). (4.4)
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The algebraic simplicity of λ implies that (Γϕ(0)+2λB−1ϕ(0)) is not orthogonal to ϕ(0) in
D(B1/2). By taking the scalar product in D(B1/2) of the above equality with ϕ, we obtain :

Dτλ =

∫ 1

0
a(x)ϕ2

< Γϕ|ϕ >D(B1/2) +2λ
.

Thus, we can easily find functions a(x) (for example a(x) = 1) for which Dτλ(0) is strictly
positive. This means that, if f is such that λ(0) = rCev, by perturbing f(x, u) by the
function τ(u(x) − e(x)), we have λ(τ) 6= rCev for τ small enough.
Assume now that λ(0) = rµ(0). We shall prove that there exists a perturbation of f of
the form τa(x)(u(x) − e(x)) such that λ(τ) 6= rµ(τ) for τ small enough. We argue by
contradiction : assume that, for any function a ∈ Ck([0, 1]) and any τ ∈] − ε; ε[, we have
λ(τ) = rµ(τ). This implies that, for any a and any τ , Dτλ(τ) = rDτµ(τ), that is

∫ 1

0
a(x)ϕ(τ)2

< Γϕ(τ)|ϕ(τ) >D(B1/2) +2λ(τ)
= r.

∫ 1

0
a(x)ψ(τ)2

< Γψ(τ)|ψ(τ) >D(B1/2) +2µ(τ)
.

This means that ϕ(τ)2 is proportionnal to ψ(τ)2, and because both are real normalized
functions, we must have, for any x ∈ [0, 1], ϕ(τ)2(x) = ψ(τ)2(x). Thus

< Γψ(τ)|ψ(τ) >D(B1/2) +2µ(τ) = r(< Γϕ(τ)|ϕ(τ) >D(B1/2) +2λ(τ)).

Since r 6= 0, by the hyperbolicity assumption, and since r 6= 1, as λ and µ are distinct
eigenvalues, Assumption (Loc) of Theorem 2.6 implies that, for any function a ∈ Ck([0, 1])
and any τ ∈] − ε; ε[,

2λ(τ)(1 +
1

r
)+ < Γϕ(τ)|ϕ(τ) >D(B1/2)= 0 . (4.5)

We will show that this is impossible. Indeed, we will prove that we can find a function
a ∈ Ck([0, 1]) such that the derivative of (4.5) satisfies

2Dτλ(0)(1 +
1

r
) + 2 < Γϕ(0)|Dτϕ(0) >D(B1/2) 6= 0 . (4.6)

Thus, this will imply that we can perturb f in such a way that λ(τ) 6= rµ(τ) for τ small
enough. To find a function a satisfying (4.6) we just have to work at the point τ = 0, that
is why, until the end of the proof, we omit the dependance in τ , and write for example λ
instead of λ(0).
First, we try to find a perturbation a(x) such that Dτλ = 0 and < Γϕ|Dτϕ >D(B1/2) 6= 0.
Let a(x) be in the orthogonal space of ϕ2 in L2(]0, 1[), which ensures that Dτλ = 0.
As we have seen in the proof of Theorem 4.3, Hypothesis (UCP)a) implies that the set
{a(x)ϕ / < a(x)ϕ|ϕ >L2= 0} is dense in the orthogonal of ϕ in L2(]0, 1[). In other words,
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the set {B−1(a(x)ϕ) / < a(x)ϕ|ϕ >L2= 0} is dense in the orthogonal of ϕ in D(B1/2),
which is exactly the range of L = Id+λΓ+B−1(λ2 − f ′

u). Equality (4.4) together with the
fact that ‖ϕ‖L2 = 1 and Dτλ = 0, imply that Dτϕ is uniquely determined by

{

L(Dτϕ) = B−1(a(x)ϕ)
< ϕ|Dτϕ >L2=< B−1ϕ|Dτϕ >D(B1/2)= 0 .

We have seen that {B−1(a(x)ϕ) / < a(x)ϕ|ϕ >L2= 0} is dense in the range of L. So, we
can find a perturbation a(x) such that < Γϕ|Dτϕ >D(B1/2) 6= 0 unless Γϕ is proportionnal
to B−1ϕ. If this is the case, (4.5) implies that

Γϕ = −2λ(1 +
1

r
)B−1ϕ . (4.7)

Finally, we will show that even if (4.7) holds, we can find a function a(x) ∈ Ck([0, 1]) such
that (4.6) is satisfied. Using (4.4) and (4.7), Dτϕ and Dτλ are uniquely determined by

{

L(Dτϕ) − 2λ
r
DτλB

−1ϕ = B−1(a(x)ϕ)
< ϕ|Dτϕ >L2= 0

.

If we choose a(x) = 1, we obtain Dτλ = − r
2λ

6= 0 and Dτϕ = 0, so Property (4.6) holds.
�

5 Proof of the main theorem : generic transversality

We begin this section with auxiliary results which will be used in the proof of Theorem
2.6. We would like to point out that these preliminary lemmas have some interest by
themselves. Once they are obtained, we are able to apply the Brunovský-Polàčik-Raugel
Theorem and thus to prove Theorem 2.6.

5.1 Preliminary lemmas

We recall that, if (e, 0) is an equilibrium of (2.4), we set

Ae =

(

A+

(

0 0
f ′

u(x, e) 0

))

.

The following proposition is a consequence of the fact that Ae is a compact perturbation
of A.
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Proposition 5.1. If A satisfies Hypothesis (Spec) and if (e, 0) is an equilibrium of (2.4)
and f ∈ G

k, then Ae also satisfies Properties (Spec).

Proof : Let (λn) be the eigenvalues of A and let (V n
j,k) be the associated rootvectors defined

in Subsection 2.2. We assume that A satisfies Hypothesis (Spec). Let K be the function

K :

(

X −→ X
(u, v) 7−→ (0, f ′

u(x, e(x))u)

)

.

As D(B1/2) is compactly imbedded in L2(]0, 1[), and f ′
u(x, e(x)) belongs to L∞(]0, 1[), K is

a compact operator. We want to prove that A+K also satisfies Hypothesis (Spec). Such a
property has been extensively studied for operators of the form A+ C where C is a small
bounded perturbation. We will see that similar results hold for compact perturbations.
Let R(λ,A) (resp. R(λ,A +K)) be the resolvant of A (resp. A +K). As (V n

j,k) is a Riesz
basis of X,

V n
j,k ⇀ 0 weakly in X when n −→ ∞ .

Thus, because K is compact, we have

KV n
j,k −→ 0 when n −→ ∞ . (5.1)

For any U ∈ X, and any λ 6= λn, we introduce the sequences (αn
j,k) and (βn

j,k) defined by

U =

+∞
∑

n=0

mn
∑

j=0

mn,j
∑

k=0

αn
j,kV

n
j,k ,

and
















(λn − λ) 1 0 . . . 0

0 (λn − λ) 1
. . .

...
...

. . .
. . .

. . . 0
...

. . .
. . .

. . . 1
0 . . . . . . 0 (λn − λ)































βn
j,0

βn
j,1
...
...

βn
j,mn,j−1















=















αn
j,0

αn
j,1
...
...

αn
j,mn,j−1















. (5.2)

We have by construction

R(λ,A)U =
∑

n

∑

j,k

βn
j,kV

n
j,k .

Notice that, because of Hypothesis (Spec)b), the multiplicities mn,j are bounded. For λ 6=
λn, Equality (5.2) implies that there exists a positive constant C, independent of j and n,
such that

mn,j−1
∑

k=0

|βn
j,k|2 ≤

C

|λ− λn|2
(

1 +
1

|λ− λn|2mn,j−2

)

∑

|αn
j,k|2 .
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Using the equivalence of the norms (2.8), we find that there is a constant C ′ > 0 such that

‖KR(λ,A)U‖2
X ≤ C ′ max

n,j,k

{‖KV n
j,k‖2

X

|λ− λn|2
(

1 +
1

|λ− λn|2mn,j−2

)}

‖U‖2
X (5.3)

Let B(λn, r) be the ball of center λn and radius r in C. Let αev be the constant introduced
in Hypothesis (Spec). For r < αev, R(λ,A) is a well-defined bounded operator for any
λ ∈ ∂B(λn, r). Properties (5.1) and (5.3) imply that, for r < αev,

sup
λ∈∂B(λn,r)

‖KR(λ,A)‖L(X) −→ 0 , when n −→ ∞ .

That is why, for n large enough and for any λ ∈ ∂B(λn, r), the operator (λ+KR(λ,A)) is
invertible. Since we have λ−(A+K) = (Id+KR(λ,A))(λ−A), the operator (λ−(A+K))
is invertible and

R(λ,A+K) = (λ− (A+K))−1 = R(λ,A)(Id+KR(λ,A))−1 .

Using the previous equality and arguing as in Theorems 3.16 and 3.18 of chapter IV of
[25], we obtain that, for all r0 < αev, there exists a constant C ′′ > 0 such that, for n large
enough, r < r0 and λ ∈ ∂B(λn, r), R(λ,A + K) is a compact operator bounded by C′′

r
.

Moreover, if (µn) is the sequence of eigenvalues of A+K, then

|µn − λn| −→ 0, as n −→ 0 ,

and, since λn is simple for n large enough, so is µn. In conclusion, A + K also satisfies
Hypotheses (Spec)b) and (Spec)c).
To show that Hypothesis (Spec)a) also holds for A + K, we mimic the proofs concerning
perturbations by small bounded operators. For example, adapting the proof of Theorem
4 of [30] (see also Th 4.15 of [25]), we show that the sequence of rootvectors of A + K
is equivalent to the one of A. More precisely, let (Ui)i≥0, (Vi)i≥0, (U∗

i )i≥0 and (V ∗
i )i≥0, be

respectively the rootvectors of A and A + K and their biorthonormalized sequences (see
[14]). There exists an integer N such that, for i ≥ N , the eigenvectors Ui and Vi correspond
to simple eigenvalues. For i ≥ N , let Pi and Qi be the following eigenprojections

Pi =< .|U∗
i > Ui Qi =< .|V ∗

i > Vi ,

and let P0 (resp. Q0) be the eigenprojection onto the space spanned by U0, ..., UN−1 (resp.
V0, ..., VN−1). The method given in the proof of Theorem 4 of [30] shows that there exists
a bounded invertible operator D in L(X) such that, for i = 0 and i ≥ N ,

Qi = D−1PiD .

Scaling in an appropriate way, we obtain for all i

Vi = D−1Ui and V ∗
i = D∗U∗

i .
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According to Theorem 2.1 of chapter VI of [14], these equalities imply that the sequence
of rootvectors of A +K forms a Riesz basis of X. �

We recall that S(t) denotes the local C0-group generated by Equation (2.4). We denote
by S∗

u(t, s) the evolution operator defined by Equation (2.7).

Proposition 5.2. Let f be a function of Ck([0, 1] × R,R) (k ≥ 1). We assume that the
hypotheses of Theorem 2.6 hold. If I ⊂ X is a bounded closed invariant set of S(t) (for
example a bounded complete solution), then, for any U0 ∈ I, the map t ∈ R 7−→ S(t)U0 ∈ X
is of class Ck and S(t)U0 is a classical solution. If f(x, u) is analytic in u ∈ R uniformly
in x ∈ [0, 1], then the map t 7−→ S(t)U0 is analytic. The same regularity properties also
hold for S∗

u(t, 0).
Moreover, I is bounded in D(A) and S(t)U0 belongs to Ck−1(R, D(A)). Furthermore, for
any f0 ∈ G

k and any positive number R, there exists a neighborhood N(f0) ⊂ G
k and a

positive constant C = C(R, f0), such that, if f ∈ N(f0) and I is bounded in X by R, then
for any U0 ∈ I,

‖S(t)U0‖C0
b (R,D(A))∩C1

b (R,X) ≤ C(R, f0).

Proof : This regularity property is a direct consequence of Theorem 1.1 of [20]. This
theorem says that the trajectories in a compact invariant set are as regular as f (in the
sense of our proposition) once we can find projections (PN)N∈N, which commute with A
and converge to the identity in X, such that APN is a bounded operator on X and the
semigroup eAt is exponentially decreasing on (Id−PN)X forN large enough, with constants
independent of N .
First notice that Proposition 2.5 implies that I is compact.
Let (V n

j,k) be the Riesz basis composed of rootvectors of A. There exists a biorthonormalised
basis (W n

j,k)n∈N,j<mn,k<mn,j
such that

< V n
j,k|W n′

j′,k′ >X= δn,n′δj,j′δk,k′

(see [14] for details). Let

PN =

N
∑

n=0

mn−1
∑

j=0

mn,j−1
∑

k=0

〈

.
∣

∣W n
j,k

〉

V n
j,k

be the projection onto the subspace generated by the eigenspaces corresponding to the first
N + 1 eigenvalues. Obviously, PN converges strongly to the identity, and APN is bounded.
Since the exponential decay property has been proved in Proposition 2.4, all the hypotheses
of Theorem 1.1 of [20] are satisfied once we have proved that APN = PNA inD(A). Looking
at

< A∗W n
j,k|V n′

j′,k′ >=< W n
j,k|AV n′

j′,k′ >,
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we find that

A∗W n
j,k =

{

λnW
n
j,k if k = mn,j − 1

λnW
n
j,k +W n

j,k+1 if 0 ≤ k ≤ mn,j − 2.
. (5.4)

Then, an easy computation gives the expected commutation between A and PN .
We prove with the same arguments that the above properties are satisfied by S∗

u(t, 0).
Finally, notice that the second part of our proposition is also a consequence of Theorem
1.1 of [20]. Although these properties are not enhanced in the statement of Theorem 1.1,
they can be deduced from its proof. �

Let M be a positive constant. Let f ∈ G
k and let (u, ut) be a complete bounded solution

of (2.4) with ‖u(t)‖L∞ ≤M for all time t ∈ R. As the system is gradient and asymptotically
smooth, there are two distinct equilibria e+ and e− such that (u, ut) −→ (e±, 0) when
t −→ ±∞.

Proposition 5.3. We assume that the hypotheses of Theorem 2.6 are fulfilled.
Let f be a function in G

k such that f(x, u) is analytic with respect to u ∈ [−M,M ],
uniformly in x, and such that, for any equilibrium (e, 0) of (2.4), (e, 0) is hyperbolic and all
the eigenvalues of the linearized operator Ae are simple. Let (u, ut) be the trajectory defined
above. Then, there exist a positive eigenvalue λ of Ae− with corresponding eigenfunction
(ϕ, λϕ), a nonzero number b and a positive constant δ such that

∥

∥

∥

∥

(

u
ut

)

−
(

e−
0

)

− beλt

(

ϕ
λϕ

)∥

∥

∥

∥

X

= o
(

e(λ+δ)t
)

when t −→ −∞ .

Moreover,
∥

∥ut − bλeλtϕ
∥

∥

D(B1/2)
= o

(

e(λ+δ)t
)

when t −→ −∞ .

Proof : The first property is classical since the spectrum of Ae− contains only a finite
number of eigenvalues with positive real part. To obtain the second estimate, we use the
regularity proposition 5.2 to differentiate Equation (2.4) with respect to the time variable.
Then the second estimate is shown as the first one. �

The next proposition gives a similar result for the adjoint equation (2.7). However, new
difficulties come from the fact that the concerned part of the spectrum contains an infinite
number of eigenvalues.
Let f be as in Proposition 5.3 (actually, f ∈ G

k with k ≥ 3 is enough). Let (u, ut) be a
complete bounded solution of Equation (2.4), that is a solution of (2.4) which is uniformly
bounded in X for all time t ∈ R. Let (θ, ψ) be a complete bounded solution of the adjoint
equation (2.7), that is

{

θt = ψ −B−1(f ′
u(x, u)ψ)

ψt = −B(θ − Γψ)
. (5.5)
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Proposition 5.2 implies that (θ, ψ) belongs to C2(R, X) ∩ C1(R, D(A∗)). We deduce from
(5.5) that

ψtt = −B(ψ −B−1(f ′
u(x, u)ψ) − Γψt) .

This can be written

∂

∂t

(

ψ
ψt

)

= −
(

1 0
0 −1

)[

A+

(

0 0
f ′

u(x, u) 0

)](

1 0
0 −1

)(

ψ
ψt

)

. (5.6)

Proposition 5.2 implies that (ψ, ψt) belongs to C1(R, X)∩C0(R, D(A∗)). Thus, we can for-
mulate the following proposition.

Proposition 5.4. Let f and (u, ut) be as in Proposition 5.3. If (θ, ψ) is a complete bounded
solution of the adjoint equation (2.7), there exists a positive real number µ such that

lim
t→−∞

ln

∥

∥

∥

∥

(

ψ
ψt

)∥

∥

∥

∥

1/t

X

= µ .

Moreover, there exist a positive constant δ and a solution

(ψ∞, ψ∞
t ) ∈ C1(R, X) ∩ C0(R, D(A∗))

of the limit equation

∂

∂t

(

ψ∞

ψ∞
t

)

= −
(

1 0
0 −1

)

Ae−

(

1 0
0 −1

)(

ψ∞

ψ∞
t

)

,

such that
∥

∥

∥

∥

(

ψ
ψt

)

−
(

ψ∞

ψ∞
t

)∥

∥

∥

∥

X

= o
(

e(µ+δ)t
)

when t −→ −∞.

In particular

lim
t→−∞

ln

∥

∥

∥

∥

(

ψ∞

ψ∞
t

)∥

∥

∥

∥

1/t

X

= µ .

Proof : We refer here to the proof of Propositions 5.3 and 5.4 of [6], which are proved by
using Theorems B.5, B.6 and B.7 of [6]. The theorems of Appendix B of [6] give sufficient
conditions, under which a solution of an equation of type Vt = C(t)V , with C(t) −→ C(∞)
when t −→ ∞, converges to a solution of the limit equation Ψt = C(∞)Ψ.
We only want to enhance that Hypothesis (Spec) implies that for any real number l, we
can find a gap in the real part of the spectrum as near as needed from l. This property is
necessary to define the spectral projections and to apply the theorems of Appendix B of
[6]. �
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The last proposition will be used to find a point x ∈ [0, 1] such that the asymptotic
speed of a trajectory (ψ, ψt) of Equation (5.6) in X, and the asymptotic speed of the func-
tion ψ(x, .) at the chosen point x are equal.

Proposition 5.5. Let (cn)n∈N be a sequence of nonzero complex numbers in ℓ1(C), and let
(λn)n∈N be a sequence of complex numbers such that sup{Re(λn)} <∞. Let

f(t) =
∑

n∈N

cne
λnt .

The function f is well defined since (cn)n∈N ∈ ℓ1(C) and since for each t, |eλnt| is uniformly
bounded with respect to n. Moreover, we have

inf
{

λ ∈ R / lim
t→∞

|f(t)|e−λt = 0
}

= sup{Re(λn)}.

Proof : It is clear that if λ > sup{Re(λn)}, then |f(t)|e−λt −→ 0. So

inf
{

λ ∈ R / lim
t→∞

|f(t)| e−λt = 0
}

≤ sup{Re(λn)}.

Now, assume that there exist a number λ and a positive constant ε such that λ < λ+ ε <
sup{Re(λn)} and |f(t)|e−λt −→ 0. As f(t)e−(λ+ε)t = o(e−εt), the Laplace transform of f ,

Lf(z) =

∫ ∞

0

f(t)e−ztdt ,

is defined on the half-plane H = {z ∈ C / Re(z) ≥ λ + ε} and is holomorphic on H . But
if z is such that Re(z) > sup{Re(λn)}, then we can develop Lf as a sum of meromorphic
functions as follows :

Lf(z) =

∫ ∞

0

∑

cne
(λn−z)t =

∑

cn

∫ ∞

0

e(λn−z)t = −
∑ cn

λn − z
.

As Lf is holomorphic on H , this expression must be valid on the whole half-plane H . But,
because sup{Re(λn)} > λ + ε and cn 6= 0, Lf has poles in H , which contradicts the fact
that Lf is holomorphic in H . So,

inf
{

λ ∈ R / lim
t→∞

|f(t)| e−λt = 0
}

≥ sup{Re(λn)}.

�
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5.2 Proof of Theorem 2.6

In this subsection, we prove Theorem 2.6 by using the Brunovský-Polàčik-Raugel Theo-
rem, recalled in Appendix A. The way to apply it has already been explained in [5] and [6].
Whereas the verification of the hypotheses (h1)-(h6) does not change, significant changes
appear in verifying condition (h7).

First step : Application of Theorem A.1
We have to put our problem in the framework of Theorem A.1. Let Z = L∞(]0, 1[) ×
L2(]0, 1[), let Λ = G

k (k ≥ 2), U = (u, ut) and F ((u, v), f) = (0, f(x, u)). Equation (2.4)
becomes

Ut = AU + F (U, f) .

We set for any r ∈ N,
Λr = Cr([0, 1] × [−n, n]) .

Let R be the restriction operator

Rf = f∣
∣[0,1]×[−n,n]

,

which is continuous, open and surjective. We recall that, in the proof of Theorem 4.2, we
have introduced the set G

H
n of all the functions f such that all the equilibria (e, 0) of (2.4)

with ‖e‖L∞ ≤ n are hyperbolic. We proved that G
H
n is an open dense subset of G

k. Let L
be the open dense subspace of Λk defined by

L = RG
H
n .

We also set M = n. Let G
KS
n be the set of all the functions in G

k for which all the
heteroclinic orbits (u, ut) of Equation (2.4) with ‖(u, ut)‖Z < n are transverse. Assume
that Theorem A.1 can be applied. If L is the generic subset of L given in the conclusion
of Theorem A.1, then R−1L ⊂ G

KS
n is a generic subset of G

H
n and so a generic subset of

G
k. As

G
KS =

⋂

n∈N

G
KS
n ,

Theorem 2.6 will be proved. Thus, it remains to prove that all the hypotheses of Theorem
A.1 are satisfied.

Hypotheses (FP), (AP), (BUP1), (BUP2), (h1), (h2), (h3), (h4) of Theorem A.1 are
obvious or were proved in Subsections 2.1 and 2.2. Condition (h6) is a consequence of
Proposition 5.2 ; (h5) comes from the gradient structure and the asymptotic smoothness
of (2.4). Finally, we have only to prove that Hypothesis (h7) is satisfied.
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Let λ0 = f0 and let V be a neighborhood of f0 in L. Let (e, 0) be an equilibrium of (2.4)
with ‖e‖L∞ < M . We recall that the Morse index of (e, 0) is the dimension of its unstable
manifold, that is the number of eigenvalues with positive real part of Ae. As f0 belongs to
C0([0, 1] × [−n, n]) and (e, 0) satisfies the equality e = B−1f0(x, e), the equilibrium (e, 0)
is bounded in D(A) by a constant which only depends on M and f0. As the equilibria
of (2.4) have the hyperbolicity property, they are isolated in X. So, due to the compact
imbedding of D(A) into X, the number of equilibria (e, 0) of (2.4) with ‖e‖L∞ < M is
finite. We deduce that there exists an integer r such that r − 1 is strictly larger than all
the Morse indices of the equilibria of (2.4). Then, we set

Λ̂ = Λr.

The Morse indices depend continuously on the non-linearity f . As the number of equilibria
is finite, we can restrict the neighborhood V without loss of generality, such that for any
f ∈ V, the Morse indices of the equilibria stay strictly less than r − 1. By density, we can
find a function f1 ∈ V which belongs to RG

H
n ∩ Λr. As RG

H
n ∩ Λr ∩ V is open in Λr, by

a simple perturbation, we can find a function f2 ∈ RG
H
n ∩ Λr ∩ V which is analytic in u,

uniformly with respect to x. In the proof of Theorems 4.3 and 4.4, we showed that for any
f ∈ G

k, we can find a perturbation of the form η(a(x)+ b(x)u), with a and b as smooth as
f , such that f(x, u) + a(x) + b(x)u belongs to G

I ∩ G
S. That is why, by perturbing f2 in

this way, we can find f̂ ∈ RG
H
n ∩Λr ∩V, which belongs to G

I ∩G
S and which is analytic in

u, uniformly with respect to x. Indeed, f2 was assumed to be analytic in u, uniformly with
respect to x, and a perturbation of the form η(a(x) + b(x)u) does not alter this property.
By construction, Hypotheses (h7)(a) and (h7)(b) of Theorem A.1 hold. It remains to prove
that Hypothesis (h7)(c) is satisfied for our f̂ .

Second step : Hypothesis (h7)(c)
Let (u, ut) be a heteroclinic solution of Equation (2.4) with supt∈R ‖(u, ut)‖Z < n and (θ, ψ)
be a nontrivial complete bounded solution of the adjoint equation (2.7). We must find a
function h ∈ Cr([0, 1] × R,R) such that

I =

∫ ∞

0

〈

(θ, ψ)
∣

∣

∣
DfF (U, f̂)h

〉

X
dt 6= 0,

that is such that

I =

∫ ∞

0

∫ 1

0

ψ(x, t)h(x, u(x, t))dxdt 6= 0.

In the particular case where h(x, u) = b(x)g(u), the above condition becomes

I =

∫ 1

0

b(x)

(
∫

R

ψ(x, t)g(u(x, t))dt

)

dx 6= 0 . (5.7)

91



So it is sufficient to find a point x and a function g ∈ Cr(R,R) such that

J =

∫

R

ψ(x, t)g(u(x, t))dt 6= 0 . (5.8)

As u is a heteroclinic solution, there are two distinct equilibria e+ and e− such that u −→ e±
when t −→ ±∞. We choose x such that (e+−e−)(x) 6= 0 and all the eigenfunctions (ϕ, λϕ)
of Ae− satisfy ϕ(x) 6= 0. This is possible due to Hypothesis (UCP)a) of Theorem 2.6 and
the fact that the set of eigenfunctions is a countable set. Such a choice is essential in
the remaining part of the proof. Indeed, we will see that it ensures that the asymptotic
behaviour in time of the real functions u(x, t) and ψ(x, t) is similar to those of u(., t) and
ψ(., t) in D(B1/2). To the end of the proof, we will only consider the functions at this
chosen point x.
As f̂(ξ, u) is analytic in u, uniformly in ξ, we can apply Proposition 5.2, and so u(x, .) and
ψ(x, .) are analytic functions of t. Due to Proposition 5.3, there exist a nonzero number b
and a positive real eigenvalue λ of Ae− with eigenvector (ϕ, λϕ) such that

∥

∥

∥

∥

(

u
ut

)

−
(

e−
0

)

− beλt

(

ϕ
λϕ

)∥

∥

∥

∥

X

= o(e(λ+δ)t) .

As D(B1/2) is imbedded in C0, we obtain

u(x, t) = e−(x) + beλtϕ(x) + o(e(λ+δ)t) .

Using the second estimate of Proposition 5.3, we also have

ut(x, t) = bλϕ(x)eλt + o(e(λ+δ)t),

when t goes to −∞. Because of the choice of x, ϕ(x) 6= 0, so we know that ut(x, t) does not
vanish on a neighborhood of −∞. Without loss of generality, we can assume for example
that bϕ(x) > 0 and e−(x) > e+(x). To summarize, u(x, t) looks like

e  (x)+

t
e  (x)−

u(x,t)

We choose the function g of the form

g(u) = gζ,ε(u) =
1

ε
Θ(
u− ζ

ε
) ,

where Θ is a smooth normalized bump function. For example, we take

Θ(s) =

{

0 if |s| > 1
1
C
e
− 1

1−s2 if |s| ≤ 1
,
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where

C =

∫ 1

−1

e
− 1

1−σ2 dσ .

In what follows, we always assume that 0 < ε < ζ − e−(x). As u(x, .) is strictly increasing
in a neighborhood of t = −∞, e−(x) 6= e+(x), and that u(x, .) is analytic in time, there
is only a finite number of solutions of the equation u(x, τ) = e−(x). We denote by τ1,...,
τm all the solutions τ of u(x, τ) = e−(x), for which we do not have u(x, t) ≤ e−(x) in a
neighborhood of t = τ .

2τ 3τ1τ

g     (u)ζ,ε

−e  (x)

ζ

u

u(x,t)

t

+e  (x)

Let (Ni)i=0,..,m be disjoint neighborhoods of t = −∞ for i = 0 and τi for i = 1, .., m ; then
for ζ − e−(x) and ε small enough we can split the integral J into a finite sum of integrals :

J =

∫

R

ψ(x, t)g(u(x, t))dt =
m
∑

i=0

∫

Ni

ψ(x, t)gζ,ε(u(x, t))dt =
m
∑

i=0

Ji .

In their paper [5], Brunovský and Polàčik conclude quickly from this splitting, as a pro-
perty of the parabolic equation ensures that d

dt
u(x, τi) 6= 0 for a generic x. In our case,

we cannot be sure that d
dt
u(x, τi) 6= 0, so we need to estimate the integrals Ji in order to

conclude. This method was introduced by Brunovský and Raugel in [6].

Third step : Estimations of the integrals Ji

Lemma 5.6. If 0 < ε < ζ − e−(x) with ζ − e−(x) small enough, there exists a rational
number r ∈ Q such that

m
∑

i=1

Ji = S((ζ − e−(x))r) + ω(ζ, ε),

where S(z) is a power series of z and

lim
ε→0

ω(ζ, ε) = 0.
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Proof : For sake of completeness, we repeat here the proof of Lemma 5.6 of [6].
As u(x, .) and ψ(x, .) are analytic functions of the time, we may write, when t is near τi,

u(x, t) = e−(x) +
+∞
∑

l=k

al(t− τi)
l,

and

ψ(x, t) =

+∞
∑

l=k′

dl(t− τi)
l.

In what follows, we assume that k is odd. Denote

z = (ζ − e−(x))−1/k(t− τi) , (5.9)

then, for ζ 6= e−(x), u(t) = ζ if and only if

ak(ζ − e−(x))zk +
∞
∑

l=k+1

al(ζ − e−(x))
l
k zl = ζ − e−(x) ,

or,

H(z, (ζ − e−(x))1/k) ≡ akz
k +

∞
∑

l=k+1

al(ζ − e−(x))
l
k
−1zl = 1 .

Since ak 6= 0, we may apply the implicit function theorem to the equation

H(z, (ζ − e−(x))1/k) − 1 = 0

in the neighbourhood of (a
−1/k
k , 0). Hence, locally near z = a

−1/k
k , the above equation has

a unique solution

z = a
−1/k
k +

+∞
∑

l=1

cl(ζ − e−(x))l/k .

Let tζ be the solution of u(x, tζ) = ζ near τi. Substituting the above expression of z into
(5.9), we obtain that, for ζ close to e−(x),

tζ = τi + a
−1/k
k (ζ − e−(x))1/k + (ζ − e−(x))1/kS((ζ − e−(x))1/k) ,

where S(z) is a power series of z. Further, we deduce that

ut(tζ) = kak(tζ − τi)
k−1 +

+∞
∑

l=k+1

lal(tζ − τi)
l−1

= ka
1−1/k
k (ζ − e−(x))1−1/kS((ζ − e−(x))1/k) .
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Due to the change of variables t = t(u) in Ji and the fact that gζ,ε converges to the Dirac
function at the point ζ when ε → 0, we obtain

Ji =

∫

|u(t)−ζ|≤ε

ψ(x, t)g(u(t)) dt

=

∫ ζ+ε

ζ−ε

ψ(x, t(u))gζ,ε(u)
du

ut(x, t(u))

=
ψ(x, tζ)

ut(x, tζ)
+ ω(ζ, ε) ,

with ω(ζ, ε) −→ 0 when ε −→ 0. Finally, using the analyticity of u(x, .) and ψ(x, .) we
obtain that

Ji = (ζ − e−(x))
k′+1

k
−1S((ζ − e−(x))

1
k ) + ω(ζ, ε).

In the case where k is even, the only difference would be that we must split Ji into two
parts, the one when t < τi and the one when t > τi. Next, we can deal with each part as
we do with the whole integral Ji when k is odd (see [6]). �

We recall that when t goes to −∞ and δ > 0 is small enough

u(x, t) = e−(x) + beλtϕ(x) + o(e(λ+δ)t),

and
ut(x, t) = bλϕ(x)eλt + o(e(λ+δ)t).

Moreover, according to Proposition 5.4, there exist a positive real number µ and a solution
(ψ∞, ψ∞

t ) ∈ C0(R, D(A∗)) of the limit equation

∂

∂t

(

ψ∞

ψ∞
t

)

= −
(

1 0
0 −1

)

Ae−

(

1 0
0 −1

)(

ψ∞

ψ∞
t

)

such that

lim
t→−∞

ln

∥

∥

∥

∥

(

ψ∞

ψ∞
t

)∥

∥

∥

∥

1/t

X

= µ,

and
ψ(x, t) = ψ∞(x, t) +O

(

e(µ+δ)t
)

,

when t goes to −∞ and δ > 0 is small enough.
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Lemma 5.7. If 0 < ε < ζ − e−(x) are small enough, then

J0 =
ψ∞(tζ) +O

(

(ζ − e−(x))
µ+δ

λ

)

ut(tζ)
+ ω(ζ, ε)

=
ψ∞(tζ)

λφ(x)(ζ − e−(x))
+O

(

ψ∞(tζ)

(ζ − e−(x))1− δ
λ

)

+O
(

(ζ − e−(x))
µ
λ
−1+ δ

λ

)

+ ω(ζ, ε)

where

tζ =
1

λ
ln

[

ζ − e−(x)

bϕ(x)
+O(ζ − e−(x))2

]

, (5.10)

and
lim
ε→0

ω(ζ, ε) = 0.

Proof : The proof is exactly the same as the one of Lemma 5.6. Here, the implicit function
theorem gives us that, if tζ is the unique solution in N0 of u(x, t) = ζ , then

tζ =
1

λ
ln

[

ζ − e−(x)

bϕ(x)
+O(ζ − e−(x))2

]

.

Finally, we use the same change of variables as in Lemma 5.6 to obtain the result (see
Lemma 5.7 of [6]). �

We recall that, by the choice of f̂ , the spectrum of Ae− consists only of simple eigen-
values λn with eigenvectors (ϕn, λnϕn). Moreover, Proposition 5.1 implies that this set of
eigenvectors is a Riesz basis of X.

Lemma 5.8. There exists a sequence of coefficients (cn) ∈ ℓ2(C) such that

ψ∞(x, t) =
∑

n∈N

cne
−λntϕn(x) .

Moreover, if µ is the real number defined in Proposition 5.4,

µ = − sup{Re(λn) / cn 6= 0} ,

and we have that, for all η > 0,

ψ∞(x, t) = o(e(µ−η)t) and e(µ+η)t = o(ψ∞(x, t)) , (5.11)

when t goes to −∞.
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Proof : The set (ϕn, λnϕn)n∈N is a Riesz basis of X. As the eigenvalues are simple, from
(5.4) we deduce that the associated biorthonormalised basis consists only of eigenvectors
of A∗. We can assume that the eigenfunctions (ϕn, λnϕn)n∈N are conveniently normalized
so that (ϕn,−λnϕn)n∈N is the associated biorthonormalised basis. We recall that this bior-
thonormalised basis is also a Riesz basis of X (see [14]). So there exists (dn) ∈ ℓ2(C) such
that

(

ψ∞

ψ∞
t

)

(0) =
∑

n∈N

dn

(

ϕn

−λnϕn

)

.

More precisely

dn =

〈(

ψ∞

ψ∞
t

)

(0)

∣

∣

∣

∣

(

ϕn

λnϕn

)〉

X

.

As (ϕn,−λnϕn) is an eigenvector of

−
(

1 0
0 −1

)

Ae−

(

1 0
0 −1

)

,

for the eigenvalue −λn, we have

(

ψ∞

ψ∞
t

)

(t) =
∑

n∈N

dne
−λnt

(

ϕn

−λnϕn

)

. (5.12)

As D(B1/2) is continuously imbedded in C0([0, 1]), we can write

ψ∞(x, t) =
∑

n∈N

dne
−λnt ϕn(x) . (5.13)

Since the spectrum of Ae− is symmetric with respect to the real axis, the set of eigenpairs
{(λn, φn)} is equal to the set {(λn, φn)}. So, we can reorder the sum (5.13) to obtain a set
of coefficients {cn}n∈N ∈ ℓ2(C) such that

ψ∞(x, t) =
∑

n∈N

cne
−λntϕn(x) .

As µ is defined by

µ = lim
t→−∞

ln

∥

∥

∥

∥

(

ψ∞

ψ∞
t

)∥

∥

∥

∥

1/t

X

,

the decomposition (5.12) implies that

µ = − sup{Re(λn) / dn 6= 0} = − sup{Re(λn) / cn 6= 0} .
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Finally, the last claim of the lemma will directly follow from Proposition 5.5, if we prove
that (dnϕn(x))n∈N belongs to ℓ1(C).
Due to Proposition 5.4, (ψ∞, ψ∞

t ) ∈ D(A∗). So we can write in X

A∗
(

ψ∞

ψ∞
t

)

(0) =
∑

〈

A∗
(

ψ∞

ψ∞
t

)

(0)

∣

∣

∣

∣

(

ϕn

λnϕn

)〉

X

(

ϕn

−λnϕn

)

=
∑

〈(

ψ∞

ψ∞
t

)

(0)

∣

∣

∣

∣

A

(

ϕn

λnϕn

)〉

X

(

ϕn

−λnϕn

)

=
∑

dnλn

(

ϕn

−λnϕn

)

.

which implies that |dnλn|2 is summable since ((ϕn,−λnϕn))n∈N is a Riesz basis. In ad-
dition, applying the equivalence of norms (2.8) to the vector (ϕn,−λnϕn), we have that
‖(ϕn,−λnϕn)‖X is uniformly bounded by 1

a1
. So, we can write

∑

|dnϕn(x)| ≤ 1

a1

∑

|dn| ≤
1

a1

√

∑ 1

|λn|2
√

∑

|λndn|2.

As we know, by Proposition 5.1, that Hypothesis (Spec)b) is also valid for Ae−, we have
that

∑

( 1
|λn|2 ) is convergent, and thus (dnϕn(x))n∈N belongs to ℓ1(C). �

Fourth step : Conclusion
Summarizing the above arguments and computations, we get

J = J0 +

m
∑

i=1

Ji

=
ψ∞(tζ)

λφ(x)(ζ − e−(x))
+O

(

ψ∞(tζ)

(ζ − e−(x))1− δ
λ

+ (ζ − e−(x))
µ
λ
−1+ δ

λ

)

+S((ζ − e−(x))r) + ω(ζ, ε)

= G(ζ) + ω(ζ, ε) ,

where ω(ζ, ε) −→ 0 when ε −→ 0, r is a rational number, and

tζ =
1

λ
ln

[

ζ − e−(x)

bϕ(x)
+O(ζ − e−(x))2

]

. (5.14)

To prove that Hypothesis (h7)(c) of Theorem A.1 is satisfied, and so to complete our proof,
we must find ζ and ε such that

J = G(ζ) + ω(ζ, ε) 6= 0.
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As ω(ζ, ε) −→ 0 when ε goes to 0, we only need to find ζ such that G(ζ) 6= 0, and then
choose a positive number ε small enough to ensure that G(ζ) + ω(ζ, ε) 6= 0. Assume that
the first term of the series S(z) is of order k (where k may be +∞ if S(z) = 0). There are
three cases.

1) If kr < µ
λ
− 1, then, using (5.14) and (5.11), we have that, for all η > 0,

ψ∞(tζ) = o(ζ − e−(x))
µ
λ
−η ,

and in particular,
ψ∞(tζ)

ζ − e−(x)
= o(ζ − e−(x))kr.

The dominant terms of J0 and
∑m

i=1 Ji are different, and so we can find ζ as small
as needed such that G(ζ) 6= 0.

2) Assume now that kr > µ
λ
− 1, we can conclude just as in the preceding case since

we have

(ζ − e−(x))kr = o

(

ψ∞(tζ)

ζ − e−(x)

)

.

3) Finally, we assume that kr = µ
λ
− 1. Notice that, by construction, f̂ is assumed

to satisfy the irrational ratio property of Theorem 4.4. As µ
λ

= kr + 1 is a rational
number, −µ cannot be a real negative eigenvalue of Ae− or the number −Cev. We
know, applying Lemma 5.1, that Ae− satisfies Hypothesis (Spec)b). Using Lemma
5.8, as

µ = − sup{Re(λn) / cn 6= 0} ,
the only possibility is that −µ is the real part of nonreal eigenvalues. Thus, there
exists a finite number of nonreal eigenvalues λ1,..., λp, with Re(λl) = −µ, such that

ψ∞(t) =

p
∑

l=1

dle
−λlt +

∑

Reλ<−µ

cλe
−λtφλ(x) ,

where the coefficients dl are not zero. Since −Cev is the only accumulation point of
the real part of the spectrum of Ae− and µ 6= −Cev, we deduce from this equality
that

ψ∞(t) = eµtP (t) + o(eµt) ,

where

P (t) =

p
∑

l=1

dle
−iIm(λl)t.
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So we have,

ψ∞(tζ)

λφ(x)(ζ − e−(x))
=

(ζ − e−(x))
µ
λ
−1

λφ(x)
P (tζ) + o(ζ − e−(x))

µ
λ
−1.

Let Czk be the dominant term of the series S(z). We must prove, as in the other
cases, that we can find ζ as small as needed such that

G(ζ) = (C − P (tζ)

λφ(x)
)(ζ − e−(x))kr + o(ζ − e−(x))kr 6= 0.

As P (t) is a non-constant almost-periodic function, we can find a constant C ′ 6= C
and a sequence of times (tn) −→ +∞ such that P (tn) = C ′λφ(x). So, we have a
sequence (ζn) −→ e−(x) with

G(ζn) = (C − C ′)(ζn − e−(x))kr + o(ζn − e−(x))kr 6= 0,

and obviously, for n large enough, G(ζn) 6= 0.
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We have proved that, in all the cases, we can find ζ and ε small enough, such that

J =

∫

R

ψ(x, t)gζ,ε(u(x, t))dt 6= 0.

Our proof is now complete.

A Appendix

A.1 Brunovský-Polàčik-Raugel Theorem

In this subsection, we recall Theorem 4.8 of [6]. This abstract theorem is the key point
of [6], as it gives the genericity of the transversality of the heteroclinic orbits. Our Theo-
rem 2.6 is a more concrete result but concerns only damped wave equations and so it is
less general than the Brunovský-Polàčik-Raugel abstract theorem. Since we refer to it to
prove Theorem 2.6, we recall Theorem 4.8 of [6]. Notice that the version of the Brunovský-
Polàčik-Raugel theorem, that we recall here, is not exactly the one which can be found in
[6], but is a slightly stronger version given in [7].
We recall that Ind(E) denotes the Morse index of a hyperbolic equilibrium E, that is the
dimension of the local unstable manifold of E.

We consider the abstract semilinear equation with a nonlinearity F depending on a
parameter λ ∈ Λ, where Λ is a Banach space,

∂U

∂t
(t) = AU(t) + F (U(t), λ) , t > 0 , U(0) = U0 . (A.1)

We also introduce a Banach space Z, with X ⊂ Z. We assume that
(FP) X is a reflexive Banach space and the inclusion of X into Z is continuous.
(AP) A is the generator of a C0-semigroup on the Banach space X.

For M > 0 fixed, we introduce the open set G = {v ∈ X | ‖v‖Z < M} in X and a
mapping F ∈ Cr

b (G× L,X), r ≥ 1, where L is open in the Banach space Λ. The mapping
F (., λ) : x ∈ G 7−→ F (x, λ) ∈ X is of class C1,1

loc (X,X) uniformly in λ ∈ L.
(BUP1) If λ ∈ L and U1(t) and U2(t) are two solutions in C0([0, T ], X) of (A.1), and

if there exists τ , 0 ≤ τ ≤ T such that U1(τ) = U2(τ), then U1(t) = U2(t) for all
t ∈ [0, T ].
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(BUP2) If λ ∈ L and Ũ(t) is a solution of (A.1) on an interval (t1, t2), then the evolution
operator TŨ(t, s) ∈ L(X,X) defined by the linear variational equation

∂Y

∂t
(t) = AY (t) +DF (Ũ(t), λ)Y (t) , t > s , Y (s) = Y0 . (A.2)

is injective and its image is dense in X for any t1 < s ≤ t < t2.

Theorem A.1. Assume that (AP), (FP), (BUP1) and (BUP2), together with the following
additional assumptions are satisfied.

(h1) The Banach space Λ is separable.
(h2) A has a compact resolvent.
(h3) For any bounded set L0 ⊂ L, F belongs to the space of C2-functions of G×L0 into
X whose derivatives up to order 2 are bounded on G× L0.

(h4) For any λ ∈ L, all equilibria of (A.1) are hyperbolic.
(h5) For any λ ∈ L, all nonconstant bounded (in the norm of X) solutions on R of

(A.1) are heteroclinic orbits.
(h6) For any λ0 ∈ L and any R > 0, there exist a neighborhood V0 of λ0 in L and a

positive constant C = C(λ0, R) such that, if U(t) is a heteroclinic orbit of (A.1) for
λ ∈ V0 and if maxt∈R ‖U(t)‖X ≤ R, then U(t) is a classical solution of (A.1) and

‖U(t)‖C0
b (R,D(A))∩C1

b (R,X) ≤ C(λ0, R) .

(h7) Given any λ0 ∈ L and any neighborhood V of λ0 in L, there exist λ̂ ∈ V and a
Banach space Λ̂ with the following properties
(a) λ̂ ∈ Λ̂ and Λ̂ is continuously embedded in Λ.
(b) λ̂ has an open neighborhood V̂ in Λ̂ such that V̂ ⊂ V and

F |G×V̂ ∈ Cr(G× V̂, X) with the derivatives up to order r bounded ,

where r > Ind(E) + 1 for any equilibrium point E of (A.1) with λ = λ̂.
(c) If Ũ is a heteroclinic solution of (A.1) with λ = λ̂ and Ψ(t), t ∈ R, is a nontrivial

bounded mild solution of

∂Ψ

∂t
(s) = −(A∗ +DF ∗(Ũ(s), λ̂))Ψ(s) , s < t , Ψ(t) = Ψ0 .

then there exists λ ∈ Λ̂ such that
∫ +∞

−∞
〈Ψ(t), DλF (U(t), λ̂)λ〉X dt 6= 0 .

Under these assumptions, there is a generic (or residual) subset L ⊂ L such that for any
λ ∈ L, any heteroclinic orbit of (A.1) contained in G is transverse.

102



A.2 Sard-Smale theorem

The following theorem is a main tool to prove genericity results. We give here the sim-
plest version (see for example [24] for a proof or stronger versions).
We recall that, if f is a differentiable function from X into Z, a value z ∈ Z is said to be
regular for f if for any x ∈ f−1(z), the differential Df(x) is surjective.

Theorem A.2. Let X, Y , Z be three Banach spaces, U ⊂ X and V ⊂ Y two open sets,
and Φ : U × V −→ Z be a mapping of class Cr (r ≥ 1). Let z be an element of Z. Assume
that the following hypotheses hold :
(i) for each (x, y) ∈ Φ−1(z), DxΦ(x, y) is a Fredholm operator of index strictly less than r.
(ii) for each (x, y) ∈ Φ−1(z), DΦ(x, y) is surjective.
(iii) X and Y are separable metric spaces.
Then the set {y ∈ Y/z is a regular value of Φ(., y)} is a generic subset of Y .
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[5] P. Brunovský and P. Polàčik, The Morse-Smale structure of a generic reaction-
diffusion equation in higher space dimension, Journal of Differential Equations vol
135 (1997), pp. 129-181.
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nal de Mathématiques Pures et Appliquées vol 82 (2003), pp. 1075-1136.

[21] A. Haraux, Une remarque sur la stabilisation de certains systemes du deuxieme ordre
en temps, Portugaliae Mathematica vol 46 (1989), pp. 246–257.

[22] D. Henry, Geometric theory of semilinear parabolic equations, Lecture Notes in Ma-
thematics no840 (1981), Springer-Verlag.

[23] D. Henry, Some infinite-dimensional Morse-Smale systems defined by parabolic partial
differential equations, Journal of Differential Equations vol 59 (1985), pp. 165-205.

[24] D. Henry Perturbation of the Boundary for Boundary Value Problems of Partial Dif-
ferential Operators, Cambridge University Press, Cambridge UK, to appear.

[25] T. Kato, Perturbation theory for linear operators, Die Grundlehren der mathemati-
schen Wissenschaften no152 (1966), Springer-Verlag.

[26] V. Komornik and E. Zuazua, A direct method for the boundary stabilization of the wave
equation, Journal de Mathématiques Pures et Appliquées vol 69 (1990), pp 33-55.

[27] I.N. Kostin, Attractor for a semilinear wave equation with boundary damping, Journal
of Mathematical Sciences vol 98 (2000), pp. 753-764.

[28] I. Lasiecka and D. Tataru, Uniform boundary stabilization of semilinear wave equations
with nonlinear boundary damping, Differential and Integral Equations vol 6 (1993), pp
507-533.

105



[29] S. Li, J. Yu, Z. Liang and G. Zhu, Stabilization of high eigenfrequencies of a beam
equation with generalized viscous damping, SIAM Journal on Control and Optimization
vol 37 no6 (1999), pp. 1767-1779.

[30] P.J. McKenna and I. Lasiecka, Some perturbation results and their applications to sta-
bilization of hyperbolic systems, SIAM Journal of Mathematical Analysis no15 (1984),
pp. 1140-1152.

[31] C. Miranda, Partial differential equations of elliptic type (1970), Springer-Verlag.

[32] J. Palis and W. De Melo, Geometric theory of dynamical systems (1982), Springer-
Verlag.

[33] A. Pazy, Semigroups of linear operators and applications to partial differential equa-
tions, Applied Mathematical Sciences no44 (1983), Springer-Verlag.

[34] B. Rao, Optimal decay rate in a damped Rayleigh beam, Contemporary Mathematics
vol 209 (1997), pp. 211-229.

[35] J. Rauch, Qualitative behavior of dissipative wave equations on bounded domains, Ar-
chive for Rational Mechanics and Analysis vol 62 (1976), pp. 77-85.

[36] M. Shubov, Riesz basis property of root vectors of non-selfadjoint operators generated
by radial damped wave equation, Advances in Differential Equations vol 5 (2000), pp.
623-656.

[37] D. Tataru, Uniform decay rates and attractors for evolution PDE’s with boundary
dissipation, Journal of Differential Equations vol 121 (1995), pp. 1-27.

[38] E. Zuazua, Exponential decay for the semilinear wave equation with locally distributed
damping Communications in Partial Differential Equations vol 15 no2 (1990), pp. 205-
235.

[39] E. Zuazua, Uniform stabilization of the wave equation by nonlinear boundary feedback,
SIAM Journal on Control and Optimization vol 28 no2 (1990), pp. 466-477.

106



107



108



Chapitre 5 : Convergence de l’équation des
ondes amorties à l’intérieur vers l’équation

des ondes amorties sur le bord

1 Introduction

This article is devoted to the comparison of the dynamics of the wave equation damped
in the interior of the domain Ω with the dynamics of the wave equation damped on the
boundary of Ω, when the interior damping converges to a Dirac distribution supported by
the boundary.
One of the physical motivation is the following. We consider a soundproof room, where
carpet covers all the walls. This situation is modeled as follows. Let Ω be a smooth bounded
domain of Rd (d = 1, 2 or 3) and let γ be a non-negative function in L∞(∂Ω) (the effective
dissipation of the carpet at a point of the wall). The propagation of waves in the room is
modeled by the wave equation damped in the boundary







utt(x, t) = (∆ − Id)u(x, t) + f(x, u(x, t)) , (x, t) ∈ Ω × R+
∂u
∂ν

(x, t) + γ(x)ut(x, t) = 0 , (x, t) ∈ ∂Ω × R+

(u, ut)|t=0 = (u0, u1) ∈ H1(Ω) × L2(Ω)
(1.1)

Notice that, in this model, the waves are not dissipated in the interior of the room but
instantaneously damped at each rebound on the walls. This corresponds to a ponctual
dissipation of the form γ(x) ⊗ δx∈∂Ω, where δx∈∂Ω is the Dirac function supported by
the boundary. Of course, this is an approximation of the reality, as the carpet has some
thickness. Thus, we can model more precisely the propagation of waves in the soundproof
room by the equation







utt(x, t) + γn(x)ut(x, t) = (∆ − Id)u(x, t) + f(x, u(x, t)) , (x, t) ∈ Ω × R+
∂
∂ν
u(x, t) = 0 , (x, t) ∈ ∂Ω × R+

(u, ut)|t=0 = (u0, u1) ∈ H1(Ω) × L2(Ω)
(1.2)

where γn is a bounded function, which is positive on a small neighborhood of ∂Ω and
vanishes elsewhere.
The purpose of this paper is to study the relevance of the model equation (1.1), that is to
understand in which sense the dynamics of Equation (1.2) converge to the ones of Equation
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(1.1) when γn converges to γ∞ = γ(x) ⊗ δx∈∂Ω in the sense of distributions. This paper
is also an opportunity to present in a different way some classical proofs on stability of
gradient Morse-Smale systems.

Both equations have been extensively studied, we refer for example to [8], [10], [14], [23],
[40] and [45] for the wave equation with internal damping (1.2) ; and [9], [11], [29], [31], [32],
[44] and [46] for the wave equation with boundary damping (1.1). However, the conver-
gence of the dynamics of Equation (1.2) to these of Equation (1.1) has apparently not yet
been studied. The only work in this direction is the convergence of the internal control of
the wave equation towards boundary control in the one-dimensional case (see [13]). In this
paper, we have chosen to focus on the convergence of the compact global attractor of (1.2)
to the one of (1.1), when they exist, and on the comparison of the respective dynamics
on them. Indeed, the compact global attractor, which consists of all the globally bounded
solutions on R, is somehow representative of the dynamics of the equation. We note that
the study of convergence of attractors for other less regular perturbations is classical ; the
main tools can be found for example in [19], [3], [4] and [41].
We introduce the spaces X = H1(Ω) × L2(Ω) and Xs = H1+s(Ω) × Hs(Ω) (s ∈ R). In the
general case, we are able to prove results similar to the following one.

Let Ω be a smooth bounded domain of R2, let γ∞ = δx∈∂Ω and γn(x) = n if dist(x, ∂Ω) <

1/n and 0 elsewhere. Let f ∈ C2(Ω × R,R) be such that supx∈Ω lim sup|u|→+∞
f(x,u)

u
< 0

and that there exist two constants C > 0 and p ∈ R+ so that |f ′′
uu(x, u)| + |f ′′

x,u(x, u)| <
C(1 + |u|p) for (x, u) ∈ Ω × R.

Theorem 1.1. Let Ω, γn, γ∞ and f be as described above. Then, Equations (1.1) and (1.2)
have compact global attractors A∞ and An respectively. Moreover, the union of the attrac-
tors (∪n∈N∪{+∞}An) is bounded in X and the attractors (An) are upper-semicontinuous at
A∞ in X−s, for any s > 0, that is,

sup
Un∈An

inf
U∞∈A∞

‖Un − U∞‖X−s −→ 0 .

If all the equilibrium points of (1.1) are hyperbolic, the attractors (An) are lower- semi-
continuous in X at A∞. Moreover, the upper and lower semicontinuity can be estimated
in the sense that there exists δ > 0 such that

max

(

sup
Un∈An

inf
U∞∈A∞

‖Un − U∞‖X−s ; sup
U∞∈A∞

inf
Un∈An

‖U∞ − Un‖X

)

≤ 1

nδ
.

In general, we cannot prove upper-semicontinuity in X because the perturbation is too
singular. Let An and A∞ be the linear operators associated respectively with the equations
(1.2) and (1.1). The perturbation is not regular in the sense that eAnt does not converge to
eA∞t in L(X). However, we can prove that, in general, A−1

n converges to A−1
∞ in L(X) and
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that this convergence of the inverses implies convergence of the trajectories in X−s for any
initial data in X, and convergence of the trajectories in X if the initial data (u0, u1) are
bounded in a more regular space Xs (s > 0).
The proof of the lower-semicontinuity in X uses as main arguments the gradient structure
of (1.1) and (1.2), as well as the convergence of the local unstable manifolds of the equilibria.
To prove this property, we identify the local unstable manifolds with local strongly unstable
manifolds and show the continuity of these manifolds with respect to the parameter n.
Although our perturbation is irregular, we can prove lower-semicontinuity in X due to the
regularity of the local unstable manifolds of the equilibria of the limit problem.
The upper-semicontinuity instead cannot be shown in X in general. Indeed, we know that
the union ∪nAn is bounded in X, but we do not know if it is bounded in a more regular
space Xs. Thus, for initial data in ∪nAn, we are able to compare the trajectories only in
the norm of X−s.
To prove upper-semicontinuity in X, we need to bound ∪nAn in Xs for some s > 0. The
main way to prove this property is to show a uniform decay rate for the semigroups, that
is that there exist constants M > 0 and λ > 0 such that, for all U ∈ X and t ≥ 0, we have

∀n ∈ N, ‖eAntU‖X ≤Me−λt‖U‖X . (1.3)

Such estimate is well-known for fixed n. However, the methods for proving the exponential
decay for fixed n often give constants M and λ depending on ‖γn‖L∞, or are based on a
contradiction argument. Thus, they are not adaptable to the proof of a uniform estimate
in the case of our irregular perturbation, where ‖γn‖L∞ goes to +∞. In dimension two
and higher dimension, the uniform bound (1.3) is not known to hold, except for some very
particular examples presented here. In the one-dimensional case, we give necessary and
sufficient conditions for (1.3) to hold. The proof uses a multiplier method and is inspired
by [13] and [23] (other methods are also possible, see the result of [2] in the appendix).
Thus, in dimension one, we can show a more precise result, which is typically the following.

Let Ω =]0, 1[, γ∞ = 2δx=0 and γn(x) = 2n if x ∈]0, 1
n
[ and 0 elsewhere. Let f ∈

C2([0, 1]×R,R) be such that supx∈Ω lim sup|u|→+∞
f(x,u)

u
< 0. Notice that we do not choose

γ∞ = δx=0 because, with this dissipation, Equation (1.1) does not satisfy the backward
uniqueness property. Without backward uniqueness result, we cannot properly define the
Morse-Smale property (see [11] and the remarks preceding Theorem 2.12).

Theorem 1.2. Let Ω, γn, γ∞ and f be as described above. Then, Equations (1.1) and
(1.2) have compact global attractors A∞ and An respectively. Moreover, the union of the
attractors (∪n∈N∪{+∞}An) is bounded in Xs for s ∈]0, 1/2[. As a consequence, the attractors
An are upper-semicontinuous at A∞ in the space X.
If all the equilibrium points of (1.1) are hyperbolic, then the sequence of attractors (An) is
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continuous in X in the sense that there exists δ > 0 such that

max

(

sup
Un∈An

inf
U∞∈A∞

‖Un − U∞‖X ; sup
U∞∈A∞

inf
Un∈An

‖U∞ − Un‖X

)

≤ 1

nδ
.

In dimension one, we can even go further and compare the dynamics on the attractors
An and A∞. A part of this comparison is described by the notion of equivalence of phase-
diagrams. Let S(t) be a gradient dynamical system which admits a compact global attractor
with only hyperbolic equilibrium points. If E and E ′ are two equilibrium points of S(t),
we say that E ≤ E ′ if and only if there exists a trajectory U(t) ∈ C0(R, X) such that

lim
t→−∞

U(t) = E ′ and lim
t→+∞

U(t) = E .

The phase-diagram of S(t) is the above oriented graph on the set of equilibria. Two phase-
diagrams are equivalent if there exists an isomorphism between the set of equilibria, which
preserves the oriented edges.
It is proved in [19], [37] and [38] that the stability of phase-diagrams is related to the
Morse-Smale property. We recall that a gradient dynamical system S(t) has the Morse-
Smale property if it has a finite number of equilibrium points which are all hyperbolic and
if the stable and unstable manifolds of these equilibria intersect transversally. The result
of [19] says that if S0(t) is a dynamical system, which satisfies the Morse-Smale property,
and if Sε(t) is a “regular” perturbation of S0(t) such that the compact global attractors
of Sε(t) are upper-semicontinuous at ε = 0, then Sε(t) satisfies the Morse-Smale property
for ε small enough and its phase-diagram is equivalent to the one of S0(t). Unfortunately,
our perturbation is not regular enough for a direct application of [19]. However, using the
smoothness of the attractors, we can adapt the proof of [19] to show the following result.

Theorem 1.3. Let Ω, γn, γ∞ and f be as in Theorem 1.2. If the dynamical system gene-
rated by (1.1) satisfies the Morse-Smale property, then, for n large enough, the dynamical
system generated by (1.2) satisfies the Morse-Smale property and its phase-diagram is equi-
valent to the one of (1.1). Moreover, there exists a homeomorphism h defined from An into
A∞ which maps the trajectories of Sn(t)|An onto the trajectories of S∞(t)|A∞

preserving
the sense of time.

We notice that (1.1) satisfies the Morse-Smale property for a generic non-linearity f
(see [26]). We also enhance that we give a proof of Theorem 1.3 presented in a way, which
is different from [19], and, which extensively uses the gradient structure of (1.1) and (1.2).

Of course, in this paper, we do not only consider the particular situations of Theo-
rems 1.2 and 1.1, but more general cases. The general frame, the main hypotheses and the
main results are stated in Section 2. The abstract result of convergence for semigroups of
contractions and the study of the convergence of the trajectories of Equation (1.1) to those
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of Equation (1.2) are given in Section 3. Continuity of the local unstable manifolds and
of part of the local stable manifolds as well as stability of phase-diagrams are studied in
Sections 4 and 5 respectively. In Section 6, we give concrete conditions under which the
inequality (1.3) holds. In Section 7, we describe examples of applications. Finally, in the
Appendix, we state the above-mentionned result of [2] and study another one-dimensional
case.

2 Setting of the problem and main results

In this section, we first introduce the notation. We immediately prove a first result of
convergence, without which nothing can be done. This leads to a condition, which will be
implicitely assumed in all what follows. Finally, in the last part of this section, we put
together the main hypotheses, which will be used, and state the most important results.

2.1 The abstract frame

We introduce an abstract frame for Equations (1.1) and (1.2). This has two purposes.
The first one is to give results, which concern a larger family of equations than (1.1) and
(1.2) (for example, other boundary conditions can be chosen). The second advantage of
the abstract setting is to gather Equations (1.1) and (1.2) into a common frame, which
makes the comparison easier.

Let Ω be a smooth bounded domain of Rd (d = 1, 2 or 3) and let ωN be a non-empty
smooth open subset of ∂Ω. We denote by ωD the largest open subset of ∂Ω \ ωN .
If ωD 6= ∅, we set B = −∆BC where ∆BC is the Laplacian with Neumann boundary
condition on ωN and Dirichlet condition on ωD. If ωN covers the whole boundary, we set
B = −∆N + Id where ∆N is the Laplacian with Neumann boundary condition. In all the
cases, B is a positive self-adjoint operator from D(B) into L2(Ω).
Let (λk, ϕk) be the set of eigenvalues of B and corresponding eigenvectors normalized in
L2(Ω). We denote D(Bs/2) the Hilbert space

D(Bs/2) =
{

u =
∑

ckϕk / ‖u‖2
D(Bs/2) =

∑

|ck|2λs
k < +∞

}

.

We notice that for s ∈ [0, 1/2[, D(Bs/2) = Hs(Ω) and for s ∈]1/2, 5/4], D(Bs/2) = Hs(Ω)∩
{u ∈ Hs(Ω)/u|ωD

= 0} (see Proposition 2.1). For larger s, the domain of Bs/2 can be less
simple due to the regularity problem induced by mixed boundary conditions. We set

X = D(B1/2) × L2(Ω) ,
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endowed with the product topology. We also set Xs = D(B(1+s)/2) × D(Bs/2). Let γ be
a non-negative function in L∞(ωN), which is positive on an open subset of ωN . We set
γ∞(x) = γ(x)δx∈ωN

. Let (γn)n∈N be a sequence of non-negative functions in L∞(Ω), which
are positive on an open subset of Ω and which converge to γ∞ in the sense of distributions,
that is that

∀ϕ ∈ C∞
0 (Rd),

∫

Ω

γnϕ −→
∫

γ∞ϕ =

∫

ωN

γϕ .

For each n ∈ N, we introduce the linear continuous operator Γn, defined from D(B1/2) into
D(B1/2) by Γn = B−1(γn.). We also introduce the operator Γ∞ defined from D(B1/2) into
D(B1/2) by

∀u ∈ D(B1/2), Γ∞u is the solution of







(∆ − κId)Γ∞u = 0 on Ω
∂
∂ν

Γ∞u = γ(x)u on ωN

Γ∞u = 0 on ωD

, (2.1)

where κ = 1 if ωD = ∅ and κ = 0 if not. We remark that

∀n ∈ N, ∀ϕ, ψ ∈ D(B1/2), < Γnϕ|ψ >D(B1/2)=

∫

Ω

γnϕψ ,

and

∀ϕ, ψ ∈ D(B1/2), < Γ∞ϕ|ψ >D(B1/2)=

∫

∂Ω

γϕψ .

We set

s0 =

{

s0 = 1/2 for d = 1 or d = 2
s0 = 1/4 for d = 3

(2.2)

Proposition 2.1. For all ε > 0, s ∈ [0, s0[ and n ∈ N ∪ {+∞}, the operator Γn can be
extended to a continuous linear operator from D(Bε+1/4) into D(B(1+s)/2). In particular,
Γn is a compact non-negative selfadjoint operator from D(Bε+1/4) into D(B1/2).

Proof : The proposition follows from the regularity properties of the operator B. If ωN ∩
ωD = ∅, then the regularity is clear since D(B(1+s)/2) = {u ∈ H1+s(Ω)/u|ωD

= 0} if s < 1/2
for any d. If we have mixed boundary conditions with ωN ∩ ωD 6= ∅, then the regularity is
more difficult to obtain. In dimension d = 2 (resp. d = 3), we refer to [16] (resp. [12]). �

For all n ∈ N ∪ {+∞}, let An be the unbounded operator defined on X by

∀
(

u
v

)

∈ X, An

(

u
v

)

=

(

v
−B(u+ Γnv)

)

,

D(An) =

{(

u
v

)

∈ X

/

v ∈ D(B1/2) and u+ Γnv ∈ D(B)

}

.
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We enhance that, if n is finite, An is the classical wave operator

∀n ∈ N, An =

(

0 Id
−B −γn

)

, D(An) = D(B) ×D(B1/2) .

Using the Hille-Yosida theorem, one shows that the operator An generates a linear C0−se-
migroup eAnt of contractions (see [29] for n = +∞, see also [26] for a proof in the given
abstract frame). In particular, An is dissipative since

∀U = (u, v) ∈ D(An), < AnU |U >X= − < Γnv|v >D(B1/2)≤ 0 . (2.3)

For U = (u, v), we set

F (U) =

(

0
f(x, u)

)

. (2.4)

We are interested in the convergence of the following family of equations, when n goes to
+∞

{

Ut = AnU + F (U)
U|t=0 = U0 ∈ X

. (2.5)

We first introduce conditions so that the above equations are be well-posed.
In the whole paper, we assume that the non-linearity f satisfies the following hypothesis.

(NL) f ∈ C2(Ω × R,R) and if the dimension is
d=2 there exist C > 0 and α ≥ 0 such that

|f ′′
uu(x, u)| + |f ′′

ux(x, u)| ≤ C(1 + |u|α) .

d=3 there exist C > 0 and α ∈ [0, 1[ such that

|f ′′
uu(x, u)| ≤ C(1 + |u|α) and |f ′′

ux(x, u)| ≤ C(1 + |u|3+α) .

Since the regularity of f is not the main purpose of this paper, we choose to state Hypo-
thesis (NL) in a simple but surely too strong way. For example, the condition f ∈ C2 could
be relaxed to the condition f ∈ C1 with Hölder continuous derivatives. We can also assume
an exponential growth rate for the non-linearity if d = 2 (see [21] or [5]). We notice that,
for most of our results, weaker hypotheses on f are sufficient. For example, the critical case
of a cubic non-linearity in dimension d = 3 is studied in [27].
To obtain global existence of solutions and existence of a compact global attractor, we also
need to assume a dissipative condition for f , for example,

(Diss) sup
x∈Ω

lim sup
|u|→+∞

f(x, u)

u
< 0 .

Classical Sobolev imbeddings (see for example [1]) show that Hypothesis (NL) implies the
following properties (see Chapters 4.7 and 4.8 of [17] for a proof).
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Lemma 2.2. Assume that Hypothesis (NL) holds. Then, there exists a positive number p
such that for any u, v in H1(Ω), we have

‖f(x, u) − f(x, v)‖L2 ≤ C(1 + ‖u‖p
H1 + ‖v‖p

H1)‖u− v‖H1 .

Moreover, if B is a bounded set of H1(Ω), then {f(x, u)|u ∈ B} and {f ′
u(x, u)v|(u, v) ∈ B2}

are bounded subsets of Hσ(Ω), where σ ∈]0, 1[ when d = 1 or d = 2 and σ ∈]0, 1−α
2

[ when
d = 3. In addition, we have

∀u ∈ B, ‖f(x, u)‖Hσ ≤ Cσ‖u‖H1 and ‖f ′
u(x, u)v‖Hσ ≤ Cσ‖v‖H1 ,

where the constant Cσ depends on σ, except if d = 1.
In particular, F : (u, v) ∈ X 7→ (0, f(x, u)) is of class C1,1

loc (X,X) and is a compact and
Lipschitz-continuous function on the bounded sets of X.

Using a classical result of local existence (see [39], Chapter 6, Theorem 1.2), we de-
duce from Hypothesis (NL) that for each n ∈ N ∪ {+∞}, Equation (2.5) generates a local
dynamical system Sn(t) on X.

Proposition 2.3. If f satisfies (NL), then for all M > 0 and K > 0, there exists a time
T > 0 such that, for all n ∈ N ∪ {+∞} and U0 with ‖U0‖X ≤ M , Equation (2.5) has a
unique mild solution Un(t) = Sn(t)U0 ∈ C0([0, T ], X), which satisfies

∀t ∈ [0, T ], ‖Un(t)‖X ≤M +K .

Moreover, there exists a constant C > 0 such that for all U0 and U ′
0 with ‖U0‖X ≤M and

‖U ′
0‖X ≤ M we have

∀n ∈ N ∪ {+∞}, ∀t ∈ [0, T ], ‖Sn(t)(U0 − U ′
0)‖X ≤ CeCt‖U0 − U ′

0‖X .

The hypothesis (Diss) implies global existence of trajectories, that is that Sn(t) : X −→ X
are global dynamical systems.

Proposition 2.4. Assume that f satisfies (NL) and (Diss). Then, for any bounded set B
of X, for any n ∈ N ∪ {+∞} and for any U0 ∈ B, Sn(t)U0 (t ≥ 0) is a global mild solution
of (2.5) and is uniformly bounded in X with respect to t and U0.

Proof : For U = (u, v) ∈ X, we set

Φ(U) =
1

2
‖U‖2

X −
∫

Ω

∫ u

0

f(x, ζ)dζ . (2.6)
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From (2.3) and the density of D(An) in X, we deduce that the functional Φ is non-
increasing along the trajectories of the dynamical systems Sn(t) (n ∈ N ∪ {+∞}). Indeed,
let U0 ∈ D(An) and U(t) = (u(t), v(t)) = Sn(t)U0, we have

Φ(U(t2)) − Φ(U(t1)) =

∫ t2

t1

< AnU(t)|U(t) >X dt = −
∫ t2

t1

< Γnv(t)|v(t) >D(B1/2)≤ 0 .

(2.7)
Hypothesis (Diss) implies that there exist two positive constants C and µ such that

f(x, u)u ≤ C − µu2 and

∫ u

0

f(x, ζ)dζ ≤ C − µu2 . (2.8)

So, for any U0 ∈ B and any positive time t such that Sn(t)U0 exists, we have

1

2
‖Sn(t)U0‖2

X − C ≤ Φ(Sn(t)U0) ≤ Φ(U0) .

Sobolev imbeddings show that Φ(U0) is bounded uniformly with respect to U0 ∈ B. Thus,
the trajectories cannot blow up and are defined and bounded for all times. �

For U(t) ∈ C0([0, T ], X), we can also consider the trajectory Vn(t) = DSn(U)(t)V0 of
the linearized dynamical system DSn(U) along U , that is the solution of

{

∂tVn(t) = AnVn(t) + F ′(U(t))Vn(t)
Vn(0) = V0 ∈ X

(2.9)

Due to Lemma 2.2, W ∈ X 7−→ F ′(U)W is locally Lipschitzian and Proposition 2.3 is also
valid for DSn(U)(t). Moreover the trajectories DSn(U)(t)V0 exist for all t ∈ [0, T ] since
DSn(U)(t) is a linear dynamical system.

2.2 Convergence of the inverses

If the inverses A−1
n do not converge to A−1

∞ , then one cannot hope any convergence result,
since we cannot even ensure that a part of the spectrum of the operators is continuous when
n goes to +∞. That is why, we immediatly show that this convergence holds in natural
situations. In the rest of the paper, this convergence of the inverses will be assumed.
A simple calculation shows that An is invertible of compact inverse and that A−1

n is given
by

∀
(

u
v

)

∈ X, A−1
n

(

u
v

)

=

(

−Γnu−B−1v
u

)

. (2.10)

We present here a typical situation.
Let θ be a bounded open subset of Rd−1 with a boundary of class C∞. We set Ω̃ =]0, 1[×θ.
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Let γ be a nonnegative function in L∞(θ) and let γn be a sequence of nonnegative functions
in L∞(Ω̃), which converges to γ ⊗ δx=0 in the sense of distributions, that is that

∀ϕ ∈ C∞
0 (Rd),

∫

Ω̃

γn(x, y)ϕ(x, y)dxdy −→
∫

θ

γ(y)ϕ(0, y)dy .

We assume moreover that

sup
y∈θ

(∣

∣

∣

∣

γ(y) −
∫ 1

0

γn(x, y)dx

∣

∣

∣

∣

+

∫ 1

0

γn(x, y)
√

|x|dx
)

−→ 0 . (2.11)

Notice that Hypothesis (2.11) is always fullfilled in the one-dimensional case d = 1. We
have the following result.

Theorem 2.5. Let Ω be a bounded open subset of Rd. Assume that there exists a covering
Ω1,...,Ωp of Ω such that the description of the dissipations γn on Ωi is C1−diffeomorphic to
the typical situation described previously. Then, there exists a sequence of positive numbers
(cn) converging to zero such that

∀ϕ ∈ H1(Ω), ‖(Γ∞ − Γn)ϕ‖D(B1/2) ≤ cn‖ϕ‖H1 . (2.12)

As a consequence, A−1
n converges to A−1

∞ in L(X).

Proof : We recall that, on D(B1/2), the norms ‖.‖D(B1/2) and ‖.‖H1 are equivalent. We

have to show that, for all ϕ and ψ in D(B1/2), there exists a sequence of positive numbers
(cn) converging to zero such that

< (Γ∞ − Γn)φ|ψ >D(B1/2)≤ cn‖ϕ‖H1‖ψ‖H1 ,

that is that
∫

ωN

γϕψ −
∫

Ω

γnϕψ ≤ cn‖ϕ‖H1‖ψ‖H1 . (2.13)

Clearly, it is sufficient to prove (2.13) in the typical situation introduced above and with
smooth functions. Let ϕ and ψ be two functions of C∞(Ω̃), and let

In =

∣

∣

∣

∣

∫

θ

γ(y)ϕ(0, y)ψ(0, y)dy −
∫

Ω̃

γn(x, y)ϕ(x, y)ψ(x, y)dxdy

∣

∣

∣

∣

.

We have In ≤ Jn +Kn, where

Jn =

∣

∣

∣

∣

∫

θ

ϕ(0, y)ψ(0, y)

(

γ(y) −
∫ 1

0

γn(x, y)dx

)

dy

∣

∣

∣

∣

and

Kn =

∣

∣

∣

∣

∫

Ω̃

γn(x, y)(ϕ(x, y)ψ(x, y)− ϕ(0, y)ψ(0, y))dxdy

∣

∣

∣

∣

.
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Let

dn = sup
y∈θ

(∣

∣

∣

∣

γ(y) −
∫ 1

0

γn(x, y)dx

∣

∣

∣

∣

+

∫ 1

0

γn(x, y)
√

|x|dx
)

.

Using the control of the norm L2(θ) by the norm H1(Ω̃), we obtain

Jn ≤ dn‖ϕ‖H1‖ψ‖H1 .

For the second term, we write

Kn ≤
∣

∣

∫

Ω
γn(x, y)ϕ(x, y)(ψ(x, y)− ψ(0, y))dxdy

∣

∣

+
∣

∣

∫

Ω
γn(x, y)ψ(0, y)(ϕ(x, y)− ϕ(0, y))dxdy

∣

∣ .
(2.14)

We deal with the first term of (2.14) by using the Cauchy-Schwarz inequality

K1
n =

∣

∣

∣

∣

∫

Ω̃

γn(x, y)ϕ(x, y)(ψ(x, y)− ψ(0, y))dxdy

∣

∣

∣

∣

=

∣

∣

∣

∣

∫

Ω̃

γn(x, y)ϕ(x, y)

(
∫ x

0

∂ψ

∂x
(ξ, y)dξ

)

dxdy

∣

∣

∣

∣

≤
∫

Ω̃

γn(x, y)|ϕ(x, y)|√x
(

∫ x

0

∣

∣

∣

∣

∂ψ

∂x
(ξ, y)

∣

∣

∣

∣

2

dξ

)1/2

dxdy

≤
∫

θ

(

∫ 1

0

∣

∣

∣

∣

∂ψ

∂x
(ξ, y)

∣

∣

∣

∣

2

dξ

)1/2(

sup
ξ∈]0,1[

|ϕ(ξ, y)|
)

(
∫ 1

0

γn(x, y)
√
xdx

)

dy

≤ dn

∫

θ

(

∫ 1

0

∣

∣

∣

∣

∂ψ

∂x
(ξ, y)

∣

∣

∣

∣

2

dξ

)1/2(

sup
ξ∈]0,1[

|ϕ(ξ, y)|
)

dy .

Using the control of the L∞-norm by the H1-norm in the one-dimensional space, we find

K1
n ≤ dn

∫

θ

(

∫ 1

0

∣

∣

∣

∣

∂ψ

∂x
(x, y)

∣

∣

∣

∣

2

dx

)1/2 (
∫ 1

0

|ϕ(x, y)|2 +

∣

∣

∣

∣

∂ϕ

∂x
(x, y)

∣

∣

∣

∣

2

dx

)1/2

dy

≤ dn

(

∫

Ω̃

∣

∣

∣

∣

∂ψ

∂x
(x, y)

∣

∣

∣

∣

2

dxdy

)1/2 (
∫

Ω̃

|ϕ(x, y)|2 +

∣

∣

∣

∣

∂ϕ

∂x
(x, y)

∣

∣

∣

∣

2

dxdy

)1/2

≤ dn‖ϕ‖H1‖ψ‖H1 .

Applying the same argument to the second term of (2.14), we complete the proof of the
estimate (2.13).
Thus, we have shown that Γn converges to Γ∞ in L(D(B1/2)). From (2.10) and (2.12), we
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deduce that A−1
n converges to A−1

∞ in L(X). �

To show that the natural Hypothesis (2.11) is necessary, we give a counter-example to
Theorem 2.5 when (2.11) is omitted.
Let Ω =]0, 1[×] − 1, 1[2. Let

γn(x, y) =







n if 0 ≤ x ≤ 1
n

n2 if 1
n
≤ x ≤ 1√

n
, |y| < 1

n

0 elsewhere.

We notice that γn converges to γ = δx=0 in the sense of the distributions. Let ϕn(x, y) be
the function with support in the ball B of center ( 1

2
√

n
, 0, 0) and of radius R = 1

2
√

n
with

ϕn(r, θ) = 1
2
n1/4 − rn3/4 in it, where r = ((x− 1

2
√

n
)2 + y2)1/2.

1/n

1/n

1/n

n

nγ=

γ=

φ=n

0φ=

1/2

1/4

2

In the support of ϕn, the norm of the gradient of ϕn is n3/4, so ‖ϕ‖H1 ∼ 1. We have
∫

γ∞|ϕn|2 = 0 and
∫

γn|ϕn|2 ∼
n2(n1/4)2

n2
√
n

∼ 1 .

So Γn does not converge to Γ∞ in L(D(B1/2)).

Using the same arguments as in the proof of Theorem 2.5, we obtain the following property.

Proposition 2.6. We assume that the same hypotheses as in Theorem 2.5 hold. Let 1
2
>

s ≥ 0. There exists M independent of n such that

∀n ∈ N ∪ {+∞}, ∀U ∈ D(An), ‖U‖Xs ≤ M‖U‖D(An) .
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Proof : Assume that the proposition is not satisfied. Then, there exists a sequence Uk =
(uk, vk) such that

‖Uk‖Xs = 1 and ‖Uk‖D(Ank
) −→ 0 .

This implies that vk −→ 0 in D(B1/2) and Buk + γnk
vk −→ 0 in L2(Ω). If we prove that

γnk
vk −→ 0 in D(B(−1+s)/2), then we will have uk −→ 0 in D(B(1+s)/2). But the properties

uk −→ 0 in D(B(1+s)/2) and vk −→ 0 in D(B1/2) contradict the fact that ‖Uk‖Xs = 1.
It remains to show that γnk

vk −→ 0 in D(B(−1+s)/2). Let ϕ ∈ D(B(1−s)/2), we have

∣

∣

∣

∣

∫

Ω

γnk
vkϕ

∣

∣

∣

∣

2

≤
∫

Ω

γnk
|vk|2

∫

Ω

γnk
|ϕ|2 . (2.15)

As vk −→ 0 in D(B1/2), we have
∫

Ω
γnk

|vk|2 −→ 0 by Theorem 2.5. In order to prove that
∫

Ω
γnk

|ϕ|2 is bounded, we come back to the typical situation introduced before Theorem
2.5. We have

∫

θ

∫ 1

0

γnk
(x, y)|ϕ(x, y)|2dxdy ≤

(

sup
y∈θ

∫ 1

0

γnk
(x, y)dx

)

(

∫

θ

| sup
x∈[0,1]

ϕ(x, y)|2dy
)

.

We know that ϕ is bounded in D(B(1−s)/2) and so in H1−s(Ω). In the typical case Ω̃ =
]0, 1[×θ, and thus H1−s(Ω̃) →֒ L2(θ,H1−s(]0, 1[)). Using the fact that H1−s(]0, 1[) is embed-
ded in C0(]0, 1[), we obtain that

∫

θ
| supx∈[0,1] ϕ(x, y)|2dy < +∞. On the other hand, (2.11)

implies that supy∈θ

∫ 1

0
γnk

(x, y)dx < +∞, which implies the proposition. �

2.3 Main hypotheses and results

In this section, we put together all the main hypotheses and theorems.
We recall that Sn(t) denotes the local dynamical system generated by (2.5). In what follows,
we will assume that

εn = ‖A−1
∞ − A−1

n ‖L(X) −→ 0 . (2.16)

Moreover, we also assume in the whole article that f satisfies Hypothesis (NL). In addition,
Hypothesis (Diss) will be assumed when we deal with global results.
In Section 3, we show that the convergence of the inverses implies some weak convergence
for the trajectories. The convergence is weak in the sense that, in order to compare Sn(t)U0

with S∞(t)U0 in the space Xs, U0 has to belong to a more regular space Xs+ε. For example,
we will obtain the following results.

Proposition 2.7. Assume that Hypothesis (Diss) is satisfied. Let B be a bounded set of X
and s ∈ [0, 1], there exists a positive constant C such that

∀U ∈ B, ∀t ≥ 0, ‖S∞(t)U − Sn(t)U‖X−s ≤ CeCtεs/8
n . (2.17)
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If Bs is a bounded set of Xs (s ∈]0, s0[), then there exists a positive constant C such that

∀U ∈ Bs, ∀t ≥ 0, ‖S∞(t)U − Sn(t)U‖X ≤ CeCtεβ
n , (2.18)

where β = s2

2
if d=1 or d=2, and β = min( s2

2
, 1−α

4
) if d=3.

To obtain existence of compact global attractors, we will have to assume that the linear
semigroups eAnt are exponentially decreasing :

(ED) There exists a family of positive constants Mn and λn (n ∈ N ∪ {+∞}) such
that

‖eAnt‖L(X) ≤Mne
−λnt .

As discussed in the introduction, we will need the uniform version of (ED) in order to
obtain uniform regularity of the attractors :

(UED) There exist two positive constants M and λ such that for any t ≥ 0 and
U ∈ X,

∀n ∈ N, ‖eAntU‖X ≤Me−λt‖U‖X .

Finally, we introduce hypotheses on the dynamical systems.
The dynamical systems Sn(t) are gradient systems if we show that the function Φ intro-
duced in (2.6) is a strict Lyapounov function. We already know that Φ is not increasing
along the trajectories because of (2.7). To prove that Φ is a strict Lyapounov function, it
remains to show that, if, for some n ∈ N ∪ {+∞}, U0 satisfies Φ(Sn(t)U0) = Φ(U0) for all
t ≥ 0, then U0 is an equilibrium point, that is Sn(t)U0 = U0 for all t ≥ 0. We will assume
that this property is fulfilled :

(Grad) the dynamical systems Sn(t) (n ∈ N ∪ {+∞}) are all gradient.
Our last assumption is the following :

(Hyp) All the equilibrium points E of S∞(t) are hyperbolic, that is, that the spectrum
of DS∞(t)E does not intersect the unit circle of C.

A discussion about the hypotheses (ED), (UED) and (Grad) is given in Section 6. We
also enhance that Hypothesis (Hyp) is not very restrictive since it is satisfied for a generic
non-linearity f (see for example [43] and [7]) or a generic domain Ω (see [24]).

We introduce the distance between a point U ∈ X and a set S ⊂ X as

distX(U,S) = inf
V ∈S

‖U − V ‖X . (2.19)

We also define the Hausdorff distance of two sets S1 ⊂ X and S2 ⊂ X as

dX(S1,S2) = max

(

sup
U1∈S1

distX(U1,S2) ; sup
U2∈S2

distX(U2,S1)

)

, (2.20)

We denote distX−s and dX−s the same notions in the norm ‖.‖X−s . We have the following
theorem.
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Theorem 2.8. We assume that (Diss), (Grad) and (ED) hold. Then, the dynamical system
Sn(t), for n ∈ N ∪ {+∞}, has a compact global attractor An. Moreover, these attractors are
composed by the union of the equilibrium points (denoted by E) and the complete bounded
trajectories coming from E , that is that

An = {U0 ∈ X / ∃U(t) ∈ C0
b (R, X), solution of (2.5) such that

U(0) = U0 and lim
t→−∞

distX(U(t), E) = 0 } . (2.21)

The set (
⋃

n An) is bounded in X, and, for any s ∈]0, 1/2[, the attractors are upper-
semicontinuous in X−s, that is

sup
Un∈An

distX−s(Un,A∞) −→ 0 when n −→ +∞ .

Proof : The existence and boundedness of attractors for Equation (2.5) is classical, we
briefly recall the outline of the proof. According to Theorem 2.4.6 of [17], Sn(t) has a
compact global attractor if Sn(t) is asymptotically smooth and point-dissipative and if the
orbits of bounded sets are bounded. Proposition 2.4 implies that the orbits of bounded
sets are bounded. Since eAnt is exponentially decreasing and that the map F : X → X
is compact, Sn(t) is asymptotically smooth (see [17]). The property (2.8) implies that the
equilibria E = (e, 0) of (2.5) are bounded independently of n. By LaSalle’s principle (see
Lemma 3.8.2 of [17]), the gradient structure and the asymptotic smoothness imply that
any trajectory is attracted by the set of equilibrium points. Because of the boundedness of
the set of equilibria, Sn(t) is point dissipative. Thus Sn(t) has a compact global attractor,
which is bounded in X uniformly in n and which, due to the gradient structure, is described
by (2.21). For proofs or details about these notions, see [17].
Following the arguments of [18] (see also [41] or [3]), we prove the upper-semicontinuity in
X−s. Let ε > 0, as A∞ is a global attractor for S∞(t) and as the union

⋃

n An is bounded
in X, there exists a time T > 0 such that

∀U ∈
⋃

n

An, ∀t ≥ T, distX(S∞(t)U,A∞) ≤ ε/2 . (2.22)

As An is uniformly bounded in X, using (2.17), we have that, for n large enough,

∀Un ∈ An, ‖(Sn(T ) − S∞(T ))Un‖X−s ≤ ε

2
. (2.23)

The estimates (2.22) and (2.23) imply, for n large enough, that

sup
Un∈An

distX−s(Sn(T )Un,A∞) ≤ ε .

As Sn(T )An = An, this proves the upper-semicontinuity. �
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Remark : The existence of attractors for critical non-linearities (that is cubic-like non-
linearities ) has been studied in dimension d = 3, see for example [14] and [9]. We notice
that the above proof shows upper-semicontinuity in X−s for these attractors. See [27] for
the lower-semicontinuity.

If we assume a uniform exponential decay for the linear semigroups eAnt, we obtain the
upper-semicontinuity in X. Indeed, we have the following regularity result.

Proposition 2.9. Assume that (Diss), (Grad) and (UED) hold. Then, there exists a
constant M such that the attractors An of Sn(t), for n ∈ N ∪ {+∞}, satisfy

sup
n∈N∪{+∞}

sup
Un∈An

‖Un‖D(An) ≤M . (2.24)

In particular, the union ∪nAn is bounded in Xs (s ∈]0, 1/2[).

Proof : If (2.24) holds, then ∪nAn is bounded in Xs as a direct consequence of Proposition
2.6. Thus, we only have to show that (2.24) is satisfied.
It is well-known that, for fixed n, An is bounded in D(An). We only have to show that
(UED) implies that An is bounded in D(An), uniformly with respect to n ∈ N ∪ {+∞}.
We already know that the attractors An are bounded in X by a constant K. Moreover,
they are a union of complete trajectories. Let U(t) = (u, ut) ⊂ An be such a trajectory, we
have

U(t) =

∫ t

−∞
eAn(t−s)F (U(s))ds .

Notice that this integral has a sense since (UED) holds. Let δ > 0, we write

U(t+ δ) − U(t) =

∫ t

−∞
eAn(t−s)(F (U(s+ δ)) − F (U(s)))ds .

And so, since (UED) is satisfied, there exist M and λ independent of n such that

‖(U(t+ δ) − U(t))‖X ≤M

∫ t

−∞
e−λ(t−s)‖f(x, u(s+ δ)) − f(x, u(s))‖L2ds . (2.25)

Due to the assumption (NL), there exists σ ∈]0, 1[ such that

‖f(x, u(s+ δ)) − f(x, u(s))‖
L2 ≤ C ‖u(s+ δ) − u(s)‖

Hσ

≤ C ‖u(s+ δ) − u(s)‖σ
H1 ‖u(s+ δ) − u(s)‖1−σ

L2

The Young inequality implies that, for any ε > 0, there exists a constant Cε such that

‖f(x, u(s+ δ)) − f(x, u(s))‖L2 ≤ ε‖u(s+ δ) − u(s)‖H1 + Cε‖u(s+ δ) − u(s)‖L2 .
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As ‖ut‖L2 is bounded by K, ‖δ−1(u(s+ δ)− u(s))‖L2 is uniformly bounded. So, combining
the above inequality with (2.25), we obtain, for any t ∈ R,

‖δ−1(U(t+ δ) − U(t))‖X ≤ ε
M

λ
sup
s∈R

‖δ−1(U(s + δ) − U(s))‖X +
M

λ
CεK .

Thus, for ε sufficiently small, we get

sup
s∈R

‖δ−1(U(s+ δ) − U(s))‖X ≤ C ,

where C does not depend on δ or on n. When δ converges to 0, we find that U(s) satisfies
sups∈R

‖Ut(s)‖X ≤ C. Finally, writing AnU = Ut − F (U), we obtain that U is bounded in
D(An) by a constant which does not depend on n. �

Thus, if we mimic the proof of Theorem 2.8, using (2.18) instead of (2.17), we show the
upper-semicontinuity in X.

Theorem 2.10. We assume that all the hypotheses of Proposition 2.9 hold. Then, the
attractors are upper-semicontinuous in X, that is

sup
Un∈An

distX(Un,A∞) −→ 0 when n −→ +∞ .

If we assume in addition that all the equilibria are hyperbolic, then we can prove the
lower-semicontinuity of attractors. In this case, we can give not only an estimate of the
rate of the lower-semicontinuity in X, but also of the upper-semicontinuity in X−s. Notice
that we do not need Hypothesis (UED) to obtain the lower-semicontinuity in X.

Theorem 2.11. We assume that (Diss), (Grad), (ED) and (Hyp) are satisfied. Then, the
attractors An are lower-semicontinuous in X.
Moreover, there exist two positive constants C and δ such that

sup
U∞∈A∞

distX(U∞,An) ≤ Cεδ
n . (2.26)

and

sup
Un∈An

distX−s(Un,A∞) ≤ Cεδ
n . (2.27)

Furthermore, if we assume in addition that Hypothesis (UED) holds, then the family of
attractors is continuous in X and there exist two positive constants C and δ such that, for
any n,

dX(A∞,An) ≤ Cεδ
n . (2.28)
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Our last theorem concerns the stability of the phase-diagrams. We have briefly recalled
the notion of phase diagrams and its link with the Morse-Smale property in the introduc-
tion. First, notice that, in dimension higher than one or if d = 1 and γ∞ = aδx=0 + bδx=1

with a = 1 or b = 1, the Morse-Smale property is not relevant. Indeed, in these cases,
eAnt is not a group (see [11] for d = 1 and [35] for d ≥ 2). Thus, we cannot ensure that
the backward uniqueness property is satisfied and that the stable sets of equilibria are
well-defined manifolds, which is needed to define the transversality (for more details, see
[19]). In the cases where we can define the Morse-Smale property, we prove the following
theorem in Section 5.

Theorem 2.12. We assume that d = 1, Ω =]0, 1[ and γ∞ = aδx=0 + bδx=1 with a 6= 1 and
b 6= 1. We also assume that (Diss) and (UED) are satisfied and that the dynamical system
S∞(t) satisfies the Morse-Smale property. Then, for n large enough, the dynamical system
Sn(t) satisfies the Morse-Smale property and its phase-diagram is equivalent to the one of
S∞(t).

We underline that Theorem 2.12 has applications since it is proved in [26] that, if
Ω =]0, 1[, γ∞ = aδx=0 + bδx=1 with a 6= 1 and b 6= 1, the Morse-Smale property holds for
S∞(t), generically with respect to the non-linearity f .

Remark : We can readely adapt the proof of Theorem 3.2 of [36] to show the existence
of a homeomorphism h defined from An to A∞ which maps the trajectories of Sn(t)|An

onto the trajectories of S∞(t)|A∞
preserving the sense of time. The properties needed to

adapt the proof of Theorem 3.2 of [36] are shown in Sections 4 and 5. They namely are the
isomorphism of phase-diagrams of Theorem 2.12, the comparison of the local stable and
unstable manifolds stated in Theorems 4.7 and 4.13 and the results of Section 5.1.

3 Convergence of the trajectories

3.1 Some abstract results of convergence

The difference between two linear semigroups of contractions can be estimated by the
difference between the inverses of the infinitesimal generators.

Proposition 3.1. Let X be a Hilbert space. Let A1 and A2 be two maximal dissipative
operators of bounded inverse in L(X). Then, the operator Ai generates a C0−semigroup in
X and we have, for all U ∈ D(A1) and t ∈ R+,

‖eA1tU − eA2tU‖X ≤ √
α
(√

α +
√
α + 4t

)

‖U‖D(A1) ,

where α = ||A−1
1 − A−1

2 ||L(X).
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Proposition 3.1 is a direct consequence of the next proposition. The stronger version,
where projections are added, is useful to prove convergence of stable and unstable mani-
folds of a hyperbolic equilibrium of the dynamical systems, or to estimate convergence of
semigroups, which are not defined on the same space.

Proposition 3.2. Let P1 and P2 be two continuous projections on a Hilbert space X. For
i = 1, 2, let Ai be a linear operator with D(Ai) ⊂ PiX and Ai ∈ L(D(Ai), PiX), which is
dissipative, invertible and of bounded inverse. Then, Ai generates a C0−semigroup eAit on
PiX and for all U ∈ D(A1) ⊂ P1X and t ∈ R+,

‖eA1tP1U − eA2tP2U‖X ≤
(

Cα+
√

α2 + 4C2t (α + β)
)

‖U‖D(A1) ,

where α = ||A−1
1 P1−A−1

2 P2||L(X), β = ‖A−1
1 ‖L(P1X)‖P1−P2‖L(X) and C = max

i=1,2
{‖Pi‖L(X)}.

Proof : As the operator Ai is invertible, it is onto PiX and thus Ai is a maximal operator.
Since it is also dissipative on PiX, it generates a C0−semigroup eAit on PiX, which satisfies

∀U ∈ X, t ∈ R+, ‖eAitPiU‖X ≤ ‖PiU‖X (3.1)

(see for example [39]). We write that

‖eA1tP1U − eA2tP2U‖X ≤ ‖eA1tP1U − eA2t(A−1
2 P2A1U)‖X

+‖eA2tP2(A
−1
2 P2 − A−1

1 P1)A1U‖X . (3.2)

Using (3.1), we easily bound the last term of (3.2) by Cα‖U‖D(A1). To estimate the deri-
vative of the first term of (3.2), we set

D =
1

2

d

dt
‖eA1tP1U − eA2t(A−1

2 P2A1U)‖2
X . (3.3)

Since U ∈ D(A1) and A−1
2 P2A1U ∈ D(A2), we have

D =< A1e
A1tP1U − A2e

A2t(A−1
2 P2A1U)|eA1tP1U − eA2t(A−1

2 P2A1U) >X ,

where < .|. >X is the scalar product associated with the norm ‖.‖X .
We set V = eA1tP1A1U ∈ P1X and W = eA2tP2A1U ∈ P2X. We have

D = < V −W |A−1
1 V − A−1

2 W >X

= < V −W |A−1
1 P1(V −W ) >X + < V −W |(A−1

1 P1 −A−1
2 P2)W >X .

Since P1V = V and P2W = W , we obtain

D =< P1(V −W )|A−1
1 P1(V −W ) >X + < (P1 − P2)W |A−1

1 P1(V −W ) >X
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+ < V −W |(A−1
1 P1 − A−1

2 P2)W >X .

AsA1 is dissipative on P1X, the first scalar product is nonpositive. Since ‖V ‖X ≤ C‖U‖D(A1)

and ‖W‖X ≤ C‖U‖D(A1), we obtain D ≤ 2C2(α+ β)‖U‖2
D(A1), where α, β and C are as in

the statement of the proposition. The integration of (3.3) gives

‖eA1tP1U − eA2t(A−1
2 P2A1U)‖X ≤

√

α2 + 4C2t (α + β)‖U‖D(A1) ,

Coming back to the estimate (3.2), we finish the proof. �

Corollary 3.3. Let P1 and P2 be two continuous projections on a Hilbert space X. For
i = 1, 2, let Ai be a linear operator with D(Ai) ⊂ PiX and Ai ∈ L(D(Ai), PiX). We assume
that there exist a constant µ such that Ai − µId is dissipative, invertible and of bounded
inverse (which implies that Ai generates a C0−semigroup). Moreover, we assume that there
exist two positive constants M and λ such the semigroup generated by Ai satisfies

∀t ≥ 0, ‖eAit‖L(PiX) ≤Me−λt .

Then, for all η ∈]0, λ[, there exists Mη, independent of the operator Ai, such that for all
U ∈ D(A1) ⊂ P1X and t ∈ R+,

‖eA1tP1U − eA2tP2U‖X ≤ C(α +
√

α + β)Mηe
−ηt‖U‖D(A1) , (3.4)

where α = ||(A1−µId)−1P1−(A2−µId)−1P2||L(X), β = ‖(A1−µId)−1‖L(P1X)‖P1−P2‖L(X)

and C = max
i=1,2

{‖Pi‖L(X)}.

Proof : Changing Ai into Ai − µId and λ into λ + µ, we can assume that µ = 0. Let
p ∈ N∗, U ∈ D(A1) and t ∈ R+. We have

‖eA1tP1U−eA2tP2U‖X ≤ ‖eA2(1− 1
p
)tP2(e

A1
t
pP1−eA2

t
pP2)U‖X

+‖eA2(1− 2
p
)tP2(e

A1
t
pP1 − eA2

t
pP2)e

A1
t
pP1U‖X + ...+ ‖(eA1

t
pP1 − eA2

t
pP2)e

A1(1− t
p
)P1U‖X .

Using Proposition 3.2, we obtain

‖eA1tP1U − eA2tP2U‖X ≤ pMe−λ(1− 1
p
)t

(

Cα +

√

α2 + 4C2
t

p
(α + β)

)

‖U‖D(A1) .

Thus, for all η ∈]0, λ[ given, we can choose p and Mη large enough such that (3.4) holds.
�

Our fourth result concerns the convergence in a weaker norm than the norm of X.
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Proposition 3.4. Let X be a Hilbert space and let A1 and A2 be two maximal dissipative
operators of bounded inverse in L(X). Then, for all U ∈ X and t ∈ R+,

‖A−1
1 (eA1tU − eA2tU)‖X ≤ √

α
(

3
√
α+

√
α + 4t

)

‖U‖X ,

where α = ||A−1
1 − A−1

2 ||L(X).

Proof : We have

‖A−1
1 (eA1tU − eA2tU)‖X ≤ ‖(eA1t − eA2t)A−1

1 U‖X + ‖(A−1
1 − A−1

2 )eA2tU‖X

+‖eA2t(A−1
1 − A−1

2 )U‖X .

We finish the proof by applying Proposition 3.1. �

3.2 Convergence of the trajectories

We recall that εn = ‖A−1
∞ − A−1

n ‖L(X) is assumed to converge to zero. In this section,
we compare Sn(t)U0 with S∞(t)U0 on finite time intervals.
In the previous section, we have seen that the convergence of the linear semigroups eAnt

can be estimated if the initial data are in D(An), n ∈ N ∪ {+∞}. Using interpolation
arguments, we see that actually less regularity is needed. We recall that s0 is the positive
number defined by (2.2).

Proposition 3.5. For all s ∈]0, s0[, there exists C > 0 such that, for all time T > 0, for
all t ∈ [0, T ] and U0 ∈ Xs, we have

∀t ∈ [0, T ], ∀U0 ∈ Xs, ‖(eA∞t − eAnt)U0‖X ≤ C(1 + T s2/2)εs2/2
n ‖U0‖Xs . (3.5)

Moreover, if the initial data have zero as first component, we can improve the above estimate
as follows : for all s ∈ [0, 1/2[, there exists C > 0 such that, for all time T > 0, for all
t ∈ [0, T ] and (0, v0) ∈ Xs, we have

‖(eA∞t − eAnt)(0, v0)‖X ≤ C(1 + T s/2)εs/2
n ‖(0, v0)‖Xs . (3.6)

Proof : In this proof, C denotes a generic positive constant, which does not depend on n
or T .
If U0 = (u0, v0) ∈ D(A∞), then, using Proposition 3.1, we have

‖(eA∞t − eAnt)U0‖X ≤ C(1 + T 1/2)ε1/2
n ‖U0‖D(A∞)

≤ C(1 + T 1/2)ε1/2
n (‖u0 + Γ∞v0‖D(B) + ‖v0‖D(B1/2)) . (3.7)
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On the other hand, we have

‖(eA∞t − eAnt)U0‖X ≤ C‖U0‖X ≤ C(‖u0‖D(B1/2) + ‖v0‖L2) . (3.8)

Since Γ∞ is a bounded operator on D(B1/2), we have, if U0 ∈ D(B1/2) ×D(B1/2),

‖(eA∞t − eAnt)U0‖X ≤ C(‖u0‖D(B1/2) + ‖v0‖D(B1/2)) (3.9)

≤ C(‖u0 + Γ∞v0‖D(B1/2) + ‖v0‖D(B1/2)) . (3.10)

Interpolating between (3.7) and (3.10), we obtain

‖(eA∞t − eAnt)U0‖X ≤ C(1 + T s/2)εs/2
n (‖u0 + Γ∞v0‖D(B(1+s)/2) + ‖v0‖D(B1/2)) .

Due to Proposition 2.1, if s belongs to ]0, s0[, then Γ∞v0 is in D(B(1+s)/2) and we have
‖Γ∞v0‖D(B(1+s)/2) ≤ C‖v0‖D(B1/2). Thus,

‖(eA∞t − eAnt)U0‖X ≤ C(1 + T s/2)εs/2
n (‖u0‖D(B(1+s)/2) + ‖v0‖D(B1/2)) .

We interpolate again with (3.8) and we find that, for all U0 ∈ Xs,

‖(eA∞t − eAnt)U0‖X ≤ C(1 + T s2/2)εs2/2
n (‖u0‖D(B(1+s)/2) + ‖v0‖D(Bs/2))

≤ C(1 + T s2/2)εs2/2
n ‖U0‖Xs .

The proof of (3.6) is similar. Let (0, v0) ∈ D(A∞). Since Γ∞v0 ∈ D(B), v0 vanishes on the
part of the boundary {x ∈ ωN / γ(x) 6= 0}. Therefore, Γ∞v0 = 0 and (3.7) gives that

‖(eA∞t − eAnt)(0, v0)‖X ≤ C(1 + T 1/2)‖v0‖D(B1/2) .

Interpolating with (3.8), we obtain that (3.6) holds for all (0, v0) ∈ D(A∞). If s < 1/2, the
set {(u, v) ∈ D(A∞) / u = 0} is dense in {(u, v) ∈ Xs / u = 0}. Using this density, we
conclude that (3.6) holds for all (0, v0) ∈ Xs. �

Remarks : As noticed in the previous section, if the semigroups eAnt have a uniform
exponential decay rate, then the constant C does not depend on T .

Of course, one can expect that the decay rate ε
s2/2
n can be replaced by ε

s/2
n , when s < s0.

To obtain this better decay rate, one has to show that Xs is the interpolated space between
X and D(A∞), which is not a so easy result.

Proposition 3.4 implies a result similar to the above one.
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Proposition 3.6. For any s ∈ [0, 1] and any positive time T , there exists a positive
constant C such that

∀t ∈ [0, T ], ∀U0 ∈ X, ‖(eA∞t − eAnt)U0‖X−s ≤ C(1 + T s/8)εs/8
n ‖U0‖X . (3.11)

Proof : Proposition 3.4 implies that

‖A−1
∞ ((eA∞t − eAnt)U0)‖X ≤ C(1 + T 1/2)ε1/2

n ‖U0‖X .

We set (ϕ, ψ) = (eA∞t − eAnt)U0. We have

‖Γ∞ϕ+B−1ψ‖D(B1/2) + ‖ϕ‖L2 ≤ C(1 + T 1/2)ε1/2
n ‖U0‖X . (3.12)

On the other hand, the dissipativeness of An implies that

‖ψ‖L2 + ‖ϕ‖D(B1/2) ≤ C‖U0‖X . (3.13)

Since ‖ϕ‖D(Bθ/2) ≤ ‖ϕ‖1−θ
L2 ‖ϕ‖θ

D(B1/2)
, (3.12) and (3.13) give

∀η ∈ [0, 1], ‖ϕ‖D(B(1−η)/2) ≤ C(1 + T η/2)εη/2
n ‖U0‖X . (3.14)

As Γ∞ is linear continuous from D(B(1−η)/2) into D(B1/2) for all η ∈ [0, 1/2[, (3.12) and
(3.14) imply that

‖ψ‖D(B−1/2) ≤ C(1 + T 1/2)ε1/2
n ‖U0‖X + ‖ϕ‖D(B(1−η)/2) ≤ C(1 + T η/2)εη/2

n ‖U0‖X .

As ‖ψ‖D(B−s/2) ≤ ‖ψ‖s
D(B−1/2)

‖ψ‖1−s
L2 , the above inequality and (3.13) yield that

‖ψ‖D(B−s/2) ≤ C(1 + T ηs/2)εηs/2
n ‖U0‖X .

The estimate (3.11) follows from the above result for η = 1/4 and (3.14) for η = s. �

The comparison of trajectories is based on the following lemma.

Lemma 3.7. Let B be a bounded set of Xs, s ∈]0, s0[. Let T > 0, M > 0 and n0 ∈ N be
such that, for all U ∈ B, n ≥ n0 (including n = +∞) and t ∈ [0, T ], the integral solution
Sn(t)U ∈ C0([0, T ], X) of (2.5) exists and satisfies

‖Sn(t)U‖X ≤M .

Then, there exists a constant C = C(M) such that

∀U ∈ B, ∀t ∈ [0, T ], ‖S∞(t)U − Sn(t)U‖X ≤ CeCT εβ
n , (3.15)

where β = s2

2
if d=1 or d=2, and β = min( s2

2
, 1−α

4
) if d=3.
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Proof : In this proof, C denotes a positive constant which does not depend on n or T ,
but may depend on M . We have

‖S∞(t)U − Sn(t)U‖X ≤ ‖(eA∞t − eAnt)U‖X +

∫ t

0

‖(eA∞(t−τ) − eAn(t−τ))F (S∞(τ)U)‖Xdτ

+

∫ t

0

‖eAn(t−τ)(F (S∞(τ)U) − F (Sn(τ)U))‖Xdτ . (3.16)

We bound the three terms of the previous inequality as follows.
Using Proposition 3.5, we have

‖(eA∞t − eAnt)U‖X ≤ C(1 + T s2/2)εs2/2
n .

As for τ ∈ [0, T ], S∞(τ)U is bounded in X, Lemma 2.2 and Proposition 3.5 imply that

∫ t

0

‖(eA∞(t−τ) − eAn(t−τ))F (S∞(τ)U)‖X ≤ C(M)(1 + T η)εη
n ,

with η < 1/4 if d = 1 or d = 2, and η = 1−α
4

if d = 3. As F is locally Lipschitzian, we have

∫ t

0

‖eAn(t−τ)F (S∞(τ)U) − F (Sn(τ)U)‖Xdτ ≤
∫ t

0

‖F (S∞(τ)U) − F (Sn(τ)U)‖Xdτ

≤ C(M)

∫ t

0

‖S∞(τ)U − Sn(τ)U‖Xdτ .

We finish the proof by applying Gronwall’s lemma to (3.16). �

Remark : In fact, we can show that, if U belongs to Xs for some s > 0, then S∞(t)U ∈
L∞([0, T ], Xs2

). Thus, we can prove that (3.15) holds for all β ≤ s2/2, even if d = 3 and if
f is cubic-like (see [27]).

We deduce from Lemma 3.7 a stronger result.

Theorem 3.8. Let B be a bounded set of Xs, s ∈]0, s0[, and let T be a positive time.
There exists M > 0 such that, for all U ∈ B and t ∈ [0, T ], S∞(t)U exists and satisfies
‖S∞(t)U‖X ≤ M , if and only if there exists M ′ > 0 such that, for n large enough, U ∈ B
and t ∈ [0, T ], Sn(t)U exists and satisfies ‖Sn(t)U‖X ≤ M ′.
Moreover, if one of these equivalent properties is satisfied, then there exists a constant
C = C(M) such that, for n large enough,

∀U ∈ B, ∀t ∈ [0, T ], ‖S∞(t)U − Sn(t)U‖X ≤ CeCT εβ
n ,

where β = s2

2
if d=1 or d=2, and β = min( s2

2
, 1−α

4
) if d=3.
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Proof : Once the equivalence is proved, the estimate is a consequence of Lemma 3.7.
Assume that, for all U ∈ B and t ∈ [0, T ], S∞(t)U exists and satisfies

‖S∞(t)U‖X ≤M . (3.17)

Assume that there exist sequences Uk ∈ B, tk ∈ [0, T ] and nk −→ +∞ such that

∀t ∈ [0, tk[, ‖Snk
(t)Uk‖X < 2M and ‖Snk

(tk)Uk‖X = 2M .

We have
‖S∞(tk)Uk‖X ≥ ‖Snk

(tk)Uk‖X − ‖(Snk
(tk) − S∞(tk))Uk‖X .

For k large enough, applying Lemma 3.7 (with M replaced by 2M), we find that
‖S∞(tk)Uk‖X ≥ 3

2
M , which contradicts (3.17). Thus, for n large enough, for any U in B

and any t ∈ [0, T ], Sn(t)U exists and satisfies ‖Sn(t)U‖X ≤M ′ = 2M .
This proves the “only if” part. The “if” part is shown in the same way. �

The previous theorem together with the density of Xs in X imply the convergence of
the trajectories in X for any initial data U in X. However, the convergence is not uniform
on a bounded set of X.

Corollary 3.9. Let U be an initial datum in X and let T be a positive time. Then the
mild solution S∞(t)U ∈ C0([0, T ], X) of (2.5) with n = ∞ exists if and only if there exists
M such that, for n large enough, the mild solution Sn(t)U ∈ C0([0, T ], X) of (2.5) exists
and ‖Sn(t)U‖X ≤M for t ∈ [0, T ].
Moreover, if one of the equivalent properties is satisfied, then

sup
t∈[0,T ]

‖(S∞(t) − Sn(t))U‖X −→ 0 when n −→ +∞ . (3.18)

In the following theorem, we obtain the convergence of trajectories in X−s for initial
data in X. Notice that, contrary to Theorem 3.8, we cannot prove existence of trajectories
in C0([0, T ], X) for n large enough assuming only the existence of trajectories for the limit
case n = ∞.

Theorem 3.10. Let B be a bounded set of X. We assume that there exist T > 0, M > 0
and n0 ∈ N such that, for all U ∈ B, n ≥ n0 (and also n = ∞) and t ∈ [0, T ], the solution
Sn(t)U of (2.5) exists in C0([0, T ], X) and satisfies ‖Sn(t)U‖X ≤ M . Then, there exists a
constant C such that

∀U ∈ B, ∀t ∈ [0, T ], ‖A−1
∞ (S∞(t) − Sn(t))U‖X ≤ CeCT ε1/2

n . (3.19)

Moreover, for any s ∈ [0, 1], there exists a constant C ′ such that

∀U ∈ B, ∀t ∈ [0, T ], ‖(S∞(t) − Sn(t))U‖X−s ≤ C ′eC′T εs/8
n . (3.20)

133



Proof : As usual, C denotes a generic positive constant, which may vary from line to line.
We recall that A−1

∞ is given by (2.10). We set Sn(t)U = (un(t), vn(t)). We write

‖A−1
∞ (S∞(t) − Sn(t))U‖X ≤ ‖A−1

∞ (eA∞t − eAnt)U‖X

+

∫ t

0

‖A−1
∞ (eA∞(t−τ) − eAn(t−τ))F (Sn(τ)U)‖Xdτ

+

∫ t

0

‖eA∞(t−τ)A−1
∞ (F (S∞(τ)U) − F (Sn(τ)U))‖Xdτ .

Using Proposition 3.4, we find

‖A−1
∞ (S∞(t) − Sn(t))U‖X ≤ C(1 +

√
T )ε1/2

n ‖U‖X

+

∫ t

0

C(1 +
√
T )ε1/2

n ‖f(x, un(x, τ))‖L2dτ

+

∫ t

0

‖B−1/2(f(x, u∞(x, τ)) − f(x, un(x, τ)))‖L2dτ .

Using (NL), we obtain that ‖f(x, un)‖L2 is bounded. We next show that

I = ‖B−1/2(f(x, u∞) − f(x, un))‖L2 ≤ C‖u∞ − un‖L2 . (3.21)

Indeed, if for example the dimension is equal to 3, we have

I = sup
‖ϕ‖

D(B1/2)
=1

∫

Ω

(f(x, u∞) − f(x, un))ϕdx

≤ sup
‖ϕ‖

D(B1/2)
=1

C

∣

∣

∣

∣

∫

Ω

(1 + |u∞|α + |un|α)|u∞ − un|ϕdx
∣

∣

∣

∣

≤ sup
‖ϕ‖

D(B1/2)
=1

C‖u∞ − un‖L2

(
∫

Ω

|ϕ|6
)1/6(∫

Ω

(1 + |u∞|α + |un|α)3

)1/3

Since H1(Ω) (and thus D(B1/2)) is continuously imbedded in L6(Ω), we obtain (3.21) and
we finish the proof of Inequality (3.19) by using Gronwall’s lemma .
We enhance that, to obtain (3.20), we cannot directly use Proposition 3.6. This is linked
to the fact that A∞ does not generate a semigroup on X−s. However, we can deduce (3.20)
from (3.19) with the same arguments as in the proof of Proposition 3.6. �

With the same arguments, we obtain similar results for the linearized dynamical system.
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Proposition 3.11. Let U(t) ∈ C0([0, T ], X). The conclusions of Theorems 3.8 and 3.10
are also valid if Sn(t) is replaced by DSn(U)(t), the linearized dynamical system defined by
(2.9). In particular, let B be a bounded set of Xs, s ∈]0, s0[, and T be a positive time, there
exists a positive constant C such that if U0 ∈ B and Un(t) ∈ C0([0, T ], X) is the solution of
(2.5) with initial data U0, then

∀t ∈ [0, T ], ‖DS∞(U∞)(t) −DSn(Un)(t)‖L(Xs,X) ≤ CeCT εβ
n ,

where β = s2

2
if d=1 or d=2, and β = min( s2

2
, 1−α

4
) if d=3.

4 Comparison of local stable and unstable manifolds

In the previous section, we have proved the convergence of trajectories for a given ini-
tial datum. Theorem 3.8 shows that, if we want to study the convergence of orbits for
initial data in a bounded set of X, this set must have compactness properties. Thus, it is
natural to wonder, in the case where Equation (2.5) has a compact global attractor An,
if the attractors An converge to A∞. The existence, boundedness, regularity and upper-
semicontinuity of the attractors have already been discussed in Theorem 2.8, Proposition
2.9 and Theorem 2.10. In this section, we study the convergence of the local unstable ma-
nifolds and the convergence of regular parts of the local stable manifolds. Then, we deduce
the lower-semicontinuity of the attractors from the convergence of the local unstable ma-
nifolds. Notice that the convergence of regular parts of the local stable manifolds is not
needed to show the lower-semicontinuity.

We begin by recalling some classical notions. An equilibrium point E ∈ X is said to
be hyperbolic for the dynamical system S(t) if the spectrum of the linearization DS(E)(1)
does not intersect the complex unit circle. Let P u be the spectral projection onto the part
of the spectrum of modulus larger than 1, and P s = Id− P u the spectral projection onto
the part of the spectrum of modulus smaller than 1. If E is hyperbolic, there exist two
positive constants λu and λs and two positive constants Mu and Ms such that

∀t ≥ 0, ‖DS(E)(t)P s‖L(X) ≤Mse
−λst and ∀t ≤ 0, ‖DS(E)(t)P u‖L(X) ≤Mue

λut .

We set Bu(r) = P uX ∩ B(E, r) and Bs(r) = P sX ∩ B(E, r). The following theorem is
classical in the theory of dynamical systems (see for example the Appendix of [17]).

Theorem 4.1. We assume that S(t) is of class C1,1 from X into X and that E is a
hyperbolic equilibrium point of S(t). For r > 0 small enough, there exists a unique function
hs from Bs(r) into Bu(Msr), which is of class C1,1, satisfies hs(E) = E and Dhs(E) =
0. Moreover, its graph W s(E, r) (called the local stable manifold) satisfies the following
properties.
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i) W s(E, r) = {U ∈ B(E, 2Msr) | P sU ∈ Bs(r) and ∀t ≥ 0, S(t)U ∈ B(E, 2Msr)},
ii) if U ∈ W s(E, r) then

lim sup
t→+∞

1

t
ln ‖S(t)U − E‖X ≤ −λs .

There exists also a unique function hu from Bu(r) into Bs(Mur), which is of class C1,1,
satisfies hu(E) = E and Dhu(E) = 0. Moreover, its graph W u(E, r) (called the local
unstable manifold) satisfies the following properties.
iii) W u(E, r) = {U ∈ B(E, 2Mur) | P uU ∈ Bu(r) and there exists a negative trajectory
U(t) ∈ C0(] −∞, 0], X) such that ∀t ≤ 0, U(t) ∈ B(E, 2Mur)},
iv) if U ∈ W u(E, r) then there exists a unique negative trajectory U(t) ∈ C0(] −∞, 0], X)
such that U(t) ∈ B(2Mur) for any t ≤ 0, and

lim sup
t→−∞

1

|t| ln ‖U(t) − E‖X ≤ −λu .

We also introduce some classical definitions and the corresponding notations.

Definition 4.2. Let E be a hyperbolic equilibrium. The dimension of P uX, which is also
the one of W u(E, r), is called the Morse index of E and is denoted by m(E).
We also define the stable and unstable sets of E, which are not necessarily well-defined
manifolds, by W s(E) = {U ∈ X | limt→+∞ S(t)U = E} and W u(E) = {U ∈ X | ∃ a
negative trajectory U(t) ∈ C0(] −∞, 0], X) such that limt→−∞ U(t) = E} respectively.

4.1 Preliminary results and spectral study

In what follows, we use the notations of Theorem 4.1 with a subscript n for the depen-
dance with respect to n.
Let E = (e, 0) be an equilibrium point of (2.5). We set

∀n ∈ N ∪ {+∞}, Ãn = An +

(

0 0
f ′

u(x, e(x)) 0

)

.

Notice that the linearization of Sn(t) at the equilibrium point E is DSn(E)(t) = eÃnt. We
also set, for any U = (u, v) in X,

g(U) =

(

0
f(x, u) − f ′

u(x, e(x))u

)

.

Equation (2.5) becomes
Ut = Ãn + g(U) . (4.1)

When no confusion is possible, we denote f ′
u(x, e) by f ′

u. Hypothesis (NL) implies the
following properties.
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Lemma 4.3. The function g is a compact Lipschitz-continuous function on the bounded
sets of X. More precisely, we have

∀U,U ′ ∈ BX(E, r), ‖g(U) − g(U ′)‖X ≤ l(r)‖U − U ′‖X ,

where l(r) is a non-negative and non-decreasing function which tends to 0 when r goes to
0. In addition, g is of class C1,1 and if B is a bounded set of X, then there exists a positive
constant C = C(B) such that

∀U ∈ B, ∀V ∈ X, ‖g(U)‖Xσ ≤ C‖U‖X and ‖g′(U)V ‖Xσ ≤ C‖V ‖X , (4.2)

where σ ∈]0, 1[ when d = 1 or d = 2 and σ ∈]0, 1−α
2

[ when d = 3.

Moreover, Ãn and eÃn are compact perturbations of An and eAn respectively.

Proof : The first part of the Theorem is a consequence of Lemma 2.2 and of classical
Sobolev imbeddings. In particular, Lemma 2.2 shows that if u ∈ H1(Ω), then f ′

u(x, e)u ∈
Hσ(Ω). Thus, the map (u, v) 7→ (0, f ′

u(x, e)u) is compact fromX intoX and Ãn is a compact

perturbation of An. To show that eÃn is a compact perturbation of eAn , we remark that if
U0 ∈ X and (u(t), ut(t)) = eÃntU0, then

eÃnU0 = eAnU0 +

∫ 1

0

eAn(1−t)

(

0
f ′

u(x, e(x))u(t)

)

dt .

�

The behaviour of the spectrum of Ãn is described in the following proposition.

Proposition 4.4. Assume that Hypothesis (ED) holds. Let λ ∈ C be such that the operator
(Ã∞ − λId) ∈ L(X) is invertible. Then, for n large enough, (Ãn − λId) is also invertible
and there exists a positive constant Cλ such that

‖(Ã∞ − λId)−1 − (Ãn − λId)−1‖L(X) ≤ Cλεn .

As a consequence, the point spectrum of Ãn converges to the one of Ã∞ on every bounded
set of C. Moreover, if E is a hyperbolic equilibrium point of the dynamical system S∞(t),
then, for n large enough, it is a hyperbolic equilibrium point of the dynamical system Sn(t)
and there exists a positive constant C such that

‖P u
∞ − P u

n ‖L(X) ≤ Cεn . (4.3)

In addition, the part of the spectrum of Ãn (n ∈ N ∪ {+∞}) with non-negative real part is
composed by a finite number of real positive eigenvalues. Finally, the Morse index of E for
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Sn(t), which is the number of positive eigenvalues of Ãn is equal for n large enough to the
Morse index of E for S∞(t).

Proof : We denote by Kλ ∈ L(D(B1/2)) the operator Id+ λ2B−1 −B−1f ′
u. A straightfor-

ward computation shows that (Ãn−λId) is invertible if and only if (Kλ +λΓn) is invertible
in L(D(B1/2)) and in this case

(Ãn − λId)−1

(

u
v

)

=

(

(Kλ + λΓn)
−1(−B−1v − λB−1u+B−1f ′

uu− Γnu)
(Kλ + λΓn)−1(−λB−1v + u)

)

.

If (Ã∞ − λId) is invertible, then (Kλ + λΓ∞) is invertible in L(D(B1/2)) and we have

(Kλ + λΓn) = (Kλ + λΓ∞)(Id− λ(Kλ + λΓ∞)−1(Γ∞ − Γn)) .

For n large enough, ‖λ(Kλ+λΓ∞)−1(Γ∞−Γn))‖L(D(B1/2)) ≤ 1
2
, and (Kλ+λΓn) is invertible.

Moreover,

(Kλ + λΓn)−1 − (Kλ + λΓ∞)−1 = λ(Kλ + λΓ∞)−1(Γ∞ − Γn)

×
(

∑

k≥0

λk((Kλ + λΓ∞)−1(Γ∞ − Γn))k

)

(Kλ + λΓ∞)−1 ,

and so, for n large enough,

‖(Kλ + λΓn)
−1 − (Kλ + λΓ∞)−1‖L(D(B1/2)) ≤ 2εn‖(Kλ + λΓ∞)−1‖2

L(D(B1/2)) .

This gives the first assertion of the proposition. It is well-known that this implies the
convergence of the point spectrum.
Assume that E is a hyperbolic equilibrium point for the dynamical system S∞(t), we want
to prove that for n large enough, it is also a hyperbolic equilibrium point for the dynamical
system Sn(t). As Hypothesis (ED) holds, the radius of the spectrum of eAn is strictly less

than one. Since, by Lemma 4.3, eÃn is a compact perturbation of eAn , the radius of the
essential spectrum of eÃn is strictly less than one. As a consequence, for each n, there exists
δn > 0 such that the spectrum of Ãn with real part greater than −δn is only composed by
a finite number of eigenvalues of finite multiplicity. We next prove that an eigenvalue of
Ãn with non-negative real part must be real. Then, the proof of the hyperbolicity of E for
Sn(t) is reduced to the proof that λ = 0 is not an eigenvalue of Ãn. The local convergence
of the spectrum of Ãn to the one of Ã∞, together with the hyperbolicity of E for S∞(t),
ensure that λ = 0 is not an eigenvalue of Ãn, for n large enough.
We finish the proof by showing that the eigenvalues of Ã∞ with non-negative real part are
real. The proof in the case of n <∞ is similar and even easier.
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Let λ be a non-real eigenvalue of Ã∞ with eigenvector (ϕ, λϕ) such that ‖ϕ‖L2 = 1. We
have







λ2ϕ = ∆ϕ− κϕ+ f ′
u(x, e)ϕ

∂ϕ
∂ν

+ λγϕ = 0 on ωN

ϕ = 0 on ωD

(4.4)

where ωN (resp. ωD) is the part of ∂Ω where B has Neumann (resp. Dirichlet) boundary
conditions, and where κ = 1 if ωD = ∅ and κ = 0 in the other case.
Multiplying the first equation by ϕ and integrating, we obtain

−‖−→∇ϕ‖2
L2 − κ‖ϕ‖2

L2 +

∫

Ω

f ′
u|φ|2 = λ2‖ϕ‖2

L2 + λ

∫

ωN

γ|ϕ|2 .

Taking the imaginary part and using the fact that Im(λ) 6= 0, we find

Re(λ) = −1

2

∫

ωN

γ|ϕ|2 . (4.5)

To prove that Re(λ) < 0, we argue by contradiction. Assume that
∫

ωN
γ|ϕ|2 = 0. There

exists an open subset ω of the boundary such that ϕ|ω ≡ 0 and Equation (4.4) shows that
∂ϕ
∂ν |ω ≡ ϕ|ω ≡ 0. Let θ be an open connected subset of Ω such that (ωN ∩ ωD) ∩ θ = ∅,
and θ ∩ ω 6= ∅. The set θ is defined such that it is distant from the points of the boundary
where the Neumann boundary condition meets the Dirichlet one. Regularity theorems for
problems with mixed boundary conditions imply that e belongs to H2(θ) and so to L∞(θ)
(see [16]). Thus, as ϕ is a solution of (4.4), ϕ satisfies in θ

{

λ2ϕ = ∆ϕ + hϕ
∂ϕ
∂ν

= ϕ = 0 on ω ∩ θ (4.6)

with some additional boundary conditions, where h = −κId+f ′
u(x, e(x)) belongs to L∞(θ).

The classical unique continuation property implies that ϕ identically vanishes on θ and thus
on Ω, which is absurd. �

Let E be a hyperbolic equilibrium point. Using the above proposition, we know that
there exist two constants µ and η with 0 < η < µ such that the spectrum of Ã∞ has the
following decomposition.

σ(Ã∞) =
(

σ(Ã∞) ∩ {z ∈ C/Re(z) < 0}
)

∪
(

σ(Ã∞) ∩ {z ∈ C/Re(z) ≥ µ+ 2η}
)

.

Proposition 4.4 implies that, for n large enough, we have

σ(Ãn) =
(

σ(Ãn) ∩ {z ∈ C/Re(z) < 0}
)

∪
(

σ(Ãn) ∩ {z ∈ C/Re(z) ≥ µ+ η}
)

. (4.7)
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For n ∈ N ∪ {+∞}, we denote by P u
n the spectral projection onto the space generated by

the eigenvectors corresponding to the part of the spectrum of Ãn with real part larger than
µ. We set P s

n = Id− P u
n .

Proposition 4.5. There exist two positive constants Mu and Ms such that

∀n ∈ N ∪ {+∞},
{

∀t ≥ 0, ‖eÃntP s
n‖L(X) ≤Mse

(µ−η)t

∀t ≤ 0, ‖eÃntP u
n ‖L(X) ≤Mue

(µ+η)t
(4.8)

The proof of the above result is based on the following equivalence.

Theorem 4.6. Let Hn be a sequence of Hilbert spaces. Let Dn be the generator of a
C0−semigroup of contractions eDnt on Hn, and let λ > 0. There exist two positive constants
ε and C such that

∀t ≥ 0, ‖eDnt‖L(Hn) ≤ Ce−(λ+ε)t (4.9)

if and only if there exists ε′ > 0 such that for all n ∈ N, the spectrum of Dn satisfies
σ(Dn) ⊂ {z ∈ C / Re(z) < −λ− ε′} and such that we have

∃M > 0 such that sup
n∈N

sup
ν∈R

‖(Dn + (λ+ iν)Id)−1‖L(Hn) ≤M . (4.10)

This result is proved in [34]. Although the theorems given in [34] are stated less precisely,
it can be deduced from their proofs.
Proof of Proposition 4.5 : First, notice that eÃnt is well-defined on P u

nX even if t ≤ 0

and that there exists M such that for any t ≤ 0, ‖eÃnt‖L(P u
n X) ≤ Me(µ+η)t, since P u

nX is

a subspace spanned by a finite number of eigenvectors of Ãn corresponding to eigenvalues
larger than µ + η, this number of eigenvectors being independent of n. Thus, the second
estimate of (4.8) is a direct consequence of the convergence of P u

n to P u
∞. Let Hn = P s

nX
and let D̃n be the restriction to Hn of the operator Ãn − ‖f ′

u‖∞Id. Notice that D̃n is

a dissipative operator on Hn and thus that eD̃nt is a semigroup of contractions. We set
λ = ‖f ′

u‖∞ − (µ− η). If we prove that (4.10) holds for D̃n, we will obtain that

‖eD̃nt‖L(X) ≤ Me−(‖f ′

u‖∞−(µ−η))t ,

and so that
‖eÃnt‖L(X) ≤ Me(µ−η)t .

Then the first estimate of (4.8) will be a direct consequence of the convergence of P s
n to

P s
∞.

The spectral condition of Theorem 4.6 is clear due to the definition of Hn and the fact that
µ − η is positive. To show that (4.10) holds, we argue by contradiction and assume that
there exist sequences (νk) and (nk) → +∞ such that

‖(D̃nk
+ (λ+ iνk)Id)

−1‖L(Hnk
) −→ +∞ . (4.11)
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As E is hyperbolic for S∞(t), Proposition 4.4 implies that |νk| −→ +∞.
Assume that νk −→ +∞ and that νk > 0 (the case νk −→ −∞ is similar). We set
Dn = An − ‖f ′

u‖∞Id. As eAnt is a semigroup of contractions, for all n ∈ N ∪ {+∞}, we
have that ‖eDnt‖L(X) ≤ e−‖f ′

u‖∞t and thus Theorem 4.6 show that

∃M > 0, sup
νk

‖(Dnk
+ (λ+ iνk)Id)

−1‖L(X) ≤M . (4.12)

Let K be the compact operator (u, v) ∈ X 7→ (0, f ′
u(x, e(x))u). We have

(D̃nk
+ (λ+ iνk)) = (Id+K(Dnk

+ (λ+ iνk))
−1)(Dnk

+ (λ+ iνk)) . (4.13)

A straightforward calculus shows that if (ϕk, ψk) = (Dnk
+ (λ+ iνk))

−1(u, v), then

−ϕk + (λ+ iνk)Γnk
ϕk − (λ+ iνk)

2B−1ϕk = B−1v − (λ+ iνk)B
−1u+ Γnk

u .

Multiplying by Bϕk and integrating, we find

ν2
k‖ϕk‖2

L2 = < ϕk − (λ+ iνk)Γnk
ϕk + Γnk

u|ϕk >D(B1/2)

+ < v − (λ+ iνk)u|ϕk >L2 +(λ2 + 2iλνk)‖ϕk‖2
L2 .

So, there exists a positive constant C such that

νk
2‖ϕk‖2

L2 ≤ C(1 + νk)
(

‖(u, v)‖X + ‖ϕk‖D(B1/2)

)

‖ϕk‖D(B1/2) .

As (4.12) holds, we have ‖ϕk‖D(B1/2) ≤ M‖(u, v)‖X and so ‖ϕk‖L2 ≤ C√
νk
‖(u, v)‖X. Using

(NL), we find that there exists s ∈]0, 1/2[ such that

‖K(Dnk
+ (λ+ iνk))

−1(u, v)‖X = ‖f ′
u(x, e)ϕk‖L2 ≤ C

νs
k

‖(u, v)‖X ,

and so ‖K(Dnk
+ (λ + iνk))

−1‖L(X) −→ 0 as k −→ +∞. Thus, (4.13) implies that D̃nk
+

(λ+ iνk) is invertible for k large enough and satisfies (4.10) with a constant M̃ independent
of νk. This contradicts the above assumption (4.11) and proves the proposition. �

4.2 Convergence of the local unstable manifolds

As above, we will use the notations of Theorem 4.1 with a subscript n for the dependance
with respect to n. In particular, we recall that Bu

n(r) = P u
nX ∩ BX(E, r) and Bs

n(r) =
P s

nX ∩ BX(E, r).
The whole section is devoted to the proof of the following theorem.
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Theorem 4.7. Let E be a hyperbolic equilibrium point of the dynamical system S∞(t). We
assume that the exponential decay (ED) holds. Then, E is a hyperbolic equilibrium point of
Sn(t) for n large enough and there exists a radius r > 0 such that the function hu

n and its
derivative Dhu

n are defined in Bu
n(r). In other words, the local unstable manifolds W u

n (E, r)
are defined for n large enough in a neighborhood of E independent of n. Moreover, the
decay rate λu of Property iv) of Theorem 4.1 and the Lipschitz-constants of hu

n and Dhu
n

are uniform in n. In addition, there exists a positive constant C such that, for all ξ ∈ Bu
∞(r),

‖hu
∞(ξ) − hu

n(P u
n ξ)‖X ≤ Cεβ

n and ‖Dhu
∞(ξ)P u

∞ −Dhu
n(P u

n ξ)P
u
n‖L(X,X) ≤ Cεβ

n , (4.14)

where β is any number in ]0, 1/8[ if d = 1 or d = 2 or any number in ]0,min( 1
32
, 1−α

4
)[ if

d = 3. In particular, we have that

dX(W u
n (E, r);W u

∞(E, r)) ≤ Cεβ
n .

Til the end of this section, we assume that (ED) holds. For sake of simplicity, we may
set without loss of generality that E = 0 and f(x, 0) = 0. We also assume that E = 0 is a
hyperbolic equilibrium of the dynamical system Sn(t) and that the spectral decomposition
(4.7) holds for any n ∈ N ∪ {+∞}.

The outline of the proof of Theorem 4.7 is as follows. We know that, for each n, there
exists a local unstable manifold W u

n (E, rn). We will construct, for each n ∈ N ∪ {+∞}, the
local strongly unstable manifold W su

n (E, rn) in BX(0, rn), corresponding to the spectral
decomposition (4.7). This construction is done with a fixed point theorem, using the me-
thod of Lyapounov-Perron (see [17]). We will show that this construction can be made in
a ball BX(0, r) independent of n. Next, we will compare W su

n (E, r) and W su
∞ (E, r), using

the continuity of the fixed point with respect to the parameter n. Finally, as E = 0 is hy-
perbolic for each n, and as (4.7) holds, we know that the local strongly unstable manifold
W su

n (E, r) is in fact the local unstable manifold W u
n (E, r) defined in Theorem 4.1.

We introduce the space

Yµ = {U ∈ C0(] −∞, 0],C) / sup
t≤0

‖U(t)‖Xe
−µt < +∞} .

We endow Yµ with the norm ‖.‖µ defined by

‖U‖µ = sup
t≤0

‖U(t)‖Xe
−µt .

We set Bµ(R) = {U ∈ Yµ / ‖U‖µ ≤ R} . We recall that the integral equation associated
to Ut = ÃnU + g(U) is

U(t) = eÃn(t−t0)U(t0) +

∫ t

t0

eÃn(t−s)g(U(s))ds . (4.15)

We next prove the following result.
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Theorem 4.8. We assume that the hypotheses of Theorem 4.7 hold. For r > 0 small
enough, there exists a family (hu

n)n∈N∪{+∞} of functions of class C1, defined from Bu
n(r)

into Bs
n(Mur), such that hu

n(0) = 0. The graph W su
n (0, r) of hu

n satisfies

W su
n (0, r) = {U0 ∈ BX(0, 2Mur) / P

u
nU0 ∈ Bu

n(r) and there exists

U ∈ Bµ(2Mur) solution of (4.15) such that U(0) = U0} .
Moreover, there exists a positive constant C = C(β) such that

dX(W su
n (0, r),W su

∞ (0, r)) ≤ Cεβ
n ,

where β is any number in ]0, 1/8[ if d = 1 or d = 2 or any number in ]0,min( 1
32
, 1−α

4
)[ if

d = 3.

The proof of this theorem consists of several lemmas.
The solutions of (4.15) are characterized as follows.

Lemma 4.9. Let R > 0 and U ∈ Bµ(R). For any n ∈ N ∪ {+∞}, U is a negative trajectory
of (4.15) if and only if, for all t ≤ 0,

U(t) =

∫ t

−∞
eÃn(t−s)P s

ng(U(s))ds+ eÃntP u
n ξ −

∫ 0

t

eÃn(t−s)P u
n g(U(s))ds (4.16)

where ξ = U(0).

Proof : Since the proof is classical, we omit it (see [17]). �

Let ξ ∈ X, we introduce the functional T ξ
n defined from Yµ into Yµ by

(T ξ
nU)(t) =

∫ t

−∞
eÃn(t−s)P s

ng(U(s))ds+ eÃntP u
n ξ −

∫ 0

t

eÃn(t−s)P u
n g(U(s))ds . (4.17)

Lemma 4.9 shows that U(0) ∈W su
n (E, r) if and only if T ξ

nU = U . It remains to prove that
T ξ

n is a contraction.

Lemma 4.10. There exists a positive constant r0, independent of n, such that for all
n ∈ N ∪ {+∞}, for all r ∈]0, r0[ and ξ ∈ X with ‖P u

n ξ‖X ≤ r, T ξ
n is defined from Bµ(2Mur)

into Bµ(2Mur). Moreover,

∀n ∈ N ∪ {+∞}, ∀U,U ′ ∈ Bµ(2r), ‖T ξ
nU − T ξ

nU
′‖µ ≤ 1

2
‖U − U ′‖µ .
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Proof : To see that T ξ
n maps Bµ(2Mur) into Bµ(2Mur), we bound the three terms of

(4.17). Let U ∈ Bµ(2Mur). We have

‖e−µt

∫ t

−∞
eÃn(t−s)P s

ng(U(s))ds‖Xds ≤
∫ t

−∞
e−µtMse

(µ−η)(t−s)l(2Mur)‖U(s)‖Xds

≤ Msl(2Mur)

∫ t

−∞
e−η(t−s)‖U‖µds

≤ Ms

η
l(2Mur)‖U‖µ

Using (4.8), we obtain ‖e−µteÃntP u
n ξ‖X ≤ Mu‖ξ‖X. To bound the last term, we write

‖e−µt

∫ 0

t

eÃn(t−s)P u
n g(U(s))ds‖X ≤

∫ 0

t

e−µte(µ+η)(t−s)Mul(2Mur)‖U(s)‖Xds

≤Mul(2Mur)

∫ 0

t

eη(t−s)‖U‖µds

≤ Mu

η
l(2Mur)‖U‖µ

Thus, using the fact that l(2Mur) −→ 0, we can choose r1 small enough so that

Mu +Ms

η
l(2Mur)2Mur ≤Mur ,

and thus T ξ
n is defined from Bµ(2Mur) into Bµ(2Mur). The fact that T ξ

n is a contraction
for r small enough is proved by the same way. We will choose r0 ∈]0, r1] so that T ξ

n is a
contraction with constant of contraction equal to 1/2. �

The previous lemma implies that, if r is small enough, for any n ∈ N ∪ {+∞} and any
ξ ∈ Bu

n(r) there exists a unique solution U ξ
n(t) ∈ Bµ(2Mur) of (4.15) such that P u

n ξ =
P u

nU
ξ
n(0). We define the function hu

n by

hu
n :

(

Bu
n(r) −→ P s

nX
ξ 7−→ P s

nU
ξ
n(0)

)

.

To be more precise, P s
nU

ξ
n(0) =

∫ 0

−∞ e−ÃnsP s
ng(U(s))ds and so, the choice of r in the

preceding proof implies that ‖P s
nU

ξ
n(0)‖X ≤Mur. Therefore, hu

n is defined from Bu
n(r) into

Bs
n(Mur). Moreover, using the same arguments as in the proof of Lemma 4.10, we can

show that hu
n is Lipschitzian. To finish the proof of Theorem 4.8, we show the following

two lemmas.
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Lemma 4.11. There exists a positive constant C such that for any U ∈ D(A∞) and t ≤ 0,
we have

∥

∥

∥

(

e(Ãn−µ)tP u
n − e(Ã∞−µ)tP u

∞

)

U
∥

∥

∥

X
≤ Cε1/2

n ‖U‖D(A∞) . (4.18)

There exists a positive constant C such that, for any U ∈ X and any t ≤ 0, we have

‖(eÃntP u
n − eÃ∞tP u

∞)g(U(s))‖X ≤ Ce(µ+η/2)tεβ
n‖U(s)‖X , (4.19)

with β as in Theorem 4.8, and for any t ≥ 0

‖(eÃn(t−s)P s
n − eÃ∞(t−s)P s

∞)g(U(s))‖X ≤ Ce−(µ−η/2)tεβ
n‖U(s)‖X . (4.20)

Proof : We notice that −Ãn is a bounded operator on P u
nX, since P u

nX is spanned
by a finite number of eigenvectors of −Ãn. This number and the associated eigenvalues
being bounded with respect to n, there exists a positive constant C such that for all
n ∈ N ∪ {+∞}, −Ãn −C is a dissipative operator on P u

nX. We also remark that the ope-
rators (Ãn − ‖f ′

u(x, 0)‖L∞Id) are dissipative on P s
nX.

Thus, (4.18) is a direct consequence of Corollary 3.3, Propositions 4.4 and 4.5. The esti-
mates (4.19) and (4.20) are proved in the same way, using the regularity property (4.2) of
g and interpolation arguments similar to the proof of Proposition 3.5. �

Lemma 4.12. Let r ∈]0, r0[, where r0 has been defined in Lemma 4.10, and let ξ ∈ X such
that ‖P u

∞ξ‖X ≤ r. There exists a positive constant C such that

‖U ξ
∞ − U ξ

n‖µ ≤ Cεβ
n , (4.21)

where β is given in Theorem 4.8. Moreover, if we set, for n ∈ N ∪ {+∞}, ξn = P u
n ξ, then

‖hu
∞(ξ∞) − hu

n(ξn)‖X ≤ Cεβ
n . (4.22)

Proof : We have

‖U ξ
∞ − U ξ

n‖µ = ‖T ξ
∞U

ξ
∞ − T ξ

nU
ξ
n‖µ

≤ ‖T ξ
nU

ξ
∞ − T ξ

nU
ξ
n‖µ + ‖T ξ

∞U
ξ
∞ − T ξ

nU
ξ
∞‖µ

≤ 1

2
‖U ξ

∞ − U ξ
n‖µ + ‖T ξ

∞U
ξ
∞ − T ξ

nU
ξ
∞‖µ ,

and thus,
‖U ξ

∞ − U ξ
n‖µ ≤ 2‖T ξ

∞U
ξ
∞ − T ξ

nU
ξ
∞‖µ . (4.23)

To simplify the notations, we set U = U ξ
∞. We have

T ξ
nU − T ξ

∞U = (eÃntP u
n − eÃ∞tP u

∞)ξ −
∫ 0

t
(eÃn(t−s)P u

n − eÃ∞(t−s)P u
∞)g(U(s))ds

+
∫ t

−∞(eÃn(t−s)P s
n − eÃ∞(t−s)P s

∞)g(U(s))ds

= K1 −K2 +K3 .

(4.24)
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To estimate the term ‖T ξ
nU −T ξ

∞U‖µ = supt≤0 e
−µt‖T ξ

nU − T ξ
∞U‖X , we proceed as follows.

e−µtK1 =
(

e(Ãn−µ)tP u
n − e(Ã∞−µ)tP u

∞

)

P u
∞ξ + e−µteÃntP u

n (P u
n − P u

∞)ξ . (4.25)

As P u
∞ is a projection on a finite number of eigenvalues, P u

∞ξ belongs to D(Ã∞) and
‖P u

∞ξ‖D(Ã∞) ≤ C‖ξ‖X . Thus, Lemma 4.11 implies that there exists a positive constant C
such that for any t ≤ 0,

∥

∥

∥

(

e(Ãn−µ)tP u
n − e(Ã∞−µ)tP u

∞

)

P u
∞ξ
∥

∥

∥

X
≤ Cε1/2

n ‖ξ‖X .

For the second term of (4.25), we use (4.8) and (4.3) to get

‖e−µteÃntP u
n (P u

n − P u
∞)ξ‖X ≤ Cεn‖ξ‖X ,

and thus, gathering the terms of (4.25), we obtain

‖K1‖µ ≤ Cε1/2
n ‖ξ‖X .

We bound the second term of (4.24) by using (4.19) as follows

‖e−µtK2‖X = ‖e−µt

∫ 0

t

(eÃn(t−s)P u
n − eÃ∞(t−s)P u

∞)g(U(s))ds‖X

≤
∫ 0

t

Ce
η
2
(t−s)e−µsεβ

n‖U(s)‖Xds

≤ Cεβ
n‖U‖µ

∫ 0

t

e
η
2
(t−s)ds ≤ 2C

η
εβ

n .

To bound the third term of (4.24), we use (4.20) :

‖e−µtK3‖X = ‖e−µt

∫ t

−∞
(eÃn(t−s)P s

n − eÃ∞(t−s)P s
∞)g(U(s))ds‖X

≤ Cεβ
n

∫ t

−∞
e−

η
2
(t−s)e−µt‖U(s)‖Xds

≤ Cεβ
n‖U‖µ

∫ t

−∞
e−

η
2
(t−s)ds ≤ 2C

η
εβ

n .

Due to the decomposition (4.24), the inequality (4.23) and the above bounds of ‖Ki‖µ

(i = 1, 2, 3) imply the estimate (4.21).
The inequality (4.22) is a direct consequence of (4.21) and of (4.3). �
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Proof of Theorem 4.7 : Lemma 4.12 completes the proof of Theorem 4.8. By Pro-
position 4.4, for n large enough, E is a hyperbolic equilibrium for Sn(t). Proposition 4.4
together with the decay property (4.8) also imply that there exists a local unstable manifold
W u

n (E, r) which is equal to the strong unstable manifold W su
n (E, r) we have constructed.

Thus, the estimate (4.22) of Lemma 4.12 implies the first estimate of (4.14).
It is well-known that, if g is of class Cp, then the mapping (ξ, U) 7−→ T ξ

nU is of class Cp

and the fixed point U ξ
n is a Cp-mapping from PnBX(0, r) into Yµ (see [17]). In particular,

we notice that, like in (4.16), we have

DU ξ
nζ = eÃntP u

n ζ +

∫ t

−∞
eÃn(t−s)P s

ng
′(U ξ

n(s))DU ξ
n(s)ζds

−
∫ 0

t

eÃn(t−s)P u
n g

′(U ξ
n(s))DU ξ

n(s)ζds .

Thus, arguing as in Lemma 4.10, one shows that DU ξ
n is defined in a ball P u

nBX(0, r),
where r does not depend on n. Arguing as in Lemma 4.12 and using property (4.3) several
times, one shows the convergence of DU ξ

n towards DU ξ
∞ as well as the second estimate in

(4.14).
Finally, the proof of the fact that the Lipschitz-constants of Dhu

n is uniform with respect
to n is similar to the proof of Lemma 4.10. �

4.3 Convergence of the regular part of the local stable manifolds

We can also study the convergence of the local stable manifolds. Notice that this theo-
rem is not needed for the convergence of the attractors An but will be required for the
proof of stability of phase-diagrams (see Theorem 2.12).

Theorem 4.13. Assume that the uniform exponential decay property (UED) holds. Let E
be a hyperbolic equilibrium point of the dynamical system S∞(t). Then E is also a hyperbolic
equilibrium point of Sn(t) for n large enough. Moreover, there exists n0 ∈ N, such that, for
n ≥ n0, the local stable manifold W s

n(E, r) satisfies the properties i) and ii) of Theorem
4.1 with positive constants r, Ms and λs independent of n and such that, for n ≥ n0,
W s

n(E, r) is the graph of a function hs
n which is of class C1,1(Bs

n(r), P u
nX). Furthermore,

the Lipschitz-constants of Dhs
n is bounded uniformly with respect to n.

In addition, if B is a bounded set of Xσ (σ ∈]0, s0[), there exists a positive constant C =
C(B, β) such that

∀ξ ∈ Bs
∞(r) ∩ B, ‖hs

∞(ξ) − hs
n(P s

nξ)‖X ≤ Cεβ
n , (4.26)

and
∀ξ ∈ Bs

∞(r) ∩ B, ‖Dhs
∞(ξ)P s

∞ −Dhs
n(P s

nξ)P
s
n‖L(Xσ ,X) ≤ Cεβ

n , (4.27)
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where β is any number in ]0, σ2

2
[ if d = 1 or d = 2 or any number in ]0,min(σ2

2
, 1−α

4
)[ if

d = 3. In particular, the regular part of the local stable manifold converges in the following
sense :

dX(W s
n(E, r) ∩ B;W s

∞(E, r) ∩ B) ≤ Cεβ
n . (4.28)

Proof : We underline that the important point is the independance of r and λs with
respect to n. This property is closely linked to Hypothesis (UED). Indeed, assuming the
uniform exponential decay (UED), we can improve the estimates (4.8) as follows : there
exist positive constants Ms, λs and η such that

∀n ∈ N ∪ {+∞}, ∀t ≥ 0, ‖eÃntP s
n‖L(X) ≤Mse

−(λs+η)t . (4.29)

The outline of the proof is exactly the same as Theorem 4.7, but here, instead of Yµ, we
consider the space

Zµ̃ = {U ∈ C0([0,+∞[,C) / sup
t≥0

‖U(t)‖Xe
µ̃t < +∞} ,

where 0 < µ̃ < λs and we remplace T ξ
n by the functional

Rξ
n : U ∈ Zµ̃ 7−→

∫ ∞

t

eÃn(t−s)P u
n g(U(s))ds+ eÃntP s

nξ −
∫ t

0

eÃn(t−s)P s
ng(U(s))ds .

We would like to insist on the modifications in the proof of Lemma 4.12. In this proof, we
used the fact that, for all ξ ∈ X, P u

∞ξ belongs to D(Ã∞), which is not the case of P s
∞ξ.

As a consequence, we cannot prove the convergence of the whole local stable manifold
W s

n(E, r). Fortunately, we only need the convergence of the subset W s
n(E, r) ∩ B. If we

choose ξ ∈W s
n(E, r)∩ B, P s

∞ξ = ξ − P u
∞ξ is bounded in Xσ and the arguments of Lemma

4.12 are valid in our case. In the same way, we can only prove the convergence of the regular
part of the tangent spaces and this convergence is shown with the same arguments as the
convergence of the tangent spaces of the local unstable manifolds. Finally, notice that the
Lipschitz-constants of hs

n and Dhs
n are uniform in n because of Estimate (4.29). �

4.4 Lower-semicontinuity and estimates of the convergence.

Proof of Theorem 2.11 : The lower-semicontinuity of the attractors follows from the
convergence of the local unstable manifolds proved in the previous section. In fact, we
can be more precise and prove Estimate (2.26). Proofs of such an estimate of the lower-
semicontinuity can be found in [20] and [3]. Although the presentation of these proofs is
different, the ideas are the same, in particular the gradient structure is strongly used. We
also underline that the proof of the estimate for the lower-semicontinuity can be made, by
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using the notion of chain of equilibria that we introduce in Section 5.2.
Hypothesis (Hyp) allows us to prove estimates for the upper-semicontinuity due to the
following result. If all the equilibria of S∞(t) are hyperbolic, then any bounded set B of X
is exponentially attracted by A∞, that is that there exist positive constants M and λ such
that

∀t ≥ 0, sup
U∈B

distX(S∞(t)U,A∞) ≤Me−λt . (4.30)

The proof of this property, and the fact that it implies an estimate of the upper-semiconti-
nuity can be found in [30], [22] or [41]. Once again, the proof of this exponential attraction
strongly uses the gradient structure of the dynamical system.

To obtain an estimate of the upper-semicontinuity from (4.30), we modify the proof of
Theorem 2.8 as follows. The attracting property (2.22) is replaced by the stronger property

∀U ∈
⋃

n

An, distX(S∞(t)U,A∞) ≤Me−λt . (4.31)

On the other hand, Theorem 3.10 and the fact that ∪An is bounded in X imply that

∀Un ∈ An, ‖(Sn(t) − S∞(t))Un‖X−s ≤ CeCtεs/8
n . (4.32)

Replacing t by − s
16C

ln εn in (4.32), which is positive for n large enough, we deduce from
(4.31) and (4.32), that

sup
Un∈An

distX−s(Sn(t)Un,A∞) ≤Me−λt + CeCtεs/8
n = Mε

λs
16C
n + Cε

s
16
n

This concludes the proof of the inequality (2.27) since Sn(t)An = An. �

5 Stability of phase-diagrams

In this section, we prove Theorem 2.12. We assume in the whole section that Ω =]0, 1[
and γ∞ = aδx=0 + bδx=1, with a 6= 1 and b 6= 1. We recall that these hypotheses imply
that eAnt is a group of operators for all n ∈ N ∪ {+∞} and that Sn(t) and DSn(t) are one
to one. Thus, if E is a hyperbolic equilibrium of Sn(t), then the stable and unstable sets
W s

n(E) and W u
n (E), introduced in Definition 4.2, are well-defined global manifolds of X.

We also assume that the hypotheses of Theorem 2.12 hold, that is that Hypotheses (Diss)
and (UED) and the Morse-Smale property for S∞(t) are satisfied.
Let E− and E+ be two equilibria of the dynamical systems Sn(t), we say that Sn(t) admits
a connecting orbit between E− and E+ if there exists a complete trajectory Un(t) (t ∈ R),
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solution of Equation (2.5) such that Un(t) converges to E− (resp. E+) when t goes to −∞
(resp. +∞). This orbit is said to be transversal if at any point of it, the manifolds W u

n (E−)
and W s

n(E+) intersect transversally, that is that at each point Un of the trajectory, the
tangent space TUnW

s
n(E+) has a closed complement and TUnW

u
n (E−) + TUnW

s
n(E+) = X.

The proof of Theorem 2.12 can be split into the following two lemmas.

Lemma 5.1. We assume that Ω =]0, 1[, γ∞ = aδx=0 + bδx=1, with a 6= 1 and b 6= 1,
that S∞(t) satisfies the Morse-Smale property and that Hypotheses (Diss) and (UED) hold.
Let E− and E+ be two hyperbolic equilibria of the dynamical systems Sn(t). If W u

∞(E−) ∩
W s

∞(E+) is a manifold of dimension r then, for n large enough, W u
n (E−) ∩W s

n(E+) is a
manifold of dimension r.

Lemma 5.2. Assume that the hypotheses of Lemma 5.1 hold. If On is a sequence of
connecting orbits for Sn(t) between E− and E+, then

i) S∞(t) admits a connecting orbit between E− and E+,
ii) there exists a subsequence Oϕ(n) of On such that, for n large enough, the orbits Oϕ(n)

are transversal.

Remark : We underline that the proof of i) of Lemma 5.2 gives an interesting result even
if S∞(t) is not a Morse-Smale system. Indeed, the proof shows that there exists a chain of
equilibria E− = E0, E1...Ep = E+ such that S∞(t) admits a connecting orbit between Ei

and Ei+1. The Morse-Smale property is only used to prove that this implies the existence
of a connecting orbit between E− and E+.

Proof of Theorem 2.12 : Lemmas 5.1 and 5.2 imply Theorem 2.12, that is the stability
of phase-diagram and the Morse-Smale property. Indeed, the number of equilibrium points
of S∞(t) (and thus of Sn(t)) is finite since they are bounded in D(A∞) and are hyperbolic.
Thus, Lemmas 5.1 and 5.2 clearly imply the stability of phase-diagrams. The hyperbolicity
of equilibria for Sn(t), for n large enough, has been proved in Proposition 4.4. Finally,
assume that Sn(t) is not a Morse-Smale system for n large enough, then we can find
a sequence of complete bounded trajectories for Sn(t) which are not transversal. Since
the number of equilibria is finite, we can assume that the trajectories connect the same
equilibria and this contradicts Lemma 5.2. Thus, Sn(t) has the Morse-Smale property for
n large enough. �

5.1 Proof of Lemma 5.1

Let E− and E+ be two equilibria of S∞(t). In Theorems 4.7 and 4.13, we have shown that
there exist two radii r− and r+ such that the local manifolds W u

n (E−, r−) and W s
n(E+, r+)
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are well-defined. We denote P u+
n (resp. P u−

n ) the projection onto the unstable part of the
spectrum of the linearization Ãn at the equilibrium point E+ (resp.E−). Similarly, P s±

n

are the projections onto the stable part. We set Bu
n(E±, r±) = B(E±, r±) ∩ P u±

n X and
Bs

n(E±, r±) = B(E±, r±) ∩ P s±
n X. We denote

hu
n : Bu

n(E−, r−) −→ Bs
n(E−,M−r−) and hs

n : Bs
n(E+, r+) −→ Bu

n(E+,M+r+)

the functions given in Theorem 4.1, whose graphs are W u
n (E−, r−) and W s

n(E+, r+) respec-
tively.
For any time T ≥ 0, we introduce the map

Ψn
T :

(

Bu
∞(E−, r−) −→ X

ξ 7−→ Sn(T ) ◦ [Id+ hu
n(.)]P u−

n ξ

)

.

The union of the ranges
⋃

T≥0R(Ψn
T ) is equal to the unstable manifold W u

n (E−). Assume
that S∞(t) admits a connecting orbit between E− and E+, and let U0 be a point of this
trajectory such that P u−

∞ U0 belongs toBu
∞(E−, r−). There exists a neighborhood θ of P u−

∞ U0

in Bu
∞(E−, r−) such that Ψ∞

T (θ) ⊂ B(E+, r+) for some T large enough. For n = ∞ and for
any n large enough, we set

Φn :

(

θ −→ Bu
∞(E+, r+)

ξ 7−→ P u+
∞ ◦ [P u+

n − hs
n(P s+

n .)] ◦ Ψn
T (ξ)

)

.

Since, for n large enough, P u+
∞ is an isomorphism from P u+

n X onto P u+
∞ X, it follows that,

by construction, the equality Φn(ξ) = 0 is equivalent for n large enough to the existence of
a trajectory for Sn(t) between E− and E+, which intersects the subset [Id+ hu

n(.)]P u−
n (θ)

of the unstable manifold W u
n (E−, r−).

Using Proposition 3.11 and Theorems 4.7 and 4.13, we obtain the following properties.

Lemma 5.3. The function Φn and the derivatives DΨn
T and DΦn are well-defined for n

large enough. Moreover, Ψn
T , Φn, DΨn

T and DΦn are continuous with respect to ξ ∈ θ,
uniformly in n ∈ N ∪ {+∞} and converge respectively to Ψ∞

T , Φ∞, DΨ∞
T and DΦ∞, when

n goes to +∞, uniformly in ξ ∈ θ.

We recall that m(E±) is the Morse index of E±, that is the dimension of the linear
unstable space P u+

∞ X. As S∞(t) and DS∞(t) are one-to-one, Ψ∞
T (θ) is an open subset

of dimension m(E−) of W u
∞(E−). By assumption, it has a non-empty transversal inter-

section with W s
∞(E+, r+). The classical λ−lemma (see [38] and [19]) implies that for all

ε > 0, we can find T large enough and a submanifold θ̃ of θ, which contains P u−
∞ U0 and

which is of dimension m(E+), such that ψ∞
T (θ̃) is ε − C1−close to Bu

∞(E+, r+). Thus,
P u+
∞ ◦Dψ∞

T (P u−
∞ U0) is onto P u+

∞ X, and by Lemma 5.3, if θ is choosen small enough, then
for any ξ ∈ θ, P u+

∞ ◦Dψ∞
T (ξ) is onto P u+

∞ X. As Dhs
∞(E+) = 0, if r+ is small enough, Dhs

∞
is small and DΦ∞(ξ) is onto P u+

∞ X, that is that Φ∞ is a submersion. Using Theorem 2.8
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of Chapter one of [15], we see that Φ∞ is an open function, ie Φ∞(θ) is a neighborhood of
0. Lemma 5.3 implies that Φn(θ) is also a neighborhood of 0 for n large enough and that
Φn is also a submersion. Theorem 2.8 of chapter one of [15] implies that (Φn)−1(0) is a
submanifold of θ of dimension m(E−) −m(E+). Since S∞(t) and DS∞(t) are one-to-one,
the dimension of the intersection W u

n (E−) ∩W s
n(E+) is m(E−) −m(E+).

5.2 The notion of chain of equilibria

We introduce in this section the notion of chain of equilibria. The ideas behind it are
not really new since this notion is close to the one of family of combined limit trajectories
given in [3] and [4], which was used to show lower-semicontinuity of attractors.
This notion enables us to give a proof of Lemma 5.2, which is different from [19]. In
particular, we do not need any result of convergence of the local stable manifolds to prove
the property i) of Lemma 5.2. On the other hand, we extensively use the gradient structure,
that is that the Lyapounov function Φ given by (2.6) is non-increasing along the trajectories
of Sn(t) and that,

if, for any t ≥ 0, Φ(S∞(t)U) = Φ(U), then U is an equilibrium point. (5.1)

In the proof of Lemma 5.2, we will use several times the following result. We recall that
the upper-semicontinuous in X of the attractors has been shown in Theorem 2.10.

Lemma 5.4. Assume that the attractors An are upper-semicontinuous in X at n = +∞.
For any positive time T and any sequence (Un)n∈N, such that Un ∈ An, there exists U∞ ∈
A∞ and a subsequence (Unk

) of (Un) satisfying

sup
t∈[0,T ]

‖Snk
(t)Unk

− S∞(t)U∞‖X −→ 0 when n −→ +∞ .

Proof : Due to the upper-semicontinuity of the attractors, there exists a sequence of points
Vn ∈ A∞ such that ‖Un − Vn‖X → 0. As A∞ is compact, we can extract a subsequence
Vnk

which converges to U∞ ∈ A∞. Proposition 2.3 implies that supt∈[0,T ] ‖Snk
(t)Unk

−
Snk

(t)U∞‖X −→ 0. On the other hand, Theorem 3.8 and the regularity of A∞ imply that
supt∈[0,T ] ‖Snk

(t)U∞ − S∞(t)U∞‖X −→ 0 and the proof is complete. �

To avoid heavy notations, we do not reindex subsequences in what follows. We recall
that E denotes the set of all equilibria. We choose a small enough radius r such that the
balls B(E, 2r) (E ∈ E) are disjoint and such that the local stable and unstable manifolds
W s

∞(E, 2r) and W u
∞(E, 2r) are well-defined. Let E− and E+ be two equilibrium points.

Assume that for n large enough, Sn(t) has a connecting orbit between E− and E+. There
exist U0

n in the local unstable manifold W u
n (E−, rn) (rn ≤ r) and tn such that U0

n converges
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to E−, Sn(tn)U0
n belongs to W s

n(E+, r
′
n) (r′n ≤ r) and Sn(tn)U0

n converges to E+. We
introduce the following notion.

Definition 5.5. Let On be an orbit of Sn(t). A sequence of equilibria E− = E0, E1,...,
Ep = E+ is called a chain of equilibria of length p for the sequence (On) if there exist
U0

n ∈ On and p + 1 sequences of times 0 = t0n < t1n < ... < tpn = tn such that, if we set
Un(t) = Sn(t)U0

n, then
Un(tin) −→ Ei , as n −→ +∞

and for all n ∈ N and i < p, there exists t ∈]tin, t
i+1
n [ such that Un(t) does not belong to

∪E∈EB(E, r).

If Ei is a chain of equilibria, Un(tin) ∈ B(Ei, r) for n large enough and we can assume that
this holds for all n. For i > 0, we denote the time of entrance in B(Ei, r)

σi
n = sup{t ≤ tin | Un(t) 6∈ B(Ei, r)} ,

and for i < p, we denote the time of exit of B(Ei, r)

τ i
n = inf{t ≥ tin | Un(t) 6∈ B(Ei, r)} .

Un(σ1

n
)

Un(τ0

n
)

E1

E2

E0

Un(τ1

n
)

Un(t1
n
)

Un(σ2

n
)

Un(tn)

U0

n

We obtain the following result.

Lemma 5.6. There exist Vi ∈ ∂B(Ei, r) ∩ W s
∞(Ei, 2r) ∩ A∞ and Wi ∈ ∂B(Ei, r) ∩

W u
∞(Ei, 2r) such that, extracting subsequences, we have

Un(σi
n) −→ Vi and Un(τ i

n) −→Wi .

Proof : We use Lemma 5.4 with T = 0 to show that there exists a point Wi ∈ A∞ such
that Un(τ i

n) −→Wi. Due to the definition of τ i
n, it is clear that Un(τ i

n) ∈ ∂B(Ei, r) and thus
Wi ∈ ∂B(Ei, r). Assume that there exist a time T and W̃i ∈ X such that S∞(T )W̃i = Wi

and W̃i 6∈ B(Ei, r). Using Lemma 5.4, we find that Un(τ i
n − T ) −→ W̃i, otherwise we

contradict the backward uniqueness of S∞(t), and thus Un(τ i
n − T ) 6∈ B(Ei, r) for n large

enough. If i = 0, this contradict the fact that U0
n ∈ W u

n (E−, rn). If i ≥ 1, we must have
τ i
n − T < tin < τ i

n, so we can assume that tin − (τ i
n − T ) −→ s. Lemma 5.4 shows that

153



S∞(s)W̃i = Ei, which is absurd. We have thus proved that Wi ∈ W u
∞(E, r).

The arguments are similar for σi
n. �

The length of a chain of equilibria is bounded, since the number of equilibria is finite
and we have the following property.

Lemma 5.7. If (Ei) is a chain of equilibria, then i < j implies Ei 6= Ej.

Proof : Since the Lyapounov function Φ does not increase along the trajectories of S∞(t)
and that (5.1) holds, we must have Φ(Vj) > Φ(Ej) and Φ(Wi) ≤ Φ(Ei). Lemma 5.6 and
the decay of Φ along the trajectories of Sn(t) imply that Φ(Ei) > Φ(Ej). �

Of course, the set of chains of equilibria corresponding to the trajectories Sn(t)U0
n is

not empty as (E−, E+) is a trivial chain. So, we can choose a chain of equilibria (Ei) of
maximal length since the number of equilibria is finite and since Lemma 5.7 holds.

Lemma 5.8. If (Ei) is a chain of equilibria of maximal length p, then there exists a finite
time T such that

∀i = 0, .., p− 1, sup
n∈N

{σi+1
n − τ i

n} ≤ T .

Proof : Assume that σi+1
n − τ i

n −→ +∞. Let Tn =
√

σi+1
n − τ i

n. There exists a sequence of
times sn ∈]τ i

n, σ
i+1
n −Tn[ such that Φ(Un(sn))−Φ(Un(sn +Tn)) −→ 0. Indeed, if not, there

exists ε > 0 such that for all s ∈]τ i
n, σ

i+1
n − Tn[ and n large enough, we have Φ(Un(s)) −

Φ(Un(s + Tn)) > ε. If we denote ⌊Tn⌋ the largest integer less than Tn, this implies that
Φ(Un(τ i

n)) − Φ(Un(σi+1
n )) > ⌊Tn⌋ε −→ +∞, which is absurd. Using Lemma 5.4, we find

that Un(sn) converges to U ∈ A∞ and that for all t ≥ 0, we have Φ(U) − Φ(S∞(t)U) = 0.
This means that U is an equilibrium point which contradicts the fact that the length of
the chain of equilibria E1, ..., Ep is maximal. �

We conclude with the following result.

Lemma 5.9. If (Ei) is a chain of equilibria of maximal length p between E− and E+, then,
for all i < p, S∞(t) admits a connecting orbit between Ei and Ei+1.

Proof : We can assume that σi+1
n − τ i

n −→ Ti. Using the notation of Lemma 5.6, we have
Wi ∈W u

∞(Ei) and Vi+1 ∈W s
∞(Ei+1). We obtain

‖S∞(Ti)Wi − Vi+1‖X ≤ ‖S∞(Ti)Wi − S∞(σi+1
n − τ i

n)Wi‖X

+‖S∞(σi+1
n − τ i

n)Wi − Sn(σi+1
n − τ i

n)Wi‖X

+‖Sn(σi+1
n − τ i

n)Wi − Sn(σi+1
n − τ i

n)Un(τ i
n))‖X

+‖Un(σi+1
n ) − Vi+1‖X .
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Taking the limit when n goes to +∞, we find that S∞(Ti)Wi = Vi+1, which yields a
connecting orbit for S∞(t) between Ei and Ei+1. �

5.3 Proof of Lemma 5.2

We use the notations of Section 5.2. Assume that there exists a sequence of connecting
orbits On for Sn(t) between E− and E+. As noticed in the previous section, up to an
extraction of a subsequence, there exists a chain of equilibria of maximal length E− =
E0, E1, ..., Ep = E+ associated with our sequence (On) of trajectories. Lemma 5.9 shows
that S∞(t) admits a connecting orbit between Ei and Ei+1 (0 ≤ i ≤ p−1). Thus, Property
i) of Lemma 5.2 is a direct consequence of the classical cascading property : if S(t) is
a Morse-Smale dynamical system which admits a connecting orbit between Ei and Ei+1

(0 ≤ i ≤ p− 1), then it has a connecting orbit between E0 and Ep (see for example [38] or
[19]).
Next, we prove Property ii). Let θ1 and θ2 be two open sets of a Banach space X. We
say that two C1−manifolds i1 : θ1 → X and i2 : θ2 → X are ε − C1−close if there
exists a C1−diffeomorphism ϕ : θ1 → θ2, such that i1 : θ1 → X and i2 ◦ ϕ : θ1 → X
are ε − C1−maps, that is that ‖i1 − i2 ◦ ϕ‖L∞(θ1,X) < ε and the same for the derivative
‖Di1 −D(i2 ◦ ϕ)‖L∞(θ1,X) < ε . We define similarly the C1−convergence of C1−manifolds.
The classical local λ−lemma can be extended as follows in our particular frame.

Proposition 5.10. Let E be a hyperbolic equilibrium point with Morse index m(E). Let
B be a bounded set of Xσ (σ > 0). Let q∞ be a point of W s

∞(E, r) ∩ B and let D∞ ⊂ B be
a disk of center q∞, which is transversal to W s

∞(E, r) and whose dimension is m(E). Let
(Dn)n∈N be a family of disks with center qn, bounded in B, and such that Dn C1−converges
to D∞.
Then, for all ε > 0, there exist N ∈ N and T > 0 such that for all n ≥ N and t ≥ T , the
connected component of Sn(t)Dn ∩ BX(E, r), to which Sn(t)qn belongs, is ε − C1−close to
W u

∞(E, r).

Proof : The proof of the proposition is a straightforward adaptation of the proof of
the classical λ−lemma (see for example [37] or [38]). Notice that the proof crucially uses
Hypothesis (UED), which implies that Property ii) of Theorem 4.1 holds uniformly with
respect to n, and the fact that the family of disks belongs to a bounded set B of Xσ (σ > 0).
�

We recall that limUn(σi
n) = Vi ∈ ∂B(Ei, r) ∩W s

∞(Ei, 2r) ∩ A∞ and limUn(τ i
n) = Wi ∈

∂B(Ei, r) ∩W u
∞(Ei, 2r). Due to the convergence of the local unstable manifolds proved in
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Theorem 4.7, there exist a neighborhood N 0
∞ of W0 in W u

∞(E0, 2r) and a sequence of neigh-
borhoods (N 0

n) of Un(τ 0
n) in W u

n (E0, 2r) such that N 0
n C1−converges to N 0

∞. As, by Lemma
5.8, σ1

n − τ 0
n is bounded, we can assume that σ1

n − τ 0
n −→ T0. Notice that the sequence of

manifolds (N 0
n) is bounded in Xσ for some positive σ and that N 0

n is finite-dimensional.
Thus, Proposition 3.11 implies that the manifold Sn(σ1

n − τ 0
n)N 0

n , which contains Un(σ1
n),

C1−converges in X to the manifold S∞(T0)N 0
∞, which contains V1. As S∞(t) has the Morse-

Smale property, we can find a submanifold θ0 of S∞(T0)N 0
∞ of dimension m(E1) which is

tranversal to W s
∞(E1) and which contains V1. Thus, we can find a submanifold N 1

n of N 0
n of

dimension m(E1), which contains Un(τ 0
n) and is such that Sn(σ

1
n − τ 0

n)N 1
n C1−converges to

θ0. Using the generalized λ−lemma of Proposition 5.10, we find that there exists a neigh-
borhood N 1

∞ of W1 in W u
∞(E1, 2r) such that Sn(τ 1

n − τ 0
n)N 1

n C1−converges to N 1
∞.

E0

θ0

N 1
n

Sn(τ1
n − τ0

n)N 1
n

W0

W u
∞(E0)

W s
∞(E0)

N 0
∞

W u
∞(E1)

W s
∞(E1)

E1

N 1
∞

W1

V1

Sn(σ1
n − τ0

n)N 0
n

S∞(T0)N 0
∞

N 0
n

Un(τ0
n)

By a finite number of iterations of this process, we obtain that there exists a sub-
manifold N p−1

n of N 0
n of dimension m(Ep−1) such that Sn(σp

n − τ 0
n)N p−1

n C1−converges to
S∞(Tp−1)N p−1

∞ , a neighborhood of Vp in W u
∞(Ep−1). As the union of the attractors ∪An is

bounded in Xs for some positive s, there exists a ball B of Xs such that Sn(σp
n−τ 0

n)N p−1
n ⊂

B for all n. The convergence of the regular part of the local stable manifolds (see Theo-
rem 4.13) implies that W s

n(Ep, 2r)∩ B C1−converges to W s
∞(Ep, 2r)∩B. Thus, for n large

enough, the dimension of W s
n(Ep, 2r) ∩ Sn(σp

n − τ 0
n)N p−1

n is less than the dimension of
W s

∞(Ep, 2r) ∩ S∞(Tp−1)N p−1
∞ . By assumption, S∞(Tp−1)N p−1

∞ and W s
∞(Ep, 2r) intersect

tranversally and so, a dimensional argument implies that W s
n(Ep, 2r) and Sn(σp

n − τ 0
n)N p−1

n

intersect tranversally. As Sn(σp
n−τ 0

n)N p−1
n is a submanifold of W u

n (E0), this shows that the
orbit On is transversal.
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6 Study of the hypotheses

6.1 The one-dimensional case

First, we notice that Hypotheses (ED) and (Grad) are always satisfied in dimension one.
Indeed, we have assumed that γn 6= 0 in the space of the measures, which is well-known to
imply (ED) and (Grad), even for the case n = ∞. Concerning Hypothesis (ED), we refer
to [23], [8] and [10] for n ∈ N ; and [11], [29], [32], [44] and [45] for n = +∞. Concerning
Hypothesis (Grad), we respectively refer to [21] and [31].
Hypothesis (UED) is the only assumption that we have to verify in dimension one. There
exist many methods to prove the exponential decay property for Equation (1.2) when n is
fixed. However, the proof of uniform exponential decay for a family of dissipations (γn)n∈N

is more difficult, especially when the family is not bounded in L∞. In the one-dimensional
case, we are able to adapt an idea of Haraux (see [23]).

Definition 6.1. We say that a dissipation γ is effective on the free waves if the following
criterium is satisfied.

(EFW) There exist a time T and a positive constant C such that, for any (ϕ0, ϕ1) ∈ X,
the solution of the free wave equation

{

ϕtt +Bϕ = 0
(ϕ, ϕt)|t=0 = (ϕ0, ϕ1) ∈ X

(6.1)

satisfies
∫ T

0

∫

Ω

γ(x)|ϕt(x, t)|2dxdt ≥ C‖(ϕ0, ϕ1)‖2
X . (6.2)

The following implication is well-known for n fixed (see [23]). We extend it easily to
the case of a family of dissipations.

Proposition 6.2. If (UED) is satisfied, then the family of dissipations (γn)n∈N ⊂ L∞(Ω)
is uniformly effective on the free waves, that is that the property (EFW) is satisfied for
each γn, with T and C independent of n.

Proof : Assume that (UED) is satisfied, then there exists a positive time T , independent
of n, such that ‖eAnT‖2

L(X) ≤ 1
2
. Thus, for any U0 = (ϕ0, ϕ1) ∈ X, we have,

∫ T

0

∫

Ω

γn|ut|2 =
1

2
(‖U0‖2 − ‖U(T )‖2) ≥ 1

4
‖U0‖2

X , (6.3)
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where (u, ut)(t) = U(t) = eAntU0, For any U0 = (ϕ0, ϕ1), we denote (ϕ, ϕt) the solution of
the free wave equation (6.1). We set w = u− ϕ, which is the solution of the system

{

wtt + γnwt +Bw = −γnϕt

w(0) = 0
.

Multipliying by wt and integrating on [0, T ] × Ω, we obtain

1

2
‖w(T )‖2

X +

∫ T

0

∫

Ω

γn|wt|2 = −
∫ T

0

∫

Ω

γnϕtwt ,

and thus, using Cauchy-Schwartz inequality, we get

∫ T

0

∫

Ω

γn|wt|2 ≤
∫ T

0

∫

Ω

γn|ϕt|2 .

Finally, (6.3) implies that

‖(ϕ0, ϕ1)‖2
X ≤ 4

∫ T

0

∫

Ω

γn|ut|2 ≤ 4

(
∫ T

0

∫

Ω

γn|wt|2 +

∫ T

0

∫

Ω

γn|ϕt|2
)

≤ 8

∫ T

0

∫

Ω

γn|ϕt|2 .

�

Of course, the interesting question is to know if the uniform effectiveness on the free
waves implies (UED). We give here a way of obtaining this implication in dimension one,
by using a multiplier method inspired by [13]. This method is of course not the only one.
In the appendix, we recall a theorem of [2], which implies the same result. The crucial
point in the following results is to obtain the dependence of the constants on ‖γ‖L1 and
not on ‖γ‖L∞, since our family of dissipations (γn)n∈N is bounded in L1(]0, 1[) but not in
L∞(]0, 1[).
To simplify, we work here with B = −∆N +Id. The same results are true for other boundary
conditions with a similar proof.
First, we use the multipliers method to prove the following estimate.

Proposition 6.3. Let γ ∈ L1(]0, 1[) and h ∈ L1
t (R,L

2
x(]0, 1[)). Let u be the solution of







utt(x, t) − uxx(x, t) + u(x, t) = h(x, t) (x, t) ∈]0, 1[×R+

ux(0, t) = ux(1, t) = 0
(u, ut)|t=0 = (u0, u1) ∈ H1(]0, 1[) × L2(]0, 1[)

Then, for all T > 0, there exists a constant C = C(T, ‖γ‖L1) such that

∫ T

0

∫ 1

0

γ(x)(|ux|2+|u|2+|ut|2)dxdt ≤ C

(
∫ T

0

∫ 1

0

|h|(|ux| + |ut|)dxdt+ ‖u0‖2
H1 + ‖u1‖2

L2

)

.
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Proof : We set

ρ =

{
∫ x

0
γ(ξ)dξ 0 ≤ x ≤ 1/2

2(1 − x)
∫ 1/2

0
γ(ξ)dξ 1/2 ≤ x ≤ 1

Notice that ‖ρ‖L∞ ≤ ‖γ‖L1 and ρ(0) = ρ(1) = 0. We have

∫ T

0

∫ 1

0

(utt − uxx + u)ρux =

∫ T

0

∫ 1

0

hρux .

Using integrations by parts, we find

1

2

∫ T

0

∫ 1

0

ρx(|ux|2+|ut|2) = −
[
∫ 1

0

ρutuxdx

]T

0

+

∫ T

0

∫ 1

0

hρux+
1

2

∫ T

0

∫ 1

0

ρx|u|2dxdt . (6.4)

The classical energy argument gives

∀t ∈ [0, T ],

∫ 1

0

(|ux|2 + |u|2 + |ut|2)(t)dx ≤ ‖u0‖2
H1 + ‖u1‖2

L2 +

∫ T

0

∫ 1

0

|h||ut|dxdt . (6.5)

As ρx is bounded in L1(]0, 1[) by ‖γ‖L1 and H1(]0, 1[) →֒ L∞(]0, 1[), we have

∫ T

0

∫ 1

0

ρx|u|2 ≤ CT‖γ‖L1 sup
t∈[0,T ]

‖u(t)‖2
H1

≤ CT‖γ‖L1

(
∫ T

0

∫ 1

0

|h||ut|dxdt+ ‖u0‖2
H1 + ‖u1‖2

L2

)

.

Moreover, ρ is bounded in L∞ by ‖γ‖L1 and so (6.5) gives

[
∫ 1

0

ρutuxdx

]T

0

≤ C‖γ‖L1

(
∫ T

0

∫ 1

0

|h||ut|dxdt+ ‖u0‖2
H1 + ‖u1‖2

L2

)

.

Using the above estimates in (6.4), we find

∫ T

0

∫ 1

0

ρx(|ux|2 + |u|2 + |ut|2)dxdt ≤ C

(
∫ T

0

∫ 1

0

|h|(|ux| + |ut|)dxdt+ ‖u0‖2
H1 + ‖u1‖2

L2

)

.

(6.6)
On the other hand, since ρx(x) = γ(x) for x ∈]0, 1/2] and since ρx(x) is bounded by ‖γ‖L1

for x ∈]1/2, 1[, we have

∫ T

0

∫ 1/2

0

γ(x)(|ux|2 + |u|2 + |ut|2)dxdt ≤
∫ T

0

∫ 1

0

ρx(|ux|2 + |ut|2 + |ut|2)dxdt

+‖γ‖L1

∫ T

0

∫ 1

1/2

(|ux|2 + |ut|2 + |ut|2)dxdt . (6.7)
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The estimates (6.5), (6.6) and (6.7) show that

∫ T

0

∫ 1/2

0

γ(x)(|ux|2 + |u|2 + |ut|2)dxdt

≤ C

(

‖u0x‖2
L2 + ‖u1‖2

L2 +

∫ T

0

∫ 1

0

|h|(|ux| + |ut|)dxdt
)

,

where C depends on ‖γ‖L1 and T only.

In order to estimate the integral
∫ T

0

∫ 1

1/2
γ(x)(|ux|2 + |u|2 + |ut|2)dxdt, we argue in the same

way with ρ taken as follows :

ρ =

{

2x
∫ 1

1/2
γ(ξ)dξ 0 ≤ x ≤ 1/2

∫ 1

x
γ(ξ)dξ 1/2 ≤ x ≤ 1

�

We obtain the following criterium for the exponential decay.

Theorem 6.4. Let γ be a nonnegative function of L∞(]0, 1[). Assume that (EFW) is
satisfied. Then, there exist two positive constants M and λ depending only on the constants
C, T introduced in (6.2) and ‖γ‖L1 such that, for each initial data (u0, u1) ∈ H1(]0, 1[) ×
L2(]0, 1[), the solution u of







utt(x, t) + γ(x)ut(x, t) = uxx(x, t) − u(x, t) , (x, t) ∈]0, 1[×R+

ux(0, t) = ux(1, t) = 0
(u, ut)|t=0 = (u0, u1) ∈ H1(]0, 1[) × L2(]0, 1[)

(6.8)

satisfies
‖u(t)‖2

H1 + ‖ut(t)‖2
L2 ≤ M(‖u0‖2

H1 + ‖u1‖2
L2)e−λt .

Proof : We denote the energy E(t) = 1
2
(‖u(t)‖2

H1 + ‖ut(t)‖2
L2). We know that

E(0) − E(T ) =

∫ T

0

∫ 1

0

γ(x)|ut(x, t)|2dxdt . (6.9)

Let ϕ be the solution of the wave equation (6.1) with ϕ0 = u0 and ϕ1 = u1. We set
v = u− ϕ, which is the solution of















vtt − vxx + v = −γut

vx(0, t) = vx(1, t) = 0
v(x, 0) = 0
vt(x, 0) = 0
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Using Proposition 6.3, we obtain

∫ T

0

∫ 1

0

γ(x)(|vx|2 + |v|2 + |vt|2)dxdt ≤ C

(
∫ T

0

∫ 1

0

γ(x)|ut|(|vx| + |vt|)dxdt
)

,

where C depends on T and ‖γ‖L1 only. Thus,

(
∫ T

0

∫ 1

0

γ(x)(|vx|2 + |v|2 + |vt|2)dxdt
)2

≤ C

∫ T

0

∫ 1

0

γ(x)|ut|2dxdt ×
∫ T

0

∫ 1

0

γ(x)(|vx| + |vt|)2dxdt ,

and also, by the Young inequality,

∫ T

0

∫ 1

0

γ(x)(|vx|2 + |v|2 + |vt|2)dxdt ≤ C

∫ T

0

∫ 1

0

γ(x)|ut|2dxdt = C(E(0)−E(T )) . (6.10)

Finally, using (6.9), (6.10) and the hypothesis (EFW), we obtain

E(T ) ≤ E(0) ≤ C

∫ T

0

∫ 1

0

γ(x)|ϕt(x, t)|2dxdt

≤ C

(
∫ T

0

∫ 1

0

γ(x)|ut(x, t)|2dxdt+

∫ T

0

∫ 1

0

γ(x)|vt(x, t)|2dxdt
)

≤ C(E(0) − E(T )) .

The exponential decay of the energy follows from this inequality (see for example [23]). �

In the last part of this section, we give concrete conditions implying the criterium
(EFW) uniformly in n. Thus, we obtain examples of one dimensional equations satisfying
the Hypothesis (UED). Notice that our method also gives higher dimensional examples
where (EFW) is satisfied uniformly in n, but in these cases, we have no proof that (EFW)
implies the uniform exponential decay (UED).
We wonder when Hypothesis (UED) is satisfied for the family of equations







utt(x, t) + γn(x)ut(x, t) = uxx(x, t) − u(x, t) + f(x, u) (x, t) ∈]0, 1[×R+

ux(0, t) = ux(1, t) = 0
(u, ut)|t=0 = (u0, u1) ∈ H1(]0, 1[) × L2(]0, 1[)

(6.11)

Remark that Proposition 6.2 and Theorem 6.4 imply that, if the semiflow generated
by (6.11) satisfies (UED) for a sequence of dissipations γn, then the property (UED) also
holds for any sequence of dissipations γ̃n ≥ γn. Thus, we may restrict our study to dissipa-
tions of the form γn(x) = nχ]an;an+1/n[. Next, we show the following lemma, which replaces
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the criterium (EFW), concerning the solutions of the free waves, by a criterium on the
eigenfunctions of the free waves operator.
We denote by λ2

k (λk > 0, k ∈ N∗) the eigenvalues of B and ϕk the corresponding eigen-
functions normalized by ‖ϕk‖L2 = 1.

Lemma 6.5. We assume that γ∞ is effective on the free waves, that is that (EFW) holds for
γ∞. We also assume that there exist a family of complex numbers (αk) and an application
h defined from N∗ × N∗ into {0, 1} such that

∀k, k′ ∈ N∗,

∫

Ω

γ∞ϕkϕk′ = αkαk′h(k, k′) .

If h(k, k′) = 0 implies
∫

γnϕkϕk′ = 0 for all n ∈ N and if

inf
n∈N

inf
k∈N∗

1

|αk|2
∫

Ω

γn|ϕk|2 > 0 , (6.12)

then the family of dissipation (γn) is uniformly effective on the free waves, that is that
(EFW) holds uniformly in n.

Proof : For k ∈ N∗, we set λ−k = −λk and ϕ−k = ϕk. A solution of (6.1) can be
decomposed as follows.

(

ϕ
ϕt

)

=
∑

k∈Z∗

cke
iλkt 1√

2

(

1
iλk
ϕk

ϕk

)

where ‖(ϕ, ϕt)|t=0‖2
X =

∑

k∈Z∗

|ck|2 .

As (6.2) holds for γ∞, we have that
∫ T

0

∫

Ω
γ∞|ϕt|2 ≥ C‖(ϕ, ϕt)|t=0‖2

X , that is that

∑

k,k′

ckck′

ei(λk−λ′

k)T − 1

λk − λk′

αkαk′h(|k|, |k′|) ≥ C
∑

k∈Z∗

|ck|2 , (6.13)

where by convention ei(λk−λ′

k)T−1
λk−λk′

= T when λk = λ′k. Concerning the dissipation γn, we

have

∫ T

0

∫

Ω

γn|ϕt|2 =
∑

k,k′

ckck′

ei(λk−λ′

k)T − 1

λk − λk′

∫

Ω

γnϕkϕk′

=

∫

Ω

∑

k,k′

(
ck
αk

√
γnϕk)(

ck′

αk′

√
γnϕk′)

ei(λk−λ′

k)T − 1

λk − λk′

αkα
′
kh(|k|, |k′|) .
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Notice that (6.13) implies that inf |αk| > 0. Moreover, choosing (ϕ, ϕt)|t=0 in Xs for s
large enough, we have that

∑

( ck

αk
‖ϕk‖L∞)2 is finite. Thus, due to the inequality (6.13), we

obtain
∫ T

0

∫

Ω

γn|ϕt|2 ≥
∫

Ω

C
∑

k∈Z∗

|ck|2
|αk|2

γn|ϕk|2 ≥ C
∑

k∈Z∗

|ck|2
|αk|2

∫

Ω

γn|ϕk|2 .

Using (6.12) we find that (6.2) holds uniformly in n for any initial data (ϕ, ϕt)|t=0 in Xs.
The density of the space Xs in X then concludes. �

We apply Lemma 6.5 to obtain the following result.

Proposition 6.6. Let (an) ⊂ [0, 1[ be a sequence such that an −→ 0 when n −→ +∞. We
set

γn(x) =

{

n if an ≤ x ≤ an + 1
n

0 elsewhere .

Then the family of equations (6.11) satisfies (UED) if and only if sup{nan} < +∞.

Proof : We have to verify the hypotheses of Lemma 6.5. In our case, we have γ∞ = δx=0,
λk =

√
k2 + 1 and ϕk =

√
2 cos(kπx). Thus,

∫

Ω
γ∞ϕkϕk′ = 2, and we can set αk =

√
2

and h ≡ 1. It is well-known that Equation (6.8) with γ = γ∞ generates an exponentially
decaying semigroup. So, the criterium (EFW) is satisfied by γ∞.
To apply Lemma 6.5, it remains to show (6.12). If (6.12) does not hold, then it is clear
that (EFW) cannot be satisfied uniformly. Thus, we have to prove that sup{nan} < +∞
is equivalent to the existence of ε > 0 such that

inf
n∈N

inf
k∈N∗

n

∫ an+ 1
n

an

| cos(kπx)|2dx ≥ ε . (6.14)

We have

n

∫ an+ 1
n

an

| cos(kπx)|2dx =
1

2

(

1 +
n

kπ
sin(π

k

n
) cos(πk(2an +

1

n
))

)

.

Assume that (6.14) is not true, then there exist two sequences (kp) and (np) such that

np

kpπ
sin(π

kp

np
) cos(πkp(2anp +

1

np
)) −→ −1 .

This implies that kp

np
→ 0 and 2kpanp −→ 1 mod(2), and so |npanp| → +∞.

Assume now that there exists a subsequence satisfying |npanp | → +∞. Let kp be the
smallest integer strictly larger than np

2npanp+1
. We have

np

kpπ
sin(π

kp

np
) cos(πkp(2anp +

1

np
)) −→ −1 ,
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and thus (6.14) is not satisfied. �

Remark : The same result obviously holds when the Neumann boundary condition at
x = 1 is replaced by the Dirichlet condition.
We will come back to the case supn{nan} = +∞ in the appendix A.2.

6.2 The two and three-dimensional cases

In dimension higher than one, our hypotheses are less easy to verify. First, Hypotheses
(ED) and (Grad) do not always hold. The hypothesis (ED) is equivalent to geometrical
conditions on the support of γn, which are now well-understood. The case of Hypothesis
(UED) is much more difficult and its study in dimension two or higher is still mostly open.

Hypothesis (ED)

It is now well-known that the following geometric condition is equivalent to (ED), see
[6]. For each n ∈ N ∪ {+∞}, there is a length Ln such that all geodesics on Ω associated
to the operator ∂2

tt +B and of length greater than Ln meet the support of γn. In dimension
one, the condition is trivially satisfied. In the higher dimensional case, the condition is
more restrictive, since, for some examples, there exist geodesics of infinite length, which
do not meet the support of γn.

nγ

(ED) not satisfied(ED) satisfied

support of 

Hypothesis (Grad)

Let n ∈ N ∪ {+∞} be given. Let U0 ∈ X be such that for all t ≥ 0, we have Φ(Sn(t)U0) =
Φ(U0). If U(t) = Sn(t)U0 = (u(t), v(t)), we thus have

ut(t) = v(t) and utt +B(u+ Γnut) = f(x, u) .
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We know that

∀t ≥ 0,
∂

∂t
Φ(U(t)) =< AnU |U >= −

∫

Ω

γn|v|2 = 0 .

Hence, v = ut satisfies

∀t ≥ 0, vtt +Bv = f ′
u(x, u)v and







v = 0 on supp(γn) if n ∈ N

or
v = 0 and ∂v

∂ν
= 0 on supp(γ∞)

. (6.15)

To prove that Hypothesis (Grad) holds, we must show that (6.15) implies that ut = v = 0
on Ω × R+. This unique continuation argument holds under geometrical conditions.

– If the support of γn contains a neighborhood of the boundary ∂Ω for n ∈ N and if
the support of γ∞ is equal to ∂Ω, then (Grad) is satisfied (see [42]).

– Assume that supp(γ∞) = ωN , that the support of γn contains a neighborhood of ωN

and that there exists a point x0 ∈ Rd such that

{x ∈ ∂Ω / (x− x0).ν > 0} ⊂ ωN ,

then (Grad) holds (see [28]).

0x

Dirichlet B.C.

– Let Ω be a domain with a boundary of class C1. We assume that the support of γn

includes a neighborhood of supp(γ∞) and that the boundary conditions on the whole
boundary ∂Ω are of Neumann type, that is that ωD = ∅. In this case, [33] gives many
sufficient conditions for (Grad) to hold. In particular, if Ω is a disk, the fact that the
support of γ∞ covers slightly more than a half circle is sufficient. Other examples are
given.
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less than a quarter turnsine graph
straight line

Neumann B.C.

Remark : For all the examples that we give here, one notices that (ED) is satisfied.
However, there is no reason that (Grad) implies (ED) in general.

Hypothesis (UED)

The methods, which were used in the one-dimensional case, cannot be generalized to
dimensions two or three. For these dimensions, using an energy method, we obtain here a
criterium equivalent to the property (UED). However, except for the particular cases where
γn is uniformly bounded away from 0, it is very difficult to exhibit examples satisfying this
criterium.
The following equivalence is very classical. The property (UED) is satisfied if and only if
there exist two positive constants T and C such that, for all U0 ∈ X and n ∈ N, if we set
U(t) = (u, ut)(t) = eAntU0, then we have

∫ T

0

∫

Ω

γn|ut|2 ≥ C‖U0‖2
X . (6.16)

We can weaken this criterium as follows.

Proposition 6.7. The uniform exponential decay property (UED) is satisfied if and only
if there exist two positive constants T and C, independent of n, such that, for all U0 ∈ X
and n ∈ N, if we set U(t) = (u, ut)(t) = eAntU0, then we have

∫ T

0

∫

Ω

γn|ut|2 ≥ C

∫ T

0

∫

Ω

|ut|2 . (6.17)

Proof : The “only if” part is a direct consequence of the classical criterium (6.16). Indeed,
the property (UED) implies that there exist two positive constants T and C such that, for
all U0 ∈ X and n ∈ N,

∫ T

0

∫

Ω

γn|ut|2 ≥ C‖U0‖2
X =

C

T

∫ T

0

‖U0‖2
Xdt ≥

C

T

∫ T

0

‖U(t)‖2
Xdt ≥ C

∫ T

0

∫

Ω

|ut|2 .

In order to prove the “if” part of the equivalence, we introduce the following functional.
Let α be a positive number to be chosen. For all U = (u, v) ∈ X, we set

F (U) =
1

2

∫

Ω

(|u|2 + 2uv + α|v|2 + α|B1/2u|2)dx . (6.18)
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For α large enough, the functional F is clearly equivalent to the energy in the sense that
there exists a positive constant µ such that

∀U ∈ X,
1

µ
‖U‖2

X ≤ F (U) ≤ µ‖U‖2
X . (6.19)

Let U0 ∈ D(An) and n ∈ N, we set U(t) = (u, ut)(t) = eAntU0. As U(t) ∈ C1(R+, X), we
can write

∂tF (U(t)) =

∫

Ω

(uut + uutt + |ut|2 + αututt + α(B1/2u)(B1/2ut))dx

=

∫

Ω

(uut − γnuut − (Bu)u+ |ut|2 − αγn|ut|2

−αut(Bu) + α(B1/2u)(B1/2ut))dx .

Thus, for all ε > 0, we have that

∂tF (U(t)) ≤
∫

Ω

ε(1 + γn)|u|2 +
1

ε
(1 + γn)|ut|2 − |B1/2u|2 + |ut|2 − αγn|ut|2 .

As Γn converges to Γ∞ in L(D(B1/2)), we know that there exists a positive constant C,
independent of n, such that, for all u ∈ D(B1/2),

∫

Ω
γn|u|2 ≤ C‖u‖2

D(B1/2)
. Therefore, for ε

small enough and α large enough, (6.17) implies the existence of a time T and a positive
constant C such that

∫ T

0

∂tF (U(t)) ≤ −C
∫ T

0

F (t) .

Thus, using the density of D(An) in X, we obtain that, for all U0 ∈ X,

F (U0) − F (eAnTU0) ≥ C

∫ T

0

F (eAntU0)dt .

The inequalities (6.19) and the fact that eAnt is a contraction imply that, for all U0 ∈ X
and k ∈ N,

‖U0‖2
X ≥ C

µ2

∫ kT

0

‖eAntU0‖2
Xdt ≥

C

µ2
kT‖eAnkTU0‖2

X .

For k large enough, we obtain a time T ′, independent of n, such that ‖eAnT ′

U0‖X ≤ 1
2
‖U0‖2

X .
This is well-known to imply the uniform exponential decay (UED). �

It is difficult to find examples satisfying the criterium (6.17). Indeed, opposite to the cri-
terium (EFW) obtained in the one-dimensional case, (6.17) involves functions U(t), which
are solutions of an equation which depends of n. However, Proposition 6.7 gives some very
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particular examples where (UED) is satisfied in dimension higher than one. This corollary
is stated in a way so that it can be applied to a general sequence of dissipations, which
satisfies (6.20) only.

Corollary 6.8. Let (γ0
n)n∈N be a sequence of non-negative functions in L∞(Ω). Assume

that there exists a positive constant C independent of n such that

∀u ∈ D(B1/2), ∀n ∈ N,

∫

Ω

γ0
n(x)|u(x)|2dx ≤ C‖u‖2

D(B1/2) . (6.20)

Then, for all η > 0, the uniform exponential decay property (UED) is satisfied for the
sequence of dissipations γn = η + γ0

n.

Notice that this result in not a priori trivial, since, as the sequence (γ0
n) is not neces-

sary bounded in L∞(Ω), overdamping phenomenas may occur. The fact that γn ≥ η > 0
seems slightly artificial from a mathematical point of view. However, it is not from the
physical point of view since γn never really vanishes in the concrete cases. For example,
η can be seen as the resistance of air when (2.5) models the propagation of waves in a room.

7 Examples

In this section, we give some examples illustrating our results. For each example, we
define Ω, B and γn and say if the convergence of the attractors holds in the space X or
only in X−s (s > 0). Saying that the convergence holds in X−s does not mean that there
is no convergence in X. It only means that we are not able to prove it for the moment.
Here we do not give explicit non-linearities for which Hypothesis (Hyp) is satisfied.
We recall that we denote by ∆N the Laplacian with Neumann boundary conditions.

Example 1 :

0 1/n 1

nα Ω =]0, 1[, B = Id− ∆N , α > 0

γn(x) =

{

αn, x ∈]0, 1
n
[

0, elsewhere
, γ∞ = αδx=0 .

Convergence in X.
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Example 2 :

α
1/n

1/21/n

n

10

Ω =]0, 1[, B = Id− ∆N , α > 0

γn(x) =

{

αn, x ∈] 1√
n
, 1√

n
+ 1

n
[

0, elsewhere
, γ∞ = αδx=0 .

Convergence in X−s.

Example 3 :
Ω is the disk of R2, B = Id− ∆N ,
ω is an open subset of ∂Ω which covers
strictly more than half of the circle

γn(x) =

{

n, dist(x, ω) < 1
n

0, elsewhere
, γ∞ = δx∈ω .

Convergence in X−s.

Example 4 : Ω ⊂ R2, η > 0, ω is any subset of ∂Ω
B = Id− ∆N

γn(x) =

{

n, dist(x, ω) < 1
n

η, elsewhere
, γ∞ = η + δx∈ω .

Convergence in X.

Example 5 : For sake of simplicity, the abstract frame of this paper has not been defined
so that this example fits in it. However, all the results given here are valid for this case.
Notice that we need the additional dissipation g, since the singular internal dissipation
δx=a is not sufficient to obtain exponential decay (see [25]), or the gradient structure. We
denote by ∆D the Laplacian with Dirichlet boundary conditions.
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g(x)

a

1/n
n

10

Ω =]0, 1[, a ∈]0, 1[ and g is a nonnegative function,
in L∞(]0, 1[) which is positive on an open subset,
B = −∆D

γn(x) =

{

g(x) + n, x ∈]a− 1
2n
, a+ 1

2n
[

g(x), elsewhere

γ∞(x) = g(x) + δx=a .

Convergence in X.

A Appendix

A.1 A result of Ammari and Tucsnak

We have proved in Section 6.1 that if Ω =]0, 1[ and if the dissipations γn satisfy uni-
formly the property (EFW), then (UED) is satisfied. We show here how to obtain the
same implication with a different method, which has been introduced in [2]. To simplify
the notation, we state the results of [2] in our frame.
Let γ be a function in L∞(Ω). We introduce the following hypothesis

(H) If β > 0 is fixed and Cβ = {λ ∈ C/Re(λ) = β}, then the function

H(λ) =
√
γ λ(λ2Id+B)−1√γ

defined from Cβ into L(L2) is bounded and we set

Mβ = sup
λ∈Cβ

‖H(λ)‖L(L2) <∞ .

In our case, Theorem 2.2 of [2] can be stated as follows.

Theorem A.1. Assume that the hypothesis (H) holds and that γ is effective on the free
waves, i.e. that (EFW) is satisfied. Then, there exist two positive constants M and λ
depending only on the constants C, T introduced in (6.2) and on the family of constants
Mβ introduced in (H) such that, for any initial data (u0, u1) ∈ X, the solution u of

{

utt + γ(x)ut +Bu = 0
(u, ut)|t=0 = (u0, u1) ∈ X

(A.1)

satisfies
‖(u, ut)(t)‖X ≤M‖(u0, u1)‖Xe

−λt .
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The idea of the proof of Theorem 2.2 of [2] is to replace the multipliers method by a
Laplace transform argument to obtain a result similar to Proposition 6.3.
Theorem 6.4 is then a direct consequence of Theorem A.1 and of the following property.

Proposition A.2. Let Ω =]0, 1[ and B = −∆N + Id. For γ ∈ L∞(]0, 1[), Hypothesis (H)
is satisfied and the bound Mβ depends on ‖γ‖L1 only.

Proof : We notice that
√
γ is bounded in L2(]0, 1[) by ‖γ‖1/2

L1 . So, the operator of mul-
tiplication by

√
γ is bounded in L(L2,L1) and in L(L∞,L2). It remains to show that, on

Cβ, the operator λ(λ2Id+B)−1 is uniformly bounded in L(L1,L∞).
Let f ∈ L1(]0, 1[) and u be the solution of

−uxx + u+ λ2u = f , ux(0) = ux(1) = 0 . (A.2)

We set θ = (−λ2 − 1)1/2. The solution of (A.2) is given by

u(x) = C cos(θx) − sin(θx)

∫ x

0

cos(θs)

θ
f(s)ds+ cos(θx)

∫ x

0

sin(θs)

θ
f(s)ds , (A.3)

where

C = −
∫ 1

0

sin(θs)

θ
f(s)ds− cotg(θ)

θ

∫ 1

0

cos(θs)f(s)ds .

A direct computation shows that, if λ = β + iµ, then

Im(θ) = −
(

(µ2 − β2 − 1)2 + (2µβ)2
)1/4

sin

(

1

2
arctg

(

2µβ

µ2 − β2 − 1

))

.

Thus, Im(θ) −→ ∓β 6= 0 when µ −→ ±∞. This implies that sin(θ), cos(θ), cotg(θ) and
1
θ

are uniformly bounded on Cβ. Since f ∈ L1(]0, 1[), (A.3) proves that u ∈ L∞ and so
λ(λ2Id+B)−1 is uniformly bounded in L(L1,L∞). �

Unfortunately, Theorem A.1 is not applicable in dimension higher than one. Indeed,
it is shown in [2] that property (H) implies the following fact. For all T > 0, there exists
C > 0 such that all the solutions ϕ of the free wave equation (6.1) satisfy

∫ T

0

∫

Ω

γ(x)|ϕt|2dxdt ≤ C‖(ϕ0, ϕ1)‖2
X . (A.4)

Let γ∞ = δx∈ω be a dissipation on a part of the boundary. In dimension higher than one,
we can imagine a wave travelling along the curve ω for which the left-hand side of the
inequality (A.4) is infinite. If (A.4) does not hold for the boundary dissipation, we cannot
hope that it holds uniformly for the family (γn)n∈N when γn converges to γ∞. The following
counter-example illustrates this remark.
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Proposition A.3. Let Ω =]0, 1[2, B = −∆N + Id. For all time T > 0, there exists
a sequence of initial data (ϕn

0 , ϕ
n
1 ) ∈ X, with ‖(ϕn

0 , ϕ
n
1 )‖X = 1, such that the solutions

ϕn(x, y, t) of the free wave equation (6.1) satisfy

∫ T

0

∫ 1

0

| ∂
∂t
ϕn(0, y, t)|2dydt −→ +∞ ,

when n −→ +∞.

Proof : We choose the decomposition of the initial data on the eigenvectors of the free
wave operator as follows. Let

(

ϕn
0

ϕn
1

)

=
n−1
∑

k=0

√

2

n

( 1
i
√

n6+k2+1
cos(n3πy) cos(kπx)

cos(n3πy) cos(kπx)

)

.

Notice that ‖(ϕn
0 , ϕ

n
1 )‖X = 1. A straightforward calculus gives

∫ T

0

∫ 1

0

| ∂
∂t
ϕn(0, y, t)|2dydt = 2

n−1
∑

k=0

n−1
∑

k′=0

1

n

sin(
√
n6 + k2 + 1 −

√

n6 + k′2 + 1)T
√
n6 + k2 + 1 −

√

n6 + k′2 + 1
.

Since
∣

∣

∣

√
n6 + k2 + 1 −

√

n6 + k′2 + 1
∣

∣

∣
≤ |k2 − k′2|

2
√
n6

≤ 1

n
,

for n large enough, there exists ε > 0 such that

sin(
√
n6 + k2 + 1 −

√

n6 + k′2 + 1)T
√
n6 + k2 + 1 −

√

n6 + k′2 + 1
≥ ε > 0 .

And thus,
∫ T

0

∫ 1

0

| ∂
∂t
ϕn(0, y, t)|2dydt ≥ 2nε .

�

A.2 An example of convergence of the attractors in X, when

(UED) does not hold

To show the convergence of the attractors An in X, we had to show Proposition 2.9
that is that

∃M ≥ 0, ∀n ∈ N, sup
Un∈An

‖Un‖D(An) ≤M . (A.5)
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We have shown that Hypothesis (UED) implies the above bound, but, of course, it is not
necessary. The purpose here is to give examples where (UED) is not satisfied but where
(A.5) holds.
We set Ω =]0, 1[ and B = −∆N + Id. Let α > 0 and f ∈ C2([0, 1] × R,R). We study the
family of equations







utt(x, t) + γnut(x, t) = uxx(x, t) − u(x, t) + f(x, u(x, t)) (x, t) ∈]0, 1[×R+

ux(0, t) = ux(1, t) = 0 t ≥ 0
(u, ut)|t=0 = (u0, u1) ∈ H1(]0, 1[) × L2(]0, 1[)

(A.6)

where, if n ∈ N

γn(x) =

{

n if 1
nα ≤ x ≤ 1

nα + 1
n

0 elsewhere .

and γ∞(x) = δx=0.
In Proposition 6.6, we proved that (UED) holds if and only if α > 1. The purpose of this
section is the proof of the following result.

Proposition A.4. We assume that f satisfies Hypothesis (Diss). The dynamical systems
generated by (A.6) admit a compact global attractor An. Moreover, if α > 16

17
then (A.5)

holds and the conclusions of Theorem 2.10 are valid.

In what follows, we assume that α ∈]16
17
, 1[, the case α ≥ 1 has already been considered

in Proposition 6.6. The proof of Proposition A.4 is a consequence of the following two
lemmas.

Lemma A.5. There exist a time T and a constant C such that, for any (ϕ0, ϕ1) ∈ X, the
solution of the free wave equation

{

ϕtt +Bϕ = 0
(ϕ, ϕt)|t=0 = (ϕ0, ϕ1)

(A.7)

satifies for all n ∈ N ∪ {+∞}
∫ T

0

∫

Ω

γn(x)|ϕt(x, t)|2dxdt ≥ C‖(ϕ0, ϕ1)‖2
X1−1/α . (A.8)

Proof : Using the same arguments as those of Lemma 6.5, we see that (A.8) is satisfied
uniformly with respect to ε if there exists a positive constant C such that

∀n ∈ N, ∀k ∈ N,

∫

Ω

γn| cos(kπx)|2dx = n

∫ n−α+1/n

n−α

| cos(kπx)|2 ≥ C

k2/α−2
, (A.9)
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that is that
1

2

(

1 +
n

kπ
sin(π

k

n
) cos(kπ(

2

nα
+

1

n
)

)

≥ C

k2/α−2
.

Assume that the above inequality does not hold. Then, there exist two sequences (kp) and
(np) such that

(

1 +
np

kpπ
sin(π

kp

np
) cos(kpπ(

2

np
α

+
1

np
)

)

k2−2/α
p −→ 0 . (A.10)

We must have kp

np
−→ 0 and

2kp

nα
p

−→ 1 mod 2 . (A.11)

Thus, for p large enough, we have 0 ≤ np

kpπ
sin(π kp

np
) ≤ 1 − 1

6

(

kp

np

)2

. This shows that

1 +
np

kpπ
sin(π

kp

np
) cos(kpπ(

2

np
α

+
1

np
) ≥ 1

6

(

kp

np

)2

.

Using (A.11), we obtain that, for p large enough, 1
np
> 1

(4kp)
1
α
, and thus

1 +
np

kpπ
sin(π

kp

np

) cos(kpπ(
2

np
α

+
1

np

) ≥ 1

6(4)
2
α

(

1

(kp)
1
α
−1

)2

.

This is a contradiction to the assumption that (A.9) does not hold. �

The second lemma is a direct adaptation of a theorem of [2].

Lemma A.6. If α > 16
17

, there exist λ > 1, s ∈]0, 1/2[ and M > 0 such that

∀U0 ∈ X, ∀n ∈ N, ‖eAntU0‖X ≤ M

(1 + t)λ
‖U0‖Xs .

Proof : The outline of the proof is exactly the same as the one of Theorem 2.4 of [2].
First, notice that we have proved in Proposition A.2 that Hypothesis (H) introduced in
Section A.1 is satisfied uniformly in n. Arguing as in [2], with some slight modifications,
we show that Lemma A.5 and Proposition 2.6 imply that, for all σ ∈]0, 1/2[,

∀t ≥ 0, ‖U(t)‖X ≤ M

(1 + t)
1

2(1/θ−1)

‖U0‖D(An) ,
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where θ = σ
σ+1−1/α

. With the same interpolation methods as in Proposition 3.5, we obtain

∀t ≥ 0, ‖U(t)‖X ≤ M

(1 + t)
s2

2(1/θ−1)

‖U0‖Xs .

We end the proof by noticing that we can find s ∈]0, 1/2[ and σ ∈]0, 1/2[ such that
λ = s2

2(1/θ−1)
> 1 is equivalent to α > 16

17
. �

We are now able to prove the proposition.
Proof of Proposition A.4 : All we have to prove is that the inequality (A.5) holds. The
proof is exactly the same as the one of Proposition 2.9. The only change is the estimate of
eAn(t−τ)(F (U(τ + δ))− F (U(τ))) for τ ≤ t. Lemma A.6 implies that there exist s ∈]0, 1/2[
and λ > 1 such that

∥

∥eAn(t−τ)(F (U(τ + δ)) − F (U(τ)))
∥

∥

X
≤ C

(1 + t− τ)λ
‖F (U(τ + δ)) − F (U(τ)))‖Xs .

Hypothesis (NL) implies that there exists η ∈]0, 1[ such that

‖F (U(τ + δ)) − F (U(τ)))‖Xs ≤ ‖u(τ + δ) − u(τ)‖Hη .

Thus,

∥

∥eAn(t−τ)(F (U(τ + δ)) − F (U(τ)))
∥

∥

X

≤ C

(1 + t− τ)λ
‖u(τ + δ) − u(τ)‖η

H1‖u(s+ δ) − u(s)‖1−η
L2 .

Using the fact that
∫ t

−∞
dτ

(1+t−τ)λ is finite, we conclude with the same arguments as in
Proposition 2.9. �
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Chapitre 6 : Résultats annexes

1 Convergence d’un amortissement interne vers un

amortissement sur le bord : cas d’une non-linéarité

critique

Dans le chapitre 5 de cette thèse, nous nous sommes restreints au cas d’une non-linéarité
f(x, u) sous-critique, c’est-à-dire que dans le cas de la dimension trois d’espace, nous avons
supposé qu’il existe C > 0 et α ∈ [0, 1[ tels que

|f ′′
uu(x, u)| ≤ C(1 + |u|α) et |f ′′

ux(x, u)| ≤ C(1 + |u|3+α) .

Le but de ce paragraphe est d’étudier le cas critique α = 1 et d’obtenir des résultats
semblables au cas sous-critique : comparaison des trajectoires, existence des attracteurs
et semi-continuités supérieure et inférieure des attracteurs. De plus, nous obtiendrons le
résultat nouveau suivant : sous des hypothèses génériques, l’attracteur A∞ est borné dans
H1+s × Hs pour un certain s > 0.
Pour simplifier, nous nous plaçons dans le cadre suivant, mais les résultats sont généralisa-
bles aux cas où une propriété de prolongement unique est connue pour le problème limite.
Soient Ω ⊂ R3 un domaine borné régulier et X = H1(Ω) × L2(Ω). Soit γ > 0, on pose
γ∞ = γδx∈∂Ω où δx∈∂Ω est la fonction de Dirac à support dans le bord de Ω, et pour n ∈ N,
on pose

γn(x) =

{

nγ si dist(x, ∂Ω) < 1
n

0 sinon

On considère l’équation des ondes amorties à l’intérieur de Ω







utt(x, t) + γn(x)ut(x, t) = ∆u(x, t) + f(x, u(x, t)) (x, t) ∈ Ω × R+
∂u
∂ν

(x, t) = 0 (x, t) ∈ ∂Ω × R+

(u(x, 0), ut(x, 0)) = (u0, u1)(x) ∈ X
(1.1)

et l’équation des ondes amorties sur le bord de Ω







utt(x, t) = ∆u(x, t) + f(x, u) (x, t) ∈ Ω × R+
∂u
∂ν

(x, t) + γut(x, t) = 0 (x, t) ∈ ∂Ω × R+

(u(x, 0), ut(x, 0)) = (u0(x), u1(x))) ∈ X
(1.2)
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On reprend toutes les notations du chapitre 5, en particulier, on rappelle que An et
Sn(t) (n ∈ N ∪ {+∞}) désignent les opérateurs linéaires et les semi-groupes associés aux
équations (1.1) et (1.2).
On suppose que f est une fonction de classe C2(Ω × R,R) et qu’il existe C > 0 tel que

|f ′′
uu(x, u)| ≤ C(1 + |u|) , |f ′′

ux(x, u)| ≤ C(1 + |u|4) et lim sup
|u|→+∞

sup
x∈Ω

f(x, u)

u
< 0 . (1.3)

Rappelons que (1.3) implique en particulier que la fonction F : (u, v) ∈ X 7−→ (0, f(x, u)) ∈
X est lipschitzienne sur les bornés de X.
Dans le cas critique, le premier point délicat est l’existence d’un attracteur global compact.
En effet, la méthode classique, rappelée dans les chapitres 4 et 5 de cette thèse, est fondée
sur le fait que, si f est une non-linéarité sous-critique, F est une application compacte.
Dans le cas critique, cela n’est plus vrai. En utilisant un théorème de prolongement unique,
Feireisl et Zuazua ont montré que le système dynamique engendré par l’équation (1.1)
peut se décomposer en la somme de deux applications, l’une étant une contraction stricte
et l’autre étant compacte (voir [4]). Pour le système Sn(t) (n ∈ N), ils obtiennent alors
l’existence d’un attracteur global compact An, qui est borné dans Xs pour un certain
s > 0. Dans le cas d’une dissipation à support sur le bord de Ω, l’existence d’un attracteur
A∞ est prouvée dans [3] par la même méthode, mais sans obtenir que A∞ a une meilleure
régularité que X.
Les mêmes arguments que dans le cas sous-critique (voir chapitre 5) et la propriété de
prolongement unique impliquent que les systèmes Sn(t) et S∞(t) sont gradients et possèdent
la même fonctionnelle de Lyapounov. Il s’ensuit que les attracteurs An sont bornés dans
X par une constante indépendante de n. Afin de comparer les attracteurs An avec A∞,
remarquons que la convergence des trajectoires dans X−s énoncée dans le théorème 3.10
du chapitre 5 est encore valable dans le cas critique. En effet, on utilise seulement le fait
que F est lipschitzienne sur les bornés de L2(Ω)×H−1(Ω). On obtient donc avec les mêmes
arguments que dans le chapitre 5 le théorème suivant.

Théorème 1.1. Pour tout s > 0, les attracteurs An sont semi-continus supérieurement
dans X−s quand n −→ +∞.

A l’inverse de celle du théorème 3.10, la démonstration du théorème 3.8 donnée dans
le chapitre 5 n’est pas directement adaptable au cas d’une non-linéarité critique. Afin de
généraliser le théorème 3.8, nous utilisons le théorème 1.5 du chapitre 6 du livre de Pazy
(voir [8]) pour obtenir le résultat suivant. Pour tout borné B de X, il existe une constante
C telle que, si U0 ∈ D(A∞) ∩ B, alors S∞(t)U0 ∈ C0([0, T ], D(A∞)) et

‖S∞(t)U0‖D(A∞) ≤ CeCT‖U0‖D(A∞) . (1.4)

Par des arguments d’interpolation semblables à ceux de la proposition 3.5 du chapitre 5,
nous déduisons de la propriété ci-dessus le résultat suivant.
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Proposition 1.2. Pour tout s ∈]0, 1
2
[ et pour tout borné B de X, il existe une constante

C telle que, si U0 ∈ Xs ∩ B, alors S∞(t)U0 ∈ C0([0, T ], Xs2
) et

‖S∞(t)U0‖Xs2 ≤ CeCT‖U0‖Xs . (1.5)

Contrairement à la proposition 3.5 du chapitre 5, nous allons devoir effectuer des inter-
polations non-linéaires. Pour cela, nous utiliserons le résultat suivant (voir [10]).

Proposition 1.3. Soient quatre espaces de Banach E0 ⊂ E1 et F0 ⊂ F1. Soit T : E1 −→ F1

un opérateur non-linéaire tel qu’il existe des fonctions continues f1 et f2 telles que

∀(e, e′) ∈ E2
1 , ‖Te− Te′‖F1 ≤ f1(‖e‖E1 , ‖e′‖E1)‖e− e′‖E1 ,

et ∀e ∈ E0, ‖Te‖F0 ≤ f2(‖e‖E1)‖e‖E0 .

Alors, pour tout θ ∈ [0, 1], il existe une constante positive C telle que

∀e ∈ [E0, E1]θ, ‖Te‖[F0,F1]θ ≤ Cf2(2‖e‖E1)
1−θf1(‖e‖E1 , 2‖e‖E1)

θ‖e‖[E0,E1]θ .

Démonstration de la proposition 1.2 : Dans cette preuve, nous noterons K les
constantes de la forme CeCT , on supposera U0 ∈ D(A∞) et on posera U0 = (u0, v0) et
U(t) = (u, v)(t).
La propriété (1.4) signifie que

‖v(t)‖D(B1/2) + ‖u(t) + Γ∞v(t)‖D(B) ≤ K(‖v0‖D(B1/2) + ‖u0 + Γ∞v0‖D(B)) . (1.6)

D’autre part, nous savons que

‖v(t)‖L2 + ‖u(t)‖D(B1/2) ≤ K(‖v0‖L2 + ‖u0‖D(B1/2)) . (1.7)

Comme Γ∞ est un opérateur linéaire continu de D(B1/2) dans D(B1/2), nous déduisons de
(1.7) que

‖v(t)‖L2 + ‖u(t) + Γ∞v(t)‖D(B1/2) ≤ K(‖v0‖D(B1/2) + ‖u0 + Γ∞v0‖D(B1/2)) . (1.8)

Soit s ∈ [0, 1
2
[. En interpolant (1.8) avec (1.6) grâce à la proposition 1.3, on obtient

‖v(t)‖D(Bs/2) + ‖u(t) + Γ∞v(t)‖D(B(1+s)/2) ≤ K(‖v0‖D(B1/2) + ‖u0 + Γ∞v0‖D(B(1+s)/2)) .

Puisque s < 1
2
, on a ‖Γ∞v‖D(B1/2+s) ≤ ‖v‖D(B1/2) et donc

‖v(t)‖D(Bs/2) + ‖u(t)‖D(B(1+s)/2) ≤ K(‖v0‖D(B1/2) + ‖u0‖D(B(1+s)/2)) .

En utilisant de nouveau la proposition 1.3, l’interpolation de l’inégalité ci-dessus avec (1.7)
donne que

‖v(t)‖D(Bs2/2) + ‖u(t)‖D(B(1+s2)/2) ≤ K(‖v0‖D(Bs/2) + ‖u0‖D(B(1+s2)/2)) .
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On obtient alors (1.5) par la densité de D(A∞) dans Xs. �

La proposition précédente permet de montrer un résultat de convergence des trajectoires
semblable à celui du chapitre 5, même dans le cas d’une non-linéarité de type cubique.

Théorème 1.4. Soit s ∈]0, 1
2
[ et soit Bs un borné de Xs. Il existe une constante C = C(B)

telle que
∀U ∈ B, ∀t ∈ [0, T ], ‖S∞(t)U − Sn(t)U‖X ≤ CeCT εs2/2

n .

Démonstration : La preuve est identique à celle du théorème 3.8 du chapitre 5. La
seule différence réside dans la preuve du lemme 3.7, où le caractère sous-critique de la
non-linéarité est utilisé dans l’estimation de

∫ t

0

‖(eA∞(t−τ) − eAn(t−τ))F (S∞(τ)U)‖Xdτ .

Or, grâce à la proposition 1.2, nous savons que S∞(τ)U est borné dans Xs2
. En utilisant les

théorèmes d’injections des espaces de Sobolev, on montre alors que, même dans le cas d’une
non-linéarité critique, F (S∞(τ)U) est borné dans X2s2

. La proposition 3.5 du chapitre 5
implique alors que

∫ t

0

‖(eA∞(t−τ) − eAn(t−τ))F (S∞(τ)U)‖Xdτ ≤ CeCT εs2/2
n .

On obtient donc une estimation indépendante du taux de croissance de f et on finit la
démonstration du théorème 1.4 en suivant celle du théorème 3.8 du chapitre 5. �

Afin d’utiliser le théorème 1.4 pour montrer la convergence des variétés instables locales
ou la semi-continuité inférieure des attracteurs, il nous faut des résultats de régularité sur
W u

∞(E, r) ou sur A∞.

Théorème 1.5. Soit E = (e, 0) un point d’équilibre hyperbolique de S∞(t). Pour r suffi-
samment petit, la variété instable locale W u

∞(E, r) est bornée dans D(A∞). De plus, pour
tout β ∈]0, 1

8
[, il existe une constante C > 0 telle que, pour n assez grand,

dX(W u
n (E, r),W u

∞(E, r)) ≤ Cεβ
n .

Démonstration : Pour montrer que W u
∞(E, r) est bornée dans D(A∞), on considère

S̃∞(t) la restriction du système S∞(t) à D(A∞). Le semi-groupe S̃∞(t) est bien défini
d’après (1.4) et on peut alors construire des variétés instables locales W̃ u

∞(E, r) pour ce
système. Comme les vecteurs propres de la linéarisation dans X de S∞(t) près de E sont
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dans D(A∞), la dimension des variétés instables locales W u
∞(E, r) et W̃ u

∞(E, r) sont égales.
D’où W u

∞(E, r) = W̃ u
∞(E, r) et donc W u

∞(E, r) est borné dans D(A∞).
On montre la convergence des variétés instables locales de la même façon que dans le
chapitre 5. La seule différence est que les estimations (4.19) et (4.20) du chapitre 5 ne sont
pas vraies en toute généralité, mais seulement pour toute trajectoire U(s) bornée dans un
espace régulier. Comme ces estimations ne sont utilisées que pour des trajectoires contenues
dans W u

∞(E, r), cela n’est pas grave. �

En supposant que les points d’équilibre de S∞(t) sont tous hyperboliques, on peut
utiliser la méthode des châınes d’équilibres introduites dans le paragraphe 5.2 du chapitre
5 et obtenir le résultat suivant.

Théorème 1.6. Si tous les points d’équilibre de S∞(t) sont hyperboliques, alors A∞ est
borné dans D(A∞).

Démonstration : La preuve de ce théorème est donnée dans le paragraphe 2.2. �

Une application directe du théorème 2.20 du chapitre 2 donne alors la convergence des
attracteurs.

Théorème 1.7. On suppose que tous les équilibres de S∞(t) sont hyperboliques, alors les
attracteurs An sont semi-continus inférieurement dans X.
De plus, pour tout s > 0, il existe deux constantes strictement positives C et δ telles que

sup
U∞∈A∞

distX(U∞,An) ≤ Cεδ
n et sup

Un∈An

distX−s(Un,A∞) ≤ Cεδ
n .

2 Utilisation de la notion de châıne d’équilibres

Dans le paragraphe 5.2 du chapitre 5, nous avons introduit la notion de châıne d’équi-
libres associée à une suite de trajectoires. Cette notion est très proche de celle de famille
de trajectoires limites combinées introduite par Babin et Vishik pour estimer la vitesse de
convergence vers les attracteurs de systèmes gradients (voir [1]). Dans le chapitre 5, pour
montrer la stabilité du diagramme de phase, nous avons utilisé des châınes d’équilibres as-
sociées à des suites d’orbites Ok provenant de systèmes dynamiques Snk

(t) différents. Dans
ce paragraphe, nous allons réintroduire la notion de châıne d’équilibres dans le contexte
d’une suite d’orbites Ok associée à un même système dynamique gradient S(t). Puis nous
l’appliquerons à la démonstration du théorème 1.6 du paragraphe précédent.
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2.1 Châınes d’équilibres pour une suite d’orbites d’un même
système

Nous allons reprendre ce qui a été fait dans le paragraphe 5.2 du chapitre 5 en modifiant
ce qui est nécessaire.
Soient X un espace de Banach et S(t) un système dynamique gradient de classe C1 sur
X qui est asymptotiquement compact. On suppose que S(t) possède un ensemble fini de
points d’équilibre E , et que tout équilibre e ∈ E est hyperbolique. On choisit un rayon r tel
que les boules B(e, 2r) (e ∈ E) ne se coupent pas et tel que les variétés stables et instables
locales W s

loc(e, r) et W u
loc(e, r) soient bien définies pour tout équilibre e.

Soit (U0
k )k∈N une suite bornée de points de X. On pose Uk(t) = S(t)U0

k et on suppose que
l’orbite positive de la suite, c’est-à-dire l’ensemble {Uk(t) / k ∈ N, t ≥ 0} est bornée. La
compacité asymptotique, le caractère gradient et le fait que l’ensemble {Uk(t)/t ≥ 0} est
borné entrâınent que l’ensemble ω−limite de U0

k est un compact connexe, et donc, puisque
le nombre de points d’équilibre est fini, Uk(t) tend vers un unique point d’équilibre quand
t tend vers +∞. Vu que E est fini, quitte à extraire une sous-suite, il existe un équilibre e+
tel que pour tout k, limt→+∞ Uk(t) = e+. On choisit alors une suite de temps tk telle que
Uk(tk) ∈W s

loc(e+, r) et Uk(tk) tende vers e+ quand k tend vers +∞. On définit les châınes
d’équilibres comme suit.

Définition 2.1. Une suite e0, e1,..., ep = e+ est appelée une châıne d’équilibres de longueur
p pour (Uk) s’il existe p+ 1 suites de temps 0 ≤ t0k < t1k < ... < tpk = tk telles que, quitte à
extraire des sous-suites,

Uk(t
i
k) −→ ei quand k −→ +∞ ,

et pour tout k ∈ N et i < p, il existe t ∈]tin, t
i+1
n [ tel que Un(t) n’appartienne à aucune boule

B(e, r) (e ∈ E).

L’ensemble des châınes d’équilibres associées à (Uk) est non vide car (e+) est une châıne
triviale. Si une châıne d’équilibres nous est donnée, on note les temps d’entrée et de sortie
de B(ei, r) comme suit

σi
k = sup{t ≤ tik | Uk(t) 6∈ B(ei, r)} et τ i

k = inf{t ≥ tik | Uk(t) 6∈ B(ei, r)} .

On note que le temps d’entrée σ0
k n’est pas forcément défini et que le temps de sortie τ p

k

ne l’est jamais.
Contrairement au paragraphe 5.2 du chapitre 5, nous ne supposons aucune unicité rétro-
grade, cette hypothèse est remplacée par le λ−lemme suivant qui est une conséquence
classique de l’hyperbolicité des équilibres, et du fait qu’ils soient en nombre fini (voir par
exemple [7] ou [5]).
On rappelle que distX(U,S) désigne la distance d’un point U ∈ X à un ensemble S ⊂ X,
c’est-à-dire

distX(U,S) = inf
x∈S

‖U − x‖X .
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Proposition 2.2. Il existe deux constantes strictement positives M et λ telles que si e est
un point d’équilibre hyperbolique de S(t) et U un point de X tel qu’il existe T tel que pour
tout t ∈ [0, T ], S(t)U soit dans B(e, r), alors

distX(S(T )U,W u
loc(e, 2r)) ≤Me−λT .

On peut alors montrer l’équivalent du lemme 5.6 du chapitre 5.

Lemme 2.3. Soit i = 1, ..., p, il existe Vi ∈ ∂B(ei, r)∩W s
loc(ei, 2r) tel que, quitte à extraire

des sous-suites, on ait Uk(σ
i
k) −→ Vi.

Soit i = 0, ..., p − 1, il existe Wi ∈ ∂B(ei, r) ∩ W u
loc(ei, 2r) tel que, quitte à extraire des

sous-suites, on ait Uk(τ
i
k) −→ Wi.

Démonstration : Notons tout d’abord que τ 0
k − t0k −→ +∞. En effet, si cela n’était pas

vrai, on pourrait supposer, quitte à extraire une sous-suite, qu’il existe un temps T fini
tel que τ 0

k − t0k −→ T et on aurait que limk→+∞Uk(τ
0
k ) = S(T )e0 ∈ ∂B(e0, r), ce qui est

absurde. Il s’ensuit donc que τ 0
k tend vers +∞.

En utilisant la compacité asymptotique, on obtient, pour i = 0, ..., p − 1, l’existence d’un
point Wi de ∂B(ei, r) tel que, quitte à extraire des sous-suites, on ait Uk(τ

i
k) −→ Wi.

De même, pour i = 1, ..., p, il existe Vi ∈ ∂B(ei, r) tel que, quitte à extraire, on ait
Uk(σ

i
k) −→ Vi. On montre que Vi ∈ W s

loc(ei, 2r) de la même façon que dans le lemme 5.6
du chapitre 5. Pour montrer que Wi ∈ W u

loc(ei, 2r), la preuve du lemme 5.6 utilisait des
propriétés d’unicité rétrograde qui ne sont plus valables ici. Pour contourner ce problème,
on montre que, quitte à extraire une sous-suite, τ i

k − tik −→ +∞ de la même façon que l’on
a prouvé que τ 0

k − t0k −→ +∞. On peut alors appliquer la proposition 2.2 et obtenir que
Wi ∈W u

loc(ei, 2r). �

Remarquons que, même si σ0
k existe, Uk(σ

0
k) ne converge pas en général.

La suite du raisonnement est semblable à celui du paragraphe 5.2 du chapitre 5. On montre
ainsi que la longueur d’une châıne est borné par le nombre de points d’équilibre, et on
obtient le même résultat que le lemme 5.8 du chapitre 5.

Lemme 2.4. Si (ei) est une châıne d’équilibres de longueur maximale p, alors il existe un
temps T ∈ R+ tel que

∀i = 0, ..., p− 1, sup
k∈N

{σi+1
k − τ i

k} ≤ T ,

et tel que, si de plus σ0
k existe, alors sup

k∈N

σ0
k ≤ T .

Démonstration : La démonstration est identique à celle du lemme 5.8 du chapitre 5.
Un léger changement intervient dans la preuve du fait que sup σ0

k ≤ T . Nous allons donc
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démontrer ce point.
Soit Φ : X −→ X la fonctionnelle de Lyapounov associée au système gradient S(t). Sup-
posons que σ0

k −→ +∞ et posons Tk =
√

σ0
k. Quitte à extraire une sous-suite, on montre

que la compacité asymptotique implique que les suites Uk(Tk) et Uk(σ
0
k) sont convergentes

et donc que les suites Φ(Uk(Tk)) et Φ(Uk(σ
0
k)) sont bornées. On en déduit l’existence d’une

suite de temps sk ∈ [Tk, σ
0
k − Tk] tels que Φ(Uk(sk)) − Φ(Uk(sk + Tk)) −→ 0. Comme

sk ≥ Tk −→ +∞, on peut supposer que Uk(sk) converge vers un point U de X, qui vérifie
alors, par continuité de Φ que pour tout t ≥ 0, Φ(S(t)U) = Φ(U). Donc, U est un point
d’équilibre, ce qui contredit la maximalité de la châıne (ei). �

Remarque : Tout ceci est encore valable pour des châıne d’équilibres associées à des
suites d’orbites Ok provenant de systèmes dynamiques Snk

(t) différents dès lors que des
estimations semblables à la proposition 2.2 sont vérifiées uniformément en n.

2.2 Application à la régularité de l’attracteur dans le cas d’une
non-linéarité critique

Le but de ce paragraphe est la démonstration du théorème 1.6. Il faut souligner que la
preuve présentée ici est très générale et peut s’appliquer à de nombreux autres systèmes
dynamiques gradients. Nous reprenons toutes les notations du paragraphe 1. En outre,
comme nous travaillons sur un système dynamique fixe, nous oublions les indices et écrivons
S(t), A, A etc. pour S∞(t), A∞, A∞ etc..
On suppose que tous les équilibres de S(t) sont hyperboliques. On sait qu’il existe deux
constantes strictement positives M et λ telle que

∀t ≥ 0, ‖eAt‖L(X) ≤ Me−λt . (2.1)

Si E = (e, 0) est un équilibre de S(t), on pose pour tout U = (u, v) ∈ X

Ge(U) =

(

0
ge(x, u)

)

où ge(x, u) = f(x, u) − f ′
u(x, e)u . (2.2)

Dans le lemme 4.3 du chapitre 5, on montre que Ge est une fonction lipschitzienne sur les
bornés de X. De plus, si on note le(r) la constante de Lipschitz de Ge sur la boule BX(E, r),
alors le(r) tend vers 0 quand r tend vers 0. Dans toute la suite, nous supposerons que r
est assez petit pour que le(r) ≤ λ

2M
pour tout équilibre (e, 0) de S(t). Rappelons que cela

est possible car les équilibres de S(t) sont en nombre fini.
Pour démontrer le théorème 1.6, nous allons raisonner par l’absurde. Nous savons que
l’attracteur A est borné dans X. Supposons qu’il existe une suite de points Vk ∈ A tels
que ‖Vk‖D(A) −→ +∞, où par convention ‖Vk‖D(A) = +∞ si Vk 6∈ D(A).
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Quitte à extraire une sous-suite, il existe deux points d’équilibre E− et E+ de S(t), une
suite de points U0

k et des temps tk et Tk tels que U0
k ∈W u

loc(E−, r), U
0
k −→ E−, S(tk)U

0
k ∈

W s
loc(E+, r), S(tk)U

0
k −→ E+ et Vk = S(Tk)U

0
k . On note Uk(t) = S(t)U0

k pour t ≥ 0
et on prolonge Uk(t) en une trajectoire définie sur tout R telle que pour tout t ≤ 0,
Uk(t) ∈ W u

loc(E−, r). Le paragraphe précédent montre qu’il existe une châıne d’équilibres
de longueur maximale E− = E0, ..., Ep = E+ associée à la suite de trajectoires Uk et on
reprend les notations introduites dans ce paragraphe. Pour simplifier la rédaction, on pose
σ0

k = −∞ et τ p
k = tk. Soit i0 le plus petit des indices i tels que 1 ≤ i ≤ p et

lim sup
k→+∞

sup
t∈]σi

k,τ i
k]

‖Uk(t)‖D(A) = +∞ . (2.3)

L’ensemble des indices i vérifiant (2.3) est non vide car, comme la châıne d’équilibres
E0, ..., Ep est de longueur maximale, les suites σi

k − τ i−1
k sont bornés. Donc, si la suite

Uk(τ
i
k) est bornée dans D(A), (1.4) implique que supk supt∈[τ i

k ,σi+1
k ] ‖Uk(t)‖D(A) < +∞. On

en déduit que si aucun indice i ne vérifiait (2.3), alors toute la trajectoire Uk serait bornée
dans D(A) ce qui est absurde. D’autre part, i0 est forcément plus grand que 1 d’après le
théorème 1.5.
Comme i0 est le plus petit indice i tel que la propriété (2.3) soit vérifiée, on sait que la
suite sup

t≤σ
i0
k
‖Uk(t)‖D(A) est bornée. Comme ∂tUk = AUk + F (Uk), on a donc

sup
k∈N

sup
t≤σ

i0
k

‖∂tUk(t)‖X ≤ C . (2.4)

Dans tout le reste de la preuve, C désigne une constante ne dépendant pas de k ou du
temps.
Soit t ∈]σi

k, τ
i
k] et δ > 0. En utilisant la décroissance exponentielle de eAt, on peut écrire

comme dans la preuve de la proposition 2.9 du chapitre 5 que

Uk(t+ δ) − Uk(t) =

∫ t

−∞
eA(t−s)(F (Uk(s+ δ)) − F (U(s)))ds ,

et donc que

‖(Uk(t+ δ) − Uk(t))‖X ≤M

∫ t

−∞
e−λ(t−s)‖F (Uk(s+ δ)) − F (Uk(s))‖Xds . (2.5)

Comme F est lipschitzienne sur les bornés de X, l’estimation (2.4) implique que pour tout
s ∈] −∞, σi0

k ],

‖F (Uk(s+ δ)) − F (Uk(s))‖X ≤ C‖Uk(s+ δ) − Uk(s)‖X ≤ Cδ .

D’autre part, si s ∈]σi0
k , τ

i0
k [ alors on a Uk(s) ∈ BX(Ei0 , r) et la décomposition f(x, u) =

f ′
u(x, ei0)u+ gei0

(x, u) donne que

‖F (Uk(s+ δ)) − F (Uk(s))‖X ≤ ‖gei0
(x, uk(s+ δ)) − gei0

(x, uk(s)‖L2

+‖f ′
u(x, ei0(x))(uk(s+ δ) − uk(s))‖L2 .
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Comme gei0
est lipschitzienne sur la boule BX(Ei0 , r) avec une constante de Lipschitz l(r),

on a que

‖gei0
(x, uk(s+ δ)) − gei0

(x, uk(s))‖L2 ≤ l(r)‖uk(s+ δ) − uk(s)‖H1

≤ l(r) sup
s′∈]σ

i0
k ,τ

i0
k ]

‖Uk(s
′ + δ) − Uk(s

′)‖X

≤ λ

2M
sup

s′∈]σ
i0
k ,τ

i0
k ]

‖Uk(s
′ + δ) − Uk(s

′)‖X

Les résultats classiques de régularité des équations elliptiques impliquent que ei0 appartient
à L∞(Ω). On a donc

‖f ′
u(x, ei0(x))(uk(s+ δ) − uk(s))‖L2 ≤ C‖uk(s+ δ) − uk(s)‖L2 ≤ Cδ‖Uk(s)‖X .

Comme les trajectoires Uk(s) sont uniformément bornées dans X, en utilisant les estima-
tions ci-dessus dans (2.5), on obtient que, pour tout t ∈]σi0

k , τ
i0
k ]

‖(Uk(t+ δ) − Uk(t))‖X ≤ 1

2
sup

s∈]σ
i0
k ,τ

i0
k ]

‖Uk(s+ δ) − Uk(s)‖X + Cδ .

On en déduit que
sup

t∈]σ
i0
k ,τ

i0
k ]

‖Uk(t+ δ) − Uk(t)‖X ≤ 2Cδ . (2.6)

D’autre part, on sait que Uk(τ
i0−1
k ) est borné dans D(A) et donc que Uk(t) est de classe

C1([σi0
k , τ

i0
k ], X) ∩ C0([σi0

k , τ
i0
k ], D(A)). En faisant tendre δ vers 0 dans (2.6), on trouve que

∂tUk(t) est borné dans X pour t ∈]σi0
k , τ

i0
k ]. Puis en écrivant AUk(t) = ∂tUk(t) − F (Uk(t)),

que Uk(t) est borné dans D(A), uniformément en k et t ∈]σi0
k , τ

i0
k ]. Ceci contredit (2.3) et

finit la démonstration du théorème 1.6.

3 Un nouvel exemple d’équation des ondes amorties

de type gradient

Le théorème énoncé dans ce paragraphe n’est que le rapprochement de trois résultats
tirés des articles [9], [6] et [2]. Il permet de donner un nouvel exemple de système de type
gradient pour la classe des équations des ondes amorties.
Soit Ω un ouvert borné régulier de Rd (d = 2 ou 3). Soit γ une fonction positive et bornée
sur Ω et soit f(x, u) une fonction de classe C∞(Ω×R,R) que l’on suppose analytique en u
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et sous-critique, c’est-à-dire qu’il existe C > 0 et α ≥ 0 si d = 2 ou α ∈ [0, 1[ si d = 3 tels
que

|f ′′
uu(x, u)| ≤ C(1 + |u|α) et |f ′′

ux(x, u)| ≤ C(1 + |u|3+α) . (3.1)

On pose X = H1(Ω) × L2(Ω) (resp. X = H1
0(Ω) × L2(Ω)) et on considère le système

dynamique S(t) engendré par l’équation des ondes amorties






utt(x, t) + γ(x)ut(x, t) = ∆u(x, t) + f(x, u(x, t)) (x, t) ∈ Ω × R+
∂u
∂ν

(x, t) = 0 (resp. u(x, t) = 0) (x, t) ∈ ∂Ω × R+

(u, ut)(x, 0) = (u0, u1) ∈ X
(3.2)

Soit A l’opérateur linéaire associé à (3.2) et défini par

A =

(

0 Id
∆ −γ

)

D(A) = H2(Ω) × H1(Ω) (resp. D(A) = (H2(Ω) ∩ H1
0(Ω)) × H1

0(Ω)) .

Nous supposons que la condition géométrique suivante est vérifiée : il existe une longueur
L > 0 telle que toute géodésique de longueur L (i.e. toute ligne droite de longueur L
rebondissant sur les bords de Ω selon la loi de Descartes) rencontre le support de γ(x).
D’après [2], ceci est équivalent à l’existence de deux constantes strictement positives M et
λ telles que, pour tout t ≥ 0, ‖eAt‖L(X) ≤ Me−λt. Comme f est supposée sous-critique,
cela entraine que S(t) est un système asymptotiquement compact.
Dans le paragraphe 3.3 du chapitre 2, nous avons vu que, si l’on impose des conditions
géométriques plus fortes, S(t) est un système gradient. Le but de ce paragraphe est de
montrer que, dans le cas particulier d’une fonction f ∈ C∞(Ω × R,R) et analytique en u,
la condition géométrique de [2] est suffisante.

Théorème 3.1. On suppose que f est de classe C∞(Ω×R,R), est analytique en u et vérifie

lim sup
u→±∞

sup
x∈Ω

f(x, u)

u
< 0 . (3.3)

Alors le système S(t) engendré par l’équation (3.2) est de type gradient, c’est-à-dire qu’il
vérifie les propriétés suivantes :
i) tout point U0 ∈ X a un ensemble ω−limite qui est contenu dans l’ensemble E des points
d’équilibre.
ii) tout point U0 ∈ X, dont la trajectoire négative est bornée, admet un ensemble α−limite
qui est contenu dans E .
Si de plus, les points d’équilibre sont isolés, alors ces ensembles α− et ω−limite sont
restreints à un seul point d’équilibre.

Démonstration : Nous rappelons que la fonctionnelle

Φ :

(

X −→ R

(u, v) 7−→ 1
2
(‖u‖2

H1 + ‖v‖2
L2) −

∫

Ω

∫ u(x)

0
f(x, ξ)dξdx

)

(3.4)
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décroit le long des trajectoires. De plus, (3.3) implique qu’il existe une constante C telle
que 1

2
‖U‖2

X − C ≤ Φ(U). D’autre part, (3.1) entraine que Φ est bornée sur les bornés de
X. En particulier, la trajectoire positive de tout ensemble borné est bornée.
En utilisant le principe de LaSalle et des arguments classiques, on obtient, dans les cas i) et
ii) du théorème, l’existence d’ensembles α− et ω−limite bornés, connexes, invariants par
le flot et sur lesquels Φ est constante. Tout ce qu’il reste à montrer, est que ces ensembles
sont composés uniquement de points d’équilibre.
Soit U0 un point de l’ensemble α− (resp. ω−limite). Par la propriété d’invariance, on
peut prolonger la trajectoire positive de U0 en une trajectoire complète (U(t))t∈R qui est
contenue dans l’ensemble α− (resp. ω−limite) et qui est donc bornée et sur laquelle Φ est
constante. En utilisant le résultat de [6], on montre que, puisque f(x, u) est analytique
en u et U(t) est bornée sur R, U(t) est analytique en temps à valeurs dans X et U(t) ∈
C0(R,Hk+1(Ω) × Hk(Ω)) pour tout k ≥ 0.
D’autre part, en posant U(t) = (u, ut)(t), on a

d

dt
Φ(U(t)) = −

∫

Ω

γ(x)|ut|2 .

Donc v = ut est nulle sur le support de γ et vérifie l’équation

vtt(x, t) = ∆v(x, t) + f ′
u(x, u(x, t))v(x, t) .

D’après le résultat de régularité précédent, h(x, t) = f ′
u(x, u(x, t)) est de classe C∞(Ω×R,R)

et est analytique en t. Le résultat de [9] montre alors que la nullité de v se propage et donc
que v(x, t) est identiquement nulle sur Ω×R. Comme v = ut, cela implique que U0 est un
point d’équilibre. �

Remarque : Nous soulignons que S(t) n’est pas un système gradient au sens du cha-
pitre 2. En effet, nous avons montré que, si U(t) est une trajectoire définie et bornée sur
tout R, sur laquelle la fonctionnelle de Lyapounov est constante, alors U(t) est un point
d’équilibre. Pour obtenir le caractère gradient au sens du chapitre 2, il faudrait généraliser
cette implication à toutes les trajectoire définies et bornées sur R+.
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Abstract :
This thesis concerns the qualitative study of the dynamics of the damped wave equations
on a bounded domain Ω ⊂ Rd. We begin with a chapter describing the various notions of
stability and reviewing the known results.
In the next chapter, we prove the genericity, with respect to the non-linearity, of the Morse-
Smale property for the one-dimensional wave equation with internal damping γ(x) (WEID)
and the one with boundary damping g(x)⊗δx∈∂Ω (WEBD). The proof mainly uses accurate
properties of the asymptotic behaviour of the functions t 7→ u(x0, t), where u is a bounded
solution of either Equations (WEID) or (WEBD), or their adjoint equations, and where x0

is a fixed point of Ω. This asymptotic behaviour is deduced from the spectral properties of
the linearized operator around an equilibrium point. In particular, the eigenvectors of this
operator form a Riesz basis and its eigenvalues are generically simple.
The last part of this thesis concerns the study of the convergence of the dynamics of Equa-
tion (WEID) to the ones of Equation (WEBD) when the sequence of internal dampings
γn(x) converges to g(x) ⊗ δx∈∂Ω in the sense of distributions. In dimension d = 1, we
show that the dynamics of (WEID) converge to the ones of (WEBD). In dimension d ≥ 2,
weaker results of convergence of attractors are obtained. The perturbation studied here is
singular and thus, some classical results of stability have to be generalized. To obtain the
best results of convergence, one has to show that the linear semigroups associated with
(WEID) decay with an exponential rate ‖eAnt‖X ≤ Me−λt, uniformly with respect to n.
In this thesis, we present a complete study of this uniform exponential decay in dimension
d = 1.
These results show in particular the relevance of the model of the wave equation with
boundary damping.

Key-words : damped wave equation, stability of dynamics, attractors, boundary dam-
ping, Morse-Smale property, transversality, singular perturbations.



Résumé :
Cette thèse a pour sujet l’étude qualitative de la dynamique des équations des ondes amor-
ties sur un domaine borné Ω ⊂ Rd. Outre un chapitre de présentation des notions de
stabilité de la dynamique et des travaux antérieurs, cette thèse s’articule autour de deux
parties principales.
Dans la première partie, on démontre, en dimension d = 1, que la propriété de Morse-Smale
est générique par rapport à la non-linéarité, pour l’équation des ondes avec amortissement
interne γ(x) (EOAI) et celle avec amortissement sur le bord g(x) ⊗ δx∈∂Ω (EOAB). La
démonstration utilise des propriétés fines du comportement asymptotique des fonctions
t 7→ u(x0, t), où u est une solution bornée des équations (EOAI), (EOAB) ou de leurs
équations adjointes et où x0 est un point fixé de Ω. Ce comportement asymptotique se
déduit principalement des propriétés spectrales de l’opérateur linéarisé autour d’un point
d’équilibre. En particulier, les vecteurs propres de cet opérateur forment une base de Riesz
et ses valeurs propres sont génériquement simples.
La deuxième partie de cette thèse concerne l’étude de la convergence de la dynamique
de l’équation (EOAI) vers celle de l’équation (EOAB) quand la suite d’amortissements
internes γn(x) tend vers g(x) ⊗ δx∈∂Ω au sens des distributions. En dimension d = 1, on
montre que la dynamique de (EOAI) converge vers celle de (EOAB). En dimension d ≥ 2,
des résultats un peu plus faibles de convergence des attracteurs sont obtenus. La pertur-
bation étudiée ici est irrégulière et on doit donc généraliser certains théorèmes classiques
de stabilité. Pour obtenir les meilleurs résultats de convergence, il faut montrer que les
semi-groupes linéaires associés à (EOAI) satisfont à une décroissance de type exponentiel
‖eAnt‖X ≤ Me−λt, uniformément en n. Dans cette thèse, on fait l’étude complète de cette
décroissance exponentielle uniforme en dimension d = 1.
Ces résultats permettent entre autres de justifier le modèle de l’équation des ondes amor-
ties sur le bord.

Mots-Clés : équation des ondes amorties, stabilité de la dynamique, attracteurs, amor-
tissement sur le bord, propriété de Morse-Smale, transversalité, perturbations singulières.
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