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Chapitre 1

Introduction, notions générales

1.1 Régularité locale et analyse multifractale

L’analyse de la régularité locale d’objets tels que des fonctions, des processus stochastiques,
des signaux ou des images, constitue une branche jeune des mathématiques. Elle est née avec
le perfectionnement des techniques d’analyse numérique, d’expérimentation et de simulation
en physique. En particulier, depuis le début des années 1970, la présence de rapides oscillations
locales a été mise en évidence dans plusieurs contextes, notamment en mécanique des fluides.
Dans ce cadre, les irrégularités mesurées dans la vitesse d’un fluide turbulent refletent le fait
que I’énergie s’y dissipe de fagon hétérogene. Ce phénomene de grande variabilité, aujourd’hui
dit de “multifractalité”, a conduit B. Mandelbrot dans [66] et [69] & introduire ses cascades
multiplicatives aléatoires. Ces cascades constituent le premier modele multifractal, utilisé plus
tard par U. Frisch et G. Parisi dans [30] dans le cadre de la turbulence pleinement développée
pour illustrer leur conjecture.

Des propriétés d’auto-similarité (c’est-a-dire d’invariance déterministe ou stochastique par
certaines similitudes), propriétés qui joueront un réle important dans ce travail, ont également
été mises en évidence dans d’autres phénomenes physiques. Mandelbrot, dans [68] par exemple,
a prouvé qu’'un grand nombre de phénomenes naturels présentaient des structures auto-
similaires fortes. Plus récemment, il a été prouvé que le trafic de données ([61], [60]) peut
avoir des propriétés d’auto-similarité (dans le cas d’un réseau local) ou de multifractalité
(pour un réseau global du type Internet).

Nous étudions principalement dans cette these la caractérisation du comportement lo-
cal d’'un objet autour d’un point donné xzy. Il est fondamental dans les applications citées
précédemment mais également d’un point de vue plus théorique, de pouvoir détecter puis
classifier les singularités rencontrées. L’analyse de régularité locale se donne pour but de ca-
ractériser entierement, si cela est possible, le comportement local de 'objet (c’est-a-dire autour
de chaque point), et donc de compléter de fagon pertinente les informations fournies par la
simple régularité globale (méme si cette derniére présente évidemment un intérét).

Régularité ponctuelle et ondelettes

La régularité ponctuelle autour d’un point xy d’une fonction f est le plus souvent mesurée
par I’exposant ponctuel de Holder défini de la maniere suivante :



Définition 1.1 Soit s un réel positif. Une fonction f : R4 — R appartient Cs, st et
seulement si on peut trouver un réel n > 0, un polynéme P, et une constante C' tels que

Yz € B(zo,n), |f(z) — P(x — z0)| < Clx — xol®. (1.1)
L’exposant ponctuel de Hélder est défini par hy(xzo) = sup{s: f € Cj }.

B(z,n) désigne la boule ouverte de R? de centre x, de rayon 7. Dans le cas d’une mesure
borélienne positive définie sur R, la régularité locale autour d’'un point xg est principalement
mesurée par un autre exposant de Holder :

Définition 1.2 Soit u une mesure borélienne positive définie sur R. On définit I’exposant de
Holder inférieur de p au point xg par

a,(wo) = lim inf log ju(B(z0,7))

. 1.2
R og Bz, 1) (12)

Cet exposant est aussi souvent appelé dimension locale inférieure de p en xg. L’exposant
ponctuel de Holder est une mesure de la régularité locale d’une fonction f. Cet exposant
présente pourtant quelques inconvénients, illustrés par 1’étude des deux exemples simples
suivants.

— la fonction “cusp”, x — |z|7 ou v est un réel positif (v ¢ 2N), a un exposant ponctuel
de Holder en 0 égal a v, mais ne présente pas de phénomenes d’oscillations en ce méme
point 0. Dans ce cas, I’exposant ponctuel en 0 de toute primitive de cette fonction cusp
est égal a v+ 1.

— la fonction “chirp” x — |x|” sin(ﬁ) ou v et 3 sont deux réels positifs, a également un
exposant ponctuel en 0 égal a . En revanche, il est facile de montrer que 'exposant
ponctuel en 0 de toute primitive d'un tel chirp est égal a v + (1 + (). On obtient donc
une régularité supérieure & celle espérée : ceci est di a la présence de rapides oscillations
autour de 0, qui apres intégration augmentent 1’exposant ponctuel de Holder.

Le comportement de hy est donc irrégulier sous l'action des opérateurs de dérivation et
d’intégration, et plus généralement sous 'action d’opérateurs pseudo-différentiels (voir [71]).
De plus, il ne permet pas de détecter de maniere simple les oscillations locales. Dans cette
these, nous définirons et étudierons d’autres exposants de régularité, qui permettront de
compléter la description procurée par hy.

Tout au long de ce travail nous utiliserons des bases d’ondelettes et la décomposition
des fonctions sur de telles bases. Ces bases, qui trouvent également leur motivation pour
une grande partie dans le traitement du signal, sont construites par exemple de la maniere
suivante : partant d’une “ondelette-mere” v appartenant a la classe de Schwartz S(R?), on
définit, pour j € Z et k € Z%, les fonctions 1;,(z) = ¥(27z — k), de telle sorte que sous
certaines hypotheses développées dans [71], ’ensemble

{2j/2¢j7/€}jez,keZd

forme une base orthonormale de L?(R%).
Les coefficients d’ondelettes d’une fonction f € L2(R?) sont définis par

G =2 [ 1Ot
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Remarquons que I’on utilise ici une normalisation L> (et non L?) pour les coefficients d’onde-
lettes, et ceci par simple commodité : en effet, prendre comme définition pour les coefficients
d’ondelettes djj, = 27/2 [ f(t)1;x(t)dt nous imposerait un inutile facteur 1/2 dans tous nos
résultats.

L’importance et 1'utilité des ondelettes dans l'analyse de régularité locale proviennent
principalement de la caractérisation suivante de ’exposant ponctuel de Holder de f en xg
par coefficients d’ondelettes, trouvée par S. Jaffard dans [41] : si f € C5(RY) pour un certain
e > 0, et si 'ondelette ¢ a suffisamment de moments nuls, on a

o log |d;
h = 1 f . J .
rlao) = Mt @ + o — k2 )

Les ondelettes constituent donc un outil naturel pour étudier la régularité locale des objets.

De plus, la structure intrinsequement auto-similaire de la base d’ondelettes est a priori favo-
rable a I’étude des fonctions et processus auto-similaires et multifractals.

Comme mentionné précédemment, plusieurs exposants de régularité ont déja été introduits
afin de détecter et de caractériser la présence et 'intensité des oscillations locales autour d’un
point donné. Nous nous sommes particulierement intéressés a I'un d’entre eux, 1’ exposant local
de Holder noté a;(f)(xo). Nous étudierons en détail dans le chapitre 2 les contraintes imposées
a l'exposant local de Holder ainsi que ses relations avec I'exposant ponctuel de Holder hs(xo).
En particulier, nous montrerons le théoréme suivant

Théoréme 1.1 (Seuret, Lévy Véhel) Soit 0 < v <1, f:1]0,1] — [y, +00) une fonction limite
inférieure d’une suite de fonctions continues, avec || f|loo < +00, €t g : [0,1] — [y, 4+00) une
fonction semi-continue inférieurement. Supposons que ¥Vt € [0,1], f(t) > g(t). Alors il existe
une fonction continue F : [0,1] — R qui vérifie

pour tout x, ay(F)(z) = g(x),
Hors d’un ensemble D de dimension de Hausdorff nulle, hp(z) = f(z).

Ainsi, les deux quantités, pour une fonction f, peuvent différer partout sauf sur un en-
semble de dimension de Hausdorff 0. Réciproquement, nous montrerons que ce résultat est
optimal, en ce sens que les fonctions d’exposants x — hy(x) et £ — oy(f)(x) doivent coincider
au moins sur un ensemble dense non-dénombrable. Ce résultat va a ’encontre de I'idée que
ces deux exposants sont le plus souvent égaux, et procure en méme temps des fonctions au
comportement tres erratique. Ces fonctions sont construites a partir de leur décomposition
sur une base d’ondelettes.

Ce résultat est comparable a celui obtenu par S. Jaffard dans [46], qui a réussi a prescrire
indépendamment I’exposant ponctuel de Holder et ’exzposant de chirp (que nous définirons
plus tard), sauf sur un ensemble de mesure de Lebesgue nulle.

Vers une caractérisation plus fine de la régularité

Les espaces 2-microlocaux permettent de compléter et de généraliser la notion d’exposant
de régularité. Ces espaces fonctionnels, que nous noterons Cyy , ont été introduits par J.M.
Bony dans [17], dans le contexte de ’étude du comportement de solutions de certaines EDP.
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Ces espaces sont construits a partir de la décomposition de Littlewood-Paley d’une distribution
ou d’une fonction f, et sont intimement liés au comportement local de f autour du point xg. Ils
peuvent également étre caractérisés par des taux de décroissance des coeflicients d’ondelettes.
Plus précisément, f € ;;f/ si et seulement si il existe une constante C, telle que pour tous

les couples (4, k) vérifiant |k277 — 29| < & (§ est une constante positive), on a
|| < €279 (277 4 |k277 — )7

La propriété suivante est fondamentale : connaissant les espaces 2-microlocaux auxquels ap-
partient une fonction f donnée, on peut retrouver les divers exposants de régularité mentionnés
plus haut.

On peut définir la frontiére 2-microlocale (unique) I'y, d’une distribution f au point xg
par la formule suivante

[, (s) =sup{s': fe C;;fl}.

Cette frontiere, notion essentielle dans cette these, est (si on la regarde comme fonction
s' = T'z,(s)) concave, décroissante, de dérivées a droite et a gauche toujours plus petites
que —1 (voir [33], [34] et [72]). Elle constitue une description géométrique de la régularité
locale en un point : en effet, on peut maintenant associer a tout point xg non plus un ou plu-
sieurs exposants, mais une courbe dans le plan (s, ). Il est remarquable que dans le cas d’une
fonction de C?(R%), tous les exposants que nous étudierons peuvent étre calculés a partir de
I'. Nous verrons par exemple que si f € C’E(Rd) pour un € > 0, alors en chaque point xg on a
h¢(zo) = —inf{s’ : s(s') + s > 0} et a;(zp) = inf{s: s’ < 0}.

Nous montrerons, dans le chapitre 3, qu’il est possible de trouver une caractérisation
!
temporelle des espaces Cy; dans le cas s + s > 0, s < 0, ce qui correspond aux cas des
fonctions ayant une régularité holderienne uniforme minimale.

Théoréme 1.2 (Seuret, Lévy Véhel) Soit xg € R, et s,s' deux réels tels que s + s’ > 0,

s+s &N, ets <0. Alors f € C’,}?asl si et seulement si il existe 0 < § < 1/4, un polynéme P
de degré plus petit que [s] — [s + '], et une constante C telle que

o"f(x) — P(z) 0™f(y) — P(y)

|z — zo|ls]— ly — xo|lsl=m

< Clo = ylo* 7 (= gl + o — )~

pour tous x,y tels que 0 < |z — xo| < 9, 0 < |y — zo| < 4.

Remarquons que les espaces de régularité globale (espaces de Sobolev et de Besov) peuvent
également étre caractérisés spatialement, grace aux différences finies.

Ce théoreme est comparable a certains des nombreux résultats obtenus par Y. Meyer dans
[72], qui notamment prouvait que toute fonction f € C’;gf’ avec s + s’ > 0, s’ < 0, pouvait se
décomposer en

f(z) = P(x) + |z — zo| ' h(x),

avec h € O ([zg — 0,20 + 6]) et |h(z)| < Clz — zo[*T, et P étant un polynéme de
degré plus petit que [s]. Nous prouverons d’ailleurs I’équivalence entre l’existence de cette
décomposition et la validité de notre caractérisation. Y. Meyer démontre des résultats plus
généraux sur des distributions (et plus seulement sur des fonctions), dont la preuve fait inter-
venir la décomposition spectrale de la distribution f.
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La démonstration du Théoréeme 1.2 que nous proposons reste dans le domaine spatial et
utilise explicitement ’existence de valeurs ponctuelles de la fonction. L’idée sous-jacente était
de rendre accessibles numériquement les espaces 2-microlocaux.

Lorsque s + s < 1 et s < 1, 'inégalité ci-dessus prend une forme simple qui avait été
trouvée dans [54]

[f (@) = )] < Cla =y (Jo =yl + |2 — 2o]) ™"

Cette caractérisation, fondée sur des inégalités faisant intervenir les valeurs ponctuelles de la
fonction f, s’avere tres utile pour les applications. En effet, si 'on s’intéresse a un signal ou
une image f nulle part dérivable (ou de maniere équivalente a des exposants plus petits que
1), il est en effet beaucoup plus facile d’estimer pour f des différences du type |f(x) — f(zo)|
que de passer par 'intermédiaire d’'une décomposition de Littlewood-Paley ou des ondelettes.
Lorsque les exposants sont plus grands que 1, la discussion est différente car un polynome
intervient dans la caractérisation du Théoreme 1.2.

A ce titre, un algorithme d’estimation de régularité, et les résultats de cet algorithme ap-
pliqué a plusieurs fonctions “types” (un cusp, un chirp, la fonction de Weierstrass, la réalisation
d’un mouvemement Brownien fractionnaire), sont présentés a la fin du chapitre 3.

Un nouvel outil d’analyse de régularité : le spectre 2-microlocal

Le coeur de cette these se situe dans le chapitre 4. Nous contruisons et développons un
outil que nous avons appelé spectre 2-microlocal, noté x,. Cette fonction est définie sur [0, 1],
et ses valeurs xz(p) (ou p € [0, 1]) sont déterminées a partir des coefficients d’ondelettes d’une
fonction ou d'une distribution f qui se situent dans un voisinage du point z (i.e. tels que [k277 —
x| < 6). Nous démontrons un formalisme 2-microlocal (par analogie au formalisme multifractal
qui sera défini un peu plus loin dans cette introduction), qui relie via une transformée de
Legendre la frontiere 2-microlocale I' au point z et le spectre 2-microlocal x... Plus précisément,
on montrera que

Théoréme 1.3 (Lévy Véhel, Seuret) Soit f € S’'(R) une distribution, et x € R. Alors

=i f ! T ’
o(s) pg[al](ps + Xz(p))

ou s — o(s') = s(s') + ¢ est un paramétrage de la frontiére T.

Le spectre 2-microlocal est indépendant de ’ondelette choisie pour le calculer. On retrouve
ainsi que la frontiere 2-microlocale (étant I’enveloppe convexe du spectre 2-microlocal) est
également indépendante de ’ondelette choisie.

L’étude du spectre et du formalisme 2-microlocal s’avere extrémement instructive et
éclairante. En effet, il sera montré que tous les exposants de régularité usuels se déduisent de

Xz par des formules trés simples et naturelles. Nous verrons que si f € C¢(R) pour un certain

€ > 0, alors en tout point  on a hy(x) = inf ¢ X“”[Ep), et ay(z) = inf c(0,1) Xz (p)-

Le calcul de y, se trouvant étre souvent aisé, le calcul de la frontiere et des exposants peut
le devenir aussi.

A notre sens, X, apporte un autre point de vue sur l'analyse de régularité locale, et
sur les frontieres 2-microlocales également. Par exemple, nous trouvons des conditions de




compatibilité entre frontieres, et sommes capables de prescrire exactement des frontieres sur
des ensembles dénombrables denses, alors que 1’on ne savait jusqu’alors le faire qu’en un seul
point (voir [33] et [72] pour ces résultats).

Alafin du chapitre 4, nous faisons le calcul de spectres 2-microlocaux de fonctions usuelles
(fonction “non-différentiable” de Riemann, séries lacunaires d’ondelettes), et présentons quelques
applications “théoriques”.

Le reste de cette these traite de ’analyse multifractale des fonctions et des mesures. Tout
au long de ces chapitres 5 et 6, le spectre 2-microlocal sera fréquemment utilisé.

Application a ’analyse multifractale

Il est important de comprendre qu’il est souvent impossible, ou pire inintéressant, de
calculer exactement ou de tenter d’estimer en chaque point I'exposant ponctuel de Holder
d’une fonction f ou l'exposant de Holder d’une mesure p (typiquement, cela est impossible
pour la réalisation d’un processus stochastique).

Pour ces raisons on s’intéresse souvent a la taille et a la répartition des ensembles de niveau
de hy, c’est-a-dire aux ensembles E,]: définis par

El = {x: hy(z) = h}.

Pour beaucoup d’exemples de fonctions f, plusieurs ensembles E,}: se trouvent étre des en-
sembles fractals denses dans 'intervalle de définition de f. Alors, plutét qu’a la position de
chaque point de E,{, on s’intéresse a la dimension de Hausdorff de E;: , qui donne une idée de
la répartition de cet ensemble sur I'intervalle de définition de f.
L’analyse multifractale d’une fonction f correspond a I’étude du spectre multifractal de f,
c’est-a-dire a la fonction
dg(h) = dimp E,

ou dimg (E) représente la dimension de Hausdorff de I'ensemble E.
De méme, 'analyse multifractale des mesures s’occupe du spectre multifractal d’une me-
sure défini par
du(a) = dimy B = dimp{z : a,(z) = a}.

Dans les deux compartiments d’analyse multifractale, on étudie la validité d’un formalisme
multifractal, qui est une formule reliant par une transformée de Legendre le spectre multifractal
a une fonction d’énergie libre (généralement notée ny¢(p) pour les fonctions, et 7(¢) pour les
mesures) calculée & partir de la fonction ou de la mesure étudiée. Ces formules, qui sont de la
forme

dy(h) = igf(hp +1—=mns(p)) oudy(a) = igf(aq - 7(q)),

ont été proposées initialement par Frisch et Parisi dans [30], dans le contexte de ’étude de la
turbulence pleinement développée. Bien sur de telles formules ne sont pas valables en toute
généralité (il est d’ailleurs facile de construire des contre-exemples, voir notre chapitre 6),
mais de larges classes de fonctions, de mesures et de processus satisfont a ce formalisme. 11
est intéressant de remarquer que de tels objets obéissent souvent a des lois d’auto-similarité
déterministe ou stochastique.



L’analyse multifractale peut étre comprise comme ’étude des phénomenes rares. En effet,
il arrive souvent que, pour une fonction f : R — R (ou une mesure), on trouve un exposant hg
presque sir, au sens ol presque surement hy(x) = hg. Ainsi, df(ho) = 1. Mais I’analyse mul-
tifractale de cette fonction permet de detecter (s’ils existent) des comportements plus rares
(i.e. h¢(xz) # ho), et calculer la dimension de Hausdorff des ensembles de niveau de I'exposant
ponctuel de Holder nous donne a la fois une idée de I'importance de ces phénomenes rares
(au sens ou ils sont de mesure de Lebesgue 0) et une idée de leur répartition sur le support
de la fonction f. Cette étude est importante car il a été prouvé ([66], [67]) que la dissipation
d’énergie dans un fluide turbulent pouvait étre reliée a la présence et la “densité” de ces
événements rares.

Le chapitre 5 est consacré a la définition et & 1’étude de fonctions multifractales dont la
construction repose une fois de plus sur des bases d’ondelettes. Ces fonctions F), sont définies
a partir de mesures boréliennes positives p par la formule suivante

Fu(a) = 305 2277000 | ((k277, (k + 1)277)) [0 954 (a),

§>0 keZ
Nous prouverons le fait remarquable suivant :

Théoréme 1.4 (Barral, Seuret) Si p satisfait au formalisme multifractal pour les mesures

au point o > 0, alors F,, satisfait au formalisme multifractal pour les fonctions au point
1

h=s50— -+ 5o, €t dp, (h) =dy (o).

Précisons que les formalismes multifractals pour les mesures et les fonctions utilisés dans ce
théoreme different légerement des formalismes usuels.

Ainsi, en plus d’agrandir la classe des fonctions vérifiant le formalisme multifractal, nous
établissons un lien satisfaisant entre les théories multifractales des mesures et des fonctions. De
surcroit, ce résultat reste stable apres perturbations des coefficients d’ondelettes. En effet, sous
certaines hypotheses, nous montrerons que 1’'on conserve au moins une partie du spectre de F},
apres perturbation. En particulier, il est pertinent, notamment dans le cas d’une mesure y issue
d’une construction du type cascade multiplicative de Mandelbrot, de remplacer M([k2_j , (k+
1)277)) par p;([k277, (k+1)277)), olt (uj); est la suite de “pré”-mesures dont la limite faible
sera . Le spectre de la fonction perturbée pourra se calculer en fonction de la fonction initiale.
On apporte ainsi une réponse & A. Arnéodo, E. Bacry et J.F. Muzy qui dans [4] étudiaient le
spectre de ces “cascades multiplicatives d’ondelettes”.

Il est important de noter que ce résultat s’applique a toutes les classes de mesures connues
qui satisfont au formalisme multifractal usuel : les mesures quasi-Bernoulli, les cascades
aléatoires de Mandelbrot, les mesures associées aux subordinateurs de Lévy stables ...

Etude des singularités oscillantes

Le chapitre 6 est orienté vers la détection et la création de singularités oscillantes. Il est
principalement fondé sur I’étude du spectre 2-microlocal pour des fonctions quelconques.

Nous nous intéresserons particulierement a l'opérateur de seuillage de coefficients d’onde-
lettes défini de la maniere suivante : I'opérateur de seuillage d’ordre -y associe a une fonction

=251 2k ity de L?(R) la fonction f = D j>1 2k d;,k"‘/’j,k définie par
d5 e = djilia, >0
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Cette opération annule échelle par échelle les coefficients trop petits. Le chapitre 6 est dédié
entre autres a I’étude de cet opérateur d’un point de vue multifractal.
Nous verrons qu’'un seuillage de ce type peut créer des oscillations :

Proposition 1.1 (Seuret) Soit f € C<([0,1]), et supposons que Ej} £ (. Appelons f' la

fonction obtenue aprés un seuillage de f d’ordre v < h. Alors pour tout € E®, on a deuz
f

possibilités : ou bien hy(x) = +00, ou x est une singularité oscillante pour ft.

On ne peut bien sir parler du cas géneral : par exemple appliquer un seuillage de ce type a la
fonction f, dont tous les coefficients d’ondelettes vérifient d; , = 277% ne crée pas d’oscillations
(apres seuillage, ou bien o < 7y et f, est inchangée, ou alors f! = 0 si a > 7). Nous étudierons
donc en détails un cas spécifique ol ce seuillage crée des oscillations.

Les mémes idées nous procureront un résultat intéressant d’analyse multifractale : nous
trouvons une condition suffisante sur le spectre multifractal pour la présence d’oscillations.
Cette condition est liée au spectre des grandes déviations d ¢ d’une fonction, qui lui aussi est
calculé & partir des coefficients d’ondelettes de cette fonction. La valeur d(h) (ott h > 0) est
relativement facile a estimer en pratique, et indique heuristiquement qu’a I’échelle 7, il y a
2141 (h) coefficients d’ondelettes d’amplitude 277", Nous montrons

Théoréme 1.5 (Seuret) Soit f € C*([0,1]). Supposons qu’il existe un exposant h > 0 tel que
d¢(h) < d¢(h). Alors il existe un ensemble E de dimension ds(h) tel que pour tout x de E, f
a une singularité oscillante en x et hy(x) = h.

En particulier, si le formalisme multifractal pour les fonctions n’est pas satisfait pour une
fonction f, f a un comportement oscillatoire sur un large ensemble de points. Plus précisément,
il apparaitra clairement dans la démonstration que lorsque le formalisme échoue, ”il n’y a pas
assez” de coefficients d’ondelettes d’ordre 277" pour empécher les oscillations de survenir. Ce
résultat peut s’apparenter au phénomene de Gibbs bien connu en traitement du signal.

Ce théoreme doit étre mis en parallele avec le théoreme obtenu par C. Melot dans [70],
qui démontre que presque toute fonction (au sens de Baire) dans certains espaces fonctionnels
(qui sont les mémes que ceux utilisés par S. Jaffard dans [48] et qui sont rappelés dans le
théoreme 1.6 plus bas) ne satisfont pas au formalisme multifractal et possedent des singula-
rités oscillantes.

Evidemment nous pensons aux méthodes de compression de signaux et d’images fondées
essentiellement sur le seuillage (différent de celui que nous étudions) des coefficients d’onde-
lettes. Le seuillage que nous proposons peut sans doute étre comparé au seuillages durs et
mous, et par conséquent que de telles méthodes créent génériquement des oscillations visibles.
Cela peut apporter quelques indications sur la présence de certains défauts observés apres
compression de signaux et d’images.

Par les divers objets qu’elle peut traiter, I’analyse de régularité locale peut se revendiquer
multidisciplinaire. Si 'objet est un signal ou une image, on la classera en analyse numérique.
Lorsque 'on s’intéresse par exemple a la théorie des mesures et ses applications en théorie des
nombres, on tombe dans le domaine des mathématiques dites pures. Si on étudie une fonction
ou une distribution, elle versera dans les mathématiques appliquées. Si enfin on travaille sur
des processus stochastiques ou des mesures, elle sera apparentée aux probabilités.



Mais l'analyse de la régularité locale et ’analyse multifractale représentent en réalité
une approche nouvelle et procurent un ensemble de méthodes vouées a I’étude de problemes
mathématiques et physiques.

L’approche multifractale n’est pas anecdotique, en ce sens notamment que les objets mul-
tifractals (c’est-a-dire qui ont un spectre multifractal non trivial) apparaissent comme des
phénomenes génériques. Rappelons le théoreme établi par S. Jaffard dans [48]

Théoréeme 1.6 Au sens des catégories de Baire, presque toute fonction de [’espace fonction-

nel V = ﬂp>075>oB]gnf(p)_a)/p’oo est multifractale.

Ce résultat a été amélioré par des travaux d’A. Fraysse et S. Jaffard, en montrant que cette
multifractalité reste générique sur des ensembles prévalents dans V.

En quelque sorte, pour une fonction f, étre “multifractale” n’est pas une propriété étonnante.
Au contraire, ne pas avoir un comportement multifractal est exceptionnel, et releve probable-
ment d’une structure interne spéciale des fonctions considérées.

De méme, la proposition suivante, prouvée par exemple dans [51],

Proposition 1.2 Soit f € ByP(RY), avec s—% > 0. L’ensemble des points x tels que hy(x) =

5§ — % a une dimension de Hausdorff nulle.

donne un éclairage sur l'optimalité des inclusions dites de Sobolev des espaces de Besov
B,P(RY) vers les espaces de Holder uniformes C’S_%(Rd).

Pour finir, revenons sur le traitement du signal et d’images. Ce sont des domaines par-
ticuliers dans lesquels I’étude de la régularité locale est amenée a jouer un role important.
En effet, les méthodes classiques d’analyse de signaux et d’images peuvent étre améliorées ou
complétées grace a une approche “fractale”. Ce n’est d’ailleurs qu’un juste retour des choses,
puisque, comme il a été dit précédemment, 'intérét pour les comportements locaux des ob-
jets provient principalement de problemes issus de ’analyse de signaux réels. Il est également
important de comprendre que les méthodes développées dans notre domaine peuvent étre
appliquées a des signaux qui eux-mémes ne sont pas “fractals” (au sens ou par exemple ils ne
présentent pas de structure auto-similaire), a condition toutefois que ces signaux possedent
une certaine irrégularité et que leur comportement local présente un intérét.

Dans [56], J. Lévy Véhel présente plusieurs outils dédiés a I’analyse de signaux réels et a la
synthese de signaux. Ces derniers sont fondés sur des méthodes d’analyse de régularité locale
et multifractale (entre autres en utilisant les systémes de fonctions itérées). Ils permettent
de résoudre certains problémes spécifiques en traitement du signal, parfois avec des résultats
meilleurs que les algorithmes dits classiques. Un autre exemple d’outils est le débruitage
multifractal de signaux irréguliers, développé dans [58]. Il est montré qu’appliquer ce type
de débruitage a un signal que l'on suppose initialement suffisamment irrégulier (typiquement
une fonction de Weierstrass) et auquel un bruit a été ajouté, permet de retrouver la forme
irréguliere du signal de départ.

De méme, des méthodes de segmentation et de débruitage d’images, ainsi que de détection
de contours, sont présentées dans [57] (et également dans [58]). Il apparait que dans certains
cas (notamment celui de certaines images satellites), 'approche “fractale” donne la encore de
meilleurs résultats que les approches dites classiques.



1.2 Ondelettes, exposants et frontieres 2-microlocales

Dans cette section, nous rappelons les définitions des principaux outils qui nous serviront
par la suite : la décomposition d’une fonction sur une base d’ondelettes, qui sera fondamentale
car elle permet de construire explicitement des objets ayant de bonnes propriétés, les exposants
de régularité complétant I'information fournie par I’exposant ponctuel de Holder, et les espaces

/
2-microlocaux Cyzy’ .

1.2.1 Les bases d’ondelettes

La décomposition d’une fonction sur des bases d’ondelettes sera a la base de la plupart
des travaux exposés plus tard.

Soit 9 une fonction de la classe de Schwartz S(R?). Définissons les versions translatées et
dilatées de 9, ¥ x(x) = ¥(27z — k). Si la fonction ¢ satisfaisait les propriétés de décroissance
et de reconstruction décrites dans [55], alors 'ensemble de fonctions

{Qj/2¢j7k}jez,kezd

forme une base orthonormale de L?(R%). L’ ondelette 1 est une fonction & décroissance rapide,
comme ses dérivées. Elle est également supposée de moyenne nulle, et on supposera qu’elle
possede des moments nuls, i.e.

/ a*(x)dx = 0 pour k =0,...,N.
R4

Il est possible de construire des ondelettes ayant une infinité de moments nuls, mais elle
est alors de support infini. Si 'on préfere des ondelettes & support compact (typiquement
pour étudier des fonctions & support compact), elles ont nécessairement un nombre fini de
moments nuls NV, et la taille du support de l'ondelette est relié a ce nombre N (cf [22] pour
la construction d’ondelettes a support compact).

Les coefficients d’ondelettes, coordonnées d’une fonction f dans la base orthogonale {1; 1},
sont définis par

djj =2 /Rd ()Y k(t)dt.

Les espaces C*(x) peuvent étre reliés au taux de décroissance des coefficients d’ondelettes
qui se trouvent autour de zg. Plus précisément, le théoréeme suivant est démontré par S. Jaffard
dans [51]

Théoréme 1.7 Soit f € C%(xo). Si |k277 — x| < 1/2, alors
|djr| < C27%9(1 4 27k279 — 20|)°. (1.3)
Réciproquement, si (1.3) est vérifiée pour tous les couples (j, k) tels que |k277 — x| < § (ou

§ est une constante positive), et si f € C(R?), alors on peut trouver une constante C et un
polynome P de degré inférieur a [s], tels que

|f(z) — P(x — z0)| < Cla — xo|° log <|CL‘—2$0|> . (1.4)
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On peut affaiblir la condition f € C¢, mais ce ne sera pas utile pour nous par la suite.

Si f € C°(RY), et si Pondelette 1 a plus que [hy(zo) + 1] moments nuls, on déduit du
Théroéme (1.7) la caractérisation de ’exposant ponctuel de Holder de f en xg par coefficients
d’ondelettes

log |d,;
hf(xzo) = liminf 08 |d;1

‘ . 1.5
|k2=3 —z0|—0 log(277 + |xg — k277]) ()

1.2.2 D’autres exposants

1l existe plusieurs techniques pour pallier au manque d’informations fournies par I’exposant
ponctuel de Holder (et notamment & ’absence de détection d’oscillations). Nous en rappelons
quelques-unes.

Exposant Local de Hoélder

Cet exposant a été introduit par J. Lévy Vehel et B. Guiheneuf dans [34].

Rappelons tout d’abord la définition des espaces de Holder globaux C*(R). Soit f : Q@ — R
une fonction définie sur un ouvert Q C R. Pour 0 < s < 1, f € C*(Q2) si on peut trouver une
constante C' telle que V(z,y) € Q2,

|f(z) = f(y)] < Clz —yl*. (1.6)
Sim<s<m+1(meN), feC*Q) signifie que ™ f € C*™(Q).
On pose alors a;(2) = sup{s : f € C}(©2)}. Remarquons que si ' C Q, () > a;(£2). Pour
définir 'exposant local de Holder , on utilisera le lemme suivant

Lemme 1.1 Soit (O;)icr une famille décroissante d’ouverts (i.e. O; C Oj si i > j), telle que
M;0; = {xo}. Posons
() = sup{y(0;) : i € I}. (1.7)

a(xo) ne depend pas de la famille (O;);er.
a(zp) peut donc étre défini simplement en choisissant une suite d’intervalles contenant zg.

Définition 1.3 Soit f une fonction définie au voisinage de xo. Soit { I, }nen une suite décroissante
d’intervalles convergeant vers xo. L’ exposant Holder local de la fonction f au point xg, noté
ai(x), est égal
ai(xo) =supay(Ip) = lm oy(ly). (1.8)
neN n—+oo

Il est clair que, pour une fonction globalement héldérienne, on a toujours oy(xo) < hy(xo).

Contrairement a I’exposant ponctuel, 'exposant local est stable par intégration et dérivation
fractionnaire.

On peut obtenir une caractérisation par ondelettes de ’exposant local de Holder grace au
théroeme suivant [71] :

Théoréme 1.8 Soit xg € R et n > 0. Une fonction f appartient a C* si et seulement si
on peut trouver une constante C telle que, pour tous les couples (j, k) € Z* vérifiant k277 €
B(xo,1n), on ait |d; | < C27%.
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Ce théoreme nous donne directement une caractérisation de I’exposant local de Holder par
coeflicients d’ondettes :

Proposition 1.3
ai(xg) = lirr(l)(sup{s :3C, k277 € B(wo,n) = |djx] < C27%}) (1.9)
"7—)

Il est plus simple algorithmiquement d’estimer la décroissance uniforme d’un ensemble
de coefficients d’ondelettes autour d’un point que d’estimer l’exposant ponctuel via ’égalité
(1.5). Ainsi, comme «a;(x() est relié a un certain taux de décroissance uniforme des coefficients
d’ondelettes autour du point xg, il est souvent calculé a la place de hy(xg), et on parle alors
également d’exposant ponctuel.

Cet exposant est tres utilisé en traitement du signal et d’image (voir [65] et [83] parmi
de trés nombreuses références), par exemple en détection de contours. En effet, on peut s’at-
tendre a ce que le contour d'un objet dans une image ait un exposant local de Holder petit,
alors que l'intérieur d’une surface uniforme est tres régulier (et donc a un exposant grand).
L’estimation de la régularité locale peut donc servir d’indicateur de la présence de contours.

Nous étudierons en détail dans le chapitre 2 les contraintes imposées a ’exposant local
de Holder ainsi que ses relations avec I’exposant ponctuel de Holder hy. En particulier, nous
montrerons que ces deux quantités, pour une fonction f, peuvent différer partout sauf sur un
ensemble dense non-dénombrable de dimension de Hausdorff 0, ce qui indique que oy et hy
procurent bien des informations complémentaires.

Exposant de Chirp
Bc a été introduit dans [72].

Définition 1.4 Soit f € L}OC(R), et £ une primitive de f d’ordre l. f est un chirp du type
(h,B) au point xo si

VneN, f e ohin(+h),

Alors f.(xg) est la plus grande valeur de  pour laquelle f est un chirp du type (h, ). Cet
exposant caractérise le comportement asymptotique autour de zy apres un grand nombre
d’intégrations. Cette définition est naturelle et correspond & l'idée intuitive (expliquée plus
haut pour le chirp x — |z|7sin(1/|z|%)) que si la fonction f oscille rapidement autour du
point zg, la régularité locale de la primitive de f en x( sera meilleure que prévue (c’est-a-dire
sera strictement supérieure & hy¢(zo) + 1).

Malheureusement, comme il a été remarqué dans [51] par exemple, cet exposant n’est pas
stable par 'ajout d'une fonction régulicre. En effet, si on ajoute au chirp |z|”sin(1/|z|?) la
fonction |z|Y*!, le comportement local de la fonction obtenue est bien régi par le chirp, mais
apres un certain nombre d’intégrations (typiquement [1/5 + 2] intégrations), c’est le terme
régulier |z|7*! qui domine la régularité locale de la primitive choisie.

Exposant d’oscillation

Comme il a été remarqué dans [2], on peut alors décider de regarder ce qui se passe apres
une intégration fractionnaire infinitésimale
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Définition 1.5 Soit f € LI (R), et hi(xo) lexposant ponctuel de Hélder de la primitive

loc
fractionnaire de f d’ordre t > 0 au point xg. On pose alors

Br(wo) = <§tht(xo)>t:0+ — 1.

Il est clair que cette définition est consistante au sens qu’elle est stable par ajout d’une
composante réguliere.

Plus tard, nous ferons référence a un comportement oscillatoire, ou a une singularité de
type chirp d’une fonction f en un point x : cela signifiera que 3(x) > 0 pour la fonction f.

Exposant “weak scaling”

Cet exposant, que nous noterons [3,,, a été proposé par Y. Meyer dans [72]

Définition 1.6 Soit f € L} (R), et =™ une primitive de f d’ordre n. On pose

loc
Buw(xo) = sup{s : In, f(_”) € C’;:” )

Ces exposants peuvent étre caractérisés par des propriétés de décroissance des coefficients
d’ondelettes qui se trouvent autour de xg. Nous ne les développons pas ici, car nous les relierons
(par des formules simples) au spectre 2-microlocal dans le chapitre 4.

1.2.3 Espaces 2-microlocaux

Les espaces 2-microlocaux sont initialement définis a partir de la décomposition de Littlewood-
Paley d’une distribution tempérée [17].

Considérons une fonction ¢ appartenant a ’espace de Schwartz S(R) = {f € C®(R) :
Y(v,d) € N2, sup, |270° f(x)| < oo}, dont la transformée de Fourier vérifie

¢(¢)

~

¢(¢)

On définit les versions dilatées de ¢ par ¢;(x) = 27¢(27z), et 1; = ¢pj11 — ¢;. Soit f € S'(R)
une distribution tempérée, rappelons que

1 osi ¢l <1/2
0 si [{>1.

S'(R)={f:3C, 3geN, Vg€ S(R), [{f,9)] < Cmy(g)},

(ot m4(g) = sup{(1 + |z[)7|@°g(x)| : |0] < g,z € R}). L'analyse de Littlewood-Paley de f
consiste en ’ensemble de distributions {Sof, A;f};>0, ol

Sof = ¢ fet Ajf =i+ f.

f peut se décomposer en (voir [72] par exemple pour de plus amples détails)

+o00
f=5f+> Aif. (1.10)
j=0

/
Les espaces 2-microlocaux Cy,” sont définis de la maniére suivante

13



Définition 1.7 Soit xy € R et (s,s) deux réels. Une distribution f € S'(R) appartient a
Czy si l’on peut trouver une constante C telle que

Sof (@) < C1+|e—ml)™*,
Ajf@)] < C2795(1+ 2]z — o)™
Par la suite, nous nous intéressons principalement au comportement local des objets (dis-
tributions entre autres). La définition 1.7 n’est pas adaptée a notre étude, car elle prend en
compte le comportement de f loin de xg, alors que 'on s’intéresse au comportement local au-
tour du point x¢. Nous utiliserons donc une version locale des espaces 2-microlocaux, définie
par

Définition 1.8 [72] Soit V' un wvoisinage ouvert de xq, et f € D'(V) une distribution. f

!
appartient ¢ Cy, localement si on peut trouver Vi, un voisinage de xo inclus dans V, et une
/
S,8

distribution g qui appartient a Cyy  (globalement) telle que f = g sur Vp.

/
Dorénavant, par convention, Cy; désignera un espace 2-microlocal local.

Nous nous servirons beaucoup par la suite de ces espaces 2-microlocaux, mais principa-
lement de leur caractérisation par coeflicients d’ondelettes, ou par tranformée en ondelettes
continues.

Nous avons déja vu les bases d’ondelettes {1;1}; rez2 engendrées a partir d’une méme
ondelette-mere . Pour définir la transformée en ondelettes continues [32], nous avons besoin
d’une ondelette ¥ analysante dite “admissible” (i.e. satisfaisant des conditions décrites dans
[71]). La formule suivante définit la version continue de la transformée en ondelettes

z—b

a

ww@m:i/j@w( \dz. (1.11)

/
La caractérisation des espaces Cyy est la suivante [51]

Théoréme 1.9 Soient s, s’ deux nombres réels. Supposons que ¢ et U ont leurs N premiers
moments nuls, avec N > max(s, s+s') (des conditions précises sur la régularité des ondelettes
peuvent étre trouvées dans [72]). Les trois assertions suivantes sont équivalentes

1. fecsy,
2. Pour tous les couples (j, k) vérifiant |zog — k27| <1, on a

|djx| < C2795(1+ |k — 2ao|) ™,

3. Ya > 0, Vb tel que |b— x¢| < 1,

b— /
nwmwﬂ§0ﬁu+L—ﬁﬂré

a

Dans le reste de cette these nous supposerons toujours que les ondelettes utilisées auront un
nombre suffisant de moments nuls pour pouvoir appliquer le Théoreme 1.9.

Rappelons quelques propriétés élémentaires des espaces 2-microlocaux
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Proposition 1.4 Pour tout o € RY,
—t<sett+t' <s+s = Cy cCil.
- Vs>0,C5 CCay”.
- V(s,8") avec s+ >0, Ci;f’ cCy,-

Une propriété importante des espaces Cf;;f, est leur stabilité par intégration ou dérivation

Proposition 1.5 Soitn € N. Pour toute distribution f € S'(R), pour tous les couples (s, s') €
R, on a
felsy « fmecs ™

En réalité, ces espaces sont de maniere plus générale stables sous I'action d’opérateurs pseudo-
différentiels tels qu’ils sont définis dans [72], et notamment par intégration ou dérivation frac-
tionnaires.

Il est commode pour la suite d’introduire la quantité

/
oc=58+s.

1.2.4 Frontiere 2-microlocale

Venons-en a 1’objet qui nous intéressera beaucoup par la suite.
Pour cela, introduisons le domaine 2-microlocal d’une distribution f au point zq : E(f,z¢) =
{(s,8"): f € ;;f,}. Grace a la Proposition 1.4 et & 'inégalité de Holder, on voit facilement que
E(f,xo) forme un ensemble convexe du plan (s, s’). Sa fontiere, appelée frontiére 2-microlocale,
est une courbe convexe notée I'(f, zg). Cette frontiere peut étre définie par

L(f, o) : R—R
s —s(s') =sup{r: fe C’;’OS,},

mais I'(f, zg) peut étre paramétrisée de différentes maniéres en fonction des trois quantités s,
seto=s+5s.

Choisir s comme parametre permet de voir que la ou elle n’est pas infinie, la frontiere 2-
microlocale a des dérivées & gauche et a droite toujours comprises entre —oo et —1 (toujours a
cause des mémes propriétés des espaces 2-microlocaux C;ng,). Mais ce choix n’est pas judicieux,
car on ne peut alors atteindre les portions de courbe verticales dans le plan (s, s’).

Pour des raisons que ’on explicitera, il est plus pertinent de considérer la paramétrisation
o(s"). On a alors

Proposition 1.6 La frontiére 2-microlocale d’une distribution f au point xg, vue comme
fonction s — o(s'), vérifie (si elle n’est pas partout infinie)

— o(s') est une fonction concave croissante définie sur R,

— o(s') posseéde des dérivées a gauche et a droite comprises entre 0 et 1.

o(s')—s',s'—

Remarquons que l'on a Ve > 0, f € Cy,
feon,

Nous affirmons que la frontiére 2-microlocale d’une fonction f au point xg donne une
description géométrique du comportement de f autour de zg. En effet, a tout point zg on

3 . sz I
, mais qu’en toute généralité il est faux que
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peut associer sa frontiere, courbe dans R?. Le point important est que de la connaissance de
cette courbe peuvent étre déduits tous les exposants de régularité que l'on a présentés plus
tot :
Proposition 1.7 Soit s' — o(s') la fontiére de f au point xo. Supposons f € C=(R?) pour
un € > 0. Alors

~ hf(xg) = —inf{s’ : o(s’) > 0}, ot par convention on pose h¢(xo) = +oo si o(s’) >0

pour tout s’ € R,

- oy(z0) = 0(0),

- ﬁc(xO) = lims ——00 g( ;
o .
= Bo(z0) = hms ——hy (nghf)_ —1= ((ﬁ) (— hf)) -1

Le premier point est prouvé et discuté dans [72]. Les autres points proviennent simplement de

I’application de la stabilité sous ’action des opérateurs pseudo-différentiels des espaces C’;;Js/
a la définition des exposants présentés plus haut. En particulier, 8, (xg) et B.(xo) sont reliés
au comportement de la frontiere lorsque s’ — —o0, et 3,(xg) est relié au comportement de la
frontiere autour du point (—hs(xg),0) (dans le plan (s',0)).

Pour rendre la notion de frontiere plus concrete, calculons-la dans quelques cas :

- pour un cusp z — |z|7, seuls les coefficients qui se trouvent dans le cone d’influence de
0 ont une influence sur la frontiere, car les autres ont une décroissance rapide (i.e. C(a,b)
décroit plus vite que a™ pour tout n). Ces coefficients se comportent comme a?. Cela nous
donne une frontiére au point z = 0 qui est verticale et passe par le point (7,0) dans le plan
(s,s") (voir la figure 1.1). Il parait clair que cette fonction cusp appartient & tous les espaces
C2* quand z # 0 (elle est C* hors de 0).

- pour un chirp x — |z|? sin(ﬁ), les plus gros coefficients d’ondelettes se trouvent autour

de la courbe b = aﬁ (resp. de maniére équivalente pour les coefficients d’ondelettes autour
de la courbe k279 =277 ﬁ), et ils ont un amplitude comparable AP (resp. & 277 ﬁ) Cela
correspond a une frontiere 2-microlocale au point 0 qui est une ligne droite dont ’équation
est o(s') = ﬁs’ + 517 (voir la figure 1.1). Une fois de plus, on a une singularité isolée et les
frontieres aux points x # 0 sont triviales.
- la fonction de Weierstrass
“+oo
Wi(z) =Y A" sin(A"z),

n=1
ot A > 1,0 < s < 1, vérifie en chaque point x o;(x) = hy(x) = s. Grace a la Proposition 4.13
que nous démontrerons, les frontieres 2-microlocales de cette fonction sont toutes identiques
et ont, dans le plan (s,s’), une partie verticale s = hy = oy pour s’ négatif et une partie
parallele a la seconde bissectrice et passant par le point (v,0) pour s’ positif (figure 1.1).

Nous rencontrerons par la suite des frontieres plus “exotiques”. En effet, toute fonction
concave, décroissante et de dérivées a gauche et a droite plus petites que —1 est la frontiere
2-microlocale d’une fonction f au point 0 (voir [72] et [33]). Nous redémontrerons ce résultat
grace au spectre 2-microlocal dans le chapitre 4.
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-+=  Weierstrass
—— Chirp

--- Cusp

o=0

Fi1c. 1.1 — Exemples de frontieres 2-microlocales : cusp, chirp et fonction de Weierstrass.

1.3 Espaces de Besov et formalisme multifractal

L’étude de la validité du formalisme multifractal pour les fonctions nous occupera a la fin
de cette these, notamment dans les chapitres 5 et 6.

Comme nous 'avons déja remarqué, il est difficile voire impossible de calculer en chaque
point zg l'exposant ponctuel de Holder d’une fonction f en xg, h¢(zg). Pour cette raison on
s’intéresse souvent aux ensembles de niveau de hy

Définition 1.9 Soit Q un ouvert de R et f : Q — R. On définit, pour tout réel h > 0, les
ensembles E}: par

El ={zeQ: hs(x)=h}.

L’application dy : Rt — RT, qui @ h > 0 associe dy(h) = dimH(E}]:), est appelée le spectre
multifractal de f.
dimg (E) est la dimension de Hausdorff d’un ensemble E (pour une definition de la dimension
de Hausdorff, voir par exemple [25]). Si E{ = 0 on pose par convention d #(h) = —o0. L’analyse
multifractale de f consiste en I’étude du spectre multifractal de f.

Nous allons avoir besoin, afin de définir le formalisme multifractal pour les fonctions, des
espaces de Besov. L’espace By” (RY) est caractérisable pour tout s et p réels positifs grace aux

coefficients d’ondelettes (contrairement aux espaces de Sobolev). By”(R?) est I’ensemble des
fonctions f qui vérifient

1/p
f e ByP( R?Y) < (Z |d;, 2 (=1/P)p > =¢j avec ¢ € 17 (1.12)

Cette définition fait donc intervenir la norme [P des coefficients d . A chaque fonction f on
peut associer sa fonction d’échelle n¢(p) définie pour p > 0 par

ny(p) = sup {u : fe BE’OO(IO)} . (1.13)
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Cette fonction 7y est concave et croissante, et est donc reliée a 'appartenance de f a certains
espaces de Besov. La fonction d’échelle est étudiée en détails dans [48].

Nous avons expliqué qu’il est naturel d’essayer de calculer, d’estimer ou de majorer le
spectre multifractal par des méthodes autres que le calcul en chaque point de 'exposant hy.
Frisch et Parisi dans [30] ont proposé une formule liant le spectre multifractal & certaines
quantités “moyennes” (suffisamment stables) calculées & partir de la fonction f. La reformu-
lation grace aux bases d’ondelettes et la généralisation de cette formule peut s’écrire (voir [3],
[44], et [48])

dy(h) = inf(ph —ns(p) +1). (1.14)

(1.14) n’est pas toujours vérifiée : les fonctions f et % du chapitre 6 en donneront des contre-
exemples. S. Jaffard a pourtant montré que I'on pouvait en tirer une majoration générale du
spectre de toute fonction f ayant un minimum de régularité holdérienne globale

Y b0, dg(h) < inf (ph— () + 1), (1.15)
PZPe

o p. = inf{p > 0: n¢(p) > 1}. Dans le méme travail, il montre également qu’on a égalité
dans (1.15) pour quasi-toutes fonctions dans certains espaces fonctionnels.

De méme, le formalisme s’est avéré vrai pour de larges classes de fonctions, pour la plupart
vérifiant des propriétés d’autosimilarité et ou quasi-autosimilarité ([44], [14] et [1]).

La formule donnant le formalisme multifractal a été modifiée par S. Jaffard dans [50], en
s’intéressant aux espaces d’oscillations et en remplacant la fonction d’échelle 7y par une autre
fonction de coupure 7753 reliée a ces espaces.

1.4 Quelques détails sur les travaux

Afin d’éviter les répétitions, nous avons concentré dans ce chapitre la présentation et
les définitions des objets que nous étudierons dans les chapites suivants, par exemple les ex-
posants de régularité, les espaces 2-microlocaux. Nous avons également rappelé les principaux
théoremes que nous utiliserons.

Les chapitres 2, 3 et 4 sont chacuns extraits d’un article (respectivement [80], [82] et
[62]) écrit en collaboration avec Jacques Lévy Véhel, dont nous avons donc enlevé la partie
introductive.

Le chapitre 5, recopié de [12] et écrit en collaboration avec Julien Barral, ainsi que le
chapitre 6, tiré de [79] et écrit seul, sont reproduits dans leur intégralité. Ils traitent de sujets
plus spécifiques liés a ’analyse multifractale des fonctions.
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Chapitre 2

Etude de la fonction d’Holder locale
d’une fonction continue

Abstract

This work focuses on the local Holder exponent as a measure the regularity of a function
around a given point. We investigate in detail the structure and the main properties of the local
Holder function (i.e. the function that associates to each point its local Holder exponent). We
prove that it is possible to construct a continuous function with prescribed local and pointwise
Holder functions outside a set of Hausdorff dimension 0.

2.1 The structure of Holder functions

One can associate to each x its pointwise Hélder exponent hy(z). This defines a function
x — hy¢(zx), called the pointwise Hélder function of f. A natural question is to investigate the
structure of the functions hy(x) when f spans the set of continuous functions. The answer is
given by the following theorem ([21]).

Theorem 2.1 Let g : R — RY be a function. The two following properties are equivalent :
— g is a liminf of a sequence of continuous functions,
— There exists a continuous function f such that the pointwise Hélder function of f hy(x)
satisfies hy(x) = g(x), V.

As in the case of the pointwise exponent, one can associate to each x the local exponent of f
at x. This defines a local Holder function  — «;(x). The structure of local Hélder functions is
more constrained than the one of pointwise Holder functions, since the former must be lower
semi-continuous functions ([34]). More precisely, we have :

Theorem 2.2 Let g : R — R™ be a function. The two following properties are equivalent :
— g is a non-negative lower semi-continuous (lsc) function.
— There exists a continuous function f such that the local Hélder function of f, ay(x),
satisfies ay(z) = g(x), V.
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Proof : From the definition of a;(xg), for all £ > 0, there exists an interval I. containing x
such that

ai(Iz) > aq(zo) — €.
Then, using the definition of a;(y) for every y € I., one concludes that
Vy € I, ai(y) = au(le) = o) —e.

This exactly shows that z — aq(z) is an Isc function. Obviously, the continuity of f entails
ap > 0.

That the converse property holds, i.e. any non-negative Isc function is the local Holder
function of a continuous function f : R — R, will be a consequence of theorem 2.3 below. n

Now that we have discussed the structures of both «; and hy, we proceed to examine the
relation between them.

2.2 Relations between o; and hy

We start with two simple general bounds.

Proposition 2.1 Let f: I — R be a continuous function (I is an interval of R). Let hy and
«p be respectively its pointwise and local Holder functions. Then, Vx € 1,

a(z) < min(hf(:n),lign_glf h¢(t)). (2.1)

Proof : We give the proof in the case hy < 1.
By definition, Ve, there exists a constant C' such that, for ¢ close enough to z, |f(t) — f(x)
C|t — 2|"/@)=¢_ Comparing this to the definition of ay(x), one deduces that oy(x) < hy(x) —
Ve, hence oy(x) < hy(x).

On the other hand, for every n > 0, Vy € B(z,7), one has oy(B(z,7n)) < h¢(y). Combining
this with the fact that oy(x) = lim, o oy (B(x,7)), one obtains that a;(x) < liminf;_, hy(t). m

<
67

Proposition 2.2 Let f: I — R be a continuous function (I is an interval of R). If there
exists a such that {x : hy(x) = a} is dense around xg, then oy(xp) < a.

Proof : The proof is straightforward using Proposition 2.1. "

This proposition has an important consequence in multifractal analysis : “multifractal” func-
tions, as IF'S (see below and [21]) or repartition functions of multinomial measures [25], usually
have the property that, for all o, E, = {x : hy(x) = a} is either dense on the support of the
function or empty. For functions of this kind, «; is constant. A consequence is that it is not
interesting in general to base a multifractal analysis on the local Hélder exponent, since the
corresponding spectrum would be degenerate.

Let us now make a few remarks that go against some common thoughts about the relation
between local and pointwise Holder exponents.
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— o — hy(x) is a continuous function does not imply that «;(z) = hy(x) for every . For
a counter-example, consider the sum of a Weierstrass function with pointwise exponent
a and a chirp (o, 3) at 0, where 8 < a. Then oy(x) = hy(x) = « for all x # 0, and
h¢(0) = a while 0;(0) = 8 < a.

— The converse proposition is also false : x — «;(x) is a continuous function does not
imply that a;(z) = hy(x) for every x : Any well-chosen IF'S has a constant local Holder
exponent while x — hy(x) is everywhere discontinuous.

We now move to a different kind of relation between hy and ;. The following proposition

assesses that the two exponents can not differ everywhere :

Proposition 2.3 Let f : I — R be a continuous function, where I is an interval of R.
Assume that there exists v > 0 such that f € CV(I). Then there exists a subset D of I such
that :

- D is dense, uncountable and has Hausdorff dimension 0.

- Vx e D, hf(xz) = ay(x).
Furthermore, this result is optimal, i.e. there exist functions with global Holder regularity v > 0
such that hy(x) # oy(zx) for all x outside a set of Hausdorff dimension 0.

Proof : We give the proof of the last Proposition in the case Va, hg(x) < 1. The general
result follows with similar arguments.

Let us consider a ball B(xg,n9) C I. We construct three sequences of points {z, }n, {yn }n,
{zn}n by the following method.

Let {e,}» be a positive sequence converging to 0 when n — +o0. Let us denote by [y the
real number «;(B(xo,10/2)). By definition of o, there exist two real number y; and z; such
that

y1 € B(x0,1m0/2), 21 € B(xo,m0/2),
y1 <z and |f(y1) — f(z1)] > |y — 21| PoFe0.

Let us now denote by x1 the middle point of [y1, 1], and by 7; the number min (271, |y; —21//2).
Now consider the smaller ball B(x1,71/2), and its associated Holder exponent ; =
ay(B(x1,m1/2)). There exist two real numbers ys and zy such that

Y2 € B(x1,1m1/2), 22 € B(x1,1m1/2),
Y2 < z2 and |f(y2) — f(22)| > |y2 — 20|51

We denote by x5 the middle point of [ya, 23], and by 72 the real number min(272, |ys — 22|/2).
We iterate this construction scheme, and thus obtain the desired three sequences {zp }n,

{Yntn, {2n}n:

Now one easily proves that
— The sequence {x,,}, converges to a real number x.
— The sequences {yy }» and {z,}, also converge to .
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— For all n, one has the inequalities

Yn — 2
MS 12— ynl < |yn — 2nl,

— Z
| T R S

One can sum up these inequalities by writing
n, | — yn| ~ |2 — 20| ~ |Yn — 20| (2.2)

Let us now study the local and pointwise Holder exponents of the limit point x, respecti-
vely denoted by (3, and a,. Since f € C7([0,1]), one has v < (, < a.

Remark that the sequence {3, }, is non-decreasing, since the intervals B(zy,n,/2) are em-
bedded. By Proposition 2.2, one has (3, = lim,, 3,,. Indeed, since one can choose any decreasing
sequence of open sets converging to x, one specifically chooses the interval B(zy,n,/2) (the
converge of 3, is ensured by the fact than one always has 3, < a;).

Let us now turn to the pointwise Holder exponent. For every € > 0, there exist n > 0 and a
constant C such that, Vy € B(z,n), one has |f(z) — f(y)| < Clz —y|**~¢. On the other hand,
there exists an infinite number of couples (yn, z,) such that y, € B(z,n) and z, € B(z,n).
For those couples, one can write

1fn) = fza)] 2 lyn — zal ™"

and, on the other side

|f(yn) = f(zn)] |fyn) = f(@)| 4+ |f(2) = f(2n)]
Clyn — x| 4+ Clx — z,|* ¢

C’yn - zn‘O‘I*E,

VAN VAN VAN

where one has used (2.2).

Assume now that B, < ag, and let us take ¢ < %fzﬂz. Since lim,, G, + €, = 3., there
exists IV such that n > N implies 3, + ¢, < a; — 2¢. For such n’s, one has

Vn > N, C|yn - Zn|0£gc_26 < C|yn - Zn|ﬂn+€n < |f(yn) - f(Zn)|
and |f(yn) — f(zn)] < Clyn — 2n|* %,

which gives
¥n > N, Clyn — 2n|* 7% < Clyn — 2a|* .

Since |y, — zn| — 0 when n goes to infinity, this is absurd.
One concludes o, = (3, for the x we have found.

A simple modification of the above construction shows that the set {z : h¢(z) = a;(z)} is
uncountable. Indeed, starting from the interval Iy = [y, 0], one can split it into 5 equal parts.
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Focus now on the second and the forth subintervals, and apply the construction we have des-
cribed above. One thus obtains two subintervals I (the “left” one) and I? (the “right” one).
Iterating this scheme, at each stage n, one obtains 2" distinct intervals I!, i € {1,2,...,2"}.
Using this method one constructs a Cantor set C'y. It is easy to see that it is uncountable,
and that each point x € Cfy still satisfies h¢(z) = oy(x).

Finally, both the optimality and the fact that the set where the exponents coincide has
Hausdorff dimension 0 are a consequence of Theorem 2.3 below. Alternatively, one may consi-
der the case of an IFS, for which one has a;(z) = hy(x) exactly on a dense uncountable set of
dimension 0. More precisely, consider an (attractor of an) IFS defined on [0, 1], verifying the
functional identity :

f(x) = erf (2x) + eaf (22 — 1) (2.3)

where 0.5 < |e1] < |e2| < 1. It is known that for such a function, o;(t) = —loga(|ca|) for
all t. Furthermore (see [21]), h¢(t) is everywhere discontinuous, and ranges in the interval
[—loga(|ca]), —loga(|c1])]. Finally, for all cv in this interval, the set of ¢ for which hy(t) = o is
dense in [0, 1]. This is thus an example where the local and pointwise exponents have drasti-
cally different behaviors, with a constant «; and a wildly varying hy. It is easy to show that
the set D on which hy(t) = a;(t) = —loga(|cz|) is exactly the set of points for which the
proportion of 0 in the dyadic expansion is 1. That this set D is dense, uncountable, and of
Hausdorff dimension 0 is a classical result in number theory. "

So far, we have proved that oy must be not larger than hy in the sense made precise by
proposition 2.1, and that both exponents must coincide at least on a subset of a certain “size”.
Are there other constraints that rule the relations between a; and hy ? The following theorem
essentially answers in the negative :

Theorem 2.3 Lety >0, f:[0,1] — [y, 400) a liminf of continuous functions, with || f|lec <
+oo, and g : [0,1] — [vy,+00) a lower semi-continuous function. Assume the compatibility
condition, i.e. Vt € [0,1], f(t) > g(t). Then there exists a continuous function F : [0,1] — R
such that :

— for all z, ay(x) = g(x),

— for all x outside a set D of Hausdorff dimension 0, hp(x) = f(x)

We prove this theorem in the next section, by explicitly constructing F'.

2.3 Joint prescription of the Holder functions

2.3.1 The case where ¢; is constant

We are going in this section to present a function whose local Holder function is constant,
and whose pointwise Holder function is everywhere constant (and thus equal to the local
Hélder exponent) except at 0, where hf(0) > hy(x), x # 0. This is the “inverse” case of a
cusp or a chirp, where the regularity at a single point is lower than at all the other points.

This construction is paving the way to the more general result we will prove in the next
section.
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Proposition 2.4 Let 0 < § < «a be two real numbers. Then there exists a function f :
| = 1,1[—= R such that VYo # 0,hy(x) = B and hy(0) = o. Moreover, one has a(x) = f,
Vo el —1,1].

Proof : The existence of such a function is obvious : take for example the function
Fy: o — |z]*PWs(x),
where W3 is the Weierstrass function

+o00
Wp(z) =Y 27" sin(2r2 ). (2.4)

n=1

We will exhibit another function f with the same property. This function is built using a
wavelet method that can be generalized to prescribe arbitrary Holder functions.

First we are going to select some particular couples (7, k) among the whole set of indices
{(4,k)}jen kez. To achieve this, consider the function g defined by
1
g:x— e 22 ifx#0,
0 if x =0.

It is known that this function is infinitely differentiable at 0, and that one has Yk € N, g(*)(0) =
0.

For all n € N*, choose one integer i € {1,...,2"}, and define
g(i2™")
Din = on . (25)

Consider the unique integer j such that 1 < 27p;,, < 2, and define another (unique) integer
k=i,

We have thus built a function, which associates with each couple (n,7) (where n > 1 and
i € {1,...,2"}) another couple of indices (7, k). Let us denote by I" this set of selected indices.

Let us define the following set of wavelet coefficients :

djo = 279%Vj,
dip, = 2799 if (j,k) €T,

djr = 0 everywhere else.

We add, in a uniform manner, some larger coefficients along exponential curves in the time-
frequency domain..
We can define a function f by the reconstruction formula

F=2 dixtbjn- (2.6)
ik
Let us now prove that this function satisfies the desired properties.
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First this function is well defined, since, (4, k), |d; x| < 2-78_ By the theorem of Jaffard,
f is at least C#(x), for all z €] — 1,1].

Case z # 0.
V4, Vk, one has |d; x| < 2797, Thus hs(x) > 3.

The proof of hy(x) < 3 is more delicate. For each integer n, define the unique integer i,
verifying i,27" < x < (i, + 1)27". When n — +o00, i,27" — x, and, since g is continuous,
9(in27™) ~ g(x). The associated couple (j, k) satisfies

k27 =q,27"
gy
1< g(l’;n)z] <2

One can rewrite the last inequality in
g(i,27™)27 " <279 < g(i, 2727,
or equivalently, using that g(i,27") ~ g(z) when n goes to infinity, and taking the logarithm,
n+Cp<j<(n+1)+Cy,

where C, is a constant depending only on z.
Now, for the associated couple (j, k), one has

Ve —k277] < 02"z — k27|
< 02"z — 0,277
< 02,

since by construction |z —i,27"| < 27™. Thus for such couples (j, k), one has exactly
djj =277 ~ 2790 (1 4 Y|z — k277|)P. (2.7)

Hence the inequality Vj, k, |d; 1| < C2798(1 4 27|z — k277])# is optimal, and h¢(x) < 3. One
concludes hy(x) = 3, since we already showed hy(x) > .

Case z = 0.
One notices first that, by construction, for k = 0, d;j o = 277¢, thus hf(0) < a.
If £ # 0, dj, = 0, except if there exists an integer n > 1, and an integer ¢ € {1,...,2"},
such that
k27 = 27",
1< 29270 <o

Then, for this kind of indices (7, k),

2790 < (27g(i27"))”
(i27") (g(i27™))".
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But, using the structure of the function g, there exists a constant C' (independent of x) such
atl
that, Vo > 0, g(z) < Clz| 5 .
Thus
atl
C(li2")’(li2" 7 )°
C’izf’n‘a‘i’ﬁ‘Fl

|d; k|

C’kQ_j’OH_ﬁ-H

VAN VAN VAN VAN

02—j(04+ﬁ+1)(1 + |]€Da+ﬂ+1.

This proves that these coefficients, which are larger than 277%, are nevertheless seen as very
regular ones from the point 0. The main contribution to the pointwise regularity is thus given
by the wavelet coefficients that are located at 0, the d;o. One concludes h¢(0) = .

To end the proof, we need to prove that o;(x) = 3, Vo €] — 1,1[. This is easily done.
Indeed, using the characterization given by (1.9), one obtains that Vz # 0, oy(z) = 5. At
0, one can still write oy(0) > 3, but on the other hand one uses (2.1) and concludes that
a;(0) < liminf, 0 ay(x) = 5. This concludes the proof. n

2.3.2 The general case

In the last section, we have built a function whose pointwise exponent at 0 was larger
than all the other ones. In particular, at 0, we have forced the local exponent to be equal to
a given value (3, while at the same time the pointwise exponent was forced to be larger than
(. The next step is to be able to do this uniformly, on a set of x as large as possible. The
purpose of this subsection is to prove the theorem stated in section 2.2 that we recall here for
convenience :

Theorem 4.1
Let 0 < v < 1, f :[0,1] — [y,4+00) a liminf of continuous functions, with | f|lec <
+oo, and g : [0,1] — [vy,+00) a lower semi-continuous function. Assume the compatibility
condition, i.e. Vt € [0,1], f(t) > g(t). Then there ezists a continuous function F': [0,1] — R
such that :
for all x, ay(x) = g(x), (2.8)

Outside a set D of Hausdorff dimension 0, hp(z) = f(x). (2.9)

Let us make a few remarks.

— The proof is a kind of generalization of the method used in Proposition 2.4. We are
going to enlarge some coefficients, but this time we are going to do this “uniformly”
and not only around a single point.

— Our construction introduces an asymmetry between the local and the pointwise ex-
ponent : one can prescribe everywhere the local exponent, while one can not do the
same thing at the same time (with this construction) for the pointwise exponent. We
believe that this restriction is not intrinsic, and is only a consequence of the approach
we have taken.
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— Eventually, we will see that, applying the method we introduce, one can prescribe the
pointwise exponent everywhere except on a set of Hausdorff dimension 0. This restriction
is weaker that the one which occurs when one wants to prescribe at the same time
the chirp and the pointwise Holder exponent : S. Jaffard has proved in [46] that, in
this frame, the excluded set is of Lebesgue measure 0. Working with the local Holder
exponent thus allows more flexibility.

Proof : We shall one more time construct the function by a wavelet method.

First we are going to construct some specific approximations sequences of continuous
functions that will approximate the functions f and g.
By definition, one knows that there exist two sequences of continuous functions {f°}, and
{g%},, such that
lim inf o= (2.10)
supg) = g. (2.11)
n

We will use the two following lemmas, that roughly say that one can slow down the speed
of convergence of these two sequences.

Lemma 2.1 Let f be a liminf of continuous functions. Then there exists a sequence of poly-
nomials f} that verifies

f(t) = liminf f1(¢), Vt € [0,1],
I )l < logn, Vn > 1 and t € [0,1].
The proof of this fact can be found in [42] or [21].

Lemma 2.2 Let g be an Isc function. Then there evists a sequence of polynomials g\ that
verifies

g(t) = supg,(t), vt € [0,1],
n
1(gn) )]l < logn, ¥n>1 andt € [0,1].
XS
Proof : This is a little bit more complicated. First let us define, for all n and x, g2(z) =

max,<n{gy(z)}. One still has g(x) = sup,, g2(x). One also has g(z) = sup,, g5 (z) with g3(z) =

2(z)—1
gn(x) = 1/n.
For each n > 0, there exists a polynomial P, such that ||g3 — P,||ze~ < 27". One has thus
built a sequence of polynomials such that g = sup,, .

One can now, by the same method as in Lemma 2.1, slow down the sequence {P,}, such
that it will satisfy the desired conditions. "

We now set the desired sequences { fy,}» and {gn}n by
_ 1
gn(t) = max(gy(t),7/2)

falt) = max(£A(0),90(0) + 1)
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They verify the following properties

— They still respectively satisfy (2.10) and (2.11).

— For each n, the right and left derivatives of g, and f, at each point x € [0, 1] are lower
than logn, since they are maxima of a finite number of polynomials of derivative lower
than logn.

— gn is non-decreasing, i.e. Vt € [0,1], {gn () }r is an non-decreasing sequence of real num-
bers.

— One has the inequality f, > g, for all n € N*.

We are now going to select some couples of indices, which will be the basis of our construc-
tion of a function F satisfying (2.8) and (2.9).

For n € {1,2,3,...}, and i € {1,2,3,...,2" 1}, let us define the two integers j, and ki ;

by

21 —1
kn,i = In Z, .
In

At each n, one obtains 2"~ ! couples, which are uniformly distributed on [0, 1] in the sense
that the x,; = knﬂ*jn = 2Z—:1 are uniformly distributed on [0, 1]. We denote by A the set of
these selected couples (jn, kn.i)-

We are now ready to construct the wavelet coefficients of F'. We define

djj, = 27790 = 9739 (ni27) f (5 k) € A,

dix = 93 i (n.i) everywhere else.

The operation we are doing is a re-scaling of some coefficients, according to the local regularity.

Remark that for all (4, k), |d; x| < 2777/2, thus
F() =Y djxjn(z)
ik

is well defined and is C/2([0, 1]).
Local Holder exponent

Let zo € [0,1], and € > 0. One has g(z¢) = sup,, gn(z0), thus there exists an integer Ny
such that n > Ny = g,(x0) > g(z0) —&/2. Let N3 be an integer such that log(Ng)2~ V2 < ¢/2.
Define N = max (N1, Np). Then, using the boundedness of the derivatives of gy, if n = 27,
one obtains Yy € B(xo,n),

g5 (y) — gn(x0)| < (log N) |y — x| < (log N)27V < ¢/2,
and thus Vy € B(z,7n),
gn(y) > gn (o) —€/2.
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One thus has gy (y) > gn(zo) —€/2 > g(z¢) — €, and since the sequence gy, is non-decreasing,
the last property is still true for any g,, n > N. One obtains the key property :

Yy € B(zo,n), Yn > N, gn(y) > g(z0) — ¢, (2.12)

Consider now the wavelet coefficients d;j, such that their support is included in B(zo,7)
(these coefficients are the ones one shall focus on to compute o;(B(xg,n))). There are two
sorts of such coefficients

— the “normal” ones, those which do not belong to A. One can write for them

\dj ] < 9=ili(k277) < 9=ig;(k277) < 9—i(g(z0)—e)

— those which belong to A. For them,

\d; ] < 9 dgn(an.i) < 9=ilg(zo)=e)

Eventually, for all the interesting couples of coefficients (j, k), |d;x| < 2-(9(z0)=¢)  One
concludes oy (B(zo,n)) > g(xo) —e. The result is clearly still true on every ball B(xg,n;) with
m < m, thus one has o;(zg) > g(xg) — €.

On the other hand, ¥n > 0, consider the unique integer i that verifies z,,; = ky ;2" €
[z0 — j ', w0 + 7. ']. Then, using the boundedness of the derivatives of g,, one can write

195, (Tni) — G5 (T0)| < log(jn)iy b < m27".

Let N3 be such that N327™3 < /2. For n > max(N3, N) (where N has been above defined),
one has

Gjn(@ni) < g5, (x0) +€/2 < g(zo) + € (2.13)

There is an infinite number of such couples (n, i), whose associated wavelet coefficients satisfy
|| = 15k, | = 27990 (i) > g=inlg(mo) ), (2.14)

Now, by Proposition 1.8, o;(B(zo,7n)) < g(xo) + €. Since, one more time, this is also true for
any 11 < 7, one has oy(zg) < g(zo) + €.
Eventually, a;(xo) = g(z0).

Pointwise Holder exponent

The estimation of this exponent is more complicated. Let xo € [0,1], and € > 0.

Without the rescaled coefficients (i.e. if the dj, x, , were all equal to 27 Infin(@n4)) it has
been proved in [21] that Vz, hp(xz) = f(x). The question is : do we change something when we
modify the values of these specific coefficients 7 The modifications may have big influence on
regularity, because the new coefficients are larger than the “normal” ones (indeed, remember
that f(z) > g()).

We will show that in fact, the rescaled coefficients are not seen by most of the points x.
Thus, for such points, one still has hp(x) = f(x).
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Let us define the set Ejs by

) 21 —1 _on
Ey = {z:3C,3N;,¥n > Ny, Vi |o — = —| > C2 2"}, (2.15)
where M verifies M > || f||. Let 29 be in Eps. Since z,; = 251, one has, for every i and
n > Ng,
272"% < Clzg — i, (2.16)

or equivalently, replacing j, and &, ; by their values,

2731 < Clag — kn,i 2777

We know that v < g;, and f(zg) < M by construction, thus Vy € [0,1], gfj&%) > 4, and for
every ¢ and n,

—j 9in (¥) .
279 ToT < Clay — kg2 97,

This is equivalent to
9= InGjn (Tn.i) < Clzg — kniQ—jn|f($o),
which implies

27 Indinmi) < O E0) (20 gy — ky, ;2790 |) (70,
< 027 @)1 4 2In |z — Ky 27 ]) @0,

But d;

]nykn,i

= 27 InYin (m”ﬂ'), hence, for any zg € F)y, there exists a constant C' such that
|djn,k’n,i| < Cg—f(wo)jn(l + 2jn|x0 _ kn,ﬂ_j"!)f(%)~ (2.17)

This shows that, if zg € EpN[0, 1], Vn > Ny, Vp, one has (2.17), which ensures hr(zo) = f(x0).
The large coefficients, those which are rescaled, are not “seen” by the pointwise Holder ex-
ponent at xzg.

To end the proof, it is sufficient to measure the size of Ej;. We prove in Section 2.4 that
the complementary set Dy of the set Ejs has Hausdorff dimension 0. Moreover, any rational
number z = p/q belongs to Ejy.

|

Remark : One cannot say anything about the x’s that are in Dy, = [0, 1]\ Fy, except that for
such points z, g(z) = oy(z) < hp(z). Nevertheless some of them must satisfy hp(z) = oy(z)
even if the functions f and g satisfy f(y) > g(y) for all y in [0, 1].

Remark : Combining the construction we used with the construction due to S. Jaffard in
[46], one can certainly prescribe, outside a set of Hausdorff dimension 1 but of Lebesgue
measure 0, three different regularity exponents at the same time : the local Hélder exponent,
the pointwise Holder exponent, and the chirp exponent (cf [71]). This is a first step towards
a more complete prescription of the regularity of a function. See [62] for more on this topic.
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2.4 Study of the set Fy,

We begin by computing the Hausdorff dimension of the complementary set of Ejs

Proposition 2.5 For all M > 0, the Hausdorff dimension of the set Dy defined by
Dy = [0,1\Ey (2.18)
15 0.

Proof : Let M > 0, C > 0, and define EAC/[ by

21 —1 n
Ef; ={z €10,1] : IN,,Vn > N, Vi, |z — Z2n | > 272"}, (2.19)

or equivalently,

Eff={z€0,1]:3N; €N, z ¢ Up>n,F}, (2.20)
where

n—1
FY =uUZ, Bg,z'

and 0 1 01

Cc _ 17— _on X 1 — _2nl/

i = o —(C27° ™M, o +C27“ M

Let DY, = [0,1)\EY;. D, obviously satisfies
D% = NneN Un>N Fnc

Let € > 0. One has

277,71
DD 1B = Y 2riec2
n>N i=1 n>N

1o—2N Let N—1
< (C"2 M ,

which goes to zero when N goes to infinity (C’ is a constant independent of N). Since for all
N, Up> ~NFC is obviously a cover of DJ((;[ by balls of size 272N%, one has exactly shown that
the e-dimensional Hausdorff measure of DAC4 is 0, Ve > 0. We conclude that the Hausdorff

dimension of DA% is 0.
Remark now that Djs C Npen= Djl\//[". D)y is thus also of Hausdorfl dimension 0. n

In Theorem 4.1, one may choose, for all z, f(x) = M >~ = g(z) > 0. Using Proposition
2.3, we deduce that Dy = [0, 1]\ Ej must be dense and uncountable, otherwise o would be
different from hpr on a too large set. This implies

Corollary 2.1 Dy is uncountable and dense in [0, 1].

We remark finally that our construction also allows to prescribe the pointwise Holder
exponent at any rational point (even at dyadic ones). Indeed,
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Proposition 2.6 QN [0,1] C Ey.

Proof : Let z = % be a rational number.
For every n € N,

‘x_2p—1‘_’]3_2p—1‘_’2”p—(2p—1)q|
n - q on - :

2 q2"
Let us decompose the integer q as ¢ = 2"*q;, where ¢ is an odd integer. Thus, for n > n, +1,
2"p—(2p—1)g=2"(2""p—(2p— Da) #0,

since 2" ™ p is an even integer and (2p — 1)¢; is an odd integer. Consequently, Vn such that
2" > q,

_2p-—1 2"p — (2p — 1)q 1

|z | =| |> > (27"
2n q2n q2"
Thus x € Ej; and Proposition 2.6 is proved. ]
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Chapitre 3

Caractérisation temporelle des
espaces 2-microlocaux

Abstract

In [54], new functional spaces, denoted KJS;E)S/, were introduced. These spaces characterize
the fine local regularity of functions, much in the spirit of 2-microlocal spaces C’;;f,. In contrast
with C;;fl spaces, however, K;gfl spaces are defined through simple estimations on the point-
wise values of the functions. In this work, we generalize the definition of Kigf/ spaces and
prove the equality C’;gf/ = K;;fl for s+s >0,s>0.

Using this result, we propose an algorithm able to estimate a part of the 2-microlocal
frontier. Experiments on sampled data show that reasonnable accuracy is achieved even for
“difficult” functions such as continuous but nowhere differentiable ones. As a by-product,
robust estimators of both the pointwise and the local exponents are obtained.

3.1 The Functional Spaces Kj(’f/

3.1.1 Definition of K;zgfl Spaces

K igf/ spaces were defined in [54] for nowhere differentiable functions. We extend here this
definition to a wider range of exponents

Definition 3.1 Let zg € R, and s,s’ be two real numbers satisfying s < 0 and s + s > 0
(and thus s > 0).

Let m = [s+5']. A function f: R — R is said to belong to K;g)s/ if there exist 0 < 0 < 1/4,
a polynomial P of degree smaller than [s] —m, and a constant C, such that

amf(x) - P<x) B 8mf(y) - P(y) < C\x _ y’s+s’—m(|x _ y| + |l‘ _ $O|)—s’—[s}+m (3_1)
|z — o|lsI=m ly — ol |

for all x,y such that 0 < |z — xg| < 0, 0 < |y — zo| < 4.

Y Math Subject Classifications. 26A16, 28 A80, 42C40, 60G35.
Y Keywords and Phrases. 2-microlocal spaces, Holder exponents, wavelets, numerical estimation.
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Let us make a few remarks on this definition.

— If g (x) denotes the function

If s+s <1land s <1 (i.e. m=[s] =0), then the original definition of [54] is recovered
f(2) = F()| < Cla —y** (Jo = y| + & — zo]) ™" (3.2)

Ifm<s+s <m+1and s <m+1 (ie. [s] =m), one obtains a simpler formulation
of the definition

0™ f(z) — O™ f(y)| < Clo —y|* "™ |z — y| + & — zo|) ™" (3.3)

The right term in the above inequality seems to be asymmetric, but it is not. Remarking
that (|z —y|+ |z — zo|) < 2(|z —y| + |y — zo]), this right term of (3.1) can be re-written
as one of the two following expressions (the last one being symmetric in x and y)

—s'—[s]+m
)

|z = y|>™+ (|2 — y| + |y — o)

=y~ (| — y| + & — @o) (|2 — y| + |y — @ol)) 7 TlFm)/2

In the following, we will most of the time avoid the critical cases s + s’ € N and s € N.
Indeed, they would require the use of Zygmund spaces instead of the usual homogeneous

Holder spaces C*(R).

o™ f(z)—P(x)
‘x,xol[s]—m ’

at each point, especially at z¢. Indeed, if —s" — [s] + m > 0, one writes

19m (@) = gm(y)| < Clz —y|*

with 0 < s+ —m < 1. Thus g, € C*"'~™ around x. On the other hand, if
—s' = [s] + m < 0, one has

one easily sees that g, is at least continuous

oni@) ~gul < Ol (T )T e

Im\T Im\Y > r—y ‘x_y‘+’x_x0‘ ST —Y

with 0 < s — [s] < 1, thus g,, € C*~¥) around .

It is thus possible to take y = z¢ in (3.1) or in (3.2), and also to consider the real number
gm(20)-

The left hand-side of (3.1) and the exponents in use may seem complex. The necessity
of the different terms is however easily understood : one tries to reduce the study of
f to the one of a new function derived from f that will belong to some Kiot/ with
0<t+t'<land0<t<1.

Roughly speaking, the subset of R? {(s,s') : s+5s" >0, s/ <0 and s > 0} is partitioned
into tiles of same size, and the problem is translated to the “initial” tile {(s,s’) : 0 <
s+ <1and s <1} (see figure 1).

For example, if a function f belongs to Ki;f/ with m < s+ s < m + 1, f admits
around xg a derivative of order m. The formula simply states that f € K;;)s/ means that
omf e K;;m’sl. Then, if f € Kj;f/ with 0 < s + s < 1 with s > 1, f is replaced in
formula (3.2) by L@)=P) “3nd this new function will belong to K;O_[S]’S’HS].

|z—a0|ls]

These thoughts can be summarized by saying that the operator
m —
(@)~ P()

|z — x0|[5}—m

(for the correct polynomial P) maps K25 into Kay [s],s"+lsl=m.
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Fia. 3.1 — Paving of the half plane s > 0.

3.1.2 First Properties

We stress several interesting properties of these spaces Kf;g)s/. Propositions (3.1) to (3.4)
are just extensions of the corresponding ones in [54] to the general case.

The first proposition is an embedding property between the spaces Kigf/.

Proposition 3.1 Let xg € R, and s,s',t,t' be four real numbers such thatt < s and t +t <
s+s'. Then K3 C Kyl

The proof of Proposition 3.1 is splitted into two simpler lemmas

Lemma 3.1 Let vy € R, and s, s',t,t' be four real numbers such thatt < s and t+t' = s+ 5.
Then Kjgf C Kiot .

Proof : Let us treat the case s + s’ < 1 (i.e. m = 0), the general case is then deduced by
replacing f by 9™ f and s by s — m.

If [t] = [s], the result is obvious. Let us treat the case [t] = [s] — 1, the general result will
then easily follow by iteration.

Let us assume that f € K;gf/, xo = 0 and that |y| < |z|, without loss of generality. One
also assumes that x > 0, by replacing z — f(z) by z — f(—z). There exists a polynomial P
such that (3.1) holds. One is now looking for a polynomial P, that satisfies

f(@) = P(x)  fly) — Py) < Cle -yt (| — y| + )t 1 (3.4)

il [l
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Let us denote by P, the polynomial of degree [t] = [s] — 1 with the same coefficients as P up
to degree [t]. To simplify the notations, let us define g(z) = % and g¢(x) = %.
Then,
P(z) — Pi(x
Vo, ga) = lalg(e) + L),
EER
Now,

90(@) = )| < |(Jzlg(@) + PO — (lylg(y) + PO

By construction, P(x) — P;(z) is a polynomial with only one non-zero coefficient. Thus P(z) —
Pi(z) = axl®, and

2l Yl
19:(2) = ge(W)| < lzlg(2) = [ylg(y)| + a [T Jy[ET
< lzl(g(=) = 9(0)) = [yl(g9(y) = 9(0))| + (al + |g(0))]= — y]

A useful remark is that

z—y| = |o—y[Te—y T
< o=yt (o =yl + )T
< o=yl (o -yl + ),

(note that 1 —¢ > —[t]). A direct upper bound for g is obtained by taking y = 0 in (3.1)
Va, |g(x) = g(0)] < Claf*~H, (35)

Applying (3.5) and (3.1), the last term (T") = ||z|(g(x) — ¢(0)) — |y|(g9(y) — g(0))] is treated as
follows

(T) < |lz] = lyllg(=) — g(0)] + llyl(g(z) — g(0)) — [yl(g9(y) — 9(0))]
< |z —yllg(z) — g(0)] + lyllg(z) — g(v)]
< Clo—yllalF+ [yllz — | (2] + |z — y[) =L
S C‘J} o y‘t-l-t"x _ y‘l—(t-i-t’)’x‘s—[s}

+Hyllz =y (2| + |z —y[) =

Since s — [s] and 1 — (¢t + t') are positive, one upper-bounds |z|*~], |z — y[*=t+t) and |y|
respectively by (|z| + |z — y[)*~¥, (Jz| + |z — y|)' =) and (|z| + |z — y|). This gives, using
[t] = [s] - 1,

(T) < Clo—y|"* (2| + | —y|) =172
=y (Ja] + o —y) 71,

Eventually, since t +¢ = s+ ¢, one has —s' — [t] + 2 = —t/ — [t] + 2 + s — t. One concludes,
using 2+ s —¢ > 0, that

19:(2) = 9u(w)| < Cla = |+ (fal + |z — )=+

which gives the required result. "
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Lemma 3.2 Let zg € R, and s,s',t' be three real numbers such that t' < s'. Then Kf;gf/ C
K5

Proof : If [s + §'| = [s + t/], the result is obvious.

Assume that m = [s + §'| = [s + t/] + 1, the general result will then easily follow. As usual

now, we will assume without loss of generality that g = 0 and |y| < z. By assumption, (3.1)
holds, and one wants to prove

o (@)~ Pla) 0" () - Ply)
o] =62 PIRECEI

Cla =y~ (fz — |+ )~ D,
Taking y = 0 in (3.1) yields

0™ f(x) = P(x)| < Cla]™™

for a certain polynomial P of degree at most [s] — m. Integrating first this last inequality
between 0 and x, and then between y and x, one obtains

0" f(x) = Po(x)] < Claf~m (3.6)
and
(@™ f() = Pu(@)) = (0™ f(y) = Pe(w))| < Cla — yllz[*~™ (3.7)

for a polynomial Py of degree at most [s] — m + 1 (the same one for both (3.6) and (3.7)).
One first writes

m—1 m—1
‘8 lj‘ﬁjszl’ﬂ(x) 0 ’ﬁgszfﬂ(y) < () + (D),
where
() = 'am_lf(ff) —Py(z) " fly) — Prly)
|| [s]—m+1 || [s]—m+1
and

oY) = Pely) 0" fy) = Pr(y)|

(1) = || fel=m |y [[sl=m+1

Dividing (3.7) by |z|l)=™+1, (I) is bounded by C|z — y||z|*~[£-1.
On the other hand, using (3.6), one has

m—1 1 1
(II) S |8 f(y) - Pt/(y” ‘$|[s},m+1 - |y’[5],m+1

_— ’x‘[s]ferl _ ‘y’[s]fm+1
< |a f(y) — Py (y)| |I’y“s]_m+1
met oy o2 =yl
< 0" f(y) — Pe(y)| oy [l
_ -1 s—Is]
< smm+1 |2 —ylle[ _ Lyl _
M sl s—[s]—1y, - s—[s]—1
< C || |z =yl < Clz —yl|z| )

]

37



since % is bounded by 1.

The same kind of manipulations of exponents (but easier) as at the end of the previous
proposition can be performed. Remarking that |z|~*" < C(|lz — y| + |z|)~* and using 0 <
s+t —(m—1) <1, it is easily verified that

o =yl = =yt D g g ) el
< o=y (| — | 4 faf) ) el
<z — y’s-l-t’_(m—l)(‘x —y| +|z])” t'+(m—1)—[s]

which gives the result. "

Combining Lemmas 3.1 and 3.1, Proposition 3.1 is proved.

We now compare these K;asl with the classical pointwise Holder spaces.

Proposition 3.2 Let x9 € R, and s be a real number such that s > 0, s ¢ N. Then C7 =
Kqy°.

Proof: Let f be a function in C3 . One writes, using the approximating polynomial P found

n (1.1),

|z — o] l*] ly — zo|l°]

flz) = P(z)  fly) - P(y)‘ < ’f

’f — Py )‘
ly — 20|l
C(|lz — o~ + |y — o[~ 1))

Ol — 91+ I — o).

x—x0|[5]

IN A

This proves f € Kqp °
On the other hand, let f be a function in K2, . Taking y = ¢ in (3.1) leads to (remember

that g, (z) is defined by W)

" f(x) — P(x)

|z — xo\[s]_m

|9m (2) = gm (0)] = — gm(0)| < |z — o,

thus |0™ f(x) — Py (z)| < Clz —20|°~™, where P; is a polynomial of order smaller than [s] —m.
The last inequality can be reformulated in

0" (f = Po)(2)| < Cla — o™,

where P is a polynomial of degree less than [s]. This reads 0™ f € Cj;;™, which implies
Jec;,. "

It is easily verified that Vs’ < 0 with s + &' > 0, K3¥ ¢ Cs,, thus, for all s < 0,

K;OS C Ky, °. As soon as a function belongs to Kmo for some s', it automatically belongs to
C3,- That also means, by reciprocity, that a function f whose p01ntW1se Holder exponent is

s > 0 cannot belong to any Ké’gl, for t > s, whatever t’ is. This is an important property of
K3’ spaces.
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3.1.3 Domain of admissible exponents

Definition 3.2 Let f be a function : R — R. E(f,xo) denotes the set in the half plane
{(s,8'): s+5 >0, s <0 and s> 0} of all couples (s,s') such that f € Kz, .

Let us notice that this set is convex by Proposition 3.1. Moreover, it cannot intersect the
open half-space defined by {(s,s") : s > a,(f)}, because of the last remark in the previous
section. Eventually, if I" denotes the boundary of E(f,xg), it is easily shown that T' is, again
by Propositions 3.1 and 3.2, the graph of a function s = «(s’). The function v is concave,
decreasing, with slope greater than —1.

The following proposition links K;;f/ spaces with the local Holder exponent defined in the
first section

Proposition 3.3 Let zg € R, and f: R — R such that v(0) > 0. The local Hélder exponent
corresponds to the intersection of the frontier of the domain with the x-axis, i.e. ay = v(0).

Proof : From the definition of K5, one obtains, for |z — x| < 8, |y — x| < 6, (remark that
s’ = 0 implies [s] = m)

0" f(x) = 0" f(y)| < Cle—yl™™

On the one hand, if s < 7(0), then f € C}(B(xo,0)), for any § < 1/4. Then, taking the limit
when § — 0, one has a; > s for any s < v(0). Eventually, one concludes oy > 7(0).

On the other hand, if a; > 7(0), then there exists s such that v(0) < s < a; and § > 0
such that, for |z — xo| < 0, |y — x| < 9,

0" f(x) =" f(y)] < Cle—y[™
Thus f € K5, and v(0) < s, which is absurd. .

Proposition 3.4 Let 9 € R, and f : R — R such that v(0) > 0. The pointwise Holder
exponent of f is the unique o > 0 where the frontier intersects the second diagonal, i.e. oy, is
the unique a with o = y(—a).

Proof : The existence and the unicity of this intersection « is clear, since v(0) > 0 and since
17 (s")] <1 for s’ > 0.

First, this intersection is located on the left of the pointwise exponent of f at zg since we
know that f cannot belong to K35 for s > ap. Thus a < a,.

On the other hand, if a < «;, then there exists s such that o < s < ;. By definition of
ap, f € CF,, and by Proposition 3.2, f € Kz, ®, which is in contradiction with the unicity of
. "

Propositions 3.3 and 3.4 show that, as soon as f has a minimal local regularity (i.e. 7(0) > 0),
one can read the pointwise and local Holder exponents from the 2-microlocal frontier.

To end up with this section, let us notice that all the above propositions are only conse-
quences of simple manipulations of the several exponents s, s’, and s+s’. In fact the definitions
of K. ;;f/ spaces combine in a smart way two notions of regularity : the global regularity around
xg and the pointwise regularity at xg. They provide us with a deep understanding of the be-
havior of the considered function f around xg.
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3.2 Relation with 2-microlocal Spaces

The main result of the paper is the following theorem, which identifies in the most inter-
esting cases the 2-microlocal spaces CQZ;)S/ with our spaces Kigsl. The previous Propositions 3.1
to 3.4, are in fact consequences of the following theorem 3.1, since the corresponding proper-
ties have been proved to hold for Cigf/ spaces. However, we detail them to show how easier
propositions 3.3 and 3.4 were to prove in our frame than in the 2-microlocal frame.

3.2.1 Main Result

Theorem 3.1 Let xg € R, and s, s’ be two real numbers such that s+s' >0, s+s €N, and
s’ < 0. Then
(fely) e (fe Ky (3.8)

Let us say first a few words about the contraints on s and s’. As shown before, the condition
s+ s > 0 implies a minimal global regularity for the function in a neighborhood of xg, and
the existence of a sort of Taylor expansion of f at xg.

Theorem 3.1 does not contain the critical case s + s’ = 0. Indeed, Cy, ® contains distri-
butions, which obviousy do not belong to any K, ° spaces. Ky, ° spaces are thus strictly
included in Cy7, ° spaces.

Theorem 3.1 can be compared with Theorem 1.7 : Theorem 1.7 assumes a minimal global
regularity for the considered function f (namely f € C'9) to estimate quantities of the type
|f(z) — P(x — z¢)|. Theorem 3.1 provides an equivalence and allows to estimate differences of
the type |f(z) — f(y)|, for any couple of points (z,y) in a neighborhood of zy. This gain of
accuracy is due to the fact that we fully use the assumption of local regularity (i.e. s+’ > 0).

3.2.2 Proof in a simple case

We focus on the case 0 < s+ s’ < 1, s < 1. In addition, we assume that the analysis is
done using an orthonormal basis of compactly supported wavelets with at least 2 vanishing
moments (see for example [22] for the existence and the construction of such a wavelet). This
is slightly different and easier than the general case. This restriction is of great interest for
practical purposes, as we shall see later. The proof of Theorem 3.1 in the general case is given
in [81].

Proof : Without loss of generality, we assume that zg = 0, and that s’ < 0,0 < s < 1 and
0 < s+ < 1. The definition of K5 spaces takes here a nice form, i.e.

[f (@) = ()] < Cla =y (Jo =yl + |2 — 2o]) ™" (3.9)

The important case of functions which are continuous but nowhere differentiable is contained
in this frame.

For each couple (j, k), denote by S; 1 the support of 1; 1, the translated-dilated version of

1. Namely, one has 9, x(z) = ¢(2/z — k) and Sj; = [(k — K)277, (k + K)277], where 2K + 1
is the length of the support of 1. The corresponding wavelet coefficient is

djg = 2j/f(m)zpj,k(x)dx.
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To prove the result, we will use the characterization of the C’;fig)s/ spaces by wavelet coefficients,
recalled in Theorem 1.9.

1. K3* c oy

Assume that f € KS’SI. Then (3.9) holds. We want to study the wavelet coefficients d; j.
Using the first vanishing moment of the wavelet, one writes

—9J

| @ = o2 e

J.k

dal = ' / F ()20, () d

_ 21/ |z — k27914 (|2 — k279 4 |k277)) " [y () |dac
S.

j.k

On the interval S, |z — k277| is bounded by K27/, where K does not depend on x, y, j or
k. Then

|z — k277| + |k279| < C279(1 + |K|),

thus (| —k277|+ |z|)~*" < €27 (14 |k|)~*". Moreover, on S; 1, one also has |z — k277 |5+ <
C277+5) on S ;. One deduces that

|dj k

< mﬂu+wr%ﬁMw/ 9 ()| dr < C295(1 + [k|)

Sk

since [ 29[, x(z)|dz is a constant. Thus, f indeed belongs to C’S’S/.

2. O C K3

We suppose that the wavelet coefficients of f verify |d; x| < C2775(1+ k)~ (f € Cg’s,).
We aim to show that f satisfies (3.9).

!
Since s + s > 0, C5° C C** around 0, and we are allowed to use the reconstruction
formula

F@) =) > dixthin(@). (3.10)
ik
As explained before, it is enough to treat the case |y| < x. We have to to study the difference
1F(@) = W) = DD dik(win(@) — )] - (3.11)
ik

Denote by jp be the integer such that
270l < —y| < 270, (3.12)
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The difference (3.11) can be splitted into three different expressions

F@ = f@l < D0 Y ldiallvin) —via)] (1)
i<jo—1 k
+ D0 D ldiallwa() (II)
Jj=jo k
+ 0D ldkllie®)l (ITT)
j=jo k

Let us study first the term (I1).

YD M@ < C YD 2L+ (k) @)l

jzjo k Jjzjo k

The crucial fact here is the following : if x and j are fixed, only a fixed number of 1; ;(x) are
different from 0, namely 2K + 1, i.e. the length of the support of 1. This corresponds to the
couples of indices (7, k) such that |z — k27| < K277, i.e. (14 |k|) ~ (1 + 27|z|).

Then, using that the dilated-translated v;;’s are bounded by the same constant M (M
and K are independant of s, s’, j and k), one has

D 2 ldiplln@)l < C Y (RK +1)M2 (14 2a]) ™

Jj=jo k J=jo

If > jo, 2/|x| > 1/2, thus 2/|x| < 27|x| + 1 < 4.27|z|. One thus has

Z Z \djk|[vin(z)] < C Z 2_j(8+s’)|x|—5’ < 02—j0(3+51)‘$|—5/
Jj2jo k J=jo
Cla — y|* ||

IN

since (3.12) holds. Then, using that |z — y| < 2|z|, the last inequality gives
o> i) < Cla =yl (Jx =yl + |2]) ™,
Jj2jo k

which is the correct bound.

The third term is bounded by the same method as described above.

We now move to the first term, which is a little bit more delicate to study. We will use
the derivative of the wavelet 1. Indeed, one remarks that

[Wik(@) = Yin()] < |z =yl sup [45,(2)]-

z€[y,z]

But we know that ¢, (z) = (Y(2z — k) = 274’ (272 — k), which is uniformly bounded by
C?27. Thus one has the property

[¥j0(x) = Yjk(y)] < Cla —y|2’. (3.13)
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The sum in k contains only a fixed number 2K + 1 of non-zero terms, and for these k’s, by
the same arguments as before, (1 + |k|)= ~ (1 + 27|z|)~*". Using (3.13), one writes

(D) < C Y D ldpl2le—yl <Cla—y| Y QK +1)279°(1+ |k|)~
J<jo—1 k 7<jo—1
< Clo—yl Y. 207901+ 27[a))~
J<jo—1

Moreover, (1 + 2j|x])*sl <Cl+ (2j\$’)73l, and

Ol — {2019 4 gJol1=( =
Clo = yl(lo =y~ + fo =yl al )
Clo =yl (= | + lal ™) < Cla — yl*** (o =yl + )~

(1)

ININ A

The key at this point was that 1 — (s 4+ ') is strictly positive by construction. One now
upper-bounds |z|~% by (|z — y| + |z])~*".
This ends the proof of Theorem 3.1. "

3.2.3 Applications

We give here two applications of Theorem 3.1. We first exhibit some classes of functions
that will belong to C;,Ds" Second we give a decomposition of any function of C’;gf/ into “simpler”
functions. These propositions were already proved in a more general frame in [72], but our
approach shows how easier they are to prove with the help of the Ki;f' characterization.

Proposition 3.5 Let us assume that s’ <0 and s+ s' > 0. Let {U;(x)};jen be a sequence of
functions that satisfy, for every |a| < N,

0°U;(x)| < C(1 4 |z))~. (3.14)
Then the function f defined by
+Oo . .
fle) = 327U (2 (@ - ap)) (3.15)
j=0

belongs to C;;f, .

Proof : We give here the proof of this proposition in the case where s + s’ < 1, s < 1, the
general case only needs an easy adaptation of the following.
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With f defined by (3.15), let us study the differences |f(z) — f(y)|. Let jo be the integer
such that 2770 < |z — y| < 2770~! Then,

+oo
@) =@ = 1D 279(U;(2 (@~ w0)) = Uj (2 (y — 20)))|
Jj=0

Jo

< 32U (2 — o)) - Uy (P (y — 20))] (1)
j=0
+00
Y 2 (P - w0) — U2y —20))| (1)
Jj=jo+1

When j > jo + 1, by (3.14), one obtains

|Uj(2 (& — o)) = U (2 (y — 20))| < 2JUj(2(x = 20))| < CO(L+ 2|z — o)™,

and thus
(I < € > 2791+ 2z —ao)™ <C > 279 427N |g — g7
J=jo+1 J=jo+1

< (C27%0 4 2_(S+s/)j0|x — :vo|_5/ < Clzx —y|*,

since 2770 ~ |z — mg|.
Consider now the other term (I).

Jo
() < CY 279120 (z — x0) — 27 (y — mo)| sup |0'U;(2)|
5=0 2€[27 (z—20),27 (y—0)]
Jo o A A
< O3 22—yl max((L+ 2l = o)~ (14 2]y — w]) )
j=0
< O+ 20z — o) |z — |
s ’x — x()] —s' s+s’ —s'
< Cle =yl (L+ ) < Ol gl (= 4 o — o)™
where one has assumed that (1 + 27|z — zo|)™% > (1 + 27|y — o). u

The following proposition gives a decomposition of any function f € Kf;{fl into two terms of
different behaviors, the first one being regular and the second one containing the “oscillatory”

behavior of f around xg. It has already been proved in a more general case by Y. Meyer in
[72].

Proposition 3.6 Let s, s’ be two real numbers such that s+s >0, s’ <0, and xg € R. Then
the following propositions are equivalent

/
- fe K

44



— there exist a constant § > 0, a polynomial P of degree smaller than [s], and a function
h which satisfies h € C5T% ([xg — 8,20 + 0]) and |h(z)| < Clz — xo|*+*', such that

f(z) = P(z) + |z — zo| % (). (3.16)

Proof : We treat t}}e case 0 < s+ s’ <1 and zg = 0.
Assume f € K, and |y| < x. There exists a polynomial P of degree smaller than s such
that (3.1) holds. Let us define the functions g and h by

@) - P@) e @) = P@) —g0)]

] |z~

One knows that, for all z,y close enough to 0,

19(2) — 9(u)| < Clo — |+ (| — o] + )=,

and that h(z) = |z|¥ Tl(g(z) — g(0)). One always has —1 < s’ + [s] < 1. If s’ + [s] = 0, the
result is obvious, thus we restrict the study to s’ + [s] # 0.
First note that if y = 0,

|h(z) = h(y)| = ()| = " Hg(@) = g(0)] < Claf* ][~ = Claf*+.
Now one can assume that x # 0 and y # 0, and thus, denoting §(z) = g(x) — g(0),
[h(z) = h(y)| < [l g(a) — [y ()]

Using that |§(z)| < C|z|*~l*) for all z close enough to 0 and

3
h(@) = h(y)| < [l g(@) — Gy)] + 2" Fg(y) — 1y g ()]
< el g(@) = g(u)] + (gl =y
< C(la) Pz -y (Jz — y| + |2)) =
() [2]* 6 — Jy I,

.1), one obtains

Then we make the same kind of manipulations as before. For the first term, one uses |z| <
2 — gl + || < 3z to get

Cla =y [~ 1

Clz —y|**.

T R (E e R R
<

The second term is more delicate to study :
— if [z —y[ < |y|, then

|s’+[s] |s’+[s]| |s’+[s}—1

N

Clyl* M = ylly

. 1—(s+s") ,
C’|x _ y|s+s <|x’y‘y|> < C‘:L’ _ y‘s-f—s )

— if ly| < |z —y| (ie. y < x/2), two cases must be separated
—if =1 < [s] <0, [Ja| I — Jy ) < Oyt and

19(y)||x —ly

IN

Gl =y < Clyl g < Cly ™ < Cla =y
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— 10 < 8"+ [s] < L, |||+ — |y < Cla — ) (indeed, the function ¢ — ¢+
is concave), and

] < Ol — )

Cla = y* Pz — [+ < Cla — g+,

9@l <
<

The function h belongs to 1% ([zg — d, 2o + 6]).

Let us assume now that f satisfies (3.16) for a certain polynomial P and a function h, but
does not satisfy (3.1).

Since (3.1) is not verified, one can find two sequences of real numbers {z,}, and {yn}n,
such that, for all n,

19(xn) = 9(yn)| > nlzn — ynl*T (20 — yn| + 2a]) = 71 (3.17)

Since all the properties are local, around zg, one can extract from these sequences two
subsequences (still denoted by z;, and y,,) that will satisfy lim,, ,, = X and lim,, y, =Y, and

19(20) = 9(yn)| = Culan = yul*™ (J2n = yul + |2a]) =1, (3.18)

with C}, — 400 when n — +oc.

First case X #Y, X # 0and Y # 0. Since g is continuous, using (3.18) and the fact that
|Zp, — Yn| —n | X — Y] and |z,| —5 |X]|, one obtains that Vn large enough, |g(X) — g(Y)| >
n|X — Y[*(|X = Y|+ |X])~* "Bl which is absurd.

Second case X =0 and Y # 0. This case is treated similarly as the preceding one.

Third case X =Y = 0. One can assume that, for all n, |x,| > |y,|.

By definition one has, for all z, |g(z)| < C|z|*~[. Thus, for all n, |g(z,) — g(yn)| <
C|lznl* 1 + |yn >~y < 2C|2,|°~ . On the other hand, using (3.18), one has

20‘3371’57[5} > |g(@n) — g(yn)| = Chlzn — yn’s+5/(‘xn — Ynl + ’aniSli[s}
= Cn‘xn - yn’8+8,’xn’_81_[5}7

The lower-bound (|2, — yn| + |[2n]) ™5 " by |2,|~* 1 holds even when —s' — [s] < 0, still
1

because |x,| ~ (| — Yn| 4 |2n|) for all n. One thus obtains |z,| > C™ |2, — yn|, which can
be rewritten as

[0 = yn| = of|znl). (3.19)

(3.19) says that the couples of points where the inequality (3.16) may fail must satisfy some
strong properties : both converge to 0, and the differences |z, — y,| are small while the
differences |g(x,) —g(yn)| stay large. Intuitively it corresponds to the case of strong oscillations
around 0.

Let us show that this is impossible. One would have

[yal ™7 = J2a| =T - (=) — yallzal T,
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where z, is a real number between x,, and ¥,. Then,

[l ™" h(an) = [yal = Fh(yn)|

19(zn) — g(yn)|

< fanl ™R (@n) — hlyn)]
+Clh(yn)l|wn = yllza| 77
< Clan|™ lay, - ya**

+C‘yn’s+8/ |Tn — Ynl ’Zn‘_S/_[S]_l

since h € C*+'(R).
The first term in the last inequality is bounded by |z, — yn|*** (|2 — yYn| + |2a]) = 1.
Let us deal with the last term. Using that |z| ~ |zn| ~ |yn|, one verifies that

n‘fs’f[s]fl ‘*Sl*[s]*l

Clynl ™™ |20 = ynllyn
Clay, — yn|’yn|57[s]7l
Clay, — yn|5+8l|xn - yn‘17(8+5l)|yn‘87[8}71

Clay, — yn‘s+5/(’xn — Yn| + ‘yn’)_S/_[S]

’
|yn|s+s |mn - ynHZ

VAN VAN VAR VAN

This eventually gives

—s'—[s].

19(xn) — 9(yn)| < Clzn — ynl*** (|20 — yn| + |ynl)

in contradiction with (3.18). .

The main interest of the last proofs is to show that it is possible to check all the properties
of the functions belonging to Cy.’ spaces (with s + s’ > 0) using only elementary arguments
and a time domain analysis.

3.3 Algorithms

3.3.1 Background Ideas

Let us mention that the following algorithm is valid only if the expected exponents are
lower than 1. Indeed, formula (3.1) defining the spaces K;g]sl involves a polynomial which
approximates the data (a kind of Taylor expansion), which is accessible only with the help
of finite differences. We then focus on the simpler case s < 1 and s + s’ < 1, where we have
already seen that there is no polynomial in the definition of K;;)s/.

In this case, there are three major justifications for the use of K;f;;f/ spaces for the charac-
terization of regularity in practical applications.

- K}z;)sl spaces give a rather rich description of the regularity structure.

— The computation of both exponents (s, s’) is performed using directly the values of the
function. One does not lose information by integrating or smoothing the data. Moreover
one can extract from the frontier the usual information, i.e. the Holder exponents.

— it may seem harder to estimate a frontier of a domain in R? than only one regularity
exponent. But this is not the case. The main reason is that we are using more infor-
mation : in fact, using (3.1) we extract the whole information avalaible in the data.
Combined with the fact that a frontier must satisfy a number of constraints such that
its general aspect is known, this leads to some fast estimation procedures.
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An algorithm for estimating this part of the frontier has been proposed in [54].

We describe here another approach. This kind of algorithm has already been developed
in [31], where wavelet coefficients (instead of pointwise values) were used for the estimations.
When s < 1, the results provided by the following algorithm are far more accurate than the
ones provided by this previous wavelet algorithm. Nevertheless, the algorithm of [31] was able
to estimate exponents greater than 1.

3.3.2 Implementation

We want to estimate the K ;;)S,—frontier of a function f at a point xg. We start with formula
(3.9)

(@) = F)] < Cla =y (lz — y| + |2 — zo]) ™

We assume that we have at our disposal the discrete values {f;}i=1_. n of a function f at the
points {z;};=1, N (note that we do not need to assume that the {z;},—1, n are equidistant).

It f e K5, Vi, j,
\fi = £il < Clwi — 2™ (Jai — 5] + |as — o))~ (3.20)
Define x; ; by x;; = log(|x; — z;|) and y; j & by

Zo
s = Togllf = )+ o log(1+ (=20,
J

Then, (3.20) reads ¥ X = (i, ), yr s < Cxy.

Now fix an exponent s’. In order to obtain the other exponent s as a function of s', it suf-
fices to make a regression on the maxima of the set of couples (zy,y) (where A € [1,..., N]?)
to find the corresponding exponent s = I'(s').

The practical implementation follows the rules
— Choose a set of n discretised values of s, {s], sh,...,s],}, ranging typically in [—1,0.5].
— For each sj, compute the corresponding y, ¢ and xy.
— Find the largest y, s, when A belongs to A;O ={(k,1)/ |xo — x| < 1/4 and |xg — 24| <
1/4}. We obtain thezyu,sg, where £ belongs to a subset of Ay, .

— Make a linear regression on the set of couples (x,, ¢, ¥, s)-

— Then the slope of the straight line obtained by regression is the approximation of the
exponent s corresponding to the s'.

A set of n samples in the frontier of exponents s = T'(s’) is eventually obtained. By a
simple method of convexification, it can be modified into a convex set of samples. Applying
this method we obtain an approximation of the frontier, which satisfies its basic theoretical
properties : it is convex, non-decreasing, with a derivative with modulus less than 1.

A last but important remark is the following : since the simple version of the Kfc;)s/ spaces
(i.e. without polynomials) is considered, the formula we use can only be applied in the triangle
0<s<1 8 <0and 0 < s+ s < 1. This implies that, for a function f whose pointwise
Holder exponent is a < 1, the algorithm can not detect any regularity larger than s = «, even
when s+ s < 0. This equivalently means that the frontier the algorithm tries to estimate can
not intersect the half-plane {(s,s")/ s > a}. This provides us with a sharp localization of the
pointwise Holder exponent.

48



Fic. 3.2 — Left : Estimation of the frontier of the cusp |7|%2° at 0. The estimation is plotted
with triangles. Right : Estimation of the frontier of the chirp |x|-¢ sin(m%) at 0.

3.4 Numerical Results

We present the results of the algorithm implemented in different cases. We first treat the
case of an isolated singularity, with three examples : a cusp singularity, a chirp singularity,
and a sum of two chirps at the same point. Then the more complicated cases of functions
which are everywhere continuous, but nowhere differentiable are considered : we deal with
the Weierstrass function, the fractionnal Brownian motion, and the generalized Weierstrass
function.

In all the figures, we plot the frontier found by the algorithm, and compare it with the
theoretical one. We also plot the straight lines s + s’ = 0, and s + s’ = 1, which bound
the validity of the results (indeed, remember that the formula we are using is only valid for
0 <s+s <1ands <0). All the results were obtained using functions sampled on 1024
points.

3.4.1 A cusp

The function considered here is z — |z|%2°. Since there is no oscillation phenomenon, the
local and the pointwise Holder exponents are both equal to a = 0.25. The theoretical frontier
is a vertical line.

The estimation found for the common value of the two regularity exponents is 0.252, which
is extremely precise (see Figure 2).
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FIG. 3.3 — Left : Estimation of the frontier of the function |x|%® sin(ﬁ) + |z|%5 Sin(mﬁ) at
0. Right : Estimation of the frontier of the Weierstrass function with A = 3.23 and H = 0.55
at an arbitrary point.

3.4.2 A chirp

The function we study here is the chirp function, |z|% sin( |x‘11'4). The theoretical Holder

exponents are o, = 0.6, and a; = % = 0.25.
The frontier computed by the algorithm (Figure 2) yields the estimations 0.27 and 0.62
for, respectively, the local and the pointwise exponent of f. One notices one more time the

precision of the results. The whole fontier is also estimated with good accuracy.

3.4.3 A sum of two chirps

The case of the sum of two chirps located at the same point is delicate. Indeed, it is very
hard to distinguish the two behaviors, since there are two types of oscillations (at different
frequencies).

We see that, in Figure 3, the two behaviors are identified, since, for example, the theorical
pointwise and local exponents (respectively 0.5 and 0.25) are found with a good precision.
The phase transition between the two chirps is not well estimated, but, away from it, the
approximation of the frontier is accurate.
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Fi1G. 3.4 — Left : Estimation of the frontier at an arbitrary point of an fBm with H = 0.7.
The knee in the frontier (at s’ = 0) is still recovered by the algorithm, but it is smoother in
the estimation than in the theoretical frontier. Right : Estimation of the pointwise Holder
exponents of a generalized Weierstrass function satisfying «,,(t) = ¢/2 + 1/4, from t = 0.2 to
t = 0.8. The straight line is the theoretical pointwise Holder function.

3.4.4 A Welerstrass function

The Weierstrass function, defined by
Wi(z) =Y A7 sin(Vz),
j=0

where A > 2 and 0 < H < 1, belongs to a more complicated type of functions. Indeed, it
is well known that Wy is everywhere continuous, nowhere differentiable, and that it has a
Hoélder exponent equal to H at all points (see for example the original article [84] and [36]).

Remark that, in Figure 3, the knee of the frontier located around the axis s’ = 0 is found
by the algorithm.

3.4.5 An fBm

A path of a Fractional Brownian Motion is another way of obtaining a signal for which
the pointwise Holder function is controlled, and is almost surely everywhere equal to a given
exponent H (see [15] for example).

We have tested the algorithm on an fBm with H = 0.7 (see Figure 4).
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3.4.6 A generalized Weierstrass function

The generalized Weierstrass function [21] is defined by
Wy (z) = Z ATH®) gin(V ),
j=0

where A > 2 and # — H(z) is a C'-function ranging in (0, 1]. It verifies, for every z, a(z) =
ap(z) = H(z). The difference with the classical Weierstrass functions is that one can now
prescribe time varying pointwise exponents.

We have run the algorithm on a function generated with H(z) = 2/2+1/4. The estimated
pointwise exponents are plotted on Figure 4 for the range = € [0.2,0.8].

The algorithm has been implemented in FracLab, a software toolbox avalaible at :
http ://www-rocq.inria.fr/fractales/
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Chapitre 4

Formalisme 2-microlocal

Abstract

This paper is devoted to the study of a fine way to measure the local regularity of dis-
tributions. Starting from the 2-microlocal analysis introduced by J.M. Bony, we develop a
2-microlocal formalism, much in the spirit of the multifractal formalism. This allows to define
a new regularity function, that we call the 2-microlocal spectrum. The 2-microlocal spectrum
proves to be a powerful tool that we apply in three directions. First, it allows to recover all
previously known results on local regularity exponents, as well as to discover new proper-
ties about them. Second, the 2-microlocal spectrum provides a deeper understanding of the
2-microlocal frontiers. It yields in particular a natural way of prescribing these frontiers on
a countable dense set of points. Finally, we explore the close parallel between the multifrac-
tal and 2-microlocal formalisms. These applications are illustrated on examples such as the
Weierstrass and the Riemann functions, as well as lacunary wavelet series.

4.1 2-microlocal Formalism

In this section, we elaborate on a fact noticed in [34] : We show that o(s’) can be obtained
as the Legendre transform of a certain function y. The function x(p) roughly measures the
exponential rate of decay of the wavelet coefficients on curves of the type [b| =a”, 0 < p <1
in the time-frequency plane (b, a). The relation between y and o defines a 2-microlocal for-
malism, much in the spirit of the multifractal formalism.

We start with an obvious remark. Remember that, by definition, f € C;;f, if and only if
there exists by > 0 and a constant C, » such that :

Ya € (0,1], Vb, |b—xo| <bo, |C(a,xo+b)| < Csya(a+ b))%,

where 0 = s + s'. This yields the following simple expression for o(s") (we take xg = 0 to
simplify the notations) :

" 1
o(s') = liminf inf S108(aF b)) +log|Cla,B)

4.1
a—0  |b|<bo loga (4.1)

93



or, in a discrete setting :

"oe (277 + k279 + loe |d.
o(s') = liminf inf 5087+ K277 +log|d;n
00 [k|=0...27 —

4.1.1 The 2-microlocal Spectrum

Our aim is to obtain an expression for o(s’) more tractable than (4.1) or (4.2). We first
need to set some definitions.

Definition 4.1 Let f € S'(R), and denote C(a,b) its wavelet transform using a wavelet of
sufficient regularity. For a given xg € R, define :
~0°:(0,1) - RTU {+o0}

0°(c) = sup{y : Ib, > 0,a° < |b — 29| < b, = |C(a,xo + b)| < K.a7}
- 0':(0,1) = R*U {+oc0}

0 () = sup{y : 3b, > 0,|b — 20| < min(by,a®) = |C(a,zo +b)| < Kea}

Clearly, 6° is a non-increasing function of &, and #' is a non-decreasing function, so that
we may define
6°(0) = lim 0°(e) = sup{6°(e) : € € (0, 1]}

e—0t
and
61(1) = lim 0'(e) = sup{f'(e) : e € [0,1)},

e—1—
with 6°(0) and #'(1) in [0, +o0].
Loosely speaking, 8°(0) and 0!(1) characterize the behaviour of the wavelet coefficients
respectively below all curves |b — zg| < a”, p > 0, and in the neighbourhood of the cone of
influence |b — x| < a.

Definition 4.2 For zg € R and for € > 0, define the function x° : (e,1 —¢) — RT U {+o0}
Xe(p) = sup{’y 1 Va < bOavﬁ € [IO —&p+ 5]7 |C(a7x0 + aﬁ)| < Cp,aaw}

log |C + af
= liminf inf 0g |C(a, 2 £ a7)]
a—0 p—e<B<pte loga

Note that, for each fixed p, & — x°(p) is a non-increasing function, so that the limit
lim, g+ x°(p) = sup{x°(p) : € > 0} is well defined on [0, +o0].

Definition 4.3 Define, for any given zg, x : [0,1] — RT U {+oc0} by

- x(0) = 6°(0)
- p€(0,1) : x(p) = lim._o+ x*(p)
- x(1) =0'(1)

X is called the 2-microlocal spectrum of f at zp. The relation between y and o(s’) will
be given by Theorem 4.1.

Roughly speaking, x(p) describes the behaviour of the largest wavelet coefficients that lie
around the curve |b — xo| = a” (see section 4.1.6 for examples of computations of x).

Let us now investigate some properties of #°, #' and y. Let ¥ denote the convex envelop
of x.
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Proposition 4.1 The following relations hold :

1. ¥po, 8°(po) < inf ,epo,p0) X(p) and 0" (po) < infpe(py 1) X(p)
2. x(0) < liminf, o+ x(p) and x(1) < liminf, ;- x(p)
3. X(0) = x(0) and x(1) = x(1)

Proof : To simplify notations, assume without loss of generality that zo = 0. We prove the
three assertions for x(0), as the other part of the proof (concerning x(1)) follows the same
lines.

(1) Fix po. For p € (0, pg) and & < min(p, pg — p), choose B € [p — €, p + €]. Set b = d”.

First assume 6°(py) < +oco. Then we have |C(a,a”)| < Kpovnaeo(po)_" for all n > 0, by
definition of 0%, since a”® < |b|. Thus, x(p) > x*(p) > 6°(po) — 1, Vn.

If 0°(po) = +o00, for every N > 0, |C(a,a’)| < K, ,a¥, and one concludes using the same
argument that x(p) > x°(p) > N, for all N.

Let us now examine the case p = 0. By definition, x(0) = 6°(0) and, since §° is non
increasing, 0°(pg) < x(0).

(2) One simply uses the definition of #°(0) :
If 6°(0) < +o0 , Ve > 0, Ipg, ¥p € [0, po], 0°(p) > 6°(0) — £. Using (1), this yields

Ve > 0,3po : Vp € [0, po), x(p) > x(0) —&.

If 0°(0) = +oo, VN > 0, 3pg, Vp € [0, po], °(p) > N, and thus x(p) > N for all N > 0.
This gives the result.

(3) This is a simple consequence of (2), the definition of x as the convex envelop of y, and
the fact that 0 is an extremal point of the domain of definition of . "

Remark : The second function of Subsection 4.1.6 provides an example of a function such
that, for an exponent po, 6(po) < inf e[ o) X(P)-

Corollary 4.1 Ifx(0) < 400, then either there exists ¢ > 0 such thatVp € (0,¢], x(p) = +o0,
or x(0) = x(0) = lim, o+ X(p)-

The following lemma shows that x is well-behaved.

Lemma 4.1 Let f € §'(R) and zp € R. Let I, denote the interior of {p: x(p) < +oc}. The
function p — x(p) is lower semi-continuous on I, .

Proof : Let p € (0,1), with p € I, and € > 0 small enough such that [p — e, p + €] C I,.
From the definition of x one gets

o)< int  X(0). (4.3

Indeed the computation of x(f) for 8 € (p — €, p + €) uses wavelet coefficients that are also
taken into account when computing x¢(p). By definition, lim,_,¢+ x*(p) = x(p), thus Vn > 0,
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there exists €, such that € < ¢, implies x*(p) > x(p) — 7. Using (4.3), one gets that, Vn > 0,
there exists €, such that Ve < ¢,

< inf + ¢).
Mm_n+&%%ﬁp €)

Thus x(p) < liminf, o+ x(p £ ¢).

The same arguments may be used to treat the cases p =0 and p = 1. "

Combining Lemma 4.1 with Proposition 4.1 yields that the function p — x(p) is also lower
semi-continuous on the closure of I,,.

4.1.2 Main Result

For the analysis of the 2-microlocal frontier, it will be useful to define the following parti-
tion of D = (0, 1] X [z — by, x + bo)] into three regions I,,, I1,, and I11,, (where 0 < py < 1/2) :

I, = {(a,b) € D,|b— x| < a'""}
I,y = {(a,b) € D,a' " <|b—xo| <a™}
Iy, = {(a,b) € D,a” <|b—ol}.

We first give a result concerning x(0).

Proposition 4.2
fecCy” = o< x(0)

Proof : If x(0) = +o0, the proposition is obvious.
If x(0) < +oo, fix n > 0. By definition of §°(p), there exists a sequence (ay, by,) with (a,)
converging to 0 and aj, < |b,| < by for all n, and such that :

v, |C(an, ba)| > Kaf 0+

for any fixed K. Indeed, otherwise, there would exist a; > 0 and b; > 0 such that, for
all (a,b) € (0,a1) x [=b1,b1],]|C(a,b)| < Ka® )1 contradicting the definition of 6° as a
supremum.

Now if f € s by item 3. of Theorem 1.9, one has, for all n :

KaTQlO(p)Jrn < ’C(ana bn)‘ < Ca,s’aZ(an + |bn’)78/

This implies
0 /
KafL (p)+n—0o < Co,s’(an + |bn‘)—s (44)

Assume first s’ < 0. Then, the right-hand side term of (4.4) remains bounded when n
tends to infinity. Since a,, tends to 0 when n tends to infinity, this implies that o < 6°(p) + .
Using x(0) = sup, 8°(p), we get that, for all positive n, o < x(0) + 7.

If now s’ > 0, then (4.4) and a,, + |b,| > af, imply :

0 _ v
Kal (P)in=o < Cyay?®
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And, by letting n go to infinity :
0°(p) +n—o+ps' >0

Using again x(0) = sup, 0°(p), we get o < x(0) + ps’ +n and the result follows be letting
p go to 0. n

We are now ready to state the 2-microlocal formalism. We shall denote by ¢g* the following
Legendre transform of a function ¢

g (y) = xiengg(wy -9(¥)),

where D, is the domain of definition of g.

Theorem 4.1 ! Let f € S'(R). The 2-microlocal frontier of f at any g is given by :

o) = (0"() = inf, (o5’ +x(0). (4.5)

Recall that (—x)*(s") = (=x)*(8") = inf ,c[0,1](ps’ + X(p)), since X is the convex envelop of
X. More precisely, since x is positive, lower semi-continuous on its support and convex, one
has (—x)** = —x.

Proof :
Once again, we take xo = 0. Let us prove first that one has o(s") < inf (o 11(ps" + X(p))-

By Theorem 1.9, if f € C’g’sl, there exist bg > 0 and C; ¢ such that :
Va € (0,1], Vb, |b] < by, |C(a,b)| < Csga’(a+ [b])™. (4.6)
Applying (4.6) with b = a” leads to
fecy” =vpe(0,1],Ya € (0,by],|C(a, a”)| < Csya’(a+a”)~>.
Since Ya, Vp, a” < a+ a” < 2a”, one gets :
fecy =vpe(0,1],Ya € (0,by],|C(a, a”)| < Ky ga® P,

where K, ¢ = Cy ¢ if 8 > 0 and K,y =275 Cy o if s/ < 0.
Fix p € (0,1) and € < min(p,1 — p). For all 5 € [p — &, p + €], we have :

’C(CL, iaﬁ)‘ < Ks,s’a07'681 < K&S/aof(p:l:s)s”
where one chooses p+ ¢ if 8 > 0 and p — ¢ if s < 0. Thus, from the Definition (4.2) of x%,
(o) 20— (p£e)s,

and letting € go to 0,
Vp € (0,1),x(p) > 0 — ps’.

LA version of Theorem 4.1 was already proposed in [34]. However this version was in error, as the examples
of Section 4.1.6 show.
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The case p = 1 is treated similarly. Indeed, for 5 € [1 — ¢, 1],
’C(a7 iaﬁ)‘ < Ks,s’ag_'@SI < K&S/ao—max((l—s)s’,s/)’

and if |b| < a,
|C(a,b)| < Ksga” *.

Then, by definition of 8, #1(1 — &) > o — max((1 — ¢)s’,s'), and thus, letting ¢ go to 0,
x(1) >0 —¢.
The case p = 0 has already been taken care of by proposition 4.2. We end up with :

FeCy” =o< inf (ps'+x(p)).
p€0,1]
Since —y is the concave envelop of —y, both functions have the same Legendre transform,
and thus : /
FECY =0o< inf (ps'+x(p)).
p€0,1]

This ends the first part of the proof.

Assume now that o(s’) # inf cjo17(ps" + x(p)). Then there must exist s; and 7 > 0 such
that :

o(sp) < inf (psy+x(p)) —n. (4.7)
p€0,1]
Note that o(sj) must verify :
o(5h) < x(0). (18)

By definition of the 2-microlocal frontier, with 7 defined in (4.7), for all K, there exists a
sequence (an, by )nen, such that

lim an = 0 and |Can, bn)| > Kaq 04 (@ + [ba]) =50, (4.9)

Fix K and define :
log |by, |

5 liminf '
P= s log an,

There exists a infinite subsequence, still denoted (ay, b,,) such that

log [bn|
log a,,

N (4.10)

We distinguish three cases, according to the values of p.
First case : p € (0,1). For n large enough, all the couples (ay, b,) belong to the region
I1,, for some py < p. (4.10) implies

Ve >0, 3N, ¥Yn> N, al™ < |b,| < al~®,
Ve >0, 3N, Vo> N, a2 < a, + |by| < 2075,
Consider first the case s > 0, for which :

(an + ‘bn|)786 > 275’0(17;@*5)56'
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(4.9) entails :
|C(an, bn)| > K2*36a2(56)+7]7(p75)36’
and |
IOg ’C(an, bn)| < log K2 %
log ay, = "logan

+0(sp) +1—(p—€)sp. (4.11)
Now, alte < |bp,] < ab—¢ implies that :

inf  |C(an, £a?)| < |Can,by)| < sup  |Clan, £a?)|,
Belp—e,pte] Belp—e,pte]

and, for a, <1 :

log [Clanbu)| 0 10BIC(an £a2)
log a,, ~ Belp—e,pte] log a,

Together with (4.11), this yields : Ve > 0, AN, ¥n > N,

)

nf log |C (an, +al)| < log K250

= +U S/ + — ~—g 3,'
BE[p—e,pte] 10g an log an ( 0) n (p ) 0

Since a,, — 0 when n — oo, we get, by definition of x¢ :

B
C(7) <timinf  mf 1281C(an Ean)l

<o(sh)+n—(p—e)sh.
oo Belpe el log an <o(sp)+n—(p )80

Letting € go to 0, one eventually finds

a(sp) > pso + x(p) — m,

in contradiction with (4.7).

and
log |C(an, by)| < log K

log ay, ~ logay,

and we end up with the same contradiction.

Second case : p = 0. For n large enough, all the couples (ay,b,) belong to a region I,,
for p, small enough. As a consequence, for n large enough, one has ap’ < |b,| and

1C(an, bn)| > Ka2 ™, + [by) 0. (4.12)

Now, if x(0) = +o00, for all N > 0, there exist pg and a constant K, x such that, for all
(an, by) that belong to I,, (i.e. for n large enough)

|C(an, bn)| < Ky nal) . (4.13)
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(4.12) and (4.13) imply
KGZ(So)‘H?—N < KpO,N(an+ ‘bn|)86

If s; > 0, the right hand side of (4.15) remains bounded when n tends to infinity, which
implies that o(s() > N —n for all N.
If s, < 0, we use a, + |by| > |bn| > @b’ to write :

o(sh)+n—N s/
Kan( 0) " S KPO’NaﬁO 0

)

which leads to o(sj) > N for all N (when pg goes to 0). In both cases, o(s{,) = x(0) = +o0,
which is in contradiction with (4.7).

If x(0) < 400, by definition of §°, for all ¢ > 0 small enough, there exists K po,e such that,

for all n large enough :
0
|C (an, bn)| < Kpy caly 075, (4.14)

(4.12) and (4.14) entail :
KGZ(SE))‘H?—GO(PO)-F& < Kpg,a(an+ ’bn‘)sf) (415)

The same arguments as before allow to conclude. Indeed, if s{, > 0, the right hand side of
(4.15) remains bounded when n tends to infinity, which implies that :

o(sp) > 0°(po) —n —e.
Since this must be valid for all positive € and n small enough, we get :
a(s0) = 6°(po)
This inequality holds for all pg > 0 small enough. Letting py tend to 0, we get
o(sp) = x(0).
If sj < 0, we use ap, + |by| > |by| > @i’ to write :

o (s6)+n—0°(po)+e PO
Kan 0 SKpo,EaJTL 07

which entails :
o(sq) > 0%(po) + posy — n — €,

and, again by letting pg go to 0,
a(sp) = x(0).
Comparing with (4.8), we get that, necessarily
o(sh) = %(0).
Thus we get that
o(s') = inf (ps'+X(p)),

p€l0,1]
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except maybe for s’ = sj,, where s; is such that o(s;) = x(0), and for which we could
have o(sp) < inf c(o,1)(ps" + X (p)). However, this last inequality cannot occur since obviously

inf pcp0,1(ps" + X(p)) < x(0).

The case p =1 is treated as the case p = 0. This concludes the proof. "

Remark : Note that, since the Legendre transform is invertible for concave functions,
Theorem 4.1 also allows to compute x from o(s') :

Iy — f l_ / )
X(p) = inf {ps’ —o(s')}
Remark : If one parameterizes the frontier using the function s'(o), then the result
corresponding to Theorem 4.1 is the following : if the 2-microlocal frontier is nowhere parallel
to the second bisector,

e A L) (4.16)

p€l0,1] p p€l0,1] \ P

where u(f) = Gx (%) It is easy to check that, if a function z — g(x) is convex, then the
function x — xg(1/x) is also convex. Then (4.16) states that the (convex) function s'(o) is
the Legendre transform for convex functions of w.

The proof of this result follows the same lines as the ones of Theorem 4.1, and uses the
following additional property, whose proof is omitted :

Vo < x(0), sup LX(KJ) > sup LX('O)

0<p<1 P 0<p<1 P

4.1.3 Discrete Setting

It is useful to define the analog of y in the discrete setting. For every scale j and every
p € [0,1], denote by k; , the integer k; , = [2/(1=°)].

Definition 4.4 Let f € S'(R) and let (d;;) denote its wavelet coefficients using a wavelet of
sufficient regularity. For any given xq, define
-6°:(0,1) - R*U {+o0}
0°() = sup{y:3by >0, VB8<e, 277 <by= |dj 220k, 51| < K277}
~ for any given e >0, x°: (¢,1 —¢) = RT U {400},

X(p) = sup{y : 3bo, VB € [p—e,p+el, 277 <bo = |d; piggr; ) < Cpe2 77}

log |d; 95 5k 41l
= liminf inf gl ]%0 il
Jj—+o00 p—e<pB<p—¢ —J

- 0':(0,1) = R*U {+oc0}
01(e) = sup{y:3by >0, VB8>¢, 277 <by= |dj 2520k, 47| < K277}
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Clearly, #° and x° are non-increasing functions, while ' is non-decreasing. We thus define
the analog of x (also denoted x) in the discrete setting

Definition 4.5 Define, for any given xg : x : [0,1] - RT U {400} :
- X(O) = lim__ o+ 0° (8) = SUP¢>0 6° (8)
- p€(0,1) : x(p) = limz—o x*(p)
— x(1) = lim._,;- 01 () = sup,- 0 (¢).

As a preparation, let us show that this tool is consistant, in the sense that it is independent
of the wavelet v that has been chosen.

A critical argument that pleads for the use of the 2-microlocal spectrum is that for any
continuous function f, for any point x and for any p € [0, 1], the value of x,(p) is independent
of the wavelet used to compute the wavelet coefficients d .

This is achieved by using the notion of robustness developped in [41] or [49] for example.
The following definitions are taken from [49], as well as Lemma 4.3.

Definition 4.6 Let v > 0, and define for every couple of dyadic numbers k2~ and k'2~7'

9—1i—=3"l(v+2)
(1 4 2min(j,i") |k2—7 — k/2-3"|)(7+2)

wy (k277 K277y =

An infinite matric A indexed by the dyadic numbers belongs to A if there exists a constant
C such that Yk277, k'277" A(k279,k'277") < Cw, (k277,K'277").
A is said to be quasi-diagonal if it is invertible and if A and A" belong to ﬂ,y>0 A7

The matrix of the operator which maps an orthonormal wavelet basis on another wavelet
basis is quasi-diagonal.

Proposition 4.3 Let f € C%(R), and x € R. The 2-microlocal spectrum p +— xz(p) does not
depend on the wavelet basis {1} that has been chosen in Definitions 4.4 and 4.5.

We shall use some results established in [49]

Definition 4.7 Let ¢’ > 0. The ¢'-neighborhood of k277, denoted by N jo-i, is the set of
dyadic numbers K'277" that satisfy |j — j'| < &'j and |k2~7 — k277" | < 279012

Lemma 4.2 Let &’ > 0 and (j,k) € N2, Let j' be such that |j — j'| < €'j. The cardinal of the
set of dyadic numbers K'2-9" that belong to N o~ is bounded by 27’ +29-j(1-2¢")

Lemma 4.3 Let f € CO(R). Let v > §, and A € AY. There exists a constant C such that

Vi, k, ejr] < C279.
Moreover, if v > 0 + 1/€’, for the same constant C' one has

S AR K2 )dy| < 0270,
k/2_j/¢Ns/,k:2*j
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Proof : (Proposition 4.3)
As usual, in the following C' denotes a constant that does not depend on j and k.

Let f € C°(R). Let {¢;x} and {¥) x} be two orthonormal wavelet bases, and let {d;}
and {e;} be the corresponding wavelet coefficients of f in these bases. Let us denote by A
be the (quasi-diagonal) matrix that maps {d;x} to {e;x}. One thus has

=Y A2 K277 )djy . (4.17)
k'2—3'

Without loss of generality, we assume xg = 0. Let p € (0,1).

For ¢ small enough, we denote by x¥(p) and x¥"¢(p) the two functions associated with
the two wavelet bases (see Definition 4.4).

Let ¢ > 0, and denote a@ = x¥*(p). Thus, for every n > 0, there exists a constant C
such that for every dyadic number k277 that satisfies 277(°+2) < |k277| < 279(P=9) one has
|dj x| < C279la=m,

Let ¢ > 0 and v > 1/’ (their exact values will be precised later) Let us now compute
¥ (p). Let k277 be a dyadic number that satisfies 277(°<') < k27| < 2-9(p—¢"),

Let us consider the ¢’-neighborhood of k277, If k/277" N,/ jo-i, one has |j" —j| < €'j and
k277 — k:’2_j/| < 273(1=2¢) " Ag a consequence,

p—¢’

|k‘/2_j’| < k277 | + 9i(1-2¢") < 9=jlp—e') 4 9—i(1-2¢") < co I ==

Similarly,
K277 | > |k277| — 279(1=2") > 9=ilpte’) 4 9=i(1=28) < op—7'(14e")(pte)
Choose ¢’ small enough so that p —¢/2 < ‘1’:2: and (1 + 5")(p +¢) < p+ e/2. ‘Hence the
e'-neighborhood of k277 N, zy-; is included in {k277 : 279(+e) < [k277| < 279(P=9)} Asg
a consequence, for every k277 such that 277(t<) < |k277| < 279(=<") for every K277 €
No sy dy o] < G273,
Finally, choose « large enough so that v > max(«,d + 1/¢).

We are now able to estimate XW’EI. Indeed, let k277 be such that 2-ilpte) < |k277| <
2-3(r=¢") . One has

Ge= D, ARTKZdg+ 30 AWK = (1) + (2)
kl2_jl€Na’,k2*j klz_jlgNe’,kQ*j
Using Lemma 4.2, one gets that the first sum contains at most

[i(1+e7]
D im0 < i) S 9mi(1m2)  goise!

J'=l(1—e"]

terms. Each wavelet coefficient in this sum is bounded by C2-3(=e(a=1)  Moreover, since
v > 641/¢, for every k277 € Nt -, wy (k279 k'277") is always lower than the constant C
that appears in Lemma 4.3. Thus |(1)| < ¢2-/((a=n)(1-¢)=3¢"),
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Since v has been chosen large enough, by Lemma 4.3, one has |(2)| < C2772.

As a conclusion, |e; | < C277(a=mM(=)=3) for some constant C' independant of j and k.
This remains true for every couple (j, k) (or equivalently for every dyadic number £277) such
that 277" (0+) < k279 < 279'(p=) thus ¥ (p) > (o — n)(1 — €’) — 3€’. This also remains
true for every n > 0, hence x¥" < (p) > a(1 —&') — 3¢ = x¥<(p)(1 —¢') — 3¢’.

Using that for any wavelet 1, x¥(p) = lim._ox¥*(p), one gets ¥ (p) > x¥(p). Since
{tjr} and {¢] } are generic wavelets, this shows that x(p) is independent of the orthonor-
mal wavelet basis {1}

The same technique applies to x(0) and x(1). "

It is thus justified to say that x contains more information than the 2-microlocal frontier.

Then the following theorem, analogous to Theorem 4.1 in the continuous case, holds :

Theorem 4(bis) Let f be in S'(R). The 2-microlocal frontier of f at any xq is given by :

(ﬂy)=(4XYW§)=pgg”0w“%X@D-

Theorem 4 bis is important since it allows to build functions with explicit formulas for
their wavelet coefficients. The proof of Theorem 4 bis is an easy adaptation of the one of
Theorem 4.1. It also uses Lemma 4.1. This is left to the reader.

4.1.4 Time Domain Version of y

In the spirit of [54] and [82], a “time domain” equivalent to Theorem 4.1 may be obtained
as follows. As recalled in Theorem 3.1, when (0,5") € Ty = {(0,8') : 0 <o < 1,-1 < ¢ <
1,0 > §'}, f belongs to Cg’s/ if and only if there exist a positive real § and a constant C' such
that V(z,y), 0 < |x —xo| < 9, 0 < |y — x| < 0,

[f(@) = ()] < Cla =y (Jo = zo| + |z — y|) ™"

This yields the following alternative equation for the 2-microlocal frontier :

bmﬂ@—fwﬂ+§bdm—xd+m—wD)
log |z — y| log |z — y|

o(s") = liminf inf (

T—=T0 y:|y—xo|<|z—20]

This is formally analogous to (4.1) if we identify a with |z — y|, b with  — x¢, and C(a, b)
with |f(z) — f(y)|. Thus, we expect the following relation to hold :

(0,8") € Ty = 04(s') = inf (ps’ + &, (p)) (4.18)
p€[0,1]
where :
§a;0 (0) = pli)r(r){r égo (p)
Sao(p) = lim x5, (p)
&o(1) = lim 65 (p)
p—1
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and

7 () = su . b, > 0, Va,y with |y — xo| < |z — 20|,
w\P) = SIPATE g ye <o — o] < bo = | f(2) — fy)| < Clz—y] [
~ b, > 0, Va,y with |y — zo| < |z — =]
1 _ . ) s 5
Oulp) = S“p{” = 20| < [ — yl? < by = |f(@) — F)| < Clo—yl7 |

- b, > 0,V with |x — z¢| < b, VB € [p—e,p+ €],
sup{ vy : 1 3
|f(z) = f(z — |z — zo|Psgn(z — 20))| < Cla — zo|?

(sgn(z) denotes the sign of ). These quantities should be compared to the ones in Definitions
(4.1) and (4.2). Note that they need to be modified when (o, s") & Tp. This is achieved in the
same manner as in [82]. The details are left to the reader.

Let us put formula (4.18) to use in the simplest case of the function f(x) = |z|7,0 <y < 1.
A straightforward computation yields y(p) = p(y — 1) + 1 and :

§<1—v 1 oo(s) =5+

§S>1—v 1 oo(s) =1
This example shows that, as expected, (4.18) gives the right frontier inside Tp, but may yield
wrong results outside Tj.

Remark finally that xo and & differ : In general, there is no reason why the “time domain”
and the “wavelet domain” 2-microlocal spectra should coincide.

4.1.5 Relations between the 2-microlocal Spectrum y and the Regularity
Exponents

To each point zg is associated its 2-microlocal spectrum xgz,. In the same way as the
regularity exponents can be deduced from o,,(s"), Theorem 4.1 allows to link them with
Xzo(p). In particular, the following set of relations holds.

Proposition 4.4 1. If f € C7(R) for some v > 0, a;(zg) = inf{ x4, (p) : p € [0,1]}
2. If f € C7(R) for some v >0, hy(xg) = inf{Xzoffp) :p€(0,1]}

3. Buw(xo) = Xae(1) € [0, 4+00]
4. If hy(xo) < +o00, then Bo(wo) is the smallest real number B that satisfies

( 1 >_hf(1‘0)
Xoo\371) 7 B+1°

5. aq(xo) = hy(xo) = ai(x0) = Xao(1) and Bo(xo) =0
0. al(ﬂjo) = hf($0) = Xwo(p) > hf(lio); Vp

Proof : We omit the subscript z¢ in the proof to simplify the notations.
1. follows from Theorem 4.1. Indeed, a; corresponds to o(0), i.e. the intersection between the
frontier and the s-axis. Then we use o(0) = inf,(0s’ + x(p)) = inf, x(p).
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hy corresponds to the intersection between the frontier and the second bisector, thus to
the s’ (if it exists) such that o(s’) = 0 = inf ,c[g 1)(ps’ + x(p)). This leads to 2. If hy = +o0,
this intersection does not exist. By Legendre transform x(p) = 400 if p € (0,1]. Thus hy =
inf{@ :p € (0,1]} = 4o0.

Relation 3. follows simply from :

x(1) = —inf(s' — o(s')) = sup(o(s’) — ') = lim (o(s') — &)

! /
s s’ s/ ——00

Proposition 1.7 gives (,(z¢) = ((%)10&(—}”))_1 — 1. To prove 4., remark first that if
hy < 400, there exists at least one p > 0 such that x(p) = X(p) = phs (this is due to Lemma
4.1). Assume for simplicity that s’ — o(s') is differentiable at all s’. Then the following
parametric form holds for y :

{ p = 45
~X(p) = §'g5(s") —o(s)

When s’ = —hy, 3, = p~' — 1 and thus 3, is defined by

. 1
) = XG)
= hfb + O'(—hf)
pr— hf .
Bo+1
since o(—hys) = 0.
Eventually, 5. and 6. are obvious. "

Remarks :

— No remarkable relation seems to hold between x and (..

— The values of x(0) and hy are independent.

— x(1) controls the shape of the asymptotic branch of the 2-microlocal frontier (when
s — —00). Heuristically, for a “multifractal” function for which all the levels sets of h
are dense, “most of the time”, x(1) is finite, and thus the 2-microlocal frontier, in the
(s,s") plane, has a vertical asymptote s = sup{r: 35’ € R, f € C;;)S/}.

— 5. shows that, when the local and the pointwise exponents coincide, their common value
can be inferred using only the wavelet coefficients “above” the considered point. This
case is favorable since it leads to simple estimation procedures.

— The uniform Holder condition f € C7(R) is necessary for 2. to hold in Proposition 4.4.

See subsection 4.1.6 for an example of a function with h(xo) # inf{XIOT(p) :p € (0,1]}.

4.1.6 Examples

We provide now examples of computations of ¢ and x on various functions, in view of
obtaining a more concrete understanding of their relation.
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Xx(P) Xx(P) Xx(P)

= + = =
§) 1 b O 1 o 0 1 0

Fia. 4.1 — Typical 2-microlocal spectra : Cusp, Chirp and Weierstrass function.

Simple Functions

Let us start with the simplest function, i.e. the cusp function z — |z|?. The wavelet coef-
ficients that are not “above” 0 have a fast decay. This implies that xo(p) = +o0 for p € [0, 1).
On the other hand, inside the cone, the largest wavelet coefficients behave like 2777, thus
Xo(1) = 7. One easily verifies that (—x)*(s') = oo(s') =~ + 5.

Let us now apply Theorem 4.1 to the case of a chirp. Recall that, for f(z) = |z|7 sin ﬁ,
v> 0,6 >0, one has at 0 :

which is the same as

{ﬁm:w P# 5

and thus to xy = x. We see that we recover the well-known fact that the wavelet coefficients
of the chirp have fast decay everywhere except around the curve a = |[b|?+!, on which the

_1 0
largest coefficients verify C'(a, £af+1) ~ aB+1.

Note that, while o(s’) is always concave, x does not have to be convex, and this is why
X had to be introduced. (Take for instance the sum of two chirps f(z) = |z|" Sinm%l +

’CC|7 sin —% with v >0, 61 >0, ﬁQ >0, 01 75 ﬂg)

|z]%27

We end this subsection with an example where x(p) is finite for all p : consider the function
[, whose wavelet coefficients are d;j = 2777 for all j,k, where v € (0,1). By definition,
X(p) =~ for all z and p € [0, 1]. Taking the Legendre transform of x(p), we get o(s") =~ for
s’ > 0and o(s') = v+ for s < (since all points 2 have the same 2-microlocal features, we
drop the subscript «). In particular, hy = a; = . In the (s, s") plane, the frontiers are parallel
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to the second bisector for s’ > 0 and vertical for s’ < 0. It is easy to see that the Weierstrass
function S5 A7 sin(27A\"x) also has x.(p) =~ for all p and all =.

More Elaborate Functions

In [34], a version of Theorem 4.1 was given using, in place of x(p), the function £ defined
as follows

&(p) = sup{y:|C(a,zo £t a’)| <Ca”, Va < by},
€(1) = sup{vy:|C(a,xz0xb)| < Ca”, VO<b<a<l1}.

(note that £ is not defined at 0).

In simple cases, it is true that the 2-microlocal frontier o(s’) is given by the Legendre
transform of ¢ 2. However, this statement is wrong in general. The heuristic reason is that
the function £ does not consider “enough” wavelet coefficients, as shown by the two following
examples.

1 - Let us consider the function fg, g, (for 0 < B2 < 1 < 1) constructed in [82], Theorem
4.1, with f(x) = (1, g(z) = [2. This specific function has a local Hélder exponent equal to
(B2 everywhere, while the pointwise Holder exponent equals 1 everywhere except on a set of
Hausdorff dimension 0.

Let us study the 2-microlocal frontier at 0 of fg, g,. With the help of Proposition 6.2 in
[82], one easily computes that £(p) = x(p) = £ for all p € (0,1]. The Legendre transform
a(s') of € reads

sy = pr+sifs’ <0
g(sy = prifs >0

In particular, 0 = ¢ would imply that fg, 3, belongs to C’g 1750 for any € > 0. This is not
true : Indeed, since the local Holder exponent of fg, 5, at 0 is 82, f3, g, can not belong to any
CS’O for s > [3.

From this first example one sees that considering only curves b = a” for p > 0 in the
time-frequency plane is not enough. It is necessary to consider the case “p = 07, i.e. to define

properly x(0).
Indeed, the computation of x(0) for the function fg, g, yields x(0) = B2, leading to
o(s) = [+ if s’ < (B2— )
o(s') = Poifs' > (Ba— ),

which is the correct 2-microlocal frontier of fg, g, at 0 (this is left to the reader). Note that
X 1s not continuous at 0. u

2In particular, this will occur when € — x°(p) is continuous at e = 0" and p — x(p) is continuous at 0 and
1. This is because £(p) = x*=°(p) for p € (0,1), and x and ¥ coincide at 0 and 1
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2 - A second, and distinct, difficulty occurs when one considers & instead of x : The
function £ is “too focused” on the curves b = a”, and this is the reason why a regularization
procedure is necessary to properly define .

Consider the function f defined by its wavelet coefficients d; in an orthonormal wavelet
basis {wj,k}(j@. The d;;’s are set as follows. For all n € N, define the integers j,, and k;, by

jn = 2n’
k, = 2% + 2n
Now, we set, with 8 > § > 0,
djnr, = 279 YneN,
djx = 2795 for every other couple of indices (j, k).

This function f = ZM d;kjr is clearly well-defined and continuous. Moreover, f €
C%(R), since Y(4, k), |d; | < 277°. Let us compute the function ¢ associated to this function
f at point 0.

For all p > 0, we denote by k;, the integer [2/(17)].

—if p=1/2, for all n € N, k,, = jni1/2 20, thus djp, kj, 12 = 2=9n8 Thus, for all j,

djk; 12 = 2790 and one deduces £(1/2) = 3.
— if p €]0,1[\{1/2}, then there exists IV, such that n > N, implies |k, —k;, »| > 2. Indeed,
kep, ~ 292(17172) while k;, , ~ 27207P) when n — +oo.
Thus, for j > 2V, one has djk;, = 2797, One thus concludes that &(p) = f3.
— One eventually has £(1) = £(0) = f3, since the “bad” coefficients (those equal to 2779)
are located around the curve k277 = 279/2,
Thus £(p) = B for all p € [0,1]. Applying the Legendre transform to & yields

o) = p+sifs <0
o(s) = pifs>0

In particular this would imply that f belongs to Cg ~¢9 for all € > 0. This means that for all
(j, k) such that |k277| is close enough to 0, |d; x| < C277(F=4). This is obviously wrong, since
by construction some of them are equal to 277°.

The problem here comes from the fact that the constants C,, used in the definition of
€(p) = sup{y : |djx,; | < Cp,2777} are not uniformly bounded in p. In particular, in this
example, they tend to infinity, and this does not allow to obtain a global bound for the decay
of the wavelet coefficients. This leads to a wrong 2-microlocal frontier. On the contrary, if one
computes the values of x(p), one finds

x(p) = Bifp#1/2,
x(1/2) = o,

which gives by Legendre transform the right 2-microlocal frontier (this is left to the reader). m
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A distribution and a function with no positive Holder regularity

We end this section with two examples where the condition «; > 0 is not verified.

1 - Consider the function g : @ — +/|z|sin(27exp(1/|z])), g(0) = 0. Following the same
lines of computation as in the case of the chirp (see [59]), it is easy to show that, in the
neighbourhood of 0, the ratio |g(z) — g(y)|/|x — y| is large only around the sequences xj =

and yi = . Now :

1 1
log((4k+1)/4) log((4k+3)/4)

log |z — yk| ~ —log k when k — 400,

and :

log |g(zk) — g(yr)| ~ —1/2loglog(k).

As a consequence, xo(p) = oo for p # 0, and xo(0) = oy = 0 < hy = 0.5. Theorem 4.1
yields that o(s’) = 0 for all ¢, i.e. the 2-microlocal frontier of ¢ is the second bisector in the
(s,s')-plane : In this case of a function with no positive uniform Holder regularity, hy is not

given by the intersection of the frontier with the s’ axis. The formula h(0) = inf ¢ (g 1 (XOT(’)))

does not apply.

Note that in this case the 2-microlocal frontier can be obtained without computations
as follows. Any primitive ¢(=™ of order n of ¢ has infinitely fast oscillations around 0. The
oscillating exponent of ¢(~™ is thus 4+oo for all n. The last item of Proposition 1.7 entails
that the derivative of the function s’ — o(s’) is 0 at infinitely many points. As the frontier
is convex, it has to be constant. The fact that o(0) = 0 allows to conclude that o(s’) = 0 for
all s'.

The same arguments apply to any function that has the form gy, : © — |z|"w(27 exp(1/]z])),
where w is an oscillating function in the sense of [51].

2 - On the other hand, the case of the Dirac distribution dy at 0 shows that one may have

hy(0) = inf (o 1 (xoép)) even though dyp & Uz~0C®(R). Assume the wavelet ¢ has compact

support. Then the wavelet coefficients of dy that are located outside the ”cone” above 0 vanish.
The largest wavelet coefficients inside the cone grow as 2 when j — +o00. As a consequence,
xo(1) = =1 and xo(p) = +o0 for p € [0,1).

Theorem 4.1 entails that o(s’) = —1+ s’ for all s’. If one could apply Proposition 4.4, one
would get y(0) = hy(0) = —1, B,(0) = —1, B,(0) = 0. Although the definitions we have set
for oy and hy do not make sense for distributions, the values a;(0) = h¢(0) = —1 are perfectly
meaningful : §p is indeed not oscillatory at 0, with regularity exponents equal to —1, in the
sense, e.g., that do(A.) = A1 (.).

4.1.7 d-dimensional case

The 2-microlocal spectrum, as well as the other exponents, can be defined in any dimension.
The definitions are slightly modified as shown below, but the 2-microlocal formalism still holds.

Definition 4.8 Let f € S'(R?), and denote C(a,b) its wavelet transform using a wavelet of
sufficient reqularity. For a given zg € R, define :
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- 6°:(0,1) = RtU {+o0}

0°(e) = sup{y : b, > 0,a° < ||b — z0|| < bo = |C(a,z0 + b)| < K.a"}
- X :(g,1—¢) - RT U {400}

“(p) = s ~ 3b, > 0,Va < by, Vb with a?™= < ||b— x| < a”c,
AR C(a, 20+ b)| < Cpea?

- 0':(0,1) = R*U {+oc0}
01 () = sup{y : by > 0,]|b — 20| < min(b,,a®) = |C(a,zo +b)| < K.a}
The 2-microlocal spectrum y in the d-dimensional case is defined as in dimension 1 :

Definition 4.9 Define, for any given xo, x : [0,1] — RT U {+oco} by

- x(0) = 6°(0)
- p€(0,1) : x(p) = lim._o+ x*(p)
- x(1) =0'(1)

The following analog to Theorem 4.1 holds :

Theorem 4(ter) Let f be a function in S'(R?). The 2-microlocal frontier of f at any
zo € RY is given by :

o(s) = (=x)"(s') = peir[}]fll(pS’ + x(p))

4.2 The Neighbourhood Exponent Y, (0)

The value of x,(0) provides a new regularity exponent, which gives information comple-
mentary to o and hy. Since x,(0) is concerned only with what happens in the neighbourhood
of z, we shall call it the neighbourhood exponent. It appears that x,(0) as well as the function
x — Xz(0) hold essential information both from a multifractal and a 2-microlocal point of
view. In this section, we describe some of the properties of the neighbourhood exponent.

4.2.1 Relations with other exponents
The following proposition is an obvious consequence of the shape of the frontier :
Proposition 4.5 Assume a;(x) > 0. Then a;(z) < min(hs(x), x2(0)).

Note that there is no general relation between hy(x) and x.(0), as the following examples
show (such a relation is not expected, since, for instance, the wavelet coefficients that contri-
bute to h¢(x) and x,(0) may belong to different regions of the (a,b) plane).

Consider first the function  — |z|7. In this case, the exponents at 0 are h¢(0) = oy (0) =
v < x0(0) = 4o0.

For the reverse inequality x,(0) < h¢(z), recall subsection 3.5.2 and the function fg, g,. We
have proved that in this case, xo(0) = B2 while h¢(x) = 81 > (2. For a more explicit example,
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consider the function f given by f(z) = exp(—1/|x|)sin(27exp(1/|z])), f(0) = 0. Following
the same lines of computation as in the case of the chirp [59], one finds that | f(z)—f(y)|/|z—y]
is large only around the sequences xj = m, Yk = m. Since

log(zr — yr) ~ —log(k),k — oo

and
log | f(zk) — f(yx)| ~ —log(k),k — oo,

one gets that xo(a) = +oo for a # 0 and xo(0) = 1. In particular, oy(0) = xo(0) = 1 <
ap(0) = +oo. Note that such a function, which has uniform regularity 1, has for frontier the
straight line o(s") = 1, which never crosses the second bisector. This is consistent with the
fact that hy = +oo and Proposition 1.6.

Proposition 4.6 Let f € S'(R).

Xz(0) = supo(s’) = lim o(s')
s'eR §'—+00

The proof is obvious.

The exponent x,(0) shares an important property with «;. Indeed, the stability of C’i’sl

spaces with respect to fractional integro-differentiation obviously entails the one of x,(0)

(remember that this is not the case for hy). Thus, for instance, for any f and z, Xi (0) =
f

xz(0) — 1.

Proposition 4.7 The exponent x(0) is stable under the action of fractional integro-differentiation.
4.2.2 Properties of r — x,(0), Links with Multifractal Analysis and Com-
patibility Conditions between 2-microlocal Frontiers

The first two propositions show that, not surprisingly, x,(0) is intimately related to the
regularity of the points lying in the neighbourhood of x.

Proposition 4.8 If x,(0) < +oo, then ¥§ > 0, there exists a neighbourhood V? of = such
that, for all y € V.9, for all p € [0, 1], Xy(p) > Xx2(0) — 0.
Moreover, for everyy € V.2, one has a,(s') > oX(09(s"), where oX(00(s') is defined by
oXO3 (s = (x2(0) = &)+ if & <0
O(s) = (xa(0) = 0) if s 20

Proof : Let x be such that x,(0) < 4+o00. By definition, for all § > 0, there exists ps > 0
such that 69 (ps) > x2(0) — §/2, where we recall that

3b, C,~ such that V(j, k) with
0(,) = . Gy ; .
bu(p) = sup {’Y " 2797 < |k277 — x| < b, one has |dj;| < C, 2777

Thus there exists bs and a constant C' such that, V(j, k) with 2795 < |k277 — 2| < bs, one has
|dj x| < C277x=(0=9)  Let us denote by I'; 5 this set of coefficients.
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Let now y be in (z — bs,x + bs), and consider n, > 0 such that [y — n,,y +n,] C ((z —
bs,x) U (ar,w + bs)).

Let p € [0,1], ¢ > 0, and let us compute xj(p). One knows that, for all (j, k) such that
k277 —y| <mny and 277975 < k277 — x|,

|dj x| < C2790=(0)=9), (4.19)

These wavelet coefficients are the ones located around y, with a scale 277 small enough so
that dj,k S ny(;.

Hence, for j large enough, all the coefficients used for the computations of Xz(p) verify
(4.19). One deduces that xj(p) > xz(0) — 0, for all € > 0.

Letting ¢ — 0 leads to the result, i.e. forally € (z—bs, x+bs), Vp € [0, 1], xy(p) > x2(0)—4.

The second part of Proposition 4.8 simply follows from the first part, since x,(p) >
xz(0) — & Vp € [0,1] implies, by applying the Legendre Transform, that o, (s') > oX(©)9(s")
Vs € R. ]

The next proposition, somehow complementary to the previous one, shows that if y,(0) =
+00, then f must be very regular in the (excluded) neighbourhood of x.

Proposition 4.9 If x,(0) = +oo, then for all n € N, there exists a neighbourhood V)" of x
such that f € C™(V'\{x}).

Proof : The proof is similar to the one of Proposition 4.8. Let x be such that y,(0) = +oc.
For all n > 0, there exists p, > 0 such that 69(p,) > n.

Thus there exists b, and a constant C such that, ¥(j, k) such that 277 < [k277 —z| < by,
one has |d; ;| < C279™. Denote by T, this set of coefficients.

Let now y be in (x — by, x + by,), and consider n, such that (y —ny,y+ny) C ((x — by, x) U
(z,2+by)). Let p € [0,1], ¢ > 0, and let us compute xj(p). One knows that, for all (j, k) such
that [k277 — y| <n, and dj, € I'y,, one has

|dj x| < C277m

Hence, using the same arguments as in Proposition 4.8, xj(p) > n, for all ¢ > 0.
This leads to the following property : for all y € (x — by, +by,), Vp € [0,1], xy(p) > n.
In particular, for all y € (x — by, x + by,), the local Holder exponent at y, which is equal to
inf,(xy(p)), is larger than n. This concludes the proof. n

Combining Propositions 4.8 and 4.9 yields in fact the equivalence in both of them.

Rephrasing Proposition 4.9 as follows yields a link between 2-microlocal and multifractal
analysis. Recall first that, for a function f, the set E, is defined by

Eo ={x: hy(x) = a},
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and the Hausdorff spectrum f of f is

frn(a) = du(Eaq),
where dy is the Hausdorfl dimension.
Corollary 4.2 Assume f € C7 for some v > 0. Then :

sup xz(0) = 400 = Supp(fn) unbounded.
z€R

Proof : The result simply follows from the inequality hs(x) > o;(x) and Proposition 4.9. =
In the same spirit, one has

Proposition 4.10 Let f € C7(R) with v > 0. Then Eo = {x : hy(x) = +o0} is included in
{z : 3! p such that xz(p) < co}.

Proof : If hy(xz) = 400, then the 2-microlocal frontier of f at z (in the (s, s’)-plane) never

crosses the second bisector. Using that hy(x) = infp(XzT(p)), this means that x,(p) = +oo

whenever p € (0, 1]. Only x,(0) may be finite. u

Proposition 4.11 Let f, denote the Hausdorff spectrum of a function f € C7 for some
v > 0. If the support of fr is bounded, for every point x there are at least two exponents p
such that xz(p) < +o0.

Proof : Assume Supp(fr) is bounded, and that there exists a point = such that there exists
a unique p with x,(p) < +oo. In this case, the 2-microlocal frontier of f at x is by assumption
a straight line, which has a slope less or equal than —1 (in the (s, s’)-plane).

Assume the slope is strictly less than -1. Then, using that y,(0) = limgy_,, o o(s’), we get
that x4(0) = 4+o00. Corollary 4.2 then entails that Supp(f;) is unbounded, hence a contradic-
tion.

Thus the 2-microlocal frontier of f at x must be parallel to the second bisector, which
implies x.(p) = +oo for all p € (0,1], and thus hs(x) = +o0o. This leads to the same contra-
diction. "

The following proposition shows that the neighbourhood exponent function satisfies the
same regularity constraint as the local Holder function.

Proposition 4.12 The function © — x5(0) (which maps R to [0,+00]) is a lower semi-
continuous function.

Proof : This is a consequence of Propositions 4.8 and 4.9. Indeed, if x,(0) < +oo, for all
d > 0, there exists a neighbourhood Vs of x such that for all y € V5, x;,(0) > x5(0) — 4.
If x,(0) = 400, for all n > 0, there exists a neighbourhood V, of  such that for all y € V,,

Xy(0) > n.
These two facts entail that x — x,(0) is a lower semi-continuous function. "

A straightforward consequence of Proposition 4.12 is given below
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Proposition 4.13 If a;(x) = x.(0), then the 2-microlocal frontier at x verifies : Vs’ > 0,
o(s’) = ay(x). This means that, in the (s,s’) plane, the 2-microlocal frontier is a half line
parallel to the second bisector for s > 0, passing through the point (cy(x),0).

The proof is obvious and is left to the reader. The last results imply some compatibility
conditions on the 2-microlocal frontiers of a function f at neighbouring points.

Proposition 4.14 Let f € C7 for some v > 0.

Xz(0) < liminf( inf (x,(p))) = liminf a;(y)
y—z pef0,1] y—

Proof : This is a simple consequence of Propositions 4.8 and 4.9.

Indeed, Proposition 4.8 shows that if x,(0) < 400, ¥é > 0, there exists a neighbourhood
Vs of z such that for every y € Vs, inf cj0.1) Xy(p) > x2(0) — 9.

If x,(0) = +oo, there exists a neighbourhood V,, of = such that for every y € V,,
inf ,c(0,1] Xy(p) = n. Hence the required result, i.e. x;(0) < liminf, ., (inf,cjo11(xy(p)))-

Eventually, Proposition 4.4 gives the relation with the local Hélder exponent ;. "

Combining Proposition 4.5 and Proposition 4.14, one obtains

Proposition 4.15 For any function f in C7, one has

() < x2(0) < liminf oy (y)
y—x

Using the last Proposition, one recovers a well-known result [34], [80]

Corollary 4.3 For any function f € C7(R) for some v >0, for all x, one has

o(w) < liminf oy (y),

y—a
thus © — oy(x) is a lower semi-continuous (lsc) function.

We indicate here, just as a parenthesis, that one can also recover the fact that @ — hy(z)
is a lim inf of a sequence of continuous functions ([21], [46]). In fact, one can prove even more :

Proposition 4.16 Let f € CV(R) for some v > 0. Then
— Let p € (0,1]. The function x — x(p) is aliminf of a sequence of continuous functions.
— The function x — hy(x) is a liminf of a sequence of continuous functions.

Proof :
Vn € N, define the function g, by

gn: (0,1) xR —R"

(p, ) — inf ( inf <

2= () <g<2—n \p—27"<B<p 27

log |C(a,z + aﬁ)\>>

loga

When n is fixed, (z,p) — gn(p, ) is continuous in the variables (z, p), since the wavelet
transform (z,a,b) — C(a,x + b) is a continuous function in (z,a,b).
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Let p € (0,1). The function x — g,(p, ) is thus obviously continuous in xz. We let the
reader check that, for all , one has x,(p) = liminf, 4 gn(p, z).
If p =1, one uses the functions g,(1,.)

gn(1,.): R— RT

) . log |C(a,x + b)]
r — inf inf ,
2-(nt1) <qc2—n \ _gl-2""<p<ql 27" loga

and one checks that x,(1) = liminf, o gn(1,z). This concludes the proof of the first item.

To prove the second item, one uses the continuity of g, with respect to (z, p). Indeed, this
continuity implies that, Vn € N, the function h,, defined by

hp,: R— RT
D
T — inf <gn($>>
pEl27m,1] P

is continuous. It is now easily verified that

. .. Xz(p)
liminf h,,(z) = inf — ho(x).
imathale) = f, %5 = o

This leads to a new result on the constraints on the regularity exponents of a function

Corollary 4.4 The weak scaling exponent function x — By (x) is a liminf of a sequence of
continuous functions.

Proof : This is a direct by-product of the last Proposition : Indeed, by Proposition 4.4, Vz,
Xz(1) = Buw(z) and one has proved that  — x,(1) is a liminf of a sequence of continuous
functions. n

Proposition 4.13 and 4.15 have in particular a consequence in multifractal analysis. Indeed,
for multifractal functions, the local Holder function x — «ay(x) is often a continuous function
(for IFS or Weierstrass functions, x — «;(x) is a constant). This implies that all the frontiers
have their upper-part (corresponding to s’ > 0) parallel to the second bisector.

More generally, one has

Proposition 4.17 For any f defined on an interval I, there exists a residual set ® of I such
that, for all x € I, o(s') = ay(x) for all s > 0.

Proof : This is a simple consequence of the following fact : If g is a lower semi-continuous
function, then g is continuous on a residual set.

(From Proposition 4.15, a;(xz) = x.(0) at all points & where oy is continuous. Combining
this with the fact that x — aq(z) is lower semi-continuous gives the result. n
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Fia. 4.2 — Typical parts of 2-microlocal frontiers.
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Remark : A consequence of Proposition 4.17 is that no function f with oq(z) < 400 Vx can
behave as a “pure” cusp (i.e. have a vertical frontier) at all points.

In view of the propositions in this section, one has that the generic 2-microlocal frontier
has an upper-part parallel to the second bisector, and an vertical asymptote when s’ — —oo.
Figure 4.2 illustrates this : The upper-left graph displays the frontier on a set of Hausdorff
dimension 0 Ejy (this comes from [80]), the upper-right graph shows the frontier on a set E;
of measure 0 (where B, = 0, see [46]), the lower-left graph shows the frontier of points that
belong to a residual set Fs (Proposition 4.17), and the last graph illustrates Proposition 4.11.

4.3 2-microlocal Frontier Prescription

The problem of prescribing the 2-microlocal frontier of a distribution at one point has
been solved in [33] and [72]. We propose here another way of doing so, using the 2-microlocal
spectrum.

The advantage of such a method is that it can be extended to any countable dense set of
points. More precisely we will be able in Section 4.3.2 to exhibit a function whose 2-microlocal
frontiers are prescribed on a countable dense set of points.

We shall use the parameterization s’ — o(s") for the 2-microlocal frontier.

4.3.1 Prescription at one point

Theorem 4.2 Let g : R — R be a concave, non-decreasing function, with slope between 0
and 1. Assume that g(0) > 0. There exists a function f such that the 2-microlocal frontier of

f at0is oo(s) = g(s).

Proof :

The Legendre transform of g, ¢*(p) = infgcr(ps’ — g(s')), is continuous on its support,
and ranges in [—oo, —g(0)]. .

Let us first define the functions x{(p) = min(j, —g*(p)). We are going to build a function
f, defined on [0,1], by its wavelet coefficients {d;};>1, on an orthonormal wavelet basis
{1}k We will do so in a way such that xo(p) = —g*(p) for all p € [0, 1].

Let (j, k) be a couple of indices, such that [k277| < 1 and j > 1. We denote by Ej the

set of exponents p such that 0 < p <1 and k = [2j(1_”)], and by £;; the minimum of x on
E; . Then we set, for all (j,k), d; i = 2Bk,

By construction, —g*(p) > ¢(0) for all p. The function f = Zj,k d; k)j., belongs to 90
around 0.

For every couple (j,k) and for every exponent p € [0,1], we denote by kj;, the integer
[27(1=P)]. Remark that lim;_ o Bik;, = —39"(p)-

3Recall that R is a residual set of I if R = NpenQy, where {Q, }nen is a sequence of open sets, such that
for all n, €,, is dense in I.
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Let us now compute the function p — xo(p) for this function f at 0.

When 0 < p < 1, one must distinguish two cases :

S gt (p) < 40 -
Let ¢ > 0. Since —g* is convex, there exists n > 0, such that |y — p| < 7 implies
—g*(7) > —g*(p)—e. Thus, by construction, |y—p| < n also implies x{(7) > x{(p)—¢. In
particular, Vy € [p—n/2, p+n/2], and for j such that 277 < 7/2, one has Bk, = X0 (7)-
Thus,

2_]ﬂj’kjﬁ

IA

|dj,kj,»y|
9—ix)(7)

9—i(x(p)—e)

IA A

Since lim; Xé(p) = —g*(p), one concludes that x((p) > —g*(p) — € (remember that x
takes into account the wavelet coefficients d; ; such that k € [[27(=(e+m)] [27(=(e=n))]]),
Reciprocally, let us have a look at the coefficients d;y, . For all j, one has djy, , =
979Piki and lim; 400 Bjk;, = —9"(p). Thus 3J, j > J = Bjx,,, < —g*(p) + &. This
implies x((p) < —g*(p) + . Finally, for all £ > 0, there exists 7 such that

—9"(p) —e < xp(p) < —g"(p) +e.

Letting £ go to 0 gives xo(p) = —g*(p).

—g"(p) = +o0 :

by construction of g*, for all IV, there exists 1 such that |y —p| < 7 implies —g*(y) > N.
Thus |y — p| < n also implies that x)(y) > N for all j > N. In particular, Vy €
[p—mn,p+mn], for all j > N, one has

273@'”“]}7

IN

|d'7kj,'y’
< 279N,
One concludes that x((p) > N. This can be done for all N > 0, thus xo(p) = 400 =
—g"(p)-

Let us compute now xo(0). If —g*(0) < +o0, then, for all € > 0, there exists > 0 such
that Vv € [0,n], —g*(v) > —g*(0) — &, and thus xJ(v) > x}(0) — . This means that, for all
coefficients d;  such that k > [2/(!=] one has

djx| < 2790k
< 9-i0d(0)—e)

Thus x((0) > —g*(0) — €. One concludes that xo(0) > —g*(0).
On the other hand, djx,, = 27850 and lim; 400 Bj0 = —g*(0). Thus for all n > 0,
x4 (0) < —g*(0). This leads to x0(0) < —g*(0), and finally x0(0) = —g*(0).

The case —g*(0) = +oo is treated similarly to the case —g*(p) = +oo for 0 < p < 1.
Eventually, one computes yo(1) using the same method, and one obtains

Vp € [0,1], xo(p) = —9"(p). (4.20)
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Notice that this prescription method chooses the “smoothest” function yo among the ones
that lead to the same frontier, because it forces xg = Xo-

4.3.2 Prescription on a set

The main advantage of the prescription method used in Theorem 4.2 is that it can be
generalized to a countable dense set of points.

Theorem 4.3 Leth : (x,p) — h(z, p) be a function from [0,1]x[0, 1] to [y, +00] (with~y > 0),
such that

- x — h(z,0) is an lsc function.

- — inf ¢o,1(h(z, p)) is an lsc function.

~ For all x, h(z,0) < liminf, . (inf, ¢ 1(h(y, p)))-
Let {xn}n be a countable set of points in [0,1]. For each x,, denote by hy, the convex envelop
of p— h(n:p).

There exists a function f such that the 2-microlocal spectrum p — xa,(p) of [ at each
point x, is exactly p — hn(p).

Remark : To each continuous function f can be associated a two-variables function
(x,p) — xz(p). In view of Propositions 4.12 and 4.15, the conditions imposed on the function
h: (x,p) — h(x,p) make it an admissible candidate to be equal to x.

Proof : For each x,, let us denote by g,, the Legendre transform of p — —h(xzy,p) : gn(s’) =
inf e 0,1 (08" + h(n, p)).-

Theorem 4.2 explains how to force the 2-microlocal frontier to be equal to g, at one z,,
or equivalently to force x,, to be equal to h,,. Here we are going to adapt this construction
in order to do it simultaneously on all the x,,’s.

The construction is iterative : Let I' denote the set of the wavelet coefficients {d;s};k
of the function f we are going to build : I' = {d;x : j > 1,k € {0,...,27 — 1}}. We only
consider the d;’s such that j > 1, since they include all the ones that contribute to the local
regularity. Then, for any n, we define the "cone” Ty, = {d; : |[k277 — z,| < 277/1°87}. One
now proceeds to the following iterative construction :

— one first imposes d;j = 2*3'2, for all d;; € T'.

— at step 1, one modifies the wavelet coeflicients that lie inside the cone S; = I'y,, and
one prescribes them according to fll, the exponent function expected for z1, following
the construction used in Theorem 4.2 when prescribing the 2-microlocal frontier at one
point.

— at step 2, one modifies the wavelet coefficients that lie inside the set So = I';,\I'y,, and
one prescribes them according to hs.

— at step m, one modifies the wavelet coefficients that lie inside the set S, defined as
Sn =Tz, \{U,=1, n—1T}, and one prescribes them according to P

Lemma 4.4 T' = J,, S,,. Moreover, for alln > 0, S, is non-empty, and there exists j, such
that, if j > jn and |k277 — z,| < 279/1987  then dji € Sy.
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Proof : Let dj; € I'. Since {x,} is dense in [0, 1], the set {i : d;; € I'y,} is non-empty, and
it has a smallest element iyi,. It is easy to verify that d;, € S; .-

Let n be an integer greater than 2. For all ¢ such that 1 <7 < n — 1, one has

dim (£ 279/187) — (@, + 2791089 = |z — ).
j—too

Thus there exists 7, < %mini(]wn — z4|), and jp, such that V1 <i<mn—1, j > j, implies
|(as & 277/1989) — (@, £ 279/1087)] >,

This equivalently means that, for all (j, k) such that j > j, and z, — 277/1987 < k277 <
Ly + 279/ 1087 d; & S;, for i < n — 1. This concludes the proof. "

Lemma 4.4 shows that the above construction allows to build a function F' by prescribing
all its wavelet coefficients. It is obvious that, for any (j, k), |d; x| < 2777, thus F is well defined
and belongs to C7([0, 1]).

The crucial point is the following lemma :

Lemma 4.5 For any point x, such that lim,_q+ hn(p) < 400, one has Xz, (p) = hn(p) for
every p € [0,1].

Lemma 4.5 says that it is sufficient to prescribe the wavelet coefficients inside the cone I';, to
prescribe the whole 2-microlocal frontier. We are going to apply this to effectively compute
the regularity of the function.

Proof : (of Lemma 4.5) Using Lemma 4.4, one knows that there exists a scale j,, such that,
for all (j,k) such that j > j, and |k277 — x| < 2-3/108J  the wavelet coefficients djj are
chosen as in Theorem 4.2, i.e. in such a way that Y., (p) = hn(p) for every p € [0,1]. The
problems come from the fact that we have only prescribed a priori the coefficients that are
inside the cone I';,,, and Theorem 4.2 does not exactly apply here.

As noticed in Sections 4.1 and 4.2, and also in Corollary 4.1, lim,,_,o+ hn(p) < 400 implies
that

lim f,(p) = hy(0) < +o0. (4.21)
p—0%
The only problem is in fact the computation of x,, (0). Indeed, if p > 0, then the com-
putation of xg,(p) uses only the coefficients that are lying inside the cone I';, = {d; :
k277 — x,| < 279/1083} je. those which are correctly scaled.

Let us compute 92n (n), for n > 0 small. Two kinds of coefficients need to be taken into
account : those that are inside the cone I';, , and those that are outside.

By construction, hy,(p) < h,(0)—¢ if 7 is small enough. Thus, if djg € Ty if k277 — 1, | <
279 and if [k277 — x,| <y = 2797/ 180n then

d;p < €271 (0)=2) (4.22)
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Assume for the moment that Ve > 0, there exists 72 > 0 such that for all the d;;’s with
(j, k) satisfying 277/1°87 < |k277 — z,,| < 1o, one has

|dj,k| < 2—j(iln(0)—5) (4.23)

(this concerns all the wavelet coefficients, not only those that belong to I'y,). Then one sees
that the coefficients which are outside the cone T', also satisfy (4.22) if k277 — x,,| < mo.

This means that, for n < min(n,72), if k277 — 2,| < n and |k277 — 2,,| < 2777, then
|dj x| < C277((0)=) This implies that 6% (n) > hn(0) — € for every 1 < min(n;,72). This
entails x5, (0) > 69 (n) > hn(0) — €, for all € > 0. Thus X, (0) > h,(0).

On the other hand, one always has x., (0) < lim,_,g+ Xz, (p) by Proposition 4.1. But, due
to (4.21), lim, o+ Xa, (p) = lim, g+ hn(p) = hn(0) < +o0.

This proves xa, (0) < hy(0).

The only thing that remains to prove to ensure that one has prescribed the 2-microlocal
frontier at each x,, is inequality (4.23). This will be done now in Lemma 4.6, and will be the
consequence of the second condition imposed on A in Theorem 4.3.

Lemma 4.6 If h,(0) < 400, then Ve > 0, there exists n > 0 such that, for all the (j,k)’s
that satisfy 277/1°87 < |k277 — x,,| <7, one has

|dj,k‘ < 2—j(ﬁn(0)—€) (4.24)

Proof : (of Lemma 4.6) Let ¢ > 0. Since x — inf ¢[o 1(h(z, p)) is an Isc function, there exists
n2 > 0 such that |y — x,,| < 12 implies

inf (h(y,p)) > inf (h(zn,p)) —e. 4.25
pél[}),l]( (y p))_pér[al]( (0, p)) — ¢ (4.25)

This means that for every point x; such that |z, — x;| < 12, the infimum inf ,c(o 11 (h(z4, p)) is
greater than inf (g 1)(h(7n, p)) — €, or even better, that

o (z;) nf (p)_pg[al] (p) —¢

Let us focus on the wavelet coefficients d;j such that 2-i/logj < |k2=7 — x,,| < 2. Such
a wavelet coefficient d;, belong to some S; (defined during the construction process), it has
been modified by the process. One can locate the corresponding x;. Indeed, one obviously has
|z —k277| < 279/1087 thus a; € [k277 —277/108] 2~ 4 9-7/1°8J] Using that |z, —k277| <7,
one concludes that
Ty — 9—i/logj _ n<ax; < an+ 9—J/logj + 1.

We now fix j,, and 7 such that 277n/1989n 4 < min(ny, 2-7/187),
Let us sum up our findings : if (j, k) verifies 277/1°8J < |k277 — 2,,| < 5, then d;, belongs
to one S;, whose associated point x; satisfies |x; — x,| < n < 19. Using (4.25), one knows

that the value of d; after modification by the process is smaller than 277 2feel0.(h(u:) e,
smaller than 277 (.1 (@) =)
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In particular, this shows that, if (j, k) verifies 277/1987 < |k277 — z,,| < n, then |d; | <
23 (h(zn.0)=¢) — 9=i(hn(0)=¢) ' This is the result claimed in (4.24). n

One can thus conclude that for all n € N such that lim,_, o+ iln(p) = +00, one has x,,, = P
This ends the proof of Lemma 4.5. "

The next lemma, whose proof is omitted, is an easy adaptation of Lemma 4.5 to the case
lim, o+ hp(p) = hn(0) = +oo0.

Lemma 4.7 For any point x, such that lim,_q+ hn(p) = 400, one has Xz, (p) = hn(p) for
every p € [0,1].

Eventually, one has exactly prescribed the 2-microlocal frontier simultaneously at all x,,.

One shall remark that a “miracle” is happening here : It is enough to prescribe only a
part of the wavelet coefficients that influence the 2-microlocal frontier of a function at some
(countable dense) points {x,}, to recover the whole 2-microlocal frontier at each of these
points x,,. The lack of information is compensated by the regularity imposed on the function
x — xz(0).

The loss of information incurred when prescribing the convex envelop hy, of p — h(xn,p)
instead of p — h(zy, p) itself, explains why, with the above method, one can not expect to
prescribe more than what Theorem 4.3 allows to. Formally the loss of information could be
compared to the one in multifractal analysis when considering the Legendre spectrum instead
of the Hausdorff or large deviation spectrum.

A natural question is to enquire about the behaviour of the points that do not belong to
the {zp}n. Recall that

— the local Hélder function satisfies for every integer n «y(x,) = inf,cp hn(p) and

ai(xy) <liminf,, ., og(z;).

- Vn, Xz, (0) <liminf,, ., Xz, (0).

In addition, recall that, since both functions z — h(z,0) and z — inf,c(o1j(h(z, p)) are
Isc functions, they are completely characterized by their values on a dense set of points (see
[63]), respectively {yn}n and {z,},. Thus if one prescribes the 2-microlocal frontiers on the
three (countable) sets of points {x,}, {yn}n and {z,},, one obtains the following proposition

Proposition 4.18 If h satisfies the properties of Theorem 4.3, and if one prescribes the 2-
microlocal frontiers on the three sets of points {xn}, {yn}n and {zp}n, then one obtains a
function f such that, in addition to the properties of Theorem 4.3, one has for all x,

a(z) < peir[gl](h(rc,p)),
Xz(0) < h(z,0).

Proof : We use the following lemma, whose proof is omitted.
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Lemma 4.8 Let v be an lsc function, and D = {t,}, be a sequence of points in [0,1] that
characterizes v in [0,1] (see [63]). Then if w is an lsc function such that Vn, w(t,) = v(ts),
then w < v on [0,1].

Now, by construction, z — a;(x) and & — hpmin(z) = inf cjo17(h(z, p)) coincide on a dense
set of points, namely {z,},, which entirely characterizes x — «y(z). Hence, since they both
are lsc, using Lemma 4.8, for all x, one has

hmin(z) < ai(x).

The same argument applies to z — x,(0). "

4.4 Riemann’s function and lacunary wavelet series from the
x-point of view

We conclude this work with the explicit computation of y and o for the celebrated one-
and two-dimensional Riemann’s function, as well as for lacunary wavelet series.

4.4.1 One-dimensional Riemann function

The function
ERCS)

R(x) = Z 3 sin(mn’z),
n=1

was introduced by Riemann and was originally thought to be a continuous but nowhere
differentiable function. Since then, deep studies have shown that it is in fact differentiable
at rational points gpi}, p,q € Z* (more precisely R is C3 at these points), and that R is a
multifractal functlon whose spectrum has been calculated in [43].

Our aim here is to compute the 2-microlocal frontier of R at all points. It is known ([39],
[43]) that the behaviour of the continuous wavelet transform of R(x) can be reduced to the

one of the function T'(a,b) defined by
T(a,b) = a(Im(O(b+ia)) — 1), (4.26)

where O is the Jacobi theta function defined by

too )
= Ze”” #, for Im(z) > 0.

n=1

This is achieved when using the analyzing wavelet ¢ (x) = (L which has only one vanishing

(2 +
moment. One can not thus a priori reach exponents greater than 1. However, takmg for

reconstructing wavelet any function ¢ € S(R) supported by [—&, ] such that JS ¥(x)de =0,

one can verify that
+oo +oo
~(x
- Lo
0 —00

+00  irn2z
e

a 1 n
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whose imaginary part is exactly R(x). Thus there is no loss of information when using this
specific analyzing wavelet.
The function © has some invariance properties

O(z) = Oz +2) and O(z) = 1/ “0(=1).

z z

Thus the rational points can be split into two parts : those which belong to the orbit of 0
under the two transforms above, and those which belong to the orbit of 1. They correspond

respectively to the rational points that can be written 25% or % (p,q € Z x Z*) and to
2p+1

whose that can be written 2q+T (p,q € Z?).

To compute the 2-microlocal spectrum y1(p) of R (the 1 in x. stands for dimension one),
we use the following estimation of the Jacobi theta function found in [39]

Proposition 4.19 1. In a neighbourhood of any point x in the orbit of 0, one has

T(a,z+b) =CrIm (a\ / b—i—iz’a +ad(b+ ia)) , (4.27)

where I'm denotes the imaginary part, and ¢ satisfies
d(b+ia) = O((b+a%) ie Pra?) if bz;ﬁ > 1,
= O(a_%(b2 + a2)i) uniformly.
2. In a neighbourhood of any point x in the orbit of 1, one has
T(a,x +b) = CyxIm (ap(b+ia)), (4.28)
with ¢ satisfying the same properties as before.

Let us define the following sets :

Ry = {z €Q:zisin the orbit of 0}
R3;p = {z €Q:xzisin the orbit of 1}
Vr>2 S, = {xeR\Q:nx)=r1}

-Ifz e R1/2 :
The first term in (4.27) is easily estimated. We set b = +a” and see that

[ 1 _ L e 1=PY\ =3
Im(a :l:aﬂ—i—z'a)‘ = ﬂa ‘Im((l:l:za )" 2)

— ialfp/Z

V2

— La%%p L O(aPr230).

22
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It is clear then that the 2-microlocal spectrum corresponding to the first term of (4.27) is
Xa1(p) =2 = 5p.

The second term of (4.27) is more delicate : Set b= a”. If 3 < p < 1, lim,_.g ez = 100,
thus we can use the first bound of ¢, i.e.

¢(a? +ia) = O((a2p+a2)7iefa2pia2)
= O(a_%pe_a

which gives a decay with a faster than any oV, N € N. If 0 < p < %, lilrnaﬂobzi_#a2 =
lim, 0 (ap)ﬁ = 0 and we can only use the second bound of ¢, which leads to

d)(b + lCL) = (’)(a—%(cﬁp + (IQ)i)
= (’)(a%p_%)
Using (4.26), it comes that x;2(p) = % + %P ifo<p< %; and xz2(p) = +oo otherwise. It is
also obvious that XLQ(%) -3

=3
The computations of x;2(0) and xg2(1) easily follow from the above computation :
X2,2(0) = Xa2(1) = 1/2.
Eventually, if « is in the orbit of 0, one has

Xa(p) = min(xz,1(p), Xa2(p))-

Xz1(p) > Xz2(p) if 0 < p < 1/2, thus an explicit formula for ! is
. 11
Xalp) = 5+5pif0<p<1/2
3
= 2—§pif1/2<p§1

It is interesting to remark that x1(0) = x1(1) = 1/2. Thus l(p) = 1/2 for all p € [0,1]
and the 2-microlocal frontier of R at x is

o(s) = 1/2if s >0,
o(s) = 1+5if s <0,

which corresponds to a cusp at each point x in the orbit of 0. Moreover, one recovers that
ai(z) = inf, x1(p) = 1/2 and hy(z) = inf, @ = 1/2. These points are cusps with regularity
1/2, but one shall remark that the function y. at these points contains more information than
the single 2-microlocal frontier.

- If € S; : The case of the irrational points has been studied in [43] : if zo is an
irrational point, and 2’—: its sequence of approximations by continued fractions, then there
exists an infinity numbers of integers n such that

1/2+4 52
Clap, o) ~ Ca,, ™,
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s Irrational Point s’ Rational Point in the orbit of 1

/2, 0) 172, 0)
(1/2+1/27, -1/2 1) 3/4, -1/4)

(312, -312

FI1G. 4.3 — 2-microlocal Frontiers of the Riemann Function on R/, (left), Rz, (right).

where |zg — B[ = q#
1

Cot TV for ever 0. The first point implies that x} (1) < 1/2 + 5+—~. Toge-

2o , y € > 0. The first point implies that x,,(1) < 1/2 + 5. Toge

ther with x2 (0) = 1/2 (which is in fact true for all z € R), one obtains x, (p) = 1/2+p%

= ap, and at the same time, if n(xg) = limsup, 7,, then R €

for all p € [0,1]. In fact, more can be done, i.e. one can show that

p
2n(zo)

These points have a 2-microlocal frontier equal to o(s’) = 1/2 if s > —3 1

n(zo)
1/2 + m +sif s’ < —m, which looks like a “cusp” frontier.

Nao(p) =1/2+ for p € [0,1]. (4.29)

,and o(s') =

Remark : If x € Sy, the wavelet coefficients T'(a,z + b) effectively behave like indicated
by the corresponding 2-microlocal spectra, i.e. T'(a,z + a?) ~ aXwo(P).,

-Ifz e Ryt

If z is in the orbit of 1, x1(p) = xz2(p), where x,2 has been computed above. Indeed,
only the second term needs to be estimated. Thus

) 1,1
Xalp) = 5+5pif0<p<1/2

= 4o0if1/2<p <1,
which gives a 2-microlocal frontier equal to
o(s) = pB-1/2if s > —1/4,
o(s) = p—-1/4+ %s’ if ' < —1/4.
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OO

FIG. 4.4 — 2-microlocal spectra of the Riemann Function on Rg/y (left), R/, (middle) and S;
(right).

One recovers that, at such points, a;(z) = inf, xL(p) = 1/2 and h¢(z) = inf, Xalp) — 3/4
3/2.

The complementary information provided by this analysis is that these points are chirps
(3/2,1), i.e. with hy = 3/2, and . = 3, = 1.

Remark : Let us insist on the fact that the wavelet coefficients T'(a,z + b) effectively
behave around the rational points like indicated by the corresponding 2-microlocal spectra,
i.e. T(a,x + a?) ~ aX=(?), This will be of great importance to treat the two-dimensional case.

4.4.2 Two-dimensional Riemann function

A generalized version of the Riemann function, for = (z1,z2) € R?, is (see [76])
im(m2z1+m3za)
R?(x) = e
) 2 (m? -+ m3)?

(m1,m2)€Z2\{0,0}

As in the one-dimensional case, the study of the wavelet transform of R? can be reduced to
the study of the function

C(a,b) = a’O(x1 + b1)O(z + by), (4.30)
where b = (by,be). If * = (z1,72) is fixed, the 2-microlocal spectrum of R? at z x2(p) is
related to both x. (p) and x2,(p), where x. is the 2-microlocal spectrum of the 1-D Riemann

function R. More precisely,

Proposition 4.20 Let x = (x1,22) € R2. Then, for all p € (0,1],

X2(p) > min <Xil(p)+ inf x,,(p'), inf xil(p’)eriQ(p)) (4.31)
p'€Elp1] p'Elp1]

We will use the following lemma
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Lemma 4.9 Let f € C7 for v > 0, z € R and py € (0,1]. We denote by C¢(a,b) the
continuous wavelet transform of f, and x. the 2-microlocal spectrum of f at x. For alln >0
small enough, there exists ag such that, if a < ag, for all b with |z — b| < a?°,

Cp(a, b)] < a™oetonm x=(0)=n, (4.32)

Proof : (of Lemma 4.9)
For every p € [po, 1], by definition of x,(p), there exists an interval I, = [p —&,, p + &,] and
a constant a, such that if a < a,, for all p’ € I,, |Cf(a,a?)| < aX=(P)=". The interval [po, 1]

is compact and can be covered by a finite number of such intervals (I,) pe{p1rpn}- NOW, if
a <min;_g; ) a;, for all b such that [z — b] < po, one has

|C(a,b)| < @Mii={1,...,n} Xz (Pi) =7
In particular, this implies (4.32). "

Proof : (of Proposition 4.20)
We shall work with the ||.||co norm in R2. Let p € (0,1], and € > 0. We need to estimate
x2°(p), which can be written

log |[a?0(z1 + b1)O(x2 + by)|

2. ..
> = lim inf
X (p) a—0 and (a,b)GFz,p,s ].Og(l
1 b 1 b
= lim inf 08 [a6(z1 +b1)| + 0g |aB(z2 + by)|
a—0 and (a,b)ely,p, loga loga

where 'y , . = {(a,b) : a7 < ||z — b|lc < a?}. If (a,b) € Ty e, then |21 — b1| < a”c,
|wy — bo| < a?~¢ and max(|z1 — b1|, |xe — bo|) € [aPT, aPE].

Let n > 0. Assume without loss of generality that |x1 — b1| € [a”1¢,a”~¢]. For € small
enough, 25 (p) > Xa, (p) — n/2, and there exists a1 such that, for all a < ay, for all by such
that |21 — b1| € [a”T¢,a”7¢],

log |a©(z1 + b1)]
loga

> x5 (p) —n/2 > x5, (p) — 1. (4.33)

At the same time, Lemma 4.9 applied to R holds for x5 and yields that, if a < as and
’CCQ — b2| < aP~¢
1
og |a®(x2 + b2)| > inf
loga p'Elp—e,1]

Both (4.33) and (4.34) are true if a < min(a1, a2), and together they imply

Xa (P') = 1. (4.34)

log|Cla,b)] _ 4

> inf ¥y, (p) — 2n. 4.35
oga > Xz, (P) et | Xa () =21 (4.35)
The symmetric case |xg — bo| € [a?T¢,aP €] is treated similarly, and yields for a small
enough,
IOg ’C(a7 b)‘ 1 : 1 !
— > f — 2n. 4.36
bga Xz, (P) + o Xz (P7) =21 (4.36)
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Since at least one of (4.35) and (4.36) holds, one has

<(p) > min (x;(pw inf L (¢).x, (0) + inf Xil(p’)>2n-
p'Elp—e,1] p'€lp—e,1]

Now, letting 1 go to zero, and using that ¢ — Xi’g (p) is a non-decreasing function yields
the announced result. "

An important remark is that if for example for x1, the wavelet transform around
effectively behaves like indicated by the 2-microlocal spectrum YL (i.e. if for all a < ag, for all
p>0,|C(a,a”)| = O(aX+®))), then one has equality in (4.31).

This is fundamental in our case, since, as noticed in Remarks 1 and 2, this is the case
for R around the rational points and the set Sy : This will allow to compute exactly the
2-microlocal spectrum of R? at some points x = (1, 2).

Theorem 4.4 Let x = (71, 12) € R?.

1.

if (x1,72) € R3y X Rgja, the 2-microlocal spectrum of R? at x is X2(p) = 1+ p if
p€[0,1/2], and +oo if p € (1/2,1].

if (x1,72) € Ryja X R3/9U Rgj9 X Ry /9, the 2-microlocal spectrum of R? at x is x2(p) =
1+p/2 if pe[0,1/2], and +o0 if p € (1/2,1].

if (z1,22) € Ryj2 X Rya, the 2-microlocal spectrum of R* at x is x2(p) = 14 p/2 if
p€0,1/2], and x3(p) =4 —3p if p € (1/2,1].

if (v1,22) € Rgjo X Sy U Sy X Rgyy, the 2-microlocal spectrum of R? at x is X2(p) =
1+ 801 +1/7)if pe[0,1/2], and 400 if p € (1/2,1].

if (21, 72) € Ry/9 X Sy US: X Ry )9, the 2-microlocal spectrum of R? at z is x2(p) = 144
if p € [0,1/(1+ 1/37)], and x2(p) = 5/2— 3p if p € (1/(1 +1/37), 1].

if (x1,72) € Sy x S U Sy x Sy, the 2-microlocal spectrum of R? at x is x2(p) >
1+ 5(1/7+1/7"). There is equality if either T or 7' equals 2.

It is easy to compute the Hausdorff dimensions of the above sets, and the corresponding
pointwise Holder exponents of their points :

1.

6.

2. d
3. d
4. d
5. d

du(Rgja X Rgjp) = 0, they correspond to chirps (3,1).
H(Rij2 X Rij9 U Rg/9 X Ry/9) = 0, they correspond to chirps (5/2,1).

H(R3/2 x Sy U Sy X Rgjp) = 2/7, they correspond to chirps (5/2 + 1/27,1).
(R3/2 X Sz U Sy X Rgy/9) = 2/7, they correspond to cusps (1 +1/27,0).
dp(S2 x S; US; x S3) =14 2/7 and they correspond to cusps (5/4 + 1/2max(r, 2).

(

H(Ri/2 X Ryj2) = 0, they correspond to cusps (1,0).
(
(

The other cases, i.e. z € S, x S, with 7 and 7’ strictly greater than 2, are hard to handle since
the pointwise Holder exponent at z can sometimes by higher than simply 1+ 1/27 + 1/27.
Nevertheless one knows that for every @ € S, x Sy, hy(x) < 11/4.

Parts of the spectrum are drawn on Figure 4.5. The shaded zone corresponds to areas
where the spectrum is not known exactly, but where some bounds hold.
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o 1 3/2 2 5/2 3

FiG. 4.5 — Multifractal spectrum of the 2-D Riemann Function.

4.4.3 Lacunary wavelet series

Fix 0 <n <1, and @ > 0. A lacunary wavelet series [47] is a random process F' defined
through its wavelet coefficients as follows : Independently at each scale j > 0, one picks ran-
domly [27] coefficients among the 27 ones, according to the uniform probability distribution.
These coefficients are attributed the value 27/, The remaining ones are set to 0.

Let us compute x,(p) for a sample path of F' on [0, 1]. Remark first that it is obvious that
YV, Vp € [0,1], xz(p) € {a, +00}.

Define Gj = {k : dj;, = 277%}. For all j, card(G;) = [27].
Proposition 4.21 {z: x,(0) = a} = [0, 1] almost surely.
Proof : Define the set F; by
~iTog7 —j ~i(1557)?
Fj={z:3ke G, 277lei <|k277 —a| <2 7 lei’ }
The following lemma is left to the reader
Lemma 4.10 If x € Njen Uj>g Fj, then x.(0) = a.

For any j, let k‘g, i € {0,...,[2%] — 1} be the integers such that d; i = 277% (there are
for [2] of them). Let n; = 2{21[2’7j]. For n € [n;_1,n;], one sets, for t, = kfhnj_12*j,
! —i(5g7)? ~itos7 r —ito57 —i(5g7)
I, =[t, — 2 7\oei’ [t, — 2 7Wei], and I = [t,+,2 'loeit, + 2 7/ eei’ .
: (L L
F}j is the union of the 2[2™] intervals I}, and I’ for n € [nj_1, n;] of size 9 7)" 9 Tty |
As explained in [47], one can consider that the ¢, are chosen randomly and uniformly in

[0,1]. Thus the intervals I!, (respectively I”) are chosen randomly and uniformly in [0, 1], so
that one may apply the following Lemma of [47] to I (and I) :
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Lemma 4.11 If limsup,,_, (327, [Il| —logn) = 400, then Nyen Unsn I = [0,1] almost
surely.

Lemma 4.11 applies to our intervals I} and I'. Combining this with Lemma 4.10 shows that
Njen Uj>7 Fj = [0,1] a.s., and Proposition 4.21 is proved. "

Proposition 4.22 {z : xz(n) = a} = [0, 1] almost surely.

Proof : The same arguments as before apply to the sets an defined by
Fl={e:3keq;, 270" m) < [k2 — 2| < 27707},

. . .1 L1
Indeed, F;7 is the union of 2[2"] intervals of size 277"(271gj — 277/%¢j). Combining this with
the fact that if € Njen Uj>s F;7, Xz(1n) = a, the result follows at once. "

Since xz(p) € {a,+oo} for every p and every x, one easily derives the form of the 2-
microlocal spectrum at every point x

Proposition 4.23 {z :¥p € [0,7], Xz(p) = a} = [0, 1] almost surely.

Proposition 4.24 For almost every sample path of the process F, the Hausdorff dimension

of the sets Rs = {z : xo(n+0) = a}, for 6 € (0,1 —1), is #'

The 2-microlocal frontier of F' at an arbitrary point of Rs, is drawn on Figure 4.6.

Proof : Let us consider the open balls Byk = (k277 =277, k279 +2797), for all couples (j, k)
such that d;j # 0. This set of balls satisfies the conditions of Theorem 2 of [47]. This implies
that the Hausdorff dimension of E, defined by

E, = limsup B;.Y,k = NpenN Uj>n U’fB;'Y,k (4.37)
Jj—+0o0
is g If x € E,, then x belongs to an infinite number of balls B;.Y - The following lemmas are
obvious consequences of the definition of E,

Lemma 4.12 Ifz ¢ E,, x2(p) = +o0 for p > 7.
Lemma 4.13 If x € E,\E ., there exists p € [y, + €] such that x»(p) = a.

Using both Lemma 4.12 and 4.13 yields that if z € NypenE) 1 5-1/, but if  does not belong
t0 UesptsEe, then xz(n +9) = a, and x,(p) = +oo if p > n + 4.
Now, we apply Theorem 2 of [47] : Almost surely the Hausdorff dimension of the set

Ep5-1/n\ Uesnts e is exactly %. This concludes the proof. n

The following proposition recapitulates the results obtained above. It sheds interesting
light on the interplay between the 2-microlocal and multifractal analysis of lacunary wavelet
series
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n+d

o=0

F1G. 4.6 — 2-microlocal frontier for a lacunary wavelet series at x € Rs.
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n+d

0=0 =0

F1a. 4.7 — 2-microlocal frontiers depending on the value of ﬁ for the modified lacunary
wavelet series Fg.

Proposition 4.25 For almost every sample path of the process F', for all x, there exists
0 € [0,1—mn] such that Xz(p) = a if 0 < p < n+d;, and Xz(p) = +00 elsewhere. The pointwise
exponent at x is ﬁ and the chirp exponent at x s nﬁx — 1. For a fized § in [0,1 — 7], the
Hausdorff dimension of the points satisfying the above conditions is #
Proposition 4.25 allows to recover the fact (proved in [47]) that the corresponding multifractal

spectrum is d(h) = hi, for h € [a, 7].

An interesting generalization of the construction above is to set the ”remaining” coefficients
to the value 2777 instead of 0 (this function can also be understood as a particular case of
the random wavelet series introduced in [5]). Let Fj denote this new process. Under the
condition that # > «a, the above computations are still valid with one modification : One has
now x.(p) = B instead of y,(p) = +oo when no coefficients equal to 2% appears in the
computation of x,(p). The proof of the following proposition is left to the reader.

Proposition 4.26 If 3 > %, for almost every sample path of the process Fg, the multifractal
spectrum is the same as before, i.e. d(h) = hl if h € [a, %] Moreover, one still has that if
h¢(x) = h, then the chirp exponent at x is g - 1.

If 6 < %, for almost every sample path of the process Fg, the multifractal spectrum is

d(h) = hl if h € [a,f], d(B) = 1, and d(h) = —oo elsewhere. Moreover, if hf(x) = h < f3,
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then the chirp exponent at x is g — 1, but if hy(x) = (3, then the chirp exponent at x is 0
(there are no “oscillations” around x).

If B = %, for almost every sample path of the process Fg, the multifractal spectrum is the
same as the one of the usual lacunary series, except that if hy(x) = (3, then the chirp exponent
at x is 0 (there are no more “oscillations” around x).

See Figure 4.7 for examples of 2-microlocal frontiers of Fg. It is interesting to notice that
in the second case (8 < %), one observes a jump in the multifractal spectrum at the critical
value (3.
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Chapitre 5

Construction de séries
multifractales d’ondelettes

Abstract

Given a positive locally finite Borel measure p on R, a natural way to construct multifractal
wavelet series F,(z) = >, djx;k(2) is to set |dj x| = 273(s0=1/po) yy (K277, (k + 1)2_j))1/p0,
where sg, pgp > 0. Indeed, under suitable conditions, it is shown that the function F}, inherits
the multifractal properties of .

The transposition of multifractal properties works with many classes of statistically self-
similar multifractal measures, enlarging the class of processes possessing some self-similarity
property and whose multifractal nature is controlled.

Several perturbations of the wavelet coefficients and their impact on the multifractal na-
ture of F), are studied. As an application, multifractal gaussian processes associated with
F,, are created. We obtain results for the multifractal spectrum of the so-called W-cascades
introduced by Arnéodo et al.

5.1 Introduction and motivations

Phenomena exhibiting wild regularity variations are now well identified in many areas. For
instance, they occur in fluid mechanics (intermittent turbulence [66, 30]), in traffic analysis
(road and Internet traffic [61]), and in finance [69]. Modeling these phenomena is a major
issue for further applications. In particular, finding processes, whose local regularity can be
controlled is an active domain of research. Among these processes, those which have some
properties of statistical self-similarity and of stability under perturbations are of special inter-
est. They are easier to study, since many works have already investigated the subject. They
also are better candidates to fit datas from areas listed above, where scaling invariance play
important roles.

When they fulfill these conditions, most of the time these processes satisfy some multifrac-
tal formalism, either for functions [3, 44] or for measures [18, 75]. Multifractal formalisms take
their origin for example in [30, 35, 20]. Let us recall that the Hausdorff multifractal spectrum
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of f is the function
df : h— dim B} = dim{z : hy(x) = h},

where E,{ is the set of points « where f has an Holder exponent hy¢(x) equal to h. Given
such a process f, a multifractal formalism consists in relating, via a Legendre transform, its
Hausdorff multifractal spectrum to some kind of free energy function associated with f.

A possible approach to generate such processes consists in using decompositions on wavelet
bases [4, 44, 47, 48, 5]. Wavelets are natural tools in multifractal analysis. Indeed, the concept
of self-similarity is implicit in the construction of the wavelet basis {1;};x. Moreover, the
pointwise Holder exponent hy, which can be viewed as a measure of the local regularity, can
be computed through size estimates of the wavelet coefficients d; .

In this article, we propose a natural construction of functions F), based on a measure
and on a wavelet basis {1;;}. Namely, given a positive Borel measure p on R, the function

F,, is defined by

Fu(a) =303 #2770 50 u((k277, (4 1)277)) oy 1 (a),

§>0 keZ

where sg and pg are two real parameters that rule the regularity of F),.
We prove that the control of the Hausdorff multifractal spectrum d,, of u yields a control
on the Hausdorff multifractal spectrum dg, of F,. More precisely,

Theorem 5.1 If u obeys the multifractal formalism for measures at singularity o > 0, one
has dp, (h) = d, (a), where h = sg — p% +2

This result is a simple and satisfactory brigde between multifractal analysis of measures
and multifractal analysis of functions. Although the transposition of multifractal properties
from p to F), seems natural, the proof involves non-trivial arguments.

The multifractal formalism for measures we are going to use is a slight modification of the
one developped in [18] (see Definition 5.7). It is shown that, although built on a dyadic grid,
this formalism is satisfied by measures whose construction is not based on the dyadic grid. In
particular, Theorem 5.1 can be applied to the the classical families of multifractal measures
p generated by multiplicative procedures, like for example quasi-Bernoulli measures [18] and
Mandelbrot b-adic random multiplicative cascades [66]. It also applies to recent compound
Poisson cascade measures [10], as well as to stable Lévy measures [16, 45]. When p is random,
we exhibit cases where almost surely the whole multifractal spectrum of F), can be computed
(and not only each point of this spectrum almost surely). In each case, the verification needs
non-obvious arguments, which are developed in a general context in [13]. In this paper, we
detail the examples of b-adic random multiplicative cascades and of stable Lévy measures,
which illustrate multiplicative and additive chaos.

The list of measures Theorem 5.1 applies to is not exhaustive. For instance, it applies to
the recent “Log-infinitely divisible multifractal processes” [6], and also to new examples of
random multiplicative measures provided in [11].

An important property of the construction is its stability under perturbations of the wa-
velet coefficients. Indeed, it is shown that, under reasonable assumptions, a part of the multi-
fractal spectrum remains unchanged. This gives rise to important applications. For example,
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the famous W-cascades of Arneodo et al in [4] can now be seen as a perturbation of a func-
tion F), associated with a well-chosen random multiplicative cascade measure p. Using this
interpretation, under suitable assumptions, we obtain almost surely the whole multifractal
spectrum conjectured in [4] for this class of random wavelet series.

Another application is the following : Given a measure p satisfying the multifractal forma-
lism, one can explicitely construct Gaussian processes whose multifractal spectra are deduced
from the one of p by affine transformations.

Perturbing the construction is also a way to simplify the simulation of multifractal func-
tions which have the same spectrum as F),. Indeed, a multifractal measure p is often the limit
of some simple measure-valued process p;. Then a convenient perturbation is often to replace
p(Lj k) by pj(I;x) in the construction of F), (W-cascades are obtained like this).

Jaffard [47], Aubry and Jaffard [5], created processes whose wavelet coefficients are mu-
tually independent and identically distributed random variables. They reach non-decreasing
Hausdorff multifractal spectra, nowhere strictly concave. Moreover, these processes have os-
cillating singularities. When working on real datas, due to the use of the Legendre transform,
concave spectra with a decreasing part are often encountered. Our construction, as well as the
one of [4], reaches functions with theoretical strictly concave Hausdorff spectra (see Section
5.6), with a non-trivial decreasing part (not only in the Legendre spectrum). This certainly
comes owing the fact that the wavelet coefficients of F), are highly correlated, which could
lead to more realistic models. These strong correlations also imply that the function F), has
no oscillating singularities.

Before proving Theorem 5.1, some work on both multifractal analysis of functions and of
measures is needed. Section 5.2 concerns functions : it provides the multifractal formalism for
functions well adapted to our construction. The notion of 2-microlocal spectrum introduced
in [62] is recalled in Section 5.2.3. This tool is used to provide a short proof of Theorem 5.1.

Section 5.3 introduces a modified version of the multifractal formalism for measures of
[18]. Indeed, the single usual Holder exponent does not provide enough information to control
the regularity of the functions we build in Section 5.4, thus the definitions of the usual level
sets EX must be modified. Sufficient conditions for this modified multifractal formalism to
hold are given in Theorem 5.2.

The function F), is defined and studied in Section 5.4. Perturbations of the wavelet coef-
ficients of F), are studied in Section 5.5.

Section 5.6 provides fundamental examples of qualified measures p and of associated func-
tions F),. It also contains the application to WW-cascades.

Section 5.7 contains the proofs of Proposition 5.1 and Theorem 5.2. Eventually, Section
5.8 is devoted to the proofs of the results stated in Section 5.6.

5.2 Functions setting

Our aim is to build multifractal functions, i.e. functions with varying regularity. Definitions
of the two main tools used to measure local regularity are recalled for reader’s convenience : the
pointwise Holder exponent, and the multifractal spectrum. A multifractal formalism adapted
to the class of functions we deal with is then defined. An upper bound for the multifractal
spectrum is finally obtained.
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5.2.1 Regularity exponent, multifractal spectrum

In most cases, one measures the local regularity of a function f around a point zy through
the pointwise Holder exponent hjy.

Definition 5.1 Let I be a nontrivial interval of R, xg an interior point of I, and h a positive
real number with h &€ N. A function f : I — R belongs to Cﬁo if and only if there exist a
constant C and a polynomial P of degree smaller than [h] such that

VaeR, |f(x) = Plx— o) < Cle — xo|".
The pointwise Holder exponent of f at g is then hy(xzg) = sup{h: f € Ch }.

As explained before, the decomposition of functions on orthonormal wavelet bases is fun-
damental in our approach. Let ¢ be a function in the Schwartz class, as constructed in [55]
or [71]. The set of functions {¢; = ¥ (27 - —k)}, where (j, k) € Z?, forms an orthogonal basis
of L?(R). Thus, any function f € L*(R) can be written

F@) =" diptip(x),

jeZ kel

where d; , is the wavelet coefficient of f defined by

djk = dj(f) = 2]'/Rf(t)%',k(t)dt-

The pointwise Holder exponent hy(zg) can be characterized by the rate decay of the
wavelet coefficients around zg. Indeed, if 1) has more than [ht(z¢)] + 1 vanishing moments, it
is known (see [41]) that if f € C¢ for some & > 0,

- log |dj x|
h =1 f . % .
(@) kZIEI}I—r}xO log(277 + |xg — k277|)

. (5.1)
We mention that 1 can also be chosen with compact support, see [22]. Nevertheless it in-
troduces technical complications unuseful to our purpose. Indeed, if a compactly supported
wavelet 1) is used, (5.1) is in concurrence with the regularity of ¢. In particular, even if the
wavelet is smooth enough and has enough vanishing moments, outside the support of u, the
regularity of the series F), we build will be governed by the one of 1.

In the sequel, the wavelet 1 is fixed and belongs to C°°. Moreover, all its moments of
positive orders are supposed to be null, so that (5.1) holds at every zg.

Definition 5.2 Let I be a nontrivial interval of R and f : I — R. For every h > 0, let us
define the level sets

El = {z et(I): hs(x) = h}.

The mapping df : h > 0 — dim(E}{) is called the multifractal spectrum of f (dim denotes the
Hausdorff dimension).
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It E,]: = () by convention one sets df(h) = —oo. The multifractal analysis of a function
f consists in the study of its multifractal spectrum. This function is rarely reachable when
trying to compute the pointwise Hoélder exponent point by point. It is thus natural to look for
other ways to compute, to estimate or to bound this spectrum. This is the aim of multifractal
formalisms.

In Sections 5.4-5.6, if a compactly supported wavelet is used (instead of a C'*° wavelet),
the results below are valid if one replaces E}{ by E}{ﬂ supp(p), and if the wavelet ¢ has a
global regularity larger than s — % + %, where aax is the largest Holder exponent of u.

5.2.2 Upper bound for df(h) and multifractal formalism

It will be seen in Section 5.4 that the multifractal analysis of a function f € L2 (R) can
be deduced from those of a set of countable functions f,,, derived from f, such that each f,,
is C*° outside (0, 1).

Let f € L? (R), such that

loc

Fa)=>" > distjrla).

J>0 0<k<27

For this function, dim E}{ = dim E}{ N[0, 1].
For p,t € R and j > 0, let us introduce the quantities

Sipt) = S |djulP2iC¢Y

0<k<2i-1
where Y " means that the sum is taken over those k such that d;j # 0. Then, let us define

S(p,t) =limsup Sj(p,t) and &f(p) =sup{t € R: S(p,t) = 0}.

Jj—00

Alternatively,

o 1 *
Er(p) =1+ hmlnf—; log, < Z |d;j k p)_ (5.2)

Jj—o0 .
0<k<2i—1

*
Since for each j > 1 the function p — Z O<h<Zi—1

if j is large enough, the function {; is concave and non-decreasing on R (§; is the limit of the
infimum of non-decreasing concave functions). Pay attention to the fact that {; may depend
on the wavelet 1. It is natural to introduce this kind of free energy function in order to
formulate a multifractal formalism for functions based on the representation as wavelet series
(see [3, 44, 49] for example).

The function & coincides on (0, co) with 77, the so-called scaling function of f. ny is related
to the fact that f belongs to some Besov spaces By? (see also [44] where the analogous of
&r is defined via a continuous wavelet transform). Besov spaces are an especially relevant
frame to work with in the frame of multifractal analysis of functions, and to find natural
random wavelet series with concave spectra in such spaces was the initial motivation of this
work. Let us recall the characterization of Besov spaces on R by wavelet coefficients (where

|d; 1P is log-convex, and non-increasing
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any C wavelet 1)’ such that all its moments of positive order equal 0 can be chosen for the
decomposition), as well as the definition of n; : for p,q,s > 0,

. 1/
f € ByIR) & (3 |2 V0p) Y = ¢j with 2 € 10 (5:3)
k

Then, with each function f defined on R is associated its (unique) scaling function 7s(p)
defined by

L oo
n¢(p) = sup {u :feBy (]R)} (5.4)
It is easily deduced from (5.2), (5.3) and (5.4) that n¢(p) = &(p) for every p > 0. This
)

function 7¢(p) does not depend on 1, so the same holds for £;(p) for p > 0. Nevertheless, the
function &;(p) may depend on 3 when p < 0.

Frisch and Parisi proposed in [30] a formula that links the multifractal spectrum of a
function f with some averaged quantities derived from f. This formula, generically referred
as the Frisch-Parisi conjecture, can be generalized and reformulated in (see [30, 44, 48])

ds(h) = inf (ph —ns(p) +1). (5.5)

Of course, (5.5) does not always hold. Nevertheless, Jaffard ([44] for instance) established the
following general upper bound for dy(h) (when f has some minimal uniform regularity)

¥ h >0, d(h) < inf (ph—ns(p) +1), (5.6)
P=Pe

where p. = inf{p > 0 : n¢(p) > 1}. Then, Jaffard proved that the upper bound in (5.6) is
an equality for quasi-all functions in the sense of Baire’s categories in certain function spaces
(see [48]).

On the other hand, it turns out that for some classes of functions like self-similar or quasi
self-similar functions [44, 14, 1], (5.6) becomes an equality only for a part of the multifractal
spectrum. It comes owing the fact that for a self-similar function f, d; possesses a decreasing
part, and (5.6) only reaches non-decreasing spectra, and can even not capture the whole
increasing part of d¢. In fact, the general upper bound (5.6) is optimal for h < n}(pc*) In
[49], in order to recover the decreasing part of the multifractal spectrum, Jaffard introduces a
method to extend Besov spaces and scaling function to negative p’s, and he derives an upper
bound for dy similar to the case p > p. using another scaling function 7y (p).

Here, we adopt an elementary point of view relative to the fixed wavelet 1. This gives
an upper bound for the spectrum of f by the Legendre transform of { (Proposition 5.1). In
the examples of functions considered in Section 5.6, this upper bound will give the correct
multifractal spectrum.

In the sequel, the Legendre transform of a function ¢ from R to R is defined by

@ b inf (ph— ¢(p)). (5.7)

For every x € R and j > 0, let k;, be the integer such that kjyxZ_j <z < (kjg+ 1)277.
Then, one defines the following exponents (log(0) := —o0)

- . log |dj k; ,—1l
a; (z) =liminf; o — okt —

F
. . log dj,k'
ay(r) = liminf; | ——5-4
log d; k. 1|
FN T ikt
oy (x) = liminf; o 2
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Finally, let us introduce

€(0,1): VJ>0,35>J, }
supp(d) = . 5.8
pp( ) { ma‘X(’djvkj,zflh ‘d'ykj,a:‘7 ‘dakg,z“l’l‘) ?é 0 < )
Proposition 5.1 Let f € C*(R) be such that f = jzof szz_ol d; ik, and let & be its

scaling function (associated with the wavelet ).

L If0<h<&f(pe) then dg(h) < (&5 —1)*(h) = infpzp. (ph — §¢(p) + 1).

2. Ifh € (5}(pg),€}(0+)) and E}: C {z € (0,1) : min(a (z), ay(x), aj (x)) = h} then ds(h) <
(& = 1)*(h) = infocpep. (ph — &5 (p) + 1)

3. If h € [€4(0%),€4(07)], dim(E] N supp(d)) < (& — 1)*(h) = 1 — £(0).

4. If h> €,(07), dim(E] 0 supp(d)) < (& — 1)*(h) = infp<o(ph — & (p) + 1).

5. If (& — 1)*(h) < 0 then E,]: N supp(d) = 0.

Remark one more time that the proposition depends on the wavelet 1) when p < 0 (i.e. on the
decreasing part of the spectrum).

Proposition 5.1 can be viewed as a consequence of the study of the so-called “oscillation
spaces” introduced by S. Jaffard in [49]. Nevertheless, for the sake of completeness, we give a
simple proof of Proposition 5.1 adapted to our context in Section 5.7.

Remark that the above results remain valid when supp(d) = {z € (0,1): VJ >0, 35 >
J, 3k with |k277 — | < 2770%) and d;; # 0}, where {¢;,} is a positive real sequence
converging to zero when j — +oc.

Definition 5.3 The function f is said to obey the multifractal formalism relatively to ¥ at
h> 0 if dg(h) = (& — 1)"(h).

Remark : The inclusion E}]: C {z € (0,1) : min(e (), ay(x), aj (x)) = h} is false in general,
but one always has min(a (z), ag4(z), of (z)) > hifz € E,’: . For instance, consider the classical
chirp function x — |z — %ﬁ sin(—11), for which hy¢(1) = £ while min(a; (), a4(3), o (3)) =

lz—3| 2 2
+o0.

5.2.3 Definition of the 2-microlocal formalism for functions

The notion of 2-microlocal spectrum developped in [62] is essential. It proves to be useful
in the proofs of Theorem 1 (Section 5.4) and its extensions (Section 5.5).

Figure 1 helps the understanding of the following definitions. Let us first denote, for every

scale j and every exponent p € [0,1], by k;,, the integer k; , = [27(17P)].

Definition 5.4 Let f € L, and its discrete wavelet decomposition f = ijdj,k%‘,k- For

loc’
any given xg, let us define the functions

- 6°:(0,1) - Rt U {+o0},

0°(c) = sup{y : 36, K, VB <&, 277 <6 = |d; pingun, )] < K277}
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o Y 4
ARk R 4

Cone of influence of x ,

k2! X, | < 2
27 1

2—(j+1)0

2—(J+2)0

1
X
0

Fia. 5.1 — Time-frequency position of the wavelet coeflicients.

— for any given 0 < e <1/2, x°: (g,1 —¢) —» R U {400},
X (p) =sup{y: 30, K,VB € [p—e,p+el, 277 <6 = |dj prpgun, | < K277}
- 60':(0,1) - RY U {+o0},
0'(e) = sup{v: 36, K, V8 > €, 279 < 6 = |d; pimguin; 5| < K277}

If k = [2720+k; g], the distance between k277 and g is approximately k;j 3277 = 2-98 For
e > 0 small enough, 62 (¢), x5,(p), and 6, (¢) are the maximum rate decay of some selected
wavelet coefficients that lie around . 62 (¢) and x5, (p) are non-increasing as functions of ¢,
and 0} (¢) is a non-decreasing function.

Definition 5.5 For any z¢ € R, the 2-microlocal spectrum of f at xo, Xz, : [0,1] — RT U
{400} is defined by

~ Xzo (0) = lim, g+ 920 (e) = Sup{ego () 1€ € (0,1},

= P €(0,1) 2 Xao(p) = lim._o+ X5, (p) = sup{x5,(p) : £ > 0}

= Xao(1) = lim_ ;- 07, () = sup{0;, () : € € [0, 1)}
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Xz, (0) characterizes the behaviour of the wavelet coefficients that lie in the time-frequency
plane below all curves [k277 — x| = 2775, ¢ > 0, x4, (1) characterizes the behaviour of the
wavelet coefficients that lie in the neighbourhood of the cone of influence [k277 — xq| < 277,
while xg,(p) is related to the behaviour of the wavelet coefficients that are located around the
curves |k277 — x| = 279°. Moreover, it is proved in [62] that p — x.(p) does not depend on
the wavelet 1.

The next proposition [62] relates the 2-microlocal spectrum x, to the pointwise Holder
exponent h¢(z). This relation can be compared to (5.1), and it provides a convenient method
for computing Holder exponents.

Proposition 5.2 Let f € C°(R) for some € > 0, and xz¢y € R. The pointwise exponent of f
at xo satisfies

hy (o) = inf{x””Op(p) L pe (0, 1]}.

5.3 Multifractal formalism for measures

We consider a slight modification of the multifractal formalism developped in [18]. The
main difference is located in the definition of the level sets E%. For our purpose, we only need
the multifractal formalism associated with the dyadic grid of [0,1]. Nevertheless, Theorem
5.2 gives sufficient conditions for the validity of this formalism for measures that depend on
a b-adic grid with b greater than 2; its proof is given in Section 5.7.

5.3.1 Holder exponent, spectrum of singularity

If z € (0,1), Vj > 1, denote by I;(x) the closure of the semi-open to the right dyadic
interval of length 27/ that contains x. Let us then define I;r(az) = I;j(x) + 277 and I (x) =
I;j(x) — 277. The convention log(0) = —oc is again adopted.

Definition 5.6 Let u be a positive Borel measure on [0,1]. For xo € (0,1), the lower and
upper Hélder exponent of pu at xg are respectively defined by

.. o log p(Li (o)) _ : log pu(Z;(20))
a,(xg) = liminf —————== and @,(xg) = limsup —————+
“( ) j—+oo log ’IJ(l'O)‘ #( ) j——400 log ’IJ(xO)‘

When a,(wo) = @, (o), their common value is denoted a, (o) and called the Hélder exponent

of 1 at xg.
The left and right lower Holder exponents of u at xog are defined by

log (I (z
and o) () = lim inf M

log pu(I; (x
a;, (wo) = liminf log p(Z; (x0)) | ; |
j—+oo  log |Ij (o)

j—+oo  log |I]_ (z0)]
We consider the following level sets for u, that are necessary in our formalism

Definition 5.7 For every a > 0, define

au(z) =
EL =<2 e (0,1)Nsupp(p) : a,(z) >a 5. (5.9)
at(r) > a

The mapping d,, : o > 0 — dim(EY) is called the multifractal spectrum of fu.

T
T
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In the framework of [18], the level sets (5.9) are {x € supp(u) : @y (z) = a}. Unfortunately
these simpler level sets are not adapted to our construction, since the knowledge of the sole
exponent «, is not sufficient to guarantee the value of the pointwise Holder exponent of the
wavelet series F),.

The optimal choice for the level sets is in fact {z : min(a,(z), o, (), a;f (x)) = a}. Never-
theless we chose the more restrictive Definition 5.7 to ensure some stability properties after
perturbations of wavelet coefficients in (see Section 5.5).

Other multifractal formalisms involve simultaneous information on the quantities p(Z;(x) ™),
w(Ij(z)), and p(L;(z)"), different from the ones we need. In [78] and [85], in order to define
a grid-free multifractal formalism for the large deviation spectrum of u, the function 7 is
derived from partition functions involving, instead of wu([;x), the p-measure of the boxes
B;{k, =1 Ul I;fk such that p(Z;5) # 0.

5.3.2 Multifractal formalism for E*

Let p be a positive Borel measure on [0,1]. For j > 0 and k € Z, let I, (resp. Ifk and
I;}) denote the interval k279, (k+1)2779) (resp. I, +277 and I;; — 277). Following [18], for
g, t € Rand j > 1, let us define

Cilg.t) = > pi(I;x)2",

0<k<2i

where " means that the sum is taken over those k’s such that pu(I;5) > 0. Then, let us
define
C(q,t) =limsup Cj(q,t) and 7(q) =sup{t € R:C(q,t) = 0}.

J—4oo
The function 7 is concave, non-decreasing. An alternative definition of 7(q) is
7(¢) = liminf —=lo k) )
L e J 82 gk
0<k<27

Noting that E¥4 is always included in {z € (0,1) : a,(z) = a}, it follows from [18] that an
upper bound for dim(E%) can be derived from the Legendre transform of 7 (see (5.7) for the
definition of the Legendre transform)

Proposition 5.3 (Upper bound for dim(EY)) Let a > 0. One has
dim(EX) < 7%(a).
Moreover, if 7*(a) < 0 then E& = 0.

Definition 5.8 One says that pu obeys the multifractal formalism at o > 0 if dim(EY) =
().
Remark : The formalism we use can be improved by considering the sets

Eéf ={x: min(gu(:c),g;(x),g:(x)) =a} (5.10)

instead of the EY4. Indeed, Proposition 5.3 also holds for these sets (the proof mimics the one
of assertions 2,3,4 and 5 of Proposition 5.1).
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5.3.3 A sufficient condition of validity

The following theorem, whose proof is postponed in Section 5.7, gives sufficient conditions
for the validity of the multifractal formalism at a given point. It applies in particular on
standard classes of statistically self-similar measures that may strongly depend on the b-
adic grid with b > 3. Examples of measures are given in Section 5.6 (a general definition of
statistically self-similar measures can be found in [13]).

We need some new definitions.

Let us fix b > 2. Let A ={0,...,b— 1}. For every w € A* = U,,>0A" (A° := {0}), let I,,
be the closed b-adic subinterval of [0, 1] naturally encoded by w.

If w € A", one can assign to w a unique number i(w) such that the interval I,, can be
written [i(w)b™", (i(w) + 1)b~"]. Then, if (v,w) € A", é(v,w) stands for |i(v) — i(w)].

Let p be a positive Borel measure on [0, 1]. For ¢,t € R and n > 0, let us define

Cy(q,t) = limsup Cp (¢, t) = limsup Z )Ip™,

n—oo n—oo
weA™

Then let

o 1 *
7(q) = sup{t € R: Ci(q.1) = 0} = liminf ——log, ( Y n(L,)?)
weA™

Notice that 7o = 7. The following hypothesis (H) on u is required :

 There exists a sequence (k;);>1 such that :
) k;
1. lim;j o 73 =0;
(H) 2. for every dyadic interval .J of length 277 such that pu(.J) # 0,
there exists a b-adic interval J, C J of length at least 2777Fs
such that p(Jp) # 0.

Hypothesis (H) holds for instance if b is a power of 2 or if supp(u) = [0, 1], and in these
cases k; can be taken bounded.

Let us define
log 2 . log 2
;= d k= k.
E [log bj} e [log b’ ]

\

Given g € R, a positive Borel measure p,, and a function Cy; on A* such that
g (L) < Cq(w)u(Iw)qb|w|Tb(q) for all w € A* such that p(I,) >0 (5.11)

holds, if 7}(q) exists, one defines for €,7 > 0

St(ge,n) = 3 o (n@+E@-2n) u(L)"Cow)p( L),

n>1 v, WEA™:(v,w) <Y
where b/ = 1 if b = 2 and 2 otherwise;
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Stgem) = 3@y (n@-(@+an)
Jj=1

> u(Ly)""Cq(w) p(Lw)?,
'L},wGA"jJrk;JrQ, 5(v,w)§b;’
w(Iw),pu(Iv)>0

where b = 0 if b = 2 and b"5% + 1 otherwise.

Definition 5.9 If v is a positive Borel measure on [0,1], one defines its lower Hausdorff
dimension by dim(v) = inf{dim(B) : v(B) > 0}.

Theorem 5.2 Let p be a positive Borel measure on [0, 1], and let us assume that (H) holds
for p. Let g € R. Suppose that

(i) there exists a positive Borel measure piqy on [0,1] and a function Cy on A* such that (5.11)
holds.

(i) T)(q) exists.

(idi) dim(pq) = 75 (75(q))-

(iv) for all e > 0, there exists 1 > 0 such that SY(q,e,m) + S4(q,e,m) < oo.

Then p obeys the multifractal formalism at )(q), i.e. dim(Efé(q)) = 7*(7}(q)).

Remarks : 1. The assumptions on 4 in Theorem 5.2 almost imply that ;1 obeys the mul-
tifractal formalism of [18] for a b-adic grid at 77(¢). This is the case for example when C; is
bounded. So this statement is a kind of transfer from the formalism of [18] for a b-adic grid
to the formalism of Section 5.3.2 (for a dyadic grid).

2. We do not restrict ourselves to the case b = 2. Indeed, one of the main points of this work
is the following : Even if the measure u is not related to the dyadic structure, one can use
it to build multifractal wavelet series F, (which by construction depend on the dyadic grid).
In particular, we explicitely treat the case in Section 5.6 of b-adic Mandelbrot multiplicative
cascades. This change of basis is a difficult and interesting issue in multifractal analysis of
measures (see [13]).

3. Condition (v), involving b-adic intervals and their neighbors, is comparable to the one
provided in [9] for a measure satisfying the multifractal formalism of [18] for a b-adic grid to
also satisfy the Olsen “centered” multifractal formalism [75].

5.4 Building multifractal wavelet series

In all the following sections, two real numbers sg > 0 and pg > 0 are fixed such that
80— p% > 0. These parameters are used to specify the Besov spaces Bp"™ the functions belong
to.
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5.4.1 Explicit construction based on measures

Definition 5.10 Let p be a positive measure on R. One defines the wavelet series F),, derived
from u, by the following formula

Fu(z) =) ) d ajn(a), (5.12)

>0 keZ

where the wavelet coefficients d;fk are
i(sg—L 1
dj), =2 o050 (1) |70 0, (5.13)

1
where 0, € {—1,1}, and by convention [0|70 = 0.

Any C* wavelet 1 can be used here. As a consequence, several functions are built up here, de-
pending on the choice of . Nevertheless, Theorem 5.1 shows that, under suitable assumptions
on u, these functions have the same multifractal spectrum. One can also consider compactly
supported wavelets, but with the restrictions and the modifications we mentioned before (Sec-
tion 5.2.1).

In order to simplify the multifractal analysis of F),, we notice (using Lemma 5.1 below)
that

for all h >0, dg,(h) = sup dg,,, (h),
meZ

where F), ;,, is defined on (0, 1) by

Fum(@) =) > (% + x) '

320 B<k27i< B 41

Remark that for every point x € R, there exists an integer m such that z € (%, %5 + 1). This

Ci(sg— L
decomposition holds for any function f € L? (R). The term 2 30=35) ensures a minimal

decay rate of the wavelet coefficients. The reader can verify the following lemma

Lemma 5.1 If i is a positive finite measure, then for allm € Z, F, m € Bpy™ (R). Moreover,
Flm is C outside [0, 1].
5.4.2 Transfer of multifractality theorem

We recall Theorem 5.1. It links the singularity spectrum of F), to the one of p. This
result applies on each function F), ,,, m € Z. Without loss of generality, we redefine u as its
restriction to (0, 1), and F}, is now defined on (0, 1) by

Fu@) =5 S 03270700 (1) 70 5 (). (5.14)

j>0 0<k<2i

The functions {f, and 7, (see Sections 5.2.2 and 5.3.2) are simply related :

VpeR, fpu(p):l—i—(so—l)p—i—m <p) (5.15)
Po Po
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Theorem 5.1 Let p be a positive Borel measure, and let sg, po be two positive real numbers

such that sg — pio > 0. Let us consider the wavelet series (5.14). If u obeys the multifractal
formalism for measures at o > 0, then F), obeys the multifractal formalism relatively to ¢ at
h=s)— X~ +% and
po ' po
dr,(h) =d, (a).

Remark : For the function F},, supp(d), as defined in (5.8), is obviously equal to supp(u).
Moreover, the function F), has the same regularity as the wavelet ¢ in the complementary
of the support of p. Indeed, if zg & supp(u), there exists j, such that if j > j,, pu(l;(x)) =
M(If(:c)) = p(I; (x)) = 0, thus d; ; = 0 for every couple (j, k) with |k277 — z| < 27J=,
Proof : Assume that p obeys the multifractal formalism for measures at «.

The inequality dr, (h) > d (a) follows from the following lemma.

Lemma 5.2 Let ¢ € EX. Then x € Efe 1

03 ho
Proof : For all p € (0,1), let us introduce the sets of wavelet coefficients B, ; = {d; :
k277 — x| < 279P}, and B/‘,] =Uj>sBj, (B;)] depends on x).

The 2-microlocal spectrum defined in Definitions 5.4 and 5.5 is useful due to the following
remark : if there exists a constant C and an integer J such that, for every coefficient d; ;. € B;,] ,
|djk| < C2797 (v > 0), then Vp' > p, xa(p') = 7-

Indeed, the computation of x,(p") requires the use of wavelet coefficients that all belong to
Bp‘] ,i.e. such that |[k277 — 2| < 2777, Thus a global uniform decay of the coefficients belonging

to Bg gives a lower bound for the values of the 2-microlocal spectrum x, at p’ > p.

Let now p € (0,1), and € > 0. z € EX and (5.9) imply that there exists an integer J > 0,

such that
log pu(Ijkx )
- = b7 >

> J = : — 5.16
= oga—)  Z0T© (5.16)
for every k7, € {kj_x, kja, kjm}, where k; , = kj, — 1 and ij =kj.+ 1.
Let now j > %, and dj, € B, j. One sets j, = [pj] > J. I; is included in one of the three
intervals ]jp,k]-p,mv Ijﬂ’k‘fp,z’ ij,k;p@. Hence
m( L) < maX(u(ij,kjp,z),M(ij,k;’x),u(fjp,kj—p,x)) < 270 (5.17)

where (5.16) has been used. This translates to the wavelet coefficients into

. 1 - a—e a—e . 1 a—e
|dj7k| < 2*](50*%)2*(JP+1)W — 92710 2*](30*%+PW)'

This decay rate holds for all the wavelet coefficients that belong to U, s B ; = B,[;]/ 7} This
=

implies in particular that Vo' € (p, 1], x2(p) = so — pio + p<;=- This is true in fact for every
€ > 0, and for all p > 0. Eventually one gets

1 «
Vp € (0,1],xz(p) = 50 — — + p— (5.18)
Pbo Po
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1
Simultaneously, by definition of E¥, lim;_, | %J:N‘) = a. Thus, for a given p, the global

decay rate of the wavelet coefficients that belong to Bb] is smaller than the one of the special
coefficients d;x. ,, which is exactly sp — /pio + c- In particular, Xz(1) < s — p% + o> and
combining this with (5.18) gives

1 «
Xz(1) =850 — — + —.
Po Po
Now, Proposition 5.2 allows to conclude
1
hy(xz) = inf Mzso——+g.
pe(0,1] P Po Do

Moreover, since the largest coefficients are located in the cone of influence of x, there are no
chirp-like oscillations around z. One easily shows that the oscillating exponent (,(x) introdu-
ced in [51] equals 0.

To be complete about x;, let us mention that x,(0) > so— -, since Vj, k, |d; x| < C2 —i(s0=35)
for some constant C. n

Lemma 5.2 shows that Ef C Ef", hence dp, (h) > dim(E§) = dy(a).
The inequality dr, (h) < d,(«) is obtained as follows.

Using (5.1), for any function f that belongs to C° for some ¢ > 0, if hy(x) = h then
min(ay(z), a; (z), af (z)) > h. Suppose = € Ef” but min(ay(z), a; (z), af (z)) > h. This
is equivalent, by construction of FJ,, to min(ay, (x),a,(z),a} (z)) > a. It then follows from
an easy adaptation of the proof of Lemma 5.2 that x € E,l;“ , for some h’ > h, hence a
contradiction with h¢(z) = h.

Consequently, Ef“ C {z €[0,1] : min(a; (z),a4(z),a}(x)) = h}. Proposition 5.1 yields
dr,(h) < (§r, — 1)*(h). Moreover, ({g, — 1)*(h) = 7 (« ) by (5.15) and d,(a) = 7*(ar) by

assumption. -

Remarks : 1. Lemma 5.2 is false in general. The special form of the function F, we build
(i.e. deduced from a positive measure) induces a hierarchy between the wavelet coefficients
that makes the lemma hold. In particular, one could consider, instead of a measure p, more
general non decreasing set functions, such as for example Choquet capacities [64], provided
that they satisfy some multifractal formalism.

2. As it can be seen in the proof, Theorem 5.1 remains valid if in the multifractal formalism
the sets EY are replaced by the sets E* defined in (5.10). This is used in Section 5.8 to derive
the multifractal spectrum of F,, when p is a stable Lévy measure. This second formalism is
nevertheless hard to manipulate when adding perturbations in the wavelet coefficients.

3. When p = 1, u(l;x) can be viewed as (i, d;r), where ¢(x) = 1[0,1](37). The mapping
w— F, = Zj,ka ®j.k)jk is a linear regularization operator.

5.5 Perturbing the construction

A natural question is the stability (from a multifractal point of view) of the construction
if a perturbation is introduced in the wavelet coefficients of F},.
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5.5.1 Principles

The perturbation we consider consists in multiplying the wavelet coefficients by the terms
of a real sequence (7(j, k)) >0, o<k<2i—1- As in Section 5.4.2, without loss of generality, consider
the function F), restricted to the interval (0,1). Let us define, whenever it exists,

Frrtz) = Y di @),
§>0,0<k<2i

where . . .
drt = 27T () (G, k).

Let us begin, without proof, with an easy and classical principle of perturbation :
Lemma 5.3 Assume that F), € C*([0,1]), and let § €] — 00, ). We assume that the wavelet
Y has N vanishing moments, with N > max{hg,(z) : z € (0,1)} —min(0, 3).

The function Fﬁert deduced from F), by d‘;.’f,:t = 25jd§ik (i.e. ©(j,k) = 257) belongs to
Co=8([0,1]) and dgpert (h) = dp, (h+ B) for all h > 0.

We shall need the following properties and definitions.

ma, i1 1o N
Property (P1) : limsup o<k L gllm(d, )1

j—00 J

<0.

> 0.

. ‘1 k
Property (P2) : liminf mmOSkS?J—I.Og(‘W(J )

J—00 ]

Property (Ps) : the set T is empty, where

1 N
T = {a: : limsupw < 0}.
jﬂ+oo j

Property (Ps(d)) : 0 <d <1 and dim T < d.

Proposition 5.4 Let u be a positive Borel measure on [0,1]. Suppose that the perturbations
(m(4, %)) j>0,0<k<2i—1 satisfy (P1) and (P2). Then, the function EP"™ belongs to By~ =™ for
every € > 0, and has the same spectrum as F),.

Proof : For all z € [0,1], for all p € [0,1], the 2-microlocal spectrum 2 (p) of FE" is
equal to the one of F),, x»(p). Indeed, for every € > 0, the absolute value of the correction due
to the perturbation belongs to [277¢, 2/¢] for j large enough, thus the modifications induced
by the 7(j, k) are not seen by x.(p) (remember that when computing x.(p), only decays of
order 2777 are taken into account).

Since x.(p) is left unchanged, Proposition 5.2 implies that the pointwise Holder exponent
is also left unchanged at each point. "

Proposition 5.5 Let u be a positive Borel measure on [0,1]. Suppose that the perturbations
(m(4,k))j>00<k<2i—1 satisfy (P1) and (P3). Then, the function FP" belongs to By~ =™ for
every € > 0, and has the same spectrum as F),.
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Proof : Using the same arguments as in last Proposition, (P;) implies that

vz, Vo, X2 (p) > Xxa(p), (5.19)

i.e. that one can only get a better regularity at each point. On the other hand, (Ps) implies
that, for every x such that o, (x) exists, one has

ay(r) = o ().

Using (5.19), one gets x2“*(1) = x.(1). Proposition 5.2 yields hp,(r) = hFﬁert (). n

Proposition 5.6 Let u be a positive Borel measure on [0,1]. Suppose that the perturbations
(m(4,k))j>00<k<2i—1 satisfy (P1) and (Ps4(d)) for some d € [0,1). Then, the function Epert
S0 —&,00

belongs to By, for every € > 0, and if p obeys the multifractal formalism at point o > 0
such that dim Ef > d then dppere(h) = dg, (h), where h = s — L + &.
I

Proof : (P4(d)) replaced (Ps3), so the second argument in the proof of Proposition 5.5 holds
at every x ¢ T'. This is enough to conclude. "

Remark : Lemma 5.3 and Proposition 5.4 hold in fact for every function f € L? (R). On the
other hand, Propositions 5.5 and 5.6 explicitely use the special structure of the wavelet coeffi-
cients of F),. Remark that no more hierarchical relation between the wavelet coefficients, such
as (5.17), holds after multiplication of d;j by 7(j, k). Our analysis shows that the multifractal

spectrum of the perturbed function can however be computed.

5.5.2 Random perturbations

We give sufficient conditions for properties (P;) to hold almost surely if the sequence
(m(j, %)) j>0,0<k<2i—1 is a sequence of real random variables.

Proposition 5.7 Sufficient conditions for perturbations :

max, ;<05 1 10g E(|7(5,k)|?)
J

- (P2) holds if 3 2/ maxg<p<oi_1 P(7(j, k) = 0) < o0 and

=0.

- (P1) holds if limg—. %lim SUD; oo

1 a i_11log E(1q(s NI
lim —limsupm Xo<k<2i—1108 (‘{ (],k);éo}’ﬂ-(] )9)

=0.
a== |q| j—o J

- (Ps3) holds if the random variables 7rA(j, k) are independent and if for every e > 0, one has
qlim;j oo maxg<p<oi_1 P(|7(j, k)| < 277°) = 0.

- (Pa(d)) holds if the random variables 7(j, k) are independent and if Ve > 0,

limsup max P(|7(j,k)| < 277¢) <2471,
j—too 0<k<2i—1

113



Proof : We begin by
- (Pg) : Fix e > 0. For all ¢ < 0 and j > 0,

PA0<k<2 —1:0<|n(j,k)| <277)
211

S Z P(n(j, k) = 0) + P(n(j,k) # 0, |w(j, k)|? > 277)

< 97 — Jjqe , WAILANN
<9 max P(r(,k)=0)+ max PEE(L(s( 070 F)Y)

Fix &’ > 0, jo > 0 and ¢ < 0 such that « =1+ ge + |g|¢’ < 0 and

1
Vi > jo, - log E(1 (s i k)9 < |qle’.
72 Jo, 5 max log (L )20y (G, K)[T) < lgle

Then, one has

E 2J IR (1 ’ od <
O<§<:n<aQ}J( 1 ( {m(5.k) #0}|7T J.k E 400,
e Jj=jo

But, since > 2/ maxg<p<ni_1 P(m(j, k) = 0) < +o0, one obtains by applying the quel—
Cantelli Lemma that almost surely, there exists an integer J such that, Vj > J, V0 < k < 271,
|7(4, k)| > 277¢. The conclusion follows after letting ¢ tend to 0 along a countable sequence.
- (P1) : the same proof as for Py holds.

- (P3) : for every € > 0, let us define T, = {z € [0,1] : 3J, Vj > J, |7(j, kj.)| < 277¢}. One
remarks that 7. C ;5 Uy, where

U= U L.

72T 0<k<2i—1:|n(jk)|<2- 70

Each Uy is the boundary of a dyadic branching tree in a random environment with extinction
probability 1 — P(|7(j, k)| < 277¢) (which tends to 1 uniformly in k when j — +00) at node
indexed by (j, k). Since the random variables 7(j, k) are mutually independent, one deduces
that T, is almost surely empty. Indeed, we see that for j large enough the probability of
extinction of one node of the jth generation becomes larger than the one in a subcritical
Galton-Watson subtree of {0,1}*. Eventually, T C {J,,>; T1/n, thus T' is almost surely empty.

- (P4(d)) : In the sense of Fan [27], for every e > 0, T; is included in the set of “bad paths”

in {0, 1}, where every node is “bad” with probability Pj. = maxy<j<oi_1 P(|7(j, k)| < 277¢)

and “good” with 1 — P; ., a node being “good” or “bad” independently of the other nodes.
It follows that almost surely

' 1
dimT, <1 —limsup - log
j—>+OO ] Z 2 j7€
One concludes again by writing 1" C Un21 Ty /p. "

114



5.5.3 Examples

- Uniform control on 7(j,k) : (Py) (resp. (P2)) holds almost surely if the 7(j, k) are
identically distributed with a random variable with finite moments of every positive (resp.
negative) order. This is used in Section 5.6.2.

- Gaussian 7(j,k) : (P1) and (P3) hold almost surely simultaneously if the 7 (j, k) are
independent centered Gaussian random variables with variance o(j, k) such that

i o<k -1 |log o (j, k)|
1m B

J—00 J

=0.

This makes it possible the construction of Gaussian processes whose spectrum are prescribed
via a given measure. This principle works with the examples of Section 5.6 (of course, for
a random measure p, the Gaussian perturbations have to be chosen independently of ). It
also allows to construct very easily “pseudo” Fractional Brownian Motions in the following
sense. Let us fix (so,po) = (2,1), and let us then consider the wavelet series F} '), where /
is the Lebesque measure, and where the perturbations 7(j, k) are as above. By construction
MaX (<2 |d; x(FF)| = O(2279) for all ¢ > 0. Consequently, for every H € (0,1), due to
Lemma 5.3, the function Fy deduced from F} by

d; . (Fy) = 2@~ ig;  (FPrty = 279t n (5 k)

is a Gaussian process on [0, 1] whose multifractal spectrum is the same as the one of the FBM
of exponent H, i.e. dp, (H) = 1, and dp,(h) = —oo if h # H (note that the low frequency
part of the FBM is forgotten here). Such a construction has been already considered in [29].
For a construction of the Fractional Brownian Motion of exponent H with wavelet coefficients,
see [73].

- Lacunary n(j,k) : Fix d € [0,1]. (P1) and (P4(d)) hold almost surely if the 7(j, k) are
i.i.d random variables that take the value 0 with probability 2! and 1 with probability
1 — 2971, There, if u obeys the multifractal formalism on a non trivial interval [, 5] such
that d < sup{7*(7) : v € [o, 5]}, the perturbation operation produces lacunary wavelet series
Fﬁe” whose multifractal spectrum agrees with the one of F), at every h = sg — p% + plo such
that v € [a, 8] and 7*(y) > d.

Lacunary wavelet series are also considered in [47]. They correspond to perturbations of
the function F; where sy = 1 4+ « and py = 1 for some a € (0,1). But the way certain
wavelet coefficients of generation j are killed is different. Some n € (0,1) is fixed, and at each
generation j, [27"] coefficients are selected uniformly and independently among the 2/, they
are kept, and the non selected coeflicients are put to 0. Moreover, these selection processes
are mutually independent. A major difference with our perturbation process is that there,
with probability one, the pointwise Holder exponent is modified on a set of full Lebesgue
measure, and is left unchanged on a set of Hausdorff dimension equal to 5. This also gives
rise to interesting spectra.
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5.6 Wavelet series derived from statistically self-similar mea-
sures

In the following examples, when a measure p is defined on (I, B(I)) with I € {[0, 1], R4},
in order to define F},, we implicitely consider on R the extension of u by setting u = 0 outside
I. When supp(p) € {R4,R}, due to the 1-periodicity of u or the statistical invariance of p
by positive horizontal translations, without ambiguity we can say that x4 (resp. F},) obeys the
multifractal formalism whenever the redefined measure (resp. function) as defined in Section
5.4.2 obeys it.

Most of the classical families of statistically self-similar measures will satisfy the conditions
of Proposition 5.1 and Theorem 5.2. For instance, Quasi-Bernoulli measures [18, 26, 28, 37],
Mandelbrot cascades [66], compound Poisson cascade measures [10] and stable Lévy measures
[16] belong to this class.

In this work, we detail the example of b-adic Mandelbrot random multiplicative cascades,
and we refer the reader to [13] for more details on statistical self-similar measures and for
the proof of Proposition 5.1 and Theorem 5.2 in these cases. The wavelet series F), associated
with Mandelbrot cascades is particularly interesting, since the perturbations of such series
allows us to derive the Hausdorff multifractal spectrum of the “random wavelet cascades” of
Arnéodo, Bacry and Muzy [4]. We also give some clues of what happens when considering
stable Lévy measures.

5.6.1 b-adic random multiplicative cascades

We consider the random “canonical” cascade measures introduced by B. Mandelbrot in [66,
67], and whose analysis led to a large literature [53, 52, 38, 19, 74, 7, 8, 77].

Let us fix an integer b > 2 and W a non-negative random variable. We assume that W is

not a.s. constant and that E(W) = %. Let us introduce the function

¢ R~ 7(q) = —1—log, E(Lyy-oW7). (5.20)

In order to avoid technicalities, unessential to our purpose, we assume in this section that W
is positive and that 7(¢) > —oo for all ¢ € R.

Let (Wy)wea+ be a sequence of independent copies of W. For every n > 1, let us consider
the random measure u, on R whose density with respect to the Lebesgue measure is given by

0
b" W, Wasiws - - - Wanywa...wn,

on every interval I,, w = wjwy ... wy,, and such that p, = 0 outside [0, 1]. With probability
one, the sequence p, converges vaguely to a measure p when n goes to infinity. Moreover, if
7'(1) > 0, one has u # 0 with positive probability (see [53]). Since W is chosen positive, 1 # 0
a.s. (see [38]). So (H) is satisfied with k; = 2.

Then, let us introduce the set J = {q € R; 7*(7'(q)) > 0}. It follows from Theorem 8(iv)
in [8] that 7, =7 on J.

Theorem 5.3 Let o be a b-adic random multiplicative cascade. With probability one, for
every q € J, the associated wavelet series Iy, obeys the multifractal formalism relatively to

at h=so =+ 52 and dg, () = 7 (a)a = 7o)

Moreover, E,I:“ﬁ supp(p) = 0 for all h & {sy — pio + ;;)(g) cqeJ}.
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Remarks : 1. If b is a power of 2 and P(W = 0) > 0, the same kind of conclusion holds, but
in certain cases the interval 7 has to be reduced. This is due to the non existence of certain
moment of negative orders of p([0,1]) conditionnally to the fact that u # 0 (see [8] Remark
1 and Theorem 8(7)(b) for more details).

2. In certain cases this result can be completed by using some results of [8] on the endpoints
of J. We differ the use of these results to the application to [4] below.

5.6.2 The natural perturbation and an application to [4]

Here we fix b = 2. It turns out from the definition of u that for every w € A*, there exists
a copy Y (w) of u([0,1]) such that

:u(Iw) = Y(w):u|w| (Iw)'

This reflects what we call the statistical self-similarity.

Moreover, if W <1 and P(W = 1) < 1/2, all the moments of x([0,1]) are finite (see [52,
74, 7] for moments of negative orders and [53] for moments of positive orders). Consequently,
we are in the context of the first example of Section 5.2 for the perturbation

() \ 7o
W(‘]’m(u(ljk)) ; (5.21)

where we set by convention 8 := 0. As a consequence, the conclusions of Theorem 5.3 hold

for F¥"* instead of E,.
In [4], a random variable W is chosen with the following properties : P(|W| > 0) = 1,
—oo < E(log |W|) < 0, and there exists 1 > 0 such that for every h € [0, 7],

f(h) = inf (hg+ 1+ logy E(W]?)) < 0. (5.22)

inf
geR

Then, a sequence (Wy,)wea+ of independent copies of W is chosen, and a random wavelet
series F' is defined by its wavelet coefficients as follows (w is such that I, = I,,)

dj,k(F) = le lewg . lewz...wj-

It can be seen that F' converges a.s. in L%((0,1)).

By using large deviations results, the authors show that the pointwise Holder exponents
of F' belong to the interval [Amin, Amax] Where hpyin = inf {0 < h < —E(logy W) : f(h) > 0}
and hpax = inf{h > —E(log W) : f(h) < 0}. Moreover, with probability one, for every
a € (0, hyin), F' is a Holder continuous function of exponent «.

We claim that in certain cases the series F' can be viewed as a perturbation of one wavelet
series I, associated with a suitable dyadic random multiplicative cascade measure p. As a
consequence, when this holds, the Hausdorff multifractal spectrum of F' can be computed.

Let us assume that all the moments of VW are finite. We consider the function

W

T: geR— —1-1 E(|W|4 d W=
q = 0go (| | ) an 2E(|WD
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With W can be associated the scaling function 7 (5.20) and the interval J. For every ¢ € R,
one easily sees that T'(¢) = —q(1 + logy E(|W|)) 4+ 7(¢q). Hence one has

T'(q) = =1 = logy E(IW|) +7(q) and  f(T"(q)) = T*(T'(q)) = 7"(7 (). (5.23)

This implies that (Amin, hmax) = {T"(q) : ¢ € T}.

Moreover, using (5.22) and (5.23), one gets 7°(7'(¢q)) < 0 for some ¢ > 0, which implies
that 7 becomes positive at 1" and that 7/(1) > 0.

As a consequence, let us consider the measure p constructed as in the previous Section 5.6.1

with the weights {Wiy, . w, }wear = {%} e Let us then introduce the wavelet series
w

Fﬁert associated with u, with the parameters sp = 2 and pg = 1, and with the perturbation
(5.21). One can then rewrite the wavelet coefficients of the wavelet series F' as (w = w; ... w;
is chosen so that I = le...w]-)

1y (s Y
din(F) = 207w (2EOW)) 2T W Wy,
2(2+log2 IE(IWD)]‘CZJ k(F56Tt)"

In order to use the result on F}fert, we must assume that W verifies W <1 and P(W =1) <
1/2.

We then apply Theorem 5.3 and Lemma 5.3.
With probability one, for every g € J, at point

hy = 2+ gy (BQWD) + (0 - -+ T2) — 1)

one has dr(hg) = 7(q)q — 7(q) = f(hq) ((5.23) has been used here).
Moreover, Ef = () for every h & {T"(q) : q € J}.

Corollary 5.1 Under the above assumptions on W, with probability one, one has dp(h) =
f(h) for every h € (hmin, Pmax)-
Moreover, E}j =0 for every h & [hmin, hmax]-

This result can be completed if one uses the results of [8] concerning the two special values

of a, aumin = 7' (sup(J)) and amax = 7' (inf(J)) (notice that amin = maxg~o ? and qpax =

ming<q @, and that they both belong to (0,00)). Indeed, in [8], Theorem 8(ii)(b) and its
proof, establish the following facts :

-If Ry € J and 7" (amin) > 0, at ¢ = oo, almost surely there exists a Mandelbrot measure
g such that dim(pg) > 7 (min)-

- The same holds if R_ C J and 7*(amax) > 0.

- In both cases, the analysis done in Section 5.8 to obtain Theorem 5.3 holds at ¢, and
dp(hmin) = f(Amin), in the first case, and dp(hmax) = f(hmax) in the second case.

One also has :

-ifRy ¢ T, T (min) = 0 and E4_ # 0, 0 dp(hmin) = f(Amin) = 0.

-if R_ ¢ j, ?*(amax) =0 and Egmax 7é Q), S0 dF(hmax) = f(hmax) =0.
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These equalities are obtained by using another kind of statistically self-similar measures.
Indeed, in the critical case 7*(7/(q)) = 0, the natural candidate measure for 1, in Theorem
5.2 is a degenerate Mandelbrot measure, and a substitute is thus needed. It is provided by
another martingale construction described in [8].

Using Theorem 3.2 of [77] also allows to compute the function {r on R4 or R_ (as well
as &, ). Indeed, due to this result, if gmin = inf(J) > —oo (resp. gmax = sup(J) < oc), with
probability one, 72(q) = amaxq (resp. aming) on (—o0, gmin| (resp. [gmax, 00)).

Corollary 5.2 Under the assumptions of Corollary 5.1, let us suppose the additional proper-
ties on W :
(1) Ry € J and (—7)*(amin) >0, or Ry ¢ J,
(i7) R. € J and (—7)*(max) > 0, or R_ ¢ J.
Then, with probability one,

dn(h) = {f(h) = (€r = D*(h) i h € [hawin, Panas]

—00 otherwise,
where
Pmax p /Lf — 00 < Gmin and P < ¢min
Er(p) = § —log, E(WP) ifpe T
hminp 'Lf Qmax < 00 and P 2 Gmax-

5.6.3 Stable Lévy measures

Fix 3 € (0,1). Let Sz be a Poisson point process in Ry x R* with intensity ¢ ® v, where
¢ is the Lebesgue measure and ‘le—llf()\) = A"178. The measure u defined by

is almost surely finite and called (-stable Lévy measure. The process Xg(t) = p([0,1]) is a
(-stable Lévy subordinator. The measure p is statistically invariant by positive horizontal
translations.

Theorem 5.4 With probability one, F,, obeys the multifractal formalism relatively to 1 at

every h € [so — pio,so — p% + ﬁ], with

dr,(h) = Bpo(h — so + l)-
Po

F
Moreover, E," NRy =0 for all h & [so — pio’so - pio + %]

5.7 Proofs of Proposition 5.1 and Theorem 5.2

Let us recall the definition of Hausdorff dimension, dim(E), of a subset E of R : (|U;]
denotes the diameter of the set U;)

dim(E) = inf{d € R : HY(E) = 0},
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where
HYE) = lim HYE) = liminf{ Uilt: Ec| U, Ul < 5}.
() = lim H5(E) = lim ZEZNM ZEJNZM
Remark : The proof of assertions 2,3, and 4 in Proposition 1 could be deduced, after some
efforts, from the one of Theorem 1 in [18]. We give a proof for reader’s convenience.

5.7.1 Proof of Proposition 5.1

We begin by an elementary preliminary remark : due to the concavity of &, if h > §}(O+)
then ({7 — 1)*(h) = infp<o(ph — &;(p) + 1), and if h € [hy, ho], where h; € {5}(1)1_),5}(191“)}
and hy € {€}(py),&7(p3)} with p1 > pa > 0, then (& — 1)*(h) = infy, <p<p, (ph — &5 (p) + 1).
1. It is the result of Jaffard [44].

2. Fix h € (§}(p;),€;(0%)) and suppose that E,{ C E_1 U EyU E; where

E_1={xz€(0,1): aj(z)€[0,h]}
Eo={z€(0,1): ay(x)ec[0,h]}
Ey={z€(0,1): of(z) €[0,h]}.

By the preliminary remark, it is enough to show that for i € {—1,0,1} and p > 0, dim E; <
ph — &¢(p) + 1. The proof is the same for each E;, so we only consider the case of E_;.

Fix p > 0. Then fix d > 0, ¢ > 0, § > 0 and an integer js such that 2775 < §. By definition,

for every x € E_q, one can pick up an integer j, > js such that

log [dj, k;, .1l
— et ) .
log 27 7= shte

Let S stand for {[kj, 2277, (kj, » + 1)277=] : 2 € E_1}. Let us then define S’ = {I €
S: I cJ JeS = J=1I} The elements of S’ form a d-covering of E_; by dyadic
intervals belonging to the generations greater than or equal to js5. Moreover, for every I =
[k277, (k4 1)279] € S, since p > 0 one has

1 < 1|7 [dj e P20,

Consequently,

Zmd < Z Z* 9-74|d; | [P2ip(hte)

Ies’ Jj>js 0<k<2i—1

= > Si(p:&5(p) + [ph = &5(p) + 1+ pe — d]).

J2Js

Suppose d > ph — &¢(p) 4+ 1. Then, choose € small enough to have d — pe > ph —&f(p) + 1 and
fix &’ € (0,d — pe — [ph — &f(p) + 1]). One has

Si(p. &(p) + [ph — &¢(p) + 1 + pe — d]) = S;(p, §5(p) — )27,
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where ¢ = d—pe—[ph—E;(p)+1]—¢" > 0, and by definition of {¢(p), C, = sup;>( S;(p, {5 (p)—
") < co. This yields '
HAE) < Cysup 27,
J=Js
so HY(E_1) = 0 and dim E_; < d. Since this holds for all d > ph — £¢(p) + 1, the conclusion
follows.

3. Notice that 1 — £;(0) is an upper bound for the box dimension of supp(d). Then use the
preliminary remark.

4. Fix h > ¢'(07). By the preliminary remark one only needs to show that dim (E,’: Nsupp(d)) <
ph —&5(p) + 1 for all p < 0.

Fix p < 0. It follows from formula (5.1) that for every =z € E}{ﬁ supp(d), one has
min(a; (z), ag(z), af (z)) > h. Hence, for every ¢ > 0, E,{ﬂ supp(d) C Uj=—1,0,1 Un>1 E} , .
where

: , log |dj, k;, .+il
Ez7n’€:{xe(0,l)v‘7>n,10g2j‘7;>h—5 .

The three cases i = —1,0, 1 are similar, so we treat the case i = —1.

Fixd > 0,n > 1and € > 0. For j > 0, let S7 stand for {[kj,wZ*j,(kj,x +1)277] sz €
qulw N[277,1]}U[0,277). For every § > 0 and j > max(lggz 1/6, n),'the elgments of S7 form
a d-covering of E; 1 and since p < 0, for every I = [k277, (k+1)277] € §7 (k #0)

h,n,e
114 < T\ dj gy [P2IP0 ).
It follows that

>Nt <279 4 S5(p,&4(p) + [ph — £5(p) + 1 — pe — dJ). (5.24)
IeSi

Suppose that d > ph — &(p) + 1 and choose € small enough to have d + pe > ph — & (p) + 1.
In that case, by definition of &(p), limsup;_,., Sj(p,&r(p) + [ph — &f(p) +1 — pe — d]) = 0.
Consequently, (5.24) yields H%(E; } ) = 0. This implies that dim E, ! < d for every n > 1.

h,n,e h,n,e
Finally, dim E,J: < d for all d > ph — £¢(p) + 1, and the conclusion follows.
5.1f0 < h < &(07) then (£ —1)*(h) < 0 can occur only if h < &’(p), and this case is covered
by [48]. If h € [¢/(07),&(07)], we saw that (£ — 1)*(h) = 1 —£(0) > 0. If b > £(07) and
(€ —1)*(h) < 0 then ph—&f(p)+1 < 0 for some p < 0, and if E}{ Nsupp(d) # B then using the
same computations as in the proof of 4. with ph — &¢(p) + 1 < d < 0 yields a contradiction,
since Y /cg; [I| cannot be bounded. n

5.7.2 Proof of Theorem 5.2

Theorem 5.2 is a consequence of the next proposition and two lemmas. In all the proofs,
the special case b = 2, which is immediate, is left to the reader.

Proposition 5.8 1. For all ¢ > 0, 7(q) > 1(q).
2. Assume (H) holds. For all ¢ <0, 7(q) > m(q).
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Proof : Remember that, if (v, w) € A", d(v,w) stands for |i(v) — i(w)].

1. Fix ¢ > 0. By definition of n;, for j > 1, bl < 273 < p~™i. So for every 0 < k <
27 —1, there exists v, w € A" such that §(v,w) < 1 and [, C I,UI,. Moreover, each interval
I, of the n}h generation covers at most b dyadic intervals of the j'™ one. It follows that, for
teR,

S a2t < 2y u(1,)929 < 296 3T (1)1
0<k<2i—-1 weA" weA"I
Consequently C(g,) < Cy(q,) and 7(q) > 7(q).

2. Fix ¢ < 0 and j > 1. It follows from (H) that every dyadic interval of the j' generation
of positive p-measure contains a b-adic interval of generation (n; + k:; + 2) with positive
p-measure. It follows that, for t € R,

* j * j 3+K!
YooaIp2t < 3T ()2t < BN, s (a.t).
0<k<2i—1 weAan;H

The conclusion follows from the definitions of 7(¢q) and 7,(¢), together with lim; .o k;/7 = 0. =

In the sequel, we assume the assumptions of Theorem 5.2.

Lemma 5.4 min(a, (z),a,(z),a}t (x)) > 74(q) pg-almost everywhere.

Proof : For j > 1 and € > 0, define

By = {o et SEEMEL) <) e}

Bae = {xesupp(“):msfaq)—e},
O (x +

Bie = {xes‘l"p(’“‘)‘myuq)—a}.

We shall prove that there exists a function C(q,¢e,n) such that for all e, > 0
> g (E;E UE;. U E;-fe) < C(q,e,m)S (g, €,m).
jz1

Then, choosing 7 such that S}'(g,e,n) < oo yields ijl g (Ej_a UE,. UE;;) < oo for all
€ > 0 and the conclusion follows by the Borel-Cantelli Lemma.
Fix e, > 0. It follows from the Tchebitchev inequality that for all j > 1,

H(E) < S pg(L)n(Iy,)m2 ==,
0<k<2i—1

For 0 < k < 2/ — 1, there exists u,v,w € A™ such that §(u,v) = 1, §(v,w) = 1, and
I;k c l,Uly,, I C I, U I,. Consequently

pa( (L)1 2 0=
< () + g ()2 a(0)" + prg(0) )20 O @)=,
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Using (5.11) gives

palE5,) < O (@ @=a) ST e w)u(,)
v,we A", §(v,w)<2

with C' = b7 (@+€" The same upper bound holds for pq(E; ) and uq(EIE), and the conclu-
sion follows. For the special case b = 2, b/ = 1 because there is no change of base. "

Lemma 5.5 @,(z) < 7/(q) pe-almost everywhere.

Proof : For j > 1 and € > 0, define

log p(Z;(z))

Ej.= {ﬂc € supp(p) : log |, (2)| > 7(q) +5} .
J

One shall prove that for all e, > 0

> 1q(Eje) <698 (g e,m).

7=1
The conclusion follows as in Lemma 5.4.

Fix e,n7 > 0. It follows from the Tchebitchev inequality that for all j > 1,

11g(Eje) < Z Mq(Ij,k),Uz(Ij,k)77727j(75(q)+€)n.
0<k<27 -1
w(L;k)>0

One uses the fact that for j > 1, every dyadic interval I} such that p(Z;5) > 0 contains
a b-adic interval I,(j, k) of generation (n; + k} + 2) such that u(l,(j,k)) > 0, and is also

contained in the union of at most b*1*? 4 1 such intervals that we denote by the I, (j, k). It
follows that

pq(Lj) (L) 1279 @FE < pmma (@21, (5, k)™ g (L, (5, K))

and 11y(E;.) < p—mi (T (@)+e)n Z (L) g (L)
U,wEAnj+k;+2
B(0,0)<b, u(1,)>0
(we used the inequality 277 ((@+&)n < p=m(4(@+e)n gince 7/(g) +e is positive). By using (5.11)
this yields

ZIU’Q(FJ}S) < b27b((1)S§(q’ £, 77)'
j=1
|
Proof : (of Theorem 5.2) Due to Lemma 5.4 and 5.5, 14 is carried by Efé(q). Consequently,
our assumption on dim(fg) implies that dim(E” ,(q)) > 17(7}(q)). Moreover, dim(Efé(q)) <
7*(1¢(¢q)) and 7 > 7, by Propositions 5.3 and 5.8 respectively. Consequently, dim(E_’:é (q)) =

7*(14(q)), i.e. the multifractal formalism holds at 7;(q).
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5.8 Proofs of Theorems 5.3 and 5.4

5.8.1 b-adic random multiplicative cascades

Some computations use arguments that were already present in [9].
For every g € J, v € A" and n > 1, let us define
Yyn(v) = pn7 (@) Z wa W4 Wa

vwy T vwiwe -t VWIW2... Wn "

w1 ...wp EA™
It follows from Corollary 5 in [8] that, with probability one, for all v € A* and all ¢ € 7,
the limit Y (v) = limy, o Yy n(v) exists. Moreover, with probability one, for all ¢ € J, the
mapping ji, defined on the b-adic intervals by

|v]
Ha(L) = VDY, () T W8, (5.25)
j=1
extends to a Borel measure (notice that p; = p). The measures p, all have [0, 1] as support
and for all v € A* and q € 7,
pa(L) = Cy(v)u(L,) 1@ (5.26)
with Cy(v) = ;25,((1;)) Moreover, V¢ € J one has dim(uq) > 7°(7(q)) = 74 (11(q)).

One knows that 7, = 7 on J and that (H) holds with k; = 2. Hence, the first part of
Theorem 5.3 is a consequence of Theorem 5.1 and 5.2 if the following property holds : For
every non trivial compact subinterval K of J, with probability one, for all ¢ € K, for all
e > 0, there exists n > 0 such that for v € {—1,1}

Z bn(Tb(q)ﬂmg(q)—en) Z (1(I,)"Cy (w) (1) < oc.
n>1 v,wEA", §(v,w)<bt+1
w(lw),1(ly)>0

Le. Zn>1 n( (@)+mi(g)—e )fn,e,n(q> < 00, where

n

fren(a) = > Y1(0)"Y(w) [T Wi o, Wik,

vweA™: §(v,w)<bi+1 k=1

(see Section 5.3.3 for the definitions of §(v, w) and i(v)) Let us fix such a compact K. It turns
out that it suffices to show that for every € > 0, if n > 0 is small enough,

anl SUDye i b (Tb(Q)+'YT]Tb(q ) (fn (g ))
|

if ye {-1,1} bn(Tb( )HnT(a)— gn) (‘f{zen( ) )

< 00
(5.27)
n>15UPgeK < 0

Indeed, if (5.27) holds then, with probabity one,

Sy (GO et ) =2n) g K < oo

n>1

and / Z

n>1
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Hence the series >, -, b"(T"(q)erTé(q)fsn) fnen(q) converges uniformly on K (a similar ap-
proach was initially used to get the main result in [8]).

It follows from Lemma 6 in [8] that for n small enough and v € {—1,1}

Cxt = _sw E ( L0 Wn(w»\) LE (Y)Y, (w)) < oo
v,weA"

s
and Ci(n) = q€;u£>>l EIE; Z;Ij:vn;;) >
A

ORUIS

< 00.

By taking into account the fact that the W’s are mutually independent, one gets

E (If5en(@]) < Cr(n)(1+nCk (1)) gnen(q),

and gn,sﬂ?(‘]) = Z H E U1W7vk ng wk) :
v,weA™: §(v,w)<bi+1 k=1

One also has E (fn.cn(9)) < Ck(1)gn.c.n(q)-

Let us make an important remark. There exists an integer M with the following property :
Given two words v and w of A" such that §(v,w) < b* + 1, the two prefixes © and W of v
and w which belong to A"~M satisfy §(v,w) < 1. Moreover, at most b* pairs of words
(v, w') € A" x A™ have (0,w) as prefixes of generation n — M. Because of the form of
the function gy ,(q), one can thus assume without loss of generality that in the sums over
{v,w e A"; §(v,w) < b* + 1}, there are only pairs (v, w) for which §(v,w) < 1.

A common way to represent the pairs of words (v, w) is the following. Let pi be the word
consisting of k£ consecutive zeros and let A\; be the word consisting of k consecutive b — 1

(considered as a letter from the alphabet {0,1,2,...,b — 1}). A representation of the set of
pairs (v,w) in A" such that i(w) = i(v) + 1 is as follows :

n—1
U U {(widew+1).p):5€{0,....b-2}}. (5.28)

k=0 yeAn—1-k

Then, splitting ¢, ,(q) into the sum over the pairs (w,w) and the sum over the pairs
(v, w) such that §(v,w) = 1, and using (5.28), one obtains

gn767n(q) = p T latm) hn,s,n(Q)>

where hy..,(q) = (b— 1) S5=b bk (B(Wem))* (BW)E(W @))" "

125



One then sees that

— a+ k
hnen(a) = (b—1) (E(qu)E(WQ))nZ[W]
k=0

n—1

< P (2HFmE@) N ph(2-Fatm)+7om+7(@)
k=0
n—1

< bl—n(2+?(vn)+?(q)) Z bk(2—'yn?/(q)+F(7n)—n€q(n))

k=0
pl—n (?(q)+wﬁ’ (@)+neq (77))

)

p (2= (@+7(m)=nea(m) _ 4

with £4(7) — 0 uniformly on K when 1 — 0. Then, it is easily seen that (5.27) holds if 7 is
small enough.

The second part of Theorem 5.3 comes from the fact that if o does not belong to {77(¢q), ¢ € J},
then 7*(«) < 0. Thus, using that 7, = 7 on J, one has 7, (ar) < 0.

5.8.2 Stable Lévy measures

In this section, we use the sets EX defined in (5.10) instead of the Ef. Theorem 5.4 follows
if the following property holds : With probability one, i obeys the multifractal formalism at
every a € [0,1/3] with dim(E%) = Ba and 7*(a) < 0, Va > 1/8.

Let us denote by (X3(t))
X3(t) for all ¢ € [0, 1].

We begin by estimating by above the Hausdorff dimension of the sets E". Let us estimate

tef0.1] the stable subordinator such that, almost surely, p([0,¢]) =

the function 7. One knows that u(l,) is a copy of 2_%X(1) for every 5 > 1 and w € A7.
Moreover, E(X(1)?) < oo for every g € (—oo,3). This yields that for every j > 1 and for
every couple (¢q,t) € (—o0, ) X R,

E(Cy(q,t)) = 20 H-/BIE (X (1)9). (5.29)
For every ¢ € R, let us introduce the function

Hq) = {—1+q/ﬁ if g € (=00, 0)

0 otherwise.

It follows from (5.29) that for every ¢ €]—o0, B[ and £ > 0, with probability one .-, C2 (¢, 7(q)—
g) < oco. Consequently, for every ¢ €] — oo, 5[, 7(q) > 7(q).

Using that the functions 7(¢) and 7(q) are continuous, that 7 is non-decreasing, and that
7(8) = 0, one deduces that 7 > 7 on R almost surely. This implies that almost surely,
(o) < 7"(a) = af for all a € [0,1/8], and that 7*(a) < 7*(a) = —oo for all @ > 1/8.

Finally, by Proposition 5.3 applied to EY, with probability one, dim(E%) < Ba for all
a€1[0,1/6], and E5 =0 for all a > 1/8.

It remains to lower bound the dimensions. It is proved in [45] that, almost surely, the set
EX is empty if « > 1/8 and dx (a) = Baif o € [0,1/]. Moreover, since a stable subordinator
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is not compensated (see [16]), if « € [0,1/], the proof of Proposition 2 in [45] shows that for
every t € EX,

Ve>0,3C>0,Vse[0,1]\{t}, | X(s) = X(t)| < Cl|s —t|**.

Using the triangular inequality, this implies that, with probability one, for every a €
[0,1/6] and t € E5, min(a,, (t), a,(t), 5t (1)) > c.

On the other hand, because of Proposition 1 of [45], with probability one, for every a €
0,1/0], if t € EX, for every € > 0 there exists (j,)n>1, an increasing sequence of integers,
and (t,)n>1, a sequence of jump points of X such that X (t,,) — X (¢;,) > 277"~ and |t —t,| <
27In/(@Fe) Let J, = [jn/(a+€)] — 1. It is straightforward to see that if ¢ is not a dyadic point
one can assume without loss of generality that ¢, € I, k, ,. This implies

w(ly, g, ) =27327@F 0 (v > 1) (5.30)

and min(a, (t), o, (t), a;f (t)) < a4 €. Since this holds for every e > 0, and since the set of

dyadic points is at most countable, we deduce that with probability one, for all o € (0,1//],
dim(E*) > Ba. (5.31)

Let us finish with the case a = 0. By construction, with probability one, the deterministic
set D of dyadic points in [0,1] does not contain any jump point of X. So Eg \ D, which
contains the jump points of X, is not empty, and (5.31) also holds for ao = 0.
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Chapitre 6

Détection et création d’oscillations

Abstract

Comparing the multifractal and the large deviation spectra for a given continuous function
f, we find sufficients conditions for f to have oscillating singularities.

Using a similar approach, we study the following interesting wavelet threshold operator
which associates to any function f = > y >k dj k) k the function f* whose wavelet coefficients
are d;,k = dj,k:1|d]-,k|22*i% for some fixed v > 0. We show that this operator applied to a
function f creates a context propitious to have oscillating singularities, and can considerably
enlarge the support of the multifractal spectrum of f.

We study in detail an example for which a wavelet threshold effectively leads to the creation
of oscillations in the “compressed” function f** which were not present in the inital function
f. This will lead to functions with surprising, non concave, multifractal spectra.

6.1 Introduction and motivations

This work is entirely devoted to the investigation of the relations between the failure of the
multifractal formalism and the presence of oscillating singularities. Detecting fast oscillations
in functions, images, or processes, is a fundamental issue in mathematics and physics. Indeed,
from a mathematical point of view, the presence of oscillations in a function is often corre-
lated with a failure of the multifractal formalism (see for example [48], [70]). In physics, and
especially in fluid mechanics and in the study of turbulence ([30]), local oscillating behaviors
play an important role in the blow-up conditions of solutions of classical PDE’s.

Multifractal analysis is concerned with the study of the local regularity of measures, func-
tions or distributions. The local regularity of a function f at a given point x is often measured
through the pointwise Holder exponent hs(x), which is a precise indicator of the wildness of
the behavior of f around x. This exponent is hard to handle with, and one usually studies its
level sets E}{ = {z : hy(xz) = h}. The multifractal analysis of f consists in the study of the
multifractal spectrum defined by

h >0 — dimy Ef,
where dimy stands for the Hausdorff dimension.
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Wavelets are a natural tool used to study local regularity of functions. In particular,
for a sufficiently regular function f, they provide a characterization of the pointwise Holder
exponent of f at a given point x. This exponent is a precise indicator of the wildness of the
behavior of f around z. But wavelets also allow to study chirp-like behaviors, i.e. infinitely
fast oscillations of the function around any point.

We thus start from the decomposition of a continuous function f on a wavelet basis {11 }.
The repartition (in time) of the wavelet coefficients is fundamental in the regularity analysis
of a function. For example, one easily sees that a same set of wavelet coefficients {d; 1 }; x>0
can lead to drastically different multifractal spectra. However some a prior: upper bounds can
be found by estimating the histograms of coefficients (see [5]). We show in Section 6.3.2 that
the comparison between a large deviation spectrum (based on wavelet coefficients) and the
multifractal spectrum can sometimes allow to conclude to the presence of oscillations in the
function f. A consequence a posteriori is that, when the multifractal formalism is broken in
the increasing part of the spectrum, oscillating singularities are present in the function.

A natural way to try to decorrelate the large deviation and the multifractal spectrum is
to apply a threshold on the wavelet coefficients. This can be performed by what we call a
threshold of order ~, i.e. by putting to 0 all the wavelet coefficients such that |d; ;| < 277
for some v > 0. Threshold is a powerful method used in signal and image compression ([23],
[24]) : Indeed it is an easy way to keep the main information of a function (i.e. the large
wavelet coefficients) while giving up the less important behaviors. We show that a threshold
of order ~, as we define it in Section 6.3, introduces most of the time oscillating singularities
in the “compressed” function. For discrete images, hard threshold, i.e. by putting to 0 all
the wavelet coefficients such that |d;;| < e for some € > 0, can certainly be compared to a
threshold of order v for a certain «v > 0.

We introduce the threshold of order ~, which can be applied to any continuous function

feL*R).if f= > is1 2ok dikbjk, then we define f* =37, 37, df 14 p, where
djk = djjLia, 422

i.e. one puts to 0 all the wavelet coefficients such that |d; x| < 2777 for some v > 0.

We also introduce the inverse threshold of order ~v which associates to any continuous
function f € L2(R) the function f% = D1 2k d;-fkl/)j’k, where

it g, )
ik = djkLja; <o

A threshold usually keeps the largest wavelet coefficients, this is the reason why we called this
transformation inverse threshold.

The study of these operators appears to be fruitful from a multifractal point of view.

We first show in Section 6.3 that the threshold of order v can create oscillating singularities
for f! that were not present in the initial function f, and that the support of multifractal
spectrum of f! (i.e. {h: E}J:t # ()}) can be larger than the one of f.

Using the same ideas, we compare for a given function f the large deviation spectrum
(which is based on the histograms of wavelet coefficients, see Section 6.2) with the multifractal
sepctrum to find sufficient conditions for the presence of oscillating singularities.

We then study in the rest of this work the action of both thresholds (regular and inverse)
on the specific and interesting example, inspired by [12], of a set of wavelet coefficients {d;}
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d, (o)

FiG. 6.1 — Multifractal spectrum of u.

derived from a positive measure p in the following way. Let 0 < go < 1/2 and ¢1 = 1 — qq
be two real numbers, and let us consider the binomial measure p with ratios (qo,q1) (its
construction is recalled in Section 6.4). This measure p satisfies the multifractal formalism as
defined in [18], and its multifractal spectrum is given by the following Legendre transform

du(a) = ;relf (g — 7(q)), (6.1)

where the function 7(q) is defined by

7(¢) = lim — 10 ([k277, (k +1)2 J))] = —log(q¢ + 4}). (6.2)
jotoo j
This spectrum is strictly concave, ranges in [min, Omaz], With ami, = —logy ¢1 and ames =
—logy qo. s = —% log, goq1 is the almost-sure exponent of u (see Figure 1).

Starting from g, we construct using the same method as in [12] a function f on (0,1) with
the formula )
F=S03 20w (k2 (ko 1)279)) 70 4y (a). (6.3)
i>1keZ
It is shown in [12] that the function f has a multifractal spectrum (for functions) which is
deduced from the one of p through the formula



where o and h are related by h = sg — p% + p%. The function f is also shown to satisfy
the multifractal formalism for functions as we define it in Section 6.2. This kind of result on
wavelet cascades was actually expected since [4].

In [12], it is also shown that there are no oscillations in f, and more generally that any function
built as f (i.e. from any positive Borel measure p) contains only cusps.

Applying the thresholds defined above to this function f yields two “compressed” func-
tions f* and f!. These functions f* and f! will be shown in Section 6.5 to have surprising
multifractal spectra. In addition, we show that oscillating singularities arise after applying a
threshold on the wavelet coefficients.

Not surprisingly the spectrum of f% vanishes for h < -, but Theorem 6.3 also shows that
this multifractal spectrum may have a support larger than the one of f. This enlargement of
the support of the spectrum is the consequence of the apparition of chirp-like (or oscillating)
singularities in f*. The spectrum of f¥ appears to be the supremum of two functions, and
in particular for some values of vy, f% will not satisfy the multifractal formalism for functions
any more.

Theorem 6.4 states that the same phenomenon as in Theorem 6.3 happens for f!. In
particular, the intuition that the multifractal spectrum of f! vanishes for A > ~ is false. As
for f¥, infinitely fast oscillations appear.

In both cases, the creation of oscillations after applying a threshold on wavelet coefficients
is comparable to a Gibbs phenomenon.

6.2 Local Regularity of Functions

6.2.1 Regularity Exponents

In most cases, the local regularity of a function f around a point xg is first measured using
the pointwise Holder exponent hy.

Definition 6.1 Let I be an interval of R, xg an interior point of I, and h a positive real
number with h € N. A function f: I — R belongs to C;}O if and only if there exist a constant
C and a polynomial P of degree smaller than [h] such that

Yz eR, |f(z) - Pz — xo)| < Clz — x|
The pointwise Hélder exponent of f at xo, denoted by hy¢(xo), is defined by sup{h : f € C’QO}.

The functions we are interested in are defined through wavelet coefficients. Let 1) be a wavelet
in the Schwartz class, as constructed in [55] or [71]. The set of functions {¢;; = ¥(27. — k)},
where (j, k) € Z?2, forms an orthogonal basis of L?(R). Any function f € L?(R) can be written

F@) = " djntjp(),
JET ke
where d;, is the wavelet coefficient of f defined by d;; = 27 Sz F(O)Y;k(t)dt.
The pointwise Holder exponent hy(zg) can be characterized by the rate decay of the
wavelet coefficients around xzg. Indeed, if f € C¢ (uniformly) for some € > 0 in a neighborhood
of xo, and if ¢ has more than [h(xo)] + 1 vanishing moments, it is known (see [40]) that

log |d,
hy(xg) = liminf o |k

: —. 6.4
el P o Py ) (6.4)
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In the sequel, we assume that 1) has enough vanishing moments so that (6.4) holds at every
Zo-

hy(x) is a measure of the behavior of a function f around a point x. But it does not
distinguish, for example, at the point 0 the two functions  — |z|? and z — |z|7sin(1/]z|?).
This second function is called a chirp at 0, and some infinitely fast oscillations occur around
0, in opposition to what happens at 0 for the first function, which is called a cusp.

Several methods ([4], [82]) have been introduced to detect and characterize oscillating
singularities, i.e. infinitely fast oscillations around a point. We chose the oscillating exponent
introduced in [4], and denoted §y. It is obtained by considering what happens when an infi-
nitesimal integration is performed :

Definition 6.2 Let f € L§° (R). We denote by hi(xg) the pointwise Hélder exponent of a

loc
fractional primitive of order t of f at xo. Then

Br(wo) = (;ht(%))t:m -1

One easily checks that G(0) = 0 for the cusp, and (;(0) = [ for the chirp. We say that f has
a chirp-like behavior or an oscillating singularity at x if Br(x) > 0.

6.2.2 Various Spectra of Singularities for Functions

We define three different spectra of singularity for a function f.

Definition 6.3 Let I be an interval of R and f : I — R belonging to L7 (I). For every h > 0
define
El = {z ent(I): hg(x) = h}.

dy : h — dimH(E}J:) is called the multifractal spectrum of f (dimpy denotes the Hausdorff
dimension). If E,]: =0 by convention one sets df(h) = —o0.

dy is the classical multifractal spectrum. It measures the size of the level sets of the pointwise
Holder exponent hy.

The second spectrum we need is the Legendre spectrum of a function f € Llloc, computed
with wavelet coefficients. Let us define

o 1 *
&(p) =1+ 1m inf ——logy | D |djsl
J J 0<k<2i-1

This function £; is concave and non-decreasing. An alternative definition of £¢(p) for p > 0 is
given in terms of Besov spaces. Indeed, one can show that

ér(p) =sup {u £ € B} (0.1}

This shows that for p > 0, {¢(p) is independent of the wavelet that has been chosen to compute
the wavelet coefficients. This is not a priori the case when p < 0.
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Jaffard ([44] for instance) established the following general upper bound for d¢(h) (when
f has some minimal uniform regularity)

V' h >0, de(h) < inf (ph—&¢(p) + 1), (6.5)
P>pe

where p, is the unique real number such that {¢(p.) = 1. Since [44], better upper-bounds have
been found (essentially by replacing Besov spaces by the more general oscillation spaces, see
[49]), but this is not our purpose here. The Legendre spectrum of a function f we focus on is
the whole Legendre transform of £y — 1 (i.e. taken with p € R), i.e.

(& —1)"(h) = inf (ph — &¢(p) + 1)

peER

Eventually, the large deviation spectrum Jf of a function gives an indication of the reparti-
tion of the wavelet coefficients (it is a sort of histogram of wavelet coefficients, see [5] for a

complete study of this spectrum). It is also much easier to estimate, in practical cases, than
the multifractal spectrum dy. It is defined as follows.

Definition 6.4 Let f € L} ([0,1]) and ¢ > 0. For every j > 1 and k € [0,...,,29 — 1], let

loc

hjk = % (we set hjj = 400 if djr =0). We define

NE(h) =#{k€{0,...,27} : |hjp — h| <€} (6.6)
and log, N¥(h)
~ 0 ¢
d®(h) = limsup 8?27j
j—-+oo J

The large deviation spectrum dg(h) is defined as d(h) = lim._o d°(h).

While one always has cif(h) < (&s — 1)*(h), there is no general relationship between Jf and
dy. The examples we will later treat will illustrate this statement.

Definition 6.5 A function f is said to obey the multifractal formalism at h > 0 if there exists
a wavelet ¢ such that dy(h) = (&5 — 1)*(h).
6.2.3 2-microlocal analysis of Functions

The notion of 2-microlocal spectrum developped in [62] is essential in the following study
of local regularity. For every scale j and every exponent p € [0,1], k;j, denotes the integer
kj,p = [21070)].

Definition 6.6 Let f € L7, and consider its wavelet decomposition f = ijk, d; k. For
any given xg, define
- 6% :(0,1) > Rt U {+o0},

920(5) =sup{y:36, K,V3<¢e, 277 <§= |dj 2520k, )| < K277},
— for any given e >0, x5, : (6,1 —¢) = R U {400},

Xi‘g(p) - Sup{7 139, K, VB € [p —&p+ E]? 277 <é= |dj,[2jx0:tk:j7g}’ < K27j’y}
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- 6%, :(0,1) = RT U {400},
01, (1—e)=sup{y:30, K,V8>1—¢,277 <§= |dj 25204k, ]| < K277},

For € > 0 small enough, 69 (¢), x5,(p), and 0% (1 — €) are the maximum decay rate of some
selected wavelet coefficients that lie around xg.

Definition 6.7 For any zo € R, the 2-microlocal spectrum of f at xo, Xa, : [0,1] — RT U
{400} is defined by

o (0) = lim,_g+ 09, () = sup{00, (<) : = € (0, 1)},

= p€(0,1) 2 Xao(p) = Hm. o+ X5, (p) = sup{xz,(p) : € > 0}

~ Xao(1) = lim._g+ 07, (1 — €) = sup{6;, (1 — ) : £ € (0, 1)}
Xazo (1) characterizes the behaviour of the wavelet coefficients that lie in the neighbourhood of
the cone of influence |k277 — z¢| < 277, while x,(p) is related to the behaviour of the wavelet
coefficients that are located in the time-frequency plane around the curves |k277 —xzq| = 2777,
Eventually, x.,(0) characterizes the behaviour of the wavelet coefficients that lie below all
curves k277 — xg| = 279, £ > 0,

The next proposition, proved in [62], relates the 2-microlocal spectrum x, to the pointwise
Hélder exponent hy(x) and to the oscillating exponent Bf(x).

Proposition 6.1 Let f € C°(R) for some ¢ >0, and zy € R. One has

h (o) :inf{xxi)(p) . pe (0, 1]} (6.7)

. . h
and if hy(xg) < 400, B¢(xg) = inf {ﬁ € [0, 400] : Xz (ﬁ) - {_(l_mﬁo)} .
We will also need the somehow complementary notion of upper 2-microlocal spectrum.

Definition 6.8 Let f € LS., and its discrete wavelet decomposition f = ij;dj,k%‘,k- For
any gwen xo, define
-6, :(0,1) > Rt U {+o0},

50 . . i ' iy
B, (c) = infly - 30, K, VB < &, 279 < 6= dyprpoy, | = K297},

~ for any given e > 0, x5, : (6,1 —¢) = RT U {+00},

Xio(p) = 1nf{7 : 357 Kv Vﬁ € [IO —&p + 8]7 2_j S 0= |dj,[2jxoikjyg]’ 2 K2_j7}'

-6 :(0,1) = RYU {400}

O, (1—¢) =inf{y:36,K, VB >1—¢, 277 <6 = |d;piggu, 5 = K277}
Definition 6.9 For any xo € R, the upper 2-microlocal spectrum of f at xo, Xz : [0,1] —
R* U {400} is defined by

— Xao(0) = lim, g+ 930 (e) = inf{Hgo () :e€(0,1)},

= p€(0,1) 2 Xao(p) = limo_o+ x5, (p) = inf{xZ, (p) : € > 0}
~ Xao(1) =1lim, o+ 01 (1 —¢) =inf{f) (1 —¢) :e € (0,1)}

X gives an upper bound of the decay rate of the wavelet coefficients around xy. One always
has for every xg, for every p € [0, 1], Xz (p) < Xao(P)-
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6.3 General Results

6.3.1 An Upper Bound of the multifractal Spectrum

We recall the upper bound of the multifractal spectrum proven in [12]. Define

VJ>0,Ve>0, 35>,
Supp(d) = { = € (0,1) : Ik with [k277 — 2| <2790-2) & (6.8)
such that d;; # 0

Proposition 6.2 Let f € C°(R) be such that f = S 1% 2 M djpbjn, and let &5 be its
scaling function (associated with the wavelet ).

LIfO<h<&(p,) then dp(h) < (& —1)*(h) = infy>p. (ph — & (p) + 1).

2. If h € (§3(p2 ), €5(07)) and E,’: C {z €(0,1) : min(a; (z), ay(z), af (z)) = h} then ds(h) <
(&r — 1)*(h) = info<p<p.(Ph — &(p) +1)

3. If h € [€4(01), &4(07)], dim(E{ N Supp(d)) < (& — 1)*(h) = 1 = £4(0).

4. If h > €4(07), dim(E] 0 Supp(d)) < (&5 — 1)*(h) = infp<o(ph — &(p) +1).

5. If (¢ — 1)*(h) < 0 then E,]: N Supp(d) = 0.

Remark that Proposition 6.2 depends on the wavelet ¢ when p < 0 (i.e. on the decreasing
part of the spectrum), and that it can be viewed as a consequence of the study of the so-called
“oscillation spaces” introduced by S. Jaffard in [49].

Proposition 6.2 is actually a slightly improved version of the proposition stated in [12].
Indeed, the set Supp(d) is here larger, but the proof follows the same lines as in [12] and is
immediate.

Proposition 6.2 gives a sharp upper bound of the multifractal spectrum when Supp(d) =
[0, 1]. Nevertheless, Supp(d) is strictly included in [0,1] for f and f* in Section 6.5, and a
finer study will be needed on [0, 1]\Supp(d).

6.3.2 Detection of Oscillations

When the multifractal formalism for functions does not hold for a function f, the presence
of chirp-like oscillations is often detected. For example, Jaffard in [48] showed that almost
surely (in the sense of Baire’s categories), in some functional spaces V', the multifractal for-
malism is broken. It has also been proven in [70] that almost surely, the functions of V' (and
especially the so-called “saturating functions”) have oscillating singularities. The following
theorem gives a clue on the relation between the failure of the multifractal formalism and the
presence of oscillations.

Theorem 6.1 Let f € C°([0,1]). Assume that there exists an exponent h > 0 such that
d¢(h) < d¢(h). Then there exists a set E of dimension ds(h) of oscillating singularities for f
such that for every x € E, hy(x) = h.
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Proof : Let n > 0, such that d;(h) +n < ds(h). By Definition 6.4 of d(h), there exist & > 0,
and a scale J, such that 7 > J implies

log, N5 (h)

; < ds(h) +n. (6.9)

Let us denote by S . the set of wavelet coefficents d; x at scale j > .J, such that 277 (hte) <
|dj x| < 277"=9). In view of Definition 6.6, (6.9) is equivalent to say that, at each scale j > J,

the cardinal of Sj. is less than 24(ds (h)+n)
Let us estimate the Hausdorff dimension of the sets S defined for 0 < p < 1

= U U [k2d—27rk2i427°], (6.10)

J>0 j>J k:djykesj,g

Let d > W. The cardinal of S;. is upper bounded by 2J (‘if(hH”), thus

Z Hinj —97IP k27 4 2*]',0] ‘d < 9i(dy (h)+m) 9d(1—jp) < Czj(df(h)+n*dp)’
k:dj’kESj,g
and

Sy ke -2 k2 4 2790 |T < e (6.11)
j=J k:d; €S

For every J > 0, the set S? is obviously covered by the set

U U [k -2 k27 +2797]

j>J k:degESj’E

(remember (6.10)). Hence, because of (6.11), the d-dimensional Hausdorff measure of S£ equals
zero, for any d > dn  pg o consequence the Hausdorff dimension of Sf is smaller than

2 o
ds(h)+n

pLet us study the complementary set of S, that we denote by CZ. If x € Cf, there
exists a scale J, such that for every j > J,, for every k such that |[k277 — 2| < 2777, one
has |d;| > 277072 or |d;z| < 279("+). This means that for every p’ € (p,1], xz(p) €
(0,h —¢) U (h + &,+00]. In particular, if h¢(x) = h, applying Proposition 6.1 gives that
Br(x) > 0, i.e. there are fast oscillations around z.

Now, let us take p < 1 such that W < d¢(h). One has
El = (E,{ N Sg) U (E,{ N Cg’)

Let E = E| NC?. Since dimpy B 152 < L < dy(h), the set E has a Hausdorff dimension

equal to d¢(h). For every x € E, x € E,{ thus hy(z) = h, and at the same time, since E C C?,
Bf(x) >1/p—1>0,ie. the function f has a chirp-like behavior around z. n

It can be guessed that the important sets to consider are in fact the sets S; . and S£. A result
derived from the last proof, and slightly more general than Theorem 6.1, (but which is not
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directly linked to any of the spectra we defined), is :
If there exist p and e such that dimy SZ < dy(h), then there exists a set E of Hausdorff
dimension d¢(h) such that Vo € E, hy(x) = h and B¢(x) > 0.

The condition dy(h) < ds(h) allows to upper bound the dimensions of the sets S£. Unfor-
tunately, it is impossible to treat in general the case cif(h) > dy(h), since this inequality do
not yield neither a sharp upper bound nor a lower bound of dim S?.

If the Legendre transform of £ — 1 at exponent h is strictly less than df(h), i.e. if the
multifractal formalism (as stated in Definition 6.5) fails at h, then df(h) < ds(h), and Theo-
rem 6.1 can be applied. This brings the following remark : the oscillations do not make the
multifractal formalism fail. Theorem 6.1 rather emphasizes that if the multifractal formalism
is not satisfied at exponent h, then there are not enough wavelet coefficients to have for every
x € E,{, Xz(1) = h (or equivalently ¢(x) = 0). Hence there are oscillating singularities in E}{
Remark that the property (§ — 1)*(h) < d¢(h) can only be satisfied when h > (£ — 1)'(p.),
because of the upper bound (6.5) proved in [44] or [48]. As noticed in [5], this is the reason
why (remembering that dy(h) < (€ —1)*(h)) working on the large deviation spectrum is more
general than working on the Legendre spectrum. In particular, the conditions of Theorem 6.1
can occur for every h > 0.

The counterpart of Theorem 6.1 is that the knowledge of the multifractal spectrum dy is
required to point out oscillations. It can happen that, when estimating this spectrum, one
already has had to take into account the presence of oscillations to compute the pointwise
Holder exponents, and thus they are already detected.

6.3.3 Creating Oscillations

We now define and study the wavelet threshold operators

Definition 6.10 Let f € L?(R), {d;x};x its wavelet coefficients and v > 0. The function f*
obtained after a threshold of order v is defined by f* = Zj Dk d; Uik, where

t .
dj,k — dj:k]l|dj,k|22_]7'

We know by Theorem 6.1 now that th(h) < dsi(h) for some exponent h > 0 ensures the
existence of oscillations. Such a threshold imposes czft(h) = 0 for h > ~. Since a threshold
increases (local and global) regularity, there will still exist some points x with pointwise Holder
exponent greater than . These points are candidates to be oscillating singularities for f*.

Theorem 6.2 Let f € C<([0,1]), and assume that E;‘ £ (). Let f' be the function obtained
after a threshold of f of order v < h. Then for every x € E’}}, either hy(x) = +00, or x is an
oscillating singularity for ft.

Proof : Since we cancel wavelet coefficients, the threshold we apply obviously increases the
local regularity at each point. Thus hy:(x) > hy(z) for every .

Let z € E}: We denote by ., the 2-microlocal spectrum of f at z, and by x. the 2-

microlocal spectrum of f*. One has hy(z) = inf (g 1] XITE'O) = h, and

hy(z) = inf Xo ()

> h. (6.12)
pe(01]  p
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Since V(j, k), one has either |d; | > 2777 or d;; = 0, one gets
Vp € [0,1], x5 (p) € [e,7] U {+00}. (6.13)

Assume hyt(z) < +o0. Combining (6.12) and (6.13) implies that there exists p, € (0,1) such

that X522 = p . (2).

Let pp, < 1 be the unique real number such that Plh = h. By construction, for every p € (pp, 1],
@ € [£, 2] U{+oc}. In particular, for every p € (pn, 1], @ # hye(x).

In view of Proposition 6.1, this exactly means that 3 (x) € [1/pp, —1,1/p, — 1], i.e. that
Byt(z) > 0 and f* has an oscillating singularity at . "

Theorem 6.2 can be thought as a sort of Gibbs phenomenom that occurs when forgetting at
each scale j in the reconstruction formula the smallest wavelet coefficients.

The existence of oscillating singularities depends on the choice of the parameter ~, and on
the function f. Nevertheless, for a multifractal function f, and for + close enough to h, one
can hope that there will be some points x with hyt(x) < 4-o00. This will be the case of the
function f we focus on in the following sections : The function f! obtained after thresholding
has dense sets of oscillating singularities. In addition the multifractal formalism will fail for
this function f*.

In signal and image processing the hard threshold ([23], [24]) is often used to compress
datas. It consists in putting to zero all the wavelet coefficients d;  that are too small, i.e. such
that |d; | < e for a given constant ¢ > 0. The hard threshold can certainly be compared to
the threshold we define in Definition 6.10 in the following way. Let f be a discrete signal of
size N = 27, and consider its wavelet decomposition f = Zj:o d;kj k. Let € small enough.
Applying a hard threshold amounts to putting to 0, at each scale j, the wavelet coefficients
d; 1 such that

—loggp €

|dj] <2797

If one considers only the smallest scales (for example the scales j such that j > [N/2]), the
hard threshold puts to 0 more coefficients than a threshold of order ~* = QIOgTQE. This means
that the points with (discrete) local regularity greater than 4! will become either C* points,
or oscillating singularities. Of course, since real datas are discrete, and every point is in fact
C®, but this model may give an explanation of some defaults, that look like oscillations,

observed around isolated singularities after thresholding in image and signal processing.

6.4 Study of a specific example

Let us first begin with a recall on local regularity of measures. In the following, we will

i o= _ 1 Qmin — _ 1 Qs — _ 1 Qmax
use the notations hyin = sg TR hs = 59 TR hmax = S0 oo o Qmax,

6.4.1 Local regularity of Measures

If x € (0,1), Vj > 1, kj, is the unique integer such that x € [k; 277, (kj, + 1)277), and
k:;rx =kjo+1, k;, =kj, — 1. By convention, log(0) = —oo.
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Let p be a positive Borel measure on [0,1]. For x € (0,1), the lower and upper Holder
exponent of u at x are respectively defined by

lo L. lo L.
gﬂ(z‘) = lim inf 7gu( ]’km) and @, (x) = limsup 7{5#( ]’kj’x)
i—+oo log|Ljk,, )l jotoo 108 |Ljk; |

When o, (z) = @,(z), their common value is denoted v, (z) and called the Hélder exponent

of u at x.
Similarly, the left and right lower Holder exponents of p at x are defined by

log “(Ij,k;x) log M(Iij;:x)

and g:(x) = liminf

a, () = liminf -
7#( ) J—too 10g|1j1€+ |
R P

j—+o0 10g|1j’kj_,;c|
and the left and right upper Holder exponents of i at x are

)i log u(Ij,k;z) 4 @) i log (1 :+ )
(6% r) = 11msup —— an (6% ) = 11msup —_—
. j—+too lOg ’Ij,k;m” : j—+oo l0g ’Ij,k;fm‘

When they exist, The left and right Holder exponents of p at x are defined by

log (1)

log (1 4+ )
im and of () = lim e
j—+oo log|Ij =)l #
K 7,

o () = j—too log|Ijk+ |
9 j71

We consider the following level sets for p

Definition 6.11 For every a > 0, define

BE = {ae(0,1)N Supp(y) : ap(e) =},
Ft = {a: € (0,1) N Supp(p) : min(g#(x),g:(a:),gu(x)*) = a} ,
Gh = {z€(0,1)NSupp(p) : ap(z) = of (x) = o, (z) = a},

HY = {33 € (0,1) N Supp(p) : max(au(x),a:(x),au(x)_) = a} .

One obviously has Gh C EX N FY N HE.
Usually (see [18]), the multifractal spectrum of y is the mapping @ > 0 — d,(a) = dimy Ef,
i.e. it measures the size of the level sets of the Holder exponent.
6.4.2 Definition of f
Let f be the wavelet series given by (6.3)

271 -1
a

F) =357 27050 (L 1)) o (),

i>1 k=0

where (1 is the binomial measure constructed with ratios (qo,q1) with g0 < q1.

The binomial measure p associated to the couple (qo, q1) is built as follows. Starting from
the uniform measure u° on Iy = [0, 1], one splits Iy into the two dyadic intervals I o = [0,1/2)
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and I 1 = [1/2,1], and defines a measure u* by p!(l10) = qo and p'(I11) = ¢1 (uniformly in
each interval). Iterating this scheme, one obtains at each scale j a measure y/ which associates
to each interval I x = [k277, (k+1)277) the uniform mass qg(J’k)qfqﬁ(j’k), where ¢(j, k) is the
number of 0 in the dyadic decomposition of k277. The sequence of measures {z/} converges
weakly to a probability measure pu, called the binomial measure.

Let us mention that the measure y, obtained when the mass is randomly splitted (i.e. one
gives with probability 1/2 the mass gy to the left sub-interval and the mass ¢; to the right
sub-interval, and with probability 1/2 the mass ¢; to the left sub-interval and the mass gg to
the right sub-interval) is similar to p, in the sense that it almost surely has the same spectrum
as 1 (see [18] for example) and all the following propositions and theorems apply to p, as well
as to p.

The measure p is known to satisfy the multifractal formalism as defined in [18], and its
multifractal spectrum is given by the Legendre transform (6.1)

dAa):;ggml—T@»,

where the function 7(q) is given by (6.2).
Starting from p (it in fact can be done with any positive Borel measure), one can construct
using the same method as in [12] a function f on (0,1) with the formula (6.3)

Fla) =505 277005 (k2 (s + 1)279)) 70 4 (a).

§>1keZ

It is shown in [12] that this function f has a multifractal spectrum (for functions) which is
deduced from the one of ;i through the formula ds(h) = d, (o), where o and h are related by
h=sy— p% + p%. This is strongly related to the fact that, although they are different, the sets
introduced above in (6.11) have the same Hausdorff dimension in the case of a (random and
deterministic) binomial measure. Indeed,

Lemma 6.1 Let p be the random binomial measure with ratios (qo, q1)-
dimyg (EY) = dimpg (FY) = dimg (GE) = dimg (HY) = ().
This lemma is a direct consequence of [18], and proved in [12].

6.4.3 Regularity at x € G*

Proposition 6.3 If x € Gh, then Vp € [0,1],

1 a—(1—p)lo
a(p) = 50— — + 2 (1-p) g2 01 (6.14)
Do Po
and
5 1 a— (1 —p)lo
Do Do
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Proof : For all p € (0,1), define the sets of wavelet coefficients B, ; and B;O] by B, = {d; :
k277 — x| <277P}, and B;,] = U;j>sDBj, (they depend on x).

Remark that if there exist a constant C' and an integer J such that, for every coefficient
def € Bg,

1 i

62 I < |dj,k| < C27I72
(where v1, v2 > 0), then Vp' > p, 71 < x2(p)) < Xz(p') < 2. Indeed, remembering Definitions
6.6 to 6.9, the computation of x.(p’) and x.(p") takes into account only wavelet coefficients
that lie in B;)].

Fix € > 0. x € G4 implies that there exists an integer J > 0, such that j > J implies

log p(ZLj = )

— 1T
a—e< 5= <a+te, (6.16)

for every k7, € {k kT Y.

J,z? Jm’ J )
Fix p € (O, 1), and p' € (p,1]. Let j > (J+1)/p, k € {0,...,29 — 1}, such that d;; € BZ,.
One has I; C [v — 2777, x 4+ 277¢], and simultaneously

[33 _ 2_JP’ x + 2_]P] C ij7kjp7m_1 U IJP7 JP © @] I]ﬂv Jp o+1s

where j, = [jp] > J. This implies

(L) < max (1L, 1) 1Ty, ) 1Ty, 41) )

But if Ij”,k” is a subinterval of Ij’,k’ with ’Ij”,k”‘ = 1/2|Ij’,k"7 one has either /L([j/gkﬂ) =
qop(Ljr ) or p(Ljm ) = quu(Ijr gr). Thus since Iy is a subinterval of one of the intervals
{ij’kjp’1717ijykjp’z7jjp7kjpyx+1}, one obtains

. +1
(L) < min (T o) 0y ) 0ty 1) )

and

+1
) = maox (L g o) iy, )ity ) ) @)

Combining this with (6.16) yields

qg—jp+127]’p(a+e) < M(Ij,k) < q{—jp—i-l27]“,((178)7

or equivalently

1

02 3(p(ate)—(1=p)logs 90) < u(Iig) < C2° ilp (04—5)—(1—9)108;2111)’

since j, is equivalent to jp. Coming back to the wavelet coefficients, one can write for any
djk € Bjpr,

1 plate)—(1—p)logy qq 1, pla—e)—(1—p)logg g1
2 J(SO po T PO > <d]]€<02 (SO + Po )

C
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This holds for any j > J/p, thus also for any wavelet coefficients d; j, € B;)],/ P

Applying the first remark leads to

1 plate)—(1—p)log,q
Pbo Pbo

. 1, pla=9)—(1=p)!
. a—c¢)—(1—p)logs qo
(o) <so——+ 7 P 0820,
Po Po
This is true for any p’ € (p, 1], but stays also true for any p € (0, 1]. Hence

1 a+e)—(1—p)lo

Po Pbo

and

. 1 a—¢e)—(1—p)logyqo

Xx(p)SSO_*_f'p( ) ( p) 2 )
Po bo

Finally, letting € go to zero, one obtains

1 a — (1 — p)logs q
so— Lyraz=plosma o)

6.17
DPo bo ( )

and

. 1 a — (1 —p)log, qo
Po Po

The optimality of (6.17) and (6.18) is a direct consequence of the following argument.
If p and j are fixed, I, , . is strictly included in [z — 279P x + 27P]. The same holds for
all the dyadic subintervals of I; ook o In particular, there exist two dyadic intervals I, and

(6.18)

I 1,, subintervals of 1 ook such that
MLig) it g k) et
:U(ij,kjp,z) 0 :u([jp,kjp,z) !

This translates to the wavelet coefficients d; 1, into

1—p)logo q1 )

PO . (6.19)

(s0— oL+ et

|dj | > C277

Such coefficients exist in B; , at every scale j > Jp. Thus, there exists p. € [p, 1] such that

1 a+¢e)— (1 —p)logsy qq
a(p2) S80_7+p( ) — (1 —p)log, _
Po Po

But combining this with (6.17), one obtains that p. is close to p. In particular, letting £ go
to zero, one gets
1 pa—(1-p)logyq

Xz(p) < so— — + ,
Do Po

and finally (6.14) is proven.
The optimality of (6.18) is proven by applying the same study for the coefficients d; x, ,
and (6.15) is obtained.
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log, g
Po

So=1p, -

a
So~lUpy - —

log, 0,
Po

So~—Upy -

so~1py T

F1G. 6.2 — Plot of the 2-microlocal spectrum and upper 2-microlocal spectrum when x € Gb.

Remark in particular that x,(1) = Xz(1) = sp — p% + 5 =

Ci(sp— L Zlogaq
Eventually, it is obvious that for all (j,k), dj, < 2 (0= 55+ 5 )7 thus x,(0) = so —
_i(en_ 1 4 —loggqg
pio + 7127%2 &L The lower bound d;;, > 2 i(s0=p5+ 5 ) yields by the same argument x,(0) =
_ 1 —logs qo
50 Po + po ’

Remark : (6.14) remains true if x € F}, i.e. if one controls the value of the lower Holder
exponents of u at x. Indeed, for such a point x, a slight modification of the above proof shows
that there will still exist a infinite number of j’s such that (6.16), (6.19) and then (6.14) hold.
Similarly, the value of the upper 2-microlocal spectrum only depends on the upper Holder
exponents of u at x. This is summarized in the next proposition

Proposition 6.4 For allz € (0,1), there exists two real numbers 0 < o < 3 such that x € F}
and x € Hg Then, for every p € [0,1],

1 a—(1—p)lo
Xa(p) = 50— — + 7 (1~ p) logy n (6.20)
Pbo Po
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and
~ 1 pB—(1—p)logsqo

=58 — — + 6.21
Xa(p) = s0 P . (6.21)
In particular,
hy(z) . (6.22)
x)=8——+ —, .
d ‘ Po  Po

and in addition there is no oscillating singularity around x, i.e. B¢(x) = 0.

Proof : The point that remains to prove is (6.22). One simply applies Proposition 6.1 and

gets that hy(z) = inf, {XxT(p)} =50 — p% + 55 = h, and, since xz(1) = hy¢(z), Bp(z) =0. =

Remarks : 1. As proven in [12], (6.22) remains true for any positive Borel measure p, and
not only for the binomial measure.

2. Fix z and p € (0,1]. Tt is easy too see that for every € > 0, for every v € [xz(p), Xz(p)];
there exists an infinite number of scale j such that

logy [djk|
—J

”y‘ <e. (6.23)

It is now easy to compute the multifractal spectrum of f

Proposition 6.5 One has
1 «
ds(h) = so— — + >
r(h) p < 2 | Po
and f obeys the multifractal formalism for functions as we defined it in Definition 6.5.
Proof : From Proposition 6.3, one gets that for every x € Gk, hy(z) = h = so—1/po +/po,

and from Proposition 6.1, one deduces that dy(h) > dimpg(G%) = 7*(«). An easy computation
shows that

1
Er(p) =1+ s0— P + 7(p). (6.24)
Applying Proposition 6.2 for f gives d¢(h) < ({5 — 1)*(h) = 7%(«v), and thus ds(h) = dy, ()
(remark that for f, Supp(d) as defined in (6.8) equals [0, 1]). n

Remark : Proposition 6.5 is in fact a simple application of the main Theorem of [12], where
it is shown that, provided that a measure v satisfies a certain multifractal formalism for
measures (this is the case of the binomial measure u), the corresponding function f,, built as
in (6.3) satisfies the multifractal formalism for functions we defined.

6.5 Multifractal Spectrum of f and f!

Our example f is typically a function which has only cusps (i.e. non-oscillating singulari-
ties).
Theorem 6.2 proposes a simple method to create oscillating singularities, and we try it on
this specific function f. Before testing this method on f, we begin by the inverse threshold of
order v we mentionned in Section 6.3.
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6.5.1 Spectrum of f%
Let v € [Amin, Pmax]. We set f = Zj’k d;fk%',kv where
dy = djplja, <o (6.25)
Theorem 6.3 Let wiy : [hmin, 7] — (0,+00) be the decreasing function defined by

Po Ppo
u— 7y 1 (6.26)
RCEEET

i+ (hmin))], and equals
dpie(h) = max(ds(h), dy(w; (h))). (6.27)

The multifractal spectrum of f* ranges in [y, max(hmax, w

wy;! is the inverse function of wj; : for h € (0, +00), w;;'(R) is the unique real number such
that wi(w;;'(h)) = h. Proof : For every (j,k), |d;x| < 2777, thus dgit(h) = —oc if h < .
We denote by xi and Y% the 2-microlocal spectra of fi at z.
Let o and 8 be two real numbers such that apin < o < 8 < apmax. Then E, g is the set
defined by
Ewp={r:x € F}and z € Hg}

From [75] one gets that dimpy (E, ) = min(7*(c), 7*(8)) for thebinomial measure p. Moreover,
for a fixed 8 > 0, Uy<gFopg = Hg, thus dimpy (Ua<gFa,g) = 7°(8). Similarly, for a fixed a,
Uag,BEa,,B = F(Q‘, and dimH(UaggEaﬂ) = T*(a).

Let z € [0,1] such that « € E, g for some «a, 3 > 0. Proposition 6.4 and equations (6.20)
and (6.21) give us the values of the 2-microlocal spectra of f at x. Property (6.23) is here
essential : if for a given = and a given p, x.(p) < v < Xz(p), then, after applying (6.25), one
gets X% (p) = v < X¥%(p) for f%. Let us distinguish three cases.

-y <sy— p% + p% : the 2-microlocal spectrum of f% at z becomes

it( ): Y lpr[O,p;,;]
Xz \P 50 — p% + pozf(lfp;;)logg Q if pE <P337 1] )

where p, is the unique p such that sy — p% + pza_(l;’ff)logQ &L = ~. Thus hyie(x) = hy(x) =

X4 (1) = sg — p% + p%. The upper 2-microlocal spectrum at x remains unchanged.

- 80— p% + p% <7< 50— p% + p% : the 2-microlocal spectrum of f% at x becomes constant
and equals v for every p € [0,1]. Hence hyir(x) = x%(1) = v > s — p% + oo = hy(z). The
upper 2-microlocal spectrum at x remains unchanged.
- 50— pio + p% < 7 : the 2-microlocal spectrum of f at z becomes
iy [ v i pel0,p]
Xx(p)_{+oo ipr(pz,l] ’

where p, is the unique p such that sg — p% + pwﬁ_(l_pzz)log2 % — ~, Thus

it
hgit(r) = inf X () =7
P P Pz
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Remark that p, is explicitely given by

1
po 107 )t
=
po(B +logs qo)

and thus hpi(z) = w; Lisg — p% + pﬁo), where w;; is the continuous injective function defined
in (6.26).

In particular, since x ¢ Supp(d), Proposition 6.1 gives that there are some oscillating singu-
larities around z, with an oscillating exponent equal to

1
1+ ps

Be(z) =

Now, let us compute the multifractal spectrum of f%.

1
7_(SO_L)+M

The range of p’s when z € [0,1] is o> 1| = [Pmin, 1] (it is minimal for 3 =

PO )
. We denote by h%

max

_ 0
po Pmin

We denote by E};it the set of points x € [0, 1] such that hgi(x) = h. First note that if

T € E%cit, from the above computations one deduces that a = v or 3 = 7. Thus di(y) =
dg(y) =7"(7).
One must distinguish two cases :
. it .
Rt < hpax : Ifx € E}{ with v < h < h¥ .z either belongs to a set E, g with B >«

max max?

and sg + 1/po + a/po = h, or to a set E, g where 3 = w;;*(h) < po(y — (so + 1/po)) and
o’ < 3. Reciprocally,

a = —log, qi, i.e. for x € G* the maximal value of the pointwise

logo (h)

Holder exponent hi_ = wi(so — p% + Flosaar))

it
E£ C (Uﬁ/ZaEa,/BI) U (Ua’gw;tl(h)Ea’,w;tl(h)> .
Using the remark of the beginning of this proof, one gets that
dimy, B} = e (h) = max(7*(a), 7 (wi; (1))

. it
Eventually, if ¥, < h < hmax, B} = B and dgie(h) = 7*(a).
- hmax < hfflax Ifx € E,{n with v < h < hpax, the same argument as above show that

d it (h) = max(7* (), 7* (w;tl (h))).

. it —
If Funax < 1 < Mt B = Uprct ) B oty a0 dpic(B) = T*(gitl(h)).
In both cases, formula (6.27) gives the multifractal spectrum of f*. "

Since wy; is a linear decreasing function, the graph of the second function h — dg(w;;'(h))
on [y, hil.] is a symmetric and dilated version of the graph of h — dy(h) on [hmin,7]. In
particular, when Al > hmax, the multifractal formalism fails, since dgit(h) > dgie(h) =

(6 —1)"(h) = () (with h = so — 1/po + a/po) (see Figure 6.3 for a plot of the multifractal
spectrum of f%).
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6.5.2 Multifractal Spectrum of f*

Let v € [hmin, hmax]- f* is obtained after applying a threshold of order v to f as seen in
Definition 6.10, i.e. f¢ = Dk dé',k%‘,k with d;}k = djklig; | >2-i7-

Theorem 6.4 Let w; : [V, hmax] — (0,4+00) be the increasing function

1 log, g1
u—(sp— o)+ =21
Po Po
U=y —5 Tomy 21 (6.28)
7= (50 po) T =

The multifractal spectrum of f' ranges in [hmin, w; l(hmax)], and equals
df(h) Zf h € [hminv 7]7
dst(h) = - . _
=1 4 Sy ne ot

Proof : The proof follows the same lines as the one of Theorem 6.3. We denote by X! and
X, the 2-microlocal spectra of f! at z.Let x € [0,1] such that x € E, g.
-y < sy — pio + I%o : the 2-microlocal spectrum of f* at x becomes

—(1—p) 1 .
Xt(p): Xx(p)ZSO_pio"i‘pa(lpw lpr[O,px]
’ +00 if p € (pa,1]

(1—paz)logy g1
po

where p, is the unique p such that sg — p% + L= = 7. pg is explicitely by

It
3= (50— ) + s

po(a +logs q1)

Pz =

Thus hys(z) = infpe(()’l]@ = plx > hy(x). Note that hpi(x) = w; H(so + p% + ) =
w; ' (hy(z)) where w; is defined by (6.28). Since Bp:(z) = # 0, f' has an oscillating
behavior around x.

- S0 — p% + z% < <s9— p% + p% : the 2-microlocal spectrum of f! at z becomes constant
and equals v for every p € [0,1]. Hence hy(x) = x5(1) =~ > 50 — p% + o5 = hy(@).

1

- 80— p% + z%o < 7 : the 2-microlocal spectrum of f! at x is the same as the one of f, and

hyo(z) = hy(z).

The same remarks that were made in the last proof for the computation of the multifractal
spectrum of f apply here for f!, and the analysis is even simpler in the case of ff. One can
separate three different behaviors :

t
-ifx e E%c , from the above computations one deduces that = € E, g with so+1/po+a/po <
v < 50+ 1/po + B/po, and thus ds(y) = 7%(7).

t
-ifz € E,’: with Amin < h <7, = belongs to a set E, g with 3 > o and so—1/po+a/po = h,
thus d:(h) = d¢(h) = 7" ().
-ifx € E}: with 7 < h, x belongs to a set E -1, 5 with B > w;'(h). Hence dye(h) =

t )

dy(w; ' (h) = 7% (w; ' (h). .

Actually finding functions with strictly decreasing spectra was one of the initial goals of this
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FIG. 6.3 — Multifractal spectra of Left : f* and Right : f*

work, and Theorem 6.3 asserts that this is achieved by taking v = hs.
For every value of s and po, the multifractal formalism for ft, as defined in Definition
6.5, is not satisfied when h € (7, hl,,] (one has dgi(h) = 0 for h > ). Theorem 6.1 confirms

max
a posteriori the presence of oscillating singularities in every E,{t, h € (v, hl )
Eventually, remark that the multifractal spectra of f and f' may be non convex, and

that they are homogenous (i.e. they have the same spectrum on any non-trivial subinterval

of [0,1]).
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