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ncompiets inormation — (and the predictions) are made in a sequential fashion,
internal regre — rely on no stochastic model,

that is, the observations are given by individual sequences.

Our aim is, for all time rounds ¢t = 1, 2, .. ., to predict y, based on

= (Y1, Y1)

The observation y; € ) iIs then revealed and has to be
compared to the prediction p; € X.

Example. Weather forecasting, Y = {0,1} and & = [0, 1].
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To make the notion of best expert mathematically precise, we
Introduce a loss function ¢/ : X x )Y — R.

Example. Weather forecasting, Y = {0,1} and X = [0, 1],
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Prediction with expert advice

Finitely many reference forecasters, called experts, are usually

e considered. They are indexed by j =1,..., N.

® Expert advice

S e For all time rounds t = 1,2, . . ., they also form predictions
e fie = fi:(yi™h) € X, often referred to as advice.

The ewa strategy

We now predict y; based on y’j_l and on the advice f; g, s <t.

Incomplete information

Internal regret

Our goal is to perform almost as well as the best expert.

Note that the best expert may only be determined in hindsight,
whereas we are asked to predict on-line.

To make the notion of best expert mathematically precise, we
Introduce a loss function ¢/ : X x )Y — R.

The cumulative Iosses of the decision-maker and of expert j are

Z :L yl nghyt andLjn—Ljn y1 Zé f]t7yt

=1l
| |
1 1
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External regret

The regret is defined as the difference of these cumulative
Individual Sequences Iosses

® Description and aim

® Expert advice

@ External regret

® Randomized prediction ~

® Repeated game Rj,n = Rj,n(y?) — Ln — Lj,n — Zg(ﬁta yt) o Zg(fj,tv yt)
t=1 t=1

The ewa strategy
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Internal regret
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1

- . — of1
nj:r{l’?ffNRJ,n o(1)

Due to the worst-case assessment of the strategies, in general
no deterministic strategy will work.

(Worst-case assessments amount to playing against a malicious
opponent who may read our mind).
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b e for all possible outcome sequences yq, ys, . . .,

1

— S oy = 1 a.S.
nj:r{l’?ffNRJ,n o(1)

Due to the worst-case assessment of the strategies, in general
no deterministic strategy will work.

Thus, we assume that the decision-maker is allowed to use
randomized strategies.
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Randomized prediction
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e e — that, to the past outcomes yf‘l and to the past and present
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— assign a probability distribution p, = (p1 4, ...,pnN,+) Over the
The e strategy set of experts.
internal regret The formed prediction is given by drawing an expert index I,

according to p,,
Pt = f1.t

The outcomes may be chosen by an opponent player (who
reacts to our predictions).
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Randomized prediction

A strategy is a sequence of functions

Individual Sequences

o pescrpten andam — that, to the past outcomes 3!~ ! and to the past and present
SO e expert advice fj,, s <1,

" repeesane — assign a probability distribution p, = (p14,...,pn~,¢) Over the
The ewa strategy Set Of expertsl

Incomplete information

internal et The formed prediction is given by drawing an expert index I;

according to p,,
Pt = f1.t

The outcomes may be chosen by an opponent player (who
reacts to our predictions).

The sequential prediction problem may be cast as a (zero-sum)
repeated game between a decision-maker and an opponent
player.
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Sequential prediction as a repeated game

Parameters: prediction space X', outcome space ), N experts,
pcduel Sequences number of game rounds n (n = oo is allowed).
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Incomplete information
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Gilles Stoltz, 27 mai 2005 Soutenance de thése — Information incompléte et regret interne en prédiction de suites individuelles — 8/29



Sequential prediction as a repeated game

Parameters: prediction space X', outcome space ), N experts,
pcduel Sequences number of game rounds n (n = oo is allowed).

® Description and aim

® Expert advice

® External regret

® Randomized prediction

® Repeated game For eaCh round t — ]., 2, 5 0 o ,TL,

The ewa strategy

Incomplete information

Internal regret

Gilles Stoltz, 27 mai 2005 Soutenance de thése — Information incompléte et regret interne en prédiction de suites individuelles — 8/29



Sequential prediction as a repeated game

Parameters: prediction space X', outcome space ), N experts,
pcduel Sequences number of game rounds n (n = oo is allowed).

® Description and aim

® Expert advice

® External regret

® Randomized prediction

® Repeated game For eaCh round t — 1, 2, 5 0 o ,TL,

B — the opponent player publicly chooses the experts’ predictions
Incomplete information fit,---, fne € X, and the decision-maker has an immediate
Internal regret aCCeSS tO them,
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the losses may be computed.
|
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Exponentially Weighted
Average Predictor
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Individual Sequences

Expected regret

The ewa strategy

® Expected regret

® Exponential reweighting

® General analysis of ewa (1)
® General analysis of ewa (2)
® Non-expected bounds

Incomplete information

Internal regret

Recall that we aim at minimizing the regret

AN

L, —

min L
j=1,....N

n

— i 2 U(fie,ye)

= _(f1,.4:9¢)
t=1
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Expected regret

Recall that we aim at minimizing the regret

Individual Sequences

n
The e sty Ly, — Ilnlﬂ Ljn Z C(f1,t0 Y1) _mln C(fje>Ye)
® Exponential reweighting J t= 1
® General analysis of ewa (1)
cnemceamnss  Denote by E, the conditional expectation with respect to time
Incomplete information rounds 1 to t T 11
N

Internal regret Et [E(f[t’t’ yt)] = Z pi,tg(fi,t’ yt) = g(pt7 yt)

=1
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Recall that we aim at minimizing the regret

Individual Sequences

n
The e sty Ly, — Ilnln Ljn Z C(f1,t0 Y1) _Hlln C(fje>Ye)
® Exponential reweighting J t= 1
® General analysis of ewa (1)
cnemceamnss  Denote by E, the conditional expectation with respect to time
Incomplete information rounds 1 to t T 11
N

Internal regret Et [E(f[t’t’ yt)] = Zpi,tg(fi,t’ yt) = g(pt7 yt)

=1

By martingale convergence, under a boundedness assumption,

Zn — zn — Zg(fft,tayt) _ Zg(pta yt) — O]P)(n)
t=1 t=1
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® Exponential reweighting J t= 1
® General analysis of ewa (1)
cnemceamnss  Denote by E, the conditional expectation with respect to time
Incomplete information rounds 1 to t T 11
N

Internal regret Et [E(f[t’t’ yt)] = Zpi,tg(fi,t’ yt) = g(pt7 yt)

=1

By martingale convergence, under a boundedness assumption,

Zn — zn — Zg(fft,tayt) _ Zg(pta yt) — O]P)(n)
t=1 t=1

We may thus focus first on the expected regret,

n
L, — min v Lim = Zﬁpt,yt _f{linsz(fj,t,yt)
-

71=1,.
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Individual Sequences

Exponential reweighting

The ewa strategy

® Expected regret

@ Exponential reweighting

® General analysis of ewa (1)
® General analysis of ewa (2)
® Non-expected bounds

Incomplete information

Internal regret

The idea is to assign a higher probability to better-performing

experts.
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Exponential reweighting

The idea is to assign a higher probability to better-performing
experts. A popular choice is given by exponential reweightings,

Individual Sequences

The ewa strategy =1l
@ Expected regret eXp _77 g s=1 g(f@',s, yS)
@ Exponential reweighting -

® General analysis of ewa (1) p’L ,t _ N

. t—1
G | lysis of ewa (2) _ .
L Yo (S i)

Incomplete information

i=1,....N

where n > 0 is a parameter to be tuned.

Internal regret
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Exponential reweighting

The idea is to assign a higher probability to better-performing
experts. A popular choice is given by exponential reweightings,

Individual Sequences

The ewa strategy t—1

@ Expected regret eXp _77 2821 K(fz',s, yS)

@ Exponential reweighting - :

® General analysis of ewa (1) p’L ,t - N t—1 1 = ]‘ VAR N
® General analysis of ewa (2) Z . _ 77 Z o g(f . y )

@ Non-expected bounds 1= 1 s=1 ]s89 IS

Incomplete information

where n > 0 is a parameter to be tuned.

Internal regret

This forecaster, called exponentially weighted average predictor
[henceforth referred to as ewa], was introduced by

— Vovk '90,
— Littlestone and Warmuth '94.

See also

— Cesa-Bianchi, Freund, Helmbold, Haussler, Schapire, and
Warmuth '97,

— Cesa-Bianchi and Lugosi '99.
|
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Exponential reweighting

The idea is to assign a higher probability to better-performing
experts. A popular choice is given by exponential reweightings,

Individual Sequences

The ewa strategy =1l
@ Expected regret eXp _77 g s=1 K(f@',s, yS)
@ Exponential reweighting -

® General analysis of ewa (1) p’L ,t _ N

. t—1
G | lysis of ewa (2) _ .
e Yo (S i)

Incomplete information

i=1,....N

where n > 0 is a parameter to be tuned.

Internal regret

Assume that the loss function takes bounded values, say
(: X xY —|[0,B].
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experts. A popular choice is given by exponential reweightings,
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The ewa strategy t—1

@ Expected regret eXp _77 2821 K(f@',s, yS)

@ Exponential reweighting - :

® General analysis of ewa (1) p’L ,t - N t—1 1 = ]‘ VAR N
® General analysis of ewa (2) Z . _ 77 Z o g(f . y )

@ Non-expected bounds 1= 1 s=1 ]s89 IS

Incomplete information

where n > 0 is a parameter to be tuned.

Internal regret

Assume that the loss function takes bounded values, say
¢:X x)Y —[0,B]. Itisnow a folk theorem that for all strategies
of the opponent player, the expected regret is bounded as
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Individual Sequences

Exponential reweighting

The ewa strategy

® Expected regret

@ Exponential reweighting

® General analysis of ewa (1)
® General analysis of ewa (2)
® Non-expected bounds

Incomplete information

Internal regret

The idea is to assign a higher probability to better-performing
experts. A popular choice is given by exponential reweightings,

exp (—77 > U e ys))
Yy (0 T U e w))

where n > 0 is a parameter to be tuned.

p’l,,t: ’I::].,...,N

Assume that the loss function takes bounded values, say
¢:X x)Y —[0,B]. Itisnow a folk theorem that for all strategies
of the opponent player, the expected regret is bounded as

& InN nn_,
(f; < B
Ntzzl (fj,t)yt) 77 —|_ 8

n
Zg(ptvyt) o min
—1 71=1,.

L)
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experts. A popular choice is given by exponential reweightings,

Individual Sequences

The ewa strategy t—1

@ Expected regret eXp _77 2821 K(fz',s, yS)

@ Exponential reweighting - :
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® General analysis of ewa (2) Z . _ 77 Z o g(f . y )

@ Non-expected bounds 1= 1 s=1 ]s89 IS

Incomplete information

where n > 0 is a parameter to be tuned.

Internal regret

Assume that the loss function takes bounded values, say
¢:X x)Y —[0,B]. Itisnow a folk theorem that for all strategies
of the opponent player, the expected regret is bounded as

- . & InN nn n
;K(Ptvyt) j:f{}}ﬁN;f(fg,t,yt)\ 5P By/ 5N

with n = B~1,/81In N/n.

Gilles Stoltz, 27 mai 2005 Soutenance de thése — Information incompléte et regret interne en prédiction de suites individuelles — 11/29



Exponential reweighting

The idea is to assign a higher probability to better-performing
experts. A popular choice is given by exponential reweightings,

Individual Sequences

The ewa strategy t—1

@ Expected regret eXp _77 2821 K(fz',s, yS)

@ Exponential reweighting - :

® General analysis of ewa (1) p’L ,t - N t—1 1 = ]‘ VAR N
® General analysis of ewa (2) Z . _ 77 Z o g(f . y )

@ Non-expected bounds 1= 1 s=1 ]s89 IS

Incomplete information

where n > 0 is a parameter to be tuned.

Internal regret

Assume that the loss function takes bounded values, say
¢:X x)Y —[0,B]. Itisnow a folk theorem that for all strategies
of the opponent player, the expected regret is bounded as

- . & InN nn n
;K(Ptvyt) j:f{}}ﬁN;f(fg,t,yt)\ 5P By/ 5N

with n = B~1,/81In N/n.

A first possible goal is to improve the general (optimal) /n
bound (and to deal with the tuning of 7).
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Individual Sequences

General analysis of ewa (1)

The ewa strategy

® Expected regret

® Exponential reweighting

® General analysis of ewa (1)
® General analysis of ewa (2)
® Non-expected bounds

Incomplete information

Internal regret

Freund and Schapire '97 replaced the B./n factor by /BL?,
where

n

L= min L;, = min /(F.
=18 7" j=Lyee:s N £ (St yt)
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General analysis of ewa (1)

Freund and Schapire '97 replaced the B./n factor by /BL?,

Individual Sequences Wh e re
mn
The ewa strategy * . .
® Expected regret Ln p— min l—/‘7 n — min g(fj ts yt )
® Exponential reweighting =1 N Z =1 N ’
. J AREE J 900y
® General analysis of ewa (1) = 1

® General analysis of ewa (2)
® Non-expected bounds

Auer, Cesa-Bianchi, and Gentile '02 replaced the fixed tuning
parameter n by time-varying parameters n; > 0 to deal with the
dependency on the horizon n.

Incomplete information

Internal regret
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General analysis of ewa (1)

We combine the underlying methods and show a general
analysis of ewa, that yields a forecaster which
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Individual Sequences

S — requires no previous knowledge of n and B,

® Expected regret

® Exponential reweighting
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Internal regret
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General analysis of ewa (1)

We combine the underlying methods and show a general
analysis of ewa, that yields a forecaster which

Individual Sequences

S — requires no previous knowledge of n and B,

® Expected regret

® Exponental reweighing — improves both the By/n and /B L* bounds.
@ General analysis of ewa (1) n

® General analysis of ewa (2)

® Non-expected bounds

Incomplete information

Internal regret
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General analysis of ewa (1)

We combine the underlying methods and show a general
analysis of ewa, that yields a forecaster which

Individual Sequences

S — requires no previous knowledge of n and B,

® Expected regret

® Exponential reweighting —_ |mpr0VeS both the B\/ﬁ and A/ BL;kL bounds

® General analysis of ewa (1)
® General analysis of ewa (2)

@ Non-expected bounds The adaptlve VerS|On Of EWA USeS

Incomplete information

1
Internal regret eXp (_nt Zi:]_ g(f@,SJ y8)>
Pijt =
’ N t—1
ijl (_7775 2321 g(fj,sa yS))

i=1,....N
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General analysis of ewa (1)

We combine the underlying methods and show a general
analysis of ewa, that yields a forecaster which

Individual Sequences

S — requires no previous knowledge of n and B,
® Expected regret .
| Coponemal ewelanna — improves both the By/n and /B L bounds.

® General analysis of ewa (2)
© Nomexpected bounds The adaptive version of ewa uses

Incomplete information

—1
Internal regret eXp (_nt ZZ:]_ g(f@,37 y8)>
Pijt =
’ N t—1
S0 (= S ) )

where the n; > 0 will be defined by the analysis.

i=1,....N
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General analysis of ewa (1)

We combine the underlying methods and show a general
analysis of ewa, that yields a forecaster which

Individual Sequences

S — requires no previous knowledge of n and B,
® Expected regret .
| Coponemal ewelanna — improves both the By/n and /B L bounds.

® General analysis of ewa (2)

® Nomexpected bounds The adaptive version of ewa uses
Incomplete information
t—1
Internal regret eXp (_nt Zs:]_ g(fi,SJ y8)> )
pi,t: Zzl,...,N

Z;V:l (_7775 22;11 g(fj,Sa ys))
where the n; > 0 will be defined by the analysis.

For all parameters 71,79, ... > 0, for all strategies of the
opponent player, the expected regret is less than
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S — requires no previous knowledge of n and B,
® Expected regret .
| Coponemal ewelanna — improves both the By/n and /B L bounds.
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® Nomexpected bounds The adaptive version of ewa uses
Incomplete information
t—1
Internal regret eXp (_nt Zs:]_ g(fi,SJ y8)> )
pi,t: Zzl,...,N

Z;V:l (_7775 22;11 g(fj,Sa ys))
where the n; > 0 will be defined by the analysis.

For all parameters 71,79, ... > 0, for all strategies of the
opponent player, the expected regret is less than

mn . mn 2 1 mn
Zg(ptvyt> — in U(fjeyt) < ( — —> 1HN+Z<I%

h+1  Th P
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Individual Sequences

General analysis of ewa (2)

The ewa strategy

® Expected regret

® Exponential reweighting

® General analysis of ewa (1)
® General analysis of ewa (2)
® Non-expected bounds

Incomplete information

Internal regret

The bound is

®;

Mn+1

2

1

Tt

1 n
— — )InN + Z@t, where

mn t—1

N
In | 37 pi e EPov)—ElFie )
1=1
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General analysis of ewa (2)

. 2 1 =
The bound is ( — —) In V + Z ®,, where
h+1  Th P

Individual Sequences

The ewa strategy N

@ Expected regret 1

@ Exponential reweighting @ — ln . ent (e(pt YUYt ) _e(fz Yt ) )
@ General analysis of ewa (1) t p’I,,t

® General analysis of Ewa (2) /r]t F— 1

@ Non-expected bounds _

Incomplete information

Hoeffding’s inequality ensures that

Internal regret

®, < B%n,/8
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Individual Sequences

General analysis of ewa (2)

The ewa strategy

® Expected regret

® Exponential reweighting

® General analysis of ewa (1)
® General analysis of ewa (2)
® Non-expected bounds

Incomplete information

Internal regret

. 2 1 =
The bound is ( — —) In V + Z ®,, where
h+1  Th P

N
(I)t = l h’l sz tent(e(pt’yt)_e(fi,tayt))
it =

Hoeffding’s inequality ensures that

(I)t B nt/8

so that the (time-adaptive) choice n, = B~1/8In N/(t — 1)
ensures that

Zﬁ(pt,yt) — min (fit,ye) <OBVnIn N
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General analysis of ewa (2)

. 2 1 =
The bound is ( — —) In V + Z ®,, where
h+1  Th P

Individual Sequences

The ewa strategy N

@ Expected regret 1

@ Exponential reweighting @ — ln . ent (e(pt YUYt ) _e(fz Yt ) )
@ General analysis of ewa (1) t p’I,,t

® General analysis of Ewa (2) /r]t F— 1

@ Non-expected bounds _

Incomplete information The general analyS|S relles on ¢t < ’[’]t’Ut, Where

Internal regret 2
vy, = Var ¢ (fIt,t,yt) — Zi<Npi,t€(fi,tayt)2_(Zi<Npi,t€(fi,tayt))
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General analysis of ewa (2)

Individual Sequences

. 2 1 =
The bound is ( — —) In V + Z ®,, where
h+1  Th P

The ewa strategy N

@ Expected regret 1

@ Exponential reweighting @ — ln . ent (e(pt YUYt ) _e(fz Yt ) )
@ General analysis of ewa (1) t p’I,,t

® General analysis of Ewa (2) /r]t F— 1

@ Non-expected bounds _

Incomplete information The general analyS|S relles on ¢t < ’[’]t’Ut, Where

vy, = Var ¢ (fIt,t,yt) — Zingi,tg(fi,tayt)2_(Zingi,tg(fi,tayt))

2

1 -~ In N

—, , Where
2M; 4 Vi1

Using 7; = min
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General analysis of ewa (2)

Individual Sequences

. 2 1 =
The bound is ( — —) In V + Z ®,, where
h+1  Th P

The ewa strategy N

@ Expected regret 1

@ Exponential reweighting @ — ln . ent (e(pt YUYt ) _e(fz Yt ) )
@ General analysis of ewa (1) t p’I,,t

® General analysis of Ewa (2) /r]t F— 1

@ Non-expected bounds _

Incomplete information The general analyS|S relles on ¢t < ’[’]t’Ut, Where

vy, = Var ¢ (fIt,t,yt) — Zingi,tg(fi,tayt)2_(Zingi,tg(fi,tayt))

2

1 -~ In N

—, , Where
2M; 4 Vi1

Using 7; = min

— M,_, is roughly max ﬁ(fi,s,ys)’

1SN, s<t—1
—Vici=v1 4.+ v, we get
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General analysis of ewa (2)

The bound is ( 2 — i) In V + Zcpt, where

Individual Sequences nn+ 1 771 —1

The ewa strategy

® Expected regret 1 N (6( ) E(f ))
@ Exponential reweighting - E i Nt pt Yt ) — 2,t Y Yt

® General analysis of ewa (1) @t T ln p’I,,t e

® General analysis of ewa (2) /r]t ’L_ 1

® Non-expected bounds

Incomplete information The general analyS|S relles on ¢t < ’[’]t’Ut, Where

vy, = Var ¢ (f]’t’t,yt) — ZiéNpi,te(fi,tayt)2_(Zingi,tg(fi,tayt))

2

1 -~ In N

—, , Where
2M;_q Vi1

Using 7; = min

— M,_, is roughly max ﬁ(fi,s,ys)’

i<N, s<t—1

—Vici=v1 4.+ v, we get
L,—L: = ;apt,yt)—j:rﬂ;ENze(fj,t,yt) <O0+vV,InN+OBIn N
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Bounds that hold with high probability

So far, we have bounded the expected regret as

Individual Sequences - L* Z 6 pt7 yt mln é(f] ts yt) S D B V1 ln N

The ewa strategy t 1
® Expected regret

® Exponential reweighting

® General analysis of ewa (1) Or

® General analysis of ewa (2)

@ Non-expected bounds zn _ L;’; < D \/m —|— |:| B ln N

Incomplete information

Internal regret
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Bounds that hold with high probability

So far, we have bounded the expected regret as

Individual Sequences - L* Z 6 pt7 yt mln é(f] ts yt) S D B V1 ln N

The ewa strategy t 1
® Expected regret

® Exponential reweighting

® General analysis of ewa (1) Or

® General analysis of ewa (2)

@ Non-expected bounds zn _ L;’; < D \/m —|— |:| B ln N

Incomplete information

inernal regret (Since V,, < B L,,, the second bound implies a [ \/BL;; In N
one, as well as many other interesting ones.)

Gilles Stoltz, 27 mai 2005 Soutenance de thése — Information incompléte et regret interne en prédiction de suites individuelles — 14/29



Bounds that hold with high probability

So far, we have bounded the expected regret as

Individual Sequences - L* Z 6 pt7 yt mln é(f] ts yt) S D B V1 ln N

The ewa strategy t 1
® Expected regret

® Exponential reweighting

® General analysis of ewa (1) Or

® General analysis of ewa (2)

@ Non-expected bounds zn _ L;’; < D \/m —|— |:| B ln N

Incomplete information

i Theses bounds also hold with overwhelming probability for the
regret L,, — L}, since, with probability 1 — 4,

= Zﬁ(fft,tayt) - Zg(ptvyt)
t=1 t=1
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Individual Sequences

Bounds that hold with high probability

The ewa strategy

® Expected regret

® Exponential reweighting

® General analysis of ewa (1)
® General analysis of ewa (2)
® Non-expected bounds

Incomplete information

Internal regret

So far, we have bounded the expected regret as

n— L) = Zf Dy Yt ) mln U(fije,ye) <OBVnIn N

t 1

or
L,—-L<04yV,InN+OBInN

Theses bounds also hold with overwhelming probability for the
regret L,, — L}, since, with probability 1 — 4,

= Ze(fft,tayt) - Zg(ptvyt)
t=1 t=1

— < OB+/nln(1/4) by Hoeffding’s inequality,
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Individual Sequences

Bounds that hold with high probability

The ewa strategy

® Expected regret

® Exponential reweighting

® General analysis of ewa (1)
® General analysis of ewa (2)
® Non-expected bounds

Incomplete information

Internal regret

So far, we have bounded the expected regret as

— L = Zf Dy Yt) — mln U(fije,ye) <OBVnIn N

or
L,—-L<04yV,InN+OBInN

Theses bounds also hold with overwhelming probability for the
regret L,, — L}, since, with probability 1 — 4,

= Ze(fft,tayt) - Zg(ptvyt)
t=1 t=1

B+/n1n(1/6) by Hoeffding’s inequality,
vV, In(1/8) + BIn(1/6) by Bernstein’s inequality.

L]
L]

//\ //\
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Bounds that hold with high probability

So far, we have bounded the expected regret as

Individual Sequences - L* Z f pt7 yt mln f(fj ts yt) S D B V1 ln N

The ewa strategy t 1
® Expected regret

® Exponential reweighting

® General analysis of ewa (1) Or

® General analysis of ewa (2)

@ Non-expected bounds ZTL _ L;’; < D \/m —|— |:| B ln N

Incomplete information

i So, we have bounded the non-expected regret, with probability
1—9,as

= ;afft,t,yt>—j:r3;3N;€<fj,t,yt> <O Bv/nn(N/d)

or

L,—L* <O+/V,In(N/§) + OBIn(N/6)
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Bounds that hold with high probability

So far, we have bounded the expected regret as

Individual Sequences - L* Z f pt7 yt mln f(fj ts yt) S D B V1 ln N

The ewa strategy t 1
® Expected regret

® Exponential reweighting

® General analysis of ewa (1) Or

® General analysis of ewa (2)

@ Non-expected bounds ZTL — L;’; < D A/ VTL ln N —|— |:| B ln N
internal regre So, we have bounded the non-expected regret, with probability
1—-o0,as
=2 Ufrey)= min > U(fie ) <OBy/nn(N/o)
t=1 t=1
or

L,—L* <O+/V,In(N/§) + OBIn(N/6)

To get refined bounds on the regret, we would first need
martingale inequalities sharper than Bernstein’s inequality.
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Prediction with partial monitoring
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Individual Sequences

On-line pricing (1)

The ewa strategy

Incomplete information

@ On-line pricing (1)

® On-line pricing (2)

® General model

® Repeated game

® Examples

® A general predictor (1)

® A general predictor (2)

@ Performance bound

® Optimality of the general
strategy

Internal regret

Gabor’s celebrated T-shirt selling example!
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On-line pricing (1)

The ewa strategy

Incomplete information

@ On-line pricing (1)

® On-line pricing (2)

® General model

® Repeated game

® Examples

® A general predictor (1)

® A general predictor (2)

@ Performance bound

® Optimality of the general
strategy

Internal regret

A vendor sells T-shirts on the Internet. Customers connect one

by one to his Web site.
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Individual Sequences

On-line pricing (1)

The ewa strategy

Incomplete information

@ On-line pricing (1)

® On-line pricing (2)

® General model

® Repeated game

® Examples

® A general predictor (1)

® A general predictor (2)

@ Performance bound

® Optimality of the general
strategy

Internal regret

A vendor sells T-shirts on the Internet. Customers connect one

by one to his Web site.

To customer number ¢, the vendor offers the T-shirt at a price

I, e X =10,1].
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A vendor sells T-shirts on the Internet. Customers connect one
by one to his Web site.

To customer number ¢, the vendor offers the T-shirt at a price
I, e X =10,1].

Each customer has in mind a maximum price y; € Y = |0, 1] he
IS willing to pay — but does not tell it to the vendor.
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A vendor sells T-shirts on the Internet. Customers connect one
by one to his Web site.

To customer number ¢, the vendor offers the T-shirt at a price
I, e X =10,1].

Each customer has in mind a maximum price y; € Y = |0, 1] he
IS willing to pay — but does not tell it to the vendor.
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loss (of earnings) y; — 1.
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a fixed ¢ € |0, 1] (representing all his charges).
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A vendor sells T-shirts on the Internet. Customers connect one
by one to his Web site.

To customer number ¢, the vendor offers the T-shirt at a price
I, e X =10,1].

Each customer has in mind a maximum price y; € Y = |0, 1] he
IS willing to pay — but does not tell it to the vendor.

When y; > I;, the product is bought, and the vendor suffers a
loss (of earnings) y; — 1.

When y; < I;, the product is not bought, and the vendor’s loss is
a fixed ¢ € |0, 1] (representing all his charges).

The vendor’s loss function is

K(Ilﬂ yt) — (yt T It) H%}It + Cﬂyt<lt
and he only gets the feedback
h(Ita yt) — H?Jt?h
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Internal regret

The values y; are chosen by an arbitrary opponent.
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The values y; are chosen by an arbitrary opponent.

We compare to rivals using strategies defined by prior market

research.
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Internal regret

The values y; are chosen by an arbitrary opponent.

We compare to rivals using strategies defined by prior market
research.

Each market research indicates a constant price ¢ € [0, 1], and
we thus compare our cumulative loss to the one of the best
constant prices, that is, the regret equals
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® Optimality of the general
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Internal regret

The values y; are chosen by an arbitrary opponent.

We compare to rivals using strategies defined by prior market
research.

Each market research indicates a constant price ¢ € [0, 1], and
we thus compare our cumulative loss to the one of the best
constant prices, that is, the regret equals

n

Zg(ltayt) — min (g, yt)
t=1

1

|
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Individual Sequences

General model
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@ Performance bound

® Optimality of the general
strategy

Internal regret

Denote by X a finite set of allowed actions, and by ) a finite set

of outcomes.
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General model
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Incomplete information

® On-line pricing (1)

® On-line pricing (2)

® General model

® Repeated game

® Examples

® A general predictor (1)

® A general predictor (2)

@ Performance bound

® Optimality of the general
strategy

Internal regret

Denote by X a finite set of allowed actions, and by ) a finite set
of outcomes.

We introduce two functions,

— aloss function ¢ : X x Y — [0, 1],

— a feedback function h : X x Y — S, where S C [—1,1] is a
finite set of signals.

After choosing I; € X, the decision-maker only observes the
feedback h(1;,y;), and suffers a loss ¢(1;, y:).
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Individual Sequences

General model

The ewa strategy

Incomplete information

® On-line pricing (1)

® On-line pricing (2)

® General model

® Repeated game

® Examples

® A general predictor (1)

® A general predictor (2)

@ Performance bound

® Optimality of the general
strategy

Internal regret

Denote by X a finite set of allowed actions, and by ) a finite set
of outcomes.

We introduce two functions,

— aloss function ¢ : X x Y — [0, 1],
— a feedback function h : X x Y — S, where S C [—1,1] is a

finite set of signals.
After choosing I; € X, the decision-maker only observes the
feedback h(1;,y;), and suffers a loss ¢(1;, y:).

The forecaster’s goal is to predict in a way such that his regret

Independently of the opponent player’s strategy.

|
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Individual Sequences

Game of prediction with partial monitoring

The ewa strategy

Incomplete information

® On-line pricing (1)

® On-line pricing (2)

® General model

® Repeated game

® Examples

® A general predictor (1)

® A general predictor (2)

® Performance bound

® Optimality of the general
strategy

Internal regret

The problem of sequential prediction under partial monitoring
may be cast as a (zero-sum) repeated game between the
decision-maker and an opponent player.
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The problem of sequential prediction under partial monitoring
may be cast as a (zero-sum) repeated game between the
decision-maker and an opponent player.

Foreachroundt¢=1,2,...,

— the opponent player chooses the next outcome y; € Y
without revealing it;

— the decision-maker chooses a probability distribution p, over
X, and (privately) draws an action I; according to p,;

— the decision-maker incurs loss ¢(I;,y;) and each x € X
Incurs loss ¢(x, y:), but none of these values is revealed,;
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— the decision-maker incurs loss ¢(I;,y;) and each x € X
Incurs loss /(x, y; ), but none of these values is revealed;
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Individual Sequences

Game of prediction with partial monitoring

The ewa strategy

Incomplete information

® On-line pricing (1)

® On-line pricing (2)

® General model

® Repeated game

® Examples

® A general predictor (1)

® A general predictor (2)

® Performance bound

® Optimality of the general
strategy

Internal regret

The problem of sequential prediction under partial monitoring
may be cast as a (zero-sum) repeated game between the
decision-maker and an opponent player.

Foreachroundt=1,2,...,

— the opponent player chooses the next outcome y; € Y

without revealing it;

— the decision-maker chooses a probability distribution p, over
X, and (privately) draws an action I; according to p,;

— the decision-maker incurs loss ¢(I;,y;) and each x € X
Incurs loss /(x, y; ), but none of these values is revealed;

— only the feedback A (1, y;) is revealed to the decision-maker.

The decision-maker’s goal is to predict in a way such that his

regret

Zf Itayt

mm l(x,y;) =o(n) a.s.
t=1
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Individual Sequences

Examples

The ewa strategy

Incomplete information

® On-line pricing (1)

® On-line pricing (2)

® General model

® Repeated game

® Examples

® A general predictor (1)

® A general predictor (2)

@ Performance bound

® Optimality of the general
strategy

Internal regret

Multi-armed bandit problem.
The only information the forecaster receives is his own loss,

h=14¢
(See Auer, Cesa-Bianchi, Freund, and Schapire '02.)
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Internal regret

Multi-armed bandit problem.
The only information the forecaster receives is his own loss,

h=14¢
(See Auer, Cesa-Bianchi, Freund, and Schapire '02.)

Apple tasting. X =Y ={0,1},

0 1
| I 0 1
1 0 1 1
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Individual Sequences

Examples

The ewa strategy

Incomplete information
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® A general predictor (1)

® A general predictor (2)
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® Optimality of the general
strategy

Internal regret

Multi-armed bandit problem.
The only information the forecaster receives is his own loss,

h=14¢
(See Auer, Cesa-Bianchi, Freund, and Schapire '02.)

Apple tasting. X =Y ={0,1},

0 1
| I 0 1
1 0 1 1

The forecaster only receives feedback when he chooses the first
action. (See Helmbold and Panizza '97.)
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Individual Sequences

Examples
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Incomplete information

® On-line pricing (1)

® On-line pricing (2)

® General model

® Repeated game

® Examples

® A general predictor (1)

® A general predictor (2)

@ Performance bound

® Optimality of the general
strategy

Internal regret

Multi-armed bandit problem.
The only information the forecaster receives is his own loss,

h=14¢
(See Auer, Cesa-Bianchi, Freund, and Schapire '02.)

Apple tasting. X =Y ={0,1},

0 1
| I 0 1
1 0 1 1

The forecaster only receives feedback when he chooses the first
action. (See Helmbold and Panizza '97.)

We now consider the matrices
L = [l(x,y)](z, and H =[h(z,y)]

instead of the functions ¢ and h.

(x,y)
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Individual Sequences

A general predictor (1)

The ewa strategy

Incomplete information

® On-line pricing (1)

® On-line pricing (2)

® General model

® Repeated game

® Examples

® A general predictor (1)

® A general predictor (2)

@ Performance bound

® Optimality of the general
strategy

Internal regret

The strategy is inspired by Piccolboni and Schindelhauer '01.
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Individual Sequences

A general predictor (1)

The ewa strategy
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® On-line pricing (1)

® On-line pricing (2)

® General model

® Repeated game

® Examples

® A general predictor (1)

® A general predictor (2)

@ Performance bound

® Optimality of the general
strategy

Internal regret

The strategy is inspired by Piccolboni and Schindelhauer '01.

It relies on the crucial structural assumption that the losses may
be reconstructed from the feedback, that is,

there exists a matrix K = [k(x,z)]suchthat L =K H

Thus,

Uz,y) = > k(z,2)h(z,9)

zeX
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It relies on the crucial structural assumption that the losses may
be reconstructed from the feedback, that is,

there exists a matrix K = [k(x,z)]suchthat L =K H

Thus, Uz,y) = Y klz,2)h(z,y)

zeX

Then we may estimate the losses, for all x € X, by

~ k(x,I.)h(I
K(SE,yt) _ (:Ca ;)I i tayt>
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Internal regret
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It relies on the crucial structural assumption that the losses may
be reconstructed from the feedback, that is,

there exists a matrix K = [k(x,z)]suchthat L =K H

Thus, Uz,y) = Y klz,2)h(z,y)

zeX

Then we may estimate the losses, for all x € X, by

~ k(x,I.)h(I
K(SE,yt) _ (:Ca ;)I i tayt>

These estimates are unbiased.
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Internal regret

The strategy is inspired by Piccolboni and Schindelhauer '01.

It relies on the crucial structural assumption that the losses may
be reconstructed from the feedback, that is,

there exists a matrix K = [k(x,z)]suchthat L =K H

Thus, Uz,y) = Y klz,2)h(z,y)

zeX

Then we may estimate the losses, for all x € X, by

~ k(x,I.)h(I
K(ZE,yt) _ (:Ca ;)I i tayt>

These estimates are unbiased. Since I; has law p,,
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A general predictor (1)
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® A general predictor (2)
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® Optimality of the general
strategy

Internal regret

The strategy is inspired by Piccolboni and Schindelhauer '01.

It relies on the crucial structural assumption that the losses may
be reconstructed from the feedback, that is,

there exists a matrix K = [k(x,z)]suchthat L =K H

= > k(z,2)h(z,y)

Thus,

Then we may estimate the losses, for all x € X, by

~ k(x,I.)h(I
K(ZE,yt) _ (:Ca ;)I i tayt>

These estimates are unbiased. Since I; has law p,,

Et[ 33.%] szt ke, 2)hlz, yt>:£(5€ayt>

zeX Z’
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Individual Sequences

A general predictor (2)

The ewa strategy

Incomplete information

® On-line pricing (1)

® On-line pricing (2)

® General model

® Repeated game

® Examples

® A general predictor (1)

® A general predictor (2)

@ Performance bound

® Optimality of the general
strategy

Internal regret

Parameters. L, H (and K) are known.
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Individual Sequences

A general predictor (2)

The ewa strategy

Incomplete information

® On-line pricing (1)

® On-line pricing (2)
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~

— et Zx,t =L, 1+ Z(a:, y.) for all x € X', where
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Pr, .t
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Internal regret

Theorem. For all strategies of the opponent, for all n >

1 and

d € [0, 1], and with probability at least 1 — ¢,

Zf Iy, ys) mln

Application.

n

[1n2/3 ln1

<

t—l

For the on-line pricing problem, we partition [0, 1]

and use a doubling trick to bound the regret by O n*/°.
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Theorem. For all strategies of the opponent, for all n > 1 and
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® On-line pricing (2) t— 1
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® Repeated game
® Examples

e e Application. For the on-line pricing problem, we patrtition [0, 1]

® A general predictor (2)

o Performance bound and use a doubling trick to bound the regret by O n*/5.

® Optimality of the general
strategy

Proof. Recall that the variance terms are crucial. Now,

B [l )| = 3 pe ( x’Z)h(ijt)f UOLTENSE

P Pzt Yt

Internal regret
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Performance bound

Theorem. For all strategies of the opponent, for all n > 1 and
PO SeueneEs 6 € |0,1], and with probability at least 1 — ¢,

The ewa strategy

n

o Z 2/3 1
Incomplete information _
@ On-line pricing (1) € It7 yt mln K(aj yt) < D n ln 5
® On-line pricing (2) =1
® General model
® Repeated game
® Examples

e e Application. For the on-line pricing problem, we patrtition [0, 1]

® A general predictor (2)

o Performance bound and use a doubling trick to bound the regret by O n*/5.

® Optimality of the general
strategy

Proof.  In particular, Bernstein’s inequality for martingale
difference sequences show that

Internal regret

n

Zf Iy, yt) mm Uz, yi)

t 1

n

Zﬁ Ty mm Uz, ) | + Op(n/?)

t=1
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Performance bound
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® On-line pricing (1)

® On-line pricing (2)

® General model

® Repeated game
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® A general predictor (1)

® A general predictor (2)

® Performance bound

® Optimality of the general
strategy

Internal regret

Theorem. For all strategies of the opponent, for all n >

1 and

d € [0, 1], and with probability at least 1 — ¢,

Zf Itayt

Application.

Proof.

n
mln l(x,y:) <
e

1
In —

] 2/3
" 5

For the on-line pricing problem, we partition [0, 1]
and use a doubling trick to bound the regret by O n*/°.

Also, by the second-order prediction techniques,

Z Z(pta yt)
t=1

O(n2/3)

mn
— ggggtz_;ﬁ(:v,yt) =

thus concluding the proof.
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Optimality of the general strategy
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® A general predictor (2)

@ Performance bound

@ Optimality of the general
strategy

Internal regret

Consider the problem of label efficient prediction.
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—_ O =

S = =
|

—_ = =

—_ = O

(K such that L = K H indeed exists).
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Optimality of the general strategy

Consider the problem of label efficient prediction. That is,
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® On-line pricing (2)
® General model

® Repeated game

e edictor () (K such that L = K H indeed exists).

® A general predictor (2) . . . . . An C .
o perormance bound Only the first action is informative, but it incurs a maximal loss.
strategy

&~
|
_ O =
S = =
|
—_ = =
—_ = O

Internal regret
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@ Performance bound

@ Optimality of the general
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Internal regret

Consider the problem of label efficient prediction.

Theorem. For any n > 8 and any (randomized) strategy, there

exists a sequence vy, ..

., yn Of outcomes such that
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@ Performance bound

@ Optimality of the general
strategy

Internal regret

Consider the problem of label efficient prediction.

Theorem. For any n > 8 and any (randomized) strategy, there
exists a sequence v, ..., y, of outcomes such that

mn
n2/3

Ex Zg(ltayt) ~ @3%1513 (i, ye) > 5
t=1 t=1
where £, denotes expectation with respect to the auxiliary

randomization used by the forecaster.
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® General model
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® A general predictor (2)

@ Performance bound

@ Optimality of the general
strategy

Internal regret

Consider the problem of label efficient prediction.

Theorem. For any n > 8 and any (randomized) strategy, there
exists a sequence v, ..., y, of outcomes such that

mn
n2/3

Ea | 0T, y) | — 121513 (i, ye) > T
t=1 t=1
where £, denotes expectation with respect to the auxiliary

randomization used by the forecaster.

Proof. Use a randomization over the outcomes, as well as some
Information-theoretic techniques, namely, Pinsker’s inequality,
the chain rule for relative entropies.
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@ Performance bound

@ Optimality of the general
strategy

Internal regret

Consider the problem of label efficient prediction.

Theorem. For any n > 8 and any (randomized) strategy, there
exists a sequence v, ..., y, of outcomes such that

mn
n2/3

Ea | 0T, y) | — 121513 (i, ye) > T
t=1 t=1
where £, denotes expectation with respect to the auxiliary

randomization used by the forecaster.

A simple modification of an argument introduced by Piccolboni
and Schindelhauer '01 leads to the following alternative.
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® A general predictor (2)

@ Performance bound

@ Optimality of the general
strategy

Internal regret

Consider the problem of label efficient prediction.

Theorem. For any n > 8 and any (randomized) strategy, there
exists a sequence v, ..., y, of outcomes such that

mn
n2/3

Ea Zg(]tayt) — 121513 0(i,ye) > T
=1 =1

where £, denotes expectation with respect to the auxiliary
randomization used by the forecaster.

Theorem. Every prediction problem (H, L)

— either reduces to a not more difficult problem (H', L"), with
L' = K'H’, so that the regret is bounded by Op(n?/3) by the
general forecaster,
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Internal regret

Consider the problem of label efficient prediction.

Theorem. For any n > 8 and any (randomized) strategy, there
exists a sequence v, ..., y, of outcomes such that

mn
n2/3

Ea Zg(]tayt) — 121513 0(i,ye) > T
=1 =1

where £, denotes expectation with respect to the auxiliary
randomization used by the forecaster.

Theorem. Every prediction problem (H, L)

— either reduces to a not more difficult problem (H', L"), with
L' = K'H’, so that the regret is bounded by Op(n?/3) by the
general forecaster,

— Or Is such that no strategy is able to ensure a regret
uniformly o(n).
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Consider the problem of label efficient prediction.

Theorem. For any n > 8 and any (randomized) strategy, there
exists a sequence v, ..., y, of outcomes such that

mn
n2/3

Ea | 0T, y) | — 121513 (i, ye) > T
t=1 t=1
where £, denotes expectation with respect to the auxiliary

randomization used by the forecaster.

So, in general, the proposed forecaster and the n2/3 rate for the
regrets are optimal.
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® On-line pricing (1)

® On-line pricing (2)

® General model
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® A general predictor (1)

® A general predictor (2)

@ Performance bound

@ Optimality of the general
strategy

Internal regret

Consider the problem of label efficient prediction.

Theorem. For any n > 8 and any (randomized) strategy, there
exists a sequence v, ..., y, of outcomes such that

mn
n2/3

Ea | 0T, y) | — 121513 (i, ye) > T
t=1 t=1
where £, denotes expectation with respect to the auxiliary

randomization used by the forecaster.

So, in general, the proposed forecaster and the n2/3 rate for the
regrets are optimal.

In some special cases (full information, bandit prediction), the
convergence rates may however be of the faster order of \/n.
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A refined notion of regret

Internal regret, a notion introduced by Foster and Vohra '98, is
concerned with consistent modifications of our prediction
strategy.

Individual Sequences

The ewa strategy

Incomplete information

Internal regret

® A refined notion of regret

® Link between external and
internal regret

® From external to internal
regret

® Applications of the
conversion trick

Gilles Stoltz, 27 mai 2005 Soutenance de thése — Information incompléte et regret interne en prédiction de suites individuelles — 26/29



A refined notion of regret

Internal regret, a notion introduced by Foster and Vohra '98, is
concerned with consistent modifications of our prediction
strategy.

Individual Sequences

The ewa strategy

R A Each of these modifications is parametrized by a departure
functon ® : {1,..., N} — {1,..., N},

Internal regret

® A refined notion of regret

® Link between external and
internal regret

® From external to internal
regret

® Applications of the
conversion trick

Gilles Stoltz, 27 mai 2005 Soutenance de thése — Information incompléte et regret interne en prédiction de suites individuelles — 26/29
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® Applications of the
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A refined notion of regret

Internal regret, a notion introduced by Foster and Vohra '98, is
concerned with consistent modifications of our prediction
strategy.

Individual Sequences

The ewa strategy

R A Each of these modifications is parametrized by a departure
S function ® : {1,...,N} — {1,..., N}, and we ask that none of
Al il them is significantly better than the original strategy.

® Link between external and
internal regret

o e o mema Formally, a strategy is said to suffer no internal regret whenever

regret
® Applications of the

conversion trick

D U (Fray) —min ) € (o) ye) =o(n) as.
t=1 t=1
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o o e Formally, a strategy is said to suffer no internal regret whenever
® Applications of the

conversion trick
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Note that (external) regret corresponds to the departures ® = j
for some ;.
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A refined notion of regret

Internal regret, a notion introduced by Foster and Vohra '98, is
concerned with consistent modifications of our prediction
strategy.

Individual Sequences

The ewa strategy

R A Each of these modifications is parametrized by a departure
S function ® : {1,...,N} — {1,..., N}, and we ask that none of
Al il them is significantly better than the original strategy.

® Link between external and

internal regret
® From external to internal

rogret Formally, a strategy is said to suffer no internal regret whenever

® Applications of the
conversion trick

D U (Fray) —min ) € (o) ye) =o(n) as.
t=1 t=1

Note that (external) regret corresponds to the departures ® = j
for some ;.

No-internal-regret strategies are so good (or bad!) that they may
not be improved easily. (No internal regret corresponds to an
extremum of performance.)
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A refined notion of regret

Internal regret, a notion introduced by Foster and Vohra '98, is
concerned with consistent modifications of our prediction
strategy.

Individual Sequences

The ewa strategy

R A Each of these modifications is parametrized by a departure
S function ® : {1,...,N} — {1,..., N}, and we ask that none of
Al il them is significantly better than the original strategy.

® Link between external and
internal regret

© From extemal o e Formally, a strategy is said to suffer no internal regret whenever

regret
® Applications of the

conversion trick

D U (Fray) —min ) € (o) ye) =o(n) as.
t=1 t=1

The notion of internal regret has been shown to be useful in the
theory of equilibria in repeated games.
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A refined notion of regret

Internal regret, a notion introduced by Foster and Vohra '98, is
concerned with consistent modifications of our prediction
strategy.

Individual Sequences

The ewa strategy

R A Each of these modifications is parametrized by a departure
S function ® : {1,...,N} — {1,..., N}, and we ask that none of
Al il them is significantly better than the original strategy.

® Link between external and

internal regret
® From external to internal

rogret Formally, a strategy is said to suffer no internal regret whenever

® Applications of the
conversion trick

D U (Fray) —min ) € (o) ye) =o(n) as.
t=1 t=1

The notion of internal regret has been shown to be useful in the
theory of equilibria in repeated games.

Foster and Vohra '97, 99 showed that if all players of a finite
game play strategies that suffer no internal regret, then the
empirical frequencies of played profiles converge to the set of

correlated equilibria.
| |
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A refined notion of regret

Internal regret, a notion introduced by Foster and Vohra '98, is
concerned with consistent modifications of our prediction
strategy.

Individual Sequences

The ewa strategy

R A Each of these modifications is parametrized by a departure
S function ® : {1,...,N} — {1,..., N}, and we ask that none of
Al il them is significantly better than the original strategy.

® Link between external and
internal regret

o o e Formally, a strategy is said to suffer no internal regret whenever

® Applications of the
conversion trick

D U (Fray) —min ) € (o) ye) =o(n) as.
t=1 t=1

The notion of internal regret has been shown to be useful in the
theory of equilibria in repeated games.

See also Fudenberg and Levine '99, Hart and Mas-Colell '99.
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A refined notion of regret

Internal regret, a notion introduced by Foster and Vohra '98, is
concerned with consistent modifications of our prediction
strategy.

Individual Sequences

The ewa strategy

R A Each of these modifications is parametrized by a departure
S function ® : {1,...,N} — {1,..., N}, and we ask that none of
Al il them is significantly better than the original strategy.

® Link between external and
internal regret

© From extemal o e Formally, a strategy is said to suffer no internal regret whenever

regret
® Applications of the
conversion trick

D U (Fray) —min ) € (o) ye) =o(n) as.
t=1 t=1

Once again, we may focus on expected internal regret,

Zé (Pes yt) — msgn Z C(o(Py)s yt)
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A refined notion of regret

Internal regret, a notion introduced by Foster and Vohra '98, is
concerned with consistent modifications of our prediction
strategy.

Individual Sequences

The ewa strategy

R A Each of these modifications is parametrized by a departure
S function ® : {1,...,N} — {1,..., N}, and we ask that none of
Al il them is significantly better than the original strategy.

® Link between external and
internal regret

o o e Formally, a strategy is said to suffer no internal regret whenever

® Applications of the
conversion trick

D U (Fray) —min ) € (o) ye) =o(n) as.
t=1 t=1

Once again, we may focus on expected internal regret,

Zé (Pes yt) — msgn Z C(o(Py)s yt)

where the minimum is over all linear functions ¢ from the
simplex of order IV into itself.
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Individual Sequences

Link between external and internal regret

The ewa strategy

Incomplete information

Internal regret

® A refined notion of regret

® Link between external and
internal regret

® From external to internal
regret

® Applications of the
conversion trick

To minimize expected internal regret,

> L(Py) —miny_L(p(py), ye)
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Link between external and internal regret

To minimize expected internal regret,

Individual Sequences n n
> (py,y) —min Y L (p(p,), 1)
t=1 7 t=1

Incomplete information

It suffices to consider only the “extremal” © given by
Internal regret < g
oArefineg notion of regret gO(p) — p’l,—>]’ Where

® Link between external and
internal regret

® From external to internal
regret

® Applications of the
conversion trick
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Link between external and internal regret

To minimize expected internal regret,

Individual Sequences n n
> (py,y) —min Y L (p(p,), 1)
t=1 7 t=1

Incomplete information

It suffices to consider only the “extremal” © given by
Internal regret < g
oArefineg notion of regret gO(p) == p’l,—>]’ Where

® Link between external and
internal regret 4

® From external to internal 0 |f k p— Z
regret . .
@ Applications of the 1—] — < pz _|_ p] If k :]
. Pk otherwise

conversion trick p k
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Link between external and internal regret

To minimize expected internal regret,

Individual Sequences

n n
> (py,y) —min Y L (p(p,), 1)
t=1 7 t=1

Incomplete information

It suffices to minimize

Internal regret
® A refined notion of regret

max B9 = 3 4(p,,yr) — min Zf (P17 we)

® From external to internal 7’#] t=1 Z#]
regret T —
® Applications of the n
conversion trick
= max Y pit (C(fitsve) — € (Fie,ve)

Gilles Stoltz, 27 mai 2005 Soutenance de thése — Information incompléte et regret interne en prédiction de suites individuelles — 27/29



Link between external and internal regret

To minimize expected internal regret,

Individual Sequences

n n
> (py,y) —min Y L (p(p,), 1)
t=1 7 t=1

Incomplete information

It suffices to minimize

Internal regret
® A refined notion of regret

max B9 = 3 4(p,,yr) — min Zf (P17 we)

® From external to internal ¢ #j t_ 1 ? #J
regret
® Applications of the n

conversion tric — maX sz t ( (f’L t yt) _ € (fj ty yt))

(Expected) external regret is less than IV times (expected)
Internal regret,
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Link between external and internal regret

To minimize expected internal regret,

Individual Sequences

n n
> (py,y) —min Y L (p(p,), 1)
t=1 7 t=1

Incomplete information

It suffices to minimize

Internal regret
® A refined notion of regret

max B9 = 3 4(p,,yr) — min Zf (P17 we)

® From external to internal ¢ #j t_ 1 ? #J
regret
® Applications of the n

conversion tric — maX sz t ( (f’L t yt) _ € (fj ty yt))

(Expected) external regret is less than IV times (expected)
Internal regret,

external regret < N x internal regret
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Link between external and internal regret

To minimize expected internal regret,

Individual Sequences

n n
> (py,y) —min Y L (p(p,), 1)
t=1 7 t=1

Incomplete information

It suffices to minimize

Internal regret
® A refined notion of regret

max B9 = 3 4(p,,yr) — min Zf (P17 we)

® From external to internal ¢ #j t_ 1 ? #J
regret
® Applications of the n

conversion tric — maX sz t ( (f’L t yt) _ € (fj ty yt))

(Expected) external regret is less than IV times (expected)
Internal regret,
N
max R < N x internal regret

1,....N
= 1=1
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Individual Sequences

Link between external and internal regret

The ewa strategy

Incomplete information

Internal regret

® A refined notion of regret

® Link between external and
internal regret

® From external to internal
regret

® Applications of the
conversion trick

To minimize expected internal regret,

> L(Py) —miny_L(p(py), ye)

It suffices to minimize

max RZ_” = Zé (Ps> Yt) m1nZ€ (pt 7?Jt)

1 1
%] — 7 —

— maprzt( (fztayt)_e(fjtvyt))

(Expected) external regret is less than IV times (expected)
Internal regret,

N

max RZ_)J < N X max 113’_>*7

j=1,....N ] 1#£]
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Link between external and internal regret

To minimize expected internal regret,

Individual Sequences

n n
> (py,y) —min Y L (p(p,), 1)
t=1 7 t=1

Incomplete information

It suffices to minimize

Internal regret

® A refined notion of regret n

; —
max R,/ = ) {(p, )~ min Z ((piu)
® From external to internal Z#j t—=1 Z#]

regret T —
® Applications of the n

conversion trick

= max > “pie (C(fitrve) — £ (Fierve))
t7J

(Expected) external regret is less than IV times (expected)
Internal regret,

N

max RZ_)J < N X max 113’_>*7

j=1,....N ] 1#£]

Thus, no-internal-regret strategies also suffer no external regret.
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Link between external and internal regret

To minimize expected internal regret,

Individual Sequences

n n
> (py,y) —min Y L (p(p,), 1)
t=1 7 t=1

Incomplete information

It suffices to minimize

Internal regret

® A refined notion of regret n

; —
max R,/ = ) {(p, )~ min Z ((piu)
® From external to internal Z#j t—=1 Z#]

regret T —
® Applications of the n

conversion trick

= max > “pie (C(fitrve) — £ (Fierve))
t7J

(Expected) external regret is less than IV times (expected)
Internal regret,

N

max RZ_)J < N X max 113’_>*7
Jj=1,....N 1]

1=1

But no-external-regret strategies may suffer a large internal
regret, see ewa.
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Individual Sequences

From external to internal regret

The ewa strategy

Incomplete information

Internal regret

® A refined notion of regret
® Link between external and

internal regret

® From external to internal
regret

® Applications of the
conversion trick

Specific no internal regret strategies have to be constructed.
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From external to internal regret

By a conversion trick, such strategies may be obtained from
no-external-regret ones.

Individual Sequences

The ewa strategy

Incomplete information

Internal regret
® A refined notion of regret
® Link between external and

internal regret

® From external to internal
regret

® Applications of the
conversion trick
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From external to internal regret

By a conversion trick, such strategies may be obtained from
no-external-regret ones.

Individual Sequences

The cws strategy Blum and Mansour '05 found independently another conversion
R A procedure, that relies on the linearity of the expected losses
¢(p;, y:) In p,, but offers some computational advantages.

Internal regret
® A refined notion of regret
® Link between external and

internal regret

® From external to internal
regret

® Applications of the
conversion trick
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From external to internal regret

By a conversion trick, such strategies may be obtained from
no-external-regret ones.

Individual Sequences

The ewa srtegy Define N (N — 1) fictitious experts by their losses at time instants
Incomplete information ]_ < S < t — 1, Wthh equal g( ’;—X]’ ys)’ 7/ # j.

Internal regret
® A refined notion of regret
® Link between external and

internal regret

® From external to internal
regret

® Applications of the
conversion trick
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From external to internal regret

By a conversion trick, such strategies may be obtained from
no-external-regret ones.

Individual Sequences

The e sirategy Define N(N — 1) fictitious experts by their losses at time instants
Incomplete information 1 < S < t — 1, Wthh equal g( ’;—ijys)’ 7/ # j.
T e Choose a probability distribution A; over the pairs i # j by ewa
S on this pool of fictitious experts, that is,
@ From external to internal

regret

® Applications of the
conversion trick
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From external to internal regret

By a conversion trick, such strategies may be obtained from
no-external-regret ones.

Individual Sequences

The cwn sirateqy Define N(N — 1) fictitious experts by their losses at time instants
Incomplete information 1 < S < ‘L‘ — 1’ Wthh equal g( ’;—ijys)’ 7/ # j.
T e Choose a probability distribution A; over the pairs i # j by ewa
S on this pool of fictitious experts, that is,
@ From external to internal

regret t—1 ) —> 1
OA;?pIicat.ions F)fkthe eXp <_77 2821 € (p:; J, ys>)

conversion tric

Awi)e = =1 k—1
Z(kz,l):k;él e (_77 D s—1 L (s 7ys))
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From external to internal regret

By a conversion trick, such strategies may be obtained from
no-external-regret ones.

Individual Sequences

The cwn sirateqy Define N(N — 1) fictitious experts by their losses at time instants
Incomplete information 1 < S < ‘L‘ — 1, Wthh equal K( ’;—>J,y8)’ 7/ # j.
T e Choose a probability distribution A; over the pairs i # j by ewa
S on this pool of fictitious experts, that is,
@ From external to internal

regret t—1 ) —> 1
OASpIicat.ions F)fkthe eXp (_77 2821 € <p:; J, ys))

conversion tric

Awi)e = =1 k—1
Z(kz,l):k;él e (_77 D s—1 L (s 7ys))

with n = B=1,/8(In N(N — 1))/n (the losses are assumed to be
bounded by B)
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From external to internal regret

By a conversion trick, such strategies may be obtained from
no-external-regret ones.

Individual Sequences

The cwn sirateqy Define N(N — 1) fictitious experts by their losses at time instants
Incomplete information 1 < S < ‘L‘ — 1’ Wthh equal g( ’;—ijys)’ 7/ # j.
T e Choose a probability distribution A; over the pairs i # j by ewa
S on this pool of fictitious experts, that is,
@ From external to internal

regret t—1 ) —> 1
OA;?pIicat.ions F)fkthe eXp <_77 2821 € (p:; J, ys>)

conversion tric

Awi)e = =1 k—1
Z(kz,l):k;él e (_77 D s—1 L (s 7ys))

Then, the analysis of ewa ensures
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From external to internal regret

By a conversion trick, such strategies may be obtained from
no-external-regret ones.

Individual Sequences
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Incomplete information 1 < S < ‘L‘ — 1, Wthh equal K( ’;—>J,y8)’ 7/ # j.
T e Choose a probability distribution A; over the pairs i # j by ewa
S on this pool of fictitious experts, that is,
@ From external to internal

regret t—1 ) —> 1
OASpIicat.ions F)fkthe eXp (_77 2821 € <p:; J, ys))

conversion tric

Awi)e = =1 k—1
Z(kz,l):k;él e (_77 D s—1 L (s 7ys))

Then, the analysis of ewa ensures

n mn

Z Z : A(iaj)atg (p:‘_hjv yt) < min 4 (p:‘_hja yt) + BvVnln N
p— 1] i)
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From external to internal regret

By a conversion trick, such strategies may be obtained from
no-external-regret ones.

Individual Sequences

The cwn sirateqy Define N(N — 1) fictitious experts by their losses at time instants
Incomplete information 1 < S < ‘L‘ — 1’ Wthh equal g( ’;—ijys)’ 7/ # j.
T e Choose a probability distribution A; over the pairs i # j by ewa
S on this pool of fictitious experts, that is,
@ From external to internal

regret t—1 ) —> 1
OA;?pIicat.ions F)fkthe eXp <_77 2821 € (p:; J, ys>)

conversion tric

Awi)e = =1 k—1
Z(kz,l):k;él e (_77 D s—1 L (s 7ys))

Then, the analysis of ewa ensures

n

ng (S:i#j A ).t pi_)j 7.%:) < minZ€ (Pi_)ja yt) +Bvnln N
t=1

147 —
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From external to internal regret

By a conversion trick, such strategies may be obtained from
no-external-regret ones.

Individual Sequences

The cwn sirateqy Define N(N — 1) fictitious experts by their losses at time instants
Incomplete information 1 < S ‘L‘ — 1 Wthh equal K( ’L—>J,y8)’ 7/ # j.
T e Choose a probability distribution A; over the pairs i # j by ewa
e on this pool of fictitious experts, that is,
@ From external to internal
O,Ts;;ﬁ(t:at.ions F)fkthe eXp ( 77 ZS_ 1 € < 9 ys))

conversion tric

At =

Z(k,z);;@sl exXp (_77 22;1 {(ps—t, ys))

Then, the analysis of ewa ensures

ng (S:#j A(z’,j),tpi 7yt> mmZE (Pt 7yt) +Bvnln N
t=1 —

As soon as we have p, in the left-hand side, this is a bound on
iInternal regret.
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From external to internal regret

By a conversion trick, such strategies may be obtained from
no-external-regret ones.

Individual Sequences

The e sirategy Define N(N — 1) fictitious experts by their losses at time instants
Incomplete information 1 < S ‘L‘ — 1 Wthh equal K( ’L—>J,y8)’ 7/ # j.

ST Choose a probability distribution A; over the pairs i # j by ewa
e on this pool of fictitious experts, that is,

® From external to internal

exp (-1 S (Pl )
Aig)e = t—1 k—l
Z(k,z);;@sl exXp (_77 > s—1 L (P 793))

Then, the analysis of ewa ensures

ng (yji;éj A(z’,j),t pi 7yt> min l ( z_nayt> +Bvnln N
t=1

1% —

We choose p, suchthatp, = >, y.;; A, cpl
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Applications of the conversion trick

In on-line portfolio selection, we could define a notion of internal
regret, and introduce algorithms that minimize it.

Individual Sequences

The ewa strategy

Incomplete information

Internal regret

® A refined notion of regret

® Link between external and
internal regret

® From external to internal
regret

® Applications of the
conversion trick
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Applications of the conversion trick

In on-line portfolio selection, we could define a notion of internal
regret, and introduce algorithms that minimize it.

Individual Sequences

The cws strategy For instance, we defined the s1exp strategy, which is the
R A no-internal-regret counterpart of the ec strategy of Helmbold,
Schapire, Singer, and Warmuth '98.

Internal regret

® A refined notion of regret

® Link between external and
internal regret

® From external to internal
regret

® Applications of the
conversion trick
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Applications of the conversion trick

In on-line portfolio selection, we could define a notion of internal
regret, and introduce algorithms that minimize it.

Individual Sequences

The cws strategy It turns out that internal regret is linked to an increased stability
R A with respect to bad choices of the tuning parameters,

Internal regret

@ A refined notion of regret Achieved Wealths Internal Regrets
. 60
® Link between external and = E—
internal regret 50( | —— B1Exp 16| — B1Exp
® From external to internal
regret 40 14
@ Applications of the 30 '
conversion trick
20 1.2
10
0 1
0 2000 4000 6000 0 2000 4000 6000
Achieved Wealths Internal Regrets
40 3
— EG — EG
— B1Exp —— B1Exp
30 25
20 2
10 15 //—/—/—/,/—/
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Applications of the conversion trick

In on-line portfolio selection, we could define a notion of internal
regret, and introduce algorithms that minimize it.

Individual Sequences

The ewa strategy

As for repeated games, we could also extend Foster and Vohra's
convergence result toward correlated equilibria to games with
e oot e infinite (convex, compact) sets of strategies.

® Link between external and
internal regret

® From external to internal
regret

® Applications of the
conversion trick

Incomplete information
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