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ν : z = a+ ix −→ νa(x)

� �
"L½���¦´��¬Å�	� � ½��L�
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ω
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" � ±	� ��¥8"¼�	¥y")� ²�³´���$!�" �#¥��

(̂Mf)a ∈ S(R)′
» � ��¥y� M ∈ Mω, a ∈ Iω

�·"
f ∈ C∞

c (R)
µ��^�	¥��H"¼�
±	³´"
��!��S� ! � �
� ¬Å³´�$�

¦´�1«$±	�Ð���$�Ð� � �$�
±Ä"¼� ¥��
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c (R)
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"
³§� �����D«$�I«¾½�± � ³¿"¼�
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³ ���D���$� � �
� � �
³§�·"¼�$�B�
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�
���#¥�� � ��¥��K"
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M ∈ Mω
»_³´¦@�ÃÈl³§�
"
� ¥�!y�Æ�
¥�³¿"¼�

(φn)n∈N ⊂ C∞
c (R)

"¼� ¦§¦§� �#¥��
M

� �
"�¦§±1¦´³§¬�³´"¼� � ��¥�� ¦Á±
"
� � �	¦§��Ê�³´�I¶+�	�
"¼�&���$�D� � �$�
±Ä"¼� ¥��
������¦§± �
¥y³´"¼�

(Mφn)n∈N

»j��

Mφn : f −→ f ∗ φn

�$�W"D¦§�
¬®¥y¦´"¼³ � ¦§³´«ª±Ä"
�$¥��}�
¥��

L2
ω(R)

±	�
�
��«$³§�I%
φn

µ�FS� � ¦§¥y�$»�!��	¥��^�y³§� � ���
��!��B���Ç¥�!~« ��!�"¼����¦§���
¥��O¦Á±
!��	�
¬����y�

Mφn

µ{qQ¥�³§� »{��±	!��D¦§±:�
�$«·"¼³§�	!º©y»{Ê����	« �Ð% � ¦§¥��
³§�$¥y�
��¦§� ¬Å¬��$�H"
�$«¾½�!y³��#¥��$� »E!���¥��
¬���!�"¼�
��!�� �#¥��

|φ̂(α)| ≤ ‖Tφ‖, ∀φ ∈ C∞
c (R), ∀α ∈ Aω.

�L��¥��O���$�y¥�³§�
��!��B����« �$�O�
� �
¥�¦¿"¾±Ä"
�$»�%�¦§±&�
� « "¼³´��!T¯l»y¦´�S"¼½y�$���
°$¬���«$��!�« �$�
!�±	!�"L¦§�$�K¬®¥�¦´"
³ � ¦´³¿Â
«$±Ä"¼� ¥��
�L�
¥��

L2
ω(R)

�$!y��!�«$�I«$³ Âz��� �
�
��¥��$µ

����������	�

�x�lµ´¨��������<�
ω � ������� ��! ! �,# R

��� ! ���<�
M ∈ Mω.

1 )�� �0/
(Mf)a ∈ L2(R) . ��� �$# f ∈ C∞

c (R)
���
a ∈ Iω %

2 ) * � �$# a ∈ Iω . � ( �213�4!��-� � �6� 79���6:�� �����
νa ∈ L∞(R)

�-� (<( � = � �
(̂Mf)a(x) = νa(x)(̂f)a(x), ∀f ∈ C∞

c (R), p.p.

? � � ( � ! . ���0/ ‖νa‖∞ ≤ Cω ‖M‖, ∀a ∈ Iω %
3 ) ���

R−
ω < R+

ω . � ( �213�4!��-� � �6�879���6:�� �����
ν ∈ H∞(

◦
Aω)

�5� (<( � = � ���
M̂f = νf̂ , ∀f ∈ C∞

c (R),

���
M̂f (x+ ia) = (̂Mf)a(x)

��� �,# a ∈
◦
Iω . f ∈ C∞

c (R) %
4 ) spec(Sω) = {z ∈ C |R−

ω ≤ |z| ≤ R+
ω } %

FH±Ä!��S« �&«¾½�± � ³´"¼�
� !y��¥��H±Ä¦§¦§�	!��B� "
¥���³§� �S±Ä¥��
�
³_¥�! � �
�	­�¦§° ¬Å�I±	�
�
�$Ì&�
³§¬�³§¦§±	³§�
�	µyAH!~��³´�¼±
�#¥��

δ
�$�W"Å¥y! � ��³§�����
¥��

R+ = [0,∞[
�
³
δ

� �
"Å¥�!��)¶+��!�«·"¼³´��!6¬Å� �
¥��
±	­�¦§�Ä»Q�
"
�
³§«·"¼� ¬Å� !#"
� ���
³¿"¼³¿²����
¥y�

R+ ²��$�
³ ��±Ä!#"L¦´�$� � �
� � �
³´� "
�$�O�
¥�³¿²Ä±	!�"¼�$�D�

� �lµ�© 	
0 < sup essy≥0

δ(x+ y)

δ(y)
< +∞, pour x ≥ 0,

� �



�Í�lµ ¯�	
0 < sup essy≥0

δ(y)

δ(y − x)
, pour < +∞ x < 0.

�^�	"
�
�I��­��
�$«·"¼³¿¶Q�$�W"S��� ���$¬���!�"¼�
�$�L¥�!T"
½��$�	�
°$¬��&�y� �
� � �
�$�
� !�"¾±Ä"
³§��! � ��¥��L¦§� �^� � � �¼±Ä"
�$¥��
�
����É-³§�$!y�$�WÂzR^� � ¶��
¥��O¦Í�Ç�$� � ±	«$�

L2
δ(R

+) :=
{
f mesurable sur R+ |

∫ +∞

0

|f(x)|2δ(x)2dx < +∞
}
.

Uz¦b� �
"S«$¦Á±Ä³§� �#¥��&¦ ��� � � ±	« � L2
δ(R

+)
�$�W"H¥�!Z� � � ±Ä«$�®���&R^³´¦§­|�$�
"L�
³b�	!Z¦§�I¬®¥�!�³¿"L���&¦§±Ð¶+���
¬Å�

�
�$���#¥�³§¦´³§!��$±	³§�
�H��� ��!�³§� � ±	�B¦§±®¶+���
¬®¥y¦§�

< f, g >:=< f, g >δ=

∫

R+

f(x)g(x)δ(x)2dx, ∀f ∈ L2
δ(R

+), ∀g ∈ L2
δ(R

+).

A�!:��� ��!�³¿"ª» � ��¥�� a ≥ 0
»

Ua,δ : L2
δ(R

+) −→ L2
δ(R

+)

� ±	�B¦Á±&¶+�	�
¬®¥�¦´���

Ua,δf(x) = f(x− a), p.p pour x ≥ a, Ua,δf(x) = 0, pour 0 ≤ x < a.
A�!:��� ��!�³¿"ª» � ��¥�� a > 0

»

Va,δ : L2
δ(R

+) −→ L2
δ(R

+)
� ±	�B¦Á±&¶+�	�
¬®¥�¦´���

Va,δf(x) = f(x+ a), p.p. pour x ≥ 0.
q_���
��!��

δ̃+(a) = ‖Ua,δ‖, ∀a ≥ 0
� "

δ̃+(a) = ‖V−a,δ‖, ∀a < 0.
V�¥�±	!���³§¦�!�� ¸�± � ±	�}�y�^�
³§� �#¥��L���L«$��!l¶+¥��
³´��!�»�!���¥y�}� «$�
³´�
��!y�

Ua
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�$� � µ Va

	g±	¥Å¦´³§� ¥��y�
Ua,δ� �
� � � µ Va,δ
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U
� �
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U1
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�$� � µ V1

	·µ�AH!1��� ��!y³´"

P+ : L1
loc(R) −→ L1

loc(R
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� ±	�@¦Á±H¶+���
¬&¥�¦§�D�
P+f(x) = f(x), � µ � µ x ≥ 0

�·"
P+f(x) = 0

» � ��¥y� x < 0
µ#�·"K��!Å��� ��!�³´"

P− : L1
loc(R) −→ L1

loc(R
−)

� ±	�B¦Á±&¶+�	�
¬®¥�¦´���
P−f(x) = f(x), � µ � µ x ≤ 0

� "
P−f(x) = 0

» � ��¥�� x > 0
µ

� ���������	�
�<��� �lµ¿¨ �
���0� � ��# / �5� �,# T ∈ B(L2
δ(R

+))
� !��@/������ ( � � � ��# / �5� �$# �,��� �����6� # 
�>� � 7"!��

VaTUaf = Tf, ∀a ∈ R+, ∀f ∈ L2
δ(R

+).
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δ = 1
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Tf = P+(µT ∗ f), pour f ∈ C∞
c (R+).
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� �lµ ��	
Tf = P+F−1(hf̂), pour f ∈ L2(R+).
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R
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"
�$¦ �#¥��
ω|R+ = δ

µ��^�$±	!�¬���³§!y��¦§� �L¬�� "
½������$�O���·²��$¦´� ��� �$� � � ��¥��O¦§� �B¬®¥�¦¿"¼³ � ¦§³§«$±Ä"¼� ¥��
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¥��
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��³ �j° �
� !#"$µ��^��¥y�L�	­y"¼� !���!��L¦§���
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�
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��!y�

r+
δ = lim

n→+∞
δ̃+(n)

1
n , r−δ = lim

n→+∞
δ̃+(−n)−

1
n ,

Jδ := [ln r−δ , ln r
+
δ ], Ωδ := {z ∈ C | Im z ∈ Jδ},

cδ = exp

∫ 2

1

2 ln δ̃+(u)du.

����������	�

�x�lµ � �������������
δ � ������� ��!"! �$# R+ ���

T ∈ Wδ %'&"( � # !
1 )+* � �,# �-� � �

a ∈ Jδ . ���0/
(Tf)a ∈ L2(R+) . ��� �,# f ∈ C∞

c (R+).

2 )+* � �,# �-� � �
a ∈ Jδ

� ( �213�4!��5� � �6�879���6:��;�����
νa ∈ L∞(R)

�-� (<( �>= � �
(Tf)a = P+F−1(νa(̂f)a), pour f ∈ C∞

c (R+).

3 )>? �@� ( � ! . !��
r−δ < r+

δ . � ( �213�4!��5� � �6�A79���6:�� �����
ν ∈ H∞(

◦
Ωδ)

�-� (<( �
= � �B��� �,# �5� � �
a ∈

◦
Jδ

ν(x + ia) = νa(x), p.p sur R+

��� ‖ν‖∞ ≤ cδ‖T‖.

�5C



������� ��� ��� � ��� � 
 � �	� � � `
� � ��a � � �Ec 
 �Ec L2
ω(R)

� � �
����
 ��� `
� ��
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¥y�
R
µ

��
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� ���
�{Yl��³¿"
ω(x) = 1

» � ��¥�� x < 0
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ω(x) = ex
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³§!���!jµ�NS¦´���
�B��!1±

‖Sa,ω‖ = ea, ∀a ∈ R.
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ω
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ω > R−

ω

µ
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ω(x) = ex

» � ��¥y�S"¼��¥l"
x ∈ R
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ω = e
µ
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ω(x) = ex
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γ(x) = ln(ω(x)) p.p.
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��³¿"

b(t) := sup essx∈R |γ(x+ t) − γ(x)|, ∀t ∈ R.
F&� ± � �
° � �Í�lµ¿¨ 	Ã»b�	!�±

b(t) < +∞ » � ��¥��D"¼��¥y"
t ∈ R
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E = {t ∈ R | b(t) ≤M}
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E
�$�W" ��!y³§�	µbAH! � �	�
� g(x) = χE ∗ χ−E(x)

» � ��¥���"
��¥y"
x ∈ R

»{��

χE

�$�
" ¦Á±Æ¶+��!y« "¼³´��!
«$±	�¼±	«·"¼� �
³§�W"¼³ ��¥y�I�y�

E
µ�C{���
¥ ��� ���W"^�y�

g
�$�W"L«$��!�"¼� !#¥~��±	!y�

E1 = {t ∈ R | t = t1 − t2, t1 ∈ E, t2 ∈ E}.
CE±1¶+�	!�« "
³§��!

g
�$�W"®«$�	!#"
³§!#¥��Å«ª±	�I«	�Ç�$�W"�¦Á±:«$��!�²	��¦§� � ���Ç¥�!���¶+��!�«·"¼³§�	! ���

L1(R)
±ª²�� «Æ¥�!��

¶+��!y« "¼³´��!G���
L∞(R)

µ�?K�	¬Å¬��
g(0)

� �
")� Ê�±	¦H%x¦Á± ¬��$�
¥��
�Z�y�
E

» �#¥�³S� �
":�
"
�
³´« "¼� ¬Å� !�"
� ���
³¿"¼³¿²��	» g � �
"K�
"¼�
³§«·"¼�$¬��$!�" � �	�
³´"
³´²	�L�
¥��K¥y!Å²��	³§�
³´!�±	Ê��L���

0
�·"
E1

«$�	!#"
³§� !#"}¥�!Æ³´!�"¼�$�W²Ä±	¦§¦´�
��¥l²��$�W"S!y��!1²�³´���	µ�?K�	¬Å¬��

b
�$�W"L�
��¥��\Â\±	�y��³´"
³´²��Ä»���!T± � ��¥y��"¼��¥y"L« ��¬ � ±	« " K ���

R

� �lµ ��	
sup
x∈K

b(x) < +∞.

qb���
��!y�
M0 = supx∈[−1,1] b(x).

AH!��yÈl�
a > 0

µ�AH!:²Ä±Ð¬���!�"¼�
�$� �#¥��

sup essx∈[−a,a] |γ(x)| < +∞.

Yl�	³´"
Ma

"
�$¦ �#¥�� |b(t)| ≤ Ma
� ��¥���"¼�	¥y"

t ∈ [−2a, 2a]
µ|Yl��³¿"

Ja =
{

(x, t) ∈ [−a, a] × [−2a, 2a] | |γ(x + t) − γ(x)| > Ma

}
.

AH!T± ∫ 2a

−2a

(∫ a

−a χJa dx
)
dt = 0

� "L����± � �
°$�O¦§�H"
½��$�	�
°$¬��D���I]�¥�­�³§!y³j��!1��­y"
³§�$!�"

∫ a

−a

(∫ 2a

−2a

χJa dt
)
dx = 0.

?K� ¦Á±�³§¬ � ¦§³ �#¥�� �#¥�� � ��¥�� � �
� � �#¥��D"¼��¥y"
x ∈ [−a, a] »��	!T± |γ(x+ t)− γ(x)| ≤ Ma,

� ��¥��
� �
�$����¥y� "¼�	¥y"

t ∈ [−2a, 2a].
AH! �lÈy�

x0 ∈ [−a, a] � ��¥y�B¦§���#¥�� ¦{��!T±

|γ(x0 + t) − γ(x0)| ≤ Ma

� ��¥�� � �
�$� �#¥��D"¼�	¥y"
t ∈ [−2a, 2a]

�·"L��!T�	­y"¼³´�$!�"

|γ(x0 + t)| ≤ Ma + |γ(x0)|,
� ��¥�� � �
�$���#¥��Æ"¼��¥l"

t ∈ [−2a, 2a].
NS³´!��
³ »E��!6± |γ(z)| ≤ |γ(x0)| + Ma,

� ��¥y� � �
�$� �#¥��
"
��¥y"

z ∈ [−a, a]. ?K� ¦Á±Ð³§¬ � ¦§³ �#¥����#¥��
γ

�$�W"S¦´�l«$±	¦§� ¬Å� !#"�³§!�"¼� Ê��¼±	­y¦§�	µ|AH! � � ¥y"^��� ��!y³§�O¥�!
� ��³§�y� ω0

» � ±	�O¦Á±&¶+���
¬®¥�¦´�®�

� �lµ ��	
ω0(x) = exp

(∫ 1
2

− 1
2

γ(x + u) du
)
, ∀x ∈ R.

� �



CE� � �	³§��� ω0

� �
"Q« ��!�"¼³´!�¥jµ�AH! � ���
� γ0(x) = ln(ω0(x))
µÄCE±^¶+��!�«·"¼³´��!

γ0

�$�W"Q¦§³ � "¼«¾½�³¿"¼Ì ³§�$!y!��	µ
>g!1� ��� "$» � �	¥���"¼��¥l"

x ∈ R
�	!~±

γ0(x) =

∫ 1
2
+x

− 1
2
+x

γ(t) dt

� "

γ0
′(x) = γ

(1

2
+ x

)
− γ

(
x− 1

2

)
p.p.

FS� � ¦§¥�� »���!1±

γ0(x+ t) − γ0(x) =

∫ x+t

x

γ0
′(u) du, pour tout x ∈ R, pour tout t ∈ R,

«ª±	�
γ0

�$�
"^±	­y�
��¦´¥�¬Å� !�"O«$��!�"¼³´!#¥��	µ|?K��¬�¬��

sup essx∈R|γ0
′(x)| = b(1) ≤M0,

��!:��­y"¼³´�$!�"

�Í�lµ¿¨¹� 	 |γ0(x+ t) − γ0(x)| ≤M0|t|, ∀x ∈ R, ∀t ∈ R.

FS� � ¦§¥�� »���!1±

ω̃0(y) = sup
x∈R

exp (γ0(x + y) − γ0(x)) ≤ eM0|y|, ∀y ∈ R,

��� ± � �
° � � �lµ¿¨¹� 	·µyNS³§!y�
³Í» � ��¥y��"¼��¥y"
K

«$��¬ � ±	«·"O���
R

��!T±)�

�Í�lµ¿¨�¨ 	
sup
y∈K

ω̃0(y) < +∞
� "L¦§� � ��³´��� ω0

²	�$�
³ ���D¦Á± � �
� � �
³´� "
���

�Í�lµ¿¨Ï��	
lim

n→+∞
sup
|y|≤ 1

n

ω̃0(y) = 1.

FS� � ¦§¥�� »�¦§� � ��³§�y� ω0

� �
"L���#¥�³¿²	±Ä¦§�$!�"^±	¥ � ��³§��� ω µ�>g!1� ��� "$»���!T±

ω0(x)

ω(x)
= exp

(∫ 1
2

− 1
2

γ(x+ u) − γ(x)du
)

≤ exp
(∫ 1

2

− 1
2

M0 du
)

= eM0 p.p.

FS�D¬�� ¬Å�Ä»���!1±
ω(x)

ω0(x)
≤ eM0 p.p.
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��!y�
βω = sup essx∈R

ω0(x)
ω(x)

µ�AH!~±

βω = exp

∫ 1
2

− 1
2

sup essx∈R (γ(x + u) − γ(x)) du

= exp

∫ 1
2

− 1
2

ln ω̃(u) du.

AH!1�
�$¬Å±	����¥y� �#¥��

sup essx∈R

ω(x)

ω0(x)
= exp

∫ 1
2

− 1
2

ln ω̃(−u)du = βω

�·"^�	!~±

β−1
ω ω(x) ≤ ω0(x) ≤ βω ω(x) p.p.

?K��¬�¬��L¦´� � ��³´��� ω � �
"�� �#¥�³´²Ä±	¦´�$!�"}% ¥�! � ��³´���g«$��!�"
³§!#¥�»
ω

²	�$�
³ ���L¦Á± � �
� � �
³´� "¼�L�
¥y³´²Ä±	!�"¼�I�

� �lµ´¨ª� 	
0 < inf essy∈K ω(y) ≤ sup essy∈K ω(y) < +∞, pour tout K compact de R.

FS� � ¦´¥��$»��j� ± � �
°$� �Í��µ´¨�¨�	·»���!:��­l"¼³§� !�"D�

� �lµ´¨$© 	
sup
y∈K

ω̃(y) < +∞, pour tout K compact de R.

CQ�Ç���#¥�³´²Ä±	¦´�$!�« �Q�$!�"¼�
�
ω

�·"
ω0

³´¬ � ¦§³��#¥�� �#¥��
L2
ω(R) = L2

ω0
(R)

µ$q_��¥y�
T ∈ Bω = B(L2

ω(R))
»

��!1!��	"
�

‖T‖Bω := sup
f∈L2

ω(R), f 6=0

‖Tf‖ω
‖f‖ω

et ‖T‖Bω0
:= sup

f∈L2
ω(R), f 6=0

‖Tf‖ω0

‖f‖ω0

.
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�
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¬��S�y�
T

�
� �¼±®!��	"
�$� ‖T‖. AH!Æ�
�$¬Å±	� �#¥����#¥��

βω
−2 ‖T‖Bω ≤ ‖T‖Bω0

≤ βω
2 ‖T‖Bω .

?K� ¦Á±Ð³§¬ � ¦§³ ��¥y�

R+
ω = R+

ω0
, R−

ω = R−
ω0

�·"^¦´�$�O­�±	!y���$�
Aω

� "
Aω0

±Ä�
�
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ω0

�
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��! � � ¥y"g����!�«B�
±	!��
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ω
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"L«$��!�"
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 � � a � � � 
 � � � 
 � �	� � � `
� � ��a � � �Ec 
 �bc L2
ω(R)

���^�	¥��D±	¦§¦´��!��^¬ ±	³´!�"¼�·Â
!�±	!�"B± �y� �
�ªÈl³§¬��$�g¥�!Æ¬&¥�¦´"
³ � ¦´³§«ª±Ë"¼�$¥y�����

L2
ω(R) � ±	�@¥�!��S�
¥�³´"
�S���Ç� � �$�
±Ä"¼� ¥��
�}���S« ��!�²���¦´¥lÂ

"¼³§�	!:±¹²	�$«I���$�O¶+��!�«·"¼³´��!��B���
C∞
c (R).

qb��¥��
K ⊂ R

«$��¬ � ±	«·"O��! � ���
�

C∞
K (R) = {f ∈ C∞

c (R) | supp f ⊂ K}.
Yl��³´"

H1(R) = {f ∈ L2(R) | f ′ ∈ L2(R)},
¦Á±®��� �
³´²	�$�I� "¼±	!�"^«$±	¦§« ¥�¦§� �D±	¥:�
� !��^�y�$�L��³§�W"¼�
³´­�¥y"
³§��!�� µ�Yl�	³´"

ω
¥�! � ��³´���B�
¥y�

R
µ�AH! � �	�
�

ω∗(x) =
1

ω(−x) , ∀x ∈ R

� "

[f, g] := [f, g]ω =

∫

R

f(x)g(−x)dx,
� ��¥y� f ∈ L2

ω(R)
� "
g ∈ L2

ω∗(R)
µ�C{�$� ���$¥�È ¦´�$¬�¬Å� � �
¥�³´²Ä±	!�"
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� � �
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�:�lµ¿¨ �������<�
ω � �>����� ��! ! �,# R % �����������

M ∈ Mω

���
f ∈ C∞

c (R) % &"( � # ! M(f ′)� !�� ( / � ��# � ��� �>�,�
M(f)

/ � ! ��� ! �,� !>� �4!�� # � � � �;����� ! %
� c � ��� ����Yl��³¿"

(hn)n∈N

¥�!��H�
¥�³´"
�S�
�$�$¦´¦§� ��¥y³j«$�	!#²	�$�
Ê��H²�� �
�O�&�·"B�
��³¿"
f

��±	!��
C∞
c (R).NS¦§�	�
�B��!1±

∣∣∣(S−hnf)(x) − f(x)

hn
− f ′(x)

∣∣∣ ≤ 2‖f ′‖∞, ∀n ∈ N.
q�±	�O«$�	!#²	�$�
Ê��$!�« �&���	¬Å³´!��$�Ä»y��!1��­y"
³§�$!�"

lim
n→+∞

∥∥∥S−hnf − f

hn
− f ′

∥∥∥
ω

= 0

� "L«$� ¦Á±��$!�"¼�
±ÄÎÁ!y�

lim
n→+∞

∥∥∥M(S−hnf) −Mf

hn
−M(f ′)

∥∥∥
ω

= 0.
?K��¬Å¬��DP��$�W"^¥y!T¬®¥y¦´"¼³ � ¦§³´«ª±Ä"
�$¥�� »

lim
n→+∞

∫ +∞

−∞

∣∣∣(Mf)(x + hn) − (Mf)(x)

hn
− (M(f ′))(x)

∣∣∣
2

ω(x)2dx = 0

� " (S
−hnM)f−Mf

hn

« ��!�²�� �
Ê��Ð²�� �
�
M(f ′)

��±	!��
L2
loc(R)

µ{A�!2� !x��� ��¥�³¿" ��¥y��¦§±Æ���$�
³´²	�$�����

Mf
±	¥:�
�$!y�^��� �^�y³§�
"
�
³´­�¥y"¼³´��!���� �
"

M(f ′). �

� ��



�Æ��µ � �A�����<�
ω � ������� ��!8! �,# R % * � �,# �5� � �

M ∈ Mω . � ( �213�4!��5� � �6� � �4!�� # � � � � �����
µM

��� � # � # � � . �5� (<( � = � �
Mf = µM ∗ f . ��� �$# f ∈ C∞

c (R) %
!��
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� � �
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³§¦§³´�
� � ±	�DR � �
¬Å±	!���� � � «·¶\µ ��� � � 	^��±	!���¦§�&«ª±	�
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³ � ¦´³§«$±Ä"¼� ¥��^�
¥��

L2(R)
µbYl�	³´"

B
¦Á±)­|��¥�¦§��¥y!�³´"
�����

R
µEY���³´"
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³§��!��y�
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�
C∞ »E�$Ê�±	¦§�Å%º¨ ±	¥2²���³´�
³§!�±	Ê��Ð���Æ�:� "®%1�
¥ ��� ���
" ��±	!y�

B
µ_Yl³

f ∈ C∞
c (R)

»E��!�±

gMf ∈ H1(R)
µ�F^��!�«

gMf
� �
"^�$Ê�±	¦´�

p.p.
%�¥y!�� ¶+��!y« "¼³´��!:«$��!�"
³§!#¥��I� "^��! � �$¥l"S��� ��!�³´�

(Mf)(0)
« ��¬Å¬���¦§±�²Ä±	¦´�$¥��Q�y�

gMf
�$!Å�yµ#Yl��³¿"

µM
¦Í��± ��� ¦§³§«$±Ä"¼³´��!&�
¥��

C∞
c (R)

��� ��!y³§� � ±	�

〈µM , f〉 = (Mf̃ )(0)
»���


f̃(x) = f(−x). �L��¥��^±	¦§¦´��!��B��� ¬Å��!�"
�
�$� �#¥��&¦ � ± ��� ¦§³´«ª±Ä"
³§��! µM� �
"D¥�!��&��³§�W"¼�
³´­�¥y"
³§��!�µ|AH!Z²Ä±Æ± �y� ¦§³ ��¥y�$�S¦´�&¦´�$¬�¬Å�I���ÐYl�	­���¦´� ² � «·¶\µ �������Í» � µ´¨ ��À 	^%
gMf̃

µ
�L��¥��^±¹²	��!��

|(Mf̃)(0)| = |(gMf̃)(0)| ≤ C0

(
‖gMf̃‖L2(B) + ‖(gMf̃)′‖L2(B)

)
,

��

C0 > 0

!��D��� � � !�� � ±	�O���
f
µ�?K� ¦Á±�¬Å�	!#"
�
� �#¥��Ç³§¦��ÃÈl³§�
"
�D¥�!��D«$��!y�
"¾±Ä!#"
�

C
"¼� ¦§¦§� ��¥y�Å�

|(Mf̃)(0)| ≤ C
((∫

|x|≤1

|(Mf̃ )(x)|2dx
) 1

2

+
(∫

|x|≤1

|(Mf̃)′(x)|2dx
) 1

2
)

�·"S±ª²	�$«I¥�!�� ±	¥y"¼�
��«$��!y�
"¾±Ä!#"
�
C̃ > 0

��!1��­y"¼³´�$!�"ª»yÊ����	« �I% � �lµ¿¨¹� 	S�

|(Mf̃)(0)| ≤ C̃
(
‖Mf̃‖ω + ‖M(f̃ ′)‖ω

)
≤ C̃‖M‖

(
‖f̃‖ω + ‖f̃ ′‖ω

)
.

Yl�	³´"�� ¥y!T« ��¬ � ±	« "O���
R
µ|Yl³

f ∈ C∞
c (R)

��!T±:�

|(Mf̃)(0)| ≤ C(K)
(
‖f̃‖∞ + ‖f̃ ′‖∞

)
,

��

C(K)

!y� ��� � � !�� �#¥�� ���
K

� "&����!�«Å¦Í��± ��� ¦´³§«$±Ä"¼³´��! µM : f −→ (Mf̃)(0)
�$�W"®¥�!y�

��³´�
"
�
³§­y¥y"¼³´��!�µ�AH!T±)�

(Mf)(y) = S−y(Mf)(0) = (MS−y)(f)(0)

=< µM,x, f(y − x) >, ∀f ∈ C∞
c (R), ∀y ∈ R.

AH!1«$��!�« ¦§¥y" �#¥��

Mf = µM ∗ f, ∀f ∈ C∞
c (R). �
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M
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¥ ��� �	�
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� � � ��� �	�
�<���8��µ � � �����<�
M ∈ Mω �

! � ����� # ��: ���"� /,:�� % � � /������ (<( � # /+!���� ��� ( �>�,�
M

( / 79���6:�� �����
µ̂M

� � 	8����� ! �$# C
� / # �
µ̂M(s) = 〈µM , e−isx〉.
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¸�¬®­|��¦§���y�
St

�$�W"
δ̂t(s) = e−its

µ|Yl³
φ ∈ C∞

c (R)
»�¦§���W¸l¬&­���¦´�����

Mφ

�$�W"
φ̂
µ
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ω � ������� ��! ! �,# R %�� � / (�� � � # � Mω

� !�� : ��� � � ��/ �;� � � %
� c � ��� ����qb��¥��

M ∈ B(L2
ω(R))

»���!:!��	"
�
M∗ ¦Í�Ç� � �$�
±Ä"¼� ¥��B�
¥��

L2
ω∗(R)

"¼� ¦ ��¥y�

[Mf, h] = [f,M∗h], ∀f ∈ L2
ω(R), ∀h ∈ L2

ω∗(R).

q_��¥��
M ∈ Mω

»
f

� "
h ∈ C∞

c (R)
»���!1±

(µM ∗ f) ∗ h = f ∗ (µM ∗ h).
?K�$¦Á±�� !#"
�¼±ÄÎ§!����

[Mf, h] = ((µM ∗ f) ∗ h)(0) = (f ∗ (µM ∗ h))(0) = [f,Mh]

� "
Mf = M∗f

» � ��¥���"
��¥y"
f ∈ C∞

c (R)
µ|Y���³´"

U ∈ Mω

µyNS¦§�	�
�B��!T±

[UMf, h] = [Mf,U∗h] = [M∗f, Uh] = [f,MUh], ∀f ∈ C∞
c (R), ∀h ∈ C∞

c (R).

FS��!�«
(MU)h = (UM)∗h = (UM)h, ∀h ∈ C∞

c (R)
�·"
MU = UM � �	¥��H"¼��¥l"

M
� "

"¼��¥y"
U

��±	!�� Mω

µ
�

	 � ��
���� �	�
�<������µ´¨ � �����������
ω � �0����� ��! ! �$# R

���
M ∈ Mω %�&"( � # ! � ( �213�4!��5� � �6�

! � �<�5�
(Yn)n∈N

�,� � � ( � � � ( ��: / �-� �,# ! � ! � ����� # � : ���"� /,:��8�-� (<( � = � �
lim

n→+∞
‖Ynf −Mf‖ω = 0, ∀f ∈ L2

ω(R)

��� ‖Yn‖ ≤ ‖M‖, ∀n ∈ N.

� c � ��� ���Oq_�	¥��
f ∈ L2

ω(R)
�·"
t ∈ R

» � ���
��!�� (Vtf)(x) = f(x)e−itx
» � ��¥��Ð"¼��¥l"

x ∈ R
µ�Uz¦K�
�$�
¥�¦´"
� ��¥�"
½��$���
°$¬��Æ���Æ« ��!�²�� �
Ê�� !�«$�:����¬�³§!y�$� �#¥��

(Vt)t∈R

�$�W"�¥�!5Ê��
��¥ � �
¶+���
"
�$¬��$!�"D«$��!�"
³§!#¥x�j��� � �$�
±Ä"¼� ¥��
�D�
¥��

L2
ω(R)

µbAH! �yÈl�
M ∈ Mω

µ{Yl��³´" T ¦ � ± �y� ¦§³´«ª±Ä"
³§��!
��� ��!y³§� � ±	�B¦§±&¶+���
¬®¥y¦§�®�

T : R −→ V−t ◦M ◦ Vt ∈ B(L2
ω(R))

NS¦§�	�
� T (t) ∈ Mω

» � ��¥y��"¼��¥y"
t ∈ R

µ�>Q!T���j�·"ª»

T (t)(Sa f)(x) = M(f(s− a)e−its)(x)eitx

= M(f(s− a)e−it(s−a)e−ita)(x)eitx = M(f(s− a)e−it(s−a))(x)eit(x−a)

= Sa(T (t)f)(x), ∀a ∈ R, ∀t ∈ R, ∀x ∈ R.
! !



FS� � ¦§¥y�$» ‖T (t)‖ = ‖M‖ » � ��¥��B"
��¥y"
t ∈ R

� " T (0) = M
µ|CQ� ± �y� ¦§³´«ª±Ä"
³§��! t −→ M ◦ Vt� �
"g«$�	!#"
³§!#¥�� � ��¥��_¦Á±^"
� � ��¦§��Ê	³§�Q¶+���
"
�K��� �Q� � �$�¼±Ë"¼�$¥y�
�$µ	F&��±	¥y"¼�
� � ±	�W"ª» Vt

� �
"Q¥�!y³´"¾±Ä³§�
� � ��¥��
"
��¥y"

t
�·" T � �
"^«$��!�"¼³´!#¥�� � ��¥y�B¦Á±&"¼� � ��¦´��Ê�³´�^¶+���W"¼�D���$�O� � �$�
±Ä"¼� ¥��
� µ�q_��¥y� n ∈ N

»��
��³§� !#"

gn(η) :=
(
1 −

∣∣∣η
n

∣∣∣
)
χ[−n,n](η), ∀η ∈ R

�·"

γn(x) =
1 − cos(nx)

πx2n
, ∀x ∈ R.

AH!�±
γ̂n(η) = gn(η), ∀η ∈ R, ∀n ∈ N.

CE±Å�
¥�³´"
�
(γn)n∈N

�$�
"S¥�!�� �
¥�³¿"¼�&�
�$Ê�¥y¦Á±	�
³§�¼±Ä!#"
�
«Ä��� �
"
Âz%ËÂz�y³§�
�

γn
� �
"L�
� �$¦§¦´� � ���
³¿"¼³´²	�	» ‖γn‖L1 = 1 � ��¥���"
��¥y"

n
� "

lim
n→+∞

∫

|x|≥a
γn(x)dx = 0, ∀a > 0.

AH! � ���
� Yn := (T ∗ γn)(0).
N^¦§���
� � ��¥y� f ∈ L2

ω(R)
»y��!T�	­y"¼³´�$!�"

lim
n→+∞

‖Ynf −Mf‖ω = 0.

qb��¥��
n ∈ N

� "
f ∈ L2

ω(R)
»��	!~±

‖Ynf‖2
ω = ‖(T ∗ γn(0))f‖2

ω

=

∫ +∞

−∞

∣∣∣
∫ +∞

−∞
(T (y)f)(x)γn(−y)dy

∣∣∣
2

ω(x)2dx

≤
∫ +∞

−∞

(∫ +∞

−∞
|(T (y)f)(x)|γn(−y)dy

)2

ω(x)2dx.

>Q!T± ��� ¦´³��#¥�±	!�"B¦ ��³´!��$Ê�±Ä¦§³´"
�^�y�&Ñ	� !��
� !Z%�¦Á±®¬��$�
¥��
�
γn(y)dy

� "L%�¦§±&¶+��!�« "
³§��!)« ��!�²��ÃÈy�
x2

�·"^� !T¥l"¼³§¦´³§�
±	!�"B¦§�H"
½��$���
°$¬������I]�¥�­�³§!y³Í»y�	!T��­l"¼³§� !�"

‖Ynf‖2
ω ≤

∫ +∞

−∞

∫ +∞

−∞
|(T (y)f)(x)|2γn(−y)ω(x)2dxdy

≤
∫ +∞

−∞
‖T (y)‖2‖f‖2

ω γn(y)dy ≤
∫ +∞

−∞
‖M‖2‖f‖2

ω γn(y)dy

= ‖M‖2‖f‖2
ω, ∀n ∈ N, ∀f ∈ L2

ω(R).
AH!�« ��!�«$¦´¥y" �#¥��

M
�$�W"®¦Á±1¦§³´¬Å³¿"¼� � ��¥��I¦Á±:"¼� � ��¦§�	Ê�³§�®¶+���W"¼�����$�&� � � �¼±Ä"
�$¥��
�&���Å¦Á±1�
¥�³¿"¼�

(Yn)n∈N

�·"��#¥�� ‖Yn‖ ≤ ‖M‖, ∀n ∈ N
µÏ�^�	¥���±Ä¦§¦§�	!���¬Å±	³§!�"¼� !�±	!�"b!���¥��E³´!#"
�$�
�$�
�
�$��%L¦§±O�y³§�WÂ

"
�
³§­y¥y"¼³´��!®±	�
�
��«$³´�$�B%
Yn

µ�Yl�	³´"
f ∈ C∞

c (R)
� "Q�
��³´"

n ∈ N
µ�>Q!��
� � �
� !�±	!�"Q¦ � ±	�
Ê�¥�¬��$!�"_����¦Á±

� �
�$¥y²	�S��¥�C{�$¬�¬��L�lµ´¨	»���!Ð¬Å�	!#"
�
� �#¥��L¦Á±H��� �
³¿²��$�O���
M(f̃ gn)

±	¥Ð�
� !��@���$�g��³´�
"¼�
³§­�¥l"¼³§�	!��
� �
"

M
(
(f̃ gn)

′
) µ�Y���³´"

g ∈ C∞
c (R)

¥y!��K¶+��!�«·"¼³´��!®�$Ê�±	¦§�K%&¨B±	¥®²	��³§�
³§!�±	Ê	�K���
0
� "g%S�
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"
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��±	!��
B

µ�NS¦´���
�
gM(f̃ gn) ∈ H1(R)

� "H��! � � ¥y"���� ��!�³´�
(M(f̃ gn))(0) = (gM(f̃ gn))(0).A�! � ���
�Ð�

〈µMgn, f〉 = (M(f̃ gn))(0).
>g!T± ��� ¦§³��#¥�±Ä!#"�¦§��¦§� ¬Å¬��H��� Yl�	­���¦´� ²Æ%

gM(f̃gn)
��!1��­y"
³§� !#"

|(M(f̃ gn))(0)| ≤ C0

(
‖M(f̃ gn)‖L2(B) + ‖

(
M(f̃ gn)

)′
‖L2(B)

)
,

��
 C0

� �
"O¥�!���« ��!��W"¾±	!�"¼��³´!���� � � !���±	!�"¼���y�
f
µ�q_±	��¦´�H¬�� ¬Å�^�¼±	³´�
��!y!��$¬��$!�"ª» �#¥�����±	!��B¦§±

� �
� ¥y²��I��¥TCE� ¬Å¬��I�lµ �l»���!:¬���!�"¼�
� ��¥j��³´¦{�·Èl³§�W"¼� C > 0
"¼� ¦§¦´���#¥��Å�

|(M(f̃ gn))(0)| ≤ C
(
‖f̃gn‖ω + ‖(f̃ gn)′‖ω

)
.

q_��¥��
f ∈ C∞

K (R)
»y��!T�	­y"¼³´�$!�"D�

|(M(f̃ gn))(0)| ≤ C(K)
(
‖f̃‖∞ + ‖f̃ ′‖∞

)
,

��
 C(K)
!y�1�y� � �$!�� ��¥y�1�y¥ « ��¬ � ±	« " K ⊂ R

µQA�! «$�	!�«$¦´¥y" �#¥��
µTgn

�$�W"�­�³§� ! ¥y!��
��³§�W"¼�
³´­�¥y"
³§��!<���Ç���
���
�6¨�µBUz¦D�$�W"~« ¦Á±	³´���#¥��

µMgn
�$�W"Z%6�
¥ �y� ���W"1«$��¬ � ±	«·"ªµO>�È � �
³´¬Å��!y�

¬ ±	³´!�"¼�$!�±	!�"
Yn

� !1¶+�	!�« "
³§��!)���
µMgn

µ��^�	¥��L±¹²	��!��

((T ∗ γn)(0)f)(y) =

∫ +∞

−∞
(T (−s)f)(y)γn(s)ds

=

∫ +∞

−∞
M(V−sf)(y)e−isyγn(s)ds

=

∫ +∞

−∞
〈µM,x, f(y − x)eis(y−x)〉e−isyγn(s)ds

=

∫ +∞

−∞
〈µM,x , f(y − x)e−isx〉γn(s)ds

= 〈µM,x , f(y − x)

∫ +∞

−∞
γn(s)e

−isxdx〉

= 〈µM,x , f(y − x)gn(x)〉 = 〈(µMgn)x, f(y − x)〉, ∀f ∈ C∞
c (R).

A�!:« ��!�«$¦´¥y" �#¥��

Ynf = µMgn ∗ f, ∀n ∈ N, ∀f ∈ C∞
c (R). �
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φ ∈ C∞

c (R)
»|��!Z��� ��!�³¿"

Mφ : f −→ φ ∗ f »��#¥�³_�$�
"H¦§�&¬&¥�¦´"
³ � ¦´³§«ª±Ë"¼�$¥y�B�
¥��
L2
ω(R)±	�
�
�l« ³§�Å%

φ
µ�AH! !��Ä"¼�

C∞
K (R)

¦Í�Ç�$� � ±	«$�Å���$� ¶+��!�« "
³§��!y� ���Å«$¦§±	�
�
�
C∞ �
¥��

R
%T�
¥ ��� ���W"

��±	!��O¦§��« ��¬ � ±	« " K µ|AH!:�
� ¬ ±Ä� �#¥�� �#¥�� � ��¥y� φ ∈ C∞
K (R)

»
g ∈ L2

ω(R)
»�¦Á±&¶+��!�«·"¼³´��!

R 3 x −→ φ(x)Sxg ∈ L2
ω(R)
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� �
"^¥�!�³´¶+�	�
¬��$¬��$!�"B«$�	!#"
³§!#¥��D�
¥y�
R

� "
∫

K

‖φ(x)Sxg‖dx ≤ ‖φ‖∞‖g‖ sup
x∈K

‖Sx‖m(K) < +∞.

AH!-«$��!y«$¦§¥l"���¥y� ∫
K
φ(x)Sxgdx

�$�W":¥�!��2³§!�"¼� Ê��¼±Ä¦§�Z���2s}�l«¾½�!y�$�:«$��!�²	�$�
Ê	�$!�"¼� � �	¥��)¦Á±
"
� � �	¦§��Ê�³´�K¶+���W"¼�B��� �}� � �$�
±Ä"¼� ¥��
��� «·¶\µ � � ��� »�?K½�± � ³¿"¼�
�L� 	Ãµ#�^��¥y�}±ª²	��!��$»#¦§±�¶+�	�
¬®¥�¦´���
¥y³´²Ä±	!�"¼�

� �lµ´¨¹¯�	
Mφ =

∫

R

φ(x)Sxdx.

>Q! ���j�·"ª»��
��³´"
K

¥�! �
��¥��WÂ��$� � ±	«$�L«$�	¬ � ±Ä« "@���
R
µ�A�!Å±

Mφ(C
∞
K (R)) ⊂ C∞

K+supp(φ)(R)
� "

¦§±&�
� �
"¼�
³§«·"¼³§�	! ��� ∫
G
φ(x)Sxdx

%
C∞
K (R) � �$¥l" � "
�
�H« ��!��
³´���$�
�$�H« ��¬�¬Å�L¥�!��H³´!�"¼�$Ê	�¼±	¦´�^���

sK��«¾½�!�� ���
¥y�
C∞
K (R)

%I²	±Ä¦§�$¥y�
�@��±	!��
C∞
K+supp(φ)(R)

µy?K��¬Å¬��O¦§� �K³§!�"
�$Ê��
±	¦§� �}���SsK��«¾½�!��$�
« ��¬Å¬&¥y"¼� !#"^±ª²�� « ¦´�$��¶+���
¬Å� �B¦§³´!��ª±	³´�
� ��«$��!�"
³§!#¥��$� »���!:��­y"¼³´�$!�"ª» � ��¥�� g ∈ C∞

c (R)
»

Mφg(x) = (φ ∗ g)(x) =

∫

R

φ(y)g(x− y)dy =

∫

supp(φ)

φ(y)(Syg)(x)dy

=
( ∫

supp(φ)

φ(y)Syg
)
(x), ∀x ∈ R

�·"}¦§±����$!��
³´"
�L�y�
C∞
c (R)

��±	!y�
L2
ω(R)

�$!�"
�¼±ÄÎ§!��O¦Á±H¶+���
¬&¥�¦§� �+©�µ�À 	·µ�AH!Ð�
� ¬ ±	���#¥�� ��¥y� � ��¥��

φ ∈ L1
ω̃(R)

¦Í�Ç� � �$�
±Ä"¼� ¥������D«$�	!#²	��¦§¥l"¼³§�	!:±¹²	�$«
φ

�$�W"^±	¥��
�
³{¥�!1¬®¥�¦´"
³ � ¦´³§«$±Ä"¼� ¥��g�
¥��
L2
ω(R)

µ
	��6� 
�� � �	�
�<� ���lµ � �"�����<�

ω � � ����� ��! ! �,# R % �����<�
M ∈ Mω. &"( � # !�� ( �213�4!��-� � �6�

! � �<�-�
(ψn)n∈N ⊂ C∞

c (R)
�5� (<( � = � �

lim
n→+∞

Mψn = M

/ � ! ��� ! �,� ( /��5� ��� ( � � ��� 79� # �-�>�,� !+� � ��# / �5� �$# ! . ���@�5� (<( � = � � ��� �,# �-� � �
n ∈ N . ��� /

‖Mψn‖ ≤ kn ‖M‖,
���

kn = sup|y|≤ 1
n
‖Sy‖.

� c � � � ����q_��¥y�}��� ¬Å�	!#"
�
� �@¦§± � �
� � ���
³´"¼³´��!�»Ä³§¦��
¥ �Ð"K���L¬���!�"¼�
� � �#¥��L"
��¥y"@¬®¥�¦¿"¼³ � ¦§³´«ª±ËÂ
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�$¥��_%B�
¥ ��� ���W"�« ��¬ � ±	« "E� �
"_¦Á±B¦§³´¬Å³¿"¼�_±	¥ �
�$!��b���@¦Á±�"¼� � ��¦´��Ê�³´�_¶+���W"¼�Q��� �_� � �$�
±Ä"¼� ¥��
�b���Ç¥�!��
�
¥�³´"
�

(Mψn)n∈N ⊂ Mω

»���

ψn ∈ C∞

c (R)
» � ��¥y�O"
��¥y"

n ∈ N
µ|Yl��³¿"

M ∈ Mω

%��
¥ ��� ���
"
« ��¬ � ±	« "}� "K�
��³¿"

(θn)n∈N

¥y!��S�
¥�³´"
�^�
�$Ê�¥�¦§±	�
³´�¼±	!�"
�O"
�$¦´¦§� �#¥�� � ��¥��g"¼��¥y"
n ≥ 1

¦§±D¶+�	!�« "
³§��!

θn
� �
"^�
�$� ¦§¦´�	» � ���
³´"¼³¿²��Ä» � ±	³´�
��� "^%��
¥ ��� �	�
"L��±	!��

[− 1
n
, 1
n
]
µ�NS¦´���
� » � ��¥�� f ∈ L2

ω(R)
��!T±

lim
n→+∞

‖θn ∗ f − f‖ω = 0.

qb��¥��
n ∈ N

» � ���
�	!�� Mnf = M(θn ∗ f), � ��¥�� "¼��¥y"
f ∈ L2

ω(R)
µ�CE±Z�
¥y³´"¼�

(Mn)n∈N« ��!�²��$�
Ê�� ²	�$�
�
M � �	¥��B¦Á±®"¼� � ��¦´��Ê�³´�^¶+���W"¼����� �L� � � �¼±Ä"
�$¥��
�L�·"

Mn = Mψn

»���


ψn = µM ∗ θn ∈ C∞
c (R).
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A�!1±
Mnf = θn ∗Mf

»�«ª±Ä� Mω

�$�
"L¥�!y� ±Ä¦§Ê�° ­��
��« ��¬Å¬&¥y"¾±Ä"
³´²	�H� "

‖Mnf‖2
ω =

∫ +∞

−∞

∣∣∣
∫ +∞

−∞
(Mf)(x− y)θn(y)dy

∣∣∣
2

ω(x)2dx

≤
∫ +∞

−∞

(∫ +∞

−∞
|(Mf)(x− y)|θn(y)dy

)2

ω(x)2dx

≤
∫ +∞

−∞

∫ +∞

−∞
|(Mf)(x− y)|2θn(y)ω(x)2dydx, ∀n ∈ N, ∀f ∈ L2

ω(R),

��� ± � �
° �T¦ ��³´!��$Ê�±Ä¦§³´"
�Z��� Ñ	�$!��
�$!r± ��� ¦§³ �#¥��$�º% ¦§±5¬Å� �
¥��
�x��� � �
��­�±	­�³´¦§³¿"¼� θn(y)dy
� "T¦Á±

¶+��!�« "
³§��!)« ��!�²��ÃÈy�
x2 µ�>Q!T¥y"
³§¦´³§�¼±Ä!#"K¦§�H"
½��$���
°$¬��D���I]�¥y­�³§!�³ »y��!)"
�
��¥y²	�Å�

‖Mnf‖2
ω ≤

∫ +∞

−∞
‖Sy‖2 ‖Mf‖2

ω θn(y)dy

≤
(

sup
|y|≤ 1

n

‖Sy‖
)2

‖Mf‖2
ω, ∀n ∈ N, ∀f ∈ L2

ω(R).

q�±	�O«$�	!��
� ��¥y�$!�"ª»|��!:��­y"
³§�$!�"

‖Mn‖ ≤ kn‖M‖, pour tout n ∈ N. �

� � � � � � ��� � � � ��� � 
 � �
� � �+` � � ��a � � �bc Mφ

�DFH±Ä!��}« � "
"¼�S�
�$«·"¼³§�	!Å!��	¥��K��� ¬Å�	!#"
�
��!y�
��¥y� � ��¥�� ω ¥�! � �	³§���B�
¥��

R
«$��!�"
³§!#¥2�

�Í�lµ¿¨¹À 	 |φ̂(α)| ≤ ‖Mφ‖, ∀φ ∈ C∞
c (R), ∀α ∈ Aω.

q_��¥��
ω

«$��!�"
³§!#¥�» � ���
�	!��

R+
ω,1 = lim

x→+∞

(
sup
y≥0

ω(x+ y)

ω(y)

) 1
x

, R−
ω,1 = lim

x→+∞

(
sup
y≥0

ω(y)

ω(x+ y)

)− 1
x

,

R+
ω,2 = lim

x→+∞

(
sup
y≤0

ω(y)

ω(−x+ y)

) 1
x

, R−
ω,2 = lim

x→+∞

(
sup
y≤0

ω(−x+ y)

ω(y)

)− 1
x

.

A�!:�
�$¬Å±	� �#¥�� �#¥��
R+
ω,1 ≥ R−

ω,1

� "
R+
ω,2 ≥ R−

ω,2

�·"^!y��¥��O��� ��!�³§�
�
��!��

Iω,1 := [lnR−
ω,1, lnR

+
ω,1], Aω,1 := {z ∈ C | Im z ∈ Iω,1},

Iω,2 := [lnR−
ω,2, lnR

+
ω,2], Aω,2 := {z ∈ C | Im z ∈ Iω,2}.

q_��¥��O�·"¾±	­�¦´³§�
(2.16)

»y!��	¥��S±ª²	��!��O­�� �
��³´!T�y� � ¦§¥��
³§�$¥y�
�B¦§� ¬Å¬��$� µ
! �



� ��



� �lµ����������<�
δ � ������� ��! ! �,# N . �5� ( = � ���

lim
p→+∞

(
sup
n≥0

δ(n)

δ(n+ p)

) 1
p ≥ 1.

&"( � # !��
inf lim

n→+∞

δ(n+ 1)2

δ(0)2 + ... + δ(n)2
= 0.

qb��¥��g¦Á± � �
�$¥l²��L��¥�CE� ¬Å¬��O�lµ��H��! � �$¥y"g�
�L�
± ��� ���
"
�$�Q±Ä¥��y�$­�¥y"g�y�B¦Á±H��� ¬Å��!y�
"¼�
±Ä"¼³´��!
��¥TC{�$¬�¬Å�D�lµ´¨�µy��� � � � �Íµ

�
��
 �������A�x�lµ¿¨ � �����<�
ω � ������� ��! : ����� �<� � ! �,# R %'&"( � # ! ��� / ( � ! � � / ( �<� � ! �

� �lµ´¨ ��	
R+
ω,1 = lim

p→+∞

(
sup
n∈N

ω(n+ p)

ω(n)

) 1
p

, R−
ω,1 = lim

p→+∞

(
sup
n∈N

ω(n)

ω(n+ p)

)− 1
p

,

� �lµ´¨ � 	
R+
ω,2 = lim

p→+∞

(
sup
n∈N

ω(−n)

ω(−p− n)

) 1
p

, R−
ω,2 = lim

p→+∞

(
sup
n∈N

ω(−p− n)

ω(−n)

)− 1
p

,

� �lµ´¨ª� 	
R+
ω = lim

p→+∞

(
sup
n∈Z

ω(n+ p)

ω(n)

) 1
p

, R−
ω = lim

p→+∞

(
sup
n∈Z

ω(n)

ω(n+ p)

)− 1
p

.

>Q!~���j�·"ª» � ��¥�� x ∈ R
��!1±

x = n+ t,
��


n ∈ Z
�·"
t ∈ [0, 1]

�·"

ω(n)

supt∈[0, 1] ω̃(t)
≤ ω(x) ≤ sup

t∈[0, 1]

ω̃(t)ω(n),

« � �#¥�³{� !#"
�¼±ÄÎ§!��D¦§� �B�$Ê�±	¦´³´"
�$�K²	��¥�¦§¥y�$�$µ

� ��



� �lµÇ©��������<�
ω � ������� ��! : ����� �<� � ! �$# R

��� ! ���<�

B−
ω,1 :=

{
z ∈ C | lnR−

ω,1 ≤ Im z et lim
n→+∞

n∑

k=0

e−2k Im zω(k)2 = +∞
}
.

&"( � # !
��� �,# �5� � �
α ∈ B−

ω,1,
� ( �213�4!��5� � �6�+! � �<�-�

(fα,k)k∈N ⊂ L2
ω(R) . ����# � 	B/ ��� ( � !��,� � 1

: ����� �<� ����� ! ! � � � / ���-� ! �
� �lµ �Ä� 	

i) ‖fα,k‖ω = 1, ∀k ∈ N.

� �lµ ��¨ 	
ii) lim

k→+∞
‖Sfα,k − e−iαfα,k‖ω = 0.

! �



� c � ��� ���{AH!��yÈl�
α ∈ B−

ω,1

�·"
ε ∈ ]0, 1

2
[
µ|AH! � ���
� λ = e−iα

»
fε = χ[−ε,ε]

�·"

gn =
n∑

p=0

λ−p−1Sp fε.

A�!1±:�

‖gn‖2
ω =

∫

R

∣∣∣
n∑

p=0

λ−p−1fε(x− p)
∣∣∣
2

ω(x)2dx =

n∑

p=0

|λ|−2p−2

∫ ε+p

−ε+p
fε(x− p)2ω(x)2dx

=

n∑

p=0

|λ|−2p−2

∫ ε

−ε
fε(x)

2ω(x+ p)2dx =

n∑

p=0

|λ|−2p−2

∫ ε

−ε
ω(x+ p)2dx.

P~±	³§!�"
�$!�±	!�"$»���!)²	±�¬���!�"¼�
�$� �#¥��

lim infn→+∞
‖Sgn − λgn‖2

ω

‖gn‖2
ω

= 0.

A�!1±:�

‖ Sgn − λgn ‖2
ω = ‖

n∑

p=0

λ−p−1Sp+1fε −
n∑

p=0

λ−pSpfε ‖2
ω

= ‖
n+1∑

p=1

λ−pSpfε −
n∑

p=0

λ−pSpfε ‖2
ω = ‖ λ−n−1Sn+1fε − fε ‖2

ω

= |λ|−2n−2

∫ ε

−ε
ω(x+ n + 1)2dx+

∫ ε

−ε
ω(x)2dx

� "L«$� ¦Á±�³§¬ � ¦§³ �#¥��

‖ Sgn − λgn ‖2
ω

‖ gn ‖2
ω

=
|λ|−2n−2

∫ ε

−ε ω(x+ n+ 1)2dx+
∫ ε

−ε ω(x)2dx
∑n

p=0 |λ|−2p−2
∫ ε

−ε ω(x+ p)2dx
.

A�!:��� ��!�³¿"^¦´� � �	³§��� σ � ±	�B¦§±®¶+���
¬®¥y¦§�

σ(p) =
(∫ ε

−ε
ω(x+ p)2dx

) 1
2
, ∀p ∈ Z.

NS¦§�	�
�B��!1±)�
‖ Sgn − λgn ‖2

ω

‖ gn ‖2
ω

=
|λ|−2n−2σ(n + 1)2 + σ(0)2

∑n
p=0 |λ|−2p−2σ(p)2

.

A�!:�
�$¬Å±	� �#¥�� �#¥��
ω(p) ≤ ω̃(−x)ω(x+ p), ∀p ∈ Z, ∀x ∈ [−ε, ε] µj?K� ¦Á±�³§¬ � ¦´³��#¥��

ω(p+ x) ≥ ω(p)

sups∈[−ε,ε] ω̃(s)
, ∀p ∈ Z, ∀x ∈ [−ε, ε]

� "L³§¦��·Èl³§�W"¼�
C > 0

"¼� ¦§¦´���#¥��

ω(p+ x) ≥ Cω(p), ∀p ∈ Z, ∀x ∈ [−ε, ε]
! �



�·"^�y��!�«

σ(p) =
(∫ ε

−ε
ω(x+ p)2dx

) 1
2 ≥

(∫ ε

−ε
C2ω(p)2dx

) 1
2

= Kω(p), ∀p ∈ Z,

��
 � � �
"^¥�!��D«$�	!��
"¼±	!�"¼�D�
� �$¦§¦´� � �	�
³´"
³´²	�	µ

FS�I¬ �$¬��	»
ω(p+ x) ≤ ω̃(x)ω(p), ∀x ∈ [−ε, ε] � "L³´¦��·Èl³§�W"¼�

C ′ > 0
"¼� ¦§¦´���#¥��Ð�

ω(p+ x) ≤ C ′ω(p), ∀p ∈ Z
�·"^�y��!�«

σ(p) ≤
(∫ ε

−ε
C ′2ω(p)2dx

) 1
2

= K ′ω(p), ∀p ∈ Z,

��

K ′ �$�W"^¥y!��D«$��!��W"¾±	!�"
� �
�$�$¦´¦§� � ���
³¿"¼³¿²��	µ

CQ�Ç³§!�� Ê�±	¦§³¿"¼�
Kω(p) ≤ σ(p) ≤ K ′ω(p)

�$!�"¼�
±ÄÎÁ!y���

σ(n)

σ(n+ p)
≥ Kω(n)

K ′ω(n+ p)
, ∀n ∈ Z, ∀p ∈ Z.

�L��¥��^±¹²	��!��

sup
n∈N

σ(n)

σ(n + p)
≥M sup

n∈N

ω(n)

ω(n+ p)
, ∀p ∈ Z,

��

M

�$�
"L¥�!y� « ��!��
"¼±	!�"¼�D�
� �$¦´¦§� � ���
³¿"¼³´²	�	µ�N^³§!��
³Í»

lim
p→+∞

(
|λ|p sup

n∈N

σ(n)

σ(n+ p)

) 1
p ≥ |λ| lim

p→+∞
M

1
p

(
sup
n∈N

ω(n)

ω(n+ p)

) 1
p ≥ |λ|

R−
ω,1

≥ 1,

����± � �
°$� �Í�lµ¿¨ ��	Ãµ�AH! � � ¥y"^± ��� ¦´³��#¥��$�B¦´�DC{�$¬�¬Å�I�lµ��Ð±	¥ � �	³§��� |λ|−pσ(p)
� "L��!:��­y"
³§� !#"I�

lim infn→+∞
|λ|−2(n+1)σ(n+ 1)2

∑n
p=0 |λ|−2pσ(p)2

= 0.

?K��¬�¬��
limn→+∞

∑n
p=0 |λ|−2pω(p)2 = +∞ � "I«$�	¬Å¬���¦§� � � ��³´��� ω � "

σ
�
��!�"I���#¥�³´²Ä±ËÂ

¦´�$!�"¼� »���!~±

lim
n→+∞

n∑

p=0

|λ|−2pσ(p)2 = +∞
�·"

lim
n→+∞

σ(0)∑n
p=0 |λ|−2pσ(p)2

= 0.

]�³´!�±	¦´�$¬��$!�"ª»l��!T« ��!�« ¦§¥y" �#¥����

lim infn→+∞
‖ Sgn − λgn ‖2

ω

‖ gn ‖2
ω

= 0.

! �



Uz¦B�·Èl³§�W"¼�:����!�«:¥�!y�T�
��¥��WÂ��
¥�³¿"¼�:���
( gn
‖gn‖ω )n∈N

» �#¥��Ç��! ²Ä±�!��	"
�$�
(fα,k)k∈N

»�²	�$�
³ ��±	!�"�¦§� �
���$¥lÈ)«$��!��y³´"¼³´��!����

lim
k→+∞

‖ Sfα,k − e−iαfα,k ‖ω = 0,

‖ fα,k ‖ω = 1, ∀k ∈ N. �

� ��



�t�lµ ¯ � �����<�
ω � � ����� ��! : �����;�<� � ! �,# R

��� ! ���<�
p ∈ N∗ %"&"( � # ! ��� �,# �5� � �

α ∈ B−
ω,1 . � ( �213�4!��5� � �6�
! � �<�5�

(hα,k,p)k∈N ⊂ L2
ω(R)

�-� (<( � = � � �
�Í�lµ ����	

i) ‖ hα,k,p ‖ω = 1, ∀k ∈ N.

�Í�lµ �	� 	
ii) lim

k→+∞
‖S 1

p
hα,k,p − e−i

α
p hα,k,p‖ω = 0.

� c � ��� ���bAH! �yÈl�
α ∈ B−

ω,1

µ�Yl�	³´"
ρ

¦§� � ��³§��� ρ(x) = 1√
p
ω(x

p
), ∀x ∈ R

µ�AH!~�y� ��!�³¿"
¦Í��± ��� ¦´³§«ª±Ë"¼³§�	! Vp : L2

ω(R) −→ L2
ρ(R) � ±	�{¦§±B¶+�	�
¬®¥�¦´���

(Vpf)(x) = f(x
p
)
» � ��¥�� f ∈ L2

ω(R)� "
x ∈ R

µ�AH!T±)�
∫

R

|f(x)|2ω(x)2dx =

∫

R

1

p

∣∣∣f
(y
p

)∣∣∣
2

ω
(y
p

)2

dy =

∫

R

|(Vpf)(y)|2ρ(y)2dy

� "��	!��$!���� ��¥�³´" �#¥��
Vp

� �
"Q¥y!���³§�
��¬�� "¼�
³§�@�
¥�� �
�$«·"¼³´²	�����
L2
ω(R)

�
¥��
L2
ρ(R).

AH!��
� ¬ ±	���#¥��
��¥y�

S1,ρ Vp = Vp S 1
p
,ω� "

V ∗
p S1,ρ = S 1

p
,ω V

∗
p .A�!1±:�

(
sup
x≥0

ρ(x)

ρ(x + y)

) 1
y

=
(
sup
x≥0

ω(x
p
)

ω(x+y
p

)

) p
y
× 1
p

, ∀y ∈ R.

� "L����!�«

R−
ρ,1 = (R−

ω,1)
1
p .

NS³§!y�
³Í»_�
³
α ∈ B−

ω,1

»Q��! ± α
p
∈ B−

ρ,1.
Y���³´"

(fα,k)k∈N ⊂ L2
ρ(R)

¥�!��:�
¥y³´"¼�Æ²	�$�
³ ��±	!�"�¦§� �
� �
� � �
³§�·"¼� � (2.20)

� " �Í�lµ �l¨ 	 � ��¥�� α
p

�·"L¦§� � ��³§�y� ρ µ�NS¦´���
�

lim
k→+∞

‖V ∗
p S1,ρfα,k − e−i

α
p V ∗

p fα,k‖ω = 0

� "

lim
k→+∞

‖S 1
p
,ω V

∗
p fα,k − e−i

α
p V ∗

p fα,k‖ω = 0.
A�! � ���
�Ð�

hα,k,p = V ∗
p fα,k

�·"^�	!T��­l"¼³§� !�" ‖hα,k,p‖ω = 1, ∀k ∈ N
� "

lim
k→+∞

‖S 1
p
,ω hα,k,p − e−i

α
p hα,k,p‖ω = 0. �

� �



� ��



�<�lµ�À�� �����<�
ω � � ����� ��! : ����� �<� � ! �,# R % * � �$# �5� � �

α ∈ B−
ω,1 . � ( �213�4!��5� � �6�

! � �<�-�
(uα,k)k∈N ⊂ L2

ω(R)
�-� (<( �>= � ���

� �lµ �Ë© 	
i) ‖ uα,k ‖ω = 1, ∀k ∈ N.

� �lµ �	¯�	
ii) lim

k→+∞
‖St uα,k − e−itαuα,k‖ω = 0, ∀t ∈ R.

� c � � � ���jY���³´"
α

��±	!��
B−
ω,1

� "}�
��³¿"
p ∈ N∗ �yÈl�Äµ�Yl��³¿"

(hα,k,p!)k∈N ⊂ L2
ω(R)

¥�!��^�
¥�³¿"¼�
²	�$�
³ ��±	!�"D¦§� � � �
� � �
³´� "
�$� � �lµ �	��	L�·" �Í�lµ �	� 	 � ��¥y� p! µ�qb��¥��H"¼�	¥y"

q ∈ N∗ "
�$¦ �#¥��
q ≤ p

��!
±:�

‖ S 1
q
hα,k,p! − e−i

α
q hα,k,p! ‖ω = ‖ (S 1

p!
)
p!
q hα,k,p! − (e−i

α
p! )

p!
q hα,k,p! ‖ω

≤
∏

u∈C, u
p!
q =1, u6=1

‖ S 1
p!

− ue−i
α
p! ‖ ‖ S 1

p!
hα,k,p! − e−i

α
p! hα,k,p! ‖ω .

C{� � �
����¥�³¿"
∏

u∈C, u
p!
q =1, u6=1

‖ S 1
p!

− ue−i
α
p! ‖

� �
"^¬ ±��
�	�
� � ±	�B¥y!��D«$��!��W"¾±	!�"
� �#¥�³{!��D��� � � !�� � ±	�O���
k

� "L����!�«Ð�

lim
k→+∞

‖ S 1
q
hα,k,p! − e−i

α
q hα,k,p! ‖ω = 0.

q_±	�O�·È�"¼�
±	« "
³§��!1��³Á±ÄÊ���!�±	¦´�	»���! � � ¥y"L±	¦§�	�
�B«$�	!��
"
�
¥�³´�
�D¥�!��D�
¥y³´"¼�
(uα,k)k∈N

"
�$¦´¦§���#¥��Ð�

lim
k→+∞

‖ S 1
p!
uα,k − e−i

α
p! uα,k ‖ω = 0, ∀p ∈ N∗

�·"

‖ uα,k ‖ω = 1, ∀k ∈ N
�·"^�	!~±

lim
k→+∞

‖ S 1
p
uα,k − e−i

α
p uα,k ‖ω = 0, ∀p ∈ N∗.

qb��¥��O"¼��¥y"
p ∈ N∗ � "O"¼��¥l"

q ∈ N
»���!1±

S q
p
uα,k − e−i

αq
p uα,k = Cα,q,p (S 1

p
− e−i

α
p I) uα,k,

��

Cα,q,p

�$�W"S¥y!��D«$��¬®­y³§!�±	³´�
��!)¦´³§!��$±	³§�
� ��!y³§������"¼�
±	!��
¦Á±Ä"
³§��!�� µ�FS��!y«

‖S q
p
uα,k − e−i

αq
p uα,k‖ω ≤ ‖Cα,q,p‖ ‖S 1

p
uα,k − e−i

α
p uα,k‖ω, ∀k ∈ N.

�·"

lim
k→+∞

‖S q
p
uα,k − e−i

αq
p uα,k‖ω = 0.

F&��±	¥y"
�
� � ±	�W"ª»���!T±)�

‖S− q
p
uα,k − ei

αq
p uα,k‖ω ≤ |ei

αq
p | ‖S− q

p
‖ ‖e−i

αq
p uα,k − S q

p
uα,k‖ω, ∀k ∈ N.

� �



� "

lim
k→+∞

‖S− q
p
uα,k − ei

αq
p uα,k‖ω = 0.

?K��¬Å¬��
Q

� �
"^���$!y�
�I��±	!��
R
»���!1�$!1���$��¥y³´" �#¥����

lim
k→+∞

‖St uα,k − e−iαt uα,k‖ω = 0, ∀t ∈ R. �

� ��



�x�lµ � �������<�
ω � ������� ��! : ����� �<� � ! �,# R

��� ! ���<�

B+
ω,1 :=

{
z ∈ C | Im z ≤ ln R+

ω,1 et lim
n→+∞

n∑

k=0

e2k Im z

ω(k)2
= +∞

}
.

&"( � # ! ��� �,# �-� � �
α ∈ B+

ω,1,
� ( �213�4!��-� � �6�>! � �<�5�

(vα,k)k∈N ⊂ L2
ω∗(R) . ����# � 	B/ ��� ( � !+�,� � 1

: ����� �<�;����� ! ! � � � / ���5� !��
�Í�lµ �	À 	

i) ‖vα,k‖ω∗ = 1, ∀k ∈ N.

�Í�lµ �
��	
ii) lim

k→+∞
‖St,ω∗ vα,k − e−itαvα,k‖ω∗ = 0, ∀t ∈ R.

� c � ��� ���|AH!��yÈl�
α ∈ B+

ω,1

µlN^¦§���
�
α ∈ B−

1
ω
,1

� "K����± � �
° �K¦´�^C{� ¬Å¬��H��µ Ày»#³´¦��·Èl³§�W"¼�S¥y!��
�
¥�³¿"¼�

(fα,k)k∈N ⊂ L2
1
ω

(R)
"
�$¦´¦§���#¥��

‖fα,k‖ 1
ω

= 1, ∀k ∈ N
� "

lim
k→+∞

‖St, 1
ω
fα,k − e−itαfα,k‖ 1

ω
= 0, ∀t ∈ R.

A�!1±:�

‖St, 1
ω
fα,k − e−itαfα,k‖2

1
ω

=

∫ +∞

−∞

∣∣∣fα,k(x− t) − e−itαfα,k(x)
∣∣∣
2 1

ω(x)2
dx

=

∫ +∞

−∞

∣∣∣fα,k(x− t) − eitα fα,k(x)
∣∣∣
2 1

ω(x)2
dx.

A�! � ���
� vα,k(x) = fα,k(−x), ∀x ∈ R
�·"^�	!T± ‖vα,k‖ω∗ = 1, ∀k ∈ N

µ|AH!T��­l"¼³§� !�"

‖St, 1
ω
fα,k − e−itαfα,k‖2

1
ω

=

∫ +∞

−∞

∣∣∣vα,k(x+ t) − eitαvα,k(x)
∣∣∣
2

ω∗(x)2dx

= ‖S−t,ω∗ vα,k − eitα vα,k‖2
ω∗ .

A�!1±Ð����!�«

lim
k→+∞

‖St,ω∗ vα,k − e−itα vα,k‖ω∗ = 0, ∀t ∈ R. �

��!



AH!1�
�$¬Å±	����¥y� �#¥��D�
³
ω

� �
"L¦§� � ��³§�y�B��� ��!y³ � ±	�B¦Á±®¶+���
¬®¥�¦§�

ω(x) = ω(−x), ∀x ∈ R.
N^¦§���
�

R+
ω,2 =

1

R−
ω,1

, R−
ω,2 =

1

R+
ω,1

.

� ��



� �lµ ���������<�
ω � ������� ��! : ����� �<� � ! �$# R

��� ! ���<�

B+
ω,2 =

{
z ∈ C | Im z ≤ lnR+

ω,2 et
n∑

k=0

e2k Im zω(−k)2 = +∞
}
.

&"( � # !
��� �,# �5� � �
α ∈ B+

ω,2,
� ( �213�4!��5� � �6�+! � �<�-�

(yα,k)k∈N ⊂ L2
ω(R) . ����# � 	B/ ��� ( � !��,� � 1

: ����� �<� ����� ! ! � � � / ���-� ! �
� �lµ � � 	

i) ‖yα,k‖ω = 1, ∀k ∈ N.

� �lµ �Ä� 	
ii) lim

k→+∞
‖St yα,k − e−itαyα,k‖ω = 0, ∀t ∈ R.

� c � � � ���EYl��³¿"
α ∈ B+

ω,2.
AH!1±

Im(−α) ≥ ln
1

R+
ω,2

= lnR−
ω,1

�·" −α ∈ B−
ω,1

µSF&� ± � �
° �º¦´�5C{�$¬�¬Å�5�lµ À<± ��� ¦§³ �#¥��5±	¥ � ��³§��� ω »H³§¦I�·Èl³´�
"¼�5¥y!��6�
¥�³¿"¼�

(u−α,k)k∈N ⊂ L2
ω(R)

²�� �
³ ��±	!�"L¦§�$� � �
� � �
³§�·"¼�$�D�

‖ u−α,k ‖ω = 1, ∀k ∈ N
�·"

lim
k→+∞

‖St,ω u−α,k − eitα u−α,k‖ω = 0, ∀t ∈ R.
AH!T±

‖St,ω u−α,k − eitα u−α,k‖2
ω =

∫

R

∣∣∣u−α,k(x− t) − eitαu−α,k(x)
∣∣∣
2

ω(−x)2dx

=

∫

R

∣∣∣u−α,k(−x− t) − eitαu−α,k(−x)
∣∣∣
2

ω(x)2dx = ‖S−t,ω yα,k − eitα yα,k‖2
ω,

��

yα,k(x) = u−α,k(−x), �

��¥���"
��¥y"
x ∈ R

» � ��¥y�O"
��¥y"
n ∈ N

µ�AH!1�$!1���$��¥y³´" �#¥��

lim
k→+∞

‖S−t,ω yα,k − eitα yα,k‖ω = 0, ∀t ∈ R.

AH!1��­y"¼³´�$!�"

lim
k→+∞

‖St,ω yα,k − e−itαyα,k‖ω = 0, ∀t ∈ R. �

� �
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�x�lµ � �������<�
ω � ������� ��! : ����� �<� � ! �,# R

��� ! ���<�

B−
ω,2 =

{
z ∈ C | Im z ≥ lnR−

ω,2 et

n∑

k=0

e−2k Im z

ω(−k)2
= +∞

}
.

&"( � # !"��� �$# �5� � �
α ∈ B−

ω,2,
� ( �213�4!��-� � �6�+! � �<�-�

(zα,k)k∈N ⊂ L2
ω∗(R) ����# � 	B/ ��� ( � ! �,� � 1

: ����� �<�;����� ! ! � � � / ���5� !��
�Í�lµ���� 	

i) ‖zα,k‖ω∗ = 1, ∀k ∈ N.

�Í�lµ��y¨ 	
ii) lim

k→+∞
‖St,ω∗ zα,k − e−itαzα,k‖ω∗ = 0, ∀t ∈ R.

� c � ��� ���{Y���³´"
α ∈ B−

ω,2.
A�!T±

Im(−α) ≤ ln
1

R−
ω,2

= lnR+
ω,1

� " −α ∈ B+
ω,1

µ�F&��± � �
°$��¦§��CE� ¬Å¬��6�lµ �G± ��� ¦§³��#¥���±	¥ � ��³´��� ω »S³§¦&�ÃÈl³§�
"
�5¥�!��5�
¥�³´"
�

(v−α,k)k∈N ⊂ L2
1
ω

(R)
²	�$�
³ ��±	!�"L¦§� � � �
� � �
³§�·"¼� ���

‖ v−α,k ‖ 1
ω

= 1, ∀k ∈ N
� "

lim
k→+∞

‖St, 1
ω
v−α,k − eitα v−α,k‖ 1

ω
= 0 ∀t ∈ R.

A�!1±

‖St, 1
ω
v−α,k − eitα v−α,k‖2

1
ω

=

∫

R

∣∣∣v−α,k(x− t) − eitαv−α,k(x)
∣∣∣
2 1

ω(x)2
dx

=

∫

R

∣∣∣v−α,k(−x− t) − eitαv−α,k(−x)
∣∣∣
2

ω∗(x)2dx = ‖S−t,ω∗ zα,k − eitα zα,k‖ω∗,

��

zα,k(x) = v−α,k(−x), ∀x ∈ R, ∀k ∈ N

µ�AH!T� !T��� ��¥�³¿" ��¥y�

lim
k→+∞

‖S−t,ω∗ zα,k − eitα zα,k‖ω∗ = 0, ∀t ∈ R.

A�!:��­l"¼³§� !�"

lim
k→+∞

‖St,ω∗ zα,k − e−itαzα,k‖ω∗ = 0, ∀t ∈ R. �

� ��



�x�lµ´¨ª��� �����<�
ω � ������� ��! : ����� �<� � ! �$# R %'&"( � # !

1 )8* � �$# �-� � �
α ∈ B−

ω,1 . � ( �213�4!��-� � �6�
! � �<�-�
(uα,k)k∈N ⊂ L2

ω(R)
�-� (<( �>= � ���

�Í�lµ�����	 ‖uα,k‖ω = 1, ∀k ∈ N, lim
k→+∞

‖Mφ uα,k − φ̂(α)uα,k ‖ω= 0, ∀φ ∈ C∞
c (R).

2 )8* � �$# �-� � �
α ∈ B+

ω,1 . � ( �213�4!��-� � �6�
! � �<�-�
(vα,k)k∈N ⊂ L2

ω∗(R)
�5� (<( � = � ���

�Í�lµ���� 	 ‖vα,k‖ω∗ = 1, ∀k ∈ N, lim
k→+∞

‖M∗
φ vα,k − φ̂(α)vα,k‖ω∗ = 0, ∀φ ∈ C∞

c (R).

� 	



3 )B* � �,# �5� � �
α ∈ B+

ω,2 . � ( �213�4!��5� � �6�"! � �<�5�
(yα,k)k∈N ⊂ L2

ω(R)
�-� (<( �>= � ���

� �lµ �Ä© 	 ‖yα,k‖ω = 1, ∀k ∈ N, lim
k→+∞

‖Mφ yα,k − φ̂(α)yα,k ‖ω= 0, ∀φ ∈ C∞
c (R).

4 )B* � �,# �5� � �
α ∈ B−

ω,2 . � ( �213�4!��5� � �6�"! � �<�5�
(zα,k)k∈N ⊂ L2

ω∗(R)
�5� (<( � = � ���

� �lµ ��¯�	 ‖zα,k‖ω∗ = 1, ∀k ∈ N, lim
k→+∞

‖M∗
φ zα,k − φ̂(α)zα,k‖ω∗ = 0, ∀φ ∈ C∞

c (R).

� c � � � ���{AH!��yÈl�
α ∈ B−

ω,1

µ�Yl�	³§�$!�"
φ ∈ D[−a,a](R)

� "
(uα,k)k∈N ⊂ L2

ω(R)
¥y!����
¥�³¿"¼�

²	�$�
³ ��±	!�"L¦§� � � �
� � �
³§�·"¼�$� � �lµ �Ë© 	}� " � �lµ �	¯�	·µ�AH!:��­y"
³§� !#"I�

‖Mφ uα,k − φ̂(α)uα,k ‖2
ω =

∫ +∞

−∞

∣∣∣
∫ a

−a
φ(y)

(
Sy uα,k(x) − e−iyαuα,k(x)

)
dy

∣∣∣
2

ω(x)2dx

≤
∫ +∞

−∞
‖φ‖2

∞

(∫ a

−a

∣∣∣Sy uα,k(x) − e−iyαuα,k(x)
∣∣∣dy

)2

ω(x)2dx, ∀k ∈ N,

����± � �
°$��¦ ��³´!��$Ê�±	¦§³¿"¼�����SÑ	�$!y�
�$!:± ��� ¦§³ �#¥��$�^% ¦§±I¬��$�
¥��
� χ[−a,a](x)

2a
dx

�·"K¦§±D¶+�	!�« "
³§��!�«$��!�²	�·Èl�

x2 µ�>Q!T± ��� ¦´³��#¥�±	!�"O¦§�H"
½��$�	�
°$¬������I]�¥�­�³´!�³Í»l��!1"
�
��¥l²��Ð�

‖Mφ uα,k − φ̂(α)uα,k‖2
ω ≤ ‖φ‖2

∞

∫ a

−a

(∫ +∞

−∞

∣∣∣Sy uα,k(x) − e−iyαuα,k(x)
∣∣∣
2

ω(x)2dx
)
dy

≤ ‖φ‖2
∞

∫ a

−a
‖Sy uα,k − e−iyαuα,k‖2

ω dy, ∀k ∈ N.

?K��¬�¬�� � ��¥y� k ∈ N
� "
y ∈ [−a, a] »

‖Sy uα,k − e−iyαuα,k‖ω ≤ ‖Sy − e−iyαI‖ ≤ sup
s∈[−a,a]

(
‖Ss‖ + |e−isα|

)
< +∞,

Ê�� �	«$�I±	¥:"¼½y�$���
°$¬������D«$��!�²�� �
Ê�� !�«$� ����¬�³§!�� �����IC{�$�
­|�$Ê	¥��	»���!:«$�	!�«$¦´¥y" ��¥y���

lim
k→+∞

‖Mφ uα,k − φ̂(α)uα,k‖ω = 0.

FS��¬ �$¬��	»}�$!¢± ��� ¦§³��#¥�±Ä!#" ¦§� �)C{�$¬�¬Å� �:�lµ �l»B�lµ � �·"T�lµ ���	!<¬Å��!�"
�
� � �lµ �	� 	·»��Í�lµ��	© 	�� "
� �lµ ��¯�	·µ

�

� ��



� �lµ¿¨�¨ �������<�
ω � ������� ��! : �����;�<� � ! �,# R

��� ! ���<�
φ ∈ C∞

c (R) %'&"( � # !
� �lµ �	À 	 |φ̂(α)| ≤ ‖Mφ ‖, ∀α ∈ Aω,1

⋃
Aω,2.

� c � � � ���LA�! �
� ¬ ±	���#¥�� �#¥��T����± � �
° �Å¦ ��³´!��$Ê�±	¦§³¿"¼�Æ���~?�±	¥�«¾½�¸�ÂWY�«¾½��K±	�W"¼Ì	» � ��¥y��"
��¥y"

z ∈ C
±	¥x¬Å�	³§!��D¥�!��Å���$� �
� �
³§� � ∑n

k=0 e
−2k Im zω(k)2 �·" ∑n

k=0
e2k Im z

ω(k)2
��³¿²�� �
Ê��Å� " ����!�«

Aω,1 ⊂ B−
ω,1

⋃
B+
ω,1.

Y���³´"
φ ∈ C∞

c (R)
�yÈl�$�ÄµQAH!��
¥ ��� ���
� �#¥��

α ∈ Aω,1

⋂
B−
ω,1

µ�Yl��³¿"
� C



(uα,k)k∈N ⊂ L2
ω(R)

¥�!����
¥y³´"¼�H²	�$�
³ ��±	!�"L¦Á± � �
� � �
³§�·"¼� � �lµ ����	·µ�?K��¬Å¬�� ‖uα,k‖ω = 1
» � �	¥��

"¼��¥y"
k ∈ N

»���!T±

φ̂(α) =< φ̂(α)uα,k −Mφ uα,k , uα,k > + < Mφ uα,k , uα,k >, ∀k ∈ N
� "L��!:��­y"
³§�$!�"

|φ̂(α)| ≤ | < φ̂(α)uα,k −Mφ uα,k , uα,k > | + ‖Mφ‖, ∀k ∈ N.
A�!1±

lim
k→+∞

| < φ̂(α)uα,k −Mφ uα,k , uα,k > | ≤ lim
k→+∞

‖φ̂(α)uα,k −Mφ uα,k‖ω = 0

� "L��!)"¼�
��¥y²��

|φ̂(α)| ≤ ‖Mφ‖.
Yl³
α ∈ Aω,1

⋂
B+
ω,1

»#Ê����	« �S±Ä¥ ¬ �$¬��S±	�
Ê�¥�¬��$!�"@� "�% ¦Á± � �
� � �
³´� "
� � �lµ �	� 	·»���!Å¬Å�	!#"
�
� �#¥��

|φ̂(α)| ≤ ‖M∗
φ‖.

?K��¬Å¬�� ‖Mφ‖ = ‖M∗
φ‖

»��	!T��­l"¼³§� !�"D�

|φ̂(α)| ≤ ‖Mφ‖, ∀α ∈ Aω,1.

q_��¥��_"¼��¥y"
z ∈ C

±	¥�¬���³´!��_¥y!��B���$���
�$�
³§� � ∑n
k=0 e

2k Im zω(−k)2 � " ∑n
k=0

e−2k Im z

ω(−k)2
��³´²	�$�
Ê	�

� "_����!�«
Aω,2 ⊂ B−

ω,2

⋃
B+
ω,2

µ	u����	« �K±	¥�È � �
� � �
³§�·"¼� � �Í��µ �	© 	{�·" � �lµ ��¯�	���!&¬���!�"¼�
�}���}¬�� ¬Å�

|φ̂(α)| ≤ ‖Mφ‖, ∀α ∈ Aω,2. �

� ����� � 	�

�x�lµ����������<�
ω � ������� ��! : �����;�<� � ! �$# R

��� ! ���<�
φ ∈ C∞

c (R) %6&"( � # !
�Í�lµ�����	 |φ̂(α)| ≤ ‖Mφ ‖, ∀α ∈ Aω.

� c � ��� ���Bu����Ä«$�1%�¦Á±�MO�$¬Å±	� �#¥��T�lµ¿¨�»�� !8± �y� ¦§³ ��¥�±	!�"�±	¥ � ��³´������³´�
«$�
� "���­y"
�$!#¥8� !
�
�$�W"¼�
�$³§Ê	!�±	!�"

ω
%

Z
¥�!�� � �
� � �
³§� "
���
"¼±	!���±	�
�:���$�O�
½y³´¶ "¼�K­�³§¦§±Ä"¼� �¼±	¥�È)±	�
�
��«$³´�$�O%����$� � ��³§�y�

�
¥��
Z
�+« ¶\µ������ � »y"¼½y�$���
°$¬�� �®�·" ��� � �Í»�"
½��$���
°$¬��D� 	·»��	!:"
�
��¥l²����

R+
ω = max(R+

ω,1, R
+
ω,2), R−

ω = min(R−
ω,1, R

−
ω,2).

?K�$¦Á±�³´¬ � ¦´³��#¥����#¥��1¦Á±~¶+�
��!�"¼³´°$�
�:���:¦§±2­�±	!����
Aω

�$�
"Å«$�	!#"
�$!#¥��1��±	!��
Aω,1

⋃
Aω,2

µ
q_��¥��B"
��¥y"¼�H¶+�	!�« "
³§��!

φ ∈ C∞
c (R)

»
φ̂

� �
"L�$!�"¼³´°$�
�I�·"L³§¦j� �
"^«$¦§±	³§� ��¥y�

|φ̂(z)| ≤ C‖φ‖∞ek Im z ≤ K‖φ‖∞, ∀z ∈ Aω,

��

C > 0

»
k > 0

� "
K > 0

µjAH! � �$¥y"S����!�« Ê����	« �®±	¥ � �
³´!�«$³ � �I���®qQ½��
±	Ê�¬��$!lÂzC{³§!���� ¦ � ¶
� « ¶\µ ����� �Í» � µ �	��¯�	·»��y�$��¥�³´�
�D��� �Í��µ ��À�	K¦Í�Ç³§!�� Ê�±	¦§³¿"¼�I�

|φ̂(α)| ≤ ‖Mφ‖, ∀φ ∈ C∞
c (R), ∀α ∈ Aω. �

� �



� � � � ��� ��� � � � ��� � 
 � �	� � � `
� � ��a � � �Ec 
 �bc L2
ω(R)

�HFH±	!��H« � "
"¼�&�
�$«·"¼³§�	!�»�!y��¥��H±Ä¦¿Â
¦´��!��O���$¬���!�"¼�
�$�B¦´��JB½��$���
°$¬�� �lµ´¨	»��$!��	!�«$�I��±	!��O¦ ��³´!#"
�
����¥�«·"¼³§�	!�µ

� c � � � � � �����	� ��c�� � � � � �
�lYl��³¿"
ω

¥�! � ��³§���b�
¥y� R
µ�Y���³´"

M ∈ Mω

µ	AH!&²Ä±S¥y"
³§¦§³´�
� �
¦´� � �	³§��� ω0

»��#¥�³g±Æ� "
�®³§!�"¼�
�l�y¥�³´"H±	¥����$­y¥y"D����«$��«¾½�± � ³´"
�
�ÄµEAH!��¼± ��� �$¦´¦§� ��¥y��¦§�$� � ��³´���

ω
� "
ω0

�
��!�"I���#¥�³´²Ä±	¦´�$!�"¼�D�·"
L2
ω(R) = L2

ω0
(R)

µ{F&��± � �
° � ¦§±)qQ�
� � ���
³¿"¼³´��!º�lµ �:± ��� ¦§³ �#¥��$�
±	¥ � ��³´��� ω0

�·"D±	¥Z¬®¥y¦´"¼³ � ¦§³´«ª±Ä"
�$¥�� M »j³§¦b�·Èl³´�
"¼�&¥�!��®�
¥�³´"
�
(φn)n∈N ⊂ C∞

c (R)
"
�$¦§¦´� �#¥��

M
�$�W"Ð¦Á±~¦´³§¬�³´"¼�Ð���

(Mφn)n∈N

±	¥5�
� !��Ð���)¦Á±1"¼� � ��¦§�	Ê�³§�Ð¶+���
"
�Æ��� ��� � � �¼±Ä"
�$¥��
��� "�"
�$¦§¦´�
�#¥�� � ��¥��&"
��¥y"

n ∈ N
»��	!6± ‖Mφn‖Bω0

≤ kn‖M‖Bω0
,
��


kn = sup|y|≤ 1
n
ω̃0(y)

µQYl�	³´"

a ∈ Iω = Iω0

µ�F&� ± � �
° �^¦´��JB½��$���
°$¬�� �lµ �l»�± ��� ¦´³��#¥��D±	¥ � ��³§���B« ��!�"¼³´!�¥
ω0

»���!T±

|(̂φn)a(x)| = |φ̂n(x+ ia)| ≤ ‖Mφn‖Bω0
≤ kn‖M‖Bω0

≤ knβω
2‖M‖Bω ,

� ��¥���"¼�	¥y"
x ∈ R

µb?K��¬�¬Å�&¦Á±Æ�
¥y³´"¼�
(kn)n∈N

�$�
"I­|���
!y�$�	»{�	! � �$¥y"$» �#¥�³´"
"¼��%)�
� ¬ � ¦§±	«$� �

((̂φn)a)n∈N
� ±	��¥�!��1�
�	¥��WÂ��
¥�³¿"¼�)«$�	!#²	�$!�±Ä­�¦§�Ä»@�
¥ ��� ���
� ���#¥��

((̂φn)a)n∈N

«$��!�²�� �
Ê�� � ��¥��
¦§± "¼� � ��¦§�	Ê�³§�D¶ ±	³§­y¦§�

σ(L∞(R), L1(R))
²�� �
�D¥�!���¶+��!y« "¼³´��!

νa
��±	!��

L∞(R)
µjFS� � ¦§¥y�$»���!

��­l"¼³§� !�"

‖νa‖∞ ≤ Cω ‖M‖Bω ,��

Cω = βω

2 »�«ª±	� limn→+∞ kn = 1
�+« ¶\µ � �lµ¿¨Ï��	 	Ãµ��^�	¥��L±¹²	��!��

lim
n→+∞

∫

R

(
(̂φn)a(x) − νa(x)

)
g(x) dx = 0, ∀g ∈ L1(R)

�·"^�	!T�
�$¬Å±	� �#¥�� �#¥��

lim
n→+∞

∫

R

(
(̂φn)a(x)(̂f)a(x) − νa(x)(̂f)a(x)

)
g(x) dx = 0, ∀g ∈ L2(R), ∀f ∈ C∞

c (R).

AH!º«$��!�« ¦§¥y" �#¥�� (
(̂φn)a(̂f)a

)
n∈N

« ��!�²�� �
Ê��Ð¶ ±	³§­y¦§�$¬��$!�"���±	!��
L2(R)

²��$�
�
νa(̂f)a

» � ��¥��

f ∈ C∞
c (R)

µ
AH!��yÈl�

f ∈ C∞
c (R).

?K��¬Å¬��
(Mφnf)a ∈ C∞

c (R)
»���!1±

̂(Mφnf)a(x) = M̂φnf(x+ ia)

= φ̂n(x + ia)f̂(x+ ia) = φ̂n(x+ ia)(̂f)a(x), ∀x ∈ R
�·" � ±	�O«$��!��
���#¥�� !#"$»

‖(Mφnf)a‖L2 = ‖ ̂(Mφnf)a‖L2 ≤ k1βω
2‖M‖Bω ‖(̂f)a‖L2 , ∀n ∈ N.

� �



V�¥y³´"
"
��%®�
� ¬ � ¦Á±	« �$� (
(Mφnf)a

)
n∈N

� ±	�B¥�!y���
��¥��\Âz�
¥�³´"
��«$��!�²�� !�±	­�¦´�	»���! � �$¥y"O�
¥ ��� ���
� �
��¥y� (

(Mφnf)a

)
n∈N

«$�	!#²	�$�
Ê���¶ ±Ä³§­�¦´�$¬��$!�"���±	!y�
L2(R)

²��$�
� ¥y!���¶+��!�« "
³§��!
ha ∈ L2(R)

µ
A�!1±

∫

R

∣∣∣(Mφnf)a(x) − (Mf)a(x)
∣∣∣ |g(x)| dx

≤ Ca,g‖Mφnf −Mf‖ω, ∀g ∈ C∞
c (R), ∀n ∈ N,

��

Ca,g

� �
"@¥�!��L«$�	!��
"¼±	!�"¼�	» �#¥�³�!��O��� � � !�� �#¥��L���
g
µ�?K��¬Å¬��

(Mφnf)n∈N

« ��!�²�� �
Ê��L²��$�
�

Mf
��±	!��

L2
ω(R)

»���!1��­y"
³§� !#"D�

lim
n→+∞

∫

R

(Mφn f)a(x)g(x) dx =

∫

R

(Mf)a(x)g(x) dx, ∀g ∈ C∞
c (R).

A�!:« ��!�«$¦´¥y" �#¥��
(Mf)a = ha

� "
(Mf)a ∈ L2(R)

µ�?K�	¬Å¬�� � �	¥���"¼��¥l"
g ∈ L2(R)

»

lim
n→+∞

〈 ̂(Mφnf)a, ĝ〉L2 = lim
n→+∞

〈(̂φn)a (̂f)a, ĝ〉L2 = 〈νa(̂f)a, ĝ〉L2

� "

lim
n→+∞

〈 ̂(Mφnf)a, ĝ〉L2 = 〈(̂Mf)a, ĝ〉L2,
��!:��­y"¼³´�$!�"

(̂Mf)a = νa(̂f)a.
A�!:« ��!�«$¦´¥y" �#¥�� � ��¥l"B"¼��¥y"
��¶+��!�« "
³§��!

f ∈ C∞
c (R)

� "O"
��¥y"
a ∈ Iω

��!T±

(̂Mf)a(x) = νa(x)(̂f)a(x) p.p.

Yl¥ ��� ���
�	!��O¬ ±	³´!�"¼�$!�±	!�" ��¥y�
R−
ω < R+

ω

� ³ µ��Äµ ◦
Aω 6= ∅) µ|?K��¬Å¬��

(Mf)a ∈ L2(R) ⊂ S(R)′, ∀a ∈ Iω, ∀f ∈ C∞
c (R),

��� ± � �
° �L¦´��JB½��$�	�
°$¬�� �lµÇ©�µ �®��� ���	� �E�	!T±

M̂f (x+ ia) = (̂Mf)a(x), ∀x ∈ R, ∀a ∈
◦
Iω, ∀f ∈ C∞

c (R)

� "
M̂f

�$�W"I½���¦§�	¬Å��� � ½��®�
¥�� ◦
Aω

µEYl�	³´"
f ∈ C∞

c (R), f 6= 0.
CE± ¶+��!y« "¼³´��!

ν :=
dMf

f̂

!���±
��¥y�����$� � �
�$¥����Ð�
³§!�Ê�¥y¦Á±	�
³´"¼� �K��±Ä!�� ◦

Aω
� "B� ���·"¼�$!y�T� !1¥y!���¶+��!�« "
³§��! ½���¦§�	¬Å��� � ½��^�
¥�� ◦

Aω
µ

�^��¥��L±ª²��	!��

ν(x + ia) = νa(x), p.p. pour a ∈
◦
Iω

� "

M̂f = νf̂ , pourf ∈ C∞
c (R).

FS� � ¦§¥�� » |ν(α)| ≤ Cω ‖M‖Bω , �
��¥��B"¼��¥l"

α ∈
◦
Aω

� "L��!T±
ν ∈ H∞(

◦
Aω).

� �



Uz¦{� �
"^«$¦Á±Ä³§� �#¥��

spec(S) ⊂
{
z ∈ C | 1

ρ(S−1)
≤ |z| ≤ ρ(S)

}
.

AH!T²Ä±Ð���$¬���!�"¼�
�$�O¦Í�Ç³§!y«$¦§¥y�
³§�	!)�
�$« ³ � �
� �#¥��Äµ|Yl��³¿"
a ∈ R

"¼�$¦ �#¥�� � �	¥��B"¼��¥y"
M ∈ Mω

»�¦´�$�
� �
� � ���
³¿"¼³§�	!���¨ 	j�·"_��	����gJB½�� ���
° ¬Å�@�lµ¿¨g�
��³´�$!�"{²�� �
³ ���$� �$µËAH!D�
¥ ��� ���
� �#¥��

e−ia /∈ spec(S)
µ

N^¦§���
�
(S − e−iaI)−1 � �
"L¥�!1¬®¥�¦´"
³ � ¦´³§«$±Ä"¼� ¥��K�·"O³§¦��ÃÈy³´�
"
�

νa ∈ L∞(R)
"¼� ¦§¦´� ��¥y�

F
(
((S − e−iaI)−1g)a

)
= νa(̂g)a, ∀g ∈ C∞

c (R).

>Q! � �$!�±	!�" g = (S − e−iaI)−1f � ��¥�� f ∈ C∞
c (R)

»���!:��­l"¼³§� !�"

(̂f)a(t) = νa(t)(e
−iat − e−ia)(̂f)a(t), p.p , ∀f ∈ C∞

c (R).

?K� ¦Á±T� !�"¼�¼±ËÎÁ!�� �#¥��
νa(t)(e

−iat − e−ia) = 1 � µ � µ¿»E«$� �#¥�³g�$�
"®±	­��
¥��
���Äµ_A�!x«$��!y«$¦§¥l" �#¥��

e−ia ∈ spec(S)
µ�?K��¬Å¬��S"
��¥��O¦§� �B�$¦§� ¬Å� !�"¼�B���D¦Í�Ç³§!�"
�$�
²Ä±	¦´¦§� [

ln 1
ρ(S−1)

, ln ρ(S)
] ²	�$�
³ ���$!�"

¦´�$� � �
� � ���
³´"
³§��!��S¨ 	K� "S��	K��¥1JB½�� ���
° ¬Å� �lµ¿¨�»���!T±

{
z ∈ C | 1

ρ(S−1)
≤ |z| ≤ ρ(S)

}
⊂ spec(S).

AH!1�$!1���$��¥y³´" �#¥��

spec(S) =
{
z ∈ C | 1

ρ(S−1)
≤ |z| ≤ ρ(S)

}
.

�

������� ��� ��� � � � � 
 ��` �#cÏa � � �Ec � ��� � ��
 � c���� ��`��

FH±Ä!��Q«$�·"
"¼� � ±	�
"
³§�	»Ä!���¥���±	¦§¦´��!��b!���¥��Q³´!#"
�$�
�$�
�
�$�g±	¥�È�� � �$�
±Ä"¼� ¥��
���y��É-³§�$!y�$�WÂzR^� � ¶��
¥��

L2
δ(R

+)
µ�FH±	!��O¦§±®�
¥�³¿"¼�

Sa
²Ä±®��� �
³´Ê�!��$� � ��¥��K"
��¥y"

a ∈ R
¦Í�Ç� � �$�
±Ä"¼� ¥������ ��!�³{�
¥y�

L1
loc(R)

� ±Ä�L¦§±&¶+���
¬&¥�¦§�

Saf(x) = f(x− a), p.p.

CQ�Ç�$� � ±	«$� L2
δ(R

+) � �$¥y" �·"¼�
�Æ«$��!y�
³§�y�$�
�)« ��¬�¬Å�Å¥�!6�
��¥��\Âz� � � ±	« �:���
L1
loc(R)

�$! � ���¼±	!�"

f(x) = 0
» � ��¥y��"¼��¥y"

x ∈ R− » � ��¥��B"
��¥y"
f ∈ L2

δ(R
+)

µ
� �



� � �
��� � 
 � c�� � � � � � 
 a 
 
 � �	� � ��� � 
 ��` �#cÏa � � �Ec�� � � � ��
 � c���� ��` � ���^��¥y�B±	¦§¦´��!��
� �
��¥l²��$���#¥��}"
��¥y"�� � � �¼±Ä"
�$¥��b���}É-³´�$!�� �WÂzR^� � ¶��$�
"�±	�
�
�l« ³§�}%^¥�!y�K��³´�
"¼�
³§­�¥l"¼³§�	!�µÏ�^��¥y�_!��	¥��
³§!�� � ³§�
��!��Q��� �@¬�� "
½������$�g�$¬ � ¦´�Ï¸	�$� �@��±	!��g¦Á± � ±Ä�
"¼³´� � �
� «$� ���$!�"¼�Ä»l¬Å±	³´��³§« ³�¦Á±H��� ��!�³¿"¼³§�	!��y�
¦Á±®��³´�
"¼�
³§­�¥l"¼³§�	!)±	�
�
�l« ³§� � %®¥y!T� � �$�
±Ä"¼� ¥��B����É-³§� !��$�\Â\RL� � ¶_�$�
"L¬���³§!y��!�±Ä"
¥��
� ¦§¦§�Äµ��L�	"¼��!y�

C∞
0 (R+)

¦Í�Ç�$� � ±	«$�:��� �Ð¶+�	!�« "
³§��!����y�
C∞(R)

%��
¥ ��� ���
"���±	!y�
]0,+∞[

µ�Jb��¥y"Ð�j� ±	­|���
��»
�
�$¬Å±	����¥y��!�� �#¥�� �j� ± � �
°$�O¥�!1�¼±Ä³§�
�	!�!��$¬��$!�"O"¼�
°$�O�
³´¬Å³´¦Á±	³´�
�^%�« �$¦´¥�³{�·È � ���
�I��±	!��O¦§±Ð�
��¥��\Â
�
�$«·"¼³´��!T�lµ ��»�¦§� � ��³§��� δ �$�
"L� ��¥y³´²Ä±	¦§� !�"L±	¥ � ��³´���B«$��!�"
³§!#¥

δ1
�y� ��!�³ � ±	�O¦Á±&¶+���
¬®¥�¦§�

δ1(x) = exp
(∫ 2

1

ln(δ(x+ t))dt
)
.

FS� � ¦§¥�� » δ1
�$�W"L"
�$¦ �#¥��

ln δ1
� �
"^¥�!���¶+��!�«·"¼³´��!)¦§³ � "¼«¾½�³¿"¼Ì ³§�$!y!��	µ�?K� ¦Á±��$!�"
�¼±ÄÎ§!��

lim
n→+∞

sup
0≤t≤ 1

n

δ̃+
1 (t) = 1

� " � �	¥���"¼��¥l"O«$��¬ � ±	«·" K ⊂ R
»�!���¥��L±ª²��	!��

sup
t∈K

δ̃+(t) < +∞.

q�±	�O«$�	!��
� ��¥y�$!�"ª» � �	¥�� K ⊂ R+ »

0 < inf
x∈K

δ(x) ≤ sup
x∈K

δ(x) < +∞.

� ��



�x�lµ´¨¹� � ���
T ∈ Wδ

���
f ∈ C∞

0 (R+) . / ( � # ! (Tf)′ = T (f ′).

� c � ��� ���EYl�	³§�$!�"
f ∈ C∞

0 (R+)
� "

(hn)n≥0 ⊂ R+ ¥�!��I�
¥y³´"¼�D« ��!�²��$�
Ê��$!�"
� ²�� �
�
0
µ|AH!

±
∣∣∣(S−hnf)(x) − f(x)

hn
− f ′(x)

∣∣∣ ≤ 2‖f ′‖∞, ∀x ∈ R+

� "L�$!1¥y"¼³´¦§³´�¼±	!�"�¦´�H"¼½�� ���
° ¬Å�D���D« ��!�²��$�
Ê��$!y«$�&�y��¬Å³´!��$�Ä»���!:��­y"
³§� !#"

lim
n→+∞

∥∥∥P
+S−hnf − f

hn
− f ′

∥∥∥
δ

= 0.

NS³§!y�
³�!��	¥��B"¼�
�	¥y²���!y�

lim
n→+∞

∥∥∥TP
+S−hnf − Tf

hn
− T (f ′)

∥∥∥
δ

= 0.

?K��¬Å¬��
T ∈ Wδ

»���!1�$!1���$��¥y³´" �#¥��

TP+S−hnf = TS−hnf = P+S−hnTShnS−hnf = P+S−hnTf.

A�!)²	��³´" �#¥��

lim
n→+∞

∫ +∞

0

∣∣∣(Tf)(x+ hn) − (Tf)(x)

hn
− T (f ′)(x)

∣∣∣
2

δ(x)2dx = 0.

	 �



Uz¦�� ��� !Å�
¥�³´" ��¥y� P+S
−hnTf−Tf
hn

« ��!�²�� �
Ê��B²�� �
�
T (f ′)

±	¥Ð�
� !��g���$�g��³´�
"
�
³§­y¥y"¼³´��!����·"
T (f ′) =

(Tf)′. �

	��6� 
�� � �	�
�<� ���lµ � �A�����<�
δ � �
����� ��!8! �,# R+ % ���

T
� !�� � � � � ��# / �5� �$# �,�
� �����6� # 
 �>� � 7

! �,# L2
δ(R

+) . � ( �213�4!��5� � �6� � �4!�� # � � � � �����
µT

��� � # � # � ���5� (<( � = � �
Tf = P+(µT ∗ f), ∀f ∈ C∞

c (R+).

� c � � � ���Eq_��¥��
f ∈ C∞

c (R)
» � ���
�	!�� f̃(x) = f(−x), � ��¥�� x ∈ R

µ|Y���³´"
f ∈ C∞

c (R)�·"S�
��³´"
zf

"
�$¦ �#¥��
supp f̃ ⊂] − zf ,+∞[

�·"
Szf̃ ∈ C∞

0 (R+)
» � �	¥�� z ≥ zf .

�L��¥��^±¹²	��!��

(TSzf̃)
′
= T (Szf̃)

′ � "
(TSzf̃)

′ ∈ L2
loc(R).

?K�$¦§±)�$!�"¼�
±ÄÎÁ!�� �#¥��
TSzf̃

�$�
" �$Ê�±	¦ � �
�$� �#¥��
� ±Ä�
"¼�	¥y"Ð%Z¥�!��Æ¶+�	!�« "
³§��!5« ��!�"¼³§!#¥�� �
¥��

R+ � «·¶\µ ������� » � µ¿¨ ��À 	Ãµ�FS� � ¦§¥�� » � ��¥�� a > 0
� "

z ≥ zf
»y!���¥��L±ª²���!y�

(TSz+af̃)(z + a) = (P+S−aTSa(Szf̃))(z) = (TSzf̃)(z).

AH!1«$��!�« ¦§¥y" �#¥�� {
(TSzf̃)(z)

}
z∈R+

�$�W"S« ��!��
"¼±	!�" � ��¥y� z ≥ zf
�·"L��! � ���
�

< µT , f >= lim
z→+∞

(TSzf̃)(z).

Yl�	³´"
K

¥�!�« ��¬ � ±	« "��y�
R

�·"��
��³¿"
zK

"¼� ¦ �#¥��
zK ≥ 1

� "
K ⊂] − ∞, zK[

µ{?K½y��³§�
³§�
�
��!��
¥�!y�^¶+��!�«·"¼³´��!

g ∈ C∞
c (R)

�#¥�³|�$�W" � ���
³¿"¼³¿²��	»#%I�
¥ �y� ���W"���±Ä!��
[zK − 1, zK +1]

�·"K"¼� ¦§¦´� �#¥��

g(zK) = 1.
qb��¥��

f ∈ C∞
K (R)

»�!y��¥���±ª²	��!��
gT (SzK f̃) ∈ H1(R)

� "K¦§�O¦§� ¬Å¬��B���SYl��­|��¦§�·²
�+« ¶\µ ����� � 	K³´¬ � ¦´³��#¥����#¥��

|(TSzK f̃)(zK)| = |g(zK)(TSzK f̃)(zK)|

≤ C
((∫

|y−zK |≤1

g(y)2|(TSzK f̃)(y)|2dy
) 1

2
+

(∫

|y−zK |≤1

|(g(TSzK f̃))
′
(y)|2dy

) 1
2
)
,

��

C > 0

�$�W":¥�!��Z« ��!��W"¾±	!�"¼�ÄµO?K�$¦§±��$!�"¼�
±ÄÎÁ!y� �#¥���³´¦^�ÃÈl³§�
"
��¥�!��Z« ��!��W"¾±	!�"¼�
C(K)

»K!y�
��� � � !���±	!�" �#¥�� �y�

K
»�"
�$¦´¦§���#¥��

|(TSzK f̃)(zK)| ≤ C(K)
((∫

|y−zK |≤1

|(TSzK f̃)(y)|2 δ(y)
2

δ(y)2
dy

) 1
2

+
(∫

|y−zK |≤1

|(T (SzK f̃)′)(y)|2 δ(y)
2

δ(y)2
dy

) 1
2
)

?K��¬�¬��

sup
t∈[zK−1,zK+1]

1

δ(t)
< +∞ et sup

t∈[zK−1,zK+1]

δ(t) < +∞,

	 �



³§¦j� !T�y�$«$�	¥�¦§� �#¥�� � ��¥y� f ∈ C∞
K (R)

�	!~±

|(TSzK f̃)(zK)| ≤ C(K)‖T‖
((∫

|y−zK |≤1

|(SzK f̃)(y)|2dy
) 1

2
+

(∫

|y−zK |≤1

|(SzK f̃)′(y)|2dy
) 1

2
)

≤ C(K)‖T‖
((∫ 1

−1

|f̃(x)|2dx
) 1

2

+
(∫ 1

−1

|(f̃)′(x)|2dx
) 1

2
)

≤ C(K)‖T‖(‖f̃‖∞ + ‖f̃ ′‖∞) = C(K)‖T‖(‖f‖∞ + ‖f ′‖∞),

��
 C(K)
�$�
"&¥�!��Å«$��!��W"¾±	!�"
�	» ��¥y³}!��Å��� � �$!y� ��¥y� ���

K
µ�>�"¾±Ä!#" ����!y!�� �#¥�� � ��¥��D"¼�	¥��

z ≥ zK
� "
f ∈ C∞

K (R)
!���¥��L±ª²��	!��

(TSzf̃)(z) = (TSzK f̃)(zK),

!���¥��_���$��¥y³§�
�	!�� �#¥��
µT

�$�W"�¥�!��}��³§�W"¼�
³§­�¥y"
³§��!jµÏF&� ±Ä¥y"¼�
� � ±	�W"ª» � �	¥�� y ≥ 0
�·"
f ∈ C∞

c (R+)!���¥��L±ª²���!y� � ��¥�� z > y
�

(Tf)(y) = (S−yTf)(0) = (S−yS−zTSzf)(0)

= (S−z(S−yTSy)S−ySzf)(0) = (S−zTS−ySzf)(0)

= (TSzS−yf)(z).

q�±	�O«$�	!��
� ��¥y�$!�"ª»|��!1±

lim
z→+∞

(TSzS−yf)(z) = (Tf)(y).

>g!y�
¥�³¿"¼�	»��	!:²	��³´" �#¥��Ä» � ��¥y� y ≥ 0
� "
f ∈ C∞

c (R+)
»

lim
z→+∞

(TSzS−yf)(z) =< µT , S̃−yf >

=< µT,x, f(y − x) >= (µT ∗ f)(y)

� "L!���¥��O« ��!�«$¦´¥���!�� �#¥��

(Tf)(y) = (µT ∗ f)(y), y ≥ 0, f ∈ C∞
c (R+). �

	 !



� � � `_`bc�� 
 � � a � ��� 
 � ��
 �|` �#cÏa � � �Ec 
 � ��� � ��
 � c ��� ��`��

Uz« ³Í»|��!T²Ä± ¥y"
³§¦´³§�
� �B¦Á±�¬�� ¬Å�D¬�� "¼½y�l��� �#¥��&« �$¦§¦´� �#¥��Ç��!�±���� �
%Å¬Å³´�
�I�$!Z���$¥y²��
� � ��¥��
��­l"¼�$!y³§�b¦Í��± ��� �
�¹Èl³´¬ ±Ä"
³§��!��y�$�b¬®¥�¦´"
³ � ¦´³§«$±Ä"¼� ¥��
� µ¹>�"¾±	!�"_����!�!�� �#¥�� �#¥�� ¦��#¥��$�_¬Å����³ ��«ª±Ä"
³§��!y�
"
�$«¾½�!�³ �#¥��$�O�$�Ç³§¬ � ���
� !#"$»y!��	¥��B����!�!y��!��B¦§� �����·"¾±	³´¦§�$µyAH!)!��	"
�

Tµ
¦Í�Ç� � �$�¼±Ë"¼�$¥y�����SÉ-³´�$!�� �WÂ

RL� � ¶b��� ��!�³ � ±	�K¦Á±&« ��!�²���¦´¥y"¼³´��!)±ª²�� «
µ � ��¥�� f ∈ C∞

c (R+)
µ�Yl³

µ
�$�W"B¥�!�����³´�
"
�
³§­y¥y"¼³´��!Æ%

�
¥ ��� ���
"�«$��¬ � ±	«·"ª»Ï��!&�y³´" �#¥��
Tµ

� �
"_¥�!®� � �$�
±Ä"¼� ¥��b���}É-³´�$!�� �WÂ\RL� � ¶�%L�
¥ �y� ���W"�« ��¬ � ±	« "$µ

	��6� 
�� � �	�
�<� � �lµÇ©��
�����������
δ � �0����� ��! ! �$# R+ ���

T ∈ Wδ % &"( � # ! . � ( �213�4!��-� � �6�
! � �<�-�

(Yn)n∈N

��� � � ��# / �-� �,# !>�,� � �����6� # 
 � � � 7
�

! � ����� # � : ���"� /,:��8�5� (<( � = � �
lim

n→+∞
‖Ynf − Tf‖δ = 0, pour f ∈ L2

δ(R
+)

‖Yn‖ ≤ ‖T‖ , ∀n ∈ N.

� c � � � ����AH! � ���
� (Utf)(x) = f(x)e−itx
» � ��¥�� f ∈ L2

δ(R
+)

»
t ∈ R

� "
x ∈ R+ »

� !8± �y� ¦§³ ��¥�±	!�"�¦§�Æ"
½��$���
°$¬��)���)«$�	!#²	�$�
Ê��$!�« �~���	¬Å³´!��$�Ä»�!���¥y���	­y"¼� !���!�� �#¥��:¦§�)Ê	�
��¥ � �

(Ut)t∈R

� �
"^«$��!�"
³§!#¥ � ��¥y�L¦§±&"¼� � ��¦´��Ê�³§�L¶+���
"
�����$�L� � �$�
±Ä"¼� ¥��
� µ|Yl��³´" T ∈ Wδ

� " � �	�
��!��

T (t) = U−t ◦ T ◦ Ut, ∀t ∈ R.
AH!T± T (0) = T

µ�q_��¥��
a > 0

»
x > 0

� "
f ∈ L2

ω(R)
!���¥y�^±ª²	��!��

(S−aT (t)Saf)(x) = (T (t)Saf)(x+ a)

= eit(x+a)(T (f(s− a)e−its))(x+ a)

= eitx(S−aT (f(s− a)e−it(s−a)))(x)

= eitx(S−aTSa(Utf))(x) = (T (t)f)(x).
?K� ¦Á±T¬���!�"¼�
���#¥�� T (t) ∈ Wδ

µbFS� � ¦´¥��$»E³´¦Q�$�
"&«$¦§±	³§� �#¥�� ‖T (t)‖ = ‖T‖ » � ��¥�� t ∈ R
µ

CQ��± ��� ¦´³§«ª±Ë"¼³§�	! T � �
"@«$��!�"
³§!#¥��L���
R

��±	!��
Wδ

µ#q_�	�
��!��
Yn := (T ∗γn)(0),

��

(γn)n∈N

� �
"
¦§±��
¥�³´"
� �
�$Ê�¥�¦§±	�
³´�¼±	!�"
�I�y� ��!�³´� ��±	!��S¦§±��
��¥��\Âz�
�$« "
³§��!��lµ �lµ�NS¦§�	�
� � ��¥y� f ∈ L2

δ(R
+)

»�!���¥��
��­l"¼�$!y��!��

lim
n→+∞

‖Ynf − Tf‖δ = 0.
N^³§!��
³Í» � ��¥�� n ∈ N

�·"
f ∈ L2

δ(R
+)

»�!���¥y�O"
�
��¥l²���!��

‖Ynf‖2
δ = ‖(T ∗ γn)(0)f‖2

δ =

∫ +∞

0

∣∣∣
∫ +∞

−∞
(T (y)f)(x)γn(−y)dy

∣∣∣
2

δ(x)2dx

≤
∫ +∞

0

(∫ +∞

−∞
|(T (y)f)(x)|γn(−y)dy

)2

δ(x)2dx.

	 �



>g!T± ��� ¦§³��#¥�±Ä!#"�¦Í�Ç³§!�� Ê�±	¦§³¿"¼�^��� Ñ	�$!��
�$!~�·"L¦§�H"¼½y�$���
°$¬������I]�¥y­�³§!�³ »y��!1��­y"
³§� !#"

‖Ynf‖2
δ ≤

∫ +∞

−∞

∫ +∞

0

|(T (y)f)(x)|2γn(−y)δ(x)2dxdy

≤
∫ +∞

−∞
‖T (y)‖2‖f‖2

δ γn(y)dy

≤
∫ +∞

−∞
‖T‖2‖f‖2

δ γn(y)dy

= ‖T‖2‖f‖2
δ, ∀n ∈ N, ∀f ∈ L2

δ(R
+).

�^��¥���« ��!�« ¦§¥���!y� �#¥�� ‖Yn‖ ≤ ‖T‖ » ∀n ∈ N
µE?K�	!��
³´���$�
��!��D¬ ±Ä³§!�"¼� !�±	!�"�¦Á±Æ�y³§�
"
�
³´­�¥y"¼³´��!

±	�
�
�l« ³§�$�Ð%
Yn

µEYl��³¿"
K

¥�!2«$��¬ � ±	«·"����
R

� "D�
�	³´"
zK ≥ 1

"
�$¦ �#¥��
K ⊂] − ∞, zK[

µ{>Q!
!���¥��D�
� �
²Ä±	!�"I��¥º¦§�$¬�¬��®���ÅYl��­|��¦§�·²Z�·"D���$� ±	�
Ê	¥�¬Å� !�"¼���·È � ���
� �&��±Ä!��D¦Á± � �
�$¥y²	�Å���Ð¦§±
qg�
� � ���
³¿"¼³§�	!:�lµ¿¨�»���!:��­y"
³§�$!�" � ��¥�� f ∈ C∞

K (R)
»

|(TSzK(f̃gn))(zK)|

≤ C(K)‖T‖
((∫

|y−zK |≤1

|SzK (f̃gn)(y)|2dy
) 1

2
+

(∫

|y−zK |≤1

|SzK(f̃ gn)
′
(y)|2dy

) 1
2
)

≤ C(K)‖T‖
((∫ 1

−1

|(f̃ gn)(x)|2dx
) 1

2
+

(∫ 1

−1

|(f̃gn)′(x)|2dx
) 1

2
)

≤ C̃(K)(‖f‖∞ + ‖f ′‖∞),
��


C(K)
� "
C̃(K)

!��D��� � �$!y���$!�" ��¥y� ���
K

µ�q_±	�B«$��!y�
���#¥�� !�"ª»

|(TSz(f̃gn))(z)| ≤ C̃(K)(‖f‖∞ + ‖f ′‖∞), ∀z ≥ zK , ∀f ∈ C∞
K (R)

� "L��!:«$��!y«$¦§¥l" ��¥y�
µTgn

��� ��!�³ � ±Ä�

< µTgn, f >= lim
z→+∞

(TSz(f̃gn))(z)

�$�
"L¥�!y�I�y³§�
"
�
³´­�¥y"¼³´��!)���Ç���
�y�
�Ð¨�µ�F&��±	¥y"
�
� � ±	�W"ª»�!��	¥��L±¹²	��!��

(Ynf)(y) =

∫

R

(T (−s)f)(y)γn(s)ds

=

∫

R

e−isy(T (M−sf))(y)γn(s)ds =

∫

R

< µT,x, f(y − x)e−isx > γn(s)ds

=< µT,x, f(y − x)

∫

R

γn(s)e
−isxds >=< µT,x, f(y − x)gn(x) >

= (µTgn ∗ f)(y), ∀y ≥ 0, ∀f ∈ C∞
c (R+).

]�³§!�±Ä¦§�$¬��$!�"$»l!��	¥��^�	­y"¼� !���!��

Ynf = P+(µTgn ∗ f), ∀f ∈ C∞
c (R+), ∀n ∈ N.

	 	



?K��¬�¬��
supp µTgn ⊂ [−n, n]

»�«$� ¦Á±�«$�	¬ � ¦´° "
��¦Á± � �
� ¥y²��Äµ
�

	��6� 
�� � �	�
�<� �¢��µ ¯ �������<�
δ � � ����� ��!�! �,# R+ % ���

T ∈ Wδ . / ( � # !>� ( �213�4!��5� � �6��! � �<�-�
(φn)n∈N ⊂ C∞

c (R)
�5� (<( � = � �

lim
n→+∞

‖Tφnf − Tf‖δ = 0, ∀f ∈ L2
δ(R

+)

���
‖Tφn‖ ≤

(
sup

0≤t≤ 1
n

δ̃+(t)
)
‖T‖ , ∀n ∈ N.

� c � � � ����Y���³§� !#"
T ∈ Wδ

�·"
µT

¦§±Å��³´�
"
�
³§­y¥y"¼³´��!1±	�
�
�l« ³§�$�&%
T
µ�A�!~�
¥ ��� ���
� �#¥��

µT� �
" %Æ�
¥ �y� ���W"D«$��¬ � ±	«·"ªµ�Yl��³´" (θn)n∈N ⊂ C∞
c (R)

¥y!����
¥�³¿"¼�&"
�$¦´¦§� �#¥��
supp θn ⊂ [0, 1

n
]
»

θn ≥ 0
»

lim
n→+∞

∫

x≥a
θn(x)dx = 0, ∀a > 0

�·"

‖θn‖L1 = 1, ∀n ∈ N.
qb��¥��

f ∈ L2
δ(R

+)
»���!T±

lim
n→+∞

‖θn ∗ f − f‖δ = 0.
qb���
��!y�

Tnf = T (θn ∗ f), ∀f ∈ L2
δ(R

+).
AH!)²���³¿" �#¥��

(Tn)n∈N

«$�	!#²	�$�
Ê���²��$�
�
T � ��¥���¦§±&"¼� � ��¦§�	Ê�³§�O¶+���
"
�H��� �L� � � �¼±Ä"
�$¥��
�B� "

Tn =

Tφn ,
��


φn = µT ∗ θn ∈ C∞
c (R).

q_��¥y�
f ∈ L2

δ(R
+)

»y��!~±

‖Tnf‖2
δ = ‖P+(µT ∗ θn ∗ f)‖2

δ

= ‖P+(θn ∗ µT ∗ f)‖2
δ

=

∫ +∞

0

∣∣∣
∫

R

θn(y)(Sy(µT ∗ f))(x)dy
∣∣∣
2

δ(x)2dx

≤
∫ +∞

0

∫

R

θn(y)|(Sy(µT ∗ f))(x)|2δ(x)2dydx.

u����	« �I±	¥)"¼½�� ���
° ¬Å�D���I]�¥�­�³´!�³Í»l!���¥��L±ª²���!y�

‖Tnf‖2
δ ≤

∫ 1
n

0

θn(y)
(∫ +∞

0

|(µT ∗ Syf)(x)|2δ(x)2dx
)
dy

≤
∫ 1

n

0

θn(y)‖T (Syf)‖2
δ dy

≤
∫ 1

n

0

θn(y)‖T‖2 δ̃+(y)2‖f‖2
δdy

	 C



≤ ‖T‖2
(

sup
0≤y≤ 1

n

δ̃+(y)2
)
‖f‖2

δ.

�^��¥�� ���$��¥y³§�
�	!�� �#¥�� ‖Tn‖ ≤
(
sup0≤y≤ 1

n
δ̃+(y)

)
‖T‖ �·")¦Á±xqQ�
� � ���
³¿"¼³´��!<�lµ ¯ ��� «$��¥�¦´�

����¥y!��I± ��� ¦´³��#¥�±Ä"
³§��!Æ³´¬Å¬��$�y³Á±Ä"
�S���D¦Á±ÐqQ�
� � ���
³´"
³§��!:��µ�©�µ
�

� � �
����� `_c�� 
���
�� a � ��� 
 ��� � 
 �|` �#cÏa � � �Ec � � � � ��
 � c ��� ��`�� ��FH±Ä!���«$�·"
"¼�)�
��¥��\Â
� ±	�
"
³§�Ä»�¦Á± � �
³´!�«$³ � ±	¦§�B�y³ ��«$¥�¦¿"¼�O²Ä± � "
�
�^��� ± ��� ¦§³ �#¥��$�g¦§� �}¬�� "
½������$�@��� �
% �·È � �	�
�$� ����±	!y�K¦§�
«ª±	�O��� �L¬&¥�¦´"
³ � ¦´³§«ª±Ë"¼�$¥y�
�K� !T« ��!�"¼��¥y�
!�±	!�"L¦§�H¶ ±Ä³´" �#¥��

U1,δV−1,δ 6= I.
A�! � ���
�

δ∗(x) = δ(−x)−1, ∀x ∈ R−.
�^��¥��O³´!#"
�
����¥�³´�
��!��B¦ ��� � � ±Ä«$�

L2
δ∗(R

−) :=
{
f mesurable sur R− |

∫

R−

|f(x)|2δ∗(x)2dx < +∞
}
.

A�!:��� ��!�³¿"

[f, g] := [f, g]δ =

∫ +

R

f(x)g(−x)dx, ∀f ∈ L2
δ(R

+), ∀g ∈ L2
δ∗(R

−).

q_��¥��
a ∈ R+ »y!��	"¼�	!��

Ua,δ∗
¦Í�Ç� � � �¼±Ä"
�$¥��B�y�D"
�¼±	!y�
¦Á±Ë"¼³§�	!Æ��� ��!�³ � ��¥y� f ∈ L2

δ∗(R
−) � ±	�

(Ua,δ∗f)(x) = f(x− a), p.p. x ≤ 0.

q_��¥��
a ∈ R− »y!��	"¼�	!��

Va,δ∗
¦Í�Ç� � � �¼±Ä"
�$¥��K���I"
�¼±	!y�
¦Á±Ë"¼³§�	!Æ��� ��!�³ � ��¥y� f ∈ L2

δ∗(R
−) � ±	�

(Va,δ∗f)(x) = f(x− a), p.p. x ≤ a, (Va,δ∗f)(x) = 0, x > a.

� ��



�x�lµ´¨ª��� �����<�
δ � ������� ��! : �����;�<� � ! �,# R+ %

1 ) * � �,# α ∈ B−
δ :=

{
z ∈ C | ln r−δ ≤ Im z et limn→+∞

∑n
k=0 e

−2k Im zδ(k)2 = +∞
}

.� ( �213�4!��-� � �6�
! � �<�-�
(uα,k)k∈N ⊂ L2

δ(R
+)

�-� (<( � = � �
�Í�lµ��
� 	

i) ‖uα,k‖δ = 1, ∀k ∈ N.

�Í�lµ���� 	
ii) lim

k→+∞
‖Ut,δ uα,k − e−itαuα,k‖δ = 0, ∀t ∈ R.

2 ) * � �,# α ∈ B+
δ :=

{
z ∈ C | Im z ≤ ln r+

δ et limn→+∞
∑n

k=0
e2k Im z

δ(k)2
= +∞

}
. � (�213�4!��-� � �6�
! � �<�-�

(vα,k)k∈N ⊂ L2
δ∗(R

−)
�-� (<( � = � �

�Í�lµÇ©�� 	
i) ‖ vα,k ‖δ∗ = 1, ∀k ∈ N.

	 �



� �lµ�©y¨ 	
ii) lim

k→+∞
‖Vt,δ∗ vα,k − e−itαvα,k‖δ∗ = 0, ∀t ∈ R.

� c � � � ���yCE± � �
�$¥l²��B¥y"
³§¦§³´�
�g¦§� ��±	�
Ê�¥�¬��$!�"¼����� ²	�$¦§� ��� � ����±	!y��¦§�@«ª±	�y�
����� ��¬®¥�¦¿"¼³ � ¦§³´«ª±ËÂ
"
�$¥��
� �+« ¶\µ�C{�$¬�¬Å� �L�lµÇ©�»��lµ ¯l»|�lµ�Ày»��lµ ��	Ãµ�>Q! � ���¼±Ä!#" fε = χ[0,ε]

� "
gn =

∑n
p=0 e

i(p+1)αSpfε³´¦��
¥ �Ð" �
¥��
"
�D���D�
� � � "
�$�O¦Á±®¬ �$¬���«$�	!��
"
�
¥�«·"¼³§�	!�µ
�qb��¥��

T ∈ B(L2
δ(R

+))
�	!T!��Ä"¼�

T ∗ ¦ ��� � �$�
±Ä"¼� ¥��B���
B(L2

δ∗(R
−))

"
�$¦ �#¥��

[Tf, g] = [f, T ∗g], ∀f ∈ L2
δ(R

+), ∀g ∈ L2
δ∗(R

−).

�

� ��



� �lµ¿¨ª©��������<�
δ � ������� ��! : ����� �<� � ! �,# R+ %

1 ) * � �,# α ∈ B−
δ . � ( �213�4!��-� � �6� ! � �<�-�

(uα,k)k∈N ⊂ L2
δ(R

+)
�5� (<( � = � �

� �lµ�©���	 ‖uα,k‖δ = 1, ∀k ∈ N, lim
k→+∞

‖ Tφ uα,k − φ̂(α)uα,k ‖δ= 0, ∀φ ∈ C∞
c (R).

2 )
)B* � �,# α ∈ B+
δ . � ( �213�4!��-� � �6�
! � �<�-�

(vα,k)k∈N ⊂ L2
δ∗(R

−)
�-� (<( � = � �

� �lµ�©�� 	 ‖vα,k‖δ∗ = 1, ∀k ∈ N, lim
k→+∞

‖T ∗
φ vα,k − φ̂(α)vα,k‖δ∗ = 0, ∀φ ∈ C∞

c (R).

� c � � � ���QYl��³¿"
α ∈ B−

δ

�·"D�
��³¿"
φ ∈ C∞

[−a,a](R)
µEAH!��
¥ ��� ���
� �#¥��Ç³§¦��ÃÈy³´�
"
��¥�!��Ð�
¥�³¿"¼�

(uα,k)k∈N ⊂ L2
δ(R

+)
²	�$�
³ ��±	!�"L¦§� � � �
� � �
³§�·"¼�$� � �lµ��
� 	K� " � �lµ �	� 	·µ�AH!:��­y"
³§� !#"

‖ Tφ uα,k − φ̂(α)uα,k ‖2
δ

=

∫ +∞

0

∣∣∣
∫ a

−a
φ(y)

(
Sy uα,k(x) − e−iyαuα,k(x)

)
dy

∣∣∣
2

δ(x)2dx

≤
∫ +∞

0

‖φ‖2
∞

(∫ a

−a

∣∣∣Sy uα,k(x) − e−iyαuα,k(x)
∣∣∣dy

)2

δ(x)2dx, ∀k ∈ N.
>Q!Z± ��� ¦§³ �#¥�±	!�"B¦Í�Ç³§!y�$Ê�±	¦´³´"
�^��� Ñ	� !��
� !Z� "O¦´�H"¼½�� ���
° ¬Å�D���I]�¥�­�³´!�³���!)"¼�
��¥y²	�

‖Tφ uα,k − φ̂(α)uα,k‖2
δ

≤ ‖φ‖2
∞

∫ a

−a

(∫ +∞

0

∣∣∣Sy uα,k(x) − e−iyαuα,k(x)
∣∣∣
2

δ(x)2dx
)
dy

≤ ‖φ‖2
∞

∫ a

−a
‖Uy uα,k − e−iyαuα,k‖2

δ dy, ∀k ∈ N.

?K��¬�¬�� � ��¥y� k ∈ N
� "
y ∈ [−a, a] »

‖Uy uα,k − e−iyαuα,k‖δ ≤ sup
s∈[−a,a]

(
δ̃+(s) + |e−isα|

)
< +∞.

F&��± � �
°$�L¦§�H"
½��$���
°$¬��D���D«$��!�²�� �
Ê�� !�«$� ����¬�³§!�� �	»�!y��¥��L±ª²���!��

lim
k→+∞

‖Tφ uα,k − φ̂(α)uα,k‖δ = 0.
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FS�}¬ �$¬��g�$�Ç³§¦��ÃÈy³´�
"
�}¥�!y�}�
¥�³´"
�
(vα,k)k∈N ⊂ L2

δ∗(R
−)

²�� �
³ ��±	!�" � �lµÇ©�� 	�� " �Í��µ�©�¨�	{�	! ��­l"¼³§� !�"
¦Í��±	�
�
�$�
"
³§��!1��	·µ

�

� ��



�x�lµ´¨¹¯ � �����<�
δ � ������� ��! : �����;�<� � ! �,# R+ ��� ! ���<�

φ ∈ C∞
c (R) % � � � ! / � ��� !

�Í�lµÇ©�© 	 |φ̂(α)| ≤ ‖ Tφ ‖, ∀α ∈ Ωδ.

� c � ��� ���KA�!5�
�$¬Å±	� �#¥�� ��¥y�)��� ± � �
° ��¦Í�Ç³§!�� Ê�±Ä"¼¦´³´"
���y�:?�±	¥�«¾½�¸�ÂWYl½ �K±	�
"
Ì	»g��!5��­l"¼³§� !�"
��¥y� � ��¥�� z ∈ C

±	¥Ð¬Å��³´!���¥�!y�L�y�$�g�
� �
³§� � ∑∞
k=0 e

−2k Im zδ(k)2 � " ∑∞
k=0

e2k Im z

δ(k)2

�y³´²�� �
Ê��O�·"
��!Ð±

Ωδ ⊂ B−
δ

⋃
B+
δ .

Y���³´"
φ ∈ C∞

c (R)
µ�Y�¥ ��� ���
��!y� ��¥y�

α ∈ Ωδ

⋂
B−
δ

µ�Yl�	³´"
(uα,k)k∈N ⊂

L2
ω(R)

¥y!��D�
¥�³¿"¼��²�� �
³ ��±	!�" � �lµ��
� 	}�·" � �lµ���� 	·µ�?K��¬Å¬�� ‖uα,k‖δ = 1
» � ��¥�� k ∈ N

»���!T±

φ̂(α) =< φ̂(α)uα,k − Tφ uα,k , uα,k > + < Tφ uα,k , uα,k >, ∀k ∈ N

� "L��!)"¼�
��¥y²��

|φ̂(α)| ≤ | < φ̂(α)uα,k − Tφ uα,k , uα,k > | + ‖Tφ‖, ∀k ∈ N.

A�!1±

lim
k→+∞

| < φ̂(α)uα,k − Tφ uα,k , uα,k > | ≤ lim
k→+∞

‖φ̂(α)uα,k − Tφ uα,k‖δ = 0

� " � ±	�B« ��!��
� �#¥��$!�"

|φ̂(α)| ≤ ‖Tφ‖.
Yl³
α ∈ Ωδ

⋂
B+
δ

»y�$!1¥y"¼³´¦§³§�
±	!�"B¦§� �B¬�� ¬Å� �O±	�
Ê	¥�¬Å� !�"¼�O� "L¦Á± � �
� � �
³§�·"¼� �Í��µ �	��	·»���!T±

|φ̂(α)| ≤ ‖T ∗
φ‖.

?K��¬Å¬�� ‖Tφ‖ = ‖T ∗
φ‖

»���!:��­y"¼³´�$!�"

|φ̂(α)| ≤ ‖Tφ‖, ∀α ∈ Ωδ

� "L¦Á± � �
�$¥y²	� � �
"L«$�	¬ � ¦´° "
�	µ
�P~±	³§!�"
�$!�±	!�"$»�!���¥��L±	¦´¦§��!��K���$¬���!�"¼�
�$�B¦§���
�$�
¥�¦´"¼±Ä" � �
³´!�«$³ � ±	¦��y�I« � "
"¼� � ±	�W"¼³§�Äµ

� c � ��� � ��� ���	� ��c�� � � � � � �_Yl��³§� !�"
δ
¥�! � ��³§���L�
¥y�

R+ � "
T ∈ Wδ

µjYl��³¿"
(φn)n∈N ⊂

C∞
c (R)

¥�!����
¥�³´"
�~"¼� ¦§¦§� �#¥��
(Tφn)n∈N

«$��!�²�� �
Ê���²	�$�
�
T � �	¥��Æ¦Á±º"¼� � ��¦§�	Ê�³§�)¶+���W"¼�Z��� �

� � � �¼±Ä"
�$¥��
�O� " �#¥�³�²�� �
³ ���

‖Tφn‖ ≤ kn‖T‖, avec kn = sup
0≤y≤ 1

n

δ̃+(y)

]�³¿Èl��!��
a ∈ Jδ

µ��^��¥��L±ª²��	!��

|(̂φn)a(x)| = |φ̂n(x + ia)| ≤ ‖Tφn‖ ≤ kn‖T‖ , ∀x ∈ R.
	 �



�L��¥�� � ��¥l²���!��L�·È�"
�¼±	³´�
�����
((̂φn)a)n∈N

¥�!y�I�
��¥��\Âz�
¥y³´"¼�Ä» ��¥y³{«$��!�²�� �
Ê�� � �	¥��O¦Á±&"¼� � ��¦´��Ê�³´�
¶ ±	³´­�¦§� ∗ σ(L∞(R), L1(R))

²�� �
�g¥�!��K¶+�	!�« "
³§��!
νa ∈ L∞(R)

µ	q_��¥����
³§¬ � ¦´³ ��� �_¦´�$��!��Ä"¾±Ä"
³§��!�� »
« � "
"
� �
��¥��\Âz�
¥y³´"¼�D�
�$�¼±�±	¥��
�
³{!��Ä"¼�$�

((̂φn)a)n∈N

µ��^��¥��L±ª²��	!��

‖νa‖∞ ≤ lim
n→+∞

( sup
0≤t≤ 1

n

δ̃+(t)) ‖T‖
�·"

lim
n→+∞

∫

R

(
(̂φn)a(x) − νa(x)

)
g(x) dx = 0, ∀g ∈ L1(R).

MO�$¬Å±	� �#¥��	!�� ��¥y� � ��¥�� g ∈ L2(R)
»
f ∈ C∞

c (R)
»

lim
n→+∞

∫

R

(
(̂φn)a(x)(̂f)a(x) − νa(x)(̂f)a(x)

)
g(x) dx = 0.

AH!)«$�	!�«$¦´¥y" �#¥��	» � ��¥y� f ∈ C∞
c (R)

» (
(̂φn)a(̂f)a

)
n∈N

« ��!�²�� �
Ê�� � ��¥���¦§±I"
� � �	¦§��Ê�³´�L¶ ±Ä³§­�¦´�
���
L2(R)

²�� �
�
νa(̂f)a

µ�?K��¬�¬Å�}��!Ð±
(Tφnf)a = P+((φn)a∗(f)a) = P+F−1((̂φn)a(̂f)a),¦§±^�
¥y³´"¼�

((Tφnf)a)n∈N

«$�	!#²	�$�
Ê�� � ��¥��b¦Á±L"
� � ��¦§��Ê	³§��¶ ±	³´­�¦§�Q���
L2(R)

²	�$�
�
P+F−1(νa(̂f)a)

µ
FS� � ¦´¥��$»�!y��¥��L±ª²���!��

∫

R+

|(Tφnf)a(x) − (Tf)a(x)||g(x)|dx

≤ Ca,g‖Tφnf − Tf‖δ , ∀g ∈ C∞
c (R),

��

Ca,g > 0

!�� �y� � �$!�� �#¥��Å���
g

�·"&���
a
µ_N^¦§���
�$»E!���¥y�&��­y"
�$!��	!�� �#¥�� (

(Tφnf)a

)
n∈N« ��!�²��$�
Ê��®±Ä¥1�
�$!��L��� �^��³´�
"
�
³§­y¥y"¼³´��!��K²	�$�
�

(Tf)a
µ�q�±	�O« ��!��
� �#¥��$!�"ª»|��!1«$��!y«$¦§¥l" ��¥y�

(Tf)a = P+F−1(νa(̂f)a)
�·"

(Tf)a ∈ L2(R+)
µ

FH±Ä!��®¦Á±1�
¥�³¿"¼�Ä»_��! �
¥ ��� ���
� ��¥y� ◦
Jδ 6= ∅ µ_>�"¾±	!�"��y��!�!����#¥��

(φ̂n)n∈N

�$�W"�¥�!�� �
¥�³¿"¼�
���H¶+�	!�« "
³§��!��K½���¦§�	¬Å��� � ½�� �K¥�!�³¿¶+���
¬��$¬��$!�"K­����
!��$� �B�
¥�� ◦

Ωδ

»y��! � �$¥l"O�
�$¬ � ¦§±	«$� � (φ̂n)n∈N� ±Ä�I¥y!��Å�
��¥��\Âz�
¥y³´"¼� �#¥�³g«$�	!#²	�$�
Ê�� ¥�!y³´¶+���
¬Å� ¬Å� !#"H�
¥���"¼�	¥y"I«$��¬ � ±	«·"I²	�$�
� ¥�!y��¶+��!y« "¼³´��!

ν ∈ H∞(
◦

Ωδ)
µ�NS³§!y�
³Í» � ��¥��g"¼��¥l"

a ∈ Jδ
»�¦Á±D�
¥�³¿"¼�

(φ̂n(.+ ia))n∈N

« ��!�²�� �
Ê��S²	�$�
�
ν(.+ ia)±	¥)�
�$!��B�y�$����³´�
"
�
³§­y¥y"¼³´��!��$µ�F&�Ç¥�!:±	¥l"¼�
�^« �	"
�	»l¦Á± �
¥�³´"
�

((̂φn)a)n∈N

«$�	!#²	�$�
Ê��H²�� �
�
νa

� ��¥��
¦§±�"
� � ��¦§��Ê	³§� σ(L1(R), L∞(R))

� "L!��	¥��O���$��¥y³§�
�	!�� �#¥�� � ��¥�� a ∈
◦
Jδ,

ν(x + ia) = νa(x) p.p.
Uz¦{� �
"^«$¦Á±Ä³§� �#¥��

‖ν‖∞ ≤ lim
n→+∞

( sup
0≤t≤ 1

n

δ̃+(t)) ‖T‖.
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Yl³
δ

�$�
"I"¼� ¦ ��¥y�
limn→+∞ sup0≤t≤ 1

n
δ̃+(t) = 1

»{��!x�	­y"¼³´�$!�" ‖ν‖∞ ≤ ‖T‖ µbYl³§!y��!2!���¥��
±¹²	��!�� ‖ν‖∞ ≤ cδ‖T‖

»���

cδ

�$�
"D¦§± «$�	!��
"¼±	!�"¼�Ð��� ��!�³§�®��±	!���¦Í�Ç³§!�"
�
����¥�« "
³§��!jµj?K� ¦Á±Æ« ��¬ÐÂ
� ¦§°·"¼��¦Á± � �
�$¥l²��	µ

�

C��
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C{�$�:�
�$�
¥y¦´"¾±Ë"¼�)�·È � ���
� �:��±	!��:«$��«¾½�± � ³´"
�
���
��!�":��� ²	�$¦§� ��� � �:��±	!������ ��� µOYl��³¿"
E

¥�!
� � � ±	« �H���Ss�±	!�±	«¾½ ���S�
¥�³´"
�$�K« ��¬ � ¦§�ÃÈy� �K�
¥��

Z
µl�^��¥��K±	¦§¦´��!��g!��	"
�$�

S
¦Í�Ç� � �$�¼±Ë"¼�$¥y�K± �y� � ¦§�

¦´���
½�³¿¶ "O��� ��!y³ � ±	�

S : CZ 3 x −→ (x(n− 1))n∈Z ∈ CZ.
Yl�	!T� � �$�
±Ä"¼� ¥��O³§!�²�� �
�
�

S−1 �$�W"S��� ��!�³ � ±Ä�

S−1 : CZ 3 x −→ (x(n + 1))n∈Z ∈ CZ.

Yl�	³´"
F (Z)

¦Í�Ç�$!��
�$¬®­y¦§�Ð���$�I�
¥y³´"¼� � �y��!�"I"
��¥��D¦§� �D«$��� ��«$³´�$!�"¼�I�¼±	¥l¶�¥�!x!���¬®­��
� ��!�³Q�
�	!#"
!#¥�¦´�$µ��^�	¥��O�
¥ ��� ���
��!�� ��¥y�

F (Z)
� �
"L���$!y�
�I��±	!��

E
µ

� � � ��� �	�
�<���6�yµ´¨�� � � /������ (<( � � � ( � � � ( ��: / �5� �$# ! �,# E �-� � ��� � ��# / �-� �,#�� ��� # � � ! �,# E�5� ( = � �
MSa = SMa, ∀a ∈ F (Z).

� � � ! � � !�� � �6� # ��� ! � / # M(E) ( � ��� ! � � � ( � �,� ! � � ( � � � ( ��: / �-� �,# !
! �$# E %
qb��¥��

z ∈ T = {z ∈ C | |z| = 1} » � ���
��!y�

ψz : E 3 x −→ (x(n)zn)n∈Z.

AH!~�
�$¬Å±	� �#¥�� �#¥��&�
³ � ��¥�� z ∈ T
»
ψz(E) ⊂ E

� "^�
³E��!~�
¥ ��� ���
� �#¥�� � ��¥��B"¼�	¥y"
n ∈ Z

»
¦ � ± �y� ¦§³´«ª±Ä"
³§��!

pn : E 3 x −→ x(n) ∈ C
� �
"�« ��!�"¼³´!�¥y�	»l±	¦§���
�g¦§�O"¼½�� ���
° ¬Å�L��¥ Ê	�¼± � ½y�L¶+� �
¬��^!��	¥��K���	!�!�� ��¥y�

ψz
� �
"}¥�!Æ� � �$�
±Ä"¼� ¥��

­|���
!y���
¥��
E

µ�FH±	!��D«$��«¾½�± � ³´"
�
����!2« ��!��
³´��°$�
�����$�D� � � ±	« �$�I���Ðs�±	!�±	«¾½º²	�$�
³ ��±	!�"D�
�$¥�¦´�·Â
¬��$!�"L¦§� �B½#¸ � �	"¼½y°$�
� �S�
¥�³´²Ä±	!�"¼� � �

C �



� R ¨�	
F (Z)

�$�
"^��� !��
�I��±	!��
E

�·" � ��¥���"
��¥y"
n ∈ Z

»
pn

�$�W"L«$��!�"¼³´!#¥T���
E

��±	!y�
C
µ

� RH��	BA�!T±
S(E) ⊂ E

��¥
S−1E ⊂ E

µ

� RS��	BA�!T±
ψz(E) ⊂ E, ∀z ∈ T

� "
supz∈T ‖ψz‖ < +∞ µ

FH±	!��}¦Á±D�
¥�³¿"¼�	»#�
³
S(E) ⊂ E

»l!��	¥��}�y�$�
³´Ê�!���!y� � ±	� spec(S)
¦§�L� � �$«·"¼�
�^���S¦ ��� � � �¼±Ä"
�$¥��

S
%º�y��¬ ±Ä³§!��

E
µ}Yl³

S
!��Ç�$�
" � ±	��­��	�
!��

spec(S)
��� �
³§Ê	!��T¦´�:� � �$« "
�
�T���

S
»Q¦§±2¶+� �
¬��·Â

"¼¥��
� ���
S|F (Z)

µjML± ��� �$¦´��!�� ��¥y�
S

�$�W"H¦§± � ¦´¥�� � �·"¼³´"
� �ÃÈ�"¼�$!y�
³§�	!~¶+�$�
¬Å� �&���
S|F (Z)

µ|qQ¦§¥y�
� �
� «$³§�
�$¬��$!�"ª»��
��!1����¬Å±	³§!��S�$�
"

D(S) = {x ∈ E, ∃(xn)n∈Z ⊂ F (Z) t.q. xn −→ x et Sxn −→ y ∈ E}
� "
Sx = y

µÏ�L��¥��E!���¥�� � �
� � �	�
��!��E���@¬���!�"¼�
� � �#¥����	! � �$¥y"_±	�
�
��«$³§� �b%O"
��¥y"E¬®¥�¦¿"¼³ � ¦§³´«ª±Ä"
�$¥��
�
¥��

E
¥�!��2¶+��!�« "
³§��!

L∞ �
¥��
spec(S)

��¥y³��$�
"T�$! � ¦§¥y�1½y��¦§��¬���� � ½����
¥y� ◦
spec(S)

»B�
³
◦

spec(S) 6= ∅ µOq_�	¥��)"¼��¥y"
k ∈ Z

»B!���¥y�T± ��� � ¦§��!y� ek
¦§±��
¥�³¿"¼�2�
¥y�

Z
»B���	!#":"
��¥��:¦§� �

«$��� ��«$³´�$!�"¼�Ð�
�	!#"�!#¥�¦´�Ð%2¦ ���ÃÈl«$� � "¼³§�	! �y�
ek(k)

�#¥�³B�$�W"Å� Ê�±	¦B%5¨�µ�Uz¦��$�W"Å« ¦Á±	³´� �#¥��)"¼�	¥y"
¬®¥�¦´"
³ � ¦´³§«$±Ä"¼� ¥����
�$�
"
�
� ³§!�"�%

F (Z)
�$�
"}¥�!Å� � � �¼±Ä"
�$¥��@���L«$��!�²	��¦§¥y"
³§��!jµ#>g! � ��� "ª» � ��¥�� M ∈

M(E)
� "
a ∈ F (Z)

»���!T± � ��¥y� N ±	�
�
�$ÌIÊ��¼±	!y�

Ma = M
( N∑

k=−N
a(k)ek

)
= M

( N∑

k=−N
a(k)(Ske0)

)
=

N∑

k=−N
a(k)Sk(Me0).

NS³§!y�
³Í»l��!:²���³¿" ��¥y� � ��¥�� n ∈ Z
»

(Ma)(n) =
N∑

k=−N
a(k)(M(e0))(n− k)

� " � ±	�B« ��!��
� �#¥��$!�"
� �yµ¿¨ 	

Ma = a ∗M(e0).

FH±	!��B¦§± �
¥y³´"¼�S!���¥��O±	¦´¦§��!y�}!��Ä"¼�$�
M̂

¦§±&�
¥y³´"¼�
M(e0)

µ�AH! � � ¥y"L±	�
�
��«$³§� ��%®«¾½�±���¥y�I¬&¥�¦´"
³¿Â
� ¦§³´«ª±Ä"
�$¥���¥y!��D�
�$�
³§�D���ICE±	¥��
�$!�"O¶+���
¬��$¦´¦§�

M̃
��� ��!�³§� � ±Ä�L¦§±&¶+���
¬&¥�¦§�

M̃(z) =
∑

n∈Z

M̂(n)zn, ∀z ∈ C.

�^��¥��^±	¦´¦§��!��O± ��� � ¦§� � M̃ ¦§�D�
¸�¬®­|��¦§�I���
M

µ|Nr"¼��¥y"
a ∈ E

»���! � � ¥y"H±Ä¥��
�
³�±	�
�
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ã(z) =
∑

n∈Z

a(n)zn, ∀z ∈ C.

C !



CE± � �
� � �
³§� "
� � �yµ¿¨ 	L� !#"
�¼±ÄÎ§!��I¦Á±Å�
� � �
�$�
�$!�"¾±Ä"
³§��!~�
¥�³¿²	±Ä!#"
�&��±Ä!��H¦Í�Ç�$!y�
�$¬&­�¦§�I���$�S�
�$�
³§� �S���
CE±	¥��
�$!�"L¶+���
¬��$¦´¦§�$�}����!�"L¦§� �B«$��� ��«$³´�$!�"¼�L�
��!�"L��� �^�
¥�³´"
�$�O��±	!��

E
µ�AH!~±

M̃a(z) = M̃(z)ã(z), ∀z ∈ C.
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ÌB�$�W"K³´!���¥�³¿" � ±	�g¥�!�¬®¥�¦´"
³ � ¦´³§«$±Ä"¼� ¥����
¥��}¥y!Å� � � ±	« �S���Ls�±Ä!�±	«¾½
���Ð�
¥�³¿"¼�$�I�
¥y�

Z
�
¥y��³§« ³§�$¥y�
�$¬��$!�"I«¾½���³´�
³ µEAH!x!�� � �$¥y" ����!y« � ±	�&± ��� ¦§³ �#¥��$����³´�
� « "¼� ¬Å� !�"

±	¥lÈ�� � � �¼±Ä"
�$¥��
�����ÐJ_��� � ¦´³´"
Ì&¦§� ���¼±	³´�
��!y!��$¬��$!�"¼� �#¥��Ð!��	¥��I±	¦§¦´��!��S�y� � ¦´�Ï¸	�$�D��±	!y��¦§�®«$±	�
���$��¬®¥y¦´"¼³ � ¦§³´«ª±Ä"
�$¥��
�$µ|�^�$±	!�¬���³§!y�$»j!y��¥��D±	¦´¦§��!��^± ��� ¦§³��#¥�� �H¦§�&¬�� ¬Å�®�
«¾½��$¬Å±	����� � �
�$¥l²��
�$!1¦§��¬��l��³ ��±	!�"ªµyCE± � �
³§!y«$³ � ±	¦§�H�y³ ��«$¥�¦¿"¼��� �
" ��¥y�

S
!j��� �
" � ¦§¥��O¥�!1� � �$�
±Ä"¼� ¥��B³§!�²�� �
�
³§­�¦´�

����³´!�²��$�
�
�
S−1

µ�?K� � � !���±	!�"ª»y!���¥��B±Ä¦§¦§�	!��}!y��¥��B�
� �
²�³§�K��¥Æ¶ ±	³´" �#¥��
S−1S = I

µ�AH!Æ�	­y"¼³´�$!�"
¦§�H"¼½y�$���
°$¬����
¥�³¿²	±Ä!#"$µ

� ����� � 	�

���yµ � �������<�
E+ � � � !5� /,: � �,� � / ��/,:�� �,� ! � �<�-� ! ! �,# Z+ ����# � 	B/ ��� ( � !��� ����� ��� ! � ! � H � ) . � H � ) ���
� H � ) % �����<�

T � � � � ��# / �5� �$# �,� ��� �5� ( �<� ��! �,# E+ %
1) * � �,# r ∈ [

1
ρ(S−1)

, ρ(S)
]
. !��

ρ(S) < +∞ � � ��� �,# r ∈ [
1

ρ(S−1)
,+∞

[
. !��

ρ(S) = +∞ .��� /
T̃ ∈ L∞(Cr)

���
|T̃ (z)| ≤ ‖T‖, p.p sur Cr.

2)
���

S
���

S−1

! ����� ��� # � � ! ��� !�� 1
ρ(S−1)

< ρ(S) . / ( � # ! ( / 79���6:�� �����
T̃ ∈ H∞(

◦
Ω) . ���

Ω :=
{
z ∈ C | 1

ρ(S−1)
≤ |z| ≤ ρ(S)

}
.

3)
���

S
� � � !��'� /�! ��� # � � . � / �4!

S−1

� !�� ��� # � � . T̃ ∈ H∞(
◦
U) . ���

U :=
{
z ∈ C | 1

ρ(S−1)
≤ |z|

}
.

4)
���

S
� !�� ��� # � � . � / �4!

S−1

� � � !�� � /�! ��� # � � . T̃ ∈ H∞(
◦
V ),

���

V :=
{
z ∈ C | |z| ≤ ρ(S)

}
.
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�L��¥���±	¦´¦§��!y�L« ��!��
±	«$�
�$�H« � "
"
� � ±	�W"¼³´�®%Å¦§± � �
�$�
�$!�"¾±Ä"
³§��!��y�&��³ �j� �
�$!�"
�$�S¶ ±	¬�³§¦´¦§� �B����� �WÂ
� ±Ä«$�$�L���Is�±	!�±	«¾½ �#¥�³�²	�$�
³ ��� !#"^¦§� �B½�¸ � �	"
½�°$�
�$� � R ¨ 	Ã» � RS��	K� " � R^� 	·µ

��
 � � ` � � �
�

Yl�	³´"
ω

¥�! � ��³´�����
¥y�
Z
µ{Uz¦�� �
"D"¼�
°$��¶ ±	« ³§¦§�&����²���³´� ��¥y��¦´�$��� � � ±Ä«$�$� lpω(Z) � ��¥�� 1 ≤

p < +∞ ²�� �
³ ���$!�"H!��	�S½�¸ � �	"
½�°$�
�$� µE�^��¥��S±	¦§¦´��!��O����!y!��$� ��¥y�$¦��#¥�� ��«ª±	� � ±	�W"¼³§« ¥�¦§³´�$�
� �#¥�³
³´¦§¦§¥y�
"¼�
�$!�"H¦´�$�H�
³´"
¥�±Ä"¼³´��!��L�
¥�³¿²Ä±	!�"¼�$���

S
�·"
S−1 �
��!�"D­|���
!y�$�H�·"�¦§�®� � � « "
�
�����

S
�$�W"D�
��³¿"

¥�!y��«$��¥��
��!�!����j��³´!#"
�$�
³§�$¥y�H!���!Z²�³§�y�®�
��³¿"�¥�!�« �$�
« ¦§�Ä»�¥�!���� �I� � � �¼±Ä"
�$¥��
� S �·"
S−1 !���� �
"

� ±Ä��­��	�
!��^��¥Æ"¼��¥y�K¦§� �K��� ¥lÈ)!y�S�
�	!#" � ±	��­|���
!y�$�$µ�VH¥��$¦ �#¥��H�
�	³´"�¦´� � ��³´��� ω ¦§± !����
¬Å�L���

Sk
�$�W"^"
��¥��
��¥y�
�B����!y!��$� � ±	�

‖Sk‖ = sup
n∈Z

ω(n+ k)

ω(n)
.

FH±Ä!��^¦´�$�B�ÃÈy� ¬ � ¦§�$�O�
¥�³´²Ä±	!�"¼�O��!1«$�	!��
³´��°$�
�
E = l2ω(Z)

»���

ω

�$�W"L��� ��!y³b« ��¬�¬Å�H�
¥�³´"$µ

�
�jYl��³´"
ω(n) = en, ∀n ∈ Z

µ�NS¦´���
�
S

� "
S−1 �
��!�"�­|���
!�� ��� " ‖S‖ = e

» ‖S−1‖ = e−1 »

ρ(S) = e
� "
ρ(S−1) = e−1 µbNS³´!��
³@¦§��� � �$«·"¼�
�)���

S
�$�W"�¦§��«$� �
« ¦§�Æ���Å�¼±ª¸��	!

e
� "�³´¦g�$�
"

���Ç³§!�"
�$�
³´�$¥��H²�³´���	µEFH±Ä!��D«$�Ð«ª±	��¦´���
¸�¬®­|��¦§���y��«¾½�±��#¥���¬®¥�¦´"
³ � ¦´³§«$±Ä"¼� ¥��^� �
"I¥�!���¶+��!y« "¼³´��!

L∞ �
¥��O«$�D«$� �
« ¦§�	µ

� ��Yl�	³´"
ω(n) = en

»��
³
n > 0

� "
ω(n) = 1

»��
³
n ≤ 0

µ	NS¦§�	�
�Q��!�± ‖S‖ = e
» ‖S−1‖ = 1

»

ρ(S) = e
�·"
ρ(S−1) = 1

µbFH±	!y� « ��«$±	�I¦§�Ð� � �$«·"¼�
����¥x�
½�³¿¶ "D�$�
" ¦Á±)« ��¥��
�	!�!������$¦´³§¬�³´"¼� �
� ±Ä�L¦´�$�B« �$�
« ¦§� �^���D�
±¹¸	��!1�
�$� � � « "
³´¶ 1

�·"
e
µ

� �gYl�	³´"
ω(n) = n!,

�
³
n > 1

�·"
ω(n) = 1

»��
³´!���!�µ�N^¦§���
����!�²���³¿" �#¥�� ‖S‖ = +∞ »

‖S−1‖ = 1
� "
ρ(S−1) = 1

µyC{�H� � � « "
�
�H��¥ �
½�³¿¶ "��$�W"O±	¦´���
�@¦§�L«$��¬ � ¦´�$¬��$!�"¾±	³´�
�L��±	!��
C

��¥
��³´� �#¥��^���S« �$!�"¼�
�

0
� "}�¼±ª¸���!

1
µ#C{�S�
¸�¬®­|��¦´�L�y�^"¼�	¥y"@¬®¥�¦´"
³ � ¦´³§«$±Ä"¼� ¥����$�W"�½��	¦§��¬���� � ½��B�
¥��

« � ���	¬ ±	³´!��	µ

� �Hqb���
�	!��
ω(n) = n

»��
³
n ≤ 1

�·"
ω(n) = 1

�
³§!��	!�µKN^¦§���
�Æ��!¢± � �	¥�� k > 0
»

‖Sk‖ = 1+k
�·" ‖S−k‖ = 1

µ�N^³§!��
³���!���­y"¼³´�$!�" �#¥��
ρ(S) = e

�·"
ρ(S−1) = 1

µ#FH±	!��@«$�·"
"¼�
�
³´"¼¥�±Ä"¼³´��!)��!1�
�$¬Å±	����¥y� �#¥��

sup
z∈spec(S)

|S̃(z)| = sup
z∈spec(S)

|z| = e < ‖S‖.
C �



?K� "L�·Èl�$¬ � ¦´�I!y��¥��O¬Å�	!#"
�
� �#¥��D¦Í�Ç�$Ê�±	¦§³¿"¼�

sup
z∈spec(S)

|M̃(z)| = ‖M‖

��¥y³�� �
"@²��$�
³ ��� � � ±Ä�@"
��¥y"}¬®¥�¦´"
³ � ¦´³§«$±Ä"¼� ¥����
¥y�
l2(Z)

»l!y� � �$¥y" � ±	� � "
�
�SÊ	�$!�� �¼±	¦´³§�
� �	»#¬ �$¬��
��±	!��O¦§��«$±	� � ±	�W"¼³§« ¥�¦§³´�$�}���$�L�$� � ±	«$� � l2ω(Z)

µ

����Yl��³¿"
ω(2n) = 1

� "
ω(2n+1) = |n|+1

» � ��¥��_"¼��¥y" n ∈ Z
µ	NS¦§�	�
����!Ð�
�$¬Å±	� �#¥�� �#¥��

¦§�$�B� � � �¼±Ä"
�$¥��
� S � "
S−1 �
��!�"O"¼��¥y�B¦§�$�O��� ¥lÈ:!��	!1­|���
!��$� µ��^��¥��L±	¦´¦§��!y���·Èy±	¬�³§!�� ��«$�D«$±	�

� ±	�
"
³§« ¥�¦§³´�$� � ��¥���²	��³§���
³Q¦§��JB½�� ���
° ¬Å���yµ¿¨Ð�$�
" �#¥�±	!�"I¬�� ¬Å�®²	�$�
³ ���Äµ�AH!2�
� ¬ ±Ä� �#¥�� �#¥��

‖S2‖ = 2
�·"
S2 � �
"�­|���
!��	µ�q�±	�H±	³§¦´¦§�$¥y�
�O��!�±

spec(S) = C
µj>Q!����j�·"ª»j�
¥ ��� ���
�	!����#¥��Ç³§¦

�·Èl³§�W"¼�
λ /∈ spec(S)

µËqb���
��!y�
A = (S−λI)−1 µ�AH!&±H±	¦§�	�
�

AS−λA = I
�·"�� !®¬®¥�¦¿"¼³ � ¦§³Á±Ä!#"

«$� "
"¼��� Ê�±	¦§³¿"¼� � ±	� S ��!Z"¼�
��¥y²	�
AS2 − λAS = S

� "I±	³´!��
³
S = AS2 − λI − λ2A

µE?K�$« ³
�$�
"L±Ä­��
¥��
���D«ª±	�B¦ ��� � � �¼±Ä"
�$¥�� AS2 − λI − λ2A

�$�
"L­|���
!y�	»�±	¦´���
� �#¥��
S

!���¦ ��� �
" � ±	�$µ�q_±	�
«$��!��
���#¥�� !#"$»l³´¦y� �
"}«$¦Á±Ä³§� �#¥��

spec(S) = C
µ#Y�³�¦§�BJB½�� ���
° ¬Å�L�yµ¿¨O� "¾±Ä³´"Q²Ä±	¦Á±Ä­�¦§�Ä»	¦§�K�
¸�¬®­|��¦§�

���
S2 �#¥�³Q�$�W"

z2 ±	¥y�¼±	³¿"D� "¼�Ð­|���
!y���
¥��
C
µjUz¦Q�$�
" � ²�³´���$!�" �#¥��Å«Ä��� �
" ³§¬ � �	�
�
³´­�¦§�Äµ�N^³§!��
³Í»

!���¥���« ��!��
"¼±Ä"¼�	!�� ��¥y��!y�	"¼�
���
�$�
¥�¦´"¼±Ä"�!�� � �$¥y" � ±	� � "
�
�ÐÊ��$!y�$�¼±Ä¦§³§�
� � ��¥���¦§� ���$� � ±	«$� � �y�
s�±	!�±	«¾½1�
¥y�L¦´�$����¥y�$¦§�O!�³

S
!�³
S−1 !��D�
��!�"^­����
!��$� µ

��
 ��� `
� � � �
V�¥y�$¦§� �#¥��I�
�	³§�$!�"O¦´�$� � ��³§��� ω1

� "
ω2

» � ��¥���"
��¥��
p
� "
q
"¼� ¦§� �#¥��

1 ≤ p < +∞ »
1 ≤ q <

+∞ »�¦Í�Ç�$� � ±	«$� lpω1
(Z) ∩ lqω2

(Z)
¬®¥�!y³{���D¦Á±®!����
¬Å�

‖x‖ = max{‖x‖ω1,p, ‖x‖ω2,q}
�¼±Ä"
³§�
¶ ±Ä³´"B!��	�B«$��!��y³´"¼³´��!�� � R ¨ 	K�·" � RS� 	Ãµ

��
 ��� `
� � � �
Yl��³´" K ¥y!��Æ¶+��!�«·"¼³§�	!�«$��!�²	�·Èl�T« ��!�"¼³´!�¥y�)� "�« �
��³´�
�¼±Ä!#"
�)�
¥��

R+ "¼� ¦§¦§���#¥�� K(0) = 0
� "

K(x) > 0
» � ��¥�� x > 0.

q�±	�B�ÃÈy� ¬ � ¦§�	» K � � ¥y" � "
�
�D¦Á±&¶+��!y« "¼³´��!
xp

» � ��¥�� 1 ≤ p < +∞ µ
FS�$�K¶+�	!�« "
³§��!��}­��$±	¥�« ��¥ �)� ¦´¥��K« ��¬ � ¦§³��#¥�� �$�}«$��¬�¬Å� � ±	�K�·Èl�$¬ � ¦§� xp+sin(log(− log(x)), p >

1 +
√

2
²	�$�
³ ���$!�"S±	¥��
�
³{¦§� �B«$��!y��³´"
³§��!��B�
���#¥�³´�
�$� µ�Yl��³´"

ω
¥�! � ��³§���B�
¥��

Z
µ�q_���
��!��

lK,ω(Z) =
{

(x(n))n∈Z ∈ CZ |
∑

n∈Z

K
( |x(n)|

t

)
ω(n) < +∞, pour un t > 0

}

� "

‖x‖ = inf
{
t > 0 |

∑

n∈Z

K
( |x(n)|

t

)
ω(n) ≤ 1

}
.

C �



CQ�Ç�$� � ±	«$� lK,ω(Z)
»K± �y� � ¦§�:�$� � ±	«$�~��� AH�
¦§³´"
Ì1% � ��³§�y� � �������Í» ����� ��	��$�
" ¥�!G� � � ±	« �~���

s�±Ä!�±	«¾½ ²	�$�
³ ��±	!�" !����I½#¸ � �	"¼½y°$�
� � � R ¨ 	�� " � R^� 	·µEqb��¥�� ��¥y� � RS��	H�
��³¿"D²��$�
³ ��� �Å³´¦Q�
¥ �Ð"
�#¥��I¦Í�Ç��!1±	³´"

sup
n∈Z

ω(n+ 1)

ω(n)
< +∞

��¥

sup
n∈Z

ω(n− 1)

ω(n)
< +∞.

qb��¥�� � ¦§¥��^����³´!y¶+���
¬ ±Ä"
³§��!y�B�
¥��^«$� "z¸ � �&���Ç�$� � ±	« �$��¦§�I¦§� « "
�$¥�� � � ¥y"H�
�&�
� � ���
"
�$�H% �������_� "
����� � µ{�^�	¥�� � �	¥y²���!y� ± ��� ¦§³ �#¥��$�H¦´�®JB½�� ���
° ¬Å�Ð�yµ¿¨�%

lK,ω(Z)
�·"I±	³§!y�
³�� !�"¼�
��±	¥l"¼�
� ��!���¥��

��­l"¼�$!y��!��L¦Á±&¶+���
¬Å���ÃÈ�±Ä« "¼�D��¥1� � �$«·"¼�
� ��¥1�
½y³´¶ "ªµ

��
 � � ` � � � �
Yl�	³´"

(q(n))n∈Z

¥y!����
¥�³¿"¼� �
�$� ¦§¦´� "¼� ¦§¦´� �#¥��
q(n) ≥ 1

» � �	¥��S"¼�	¥y"
n ∈ Z

µjq_��¥��S¥�!��®�
¥�³´"
�

a = (a(n))n∈Z ∈ CZ
» � ���
��!��

‖a‖{q} = inf
{
t > 0 |

∑

n∈Z

∣∣∣a(n)

t

∣∣∣
q(n)

≤ 1
}
.

?K��!y�
³§�y�$�
�	!��^¦ ��� � � ±Ä«$�

l{q}(Z) = {a ∈ CZ | ‖a‖{q} < +∞}.
?S�Ç�$�W"g¥�!Ð�$� � ±	«$�B����s�±	!�±	«¾½��j� ± � �
°$� � ���Í»�������� µ	Uz¦y� �
"g�·²l³´���$!�" �#¥��Ç³§¦�²�� �
³ ����!�����½�¸ � �	"¼½�° �
� �
� R ¨ 	H� " � RS� 	ÃµEYl³

S
�	¥

S−1 �$�W" ­|���
!��Ð�
¥��
l{q}(Z)

¦´��JB½��$���
°$¬����yµ´¨	µ��$�W"I²Ä±	¦§±	­�¦´�®��±	!��

l{q}(Z)
µ

��
 � � ` � � � �
FS� �
³´Ê�!���!�� � ±	� C[0,2π]

¦Í�Ç�$� � ±	«$�)��� �®¶+��!�«·"¼³§�	!��&« ��!�"¼³§!#¥�� �$»
2π

Â � �$�
³§����³��#¥�� �&�·"Ð%~²Ä±	¦§� ¥��
�
« ��¬ � ¦§�·Èl� �H�
¥��

R
µ�q_��¥y�

f ∈ C[0,2π]

»|��!Z!y�	"¼�
f̂

¦Á±Å�
¥�³´"
�®��� �H«$��� ��«$³´�$!�"¼�S����]���¥��
³§� �^���

f
µ�qb���
�	!��

C = {f̂ | f ∈ C[0,2π]}
�·" ‖f̂‖ = ‖f‖∞, �

��¥y�
f ∈ C[0,2π]

µ�CQ�Ç½#¸ � �	"¼½y°$�
� � RI¨ 	^� �
"�²��¼±	³´�®«ª±Ä�S"¼��¥l"¼�®¶+��!�«·"¼³´��!Z���

C[0,2π]

�$�W"D¦Á±Å¦´³§¬�³´"
�I¥y!�³´¶+���
¬Å�I��� ��¬Å�¹¸�� !�!�� �����Ð?K�$�
±	�
�)�y�®�¼±Æ�
�$�
³´�®����]���¥y�
³§� �$µ|NS³´!��
³ »
��!T±

lim
N→+∞

∣∣∣ 1

N + 1

N∑

k=0

k∑

n=−k
f̂(n)eint − f(t)

∣∣∣ = 0.

C �



�H�$�
³ ���	!�� � R^� 	·µ�qb��¥��
α ∈ R

�·"
f ∈ C[0,2π]

»���!1±

ψeiα(f̂)(n) =
1

2π

∫ 2π

0

f(t)einαe−itndt

=
1

2π

∫ 2π

0

f(t+ α)e−itndt.

A�!:« ��!��
"¼±Ä"¼� �#¥��
ψeiα(f̂)

� �
"L¦Á±®�
¥�³´"
�I�y�$�O«$��� ��«$³´�$!�"¼�L���I]���¥��
³§�$�K���D¦Á±®¶+��!�«·"¼³§�	!

t −→ f(t+ α),

��¥y³��$�W"���±	!��
C[0,2π]

µ�Uz¦}�$�W"Ð� ²�³§��� !�" ��¥y�)¦Á±~!��	�
¬�� ���)¦ ��� � �$�
±Ä"¼� ¥�� ψeiα
�$�W"Ð�$Ê�±	¦´�Æ%�¨�µ

Cg�Ç½�¸ � �	"
½�°$�
� � RS� 	��$�
"1���	!�«Z²�� �
³ ���$� � ±	� C µ�Uz¦H� �
"T±	¥��
�
³H"¼�
°$�Æ¶ ±	« ³§¦´�~����²��	³§���#¥��2¦§� �
� � � �¼±Ä"
�$¥��
� S � "

S−1 �
��!�"@"¼��¥��g¦´�$�g���$¥�ÈÐ­��	�
!�� �$µ��^�	"
�
�B"¼½y�$���
°$¬��L� � ± ��� ¦§³ �#¥��B����!�«O��±Ä!��
¦Í�Ç�$� � ±	«$� C » ��¥y³ � ��¥��
"¼±	!�"®!���± � ±Ä�®���Æ­�±Ä�
� �y�:Yl«¾½�±	¥y���$���·"®!��Ç�$!�"¼�
�)����!�« � ±	�®��±	!��®¦´�
«ª±	���
� �y�$�L�$� � ±	«$� �H��� s�±	!�±	«¾½T� "
¥���³§� � � ±	�Hu��$¦´¦Á±	� µ��L��¥��O¶ ±	³§�
��!��L�
�$¬Å±	����¥y�$�L±	¥~¦´�$«·"¼�$¥y�
��¥y�I��±	!�� C ³§¦��ÃÈl³§�
"
�D���$�O�
¥y³´"¼� �

a
"¼� ¦§¦§� ��¥y�

lim
k→+∞

‖
k∑

n=−k
a(n)en − a‖ 6= 0.

>g!Ð���j�·"ª»�³§¦y�$�
"g­y³§�$!Ð« ��!�!#¥��#¥��Ç�$!ÅÊ��$!y�$�¼±Ä¦�¥�!��B¶+��!�«·"¼³´��!Ð«$��!�"¼³´!#¥��B� "
2π

Â � �$�
³´�l�y³��#¥��K!j��� �
"
� ±	�S¦§±Å¦´³§¬�³´"¼��¥y!�³´¶+���
¬Å�I���®�
± �
� �
³´�®���®]���¥y�
³§� �$µ�?K� � �$!y��±	!�"ª»�¦´�$�^�
¥�³¿"¼�$� ��!�³§� �S�
��!�"�­�³§� !
���$!��
�$�L��±	!�� C µ

����� �
� � �+` � � ��a � � �bc 


Yl��³´"
E∗ ¦ ��� � � ±	« �^�y¥�±	¦����

E
µ��^�	¥��K±Ä¦§¦§�	!���!��	"
�$� ‖.‖ ¦§±D!y���
¬��O���

E
�·" ‖.‖∗

¦Á±D!����
¬Å�
���

E∗ µ�q_�	¥�� y ∈ E∗ � "
x ∈ E

»j��!Z¥l"¼³§¦´³§�
� ¦§±Å!��	"¼±Ä"¼³´��!~¥y�
¥�� ¦§¦§�
< x, y >:= y(x)

µjq_��¥��

k ∈ Z
» � ���
��!�� < x, ek >= x(−k) µgNS³§!y�
³Í»_!���¥�� � ��¥y²��	!��Å« ��!��
³§��� �
�$� �#¥��

ek
� �
"Å¥�!

�$¦§� ¬Å� !�"O���
E∗ µ|AH!:�
� ¬ ±	���#¥�� ��¥y�I�
³{��! � ���
� |||x||| = supz∈T ‖ψz(x)‖

»�!���¥��O��­l"¼�$!y��!��
¥�!��®!��	�
¬��®�
¥��

E
���#¥�³¿²	±Ä¦§�$!�"
��%Æ¦Á± !y���
¬�� ‖.‖ µ�Cg��±ª²Ä±	!�"¾±	Ê��&����¦Á± !y���
¬�� |||.||| � �
" �#¥��

!���¥��L±ª²���!y�

sup
|||x|||=1

|||ψz(x)||| = 1, ∀z ∈ T.

q�±	�O«$�	!��
� ��¥y�$!�"ª»��¼±	!�� � �$�
"
� �y� Ê�� !��$�
±	¦§³¿"¼�Ä»���! � � ¥y"S�y���
� !�±ª²	±Ä!#"^«$�	!��
³´���$�
�$� ��¥y�
ψz

�$�W"
¥�!��~³´�
��¬�� "
�
³´�)���

E
��±	!��

E
» �#¥�� ¦ �#¥��T�
��³¿"

z ∈ T
µ}�^��¥y�Æ±	¦´¦§��!�� � �
��¥y²	�$�Å¦§�1¦§�$¬�¬��

�
¥�³¿²	±Ä!#"$µ
� �



� ��



�x�yµ¿¨ � * � �$# x ∈ E . ���0/

lim
k→+∞

∥∥∥
k∑

p=0

1

k + 1

( p∑

n=−p
x(n) en

)
− x

∥∥∥ = 0.

� c � � � ���{]�³¿Èl��!y�
x ∈ E

µ�CE±�¶+�	!�« "
³§��!

Ψx : T 3 z −→ ψz(x) ∈ E
� �
"Æ« ��!�"¼³´!�¥y�	µ}>g!8� ��� "ª» � ��¥�� x ∈ F (Z)

¦Á±2«$��!�"¼³´!#¥�³´"
�T� �
"Æ�·²�³§��� !#"
�~�·" � ��¥�� x ∈ E
�#¥�� ¦§«$�	! �#¥��:�$¦§¦´�Æ��� «$��¥�¦´�Æ³§¬�¬��$��³§±Ä"¼� ¬Å� !#" ��� ��½�¸ � �	"¼½�° �
� � � R ¨ 	Ã» � RS��	 �·" � RS��	·µ��L��¥��
³´!#"
�
����¥�³´�
��!��B¦´�$�O!��¹¸�±Ä¥lÈ1���I]�� �
�$�

(gk)k∈N ⊂ L1(T)
�y� ��!�³´� � ±	�O¦Á±&¶+���
¬®¥�¦´�

gk(e
it) :=

k∑

p=0

1

k + 1

∑

|m|≤p
eimt

=
1

k + 1

(sin( (k+1)t
2

)

sin t
2

)2

, ∀ t ∈ R.

ML± ��� �$¦´��!�� �#¥��I!���¥��L±ª²���!y� ‖gk‖L1(T) = 1
» � ��¥y� k ∈ N

� "

lim
k→+∞

∫

δ≤|t|≤π
gk(e

it)dt = 0, ∀δ > 0.

FS� � ¦´¥��$» � ��¥�� |n| ≤ k
»

ĝk(n) =
1

2π

∫ π

−π
gk(e

it)e−int dt = 1 − |n|
k + 1

�·" � ��¥�� |n| > k,

ĝk(n) = 0.
u����	« �I%Ð¦§±�«$��!�"¼³´!#¥�³´"
�����

Ψx

»�!���¥��L±ª²��	!��

lim
k→+∞

‖(gk ∗ Ψx)(1) − Ψx(1)‖ = 0.

�L��¥��H±Ä¦§¦§�	!��B�$« �
³§�
�
ds

±	¥~¦´³§� ¥1�y�
dm(s)

»���

m

�$�W"S¦§±�¬��$�
¥��
�I��� RS±�±	�O�
¥��
T

"
�$¦´¦§� �#¥��

m(T) = 1
µ�q_�	¥��B"¼��¥y"

n ∈ Z
»��	!~±

(
(gk ∗ Ψ)(1)

)
(n) =

(∫

T

gk(s)ψs−1(x)ds
)
(n)

=

∫

T

gk(s)s
−nx(n)ds = ĝk(n)x(n).

N^³§!��
³Í»�!��	¥��O��­y"¼� !���!��

(gk ∗ Ψx)(1) =
k∑

n=−k

(
1 − |n|

k + 1

)
x(n)en =

k∑

p=0

1

k + 1

( p∑

n=−p
x(n) en

)
.

� �



>Q"¼±	!�"L����!�!�� �#¥��
Ψx(1) = x

»�« �$«$³E« ��¬ � ¦§° "
�H¦Á± � �
�$¥y²	� �y¥T¦´�$¬�¬Å�Äµ
��^��¥��L±	¥y�
��!��O­|�$�
��³§!1±	¥��
�
³{��¥1¦§� ¬Å¬��H�
¥�³´²Ä±	!�"ªµ

� ��



� �lµ � �������<�
E � � � !5� /,: � �,��� / ��/,:�� ����# � 	B/ ��� ( � ! : ����� �<� ����� ! ����� ) . ����� ) ���

����� ) % * � �,# x ∈ E
���
M ∈ M(E) .8( / 79���6:��;�����
Mx : T 3 z −→ (ψz ◦M ◦ ψz−1)(x) ∈ E

� !�� : ����� �<� � � %
� c � ��� ����]_³¿Èl��!��

x ∈ F (Z)
� "
M ∈ M(E)

µ�Uz¦�� �
"L¶ ±	«$³´¦§�H�y�D²	��³§� �#¥��

� �yµ ��	 Mx(z) = (ψz ◦M ◦ ψz−1)(x) = ψz(M̂) ∗ x, ∀z ∈ T.

>g!1� ��� "$» � �	¥��B¥�!1«$�$�W"¾±	³´!
k ∈ N

±	�
�
�$ÌIÊ��¼±Ä!���»���!1±
(
(ψz ◦M ◦ ψz−1)(x)

)
(n) = zn

∑

|p|≤k
M̂(n− p)z−px(p), ∀n ∈ Z.

?K�$«$³{³´¬ � ¦§³��#¥�� ��¥y� � ��¥���"
��¥y"
x ∈ F (Z)

»�¦Á±&¶+�	!�« "
³§��!

T 3 z −→ (ψz ◦M ◦ ψz−1)(x) ∈ E

�$�
"@« ��!�"¼³§!#¥��Äµ�qQ�
� !�±	!�"K� !Ð«$��¬ � "¼�B¦§±H���$!y�
³´"
�O���
F (Z)

��±	!��
E

»�!���¥��Q��� ��¥�³´�
��!�� �#¥�� Mx�$�
"L« ��!�"¼³§!#¥��D���
T

��±	!��
E

» � ��¥���"
��¥y"
x ∈ E

µ
�

FH±	!���¦§± �
¥�³´"
�	»�!���¥��K±	¦§¦´��!��@!��	"¼� �
Mφ

»l¦Í�Ç� � � �¼±Ä"
�$¥��@���H« ��!�²���¦´¥y"¼³´��! � ±	� φ ∈ F (Z)
»l�
³

φ ∗ E ⊂ E
µ��^�	¥��L±¹²	��!��L­�� �
��³´!:��¥T¦´�$¬�¬Å�S�
¥�³¿²	±Ä!#"$µ

� ��



� �lµ ���������<�
E � � � !5� /,: � �,��� / ��/,:�� ����# � 	B/ ��� ( � ! : ����� �<� ����� ! ����� ) . ����� ) ���

����� ) % �����������
M ∈ M(E) . x ∈ E %

1) � �0/
lim

k→+∞
‖Mkx−Mx‖ = 0,

��� ��� �,# k ∈ N . Mk

� !���� � 	8��� � / # ( / 79� # � � ( �

Mk =

k∑

p=0

1

k + 1

( p∑

n=−p
M̂(n) Sn

)
=

k∑

n=−k

(
1 − |n|

k + 1

)
M̂(n)Sn.

2) ? � � ( � ! . ‖Mk‖ ≤ ‖M‖, ∀k ∈ N %
3)

���
S−1 � � � !���� /�!���� # � � . � / �4!

S
� !�� ��� # � � . M̂(n) = 0,

��� �$# n < 0 . / ( � # ! = � � !��
S−1� !�� ��� # � � . � / �4!

S
� � � !��'� /�! ��� # � � . M̂(n) = 0,

��� �,# n > 0 %��!



� c � � � ���EAH!T±
limk→+∞

(
1 − |n|

k+1

)
M̂(n) = M̂(n)

» � ��¥�� n ∈ Z
� " � ±	�B« ��!��
� �#¥��$!�"

¦ � ±	�
�
� �
"¼³´��!¢¨ 	®���$« ��¥�¦§�1³§¬�¬��$��³§±Ä"¼� ¬Å� !#"®���T¦§±����$!��
³´"
�T���
F (Z)

��±	!��
E

µ}?K� � � !���±	!�"ª»
³´¦Q�$�
"&¬Å�	³§!��D�
³´¬ � ¦§�����Ç��­y"
�$!�³´�I¦´�Å« ��!�"¼����¦§�Ð����¦Á±:!����
¬Å�Ð���

Mk

µbCE± � �
�$¥y²	�Æ¥y"
³§¦§³´�
��¦´�$�
±	�
Ê�¥�¬��$!�"¼�D��� ����� �Q±	��± � "
�$�I%)!��	"
�
�Ð�
³¿"¼¥�±Ä"
³§��! �#¥�³Q� �
"I­|�ª±	¥�« ��¥ �º� ¦§¥y��Ê��$!�� �¼±	¦´�	µ{�L��¥��
±	¦´¦§��!y�B!���¥��O�
� �
²�³§�L���D!���¥l²��ª±Ä¥~��� �^!��¹¸�±	¥lÈ1��� ]�� �
�$�O��� ��!�³´�L��±	!��L¦Á± � �
�$¥y²	�&��¥1¦§� ¬Å¬��
� �
�$« �$��� !#"$µ�]�³ Èl��!�� M ∈ M(E)

µÏ?K�	¬Å¬�� � �	¥��{"¼��¥y" x ∈ E
»¹¦§±K¶+��!�«·"¼³§�	! Mx

� �
"b«$�	!#"
³§!#¥��
���

T
��±	!��

E
� " Mx(1) = Mx

»|!y��¥��L±ª²���!��

lim
k→+∞

‖(gk ∗Mx)(1) −Mx‖ = 0, ∀x ∈ E.

P~±Ä³§!�"¼� !�±	!�"ª» �yÈl��!��
x ∈ F (Z)

µ�>g!T"¼�$!�±	!�"H«$�	¬ � "
� �y� � ©yµ´¨�¨�	·» � �	¥�� k ∈ N
»�!y��¥��S�	­y"¼�ÃÂ

!��	!��

(gk ∗Mx)(1) =

∫

T

gk(z)Mx(z
−1)dz

=

∫

T

gk(z)ψz−1(Mψz(x))dz =

∫

T

gk(z)(ψz−1(M̂) ∗ x)dz.
?K� ¦Á±Ð�$!�"¼�
±ÄÎÁ!��

(gk ∗Mx)(1) =
(∫

T

gk(z)ψz−1(M̂)dz
)
∗ x.

q_±	�L±	³§¦´¦§�$¥y�
�$»l��!:�
� ¬ ±	���#¥�� ��¥y� � ��¥�� |n| ≤ k
»��	!T±

( ∫

T

gk(z)ψz−1(M̂)dz
)
(n) =

∫

T

gk(z)z
−nM̂(n)dz

= ĝk(n)M̂(n) =
(
1 − |n|

k + 1

)
M̂(n),

±	¦´���
� �#¥�� � ��¥�� |n| > k
»y��!~±

( ∫

T

gk(z)ψz−1(M̂)dz
)
(n) = 0.

CQ�Ç�$Ê�±	¦´³´"
�

M̂k =
k∑

n=−k

(
1 − |n|

k + 1

)
M̂(n)en,

³´¬ � ¦´³��#¥����#¥��

M̂k =
( ∫

T

gk(z)ψz−1(M̂)dz
)
.

P~±Ä³§!�"¼� !�±	!�"ª»�³´¦���� ²�³´�$!�"O¶ ±	«$³´¦§�H���D¬Å±��
���
�$� ‖Mk‖
µ|A�!1±

‖Mka‖ = ‖M̂k ∗ a‖ =
∥∥∥
∫

T

gk(z)(ψz−1(M̂) ∗ a)dz
∥∥∥

=
∥∥∥
∫

T

gk(z)(ψz−1 ◦M ◦ ψz)(a)dz
∥∥∥

� �



≤
∫

T

|gk(z)| ‖ψz−1‖‖M‖‖ψz‖ ‖a‖dz

≤ ‖M‖‖a‖, ∀a ∈ F (Z)
� "L¦Á±®��� !��
³¿"¼�D���

F (Z)
��±	!y�

E
!��	¥��O����!�!�� ‖Mk‖ ≤ ‖M‖, ∀k ∈ N.

Yl¥ ��� ���
�	!�� �#¥��
S−1 !��Ç�$�
" � ±	�b­��	�
!��g"¾±	!y��³§� �#¥��

S
� �
"�­����
!��	µË]�³ Èl��!��

k ∈ Z
µ�?K��¬�¬��

¦Í�Ç� � � �¼±Ä"
�$¥��

Mk =

k∑

n=−k

(
1 − |n|

k + 1

)
M̂(n)Sn

�$�
" ­|���
!��Ä»{³§¦Q� �
" «$¦Á±Ä³§� �#¥��
Sk−1

Mk

� �
"&±	¥��
�
³g¥�! � � � �¼±Ä"
�$¥��D­|���
!��Äµb>Q"¼±	!�"&�y��!�!�� �#¥��
!���¥��L±ª²���!y�

Sk−1
Mk =

(
1 − k

k + 1

)
M̂(−k)S−1 +

k∑

n=−k+1

(
1 − |n|

k + 1

)
M̂(n)Sn+k−1,

��¥y�
k∑

n=−k+1

(
1 − |n|

k + 1

)
M̂(n)Sn+k−1

�$�
"K­��	�
!��^� " ��¥y�
S−1 !��Ç�$�
" � ±	�}­����
!��	»�!���¥y�K«$�	!�«$¦´¥���!�� ��¥y�

M̂(−k) = 0.
FS�H¬ �$¬��	»#�$!

«$��¬ � �	�¼±	!�"
Mk

� "
Sp

» � ��¥�� p = k− 2, k− 3, ...., 1
»l�	! ¬���!�"¼�
� �#¥��

M̂(−n) = 0
» � ��¥��

n > 0
µ�Yl³

S−1 �$�
"Ð­|���
!��Æ±	¦´���
� �#¥��
S

!���� �
" � ±	�®­|���
!��Ä» � ±Ä�&¦§�Å¬�� ¬Å�Å�¼±	³´�
��!y!��$¬��$!�"ª»
!���¥�� � ��¥y²��	!��O«$��¬ � ¦§�·"¼� �B¦Á± � �
�$¥y²	�&��¥1¦§� ¬Å¬��	µ

�
µ

� ��



� �lµ�©��������<�
E � � � !5� /,: � �,��� / ��/,:�� ����# � 	B/ ��� ( � ! : ����� �<� ����� ! ����� ) . ����� ) ���

����� ) % �����<�
φ ∈ F (Z)

�-� ( = � �
φ ∗ E ⊂ E.

1)
��� ( � ! � � ��# / �-� �,# ! S ���

S−1 ! �����8�-� � ! ( � ! �,� � 1 ��� # � � ! . / ( � # !+��� /

|φ̃(z)| ≤ ‖Mφ‖, ∀z ∈ Ω :=
{ 1

ρ(S−1)
≤ |z| ≤ ρ(S)

}
.

2)
���
S

� � � !�� � /�! ��� # � � . ��/ ��� �4! = � �
S−1 � !�� ��� # � � ��� !��

φ ∈ F (Z−) . / ( � # ! ��� /

|φ̃(z)| ≤ ‖Mφ‖, ∀z ∈ O :=
{
z ∈ C | |z| ≥ 1

ρ(S−1)

}
.

3)
���
S

� !�� ��� # � � . ��/ ��� �4! = � �
S−1 � � � !���� /�! ��� # � � ��� !��

φ ∈ F (Z+) . �6� � !>/ � ��� !
|φ̃(z)| ≤ ‖Mφ‖, ∀z ∈ U :=

{
z ∈ C | |z| ≤ ρ(S)

}
.

� 	



� c � � � ���gYl¥ ��� ���
��!��I��� ±Ä­����
� �#¥��
S

�·"
S−1 �
�	!#"I"¼�	¥��D¦§�$�D��� ¥lÈº­|���
!�� �$µbYl�	³´"

z ∈
spec(S)

µ�FS�$¥�È1«ª±	�O�
� � �
�$�
�$!�"¼� !#"&�
¨�µ�Uz¦{�ÃÈl³§�
"
�D¥�!��D�
¥�³¿"¼�

(hp)p∈N ⊂ E
�#¥�³{²	�$�
³ ���

lim
p→+∞

∥∥∥(S − zI)hp

∥∥∥ = 0

‖hp‖ = 1, ∀p ∈ N.
�lµjCQ��� � �$�
±Ä"¼� ¥��H±Ä���
��³§!�"S��¥��
½�³¿¶ "

S∗ ±	��¬�� "
z � �	¥��^²Ä±	¦´�$¥�� � �
� � �
�®�·"H����!y«®³§¦b�·Èl³§�W"¼�

y ∈ E∗\{0} "
�$¦ �#¥��
S∗y = zy

µ
Yl¥ ��� �	�
��!�� �#¥��I!���¥��O�
�	¬Å¬��$�B��±Ä!��O¦§� � �
�$¬�³§�$�K«ª±	� µjAH!:�
� ¬ ±Ä� �#¥�� �#¥����	!~±

lim
p→+∞

‖Skhp − zkhp‖ = 0, ∀k ∈ Z.

N^³§!��
³ � ��¥y��"¼��¥y"
φ ∈ F (Z)

» � �	¥�� N > 0
±	�
�
�$ÌIÊ��
±	!���»��	!~±

‖φ ∗ hp − φ̃(z)hp‖ ≤
N∑

k=−N
( sup
|k|≤N

|φ(k)|)‖Skhp − zkhp‖.

�L��¥��L�$!1���$��¥y³§�
�	!��

lim
p→+∞

‖φ ∗ hp − φ̃(z)hp‖ = 0.
?K��¬�¬��

|φ̃(z)| = ‖φ̃(z)hp‖ ≤ ‖φ̃(z)hp − φ ∗ hp‖ + ‖φ ∗ hp‖,
³´¦��$!1���$« ��¥�¦´� �#¥��

|φ̃(z)| ≤ lim
p→+∞

‖φ̃(z)hp‖ ≤ ‖Mφ‖.
P~±Ä³§!�"¼� !�±	!�"L�
¥ ��� ���
��!�� ��¥j����!1�$�W"S��±	!��O¦§����� ¥lÈl³§° ¬Å��«$±	�$µ�AH!1±

M∗
φ(y) =

∑

n∈Z

φ(n)(S∗)n(y)

=
∑

n∈Z

φ(n)(zny) = φ̃(z)y

�·"^³´¦��$�W"L� ²�³§��� !�" �#¥��

|φ̃(z)| ≤ ‖M∗
φ‖ = ‖Mφ‖.

�L��¥��L«$��!�« ¦§¥��	!�� �#¥�� � ��¥���"
��¥y"
φ ∈ F (Z)

»���!1±

|φ̃(z)| ≤ ‖Mφ‖, ∀z ∈ spec(S).

Yl³O¥�! ��� �Å� � �$�
±Ä"¼� ¥��
� S � "
S−1 !��Ç�$�W" � ±	�Å­|���
!��	»Q¦§± � �
� ¥y²��T�$�
"Ð"
�
°$���
³´¬Å³´¦Á±	³´�
�Äµ�Y�³

S!��Ç�$�W" � ±	�}­��	�
!��Ä»y±	¦´���
� �#¥��
S−1 � �
"K­����
!��	»�!���¥y�K¥y"
³§¦§³´�
��!y�@¦´�^� � � « "
�
�S�y�

S
� "K¦§�$�@¬ �$¬��$�

±	�
Ê�¥�¬��$!�"¼� µ�NS³´!��
³{�
³ 1
ρ(S−1)

= ρ(S)
»�¦Á± � �
�$¥y²	� � �
"^±	«¾½��·²�� �	µ

� C



ML�·²��$!y��!��b±	¥D«ª±	�E��
D¦´�$�{� � �$�
±Ä"¼� ¥��
� S � "
S−1 �
��!�"E"¼��¥y�{¦§�$�{�y�$¥lÈD­|���
!��$�{�·"_�
¥ ��� ���
�	!��

��¥y� 1
ρ(S−1)

< ρ(S).
]_³¿Èl��!��

φ ∈ F (Z)
µ�Yl��³´�$!�"

0 < R1 < R2

�y�$¥lÈ �
� �$¦§�I"¼� ¦§� ��¥y�Æ¦§� �
«$�$�
«$¦´�$�

CR1

� "
CR2

��� �
±ª¸���!T�
�$� � � « "
³´¶ R1

� "
R2

± ��� ±	�W"¼³´�$!�!�� !�"H%
spec(S)

µ�?K��¬�¬���¦Á±
¶+��!�« "
³§��!

φ̃
�$�W"�½��	¦§��¬���� � ½��B�
¥��

C\{0} � " |φ̃(z)| ≤ ‖Mφ‖
» � ��¥�� z ∈ CR1 ∪CR2

»�����± � �
° �
¦§� � �
³§!�« ³ � �H��¥1¬ ±ËÈl³´¬®¥�¬1»l��!1��­y"
³§� !#"

|φ̃(z)| ≤ ‖Mφ‖, ∀z ∈ ΩR1,R2 :=
{
z ∈ C |R1 ≤ |z| ≤ R2

}
.

>Q"¼±	!�"L����!�!�� �#¥��D¦§� �O«$�$�
«$¦´�$�
Cρ(S)

� "
C 1
ρ(S−1)

�
��!�"L³§!�« ¦§¥��B��±Ä!��
spec(S)

»���!1±

|φ̃(z)| ≤ ‖Mφ‖, pour z ∈ Ω.

>g!®"
�$!�±Ä!#"�«$��¬ � "¼�K��¥®¶ ±	³´"��#¥��B�
³
φ ∈ F (Z−)

»Ä¦Á±^¶+�	!�« "
³§��!
z −→ φ̃(z−1)

�$�W"g½���¦§�	¬Å��� � ½��
�
¥��

C
� " �#¥��L�
³

φ ∈ F (Z+)
»
φ̃

�$�W"K½y��¦§��¬���� � ½��B�
¥y�
C
»#¦Á± � �
�$¥y²	�S��¥�¦§� ¬Å¬��B�
�L«$�	¬ � ¦´° "
�

� ±	�B¦§� �O¬�� ¬Å� �O±	�
Ê�¥y¬Å� !#"
�$µ
�

� c � ��� � � � � � � ��c � ��� � � �
�|Yl¥ ��� �	�
��!�� �#¥��
S

�·"
S−1 �
��!�"@"¼��¥y�}¦´�$�@���$¥lÈ�­|���
!��$� µ

Yl��³´"
M ∈ M(E)

µl�^��¥y�B±	¦§¦´��!��@¥y"¼³´¦§³´�
�$�@¦Á± �
¥�³¿"¼�
(Mk)k∈N

« ��!��W"¼�
¥y³´"¼�S��±	!���¦§± � �
�$¥y²	�D��¥
CE� ¬Å¬����yµ �lµ�ML± ��� �$¦´��!�� �#¥��

� �yµ�� 	
lim

k→+∞
‖Mkx−Mx‖ = 0, ∀x ∈ E

� " ‖Mk‖ ≤ ‖M‖, ∀k ∈ N.
q_��¥y�H±	¦´¦§�$Ê	�$�B¦§� �O!��	"¾±Ë"¼³§�	!�� � ���
��!�� φk = M̂k,

� ��¥�� k ∈ N
»

���D�
���W" �#¥��
Mk = Mφk .

q_�	¥��
r > 0

� "
a = (a(n))n∈Z ∈ E

»�!��	"
��!��
(a)r(n) = a(n)rn

µ
A�! �yÈl�

r ∈ [ 1
ρ(S−1)

, ρ(S)]
µ�F � ± � �
°$�L¦§�DC{� ¬Å¬����yµÇ©�»�!��	¥��S±ª²	��!��

|(̃φk)r(z)| ≤ ‖Mφk‖ ≤ ‖M‖, ∀z ∈ T, ∀k ∈ N.

�^��¥��:� !���� ��¥�³´�
��!����#¥�� �#¥�³´"
"¼�º%5�
�$¬ � ¦§±	«$� � (
(̃φk)r

)
k∈N

� ±	�:¥�!y�º�
¥�³´"
�2«$��!�²�� !�±	­�¦´�
��¥j����!�!y�	"¼� �¼±�±	¥��
�
³ (

(̃φk)r

)
k∈N

»Ä��!®��­l"¼³§� !�" �#¥�� (
(̃φk)r

)
k∈N

«$��!�²�� �
Ê�� � ��¥��_¦Á±^"
� � ��¦§��Ê	³§�

σ(L∞(T), L1(T))
²	�$�
�^¥�!y�I¶+��!y« "¼³´��!

νr ∈ L∞(T).
qQ¦§¥�� � �
�$«$³´�
� ¬Å� !#"$»���!1±

lim
k→+∞

∫

T

(
(̃φk)r(z)g(z) − νr(z)g(z)

)
dz = 0, ∀g ∈ L1(T)

� " ‖νr‖∞ ≤ ‖M‖. Uz¦{�$�W"^« ¦Á±	³´� �#¥��

lim
k→+∞

∫

T

(
(̃φk)r(z)(̃a)r(z)g(z) − νr(z)(̃a)r(z)g(z)

)
dz = 0, ∀g ∈ L2(T), ∀a ∈ F (Z)

� �



�·" � ±	�L«$�	!��
� ��¥y�$!�" � ��¥�� a ∈ F (Z)
» (

(̃φk)r (̃a)r

)
k∈N

«$�	!#²	�$�
Ê�� � ��¥��O¦Á±�"¼� � ��¦´��Ê�³§�H¶ ±Ä³§­�¦´�
���

L2(T)
²	�$�
�

νr (̃a)r.
Cb±®"
�¼±	!��W¶+���
¬Å±Ä"
³§��!Æ�y� ]���¥y�
³§� �B���

l2(Z)
��±	!y�

L2(T)
��� ��!�³´� � ±	�

F : l2(Z) 3 (a(n))n∈Z −→ ã|T ∈ L2(T)

� �
"D¥�!��&³§�
�	¬Å�·"¼�
³´�D� "����	!�«®¦Á±��
¥�³¿"¼� (
(Mφka)r

)
k∈N

=
(
(φk)r ∗ (a)r

)
k∈N

« ��!�²�� �
Ê��®²	�$�
�

ν̂r ∗ (a)r
� ��¥y�L¦§±&"¼� � ��¦´��Ê�³§�L¶ ±	³§­y¦§�H���

l2(Z)
µ|u����	« � % � �yµ ��	·»���!)"
�
��¥y²	�

lim
k→+∞

| < (Mφka)r − (Ma)r, b > | ≤ lim
k→+∞

‖Mφka−Ma‖ ‖(b)r−1‖∗ = 0, ∀b ∈ F (Z).

?K� ¦Á±Ð�$!�"¼�
±ÄÎÁ!��

(Ma)r(n) = (ν̂r ∗ (a)r)(n), ∀n ∈ Z, ∀a ∈ F (Z).
N^³§!��
³Í»���!:¬���!�"¼�
� �#¥��

(M̂)r ∗ (a)r = ν̂r ∗ (a)r, ∀a ∈ F (Z)
�·"

(M̂)r = ν̂r.
q_±	�O«$��!��
���#¥�� !#"$»��	!~±

M̃(rz) =
∑

n∈Z

M̂(n)rnzn =
∑

n∈Z

ν̂r(n)zn = νr(z), ∀z ∈ T.

?K��¬�¬�� ‖νr‖∞ ≤ ‖M‖ »�³§¦�� !~��� «$��¥�¦´� ��¥y�
M̃

�$�W"S� �
�
�$!�"¼³´�$¦§¦´�$¬��$!�"L­��	�
!�� � ±	� ‖M‖ �
¥y�
"
��¥y"L«$� �
«$¦´�D���

Ω
µ|Yl³

ρ(S) = 1
ρ(S−1)

»�³´¦j�$�W"L� ²�³§��� !�" �#¥��
spec(S) = Cρ(S) = Ω

µ

N � ±	�W"¼³´�®���:¬ ±Ä³§!�"¼� !�±	!�"ª»_!���¥��Ð�
¥ ��� �	�
��!�� �#¥��
ρ(S) > 1

ρ(S−1)

µ�>Q"¼±	!�"�����!�!����#¥��

(φ̃k)k∈N

�$�W"@¥�!��B�
¥y³´"¼�B�y��¶+��!�« "
³§��!y��½���¦´��¬Å�	� � ½�� ��¥�!�³¿¶+���
¬��$¬��$!�"Q­|���
!��$� �Q�
¥�� ◦
Ω
»�����± � �
°$�

¦´�Ð"
½��$�	�
°$¬��Ð��� PT��!�"¼� ¦Í»{!���¥y� � ��¥y²	��!��I�$! �ÃÈ�"¼�¼±Ä³§�
�Ð¥�!y�Å�
��¥��WÂ��
¥�³¿"¼� �#¥�³g«$��!�²	�$�
Ê	� ¥�!�³ Â
¶+���
¬Å� ¬Å� !�" �
¥��D"¼��¥y"I« ��¬ � ±	« "D��� ◦

Ω
²	�$�
�I¥�!���«$� �
"¼±	³§!��Ð¶+��!�«·"¼³´��!2½���¦§�	¬Å��� � ½�� ν µb�^��¥��

!��Ä"¼��!��_«$�·"
"¼�}�
��¥y�WÂz�
¥�³´"
�K±Ä¥��
�
³
(φ̃k)k∈N

µËNS¦´���
� » � �	¥�� r ∈] 1
ρ(S−1)

, ρ(S)[
»Ï¦§±L�
¥�³´"
�

((̃φk)r)k∈N« ��!�²��$�
Ê��&¥y!�³´¶+���
¬Å� ¬Å� !�"B�
¥��
T

²	�$�
�^¦§±&¶+��!�« "
³§��!
z −→ ν(rz)

� "O!y��¥��L��­y"¼� !���!��

ν(rz) = νr(z).
�L��¥��L«$��!�« ¦§¥��	!�� �#¥��

ν(rz) = M̃(rz)
» � �	¥�� z ∈ T

� "L��!1±

ν(z) = M̃(z) =
∑

n∈Z

M̂(n)zn, pour z ∈
◦
Ω.

q_±	�O«$��!��
���#¥�� !#"$»
M̃

�$�W"^½y��¦§��¬���� � ½��H�
¥�� ◦
Ω
µ

� �



P~±	³§!�"
�$!�±	!�"$»�¬Å�	!#"
�
��!y� �#¥��
spec(S) = Ω

µLYl¥ ��� ���
��!�� ��¥j��³´¦H�·Èl³§�W"¼�
Cr ⊂ Ω

"¼� ¦
��¥y�

Cr
!��Ç�$�W" � ±	�1³§!�« ¦§¥��)��±Ä!��

spec(S)
µOY���³´"

α ∈ Cr
"¼�$¦ �#¥��

α 6∈ spec(S)
µBNS¦§�	�
�

(S − αI)−1 ∈ M(E)
�·" � ��¥�� r > 0

»{�
³
Cr ⊂ Ω

»{³§¦��ÃÈy³´�
"
��¥y!���¶+�	!�« "
³§��!
νr ∈ L∞(T)"¼�$¦´¦§���#¥��

F
(
((S − αI)−1a)r

)
(z) = νr(z)(̃a)r(z), ∀z ∈ T, ∀a ∈ F (Z).

>g!1�
� ¬ � ¦Á± �$±	!�" a � ±Ä� (S − αI)a
»��	!1"
�
��¥y²	�

(̃a)r(z) = νr(z)F
(
((S − αI)a)r

)
(z)

= νr(z)(rz − α)(̃a)r(z), ∀z ∈ T, ∀a ∈ F (Z),

� "H�	!�±
(rz − α)νr(z) = 1

µjA�!Z±
α = rz0, z0 ∈ T

µjqb��¥��S"
��¥y"
ε > 0

»|³§¦E�·Èl³§�W"¼�
zε ∈ T"¼�$¦ ��¥y� |rzε − rz0| ≤ ε

� " |νr(zε)| ≤ ‖νr‖∞
µb?K� ¦Á±Æ³´¬ � ¦´³��#¥�� ��¥y�

1 ≤ ε‖νr‖∞
� "D!��	¥��

±	­��	¥y"¼³´�
�
�	!��K% ¥�!��S« ��!�"¼�
±	��³§«·"¼³´��!�µ��^��¥y�K�$! ���$��¥y³§�
�	!�� �#¥��
Cr ⊂ spec(S), Ω ⊂ spec(S)� "L����!�«��	!~±

spec(S) = Ω
µ

Yl³�!���¥��@�
¥ ��� �	�
��!�� �#¥��Ç¥�!Æ��� �}� � �$�
±Ä"¼� ¥��
� S �·"
S−1 !��Ç�$�
" � ±	�g­|���
!��Ä»�!���¥��@��­y"
�$!��	!��

¦§�$�O¬ �$¬��$�B�
�$�
¥y¦´"¾±Ë"¼�O�$!1�
� ¬ � ¦§± �ª±Ä!#" Ω � ±	� O ��¥ U µ�qb��¥��O¦§� �O��� ��!y³´"¼³´��!��B��� O �·" U ¦´�
¦§�$«·"¼� ¥�� � �$¥y"B�
���
� � ���W"¼� �O±	¥:C{�$¬�¬Å�S�yµ�©yµ�AH!)�
� ¬ ±	���#¥����#¥�� �#¥�±	!��

spec(S) = O »l!���¥��
���$��¥y³§�
�	!��

ρ(S) = +∞ »�±	¦§���
� �#¥�� ��¥�±	!��
spec(S) = U »�!���¥��L±ª²���!y�

ρ(S−1) = +∞ µ
�

� ��� ` �#cÏa � � �Ec 
 � � � � � `
� � ���

FH±	!��}«$� "
"¼� � ±	�
"
³§�Ä»�!y��¥��@���$¬���!�"¼�
��!��K¦´�^JB½y�$���
°$¬��H�yµ �lµ�q�±	�@¦§�L¬ �$¬��L�
±	³§�
��!�!�� ¬Å� !�"
��¥y�I��±	!��O¦Á± � �
�$¥y²	� ��¥TC{�$¬�¬Å�D�lµ´¨�» � ��¥y��"¼��¥y"

x ∈ E+ »y��!1"
�
��¥l²��

lim
k→+∞

∥∥∥
k∑

n=0

1

k + 1

n∑

p=0

x(p)ep − x
∥∥∥ = 0.

Yl³
φ ∈ F (Z)

�$�W"�"¼� ¦ �#¥��
P+(φ ∗ E+) ⊂ E+ »�!���¥���!��Ä"¼��!��

Tφ
¦Í�Ç� � � �¼±Ä"
�$¥��^�
¥��

E+

��� ��!y³ � ±	� Tφx = P+(φ ∗ x), � �	¥�� x ∈ F (Z+).
>Q!x± ��� ¦´³��#¥�±	!�"�¦´�$�D¬�� ¬Å� ��¬Å�·"¼½������ �

��¥y�I« �$¦´¦§�$�B�y�I¦§±��
�$«·"¼³´��! � �
� «$�$�y�$!�"¼�Ä»�!��	¥��^�	­y"¼� !���!��O¦§���
�$�
¥�¦´"¼±Ä"O�
¥�³¿²Ä±	!�"ªµ{µ
� �
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�8�yµ ¯ � �����<�
E+ � � � !5� /,: � �,� � / ��/,:�� ����# � 	B/ ��� ( � ! : ����� �<� ����� !

(H1) . (H2)���
(H3) %

1)
�����<�

T � �0� � ��# / �5� �$# �,� � � �5� ( �<��� ! �,# E+ %�&"( � # ! ( /+! � �<�-�
(φn)n∈N . ���

φn
� !��B� � 	8�����

� / # ( / 79� # � � ( �
φn =

n∑

p=0

1

n+ 1

( p∑

k=−p
T̂ (k)ek

)

����# � 	�� ( � !�� # � � # � � � � !
lim

n→+∞
‖Tφnx− Tx‖, ∀x ∈ E+,���

‖Tφn‖ ≤ ‖T‖, ∀n ∈ N.

2)
���

S
� !�� ��� # � � . / ( � # !>= � �

S−1

� � � !��'� /�! ��� # � � . T̂ (k) = 0 . ��� �,# k < 0 %
3)

���
S

� � � !��'� /�! ��� # � � . � / �4!
S−1

� !�� ��� # � � . T̂ (k) = 0 . ��� �,# k > 0 %
� ��



�8�yµ�À�� �����<�

E+ � � � !5� /,: � �,� � / ��/,:�� ����# � 	B/ ��� ( � ! : ����� �<� ����� !
(H1) . (H2)���

(H3) %
1)

���
S

���
S−1

! ����� ��� # � � ! . ��� �,# �-� � �
φ ∈ F (Z) . �6� � !>/ � ��� !

|φ̃(z)| ≤ ‖Tφ‖, ∀z ∈ Ω :=
{
z ∈ C | 1

ρ(S−1)
≤ |z| ≤ ρ(S)

}
.

2)
���

S
� � � !��'� /�! ��� # � � . / ( � # !>= � �

S−1

� !�� ��� # � � . ��� �,# φ ∈ F (Z−) . �6� � ! / � ��� !
|φ̃(z)| ≤ ‖Tφ‖, ∀z ∈ V :=

{
z ∈ C | 1

ρ(S−1)
≤ |z|

}
.

3)
���

S
� !�� ��� # � � . � / �4!

S−1

� � � !��'� /�! ��� # � � . ��� �$# �5� � �
φ ∈ F (Z+) . �6� � ! / � ��� !

|φ̃(z)| ≤ ‖Tφ‖, ∀z ∈ U :=
{
z ∈ C | |z| ≤ ρ(S)

}
.

� c � � � � ����� ��� � � � � �����^��¥��g�ÃÈ � ���
��!��K�
�$¥�¦´�$¬��$!�"@¦Á± � �
�$¥y²	�S���D¨ 	Ãµ#CE� � � �
�$¥l²��$�
��� ��	S�·"®� 	S� ¬ � ¦§��³´�$!�"D¦§� ��¬�� ¬Å� � ±Ä�
Ê�¥�¬��$!�"
�$µbYl¥ �y� ���
��!�� �#¥��

S
�·"

S−1

�
��!�"I­��	�
!�� �$µ
Yl�	³´"

λ ∈ spec(S) ∩ (spec(S−1))
−1.

?K��¬�¬��
λ ∈ spec(S)

»�³´¦j�ÃÈy³´�
"
�I¥y!�� �
¥�³´"
�
(fn)n∈N

»
fn ∈ E+ "
�$¦´¦§���#¥��

� �yµ�© 	
lim

n→+∞
‖Sfn − λfn‖ = 0 et ‖fn‖ = 1, ∀n ∈ N

��¥1­�³´�$!:³§¦��ÃÈl³§�
"
�
� �yµ ¯�	

a ∈ E+∗\{0}, S
∗a = λa.

� �



Yl³{��!1± � �yµÇ© 	·»�±	¦§���
�B��!:��­y"
³§�$!�"

� �yµ�À 	
lim

n→+∞
‖Skfn − λkfn‖ = 0, ∀k ∈ N.

A�!1±

lim
n→+∞

‖Sk−1fn − λ−kfn‖

≤ lim
n→+∞

‖Sk−1‖|λ−k|‖λkfn − S
kfn‖ = 0, ∀k ∈ N.

?K��¬Å¬��
λ−1 ∈ spec(S∗

−1)
»�³§¦��ÃÈl³§�
"
�D¥�!��I�
¥�³¿"¼�

(gn)n∈N

»
gn ∈ E+∗ �#¥�³�²�� �
³ ���

� �yµ ��	
lim

n→+∞
‖S∗

−1gn − λ−1gn‖∗ = 0 et ‖gn‖∗ = 1, ∀n ∈ N

��¥:­�³§� !1³´¦��·Èl³´�
"¼�

� �yµ � 	
b ∈ E+\{0}, (S∗

−1)
∗b = S−1b = λ−1b.

Yl³�� �yµ ��	}� �
"L²�� �
³ ��� ±Ä¦§���
�$»���!)"
�
��¥y²	�

� �yµ�� 	
lim

n→+∞
‖(S∗)kgn − λkgn‖∗ = 0 et lim

n→+∞
‖(S∗

−1)
kgn − λ−kgn‖∗ = 0, ∀k ∈ N.

A�!T²���¥��y�¼±	³¿"D±ª²���³´� � �lµ À 	O��¥ � �lµ � 	Ãµjqb��¥��H� � ±Ä�
�
¥y�
�$� �#¥���±	¥�¬���³§!��L¥�!����y�®«$� � � �
� � �
³§�·"¼� �
�$�
"^²��¼±	³´�I³´¦{�
¥ �Ð"S���&¬���!�"¼�
�$� ��¥y� � �lµ ¯�	��·" � �lµ � 	�� ���ÃÈy« ¦§¥�� !�"�¬®¥y"
¥��$¦´¦§�$¬��$!�"$µ|Yl¥ ��� ���
�	!��
��¥y�&!���¥y�H±ª¸���!y�S�
³´¬®¥�¦¿"¾±	!�� ¬Å� !�" � �yµ ¯�	O�·" � �yµ � 	·µ�Yl��³¿"

a ∈ E+∗\{0} "
�$¦ �#¥��
S
∗(a) = λa� "L�
��³¿"

b ∈ E+\{0} "
�$¦ �#¥��
S−1b = λ−1b

µ�q_�	¥��
u ∈ E+∗ �·"

n ≥ 0
» � �	�
��!��

u(−n) =< en, u >=< S
ne0, u >=< e0,S

∗nu > .

?K��¬Å¬��
F (Z+)

�$�W"L���$!��
� ��±	!��
E+ »�¦ � ± ��� ¦§³´«ª±Ä"
³§��!

u −→ (u(−n))n≥0

�$�
"L³´!��
�$«·"¼³´²	�	µ�AH!T±

a(−n) = λna(0), n ≥ 0
� "

b(n)λn = b(0), n ≥ 0.
?K��¬Å¬��

a 6= 0
�·"
b 6= 0

»b!���¥y��±ª²���!��
a(0) 6= 0

»
b(0) 6= 0

µ�qb��¥��
k ∈ N

»���� ��!�³§�
�
��!y�

uk ∈ F (Z+) � ±	�

uk =
k∑

n=0

1

k + 1

n∑

p=0

b(p)ep =
k∑

n=0

(
1 − n

k + 1

)
b(n)en.

���



�L��¥��{"¼�
��¥y²��	!��
limk→+∞ ‖uk−b‖ = 0

� " � ±	�{« ��!��
� �#¥��$!�" limk→+∞ < uk, a >=< b, a >
µ

q_±	�L±	³§¦´¦§�$¥y�
�$»l��!1±

lim
k→+∞

< uk, a >= lim
k→+∞

k∑

n=0

(
1 − n

k + 1

)
b(n)a(−n)

= lim
k→+∞

k∑

n=0

(
1 − n

k + 1

)
λ−nb(0)λna(0)

= lim
k→+∞

(k
2

+ 1
)
a(0)b(0) = +∞.

?K� «$³#�$�W"�±	­y�
¥��
���g� "b!���¥��E« ��!�«$¦´¥���!�� �#¥��@¦§� � � �
� � �
³§�·"¼� � � �yµ ¯�	j� " � �lµ � 	j�
��!�"b³§!�« ��¬ � ±Ä"¼³´­�¦§� �
�·"K���	!�«O!���¥��}±ª²���!��@��­�¦´³§Ê�±Ë"¼��³´�
�$¬��$!�" � �yµ�À 	���¥ � �yµ�� 	Ãµ�NS³´!��
³ »�!���¥�� � ��¥y²��	!��K± ��� ¦§³ �#¥��$�Q¦´�$�
¬ �$¬��$�L±	�
Ê�¥�¬��$!�"¼� �#¥��I«$� ¥lÈ1���D¦Á± � �
�$¥y²	� �y¥~C{�$¬�¬��D�yµ À��·"^!y��¥��O�$!1���$�y¥�³§�
��!�� �#¥��

|φ̃(λ)| ≤ ‖Tφ‖, ∀φ ∈ F (Z), ∀λ ∈ spec(S) ∩ (spec(S−1))
−1.

>Q!~¥l"¼³§¦´³§�
±	!�"�¦§� � �
³§!y«$³ � ����¥:¬Å±ËÈl³§¬®¥�¬1»y!y��¥��B"¼�
��¥y²��	!��
� �yµ´¨ª� 	 |φ̃(λ)| ≤ ‖Tφ‖, ∀φ ∈ F (Z), ∀λ ∈ Ω.

Yl³
S

� �
"�­|���
!��	»b¬ ±Ä³§�
S−1

!j��� �
" � ±Ä�&­|���
!��Ä» �#¥�� ¦ �#¥��Æ�
��³´"
λ ∈ spec(S)

³§¦g�·Èl³§�W"¼�Æ¥y!��
�
¥�³´"
�

(hn)n∈N

»
hn ∈ E+ "¼� ¦§¦´� �#¥��

limn→+∞ ‖Shn − λhn‖ = 0
� " ‖hn‖ = 1

��¥Z­y³§�$!~³§¦
�ÃÈy³´�
"
�

c ∈ E+∗\{0} "
�$¦ ��¥y�
S
∗c = λc

µ�FS� ¬�� ¬Å� �#¥��®��±	!y�S¦Á± � �
� ¥y²��&��¥�C{�$¬�¬Å� �yµÇ©�»
��!1¬���!�"¼�
� �#¥��

|φ̃(λ)| ≤ ‖Tφ‖, ∀φ ∈ F (Z+), ∀λ ∈ spec(S).
Yl³

S−1

�$�W"Ð­��	�
!��Ä»�!���¥y��¥y"¼³´¦§³§�
��!�� ¦§� � � � « "
�
�:���
S−1

� "Ð¦Á±T¬�� ¬Å�Æ¬�� "
½������	µ�FH±	!���¦´�$�
��� ¥lÈ1«ª±Ä�$»�!���¥y�L« ��!�« ¦§¥���!y�L� !T!y��¥��O�
� �
²Ä±	!�"S�y¥ � �
³§!�« ³ � �H��¥1¬ ±ÏÈy³´¬®¥�¬1µ

�

P~±Ä³§!�"¼� !�±	!�":!���¥��:±ª²	��!��Æ"¼�	¥��)¦§� �Æ��¥y"
³§¦§�Å!��$« �$�
�¼±	³´�
�$� � ��¥��Æ�ÃÈ � ���
�$�)¦§± � �
� ¥y²��2��¥
JB½�� ���
° ¬Å� �yµ �lµ

� c � � � � ��� ���	� ��c�� ��� ��� � �DCE± � �
�$¥l²�� ¥l"¼³§¦´³§�
�Z¦§� �1¬ �$¬��$�1±	�
Ê�¥�¬��$!�"¼� �#¥��º¦Á±
� �
�$¥y²	�x�y¥�JB½�� ���
° ¬Å�º�yµ¿¨�µB�L�ª±	!y¬Å��³´!��$» �#¥��$¦ ��¥y�$�1¬Å����³ ��«ª±Ä"
³§��!��Å�$�Ç³§¬ � �	�
�$!�":�·":!���¥��
±	¦´¦§��!y������!�!y�$�L¦§�$� � �
³§!y«$³ � ±	¦§� �B� "¾± � � �$µ�F&��±	­|���
��»��
¥ ��� ���
�	!�� �#¥��

S
�·"

S−1

�
��!�"O"¼��¥��O¦´�$�
��� ¥lÈÅ­��	�
!�� �$µlYl��³´�$!�"

T
¥�! � � �$�
±Ä"¼� ¥��g���LJ_��� � ¦´³´"
ÌL�
¥��

E+ � "
(φk)k∈N ⊂ F (Z)

¥�!��L�
¥y³´"¼�
�#¥�³{²�� �
³ ���

lim
k→+∞

‖Tφka− Ta‖ = 0, ∀a ∈ E+

�·"

‖Tφk‖ ≤ ‖T‖, ∀k ∈ N.
� �



q_��¥��
r > 0

� "
a ∈ E+ »�!��Ä"¼��!��

(a)r(n) = a(n)rn.
]�³¿Èl��!��

r ∈ [ 1
ρ(S−1)

, ρ(S)]
µQ�^�	¥��

±¹²	��!��OÊ�� �	«$�I±	¥1¦§� ¬Å¬�� � �
�$« �$��� !#"

|(̃φk)r(z)| ≤ ‖Tφk‖ ≤ ‖T‖, ∀z ∈ T, ∀k ∈ N.
Uz¦B�$�
"����	!�« � ���
�
³´­�¦§�)���Ç�·È�"
�¼±	³´�
�:��� (

(̃φk)r

)
k∈N

¥�!��:�
��¥��WÂ��
¥�³¿"¼���#¥�³B«$�	!#²	�$�
Ê�� � ��¥���¦§±
"¼� � ��¦§�	Ê�³§� σ(L∞(T), L1(T))

²�� �
�~¥y!�� « �$�
"¼±	³§!y�º¶+��!y« "¼³´��!
νr ∈ L∞(T).

qb��¥��Z±Ä¦§¦§� Ê��$�
¦§�$��!y�	"¾±Ä"
³§��!y�H«$�·"
"¼���
�	¥��WÂ��
¥�³¿"¼���
� �¼±1±	¥��
�
³Q!��	"
�$� (

(̃φk)r

)
k∈N

µb?K�$¦§±:� !�"¼�¼±ËÎÁ!�� �#¥��Ä» � ��¥y�

a ∈ F (Z)
» (

(̃φk)r(̃a)r

)
k∈N

« ��!�²�� �
Ê�� � ��¥��®¦§±T"¼� � ��¦´��Ê�³´�Ð¶ ±Ä³§­�¦´� ���
L2(T)

²�� �
�
νr (̃a)r.FS�$�
³§Ê�!��	!�� � ±Ä� ν̂r = (ν̂r(n))n∈Z

¦Á± �
¥�³´"
�S��� ��«$��� ��« ³§�$!�"
������]���¥��
³§� �@�y�
νr

µyCE± "
�¼±	!��W¶+���WÂ
¬ ±Ä"
³§��!&���O]���¥��
³´�$�_� "¾±Ä!#"@¥�!y�B³§�
�	¬Å�·"¼�
³´�K���

l2(Z)
��±	!��

L2(T)
»	¦Á±S�
¥�³´"
� (

(φk)r ∗(a)r

)
k∈N«$��!�²�� �
Ê��H²	�$�
�

ν̂r ∗ (a)r
� ��¥y�K¦Á±D"¼� � ��¦´��Ê�³§�B¶ ±	³´­�¦§�L���

l2(Z)
µyF&��¥y!:±	¥y"¼�
�S« �	"¼�Ä» (

Tφka
)
k∈N«$��!�²�� �
Ê��D²�� �
�

Ta � ��¥��O¦Á±&"
� � ��¦§��Ê	³§�S�y�
E+ µ�q�±	�O« ��!��
� �#¥��$!�"ª»|!���¥y�^±ª²	��!��

lim
k→+∞

|(Tφka)r(n) − (Ta)r(n)|

≤ lim
n→+∞

rn|Tφk(a)(n) − T (a)(n)| = 0, ∀n ∈ N, ∀a ∈ F (Z+).
A�!:« ��!�«$¦´¥y" �#¥��

(Ta)r = P+(ν̂r ∗ (a)r), ∀a ∈ F (Z+).
?K��¬Å¬��

(Ta)r = P+((T̂ ∗ a)r), ∀a ∈ F (Z+),
��!6��­y"¼³´�$!�"

T̂ (n)rn = ν̂r(n), ∀n ∈ Z.
Cg�Ç�$�W"¼³´¬ ±Ä"
³§��! ‖νr‖∞ ≤ ‖T‖ ³§¬ � ¦§³ ��¥y���#¥��:¦Á±

¶+��!�« "
³§��!
T̃

�$�
"L� �
�
� !�"¼³§� ¦§¦´�$¬��$!�"O­��	�
!�� � � ±	� ‖T‖ �
¥��O«¾½�±��#¥��I«$�$�
«$¦´�I³´!�«$¦´¥�����±Ä!��
Ω

µ

Yl³j!��	¥����
¥ ��� �	�
��!�� �#¥��
ρ(S) > 1

ρ(S−1)

»l����¬ �$¬�� �#¥�����±	!���¦§± � �
� ¥y²����y¥)JB½��$���
°$¬��
�yµ´¨	»���!:���$¬���!�"¼�
� ��¥y� ¦§±&¶+��!�« "
³§��!

T̃
�$�
"L½��	¦§��¬���� � ½��H�
¥y� ◦

Ω
µ

>g!~�
�$¬ � ¦§± �ª±	!�"
Ω

�
��³¿" � ±	� U �
�	³´" � ±	� V � "S�$!Z�
�&�
�$�
²Ä±	!�"��y�$�H¬ �$¬��$�^±	�
Ê	¥�¬Å� !�"¼�$»
��!:��­y"¼³´�$!�"O¦§� �O�
�$�
¥�¦´"¼±Ä"¼�B�
³

S
��¥

S−1

!��Ç�$�
" � ±Ä�L­|���
!��	µ
�

� !
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AH!)��³¿" �#¥��Ç¥�!:Ê��
�	¥ � �L"¼� � ��¦´��Ê�³��#¥��L±	­|�$¦´³§� !
G

�$�W"B¦§��«ª±	¦´�$¬��$!�"}«$��¬ � ±	«·"��
³
G

� !Æ"¾±	!�"
�#¥��Ç�$� � ±	«$�^"¼� � ��¦§�	Ê�³��#¥���� �
"}¦§��«ª±	¦´�$¬��$!�"g«$�	¬ � ±Ä« "ª»�« � �#¥�³�� ��¥y³´²Ä±	¥y"}±	¥�¶ ±	³´" �#¥��L¦Í�Ç¥�!�³¿"¼�B���

G � ���
�
° ���O¥�!�²���³´�
³§!�±	Ê��K« ��¬ � ±	« "$µ�C{�BÊ��
��¥ � �B��¥�±	¦l����¥y!�Ê	�
��¥ � �Lu¢¦´�l«$±	¦§� ¬Å� !�"�« ��¬ � ±	« "
±	­|�$¦´³§� ! � Cb?KN 	·»�³ µ��Äµ�¦Í�Ç�$!y�
�$¬&­�¦§����� �O¬Å��� � ½�³´�
¬��$�B«$�	!#"
³§!#¥��O���

G
��±Ä!��

T =: {z ∈ C, | |z| = 1},

!��Ä"¼�
Ĝ

�$�
"I±Ä¥��
�
³�¥�!�Ê��
��¥ � ��Cb?KN � �	¥��H¦Á±�"¼� � ��¦§�	Ê�³§�I���®¦§± «$��!�²	�$�
Ê	�$!�« �Å¥�!y³´¶+���
¬Å�I�
¥��
"
��¥y"D«$�	¬ � ±Ä« "ªµ�q�±	���ÃÈy� ¬ � ¦§�	»j��!º±

R̂ = R
»
Ẑ = T

�·"D¦§��Ê��
��¥ � �®��¥�±Ä¦Q���®"¼��¥l"DÊ��
��¥ � �
��³´�
« �
� "@� �
"}«$��¬ � ±	«·"ªµ�FS� � ¦´¥��$»��	!Å± ̂̂

G = G
� "
Ĝ1 ×G2 = Ĝ1× Ĝ2,

�
³
G1

»
G2

�·"
G

�
�	!#"
��� �^Ê	�
��¥ � �$�LCb?KN&µ��L��¥��L±ª²���!y�^¦´�H"¼½�� ���
° ¬Å�����D�W"¼�
¥y« "¼¥y�
�I�
¥�³¿²	±Ä!#" � ²���³´� ����� � � µ¿¨�¨¹� 	Ãµ

����������	�

�G©�µ¿¨ � � ) ��� � � � # � � ��� / � � ( ����� ( � : / ( � ��������: ���"� /,:��
G

� !�� �,� ( /+79� # ���
Rp ×G1 . G1 � ��/ ��� � � � # � � ��� = � � : �����;������� � � ! � � !�
 � # � � ���+: ���"� /,:��

H
�5� ( = � �

G1/H! ���<� � �4! : # ��� %�<� ) ��� � � � # � � ��� / � � ( ����� ( � : / ( � ������� : ���"� /,:��"��� : �����6�21$� � !�� �,� ( /
79� # ���
Rp × H . ���

H
� !�� � � � # � � ��� : ���"� /,:������ : �����6�21$� %
AH!®!��Ä"¼�

C(G)
� �
� � � µ C0(G)

	E¦Í�Ç�$� � ±	«$�}���$�_¶+��!�« "
³§��!y�_« ��!�"¼³§!#¥�� ���
¥y�
G
� �
�$� � µ	¦Í�Ç�$� � ±	« �

��� �&¶+��!�«·"¼³´��!��&« ��!�"¼³´!�¥y�$�®�
¥��
G

�#¥�³K« ��!�²�� �
Ê�� !#"�²	�$�
�
0

%~¦ ��³´! ��!�³�	·»{±ª²�� «)¦Á±1«$��!�²�� !�"¼³§�	!

C0(G) = C(G)
�
³
G

� �
" «$��¬ � ±	«·" 	·µbAH!º!����
¬ ±	¦´³§�
�®¦§� ��¬Å� �
¥��
�$�&�y�ÅR^±�±	�
dx

�
¥��
G

� "

dχ
�
¥��

Ĝ
� «Ä��� �
"S%Ð�y³§�
��¦´�$�O¬��$�
¥y�
�$�O³´!#²Ä±	�
³Á±	!�"
�$� � ±	��"
�¼±	!��
¦Á±Ä"
³§��! 	}����¶ ± �$�	!T%Ð��­y"
�$!�³´�B¦Á±

¶+���
¬®¥�¦´������³´!�²��$�
�
³´��!T�y� ]���¥y�
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�$¬®­y¦§�D���$�L²���³´�
³´!�±	Ê�� �^���I¦Í�Ç¥�!�³¿"¼�D���

C∗ � "
¦ ��� !��
� ¬®­�¦§���y�$�B²���³´�
³´!�±	Ê�� �B«$��¬ � ±	«·"¼�B����¦ ��¥�!y³´"¼�S���

G
µyUz¦��$�W"L¶ ±Ä«$³§¦´�S���H²	��³§� �#¥��

G̃
¬&¥�!�³

��� «$�·"
"¼� "¼� � ��¦§�	Ê�³§��� �
"H¥y!ZÊ��
�	¥ � �D"¼� � ��¦´��Ê�³ ��¥y�	µ|AH!~�
�$¬Å±	� �#¥�� ��¥y� � ��¥�� f ∈ Cc(G)
� "

θ ∈ G̃
»�¦Í�Ç³§!�"
�$Ê��
±	¦§�

∫

G

f(x)θ−1(x)dx

� �
"B­�³´�$!Å��� ��!y³§�	µyq_��¥y�
f ∈ Cc(G)

»��	! � �	�
� f̃(θ) =
∫
G
f(x)θ−1(x)dx

» � ��¥y�@"
��¥y"
θ ∈ G̃

µ
AH!&�
�$¬Å±	� �#¥�� �#¥��

f̃ | bG = f̂
� "
f̃
� �
" �\¦Á±�"
�¼±	!��W¶+���
¬��$�g���}]���¥��
³§� �{Ê��$!�� �¼±	¦´³§�
�$� �Q���

f
��� ��!�³§�

�
¥��
G̃
µ�AH!~²Ä± �
�$«¾½�� �
«¾½�� ��¥�!Z�
��¥��WÂ��$� � ±	«$� G̃E

���
G̃

"
�$¦ ��¥y� � �	¥��^"
��¥y"
M ∈ M(E)

� "
� ��¥��L"¼��¥y"

f ∈ Cc(G)
¦§±�¶+��!y« "¼³´��!

(Mf)θ−1 ± ��� ±Ä�
"¼³´�$!�!y�®%
L2(G) � ��¥y�^"¼�	¥y"

θ ∈ G̃E

µ
?K� «$³ � � �
¬�� "
"¼�¼±B���@��� ��!�³§�{�y�@¬Å±	!�³´°$�
�Q!�±Ä"¼¥y�
�$¦´¦§��¦§± �z"¼�
±	!��W¶+���
¬��$�Q���@]���¥��
³§� ��Ê��$!y�$�¼±Ä¦§³§�
�$���
���
Mf

�
¥��
G̃E

µ�>Q!�"¼� !�±	!�"Q« ��¬ � "¼����� �g±	�
Ê	¥�¬Å� !�"¼�����
��� � ���·" �������Í»Ä¥�!�«ª±Ä!���³§��±Ä"�!�±Ë"¼¥��
�$¦
� �
"^¦Í�Ç�$!��
�$¬®­�¦´�

G̃E = {θ ∈ G̃ | |f̃(θ)| ≤ ‖Mf‖, ∀f ∈ Cc(G)},
��


Mf ∈ M(E)
�$�W"^¦ ��� � � �¼±Ä"
�$¥��B���D« ��!�²���¦´¥y"¼³´��!

E 3 g −→ f ∗ g
� �



�+²��	³§�K¦´�H��� ­�¥y"O���DY��$« "
³§��!1��	·µ��L��¥��O±	¦´¦§��!y�@²	��³§��¥y¦´"¼� �
³´�$¥��
�$¬��$!�" �#¥��
G̃E

!���� �
" � ±Ä��²l³´���	µ
Uz¦B�$�
"��·²l³´���$!�" �#¥��

χG̃E = G̃E
� ��¥��®"
��¥y"

χ ∈ Ĝ
µg�L�	"¼�	!�� ��¥y�1�
³

G
�$�W"Å¥y! Ê��
��¥ � �

«$��¬ � ±	«·"ª»�±Ä¦§���
�®¦Í�Ç³§¬Å±	Ê������ |θ| �$�W"Ð¦§�Æ�
��¥��\ÂzÊ��
��¥ � �)«$��¬ � ±	«·"®"¼�
³´²�³Á±Ä¦}���
R+ � ��¥y�&"¼��¥l"

θ ∈ G̃E

� "}����!�«
G̃E = Ĝ

µyA�!Å�
� ¬ ±	���#¥�� �#¥��^�
³
x1, ..., xn ∈ G

�
��!�" �z³§!���� � � !���±	!�"
� �¾»#³ µ��Äµ
�
³y¦´�}�W¸��
"¼° ¬Å�

χ(xi) = εi
»
1 ≤ i ≤ n

±S¥y!����
�	¦§¥y"
³§��!
χ

��±	!��
Ĝ � ��¥y�_"¼�	¥y" (ε1, ..., εn) ∈ Tn

±	¦§���
��¦Í�Ç�$!y�
�$¬&­�¦§�

{(θ(x1), ..., θ(xn)), θ ∈ G̃E}
�$�
"�¥�!�����¬Å±	³´!��g���BMO�$³§!y½�±	�
�l" � ²���³´�_¦ � ±	!y!��·Èl�O�^�y�K«$�K«¾½�± � ³¿"¼�
� 	·µÄq_���
��!�� G̃+

E = G̃E∩G̃+
µ

Uz¦{�$�
"L« ¦Á±	³´� �#¥��I�
³
θ ∈ G̃E

»�±	¦§�	�
�

|θ| : G 3 x −→ |θ(x)|
± ��� ±	�W"¼³´�$!�"L%

G̃+
E

µ�Uz¦{� �
"L«$¦§±	³§� ��¥y�
G̃E = G̃+

EĜ
µ

� ���������	�
�<���<©�µ � � � � � � # / = � � � � ��� ! � � � ( � C �,� 79���6:��;����� !>! �$# G � � / ( � �,# ! ��/ � !
R∗ � !�� ( � � 
 : ��� � �21$�"!�� ( / 79���6:��;�����

G 3 x −→ φ(x)λψ(x)1−λ ∈ R
/���� / # � �������

� C
��� �,# �-� � �

λ ∈ [0, 1] %
�^��¥�� � �
��¥y²	�$�
�	!��^¦´�H"¼½�� ���
° ¬Å���
¥�³´²Ä±	!�"$µ
� ����� � 	�

�)©yµ � � �����<�

E � � � !5� /,: � �,� � / ��/,:�� ����# � 	B/ ��� ( � ! ��� ��������� ! � !������ ) . ����� )��� ����� ) %
i ) � � ��� ! � � � ( � G̃+

E

� !��@�6��� � � �,� . : ���"� /,:������ ( � � 
 : ��� � �21$� %
ii ) � � � ! / � ��� !
� ©�µ�� 	

G̃E = {θ ∈ G̃ | |θ−1(x)| ≤ sup
η∈gGE

η(x)−1, ∀x ∈ G}.
A�!)²Ä±�²���³´� ��¥y� �#¥�±Ä!��

G
�$�
"L¥�!1Ê��
��¥ � ����³§�
«$�
�·"L��!~±

� ©�µÇ© 	
G̃E = {θ ∈ G̃ | |θ−1(x)| ≤ ρ(Sx), ∀x ∈ G},

«$���#¥�³B�$�W" ±Ä¥��
�
³B� ²�³§��� !�" �#¥�±	!y�
G

�$�
"�« ��¬ � ±	« "$µQ�^��¥y��« ��!��
� « "¼¥y�
��!�� �#¥��:¦Á±~¶+���
¬®¥�¦´�
� ©�µÇ© 	K�$�W"O²l�
±	³§� � ��¥���"
��¥y"LÊ��
��¥ � �DC_?KN µ

Yl��³´"
U

¥�!1��¥y²�� �
"^���
Cp µ�X^!���¶+��!�«·"¼³´��!

Π : U 3 λ −→ Π(λ) ∈ G̃
�
�$�
±��y³´"¼�D±Ä!�±	¦´¸#"
³��#¥����
¥y�

U
»��
³ � ��¥y��"¼��¥y"

x ∈ G
»�¦Á±®¶+��!�«·"¼³´��!

U 3 λ −→ Π(λ)(x) ∈ C
� �



� �
"}±	!�±	¦¿¸#"¼³��#¥��}�
¥��
U
µ#AH!Ð!��	"
�

d
¦Á±H¬��$�
¥��
���y³§�
« �
°·"¼�B�
¥y�

G̃+
E

µ��L��¥��Q��­l"¼�$!y��!��Q¦§�K�
�$�
¥�¦´"¼±Ä"
�
¥�³´²Ä±	!�"ªµ

����������	�

�)©�µ���� �����<�
E � � � !5� /,: � �,� � / ��/,:�� ����# � 	B/ ��� ( � ! ��� ����� ��� ! � ! ����� ) . ��� � )��� ����� ) %

i ) �����������
M ∈ M(E)

���
θ ∈ G̃E % * � �,# �5� � �

f ∈ Cc(G) . (Mf)θ−1 ∈ L2(G). * � ! ��� !
��� �,# �-� � �

δ ∈ G̃+
E

���'��� �$# � # � ! = � ���-� � �
χ ∈ Ĝ .

M̃f (δχ) = ̂(Mf)δ−1(χ).

&"( � # ! � ( �213�4!��5� � �6�879���6:�� �����
hM ∈ L∞(G̃E, d⊗m)

�5� (<( � = � �
(̃Mf) = hM f̃ , ∀f ∈ Cc(G)

��� ‖hM‖∞ ≤ C‖M‖, ���
C

� !�� � �6�+: ��� !�� / ���5���6�>� � ��������/ ����� /�!>�,�
M %

ii ) �����<�
U � � � ��� � # �
�,�

Cp % �����<�
Π : U −→ G̃E � �6� 79���6:�� ����� / ��/ ( � � � = � � % � ( �213�4!��-�

� �6� 79���6:��;�����
HM,Π ∈ L∞(Ĝ,H∞(U))

�5� (<( ��= � ����� �,# �5� � �
λ ∈ U

��� �$# � # � ! = � � �5� � �
χ ∈ Ĝ .

M̃f
(
Π(λ)χ

)
= HM,Π(χ)(λ)f̃

(
Π(λ)χ

)
, ∀f ∈ Cc(G).

�L��¥�� ±	¦§¦´��!��H¬Å±	³§!�"
�$!�±	!�"I����!y!��$� �#¥��$¦ �#¥��$� ³§!�"¼� � � �
� "¾±Ë"¼³§�	!�����¥ºJB½��$���
°$¬��Å©yµ �yµEqb�ÄÂ
�
��!��

L = {z ∈ C | Re z ∈ [0, 1]}.
]�³ Èl��!��

φ
� "
ψ ∈ G̃+

E

µ|Yl¥ �y� ���
��!�� �#¥��
φ 6= ψ

µ�CE±�¶+�	!�« "
³§��!

Π : L 3 λ −→ φλψ1−λ

� �
"1±	!�±Ä¦´¸#"¼³ ��¥y�~�
¥y� ◦
L
µB?K�$«$³S¬Å��!�"
�
� �#¥���¦´�ZJB½�� ���
° ¬Å�Z©yµ ��³´³ 	�����!�!����y�$� � �
� � �
³´� "
�$�

����±	!�±Ä¦´¸#"¼³´«$³´"
�®���
hM

�y°$� �#¥��
G̃+
E

!���� �
" � ±	�D¥�!º�
³´!�Ê�¦´� "¼�	!�¬�� ¬Å���
³
G̃E

±:¥�!2³§!�"¼� �
³§� ¥��
²�³§�y�I��±	!��

G̃
µ�q_���
��!��

Ωφ,ψ = Π(L).
AH!:²���³¿" ��¥y� � ��¥�� θ = φλψ1−λ ∈ Ωφ,ψ

»�±ª²�� «
λ ∈ δ

»��	!T±Ð¦Á±®�
� � �
�$�
�$!�"¾±Ä"
³§��!

θ(x) = φ(x)Reλψ(x)1−Reλ × ei Imλ ln
φ(x)
ψ(x) , ∀x ∈ G.

Uz!�"¼�
�l�y¥�³§�
��!��O¦§��¬���� � ½�³§�
¬Å�

γ : G 3 x −→ ei ln
φ(x)
ψ(x) ∈ T

�·" � ���
��!��

γR = {χ ∈ Ĝ | χ(x) = (γ(x))t, ∀x ∈ G, avec t ∈ R}.
� �



A�!:!��Ä"¼� Sφ,ψ
¦ ��� !��
� ¬®­�¦´��«$��!�²��ÃÈl�&��� ��!�³ � ±	�

Sφ,ψ =
{
η ∈ G̃+

E | η(x) = φ(x)tψ(x)1−t, ∀x ∈ G, avec t ∈ [0, 1]
}
.

A�!Ð²��	³´" �#¥��
Ωφ,ψ

� �
"}³§�
�	¬Å��� � ½��O% Sφ,ψ×γR
µ#�^�	¥��K±Ä¦§¦§�	!�����³´�
«$¥l"¼�$� �#¥�� ¦��#¥��$�@�·Èl� ¬ � ¦´�$� µ

��
 ��� `
� ���
�
G = Z

�
J_��¥l"

φ ∈ G̃E

�$�W"^�y��!�!�� � ±	�

φ : Z 3 n −→ zn ∈ C,
��


z ∈ C
� " 1

ρ(S−1)
≤ |z| ≤ ρ(S)

µ�Yl³
ρ(S) > 1

ρ(S−1)
,
��! � � ¥y"O«¾½���³´�
³§�

φ
�·"
ψ

"¼�$¦´� �#¥��

φ(n) = ρ(S)n, ∀n ∈ Z,

ψ(n) = ρ(S−1)−n, ∀n ∈ Z.
A�­y�
�$�W²���!y� �#¥�� Sφ,ψ

� �
"L³§�
��¬���� � ½y�D±	¥:�
�$Ê	¬Å� !#"
[ 1
ρ(S−1)

, ρ(S)]
� "

γR
1 ≈ Ẑ = T.

NS³§!y�
³Í»l��!1��­y"¼³´�$!�"

Ωφ,ψ ≈
{
z ∈ C | 1

ρ(S−1)
≤ |z| ≤ ρ(S)

}

� "^¦§�DJB½��$�	�
°$¬��I©�µ ������!�!y� �ÃÈ�±Ä« "¼� ¬Å� !�"H¦§�D�
�$�
¥y¦´"¾±Ë"S« ��!�«$� �
!�±Ä!#"S¦§� �^¬®¥y¦´"¼³ � ¦§³´«ª±Ä"
�$¥��
�K�
¥��
¥�!T� � � ±Ä«$�I���Is�±	!�±	«¾½1���D�
¥y³´"¼� �$»���� ¬Å�	!#"
�
�D��±	!y�L¦´�I?K½�± � ³¿"¼�
�D�yµ

��
 ��� `
� � � �
G = R

�
J_��¥l"

φ ∈ G̃E

� �
"b����!�!y� � ±	� φ(x) = eax, ∀x ∈ R
» � ��¥y�{¥�!D«$�$�W"¾±	³´!

a ∈ [ln 1
ρ(S−1)

, ln ρ(S1)]
µ

Yl¥ ��� ���
�	!�� �#¥��
E = L2

ω

»|±¹²	�$«
ω

¥�! � ��³§���L� "S�
¥ �y� ���
��!����#¥�� 1
ρ(S−1)

< ρ(S1)
µjFS±	!��S« �

«ª±	�O³§¦j�$�
"L!�±Ë"¼¥��
�$¦{���D«¾½���³´�
³´�

φ(x) = eln ρ(S1)x, ∀x ∈ R,

ψ(x) = e− ln ρ(S−1)x, ∀x ∈ R.
?K�$¦Á±�� !#"
�¼±ÄÎ§!��

Sφ,ψ ≈
[
ln

1

ρ(S−1)
, ln ρ(S1)

]
,

� "L³§¦��$�
"L�·²l³´���$!�" �#¥��

Ωφ,ψ ≈
{
z ∈ C | Im z ∈

[
ln

1

ρ(S−1)
, ln ρ(S1)

]}
.

q�±	�Ð«$�	!��
� ��¥y�$!�"ª»@¦§�)JB½�� ���
° ¬Å�:©�µ���³§¬ � ¦§³ �#¥�� �+¬ ±	³´�����:¬ ±Ä!�³§° �
�Æ!��	! « ��!��
"
�
¥�«·"¼³¿²���	�¦§�
"¼½�� ���
° ¬Å�®�y�®�
� � �
� �
�$!�"¼±Ä"¼³´��!2���$��¬®¥y¦´"¼³ � ¦§³´«ª±Ä"
�$¥��
�O�
¥��

L2
ω(R)

�ÃÈ � ���
����±	!���¦´��?K½�± � ³´"¼�
�
� �



�lµ

��
 � � ` � � � �
G = Zk �

AH! � �	�
� ej = (ej,1, ..., ej,k),
±ª²��$«

ej,i = 0 � ��¥y� i 6= j
»�� "

ej,j = 1
µ�AH!:��� ��!�³´"

Sj = Sej .AH!1���$��¥y³´"O��� � ©yµ�© 	 �#¥��

Z̃k
E ≈ σ(S1, ...., Sk).

?K½�±���¥y�
φ ∈ Z̃k

�$�W"S���I¦Á±�¶+���
¬Å�
φ = φz

»���

z = (z1, ..., zk) ∈ C∗k � "

φz
�$�
"S��� ��!�³E�
¥��

Zk � ±	�g¦Á±H¶+���
¬®¥�¦§�
φz(n1, ..., nk) = zn1

1 ...znkk .
F^��!�«L�
³�!���¥�� � ���
��!y� zn = zn1

1 ...znkk
» � ��¥��

"
��¥y"
z = (z1, ..., zk) ∈ Ck �·"

n = (n1, ..., nk) ∈ Zk,
«¾½�±��#¥��

φ ∈ Z̃k
E

�$�W" �y��¦§±Æ¶+���
¬��

φ = φz
»���


φz(n) = zn � ��¥���"
��¥y"
n ∈ Zk » � ��¥��O¥�!:« �$�
"¼±	³§!

z ∈ C∗k µ�q_���
��!��

FE = {z ∈ C∗k | φz ∈ Z̃k
E}.

AH!1�
�$¬Å±	����¥y� �#¥�� FE

²	�$�
³ ���D¦§� � � �
� � �
³§�·"¼� �B�
¥�³¿²	±Ä!#"
�$� µ
�\¨ 	

(z1e
iθ1 , ..., zke

iθk) ∈ FE

» � ��¥��K"
��¥y"
(z1, ..., zk) ∈ FE

� " � ��¥��}"¼��¥y"
(θ1, ..., θk) ∈ Rk µ

� ��	BCg�Ç�$!y�
�$¬&­�¦§� {(log |z1|, ..., log |zk|)}(z1,...,zk)∈FE
� �
"^«$��!�²��ÃÈl�&� "L« ��¬ � ±	« "$µ

>Q! � ±	�
"
³§« ¥�¦§³´�$� ◦
FE

�$�W"^¥y!1�y��¬ ±Ä³§!��^���IML� ³§!�½�±Ä�
�y"B¦´��ÊÄÂ�«$��!�²��ÃÈl�I�
³ ◦
FE 6= ∅ µ�AH!)�
¥ ��� ���
�

�#¥�� ◦
FE 6= ∅ � "L��! � ���
�

Π :
◦
FE 3 z −→ φz ∈ Z̃k

E.
Uz¦�� �
"�"
�
³¿²l³§±	¦ �#¥��

Π
�$�W"L±	!�±	¦¿¸#"¼³��#¥��Äµy�L�	"¼�	!��

F (Zk)
¦Í�Ç�$!��
�$¬®­�¦´�H��� �B�
¥�³¿"¼�$� ��!�³§� ���
¥y�

Zk µ
AH!Ð���$�y¥�³´"g��¥ÐJB½�� ���
° ¬Å�B©yµ � �#¥�� � ��¥���"¼�	¥y"

M ∈ M(E)
³§¦l�·Èl³§�W"¼�B¥�!y�O¶+�	!�« "
³§��!

HM,Π ∈
L∞(Ẑk,H∞(

◦
FE))

²	�$�
³ ��±	!�" � ��¥���"¼�	¥y"
u ∈ F (Zk)

�·" � ��¥y� � �
�$���#¥��I"
��¥y"
χ ∈ Ẑk

»

M̃u(φzχ) = HM,Π(χ)(z)ũ(φzχ), ∀z ∈
◦
FE.

?K½��	³§�
³´�
�
��!��
χ = (χ1, ..., χk) ∈ Ẑk

²��$�
³ ��±Ä!#"Æ¦Á±º¶+�	�
¬®¥�¦´�:«$³¿Â����$�
�
¥�� µOAH! � ���
� χ−1 =

(χ−1
1 , ..., χ−1

k )
� "
zχ = (z1χ1, ..., zkχk)

» � ��¥�� z = (z1, ..., zk) ∈ Ck µ�FS� ��!�³´�
�
�	!��

θM : FE 3 z −→ HM,Π(χ)(φzχ
−1) ∈ C.

N^¦§���
�
θM ∈ H∞(

◦
FE).

Yl�	³´"
δ ∈ Tk "
�$¦��#¥��

χ = φδ
µBUz¦H�$�W"1«$¦Á±Ä³§� �#¥��2!��	¥��1±¹²	��!��

φzδ = φzφδ
» � ��¥���"¼�	¥y"

z ∈ C∗k µ��^��¥��O��­l"¼�$!y��!�� � ��¥y� u ∈ F (Zk)
» � ��¥�� z ∈ FE

»

M̃u(φz) = M̃u(φzδ−1φδ) = θM(z)ũ(φzδ−1φδ) = θM(z)ũ(φz).

N^¥y"¼�
�$¬��$!�":��³´"Æ³§¦L�·Èl³§�W"¼�
θM ∈ H∞(

◦
FE)

"¼� ¦��#¥��
θM (z) = hM(φz)

� µ � µ}�
¥�� ◦
FE ≈

◦

Z̃k+
E × Tk ¬®¥�!�³��y�I¦§±�¬Å� �
¥��
�

d⊗m
µ��L��¥��L±ª²���!��L����!y«I¦´���
� �
¥�¦¿"¾±Ä"O�
¥�³´²Ä±	!�"

� �



� ���6���������<� �¢©�µ¿¨ �
�����<�
E � � � !5� /,: � �,� � / ��/,:�� �,� ! � �<�-� ! ! �,# Zk ����# � 	B/ ��� ( � !: ����� �<�;����� ! ����� ) . ����� ) ��������� ) % � � ����� ! ��� ! = � � ◦

Z̃k
E 6= ∅ %�&"( � # ! . ��� �,# M ∈ M(E) . � (�213�4!��-�

θM ∈ H∞(
◦
FE)

�-� ( = � � ��� �,# �5� � �
f ∈ F (Zk) .

M̃f
(
φz

)
= θM(z)f̃

(
φz

)
, ∀z ∈

◦
FE.

��
 ��� `
� � � �
G = Rk �

?K½�±��#¥��I�$¦§� ¬Å� !�"O���
R̃k

� �
"L���D¦Á±®¶+���
¬Å�

ψa : x −→ e−i<a,x>, avec a ∈ C∗k.
FS� ��!y³§�
�
��!��

E : C∗k 3 a −→ ψa ∈ R̃k
E� "L�
� ¬ ±	���#¥���!�� �#¥�� E−1(ψ) ∈ C∗k, ∀ψ ∈ R̃k

E

µ

Yl¥ ��� ���
�	!�� ��¥y� ◦

R̃k
E 6= ∅ µ�AH! � ���
�

UE = E−1
( ◦

R̃k
E

)
≈ Rk + i

◦

R̃k+
E .

A�!:�
± ��� �$¦§¦´���#¥��I¦Í�Ç�$!��
�$¬®­�¦´� ◦

R̃k+
E

� �
"L¦§�	ÊÄÂz« ��!�²��·Èl�ÄµjY���³´"

Π : UE 3 a −→ ψa ∈ R̃k
E.

q_��¥��Ð"¼�	¥y"
x ∈ Rk »g¦§±�¶+�	!�« "
³§��!

a −→ Π(a)(x) = e−i<a,x>
�$�W")±	!�±Ä¦´¸#"¼³ ��¥y�1�
¥��

UE
µ

]�³¿Èl��!��
M ∈ M(E)

µ�>Q!~± �y� ¦§³ ��¥�±	!�"B¦§��JB½�� ���
° ¬Å�D©�µ��y»���!:��­l"¼³§� !�"

M̃f (ψaχ) = HM,Π(χ)(a)f̃(ψa), ∀a ∈ UE, p.p.,

��

HM,Π ∈ L∞(R̂k,H∞(UE))

µ}]�³¿Èl��!��
χ ∈ R̂k

²	�$�
³ ��±	!�"Å¦Á±2¶+���
¬®¥y¦§�:«$³ Âz��� �
�
¥y�$µKYl��³´"

δ ∈ Rk "
�$¦ �#¥��
χ = ψδ

µ�AH!T±

M̃f(ψaδ−1ψδ) = HM,Π(ψδ)(a)f̃(ψaδ−1ψδ), ∀a ∈ UE, ∀f ∈ Cc(R
k).

A�!:��­l"¼³§� !�"

M̃f(ψa) = HM,Π(ψδ)(a)f̃(ψa), ∀a ∈ UE, ∀f ∈ Cc(R
k).

A�! � ���
�

JM(a) = HM,Π(ψδ)(a), ∀a ∈ UE.
FS��!�«D��!1±

JM ∈ H∞(UE)
� "

M̃f(ψa) = JM(a)f̃(ψa), ∀a ∈ UE, ∀f ∈ Cc(R
k).

��!



?K� ¦Á±Ð���$¬���!�"¼�
��¦§��«$�	�
��¦´¦Á±	³´�
�S�
¥�³´²Ä±	!�"$µ

� � � ��� � ���<���¢©�µ � �������<�
E � � � !5� /,: � �,� � / ��/,:�� �,� 79���6:�� ����� ! ! �$# Rk ����# � 	B/ ���

����� ) . ����� ) ��� ����� ) % � � ����� ! ��� ! = � � ◦

R̃k
E 6= ∅ % &"( � # ! . ��� �,# M ∈ M(E) . � ( �213�4!��5�

JM ∈ H∞
(
UE

) �5� ( = � �

M̃f(ψa) = JM(a)f̃(ψa), ∀a ∈ UE, ∀f ∈ Cc(R
k).

�L��¥���±Ä¦§¦§�	!��Q����!�!y�$�K¬Å±	³´!#"
�$!�±Ä!#" �#¥�� ¦��#¥��$�}�·Èl�$¬ � ¦´�$�@����� � � ±Ä«$�$�K���Hs�±Ä!�±	«¾½Å²	�$�
³ ��±	!�"
¦´�$�O«$��!y��³´"
³§��!�� � R ¨�	·» � RS��	K� " � RS� 	Ãµ
� �Ï² ��
 � � ` � � �
�EY���³´"

ω
¥�!���¶+��!�«·"¼³´��!:¬Å� �
¥��
±	­�¦§� � ���
³´"¼³¿²����
¥��

G
µ�qb��¥��

1 ≤ p < +∞ »
� ���
�	!��

Lpω(G) :=
{
f mesurable sur R |

∫

G

|f(x)|pω(x)pdx < +∞
}
,

‖f‖ω,p =
( ∫

G

|f(x)|pω(x)pdx
) 1
p

, for f ∈ Lpω(G).

Uz¦b�$�W"H«$¦§±	³§� �#¥�� ¦Í�Ç�$� � ±	«$� ���®sK±	!�±	«¾½
Lpω(G)

�¼±Ä"
³§�W¶ ±	³´" � R ¨ 	B� " � R^� 	·µ|CE±Å« ��!���³¿"¼³§�	! � RH��	
� �
"L²��$�
³ ��� �D�
³{� "L�
�$¥�¦´�$¬��$!�"L�
³

�+©�µ ¯�	
0 < sup essy∈G

ω(x+ y)

ω(y)
< +∞, ∀x ∈ G.

�g��³´«$³�¥y!T«$±	� � ±	�
"
³§« ¥�¦§³´�$��« ��!�«$�
� "$»���
:��! � �$¥l"^«$±	¦§« ¥�¦§� �
G̃E

�ÃÈ � ¦§³§« ³´"
�$¬��$!�"ªµ�AH! � �	�
�

ω(n, k) = emax(n,k), ∀(n, k) ∈ Z2

�·"
E = l2ω(Z

2)
µ�N^¦§���
�B��!T± ‖Sn,k‖ = max(en, ek)

�·"
ρ(Sn,k) = max(en, ek).

Uz«$³

Z̃2
E ≈ σ(S1,0, S0,1)

�·"^�j� ± � �
°$�L¦§��JB½y�$���
°$¬��I©yµ �l»

Z̃2
E ≈ {(z1, z2) ∈ C2 | 1 ≤ |zi| ≤ e, i ∈ {1, 2}, |z1||z2| = e}.

AH!:�
� ¬ ±	���#¥�� ��¥y�
σ(S1,0, S0,1) 6= spec(S1,0) × spec(S0,1)

� "O¦Í�Ç³§!�"
�$�
³´�$¥��}���
σ(S1,0, S0,1)

� �
"B²�³§���^­�³§� ! �#¥�� ◦
spec(S1,0) 6= ∅ �·" ◦

spec(S0,1) 6= ∅ µy?K� � �$!y��±	!�"ª»�³´¦|� �
"B« ¦Á±	³´� �#¥��
Z̃2
E

+ ±
±	¥1¬���³§!��K���$¥lÈ1� ¦§� ¬Å� !#"
�$µ

��
 � � ` � � � �{Y���³´"
ω

¥�! � �	³§���B« ��!�"¼³§!#¥1�
¥��
G
µ�q_�	�
��!��

C0,ω(G) = {f ∈ C(G) | fω ∈ C0(G)}.
� �



A�!2¬®¥y!�³´"
C0,ω(G)

���Ð¦Á± !y���
¬�� ‖f‖ = ‖fω‖∞
µjUz¦Q�$�
"D« ¦Á±	³´� �#¥��

C0,ω(G)
�
±Ä"¼³´�
¶ ±	³¿"H¦§� �

«$��!��y³´"¼³´��!�� � R ¨ 	K�·" � RS��	K� "L³§¦��
¥ �Ð" ��¥y�
ω

±	³´"�¦Á± � �
� � �
³´� "
���

0 < sup
x∈G

ω(x+ y)

ω(x)
< +∞, ∀y ∈ G,

� ��¥y� ��¥y�
C0,ω(G)

²	�$�
³ ��� � RS��	·µ
��
 ��� `
� � � ��Y���³´"

A
¥�!��H¶+��!�«·"¼³´��!)�
� �$¦§¦´�H«$�	!#"
³§!#¥����
¥��

[0,+∞[
»l"¼� ¦§¦´� �#¥��

A(0) = 0� "
y −→ A(y)

y

�$�W"®« �
��³´�
�¼±Ä!#"
�Å�
¥��
R+ µ_Yl��³¿"

LA(G)
¦Í�Ç�$� � ±	«$�Å���$�D¶+��!�«·"¼³´��!��I¬Å� �
¥��
±	­�¦§� �

�
¥��
G

"
�$¦´¦§�$� �#¥��
∫

G

A
( |f(x)|

t

)
dx < +∞,

� ��¥y�B¥�!
t > 0

� "O�
��³´"

‖f‖A = inf
{
t > 0 |

∫

G

A
( |f(x)|

t

)
dx ≤ 1

}
,

� ��¥y� f ∈ LA(G)
µ#NS¦´���
�

LA(G)
�$�W"�¥�!Å�$� � ±	«$�S���SsK±	!�±	«¾½)± ��� � ¦§�L�$� � ±	«$�^���Hs}³§�
!#­�±Ä¥�¬ÐÂ

A��
¦§³´«$Ì �+« ¶\µ � � ��	·µyUz¦{�$�
"L« ¦Á±	³´� �#¥��
LA(G)

�¼±Ë"¼³§�W¶ ±	³´" � R ¨�	·» � RH��	�� " � RS� 	Ãµ

� � � � ��
�
 � ��� � � G̃E

FH±	!��)« � "
"
���
� « "¼³´��!<!���¥y�:±	¦§¦´��!�� �y��!�!�� �Æ¥�!���!��	¥y²�� ¦§¦§�~«ª±	�
±	« "
�$�
³´�¼±Ä"
³§��!8���
G̃E

�·"
� "¾±Ä­�¦§³´�&��� � � �
� � �
³§�·"¼�$���y�

G̃E

�#¥�³�²��	!#" �
�	¥��$��¥�!6����¦§�Æ³´¬ � ���W"¾±	!�"®��±	!��Ð¦Á± � �
�$¥l²��1��¥
"¼½�� ���
° ¬Å� � �
³´!�«$³ � ±	¦@��� « �)«¾½�± � ³¿"¼�
�Äµ�AH!5�
�$¬Å±	� �#¥�����¥y� � ��¥y� φ ∈ CK(G)

»
g ∈ E

»b¦Á±
¶+��!�« "
³§��!

G 3 x −→ φ(x)Sxg ∈ E
�$�
"L¥�!y³´¶+���
¬Å� ¬Å� !#"�«$��!�"¼³´!#¥��D�
¥��

G
�·"

∫

K

‖φ(x)Sxg‖dx ≤ ‖φ‖∞‖g‖ sup
x∈K

‖Sx‖m(K) < +∞.

A�!-« ��!�«$¦´¥y"��#¥�� ∫
K
φ(x)Sxgdx

� �
":¥�!y�º³´!�"¼�$Ê	�¼±	¦´�Z���2sK��«¾½�!�� �1« ��!�²�� �
Ê�� !#"
� � ��¥��)¦§±
"¼� � ��¦§�	Ê�³§��¶+���W"¼�^���$��� � � �¼±Ä"
�$¥��
� � «·¶\µ ��� � � »�?K½�± � ³´"
�
�S� 	·µl�^��¥y�B±ª²���!��K¦Á±I¶+�	�
¬®¥�¦´�^�
¥�³´²Ä±	!�"
�

� ©�µ�À 	
Mφ =

∫

G

φ(x)Sxdx.

>g!�� ��� "$»��
��³¿"
K

¥�!��
�	¥��WÂ��$� � ±	«$�^«$��¬ � ±	«·"g���
G
µ#AH!Å±

Mφ(CK(G)) ⊂ CK+supp(φ)(G)
�·"

¦Á±&�
�$�
"
�
³´« "¼³´��!Æ��� ∫
G
φ(x)Sxdx

%
CK(G) � � ¥y" �·"¼�
��« ��!��
³§��� �
�$��« ��¬�¬Å�^¥�!���³§!�"
�$Ê��
±	¦§�^���

� 	



sK��«¾½�!�� ���
¥y�
CK(G)

% ²Ä±	¦§� ¥��
�@��±	!y�
CK+supp(φ)(G)

µy?K��¬�¬Å�L¦§� �K³´!#"
�$Ê��
±	¦§� �}�y��sK��«¾½�!��$�
« ��¬Å¬&¥y"¼� !#"^±ª²�� « ¦´�$��¶+���
¬Å� �B¦§³´!��ª±	³´�
� ��«$��!�"
³§!#¥��$� »���!:��­y"¼³´�$!�"ª» � ��¥�� g ∈ Cc(G)

»

Mφg(x) = (φ ∗ g)(x) =

∫

G

φ(y)g(x− y)dy =

∫

supp(φ)

φ(y)(Syg)(x)dy

=
( ∫

supp(φ)

φ(y)Syg
)
(x), ∀x ∈ G

�·"B¦Á±I���$!��
³´"
�H���
Cc(G)

��±	!��
E

�$!�"
�¼±ÄÎ§!��S¦§± ¶+���
¬&¥�¦§� � ©�µ�À 	ÃµyY���³´"
A(E)

¦Í��±	��½�� �
�$!y«$�H��±Ä!��

M(E)
���&¦ � ±Ä¦§Ê�° ­��
�D�$!yÊ��$!��y�
�$� � ±	� {Mφ}φ∈Cc(G)

µ�AH!Z!��	"
�
ρA(E)(A)

¦´� �
±ª¸���!Z� � � « "
�¼±	¦
���Ç¥�!T�$¦§� ¬Å� !�"

A
�y�

A(E)
µ��^��¥��L±ª²��	!��^¦§± � �
� � ���
³´"
³§��!)�
¥�³´²Ä±	!�"¼�Äµ

	��6� 
�� � �	�
�<� � ©�µ � � ���
f ∈ Cc(G) . f ≥ 0 . f 6= 0 . / ( � # ! ρA(E)(Mf ) > 0 %

� c � � � ����AH! �yÈl�
f ∈ Cc(G)

"¼� ¦��#¥��
f ≥ 0

�·"
f 6= 0

µ#Yl��³¿"
V

¥�!�²	��³§�
³§!�±ÄÊ��B«$��¬ � ±	«·"
���

0
"¼�$¦ �#¥��

supp(f) ⊂ V
� "^�
��³¿"

F
¥�!~� !��
� ¬®­�¦§� ��!�³E���

G
"¼� ¦ ��¥y�

V + V ⊂ F + V
µ

AH! � ���
�

nV := {s1 + ... + sn, s1, ..., sn ∈ V }.
AH!1�
�$¬Å±	����¥y� �#¥��
�+©�µ ��	

nV ⊂ (n− 1)F + V, ∀n ≥ 1.
�L�	"¼��!y� ‖f‖1 =

∫
G
f(x)dx.

AH!1±
∫

nV

f ∗n(x)dx = ‖f‖n1 , ∀n ≥ 1,

��

f ∗n �$�W"�¦§± � ¥�³§�
�¼±	!�« �K!lÂ�³§° ¬Å�Q���

f
��±	!��b¦Í��±	¦§Ê	°$­��
�Q���}« ��!�²���¦´¥y"¼³´��!

L1(G)
µÄA�! ±^�j� ± � �
°$�

�+©�µ ��	K� " �Í�lµ ��	
∫

nV

f ∗n(x)dx =

∫

(n−1)F+V

f ∗n(x)dx

=
∑

s∈(n−1)F

∫

V

S−sf
∗n(x)dx

≤ CV
∑

s∈(n−1)F

‖S−s‖‖f ∗n‖E.
Yl�	³§�$!�"

k
¦§��«$±	�
�y³§!�±	¦j���

F
� "
D = maxs∈F ‖S−s‖

µyNS¦§�	�
�B��!T±
∑

s∈(n−1)F

‖S−s‖ ≤ kn−1Dn−1

�·" � ±	�O«$��!��
���#¥�� !#"

‖f‖n+1
1 =

∫

G

f ∗(n+1)(x)dx ≤ CV k
nDn‖f ∗(n+1)‖ ≤ CV k

nDn‖(Mf)
n‖‖f‖, ∀n ≥ 1.

� C



A�!:� !T��� ��¥�³¿"

‖(Mf )
n‖ ≥ ‖f‖n+1

1

CV ‖f‖(kD)n� "L����!�«��	!~±

ρA(E)(Mf) ≥
‖f‖1

kD
> 0.

�

A�!¢��­��
�$�W²����#¥��º¦Á± � �
� � ���
³¿"¼³§�	! � �
� «$�$�y�$!�"¼�x���$¬���!�"¼�
�º� ! � ±Ä�
"¼³´«$¥�¦´³§� ���#¥��
A(E)!���� �
" � ±	�O�¼±Ä��³§«$±	¦§�Äµ�AH!T�
�$¬Å±	� �#¥�� �#¥��

Sx ◦Mφ = MSx(φ)

» � ��¥��B"¼�	¥y"
φ ∈ Cc(G)

µ�F^��!�«

R ◦ T ∈ A(E)
» � ��¥y��"¼��¥y"

R ∈ B(E)
�·" � ��¥���"
��¥y"

T ∈ A(E)
µ|Yl��³´"

γ ∈ Â(E)
µ�A�!T±

γ(R ◦ T1)

γ(T1)
=
γ(R ◦ T2)

γ(T2)
,

� ��¥y� R ∈ B(E)
»
T1, T2 ∈ A(E) \ Ker(γ). PT±	³§!�"¼� !�±	!�"®�	!��yÈl�

φ ∈ Cc(G)
»E"¼�$¦ �#¥��

Mφ /∈ Ker(γ)
� "L��!1��� ��!y³´"

∆γ : B(E) −→ C
� ±	�B¦Á±&¶+�	�
¬®¥�¦´�

� ©�µ � 	
∆γ(R) =

γ(R ◦Mφ)

γ(Mφ)
, ∀R ∈ B(E).

Uz¦{�$�
"L« ¦Á±	³´� �#¥��

∆γ(R1R2) =
γ(R1 ◦R2 ◦Mφ)

γ(Mφ)
=
γ(R1 ◦R2 ◦M2

φ)

γ(M2
φ)

= ∆γ(R1)∆γ(R2),

� ��¥y� R1, R2 ∈ B(E)
µ�?K��¬�¬Å�

∆γ(I) = 1
»���!1±

∆γ ∈ B̂(E).
AH!:�
� ¬ ±	���#¥�� ��¥y�

� ©�µ�� 	 1

ρ(S−x)
≤ |∆γ(Sx)| ≤ ρ(Sx), ∀x ∈ G.

�^��¥��L±ª²��	!��^¦´�H¦§� ¬Å¬��H�
¥�³´²Ä±	!�"ªµ

� ��



�2©�µ´¨��������<�
E � � � !5� /,: �>�,��� / ��/,:�� ����# � 	B/ ��� ����� ) ���
��� � ) %

i )+* � �$# θ ∈ G̃E . � ( �213�4!��5�
γθ ∈ Â(E)

�5� ( = � �

θ(x) =
γθ(Mφ)

γθ(Sx ◦Mφ)
,

��� �$# φ ∈ Cc(G)
�5� ( = � �

Mφ /∈ Ker(γθ)
��� ��� /

� ©�µ¿¨¹� 	 1

ρ(S−x)
≤ |θ−1(x)| ≤ ρ(Sx), ∀x ∈ G.

� �



ii ) � � /���� ( ��: / � ����� T : G̃E 3 θ −→ γθ ∈ Â(E)
� !�� � � ����� � ����� # ���,�4! �����,�

G̃E
! �,#

Â(E)
��� �,# ( /��5� ��� ( � � ���>�,��� � ( 7 / ��� %
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θ(x) =

γθ(Mφ)

γθ(Sx ◦Mφ)
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γθ(MSyφ) =

∫
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Syφ(x)θ−1(x)dx

=

∫
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φ(x− y)θ−1(x)dx =

∫

G

φ(x)θ−1(x+ y)dx

= θ−1(y)
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φ(x)θ−1(x)dx = θ−1(y)γθ(Mφ).
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θγ(x) =
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, ∀x ∈ G.

Yl�	³´"
(φn)n≥0 ⊂ CK(G)
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∫

K

‖φn − φ‖∞ sup
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η : Cc(G) 3 φ −→ γ(Mφ).
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η(φ) =
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φ(x)dµ(x), ∀φ ∈ Cc(G).
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γ(Mφ ◦Mf ) =

∫
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(φ ∗ f)(t)dµ(t)

=

∫
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(∫
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φ(x)f(t− x)dx
)
dµ(t).
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γ(Mφ ◦Mf ) =

∫
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φ(x)
( ∫
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f(t− x)dµ(t)
)
dx

=

∫
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φ(x)γ(Sx ◦Mf)dx
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γ(Mφ) =
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φ(x)θ−1
γ (x)dx, ∀φ ∈ Cc(G).
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∫
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φ(x)θ−1
γ (x)dx

∣∣∣ = |γ(Mφ)| ≤ ‖Mφ‖
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R : Â(E) −→ G̃,
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R(γ)(x) =
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Mφ /∈ Ker(γ).
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sup
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∣∣∣
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θ−1
0 (x)φi(x)dx−
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θ−1(x)φi(x)dx
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sup
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λ (x)| ≤ ‖f‖∞ sup

l∈[0,1]

(
sup

x∈supp(f)

|η1(x)|l sup
x∈supp(f)

|η2(x)|1−l
)
< +∞.

CE±�¶+��!�« "
³§��!

G× L : (x, λ) −→ f(x)θ−1
λ (x) ∈ C

� �
"g�
� � ±	�
�$¬��$!�"g«$��!�"
³§!#¥����·"Q¥�!�³¿¶+���
¬��$¬��$!�"_­����
!��$�K� "Q���	!�«�¬��$�
¥y�¼±	­�¦´���
¥y�
G×L � ��� � ��	·µ

AH!1���$��¥y³´"^±	¦§�	�
����� �L"
½��$�	�
°$¬��$�O��� PT�	�
�$�
±�� "L���I]�¥�­�³§!y³ �#¥�� � ��¥���"
��¥y"
f ∈ Cc(G)

»�¦Á±
¶+��!y« "¼³´��!

F
��� ��!�³§� � ±Ä�

F : λ −→
∫

G

f(x)θ−1
λ (x)dx

� �
"B±Ä!�±	¦´¸#"
³��#¥��O�
¥��@¦Á±D­�±	!y��� ◦
L
µ�F&��± � �
° �K¦´� � �
³§!y«$³ � �O���^qg½y�¼±	Ê�¬��$!�Â\C{³§!��y�$¦§�Ä¶\»	��!Å��­y"¼³´�$!�"

|F (λ)| ≤ max
Reλ∈{0, 1}

∣∣∣
∫

G

f(x)θ−1
λ (x)dx

∣∣∣

≤ max
(

sup
a∈R

∣∣∣
∫

G

f(x)|η2(x)|
|η1(x)|ia
|η2(x)|ia

dx
∣∣∣, sup
a∈R

∣∣∣
∫

G

f(x)|η1(x)|
|η2(x)|ia
|η1(x)|ia

dx
∣∣∣
)
.
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>g! � �
�$!�±	!�"��$!I«$��¬ � "¼�g¦´�g¶ ±Ä³´" �#¥�� |η2| ∈ G̃+
E

� "��#¥�� ∣∣∣η1η2
∣∣∣
ia

∈ Ĝ
»¹�	!&± |η2|1−ia|η1|ia ∈ G̃E.

FS�D¬�� ¬Å� |η1|1−ia|η2|ia ∈ G̃E

� "L��!:��­y"
³§�$!�"

|F (λ)| ≤ ‖Mf‖, ∀λ ∈ L.
?K�$¦Á±�³´¬ � ¦´³��#¥�� ��¥y�

θλ ∈ G̃E, ∀λ ∈ L.

A�!)²Ä±Ð¬ ±	³´!�"¼�$!�±	!�"B¬Å�	!#"
�
� � ��¥y� ¦ ����!1±
� ©�µ¿¨Ï¯�	

G̃E =
{
θ ∈ G̃ | |θ−1(x)| ≤ sup

η∈gGE

|η−1(x)|, ∀x ∈ G
}
.

Yl��³´"
θ ∈ G̃+

"¼� ¦ ��¥y�
θ /∈ G̃+

E

µ�N^¦§���
�B³§¦��ÃÈy³´�
"
�
φ ∈ Cc(G)

� "
ε > 0

"¼� ¦§� �#¥��

� ©�µ¿¨¹À 	 ∣∣∣
∫

G

φ(x)θ−1(x)dx
∣∣∣> ‖Mφ‖ + ε.

Yl��³´"
K = supp(φ)

µ�?K��¬�¬Å�O¦Á±H¶ ±	¬�³§¦´¦§� {
φη−1, η ∈ G̃+

E ∪{θ}
} �$�
"K���#¥�³´«$��!�"¼³´!#¥��^�
¥��

K
»

� ��¥y��"¼��¥y"
x ∈ K

»�³§¦j�·Èl³§�W"¼�D¥�!:²���³´�
³§!�±	Ê��
Vx

�y�
x

��±	!��
K

"¼�$¦ �#¥��

sup
y∈Vx

|φ(y)η−1(y) − φ(x)η−1(x)| < ε

3m(K)
, ∀η ∈ G̃+

E ∪ {θ}.
Cb±H¶ ±	¬�³§¦´¦§� {Vx}x∈K

� �
"@¥�!��
� «$��¥y²��
�$¬��$!�"K�j����¥l²��$�W"¼�g���
K

»�����!y«L³´¦y�ÃÈy³´�
"
�
a1, ..., ap ∈ K"¼�$¦´� �#¥��

K ⊂ ∪pi=1Vai
µ|AH! � ���
� V c

ai
= {x ∈ K | x /∈ Vai}

µ�F^� ��!�³´�
�
��!��
K1 = Va1

� "

Ki = Vai ∩ (∪j 6=iVaj )c,
� ��¥y� 1 < i ≤ p

µ|AH!1±
∣∣∣
∫

K

φ(x)η−1(x)dx−
p∑

i=1

φ(ai)η
−1(ai)m(Ki)

∣∣∣

=
∣∣∣

p∑

i=1

∫

Ki

(φ(x)η−1(x) − φ(ai)η
−1(ai))dx

∣∣∣

≤
p∑

i=1

∫

Ki

ε

3m(K)
dx =

ε

3m(K)

p∑

i=1

m(Ki) =
ε

3
.

�^��¥��L±ª²��	!��$» � ��¥�� η ∈ G̃+
E

»

∣∣∣
∫

K

φ(x)η−1(x)dx−
p∑

i=1

φ(ai)η
−1(ai)m(Ki)

∣∣∣ ≤ ε

3
,

∣∣∣
∫

K

φ(x)θ−1(x)dx−
p∑

i=1

φ(ai)θ
−1(ai)m(Ki)

∣∣∣ ≤ ε

3
��!
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∣∣∣
∫

K

φ(x)η−1(x)dx−
∫

K

φ(x)θ−1(x)dx
∣∣∣ ≥

∣∣∣
∣∣∣
∫

K

φ(x)η−1(x)dx
∣∣∣−

∣∣∣
∫

K

φ(x)θ−1(x)dx
∣∣∣
∣∣∣ > ε,

�·"^�y��!�«D!���¥��O��­l"¼�$!y��!��
∣∣∣

p∑

i=1

φ(ai)η
−1(ai)m(Ki) −

p∑

i=1

φ(ai)θ
−1(ai)m(Ki)

∣∣∣ > ε

3
.

q_±	�O«$��!��
���#¥�� !#"$»��	!~±

(θ−1(a1), ..., θ
−1(ap)) 6= (η−1(a1), ..., η

−1(ap)), ∀η ∈ G̃+
E.

qb���
��!y�

C =
{

(log |η(a1)|, ..., log |η(ap)|), η ∈ G̃E

}
.

?K��¬�¬��
G̃+
E

�$�W"^« ��¬ � ±	« "$» C �$�W"S« ��!�²��ÃÈy� � "B¶+� �
¬��I�·"

(log θ(a1), ..., log θ(ap)) /∈ C.
FS�	!�«	»�³§¦j�·Èl³§�W"¼�D¥�!���¶+���
¬Å��¦´³§!��$±	³§�
� L �
¥��

Rp "
�$¦´¦§� �#¥��

L
(
(log θ(a1), ..., log θ(ap))

)
> sup

η∈gGE

L
(
(log |η(a1)|, ..., log |η(ap)|)

)
.

AH! � ���
�

∆ =
{

(α1, ..., αp) ∈ Rp|α1 log θ(a1)+...+αp log θ(ap) > sup
η∈gG+

E

(α1 log η(a1)+...+αp log η(ap))
}
.

?K��¬�¬��

sup
η∈gG+

E

| log η(ai)| < +∞,

� ��¥�� 1 ≤ i ≤ p
»
∆

�$�W"H¥�!Z�	¥y²�� �
"H�·"H« ��¬Å¬��
λ∆ ⊂ ∆

» � ��¥�� λ > 0
»
∆ ∩ Zp 6= ∅ µ�Yl�	³´"

(n1, ..., np) ∈ ∆ ∩ Zp µ�Uz¦{�
�$�
¥y¦´"¼�D���D¦§±®��� ��!y³´"¼³´��!)���
∆

�#¥��I¦Í�Ç��!:±

θ−1(a−n1
1 ...a−npp ) > sup

η∈gGE

|η−1(a−n1
1 ...a−npp )|.

?K� ¦Á±Ð¬Å��!�"
�
� �#¥��
{
θ ∈ G̃ | |θ−1(x)| ≤ sup

η∈gGE

|η−1(x)|
}
⊂ G̃E,

« � �#¥�³{��� ¬Å�	!#"
�
� � ©yµ´¨Ï¯�	·µ
�

� �



� ���6���������<� �Z©�µ�©�� � � /
G̃E = {θ ∈ G̃ | |θ−1(x)| ≤ ρA(E)(Sx) , ∀x ∈ G},

���
ρA(E)(Sx) = sup

γ∈Â(E)
|∆γ(Sx)|. � � # /������ (<( � = � �

∆γ
� !��+� � 	8��� � / # ( / 79� # � � ( ���� %�� ) %

� ���6���������<� �Z©�µ ¯ �
G̃E

� !�� : �����6�21$�"!�� ��� ! � � ( � ������� !��
Ĝ

� !���: �����6�21$� %
� ��� �Ea 
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 �bc ��


FH±	!��Q« � "
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� � �
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BG

¦ ��� !��
� ¬®­�¦´�
���$� � ±	�W"¼³´�$�B­|���
� ¦§³§� !�!�� �L�y�

G
µ�XL!��D¬Å� �
¥��
�D�
¥��

G
�$�W"L¥�!��I± ��� ¦´³§«$±Ä"¼³´��!

µ : BG,µ −→ C

���:¦Á±Z¶+���
¬��
µ = µ1 − µ2 + iµ3 − iµ4

»Q��

µi

� �
"Å¥�!��1¬Å� �
¥��
� � ���
³´"
³´²��:�
¥��
G � �	¥��

i = 1, ..., 4
"
�$¦´¦§���#¥��

µi(K) < +∞ » � ��¥���"¼�	¥y"L«$��¬ � ±	«·" K ⊂ G
�·"L��


BG,µ = {U ∈ BG | sup µi(U) < +∞, i = 1, ..., 4}.
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M(G)
¦ ��� !��
� ¬®­�¦§�º��� �Z¬Å� �
¥��
�$�T�
¥��

G
µLC{�x"
½��$���
°$¬�� ���x�
� � �
� �
�$!�"¼±Ä"¼³´��!r���

ML³´�$�
Ìº¬���!�"¼�
� �#¥�� «¾½�±��#¥�� ¶+���
¬Å�2¦§³´!��ª±Ä³§�
��« ��!�"¼³´!�¥y� �
¥y�
Cc(G) � �$¥y" � "¼�
� �
� � �
�$�
� !lÂ

"¼�$� ���Æ¬Å±	!�³§° �
�Å¥�!�³��#¥�� �
��¥���¦§±T¶+���
¬Å�
L(f) =

∫
G
f(x)dµL(x),

��

µL ∈ M(G)

µQ�L�ÄÂ
"¼��!��

Mb(G)
¦Í�Ç�$!y�
�$¬&­�¦§�1���$�Å¬Å� �
¥��
�$�Æ�
¥��

G
%2²Ä±	�
³§±Ä"¼³´��!6­����
!��$�Ä»g¬®¥�!�³L���1¦Á±x!y���
¬��

‖µ‖Mb(G) = |µ|(G),
��¥y³ � �$¥l" �·"¼�
��³´���$!�"
³ ���Ð«$�	¬Å¬���«$³ Âz��� �
�
¥y�&±ª²�� «Å¦´����¥�±	¦Q�y�

Cc(G)
µ

�^��¥��g��� �
³´Ê�!��$�
��!�� � ±	� Mc(G)
¦ ��� !��
� ¬®­�¦§�B�y�$�@¬Å� �
¥��
�$�}%I�
¥ ��� ���
"@«$�	¬ � ±Ä« "@�
¥��

G
µ#CQ��� �WÂ

� ±	«$� M(G)
�
�$�¼±�¬&¥�!�³L���Z¦Á±º"¼� � ��¦§�	Ê�³§�Æ²Ä±	Ê�¥y�	µ�ML± ��� �$¦´��!�����¥j��¥�!y���
¥�³¿"¼�~Ê	�$!�� �¼±	¦´³§�
� �

(µα) ⊂ M(G)
«$��!�²�� �
Ê��D²Ä±	Ê�¥�� ¬Å� !�"L²	�$�
�

µ ∈M(G)
�
³{� "L�
�$¥�¦´�$¬��$!�"L�
³

∫

G

f(x)dµ(x) = lim
α

∫

G

f(x)dµα(x), ∀f ∈ Cc(G).

�^��¥��@±ª²��	!��K­|�$�
��³§!����$�@��� ��!�³´"
³§��!y�Q�
¥�³¿²	±Ä!#"
�$� � �	¥��g³§!�"¼�
�l��¥y³§�
�B¦´�$�g�
� �
¥�¦¿"¾±Ä"
�g���HuD±	¥lÂ
���
¸)�ÃÈ � ���
�$�L��±	!�� � � ����� 	Ãµ

� ���������	�
�<���6©�µ���� �����<�
K � � : ���"� /,:��B�,�

G % � ����� ! �

DK(G) =
{
u ∈ Cc(G) | u =

∞∑

i=1

fi ∗ gi, fi, gi ∈ CK(G) et

∞∑

i=1

‖fi‖∞‖gi‖∞ < +∞
}
.

� 	



� � � � ���<�
DK(G)

�,� ( /��6� # ��� �

‖u‖DK(G) = inf
{ ∞∑

i=1

‖fi‖∞‖gi‖∞|u =
∞∑

i=1

fi∗gi, fi, gi ∈ CK(G)et
∞∑

i=1

‖fi‖∞‖gi‖∞ < +∞
}
.

� � � ��� �	�
�<���<©�µ�©�� �����<�
D(G) = lim

→
DK(G)

� � �����,� ( / �5� ��� ( � � ��� ( � �+�<�5� �<��� � :�� � � �
( � : / ( � ��������: ��� � �21$� % � � /������ (<( � = � /�!�� ��� ! �,# � ! ( � ! � ( � �������<!>� � � � / ( D(G)′

�,�
D(G) %
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� ¬ ±Ä� �#¥�� �#¥��&¦Í�Ç�$� � ±	«$� D(G)
� �
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Cc(G)
� «·¶\µ ����� ��	·µ��^�	¥���±ª²���!y�H¦§�

"
½��$���
°$¬��D�
¥�³¿²	±Ä!#"$µ
����������	�

�x©yµ�©������ a � �Ec � ) * � �,# �5� � �

M
� � ��# / �5� �,# �,�

Cc(G)
��/ � ! ( � � !5� /,: � �,� !
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Cc(G) . � ( �213�4!��5� � �6� = � /�!�� ��� ! �,# � µ �5� (<( � = � �

Mf = µ ∗ f, ∀f ∈ Cc(G).
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³§!#¥��
���

D(G)
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D(G)
� "
µ ∗ f » � �	¥�� f ∈ Cc(G)
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" ¥�!�� �#¥�±Ä�
³§¬��$�
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< µ ∗ f, g >=< µ, f ∗ g >, ∀g ∈ D(G).
Yl³
f ∈ D(G)

»�±Ä¦§���
��¦Á±®¶+��!�«·"¼³´��!

µ ∗ f : G 3 y −→< µx, f(x− y) >
� �
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G
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G
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��¥ � �DCb?KNr� "
p ≥ 1

�$�
"O�y� ��!�³´�D«$��¬�¬Å�S¦Á±&« ��!�²���¦´¥y"¼³´��!
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Cc(G)
��±	!y�

Mc(G)
µ�qb���
��!y�

B(G) = {Ff, f ∈ L1(Ĝ)}
�·"

‖Ff‖B(G) = ‖f‖L1( bG).�L��¥��S�y�$�
³´Ê�!���!y� � ±	� P (G)
¦´�D��¥�±	¦b���

B(G)
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s ∗ f ∈Mb(G)
» � ��¥�� f ∈ Cc(G)
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° ¬Å���
¥�³´²Ä±	!�" � «·¶\µ�� � � ��	·µ
����������	�

�2©�µ ¯ ��� � ���&a�c � 
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Tf = s ∗ f, ∀f ∈ Cc(G),
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¬���¦§³´!��ª±Ä³§�
�^«$��!�"
³§!#¥��D�
¥��

L1(G)
����!y!��$� � ±	�

ŝ(f) = s(f̂).

A�! �
�$¬Å±	����¥y���#¥��
ŝ � � ¥y" �·"¼�
� «$��!��
³§��� �
�Æ« ��¬�¬Å�Å¥�!5�$¦´�$¬��$!�"®���

L∞(Ĝ)
µ�F&��± � �
°$��¦´�

JB½��$���
°$¬��)©�µ ¯l»�"¼�	¥y"Ð� � �$�¼±Ë"¼�$¥y� T ���
Cc(G)

��±	!��
Mb(G)

« ��!�"¼³´!�¥ � ��¥���¦§±~"¼� � ��¦§�	Ê�³§�
²	±ÄÊ�¥��Z���

M(G)
«$��¬�¬®¥y"¼±	!�")±ª²�� «2"
��¥y"
��«$��!�²��	¦§¥y"
³§��!-±ª²�� «2¥�!��Z¶+��!�«·"¼³´��!<���

Cc(G)
»

²��$�
³ ���Ð�

� ©�µ¿¨ ��	
T̂ f = hf̂ , ∀f ∈ Cc(G),

��

h ∈ L∞(Ĝ)

µ�X^!y�^�
� � �
�$�
� !�"¾±Ä"
³§��!Å�
³§¬�³§¦§±	³§�
�K�ÃÈy³´�
"
�S±	¥y�
�
³ � ��¥��g¦§� �}¬&¥�¦´"
³ � ¦´³§«ª±Ë"¼�$¥y�
���
¥��

Lp(G)
»���


p ≤ 1 < +∞ � «·¶\µ ������	·µ

� � � � � �|c�� ��� � � c � `bc � 
���
�� a � � � 


� � �
��� `_`bc�� 
 � � a � � � 
 ��� � 
 � �	� � � `
� � ��a � � �Ec �SY�³
E ⊂ L1

loc(G)
� �
"^¥�!:�$� � ±	«$� ���

s�±	!�±	«¾½1�¼±Ë"¼³§�W¶ ±	³§�
±	!�" � RI¨ 	·» � RH��	K�·" � RS��	K!���¥��O!��	"
��!��O«$�	¬Å¬�� � �
�$«$� ���$¬�¬��$!�"

Mφ : f −→ f ∗ φ
¦Í�Ç� � � �¼±Ä"
�$¥��O���I«$�	!#²	��¦§¥l"¼³§�	!~±	�
�
��«$³´�&%

φ ∈ Cc(G)
µ�>Q!T¥y"¼³´¦§³§�
±	!�"O���$�S±	�
Ê	¥�¬Å� !�"¼�O��� �������

� " � � � � »���!1��­y"¼³´�$!�"O¦§��¦´�$¬�¬Å�S�
¥�³¿²	±Ä!#"$µ

� ��



� ©�µ � �������<�
E ⊂ L1

loc(G) � � � !5� /,: � �,� � / ��/,:�� ����# � 	B/ ��� ����� ) . ��� � ) ��� ����� ) %
* � �,# �-� � �

M ∈ M(E) . � ( �213�4!��5� � �6�
! � �<�5� � � � ��# / ( �4! � � (φα) ⊂ Cc(G)
�-� ( = � � �

� ) M = limαMφα

��� �,# ( /��-� ��� ( � � ��� 79� # �5� �,� ! � � ��# / �5� �$# ! %�<� ) ‖Mφα‖ ≤ C‖M‖, ���
C

� !�� � �6�+: ��� !�� / ���5���<��� � ��������/ ���5� �,�
M %

� c � ��� ����]_³¿Èl��!��
M ∈ M(E)

� "
f ∈ E

µ|AH!1�y� ��!�³¿"
Tf : Ĝ −→ E � ±	�O¦Á±&¶+�	�
¬®¥�¦´�

Tf(χ) = χM(χf), χ ∈ Ĝ.
� �



Uz¦E�$�W"S¶ ±	« ³§¦´�����I²	��³§� �#¥��
Tf

� �
"^«$��!�"¼³´!#¥~���
Ĝ

��±	!��^>Bµ|�^�	"
��!��
1 bG

¦Í�Ç�$¦´�$¬��$!�"L!��$¥l"¼�
�I���

Ĝ
µgYl�	³´"

(kα) ⊂ L1(Ĝ)
¥�!��Æ�
¥�³´"
�)Ê��$!y�$�¼±Ä¦§³§�
�$��"¼�$¦´¦§����¥y�

k̂α ∈ Cc(G)
» ‖kα‖L1( bG) = 1

»

kα(χ) ≥ 0,
� "

limα

∫
χ/∈V kα(χ)dχ = 0, � ��¥���"
��¥y"B²	��³§�
³§!�±	Ê	� V �y�

1 bG

µ��L��¥��L±ª²���!y�

lim
α

(kα ∗ Tf )(1 bG) = Tf(1 bG) = Mf, ∀f ∈ E.

FS� ��!�³´�
�
�	!��
Yα(f) = (kα ∗Tf )(1 bG)

µ��^��¥y�K±	¦´¦§��!y�@¬���!�"¼�
�$� �#¥��H¦ ��� � �$�
±Ä"¼� ¥�� Yα
�$�W"���� ��!�³

� ±Ä�L¦§±®«$��!�²	��¦§¥y"
³§��!:±ª²	�$«I¦Á± �#¥�±	�
³§¬��$�
¥y�
�
k̂αµ

µ��L��¥��B�
� ¬ ±Ä� �#¥���!�� �#¥��Ç�$!1Ê��$!y�$�¼±Ä¦{¦§� � �
�ÄÂ
��¥y³´"@���Ç¥�!�� ��¥�±	�
³´¬Å� �
¥��
�^±ª²	�$« Fg » � ��¥�� g ∈ L1(Ĝ)

!y��¥��g����!�!y�^¥�!y�^±Ä¥y"¼�
� �#¥�±Ä�
³§¬��$�
¥��
�
�+« ¶\µ ��� ����	·µ�Uz« ³

< k̂αµ, g >=< µ, k̂αg >, ∀g ∈ D(G).
?K��¬�¬��

k̂α
� �
"�¥�!y�Å¶+��!�«·"¼³´��!�%~�
¥ ��� ���
"&«$��¬ � ±	«·"ª» k̂αµ

� �
"®¥y!�� � �
�$¥����	¬Å� �
¥��
�	µ��L��¥��
±ª²��	!��$» � ��¥�� f ∈ D(G)

»
x ∈ G

»

Yαf(x) =

∫

bG

kα(χ)χ−1(x)M(χ−1f)(x)dχ

=

∫

bG

kα(χ)χ−1(x) < µy, (χ
−1f)(y − x) > dχ

=

∫

bG

kα(χ) < µy, χ(−y)f(y − x) > dχ

=< µy,
(∫

bG

kα(χ)χ(−y)dχ
)
f(y − x) >

=< µy, (k̂α)(y)f(y − x) >= (µk̂α ∗ f)(x).
FS� � ¦´¥��$»�!y��¥��O��­y"
�$!���!y�^¦´��«$��!�"¼����¦§���y�I¦§±®!����
¬Å�����D¦ ��� � �$�
±Ä"¼� ¥�� Yα

µ�>Q!T���j�·"ª»

‖Yαf‖ = ‖(kα ∗ Tf)(1 bG)‖ =
∥∥∥

∫

bG

kα(χ)χ−1M(χ−1f)dχ
∥∥∥

≤
∫

bG

kα(χ)‖χ−1M(χ−1f)‖dχ ≤ ‖M‖‖f‖.
P~±Ä³§!�"¼� !�±	!�" � ��¥��L± ��� �
�ªÈl³§¬��$�

M � ±	�O¥�!y�&�
¥y³´"¼�IÊ�� !��$�
±	¦§³´�
�$�D���Ç� � �$�
±Ä"¼� ¥��
�^��� « ��!�²���¦´¥lÂ
"
³§��!��S±ª²��$«��y�$�H¶+��!�«·"¼³´��!��S�y�

Cc(G)
³§¦b�
¥ �Ð"�����± ��� �
�ªÈl³§¬��$�S¦´�$�^� � � �¼±Ä"
�$¥��
� Yα

µ�FH±	!y�H«$�
­�¥l"ª» � �	�
��!�� ν = k̂αµ

µ�AH!Å!y�	"¼�
V

¦Í�Ç� � � �¼±Ä"
�$¥��Q�y�^« ��!�²���¦´¥y"¼³´��! ±ª²	�$«
ν
µl?K��!��
³§��� �
��!��@¥�!��

�
¥�³´"
�IÊ	�$!�� �¼±	¦´³§�
� �
(hβ) ⊂ Cc(G) ∗ Cc(G)

"
�$¦´¦§� �#¥��Ð�
³�	 ‖hβ‖L1(G) = 1

» � ��¥���"¼�	¥y"
β
µ

³´³ 	
hβ

�$��±	!�!#¥�¦´�D�$!1���$½��	�
�O���Ç¥�!~« ��¬ � ±	« " K �yÈl�	µ
³´³§³ 	

hβ(x) ≥ 0
» ∀x ∈ G

µ
� �



³´²�	�q_��¥y�O"
��¥y"B²	��³§�
³§!�±	Ê	� O ���
0G

»
limβ

∫
x/∈O hβ(x)dx = 0

µ
NS¦§�	�
�$»

hβ ∗ f
« ��!�²��$�
Ê�� ²	�$�
�

f
��±	!y�

E
» � ��¥���"¼�	¥y"

f ∈ E
µ�qb���
�	!��

Vβ(f) = V (hβ ∗ f), ∀f ∈ E.

�^��¥��L±ª²��	!��

lim
β

‖Vβf − V f‖ = 0, ∀f ∈ E.

FS� � ¦§¥�� »�³§¦��$�W"L¶ ±Ä«$³§¦´�S���D« ��!�"¼� �	¦§�$�B¦§±®!����
¬Å�H�y�
Vβ

µ�>Q!T���j�·"ª» � ��¥���"
��¥y"
f ∈ Cc(G)

»���!
±

Vβf = V f ∗ hβ
� "

‖Vβf‖ = ‖hβ ∗ V f‖ =
∥∥∥

∫

G

hβ(y)Sy(V f)dy
∥∥∥

≤
∫

G

|hβ(y)|‖Sy(V f)‖dy ≤
(
sup
y∈K

‖Sy‖
)
‖V ‖‖f‖.

NS³§!y�
³Í»l!���¥��O��­l"¼�$!y��!�� ‖Vβ‖ ≤ C‖V ‖, ��
 C �$�W"L¥�!��D«$��!y�
"¾±Ä!#"
�	µ|F&��±	¥y"
�
� � ±	�W"ª»

Vβf = (ν ∗ hβ) ∗ f, f ∈ Cc(G).

�^��¥��L±ª²��	!��$» � ��¥�� g ∈ D(G)
»

< ν ∗ hβ, g >=< ν, g ∗ hβ >=< νx,

∫

G

(Syhβ)(x)g(y)dy > .

A�!:�
± ��� �$¦§¦´���#¥��
ν ∈ P (G)

�·"
Syhβ ∈ Cc(G) ∗ Cc(G)

µ�Uz¦j�$�
"L¶ ±	« ³§¦§�S����²���³´� ��¥y�

Cc(G) ∗ Cc(G) ⊂ B(G).

>g!����j�·"ª» � ��¥y� f, g ∈ Cc(G)
»
f ∗ g = F−1(FfFg) � "�« ��¬�¬Å� Ff,Fg ∈ L2(Ĝ)

»���!�±

(FfFg) ∈ L1(Ĝ)
µ|AH­��
�$�
²	��!�� �#¥��

< ν ∗ hβ, g >=

∫

G

< νx, (Syhβ)(x) > g(y)dy.

A�!:� !T��� ��¥�³¿" �#¥��D¦§± �#¥�±Ä�
³§¬��$�
¥��
�
ν ∗ hβ

� �
"L¦Á±®¶+��!y« "¼³´��!)��� ��!�³§� � ±Ä�

(ν ∗ hβ)(y) =< νx, hβ(x− y) >=< ν, Syhβ >, ∀y ∈ G.

Cb±®¶+��!y« "¼³´��!

G : G 3 y −→
(
Ĝ 3 χ −→

∫

G

(Syhβ)(x)χ(x)dx
)
∈ L1(Ĝ)

�$�
"L« ��!�"¼³§!#¥��D���
G

��±	!��
L1(Ĝ)

µ�>Q!1� ��� "ª»

G(y) : χ −→ χ(y)ĥβ(χ
−1),

� �



� ��¥��B"¼�	¥y"
y ∈ G

µ�Uz¦�� �
"L¶ ±	«$³´¦§�S�y�I²	��³§� �#¥�� � ��¥�� φ ∈ Cc(Ĝ)
¦Á±&¶+�	!�« "
³§��!

y −→
(
Ĝ 3 χ −→ χ(y)φ(χ)

)

� �
"Ð«$�	!#"
³§!#¥��Äµg?K��¬ � "¼� "
�$!#¥��)���)¦§±T��� !��
³¿"¼�)���
Cc(Ĝ)

��±	!y�
L1(Ĝ)

��!5��­y"
³§� !#" ��¥y� G� �
"L«$��!�"
³§!#¥��D«ª±	�B«Ä��� �
"L¦Á±®¦´³§¬�³´"
�^¥�!y³´¶+���
¬Å�^����¥y!��D�
¥�³¿"¼������¶+��!�«·"¼³´��!���« ��!�"¼³§!#¥�� �$µ�FS�	!�«D¦Á±
¶+��!y« "¼³´��!

G 3 y −→ Syhβ ∈ B(G)
� �
"�«$��!�"
³§!#¥��:���

G
��±	!��

B(G)
µgAH! � ! �y�$��¥�³¿" �#¥��

ν ∗ hβ ∈ Cc(G)
µg?K� «$³O±	«¾½�°·²��1¦Á±

��� ¬Å�	!��
"
�¼±Ä"
³§��!�µ
��L��¥��^±	¦§¦´��!��K¬Å±	³´!#"
�$!�±Ä!#" � �
��¥y²	�$�L¦§��JB½�� ���
° ¬Å�D©�µ��yµ

� � � ��� c � � � � ��� ���	� ��c�� � � � � � �D]�³¿Èl��!��
M ∈ M(E)

� "
θ ∈ G̃E

µ{Yl��³¿"
(φα) ⊂

Cc(G)
¥�!��H�
¥�³´"
�SÊ�� !��$�
±	¦§³´�
� �^"¼� ¦§¦´� �#¥��

(Mφα)
« ��!�²��$�
Ê��H²�� �
�

M � ��¥��}¦Á±D"¼� � ��¦§�	Ê�³§��¶+���W"¼�
��� �~� � �$�
±Ä"¼� ¥��
�:�·"1"
�$¦ �#¥�� ‖Mφα‖ ≤ C‖M‖ µL�^��¥y�T±ª²	��!��$» � ��¥�� θ ∈ G̃E

� " � ��¥��

φ ∈ Cc(G)
»

φ̂αθ−1(χ) =

∫

G

φα(x)θ
−1(x)χ(−x)dx, ∀χ ∈ Ĝ.

>�"¾±Ä!#"L���	!�!�� ��¥y�

‖φ̂αθ−1‖∞ ≤ ‖Mφα‖ ≤ C‖M‖,
�#¥�³¿"
"¼�:%Z�
�$¬ � ¦Á±Ä«$�$� (φα)

� ±	��¥�!y�)�
��¥��\Âz�
¥�³´"
�)Ê��$!�� �¼±	¦´³§�
�$�Æ« ��!�²��$!�±	­�¦§�Ä»Q!���¥����	­y"¼� !���!��
�#¥��

(φ̂αθ−1)
« ��!�²�� �
Ê�� � ��¥���¦Á±�"¼� � ��¦§�	Ê�³§�D¶ ±	³§­y¦§���

σ(L∞(Ĝ), L1(Ĝ))
²	�$�
�D¥�!y�Ð¶+�	!�« "
³§��!

hM,θ ∈ L∞(Ĝ)
µ�FS� � ¦´¥��$»��	!~± ‖hM,θ‖∞ ≤ C‖M‖. ?K�	¬Å¬��

lim
α

∫

bG

φ̂αθ−1(χ)g(χ)dχ =

∫

bG

hM,θ(χ)g(χ)dχ, ∀g ∈ L1(Ĝ),

��!:"¼�
��¥y²	�

lim
α

∫

bG

φ̂αθ−1(χ)f̂ θ−1(χ)g(χ)dχ

=

∫

bG

hM,θ(χ)f̂ θ−1(χ)g(χ)dχ, ∀f ∈ Cc(G), ∀g ∈ L2(Ĝ).

?K� ¦Á±Ð³§¬ � ¦§³ ��¥y� �#¥��D¦Á±��
¥y³´"¼��Ê	�$!�� �¼±	¦´³§�
� �
(
F((Mφαf)θ−1)

)
=

(
F((φα ∗ f)θ−1)

)
=

(
φ̂αθ−1f̂ θ−1

)

« ��!�²��$�
Ê�� � ��¥��B¦§±&"¼� � ��¦´��Ê�³§�L¶ ±	³§­y¦§�H���
L2(Ĝ)

²	�$�
�
hM,θf̂ θ−1

µ�q�±Ä�L« ��!��
���#¥��$!�"$»

lim
α

(Mφαf)θ−1 = F−1(hM,θf̂ θ−1),

� �



±	¥:�
�$!y�^���D¦§±�"
� � ��¦§��Ê	³§�O¶ ±	³§­�¦´�H���
L2(G)

µ�F � ±	¥l"¼�
� � ±Ä�
" � ±	�B« ��!��W"¼�
¥y« "¼³´��!�»

lim
α

‖(Mφαf) − (Mf)‖ = 0, ∀f ∈ E

� "L��!:��­y"
³§�$!�" � ��¥�� g ∈ Cc(G)
»

lim
α

∣∣∣
∫

G

g(y)θ−1(y)(Mφαf −Mf)(y)dy
∣∣∣ = 0.

A�! �
� ¬ ±	���#¥�� �#¥��}¦§� �b¶+��!y« "¼³´��!��
(Mf)θ−1 � " F−1(hM,θf̂ θ−1)

��� ��!�³´�
�
� !�"Q¦Á±O¬�� ¬Å�Q¶+���
¬Å�
¦§³§!y�ª±	³´�
�S« ��!�"¼³´!�¥y�I�
¥��

Cc(G) � ��¥��B«¾½�±��#¥��
f ∈ Cc(G)

µ��L��¥��O��­y"
�$!��	!��

(Mf)θ−1(x) = F−1(hM,θf̂ θ−1)(x), p.p., ∀f ∈ Cc(G).

�^�	"
��!�� �#¥��
(Mf)θ−1 = F−1(hM,θf̂ θ−1) ∈ L2(G)

µjN^³§!��
³Í» � ��¥�� � �
�$���#¥���"¼��¥y"
χ ∈ Ĝ

»
��!1±

F((Mf)θ−1)(χ) = hM,θ(χ)F(fθ−1)(χ), ∀f ∈ Cc(G).
q_���
��!�� � ��¥y� M ∈ M(E)

»
δ ∈ G̃+

E

�·" � ��¥�� � �
�$���#¥�� "
��¥y"
χ ∈ Ĝ

hM(δχ) = hM,δ(χ).

�^��¥��L±ª²��	!��$» � ��¥���"¼�	¥y"
δ ∈ G̃+

E

�·" � ��¥�� � �
�$���#¥��I"
��¥y"
χ ∈ Ĝ

»

M̃f (δχ) = hM(δχ)f̃(δχ), ∀f ∈ Cc(G).

?K�$¦Á±�« ��¬ � ¦§° "
��¦Á± � �
�$¥y²	� �y�I¦ � ±Ä�
�
� �
"
³§��!:³ 	Ãµ

qg�
��¥y²	��!��L¬ ±	³´!�"¼�$!�±	!�"B³§³�	·µ
Yl��³§� !�"

U
¥y!5��¥y²�� �
"Ð���

Cp � "
Π : U −→ G̃E

¥�!��Æ¶+�	!�« "
³§��!5±Ä!�±	¦´¸#"
³��#¥��	µ�?K��¬�¬Å�
� ��¥y��"¼��¥y"

λ ∈ U
»
Π(λ) ∈ G̃E

»�!���¥��L±ª²���!y�

sup
x∈K

|Π(λ)−1(x)| ≤ sup
x∈K

ρ(Sx) ≤ sup
x∈K

‖Sx‖ < +∞,

� ��¥y��"¼��¥y"O« ��¬ � ±	« " K ⊂ G
µ�q_��¥��B"
��¥y"

χ ∈ Ĝ
»�¦Á±&¶+�	!�« "
³§��!

G× U 3 (x, λ) −→ φα(x)Π(λ)−1(x)χ(−x)
�$�
"Æ�
� � ±	�
� ¬Å� !#":« ��!�"¼³´!�¥y��� ")¥�!y³´¶+���
¬Å� ¬Å� !#"Å­|���
!�� ��� ")�y��!�«Z«Ä��� �
":¥�!��Z¶+�	!�« "
³§��!G¬��·Â
�
¥��
±	­�¦§�)�
¥��

G × U
»�²���³´� ��� � �ÍµQYl��³§� !�"

D1, ..., Dp

��� ���y³§� �#¥�� �Ð��¥y²�� �
"
�Å���
C

"¼�$¦´� �#¥��

D1 × ...×Dp ⊂ U
µ�q_��¥��

λj, j 6= i
�lÈy� �O� " � ��¥��K"
��¥y"B"¼�
³Á±	!yÊ�¦§�

T ⊂ Di

»�� !1¥l"¼³§¦´³§�
±	!�"�¦§�
"¼½�� ���
° ¬Å�����I]�¥�­�³´!�³Í»l��!T±

∫

T

∫

G

φα(x)Π(λ1, ..., λp)
−1(x)χ(−x)dλidx

� ���



=

∫

G

φα(x)χ(−x)
( ∫

T

Π(λ1, ..., λp)
−1(x)dλi

)
dx.

?K��¬�¬��
λi −→ Π(λ1, ..., λp)

−1(x)
�$�W"B±	!�±	¦´¸#"¼³ �#¥��^�
¥��

Ui
»�!���¥y�K��­y"
�$!��	!��K����± � �
°$�}¦§�

"
½��$���
°$¬��D��� PT���
� �¼± �#¥��D¦Á±®¶+��!�«·"¼³§�	!

Di 3 λi −→
∫

G

φα(x)Π(λ1, ..., λp)
−1(x)χ(−x)dx

� �
"S±	!�±	¦¿¸�"
³��#¥��Ä»�� "O¦§±�¶+�	!�« "
³§��!

U 3 λ −→ F
(
(φα)Π(λ)−1

)
(χ) =

∫

G

φα(x)Π(λ)−1(x)χ(−x)dx
� �
"^�
� � ±	�
� ¬Å� !#"^±	!�±	¦´¸#"¼³ �#¥��	»��y��!�«I±	!�±	¦¿¸#"¼³��#¥����
¥��

U
µ|A�! � ���
�

∆α : Ĝ 3 χ −→ φ̃α(Π(.)χ) ∈ H∞(U).

�L��¥��^±¹²	��!�� � ��¥��B"¼��¥l"
α
»

‖∆α‖L∞( bG,H∞(U)) ≤ C‖Mφα‖.
CE±®�
¥y³´"¼�SÊ��$!�� �¼±	¦´³§�
�$�

(∆α) ⊂ L∞(Ĝ,H∞(U))
�$�
"O¥y!�³´¶+���
¬Å� ¬Å� !�"K­|���
!y�$�	µ�PT¥�!�³´�
�
��!��

U��� ¦Á±T¬��$�
¥��
� ���ÆC{�$­|�$�
Ê�¥��ÄµQ�^��¥y� � ��¥y²��	!��®³§�y�$!�"¼³ ���$� ¦§����¥�±	¦@���
L1(U)

%
L∞(U)

»_¦Á±
��¥�±	¦§³¿"¼��� "¼±	!�"L��� ��!y³§� � ±	�O¦§±&¶+���
¬®¥y¦§�

< f, g >=

∫

U

f(x)g(x)dx, ∀f ∈ L1(U), ∀g ∈ L∞(U).

CQ�Ç�$� � ±	«$� H∞(U)
�$�W"^¶+� �
¬�� � �	¥��B¦Á±&"
� � �	¦§��Ê�³´� σ

(
L∞(U), L1(U)

) µ|AH! � �	�
�

H∞
⊥ (U) = {f ∈ L1(U) | < f, g >= 0, ∀g ∈ H∞(U)}.

AH! � � ¥y"L³§��� !#"
³ ��� �B¦§����¥�±	¦{��� H∞
∗ (U) := L1(U)/H∞

⊥ (U)
±¹²	�$« H∞(U)

µ�qb���
�	!��

< P(f), g >=< f, g >, ∀f ∈ L1(U), ∀g ∈ H∞(U),

��
 P : L1(U) −→ L1(U)/H∞
⊥ (U)

���$�
³§Ê�!�� ¦Á±Ð�
¥�� �
�$«·"¼³§�	!~«ª±Ä!���!�³ ��¥y�	µ�PT¥�!�³´�
�
��!��S¬Å±	³´!lÂ
"
�$!�±	!�"

Ĝ
�y��¦Á±Æ¬��$�
¥y�
������RS±	±	�$µj�^��¥�� � ��¥y²	��!��D³§��� !�"¼³ ���$�H¦´����¥�±	¦��y�

L1(Ĝ,H∞
∗ (U))�·"

L∞(Ĝ,H∞(U))
»�¦Á±®��¥�±Ä¦§³´"
�H� "¼±	!�"L����!�!�� � � ±	�B¦Á±&¶+���
¬®¥�¦´�

< f, g >=

∫

bG

< f(χ), g(χ) > dχ, ∀f ∈ L1(Ĝ,H∞
∗ (U)), ∀g ∈ L∞(Ĝ,H∞(U)).

AH! � � ¥y"Q�ÃÈl"
�¼±	³´�
�B���
(∆α)

¥�!��B�
¥�³´"
�BÊ��$!y�$�¼±Ä¦§³§�
�$� �#¥�³y«$��!�²�� �
Ê�� � ��¥���¦§±^"¼� � ��¦´��Ê�³´�@¶ ±	³´­�¦§� �

σ
(
L∞(Ĝ,H∞(U)), L1(Ĝ,H∞

∗ (U))
)
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�O¥�!���¶+��!�«·"¼³§�	!
HM,Π ∈ L∞(Ĝ,H∞(U))

µ|AH!1!y�	"¼� �¼±Ð±	¥��
�
³
(∆α)

«$�·"
"
�I�
¥�³´"
��Ê��$!y�$�¼±ÏÂ
¦§³§�
�$�Äµ�AH!T±

lim
α

∫

bG

< g(χ)(.),∆α(χ)(.) > dχ

=

∫

bG

< g(χ)(.), HM,Π(χ)(.) > dχ, ∀g ∈ L1(Ĝ,H∞
∗ (U)).

q_���
��!��
Lλ : H∞(U) 3 F −→ F (λ)

» � ��¥y� "¼�	¥y"
λ ∈ U

µ��^�	"
��!�� �#¥��
Lλ ∈ H∞

∗ (U)
»

� ��¥y� λ ∈ U
µ�]�³¿Èl��!y�

g ∈ L1(Ĝ)
� "L��� ��!�³´�
�
�	!�� G ∈ L1(Ĝ,H∞

∗ (U)) � ±	�B¦Á±®¶+���
¬®¥�¦´�

G(χ)(λ) = g(χ)Lλ,

� ��¥y��"¼��¥y"
λ ∈ U

» � ��¥y� � �
�$���#¥��I"
��¥y"
χ ∈ Ĝ

µ��L��¥��L±ª²���!�� � ��¥�� � �
�$� �#¥��D"¼�	¥y"
χ ∈ Ĝ

»

< G(χ)(.),∆α(χ)(.) >= g(χ)∆α(χ)(λ), ∀λ ∈ U

� "

< G(χ)(.), HM,Π(χ)(.) >= g(χ)HM,Π(χ)(λ), ∀λ ∈ U.

A�!:� !T��� ��¥�³¿" �#¥��

lim
α

∫

bG

g(χ)φ̃α(Π(λ)χ)dχ =

∫

bG

g(χ)HM,Π(χ)(λ)dχ.

>g!º¥y"
³§¦§³´�¼±	!�"S¦Á±)��� ��!�³´"
³§��!����
hM

����!�!�� �Å��±	!��D¦Á± � �
�$¥y²	�Å���Ð³�	·»���!2« ��!�«$¦´¥y" �#¥�� � ��¥y�
� �
� � �#¥��D"¼��¥y"

χ ∈ Ĝ
»

HM,Π(χ)(λ) = hM

(
Π(λ)χ

)
, ∀λ ∈ U.

�^��¥��O��­l"¼�$!y��!�� �#¥�� � ��¥���"
��¥y"
λ ∈ U

� " � ��¥�� � �
�$� �#¥��I"¼��¥l"
χ ∈ Ĝ

»

M̃f
(
Π(λ)χ

)
= HM(χ)(λ)f̃

(
Π(λ)χ

)
, ∀f ∈ Cc(G). �
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� c � � � ����CQ��³´¬ � ¦´³§«$±Ä"¼³´��! (i) ⇒ (ii)
� �
"E²�� �
³ ���$�g��±	!���"
��¥y"E� � � ±	« �@"
� � ��¦§��Ê	³��#¥����
� � ±Ä�
�	µ

Yl¥ ��� �	�
��!�� �#¥�� S ⊂ G
!���� �
" � ±Ä�S�
� ¦Á±Ä"
³´²	�$¬��$!�"S« ��¬ � ±	« "$µ�Y���³´" V = V −1 ¥�!Z²	��³§�
³§!�±ÄÊ��

« ��¬ � ±	« "S���&¦ ��¥�!y³´"¼�D��±Ä!��
G
µ�Yl��³´"

x1 ∈ S µ�AH!~²Ä± « ��!��
"
�
¥�³´�
� � ±	�^�
�$« ¥��
�
�$!�« �®¥�!��&�
¥�³¿"¼�

(xn)n∈N

���Ç�$¦§� ¬Å� !�"¼����� S "¼�$¦´¦§����¥y�
xpV ∩ xqV = ∅ » � ��¥�� p 6= q

µQYl¥ �y� ���
��!�� �#¥��Ç��!
±)«$�	!��
"
�
¥�³¿"�¥�!����
¥�³´"
� ��!�³§�

(x1, ..., xn)
²�� �
³ ��±	!�"D«$� "
"¼� � �
� � �
³§� "
�	µE?K�	¬Å¬�� S !��Ç�$�W" � ±	�

�
�$¦Á±Ë"¼³´²	�$¬��$!�"H« ��¬ � ±	« " ∪n≤mxnV 2 !��®« ��!�"¼³§� !�" � ±	� S µ�Yl��³´"
xm+1 ∈ S "¼� ¦��#¥��

xm+1 /∈
∪n≤mxnV 2 µ}?K��¬Å¬��

xm+1 /∈ xnV
2, xm+1V ∩ xnV = ∅ » ∀n ≤ m

� " ¦Á±2�
¥�³¿"¼� ��!�³§�

(xn)n≤m+1
� ���
�
°$���:¦§± � �
� � �
³´� "¼�)«¾½y�$�
«¾½y�$�	µ}AH! � � ¥y"Ð����!y«)«$��!��W"¼�
¥�³§�
� � ±	���
�$«$¥y�
�
� !�«$�

¥�!y� �
¥y³´"¼�
(xn)n∈N

"
�$¦´¦§� �#¥��
xpV ∩ xqV = ∅ » � ��¥y� p 6= q

µbYl�	³´"
x ∈ G

�·"I�
¥ ��� ���
��!��
�#¥��

xp ∈ xV
µ�NS¦´���
�

x ∈ xpV
»�« � �#¥�³ � �
�	¥y²�� �#¥��

xV
«$��!�"¼³´�$!�"L±	¥ � ¦´¥��B¥�!:"¼�$�
¬Å�S���D¦Á±

�
¥�³´"
�
(xn)n≥0

� "L«$�·"
"
�I�
¥�³´"
�D!�� ±��·²l³´���$¬��$!�"^±	¥�« ¥�! � ��³´!�"O��� ±Ä«$«$¥y¬®¥�¦Á±Ë"¼³§�	!)��±	!��
G
µ
�CE± � �
� � ���
³´"
³§��!T�
¥�³¿²	±Ä!#"
��¬Å�	!#"
�
� �#¥���¦´�$��«$�	!���³´"
³§��!y�H�
¥�³¿²Ä±	!�"¼�$� »�� ²�³´���$¬�¬Å� !�"��
¥ ��Â

�
±	!�"¼�$�L«ª±Ä�¼±	«·"¼�$�
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�$!�"S¦´�$�B­|���
!y�$�O� "L¦§� �B�
¥�³¿"¼� �L« ��!�²�� �
Ê�� !#"
�$�S²	�$�
�
0
��±Ä!��

Cc(G)
µ

	��6� 
�� � �	�
�<� ��©�µ�©��
1 ) ��� ��� ! � � � ( � B ⊂ Cc(G)

� !�� ��� # � � !�� ��� ! � � ( � ������� ! � � (
����# � 	�� ( � !>�,� � 1 : ����� �<�;����� ! ! � � � / ���5� !��
� ) ∪f∈Bsupp(f)

� !�� # � ( / � � � � ��������: ���"� /,:�� %�<� ) supf∈B ‖f‖∞ < +∞ %
2 ) � �6� ! � �<�-�

(φn)n∈N ⊂ Cc(G)
: ��� � � # � � � � # ! 0

��� �,# ( / �-� ��� ( � � ��� �,�
Cc(G)

!�� ���
! � � ( � �������8!���� ( �213�4!��-�

K ∈ K �-� ( = � �
supp(φn) ⊂ K . ��� �,# �-� � �

n ∈ N
���

lim
n→+∞

‖φn‖∞ = 0.
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³§��­|���
!y�$�D���
Cc(G)

µ�?K��¬Å¬���¦Í�Ç³§!y«$¦§¥y�
³§�	!

i : Cc(G) −→ Cb(G)

� �
"^«$��!�"¼³´!#¥��	»
Cb(G)

���$�
³§Ê�!�±Ä!#"L¦ ��� !��
� ¬®­�¦§���y�$�O¶+��!�« "
³§��!y�B­����
!��$� �O�
¥��
G
»���!1±

sup
f∈B

‖f‖∞ < +∞.

Yl¥ ��� �	�
��!�� �#¥�� ∪f∈B
◦

supp(f)
!��Ç�$�
" � ±	�O�
�$¦Á±Ë"¼³´²	�$¬��$!�"O« ��¬ � ±	« "$µ�NS¦´���
�

S = ∪f∈Bf−1(C \ {0})
!��Ç�$�W" � ±	�^�
�$¦§±Ä"¼³¿²�� ¬Å� !#"S«$��¬ � ±	«·"S��±	!��
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µjYl��³´"

(xn)n∈N

¥�!��&�
¥�³´"
�®��� S �#¥�³�!j� ±Æ±Ä¥�«$¥�!
� ��³§!�"B�j� ±	« «$¥�¬&¥�¦Á±Ä"
³§��!)��±	!��

G
µ�q_�	¥���"¼��¥l"

n ∈ N
»�³´¦j�ÃÈy³´�
"
�

fn ∈ B
"¼� ¦ �#¥��

fn(xn) 6= 0
µ

AH! � ���
�

p(g) =
∑

n∈N

n
|g(xn)|
|fn(xn)|

,
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(xn)n∈N
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p
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�

p(g) =
∑

n∈N

n
|g(xn)|
|fn(xn)|

≤ CK‖g‖∞,

� ��¥y� g ∈ Cc(G)
»H��
 CK =

∑
n∈UK

n
|fn(xn)| < +∞ ±¹²	�$«6¦Á± «$��!�²�� !�"¼³§�	! CK = 0�
³
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³ ����¦§± � �
� � �
³´� "
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¥�³¿"¼�

(φn)n∈N ⊂ Cc(G)
«$��!�²	�$�
Ê	�L²	�$�
�

0
»�¦ ��� !��
� ¬®­�¦´� {φn}n∈N

� �
"}¥�!�­����
!��O���
Cc(G)

� "@���	!�«

K = ∪n≥0supp(φn)
�$�
"D« ��¬ � ±	« "$µ{F&��±	¥y"
�
� � ±	�W"�«$�	¬Å¬��®¦Í�Ç³§!��
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Cc(G) −→ Cb(G)�$�
"L« ��!�"¼³§!#¥��Ä»
limn→+∞ ‖φn‖∞ = 0.
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 �Ea�c � � � �
Cn

Yl��³´"

Y : Cn 3 z −→ (|z1|, ..., |zn|) ∈ R+n.

� ���������	�
�<���6©�µ ¯ � � �0�,��� / �<�6�
U ⊂ Cn � !���/������ ( � �,��� / �<�6�>�,��� ���<� � / # � � !��
Y−1(Y(U)) = U.

q_��¥��
a = (a1, ..., an) ∈ R+n »|��!Z!��	"
�

D(a)
¦´� � �
�l��¥y³´"^��±	!��

Cn ���$�H�y³§� �#¥�� �����
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"L���D�
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ai
� ��¥�� i = 1, ..., n

µ

� ���������	�
�<���6©�µ�À�� � �0�,��� / �<�6� �,��� ���<� � / # � ��� !���/������ ( � �
1 ) : ���"� ( ��� !��

D(Y(z)) ⊂ U . ��� �$# �5� � �
z ∈ U ∩ C∗n .

2 ) ( � � 
 : ��� � �21$� !�� {(log|z1|, ..., log|zn|), z ∈ U ∩ C∗n} � !�� � � : ��� � �21$� �,�
Rn %

� ���������	�
�<���6©�µ � � �����<�
X � � ! � � !�
 ��� ! � � � ( ���,�

Cn % �����<�
A ⊂ X

��� G � �6�87 / �+� (<( ��,� 79���6:��;����� ! : �����;�<� � � ! ! �,# X % � � ��� ! �
ÂG := {x ∈ X | |f(x)| ≤ sup

u∈A
|f(u)|, ∀f ∈ G}.

� � ��� ! � � � ( � ÂG
� !�� /������ ( � ( � ��� � � ( � ����� G 
 : ��� � �21$���,�

A
��/ � !

X %
� ���������	�
�<���<©�µ ��� � � ��� ! � � � ( � X � !�� /������ ( � G 
 : ��� � �21$�>!��

K̂G
� !��
: ���"� /,:������ �$#�-� � � : ���"� /,:��

K ⊂ X %
� � 	
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