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Résumeé :L'objet de cette these est I'étude d’un phénomeéne de concentration pour
une série de problémes non linéaires issus de la géométrie : I'existence d’hypersurfaces
plongées dans une variété Riemannienne dontdaurbure moyenne est constante.

(La r-courbure moyenne d’'une hypersurface est la rieme fonction symétrique de la
courbure principale de I'hyersurface). Nous donnons dans cette thése quelques résul-
tats d’existence de telles hypersurfaces. En outre, les exemples que nous construisons
mettent en évidence un phénomeéne de concentration le long de sous variétés, phéno-
meéne associé a un phénomeéne de résonance qui rend I'analyse de ces objets particu-
lierement délicate et que I'on rencontre dans I'étude de nombreux autres problémes
non-linéaires, équation de Schrodinger non linéaire, probleme de perturbations singu-
liere, systeme de réaction-diffusion,

Dans la premiére partie on montre qu'étant donné une variété Riemanniénne
et p un point critique non-dégénéré de fonction courbure scalaire, il existe une fa-
mille d’hypersurfaces a-courbure moyenne constante qui se concentrepi@rsque
leursr-courbure moyenne tend vers l'infini. Les éléments de cette famille constituent
un feuilletage d’'un voisinage de Ce résultat tend a toute lescourbure moyenne
un résultat obtenu par Rugang Ye pour le cas de la 1-courbure moyenne (la courbure
moyenne).

Dans la deuxiéme partie, étant donné une variété Riemannignge dimension
m+ 1 et une sous variét& de dimensiork inférieure ou égale .+ 1 —r, on constuit
une famille d’hypersurfacessacourbure moyenne constante qui se concentrept en
lorsque leurs-courbure moyenne tend vers I'infini. Cette fois-ci les éléments de cette
famille constituent un feuilletage d’un voisinage tubulairefleCe résultat généralise
un résultat précédent de Rafe Mazzeo et Frank Pacard lorsque la sous kKagsté
une géodésique. La démonstration de ce résultat utilise une idée introduite par A. Mal-
chiodi et M. Montenegro.

Dans la troisieme partie, étant donné une variété Riemannig&hme¢ une géo-
désigue compact&’, on montre sous des hypothéses géométriques qu'’il existe une
famille d’hypersurfaces a courbure moyenne constante de "type Delaunay" qui se
concentre sufs lorque leur courbure moyenne tend vers linfini. Les hypersurfaces
construite ne sont pas proche d’'un voisinage tubulairé{dmais oscillent comme
une surface de Delaunay. De plus, contrairement aux précédent résultat de Mazzeo et
Pacard aucun phénomene de résonance n’apparait.
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Abstract : In this Thesis, we study concentration phenomena for geometrical non-
linear elliptic equations : the existence of constasturvature hypersurfaces in Rie-
mannian manifolds. ( The r-mean curvature of a hypersurfave is defined to be the r-th
elementary symmetric function of the principal curvature of the hypersurface). We
give in this thesis some results of existence of such a submanifolds. Moreover, the
examples which we build highlight a concentration phenomena along submanifolds,
phenomena associated with a resonance phenomena which returns the analysis of these
objects particularly delicate and which one meets in the study of many other nonlinear
problems : nonlinear Schrédinger equations, singularly perturbed problems, reaction-
diffusion systems,- - .

In the first part, given a Riemannian manifald andp a non-degenerate critical
point of the scalair curvature function, we prove the existence of a family of constant
r-mean curvature hypersurfaces which concentrapeaattheir r-mean curvature tends
to infinity. The elements of this family constitute the leaves of a foliation of a neigbo-
rhood of the poinp.

In the second part, given a Riemannian manifadaf dimensionn+ 1 and a non-
degenerate minimal submanifold of dimension less tham + 1 — r, we construct
a family of constant r-mean curvature hypersurfaces which concentrafeaattheir
r-mean curvature tends to infinity. This time the closure of the elements of this family
constitute the leaves of a lamination of tubular neigborhood oT his result extends
a previous result of Rafe Mazzeo and Frank Pacard which holds for geodesics. The
proof of this result uses ideas from a paper by A. Malchiodi and M. Montenegro.

In the third part, given a Riemannian manifald and a compact geodesic, we
construcu under some geometrical assumptions a family of "Dalaunay type" constant
mean curvature hypersurfaces which concentrate along the geddesicheir mean
curvature tends to infinity. This time the hypersurfaces constructed are not close to a
geodesic tubular neighborhood &fbut rather oscillate as Delaunay surfaces do.
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0.1 Introduction

L'objet de cette thése est I'étude d’un phénoméne de concentration pour une série
de problémes non linéaires issus de la géométrie : I'existence d’hypersurfaces plongées
dans une variété Riemannienne dontd@ourbure moyenne est constante.

Etant donnée une hypersurfac& plongée dans une variété Riemannienne
(M™*1 g), lar-courbure moyenne est définie comme étant égale a

o, = E Rip - Ry,

11 <. <y

ou lesk; sont les courbures principales de I'hypersurfaée Dans le cas particulier

ou la variétg M™ ! g) = (R™", g...) est I'espace euclidiem; correspond (a une
constante multiplicative prés) a la courbure moyenne de I'hypersurface et nous sub-
stituerons fréquemment "courbure moyenne®-&8urbure moyenne?, correspond,
toujours a une constante multiplicative prés, a la courbure scalaire de I'hypersurface et
o, correspond a la courbure de Gauss-Kronecker.

Les hypersurfaces donttacourbure moyenne est constante constituent une classe
importante d’objets dans les variétés Riemanniennes méme si tres peu d’exemples sont
connus B6]. Nous donnons dans cette thése quelques résultats d’existence de telles
hypersurfaces. En outre, les exemples que nous construisons mettent en évidence un
phénomeéne de concentration le long de sous variétés, phénoméne associé a un phé-
nomene de résonance qui rend I'analyse de ces objets particulierement délicate et que
I'on rencontre dans I'étude de nombreux autres problemes non-linéaires.

0.1.1 Familles d’hypersurfaces se concentrant en un point

L'existence de familles d’hypersurfaces a courbure moyenne constante se concen-
trant en un point a été étudiée par R. Ye [42]. Pour tquaint critique non dégénéré de
la courbure scalair® sur(M™*!, g), R. Ye démontre I'existence d'une famille d’hy-
persurfaces plongées, a courbure moyenne constante, qui se concentrésgoe
la courbure moyenne tend vers l'infini.

Dans le premier chapitre de cette thése, nous avons généralisé ce résultat a toutes
lesr-courbures moyennes. Comme dadi2][ I'idée est de perturber les sphéres géodé-
siquesS,(p) de rayonp petit, centrées au poipt Un simple calcul montre qus, (p)
est proche d’'une hypersurface-&ourbure moyenne constante lorsguind vers)
au sens ou

o (Sp(p)) = Cr p™" + O(p™").
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Ainsi, il semble raisonnable de perturb8s(p) en une hypersurface dont la
courbure moyenne est constante égale’gp~", pour p assez petit. Le résultat ci-
dessous montre qu’une telle construction est possibieesit un point critique non
dégénéré de la courbure scalaiResur (M™! g) :

Theorem 0.1.1Fixonsr € {1,...,m} etp un point critique non-dégénéré de la cour-
bure scalaireR sur (M™*! g). Alors, il existep, > 0 tel que, pour toup € (0, py), la
sphére géodésique, (p) peut étre perturbée en une hypersurfagelont lar-courbure
moyenne est constante égale,a= C;, p~". En outre, les hypersurfaces, forment
un feuilletage d’un voisinage ge

Ce résultat généralise, pour tout 1, ..., m, le résultat obtenu par R. Ye poue= 1.
Précisons que la démonstration de R. Ye utilise de maniére essentielle le fait que I'on
s’intéresse a la courbure moyenne d’hypersurfaces (a¢) @t qu’elle ne semble pas
pouvoir s’adapter aux autres courbures. Notre démonstration est basée sur un dévelop-
pement limité de la-courbure moyenne d’une sphere géodésique perturbée suivant la
normale. Plus précisément, étant donnée une fonatidéfinie surS™ et un pointg
proche dep, on considére la sphere geodésique pertuthég w) qui est parameétrée
par

re " — Epr]w (p(1—w(x))O(x))

ouO(z) =y 2'E; etk ..., B, estune base orthonorméeTigM . Nous obte-
nons un développement dertaourbure moyenne en puissanceg @ en puissances
de la fonctionw et de ses dérivées

pron(Sp(g,w)) = Cp+Cry ((Asm +m)w — 3 Ric, (0, 0) p?
- % VGRiCq(®7 0) 103) + O(p4) + p2 Lq(w) + Qq(w)

ou Ric, désigne le tenseur de Ricci sr/™*!, g) calculé eng. L'opérateurL, est

un opérateur différentiel du second ordre dont les coefficients sont bornées indépen-
damment de et deq. L'opérateur(), est un operateur différentiel du second ordre
non linéaire dont le développement de Taylor en puissancesal@e ses dérivées ne
contient pas de terme constant ni de terme linéaire et a ses coefficients de Taylor qui
sont bornées indépendammentydet deg.

La principale difficulté a surmonter pour résoudre I'équation

p"or(Spq, w)) = €7, 1)

est I'existence d’'un noyau de dimension + 1) pour I'opérateur\ g~ +m. L'idée est

de projeter I'équatiori (1) d’'une part sur I'orthogonal de ce noyau et d’autre part sur ce
noyau. Nous obtenons ainsi un systéme couplant une équation aux dérivées partielles
elliptique non linéaire avec une équation algébrique. La résolution de I'’équations aux
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dérivées partielles est basée sur I'utilisation d’un théoreme de point fixe pour les appli-
cations contractantes et ne pose aucune difficulté particuliéere. Cette premiére équation
étant résolue, il reste a résoudre une équation algébrique de la forme

VR, = Fy(a), (2)

ou F, est une application non linéaire définie su"*! et a valeurs dang' M. De
plus, on montre qu'indépendamment du choixgdé, est majorée par une constante
(indépendante dg) fois p?. Le gradient de la courbure scalaire(dé™ !, g) apparait
lors de la projection du term&g Ric(©, ©) sur le noyau dé\ s + m. Une condition
suffisante permettant la résolution de I'’équati@i our toute petite valeur de est
guep soit point critique non-dégénéré de la courbure scafdire

La méthode de construction permet d’avoir de nombreuses informations quant aux
hypersurfaces construites. En particulier, ces hypersurfaces sont des graphes normaux
surS,(¢q) pour une fonction majorée par une constante fdiDe plus, on obtient le
développement limité du volume dg

\Vol,.(S,) = p™Vol,,(S™) |1 — —= R, p* + O(p*

Oln(5,) = 9" VOl (5") (1= 5t Ry 400" )

ainsi que le développement limité du volume du domdwele /™! contenu dans
S, et contenant le point

1

2
—perl VO|m<Sm) (1 m+

VOlerl(Bp) - - m

R, 0+ O(p") ),

e PP (r")

Remarquons que les premiers termes de ces développements limitées ne dépendent pas
der. Dans le cas ou = 1, ces deux développements limités permettent de trouver un

développement limité du profil isopérimétrique en puissances(dd [35])

La construction d’une famille a un paramétre d’hypersurfacesa@urbure moyenne
constante qui tend versco est a rapprocher & des nombreux résultats de concentra-
tion qui ont été mis en évidence ces dernieres années dans I'étude des perturbations
singuliéres d’équations semi-linéaires [3], [23],[25], . ..

0.1.2 Familles d’hypersurfaces se concentrant le long d’'une sous
variete
Dans le deuxieme chapitre de cette thése, nous nous sommes intéressés a l'exis-
tence de familles d’hypersurfaces-aourbure moyenne constante qui se concentrerent

sur une sous variét&” de (M™*1 g), aveck € {1,...,m}.
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Soit K* une sous variété de dimensibrcompacte dans/™*!, on note

T,(K):={qe M™": dist(q, K) = p};
le tube géodésique de rayprautour deK*. Pour toutp assez petit/,(K) est une
hypersurface réguliere et un simple calcul montre que

0 o, (T)(K)) = Cly o+ O(1), 3)

Comme dans I'analyse précédente, il semble assez naturel d’essayer de perturber cette
hypersurface afin de construire une hypersurfaces dontctaurbure moyenne est
constante, du moins lorsqueest assez petit. Une simple observation montre que dans

le développement limité précédent le terme suivant du développement dépend du vec-
teur courbure moyenne de la sous varigté En particulier, siK* est une sous variété
minimale, on obtient alors

o o, (T,(K)) = Cp_y + O(p). (4)

Dans le cas oir = 1 et ou K* est une géodésique non dégénérée=(1) R.
Mazzeo et F. Pacard [28] ont démontré le :
Theorem 0.1.2[28] Soit K une géodésique fermée non dégénérée. |l ekiste N
et deux suiteg), < p) définies pourk > k, et qui tendent vers, telles que, sp €
I := (pl, p}), le tube géodésique, (K ) peut étre perturbé en une hypersurface dont
la courbure moyenne est constante égatg a mT‘l.

De plus, ils obtiennent une estimation des paramefres p;,

r_ mA—}—O(k‘*g/‘L),

Pk = a2x(iD 5)
A= s O,

ou A est la longueur de la géodésiqgite

Remarquons que leur méthode ne permet pas d’obtenir ce résultat de perturbation
pour toutes les valeurs (petites) du paramginemais simplement poys appartenant
a une suite d’intervalles non vides. Ceci est d0 a un phénomeéne de résonance qui ap-
parait de maniére naturelle dans ce probleme pour les grandes valeurs de la courbure
moyenne (i.e. pour les petites valeursilela difficulté principale dans la démonstra-
tion vient de I'existence de valeurs gdgpour lesquelles I'opérateur de Jacobi associé
au tube géodésiquE,(K) n'est pas inversible. La construction s’appuie alors sur une
étude précise du spectre de cet opérateur de Jacobi lorsque le pajatestteerd).

Dans la deuxiéme partie de cette these, nous avons généralisé ce résultat a toutes
les r-courbures ce qui n’introduit pas vraiment de difficulté supplémentaire et nous
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avons aussi considéré le cas ou I'ensemble de concentration est une sous variété de
dimensionk € {1, ..., m} ce qui cette fois-ci introduit des difficultés supplémentaires
majeures.

Dans le cas de la courbure moyenne (i.ecge notre principal résultat est le :

Theorem 0.1.3 Etant donnéd<* une sous variété minimale non dégénérée de
(M™* g)avecl < k <m—1,ilexistel C (0,+o0), réunion dénombrable disjointe
d’intervalles ouverts non vides, tels que pour tout 7, le tube géodésiquE,(K) peut
étre perturbé en une hypersurface a courbure moyenne constaateeco; = mT_k'
De plus, pour tout; > 2 il existe une constantg, > 0 telle que

[H'((0,) V1) = pl < cqp",

oluH! dénote la mesure de Lebesgue unidimensionnelle.

Remarquons que cette fois, nous ne disposons que de trés peu d’informations sur
'ensemble dans lequel nous pouvons choisir le paramgtse ce n'est que cet en-
semble est en quelque sorte de plus en plus dense@ansguandy tend verd). La
démonstration de ce résultat permet d’améliorer le résultat de R. Mazzeo et F. Pacard
au sens ou I'on peut montrer que
P = S+ O(k), ©

po= Tt Ok,

pour toutg > 2.

La condition de non-dégénéresence/dest simplement une condition d’inversi-
bilité de I'opérateur de Jacobi associ& di.e. I'opérateur courbure moyenne linéarisé
en K). Pour décrire le comportement des hypersurfacesbtenues dans ce résultat
quandp tend versD, on peut s’'intéresser a la densité de volume associEep@ur
laquelleona:

P HMLT, — w  HE LK, 7)

lorsquep tend vers) ou H' désigne la mesure de Hausddrffimensionnelle .

La démonstration de ce résultat est basée sur le calcul de la courbure moyenne
d’un tube géodesique perturBg( K, w, ®) qui est décrit par

(p,x) € SNK — Exp, (p (1 —w(p,x)) O(z) — @(p)) (8)

ol w est une fonction définie sWN K, le fibré normal en sphéres shr, et & est
une section déV K, le fibré normal surk'. En fait, ® permet de décrire localement
toutes les sous variétés procheddédle joué par le poing proche du poinp dans la
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démonstration de R. Ye). Quant a la fonctionelle permet essentiellement de décrire
les hypersurfaces proches du tube géodésique de ragentré sur la sous variété
proche dek.

Le développement limité de la courbure moyenne de I'hypersurface paramétrée
par (8) en puissances gew et de® est donné par

n(SK w0, 0) = " - 5(0,0)p+0()

+ (pAK + L (Agms +m — k)) w+ g(3x @, 0)
+ pL(w, @)+ ; Q(w, D)

ou B est une forme quadratique sirK et J est 'opérateur de Jacobi associ&a
qui apparait dans la variation seconde du volufrs3 [

I = —A) —Bg +RY

ou AY est le Laplacien suN K, B est un potentiel calculé a partir de la deuxieme
forme fondamentale d& etR” est une contraction du tenseur de courbure associé ala
connexion sutV K. Cet opérateur est un opérateur elliptique que nous avons supposé
étre inversible (hypothése de non dégénérescenéé)de

La résolution de I'équation; = mT*’“ se traduit par la recherche d’une fonction
et d’'un champ de vecteusissolutions de

= B(6,0)p—0(p?) — p L(w, ®) — 1

» (’LU, (I))
On décompose toute fonctierdéfinie surSN K en
v=pw+g(d,0)

ou, pour toup € K
w(p,-) L Ker(Agm-r +m — k)

et®d est une section d&¥ K. Cette décomposition revient a considérer, pourjpoati’,
la décomposition de(p, -) sur les fonctions propres d&s..-» comme cela avait déja
ete fait dans le 81. On considere alors I'opérateur

1
L,(pw+g(®,0)) = (pAK + ;(Asmfk +m — k)) w+ g(Jx ©,0).
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Le spectre de cet opérateur est la réunion d’une part de 'ensemble des
1

ou \; sont les valeurs propres dey ety; sont les valeurs propres de;.—« et d’autre
part de I'ensemble des valeurs propres de 'opérateur de Jagdqhui sont non nulles
car la sous variét&” est supposée non dégenéree).

Remarquons que

m—k

Ai

1 .
En particulierL, n’est pas inversible pour ces valeursd€’est la I'origine du phéno-
meéne de résonance dont nous avons déja parlé et qui nous empéchera d’entreprendre
la résolution de9) pour toutes les (petites) valeurs débans le cas ou

p§2{ m;k : iZl}, (11)

on peut tout de méme évaluer la distance eftet le spectre dé&.,, ce qui permet
d’obtenir une estimation sur la norme de,)~! (disons en tant qu’opérateur de
dansL?). Malheureusement, dés quie > 2, des calculs formels montrent que la
perturbationp L qui apparait dans9j n’est pas assez petite pour pouvoir considérer
L, + p L comme une perturbation de,. De plus, toujours quand > 2, le terme
d'erreur B(0,0) p — O(p?) est bien trop grand et la résolution @ éemble alors
compromise.

Afin de contourner cette difficulté, nous avons utilisé une stratégie mise au point
dans un contexte différent par A. Malchiodi and M. Montene@6] [

Dans un premier temps, nous "améliorons la solution approchée" de notre pro-
bleme en utilisant un schéma itératif. Supposons que (11) soit vérifiée, nous pouvons
alors définir par récurrendev;, ®;), i > 0, comme étant la solution de

pAKwi+1 + %(Asm—k +m — ]{I) Wit1 -+ g(:}K q)lqu, @)
= B(0,0)p—0(p?) — p L(wi, ®;) — 1 Q(wi, ®;) — p Agcw;

avec par exemple, = 0, &, = 0. Malheureusement, comme nous I'avons mentionné
ci-dessus, des calculs formels montrent que la norme de I'inverse de I'opérateur qui ap-
parait & gauche est trop grande pour assurer des estimations raisonnables sur le couple
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(w;, ®;). Lidée est alors de remplacer le schéma ci-dessus par

%(Asm*k +m —k)wipr + 9k Pit1, ©)
(12)

L'avantage de ce schéma itératif réside dans le fait que I'on peut construire un "inverse
a droite" borné pour I'opérateur qui apparait & gauche au sens suivant : Etant donnée
une fonctionp >z + g(¥, ©) définie surSNK ou z(p,-) est L?(S™*)-orthogonal a
Ker(Agn-» +m — k) et ou¥ est une section d& K, nous commengons par résoudre

IJxg® ="
en utilisant la non dégénérescence de I'opéraiguiEnsuite, nous résolvons

% (Agm-r +m —k)w(p,-) = 2(p, )

pour chaque € K (Nous considérons comme un parametre). Nous obtenons ainsi
un opérateur

pz+g(¥,0) e L}(SNK) — pw+ g(®,0) € L*(SNK)
dont la norme est bornée indépendammenp d# qui est un inverse a droite pour
I'opérateur

1
Ly(pw +g(®,0)) = ;(Asm—k +m—k)w+g(Jx P, 0)

qui apparait a gauche de (12). Malheureusement, cet "inverse a droite" ne permet pas
de "gagner" de régularité suivaht car I’opérateuﬂlp est clairement non elliptique.

En particulier nous ne pouvons pas utiliser cet "inverse a droite" afin de rés@)dre (

en utilisant un argument de point fixe.

Toutefois, nous pouvons utiliser cet "inverse a droite” dans le schéma itératif un
nombre fini de fois étant donné que l'erreBf©, ©) p — O(p?) qui apparait dand (),
est une fonctio®>. On obtient alors les estimations

w; = O(p?) et ®; = O(p?)
et la courbure moyenne dg (K, w;, ®;) est alors donnée par

—k ,
o1 (TH( K, wy, ®;)) = mT +O(p*)

en fonction de > 1.
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Il reste maintenant a déterminer = w; + w et® = ®, + ¢ de telle sorte que
o (T,(K,w,®)) = mT_k Autrement dit, nous devons résoudre une équation non li-
néaire de la forme

(pAk + H(Agns +m—k)) 0+ 935 @,0) + p Li(it, B)
— O(p*) — 1 Qi(1, )

La résolution de cette équation par un argument de point fixe pour les applications
contractantes ne pose aucun probléme si nous pouvons démontrer que, pour certaines
valeurs dep, l'inverse de I'opérateur qui apparait dans le membre de gauche a une
norme bornée par une puissance (indépendantediel /p. Pour ce faire nous avons
estimeé la distance entfeet le spectre de I'opérateur auto adjoint

1 . .
Lyi 0 = (p Arct(Dgnosctm—k)) 9@ &, O)tp Li(@, @), 0 = piv+g(,0),

en utilisant la formule de Weyl pour estimer le nombre de valeurs propr@g @i
sont plus petites que
#FEN: X\ <A~ A3
nous obtenons une estimation de l'indice (nombre de valeurs propres négatives) de
l'opérateurL,, ;
IndexL,; ~ cp* (13)
Ensuite, nous obtenons une minoration de la dérivée par rappaiesipetites valeurs

propres de., ;
p0,0 >2(m—k)—cp, (14)

Cette estimation est basée sur un résultat de localisation des fonctions propres asso-
ciées aux petites valeurs propredlde qui stipule que, SL,; o = —\ ¥ et est petite,
alorsv est essentiellement une fonction définie Kur

L'estimation (14) nous permet de montrer que peassez petit, les petites valeurs
propres sont des fonctions croissanteg dee qui montre que l'indice de,; est une
fonction monotone décroissante gléNous utilisons alors (1.3) pour montrer que, étant
donnét > 2, les intervallegry, rs] C (p, 2p) tels que

ro — 1 2 pk-‘rt

et pour lesquels,, ; n'a pas de noyau pour toute (11, 72) recouvre(p, 2p) a I'excep-
tion d’'un ensemble de mesure majorée par une constantg fois

En utilisant ce dernier fait ainsi que (14), nous obtenons alors une minoration de
la distance entré et le spectre d&, ;, puis une estimation uniforme pour la norme

(L,:)"': L*(SNK) — L*(SNK)
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par une constante foig* lorsquer € (r, + pft+t ry — pF+tH1), Cette estimation qui

ne dépend pas d€si p est choisi assez petit) est précisement I'estimation recherchée
qui permet de résoudr8) en utilisant un argument de point fixe pour les applications
contractantes.

La généralisation de ce résultat aux autres courbures est I'objet de la section §2.8
du chapitre 2 de cette these. Le résultat principal de cette partie est le :

Theorem 0.1.40n suppose qué < r < m — k et queK* est une sous variété
minimale non dégénérée. Alors, il existe_ (0, +o00), reunion denombrable d’inter-
valles non vides disjoints, tel que pour tgut I, le tube géodésiquE,(K) peut étre
perturbé en une hypersurfadg, dont lar-courbure moyenne est constante egale a
o.=Cy_.p".

La démonstration est essentiellement la méme que dans le ¢cas dpnéanmoins un
nouveau phénomene de perte d’ellipticité apparait ici quandn — k. En effet, cette
fois ci, 'opérateutL, est remplacé par

L,(pw+g(®,0)) 0 :=Cr % (p Ak + - (Agm-r +m — k)) w+g(Jx ©,0)

La conditionr < m — k permet précisément de garantir I'ellipticité de cet opérateur.

0.1.3 Autres problémes non-linéaires présentant le méme phéno-
mene de résonnance

Nous décrivons brievement des résultats récents pour lesquels un phénomene de
résonance associé a un phénomeéne de concentration a été mis en évidence.

Par exemple, A. Malchiodi [22] a étudié I'existence des solutions périodiques de
I'équation
| n
aH—E—QV(m):O, r€eR (15)

poure > 0, ici V : R® — R est une fonction réguliere dont I'ensemble des points
critiques est une hypersurfadé C R". Il a distingué deux cas suivant la nature du
potentiel V : lorsqué’ est de type répulsif par rapport\d, i.e.

V"(x) (ngy,ne) <0 Voee M, 0#n, LT,M

il a démontré que toute géodésique fermée non dégéngré&! — M est limite,
quands > 0 tend vers), d’'une famille & un parametre. de solutions de I'équation
(15). En patrticulier, il N’y a aucune restriction sur le parameti@ans le cas attractif

V'(z) (ng,ng) >0 Yere M ,0#n, LT,M
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la situation est radicalement différente étant donnée I'existence d’'un phénomene de ré-
sonance et, sous des hypotheses techniques, A. Malchiodi a démontré I'existence d’'une
suite(ex ), qui tend vers$) et une suite de solutions de I'équatidb) qui converge vers

xo quandk tend verstoo.

De méme, J. Shatah et C. Zeng![38] ont considéré I'équation
Dyp + 11, (w'(p)) = 0 surM, (16)

ou M est une sous variété de dimensioplongée dan®™*!, 11, est la projection
orthogonale d&,R™ ! surT, M et D, est la dérivée covariante siif dans la direction

dep. Le probléme est de démontrer que les solutions périodiques de I'équation (16)
sont des limites d’'une suite de solutions périodiques de I'équation pénalisée :

i+ w'(x) + 52 G'(x) =0 (17)

ou cette fois ciz est une courbe d&™"! et ou le potentiel de pénalisatidi =
dist(-, M)? au voisinage dé/. J. Shatah et C. Zen@8] ont montré qu’étant donnée

po une solution périodique non dégénérée de I'équation (16), il existe unesyite

qui tend vers) et une suite de solutions périodiqugsde I'équation'l?7) avec: = ¢,

qui converge verg,. Comme dansZ?2], I'existence des solutions ne peut pas étre
prouvée pour tout > 0 et ceci est expliqué par la présence d'un phénoméne de
résonance correspondant a des valeurs geur lesquelles I'opérateul?) linéarisé
enp, admet un noyau non trivial. En effet, si on recherche formellement les solutions
de (17) comme perturbations des solutions/de (16), i.e. des solutions de la forme

r=po+y +y"

ou p, est solution de I'équatiorilf), y" ety' désignent des perturbations normales et
tangentes a/, 'opérateur linéarisé associé B/, projeté sur le fibré normal s’écrit
n =N n 1 n
Lly") =§"+ A") + 5
et les modes résonnants correspondent aux valeurgélifiant

1

o\
g2 J

ou les); sont les valeurs propres de l'opératgtir— " + A(y").

Dans le domaine des perturbations singuliéres d’équations aux dérivées partielles
semilinéaires, A. Malchiodi et M. Montenegro [25] ont démontré un résultat de concen-
tration pour les équations de la forme :

—2 Au+u=uP p>2 (18)
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ou la fonctionu est définie dans un domaine borné régullate R” et vérified,u = 0

sur le bord de&?. lls démontrent, pour une suite — 0, I'existence d’'une solution
positive qui se concentre le long @& [25], [2€] ou bien le long d'une géodésique
non dégénérée d#) [23]. Comme dans les résultats précédents, la construction n’est
possible que pour une suitg qui tend verd) et pas pour tout assez petit, ceci est
une fois de plus da a la présence d’'un phénomeéne de résonance.

Dans 7], M. Del Pino, M. Kowalczyk et J. Wei ont étudié I'existence de solutions
pour I'équation de Schrddinger non linéaire :
oy

—is S =2 A — Q) ¥+ [l (19)

dansR?, oup > 1. Si I'on recherche) sous la forme)(t,y) = exp (—i A t/e) u(y),
alorsu est solution de I'équation semi linéaire

2 Au—(Qy) +Nu+u’ =0, u>0, (20)

M. Del Pino, M. Kowalczyk et J. Wei ont démontré qu’étant donné une colirbe
stationnaire, non dégénérée relativement a la fonctionnelle

T

et siQ + A est une fonction uniformément positive, alors pour tout 0, il existe

g > 0 et\, > 0 telles que, pour tout < ey Vérifiant|e? j2 — \,| > ce,Vj € N,
I'équation 20) admet une solution positive qui se concentre le long de Ce résultat
généralise un résultat partiel qui avait été obtenu par A. Ambrosetti, A. Malchiodi et
W.M. Ni [2] dans le cas des potentiéisne dépendant que de la distance a I'origine.

0.1.4 Hypersurfaces de "type Delaunay" dans quelques variétés
Riemanniennes

Dans le chapitre 3, on s’intéresse a I'existence d’hypersurfaces de type Delaunay
dans quelques variétés Riemanniennes. Commencons par définir, pour totle
parameétre

1 m—1
T = E(m 1)™m

Il existe, dansR™*!, une famille & un parametrg, ,, avecp > 0 et € (0,7,],

d’hypersurfaces a courbure moyenne constante qui sont de révolution autour de I'axe

rm+1. Ces hypersurfaces généralisent en toute dimension 2 les surfaces de De-

launay [12]. On peut paramétrer ces hypersurfaces par

X(s5,0):=p(7e’D 0, K(s)),
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ou (5,0) € R x S™L. Lorsquer € (0,7,), la fonctions est une solution non
constante de
(0s0) +7%(e” + e(l_m)")2 =1,

qui vérifiec(0) < 0 etdso(0) = 0 alors que la fonctiom est définie par
D5k = 727 (7 + ell7m)7),

avecrx(0) = 0. Lorsquer = 7, les hypersurfaces correspondantes sont en fait des
cylindres dl’OitSS'm_l(mT_lp) x R, alors que, quand tend vers), ces hypersurfaces
convergent vers une suite de sphéres de raygqui sont tangentes et centrées sur I'axe
rmi1. Ces hypersurfaces sont invariantes par rapport a un groupe discret de transla-
tionst, e,,+1 Z le long de I'axer,,,; out, > 0 est la plus petite période verticale de
I'hypersurface.

On vérifie gu'il existe une fonction réguliere— ¢(7) telle que
pl_m H™.S;, — c(7) H' UK, (21)

De plusc(r) tend vers; |S™| quandr tend vers) ete(r,) = (Z=1)™ 1| S™.

L'objet de ce dernier chapitre est de démontrer I'existence d’hypersurfaces qui,
quand leur courbure moyenne tend vers, se concentrent le long d’une géodésique
mais pour lesquelles (21) reste valable. Ces hypersurfaces généralisent dans les varié-
tés riemannienne les surfaces de Delaunay. Dans des cas particulier, les spheres, I'es-
pace hyperbolique, ... I'existence de ces hypersurfaces était déja connue par d’autres
méthodes.

On suppose qué& est une géodésique compacte (dé™ "', g). On définie un
systeme de coordonnées dans un voisinage tubulaifé gaur lequel on suppose que
les coefficients de la métrique ne dépendent pas du poirt s@rest, par exemple, le
cas lorsqu’on consideére les métriques de la foyme A(z') dxg + g sSur M™ ! =
St x N™. On note/ la longueur dek'. On suppose que la géodésigideest 7-non
dégénérée, c’est a dire que I'on suppose que l'opérateur

3@ := V5 @ + o, R(P, Xo) Xo
défini sur le fibré normal & est inversible. IciX, est le vecteur unitaire tangenta

eta, € R est une constante définie dans le 83 du Chapitre 3. Sous ces hypotheses,
nous avons obtenu le :

Theorem 0.1.50n suppose quél est7-non dégénérée. Il existe un ensemble fini
T C (0,7,,) (T = 0 lorsquem = 2) tel que, pour tout € (0, 7,,,) — T, il existei, € N
tel que, pour tout € N, ¢ > i, si nous définissong > 0 par
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alors, il existe une hypersurface, ; dont la courbure moyenne est constante égale a
o= /} et telle que

pi T mHML Y, — e(r)H' LK,
guandi tend verstoo.

La constantey, est une fonction continue enqui converge ver$ quandr tend vers
T €t 'opérateur
I ® = V5, @ + R(P, Xo) X

est n’est autre que I'opérateur de Jacobi assodié Bn particulier, toute géodésique
non dégénérée (au sens usuel)resbn dégénérée pourproche der,,.

Comme dans 83, nous considérdnene section dé&/ K etw une fonction définie
surSN K. Poury etk solutions de

(Bsp)* 4+ (P> + 7™ > ™) = 2,
et
Dok = 9 (L+ 7" ™),

avecy(0) < 7, ds¢(0) = 0 etx(0) = 0, nous définissons (pour topt> 0 assez petit)
I'hypersurface de Delaunay perturbée :

G(s,2") = EXBY(, ue)) (£ (0(5) — w(s,2)) O(a") — @(pr(s)))

et nous souhaitons détermineret ® de telle sorte que sa courbure moyenne soit
constante. Cette fois ci, aucun phénoméne de résonance n’apparait. Néanmoins, une
difficulté supplémentaire surgit. En effet, 'opérateur de Jacobi associé a une hyper-
surface de Delaunay admet deux champs de Jacobi qui sont invariant par rotation. Un
premier champ de Jacobi est associé a la famille a 1-parametre d’hypersurfaces a cour-
bure moyenne constante obtenue en translatant I'hypersurface de Delaunay le long de
son axe. Ce champ de Jacobi est périodique et une fois transporté dans notre contexte
Riemannien, il induit une valeur propre prochedpour I'opérateur linéarisé autour

de la solution approchée. C’est pour pouvoir s’affranchir de cette difficulté que nous
avons supposé que les coefficients de la métrique ne dépendaient pas du p&int sur

Un second champ de Jacobi est associé a la famille a 1-parametre d’hypersurfaces
a courbure moyenne constante obtenue en modifiant le parametre de Detailnay

est obtenu en écrivant poyrassez petit I'hypersurface de Delaungy., comme un

graphe normal suf. pour une fonctionu, et en différentianty,, par rapport & en

n = 0 (c.f[12] pour plus de détails). Il est démontré dans [12] que ce champ de Jacobi
n'est en général pas périodique (i.e. ne peut étre périodique que guartiet pour

au plus un nombre fini de valeurs dg

Ce résultat montre qu'’il n’existe pas de résultat de quantification de I'énergie (la
densité de volume) pour les hypersurfaces a courbure moyenne constante.
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Ce résultat est a comparer aux résultats de quantification qui ont été obtenus pour
d’autres problemes non linéaire comme les applications harmoniques en dimension
n > 3 [17], les équations de Yang-Mills en dimension> 5 [34].
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Chapitre 1

Constant r-curvature hypersurfaces in
riemannian manifolds

Abstract In [42], Rugang Ye proved the existence of family of constant mean curva-
ture hypersurfaces in an + 1-dimensional Riemannian manifold/™"!, g), which
concentrate at a point, (which is required to be a nondegenerate critical point of
the scalar curvature), moreover he proved that this family constitute a foliation of a
neighborhood ofy. In this chapter we extend this result to the other curvatures (the
r-th mean curvature for < r < m) and we give the expansion of the-dimensional
volume of the leaves of this foliation as well as thet+ 1-dimensional volume of the
sets enclosed by each leaf.

1.1 Introduction

Let S be an oriented embedded (or possibly immersed) hypersurface in a Rieman-
nian manifold(A/™*1, g). The shape operatots is the symmetric endomorphism of
the tangent bundle & associated with the second fundamental forny gis, by

bs(X, Y) = gS(ASX, Y), \V/X,Y - TS, here gs = g|TS .

The eigenvalues; of the shape operatots are the principal curvatures of the hy-
persurfaceS. Ther-curvature ofS is define to be the-th symmetric function of the
principal curvatures of), i.e.

U,«(S) = Z Riq -« Rig,.-

11 <...<ip
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Hence, whem = 1, o, is equal tan times the mean curvature 6f When(M™ ! g) =

(R™! geuer) is the Euclidean space; is equal to@ times the scalar curvature

of S anda,, is equal to the Gauss-Kronecker curvature&ofn this chapter we are in-
terested in the existence of hypersurfaces/ifi*! whoser-curvature is constant. Hy-
persurfaces with constant mean curvature, constant scalar curvature or constant Gauss-
Kronecker curvature in Euclidean space or space forms constitute an important class
of submanifolds. In Riemannian manifolds very few examples of constantvature
hypersurfaces are known, except whes 1.

R. Ye [42], |43] has proved the existence of a local foliation by constant mean
curvature hypersurfaces which concentrate at a point (which is required to be a non-
degenerate critical point of the scalar curvature function). We extend the result and
methods of42] to handle the case= 2,...,m. No extra curvature hypotheses are
required. In particular, we prove the existence of foliations of a neighborhood of any
nondegenerate critical point of the scalar curvaturéidf**!, g) by constant Gauss-
Kronecker or constant scalar curvature hypersurfaces. A&irtfie idea is to perturb
S,(p), a geodesic sphere with small radjus- 0 centered at a point. A simple com-
putation will show thatS,(p) is close to being a constant r-curvature hypersurfage as
tends ta) and in fact

o (Sp(p)) = Cr p™" + O(p™"*?),

In this note, we show that it is possible to pertifp) for every small radius provided

p is close to a nondegenerate critical point of the scalar curvatuké.dafhe analysis
follows exactly the analysis performed #Z2]. In fact, independently of the value af

the linearized-curvature operator about the unit Euclidean sphere is always a multiple
of Agm + m, the linearized mean curvature operator about the unit Euclidean sphere.
This implies that, as in [42], to perform the perturbation of a small geodesic sphere, one
has to overcome the problem of the existenc@of- 1)-dimensional kernel of g +

m, kernel which is related to the invariancere€urvature with respect to the action of
isometries (in the case of the unit sphere, this kernel is only generated by translations).
This is where, as in42] we use the fact that we are close to a nondegenerate critical
point of the scalar curvature of the ambient manifold.

Even if there is no additional difficulty to treat the general case?2, ..., m, the
analysis of([42] is specific to treat the case of mean curvature and, unfortunately, can’t
be used to treat the general case. The main technical result of this note is a precise
expansion of geometric operators (first and second fundamental forms) for perturbed
geodesic sphere (see Proposith@.1, Proposition 2.3.1 and Proposition 2.3.3). We
believe that these expansions are of independent interest and can be used in many other
construction/[24]. Our main result is :
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Theorem 1.1.1 Suppose that, is a nondegenerate critical point of the scalar curva-
ture R of M. Then there exists, > 0, such that for alp € (0, py), the geodesic sphere
S,(po) may be perturbed to a constanturvature hypersurfacg, witho, = C7, p=".
Moreover these-curvature hypersurfaces constitute a local foliation of a neighbo-

rhood ofp.

The existence of the hypersurfaces is not so difficult and can be obtained rather easily.
The fact that they constitute a local foliation requires more work. The leflyese

small perturbation of geodesic spheres in the senseSth& a normal graph over
S,(po) for some functions, which is bounded by a constant time’s

The hypersurface, is a small perturbation of,(p,) in the sense that it is the
normal graph of some function (with> norm bounded by a constant timg4d over
a geodesic sphere obtained centered at a point at distance bounded by a constant times

p* of py.

1.2 Expansion of the metric in geodesic normal coordi-
nates

We now introduce geodesic normal coordinates in a neighborhood of azpaint
M. We choose an orthonormal bagis i = 1,...,m + 1, of T,M.

Consider, in a neighborhood pfin M/, normal geodesic coordinates
F(z) = expéw(xiEi), r:= (21, ., Tma1),

whereexp is the exponential map o/ and summation over repeated indices is
understood. This yields the coordinate vector fields= F.(9,,). As usual, the Fermi
coordinates above are defined so that the metric coefficients

9i5 = 9(Xi, Xj)
equald;; atp. We now compute higher terms in the Taylor expansions of the functions

gi;- The metric coefficients at := F'(x) are given in terms of geometric datayai=
F(0)and|z| := (22 + ...+ a2 )Y2

Notation The symbolO(|z|") indicates an analytic function such that it and its par-
tial derivatives of any order, with respect to the vector field(;, are bounded by a
constant timegz|” in some fixed neighborhood 6f

We now give the well known expansion for the metric in normal coordinates [39],
[16], |4€], but we briefly recall the proof in the Appendix for completeness.
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Proposition 1.2.1 At the point; = F'(z), the following expansions hold

1 1
Gij = 5¢j+§ 9(R(Ex, E;) By, Ej) v 20+ 6 9(VE R(Ey, E)E,, E;) 3y, 3 3+ O(|z] )
(1.2)
where all curvature terms are evaluatedyat

1.3 Geometry of spheres

We derive expansions agends td) for the metric, second fundamental form and
mean curvature of the sphesg(p) and their perturbations.

Fix p > 0. We use a local parametrizatian— ©(z) of S™ C T,,M. Now define
the map
G(z) = F (p(1 - w(2)) ©(2)),
and denote its image hy,(p, w), so in particularS,(p,0) = S,(p). Because of the
definition of these hypersurfaces using the exponential map, various vector fields we

shall use may be regarded either as fields al§yig, w) or as vectors of ,A/. To help
allay this confusion, we write

0:=0E; 0, := 0.6 Ej.

These are all vectors in the tangent spégk/. On the other hand, the vectors
T:=0X; Y = 0.0 X;

lie in the tangent spacE, M, whereq = F'(z). For brevity, we also write

w; = 0w, w;j i= 0, 0,w.

In terms of all this notation, the tangent spac&¢w) at any point is spanned by
the vectors

1.3.1 Notation for error terms
The formulas for the various geometric quantitiesSpfp, w) are potentially very
complicated, and so it is important to condense notation as much as possible. Fortuna-

tely, we do not need to know the full structure of all of these quantities. Because it is so
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fundamental, we have isolated the notational conventions we shall use in this separate
subsection.

Any expression of the forni’ (w) denotes a linear combination of the functians
together with its derivatives with respect to the vector figddsip to order;. The co-
efficients are assumed to be smooth functions'drwhich are bounded by a constant
independent op € (0,1) andp € M, in C* topology.

Similarly, any expression of the fori@’(w) denotes a nonlinear operator in the
functionsw together with its derivatives with respect to the vector fiéddsip to order
j. Again, the coefficients of the Taylor expansion of the corresponding differential
operator are smooth functions 6fi* which are bounded by a constant independent of
p € (0,1) andp € M in theC*> topology. In addition)’ vanishes quadratically at
w = 0.

Finally, any term of the forni’ x Q* will denote any finite sum of the product of
a linear operatorg’ with nonlinear operator§®*.

We also agree that any term denoté¢y?) is a smooth function o™ which is
bounded by a constant (independenppfimesp? in the C> topology.

1.3.2 The first fundamental form

The next step is the computation of the coefficients of the first fundamental form
of S,(p, w). We sety := G(z) andp := G(0). We obtain directly from3.2.4) that

9(Xi, X;) = 0y +39(R(©,E) 0, E)) p* (1 — w)?
+ L1g(VeR(O,E)6,E)p* (1 —w)? (1.3)
+ O(p!) + p' LO(w) + p* Q°(w).
where all the curvature terms are evaluateo &@bserve that we have
g(T, 1) =1 g9(T,7;) =0

Using these expansions it is easy to obtain the expansion of the first fundamental form
of S,(p, w).
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Proposition 1.3.1 We have
p P (1—w)?9(Z, Z;) = 9(©:,0;) +59(R(0,0:)0,0;)p? (1 — w)?

+ %g(V@R(@, @z) @, @]) p3 (1 - U))g + (1 - w)_Q w; Wj
+ O(p") + p*Lw) + p* Q(w).

(1.4)
where all curvature terms are evaluatedyat

1.3.3 The normal vector field

Our next task is to understand the dependence ofithe unit normalV to S,(w).
Define the vector field .

and choose the coefficient§ so that thatV is orthogonal to all of theZ;. This leads
to a linear system fon’.

Z A 9(Z;, Z;) = —pw;
j
Observe that o
g(N,N)y=14p ) Ajuw;
j
The unit normal vector fieldv aboutS,(p, w) is defined to be
N

1.3.4 The second fundamental form

We now compute the second fundamental form. To simplify the computations be-
low, we henceforth assume that, at the p@éiit) € S™,

g(@z, @j> = 6ij and v@i@j =0, Z,] =1,....m (16)

(whereV is the connection o' S™1).
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Proposition 1.3.2 The following expansions hold
—9(VzN,Zj) = p(1—w)dy+pwy+359(R(O,0,)0,6;)p* (1 —w)®
+ % g<V@R(®7 @Z) 67 @J) p4 (1 - U})4
— 5 (9(R(Vw, ©;)0,0;) + g(R(O©, ©;) Vuw, 8;)) p*

+ O0(p°) + p* L' (w) + p Q' (w) + p L*(w) x Q" (w)
a.7)
where as usual, all curvature terms are computed at the point

Proof : We will first obtain the expansion @f(V 2, N, Z;). To this aim, we compute

—9(VzN,2;) = (VZ-T Z;) = 3 9(V 2 (A" Zy), Z;)
= 1559(Vz((1-w) Y1), Z;) + 125 wi g(Y, Z))
- Z 9(Vz,(A* Zy), Z;)
= 759(Vz (1 —w)T), Z;) — £, wiw;
- Z 9(Vz(A* Zy), Z;)

Now, recall that
> A g(Zh, Zj) = —pw;
k

Hence
E 9(V2(A* Zy), Z;) = —pwy; — E A* 9(Z, N 2,2;)
k k

Using the fact that
29(Zk, N 2,Z5) = Zi 9(Zx, Z;) + Z; 9(Z, Zi) — 21, 9(Zs, Z;)

we conclude that

1
> 9(V2(A* Zy), Z) = —p Wi~ > A (Zig(Zk, Z;) + Z39(Zn, Zi) — Zi 9(Zi, Z5))
k k

To analyze the ter . ((1—w) T), let us revert for the moment and regarés func-
tions of the coordinates and also consider as a variable instead of just a parameter.

Thus we consider 3
F(p,2) = F(p(1 = w(2))6/(2)).
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The coordinate vector fields; are still equal tcﬁ*(azj), but now we also have
Zy = (1 —w) T = F,(d,), which is the identity we wish to use below. Now, we write
g(vzi((l - U)) T)v Zj) + g(ij((l - w) T)v ZZ) = g(inZ07 Zj) + g<ijZO7 Zl)
= Zog(Zi, Zj)
Collecting the above we have obtained to formula
—g(V4N,Z;) = m Zo 9(Zi, Z;) — 125 pwiw; + pwi

+ 5 A (Zig(Zh, Z5) + Z; 9(Zk, Zi) — Zk 9(Zi, Z5))

We will now expand the first and last term in this expression.

If the coordinateg are chosen so thg{O,, ©;) = J;; at the point where we will
compute the shape form, we have, using the result of Propo&itso,

sicwy Z09(Zi,Z;) = p(1—w)dy+ 59(R(0,0:)0,0;)p (1 —w)*
+ 5 9(VeR(©,6;)0,0;) p* (1 — w)* + = pw; w;
+ O(p°) + p° Lo(w) + p° Q°(w).

Using the same Proposition together with the fact that the coordipatesschosen so
thatVe,©; = 0 at the point where we will compute the shape form, we also have

Z; 9(Zy, Z;) + Z; 9(Zi, Zi) — Zy 9(Z;, Z;) =
2 (9(R(O%,©:) ©;,0) + g(R(6%, 0:) ©;,0)) p*
+0(p°) + p? L' (w) + p* Q' (w) + p* L*(w) x L'(w)

If the coordinates; are chosen so that(©,,©,) = J,; at the point where we will
compute the shape form, we have the expansion

Ak = —ﬁ +p LM w) + p Q' (w)
collecting the above estimates, we conclude that
—9(V2N,Z;) = p(1—w)by+ pwi;+ 3 9(R(©,6,)0,0;) p* (1 — w)?
+ 2 9(VeR(©,0,)0,0;)p* (1 —w)*
— 5 (9(R(O4, ©:)0,0;) + g(R(O, ;) 61, 0;)) p’ wy,
+ O0(p°) + p* L'(w) + p Q' (w) + p L*(w) x Q' (w)
It remains to observe that
g(N,N)™2 =1+ Q' (w)
This finishes the proof of the estimate. O

38



1.3.5 The shape operator of perturbed surfaces

Collecting the estimates of the last subsection we obtain the expansion of the shape
operator of the hypersurfacg (p, w). In the coordinate system defined in the previous
sections, we get

Proposition 1.3.3 Under the previous hypothesis, the shape operator of the hypersur-
faceS,(p,w) is given by
pAij(w) = (1L+w)dy +wi;+59(R(O, ©;)0,6;) p> + 1 9(VeR(O, ©;)©,8)) p*
— 5 [9(R(©, ©:)0,0;)w + (¢9(R(Or, ©:)0,0;) + g(R(O, ©;) O, 0;)) wy
+9(R(6,6;), 0, 0r) wyy] p?
+ O(p") +p* L*(w) + Q' (w) + L*(w) x L(w) + L*(w) x Q' (w).

(1.8)
where all curvature terms are computed at the pgint

1.4 Ther-curvature of the perturbed sphere

Given any symmetric matriXd, and anyr = 0, ..., m, we define
or(A) == D AN
11 <. <0y

where\q, ..., \,, are the eigenvalues of. Ther-th Newton transform ofl is defined

by
T.(A):=0.(A) ] —0, 1(A)A+---+(—1) A"

with 7;,,(A) = 0. Now suppose thatt = A(t) depends smoothly on a parameteit
is proved in[33] that
d d
EUT(A) =Tr (TT—I(A> %A> (19)
From this computation, it follows at once that, given amy m symmetric matrixH,
o.(I+H)=Cp +Ch ! Tr(H) + O(|H|?)

Using this together with the previous expansion of the shape operator, it is not hard to
check that the-curvature of the hypersurfacg (p, w) can be expanded as
p" o (Splp,w)) = Cr 4+ Cr [(Agm +m)w — 3 Ric(©,0) p? — 1 VgRIic(0, 0) p?
+ % (Ric(©,0) 4 2Ric(V-,0) — g(R(©,V-)O, V")) wp?
+ O(p") + 0 L*(w) + Q' (w) + L*(w) x LO(w) + L*(w) x Q' (w)]
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where as usual, all curvature terms are computed ldere we have defined
Ric(V-, 0) := Ric(e;, ©) e;

and

g(R(@, V), @, V) = g(R(@, 62‘), @7 €j> € €;
if e1,..., e is an orthonormal frame field df,S™ satisfyingV., e; = 0 at the point
g € S™ where these expressions are computed. It will be convenient to set

1

£=3

(Ric(©, 0) + 2Ric(V, ©) — ¢(R(6, V), 0, V))

Now observe that a similar expansion is valid in Euclidean space and in this case
the expansion op~" o,.(p, w) does not depend om (nor onp). This means that the
nonlinear operator

Q* =Q"+L*x L'+ L* x Q!

can be decomposed into its value in Euclidean space and a similar operator all of whose
coefficients are bounded by This fact can also be recovered by going through all the
above expansions. Therefore, we can write

Q*=Q:+pQ;

where@? is the corresponding nonlinear operator when the metric is Euclidean and
hence it does not depend @n while p Q? denotes the discrepancy induced by the
curvature of the metrig on M. Both Q? and@? satisfy the usual properties.

1.5 Existence of foliations by constant-curvature hy-
persurfaces

Assume that we are givem, € M, a nondegenerate critical point of the scalar
curvatureR on M. We would like to find a small functiow € C**(S™) and a poinp
close topy such that

0, (Sp(p,w)) = Crp™"
In view of the previous expansion, this amount to solve the nonlinear equation
1 _. 1 ,
(Agm +m)w = = Ric(O, ©) p* + — VgRIic(0,0) p* — O(p")
3 4 (1.10)
—p* Lw = p* LP(w) — Q*(w)
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We denote byT andII* the L2-orthogonal projections df?(S™) onto Kef A g +
m) and KefAgn» + m)+, respectively. Recall that the kernel &fs» + m is spanned
by p;, fori = 1,...,m + 1, the restriction to the unit sphere of, the coordinates
functions inR™ "1,

First fixed point argument From now on, we assume that the function
C%*(S™) is L*-orthogonal to KefA s~ + m) and we project the equatiof.(0) over
Ker(Ag= + m)*. We obtain

(Agm +m)w = I+ [$Ric(0,0) p* + 1 VeRic(0,0) p* — O(p*)
—p* Lw = p’ L*(w) — Q*(w)]
We definew, € Ker(Ag~ + m)* to be the unique solution of
(Agm +m)wy = % Ric(©, ©) (1.11)

sincell* (Ric(©, ©)) = Ric(6, ©). Similarly, we definas; € Ker(Ag» + m)* to be
the unique solution of

1 :
(Agm +m)w;, = 1 I1*+ [VeRic(O, 0)]

Itis easy to rephrase the solvability of the nonlinear equation/(1.10) as a fixed point
problem since the operatdys +m is invertible from the space @< (S™) functions
which areL?-orthogonal to KefA g~ +m) into the space af®<(S™) functions which
are L2-orthogonal to KefAg» + m). We writew := p* wy + p® wy + p v, so that it
remains to solve an equation which can be written for short as

(Agm +m)v=—0(1) —p 2 Lw — p~ ' L*(w) — p~* Q*(w)

Applying a standard fixed point theorem for contraction mappings, it is easy to check
that there exists a constant> 0, which is independent of the choice of the point
p € M, such that there exists a unique fixed point in ball of radius C**(S™),
providedp is chosen small enough, say= (0, py). We denote by, this solution and
define
2 3 4
Wy 1= P Wo + p7 Wy + P Up.

It is easy to check that, reducing the valueygff this is necessary,
[w, — wy|e2.a(sm) < ¢ p? dist(p, p'), (1.12)

for some constant which does not depend gne (0, py) nor onp or p’. In addition,
the mapping
(p.p) € (0, p0) x M — w, € C>*(5™)
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is smooth and
[ Dpwyl|cze(sm)y + p[|0pwp|lcza(sm) < cp?

for some constantwhich does not depend gne (0, py) nor onp.

Second fixed point argumentt now remains to project the equatiach10) where
w has been replaced hy,, over KefAg~ + m). To this aim, we recall the nice and
key observation from [42].

The problem is to compute tHe-projection of the quantity(Ve R(6, 6,) ©,0;)
over the kernel of the operatdks~ + m. This amounts to compute, for amy =
1,...,m+ 1, the quantity

B, = Z g(VEjR(EnEk)EiaEe)/ Lj LTl Ln

ik, "

Now to evaluate this quantity, simply use the fact that the integral vanishes unless all
indices are all equal or constitute two pairs of equal indices. Using this, together with
the symmetries of the curvature tensor which imply tR&E', £') = 0, we obtain

B, = g(Vg,R(E;,E,)E;, E,) ([gnat—3 [gn. 23 23)
+ 9(Ve,R(E;, Ej)E; + 2V R(E;, E,)Ei, E)) [g, 0323
Now, use second Bianchi identity
9(VE, R(Ei, E;)E;, Ej) = 29(Ve,R(E;, E,)Ei, Ej)

together with the fact that
3
/ x‘ll:?)/ x%x%z (n+3)/ a:%

1
11 (g(v@R<@7 @z’) O, @j)) = _m—+3 g(VR, Z; Ez)

whereR denotes the scalar curvature function, computed at

To conclude that

Therefore, the projection of the equation (1.10) over K&g + m) yields
g(VR,x; ) =V,
where we have defined

V=4 (m £ 3)I1 [p° O(p*) + p7" Loy + L (wy) + p° Q*(wy)]
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Now, using the fact that, is a nondegenerate critical point of the scalar curvature, we
conclude easily (applying for example a topological degree argument) that there exists
p close top, satisfying (1.12) provided is close enough t0. This gives the existence

of constantr-curvature leaves for app small enough, unfortunately it follows from
(2.10) that the poinp is at most at distance a constant timpefsom p, and this is not
enough to show that the constanturvature leaves form a foliation of a neighborhood

of po.

To improve this estimate, many observations are due. First, observe that we can
decompose&)(p?) into the sum of two functions, one of which is homogeneous of
degree4 (in the coordinate functions;) and the other one which is bounded by a
constant timeg°. The L2-projection of the homogeneous function of degtégequal
to 0 since this homogeneous function is invariant under the change of coordihates
into —O. Hence we conclude that

I(O(p")] < cp’

Similarly, observe thaty, and henceC w, are invariant under the changeinto —0
and hence thé? projection of£ w, over KefAg~ + m) again identically equal to.
Therefore, we conclude that

(L w,)| < cp?

Finally, we use the observation at the end of 84. Since the nonlinear opéyator
preserves functions which are invariant under the action-b6f we conclude that
I1(Q%(p? wy)) = 0 and hence

Q% (wp))| < cp”
These precise estimates imply that,
Vol < cp?

for some constant which does not depencparor onp. With slightly more work, we
get using similar arguments that

I (V, = Vpy) | < ep?dist(p, p') (1.13)

Now, for all p small enough, we can find a solution of (1.10) using a fixed point ar-
gument for contraction mapping, in the geodesic ball of radips centered at any
nondegenerate critical point &. Moreover, the solutiop, depends smoothly op
and

10,00l < cp
This later fact, together with (1.13) shows that the solutions constitute a local foliation.
This completes the proof of the main result.
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Having derived such precise estimates, we can compute the expansionmef the
dimensional volume of the leaves of the foliation as well as(thet- 1)-dimensional
volume enclosed by each leaf.

Proposition 1.5.1 For all p small enough the following expansions hold for the
dimensional volume df,

_ . m m o 2 4
vol,,,(S,) = p™ Vol,,,(S™) (1 T 1) Rp*+O(p ))
and the(m + 1)-dimensional volume of the s8f, enclosed by5, and containing the
point py
1
m—+ 1

m+ 2

V0|m+1(Bp) - - m

P vol,, (S™) (1 R p* + O(p4)>
where the scalar curvature is computedpgt a nondegenerate critical point &.

Proof : Integrating(1.11) ovef™ we find

m wy = 1/ Ric(©, 0)
Sm 3 m

Now, plugging the expansion af,, into the expression of the first fundamental form
given in Proposition 2.3.1, we find the expansiorkdhe induced metric of,

; 1
p~2hij = (1 = 2p*wg — 2p"w1)d;; + 3 9(R(©,6,;)8,6;)p
(1.14)
1 ]
+59(VoR(6,6,)0,6,) p° + O(p")

This implies that
1 _. 1 .
p"™VIh| =1 —mp*wy —mp®w, — 5 Ric(©,0) p* — 1 VeRic(0, 0) p* + O(p*)

The first estimate follows from integrating this expansion using the fact that the integral
of wy and the integraVgRic (0, ©) over S™ vanish together with the fact that

/m Ric(0,0) = —

m +

- Vol,,(S™) R,

Next, we consider polar geodesic normal coordin&te®) centered ap,. In these
coordinates the metrig expanded as

1 1
7“_2 gij = 51']' + g g(R(@, @z) @, @j> 7“2 + 6 g(V@R(@, @z> @, @]) T3 + O(T‘4>. (115)
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then, the volume form can be expanded as
1 _. 1 :
gl =1 - 8 Ric(©,0)r* — D VeRic(0,0) 7 + O(rh).

Integration over the set< p (1 — w,) give

1. 1 .
VOl 1(B,) = / / pm (1 _ LRig©,0)12 — L voRicO,0) 8 + 0(#))
r<p (1-1wp) 6 12
1

=t /m( 1= (m+1)p*we) +O(p™"?)

m—+1
R S / (1— (m +3)p* wo ) Ric(©, ©)
6 m+3 m 0 ’
1 1 pm+3 )
— m+1V | my\ _ m+3 _ R
it Vel (ST = /mwo 6m~|—3/m c(6,6)
+ O(pm+5)
1 1 1 1
— m+1V | my _ ([ _— - m+3 R
S O(S) (gt gt [ Ric(e.6)
+ O<pm+5)
1 +1 m+2 2 4
=——p""\Vol,,(S") |1 - —————
m+1” Ol )( 2m(m+3)Rp O
This gives the second estimate. OJ

1.6 Appendix : proof of Proposition'2.2.1

The curves — exp)/(sE) is a geodesic. Therefore, X is the unit tangent vector
to the curve we hav® x X = 0. Hence we also haveV x)"X = 0 foralln > 1. In
particular, we have, at,

(VE)"E=0

forall £ € T,M and for alln > 1.

Observe thaf{, are coordinate vector fields hence

Vx, Xy = Vx, X,
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Taking £ = E, + ¢ E, and looking for the coefficient afin Vi E = 0, we get

Ve, E =0
Looking at the coefficient of in V4 E = 0, we get
2V Ey+ Vg Ve, E, =0

Finally, looking at the coefficient of in V4 E = 0, we get

2V Ey+ (Vi Ve, + Ve VE)VE E, =0
Recall that, by definition

VxVy :=R(X,Y)+Vy Vx + Vixy

Hence, ifX andY are coordinate vector fields we simply have

VX VYX = R(X, Y)X + Vy VX )(7

We also have

Vy VxVyX = VyRX,Y)X + R(VyX,Y)X + R(X,VyY)X

+  R(X,Y)VyX + V2V X + VyVixy X

Now use(1.16) and (1.18) to obtain
3V%, By = R(E,, Ey) E,,
Similarly, use(1.17) and (1.19) to obtain
2V Ey+ R(Ey, E,) Vi, Eo+2VEVEVE E, =0
SinceVyg, E, = 0, we get
2V Ey+2VE, Ve Ve E, =0

Using this, we conclude that

2V%, Ey= -2V, VgV E, = -2V, (R(Ey, E,) E, + VE,ViE,Ep)

= -2V, (R(Ey, E,) E,) — 2V}, E,

Hence
2V%, E, = —Vg,R(Ey, E,) E,
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Now, we have
XC Gab = g(VXCXa, Xb) + Q(Xa, vXch),

and we getX, gab|p = 0. This yields the first order Taylor expansion

Gab = 5ab + O(|I|2>7

To compute the second order terms, it suffices to compyyte,, atp and polarize. We
compute

X7 gab = 9(Vi, Xa, Xo) + 9(Xa, V. X3) +29(Vx, Xo, Vi, Xo)
Using (1.21) we get

2
X2 gl = 5 9(R(Ee. B) Ee. By).

The formula for the second order Taylor coefficient gy now follows at once.
Similarly, we compute
X3 gab\p = 9(V%.Xa, X3)+39(Vi. Xa. V. X)+39(Vx, Xa, Vi, X0)+9(Xa, Vi, Xo)
and using/(1.22) this gives
X; 9ab|p = (Vi R(Eq, E.) By, E).

the formula for the second order Taylor expansionggrholds at once. !
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Chapitre 2

Constantr-curvature hypersurfaces
condensing along a submanifold

Abstract We are interested in families of constanturvature hypersurfaces, with
curvature varying from one member of the family to another, which ‘condense’ to a
submanifoldk* c M™*! of codimension greater than Two cases have been studied
previously : R. Ye proved the existence of a local foliation by constant mean curvature
hypersurfaces wheR is a point (which is required to be a nondegenerate critical point
of the scalar curvature function) ; i8], R. Mazzeo and F. Pacard proved the existence
of a lamination wher is a nondegenerate geodesic. In this chapter we extend this last
result to handle the general case, wh€érs an arbitrary nondegenerate minimal sub-
manifold. In particular, this proves the existence of constanrvature hypersurfaces
with nontrivial topology in any Riemannian manifold. This new approach is inspired
by some recent work of A. Malchiodi and M. Montenegro in the contex of semilinear
elliptic partial differential equations.

2.1 Introduction

Let .S be an oriented embedded (or possibly immersed) hypersurface in a Rieman-
nian manifold(M™*!, g). The shape operatots is the symmetric endomorphism of
the tangent bundle & associated with the second fundamental forny gfs, by

bS(X, Y) = QS(AS X, Y), VX,Y €TS; here gs = g|TS .

The eigenvalueg; of the shape formds are the principal curvatures of the hyper-
surfaceS. We define the--curvature ofS to be ther-th symmetric function of the
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principal curvatures of), i.e.

O'T(S) = Z Riq -+ R,

i1<---<ir

Observe that when = 1, 1(.5) is equal tom times H (the mean curvature of) and
m(m—1)

when(M™*1, g) is the Euclidean spad®™ !, g..;), 02(2) is equal to™=5— times
the scalar curvature ¢f ando,, is equal to the Gauss-Kronecker curvatureof

In this chapter we are interested in families of constaotirvature hypersurfaces,
with r-curvature varying from one member of the family to another, which ‘condense’
to a submanifold<* ¢ M™*+! of codimension greater than Under fairly reasonable
geometric assumption2§], the existence of such a family implies thatis minimal.
Two cases have been studied previously :Ye [42], [43] proved the existence of a lo-
cal foliation by constant mean curvature hypersurfaces wkid@a a point (which is
required to be a nondegenerate critical point of the scalar curvature function); more
recently, the second and third authc28§] proved existence of a closed lamination by
constant mean curvature hypersurfaces in a neighborhodwhenk is a nondege-
nerate geodesic. In this chapter we extend the result and methods of [28] to handle the
general case, wheR is an arbitrary nondegenerate minimal submanifold. No extra
curvature hypotheses are required. In particular, this proves the existence of constant
r-curvature hypersurfaces with nontrivial topology in any Riemannian manifold.

Let us describe our result in more detail. i€t be a closed (possibly immersed)
submanifold ind/™*!, 1 < k < m — 1, and define the geodesic tube of raditebout
K by

S,:={qge M™": dist(q, K) = p}.

This is a smooth (immersed) hypersurface proviged smaller than the radius of
curvature of K, and we henceforth always tacitly assume that this is the case. The
r-curvature of this tube satisfies

0 (Sp(K)) =Cryp™" +O(p™") as P\ O, (2.1)

wheren = m + 1 — k and hence it is plausible that we might be able to perturb this
tube to a constant-curvature hypersurface with. = C]_, p~". This is not quite true
since ther-curvature ofS, is not sufficiently close to being constant, but wheris
minimal there is a better estimate

UT(8p<K)) =C, 4 p "+ O(Plir) as P\ 0,

Evenin this case, there are other more subtle obstructions to carrying out this procedure
at certain radip related to eigenvalues of the linearized mean curvature operaty; on
which in turn are related to a genuine bifurcation phenomenon, at leastAvhe,
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[28]. Thus we do not obtain existence of the constaciirvature perturbation for every
small radius.

In the case of the mean curvature (i.efHf, our main result is :

Theorem 2.1.1 Suppose thak™” is a nondegenerate closed minimal submanifotd

k < m—1. Then there exists C (0, +00), countable union of disjoint nonempty open
intervals, such that for alp € I, the geodesic tubg, may be perturbed to a constant
mean curvature hypersurfacg, with H = "7*1 p~ L. Moreover, for any; > 2 there
exists ac, > 0 such that

[H'((0,0) N 1) = p| < cqp",

whereH! denotes thé-dimensional Hausdorff measure.

The nondegeneracy condition @0 is simply that the linearized mean curvature
operator, also called the Jacobi operator, is invertible ; this restriction is quite mild and
holds generically45]. As noted above, this result was already known wheno, 1,
but the casé > 1 requires a more complicated analysis. This new approach is inspired
by some recent work of Malchiodi and Montenegro in a somewhat different context
[26], [23]. Let is also mention the related work of Shatah and Zeng on the existence of
periodic solutions for some penalized Hamiltonian system [38].

The hypersurfacé, is a small perturbation of, in the sense that it is the nor-
mal graph of some function (with>™ norm bounded by a constant timg¥ over a
submanifold obtained by ‘translatingd by a section of its normal bundle (with>
norm bounded by a constant time9 ; we refer to §83.1 for the precise formulation of
the construction ob,. When K is embedded, then so are the hypersurfateor p
sufficiently small. In addition, the closure of the union of the hypersurfaces in each of
the families{S,},c;, constitutes a local lamination of some annular neighborhood of
K.

That the construction fails for certain valuesoat related to a bifurcation pheno-
menon. Wherk = 1 the families of surfaces which bifurcate off are (perturbations of)
Delaunay unduloidsli9] ; however, wheik > 2, this bifurcation is only known to exist
in special cases, and the geometry of the surfaces in the putative bifurcating branches
is less clear. In any case, such bifurcations are inherent to the problem and occur also
in [25] and in many other situations. Furthermore, the index of the hypersui$gces
p € 1, tends tot-oco asp — 0.

One way to describe the behavior$fasp tends td) is to consider the associated
area and curvature densitiesgf asp tends to) ; these quantities, properly rescaled,
are extremely close to the corresponding quantitiesfowhich in turn satisfy

PP H™LS, = W HF LK, (2.2)
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and, forallg > 1,
pk,erq |A§p|q H™ Sp N (m _ k,)fI/Q Wk Hkl_ K7 (23)

asp \, 0. Here|Ag|? := Tr((As)! Ag) is the norm squared of the shape operator. From
the explicit estimates in the construction%fone can deduce the2.2) and|(2.3) also
hold whenS, is replaced bys,,.

One can ask whether (2.2) and (2.3) hold for any family of constant mean curvature
hypersurfaces which condense aldiiglt turns out that this is not the case : families
of constant mean curvature hypersurfaces condensing along a nondegenerate geodesic
which do not satisfy2.2) are constructed in [19]. In another direction, it is plausible
that one should be able to construct families of constant mean curvature hypersurfaces
which condense along lower dimensional sets which are still minimal in an appropriate
sense, but with singularities, for example a Steiner tree with geodesic edges. A simple
example of this is whei, is obtained by homothetically rescaling a fixed Delaunay
trinoid in R®. The limit then is a union of three rays meeting at a common vertex,
each ray having an associated density coming from the limiting Delaunay necksize on
that end; each ray is minimal, of course, and, for the construction to hold the entire
configuration has to be ‘balanced’ in the sense that the weighted sum of the vectors
along the rays vanishes.

Keeping these various phenomena in mind, it is an interesting problem to prove
whether our main result has a suitable converse, or if it is possible to characterize the
possible condensation sets of such families of constant mean curvature hypersurfaces.
Let us mention the following results by Rosenberg in this direction :

Theorem 2.1.2[36] There exists a constari{, > 0 only depending on the geometry
of (M, g) such that, ifS is an embedded constant mean curvature hypersurface with
mean curvature greater that, thensS is homologically trivial. Moreover, the distance
from any pointp in the mean convex part éff — S and S is bounded by/H, where

¢ > 0 only depends on the geometry(df, g).

In the next section we calculate the asymptotic expansion of the methi€ mnFermi
coordinates around ; this is applied in the (quite technical) 83 to derive the expan-
sions of various geometric quantities for the tulsgsand their perturbations. This is
used in 84 to obtain the expression for the mean curvature of the perturbed tubes, which
gives us the equation which must be solved. An iteration scheme is introduced in 85
which allows us to find a preliminary perturbation for which the error term is much
better, and estimates for the gaps in the spectrum of the linearization are obtained in
§6; finally, the existence of the constant mean curvature hypersur$geesbtained

in 87.

52



2.2 Expansion of the metric in Fermi coordinates near
K

2.2.1 Fermi coordinates

We now introduce Fermi coordinates in a neighborhood ofor a giverp € K,
there is a natural splitting
T,M =T,K & N,K.

Choose orthonormal basés, e =n+1,...,m+ 1, for I, K, andE;, i = 1,...,n,
of N K.

Notation : We shall always use the convention that indiees, c,d,... € {n +
1,...,m+1},indicesi, j, k,¢,... € {1,...,n}andindicesy, 5,7v,... € {1,...,m+

1}.
Consider, in a neighborhood pfin K, normal geodesic coordinates
fly) =expl (v Ea),  y:= """y,

whereexp” is the exponential map ok and summation over repeated indices is
understood. This yields the coordinate vector fie\ds.= f.(0,.). For anyE € T, K,
the curve

s — vp(s) = exph (sE),

is a geodesic i, so that
VXaXb|p € NpK.

We define the numbeis, by

Vi, Xy|, = I, B;.

Now extend theF; along eachyg(s) so that they are parallel with respect to the
induced connection on the normal bundlé(. This yields an orthonormal frame field
X; for NK in a neighborhood of in K which satisfies

VXaXi‘p & TpK,
and hence defines coefficierts by

Vx, Xil, = Tb; Ey.
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A coordinate system in a neighborhoodpah M is now defined by

F(x,y) = exp%y) (2" X;), (z,y) := (', ..., 2™,y ", ™,

with corresponding coordinate vector fields
X; = F.(04) and X, := F,(0pa).

By construction X, |, = E,.

2.2.2 Taylor expansion of the metric

As usual, the Fermi coordinates above are defined so that the metric coefficients

Jap = g<Xaa Xﬁ)a

equald,g at p; furthermore,g(X,, X;) = 0 in some neighborhood qf in K. This
implies that

X0 9( X, Xi) = 9(Vx, Xp, Xi) + 9(Xs, Vx, Xi) =0,
on K, which yields the identity
e, +It =o. (2.4)
atp.
Denote byl : N,K — R the linear form

() = g(Vg, By,") = —9(Vg, -, By). (2.5)

We now compute higher terms in the Taylor expansions of the functjgnsThe
metric coefficients ag := F(x,0) are given in terms of geometric datgpat= F'(0,0)
and|z| = dist,(p, ).

Notation The symbolD(|z|") indicates a function such that it and its partial derivatives
of any order, with respect to the vector fields andz’ X;, are bounded by |z|" in
some fixed neighborhood of

We begin with the expansion of the covariant derivative :
Lemma 2.2.1 At the point ofy = F'(x, 0), the following expansions hold

Vx, X; = O(z) X,
VXa Xb = FZ(EZ) Xz +O(|[L’|)XA/, (26)
Vx, X; = Vx,X,=-T%E) X, +O(|z]) Xy,

a

54



Proof : Observe that, because we are using coordinate vector fielgsYs = Vx, X,
for anya, 5. We also havé/ x, X |, = 0 since anyX € N, K is tangent to the geode-
sics — exp,’(sX), and hence

Vix, (Xi + X5)|, = 0.

Therefore
(Vx,X; + VXin)\p =0,

and this completes the proof of the first estimate.

We have by construction
Vi, Xo = T Xi + O(|z]) X5,

and
Vi, Xi = Vx, Xo =T, X + O(|2]) X,

The next two estimates follow from the definitionlgf and (2.4). O

We now give the expansion of the metric coefficients. The expansion af; the
i,7 =1,...,n, agrees with the well known expansion for the metric in normal coordi-
nates![39],/116],1456], but we briefly recall the proof here for completeness.

Proposition 2.2.1 At the pointg = F'(z, 0), the following expansions hold

9ij = 0y + 3 9(R(Eg, Ei) By, Ej) % 2" + O(|z]?),

gai = O(|z*),

Jas = Oap — 2T4(E:) 2" + [g(R(Ew, Ba) Ee, Ey) + T4 (Ep) To(E)] 2 2 + O(Jz]?),

(2.7)
where summation over repeated indices is understood.

Proof : By constructiong,s = d, atp, and so
gap = ap + O(|z|).

Now, from
X Gap = g(VXiXO“ Xﬁ) + g(XOH VXiXﬂ)’

and Lemma 2.2/1, we get
Xi gajl, = 0, Xigjel,=0 and X, gal|, =Th +T§ =200,
This yields the first order Taylor expansion

90 = O(2*),  gi; =0y + O(z*)  and  ga = dap + 2T 2" + O(|f).
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To compute the second order terms, it suffices to compit&;, g, at p and
polarize (i.e. replac&;, by X; + Xj, etc.). We compute

Xk Xk Yop = g(v?)(ana Xﬁ) + g(Xow V?X,CXB) + QQ(VXan, VXkXﬁ>' (2'8)

To proceed, first observe that

VxX|, = VXX =0

atp’ € K, foranyX € N, K. Indeed, for alp’ € K, X € N, K is tangent to the
geodesic — expﬁ?(sX), and soV x X = V4 X = 0 at the pointy'.

In particular, takingX = X, + ¢ X, we obtain
0 = Vx,tex; Vxtex; (Xi +X5) p,
equating the coefficient afto 0 givesVx, Vi, Xy |, = —2Vx, Vx, X; |,, and hence
3V, Xj|, = R(Ey, E)) By,

So finally, using!(2.8) together with the result of Lemma 2.2.1, we get

X Xk 945

p

2
The formula for the second order Taylor coefficient ggrnow follows at once.

Recall that, sinceX, are coordinate vector fields, we have from (2.8)
Vi Xy = Vx, Vx X = Vx Vx, X + R(Xy, X,) X
Using (2.8), this yields
X X g = 29(R(Xk, Xo) Xk, Xp) +29(Vx, Xa, Vx, Xp)
+ 9(Vx,Vx, Xi, Xp) + 9(Xa, Vi, Vx, Xi)

Using the result of Lemma 2.2.1 together with the fact fiagtX = 0 atp’ € K for
any X € N, K, we conclude that

Xy Xk gabl, = 2 9(R(Ek, Eo) Ey, Ep) + 2175, T,

and using the definition df? given in 2.5) this gives the formula for the second order
Taylor expansion fop,. O

Later on, we will need an expansion of some covariant derivatives which is more
accurate than the one given in Lem@a.1. These are given in the :
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Lemma 2.2.2 At the pointy = F'(z, 0), the following expansion holds
Vx, Xy = T4(E))X; - g(R(E;, E,) Ej, By) 2 X
+ 5 (9(R(Ea, By) By, Ej) — To(E) TU(E;) — Tg(E;) TUEY)) o' X;
+ O(|z])° X + O(|2[?) X,

(2.9)
where summation over repeated indices is understood.

Proof : We compute
Xi9(Vx, Xp, Xj) = 9(Vx,Vx, X, X;)+9(Vx,Xp, Vx, X))
= g(R(Xi, Xa) Xp, Xj) + 9(Vx,Vx, Xi, Xj) + 9(Vx, X, Vx, Xj).
Observe that, by construction, we have arranged in such a way that
Vi, rex, Xi = (I +eT) Xe,
along the geodesic — exp[* (s(E, + ¢E,)). Hence, along this geodesic
Vierex, Xi = (X + e X0)(T5; + e T5)) Xe + (5 +15) Vipex, Xeo (2.10)
Evaluating this at the pointand looking for the coefficient af , we obtain
(Vx, Vx, Xi + Vi, Vix, Xi)|, = (I Vix, Xe + 17, Vix, Xo)|, € THK.
Hence we get
9(Vx, Vx, Xi, Xj)|, + 9(Vx, Vx, Xi, Xj)|, = TG 9(Vx, Xe, Xj)l,
+ It 9(Vx, X, Xj)|p
Lo T+ T3 Tl
Finally, we use the fact that
9(Vx, Vx, X, X;) = g(R(X, Xo) X3, X;5) 4+ 9(Vx, Vx, Xi, X;)
to conclude that, at the poipt
29(Vx, Vx,Xi, X;)|, = 9(R(Ea, Ey) Ei, Bj) + Tgy T, + T4, T,
Collecting these estimates together with the fact ¥at.X;| = 0 we conclude that
2X; 9(Vx, Xo, Xj)|, = —29(R(Ei, Ey) Ej, Ey)+9(R(Ea, Ey) By, Ej)+1, L} +T5 15

This, together with the fact that; = d;; + O(|x|)?, easily implies[(2.9). O
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2.3 Geometry of tubes

We derive expansions agtends td) for the metric, second fundamental form and
mean curvature of the tub&s, and their perturbations. This is an extension of the
computation in/[28].

2.3.1 Perturbed tubes

We now describe a suitable class of deformations of the geodesic$ybdspen-
ding on a sectiop of NK and a scalar functiom on the spherical normal bundle
SNK.

Fix p > 0. It will be convenient to introduce the scaled variaple: y/p; we also
use a local parametrization— O(z) of S"~'. Now define the map

G(2,9) = F (p(1 + w(2,9)) O(2) + 2(p7), p7),
and denote its image by,(w, ®), so in particular
S,(0,0) = S,.
Notation : Because of the definition of these hypersurfaces using the exponential map,

various vector fields we shall use may be regarded either as fields Alargalong
S,(w, ®). To help allay this confusion, we write

=P E, ®, := 0y ¥ B}, Dy i= 0yaOyp ¥ E,
0 :=0’E;, 0, := 0.6/ Ej.
These are all vectors in the tangent spégk/ at the fixed poinp € K. On the other
hand, the vectors . .
V.= ¢/ Xj, \I/a = 8ya P’ Xj,
T .= @ij, Tz = 8Z¢@ij,
lie in the tangent spacE, M, ¢ = F(z,y).
For brevity, we also write
wj = 0w, W = Ogaw, Wy = 0, 0w,  Wgp 1= Oge Opw,  Wgj 1= Oga O5w.
In terms of all this notation, the tangent spac&tow, ®) at any point is spanned
by the vectors
Z] — G*(azj) -
Za == G*(afa) -

p(1+w) Y, +w; T), j=1....,n—1,
(2.12)
p (X +wz T+ V,), a=n+1,...,m+ 1.
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2.3.2 Notation for error terms

The formulas for the various geometric quantitiesSpfw, ®) are potentially very
complicated, and so it is important to condense notation as much as possible. Fortuna-
tely, we do not need to know the full structure of all of these quantities. Because it is so
fundamental, we have isolated the notational conventions we shall use in this separate
subsection.

Any expression of the formi(w, ®) denotes a linear combination of the functions
w together with its derivatives with respect to the vector figlds, and.X; up to order
2, and®’ together with their derivatives with respect to the vector figlgsip to order
2. The coefficients are assumed to be smooth functionS/8# which are bounded
by a constant independent pin the C*> topology (i.e. derivatives taken with respect
to X, and.X;).

Similarly, an expression of the for@(w, ®) denotes a nonlinear operator in the
functionsw together with its derivatives with respect to the vector figld§, and X;
up to order2, and®’ together with their derivatives with respect to the vector fields
X, up to order2. Again, the coefficients of the Taylor expansion of the corresponding
differential operator are smooth functions 8V K which are bounded by a constant
independent op in theC* topology, andy which vanishes quadratically &b, ®) =
(0,0).

In order to keep notations as simple as possible in the technical proofs, we will use
the condensed notatioisand( instead ofL(w, ®) andQ(w, ).

Finally, any term denote®(p?) is a smooth function o8 NV K which is bounded
by a constant by a constant timesin the C> topology.

2.3.3 The first fundamental form

The next step is the computation of the coefficients of the first fundamental form
of S,(w, ). We set

q:=G(z,0)=F(p(1+w(z0))0(z) + ®(0),0)
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andp := G(0,0). We obtain directly from (3.2!4) that
9(Xa, X)) = by —2pT5(0) + O(p?) — 215 (@) + p L(w, @) + Q(w, ©),
9(Xi, X)) = 0+ 5 g(R(O,E) 0, E) + 0(p*),
+ £ (9(R(O, E;) @, Ej) + g(R(, E3) ©, Ej)) + p* L(w, @) + Q(w, @)

9(Xi, Xa) = O(?) +pL(w, @) + Q(w, P).
(2.12)

We now explain a simple argument which will be frequently used throughout the
chapter. Using the previous expansions, we compute

g(T, T]) = 9(67 ®J> + %2 g(R(@v @> @7 @]) + O(p3)
+ £(9(R(©,0)2,0;) + g(R(®,0)0,0;))+ p?> L(w, ) + Q(w, ®).

However, whenv = 0 and® = 0, (T, T;) = 0 sinceY is normal and[ ; is tangent to
S,(0,0) then, so that the sum of the first three terms on the right, which is independent
of w and®, must also vanish. This, together with the fact tha©, ©) = 0 implies

that

g(1,T;) = gg(R(CI), 0)0,0;) + p* L(w, ®) + Q(w, ®) (2.13)

Using similar arguments, we have
g1, T) = 9(0,0)+ 5 9(R(6,6)0,8)) +O(p")
+ 2(9(R(©,0)®,0) +g(R(2,0)0,0)) + p? L(w, &) + Q(w, ).
This, together with the fact thg{ T, T) = 1 whenw = 0 and® = 0, yields
g(1, ") =1+ p* L(w,®) + Q(w, ). (2.14)

Using these expansions is is easy to obtain the expansion of the first fundamental
form of S,(w, ®).

Proposition 2.3.1 We have

p29(Za, Z3) = dap—2pT5(0) +O(p?) = 2T5(®) + p L(w, @) + Q(w, D),
p29(Zas Z;) = O(p?) + L(w, @) + Q(w, ®),

p29(ZiZ;) = 9(6:,0;) + 5 g(R(©,6,)0,0;) + O(p") +2¢(6,,0) w,

where summation over repeated indices is understood.
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2.3.4 The normal vector field

Our next task is to understand the dependencéw®) of the unit normalV to
S,(w, ®). Define the normal (not unitary) vector field

1 .
N:==-"T+—-(a' Z; + p* Za),
P

where the coefficients’ and“ are chosen so tha is orthogonal to all of theZ; and
Z;. The unit normal vector field,(w, ®) is defined by

\ >,

N =

=

We have the following :

Proposition 2.3.2 With the above notations, the coefficientsare solutions of the
system

g(®l> ®j) Oéj = wz+§g(R<qD7 6) @7 61)+p2 L(U}, CI))—FQ(%U, CI))> i = 17 s 7n_1>

where summation overis understood, and the expansion of the coefficights given

by
B* = wa + 9(P4, ©) + p L(w, ) + Q(w, ).

Finally )
INI™H =14 p° L(w, ®) + Q(w, D).

Proof : We look for coefficients’ and3* so that thatV is orthogonal to all of the7;
andZ;. This leads to a linear system faf and3°.
We have the following expansions
9(Y.Za) = pwa+pg(2a,0)+p*L+pQ,
, (2.16)
9(Y,Z;) = pwj+ 5 g(R(2,0)0,0;)+p’L+pQ.

These follow from|(2.12),/(2.1.3) and (2:14), together with the fact §&t Z,) = 0
andg(Y, Z;) = 0 whenw = 0 and® = 0.

Using Proposition 2.3!1, we get with little work the expansions for ttand the
systemo’ satisfy. Collecting these, the estimate for the normVdbllows at once.[]
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2.3.5 The second fundamental form

We now compute the second fundamental form. To simplify the computations be-
low, we henceforth assume that, at the péhit) € S,

g(@z,@J) :52'3', and v@-@j =0,, 7,7=1,...,n—1, (217)

k3

(whereV is the connection o’ 5™ 1).
Proposition 2.3.3 The following expansions hold

p29(N,VzZ:) = —T4(0O)+pg(R(O,E)O, E,) + pTg(0)Te(O) +O(p?)
— Lug — 9(®0, ©) + g(R(D, E,) ©, B,) + T5(0) T¢(®) + w, T4(6;)
+ pL(w, @)+ Qw, ®),
p 29N, Vz,Zy) = L +5p9(R(0,0;)0,0;)+0(p?)
— Swi+ w3 g(R(P,0;)0,0;)
+ pL(w, @)+ Qw, ),
p 29N V2 2Z) = —T4(0) = swz +O(p) + L(w,®) + ,Q(w,®),  a#b,
p29(N.Vz.Z;) = O(p)+ 5 L(w,®) + - Q(w, P),

/0_29<N7VZiZj) = O(p)_"%L(qu})_‘_%Q(wv@)v i # 7,
(2.18)
where summation over repeated indices is understood.

Proof : Some preliminary computations are needed. First note that by Le2rxh

we have
Vx, Xo = TYUE)X; 4+ (O(p)+L+Q)" X,

Vi X, = (O(p)+L+Q) X, (2.19)
Vx, Xi = —TUE) X, +(0(p) + L+ Q) X,.

a

In particular, this, together with the expressionff implies that
VzXe = pTh(E) X+ (0(p*) +pL+pQ) X,,

(2.20)
VzXi = —pTh(E) X, + (O(*) +pL+pQ) X,.

a
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We will also need the following expansion which follows from the result of Lemmal2.2.2

VXaXb = +Fb(E])X]—g(R<,0@+CI),Ea)E]7Eb)X]

+ 5 (9(R(Ea Bb) p© + @, ;) = T(p© + @) TY(E;) — T2(p© + @) T5(E)) X;

+ (O(p)+L+Q)X.+(0(p*)+pL+Q)X;.
(2.21)
Finally, we will need the expansions
g(V, X)) =pL+Q, and ¢(Y,Y,)=pL+Q, (2.22)

whose proof can be obtained as in 83.2, starting from the estimates (2.12) and using
the fact thay (Y, X,) = ¢(Y,Y;) = 0 whenw = 0 and® = 0.

Observe thatitis enough to get these expansions Wwhisrreplaced byV and then
multiply the expansion by the expansion|af|~! which is given in Propositio2.3.2.

First estimate : We estimatey(N, V. Z;) whena = b since the corresponding es-

timate, whena # b is not as important and follows from the same proof. We must
expand

p 29N, V2, Za) = p' (g(N, VzaXa) + g(N, V7, (ws 1)) + g(N, Vza‘lfa)> ~

The proof is this estimate is broken into three steps :

Step 1 :From Propositioi.3.2, we get

. 1 .
g(N,T)=—g(Y,T) + ; (@ 9(Z;,0) + B 9(Za, X)) = =14+ p* L+ Q.
SubstitutingN = —T + (N + T) gives
. 1 .
g(N7 vZaT) = _5 a@“g(Ta T) + g(N + Tu vZaT>'
But it follows from (2.14) that
aﬂ"’ g<T7 T) = pSL +pQ,
and (2.20) together with the expression'dimplies that

g(N+T,VY)=pL+pQ.
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Collecting these estimates we get
Hence we conclude that

g(]\Nf,VZa(w(—l 1)) = w(—u—lg(N, T) +wag(]\~f,VZaT) = —wgz + Q.

Step 2 :Next,
Q(N, VZ@\I[a) - PQ(N’ \I/aa) + (I)ég(N7VZa XJ)

From (2.20), we have o
®I g(N, V2 X;)=p*L+pQ.

Also, using the decomposition of and 2.12), we have
Q(Nv Vo) = —9(T, Vaa) + Q(N + T, Vo) = —9(0, Pag) + p2 L+ Q.
Collecting these gives

g(vaza\Ija) = _pg(q)aaa@) +p2L +pQ

Step 3 :ExpandingZ; gives
9(N,V2.X.) = p(g(N,Vx,Xo) + wa (N, VrX,) + ® g(N,Vy, Xp)). (2.23)
With the help of(2.19) and (2.22), we evaluate
g(N,VxX,) = O(p)+L+Q,
9N, Vx,Xo) = O(p)+L+Q,
g(N+ T, Vi, Xa) = o/T5(6;)+pL+Q,
and plugging these into (2.23) already gives
9(N,Vz,Xa) = =pg(T,Vx,Xa) + pa; T5(0,) + p* L+ p Q.
Using (2.21) we get the expansion
Vx, Xa = T3(E})X;—g(R(pO + @, E,) Ej, Eq) X; —T5(p© + @) I'2(E;) X;
+ (Op) + L+ Q) X+ (0(p*) +p L+ Q) X;.
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Finally, using (2.12) again together with the fact that= w; + p L, we conclude that
9(N,VzX,) = —pTa(©)+p*g(R(O,E,) 0, E,) + O(p*)
+ pg(R(®,E,) 0, E,) + pTi(p© + ®)TO) + pu, T4 (0;)
+ PP L+pQ,

which, together with the results of Step 1 and Step 2, completes the proof of the first
estimate.

Second estimate We estimatey(V, V2 Z;) wheni = j since, just as before, the
corresponding estimate, wheén# j is not as important and follows similarly. This
part is taken directly from28]. Recall that

. 1 .
N: —T—{—;(CX]Zj—{—ﬁaZa),
Now write
Q(NaVZ]ZJ) = _g(VZjN7 Z])

= 9(Vz Y, Z;) — 5 9(Vz,(a' Zy), Z;)

— 58920V 2,Z5) + 5 0.5 (B Za, Z))
Step 1: We compute

1
g(Za7 ijZj) - ayj (ZEH Z]) - g(Zjv VZjZ&) = ayj (Zfba Z]) - 5 aga g(Zja Z])a
and by (2.15), we can estimate
9(Za;V 2,25) = O(p") + p* L+ p* Q.

Hence we already obtain

1
S5 9(Za;V 2,Z5) = p* L+ pQ.

Step 2 : Next, using the expansion given in Proposition 2.3.2 together with/(2.15), we

find that
1

p 9(8° Za, Z;) = p° L+ p Q.

Step 3 : We now estimate
C .= 29(VZ].T, ZJ)
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It is convenient to define
2
C'= H—wg<vzj(1 +w) T, Z;),

It follows from (2.16) that
C=C"+pQ,

hence it is enough to focuss on the estimaté”oflo analyze this term, let us revert for
the moment and regardand® as functions of the coordinatés, ) and also consider
p as a variable instead of just a parameter. Thus we consider

F(p,z,9) = F(p(1+w(z,7)Y(2) + ®(t7), 7).

The coordinate vector fields; are still equal toﬁ*(azj), but now we also havél +
w)Y = F,(d,), which is the identity we wish to use below. Now, froth15), we write

1 1

C'= H—w g(vv(u—w)r Zj7 Zj) 1 L ﬁg<Zj’ Zj)'

B 14+w
Therefore, it follows from((2.15) in Proposition 2.3.1 that

C = 20,00°9(0;,0;) + 3" 9(R(©,0;)0,0;) + O(p°)
2p°9(0;,0;)w+ 3 p*g(R(©,0;)®,0;) + p* L+ p* Q] + pQ
= 1209(0;5,05) + 5 0° 9(R(©,0,) ©,0;) + O(p*)
4p9(0;,0;)w+2p°g(R(O,0;)2,0;) + p* L + p Q)]

= 2pg(0;,0;) + 30’ 9(R(0,0,)0,0;) + O(p")

+ 2wg(0;,0;)p+2p*g(R(0,0;)®,0;)+p* L+ pQ.

+

+

Step 4 : Finally, we must compute
D = g(Vgy(a'Z), Z;)
= 9(Z,Z;) 050" +a'g(Nz 2, Z;)
= 9(Z;,Z;) 00" + 100, 9(Z;, Z;)

Observe that (2.17) implies
(9zjg(@i, @j/) =0

at the pointp. Using this together with2.15) and the expression for thé given in
Propositiori2.3.2, we get

a0, 9(Z;,Z;) = p* L+ p* Q.
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It follows from (2.15) and the definition af’ again that
9(Zi, Z;) 0.0a" = p* 9(64,0;) 00 + p* L+ p* Q.
Therefore, it remains to estimag€o;, ©,) d.;a". By definition, we have

9(0:.6)) 0" = w; + £ g(R(2,0)0,0,) + p* L+ Q.

Differentiating with respect te’ we get
(9(61,0;) 00 + 0 0.,g(0:,0,)) = wy; + £ 0., g(R(,0)0,0,) + > L+ Q.

3
(2.24)
Again, it follows from (2.17) thab.. g(©;, ©;) = 0. Moreover this also implies that,

Ve, 0 =0, and Vg, 0; =a;0,
for somea; € R. Therefore, we have
9(R(®,0) Ve,0,6;) = g(R(®,0)8;,0;) =0,
and
9(R(®,0)06,Ve,0)) =a;g(R($,0)6,0) = 0.
Inserting these information into (2.24) yields

9(0:,0;) 00" = wj;+ 5 9(R(®,0;)0,0;) +p* L+ Q.

Collecting these estimates, we conclude that

3
D = pwy; + 5 g(R(9,6,)0,6,) + p L+ p*Q.

and with the estimates of the previous steps, this finishes the proof of the estimate.

Third estimate : Decompose
1

;g(N> vZaZj) = g(Na T]) w6+g(N7 T) w6j+(1+w) g(N7 VZaTj>+wj g(N7 VZ;ZT)-
As above we use the expressionfgiven in Propositiof2.3.2 to estimate
Similarly

g(N,T)=—-1+L+Q.
But now, by (2.20), we have
9(N, V2, T;) =0 +pL+pQ,
and, as already shown in the first step of the proof of the first estimate
g(N,Vz, 1) =pL+Q,
and the proof of the estimate follows directly. OJ
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2.4 The mean curvature of perturbed tubes

Collecting the estimates of the last subsection we obtain the expansion of the mean
curvature of the hypersurface,(w, ®). In the coordinate system defined in the pre-
vious sections, we get

pmHw,®) = n—1—plYyO)
+ (9(R(©, E,)©,E,) + 1 g(R(©, E;) ©, E;) = I'¢(0)I'%(0)) p*+ O(p®)
(10aa + Ao+ (0 — 1)) — 29 T(O) gy + pTO,) wy

— p9(Pua, ©) + pg(R(E,, @) Eq, ©) — pTe (@) TE(O) + p? L((w, <1>)) +Q(w, ®),
2.25
where summation over repeated indices is understood. We can simplify this rather
complicated expression as follows. First, note that

K minimal — re =0,

a

where summation overis understood. Next, define
Ep == (p2 AK + Asnfl + (n — 1)) s (226)

as an operator on the spherical normal bunglé K" with the expression (2.49) in
any local coordinates. Also, the Jacobi (linearized mean curvature) operatét,igor
defined by

Ji=-AV RN - BY, (2.27)

cf. [15]. To explain the terms here, recall that the Levi-Civita connection foduces
not only the Levi-Civita connection oR’, but also a connectiok”” on the normal
bundleN K. The first term here is simply the rough Laplacian for this connection, i.e.

AN = (VN VN = VX VY~V

in the coordinates we have chosen. The second term is the contraction (in normal di-
rections) of the curvature operator for this connection :

RN .= (R(E,,-) E,)",
whereFE, is (any) orthonormal frame fdF K. Finally, the second fundamental form
B:T,K xT,K — N,K, B(X,)Y) = (VXY)N, XY eT,K,

defines a symmetric operator
BY .= B'. B;
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in terms of the coefficients® := B(E,, E),
g(BY X,Y) = Ig(X) T3 (Y).
where summation over repeated indices is understood. We also use the Ricci tensor

Ric(X,Y) = g(R(X,E,)E,.Y), X,Y € T,M.

Finally, we introduce the operator
9(-,B) o Vi = g(-. B(E4, E4)) (VE, Vi, — Vv, B,)7)
in the coordinates we have chosen and the quadratic form

Q) = =2 g(RY ) + 5 Riel, ) + g(B". )

acting onV, K. In terms of all of these notations, we have the

Proposition 2.4.1 Let K be a minimal submanifold. Then the mean curvatufg,ob, ¢)
can be expanded as

pmH(w,®) = (n—1)—Q(0,0)p"+ 0(p’)
+ L,w+pg(JP,0)—2p%g(0,B)o Viw (2.28)
+ P2 L(w,®) +Qw, P).

The equatiowm H = n — 1 can now be written as

Low+pg(3P,0)=0Q(0,0)p*+0(p*) +2p° (0, B) o Vi w + p* L(w, @) + Q(w, ).
(2.29)

2.4.1 Decomposition of functions orb N K

Before proceeding, we now state more clearly our notation for functiods\oR .

Let (¢;, A;) be the eigendata & s.-1, with eigenfunctions orthonormal and coun-
ted with multiplicity. These individual eigenfunctions do not make sense on all of
SNK, but their span is a well-defined subspate- L?*(SNK); thusv € S if its
restriction to each fibre df N K lies in the span of ¢4, . . ., ¢, }. We denote byl and
I1+ the L? orthogonal projections af?(SN K) ontoS andS+, respectively.
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Now, given any function € L?(SNK), we write
Mv=g(®,0), II'v=puw,

so that
v=pw+g(P,0),

here® is a section of the normal bundlé i, and the somewhat elaborate notation in
the second summand here reflects the fact that any elem&miaof be written (locally)
as the inner product of a section &fK and the vecto®, whose components are the
linear coordinate functions on eaéfti—. We shall often identify this summand with
®, and thus, in the followingw and® will always represent the components:oin

St andS, respectively.

Later on we shall further decompose
w = wy + wi, (2.30)
wherewy is a function onk and the integral ofv; over each fibre o6 VK vanishes.

Note that the operator
J:v—g(3P,0),

defined forv = ¢g(P, ©), preservesS and is invertible sincés is a nondegerate mini-
mal submanifold.

2.5 Improvement of the approximate solution

The first important step in solving (2.29) is to use an iteration scheme to find a
sequence of approximate solutions®, ) for which the estimates for the error
term are increasingly small. Namely

pm Hw®, &) =n — 14+ O(p™3),
foralli > 1.

Letting (w®, @) = (0,0), we define the sequen¢e V) o(+)) ¢ St & S
inductively as the unique solution to

Low™D + pg(Foith @) = Q0,0)p*+ 0(p?) — p? Agw® +2p3 g(0, B) o VZw®

+ P L, 80) + Qu®, 00),
(2.31)
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here
Lo:=—(Agn-1+ (n—1)).

Observe, and this is the key point, that the operatgracting on functions has been
moved to the right hand side and hence, the operator on the left hand side is not elliptic
anymore. This equation becomes simpler when divided int8-itandS components.

Thus using that’, annihilatesS and

Q(0,0) c S,
since it is quadratic i, (2.31) can be rewritten as the two separate equations :
Low™) =TI+ (Q(@, 0)p% + O0(p®) — p* Agw + 2 p3 g(0, B) o V4w

+ p? Lw®, %) + Qw®, d@))
(2.32)

and
g(IdHY 0) = II (O(p?) + 2p* 9(, B) o Vw

+ pLw®, @) + p Qw™, o)),

sincell (Axw) =0forallw € S.

That there is a unique solution now follows directly from the invertibility of the
operators/ onS and£, on S+, so the only issue is to obtain estimates.

Lemma 2.5.1 For this sequencéw®, ®@)), we have the estimates
w® =0(p?), o =0(p?),
w(i+1) . w(z‘) — O(pz‘—i—?’)) (I)(i—i-l) o cb(z‘) _ O(pi+2),

forall 7 > 1.

Proof : The estimates fofuw("), (1)) are immediate, and the result for- 1 is proved
by a standard induction using the general structure of the opetiatmmd (). O

As already mentioned, the operator in the right hand side of(2.32) is not elliptic
sinceL, acts on functions defined o¥V K and L, does not involve any derivatives
with respect tg,”. Nevertheless, since we are working with functions jithe equation

LOw:f7

can always be solved for any € S (we have in mind that this equation is solved
on each fiber ofVK with the base point as a parameter), but without any gain of
regularity in they® variables and in fact there is a "loss" of two derivatives inghe
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variables at each iteration. At first glance, it would have been more natural to work
with the operatolC,, which is elliptic, and solve the equation

L,w=f,

but the operatof , has the disadvantage to have a nontrivial kernél @ach time”p;z1
belongs to the spectrum efA . This implies that the corresponding iteration scheme,
using the operataof , instead ofC, does not work for any value @f In addition, even

if 2= is chosen not to belong to the spectrum-ak x, the norm of the inverse of,,
willpblow up asp tends to0 and hence the estimates oy and®; will not be as good

as the one stated in Lemr@ab. 1.

To conclude, the use of the iteration scheme (2.31) allows one to improve the
approximate solution to any finite order. Observe that the €Xér, ©) p? + O(p?)
in (2.31) is smooth in thg® variables and hence loosing finitely regularity in these
variables is not a real issue.

Finally, replacing(w, ®) by (w® + w, ®® + ®) in (2.29), the equation we must
solve becomes

(2.33)
This is of course simply the expansion of the equation

n—1
P
The linear and nonlinear operatats and ), appearing in this equation are different

from the ones before, but enjoy similar properties, uniformly.iffthe indices are
here to remind the reader that these quantities depend on

m H(w +w,®9 + &) =

2.6 Estimating the spectrum of the linearized opera-
tors
We now examine the mapping properties of the linear operator
(10,0) = = £, + 93 9,0) =20°9(0, B) o Vicw + pLi(w, ) (2:34)
which appears in (2.33). This is not precisely the usual Jacobi operator (applied to the
function pw + ¢(®,©)), because we are parametrizing this hypersurface as a graph

overS,(w'®, &) using the vector field-T rather than the unit normal.
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To understand the difference between (2.34) and the Jacobi operator, recall that if
N is the unit normal to a hypersurfageand N is any other transverse vector field,
then hypersurfaces which afé close toX can be parameterized as either

ZSQHGXP(]]\/[(UN) or EBQHexpy(@N).
The corresponding linearized mean curvature operatgrs andLLy, 5; are related by
Ly 59 = Len(9(N,N) 9) + m (NT Hy) 9,

here N7 is the orthogonal projection a¥ onto Y. Sincely y is self-adjoint with
respect to the usual inner product, we conclude thay; is self-adjoint with respect
to the inner product

(v,0) ::/vv/g(N, N) dvols..
%
Now suppose thab = S,(w® &) and N = —T. From Lemm&2.5.1 and
Propositior2.3.2 we have
g(N,=T) =1+ 0(p").

Furthermore, from Proposition 2.3.1 and Lemma 2.5.1, and the fackti@minimal,
the volume forms of the tubes,(w®, ) andSN K are related by

dvolg () o) = pn=1)/2 (14 O(p*)) dvolsn -
We definec,; > 0 by
g(N,=T) dvolg () a0y = ptn= b2 Cpyi AvolsN - (2.35)

and the operator
1
L,iv:=c,; (; L,w+g(JP,0)— 2% g(0, B) o V3w + p Li(w, @)) ,

where we have decomposed as usuat pw + g(®,©). Thanks to[(2.35), we can
write

1 _
L,;v= ;Epw +g(3®,0) —2p*g(0, B) o V3w + p Li(w, ), (2.36)

whereL; enjoys properties similar to the one enjoyed/hy
Finally, multiplying (2.33) byc,,; gives one further equivalent form of this equa-
tion,

) 1 - 1
Lo = O + -G, (—H%, m) | (2.37)
p ' \p
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where the nonlinear operator on the right has the same properties as before.

Associated td., ; is the symmetric bilinear form form

Cpi(v,0') := / vL, ;v dvolsyr,
SNK
and its associated quadratic fo@) ;(v) := C, (v, v).

We shall study these forms as perturbations of the model forms

CO(U,'U/> = — /SNK w/ (,02 AKU} + Asnfl’w + (n - 1) w) dUOlSNK

Wn—1
+

/ g(IP, D) dvoly,
K

n

and associated quadratic for@y(v) := Cy(v, v), wherew,,; = |S"!| is the volume
of S"~1. Observe that

/ g(q),@)2dU0lSNK = Wn—l/ |CI)|2 dUOlK.
SNK n Jk

To make precise the sense in whi¢h and Q,; are close, define the weighted
norm

oliZ = / kP Vsl o) dvolsc+ /K (IV @ +|[?) dvols.

and also
loll2, == / fwf? dvolsyi + / B2 dvol.
i SNK K

Using (2.35) and the properties bf, we have the important :
Proposition 2.6.1 There exists a constant> 0 (independent of) such that

1Co.i(v, ) = Colv, V)| < cpllvllay 1]l my- (2.38)
Proof : This estimate arises from the factthag p g(©, B)oV2.w+L;(w, ®) certainly

involves terms of the form, p Oyaw, p 0ye 0, pw, J,w, 9,0, w and alseb’, d,. 7 and
0,0, ®7. Hence, after integration by parts,

/ (—2p9(0, B) o Viw + Li(w, ®)) (pw' + g(®',0)) dvolsyr,
SNK
can be bounded by a constant timeg .1 [|v/|| 2. O
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2.6.1 Estimates for eigenfunctions with small eigenvalues

We prove that eigenfunctions &f, ; corresponding to small eigenvalues are loca-
lized in the sense that they are essentially functions defindd.on

Lemma 2.6.1 Leto be an eigenvalue df,; andv = pw + g(®, ©) a corresponding
eigenfunction. There exist constants, > 0 such that ifio| < ¢y, then

v — pwallly < cplloliy.

forall p € (0,1), wherew = wy + w; is the decomposition from (2.30).
Proof : For anyv’ = pw' + g(®’, ©), we have

Cuv,v)) = o / (Pw! + 9(®,0)g(¥,0)) dvolsyi
SNK

= o pzww’dvolgNKjLan*l /g(@,@’)dvolK.
SNK n K

In addition, (2.38) gives

/ (P* Vgw Vgw' + Vegn1wVgnaw' — (n— 1+ 0 p®)ww') dvolgng
SNK

Wnp—1

< cpllollm [[v']|m-
(2.39)
Step 1: Takew’ = 0 and®’ = o+ (resp.®’ = &) in (2.39), whered™ (resp.®™)

is the L? projection of® over the space of eigenfunctions pfassociated to positive
(resp. negative) eigenvalues. This yields

n

/K(g({ﬁ), ') — 7 g(P, D)) dvolg

< cplvlla 9(2*, ©) ;.

/K(gm)’ ©%) — 0 g(®,®T)) dvoly

SinceyJ is invertible, there exists; > 0 such that

)

2¢ ||9(@i7@)||%1; < ‘/ g(3P, dF) dvoly
K

hence
(2c1 — |o]) [lg(@*, Oz < cpllvliz.

Assumingc; > |o|, we conclude that

lg(@*,0)[1%: < cpllolly,
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Step 2 : Now use 2.39) with®’ = 0 andw’ = w; to get

<cpllollm lpwilm-

/ (P? |Vrwi|* + |[Vgnrwi ] — (n — 1 — 0 p?) |w1]?) dvolsnk
SNK

However, since
[Mw; =0 and / wy dvolgn—1 = 0,
Snfl

we have

|V gn1w1|* dvolgn—1 > 2n / |w:|? dvolgn-1,

gn—1 Sn—1

hence

1
/ (P |V wn |[* + 5 [V gn-rwn|* + (1 = |o] p?) [wn [*) dvolsnic| < cpllvllmy [lpw:lmy.
SNK

This implies that

lpwilZy < cp vl

forall p € (0,1), provided|o| < 1/2. This completes the proof if, = min(c,1/2),
sincev — pwy = pwy + g(P, O). O

2.6.2 Variation of small eigenvalues with respect tp

We shall need to obtain some information about the spectral gaps;ofhenp
is small, and to do this, it is necessary to understand the rate of variation of the small
eigenvalues of this operator.

Lemma 2.6.2 There exist constants, c > 0 such that, ifo is an eigenvalue of.,;
with |o| < ¢, then
pd,o>2(n—1)—cp,

providedp is small enough.
Proof : There is a well-known formula for the variation of a simple eigenvalue

d,0 = / v (0,L,;) vdvolsyk,
SNK

wherelL, ;v = o v, is normalized by|v| .2 = 1. Here, by definition,

o3 = / v? dvolgn -
SNK
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Complications arise in the presence of multiplicities, but a result of Kato [14] shows
that if one considers the derivative of the eigenvalue as a multi-valued function, then
an analogue of this same formula holds for self adjoint operators :

0,0 € {/ v (0,L,;) vdvolsni : L,v=ov, |||z = 1} )
SNK

Hence we must provide bounds for the set on the right. We do this by comparing to the
model case and using the bounds for eigenfunctions obtained in the last subsection.

Assume thaL, ;v = o v, but rather than normalizing the functiorby ||v|| 2 = 1,
assume instead thab||;; = 1. In order to computé, L, ;, recall that

w=p 'ty andthat ¢(J®,0) =1Iv,
SO we can write
1 _
Lpiv = —Ag (II" )+ Lo (T v)+H1o—2p g(©, B)oVi (IIT v)+p Li(p~ v, I v).
P
Sincell andII+ are independent of, we have

2 ~
OpLpiv = 5 Lo (IT"v) = 29(0, B) o Vi (IT"v) + Li(p~" o, Iv),

where the operatak; varies from line to line but satisfies the usual assumptions. This
now gives

2
/ 0 (9,Lys) v dvolsni — = / ([Vnrw]2 — (n — 1) [w]?) dvolSNK‘ < |l
SNK P JSNK s
(2.40)

Now, if v is an eigenfunction at., ;, we have

Pt

Wiy
Quitw) = ool = [ gl dvoloyi + 02 [ (0 duoli

SNK

and hence by (2.38),

/ (P? |Vrw* + |[Vgnaw|* — (n — 1+ 0 p?) |w|*) dvolsnk
SNK (2.412)

Wn—1

| (6602.9) + 0.9(8,0)) dvolic| < ol
K

n
By Lemma 2.6.1, if we assume that| < ¢, and if, as usual we decompose=
pw+g(®,0), we get

/ |V gnw|® dvolgy i +/(|ch1>|2 + @) dvolg < cpl|v|3n,  (2.42)
SNK K P
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(observe thaV gn—1w = Vgn—1w, if w is decomposed as = wy + w; as usual) and
inserting this in2.41) gives

<cplll,. (2.43)

/ (P* |Vxw|® — (n — 14 0) |w|*) dvolgy
SNK

Adding these last two estimates now implies that

ol < colllly +c [ doolsxs
SNK

Thus, wherp is small enough,
loliy < [ wtdvolswic < clol <
g SNK P
if we normalizev by [|v[|z = 1. From (2.42) again
/ |V gn1wl® dvolsni + / (|Vg®|* + |®|?) dvolx < cp.
SNK K

Inserting this into/(2.40), and using again thati ;> = 1, we get

2
/ v (0,L,;) vdvolgng — — (n — 1)‘ <c (2.44)
SNK P
for all eigenfunctiorv such thatl, ;v = o v which is normalized byjv|[;z = 1.

This already implies tha,c > 0 for p small enough. But observing that we
always have|v||2 < |[v|[zz, we conclude that

inf / v(0,L,) vdvolsyx > inf / v (0,L,) vdvolsyk,
SNK SNK

Lpv=owv Lpv=ocwv
[oll L2=1 ol 2 =1

and (2.44) implies that
2
0,0 > ;(n—l)—c.

This completes the proof of the result. O

2.6.3 The spectral gap ab of L,

We can now prove a quantitative statement about the clustering of the spectrum
atoof L,; asp \, 0. The ultimate goal is to estimate the norm of the inverse of this
operator, but by self-adjointness, this is equivalent to an estimate on the size of the
spectral gap ai.
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Lemma 2.6.3 Fix anyq > 2. Then there exists a sequence of disjoint nonempty open
intervalsl, = (p; , p; ), p7 — 0 and a constant, > 0 such that whep € 1 := U,I,,
the operatorL,, ; is invertible and

(L,:) ' : L*(SNK) — L*(SNK),
has norm bounded by, p=%~2*! uniformly inp € I. Furthermore/? := U, I, satisfies

[H'((0,p) N I%) —p| <cp?’,  p\ 0.

Proof : An estimate for the size of the spectral gap & related to the spectral flow
of L,,, and so it suffices to find an asymptotic estimate for the number of negative
eigenvalues oL, ;. Define the two quadratic forms

Q*(v) = Qo(v) &7 p [lvllzy-
From (2.38), ify > 0 is sufficiently large, then
Q<Q,; <9,

and this will give a two-sided bound for the index @f,;, i.e. the dimension of the
largest space wheig, ; is negative.

Given any functiono defined onSN K, we write

D (w) = (1i7p)/p2|VKw]2dvolSNK—(n—1:F7p)/ lw|* dvol,
K K

(0* |V kw]*+|Vgn-1w]?) dvolsy x —(n—157 p) / |w|? dvoly,
SNK

D (w) = (17 p) /

SNK
and finally, we define

DE(®):= —(1£~p) /1(9(3 O, D) dvol.

With these definitions in mind, we have

Wn—1

Q*(v) = wn1 Dy (wo) + Dy (wy) + D*(®),

if we decompose = pw + g(®, ©) and further decompose = w, + w; as usual.

79



If 1 —~p > 0, then the index o= is equal to the index of the minimal subma-
nifold K, and hence does not dependomext, if2n (1 —~vp) — (n —1+7p) > 0,
then the index oD;" equals) since we have

/ |V gn-1w; |* dvolgn-1 > 21 / |w:|? dvolgnr.
Sn—1 Sn—1

So it remains only to study the index Of-. We denote by

M0<M1§...§Mj<...

the eigenvalues of A, which are counted with multiplicity. Weyl's asymptotic for-
mula states that

. k
#{1EN < pp~egpr.

wherecy > 0 only depends on the dimension and the volum&oNow, the index of
D is equal to the largest< N such that

(1typ)p*u; < (n—1Fcp).

Using Weyl's asymptotic formula, we conclude that

k
—1\ 2
Ind D ~ cx (”2 ) ,
p

and hence we have proved that the ind2x; is asymptotic toc p=*, wherec only
depends or andm.

Let p, ™\, 0 be the decreasing sequence corresponding to the values at which the
index of Q,; changes, counted according to the dimension of the nullspakg, of
i.e.
Pe—1 < pp=...=pp < P41,

if dim KerLL,,; = ¢ — ¢ + 1. This is well-defined since, by Lemnf6.2 the small
eigenvalues ok, , are monotone increasing fpismall enough and hence, the function

p— Ind Qpﬂ;,
is monotone decreasing fprsmall.

The asymptotic estimates for 14gh, ; and IndQ,,; imply that

r,=#0 o pr€(p,2p)) ~ep R
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Letting A\, denote the sum of lengths of intervéls.+, p,) for which

per1 € (p,2p)  and  (pe — pes1) < P

then we have\, < cpf. From this we conclude that,, the sum of lengths of all
intervals(pe. 1, pe) Where

pripn<p and  (pr— pepa) < P,

is also bounded by p?, where the constart> 0 depends og.

We set

1= | J(pry1,p0),  where (€], & pe— poi1 > p e
teJ,

Then by the above, we have

H((0,0) 0 1) = p| < "

Finally, consider for any € J, andp € (ps41, p¢). We denote by
o (p) <0< (p)
the eigenvalues df, ; which are closest t0. By construction,
R

p) = Jim o (p) =0.

By Lemma 2.6.2,
o (p) < 2(n—1)log(p/pe)+clpe—p), (2.45)
ot (p) = 2(n—1)log(p/per1) —c(p— pes1), '

for all p € (pes1, pe). Hence by the monotonicity of small eigenvalues,

o7 (p) <o (pe— piT/4) <0 < o (e + p T /4) < o™ (p),

pe 1=\ Jperr + ot /4 po — i T/4),
¢

and, using/(2.45) we conclude that the infimum of the absolute value of the eigenvalues

of L,; is bounded from below by a constant (only dependingfomnd m) times

p’f‘ﬂ, providedp, is small enough. Moreover, as above we have

|H'((0,p) N I%) = p| < g p?.

The result then follows at once. O
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2.7 Existence of constant mean curvature hypersurfaces

We now use the results of the previous sections in order to solve the equation (2.37)
which reduces to find a fixed point

v = (L) (a(ﬁ“’) 20, (/—1) T, H)) |

We start with the following elementary observation
Lemma 2.7.1 There exists a constant> 0 such that

_k
P ollezesniy < ep? g vllconsniy + o2 ol L2snr)

Proof : This is a simple application of (rescaled) standard elliptic estimates. We set
f=L,,;vand, asin §3.1, we use local normal coordingtesy/p to parameterize a

ball of radius2 p R in K, for some fixed small constai > 0, and local coordinates

z to parameterizé€™ 1. Define the functions

0(z,9) =v(z,pY) and f(z,9) = p* f(z,p7)

Itis easy to check that := L, ; v translates intd.,, ;v = f, wherelL,; is a second order
elliptic operator whose coefficients are bounded uniformly géends to0. Moreover,
the principal part of_,; is the Laplace operator o$\'V K. Standard elliptic estimates
yield

1/2
lollenaqpsnt) < ¢ | Flanmsoesn, + ¢ ( / ( / |v|2dy) dvozsm)
Sn—1 BQR

where, to evaluate the Holder normsdh® one takes derivatives with respecttand
z. Going back to the functionsand f we have

P vlleza (B pxsny < clltllezaaxsi-ty, [ fllevamaxsn-ty < €p” [ fllcoas,mxsn1y
and
1/2 1/2
(/ (/ bl dg) dUOlsn—l) <cps / / lv]?dy | dvolgn—
Sn—1 Bogr Sn—1 BQpR

the result then follows at once. O
We fix ¢ > 2 anda € (0,1) and define

3
Di=Cktgta+l, and i=3k+2+4>2D+1
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Collecting the result of Lemma 2.6.3 and the result of the previous Lemma, we conclude
that, if p € 19, then

||U||C2v“(SNK) S Cp_D ||Lp,iUHC01a(SNK)7 (246)

where the constant> 0 does not depend gn(but depends on hence on).

We define the nonlinear mapping

, 1 - /1
N,(v) == (L,;)7" <(9i(p2+l) + ;Qz (; HLU,HU)> :
It follows from (2.46) that we have

c i
L

for some constant, > 0 depending oy but independent of € 7.
Givenp > 0, we set
B, :={v € C**(SNK) : [v]|e2e < e p*T P

Using the properties of the operat@, it is easy to check that there exists > 0,
only depending on, such that, for alp € (0, p,) N I,

|N,(V) |lczasni)y < o prti=b

and .
[N, (0) = N (V) [leza < ep™™ 722 [lo = || 2

forallv,v" € B,. In particular, the mappingy/, admits a (unique) fixed point
Vp = pw, + g((I)p, @)

in B,. This yields the existence &f,(w® +w,, ®© + ®,), a constant mean curvature
perturbation of the tubg,(w®, @) for all p € (0, p,) N I9. The proof of the Theorem
is therefore complete with

I = Ug>2((0, pg) N 17).

2.8 EXxistence of constant-curvature hypersurfaces

In this section, we extend the result of theorem 2.1.1 tolagyr < n—1 = m—k.
We prove
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Theorem 2.8.1 Suppose that < r < n—1 andK* is a nondegenerate closed minimal
submanifoldl < & < m — 1. Then there existé§ C (0,+c0), countable union of
disjoint nonempty open intervals, such that foralt I, the geodesic tubg, may be
perturbed to a constant-curvature hypersurface, with o, = C;_, p~". Moreover,
for anyq > 2 there exists a, > 0 such that

H(0.p) N 1) = p| < g 0",
whereH! denotes thé-dimensional Hausdorff measure.

As noted above, this result extend the result of thearem2.1.1 te-anyvature, for
1 < r < n— 1. The prove is the same, but a new phenomena of lost of ellipticity
appear which explain the fact that we assume thatr < n — 1.

2.8.1 The shape operator of the perturbed tubes

In this subsection, we use estimates given in Proposition/3.2.2 and proposition
2.3.3, we obtain the expansion of the shape operator of the hypersfijfacep). We
get

Proposition 2.8.1 Under the previous hypothesis, the shape operator is given by
pAw(w, @) = p*g(R(O, E,)O, E,) — p*I'5(0)I'e(0) + O(p®)
— Waa — PG(Paa + R(P, Eo)Ey, ©) + pI5(2) IE(O)
= 2pT5(0) wae + p* L(w, @) + Q(w, @)
pAi(w, ®) = 1439 g(R(0,0,)0,0;) — w; —w + O(p®)
b Lw.9) + Q@) @40
p Aus(w,®) = O(p) + L(w, ®) + Q(w, D)
pAij(w, @) = O(p*) + L(w, @) + Q(w, @) i # j

pAab<w7 q)) = =P Fg(@) — Wqc + O<p2) + L(w7 (I)> + Q(U), CI)) a 7& b
where all curvature terms are computed at the pgint

2.8.2 Ther-curvature of perturbed tubes

Given any symmetric matriXd, and anyr = 0, ..., m, we define

O'T(A) = Z >‘i1 >\Z7‘

11 <. <l
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where\q, ..., \,, are the eigenvalues of. Ther-th Newton transform ofl is defined
by
T.(A)=0.,(A) -0, 1(A) A+ -+ (1) A"

with 7,,(A) = 0. Now suppose thatt = A(¢) depends smoothly on a parameteit
is proved in[33] that

d d
Assume that )

pA=I1+H

whereH is anm x m symmetric matrix and

= ( Ino_1 8 >
wheren = m + 1 — k. We define the function
fo#) = o (I + tH)
so that 3
P o (A) = fr(0) + £(0) + O(|H[?)

whereH = [ H. Observe thaf,(0) = C"_, if r < n—1andf,.(0) =0 if r > n.
Using this together with the previous expansions of the shape operator, it is not hard to
check that the-curvature of the hypersurfacg (w, ®) can be expanded as

oo (Sy(w, ) = CT_, +Crolp? <§ nr 0(R(©,0,)0,0;) + g(R(©, E,)6, Ea))
— CrZ1p*Te(O)T4(0) + O(p®)
— O (0P Ak + 2 (Mg w4+ (n— 1) w)) — 2pCImLT8(0) e

- pCZ:% (g(AKCI) + R<CI)7 Ea)Ea ) @) - FZ(CI)) FZ(®))
+ p*L(w,®) + Q(w, P).

The linear and nonlinear operators appearing on the above expression are different
from the ones before, but enjoy similar properties. We define

e (,02 A+ (Agnot + (n — 1))) , (2.49)

n—1

as an operator on the spherical normal burithek” with the expressioriZ,49) in any
local coordinates. Also, the Jacobi operator, fors defined by

J=Cp (-AN =BV +RY), (2.50)
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where the operatord”, BN andRY are defined in the sectic®4. Introduce the
guadratic form

ln—r

)g(RN'v')_gn_l

1ln—r

Q) =—Cr ((1 T3n_1

Ric(.) ~o(5"))

acting onV,, K. In terms of all of this notation, we have the

Proposition 2.8.2 Let K be a minimal submanifold. Then theurvature ofS,(w, ®)
can be expanded as

P UT(Sp(w7 (I)>> = CZ‘L*I - Q<@7 6) p2 + O(p?))
+ Low+pg(IJP,0)—2C1"1p*g(0,B)oViw  (2.51)
+ p?L(w,®) + Q(w, D).

The equation” o,.(S,(w, ®)) = C;_, can now be written as

L,w+pg(3®,0) = Q6,0)p+0(p*) + 20,71 p* g(©, B) o View

(2.52)
+ p* L(w, ®) + Q(w, D).

The proof of Theorem 2.8.1 follows the corresponding proof whea 1. The
main observation is that the operatdyis elliptic precisely whem < n — 1. Moreover
Lemma?2.6.2 relies on the fact that in (2.52) the linear operator actingos self
adjoint. This is the case since it is provenin/[36] that the linearizedrvature operator
can be written as

L, =div(T, V.)

whereT, is ther-th Newton transform associated to the shape form of the hypersurface.
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Chapitre 3

Delaunay Type hypersurface in some
Riemannian manifold

3.1 Introduction

Let X be an oriented embedded (or possibly immersed) hypersurface in a Rieman-
nian manifold(AM™*! g). The shape operatoty, is the symmetric endomorphism of
the tangent bundle dof associated with the second fundamental fornx oy, by

bZ(X,Y) :gz(AzX,Y), \V/X,YGTE, here gs = g|TE’

The eigenvalues; of the shape operatofy, are called the principal curvatures of the
hypersurfaceé: and the mean curvature &fis defined to be the average of the principal
curvatures o, i.e.

H(S) = %(m bt ).

In this chapter, we are interested in families of constant mean curvature hypersur-
faces, with mean curvature varying from one member of the family to another. This
study follows the work of R. Ye [42], [43] where the existence of a local foliations
by constant mean curvature hypersurfaces which concentrate at a critical point of the
scalar curvature function is proven, the work of F. Pacard and R. Mazzeo [28] where
the existence of constant mean curvature hypersurfaces which condensate over a clo-
sed geodesi&” and also the work of R. Mazzeo, F. Pacard and the author where this
last result was extended to handle the case where condensation occurs along a mini-
mal submanifold [19]. In particular, these results prove the existence of constant mean
curvature hypersurfaces with nontrivial topology in any Riemannian manifold.
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Givenm > 2 we set .
m—1
mi=—(m—1
T m(m )

In R™*1, there exists a familys, ,, for p > 0 andr € (0, 7;,,], of constant mean cur-
vature hypersurfaces of revolution about the, ,-axis, which generalize when # 2
the well known Delaunay surfaces [12]. These hypersurfaces can be parameterized by

X(s5,0) :=p(1e’D O, k(s)),
for (s,0) € R x S™~1. Whenr € (0, 7,,,) the functions is a nonconstant solution of
(0,0)% + 72(e” + 1772 = 1,
with ¢(0) < 0 andd,so(0) = 0 and the function is the given by
sk = 727 (7 + 6(1”")"),

with x(0) = 0. Whenr = 7,, the corresponding hypersurfaces are cylind&ts' (21 p) x
R, while asr tends ta) these converge to spheres of radiushich are mutually tan-
gent and arranged along thg . ;-axis. These hypersurfaces are invariant under a dis-
creet one parameter group of translations,,, ; Z along ther,, . 1-axis, where.. > 0

is the least "vertical" period.

Itis easy to check that there exists a smooth positive funetier> ¢(7) such that

P H™L S, = e(T)H LK, (3.1)

Moreoverc(r) tends to}|S™| ast tends to) andc(r,,,) = (2=1)m=1[S™ .

In this chapter, we prove the existence of sequences of constant mean curvature
hypersurfaces which condensate, as their mean curvature terdstdo a closed
geodesic in some Riemannian manifoldg™*!, g) and for which8.1) holds. These
hypersurfaces generalize, in Riemannian manifolds, the well known family of Delau-
nay hypersurfaces in Euclidean space which are rotationally symmetric hypersurfaces
with constant mean curvature. They arise in a one parameter family which interpolate
between the cylinder and a string of spheres arranged along a common axis. Ana-
logues of Delaunay hypersurfaces are also known to exist in hyperbolic Bpace
and they basically share similar properties. Passing to appropriate compact quotients
of R™*+! or of H™*!, these Delaunay families produce examples of constant mean cur-
vature hypersurfaces which condensate along a closed geodesic in compact hyperblic
spaces. Delaunay hypersurfaces are also known to exist in standard sphéread,
in some sense, our result generalizes these explicit examples and in many others where

89



Delaunay hypersurfaces can be understood as branches of constant mean curvature hy-
persurfaces which bifurcate from the family of constant mean curvature hypersurfaces
S™r) x SY(v/1 —7r2) in S™*1 asr tends ta) [13].

Let us describe our result in more detail. Li€tbe a geodesic in a compact Rie-
mannian manifold M™ "1, g). We can define Fermi coordinates in some tubular neigh-
borhood of K (see 82.1). We assume that, in these coordinates, the coefficients of the
metric do not depend on the the point éh(i.e. do not depend om). This is for
example the case when one considers a warped product metrid(z’) dzo + g,» on
M™ = 8l x N™,

The length of will be denoted by. We assume that this geodesi¢iaondegenerate,
i.e. that the operator
3@ := V3 ® + a, R(®, Xg) Xo

is invertible whereXj, is the unit tangent vector field t& anda.. € R is defined in 83.
Our main result reads :

Theorem 3.1.1 Assume thak’ is aT-nondegenerate geodesic. We further assume that
in Fermi coordinates, the coefficients of the metric do not depeng ofihere exists a
finite setT” C (0,7,,) (T' = @ whenm = 2) such that, for allr € (0, 7,,) — T, there
existsi, € N such that, forali € N, i > i, if we defineo; > 0 by

then there exists a constant mean curvature hypersurfagewith mean curvature
H = pi and for which

,O}_mHml_ Yri — c(r) H' LK.

The definition of the constant, is quite involved and we have not been able to
get a value in terms of. However,«, is a continuous function of which converges
to 1 ast tends tor,,. In particular the operator

I ® = V5, @+ R(P, Xo) Xo

is nothing but the Jacobi operator abdutwhich appears in the second variation of
the length functional. In particular, any nondegenerate geodesic (in the usual sense) is
T-nondegenerate far close tor,,.

The case where = 7,, was already treated i128] where it was shown that the
corresponding result was valid for a carefully chosen sequémgetending to0. In
addition it was proven that the corresponding hypersurfaces were leafs of a partial
foliations, which is not true anymore when# .
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3.2 Expansion of the metric in Fermi coordinates near
K

3.2.1 Fermi coordinates

We now introduce Fermi coordinates in a neighborhood ofor a giverp € K,
there is a natural splitting
T,M =T,K & N,K.

In a neighborhood gf in K, we choose a normal framé, ... E,, of NK such
thatVg, E; = 0foralli = 1,...,m (this can be achieved locally by parallel transport
of a fixed orthonormal basis df, K). These determines a coordinate system

F:@&...,2™) epr]/V([wO)(a:iEi)

whereexp? is the exponential map ol/, ~ is the arc length parametrization of the
geodesidy as in the Introduction and summation over repeated indices is understood.

The corresponding coordinate vector fields are denoted by
Xo = Fi(Opo). a=0...,m.
Observe that, by constructioX,, = E£, along K.

Notation : We shall always use the convention that indicgsk < {1,...,m}
anda, 3,7, ...,€ {0,...,m}. It will be convenient to adopt the notation

= (22" ... 2™ = (2°,2)

wherez’ := (2%, ... ™).

3.2.2 Taylor expansion of the metric

The material of this section is an extension of the results of chapter 2 since in the
present analysis require more precise expansions.

Notation : In the following the symboO(|z’|") indicates a functiorf such that

it and its partial derivatives of any order, with respecffpandx’X; are bounded by
c¢|2’|™ in some fixed neighborhood ¢&f.
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We denote by, = F(2°, 2’). Observe that, by construction, we have
Jap = Oap + O(|2])

The next two results are concerned with the expansions of the geometric data at the
pointq = F(2°, 2’) in terms of the geometric dataat= F'(z°, 0). Their proof can be
found in [28].

Lemma3.2.1Fora, 3 =0,...,m, we have at the point
Vi, X5 = O(|2')) X, (3.2)
In addition, we also have
Vx,Xo = g(R(Ey, Eo)Ea, Bs) a* X5 + O(|2']*) X, (3:3)

where summation over repeated indices is understood. Here the curvature ferssor
computed ap.

Proof : The first estimate is already proven in chapter 2. The second estimate follows
from the following computation

X5 9(Vx, X0, X3) = 9(Vx, Vo Xa, X3) + 9(Vx, Xo, Vx, X5)
Hence
Xy 9(Vx, Xo, Xp) = g(R(Xy, Xo) Xa, X5)+9(Vx, Vx, Xa, Xp)+9(Vx,Xo, Vx, Xg)
Computed alond{ we get
X1 9(Vx, X0, X3) |k = 9(R(Ek, Eo) Eao, E)
The result then follows from (3.2). O

We now give the expansion of the metric coefficients in the above defined coordi-
nates

Proposition 3.2.1 The expansions of the metric coefficients at the ppiate given

by :
9i; = 0+ 39(R(E;, By)E;, By) a*at + O(|2'?)

go = 14 g(R(Ey, Eo)Ey, Eo)z* o' + O(|2'|*) (3.4)
Joj = %9(Ek,Eo) By E;) aF ot + O(|2'])
where summation over repeated indices is understood. Here the curvature ferssor

computed ap.
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Proof : The proof of the first two estimates is given in chapter 2. We therefore concen-
trate on the proof of the third estimate. We start with

X3 9(Xo, X;) = 9(Vx, Vo Xi, Xj) + 9(Xo, Vx, Vx, X)) + 2 9(Vx, Xo, Vx, X))
Now it is shown in chapter 2 that, alorg
1
Moreover

VXkVXOXk = R(Xk, XO) X + VXOVXka

and hence, along’, we have
Vx,VxoXi |k = R(Eg, Ey) Ej
sinceV x, Xi|x = 0. We conclude, using the fact thety, X, |x = 0 that

4
Xzf Q(Xo,Xj) |K = gg(R(ElmEO) E, Ej)

along K. The result then follows at once. O

3.2.3 Geometry of Delaunay type hypersurfaces

We consider, iR™*! the hypersurface parameterized by
D(s,0) = (¢(s) ©, k(s)),

wherer € (0,-L(m — 1)+ ] and(s,0) € R x S™~!. The functionsy and x are
solutions of
(Dsp)? + (9" + 7™ ¥ )2 = ¢,
and
Ok = (L+7"6™™),

with initial conditionsy(0) < 7, 05¢(0) = 0 andx(0) = 0. It is easy to check that the
hypersurface parameterized byis a constant mean curvature hypersurface equal to
1. We refer toL2] for further details.

Let ® be a section ofV K andw a scalar function on the spherical bundl&’ K.
We fix p > 0. We define

G(s,2") = expy(,ucey (P (#(5) — w(s,2)) O(a') + D(pr(s)))
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the image of&, will be calledX,(w, ®) and even though it depends onve shall not
make this dependence explicit in the notation.

Notation : Because of the definition of these hypersurfaces using the exponential
map, various vector fields we shall use may be regarded either as fields/élong
along,(w, ®). To distinguish them, we will write

d = &7 E P’ = 0,0 ¥ L " := 9% ¢ E;

where we use the local parametrizatipn— z'(y) of a neighborhood of a point in
S™=1 These are all vectors in the tangent spagk/ atp = F(z0, 0) while the vectors

U=/ X U = 0,0 B X,
T := @ij Tz = 8yi@ij
lie in the tangent spacE, M, ¢ = F(xq,2'(y)).

For brevity, we will also writeG(s,y) instead ofG(s, 2'(y)), w(s,y) instead of
w(s, 2'(y)) and

We 1= O,W wj = 0y, w Wi 1= 0,0, w Weg 1= a§w
0s 1= 05 Vs 1= afgo K 1= Ok

In terms of all this notation, the tangent spacelfw, ®) is spanned by the vector
fields :

ZO = P (’fs XO + (903 - ws) T+ Ks Q)/) (35)

Zi = p(lp—w)Y;—w;T). (3.6)

We will use two different types of Holder spaces for functionsSawK and sec-
tions of NK : The ordinary Holder spacas™*(SNK), C™*(K, NK) which are
based on differentiations with respect to the vector fiélgsandd,,. The modified

Holder spaceg] (SN K), C;»(K, N K) which are based on differentiations with
respect to the vector fieldsd,, andd,,. We assume that

O(xg) = Y ¢(w0) X; €C**(K,NK), and weC>*(SNK).

J=1
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Definition 3.2.1 In the following, L(w, ®) denotes a linear combination of the func-
tionsw together with its derivatives with respecti&, and X; up to order2, and ®’
together with its derivatives with respecti up to order2 which satisfies

LG, @)llcge < ¢ (nelleze sy + 1Bl lconirvm (37)

Similarly, an expression of the for@\(w, ®) denotes a nonlinear operator in the func-

tionsw together with its derivatives with respect to the vector figlds, ando,, up to
order2, and®’ together with their derivatives with respect to the vector fiéidsup to
order2. Again, the coefficients of the Taylor expansion of the corresponding differential
operator are smooth oA N K, and() which vanishes quadratically &tv, ®) = (0, 0)

and which satisfies

|Q(wa, P2) — Q(wr, ‘I)l)Hcg’“ < c SPIPQ (HwiHcg’a(SNK) + ”q)iHCQ’“(KNK))

X (Hw2 —willezegygy + P2 — ‘191Hc2aa(K,NK)) (3.8)

Finally, any term denoted(p?) is a smooth function o8 N K which is bounded
in C*(SNK) by a constant timeg.

Using the expansions of Lemma 3.2.1, we deduce that at the point of coordinate
(s,y) and in terms of the operatofsand( defined above, the metrichas the follo-
wing expansions

Lemma 3.2.2 At the pointy = G (s, 2/'(y)), we have

go = 1+g(R(ppO+®,E) pp© + @, Ep) + O(p*) + p* L(w, @) + Q(w, ),

2
g0; = 39(R(ppO+®,F) pp® + @, Ey) + O(p") + p* L(w, ) + Qw, D),

1
gij = 0i+ gg(R(pw@ + @, E)ppO+ P E;)+ O(p3) —|—p2 L(w, ®) + Q(w, ®).

Using these estimates we can provide the expansion of the first fundamental form, the
unit normal vectors field and the second fundamental fori, ¢fv, ¢) in both powers
of p, w and®.

We start with the observations that :

g(T, T) =1+ p2 L(wv (I)) + Q(wv (P) 9<T7 TJ) = pL(wa CI)) + Q(wv (I))
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and
9<T7 XO) = pL(w, CI)) + Q(wv CI))

These follow at once from Lemma 3.2.2 together with the fact that T) = 1,
g(Y,Y;) =g(T, Xo) = 0whenw = 0 and® = 0. Using this we get :

Proposition 3.2.2 The following expansions hold

p29(Zo, Zo) = ¢+ p @ K g(R(O, )0, Ey) — 2 psws + 2 ¢, ks g(P, O)

4
+2p ek g(R(©, Ey)®, Ey) + 3 P9 s @5 9(R(O, Eo), ©)

+0(p*) + p? L(w, ®) + Q(w, D)

p~29(Zo, Z;) = O(p*) + L(w, ®) + Q(w, D)

1
p29(Zi, Z;) = (so—w)Qg(@i,Gj)Jrgsozg(R(pso(%+<I>,®i)pso®+<1>,@j)

+0(p*) + p*L(w, ®) + Q(w, ®)
where summation over repeated indices is understood.

Our next task is to understand the dependencéw®®) of the unit normalV to
2,(w, ®). We start by defining the normal vector field (not necessary unitary)

1
N = ()OSXO — H5T+ ; (Oé[) Zo—i—ﬁij)

where the coefficient, and3; are chosen so tha¥ is orthogonal taZ, andZ;. The
unit normal vector field oE,(w, ®) is then defined by

N
|V

N =

We have the following
Proposition 3.2.3 Under the above notations, the coefficiegtcan be expanded as

ay = é <m§g(<b’, O) — ks ws — P2 * ks 05 g(R(O, Ey)O, Ey)

—2p @ ks s g(R(O, Eo)®, Eg) + 2 py (k2 — ¢2) g(R(O, Ey)®, @)>
+0(p%) + p* L(w, ®) + Q(w, @)
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and the coefficients; are solutions of the system :
p% i 0i9(Zi, Z;) = —ksw;+ 5 p9*Reg(R(P,0)0,0;)
— 390 9(R(pp© + @, E) pp© + D, 0;)
+ Op®) + p? L(w, @) + Q(w, ).
where summation over repeated indices is understood. Moreover, we have
PINIT = 13920 g(R(6, Ey), 0, Ey) — ¢~ pg(R(O, Ey)®P, Ey)
+ 50s ks 0 pg(R(O, Ep)®0) + O(p?) + p? L(w, @) + Q(w, @)

Proof : In the definition ofV, the coefficients, andg; have to be chosen so thistis
orthogonal taZ, andZ;. This induces a linear system of equationsdgrand thes;.

Using the previous expansions, we easily get
5 9(RY — s Xo, Zo) = #2g(P,0) = ksws + 5 pp (k2 — ¢3) g(R(O, Eo)®, ©)
—ks ps G(R(pp © + @, Ey) pp © + @, Ep)
+0(p?) + p L(w, ®) + Q(w, P)
and
%g(/ﬁsT — s X0,Z;) = —hksw;+ 35 p*rsg(R(P,0)0,0;)

— 2909, 9(R(pp© + P, Ey) pp© + ©,0)
+ Op®) + p? L(w, ®) + Q(w, D).

The expansions follows from the above computations and Propasition 3.2.2. [J

We are now in a position to compute the coefficients of the second fundamental
form of X,(w, ®). To simplify the computations, we assume from now on that, at the
point Y(y) € S™ ! where the computation will be performed, coordinates are chosen
so that

9(0;,0,) = &, and Ve,0; =0, i,j=1,...,m—1. (3.9)
whereV denotes the connection @51,

Building on the previous expansions, we have the :
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Proposition 3.2.4 The following expansions hold

Qg(Ny VZOZO) = [Sps Rgs — Rg 9053] - % fe st Wg + L Hs Weg + O(p2)

©?

DI DI
A

€ = ﬁ

5 ks s — @ hiss] 9(0, @) — % g(©, @)
[5 O3 Kgs + Kis 0° + P Rg ) — 5 Ks ©ss @g] 9(R(©, Ey)0, Ey)
72 (08 Fss + R @ + 0 Rs 02 — K 55 92] g(R(O, Eo)®, Ey)
& [P pusii? — @2 s ks + 0 92] 9(R(O, Ep)®, ©)
L(w, ®) + % Q(w, ®).
“29(N,VzZo) = O(p) + 1 5 L(w, @) + . 5 Qw, ).
% k2 9(0,2)

p

+ o+ 4+ + o+
WIN‘G

IO_QQ(N7 VZOZZ'>
:0_29(]\77 vZ]’Zj)

Fs = S w S w, B w —
Psﬁg ks 9(R(O, £o)O, Ey) + 3 % g(R
2 o(R(©, E)®,0) + 2 p® vy g(R(0,0,)0,0,)
ks 9(R(0,0;)®,0;) + 2 p? v, g(R(0;, E)©, ;)
s 9(R(9;, Ey)®,0;) + O(p?) + p L(w, @) +  Q(w, P).
)

+ 10w, @) +1Qw,®),  i#£j

+ o+ 4+ 1

p_2 g(N7 sz‘Zj> - O(
where summation over repeated indices is understood.
Proof : Note first that by Lemm@&.2.1, we can write

Vx,Xp= (O(p) + L(w, ®) + Q(w, ?)) X, (3.10)

v=0

@

In particular, this together with the expressiorigfandZ;, implies the rough estimate

VzXs =Y (0" +pL(w, @)+ pQ(w,?)) X, (3.12)

o

We will need a more precise estimate Wy, X.

First estimate : We estimateg(ﬁ, V 2,Z0). We must expand

p~%g(N, V2Zo) = p ' kesg(N, Xo) + p ' keg(N, V 2, Xo)
+ 07 (P — was) 9N, 1)+ p7" (100 — w2 ) g(N, Vi, T)
+ 0 Ras g, N) + p R g(N, V5, @)
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The estimation is broken intbsteps :

Step 1From Propositior8.2.3, we have
9N X0) = 09X, Xo) = (T, Xo) + = a0 9(Za, Xo) + 5 B (23 Xo).
We need the following expansion which follows from the result of Lernma 3.2.2
9(Zo, Xo) = prsg(Xo, Xo) +p(ps —ws) 9(Xo, T) + p s g(Xo, )

= pPHks + P3 Rs ¢2 g(@7 EO)@7 EO) +2 p2 Ks ng(®7 EO)q)7 EO)

2
+ 3 P’ s 0 9(0, Ey)®,0) 4+ O(p*) + p* L(w, ®) + pQ(w, )
we conclude that

1 1
500 9(Zy, Xo) = = K2 9(0, ") — k2w, — p* p* ps k2 g(R(O, Ep)O, Ey) + O(p?)

2
—2pppsks g(R(O, Eo) ®, Ey) + 3PP (k2 — ©2) g(R(©, Ey)®,0)

+ 0 L(w, ®) + Q(w, @)
(3.12)
A similar computation allows to show that

1
Collecting the estimates (3.12) and (3.13) together with the result of Lemma 3.2.2, we

obtain
2 3

N7 R R
g(N, Xo) = ¢s— AR 9(0,2") + O(p*)

3
+ PP g(R(©,E)O, Ey) +2p % g(R(©, Ey)®, Ey)

- 3P TS g<R(®v EO)CI)v @) + P2 L(w’ CI)) + Q(w’ CI))

Step 2: We now compute
- 1 1
9N, 1) = 95 9(Xo, T) — ks g(T, 1) + 500 9(Zo, 1) + ;ﬁj 9(Z;;T).  (3.14)
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Using the expression df,, we get
g(Z(J? T) = PHRs g(X()? T) +p (903 - U}S) g(T7 T) + pRs g(@/) T)
Collecting these together with the estimates of Lemmma 3.2.2, we obtain

g(Z07 T) = PpPs— PWs + P Rs g<@7 (I)I> + O(p4)

2
+ g p2 Y Rs g(R(G)u EO)(I)a @) + p3 L(w7 (I)) + ,0@('11), (I))

Hence we conclude using the expression@given in Proposition 3.2.3 that

1 1 1
; Qp 9(207 T) = E /fg Ps g<@7 q”) - E Ks Ps Ws — ,02 @i R Q(R(@a EO)Q, Eo) + O(Pg)
9 Ks 2 Ks, o 9
- 2py; " 9(R(8, Eo)®, Eo) + 5 p - (55 — 95) g(R(O, Ey)®, ©)

+ p?L(w, ®) + Q(w, ®)

Similarly, we have
1
;ﬁj 9(Z;, ) = p* L(w, ®) + Q(w, @)

Using Lemma 3.2.2 and (3.14), we get
= Ps Ks fi? / 2 2
g(N,T) = —ks — 2 ws + =] s 9(0, ") — p” i ks g(R(O, Ey)O, Ey)

Ks 4 s 3.15
- 20" 9RO B0, Bo) + 5 p 2 w2 g(RE. By2.0) B

+0(p°) + p* L(w, ®) + Q(w, D).
Step 3ExpandingZ, gives
9N, V2 Xo) = prsg(N,Vx,Xo) + p (s — ws) g(N, Vr Xo)
+ prog(N, VarXo)
Using Lemma 3.2.1, we get
g(N,Vx,Xo) = po r,9(R(O,E)0, Ey) + O(p?)
+ ks g(R(O, E)®, Ey) + p* L(w, ®) + Q(w, ®),
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g(N,ViXo) = ppp.g(R(O, E)O, Eg) + O(p°)
+ s g(R(0, Ep)®, Ey) + p* L(w, ®) + Q(w, ®).
and
9N, Ve Xo) = p*L(w, @)+ Qw,®).
This gives
9(N.Vz,Xo) = p*¢° g(R(©, Eo)©, Eg) + O(p*)

+ p902 g(R<®7 EO)(I)a EO) + p2 L(w7 (I)) + Q(wv (I))

A similar computation and (3.10) gives
9N, V2,T) = pPop ks g(R(O, E)O, Ey) + O(p)
2
+ pPPsKs g(‘R(@a EO)(I)u EO) + g p 905 g(R(®7 EO)(I)’ @)

+ PP L(w,®) + Q(w, ®).

Step 4Now, we expand

~ 1 1
g(N, CI),) = @s g(X07 q)/) — Rs g(T, (I)/) + ;Oéo 9(207 CI)/) + ;BJ g(Zj7 CI)/)
using the expansions

g(X(), (I)/> = P2 L(w7 CI)) + Q(w> (D)

and
g(X,®") = g(0,9") + p? L(w, ®) + Q(w, ®)

we conclude using the expansionsogfand3; given in Propositior8.2.3
1
; (&%) g(Z(]a q)/) = p2 L(wa (I)) + Q(’LU, q))

and .
;ﬁj 9(Z;,®") = p* L(w, ®) + Q(w, ®)
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hence N
g(N, @) = =k, g(0, ) + p* L(w, ®) + Q(w, D)

Step 5: Finally
9(N, V5, @) = prs g(N, @) + 0,00, g(N, V5, X;)
where summation over repeated indices is understood. From (3.11) we have
000®; g(N, V2, X;) = p* L(w, ®) + pQ(w, ®)
On the other hand
o B = ug(Xo,®) = (1) 5 a0 9(Z0, ) + 5 5,9(25,2")
Using lemma 3.2.)2, we get
g(N, &) = =k, 9(0,®") + p* L(w, ®) + Q(w, D)
we hence conclude that
9(N,V2,@) = —pr? g(0,") + p* L(w, ®) + pQ(w, D)
Collecting the expansions of the steps 1-5, we prove the first estimate.
Second estimate Decompose
9N, V22 = —pwsg(N, ;) + pwjs g(N,T) + p(p —w) g(N, V2, X;)
—pw;j g(N,VzT).
The second estimate follows from the above computations.

Third estimate : Now, we estimatg/( N, V2 Z;). Observe that

~ 1 ~ ~
g(Nv VZz‘Zj) = _5 (g(in N? Zj) +g(vzj N? Zl))

g(Zj> VZZN) = ©s g(Zj7 inXO) — Ks g(Zj, VZZT)
1 1
+ ;g(Zﬁ Vz, (a0 Zo)) + p 9(Zj,V 2,8k Z.))

The estimates is broken intiosteps.
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Step 1we set
Aij = 9(Vz, X0, Zi) + 9(V 2, X0, Z;)

We expand
VzXo=p (o —w) Vr, Xo — pw; Vyr Xy

We will need the following expansions which follows from the expansions of the
lemma 3.2.1

Vx,Xo = g(R(pp© + @, Ey)E;, Ey) Xi + (O(p*) + p L(w, @) + Q(w, @) X,
In particular, we obtain the following expansions

pw; VyXo = (p° L(w, ®) + p Q(w, ®)) Xi + p° Q(w, ) X,.
and
Vr,.Xo = g(R(pp©+ @, Ep)0;, Ey) Xi + (O(p?) + p L(w, ) + Q(w, ®)) X,
Collecting these together, we deduce

VzXo=p(p—w)g(Rlpp© + @, Ey)O;, Ey) Xk 3.16)
A
+ (0(0°) + p* L(w, @) + pQ(w, ®)) X;.

We now compute
9(Xx, Z;) = plp—w)g(Xy, Tj) — pw; (X, T).

Therefore, it follows from lemma 3.2.1 that

1
9 Xk, Zj) = ple—w)g(Ey,0;)+ 3 p*e’ g(R(©,0;)0, Ey)

+—%fﬁ(wM&@ﬂ@Ew+ﬂM@@ﬂ@Ew

— pw; g(Br, ©5) + O(p") + p° L(w, @) + p* Q(w, ®).
which together with[(3.16) gives
9(V2X0,Z;) = p’¢" g(R(O, E0)©, ;) + p*¢? g(R(P, Eo)O;, ©;)
+ O(p") +p* L(w, @) + ¢ Q(w, D).
In particular, we deduce using the fact théaR(., £,)0;,0,) = —g(R(., Ey)O;, 0;)

Aij = O(p*) + p* L(w, @) + p* Q(w, D)
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Step 2We now estimate

_I{S

By = 2" (92 V4 0) + 4(V4T.2)))

To this aim, we set
so that

_ —Kg
Bij = 5

It is convenient to define

1

we have the expansion

By =1 (1424 Q) o(2, 20— )
Decompose
9(Zi;Vz,(p—w)Y) = (p—w) g(Zi,VzT) —w;g(Z;, T)
On the other hands, we can easily see that
wi 9(Z;,T) = pQw, P)

We then conclude that
Bj; = Bij + pQ(w, ®)

hence it is enough to focuss on the estimat&gf To analyze this term, let us revert
for the moment and regard and ® as functions of the coordinatés, y) and also
considerp as a variable instead of just a parameter. Thus we consider

F(s.py) = F(s.p (o = w(s,9) T(y) + ®(pr(s))).
The coordinate vector fields; are still equal ta,(9,,), but now we also have
F.(8,) = K(s) Xo + (¢ — w) T + K(5)8, D(p r(s)).

which is the identity we wish to use below. Now, we write

! 1 I
" 9 (2:.92,(F.(0,) — 5(s) Xo — n(s)3,®)
= oIV~ S o V() Xa)
- SO_mezi,vzjof(s)apcb))
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Using the following expansion
9V X0, Z;) = p°L(w, @)+ p?> Qw,®)
We deduce that

9(Z; ,Vz,(k(s) Xo)) = p° L(w, ®) + p Q(w, ®)

On the other hand, it is easy to see that
9(Zi,V 2,(5(5) 9, ®)) = p* L(w, @) + p Q(w, ®)

Therefore, we deduce that

1
B+ Bj, = o—w (9(%:,V8,25) + 9(Z;,V o, %:) )

+ p* L(w,®) + p? Q(w, ®)

1
y— b 9(Zi s Z;) + p° L(w, ®) + p* Q(w, D)

It follows from the expansions of proposition 3.2.2 and (3.9) that

/ / 1 w 4
B+ B = 3 (1+ Pl Qw, ®))|2p(p —w)* 8 + O(p") + 30" 9" g(R(©,6,)0, 6;)

+p2 903 {g(R(@, 61)(1)7 @J) + g(R(@v @j)q)v @l) } +p3 L(’LU, (I)) + P2 Q(’LU, CI))

Step 3: Now, we estimate

Cij = 9(Vz,(Br Z1), Z;) + 9(NV 2,(Br Zi), Zi)

clearly
Cij = Oy, Bi Q(ZJH Zy) + ayj Br 9(Zi, Zi) + Br Oy, 9(Z;, Zj)
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It follows from the proposition 3.2.3 that

1 1
7z 0i(Brg(Z;, Zy)) = Rswij+ 3 pe’ ks [g(R(®,0,)0,0;) + g(R(®,0)0,,0,)]

2
—3 p> 0% 05 [9(R(0;, Ep)O,0;) + g(R(O, Ey)6;, ;)]

2
_g p(PQ Ps [Q(R(G)Z, EO)(I)7 @j) + g<R(q)7 EO)@ia @J) ]

+0(p°) + p* L(w, @) + p* Q(w, P)
Now, observe that
(9s B) 9(Zj, Z1.) = 0i( Br 9(Zj, Zx) ) — Br 05 9(Z;, Zi.)

On the other hand, using the expressiompfiven in proposition 3.2/3 together with
(3.9), we get
ﬁk ayk g<Zi7 Zj) = p4 L<w7 (I)) + P2 Q(w, (I))

Collecting these, we conclude

1
Cij = —2Ky w;; + § 0902 KR [9(R<q)> @1;)@7 @j) + Q(R(‘I)v @)@m @j)]

2
—g /?2 903 Ps [g(R(G)ia EO)@a @j) + Q(R(Gja EO)®7 @i> ]

2
—3/ ©* 05 [g(R(0:, Eg)®,0;) + g(R(O;, E)®,0;) ]

+0(p°) + p* L(w, @) + p* Q(w, @)
here we used the fact th& X, Y) + R(Y, X) =0
Step 4Finally we must compute
D;j = g(Vz(aw2y), Z; ).

Clearly, we have

Dij=—9(Vyz Z;, 00 Zy) + 0y, g( Z;, 00 Zy).
Using lemma 3.2.1 and proposition 3.2.2, we can easily see that

9(Vz, Zj, 00 Zo) = p* L(w, @) + p* Q(w, D)
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and
0y, a0) 9(Zo, Zj) = p* L(w, @) + p* Q(w, P)
Now, we use the fact thal v, Y, = 0 atp € K andg(6;,0,) = §;; we deduce
0y, 9(Zo. Zj) = p* 005 0ij + p* L(w, @) + Q(w, P)
Collecting these, we obtain
Dij = —9(Vz Zj, a0 Zo) + (9y, ) 9(Z;, Zo) + co 9y, 9(Zo, Z;)

= _102 % Ks 5ij Wy + PQ % K'g 5ij g(@v (I),) + O<p5)

—pt @l ks 6 9(R(O, Eg)O, Ey) — 2 p° @2 ks 6ij g(R(O, Eo)®, Ep)

2
+§ :03 Ps (ng - (pi) 6ij g(R(®7 E(J)(I)v ®> + P3 L<w= (I)) + pQ(U), (I)>

This together with the estimates of the previous steps give the desired expan§ions.

3.2.4 The mean curvature of the perturbed Delaunay hypersur-
face

Collecting the estimates of the last subsection together with the fact that
Ps Rss — Rs Pss = m903 - (m - 1)90'%5

we obtain the expansion of the mean curvature of the hypersurigee, ). In the
coordinate system defined in the previous sections, we get

pmH(w,®) = m+5p* ks g(R(0,0,)0,0;) + p*a- g(R(6, £y)0, Ey) + O(p®)
+hs o3 (02 4+ Agm1 + b, 0, +m —1) w
—k303g(p® + ¢, '+ pd, R(P, Ey) Eo, O)
+307 05 g(R(©,0,)Ey, ©;) + 3 p 2 g(R(®,0;) Ey, ©)

+per g(R(®,0)Ey, 0) + p° L(w, @) + Q(w, @)
(3.17)
Summation over repeated indices is understood. Here the funetiohs c., d., and
e, are respectively given by

1
a, ::E <%g02gpz—{—2 ns¢2—m¢2mg+(m—2)/—£§>,
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._ngS _.-m , 1-m
by === (p="e'""),

e = L (m+2)p+2(1—m) 7" o),

dr == ((2m— 1)k} —2m@* K2 + 2K 02 + M2 %),

and 5
er ::—ﬁg (3m¢* ks —me?+3(1—m)k2)

s

Observe that when = 7, := % (m — 1)% (i.e, the hypersurface parameterized
by X is the cylinderS™~!(p 2=1) x R ), then
m—1 m—1
=Pr =) s — Tm )s = 0 s — Tm)s = T
P=pr = s = (9n) ks = (Fr,,) —

and we recover the expression of the mean curvature of the perturbed tubes which was
found in [28].

Remark 3.2.1 As already mentioned the operater L + Q depends o, &’ and ®”
(andw and its derivatives). However, first observe that this expression is affibé, in
that is it can be decomposed as

P L(w,...., ")+ Qw,...,9®") = p*Lw,...,?)+Qw,..., o)
+ 2,00 + Lw,..., )+ Qw,..., o)) ]

Now, closer inspection of the proof of Proposition 3.2.4 (precisely the analysis done in
Step 5 of the first estimate) shows that the exponentgifront of the terms involving
®” are slightly better than expected and in fact one has

PP L(w,...., ")+ Qw,..., ") = p*Lw,...,?)+Qw,..., o)
+ 2,00 +pLlw, ..., ¥) +pQw,...,0)) P

3.3 Jacobi operators

In this section we study the mapping properties of the linear operators which ap-
pear in the expression of the mean curvatur&gfw, ). The first one is an operator
defined on the spherical normal bundl&’ K given by

Low:=0*w+ Agmnaw+ b 0sw+ (m—1)w (3.18)
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The second one is defined by

1
3O ="+ S ® +d. R(®, E,) Ey (3.19)

We introduce the quadratic form

)= = (ar = 3w ) oA B B+ 3 i Ric(. ),

acting onV, K. Granted these notations, the equagion H (w, ®) = m can be written
in the more compact form :

ks Low —prSg(3@,0) = ¢*Q(0,0)p” — 2 p”p, 0 g(R(©,6;)Ey, 0;) + O(p*)
— per 9P g(R(®,0)Ey,0) — 5 pps ©* g(R(P,0:)0;, Ey)

+ p?L(w,®) + Q(w, P)
(3.20)

In order to analyze the operatgr, we introduce the eigenfunction decomposition

w(s,0) =Y w;(s) ¢;(6)

JEN
whereyp; are the eigenfunctions efAg~-1, namely
—Asm-1pj = Aj p;
and); are given by
O=XN<MAM=...=pn=m—-1< A1 =2m=...

w decomposes as, + w + w, where
m
ID::ijgpj and w:ijcpj
j=1 Jj>m

We denote byil,, [T andII the projections on these three components respectively.
From now on, we assume that we are working with functiensuch thatllw = 0.
We denote by, and£ the operators induced by the first and the third components. In
particular

Lo=00>+b.0,+ (m—1)
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3.3.1 Mapping properties

In this subsection, we study the mapping propertie§ ahd the components of
L. We first study the operat@r. Recall that

t = pr(s)

Using this, observe that, by direct computation

d d
(k2™ )23 = k3™ ? pr </£§’ om %QD) + (k3™ N2 d, R(®, Ey) E,

We consider the change of variable

G de = ———at

3 —4
Ry @™

where the constant, is defined so that the integral of the right hand side over the
length of K is equal to/. Hence

1 T 1
T = d
<= / T

wherer, is the least period ap.

Using this change of variable we reduce the study tf the study of the operator

z T I
‘j(p = d_£2 + ¢ R(@, Eo) EO
where we have set
&= (k") d,
We definex, to be the average of the functiep, namely
1

O )

/ Cr Ii;l gom_4 d,ds
0

This is the constant which appears in the introduction. Recall that the geddasic
said to ber-nondegenerate when the operator

2o
Jr = d_fQ + o R(@, Xo) Xo

is invertible. We have the following
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Proposition 3.3.1 Assume thalj, is -nondegenerate. Then, for allsmall enough,
the operator
J:C**(K,NK) — C"(K,NK)

is an isomorphism. Furthermore, we have

1+« ||(I)//

|@ler(x,nr) + P o, Ni) < € ||F Pleoer,nE)

Proof : To begin with, we study the operatdrand more precisely the equation
Jo=1u

Observe that we can write i

P i

Cr— Qp =

whereC' is a bounded function.

We defined, to be the solution of
37’ CDO =V
and next we definé’, to be the solution of

3, F1 = —C;R(®y, Ey) Ey

It should be clear that

| Polle2(snviy + [[F1llezsviy < el ¥]leosvi
We define the operator

dF
G(\I/) = (I>0+p dfl

We have
1G(W)ller sy < ll¥lleosni
Moreover, direct computation shows that

Hj oG(¥) —

< 1\
o = cp [ ¥lleosnr)
HenceJ o G = I + RwhereR : C°(SNK) — C°(SNK) is small. A simple pertur-
bation argument now shows that the operatds invertible and has a right inverse
such that

. < c|[¥|leosni)

few
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SinceJ o G(¥) = ¥ we conclude that

|G

20 (SNK) < c|[¥llcoasni)

Now, performing the change of varialile- ¢(£) back we conclude that the opera-
tor J is invertible. However, observe that one has

t
§—t-|—pfp(;)

where f is a smooth function bounded independentlypoAnd hence, when solving
the equatioryy & = ¥ one can conclude that

[Pllersnviy < cl¥lleosniy
(since% is bounded independently pj but one only has
p 12" lersviey < cll¥lleosni)

(sincep % is bounded independently p§ and similar estimate for the Holder norm

of ®”. This completes the proof of the result. O

Remark 3.3.1 Let us observe that, in the special case where
U =@ h(p)
whereh is a smooth function then one get the estimate
HCDHCI(K,NK) + PH& H(I)”HCO*”(K,NK) <cp

for the solution® of 3® = W. This follows at once from the proof of the previous
Proposition together with the fact that

d
(53 0™ 2 h(p) s = p (K3 ™ N ¢, o h(p) d—f

and hence

for some smooth bounded functibn

Next, we study the mapping properties of the operatoiVe have the :

112



Proposition 3.3.2 The operatorl : [1C2*(SNK) — I1C2*(SNK) is an isomor-
phism with inverse uniformly bounded as- 0.

Proof : We show that the operator is injective. Indeedy it= > w; ¢; is a solution of

j>m
Lw = 0, then foranyj > m+1, w; is a solution of the ordinary differential equation
02w + b, Ow; + (m—1—X)w; =0 (3.21)

We set i

B.(s) := / b,

0

We have explicitly

B 2 m , _m—4

e =K, T
Observe thaB, is periodic. Multiplying 8.21) bye” w; and integrating by parts, we
get

0 = /(agwj)eBij—i—/bTﬁswjeBij+(m—1—)\j)/eB*w?
= —/85wj83(637wj)+/bTE?SwjeB*wj—F(m—l—/\j)/eBTw?

- —/eBT|aswj|2+(m—1—)\j)/eBTw?

If j > m, we have); > m — 1, so all quantities in the right hand side of the last
equality are negative. In particular this implies tIf@teBT wf. = 0 and hencev; =
0Vj>m+ 1andw = 0. This already shows that the operator is an isomorphism.

It remains to show that its inverse is bounded uniformly @asnds to0 (observe
that the operator depends prthrough the change of variable = p x4 ds). To show
this we argue by contradiction and assume that the result is not true. There would exists
a sequence; tending to0 and a sequence of functions such that

[will oo (svrey = 1

and

Jim [ Lwlsnr =0

Using elliptic estimates and Ascoli-Arzela Theorem, we can extract some subsequence
which converges tav a nontrivial bounded solution of w = 0 in R x ™1 In
addition, the eigenvalue expansionefn the spherical variables does not include any
low eigenmode, namely

w= Y ue

i>m
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At this point, we can apply the above integration by part to show:that 0, hence
w = 0. A contradiction. This completes the proof of the result. 0J

Finally, we consider the operator
Lo 1 Co*(SNK) — I, Cy*(SNK)
It will be convenient to define the conjugate operator
Ly = T Ly e
which is explicitly given

1 1
Ly = 0? —1—-b>—=0,b,
0 8s—|—(m 10 28 >

using the expression 6f we obtain

2
Lo=?— (m_Q) +m(m—|—2) 2+m(3m_2)7_2m90272m

2 1 ¥ A

There exist two independent solutionslgfw = 0 which are denoted by;;. One of
these solutions is periodic and corresponds to the Jacobi field associated to translation
of the Delaunay along its axis
wi = "% @,
The second (independent) solution of the homogeneous prdhjem= 0 corresponds
to the Jacobi field associated to the change of Delaunay parameter. We refer to [13] for
further details. It is proven inl2] thatw, is not periodic for all values of € (0, 7,,,)
except when- belongs to some finite sét C (0, 7,,,). Whenm = 2 itis shown in [13]
thatw; is not periodic for all values of and hencd’ = () in this case. We shall from
now on assume that, is not periodic, i.er € (0,7,) — T.

We define the function space
HZ’“(SNK) ={w el CS’“(SNK) cow(s) = w(—s) and w(s+m,) =w(s)}

where we recall that. is the least period ap. This space is endowed with the norm
of the spac&’*(SNK). Sincewy is an odd function of, it does not belong to the
above space and hence the operator

Ly: H2*(SNK) — HY*(SNK)
is an isomorphism. Obviously we have
||w‘|c§’“(szv1<) < ¢l|Lo chg"*(SNK)

for a constant > 0 independent op.
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3.4 Existence of “Delaunay type” hypersurfaces

We now use the results of the previous sections to pebty(tx ). We will assume
from now on that, in Fermi coordinates, the coefficients of the metric do not depend
on zy. We further assume that the geodekids 7-nondegenerate and also that
0,7n) —T.

We must find(w,, ®, @) € H2(SNK) & C**(K,NK) & [1C>*(SNK) such
that
pm H(w,®) =m (3.22)

Let us denote by

2
f = p29(9,@)+§p2 ©s 9(R(©,0,)Ey, ©;) + O(p*)

the inhomogeneous term appearing in (3.17). We can deconjpose three compo-

nents,f, + f + f according to the projections defined in §3. We define a section of the
normal bundlel so that

~

pg(¥,0)=f
The equation (3.22) is then equivalent to the coupled system
Lowo = f0+pL(w7®)+Q(w7®)
Jo = U+pL(w, @)+ Qw,P) (3.23)

Lsygw = f+pLw,®) + Q(w,®)
Some observations are due. First, concerning the solution of
Jo=v
one has the estimate
1 Poller (s iy + 2 ([Pl co (e vy < €p?

even though|V||co.«x,nk) < cp. The rational being tha¥ can be decomposed into
U = Wy + Uy where|| Vs ||coex vr) < cp? and¥; = ph(p) s x Wherey is some
fixed section ofV K andh(y) := ¢ k3. The result then follows from Rema#3.1.

Granted the properties of the operator involved, this system can be solved easily
using a standard fixed point argument for contraction mapping in the spate-of
(wg, @, w) such that

lwoll 2wy + 12lller i) + P NS lleowaensey + 191 gt snrey < €0”
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provided the constant > 0 is fixed large enough. There is no difficulty in applying

this fixed point and we shall omit the details. Observe nevertheless that in the right
hand side of the second equation, one has to use the special structure of the operator
pL+ }]Q as described in Remark 3.2.1. This completes the proof of the result.
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