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NeX|Þb$4Ï\�ßÏ��S��:âÛ��fÔÅÏ\ÎG qÔ|ÛÝÞqÑ�ÍßÑáÛâÑÓÍ�:(ÏºÜZÏºÞqÑ�1mÞ4ñ(Ô�� Û3:(ñ(Þ��Ü�Ï���ÔÅÎ��-�p� Û_�<� ñ(Þ�6 Ï\Ü�Ï\Þ�Ñ5$
� ÔÅÞ4Ï-�|Û Þ�$ÅÏ-$4Ï-6 Ï��[Bn�fÛ� qÔ4Ï����fÏZñ(Þ�ÛÝÑdÑáÛ Ð>'4Ï�Ô4Þ4Ï�Ü{Û�����ÏÝË("8Ï��Ü�Ï���ÔÅÎ�Ï��9$4ñ(Þ4ÞÅÏ\ÞqÑäÛ ðÅð4Î�ñ!ÚÅÍßÜ{ÛâÑÓÍY:(ÏºÜZÏºÞqÑ Ô4Þ`Ü�ñ+$4Ô��ßÏ\$
� w�ñ(Ô4Þ�6F$4Ï

4.6 104 Pa
ðmñ(Ô4Î��fÏ

6(Ï���$4ÔÅÎGqpB
1 : 19

t�ÏÒÑ
5 103 Pa

ðmñ(ÔÅÎ!�ßÏe6(Ï��?Ü�ñ(ÔnqpB
1 : 37, 5

tÒË+&#Î��ºÐ\Í���ñ(Þ��! qÔ4ÏS�fÛ9:âÛ��fÏºÔ4Î



����� ����� ��� � ��� 
 ����� � �/2
Q - ,JNhN �_NhN Ð\ñ(ÞÅÐ\Ï\Þ�ÑÓÎ�ÛÝÑÓÍßñ(Þ *y,JN ,

u Ï��
$4Ô4ÎHq 6(ñ(Þ!4?ÛÝÞqÑ?t
1 : 19 1202 229u Ï��2ÜZñ Ô�q �dÔ����dÑ�ÎÓÛÝÑ>t

1 : 37, 5 720 0

����� � � Ë ��
 "SÛ ÎdÏ\ÐºÏºÑ�Ñ�Ïlðmñ(ÔÅÎ(�fÏ��(6(Ï����\ËI"8Ï���Ð\ñ(ÞÅÐ\ÏºÞqÑÓÎ�ÛÝÑÓÍßñ(Þ��(��ñ(Þ�Ñ@$4ñ(Þ4Þ��ºÏ�� ÏºÞ
mmol.L−1

ð4Î��\Ð���$4Ï\Þ�ÑÓÏ ðmñ(Ô4Î!�ßÏe6(Ï���$ÅÔ4Î�Ð\ñ(Þ4ÐºÏ\ÎdÞ4ÏG�p�M�ÒÑáÛÝÑ Û;:ÝÛ Þ�ÑC6(ñ(Þ!44Ï\Ü�Ï\Þ�Ñ � Û ð4Î�0��C�ßÏh6 ñ(Þ!4|ÏºÜZÏºÞqÑ�1ñ(Þ�ñ��ÅÑÓÍßÏ\Þ�Ñ Ô4Þ�ÜZñ+$4Ô��fÏG���fÛ��dÑÓÍ� qÔ4Ï ð��fÔ��[8XÛ Í����fÏ
1.7 104 Pa

Ë
# � ­ � ­ � ¦9³ £�§ ¥�����¦

"8Ï{ÜZñ(Þ�ÑáÛ_6(Ï�$4ñ(ÍßÑ"ðmÏºÎ�Ü�ÏºÑdÑÓÎ�Ï#$
� ñ4����ÏºÎ�:(ÏºÎ`�ßÏ��5�dÑ�Î�Ô4ÐÒÑÓÔ4ÎdÏ�� Ô4Þ4Í�$4ÍßÜZÏºÞ���Íßñ(Þ4Þ4Ï��<� Ï��H qÔ4ÍÎ�����Ô�� ÑÓÏºÞqÑ%$4Ï��fÛ"ÐºÎ�ñ(Í����ÓÛÝÞ4Ð\Ï�$K� Ô4Þ-6(Ï��NÐºñ(Þ�X|Þ��ÝË|Ù#Þk�s� Û����dÏ\Þ4ÐºÏ�$4Ï Ð\ñ(Þ�X4Þ4Ï\Ü�Ï\Þ�Ñ;1��p� Ï Ú}ð|Û ÞJd
��Íßñ(Þ�$4Ô#6(Ï��a��� Û_�dÑÓÍ� qÔ4Ï²Ï��dÑ Ô4Þ{ð4Î�ñ0ÐºÏ����dÔ��¨Í<��ñÝÑÓÎ�ñ ðmÏ Ë+~lñ(Ô��^:(ñ(Ô��ßñ(Þ���ÞÅñ(Ô�� ð�� Û ÐºÏ\Î ÍfÐºÍa$|Û Þ��
$4Ï��lÐ\ÍßÎ�Ð\ñ Þ��dÑÓÛ Þ4Ð\Ï��lñ �F�fÛ ÐºÎ�ñ(Í����ÓÛÝÞ4Ð\Ï.Þ
� Ï��dÑlð¼ñ�����Í����ßÏ9 qÔ4Ï9$|Û Þ�� Ô4Þ4Ï9$4ÍfÎdÏ\ÐÒÑÓÍfñ Þ2Ë

"8Ï5��)+�dÑ�0\Ü�Ï Ï�� Ñ Ð\ñ(Ü�ðmñ4���5$
� Ô4Þ4Ï�Ð\Ï��<�fÔ��fÏ/8Fñ Î�ÜT�\Ïäð|Û ÎS$4Ï\Ô0Ú
ð�� Û� qÔ4Ï��G$4Ï5:(ÏºÎ�Î�Ï��#q $4Ï
$4ÍßÜZÏºÞ���Íßñ(Þ��xÑ )0ð4Í< qÔ4Ï��

12×5 cm2 txÏ\ÞZÎdÏ�6(Û Î�$�ÏºÑ^���\ð|Û Î��\Ï�� ð4Û Î�Ô4ÞG2dñ(ÍfÞ�Ñ�ÏºÞZÐ!ÛÝñ(ÔÅÑÓÐ>'4ñ(ÔÅÐÏ\ÞF8Fñ Î�Ü�Ï9$4Ï/�¶ÏÒÑh$4Ï � Ü�Ü $K�M�ºð|Û Í<����ÏºÔ4Î\Ë f Ï/$4Í<�dðmñ4��Í ÑÓÍ�8wÏ�� Ñ²Í<$4ÏºÞqÑÓÍ� qÔ4Ï/BbÐ\Ï��ßÔ4Í8Ü�Í<�7Ï\Þð��fÛ Ð\Ï Þ4ñ ÑÓÛ Ü�ÜZÏºÞqÑ¨ð|ÛÝÎ * �3{685,4� �fÏ��%$��A8Fñ(Î�ÜZÛÝÑ�Ífñ(Þ��C'4ñ(Î��[$4ÔJð�� Û ÞrqXðmÏ\ÎdðmÏ\Þ�$ÅÍfÐ\Ô�� Û ÍßÎ�Ï��7ÛÝÔ}Úð��fÛ� qÔ4Ï��`$4Ï-:(ÏºÎ�Î�Ï;tV�dñ(ÞqÑbÍfÜ�ðmñ4���dÍ<���ßÏ��ºË(D¾Û Í<��1xÐ\ñ ÞqÑÓÎ�Û ÍfÎdÏ\Ü�Ï\Þ�Ñ�ÛÝÔ½ð4Îdñ ÑÓñ0Ðºñ4�fÏ�Ð��fÛ����dÍ< qÔ4Ïðmñ(Ô4Î#Ð\Ï7Ñ )0ðmÏe$K� Ï ÚÅð��ºÎ�ÍßÏ\Þ4ÐºÏ���10Þ4ñ Ô�� ÞK� Û;:(ñ(Þ�� ð4Û���ÔÅÑÓÍ��fÍ����%$ÅÏ%XZ�fÜ�� ���
	 
 � � ðmÏºÎ�Ü�ÏºÑ�ÑÓÛ ÞqÑ
$4ÏH6(ÎdÏ "¼Ï\Îh�ßÏ/6(Ï��PÛ ÔF8Fñ(Þ�$ $4ÏH�fÛ�ÐºÏ����fÔ��ßÏ�q �ßÍ Û ÍY��ñ Þ�Ð\ñ3:ÝÛ��fÏºÞqÑ�Ï3t Ë�mwñ(ÔÅÑÓÏA8Fñ(Í���1?Þ4ñ(Ô��²Þ
� Û3:(ñ Þ��ð|Û�� Ðºñ(Þ�� ÑáÛÝÑ]�9$4Ï.Ð\ñ Þ����� 0ÔÅÏ\Þ4Ð\Ï�ÛÝÔ�Þ4Í�: Ï!Û ÔF$4Ï��lñ4���dÏ\Îi:ÝÛÝÑÓÍßñ(Þ��ºË

����


��������� 


������� 
��

' 2, 5
Ð\Ü

' 1 − 10
Ü�Ü

1
Ü�Ü

12
Ð\Ü

,.-0/	� � Ë � 
 "SÛV�4ÍfÐºñ(Ô4Ð>'4Ï96(Ï��
$4Ô4ÎE��ÔÅÎe6 Ï��8Ü�ñ(Ô2Ë
�lÞ4Ï/8Fñ(Í��e�fÛbÐ\Ï����fÔ��ßÏ9$��ÅÜZÏºÞqÑ²ÜZÍ���Ï.Ï\Þ¾ð��fÛ Ð\Ï_1?ñ(Þ�Î��!Û_�fÍ<�dÏ9� Ûbð4Î��\ð|Û Î�ÛÝÑÓÍßñ(ÞF��Ô4ÐºÐ\Ï����ÓÍY:(Ï

$4Ï��F$4Ï\Ô0Ú Ð\ñ Ô4Ð>'4Ï���$ÅÏ 6 Ï��<�ºË%"wÛo$4ÏºÔ}Ú}Í<0\Ü�Ï�Ð\ñ Ô4Ð>'4Ï�1 ð��ßÔ��JÎdÍ<6(Í�$4Ï_1 Ï�� Ñ��¬ðmñ����\Ï��`Û ðÅÎ�0��
64���fÍYX|Ð!ÛÝÑ�Íßñ(Þr$4Ï��fÛJð4Î�ÏºÜZÍ�0\Î�Ï�q $4ÏT�s� ñ(Î�$ÅÎ�Ï`$4Ï�� Ûk$4Í�O!ÛÝÍfÞ4Ï`$4Ï��dÏ\Ðºñ(Þ�$4Ï���1PÔ4Þ�ðmÏ\Ô�ð��ßÔ��/��Í
�fÏG6(Ï��2Ï��dÑe��)0Þ�Ñ]'��ÒÑÓÍ<���HB`�|Û_����Ï.Ñ�Ï\Ü�ð��\Î�ÛÝÑÓÔ4ÎdÏ3t[ qÔ4ÍJ2dñ(ÔÅÏ9�fÏ Î�U4�ßÏ�$4Ï9��Ô����dÑ�ÎÓÛÝÑ5q ,.-0/ Ë � Ë � tÒË
� Þ�XÅÚ}Ï#��ñ(Þ7�\ð4Û Í<����Ï\ÔÅÎ"Ï\Þ�ÍfÞqÑ�Î�ñ+$4ÔÅÍ<�ÓÛÝÞqÑ ð��fÔ��äñ(Ô�Ü�ñ(ÍfÞ��/$4Ï�6(Ï��SqFÑ )}ðÅÍ< qÔ4ÏºÜZÏºÞqÑ"Ï\Þ�ÑÓÎ�Ï
 "! 92; ;NR-D$#)B�JI9A; ;N>�O�L JI>�O U�9TO5B 6-7:9T<�9TO�L O-9ILNLN> @�MT92;32 BaU B�OEL R-LNK:7CK\;FB LNK:>�O�2 ^ED&%EJI9(' R5O�LFDFB�K LF9T<�9TO�L)'7 P B�7:JT> >�7*' 6-D&+-7:9TD�S-R-K\;,' 7 P BEJIMILF>�O-9Ef
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�	� ���

{ 1 � ÏºÑ �
mL

tÒË+&Pñ(ÔÅÎ! qÔ4ÏS�ßÏ�� Ï "¼ÏºÑ]�!$4ÏlÑáÛ Í��<� Ï%X4Þ4ÍfÏe�fÍ���� Û Ô}ÚT$4ÍfÜ�Ï\Þ���Ífñ Þ��^$ÅÏS�fÛ.Ð\Ï����fÔ��ßÏ Þ4Ï
��ñ ÍfÏ\Þ�Ñ ð|Û��.Ñ�Î�ñ(ð`ÍfÜ�ðmñ(ÎdÑÓÛ Þ�Ñ]��1NÍ<�g8XÛ ÔÅÑ9:(ÏºÍ<���fÏ\Î�BJÐ\ÏT 0ÔÅÏ��fÏV��Ô���� ÑÓÎ�ÛÝÑ5�dñ(Í Ñ Þ4ñ ÑÓÛ����ßÏ\Ü�Ï\Þ�Ñð��ßÔ��H�\ð|ÛÝÍ<�H qÔ4Ï#�fÛ�Ð\ñ(ÔÅÐ?'4Ï#$4Ô4ÎdÏ ËHÙ#Þ�X4Þ
1z�fÏ`:(ñ4�ßÔ4ÜZÏ�ÎdÏ�� ÑáÛ Þ�Ñ\$4Ï�� Û�ÐºÏ��<�ßÔ��ßÏ�Ï��dÑ�Î�ÏºÜ�ð��fÍÛ3: Ï\ÐH$4ÏH�p� Ï\Û Ô � Ð_� Ï��dÑG�fÛ`$4Í$"NÔ��dÍfñ(ÞF$ÅÏH�s� Ï!ÛÝÔ�$|Û Þ��e� ÛbÐºñ(Ô4Ð>'4Ï5$4Ï/6(Ï��SÍßñ(Þ4Í� 0ÔÅÏ/ qÔ4ÍSÍfÞ�$4ÔÅÍßÑ
�fÏ�6 ñ(Þ!4|ÏºÜZÏºÞqÑ ð4Î�ñ46 Î�Ï�����ÍY8g$4Ï.Ð\ÏÒÑ�ÑÓÏ9$4Ï\ÎdÞ4Í<0ºÎ�ÏÝË
# � ­ � � ��´©¢}¦2µ � �#¥��¬£�§©¢
Ìh0��T qÔ4Ïk�fÛ^Ð\ñ Ô4Ð?'ÅÏF�dÔ4ð��\ÎdÍfÏ\ÔÅÎ�Ïk$4Ïk6 Ï��¨Ï�� Ñ�Ü�Í<��Ï�ÏºÞ½Ð\ñ ÞqÑáÛÝÐºÑ�Û3:(ÏºÐk$4Ïk�p� Ï\Û Ô
1g��ñ(ÞÍfÞ�ÑÓÏºÎ�8XÛ ÐºÏäð4Î�����ÏºÞqÑ�Ï\$4Ï��©ÍßÞ�'4ñ(Ü�ñ464�ºÞ4Ï �AÑ]���e$4ÏäÑ�Î�0��©ðmÏºÑ�ÍßÑÓÏ.ÑáÛ Í��<� Ï Ë - �wÏ��dÑG�ÅÍfÏ\Þ¾Ðºñ(Þ4ÞqÔn qÔ4Ï

� Û Ð\Îdñ(Í<���ÓÛ ÞÅÐ\Ïh$
� Ô4ÞZñ4�+2dÏºÑ!��� Û�� ÑÓÍ< qÔ4ÏE�fÍßÜ�Í Ñ]�ºÏ ð4Û Î Ô4ÞZÐ>'|Û Ü�ð�$4Ïe$4Í$"NÔ��dÍfñ(ÞbÞ4Ïe��Ï²ðÅÎ�ñ+$4Ô4Í Ñð|Û��G$4Ï�ÜZÛ Þ4Í<0ºÎ�ÏäÔ4Þ4ÍY8Fñ(Î�Ü�Ï * �;{68 1 �4�3{5, ÏºÑ��p� ñ(Þn��� ÛâÑ�ÑÓÏºÞ�$ B�ÐºÏV qÔ4ÏV�fÛZÑáÛÝÍ<���ßÏäÐ\Û ÎÓÛÝÐºÑ]�ºÎ�Í��idÑÓÍ� qÔ4ÏE$ÅÏlÐºÏ�� Ü�ñ Ñ�Í�8 �xÛ Ô�6(Ü�Ï\Þ�ÑÓÏ7ð4Î�ñ ðmñ(ÎdÑ�Ífñ(ÞÅÞ4Ï����ßÏ\Ü�Ï\Þ�Ñ@B�� Û ð4Îdñ�8Fñ(Þ�$4ÏºÔ4Î@$4Ï ð��ºÞ��ºÑ�ÎÓÛÝÑ�Ífñ(Þ
$4ÏS�s� Ï!Û Ô#$|Û Þ��C�fÏh6(Ï��=qFÐ�� Ï�� ÑE�fÛH��ÏºÔ��fÏS�fñ(Þ�6(Ô4Ï\ÔÅÎ ðmÏºÎdÑÓÍßÞ4Ï\Þ�ÑÓÏ²ÑáÛ Þ�Ñ[ qÔ4Ï Ð\Ï��<�ßÏAd ÐºÍmÎ�Ï��dÑÓÏ ÍßÞ�8 �AdÎ�ÍßÏ\Ô4ÎdÏ�B\�p�M�ºð|Û Í�����ÏºÔ4Î[$4ÏG� Û"Ðºñ(Ô4Ð>'4Ï;tA14Ð�� Ï�� Ñ�d B d $4ÍßÎ�ÏGB\� ÛäÎÓÛ ÐºÍfÞ4Ï©Ð!Û ÎdÎ��\ÏG$4Ô&Ñ�Ï\Ü�ð��\ËZ,0ÍK�s� ñ(ÞÏÒÚÅÛ Ü�ÍßÞ4Ï ÔÅÞ�ðmÏºÔ�ð��fÔ��¨ð4Î��ºÐ\Í<���\Ü�Ï\Þ�Ñe�fÛ\$�)0Þ|Û Ü�Í� 0ÔÅÏ�$4Ï.ÐºÏ.Î��\Û 2dÔ��dÑ�Ï\Ü�Ï\Þ�Ñlð4Îdñ46(Î�Ï����dÍ�8z$4Ï
�s� �\Ð>'4Ï��<�ßÏS$4ÏG�fñ(Þ�6 Ô4Ï\Ô4Î�q : ñ(ÍfÎ ,.-0/ � Ë � tA1}ñ(Þ&ñ4���dÏ\Îi:(Ï9 qÔ
� Í<�2Û\�ßÍfÏºÔc$4ÏS8XÛ'&\ñ Þ-$4Í<�dÐ\ñ(Þ�ÑÓÍßÞ0Ô4Ï |Ô4Þ4ÏS$4Ï��¨ðmÏÒÑÓÍßÑ�Ï��C�dÑ�Î�Ô4ÐÒÑÓÔ4Î�Ï���� Ï�� Ñ � ��Û Ð\ÎdÍ�XZ�ºÏ��h��Ô4Î Ô4Þ4ÏS�\Ð>'4Ï����fÏS$ÅÏ©ÑÓÏºÜZð��[�mÏ\Û Ô4Ðºñ(Ô4ð&ð��fÔ��Ð\ñ Ô4ÎdÑ�Ï` qÔ4ÏT�p�M�ºÐ?'ÅÏ��<�ßÏ\$4Ô 6(ñ(Þ�4|Ï\Ü�Ï\Þ�ÑäÛÝÔ`ð4Îdñ�X4Ñ9$4Ï��9�dÑ�Î�Ô4ÐÒÑÓÔ4ÎdÏ��9:(ñ(Í���ÍfÞÅÏ��� qÔ4Í(��� Û�6(Î�Û ÞJd
$4Í�����ÏºÞqÑ²ÏºÞ�Î�Ï�$ÅÍ<�dÑ�Î�Í��4Ô|Û Þ�ÑE$4Ï ð4Îdñ0Ð?'4Ï ÏºÞ�ð4Î�ñ0Ð>'4Ï/�fÛV�fñ(Þ�6 Ô4Ï\ÔÅÎE6�Û�6 Þ��\Ï9�fñ0Ð\Û��fÏºÜ�Ï\ÞqÑ\ËZ,}Ô4Î
�fÏ#$ÅÍ Û�6 ÎÓÛ Ü�Ü�ÏT��ð|ÛâÑÓÍfñ d ÑÓÏºÜZðmñ Î�Ï�� ,.-0/	� � Ë . 1Hñ Þ�ðmÏ\ÔÅÑ Ï\Þ�Ï "¼ÏºÑ Ð\ñ Þ��dÑÓÛÝÑÓÏºÎV$4Ï��FqXðmÏÒÑÓÍ Ñ]�>t
$��ºð�� Û ÐºÏ\Ü�Ï\Þ�Ñ]�@$4Ï�� ðmñ ÍfÞqÑ��($4Ï ÎdÏ��4Îdñ(Ô����dÏ\Ü�Ï\Þ�Ñ;1qÐºÏE 0ÔÅÍ|Ï��dÑ ÏºÞT$�����Û Ð\Ðºñ(Î�${Û;:(Ï\ÐE�fÏ��#ñ�����ÏºÎid
:ÝÛâÑÓÍfñ Þ��=$ÅÏ%mPÛ Þ|Û_PâÛ!��� � �)( * �3{78_,  qÔ4Í4ÍßÞ�$4Í� 0ÔÅÏ\Þ�Ñ( qÔ4Ï%�ßÏ��xð��fÍ��HÞ4Ï[��Ï[$��\ð��fÛ ÐºÏ\ÞqÑ#ð|Û_�(�ßÏC�fñ(Þ�6
$4ÏS�p� ÍßÞqÑÓÏºÎ�8XÛ ÐºÏ Ë*mwñ(ÔÅÑ�Ï�8Fñ(Í���10Ð�� Ï�� Ñ%�4ÍßÏ\Þ#��Ô4ÎC�fÏlÜ��ºÐ!Û ÞÅÍ<��Ü�Ïe$
� ÛÝð4ð|Û ÎdÍßÑÓÍßñ(Þ
� $4Í���ð4Û Î�Í Ñ�Íßñ Þ�$4Ï��
��ÍßÞ�6(Ô��fÛ Î�Í Ñ����G 0ÔÅÏZÎ�Ïºðmñ4��ÏT�s� Ï�����ÏºÞqÑÓÍßÏ��($4ÏT�fÛ-$�)0Þ|Û Ü�Í< qÔ4Ï`$
� Û 2dÔ��dÑÓÏºÜZÏºÞqÑH$ÅÏT� Û-�ßñ(Þ�6(Ô4ÏºÔ4Î
$
� ñ(Þ�$4Ï9$4Ï��lÜZñÝÑÓÍ�8 �\Ë

N²Ô-�mñ ÔÅÑ[$
� ÔÅÞ�ÑÓÏºÜZð��C��Ô .���Û Ü�ÜZÏºÞqÑ[�fñ Þ�6-qFð��fÔ��dÍfÏºÔ4Î��.2dñ Ô4Î��C��Í � Û Ð\ñ(Ô4Ð>'4ÏG6(ñ(Þ�4?Û ÞqÑ�ÏÏ�� Ñ.ÑÓÎ�0��9�\ð|ÛÝÍ<���dÏ�18ÏÝËM64Ë
$4Ï`�p� ñ(Î�$4Î�Ï\$4Ô`ÐºÏ\Þ�ÑÓÍfÜT0ºÑ�Î�Ï;tA1
�fÛ&Ðºñ(Ô4Ð>'4ÏT$ÅÏ`6(Ï��=$4Ô4Î Ï�� ÑäÏºÞqÑ�Í<0\ÎdÏAdÜ�Ï\Þ�Ñ�ÍßÜZðÅÎ���6 Þ��\ÏZð|ÛÝÎ5�p� Ï\Û Ô�ÏºÑ�Ô4Þ �ÒÑáÛÝÑ5$
�M�� qÔ4Í<�ßÍ<�4ÎdÏZÏ��dÑ ÛÝÑ�Ñ�Ï\ÍfÞ�Ñ"ð|ÛÝÎ5�ßÏ���)+�dÑ�0\Ü�Ï Ë � Þñ4���dÏ\Îi:(Ï.Û��ßñ(Î��^$4Ï��¨ÜZñ Ñ�Í�8 �^� ÑáÛÝÑ�Ífñ(ÞÅÞ|Û ÍßÎ�Ï���10ÎdÏ\ÜZÛ Î� qÔ|Û_���fÏºÜZÏºÞqÑ�Î���6 Ô��fÍßÏ\Î�� ÏºÑ¨ð��\ÎdÍfñ+$4Í� qÔ4Ï��ºËÙ#Þ�ð|Û ÎdÑ�ÍfÐºÔ��fÍßÏºÎ�1��s� ÍfÞ�ÑÓÏ\Îi8XÛ Ð\Ï�6 Ï��.$ÅÔ4Î �ÝÏ\Û Ô���Ï ð4Î����dÏ\ÞqÑ�Ï5�dñ(Ô��e� Û\8Fñ(ÎdÜZÏ�$
� Ô4Þ4Ï/��Ô4ÐºÐ\Ï����ÓÍßñ(Þ
$
� Û Î�Ð>'4Ï�� Ð\ñ(ÞÅÞ4Ï\ÐÒÑ]�\Ï�� Ï\Þ�ÑÓÎ�Ï?d Ï��<�fÏ��²ð|Û Î²Ô4Þ^Î�����Ï\Û Ôb$4Ï"ðmñ ÍfÞ�Ñ]�h$4Ï"ÎdÏ��4Îdñ(Ô����dÏ\Ü�Ï\Þ�Ñ�� 1��fÍßÏ\Ô}Ú
$4Ï@8Fñ0Ð!Û��ßÍ<��ÛÝÑÓÍ ñ(Þ9$4Ï^�s� �\ÞÅÏ\Î�6 ÍfÏ@��� Û�� ÑÓÍ< qÔ4Ïhq , -0/ Ë � Ë 0 1 � Ë 2 t Ë "(� ÍfÞ�ÑÓÏ\Îi8XÛ ÐºÏ^6(Ï��*$4Ô4Î � 6(Ï��qÜ�ñ(Ô Þ4Ïð4Î�����ÏºÞqÑ�Ï ð4Û���1* qÔ|Û ÞqÑCB Ï��<�ßÏ�1I$ÅÏlÑÓÏ��<�ßÏ��@��ÍfÞ�6(Ô�� ÛÝÎ�Í Ñ]���\ËI"wÛ Ð\Û Ô��dÏS$4ÏlÐ\ÏºÑdÑÓÏh$4Í�����)0ÜT�ºÑ�Î�ÍfÏ Ï�� Ñ
��:0Í�$4Ï\Ü�Ü�Ï\ÞqÑe�ßÍ<�ºÏ9BT�fÛbÞ4ÛÝÑÓÔ4ÎdÏ/$4Í��dÑÓÍßÞ4ÐºÑ�Ï9$4Ï/�s� ÍfÞ�ÑÓÏºÎÓÛ ÐÒÑÓÍßñ(Þ&Ï\Þ�ÑÓÎ�Ï/�fÏ��e$ÅÍ#" �\Î�ÏºÞqÑ��lÜ�Í<�ßÍ Ï\Ô}ÚÐ\ñ Þ��dÑ�ÍßÑÓÔ4Û ÞqÑlÞ4ñÝÑÓÎ�Ï9��)+�dÑ�0\Ü�Ï Ë¼Ù#Þ�Ï "¼ÏÒÑ;1?Ð\ñ ÞqÑÓÎ�Û ÍfÎdÏ\Ü�Ï\Þ�ÑeB�ÐºÏ/ 0ÔÅÍR�dÏ ð|Û����dÏ5B`�s� ÍfÞ�ÑÓÏ\Îi8XÛ Ð\Ï
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� 7:>�D8;FVER59�7\B #[>EO5?-B LFK:>�O 92; L�R-O < B LFMTDFK:B�R MT7\B�;XLNK\V�R-9 7:KC<�KCLNM S5B�DWR-O�S-7:B�O 2

k
92;XLZR-O59 #[>�O_JeLNK:>�O�?@R<�>@?@R-7:9+M27:BE; LFK:V�R-9]?@9]7\B #[>�O5?-B`LNK:>�O 9IL"?@9]7\B 7C>EO-^�R59TR-D�?QP >EO5?@9]?-9+7\B�?@M #[>EDN< B`LNK:>�O 2-J #����Ef D_f
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,.-0/	� � Ë �;{�
 "Sñ Þ�6(Ô4ÏºÔ4ÎV$
� ñ(Þ�$ÅÏk$ÅÏ�� ÜZñ Ñ�Í�8 �äÏ\Þo8Fñ Þ4ÐºÑ�Ífñ(Þ $4Ï-�p�M�ºð|Û Í<����ÏºÔ4ÎFqXÛ ð4Î�0��V6(ñ ÞJd
4|ÏºÜZÏºÞqÑ>tÒËg"(� Ô4Þ4ÍßÑ��ZÏ��dÑ\�fÏ�Ð\Ü�Ëg"8Ï��\�|ÛÝÎ�Î�Ï��5$
� ÏºÎ�ÎdÏ\Ô4Î5'4ñ(Î�Í�O\ñ(Þ�ÑáÛ_�fÏ�� Ð\ñ Î�Î�Ï���ðmñ(Þ�$4Ï\Þ�Ñ�ÛÝÔ}ÚÏ\ÎdÎ�ÏºÔ4Î���$4Ï ÜZÏ���Ô4ÎdÏFq ' 1

ÜZÜ#te�dÔ4Î
h
� �fÏ����4Û Î�ÎdÏ��G:(Ï\Î ÑÓÍßÐ!Û��ßÏ�� Ð\ñ Î�Î�Ï���ðmñ(Þ�$4Ï\Þ�Ñ"ÛÝÔ}Ú<4|ÔÅÐAdÑÓÔ4ÛÝÑÓÍßñ(Þ��=$ÅÏ��@�ßñ(Þ�6(ÔÅÏ\Ô4Î��($
� ñ(Þ�$4Ï7ðmñ(Ô4ÎxÔ4Þ`�ºÑÓÛÝÑ@$K�M�� 0ÔÅÍ<�fÍ��4Î�ÏC$4ñ(ÞÅÞ��/q $4Ï%�s� ñ(Î�$4Î�ÏC$4Ï

10%
t Ë

"SÛ`$ÅÎ�ñ(Í ÑÓÏ ÏºÞ�ðmñ(ÍßÞqÑ�Í<���Y���¨Ï�� Ñ²Ô4Þ�Û 2dÔ��dÑ�Ï\Ü�Ï\Þ�Ñe�fÍßÞ��!ÛÝÍfÎdÏG$
� �� qÔ|ÛâÑÓÍfñ Þ
λ = 4.25h

Ë

$4Ï�� Û ÎdÐ>'4Ï��h$4ÏH�p�M�ºÐ?'|ÛÝÞqÑ�Í<�<� ñ(ÞJÐ\ÏH qÔ4ÍwÞÅñ(Ô��²ðmÏºÎ�Ü�ÏºÑh$
� ñ4�ÅÑÓÏºÞ4ÍßÎe$4Ï��h qÔ|Û Þ�ÑÓÍßÑ����lÜZñ3)(Ï\Þ4ÞÅÏ��
q �p� ñ Î�$4ÎdÏ $4Ï 6(ÎÓÛ Þ�$4Ï\Ô4Î#$4Ï��>4|Ô4ÐÒÑÓÔ|ÛâÑÓÍfñ Þ��{Î�Ï��fÛÝÑÓÍY:(Ï��ZÏ��dÑ�Ñ )0ð4Í< qÔ4ÏºÜZÏºÞqÑc$4Ï

10%
t ËCQ ÍfÏºÞ

 qÔ4Ïn�ßÏ���Ô����dÑÓÎ�ÛÝÑ�Þ4Ï ��ñ(Í Ñ92�Û ÜZÛ Í��bÑÓÎ�0��#�\ð|ÛÝÍ<�ZÏºÑ�Ðºñ(Ü�ðÅÑÓÏ�ÑÓÏºÞ0Ô�$4Ï��c�4Û Î�ÎdÏ��#$
� Ï\Î�ÎdÏ\Ô4Î���1ñ(ÞuÐºñ(Þ��dÑÓÛÝÑÓÏ  0ÔÅÏb�fÛ
Î�Ï�� ÛÝÑ�Ífñ Þ��ßÍfÞ��!Û ÍßÎdÏk8Fñ(Ô4Î�ÞÅÍßÑ{ÔÅÞ4Ï¾ÑÓÎ�0��c�mñ Þ4Þ4Ïn$4Ï���ÐºÎ�ÍßðÅÑÓÍßñ(Þ�$4Ï¾Þ4ñ4�ñ4���dÏ\Îi:ÝÛÝÑÓÍßñ(Þ��ºËa"8Ï.ð4Î��A8XÛ ÐºÑ�Ï\Ô4ÎE$4Ï
4, 25

Ð\ñ(ÎdÎ�Ï���ðmñ(Þ�$ BV�s� ñ(Î�$ÅÎ�Ï�$4Ï96(Î�Û Þ�$4ÏºÔ4ÎlÛÝÑdÑÓÏ\Þ�$4Ô2Ë
Ö ÄâèD;wÄâÇ '�Æ1'0õ '0ÕFÃ|õºÆ$Ç +2×wÁ0õ

Ù#Þ&Ü�ñ+$4ÍYX?Û Þ�ÑC�ßÏ�� ðÅÎ�ñ(ðmñ(Î ÑÓÍfñ Þ��!NSN ��Q - ,JNhN�q :(ñ ÍfÎ�ð|Û Î�Û�6(Î�Û ð�'4Ï � Ë � Ë � t?10Þ4ñ(Ô��¨Û3:(ñ(Þ��Û Ô�����Í}Î��\Û��fÍ����^$4Ï��xÏ Ú}ð��\Î�ÍßÏ\ÞÅÐ\Ï��#ÏºÞ ð4Î��\ð|ÛÝÎÓÛ Þ�Ñ=$4Ï��=6(Ï��<�z$4Ï ÜZñ+$ÅÔ��fÏ��z���fÛ��dÑ�Í< qÔ4Ï��g$4Í#" �\ÎdÏ\Þ�Ñ]�
qFÑ�Ï��
 qÔ4Ï9�fÏ ÎÓÛ ð4ðmñ ÎdÑ

Edur/Emou

��ñ ÍßÑ7ð��fÔ��%8XÛÝÍ<���ßÏ3t ËJmPñ ÔÅÑÓÏA8Fñ(Í<��14Þ4ñ(Ô��7Þ4Ï9$4Í���ðmñ4�dÍfñ(Þ��¨ð|Û��
$4Ï&Î��!Û ÐÒÑÓÍ�8 ��Þ4ñ Ô�� ðmÏ\ÎdÜZÏÒÑ�ÑáÛÝÞqÑV$4Ï&Ð>'|Û Þ�6(ÏºÎ Ð\Ï��bÜZñ+$ÅÔ��fÏ��\$4Ï&ÜZÛ Þ4Í<0ºÎ�Ï{ÍfÜ�ðmñ(Î ÑáÛ Þ�ÑÓÏZÏºÑ
�fÏ��\�fñ(Þ�6(Ô4Ï\ÔÅÎ��\$
� ñ(Þ�$4Ï&ñ4�ÅÑ�Ï\ÞqÔ4Ï��bÞ
� �ÒÑáÛ ÍßÏ\ÞqÑ ð|Û_�V��Í�6(Þ4ÍYX|Ð!ÛÝÑ�Í�:(ÏºÜZÏºÞqÑ5$4Í#" �\ÎdÏ\Þ�ÑÓÏ��ºË@f ÏºÑ�Ñ�Ïñ4���dÏ\Îi:ÝÛÝÑÓÍßñ(Þ¾Ï�� Ñ Ï\Þ^Û Ð\Ðºñ(Î�$^Û3:(Ï\Ð5�fÛ�ð4Î���$4ÍfÐÒÑÓÍßñ(Þ�Ñ]'��ºñ(Î�Í� qÔ4ÏH$4Ôn�dÏ\Ô4Í��Cq � Ë � t% 0ÔÅÍPÍfÞ�$4Í< qÔ4Ï
 qÔ4Ï/�fÛV$��ºðmÏ\Þ�$4Û Þ4Ð\Ï/:0Í<� d B ds:0Í<�[$4Ï�� ÜZñ+$4Ô��fÏ��[��� Û_�dÑÓÍ� qÔ4Ï�� Ï��dÑE8XÛ Í<���fÏ Ë
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"SÛ²ðÅÎ����dÏ\Þ4ÐºÏ%$ÅÏC��ÍßÞ�6(Ô��fÛ Î�Í Ñ����RBh� Ûe�dÔ4Î�8XÛÝÐ\ÏC�ßÍ<�4ÎdÏ^$4Ï�Ð\ñ(Îdð��g��� Û�� ÑÓÍ� 0ÔÅÏ��PÏ\Þ�Ï Ú}ð|Û Þ��dÍfñ(Þ�Û
�ºÑ���Ðºñ(Þ�� ÑáÛÝÑ��\Ï!$|Û Þ��z$4Ï Þ4ñ ÜV�ÅÎ�Ï\Ô0Ú.ÑÓÎ�Û3:ÝÛÝÔ}ÚäÛ Ô�����Í+�ÅÍfÏ\Þ ÏÒÚ}ð��\ÎdÍfÜ�Ï\Þ�ÑáÛ Ô}Ú/ qÔ4Ï�Ñ]'��ºñ(Î�Í� 0ÔÅÏ��\ËÌ Û Þ��²ÐºÏºÑdÑÓÏ/��Ï\ÐÒÑÓÍßñ(Þ
1|Þ4ñ(Ô��e�fÛ Í�����ÏºÎ�ñ(Þ��%$4Ï Ð�UÝÑ]�/�p� Û_��ðmÏ\ÐÒÑh$�)0Þ|ÛÝÜZÍ� 0ÔÅÏ ðmñ Ô4Îe��� ÍßÞqÑ��\Î�Ï����dÏ\Î�1
B`�p� ÛÝÍ<$4ÏG$K� Ô4Þ�ÜZñ+$�0��ßÏ���ÍßÜZð��fÏ�1ÅÛ Ô}Úk� ÑÓÎdÔ4ÐºÑ�Ô4Î�Ï��h$
� �� qÔ4Í��fÍ<�ÅÎ�Ï Ë
# ��� � # 
^µ��8¢0¦8§�¥��#¥��¬£�§
Ù#Þ�ÑÓñ(ÔÅÑ�Ïe64�ºÞ��\Î�Û��fÍ Ñ]�_1I�fÛ9$4Ï���ÐºÎ�Ífð}ÑÓÍfñ ÞZÐºñ(Ü�ð��<0ÒÑÓÏE$4Ô���)+� Ñ]0\Ü�Ïh$4ñ(Í Ñ ðmÏ\ÎdÜ�ÏºÑ�Ñ�Î�Ïe$4Ïe$��?dÑÓÏºÎ�Ü�ÍfÞ4ÏºÎR�s� �ºÑÓÛÝÑz$4Ï��g$4Ï\Ô}Ú"ÍßÞqÑÓÏºÎ�8XÛ ÐºÏ��

(X,Y )
ÏºÑ

(x, y)
q�,.-0/ Ë � Ë �4� t.$4Ô\�i)+�dÑ]0ºÜZÏÝË4"(�M�ºÞ4Ï\Î d

6(ÍßÏ!$4Ï��HÐ\ñ(Ô4Ð>'4Ï��($ÅÏC6(Ï��0Ï�� Ñ#Û��fñ Î��.8Fñ(Þ4ÐÒÑÓÍfñ Þ5$ÅÏ��=$��\ð��fÛ Ð\ÏºÜZÏºÞqÑ��xÛ Ô5��Ï\ÍßÞ\$ÅÏC�fÏ\ÔÅÎz�\ð4Û Í<����Ï\ÔÅÎÎ�Ï���ðmÏºÐºÑÓÍY:(Ï Ë
&Pñ Ô4ÎS�dÍfÜ�ð��fÍ X|Ï\Î�1?ÞÅñ(Ô��S��ÔÅð4ðmñ4��ÏºÎ�ñ(Þ��G$|Û Þ��©Ð\Ï5 qÔ4Íz��ÔÅÍßÑS qÔ4Ï5�s� �\ð|ÛÝÍ<���dÏ\Ô4Îh$4Ï

(X(s), Y (s))

(x(s), y(s))

� � � � 
 �

��������� 


� ��


(x(s), y(s))

θ(s)

y

x

,.-0/	� � Ë �4� 
 u9�ºñ(ÜT�ºÑ�Î�ÍfÏG$4Ï/� ÛV�4ÍfÐºñ(Ô4Ð>'4Ï/$4Ï/6(Ï��rËZ"@� ÍfÞ�ÑÓÏºÎ�8XÛ ÐºÏ ÏºÞqÑ�Î�Ï/�fÏ96 Ï��.$ÅÔ4ÎlÏºÑe�s� Ï!Û Ô
qXÎdÏ��dð2Ë|Ï\Þ�ÑÓÎdÏ9�fÏG6(Ï��2Ü�ñ(Ô&ÏºÑE�fÏG6(Ï��
$4Ô4Î>t Ï��dÑe$��ºÐ\ÎdÍßÑÓÏ ð|ÛÝÎ%�fÏ Ð\ñ Ô4ð��fÏ

(X(s), Y (s))
qXÎ�Ï���ð2Ë

(x(s), y(s))
tÒË+"SÛ/�fÍ�6(Þ4Ï ÏºÞ�ðmñ(ÍßÞqÑ�Í<���Y����Î�Ïºð4Î�����ÏºÞqÑÓÏS� Û9�fÍ�6(Þ4Ï ÜT��$4ÍfÛ Þ4ÏE$4Ïh� Û.Ð\ñ(ÔÅÐ?'4ÏS�dÔ4ð��AdÎ�ÍßÏ\Ô4ÎdÏ Ë

� Û Ð\ñ Ô4Ð?'ÅÏ��dÔ4ð��\ÎdÍfÏºÔ4Î�ÏG$ÅÏG6 Ï��¼Ï��dÑ%�dÔ/.T�ÓÛ Ü�Ü�Ï\Þ�Ñ¨ðmÏºÑÓÍ ÑÓÏh$4ÏS��ñ(Î ÑÓÏS qÔ4ÏG� Û/$4Ï���Ð\ÎdÍfðÅÑ�Ífñ(Þ#$4Ï
��ñ Þ#�ÒÑáÛÝÑ^��Ï²Î�Û ÜT0\Þ4ÏeB Ð\Ï��<�ßÏE$4Ïe�ÓÛ/�fÍ�6(Þ4Ï7Þ4ÏºÔÅÑÓÎdÏ\qXñ ÔZÏ\ÞÅÐ\ñ(ÎdÏ²Ü���$4Í ÛÝÞ4Ï3t ËqÌ©Ï²ÐºÏºÑdÑÓÏe8XÛ_&\ñ(Þ
1
�s� ���fÛ��dÑ�ÍfÐºÍ Ñ]�S$4Ï.Ð\ÏÒÑ�ÑÓÏ.Ð\ñ(ÔÅÐ?'ÅÏ/$4Ï96(Ï��
$4Ô4Î Ð\ñ�� Þ4ÐºÍ<$4Ï.Û3:(ÏºÐ ÐºÏ����fÏ�$
� Ô4Þ4Ï.ð�� Û_ 0ÔÅÏ.Ü�ÍfÞ4ÐºÏ Ë|Ì²Ïð��ßÔ���1J�ºÑáÛÝÞqÑ%$4ñ(ÞÅÞ����fÏ©Ðºñ(Þ�X|ÞÅÏ\Ü�Ï\ÞqÑ ÍßÜ�ðmñ4���©ð|ÛÝÎ[� ÛäÐ\Ï��<�fÔ��fÏ²Ï\Þ-:(ÏºÎ�ÎdÏ�1��ßÏ��[$��ºð�� ÛÝÐ\Ï\Ü�ÏºÞqÑ]�Þ4Ï���ñ(Þ�Ñ�ðmñ4����Í����fÏ��H 0ÔÅÏc$4Û Þ��"ÔÅÞ4Ï#$4ÍßÎ�Ï\ÐÒÑÓÍßñ(Þ
1SÐºÏ# qÔ4Í�ÞÅñ(Ô��"ðmÏºÎ�Ü�ÏºÑ5$4Ï�ÑÓÎÓÛÝÍßÑÓÏºÎ/�ßÏ��H$4Ï?d
6(Î����G$4Ï\�ßÍ<�mÏºÎdÑ]�H$4Ï\�fÛZð�� Û_ 0ÔÅÏ�Ðºñ(ÜZÜ�ÏäÐ\ÏºÔ}Úb$
� Ô4Þ4Ï"ÑÓÍ�6(Ï�1¼Û Ô¾ÑÓÎ�Û3:(ÏºÎ��G$
� Ô4Þ4ÏV�ºÞ4Ï\Î�6(ÍßÏ\$4ÏÐ\ñ Ô4Î��4ÔÅÎ�Ï#q 8Fñ(Þ4ÐÒÑÓÍfñ Þk$4Ï

θ(s)
t ËÌ©Û Þ��R�fÏ�Î���6(ÍßÜZÏ=�fÍfÞ��!Û ÍßÎdÏ�1��s� �\Þ4ÏºÎ�6(ÍßÏ@$ÅÔH��Ô���� ÑÓÎ�ÛÝÑHÞÅÏ^$��\ðmÏºÞ�$5 0ÔÅÏ!$4Ï^�fÛ7Ð\ñ(ÞJXZ6(Ô4Î�ÛÝÑÓÍßñ(Þ

$4ÏE�s� ÍfÞ�ÑÓÏ\Îi8XÛ ÐºÏ
(x, y)

ÏºÑ ð|Û_�SqFÏÒÚ}ð��ßÍfÐ\Í ÑÓÏºÜZÏºÞqÑ>tz$4ÔZÐ>'|Û Ü�ðT$ÅÏ��^$��ºð�� ÛÝÐ\Ï\Ü�Ï\Þ�Ñ]�@$|Û Þ��#ÑÓñ ÔÅÑÓÏ
�s� �\ð4Û Í<����Ï\ÔÅÎ\Ë(Ù#ÞbÐºñ(Þ��dÍ<$��ºÎÓÛ Þ�Ñ@�fÛS�ßÍfÜ�Í ÑÓÏ�ñ �V�ßÏC��Ô���� ÑÓÎÓÛâÑ�ñ0Ð\ÐºÔ4ðmÏ7Ô4Þ`$4ÏºÜZÍ d Ï���ð|Û ÐºÏ�1Ýñ(ÞV�ÓÛ Í Ñ
qsu Î�ÏºÏ\Þ * � 25, t9 qÔ4Ï#�p� ÍßÞqÑÓÏºÞ���Í Ñ]�`$4Ï��H8Fñ(Î�ÐºÏ��5$ÅÏ{Î�Û ð4ðmÏ��Sq $|Û Þ��H�fÏ�ð��fÛ Þ
ÏºÑ5'4ñ Î��H$4Ô�ð�� Û ÞZtÛ�����ñ0Ð\Í��\Ï��hBbÔ4ÞÅÏ/$��A8Fñ(Î�ÜZÛÝÑ�Ífñ(Þc��ÍfÞqÔ���ñ�� $|Û_�fÏ�$��\ðmÏ\Þ�$ $4Ï9�fÛV�fñ Þ�6(Ô4ÏºÔ4Î%$
� ñ(Þ�$4Ï

λ
|

(
σyy
σyx

)
=

4πE

3λ

(
y
x

)
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ñ �
σ
Ï��dÑ��ßÏ
Ñ�Ï\Þ��dÏ\Ô4ÎF$4Ï���Ðºñ(ÞqÑ�ÎÓÛ ÍßÞqÑÓÏ��FB	�p� ÍßÞqÑÓÏºÎ�8XÛÝÐ\Ï
ÏÒÑ

E
�fÏ
ÜZñ+$ÅÔ��fÏn��� Û_�dÑÓÍ� qÔ4Ïr$4Ô

6(Ï��²Ü�ñ(Ô2Ë!&Pñ(ÔÅÎ{Ô4Þ4Ï $���8Fñ(ÎdÜ{ÛâÑÓÍfñ Þ� qÔ4Ï��fÐ\ñ Þ� qÔ4Ï�1 ñ(Þ�$ÅÏ�:0ÎÓÛ Í Ñc$Åñ(Þ4Ð¾Ï\Þ ÑÓñ(Ô}ÑÓÏ¾ÎdÍ<6(Ô4ÏºÔ4ÎÐ\ñ Þ���Í�$��\ÎdÏ\Î@�ßÏ%�dðmÏ\ÐÒÑÓÎ�ÏE$4Ïev|ñ(ÔÅÎ�ÍfÏºÎEq �dÔ4Í�:âÛ ÞqÑ
x
tg$4Ï¨ÑÓñ(Ô��@�ßÏ��#Ð>'|Û Ü�ð��\ËI~lñ(Ô��@�dÔ4ð4ðmñ4�dÏ\Îdñ(Þ��

$|Û Þ��C�fÛ/��ÔÅÍßÑÓÏe qÔ
� ÔÅÞ-�dÏ\Ô��¼Ü�ñ+$4Ï5q $ÅÏS�ßñ(Þ�6(ÔÅÏ\Ô4Î^$
� ñ(Þ�$ÅÏ
λ
t�Ï�� Ñ[�����fÏºÐºÑ�Ífñ(ÞÅÞ���10ÐºÏS qÔ4ÍmÞ4ñ(Ô��Ð\ñ Þ�$4Ô4ÍßÎÓÛ`BbÍßÞqÑ�Î�ñ+$4Ô4ÍßÎ�Ï Ô4Þ�Ü�ñ+$4Ô��ßÏ���� Û�� ÑÓÍ� 0ÔÅÏ.Ï�"NÏºÐºÑÓÍY8

Eeff = 4πE
3λ

Ë
vPÍfÞ|Û_�fÏºÜ�Ï\ÞqÑ�1ÅÞ4ñ Ô��lðÅÎ�Ï\Þ�$4Î�ñ(Þ��lðmñ(Ô4ÎE�ºÞ4Ï\Î�6(ÍfÏ Eλ $4ÔF��)+� Ñ]0\Ü�Ï

Eλ/δ =
1

2
D

∫ L

0

(
dθ

ds

)2

ds+
1

2

4πE

3λ

∫ L

0

(x(s) − x(L)s/L)2ds

+
1

2

4πE

3λ

∫ L

0

y(s)2ds+ µ(x(L) − x(0) − αL)2

q � Ë � t

δ
$�����Í<6 Þ|Û Þ�Ñ[�fÛäðÅÎ�ñ�8Fñ(Þ�$4Ï\ÔÅÎC$4ÏS� Û/�|ÛÝÞ�$4ÏS$4ÏS6(Ï��

(= 1 mm)
1
D = Edurh

3

12(1−ν2)

�dñ(Þ�ÜZñ+$ÅÔ��fÏ
$4Ï 4|Ï ÚÅÍßñ(Þ q

Edur

Ï�� ÑE�ßÏ©ÜZñ+$ÅÔ��fÏh��� Û�� ÑÓÍ< qÔ4Ï_1
ν
�ßÏ©Ð\ñ0Ï�.�Ð\ÍfÏºÞqÑ%$4Ï�&Pñ(Í<����ñ(Þ��At � ñ(Þ-�dÔ4ð4ðmñ4��Ï

 qÔ4ÏT$4Û Þ��9�s� �ºÑÓÛÝÑ.ÞÅñ(Þ $���8Fñ Î�ÜT��1
x(s) = s

ÏÒÑ
y(s) = 0

q
X(s) = s

ÏºÑ
Y (s) = h

tÒËW"8Ïð4ÎdÏ\Ü�ÍfÏ\Î8ÑÓÏºÎ�Ü�Ï�Ðºñ(Î�ÎdÏ��dðmñ(Þ�$VBh�p�M�ºÞ4Ï\Î�6(ÍfÏ@$4Ï�Ð\ñ Ô4Î��4Ô4ÎdÏC$4Ï!�fÛe�ßÍ<6(ÞÅÏ�Þ4Ï\Ô}ÑÓÎ�Ï Û����dñ0Ð\Í��\Ï Û Ô56(Ï��
$4Ô4ÎºË_"8Ï��g$4ÏºÔ}Ú"Ð\ñ ÞqÑÓÎdÍ<�4Ô}ÑÓÍfñ Þ��R�dÔ4Í�:ÝÛÝÞqÑ�Ï��HÎ�Ïºð4Î�����ÏºÞqÑÓÏ[�p�M�ºÞ4Ï\Î�6(ÍfÏ^$ÅÔ\��Ô����dÑ�ÎÓÛÝÑ=$���8Fñ(ÎdÜ��ÝË_"8Ï
$4ÏºÎ�Þ4ÍßÏ\ÎlÑ�Ï\Î�Ü�Ï ÜZñ+$����fÍ���Ï9�fÏ/6(ñ Þ!4|ÏºÜZÏºÞqÑS$4ÏH� ÛbÐ\ñ Ô4Ð?'ÅÏ\�dÔ4ð��\ÎdÍfÏºÔ4Î�Ï5$4ÏH6(Ï��rËmÙ#Þ 8XÛÝÍßÑ;1|Û Ô
�fÍßÏ\Ô�$
� Û Ô�6(Ü�ÏºÞqÑÓÏºÎS�fÛ��ßñ(Þ�6(Ô4ÏºÔ4Îh$4Ôn6(Ï��z$4ÔÅÎ�1¼Þ4ñ Ô�� Û3:(ñ(Þ��©Ð>'4ñ(Í���ÍR$4Ï5$4ÍfÜ�ÍßÞ0Ô4ÏºÎe�s� �\Ð>'4Ï��<�ßÏ
$4ÏV�ßñ(Þ�6(ÔÅÏ\Ô4ÎS$4Ôr��Ô����dÑÓÎ�ÛÝÑ |

µ
ðmÏ\ÔÅÑ9LºÑ�Î�ÏbÛ_�fñ(Î��©ÍfÞqÑ�Ï\Îdð4Î��ÒÑ]� Ðºñ(Ü�ÜZÏ"Ô4Þ
Ü Ô��ßÑÓÍßð��ßÍßÐ\ÛÝÑÓÏºÔ4Î

$4Ï5"SÛ�6(Î�Û Þ�6(Ï ÏºÑ
α
Ðºñ(Ü�ÜZÏ9�s� ÍfÞ*:(ÏºÎ��dÏH$4Ô�ÑáÛ Ô0Ú�$4ÏH6(ñ(Þ!44Ï\Ü�Ï\Þ�ÑVq  qÔ4Í�2dñ(Ô4Ï ÍfÐ\Í.�ßÏ Î�U4�ßÏ/$4Ïð|Û Î�Û ÜT0ºÑÓÎdÏT$4ÏZÐ\ñ ÞqÑÓÎ�U4�ßÏ3tÒËSÌ Û Þ��H�s� �ºÑáÛâÑäÍßÞ4ÍßÑ�ÍfÛ��

α
:ÝÛÝÔÅÑ �(� �fÛJÐ\Î�ñ Í<����Û Þ4ÐºÏ#$4Ô�ÜZÛÝÑ]�ºÎ�ÍfÛ ÔÐ\ñ Î�Î�Ï���ðmñ(Þ�$nB

α < 1
Ë

"8Ï Ü�ñ+$�0��fÏ\ qÔ4Ï Þ4ñ(Ô��G:(Ï\ÞÅñ(Þ��9$4Ï ð4Î�����Ï\Þ�ÑÓÏºÎ Ï��dÑ9�fÍfÞ��!Û ÍßÎdÏ Ë - �HÏ��dÑ9�4ÍßÏ\Þr�A:0Í<$4ÏºÞqÑ9 qÔ4Ï
��ñ Ô�'|Û Í ÑáÛ Þ�Ñ"Î�Ïºð4Î�ñ+$4Ô4ÍßÎ�Ï�$4Ï���Ü�ñ ÑÓÍY8 �/ qÔ4Í ðÅÎ����dÏ\Þ�ÑÓÏ\Þ�Ñ`$4Ï��\�dÍfÞ�6(Ô�� Û ÎdÍ Ñ]����1wÐºÏ\Î ÑáÛ ÍßÞ��"Ï "¼ÏºÑ��Þ4ñ(Þ+d �fÍßÞ��\Û ÍßÎdÏ��/$4ñ(ÍY:(Ï\Þ�Ñ\LÒÑÓÎ�Ï{ð4ÎdÍ<�äÏºÞ�Ðºñ(ÜZð}ÑÓÏ Ëgf Ï���ð��fÍ��äÐºñ(Î�ÎdÏ��dðmñ(Þ�$4ÏºÞqÑ`B $ÅÏ���Î���6(Íßñ(Þ��
�ºÑ�Ï\Þ�$ÅÔ4Ï��z$4ÔH6(Ï��* qÔ4Í*�dÏ�ÑÓÎ�ñ Ô�:(Ï\Þ�ÑPÏ\ÞäÐ\ñ ÞqÑÓÛ ÐºÑCq � Þ0Ô�PqÍ
* 2785, t Ë &@'I)+��Í< qÔ4ÏºÜ�Ï\ÞqÑ�1âÐ\Ï��PÎ���6(Íßñ(Þ��Þ4Ï7ðmÏºÔ�:(Ï\Þ�Ñ!�dÏ7Ñ�ÎÓÛ;:(Ï\Î��dÏ\Î�1�Ð�� Ï�� Ñ ðmñ(Ô4ÎxÐ\Ï�� ÛG qÔ4Ï ÞÅñ(Ô��#ÍfÞ�ÑÓÏ\Î�$4Í<�dñ(Þ��=�ßÏ��#Û ÔÅÑ�ñ_d ÍßÞqÑÓÏºÎ��dÏ\ÐÒÑÓÍfñ Þ��
$4Ï � Û	�dÔ4Î�8XÛ ÐºÏ���Ô4ð��ºÎ�ÍßÏ\Ô4ÎdÏ��	qFÏ\Þ«Ðºñ(Þ�ÑáÛ ÐÒÑ^Û;:(Ï\Ð��s� Ï!ÛÝÔatc$4Ô 6 Ï��9$4Ô4Î7q

(X(s), Y (s)) 6=
(X(s′), Y (s′))

$�0��e qÔ4Ï
s 6= s′

tÒË
# ��� � ­ � �¬¢��mµ��N¥��¬¢��x¥��¬£ §��©¥0µ!� � ¥}¦S³ ¦8§�¥½§¨¤ ³ �2µ�� "¨¤²¦

NeX|Þ/$
� ñ4�ÅÑ�Ï\Þ4ÍßÎW�fÏ��8Ð\ñ(ÞJXZ6(Ô4Î�ÛÝÑÓÍßñ(Þ��W$K�M�� 0ÔÅÍ<�fÍ��4Î�Ï#Û_����ñ0ÐºÍ<�ºÏ��RB/q � Ë � tA1\Þ4ñ(Ô��SÔÅÑÓÍ��fÍ��dñ(Þ��
$4Ï��ÜT�ºÑ]'Åñ+$4Ï��HÞqÔ4ÜT�\Î�Í� qÔ4Ï��g$ÅÏ ÜZÍßÞ4ÍßÜ�ÍY�ÓÛÝÑ�Íßñ Þ5B²ð��ßÔ���ÍßÏ\Ô4Î��R:ÝÛ Î�ÍfÛ����ßÏ��CqXÐA8¬Ë�~lÔ4Ü�Ï\ÎdÍfÐ!Û_�0ÎdÏ\ÐºÍfðmÏ��
* 368_, tÒËa~lñ(Ô��e��ÔÅð4ðmñ4��ÏºÎ�ñ(Þ���1¼ðmñ(ÔÅÎe�dÍfÜ�ð��fÍ X|Ï\Î�1� qÔ4Ï/�s� �\ð|Û Í����dÏ\Ô4ÎE$4Ô�6(Ï��W:âÛ Î�ÍßÏ.ðmÏ\Ô��fñ(Î��E$4Ô
6(ñ(Þ�4|Ï\Ü�Ï\Þ�Ñ ÏÒÑ� qÔ4Ï\� Û��fÍ�6(Þ4Ï Þ4Ï\Ô}ÑÓÎ�Ï�Ðºñ � Þ4ÐºÍ<$4Ï�Û;:(Ï\Ð\� ÛZÐºñ(Ô4Î��mÏ�ð|Û_���ÓÛÝÞqÑ ð|Û ÎS�ßÏ��©ðmñ(ÍfÞ�Ñ]�
�� qÔ4Í�$4Í<� ÑáÛ Þ�Ñ]�7Û Ô}Úc$4Ï\Ô0ÚJÍßÞqÑÓÏºÎ�8XÛ ÐºÏ��ºËZ&(�fÔ��¨ð4Î��\Ð\Í����ºÜZÏºÞqÑ�14ðmñ(Ô4Î[��:ÝÛ_�fÔ4ÏºÎ7Þ0ÔÅÜ��ºÎ�Í� 0ÔÅÏ\Ü�Ï\ÞqÑ
�I>EO O-9�JI>EO5;NK:? <2DN92DFB+V�R-9�?@9A;=^E9T7\;=K:O5JI>E< S5DN9A;N;NK 657C9A;G9IL�7 P >�O S5DN9TO_?@DFBW?@>�O_J

ν = 0, 5
?-B`O5;=LN>ER@LN9A;
7C9A;B`S5S-7CK\JTB`LNK:>�O5; O�R-<�M2DNK\V�R-92;2f

�IO->ER5;�U�9TDFDN>EO5; ?-B`O5;�7\B�;NR-K LF9WV�R-9WJI9T7\B O P 92;XL�S5BE; O-M2JT92;F;NB�KCDF9bS'>�R5D�7cP K:OELF9TD #)BEJI9]9TOELFDN9]7:92;�?@9TR-H ^�927:;V�R-K 92;XL�;NR
	 9ILNLN9ZB`R@H JTK:;FB`K:7:7C92< 92OEL8;�?@R ;XR76_; LFDFB`L2f
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�s� �\ÞÅÏ\Î�6 ÍfÏ5$K� Ô4ÞÅÏ Ð\ñ(ÞJXZ6(Ô4Î�ÛÝÑÓÍßñ(Þ
1¼ÞÅñ(Ô�� Î�Ï\Ðºñ(Þ�� ÑÓÎ�ÔÅÍ<��ñ Þ����fÏ��G$4ÏºÔ}Ú
ÍßÞqÑ�Ï\Î�8XÛÝÐ\Ï�� ÏºÞ�ð4Û ÎdÑÓÛ ÞqÑ
$4Ï9� Û\�fÍ�6(Þ4Ï ÞÅÏ\ÔÅÑ�Î�Ï/$4Í���ÐºÎ��ºÑ�Í<���\Ï.Ï\Þ

N
��Ï�6 ÜZÏºÞqÑ��5q ,.-0/ � Ë � � t Ë

Ð\ñ(Ü�ð4Î�Ï����dÍfñ(Þ
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θi

,.-0/	� � Ë � � 
 Ì©Í<�dÐ\Î��ºÑÓÍ��ÓÛÝÑ�Ífñ(Þ $4Ï � ÛÐ\ñ(ÔÅÐ?'ÅÏ��dÔ4ð��\Î�ÍßÏ\ÔÅÎ�Ï $4Ï 6 Ï��AË�"wÛ �fÍ<6 Þ4ÏÞ4Ï\Ô}ÑÓÎ�Ï
(xi, yi)1≤i≤N

Ï��dÑ`Î�Ï\ðÅÎ����dÏ\Þ�Ñ]�\ÏÏ\Þ ðmñ(ÍfÞ�ÑÓÍ<�Y�����\Ë[&wñ(Ô4Î&Ð?'4Û� qÔ4Ïr��Ï�6 ÜZÏºÞqÑ
$4Ï.Ð\ÏÒÑ�ÑÓÏ9�fÍ�6(Þ4Ï_1Åñ(Þ�Ðºñ(Þ�� ÑÓÎ�ÔÅÍßÑ Ô4Þ�ðmñ(ÍfÞ�Ñ
$4Ï[�p� ÍßÞqÑ�Ï\Î�8XÛÝÐ\Ï!6 Ï��J$4Ô4Î��ÝÏ!ÛÝÔ ÏºÑxÔ4Þ�ðmñ(ÍfÞ�Ñ
$4Ï��s� ÍfÞ�ÑÓÏºÎ�8XÛ ÐºÏ 6(Ï��T$4ÔÅÎ �_6 Ï���Ü�ñ(Ô � Í��<�
��ñ(Þ�Ñ©ð�� ÛÝÐ����h$ÅÏ"ð|ÛÝÎdÑ²ÏºÑS$
� Û ÔÅÑ�Î�ÏH��Ô4Îh� ÛÜ���$4Í ÛâÑÓÎ�ÍßÐºÏ\$
� Ô4Þ��dÏ�6 ÜZÏºÞqÑ/$4Ï`�fÛc�fÍ<6 Þ4ÏÞ4Ï\Ô}ÑÓÎ�ÏbB�Ô4Þ4Ïn$4Í<� ÑáÛ ÞÅÐ\Ï

h/2
Ë�� ÞuÞ4ñ_dÑÓÏºÎÓÛ

(ui, vi)1≤i≤N−1

�fÏ���Ð\ñ0ñ(Î�$4ñ(Þ4Þ��ºÏ��
$4Ï�� ðmñ(ÍßÞqÑ��!$4ÏS�p� ÍßÞqÑÓÏºÎ�8XÛ ÐºÏlÍfÞJ8 �\Î�ÍßÏ\ÔÅÎ�ÏlÏºÑ
θi
�s� Û Þ�6��fÏ©Ï\ÞqÑ�Î�Ï9�p� ÛâÚ}Ï

x
ÏºÑE�fÏG��Ï�6 ÜZÏºÞqÑ

2dñ(Í<6 Þ|Û Þ�Ñ
(xi−1, yi−1)

B
(xi, yi)

Ë
"SÛ\8Fñ(Î�Ü�Ï�$ÅÍ<��ÐºÎ��ÒÑÓÍ<���\Ï9$4Ï9�s� �\ÞÅÏ\Î�6 ÍfÏTq � Ë � t Ï�� Ñ©Û��ßñ(Î��

Eλ/δ =
1

2

DN

L

N∑

i=1

(θi+1 − θi)
2 +

1

2

4πE

3λ

L3

N

N∑

i=1

{
(ui − i−1

N−1
xN)2 + v2

i

}

+ µ(xN − x1 − α)2

q � Ë � t
ñ ���s� ñ(Þ{ÛäÏ�"NÏºÐºÑ�Ô��©Ô4Þ4Ïh'4ñ(Ü�ñ Ñ]'��ÒÑÓÍßÏe�dÔ4Î!�fÏ���Ðºñ0ñ(Î�$4ñ Þ4Þ��\Ï��C$4Ïh��ñ(Î ÑÓÏh qÔ4ÏS�fÛ/�ßñ(Þ�6(Ô4ÏºÔ4Î^$4Ï
� Ûh�fÍ�6(Þ4Ï�ÞÅÏ\ÔÅÑ�Î�Ï%�dñ(ÍßÑ � Ë�"SÏ��#Ðºñ(Þ�XZ6 Ô4ÎÓÛÝÑ�Ífñ(Þ��xÐ>'4ÏºÎ�Ð>'��\Ï��^$4ñ Í�:(ÏºÞqÑ(LÒÑÓÎdÏ¨Ñ�Ï����fÏ! qÔ4Ï%� Ûh��ÔÅÎ�8XÛ ÐºÏ
��ÔÅð��\Î�ÍßÏ\Ô4ÎdÏ/$4ÔF6(Ï��^qXÏºÞ�Ðºñ(ÞqÑÓÛ ÐºÑ²Û;:(Ï\Ð9�s� Ï!Û Ôk$|Û Þ��e�p� Ï Ú}ð �ºÎ�ÍßÏ\Þ4ÐºÏ3t[��ñ(Í ÑlÛ ÔÅÑ�ñ_d �A:0ÍßÑáÛÝÞqÑÓÏÝË

�lÞ4Ï^8Fñ(Í��R�ßÏ��wð|ÛÝÎÓÛ ÜT0ºÑ�Î�Ï��wð�'I)+��Í< qÔ4Ï��zXÅÚJ����1_�fÛ ð4Î�ñ0Ð���$4ÔÅÎ�ÏC$4Ï ÜZÍßÞ4ÍßÜ�ÍY�ÓÛÝÑ�Íßñ(Þ9 qÔ4Ï�Þ4ñ(Ô��Û3: ñ(Þ��E��Ô4ÍY:}ÍßÏ.Ï��dÑe� Û\��Ô4ÍY:ÝÛ Þ�ÑÓÏ |
� d{ðmñ Ô4ÎwÍfÞ4Í ÑÓÍfÛ_�ßÍY��ÏºÎ.�fÏ@��)+�dÑ�0\Ü�Ï�1âÞ4ñ(Ô��wð|Û Î ÑÓñ(Þ��R$4Ï^� ÛE��Í ÑÓÔ|ÛâÑÓÍßñ(Þ ÎdÏ\ÐÒÑÓÍ<�ßÍ<6 Þ4Ï@Be� Û� qÔ4Ï��<�ßÏñ ÞF��Ô4ðmÏºÎ�ðmñ4�dÏäÔ4ÞF�<��6(Ï\Î%�4ÎdÔ4ÍßÑ\Ë
� d{ñ Þ�ÍfÞ4ÐºÎ��ºÜZÏºÞqÑ�Ï9� Û�Ð\Îdñ(Í<���ÓÛ ÞÅÐ\Ï ÏºÞ�$ÅÍfÜ�ÍfÞqÔ|Û Þ�Ñ%�fÛ\:ÝÛ_�fÏºÔ4ÎE$4Ï

α
|
α → α− δα

Ë
� d{ñ Þ�ÜZÍßÞ4ÍßÜ�ÍY��ÏG�s� �\ÞÅÏ\Î�6 ÍfÏTq � Ë � tÒË
. d{ñ Þ�Î��\Û��fÍ���Ï�BbÞ4ñ(ÔJ:(Ï!Û Ô��p�M�ÒÑáÛ ðmÏ � Ëaf Ï ðÅÎ�ñ0Ð\Ï����dÔ��²ÍßÑ]�ºÎÓÛÝÑ�Í�8SÏ�� Ñ²ðmñ(Ô4Î���Ô4ÍY:0ÍJ2dÔ��� qÔ
�MBÐºÏ/ qÔ4Ï9�fÏ ÑáÛÝÔ}Úk$4Ï.ÐºÎ�ñ(Í����ÓÛÝÞ4Ð\Ï Û ÍßÑ ÛÝÑdÑÓÏ\ÍßÞqÑ7Ô4Þ4Ï�:ÝÛ��ßÏ\Ô4Î%$4ñ(Þ4Þ��\ÏHBV�s� Û3:ÝÛÝÞ4Ð\ÏÝË
"8Ï��7Ü�ÍfÞ4ÍßÜbÍ��ÓÛâÑÓÍßñ Þ���ñ(Þ�Ñ%�ºÑ�� Î��!Û��ßÍ<���\Ï��[B\�p� ÛÝÍ<$4Ïh$4ÏG�s� Û���6(ñ Î�Í Ñ]'4Ü�Ïe$4Ï�&Pñ � Ï��<�=qp~äËÅï ËytÒË

NhX4Þo$ÅÏZÑÓÎÓÛ;:ÝÛ Í��<� Ï\Î Û3:(ÏºÐ�Ô4Þ4Ï#$4Í���ÐºÎ��ºÑ�Í<�ÓÛâÑÓÍßñ(Þ
Ô4Þ4ÍY8Fñ(Î�Ü�Ï qXÐ>'|Û_ 0ÔÅÏc��Ï�6 ÜZÏºÞqÑ\$ÅÏc�fÛF�fÍ<6 Þ4ÏÞ4ÏºÔÅÑÓÎdÏ¾Û;)�Û Þ�Ñ��fÛb�fñ Þ�6(Ô4ÏºÔ4Î
1/N

tA1#Þ4ñ Ô��ZÛ;:(ñ(Þ���Ð>'4ñ(Í���Í7Ðºñ(Ü�ÜZÏ-$4Ï�6(Î�����$ÅÏF�fÍ��mÏ\Î Ñ]�-$4Ô
��)+� Ñ]0\Ü�ÏH�fÏ��%:ÝÛ Î�ÍfÛ����ßÏ�� Û Þ�6(Ô��fÛ ÍßÎ�Ï��

θi ∈ ]−π,+π[ (i = 1, . . . , N)
3�� Ë�&HÛÝÎ²Û Í��<� Ï\Ô4Î���1��s� Û�� d

6(ñ(ÎdÍßÑ�'4Ü�ÏT$ÅÏc&Pñ�� Ï���� ð4Î�ñ0Ð�0�$4Ï{ð|Û ÎäÜ�ÍfÞÅÍfÜbÍ���ÛÝÑÓÍ ñ(Þ��9��Ô4ÐºÐ\Ï�����Í�:(Ï��V��Ô4ÍY:ÝÛ Þ�Ñ�ÔÅÞ�Ï\Þ���Ï\Ü\���fÏ
6¡ 27 P B`7:^�>�DFKCL;8-<�9�?@9£¢/>¥¤�9T7:7-MTLFB�OEL�JI>�O§¦IR�S'>�R-D
?@9A;G<�KCO5KC<�K\;NB`LNK:>�O5;=;FB`O_;GJT>�OELFDFB�KCO�LN9�?-B`O5;

R
N
2�7C9A;=?@9©¨^�DFM2;
?@9"7:KA6'9TDXLFM"9 	 92JeLFKCUE9T<�9TOEL < B`O5KCS-R57CMA;
7C>EDF;
?@9"7\B]<�K:O-K:<�K:;FB LFKC>EO ;N>�OEL�7:92;
U B�DNK\BF657C9A;

qi = tan( θi

2
) ∈

] −∞,+∞[
f
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$4Ï/$4ÍßÎ�Ï\ÐÒÑÓÍßñ(Þ��\Ëaf Ï��h$4ÍßÎ�Ï\ÐÒÑÓÍßñ(Þ��E�dñ(ÞqÑ²ÎdÏ�6(Îdñ(Ô4ð��\Ï��h$|Û Þ��lÔ4Þ4Ï ÜZÛÝÑÓÎ�ÍßÐ\Ï M  qÔ4ÍwÏ��dÑ²Ô���ÔÅÏ��Yd
�fÏºÜZÏºÞqÑ²ÍfÞÅÍßÑÓÍfÛ_�ßÍY���ºÏäÐºñ(Ü�ÜZÏ/� Û�ÜZÛÝÑÓÎdÍfÐºÏ Í<$4ÏºÞqÑÓÍ Ñ]� � Ï����fÏ��h��ñ(Þ�Ñ Ü�Í<��Ï��SB�2dñ(Ô4Î²Ï\Þ^Ðºñ(Ô4Î��S$4ÏÐ!Û_�fÐºÔ��#ÏºÞ
Ï ÚÅð��fñ(Í ÑáÛ Þ�Ñ��s� ÍfÞ�8Fñ(ÎdÜZÛâÑÓÍ ñ(Þ q �fñ0Ð\Û��fÏºÜ�Ï\Þ�Ñ?th6�Û_6(Þ��ºÏ`�fñ(Î���$4Ï��.ÍßÑ]�ºÎÓÛÝÑ�Ífñ Þ�� ð4Î��ºÐ��Ad
$4ÏºÞqÑÓÏ��\Ë(~²ñ Ô�� Û3:(ñ(Þ���Ðºñ(Þ��dÑÓÛÝÑ]��Ô4Þ4Ï�Þ4ÏºÑdÑÓÏc$4Í<����)0ÜT�ºÑÓÎdÍfÏ#$4Ï�� Ð\ñ Þ�XZ6(Ô4Î�ÛÝÑÓÍßñ(Þ��"ñ4�ÅÑ�Ï\ÞqÔ4Ï��Ï\Þ
Û_$4ñ(ðÅÑÓÛ ÞqÑS�ßÏäÐ>'4ñ(Í Ú�� Û�ÜZÛÝÑ�Î�ÍßÐ\Ï Í�$4Ï\Þ�ÑÓÍßÑ�� Ð\ñ(Ü�Ü�ÏäÏºÞ���ÏºÜ\���fÏH$4Ï5$4ÍßÎ�ÏºÐºÑÓÍßñ(Þ��lÍfÞ4Í ÑÓÍfÛ_�ßÏ��\Ë
&Pñ(Ô4Î#Î�ÏºÜ���$4ÍfÏºÎ@B Ð\Ï ð4Î�ñ����<0ºÜZÏ_1(ÞÅñ(Ô�� Û;:(ñ(Þ���Î��\Û��fÍ����%B Ð?'|Û_ 0ÔÅÏlÍfÞ4Í ÑÓÍfÛ_�ßÍY�ÓÛÝÑ�Íßñ ÞV$4Ï M Ô4ÞÅÏðmÏ\ÎdÜ�ÔÅÑáÛÝÑ�Ífñ(Þ�Û��<�\ÛÝÑÓñ ÍfÎdÏ!$4Ï%�fÛ©Ü{ÛÝÑ�Î�ÍßÐ\Ï Í�$4Ï\Þ�ÑÓÍ Ñ]� Ë�&Pñ Ô4Î#ÍßÞqÑ�Ï\Î�$ÅÍfÎ�Ï!�fÏ��#ÛÝÔÅÑÓñ_d ÍfÞ�ÑÓÏ\Î���ÏºÐºÑÓÍßñ(Þ���1Þ4ñ(Ô��¨Û3:(ñ(Þ�� Ð\ñ(Þ�� ÑÓÎdÔ4ÍßÑ Ô4ÞÅÏ©Î�ñ(ÔÅÑ�ÍfÞ4ÏlÐ!ÛÝð|Û����ßÏh$4ÏS�fÏ��!$��ºÑ�Ï\ÐÒÑÓÏ\Î�q :(ñ(ÍßÎ�Ð>'|Û ðÅÍßÑÓÎdÏh��Ô4ÍY:ÝÛ Þ�Ñ ÏºÑÛ Þ4ÞÅÏÒÚ}ÏEN�t � $|Û Þ��(�ßÏ¨Ð!Û_�#ñ �`�fÛG$��ºÑÓÏºÐºÑ�Ífñ(Þ Ï��dÑ�ðmñ4�dÍßÑ�Í�:(Ï�1ÝÞ4ñ(Ô��#Ðºñ(Þ��dÍ<$��ºÎ�ñ(Þ��@ qÔ4Ï%�s� �\Þ4ÏºÎ�6(ÍßÏ
$4ÔF��)+� Ñ]0\Ü�Ï/$4Ï�:0ÍßÏ\Þ�Ñ²ÍßÞ�X|Þ4ÍßÏTqXÍAË Ï Ë4Þ4ñ(Ô��²Û 2dñ(ÔÅÑ�ñ(Þ��EB`�p�M�ºÞ4Ï\Î�6(ÍfÏ Ô4ÞJÑÓÎ�0��e6 ÎÓÛ Þ�$JÞ4ñ(Ü\�4ÎdÏ3tÒË

 �8¢0¤©ª ¥��x¥}¢

qAÛIt

q �Zt

qXÐ3t
,.-0/	� � Ë �3� 
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∂xβ
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E =

h

2

∫∫
σαβuαβ dS +

κ

2

∫∫ (
(∆ζ)2 − 2(1 − ν)[ζ, ζ]

)
dS

y�¿XTÀ¿!}
�KJ

[ψ, φ] = 1
2
∂2ψ
∂x2

∂2φ
∂y2

+ 1
2
∂2φ
∂x2

∂2ψ
∂y2

− ∂2ψ
∂x∂y

∂2φ
∂x∂y

1
∆ = ∂2

∂x2 + ∂2

∂y2

(@;
κ = Eh3

12(1−ν2)
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ux, uy(@;
ζ
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χ
B)Q@oE/>67;u4)DF 

σαβ = εαµεβγ∂µ∂γχ
s

κ∆2ζ = 2h[ζ, χ]
(q;

∆2χ = −E[ζ, ζ].
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(xi, yi)
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(xN+1, yN+1) = (x1, y1)
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(x0, y0) = (xN , yN )
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(xi − xi−1)2 + (yi − yi−1)2.

´r(@;#;P(t$f&)DF/';%67;PQrJ[D[&>;
L0

D JODF/';pB)Q@8:�F %3vD[;P67�!/dy:�!/iB)Q2"#6Ax!/)(@ PD9D[&)"%"#6E4ED[ 
`0i
*A(@"p*7�!/)x!&>(2&) #"B)(@"u"%(@x!3v(@/';%"uBED[/)"u0@(@;#;P(C"#67;P&)D[;P67�!/^}qT

�w� �w��� �d­V¡�� �l j¡£��¦j§k¤ �X j¨w©V¡£¡ �«®¶�l­��=­\¡cª¬¡�­ �
�p,eQ2/)(@ %xF6A(9B)&�"#�f"_;]0235( E 4) #Q2"#(2/';%(YB)(@&X{�0@�!/';% %67I)&>;P67�!/)"=s
• �cDW4> %(2356<0@ %(p(2"_;�*�,eQ2/>(2 %xF6A(pQ2*ADF"#;%6A$'&)(p$f&>6'(@"#;�"_;P�f0�LFQ2(mBED[/)" *7(2"c4)*76A"@T �u�!&)"c;% PDF6`;P�!/>"B)DF/)"?*KD�"%&)6`;P(M&>/)6A$'&)(@3v(@/';+*7(v0RDF"?B)(@"+4)*A67"C6A/)B)Q@4G(2/>BEDF/';%"�s�*-,.Q@/)(2 #x!6A(5B�,.&>/µ4)*76/¯,.(@"#;iD[*A�! #"S8:�!/)0@;%6A�!/�$'&)(MB>(v*�,eQ@;PD[;YB>(v02(v4)*76k(q;?/)�!/ºB)(v"%(@"YJ!�!67"%6A/>"2T �V(v4)*7&)"�1*7�! %"#$'&)( *AD�*A�F/)x!&)(@&) �B>( *KD 4)*KDF$'&)(�(@"#;�B)6 �¯Q@ %(@/';P(�B)(�"PD�J[DF*7(2&) dD[&� #(24G�!"�1t6A*0@�!/<JX67(2/<;lB�,.DF"%"#�f0267(2 lgS*AD=B)Q@8:�F %3vD[;P67�!/+&)/)(WQ@/)(2 #x!6A(tB)(w;P PD[0@;P67�!/i4) #�!4G�! #;%6A�!/>/)(2*7*7(D[&�0RDF # %Q9B)(9*-,ÀDF*7*7�F/)x!(@35(2/<;

(`i − `0i )
2 yz0q8jT^�cDF/)B)DF&º¾ ��� ÁK}qT

• �cDYB>(2&X{X6<0@3v(\0@�!/';% %6AI>&>;P67�!/v35�fB)Q@*A67"%(W*A(u02�!/XoE/)(235(2/<;w6A354G�!"#Q\DF&M"#�f"#;�0235(=4G�F&) *7(V02�F/';P %DF6A/>B) %(=g+DFB)�!4X;P(2 r&)/)(=02�!/XoEx!&) %D[;P67�!/M8: %�F6A"%"#Q2([T)��(=4)*7&)"w"#6A354)*A(u(2"#;tB�,e6A/fN;% %�fB)&>6A %(?&)/ 0ZaEDF354�DO;%;P %DF0@;%678k0@(2/';% PDF*tyzB)(i0@(2/<;P %(
O = (0, 0)

}\$'&)6pDFx!6`;="%&> S&)/Q@*AQ@3v(@/';uB)(C*7�!/)x!&)(@&) 
d`
(2/1*A&>6cDF4>4)*A67$f&)DF/';W&)/)(98:�! #02(CB�,e6A/<;P(@/)"%6`;PQ

λr d`
y
r
B)QbN"#6Ax!/)DF/';9*AD�B)67"#;PDF/)02(L(@/';% %(

d`
(q;
O
}=B)67 %67x!Q2(?J!(2 #"

O
T�ncJ!(20502(L0Za)�!6`{ 1��!/�4EDF"#"%(B¯,.&)/dQq;ZD[;wB)(=8zDF67I)*7(\02�!/>o)/)(235(2/<;ug+&)/dQq;ZD[;r8:�! #;P(@35(2/';w02�F/>oE/)QS(2/dDF&)x!35(2/<;ZDF/<;*AD+JODF*A(@&) tB)&14)DF PDF3T0@;% %(SB>(C0@�!/';% :!*7(

λ
yza)�!35�!x�02/)(9gL&>/)(C4> %(2"#"%67�!/^}qT



Â 
 �������
	���
����������������
	���
���
���	! " $#&%�'(�)�*
��,+-�*�/.�0)	�12	!34��0� "	���0)0*�65!5��

°p/�0@�!/)0@*A&)"#6A�!/K1)gi0ZaEDF$'&)(902�F/>oEx!&) %D[;P67�!/�B>(9*AD+*76Ax!/>(VI) %67"%Q@(5y:8:(2 #3vQ@( }mB)Q20@ %6`J[DF/';t/)�F;P #("#�f"_;]0235(�1^�F/1D[;%;% %67I)&)(S*-,.Q@/)(2 #x!6A(+s

E = κ

(
L

h

)1/3 ∑

i
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∫
r2d`+ Eh
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i
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.

y�¿XT � }
�p,.Q@/)(2 #x!67(1y�¿fT � }\"%(L4) "Hq;P(5g�4) %67�! %6 I>6A(@/ºg�&)/)(L356A/)673L67"%D[;P67�F/H"PDF/)"902�F/';P %DF6A/<;P( F¶;P�!&>;%(B)67"#;P #6AI)&X;P6A�F/ B)(2"Y*A�F/)x!&)(@&) %"

`i
1cB)(@"?*7�!/)x!&>(2&) #"?D[&  #(24G�!"

`0i
(q;?B�,.DF/)xF*A(@"

ϕi
B>�!/)/EDF/<;&)/1356A/)673?&)3�yzx!*7�!IEDF*��F&1*A�f02DF* }m %(@4) %Q@"%(@/';P(?&>/)(Y"#�!*A&X;P6A�F/d4)a'�f"%67$'&)(235(2/<;=DF020@(24>;PDFI)*7(FT½p&)6A"#$'&�,.67* "2,.DFx!6`;SB¯,.(��¯(@0@;P&>(2 9*KDM356A/)673L67"%D[;P67�F/h4EDF =&)/)(+;%(20Za)/)6A$'&)(i/f&)35Q@ %6A$'&)(_1¯*A(?8zD[67;$'&)(M*A(2"YQ@/)(2 #x!6A(@"?B)(2"?4)*76A"C(q;+B)(M*ADd;P PD[0@;P67�!/ DF6A(@/';YB)(2"?4) #Q@8zDF0q;P(2&> %"+$'&)6mB>6 � 02 %(@/';?B)(4)*7&)"%67(2&) #"V�! #B) %(@"=B)(?x! PD[/)B)(@&) iyzB�0@"=$'&)(+*�,eQ24)DF6A"#"%(2&> V(2"_;S"%& 
v"#(235(2/<;94G(@;%67;%( }W02�!/)B>&)67;g�B)(@"Y %Q2"#&)*7;PD[;P"C*7�!6A/ B¯,EHq;P %(v"%D[;P67"#8zDF67"PDF/<;P"@Tc�=DF/)"Y*7(54)DF PDFxF PDF4)a>(5"%&)6`J[DF/<;;1c/)�F&)"Y35�!/XN;P #�!/)"i$'&�,.67*w(2"_;54G�!"%"#6AI)*7(�B)(�;P PDRJ[DF67*A*`(2 +D J!(@0d&)/)(d4)*ADF$'&)(�B)(d*7�!/)x!&)(@&) +02�!/)"_;ZDF/<;P(d(2//)(d0@�!/)"%(@ #JODF/';v$'&)(d*�,eQ2/)(@ %x!67(�B>(2"54>*A67"+BEDF/)"1y�¿fT � }?(@;L"PDF/)"5DFBO|#�F6A/)B) #(�B>(d02�!/<;P PD[6A/<;P("%&>4)4)*AQ@3v(@/';PDF6A #(FT

�w� �w��� � �t¢���¦j¡ ¤X§k­V¤ �f�)§k® �X j�k­��=¥=¦j§k¨w©\¡£¢V¡£¦j�k­ �k©\¡�©\�±®¯�k­V¤ �X§l­ �X¡
�p,eQ2/)(@ %xF6A(MB>(M;% PDF0q;P67�!/ (@"#;+I)6A(@/�4)*7&)"Y02���>;%(2&)"#(�$'&)(M*�,eQ2/)(@ %x!67(v0@�!/';%(2/'&)(�BEDF/)"?&)/4)*76�	 F 0@(�02�!/>"#;ZDO;L67/)B)67$f&>(�$'&)(�*�,e�!/�4G(2&>;iB�,.DFIG�! %Bµ"%(� #(2"_;P %(@6A/)B> %(dDF&f{�B)Q@8:�! #3MDO;P67�!/)""PD[/)"C;P PD[0@;%6A�!/
1�g�*A�!/>x!&)(2&> 9;%�F;ZDF*7(LB)(5*KDd4)*ADF$'&)(502�F/)"#;PDF/';%(FTg,X6

(xi, yi)1≤i≤N

(@"#;?&)/)(02�F/>oEx!&) %D[;P67�!/MB>�!/)/)Q@(=B)(V*ADY4)*ADF$'&)(�1f�!/M4¶(@&>;r8:�! %35(@ �1'4EDF m&)/)(Va)�!35�F;Pa>Q@;P67(uB)(V02(@/';% %(
O
(q;uB)�!/<;u*A(S %DF4)4G�! _;W02�! # %(2"#4G�!/)BhgL*ADi*7�!/)xF&)(2&) w;%�F;ZDF*7(�1>*ADi0@�!/>oEx!&> PD[;%6A�!/

(ui, vi) =
(xi, yi)∑N

j=1

√
(xj − xj−1)2 + (yj − yj−1)2

B)�!/<;u*ADi*7�!/)x!&)(@&) w;P�[;ZDF*7(=JODF&>;u*-,.&)/>67;PQ[T
,f6¶*-,.�!/v %(@3v4)*ADF0@(\BEDF/>"Sy�¿XT � }k*7(2"m02�f�! #B)�!/)/>Q2(@"

(xi, yi)
4ED[ 

L(ui, vi)
1';%�!&>;r"%(V4EDF"#"%(02�F3v35(5"%6m*-,.�!/º3MD[6A/';%(2/ED[67;C*AD�*A�!/)xF&)(2&) 9;P�F;PDF*A(5B)(M*AD14>*KDF$'&)(Mgh*ADdJ[DF*A(@&) 

L
(@/ ;P PD�NJ[D[6A*A*AD[/';u"%&) V&)/�"_�f"#;]0@3v(+B)(?02�f�! #B)�!/)/)Q@(2"=6A/<;P(2 #3vQ@B)6ADF67 #(2"\4G�F&) V*A(@"%$'&)(@*A"=*ADv*7�!/)x!&)(@&) /�,e(2"_;\4EDF"W6A354G�!"#Q2([TE�S02"u*A�F %"t*7(=;P(@ %35(9B)(S;P %DF0q;P6A�F/d4G(2&X;CHq;P %(9�!356A"=s

E = κ

(
L

h

)1/3 ∑

i

| tanϕi|7/3 + λL3

∫
(u2 + v2)
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du2 + dv2.
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d ∈ [0, 1
2
]
yz35(2"#&) %Q@((2/º&)/)6`;PQ5B>(v*KD�*A�!/>x!&)(@&) CB>(v*ADd4)*KD[$f&>( }S"@,.�!IX;P6A(@/';Y(@/ 35���!(@/)/EDF/<;Y*KDd4> %�O|#(20q;P6A�F/ºB)(@"J!(20q;P(@&) %"=/)�! #3MDF&f{

n
yz4ED[ \(q{X(@3v4)*7( }W4G�!&) u;%�!&>;P(@"V*A(@"\4EDF67 %(@"\B)(?4G�!67/';%"\"%6`;P&)Q@"=gv&)/>(B)67"#;ZD[/)02(vy:02&) _JX67*A67x!/)(_1>*A(S*7�!/)xiB)(9*�,e�!If|#(@;b}

d
*�,e&)/dB)(9*�,.DF&>;% %(is

f(d) =
〈
〈n(s) · n(s′)〉|s−s′|=d

〉
s

(0 ≤ s, s′ ≤ 1).

��(C"#�f"#;��@35(?Qq;ZDF/<;\8:(@ %35Q�1^g5&)/14G�!6A/<;uB)(C*KDL4)*ADF$'&)(�1E�!/14G(2&>;VDF"%"#�f026A(@ uB)(2&f{14G�!6A/<;P"ug&)/)(9B)67"#;ZD[/)02(9B)�F/)/)Q2( F^DF6A/)"#6s1>*ADi4) #(2356 �@ %(S35���!(@/)/)(9(2"_;\&)/)(9B)(@3v6·N�"%�F3v3L(+s
〈n(s) · n(s′)〉|s−s′|=d = 1

2
(n(s) · n(s− d) + n(s) · n(s+ d)) = d
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g
s± d
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(@;
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150

02�F/>oEx!&) %D[;P67�!/)"GF�*A(i/)�F3+I) %(iB)(L4)*A67"S(@"#;
N = 60

(q;\*-,.Q@4EDF6A"#"%(@&) tJ[DF&>;
h = 0.1

353�TE��(2"uB) #�!67;%(2"W"#�!/';uB)(2"\DO|#&>"#;P(@3v(@/';u4EDF WB)(2"*A�F6A"WB)(Y4)&)67"%"PD[/)02(?(@/
λσ

y
σ ' 0.97

4G�F&) \*�,eQ2/>(2 %xF6A(9;%�F;ZDF*7(�1
σ ' 0.339

4G�!&) \*-,.Q@/)(2 #x!6A(B)(@"u4)*A67"Z}bT
n\&X{�8zDF67I)*7(2"

λ
y
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λ & 100 K }V4) %�!4G�F #;P67�!/)/)(@*A*7(@35(2/<;9g λ y ∫

r2d`
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dP

dx
=

1

xσ
√

2π
exp

(
−(lnx−M)2

2σ2

)
(x > 0)

y�¿fT N<}
y
M

(@;
σ > 0

"%�!/<;kB)(2"p02�!/>"#;ZD[/';P(@"Z}�0@(W$'&)6)4G(2 #3v(q;kB�,.D JODF/)02(@ k*�,e6AB>Q2(Sy �º�f�fB�¾ <�¿�'OÁK} $'&)(*A(t4) %�f0@(2"#"%&)"rB)(t8: %�!67"%"PD[x!(uD9&)/v02DF PDF0q;��@ %(ua)6A(@ PD[ %0Za)6A$'&)(W(@;l02�!/>"%6A"_;P(u(@/M&>/)(u"%&)0@02(2"#"P67�!/
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N = 40 N = 60
h
y:3v3M}

10−3 5 10−3 0.05 0.1 10−3 5 10−3 0.01 0.05 0.1
m 0.91 1.00 0.95 1.08 0.82 0.79 0.81 0.92 1.04
p 2.04 2.26 2.05 2.30 1.86 1.78 1.85 2.12 2.51
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vx dz +
∂
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vy dz = 0.

°p/�(b{>4>*A6A0@67;PDF/';w*A(@"W0@�!354G�!"PDF/<;P(@"WB)(
n
1)�!/�4G(@&>;;1ExF �	F0@(Cg�y-< }A1)Q@*A673v6`/)(2 r*KD?Jf6`;P(2"#"%(B)&d³E&)67B)(Cgi*�,e6A/<;P(@ #8zDF0@(is

∂h

∂t
+ ∇ ·
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∂
∂z̃

)
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∂z̃

)

σijn
itju '

1

ε

µJ0

ρH

∂ṽu
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∂ṽz
∂z̃

− ∇̃h̃ · ∂ṽ
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Evaporation of a thin film: Diffusion of the
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The stability of an evaporating thin liquid film on a solid substrate is investigated within
lubrication theory. The heat flux due to evaporation induces thermal gradients; the gener-
ated Marangoni stresses are accounted for. Assuming the gas phase at rest, the dynamics
of the vapour reduces to diffusion. The boundary condition at the interface couples trans-
fer from the liquid to its vapour and diffusion flux. The evolution of the film is governed
by a lubrication equation coupled with the Laplace problem associated with quasi-static
diffusion. The linear stability of a flat film is studied in this general framework. The
subsequent analysis is restricted to diffusion-limited evaporation for which the gas phase
is saturated in vapour in the vicinity of the interface. The stability depends then only on
two control parameters, the capillary and Marangoni numbers. The Marangoni effect is
destabilising whereas capillarity and evaporation are stabilising processes. The results of
the linear stability analysis are compared with the experiments of Poulard et al. (2003)
performed in a different geometry. In order to study the resulting patterns, an amplitude
equation is obtained through a systematic multiple-scale expansion. The evaporation rate
is needed and is computed perturbatively by solving the Laplace problem for the diffusion
of vapour. The bifurcation from the flat state is found to be a supercritical transition.
Moreover, it appears that the non-local nature of the diffusion problem unusually affects
the amplitude equation.

1. Introduction

Since the pioneering studies of Thomson (1855), Marangoni (1865) and Bénard (1900),
much attention has been devoted to the now called Marangoni instabilities. Thomson and
Marangoni first proposed surface tension gradients as a cause for convection in liquids.
The Marangoni effect consists in the variation of surface tension with temperature or
liquid composition and drives this class of instabilities. The hexagonal patterns observed
by Bénard (1900) in thin layers heated from below prompted a number of studies (for
reviews, see Davis 1987; Schatz & Neitzel 2001). Recent research in this field has focused
on the correct description of the gas above the fluid layer and of the deformability of
the interface (VanHook et al. 1997; Golovin et al. 1997), or the effect of local heating
(Miladinova et al. 2002; Kalliadasis et al. 2003; Yeo et al. 2003).

Marangoni effect can also be driven by evaporation. Many experimental situations of
interest are reviewed by Berg, Boudart & Acrivos (1966). On the one hand, evapora-
tion generates thermal gradients as the phase transformation requires latent heat. For
spreading droplets of slightly volatile liquids, Redon, Brochard-Wyart & Rondelez (1992)
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reported festoon instabilities near the contact line while Kavehpour et al. (2002) mea-
sured height fluctuations over the whole drop. Hegseth, Rashidnia & Chai (1996) observed
vigorous interior flow in evaporating droplets of a volatile liquid. On the other hand, in
the case of mixtures, a difference of the evaporation rate between components changes
the relative concentrations at the interface and so generates surface tension gradients.
Fournier & Cazabat (1992); Vuilleumier, Ego, Neltner & Cazabat (1995); Fanton & Caz-
abat (1998); Hosoi & Bush (2001) studied tears of wine and the associated convection
rolls. Nguyen & Stebe (2002) showed instabilities induced by surfactants. This compo-
sition mechanism may enhance evaporation and is therefore useful in drying techniques
(Marra & Huethorst 1991; O’Brien 1993; Matar & Craster 2001).

A comprehensive theoretical stability analysis of evaporating/condensing films was
done by Burelbach, Bankoff & Davis (1988). They included vapour recoil and thermo-
capillarity, but as in subsequent studies (see Oron et al. 1997; Margerit et al. 2003; Merkt
& Bestehorn 2003), the evaporation and condensation are governed by the departure from
thermodynamic equilibrium at the interface. Within this framework evaporation is intrin-
sically destabilising as can be seen in Prosperetti & Plesset (1984) who did not consider
Marangoni stresses. In the case of very thin films (Elbaum & Lipson 1994) microscopic
forces may be destabilising as shown by Samid-Merzel, Lipson & Tannhauser (1998);
Lyushnin, Golovin & Pismen (2002). It is worth noticing here that all models developed
in these papers are one-sided: they do not account for the gas phase dynamics except
through the boundary condition at the interface.

In contrast, Deegan et al. (1997, 1999) showed that evaporation of pinned water
droplets is limited by diffusion of vapour in air, thus they explained the origin of coffee
stains. Cachile et al. (2002) explained their experiments on freely receding evaporating
droplets within the same framework. They also observed the drops of certain fluids to
loose their axisymmetry and the contact line to become wavy (Poulard et al. 2003). These
unexplained instabilities are among the motivations of the present study. In particular,
the established one-sided model would always predict an instability for evaporation.

Our aim here is to generalize the one-sided study of Burelbach et al. (1988) for evapo-
rating thin films by taking into account the diffusion of the vapour. In section 2, we build
a model which includes both thermodynamically determined transfer of the molecules
across the interface and diffusion of vapour in the gas phase. This generalises the two
class of models presented above. We describe the liquid film within lubrication theory
taking into account surface tension gradients and loss of mass. In section 3, we perform
the full linear stability analysis of this system. Then we restrict to the diffusion limited
regime which is relevant for the experiments of Poulard et al. (2003). We find the am-
plitude equation describing patterns above the instability onset. Eventually, in section 4,
we compare our results with the experiments of Poulard et al. (2003).

2. The model

We consider the dynamics of a two-dimensional bi-layered liquid-gas system over a
solid substrate (figure 1). The gas phase is a mixture of an inert gas and of the vapour of
the liquid which is volatile. We assume that the gas phase is not saturated by the vapour
so that the liquid evaporates. The typical corresponding experimental situation is that
of a water layer evaporating in air. The latent heat needed for the phase transformation
drives a heat flux to the interface in the liquid. The induced temperature variations may
generate surface tension gradients.

The model derived below is built on the lubrication approximation for the liquid layer,
and accounts for surface tension variations and loss of mass through evaporation. The
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Figure 1. Geometry of the physical system.

gas phase is at rest; its dynamics is reduced to the diffusion of the vapour in the mixture.
For a complete description of the system, the boundary conditions at the interface are
needed and, in particular, the evaporation rate must be specified. Although this analysis
is focused on evaporating films, it applies to the case of condensation as well.

The physical situation of interest is that of volatile liquids such as water and alkanes
evaporating in air. A compilation of the physical parameters is given in table 1. The
governing equations will be obtained within some approximations, which are relevant to
these liquids and will be justified at the end of this section.

We restrict the study to a two dimensional system which coordinates are x along the
substrate and z in the normal direction (figure 1). The state of the system is determined
by the height h(x, t) of the interface and the density ρ(x, z, t) of vapour in the gas phase
(both are functions of space and time). In the following, we write the equations describing
the flow and heat diffusion in the liquid phase, diffusion in the gas phase and then the
boundary conditions at the interface.

2.1. The liquid film

We consider a very thin film so that we work within the long-wavelength approximation
(lubrication theory) where the typical height H is much smaller than the typical hori-
zontal scale and we neglect gravity. Our starting point for the evolution of the thin film
is a lubrication equation following Oron, Davis & Bankoff (1997)

∂h

∂t
+

∂

∂x

{

h3

3µ

[

γ
∂3h

∂x3
+

∂

∂x

(

J2

ρv

)]

+
h2

2µ

∂γ

∂x

}

= −

J

ρ`

(2.1)

where µ is the viscosity of the fluid and γ is the surface tension. The last term in the
brackets comes from the shear stress due to surface tension gradients. The right-hand
side corresponds to the volume loss through evaporation. ρ` is the liquid density, ρv the
vapour density and J the mass flux across the interface. Let J0 be the characteristic
evaporation rate. The ratio vev = J0/ρ` is the relevant velocity scale in the system.
Vapour thrust comes from the back reaction of molecules leaving the liquid into the gas
phase; it is a quadratic effect in the evaporation rate. Other forces such as Van der Waals
are not included.

2.2. Surface tension gradient

To close equation (2.1) we first need to compute the surface tension gradient. We assume
the substrate to be isothermal at a temperature Tsubs. We use the standard linear equation
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of state for the surface tension

γ(T ) = γ0 − |
dγ

dT
|(T − Tsubs). (2.2)

where γ0 = γ(Tsubs). This approximation is accurate on a large temperature range for
most common liquids (not too close from a phase transition). We use the absolute value
of dγ

dT
(T = Tsubs) as surface tension decreases with temperature for most liquids. The

temperature field T (x, z) satisfies the standard convection-diffusion equation in the liquid

which reduces to ∂2T
∂z2 = 0 in the long-wavelength approximation. Neglecting density,

viscosity, thermal diffusivity and kinetic energy of the gas the energy balance at the
interface gives the heat flux (Oron et al. 1997)

κ
∂T

∂z
(z = h(x)) = −LvJ

Lv being the vaporisation latent heat per unit mass, κ the thermal conductivity of the
liquid. We obtain

T (z = h(x)) = −
LvJ(x)

κ
h(x) + Tsubs (2.3)

Equations (2.2,2.3) result in

γ = γ0 +
∣

∣

∣

dγ

dT

∣

∣

∣

Lv

κ
hJ. (2.4)

To close the system (2.1,2.4) one has to compute the evaporation rate J .
It will prove useful in the following to find an upper bound for the amplitude of

the temperature variation on the interface. With the help of (2.3), we obtain: ∆T =
LvJ0∆h/κ, ∆h being the height fluctuations. The height fluctuations ∆h are smaller
than H. Thus, the reduced temperature ∆T

Tsubs

is bounded by θ = LvJ0

κ
H

Tsubs

, H being
the characteristic thickness of the film. From table 2, we see that θ is very small for the
liquids we are interested in.

2.3. The vapour

The gas phase is at rest, so that there is only diffusion of the vapour. We consider the
limit of quasi-static diffusion where the characteristic diffusion time is much smaller than
the characteristic evaporation time H2/D ¿ Hρ`/J0, D being the diffusion coefficient
of the vapour in the gas phase. In terms of the Péclet number Pe = vev

H
D

, the latter
condition is Pe ¿ 1. Hence, the vapour concentration ρ(x, z, t) (local number of particles
per unit volume in the gas phase) is a solution of Laplace’s equation:

∇
2ρ = 0 (2.5)

∇
2 = ∂2

∂x2 + ∂2

∂z2 being the 2D-Laplacian.
The gas phase is not saturated by the vapour. This condition is enforced by a constant

diffusion rate at infinity

∂ρ

∂z
∼ −

J0

D
, z → +∞. (2.6)

Experimentally, either the gas is pumped at the top of the container (Mancini & Maza
2003) or the temperature of a top plate is fixed (VanHook et al. 1997). In both situations,
the gas density is imposed at a certain height above the film, which induces a density
gradient. Here, we impose the value of this gradient assuming that the height of the gas
phase is much larger than other lengths in the system.

To solve (2.5) a boundary condition at the interface is needed. It is obtained in the
next subsection.
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2.4. Evaporation rate

The vapour and the liquid are coupled through the evaporation rate. The kinetic theory
leads to a linear constitutive relation between the mass and the departure from equilib-
rium at the interface, known as the Hertz-Knudsen relation Prosperetti & Plesset (1984).

Jmol = α

√

kBTint

2πM
(ρeq

v (Tint) − ρ|int)n (2.7)

where M is the molecular weight, ρeq
v is the density of the gas at the liquid/gas co-

existence, ρ|int = ρ(z = h(x)) is the gas density at the interface, kB is the Boltzmann
constant, α is the accommodation coefficient (close to unity) and n is the outward normal

to the interface. We note vth = α
√

kBTint

2πM
which is a typical kinetic velocity.

In the gas phase, the vapour mass flux, related to the departure from uniform vapour
density is given by:

J = −D∇ρ. (2.8)

Due to the continuity of the normal evaporative flux at the interface, we have

−D(n · ∇)ρ|int = vth(ρeq(Tint) − ρ|int). (2.9)

Writing a linear temperature dependant equation of state and using (2.3), one obtains
for the equilibrium density at the interface:

ρeq(T ) = ρeq(Tsubs) −
dρeq

dT

Lv

κ
hJ.

Thus, the boundary condition at the interface (2.9) may be rewritten as:

−D

(

1 + vth

dρeq

dT

Lv

κ
h

)

(n · ∇)ρ|int = vth(ρeq(Tsubs) − ρ|int). (2.10)

This is a mixed boundary condition in the sense that it relates the value of the density
and its normal gradient at the interface. It corresponds to the conservation of the mass
i.e the equality of the evaporation rate and the mass flux in the gas. It includes both
diffusion and transfer across the interface which were used separately in the litterature
(see subsections 2.6, 2.7 and 4.1).

2.5. Governing equations. Non dimensional parameters

For the rescaling of the equations, we choose the typical thickness H of the liquid layer,
the characteristic evaporation time H/vev = Hρ`/J0, the mass flux far from the substrate
J0 and the J0H/D as units, respectively, of length, time, evaporation rate and density
of vapour in the gas phase. We make the substitutions h → Hh̃, x → Hx̃, z → Hz̃,
J → ρ`vevJ̃ , ρ → ρeq(Tsubs) + ρ̃(J0H/D) in equations (2.1,2.4) and (2.5,2.6,2.10). The
lubrication equation becomes

∂h̃

∂t̃
+ Ca−1 ∂

∂x̃

{

h̃3

3

∂

∂x̃

(

∂2h̃

∂x̃2
+ ΛJ̃2

)

+ Ma
h̃2

2

∂(h̃J̃)

∂x̃

}

= −J̃ (2.11)

where we have introduced Ca = µvev

γ0

, Ma = Hvevρ`
Lv

κ
1
γ0

| dγ
dT

| and Λ =
ρ2

`
v2

ev
H

ρvγ0

respec-
tively the capillary, the Marangoni and the vapour thrust numbers. The Laplace problem
reads

∇̃
2
ρ̃ =

∂2ρ̃

∂x̃2
+

∂2ρ̃

∂z̃2
= 0 (2.12)
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Water Nonane Octane Heptane Hexane
ρ` (kg/m3) 1000 717 699 682 656
Lv (J/kg) 2.4 106 3.18 105 3.82 105 3.21 105 3.22 105

γ (kg/s2) 7.20 10−2 22.38 10−3 21.77 10−3 20.31 10−3 18.42 10−3

µ (kg/m/s) 8.9 10−4 6.65 10−4 5.08 10−4 3.87 10−4 3.0 10−4

dρeq

dT
(kg/m3/K) 1.4 10−3 1.7 10−3 5.3 10−3 1.1 10−2 2.7 10−2

| dγ

dT
| (kg/s2/K) 1.5 10−4 9.4 10−5 9.53 10−5 9.80 10−5 1.02 10−4

vev (m/s) 0.48 10−6 0.2 10−6 0.6 10−6 2.2 10−6 6.8 10−6

vth (m/s) 148 52 55 58.8 63.3
κ (kg.m/s3/K) 0.60 1.31 10−1 1.28 10−1 1.23 10−1 1.20 10−1

Dair (m2/s) 1.9 10−5 3 10−6 3 10−6 3 10−6 3 10−6

Table 1. Values of physical parameters for different fluids at P = 1 atm and T = 25◦C
(Lide 1995): liquid density ρ`, latent heat Lv, surface tension γ, liquid viscosity µ, temperature

derivative of gas density at equilibrium dρeq

dT
, temperature derivative of surface tension dγ

dT
,

evaporation velocity vev, thermal (kinetic) velocity vth, thermal conductivity of the liquid κ
and diffusion coefficient of the vapour in air Dair. vev is estimated from the experiments on
evaporating drops Poulard et al. (2003) using the formula vev = j0/R where j0 is the evaporation
parameter and R is the drop radius; the diffusion coefficient in air Dair is roughly estimated

using kinetic theory; using Clapeyron relation, we have dρeq

dT
= ρeq

P
Lv

T∆v
− ρeq

T
where ∆v is the

volume change associated which the vaporization and ρeq is evaluated using the vapour pressure
at saturation under 1 atm (Lide 1995).

with the two boundary conditions

(1 + χh̃)(n · ∇̃)ρ̃|int = Pekρ̃|int and lim
z̃→+∞

∂ρ̃

∂z̃
= −1. (2.13)

where Pek = vthH
D

is a kinetic Péclet number and χ = Hvth
Lv

κ

dρeq

dT
is called the thermal

expansion number.
The evaporation rate is given by

J̃ = −(n · ∇̃)ρ̃|int (2.14)

which is the non dimensional version of (2.8).

2.6. The one-sided limit

The evolution equation given by Burelbach et al. (1988); Oron et al. (1997) can be
recovered as a particular limit of our model. The case of no diffusion corresponds to the
limit of small Pek. Introducing a new scaling for the density ρ̂ = ρ̃Pek/χ, we find that ρ̂
satisfies the Laplace equation (2.12) with the boundary conditions

J̃(1 + χh̃) = −χρ̂|int and lim
z̃→+∞

∂ρ̂

∂z̃
= −

Pek

χ
. (2.15)

In the limit Pek → 0, the boundary condition at infinity yields a uniform density distri-
bution ρ̂ = Cst. The lubrication equation reads

∂h̃

∂t̃
+

1

Ca

∂

∂x̃

{

h̃3

3

∂

∂x̃

[

∂2h̃

∂x̃2
+ Λ

(

ρ̂

χ(1 + χh̃)

)2]

− Ma
h̃2

2

∂

∂x̃

(

h̃ρ̂

χ(1 + χh̃)

)}

=
ρ̂

χ(1 + χh̃)
(2.16)

where J has been eliminated using (2.15). Equation (2.16) is the same as the equation ob-
tained by Burelbach et al. (1988) up to a choice in scalings, when omitting the disjoining
pressure term.
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Number Definition Signification Water Nonane Octane Heptane Hexane

Ca (×10−8) µvev

γ
viscous stresses
capillary stresses 0.6 0.6 1.4 4.2 11

Ma (×10−6) H
Lvvevρ`

κγ
| dγ
dT

| Marangoni stresses
capillary stresses

0.7 0.3 1.1 3.8 13

Pe (×10−9) vev
H
D

evaporation time
diffusion time 4.9 2.0 6.1 22 69

Pek vth
H
D

kinetic time
diffusion time 1.5 3.5 3.7 3.9 4.2

χ vth
dρeq

dT
LvH

κ
density fluctuations 0.16 0.05 0.20 0.38 1.03

Pek

χ
κ

D(dρeq/dT )Lv

diffusion limited v.s.

one-sided regime
9.4 70 18.5 10.3 4.1

θ (×10−6) ρ`vev
Lv

κ
H

Tsubs
temperature fluctuations 1.3 0.4 1.1 4.0 12

Λ (×10−11)
ρ2

`
v2
evH

ρvγ0

vapour thrust
capillarity 2.8 0.6 1.9 9.0 31

Table 2. Typical values for the non-dimensional parameters.

2.7. The pure diffusion limit

We now consider the opposite limit Pek → ∞ which we refer to as diffusion limited

regime. The boundary conditions (2.13) for the Laplace problem (2.12) become

ρ̃|int = 0 and lim
z̃→+∞

∂ρ̃

∂z̃
= −1. (2.17)

It appears that the gas is saturated in vapour immediately above the interface (in
dimensional quantities, ρ|int = ρeq(Tsubs)) and that evaporation is limited by diffusion.
This boundary condition was used in the study of evaporating droplets by Deegan et al.

(1997, 1999); Poulard et al. (2003); Cachile et al. (2002). The Laplace problem has an
electrostatic equivalent: the one of finding the electric potential (ρ) with an imposed
electric field (J0) at infinity and a fixed constant potential on a deformed plane. The
sharp edge effect implies a larger evaporation rate at crests which tends to restore the
flat state so evaporation is a stabilising mechanism in the diffusion limited regime.

2.8. Discussion

The evaluation of the relevant dimensionless parameters for water and different alkanes
(table 2) shows that the limits Pe → 0, θ → 0 and Λ → 0 are reasonable. The smallness of
the Péclet number Pe ensures that the time needed to build up the concentration profile
above the film is much smaller than the characteristic time for the motion of the inter-
face, so that stationary diffusion is a good approximation. The smallness of the reduced
temperature θ allows a linear approximation for the gas density at the interface. The
relevant physics is therefore contained in the values of the capillary, the Marangoni, the
kinetic Péclet and the thermal expansion numbers (Ca,Ma,Pek, χ). Other mechanisms,
such as molecular interactions, are neglected.

The closed system to be studied consists in the lubrication equation (2.11) coupled
to a Laplace problem (2.12,2.13). This unusual coupling comes from evaporation which
relates the film mass loss to the gradient of the vapour concentration. This induces non-
locality in the lubrication equation as the mass loss is a function of the whole shape
of the interface. To simplify notations, we drop from now on the tildes for the rescaled
variables.
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3. Stability of the flat interface

Equations (2.11,2.12) have as solution for the film thickness h(x, t) = 1 − t and gas
density ρ(x, z, t) = −z + C − (1 − χ/Pek)t with C = (Pek − 1 − χ)/Pek. As this base
state is non stationary, linearisation of the equations gives a non autonomous partial
differential equation, so that standard linear stability (modal) analysis should not apply.
For simplicity, we assume from now on that the base state is h(x, t) = 1 and ρ(x, z, t) =
−z +C, which amounts to adding a volume source vev in the right-hand side of equation
(2.1), as this source compensates exactly for the loss of mass at infinity. This also amounts
to a quasi-steady approximation for which evaporation is sufficiently slow so that the
thickness of the layer remains approximately constant during the growth of unstable
modes.

3.1. Full linear stability analysis

We study the stability of the flat state by seeking solutions of equations (2.11,2.14) in
the form:

h = 1 + δh, ρ = C − z + δρ, J = 1 + δJ.

After linearisation, those equations admit Fourier-mode solutions of wavenumber k and
growth rate Ω: δh = A eΩt eikx+ c.c ( c.c stands for the complex conjugate of the preceding
term); we now compute the corresponding δρ and δJ . To begin with, as a harmonic
function, δρ has to be of the form B eikx e−|k|z + c.c (B is a complex valued function of k),
where the absolute value must be taken in order to ensure vanishing δρ at z → +∞. The
boundary condition (2.13) at the interface gives at linear order δρ|z=1 = Pek−χ

|k|(χ+1)+Pek

δh.

Hence, we can compute B(k)

δρ =
Pek − χ

|k|(χ + 1) + Pek
δh e−|k|(z−1) + c.c.

From (2.14) we get the perturbed evaporation rate δJ = − ∂
∂z

δρ|z=1. Plugging in (2.11)
and dropping non-linear contributions gives the dispersion relation:

Ω(k) = −
1

3Ca
k4 +

Ma

2Ca
k2 − |k|

Pek − χ

|k|(χ + 1) + Pek
. (3.1)

Ω(k) is growth rate of the wavenumber k; if Ω(k) > 0, then the perturbation grows and
the corresponding mode is unstable. Evaporation can either stabilise or destabilise large
wavelengths depending on the values of Pek and χ whereas capillarity stabilises short
wavelengths; Marangoni effect drives the instability.

3.2. Transfer rate limited regime: linear stability analysis

In the limit Pek � min{χ, k, kχ}, corresponding to the one-sided model, the dispersion
relation (3.1) becomes

Ω(k) = −
1

3Ca
k4 +

Ma

2Ca
k2 +

χ

1 + χ
. (3.2)

meaning that the film is always unstable. This limit was studied in detail by by Burelbach
et al. (1988). In fact, it is a singular limit (the base state has a different form), and
spurious effects arise at k = 0 : equation (3.2) predicts exponential growth of a constant
change in the film thickness. Accounting for the time dependance of the base state as
done by Burelbach et al. (1988) corrects this artifact (it yields in particular Ω(0) = 0)
but does not change the unstable behaviour. Note that such spurious effects do not arise
for the general case corresponding to (3.1) for which Ω(0) = 0.
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Figure 2. Diffusion-limited regime: growth rate Ω of the mode of wave number k (dimensionless
quantities) for three typical value of the Marangoni number Ma. We have chosen here a capillary
number Ca = 10−6.

3.3. Diffusion limited regime: linear stability analysis

We now consider the opposite limit Pek � max{χ, k} which is reasonable given the
experimental parameters. In this regime the dispersion relation (3.1) becomes

Ω(k) = −
1

3Ca
k4 +

Ma

2Ca
k2 − |k|. (3.3)

The last term shows again that evaporation stabilises long wavelengths in this regime
(figure 2). The absolute value of the wavenumber k comes from quasi-static diffusion. Such
a non-analyticity in the dispersion relation is well-known in the context of diffusive growth
(see e.g. Langer 1980). The relevant control parameters are the capillary and Marangoni
numbers. Suppose that Ca is fixed; when the Marangoni number Ma is small, there is
no unstable mode. The first unstable wave number kc (marginally stable mode) appears
when the Marangoni number reaches a critical value Mac such that Ω(k = kc) = 0 and
d

dk Ω(k = kc) = 0. Solving this system, we obtain







Mac = 181/3Ca2/3

k2
c =

Mac

2

(3.4)

for the critical parameters at the threshold.

The relevance of these results to the experiments is examined in the last section.

3.4. Diffusion limited regime: weakly non-linear analysis

The preceding linear stability analysis shows that the system may become unstable, it
gives the most unstable wavelength and the instability threshold. However, predicting
the nature of the transition or the observed patterns requires a more refined treatment.
For instance, if the transition is discontinuous, the pattern might be very different from
the linearly most unstable mode. This is why we perform a weakly nonlinear analysis
close to the critical point. It is restricted to the diffusion limited regime (equations 2.11
and 2.12,2.17).

In this analysis, nonlinear contributions to the evaporation rate are needed; they are
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computed in appendix A:

J [h] = 1 − ∂

∂x
H[h] +

{

1

2

(

∂h

∂x

)2

+ ∂
2
h

∂x2 h + ∂

∂x
H

(

h ∂

∂x
H[h]

)

}

+
{

1

2

(

∂h

∂x

)2

H
[

∂h

∂x

]

− 1

2

∂
2

∂x2

(

h2 ∂

∂x
H[h]

)

− 2h∂h

∂x
H

[

∂
2
h

∂x2

]

− ∂

∂x
H

(

h ∂

∂x
H

(

h ∂

∂x
H[h]

))

− 1

2

∂

∂x
H

[

h2 ∂
2
h

∂x2

]

}

+O(h4).

(3.5)

where H is the Hilbert transform (appendix B). Each successive correction to the base
state is an integro-differential transform of the interface profile h; this comes from the
non-local nature of the Laplace problem.

We use a multi-scale expansion which is valid when the spatial Fourier spectrum of
h(x, t) is concentrated around kc (see e.g Manneville 1990). We look for an equation of
evolution for the slowly varying function A(X, T ) such that h(x, t) = A(X, T ) exp(ikcx)+
c.c. Formally, we use ε as an expansion parameter. We assume that h is a function of both
the fast scales x, t and the slow scales X = εx, T = ε2t. This choice for the slow scales
is the natural one given that Ω(k) is maximum at kc. We consider the neighbourhood of
the marginal stability and we rescale the control parameter as

Ω(kc) = ε2ω(kc).

From the chain rule for differentiation, we make the replacements

∂x → ∂x + ε∂X , ∂t → ∂t + ε2∂T .

We also assume that h can be expanded as

h(x, t) = 1 + εh1(x, t) + ε2h2(x, t) + · · ·

The procedure to obtain the amplitude equation (equation for A(X, T )) is quite stan-
dard and is detailed in appendix C. However the present case has the peculiarity that
the expansion must be pursued up to order 6 as h1 is found to vanish. This is due to
the coupling between the evaporation rate and the k = 0 eigenmodes of the linearised
evolution operator.

Taking the rescalings X → X/kc and T → T/kc, neglecting terms of order k2
c and

higher which is consistent with lubrication theory, the amplitude equation reads

∂A

∂T
=σA +

3

2

∂2A

∂X2
− 2i

∂3A

∂X3
−

1

2

∂4A

∂X4
−

45

8
|A|2A

+
3

2
kcA

{

H

∫∫
({

σ −
∂

∂T

}

H +
∂

∂X

)

|A|2 + 2i

∫

H

[

A
∂A

∂X

]

− 4iH[|A|2]

}

(3.6)

the control parameter being

σ = 2
Ca − Cac

Cac

+
3

2

Ma − Mac

Mac

. (3.7)

As far as we are aware of, this non-local kind of amplitude equation has not been derived
before. The non-local terms are important for large amplitude patterns or for finite size
systems.

The solution A = 0 of the amplitude equation becomes unstable when σ > 0 (which
is consistent with the linear stability). When σ > 0, there are stationary solutions of
the form A(X, T ) = A0 exp(iQX) with σ = 45/8 |A0|

2 + 3/2 Q2 + 2 Q3 + 1/2 Q4. They
correspond to a stationary pattern with thickness fluctuation h(x, t) = A0 exp{i(kc +
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Q)x}, which is modulated around the critical wavenumber kc. Thus, as the prefactor
of |A|2A is negative, the transition from the flat state (A = 0) to a state with height
fluctuations is a supercritical (continuous) pitchfork bifurcation in contrast with the
studies of Krishnamoorthy et al. (1995),VanHook et al. (1997) or Thiele & Knobloch
(2004) on heated fluid layers.

4. Discussion

4.1. Transfer rate limited versus diffusion limited evaporation

We obtained (2.9) as a boundary condition prescribed at the interface combining both
the transfer rate across the interface and the diffusion of the vapour in the gas phase. This
boundary condition might be simplified in two distinct limits according to the values of
the kinetic Péclet number and the thermal expansion number. These two limits have been
used separately in the literature; however, it has been overlooked that they fall within a
general framework, although Margerit et al. (2003) have treated vapour diffusion in the
case of no evaporation.

In the first limit, Pek ¿ min{χ, k, kχ}, the evaporation process is limited by the
transfer of molecules across the interface. The diffusion of the vapour can be ignored
and the classical Hertz-Knudsen (2.7) relation gives the evaporation rate. It is worth
noticing here that transfer-limited evaporation is always destabilising, if the free surface
undergoes a small shape perturbation, liquid portions that are closer to (resp. farther
from) the substrate evaporate faster (resp. slower) and the disturbance is amplified. The
so-called one-sided models for evaporating layers (Prosperetti & Plesset 1984; Burelbach
et al. 1988; Samid-Merzel et al. 1998; Lyushnin et al. 2002; Margerit et al. 2003; Merkt
& Bestehorn 2003) correspond to this limit as they do not consider the dynamics of the
gas phase and so discard vapour diffusion.

In the second limit, Pek À max{χ, k}, the evaporation process is limited by the
diffusion of the vapour in the gas phase. The gas phase is saturated in vapour immediately
above the interface and the evaporation flux is given by the Fick relation (2.8). The
electrostatic analogue of the Laplace problem for the vapour density, and the related
sharp edge effect (Deegan et al. 1997) show that the evaporation rate is larger at bumps
hence diffusion limited evaporation is stabilising. The study of evaporating droplets by
Deegan et al. (1999) and Cachile, Benichou, Poulard & Cazabat (2002) fall within this
approximation.

It appears that this second limit is of large validity. Indeed, the ratio Pek/χ which
depends only on the nature of the fluid is the range 4–70 for the fluids considered here,
whereas Pek > 1 (a more restrictive condition) as soon as the thickness is larger than
D/vth ∼ 0.1 µm, which is the thickness scale determined by the diffusivity of vapour D
and the thermal velocity vth.

4.2. Comparison with experiments on evaporating droplets

We turn now to the experimental relevance of our analysis. Despite the number of the-
oretical studies on evaporating thin films, very few experiments have been conducted.
Redon et al. (1992), Kavehpour et al. (2002) and Poulard et al. (2003) observed instabili-
ties in the shape of evaporating droplets. In the first set of experiments (Kavehpour et al.

2002; Redon et al. 1992), the spreading of drops of silicon oils was studied. As silicon
oils have a very low volatility, evaporation rate is small and the shear stress associated
with the spreading is important. In the second set of experiments (Poulard et al. 2003)
evaporation sets the velocity scale. This is why we focus on this latter set. We stress that
the geometry of a droplet is different from that of a constant thickness film analysed in
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Ca Ma Mac(Ca) Mac/Ma

Water 5.90 10−9 6.66 10−7 8.59 10−6 12.9
Nonane 5.94 10−9 2.89 10−7 8.60 10−6 30
Octane 1.4 10−8 1.10 10−6 1.52 10−5 13.8
Heptane 4.19 10−8 3.76, 10−6 3.16 10−5 8.4
Hexane 1.11 10−7 1.33 10−5 6.05 10−5 4.55

Table 3. Values of the control parameters (Ca,Ma) for different volatile fluids and
comparison with the instability threshold in the diffusion limited regime.

this paper so that only a semi-quantitative comparison between the experiments and the
present theory is possible.

Poulard et al. (2003) studied receding evaporating drops of water and alkanes on
smooth substrates. The data in tables 1 and 2 corresponds to this experimental situation.
For water, heptane and hexane the drop looses its axisymmetry and develops a regular
wavy pattern near the contact line : the height fluctuates with a well-defined wavenumber.
No instabilities are observed neither with octane nor nonane. We now compare with
the stability analysis in the diffusion limited regime (3.4). This comparison requires
the choice of a thickness lengthscale; we retain the typical thickness of the unstable
region, h ∼ 200 nm. We estimate the typical evaporation rate in this zone using J(r) =
J0/

√

1 − (r/R)2 (Deegan et al. 1999), R is the drop radius and r is the distance to
the drop axis. In the experiments, the radius R is of order 0.5 mm and the size of the
unstable zone is R − r ∼ 5 µm. According to table 3 droplets of all fluids are stable.
Because of the difference in geometries we cannot conclude directly on the stability. We
should only compare the relative values of the ratio Mac/Ma between different fluids.
This ratio is of order one meaning that the distance to the threshold is small. Moreover,
the fluids can be sorted from the less stable to the most stable as: hexane, heptane,
water, octane and nonane. This compares well with the experiments: festoon patterns
have been observed with hexane, heptane and water and none with octane and nonane.
However, caution should be taken with water as evaporating droplets of water have an
anomalous retraction velocity (Poulard et al. 2003). Equation (3.4) gives as wavelengths
λHeptane ' 320 µm and λWater ' 600 µm which are an order of magnitude larger than
the experimental λHeptane ' 50 µm and λWater ' 30 µm. To summarize, the comparison
with experiments is satisfying as we predict an instability threshold in contrast with the
one-sided model (see section 3.2), and we find that the stability increases with the weight
of the alkane.

4.3. Main results

In this paper, we constructed a two-sided model for evaporating thin liquid films. In
order to predict quantitatively the evaporation rate, we have considered both transfer
rate across the interface and diffusion of the vapour in the gas phase. The experiments
of Poulard et al. (2003) motivated the study of the regime for which evaporation is
diffusion-limited. In this context, the system describing the evolution of the height profile
h couples the lubrication of the substrate by the thin film to the diffusion of its vapour in
the gas phase. Using a linear stability analysis, we predicted an instability threshold and
classified the stability for different liquids, in agreement with the experiments. The results
of the linear stability analysis are not too far from Poulard et al. (2003) experiments on
evaporating droplets. To push the comparison further, it would be interesting to perform
experiments on extended flat films. The weakly nonlinear analysis lead to the prediction
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of a continuous transition from the flat state, so that the formation of dry patches is not
expected in the diffusion limited regime.

Moreover, the diffusion equation confers a non-local aspect to the dynamics of the film
which is found to persist in the amplitude equation (3.6) established within a weakly
nonlinear study. This property was unexpected and contrasts with Friedrichs & Engel
(2003) results on the Rosensweig instability of magnetic fluids; it originates from the
presence of uniform profiles in the null-space of the linearised evolution operator (see
appendix C).

This study suggests investigation of more complicated situations such as when both
transfer rate and diffusion of the vapour are important (i.e. when Pek has a finite value),
in the non-linear regime. As analytical extensions to the present study seem difficult,
numerical computations of the complete two-sided model would allow the investigation
of effects such as the non-stationary of the base state, the finite extension of the system,
three dimensional patterns or the geometry of a droplet. Consequences of the non-local
terms should also be interesting to further study.

We are very grateful to Anne-Marie Cazabat and Christophe Poulard for getting us
intersted in the stability of evaporating droplets.

Appendix A. The evaporative flux. Electrostatic analogy.

This appendix is devoted to the perturbative treatment of the Laplace problem asso-
ciated with the diffusion limited regime











∇
2ρ = 0 (z > h(x))

ρ(x, h(x)) = 0
∂ρ
∂z

(x, z = +∞) = −1

where h = h(x) is a given regular (bounded and differentiable) function. Precisely, the
point is to compute −(n · ∇)ρ|z=h(x)+ .

A.1. Vortex sheet formalism

Using electrostatic terminology, the problem is to find the electric field J immedi-
ately above a deformed charged plane. Introducing a superficial charge distribution
ρ = σ(x)δ(z − h(x)) (δ(z − a) is a Dirac mass concentrated at the point z = a), one
can write the integral representation:

J(x, z) =

∫

σ(x′)
(x − x′)ex + (z − h(x′))ez

(x − x′)2 + (z − h(x′))2
d`(x′) (z 6= h(x)) (A 1)

d` =
√

1 + (dh
dx

)2 dx being the arc-length element.

At the interface, two boundary conditions are prescribed. To begin with, according to
Gauss theorem, the field has a normal discontinuity

(J+ − J
−) · n = 2πσ (A 2)

where J
+ (resp. J

−) stands for the field just above (resp. below) the interface z =
h(x). Moreover, the tangential component has to vanish in order to fulfil the condition
ρ(x, h(x)) = 0:

J
+ · t = J

− · t = 0 (A 3)

Now, setting z = h(x) in (A 1), one has to take the Cauchy principal value (denoted as
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PV) of the integral in order to get a well defined expression. This regularised integral is
equal to the half-sum of J

+ and J
− so that the conditions (A 2,A 3) may be rewritten

as:

J+ = πσ +
1

√

1 +
(

dh

dx

)2
PV

∫

σ(x′)

x − x′

−dh

dx
(x) + φ(x, x′)

1 + φ(x, x′)2
d`(x′) (A 4)

and

PV

∫

σ(x′)

x − x′

1 + dh

dx
(x)φ(x, x′)

1 + φ(x, x′)2
d`(x′) = 0 (A 5)

with φ(x, x′) = h(x)−h(x′)
x−x′

and J+ = J
+ · n = ‖J+‖.

A.2. Perturbative treatment

The general relation (A 5) implicitly gives the superficial charge σ as a function of h. Since
the inversion is not possible analytically, we assume that the deflection from the flat plane
h is weak; we introduce a small parameter η such as h is replaced by ηh (a possible choice
is to set η = supx |h(x)|) and write a perturbative expansion σ = σ(0)+ησ(1)+η2σ(2)+. . ..
The η = 0 contribution corresponds to the plane interface for which the field is uniform;
the boundary condition J(x, z = +∞) = J (0)

ez readily gives σ(0) = J (0)/π. Solving
(A 5) up to O(η4), we find

σ[h] =
J (0)

π

(

1 + η2

{

1

2

(

dh

dx

)2

+ h
d2h

dx2
+

d

dx
H

[

h
d

dx
H[h]

]}

+ O(η4)

)

(A 6)

where H is the Hilbert transform (see Appendix B).
The remaining step is simply to plug (A 6) into (A 4). Without having to compute

further terms for σ(x), we can express the evaporative flux expansion up to O(h4).
Setting η = 1, we find

J [h] = 1 −
d

dx
H[h] +

{

1

2

(

dh

dx

)2

+
d2h

dx2
h +

d

dx
H

(

h
d

dx
H[h]

)

}

+

{

1

2

(

dh

dx

)2

H

[

dh

dx

]

−
1

2

d2

dx2

(

h2 d

dx
H[h]

)

− 2h
dh

dx
H

[

d2h

dx2

]

−
d

dx
H

(

h
d

dx
H

(

h
d

dx
H[h]

))

−
1

2

d

dx
H

[

h2 d2h

dx2

]

}

+O(h4).

that is, the formula (3.5).

Appendix B. Hilbert transform

B.1. Definition and basic properties

Given a bounded function f(x), we define the Hilbert transform with the usual conven-
tions:

H[f ](x) =
1

π
lim

ε→0+

∫

|x−x′|>ε

dx′ f(x′)

x′ − x

where we have taken the Cauchy principal value (symmetric limit) at x′ = x. Useful
properties are commutation with linear differential operators and the inversion relation
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H−1 = −H. With this definition, the Hilbert transform is not defined for constant func-
tions. However, one can remove the divergence at infinity by taking the principal values
both at x and at infinity; the result is then H[Cst] = 0. (Note that the inversion formula
is not valid for constants.)

B.2. Hilbert transform and slow space varying amplitude

In the weakly non-linear analysis, we have to compute quantities of the form H[A(εx) eikx],
with 0 < ε � 1. We want here to show that, up to a very good precision (for ε sufficiently
small), we have the relation

H[A(εx) eikx] = A(εx)H[ eikx] (k 6= 0) (B 1)

which means that the action of the Hilbert transform on a slowly modulated Fourier
mode does not introduce, except if k = 0, non-localities (see Friedrichs & Engel 2003).
In the next appendix, we make a substantial use of this property.

Since Aε(x) = A(εx) varies significantly only if x has a variation of order 1/ε, the
Fourier transform Âε of Aε must be negligible outside of (−ε, ε).

Let’s first assume that the support of Âε (that is, the domain where it has non zero
values) is included in (−ε, ε). Then, using H[ eikx] = i sgn(k) eikx (sgn(k) = 1 if k > 0),
we have

H[Aε(x) eikx] = i eikx

∫ ε

−ε

dk′ Âε(k
′) sgn(k′ + k) eik′x.

Thus, (B 1) is proofed if we suppose |k| > ε, that is, if ε is small enough.

If Âε = 0 does not vanish outside of (−ε, ε), one can show that, under the same
hypothesis on k, to the first order in ε, the error on (B 1) is of the order of

∫
∞

1/ε |Â(k)|dk.

Appendix C. Weakly non linear analysis

Here we detail the weakly non linear analysis leading to the amplitude equation (3.6).
We consider the neighbourhood of the stability limit, so that we rescale the control
parameter according to

Ω(kc) = ε2ω(kc). (C 1)

Plugging (3.5) into the lubrication equation (2.11), we obtain a closed integro-differential
equation for the height profile h. We assume that h is a function of x, X, t, T (fast and
slow scales) and admits the expansion h = εh(1) + ε2h(2) + · · · . The derivatives are
substituted according to

∂x → ∂x + ε∂X , ∂t → ∂t + ε2∂T . (C 2)

It is convenient to separate the evolution operator into its linear contributions L and
non-linear ones N . In particular, applying transformations (C 2) leads to the expansion
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L = Lc + εL(1) + ε2L(2) + ε3L(3) + ε4L(4) with

Lc =
1

3Ca
∂4

x
+

Ma

2Ca
(∂2

x
− ∂3

x
H) − ∂xH,

L(1) =

{

4

3Ca
∂3

x +
Ma

2Ca
(2∂x − 3∂2

xH) −H

}

∂X ,

L(2) =

{

2

Ca
∂2

x
+

Ma

2Ca
(1 − 3∂xH)

}

∂2
X
− ω(kc) + ∂T ,

L(3) =

{

4

3Ca
∂x −

Ma

2Ca
H

}

∂3
X ,

L(4) =
1

3Ca
∂4

X .

Note that the null-space of Lc contains slow space varying height profiles (i.e. functions
of X). We now proceed to the solution order by order.

Order ε1:

We have simply:

Lch
(1) = 0. (C 3)

Using (B 1), the solution is

h(1) = (A11(X, T ) eikcx + c.c) + A10(X, T )

kc being the critical wavenumber given by the linear stability analysis.

Order ε2:

The equation has the form

Lch
(2) = −L(1)h(1) −N (2)(h(1)) (C 4)

The non-linear term contains a k = 0 mode. As the right-hand side of (C 4) must be
orthogonal to the null space of Lc, it implies h(1) = 0. Thus, Lch

(2) = 0, hence h(2) =
(A21(X, T ) eikcx + c.c) + A20(X, T ).

Order ε3:

N (3) = 0 as h(1) = 0:

Lch
(3) = −L(1)h(2). (C 5)

Again, right-hand side of (C 5) has to be orthogonal to the null space of Lc, so we have
A20 = 0. Hence, h(3) = (A31(X, T ) eikcx + c.c) + A30(X, T ).
Order ε4:

Lch
(4) = −L(2)h(2) −L(1)h(3) −N (4)(h(2)). (C 6)

The non linear term is:

N (4)(h(2)) = (f4A
2
21 e2ikcx + c.c) − k2

cA21A21

with (A21 is the complex conjugate of A21)

f4(kc) =
Ma

Ca

(

−2k2
c − k4

c − 4k3
c

)

+
2k4

c

Ca
+

1

2
k2
c .

So, introducing α =
(

− 2
Ca

k2
c + Ma

2Ca
(1 + 3kc)

)

, we have from (C 6)

−∂XH[A30] = k2
c |A21|

2, (C 7)
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−ω(kc)A21 + α∂2
XA21 + ∂T A21 = 0. (C 8)

The solution to (C 6) is

h4 = (A42(X, T ) e2ikcx + c.c) + (A41(X, T ) eikcx + c.c) + A40(X, T )

with A42 = f4(kc)
Ω(2kc)

A2
21.

Order ε5:

Lch
(5) = −L(3)h(2) −L(2)h(3) −L(1)h(4) −N (5)(h(2), h(3)). (C 9)

It is convenient to decompose the non-linear term:

N (5)(h(2)) = (N52 e2ikcx + c.c) + (N51 eikcx + c.c) + N50,

where

N52 = f5A31A21 + ig5∂XA2
21

N51 = j5A30A21

N50 = −k2
cA21A31 − ikcA21∂XA21 − kcH

[

A21∂XA21

]

+ c.c

and with

f5(kc) =
Ma

Ca

(

−8k3
c − 2k4

c − 4k2
c

)

+
4k4

c

Ca
+ k2

c

g5(kc) =
Ma

Ca

(

2kc + 2k3
c + 6k2

c

)

−
4k3

c

Ca
−

kc

2

j5(kc) =
Ma

Ca

(

−
3

2
k3
c − k2

c

)

+
k4
c

Ca
.

Imposing again that the restriction of the right-hand side of (C 9) to the null space of Lc

has to vanish and using (C 7), we get

iβ∂3
XA21 +

{

α∂2
X − ω(kc) + ∂T

}

A31 + j5A21

∫

H[|A21|2] = 0 (C 10)

and

∂XH[A40] = (−ω(kc) + ∂T )A30 +
Ma

2Ca
∂2

XA30 + N50. (C 11)

with β = 4
3Ca

kc −
Ma

2Ca
.

The solution at this order is

h5 = (A52(X, T ) e2ikcx + c.c) + (A51(X, T ) eikcx + c.c) + A50(X, T )

with A52 = 1
Ω(2kc)

(N52 + iΩ′(2kc)∂XA42).

Even if (C 10) is non-linear in A21, it does not give the nature of the bifurcation. This
is why we carry on computations to next order.

Order ε6:

Lch
(6) = −L(4)h(2) −L(3)h(3) −L(2)h(4) −L(1)h(5) −N (6)(h(2), h(3), h(4)). (C 12)

We only need the part of N (6) of wavenumber kc:

N61 = f6A21A42 + g6A21∂XHA30 + ij6A21∂XA30

+`6(A21A40 + A31A30) + m6|A21|
2A21 + in6A30∂XA21
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with

f6(kc) = Ma

Ca

(

−k2

c
− 9

2
k3

c

)

+
7k

4

c

Ca

g6(kc) = Ma

Ca

(

1

2
k3
c + 1

2
k2
c

)

− kc

j6(kc) = 2Ma

Ca
(k3

c
+ k2

c
+ kc) −

k
3

c

Ca

`6(kc) = −Ma

Ca

(

3

2
k3

c
+ k2

c

)

+
k
4

c

Ca
= j5(kc)

m6(kc) = Ma

Ca

(

7

4
k5

c
− 1

2
k2

c
− 3

4
k4

c
− 5

2
k3

c

)

−
7k

3

c

2
+

k
4

c

Ca

n6(kc) = Ma

Ca

(

9

2
k2
c + 2kc

)

−
4k

3

c

Ca

After solving equations (C 7,C11) for A30 and A40, we use the solvability condition that
the right-hand side of (C 12) is orthogonal to the null space of Lc and we obtain an
equation for A41. Introducing

A = εA11 + ε2A21 + ε3A31 + ε4A41 + · · · ,

the last equation for A41 can be re-summed with equations (C 8,C 10) for A21 and A31.
Using the inverse transformations of (C 1,C 2), we finally obtain the amplitude equation
for A(X, T ):

(−Ω(kc) + α∂2

X
+ ∂T )A + iβ∂3

X
A +

1

3Ca
∂4

X
A + ξ|A|2A

+ikc(j6kc − `6)H[|A|2]A + in6k
2

c
(∂XA)

∫

H[|A|2]

+`6

{

k2

c
A

∫∫

(−Ω(kc) + ∂T + ∂XH)|A|2 + 2ikcA

∫

H
[

A∂XA
]

}

= 0.

with

ξ(kc) = m6 +
1

Ω(2kc)
f6f22 − k2

cg6 +

(

k2

c

Ma

2Ca
− 2kc

)

`6.

Taking the limit of small kc with the help of the rescaling ∂X → kc∂X and ∂T → kc∂T

leads to
(

∂

∂T
− σ −

3

2

∂2

∂X2

)

A + 2i
∂3A

∂X3
+

1

2

∂4A

∂X4
+

45

8
|A|2A + i6kcH[|A|2]A +

−
3

2
kc

{

A

∫∫
(

∂

∂T
− σ +

∂

∂X
H

)

|A|2 + 2iA

∫

H

[

A
∂A

∂X

]}

+ O(k2

c
) = 0,

(C 13)

hence the simplification (3.6). Note that (C 13) is valid only if A(X, T ) vanishes at X =
∞, so that Hilbert transforms H are well defined. In contrast with standard weakly
non-linear analysis, this equation is non-local.
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Diffusion limited evaporation of thin polar liquid films

Eric Sultan (sultan@lps.ens.fr), Arezki Boudaoud and Martine Ben Amar
Laboratoire de Physique Statistique de l’Ecole Normale Supérieure

24, rue Lhomond, 75231 PARIS Cedex 05, France

Abstract. The stability of evaporating very thin films of a polar liquid is investigated. The microscopic

interaction with the substrate and capillarity are taken into account in a lubrication equation. The

stability of a flat interface is studied when evaporation is limited by the diffusion of the vapour in the

gas phase. The evaporation rate is computed and evaporation is shown to be stabilizing. A stability

phase diagram is obtained. A weakly non linear analysis leads to a film thickness amplitude equation

that is non local in space. Physical consequences of the results are eventually discussed.

Keywords: evaporation, linear stability, lubrication, non-local amplitude equation, spinodal decom-

position, thin films

1. Introduction

The practical importance of thin liquid films and the numerous fundamental ques-
tions they raise has stimulated many experimental and theoretical studies (e. g. see
Oron et al. [1]). In particular, the evaporation of thin films is of interest in drying
technologies, and many instabilities driven by evaporation are still unexplained. For
instance, evaporation of droplets leads (through Marangoni effects) to destabilizing
surface tension gradients near the contact line: Redon et al. [2], Poulard et al. [3]
observed the contact line to become wavy, while Kavehpour et al. [4] measured drop
height waves. Marangoni instabilites can also result from the evaporation of a solute
as shown by Hosoi and Bush [5] who re-examined the experiment of Fournier et al. [6].
Their analysis, as that of O’Brien [7] for a different geometry, assumed a simple form
for the rate of evaporation of the solute. However, when there is no air convection,
vapour diffuses through air and the evaporation is diffusion limited as has been shown
by Deegan et al. [8] for pinned evaporating water droplets.

Evaporation of very thin films is even more complicated as they can interact with
the substrate through van der Waals forces and electrostatic forces. Experiments on
evaporating thin films of water were performed by Elbaum and Lipson [9], who observed
the nucleation of thin patches in thicker films. The stability of these thin films has been
studied theoretically by Burelbach et al. [10], Samid-Merzel et al. [11] and Lyushnin et
al. [12]. They assumed the rate of evaporation to be proportional to the difference of
chemical potential between the liquid and its vapour, and neglected diffusion of vapour
in the gas phase. In contrast, we focus here on the evaporation of very thin liquid films
of polar liquids in the case where the diffusion of vapour is important. In section 2, we
formulate general equations describing the film evolution and we simplify them when
evaporation is diffusion limited. In section 3, we solve the diffusion problem for a nearly

c© 2005 Kluwer Academic Publishers. Printed in the Netherlands.
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2 Sultan, Boudaoud and Ben Amar

Figure 1. Model geometry: an evaporating thin liquid film over a solid substrate. The position of the
interface with the gas is defined by h(x, t) and the rate of evaporation is J .

flat film. In section 4, we study the linear and the weakly non linear stability of a flat
film. In the last section, we conclude by discussing the consequences of our results.

2. The model

2.1. Situation of interest

Our aim is to provide a theoretical description of evaporating thin films of polar liquids
when molecular forces are important, and to account for the diffusive dynamics of the
vapour in the surrounding gas phase. This situation is illustrated for instance by the
experiments of Elbaum and Lipson [9]: water films of typical thickness h0 ' 10 nm
evaporating in a chamber of millimetric size (x0 ' 1 mm); evaporation leads to a
decrease in thickness at a velocity of order ve ' 1 nm/s.

We consider the dynamics of a two-dimensional bi-layered liquid-gas system over
a solid substrate (figure 1). A two dimensional geometry is not a restriction for the
present linear and weakly non-linear study: a priori all horizontal directions are equiv-
alent, but one of them is selected at the growth of the instability (when the system is
unstable). The polar liquid exchanges mass with its vapour which may diffuse in the
gas phase. The gas phase is not saturated by the vapour, which drives evaporation.
The state of the system is determined by the height h(x, t) of the interface and the
concentration c(x, z, t) of vapour in the gas phase (both are functions of space and
time). In the following, we restrict our analysis to the long wavelength limit where the
typical height h0 is much smaller than the typical horizontal scale x0. We write the
equations describing the liquid phase, the gas phase and then the proper boundary
conditions.
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Diffusion limited evaporation of thin polar liquid films 3

Figure 2. Disjoining pressure: additional pressure for a thin film interacting with a substrate, as a
function of the film thickness. For a polar fluid P (h) may become non monotonic, which suggests an
instability.

2.2. The liquid film

The long wavelength limit leads to the usual lubrication equation. Here, the film is
thin enough to interact with the substrate. Van der Waals and electrostatic forces (in
the case of a polar liquid) give a correction called the disjoining pressure P (h) to the
capillary pressure (see e. g. Sharma and Jameel [13]). For a non polar liquid which
wets the substrate, P (h) is an increasing function of h as van der Waals forces are
attractive. Electrostatic forces are usually repulsive. Thus, the interplay between the
two forces can result in a disjoining pressure that is a non monotonic function of the
film thickness (figure 2). One expects thicknesses corresponding to decreasing disjoining
pressure to be unstable. The corresponding phenomenon in three dimensions is the
spinodal decomposition of a fluid, that is the demixing into two distinct phases (gas and
liquid) at the limit of metastability. We will consider the vicinity of a thickness h0 in the
unstable region and linear approximation P (h) = P (h0) − α(h − h0), (α ' 1011 N/m4

for water, [11]). The exact form is given in [13], but our formulation is very general and
could be applied if other microscopic forces act on the liquid, the physics giving the
value of the coefficient α. Gravity is negligible as the thickness h0 is microscopic and
thus much smaller than the capillary length. The liquid has a viscosity µ (10−3 Pa.s
for water), a density ρ (number of particles per unit volume) and the surface tension of
the liquid-gas interface is γ (70 mN/m for water). The lubrication equation then reads

∂h

∂t
+

1

µ

∂

∂x

{

h3

3

(

∂

∂x

(

γ
∂2h

∂x2

)

+ α
∂h

∂x

)}

= −

J

ρ
. (1)

J is the liquid rate of evaporation at the interface (number of evaporating particles per
unit surface and unit time).

Here we have neglected temperature fluctuations. If κ = 0.6 kg.m/K/s3 is the ther-
mal conductivity of water and L = 2.4 106 J/kg its vaporisation latent heat, then the
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temperature gradient ∆T/h is given by κ∆T/h = LJ0, hence a very small temperature
fluctuation ∆T ' 4 10−8 K. Thus we may safely neglect Marangoni effects. Moreover,
evaporation is very slow, so that it is reasonable not to take into account vapour thrust.

2.3. The vapour

Vapour diffuses in the gas phase; the diffusion coefficient is D ' 10−5 m2/s. If there is
convection in the gas, the convective velocity vC has to be compared to the diffusive
one vD = D/x0 ' 1 cm/s. From the Stokes equations, the scale of vC can be estimated
as vC ' g δρ x2

0/ηg, g being the gravity acceleration, δρ ' DJ0x0 ' 10−12 kg/m3 the
variation in vapour density and ηg ' 10−5 Pa/s the gas viscosity, leading to vC '

10−11 m/s ¿ vD so convection is negligible. Moreover, as the evaporation velocity ve

is very small compared to vD, we consider the limit of quasi-static diffusion. Hence the
vapour concentration c(x, z, t) (number of particles per unit volume in the gas phase)
is a harmonic function:

∆c = 0 (2)

∆ = ∂2

∂x2 + ∂2

∂z2 being the 2D Laplacian operator. The gas phase is not saturated by the
vapour. This condition is enforced by a constant diffusion rate at infinity

∂c

∂z
∼ −

J0

D
, z → +∞. (3)

At large length scales, the film is flat so the mass flux J(z À h0) is vertical and does
not depend on x. The boundary condition at the interface is discussed hereafter.

2.4. The interface

The rate of transfer of particles through the interface is proportional to the difference
between the chemical potential of the vapour µv and that of the liquid µl (as given
by the kinetic theory of gases, see [10]) and to the normal gradient of the vapour
concentration at the interface:

β(µl − µv) = −
D

ρ

∂c

∂n
. (4)

β ' 3 1025 s/kg/m is a parameter which can be estimated from the kinetic theory of
gases. Let δµ ' 4 10−21J be the typical magnitude of the chemical potentials difference.
The vapour concentration is of order c0 ' 3 1025 m−3. Using µl = δµ µ̃l, µv = δµ µ̃v

and ∂c/∂n = c0/h0(∂/∂ñ)c̃, the non dimensional form of equation (4) is

E(µ̃l − µ̃v) = −
∂c̃

∂ñ
, E =

ρβ h0δµ

Dc0
.

In references [10, 12, 11], diffusion of vapour was neglected. This corresponds to E ¿

1, hence ∂c/∂n = 0 and the evaporation rate is J = β(µl − µv). Using the typical
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Diffusion limited evaporation of thin polar liquid films 5

values given above, one obtains E ' 105, so we investigate the opposite case for which
E À 1 and where evaporation is limited by diffusion of the vapour in the gas phase.
In this limit, the chemical potentials are equal µl = µv. Using references [13, 11],
µv = kBT ln(c/c0), kB being the Boltzmann constant and T the temperature, while
µl = −(αh + γ∂2h/∂x2)/ρ, ρ being the liquid density. We consider here the limit
such that (αh + γ∂2h/∂x2)/(ρkBT ) ' 10−5 ¿ 1, i. e. the variations in c are small
with respect to c0, so that the boundary condition on the vapour concentration at the
interface becomes

c = c0, z = h(x, t). (5)

Thus the Laplacian problem for the vapour concentration is well-posed. Moreover, the
evaporation rate is given by

J = −D
∂c

∂n
, z = h(x, t). (6)

2.5. Non dimensional equations

We use h0 as unit of length, h0ρ/J0 as unit of time and J0h0/D as unit of vapour
concentration. Keeping the same notations for the non dimensional quantities as for
their physical counterparts, we make the substitutions

h → h0h, x → h0x, t → (h0ρ/J0)t, c → c0 + (J0h0/D)c, J → J0J, (7)

in the lubrication equation, the Laplace equation and the boundary conditions. First,
the lubrication equation (1) becomes

∂h

∂t
+

1

Ca

∂

∂x

(

h3

3

∂3h

∂x3

)

+ Π
∂

∂x

(

h3

3

∂h

∂x

)

=
∂c

∂n
(z = h(x, t), t) = −J. (8)

Ca is the capillary number

Ca =
µJ0

ργ
(9)

and Π is the van der Waals number

Π =
αρh2

0

µJ0

, (10)

which measures the importance of microscopic forces. Their typical values are respec-
tively Ca ' 10−11 and Π ' 107.

The reduced vapour concentration is the solution of the following Laplacian problem

∆c = 0, z > h(x, t), c(h(x, t), t) = 0,
∂c

∂z
(z = +∞, t) = −1, (11)
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6 Sultan, Boudaoud and Ben Amar

which is solved in the next section.

3. The Laplacian problem for the vapour concentration

In this section, we show how to solve the Laplace problem (11) and compute the
evaporation rate for a nearly flat interface. The lubrication equation (1) is obtained as
an approximation of the Stokes equations to order three in the height profile h (see e.g.
the asymptotic derivation in [1]). So we compute the evaporation rate to order 3 in the
height perturbation. For other applications, computation to higher orders is possible
along the same lines.

3.1. The vapour concentration

We formally rewrite the Laplacian problem (11) as

∆c(x, z) = 0, z > h(x), c(εh(x, t)) = 0,
∂c

∂z
(x, z = +∞) = −1. (12)

ε is a formal small parameter for the expansion in powers of h(x, t). We assume the
form

c = c0 + εc1 + ε2c2 + . . . (13)

for the field c, each cn being a harmonic function. At order 0, the solution is simply
linear :

c0 = −z. (14)

The boundary condition at the interface reads

0 =
+∞
∑

n=0

εnh(x)n

n!

∂nc

∂zn
(x, 0)

so that, up to order 3 in ε,

0 = c0(x, 0) + ε

{

c1(x, 0) + h(x)
∂c0

∂z
(x, 0)

}

+ε2

{

c2(x, 0) + h(x)
∂c1

∂z
(x, 0) +

h(x)2

2

∂2c0

∂z2
(x, 0)

}

+ε3

{

c3(x, 0) + h(x)
∂c2

∂z
(x, 0) +

h(x)2

2

∂2c1

∂z2
(x, 0) +

h(x)3

6

∂3c0

∂z3
(x, 0)

}

+ . . . (15)
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Diffusion limited evaporation of thin polar liquid films 7

Now the problem (12) consists of finding the harmonic functions cn, with n = 1, 2, 3 · · ·
which satisfy ∂c/∂z(x, +∞) = 0 and the order n of the boundary condition (15) which
is expressed at a flat boundary z = 0.
Order ε1: The boundary condition (15) gives c1(x, 0) = h(x). A Fourier decomposition
leads directly to

c1(x, z) =

∫

dkF [h](k) eikx−|k|z = F−1(e−|k|z F [h]). (16)

The x-Fourier transform of a function f(x) is defined as

F [f ](k) =
1

2π

∫

dx f(x) e−ikx .

Order ε2: The boundary condition (15) is rewritten as

c2(x, 0) = −h(x)
∂c1

∂z
(x, 0) = F−1(F [h])F−1(|k|F [h])

Introducing convolutions (denoted as ∗), this leads to

c2(x, z) = F−1(e−|k|z{F [h] ∗ (|k|F [h])}). (17)

Order ε3: The boundary condition (15) is rewritten as

c3(x, 0) = h(x)F−1(|k|{F [h] ∗ (|k|F [h])}) +
h(x)2

2

d2h

dx2
(x).

so that, using Fourier transform and convolutions, we obtain

c3(x, z) =F−1
(

e−|k|z{F [h] ∗ (|k|{F [h] ∗ (|k|F [h])})}
)

+
1

2
F−1

(

e−|k|z{F [h2 d2
h

dx2 ]}
)

. (18)

Thus we have found the concentration of vapour up to order 3 in the height.

3.2. The evaporation rate

The evaporation rate is given by

J = ‖∇c‖z=εh(x) =

√

(

∂c

∂x
(x, εh(x))

)2

+

(

∂c

∂z
(x, εh(x))

)2

. (19)

c was computed in the previous section. The expansion in powers of ε is similar to that
in equation (15). The calculations are done with a substantial use of the property

F−1(|k|F [f ]) = −
d

dx
H[f ],
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the Hilbert transform (see appendix A) of a function f being defined as

H[f ](x) =
1

π
lim

ε → 0+

X → +∞

∫

ε<|x−x′|<X

dx′ f(x′)

x′ − x

where Cauchy principal values are taken for the integral.
Combining all the results and setting ε = 1 leads to the following expression for the

evaporation rate.

J = 1 −
dH[h]

dx
+

{

1

2

(

dh

dx

)2

+
d2h

dx2
h +

d

dx
H

(

h
dH[h]

dx

)

}

+

{

1

2

dH[h]

dx

(

dh

dx

)2

−
1

2

d2

dx2

(

dH[h]

dx
h2

)

− 2
dh

dx

d2H[h]

dx2
h

−
d

dx
H

(

h
d

dx
H

(

h
dH[h]

dx

))

−
1

2

d

dx
H

[

h2 d2h

dx2

]}

+ O(h4). (20)

This equation combined with equation (8) gives an integro-partial-differential equation
for the evolution of the film thickness h. This is not surprising for a free boundary
problem with a Laplacian or a diffusion field.

4. Stability of a film of uniform thickness

4.1. Linear stability

Equations (8-11) have as solution for the film thickness h(x, t) = 1 − t. As this base
state is non stationary, linearization of the equations gives a non autonomous PDE,
so that standard linear stability (modal) analysis should not apply. For simplicity, we
assume from now on that the base state is h(x, t) = 1, which amounts to adding a
volume source ρJ0 to equation (1), as this source compensates exactly for the loss of
mass through evaporation. It also amounts to a stability study of the time-dependant
base state h(x, t) = 1 − t in the frozen frame.

We set h(x, t) → 1 + h(x, t) in (8,20). The linear part of the evolution operator for
h is easily computed as

L =
∂

∂t
+

1

3Ca

∂4

∂x4
+

1

3
Π

∂2

∂x2
−

∂

∂x
H. (21)

This operator has eigenmodes of growth rate Ω and wavenumber k: h(x, t) = A exp(Ωt+
ikx) + c.c., such that

Ω(k) = −
1

3Ca
k4 +

Π

3
k2 − |k|. (22)
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Figure 3. Top: growth rate Ω(k) of perturbations of wavelength k, for a capillary number Ca = 10−3

and three values of the van der Waals number Π. Bottom: stability diagram of a flat film.

This shows that the interaction with the substrate is destabilizing as could be expected
when considering the decreasing part of the disjoining pressure (see figure 3), whereas
both evaporation and capillarity are stabilizing (first and last term of right-hand side of
the equation). The electrostatic analog of the Laplace problem (11) helps understanding
why evaporation is stabilizing: the electrostatic potential (the concentration) is constant
at the surface of a conductor; the electric field (the evaporation rate) is larger at bumps;
so evaporation decreases the height of bumps. Typical growth rates Ω(k) are shown in
figure (3). The limit of stability is reached when there is one (and only one) marginally
stable mode (Ω(k = kc) = 0 and Ω′(k = kc) = 0), so that at the instability onset
(subscripts c)

CacΠ
3
c = 243/4, kc =

√

CacΠc

3
. (23)

The uniform film is unstable when Π > Πc(Cac) or when Ca > Cac(Πc). The corre-
sponding stability diagram is shown in figure (3). With the values of the capillary and
Van der Waals numbers given earlier, the film is unstable; the resulting pattern has a
wavelength of the order of 10 µm, as observed in [9]. This stability analysis suggests
a pattern of wavenumber kc. However, a nonlinear study is required to predict the
patterns when the flat film is unstable.

4.2. Weakly non linear analysis

We now proceed to the weakly non linear analysis to find an amplitude equation for
h(x, t). We use a multi-scale expansion which is valid when the spatial Fourier spectrum
of h(x, t) is concentrated around kc (see Manneville [15, Chapter 8]). We look for
an equation of evolution for the slowly varying function A(X, T ) such that h(x, t) =
A(X, T ) exp(ikcx)+ c.c. ( c.c. stands for the complex conjugate of the preceding term).
Formally, we use ε as an expansion parameter (this parameter has nothing to do with
the one used in section 3). We assume that h is a function of both the fast scales x, t
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and the slow scales X = εx, T = ε2t. This choice for the slow scales is the natural one
given that Ω(k) is maximum at kc. We consider the neighbourhood of the marginal
stability and we rescale the control parameter as

Ω(kc) = ε2ω(kc).

From the chain rule for differentiation we must make the replacements

∂x → ∂x + ε∂X , ∂t → ∂t + ε2∂T .

We also assume that h can be expanded as

h(x, t) = εh1(x, t) + ε2h2(x, t) + · · ·

The procedure to obtain the amplitude equation (equation for A(X, T )) is quite
standard and is detailed in appendix B. However the present case has the peculiarity
that the expansion must be pursued up to order 6 as h1 is found to vanish. This is
due to the coupling between the evaporation rate and the k = 0 eigenmodes of Lc. In
the limit kc ¿ 1 which is consistent with lubrication theory, and after the rescaling
X → X/kc and T → T/kc, the amplitude equation reads

∂T A = pA − 6|A|2A +
3

2
∂XXA − 2i∂XXXA −

1

2
∂XXXXA, (24)

the control parameter being

p =
1

2

Ca − Cac

Cac

+
9

2

Π − Πc

Πc

. (25)

The solution A = 0 of the amplitude equation becomes unstable when p > 0 (which
is consistent with the linear stability). When p > 0, there is a family of stationary
solutions indexed by the wavenumber Q: A(X, T ) = A0 exp(iQX), A0 being given by
p = 6|A0|

2 + 3/2 Q2 + 2 Q3 + 1/2 Q4. They correspond to a stationary pattern with
thickness fluctuation h(x, t) = A0 exp{i(kc + εQ)x}, which is modulated around the
critical wavenumber kc. Thus, as the prefactor of |A|2A is negative, the transition from
the flat state (A = 0) to a state with height fluctuations is a supercritical (continuous)
pitchfork bifurcation.

4.3. Non-localities and secondary instabilities

We have simplified the amplitude equation (B 11, appendix B) in the limit kc → 0 to
obtain (24); at finite kc, unusually it is an integro-differential equation which is well
posed only if A(X, T ) vanishes quickly at |X| = +∞. In order to illustrate the role the
non local terms, we keep the simplest one, that is 3iH[|A|2]A. This term does not affect
the stationnary states nor the nature of the bifurcation as H[|A|2] = 0. We also drop,
for simplicity, the third and fourth spatial derivatives of the amplitude (this amounts
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Figure 4. Stability diagram of the stationary pattern (control parameter p vs. wavenumber Q) as
deduced from equation (26): with the non local term (left) and without (right). The flat film is stable
only below the grey area. The pattern with wavenumber kc + Q is stable only above the grey area.
None of them is stable in the grey area.

to an expansion at lowest order in the wavenumber and does not affect the nature of
the secondary instabilites) so that we study the model equation:

∂T A = pA − 6|A|2A +
3

2
∂XXA + 3iH(|A|2)A. (26)

It has A0 exp(iQX) as a stationary solution provided p = 6|A|2 + 3/2 Q2 (and so
p > 3/2 Q2).

We study the linear stability of the stationary pattern by perturbing it with a
different wavenumber:

A(X, T ) = A0e
iQX + (a ei(Q+q)X + b ei(Q−q)X) esT (27)

where s is the growth rate and q the reduced wavenumber of the perturbation. The
two terms are needed in the perturbation because of the non linear coupling between
modes: Q + Q− (Q + q) → Q− q. Linearization of equation (26) gives an equation for
the perturbation growth rate

s2 +
(

3 Q2 + 12 A2
0

)

s + 9/4 Q4 +
(

18 A2
0 − 9 q2

)

Q2 − 18 A2
0Q|q| = 0. (28)

This equation has two solutions. One is always negative. If the other is positive then the
stationary pattern is unstable. Its sign is that of 9/4 Q4 +(18 A2

0 −9 q2)Q2 −18 A2
0Q|q|.

This way we obtain the stability diagram of the stationary pattern (figure 4), which
is very different with or without the non local term. The corresponding secondary
instability is usually called the Eckhaus instability (see Manneville [15]).
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5. Conclusion

Very thin films of polar liquids may be unstable to fluctuations of the thickness when
the disjoining pressure is a decreasing function of thickness. We studied this instabil-
ity in the presence of diffusion limited evaporation and obtained a stability diagram.
Expressing equation (23) in terms of physical quantities, the instability criterium reads

ρ2α3h6
0

γµ2J2
0

& 1, (29)

α being the opposite of the derivative of the disjoining pressure with respect to the
thickness, γ the liquid-gas surface tension, µ the liquid viscosity, ρ its density, J0 the
imposed vapour diffusion rate far from the liquid and h0 the typical thickness of the
liquid film. Both evaporation and capillarity are always stabilizing. The instability can
be driven by a decreasing disjoining pressure, which is the case for thin films (thickness
in the range 1–100 nm) of polar liquids such as water. In particular, the numerical
values of Elbaum and Lipson [9] lead to an instability of typical wavelength 10 µm in
agreement with their observations.

We derived an amplitude equation for the thickness fluctuations. It showed that
the transition from the flat state to a periodically modulated thickness is continuous.
In contrast with usual amplitude equations, it contains non local terms. For instance,
even with an integro-differential equation for the height as in the Rosensweig instability
of ferrofluids, Friedrichs and Engel [14] found a local amplitude equation. These non
local terms are important when the amplitude varies spatially or for the stability of the
stationary pattern. As an example, we showed that the classical Eckhaus instability
may be dramatically changed.

Evaporation of thin films is more complex than it might appear, and many questions
remain open. We have restricted our study to diffusion limited evaporation. Much more
work is required to bridge the gap with the kinetically limited evaporation studied
in [10, 11, 12]. It would also be interesting to further investigate the consequences of
the non local terms.
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Appendix A. The Hilbert transform

A.1. Definition and basic properties

We define the Hilbert transform with the usual conventions:

H[f ](x) =
1

π
lim

ε → 0+

X → +∞

∫
ε<|x−x′|<X

dx′ f(x′)

x′ − x
(A 1)

where we have taken the Cauchy principal value (symmetric limit) both at x and at ∞.
The Hilbert transform has the property that H−1 = −H, except for constant functions
for which the transform is zero (H(Cst) = 0). It is also easy to show that

F−1(|k|F [f ]) = −
d

dx
H[f ]. (A 2)

A.2. Hilbert transform and slow space varying amplitude

In the weakly non-linear analysis, we have to compute quantities of the form H[A(εx) eikcx],
with 0 < ε ¿ 1. We show here that

H[A(εx) eikcx] = A(εx)H[eikcx], (A 3)

is a good approximation for ε sufficently small (actually ε < |kc|). This formula was first
given without a validity criterium by Friedrichs and Engel [14]. The result is obvious
if ε = 0. Since Aε(x) = A(εx) varies significantly only for a variation of x of the order
of 1/ε, the Fourier transform F [Aε](k) of Aε must be negligible outside (−ε, ε).

Let us first assume that the support of F [Aε](k) is included in (−ε, ε) (i. e. it vanishes
outside). Then, using H[eikx] = i sgn k eikx (sgn k = ±1 if ±k > 0), we have

H[Aε(x) eikcx] = i eikcx
∫ ε

−ε
dkF [Aε](k) sgn(k + kc) eikx .

Thus, (A 3) is prooved if ε < |kc|.
If F [Aε](k) does not vanish outside of (−ε, ε), one can show that, when ε < |kc|, the

error for (A 3) is of the order of
∫ ∞
1/ε F [A](k)dk.

Appendix B. Weakly non linear analysis

Here we detail the weakly non linear analysis outlined in section 4.2. We consider the
neighbourhood of the stability limit, so that we rescale the control parameter according
to

Ω(kc) = ε2ω(kc)
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We start with equations (8,20), assume that h is a function of x, X, t, T (fast and slow
scales) and substitute the derivatives according to

∂x → ∂x + ε∂X , ∂t → ∂t + ε2∂T .

The height h is expanded as

h(x, t) = εh1(x, t) + ε2h2(x, t) + · · ·

Equations (8,20) can be formally rewritten as

Lh = N (h),

L being the linear part of the evolution operator which is expanded as L = Lc + εL1 +
ε2L2 + · · · ,

Lc =
1

3Ca

∂4

∂x4
+

1

3
Π

∂2

∂x2
−

∂

∂x
H, L1 =

{

4

3Ca

∂3

∂x3
+

2

3
Π

∂

∂x
−H

}

∂

∂X
,

L2 = −ω(kc) +
∂

∂T
+

{

2

Ca

∂2

∂x2
+

1

3
Π

}

∂2

∂X2
,

L3 =
4

3Ca

∂

∂x

∂3

∂X3
, L4 =

1

3Ca

∂4

∂X4
.

We now proceed to the solution order by order.

Order ε1: The equation is linear

Lch1 = 0 (B 1)

Since the null space of Lc also contains slow space varying height profiles (i.e. functions
of X) the general solution is h1 = (A11(X, T ) eikcx + c.c) + A10(X, T ), where the kc

wavenumber is given by the linear stability analysis (§ 4.1).

Order ε2: The equation has the form

Lch2 = −L1h1 −N (2)(h1). (B 2)

We find L1h1 = −∂XH[A10] and, decomposing N (2)(h1) into its Fourier modes (N22 e2ikcx + c.c.)+
(N21 eikcx + c.c.) + N20,

N22 =

{

−2k2
cΠ +

2k4
c

Ca
+

1

2
k2

c

}

A2
11, N21 =

{

k4
c

Ca
− k2

cΠ

}

A11A10,

N20 = −k2
c |A11|

2.

The right-hand side must be orthogonal to the null space of Lc so that N21 = 0 and
∂XH[A10] = −k2

c |A11|
2. It implies h1 = 0, thus Lch2 = 0. The solution to (B 2) is then
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h2 = (A21(X, T ) eikcx + c.c) + A20(X, T ).

Order ε3: Due to h1 = 0, the equation does not contain non-linear contributions

Lch3 = −L1h2. (B 3)

Again, the right-hand side has to be orthogonal to the null space of Lc, so that A20 = 0.
Thus, h3 = (A31(X, T ) eikcx + c.c) + A30(X, T ). In contrast with standard weakly non-
linear studies [15], this order does not give the amplitude equation.

Order ε4: The equation is

Lch4 = −L1h3 − L2h2 −N (4)(h2), (B 4)

where

N (4)(h2) = (N42 e2ikcx + c.c.) + N40,

N42 =

{

−2k2
cΠ +

2k4
c

Ca
+

1

2
k2

c

}

A2
21, N40 = −k2

c |A21|
2.

The secular part of N (4)(h2) vanishes since A20 = 0.
The right-hand side of equation (B 4) must be orthogonal to the null space of Lc so

that

−
∂

∂X
H[A30] = k2

c |A21|
2 (B 5)

(

∂

∂T
− ω(kc) +

{

1

3
Π

∂2

∂X2
−

2

Ca
k2

c

}

∂2

∂X2

)

A21 = 0. (B 6)

The solution to (B 4) is

h4 = (A42(X, T ) e2ikcx + c.c) + (A41(X, T ) eikcx + c.c) + A40(X, T ),

where

A42 =
1

Ω(2kc)

{

−2k2
cΠ +

2k4
c

Ca
+

1

2
k2

c

}

A2
21.

Order ε5: The equation is

Lch5 = −L1h4 − L2h3 − L3h2 −N (5)(h2, h3), (B 7)
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where

N (5)(h2, h3) = (N52 e2ikcx + c.c.) + (N51 eikcx + c.c.) + N50,

N52 =

(

4k4
c

Ca
− 4Πk2

c + k2
c

)

A31A21 + i

(

−
8k3

c

Ca
+ 4Πkc − kc

)

A21
∂A21

∂X

N51 =

(

−Πk2
c +

k4
c

Ca

)

A30A21

N50 = −k2
c (A31A21 + A21A31) + kc

(

i
∂A21

∂X
A21 − i

∂A21

∂X
A21

)

.

The right-hand side of equation (B 7) must be orthogonal to the null space of Lc so
that

(

−Πk2
c +

k4
c

Ca

)

A30A21 +
4(ikc)

3Ca

∂3A21

∂X3
+

{(

−
2k2

c

Ca
+

Π

3

)

∂2

∂X2
− ω(kc) +

∂

∂T

}

A31 = 0,

(B 8)

∂

∂X
H[A40] = A30 +

Π

3

∂2

∂X2
A30 +

∂

∂T
A30 + N50. (B 9)

Even if (B 8) is non-linear in A21 (see (B 5)), it does not give the nature of the
bifurcation. This is why we carry on computations to next order.

The solution at this order is

h5 = (A52(X, T ) e2ikcx + c.c) + (A51(X, T ) eikcx + c.c) + A50(X, T ),

where

A52 =
1

Ω(2kc)

(

N52 + iΩ′(2kc)
∂

∂X
A42

)

.

Order ε6: The equation has the form

Lch6 = −L1h5 − L2h4 − L3h3 − L4h2 −N
(6)(h2, h3, h4) (B 10)

We only need the part of N (6) which has wavenumber kc:

N61 =

(

−Πk2
c +

k4
c

Ca
−

7k3
c

2

)

A21A
2
21 +

(

−Πk2
c +

7k4
c

Ca

)

A42A21

+ i

(

2Πkc −
4k3

c

Ca

)

A30
∂

∂X
A21 +

(

−Πk2
c +

k4
c

Ca

)

A31A30

+ i

(

2Πkc −
k3

c

Ca

)

A21
∂

∂X
A30 +

(

k4
c

Ca
− Πk2

c

)

A40A21

− kcA21
∂

∂X
H[A30].
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After solving equations (B 5,B 9) for A30 and A40, we use the solvability condition that
the right-hand side of (B 10) is orthogonal to the null space of Lc and we obtain an
equation for A41. Introducing

A = εA11 + ε2A21 + ε3A31 + ε4A41 + · · · ,

the last equation for A41 can be resummed with equations (B 6,B 8) for A21 and A31.
We finally obtain the amplitude equation for A(X, T ):

{

(

−
2

Ca
k2

c +
Π

3

)

+ i

(

4

3Ca
kc −

Π

3

)

∂

∂X
+

1

3Ca

∂2

∂X2

}

∂2A

∂X2

− Ω(kc)A +
∂A

∂T
+ γ|A|2A + i

(

2Πk3
c −

4k5
c

Ca

)

H

[
∫

|A|2
]

∂

∂X
A

− i

{

k2
c

(

2Πkc −
k3

c

Ca

)

− kc

(

k4
c

Ca
− Πk2

c

)}

H[|A|2]A

+

(

k4
c

Ca
− Πk2

c

){

k2
c

x (

−Ω(kc) +
∂

∂T
+

∂

∂X
H

)

|A|2 + 2ikc

∫

H

[

A
∂A

∂X

]}

A = 0,

(B 11)

where

γ =

(

−Πk2
c +

k4
c

Ca
−

7k3
c

2

)

+
1

Ω(2kc)

(

−Πk2
c +

7k4
c

Ca

)(

−2k2
cΠ +

2k4
c

Ca
+

1

2
k2

c

)

+ k3
c +

(

k4
c

Ca
− Πk2

c

)(

Πk2
c

3
− 2kc

)

.

The simplification of the amplitude equation in the limit of small kc is given in section
4.2.
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F (x, z) =

∫
(x− x′)f(x′) dx′

(x− x′)2 + (z − h(x′))2
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F (x, h(x) + ε) + F (x, h(x) − ε) →
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∫
(x− x′)f(x′) dx′

(x− x′)2 + (h(x) − h(x′))2
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J(x, h(x) ± ε) =

∫
σ(x′)

(x− x′)ex + (h(x) − h(x′) ± ε)ez
(x− x′)2 + (h(x) − h(x′) ± ε)2

d`(x′)

d` =
√

1 + (dh
dx

)2 dx
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x = lim

ε→0+

∫
ϕ(x)

−x
x2 + (±ε− xφ(x))2

dx,

J±
y = lim

ε→0+

∫
ϕ(x)

±ε− xφ(x)

x2 + (±ε− xφ(x))2
dx.
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x2 + (±ε− xφ(x))2
=
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x2 (1 + φ(x)2) + ε2

− ±2εx2φ(x)

[x2 (1 + φ(x)2) + ε2][x2 + (±ε− xφ(x))2]
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The Statistics of Crumpled Paper

Eric Sultan∗ and Arezki Boudaoud
Laboratoire de Physique Statistique, UMR 8550 du CNRS/Paris VI/Paris VII

École normale supérieure, 24 rue Lhomond, F-75231 Paris Cedex 05, France
(Dated: September 5, 2005)

A statistical study of crumpled paper is allowed by a minimal 1D model: a self-avoiding line bent
at sharp angles – in which resides the elastic energy – put in a confining potential. Many independent
equilibrium configurations are generated numerically and their properties are investigated. At small
confinement, the distribution of segment lengths is log-normal in agreement with previous predictions
and experiments. At high confinement, the system approaches a jammed state with a critical
behavior, whereas the length distribution follows a Gamma law which parameter is predicted as a
function of the number of layers in the system.

PACS numbers: 68.55.-a,46.32.+x, 46.65.+g

When a sheet of paper is crushed, the formation of
a network of ridges is observed. The process is irre-
versible as energy accumulates in small regions leading
to localised plastic flow. Many fundamental questions
arise. What is the resistance of the crumpled ball to me-
chanical forces? What are the mechanisms of the cascade
of energy to small scales? What is the probability distri-
bution of lengths and energies? The two latter are similar
to the questions central to hydrodynamic turbulence [1].
Early experimental studies [2–4] of crumpled paper balls
focused on fractal properties such as the scaling of the
radius with the size of the flat sheet. The same prop-
erty was used to characterise the phases of microscopic
membranes [5] – such as red blood cells or graphitic ox-
ide – for which thermal fluctuations are relevant; these
microscopic membranes raise a number of numerical and
theoretical difficulties, particularly when self-avoidance
is implemented [6]. Crumpled paper was also viewed as
a self-affine surface which roughness was predicted and
measured [7, 8].

From elasticity theory [9], we know that thin elas-
tic plates have two modes of deformation: bending –
which involves curving the plate – and stretching – which
changes the distances on the plate. Bending is much
less expensive energetically than stretching so that pure
bending deformations should be always preferred. How-
ever, this is not possible for a number of boundary con-
ditions as shown in [10]; this leads to the formation of
a near-singular network of lines (stretching ridges) and
points (developable cones) where the expensive stretch-
ing energy is localised. Even if isolated ridges [11–13] or
d-cones [10, 14–16] are rather well-characterised, the un-
derstanding of a full network is far from being complete.
Most experimental and theoretical studies tackled situa-
tions with a small number of singularities [14, 17–20] or
a highly symmetric network [21, 22].

Our aim is to investigate numerically and theoreti-
cally the statistics of crumpled paper. The strength
of crumpled sheets was measured and found to involve
logarithmic relaxation and a critical behavior close to a

compact configuration [23]. Experiments also showed a
broad distribution for the length of ridges, either indi-
rectly – through noise emission [24, 25] – or directly –
through geometrical measurements [26]. This could be
explained [27] in terms of the hierarchical random break-
ing of ridges into smaller ones. However, full numerical
approaches [12, 28–30] are impeded by the complexity
of the problem and did not allow statistics on crumpled
paper. Here we introduce a minimal 1D model. We gen-
erate numerically a large number of equilibrium configu-
rations and study the resulting mechanical and geometri-
cal properties. In particular, we show a transition of the
length distribution from log-normal to Gamma and we
predict the parameter of the Gamma distribution using
arguments analogous to those used for mixing [31] and
spray formation [32].

A 2D crumpled sheet can be considered as a self-
avoiding polyhedron which energy is concentrated at the
edges (stretching ridges [13]) and vertices (d-cones [10]).
The 1D equivalent that we introduce is a self-avoiding
closed line bent at sharp angles and which energy is con-
centrated at the vertices (Fig. 1a). The important fea-
ture here is that the position of the vertices along the
line is free. This model can be viewed either as a rep-
resentation of a cut through a crumpled ball of paper
(Fig. 1b) or as accounting for a crumpled sheet such
that all ridges are parallel and have the same length
L. The state of the system is defined by the coordi-
nates (x′

i, y
′

i) of the N vertices. The total length of the
line is conserved and set to 1 by defining its energy as a
function of the rescaled coordinates (xi, yi) = (x′

i, y
′

i)/l,
l =

∑
i[(x

′

i+1 − x′

i)
2 + (y′

i+1 − y′

i)
2]1/2. In order to keep

the features of 2D sheets, the energy of each vertex is
taken as the energy of a ridge (an edge) bent with the
same angle φi – defined so that φi = 0 when the sheet
is flat – and of length L (the value of L is unimportant
as it will be scaled out). The line is put in a confining
quadratic potential of strength λ. The self-avoidance is
implemented through a hard-core interaction Ehc with in-
finite cost (a large number in the simulation) between all
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FIG. 1: a A compact equilibrium state of the 1D model. A
self-avoiding line bent at sharp angles φi with N segments
of free lengths `i is put in a confining quadratic potential
of strength λ. Here the number of vertices is N = 80, the
thickness h = 10−3 (in units of total line length) and the
confinement λ = 106. b Picture of a cut through a crumpled
ball of paper, courtesy E. Couturier.

pairs of segments, taking into account their thickness h.
The total energy reads

E = Σi tan7/3 φi + λ

∫
r
2(s)ds + Ehc. (1)

r(s) is the (rescaled) position vector as a function of the
curvilinear coordinate along the line. The unit of energy
is the bending modulus of the sheet multiplied by the fac-
tor (L/h)1/3 that comes from the ridge energy [13]; the
unit of length is the total length of the line. The number
of vertices N and the thickness h – which appears only in
the hard-core interaction – are left as parameters whereas
the confinement λ is the control parameter. This system
has a large number of energy minima – which is favored
by self-avoidance – and our aim is to investigate the sta-
tistical properties of the corresponding equilibrium con-
figurations. Note that we do not account for the plastic
flow which reduces the stiffness of the ball and introduces
a history dependance in the equilibrium states.

In the numerical minimisation of the energy, Powell’s
algorithm [33] appeared as the most convenient to cope
with the discontinuities of the hard-core interaction. This
algorithm is built upon a set of M directions (M be-

ing the number of degrees of freedom) which are used
to determine the directions for the successive 1D min-
imisations. In order to obtain independent samples of
the metastable states of the system, the set of directions
is chosen at random. A better convergence was obtained
by running Powell’s algorithm 4 times and initialising the
set of directions before each run. Care was taken in opti-
mising the evaluation of the hard-core interaction which
is expensive (typically 90% of CPU time) because it in-
volves all pairs of segments. The results reported here
correspond to 4 values of N × 6 values of the thickness
h (in the range 10−5 to 10−2) × 150 samples × 40 values
of the confinement ∼ 105 minimisations with 100 to 200
degrees of freedom.

We first measured the gyration radius Rg = 〈r2〉1/2

averaged over all samples as a function of the confine-
ment λ (e.g. Fig. 2 for N = 80). For a given sample, the
gyration radius depends on the choice of the sequence
of applied confinements λ = λ1, λ2 . . . as in the experi-
ments of [23]. This can be ascribed to the large number of
metastable states so that the equilibrium configuration is
selected by the history of the system. The process of av-
eraging over samples almost suppresses this dependence.
At low lambda, the equilibrium state is a regular closed
polyhedron so 2πRg ' 1. When λ reaches a threshold
λc ∼ 1, the polyhedron buckles and starts to fold. When
λ ∼ 100, many contact points have formed. Eventually
Rg decreases slowly with λ to a minimal value Rj

g value
such that the system is jammed; we roughly find

Rg − Rj
g ∼ λ−α, (2)

with α = 0.3± 0.1. In this large λ regime, we also found
the total energy E and the energy of the ridges Er to scale
as

E ∼ λβ , Er ∼ λβr , (3)

with β = 1±0.05 and βr = 0.45±0.05. The exponents can
be understood as follows. The system reaches a jammed
state of radius Rj

g, so that the main contribution to its

energy is the confining potential ∼ λRj
g

2
and β = 1. The

main contribution of ridges comes from U-turns, i.e. from
the few ridges with angles φi = π/2 − ε, ε ¿ 1 being a
small angle. The radius of gyration approaches its lim-
iting value as Rg − Rj

g ∼ ε2. Balancing the energy of

ridges ε−7/3 with the correction to the confining poten-
tial ∼ λε2 yields α = 6/13 ' 0.46 and βr = 7/13 ' 0.54.
These exponents are slightly larger than in the numer-
ics. The value of α differs from the experimental [23]
and numerical [30] value α = 0.54 for 2D sheets probably
because of the different dimensionality.

We examined the correlations of the normals along the
line and we found them to be small except at high con-
finement or for zero thickness as some pairs of segments in
contact are exactly aligned. The probabilty distribution
of angles is symmetric with respect to zero and almost
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FIG. 2: Gyration radius of the line Rg as a function of the
strength of the confining potential λ. Continuous line: aver-
age over 60 samples; dotted (resp. dashed) line: maximum
(resp. minimum) value of Rg among all samples. N = 80 and
h = 10−3. The differences between maximum and minimum
are relatively large; nevertheless, the standard deviation is
only of the order of 5 10−4.

flat – of course this probability vanishes for the maximal
angles φ = ±π. In contrast, the distribution of distances
between two consecutive vertices appeared to be broad.
We first checked that a threshold on length (up to 10 h)
or angle (up to 10◦) – i.e. suppressing from the statistics
small segments or vertices with a small angle – does not
affect the results.

At small confinement (1 < λ . 104 or 1 > 2πRg &

0.2), we observe sequential buckling events such that
a part of the line folds inward reducing the radius of
the ball. As predicted in [27] and found experimentally
in [26], the hierarchical splitting of a line leads to a log-
normal distribution (see Fig. 3a) with probability density

PLN(x = `/〈`〉) =
1√
πσx

exp

(

− ln2 x

σ2
+

1

4

)

. (4)

This distribution is in agreement with our data (except
for sizes comparable to the thickness h), with a width σ in
the range 1.0–1.8, comparable to the experimental values
in the range 1.2–1.4 [26]. Note that these experiments
were performed at low confinement – 2πRg & 0.6 in units
of sheet length.

In contrast, at high confinement (λ & 104 or 2πRg .

0.2), we found that a Gamma distribution with density

PΓ(x = `/〈`〉) =
(αx)

α

Γ(α)x
exp(−αx) (5)

provides a better fit to the data than a log-normal dis-
tribution which fails for the most likely sizes (Fig. 3b).
This can be accounted for as follows. The buckling pro-
cess is no longer hierarchical which at first sight should
lead to an exponential distribution of lengths PE(x =
`/〈`〉) = exp(−x) as the result of the random splitting
of a line [34]. However, at large confinement, many self-
contact points exist and segments in contact tend to cor-
relate. Let us define the number of layers NL as the mean

FIG. 3: The distribution of segments lengths P (`/〈`〉) nor-
malised by the mean length (N = 60 and h = 10−3). a Low
confinement λ = 900. The line is a best fit to a log-normal
distribution PLN (Eq. 4) with width σ = 1.59 ± 0.03. b High
confinement λ = 106. The two lines ares a best fits to a log-
normal distribution PLN (Eq. 4) and to a Gamma distribution
PΓ (Eq. 5) with parameter α = 1.64 ± 0.03.

number of intersections of the system with a straight half-
line starting from the center of the potential (see Fig. 1),
averaged over all directions and all samples. NL varies
from 1 at low confinement to about 5 at the largest con-
finements (except in the case h = 0: NL can be as large
as 7.5). Note that the number of layers is always smaller
than the simple estimate 1/(2πRg) (in the range 1–8)
which reflects the ”roughness” of the ball. The system
can be viewed as NL interacting layers. If they were in-
dependent, the distribution of lengths would be exponen-
tial PE. Here the lengths of segments in contact tend to
average. So the the length should be the mean of NL ex-
ponential random variables, i.e. a random variable with
a Gamma distribution PΓ of parameter α = NL. We
measured the parameter from the fit to the numerical
distributions and we found that, as soon as NL & 2.5,

α = a NL − b (6)

with a = 0.95 ± 0.1 and b = 2.05 ± 0.2 (Fig. 4). This in
agreement with our argument except that the effective
number of layer is smaller by 2 than NL, which simply
means that the system is slightly less correlated than if
two segments in contact had exactly the same length.
This robust behavior shows that the statistics is com-
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FIG. 4: The parameter α of the Gamma distribution PΓ

(Eq. 5) as a function of the number of layers NL (defined
as the mean number of intersections of a half-infinite straight
line with the system, averaged over all directions of the line
and all samples).

pletly determined by the average number of layers in the
ball.

To summarise, we have introduced a simple 1D model
which allows a comprehensive statistical study of crum-
pled paper. At low confinement, a hierarchy of buckling
events leads to a log-normal distribution of lengths in
agreement with the predictions of [27] and the exper-
iments of [26]. At high confinement, jamming is ap-
proached with a critical behavior; self-avoidance leads to
self-correlations and to a Gamma distribution of lengths
solely determined by the number of layers in the system.
This increase in correlations accounts for the Hurst expo-
nent of compact paper balls [8] being larger than in the
loose balls of [26]. Obviously, our results call for experi-
mental measurements of length distributions at high con-
finement. Besides, our model can be refined in two ways.
First, the number of vertices could be made free but one
needs to find a criterion to add or suppress vertices. Sec-
ond, it could be extended to 2D which is more realistic
but yields a more difficult numerical task : if the sheet
is assumed to be a polyhedron, developability becomes
a local constraint at each vertex whereas self-avoidance
becomes even more computationally expensive.

This study was partially supported by the Ministère de
la Recherche–ACI Jeunes Chercheurs. We are grateful to
Mokhtar Adda-Bedia, Etienne Couturier and Stéphane
Douady for discussions and to E. C. for Fig. 1a.
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