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x ≤ y �0:</ y ≤ x �e , R B@�*(�/0N2B +MBO68')(*,;:<N�')NA(*,;���j¨�1O(*+*,;?A/2BZBO(9(*+R')N2�*,.(*, �oBZBO(�3�:</0+�(M:</0( x ∈ A � 〈x, x〉 /∈ R �:<N�Su,.+R'�?§/2B R B@�*(K/0N � � ��� 	 #���� ��� � �2f@B4?§/���:<NIN2:<(MBO+R'hBONIPo1ON21O+R')6 < :</ � � ��N�:<+MSu+MB4�*(*+*,;fO( <B@�*(�Su,.( + ��	���? � � �K" ��� ,.6$N���B
	j,;�M(MB�35'<�_S0B��R1@?A/2BON2f@B�,.N�.2N0,;B (xi)i∈N

(MBO6.6;B�?§/2B43�:</0+�(M:</0( i ∈ N �
ui+1 < ui

�
3

& :</2�!')6.6;:<N2��¨h'),.N§(MBON5')NA(7S01
.2N0,.+!S0BO/�	 :<+MSu+MB@��,.N2Su/0,.(M��g§6�� � � ��� 	 � 	97���� � 2�� �$% ��� 4�� 	 � � ��� � � �jBO(
6�� � � � � 	 � � ��� � �0#$� � ��	
# 
 � � ����	��F# 	 
)+ � 	$# � �o:<,.+���� � (	� � �2:</ � ��& � � �23 �2¼��
� � �
� � � � � E � C � "�� � � 3 
�� ��" �
� J �:� � H C0,���� .�* � 6 ÿ�� � e :<,;BON§(�S0B@�4BON2�MBO¨�-06;B@� A1, . . . , An

S0B@�4BON �
�MBO¨�-06;B@���j+MB@�*3�B@fO(*, �oBO¨�BONA(7¨�/0N0,;�!S0B@�!:<+MSu+MB@�!�*(*+*,;fO(M� <i, i = 1, . . . , n �j��� � � ��� 	 � 	97���� � 2�� �$% ��� 4�� 	��� ������� %
��� ��	
# � � ��� 	$# #���� ��� �(# <i �§:</�6�� 	�7 � 	���#�� � � ��	�7���� � 2�� �$% � �54�� 	 � 	$# � � ��� 	$# #�������� �(# <i �§B@�M(�68'+MBO68')(*,;:<N�Sw��:<+MSu+MB ≺ S01
.2N0,;B4�M/0+ A1 × . . .×An

35')+�g
((a1, . . . , an) ≺ (b1, . . . , bn)) ⇔ (∃i ∈ {1, . . . , n}, (∀j < i, aj = bj) ∧ (ai <i bi)). 3

) *��KC�� ��� � " �4�	� P 	 : � � ��� 	 ≺ 	$#�� + ��	�� ��"(* � � � 	�� #��,% � � ��� � �
� i = 1, . . . , n
�
<i

	$#�� + ��	��
? � ���K"�� ��� � �$# ≺ 	$#�� + ��	��:? � � �K" �
� � � � � E � C � "�� � � ��
�� ��" �
� ��ÿ���J �K�)�õÿ J E � � �>����� � J ����� ��(R')NA(�S0:<N0N21@�½/0N¡BON2�RBO¨­-06;B A BO(
/0N�:<+MSu+MB_�*(*+*,;fO( < �*/0+ A �A:<N S01
.2N0,.(�6���:<+MSu+MB7,.N2Su/0,.(�35')+ < �*/0+�6;B@��¨�/06.(*,;BON2�MBO¨�-06;B@�KS0B A �§N2:<(M1
l �0S0BQ68';��'43@:<NI�M/0, �<')N§(MBhg

M lN ⇔ ∃X,Y :











∅ 6= X ⊆M,

N = (M −X) ∪ Y,

∀y ∈ Y, ∃x ∈ X, y < x.
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) *��KC�� ��� � " �4�	�48 	 : � � ��� 	 l
	$#�� + ��	�� �K"(* � � � 	�� # �

<
	$#�� + ��	��:? � ���K"�� ��� � �$# l

�9: 	$#�� ����# #�� �
� ª � � ²���³	� ��� � � '2"9°% &�R³K®�®
� � ��� �
� � � � � E � C � "�� "�� � 
  � , ����E�ÿ �
� � ��N2B #��/2 � � � � � 	 B@�M(�/0N¡BON2�MBO¨�-06;B S0B�� �§¨�-L:<6;B@� Σ �$')/2?§/2BO6B@�*(9'<�M�R:§fO,;1�/0N2B���:<N2fO(*,;:<N¡Sw� ��� ���A" ��')+*,.(M1 : Σ → N � �7N¡���j¨�-�:<6;B f ∈ Σ B@�*(9/0N # � 
)+ � � 	 � 	
? � ��� ��� � � �*,�BO(7�RBO/06;BO¨�BONA(��M,"')+*,.(M1 (f) > 0 �0�M,.N2:<N�� f B@�*(K/0N # � 
)+ � � 	 � 	 � � ��#������ � 	 � 3




�� 
�� 	���� � ������� ����� ��	�� � ��������� ��� ¿
� � � � � E � C � "�� " � " e :<,;BONA(�/0N2BK�*,.P�N5')(*/0+MB Σ �oBO(�/0NhBON2�MBO¨�-06;B V S0B ' ��� ��� + � 	$# (MBO65?A/2B Σ∩V =
∅ �2����BON2�MBO¨�-06;B�S0B Σ

� � 	�� 
 	$# #$� � V �0N2:<(M1 T (Σ,V) �2B@�M(7S01
.2N0,�,.N2Su/2fO(*, �oBO¨�BONA(_35')+4g
� V ⊆ T (Σ,V) � (M:</0(MB ��')+*,8')-06;B4B@�*(K/0N Σ ��(MBO+*¨�B�� �
� 3�:</0+_(M:</0( n ≥ 0 �%3�:</0+�(M:</0( t1, . . . , tn ∈ T (Σ,V) �L�*, f B@�*(7/0Nõ���j¨�-�:<6;B�S0B Σ Sw� ')+*,.(M1
n �2')6;:<+M� f(t1, . . . , tn) ∈ T (Σ,V) �

��')+Qf@:<N �oBONA(*,;:<N����M, a B@�*(_/0N � �§¨�-L:<6;B½S0B9f@:<N2�*(R')NA(MB½S0B Σ �L')6;:<+M�Q:<N N2:<(MBO+R' a ∈ T (Σ,V) ')/6.,;BO/�S0B a() ∈ T (Σ,V) �����BON2�RBO¨�-06;B�S0B@� �<')+*,8')-06;B@��Sw� /0N (MBO+*¨�B t ∈ T (Σ,V) B@�*(!N2:<(M1 Var(t) �
e ,�f@BO(KBON2�MBO¨�-06;B�B@�*(

�j,;S0B��%:<N Su,.(_?§/2B46;B�(MBO+*¨�B9B@�M( ��� � # � e ,$(M:</0(MB ��')+*,8')-06;B�S0B V ')3035')+R'��;(Q')/ 306./2�7/0N2B���:<,;�7S2')N2�
t �0:<N¸Su,.(7?A/2B t B@�*( � ��� " ��� � 	 ���N�.2N���:<Nõ1O(MBON2S 68'hS01
.2N0,.(*,;:<NXS0B�68' ��:<N2fO(*,;:<N Var ')/�	¸BON2�MBO¨�-06;B@��S0B�(MBO+*¨�B@�QBON 3L:�� ')NA(��3�:</0+K(M:</0(7BON2�MBO¨�-06;B S S0B�(MBO+*¨�B@��� Var(S) =

⋃

t∈S Var(t) � 3

� � � � � E � C � "�� " � $ e :<,.( t ∈ T (Σ,V) �)����BON2�MBO¨�-06;B�S0B@� % � # ����� � ��# S0B t B@�*("6���BON2�MBO¨�-06;B Pos(t) ⊆
N? S01
.2N0,�,.N2Su/2fO(*, �oBO¨�BON§(�35')+4g

� �M, t ∈ V �2')6;:<+M� Pos(t) = {ε} �
� �M,.N2:<N��03L:��R:<N2� t = f(t1, . . . , tn)

�5')6;:<+M�

Pos(t) = {ε} ∪
n
⋃

j=1

{j.p | p ∈ Pos(tj)}.

�"' ��� ��� ��	 S0B t B@�*(7')6;:<+M�KS01
.2N0,;B�35')+�g |t| = |Pos(t)| ���(R')N§(KS0:<N0N21_/0N ¨�:<( p ∈ Pos(t) �j6;B # � �K#�� � 	�� 
 	�� ��� % � # ����� � � p � 	
t �AN2:<(M1 t|p �uB@�*(�S01
.2N0,,.N2Su/2fO(*, �oBO¨�BONA(_35')+�g

t|ε = t,

f(t1, . . . , tn)|j.q = tj|q.

)�N�Su,.(7?§/�� /0N (MBO+*¨�B t B@�*(KS0B % � � ? � � � 	
� � k �*,�BO(7�MBO/06;BO¨�BON§(��*, k = max{|p| | p ∈ Pos(t)} � 3

� � ��� .9J � " � " � 3 e :<,.( Σ = {e, i, f} �w:�
 e B@�*(_/0N2B�f@:<N2�M(R')NA(MB�� i B@�*(�/0N2B���:<N2fO(*,;:<NõSw� ')+*,.(M1 1 �BO( f /0N2B���:<N2fO(*,;:<NXSw� ')+*,.(M1 2 �LBO(��M:<,.(_6;B Σ ��(MBO+*¨�B t = f(e, f(x, i(x))) ��:�
 x ∈ V ��	�6;:<+M�_:<Nõ'
Pos(t) = {ε, 1, 2, 2.1, 2.2, 2.2.1} ��Sw��:�
 |t| = 6 �2BO(!35')+7B
	0BO¨­306;B�� t|2.2 = i(x) �

� � � � � E � C � "�� " � P e :<,;BONA( Σ /0N2Bd�*,.P�N5')(*/0+MB�BO( V /0NüBON2�MBO¨�-06;Bd,.N�.2N0,�S0B �<')+*,8')-06;B@� � �7N2B
T (Σ,V)

�@#
� + #���� � �
��� � � B@�*(!/0N2B!��:<N2fO(*,;:<N σ : V → T (Σ,V) �2(MBO6.6;B�?A/2BQ6���BON2�MBO¨�-06;B
Dom(σ) = {x ∈ V | σ(x) 6= x}

B@�*(�.2N0, ������BON2�MBO¨�-06;B Dom(σ) B@�*(�')303�BO6;1 6;B � ��
 ����� 	 S0B σ ��BO(�6���BON2�RBO¨�-06;B Ran(σ) =
{σ(x) | x ∈ Dom(σ)} ��6;B � � � ��
 ��� ��	 S0B σ � e ,K')/2fO/0N2B f@:<N���/2�*,;:<N¡N���B@�*(½3�:��M�*,.-06;B��qN2:</2�½Su, �+M:<N2�7�M,.¨­306;BO¨�BONA(�?§/2B σ B@�*(!/0N2B4�*/0-2�M(*,.(*/0(*,;:<N �e , σ B@�M(�/0N2BI�*/0-2�*(*,.(*/0(*,;:<N\S0BIS0:<¨h'),.N2B {x1, . . . , xn}

��N2:</2�hN2:<(MBO+M:<N2�hBON Po1ON21O+R')6 σ =
{x1 ← σ(x1), . . . , xn ← σ(xn)}

�
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)�Nh1O(MBON2S½N5')(*/0+MBO6.6;BO¨�BONA(�/0N2BK�*/0-2�M(*,.(*/0(*,;:<N σ �_/0N2B���:<N2fO(*,;:<N σ̂ S0B T (Σ,V) �oBO+M� T (Σ,V) �BONIS01
.2N0,;�M�R')NA(9g

∀x ∈ V, σ̂(x) = σ(x),

∀t = f(t1, . . . , tn), σ̂(t) = f(σ̂(t1), . . . , σ̂(tn)).

�q')+h')-0/2�­S0B N2:<(R')(*,;:<N���N2:</2�½N2:<(MBO+M:<N2� σ ')/¡6.,;BO/�S0B σ̂ ��BO(½35')+�f@:<N �oBON§(*,;:<N���3�:</0+½(M:</0(
t ∈ T (Σ,V) �oN2:</2��N2:<(MBO+M:<N2� tσ ')/h6.,;BO/hS0B σ(t) � 68'�f@:<¨­3�:��*,.(*,;:<N�S0B σ BO(�S0B µ B@�M(�S0:<N2f!N2:<(M1@B
σµ ')/�6.,;BO/IS0B µ ◦ σ �

�7N2B½�*/0-2�M(*,.(*/0(*,;:<N σ B@�*(�Su,.(MB ��� 	 
 % � � 	�� � 	 �*,�BO(��MBO/06;BO¨�BON§(��*, σσ = σ ��BO(��*, Dom(σ) =
Ran(σ) �2:<N�Su,.(K?§/2B σ B@�*(!/0N � 	�� ��
:
 �G2 	 �e :<,;BONA( t, t′ ∈ T (Σ,V) �":<NdSu,.(�?§/2B t′ B@�*(�/0N2B � ��#������ � 	 S0B t �M,�BO(��MBO/06;BO¨�BONA(9��� ,.6�B
	u,;�*(MB/0N2B4�*/0-2�*(*,.(*/0(*,;:<NI(MBO6.6;B�?A/2B t′ = tσ � 3

)�N¸'968'½30+M:<30+*,;1O(M14�M(R')N2S2')+MSI�*/0, ��')NA(MB�g
# � C .�� � � EG� " � "�� ��� � � � σ � ��	 #$� + #������ � ��� � ��� ��� � �$# σ 	$#�� ��� 	 
 % � � 	�� � 	 # � 	�� # 	
� ��	 
 	�� � # �
Dom(σ) ∩Var(Ran(σ)) = ∅ �

� � � � � E � C � "�� "��48�
 )+*>��C�� � � � 6 ÿ���E � C � � � J(J � � e :<,.( A /0N�BON2�MBO¨�-06;B Sw��1@?A/5')(*,;:<N2����f���B@�*( ��� �
Su,.+MB­/0N�BON2�MBO¨�-06;B�Sw��1O6;1O¨�BON§(M��S0B­68' ��:<+*¨�B t 
 t′ ��:�
 t, t′ ∈ T (Σ,P) ��)�N ')303�BO6.6;B � ��" � � ��	
" 4�� � ��� � � ��	�� ��	 �K"(*�� ��	 %
��� A 68'4306./2��3�BO(*,.(MB7+MBO68')(*,;:<N S0B_f@:<N0P�+*/2BON2f@B � �o:<,.+ � ��& � � � ��f@:<NA(MBON5')NA(
A �
e , E B@�*(�68'�(*=21@:<+*,;B91@?A/5')(*,;:<N0N2BO6.6;B½S01
.2N0,;B�35')+ A �L')6;:<+M�_:<N N2:<(MBO+R' t =E t′ �*, t BO( t′ �R:<NA(f@:<N0P�+*/2�K¨�:jSu/06;: E �0BO(7:<NISu,.+R'­?§/2B t′ 	$#�� ��� ��# � � ����� # # 	 ��	 � � ��2��
� 	�� � 	 ��	

t 
�� ��� � � E �
�7N2B�(*=21@:<+*,;B!1@?§/5')(*,;:<N0N2BO6.6;B7S01
.2N0,;B�35')+�/0N�BON2�RBO¨�-06;BKSw� ' 	u,;:<¨�B@� A B@�M(�Su,.(MB % 	�� 
 �
��� ���(' 	 �*,BO(��MBO/06;BO¨�BONA(��*,03�:</0+�(M:</0( s
 t ∈ A � s BO( t �M:<NA(�S0B@��(MBO+*¨�B@��6.,.N21�'),.+MB@���§BO(��M:<NA(�S0B@��,.N2�*(R')N2f@B@�6�� /0N�S0BQ6�� ')/0(*+MB �
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� � � � .9J � "�� "�� � ��B@� (*=21@:<+*,;B@�IS0BX68'¡f@:<¨­¨�/0(R')(*, �§,.(M1�BO(IS0Bõ6�� '<�M�M:jfO,8')(*, �§,.(M1 � f@:<¨­¨�/0(R')(*, �§,.(M1
�M:<NA(�S0B@�"(*=21@:<+*,;B@�q3�BO+*¨�/0(R')(*, �oB@���)30/0,;�M?§/���BO6.6;B@���M:<NA(q+MB@�*3�B@fO(*, �oBO¨�BONA(�S01
.2N0,;B@�q35')+$6;B@�qBON2�MBO¨�-06;B@�
Sw� ' 	j,;:<¨�B@���*/0, �<')N§(M�4g

AC = {f(x, y)
 f(y, x)}, BO( AAC = AC ∪ {f(f(x, y), z)
 f(f(y, z), x)}.

� � � � � E � C � "�� "�� ��
 # � C � J&��� � "qÿ � C E7, ����� �
�FJ � �G� � �"B %�� �K+ � 5 
 	 ��� 
�� � 2K"�� "�� � � � # " B@�*(
6;BQ30+M:<-06;>O¨�B��*/0, ��')NA(�g

# � C � J�� � � g ��+M:<-06;>O¨�B�Su/ ¨�:<(KPo1ON21O+R')6.,;�R1
� � E � � � g ��NZBON2�RBO¨�-06;B�Sw� ' 	u,;:<¨�B@�KS01
.2N0,;�M� ')NA(K/0N2BQ(*=21@:<+*,;B�3�BO+*¨�/0(R')(*, �oB
E �2BO(KS0BO/�	 Σ ��(MBO+*¨�B@� s BO( t
� ÿ��K�GE � C � g s BO( t �M:<NA( ��,.6;��f@:<N0P�+*/2�K¨�:jSu/06;: E �
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E
T ÿ � ��� H ��E � C � � ��(R')NA(�S0:<N0N21@B�/0N2BK(*=21@:<+*,;B71@?§/5')(*,;:<N0N2BO6.6;B E BO(�/0N2B7�*, �

P�N5')(*/0+MB Σ f@:<NA(MBON5')N§(�(M:</2�$6;B@�$���j¨�-�:<6;B@�q')3035')+R'),;�M� ')NA(�S2')N2� E ��/0N % � ��+ � 5 
 	 � 	 E �A� � � * � � ��� � �
#$� �

Σ B@�*(!/0NIBON2�RBO¨�-06;B .2N0,$Sw��1@?A/5')(*,;:<N2�
S = {s1 =?

E t1, . . . , sn =?
E tn},

:�
 6;B@� si BO(�6;B@� ti �M:<NA(½S0B@� Σ ��(MBO+*¨�B@��� ��N E �A� � � * � � � 	
� � � 	
S �":</ # � � �
��� � � ��	

S B@�M(�/0N2B
�*/0-2�*(*,.(*/0(*,;:<N σ (MBO6.6;B9?A/2B�3L:</0+�(M:</0( i = 1, . . . , n � siσ =E tiσ

�%����BON2�RBO¨�-06;B½S0B@���R:<6./0(*,;:<N2��S0B
S B@�*(�N2:<(M1 UE(S) �LBO(Q�*,qf@BO(QBON2�MBO¨�-06;B9B@�M(�N2:<N �§,;S0B��L:<NõSu,.(_?§/2B S B@�*( E �A� � � * � + � 	 � e ,q(M:</2�
6;B@�4���j¨�-�:<6;B@��S0B Σ ')3035')+R'),;�M�MBON§(�S2')N2� E �w:<NdSu,.(4?§/2B S B@�*(Q/0N % � �K+ � 5 
 	 ��	

E
�A� � � * � � ��� � �

"�� " 
 	�� ����� � 	 �e , E = ∅ �2:<N�Su,.(K?§/2B S B@�*(!/0N % � �K+ � 5 
 	 �;: � � � * � � ��� � � #���� ���87��54�� 	 �2BO(K:<NIN2:<(MBO+R'
S = {s1 =? t1, . . . , sn =? tn}. 3

� � ��� .9J � " � $ � " e :<,.( C 68' (*=21@:<+*,;B�S0B­68' f@:<¨­¨�/0(R')(*, �§,.(M1��qS01
.2N0,;B�35')+46�� ' 	u,;:<¨�B f(x, y) 

f(y, x) � 	�6;:<+M��6;B�30+M:<-06;>O¨�BKS0B C ��/0N0,/.5f�')(*,;:<N S = {f(x, a) =?
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φ(g)φ(g′) = φ(gg′) = φ(g′g) = φ(g′)φ(g),

Sw��:�
I6;B�+M1@�M/06.(R')( �
��B��R:</2� ��P�+M:</03LB Ker(φ) 3LBO/0( �*:</2BO+�/0NZ+ � 6;B_,.¨­3�:<+*(R')NA(!6;:<+M�!S0B_6���1O(*/2S0B�S0B@��30+M:<30+*,;1O(M1@�KS0B

φ �2:<N�'­BONIB
�wBO(K68'930+M:<30+*,;1O(M1��*/0, ��')NA(MBhg
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) *��KC�� � � � $ � $ � ��� ����: ��� ��� � � ��	
G
#$� �

A
	$#��,# 	 
 ��� � "@2���� �I5�� 	 � ��� � � # ��	 
�� �A% � � # 
 	 � � � � 	$#��

% � ������� � φ 	$#�� � � � 	 � ��� ?�� 	�� � � ��% � ��� � � � � a ∈ A �
|aG| = |G| �

�7pw{5z��${�
 e :<,.( g ∈ Ker(φ) ��')6;:<+M�½35')+½S01
.2N0,.(*,;:<N���:<N�'¸3�:</0+½(M:</0( a ∈ A � a.g = a ��Sw��:�

g = eG

�)BO(�Sw� ')30+M>@��68' ��+M:<30+*,;1O(M1E% �'% � (j� φ B@�*(�,.N��*B@fO(*, �oB � e :<,;BON§( a ∈ A �<BO( g BO( h S0BO/�	91O6;1O¨�BONA(M�S0B G (MBO6;��?A/2B a.g = a.h � 	�6;:<+M�Q:<NX' a.(gh−1) = a ��BO(Q35')+�= �j3�:<(*=2>@�MB½S0B9�RBO¨­, ��+M1OP�/068')+*,.(M1��
gh−1 = eG

�&)�NIBON¸S01@Su/0,.(7?A/2B g = h �2BO( |aG| = |G| �



� � ��������� 	���� � � 	���� � ��� ����� ��� � � � �����

� � � � � E � C � $ � $ � � e :<,;BON§( G /0NIP�+M:</03�B4')P�,;�M�R')N§(7�*/0+!/0NIBON2�MBO¨�-06;B A BO( A′ ⊆ A �0:<NIS01
.2N0,.(6;B@�KBON2�MBO¨�-06;B@���*/0, ��')NA(M��g
G[A′] = {g ∈ G | ∀a ∈ A′, a.g = a}, BO( StabG(A′) = {g ∈ G | A′.g = A′}.

����BON2�MBO¨�-06;B G[A′]
B@�*(7')303LBO6;1Q6;B * 7�� � 	
� � � 	 A′ � ����# A � e , A′ = {a} �0:<N N2:<(MBO+R' G[a]

')/ 6.,;BO/
S0B G[{a}]

�
3

# � C .�� � � EG� $ � $ � �"! � � � � � � �
� A′ ⊆ A
�
G[A′]

	��
StabG(A′)

# � � � � 	$# # � �K#��(2�� � �7% 	$# ��	 G �

)�N¸'½1OPA')6;BO¨�BONA(�68'½30+M:<30+*,;1O(M1��M/0, �<')N§(MB�g
# � C .�� � � EG� $ � $ � �0� � � ��	�� � A � � 	���# 	 
�+ ��	:#$� � � 	 4�� 	����G2����,��� 2�� � �7% 	 G � 	��

A′ 	�� A′′ � 	
�P7
	���# 	 
�+ ��	$# � 	�� # 4�� 	 A′′ ⊆ A′ ⊆ A �

� � � �$# G[A′]
	$#��0� � # � ��# � 2�� � �G% 	 � 	

G[A′′]
�

��� � � � 6 ÿ � � e , A′ ⊆ A ��')6;:<+M� StabG(A) N���B@�*( 35'<� N21@f@B@�M�R'),.+MBO¨�BONA( /0NÖ�M:</2� ��P�+M:</03�B S0B
StabG(A′) � 	�,.N2�*,��K�*,�:<NGf@:<N2�*,;S0>O+MBd6���BON2�RBO¨�-06;B A = {1, . . . , 5} �*/0+I6;B@?§/2BO6�:<NGf@:<N2�*,;S0>O+MB6�� '<fO(*,;:<NÈN5')(*/0+MBO6.6;B S0B G = Sym(5) BO(X:<NÈ3�:��MB A′ = {5} ��')6;:<+M� StabG(A) = G ��BO(
StabG(A′) = Sym(4) �

& :</2�_S01
.2N0,;�M�M:<N2��¨h'),.NA(MBON5')N§(�68'­N2:<(*,;:<N (*+M>@�QBO¨­306;: �o1@B935')+768'h�*/0,.(MB�S0B # � ��# � 2�� � �G% 	 	�� �
2 	�� ��� " � & :</2�!f@:<¨­¨�BON 3@:<N2��35')+K1ON2:<N2f@BO+!/0N2BQ30+M:<30+*,;1O(M14�*/0+!6�� ,.NA(MBO+M�RB@fO(*,;:<N¸S0B��M:</2� ��P�+M:</03�B@��g
# � C .�� � � EG� $ � $ � � "�� � ��� G � � 2�� � �G% 	�� 	��

A
��� 	���# 	 
)+ � 	 � 	 # � ��# � 2�� � �G% 	
# � 	

G � � � � � #
�9: 	���# 	 
)+ ��	

K =
⋂

H∈A

H

	$#�� ��� # � �K#��(2�� � �7% 	 � 	 G �

� � � � � E � C � $ � $ � � $ 
  CLÿ>� T ,�� CLÿ�.������/, ����" � � � ��(R')NA(õS0:<N0N21@� /0NGP�+M:</03�B G BO(�/0NèBON �
�MBO¨�-06;B A ⊆ G �0:<N�S01
.2N0,.(76;B # � ��# � 2�� � �G% 	 � 	 G 	���2 	�� � � "&% ���

A 35')+�g
< A > =

⋂

A⊆H,H≤G

H.

��B@�Q1O6;1O¨�BONA(M�4S0B A �M:<NA(4')6;:<+M��')303�BO6;1@�Q6;B@� 2K"�� "�� � � 	
� � # S0B < A > �%BO(Q:<NõSu,.(Q?§/2B A B@�*(�/0N
	���# 	 
�+ ��	!2K"�� "�� � � 	
� � S0B < A > � 3

)�NI3�BO/0(KS0B�306./2�Kf@:<N2�*(*+*/0,.+MB4S0B ��'43@:<NIB
	u306.,;fO,.(MB46;BQP�+M:</03�B < A > g
# � C .�� � � EG� $ � $ � � 3 � � ��	�� � G � � 2�� � �7% 	�� 	�� A ⊆ G � � � � �$#

< A > = {a1 . . . an | n ∈ N ∧ ∀i = 1, . . . , n, {ai, a
−1
i } ∩A 6= ∅} ∪ {eG}.

� 	6% � �K#�� # � G 	$#�� ��� 2�� � �7% 	 * � � ����� � � # � � �

< A > = {a1 . . . an | n ∈ N ∧ ∀i = 1, . . . , n, ai ∈ A} ∪ {eG}.



� ��� � � � � ��� � � � � ����� ���

� � ��� .9J � $ � $ � � P �"B�P�+M:</03LB (Z,+) B@�M(KBON0PoBON2Su+M1435')+K6���1O6;1O¨�BON§( 1 �

# � C0. � � �KEG� $ � $ �4� ��� � ��	�� � G 	 �
H

� 	��47 2�� � �7% 	$#�� 	�� φ ��� 
�� �A% � � # 
 	 � 	,2�� � �G% 	
# � 	 G ' 	��$#
H � � � ��� A ⊆ G

� 	��,4 � 	
G

	$#�� 	���2 	������ ";%
���
A

� ��� � � # φ(G)
	$#�� 	���2 	�� � � "�% ��� ��: 	���# 	 
�+ ��	

φ(A) �

��N2B!30+M:<30+*,;1O(M1K,.¨­3�:<+*(R')NA(MB_S0B@��P�+M:</03�B@��� �§¨�1O(*+*,;?§/2B@�9.2N0,;��B@�M(�?A/�� ,.6;��3LBO/ �oBON§(  O(*+MB7BON0PoBON �
Su+M1@�K35')+KS0BO/�	 Po1ON21O+R')(MBO/0+M���MBO/06;BO¨�BONA(9g
# � C0. � � �KEG� $ � $ �4�08 � � � � A = {a1, . . . , an}

� � 	���# 	 
)+ � 	&* � � � � � � �$# ��	 2�� � �7% 	 Sym(A)
	$#��

	���2�	�� ��� "8%
��� � 	$#�% 	�� 
 �
��� ��� � ��# (a1 a2)
	��

(a2 · · · an)
�

� � � � � E � C � $ � $ �4� ��
�� � C%ÿ/. � H � HKJ � 6 ÿ�� � C��
" ��� "��;ÿ � ��J(��� ��� E�� e :<,;BONA( G /0NhP�+M:</03�B��ABO(
x ∈ G ��)�N�')303�BO6.6;B 2�� � �7% 	 ������� � 4 � 	 	�� 2 	�� ��� "�%
� �

x 6;BhP�+M:</03LBhBON0PoBON2Su+M1h35')+46;B��*,.N0P�6;BO(M:<N
{x} �2?§/���:<NIN2:<(MB < x > ���� � � ��� 	 S0B x �uN2:<(M1 |x| �2B@�*(!68'­f�')+MSu,.N5')6.,.(M1�Su/ P�+M:</03LB < x > � 3

� � ��� .9J � $ � $ � �"� �q:</0+4(M:</0(4P�+M:</03�B G ��6�� ,;S0BONA(*,.(M1�S0B G B@�*(4Sw��:<+MSu+MB ���wBO(4S2')N2�46;B½P�+M:</03LB
(Z,+) �0(M:</0(71O6;1O¨�BON§(�Su,/�w1O+MBONA(7S0B 0 B@�*(KSw��:<+MSu+MB�,.N�.2N0, �

��:<N2�*,;S01O+M:<N2��6;BQP�+M:</03�B GL2(R) �0BO(7�R:<,;BONA(K6;B@�K1O6;1O¨�BON§(M�

M1 =

(

0 1
1 0

) BO( M2 =

(

0 2
1/2 0

)

,

')6;:<+M��:<N�' M2
1 = M2

2 = id ��BO(Qf@B@��1O6;1O¨�BON§(M�4�M:<N§(4S0:<N2f­Sw��:<+MSu+MB 2 �%¨h'),;�Q,.6�B@�*(4'),;�M1½S0B��o:<,.+?§/2B�6���1O6;1O¨�BONA( M3 = M1M2
B@�M(KSw��:<+MSu+MB4,.N�.2N0, �

# � C0. � � �KEG� $ � $ � " !�� � � � x ∈ G � � "�� " 
 	�� � �;: � � � � 	 n ����� � � # ��	 2�� � �7% 	 < x >
	
#�� � # ��
�� �A% �
	

�
(Zn,+n)

�

� � � � � E � C � $ � $ � " � 
 � J ���G� ��� � , �2ÿ�H * � � E ��" � C � E � � e :<,;BON§( G /0NXP�+M:</03LB�� H /0Nd�M:</2� �
P�+M:</03�B4S0B G �0BO( g /0NI1O6;1O¨�BONA(�S0B G �2')6;:<+M�K6;B@�KBON2�MBO¨�-06;B@�

gH = {gh | h ∈ H} BO( Hg = {hg | h ∈ H}

�M:<N§(�+MB@�*3LB@fO(*, �oBO¨�BON§(�')303LBO6;1@� � � � #$# 	 � 2 ���
���
	 BO( ����� #$# 	�� ��� � ��� 	 S0B H S2')N2� G � � :</0(�1O6;1O¨�BONA(Sw� /0N2B4fO68'<�M�RB4B@�*(7')303�BO6;1Q/0N � 	�% � "
# 	�� ��� � � S0B�f@BO(*(MB4fO68'<�M�RB �
3

# � C0. � � �KEG� $ � $ � " " � � ��	�� � G � � 2�� � �G% 	�� 	�� H ≤ G � � � � � 	$#�% � � % ���@"��A"$# #$� �(' ��� � 	$# �
� � 	 : 	���# 	 
�+ ��	 � 	$# � � � #$# 	$# �;2���� ���
	���� 	$#@% � � � � � ��� 	 � � 	 H �����F#

G
? � � 
 	�� ��	6%
������� ��� � �

� 	
G �

� � � � � � � � �
� g, g′ ∈ G � � � �

gg′ ∈ H ⇔ g ∈ Hg′−1 ⇔ g′ ∈ g−1H.



¼�¾ ��������� 	���� � � 	���� � ��� ����� ��� � � � �����

�7pw{2z��q{�
;� � ��+MBON2:<N2�Z6;Bõf�'<� S0B 6���BON2�MBO¨�-06;BXS0B@�ZfO68'<�M�MB@� �dPA')/2fR=2B��!68'�S01O¨�:<N2�*(*+R')(*,;:<N
B@�*(
�*,.¨­,.68'),.+MB�3L:</0+�6���BON2�RBO¨�-06;BKS0B@��fO68'<�M�RB@�0��Su+M:<,.(MB � ��B�+M1@�M/06.(R')(�B@�*(�1 �§,;S0BON§(���,.60�*/�1�(�S0B�f@:<N2�*(R')(MBO+
?A/2B4�M, g ∈ G �%')6;:<+M� gH B@�*(_B
	0'<fO(MBO¨�BON§(�6���:<+*-0,.(MB9S0B g �M:</2�K6�� '<fO(*,;:<NõS0B4(*+R')N2�*68')(*,;:<N �­Su+M:<,.(MBS0B H �*/0+ G �0BO(7:<N¸'96;BQ+M1@�*/06.(R')(7Sw� ')30+M>@�76;B � =21@:<+M>O¨�B % � ¼ � ��¼ �¼ � e /0303�:��M:<N2�Z?A/2B gg′ ∈ H ��BO(h3�:��M:<N2� gg′ = h ��')6;:<+M� :<N\' g = hg′−1 BO( g′ = g−1h ��_:<N2f�� g ∈ Hg′−1 BO( g′ ∈ g−1H �L�QB4¨� O¨�B��L,.6�B@�*(Q'),;�R1�S0B �o1O+*,/.5BO+Q?§/2B9�*, g ∈ Hg′−1 � +MB@�*3 �
g′ ∈ g−1H � �2')6;:<+M� gg′ ∈ H �
� ��� � � $ � $ � " $ � � ��� G � � 2�� � �G% 	 �G2�� # #�� � �9#$� ��� � 	���# 	 
)+ � 	 A � 	�� # � � � a ∈ A � � � � � G[a]g����	 ����� # # 	 ��� � � ��� 	 ��	

G[a]
������#

G
� � � � �$#8% � ��� � � � � h ∈ G �

h
	
#�� "�� " 
 	�� � � 	 G[a]g

# � 	��
# 	
� ��	 
 	�� �0#�� a.h = a.g �

�7pw{2z��q{�
 e :<,.( h ∈ G[a]g
�<')6;:<+M�q,.6jB
	j,;�*(MB�/0N½1O6;1O¨�BONA( h′ ∈ G[a]

(MBO6u?§/2B h = h′g �<BO(q:<N­' a.h =
a.(h′g) = (a.h′).g = a.g � �71@fO,.30+M:j?A/2BO¨�BON§(����*, a.h = a.g �w')6;:<+M� (a.h).g−1 = a.(hg−1) = a �Sw��:�
 hg−1 ∈ G[a]

�0BO(K:<N¸'96;B4+M1@�*/06.(R')( �
� � � � � E � C � $ � $ � " 3 e , G B@�*(!/0NIP�+M:</03�B4BO( H B@�*(!/0N��M:</2����P�+M:</03LB4S0B G �5:<N¸')303LBO6.6;B ��� � ��� 	� 	

H
� ����#

G �LBO(Q:<N¸N2:<(MB (G : H) 6;B�N2:<¨�-0+MB � 1 �oBONA(*/2BO6.6;BO¨�BONA(�,.N�.2N0, �7S0B9fO68'<�M�MB@�!�hPA')/2fM=2BS0B H S2')N2� G �
�7Nõ�M:</2� � BON2�RBO¨�-06;B T S0B G B@�*(�')303LBO6;19/0N ��� ����#$'�	�� # ��� ��� � � � � +MB@�*3 � ��� ���F#$' 	��$#�� � 2 ���
���
	 �S0B H S2')N2� G �*,5BO(��MBO/06;BO¨�BONA(��*, T f@:<NA(*,;BON§(�/0N�BO(�/0Nh�MBO/0651O6;1O¨�BON§(�S0BKfR=5'<?A/2B�fO68'<�M�MB&�QSu+M:<,.(MB

� +MB@�*3 �2fO68'<�M�MB��9PA')/2fR=2B��!S0B G � 3

� � � � .9J � $ � $ � " P e :<,;BONA( G /0NIP�+M:</03�B��%')6;:<+M�7/0NI(*+R')N2���oBO+M�R')6$PA')/2fM=2B9S0B I S2')N2� G B@�*(�1OPA')6
� G �2BO(!6�� ,.N2Su,;f@B�S0B I S2')N2� G B@�*(�1OPA')6>�½6���:<+MSu+MB4S0B G �
) *��KC�� ��� � $ � $ � " ��
 )+*>��C�� ��� � "�� � � ,���� �/, � � � �

G
	$#�� � � 2�� � �7% 	)* � � 	��

H
	$#�� � �

# � ��# � 2�� � �G% 	 � 	
G

� ��� � � # � � �

|G| = |H| (G : H),

	�� � � � � � ��: � � ��� 	 � 	 H 	�� ��: ��� � ��� 	 � 	
H

��� ��#
G

���(' � # 	�� ��� � ��# � 	
�P7 �9: � � ��� 	 ��	 G �

�7pw{2z��q{�
 ��:<¨­¨�B½6���BON2�MBO¨�-06;BhS0B@�_fO68'<�R�MB@����PA')/2fR=2B�S0B H S2')N2� G B@�*(_/0N2B½35')+*(*,.(*,;:<NdS0B GSw� ')30+M>@��68' ��+M:<30+*,;1O(M17% �'% � ¼�¼u�%,.6$N2:</2�Q�*/�1�(QS0B9S01O¨�:<NA(*+MBO+4?§/2B46���BON2�MBO¨�-06;B­S0B�f@B@�_fO68'<�M�MB@�_B@�*(
/0N2B41@?A/0,.35')+*(*,.(*,;:<NõS0B G � ��:<¨­¨�B468'½(*+R')N2�*68')(*,;:<N �­Su+M:<,.(MB�S0B H �*/0+ G B@�*(7/0N2B�'<fO(*,;:<N¸�RBO¨­, �
+M1OP�/06.,;>O+MB���6;B@��:<+*-0,.(MB@��S0B@��1O6;1O¨�BON§(M��S0B G :<NA(�(M:</2��68'Z¨� O¨�Bhf�')+MSu,.N5')6.,.(M1�?A/2B H Sw� ')30+M>@��6;B
� =21@:<+M>O¨�B+% �'% � � �2Sw��:�
I6;BQ+M1@�M/06.(R')( �
� � � � � E � C � $ � $ � "98 
 � J ���7� � �2ÿ H ��� E �
� � e :<,;BONA( G /0N P�+M:</03�B�� H BO( H ′ S0BO/�	 �M:</2� �
P�+M:</03LB@�­S0B G ��BO( g ∈ G ��)�N�')303�BO6.6;B ����� # # 	 ��� � 	�� ��� 	 � 	

g
% ���

(H,H ′)
�����F#

G ��BO(­:<NN2:<(MB HgH ′ �u6���BON2�MBO¨�-06;B {hgh′ | h ∈ H, h′ ∈ H ′} � 3

# � C .�� � � EG� $ � $ � " � 	 : 	���# 	 
�+ ��	 � 	$# � � � #$# 	$# ��� � 	�� ��� 	 ? � � 
 	�� �0� ��	6%
������� ��� � � � 	
G �



� ��� ����� � � � � ������� ��� ����	���� ��� ��� ¼��
�4ª � � � � �	��³�" 
1� � ���$� �  � ��'("�� �

& :</2�$')6.6;:<N2�"¨h'),.NA(MBON5')NA(�N2:</2�w,.N§(M1O+MB@�M�MBO+$306./2��35')+*(*,;fO/06.,;>O+MBO¨�BONA(�')/�	�P�+M:</03�B@�"���j¨�1O(*+*,;?A/2B@�
.2N0,;� �
� � � � � E � C � $ � 3 �4� e :<,;BONA( A /0N BON2�MBO¨�-06;BÖS0B�f�')+MSu,.N5')6.,.(M1 n ��BO( G /0NÌ�M:</2� ��P�+M:</03�B�S0B
Sym(A) �5')6;:<+M�K:<N¸Su,.(K?A/2B G B@�M(!/0N 2�� � �G% 	 � 	�% 	�� 
 �
��� ��� � � � 	 � 	52�� "

n ���B #
�G% % � ��� Sw� /0N2B�3LBO+*¨�/0(R')(*,;:<N σ ∈ Sym(A) B@�*(q6���BON2�MBO¨�-06;B�S0B@��1O6;1O¨�BONA(M� a S0B A (MBO6;��?A/2B
aσ 6= a �0��B #$�7% % � ��� Sw� /0NIP�+M:</03�B�S0BQ3LBO+*¨�/0(R')(*,;:<N G B@�*(!6�� /0N0,;:<N�S0B@�!�*/0303�:<+*(M�KS0B@�!1O6;1O¨�BON§(M�
S0B G � 3

��� ,.N§(M1O+  O(KS0B@��P�+M:</03LB@�����j¨�1O(*+*,;?A/2B@��B@�*(�?A/�� ,.6;���M:<N§(�'),;�M1@����+MBO30+M1@�MBONA(MBO+ �0�QBK306./2���§:<N '46;B@�
+M1@�*/06.(R')(M���*/0, �<')N§(M�4g
# � C0. � � �KEG� $ � 3 � "�� � ��� A � � 	���# 	 
)+ ��	�� 	 � � � ��� � ��� ���A"

n
� � � � �$# Sym(A)

	
#�� � # ��
�� �A% �
	 �
Sym(n) �

) *��KC�� � � � $ � 3 � $ 
 )+*>��C�� ��� � " � � � �>J � � � � � � ��2�� � �7% 	 G 	
#�� � # ��
�� �A% �
	 � ��� # � �K#��
2�� � �7% 	 � 	 Sym(G) �

�7pw{5z��${�
_��� '<fO(*,;:<NIS0B�(*+R')N2�*68')(*,;:<N ��Su+M:<,.(MB_S0B G �*/0+ G B@�*(�/0N2B�'<fO(*,;:<N �RBO¨­, ��+M1OP�/06.,;>O+MB��0BO(�6;B
¨�:<30=0,;�*¨�B φ f@:<+*+MB@�*3�:<N2S2')NA(�B@�M(4S0:<N2f½,.N�� B@fO(*,/�!Sw� ')30+M>@�46;B � =21@:<+M>O¨�B % �'% � � �"�_:<N2f�� φ B@�*(Q/0N,;�M:<¨�:<+*30=0,;�*¨�B�S0B G �oBO+M� φ(G) �5Sw��:�
I6;BQ+M1@�M/06.(R')( �

	�,.N2�*,��L,.6�N�� � 'Z')/2fO/0N2B93LBO+*(MB½S0B9Po1ON21O+R')6.,.(M1��*,�:<NX�MB9+MB@�*(*+MBO,.NA(���6���1O(*/2S0B­S0B@�_P�+M:</03LB@��S0B
3�BO+*¨�/0(R')(*,;:<N �u�QB!306./2���oSw� ')30+M>@��68' ��+M:<30+*,;1O(M1 % � & � ¼u�oN2:</2��3L:</ �o:<N2��N2:</2��+MB@�M(*+MBO,.N2Su+MB ��6���1O(*/2S0B
S0B@�!P�+M:</03�B@�7S0BQ3�BO+*¨�/0(R')(*,;:<Nõ�*/0+!6;B@�KBON2�MBO¨�-06;B@� {1, . . . , n} �2:�
 n ∈ N �)�N¸'½1OPA')6;BO¨�BON§(�68'930+M:<30+*,;1O(M1��*(R')N2S2')+MSI�*/0, ��')NA(MBhg
# � C0. � � �KEG� $ � 3 � 3 � � � � 	�% 	�� 
 �
��� ��� � � % 	
�
� 
 ��� 	 � 	A% � "$# 	�� �A" 	�� ��
:
 	 ��� % � � ��� ��� � 	 ������� 	$#
��� # � � � � �(# � 	�� � 	
�P7�% 	�� 
 �
��� ��� � ��# �)#$�7% % � ���(# ��� # � � � � �(# � ��
:
 � � 	�� � �
� � ��� .9J � $ � 3 � P ��:<N2�*,;S01O+M:<N2��6���BON2�MBO¨�-06;B A = {1, . . . , 6} �uBO(��M:<,.(�68'�3LBO+*¨�/0(R')(*,;:<N σ S01
.2N0,;B35')+�g

i 1 2 3 4 5 6

iσ 6 2 4 5 3 1

	�6;:<+M� σ ����1@fO+*,.(_�R:</2�&��:<+*¨�B9Su/¸30+M:jSu/0,.(_S0B9f �ufO6;B@��Su,;���*:<,.NA(M�Q�*/0, ��')NA( � :�
 35')+_f@:<N �oBONA(*,;:<N��w:<NN2B�N2:<(MB�35'<�K6;B@�Kf �jfO6;B@�K(*+*, �§,8')/�	 �Qg σ = (1 6)(3 4 5) = (3 4 5)(1 6) �

� ��� � � 6 ÿ�� � ��')N2��68'¸�*/0,.(MB���35')+­')-0/2�9S0B�N2:<(R')(*,;:<N����*, A ⊆ A′ BO( σ ∈ Sym(A) ��')6;:<+M�9:<Nf@:<N���:<N2Su+R' σ ' �oB@f½68'�3LBO+*¨�/0(R')(*,;:<N�S2')N2� Sym(A′) ?§/0,�.�	0B9(M:</2�Q6;B@��1O6;1O¨�BONA(M�4S0B A′ \ A ��BO(S0:<NA(�68'_+MB@�*(*+*,;fO(*,;:<N�� A B@�*(�1OPA')6;B&� σ � 	�,.N2�*,����*, G B@�*(�/0N��M:</2� ��P�+M:</03�B!S0B Sym(A) �o:<N­3L:</0+*+R'1OPA')6;BO¨�BONA(Qf@:<N2�*,;S01O+MBO+ G f@:<¨­¨�B�/0N��M:</2� ��P�+M:</03�B�S0B Sym(A′) �



¼�¼ ��������� 	���� � � 	���� � ��� ����� ��� � � � �����

� ��� � � $ � 3 � ��� � ��	�� � G 	��
G′ � 	��47-# � ��# �(2 � � �7% 	$# � 	 Sym(A)

� 	�� #$�7% % � # � ��#;4 � 	 G 	��
G′

# � � � � #
�G%K% � ���(# ��� # � � ��� �(# � � � � �$# �9: 	���# 	 
)+ � 	

GG′ = {σσ′ | σ ∈ G ∧ σ′ ∈ G′}

	$#�� ��� # � �K#��(2�� � �7% 	 � 	 Sym(A) �

�7pw{2z��q{�
 e :<,;BONA( σ1σ
′
1
BO( σ2σ

′
2
S0BO/�	à1O6;1O¨�BON§(M��S0B GG′ �K')6;:<+M���!f@:<¨­¨�B G BO( G′ �M:<N§( �

�*/0303L:<+*(M�7Su,;��� :<,.N§(M���2:<N�' g ∀σ ∈ G � ∀σ′ ∈ G′ � σσ′ = σ′σ �&)�N�'­S0:<N2f
(σ1σ

′
1)(σ2σ

′
2)

−1 = σ1σ
′
1σ

′−1
2 σ−1

2 = σ1σ
′
1σ

−1
2 σ′−1

2 = σ1σ
−1
2 σ′1σ

′−1
2 ,

S0:<N2f (σ1σ
′
1)(σ2σ

′
2)

−1 B@�*(!-0,;BON�1O6;1O¨�BON§(�S0B GG′ �0Sw��:�
I6;B�+M1@�*/06.(R')( �
��� � � � 6 ÿ � � � 6wN2B ��')/0(K35'<�Kf@:<N���:<N2Su+MB�6;B�P�+M:</03�B GG′ '��oB@f46;B�P�+M:</03LB G×G′ �

� C�� C J J � � �
� $ � 3 �48 � � ��	�� � G ��� # � �K#��(2�� � �7% 	 � 	 Sym(A)
� 	��

G1, . . . , Gm
� 	$#�# � �K#��(2�� � �7% 	$#

� 	
G
��#$�7% % � ���(# ��� # � � � � �(# ��	
�47 � � 	
�P7 � � � � �$# �

� � 	 : 	���# 	 
)+ � 	 H =
∏m
i=1Gi

	
#�� "52���� 	 
 	�� �:� � # � ��# � 2�� � �G% 	 � 	
G

� 	��8% � � � � � �
� i =
1, . . . ,m

�
Gi

	$#�� � � # � �K#��(2�� � �7% 	 ��	
H �

� � � � % � � � � � �
� i = 1, . . . ,m
�
Gi

	$#�� 	���2 	������ " %
� � ��: 	���# 	 
�+ ��	 Si � ��� � �$# ∏m
i=1Gi

	
#��
	���2�	�� ��� "8%
��� ��: 	���# 	 
�+ ��	 ⊎m

i=1 Si
�

� � � � % � ��� � � � � i = 1, . . . ,m
�
Gi

	$#�� � + "�� ��	���� ��� � � # H ��: 	$#���"@2���� 	 
 	�� � �
� ��� � � $ � 3 � ��� � ��	�� � A = {a1, . . . , an}

�
G

� � # � �K#��(2�� � �7% 	 � 	
Sym(A)

��% � � � i ∈
{1, . . . , n}

� % � # � ��# Gi = G[{a1 ,...,ai}]
��	��)% � # � ��# G0 = G � � � ��� i = 1, . . . , n

� # � ���
Ui

� � ��� ����#$'�	�� # ��� ��� � � � � 	 Gi
�����F#

Gi−1
� ��� � �$# �8% � ��� � � �
� r ∈ {1, . . . , n} � �9: 	���# 	 
)+ ��	

Kr =
⋃n
i=r Ui

	$#��0� � 	���# 	 
)+ � 	 2K"�� "�� � � 	���� � 	 Gr−1
�

�7pw{2z��q{�
 & :</2��S01O¨�:<NA(*+M:<N2��6;B7+M1@�*/06.(R')(�35')+�,.N2Su/2fO(*,;:<N S0B@�Mf@BON2S2')NA(MBQ�*/0+ r � ��:<¨­¨�B Gn = I �:<N�' Kn = Un = Gn−1
��BO( Kn

B@�M(9-0,;BON�/0N BON2�RBO¨�-06;B Po1ON21O+R')(MBO/0+hS0B Gn−1
� e /0303�:��M:<N2�

¨h'),.NA(MBON5')NA(�?A/2B Kr+1
BON0PoBON2Su+MB Gr �qBO(9�M:<,.( π ∈ Gr−1

� 	76;:<+M��,.6�B
	j,;�*(MB�/0N2B�3LBO+*¨�/0(R')(*,;:<N
ψ ∈ Ur

(MBO6.6;B9?A/2B π ∈ Grψ �LBO(�S0:<N2f�� πψ−1 ∈ Gr
� )�N BON S01@Su/0,.(_?§/2B πψ−1 B@�*(�/0N¸30+M:jSu/0,.(

Sw��1O6;1O¨�BONA(M�_S0B Kr+1
�0BO(7S0:<N2f�� π B@�*(!-0,;BONI/0N 30+M:jSu/0,.(7Sw��1O6;1O¨�BON§(M��S0B Kr

�

� C�� C J J � � �
� $ � 3 � ��� � ��# � 	$# � �$% � � � 5$# 	
# ��� 	 	 
:
 	 � � � ��� � � 	 2�� � �G% 	 G � � � 	���# 	 
�+ ��	 ��	
2K"�� "�� � � 	
� �$# � 	 ��� ��� ��	

O(n2) � � � � � � � � �
��2�� � �7% 	 � 	,% 	�� 
 �
��� ��� � � ��	 � 	52 � "
n
����� 	���# 	 
)+ ��	

� 	 2K"�� "�� � � 	
� �$# � 	 ����� ��� 	
O(n2) �

�7pw{2z��q{�
_�½� ')30+M>@��6;B��"BO¨­¨�B % � & � � ��6���BON2�RBO¨�-06;B K1
B@�*(4/0N�BON2�MBO¨�-06;B�Po1ON21O+R')(MBO/0+�S0B G ��BO(3L:</0+K(M:</0( a ∈ A �2:<N¸' aG ⊆ A � e :<,.( i ∈ {1, . . . , n} �2BO(7f@:<N2�*,;S01O+M:<N2� σ BO( µ �0S0BO/�	I1O6;1O¨�BONA(M�Su,;�*(*,.N2fO(M�"Su/4(*+R')N2� �oBO+M�R')6ASu+M:<,.( Ui ��	�6;:<+M���@3�:</0+w(M:</0( j = 1, . . . , i−1 ��:<N�' aσj = aµj

� e /0303�:��M:<N2�
?A/2B aσi = aµi

��')6;:<+M� aσµ−1

i = ai
BO(hS0:<N2f�� σµ−1 ∈ Gi

��BO( Giσ = Giµ
��f@BI?§/0,Kf@:<NA(*+MB@Su,.(

6�� = �j3L:<(*=2>@�MB ?§/2B Ui B@�*(½/0N�(*+R')N2���oBO+M�R')6KSu+M:<,.( � )�N BON S01@Su/0,.(�?A/2B aσi 6= aµi
��S0:<N2f�� |Ui| ≤

|aGi | ≤ n
�0Sw��:�
I6;BQ+M1@�*/06.(R')( �



� ��� ����� � � � � ������� ��� ����	���� ��� ��� ¼B%
& :</2��30+M:</ �o:<N2��BON�.2Nh306./2�*,;BO/0+M��30+M:<30+*,;1O(M1@� �o1O+*,/.51@B@��35')+�S0B@��P�+M:</03�B@��S0B!3�BO+*¨�/0(R')(*,;:<N��M/0+

S0BO/�	IBON2�MBO¨�-06;B@��Su,;���*:<,.NA(M�7S0BQ¨� O¨�B�f�')+MSu,.N5')6.,.(M1
� � ��� � $ � 3 �4� !�� � ��	�� � A = {a1, . . . , an}

	 �
B = {b1, . . . , bn}

��	
�47 	���# 	 
)+ � 	$# � � # � � � � �(#
� 	 
�


 	 � � � ��� � ��� ���A" * � ��	��

GA
� � # � �K#��(2�� � �7% 	 � 	

Sym(A)
� 	�� % � # � ��# π =

∏n
i=1(ai bi)

�
� � � � #,% � ��� � � � � σ, µ ∈ GA

� � � �
πσπµ = µπσπ �

�7pw{5z��${�
 e :<,.( ai ∈ A �0BO(73L:��M:<N2� aµi = ak
�2')6;:<+M�7:<N�'Ig

aπσπµi = bσπµi = bπµi = ak,

aµπσπi = aπσπk = bσπk = ak.

�QB�¨� O¨�B��2�M:<,.( bj ∈ B �0BO(!3�:��M:<N2� aσj = al
�2')6;:<+M�7:<N�' g

bπσπµj = aσπµj = aπµl = bµl = bl,

bµπσπj = bπσπj = aσπj = aπl = bl.

�Q:<N2f��2:<N¸'9-0,;BON πσπµ = µπσπ �

� � ��� � $ � 3 �4� � � � �K# � 	$# � �$% � � � 5$# 	$# ��� 	 	 
:
 	 � � � � ��� �9% � # � ��# GB = πGAπ
� 	�� � � � � ��#

G
��	 2�� � �7% 	 	���2�	�� ��� "8%
���

GA ∪ {π}
� � � � �$# � � �

G = GAGB ]GAπGA
�

�7pw{5z��${�
_�½� ')30+M>@�K68' ��+M:<30+*,;1O(M1+% �'% � � &2�2:<N '
G = {µ1πµ2π . . . πµk | k ∈ N ∧ µi ∈ GA}.

)�NI3�:��MB G = H1 ∪H2
�0:�

H1 = {µ1π . . . πµ2n+1 | n ∈ N ∧ µi ∈ GA},

H2 = {µ1π . . . πµ2n | n ∈ N ∧ µi ∈ GA}.

����BON2�MBO¨�-06;B H1
B@�*(�S0:<N2f�f@:<N2�M(*,.(*/21�S0B@��1O6;1O¨�BONA(M��S0B G BON0PoBON2Su+M1@��35')+�/0N N2:<¨�-0+MB_35'),.+�Sw��:§f �

fO/0+*+MBON2f@B@�KS0B π �uBO(�6���BON2�RBO¨�-06;B H2
S0BQf@BO/�	 BON0PoBON2Su+M1@�!35')+�/0NZN2:<¨�-0+MB4,.¨­35'),.+�Sw��:jf@fO/0+*+MBON2f@B@�

S0B π � � 6�B@�*(7'),;�M1�S0B �o1O+*,/.5BO+7?§/2B H1
BO( H2

�R:<NA(7Su,;���*:<,.NA(M��� � :<N§(*+M:<N2�7?§/2B
H1 = {(µ1µ3 . . . µ2n+1)π (µ2µ4 . . . µ2n)π | n ∈ N ∧ µi ∈ GA} = GA GB .

e :<,.( σ ∈ H1
�$:<N�¨�:<N§(*+MB 35')+�,.N2Su/2fO(*,;:<N��*/0+ n ?§/2B σ B@�*(�-0,;BON S0Bh68' ��:<+*¨�Bh+MB@?§/0,;�MB � �q:</0+

n = 0 �u6;BQ+M1@�*/06.(R')(7B@�*(K1 �j,;S0BONA( � e /0303L:��M:<N2�K¨h'),.NA(MBON5')NA(Q?§/2BQ6;BQ+M1@�*/06.(R')(KB@�*( �j+R'),w3L:</0+ n− 1 �BO(7?§/2B
σ = µ1π . . . µ2n−1πµ2nπµ2n+1.

��')+7= �j3�:<(*=2>@�MB4Sw� ,.N2Su/2fO(*,;:<N��5:<N�'h')6;:<+M�
σ = (µ1µ3 . . . µ2n−1)π (µ2µ4 . . . µ2n−2)π (πµ2nπµ2n+1)

= σ1πσ2(πµ2n+1),



¼?& ��������� 	���� � � 	���� � ��� ����� ��� � � � �����

:�
 σ1 = µ1µ3 . . . µ2n−1
�0BO( σ2 = µ2µ4 . . . µ2n

�0�9� ')30+M>@�76;B4��BO¨­¨�B % � & � ��¾�:<N¸'½S0:<N2f
σ = σ1(µ2n+1πσ2π) = (µ1µ3 . . . µ2n+1)π (µ2µ4 . . . µ2n)π,

Sw��:�
I6;BQ+M1@�*/06.(R')( �
�7N +R'),;�R:<N0N2BO¨�BONA(Q�*,.¨­,.68'),.+MB�¨�:<NA(*+MB�?A/2B

H2 = {(µ1µ3 . . . µ2n−1)π (µ2µ4 . . . µ2n) | n ∈ N} = GA π GA,

BO(K:<N¸'9-0,;BON G = GAGB ]GAπGA

) *��KC�� ��� � $ � 3 � � " � � ��	�� � A = {a1, . . . , an}
	��
B = {b1, . . . , bn}

��	
�47 	���# 	 
�+ ��	$# ��� # � � � � �(#
� 	 
�


 	 � ��� ��������� ���A" * � ��	��

GA
� � # � ��# � 2�� � �G% 	�� 	

Sym(A)
� 	 �0% � # � �F# π =

∏n
i=1(ai bi)

�
� � ��	�� � G � 	 2 � � �7% 	 	���2 	�� � � "8%
� �

GA ∪ {π}
�
k ∈ {1, . . . , n}

� 	�� #
�G%K% � # � ��# 4���: � � 	97�� #�� 	 � ��	
% 	�� 
 �
��� ��� � � σ ∈ G

� 	�� ��	 4�� 	�% � � � � � � � i = 1, . . . , k
� � � �

aσi = bji
� � � � �$# ��� 	97�� #�� 	�� ��	

% 	�� 
 �
��� ��� � � µ ∈ GA
� 	�� � 	�4�� 	8% � � � � � �
� i = 1, . . . , k

�
aµi = aji

�

�7pw{2z��q{�
_�½� ')30+M>@�­6;B ��BO¨­¨�BH% � & � ������:<N ' G = GAGB ] GAπGA
��BO(�f@:<¨­¨�B GAGB ⊆

Sym(A)Sym(B) �LN21@f@B@�M� '),.+MBO¨�BONA(�� σ B@�*(Q1O6;1O¨�BONA(4S0B GAπGA
�%�"'�3�BO+*¨�/0(R')(*,;:<N σ B@�*(�S0:<N2fS0B�68' ��:<+*¨�B σ = µπσ′ �":�
 µ BO( σ′ �R:<NA(�1O6;1O¨�BON§(M�­S0B GA � e :<,.( i ∈ {1, . . . , k} �qBO(�3�:��M:<N2�

al = aµi
�2')6;:<+M�7:<N�'Zg

aσi = aµπσ
′

i = aπσ
′

l = bσ
′

l = bl,

S0:<N2f��2f@:<¨­¨�B aσi = bji
�2:<NIBON�S01@Su/0,.(7?§/2B l = ji

�0f@B4?§/0,w30+M:</ �oB4?§/2B aµi = aji
�

� ú����	� ��øwã �)ú��Èù ����� ��åoú � �!ä�ù�ä �!ä2åGF ��ó�øLó�ã ú��
� � � � � E � C � $ � 3 � � $ 
 � C ���@ÿ/, � � �GC � � e :<,;BONA( A BO( B S0BO/�	\BON2�MBO¨�-06;B@��� f : A → B /0N2B
��:<N2fO(*,;:<N��2BO( A′ ⊆ A (MBO6"?A/2BQ68'­+MB@�*(*+*,;fO(*,;:<N¸S0B f � A′ B@�*(!,.N��*B@fO(*, �oB ���q:</0+K(M:</0( σ ∈ Sym(A) �:<NõS01
.2N0,.(�6;B � � � � ��2��F" %
��� f � 	

σ
� ����#

A′ �LN2:<(M1 σfA′

S0B�68')��'43@:<NX�*/0, �<')N§(MB g%�M,q6;B½�*/0303�:<+*(
S0B σ N���B@�*(�35'<�K,.N2fO6./2�_S2')N2� A′ �5')6;:<+M� σfA′ = idB

�5�*,.N2:<N��2N2:<(M:<N2� f ′ 68'­+MB@�M(*+*,;fO(*,;:<N¸S0B f � A′ �
')6;:<+M�

∀b ∈ B, bσ
f

A′ =

{

f ′([f ′−1(b)]σ) �*, b ∈ f(A′),

b �*,.N2:<N �
e � ,.65N�� ��'Q35'<��Sw� ')¨�-0,.P�/ ��(M1Q�*/0+�6���BON2�MBO¨�-06;B A′ �§')6;:<+M��:<N�3�:</0+*+R'4�M,.¨­306;BO¨�BONA(�35')+*6;BO+�Su/�f@:<N�� / �
P�/21�35')+ f S0B σ �2f@B�?A/���:<N�N2:<(MBO+R' σf �)�NIN2:<(MB�')6;:<+M� GfA′ = {σfA′ | σ ∈ G} � 3

� � � � .9J � $ � 3 � � 3 ��:<,;fO,"?§/2BO6;?A/2B@��B
	uBO¨­306;B@�KS0B�f@:<N�� /0PA'),;�M:<N�g
� � e :<,;BONA( A = {1, 2, 3, 4} � B = {5, 6, 7, 8} BO(7f@:<N2�*,;S01O+M:<N2�768' ��:<N2fO(*,;:<N f S01
.2N0,;B�35')+�g

i 1 2 3 4

f(i) 5 6 7 7

e :<,.( A′ = {1, 2, 3} BO(�3�:��M:<N2� σ = (1 3 2) �2')6;:<+M� σfA′ = (5 7 6) �
e :<,.( A′′ = {1, 2, 4} BO(

σ′ = (1 4 2) �%')6;:<+M� σ′fA′′ = (5 7 6) �



� ��� ����� � � � � ������� ��� ����	���� ��� ��� ¼�¿

¼ � e :<,.( µ ∈ Sym(A) �5')6;:<+M�!3�:</0+K(M:</0( σ ∈ Sym(A) �2:<N¸' σµA = µ−1σµ �
� � � � � E � C � $ � 3 �4� P 
 ) ��� ��� % C�� � ��E � C � ������� " �;ÿ � ,�� CLÿ�. � � e :<,;BONA( A /0N}BON2�MBO¨�-06;B�� a/0NX1O6;1O¨�BONA(4S0B A � L ⊆ A? �LBO( G < Sym(L) �

& :<(M:<N2� f : L → a.L 68'h-0, �*B@fO(*,;:<NX?A/0, ��(M:</0(
w ∈ L '<�M�M:jfO,;B a.w �5')6;:<+M�!6;B�P�+M:</03�B a.G B@�*(KS01
.2N0,�35')+ a.G = Gf �

3

� � ��� .9J � $ � 3 � �"� e :<,;BON§( A = {a, b, c} � L = {bc, cb} ��BO( G = < (bc cb) > ��	�6;:<+M�­:<N '
a.G = < (abc acb) > �

# � C0. � � �KEG� $ � 3 �4�08 � � ��	�� � A 	��
B

� 	
�P7 	���# 	 
)+ � 	$#�� f : A → B
� 	��:# � ��	�� � �9: 	���# 	 
)+ ��	

A′ 	�� ��� ? � � � ��� � � f ′
� ��
;
 	 � ����#���� � " * � ����� � � � � � � � � � � � � �$# % � ��� � � �
� σ ∈ Sym(A)

�
σf ∈ Sym(B) �

�7pw{5z��${�
 � 6L��� ')P�,.(�S0B�30+M:</ �oBO+�?§/2B σf B@�*(�/0N2B8��:<N2fO(*,;:<N ,.N�� B@fO(*, �oB �j��B�+M1@�*/06.(R')(!B@�*(�,.¨­¨�1@Su,8')(�*,�6;B �*/0303�:<+*(�S0B σ N���B@�M(­35'<�­,.N2fO6./2��S2')N2� A′ �q�M/0303L:��M:<N2��¨h'),.NA(MBON5')NA( ?A/2B 3�'õ�M:<,.(­6;B f�'<���e :<,;BONA( b BO( b′ S0BO/�	�1O6;1O¨�BON§(M�QS0B B �%BO(��*/0303�:��M:<N2��?A/2B bσf
= b′σ

f � 	�6;:<+M���235')+_S01
.2N0,.(*,;:<N S0B
σf � b BO( b′ �M:<NA(K(M:</2�7S0BO/�	 1O6;1O¨�BON§(M���R:<,.(KS0B f(A′) �2�M:<,.(KS0B B \ f(A′) �e , b BO( b′ �M:<N§(91O6;1O¨�BON§(M��S0B B \ f(A′) ��')6;:<+M� bσf

= b BO( b′σf
= b′ �$BO(96;Bh+M1@�M/06.(R')(½B@�M(,.¨­¨�1@Su,8')( �e /0303�:��M:<N2�K¨h'),.N§(MBON5')NA(Q?A/2B b BO( b′ �M:<NA(�1O6;1O¨�BONA(M�_S0B f(A′) �5')6;:<+M�7:<N�'

bσ
f

= b′σ
f
⇒ f ′([f ′−1(b)]σ) = f ′([f ′−1(b′)]σ)
⇒ [f ′−1(b)]σ = [f ′−1(b′)]σ � f�')+ f ′ B@�*(!-0, �*B@fO(*, �oB��
⇒ f ′−1(b) = f ′−1(b′) � f�')+ σ ∈ Sym(A) �
⇒ b = b′ � f�')+ f B@�*(K-0, �*B@fO(*, �oB�� �

# � C0. � � �KEG� $ � 3 �4� ��� � ��	�� � A,B 	 �
C

��� � � # 	���# 	 
)+ ��	
# � f : A → B
�
g : B → C

� 	 �
σ, π ∈

Sym(A) �
� � ��� A′ ⊆ A

� 	�� 4�� 	 � � � 	$#���� ��� ��� � � � A′ � 	 f
	$#�� � � � 	 � ���(' 	�� 	��8#$�7% % � # � ��#)4�� 	 � �

� 	$#�������� ��� � � � 	
g
�
B′ = f(A′)

	$#�� � � � 	 � ��� '�	 � � � � � # � � � ��	$#�%�� � %�� �@"��A"$# #
���(' ��� � 	
# �
� � (σfA′)

g
B′ = σg◦fA′

�
� � (σπ)fA′ = σfA′π

f
A′

�
� � (σ−1)fA′ = (σfA′)−1 �
� � idfA′ = id �

� C�� C J J � � ��� $ � 3 � �"�
Gf

	$#�� ��� # � �K#��(2�� � �7% 	 � 	
Sym(B) �

� � � � � E � C � $ � 3 � " !�
 BDC��?. * � �7� � HKC ���@ÿ/,%ÿ�� � e :<,;BON§( G /0NGP�+M:</03�B�� A BO( B S0BO/�	GBON �
�MBO¨�-06;B@��� f : A→ B �<BO( φ /0N­¨�:<+*30=0,;�M¨�B!S0B G �oBO+M� Sym(A) � 	76;:<+M��:<N�S01
.2N0,.(�6;B 
�� �A% � � # 
 	� � � � ��2��F" φf 35')+�g

∀g ∈ G, φf (g) = (φ(g))f . 3

# � C0. � � �KEG� $ � 3 � " � 	 �8? � � � ��� � � φf 	$#�� � � 
�� �A% � � # 
 	 � 	 G '�	�� #
Sym(B) �

	�,.N2�*,����*,�/0N P�+M:</03�B G ')P�,.(½�M/0+�/0N�BON2�MBO¨�-06;B A BO( f B@�*(9/0N2B���:<N2fO(*,;:<N�S0B A �oBO+M�9/0N
BON2�MBO¨�-06;B B �u,.6�B@�*(!3L:��R�*,.-06;B�S0B_i +MBO(*+R')N2�MfO+*,.+MB ��6�� '<fO(*,;:<N¸S0B G �*/0+ B �
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S0B@��P�+M:</03�B@�4S0B½3�BO+*¨�/0(R')(*,;:<N2� � & :</2�4f@:<¨­¨�BON2f@BO+M:<N2��35')+430+M1@�MBON§(MBO+�S0BO/�	X')6.Po:<+*,.(*=0¨�B@�9?§/0,��
1O(R')NA(IS0:<N0N21 /0NÖP�+M:</03�B G S01
.2N0,Q35')+Z/0NàBON2�MBO¨�-06;BõPo1ON21O+R')(MBO/0+���3�BO+*¨�BO(*(MBONA(�S0B f�')6;fO/06;BO+
6���:<+MSu+MB S0B G BO(9S0Bh(MB@�*(MBO+�6�� ')3035')+*(MBON5')N2f@BZSw� /0N2B�3LBO+*¨�/0(R')(*,;:<N � G BON�(MBO¨­32�93�:<6 �§N2:<¨­,8')6 �
��/0,;�7N2:</2�7S01
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GA(ε) = Sym(3)
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g(x, y) 
 g(y, x)

f(g(x, y), z) 
 f(g(x, z), y).
T ��/�8FZ����! y+,���@��')�3 ��FEK ����

c, c′
�- y+,���?=%"�')(��:���

G,G′ ����"4Þ

τ(c) = g(◦, ◦), τ(c′) = f(g(◦, ◦), ◦), G = Sym(2), G′ = Sym({1.2, 2}).
om+,')"��&+<�?�#�!=%���� #(�"��M�# #"1�� #�nZ�8��

ΣE = {〈g, c,G〉, 〈f, c′ , G′〉}
"�����')(�.	"��

E
$75g���,�&�&�I���# &���)�^�1�� #(�"�8��%r

pY"��-��')���M+,�D ��-"#5A�
t = f(g(x, y), z)

$	��+,')"��\')���:�-(� M������+!�,23(��-"\+w�Ð�ÏE	�,')5A�m/��?��')5�54(� 1�� #�!.	�! �8
/��

g
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1
/��

t
$:')�É')Ê� #�,�-�3 4+,�� ��-"#5A�

t′ = f(g(y, x), z)
$&�- 0+w�I8�23(��� #�,')�

t 
 t′
���� 

(����y8�2k(��� #�,')�A�:�-"#54(� 1�� #�!.9�@/��?��')�k ��FE	 ��>�)����'	�-�,8
c′
$%�- \/��D�:�-"#54(� 1�� #�,')�¦�)����'	�-�,8��

(1.1 1.2)
r T �

')Ê� #�,�-�3 M/�')���M(����D��')(�.9�-+!+,�?8�2k(��� #�,')���:�-"#54(� 1�� #�!.9�?Ê��)��8��D�#(�"
c′
����"����i(����mÇ	Ö�{ÆÅ-Ç�b@������+!�,�7�� #�,')�

/���+w�Ð�ÏEK�,')5A�*/�����')5�54(� 1�� #�!.	�! �8
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g
r
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c
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ª¬«9­Y®^¯|°±¯C²¡® �vµ�¶�µ<ÜÝR	')�,�-�k 
c
�- 
c′
/��-(KE���')�k ��FE	 ����� ��-+,��2k(��

h, v : c E c′
rjom+,')"���+,�¬Ã)dx�%Ç7��b

�t� ~%Ç	`w�)eA�)dc���3{|hfegb4/���+w� ��')5A')5A')"#�����,�#5A�
h
���# ?+w�I�-�����-5�Ê�+,�

Ac(h) = {σ ∈ Sym(SV(c)) | ∀w ∈ SV(c), c′|h(w) ' c′|h(wσ)}.

:c+:�7�Ð��=%�! ?/�')���0/��>+w�I�-�����-54Ê�+,��/����D�:�-"#54(� 1�� #�,')���y/����D��')5�5A�- ��D.%��"#�<��Ê�+,���?/��
c
 ��-+!+,���D2k(��

h�)����'	�-�,�*l
 �')(� @��')5�5A�- y.%��"#�<��Ê�+,�*/��
c
�- @l���')�¬�!5g��=9�*/����@��')(��xuc��')�3 ��FEK ����@/��

c′
�,�1')5A')"#�������7r

JY 1���3 ?/�')����8��>(����y�:�-"#54(� 1�� #�,')�
σ ∈ Sym(SV(c))

$	+w� ��')5A')5A')"#�����,�#5A�
h
���# M/K�! 

σ
_wh-`w~3zF},b

�#�;�- ����-(�+,�-5A�-�k g�#�
σ
���� 
8-+,8-5A�-�k g/��

Ac(h)
Ë�/����������¦�7�)�7$j')����') ��

h, v : c Eσ c′
rjJY�KZ��&$

8- 1���3 m/�')����8�(��Ä=%"�')(��:�
G
$¡')��/K�! m2k(��

h
���# 

G
_wh-`w~3zF},b��#�t�- m���-(�+,�-5A�-�3 0�#�&�:')(�"y �')(� 

σ ∈ G
$

h
���# 

σ
uc�# 1��Ê�+,�%$��- @')�Ä��') ��4��+,')"��

h, v : c EG c
′ r��������?+,�*�7�)�y')È v = ε

$�')����') ��-"1��8-=3��+,�-5A�-�3 
h : c vσ c

′ $��- h : c vG c
′ r
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f(x, y) 
 f(y, x),

f(g(x, y), g(w, z)) 
 f(g(y, x), g(w, z)).

T �
��') ��
c = (V, s, a)

�- 
c′ = (V ′, s′, a′)

+,���Y��')�3 ��FEK ����j"����#�:���- #�!.9�-5A�-�3 M�)�1��'k�-�,8��Yl@+<�m��"��-5��,�-"��
�- \l0+<�0/��-(KE	�,�-5A�@8�23(��� #�,')�&$9�- M')�A/�8FZ����! i+<�>ÌÆ')���- #�,')�

h
/��
V
.9�-"��

V ′ ����"yÞ ∀v ∈ V, h(v) = v
r

T ������+,')"��
h, ε : c E c′

$
c′
���# 0/�')���4(������!���# 1�������
/��

c
lg+<�A"1�)�-�!���%r��0�4��+!(��±$

c′|h(1)
�- 

c′|h(2)
��')�3 >�,��')5A')"#�������7$¡��(��,��2k(&� �!+,�>�1�* #"1�)/K(��,���-�k m �')(��0/��-(KE��-�

g(◦, ◦)
$:���
23(��^��"�')(�.9��2k(��

h, ε : c E(1 2) c
′ $��- m�#� G ���# ?+,��=%"�')(��:���-��=9�-��/K"�8*����"

(1 2)
$���+,')"��

h, ε : c EG c
′ r

'*ºÏ²¡¼^º)¯C«9°7« �&µ�¶�µ%=)
�Ç±�9�K�)h-�)Ö�hmÅ�Ç�b
h, v : c E c′

� b-`jÅ-Ç�b
h
bfhF`^Ç	Ö��K�)eA�)eA�)dw�¡�3{<hFegb@Õ-}!��h � ~)}!�)d1h

Ac(h) = Sym(SV(c))
�

����� � �
� ! & ')5�5A�
h
���# ^(��4��')5A')5A')"#�����,�#5A�?�-+,'%�±$7+,���^�!5g��=9����/��\ �')(��t+,������')5�5A�- ���.%��"#�<��Ê�+,���

/��
c
�1')�3 @/����y�1')5�5A�- ��y.%��"#�<��Ê�+,���y/��

c′
$�/v�I')ÈÄ+,�0"�8��#(�+! 1�� 7r

sm')(��j5A')�k #"�')���i5g���!�k ��-�����3 M2k(��D+w�I�-�����-5�Ê�+,�y/����Y�:�-"#54(� 1�� #�,')���
σ
 ��-+!+,���i2k(��

h, v : c Eσ c
′���# y�# 1��Ê�+,������"y��')5��:'%�#�! #�,')�&r

�i¾kÚÒÚ�¾ �vµ�¶�µ<³��?`w~)Ö�`&�9�)Ö�Ö��fhD�kbFÇ*�
Õ��)Ö¡`cb �%`cbfh
c
b-`
c′

� Õ1�)Ö�hf{Æ�3�Fd#�)Ö�h
σ
b-`
σ′

� �3bFÇ��
�-}!�FegbFÖ¡`Ch?�)Ç
Ã)dx�%Ç7��b

Sym(SV(c))
� b-`&hfÇ±�9�K��h��)Ö�h@Å-Ç�b

h, v : c Eσ c
′ b-` h, v : c Eσ′ c

′ � �m}!�)dfh h, v : c Eσσ′ c
′ �

����� � �
� !�Rk�
w ∈ SV(c)

$K��+,')"��M����"M�36	��') #�����1�%$3�!+��FE	�,�# ��@(����,�1')5A')"#�����,�#5A�
η
/��
c′|h(w)

.9�-"��
c′|h(wσ)

$¡�- y�!+^�FEK�,�# ��*8-=3��+,�-5A�-�k 0(��Ä�,��')5A')"#�����,�#5A�
η′
/��

c′|h(wσ)
.9�-"��

c′|h((wσ)σ
′

)
r��0')���%$

/v�Ð����"����0+<��pi"�')��"#�,8- �8 Q rÐVKr á�$
η′ ◦ η

���� m(����,��')5A')"#�����,�#5A��/��
c′|h(w)

.9�-"��
c′|h(wσσ

′

)
$¡����2k(��

��"�')(�.9��+,��"�8��#(�+! 1�� 7r
)4²�º�²¡Û�ÛC»�¯|º�¾ �&µC¶¡µ$!�
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c
b-`
c′
�3b-Ç*��Õ��%Ö�`cb �%`cbfh � h-�%{C`

C
ÇkÖ�h-�%Ç3hF_xbFÖ�h7bFegzF},bm�kb

Sym(SV(c))
�

b-`jhfÇ±�9�K�)h-�)Ö�h4Å-Ç�bD�K�)Ç	d*`w�)Ç	`
σ ∈ C

� �%Ö�~
h, v : c Eσ c

′ �K�)Ç	d�Ç	ÖÄh-�%e
egb-` v b-`YÇ	ÖÄ�K�)eA�)eA�)df_���3{|hfegb
h
�9�%Ö�Ö��fh�� 
�{

G
bFhF`M}!b>Ã)d#�)Ç±��b�bFÖkÃ3b-Ö¡�)d��y�K~)d

C
� ~%}n�)dfh

c EG c
′ �



� ��� � �����
� � 	 �
	�� � � � ��� 
 ���9	��"� q7V �

c

c′

� �C["! � r!q�#�pY"#�!���-�!�:�*/����?�:�-"#54(� 1�� #�,')���m�!��/K(��! ����

�m�-��"��-��')���4+w�IJjE��-5���+,� � r!q%r � �- *+,�� ��-"#5A�
t = f(g(x, y), g(w, z))

rio@��"����
������+!�,�7�� #�,')�¸/��
+w�I8�2k(��� #�,')�Ý�:�-"#54(� 1�� #�!.9�

f(x, y) 
 f(y, x)
l¸+<� "1�)�-�!����/��

t
$y')��')Ê� #�,�-�k �+,�� ��-"#5A�

t′ =
f(g(w, z), g(x, y))

$v�- ?+w�I8�2k(��� #�,')�
t
 t′

���# ?(����*8�2k(��� #�,')�¬���-"#5�(� 1�� #�!.9�4/��*��')�k ��FE	 ����)����'	�-�,8
c′
$%�- \/�')�3 i+<�>�:�-"#54(� 1�� #�,')�¬�)����'	�-�,8��?���# i���-+!+,�y2k(����!�3 ��-"#.9�-"# #�! M+<�0��"��-5��,�-"��?.%��"#�<��Ê�+,�y/��

t|1
�7.9���

���-+!+,�*/��
t|2
$��- ?+<��/��-(KE	�,�-5A�4.)��"#�<��Ê�+,�4/��

t|1
�7.9���*���-+!+,�*/��

t|2
r

��������+,���7�)�0=98-��8-"1��+w$&�����:')(�"0(�����')5�5A�- 
p
/��

c′
$�')�Í�

h, p : c Eσ c
′ $&��+,')"��0��')(�"� �')(� ��')5�5A�- ^.)��"#�<��Ê�+,�

v
/��
c
$�+<�D�:�-"#54(� 1�� #�,')���!��/K(��! ��i����"&+w�Ð������+!�,�7�� #�,')��/��Y+w�I8�2k(��� #�,')�4�:�-"#54(� 1�� #�!.9�

c
 cσ
l@+<�m"1�)�-�!���;/��

c′
�)�1��'k�-�,�M+,�M��"��-5��,�-"i��')5�5A�- j.)��"#�<��Ê�+,�D/��

c′|h(vσ)
��(
��"��-5��,�-"i��')5�5A�- 

.%��"#�<��Ê�+,�M/��
c′|h(v)

$7+,�M/��-(KE	�,�-5A�;��')5�5A�- �.)��"#�<��Ê�+,�;/��
c′|h(vσ)

��(
/��-(KE	�,�-5A�;��')5�5A�- �.)��"#�<��Ê�+,�
/��
c′|h(v)
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c
�- 
c′
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h
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v
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/��
c′
 ��-+,��2k(��

h, v : c Eσ c′
��')(�"�(��������-"#5�(� 1�� #�,')�

σ ∈ Sym(SV(c))
/�')����8��%r T ����') ��
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c′
$&�- 4')�¸/�8FZ����! 4+<�¦�:�-"#54(� 1�� #�,')�

Φ[c, c′, v](σ) ∈ Sym(SV(c′))
/���+<�¦ÌÆ����')�

�#(��!.%���3 ��AÞ���')(�"? �')(� @�1')5�5A�- 
w ∈ SV(c′)
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p
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l
w
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u
/��
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p
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p = p1.p2
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p1
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l
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p2
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l
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B
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η
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/��

c′|h(u)
.9�-"��

c′|h(uσ)
$v��+,')"��

η(p2)
���# 0+,�������-5��!�Í/��

h(uσ)
l�(��É��')5�5A�- �.%��"#�<��Ê�+,�

w′ /�� c′ $:�- 0')�/�8FZ����! 
wΦ[c,c′,v](σ) = w′.

# Rk�!��')�&$�')�Ä��'%�1�
wΦ[c,c′,v](σ) = w

r
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c
�- 
c′
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τ(c) = f(◦, ◦, ◦, ◦)
�- 
τ(c′) =

f(g(◦, ◦), g(◦, ◦), ◦, ◦)
$0�- ��1')�! 

σ = (1 2)(3 4)
rMÑ^�Í�:�-"#54(� 1�� #�,')�

σ
���# �Ê��,�-� 8-+,8-5A�-�k Ä/��

Sym(SV(c))
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h
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h, ε : c Eσ
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r T ���A��+,')"��

Φ[c, c′, ε](σ) = (1.1 2.1)(1.2 2.2)(3 4).
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Φ[c, c′, ε]
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'*ºÏ²¡¼^º)¯C«9°7« �&µ�¶�µ��

Φ[c, c′, ε]
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σ3 = Φ[c, c′, v](σσ′).
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A = {c
 cσi | i = 1, . . . , n},
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i = 1, . . . , n
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σi ∈ SV(c)
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σi, i = 1, . . . , n
$

��+,')"���+<���#�!=%���� #(�"��¬�# #"1�� #�nZ�8��
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σ′ = Φ[c, c′, ε](σ)
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S[T ] =
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S[T ′] =
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µ) $ dmr(T
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c′h
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cf
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th����"4Þ
τ(ch) = h(◦, . . . , ◦), τ(cf ) = f(◦, ◦, ch, ch, ◦, ◦),
τ(c′h) = h(b1, . . . , bk, ◦, . . . , ◦), th = h(d1, . . . , dn),

')È¬+,���
bi
�- ?+,���

dj
�:')(�"

i = 1, . . . , k
�- 
j = 1, . . . , n

��')�3 @/�8FZ����,�y����"4Þ
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l = min{q | Ji = Jq},
��+,')"��

bi = al;��')�! 
l′ = min{q | j ∈ Jq},

��+,')"��
dj = al′ .
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n = 3

$
k = 2

$)�- j�:'%��')���
J1 = {2}

$
J2 = {1}

$%�- 
J3 = {3}

r
o@+,')"��*Þ

τ(ch) = h(◦, ◦, ◦), τ(cf ) = f(◦, ◦, h(◦, ◦, ◦), h(◦, ◦, ◦), ◦, ◦),
τ(c′h) = h(a1, a2, ◦), th = h(a2, a1, a3).
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τ(c) = f(cf , ◦, ch, c
′
h, ◦, ◦)
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 1�� #�,')���@��(��!.)���k ����4Þ

µ1 = (1.5 1.6),

µ2 = (1.1 2),

δ =

n
∏

i=1

(3.i 1.4.i),

�- ;��') �')���
{δ1, . . . , δm}
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+,�y=%"�')(��:�@�-��=9�-��/K"�8>����"M+,���\�:�-"#54(� 1�� #�,')���D2k(�����������"1���,�����-�k ?/������\+,���;�ÏE	�,')5A���
/��

E
r

3

ØmÙ&¾kÚ�¼jÛC¾ �&µ%'&µ('��������?+<���#(��! ���/��*+w�IJjEK�-5���+,� � r � r!q%$��#(����:'%��')���y2k(��
G = Sym(2)
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3.G = Sym({3.1, 3.2}),
�- 
δ = (3.1 1.4.1)(3.2 1.4.2)(3.3 1.4.3).
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� λ1 ∈ Sym({1.5, 1.6})

�
� λ2 ∈ Sym({1.1, 2})
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R	')�! 
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τ(c′) = f(cf , cf , th, c
′
h, ◦, ◦)
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σ = (2.5 2.6)
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 c′σ
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n = 3
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t = f(tf , t
′
f , h(a2, a1, a3), h(a1, a2, x21), x22, x23),
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tf = f(x1, x2, h(x3, x4, x5), h(x6, x7, x8), x9, x10),
t′f = f(x11, x12, h(x13, x14, x15), h(x16, x17, x18), x19, x20),�- 4�:')(�"* �')(� 
i = 1, . . . , 23
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c′ = arbre(t)
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(3.1 3.2) ∈ 3.G
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t1 = f(tf , t
′
f , h(a1, a2, a3), h(a1, a2, x21), x22, x23).
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t2|1 = f(t′f , x2, h(x3, x4, x5), h(x6, x7, x8), x9, x10).
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t3|1 = f(t′f , x2, h(x3, x4, x5), h(a1, a2, a3), x9, x10).
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t4|1 = f(t′′f , x2, h(x3, x4, x5), h(a1, a2, a3), x9, x10),
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t′′f = f(x11, x12, h(x13, x14, x15), h(x16, x17, x18), x20, x19).
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t′ = f(tf , t
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/����7��"�/K�!����+!�! �8*�!�KZ����,�%r

R	')�! 
Σ = {f}

$j')È
f
���# 
(�����6k5�Ê�')+,�¦/��gÌ�')���- #�,')� /v�Ð��"#�! �8

2
$
E
+<�� #��8�')"#�,�¦/�8FZ����,�¦����"

+w�Ð�ÏE	�,')5A�*��(��!.)���k 4Þ

e : f(f(x, y), z) 
 f(f(y, x), z),

�- 
S
+,�0��"�')Ê�+,�-5A�4/v� (����nZ��7�� #�,')��8-+,8-5A�-�3 1���!"��
�#(��!.)���k 4Þ

S = {f(x1, x2) =?
E f(x3, x2)}.
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E
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ª¬«9­Y®�¯<°±¯C²�® �vµ%=tµC¶ R	')�! 
s
(��� ��-"#5A�%$

u1
�- 
u2

/��-(KEÄ.%��"#�<��Ê�+,���7$¡�- m/�8FZ����,����')���m+,���@�-���1�-54Ê�+,���
�#(��!.%���3 ���Þ

S1 = {f(f(u1, s
′), u2) | f(s′, u1) =E f(s, u1)},

S2 = {f(f(s′, u1), u2) | f(s′, u1) =E f(s, u1)}.

T ��/�8FZ����! @8-=3��+,�-5A�-�k m+w�I�-���1�-54Ê�+,�
S = S1 ∪ S2
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�i¾	ÚÍÚÍ¾ �vµ%=tµ,Ü��4� bFÖ�h7bFegzF}!b
S
bfhF` �7bFdfeg�*h-�%Ç3h

↔E
�

������� ��� !�R	')�! 
t = f(f(u1, s

′), u2)
(�� 8-+,8-5A�-�3 g/��

S1
$j�- ��#(����:'%��')����23(��

t ↔E t′
$���+,')"��

+w�I8�2k(��� #�,')�
e
�:�-(� 
.- #"��*������+!�,2k(�8��

# l
+<��"1�)�-�!���*/��
t
$

# �-�Kuc/����1��')(��@/��0+<���:'%�#�! #�,')�
1.2

/������
t
r

t′
�:�-(� y/�')������"��-��/K"��*/��-(KE¦ÌÆ')"#5A���*Þ

t′ = f(f(s′, u1), u2),

t′ = f(f(u1, s
′′), u2),

')È
s′ ↔E s

′′.

�������y+,�0��"��-5��,�-"@�7�)�±$
t′ ∈ S2

$��- y/������@+,��/��-(KE	�,�-5A�%$
t′ ∈ S1

r
Rk(����:'%��')����2k(��

t = f(f(s′, u1), u2)
���# >(���8-+,8-5A�-�k */��

S2
$¡�- ��#(����:'%��')���02k(��

t ↔E t′
$
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e
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t
Ë
t′�:�-(� @/�')������"��-��/K"��*/��-(KE¦ÌÆ')"#5A���*Þ

t′ = f(f(u1, s
′), u2),

t′ = f(f(s′′, u1), u2),
')È

f(s′, u1)↔E f(s′′, u1).

�������y+,�0��"��-5��,�-"@�7�)�±$
t′ ∈ S1

$��- y/������@+,��/��-(KE	�,�-5A�%$
t′ ∈ S2

$��- @')����+,�0"�8��#(�+! 1�� 7r
� ½^«3²¡º �	Ú�¾ �vµ%=&µ('�
:�)Ç3h�},bfh���81���%`C� #fh7bfh¸�)Ç �^bFe�egb � � � � ��� hF{

t = f(f(u1, s), u2)
� ~%}n�)dfh

[t]E = S
�

������� ��� ! & ')5�5A�
t ∈ S

$Ï+,�;Ñt�-5�5A� � r á�rÐVm��"�')(�.9�?2k(��
[t]E ⊆ S

rÏs>')(�����"�')(�.9')���Y5g���!�3 ��-�����k 
2k(&�I')�É��8-=3��+,�-5A�-�3 4+w� �!���-+!(��#�,')��"�8��-�!��"�'k2k(��%r&R	')�! 

t′ ∈ S
$��#�

t′ ∈ S1
$:��+,')"��

t′
���# >/��
+<�AÌ�')"#5A�

f(f(u1, s
′), u2)

$��- @')���¬Þ

f(f(u1, s
′), u2) =E f(f(s′, u1), u2)

=E f(f(s, u1), u2)

=E f(f(u1, s), u2).

:a+^���# 0���,��8�/��4.98-"#�nZ��-"�23(����#�
t′ ∈ S2

$¡��+,')"��0')����8-=3��+,�-5A�-�3 
t′ =E t

$¡/�')���
S ⊆ [t]E

�- 0')�É�
+w�I8-=3��+!�! �8%r
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)4²�º�²¡Û�ÛC»�¯|º�¾ �&µ =tµ%=)
��){wbFÖ�`
s1, s2

�3bFh�`cb-dfegbfh � b-`
u1, u2

b-`
y
�3bFh 0 ~)dF{�~3z-}!bfh�� �m}!�)d1h

f(f(u1, s1), y) =E f(f(u2, s2), y)

hf{Mb-`ih�bFÇ	}!b-eAb-Ö�`Mhf{

u1 = u2
b-`

f(s1, u1) =E f(s2, u1)�)Ç
u1 = s2

b-`
s1 = u2.

ª¬«9­Y®^¯|°±¯C²¡® �vµ%=&µ<³ÝR	')�! 
U = {ui | i ∈ N}

(�� �-�����-54Ê�+,�É/�8-��')5�Ê�"1��Ê�+,��/���.)��"#�<��Ê�+,���±r T �
/�8FZ����! y�!��/K(��- #�!.9�-5A�-�3 >+w�I�-�����-54Ê�+,��/��� ��-"#5A���@��(��!.)���k *Þ

t1 = f(u0, u1),
ti = f(ui, ti−1)

�#�
i ≥ 2. 3

�i¾kÚÒÚ�¾ �vµ%=&µ$!��y�)Çkd�`w�)Ç	`
i ∈ N∗ � b�`M`w�)ÇK`Md#bFÖ��)e�e�~±Ã3b θ � �%Ö�~ [tiθ]E = {tiθ}

�

����� � �
� ! T �A/�8-5A')�3 #"��@+,�D"�8��#(�+! 1�� i����"i�!��/K(��- #�,')�g��(�"
i
r%Ñ&�?"�8��#(�+! 1�� i���# i8-.	�,/��-�3 \��')(�"

i = 1
$

�#(�����'%�1')����5g���!�k ��-�����3 g2k(���+,�g"�8���(�+! 1�� ����� 
.	"1���;��')(�"
i = k − 1

$j')È
k ≥ 2

rjo@+,')"��
tiθ =

f(uiθ, ti−1θ)
$��- @')�Ä���*���-(� @/�')���*���)�m������+!�,2k(��-"@+w�I8�2k(��� #�,')�

e
l�+<��"1�)�-�!���*/��*���� ��-"#5A�%r¡p���"

�36	��') #�������4/v� �!��/K(��- #�,')�&$�')���
[ti−1θ]E = {ti−1θ}

$�/v�I')ÈÄ+,��"�8���(�+! 1�� 7r
�i¾kÚÒÚ�¾ �vµ%=&µ&% �Y�%Ö�hf{Æ�3�Fd#�)Ö�hg},b�d�bFÖ¡�)e�eA~7Ã3b

τ = (u1 u0)
� ~%}n�)dfh��K�%Çkd¦`w�)ÇK`

i ≥ 1
b-`\�K�)Ç	d

`w�)Ç	`cb 0 ~%df{Æ~3zF},b y � �)ÖÉ~ f(ti, y) =E f(tiτ, y)
�

����� � �
� ! T �¬/�8-5A')�3 #"��0+,�m"�8��#(�+! 1�� D����";�!��/K(��- #�,')�¬�#(�"
i
rKp^')(�"

i = 1
$k�-�Ä������+!�,2k(����3 ?+w�I8�2k(��Ïu

 #�,')�
e
l�+<�
"1�)�-�!���%$�')���

f(f(u1, u0), y) =E f(f(u0, u1), y).

Rk(�����'%��')���45g���!�3 ��-�����k A23(���+,�g"�8��#(�+! 1�� ����� *.k"1���\��')(�"
i = k − 1

$&�:')(�"
k ≥ 2

$^��+,')"���')�¸�
f(tk, y) = f(f(uk, tk−1), y)

$��- y����"?�k6k�:') #�������*/v� �!��/K(��- #�,')�&$¡')���

f(tk−1, y) =E f(tk−1τ, y),

��')(�"? �')(� ���.%��"#�<��Ê�+,�
y
r T ����/�')���

f(tk, y) = f(f(uk, tk−1), y))

=E f(f(tk−1, uk), y)

=E f(f(tk−1τ, uk), y)

=E f(f(uk, tk−1τ), y)

= f(tkτ, y).
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� q-á�q

� ½^«3²¡º �	Ú�¾ �vµ%=&µ$(��y�)Çkd�`w�)Ç	`
i ≥ 1

� }!~�hFÇ�zFhF`�{�`�Ç	`�{Æ�)Ö

θi = {x1 ← ti, x3 ← tiτ}
bfh-`\Ç	Ö�b*h-�)} ÇK`�{��)ÖÉ~)Ç���dx�3z-}"#Fegb��t� Ç	Ö�{ �;Õ�~%`�{Æ�)Ö

S
�

������� ��� ! & ��"�8���(�+! 1�� @���# ?(����*��')����8�2k(��-�������!5�5A8�/K�<�� ���/K(�Ñ&�-5�5A� � r á�r O r
pY"�')(�.9')���m5g���!�3 ��-�����k >2k(��0+,���

θi
�1')�3 @/����y�1')+!(� #�,')���y+,���?��+!(��@=98-��8-"1��+,���y�:'%���#�!Ê�+,�%r

�i¾	ÚÍÚÍ¾ �vµ%=tµ � �?�)Ç	d
i ≥ 1

� hFÇ7�9����h-�)Ö�h�Å-ÇY� {C}�b �){|hF`cb
�3bfh4`cb-dfegbfh
ta
b-`
tb
`cb-} h�Å-Ç�b �

� �
f(ta, y) =E f(tb, y)

�
� �4{|}^b �%{<h-`cb*Ç	Ö�b*hfÇ�zfh-`�{C`�ÇK`�{��%Ö

θ
`cbF}|},b
Å-Ç�b

taθ =E ti
b�`
tbθ =E tiτ

�
�m}!�)d1hÉ�)Ö ~

ta = f(w1, s1)
b�`
tb = f(w2, s2)

� � � }!bfh
wi

h-�%Ö�`��3bfh 0 ~)dF{�~3z-}!bfh�`cbF}C},bfh�Å-Ç�b
w1θ = w2θ = ui

� b�`
s1θ = ti−1

b-`
s2θ = ti−1τ

�
������� ��� ! �^')(� 4/v�Ð��Ê�')"�/v$:/v�Ð����"�����+,��Ñ&�-5�5A� � r á�r �K$v')���

taθ = ti
�- 
tbθ = tiτ

Ë:�#(����:'%��')���
5g���!�3 ��-�����k *23(��

ta
���# y(����4.)��"#�<��Ê�+,�%r�o@+,')"��±$���')5�5A�

f(ta, y) =E f(tb, y)
$¡�- m2k(&�I')�������:�-(� 

��+,')"������)��������+!�,2k(��-"�+w�I8�23(��� #�,')�
e
l?+<�@"1�)�-�!���M/��

f(ta, y)
$�')���-��/�8�/K(��! �2k(��

f(ta, y) = f(tb, y)
$

/v�I')È
ta = tb

r T ��/��-.	"1���! @/�')���4��.9')�!"

ti = taθ = tbθ = tiτ,
���g2k(��\���# 4�!5���'%�����!Ê�+,�%r&�0')���%$&��8��������1���!"��-5A�-�k 7$^')���

ta = f(s′1, s1)
$&�- *����"
�#6k5A8- #"#�,�%$

tb =
f(s′2, s2)

r & ')5�5A�
s′1θ = ui

$
s′1

���# 0��8��������1���!"��-5A�-�k *(�����.%��"#�<��Ê�+,�%$v�- 0/��
5/.-5A�%$
s′2
���� >(����

.%��"#�<��Ê�+,�%r�Ñt�� ��-"#5A�
ta
���# 
/�')���¦/���+<�¬ÌÆ')"#5A�

f(w1, s1)
$^')È

w1
���# 
(�����.%��"#�<��Ê�+,�%$��- 

tb
���� 

/���+<��ÌÆ')"#5A�
f(w2, s2)

$�')È
w2

���# m(����4.%��"#�<��Ê�+,�%r:JY�KZ��&$���(��,��2k(��
taθ = ti

�- 
tbθ = tiτ

$�')���
w1θ = w2θ = ui

$
s1θ = ti−1

�- 
s2θ = ti−1τ
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θ
�

Var(ta) ∪
Var(tb)

bfh-`\Ç	Ö�d#bFÖ��)e�e�~±Ã3b��
������� ��� ! T �¦��"�')(�.9�0+,�>"�8��#(�+! 1�� D����"D�!��/K(��- #�,')�Ä�#(�"

i
rkp�')(�"

i = 1
$K/v�Ð����"����D+,�0Ñ&�-5�5A� � r á�r � $

')���¦Þ
w1θ = u1, w2θ = u0, s1θ = u0

�- 
s2θ = u1.& ')5�5A�

w1θ 6= w2θ
$�')�����
�:�-(� m���)����.9')�!"

w1 = w2
$¡�- �/�')���%$:/v�Ð����"����>+,� & ')"�')+!+<���!"�� � r á�r á�$

��')5�5A�
f(ta, y) =E f(tb, y)

$�')������8��������1���!"��-5A�-�k 

w1 = s2
�- 
w2 = s1.

�0')���%$�+<��"����# #"#�,�- #�,')��/��
θ
l

Var(ta) ∪Var(tb)
���# ?(���"��-��')5�5g��=9�%r

Rk(����:'%��')����5g���!�3 ��-�����3 A2k(���+,�g"�8��#(�+! 1�� ���')�! �.k"1���\��')(�"
i = k − 1

�:')(�"
k ≥ 2

$^�- �2k(��
taθ =E tk

$¡�- 
tbθ =E tkτ

r�om+,')"��7$���(��,��2k(��
w1θ = uk

�- 
s2θ = tk−1τ

$�')�����*�:�-(� @���)�>��.9')�!"
w1 = s2

$^�- �/v�Ð����"����
+,� & ')"�')+!+<���!"�� � r á�r á�$j')� �Ä��8������1�1���!"��-5A�-�3 
w1 = w2

�- 
f(s1, w1) =E

f(s2, w1)
r&R	')�! 

θ′
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θ
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s1
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s2
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����"\�k6k�:') #�������y/v� �!��/K(��- #�,')�&$
θ′
���# i(��g"��-��')5�5g��=9�%r & ')5�5A�

w1θ = uk
$9�- \2k(��

uk
�&�Ð��������"1�Ï×, 

���)�D/������
tk−1

$9���:/������
tk−1θ
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θ
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i ≥ 1
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µ
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S
b-`\bfhF`

�¡}ÔÇkhmÃ3�FÖ:�Fdx~%}!b�Å-Ç�b
θi
� ~)}!�)dfh�{|}^b �%{<h-`cb*Ç	Ö�d#b-Ö¡�)e�eA~7Ã3b

θ
`cbF}�Å-Ç�b

µθ = θi
�

����� � �
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x1
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x3
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µ
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µ
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θi
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θ
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taθ =E ti
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tbθ =E tiτ
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θ
���# y��+,')"��D(��

"��-��')5�5g��=9�%r
)4²�º�²¡Û�ÛC»�¯|º�¾ �&µ =tµ�¶KÜ �¡�)ÇK` ��
��Ý�)Ç¬��dx�3z-}"#Fegb

S
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θi, i ≥ 1
� � ÇkÖ d�bF_
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E
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{Φ[c, c′, p](G) | 〈f, c,G〉 ∈ C ∧ h, p : c EG c
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f(x1, x2, x3, x4) 
 f(x2, x1, x3, x4)

g(x1, x2) 
 g(x2, x1).
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i = 1, 2, 3
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h1, ε : c EG c
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Φ[c , c′′, ε](G) = Sym({1.1, 2.1}),
Φ[c′, c′′, 3](G′) = Sym({3.1, 3.2}),
Φ[c′, c′′, 4](G′) = Sym({4.1, 4.2}).
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������� ��� !�R	')�! 
〈f, c,G〉 ∈ ΣE
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c
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c′|w
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〈f ′, c′, G′〉
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dm(A) ' dm(A′)
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δ = Φ[c, c′, w](σ)

�- 
δ′ = δh[A′,r′]
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c′ v dm(A′δ′)
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A = (V, s, a)
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ΣE
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µ ∈ GA
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σv ∈ GA(v)

r ��')�3 #"�')���0+,�4"�8��#(�+! 1�� >����"m�!��/K(��- #�,')�É�#(�">+<�A�7��"�/K�!����+!�! �8
/��
V ′ rkRk� V ′ = {v}

$3��+,')"��M')���0+,�?"�8��#(�+! 1�� M/v�Ð����"����i+,�yÑ&�-5�5A��q7UKr � r O r	Rk(����:'%��')���Y5g���!�k ��-�����3 23(���+,�A"�8��#(�+! 1�� 4��')�! *.	"1���i�:')(�"* �')(� ��1')(��xuc�-�����-54Ê�+,��/��
Vs

/��A�7��"�/K�!����+!�! �8
n − 1

$&�- �23(��
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A = Strat(A1)
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A2
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ΣE
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���K�- i�1�-(�+,�-5A�-�3 \�#�
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1|v = A1|v
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σ
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ØmÙ&¾kÚ�¼jÛC¾�¶ �vµ('vµ�¶�� R	')�! 
E
+<�� #��8�')"#�,�*���-"#5�(� 1�� #�!.9�4/�8FZ����,������"y+w� (����,2k(��4�ÏEK�,')5A�
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c
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τ(c) = f(g(◦, ◦), ◦)
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G = Sym({1.1, 1.2})
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F = 〈f, c,G〉
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ΣE = {F}
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η
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η
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Aσ|u = (A|u)σ
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η
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A′ $g��+,')"�� η(u) ∈ RA′(r′)

$��- ´/v�Ð����"����´+<� pY"�')��"#�,8- �8 q7UKr � r á�$
Strat(A2|η(u)) = A′|η(u)
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Aσ|w = A|w
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A1|w ' A2|η(w)
rt���Ð����"�����+<�
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Strat(A2)
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$3')�g/�8FZ����! i+w�I�-���1�-54Ê�+,�

Var(T )����"4Þ
Var(T ) = s(V ) ∩ X .

T ��8- ��-��/����- # ���/�8FZ����! #�,')����(KEÄ�-�����-54Ê�+,���>/���[^]:uw ��-"#5A���>/��*+<�
Ìw����')���#(��!.%���3 ���Þ��#�
S
���� y(��

�-�����-54Ê�+,��/��4[t]vuw ��-"#5A���7$¡��+,')"��
Var(S) = ∪T∈SVar(T )

r
JY�KZ��&$��:')(�"y �')(� 

x ∈ X
$�')��/�8FZ����! y+,�4]:uw ��-"#5A�

Ax = ({rx}, 〈rx, x〉, ε)
r

3

ª¬«9­Y®^¯|°±¯C²¡®�¶�¶�µ�¶¡µ,Ü ·��
	��7+±À���+�°±¯|°±À&°±¯C²¡®iÁ�R	')�! 
{T1, . . . , Tn}

(��
�-�����-5�Ê�+,�?/��y[t]vuw ��-"#5A���7$%')È
��')(�"� �')(� 

i = 1, . . . , n
$
Ti = (Vi, si, ai)

$t(����¦[^]Y_whFÇ�zfh-`�{C`�ÇK`�{Æ�)Ö
θ
�K�)Ç	d

T1, . . . , Tn
���� 4(����

Ì�')���- #�,')�Ä����"# #�,�-+!+,�*Z����,��/��
X
.9�-"��@+w�I�-�����-54Ê�+,��/����m[^]:uw ��-"#5A���@��(�"

Σ
 ��-+!+,�*2k(���Þ

#´�:')(�"y �')(� 
〈x, T 〉, 〈x′, T ′〉 ∈ θ

$����
T = (V, s, a)

�- 
T ′ = (V ′, s′, a′)

$¡��+,')"��
(T 6= T ′)⇒

(V ∩ V ′ = ∅)
$

#´�:')(�"? �')(� 
i = 1, . . . , n

$K��')(�"? �')(� 
〈x, T 〉 ∈ θ

$��#�
T = (V, s, a)

$���+,')"��
V ∩ Vi = ∅

r
p���">+<���#(��! ��%$�+,���@8-+,8-5A�-�k ��m/��

θ
���-"�')�3 m��') �8��

x← T
��(�+!�,�-(�/��

〈x, T 〉
$��- m�±� �!+&�&� 6Ä�����)�

/v�Ð��54Ê��!=%(��Æ �8¬�:'%���#�!Ê�+,�%$�')�¸/K�!"1���#�!5���+,�-5A�-�k A23(��
θ
���# �(����Ä[^]:uc�#(�Ê��� #�! #(� #�,')�&$Y�1�����4��"�8��-�,�1�-"

��')(�"y2k(��-+,�m[^]:uw ��-"#5A���7r
JY 1���3 D/�')����8��m(����0[^]:uc�#(�Ê��� #�! #(� #�,')�

θ
$9')��/�8FZ����! M+,���M�-�����-54Ê�+,���

Dom(θ)
�- 

Ran(θ)
����">Þ

Dom(θ) = {x | x← T ∈ θ},

Ran(θ) = {T | x← T ∈ θ}.
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Ñt�ÄÕ1~)dx�%{|Ö¡~%}Ô{�`c��/���+<�A[^]:uc�#(�Ê��# #�! #(� #�,')�

θ
���� @��+,')"��@/�8FZ����,������"

|θ| = |Dom(θ)|
r

JY�KZ��&$�����"?��Ê�(��@/��m��') 1�� #�,')�&$��#�
x← T ∈ θ

$K��+,')"��y')�¦��')(�"#"1�
��') ��-"
Axθ

��(¬+!�,�-(¬/��
T
r
3

ª¬«9­Y®�¯<°±¯C²�® ¶�¶¡µ�¶�µ(' · ��¼^¼jÛ�¯ �3»K°±¯|²�® ���,À^®^¾ �
	 �7+±À��,+�°±¯|°±Àt°±¯C²¡®iÁ�R	')�,�-�3 
T = (V, s, a)

(��
[^]:uw ��-"#5A�¬�- 

θ = {x1 ← T1, . . . , xn ← Tn}
(����Ä[^]:uc�#(�Ê��# #�! #(� #�,')� �:')(�"

T
$^')È��:')(�"� �')(� 

i = 1, . . . , n
$
Ti = (Vi, si, ai)

���� y/��0"1�)�-�!���
ri
r T �¬��') ��

Vθ = {v ∈ V | s(v) ∈ Dom(θ)},

�- @')�Ä/�8FZ����! m+,�4[t]vuw ��-"#5A�
Tθ = (V ′, s′, a′)

/���+<��Ìw����')���#(��!.%���3 ��gÞ
#
V ′ = (V \ Vθ) ]

⊎

{Vi | v ∈ Vθ ∧ s(v) = xi}
$

# p�')(�"@ �')(� 
v ∈ V \ Vθ

$
s′(v) = v

$��- @��')(�"? �')(� 
v ∈ Vi

$
s′(v) = si(v)

$
# p�')(�"@ �')(� 

v ∈ V \ Vθ
$��- @��')(�"? �')(� 

j ∈ {1, . . . ,
��"#�! �8

(s(v))}
$

a′(v)j =

{

ri
�#�
s(a(v)j) = xi ∈ Dom(θ),

a(v)j
�#�!��')�

.
# p�')(�"@ �')(� 

v ∈ Vi
$
a′(v) = ai(v)

r
JY 1���k */�')����8��0(����-���1�-54Ê�+,�

S
/���[^]:uw ��-"#5A���4�- m(����A[^]:uc�#(�Ê��# #�! #(� #�,')�

θ
�:')(�"

S
$:')�É/�8FZ����! 

+w�I�-�����-5�Ê�+,�
Sθ = {Tθ | T ∈ S}. 3
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A1

�- 
A2

+,����/��-(KE�]:uw ��-"#5A���*�-������(� */��
+<�¦ß��!=%(�"���q%q%r!q%$v�- *�1')�! 
θ = {x ← A1, y ← A2}

rYRk�
T
���# �+,�¦[^]:uw ��-"#5A�¬�-�¸Ê��)�
l�=3��(������¬/���+<��ß^�!=%(�"���q%q%r!q%$j23(��

"��-��"�8����-�k ��y/�')���;+,�M ��-"#5A�
f(x, y, y)

$%��+,')"��
θ
���� ^(����y[^]:uc�#(�Ê��# #�! #(� #�,')���:')(�"

T
$)�- ^+,�y[^]:uw ��-"#5A�

Tθ
���# y"��-��"�8��1�-�3 �8*�-�ÄÊ��)�ml�/K"�')�! ��*/��0+<��ß��!=%(�"��Aq%q%r!q%r

��¾kÚ�»�º�¿&À^¾�µ :c+?���# ��-+<���!"A2k(����:')(�"� �')(� 
x ∈ X

$j�#�
x ← T ∈ θ

$j��+,')"��
Axθ = T

$j���¦23(��
$x(��# #�nZ���+<�
��') 1�� #�,')���!�k #"�'k/K(��! ���/������?+<���08FZ����! #�,')�Òq%q%r!q%rÐVKr

T ���
+,���@��"�')��"#�,8- �8��@�#(��!.%���3 �����Þ
'*º�²�¼�º�¯C«3°7«�¶�¶¡µ�¶�µ<³ 
��%{C`

T
Ç	ÖÍ[^]Y_a`cbFdFegb �

c
Ç	Ö�Õ��%Ö�`cb �%`cb �

θ
ÇkÖ�b�[^]Y_chfÇ�zfhF`�{�`�Ç	`�{Æ�)Ö � b�`jhfÇ±�9�K�)_

h-�%Ö�hgÅ-ÇY� {C}Mb �){|hF`cbgÇkÖÒ�	�)eA�)eA�)dc���3{|hfegb
h
�kb
c 0 bFdfh T � ~)}n�%d1h�{C}ib �){<h-`cb¦�ÆÃ9~)},bFegbFÖ�`>Ç	ÖÍ�	�%e��%_eA�)dc���3{|hfegb4�kb

c 0 bFdfh Tθ �
'*º�²�¼�º�¯C«3°7«�¶�¶¡µ�¶�µ$!�
��%{C`

T
Ç	Ö�[^]Y_ `cbFdfegb � b-`

θ
ÇkÖ�b@[t]i_whfÇ�zfh-`�{C`�ÇK`�{��%Ö � ~)}!�)dfhv�K�)Ç	dM`w�%Ç	`¡h-�%e
egb-`

v
�3b
T
� �)Ö�~

Tθ|v = (T |v)θ
�

ª¬«9­Y®�¯<°±¯C²�® ¶�¶¡µ�¶�µ&%¸·
τ(θ)

Á�R	')�! 
θ
(����@[t]vuc�#(�Ê��# #�! #(� #�,')�&$3��+,')"��i')����') ��

τ(θ)
+<�0�#(�Ê��# #�! #(� #�,')�

/�8FZ����,�*����"*Þ
τ(θ) = {x← τ(T ) | x← T ∈ θ}.

Rk�
U
���# ?(����-�����-5�Ê�+,�*/���[^]:uc�#(�Ê��# #�! #(� #�,')���±$���+,')"��@')��/�8FZ����! 

τ(U) = {τ(θ) | θ ∈ U}. 3
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a : g

b : ab′ : a

c : h

d : b

ε : f

1 : x 3 : y2 : y

ε : f

a : g

b′ : a b : a

c : h

d : b

A1 A2

T

Tθ

� �|[ !^q%q%r!q�#�[t]vuw ��-"#5A���m/��0+w�IJjE��-5���+,�gq%q%r!q%r á

Ø@Ù&¾	Ú�¼jÛ|¾Í¶�¶¡µC¶¡µ$( �@�-��"��-��')���M+<��[^]:uc�#(�Ê��� #�! #(� #�,')�
θ
/��@+w�IJjEK�-5���+,��q%q%r!q%r á�$	��+,')"��M')���

τ(θ) =
{x← g(a, a), y ← h(b)}

r
Ñt����"�')��"#�,8- �8��#(��!.%���3 ��*ÌÆ���! m+,�*+!�,�-���-�3 #"���(����
[^]:uc�#(�Ê��� #�! #(� #�,')���- m+<�A�#(�Ê��# #�! #(� #�,')��2k(��t+!(��

���# @�)����'	�-�,8��%r
'*ºÏ²¡¼^º)¯C«9°7«É¶¡¶�µ�¶�µ�� �?�)Ç	d
`w�)ÇK`�[t]i_a`cbFdFegb

T
� b-`t�K�%Çkd�`w�)ÇK`cb�[^]Y_chfÇ�zfhF`�{�`�Ç	`�{Æ�)Ö

θ
� hf{

t = τ(T )b-`
γ = τ(θ)

� ~)}n�%d1h
τ(Tθ) = tγ

�

sm')(��?�)/����� �')���;5g���!�3 ��-�����k @/v�Ð��(� #"����D��') #�,')���D�# 1����/���"�/¦�#(�"\+,���D�#(�Ê��� #�! #(� #�,')���D��(¬�7�)�;/����
[t]vuc�#(�Ê��# #�! #(� #�,')���7r
ª¬«9­Y®^¯|°±¯C²¡®�¶�¶�µ�¶¡µC¶ � ·��
	 �7+±À ��+�°±¯|°±Àt°±¯|²�® + �j¯ +±¯�ÚÍ¯�ÛC»�¯CºÏ¾�+)Á��0�-(KE [t]vuc�#(�Ê��# #�! #(� #�,')���

θ
�- 
θ′��')�3 �/K�! ����AzF{|hf{Ce
{C}!~){|d�bfh��#���- 0���-(�+,�-5A�-�k *�#�

Dom(θ) = Dom(θ′)
$¡�- 0�:')(�"m �')(� 

x ∈ Dom(θ)
$

Axθ $ Axθ
′ r

3

'*ºÏ²¡¼^º)¯C«9°7«É¶¡¶�µ�¶�µ�¶¡¶ 
��){wbFÖ�`
θ
b-`
θ′
�3bFÇ���[t]i_whfÇ�zfh-`�{C`�ÇK`�{��%Ö�h � ~)}!�)dfh

θ $ θ′
hf{\b-`Yh7bFÇ	}!bFegbFÖ¡`ihF{

τ(θ) = τ(θ′)
�

ª¬«9­Y®^¯|°±¯C²¡®�¶�¶�µ�¶¡µC¶�Ü ·*)4²¡ÚÍ¼i² +Ï¯<°±¯C²�® �^¾ �
	��7+ÏÀ ��+�°±¯|°±À&°±¯C²�® +)Á�R	')�! É(���� [^]:uc��(�Ê��# #�! #(� #�,')�
θ = {xi ← Ti | i = 1, . . . , n}

�:')(�"*(��¸[^]:uw ��-"#5A�
T
$&�- 4�1')�! 

θ′
(�����[^]:uc��(�Ê��# #�! #(� #�,')�Ò�:')(�"

{T} ∪Ran(θ)
r�om+,')"��y')�Ä/�8FZ����! @+<�A[^]:uc�#(�Ê��� #�! #(� #�,')�

θθ′
����"*Þ

θθ′ = {xi ← Tiθ
′ | i = 1, . . . , n} ∪ {x′ ← Tx′θ

′ | x′ ∈ Dom(θ′) \ Dom(θ)}.
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Âm����[^]:uc�#(�Ê��# #�! #(� #�,')�

θ
���# y/K�! ���{Æ�3bFem�K�%`cbFÖ¡`cb4���&�- y���-(�+,�-5A�-�3 >�#�

θθ = θ
r
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'*º�²�¼�º�¯C«3°7«�¶�¶¡µ�¶�µ�¶ ')
��){wbFÖ�`
θ, θ′

b�`
θ′′

`�d#�){<h�[^]Y_whFÇ�zfh-`�{C`�ÇK`�{Æ�)Ö�hÄ`cbF}C}!bfh�Å�Ç�b
θ′

bfh-`4Ç	Ö�bÉ[^]Y_
hfÇ�zfh-`�{C`�ÇK`�{��%Ö��K�)Ç	d

Ran(θ)
� b-`

θ′′
bfhF`YÇ	Ö�b�[^]Y_whFÇ�zFhF`�{�`�Ç	`�{Æ�)Ög�K�)Ç	d

Ran(θ)∪Ran(θ′)
� �m}!�)d1h*�)Ö

~ �
� τ(θθ′) = τ(θ)τ(θ′)

�

� (θθ′)θ′′ $ θ(θ′θ′′)
�

ª¬«9­Y®�¯<°±¯C²�® ¶�¶¡µ�¶�µ�¶�=�R	')�,�-�3 
θ
�- 
θ′
/��-(KE [^]:uc�#(�Ê��# #�! #(� #�,')���±$M��+,')"��g')� /K�! �23(��

θ
���# 
��}ÔÇkh

Ã3�FÖ:�Fdx~%}!b>Å-Ç�b
θ′
eA�7�)Ç	}n�

E
hfÇ	d

X ⊂ X
$Ï���M23(&�I')�
��') ��

θ .XE θ′
$��#�	�- ^���-(�+,�-5A�-�k j�±� �!+	�FEK�,�# ��i(����

[^]:uc�#(�Ê��# #�! #(� #�,')�
φ
�:')(�"

Ran(θ)
 ��-+!+,�;23(��\��')(�"^ �')(� 

x ∈ Dom(θ)∩X
$
τ(Axθφ) =E τ(Axθ

′)
r

Rk�
E
���� ?+<�� #��8�')"#�,��.	�,/��%$�')�¬��') ��-"1�

θ . θ′
r

JY�KZ��&$v')����') ��-"1�
θ ∼XE θ′

BC"����#�&r
θ ∼ θ′

X@�#�j�- >�1�-(�+,�-5A�-�3 *�#�
θ .XE θ′

�- 
θ′ .XE θ

BC"����#�&r
θ . θ′

�- 
θ′ . θ

XFr
3

ØmÙ&¾kÚ�¼jÛC¾�¶¡¶�µ�¶�µ�¶K³ R	')�! 
E
+<�� #��8�')"#�,�*���-"#5�(� 1�� #�!.9�4/�8FZ����,������"y+w� (����,2k(��4�ÏEK�,')5A�

f(g(x1, x2), x3) 
 f(g(x3, x2), x1),

��') �')���
c
+,�É��')�3 ��FEK ��� ��-+*23(��

τ(c) = f(g(◦, ◦), ◦)
$m��')�! 

G = Sym({1.1, 2})
$m�- ¦�:'%��')���

F = 〈f, c,G〉
r@om+,')"��¬+<���#�!=%���� #(�"����# #"1�� #�nZ�8��

ΣE = {F}
���# ¬(����nÌCuc�# 1��Ê�+,�É����"Ä"1�����:')"# �l

+w�Ð�ÏEK�,')5A�*/�8FZ����,���1���k 
E
r

T ��/�8FZ����! @+,���m[^]:uc�#(�Ê��# #�! #(� #�,')���
θ
�- 
θ′
 ��-+!+,���@2k(���Þ

τ(θ) = {x← f(y, a)},
�- 
τ(θ′) = {x← f(g(a, b), z)}.

R	')�! 
X = {x}

$v��+,')"��
θ .XE θ′

r:JY�É�FÎ:�- 7$���"��-��')���0(����A[^]:uc�#(�Ê��# #�! #(� #�,')�
φ
 ��-+!+,��23(��

τ(φ) =
{y ← g(z, b)}

$M�- ��:'%��')���
T = Axθφ

$Y�- 
T ′ = Axθ

′ r\R	')�,�-�3 A �- 
A′ /����g]:uw ��-"#5A���g ��-+,�2k(��

A $ T
�- 
A′ $ T ′ $&��+,')"��*�!+\���� *�-+<���!"�2k(���+,���*"1�)�-�!�����*"����������- #�!.9��� r �- r′ /�� Strat(A)�- 

Strat(A′)
��')�k * �')(� ����4/��-(KE�8- #�,2k(��- �8����4����"4+,�A�#6	54Ê:')+,�

F
r^R	')�,�-�k 

σ = (1.1 2) ∈ G
$&�- 

µ = σh[A,r]
$t��+,')"��4�!+M���# 4���,��8A/��g.98-"#�nZ��-"�2k(��

(Strat(A))µ $ Strat(A′)
$t���g23(��i��"�')(�.9��23(��

Strat(A) 1 Strat(A′)
r��
�Ð����"����
+,� �D��8�')"��-5A��q7UKr � r!q Q $j')���-�¸/�8�/K(��! �2k(��

τ(A) =E τ(A′)
$

/v�I')È
τ(T ) =E τ(T

′)
r

'*º�²�¼�º�¯C«3°7«�¶�¶¡µ�¶�µ�¶ !)
��){wbFÖ�`
θ
b�`
θ′
�3b-Ç*�Í[^]Y_chfÇ�zfhF`�{�`�ÇK`�{��)Ö�h � b-`

X ⊂ X
� ~%}n�)dfh

θ .XE θ′
hf{\b-`

h�b-Çk},bFegbFÖ�`Mhf{
τ(θ) .XE τ(θ′)

�

������� ��� !>pj��"�/�8FZ����! #�,')�&$
θ .XE θ′

�#�j�- m���-(�+,�-5A�-�k *�7� �!+^�FEK�,�# ���(�����[^]:uc��(�Ê��# #�! #(� #�,')�
φ
��')(�"

Ran(θ)
 ��-+!+,��23(��*��')(�"y �')(� 

x ∈ Dom(θ) ∩X
$
τ(Axθφ) =E τ(Axθ

′)
r����Ð����"����m+<��pY"�')��"#�,8- �8

q%q%r!q%r!q � $�')���
τ(Axθφ) = xτ(θ)τ(φ)

$�/v�I')È�+,�0"�8��#(�+! 1�� 7r
ª¬«9­Y®�¯<°±¯C²�® ¶�¶¡µ�¶�µ�¶ %¸·��Ä®�¯|­ �3»K°±¯|²�®YÁÉR	')�! 

{T1, . . . , Tn, T
′
1, . . . , T

′
n}
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i = 1, . . . , n
$
Ti = (Vi, si, ai)

�- 
T ′
i = (V ′

i , s
′
i, a

′
i)
r T � /K�! 

2k(���+w�I�-�����-54Ê�+,�
S = {T1 =?

E T ′
1, . . . , Tn =?

E T ′
n}
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E
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hfÇ	dÒ�3bFh [^]Y_ `cbFdfegbfh-rmÂm���¸[^]:uc��(�Ê��# #�! #(� #�,')�
θ
���# Ä(���� h-�)} Ç	`�{Æ�)Ö /��

S
�#�4�- ����-(�+,�-5A�-�k ��#�
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V(S) =
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〈f,c,G〉∈ΣE , T=?
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′∈S

(VT,c ∪VT ′,c).
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VT,cθ = {〈T ′θ, c〉 | 〈T ′, c〉 ∈ VT,c},

V(S)θ =
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〈f,c,G〉∈ΣE , T=?
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(VT,cθ ∪VT ′,cθ). 3
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σ ∈ Sym(SV(c))
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E T
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〈f, c,G〉
$^')È

τ(c) = f(k(◦), ◦)
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G = Sym({1.1, 2})
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�- 
τ(T ′) = f(k(a), d)

$t���!�����i23(&� (�����"�')Ê�+,�-5A�A/��
E
uw(����nZ��7�� #�,')���#(�"y/����m[^]:uw ��-"#5A���

S
$� ��-+&2k(��

τ(S) = {g(x, a) =?
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σ = id
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µ = (1.1 2)
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τ(Sσ) = {x1 =?
E a, d =?

E d} ∪ {x =?
E k(x1)} ∪ {g(k(x1), a) =?

E g(y, a)},

τ(Sµ) = {d =?
E a, x1 =?

E d} ∪ {x =?
E k(x1)} ∪ {g(k(x1), a) =?

E g(y, a)}.
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f(x1, x2) 
 f(x1, x2)

g(x1, x2) 
 g(x1, x2)

f(g(x1, x2), x3) 
 f(g(x1, x3), x2).
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G′′ = Sym({1.2, 2})
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F1 = 〈f, c, I〉
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G = 〈g, c′, I〉
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F2 = 〈f, c′′, I〉
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τ(γc′′(T, T
′)) = {x← g(y1, y2), y ← g(z1, z2)}.
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τ(S1) = {x =?
E y, a =?

E b},

τ(S2) = {y1 =?
E z1, y2 =?

E z2, a =?
E b, x =?

E g(y1, y2), y =?
E g(z1, z2)},

τ(S3) = {y1 =?
E z1, a =?

E z2, y2 =?
E b, x =?

E g(y1, y2), y =?
E g(z1, z2)}.
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D(T, T ′, F1, ∅) = {S1}, D(T, T ′, G, ∅) = ∅,
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D(T, T ′, F2, ∅) = {S2, S3}.
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T
�- 
T ′ $�')�Ä� τ(Tφ) = τ(Tθφ)�- 

τ(T ′φ) = τ(T ′θφ)
$�/v�I')È

(τ(Tθφ) =E τ(T ′θφ)) ⇔ (τ(Tφ) =E τ(T ′φ)).

s>')(�����+!+,')���4��"�')(�.9�-"
2k(����#�
S′ = {T =?

E T ′} ∪ S
���# �(��Ò��"�')Ê�+,�-5A�g/��

E
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�- 
F
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ΣE
$¡��+,')"��>')���

UE(D(T, T ′, S, F )) ⊆ UE(S′)
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��%{ÆbFÖ¡`

T
b-`
T ′ �3b-Ç*� [t]i_a`cbFdFegbfh �

F = 〈f, c,G〉
ÇkÖ��-}!�FegbFÖ¡`Ä�3b

ΣE
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S
Ç	Ö �¡d#�3zF}$#Fegb �3b

E
_cÇ	Ö�{ �MÕ�~%`�{Æ�)Ö � b-`ÄhfÇ±�9�K��h��)Ö�h Å-ÇY� {C}Ab �){<h-`cb Ç	Ö�b [^]Y_whFÇ�zFhF`�{�`�Ç	`�{Æ�)Ö

φ ∈
UE(D(T, T ′, F, S))

� 
��){wbFÖ�`A�kbFÇ*� ]Y_ `cbFdfegbfh�h-`�dx~%`�{ �;�fh
A1

b-`
A′

1

�9�)Ö�`�},bfh�dx~9Õ�{|Ö�bFh
r
b-`
r′h-�%Ö�`0��`�{�Å-Ç�b-`c��bFh4�K~%d

F
���?��h��)Ö�h

h1 = h[A1,r]
b-`
h′1 = h[A′

1,r
′]
� b-`@hfÇ±�9�K��h��)Ö�h�Å-Ç�b

A1
b-`
A′

10 �FdF{ �;bFÖ�` �
� �

dm(A1) $ Tφ
b-`

dm(A′
1) $ T

′φ
�

� �?�K�)Ç	d4`w�)ÇK`
v ∈ SV(c)

�

A1|h1(v) = Strat(dm(A1|h1(v))),
b-`
A′

1|h
′
1(v) = Strat(dm(A′

1|h
′
1(v))).

�m}!�)d1h4�)ÖÉ~
A1 1 A′

1

�

������� ��� !>s>') �')���@"����������- #�!.9�-5A�-�k 
h
�- 
h′
+,���y��')5A')5A')"#�����,�#5A���0/��

c
.9�-"��

Tφ
�- m/��

c
.9�-"��

T ′φ
$:�- 0�#(����:'%��')���m2k(��

φ
���# >��')+!(� #�,')�É/��

Sσ
$�')È

σ ∈ G
r:om+,')"��7$¡����"m�k6k�:') #�������%$���')(�"> �')(� 

��')5�5A�- y.%��"#�<��Ê�+,�
v
/��
c
$�')���

τ(Tφ|h(vσ)) =E τ(T
′φ|h′(v))

r
& ')5�5A�

τ(Tφ|h(v)) = τ(dm(A1|h1(v)))
$^�- 

τ(T ′φ|h′(v)) = τ(dm(A′
1|h

′
1(v)))

$^')���-�
/�8�/K(��! �23(��

τ(dm(A|h1(v
σ))) =E τ(dm(A′|h′1(v)))

r����Ð����"�����+,� �D��8�')"��-5A��q7UKr � r!q Q $�')�¸�-�
/�8�/K(��! m2k(��

Strat(dm(A|h1(v
σ))) 1 Strat(dm(A′

1|h
′
1(v)))

$�/v�I')È
A1|h1(v

σ) 1 A′
1|h

′
1(v)

r
p�'%��')���

σ′ = σh1
$&��+,')"��7$v�:')(�"� �')(� 

u ∈ RA1(r)
$
A1|u

σ′
1 A′

1|h
A
[r�r′](u)

$t�- */v�Ð����"����*+,�
�D��8�')"��-5A� O rÐVKrÐVK$�')���-�Ä/�8�/K(��! m2k(�� A1 1 A′

1

r
)4²�º�²¡Û�ÛC»�¯CºÏ¾�¶�¶�µ<Üvµ �)
��){wbFÖ�`

T, T ′ �3bFÇ�� [^]Y_ `cbFdFeAbFh �
F = 〈f, c,G〉

Ç	Ö �F},�FegbFÖ�`
�3b
ΣE

� b-`
S′ = {T =?

E T
′} ∪ S

Ç	ÖA�¡d#�3zF}$#Fegb��3b
E
_aÇkÖ�{ �MÕ1~%`�{��%Ö ���m}n�%d1h��)ÖÉ~

UE(D(T, T ′, F, S)) ⊆ UE(S′).
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φ ∈ UE(D(T, T ′, F, S))
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σ ∈ G

 ��-+!+,�*2k(��
φ���# ��1')+!(� #�,')�A/��

Sσ
r T ����')�����,/��-"��?/��-(KE�]:uw ��-"#5A���i�# #"1�� #�nZ�8��

A1
�- 
A′

1

.98-"#�nZ¡���3 i+,�����36	�:') #���������
/K(�Ñ&�-5�5A��q%q%rÐVKr N $K')�¬�
/�')��� A1 1 A′

1

$k/v�I')È
τ(dm(A1)) =E τ(dm(A′

1))
r & ')5�5A�

τ(Tφ) =
τ(dm(A1))

�- 
τ(T ′φ) = τ(dm(A′

1))
$	')���-�¦/�8�/K(��! D23(��

τ(Tφ) =E τ(T
′φ)

$k�- 
φ
���# M��')+!(� #�,')�

/��
{T =?

E T
′}
r

p^'%�1')���
θ = γc(T, T

′)
$���')5�5A�

c v Tφ
�- 
c v T ′φ

$���+,')"��m/v�Ð����"����y+,� & ')"�')+!+<���!"���q%q%rÐVKr O $ φ8- 1���3 @��')+!(� #�,')��/��
Sθ
$K�%�I���# @8-=3��+,�-5A�-�k @(����*��')+!(� #�,')��/��

S
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φ ∈ UE(S′)
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��')�k #"�')���y5g���!�k ��-�����3 >+w� �!���-+!(��#�,')��"�8��-�!��"�'	23(��%r
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S′ = {T =?
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′} ∪ S
Ç	Ög�¡dx�kzF}"#-eAb��kb

E
_cÇ	Ö�{ �MÕ�~%`�{Æ�)Ö � ~%}n�)dfh4�)ÖÉ~

UE(S′) ⊆ UE(
⋃

F∈ΣE

D(T, T ′, F, S)).
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φ
(�������')+!(� #�,')�É/��

S′ $:��+,')"�� τ(Tφ) =E τ(T ′φ)
r�p�'%��')���

A = As(τ(Tφ))
�- 

A′ = As(τ(T ′φ))
$K��+,')"��M/v�Ð����"����M+,� & ')"�')+!+<���!"��
q7UKr � r!q-á�$	')���

A 1 A′ r3s>') �')���i"����������- #�!.9�-5A�-�k 
r
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r′
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A
�- 
A′ $v�- 4��')�! F = 〈f, c,G〉
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h = h[A,r]
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h′ = h[A′,r′]
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σ ∈ G
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v ∈ SV(c)

$
A|h(vσ) 1 A′|h′(v)
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v ∈ SV(c)
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τ(dm(A)|h(vσ)) =E τ(dm(A′)|h′(v))
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A
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τ(Tφ)
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T ′φ
$t�- �/�')���%$&+w�I�FEK�,�# ��-������/��

γc(T, T
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D(T, T ′, F, S)
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Sσ
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p^'%�1')���
θ = γc(T, T

′)
$\/v�Ð����"�����+,��Ñt�-5�5A�Òq%q%rÐVKr �K$;')� �

Tφ $ Tθφ
�- 
T ′φ $ T ′θφ
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h1
BC"����#�&r

h′1
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c
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Tθφ
BC"����#�&r

T ′θφ
XF$¡��+,')"��m��')(�"m �')(� 

v ∈ SV(c)
$

τ(dm(A)|h(v)) = τ((Tθφ)|h1(v)),
�- 
τ(dm(A′)|h′(v)) = τ((T ′θφ)|h′1(v)),

/v�I')È&$���')(�"? �')(� 
v ∈ SV(c)

$
τ((Tθφ)|h1(v

σ)) =E τ((T
′θφ)|h′1(v))

r
sm') �')���

h2
BC"����#�&r

h′2
X\+w� ��')5A')5A')"#�����,�#5A�*/��

c
.9�-"��

Tθ
BC"����#�&r

T ′θ
XFr	Ñi�I�FE	�,�� ��-�����*/��

h2
�- 

h′2
���# ?=3��"1���k #�,�*����"y+<��pY"�')��"#�,8- �8�q%q%r!q%rÐV O $��- y')���

(Tθφ)|h1(v) = (Tθ|h2(v))φ
�- 

(T ′θφ)|h′1(v) = (T ′θ|h′2(v))φ.

T ���-�Ä/�8�/K(��! @2k(��
τ((Tθ|h2(v

σ))φ) =E τ((T
′θ|h′2(v))φ)

r��0')���%$
φ
���# y��')+!(� #�,')��/��

{Tθ|h2(v
σ) =?

E T ′θ|h′2(v) | v ∈ SV(c)}.
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Axφ $ Axθφ
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{Ax =?

E Axθ |x ∈ Dom(θ)}
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Sθ
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φ
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f(x1, . . . , xn)
 f(x1, . . . , xn)
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T, T ′ �3bFÇ��Ò[^]Y_ `cbFdFeAbFh � b-` S′ = {T =?

E T ′} ∪ S
Ç	Ö��¡d#�3zF}$#Fegb
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E
_aÇkÖ�{ �MÕ�~9`�{��)Ö � �m}n�%d1h

UE(S′) = UE(
⋃

F∈ΣE

D(T, T ′, F, S)).

������� ��� !>���Ð����"����A+,� & ')"�')+!+<���!"��Íq%q%rÐVKr � $Y��')(�"� �')(� 
F ∈ ΣE

$Y')� �
UE(D(A,A′, F, S)) ⊆

UE(S′)
$����*2k(��v��"�')(�.9�*2k(��

⋃

F∈ΣE

UE(D(T, T ′, F, S)) = UE(
⋃

F∈ΣE

D(T, T ′, F, S)) ⊆ UE(S′).
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T ′ �3bmd#~9Õ-{CÖ�bfhmd�bfhc��b#Õ�`�{ 0 bfh r b�` r′ � b-`Ç	Ög��dx�3z-}"#Fegb��3b
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UE(
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F∈ΣE

D(T, T ′, F, S)) = UE(
⋃

F∈ΣE

D(T, T ′, F, S[r  r′])).
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UE(
⋃

F∈ΣE

D(T, T ′, F, S)) = UE({T =?
E T

′} ∪ S),

UE(
⋃

F∈ΣE

D(T, T ′, F, S[r  r′])) = UE({T =?
E T

′} ∪ S[r  r′]).
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