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Chapitre 1

Introduction

Cette introduction est constituée de deux grandes parties: la premieére section est con-
sacrée a une présentation succinte des fluides géophysiques, des équations primitives (nous
appellerons “équations primitives” les équations obtenues a partir de Navier-Stokes tour-
nant tridimensionnel avec densité variable et en utilisant I’approximation de Boussinesq)
ainsi que de I’équilibre géostrophique et du systéme quasigéostrophique tridimensionnel.
Elle reprend dans une large mesure les grandes lignes de [15], [3] ainsi que [19]. Nous
commencons par décrire ce qui caractérise un fluide géophysique: I’influence de la rotation
de la Terre autour de son axe, matérialisée par la force de Coriolis, et la stratification
du fluide qui représente I'inhomogénéité de la densité du fluide (air chaud ou froid, eau
salée ou douce, etc...). Nous écrivons ensuite les équations de base (conservation de la
masse, du moment cinétique...). A partir de ces équations, nous présentons les arguments
formels d’analyse dimensionnelle utilisés par les physiciens pour déterminer les termes
prépondérants en vue de simplifier les équations. Nous obtenons enfin les systemes limites
utilisés en météorologie et océanographie. Nous tenons a signaler que cette partie présente
des approximations formelles sans justification mathématique mais qui sont cependant
fideles a la réalité. Pour des résultats mathématiquement plus précis nous renvoyons a la
deuxieme partie.

Dans la deuxiéme section nous commencons par passer en revue les travaux antérieurs
d’étude de la convergence quasigéostrophique et nous présentons ensuite les résultats
obtenus lors de cette these: nous prouvons de fagon rigoureuse a partir des équations
primitives la convergence en forte rotation vers le systéme quasigéostrophique. Le pre-
mier chapitre concerne la convergence dans le cadre des solutions faibles au sens de Leray.
Le deuxiéme chapitre concerne des données initiales plus régulieres et des solutions fortes.
Toujours dans le cas des solutions fortes nous donnons deux nouveaux résultats en précisant
la vitesse de convergence. Nous terminons par la convergence quasigéostrophique dans le
cas des poches de tourbillons régulieres.

1.1 Fluides géophysiques
1.1.1 Introduction
Généralités

Par fluide géophysique nous désignons un fluide réparti sur un volume grand par rapport
a ’échelle planétaire: I’atmosphere ou les océans. Deux choses distinguent principalement
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la dynamique des fluides géophysiques des autres disciplines consacrées a 1’étude de la
mécanique des fluides: il s’agit de la rotation et de la stratification.

Le fait que la Terre tourne autour de son axe introduit, lorsque ’on observe le mou-
vement dans un repere lié a la Terre, dans les équations du mouvement deux termes
d’accélération qui peuvent étre interprétés comme des forces: la force de Coriolis et la
force centrifuge. Méme si dans la vie quotidienne la force centrifuge est la plus ”palpable”
des deux, ce n’est pas elle qui a le plus d’importance. On se contente de l'inclure dans
le gradient de pesanteur pour constituer ce que 'on nomme le géopotentiel. Le facteur
crucial est en fait la force de Coriolis dans les mouvements géophysiques.

Comme on pourra le voir, 'un des effets majeurs de la force de Coriolis est de forcer a
une certaine rigidité verticale le fluide considéré, au sens ou, lorsque des fluides homogenes
tournent rapidement, on observe des mouvements en colonne, c’est-a-dire que toutes les
particules le long de la méme verticale bougent de concert en gardant leur alignement
vertical.

La découverte de cette propriété est attribuée a Geoffrey I.Taylor: il serait arrivé a cette
conclusion uniquement au moyen d’arguments théoriques et, croyant s’étre trompé, il a
effectué des expériences qui révélerent que cette prédiction théorique était vraie: quelques
gouttes de colorant dans un fluide tournant rapidement forment des trainées verticales, qui
deviennent apres quelques rotations des colonnes relativement a une spirale horizontale.

Dans les fluides atmosphériques ou océaniques de grande étendue, un tel état de par-
faite rigidité verticale n’est pas réalisé, principalement parce que la rotation n’est pas assez
rapide, et la densité, pas assez uniforme. Cependant les mouvements dans 1’atmosphere,
les océans, et sur d’autres planetes montrent une forte tendance vers cette répartition en
colonnes: par exemple, on a pu observer certains courants situés dans I’Atlantique Nord-
Ouest qui s’étendent verticalement sur 4000m sans changement significatif d’amplitude ou
de direction. Les travaux exposés dans [12] vérifient cette observation, en tirant parti de
propriétés dispersives.

Comme nous le verrons plus tard, en faisant une analyse d’échelle et en ne gardant
que les termes d’ordre le plus bas, on obtient le modele géostrophique, qui revient a se
placer dans le cas ol la rotation serait exactement équilibrée par le gradient de pression.
On observe des comportements tres proches de cet équilibre dans certains jets océaniques,
ou dans le cas de certains vents. Mais ce modele géostrophique présente le désavantage
de ne pas permettre d’étude de 1’évolution en fonction du temps. C’est dans ce but
qu’a été introduit le systeme quasigéostrophique, qui revient a ajouter les termes d’ordre
supérieur. Dans ce systeme, on prend en considération non seulement la rotation mais
aussi la stratification.

Le second attribut de la dynamique des fluides géophysiques, la stratification, apparait
naturellement lorsque ’on considere des fluides de densité variable (par exemple air chaud
ou froid, eau douce ou salée...). La pesanteur joue un roéle important puisqu’elle tend a
abaisser les fluides les plus lourds et élever les fluides les plus légers.

Sous des conditions d’équilibre, le fluide est stratifié de facon stable et consiste en
un empilement vertical de couches horizontales de méme densité, la densité décroissant
lorsque croit I'altitude. Les mouvements du fluide dérangent constamment cet équilibre
que la gravité s’efforcera systématiquement de rétablir: ces petites perturbations créent
des ondes internes (par exemple les vents dominants dans l’atmospheére sont dus a la
différence de température pole-équateur).
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Terminons par un phénomeéne du a la stratification et rapporté par de nombreux
océanographes: il s’agit du phénomene des “eaux mortes”. Une description est donnée
dans [15] et [24]. Il arrive qu’un bateau subisse une forte résistance dans son mouvement
alors que ’eau en surface est apparemment tres calme, presque plate. Il s’avere que ce
sont ces ondes internes qui en sont la cause: le bateau navigue sur une mince couche
d’eau relativement douce située sur une couche d’eau trés salée. Le bateau crée des ondes
internes sur l'interface, invisibles en surface mais de grande énergie, causant la résistance
au mouvement du bateau.

En résumé nous avons a considérer deux phénomenes aux effets tres différents: la
rotation tendant a une répartition en colonnes verticales, et la stratification, tendant a
maintenir autant que possible une répartition en couches horizontales de méme densité.

Nous nous placerons dans le cas de mouvements de grande échelle, situés sur des lati-
tudes moyennes (c’est-a-dire éloignés de I’équateur). On distinguera les mouvements lents
(qui seront proches du modele quasigéostrophique, voire géostrophique) et les mouvements
rapides (de l'ordre de la journée) qui eux seront trés influencés par la rotation.

Echelles de mouvement

Afin de déterminer si un processus physique est dynamiquement important, on introduit
I’analyse d’échelle, qui consiste a établir de fagon formelle des ordres de grandeur pour les
variables physiques qui sont considérées. Ainsi par exemple pour le cyclone Hugo (1989)
la longueur caractéristique vaut L = 300km (environ trois degrés de latitude), le temps
caractéristique vaut T = 2.10°s (des changements notables de direction ou de vitesse se
font & des temps de l'ordre de deux journées), d’ott on déduit que la vitesse caractéristique
U est d’environ U = 70m.s~!, voisine de la vitesse mesurée: environ 300km.h~'. Plus
récemment le petit cyclone Isabelle, qui a balayé depuis la fin aott jusqu’a la mi-septembre
2003 la cote Est de ’Amérique avait comme grandeurs caractéristiques L = 200km et
U = 250km.h~!. Cette évaluation des grandeurs caractéristiques est également faite dans
le systeme solaire: ainsi pour la Tache Rouge de Jupiter, L = 10*km, U = 100m.s~!.

Cette analyse d’échelle va nous permettre de nous faire une premiere idée de I'importance
de la rotation et de la stratification par rapport aux grandeurs caractéristiques.

La rotation

Pour mesurer I'importance de la rotation grace a I’analyse d’échelle, on compare la fréquence
de rotation de la Terre et 1’échelle de temps du mouvement que 1’on considere:
27

W= o7 ot, pour la Terre, Q =7,29.10""rad.s"" (la période est de 24h).

Ainsi la rotation est importante si ce rapport w est (tres) inférieur a 'unité, ce qui revient
a dire que ’échelle de temps est de plus d’une journée. Définissons ensuite:

période d’une révolution de la Terre %’r 2rU
L QL

temps mis par une particule pour parcourir L a la vitesse U

=

La rotation a un effet significatif si € < 1 et l'effet sera d’autant plus grand que ce rapport
est petit. Nous renvoyons a [15] (page 9) pour différentes valeurs caractéristiques de vitesse
ou de longueur ou la rotation est importante.
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La stratification

Comme nous 'avons déja vu, les mouvements a l'intérieur du fluide tendent a perturber
I’empilement des masses de fluide en couches horizontales, les plus lourdes se trouvant en
dessous des plus légeres. Le fait que la gravité tende a rétablir cet équilibre se traduit par
une augmentation d’énergie potentielle aux dépens de ’énergie cinétique, et 1’on mesure
I'importance dynamique de la stratification en comparant ces énergies.

Si ’on désigne par Ap ’échelle de variation de densité et H ’échelle de hauteur, un
modele de perturbation de la stratification consiste a élever un élément de fluide de densité
po + Ap a la hauteur H et, pour conserver le volume, d’abaisser un élément de fluide de
densité pg de la méme hauteur. Le changement d’énergie potentielle par unité de volume
est (po + Ap)gH — pogH = (Ap)gH (ou g est I'accélération de la pesanteur). Avec la
vitesse caractéristique U, I’énergie cinétique est % poU?, ce qui nous fournit le rapport:

$poU? .

(Ap)gH
Si ce rapport est tres supérieur a un, la modification d’énergie potentielle se fait avec un
petit colt en énergie cinétique, et la stratification affecte donc tres peu le fluide. Dans les
autres cas, la stratification contraint de fagon importante le fluide (d’autant plus que le
rapport est petit devant un).

Terminons cette partie en précisant que les océans sont tres stratifiés et stables, de
méme que la stratosphere. Par contre la troposphere est moins stratifiée et plus instable.

Différences entre I’atmosphere et les océans

Les cas qui nous intéresseront seront donc les cas ou les effets de la rotation et de la
stratification seront tous deux importants.
Ainsi par exemple, dans le cas ou les deux rapports € et ¢ sont de 'ordre de 1'unité,

on obtient que U ~ 1/gH% et L ~ %, ce qui pour les valeurs Q = 7,29.107%s7 1,

g =9,81m.s~2, donne:

e Pour I'atmosphere, py = 1,2kg.m ™3, Ap = 0,03kg.m ™3, H = 5000m.

Et donc L ~ 500km, U, ~ 30m.s!

atmosphere tmosphere

e Pour 'océan, py = 1028kg.m™3, Ap = 2kg.m™3, H = 1000m.

Et L ~ 60Km, U, 1

océan ~ 4m.s

océan

On retrouve le fait qu'un mouvement océanique est plus lent et moins étendu qu'un
mouvement atmosphérique.

D’autres différences sont a prendre en compte:

e Les reliefs des cotes (iles, continents) ont beaucoup d’impact sur les océans mais peu
sur I’atmosphere.

e Les reliefs des masses montagneuses ont un impact sur l'atmosphere (montagnes
sous-marines et abysses pour l'océan).

e L’humidité de lair (nuages, précipitations, ...) n’a pas d’analogue océanique.
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e Les océans sont soumis a attraction de la lune sous forme de marées.

1.1.2 Equations de base

Dans cette partie nous allons établir de facon succinte les diverses équations pour un fluide
dans un repere tournant.

Conservation de la quantité de mouvement

Considérons le mouvement d’un fluide sur la Terre dans un repere absolu qui n’est donc pas
lié a la planete. La conservation de la quantité de mouvement (ou relation fondamentale
de la dynamique) dans un repere absolu s’obtient en écrivant que l'accélération est égale
a la somme des forces extérieures, c’est-a-dire les forces de gravitation, les contraintes
internes de pression, et celles de viscosité:

D

E)aUa - _pvq)a - VP +Vv.T

p(

La notation U, désigne la vitesse dans une repere absolu fixe.

pV &, désigne le potentiel de gravitation et s’écrit en premiere approximation (0,0, —g).

D

Bi = % + U.V est la dérivée particulaire.

VT est le terme de frottement, c’est la divergence du tenseur des tensions visqueuses
(ou tenseur de friction). On ne Pexplicitera pas ici.

Il est plus pratique d’écrire ces équations dans un repere lié a la planete. Ce repere tournera
donc avec la vitesse angulaire {2 (orientée selon I'axe des poles et dirigée du Sud vers le
Nord) et le changement de repere sera donc donné par (r = OM ou O est le centre de la
Terre et M le point considéré):

D D

— o = /— Q’ a — Q 5

(Dt) Dt+ Aoet Uy =U+QAr
ce qui nous donne que:

D DU

—)oUy = — + 20 QA (2 .

(Dt)U o T2NU+ AQAT)

Le second terme du membre de droite représente ’accélération de Coriolis, tandis que le
dernier représente I'accélération centrifuge: ainsi que nous ’avons annoncé plus haut, on
va se débarasser de ce dernier terme en l'incluant dans le gradient de gravitation: en effet
comme QA (QA7) = V(3|2 Ar[?), on définira donc le géopotentiel par:

1
¢ == QAT

En premieére approximation, ce géopotentiel vérifie sensiblement ¢ =~ gr + cste = gz dans
un repere cartésien localement tangent a la surface de la planete (z étant laltitude au
dessus du niveau de la mer.).

Ainsi pour un point situé a la latitude ¢, 'axe des z sera dirigé selon le rayon terrestre,
I’axe des y dans la direction Sud-Nord, et 'axe des x Ouest-Est, et {2 = £ cos ¢j + (2 sin ¢k
ou i, j et k désignent les vecteurs de base.
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Et en posant f = 2Qsin¢ (parametre de Coriolis) et f, = 2Qcos¢ (parametre de
Coriolis réciproque) la conservation de la quantité de mouvement s’écrit, en notant U =
(u,v,w) la vitesse et 7% les composantes du terme de frottement:

D
p(# + frw— fv) = —Oip+ O 4+ Oor'2 4 03713
p(5y + fu) — —Op+ T2 4 D2 4 9y (1.1.1)
P(ﬁ — fiu) = —03p — pg + 01713 + 07?3 4 03733

Conservation de la masse (équation de continuité)

Si p désigne la densité et U la vitesse, la conservation de la masse s’écrit (de fagon
indépendante du repere):
Dp

E+deVU:0

On verra avec I'approximation de Boussinesq que 1’on pourra faire I’hypothese div U = 0
d’incompressiblité qui correspond a la conservation du volume. On se limitera a cette
approximation qui est tres bien vérifiée dans 'océan (I’eau est pratiquement incompress-
ible), et bien vérifiée dans 'atmosphere en basse altitude (troposphere, jusqu’a environ
10 km d’altitude). Par contre, en haute altitude, la densité décroit exponentiellement
(raréfaction). On se limitera donc aux mouvements de la tropospheére, ou cela sera une
bonne approximation.

Cette hypothese d’incompressibilité du fluide simplifie les équations, sans cependant
changer la nature des mouvements géophysiques. En effet la compressibilité de I’air permet
I'existence d’ondes accoustiques se déplacant a la vitesse du son et nous admettons que
ces ondes n’interagissent pas avec les autres mouvements de ’atmospheére ou des océans.

Conservation de 1’énergie

Nous admettons sans entrer dans les détails que d’apres le premier principe de la thermo-
dynamique, I’énergie gagnée par une masse unitaire de matiere est égale a la chaleur recue
a laquelle on retranche le travail mécanique accompli, ainsi par unité de masse:

De Dv

——=Q-p—

Dt Dt
ou e = C,T est I'énergie interne par unité de masse (C, est la capacité thermique, T' la
température absolue), @ est la quantité de chaleur acquise par unité de masse, et v =1/p

est le volume d’une unité de masse.

En général, les fluides géophysiques n’ont pas de source interne de chaleur. Cela permet
d’écrire que @ provient uniquement d’une diffusion et d’apres la loi de Fourier p@Q@ = kAT
ou k est la conductivité thermique. En utilisant la conservation de la masse, on obtient
que:

DT
v ' = kAT
pC. i +pdivU =k

On a introduit la variable T. Pour fermer le systéme on a donc besoin d’une nouvelle
équation, ’équation d’état:
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e dans l’air, assimilé a un gaz parfait,

p = pRT.

e dans ’eau, presque incompressible, on peut considérer que la densité est indépendante
de la pression. D’autre part, elle est affectée non seulement par la température mais
aussi par la salinité et I'on écrit en premiere approximation pour de faibles pro-
fondeurs:

p=po(l — (T —Tp) + B(S — So)),

ou S est la salinité (exprimée en grammes par kilogramme d’eau) et « et 3 sont des
constantes.

On boucle enfin le systéme en écrivant que la salinité vérifie une loi de diffusion (kg
est le coefficient de diffusion):

DS

Nous nous retrouvons donc avec six variables dans le cas de 'atmosphere (U, p, p et T')
et sept dans le cas de l'océan (U, p, p, T et S). L’approximation de Boussinesq nous
permettra de simplifier les équations et de traiter les deux cas simultanément.

Approximation de Boussinesq

Nous avons déja commencé a simplifier les équations (repere tournant, coordonnées locales,
approximations pour les équations d’état...) mais elles restent encore trop compliquées.
L’approximation de Boussinesq, qui repose sur 'incompressibilité et le fait qu’en général,
dans un systeme géophysique les grandeurs varient peu autour d’une valeur moyenne
d’équilibre, va permettre de simplifier encore ces équations.

Par exemple, la température moyenne dans 'océan est T' = 4°C), la salinité S = 34, 7%
et la densité a la surface p = 1028kg.m 3. Dans la plupart des cas (océans, estuaires,
rivieres...), la variation de densité ne dépasse pas 2%.

Cependant dans I’atmosphere, 'air se raréfie avec l'altitude et donc la densité varie
de 100%: avec les valeurs suivantes p = 1lkg.m ™3, g = 10m.s2, py = 10°Pa la loi hydro-
statique (0,p = —pg) implique que la pression de référence s’annulera a 10km d’altitude
ce qui correspond bien a l’échelle de la troposphere. De plus si 'on se restreint encore a
la tropospheére (couche d’environ 10km), les variations de densité responsables des vents
sont de moins de 5%. Il est donc raisonnable dans la plupart des cas de supposer que la
densité varie peu autour d’une densité moyenne de référence:

p=rpo+p(r,yz2t) avec p < po.

Nous allons, grace a cette hypothese, simplifier les équations de (1.1.1). Commengons par
la conservation de la masse :

podiv U + p'divU + (0¢p' + U.Vp') = 0.

Des analyses montrent que dans la pratique les deux derniers termes et le deuxieme sont
du méme ordre de grandeur, et négligeables devant le premier. Ainsi qu’il est présenté
dans la littérature nous écrivons donc formellement que :
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divU =0

8tp’ + va, = 0.
Ainsi la conservation de la masse est devenue, grace a I’hypothése faite, la conservation
du volume, ce qui élimine les ondes acoustiques.

Continuons par les deux premieres équations de la conservation de la quantité de
mouvement : nous négligeons simplement dans les membres de gauche p’ par rapport &
la densité moyenne py. Nous n’entrerons pas dans les détails et nous admettrons qu’en
utilisant I’hypothese que le fluide est newtonien, les frottements visqueux s’expriment en
fonction du gradient de vitesse et du coefficient de viscosité dynamique p. En divisant par
po et en définissant la viscosité cinématique v = u/pg, nous obtenons les deux premieres
équations :

%L + faw — fo = —p—1081p+ vAu
DUt fu = —-Op + vAv.

En ce qui concerne I’équation sur la troisieme composante w, la densité apparait des deux
cotés. Ainsi qu’il est présenté dans [15], on néglige p’ & gauche mais pas & droite et on va
absorber le terme gravitationnel dans la pression : on écrit que p = po(z) + p'(x,y, 2, t)
avec po(z) = Py — pogz (c’est la pression hydrostatique) et on obtient ainsi :

/

Dw _ feu = —iagp' SN
Dt P0 P0
Comme pg ne dépend que de z nous pouvons la soustraire aussi a p dans les équations des
deux premieres composantes de la vitesse ce qui ne change pas ’expression des dérivées
de la pression par rapport aux premiere et deuxieme variables.

Enfin terminons par I’équation d’énergie : en définissant la diffusivité thermique par
kT = k/(poCy) nous obtenons que (nous avons utilisé l'incompressibilité et ’hypothese
sur la densité) :

DT
L AT
Dt T

Nous admettons que 'on peut traiter simultanément le cas de ’atmosphere et celui des
océans en notant kK = kg = Kk et combiner les équations sur la température et la salinité
en :

D /

2P _ LA 0.
En rassemblant ces équations et en notant p au lieu de p/, p au lieu de p/, nous nous
retrouvons avec le systeme :

(Ou+UNu+ faw— fv = —pioalp—HJAu

o+ UVv+ fu = —p%@gp%—uAv

ow + UNVw — fiu = —pioagp — )’;—g + vAw (1.1.2)
Op+UNp = rkAp

divU = 0.
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1.1.3 Simplifications d’échelle

Nous continuons la simplifications des équations en utilisant les arguments d’échelle et
de grandeurs caractéristiques développés dans [15]. Reprenons les mémes notations que
précédemment : la grandeur caractéristique des distances horizontales sera L (pour x et
y), H pour la hauteur (z), T pour le temps ¢, U pour la vitesse horizontale (u et v), W
pour la vitesse verticale (w), P pour la pression (p) et Ap pour la densité (p). Nous faisons
les approximations suivantes :
r>1 Uc
~ Q? L ~
En examinant les trois termes intervenant dans la derniere équation (divU = 0), nous
remarquons que ’on doit comparer les échelles U/L et W/H. 1l apparait en pratique que
la meilleure approximation est de convenir que W/H < U/L. Ainsi nous obtenons que
W <U.

Ces simples comparaisons permettent d’éliminer, de facon purement formelle, de nom-
breux termes. Par exemple, f,w (qui est de Pordre de QW) sera négligé devant fu (de
Pordre de QU) (nous pouvons nous le permettre puisque nous nous plagons dans les lati-
tudes moyennes & I’écart de ’équateur). De la méme fagon vd?u (vU/L?) est négligeable
devant U@%u (vU/H?) ou encore, dans 1’équation sur w, les quatre premiers termes sont
négligeables devant le cinquieéme, lui-méme, négligeable devant les deux premiers termes
du membre de droite. Nous obtenons finalement le systéme simplifié suivant constituant le
systeme de base de la dynamique des fluides géophysiques (rappelons que f = 2Qsin¢) :

0, H<L, Ap<po.

ou +UNu— fo = —p—1081p+V8§u

ov+UVv+ fu = —pioagp—i-vagv

0 = —03p — pg (1.1.3)
op+UNVp = KkO3p

divU =0.

Remarquons que la troisieme équation a été drastiquement simplifiée au point que nous
nous retrouvons avec la relation hydrostatique.

1.1.4 Equilibre géostrophique

Effectuons maintenant une derniére analyse d’échelle afin d’évaluer les termes de premier
ordre. Si 'on divise par QU les ordres de grandeur des deux premieres équations, on
obtient par ordre :

U U W WLU P v
QT QL' QL QH UH QL' = pQLU QH?

Apparaissent ainsi trois nombres :

e Le nombre de Rossby temporel Ror = é, comparant le temps caractéristique a la
période de rotation de la Terre,

e Le nombre de Rossby Ro = Q—UL, comparant ’advection a la force de Coriolis,

e Le nombre d’Ekman Ek = 7> mesurant I'importance relative de la friction.
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Ces nombres sont tous inférieurs a 'unité et nous allons en fait les supposer négligeables
devant un. D’autre part nous admettons que I'on peut supposer que P = pgQ2LU. Re-
marquons enfin que nulle part encore la stratification n’est encore apparue : nous n’avons
encore considéré que les effets de la force de Coriolis.

Supposons maintenant que ces trois nombres sont négligeables devant un, ce qui revient
a s’intéresser a des fluides tournant rapidement. Continuons et ignorons les frictions
visqueuses et la variation de densité (p = 0, rappelons que nous avons choisi de noter
encore p' = p et p’ = p), nous obtenons alors le systéme suivant:

—fv=—-0p
__1
Ju= =50 (1.1.4)
0=—0sp
divU = 0.

11 est ainsi facile d’obtenir que d3u = d3v = 0, résultat connu sous le nom de théoréme
de Taylor-Proudman, qui dit que toutes les particules a la méme verticale ont la méme
vitesse horizontale : il s’agit de la rigidité verticale annoncée au début de cette introduc-
tion. D’autre part la vitesse est orthogonale au gradient de pression :

-1 P 1
B Y
c’est-a-dire que les particules se déplacent le long des lignes de pression constante, appelées
isobares, la direction de la vitesse étant fournie par le signe de f : par exemple, dans
I’hémisphere Nord, f > 0 (rotation dans le sens trigonométrique) et le courant s’écoule
avec a sa droite les hautes pressions.

Terminons en précisant que le divergence de la vitesse étant nulle, la troisieme com-
posante ne dépend pas non plus de la troisieme coordonnée. La composante verticale de
la vitesse peut étre éliminée et la vitesse est strictement bidimensionnelle. Nous renvoyons
a [12] pour une étude justifiant cette limite en forte rotation pour le systeme des fluides
tournants grace a des méthodes utilisant les effets dispersifs de certaines ondes dites de
Rossby (ou encore planétaires).

Un tel équilibre dans lequel la force de Coriolis est parfaitement contrebalancée par le
gradient de pression est appelé équilibre géostrophique (ou encore du vent géostrophique),
ce mot étant construit des racines grecques : yn (Terre) et o7po¢n (tournant).

L’équilibre géostrophique est presque réalisé dans la réalité : il suffit de lire une carte
de relevés pour constater un tres net parallélisme entre les vitesses des vents et les isobares.

Dans la premiere moitié du X X°¢ siecle on a voulu décrire I’atmospheére avec ce modele
du vent géostrophique. Ce systeme ne fournissant pas d’évolution dans le temps, les
météorologues se sont vite intéressés a un systeme obtenu en prenant en compte les termes
d’ordre supérieur en le nombre de Rossby : il s’agit du systeme quasigéostrophique qui
fournit I’évolution dans le temps de champs lents. Ceci fait 'objet de la section suivante.

alpa

1.1.5 Dynamique quasigéostrophique tridimensionnelle
Stratification

Comme nous ’avons signalé plus haut, nous n’avons, pour I'instant, jamais parlé concrete-
ment des effets de la stratification sur les équations. Dans cette section nous allons in-
troduire les dernieres hypotheses simplificatrices qui permettront d’obtenir non seulement
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le systeme quasigéostrophique mais aussi la forme des équations primitives sur lesquelles
nous travaillerons dans le corps de cette these.

Rappelons que nous avons constaté formellement que la rotation impose au fluide une
rigidité verticale qui donne au fluide une structure ”en colonnes” au sens ou les particules
sur la méme verticale ont la méme vitesse. A l'inverse, un fluide stratifié, c’est-a-dire
composé de cellules de densités différentes (par exemple air chaud ou froid, eau salée ou
douce...) aura tendance sous l'effet de la pesanteur a se ré-arranger de facon a ce que des
densités fortes soient situées en dessous de densités faibles. Cette répartition verticale en
couches horizontales induit ainsi formellement un gradient vertical qui affectera le champ
de vitesse et atténuera les effets de la rotation.

Considérons un fluide en équilibre statique composé de couches stratifiées verticale-
ment. Il est naturel de penser que si les couches lourdes sont situées sous les couches
légeres alors le fluide est stable, tandis que dans le cas inverse le fluide aura tendance
a subir un renversement qui le rend instable. Vérifions formellement cette intuition et
considérons une petite partie de ce fluide, située a la hauteur z ou la densité est p(z).
Déplagons-la verticalement jusqu’a la hauteur z + h ou la densité est p(z + h). Sile fluide
est incompressible la partie déplacée conservera sa densité méme si la pression change
un peu, et a sa nouvelle hauteur, cette partie de fluide de volume V', selon le principe
d’Archimede, subit une force de flottaison valant :

9(p(z+1) = p(2))V.
D’apres le principe de Newton nous obtenons que :

d’h
PV s = g(plz+h) = p(2) V.
Dans le cas d’'un fluide géophysique, les variations de densité sont relativement faibles
par rapport a la densité moyenne (ou de référence) du fluide. Cette remarque, qui était
primoridale lors de 'approximation de Boussinesq, va nous permettre de remplacer a
gauche p(z) par cette densité moyenne pg et d’effectuer un développement limité & droite :

dp
z+h) —p(z) = —h.
plz4 1)~ p(2) =
Nous obtenons ainsi 1’équation :
d’h g dp
a2 podz
Deux cas se présentent selon le signe du terme —l% :
po az

e Sil est positif (dp/dz < 0, la densité décroissant avec laltitude), alors on peut définir
la quantité suivante :

N2 = _i@
po dz’

et la solution a un comportement sensiblement oscillatoire de fréquence N. Elle
va d’abord redescendre vers sa hauteur d’origine, la dépasser et se retrouver dans
une couche de plus forte densité, ou elle sera soumise a une force de flottaison la
repoussant vers le haut, et ainsi de suite jusqu’a stabilisation a cause des frottements
visqueux... La quantité N s’appelle fréquence de stratification, ou fréquence de Brunt
et Vaisala.
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o S’il est négatif (dp/dz > 0, la densité croissant avec l'altitude) alors la solution aura
une croissance exponentielle. Le fluide est tres instable et un grand mouvement de
renversement se produira jusqu’a ce que le fluide se soit stabilisé avec les couches
lourdes en dessous des couches légeres. Si un facteur de déstabilisation est con-
stamment appliqué au fluide, comme par exemple un chauffage par le bas ou un
refroidissement par le haut, le fluide restera en constante agitation, ce phénomene
s’appelant la convection.

Dans la suite, nous ne nous intéresserons qu’a des fluides stables pour lesquels la
fréquence N existe. On la considérera comme constante.

Sans entrer dans les détails, précisons que dans le cas de I’atmosphere, la fréquence de
stratification est définie en fait & partir d’'une grandeur d’état proche de la densité, appelée
densité potentielle mais nous pouvons considérer que les relations précédentes sont vraies
pour la densité dans tous les cas avec une bonne approximation.

Le nombre de Froude

De la méme fagon que le nombre de Rossby a été défini pour mesurer I'importance de
la rotation en comparant la distance parcourue par une particule de fluide durant une
révolution (~ U/Q) avec la longueur caractéristique (L) dans laquelle a lieu le mouvement
(les effets de la rotation sont d’autant plus importants que le premier est grand devant le
second) nous allons définir un nombre pour mesurer I'importance de la stratification. On
peut déja s’attendre a ce que la fréquence de stratification N et la hauteur H interviennent
de facon symétrique a €2 et L.

Considérons un fluide de fréquence de Brunt-Vaisédla N s’écoulant horizontalement &
la vitesse U et rencontrant un obstacle de longueur L et de hauteur H, il peut s’agir par
exemple d’un vent soufflant dans la basse atmosphere sur une chaine de montagnes. La
présence de cet obstacle va forcer le fluide & étre déplacé verticalement ce qui revient a
lutter contre la pesanteur et a fournir de 1’énergie gravitationnelle. La stratification va
agir de fagon a minimiser ce déplacement vertical, forcant le fluide & passer autour de
I'obstacle plutot qu’au dessus de ce dernier. Plus la stratification est importante, plus
cette restriction est forte.

Le temps passé au voisinage de ’obstacle est sensiblement le temps mis pour parcourir
la distance L avec la vitesse U, c’est-a-dire T'= L/U. En désignant par W la composante
verticale de la vitesse, les déplacements verticaux seront de 'ordre de Az = WT' = WL/U.
En présence de la stratification et de la densité p(z) ces déplacements créeront des per-
turbations de 'ordre de (en notant p(z) la répartition stratifiée de la densité, dominante
devant les perturbations p(z,y, z,t)) :

poN? WL

g U~
En retour, ces variations de densité vont créer des perturbations de la pression, qui seront
grace a 1’équilibre hydrostatique de I'ordre de :

dp
Ap = ’%‘AZ ~

poN?HLW
—

Pour respecter 1’équilibre des forces horizontales, ce gradient de pression doit étre ac-
compagné d’un changement de vitesse horizontale visant & 1’équilibrer (udju + vdau ~

(1/p0)Orp) et :

P=gHAp =
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g2 P NHLW
Po u o’

dont nous déduisons immédiatement le rapport entre ce que nous interprétons comme la
“convergence” en vertical W/H et la “divergence” en horizontal U/L autour de l'obstacle :

W/H = U?
U/L = N2H?

Nous remarquons donc que si U < NH alors W/H < U/L et en utilisant la nullité de
la divergence, le terme Oyu est plutét compensé par dov que par dsw. Il y a plutét un
décalage horizontal que vertical, et plus la stratification est forte, plus U est petit devant
NH et W/H devant U/L. Plus la stratification est forte, plus les déplacements verticaux
et la vitesse verticale seront petits :

AzNWLN U?

H ~UH ~ N2H?

Ce qui nous amene a définir le nombre de Froude par :

Fr= L,
NH

qui mesure I'importance de la stratification : §’il est inférieur a un la stratification a des
effets importants, qui le seront d’autant plus que F'r sera petit.

On peut montrer que souvent, un fluide géophysique n’étant jamais parfaitement
géostrophique, le rapport (W/H)/(U/L) est de l'ordre de Ro.

Terminons en essayant de trouver un analogue aux colonnes dues aux effets d’une
forte rotation (Ro < 1). Ainsi donc, dans le cas ou F'r = U/NH < 1, les déplacements
verticaux seront tres fortement restreints, de sorte que la présence d’un obstacle force le
fluide a se répandre de fagon presque purement horizontale. Si ’obstacle occupe toute la
longueur, le fluide est donc bloqué. Ceci peut étre vu comme un analogue a la rigidité
verticale en cas de forte rotation.

La courte section suivante présente ’approximation dite du (-plan qui sera utilisée
dans la section suivante pour aboutir formellement au systéme quasigéostrophique.

Approximation du (-plan

Cette approximation consiste a développer le parametre de Coriolis f = 2)sin ¢ autour
d’une latitude de référence ¢p. Ainsi 'on écrit ¢ = ¢o + y/a, avec le rayon de la Terre
a = 6371km. Le terme y/a étant pris petit, on développe ainsi le parametre de Coriolis :

f=2Qsin ¢y + 20 cos o+ ...,
a

duquel on ne gardera que les deux premiers termes : f = fo + Goy.

Pour des latitudes moyennes, fo = 8.107%s7 ! et By = 2.107"'m~1.s7!. Si I'on ne
retient que le premier terme 'approximation est traditionnellement appelée du ” f-plan”,
et du ” @-plan” lorsque 'on garde les deux premiers termes.
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Le systéme quasigéostrophique tridimensionnel

Dans cette partie les nombres de Rossby, de Rossby temporel et d’Ekman seront supposés
petits. Pour rendre le nombre de Rossby (U/€1L) petit, ou bien I'on consideére des vitesses
relativement faibles (U petit) ou bien des fluides tres étendus (L grand). La premiere
possibilité sera utilisée pour aboutir au systeme quasigéostrophique mais I'autre possiblilité
n’est pas a écarter car elle est vérifiée dans de nombreux mouvements atmosphériques et
océaniques.

Commencons par la restriction consistant a considérer que les fluctuations autres que
verticales de la densité sont faibles (rappelons que l'on avait décomposé la densité en
p = po+ p ou p est une petite variation, et qu’on a ensuite gardé seulement p’ dans les
équations en la notant encore p) :

p:ﬁ(z)—{—pl(l‘,y, z,1), |p/’ < [pl-

La densité p(z) est appelée la stratification basique et, lorsqu’elle n’est pas perturbée, elle
crée un état d’équilibre hydrostatique. On supposera que cette stratification est établie et
maintenue. Le formalisme de I'approche quasigéostrophique ne s’intéresse pas a l’origine
de cet équilibre mais aux mouvements qui le perturbent faiblement. Le raisonnement
suivant sera purement formel.

Sous 'approximation du (-plan, les équations s’écrivent de la fagon suivante en posant

b= ]3(2!) +p/(x7y7zut) :

ou+ UNu — fov — Boyv = —pioalp’ + vd3u
v +UNv + fou+ Boyu = —pioagp’ + vd3v
0 = —d3p' —ply

Op +u01p+v0ap +wdsp =0

divU =0

L’hypothese |p'| < |p| nous a permis formellement de nous débarrasser du terme wdsp/,
et nous avons aussi négligé la diffusion verticale de densité. Supposons de plus que 'on
a |Boy| < fo. Nous remarquons que les termes dominants correspondent exactement a
I’équilibre géostrophique :

fou = ——6 by

Remplagons u et v par ces valeurs géostrophiques (sauf pour les termes en fj), nous
exprimons ensuite u et v (J(a,b) = d1adeb — 2a01b) :

{—fo’v = —*3110

1 Bo / 2 /
U =——7r09p — —5010, 0 Oop + ——
rofo 2 fo 191 = ofo T ) + Po gy > fo
1 Bo
v = o — 50 O’ — P, Oop op + —=0 8
po fo 1P fo 2 ofo ( g ) o 3y ! fo ?

En utilisant la nullité de la divergence, nous en déduisons la valeur de dsw (Vj, = 97+ 93) :

1 1
P (0 Vrp' + MJ(p’, Vip') + Boip — vV ,R05p).
0

Ozw =
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Ensuite, en remplacant les vitesses par les valeurs géostrophiques, et en utilisant la fréquence
de Brunt-Viisili (N (2)? = —(g/po)dsp), nous obtenons que :

poN?

1
op' + ﬁJ(p',p/) — w = 0.

pofi

En divisant par N?/g et en dérivant par rapport a la troisiéme coordonnée, puis en utilisant
I’expression de J3w, nous obtenons finalement, en définissant la fonction de courant ¢ =

p'/(pofo) :

Oha+ J(¥,q) = vV,

2
ol ¢ = Vpyp + 03(%831#) + Boy = O1v — Oou — 63(1\f§g0 p') est le tourbillon potentiel.
On exprime ensuite les composantes grace aux expressions de la vitesse géostrophique,
Iéquilibre hydrostatique (pour p’) et enfin I’équation simplifiée de p’ pour obtenir w :

u = —01

v=01¢

w = —4% (0850 + T (0, I31))) (1.1.5)
P = pofo

p = po%a:ﬂ/)

Et vu ces nouvelles expressions la quantité J (1, q) vaut donc J (v, q) = ud1q + vdaq.

Ce systeme consistant en ’advection de la vorticité potentielle et une inversion de
celle-ci par une loi du type Biot et Savart pour obtenir la vitesse est appelé systeme
quasigéostrophique, et a été proposé par Charney. On constate que dans la réalité, les
mouvements de grande échelle sont trés proches du systeme quasigéostrophique, voire
méme de I’équilibre géostrophique. L’écart entre la réalité et le systeme quasigéostrophique
est intuitivement de l'ordre du nombre de Rossby. C’est ce que nous verrons dans la
derniere partie de cette these.

Le systeme quasigéostrophique a été utilisé pour faire de la prévision météorologique
(dans les années 40-50). On lui a préféré, avec la précision croissante des simulations
informatiques, l'utilisation des équations primitives (a partir des années 50-60). Cependant
le systeme quasigéostrophique est encore utilisé de nos jours pour des modeles de climat
de faible variation et de basse dimension.

Nous verrons dans la deuxieme partie de nombreuses preuves mathématiques de cette
convergence vers le modele quasigéostrophique. Pour cela, les équations primitives subis-
sent encore quelques simplifications.

1.1.6 Simplification des équations primitives

Dans cette derniére section introductive, nous allons modifier les équations a I'aide d’un
raisonnement de changement d’échelle pour faire apparaitre les nombres de Rossby et de
Froude afin obtenir le systeme sur lequel nous travaillerons dans le corps de cette these.
Nous suivrons la méthode proposée par [19].

Nous prenons désormais les notations U = (v, p), v = (u',u?,u3) et ¢ pour les incon-
nues, et (z1,x2,rs,t) pour les variables, et reprenons le systéme (1.1.2) en négligeant le
parametre de Coriolis réciproque :
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(Ol +v.Vu! — fu? = —pio@lqﬁ + vAu!
O +v.Vu? + ful = —p%@ggb + vAu?
O + v.Vu? = —p%83¢ - % + vAu3
Op+v.Vp = rkAp
divov = 0.

Faisons les changements p = p(z) + p'(z,y, 2, t), |¢/| < [p] et ¢' = o+ [
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gp(s)ds, notons

encore p' = p et p’ = p. En utilisant que d3p = —poN?/g, nous obtenons le systeme

suivant (nous choisissons d’ignorer le terme £03p) :

ot +v.Vul — fu? = —p%@mﬁ + vAu!
o +u.Vu? + ful = —p%@ggi) + vAu?
o +v.Vu3 + % = —p%@;mﬁ +vAu?
Op+v.Vp— pong2u3 = KkAp

div v = 0.

Introduisons les échelles suivantes :

e L longueur horizontale caractéristique

U vitesse horizontale caractéristique

_ L

T'=g

temps caractéristique

Thr = % période de rotation

Ty = % période de stratification

po densité moyenne
e p pression moyenne

Nous effectuons ensuite les mémes changements que dans [19] :

( / _x
T =1
I _t
t = T
_ v
v=7
I_ _p
P = nB
o =3
p
Et en définissant les nombres suivants :
Ro=1z - U bre de Rossb
O—T—Tf nombpre de 0OSSDY
Fr = TTN = % nombre de Froude
- p b
b= p0U2
I'=77
nous aboutissons au systéme (en notant abusivement v = %Y et v/ = 57
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ol +v.Vul — %uQ = —Tapio(?lqﬁ + vAu!
ou® +v.Vu? + %ul = —;T?p%@ggb + vAu?
o +o.Vut +Tp = —ﬁp%aﬂ’ + vAud
Op+v.Vp— ﬁu?) =V Ap

Ldiv v =0

Comme nous considérons des mouvements fortement influencés par la rotation et la strat-
ification, nous avons Tr, Ty < T et donc Ro, Fr < 1. Nous allons lier ces parametres et
poser Ro = € oll € est un petit parametre, p = e, Fr = eF, I' = Fr~! (ce qui équivaut
a B = NU/g). Nous obtenons finalement le systéme des équations primitives, sur lequel
nous travaillerons dans cette these :

1 1
atUg + Ua.an - LU& + EAUQ - g(_v(pg,o)

(PE:) div ve =0
Uz ji=0 = Up.
L’inconnue consiste en le couple U; = (ve, pe) et le terme de pression ., et on définit

l'opérateur L par :

LU, def (vAve, V' Ap:)
et A par:
0 -1 0 0
def | 1 0 0 0
A= 0 0 0 F-1
0 0 —F1' 0

Si U'on utilise ces changements de variable et d’échelle, ’expression du tourbillon potentiel
est ¢ = O1ub — Do) — 83(1\{320 p'), et en posant ¢ = %q et en supposant N constante, on
obtient que

q = O1uly — Oau) — FOsp’.

De facon abusive, on appellera € le nombre de Rossby et F' le nombre de Froude.

1.2 Aspects mathématiques

1.2.1 Rappel des travaux antérieurs
Equations primitives

L’étude des asymptotiques des équations primitives en forte rotation (correspondant & un
nombre de Rossby Ro petit) et forte stratification (nombre de Froude F'r petit) se traduit,
comme nous ’avons vu dans l'introduction par les choix d’échelles et de parametres, de
fagon unifiée par la convergence du seul petit parametre ¢ vers zéro. Rappelons que,
suivant les changements d’échelle de [19] nous avons nommé ¢ nombre de Rossby mais
qu’il prend en compte non seulement I’évanescence du parametre Ro mais aussi celle du
parametre F'r et il s’agit alors de vérifier mathématiquement la convergence, lorsque ¢
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tend vers zéro, vers le systeme quasigéostrophique. Nous allons rappeler dans cette partie
une liste de résultats concernant les asymptotiques du systeme des équations primitives.

Dans [31] et [32], J.-L. Lions, R. Temam et S. Wang présentent les équations primitives
dans une géométrie sphérique et cartésienne, puis s’intéressent a leurs solutions et aux
asymptotiques géostrophiques.

Citons ensuite le travail de T. Beale et A. Bourgeois dans [4] qui étudient les équations
primitives (non visqueuses et avec une équation simplifiée pour la densité) dans le cas d'un
domaine périodique en la coordonnée horizontale (et borné en la coordonnée verticale) et
pour des données initiales régulieres. Grace a un changement de variable fondé sur les
symétrisations, ils se rameénent a des fonctions périodiques dans les trois directions, cadre
dans lequel ils démontrent leurs résultats. Il étudient ainsi le systeme quasigéostrophique
(en temps court, puis global) ainsi que la convergence des solutions des équations primitives
pour des données initiales trés régulieres (H?) et bien préparées.

La notion de données ”bien préparées” signifie que 'on prend des données initiales
déja proches de I'état quasigéostrophique au sens ou la suite des données initiales converge
lorsque € tend vers zéro, vers une fonction quasigéostrophique. Historiquement, tant pour
le systeme des équations primitives que pour celui des fluides tournants, les méthodes ne
permettaient pas de considérer des données initiales générales, aussi devait-on choisir des
données proches de la structure des solutions du systeme limite.

La raison se trouve sous forme de conjecture dans ces trois articles: on prend conscience
que ce qui force a se placer dans un cas bien préparé est la présence de solutions oscillant
tres rapidement (dont la fréquence est inversement proportionnelle au nombre de Rossby)
ce sont les ondes de Poincaré (ou ondes planétaires). Et si 'on ne se plagait pas dans
le cas bien préparé (ce qui veut dire qu’on essaie autant que possible de neutraliser ces
ondes dans la donnée initiale) les méthodes ne permettaient pas de prouver la convergence
vers le systeme quasigéostrophique. Comme nous le verrons plus tard, les méthodes de
dispersion et les estimations de Strichartz nous permettront dans cette these d’étudier
précisément ces ondes et de connaitre leur comportement : ces ondes tendent vers zéro
dans des espaces du type LP(]0,T], L*°/Lip/C?).

Dans [19] et [20], P. Embid et A. Majda présentent une formulation générale pour les
mouvements de fluides géophysiques, suivie de ’explication de 'approximation de Boussi-
nesq et de changements d’échelle. Le choix d’un unique petit parametre rendant compte
des phénomenes dus & la rotation et la stratification permet ensuite une simplification
aboutissant au systéme des équations primitives que nous allons utiliser tout le long de
cette these. Suivent une étude dans le cas de fluides peu profonds en rotation rapide et
dans le cas périodique en les trois variables (T?).

Citons ensuite le travail de J.-Y. Chemin dans [11] qui propose une étude du systeme
primitif dans le cadre d’espaces de Sobolev H*(R?) (on se place dans tout I’espace) et sous
I’hypothese ou F' = 1, cas, nous le verrons plus tard, ou ’on n’a aucun effet dispersif. La
structure du systeme permet dans ce contexte d’utiliser les théoremes de Leray et Fujita-
Kato et d’obtenir ainsi des solutions faibles et des solutions fortes. J.-Y. Chemin prouve
que la solution U converge dans espace L®(Ry, H'=") N L*(R,, H*~") vers la solution
unique du systéme quasigéostrophique ayant pour donnée initiale Uy gg. Ceci est fait
sous des hypothéses de proximité des deux viscosités v et v/, et pour des données initiales
régulieres et bien préparées: la suite des parties quasigéostrophiques des données initiales
converge dans H? vers Uo,qa, et la suite des parties oscillantes initiales converge vers zéro
dans H~! . De facon plus précise:
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Théoréme 1.2.1 [11] II existe une constante 0 < ¢ < 1 telle que si |v — V| < cv et si la
donnée initiale Uy € H' N H~1 vérifie:

1Uoll g1 U0l 7 2
4 H L
o ||U o < —E e cv?

H 0,0SCHH 1> ||UO||3»1 )

. W0l 1 Vol 2

cv e 2

< <
= TOOTE, 06Ty

e <

Alors le systéme primitif est bien posé: il admet une unique solution globale appartenant
a l'espace C(Ry, HY) N L?(R, H?) et vérifiant pour tout temps t:

IO +V/0 U@ 52dt < 0ol 3

Le théoreme suivant donne la convergence dans le cadre des données initiales bien
préparées:

Théoréme 1.2.2 [11] Soit (Upc)eejo,c,) une famille de données initiales bornées dans H!
telles qu’il existe Uy gi tel que I'on ait:

dim [[Uoe.oc —Uoqéllgn =0 et im [[Uocosell g1 = 0.

Alors la famille (U:).co,c, du systeme des équations primitives avec donnée initiale Up .
converge vers la solution Ugq du systéeme quasigéostrophique avec donnée initiale Uy gc
et ce dans I'espace L= (R, H'=") N L?(R,, H>~") pour tout n > 0. Plus précisément, on
a:

Jim (Uz = Uz ose) = Uge  dans LRy, H') N L2 (R, H?).

Le cas F' = 1 ne donne aucun effet dispersif (pour la simple raison que des simplifica-
tions rendent dans ce cas la phase indépendante de la fréquence). Dans la présente these,
oll nous travaillons dans la continuité de cet article, nous nous placerons dans le cas F' # 1
et utiliserons systématiquement la dispersion pour prouver la convergence vers zéro de la
partie oscillante. Nous insistons sur le fait que nous nous placons d’emblée dans le cas mal
préparé et n’aurons nulle part a faire ’hypothese de données bien préparées. D’autre part
nous n’aurons pas besoin de I’hypotheése de proximité des viscosités, ni de la petitesse des
données initiales. Notons enfin que nous n’aurons besoin au départ que d’une régularité
minimale: Uy € L2.

Dans la continuité de cet article, citons ’étude de D. Iftimie ([30]) qui s’est intéressé
au cas du systéme primitif non visqueux avec F' # 1, et prouve la convergence vers le
systeme quasigéostrophique dans I'espace LiS (Ry, H?), 0 < s ot s > g est la régularité
initiale. Ici aussi on fait I’hypothese de données initiales bien préparées en demandant que
la suite des parties oscillantes des données initiales tende vers zéro dans I’espace L2, et
que les parties quasigéostrophiques tendent dans L? vers une fonction quasigéostrophique.

Toujours dans la continuité de [11] nous mentionnons aussi le travail d’I. Gallagher
sur les équations primitives dans [21], obtenant la convergence quasigéostrophique dans
le cas périodique (cas du tore T3) avec F, v, v/ quelconques et pour des données initiales
mal préparées. Ce résultat fait partie de résultats plus généraux appliquant des méthodes
développées par S. Schochet dans [35].
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Citons enfin les travaux de B. Desjardins et E. Grenier dans [17] qui se placent dans
un domaine de type bande, borné en haut et en bas par une paroi solide et pour une
viscosité evanescente et en particulier une viscosité verticale petite devant €. Ils prouvent
I’existence d’une solution faible globale pour le systeme quasigéostrophique et étudient
pour une solution réguliere non seulement la convergence quasigéostrophique mais aussi
les couches limites d’Ekman sur les parois verticales lorsque ¢ tend vers zéro.

Nous insistons sur le fait que dans la hiérarchie des systemes obtenus par simplifications
successives des équations ou hypotheses sur les grandeurs caractéristiques et domaines, de
nombreuses équations font 'objet d’études trés poussées : par exemple le systeme des
fluides tournants, le systeme géostrophique, le systeme des lacs peu profonds... Citons
ainsi les travaux de D. Bresch, J. Lemoine et J. Simon dans [5] et [6].

Fluides tournants

Le systeme dit des fluides tournants prend en compte la force de Coriolis mais pas la
stratification. On l'obtient a partir des équations de base comme dans la premiere partie
de cette introduction, et si I’on considere les approximations que 'on a faites pour obtenir
notre systéeme des équations primitives, on retrouve le systeme des fluides tournants en y
éliminant la densité.

U X €
Oue + ue.Vue — vAu, + — E A —Vpe

divu, =0

Commencons par mentionner le travail d’E. Grenier qui s’est intéressé dans [27] aux ondes
induites par le terme de rotation et les filtre grace a un groupe d’isométries, a la maniere
de [35].

Citons ensuite les travaux de A. Babin, A. Mahalov et B. Nicolaenko qui se sont
intéressés au cas mal préparé : dans [1] ils s’intéressent au systeme des fluides tournants
avec ou sans viscosité et dans un domaine périodique non résonant et dans [2] ils prouvent
I'existence en temps infini de solutions régulieres pour le systeme des fluides tournants
dans la limite d’une forte rotation et dans des domaines périodiques quelconques.

Continuons avec les travaux de T. Colin et P. Fabrie : dans [13] sont prouvés des
résultats d’existence en temps long et la convergence en forte rotation et avec une viscosité
verticale evanescente (de l'ordre du nombre de Rossby) vers le systeme de Navier-Stokes
bidimensionnel pour des conditions au bord périodiques et des données initiales parti-
culieres. Dans [14], pour le méme systéme, sont prouvés des résultats d’existence globale et
de convergence vers Navier-Stokes bidimensionnel pour des conditions au bord périodiques
et des données bien préparées.

Citons ensuite travail de J.-Y. Chemin, B. Desjardins, 1. Gallagher et E. Grenier dans
[12] qui ont obtenu une vérification du théoréme de Taylor-Proudman dans tout l’espace
en utilisant les phénomenes dispersifs engendrés par la force de Coriolis. Ils ont prouvé
des estimations de type Strichartz et les ont utilisées pour obtenir des convergences vers la
solution (unique) du systeme de Navier-Stokes bidimensionnel (on retrouve ainsi la vitesse
bidimensionnelle et le fait que sur une méme verticale, la vitesse est la méme : c’est la
répartition en colonnes évoquée dans la premiere section) dans différents cas pour des
données initiales mal préparées : ils ont examiné les solutions faibles avec uy € L?(R3).

Dans ce cas, la suite u. converge vers zéro dans L2, (R4, LY(R?)) (q €]2,6[) : grace a une
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étude spectrale et des estimations de Strichartz, ils prouvent que 1’énergie est dispersée
par les ondes de Rossby.

Toujours pour des solutions faibles avec données initiales mal préparées : si on part
d’une donnée initiale se décomposant en ug = g + wo avec Gy € L? (Rz) et wg € L? (R?’)
alors la solution u. converge dans L? (R, LY(R?)) (¢ €]2, 6[) vers la solution unique u du
systeme de Navier-Stokes bidimensionnel avec donnée initiale . )

Terminons par le cas ot pour la deuxiéme partie on suppose wy € H2(R3). Dans
ce cas on dispose de solutions fortes et d’une bien meilleure convergence : en effet, si
I'on note w, = u. — u et vf la solution de I’équation linéarisée homogene alors, si € est
suffisamment petit, la solution est globale, unique et w. — v converge vers zéro dans
L®(Ry, H2) N LA(R, H?).

Anticipons sur la partie suivante en disant que dans cette these, nous utiliserons abon-
damment ces méthodes pour des données initiales systématiquement mal préparées, avec
des hypotheéses minimales de régularité et sans supposer que v = v/ ou que F' =1 (le cas
F # 1 est celui dans lequel la dispersion a lieu). Nous améliorerons ensuite les résultats
en accordant plus de régularité aux données initiales et tout au long de cette thése nous
affinerons successivement les estimations dispersives et les estimations de Strichartz selon
nos exigences de régularité ou de convergence. Précisons que dans le dernier chapitre, nous
obtenons une estimation de la vitesse de convergence des solutions U, vers la solution du
systeme quasigéostrophique en fonction du nombre de Rossby . Nous nous placerons
enfin dans le cas v = v/ pour obtenir une vitesse de convergence bien meilleure.

Poches de tourbillon

Terminons par des résultats de type poche de tourbillon pour le systeme primitif non
visqueux. Rappelons tout d’abord qu’un résultat de type poche de tourbillon consiste en
la preuve de la persistance au cours du temps de la régularité tangentielle du bord de la
poche. Il s’agit en fait de prendre une donnée initiale dont le tourbillon est I'indicatrice
d’un domaine borné et régulier, et de vérifier que le tourbillon reste la fonction indicatrice
d’un domaine, qui varie au cours du temps mais conserve tout de méme une certaine
régularité. Historiquement on a commencé a s’intéresser a ce probleme pour le systeme
d’Euler bidimensionnel suite & des observations expérimentales. Nous renvoyons a [10]
pour le cas du systeme d’Euler bidimensionnel, a [16] et [29] pour le cas de Navier-Stokes
bidimensionnel et enfin & [23] pour le cas de Navier-Stokes tridimensionnel. Citons aussi
le travail de H. Chaocheng dans [9)].

Concernant le systeme primitif, A. Dutrifoy a étudié dans [18] la convergence quasigéo-
strophique dans le cadre des poches de tourbillon, obtenant la persistance de la régularité
tangentielle lorque ¢ tend vers zéro et F' # 1. Le tourbillon potentiel, caractéristique des
équations primitives, a été utilisé a la place du tourbillon. Les données initiales sont mal
préparées et les résultats de dispersion de [12] sont appliqués au cas v = v/ = 0 ou les
éléments propres sont plus simples & déterminer.

Le dernier résultat de cette these reprendra les principes de cet article en les adaptant
au cas visqueux, et pour résoudre la difficulté technique imposée par la viscosité, nous
utiliserons les travaux récents de T. Hmidi ([29]), qui complétent ceux de R. Danchin
([16]) concernant les poches de tourbillons visqueuses pour le systeme de Navier-Stokes
bidimensionnel. Lors de cette étude, nous nous placerons dans le cas v = /.
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1.2.2 Présentation des résultats obtenus

Le but de cette these est d’utiliser dans un cadre plus général les méthodes développées
dans [12], notamment de dispersion, afin obtenir dans la continuité des résultats de [11],
la convergence en forte rotation et forte stratification du modele des équations primi-
tives (appelé aussi systéeme primitif) vers le modele quasigéostrophique tridimensionnel,
ceci dans le cas de tout Iespace R? pour F' # 1. Nous insistons sur le fait que nous
travaillerons systématiquement avec des données initiales mal préparées ce qui ne posera
pas de probleme étant donné que notre approche a consisté notamment en une étude
trés précise du comportement de la partie oscillante, et tout particulierement des ondes
de Poincaré, étude suffisamment robuste pour que nous puissions méme permettre aux
parties oscillantes des données initiales d’exploser.

Dans cette étude des oscillations, le fait de prendre v # v/ complique considérablement
les calculs sur le systeme linéarisé et les estimations: non seulement pour 1’étude des
valeurs propres olu, par rapport au cas des fluides tournants, la simple détermination des
expressions des valeurs propres nécessite beaucoup plus de travail (ceci est présenté en
détail dans le chapitre suivant), mais aussi pour celle des vecteurs propres qui nécessite
des estimations précises pour les projecteurs spectraux du fait de la non orthogonalité des
vecteurs propres (dans le cas des fluides tournants les vecteurs propres sont orthogonaux).
Ainsi parfois nous présenterons des résultats dans le cas v = v/ seulement (cas ol les
valeurs propres seront plus simples et les vecteurs propres orthogonaux), notamment dans
le cas des poches de tourbillon ou la présence de la viscosité, qui était un atout dans le
cadre des solutions faibles (chapitre 2) et des solutions fortes (chapitres 3 et 4), dans le
sens ou elle permettait d’utiliser le concept de solution faible et les théoremes de Leray et
Fujita-Kato, ainsi que des estimations d’energie, pose ici de sérieux probléemes techniques
qui seront surmontés en adaptant les résultats récents de T. Hmidi dans [29] concernant
les poches de tourbillons pour le systeme de Navier-Stokes bidimensionnel.

Précisons qu’il est important de pouvoir traiter le cas v # 1/ puisque dans la réalité ces
deux grandeurs sont effectivement distinctes (bien que selon les cas pouvant étre proches).
A titre d’exemple, nous renvoyons [28] o1 nous trouvons diverses valeurs de la diffusivité
thermique ¢/ et de la viscosité cinématique v : pour l'eau v/ = 107"m2.s ! et v =
107%m2.571, et pour lair v/ = 2,24.107°m?%.s7 ! et v = 1,43.107°m?.s~ 1. Si l'on définit
R= Lyyll, alors dans le premier cas on a environ R = 0.9 et dans le deuxieme, R = 0.56.

De fagon générale, méme si nos données initiales sont mal préparées au sens ou
nous ne leur imposons aucune structure particuliere, nous tirerons constamment parti
de la séparation de la solution en sa partie oscillante et sa partie quasigéostrophique,
représentation qui n’est en fait, comme nous le verrons, qu’'une décomposition orthogo-
nale associée a des opérateurs pseudo-différentiels homogenes d’ordre zéro.

Le deuxieme chapitre traite le cas de solutions faibles avec des données initiales mal
préparées ayant une régularité minimale pour utiliser le concept de solution de Leray :
nous les prendrons dans L? sans hypothese supplémentaire sur leurs parties oscillantes.

Le troisieme chapitre étudiera les solutions fortes avec une meilleure régularité pour
les données initiales : les conclusions sont nettement plus précises.

Le quatrieme chapitre présente, pour les solutions fortes et lorsque 'on demande en-
core un peu plus de régularité, des estimations beaucoup plus précises de la vitesse de
convergence, avec un résultat plus précis encore sous I'hypothese v = /. Signalons que
dans ce quatrieme chapitre, on autorise la partie oscillante des données initiales a étre non
bornée en . La deuxieme partie de ce chapitre prouve la convergence quasigéostrophique
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dans le cadre des poches de tourbillons et adapte des résultats de [29] et [18] pour prouver
la persistence de la régularité tangentielle.

Nous insistons sur le fait que le fil conducteur de cette these est I’obtention d’estimations
dispersives de plus en plus fines, sachant que 'uniformité en la viscosité se fait au détriment
du caractere global en temps de ces estimations (nous verrons que la viscosité apparait
uniquement a travers ses puissances négatives, a part dans les derniéres estimations de
Strichartz ol nous obtenons des estimations qui restent bornées lorsque la viscosité tend
vers zéro, rendant ces résultats utilisables en viscosité evanescente, mais alors ces estima-
tions ne sont que locales en temps).

Solutions faibles

Nous nous placons dans le cadre des solutions de Leray. La matrice A étant antisymétrique,
les méthodes d’énergie, utilisées pour la démonstration du théoreme de Leray dans le cas
du systeme de Navier-Stokes, sont inchangées et fournissent le méme résultat d’existence
de solutions faibles globales que I'on énonce dans le théoreme suivant :

Théoréme 1.2.3 Supposons que la donnée initiale Uy € L*(R3), alors il existe pour tout
e > 0 une solution de Leray du systeme (PE.), U., globale en temps, appartenant a
Pespace L®(R, L2(R?)) N L2(Ry, H'(R3)) et satisfaisant I'estimation d’énergie suivante
(avec vy = min(v, ') >0) :

t
Vi€ Ry, [|Ue(t)lI72ms) + 2V0/O IVU= ()1 72 sydt < Ul 72 gs)-

Dans le premier chapitre de cette these nous allons travailler sur ces solutions faibles et
obtenir le formalisme qui nous servira dans toute la suite, ainsi que le premier résultat
de convergence. Commencant par un calcul formel nous introduirons de fagon naturelle
le systeme quasigéostrophique ainsi que la quantité suivante que ’on appelle tourbillon
potentiel :

Q&‘ == 811)2 - 621); - F8395,

ce qui nous permet dans la suite de scinder la solution U, en sa partie quasigéostrophique
(Pobjectif est d’éliminer les termes comportant € en dénominateur en définissant un
élément du noyau de I'opérateur PA) :

— 0y
0 _
Uega = 01 Ap~ i,

—F05
ou l'on a posé Ap = 6% + 6% + F28§, et enfin sa partie oscillante
Ua,osc = Ua - U&,QG‘

Nous verrons que cette décomposition se résume en fait en une décomposition orthogonale
du méme type que celle obtenue lorsque 1’on définit le projecteur de Leray IP sur les champs
a divergence nulle : il existe deux opérateurs pseudo-différentiels homogenes de degré zéro,
notés P et Q, tels que Ue gg = QU:, et Ue osc = PUk.

Citons maintenant les deux résultats obtenus dans ce chapitre :
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Théoréme 1.2.4 Si la donnée initiale Uy appartient & L?(R3) et si I'on considére une
suite de solutions de Leray (U.)s>0 alors, la partie oscillante Uy 5. tend vers zéro quand e
tend vers zéro, dans I'espace L2 (R, L(R®)) pour tout q €]2,6].

loc

Théoréme 1.2.5 Sous les mémes hypothéses, il existe une suite extraite de la partie
quasigéostrophique U, g qui converge pour tout q €]2, 6] dans I’espace LZQOC(RJ” L;’OC(R?’))
vers une fonction Ugg de la forme (v',v2,0,0) et solution du systéme:

02
_ 81
0
Fos

(QG) U —TU = Ar 1 (0.VQ),

avec T' 'opérateur elliptique d’ordre deux défini par T' = AAp~1 (10,2 4+ 10, 4+ V' F205?).

11 faut voir que malgré cette forme particuliere, le systeme (QG) est tres proche de celui de
Navier-Stokes: pour le voir, nous pouvons ’écrire sous forme de systéme sur le tourbillon
accompagné d’une loi de Biot et Savart:

—0y
o
0
_Foy

GQU+UVQ-TQ=0 et U = ArlQ,

mais la proximité avec Navier-Stokes devient flagrante lorsque nous utilisons les propriétés
des projecteurs (et le fait que pour un champ quasigéostrophique U, I'U = QLU, que nous
utiliserons dans le troisieme chapitre):

U +UNVU — LU = PP,

ou le deuxieme membre est ’équivalent du gradient de pression pour Navier-Stokes.
Précisons cependant que ce n’est pas sous cette forme que le systeme quasigéostrophique
est le plus facile & manipuler : nous préférerons systématiquement utiliser la premiere
forme (QG).

Signalons que dans ce chapitre nous étudions les propriétés spectrales de la matrice

—

(en variable de Fourier) —L + %IP’.A. Elles seront capitales dans les estimations dispersives
et celles de Strichartz.

Solutions fortes

Toujours en suivant les méthodes développées dans [12], nous allons dans ce chapitre
obtenir des résultats beaucoup plus précis lorsque les données initiales sont plus réguliéres.

Alors que dans le premier chapitre, nous n’avions aucun résultat d’unicité pour les
solutions du systeme quasigéostrophique, ici nous avons une structure beaucoup plus
forte : nous verrons que l'utilisation du tourbillon potentiel permet d’éviter le terme
de stretching qui apparait lorsque 1’on utilise le tourbillon classique, ce qui rend ainsi le
systeme quasigéostrophique plus proche du systeme de Navier-Stokes bidimensionnel que
du systeme tridimensionnel. Cette structure proche du systéme de Navier-Stokes bidimen-
sionnel nous permet d’obtenir, sans hypothese de petitesse des données initiales, I'existence
et I'unicité d’une solution globale pour le systéme limite lorsque les données initiales sont
plus régulieres :
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Théoréme 1.2.6 Supposons que Uy gc € H'(R3), alors le systéme (QG) a une unique
solution, globale et appartenant a Iespace L™ (R, HY(R3)) N L?(R ., H%(R?)).

Nous obtenons ensuite un théoreme qui donne de fagon plus précise le comportement
en fortes rotation et stratification des solutions fortes. Choisissons la donnée initiale
Up € HY(R3NH 2 (R3) en demandant seulement que Up o € L*(R?). Précisons que méme
si, a cause du terme antisymétrique linéaire %AU87 le systeme n’a plus de scaling, il est
tout de méme naturel 9e choisir le méme scaling que pour Navier-Stokes tridimensionnel,
c’est-a-dire I'espace H2 (espace invariant par la transformation u +— Au(A?t, \z)). Encore
une fois, grace a cette antisymétrie, les méthodes d’énergie utilisées dans la démonstration
du théoreme de Fujita et Kato (qui consistent & étudier les variations du carré de la norme
H %) fournissent le résultat correspondant pour le systéme primitif.
Définissons W, comme étant la solution du systeme linéaire suivant :

1
OWe — LW, + E]P’.AT/VS =-G
Wa/t:() = UO,osc = P(UO)

(1.2.6)

dans lequel G est un terme de force extérieure construit a partir de la solution limite
Uga : ce choix de 'auxiliaire W, s’explique par le fait qu’il s’agit d’éliminer le terme G,
qui apparait lorsque 'on écrit le systéme vérifié par U, — Uggq, et qui en tant que terme
constant ruine toute méthode de type Gronwall pour obtenir des résultats de convergence
vers zéro. Nous faisons donc osciller ce terme en tirant parti des propriétés dispersives de
lopérateur —L + %]P’A.

Alors nous obtenons facilement que W, existe globalement et est unique dans ’espace

s def L®(Ry, H®) N L3Ry, H*F) pour tout s € [1,1].

Nous démontrons ensuite grace aux estimations de Strichartz qu’elle tend vers zéro
dans L?(R., L™) lorsque ¢ tend vers zéro.

Et D’essentiel de ’article consiste en la démonstration du fait que lorsque e est sufl-
isamment petit (le voisinage dépend des données initiales et des parametres v, v/ et F), la
différence entre la solution du systeme primitif et celle du systéme limite, modulée par les
oscillations de W, visant a stabiliser le systéme, que nous noterons 7. = U. — Ugg — We,
est définie globalement et converge vers zéro dans E* pour tout s € [%, 1].

Précisons que, contrairement au systéme de Navier-Stokes tridimensionnel qui est pour-
tant tres proche du systéme des équations primitives, les solutions de (PE;) sont uniques
et globales lorsque € est suffisamment petit, ceci sans aucune hypothese de petitesse des
données initiales. La rotation et la stratification induisent ici des effets dispersifs qui sta-
bilisent le systeme de la méme fagon que la forte rotation stabilise le systeme des fluides
tournants.

Nous obtenons enfin que U, —Ugg converge vers zéro dans 1’espace L?(R,, L™), lorsque
le parametre ¢ tend vers zéro.

Asymptotiques précisées

Dans ce dernier chapitre, nous allons obtenir des résultats beaucoup plus précis sur la
vitesse de convergence vers la limite quasigéostrophique sous des hypotheses de plus grande
régularité (en permettant méme une explosion des normes des données initiales lorsque le
nombre de Rossby tend vers zéro).
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Dans le cas ou nous partons de données initiales dépendant de € décomposées de la
facon suivante : Uy = Upc.0q + Uoe,o0sc, avec

e |[Up:oc —Uogcllyr < Ce, avec Up g € H'tP (3 est fixée strictement positive)
® Upeosc € L'nH 3 N H , réguliere mais avec des normes pouvant étre explosives :

||U0,6,OSC||L1 + HUO,aOSCHH% + ||U0,€,OSC||H1+B < alog |loge].

Si W, est définie comme précédemment, alors nous prouvons que ’on peut majorer
la vitesse de convergence par toute puissance négative de |loge| pour peu que e soit
suffisamment petit : pour tout w > 0, il existe une constante C' et gy (dépendant des
données initiales et de w) tels que si € < gy,

o [[Wellp2m,, poy < Clloge|™.
 [vellps < Clloge|™
o |U: —Uqgcllrem, =) < Clloge| ™.

Dans le cas ou la viscosité v est égale a la diffusivité thermique ¢/ nous obtenons de tres
nombreuses simplifications (la premiére étant que L = vA = T et que les valeurs propres du
systeme linéarisé sont explicites et plus simples) ce qui nous permet d’obtenir des résultats
beaucoup plus fins : sans donner de détails précisons qu’avec les mémes hypotheses pour
les parties quasigéostrophiques et lorsque ||Up e osc| g1+s < aflogel, alors les estimations
deviennent lorsque « est suffisamment petit, et pour un certain w dépendant des données
initiales, de a et de (3 :

o [[Wellp2r, poy < Ce®
° HUE - UQGHL2(R+7LOO) < Ce®.

Nous insistons sur le fait que ces résultats ont été obtenus grace a des raffinements des
estimations dispersives qui, dans ['optique d’une estimation de la vitesse de convergence,
nécessitent des estimations beaucoup plus précises sur les éléments spectraux du systeme
linéarisé (les preuves détaillées sont placées dans 'appendice du dernier chapitre).

On comprend ainsi mieux le sens de la remarque en premiere section qui disait que
I’écart entre le systeme quasigéostrophique et la réalité est de 1'ordre de €.

La derniere partie de ce chapitre concerne des méthodes de type poches de tourbil-
lon. Il est naturel de s’intéresser aux poches de tourbillon lorsque 1'on pense a diverses
manifestations tourbillonnaires que ’on peut rencontrer dans les océans ou ’atmosphere :
tourbillons, tornades, cyclones, typhons ou maglstroms... Nous utiliserons ici le formal-
isme de la régularité tangentielle développé dans [10], [16], [18], [23], et [29]. Nous nous
placerons dans cette partie dans le cadre des espaces C* de Holder.

Définition 1.2.1 On dit que gy est une poche de tourbillon de classe C*® si pour un
s €]0,1],
Q() = QO,ilD + QO,elRf“—Da

ot Q; € C*(D), Qo € C°(R3 — D) et D est un domaine ouvert de classe C**1.
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Définissons maintenant le concept de régularité tangentielle par rapport a une famille
de champs de vecteurs X :

Définition 1.2.2 Si X = (X))=1,.. n est une famille finie de champs de vecteurs on dit
que cette famille est admissible si et seulement si (A désigne le produit vectoriel usuel de

R3) :

NI

x) -t def (N(NQ—l) A; X5 A XXP)_ < 0.

Si s €]0,1[ et X est une famille de champs de vecteurs admissibles C* on définit 'espace :

C*(X)={we L>® telque Xy(z,D)w d:efdiv(w ® X)) € 51}
en désignant par div(u ® v) la matrice de composantes 0;(uv').

Enongons maintenant le résultat. Prenons une famille de données initiales telles que :
e )y est une poche de tourbillon C* avec s €]0, 1],

e Upoc € L? est un champ de vecteurs quasigéostrophique tel que QUoga) = Qo €
L*(R?) N L®(R?),

® Upc osc est une famille de champs de vecteurs oscillants,

e et décomposons Up e = Upe,0c + Un.c.osc (Une,ga est une régularisation, par exemple
x(e|D))Up gc, et Vo la famille des parties oscillantes initiales).

Supposons que Xo = {Xp \, A =1, ..., N} est un systeme admissible de champs de vecteurs
C?%, et qu’il existe une constante Cy > 0 telle que :

1Q0ellz2 < Co,  [Qoellesxg) < Co,  NUoellps < Coe™?,

ol & > 0 est une constante que nous ne préciserons pas ici. Remarquons qu’on demande
beaucoup de régularité initiale mais que l'on permet aux normes des parties oscillantes
d’exploser.

Alors si € est suffisamment petit, on peut minorer le temps d’existence T par un
certain temps T¢ = ylog |loge| (ot 0 < v < 79).

Nous avons convergence vers zéro de la partie oscillante :

!
HUe,oscHLSTg(Lz’p) < e

ainsi que la convergence locale en temps des parties quasigéostrophiques : pour tout
T > 0, U. g converge dans L>([0,T], L?) vers une solution Lipschitzienne du systéme
quasigéostrophique (QG) avec Uy gc comme donnée initiale.

Par rapport au travail de [18], la présence des viscosités a été une complication. Dans
les autres chapitres, méme si elles nous ont compliqué les calculs, les viscosités nous ont
été toujours d’une tres grande utilité, que ce soit en nous permettant d’utiliser quasiment
automatiquement de nombreux résultats sur le systeme de Navier-Stokes dans tout ’espace
(solutions faibles, fortes, énergie...), ou bien en nous permettant d’obtenir des estimations
globales en temps.
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Or ici, le formalisme des poches de tourbillon ayant été a lorigine développé pour
des systémes non visqueux, nous avons diai utiliser des résultats récents développés par
T. Hmidi dans [29] concernant les poches de tourbillon pour le systeme de Navier-Stokes
bidimensionnel. Nous présentons ici le résultat dans le cas v = /. Le cas v # 1/, pose
de facon non surprenante des problemes techniques qui feront ’objet d’'un développement
ultérieur.

Perspectives

Nous allons donner ici quelques directions envisagées pour des travaux ultérieurs:

e Tout d’abord, nous prévoyons de continuer I’étude de la convergence quasigéostrophi-
que dans le cadre des poches de tourbillon et de traiter le cas ou v # /. Il apparait
que dans un premier temps nous aurons a faire une hypothése de proximité des
viscosités [v — /| < . L’objectif serait ensuite de s’affranchir de cette contrainte.

e Ensuite, un travail en collaboration avec V. Roussier a débuté. Il s’agit d’étudier le
comportement en temps long et a nombre de Rossby fixé des solutions des équations
primitives. Une étude de ce probleme pour les solutions du systeme des fluides
tournants dans une bande tridimensionnelle a été menée par V. Roussier dans [34]
en adaptant des résultats développés par T. Gallay et C.-E. Wayne, notamment dans
[22] ol sont mis en évidence les tourbillons d’Oseen comme asymptotiques en temps
long.

e Enfin, il semble intéressant de chercher a tirer parti des phénomenes dispersifs et
d’adapter ces méthodes a d’autres systemes de la hiérarchie des différents modeéles
utilisés pour décrire des fluides géophysiques notamment au systéeme des équations
planétaires géostrophiques obtenu a partir d’un systeme d’équations primitives un
peu différent de celui que nous avons utilisé dans cette these : en particulier 'analogue
de la matrice A n’est plus antisymétrique. Citons a ce sujet les travaux de D. Bresch,
T. Huck et M. Sy dans [7] ainsi que ceux de D. Bresch, D. Gérard-Varet et E. Grenier
dans [8].
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Chapitre 2

Solutions faibles

Résumé: On s’intéresse dans ce chapitre! au comportement des solutions faibles (au sens
de Leray) du systéeme primitif lorsque le nombre de Rossby tend vers zéro. On sépare
notamment la solution en sa partie oscillante et sa partie quasigéostrophique, chacune
solution d’un systéme particulier. La premiere tend vers zéro lorsque la rotation devient
forte et de la seconde on peut extraire une sous-suite tendant vers une solution du systéeme
quasigéostrophique.

'Les résultats présentés dans ce chapitre sont acceptés pour publication dans la revue ” Asymptotic
Analysis”.
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2.1 Introduction

The primitive system is the following:
1 1
5tU5 + UE.VUE — LUE + EAUE == g(

(PE) div ve =0
Ug/tzo =Up € LQ(RB).

—Vd.,0)

The unknowns are U. and ®.. We denote by U, a pair (v., ;) where v, is a vector
field on R? (three dimensional velocity), 6 a scalar function (the density fluctuation : in
the case of the atmosphere it depends on the scalar (potential) temperature and in the
case of the ocean it depends on the temperature and the salinity), and ®. the pressure,
all of them depending on (¢, z).

The operator L is defined by

LU. = (vAv., V' AD.)

and A by:
0 —1 0 0
1 0 0 0
A= 0 0 0 F1
0o 0 —-F1 o0

This system is obtained by combining the effects of the Coriolis force and those of the
vertical stratification induced by the Boussinesq approximation (one can see [7] as well as
[1], about rotating fluids). We refer to [3], [8], [9], [12], [14], [17], and [19] for a discussion
on this model, and its derivation.

The coefficient € > 0 denotes the Rossby number, v > 0 is the viscosity and v/ > 0
the heat diffusivity (which we will also call a viscosity in the following). As the character-
istic displacement of a particle in the ocean within a day is very small compared to the
displacement caused by the rotation of the earth, the Rossby number is supposed to be
small, about 10! to 1073, and we focus on the limit of a strong rotation (¢ goes to zero).

The coefficient F is called the Froude number. We refer to [6] for a study of the
case F' = 1, to [11] for the periodic case, and the aim is here to study when F' # 1 the
convergence, as € goes to zero, of the solutions in the whole space. Let us also refer to [2]
for the case v = v/ and F # 1.

We will show in this paper that, in the case v # 1/, although the computations are
more complicated (non-orthogonal eigenvectors, asymptotic expansions in the phase...),
everything behaves up to an ¢ like when v = /.

The fact that the parameter ¢ goes to zero gives a high importance to the term AU,
which is said to be penalized. But, as we will see, the term % will not play any role in the
L? energy estimate thanks to the skew-symmetry of A. This skew-symmetry allows also,
if the initial data Uy belongs to L2(R3) to build a sequence (Usz)o<c<g, of weak solutions
given by the Leray method: they are uniformly bounded with respect to € in the space
L®(R,, L2(R%)) N L*(R,, H'(R?)) where H* is the homogenous Sobolev space of order s.
Precisely:
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Definition 2.1.1 If s is a real number, the homogenous Sobolev space of order s, de-
noted by H®, is defined as the space of tempered distributions u € S'(R3) whose Fourier
transform w is locally integrable and has the following property:

Il = [l la(€) e < o

Remark 2.1.1 For more generality one can add an external force belonging to the space
L*(Ry, H™'), but with a wish of simplification we will abstrain from it.

Theorem 2.1.1 Let the initial data Uy € L?(R3), then there exists for all ¢ > 0 a Leray
solution of the system (PE.), Ue, globally defined in time, belonging to L (R, L2(R3)N
L*(Ry, HY(R3)) and satisfying the following energy inequality (let vp = min(v,v') > 0):

t
Vi€ Ry, [|U:(t)lI72ms) + 2V0/0 IV U= (6172 sydt < Ul 72 rs)-

We will not prove this theorem which is very close to the Leray theorem concerning the
incompressible Navier-Stokes system, not only by its formulation but also by its proof.

The aim is to know the behaviour of these solutions in the limit of a strong rotation
(i-e when the Rossby number € goes to zero). Formally, one expects these solutions to
converge (with finally an extraction) to a solution of the system obtained when making
go to zero in the equations of the system. We will show that it is indeed the way it is.

Like in [6] and [11] let us introduce the potential vorticity (the aim is to get rid of the
terms with € in their denominator) Q. = 01v? — dovl — FO36. and the quasigeostrophic
part

P
0 _
Usoa = 01 AptQ.
—F 05

where we have noted Ap = 97 + 92 + F202, and in order to define the inverse operator
A;l (we refer to [5] p.37) we build for all 4,5 € {1,...,d} the operator T;; satisfying
AFT%J"U} = (91'(33"11}.

This operator is, in fact, the pseudo-differential operator associated to

&i&j

m‘ (2.1-1)

Let us finally introduce the oscillating part Us osc = U, — U g and state the results:

Theorem 2.1.2 If the initial data Uy belongs to L*(R3) and if we consider a sequence of
Leray solutions (U.) (in the way of Theorem 2.1.1) then, the oscillating part Us ,sc goes
to zero (when e goes to zero) in the space Li (R, L4(R3)) for all q €]2,6].

loc
Theorem 2.1.3 Under the same assumptions, there exists an extracted sequence from the
quasigeostrophic part U, gc that converges for all q €]2, 6] in the space LZQOC(R+, L} C(]R?’))
to a fonction Uge which has the form (9',92,0,0) and solution of the system:
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92
(QG) U 10 = |~ | A (@.99),

Fos
with I" the elliptic operator of order two defined by

I = AAR Y0012 + vdo® + V' F2057). (2.1.2)

The study of the case when the initial data is more regular (global existence and
convergence) is achieved and will be published later.

This paper is structured in the following way: first of all, inspired by [6] we will formally
determine a limit and establish the differential system it solves in Section 2.2. We will then
go back, in Section 2.3, to the primitive system whose solution we will cut in two parts,
with very different asymptotic behaviour (the oscillating part, and the quasigeostrophic
part). With a view to prove the convergence of the oscillating part (Theorem 2.1.2),
most of the work will consist in the study of the eigenelements of the linearized system
projected on the divergence-free vector fields, and its application to look for dispersive
inequalities and Strichartz estimates (relatively to only two of the four eigenvalues). We
will finally try to get rid of the last eigenvalue (the one that doesn’t give oscillations).
The method is very similar to those in [7] except for the fact that we have to cope with
the additionnal eigenvalue and with the nonorthogonality of the eigenvectors. This will
be dealt in Sections 2.4.2 and 2.4.3.

When it is done, the extraction of a convergent subsequence from the quasigeostrophic
part (Theorem 2.1.3) follows a classical method (Section 2.5).

2.2 Formal approach of the limit system

Let us write in extension the system (PE.):

1 1
Ol 4+ ve. Vol —vAv! — gvg = fgal@g
2 2 o 14 1
OvZ + v:. Vi — vAvVI + SV = —282‘135
3 3 3 1 1
(PEe) OZ + v Vo — vAv + —0,. = —g(?g(I)e

eF
1
0,0. +v..VO. — VAO, — —vg’ =0
el

div ve =0

(Uav 05)/{;0 = (U()u 90)

The aim of this short section is to give an idea of what the limit system should look
like (if it exists); that is why we will make a formal argument, exactly like in [6].
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Let us consider a family of solutions (ve, 0, ®c)o<e<s, (Leray solutions) of the system
(PE.), and assume that this family converges towards a triplet (7,6, ®) in a sufficiently
strong way so that we can go to the limit in the non-linear term of the system.

Necessarily, when ¢ goes to zero, we must have:

'Us —81(1)5 —0

vel + 0P, — 0

0

fg + 030, — 0

vg’ — 0.

\
and thus
0, )
v=| 0% |=vyd
0

and é == *Fag(i).

If we denote by 2 = ;9% — 820" — Fd50, then Q = (02 4+ 03 + F28§)<i> = Ap® and
thus:

b= VyALQ
and 0 = —FO3A-1Q.

Assume we have, when ¢ goes to zero, the following convergences:

( ’1)52 — 81@5
g
Uel + 0o ®,
9
F7195 + 03P, 4
— — s w

F~1y3 .
€ w&

— Fw?

— Fw'

€

Then, divw = 0 and we get the following system:

oot + 0.Vt —vAD — Fuw? =0
o2 + 0.Vi2 —vAD + Fuw' =0
o +o.V: —vAP +uwt =0
00 +0.V0 — 1/ AO — w? =0

\

The fact that 3 is zero implies that w? is also zero and we finally get:
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Oor + 0.Vl —vAD — Fu? =0
00 + 0.Vo? — vAD + Fu' =
Bté +0.V0 — V' AO — w? =0.

Derivating the lines of this system and adding them following the formula giving Q in
terms of the coordinates of U give the equation satisfied by €:

OO+ .V -TQ=0 (2.2.3)

with T'= AAF_I(V812 +vds? + 1/F2832).

Thanks to this equation, let us now reformulate the limit system satisfied by U using
the expressions of ', ©2, and # in terms of

ot ol )
— 02 o2 —O e
(QG) Oy 0 -T 0 N PV GA )
0 0 Fos

Remark 2.2.1 This allows us, comparing both systems, to get the expressions of the w’
in terms of the coordinates of U.

2.3 Reformulation of the primitive system

Let us go back to the original primitive system. Due to the previous computations, we will
separate the solution of the system (PFE.) in two parts, one of them will satisfy a system
very close to (QG).

Guided by the expression of {2 let us introduce the following definition:

Definition 2.3.1 We call potential vorticity of the quadruplet U, = (ve, ) the quantity
QE == 811)? — 62’[); — F8305

Then, copying the expression of ¢ we define U, gg and Ug o5 by (we address to (2.1.1)
for the inverse of the Laplacian):

*agApilgg
HARTIQ
UE,QG — 1 F(‘) £

—F83AF_1S25

Q}al +62AF_1QE
1}3 — 81AF7198
V2
0. + FagAplea

Us,osc = Us - UE,QG =
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Let us observe that, as U. and U gg are divergence-free (with respect to the three
first coordinates), their difference U; 5. has the same property.

Remark 2.3.1 U. and U, g have the same potential vorticity, and the potential vorticity
of Ug osc 15 zero.

Actually the previous remark can be reformulated in a far more interesting way if we
compute the Fourier transform of U, g¢ and Ug o

&\
_‘fl . Qa
U€,QG - O Z’E‘%"
F&3
v &\
_— 2 _ 0
_ Vg _ &1 . Sfe
Uz—:,osc = 1;? 0 1 |§|%
0. FE3

If we calculate their (vectorial) scalar product in C* we find zero. The reason is

obviously that computing the scalar product of @ with the vector (£2,—¢&1,0, F¢3) is
exactly computing the Fourier transform of the potential vorticity of Ug 5., which is zero.

Thus we have cut the solution U, in two quantities whose Fourier transforms are, in the
case of U, g colinear to the vector (§2,—&1,0, F¢3), and in the case of Uy 44 orthogonal
to the same vector.

That is, we exactly obtained the decomposition corresponding to the orthogonal pro-
jection in the subspace of C* generated by this vector.

The same way as we defined the Leray projector P onto the divergence free vector
fields, we will define here two orthogonal projectors.

Definition 2.3.2 Let us denote by P the orthogonal projector in the potential vorticity
free vector fields, and Q@ = Id — P.

Proposition 2.3.1 In terms of the Fourier transform, these two operators are written in
the following way:

& —51252 0 F&&s
U = ;‘% _50162 501 8 _Fgl&” U (2.3.4)
Fé&és —F&&s 0 F¢
Grrg Gt 0 —Fak
DU — ’;‘% 51052 & +OF &3 ’5(‘)% F§01§3 i

—F&&s F&i&3 0 &+&
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Thus this decomposition of U, = U; gg + Us 0sc Where Ug o5 = PU. and U, gc = QU:
involves two homogenous pseudo-differential operators of order zero, and this will be very
useful in the following for many estimates.

Proposition 2.3.2 Like the Leray projector, these projectors have a few immediate prop-
erties:

1. PU=U<QU)=0
2. QU =U & PU =0« U has the form (0@, —0,P,0, FO3P).
Further in this paper we will go back in more details on these projectors. Let us now
determine the systems satisfied by (), U: ga, and Ug psc.

The same computations as in the previous section allow us to get, following [6]:

Qe + 0. VQ —TQ = (v — V/)FA83957OSC + q(Uc0¢, Ue) (2.3.5)
with

Q(Us,osw Ue) = 8303 (817)2 - 8271;) — 81’03 83’1}2 + (92113 (931)51 (2.3.6)

€,08¢C €,08C €,08C

+F03 (vs - vs,osc)ves,osc + FaS'Us,oscves-

Then, thanks to this equation and the definition of U, g (which only uses €2.):

—0yAp?
nAp!
0
—F83AF_1

8. 06 — TU.0c = ( — 0.V + qUe pse, Us) + (v — y’)FAagemc).

(2.3.7)

In order to express the system satisfied by Uk osc, we use the previous equation: let us
begin by writing:
1 1
atUzs,osc +v:.VU; — LUa,osc + EAUa,osc = (atUa +v:.VU; — LU, + EAUE)
1
—(0Usc — LUz ge + ZAU:qc)-

Using the systems (PE;) and (2.3.7):

1 1
8tUe,osc + US'VUE - LUe,osc + E-AUs,osc = g(_vq)é‘; 0) - (8tU€,QG - FUE,QG)
1
~('= L)Ueqc — _AUsqc

Thus, as AU. g¢ = —(VAR'Q.,0), and
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- Dlga=iFw-gr | 58 |
F
G+ )&
the following expression can be simplified into:
—82AF_1
-1
(T - L)U.qc + O AOF (v — V') FAD30; pse
—F83AF‘1
020.
_ —010
= —F(v—vV)AAL'0; 0 c

(91 Ug — 821};

Projecting onto the divergence free vector fields (the Leray projector commutes with
derivations), we finally obtain the following system:

—82AF_1
1 HAp?
atUs,osc - LUs,osc + EPAUE,OSC = ! OF ( —0:.VQ, + Q(Us,osa UE)) (2'3'8)
—FagApfl
— 00,
/ -1 8108
—P(ve.VU:) + F(v — V') AAL 03 0

821); — (911)3

2.4 Study of the oscillating part and proof of Theorem 2.1.2

2.4.1 Recall and definitions
Energy inequalities

The energy inequality seen in Theorem 2.1.1 is provided by that satisfied by each of the
approached solutions given by the Friedrichs scheme (and from this sequence we weakly
extract a Leray solution U.). As the energy is convex and strongly from-below semi-
continuous, we get the following inequality (independent of ¢):

t t
1U=(8)]12 + 20 / |V0-(5)|2ads + 20/ / IV0.(5)|22ds < ||V
0 0

and if we put vp = min(v,v’) (v,/ > 0), we get the energy inequality:

t
UL + 20 [ [VUL(s) ads < [T (2.4.9)
0
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Remark 2.4.1 As P and Q are homogenous pseudo-differential operators of order zero,
Ue,oc and U. o also satisfy this energy inequality up to the same multiplicative constant.

Remark 2.4.2 Let us consider the associate homogenous linear equation
1
0U: + (L + EIP’.A)U6 =0

Then, denoting by S(t) the corresponding semi-group, the solution satisfies again the
previous energy inequality, together with, a fortiori:

1SMTollzs < [Tol22- (2.4.10)

Truncations

Definition 2.4.1 Let us choose a function x € C{°(R) and equal to 1 near zero: for
example let us choose suppy C B(0,1), and x = 1 near B(0, %)

Let us fix an arbitrary n > 0.
In the following we will cut the oscillating part into three parts:

Ua,osc - (1 - X("};’))U&osc + X(‘DS‘)X(@)UE,OSC + (1 - X(|D3|>)X(|l};‘)U€,OSC
— (a) + (b) + (o), (2.4.11)

where we note (F~! is the inverse Fourier transform):
o X(ID)f = F 1 (x(€DF©)
o X(IDs))f = F7 (x(lEs) £(©)).

Next we will successively fix R and r so that each of the first two parts has a norm
less or equal to g: this will be the purpose of Section 2.4.2.

Most of the work will consist in the study of the third part (which requires the use of
dispersion inequalities and Strichartz estimates): Section 2.4.3 will be entirely devoted to
this task.

2.4.2 Study of the first two truncations

Let us begin by recalling that the following Sobolev embedding holds: If s > 0 and s < g,
then H*(R%) is continuously embedded in the space LT% (R9).

Thus according to this embedding, and denoting oo = % — %, we can write, like in [7]:
D] D]
H(l - X(f))Ua,osc”L2(R+,L4(R3)) < CH(l - X(f))Us,OSC”LQ(R+7H1—&(R3))?

Then, according the energy inequality (2.4.9), we get:

D » c .
100 = 3D el m ) < OB Wenelgn, sy < =P ol
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If ¢ € [2,6], then « €]0, 1] and we will fix, until the end of the paper R large enough

so that this norm is less than %, thus it follows that (independently of ¢)

D
10 =Pl 5 <

OJ\S

(2.4.12)

A fortiori, for all T < oo, we get the same estimate in L2.(L9(R3)) = L2([0, T, L4(R3)).
Hence we have bounded the first truncature (a) from (2.4.11), and R is then fixed.

In the following, let us begin with the statement of two useful lemmas. Let us note that
we will denote by C every universal constant (i.e which does not depend on the parameters
T, R,r..).

The following lemma is an anisotropic majoration, and we address to [15] for more
results about this subject.

Lemma 2.4.1 There exist a constant C' > 0 (independent of R or r) so that for all
p € [1,00] and all u € LP we have:

| D3]

D)
(=

WX ullze < Cllullze.

Proof: Let us remark that, by definition of the function y, we can write that:

(22D B = By Ehyage) = xEaep Sy 52l (5] 205
Thus, if we call
g = 7 (el 2 [5] 2
we get X(| |) (u]y) = R3g(R.) * u and then
(2P < gl e

It is then about to bound |g|[;1. Let us note h(z) = F1(x(|¢])) and k(z1) =
FHx(€1])), then: |lgllpirsy < ”h”Ll(Ris’)HkH%l(R) which concludes the proof of this
lemma.

The following lemma is an anisotropic version of the Bernstein Lemma (one can find
it in [5] p 16) and can be easily proved thanks to this latter lemma (we refer to [7]):

Lemma 2.4.2 There exists a constant C > 0 (independent of R or r) so that for all
u € L*(R3) (actually, it is sufficient for i to be locally integrable) we have:

P22 ey < 3 2 (P o
P2y gy < o2 S (PDPyu asy,
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We will now bound the truncature (b) from the equality (2.4.11), R is now fixed and
this time we will play with r: using the previous lemma and the energy estimate given by
the Leray theorem together with the fact that P is a pseudo-differential operator of order
zero we get:

D D D D 1
o IXCEDXED U osell 2 12 < T2 (X (B UL sel 12 < CTE||U| 2

1
o IXCEDXIEN T, osell 2 10 < CR2P)IXUEDOXED U osell 2.2 < COR?)TE | Up |12

2
An interpolation argument finally gives that ||x (‘% b )X(@)Ua,oscHL%Lq < C(R?r)' "4,

Let us then fix r until the end of the paper so that this expression is less than g

Before going any further, let us summarize what we got for an arbitrary 7.
We have cut the oscillating part into three parts (see (2.4.11)).
First, R was fixed so that the following inequality holds:

n
11— X(f)) Ue osell 2 2 (L9(R3)) < 3

Then, r was fixed so that:

Dl

| Ds| n
T)X( R) €OSCHL2 (L9(R3)) < g

[Ix(

Therefore, in the following, we will bound the third truncature with r and R fixed.

2.4.3 Study of the third truncation
Study of the linearization of system (2.3.8)

In this section, we will study the eigenvectors of system (2.3.8) (in terms of the Fourier
variable). We will see that the matrix is diagonalizable, that one of the eigenvalues does
not play any role, and that among the rest of them, only two are oscillating. We will meet
two main problems: first, the eigenvectors are no longer orthogonal (unlike the case of
rotating fluids in [7]), then we will have to study the behaviour of the part of U, o that
corresponds to the non-oscillating eigenvalue.

Recall that Uc o satisfies system (2.3.8). Let us now begin with the homogeneous
equation associated with this system and apply the Fourier transform to it:

— —_— 1 —_
ath,osc = LWe,osc - E]P}AWE,OSC (2413)
-v 0 0 0
B 0 —v 0 0 , 1
_< 0 0 v 0 |£‘ - EDA) €,08C*
0
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In terms of Fourier variables, the Leray projector can be written:

g+8 & a&
€] 13§ €17
L& G180 68 0

P=| P P TP
L& O 18 0
€17 €1 &
0 0 0 1
Thus, the linearized equation becomes:
O W pse = B(&,8) W ose » (2.4.14)
where
s, &1 &+ §1€3
A R
_€%+§3 —V’f‘Q N @ 0 6263
B(,€) = elgl? el¢|? A3
% _% —V’fP _51 +€2
el¢f? el¢[? . eF|¢]?
0 0 T —/|€|?

Eigenelements of the matrix B and asymptotic expansions

Let us begin with the statement of the main results from this section:

Definition 2.4.2 If0 < r < R, let us note C; g = {£ € R? so that |{| < R, and |&] > r}.

In the following computations, when we talk about a frequency &, we will always take
it in C, g, it is this particular case that will be useful in the following.

Recall that we note |¢|p the quantity (£ + €3 + F2£§)%.

Lemma 2.4.3 Let us note:

=)
e,

p= 222
L (O
N
Then the eigenvalues of B(,e) are:
(1o = —v¢f?
o= g
y =L a4y
R T
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In particular, these eigenvalues are all different, and the matrix is diagonalizable.

Lemma 2.4.4 When £ € C, g and ¢ is close to zero,

2
p=—We +vé + v’F%%)E" +e%I(e)
F

_ 2, . [ElF
A= (O +i e

+ieS(¢,e) + 25 (¢, €)
with the function T defined by:

2¢2 / 2¢2
0= 5(1+9g) + (- )

and I, S, and S’ (that we do not precise more here) are functions of ¢ and £ uniformly
bounded on C, g relatively to e.

Remark 2.4.3 The leading part of the asymptotic expansion of y is exactly the expression
in term of the Fourier variable of operator T'.

The following lemma which can be easily proved by a simple computation on the above
expression of 7, will be essential when we want to get dispersive estimates with respect to
the eigenvalues A and A:

Lemma 2.4.5 The function 7 is bounded from below by a strictly positive constant on
CrRr:

V§ S Cr,Ra T(f) >y >0
We will now prove lemmas 2.4.3 and 2.4.4.

Proof: determination of the eigenvalues
The characteristic polynomial of B is:

xB(X) =det(XI, —B) =
grg o
PP ZieP

In order to simplify, let us write this polynomial in terms of the variable (X + v|£|?),
which gives:

(X 4+ v[E]?)? + (X + V[P (X +V1E)7) + (X +V[EP)X +VEP),

xB(X) = (X +v[¢*) P(X),
with

3

ey — - n 8
g2’

P(X) = (X +v[g]*)’ = (v = V) EPX +vIg)? + Sy e

To obtain the roots of this polynomial the key point is the use of the Cardan formulas
(see for example [16] page 172) which require the polynomial to be re-written into the
particular form z® + pz + q.
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Let us change the unknown according to X =Y — %\5 |2 (considering not only
the first change of variable (writing in (X + v|¢|?)) but also the one done to turn the
polynomial into the particular formulation 22 4 px + ¢): we get the following polynomial:

QY)=Y>+pY +¢

155 (v —v')?
where p= 52F2T§|2 - 3 |f|4,

v—v' (lef3 2
and g =" (25 - &) - = (v =)l

Recall that we have taken |¢|% = &2 + €2 + F2€2.

All that remains is to apply the Cardan formulas: first of all, let us define the discrim-
2 3
. . q p
inent of the equation D = — + —-
4 T
Remark 2.4.4 It is important to keep in mind that the Cardan formulas give different
results depending on the sign of the discriminent. In our case, because of the expression
of p and q, it is not at all obvious to know the sign of D in function of £ (even if € is
fixed). But, as R and r are fixed in the set C, g, if € is small enough, we have the following
equivalents:

€% v—v [fF o
P~ apygp M4 4~ o (3F2 B 53)‘
So the equivalent of D is:
€1%
D~ —— >0
SO

Thus, in the following computations, the discriminent will always be considered as
(strictly) positive (as is the case after taking ¢ small enough, when R and r are fixed).

Let us note:

Wl

q 1
(-1 D)
Q ( 2+ 2

Then the Cardan formulas (see [16]) give us the roots of polynomial Q:

and 5:(—3—1)%);’

I :Oé+,6
To = aj+ (52
r3 =’ + fj

From what we can immediately deduce the expression of the eigenvalues given in
Lemma 2.4.3.

In order to determine the asymptotic expansions of Lemma 2.4.4, let us go back to the
expressions of p and gq.
As previously seen
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D1 q1
p=€—2+p2, and q=6—2+q2,

, €17 (v—v)
with Plzw and p2:—T|§‘,
_oon(lEE 2 3|6

a=w-)(55-8) md @=——0-v) "

The following lemma can be easily proved.

Lemma 2.4.6 When ¢ is close to zero, we have the following expansions:

1

1 1
P @ p12<<52 3q%> 5
a="—"=——"—+4—=(=— = )e+e°E(¢),

V3 2m V3\6  4p (€.€)

where 6y is a coefficient (depending on pi, p2, q1, g2 as a rationnal fraction of these
coefficients, and uniformly bounded with respect to € and &) that we will not precise, and
E a function of § and € uniformly bounded in C, r with respect to ¢.

Then to obtain the asymptotic expansions of the eigenvalues, we have to use this lemma
on the expressions of the roots of (), then to do the inverse change of unknown in order
to return to polynomial P which finally achieves the proof of lemma 2.4.4.

Let us conclude with an important remark.

Remark 2.4.5 When we compute the coefficients of the various asymptotic expansions
seen before, we realize that they are rationnal fractions of p1, ps, q1, q2, and that in their
denominators only appear powers of pi, which is function bounded from below and from
above on C, r by strictly positive constants.

That is all these coefficients are bounded by constants depending on r, R, F', and the
viscosities, on C, R.

Computation of the eigenvectors

The following lemma can be proved by classical computation:

Lemma 2.4.7 The matrix B(, €) accepts the following vectors as a basis of eigenvectors:

1. Corresponding to the eigenvalue py = —v|¢|:
283
—&1&3
W- =
i TR
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2. Corresponding to the eigenvalue p = —”/272”|f|2 + a + (3, which is real:
£3(e61 A+ &)
£3(e624 — &1)
4% = )
O= | ZeAg v )

F(e?[€)P A + €3)

with A = p+v|g? = Y524 [¢2 + a + 8.
3. Corresponding to the eigenvalue A\ = —%K\Q + aj + 352,

&(e&1B + &)
§3(e&aB — &1)
—eB(+&) |’

F(2|¢)*B* + £3)

Ws(§) =

with B = X\ + v[¢[? = L3261 + aj + 852,
4. Wy corresponding to \, is the conjugate of Wi.

Remark 2.4.6 [t is interesting to know the behaviour of these vectors relatively to the
divergence and to the potential vorticity, i.e when we look at their scalar product with

(repeCthGIY) (£1>§Q7§3a 0) and (_527‘517 07 _F£3)‘

e W is orthogonal to none of them.

e The three others are orthogonal to the former but not to the latter.

As a consequence, it is immediate that the family (Ws, W3, Wy) is a basis of the hy-
perplane formed by the vectors orthogonal to (£1,&2,£3,0). Thus, every divergence free
function has its Fourier transform that can be written as a linear combination (with co-
efficients depending on &) of these vectors. As the solution is also divergence free, we can
say that its Fourier transform has no component on W7j.

Let us prove a relation between the coordinates of these eigenvectors, this relation will
be essential in Section 2.4.3 when it is about getting majorations for the coefficients (in
the basis composed by the eigenvectors) of the solution in C, g:

Lemma 2.4.8 The last two coordinates of the eigenvectors Wy, W3, and W, are linked
by the relations
W3 = eF(A— (v —V)[¢*)Wy,
W3 =eF (B — (v =))Wy,
Wi =eF(B — (v -y,
Proof:

When computing the coordinates of W5 (it is the same computation for the two other
vectors), we get a 4 x 4 system composed by a 3 x 3 system and one simple equation:
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AOSEE a ae
Liplo (rrtel + 38— g 0
—iﬁzwrf’f;w (1 + vlel) =+ iflrﬁ =0

\ —ginJr (u+u’\§|2>t =0

Taking ¢ as a parameter, we solve the 3 x 3 system. In order to simplify the expressions
we take t = F(2|¢|2A? + £2) and all that remains is to see if the last relation is satisfied,
which is equivalent to proving that p is a root of the polynomial P (it is true!).

Remark 2.4.7 If we want to know the limit of these vectors when £ goes to zero, we
observe that the first two go to colinear vectors to (£2€3, —£1€3,0, FE3), and the last two
go to vectors orthogonal to it.

Now that we have all the eigenelements of the linearized system matrix, we meet
an obvious difference with the case of the rotating fluids (where eigenelements are more
simple, see [7]): our eigenvectors are not mutually orthogonal (in C*) which makes the
work more difficult when it is about to get Strichartz estimates. This is the subject of the
following section.

The problem of non orthogonal eigenvectors

In the case of the rotating fluids (see [7]), we obtain three eigenvalues, one of them is
real and its associated eigenvector is not divergence-free (then it has no role to play in
the solution), and the others are conjugated and give dispersion. After getting separate
Strichartz inequalities for the projection of the solution in these two eigen directions, it is
immediate, thanks to the orthogonality of the eigenvectors, to deduce the same inequalities
for the whole solution.

In our case, the eigenvectors are not orthogonal (one convinces oneself after tedious
computations). We still can get separate Strichartz inequalities for each projection of
the solution corresponding to A and A, but it seems that we need a majoration of these
projections (with frequencies in C, r) in terms of the norm of Upge.

Let us be more precise, the solution Uy osc.rr = (1 — X(@))x(%)Uwsc satisfies:

1 D D
atUa,osc,R,r - LUe,osc,R,r + EPAUa,osc,R,r = _P(l - X(|3|>)X(|]%‘)(UEVUE)
—82AF_1
D5\, DI HAp!
+(1 _X(T))X(f) 0 (_U£~VQE+Q(U€,OSC>U€)>

—FagApil
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—020:
2T LI 010:
+E(v V)1~ X(T))X(W)AAFH?S 10

8211‘; — 81 U€2

Let us note F; g, the right-hand side of this equation.

Each term from this equation is divergence-free (everything is projected in the subspace
of divergence-free vectors). Thus in the equation 8tU:OSC7\R,T — IB%U@W = ER\,T’ if we
write the various terms in the basis of C* composed by the eigenvectors Wi (), Wa(€),
W3(€), and Wy(€) (in which B(¢) is a diagonal matrix), none of them has any coordinate
on the first vector. Then, we have:

o —

UE,OSC7R,7”(§) = K?(g)w2(£) + K3(§)W3(§) + K4(€)W4(§)

Frnr(€) = Fo(©)Wal€) + Fy()Wa(€) + Fu(€)Wa(€)
And, noting Q(€) = (W1 (&), Wa(€), Wa(€), Wi (€)), we have

0 0
K IR I =
Kz :Q 1Ua,osc and Fz :Q 1F5-
Ky Fy
As
g 0 0 0
0 0 0
-1 _ H
QBQ = 0O 0 X O ’
0 0 0 X

what we have just done is only a diagonalization of the system into:

0 pwo 0 0 0 0 0
9 K2 . 0 /LOO K2 o F2
e 0 0 A0 Ky | | B

K, 0 0 0 A Ky Fy

If we note Pa(&,€), P3(&, €), and Py(€, €), the projectors in the last three eigen spaces of
matrix B(&) (that depend also on €), and define the following pseudo-differential operators:

Pi(u) = FH(Pi(& ) (a(€))), (2.4.15)

the diagonalization implies that each component K;W; satisfies the same equation
as U,sc but projecting initial data and right-hand side in the corresponding eigen space.
Thus, for all i € {2,3,4} we have:

o —

Pi(Uosc)(g) = Kz(g)Wl(g)

and

—

8t]P)i(U€,osc,R,7") = B(f, 5)]P)i(Us,osc,R,r) + Pz (FE,R,T)
]P)i(UOSC,R,T)/t:() - IP)i(Uvosc,O,R,r)-
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The Duhamel formula can be written:

t
KZWZ(t) = etAlKlWl(O) +/ e(t_S)AZFZWZ(S)dS
0

which is also

P;i(Upse) (t) = P (Upse ) (0) + /0 t el=NP, (F)(s)ds.

Then we will have to study an operator of the following form:

fro | @2EME f(e)de

RS
with A, &) = —7(€)€]> + zggg +ieS(€,e) + 25 (€, ¢)
v F2§2 4 F2§2
et T(&) = 5(1 + |§’%j”) + 5(1 - |§’£).

Moreover, according to Lemma 2.4.5, 7 is bounded from below on C, r by vy > 0.

We will then study the operator:

télp

K(e,t,2) = ()¢ tTORPHigEgHistS () +tS (G iz g
R3

where
e the function ¢ € C§°(R?) is radial, supported in C%’Q R, and equals 1 near C, g.
o V¢ € Cr R, T(§) > 19 > 0.

e S, 5" and all of their derivatives with respect to { are bounded on C, g by a constant
A, g (see Remark 2.4.5).

Let us precise now the Strichartz inequalities we have been talking about.

Lemma 2.4.9 Dispersion estimates
There exists a constant C = C. g p,.,» such that for all z € R3 and all € small enough,

we have:
71/07“215 g

|K(g,t,2)] < Ce 16 (5) :

[NIES

The proof of these dipersion estimates is very close to those in [7]. One will find it
in Section 2.4.3. When it is proved, we will deduce the following fact, that will be useful
when achieving the proof of Theorem 1.
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Corollary 2.4.1 Strichartz estimates
Assume that U solves on [0,T)] the system:

1
oU — LU + EIP)AU =F
divv=20
U/t:O =0y € Lz(RS)

Assume also that
suppUp U suppF(t) C Cp g

Then there exists a constant C' = C, g  so that we have, for i = 3 or 4:

1
1P (U)| La(jo,17, o0 (r3)) < Cen (HIP’z‘(UO)HH + ‘|Pi(F)HLl([O,T],LQ(R3)))

As the eigenvectors are not orthogonal, and as the solution has a non zero projection
in the second eigen space, it would be interesting to bound the operator norm of these
projectors in eigen spaces, which would allow not only to provide Strichartz estimates
for the projection of U,s. in the last two eigen spaces (corresponding to A and ), i.e
(Ps + Py)((1 — x(@))x(%)UOSC)) and then bound it with the norms of Uyso and F
(that can be bounded using the Leray energy estimate), but also to estimate the projection

Po((1 —X(@))X(%)UOSC) (we will see that it also goes to zero). That’s why the following
section is devoted to the matrix Q.

We establish the following estimate:

Lemma 2.4.10 There exists a constant C' = C,. g r so that for all vector f orthogonal to
(&1,€2,€3,0), for all £ € C, g, and for all € €]0,1[, the projections of f in the three eigen
spaces (see 2.4.15) satisfy, with respect to the norm in C*,

Pi(&:e)(£)(E)] < ClF(€)] (2.4.16)

This lemma finally leads to the following bound:

Lemma 2.4.11 There exists a constant C' = C,. gy so that for all i € {2,3,4} and s € R:

1Dl

))x( R )Us,osc)HHs(Rs) < C(1 = x( Dl

D
7“3 ))X(f)Ua,oscHI_js(R%

A1 x( =

Combining this result with what precedes, we will prove the corollary:

Lemma 2.4.12 Strichartz inequalities
Under the same assumptions, there exists a constant C' = C,. g r so that:

D3]\, D

[(P5 4+ Pa) (1 — x(—))x( I YO 22wy, Loo (m3))

1
< Cet (U0l e + 11l oy ey
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Study of the change of basis, proof of Lemma 2.4.10

Given the eigenvectors, the matrix of the change of basis can be written the following way:

§283 §3(e614 + &2) £3(e61B + &2) 3(e1B + &2)

Q- —&1&3 E3(efeA — &) §3(e62B — &) §3(e62B — &)

| —eFw - v)ePe —eAR €D —eB(E2+€) —eBE+ &)
Fe2 F(2)EPA% + &) F(EEPB* +63) F(2E2B” +€2)

Assume that a vector orthogonal to (§1,&2,&3,0) (recall that this implies it has no coordi-
nate on Wy) is written f = KoWy + K3Ws + K4Wy, then

0

Ky | -1

K3 - Q f
Ky

It is then a matter of solving the linear system:

0

K5 _

Q K3 -
Ky

NN

If we put
U =Ky+ K3+ Ky
V = AKy;+ BK3+ BK4
W = A2K, + B2Ks + B° K4

then, the system is equivalent to

&3(&U +e6V) =X
G(-&U+e&V) =
—e( + &)V =
FEU + Fe?[¢PW =T

The first two lines allow to obtain:
L X -4Y

&G+ )
_ X+ &Y
e&3(&1 + &3)
Then thanks to the last line we can write:
T geX-&Y)
PP PleP(E+ &)
Finally, we have to compute U, V, and W in function of the components of f, that is a
linear system whose matrix is a Van der Monde matrix of parameters A, B, et B. These
coefficients are one to one distinct, so the matrix is invertible, and:

-1

VAM(A,B,By'=| A B B
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| B|? —(B+ B) 1
B2~ AB+ A2 - AB  |B2—-AB+ A2—-AB  |B|? - AB+ A2 - AB

—AB A+B —1
~AB+AB-B?+|B|? —-AB+ AB- B2+ |B|? —-AB+ AB - B2+ |BJ?

I
<
I

AB —(A+B) 1
—~AB+ AB—-B?+|B]? —-AB+ AB-B%2+|B]? —-AB+ AB— B2+ |B|?

Thus, we get that

X - &4Y
&(&2 +€3)
K, X +&Y
Ky | =M e€s(&1 +&3)

T §GX-&4Y)
Fe2lg? 2|E2(&7 +&5)

Remark 2.4.8 At this stage there are two annoying points to be cleared: first the terms
with negative powers of ¢, second the denominators with (£2 + £2) in factor (we want
uniform majorations with respect to the Fourier variable).

The first problem will be solved thanks to asymptotic expansions of the coefficients of
the matrix M, and the second problem will be solved trying not to only bound coefficients
K;, but the whole component K;W;.

As A, B, and B only depend on coefficients p1, p2, q1, g2 (see Remark 2.4.5); and as
the denominators are powers of p;, bounded from below as well as from above by strictly
positive constants on C,. g, then all the coefficients of the matrix M are bounded and we
will have to look for their equivalents when € goes to zero.

Using lemma 2.4.4 we immediately obtain:

Lemma 2.4.13 We have the following asymptotic expansions:

(] 22@ 2
A= (v-VF&G 25 + O(e?)

€%

el | v =o' JeP

eF|¢] 2 %
where the O(e) are uniform in § € C, g

B

(€8 +&) +O(e),

Up to a multiplicative constant, when ¢ is small enough, the matrix M has the following

form:

282

1 e
M~| ¢ ¢ £ |,
e € g2
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The right-hand member has the following form:

One can easily deduce from it that the coordinates only have positive powers of € which
solves the first problem.

Roughly speaking we can write that coefficients K5, K3, and K4 are polynomial ex-
pressions, of degree one (linear) in X, Y, Z, and T (components of f), whose coefficients
are of the form:

11 & 3

HERGE Y

which are rationnal fractions whose degrees are positive with respect to the first vari-

able, and 0 or 1 with respect to the last two ones, recall that %, and é are bounded from

below and from above by strictly positive constants on C, g.

G( ),

Then, when we look at KoWs, K3W3, and K,W,, the annoying coefficients in the first
two coordinates of the vector (see lemma 2.4.7) become:

£2 €2 or &1
G+ &+8 & +&

which are bounded by 1.

Concerning the third coordinate, as W;’ contains (&2 + £2) as a factor, the annoying
coefficients simply become £; or &>, bounded on C, g.

At first sight, it seems that this method no longer works for the fourth coordinate.
But if we recall lemma 2.4.8, and the fact that A or eB are uniformly bounded in terms
of € and £ on C, g then this case is dealt the same way as the previous one.

We obtain (2.4.16):

There exists a constant C' = C,. g  so that for all vector f orthogonal to ({1, &2,&3,0),
for all £ € C, g, and all € €]0, 1], the projections of f onto the three eigenspaces satisfy,
relatively to the norm in C*:

|(K:W3) ()] < Crrlf(E)]

Lemma 2.4.10 is proved.

Proof of the dispersion estimate from Lemma 2.4.9

We use here the same method as in [7]: a simplified stationnary phase (thanks to the set
C,.r we can get rid of the singularity, which implies that everything works as if there were
_ e

only a non-stationary phase). Let us begin with noting b(¢) = Fi f“
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As we chose 1 to be a radial function, a change of variable (rotation around the third
axis of coordinates) allows us to assume zo = 0 (the invariance by such a rotation is
justified by remark 2.4.5 and the invariance under the same rotation of coefficients p1, pa,

q1 and ¢2).
Then, note 8 = —0¢,b(§) and define the following operator:

1 .
L= W(l +1iB(€)0e,)

which works on variable £, and satisfies E(eiﬁb) = ¢ied,
The fact that we could assume 2y = 0 implies that e**¢ doesn’t depend on variable &
so:
E(eiz.geigb) _ oizbpith.

By integration by parts, we obtain:

K(E, t, Z) — / ei%b(£)+iz.§£T(w(g)eftr(g)|£‘2+i€tS(§,€)+€2tS/(é,s)+iz.£))d§2d£1d§3'
C

L2R
As in [7], we express the transposed of operator L:

1 0.3 1152 ) i3 5
I A N T ey

L7 (g) = (

Replacing £7 in the integral, computations lead to:

1 1+ 26 )2
K(e, t, 2 S/ — 4+ A £ e W Ooe*tVO(§) 681‘,141(5-:,@7
Kenals ) (1+2ﬁ2 o >(1+§ﬁ2)2)|| e
A —tvo (L 5 5
ﬂf%(!l%w!hw + tl|9ll L~ A3 (€) + €tH¢HLmA4(§)>e to(5)? getAs( ,f)}dg
€

where coefficients Ag, ..., A4 are rationnal fractions in terms of £ but in fact only depending
on [¢], |¢|F, and the derivatives of S and S” which depend on p1, p2, ¢1, ¢a.

So, all these coefficients are easily bounded from above and from below by (strictly)
positive constants on C: o (see remark 2.4.5) it follows that:

r2 /
Crr (1 4t + et)e™ 0T =10 mn e

K(e,t,2)] < / 1

132
C%,QR L+ 6/6
there exists an €, g, small enough so that for all € < &, g -
2 2
r r
—vp— +eC'r g < —1p—
07 R T

and , ,
(1+t+et)e_t"0%+5tclnﬂf < CnR,Fﬂ/}e_tVO%

Then:
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2 1
71‘/‘ _

‘K(€7 t’ Z)‘ S C’I‘,R,F,'(/)e o /C’I‘ 2R t (F2 — 1)2€§§%

e TRV

e LElxlel

1
o L+ LG50

dg

2
< Crppype ™06 / d&s
c

Then, a change of variable gives the expected dispersion estimate:

71/07‘22&

IS
|K(€7tvz)| SCT,R,F7V,I/,€ 16 (E) .

N

Strichartz estimates, proof of Corollary 2.4.1

This result can be proved using a classical TT* type argument, exactly like in [7], we use
it on both projections P3 and P4 of Ug osc, which satisfy the same equation as U; os¢, but
with the projections of initial data and right-hand side. We will not give more details
here.

2.4.4 Convergence of the oscillating part, end of the proof of Theorem
2.1.2

Let us go back to (2.4.11): the solution U o5 Was cut into three parts, each of them given
by frequency truncature.

We bounded two of them, the proof of theorem 2.1.2 will be achieved when we study
the last part, and that’s where the Strichartz estimates and projectors P and Q will be
essential.

Note Us pse,r,r = (1 — X(@))X(%)Uwsc, it is a solution of the following sytem:
1
6tUa,osc,R,7’ - LU&,OSC,R,T + E]P)AUé,OSC,R,T‘ = F;{7r
Fr, = (F'1) + (F'2) + (F'3) + (F'4)

where:

D3]\, D

(1) = (1~ (22D P ),
—y
(#2) = (x| % A,
—Fos
— 0y
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—0o0,
and (P'4) = Pv =)0 - (2D Fhanzio, | AR

821)51 — (911)2
The fact that the eigenvectors of the matrix B are not orthogonal imposes to study
each of the three projections of U; osc R

For P3U; osc,r,r and P4Us osc,R,r, Which both satisfy the assumptions of corollary 2.4.1,
we obtain the existence of a constant C' = C) g r so that:

D D D D
N LA P e ([ R = N E T
Ds D
T ) IV PRy

Which we bound thanks to lemmas 2.4.11 and 2.4.12 by:

| D3|

1 D D
C{f}l (H(I_X(T | ‘ | 3|

DR 0)1 411 (222

X ) Rl L2(R3))>

Then we use the following estimate which is easily proved from the Plancherel formula
and the fact that P is an homogenous pseudo-differential operator of order zero. With the
usual notations:

D D
10— X2 P e Ol sy < Ny

Then we can state the estimates:

Lemma 2.4.14 With the notations recalled in the beginning of this section, the following
bounds hold:

“(F,4)‘ LY([0,T],L2(R3)) <CFly - ,|R2T||UO||L2(R3) (2.4.17)
H(Fll)’ L OTLIA®Y) = CRAT|[Up 132 s, (2.4.18)
2] oy < T T o s 2.4.19
)] oy < o T W0 (2420

Proof: We won’t give details but the proofs of these inequalities consist in the use
of classical tools (Plancherel, majoration given by Leray’s theorem, Holder inequality...),
and the rewriting of ¢. (2.3.6) into a more suitable form (let us recall that v, v, o5 and
ve,Qc are divergence-free):

Q(U€7OSC’ ) (83( Ve, oscalvg) - 03,03083811} ) (83( Ve, oscanel) - Ug,osca3azvesl))
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- (81 (03,0868302) - Ug,oscal 831)3) + (82 (02,050832}51) - 03,08682831);)

"‘Fdiv(a?)(va - Ua,osc)ga,osc) + Fdiv(a?)vs,oscea)
and, simplifying, we get:

=03 (Ug,oscalvg) — 03 (Ug,osc(a?vsl) — O (03,030837)2)
—i—@g(vgoscﬁgv;) + Fdiv(03(vs — Ve 0s¢)be,0sc) + Fdiv(03ve, 0scbz)-

Thus, ¢(Ue,osc, Us) has the following form:

Q(Us,osm UE) - V(U‘ioscvve) + FV(V(UE - 'Us,osc)gs,osc) + Fv(vvs,osces)--

It follows that:

Corollary 2.4.2 For i = 3 or 4, we have:

| D3|

D)
Pi(1 — =l
IPi(1 = x(=

1
DX Weoscl e, ey < Ce¥ (Tl 2qes)
R>

5
+R>T||Uol|72msy + N

1
T3 |[Ull 2w + Flv = v'| 2T Ul e )

To complete the bound of truncation (c) (see (2.4.11)), we will focus on the second
projection (IPy).

As Ug osc is the orthogonal projection onto the potential vorticity free vector fields, we
have:

UE,osc,R,r = PUs,osc,R,r = PP2UE,OSC,R,T + PPSUE,OSC,R,T + PP4U€,OSC,R,T-

As P is an homogenous pseudo-differential operator of order zero, the last two terms
satisfy the majoration given by the previous corollary, thus let us consider PPoU: os¢ R,

—_—
In terms of the Fourier transform, we have: PPaUs psc. rr =

&+ F2¢2 , 51522 , 0 —F&&s £3(e&1A + &)
(5] €]\ 1 §1&2 &+ FE 0 F&&s §3(efeA — &)
KQ(&)(l_X(T))X(f)m 0 2 0 3 |§’% 0 ) —€A(§%+§§)
—F&¢s F& &3 0 &+8& F(?[€|PA% + £3)
e&3A(§1 — 6F2%}5252)
_ gl e eG A& +eF? AETEF&)
= K2(&)(1 — x( . ))X(R) _€A<£%+§%)1”
Fe2|e|2A? (6\%5255)

And we use the arguments given in the end of section 2.4.3 to point out that in this term
there are no negative powers of ¢ occurence and that the denominators having (£2 + £3)
in their factors are compensated. So we have the following vectorial majoration
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’PP2UE,OSC,R,T’(£)’ < 5CT,R,F|UE,OSC(£)|

Then, the Bernstein, Plancherel lemmas and the Leray majoration give:

3 1
||PP2Ue,osc,R,r||L4([0,T],L00(R3)) < e rRR2 ||U0”L2(R3)T4~

Finally, as r and R are fixed, we can make € small enough to obtain that the norm of
the third truncature is less than 7.
Then, an interpolation argument achieves the proof of Theorem 2.1.2.

Remark 2.4.9 The use of projector P is essential to make this € appear allowing us to
conclude.

Let us end this part by a remark about the case when viscosities are equal:

Remark 2.4.10 If v = v/ the previous computations are far more simple and we obtain
as eigenvalues —v|¢?, —v|¢|? + ;‘Pélllgl’ but the matrix is no longer diagonalizable. It is
not a problem because the three eigenvectors corresponding to these eigen values are
still a basis of the orthogonal space of ({1, &2,&3,0) which implies that the system is still
diagonalizable in the subspace of divergence-free vectors. Then, the majorations are done
the same way, and so are the Strichartz estimates, but computations are easier because
now the eigenvectors are orthogonal, so we have PP = P34 and QP = Ps.

Le we can see that when the viscosities are different everything goes as in the case of
equal viscosities, with an error of the order of €, provided that the frequencies are localized
in Cr,R'

In [2] this particular case is studied with more regularity on the initial data.

2.5 The quasigeostrophic part, proof of Theorem 2.1.3

2.5.1 Extraction and limit system

In this small section, the argument is classical, so we will not give too many details.

After having proved the convergence to zero of the oscillating part we will now prove
Theorem 2.1.3 concerning the quasigeostrophic part, which satisfies system (2.3.7).

In Section 2.2 we obtained in a formal way that the ”formal limit” should satisfy
system (2.1.3) (very close to (2.3.7)).

As the energy estimates provided by the Leray theorem give that the family (U.). is
bounded in L=(Ry, L*(R%)) N L2(Ry, H'(R?)) by ||Up| 12, and as we know that U. gg =
QU. with Q homogenous pseudo-differential operator of order zero, the family of the
quasigeostrophic parts (U; g¢)e is also bounded. Thus we can extract, by weak compacity
arguments, a subsequence (Us gg)e that weakly converges towards a limit that we will
note (jé/g, and this convergence occurs in the space L?(R., H L(R3)), which implies that
it also occurs in D'(R% x R3).

Moreover, as the oscillating part U, goes to zero in the space L7 (R, LI(R3)), we

also have that U, ,s. goes strongly to zero, and that U.s converges to Ugg in the sense of
distributions.
So, in the equation:
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(QGY)
—82AF_1
-1
atU'z-:’,QG - FU&’,QG = alAOF <_ UE/'VQE/ +q<U5/,osca UE’) + (V - V,)FAaBGE’,osc)
—FagApfl

The following terms have a limit in the sense of distributions (and so do all their
derivatives), in D':

(0.U. o6 — 8tUAQ/G,

I'U. gc — TUga,

4(Ust0se: Uer) — (0, Ugg) =0,
(v —V)FAB0 55 — 0.

\

Only vV is annoying. The aim of this section will be to check that this term
effectively converges to v9G.V Qe in the sense of distributions: V¢ € D(R%. x R3), when
¢’ goes to zero:

/ ((Ua’-vga’)ﬁb) (t, z)dtds —> / ((z@a.v@)qb) (t, z)dtda

The argument used in the proof of the Leray theorem, which uses weak compacity, the
Ascoli theorem and a diagonal extraction allows us to show that we really can go to the
limit in the sense of distributions in this term, and finally, in every term of system (2.3.7),
so we have:

—(92AF_1

"] (i)

—F83AF71

OUqc —TUqq =

We have shown that there exists a subsequence of U, that weakly converges towards a
solution (in the sense of distributions) of the system obtained in the first section.

2.5.2 Strong convergence

Once that we have obtained that the limit of the subsequence U, ¢ is a solution of system

(C/Q\C/?), we can go back to the results given by the Ascoli theorem: for all T, N > 0, and
for all function xn such that:

X~ € D(R3)
suppxny CC B(0, N +1)
XN = 1 near B(0,N),

then (xnUsr ga)e converges in L>([0,Tn], H~'(B(0, N + 1))) towards XNU/’ZQ/G
As xn equals 1 near B(0,N), (U.r gg)e converges in L°([0, Tn], H*(B(0, N))) to-
wards Ugg. Using Leray’s energy estimates and the fact that Ty is finite, we obtain, with
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an interpolation that: -

lim UE”,QG = UQg.

e""—0
This convergence occurs in the space L%n([o, Tn], H=1(B(0, N))).

4 6
Thus, using the Sobolev embedding, it also occurs in L2 ([0, Tx], LT+27 (B(0, N))).

Taking 7 in the segment |0, 1, ﬁ €]2,4[ and ﬁ €]2,6[. Holder’s inequality leads to
L? in time, so the convergence occurs in the space L2([0, Tx], LY(B(0, N))) for all ¢ €]2, 6]
and this holds for all T, N > 0.

Thus, for all g €]2,6],

lim U oc = Uge in the space L2,.(Ry, LL (R%)).

€//_>0

Finally, the behaviour of the oscillating part allows to write:

lim U = [jc\g;; in the space L7 .(Ry,L{ (R?)).

EN _>0
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Chapitre 3

Solutions fortes

Résumé: On s’intéresse dans ce chapitre! au comportement des solutions fortes du
systeme primitif lorsque le nombre de Rossby tend vers zéro. On montre que, sous des hy-
potheses de régularité suffisantes, lorsque le nombre de Rossby est assez petit, la solution
du systeme primitif est unique et globale, et qu’elle converge fortement vers la solution du
systeme quasigéostrophique, elle aussi unique et globale, ceci sans aucune hypothese de
petitesse des données initiales.

1Les résultats présentés dans ce chapitre sont publiés dans la revue ” Communications in Partial Differ-
ential Equations”, volume 29 (11 & 12), 2004.
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3.1 Introduction

In this paper we will consider the primitive system (or primitive equations):

1 1
OuU: +v= VUe — LU + —AU: = —(~V-,0)

(PE) dive, =0

Ug/t:(] — Uo.

The unknowns are U, and ®.. We denote by U. a pair (ve, 6.) where v, is a vector field
on R3 (three dimensional velocity), 6. a scalar function (the density fluctuation : in the
case of the atmosphere it depends on the scalar (potential) temperature and in the case
of the ocean it depends on the temperature and the salinity), and ®. the pressure, all of
them depending on (¢, z).

The operator L is defined by

LU, def (vAve, V' AG,)
and A by:
0 -1 0 0
def| 1 O 0 0
A= 10 o 0 Fr!

0 0 —-F1 o0

This system is obtained by combining the effects of the Coriolis force and those of the
vertical stratification induced by the Boussinesq approximation (one can see [8] as well
as [1], about rotating fluids). The coefficient ¢ > 0 denotes the Rossby number, v > 0
is the viscosity and v/ > 0 the heat diffusivity (which we will also call a viscosity in the
following).

As the characterisic displacement of a particle in the ocean within a day is very small
compared to the displacement caused by the rotation of the earth, the Rossby number is
supposed to be small, about 10~! to 1073, and we focus on the limit of a strong rotation
(e goes to zero).

The coefficient F is called the Froude number. We refer to [7] for a study of the case
F =1, to [12] for the periodic case, and to [4] for the case v # /', F # 1 (convergence of
Leray solution). Let us also refer to [2] for the case v = v/ and F # 1.

We refer to [3], [9], [10], [13], [15], [17], and [18] for a discussion on this model, and its
derivation.

The fact that the parameter ¢ goes to zero gives high importance to the term AU, which
is said to be penalized. But the term % doesn’t play any role in the energy estimates thanks
to the skew-symmetry of A.

Definition 3.1.1 If s is a real number, the homogenous (resp. inhomogenous) Sobolev
space of order s, which we will denote by H*® (resp. H?), is defined as the space of
tempered distributions u € S’(R3) whose Fourier transform 4 is locally integrable and has
the following property:

iy, 9 [ el < oo (resp. fulf [ (14 1Pyl < o).
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Remark 3.1.1 For more generality one can add an external force to (PE.) belonging to
the space L?(R, L?), but with a wish of simplification we will abstrain from it.

The Leray theorem (see [16]) is true for the primitive system: if the initial data
Uy € L*(R3), then there exists for all ¢ > 0 a Leray solution of the system (PE.), U.,
globally defined in time, belonging to L™(R,, L*(R3)) N L(R,, H'(R?)) and satisfying
the following energy inequality (let vy = min(v, ') > 0):

t
Vi€ Ry, [|Ue(t)ll72ms) + 2V0/O IVU= ()12 wsydt < Ul 72 gs)-

We refer to [4] where we studied the limit of Leray solutions when ¢, the Rossby num-
ber, goes to zero and introduced the following notations and results in the case of weak
solutions: the potential vorticity is defined by

. €902 — 0,0l — Foue..
Then from this, we define the quasigeostrophic part of U, which is very close to the
solution of the limit system (obtained by a formal method in the beginning of [4] and
given in (QG) below, called system of the quasigeostrophic equations):

—82AF7195
-1
U.oc def alAF(‘) Q.  with Ap def 8% n 8% n Fgag.
—FagAF_IQE

The other part is called the oscillating part and has a very different behaviour:

U€1 + 82AF_IQE
def 02— AR,

Ua,osc = U, _UE,QG = 1)3

€
0: + F63AF_1Q€

It is important to look at this decomposition in terms of orthogonal projections: if we
denote by P the orthogonal projector onto the potential vorticity free vector fields (which
is built the same way as the orthogonal projector P on divergence free vector fields, also
called the Leray projector) and Q = Id — P, then in the Fourier variable, these two
operators are written:

& —51252 0 F&&s
QU = §1|§, _501& % 8 _Fgl&” U (3.1.1)
Fééy —F&é 0 F2
& + 23 , 51522 , 0 —F&&s

—F&&s F&&3 0 &+8&

where [¢[2 %' e2 1 ¢ 4 P22,
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So this decomposition U. = U oG + Ueosc Where U; osc = PU. and U g = QU:
involves two homogeneous pseudo differential operators of degree zero. We also have the
following obvious properties:

PU=U & QU)=0, and (3.1.2)
QU =U < PU =0« U is of the form (3@, —9,®, 0, F95D).

The main result in [4] is the determination of the asymptotic behaviour of the Leray
solution when e goes to zero:

Theorem 3.1.1 [/] If the initial data Uy belongs to L?(R3) and if we consider a sequence
of Leray solutions (U.) then, there exists a subsequence that converges for all q €]2,6] in
the space L2 (Ry, L]

loc loc

of the system:

(R?)) to a function UT;G which satisfies Q(j(;g = @; and solution

( —82
0e—TUge—— | % | Ar(Uge-va0)
N t - - — .
(QG) 0
_Fo,
UG 1o = Unqa = Q(Uo) € L*(R?),

where U.VU is a simplified notation for v.VU if U = (v,0), and where I' is the operator
of order two defined by

T AN 0002 + 0057 + v F20,2). (3.1.3)

We can easily show that if Ugq is a vector field such that QUqgae = Ugqa, Uga-VQga =
QUga.VUgqg) which easily allows us to rewrite system (QG) into:

—_—— B F —— —— . T f—
{angG Uga + QUqa-VUqa) =0 (3.1.4)

UQG j1—g = Uo,qc-

Remark 3.1.2 We can notice that Fﬁgg = QL(]AQE;, and that the projection of the
advection term PP(Uga.V§ga) has a zero potential vorticity.

In this paper we will focus on the case of a more regular initial data: Uy € H? (R3) N
Jig; (R3) and Up g € L*(R3), with the aim of studying solutions which are unique.

Even @flthere is no scale invariance for this system, it is very natural to choose initial
data in H2. Indeed such a space is scale invariant for the three dimensional Navier-
Stokes equations and as A is skewsymmetric and vanishes from any energy estimates we
can, as for the Leray theorem, adapt the Fujita-Kato theorem to the primitive system
(see for instance [11] or [5]): there exist a unique maximal time 7 > 0, and a unique
solution U, € C([O,TE*[,H%) NnL:. (0,77 [,H%) Moreover, if T is finite, then we have

fOTe* |U(t) ,.dt = +00 ; finally there exists a constant c such that if HUOHH%( < ey

2
HH%(R ) R3)
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then T = +o00. Contrary to the Leray solutions, the solutions are unique but we do not
know whether they are global in general. The Fujita-Kato theorem also works on system
(QG), and again, it does not say whether the unique solution is global if we do not have
a small initial data.

In the following, we show like in [12] or [10] (the only difference is that we are in
the whole space and not in the periodic case, but that does not change anything in the
arguments) that the quasigeostrophic system has a unique and global solution without
any assumption on the smallness of the initial data:

Theorem 3.1.2 Assume Uy e € H'(R?), then the limit system (@f?) has a unique
solution, global in time in the space L°(R,, HY) N L*(R,, H?).

Note that Uy € HY(R3) N H2(R3) and Upge € LA(R3) imply Upge € H'(R3). The
global lifespan holds thanks to the special form of the system satisfied by the potential
vorticity {ga, where like in 2-D Navier-Stokes, and unlike in 3-D Navier-Stokes, there is
no stretching term such as Q2.VU.

The main point of this paper is to show, using dispersion phenomena induced by the
operator —L + %.A, that if £ is small enough, then system (PE.) has a unique solution,
global in time, and which converges to (j&; in a certain sense, as € goes to zero. This is
the purpose of:

Theorem 3.1.3 Assume that Uy € H'(R?)N H%(RS) and Up o € L?(R3). Let us define

for s € R, E* def L>(Ry, HS) N L2(Ry, HS“) and let W, be a solution of the following

linear system:

1

(3.1.5)
We/t:[) = UO,osc = P(UO)
—F 9,03
__ __ 2 ——
with G d:ef]P’P(UQg.VUQG) — F(v— I//)AAIE2 F(9883 Qqa- (3.1.6)
(0% + 03)0s

Then we have the following results:
o W, exists globally and is unique in the space E° for every s € [%, 1].

e Moreover [|[Wel|p2(r, oy — 0 ase — 0.

e If we denote by . d:ef U.— U/'QVG — W, then if € is small enough, 7. € E*® and converges
to zero in this space E* for every s € [%, 1].

e Finally if € is small enough U, is defined for all time in E* and U, — (jQVG =+ W,
goes to zero as € goes to zero, in the space L?(R, L*°).

This paper is structured in the following way: Section 3.2 will be devoted to the quasi-
geostrophic system (QG) (Theorem 3.1.2), and in Section 3.3 we will prove Theorem 3.1.3.
We will use many results or computations developped in [4], and some technical results
are given in an appendix.
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3.2 The limit system (@\C/?), proof of Theorem 3.1.2

The following method is the same as for the periodic case ([12] or [10]) so we will explain it
without giving many details. As we have seen we can study equivalently (Cjé) or (3.1.4).

As the initial data of (3.1.4) is in particular in L?, the Leray theorem gives a (global)
Leray solution. As the initial data also belongs to H > the Fujita-Kato theorem is easily
adapted to this system and gives the ex1stence and unlqueness of a maximal time 7™ > 0
and of a unique solution Ugg € C([0, T, H2) NLZ ([0, 7%, 7)

Classical weak-strong unicity theorem (one can see for instance [19]) tells us that on
this interval of time this unique solution coincides with every Leray solution (which are
therefore unique on that time interval). Finally, as the initial data is in H' classical
regularity propagation arguments give that the solution (ijG is also in C([0,T*[,H') N
L2 ([0,T*], H?). So our solution is in C([0, T*[, H') N L2 ([0, T*[, H?).

In our case, the H' regularity of the initial data will give another result: combined
with the special form of the equation satisfied by the potential vorticity, it will allow us
to show that the solution is global and then prove Theorem 3.1.2.

After a quick computation the potential vorticity satisfies the equation (see (3.1.3) for
the definition of T"):

0000 — M0 + Uga.VQoa = 0. (3.2.7)

loc([()’ T* [a Hl), and this
regularity is enough for us to compute a scalar product in L? (g = min(v, ') > 0):

The regularity of [jc,\g/c gives us that QAQ;; e C([0,T*[,L*) N L?

1d
2dt
The regularity is such that we can effectively define the last term, and according to

the fact that the velocity is divergence free, this term is zero. Thus, integrating from zero
to t we obtain that for all ¢t < T,

—19Q0qcl2: + enll V0622 + (Uge-VQqalQqa) 12 = 0.

—_— t —_— —
1906 ()72 + 261/0/0 IVQqa(s)[72ds = 1c(0) 172 < C'l|Usl3

This latter inequality is obtained by using the expression of the vorticity in terms of
the first derivatives of the coordinates of the velocity.
On the other hand, using that

—82AF_1
—— ARt —
Ugc = ! OF Qga,
—FagApil
we get for every t < T,

1Uqcll3 < ClQcl7: and  [[Ugcll3 < ClIQc 3

which gives that Vt < T,

t o t o
/0 1Uo6(8)|pds < C /0 V06 (s)|22ds < oo.
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Then supposing that 7% < 400, the blow up condition in the Fujita-Kato theorem (see
[5] or [11]) writes:
T* — 2
/ /
/0 ||VUQg(t)HH%dt = +4-00.

Thanks to the interpolation between Sobolev spaces we can write that for every T' < T™*:

T o T o
| IV Taa )yt < € [ 1o ) 10aa(®)] et
Using the Holder inequality we find

T T T
| I90aa(E)IE e < e[ 1Tae®lEdt)}( [ IUaet)|Byudt)?.
0 0 0

Then the energy inequalites given by the Leray theorem and the previous computation
about the potential vorticity imply that:

1U0,0cll 2 [|1Uol] g1
(200)2  (2c10)?

< 00,

T
T\ 12 /
| Vet yar < €

which by the usual blow-up criterion implies that (QAC?) has a unique, global solution when
Uooc € H', moreover:

—_— t —_—
vt € R [Uga (0 + 200 | [1Uaa(s)ds < CIUOl (3.28)

So using the following Leray estimate

—_— t —_—
vt € Ry, [Uga(t)ll72 + CVo/ 1Uqc(s)11%:ds < CllUsqal7s (3.2.9)
0

thanks to an interpolation argument, we obtain that there exists a constant C' such that
for all s € [0, 1],

——~ t —_——
vt € Ry, [[Uga (1)l + 20Vo/0 1Uc ()1 dt’ < CllUoqc| .- (3.2.10)
And thanks to interpolation arguments and convexity we get
100.qcll g < ClUoqalli2*100.qall5n < CllUoqal 2 + 100.qallg)-

So we have that

—— t —
vt € Ry, |Uga(t)lI. + 2c1o / 1Uqa (t)[1%s51dt" < C(Uo), (3.2.11)
0
and Theorem 3.1.2 is proved M.

Remark 3.2.1 What allowed us to prove that the solution is global in time is exactly the
same phenomenon that occurs when one computes the equation satisfied by the vorticity
for 2-D Navier-Stokes: contrary to the case of the 3-D Navier Stokes vorticity, there is no
stretching term of the form Q.VU (which complicates the energy estimate). This special
form also appears in [12].
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3.3 Convergence of the strong solutions

In this section we will prove the main theorem of this paper : Theorem 3.1.3. We will
first reformulate the limit system and define the systems on which we will work. Then we
will provide energy estimates for these auxiliary systems, and we will finally be able to
conclude.

3.3.1 The different systems : strategy of proof

Let us rewrite the primitive system, using the Leray projector on the divergence-free vector
fields : )
oU: + P(U:..VU,) — LU, + EIP)AUE =0

(3.3.12)
Ue/t:O =Uo
Let us begin by noticing that (@6) is equivalent to the following system:
. S .

Ugc — LUga + EPAUQG = —P(Uqge.VUga) + G (3.3.13)

Uqc 1—o = Unoa € HY(R®) N LA(R),

—F 0,02
— p 9 F0,03 —

where G =PP(Ugq.VUgs) — F(v —v )AAF 0 Qoc- (3.3.14)

(0% + 03)05

Indeed, let us write that:
__ 1 __ __ __ __ 1.
0Uga — LUga + EPAUQG = (0Ugc —T'Ugq) + (TUga — LUge) + EPAUQG

R 1
= —Q(Uga-VUge) + I' = L)Uge + EPAUQG-

As we have (see chapter 2, Section 2.3):
° A[jc\g/c = —(VA;IQC\QJG, 0) which is in the kernel of P,

—F&g
o (T — L)Uge = —iF(v — y’)% F%g?’ Q0
(&3 +€3)&3

e and — Q(Uga.VUga) = —PQ(Uoa.VUqa) = —P(Id — P)(Uga.VUge)

= —P(Upa-VUoa) + PP(Uga.VUoe)

It is important to notice that G is the sum of two terms, both divergence-free and
whose potential vorticity is zero (it is an application of remark 3.1.2 for the first term,
and a simple computation for the second one), which will be important in the following.

As in [8] for rotating fluids, we realize that the study of the simple difference V; dlef

U. —U/E—é will not give any clue for the convergence. Indeed, on the one hand if we compute
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the difference of the two systems we obtain a new system that has a fixed external force
which prevents us from getting any convergence to zero by Gronwall methods, and on the
other hand, we need truncations in frequency space to use dispersion results.

So in the spirit of [8] we will use the solution of the linear oscillating system in order
to make the term G oscillate, in the sense that we consider the linearized system, with the
term G as an external force. And, in order to use the Strichartz estimates proved in the
appendix we are led to introducing the following systems :

W, — LW, + LPAW, = -G
e e+ cPAW: (3.3.15)
Ws/t:O = UO,osc
1
WT‘,R_Lwr,R P WT,R:_ : P
OWe e+ CPAW: Pr.aPsraC (3.3.16)

R
WE /t=0 — PT,RP3+4U0,0867
—_—

where P34 is the projection onto the last two eigenvectors of the matrix L — éIP’A (see in
the appendix), and where P, g is a frequency cut-off :

D) | D3|
= x (oD (1 = x (5
Pr = (21— x(12
with y a fixed C*> function whose support is included in [—1,1] and equal to 1 in
[—3.3], and (F~! is the inverse Fourier transform): x(|D|)f = f_l<x(|§|)f(£)) and

\(IDs)f = FH (x(l&sh f(©))-

As we will see in the following, with this external force, when we compute the equation
satisfied by U. —Ugag — Wl ’R, the new external force will be G —P,. rP34G which we will
be able to make arbitrary small. Then we define the two following quantities :

), (3.3.17)

5. U, — g — WP

5 ety ek,

In the rest of this paper we will state and prove energy estimates for (3.3.15) and (3.3.16),
then we will use them to bound the energies of 4. and d., and show they are small. It is
here that we see the reason to use system (3.3.16): truncation of the frequencies in C, g
allows us not only to use the estimates from [4] and the Strichartz estimates, but also to
control the initial data and the external force in the energy estimates of §. and d.: once r
and R are fixed to make these two terms small enough (smaller than an arbitrary n), we
can show thanks to the € given by the Strichartz estimates that these two energy estimates
are also smaller than 27.

So 4., which is the difference between ¢, and ¢., is finally smaller than 47, for € small
enough (depending on r and R).

We will next deduce that W. goes to zero in L?(R,,L*), and using the Sobolev
injection H2(R?) — L®(R3) we will finally get that U. — (jé/g goes to zero in the space
L3Ry, L™).

(3.3.18)

3.3.2 Energy estimates for the linear systems

Until the end of the paper we will use the following notation for constants: a constant
which only depends on Uy, vy or v — ¢/ shall be written K°, and if it also depends on r
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and R it shall be written K™.

Using the fact that ﬁé/g is globally defined and belongs to L= (R, H') N L?(R, H?)
(recall Theorem 3.1.2), we shall show that systems (3.3.15) and (3.3.16) have a unique
global solution in E* = L®(Ry, H®) N L*(Ry, H*™) for all s € [3,1].

From now on we take Uy € H %(Rg) N H'(R?) and require that its quasigeostrophic
part Up g belongs to L%(R3).

Lemma 3.3.1 There exists a constant K° such that, for all s € [%, 1] and t € Ry, the
solutions of (3.3.15) and (3.3.16) satisfy respectively (with vy = min(v,v’) > 0):

t
IWZE O3 + Vo/o IVWER)|F.dt < KO(1+ [ — /e K™ T)?

t
and wum%+m/vawmgng9
0

Proof: We will prove the first estimate (the other one is proved using the very
same computation and is in fact simpler). Taking the inner product (in H?®) of (3.3.16)
with W2 and using Lemma 3.4.6, we get:

R R R b R
2dtHW’" 1% + ol VWERZ, < (14 v = Ve KGOl g WD e

+(1L+ v = VK" G| grca W e
where we have defined

—F 9,03

2 _
FO% | Qge. (3319)

(87 + 93)03

G' =PP(Uge.VUge) and G'=—F(v —v)AAR?

Using the classical inequality ab < %(a2 + b?), we obtain:

1 1
< S+l = VIR G o + SIG g IWEFII

(14 |y — /[T IG5 + IIWTRHHM

MWVW2+wwwﬂwé
2
Therefore
SAWERIE, 16 W, + o VDR,
< (= VR PIG e+ IGY ).

then, multiplying by e~ gt D47 integrating from 0 to ¢, and after that multiplying

by efo IG*(™llz+47  we obtain that V¢ > 0:
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t
mwﬂw%+m/HWWWW@&H@Wwﬁwsmw%w@ﬂSW%m*
0
t
1
ﬂrwww%KmV/umwm+yMﬂﬁmkﬁw%WMWﬂ
0 0

Let us state the following lemma which will conclude the proof of these energy estimates:

Lemma 3.3.2 There exists a constant K° such that for all s € [3,1] we have:

|16l + [ 16 @01, e < 0

Proof of Lemma 3.3.2: Because of the conditions about the orders when we
compute a product in Sobolev spaces, we have to distinguish the case when s = % from
the case when s €]3, 1] and obtain:

/OO HGb” dt < C HUQGHLQ(R+,H1)||UQG||L2(R+7H2) if s=
A% = — .
0 ||UQG||§12(R+7H5+1) if s €]

NI o=

1.
Then, thanks to the energy estimate (3.2.11), and classical interpolation arguments :

C

||GbHL1(R+7HS) = 70(||U0,QGHL2 +1U0.qcll g1)*

2

L2(Ry,Ho—1) and this concludes

Similarly, using (3.1.6) we also obtain the estimate for ||G!||
the proof of Lemma 3.3.2.

Let us go back to the proof of Lemma 3.3.1: thanks to Lemma 3.4.6 and the interpola-
tion results in Sobolev spaces, we can estimate ||WZ(0)||2 . and using Lemma 3.3.2, for
all t € R+,

s

¢
IWZE @)%, + Vo/ IVWEREE)|[F.dt" < KO(1+ |v = Ve K™)?,
0
which proves Lemma 3.3.1 (the computation for W, being identical). B
3.3.3 Energy estimates for . and 9.
The aim of this subsection is the proof of the following energy estimates:

Proposition 3.3.1 There exist constants K°, K™% a function V € L'(R) and a func-
tion I(r,R) (also depending on |v — V|, vy and Up) such that if € is small enough (in a

neighbourhood of zero which depends on r and R) for all s in [$,1] and for all t > 0,

t
me%+ménvmm%yﬂg@meeKwywﬁWﬁ

and
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! t
18 ()11 + /0 (v — 2C)5:(t) | IV B ()| e Vg

< (I(r, R) +¢o K"’R> RO

where we have the estimate ||V |1, ) < K°+ eK"™f and I(r,R) goes to zero as r goes
to zero and R goes to co.

Notation and estimates

From systems (3.3.15) and (3.3.16), and using that for any function g (see (3.3.17) for the
definition of P, p and definition 3.4.2 in the appendix for Py),

9= PrePsiag = (1= Pprr)g + Pr.rPag,

we can write that §. satisfies the following system:

{@5; — LOL + 1PASL = f{ + f5 (3.3.20)

5é/t:0 = o,
with
fl=—(1—="Prr)G’ — P.rP2G",
fy = —(1=Prr)G" — P PG,
50 = (1 - ’PT,R) UO,osc + PT,RPQUO,osc-

Remark 3.3.1 Remember that G', G® and Uo,osc are divergence free, and have a zero
potential vorticity (see the expression of G in (3.3.13) and of G' and G® in (3.3.19)).

From systems (3.3.12), (3.3.13), and (3.3.16), we get the system satisfied by d:

06 — Lo + 1PAS. = —P(6..V6:)
—P(3:.V(Uga + W) ~ B(Uga + WE™).V8) g0 )
+f1+ fo
de jt=0 = do,
with
_ !/
fi= f} e . . R h (3.3.22)

The aim of the following subsections is the proof of Proposition 3.3.1: we will succes-
sively establish estimates on d. and §., estimates on the external forces and then we will
end the proof.
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Energy for §.
Let us take the inner product in H* of (3.3.20) with ¢’ (where s € [1,1]):

L5212, + vl VeI, +0 < (f1100) g7« + (f5100) =

2dt
< Il s 10l 7 + 120 g 19 o

using the usual argument (ab < %aQ + %bQ), we get:

NI+ ol LI < Sl e *Hf{HHsH&HQ-S
6202 s + ol 1620

then, thanks to the same Gronwall argument as in the proof of Lemma 3.3.1, we obtain

that vt > 0:
' SN d ¥ d
|’5é(t)||2 L+ VO/ ||V5:;(t/)Hf{Is€fi/ £1 ()l g Tdt/ < Hé{g(o)”?{sefo A1 grsdr
0

t
1 T
b [ U@+ IO el Vit

. de
And noting [[u|| ;7 = Hu||Lp(R+7HS(R3), vt > 0:

t
1 /
10O + v [ 198 Bt < (Wl + s+ I3 s )l it
(3.3.23)

Energy for ¢,
The inner product in H¥, yields:

1d — -

37 1% % + 10l VOe I F < [(P(8:.V6:) 02) e | + [(P(8:-V (Uge + WET))16:) |
H(P((Uga + WIH)).V0)162) el + [(F1162) | + [(F2162) g7

Lemma 3.3.3 There exists a constant C such that the following estimates are true for

all s € [,1]:

|(P(0:-V0:)102) g | < ClI8: | V13 (3.3.24)

|(P(O-.V (Uge + WEF))102) | < =2 ||5 o + — HV(UQGJrW”Q)II2 L1001, (3.3.25)

(P(Uga + WET).V6)|0e) g | < 5 26 o1+ es(O10c1% (3.3.26)
slUqa +WER  [Uge + WER|2 o if s =3
where eg4(t) = n Hz
2\ Uge + WEHI,.., it s €l3,1].
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Proof: we use the fact that §. is divergence-free together with Sobolev product
laws as well as the fact that if s > %, H**! is a Banach algebra. As d, is divergence-free,
we can write:

e-VOe)lCe)pgsl = =
[|div (5 ® 55)”H5H66HHS if s E]%, 1].

Using an interpolation argument, the Sobolev product laws (H 2 (R3) x H'(R3) — L*(R?)),
and the fact that if s > %, H**!is a Banach algebra, we get the estimate:

CH(SEHH%HV(ssHiI% if s=

N[

|(P(0=.V6e)[02) s | < . )
Clloell s VOelge  if s €l3,1].

So we have

|(P(0:-V0e)10e) s | < Cll6e| . V0.
which is exactly (3.3.24). Let us now deal with (3.3.25): we have

IP(5:.V (Ugc + WI)|8:) .| < Cll8=.V (Uga + W) e8| o

S0, using the product of H by 3 we get

P8V (Uga + WE))I6) o] < ClSe| 11V U + WER 3 10l o

And finally, a classical argument gives

_ o C _
P03V (Uga + WEM)I0) jrs| < ZN18ell%en + — 1V (Uqc + W2 4 110113
6 140) H?2
The last estimate (3.3.26) is dealt the same way:

(B((Uge + WIT).V6.)[6:) gre| < 1|(Uge + WER). V6. ol -

It is necessary to separate cases relatively to the Sobolev order (and using Sobolev product
laws):

— ClUgc + WER n IVSl| 1 0]l e if s =1
|(P((Ugg + WD) .V6.)102) 74| < R . ell g 10l 5
Clldiv (Uge + W) @ 0:) || g 10: Il o i s €]3,1]

Using Sobolev inclusions and interpolation, together with the fact that H51! is a Banach
algebra when s > % and the classical inequality ab < % + % if % + % =1 with p =2 and
p = 4 leads to:

—_— r V
|(B((Uga + WIH).V6e)[0e) gral < 210 s + es (B8,

where
g + WER2 , |Uge + WERI2 , if s=1
es(t) = 0 Az a2 ’
Cnrr__ R .
ElUga + W12, 4 if se€li, 1]
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And that proves Lemma 3.3.3 B
Let us go back to the energy estimate: for all t > 0,

1d

14
5 710l + 2ol VelGye < Clloel s V01, + gOH(%HQ

Hs+1

C — R 0]
+ o, IV WUac + We % 106l + 10N + €510
ol fillas + 51 Al 10l + 5l + G 10l

Posing V(t) = %HV([}&; + WJ’R)HZ; + es(t) + || f1ll s, the usual Gronwall argument
2
implies that for all £ > 0:

t t
18-(E)[1%,. + / (vo — 2C16-(t)]| 1o ) IV 0 () |2 el VDI < (3.3.27)
0

1 v
(”55(0)“2' o Al g + ;OHsziszl)eH lorey)

In the following we will obtain that if ¢ is in a small neighbourhood of zero (depending on
the radiuses r and R) we can bound all these quantities (including the L* norm of V).

Estimates on the external forces

The estimates concerning the external forces are the following:

Lemma 3.3.4 There exist a constant K°, a function a(r, R) bounded by K°, and going
to zero as r goes to zero, and R goes to infinity, and a constant K™ such that if e < 1
we have the following estimates

Vil ey ey + 15312, oy + 100013 < e, B) + K7,
and if € is in a small neighbourhood of zero (depending on r and R),

1
||f2HL2(R+7HS_1) < 06(7’, R) + EEKT’R.

Proof: The function « is easily given by the Lebesgue Theorem together with
Lemma 3.3.2, precisely:

a(ra R) = ||(1 - PT,R)GbHLle + H(l - PT,R)GlH?stA + ||(1 - PT,R)UO,OSC||12L'IS-

Lemmas 3.4.3 and 3.3.2 give the first estimate. In order to get the last estimate, all we
have to do is to estimate the last three terms in the expression of fs (because all the other
terms have just been estimated). By interpolation, we have:

— —_— 1 — 1
1Ua- VW gor < lUa- VWIF|Z, , 1Uga VIVIF 2,

Thanks to the product laws in Sobolev spaces (s — 3 +s— 2 =25 —2 and s € [3,1]) we
can write that:
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— — 1 1 — 1 1
1Uqe- YW s < CHUQGH;S,%HVW!’RH,ZSHUQGHiaHVW!’RHioo-

Using the energy estimates for U/'QVG and W!’R as well as the fact that s — % € [0, %] and the

Bernstein Lemma (||[VW.| e < CR|]W£’RHL00), we obtain (where the notation LPL4
means LP(R, L9(R3)) and similarly LP? H® means LP(R, H*(R3))):

1
|22Lm .

— — 1 1 — 1
1Uac-VWEE | g, gy < CrllUa? . IWERIT, s 106 e o W2

Let us now state the Strichartz estimates whose proof is given in the appendix:

Lemma 3.3.5 There exists a constant K™® such that if ¢ is small enough (the neigh-
bourhood of zero depends on r, and R), we have the following estimate:

1
W22y oo (o)) < R K.

Using these Strichartz estimates together with Lemma 3.3.1, and (3.2.11) we obtain :
1Ue VWIE 2, oy < 8K, (3.3.28)
Similarly :

IW2E VU 2, g1y < e K™ and IWEENWIE o, a1y < et KR,
(3.3.29)
This concludes the proof of Lemma 3.3.4. B

Conclusion: end of the proof of Proposition 3.3.1

We are now able to achieve the proof of Proposition 3.3.1. First let us bound the norm of
function V introduced with (3.3.27): there exists a constant K° such that:

VI, < KO+ v =V |eCr)* + |GY gll gy + K77
which we can rewrite into (using Lemma 3.3.4):

Vg, < K°+eKmR.

Using the estimates given by (3.3.27), (3.3.23), and the ones on the external forces in
Lemma 3.3.4 we can write that for all ¢ > 0:

! 1 "
16L(6)112,. + vo /0 IVSL(E) . ds < (I(r,R) + (2K 4 K™ 4 —e KPR ) K7 HeR,

o

and if € is close to zero (in a neighbourhood of zero depending on r and R):

t t
16-(8) 1% + / (o — 2C 18- () | )V (¢ |2, e VDImay <
0



SOLUTIONS FORTES 87

1 T
(I(r, R) + (52KT,R + KR 4 —E%K“R)>6K°+8K R
Yo

where we define (see Lemma 3.3.4 for the definition of «):

def

I(r,R) = (2+ )(T,R),

)
since Lemma 3.3.4 implies that I(r, R) goes to zero when r goes to zero and R goes to
+o00, and that € < 1, we finally obtain all the results stated in Proposition 3.3.1. B

3.3.4 Convergence of solutions : proof of Theorem 3.1.3

Let 0 <n < 2]/% and fix r small and R large such that we have (see Lemma 3.3.4):

I(r,R)e*:’ < Z (3.3.30)

From now on and until the end of the paper, r and R are fixed like this. Moreover, in order
to simplify notation in the following computations, we will write directly the estimate on ¢,
instead of an approximation (such as for example the one given by the Friedrichs scheme)
as should be done. Let us fix 0 < eq(v,v/,Up,r, R) < 1 such that Ve < gq, eK™* < K9
and let us define the time

T. = sup {t >0 suchthat &, € C([0,t], H®) and ¥t <t, |[6.(t)]>%. < 17} .

Let T! be a lifespan of a solution d. in B2 = L ([0, T2, H%) N L2([O,T€1],H%): with our
initial data an adaptation of the Fujita and Kato Theorem with external force proves that
such a T} > 0 exists and on this interval the solution is in E* for all s € [%, 1]. Let us fix
0 < e1(v,v/,Up,r, R) < g such that Ve < 1,

n

5

So consequently, T: is well defined and strictly positive: VO <t <T. vo—C||d| g > 5.
By (3.3.30) Vt < T, the energy estimate on J. becomes:

18:(0) 1% < I(r, R) + K" < Z +eK"F <

t
16O + %5 [ IV0L(0) ! < %+ e R R

The definition of ; also implies that the estimate for §. becomes:

81, +vo / VL) Gt < 4 KRR,

So there exists ey = e9(v, V', 19, Up, 7, R) < &1 such that Ve < g9 and Vt < T,

t
n -
8.0+ 2 [ IVt < <2 and 0o [ IVt <

1\3\3

This implies that Ve < &9, T, = 400 (bootstrap) and also that . — 0. = U, — (7&; - We
satisfies for all € < ey and ¢ > 0:
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t
16 = O + 5 [ 196 =) s < 3+ F =

N3

and that achieves the proof of the convergence of v.. As W. = §. + W7 ’R, and know-
ing that, thanks to the Strichartz estimate given in Lemma 3.3.5, if € is close to zero:
|]W£’RHL2(R+,L00(R3)) < séK“R, we can define e3 = e3(v, v/, 1, Up, 7, R) < €2 such that
Ve < e3 and Vt, HWg’RHLz(R+7Loo(R3)) < I but with the case s = 1, we also have the

2
< h

estimate ||5[:.(t)||?{1 + vy fot HV&é(t’)Héldt’ 1, so as the dimension is 3, H? < L™, we
have H(S‘;H%Q(]R+ L) < . and finally:
1 1
[Well L2, oo (r3)) < (5 + ;0)77

Which gives (remember that U. — U/’ZQ/G = 7. + W, and use another time the injection
H?(R3) — L>(R%)) that |U. — Uqc|lr2(r. 1o (r3)) goes to zero and achieves the proof of
Theorem 3.1.3. W
3.4 Appendix
3.4.1 Technical results

We won’t give details for the proofs of the lemmas from this section.

def

Definition 3.4.1 If0 <r < R, let C,gp = {{ € R® suchthat || <R, and |&|>
r}.
Let us denote by B(¢, €) the following matrix (in Fourier variables):
el + 162 &+ &3 0 §163
o e FIEP
— 418 el - §1&2 0 §283
B(e,e) © p — lpa— EE léP? SFIEP
€ 283 SIS _leP? IR
el¢]? el¢f? eF|¢P
- )2
0 0 N Vg

Then we have the following lemmas (we refer to [4] for the proofs):

Lemma 3.4.1 The matrix B is diagonalizable with four distinct eigenvalues we will denote
the following way:

po = —v|E
1 which is real

A and .
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Lemma 3.4.2 When £ € C, g, and € is close to zero (the neighbourhood of zero depends
onr and R),

2
p=—(vel +v& + V’F2€§)|§||2 +e’I(e)
F
— 24 . |£‘F . 2 ¢!
)‘* T(§)|€’ +ZEF|£‘ +Z€S(€75)+E S(f,E)

where the function T is defined by:

d_er F2£2 l// F2§2
O30+ ) 50T

; ) >0 >0 YEECR (3.4.31)
and I, S, and S" are functions of € and £ uniformly bounded in C, r with respect to e.

Remark 3.4.1 The leading part of the asymptotic expansion of i is exactly the expression
in terms of the Fourier variable of operator I'.

A basis of eigenvectors Wy (€,¢),..., Wy(€, &) corresponding respectively to the previous
eigenvalues is given by the following matrix of change of basis (noting A d:ef p+v[€]? and
B4 gy
§283 £3(e&1A + &) §3(e&1B + &2) £3(e61B + &)
—&1&3 £3(e&2A — &1) €3(e&2B — &1) §3(e62B — &)
—eF(v Vg —eAG + &) —eB(& + &) —€B(£ij &)
F&3 F(?[€PA? +€3) F(EPB? +€3) F(?EPB +€3)

As Wy is nﬁ”\divergence free”, a divergence free vector ﬁeldﬁ@s\no coordinate along
this vector, so Ug s depends only on the last three eigenvectors : Ug o5c = KoWo+K3W3+
K,Wy. Let us give the following definition

Definition 3.4.2 If g is a divergence free vector field (with four components but depend-
ing on x € R3), we can write: g = 2?12 P;g, where for i € {2,3,4}, P;g = F~L(K;W;) is
the inverse Fourier of the projection onto the span of W;.

Let us now state the following lemma showing that P, has a small norm:

Lemma 3.4.3 Let 0 < r < R, then there exists a constant ¢, g > 0 such that for all
functions g satistying Pg = g and Pg = g, (i.e with zero divergence and zero potential
vorticity), and supp(g) C C,r, we have: V¢ € Cp R, \I@(f)\ < ¢ pelv — V| g(§)| and
consequently:

Vs € R, |[Pagll gye < crrelv — /] lgll .-

Proof: It comes directly from the following two lemmas

Lemma 3.4.4 Under the same assumptions as Lemma 3.4.3 and if we denote by (X,Y, Z,T)
the coordinates of g, we have (with the notation of definition 3.4.2):
A 1 Z

B @A rEagEg = A

Ky =
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Proof: This lemma can be proved using the relations between the coefficients
and the roots of the polynomial (X — A)(X — B)(X — B) (which is given by a translation
of variable of the characteristic polynomial, whose coefficients are well known) and other
algebraic relations between the coordinates of the eigenvectors (see Lemma 4.9 in [4]). W

Lemma 3.4.5 We have the following asymptotic expansions when § € C, g and ¢ is close
to zero:
22 [ 2
A= (v —-V)F%é—>5 + 0(°)
1%
illlrp  v—1 |f|2 2 2
— O(e),

where the O(e) are uniform with respect to £ € C, .

Proof: This lemma is obtained from the asymptotic expansions of the eigenvalues
of B(&,¢) (see [4]). W
Let us state a useful lemma which is a consequence of Lemma 3.4.3: we define y a C*
function whose support is included in [—1,1] and equal to 1 in [—1,1].
Lemma 3.4.6 There exists a constant C,. g such that for all s € R and for all g divergence
free and with a zero potential vorticity, denoting by P4 the projector P3+ Py (see 3.3.17
for the definition of operator Py g): | Pr.rPs+a9 7o < (1+ v — V/[eCrr) |9l 175

Proof: As P, gP3149 = X(%)(l — X(|D3|))]P’3+4g

r

| D| | D3| |D| | D
= () (1 = v (2 ) — x(5EH (1 — x(ZEEY)P
X =x(=7))g = X(F) (1 = x(= 7)) P2g

we can use the triangle inequality:

|D| | D3| D] | D3| |D| | D3|

Eha—y(Z=Ey)p s < I CED T (2 g e+ () (L= (2 Pog| 57
IXCZ) Q=X (== D Paagl e < IXCH ) Q=X Z D9l g+ IXC ) A=X (= =) Pagll
and then the Plancherel theorem for the first term and Lemma 3.4.3 for the other term:

1D| | D3
XG0 = x (= =) Pavagllre < llgll g + v = V'[eCr Rl g

And Lemma 3.4.6 is proved. B

3.4.2 Proof of the Strichartz estimates

We refer to [14] for Strichartz estimates in a more general case for the wave equation, to
[8] for Strichartz estimates suited for the rotating fluid system, and to [4] for the case of
the primitive system.

Let us recall that  and R were fixed in (3.3.30).

In this section we will prove the Strichartz estimates given in Lemma 3.3.5 about W, o
which satisfies system (3.3.16).

Let us begin by stating the corresponding dispersion inequality (see [4] for the proof).
Let us denote by K the following operator (see definition 3.4.2 for the notations):

L 4ictS (g ,e)+e2tS" (E0) +ink de,

K(et2) = | w@e T
R3

where
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e the function ¢ € C5°(R3) is radial, supported in C%Q R, and equals 1 near C, g.
o V¢ € Crpr,7(§) > 1y > 0, according to (3.4.31).
e S, 5" and their derivatives with respect to £ are bounded on C, g by a constant A, g.

Then, according to [4] there exists a constant C,. g such that if ¢ is small enough:

sup |K (e, t,2)| < CT’Re_ﬁ’"Qt(E)%.
z€R3 13

If we note S the semigroup associated with (3.3.16) and:

wo = 7)7‘714?,]?2’)-4-4le,osc
9" = —PrrP314G" (3.4.32)
9" = —PrrP344G"

then the Duhamel formula writes:

Wit = S\() W0 /S,\t—t t"dt' +/ Sy(t —t)g (tdt'.

So it depends only on the last two ”Fourier eigenvalues”, and like in [4] (section 4.3.4) we
will deal with the computation for the projection P3 (the computation is the same for Py)
and use Lemma 3.4.6 to conclude.

In the following we will state the estimates separately for each of the three terms in
the previous expression. We will only prove the estimates separately for each of the three
terms. The last one differs a little from the classical proof.

Homogeneous case

Lemma 3.4.7 There exists a constant Cy r (r and R are fixed) such that if € is small
enough,

3 1
v 1Sx(B)woll 2w, oo r3)) < Cr.re |lwo| 2.
Proof: Let us follow here the very same method used in [4] (same method as in [§]
except we have to deal with an asymptotic expansion): we first use a duality argument to

do the case L'(R, L>°(R?)), then we estimate the L>° (R, L°°(R?)) norm, and conclude
with an interpolation.

£ B = {6 € C(Ry x BY) such that [|6 (s, 01(ss)) < 1}, we can write:
[Sx()woll L1 (ry Lo (r3)) = Sup/ Sx(t)wo(z)p(t, x)dzdt.
»eB R+><R3

Using the Plancherel inequality, multiplying by the well known function x (see the begin-
ning of section 3.3):

[Sx(O)woll L1y Lo (r3)) < C'Sllp/ @5(5)(/]1% A&y (£)o(t, 5)dt>d§.

oeB

The Cauchy-Schwarz inequality gives that:

[Sx()woll 1wy, Loo (r3))
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<0||wo||Lzsup( L] [ eeoei @ oo >dtdsds>.

Then, we use the asymptotic expansion of A given by Lemma 3.4.2 and denote by O the
term (t — s)icS(&,e) + 2(tS'(€,e) + s5'(€,€)) (this term is easily dealt within the proof
of the dispersion estimate) and again the Plancherel theorem:

[Sx()woll L1y, Lo (r3)) < Cllwo| 2 sup
6eB

</ / / / —(t+s)T(©)IE1*+ l(tE;EIF +O| (@‘%izfdﬁ) (o(t) *gb(s))(m)dmdtds)
Ry JRy JR3 R3

Using the dispersion estimate and the fact that L' «+ L' < L! we obtain that:

(SIS

[Sx(B)woll L1 (&, Lo ®s)) < Cllwol L2 Zug
S

1
_L”" S €§

( / / C,. pe™ 470+) 1|¢<>||L1||¢<s>|udtds>
Ry JR, |t — s|2

The definition of B allows us to write:

N[

N|=

1
. Y 2 s £2
HS)\(t)onL1(R+7Loo(R3)) S CnR”w()”L2 sup min / / 0 (t+ ) dtdS
beB Ry JR |t — s|

A computation gives that:

1 1

// “5re) 20 e — or £
Ri JRy |t—s| 23

1

So if € is small enough,

1S3 (E)wo e, 1o ey < Crn—g llwol 2,
%
On the other hand, according to the Bernstein Lemma, there exists a constant C'r such
that if ¢ is small enough (this condition is imposed by the last terms of the asymptotic
expansion):

19X (t)woll oo (e, Loo(r3)) < Crllwol| L2
then, an interpolation argument gives that for all 1 < p < oo,
1

edr
[Sx(t)woll Lr(r, Lo (r3)) < Cr.rp—3 llwoll 2

4p
Yo

In particular,
1

€8
1Sx(H)woll L2k, Lo ®3)) < Cr.r— llwoll 2 (3.4.33)
vy
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Bilinear inhomogeneous case

Lemma 3.4.8 There exists a constant Cy, p (r and R are fixed) such that if € is small
enough,
/ Sy(t —t)gb(t)dt!

Proof: We will use the homogeneous case:

/S,\t—t ()t _/ H/ Sa(t — ) g2 ()| o s it
LY(R.,L>(R3))

//st—t )| oyt

1
< C ges Hgb||L1L2
L2(Ry, L (R3))

Then, using the Fubini theorem, we get:

/S,\t—t ()t g/ooo(/t/ [S3(0 — g (1) |yt )

A change of variable (t — t — t') followed by the use of the estimate obtained in the
previous section give:

/SAt—t (t')dt'

L} (R4, Lo (R3))

< /(; HS)\<t)gb(t/)HL%(R+7L00(R3))dtdt/

LY (R, L (R?))

/ Crn 3||g< ) o dt

Vo
which gives

1

c1
< Crr—5 9" )L Ry L2 (w3 -
L (R Lo () v

/SAt—t (t")dt'

Like previously we can easily show that there exists a constant C'r such that, if € is small

/SAt—t (t")dt'

So, with interpolation we have that for all 1 < p < oo,

/SAt—t (t")dt'

enough,

< CR”gb(tl)HLl(RJr,LQ(]R?’))‘
Leo(R4, L (R3))

1

gty
< Cr,R,pi@ 9’z r2-
LP(Ry,L>°(R3)) V(;‘P

In particular,

1

€8
< Crrs 19l 12 (3.4.34)
L2(Ry, L (R3)) v

/SAt—t (t")dt'
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Linear inhomogeneous case

Lemma 3.4.9 There exists a constant (r and R are fixed) such that if € is small enough,

/S,\t—t (" dt'

Proof: This case is a little more complicated because we want a different bound on
the right-hand side. We will directly prove the L2L> estimate without using interpolation
arguments like previously.

If we note B = {¢ € Cg°(R+ x R?) such that 9l z2(r, L1 (®s)) < 1}, then we have:

/ Sy(t—t)g' (t')dt —sup/ / / Sy(t —t) )dt)¢(t,x)dxdt.
L2(Ry,L°(R3))  ¢€B R3

The Fubini theorem allows us to write that:

/S)\t—t )dt

The Plancherel theorem gives that (with the same notation O as in the homogeneous
case):

1
< Crret|lg'llpzre
L2 (R L (R3))

= sup/ /t » Sy(t —t"g! (t)b(t, x)dtdzdt’.

L2(Ry,L>(R3))  ¢€B

t
| st
0 L2(Ry, Lo (R3))

< C'sup /OO /Oo/ ¢~ (TP it S +O
¢eBJ0 t R3

Another use of the Fubini interversion theorem implies:

/ Syt —tg (t)at'
L2(R4,L>°(R3))

S —_ o0 ’ . €]
< Csup / ([, @) [ e mO e Omh 050 o) (eyasar) ar
t/

¢eB JO

F()o(t, E)x()dedtdt

The Cauchy-Schwarz inequality (in space) and the writing of the square of the L? norm

bring us to:
/ Sat — #)g' ()t < Csup [l
L2(Ry,L>(R?)) $eBJ0

/ /OO /°° e‘(t+s—2t’)r(f)\£|2+i(t—5)s‘gFl\IZ\+O
R3St Jy

The Cauchy-Schwarz inequality (in time) allows us to write:

=

|x(§)2$(t,€)$(s,€)dtdsd§> dt'

(t —t)g' (t')at'

[e’s) 1
<o [ 16 Bageeyat)’
L2(R+7LOO (RB)) 0
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—(t+s—2t")7(©)|EP+i(t—s) HE +0 250t Vol E)dtdsdedt’
sup ( / /R 3 /t /t (Ot €)8(s, E)drdsdedt

Thanks to the Fubini and the Plancherel theorems:

S/\ t—t)g'(t')at < Cllg" ) r2r, r2 e

L2(Ry,L(R3))

sup / / / / / g € o= (s =2t )T (Ol +ilt—s5) 5
oeB t t R3 R3

(o(t) * 6(5))(x)daz} dtdsdt’)

NGRS

1
2

=
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Where fxg(x fR (y)dy is the usual convolution. Then, the dispersive estimate,

and the fact that L' % L1 — L1 imply:

/ Sy(t —t"g'(t')dt'

< C|g(t Mrzw,,L2®s)
L2(Ry,Loo(R9))

1
sup / / / Cree™ 870520 (0) | 13 | 9(9)] s st
¢eB v Jy [t — 5|2

And

N =

/tsw—t) (t)dt
0

1
< Crrllg' ()2, 12 (r3)) sup (821)
L2(Ry,Lo(R?)) seB

Where s )
d f e~ 14T (t+s—
s / / / H(Zs(t)HLl(]I@) ||¢(8)||L1(R3)dtd5dt/
v Jy

[t —s|2

All we need is to compute this integral:

e—l—ﬁr2(t+s 2t") ,
= / / / Ve L (s o 6(E) | 1 ey 1 6(3) 2 sl

[t — |2

The Fubini theorem implies:

N

t+s 0
I_/ / | | H(b( )|’L1(R3)H¢(S)HL1(R3)(/0 1{t’<t}1{t’<s}€ 13- 2t)dt>dtd8
— S

min(s,t)

Calculating the integral in ', which is exactly [, ) BT gy gives

2Y0 12 min(s,t)

2(t+s) o213
P [T T 0 w06y (g ) s
8

|—8!
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As s+t —2min(s,t) = |t — s|, we have:

a2 |t—s|
N TRl LCICT L Ol PR

<o [l ([ 6;‘"’2“5'\|¢<>1L1<R3d8)d

T t—sl2

Let us define the two following functions:

vg,2
e*T%T |yl

€ LYR)

a::yr—— T
ly|2

bryr— oWl ly>0y € L?(R)

Then a * b € L? and the Cauchy-Schwarz inequality gives:

8 8 8T _ C
I< b||? < ——|¢||? <

< Tgyoll [z2llallzr < 7“21/0H¢HL2L1 N

T I/O

So, if € is small enough,
1
c4
/ S (t — gH(#)dt! < Gl o (3.4.35)

L2(R4 L= (R?)) v

Conclusion

According to the previous results and the Duhamel formula, we can write that:

1

1
HWT HL2 (Ry,L®(R3)) < CrR (HwOHL2 +1lg HL1L2> + CrR 3 Hg lL2r2 (3.4.36)
73 o
In order to achieve the proof of the Strichartz estimates we still have to estimate the
norms of wp, g7, and ¢! (see (3.4.32) for their definition): as supp(wp) C Cy g, there exists
a constant C' such that: ||wg||r2 < %HwOHHl and using Lemma 3.4.6 and (3.4.32), we have:

fwollze < &1+ by = V1eCrmlUoll g
The same argument, and the use of estimates close to those from Lemma 3.3.4 imply :
19112 < (1 v = eCr) Ul
TV
And similarly we also obtain that
I/ 222 < =1+ v = V1eCr Ul
\/%

Using these estimates in (3.4.36) achieves the proof of the Strichartz estimates and we
obtain (e < 1):
R LR
WS Loy poom3y) < €8 K™,

which concludes the proof of Lemma 3.3.5. B
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Chapitre 4

Poches de tourbillon

Résumé: On s’intéresse dans la premiere partie de cet article a ’estimation, explicite
en fonction du nombre de Rossby ¢, de la vitesse de convergence de la solution du systeme
des équations primitives vers la solution unique du systeme quasigéostrophique, avec de
meilleurs résultats dans le cas ¥ = /. La deuxiéme partie est consacrée & la preuve de
la persistence, lorsque le nombre de Rossby tend vers zéro, de la structure de régularité
tangentielle pour les équations primitives visqueuses et diffusives.

99
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4.1 Introduction

4.1.1 The primitive equations

The primitive system writes:

1 1
oU: +v..VU, — LU; + E.AU€ = g(—V<I>€, 0)
(PE:) div ve =0
Ue/t:O = U0,6~

The unknowns are U, and ®.. We denote by U a pair (ve, 6.) where v, is a vector field
on R3 (three dimensional velocity), 0. a scalar function (the density fluctuation : in the
case of the atmosphere it depends on the scalar (potential) temperature and in the case
of the ocean it depends on the temperature and the salinity), and ®. the pressure, all of
them depending on (¢,z). The operator L is defined by

LU, def (vAwv., V' AG,),

and the matrix A by:

0 —1 0 0

def | 1 0 0 0
A= 0 0 0 F1

0o 0 —-F' o0

In the first two parts of this paper we will follow the methods of [5] and get more precise
results on the convergence speed (with additionnal assumptions). In the case v = v/ the
speed of convergence will be much better. Let us decompose the initial data into:

UO,E = UO,&,QG + UO,s,osm

where Up ga € HY8 (3 > 0), 1 Uo.e,0¢ — Un.gallm < KV, and Uo,e,0sc 1s regular and
we allow its norm to blow up when ¢ goes to zero (see the statement of the theorems
for more details). We will show that, as € goes to zero, U, goes to the solution of the
quasigeostrophic system:

( —82
_ Olaa-Tlga=— | O | Ar ' (To0-V900)
(QG) 0
—Fo0s
\(/JEG/t:O = Uoqc

where I' is the pseudo-differential operator of order two defined by :

T AN (002 002 1+ /32).

The third part is devoted to the persistence of the tangential regularity. We will consider
vortex patches.
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4.1.2 Statement of the results

In the following, a constant depending only on the initial data, F, v or v/ will be noted
KO and the n.otation HUHL‘pHs means ||uHLp(R+’HS(R3). ‘

The following theorem is an easy adaptation of Theorem 3.1.2 from the previous chap-
ter.

Theorem 4.1.1 Let 3 > 0 be given and assume Upge € H'*P(R?), then the limit
system has a unique solution, global in time and belonging to the space L™°(R,, H'*%)n
L2(R,, H?>*P) and satisfying for all s € [0,1+ (] (vo = min(v,v)) :

—_—— t —_——
vt € Ry, [|Uga (1)l + 20Vo/ 1Uqa(t) e dt’ < C(Uoqa) (4.1.1)
0
where vy = min(v, /)
Let us state our first result :
Theorem 4.1.2 Let 3 > 0, a > 0 and assume that Uy = Uy oc + Uoe,0sc, Where

o |Uococ — Uocllpyr < Ce, with Up gg € H*P

® Upeosc € L'nH2N HHB, regular but with blowing up norms :
100.,0scllLr + U005l 3 + 100 0sell jris < alog|logel.

Let us define for s € R, E* def L®(R, H®) N L3Ry, H5t1) and let W. be a solution of

the following linear system:

1
oWe — LW, + E]P’.AW€ =-G

(4.1.2)
Wz—:/t:[) = UO,z-:,osc
—F 0503
— 2 ——
with G dZefPP(UQQ.VUQQ) —F(v— I/,)AAE2 Faéa‘g Qqa- (4.1.3)
(0% + 03)0s

Then for all M > 0, there exist a constant K° > 0 and eg > 0 (depending on (3 and M)
such that, if we define w = M — oK and if a < %, we have the following results:
e W, exists globally, is unique in the space E°® for every s € [%,1] and if ¢ < g,
IWell om0y < K°|loge| ™.

e [f we denote by ~. def U; — (7QVG — We, then if € is small enough, 7. € E?® for every
s € [3,1] and goes to zero in E?, for every s € [3,1]: |y:|gs < K°|loge|™.

e Finally if € is small enough, U, is defined for all time and U, — U:;G = v, + W, satisfies
1U: = Uga |l 2(m, 1y < K°|loge| .
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The structure of the proof of this theorem will be very close to the one from the previous
chapter so we will mainly focus on the differences induced by the fact that the initial data
depend on the Rossby number and we will concentrate on the Strichartz estimates.

When the viscosity v is equal to the diffusivity +/ many simplifications arise (first of
all L = vA =T and the eigenvalues of the linear system are explicit) allowing us to get
better results :

Theorem 4.1.3 Assume v = v/ and that Uy, = Upeoc + U ose, where ||[Upe o —
Uo.oclla < Ce, Upga € HY'P and ||Upc osc|| gi+s < alloge|. Let E* and W, be the same
as in the previous theorem, G being simplified into :

G = PP(Uge-VUge) (4.1.4)

Then there exist a constant K° > 0 and g > 0 such that if we define v = m and
w=PBy—aK® and if a < % and € < g9 we have the following results:

o W, exists globally, is unique in the space E® for every s &€ [%, 1] and we have the

estimate ||[We|| 2, o) < K%

e If we denote by 6, d:erE — (jQVG — x( ‘RDJ )W., where R. = ¢~ 7, then 6. € E® for every

s € [3,1] and ||6.||gs < K% Vs e[, 1].

o Finally if ¢ < g9, ||U: — Ugall2@, 1) < K.

4.1.3 Vortex patches (v =1/)

In this section, C*¥ is the usual Holder space. We will only use the definition involving the
Littlewood-Paley theory (we refer to [7] for a complete presentation of the theory) :

C* = {uecS®), |uller % sup 2] Agul| = < o0},
q=-1
where A, is the usual frequency localization operator defined as follows : consider two

regular functions x and ¢ whose supports are respectively a ball and an annulus, such
that for all £ € R3,

Wl

XEO+D 6(279%) =1 and L < x(*+ > ¢(27%)* < 1.

q>0 >0

Then for all tempered ditribution we define :

e Vg>0, A;=F 1o(27%)u(§)) and Squ = > peq1 Dpu=x(279D)u.

e VgeZ, Ay=F1(op(27%)a(€)) and Squ=3" Apu = x(279D)u.

p<g—1
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A Holder space is a particular case of a Besov space C*® = B3 ., where :
b

s def
By, ={ueS®RY, |ulp, =

por H

(QQSHAq'LLHLp)qZ_IH@” < oo},

Concerning the vortex patches we also refer to [7] and [15] for a description of the persis-
tence of the vortex patches structure in the case of the Euler system, to [10] and [17] for
the case of the Navier-Stokes system, and to [11] for the case of the primitive equations
when v =/ = 0. We choose to take here the definitions of vortex patches and tangential
regularity of [11] : a vortex patch will be defined with respect to the scalar potential vor-
ticity instead of the vorticity (rotational of the velocity). Basically the potential vorticity
is a vortex patch if it is the characteristic function of a regular open set :

Definition 4.1.1 We say that € is a vortex patch of class C* if, for some s €]0, 1],
Qo = Qoilp + Qoelrs_p,
where Qo; € C*(D), Qo € C*(R® — D) and D is an open bounded domain of class C**1.

Following those papers we will state a general theorem of persistence of the geometrical
structures for the primitive equations in the case v = v/, and the concept of tangential
regularity with respect to a set X of vector fields will be important :

Definition 4.1.2 If X = (X)\)x=1,.. .~ Is a finite family of vector fields we will say that
this family is admissible if and only if (A is the usual vectorial product in R3) :

_q1 def 2 -1
X7 (o 2 A X)) <o
AN

If s €]0,1[ and X is an admissible family of vector fields C* we define the space :

C*(X) ={w e L™ such that Xy(z,D)w d:efdiv(w ® X)) € C*1}

and as corresponding norm we take :

N
def _
lwllosxy S wllzee + I1XT e + Y (IXalles + | Xa(@, D)wllcar). (4.1.5)

A=1

Remark 4.1.1 We took here, with a view of simplicity the same definition as [11] for
Xx(z, D)w.

Let us now state the result :

Theorem 4.1.4 Suppose that:

e O is a C* vortex patch with s €]0, 1],
e Upgc € L? is a quasigeostrophic vector field such that Q(Upga) = Q0 € L*(R?) N
L>®(R3),

® Uy osc is a family of regular oscillating vector fields,
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e and define Uy ¢ as a regularization of Uy g¢ : ||Uoc.0c —Un,gcllr2 < € (for example
Uoe,a = x(e[D))Uoqa)- So Uve = Uoe,qa + Vo ose-

Assume that Xo = {Xox,A = 1,..., N} is an admissible system of C* vector fields, and
that there exists a constant Cy > 0 such that :

_ 1

HQU,EHLQ < Cy, HQO,€HC'S(X0) < (Y, HUO,SHH5 < Cye a, where 0 < a < 674

Then there exist two constants yo = Yo(F,s) and Cps > 0, a time 1. depending on the

Rossby number, T; = vlog|loge| where 0 < v < 9, and €9 > 0 such that for all ¢ < g
the lifespan T of the solution U, satisfies T} > T. and :

1
° ||UE’OSC”L§w’Y(Lip) < CF78532 2o<7
&

t
e Forallt <T7, Vo(t) = / ”UE(T)HLipdT < 2| logsch’S,
0

Cr,s
HUE,QGHLng(Lip) < 2[loge|*7¢,

locally in time, if T' > 0, there exists a constant Cr such that if € is small enough
(the neighbourhood of zero depending also on T), we have : fOT l|ve(T) || LipdT +

[0}

a_
HUS,QGHLlT(Lip) < Cr, and HUs,oscHL;(Lz‘p) < Cres2™%.

we have local convergence : for all T > 0, U.gq converges in L>([0,T], L?) to a
Lipschitzian solution of the quasigeostrophic system with Uy g as initial data.

Remark 4.1.2 As v =1/, a vertor field which has a null potential vorticity is automati-
cally divergence-free.

This paper consists in three sections: in the first section we will separate the two cases
(v # v and v = V') and for each we will adapt the methods developped in [4] and [5] to
prove Theorems 3 and 4. The third one is devoted to the vortex patches, and we put all
the technical results (spectral majorations, a priori estimates, Strichartz estimates) in the
appendix.

4.2 Proof of Theorem 4.1.2

4.2.1 Preliminaries

We will use here the same arguments as in [5], except that we will localize the frequencies in
Cr.r where r and R are not fixed radiuses but depend on the Rossby number 7. = |loge|™™
and R. = |loge[™. We will take M = 1 and m = 10 but will leave these variables to see
the dependency.

We define P, g as the following frequency cut-off :

1Dl

P =321 - (2

r

))7

with x a fixed C* function whose support is included in [—1,1] and equal to 1 in [—%, %],
and (F~! is the inverse Fourier transform) :

X(IDDf=F 1 (x(€)F(€), and x(IDs|)f =F ' (x(I&)F(€)).
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Let us begin with the statement of the following proposition whose proof is given in
the appendix (section 4.5) together with the notation P;, for ¢ = 1, ...,4 which consists in

o —

the spectral projectors onto the matrix L — %]P’A, and P34 = P3 + Py.

Proposition 4.2.1 There exist a constant Cr and g9 = eo(F,v—v',m, M) > 0 such that
for all € < gq:

e for all divergence-free vector field f € H*, fori=3,4,
IPiPr., k. fll s < Crllog el ™| £l o,
e for all divergence-free and potential vorticity-free vector field f € H®,

1
P2 Pr. k. fll e < Crlv = V|e2 || fll 7+

1
and  ||P34aPr g fllgys < (L4 Crlv —V'[e2)| fll s

4.2.2 The different systems

Let us write all the systems we will consider in the following (we refer to (4.1.3) for the
expression of G.):

—— — 1 —— —— —
0Uga — LU + gIPAUQG = -P(Uga.VUga) + G

N ) (4.2.6)
Uqc 1= = Uogc € H'(R?) N L(R?),
OW. — LW, + 1PAW, = -G
e e+ cPAW: (4.2.7)
Wa/t:O = UO,a,osc
1
atWET — LWET + EP.AWET = _PrE,REP3+4G (4 9 8)
WgT/t:o = PTg,RgP3+4UO,€,OSC'
Then we define the two following quantities :
5. €y, Uge — W
def (4.2.9)
L= W, - wlr.
From (PE.), (4.2.6), (4.2.7) and (4.2.8) they satisfy the following system :
Oy8L — L&, + 1PAS. = f1 + f3
{ e €,+8 Abe = fit 1o (4.2.10)
5s/t=0 = 50,57
&6 — Lo + 1PAS. = —P(6..V6)
+f1+ f2

6€/t:0 = 50,57
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(f1=fi = (1= Pr.r.)G" — Pr. g P2G",
fy=—(1=Pr r)G = Pr . PaG,
with  { fo = f3 — P(Uga. VWZT) — P(WZ.VUqq) — P(WE.VWT), (4.2.12)
60 = (1 =Pr. r.)Uocosc + Pro.r.PoUoc oses
b0,e = 60 + (Uoe.0a — Uoga),

where we have defined

—F 0,02
b T o 1 _ / _2 F0,02 S
G* = PP(Uge.VUge) and G'=—F(v—V)AAG ; Qoc.

(07 + 03)03

Remark 4.2.1 Remember that G!, G and Uo,e,0sc are divergence free, and have a zero
potential vorticity (see (4.1.3) for the expression of G, G', G?).

4.2.3 Energy estimates
The object of this section is the proof of the following result :
Proposition 4.2.2 If we take m = (63 + 8)M there exist a constant K° > 0, a function

V. € LY(Ry) and g9 > 0 (also depending on 3 and ¢) such that, if a < ﬁ(—f‘g and ¢ < €,
then for all s € [%, 1] and t > 0,

t
182(0)11% + vo /O IVSLE) 2 dt’ < KO[loge|~BM—KO),

t t

16001 + [ = 201800 I V()P Ot < KOl (M-2K)
0

where [|Ve| 1,y < K% log|loge|.

Linear estimates

We use here the same convention to denote by K° a constant only depending on the
initial data, F', v or /. We won’t prove the following two lemmas because they are easy
adaptations of lemmas 3.1 and 3.2 from [5]. The only change is that we have to care about
the initial data, now depending on the Rossby number.

Lemma 4.2.1 There exists a constant K° such that we have the following estimates for
all s € [0,14 5],

t t
[ 16t + [ 16 < K

Lemma 4.2.2 There exists a constant K° such that, for all s € [%, 1] and t € Ry, the
solutions of (4.2.7) and (4.2.8) satisfy respectively:

t
IWZ (@)% + ”0/ IVWZ (¢)[%.dt' < K°(1 + alog |loge])(1 + [v — /|Cre? )2,
0
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and

t
W12, + o /O VW) 2, dt' < K°(1 + alog]|loge]).

Energy for ¢, and J.

For more simplicity with the formulas we will only write the cases s E]%, 1], the case s = %
is dealt the same way except that the product laws change a little. The same formulas as
estimate (27) from [5] hold: Vt € Ry,

t
16O +0 [ IVEUEI < (180l + g + 312 )
(4.2.13)
and .
186113 + [ (= 2018000 ) IV g e Ot < (4.2.14)
0
(NPT PR B
0,ell frs 1 LlHS 212 frs—1 ’

with V(1) = £ (IV(Uga + W2, + IV (Uac + W) 3.) + 1l -

Estimates on the forcing terms and initial data

Lemma 4.2.3 If m = (68 + 8)M there exist a constant K and ey (also depending on
M ) such that for all € < e,

100l gre + il gre + A3l 2 roms + 1 foll g < K°[loge| ™M

Proof: we will estimate separately each term recalling that we have the following
decomposition:

Dl DI\ |Ds| Dl | Ds|

fi=f=-(1-x( 7. )G — x( 7 )G — x( . (1= x(—= - )) PG,
D Dl D D D
#= -0 —xZh e - x (PP 2o - By
fo = [} = P(Uge. VWT) = P(WT VUqq) — P(WE.VWT),
D Dl D D D
3 = (1= X2 e + PP e+ 11 (1= (22 ot e
80,e = 00 + (Vo0 — Unga)-

e Using the Plancherel lemma,

D _ _
10— X2 @ gy < CRZANG s < KO logel 2.
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e Similarly, we obtain that

Dl
1= x (5 )Gl 2fres < K°[log e[ 7M.
€

e Using the definition of G® and the fact that P and P are pseudo-differential operators

of degree zero,
1D\ D3| DI\ |Ds|
— G s < RS
I CN (2D g < RENCE N

Using an anisotropic Bernstein Lemma (see lemma 4.2 from [4]) followed by lemma
4.1 from [4] to get rid of the truncation operators,

)UQ vUQGHLlL2

D], |Ds s i
(X (5= )Gl 1 gre < RE(RZre)3 2 |Uga- VUGl 3
and thanks to a Holder inequality (L?.L6 «— L%) and the fact that s < 1, we finally
obtain:
D D5 41— — K° (m_4M
IR G, < R 1000 2100100 3 < 10wl (8=

e Using the same arguments we obtain :

D D3 s D D3
22000 el < B2 P22 00 e
Rs Te 5 Te

thanks to the anisotropic Bernstein lemma (we refer to [4] or [9]):

DI, 1Dy gzt DL 1D

D)0 el < ReRE) D200 il
D

and then (222000 el < K7 1oge =52 10 loge].

&€ 3

e since G! = —F|v — V’|AA}28333@,

D D
(P22l @ty < ot~ w2 ’> (12s
(3 3 6

which we easily estimate by

)883UQGHL2H5 1

| D3]

D KO
1Dl )G siens < Coly = V10 [0l ey < ol
Te L2H

[x( R IX(——

e Using proposition 4.2.1, we get:

’D| ’D?»’ ’D| ‘Dg‘ 1
I2ha =X + D0 - 2Rl < RO
D D
and - Ix(2)(1 (PR el 1 < K2,

& &



POCHES DE TOURBILLON 109

o We easily obtain that :

D _
10 = X2 Vo el < R0l
€
_ (Pl , 0 1o 2| —BM
then ||(1 X( R ))UO,E,oscHHs <K |10g5\ 10g\10g5|
€

and recall that ||Upc.0c — Uogall g < K.

e All that remains is to estimate the last three terms appearing in the expression of fs.
We use here the same estimates used in [5]. By interpolation we have :

—— — 1 — 1
1Ue- VW | gt < U VW12, 5 1Uge- VW |12

Thanks to the product laws in Sobolev spaces (s — 3 +s— 3 =2s — 2 and s € [3,1]) we
can write that:

—_— — 1 1 — 1 1
T 2 T2 2 T2
1Taa- YWl irony < Cl0Qal? 1YW, 1 1000l oo IV o

)
1, — 1 T 1 — 1 T 1
< C(Re)2 HUQGH;X)HS,% HWa H22H5+1||UQGH[2,OOL2HW8 ‘|[2,2Loo'

Similarly,

— 1 — 1 1 — 1
IWZ VU, oy < CIWI I IVOaal?, y IWE 1y U6 o

and

1 1 1
T2 T2 T2
Wellfzpe W2 (W

3 1
T T . T\ 2 T2
IWESWE oy ey < CIWEIE L IWEE P L

LooHs 2Hs+1 ’

Thus, we need to estimate |[WZ|| 2. and this is the object of the Strichartz estimates
(we refer to section 4.5 for the proof) :

Lemma 4.2.4 There exist g = £o(F,v9,m, M) and a constant K° (depending on a
negative power of vy) such that for all € < ¢,

1
W2l L2y oo (r3y) < KT

We finally obtain that :
1full e < KO loge| M + KO loge| (875 4+ KOs,
3l 2 7e-1 < KO loge| M + K0 loge| =% + KO3,
ol pogis s < KO logel M + KO loge|~% + KO} + KV alog|loge,
165l < K] logel M log | loge] + K9] log e|~(¥ =M log | log | + KO3,
160l 7o < K°|loge| M log |loge| + K| loge| =2 ~2M) Jog | log €| + K%3 + K.
(4.2.15)
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Fixing m > 8M, we try to boud from below the exponent of |loge|™! so we define :

1 4M
0 =min(BM, 7 — 2M, Z(BM + " —2M), " — =% 28M,m, pM + )
2 2 2 6 3 2
m  4M

= min(3M, — — —) > 0.

and, as € goes to zero, we don’t have any problem to estimate the powers of € occuring

in the energy estimates. For example, if we take m such that SM = % — =37, that is

= (683 + 8)M > 8M, we naturally obtain that n = M and then if ¢ is small enough
10,6l 7o + 160,e izs + 1 F1ll paggs + 12l L2 goms + I fall g2 roa < K°[loge| =M,
which concludes the proof of Lemma 4.2.3. B

Using Lemmas 4.2.3 and 4.2.2 we easily obtain that there exist a constant K° and e such
that for all ¢ < g,

Ifill e < KO and ||V, < K alog|logel,

Then, we obtain from (4.2.13) and (4.2.14) that if ¢ < ¢ :

t
182612, + vo / IV8L(¢)|[%.dt’ < KO|loge| M Nosel ™M < O 1og o[ =AM
0
< K0| loge‘—(ﬁM—aKO)’
and

t
||5e(1t)||2-5+/0 (o — 2C16-(t) | 1y ) V0o (£ | el V)i gy

BM

< K0| IOg €|_('6M_QKO) if a< F,

which ends the proof of proposition 4.2.2. B

4.2.4 Conclusion

We are now able to conclude the proof of the theorem : using Proposition 4.2.2, we obtain
that if ¢ < g, for all ¢ :

026+ o0 [ IV < g
and
8.0+ [ 0 = 20180 I3 ¥ < gl (o8
Let & be small enough so that K°|loge|~(#M oK) < % and let us define the time :

TE:sup{tZO such that 6. € C([0,¢], H') and V' <t, |[|0:(t >”H1—QC}
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Thanks to the estimates on the initial data, 7, > 0 and like in [5] the previous estimates
imply that T, = oo, and as d; — I, = U, — Ugg — We = 7., we obtain that :

Ielle < KO [loge| =Mk,
Moreover, using the injection H2 < L>® we get :

Ve <eo, ||0:]lp2p0 < K°|loge|~(PM—aK?),

So, as d; + WET =U, — Ufé/g, thanks to the Strichartz estimates, if € is small enough,

. (Mo KO
|’U€_UQG”L2(R+,L°°)SKOHOgE‘ (BM—aKT),

and this ends the proof of Theorem 4.1.2. B

4.3 Proof of Theorem 4.1.3

4.3.1 Preliminaries

Remark 4.3.1 Theorem 4.1.1 and the energy estimates are unchanged (except that vy is
replaced by v) for all s € [0,1+ 3] :

—— t —_——
vt € Ry, |Uga (t)|7. + 2CV/ 1Uqa (t)[1%e:1dt" < C(Uoga) (4.3.16)
0

We refer to the appendix for precise statement of the simplifications involved by the
fact that v = 1/ : for now let us just say that concerning the following matrix (in Fourier
variables) :

1 1
B(,e) € A lpa—F (—VA _ PA)
€ €
we have explicit, simple expressions for its eigenelements. Moreover, the eigenvectors are
simpler and orthogonal and we can show that the oscillating part is here exactly the part
which will go to zero due to dispersion effects contrary to the case when v # 1/ (see [5]
and sections 4.5 and 4.6 for explicit computation).

4.3.2 The different systems

There are many simplifications from the systems used in the previous section due to the
fact that v = v/ (no projection with P34, no truncation in frequency, disappearance of
the term G). Precisely, let us write the different systems involved in the definition of J. :

. 1 PR
Uga — VAU, -PAUge = —P(Uga.-VU, G
tYoe —vAlee € Alqc (Uge-VUqa) + (4.3.17)

fQC?/tZO = UO,QGv
1
AUz = VAU, + —PAU. = —P(U..VUL)
Ue/t:O = UO,&

1
O We — vAW: + EPAWS =¢ where G = PP(Uqe-VUqe)

WE/t:O = UO,E,OSC
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Remark 4.3.2 Recall that the term G is appearing as a constant term when one writes
the system satisfied by the difference U, — Ugq so in order to compensate this annoying
constant term, we introduce it in the linear system and take advantage of dispersive effects
of the operator —vA — %A.

Remark 4.3.3 Notice that G is divergence-free and with a zero potential vorticity. And
in the case v = V' it implies that G depends only on the last two eigenvectors and we
don’t need to use a projector such as Ps4.

Let us begin with some notations : from the systems recalled in this section we can write
the system satisfied by 0. = U. — Uge — W2, where we have defined W = X(%)VVE with
Ra - E_v :

6. — Lo + 1PAS. = —P(6..V5.)
—P(3:V(Uqe + WD) = F((Uga + W)-V6) 4
+f1+ fo
Oc /=0 = (1 = x(2)Uo.c 08¢ + Vo e.0c — Uogc
with
{f1 =-(1-x(g)e o (43.10)
f2 = —P(Uga.-VWT) = P(WI .VUqgg) — P(WI.VWT) -

4.3.3 Energy estimates

The object of this section is the proof of the following result :

Lemma 4.3.1 There exists a constant K%, a function V. € L'(R,), and &g such that if

a < ﬁ(lﬁﬁ)’ for all ¢ < ¢y and if we choose v = m :

t B
16(8)[1%, + / (vo — 2C||5e(t')HHS)HV<5s(t’)II?;Sef;’ V(i gy < g0 Torrs oK
0

where | Ve[| 1,y < Kalloge|

Energy for the linear system

We begin with linear energy estimates : like for Lemma 4.2.2 we will only write the result :

Lemma 4.3.2 For all s € [3,1] and t € Ry, the solution of (4.1.2) satisfies:

t
IWaB)2,. + v / IVW(t)3,.dt’ < Calloge].
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Energy for ¢,

We easily adapt the proof of the estimate (28) from [5] to obtain that for all £ € Ry and
s > % (like previously for more simplicity with the formulas we will only write the cases
s 6]%, 1], the case s = % is dealt the same way except for the product laws.

t t
150l + | 0 = 2180 V80 e 0t < (4:3.20)
0

1 Vel
(1800 + Il + 2l 2 s )00,

with Va(t) = C(IV(Uga + W2, + 1V (Uac + W) I3.) + 1l

v

Estimate on the external force and initial data

Let us begin with the initial data : recall that

D
55/15:0 = (1 - X(’R‘))UO,E,OSC + UO,&,QG’ - UO,QG
€

With R, = 77, and using the assumption of theorem 4.1.3 we have :

18:(0) 1+ < C(RZ[Uo e sell oo+ Vo2 06— Vngell ) < Kallogele™ e < K07 +e.

(4.3.21)
The following lemma gives estimates on the external forces. In the case v = v/ the external
force fy consists only in terms which we will estimate thanks to the Strichartz estimates :

Lemma 4.3.3 There exist a constant K° and ¢ such that if ¢ < g¢:

101
il s, ey < KO and || fall o, o1y < K 220067

Proof: We could use all the following arguments with W, instead of W2, but as it is
not localized in frequencies, we couldn’t use the Bernstein lemma to estimate |[VW|
in terms of ||W;||z and it would require a little more regularity to the initial data to deal
with ||Wel| 121, thanks to the Strichartz estimates. That is why we choose to localize W-.
Using the computations from [5] we get first by interpolation that :

— — 1 — 1
1Uee- VWX | o1 < 1Uga- VW |12, 1Ugc- VWL |2,

And then using the product laws in Sobolev spaces (s — 3 +s— 3 =2s—2 and s € [3,1])
we obtain :

— — 1 1 — 1 1
1Uqe- YW 751 < CHUQGH;S,%HVWET!PSHUQGHZQHVWETHioo-

Then, using the Bernstein Lemma and the fact that W[ = )((%)W6 in order to es-

timate the truncation W2 in terms of W, we obtain (where the notation LPLY means
LP(R,, LY(R?)) etc...):

— — 1 1 — 1 1
1006V WE |2y sy < CIOQGIE IV U6 e 2 W W
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1 1 1 1
2 2 2 2
< CRSHUQGHLOOHS,% ”Wa”ngs+1 HUQGHLooL2 HWesHLzLoo'
There are no changes for the other terms of fs :

1

S 1
IWe VUgall 2551 < CIWE ] . s

1 1 1
1aell?, . oy IVl oo 10 2
and

3

WV Well 2 groms < ClIWE

1 1 1 1
FIP /A YA | A Y A

All that remains is then to estimate the norms, for this purpose, we will use Strichartz
estimates whose proof is given in section 4.6 :

Lemma 4.3.4 There exist g = £o(F,v) and a constant K° a constant depending on F,
10, Upe,0sc; such that for all € < &,

1
IWellLoey Loomsy) < IWellpew, B, ®e)) < K5 |loge|

Using these Strichartz estimates, the energy estimate (4.3.16) for the limit system and
the one for the linear system (Lemma 4.3.2), and the fact that if ¢ is small enough

(5%\ log €|)%Hog glfe™ < K%3(1677) we obtain the estimate of lemma 4.3.3. W

Let us end this section by stating an estimate on the function V. which is, considering the
expression of V;, just a matter of using lemmas 4.3.3 and 4.3.2 :

Lemma 4.3.5 There exist a constant K° and ey such that for all € < ¢,

IVellprmyy < K%|loge]

4.3.4 Conclusion

We can conclude the proof of the theorem like in section 4.2.4 : using the estimate (4.3.21)
and lemma 4.3.3 in the estimates from (4.3.20) we obtain that if € < gy and if we choose
1

'ysuchthat’yﬁzl%—% that isvzmi

t t ﬂ —Q
160N + | o0 = 2015.() I Vo3, e M < Ot
0

The argument is then exactly the same as in section 4.2.4 and we obtain that if a <
8 _ KO
then ||0.| gs < K%e160+5) ak

WEHQ) . And using the injection H2 < L we get :

_B
Ve <eo, ||0cllp2pee < KVeT601+5) aK®

— B _ 0
and  ||U: — Ugcll 2, poey < KO0 2%,

which ends the proof of Theorem 4.1.3. B
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4.4 Proof of Theorem 4.1.4 : vortex patches

In this section we will work in the case v = v/ only. We will use here the definitions
introduced in Definition 4.1.2.

This section, is devoted to the proof of Theorem 4.1.4 : in the first subsection we recall
some important results and focus on the two systems on which relies the persistence of
the vortex patch structure ; in the second subsection we will establish a first estimate on
the potential vorticity, which will then be refined so that we can conclude the proof.

The a priori and Strichartz estimates are put in the appendix.

4.4.1 Preliminaries

Let us begin with these important lemmas (we refer to [7], [11] or [15] for the proofs) :

Lemma 4.4.1 There exists a constant C > 0 only depending on s €]0, 1[ such that, for
any divergence-free vector field U € L?(R3) which is quasigeostrophic and whose potential
vorticity Q = Q(U) € L3(R3) N C*(X) for a fixed admissible family X of C*vector fields,
U is Lipschitzian and we have :

12lcs x)
o))

1UllLip = IVU |z < C<||QHL2 + Q2o log (e + =2
192]] L

Lemma 4.4.2 If s €]0, 1] then there exists a constant Cs > 0 such that for all U quasi-
geostrophic vector field, and X family of C® vector fields, we have :

IX.VUcs < Cs(IIUlzipll X s + lldiv (U)X )|l co-1)

In order to prove the persistence of the tangential regularity, we will not use a fixed family
of vector fields : like in [7], [11], [15], and [17], we will use a fixed initial family, and we
will measure the tangential regularity with respect to a special family, advected by the
velocity : precisely if (X ») is a family of C* vector fields, we define the transported family
X7 = (X)) by:

- o (4.4.22)

{&X,iA + 0. VXS, = X5, Ve
t7>\/t:0 = )

Remark 4.4.1 This formulation is equivalent to the fact that, if 1 (t) is the flow associ-
ated to v., X;A = (Xo,,\.V@Z)E(t))owg(t)_l.

The regularity is preserved by this transformation : if the initial family is regular, the
advected family has the same regularity : we refer to [15] for the proof of the fact that
Xoa €0 = X7, € C”.

We want to establish the transport-diffusion system satisfied by X7 ,(x, D)Q.. For this
purpose we refer to [4] for the equation of the potential Vorticitgf (with initial data
Q(UO,E) = QO,E) :

01 + 0. VQ, — vAQ: = ¢., (4.4.23)
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with

def
e = Q(U&OSC? UE) = 83”2,030(6103 - 821};) - 810?,030631)3 + 821}?,03083’0;

+F03 (Ua - Ua,osc)vea,osc + Fa{%”aoscvea-
In order to simplify we will take the following notation :
ge = OU; 05c-0U; + OU; 050U (4.4.24)

Then we obtain :

{(815 + 0.V = vA) X}, (2, D)Qe = X§ (2, D)ge + v[X] (2, D), Al (4.4.25)

Xi (2, D)Qa/t:O = Xoa(z, D)Qoe.
Our aim is to study the two systems (4.4.22) and (4.4.25) with a view to use some coupled
Gronwall estimates and then estimate the quantity [|Q(|cs(x) that appears in Lemma 4.4.1.
When it is done, we can control the lifespan of the solution U, thanks to the following
remark :

Remark 4.4.2 As the initial data Uy € H®, the Leray and Fujita-Kato theorems apply
and give us, thanks to a weak-strong unicity theorem existence and uniqueness of a regular
solution on a maximal intervall [0,T[. Thanks to a regularity-propagation theorem, the
solution U, is bounded in the space L>([0,T)], H®) N L([0,T], H®) for all T < TY.

The blowup condition remains :

T
T <oo:>/ |U-(t)||? 5 dt = 400
0 Hz

So if T' < T, using the a priori estimates (see section 4.7 for details), we get :
T T
|U-(t)|1% a dt < Coe™20Te2Cs Jo 1V=Olzipdt

So if T* < oo, and if we define a time T, and manage to prove that for all T < min(T7 , T%),

Esrte

T
| 100t < K,
0

then for all T < min(T7, T}

*) we have the estimate

T
c . sat < Cpe e" e < oo.
U.()||2 s dt < Coe~ 20T 2K
0 H2

This proves by contradiction that min(T7,T}) < T and then T, < T:.

But as we want to deal with Holder norms C*~! (s — 1 < 0) and given the regularity
of X7, the term v[X;,(x, D), AJS). is not necessarily defined because of the Laplacian
(Withya wish of simplicity we won’t write the index ). We therefore decompose the term
in the following way :
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VIXE\(2,D), Al = —1v > 9i(AXTIQ) — 2 ) 9(VX'VQ) = vF + G,

with F=—Y 0,R(AX" Q) —-2> 9;R(VX*", VQ.) (4.4.26)

G ==Y 0TaxeiQ% — > 0iTo,AXY =2 0Tyx-aVQe =2 9Ty, VX,
where R and T are the operators of the Bony decomposition (we refer to [3] and [7] for
precise studies of these operators) :

o uv =Tyv+ Tyu+ R(u,v),
e T is the paraproduct : Tyv =3 . o Apjulgv =37 Sq_1ulgv,
e Ris the remainder : R(u,v) =32, <1 Apulgu.

As, X¢ is in C® and €. € L* there is no problem to define the paraproducts, but the
remainder is not necessarily defined (for s — 1 should be positive).

So G is well defined but F' is only formally defined (we have not determined to which
space it belongs). Thanks to the smoothing effect developped in [17] we will be able to

show that in fact vF € L1C*~! (||u||zgcs_1 = SUp,>_1 H2Q(S*1)||AquHLoo||Lz%) and estimate
it uniformly with respect to v contrary to the previous chapters, where the power in v
was negative. We will also estimate uniformly G' € L>®C*3.

Remark 4.4.3 The viscosity v in vF € L1C5! is essential to have uniform estimates
with respect to v.

4.4.2 A first estimate on the potential vorticity

In this section we wish to estimate the quasigeostrophic part of U.. A simple use of Lemma,
4.4.1 gives that U, ¢ is lipschitzian and for all t € [0,T}] :

)

Within this estimate appear five quantities to estimate (see Definition 4.1.2) :

1Uea®llzip < C(I12(8) 122 + 126(8) 122 Tog (e +

L[|l 2,

2. [|Qe ()] Loe,

3. [Xf’/\]_l,

4. [[XE5les,

5. [|XE\(z, D)l 51

This section is devoted to the estimates of these terms. We will need a priori estimates
that are given in the appendix. Estimates of 1 and 2 are given directly by Lemma 2.2.5
from [17] which reads as follows :
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Lemma 4.4.3 [17] Let p € [1,+o0], v € L} _(Ry, Lip(R%)) a divergence-free vector field,

loc

Q € L} (Ry, LP(RY)), and ag € LP(RY). Then, if a € C(R,, LP(RY)) is a solution of the

loc
transport-diffusion system :

{ata +v.Va—vAa=Q

a/tzo = ap.
Then for all t € Ry,
t
la(®)llzr < llao]| v +/0 1Q(T) || odr.

Then, as (). satisfies system (4.4.23) and using the notation of (4.4.24) for ¢., we get that
for all t € [0, T :

t
HQE(t)HB < HQO,€HL2 +/0 (”aUE,OSC(T)-aUE(T)HL? + HaUa,OSC(T)-aUE,QG(T)”LQdT)

t
<10l 2 +/O (10U« 0se(T)l| o< OV (7) | 2 + 10U osc(7) [ e 10U i (7) | L2d7),

which, using the injection H®(R3) < H'(R?), the fact that Q is a homogeneous pseudo-
differential operator of order zero, and the a priori estimates (lemma 4.7.1), turns into :

t
||Qs(t)HL2 < Co+ C/ HUE,OSC(T)||LipHUs,0||H5€Cf° 10 () ipdt dr.
0
Then, using the initial data estimates, and a Holder inequality,

19Ol 2 < Clo + Coe™®eC T IV=EMuawd |77 | s 5.

Finally, the Strichartz estimates (Lemma 4.8.1) give :

t
I192:(8) || 12 < Co + Cotses22CV=()  where V.(t) = / |U-(t") || Lipdt’. (4.4.27)
0

Similarly, using the injection H*(R3) < Lip(R3) if s > %, we get :

1Q2()|| L < Co + Cotses20eCV=(0), (4.4.28)

Now, let us return to the estimate on the quasigeostrophic part : for all ¢ € [0, T7],

1Uea®llzip < C (120122 + 19:(8) 1= Tog (e + 12: (]I 75 %
N
(192l + NXEA 2 + 3 (IXEslles + 11X a (2 D):llee)) ) ).
A=1

So, using the estimates (4.4.27) and (4.4.28), and the fact that the function x — z log(e +
1+ %) is increasing if a > 0 :
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1U-c()lzip < C(Co + Cotses20CV=0) (1 +log (e + 1+

X5 e + o0y (1X5alles + 1X5 5 (2, D)e| o) )>
Co + C’otgeé_mecvs(t) '

Using the fact that function z + log(e + 1+ ¢) is decreasing if a > 0 :

7 1_o9, 1 _
1Ue.0c ()|l zip < Co(1 + t5es—2 eCVE@))<1 +log (e +1+ FOH[XZA] U e+
1 N
Co > (X5 slles + ||Xt8,/\(x7D)Q€HCS*1)))'
A=1

We refer to [7] or [15] (Corollary 4.3) for the proof of the following estimate :

Ve € 0,77, NI[XFN) T e < GV

With a wish of simplicity we will not write the coordinates A anymore, so we finally obtain :

Us oc(O)llLip < Co(1 + t5e529eCV=) (1 4 log (e + 1 + CoeCV-® 1 4.4.29
,Q D

1
& (X @lle + 11X (2, D)%) ).
In the following section where we will use the results on transport-diffusion equations from

[17] and [7] to estimate the quantity :

X llcs + 11X (2, D)o

4.4.3 Transport-diffusion estimates

This entire section is an adaptation of the results developped in [17] about the hélderian
regularity of viscous Vortex patches for 2-D Navier-Stokes equations. Let us begin by
recalling systems (4.4.22) and (4.4.25) where F' and G are defined in (4.4.26) :

A, XE(t) + v VX (t) = X°(t). Ve
XE/t:O = Xo

(O + v=.V —vA) X (2, D)2 = X(2,D)q: + vF +vG
X¢(z, D)Qg/tzo = Xo(z,D)Qo

For reasons exposed in the following section, the estimates will be given in some bounded
interval [T7,Ty].
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Estimate for the vector field X¢(¢)

System (4.4.22) has been studied in [6], [15], and [11] so the following estimate is well
known (for example we refer to [7] (Lemma 4.1.1)) : there exists a constant C' > 0 such
that for all t € [Ty, T5],

t t
IX*@®lles < IX(T)lles + C | X Vuellesdt' +C [ X ][cs [Jve ()| ipat’

T1 Tl
(4.4.30)
Now let us decompose the solution U, into its oscillating and quasigeostrophic parts :
X5 Veellos < [ X5 Ve osellos + [[ X5 Ve gallos

Then use product laws for the former and Lemma 4.4.2 for the latter :

IX.VUllcs < Cs(IXF [l Lo VU oscllcs + 1XF[les VU osell <)
+Cs (10 qallLipl XFlles + [ldiv (X°Q2) [l =)

So, plugging this into (4.4.30) we finally obtain (also decomposing the speed) for all ¢ €
[Tl, TQ] :

t
X @®lles < [ X5(T1)lles + Cs/T 1X () les 10z 0sell Lip + 1Ue,@all Lip)dt!
1
t t
+Cs | | X%(z, D) gs—1dt' + Cs | [|X5(t")|| o< || Ue,0scllcs+1dt’.
T1 Tl

A weaker version of (4.4.30) (see [7] or [15]) gives :

Ve (0,77, [IX5(8)]|poe < || Xol|poeeC Jo IU=(llLipdt’ (4.4.31)

Then we use this estimation in the last integral, together with the strichartz estimates
and an Holder inequality, and finally obtain V¢ € [T, T5] :

t
IIXE(t)HcsSIIXE(Tl)Ilcs+Cs/T\Xs(t’)llcs(I!Ua,oscHup+HUa,Qollup)dt’ (4.4.32)
1
t
+Cs/ | X (2, D)% || cs—1dt’ + CF,Seé’O‘eCVE(t)(t —T))s.
T

Estimate for X¢(x, D)), : general lemmas

Let us define the following transport-diffusion system :

{@a—i—v.Va—uAa—yF—i—yG—i—Q (4.4.33)

(l/t:() = ag.
Recall Lemma 4.4.3 which gives estimates in LP when F = G = 0.
In this section we will use and adapt the results from [17] concerning the holderian

regularity of viscous Vortex patches for 2-D Navier-Stokes equations on vanishing viscosity
(sections 2.3 and 2.4).
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We will not give any proof here because the adaptation basically consists in adding
another source term () in the transport-diffusion equation, so we refer to [17] for the
details. In the case of the equation of the potential vorticity, ) = g. and in the case of
system (4.4.25), Q = X¢(x, D).

Before stating these estimates, let us point out that we will only use the local in time
versions of the results, we will globalize only once in the end. Another important point
is that these results provide estimates that are uniformly bounded with respect to the
viscosity. Although the viscosity complicates everything, we will use lemmas from [17] in
order to get estimates close to those from [11] (where v = v/ = 0). Let us begin with the
smoothing effect (we refer to [17] Section 2.3 for the proof) :

Lemma 4.4.4 There exist two constants C' > 0 and 0 < C,, < 1 such that if a is a
solution of (4.4.33), with divv =0, F = G = 0 and T < T; satisfy the condition

T
[ 190 0lmdr < Ci
T

Then for all t € [Ty, T»], we have :

Wz gy ez < COH = T) (1Tl + QUL gz, 1.2)):

where C? is the Zygmund class of order 2 (see the definition of Hélder spaces in the
introduction) and ||u||Z;%03 = SUPg>_1 ||22q||AqU”Loo||L’I}.

Now, let us state the lemma of propagation in Holder spaces (See section 2.4 in [17] for
the proof) :

Lemma 4.4.5 If s €]0, 1] there exist two constants C > 0 and ¢, > 0 such that if a is a
solution of (4.4.33), and Ty < T satisfy the condition

Ts
/ |Voe(T)||poedT < ¢y min(s,2 — s) < Cyy,
T

Then for all t € [Th,T»|, we have :
la(®)|[cs—1 < C(Ha(Tl)HCS—l + VHFHE,T([Tl,t],CS*l) + HQHE([Tht],CS*l))
+C(1 + V(t - TI))”GHZES([Tht]’Cs—s)-

Recall that we will apply these estimates to systems (4.4.23) and (4.4.25) and then we will
have to estimate F' and G (see (4.4.26)). This is the object of the following lemma, which
is the analog of Lemma 2.5.1 from [17] :

Lemma 4.4.6 Let s €]0,1[ and ¢, the same as in the previous lemma. There exists a
constant C' such that for all 0 < Ty < T, satisfying :

T
T, - T +/ lo- ()l ipdr < emmin(s,2 — ) < Cim,
T

and for all t € [T1,T5], we have :
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7 1
vI[E| ) TG llgs— < Cpg(1+t5e5 %) sup [|X*(7)|cs

A-i s—1
L ([Tl 7t]7C Te[Tl ,t]

Proof: This is here that we will use the smoothing effect on the potential vorticity.

t
Il g, g oy = 0020 [ VI8P () i

T

Using the expression of F' we get :

t .
YIPIE gy 00y < sup 206~ Z/Tl(VHAq@iR(AX”,Qe)lle
+20||0; R(VX®", V)| oo )dT

Developping the remainder in terms of the Littlewood-Paley operators, and using the
Bernstein Lemma to get rid of the derivative we get :

t 1
AFNZ 7, 9,001 < e 2QSZ/T1(V DY 18 Qe | Agsa AXE| o0
- 1

q'>q—No a=—1

1
20 3 3 AV x| Ay 10 VX L )dr
q'>q—Ng a=—1

Using another time the Bernstein Lemma to get rid of the derivatives, and the fact that
X&% € C* we obtain :

t 1
— qs E E E 2q’ —q's €0
VHFHLI([TLt},CS—l) < qs>uP12 ‘ /Tl (V R 12 HA(]/Q€HLOO2 HX Hos)d’r.
- v q'>q—No a=—

The smoothing effect (Lemma 4.4.4) applied to system (4.4.23) gives us that for all ¢t €
[Ty, Ts] :

V9l 75 1, g0 < O+ (= T (16T 1o + el 21 70,2))-

And, thanks to Lemma 4.4.3 we can write that :

192 (T1)l| e < (192 (0) | oo + [lgell L fo,ry), 1)

which implies :

t
sup /T1 V22| AgQe(7) | oo < O+ vt — T1)) ([Q:(0) | 2 + llgell £ 0,0, )
q

So that we obtain :
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1
IEIE .oy < S92 2QSZ/ Y 27)C(+v(r —Th))

q'>q—No a=—1
(19Q:(0) |z + llgell L1 (jo ), L) )|

) dr.

Using the fact that 7o — T1 < ¢, min(s, 2 — s) < C,,, we finally obtain that (estimating
the integral on X¢ with the L* norm) :

Q

Iz g g.0oy < - L+ YCm) (190200 + llgellz20.g,L)) (O suD [1XT(7) s ).
)

TG[Tl,t]
The assumptions give that ||2:(0)||z < Cp and all that remains is to estimate g..

Lemma 4.4.7 There exists a constant CF, such that for all t,

Hq6||L1([0t Loo) < CF tggg 2a C‘/'g(t)

Proof: : Using the expression of ¢, :
t
el 10,4, 252) S/O (10U oscll L= 10U | Lo + [0V osc | L 10Uz @ |l L= ) d

and thanks to the Sobolev embedding H s+3 o Lip and the apriori estimates (Lemma
4.7.1) we obtain :

t
14621 0,0,2) < C / 1z osellzipll Uzl o€V r,

which gives, using a Holder inequality and the Strichartz estimates (Lemma 4.8.1) :

Hq6||L1([0t Loo) < CF tggg 2a C‘/'g(t)

And this completes the proof of Lemma 4.4.7. B
Finally we get :

<OF,5(1+?5%€%_2&€CVSU)) sup || XE(7)]|cs-
TE[T1,t}

Z/HF”LI T‘1 t] Cs— 1)

The estimate on G is the same as in [17] only for the fact that we have to take care of the
term ¢., so we won’t give many details :

IGDlgs-s < Csl|XE (@) los 19222yl oo

and using lemma (4.4.3), and the estimate on ¢. we obtain :

7 1
IGllcs-s < Crs(1+tses—22=0) sup [|X*(7)||os,
TE[Tl,t]

which concludes the proof of Lemma 4.4.6. B
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Conclusion

We are now able to estimate X°(z, D)S), let us make the same assumption :

Ty — T + /TT2 |ve(T)|| LipdT < cpymin(s,2 —s) < Cpy,.
1
Then thanks to Lemma 4.4.5, for all ¢ € [T}, T3], we have :
1X# (2, D)2 (Bl o1 < C(IIX (2, D)2 (T =1 + VIl 7y g, 051y
X D)ael 1 gy o)) + O 0t~ T1>>(rrG\\;.s([Tl,ﬂ,Cw).
Let us begin with the estimate on X¢(z, D)q.

Lemma 4.4.8 Under the same assumptions on T and T3 there exists a constant CF
such that for t € [Th,Ty] :

7 1_
IX¥(@, D)l rionry < Crs(1+ £ sup X5 (Dllce)e? 20OV (1)
T1,t

Proof: according to the definition :

t
1X2 (@, D)zl s .o g/T 1X° g e dr-
1

Then, thanks to the product laws in the Holder spaces, to (4.4.31) and to the Holder
inequality, we have :

1X° (2, D)ge |l 1y, 1.00-1) < CIIXE | zoo(1,1.09) 16 | i e + [ Xoll e [lge L1

then using methods close to those in the proof of Lemma 4.4.7, and the fact that To —T7 <
Ch, we can finally write :

1_
1X° (2, D)gel| £ (pry.,05-1) <CFS(1+t8 [sup] 1XE(7)]|cs)es 2%V m
Th,t

And then

1X2(2, D) (Bl o1 < Cr (X5 (2, D)(T))| ot + 25220

(1 + t8es20eCV() gup ||X6(’7')Hcs) (4.4.34)
TG[TLt}
In order to get rid of the term sup,cip 4 [ X°(7)[lcs we estimate it thanks to (4.4.32).

As we want to use a Gronwall argument, instead of reasoning separately on (4.4.32), or

(4.4.34) we will work on T'(£) € | X=(2, D) (t) | csr + | X=(£)||c+. From the previous

estimates we have that for all t € [T7,T5] :

T(t) < Cpo(1 + t5es220V:(0)) (F(Tl) n g%fZaecvs(w)

t
+Cps(1 +tgeé_2°‘eCVE(t))/

D7) (1+ el ip + U6 2ip ) d7
T
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4.4.4 Proof of the theorem
End of the proof

As we have already said, for every € > 0, the solution is regular and defined on a maximal
time intervall [0, 7.

Let us define the following times : T.' d:ef vlog |loge|, where «y is a small constant,
whose value will be fixed later, and :

t
T. = sup {t €[0,72]N[0,TZ[ such that V.(t)= / |ve(T)|| LipdT < Ks} ,  (4.4.35)
0

2 . . . .
where K. = 2e5CFsTe = 2|1oge|97CFs, and Cy is basically the same as in the previous
lemmas.

We will prove the theorem by contradiction : assume that 7. < min(77, 7). Assume
that we have proved that for all t < 7, if we define g.(t) = t8es 20 gCVe(t),

Va(t) < Crs(1 + ge(t))2Cre Jo (a-ir, (4.4.36)

As g. is a increasing function, and 7. < T we have:

Valt) < Cpa(1+ ge()) 20T 1400,

As we know that for all z > 0, ze2Te® < T#e?’Tgx, and that eT > 1, we get that:

V(t) < e3CF T (1492 (1)

Thanks to the choice of v, for all ¢ < €o, g.4j < 1, which implies that for all ¢ < T,

Ve(t) < %, which contradicts the definition of the maximality of 7.
So Tr = min(T7,TY) and then, as T is the maximal time of existence of U, we can
write that:

T 2 T2 = vylog|loge|
This concludes the proof of the first part of theorem 4.1.4. W

Proof of (4.4.36)

Now we will prove (4.4.36) : let ¢ < T, and subdivide [0,¢] into 0 =Ty <711 < ... <Tn =1
such that for all i =0,..., N — 1,

TrL'+
Tig1 —1; +/ |Voe(7)||poedT < ¢y min(s, 2 — s) < Cpp, (4.4.37)

and from the previous estimates on I', for all ¢t € [T}, T;11] :

['(t) < Crs(1+ tge%_zo‘ec%(t)) (F(Ti) + e%—meCVs(t))

t
7 1
+Cp (1 + tEes20eCVet) / I(r) (1 + U osellLip + ||U€,QG\|MP) dr (4.4.38)

i

Taking advantage of the fact that € goes to zero, let us state the following lemma :
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Lemma 4.4.9 If0 <~v < 6C’1F — 6&5’5312(%2 there exists eg > 0 such that if € < gq, for all
t<T., | ’

(1 +t%)€é—2aeCVE(t) <1

Proof: for all t < T, < T, we have :

(1 + t%)eé_ZoéeCVg(t) < (1 + (’7 log | 10g6|)%)5é—2a602| log g|67CF.s .
We want this quantity to be less than 1, and begin with taking v such that for all x > 2 :

x
2057Crs < =
— 16

It is easy to show that this is equivalent to 0 < v < GClp,S — 6&?5:’12%2. So if ~ is chosen

this way and if e < e72, for all t < T},

| log €| 7
8

(1+15)e3 220 < (1 4 (ylog|loge])¥)es 2% 16 < (1 + (vlog|loge])

)5%6_2‘1.

So there exists g > 0 such that for all € < gg this is less than 1. B

It simplifies (4.4.38) into : Vt € [T;, Tj+1],

t
F(t) S CF,S (F(Tz) + 1) + CF75/ F(T) (1 + ||Ue,oscHLip + HUa,QG”Lip) dr.

7

Then, the Gronwall lemma implies that for all 7 and ¢ € [T}, T;41],

Crs [T fo(7)d .
L(t) < Cps(T(Th) + 1)e ™ I deO8 it fo(r) = 1+ [Usosellnip + 10206 s

which we transform into the recursive relation : a;11 < Cpsa; + Cpsb; with :

T T
a; S D(T)e Credo' o and b = e Crelo o,
An easy recurrence gives then :

N-1
ay < (Crs)Nao+ Y bp(Crs)¥F.
k=0
We can suppose that Cps > 1 (if not, just take Cr s = max(2,CFr;)), so after a computa-
tion we find :
CFS

ay < (Cpes)™ (a0 + m%

which is nothing else than (returning to the original quantities) :

C
< Ors o N f: N Fs
D(Tw) < eOre o™ (Cp) (T(0) + Cr )
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Thanks to (4.4.37) we have

1 In
N ~ o (TN+/ Ve (7) || e dT)
0

m

and then (as Ty =t) :

logCp ¢
F(t) < €CF’S fot fee gc,nfy (tJrf(f llve (Tl LipdT) (I“(O) + CCF75 1)
Fis —
If we pose again : Cp s = max(Cps, lo%ip’s, F(g;t(ﬁ’s), and as :

t t
4 [ ot ipdr < [ (14 lomane(Dliip + o0 i) dr
0 0

we can write that :

V< T, T(t) < CpeCre o (1Hlveosellzin(mHlve @iy ) dr

And, using the Strichartz estimates (see Section 4.8) and posing Cr s = max(Cp,s, 0%78),
we finally obtain that for all € < ¢, and all t < T :

1

F(t) < CFsecF’S (t+t%g§—aecvs(t)+f0t ”Ug,QG(T)HLipdT)_ (4439)

Now we are able to deal with (4.4.29) :

1
Uz 06 ()] ip < Co(1 + t5es 20l (1 +log (e + 1+ Coe®V=®) + 5F<t>)>’
0

As e <¢gg and t < T, and posing :

1

ge(t) = ties20eCV=()  and € =max(1,e +1,Co, C, o)
0

||UE QG(t)Hsz CVe(t) C (t+ (t)+ft . (M Lind )
—x L = C ]_ l C 1 € + C s F,s ge 0 e,QG(T)||Lipat )
(I+g() — (1+10 (CO1+e Fa )

As 14 OVl < (Crsl(tto-0+f; ||UE,QG(T)\|LipdT)))7 and taking Cpy — max(3Ck,, C), we

obtain :

1Ue.@c ()| Lip
(1 + ge(t))

As 0 <logCrs < Cfps < 0%73, we obtain :

t
< Cro (14108 Cra + Cra(t 4 9200+ [ [Uoelr) i) ).
0

|Ue.oc ()l Lip
(14 g:(t))

which we rewrite into, defining h.(t)

t
<Cru(1+ 4900+ [ [Veoa(mlLindr),
0

_ IUege®llzip
1+96(t) ’
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t
helt) < Cra(1+ 4 .(0) + Cre | (14 g2(r)he(r)ir),
0
Using the Gronwall lemma gives : h.(t) < Cps(1+t+ ge(t))e“rs fot(HQE(T))dT, SO :

Uz 06| nip < Crs(1 + go()) (1 + t + g (£) ) eCrs Jo (o

and then, integrating on [0,¢], and using that ¢ — t + g-(¢) is an increasing function, we
obtain :

t
/ 1V 6 ()| ipdt! < (1+ ¢+ go(t)) (e0re JoO9:()m) _ ), (4.4.40)
0

< Cpo(1 4+t 4 go()) (eFre o (oe(mdr _ 7).
And we can finally go back to V. (we use the Strichartz estimates for the oscillating part):

t t
Vi(t) = /0 WU ()| ipdr < /0 (1 ose ()| p + 106067 ip)

t
< Crage®)+ [ ouga(D)lpdr
0
Using (4.4.40) and the fact that ze® < e, we get:

Va(t) < Cra(1+ go(1)) X0 Jo (o (ir

4.4.5 Quasigeostrophic limit

This section follows the lines of the last part of [11] : we will show that (U gg)- is a

Cauchy sequence in L{° (R4, L?) when € goes to zero.

Let U., and U, solutions of (respectively) PE., and PE, : using the diagonalization
explained in (4.8.53) :

8tUE1,QG - VAUsl,QG = _Q]P)(/Ugl.stl)
8tUE2,QG - VAUEQ,QG = —QP(UEQ.VUEQ)
Let us define U = U, — U,,, we obtain the system :

atUQG — VAUQG = —QP(vsl.VU) — QP(U.VU€2)
UQG/t:O = UEl,O,QG - Uez,O,QG

A usual scalar product in L? gives :

1d
2 dt

We try to separate as much as possible oscillating parts (which goes to zero) :

1Uqcll7> + VU7 2 = —(ve, . VUose + 0. VU, |[Uga).

Ve, .- VUose +0.VUz, = 0, .VUsz, osc +0.VUe, QG — Vey-VUey 0sc
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So, our energy estimate becomes :

1d

§§HUQGH%2 + V|| VU172 < (Hval 22| Uey 0scll Lip + lvga | 2 |Uey @c | Lip

+(||U€1,086||CS+1 + ||UE2,086||C$+1)||U62,QGHH1 + ”U52||L2||U€2,OSC||Lip> ||UQG||L2-

We take advantage of the fact that Q is an homogeneous pseudo-differential operator of
order zero, and group terms:

1d

§£HUQGH%2 < (HU€1||L2-HU€1,OSCHLip + (HUELOSCHLiP + HUEQ,OSCHLip)”UEQHHl

+||v52IILzHUsg,osclle‘p) 1Uqclzz + 1Ues ellip|Uqcliz:-

Using a Gronwall estimate we obtain that :

: t
IUaalie < Wa(O)sel 1Mot [ (o 130y ucl

t
Hveall 22| Uey osell Lip + (HU61,OSCHLip + HU62,OSCHLip) |Ue, ”H1>€ft’ IUez.@a(MllLipdr gy

If &1 < &9 < gg, we can fix a time T <7 < T for i = 1,2 and according to lemma 4.4.9
fori=1,2, g, (t) < Tie;s 200V < 1, and (4.4.40) implies that :

t _ - _ -
/ 1Uei0c()|lLipdt’ < (1+T + 1) (27T — 1) < 2(1 + T) Pt
0

which implies that :

2(147) 20T '
1Uqallez < e (10aaO)lz + | (lees 121 Uey el
+HU€2”L2HU62,OSCHLip + (”U€1,OSCHLip + ”U€2,OSCHLip) HU62”H1)dt/>~

All that remains is then to use the Strichartz estimates and we obtain (returning to the
notaion U, — Ug,) :

||Us1,QG - U€2,QGHL0<>([07T]7L2) < CF,S,:F<||UE1,O,QG - U«fz,O,QGHL2

2

1 1 1 1
5 2a 5 2a —af 5@ s
+ef T el T +e%(ed T +El ).

e

1 ~
Aser <eg, ;%7 < 5157%, and then U, ¢ is a Cauchy sequence in L>([0,T], L?) if ¢
is small enough.

From [4] we already know the existence of a extracted sequence that converges to a
solution of the quasigeostrophic system with Uy gg as an initial data (even if the initial
data depends on € we can easily adapt the method), which is Lipschitzian like every U g¢
and this concludes the proof of Theorem 4.1.4. W
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4.5 Appendix 1 : Strichartz estimates when v # 1/

The object of this section is to prove the following result which is used in the proof of
Theorem 4.1.2 when we want to estimate the external force (Lemma 4.2.3) :

Lemma 4.5.1 Assume f solves on Ry the system

Of—Lf+1PAf=g' +¢
f/t=0:f07

where fo € L>(R%), ¢ e L'(Ry,L?) and ¢°e L*(R,,L?)

Assume that fy and g®O(t) for all t > 0 have their frequencies localized in C,_ ., where
7. = |loge|™, R. = |loge|™ and C,.p = {6 €R?/ [(| <R and |&] > ).

Assume also that fo and g®")(t) for all t € [0, T] only depend on the last two eigenvalues
of matrix B. Then there exists eg = eo(F,vp,v — v/,m, M) a constant K° such that we
have the following estimate Ve < q:

1 m
||f||L2(R+7Loo) < K088|l095|6( +M)(

1follzz + o lr ey 22y + g N2qees o))

4.5.1 Estimates on the projectors

The object of this section is to prove proposition 4.2.1 which gives estimates on the pro-
jectors P; when the radiuses r. and R. depend on the Rossby number (more precise than
those from [4]). This proposition is used in the proof of the Strichartz estimates.

Preliminary remarks

Remember that in [4] we provided asymptotic expansions of quantities depending on & €
Cr r with respect to €. Here, r and R will also depend on the Rossby number. So the
method will be the same as in [4] but we will have to be far more precise because the
important points here, are the precise tracking in terms of ¢ of all the estimations, norms,
and the asymptotic expansions in the stationnary phase.

—

Recall that matrix B(¢,e) = L — 1PA writes:

s &1& £+ &3 &1&3
A
_§%+§3 —V’§‘2— @ 0 5253
B(¢, ) = Eéflg\2 . Efs‘!&lz 21;@252
5283 _ &8s e S T8
cJeP G T e
0 0 T —/|€?

Its characteristic polynomial is:

xB(X) = det(XI; —B) =
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&

e2[¢]?

&+6
Sl

(X 4+ v[E]?)? + (X + V[P (X +V1E)P) + (X + V[EP)X + VEP),

and this polynomial writes, in terms of the variable (X + v[£|?):

xB(X) = (X +v[¢*) P(X),
with

&

ey ey - ) S
g2’

P(X) = (X +v[g])’ — (v = V) EPX +vIg)? + 2R

In [4], as we wanted to use the Cardan formulas, we had to make the change the
unknown X =Y — %K\Q (which takes account of the first change of variable (writing
in (X + v|¢[?)) of the one done to turn the polynomial into the particular formulation
23 + px + q): we get the following polynomial:

QYY) =Y?+pY +q, (4.5.41)

where

B |§’% (V*V/)Q 4 _V*V/ ’f‘% 2 2 N3 #16
b= 52F2|§‘2 - 3 ‘§| ) and q= 82 (@_53) _277(V_V) ‘§| .

Before applying the Cardan formulas we have to define the discriminent of the equation
2 3
q p
D=—+4=—-
4 o 27
In [4], the radiuses r and R of C, r were fixed, and all we had to do was taking e
small enough to make D > 0 so that we can use the formula. Here, even though the
radiuses depend on epsilon we can do the same: as 7. = |loge|™™ and R. = |loge|M, in

2
the expression of D every term is negligible in front of %, for example:

((I/—I//)2|£|4)3
% < Cplv — V'\6|logs
€2F2|€|2)

V¢ € Cr. R, |12M 6,

So when ¢ is close to zero, say ¢ < go(F,m, M), and for every € C,_ r. the discriminant is

6
equivalent to g& and then is strictly positive so we can freely use the Cardan formulas,

FO[gl6
that is define:

-

a:(—g+D%)§ and ﬁ:(—g—m)é, (4.5.42)

and, then returning to the original variable the eigenvalues of B(, ) are:

(o = —v[¢]?

Z Z—V,ZQV|€I2+a+ﬂ

=L ep g gy (45.43)
A Z—y,22ylfl2+aj2+ﬁj.
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If we note W, the eigenvectors corresponding to these eigenvalues we obtain the matrix:

§283 §3(e61A4 + &2) £3(e61B + &2) 3(e&1B + &2)

Q= —&1€3 E3(eleA — &) §3(e62B — &) §3(e62B — &)

| —eFw - v)ePe —eAR+€D)  —eB(E2+€3) —eB(E+ &)
Fe2 F(2)EPA% + &) F(EEPB* +&3) F(2E2B” +€2)

If we note P;(§, ), the projectors in the last three eigenspaces of matrix B(§) (that depend
also on ¢), we define the following pseudo-differential operators:

P;i(u) = F~H(Pi(€ €) ((€))), (4.5.44)

The aim of this section will be to estimate the norms of these operators (defined on Sobolev
spaces). We refer to [4] for the fact that (Ws, W3, Wy) is a basis of the hyperplane of vectors
orthogonal to (£1,&2,&3,0) and that a vector h = (X,Y, Z,T) orthogonal to (£1,&2,&3,0)
writes h = KoWs + K3sW3 + K4W, and that the solution of the system:

0
Ko | 1
K =Qh
Ky
is given by:
X -&LY
&7 +63)
K> §X + &Y
Ky | =M &6 +63)
K,
T X -&Y)
Fe2lg? 2|E2(&F +&5)
with
|B|? —(B+ B) 1
B2~ AB+ A2 - AB  |B?—-AB+ A?2—AB  |B|?- AB+ A2 - AB
~AB A+ B ~1
M= _AB+AB-B?>+|B? —-AB+AB— B2+ |B>? —AB+ AB— B2+ |BJ?
AB —(A+DB) 1

~AB+AB-B2?+|B|? —-AB+ AB-B?+|B|2? —AB+ AB - B2+ |BJ?

where A = p+ v|¢|? and B = X + v¢|?

Projectors

In this section we will compute exactly the coefficients K; in order to make precise esti-
mates.
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Lemma 4.5.2 If h is a function orthogonal to (§1,&2,£3,0) and € < eg (so that the
discriminent is positive see (4.5.42) in the previous section), then for all ¢ € C,_ . we have

the estimate:

1Ps(&,2) (h(€)) I

1 e2F?E1?|B? + €3\ 7, |&5] [3 2 2
G hE mErE @epria ) g Bl TIBR k)
with
(B~ A)(B—B)*F? = ||§y§ +36°F?B? — 2(v — V)* F|¢) B

and if, in addition h(§) is orthogonal to (—&1,&2,0, —F&3) then:

1P2(€,2) (h(€)) I

1 2 PP A% + €7\ 2 €] 2
< — A +eFA%)|h
(A—B)(A—B)52F2( 5215‘2142_’_532) ) (| |‘§’ 2 )‘ (3]
with
(A— B)(A—B)e*F* = E'g“ +3e2F2A% - 2(v — V)2 F?|E)PA
Proof: Let us begin with Ks, using the change of basis we have:
1 SX &Y o §1X + &Y
Ky = — 2 —(B+B)=—————
|B2—AB+A2—AB<| ECETIR @+

+

T _f3(€2X—§1Y))
Felg)> €2 (sf +€3)

Before any computation let us recall some algebraic relations: A, B, and B are the roots
of the following polynomial (which is nothing but the translated of P by the change of
variable giving A in terms of p):

s S -
Q2= VNEPY? + paemY (v =)

The classical root-coefficient relations and the derivation of the polynomial give that : A,
B, and B satisfy the following relations:

A+B+B = (v=1)¢?
o 2
ABB = (v-— 1/)6—‘3
AB+ AB+ BB = €5
2P
B €17
(A-B)(A—-B) = 3A%2-2(w—V)|¢PA+ €2F21‘”§|2
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If we use it in the expression of Ko we obtain that:

iy = = (6% — eV (S5 — A= v1e? - 4)
A-B)A-B&E+§) e
—V)[E*P - A T
_(§1X + ‘£2Y) (V - )€€| + F€2‘€’2§3(§% =+ 5%))

Then we use Lemma 4.9 from [4] i.e the last two coordinates of the eigenvectors W, Wi,
and Wy are linked by the following relations (which are nothing but a disguised formulation
of the fact that A, B, and B are the roots of the polynomial Q5):

W5 =eF(A— (v—V)EP)Wy,
W3 =eF(B - (v —v)[¢)W5,
W} =eF(B— (v—v)gP)W.
We can deduce from this that:
__ AE+8)
P[P + )

so we can get rid of the annoying (£2 + £3) in the denominator, which allows us to obtain:

(v —v)IEP ~

Ky =

: (-~ @y - ox - Fen)

(A— B)(A— B)2F2(2[¢PA2 + )\ €2
—%(&X +&Y) + aQFAQT)
&3

A simple computation gives that the norm in K 4,

IWal[* = (e%[€[* A% + €5) (> F2 (¢ A% + [¢] )
so that we finally get, if h is also orthogonal to (—&2,&1,0, —F¢&3):

1 2L A% + [€[h 2 €] 2
| K2We < (A—B)(A—B)52F2< e2|¢|2A2 + €2 ) (|A’|£ | FePAY R
with
(A= B)(A—B)e*F? = é',{j +32F2A% — 2(v — V) FPIEPA

The very same argument (with no hypothesis of orthogonality to (—&2,&1,0, —F&3)) gives:

1 S F2EPIBP + [€]F\ 2 €] [ y—
WAl < (o Bar  cmgmmre g ) (g 0t R )
with
(B — A)(B — B)e?F? = ‘é”g +3e*F?B? — 2(v — V)* F?|¢°B

And we have just proved Lemma 4.5.2. We do the same work for Ky;W,. B
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Asymptotic expansions

Now that we have vectorial estimates we will use asymptotic expansions in order to get
estimates on the norms of the projectors.

Recall the different steps when we compute the roots of @) (see (4.5.41)): first we define

2 3
the discriminant D = q— + P which is strictly positive if ¢ < g, then we define:

27

W=

and ﬂ:<—2—D2>é

and then the roots are given by (4.5.43). So we will have to compute precisely the asymp-

q 1
o ( 2+ 2

totic expansions of (1 4+ x)% and (1 + a:)% when z is near 0 : there exist two functions f
and ¢ such that for all x € [—1, 1],

2
1+3 - % +2°f(x)
2
= 1+35- 5 +2°g(@)
and |g(x)] <1

(1+ )
(1+x)
|f ()]

After meticulous computations (we write precisely the majorations of the quantities de-
pending on ¢ and take advantage of the fact that |loge| < |e]%), we finally obtain the
following result:

ST ST

| /\

Lemma 4.5.3 There exist a number ¢1 = 1(F,v — V') and two functions F(§,¢) and
G(&,¢€), such that for all ¢ < 1 and all £ € C,_ g, the following asymptotic expansions
hold:

Mz—@ﬁ+%%uﬁ%9§2+sF@)
_ o, Elr 1
A_ T(f)m +Z€F|€| +E G(€7€)
T 2 |€!F R
Azw—uwﬂ@§2+eF@,>
elp v =P

B= (€2 + &3)e7G (€ ¢)

]
eF|¢] 2 %

=500 )40z

and the uniform estimates Ve < e; and V€ € Cr_ ., F({,e) <1,G({,¢e) <1

with

Then using this lemma, another series of computations lead to the following lemma:

Lemma 4.5.4 There exists a constant Cr and €9 > 0 such that for all h orthogonal to
(&1,&2,&3,0) and € < gq, for all { € C,_ g, we have the estimate (i=3,4):
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1Pi(¢,2) (h(€)) 11+ < Crlloge[* ™[R ()],
And if, in addition h(§) is orthogonal to (—&1,&2,0, —F¢3) then for all £ € C,_ R, :

1P2(€,€) (h()llxc1 < Crlv — V|2 |R(€))].

This concludes the proof of proposition 4.2.1. B

4.5.2 Dispersive estimates

Lemma 4.5.5 Let us define

Kt eox) = / o TIPS HE 4 (16 () + 6 e) (X(ﬂ)u _ X(2|53‘))2d§
RS 2R Te

Then there exist eg(v,V/, F) and C = C(F,v, V") such that for all ¢ < g,

[NIE

g
|t =¥|

HK(t, t/, , ')HLOO < C ‘ 10g6‘4m+6Me—V0(t+t’)‘ log5|*2m.
Proof: we refer to [4], section 4.3.6. The only new work being to precise the constants
depending on the radiuses.

4.5.3 Proof of the Strichartz estimates

In order to simplify, we assume that the initial data and the forcing terms only depend
on the eigen A(£,¢). Let us begin by localizing the equation, the Duhamel formula gives
then:

—

o t — t —
A f(t,€) = eMEIA fo(€) + / eE=NEA gb(r, €)dr + / eETNENA gl(7, €)dr
0 0
We then follow the very same lines as in section 4.5 from [5]: the only difference is that
we have more precise values for the estimates on C,_ g, also depending on €. Separating
the homogeneous, inhomogeneous linear and inhomogeneous bilinear cases like in [5], we
obtain that:

1

— £8
1€2ED A foll n2r, Lo ey < Cr—z|log eP™ M| Ay foll 12 ey
8

Yo
' rNED N b €5 o eFm D A b
||/O eTNEDN g (7, £)dT | Lo, pooma)) < Cr— |1og el M| Aggbll 11 m, r2(rey)
v
L oA ED N T et 6(m+M !
|/O e"TNEDN G (7, €)dr || L2, 1 m3y) < Cr—3 [1oge* ™ ™M) | A g | 12w, r2ro))
<
So, summing for ¢ = —1...00, we obtain that if ¢ is small enough (and thanks to a

Minkowski inequality),
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_3 _3 1
[fllz2re < ”JEHLQBQQ1 < Hf”szo ) <Cr(y ® +y, 4)€8Hog5|5(m+M)

Z (1Agfoll 2 + I8¢ 1122 + 1129 | 1212 +)
q

Where we recall the notation HfHﬁBgo = >y 1Al £os HL%

Taking advantage of the fact that the initial data and the forcing terms are localized
in frequency in C,_ gr., we easily obtain, thanks to Hélder inequalities:

o > o 1A follzz < CRel| follz2

s Zq HAng”LlL2 < CRSHQbHle

o > 1809 11202 < CR-lg || 212
So finally:

1
[ fll2pee < Cruyed| 10g5’6(m+M)(||fOHL2 + HQbHL1L2 + HngL2L2)

4.5.4 Application to W1
The previous formula gives:

. . D D

W21 < Crane? 1105 ) (B (20 (1 = x(22))00 o1

Rs Te
D D D D
AP P = (2@t + 1P (2D = x(P2y 6t o).
Ra Te Ra Te

Then, using the estimates from proposition 4.2.1, and the Bernstein lemma which gives:

D | Ds|

P (1 = x(—=
[Pasax()(1 = x(

and using the estimates on the initial data, there exists eo(F, 9, m, M) such that for all

e < g9, denoting by Ky a constant depending on F', vy, Up ¢ osc,

3
N0 oscllzz < Crl loge\M+2m||U0,5,osc||H%,

1
IWE N L2ry Loo r3y) < KoeTs.

4.6 Appendix 2 : Strichartz estimates when v =1/

Before stating any results, let us see the simplifications involved by the fact that v = /.
If we denote by B(&, ) the following matrix (in Fourier variables):

2 2
I
_6% +€3 —V|€|2 . @ 0 6253
B(e,o) 1 £ (_m _ iw) _ S T TP,
£263 _&& e S &
NTEE e ”1'5’ SFle?
0 0 e

el
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In this case we have explicit simple expressions for the eigenelements of this matrix: it
has three distinct eigenvalues:

—v|¢|?,  which is double

vl + L,

corresponding respectively to the following eigenvectors:

f@+@§?
£283 . |&lF
_ (=& +is——)
F€32) _Zm(gl + 62)
E+8)
F

The matrix B(&, €) is still diagonalizable on the subspace of vector fields orthogonal to vec-
tor (£1,&2,&3,0) (which we will call ”divergence-free” vector fields, so Wa (€, €),..., Wy (&, €)
is still a basis of the ” divergence—/fr\ee” vector fields then we are sure that ﬁ; depends only
on the last three eigenvectors : Ug osc = KoWo + K3W3 + K4W,. The simplification is due
to two facts :

e first these three vectors are ”divergence-free” and they are pairwise orthogonal, so
their respectives projectors in Fourier variable (P;, i = 2,3,4) are now orthogonal
projectors, whose norms are less than 1.

e Second, the fact that Wy is colinear to (—&2,&1,0, —F¢&3 and W3, Wy are orthogonal
to this vector allow us to write that PP = P3 + P4 and QP = Py so U, gg depends
only on Ws and U . depends only on W3 and Wj.

The object of this section is to prove the following result :

Lemma 4.6.1 Assume that f € L2(R3) N BS+4, g € LY(Ry, LA(R3)) N LI(R+,B”4)
where q € [1,2] and s € R, and that f solves the following system :

?

{atf—yAf+;PAf=g
f/t:O = an

Assume also that fy and g(t) for all t > 0 have a zero potential viscosity.

Then there exists a constant Cr only depending on the Froude number such that we
have the following estimate : ¥t > 0 and Vq € [1,2]

(Hf0||L2 ®3) + [ foll s+;§ + 9l ry L2y + HQH +3)

IAllz2wy,Bs ) <C )

(n
oo\w e

(R+7B
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4.6.1 Preliminary remarks

The fact that the initial data and the right-hand side g have a zero potential vorticity
ensures us that their Fourier transforms only depend on the last two eigenvectors of matrix
B(&, €) so we just have to apply projectors P3 and P4 to the equation to have the complete
diagonalization :

OPif —vAP;f + IPAP; f = Pig
Pif/i=0 = Pifo,
With a wish of simplification we will consider that fy, g(t) (then f(¢)) only depend on
the third eigenvector (ie P3fy = fo...)

The idea is to localize in frequency (ie we will apply Aj (homogeneous) to the equation).
Thanks to the Duhamel formula we obtain :

— ¢ €l p t —r €l
Big(t.) = SHE R )+ [ TR R g, )ar
0

We will begin with the homogeneous case, ie when g = 0. If ¢ and x are the two functions
introduced in [7] to construct the Littlewood-Paley theory, the Lebesgue theorem says
that :

J+1 _ _
S 6@ )A€ = Ajf(€) in L
k=—00

so, using the inverse Fourier transform

Jj+1
Z AZAjf converges to Ajf in L%
k=—o00
and,
. ]+1 . .
1A flle < ) I1ARA £l
k=—oc0

such that, even if we didn’t localize in C, g in the first place, we have for each j and k a
localization which is exactly the same thing because [{| is bounded, and |¢3] is bounded
from below :

20 < |€] < €2
Aj, dzef{c <l < (4.6.45)

2k <& < C2F

4.6.2 Duality argument

In this section we will describe the duality method (also called TT™) to precicely determine
the kernel on which we will work to get dispersive estimates. Let us begin with the
definition B = {¢ € C§°(R4 x R3)/|]1/)|]L2(R+7L1(R3))§1} then for all j and & :

IALA; fll 200 = sup / AVA, F(t, 2)(t, 2)dwdl
YeB JO R3

using the Plancherel theorem we get :
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1854l = Csup [ [ e o ticayo e e die, dede

YeB

If ¢1 is a C§° function whose support is a neighbourhood of those of ¢ and equal to 1 on
supp¢ then we can write :

”AzAf'f”“w:CS“p/ [ et i g o bR
YeB R3
o127 €Dt €)dedt

using the Fubini theorem, we get :

IALA fll 2100 = C sup / 62 IED Fo(©)
peB JR3
(] et ito o it ) de

A use of the Holder inequality gives :

() |€]2 i t=s s l€lF
|AZA, f||LzLoo—csupuA Fo(©)l2 / / / (e 4122 5 gk ey )2

(2D s e i)

and thanks to, successively, Fubini and Plancherel we finally obtain :

— S

a')HL"C

IARA; fll 2o = Czlélé HAjfo(f)Hfﬂ(/O /o | K (v(t+ s), L
()11 [[(5) | 1 dtds) 2,

where

K0, 7,0) / i O HTA) (2|5 20y (277 [€]) 2d
]RB

lr

(4.6.46)

Then the method consists in estimating in two different ways the kernel. As we have to
deal with a summation from —oo to j + 1 we will get two kinds of estimates in terms of
k: some depending as 2 (summable in —oo but no ¢) and some as 27*¢ (not summable).

4.6.3 Dispersive estimates

The aim of this section is the proof of the following lemma :
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Lemma 4.6.2 There exists a constant Cr such that Vj € Z, Vk < j+ 1, V6 > 0 and
V71 > 0 we have :

21—k

\/F

1K (8,7,.) || e < Cpe™?” 2% min(2"7,

),

where ¢ > 0 is the constant from (4.6.45).

Proof: using the Plancherel theorem we obtain (see (4.6.45) for the definition of A; ) :
1
K6l < ([ e o a2l )
g,k

Which, using the change of variable & = 277, we turn into :

1K@, e < (299 [ eI g ] () )

Ao,k—j

then, using that ¢ and ¢; are bounded by 1 and the fact that ¢ < || < C, allow us to
estimate roughly the integrals in 7; and ny. If we use the change of variable 13 = 2F77¢;
we finally get :

1K (0,7,.) |2 < C2% 2" e02”.
Then, as K(0,7,.) is localized in frequency, a use of the Bernstein lemma gives :
; 11
1K (0,7, )l < ((27)2(2%))27 > | K(0,7)l|.2
so we have :

K (0,7,.)| e < C2392k—Tg=c02% (4.6.47)

Now let us estimate explicitely the kernel : before that, the change of variable ¢ = 2/
gives us :

K(O,7,2) =25 K((2%0,7,2 ),
with

R(6,7,0) 10 [ ctmmm om0 g 01y 2 )y
RS

In order to use as in [4] a stationnary phase method, let us define the operator :

1 .
L= W(l + iA(1)0p,)
. - ;
with A\(n) = anlilnFI and A(n) = —0p,A(n) = FF ' |n7;7$\3

Remark 4.6.1 We can assume 7 > 0 : if not just take instead of L :

1 .
TA(n)?(l —iA(n)0y,)
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The well-know invariance under any rotation around the third axis of coordinates allows
us to assume that xo = 0 so that €**"7 doesn’t depend on 73 :

E(eix.n—l—iT)\n) _ eimn‘c(eiﬂ—)\n) — eix.n+i7/\17
As in [9], the transposed of operator £ writes:

1 ) 1—7A2 iA

Trraz  OnA e~ O

L% (g) = (

so that we obtain, estimating ¢, ¢ and their derivatives by a constant C’ independant of
the parameters :

Cl

Tz (L 10mADe T 4 [Aflnele [ AJe " ) di.

K (0,7,2)| < /

Ao,k—j

An elementary computation gives that there exists a constant C’ = 2e~! such for all z > 0,
o o —0[n|?
ze ¥ < ('e2 < e?, so for all 1, |172]06*9“7|2 < ﬁe oh
We use the facts that ¢ < |n| < C and that cp < % < CF to estimate A and 0,,A
by a universal constant depending only on ¢, C' and F' :

_ - 1
|K(0,7,2)| < Cre Ce/ . 5dn
Aok—j 1+ T(CanS)

Inlen®

Taking advantage of the localizations, we can get rid of the integrals in the variables
m and n3, and also write that

2
( CF7733)2 > ep2ili=d)
7| r|n|

So that

(R(0,7,2)| < Cre=?(C)(C2F) / ! di.

imal<c 1 4 TCR24 =03

The change of variable y = 7ov/7Cr22~9) and the estimate fooo ﬁdy < C finally give
that :

~ 2i—k
K(07 T, .’L’)‘ < C'Feice

VT
so, returning to the original variables,

.2j—kz .
1K (0,7, )| Lo < CFe’0922J723J (4.6.48)

Finally, (4.6.47) and (4.6.48) give that :

o . 9J—k
HK(Ha T, ')HL°° < CF676922] 23] min(Qkijv 7).
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4.6.4 End of the proof

Let us go back to (4.6.46) : using the dispersive estimate we can write that :

21—k

)

|t=s|
€

. . . m m —CV S 2' . . _.
|ALA; fllp2pe < CzlégHAjfo({)HLz(/o /0 Cpe=cv(+5)2% 93 mln(Qk q

()2 [l (5) | rdtds) =

And, as we have :

1
1A fllzzree < > NARA; Fllrapee,

k=—0c0

we can write that :

Jj+1

18Iz < D7 Crsup 14, fol€) 2 / / [ @)zl ()
koo YEB 0o Jo
efcu(t+s)22j 93j min(2kfj7

As we want a norm in L?(R;, L) we will have to loose on the viscosity (i.e a negative
power of the viscosity, due to integration of the e=% t22]) and then we don’t need to be too
precise on the integrations, so using the fact that [ min(f,g) < min([ f, [ g) we obtain
that :

j+1
1A fllrzre < Y Crsup A fo(8)llz2
e — o0 peB

min ([ [ 2o A ) 1 (o) s,
[T [ et WO )
0 0

[t — o3

Using, the fact that the variables are separated in the first integral, and in the second one
the Hardy-Littlewood theorem (with coefficients %, § and 1) :

Jj+1
1A f ez < Y Crsup |4 fo(6)] 2
k=—o00 YeB

min (23J2k‘—J (/ e~ (1) || prdt)?, 2927 a3 || em 2 () o ||2§ ) g
0 Lt (R+)

The Holder lemma and the fact that ¥ € B give :
272

)
14

([T’ <o
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and
—ept22i 277
le 7wl l?s <0
L3 (Ry) V2
So that we can write :
. Cr, AR . ek 1.3 _k
1A fllzere < —=[1A;fo(€)] L2 Z min(22, (ev)i22 " z2).

NG

k=—o00

It is obvious that:

w

. 1 3
< (51/)%2%*% k< Zlogg(sy) + 5‘7

We have to compare it with j + 1 as the summation index goes from —oo to j + 1:

;I

2

1 37 1 ;
j+1< Zlogz(sy)—i—?j<:>j22—§log2(su)<:>23 >

(ev)?
So if 27 > —4 we obtain that
(ev)2
A CF A s J
1A flz2ree < —=11A; o€l Y2k < *IIA fo(€)ll 222
k=—00
And if 27 < o) we have to cut the summation for j + 1 > 1 logy(ev) + 37]
ev)2
o iloga(en)+ j+1 \
. o k 1 3k
1A fllpzree < \ﬁHAij(f)HL?( > 22+ > (ev)i2372),
k=—o00 k:i logo (El/)—i—%
which gives that:
; Cr
1A fllzere < —L5e327 1Ay foll 2
Vs
1
using that 27 > ( )1 we can write 25 = 2727 < (4; and then for all j € Z we have:
Ev)2 ev)8
Cr 1
1A fll ez < <5 €527 A fol g
ys

The argument for the inhomogeneous case is the same so we obtain: for all j € Z:

. Crp 1_3j
1Aj fllp2ree < —2e527% (A, foll 2 + 1459l (), 12))-
U8

Then as we will use Sobolev injections, we want to get estimates in inhomogeneous spaces
so we will get estimates for A, with ¢ > —1. We know that there exists a constant C' such
that
A 2 2 2
D A folls < ClA_LfollF2 + Cllfoll7

Jj<-1

and from that we can estimate in terms of € this quantity and finally obtain that Vi > 0
and Vg € [1,2]
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||f||L2(R+,Bgo7 y<C (Hfo||L2 ®3) + [ foll s+3 + 119l ry L2(r3)) + ||9H g )

(‘f)
oo\og el

s+3
(R+7B Z)

4.6.5 Application to W,

We use that there exists a constant C' such that [lul| .. 3 < Clluf|gs+1, so:
By

ool

€
HWSHLQ(RJ“B;J) < Cij(‘W&aoscHHs“ + HG”Ll(R+,Hs+1))
g
precisely:

IWell ey ) < IWell 2, po, ) < Cr—g (I00coscllm + Gl @y, )

< ‘ ™
oolw| ool=

and as ||G||pigs+1 < C’HUQgHLzHng2 < 9\, 0G|3s+1 and with the estimates of the initial
data given in the assumptions of the Theorem we end the proof of lemma 4.3.4. B

4.7 Appendix 3 : a priori estimates

In this section we will establish a priori estimates on the solution U.. As the method is
exactly the same as in [11] we will not give many details.

Lemma 4.7.1 Let s €]0,1[ or s > 1. There exists a constant Cy such that we have for
allt € [0, T} :
t / /
|U(&) |11 < |U(0)] grs e Jo NV=(EDlandt

4.7.1 A general lemma

First of all, projecting on the divergence free vector fields (ie the Leray projector PP)
and using the fact that PU. = U, gives us that U. satisfies the pressure-free primitive
equations :

(4.7.49)

Uz + v-.VU. — LU + 1PAPU. =1I(U.,U.)
Us/t:O = Uz—:,(]

with TI(U.,U) = (Id — P(v.VU.)) = ATV > 8:09;(vlvl).
4]

So let us now state the lemma :

Lemma 4.7.2 Let o €]0,1[, s > 1, and f,g,v : [0,T] x R® — R* such that for all
t € [0,T],

Wf+vVf—Lf+1IPAPf =g
divv =0 (4.7.50)
Jri=0 = Jfo
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Suppose that fo € H°(R?), g € L*([0,T], H°(R?)) and v € L'([0, T]Lip(R?)), then f €
L>([0,T), H°(R?)) and there exists a constant C,, such that for all t € [0,T] :

t
IfOllae < | foll e +/0 (g lzze + Coll £ &) |aze [lv ()| Lip)dt”

Suppose that fo € H*(R3), g € L*([0,T], H*(R?)) and v € L'([0,T|Lip(R3)), then f €
L>([0,T), H*(R3)) and there exists a constant Cs such that for all t € [0,T] :

1F @)z <[ follz +/0 (g lzzs + Cs(ULF Vs lo@)zip + 1F E)|zipllo @) ]2z )dt’

Proof: : Let us start with the case o €]0, 1[. The first step is to apply a localisation
operator A, to system (4.7.50) and in order to keep the advection term we introduce a
commutator :

WA +v.VAGf — LAGf + IPAPAf = Agg+ [0.V, A ] f
dive = 0 (4.7.51)
Agfr=0 = Bqfo

A scalar product in L? of this equation with A, f and the use of the skewsymmetry of A
give that for all ¢ € [0,7],

1d
2dt
Let us the state the classical following commutation lemma (one can see [7] or [11]) :

1A FI1Z2 + 10l VA2 < [18qf N2 (18ggllzz + 1[0-V, Aglfl2)

Lemma 4.7.3 There exist a constant C, and a sequence (c,) € I2 such that
IT0-Vs Ag]fllze < Cocg2 |0l Lip| £l e

Proof: The idea is to use the Bony decomposition :

3
0.V, Ag)f =) (Ti0iAgf +To,a, 50" + R0, 0.8 f)) = Ag (T 05 f + Ty, pv* + R(v', 0 f)),
=1

and group terms in order to take advantage of the convolution form of the expression of
A,
q

WV, AJf =32, ((TviaiAq f— AT0:f)
+(To,8,,X(D)" + ROD)V, 05, f)) = 8y (To, (D) + R(D)Y', 0:))
(T, (1= X(D)v* + R((1 = X(D),0,8,1))
~(8(To, (1 = X(D))' + R((1 = X(D), 0:f)))

The use of a second truncation of the speed allows us to treat separately low frequencies.
Then the estimates of each group gives the lemma. W
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Let us go back to the proof of lemma (4.7.2) : using the estimate on the commutator,
a Gronwall lemma, and then taking the [?-norm give the first part of the lemma.

When s > 1, as [|gl|us < 0jq<[s)|0%g]lun- we will estimate each derivative 0% in H?

where 0 = s — [s] €]0,1[ : for that we derive the localized system, which makes appear a
new commutator :

0:0°f +v.VOf — LO°f + (PAPO*f =0% + [v.V,0°]f
divo = 0 (4.7.52)
%[ j1=0 = 0% fo

And before applying the first result of lemma (4.7.2) we have to estimate the commu-
tator which is the aim of the following classical lemma (see [11]) :

Lemma 4.7.4 There exists a constant C, such that :
I[0-V, 0% fll e < Co ([0l Lipll fll e + [0l o]l f]| ip)
then using this estimate concludes the proof of lemma (4.7.2).

4.7.2 Application to U,

As we want to apply the result of the previous section the only thing to see is to estimate
the operator II and that is the object of the following classical lemma (see [11]) :

Lemma 4.7.5 If s > 0 there exists a constant C such that :

IV, W)llas < Cs(IV I LapW [ s + W | 2ipl [V [ 5)

Returning to the primitive system, using lemmas (4.7.2) and (4.7.5) give :

t
1Ue(@®)l| s < U 0)] s +Cs/0 U @) Lip |U= () || =t

Then a use of the Gronwall lemma gives the wanted result.

4.8 Appendix 4 : stable Strichartz estimates

The term ”stable” is used to emphasize the fact that, contrary to the Strichartz estimates
obtained in the second appendix, the following ones are uniform with respect to the vis-
cosity, allowing a vanishing viscosity limit. On counterpart we are forced to be local in
time.

4.8.1 Statement of the results

This section is devoted to the proof of the following estimates:
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Lemma 4.8.1 Let U, be the solution of PE., whose lifespan is T > 0, s €]0, 1], and fix
atime 0 <T <Tf. If v =1/, there exist constants C > 0 and Cgs > 0 such that for all
e >0,

T
1 .
||Uz—:,osc||L8([0,T],Lz'p/03+1) < CF,55§_Q€CVE(T)a with  V.(T) :/ HUE(T)HLipdT-
0

4.8.2 Proof of the Strichartz estimates when v = 1/
preliminary remarks

In particular, thanks to the diagonalization and the orthogonality of the eigenvectors, each
P, U, satisfies the following system:

{875]?1'(]5 — vAPU: + éPAPiUE = PiP(ve.VUe) (4.8.53)

]:P)iUE/tZO - PiUE,07
general estimates
The object of this section is to prove the following result :

3 3
Lemma 4.8.2 Assume that fy € L*([R*)NB,,? and g € L'([0,T], L*(R*))NL ([0, T), By ?)
with q € [1,2] and for s > 0, and that f solves on [0,T] the system

hf —vAf+1IPAf=g
f/tZO = an
Assume also that fy and g(t) for all t € [0,T] have a null potential viscosity.

Then there exists a constant Cr only depending on F' and s such that we have the
following estimate Vp > 8, 1 < q < p:

1
1 lg5s,, < Crae? (I follze + Ifoll et + ol -+ ol 1)

T-2,q

where the notation L¥,L? means LP([0,T], L4(R3))

Exactly like in section 4.6 we have a complete diagonalization.
OP;f — VAR f + IPAP; f = Pig
Pif/t=0 = Pifo,

With a wish of simplification we will consider that fo, g(t) (then f(¢)) only depend on the
third eigenvector (ie Psfy = fo...)

The idea is to localize in frequency (ie we will apply Aj (homogeneous) to the equation).
Thanks to the Duhamel formula we obtain :

— el p t e
Ajf(t,€) = e EPHERR A £ (6) + / e UTIIREHEE G A g(r, €)dr
0

We will begin with the homogeneous case, ie when g = 0.
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Duality argument

In this section we will describe the duality method (also called TT™) to precicely determine
the kernel on which we will work to get dispersive estimates. Let us begin with the
definition of the space B = {4 € C5°([0,T] x R?)/|[¥[| 15 (jo,7), 11 (r3))<1 } then for all j:

T
HAijL;}Loo = sup/ A ft,z)Y(t, x)dxdt
PeB JO R3

using the Plancherel theorem we get :

18l = C sup o [ [ e R e o) asan

If ¢1 is a C§° function whose support is a neighbourhood of the one of ¢ and equal to 1
on supp¢p then we can write :

18, g = Coup [ [ 1 o6 Ferontz D, et

using the Fubini theorem, we get :

t

A _ —JlenN F g —vtlé]? +g
137 lige- = Csup [ oCINREO( [ e 6127 €Dt )it ) de

0

A use of the Holder inequality gives :

t s|5‘
1A £l 22 e —0sup|rA Foll 2 / / / v(t+s)le+itzs ElE

61277 [E)2 (2, ) (s, )dtds) e

N

and thanks to, successively, Fubini and Plancherel we finally obtain :

t—
15 zg2 = € s0p 14 ol / / I+ 5), % e

N

Hw»m\W(s)ﬂpdtds)

where  K(6,7.x) def / eiTEOIEPHTAE) o (973 |¢[)2d
R3

[Elr
Fl¢]

Applying the additional localizations described in (4.6.45) to the kernel K we obtain that :

with () =

Jj+1
1K (6,7, Mo < > IAFK (6, 7,.)| 1~

k=—00
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Then similarly :

, . T t—s
185 g = Cswp A5l ([ [ 3 Iate+ 9.2 )l
YeB 0o Jo T €

o (t) 22 1465l s )

with Ki(0,7,z) = AVK (0, 7, 2) = / e EOIPHTAE) g (277 |¢])2p(27F |¢5))dE (4.8.54)
R3

Then the method consists in estimating in two different ways the kernel. Like in section 4.6
as we have to deal with a summation from —oo to j 4+ 1 we will get two kinds of estimates
in terms of k: some depending as 2¥ (summable in —oo but no ¢) and some as 27 ¥ (not
summable). The difference is that here, the summation occurs before integration.

Dispersive estimates

We use the same dispersive estimates as in Lemma 4.6.2:
Lemma 4.8.3 There exists a constant Cr such that Vj € Z, Vk < j 4+ 1, V8 > 0 and
V7 > 0 we have :

27—k

\/7_

1K1 (8,7,.) || e < Cre™ %23 min (247,

),
where ¢ > 0 is the constant from (4.6.45).

End of the proof

Let us go back to (4.8.54) : using the dispersive estimate we can write that :

T 7 Jt+1
. . _CV S 2' .
1A; fllr(o,1,2) = CF zUIéHAijHL?(/O /0 Z e (tT)27 935
€ k=—oc0
. eb :
min (277,277 : ’é)HZ)(t)HLl|¢(S)||L1dtd5)
— S

Now we will focus on the summation beneath the integral and precise its expression. A
simple computation shows that:

=

3

k=i < gi~k :
It —s|2

e og
We have to compare it with ] + 1 as the summation index k goes from —oo to j + 1:

9

— > 16
|t — 5]

1 5
j+1§j+*logg(7> <—
4 It — s|

So we cut, in the integral, R? in two domains:
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[NIES

/ / Y e P8 min (28, 29— ) [ (8) | 1 ([ () | pr dtds =
0 0

k=—o00 | - 3|

6fcl/(t+s)22j 93j9k—j Hw(t) HLl Hw(s) HLl dtds

j+i1092(|t575|) j+1

+/0T /oTltjslglﬁ( Z 2+ Z 2j_k<tis|)é>

k=—o0 k=j+1 1092(“ s|)+1

efcll(t+5)22] 937 Hw(t) HL1 Hd}(s) ”Ll dtds.

After computating the summations (and using the fact that | il < 16 in order to estimate
the last one), we obtain that:

N|=

/ / S et 930 min (257, 977k E2 ) [op(t)| a [[9b(s) | prdtds <
0 Jo t 2

kj:—oo | - s|2

_cu (t+5)2% 23]H¢( )HL1 H¢<s)Hletd8

+C/ / oV t+s)22j23](|t i S|)Zuw(t)HLl||¢(5)||letd8.

And, as e=(+92% < 1 we finally get:

NI

[t — sl

T Jj+1 o o
/ / Z e V92 93 min (289 99— Z ) (8) | 1 b (s) | rdeds < (4.8.55)
O — 00

1623j [P @)l (s)ll L2 dids
>

3] ) 1 .
+C/ / i <162 It — |> V@) L1l (s)|| L2 dtds

This is here that we have to distinguish when p = 8 or p > 8. Let us begin with the second
case:

SIS

T Jt1 o o
// Z =492 93 1y (289 297k =2 [10h(8) | 11 |0 (s) | pr dtds <
0 —0oQ

[t —s|2
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T T
37 — S 1 S 1 S 3j m *m
2% /0 /0 he(t — )[(0) | ()| deds < C2¥ /R () (he 5 m) (1),

with
0,71 (O 1Y (@) 1

m(t) =1

—1oo6+1 <€>i—h(t)

=1:c>46 a<ie\y) = e
4

he(t) = 1> il
h(t) = 1y<i6 + Ljg>16 (‘71|
All that remains is to estimate, using the Hélder and Young inequalities:
/Rm(t)(he «m)(t)dt < [|m|[pzlhe x mlLe < [|m|[p(llhell 2 -[lm]lz7)
Asp>8,5>4andh. € L%, so we can write:
2
Ihell 5 =<rlInl g,

and using that [[m| ;7 = [[9[[zr(jo,r,21) < 1 we obtain that:

[N

T T J+1 : . . . 2 .
[ 30 et g mmingak 207 = o)) s < e 25,
0 0 k=—o0 |t - S|2

which finally gives:
Vp>38, €
. 1 35, -
18 fllzz pee = Crer 22 [|A; fol 2
In order to get the limit case p = 8 let us go back to (4.8.55): taking advantage of the fact

that in the first integral we have ﬁ > 16 we can write 1 = 1% < %(“f—s‘) * and use it in

the same integral to obtain:

T T it " L
/ / 3 e 92 93 in (289, 27k S )b (8)] 1 [0 (s) | 1 ditds <
o Jo T |t — 5|2
T T 1
231 t dtds.
e[ () el o) s

Since, p = q = % and o = % fulfill the assumptions of the Hardy-Littlewood lemma, we
also obtain that:
Vj € Z:
. 1 35, -
”Ajf”LSTLOO = Cres22 || Ajfoll 2
And then Vp > 8, j € Z:

. 135 .
1A flle(o,1],L0) = Crer2 2| A foll 22

The proof of the case when g # 0 and fy = 0 is dealt the same way, using the Duhamel
formula. Using the same notation as (4.8.54) we have :
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T J+1

T T
) _ ;
1A Fll e oo :CSUP/ HAJ‘QHL2(/ / Z | K1(v(t+ s —27),
YveBJo T T oo

I460) 1 [ (3)] s ) dr

— S

» Lo

Lemma 4.6.2 implies :

A o TG t+5—27)2% 35 k—j oj—k €3
18 fll g, poe = CSUP/ IIAngL2</ / D ettt 22 93imin (k7 27+ o)
$peBJO T T oo |t —s|2

||7/J(t)HL1H?,Z)(s)||L1dtds)§dT.

And, as t,s > 7, e~V (t+5=27) < 1 g6 we can write :

| | vor
1858 = Csup [Asglpype ([ 730 2mingrr, kS
r YeB r o Jo T It — 5|2

I466) 2146 5) | s )

Identical computations give Vp > 8 and Vj € Z :
. 1 35, -
1A fllz.ree = Crer22 [|Ajglipy g2
So we finally have Vp > 8 and Vj € Z :
. 1 35 . .
1A fllzz ree = Crer 22 ([|Aj follLz + |49l L1 12)-

Remark 4.8.1 This is here, that we really needed to estimate the kernel in terms of the
minimum of two quantities: one is sommable when k = —oo but does not depend on €
whereas the other depends on € but diverges in —oo.

At this point we only have obtained estimates with homogeneous localization, and the
result concerns inhomogeneous localizations. As for every j > 0, Aj = A;, we only have
to deal with A_; =" j<—1 Aj, and using the Minkowski inequality :

. 1 3 - .
1A fllzp e < D0 Al pe < Crev Y~ 27 1Az folle + 1145912y 22)s
Jj<-1 Jj<—1

which we estimate, thanks to Holder :

1Az < Crer (D0 2903 (X 1A folB)E + (D 1Ayl 1207 ).

Jj<=1 j<=1 Jj<=1

Another use of Minkowski implies :
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1 1
815l < Cr (3 18,5130 + [ (5 Idsa0Ee ).

1<-1 7j<-1

It is then about to estimate ) <1 HAijH%Q : using the fact that suppx C B(0, 3) equals
1 on B(0,1), and supp¢ C C(0, 4, r) we obtain that there exists a constant C such that :

Y 1A follze < CUA-1follZ + 1foll72).

Jj<—1

and

1 1 T 1
181 llgpe < Cre? (CUA s foll3a + 1 foll22)? + /0 (3 1859(0)12 + lgt)22) 2t

j<-1

On the other hand Vj € Z :

. . 1 . 3 . .
2| A fllp o = Crer 22 (A  foll e + 1459l Ly 12),

so that we obtain, using the Minkowski inequality :

1 llooryme ) = 1277185 FOllee |

S [ PNTOTI

1 (o4 3
£l oo.m,Bs. ) < Crev (Ilfo!\B;+g + Coll foll 2 + 12702 F Bl 2o + Collglpy 12 )

Another use of Minkowski finally gives that Vp > 8, 1 < ¢ < p, and V¢t € [0,T7:

1
i s < Croe (follze + 1ol ey + lolligae + Nl o)

Conclusion : adaptation of the result

In the following, we will need estimates on | f||zrrip and | f|/rros+1, and we wish to
estimate in terms of Sobolev spaces instead of Besov spaces so we have to adapt Lemma
4.8.2. Thanks to the facts that

[ llzip = 1 fllzee + IV Fllzee < fllpo, + 1B, < 20f1lB .

IFllestr =W flpgrn, = Wfllgerss

and that, for the right-hand side there exists a constant C such that :

follzz + 1l foll 5 < Cllfollmrs.
2

we finally get the two following estimates:

1
1025 zip < Cre® (I foll o + lglly s ),
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1
and || fllpg,coen < e (1foll yovs + ol ovs)

Then apply these estimates to systems (4.8.53):

1
PiUellzg conr < Cret (IBUeol s + [BP@eTU y rs)

Using that [Juv| gs < ||u|lpee||v]|ms + ||ul|ms||v|| L~ we easily show that

PiP(ve- VU or g < CllUe Lipl|Ue |

a3

Then, thanks to the a priori estimates, we can bound the H s+3 norm with the norms of
the initial data and we obtain (the estimate for the Lipschitzian norm is dealt the very
same way):

T
1 .
U 0scll L3 (0,17, Lipjcs+1) < Cpses V1) with  Vi(T) :/ [[ve ()| Lipd.
0

This concludes the proof of lemma 4.8.1 in the case v = v/. R
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