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Préambule

On s’intéresse dans cette thése aux équations issues de la théorie cinétique
collisionnelle, et en particulier a I’équation de Boltzmann. Les applications
de cette théorie sont nombreuses : physique des gaz raréfiés, physique des
plasmas, physique des milieux granulaires, dynamique des galaxies, trafic
routier... De plus cette théorie fournit, pour des modéles statistiques méso-
scopiques hors équilibre, un cadre analytique pour 1’étude des mécanismes
de retour vers I’équilibre thermodynamique liés a I'irréversibilité.

Cependant la théorie mathématique qualitative et quantitative des solu-
tions de ces équations reste trés parcellaire, principalement & cause de la
complexité de l'opérateur non-linéaire intégral exprimant le processus de
collision. Le but de cette thése est de contribuer a la compréhension des
propriétés de ces solutions.

Le premier chapitre, introductif, présente le sujet et résume les résultats
obtenus. Les chapitres suivants correspondent chacun a un article. Ils sont
divisés en quatre parties, suivant les préoccupations suivantes :

1. Etude de la régularité (partie I) : Dans les chapitres 2 et 3, nous consi-
dérons les solutions spatialement homogénes de 1’équation de Boltz-
mann, pour lesquelles I’étude se concentre sur I'opérateur de collision.
Dans le chapitre 2, nous effectuons une étude de régularité détaillée des
modéles d’interaction a courte portée. Dans le chapitre 3, nous donnons
des résultats sur l'intégrabilité des solutions dans le cas d’interactions
a longue portée. Dans le chapitre 4, nous considérons les solutions spa-
tialement non homogénes, pour lesquelles les effets du transport libre
et des collisions se combinent. Nous quantifions la positivité de la dis-
tribution de particules d’un gaz évoluant dans un tore, en montrant,
sous des conditions de régularité, des bornes inférieures qui décroissent
exponentiellement a I’infini.

2. Quantification du retour vers l’équilibre (partie I1): Dans le chapitre 5,
nous proposons une méthode géométrique pour obtenir des estimations
explicites sur le trou spectral des opérateurs de Boltzmann et Landau
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linéarisés pour les potentiels durs ou les sphéres dures. Dans le chapitre
6, nous prouvons des inégalités de coercivité explicites qui généralisent
les estimations de trou spectral. Dans le chapitre 7, nous démontrons
la convergence exponentielle vers 1’équilibre avec taux explicite pour
I’équation de Boltzmann spatialement homogéne, pour des interactions
de type sphéres dures ou plus généralement pour les potentiels durs
avec troncature angulaire de Grad.

Etude des mécanismes de collision dissipatifs (partie III) : Nous étu-
dions I’évolution d’un gaz de sphéres dures inélastiques. Dans le chapitre
8 nous effectuons une étude de Cauchy pour différents types physiques
d’inélasticité. Dans le chapitre 9 nous étudions, pour des inélastic-
ités avec coefficient normal de restitution constant, le comportement
asymptotique, en prouvant en particulier I'existence de profils auto-
similaires avec queue de distribution « sur-peuplée ».

Etude numérique par méthode déterministe de lopérateur de Boltzmann
(partie IV) : Dans cette partie nous utilisons une semi-discrétisation de
I’intégrale de collision pour proposer des algorithmes rapides basés sur
des méthodes spectrales ou discrétisées en vitesses (chapitre 10).

Liste des travaux rassemblés dans la thése

Chapitre 2 : article [150], en collaboration avec Cédric Villani, paru a

Archive for Rational Mechanics and Analysis (2004).

Chapitre 3 : article [69], en collaboration avec Laurent Desvillettes, a
paraitre dans Annales de U'THP, Analyse Non-Linéaire.

Chapitre 4 : article [146|, & paraitre dans Communications in Partial
Differential Equations.

Chapitre 5 : article [15], en collaboration avec Céline Baranger, a
paraitre dans Revista Matematica Iberoamericana.

Chapitre 6 : article [145], soumis.
Chapitre 7 : article [147], soumis.

Chapitre 8 : article [141], en collaboration avec Stéphane Mischler et
Mariano Rodriguez Ricard, soumis.

Chapitre 9 : article [140], en collaboration avec Stéphane Mischler,
soumis.

Chapitre 10 : article [148], en collaboration avec Lorenzo Pareschi,

soumis, qui a donné lieu également a la note [149], parue aux Comptes-
rendus de ’Académie des Sciences (2004).



Chapitre 1

Introduction

Cette thése est consacrée a 1’étude mathématique des équations de la théorie
cinétique. Parmi celles-ci, 1’équation de Boltzmann' joue un réle particulier,
a la fois pour des raisons historiques et mathématiques. En effet, c’est la plus
ancienne équation de la théorie cinétique, elle concentre une grande partie des
difficultés typiques de cette théorie, et c’est I’'un des rares modeéles cinétiques
pour lequel il existe, sous certaines restrictions, des théorémes rigoureux per-
mettant de le déduire des équations fondamentales de la dynamique micro-
scopique sur les particules?. (C’est pourquoi la majorité de cette these se
concentrera sur cette équation. Dans ce chapitre, nous débuterons par une
bréve introduction mathématique a la théorie cinétique dans la section 1.1.
Pour ne pas alourdir cette section, la théorie linéarisée des équations de Boltz-
mann et Landau, les modéles cinétiques de gaz granulaire et les méthodes
numériques en théorie cinétique seront introduits dans les sections 1.3, 1.4 et
1.5 de l'introduction qui leur sont consacrées, ot nous détaillerons les résul-
tats obtenus dans ces directions. Nous n’aborderons pas dans cette thése les
aspects quantiques ou relativistes de la théorie cinétique (pour une introduc-
tion a ces modéles dans le cas spatialement homogéne, nous renvoyons par
exemple a I'article de revue récent [83]).

Les notations des différents espaces fonctionnels utilisés sont réunies a la
fin de ce chapitre, en section 1.7.

'Etablie par Ludwig Boltzmann (1844-1906) en 1872, aprés des travaux précurseurs de
James Clerk Maxwell (1831-1879) dans les années 1860.

2Voir la discussion ci-dessous.
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1.1 La théorie cinétique

1.1.1 Meécanique des fluides et théorie cinétique

La mécanique classique des fluides repose sur les lois fondamentales de la dy-
namique ou équations de Newton. D’une part I'application de ces lois & un
ensemble de n particules en interaction (ott n ~ 10** est de 1’ordre du nom-
bre d’Avogadro) aboutit & un systéme hamiltonien dans I'espace des phases
des positions et vitesses de chaque particule 2" x (RY)" (ott @ C RY est le
domaine de 'espace ot évoluent les particules, et N > 1 est la dimension
d’espace). D’autre part 'application de ces lois aux éléments infinitésimaux
de volume d’un fluide aboutit aux équations hydrodynamiques: les équa-
tions d’Euler® pour un fluide non visqueux et les équations de Navier-Stokes*
pour un fluide visqueux.

Entre le niveau de description microscopique associé aux équations sur
les trajectoires des particules et le niveau de description macroscopique as-
socié aux équations hydrodynamiques, la théorie cinétique fournit un niveau
de description intermédiaire, ou mésoscopique du fluide (nous renvoyons
par exemple a l'introduction de 'article de revue [16] pour une discussion
plus approfondie de ces différentes échelles de description). Le niveau de de-
scription cinétique est fondamental pour différentes raisons. Etant donné le
nombre de particules mises en jeu, le systéme hamiltonien associé est inac-
cessible a I’étude analytique aussi bien que numérique. La théorie cinétique
permet alors de réduire considérablement le nombre de degrés de liberté par
rapport au systéme hamiltonien décrivant les trajectoires de chaque parti-
cule. Cependant, contrairement a la description macroscopique, la théorie
cinétique permet d’intégrer aux équations d’évolution les caractéristiques de
la dynamique moléculaire (par exemple les équations d’état d’un fluide ou
encore les coefficients de transport ne peuvent étre dérivés des modéles hy-
drodynamiques). Egalement elle permet I’étude de fluides qui ne sont pas a
I’équilibre thermodynamique local : cette hypothése est nécessaire pour
établir les modéles hydrodynamiques, elle signifie que dans chaque élément
infinitésimal de volume de fluide, les vitesses des particules se répartissent
selon une courbe gaussienne, ce qui permet de définir les grandeurs thermo-
dynamiques standards (densité, vitesse et température du fluide). Comme
exemple de fluides hors de ’équilibre thermodynamique local on peut citer
les écoulements trés rapides dans un gaz raréfié (comme dans la couche limite

3Etablies dans le cas d’un fluide incompressible par Leonhard Euler (1707-1783) en
1755.

“Etablies par Claude-Louis Navier (1785-1836) en 1821 et George Stokes (1819-1903)
en 1845.
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qui se forme autour d’une fusée lorsqu’elle entre dans la haute atmosphére).
Ajoutons que les modéles cinétiques ont été amplement validés par les ex-
périences et les simulations numériques (voir par exemple [56]). Enfin la
théorie cinétique suscite également un intérét plus théorique. Au Congres
International des Mathématiciens de 1900 était posé le Siziéme Probléeme de
Hilbert®. Ce probléme est la question de savoir si I’on peut axiomatiser la mé-
canique, et en particulier si I’on peut déduire les équations de la mécanique
des fluides & partir d’un modeéle microscopique gouverné par les équations de
Newton. Hilbert proposait alors d’utiliser comme « étape intermédiaire » de
cette limite I’équation de Boltzmann.

Le passage formel du systéme hamiltonien décrivant les trajectoires des
particules a la description cinétique se fait de la fagon suivante : on commence
par traduire les équations gouvernant les trajectoires en une seule équation
d’évolution sur la densité de probabilité jointe f(¢,z',... 2" v' ... v") de
toutes les particules sur l'espace Q" x (RV)". Cette équation est appelée
équation de Liouville. On en déduit la hiérarchie d’équations BBGKY
sur les marginales de cette densité de probabilité. Dans la limite d’un grand
nombre de particules, pour un fluide suffisamment peu dense, et en faisant
I’hypothése qu’a la limite les densités de probabilité jointes des différentes
particules se « découplent » (hypotheése dite de chaos moléculaire), le systéme
limite se réduit & une équation d’évolution sur le densité de probabilité d’une
seule particule f = f(¢,z,v). Cette stratégie, connue aujourd’hui sous le
nom de limite de Boltzmann-Grad, a pu étre justifiée rigoureusement pour
la limite d’un systéme de particules vers ’équation de Boltzmann, au moins
dans certains cas (voir [124]). Nous renvoyons également a [58, Chapitres 2
et 4| pour une discussion plus approfondie sur ce point.

La vision probabiliste de cette densité de probabilité réduite f = f(¢, z,v)
est la suivante : ’état microscopique complet du fluide est inaccessible et bien
trop détaillé pour de nombreuses applications. On cherche alors a décrire
quelque chose de plus simple : imaginons que toutes les particules soient
numeérotées et qu’au temps ¢ on en sélectionne une au hasard, qui ait pour
position x et vitesse v. Ainsi en tirant des numéros de particules au hasard,
on obtient des points aléatoires dans I’espace des phases 0 x RV, La fonction
f est alors la densité de la probabilité de ce point aléatoire au cours du temps.

A partir de cette densité de probabilité on peut reconstruire les obser-
vables du systéme de particules (c’est-a-dire les grandeurs thermodynamiques
que 'on peut effectivement mesurer) en intégrant la densité de probabilité
sur l'espace des vitesses contre des fonctions tests. On définit ainsi la densité
locale p(t, ), la vitesse macroscopique locale u(t, z), et la température

SDavid Hilbert (1862-1943).
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locale T'(¢,z) par les formules

L) ptha)= [ faov)de, ultz)=- /RNvf(t,x,v)dv,

RN P

1
(1.1.2) T(t,z)= —/ lu —v|*f(t,z,v) dv.
Np RN
Nous utiliserons également ’énergie cinétique locale £(¢, x)
(t.o)= [ |oPfta)do
RN

Nous pouvons résumer schématiquement la place de la théorie cinétique
au sein de la mécanique des fluides de la fagon suivante :

Description microscopique :

Systéme hamiltonien décrivant les trajectoires de toutes les
particules (équation de Newton)

U

Description mésoscopique :

Equation d’évolution sur la densité de probabilité d’une
particule prise au hasard en position et vitesse (équations de
Boltzmann, Landau, Fokker-Planck, Vlasov-Poisson, etc.)

U

Description macroscopique :

Equation d’évolution sur les champs de densité, vitesse et
température du fluide (équations d’Euler et de Navier-Stokes)

U

Description a plus grande échelle :

Modeéles diffusifs, modéles de turbulence, etc.

Par la suite, nous ne reviendrons plus sur la justification de la théorie
cinétique et nous adopterons une démarche plus phénoménologique.

1.1.2 Description cinétique des interactions

Comme on vient de le voir, 'objet d’étude de la théorie cinétique est une
équation d’évolution sur la densité de probabilité f = f(¢,z,v). En I’absence
d’interaction entre les particules et le milieu extérieur et entre les particules
elles-méme, cette équation est '’équation du transport libre

af

(1.1.3) o, TvVaf =0,
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Classiquement, on considére les cas ou le milieu extérieur agit sur les parti-
cules via un champs de force F..;, ce qui conduit a ’équation de Vlasov
linéaire

af
(1.1.4) a+v-VIerFm(:c)-Vyf:(),
ou bien wvia un opérateur de collision [linéaire modélisant les collisions des
particules avec le milieu ambiant supposé au repos, ce qui conduit a des
modéles cinétiques de « scattering »°. Par la suite nous ne considérerons
pas le cas d’une interaction entre les particules et le milieu extérieur.

La modélisation des interactions entre les particules dépend principa-
lement de la portée de l'interaction. Ainsi si l'interaction est a trés longue
portée elle est plutét modélisée par un champ moyen, alors que des inter-
actions dont la portée est suffisamment courte pour qu’on puisse les consi-
dérer comme localisées en espace sont plutét modélisées par un opérateur
de collision. Aux échelles intermédiaires, les deux approches peuvent étre
complémentaires, le terme de collision étant alors vu comme une correction
en temps grand du terme de champs moyen.

Une équation cinétique de type champ moyen prend la forme

af
(1.1.5) a—l—'v-vxf—vm\ll-vvf:(), U(t,z) =t *p
ot ¥ = ¢(x) est un potentiel d’interaction entre les particules, et p = p(¢, )
est la densité locale de particules (I’équation est donc non-linéaire). Un cas
célebre est ’équation de Vlasov-Poisson utilisée en physique des plasmas,
pour laquelle le potentiel d’interaction est donné par les lois d’interaction
coulombienne :

62

b(z) =
V() Ameo|z|
ot e est la charge d’une particule, et ¢y est la permissivité du vide. No-
tons que les modeéles de type champ moyen sont réversibles (c’est-a-dire que
les équations restent inchangées par le changement de variable (¢, z,v) —
(—t,z,—v)).

Lorsque les interactions entre particules sont modélisées par un opérateur
de collision, I’équation cinétique prend la forme

af

(1.1.6) =, T v Vaf = C(f).

6Ces modeles sont utilisés en physique pour le transport de neutrons et le transfert
radiatif par exemple, voir [52, Chapitre IV, Section 3].
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L’opérateur de collisions C'(f) dépend de la physique de la collision et du
type d’interaction (et en premier lieu de la portée de I'interaction) entre les
particules. Ces points seront discutés dans les deux sous-sections suivantes.

C’est 'occasion ici d'introduire une classe fondamentale d’interaction qui
fournit aussi une échelle de mesure de la portée de I'interaction : nous ap-
pellerons interaction en loi de puissance inverse d’ordre s une inter-
action qui découle d’un potentiel d’interaction ¢ (x) de la forme

$la) = —

- |I|s—1

avec s € [2,40o0] (notons que s désigne traditionnellement la puissance de la
force d’interaction et non du potentiel lui-méme). Le cas s = 2 correspond
aux interactions coulombiennes, le cas s = +o00 correspond formellement aux
interactions de contact de type sphéres dures (qui correspondent a I'image
intuitive du billard). Une analyse d’échelle dans [31] montre que

e pour s > 3, le terme de collision domine le terme de champ moyen,

e pour s < 3, le terme de collision est négligeable devant le terme de
champ moyen.

Le cas limite s = 3 est appelé interaction de Manev.

Dans cette thése nous nous intéresserons uniquement aux modéles ciné-
tiques collisionnels, pour lesquels 'interaction entre les particules est mod-
élisée uniquement par un opérateur de collision. Remarquons que ce choix est
pleinement justifié pour des interactions en loi de puissance inverse d’ordre
s > 3, mais que, dans le cas s € [2,3], 'approche collisionnelle continue a
jouer un réle important puisque le terme de collision devient non négligeable
en temps grand méme lorsque le terme de champ moyen domine.

1.1.3 Physique de la collision

Nous décrivons ici les hypothéses sur les collisions qui sont & l'origine de
la dérivation heuristique de l'opérateur de Boltzmann élastique pour les gaz
raréfiés”. Nous reviendrons par la suite sur les collisions inélastiques. Pré-
cisons que le terme collision est pris dans un sens plus large que son usage
courant. Il désigne ici le processus au cours duquel des particules deviennent
trés proches de sorte que leurs trajectoires sont fortement déviées en un court
intervalle de temps.

“Plus précisément, nous considérons des gaz raréfiés contenant une seule espéce, sup-
posée monoatomique. Pour les généralisations au cas de mélanges de plusieurs espéces,
et/ou d’espéces polyatomiques, nous renvoyons a ’article de revue récent [57, Sections 16

et 17].
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(i) Nous supposons que les interactions se font uniquement de fagon bi-
naire entre les particules. Ceci suppose implicitement que nous sup-
posons le gaz suffisamment dilué pour pouvoir négliger les effets des
interactions impliquant plus de deux particules.

(ii) Nous supposons que les collisions sont localisées en espace et en temps.
Mathématiquement cela signifie que les collisions se produisent en un
point x et un instant t. Physiquement cela suppose implicitement
que la durée typique d’une collision est négligeable devant 1’échelle de
temps et que les quantitées mesurant la taille d’une collision, comme le
parameétre d’impact®, sont négligeables devant 1’échelle d’espace.

(iii) Nous supposons que les collisions sont élastiques : la quantité de
mouvement et I’énergie cinétique sont préservées lors de la collision. Si
v', vl désignent les vitesses avant la collision, et v, v, les vitesses apreés
la collision, nous obtenons les relations suivantes (rappelons que toutes
les particules sont ici supposées avoir la méme masse) :

v+ vl =v+ v,
24 0L = [off + o]

(iv) Nous supposons les collisions microréversibles, comme conséquence
du fait que les lois de la dynamique microscopique lors de la collision
sont réversibles. Cela signifie que la probabilité pour que les vitesses
(v',v]) soient transformées en (v,v,) lors d’une collison est égale a la
probabilité pour que les vitesses (v, v.) soient transformées en (v’,v?)
lors d’une collison.

(v) Enfin nous faisons I’hypothése de chaos moléculaire de Boltzmann :
juste avant les collisions, les vitesses des particules en collision ne
sont pas corrélées. Cette hypothése introduit donc "asymétrie passé-
futur dans I’équation, puisque le résultat des collisions est bien siir
d’augmenter les corrélations dans le systéme de particules au cours du
temps. Physiquement, cette hypothése est liée & la dilution du gaz,
car elle suppose que chaque particule ne subit qu’un faible nombre de
collisions.

La géométrie de la collision, imposée par les lois de conservation, est
résumée dans la figure 1.1. L’angle § qui apparait sur cette figure est appelé
angle de déviation. Le vecteur v — v, est appelé vitesse relative. Il y

8(C’est-a-dire la distance la plus petite qui serait réalisée entre les deux particules si
elles n’interagissaient pas.
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Figure 1.1: Géomeétrie de la collision binaire

a 2N degrés de liberté pour fixer les vitesses post-collisionnelles, et les lois
de conservation fixent seulement N + 1 degrés de liberté. Pour paramétrer
I’ensemble des collisions possibles il faut donc se donner N — 1 degrés de
liberté. Les paramétrisations les plus classiques sont :

1. Déterminer v’ et v’ en fonction de v, v, qui décrivent RV, et du vecteur
unitaire o = (v' —v.)/|[v' —v.| (voir la figure 1.1) qui décrit S¥=1. Nous
désignerons cette paramétrisation comme la « représentation o » de
la collision. Les formules correspondantes sont

vt |v — v,
2 2

, vt v.  |v—o
BT Ty T T

2. Déterminer v’ et v’ en fonction de v, v, qui décrivent R, et du vecteur
unitaire w = (v — v')/|v — v'| (voir la figure 1.1) qui décrit S¥~1. Nous
désignerons cette paramétrisation comme la « représentation w » de
la collision. Les formules correspondantes sont

{ vV=v+4+ ((vs—v) ww

vl =ve — ((ve —v) W) w.

3. Déterminer v, en fonction de v, v’ qui décrivent RY, et v’ qui décrit
I’hyperplan orthogonal au vecteur v—v’ et passant par v. Nous désignerons
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cette paramétrisation comme la « représentation de Carleman »°

de la collision. La formule correspondante est simplement

v, =0 + ’Ui — V.

1.1.4 L’opérateur de collision de Boltzmann

En partant des cing hypothéses ci-dessus, Boltzmann établit en 1872 (voir [36])
lopérateur de collision suivant (que nous écrivons en utilisant la représenta-
tion o des collisions)

(1L17) Qs(f. )t a,v) = / B(Jv = v.,cos0) (f'f. — £1.) dv. do

RN xSN-1

Nous avons adopté la convention de notation classique : f' := f(¢,z,v),
fl= f(t,z,v), fu := f(t,z,v.). La fonction B est le noyau de collision.
Elle est positive, et dépend uniquement du module de la vitesse relative et du
cosinus de I'angle de déviation. Elle est reliée a la section efficace de collision
Y, par la formule B = |v — v,| .

L’opérateur (1.1.7) est obtenu par un bilan d’apparition et disparition
de particules dans ’espace des vitesses sous 'effet des collisions au point x
et au temps ¢, sous les hypothéses précédentes. L’hypothése (i) se traduit
par le fait que 'opérateur est bilinéaire, I’hypothése (ii) se traduit par le fait
que l'opérateur est local en temps et en espace, I’hypothése (iii) est implicite
dans la paramétrisation de la collision, I’hypothése (iv) se traduit par la forme
particuliére du noyau de collision (qui doit étre invariant lorsqu’on intervertit
les roles joués par (v,v.) et (v',v))), enfin hypothese (v) se traduit par le
fait que la densité de probabilité jointe des deux particules qui collisionnent
est donnée par la densité du produit tensoriel des probabilités, soit le produit
des densités de probabilités, et elle est implicite dans I’écriture de 'opérateur.

Les propriétés microscopiques des collisions ont des conséquences au niveau
macroscopique sur les observables : les lois de conservation microscopiques
lors de la collision se traduisent ainsi par des lois de conservation sur les pre-
miers moments de la densité de probabilité. Les changements de variables
unitaires (v, v.,0) = (v, v, —0) et (v,v,,0) = (v, v, k) (le vecteur unitaire
k est défini par k = (v — v.)/|v — v., voir la figure 1.1) laissent invariant le
noyau de collision. Ils permettent d’obtenir formellement, pour une fonction

9Cette représentation de la collision fut introduite par Carleman dans [45], nous y
reviendrons plus en détail par la suite.
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test ¢ = @(v) :

(1.1.8) - Qs(f, f)e(v)dv =

1

— / B(|v — v.],co80) ff.(¢' + ¢L — ¢ — ¢.) dv dv. do.
2 JRNxRNxSN-1

Si 'on cherche les fonctions tests qui annulent cette quantité pour toute
distribution f, on est conduit a résoudre I’équation fonctionnelle

(1.1.9) ¥ (v,04,0) € RN x RY x SV71 0(v") 4+ p(v]) — ¢(v) — p(v,) = 0.

On vérifie immédiatement que les fonctions

e(v)=1, vy, ..., vy, |’U|2,

appelées invariants de collision, sont solutions de cette équation'®. On en

déduit que

(1.1.10) \v’c,oEVect{l,vl,...,'UN,|'U|2}, /RNQB(f,f)tp('v)dv:O.

D’autre part, en utilisant les mémes changements de variables que précédem-
ment, la formulation duale (1.1.8) de l'opérateur peut étre symétrisée en

L) [ Qulf (oo -
1

- / B(|v—v.],cos ) (f’fl—fﬂ) (go'—l—tpi—tp—c,@) dv dv, do.
4 RVXRNx§N-1

Cette formule montre formellement que

(LL12) Do(f)i=— [ Qulf.f) log s do =

1

g 1
- B(|v — v, cos 8 "~ ff)lo
4 /RNXRNxSN—l ( | )<ff ff) g

f

dvdv, do > 0.

1.1.5 L’équation de Boltzmann

Nous pouvons maintenant écrire ’équation de Boltzmann :

(1.1.13) aa_{ +o-Vof =Qs(f. f)

1%0n montre également (voir [58, p. 36-42]), sous des hypothéses trés générales, que les
invariants de collision sont les seules solutions de cette équation.
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Cette équation d’évolution doit étre complétée par la donnée d’une condition
initiale

VeeQ, veRY,  £0,z,v) = foz,v),

ainsi que la donnée de conditions au bord sur 9€2. Les exemples les plus
couramment utilisés sont :

A. Le cas de 'espace tout entier Q = R”, ot la seule « condition de bord »
est une condition d’intégrabilité & I'infini.

B. Le cas du tore Q = TV, ot la condition de bord se réduit & une condition
de périodicité.

C. Le cas d'un ouvert convexe régulier ) avec I'une des trois conditions
suivantes (ou encore un mélange de ces conditions) :

— Reéflexion spéculaire :

VieR,, z €09, veRY,
flt,z, Ryv) = f(t,z,v), Ryo=v—2(v-ng)n,

oll n, est le vecteur normal unitaire sortant de la surface 0} au
point z.

— (Condition de « bounce-back » :
VteRy, 200, veRY,  flt,z,—v)= f(t,z,v).
— Diffusion Maxwellienne :

ViteR,, 2€0Q veRY; v.n, <0,

e 2Tp

flt,z,v) = (/ f(t,:c,v)('v-nx)dv> PR =Y
{v-ny>0} (2m)z T,°

ot T, est la température de la paroi.

Le confinement dans un tore est souvent utilisé dans les études mathéma-
tiques car il permet d’avoir un domaine d’espace borné mais sans les com-
plications d’un bord (les propriétés asymptotiques, par exemple, sont tres
différentes pour un domaine borné et un domaine non borné). Néanmoins
ce modele n’est pas seulement une simplification mathématique, puisque le
cas d’une boite avec réflection spéculaire peut se réduire au cas du tore (voir
[58, Chapitre 7, Section 6]).
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En intégrant en espace I'équation des conservations locales (1.1.10), on
voit que tout ces modéles conservent formellement la masse totale :

— t,x)dx = 0.

Dans les cas de l’espace tout entier, d’un tore, ou de conditions de bord
de type « bounce-back » ou réflexion spéculaire, on obtient formellement la
conservation de I’énergie totale :

% i (p(t,x) M + Np(t,x) T(t,r)) dz = 0.

Enfin dans les cas de ’espace tout entier ou du tore, on obtient formellement
la conservation de la quantité de mouvement totale :

). p(t,x)u(t,z)dx = 0.

On déduit également formellement de la discussion précédente le célebre
Théoréme H de Boltzmann (nous nous restreignons aux cas de ’espace
tout entier, du tore, ou de conditions de bord de type « bounce-back » ou
réflection spéculaire). Introduisons ’entropie!! de la solution f :

S(f) :—/Q RNflogfd:cdv.

L’équation (1.1.12) montre formellement que

dS(f)

De plus une distribution f telle que

IDB(f)(tvfc) =0

en un point (t,z) € Ry x Q, vérifie, d’apres la positivité de 'intégrande et
la discussion sur les solutions de 1’équation (1.1.9), que log f(¢, z,-) est une
combinaison linéaire des invariants de collision. Cela implique :

ve RY o) = Mlpw.T)(0) = — P expd 10l
VUER ’ f(t,x,v)—M(p,u,T)(U)— (Zﬂ_T)N/Q exp{ oT }7

11Qui est au signe prés la « fonctionnelle H » qu’utilisait Boltzmann pour formuler son
théoréme.
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ou p(t,z), u(t,x), T(t,x) sont respectivement la densité locale, la vitesse
macroscopique locale et la température locale de f au point (t,z), définies
par les équations (1.1.1,1.1.2).

La distribution M (p, u,T') est appelée distribution Maxwellienne. On
dit alors que la fonction f est a I’équilibre thermodynamique local
au point (¢,z). Les équations hydrodynamiques sont obtenues en fermant
formellement le systéme des moments de la densité de probabilité f par une
hypothése d’équilibre thermodynamique local. Lorsque 1’on recherche les
états équilibres globaug, il faut étudier les distributions partout & 1’équilibre
thermodynamique local M (z,v) qui résolvent ’équation

VeeQ, veRY, v-V,M=0.

La résolution de cette équation dépend de la dimension du domaine, de sa
géométrie, et des conditions aux limites. Dans le cas d’un tore = TV ou
d’une boite sans axe de symétrie avec conditions de réflexion spéculaire ou
« bounce-back », la solution est donnée par une distribution Maxwellienne
M(v) indépendante de z, uniquement déterminée par sa masse totale, sa
quantité de mouvement totale et son énergie totale.

Le théoreme H est lié a l'irréversibilité de ’équation de Boltzmann : le
changement de variable (t,z,v) — (—t,2 — v) transforme 1’équation en

af

E—I_Uvrf: _QB(f7f)7

et pour cette nouvelle équation (non physique), ’entropie des solutions décroit
au cours du temps :

dS(f)
7: —/Q’Dg(f)dr SO

1.1.6 Types d’interaction et noyaux de collision

Dans 'opérateur de Boltzmann, I'information physique sur le type d’interaction
est contenue dans le noyau de collision B. Le cas le plus important!? est le
cas des sphéres dures, pour lequel en dimension N = 3,

B(|v — vi|,cos0) = K |[v —v.|, K >0.

Ce cas correspond formellement au cas s = +o0 d’une interaction en loi de
puissance inverse d’ordre s. Pour s € [2,400[, on obtient le découplage

B(|v — vi|,co80) = ®(|v — v.|) b(cos ),

12Fn effet, c’est le seul cas ol la dérivation physique du noyau de collision est entiérement
explicite, c’est le seul cas qui a été dérivé rigoureusement a partir de systémes de particules,
et enfin c’est de loin le cas physique ot la théorie mathématique est la plus avancée.
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ott ® et b sont des fonctions positives et localement intégrables sauf éventuel-
lement respectivement en 0 et en 1. Nous appellerons ® le noyau de
collision cinétique et b le noyau de collision angulaire. La dériva-

tion physique fournit les formules suivantes en dimension N = 3 (voir [52,
Chapitre 2, Section 5]) :

$—5
Bl = |+, =2,
. N—-2 - n—1—v 2
sin® ~“0b(cosf) ~ K6 , U= T
#—0 S —

Le noyau de collision angulaire b est défini implicitement. Mis & part le cas
des sphéres dures, il n’est explicité que dans un seul autre cas, celui des
interactions coulombiennes s = 2, pour lequel il est donné par la formule de

Rutherford

K
b(cos ) = ey
On parle usuellement de potentiels durs lorsque v > 0 (soit s > 5 en di-
mension N = 3), de potentiels mous lorsque v < 0 (soit s < 5 en dimension
N = 3), et de molécules Maxwelliennes lorsque B est indépendant de la
vitesse relative, i.e. v = 0 (soit s =5 en dimension N = 3).

Le seul cas physique pour lequel le noyau de collision B est localement
intégrable est le cas des sphéres dures. Dans tous les autres cas, 'intégrale
de B sur la sphére o € SV~! est infinie. Ceci a conduit Grad (voir [108])
a introduire ’hypothése simplificatrice connue aujourd’hui sous le nom de
troncature angulaire de Grad :

(1.1.14) / b(k - o) do = |SV7? / b(cos 0) sinV 20 df < +oo.
SN-1 0

Lorsque cette hypotheése est vérifiée, il est possible de décomposer 'opérateur
de collision en partie positive et partie négative Qp = Q} — Q5 de facon
évidente. Cette hypothése correspond & une troncature des interactions &
longue portée.

Du point de vue physique, les noyaux de collisions ci-dessus sont classés
selon la portée de 'interaction qu’ils modélisent. Du point de vue mathéma-
tique, il y a plusieurs phénoménes & distinguer :

e Le comportement du noyau de collision pour les grandes vitesses rela-
tives est lié a la décroissance a I’'infini de la solution f.
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e La singularité en § ~ 0 du noyau de collision est liée aux propriétés de
régularisation (en vitesse) de I'opérateur de collision.

e Enfin, le dernier point est le plus mal compris encore a I’heure actuelle :
le comportement (singulier ou non) du noyau de collision pour les
petites vitesses relatives semble avoir une influence sur les phénoménes
de régularité et de retour a 1’équilibre.

Les deux premiers points peuvent étre résumés par le paralléle suivant : dans
I’équation intégro-différentielle de Boltzmann, le noyau de collision cinétique
joue le role des coefficients dans une équation aux dérivées partielles classique,
et le noyau de collision angulaire donne 'ordre (fractionnaire) de dérivation
en vitesse. Le cas des molécules Maxwelliennes correspond dans ce paralléle
au cas d’un opérateur de dérivation en vitesse a coefficients constants'®.

1.1.7 Limite de collision rasante

Le cas des interactions coulombiennes s = 2 est un cas limite en terme
de singularité du noyau de collision, il correspond, en dimension N = 3, a
v = —3 et v = 2. Dans ce cas, il n’est plus possible de donner un sens &
I’équation de Boltzmann (voir [189, Annexe I, Appendice|). Cependant, par
une procédure asymptotique formelle, Landau'* établit en 1936 'opérateur
de Landau-Coulomb, défini par

Qelfftse.0) =V ([ A= w170 = F(V D] av.),

RN

oit A(z) = |z]2®(z)P(z), P(z) est le projecteur orthogonal sur z*, i.e.

ZiZj

(P(Z))z,] = 5i7j - |Z|2

et (en dimension N = 3) ®(|z|]) = |2|™®. On parlera plus généralement
d’opérateur de Landau (ou opérateur de Fokker-Planck-Landau) lorsque
la fonction ® est une fonction puissance plus générale. Contrairement &
I'opérateur de Boltzmann, cet opérateur peut étre défini pour les inter-
actions coulombiennes. Il est utilisé en physique des plasmas, c’est-a-dire

13Nous verrons par la suite que ce paralléle avec les équations aux dérivées partielles peut
réellement étre un support pour I'intuition. Par exemple les « lemmes de compensation »
peuvent étre comparés & des intégrations par parties et permettent de traiter la dérivation
en vitesse contenue dans 'opérateur de collision lorsque le noyau de collision n’est pas
localement intégrable (voir le chapitre 3).

MLev Davidovitch Landau (1908-1968).
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des gaz de particules partiellement ou totalement ionisées, et dans lesquels
I’interaction prépondérante est souvent 'interaction coulombienne entre les
particules chargées.

Plus généralement le phénomeéne sous-jacent a cette asymptotique formelle
est la limite de collision rasante. Celle-ci est maintenant bien comprise
suite aux travaux [13, 63, 66, 186, 5]. On appelle « collision rasante » une
collision pour laquelle ’angle de déviation # est proche de 0. Intuitivement,
plus la portée de I'interaction est grande, plus la proportion de collisions qui
sont rasantes devient importante. Si toutes les collisions deviennent rasantes
on obtient alors 'opérateur de Landau.

Mathématiquement on se donne une suite de noyaux de collision B. telle
que dans la limite ¢ — 0, la partie angulaire b. se concentre asymptoti-
quement uniquement sur les collisions rasantes de la facon suivante :

Vb >0, b(cosb) 2% 0 uniformément sur 6 € [0o, ]

pe := |SV7? / be(cos ) (1 — cos8) sin’¥ =20 db it p € (0,400).
0

Alors 'opérateur de Boltzmann associé tend vers 'opérateur de Landau, dont
la fonction ® dans la définition de A ci-dessus est donnée par le noyau de col-
lision cinétique de 'opérateur de Boltzmann. Par analogie avec l'opérateur
de Boltzmann, nous pouvons donc parler d’opérateurs de Landau avec po-
tentiels durs, mous ou molécules Maxwelliennes, selon le comportement de
®, méme si leur signification physique n’est pas aussi clairement établie que
celle de 'opérateur de Landau-Coulomb dans le cas coulombien. Dans le cas
de 'opérateur de Landau, nous appellerons noyau de collision la fonction ®.
Les propriétés de I'opérateur de Boltzmann discutées ci-dessus sont héritées
par l'opérateur de Landau. Le changement de variables unitaire (v,v.) —
(v, v) laisse le noyau de collision invariant. Il permet d’obtenir formellement,
pour une fonction test ¢(v) :

(LL15) [ Qelf.f)e(w)dv =

/RN RNf* (Vuf)T A(v — ) [(Vop), — (Vup)] do dv..

Si 'on cherche les fonctions tests qui annulent cette quantitée pour toute
distribution f, on est conduit & résoudre I’équation fonctionnelle

(1.1.16)
Y (v,v.) € RV X RN, (V,0) (v.) = (Vo) (v) colinéaire & (v — v.).
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On vérifie immédiatement que les invariants de collision
(v)=1, v oy, |v]?
¥ =45 Y1, - UN,

sont solutions de cette équation'®. On en déduit que

(1.1.17) \v’c,oEVect{l,vl,...,'UN,|'U|2}, /RNQE(f,f)tp('U)dv:O.

D’autre part, en utilisant le méme changement de variables que précédem-
ment, on obtient

(LL18) De(f)i=— [ Qe(f.f)log s dv =

! V.S _ (Vuf)*>T o (Vuf _ mf)*) oo
2 /RNXRfo* ( f f* A( *) f f* dv dv, 2 0.

La positivité de cette quantité provient du fait que la matrice A(z) est définie

positive pour tout z € RV,
Nous pouvons alors écrire I’équation de Landau :
af

(1.1.19) ap o Vel = Qelfs f).

Cette équation d’évolution doit étre complétée par la donnée d’une condition
initiale et de conditions au bord de la méme fagon que pour I’équation de
Boltzmann. L’équation des conservations locales (1.1.17) implique formel-
lement les mémes lois de conservations globales sur la distribution que dans
le cas de I’équation de Boltzmann et on déduit formellement de (1.1.18) et
de la discussion des solutions de (1.1.16) que cette équation vérifie également
le théoreme H : 'entropie S(f) de la solution f vérifie

ds
d5(f) :/Dﬁ(f)m >0,
dt Q
et une distribution f telle que

,Dﬁ(f)(tvx) =0

en un point (¢,z) € Ry x Q vérifie que log f(t,z,-) est une combinaison
linéaire des invariants de collision, ce qui implique que f(¢,z,-) est une dis-
tribution Maxwellienne, c’est-a-dire que la distribution f est a 1’équilibre

15A nouveau, sous des hypothéses trés générales, les invariants de collision sont les seules
solutions de cette équation (voir [58, p. 36-42]).
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local au point (t,z). La discussion sur la recherche d’équilibre global est
exactement similaire au cas de I’équation de Boltzmann.

L’opérateur de Landau est une simplification diffusive de l'opérateur
de Boltzmann (le terme « diffusif » se rapportant a la variable de vitesse).
La géométrie de la collision est considérablement simplifiée, puisque les cer-
cles de collision (voir la figure 1.1) sont « écrasés » sur des droites. Il est
possible d’effectuer des simplifications diffusives encore plus importantes de
I’opérateur de collision pour des interactions a longues portées, ce qui conduit
a perdre complétement trace de la géométrie des collisions tout en conservant
les lois de conservations locales et le théoreme H. L’exemple le plus célebre
est 'opérateur de Fokker-Planck, qui sort du cadre de notre étude.

1.1.8 Problémes mathématiques liés & ces modéles

La premiére étape de I’étude mathématique des propriétés de ces modeéles
consiste en ’étude du probléme de Cauchy. Malheureusement, et malgré des
progrés récents trés importants, cette étape est loin d’étre achevée. Elle dicte
les cadres pour des études plus précises des solutions. Parmi les problémes
pertinents les concernant, mentionnons par exemple 1’étude de la régularité
et des singularités (apparition ou non de régularité, géométrie de la propa-
gation des singularités, comportement au cours du temps de "amplitude des
singularités, etc.), ’étude de bornes inférieures ou supérieures sur la solution
(et leur lien éventuel avec le(s) état(s) limite(s)), I’étude du comportement en
temps grand (existence d’état(s) limite(s), convergence), I’étude de régimes
limites (régimes fluides, diffusifs, etc.), et les méthodes de calcul numérique
de ces solutions. Nous reviendrons en détail sur ces différentes questions au
cours des sections suivantes.

Pour situer le cadre de notre étude, nous donnons rapidement ici une idée
des différentes théories de Cauchy parcellaires existantes.

A. Cadre des solutions spatialement homogénes. C’est historiquement
le premier cadre de Cauchy qui a été construit pour I’équation de Boltzmann
dans les années 1930 par Carleman [44, 45|, dans le cas des sphéres dures.
Depuis, de trés nombreux travaux ont permis d’étendre ces premiers résul-
tats au cas des potentiels durs avec troncature angulaire de Grad, sous des
hypothéses physiquement acceptables sur la donnée initiale!®. Mentionnons
par exemple l'article récent de Mischler et Wennberg [144], qui démontre
I’existence et I'unicité dans 1’espace des distributions positives dont 1’énergie
cinétique est finie et ne croit pas au cours du temps.

16Nous n’essayons pas ici de retracer une bibliographie de cette question. Le lecteur
intéressé pourra se reporter A article de revue trés détaillé [191].
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Une solution spatialement homogéne est une solution f = f(¢,v) qui ne
dépend pas de la variable d’espace. .’équation de Boltzmann homogéne
devient alors

(1.1.20) aa_{ =Qs(f,f), t>0,veR"Y,

La simplification apportée par cette hypothése est considérable :

o Le terme de transport disparait, ce qui simplifie analytiquement
I’équation.

e Il n’y a plus de problémes liés au domaine spatial et aux conditions de
bord & considérer.

e Plus profondément, la réduction de taille de I’espace fonctionnel rend
la non-linéarité de 'opérateur de collision bien moins difficile & traiter :
les lois de conservation et le théoréeme H suffisent & définir correctement
lopérateur dans L' et, dans la plupart des cas, 'utilisation soigneuse
des lois de conservation permet d’obtenir des estimations de type sous-
linéaire sur celui-ci.

Ceci explique le succés qu’a connu I’étude des solutions spatialement ho-
mogénes. Néanmoins malgré ’ampleur de la simplification effectuée, plusieurs
arguments soutiennent la pertinence de cette approche :

e Tout d’abord, 'opérateur de collision étant local en la variable d’espace
et I’équation de Boltzmann étant encore trés mal comprise, il parait na-
turel d’étudier séparément le probléme des collisions comme un premier
pas pour « diviser les difficultés ».

e De plus cette séparation entre les processus de transport pur et de col-
lision pur est effectivement mise en pratique dans les schémas numérique
de type « splitting », et la compréhension de 1’équation spatialement
homogeéne est liée a la justification théorique de ces schémas.

e Par ailleurs, la propriété d’homogénéité en espace est une propriété
stable, comme le montre ’étude [11], ce qui la rend physiquement per-
tinente. Il est également naturel de s’attendre a ce que les propriétés
obtenues dans un cadre homogéne soient encore vraies pour des solu-
tions faiblement inhomogénes.

e Enfin une derniére motivation pour I’étude du cas homogeéne peut étre
la compréhension de la convergence vers ’équilibre local, comme un
premier pas vers 1’étude des limites hydrodynamiques (voir la discussion
dans l'introduction de [48]).
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Mentionnons une simplification supplémentaire courante de 1’équation :
I’hypothése des molécules pseudo-Maxwelliennes, qui consiste a sup-
poser le noyau de collision B indépendant de la vitesse relative et vérifiant
la troncature angulaire de Grad. Sous cette hypothése (non physique), une
théorie semi-explicite de 1’équation de Boltzmann spatialement homogéne
basée sur la transformation de Fourier a pu étre construite. Nous ren-
voyons le lecteur & I’article de synthése de 1'un des principaux acteurs de
cette théorie [24].

La théorie spatialement homogéne reste toutefois incompléte a 1’heure
actuelle. Principalement, I’équation pour des noyaux de collision présentant
des singularités (pour les petits angles de déviation ou les petites vitesses
relatives) est encore mal comprise. Par exemple pour les interactions & longue
portée (lorsque le noyau de collision n’est pas localement intégrable), malgré
des avancées récentes concernant le probléme d’existence dans les cas treés
singuliers (voir [107], [186]), et le probléme d’unicité dans le cas Maxwellien
(voir [180]), une question qui reste ouverte est I'unicité pour des noyaux de

collision non localement intégrables généraux!”.

B. Théorie perturbative. Le théoréme H suggere que les solutions de
I’équation de Boltzmann convergent asymptotiquement vers un équilibre
global. Il est donc naturel d’étudier les petites variations autour de cet état
stationnaire. Hilbert [116] puis Grad [108] ont posé les fondements de cette
théorie.

Si I’équilibre est une distribution Maxwellienne M, disons de masse 1,
vitesse macroscopique 0 et température 1, le cadre adéquat de linéarisation
est 1’étude des variations autour de M dans I'espace L*(M~'). Autrement
dit, si 'on note f = M(1 + h), cela revient a étudier & dans I'espace L*(M).
Dans cette espace de Hilbert, I’'opérateur de Boltzmann linéarisé s’écrit

Lsh = M~' [Qs(M, Mh) + Qs(Mh, M)]

et il est auto-adjoint négatif. Dans ce cadre perturbatif, ’étude de Cauchy
et ’étude de la convergence vers I’équilibre global M se réduisent alors & une
étude de stabilité, qui est reliée au spectre de 'opérateur

—U - V$ + LB.

Nous reviendrons en détails sur cet aspect dans la section 1.3.
Cette théorie a permis de construire les premiéres solutions réguliéres
globales de I’équation de Boltzmann (voir les travaux fondateurs de Ukai [183,

17Un travail est en cours en collaboration avec Laurent Desvillettes pour résoudre ce
probléme dans le cas des potentiels durs.
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184]), et d’étudier la vitesse de convergence vers ’équilibre global (en par-
ticulier Ukai a donné le premier résultat de convergence exponentielle vers
I’équilibre global en spatialement inhomogéne, pour un gaz de sphéres dures
dans le tore, dont la preuve reste toutefois non constructive). Ce cadre a
également permis de donner les premiéres justifications rigoureuses des lim-
ites hydrodynamiques, voir par exemple [76] ou les nombreuses références
données dans [191, Chapitre 1, Section 5.4]. Dans le cas spatialement ho-
mogéne, Arkeryd a démontré le premier résultat de convergence exponentielle
vers ’équilibre sans condition perturbative, pour un gaz de spheéres dures,
dans [10]. Son résultat s’appuie sur la théorie linéarisée de I'opérateur de
Boltzmann et des outils de compacité. Il ne requiert pas de condition de
petitesse sur la solution mais ne fournit aucune information explicite sur la
vitesse de convergence.

Cet exemple n’est pas un cas isolé : un inconvénient majeur de la théorie
linéarisée du point de vue de la pertinence physique est son caractére non
constructif. Par exemple, dans le cas spatialement homogéne, le spectre de
I'opérateur de collision n’est pas connu de maniére explicite, sauf dans le
cas des molécules Maxwelliennes. C’est un des buts de cette thése (voir
la partie II) que de donner de nouveaux outils perturbatifs constructifs ainsi
que des méthodes constructives pour relier les théories linéarisées aux théories
non-linéaires.

C. Theéorie des solutions « petites ». Des solutions réguliéres en temps
petit ont été construites pour la premiére fois par Kaniel et Shinbrot [120],
et des solutions globales « proches du vide » dans I’espace tout entier ont été
construites par Illner et Shinbrot [119]. Ce dernier résultat a été amélioré
par Goudon [105, 106] grace a des idées de monotonicité : la propagation de
bornes par en-dessus et par en-dessous par des « Maxwelliennes voyageuses ».

D. Théorie des solutions renormalisées. C’est la célébre théorie de
DiPerna et Lions, initiée par D'article fondateur [75]. Cette théorie est
actuellement, en spatialement inhomogéne, la seule théorie de solutions glo-
bales en temps sans condition de perturbation ou de petitesse. Les deux
ingrédients essentiels sont l'usage d’un procédé de renormalisation qui rend
I'opérateur de collision sous-linéaire, et 'utilisation des propriétés fines de
régularité de I’équation (celle de 'opérateur de collision en vitesse, et celles
de l'opérateur de transport en espace) pour obtenir des résultats de compa-
cité. Le centre de la théorie est un résultat de stabilité.

Cette théorie est trés robuste et a pu étre étendue a différents types
d’interaction, a des variantes de I’équation de Boltzmann, et au cas de do-
maines avec conditions de bords. Néanmoins des questions fondamentales
restent ouvertes : 'unicité et la régularité de ces solutions (en particulier la
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conservation de I’énergie totale et la non-explosion de la densité locale). Il
est possible de comparer!® le réle joué par la théorie des solutions renorma-
lisées en théorie cinétique & celui joué par la théorie des solutions de Leray
en mécanique des fluides pour 1’équation de Navier-Stokes. Plusieurs liens
profonds peuvent en effet étre mis en évidence : la propriété d’« unicité fort-
faible » (si une solution forte existe alors la solution renormalisée / de Leray
coincide avec la solution forte), la ressemblance entre I’estimation de produc-
tion d’entropie pour ’équation de Boltzmann et ’estimation de dissipation
d’énergie pour les solutions de Leray, et enfin le théoréme récent de limite
hydrodynamique des solutions renormalisées de 1’équation de Boltzmann vers
les solutions de Leray de I’équation de Navier-Stokes dans [104] (voir aussi
larticle de revue [190]).

E. Théorie monodimensionnelle. Dans certains problémes de modélisa-
tion ayant des symétries'®, il est naturel de supposer que la distribution ne
dépend que d’une seule coordonnée en espace. Dans ce cas, la non-linéarité
de 'opérateur de collision peut étre compensée en partie par les propriétés
dispersives de 'opérateur de transport et des solutions sans renormalisation
ont été construites dans [9] et [55, 53|.

Les contributions de cette thése se situent dans le cadre spatialement ho-
mogéne, a l’exception du chapitre 4, qui travaille dans un cadre spatialement
inhomogeéne, pour des solutions possédant des bornes de régularité a prior:
(ces solutions existent par exemple prés de ’équilibre ou en temps petit).

1.2 Etude de la régularité en théorie cinétique
classique

1.2.1 Vue d’ensemble et difficultés

Comme nous 'avons vu, la théorie de la régularité pour I’équation de Boltz-
mann est encore trés largement incompléte. On peut séparer les difficultés
en trois catégories :

i) 'action de 'opérateur de collision sur la variable de vitesse ;
p 5
(ii) le flot du transport libre, dont 'apparente simplicité est trompeuse ;

(iii) le mélange des deux effets précédents !

18Comme le fait Lions en parlant de sa théorie dans [130].
19Voir par exemple [56].
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Les points (i) et (ii) ont connu des avancées importantes ces deux derniéres
décennies. Pour I’étude de 'opérateur de transport et de ses propriétés en
vue de 'application a I’équation de Boltzmann, nous renvoyons par exemple
a l'article de revue récent [165]. L’étude de I'action de 'opérateur de collision
sur la variable vitesse peut étre menée en premier lieu sur I’équation spatiale-
ment homogéne. Avant de discuter plus en détail le point (i), mentionnons
que le point (iii) est encore de loin le plus mal compris. Les propriétés disper-
sives de 'opérateur de transport transférent en quelque sorte la régularité de
la variable vitesse vers la variable de position. Dans certains cas particuliers
(solutions proches du vide posées dans tout ’espace), il est possible de mon-
trer en un certain sens (voir [38]) que les singularités sont transportées le long
des caractéristiques de 'opérateur de transport tout en décroissant en ampli-
tude sous l'effet de 'opérateur de collision. Paradoxalement, le mélange des
effets de transport et de collision semble mieux compris en ce qui concerne la
théorie explicite du retour vers 1’équilibre (voir [73, 70] et en particulier la
discussion éclairante sur ’approche de 1’équilibre global par oscillation autour
de la variété d’équilibre local).

Passons au point (i). Il est nécessaire de distinguer deux types de pro-
priétés de l'opérateur de collision sur la variable vitesse : son action sur
la régularité de la distribution et son action sur sa décroissance & l'infini.
D’apreés les travaux récents, nous pouvons donner une premiére image grossiére
de son action sur la régularité de la distribution selon la portée de I'interaction
(ne figurent pas dans ce schéma les effets encore mal compris d’une singu-
larité du noyau de collision pour les petites vitesses relatives qui se produit
dans le cas des potentiels mous).

Interactions a courte portée :

Modeéles : sphéres dures, ou troncature angulaire de Grad.
Comportement hyperbolique (les singularités sont propagées).
Effets de mélange : "amplitude des singularités décroit.

e

Interactions a longue portée :

Modeéles : noyaux de collision non localement intégrables.
Comportement parabolique (régularisation instantannée).
Intermédiaire entre un laplacien fractionnaire (d’ordre relié & I'exposant de
la singularité angulaire) et un opérateur de collision.

4

Interactions & trés longue portée :

Modeéles : approximations diffusives de I'opérateur de Boltzmann
(opérateur de Landau, Fokker-Planck, etc.).
Comportement parabolique (structure de type dérive-diffusion).
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L’action de I'opérateur de collision sur la décroissance a I’infini de la distri-
bution est mesurée par I’étude de I’évolution des moments de la distribution,
définis par (nous nous restreignons au cas spatialement homogéne)

— [ skl a
RN
pour k£ > 0.

Dans le cas des potentiels durs (v > 0), I'opérateur de collision a un ef-
fet « parabolique » sur la variable fréquence associée aux vitesses : tous les
moments apparaissent instantanément et sont propagés uniformément (voir
par exemple [67, 198, 200]). Les outils principaux pour démontrer ces ré-
sultats sont I’étude des inéquations différentielles satisfaites par ces moments
et les inégalités de Povzner (voir [168]). Avec ces mémes outils il est pos-
sible également montrer la propagation de moments « exponentiels », voir
[25, 32], et également leur apparition dans certains cas (voir le chapitre 8,
Proposition 8.3).

Dans le cas des molécules Maxwelliennes (v = 0), I'opérateur de collision
a un effet « hyperbolique » sur la variable fréquence associée aux vitesses :
les moments sont « exactement propagés uniformément » et il n’y a pas d’ap-
parition. Par contre ils vérifient un systéme récursif infini et il est possible de
démontrer & partir de ce systéme qu’ils convergent asymptotiquement vers
leur valeur a I’équilibre (voir [118]).

Dans le cas des potentiels mous (v < 0), il y a a nouveau stricte propa-
gation et pas d’apparition, mais il n’existe pas de résultat de borne uniforme
sur les moments. Le meilleur résultat qui existe est un résultat de croissance
au plus polynomial, démontré dans [67] puis amélioré dans [182].

Détaillons maintenant les résultats obtenus dans cette thése.

1.2.2 Etude des collisions pour des interactions a courte
portée (Chapitre 2)
Dans le chapitre 2 on se place dans le cadre de I’équation de Boltzmann

spatialement homogéne pour des interactions & courte portée. Les hypothéses
principales faites sur le noyau de collision sont les suivantes :

(H1) Le noyau de collision adopte la forme produit
B(|v — vi],cos8) = ®(Jv — v]) b(cos ).

(H2) b > 0 n’est pas identiquement nulle et vérifie une hypothése forte de
troncature angulaire de Grad (qui implique (1.1.14))

HbHiQ(SN 1) = SN 2| / COS@ N 29([(9 < +o0.
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(H3) & > 0 vérifie ®(0) = 0, & est y-Holder sur Ry (y €]0,2[), et

®(|z|) > K |z]” pour une certaine constante K > 0.

Principalement ces hypothéses incluent le cas des noyaux de type
(1.2.21) B(|v — vi|,cos0) = |v — v.|" b(cos §)

avec v €]0, 2[ (potentiel dur) et b borné, et elles intégrent le cas physique des
spheres dures B = K |[v — v,|.

La théorie de Cauchy, dans ce cadre, est optimale (voir [144]) : dés que
la donnée initiale fy vérifie

(1.2.22) /RN fo(v) (1 + |‘U|2) dv < 400,

il existe une unique solution dans la classe des distributions positives d’énergie
cinétique décroissante au sens large, et cette solution vérifie les lois de con-
servation?®.  (’est toujours cette solution que nous considérons dans ce
chapitre. Comme rappelé précédemment il y a propagation uniforme et ap-
parition de tous les moments (avec constantes explicites). Enfin, en plus du
théoréme H qui assure une borne uniforme L log L lorsque la donnée initiale
vérifie S(fo) < 400, des bornes uniformes sur les normes L? (p > 1) qui sont
bornées initialement ont également été obtenues par Carleman [44, 45| et
Arkeryd [8] dans le cas p = +o0o, puis par Gustafsson [111, 112] dans le cas
1 < p < +oo, par une interpolation non-linéaire entre les théories L' et L*°.
Les bornes fournies par les preuves de Carleman et Arkeryd dans le cas L™
sont constructives, alors que cela ne semble pas étre le cas pour les bornes
obtenues par Gustafsson dans le cas 1 < p < +oc.

Le but de ce chapitre est de compléter ces résultats. D’une part nous
revisitons la théorie L? (1 < p < +00) pour obtenir des estimées quanti-
tatives tout en affaiblissant les hypothéses. D’autre part, nous étudions en
détail les phénomeénes de propagation de régularité et propagation de
singularités, qui sont les principales conséquences de la troncature angulaire
de Grad.

Notre étude est basée sur la propriété fondamentale de « régularité de
l'opérateur de gain », c’est-a-dire sur le fait que la partie Qf de 'opérateur
de collision a un effet régularisant. Ce phénoméne a été découvert par
Lions [130, 131], puis étudié par Wennberg [199], Bouchut et Desvillettes [37],
et Lu [134]. Il est également réminiscent des propriétés de compacité obtenues

2ONotons que sans la condition d’énergie cinétique décroissante au sens large, des solu-
tions parasites ont été construites dans [201].
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par Grad [109] sur l'opérateur de gain linéarisé*!. En partant de la méthode
de [199] nous donnons une preuve légérement généralisée et surtout avec des
constantes entiérement explicites.

Il est naturel d’étudier la régularité en vitesse dans un cadre L? (p > 1),
car les propriétés de régularité du terme de gain semblent dégénérer pour
p = 1. En I’état actuel des connaissances en effet, aucun résultat de régulari-
sation ne couvre le cas p = 1 (ce qui est cohérent avec les résultats théoriques
sur la transformée de Radon de [177]). Le meilleur résultat obtenu (voir par
exemple [130]), sous des hypothéses de troncature et régularisation du noyau

(B € CSO(R-H] - 17 1[))7 est du type

QE LY P — WIN-D(-1/p)p

pour 1 < p < 2, et, dans le cas p = 1, seulement??

Qf L' x L' — L' compact.

Cette dégénerescence de la propriété de régularité en une propriété de com-
pacité dans le cas p = 1 est suffisante pour les applications a la construction
de solutions renormalisées (voir [130, 131]), mais suggére de commencer
I’étude de régularité par la propagation de bornes LP.

Nous donnons d’abord un théoréme qui résume (parfois sans entrer dans
tous les détails techniques ou sans donner forcément les énoncés optimaux) les
propriétés de régularité de 'opérateur de gain, en incluant notre contribution.

Théoréme 1.1. Soit n € Ry. Lopérateur de gain vérifie les propriétés
suivantes :

(i) (Inégalités de type convolution) Si B vérifie les hypothéses (HI)-
(H2)-(H3) de cette sous-section, alors pour tout p € [1,+0o0] et s € N,
il existe une constante Cp, s > 0 explicite dépendant uniquement de
la dimension N, du noyau de collision B et de s telle que pour toute

fonction f e W>E N wa!

Nty

1Q8(F. llwge < Copa  lwsg, 1l

n+y

21Voir également les estimations de régularité sur I'opérateur de gain linéarisé dans le
chapitre 7 qui précisent les propriétés de compacité découvertes par Grad.

22Notons que le résultat de compacité de Qg dans L' a été amélioré dans le cas de
« Popérateur de gain itéré » QF(QL(:,-), ) dans [144, 1]. Nous nous servons ici de
cette propriété pour obtenir des résultats de décomposition en partie réguliére et partie
singuliére (voir ci-dessous) pour des données initiales seulement L3, dans le cas des sphéres
dures.
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(i)

(i)

(iv)

(v)

(Théoréme de Lions) Si B € C>*(R4,| — 1,1]), alors il existe une
constante C'g > 0 explicite dépendant uniquement de la dimension N et
du noyau de collision B telle que pour toutes fonctions f € Lvlw g€ H;

1Q5 (g, Pl ye+ev-nr2 < C llgllagll flly
QSS9 e+ ov-nr2 < Cr llgllmg 1 f 1y

Cette inégalité se traduit en une inégalité de « gain d’intégrabilité » par
injection de Sobolev et interpolation avec les inégalités de convolution
du point (i) (avec s = 0), voir le corollaire 2.2.

(Théoréme de Bouchut-Desvillettes-Lu) Si B vérifie (1.2.21) avec
be L*SN7Y), alors il existe une constante Cp > 0 explicite dépendant
uniquement de la dimension N et du noyau de collision B telle que

pour tout s > 0, et pour toutes fonctions f,qg € L717+w' NHy s

1Q5 (g, Fll ye+v-nrz < Cr (HQHH;;MHHJCHH;MH + HQHL;MHJCHL;M) -

(Inégalités de type compacité précisée) Si B vérifie les hypothéses
(H1)-(H2)-(H3) de cette sous-section et s € N, w > 0, alors il existe
des constantes Cp s, > 0 et & > 0 dépendant uniquement du noyau
de collision B, de la dimension N et de s et w, telles que pour toutes
fonctions f € Wnsq_lw_l_w NnH;,

1QE(f, Ny < Crswe™ I flaag Ny + & N g, Mz

n+y

pour tout € > 0, avec s’ = max{s — (N —1)/2,0}.
De la méme fagon, sous les mémes hypothéses sur B, on obtient en
terme d’intégrabilité, pour p €]1,4o00],

1QE(f, ey < Crpwe™ I f gl fllzy + e fllen, 11f1l:

n+y nt+y+w

pour tout € > 0, ou q €]1, p[ ne dépend que de p et de la dimension N.

(Inégalités de régularité pour des noyaux physiques) Si B véri-
fie les hypothéses (H1)-(H2)-(H3) de cette sous-section et s € N et
w > 0, alors il existe o €]0,(N —1)/2[ et Cp s > 0 dépendant unique-
ment du noyau de collision B et de w et s, telles que pour toutes fonc-
tions f € W;_’:W_Fw nH;,.,

1QE (S, Plaz+e < CBs [ g, Il

nto nhvtw
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Le point (i) est démontré par Gustafsson [111, 112]|. Nous en redonnons
une preuve qui généralise légérement le résultat et surtout qui est plus simple
grace a des outils de dualité dans le corollaire 2.1. Nous verrons également
une autre preuve au chapitre 3 qui permet (voir le chapitre 8) de généraliser
ces inégalités aux espaces de Orlicz . Le point (ii) est démontré pour la pre-
miére fois dans [130, 131], puis d’une autre maniére dans [199]. La preuve
repose sur les propriétés de régularisation des intégrales sur des surfaces mo-
biles. En partant de la preuve simplifiée de [199] basée sur la transformée de
Radon, nous avons explicité les constantes (voir le théoréme 2.2). Le point
(iii) est démontré dans [37, 134|. Les points (iv) et (v) sont démontrés dans
les théorémes 2.3, 2.4 et 2.6. Les outils utilisés sont des découpages adaptés
de Q3 combinés avec des résultats simples d’analyse harmonique.

En ce qui concerne les bornes L? et W*? nous démontrons (voir les
théorémes 2.7 et 2.8) le

Théoréme 1.2. Soit B un noyau de collision vérifiant les hypothéses (H1)-
(H2)-(H3) de cette sous-section, p €]1,400|, et fo une donnée initiale positive
dans Ly N LP. Alors la solution de l’équation de Boltzmann spatialement
homogéne associée vérifie

bl 0 _
= SO = Ko

ot 0 €0, 1] dépend uniquement de la dimension, et Cy, K_ > 0 dépendent
de B et de la masse, Uénergie cinétique et l'entropie de fo. Par conséquence
nous en déduisons la propagation uniforme de la norme LP. De plus des
estimations a priori similaires avec des poids démontrent Uapparition et la
propagation uniforme de tous les moments L? (n € Ry). Plus généralement
des estimations a priori similaires sur les dérivées de la distribution per-
mettent d’obtenir des résultats de propagation uniforme dans tous les W*?,

s € N.

Ce résultat redémontre en 'améliorant le résultat non constructif de pro-
pagation uniforme des bornes L? de Gustafsson [111, 112] et le généralise a
tous les espaces de Sobolev. L’idée principale de la preuve est la combinaison
des estimations de type compacité précisée en terme d’intégrabilité sur Qf
avec des bornes par en-dessous sur le terme de perte ()5, et 'utilisation des
résultats sur la propagation uniforme des moments L'.

Sur la base de cette étude de propagation de régularité, nous démontrons
un résultat nouveau sur la décroissance de I'amplitude des singularités. Ce
résultat était conjecturé par les physiciens (voir [56]). Remarquons qu’il est



Chapitre 1. Introduction 40

facile de se convaincre & partir de la représentation de Duhamel

t
o) = fo(w)e B4 [ Q3. o) e 0
0 .
— f‘slng_l_f'reg7

ott Lf =|b][z1gv-1y(® * f), que les singularités sont effectivement propagées
et que la distribution n’est jamais plus réguliére que la donnée initiale. Néan-
moins nous montrons (voir les théorémes 2.10 et 2.13) le

Théoréme 1.3. Soit B un noyau de collision vérifiant les hypothéses (H1)-
(H2)-(H3) de cette sous-section et fo une donnée initiale positive dans
LN L% Alors la solution f de l’équation de Boltzmann spatialement ho-
mogéne associée vérifie, pour s > 0, ¢ > 0 arbitrairement grands, et 7 > 0 ar-
bitrairement petit, que pour tout t > T, [ se décompose en
=15+ f8 («8» désigne « smooth » et « R » désigne « remainder »),
avec f° positive el

0P |77 gy < Hoo

Vi, VE>0,3A= k) >0; |[fF],, =0 ().

Toutes les constantes sont explicites en fonction de la masse, 'énergie ciné-
tique et la norme L* de fy, ainsi que 7. Dans le cas particulier des sphéres
dures, Uhypothese sur la donnée initiale peut étre relaxée a 0 < fo € L}, et le
méme résultat est vrai, avec des constantes explicites dépendant uniquement
de la masse, l'énergie cinétique de fq, et T.

L’idée de la preuve est de combiner :
a. les résultats de propagation uniforme de régularité précédents ;

b. un résultat de stabilité dans L' (qui énonce que les flots partant de deux
données initiales différentes s’éloignent au plus de maniére exponentielle) ;

c. l'utilisation itérée du découpage fourni par la représentation de Duhamel
en une partie « singuliére » "8 dont la régularité est la méme que la donnée
initiale mais qui décroit exponentiellement dans L', et une partie « réguliére »
T8, qui est plus réguliére que la donnée initiale grace aux propriétés de régu-
larité de Q3.

Il faut alors prendre la partie réguliére de la représentation de Duhamel
comme donnée initiale et commencer un nouveau flot, et ceci a des temps
bien choisis (voir la figure 2.1). Cette méthode est réminiscente de la décom-
position en sommes de Wild dans le cas Maxwellien. Elle se rapproche d’un
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équivalent non-linéaire de cette décomposition pour les potentiels durs avec
troncature angulaire.

Mentionnons que les outils développés dans les théorémes 1.1, 1.2 et 1.3
se généralisent en partie a ’équation de Boltzmann pour les gaz granulaires,
voir le chapitre 9.

Le résultat de décroissance exponentielle des singularités au cours du
temps du théoréme 1.3 permet ensuite d’appliquer a des solutions non régu-
liéres des résultats sur la convergence asymptotique vers I’équilibre démontrés
dans le cas régulier. En fait il permet en principe d’étendre & des solutions
non réguliéres tout résultat sur le comportement asymptotique vrai pour des
solutions réguliéres et & un terme exponentiellement décroissant prés. Ainsi
nous démontrons (voir les théorémes 2.12 et 2.13) le

Théoréme 1.4. Soit B un noyau de collision vérifiant les hypothéses (H1)-
(H2)-(H3) de cette sous-section et fo une donnée initiale positive dans L3NL2,
associée a 'équilibre Mazwellien noté M. Alors la solution f de ’équation
de Boltzmann spatialement homogéne associé vérifie

1o = M| = O@™),
ce qui signifie : pour tout n > 0, il existe une constante C, > 0 telle que
f = Ml < ot

Toutes les constantes sont explicites en fonction de la masse, ’'énergie ciné-
tique et la norme L* de fo. Dans le cas particulier des sphéres dures, [’hypo-
these sur la donnée initiale peut étre relaxée a 0 < fo € L}, et le méme
résultat est vrai, avec des constantes explicites dépendant uniquement de la
masse et [’énergie cinétique de fg.

Le résultat de convergence en O(¢t™") pour tout n > 0 avait été démontré
dans [192] sous des hypothéses de régularité trés fortes sur la solution (es-
(n)

sentiellement Hqs(n) avec s(n) et ¢(n) tendant vers +oo lorsque n tend vers

+00). Nous appliquons ici ce résultat a la partie réguliére de la décomposition
ci-dessus, ce qui permet de supprimer toute hypothése de régularité.

1.2.3 Etude des collisions pour des interactions & longue
portée (Chapitre 3)
Dans le chapitre 3, on se place dans le cadre de I’équation de Boltzmann spa-

tialement homogéne pour des interactions a longue portée. Plus précisément
on suppose :
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(H1) Le noyau de collision adopte la forme produit
B(|v — vi|,co80) = |v — v.|" b(cos 0)
avec v € [0,1].
(H2) b > 0 n’est pas identiquement nulle et

be Lig.([-1,1]),

loc

sin™ "2 0b(cos ) ~ KO,
6—0

avec v €] — 00, 2[.

e cadre inclut le cas des lois d’interaction en puissance inverse pour les
C d lut 1 des 1 d’int t p p |
potentiels durs (avec ou sans troncature angulaire).

Sous ces hypothéses la théorie de Cauchy est encore incompléte. Lorsque
le noyau de collision est localement intégrable (v < 0), I’existence et I'unicité
sont démontrées dans la classe des distributions positives de masse et énergie
cinétique finie, qui ne font pas croitre I’énergie cinétique au cours du temps
(voir [6, 144]). Lorsque le noyau de collision n’est pas localement intégrable,
le premier résultat d’existence est celui d’Arkeryd [7] en dimension N = 3
lorsque v > —1 et v < 1. Cette restriction a été levée dans les travaux [107]
et [186] (voir également la remarque dans [3, Section 7]). Nos hypothéses sur
le noyau de collision sont incluses dans celles de [186] par exemple. L’unicité
reste une question ouverte pour les noyaux de collision non localement inté-
grables, sauf dans le cas particulier des molécules Maxwelliennes (voir [180]).
Nous considérerons ici les solutions construites dans [186].

Dans ce chapitre nous étendons la théorie des bornes LP aux noyaux
non localement intégrables, en prouvant de nouvelles estimées a prior: sur
I'opérateur de collision par des méthodes élémentaires.

Nous démontrons (voir le théoréme 3.1) le

Théoréme 1.5. Soit B un noyau de collision vérifiant les hypothéses (H1)-
(H2) de cette sous-section, p €]1,+o0] et g € R tel que

(i) g € Ry st v <0 (noyau intégrable),
(1)) pg > 2 siv e 0,1],

(tii) pg >4 siv e [l,2]
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et fo une donnée initiale positive dans Lrlnax(p 2)qt2 ) Lr. Alors

A. il existe une solution (faible) de Iéquation de Boltzmann spatialement
homogeéne associée, dans L*([0, +00); LE(RN)) (la borne est explicite) ;

B. de plus st v > 0, cette solution peut étre construite dans
L((7,+00); LP(RY)) pour tout 7 > 0 et r > q (avec des bornes ex-
plicites qui explosent de maniére au pire polynomiale en 7~ 0).

Mentionnons que pour les noyaux de collision non localement intégrables,
ce théoréme peut certainement étre amélioré. En effet, dans ce cas le com-
portement parabolique de 'opérateur permet une apparition de régularité et
donc, par injection de Sobolev, une apparition de bornes L?. Dans le cas de
lopérateur de Landau, ceci a été effectivement démontré (voir [71]). Dans
le cas de 'opérateur de Boltzmann ceci a été démontré sous une hypotheése
non physique de potentiels durs « régularisés », voir [74]. Des travaux sont
en cours, en collaboration avec Laurent Desvillettes, dans cette direction.

La méthode de preuve est basée sur trois ingrédients principaux :

a. L’utilisation de l'inégalité de Young, avec un paramétre libre que nous
ajustons en fonction de I’angle de déviation 6 de la collision.

b. Le changement de variable pré-postcollisionnel unitaire (v, v., o) — (v, vL,
et le changement de variable

/ B(|Jv — v|,cos 0) F(v') dv do
RNV xSN-1

1 v — v,
- B 0\ F(v)dvdo.
/MSN_l cosN(0/2) (COS(@/Z)’COS ) (v) dvdo

associé aux « lemmes de compensation » (voir [3, Section 3, preuve du
Lemme 1]).

c. Un découpage de 'opérateur de collision en une partie avec troncature an-
gulaire et une partie sans troncature, et ['utilisation pour la partie tronquée
des estimées du chapitre 2.

Les points a et b permettent de prouver des estimations a priori du type
(voir le corollaire 3.1)

P+

[ Qslg, D) P70 (@) do < Cova®) gy, 10

avec

O, N (b) = cst (p, N, ) ( /S b(cos0) (1 = cos ) da> ,
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et ol cst (p, N,~) est une constante explicite dépendant de p, N et v. Com-
binées avec les estimations du chapitre 2, elles constituent le coeur de la
preuve.

La restriction imposée & l'exposant de poids ¢ dans le théoréeme 1.5
n’est pas simplement technique dans notre preuve. En effet comme sug-
géré dans [3], 'opérateur de collision sans troncature angulaire se comporte
comme un Laplacien fractionnaire d’ordre v/2, et nous utilisons en fait les
deux changements de variable du point b de la méme facon que des intégra-
tions par partie, pour reporter la dérivation contenue dans l'opérateur sur le
poids. Ceci explique que la condition sur le poids dépende de 'ordre v de la
singularité angulaire. De plus, cette stratégie de preuve montre 1’utilité pour
I’intuition du paralléle avec les équations aux dérivées partielles.

1.2.4 Etude de ’effet combiné transport + collisions sur
la positivité (Chapitre 4)

Dans le chapitre 4, on se place dans le cadre de I’équation de Boltzmann
posée dans le tore (2 = T?). Les hypothéses mises sur le noyau de collision
sont les suivantes :

(H1) B adopte la forme produit

B(|v — vi],cos0) = ®(|v — v.]) b(cos ).

(H2) La partie cinétique ® vérifie soit
VzeR, co 2" <O(2) < Cg [2]
soit (noyau lissé pour les petites vitesses relatives)

VI 21, co|z|" < @(2) < Co [2]
Viz| <1, cs SP(2) < Cs
pour des constantes cg,Ce > 0 et v €] — N, 1].
(H3) La partie angulaire b est une fonction continue sur 8 €]0, 7], strictement

positive sur 0 €]0, 7[, et telle que

b(cos f) sinV7280 o by 71V

8—0

pour une constante by > 0 et v €] — o0, 2[.
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Ce cadre couvrent tous les noyaux de collisions classiques, en particulier les
noyaux de collision associés a des lois d’interaction en puissance inverse (avec
ou sans troncature angulaire) et le cas des sphéres dures.

Les travaux pour quantifier la stricte positivité de la distribution de par-
ticules débutent avec le papier fondateur de Carleman [44]. Ce dernier dé-
montre, pour les sphéres dures en dimension N = 3, que les solutions spa-
tialement homogénes et radialement symétriques en v qu’il construit dans
LE(RY) (les premiéres solutions mathématiques de 1’équation de Boltzmann)
vérifient une borne inférieure du type

Vi>to>0, VoeR?  f(t,v)> Cpe 2

pour tout tg > 0 et ¢ > 0. Les constantes C,C; > 0 sont uniformes lorsque
t — +oo, et dépendent de g, ¢ et d’estimées sur la solution. Ce résultat ne
fut pas amélioré jusqu’au papier de Pulvirenti et Wennberg [169]. Dans
ce dernier les auteurs prouvent, pour les potentiels durs avec troncature
angulaire en dimension N = 3, que les solutions spatialement homogénes
construites dans LY(RY) N Llog L(RY) (voir [6, 144]) vérifient une borne
inférieure de la forme

Vt>ty >0, Vv e ]RS, f(t,v) > Cy e~ C2 |v|2’

pour tout g > 0. A nouveau C1,Cy > 0 sont uniforme lorsque t — 400 et
dépendent de tg et d’estimées sur la solution.

Ces deux résultats reposent sur une propriété fondamentale d’étalement
de Vopérateur de gain, couplée (dans le cas de [169]) a des estimées de
non-concentration sur I'opérateur de gain itéré. Cette propriété d’étalement
peut étre rapprochée des propriétés de mélanges associées a la régularité de
Popérateur de gain (voir le chapitre 2). Ces outils sont le point de départ de
notre étude. Mentionnons également que 1’étude de borne inférieure pour les
équations cinétiques a également été abordée par des méthodes probabilistes
(voir [92, 94, 93]), ou par des méthodes de type principe du maximum
(voir [T1, 99]), toujours dans le cas des solutions spatialement homogénes.

Les contributions de ce chapitre sont :
(i) une méthode pour généraliser ces estimations aux solutions dépendant

de la variable d’espace ;

(ii) une méthode de découpage de l'opérateur de collision pour généraliser
ces estimations aux noyaux de collision non localement intégrables ;

(iii) 'implémentation de ces preuves pour tous les types d’interaction, y
compris pour les noyaux de collision admettant une singularité pour
les petites vitesses relatives (comme dans le cas des potentiels mous) ;



Chapitre 1. Introduction 46

(iv) une discussion détaillée de la connexion entre ces estimations a priori
et les théories de Cauchy parcellaires existantes.

Nous adoptons en effet ici un point de vue a priori, qui permet de traiter la
question de la borne inférieure indépendamment de celle de ’obtention des
bornes de régularité nécessaires sur la solution, que nous n’aborderons pas.
Ce point de vue doit étre compris comme une approche unifiée des différentes
théories de Cauchy, en méme temps qu'une fagon d’obtenir des résultats a
priori lorsqu’aucune théorie de Cauchy n’existe, ou bien lorsque les solutions
construites sont trop faibles.

L’étude de bornes inférieures sur la distribution est motivée d’abord,
bien siir, par la compréhension qualitative de 1’équation, mais aussi par
I’émergence récente d’outils d’étude de la convergence vers 1’équilibre basés
sur des estimations de production d’entropie, qui requiérent de maniére
générale ce type de borne (voir par exemple [181, 182, 72, 192, 73, 70]).

Nous introduisons maintenant les observables dont nous aurons besoin sur
la solution. Considérons une fonction f = f(¢,z,v) > 0 sur [0,7) x Q x R,
Nous définissons sa densité locale

pr(ta)i= [ f(t.z,v)dv,

RN

son énergie locale (i.e. le moment local d’ordre 2)

cstti)i= [ fltia,o) ol o

son moment local d’ordre ¥

Giti)i= [ fltao) ol do

(ot 4 est la partie positive de (2 + v)), son entropie locale

hyta)i=— [ f(t,a,v) log f(t,2,0)dv,

RN

sa norme L” locale (p € [1,+o0])

l?‘(tVT) = Hf(tvmv ')”LP(Rfy)a

et sa norme W?%* locale

wf(t, $) = Hf(t, x, ‘)HH/Q,OO(R%V).
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Nous définissons alors les bornes uniformes suivantes sur ces observables :

0f = inf t,x), E; .= sup er(t,x)+ pe(t,z)),
f (W)E[QT)XQM( ) 1 (m)e[O’T)XQ( f(tx) + ps(t, )
E} = sup elf(tvm)a Hf = sup |hf(t7:c)|7

(t,2)€[0,T) x (t,2)€[0,T) x
L= sup  l4(t,2), W;:=  sup  wy(t, ).

(1,2)€[0,T)x (t,2)€[0,T) xQ

Les hypothéses sur la solution sont :

(H4) Si v < 0, et ® lissée ou v > 0 (sphéres dures, potentiels durs ou
molécules Maxwelliennes avec troncature angulaire, potentiels mous
lissés avec troncature angulaire), nous supposons que

o >0, Ef<4oo, H;<+oo.

(H5) Si v € (=N,0) avec ® non lissé (singularité de @ pour les petites
vitesses relatives), nous supposons de plus

L]jﬂ < 400

N

avec p > Nio

(H6) Si v € 0,2) (singularité de b), nous supposons de plus

Wy < +oo, B} < 4o

Dans I’énoncé qui suit, une solution généralisée renvoie a la définition 4.1
du chapitre 4 lorsque le noyau de collision est localement intégrable et a la
définition 4.2 du chapitre 4 lorsque le noyau de collision n’est pas localement
intégrable. Nous démontrons (voir les théorémes 4.1 et 4.2) le

Théoréme 1.6. Soit B un noyau de collision vérifiant les hypothéses (H1)-
(H2)-(H3) de cette sous-section, et f = f(t,x,v) une solution généralisée de
Uéquation de Boltzmann sur [0, T[, T €]0,+0o0], qui vérifie Uhypothése (Hf)
de cette sous-section et telle que

(1) si ® n'est pas lissée et v < 0, alors f vérifie également Uhypothése (H5)
de cette sous-section.

(ii) siv € [0,2[, alors f vérifie également Uhypothése (H6) de celte sous-
section.
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Alors

A. Siv <0, pour tout T €]0,T] il existe des constantes p > 0 et § > 0
dépendant de T, o5, Ey, Hy (et L?ﬂ st ® n’est pas lissée et v < 0),
telles que pour tout t € [1,T] la solution f est bornée ponctuellement
par en-dessous par la distribution Mazwellienne uniforme de densité p
et température 0, i.ec.

Vit [r,T], pour presque tout (z,v) € Q x RY,

w2

e 20

ft,z,0) > Pm

B. Siv €[0,2], pour tout T €]0,T] et pour tout exposant K tel que

log (2 + 2
K>2 2T (2+3%)
log 2
il existe des constantes Cy > 0 et Cy > 0 dépendant de 7, K, o5, Fy,
B, Hp, Wy (et L?ﬂ st ® nest pas lissée et v < 0), telles que

Vi [r,T), pour presque tout (x,v) € Q x RY,
flt,z,v) > C4 e=C2 W™

De plus dans le cas v = 0, il est possible de prendre K = 2 (borne
inférieure Mazwellienne).

Notons que cette propriété d’« apparition immeédiate » de borne inférieure
strictement positive peut surprendre a premiére vue si 'on a l'image d’un
processus de collision entre un nombre fini de particules. En effet, méme
si la distribution initiale de particules est a support compact en vitesse, les
particules « remplissent » immédiatement tout I'espace RY des vitesses. En
fait c’est une conséquence du fait que I’équation de Boltzmann est un modéle
mathématique idéalisé qui correspond & une limite d’un systéme de particules
lorsque leur nombre tend vers 'infini.

Les ingrédients de la preuve sont les suivants :

a. Une représentation de la solution par une formule de Duhamel écrite le
long des caractéristiques.

b. Une propriété de non-concentration sur 'opérateur de gain itéré qui per-
met d’obtenir ’apparition de « plateaux de minoration » en vitesse le long
des caractéristiques.
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c. Une propriété d’étalement de 'opérateur de gain qui permet par itération
infinie d’obtenir des bornes exponentiellement décroissantes sur tout ’espace
des vitesses le long des caractéristiques.

d. Dans le cas de noyaux non localement intégrables pour lesquels le dé-

coupage de 'opérateur de collision en partie gain et partie perte n’a plus

de sens, nous découpons l'opérateur en une partie avec troncature angulaire

qui vérifie les propriétés b. et c. ci-dessus uniformément en le parameétre de

troncature, et une partie sans troncature angulaire mais qui peut étre rendue
bl

petite dans L™ grace aux estimations de régularité sur la solution.

Les points b et ¢ étaient déja présents dans les travaux [169] dans le cas
spatialement homogéne. Nous redétaillons néanmoins ces estimations pour
expliciter les constantes et montrer qu’elles peuvent étre rendues indépen-
dantes de la caractéristique que ’'on regarde (voir les lemmes 4.2 et 4.3 du
chapitre 4).

Les applications possibles de ce théoréme a priori sont les suivantes :

Ce théoréeme couvre le cas des solutions spatialement homogénes. 1l con-
tient les résultats précédents [44, 169]. Il s’applique également (théoréme
4.3) aux solutions spatialement homogénes dans le cas de potentiels mous
lissés avec troncature angulaire (traités par exemple par la théorie de [6]) ou
encore (théoréme 4.4) aux solutions construites dans [74]| pour des potentiels
durs lissés sans troncature angulaire. Ce sont les premiers résultats de borne
inférieure exponentielle pour des solutions de I’équation de Boltzmann sans
troncature angulaire.

Dans le cas non spatialement homogéne, ce théoréme s’applique aux solu-
tions réguliéres construites dans un cadre perturbatif, par exemple dans [183]
pour les sphéres dures, ou plus récemment dans [110] pour les potentiels
mous avec troncature angulaire (voir le théoréme 4.5). Plus généralement il
peut étre vu comme un résultat a priori sur les solutions renormalisées. Par
exemple, dans le cas d’un gaz de sphéres dures dans le tore, sa contraposée
énonce que si la distribution f s’annule en un point (z,v) de l'espace des
phases (au sens d’une borne inférieure essentielle), alors nécessairement soit
la densité locale ps doit s’annuler en un point « du tore (au sens d’une borne
inférieure essentielle), soit I’énergie locale e; ou I’entropie locale h; doivent
diverger en un point = du tore (au sens d’une borne supérieure essentielle).

Un travail est en cours pour généraliser le théoréeme 1.6 au cas d’un ou-
vert () convexe, borné et régulier avec condition de réflection spéculaire ou
condition de « bounce-back » au bord.
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1.3 Quantification du retour a 1’équilibre ther-
modynamique

1.3.1 Historique et difficultés du probléme

Ce probléeme est intimement lié & la théorie de Boltzmann puisqu’une des mo-
tivations de Boltzmann était de construire un modéle mathématique rigoureux
pour les phénomeénes de production d’entropie associés a l'irréversibilité en
thermodynamique. En pratique le théoréme H est le point de départ de
I’étude analytique des phénoménes de production d’entropie en théorie ciné-
tique. La motivation de cette étude est fondamentale : d’une part fournir une
base mathématique claire au second principe de la thermodynamique pour un
modéle de mécanique statistique hors équilibre thermodynamique trés large-
ment validé par ’expérience ; d’autre part valider le modéle de Boltzmann
pour 1’étude de la convergence vers 1’équilibre en prouvant qu’il converge
effectivement vers 1’équilibre thermodynamique en un temps physiquement
raisonnable.

Le théoréme H dans sa forme initiale comprend deux parties : la décrois-
sance de la fonctionnelle H (i.e. 'opposé de I’entropie physique) et le fait que
les seuls extrema de cette fonctionnelle sont les distibutions Maxwelliennes
(ce dernier point est aussi connu sous le nom de « lemme de Gibbs »). Depuis
les années 1930 et les travaux de Carleman, nous savons construire des solu-
tions mathématiques rigoureuses de ’équation de Boltzmann, au moins dans
certains cas particuliers. Le probléme du retour a 1’équilibre consiste a
montrer que la solution converge (en un sens & préciser) asymptotiquement
vers ’équilibre thermodynamique qui lui est associé (nous ne considérerons
que des cas ou cet équilibre existe et est unique). Le probléme du retour a
I’équilibre quantifié consiste & prouver la convergence tout en quantifiant
la vitesse de convergence.

Des résultats de convergence vers 1’équilibre obtenus par des méthodes de
compacité non constructives sont apparus bien avant les premiers résultats
quantifiés. Quel est alors l'intérét de préciser la vitesse de convergence 7
Prouver la convergence vers 1’équilibre thermodynamique est une avancée
considérable, mais ne peut étre considérée comme satisfaisant tant que les
résultats restent basés sur des arguments non constructifs. Comme le sug-
gérait implicitement Boltzmann dans ses arguments contre les critiques de sa
théorie basées sur le théoréme de récurrence de Poincaré, I’équation de Boltz-
mann n’est plus valide pour les trés grands temps. En effet, I’hypothése de
non-corrélation des particules avant collision n’est vraie que lorsque chaque
particules ne collisionnent que O(1) fois par unité de temps (hypothése de
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chaos moléculaire, obtenu pour des régime de gaz dilués). On peut donc
s’attendre a ce que le temps de validité de 1’équation de Boltzmann soit de
lordre de O(n) unité de temps, ou n est le nombre de particules. C’est
le temps au bout duquel chaque particule a collisionné avec une fraction
non négligeable des autres particules et les effets de corrélation ne peu-
vent plus étre négligés (voir également la discussion dans [191, Chapitre 1,
Section 2.5]). Ceci donne un temps de validité fini, de I'ordre du nombre
d’Avogadro, c’est-a-dire 10**. 1l est donc crucial d’obtenir des informations
quantitatives sur le taux de convergence, pour pouvoir comparer 1’échelle
du temps de convergence & ’échelle du temps de validité. Ajoutons que les
arguments constructifs donnent une meilleure compréhension qualitative du
modele, et permettent par exemple de mieux comprendre la dépendance du
taux de convergence par rapport aux paramétres du modéle.

On peut résumer les principales étapes de I’histoire de I’étude de la conver-
gence vers ’équilibre ainsi (nous n’essayons pas de dresser une bibliographie
exhaustive) :

Les premiers résultats sont des convergences fortes ou faibles dans L',
dans le cadre spatialement homogéne, obtenus par des arguments de com-
pacité, voir par exemple Carleman [44] (ou plus tard Arkeryd [6]).

Dans les années 1950, Ikenbery et Truesdell [118] démontrent, dans le
cadre spatialement homogeéne et pour les molécules Maxwelliennes, la relax-
ation exponentielle de tous les moments qui existent initialement vers leur
valeur & I’équilibre, en explicitant le taux de convergence.

Dans les années 1960, Grad [109] démontre I’existence d’un trou spectral
(en vitesse) pour 'opérateur de collision linéarisé pour les potentiels durs ou
Maxwelliens (et les sphéres dures). Ce résultat est non constructif, car il
est basé sur le théoréme de Weyl sur les perturbations compactes du spectre
essentiel, mais suscite énormément de travaux. En particulier il ouvre la
voie a la construction de solutions perturbatives en inhomogéne, et, pour
ces solutions, a I’étude de la convergence vers I’équilibre (voir par exemple
[183, 184]) ou a I’étude de la limite hydrodynamique (voir par exemple [76]).
Il permet d’obtenir les premiers résultats de convergence exponentielle vers
I’équilibre, méme si le taux reste non constructif. Il est important de noter
que le cadre fonctionnel dans lequel est étudié 'opérateur de collision est
f e L* (M) ou M est la distribution Maxwellienne & 1’équilibre, cadre qui
est bien plus petit que I'espace physique L', et pour lequel il n’existe aucun ré-
sultat de Cauchy, méme en spatialement homogéne avec molécules Maxwelli-
ennes et troncature angulaire. Une théorie linéarisée non-constructive simi-
laire a également été construite par la suite pour les potentiels mous, voir
[41, 42, 103].
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Dans le méme cadre fonctionnel f € L*(M~') et dans le cas parti-
culier des molécules Maxwelliennes, les travaux de Wang-Chang et Uhlen-
beck [194] et Bobylev [24] permettent d’obtenir une diagonalisation explicite
de 'opérateur de collision linéarisé en exploitant ses propriétés de symétrie
et la transformation de Fourier. Ceci permet de préciser la valeur du trou
spectral de l'opérateur linéarisé en spatialement homogéne pour les molécules
Maxwelliennes.

A la fin des années 1980, en se basant sur les résultats de Grad et des
arguments de compacité, Arkeryd [10] démontre, dans le cadre des solutions
spatialement homogénes avec potentiels durs et troncature angulaire, le pre-
mier résultat de convergence exponentielle vers 1’équilibre (dans L') sans
hypothése perturbative sur la solution. Ce résultat reste cependant forte-
ment non constructif. Il est étendu au cas des espaces L? (1 < p < +00) par
Wennberg (196, 197|.

Au début des années 1990 émerge une nouvelle approche basée sur la
quantification du théoréme H avec les travaux fondateurs [46, 47| puis les
travaux [181, 182, 192, 150]. Plus précisément 'idée est d’obtenir une
inégalité du type

)

ou H(fIM) = S(M) — S(f) et © est une fonction strictement positive sur
R,. La conjecture de Cercignani est I'inégalité suivante :

(1.3.23)

ey Yy

d

pour une certaine constante K; qui dépend d’estimations de régularité et
décroissance sur f (conjecture sous forme faible) ou indépendante de f (con-
jecture sous forme forte). Cette inégalité fournirait en fait immédiatement
la convergence exponentielle avec taux donné par Ky, mais il a été démon-
tré ([28]) que cette conjecture était fausse (dans ses formes fortes et faibles)
méme pour des fonctions infiniment réguliéres et vérifiant une décroissance
polynomiale arbitrairement grande. Néanmoins la conjecture de Cercignani
est « presque vraie » (voir [192, 150]) : pour tout ¢ > 0, sous certaines
hypothéses de régularité et décroissance polynomiale sur la solution, on a

D(f) = K7 H(fIM)",

ce qui permet d’obtenir une convergence « presque exponentielle », soit en
1

O(t~%) pour tout ¢ > 0. Pour une vue d’ensemble de cette approche, nous

renvoyons aux articles de revue récents [185, 12|.



Chapitre 1. Introduction 53

Finalement, dans le cas des molécules Maxwelliennes en spatialement
homogene, des outils spécifiques au cas Maxwellien (essentiellement la con-
vergence des moments ainsi que des métriques adaptées basées sur la trans-
formation de Fourier) ont permis d’obtenir des résultats de convergence avec
taux explicites et optimaux (voir [48, 49]).

Mentionnons que dans le cas des solutions renormalisées de DiPerna et
Lions, les seuls résultats existants sont des convergences faibles de la dis-
tribution pour des suites de temps tendant vers 'infini, voir par exemple
[130, 131].

Il est possible de se représenter la théorie par théoréeme H quantifié comme
une théorie de « trou spectral non-linéaire ». Elle est bien plus puissante que
la théorie linéarisée puisqu’elle ne nécessite pas d’hypothése perturbative sur
les solutions du probléme non-linéaire et travaille directement dans ’espace
physique L!. Néanmoins elle semble impuissante & fournir directement la
convergence exponentielle dans L', alors que, pour les potentiels durs avec
troncature angulaire par exemple, elle est attendue au vu des résultats non
constructifs de [10]. De plus, le trou spectral existe dans ce cas alors que la
conjecture de Cercignani n’est pas vérifiée. Cette considération est le point de
départ de cette partie : le but est de fournir d’une part des résultats de trou
spectraux constructifs dans 1’espace linéarisé L?*(M™'), et d’autre part de
fournir des outils constructifs pour relier la théorie linéarisée dans L*(M™1)
a la théorie non-linéaire dans L', pour obtenir la convergence exponentielle
explicite. Le but final est le théoréme 7.1 du chapitre 7 qui répond a la
question dans le cas spatialement homogéne.

1.3.2 La théorie linéarisée

On désigne par M = M (v) la distribution Maxwellienne a I’équilibre autour
de laquelle on effectue la linéarisation. Soit m = m(v) une fonction stricte-
ment positive mesurable, on définit la linéarisation £,, associée au poids m
par la formule

'Cm(g) =m™! [QB(mgv M) + QB(M> mg)] :

Dans le cas particulier m = M, on parle simplement de 'opérateur de
Boltzmann linéarisé, défini par

Ls(h) = M~ [Qs(Mh, M) + Qs(M, Mh)]

= / B(|v — v.|,cos ) M(v.) [h, + k' — h. — h] dv. do.
RNxSN-1

L’opérateur L,,(g) correspond a la linéarisation autour de M avec une per-
turbation ¢ du type f = M + mg. Parmi tous les choix possibles pour m,
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le cas m = M est particulier puisque Lg est alors auto-adjoint sur ’espace
L*(M). C’est pourquoi c’est souvent le seul considéré.

De la méme facon, on définit 'opérateur de Landau linéarisé (nous
ne I'utiliserons qu’avec le poids classique m = M)

Leh(v) = M(v)™' 'V, - < / A(v —v) [(Vh) — (VR).] MM. dv*> ,

«ERY
qui est auto-adjoint sur L*(M).

Pour un opérateur linéaire 7' : B — B sur un espace de Banach B, défini
sur le domaine dense Dom(7') C B, on rappelle les définitions et notations
suivantes :

e N(T) C B désigne le noyau de T';

e l’ensemble résolvant de 7" désigne I’ensemble des nombres complexes
¢ tels que T — € est bijectif de Dom(T") sur B, d’inverse borné ;

e X(7T') C C désigne le spectre de 7', c’est-a-dire I’ensemble complémen-
taire de I’ensemble résolvant dans C ;

o X, (7) C X(T) désigne le spectre discret de 7', c’est-a-dire ’ensemble
des valeurs propres isolées au sein du spectre et de multiplicité finie ;

o X (T) C X(T) deésigne le spectre essentiel de 7', c’est-a-dire le com-
plémentaire du spectre discret dans le spectre (X.(7) = X(T)\ X4(T)) ;

e pour un opérateur auto-adjoint sur un Hilbert, et lorsque X(7") C R_
(opérateur négatif), on dit que T posséde un trou spectral lorsque la
distance entre 0 et X(7") \ {0} est non nulle, et le trou spectral désigne
cette distance.

C’est un fait classique de la théorie de 'opérateur de Boltzmann linéarisé
Lg qu’avec les changements de variables unitaires (v, v.,0) = (vi, v, —0) et
(v,v.,0) = (v, v, k) on obtient

k)

1
(h, Lsh)r2(ary = _Z/ B(|v — v, cos 8)
RVxRNx§N-1

7 7 2
[h*+h — h.—h| M M. dvdv. do < 0.
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Ceci implique que l'opérateur est négatif et que donc son spectre est inclus
dans R_. Le noyau de Lg est

(1.3.24) N(Lg) =Vect{l,vl,...,'UN,|'U|2}.

Ces deux propriétés correspondent & la version linéarisée du théoréeme H. Les
estimations de type trou spectral correspondent & des versions linéarisées des
estimations (1.3.23) reliant I’entropie relative a la production d’entropie. De
la méme fagon, pour 'opérateur de Landau linéarisé L., on obtient

(h, L,;hLz :——/ / (v — vy) U—U*|2
RN JRN

IP(v — v.) [(VR) — (VA)]|I> M M. dv. dv < 0.

Ceci implique que l'opérateur est négatif et que donc son spectre est inclus
dans R_, et son noyau est également

N(Lg) = N(Lg) = Vect {l,vl, .., UN, |’U|2} .

Nous résumons maintenant 1’état des connaissances sur la géométrie du
spectre de Lg et L., en fonction du noyau de collision (les traits continus cor-
respondent au spectre essentiel et les points isolés correspondent au spectre
discret). Le noyau de collision est supposé prendre la forme

B(|v — vi|,cos0) = |v — v, b(cos §)

avec

sinV =24 b(cosf) ~ gt

8—0

) VE]_OO72[

dans le cas de Lz, et simplement
o(Jo — v.l) = [0 — v.]

dans le cas de L. La figure 5.1 donne le spectre de Lg pour les potentiels durs
(v > 0) avec b localement intégrable (v < 0). La figure 5.2 donne le spectre
de Lg pour les molécules Maxwelliennes (y = 0) avec b localement intégrable
(v < 0). La figure 5.3 donne le spectre de Lg pour les potentiels mous (y < 0)
avec b localement intégrable (v < 0). Ces figures sont issues de résultats
qu’on peut trouver dans [52, Chapitre 4, Section 6] et [41]. De plus, au vu
des résultats du chapitre 6 concernant le cas (y > 0, > 0) pour Lp et la
diagonalisation explicite dans le cas v = 0 (valide sans troncature angulaire),
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on obtient la géométrie de la figure 1.2 dans le cas v > 0, €]0,2[ pour Lg,
ouy > 0 pour Lg. Il est alors naturel de conjecturer la méme géométrie
dans le cas (y > 0, = 0) pour Lg (ou le noyau de collision est encore non
localement intégrable et 'opérateur correspond a une dérivée logarithmique
en terme de régularisation). Enfin, & partir du cas (y < 0, < 0) (figure 5.3)
et en prenant la limite sur une troncature de b, on est conduit a conjecturer
la géométrie de la figure 1.3 (non démontrée pour le moment) dans le cas
(v < 0,v €]0,2]) pour Lg, et v < 0 pour L.

Figure 1.2: Spectre de Lg pour les potentiels durs ou les molécules Maxwelli-
ennes (y > 0) avec b non localement intégrable (v € [0,2[) et spectre de L.
pour les potentiels durs ou les molécules Maxwelliennes (y > 0)

y

Figure 1.3: Spectre de L pour les potentiels mous (y < 0) avec b non
localement intégrable (v € [0,2[) et spectre de L. pour les potentiels mous

(v <0)

Dans le cas (y > 0, < 0), il existe ¢g > 0 tel que le spectre est composé
d’une partie essentielle | — 00, ¢] et d’une infinité de valeurs propres discrétes
sur Uintervalle | — ¢g, 0], qui s’accumulent uniquement en —cg. Dans le cas
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(v = 0,v < 0), il existe ¢; > 0 tel que le spectre est composé d’une partie
essentielle {—¢;} et d’une infinité de valeurs propres discrétes sur 'intervalle
| — e1,0], qui s’accumulent uniquement en —¢;. Dans le cas (y < 0, < 0), il
existe ¢; > 0 tel que le spectre est composé d’une partie essentielle [—¢3, 0],
et de valeurs propres discrétes sur Uintervalle | — 0o, —¢;[, qui s’accumulent
uniquement en —cz. Dans le cas (v > 0,v € [0,2[) (ou seulement v > 0
pour opérateur de Landau linéarisé), le spectre est composé uniquement de
valeurs propres discrétes sur l'intervalle | — oo, 0], qui forment une suite infinie
tendant vers —oo. Dans le cas (y < 0, € [0,2]) (ou seulement v < 0 pour
lopérateur de Landau linéarisé), le spectre est composé uniquement d’une
partie essentielle | — 00,0]. En conclusion, pour cette classe de noyaux de
collision l'existence d’un trou spectral est équivalente & v > 0.

1.3.3 Estimations explicites de trou spectral (Chapitre
5)

Dans le chapitre 5, le but est d’obtenir des estimations explicites sur le trou
spectral des opérateurs de Boltzmann et Landau linéarisés dans tous les cas
décrits ci-dessus ou il existe (i.e. ¥ > 0). Nous adoptons ici pour le noyau
de collision B le cadre général suivant :

(H1) B adopte la forme produit

B(|v — vi],cos0) = ®(Jv — vi]) b(cos ).

(H2) La partie cinétique ® est bornée inférieurement a l'infini :

dR>0,¢ce >0 ; Vr>R, ®(r) > co.
(H3) La partie angulaire b vérifie

c, = inf / min{b(cy - 03),b(03 - 03)} dos > 0.
oaESN-1

0’1,0’2€SN_1

L’hypothése (H3) couvre tous les cas physiques. Quant & 'hypothese (H2)
elle couvre le cas des potentiels durs, des sphéres dures et des molécules
Maxwelliennes. Dans le cas de 'opérateur de Landau linéarisé, les hypotheéses
sur le noyau de collision @ se réduisent a (H2).

La méthode de Grad (dont on peut trouver une présentation trés claire
dans [58]) peut étre aisément généralisée a ces hypothéses. La forme de
Dirichlet étant monotone par rapport au noyau de collision, on peut toujours
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supposer le noyau tronqué angulairement quitte a minorer la forme de Dirich-
let. L’idée de la preuve est alors de décomposer 'opérateur Lz en une partie
multiplicative dont on calcule le spectre (composé uniquement d’une partie
essentielle | — 0o, —¢p] pour un certain ¢y > 0) plus une partie compacte, et
d’utiliser le théoréme de Weyl pour les opérateurs auto-adjoints, qui énonce
qu’une perturbation auto-adjointe compacte d’un opérateur auto-adjoint ne
modifie pas son spectre essentiel. Le reste du spectre est alors nécessaire-
ment constitué de valeurs propres discrétes, qui ne peuvent se trouver que
sur 'intervalle | — ¢g,0] du fait que l'opérateur est négatif. Une méthode
similaire a été appliquée a l'opérateur de Landau linéarisé, voir [62] (voir
également [128] pour des variantes relativistes ou quantiques de 'opérateur
de Landau linéarisé).

Ici au contraire nous partons des estimations explicites du cas Maxwellien
(voir [194, 24]) et nous les étendons aux hypothéses ci-dessus en travaillant
uniquement sur la forme de Dirichlet et sans utiliser de théoréme abstrait de
théorie spectrale. En effet, la méthode de Grad permet d’obtenir la géométrie
compléte du spectre, mais ne fournit aucune information sur la taille du trou
spectral, et ne repose pas sur un argument physique. Nous proposons une
méthode géométrique qui travaille sur 'opérateur de collision global, sans
décomposition gain/perte, et basée sur un argument physique. Cette méth-
ode retrouve tous les résultats précédents sur I'existence de trou spectral, et
fournit des estimations explicites qui sont nouvelles dans tous les cas ot le
noyau de collision dépend du module de la vitesse relative. Nous démontrons
(voir les théorémes 5.1 et 5.2 du chapitre 5) le

Théoréme 1.7. Soit B un noyau de collision vérifiant les hypothéses (H1)-
(H2)-(H3) de cette sous-section (respectivement un noyau de collision ® véri-
fiant Uhypothése (H2) de cette sous-section dans le cas de lopérateur linéarisé

de Landau). Alors

(i) La forme de Dirichlet de lopérateur linéarisé de Boltzmann avec noyau
de collision B vérifie

VheL(M), —(h,Lsh)r2ary > —Caqy (hy Lyh)r2ar),

ou LY est lopérateur de Boltzmann linéarisé avec noyau de collision

BO = 1, et
_aAp2
G X T
) 32|SN_1|

avec R, co et ¢, définis dans les hypothéses (H2)-(H3) de cette sous-
section.
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(i)

(iii)

(iv)

Nous en déduisons les estimations suivantes sur le trou spectral de
Uopérateur linéarisé de Boltzmann :

Vhe L*(M), —(h,Lsh)rzoay > Cg5 20" I1h = TH(R) |72 a)

ou A5° > 0 désigne le trou spectral de Uopérateur de Boltzmann linéarisé
avec noyau de collision By = 1, qui vaut en dimension N = 3 (voir

24])

" 1
2B =7r/ sin®0df = —.
; 3

Dans le cas particulier B > |v — v.|" (v > 0), on trouve par exemple,
apreés calcul, lestimation suivante sur le trou spectral Sfo correspondant

(en dimension N = 3)

SBO > 7'{' (V/S)W/Q e_W/Q
v = 24 '

La forme de Dirichlet de Uopérateur linéarisé de Landau avec noyau de
collision ® vérifie

Vhe LX(M), —(h,Leh)rzuy = —Cg" (hy Lph) 2y

ou LY est lopérateur de Landau linéarisé avec noyau de collision ®g =
1, et
c
Céa — < @ﬂR)
8 an

any = / e VPav,  Br= / eV av.
RN—l {VERN_l | |V|22R}

Nous en déduisons les estimations sutvantes sur le trou spectral de
Uopérateur de Landau linéarisé :

ou

Vhe L*(M), —(h,Leh)ieny > C5" A5* b —TI(R)| L2y

o A5 > 0 désigne le trou spectral de lopérateur linéarisé de Landau
avec noyau de collision ®g = 1, qui vérifie en dimension N =3

)\g“ > 2.
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Dans le cas particulier ® > |v — v.|" (v > 0), on trouve par exemple
apres calcul l'estimation suivante sur le trou spectral Sf“ correspondant

(en dimension N = 3)

o > OIS

L’idée de la preuve est d’utiliser la monotonie de la forme de Dirichlet
pour essayer de la controler par la forme de Dirichlet du cas Maxwellien.
La difficulté vient des régions oii le noyau de collision s’annule. On peut se
représenter la forme de Dirichlet comme la somme de la quantité

go =W + W, —h—h.)*

sur 'ensemble des collisions C', pondérée par le noyau de collision. Si lorsque
se produit une collision Cy : (v,v.) — (v',v.) dans une région du domaine
d’intégration ol le noyau de collision s’annule, on peut trouver deux collisions
Cy et 'y produisant les mémes vitesses pré et post-collisionnelles, et telles
que

qc, + qo, > K qc,

pour une certaine constante absolue K > 0, alors on peut remplacer la colli-
sion. L’idée est alors d’effectuer ce remplacement avec des collisions venant
de régions du domaine d’intégration ot le noyau de collision ne s’annule pas.

Plus précisément, le point de départ est I'inégalité suivante, qui apparais-
sait déja dans [50, théoréeme 2.4] dans le contexte des modeéles granulaires :
pour toute fonction ¢ = £(z) sur RY,

// €(x) =€) | — y[" M(x) M(y) da dy
>0 [l = )P M) M) de dy

1
b ‘ I
= A4 fon M L;felIEN/RNmmﬂx 2|z =y} M(z)d-=.

La preuve de cette inégalité repose sur 'existence d’une inégalité « de type
triangulaire » pour la fonction de deux variables intégrée : ici F(z,y) =

|£(x) — E(y)|? vérifie
F(a,y) <2F(z,2) + 2F(z,y).
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La difficulté principale dans le cas de 'opérateur de Boltzmann est d’isoler
un couple de variables dans le domaine d’intégration telles que la quantité
gc ci-dessus vérifie une inégalité « de type triangulaire ». Dans le cas du
traitement des annulations de la partie angulaire b, les deux variables du
domaine d’intégration a considérer sont (v —v.)/|v — v et (V' —vl)/|[v = V.|
sur SV, et le couple de vitesses intermédiaires a introduire est décrit dans la
figure 5.4. Dans le cas du traitement des annulations de la partie cinétique ®
(pour v ~ v,), les deux variables du domaine d’intégration a considérer sont
v-wet v'-w (ottw = (v'—v)/|v = v], voir la figure 1.1), et le couple de vitesses
a introduire est décrit dans la figure 5.5. Les estimations sur 'opérateur de
Landau linéarisé (points (iii) et (iv) du théoréme 1.7) sont ensuite obtenues
par limite de collision rasante.

1.3.4 Estimations explicites de coercivité (Chapitre 6)

Dans le chapitre 6, le but est d’obtenir des estimations explicites de coercivité
sur les opérateurs de Boltzmann et Landau linéarisés, qui généralisent les
estimations de type trou spectral. Plus précisément nous montrons que la
forme de Dirichlet prise sur une fonction A permet de contréler A dans un
espace fonctionnel qui dépend du noyau de collision. Ces estimations de
coercivité coincident avec les estimations de trou spectral dans le cas de
molécules Maxwelliennes avec troncature angulaire, et sont strictement plus
fortes que ces estimations pour les potentiels durs avec ou sans troncature
angulaire, et les sphéres dures. Dans les cas ot 'opérateur linéarisé n’admet
pas de trou spectral, les potentiels mous avec ou sans troncature angulaire,
ces estimations de coercivité jouent le réle d’estimations de trou spectral
généralisées au sens propre. Des premiéres estimations non constructives
dans ce sens dans le cas des potentiels mous avaient été obtenues dans [41, 42,
103|. La contribution de ce chapitre est de donner une méthode constructive
pour 'obtention de ces estimées, et de les généraliser a tout type de noyau
et a 'opérateur de Landau linéarisé, en particulier en obtenant des contréle
de type Sobolev pour l'opérateur de Boltzmann linéarisé avec noyaux non
localement intégrables ou pour l'opérateur de Landau linéarisé.

Nous adoptons ici pour le noyau de collision B le cadre général suivant :

H1) Dans le cas de l'opérateur de Boltzmann linéarisé, B adopte la forme
P ’ P
[)I’()dllit

B(|v — vy, cos0) = ®(|v — v,|) b(cos )

ou ® et b sont des fonctions positives.
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(H2)

(H3)

La partie cinétique ® vérifie
Vr 2 07 (I)(T) Z CCDTW7

avec v € (—N, 1] dans le cas de l'opérateur linéarisé de Boltzmann, et
v € [N, 1] dans le cas de 'opérateur linéarisé de Landau, et pour une
constante Cg > 0.

La partie angulaire b vérifie le contréle par en-dessous suivant lorsque
B est localement intégrable

Cy= inf / min{b(cy - 03),b(03 - 03)} dos > 0.
oa€SN—1

Ol,O'QESN_l

et le contréle par en-dessous plus précis suivant lorsque B n’est pas
localement intégrable

VO e (0,7], sinV720b(cosh) > ¢, 0717,

pour des constantes ¢, > 0 et v € [0, 2].

Ces hypothéses couvrent essentiellement tous les noyaux de collisions util-
isés, en particulier les noyaux de type sphéres dures ou dérivant d’une inter-

action en puissance inverse. Dans le cas de 'opérateur de Landau linéarisé,
les hypotheéses sur le noyau de collision @ se réduisent a (H2).

Nous démontrons alors (voir les théorémes 6.1, 6.2 et 6.3 du chapitre 6)

le

Théoréme 1.8. Soit B un noyau de collision vérifiant les hypothéses (H1)-
(H2)-(H3) de cette sous-section (respectivement un noyau de collision ® véri-
fiant Uhypothése (H2) de cette sous-section dans le cas de Uopérateur linéarisé

de Landau). Alors

(i)

(L’opérateur de Boltzmann linéarisé) Si le noyau de collision est
localement intégrable, on obtient

Yhe LQ(M)’ —<h,L5h>L2(M) > Cf Hh - H(h)Hj'}((u)

‘YM)’

ot Cf > 0 est une constante explicite dépendant de v, Cg, Cy, et de la
dimension N. Dans le cas ou le noyau de collision n’est pas localement
intégrable, on a
2 B 2

Vhe L (M), —(h,Lsh)r2any > CJ, Hh - H(h)HLz(@)vM)nHl”o/j’
ot Cﬁy > 0 est une constante explicite dépendant de v, v, Cg, Cy, ¢
et de la dimension N (pour la définition de v, voir Uhypothése (H3)
ci-dessus).
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(it) (L’opérateur de Landau linéarisé) On obtient

2
Vhe LA(M),  —(h, Leh)iaqany 2 CF b= 1A [ yany-

ol C’f > 0 est une constante explicite dépendant de v, Cg, et de la
dimension N.

Remarquons qu’une conséquence immédiate de ces estimations est que
Popérateur Lg (resp. P'opérateur Lz) est & résolvante compacte lorsque v > 0
et v > 0 (resp. v > 0). Ceci découle en effet de I'application du théoréme de
Rellich-Kondrachov et cela implique que le spectre est alors purement discret
(voir la figure 1.2 et les sous-sections 6.2.3 et 6.3.1).

Les ingrédients de la preuve sont les suivants :

a. L’idée générale est se ramener aux estimations explicites obtenues d’une
part dans [194, 24| dans le cas Maxwellien, d’autre part dans [15] dans le
cas des potentiels durs.

b. Pour obtenir le bon poids algébrique pour les potentiels durs, nous
utilisons un argument inspiré des travaux de Grad [109] et qui avait déja
été utilisé dans [17] : nous décomposons 'opérateur entre une partie multi-
plicative qui vérifie toujours les estimations de coercivité recherchées, et une
partie non-locale qui est continue dans ’espace L*(M) grace aux propriétés
de mélange.

c. Pour obtenir le bon poids algébrique pour les potentiels mous, nous dé-
composons la forme de Dirichlet selon les valeurs de la vitesse relative. En
utilisant des estimations techniques sur la partie non-locale cela nous permet
de reconstituer le poids dans le terme a contréler. La preuve des points b.
et c. est similaire pour I'opérateur de Landau linéarisé, en utilisant en plus
une inégalité de Poincaré adaptée.

d. Pour obtenir les contréles dans les normes de Sobolev locales pour 1’opéra-
teur de Boltzmann linéarisé avec noyau de collision non localement intégrable,
nous nous inspirons des travaux [132, 188, 3] dans le cas non linéarisé. Nous
introduisons une décomposition adaptée entre une partie qui vérifie des es-
timations de coercivité de type Laplacien et une partie continue (grace aux
« lemmes de compensation », voir [3]). La structure de cette décomposi-
tion se lit plus clairement aprés limite de collision rasante sur 'opérateur de
Landau linéarisé mais est également présente dans 'opérateur de Boltzmann
linéarisé.
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1.3.5 Taux de retour vers 1’équilibre en spatialement
homogéne (Chapitre 7)

D’une part l'article [10] (plus les résultats sur I’apparition et la propagation
des moments, voir [200]) démontre de maniére non constructive que les so-
lutions spatialement homogeénes (dans L}) de ’équation de Boltzmann avec
noyau de collision de type sphéres dures convergent exponentiellement vite
vers 1’équilibre, sans information sur le taux de convergence et les constantes.
D’autre part I'article [150] montre un résultat explicite de convergence vers
I’équilibre avec vitesse O(t~>) pour ces mémes solutions. Dans le chapitre 7,
nous complétons ces résultats, dans le cadre des interactions de type poten-
tiels durs avec troncature angulaire et dans le cas spatialement homogéne,
en montrant la convergence exponentielle vers I’équilibre par des arguments
constructifs (avec un taux et des constantes explicites), et en montrant que le
spectre de 'opérateur linéarisé L gouverne effectivement le comportement
asymptotique de la solution, comme il était conjecturé dans [48].

Nous adoptons le cadre général suivant pour le noyau de collision B :

(H1) B adopte la forme produit
B(|v — vil,cos0) = ®(|v — v.|) b(cos ),

avec @ et b des fonctions positives.

(H2) La partie cinétique ® vérifie
O(z) =Cp 2"

avec v € (0,1].

(H3) La partie angulaire b vérifie
Vo e [0,7], b(cosh) < Ch.

Cette hypothése implique en particulier la troncature angulaire de Grad.
Nous supposons de plus que la fonction b est croissante et convexe sur

]~ 1,1[.

Ce cadre inclut les sphéres dures et les potentiels durs avec I’hypothése de
troncature angulaire forte et les hypothéses techniques sur b ci-dessus. Sous
ces hypotheéses, la théorie de Cauchy est bien posée dans I'espace des distri-
butions positives de L} qui ne font pas croitre I’énergie (voir [144]). Nous
travaillerons avec ces solutions. Egalement, dans cette sous-section, nous
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ne considérerons pas 'opérateur de Landau linéarisé, et nous noterons donc
L = Lg sans risque de confusion.

Rappelons que, pour une donnée initiale fy, nous notons M la Maxwelli-
enne a ’équilibre. Nous introduisons la fréquence de collision associée

v(v) = / B(|v — vi],cos 0) M(v.) dv, do
RNxSN-1

qui, sous les hypothéses ci-dessus, est une fonction uniformément minorée
par un vg > 0, et vérifiant

vveRY, (L+v]) Sv(v) < Cy(1+ |v])
avec C1,Cy > 0. Nous démontrons alors (voir les théorémes 7.1 et 7.2) le

Théoréme 1.9. Soit B un noyau de collision vérifiant les hypothéses (H1)-
(H2)-(H3) de cette sous-section. Alors

(i) Soit X €]0,vp] le trou spectral de Uopérateur linéarisé Lg. Soit une don-
née initiale 0 < fo € LyNL?*. Alors la solution f = f(t,v) de l’équation
de Boltzmann spatialement homogéne avec noyau de collision B et don-
née wnitiale fo vérifie : pour tout 0 < p < A, il existe une constante
C > 0, explicite en fonction de B, la masse, [’énergie cinétique et la
norme L? de fo, de p et d’une borne inférieure sur vy — u, telle que

1f: — M| < C e

Dans le cas particulier des sphéres dures, Uhypothése « fo € LN L?* »
peut étre affaiblie en « fo € LY », et le méme résullat est vrai avec
une constante C' > 0, explicite en fonction de B, la masse et [’énergie
cinétique de fo, de p et d’une borne inférieure sur vg —

(i1) On considére la linéarisation L., avec m(v) = exp[—alv|®], a > 0,
s €]0,2[. Alors le spectre X(L,,) de L, est égal au spectre X(L) de L.
De plus les vecteurs propres de L,, associés @ une valeur propre discréte
sont donnés par ceuxr de L associés a la méme valeur propre discreéte,
multipliés par m=1M.

Remarquons que 1'on déduit de [15] I'estimation

(7/8)w/2 e=/2 1

A > Co 1
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sur A dés que b vérifie le controle

1

inf
|SN_1| al,UiIElSN—l

/ min{b(oy - 03),b(0s - 03)} dog > ¢, > 0.
osESN-1

Apres calcul, on obtient par exemple
A > w/(48v/2€e) ~ 0.03.

pour les sphéres dures. Cette borne inférieure permet d’obtenir avec le
théoréme 1.9 un résultat de convergence exponentielle entiérement explicite,
avec un taux non optimal mais raisonnable du point de vue physique.

L’idée générale de la preuve du point (i) est d’établir des estimations
explicites de décroissance exponentielle au cours du temps sur le semi-groupe
d’évolution de L,,, avec m(v) = exp[—a|v|®]. Ces estimations permettent
d’obtenir un taux de convergence exponentielle explicite lorsque la solution
est proche de 1’équilibre pour la distance L'(exp[a|v|®]) (et que la partie
linéaire £,, domine). Parallélement la théorie non-linéaire basée sur I’étude
de la production d’entropie (théoréme 1.4), couplée a des estimations de
propagation et apparition de normes L'(m™!) pour s assez petit (voir le
lemme 7.8), est utilisée pour obtenir un temps explicite au bout duquel la
solution entre dans le voisinage de I’équilibre o les effets linéaires dominent.
Les estimations de décroissance sur le semi-groupe de £,, sont obtenues en
montrant que le spectre de £,, est le méme que celui de L et que 'on peut
relier explicitement la norme de la résolvante de £,, a celle de L, ce qui
permet d’obtenir une estimation de sectorialité explicite. L’étude du spectre
est compliquée par ’absence de structure hilbertienne, elle est basée sur un
mélange des méthodes de Grad pour localiser le spectre essentiel et une idée
inspirée des travaux de Gallay et Wayne [97, 98] sur ’équation de Navier-
Stokes : il est possible de montrer que I’équation aux valeurs propres pour
l'opérateur L£,, implique que les vecteurs propres appartiennent en fait &
I’espace plus petit associé a la linéarisation de L.

1.4 Etude des collisions inélastiques

1.4.1 Les gaz granulaires

Par gaz granulaires, ou plus généralement milieux granulaires on entend ici
un systéme de particules en interaction en trés grand nombre, qui dissipent
de I’énergie au cours de cette interaction. L’utilisation de modéles de Boltz-
mann (avec interaction de type sphéres dures) pour décrire les flots dilués
et rapides de gaz granulaires commence avec ’article de physique [113], et
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s’est ensuite développée dans une importante littérature physique durant les
vingt derniéres années. L’étude de ces régimes de systémes granulaires est
motivée par leur propriétés physiques surprenantes (avec les phénomeénes de
« gel » au niveau cinétique, et formation de « clusters » au niveau hydro-
dynamique), leur utilisation pour dériver les équations hydrodynamiques des
fluides granulaires, et leur intérét pour les simulations numériques.

Le phénomeéne de « gel » décrit le fait qu’en chaque point de I'espace, la
dissipation d’énergie lors des collisions améne toutes les particules & adopter
la vitesse macroscopique locale. Il peut étre étudié sur ’équation spatiale-
ment homogéne. Le mécanisme de formation de « clusters »** est le suivant :
lorsque la densité locale augmente en un point du domaine, le nombre de
collisions augmentent en ce point, ce qui fait diminuer la température locale
par les effets de dissipation lors des collisions ; la pression locale diminue donc
ce qui améne une migration des particules vers cette zone ; tout ceci a pour
effet une nouvelle augmentation de densité locale au point. Ce phénomeéne
d’auto-entrainement suggére une instabilité de I’équation d’évolution par rap-
port aux fluctuations de la densité locale, et la possibilité que cette derniére
se concentre.

Du point de vue mathématique, ces modeéles font donc apparaitre des
phénomeénes nouveaux de concentrations (en vitesse et en espace) par rapport
aux modeles élastiques. Ceci est la source de leurs propriétés physiques sur-
prenantes, mais aussi de nouvelles difficultés mathématiques. En effet, pour
les modéles élastiques, les bornes L' et Llog L restent uniformément bornée
au cours du temps (aussi bien pour les solutions homogénes que pour les solu-
tions renormalisées en inhomogene), ce qui interdit la concentration en temps
fini ou asymptotiquement. Pour les modeéles inélastiques au contraire, ce n’est
plus le cas en général, et la distribution peut tendre vers une masse de Dirac
en temps fini ou asymptotiquement. La raison mathématique sous-jacente
est la perte du théoréme H et des propriétés de non-concentration (en x et
v) qu’il imposait. Mentionnons que certains des problémes de concentration
posés par les modéles inélastiques rejoignent ceux du modéle semi-classique
de Boltzmann-Bose (voir les travaux mathématiques récents [137, 133, 83|).
Pour ce modéle, il existe encore une version modifiée du théoréme H, mais la
nouvelle fonctionnelle entropie est sous-linéaire et non plus sur-linéaire (con-
trairement au modeéle semi-classique de Boltzmann-Fermi). Elle ne prévient
donc plus la concentration. Toutefois en un sens, la situation est pire pour
les matériaux granulaires, puisqu’il n’y a plus du tout de fonctionnelle de
Lyapunov connue, ce qui, pour le moment, reste un obstacle majeur dans
I’étude asymptotique des solutions.

Z3Voir par exemple la discussion physique et les simulations numériques dans [102].
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L’étude mathématique des gaz granulaires est assez récente, avec les
travaux |79, 78, 18, 179, 20, 27, 29, 100, 32]. La majorité de ces études se
restreint au cas spatialement homogeéne, qui permet d’étudier le phénomeéne
de « gel » et contient déja des difficultés importantes?®. On peut distinguer
a premiére vue deux types de problémes : 'obtention de résultats de Cauchy
et de propagation de régularité d’une part, et 1’étude éventuelle de profils
asymptotiques qui précisent la convergence vers la masse de Dirac d’autre
part, avec en particulier I’existence de queue de distribution « surpeuplée »,
c’est-a-dire décroissant moins vite que la distribution Maxwellienne. Cepen-
dant ces deux problémes sont reliés, et ’étude du comportement asympto-
tique est liée en grande partie a I’étude de régularité d’une équation auxiliaire
proche de ’équation de Boltzmann (voir le chapitre 9).

L’objet de cette partie est ’étude des sphéres dures inélastiques dans
le cadre spatialement homogéne. D’une part, nous donnons des résultats
de Cauchy sous des hypothéses trés générales et physiquement réalistes sur
le noyau de collision (qui permettent en particulier de traiter des milieux
granulaires pour lesquels le « gel » se produit en temps fini). D’autre part,
nous étudions, pour des sphéres dures avec coefficients normaux de restitution
constants, le comportement asymptotique de la solution (et en particulier
Iexistence de profils auto-similaires).

Avant de décrire les résultats, décrivons briévement la physique de la col-
lision inélastique. Parmi les cing hypotheéses (i) & (v) de la sous-section 1.1.3
nous modifions les hypothéses (iii) et (iv) de la facon suivante : la collision
de deux particules de vitesses pré-collisionnelles v et v, est inélastique, ce
qu’on peut schématiser ainsi

v+ vl =v+ v,
{v} + {v.} B, {v'} +{v]} avec
W2 4+ [ol]* < [v]* 4 |o.]?

o B est le noyau de collision qui dicte les fréquences d’apparition des
vitesses post-collisionnelles v’ et v.. On parameétre alors les vitesses post-
collisionnelles possibles par une variable z dans la boule unité B(0,1) C RY.

Z4Dans le cas spatialement inhomogéne, on peut mentionner les solutions petites ou
en temps petit construites dans [18] pour un modéle simplifié, ou encore le travail [84]
pour des modéles de type Enskog, qui sont des modifications de 1’équation de Boltzmann
ol 'opérateur de collision n’est plus local en espace pour tenir compte de la taille des
particules.
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Les formules deviennent

, vt |v. — |
v = z
2 2
, vt |v. — |
Uy = -z ’
2 2

ce qui peut étre résumé dans la figure 1.4. Pour couvrir tous les modéles

12|z

-1/2|u| z

Figure 1.4: Géométrie de la collision binaire inélastique (avec O = (v+v.)/2
et u=v—v,)

physiques, le plus simple est de prendre un noyau de collision B = B(&, u; dz)
sous la forme d’une mesure sur la boule B(0,1), qui dépend de I’énergie ciné-
tique de la distribution £ et la vitesse relative u := v — v,. Ceci traduit
I’observation physique que I'inélasticité varie dans les milieux granulaires en
fonction de la température et/ou la vitesse relative (en particulier dans la
plupart des cas elle diminue lorsque la température ou la vitesse relative
diminue). Le cas ou B est proportionnel a d,—q correspond au cas des colli-
sions collantes.

La collision n’est plus réversible & cause de la dissipation d’énergie, et il
faut maintenant noter différemment les vitesses « passé » 'v,' v, qui peuvent
donner les vitesses v, v, lors d’une collision, et les vitesses « futur » v’, v. qui
peuvent émerger de v, v, lors d’une collision.

Au sein de cette classe de modéle on distingue le cas particulier ou « la
composante normale de la vitesse relative est conservée lors du choc ». Le
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mot « normal » s’entend ici par rapport a la direction de 'impact, c’est-a-dire
w=(v—"2)/|v—="2. On a alors

(V' —v) w=—ev—u)w

(v —vl) — [('v’ —vl) - w]w = (v—v,) — [(U — ) - w]w

et on appelle ¢ € [0, 1] le coefficient normal de restitution. On retrouve
le cas d’une collision élastique pour ¢ = 1 et le cas d’une collision collante
pour € = 0. La mesure B se concentre alors sur la sphére

l—e v—w, 1+e
Cue = SN_I
’ 2 |v— v + 2

et on paramétre les vitesses post-collisionnelles par un vecteur unitaire o €
SN=1 tel que

l—e v—u, 1+e
T |‘U—‘U*|+ 5 7

ce qui est résumé dans la figure 1.5. L’observation physique montre qu’en

Vv
2|y z
SN:]
\ V*
Q (0]
-2 || z
Vs

Figure 1.5: Géométrie de la collision binaire inélastique pour un coefficient
normal de restitution e : QO = (1 — e)|u|/2 et Q' = (1 + €)|ul/2

général le coefficient e dépend de la température de la distribution et de la
vitesse relative, mémes’il est peut étre considéré comme constant en premiére
approximation.
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Nous pouvons maintenant introduire I’équation de Boltzmann spatiale-
ment homogéne pour les sphéres dures inélastiques :

(1.4.25) aa—{ = Qz(f. f)

ot 'opérateur de collision Q)7 est défini sous forme duale par

@:r.00) = |

R

NyRN F I /D(SO('U/) —p(v)) B(E,u;dz) dv dv..

Les modifications du modéle au niveau microscopique ont les conséquences
suivantes au niveau des observables : il y a toujours conservation de la masse
et de la quantité de mouvement, mais 1’énergie cinétique £ est seulement
décroissante : on définit la fonctionnelle de dissipation d’énergie cinétique

d 1

—E&(t) = —._/ ffe( =122 |u)® B(E,u;dz) dv dv, =: —D(f) < 0.
2 RVxRNVxD

On définit le taux de dissipation

Be.w =1 [ (1= 1F)uE uid) 2 0

ce qui permet d’écrire
D(fyi= [ [ £ENESE ) oo
RN JRN

Si le taux de dissipation ne s’annule que quand 1’énergie cinétique est nulle,
le seul état d’équilibre de 1’équation est une masse de Dirac déterminée par
la masse et la quantité de mouvement de la donnée initiale. Ceci améne &
définir le temps de vie T, de la distribution par

T.:=inf{T'>0, Et)=0Vt>T}=sup{S >0, E(t)>0Vt< S}

1.4.2 Etude de Cauchy (Chapitre 8)

Dans le chapitre 8, le but est de construire des solutions pour des modéles
de milieux granulaires spatialement homogeénes de type Boltzmann, sous des
hypothéses générales et physiquement réalistes. Pour z € R”, nous noterons

Nous adoptons le cadre suivant. Tout d’abord nous énoncons les hy-
pothéses de base :
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(H1) B adopte la forme produit (noyau de type sphéres dures)
B = B(&,u;dz) = |u|b(€, u;dz),
avec u = v — v, et b mesure finie sur B(0, 1) pour tout &, u.
(H2) b vérifie la propriété de symétrie
b(E,u;dz) = b(E, —u, —dz).

(H3) Pour tout ¢ € C.(R"Y) la fonction

(0,0,8) o> [ o) E us )
D
est continue.

(H4) 11 existe une fonction continue « : |0, 00[ — |0, oo telle que

YueRY, £€>0, o) :/b(S,u;dz).
D

(H5) Pour tout £ > 0, il existe une fonction jg(e) > 0, tendant vers 0 quand
e — 0, telle que

Ve>0, ueRY, / b€, u;dz) < a€) je(e)
{la-slel~1,1\ [~ 14ei1—e]

pour tout £ > 0 and u € R¥, et cette convergence est uniforme en &
lorsque &€ décrit un compact de |0, 4+o00].

Dans le cas ou le noyau de collision dépend effectivement de ’énergie
cinétique de la distribution (couplage fortement non-linéaire), nous ferons
I’hypothése supplémentaire suivante pour obtenir 1'unicité :

(H6) La mesure b se concentre sur la sphére C, . décrite ci-dessus, avec un
coefficient normal de restitution e : |0, co[ — [0, 1], £ — e(&) qui dépend
uniquement de I'énergie cinétique, et a = a(€) et e = e(€) localement
Lipschitz sur |0, +oc[. Cette mesure est supposée absolument continue
par rapport a la mesure de Hausdorff sur la sphére et s’écrit donc

b(E,us dz) = (e 1-eyajos(14e)r /2y D(E, [ul, 4 - o) do

oit do est la mesure de Hausdorff, et b est une fonction mesurable po-
sitive.
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Dans I’étude du processus de « gel », nous supposerons toujours au moins
(comportement réellement inélastique) :

(H7) La fonction 3(€,u) est continue sur |0, +oo[ xRN et vérifie

YueRY £€>0, B(Eu)>0.

Pour démontrer qu’il n’y a pas de perte asymptotique d’énergie cinétique
a I'infini nous ferons 1'une des deux hypothéses suivantes :

(H8) Pour tout &, & € 10, 00[ (avec & > €,), on a
VueRY, A€ u) > v(jul) VEE (Ex. o),
avec ¢ € C(R4, R,) tel que pour tout R > 0,
VueRY, Jul > B2, o(jul) > v ul™
pour un certain g > 0.

(H9) La mesure b se concentre sur la sphére C,. décrite ci-dessus, avec
e :]0,00[x[0,00[ = [0,1], (&, |u]) — e(&,|u|) des fonctions continues.
Cette mesure est supposée absolument continue par rapport a la mesure
de Hausdorff sur la sphére et s’écrit donc

b(E,u;dz) = S(am1-eyijos(14e)rj2y O(E, [ul, 4 - o) do

oit do est la mesure de Hausdorff, et b est une fonction mesurable
positive, telle que pour tout £ et |u| fixés, b(E, |ul,-) est croissante et
convexe sur | — 1, 1[.

On voit que ces hypothéses couvrent les cas d'un coefficient normal de
restitution constant ou qui dépend de I'énergie cinétique et/ou de la vitesse
relative, mais également des modéles plus généraux comme des variantes
multi-dimensionnelles de ceux introduits dans [179]. De plus elles permettent
de traiter des caractéristiques physiques intéressantes comme une inélasticité
qui croit ou décroit lorsque la vitesse relative ou 1’énergie cinétique décrois-
sent. En particulier, nos hypothéses couvrent le cas de gaz granulaires admet-
tant un processus de « gel » en temps fini, comme le montre le théoréme qui
suit.

Les solutions sont ici définies au sens des distribution (voir la définition
8.1 du chapitre 8). Nous démontrons alors (voir les théorémes 8.1 et 8.2 du
chapitre 8) le
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Théoréme 1.10. Soit B un noyau de collision vérifiant les hypotheses (H1)
a (H5) de cette sous-section, et une donnée initiale 0 < fi, € L3 que lUon
peut supposer sans restriction de masse 1 et quantité de mouvement 0. Alors

1) Sile noyau de collision B est indépendant de [’énergie cinétique, [’équation
y p q que, ¢ ¢eq
(1.4.25) admet une unique solution 0 < f € C(Ry; L) N Lic (Ry; L3).
Cette solution vérifie les lots de conservation sur la masse et la quantité

de mouvement, et son énergie cinétique décroit. Son temps de vie T,

est infini, et si on suppose en plus (H7) et (H8), ou (H7) et (H9), on a
(1.4.26) E(t) =0 et f(t,.) —is1, Oy=o dans Ml(RN)-faible*
ot M' désigne Uespace des mesures de probabilité sur RN,

(1)) Dans le cas général ou le noyau de collision dépend de ’énergie ciné-
tique, il existe au moins une solution mazimale 0 < f € C([0,T.[; L3)N
L>=(0,T.; L) avee T. €]0,400], qui vérifie les lois de conservation sur
la masse et la quantité de mouvement et dont [’énergie cinétique décroit.
De plus si T, < 400 ou bien si on suppose en plus (H7) et (HS),
ou (H7) et (HY), on a le comportement asymptotique (1.4.26). Enfin
cette solution est unique si on fait Uhypothése supplémentaire (H6) et

fin € BV;N LL.

(111) On donne les critéres partiels suivants sur le temps de vie :
o Si a est borné au voisinage de £ = 0 et je converge vers 0 quand
¢ — 0 uniformement au voisinage de € =0, alors T, = +o00.
o Si 3 est majorée par une fonction croissante 3y qui ne dépend que de
Uénergie et fi, e "l" € L' avec n €]1,2], a, > 0, alors T. = +cc.
o SiB(E,u) > P& avee Bo >0 et § < —1/2, alors T, < +cx.

Les ingrédients des preuves sont les suivants :

a. De nouvelles estimations sur 'opérateur de collision dans les espaces de
Orlicz. Celles-ci généralisent les estimations de type convolution dans les
espaces de Lebesgue (prouvées par Gustafsson [111] dans le cas élastique, et
étendues dans le cas inélastique avec coefficient normal de restitution con-
stant dans [100]). Elles démontrent que le semi-groupe d’évolution est borné
dans les espaces de Orlicz (avec une borne dépendant du temps en général).
Leur preuve est uniquement basée sur 'inégalité de Young et un découpage
de l'opérateur de gain.

b. Des versions fines des estimations basées sur les inégalités de Povzner pour
obtenir apparition et la propagation des moments L', inspirées de [32].

c. Le théoréme du point fixe de Schauder combiné a un résultat de stabilité
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faible fourni par les estimées dans les Orlicz pour construire des solutions du
probléme couplé.

d. Une étude précise de la fonctionnelle de dissipation d’énergie cinétique
pour obtenir le comportement asymptotique sur la distribution et 1’énergie
cinétique.

1.4.3 FEtude asymptotique et profils auto-similaires (Chapitre
9)

Dans le chapitre 9 on restreint I’étude aux modéles de Boltzmann granulaires
spatialement homogénes pour des noyaux de collision de type sphéres dures
inélastiques avec coefficient normal de restitution constant. On se place dans
le cadre suivant :

(H1) B ne dépend pas de l’énergie cinétique et adopte la forme produit
(noyau de type sphéres dures)

B = B(u;dz) = |u| b(u; dz).

(H2) b est une mesure finie qui se concentre sur la sphere C, . décrite ci-
dessus, avec un coefficient normal de restitution e €]0,1[ constant.
Cette mesure s’écrit

b= dam(i-c)ij2+(i+e)o/2y bl 7) do

oit do est la mesure de Hausdorff, et b est une fonction mesurable po-
sitive, avec o — b(%- o) d’intégrale 1 sur la sphére SV=1, et b croissante
et convexe sur | — 1, 1].

Ces hypothéses couvrent principalement le cas des sphéres dures inélas-
tiques avec coeflicient normal de restitution constant e (i.e. b constant). On
voit de plus qu’elles rentrent dans le cadre des hypothéses du point (i) du
théoréme 1.10 ci-dessus (y compris les hypothéses supplémentaires (H7) et
(H9)) : le probléme est bien posé dans C' (R, L) N L2 (R4, L3), le temps de
vie est infini et les solutions vérifient le comportement asymptotique (1.4.26).

Dans ce cadre, ’article [113] conjecturait un comportement de la tem-
pérature en O(¢7%), sur la base d’une analyse des variables auto-similaires
(ce qui est connu aujourd’hui sous le nom de loi de Haff). Par la suite
d’autres travaux physiques, comme [78] par exemple, ont avancé des argu-
ments pour l’existence de profils auto-similaires décroissant en e~!’l. Le but
de ce chapitre est de prouver mathématiquement ces conjectures.
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Introduisons tout d’abord les variables auto-similaires et I’équation d’évolu-
tion associée. Nous supposons sans restriction que la solution f de I’équation
(1.4.25) est centrée (c’est-a-dire de quantité de mouvement nulle) et nous
cherchons une fonction g reliée a f par une formule du type

f@tv) = K(t)g(T(), V(t,v)),

ot K, T,V sont des fonctions a déterminer. On impose ensuite la conservation
de la masse, et ’annulation des termes multiplicatifs dans 1’équation sur g,
en utilisant la propriété d’homogénéité suivante de 'opérateur de collision :

Qz(g(A), 9(A))(v) = AN Qz(g,9)(Av).

Des calculs immédiats donnent comme choix possible
1
K({t)=(co+eit)’, T(t)=—In (l + c—0t> V(t,v) = (co+ crt)v
C1 (&)

pour des constantes cp,c; > 0 a fixer. La fonction g est alors solution de
I’équation d’évolution

dg

(1.4.27) 5 = @2(9,9) — e Vo (vg).

Ce nouveau probléme d’évolution conserve la masse, et tout état stationnaire
G/(v) de (1.4.27) fournit une solution auto-similaire

F(t,v) = (co+ e1t)’ G((co + c1t)v)

du probléeme de départ (1.4.25). A translation et homothétie prés, on peut
toujours se ramener & ¢ = ¢; = 1.

Nous démontrons alors (voir les théorémes 9.1 et 9.2 du chapitre 9) le
Théoréme 1.11. Concernant les profils auto-similaires on a

(i) Pour toute valeur de la masse p > 0, il existe un profil auto-similaire
G centré de masse p :

0<Gell, QuG.G) =V, (v@), /RNG(l)dv:(g).

v

(11) De plus tout profil auto-similaire G dans LP avec p > 1 est C™ et peut
étre construit radialement symétrique et tel que

VoeRY, aqe < G(v) < A e Bl

pour des constantes a,b, A, B > 0.



Chapitre 1. Introduction 77

On se donne une donnée initiale (p > 0)

(iii)

(iii)

Oéfinelf:lgm[/p,p>1, /f1<1>d1):<’0>
RN v 0

L’unique solution f € C(Ry, L3) N Lo (Ry, LY) de Uéquation (1.4.25)

loc
vérifie en variables auto-similaires :

o Soient s > 0, ¢ > 0 arbitrairement grands et 7 > 0 arbitrairement
petit. Alors, pour tout t > 7, g se décompose en g = g° + ¢&, avec ¢g°
positif, et

sup || g7 || o < +o0

t>T q 2

Vi Yk 0,30 =20 > 05 [, =0 ().
k

o Pour tout 7 > 0 et s < 1/2, il existe des constantes explicites

a,b, A, B > 0 telles que

Vt>r, Yo eRY, liminfg(t,v) > ae bl

it—+oo

et

Vt>r, / g(t,v) e B dv < A,
RN

Le point (ii) peut étre traduit sur f dans les variables d’origine. Il
implique en particulier la décroissance algébrique des singularités de f
dans L' au cours du temps, et également que f vérifie la loi de Haff au
sens suivant :

Vi>r, mt?<EH) < Mt?

pour des constantes m, M > 0.

Toutes les constantes de ce théoréme peuvent étre explicitées en fonction de

la masse, 'énergie cinétique et la norme LP de fi,, et 7.

Les ingrédients des preuves sont les suivants :

a. La propriété de régularisation de Lions sur la partie gain QT de 'opérateur
de collision, que nous démontrons dans le cas inélastique pour un coeffi-
cient normal de restitution constant. Nous établissons une représentation de

Carleman adaptée pour les gaz granulaires puis nous suivons une méthode
proche de celle de [199, 150]. Nous déduisons de ce résultat la propagation
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uniforme de borne L?, p > 1, pour le probléme (1.4.27) en variables auto-
similaires.

b. Les outils de type « somme de Wild non-linéaire » développés dans
[150] pour la preuve du théoréme 1.3, appliqués a ’équation d’évolution en
variables auto-similaires.

c. A nouveau des estimations basées sur les inégalités de Povzner pour
obtenir 'apparition et la propagation uniforme des moments L' sur la solu-
tion en variables auto-similaires.

d. Un résultat d’analyse fonctionnel de type point fixe, qui énonce qu’un
semi-groupe d’évolution continu (S¢)¢>o sur un espace de Banach, stabilisant
un convexe compact non vide au cours du temps et tel que S; est continu
pour tout ¢ > 0, posséde un état stationnaire. Nous utilisons la propagation
uniforme des bornes LP, p > 1, en variables auto-similaires, pour construire
un compact stable au sens de la topologie faible.

e. Les méthodes de type principe du maximum utilisées dans [100, 99] et
les méthodes de [169, 146| pour I'obtention de bornes inférieures.

Notre étude montre en fait que 'identification de variables auto-similaires
est un outil puissant & la fois pour la recherche de profils auto-similaires,
mais également pour ’étude fine de la régularité. De plus, certaines pro-
priétés asymptotiques, comme l’existence de profils auto-similaires, peuvent
se déduire de I’étude de régularité au moyen de théorémes abstraits d’analyse
fonctionnelle.

1.5 Etude numérique

1.5.1 Les méthodes numériques pour les modéles ciné-
tiques collisionnels

La simulation numérique des solutions des équations cinétiques collisionnelles
est d’'une grande importance pour les applications, que ce soit en dynamique
des gaz raréfiés (voir [58]), en physique des plasmas (voir [63]), en physique
des milieux granulaires (voir [18, 19]), en physique des semi-conducteurs
(voir [138]), etc.

Cependant deux difficultés principales se posent pour la construction de
schémas numérique utilisables en pratique : d’une part la complexité de
I'opérateur intégral de collision, dont les variables d’intégration décrivent
une variété non plate de dimension 2N — 1 (i.e. RY x S¥=1) et d’autre part
la taille de I'espace des phases en position et vitesse, qui impose rapidement
des tailles de données impraticables.
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C’est pourquoi la classe de méthodes numériques la plus populaire, et de
loin la plus utilisée dans les application d’ingénierie, est ’approche proba-
biliste de Monte-Carlo. Le principe de ces méthodes particulaires est
de simuler I’évolution des particules sous I'action du transport libre et de col-
lisions aléatoires. Les exemples les plus connus sont les schémas de Bird [22]
et Nanbu [152]|. Ces méthodes présentent I'avantage de ne jamais évaluer
I’opérateur de collision, puisque le processus de collision déterministe sur la
densité de probabilité réduite f = f(t,z,v) est remplacé par un processus de
collision aléatoire sur un ensemble de « particules numériques » (le nombre de
« particules numériques » étant bien plus faible que le nombre de particules
physiques). Ceci permet une forte réduction de la complexité du schéma
numérique mais également, ainsi que nous allons le voir, cela évite d’avoir &
tronquer artificiellement 'espace des vitesses (il n'y a pas de discrétisation
de I'espace de vitesse, qui peut devenir arbitrairement grand). Egalement
ces méthodes préservent les lois de conservation, sont faciles & implémenter
et trés robustes. Leur cotit, enfin, est linéaire en le nombre de « particules
numériques ». Cependant, leur précision reste faible et les résultats peuvent
présenter des fluctuations importantes. Pour remédier a ces problémes, il est
nécessaire d’augmenter le nombre de particules et de moyenner les résultats,
ce qui devient trés cotiteux pour des gaz loin de 1’équilibre global, ou prés du
régime fluide. Ainsi ces méthodes sont trés puissantes pour obtenir rapide-
ment la solution stationnaire a 1’équilibre global, mais semblent inutilisables
par exemple pour obtenir le taux de convergence vers I’équilibre. De plus elles
ne permettent pas de reconstruire la densité de probabilité f autrement que
trés grossiérement, ce qui peut étre se révéler un défaut important dans des
situations comme les flots granulaires ou le comportement a 'infini en v de
f est une caractéristique que I'on cherche a observer (voir [87] par exemple).

Ces limitations des méthodes particulaires ont motivé la recherche de
méthodes déterministes. Le principe des méthodes déterministes est de
travailler réellement sur la densité de probabilité f et I’équation de Boltz-
mann, et d’effectuer une discrétisation en vitesse et en espace. Nous n’aborde-
rons pas ici les méthodes de résolution en temps. Pour éviter d’avoir des
conditions impraticables sur le pas de temps pour les faibles nombres de
Knudsen, celles-ci sont généralement basées sur des schémas implicite ou
des schémas dits « relaxés » (voir par exemple [88]). Dans le cas spatiale-
ment inhomogeéne, les résolutions du terme transport et du terme de collision
sont traitées séparément par le schéma de splitting d’ordre 2 de Strang (voir
[178]). Ceci permet de réduire I'étude numérique du terme de collision au
cas spatialement homogéne.

Pour le traitement du terme de transport nous distinguerons principale-
ment deux types de méthodes : d’une part les méthodes ENO et WENO
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issues des schémas numériques pour les systémes hyberboliques (voir [174]),
et d’autres part les méthodes de volumes finis positives et conservant le flux
(voir [91]). Le principe des premiéres méthodes est un schéma de type dif-
férences finies ot les coefficients dépendent d’estimations sur la « régularité
discréte locale » de la donnée. Elles sont donc d’ordre élevé loin des singular-
ités, et trés stable prés des singularités. En contrepartie ces méthodes sont
relativement diffusives et ne préservent pas la positivité et les lois de conser-
vations. Quant aux secondes méthodes, elles sont construites de telle sorte
a préserver la positivité et les lois de conservation en égalant les flux entre
les cellules d’espace. Elles sont moins diffusives et plus stables globalement,
mais moins adaptées pour traiter de fortes singularités. Nous renvoyons &
Particle [90] pour une comparaison des différentes méthodes de résolution de
I’équation de transport, qui inclut également d’autres approches comme les
méthodes semi-lagrangiennes ou les méthodes spectrales.

Pour le traitement du terme de collision (on se place donc maintenant
dans le cadre spatialement homogéne), les méthodes les plus populaires en
dynamique des gaz raréfiés furent pendant longtemps basées sur les modéles
discrétisés en vitesses de ’équation de Boltzmann, voir [40, 139, 33, 60,
156, 171]|. Le principe est de discrétiser la variable vitesse sur une grille
réguliére et de construire un mécanisme de collision discret sur les points de
la grille, qui préserve les principales propriétés physiques. Ces méthodes sont
donc conservatives et stables (elles préservent la positivité et la norme L' de
la distribution), et évitent toute fluctuation dans les résultats. Cependant
leur cofit est de 'ordre de O(n**) oi1 n est le nombre de points dans chaque
direction de la grille en vitesse et a est un nombre qui varie selon les méthodes
mais qui est de 'ordre de 1. De plus, leur précision semble assez pauvre.
Les résultats théoriques [155, 154, 156] démontrent des convergences en
O(n~") avec 0 < r < 1 et les études numériques suggérent au mieux une
précision d’ordre 2. Ces méthodes restent donc essentiellement limitées &
des simulations avec un petit nombre de points de discrétisation et & des
études numériques de propriétés qualitatives. Mentionnons toutefois que les
modeles discrétisés en vitesses ont leur intérét propre, qui a d’ailleurs motivé
leur étude dés les années 1970, alors que les premiers résultats de consistance
entre ces modeéles et I’équation de Boltzmann ne datent que de la fin des
années 1980 (nous renvoyons a l'article [26] pour une discussion historique
plus précise).

Enfin récemment une nouvelle classe de méthode a émergé, basée sur une
discrétisation des modes de Fourier associés a l’espace des vitesses. Elle
s’inspire d’une part des outils (développés dans [24] par exemple) pour
I’analyse de 'opérateur de collision par transformée de Fourier, et d’autre
part des méthodes spectrales développées pour la mécanique des fluides (voir



Chapitre 1. Introduction 81

[43] par exemple). Le premier article sur ces méthodes spectrales de
type Fourier-Galerkin est [159]. Des généralisations furent ensuite étudiées
[160, 161], et la méthode a été appliquée a des situations spatialement in-
homogénes [89] (en la couplant avec les méthodes décrites ci-dessus pour
le terme de transport), a I’équation de Landau [86, 162], & ’équation de
Boltzman pour des noyaux non localement intégrables [164], aux gaz granu-
laires [151, 87]. L’intérét de ces méthodes est leur grande simplicité et leur
grande précision, ou précision spectrale, c’est-a-dire en « O(n™*) » ou
I’exposant est relié & la régularité de la solution, et n désigne le nombre de
modes de Fourier dans chaque direction. Elles conservent la masse mais pas
la quantité de mouvement ni I’énergie cinétique. Cependant ces derniéres lois
de conservation sont également approximées avec une précision spectrale, et
Iefficacité du schéma compense en grande partie ces pertes de conservativ-
ité exacte. Le cotit de ces schémas spectraux est en O(n*Y). Mentionnons
que des méthodes proches basées sur la transformée de Fourier rapide (mais
qui ne semblent pas avoir la précision spectrale) ont été développées dans

[23, 34].

Un probléme majeur des méthodes déterministes de fagon générale est
la nécessité d’utiliser un domaine de discrétisation borné dans ’espace des
vitesses. Physiquement ce domaine est R et (voir le chapitre 4) la propriété
d’étre a support compact n’est pas préservée par 'opérateur de collision??,
qui « étale » le support (par un facteur v/2 dans le cas élastique par exemple).
Par conséquent si le support numérique reste constant au cours du temps,
il est nécessaire d’imposer des conditions numériques non physiques au bord

du domaine. Il y a principalement deux stratégies :

A. Supprimer les collisions binaires qui conduisent a des couples de vitesses
post-collisionnelles hors du domaine numérique. Cela signifie une baisse
du nombre de collisions et donc du nombre de conditions a satisfaire
pour étre un invariant local (c’est-a-dire une fonction ¢ = ¢(v) qui
résout 1’équation (1.1.9) sur le domaine numérique), soit une possible
augmentation du nombre d’invariants locaux de collision. On véri-
fie cependant simplement qu’il est possible de « garder assez de col-
lisions » pour que le schémas n’hérite pas d’invariants locaux parasites.
Cependant cette troncature oblige & modifier le noyau de collision d’une
maniére qui ne dépend pas seulement de la vitesse relative mais égale-
ment de la position dans le domaine en vitesse. De ce fait elle brise
la structure de type convolution de l'opérateur de collision. Cette ap-

25Gauf dans des cas trés particuliers, comme par exemple pour des gaz granulaires mono-
dimensionnels, voir [151] par exemple.
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proche est le point de départ de la plupart des modéles discrétisés en
vitesses.

B. Une autre possibilité est de rajouter des collisions non physiques en
périodisant la distribution f et I'opérateur de collision sur le domaine
numérique. Cette approche implique la perte des invariants locaux non
périodiques, i.e. la quantité de mouvement et 1’énergie cinétiques, qui
ne vérifient pas I’équation (1.1.9) pour les nouvelles collisions ajoutées.
Le schéma n’est donc plus conservatif, sauf en ce qui concerne la masse?®.

Cependant les propriétés de type convolution de l'opérateur sont pré-

servées et peuvent donc étre exploitées pour la construction de schémas

rapides. Cette périodisation est le point de départ des méthodes spec-

trales.

La justification numeérique de ces deux approches est la décroissance rapide de
la ditribution f en vitesse qui permet, en choisissant un domaine numérique
assez grand, de négliger les deux appoximations faites. Dans les travaux
numériques que nous présentons nous adoptons la seconde approche, ce qui
signifie que les schémas ne sont plus exactement conservatifs et que nous
devons tenir compte des erreurs d’« aliasing » (voir [43] pour une discussion
de différentes techniques de « desaliasing »). Notre but est en effet d’exploiter
la structure particuliére de type convolution de 'opérateur de collision pour
construire des schémas numériques rapides.

1.5.2 Meéthodes déterministes rapides pour l’intégrale
de collision de Boltzmann (Chapitre 10)

D’une part, dans la limite de collision rasante (opérateur de Landau) ou dans
la limite quasi-élastique (opérateur de type friction), des travaux (respective-
ment [162] et [151]) ont montré que les méthodes spectrales pouvaient étre
calculées par des algorithmes rapides en O(n'¥log,n) au lieu de O(n?V).
Cette réduction de la complexité de la méthode provient d’'un découplage
des « kernel modes » (voir ci-dessous). Il est possible formellement d’étendre
ces algorithmes rapides a des asymptotiques « intermédiaires » de limite de
collision rasante ou de limite quasi-élastique mais ces derniéres ne sont pas
clairement justifiables, y compris du point de vue numérique (en particulier
des problémes d’instabilité se posent).

26En fait si la donnée initiale est paire en vitesse, cette propriété est conservée au cours
du temps, et la quantité de mouvement est conservé car la fonction ¢(v) = v est un
invariant global, c’est-a-dire une fonction ¢ = ¢(v) qui résout I’équation (1.1.8) pour cette
classe de distributions, sans nécessairement résoudre point par point I’équation (1.1.9).
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D’autre part les travaux [23, 34| ont montré 'intérét des représentations
de type Carleman pour 'utilisation de la transformée de Fourier rapide et la
construction d’algorithmes rapides. Dans ces articles les auteurs construisent
des schémas rapides en mélant les approches par différences finies et par
décomposition de type Fourier-Galerkin. La conservativité de ces schémas
est maintenue mais leur précision reste faible (d’ordre inférieur & 2 d’apres
les simulations numériques).

En partant de ces deux types de contributions, le but du chapitre 10 est
de construire, pour une classe d’interactions qui inclut le cas physique des
sphéres dures en dimension N = 3, des algorithmes spectraux rapides pour
le calcul de I’équation de Boltzmann. Ces algorithmes gardent une précision
spectrale et ne présentent pas de perte supplémentaire de conservativité par
rapport aux algorithmes spectraux classiques. Nous nous bornons ici & don-
ner le principe des méthodes spectrales et 1’idée centrale qui permet d’obtenir
une réduction du coiit de calcul, sans rentrer dans les détails techniques.

Considérons une périodisation sur le domaine Dy = [T, T]? en vitesse.
Il est nécessaire d’effectuer une troncature de 'opérateur de collision pour
imposer que le domaine d’intégration sur lequel il est défini ne couvre qu’une
période (cette troncature ne modifie toutefois pas I'invariance par translation
du noyau de collision). Nous noterons cet opérateur tronqué QE. Pour
simplifier les notations nous prenons 7' = 7 et nous utilisons une seule lettre
pour désigner les multi-indices.

La distribution f est approximée par la série de Fourier tronquée

fn(U) = Z fkeik.v7
k=—n

; 1 —ikwv g,
fk:(zﬁ)N /Dwf(‘v)e Fd

ot n € N désignes le nombre de modes de Fourier dans chaque direction de la
discrétisation, et les fi désignent les coefficients de Fourier de f. Puis nous

projetons I’équation

9f _ m

E - QB (f7 f)

sur P", I’espace vectoriel de dimension (2rn+1)" des polynomes trigonométriques
de degré au plus n dans chaque direction :

afn _ R
ot - ,PnQB(fnafn)v
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ott P, désigne la projection orthogonale sur P* dans L*(D,). On obtient
alors le systéme d’équations différentielles ordinaires suivant :

(1.5.28) fty="> BUlm)fifn, k=-n,..n,
{,m=—n

A

ou les B(I,m) sont les « kernel modes ». Lorsqu’on utilise une troncature
QE basée sur la représentation de Carleman, ils sont donnés par la formule

(1.5.29) B(I,m) = / / B(z,y)d(z-y) [e7e™Y — ™ ] da dy.
z€Br JyeBr

La résolution de ce systéme d’équations nécessite le calcul et le stockage
des O(n?") « kernel modes » une fois pour toute, puis O(n*") opérations a
chaque pas.

Néanmoins la formule (1.5.28) montre que dés que les « kernel modes »
vérifient une décomposition du type

B(l,m) = ap(l)ap(m),

la somme dans (1.5.28) se décompose en A produits de convolution dis-
crets. Ceux-ci peuvent alors étre calculés par ’algorithme de Cooley et Tukey
[59], et le cotit global de I’évaluation du systéme d’équations différentielles a
chaque pas de temps devient alors O(An" log, n).

Le point crucial est donc d’obtenir une décomposition des « kernel modes »
qui découple les deux arguments [ et m. Le principe des méthodes spectrales
rapides que nous proposons est alors d’intégrer les composantes radiales de
z et y dans la formule (1.5.29) et d’utiliser la régle de quadrature des rect-
angles pour discrétiser 'intégration en I'un des deux vecteurs unitaires z /||
ou y/|y|. La distribution étant périodique, il est possible de montrer que
cette semi-discrétisation de I'opérateur est consistante et spectralement pré-
cise (voir le théoréme 10.4). De plus elle préserve les symétries de 'opérateur
de collision, et en particulier n’introduit pas de perte supplémentaire de con-
servativité. Enfin I'implémentation du schéma est parallélisable (ce qui réduit
le coiit théorique & O(n® log, n)) et adaptative (il est possible de modifier le
paramétre A au cours du temps ou bien selon la position dans le domaine
spatial, selon la précision souhaitée).

Mentionnons enfin que les mémes idées (périodisation et recherche de
structure de convolution discréte) ont pu étre appliquées également aux mod-
éles discretisés en vitesses (voir la section 10.4 du chapitre 10).
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1.6 Perspectives

1.6.1 Théorie de Cauchy et régularité

Dans le cas de I’équation de Boltzmann spatialement homogéne, deux prob-
lémes principaux restent & traiter. D’une part 'unicité et la régularité de la
solution pour des noyaux de collisions non localement intégrables, par exem-
ple dans un premier temps pour les potentiels durs. D’autre part I’étude de
I’évolution au cours du temps des bornes sur les moments et la régularité de la
solution pour les potentiels mous, éventuellement avec troncature angulaire
dans un premier temps. Dans le cas de I’équation de Landau spatialement
homogeéne, les potentiels mous restent mal compris. En particulier une ques-
tion serait de savoir si ’équation de Landau-Coulomb propage effectivement
la régularité de la solution (voir la discussion dans [191, Chapitre 5, Sec-
tion 1.3]). Dans le cas de I’équation de Boltzmann spatialement inhomogeéne,
plusieurs pistes se dégagent : 'obtention d’une théorie de solutions perturba-
tives avec bornes des régularité explicites (dans I'esprit des travaux récents
de Guo [110] et en utilisant les bornes de coercivité explicites du chapitre
6), la poursuite de la stratégie d’étude de la régularité sous des hypothéses a
priorisur les champs hydrodynamiques engagée dans le chapitre 4, I’étude de
la propagation des singularités et de leur décroissance en amplitude, ’étude
de I'influence de la géométrie du domaine (et de ses propriétés de convexité
ou non-convexité) sur le développement de singularités, etc.

1.6.2 Retour vers I’équilibre

Les chapitres 5, 6, 7 suscitent les pistes possibles suivantes. Tout d’abord
plusieurs questions restent ouvertes en ce qui concerne I’étude spectrale de
l'opérateur linéarisé dans 1’espace d’auto-adjonction f € L*(M™') : obtenir
une estimée de coercivité qui contréle une norme de régularité globale et
non plus locale dans le cas de noyaux non localement intégrables, montrer la
compacité de la résolvante dans le cas non localement intégrable « limite »
v = 0, prouver la géométrie du spectre de la figure 1.3 pour les potentiels
mous sans troncature angulaire, obtenir des informations sur la forme des
fonctions propres pour les sphéres dures ou les potentiels durs avec tronca-
ture angulaire, quantifier la dépendance du spectre par rapport au noyau
de collision, etc. En ce qui concerne 'obtention de taux explicites de con-
vergence vers 1’équilibre, le chapitre 7 couvre le cas des potentiels durs avec
troncature angulaire, et des études restent & mener pour obtenir des taux
explicites pour les autres interactions. Par ailleurs la décroissance exponen-
tielle du semi-groupe de I’opérateur de collision linéarisé dans ’espace L' avec
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poids exponentiellement croissant obtenue dans le chapitre 7 pose la question
de savoir si la conjecture de Cercignani pourrait étre vérifiée pour des dis-
tributions dans un tel espace (ce qui n’est pas exclu par les contre-exemples
de [28]). Enfin I'obtention de taux de convergence exponentielle explicites
dans le cas spatialement inhomogéne (pour des interactions de type sphéres
dures par exemple) sans condition perturbative (en supposant des bornes de
régularité a priori sur la solution) reste ouverte, et nécessite probablement
de nouveaux outils.

1.6.3 Gaz granulaires

Tout d’abord le chapitre 8 suscite de nombreuses améliorations possibles
pour lever certaines des hypotheéses techniques des théorémes, en particulier
sur les conditions pour obtenir 1'unicité, la convergence de 1’énergie ciné-
tique vers 0 ou encore un temps de vie infini. Le chapitre 9 quant & lui
gagnerait & étre étendu & des noyaux de collision plus généraux. Plus fon-
damentalement les questions ouvertes sont 1'unicité du profil auto-similaire,
et la convergence éventuelle de la solution vers un profil auto-similaire (i.e.
au sens d’une convergence vers une solution stationnaire en variables auto-
similaires). En D’absence de fonction de Lyapunov connue, une possibilité
serait une étude perturbative linéarisée autour du profil. Par ailleurs, la sta-
bilité ou l'instabilité de I’lhomogénéité spatiale reste ouverte®” et, dans le cas
spatialement inhomogéne, la construction de solutions renormalisées restent
également ouverte, du fait de ’absence de théoréme H.

1.6.4 Meéthodes numeériques

L’application des méthodes spectrales rapides décrites dans le chapitre 2 a
des simulations spatialement homogénes et inhomogeénes est en cours [85].
Par ailleurs, il serait intéressant d’étendre les algorithmes spectraux rapides
a des modeéles granulaires ou des modéles de semi-conducteurs. Sur le plan
théorique, la consistance des méthodes spectrales est connue, mais la stabilité
(et donc la convergence) reste ouverte. Enfin les méthodes déterministes
pourraient étre utilisées pour obtenir des renseignements sur des problémes
encore inaccessibles a ’étude analytique, comme 1’étude des oscillations lors
de la relaxation vers 1’équilibre, ou bien la dépendance du taux de relaxation
en fonction de la forme du domaine, etc.

27 Aucune étude linéarisée dans 1’esprit de [11] n’existe en inélastique, et des arguments
physiques, comme dans [102], penchent en faveur de 'instabilité de I’homogénéité spatiale.
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1.7 Annexe : notations

Soit une fonction mesurable f : RY — R, avec d > 1. On note
() =VIFTF

Soit p € [1,+<[, ¢ € R et m : RY — R une fonction strictement positive
mesurable. Alors

e On définit I'espace L?(m) par la norme

1y = [ 1501 ()
Rd
et 'espace L>°(m) par la norme

[Nl my = sup [f(y)] m(y)

yeR4
(le « sup » désigne la borne supérieure essentielle).

e Dans le cas particulier d’un poids en puissance, on définit I'espace Lf par
la norme

I = [ 1P ) d,
R4
et 'espace L;° par la norme

[ fllzee = sup | f(y)| (y)".

yeR4

e Plus généralement, on définit pour s € N, I'espace W*?(m) par la norme
1 ery = D | 10*F@)IP miy) dy,
k|<s Y RY

avec 0% = akl/aykl e 8kN/8ykN, et 'espace W*>(m) par la norme
1 N

£ llwecimy =Y sup 0% f(y)m(y).

d
lk|<s VER

e Dans le cas particulier d’un poids en puissance, on définit 'espace W F
par la norme

iz = 3 [ 10 1P ) .

k| <s
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et 'espace W par la norme

fllwes =Y sup 8" f(y)] (v)".

d
Ik|<s VER

e Dans le cas particulier p = 2, on note H*(m) = W>*(m) et H; = W2?, et
les définitions peuvent étre étendues par interpolation a s > 0. Egalement
nous avons la norme équivalente suivante sur H ; bour tout s >0 :

1 = NF ez

ou F(f(-)?) désigne la transformée de Fourier de la fonction y — f(y) (y).

e On définit Llog L 'espace de Orlicz associé a la fonction convexe ¢ : R —
Ry, X — (1+ |X|)log(l + |X]), c’est-a-dire I’ensemble des f : R? — R

mesurables telles que

[ et dy < +oc.

(C’est un espace de Banach, pour plus de détails, nous renvoyons a la section 8.6
du chapitre 8.

e On définit l'espace BV, des fonctions & variations bornées avec poids en
puissance d’ordre g comme ’ensemble des limites de suites de qu’l dans
D'(R?) D’espace des distributions sur R? pour la convergence faible qu’l.
Pour f € BV, la norme est donnée par

£llsv, = 1+ [ )k ()

ou dmy désigne la dérivée de f au sens des distributions (associée & une
mesure sur R?), et |dm | sa variation totale.
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spatially homogeneous

Boltzmann equation
with cut-off

Article [150], en collaboration avec Cédric Villani, paru a
Archive for Rational Mechanics and Analysis.

ABSTRACT: We develop the regularity theory of the spatially homogeneous
Boltzmann equation with cut-off and hard potentials (for instance, hard spheres),
by (i) revisiting the LP theory to obtain constructive bounds, (ii) establishing
propagation of smoothness and singularities, (iii) obtaining estimates on the
decay of the singularities of the initial datum. Our proofs are based on a
detailed study of the “regqularity of the gain operator”. An application to the
long-time behavior is presented.
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2.1 Introduction

This paper is devoted to the study of qualitative properties of solutions to the
spatially homogeneous Boltzmann equation with cut-off and hard potentials.
In this work, we shall obtain new, quantitative bounds on the norms of the
solutions in Lebesgue and Sobolev spaces. Before we explain our results and
methods in more detail, let us introduce the problem in a precise way.

The spatially homogeneous Boltzmann equation describes the behavior
of a dilute gas, in which the velocity distribution of particles is assumed to
be independent of the position; it reads

af _ | N
E_Q(]ﬁf% UER7 tZO?

where the unknown f = f(¢,v) is a time-dependent probability density on
RY (N > 2) and @ is the quadratic Boltzmann collision operator, which we
define by the bilinear form

Q(g7 f) = /RN N B(|U — ‘U*|, COS 9) <gif’ — g*f) d‘U* do.

Here we have used the shorthand f' = f(v'), g. = g(v.) and ¢, = g(v)),
where

, vtue o=
o o,
2 2
, vt vt v — v
BT Ty T Ty

stand for the pre-collisional velocities of particles which after collision have
velocities v and v.. Moreover 6 € [0, 7] is the deviation angle between v’ — v
and v — v,, and B is the Boltzmann collision kernel (related to the cross-
section X(v — v, 0) by the formula B = ¥|v — v.|), determined by physics.
On physical grounds, it is assumed that B > 0 and that B is a function of
|v — v.| and cos = (o - (v —vs)/|v — V).

In this paper we shall be concerned with the case when B is locally
integrable, an assumption which is usually referred to as Grad’s cut-off
assumption (see [108]). The main case of application is that of hard-sphere
interaction, where (up to a normalization constant)

(2.1.1) B(|v — vi|,cos0) = [v — v.].
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We shall study more general kernels than just (2.1.1), but, in order to limit
the complexity of statements, we shall assume that B takes the simple prod-
uct form

(2.1.2)  B(|v —v.|,cos0) = ®(|v — v.|) b(cos ), cosb = <|U_7U* 0> :

bl
v — v,
Let us state our assumptions in this context:

o We use Grad’s cut-off assumption, which takes here the simple form

(2.1.3) / b(cos@)sinN_29d9 < 4o0.
0

e [t is customary in physics and in mathematics to study the case when
® behaves like a power law |v — v.|?, and it is traditional to distinguish
between hard potentials (v > 0), Maxwellian potentials (y = 0), and
soft potentials (v < 0). Here we shall concentrate on hard potentials,
and more precisely we shall assume that ® behaves like a positive power
of v — v,[, in the following sense: There exists a v € (0,2) such that

(2.1.4) ®(0) =0 and Co = [[®]lcor g, < +oo.

Here C°7(R,) is the y-Héolder space on Ry, i.e.,

®(r) — @
H(I)HCOW(R_I_) = sup M

r,s€Ry, r#s |T‘ - 3|W

e In addition to (2.1.3) we shall assume a polynomial control on the
convergence of the angular integral: there exists § > 0 such that

(2.1.5)

/ b(cos 0) sin™ 20 df — / b(cos 0)sinV =20 df| < Cyé’.
0 €

Remark: The goal of this assumption is to simplify the computations and
bounds which will be derived. Of course, the L! integrability of the angular
cross-section implies that the left-hand side in (2.1.5) goes to 0 as ¢ — 0,
and almost all the results in the present paper remain true under this sole
assumption.
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e Finally, we shall impose a lower bound on the kernel B, in the form
(2.1.6)
/ B(|v — vi|,cos0)do > Kglv — v,|" (Kg >0, ~>0).
gN-1

For a kernel in product form, as in (2.1.2), this assumption means that
b is (almost everywhere) not identically zero and @ satisfies

(2.1.7) VzeRY, @(z) > Ko |z

for some K¢ > 0.

Remarks:

1. Our assumptions imply that ® is bounded from above and below
by constant multiples of |v — v,|?. In fact, to establish the subsequent L?
estimates on Q7, it is sufficient to treat this case: since the gain operator
behaves in a monotone way with respect to the collision kernel, the general
estimates follow immediately.

2. It would also be easy to generalize our results to the case in which B
is a finite sum of products of the form (2.1.2), but much more tedious to do
the same for a general B, even if no conceptual difficulty should arise.

The Cauchy problem for hard and Maxwellian potentials is by now fairly
well understood (see for example [44, 45], [6], [144], [24]), while soft poten-
tials still remain more mysterious (see [7], [107], [186] for partial results).

For hard potentials with 0 < v < 2, the following results are known:

¢ Existence and uniqueness of a solution as soon as the initial datum
fo satisfies

(2.1.8) /RN Jo(w) (1 + [o]?) dv < +o0.

This uniqueness statement in fact holds in the class of solutions with
non-increasing kinetic energy, and the solution satisfies the conservation

laws
1 1
Yt >0, f(t,v) v dv = fo(v) v dv.
of 2 pop

This strong uniqueness result is due to Mischler and Wennberg [144].
We note that spurious solutions with increasing kinetic energy can be
constructed, see [201].
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e Boltzmann’s H-theorem: let

H(f)= [ [flogfdv,

RN
then

SH((1) <0

In particular, if H(fy) < 400, then

VE=0,  H(f(t,-)) < H(fo).

e Moment bounds (see [168], [67], [198, 200], [144]): if f, satisfies
(2.1.8), then

Vs>2, Vig>0, sup flt, o)L+ |v|°)dv < 4.

t>to JRN

In words, all moments are bounded for positive times, uniformly as ¢
goes to infinity. This effect has been studied at length in the litera-
ture, and is strongly linked to the behavior of the collision kernel as
|v — v.| = +00. Some explicit bounds are available [67, 200].

e Positivity estimates (see [44], [169]): without further assumptions,
it is known that

vt0>0, 3[&70,A0>0; t> 1
— Vv eRY f(t,v)> KoeAolv

|2
This means that there is an immediate appearance of a Maxwellian
lower bound (the particles immediately fill up the whole velocity space).
Again the bounds here are explicit.

e [? bounds: L” estimates (p > 1) have been obtained by several au-
thors: Carleman [44, 45] and Arkeryd [8] for p = 400, then Gustafs-
son [111, 112] for I < p < 4oo. The bounds given by Carleman
and Arkeryd are constructive, while this does not seem to be the case
for Gustafsson’s one, obtained by an intricate nonlinear interpolation
procedure.

Our goal in this work is to complete the picture, while staying in the
framework of hard potentials with cut-off, by
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e revisiting the L? theory (1 < p < +0o0) and obtain quantitative esti-
mates together with improved results (holding true under physically
relevant assumptions);

e studying in detail the phenomena of propagation of smoothness and
propagation of singularities, which are certainly the main physical
consequences of Grad’s cut-off assumption.

Unlike Gustafsson’s proof, our method does not use the L* theory, nor
nonlinear interpolation; it is entirely based on the important property of
“regularity of the gain operator”, namely the fact that the positive part of
the Boltzmann collision operator

Qt(g, f) = /RN /SN_1 B<|v — v, cos 0)91 f'do dv,

has a regularizing effect. This phenomenon was discovered by Lions [130,
131], and later studied by Wennberg [199], Bouchut and Desvillettes [37],
and Lu [134]. On one hand we shall use some of the results in [37], but
on the other hand we shall also need some fine versions of the regularization
property which do not appear in the above-mentioned references, and this is
why we shall devote a whole section to the study of this regularization effect.
This part should be of independent interest for researchers in the field, since
the Q7 regularity is the basis of the study of propagation of regularity for the
Boltzmann equation in general, including the full, spatially inhomogeneous
Boltzmann equation. Wennberg’s work [199] will be the starting point of
our investigation.

Since the pioneering papers [130, 131] it was known that the Q% regu-
larity was useful for smoothness issues; we shall show here that it is also very
powerful for establishing L? bounds, as was first suggested in [182]. In this
reference, the case of smoothed soft potentials was considered; here we shall
adapt the strategy to the case of hard potentials, which will turn out to be
much more technical. Our subsequent study of propagation of smoothness
will use these L? bounds as a starting point, in the case p = 2.

Interpolation will play an important role in our estimates, but it will only
be linear interpolation, applied to the bilinear Boltzmann operator with one

frozen argument (typically, f — Q(g, f)).
Our main results can be summarized as follow: under assumptions (2.1.3)-

(2.1.6)

o if the initial datum lies in LP, then the solution is bounded in L7,
uniformly in time;
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e if the initial datum is smooth (say in some Sobolev space), then the
solution is smooth, uniformly in time;

o if the initial datum is not smooth, then the solution is not smooth
either. However, it can be decomposed into the sum of a smooth
part (with arbitrary high degree of smoothness) and a non-smooth part
whose amplitude decays exponentially fast.

All this will be quantified and stated precisely in Sections 2.4 and 2.5. The L?
propagation result is an improvement of already known results, in the sense
that we do not need an extra LP-moment condition on the initial datum;
the other results are new. As an application, we shall establish some new
estimates on the rate of convergence to thermodynamical equilibrium as time
goes to infinity. Although these estimates are obtained as a consequence of
our regularity study, they will hold true even for non-smooth solutions.

The plan of the present paper is as follows. First, in Section 2.2, we
give some simple estimates on the collision operator in various functional
spaces. These estimates will be obtained by simple duality arguments; some
of them were essentially well known even if maybe not in the particular form
which we give. Then in Section 2.3 we begin our fine study of the regularity
of Q%. It is only in Section 2.4 that we start looking at solutions of the
Boltzmann equation; in this section we show that if the initial datum lies in
L? (1 < p < +00) then the solution is bounded in L? uniformly in time (also
we prove that a phenomenon of “appearance of LP moments” occurs, like in
the case p = 1). In Section 2.5, the main result is a decomposition theorem
of the solution into the sum of a smooth part (having arbitrary high degree of
smoothness) and a non-smooth part whose amplitude decays exponentially
fast. As a preliminary we shall also prove propagation of smoothness, and
thus rather precisely tackle the phenomena of propagation of singularities
together with exponential decay. Finally, in Section 2.6 we give an application
to the study of long-time behavior of the solution: the decomposition theorem
allows us to apply estimates for a very smooth solution obtained by [192],
in order to prove rapid convergence to global equilibrium.

The whole paper is essentially self-contained, apart from a few simple
auxiliary estimates for which precise references will be given, and from known
existence and uniqueness results, which we here admit. Some facts from linear
interpolation theory and harmonic analysis, used within the proofs, will be
recalled in an appendix, in Section 2.8.
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2.2 Preliminary estimates on the collision op-
erator

Let us first introduce the functional spaces which will be used in what follows.
Throughout the paper we shall use the notation (-) = 1/1 4 | - | and we shall
denote by “cst” various constants which do not depend on the collision kernel

B. Whenever multi-indices are needed we shall use the common notation
o = g, Y = B O, where 8 = 00y, and (4) = (1) (1),
We shall use weighted Lebesgue spaces L} (p > 1, k € R) defined by the norm

1/p
[ fllze @y = </RN | f(v)|P{v)P* dv)

with the convention

i ey = sup 1))

veRN

We shall also use weighted Sobolev spaces W.?(RY); when s € N they are
defined by the norm

1/p

Hf|‘n/,jp(RN) = Z Hanyig

lv|<s

Then the definition is extended to positive (real) values of s by interpolation.
In particular, we shall denote W;’Q by H} ; note that this is a Hilbert space.
We shall make frequent use of the translation operators 7, defined by

Yo € RN, 7.f(v) = f(v—h).

The translation operation does not leave the weighted norms invariant. In-
stead, we have the following estimates:

Imifllg .. < )Py

kq +ko
Finally, we introduce the H functional:
H(f) = [ flogfdo.
RN

For nonnegative functions in L3, H(f) is finite if and only if f belongs to
the Orlicz space Llog L (often used in kinetic theory) defined by the convex
function ¢(X) = (1 + | X])log(1 + | X]).
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2.2.1 Some convolution-like inequalities on Q7

In this subsection we prove some estimates on Q% in Lebesgue and Sobolev
spaces. In the case of Lebesgue spaces, they are essentially contained in [111,
112|; but our method, based on duality, provides somewhat simpler proofs.

We shall establish two different types of estimates: for the bilinear Boltz-
mann collision operator on one hand, and for the quadratic operator on the
other hand. To establish the bilinear estimates, we shall impose an addi-
tional assumption on the angular kernel: no frontal collision should occur,
i.e., b(cos @) should vanish for 8 close to m:

(2.2.9) 36, > 0; supp b(cos@) C{0 /) 0<0<7m—0}.

This additional assumption will not be needed, on the other hand, for the
quadratic estimates, i.e., the estimates on QT (f, f). Indeed, @*(f,g) =
Q"’(g,f) if QT is a Boltzmann gain operator associated with the kernel
?)(cos 0) = b(cos(m — 0)). In particular, b(cos@) and [b(cosf) + b(cos(m —
0))]lcoss>0 define the same quadratic operator Q%, and the latter satis-
fies (2.2.9) automatically. We note that Q*(g, f) and @*(f, g) will not neces-
sarily satisfy the same estimates, since assumption (2.2.9) is not symmetric.
To exchange the roles of f and ¢, we will therefore be led to introduce the
assumption that no grazing collision should occur, i.e.,

(2.2.10) 36, > 0; supp b(cos@)C {0/ 0, <0< n}.
Theorem 2.1. Let k,np € R, s € Ry, p € [1,+00], and let B be a colli-

sion kernel of the form (2.1.2), satisfying the assumption (2.2.9). Then, the
following estimates hold:

2211) @%@ Dl < ConoB)lallusmy £z, e

[E+nl+(n|
(2.2.12) HQ—I_(gv f)HW;P(RN) < Cip(B) HgHWILS-I]-;;HInI
where Ciyy(B) = st (sin(0y/2))™ 00205 ] guy @ . 1f on the
other hand assumption (2.2.9) is replaced by assumption (2.2.10), then the
same estimates hold with Q% (g, f) replaced by Q*(f,g).

Corollary 2.1. Let k,n € R, p € [1,4oc], and let B be a collision kernel of
the form (2.1.2). Then the following estimates hold:

HQ-l—(f7 f)HLf](RN) < Ck(B) HfHLl

|k+nl+n|

(RN) Hf”Wkan(RN) )

e Iz, @

(22.13) QT Nllwyrm < CeB) Il

where Ci(B) = cst Hb”Ll(SN—l) ”(I)”Liok'

+|n|(RN) HfH]’Vkan(RN) ’
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Remarks:
1. Of course, if B satisfies assumption (2.1.4), then Cy(B) is finite as
soon as k > .

2. No regularity is needed on the collision kernel here.

3. In the particular case n > 0, it is possible to obtain slightly better
weight exponents in Theorem 2.1 and Corollary 2.1. We can indeed use the
inequality

o] < o[ + Jul?
to split the weight on the two arguments of Q1 and get
19 (9, N1y < est || QTG ],

where F'(v) = f(v)(v)" and G(v) = g(v)(v)". When 1 > 0, the conclusion of

Theorem 2.1 thus becomes

HQ—l—(gLf)HLf](RN) < Ckm,p(B) ”gHL}Hn(RN) HfHLiM(RN) ’

and

HQ-}—(Q7 f)Hu/st(RN) < Ckﬂ%p(B) HgHﬂ/kri]r;l(RN) HfHVVkan(RN) :

4. As we said above, the corollary is obtained from the theorem upon
replacing b(cos ) by [b(cos 0) + b(— cos 0)]1o<g<r/2. We note that in the case
of a hard-sphere collision kernel, the physically relevant regime is cos § < 0, so
our trick to reduce to cos # > 0 should just be considered as a mathematical
convenience (which could have been avoided by chosing different conventions;
however there is some other motivation for our present conventions).

Proof of Theorem 2.1. By duality,

Q" (9. N =sup{/@+<g,f>¢ 1l s1}.

We apply the well-known pre/post-collisional change of variables, namely
(v,v0,0) = (v, 0], (v —v.)/|v — vi]), which has a unit Jacobian, to obtain

+ vdv = 5 B(|lv — v.|,0)(v)do | dvdv,
[@taned= [ ar( [ Blo-vlopet)o)
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for all ||| ,,» < 1. Let us define the linear operator S by

so)= [ Bll.o)s (#) do.

Then
(2.2.14)

/RN Q* (g, [ dv = /ng(v*) (/RN f('v)(TU*S(T_U*%/)))(’U)d'U) dv,.

We shall study the operator S in weighted L' and L°° norms. For brevity
we denote vt = (v + |v]o)/2. By use of the inequality

0
gn<§>ngywwgyw

which is a consequence of (2.2.9), we find
(2.2.15) HS;/)HLiok_n < cst (sin(@b/g))min(n,o) Hb”Ll(SN—l) ”(I)HL‘f’k H'@Z)”Lzon .

Next, we turn to the L! estimate. First,

1Selpe, = /RN/SNI (Jo])(0) ™" b(cos 6) [1(v)| do dv

< (sin(6,/2)) mm”O ||<I)||Loo

/RN/SN1 (cos 0) [¢h(v™)|(v™) ™" dor duv

The change of variable v — v™ is allowed because b has compact support in
[0, 7 — 03], and its Jacobian is 2V~! cos™26/2. By applying it we find

15¢lee, < st (sin(6,/2))™ " || @] o
cos ) |¥(v v dv do
<[ Heos0) )
< cst(sin(85/2))™ 0 0| .

0) ()| ()T d
Lo MmO ) e do

RNxSN-1

(2.2.16) < cst (sin(6,/2))™ 72 b 1 gy 19| o, [ P

X

By the Riesz-Thorin interpolation theorem (see Section 2.8), from inequali-
ties (2.2.15) and (2.2.16) we deduce

158N, < Crnp(B) 10llpr » 1 <p< o0,
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whete Ciyp(B) = cst (sin(0,/2)) 092/ [b]] o [ @] o . Plugging
this inequality in (2.2.14), we find

< [ dolad ([ @l (50 0]

< ' /
< [ dlanlflg,, I Sl

QT (g, )¢ dv
RN

v, \ B+l , .

< g, [ Ko o 1S ), do.

< Ck,n,p(B)!\fl\Lz;+/ gl () |7 )| do
T JRN -n

< Chnp(B) [ fllz, H‘leLp'/ g/ w) EHH o,
n -1 JRN

<

Cuns(B) g, [ lol(on)#o01 ,
n RN
< ConolB) Iy, sl

1 .
|k+nl+n|

This concludes the proof of (2.2.11).
We now turn to the proof of (2.2.12). It is based on the formula

(2.2.17) VQ*(g.f) = Q*(Vg, f) + Q*(9,V[)

which is an easy consequence of the bilinearity and the Galilean invari-
ance property of the Boltzmann operator, namely 7,Q(g, f) = Q(7ng, Tn.f).
From (2.2.17) it it easy to deduce a Leibniz formula for derivatives of Q% at
any order, and equation (2.2.12) easily follows for any s € N. Indeed, when-
ever s € N we can apply Theorem 2.1 to each term of the Leibniz formula

for Q" (g, f) and find

1Q% (9 Nllsr = D l0"QF (9. N[5,

v<s
- X X (U)ot s oo,
v|<s ulv
< Cunm) Y X (U)Wl N

[v|<s n<v

P
+nl+1n] ”fHW’gf" .

Then the general case of (2.2.12) is obtained by use of the Riesz-Thorin
interpolation theorem, with respect to the variable f. O
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2.2.2 A lower bound on )~

We shall use the following estimates on ().

Proposition 2.1. Assume that the collision kernel B satisfies (2.1.6). Then,
for all f € L} with H(f) < 400, there exists a constant K(f), only depend-
ing on a lower bound on [ fdv, and upper bounds on [ flv|*dv and H(f),
such that

(2.2.18) Q (/. 1) > K(f) f(v) (14 [o])".

Similarly, if in the right-hand side of (2.1.6) the term |v —v.|" is replaced by
min(|v — v,|", 1), then the conclusion (2.2.18) should be replaced by

(2.2.19) Q™(f, f) > K(f) f(v).

This result is well known: see for instance [8, Lemma 4|, or [72, Lemma 6].

2.3 Regularity of the gain operator

It is known from the works of Lions [130, 131] that, under adequate as-
sumptions on the collision kernel B, the gain operator Q*(g, f) acts like a
regularizing operator on each of its components when the other one is frozen.
In this section we shall establish various versions of this regularizing effect.
The results will of course depend on the assumptions imposed on B.

The proof in [130] was very technical; it relied on Fourier integral op-
erators, and the theory of generalized Radon transform (integration over a
moving family of hypersurfaces), which was studied in detail by Sogge and
Stein at the end of the eighties [175, 176, 177]. Later Wennberg [199]
simplified the proof by using the Carleman representation [44] of @T, and
classical Fourier transform tools. Both authors prove functional inequalities
which are roughly speaking of the type

(2.3.20) 1Q™ (g, Hllv-vs2 < Cllfllz2llgllze-

A slightly different family of inequalities was obtained by much simpler means
in independent papers by Bouchut and Desvillettes [37] and Lu [134]: they
established functional inequalities of the type

(2.3.21) HQ+(JC7 f)HH(N—l)/Q <C Hflﬁ'ﬂ :

For our purposes in the next section, inequalities of type (2.3.21) will not be
sufficient, and we shall need the full strength of inequalities of type (2.3.20).
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On the other hand, formulas of the type of (2.3.21) will be sufficient for our
regularity study later in the paper.

The precise variants of (2.3.20) which will be used below cannot be found
in [199], so we shall re-establish them from scratch. Our proof follows essen-
tially the idea of Wennberg [199], and our main contributions will be to make
the constants depend more explicitly on the features of the collision kernel,
to extend the results to weighted Sobolev spaces of arbitrary order and arbi-
trary weight, and to extend the range of admissible collision kernels, allowing
a possible deterioration of the exponents of regularization. It would also be
possible to adapt the proofs by Sogge and Stein, which are more systematic;
but it would be much more tedious to keep track of the constants.

2.3.1 A splitting of Q*

We shall first prove the regularity property on the gain operator when the
collision kernel is very smooth. Then we shall include the non-smooth part
of the kernel, at the price of deteriorating the exponents, by an interpolation
procedure with the convolution-like inequalities of Section 2.2. This interpo-
lation is not needed for the proof of propagation of the L? bound but will be
useful for the study of the propagation of singularity /regularity performed
in Section 2.5. This calls for an appropriate splitting of the collision kernel,
and therefore of the gain operator.

Let us consider a collision kernel B = ® b satisfying the general assump-
tions (2.1.3)—(2.1.6). Let © : R — Ry be an even C* function such that

supp © C (—1,1),
JpO@de =1
and © : RN — R} be a radial C* function such that
supp © C B(0,1)
fRN Odr = 1.
Introduce the regularizing sequences
O, (z) = mO(maz) (z € R),
O.(z) =nNO(nz)  (xzeRM).

We shall use these mollifiers to split the collision kernel into a smooth and
a non-smooth part. As a convention, we shall use subscripts S for “smooth”
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and R for “remainder”. First, we set

Bs, =0, % (B 14,),

where A, stands for the annulus

p=foer; 2opical.

Similarly, we set

bs7m = @m * (b 1]1m) 5

bR,m =b— bS,m;

where [, stands for the interval
2 2
]Im:{:EER; —1—|——§|CE|§1——}
m m

(here b is understood as a function defined on R with compact support in
[—1,1]). Finally, we set

Q= Q%+ Qf,
where
(2.3.22) Qilg, f) = / ®s,.(|v — vi|) bsm(cos0) gl f' dv.do
RNxSN-1

and

Qf = Qfs + Qir+ Qfi

with the obvious notation

QES(.@% f) = / d‘U* / dO' (I)R,n bS,m gi f/7
RN gN-1

—ls—R(g7 f) = / d‘U* / do (I)S,n bR,m gi f/7
RN gN-1

QER(Q? f) = / dv / do (I)R,n bR,m gi f/-
RN SN—

1
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2.3.2 Regularity and integrability for a smooth collision
kernel

In this subsection we shall prove the regularity property of the gain oper-
ator under the assumption that both ® and b are smooth and compactly
supported:

(2.3.23) ®c CRRN\{0}), beCg(—1,1).

The assumption (2.3.23) is obviously satisfied by the smooth part Q¢ of the
gain operator in the decomposition above. Thus, the results in this section
will apply to the mollified operator Q¥ in (2.3.22). Our main result in this
subsection is the

Theorem 2.2. Let B(|v—u.|,cos8) = ®(|v—wv.|)b(cos 0) satisfy the assump-
tion (2.3.23). Then, for all s € R*, n € R,
1@ (g N cyvz1 < Cregls, B) llgll gy 1 F1] s

HH;+ 2n]

(2.3.24)
1QF(F PN cvxzr < Cregls BY gl 11l

Hy,

where the constant Creg(s, B) only depends on s and on the collision kernel,

see formulas (2.3.27) and (2.3.28).

Remark: Of course assumption (2.3.23) is left invariant under the change
6 — /2 — 0, and therefore the estimates in (2.3.24) are symmetric under
exchange of f and g.

Proof of Theorem 2.2. We shall proceed in three steps, following the method
of Wennberg [199]. We shall make use of the elementary Lemma 2.4 in
Section 2.8 to explicitly control an error term disregarded in [199].

Step 1: The Carleman representation. The idea of Carleman represen-

tation (see [44, 45]) is to parametrize QT by the variables v" and v/ instead
of v, and o. This change of variable leads to

O(|v — vi|) b(cos )
+ — d ! d ! ! !
Qo) = [ v [ TRy

where F, ., denotes the hyperplane orthogonal to v — v’ and containing v.

Since |v — v'|/|v — v.| = sin(f/2), we can parametrize the kernel by

O(|v — vil) b(cos 9)

.U/|N—1

= B(v — v., v — V'),

o=
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where

B(|v1]) b <1 _9 (HY)

oV

B(‘Uh |‘U2|) =

The fact that B is radial according to the first variable will not be used in the
next step, but will prove to be useful in Step 3 where some modified versions

of the collision kernel will be needed.
Following [199], we define, for w € SV~ and r,s € R,

Ryrg(s) = /L B(z + sw,r)g(z 4 sw)dz,

where w' denotes the hyperplane orthogonal to w going through the origin
(this is a weighted Radon transform). Then, for y # 0 we set

Ty(y) [Rystol ] 9(1y])
= /+  Blzy) g(2) dz.

By an easy computation,
Q0. /)= [ S0 (0T or ) glo) dv
R

(this is the last formula in [199, Section 2]). Thus it becomes clear that regu-
larity estimates on the Radon transform 7" will result in regularity estimates
on QF. More precisely, a careful use of Fubini and Jensen theorems leads to

9 2

e <Al [ 1700

“Q-l_(g,f)H (T—v' OTOTU’)Q('U)

and we see that

1€ (0 £ szt < Cols, B) 1y, Mol

H"
if we define Cyeg(s, B) as the best constant in the inequality

(2.3.25) ITgll v xzs < Cllgll -

n
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Step 2: Estimates of radial derivatives of 7. We now start to estab-
lish (2.3.25). As we shall see in the next step, it suffices to study the regular-
ity with respect to the modulus of the relative velocity variable, because the
angular derivatives can be controlled by the radial ones. We shall work in
spherical coordinates and write T'g(rw) = R, ,g(r) (r > 0, w € S¥-1). We
introduce the “radial Fourier transform”, RF, and the Fourier transform in

RY, F, by the formulas

1 .
RF[(pw) = 2172 /R e f(rw)dr,

FIO) = oy [ €0 o

In particular,

RF [(r)"Tg] (pw) = (27r1)1/2 /Rdr € ()" /l dzB(z 4+ rw,r)g(z + rw).

Let u = z + rw. By Fubini’s theorem and some simple computations,

1

RF [(r)"T ] (pw) = (20)" % F [g()B(- |- w) (- w))] (pw).

N—-1
2

By this we can estimate the H§+ norm according to the radial variable.

Let us define for some function f

2 2(s+ 2L
B = dw | dp (p)2(s+55)
”fHH;+NT(SN—1xR) /SN_1 w/R p{p)

Then

2

[(r)" £] (pw)

ITal s

/SN dw / dp o)+ T [ REF () T ) (o)

Sl R / dp(p)(+7)

We change variables to get back to Euclidean coordinates, and find

I3l .o = en [ gy

ot (SN IxR)
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7looe () o) o

Now we cut this expression into two parts: for |£| > 1, the inequality |¢[* >
1/2(1 + [£?) implies that the right-hand side is bounded from above by

oo [ 6|7 Joos (- (i) () e
F(2m)N ot (/BN J%)

7loos (I )D ) o

where BV stands for the ball of radius 1.
Then, on one hand Lemma 2.4 implies

/|£|>1<§>25 F [g(-)B <7‘<,%>D <(_7§)2>”] ©
< lgll; B( (ﬁ)‘)@

v
()"
where S = s+ |N/2| 4+ 1. On the other hand, for each [£| <1,

L [CLENI |§|>] )

‘ P N/z/RN ity ..)<(:c,m)> d| .

Hence, by the Cauchy-Schwarz inequality,

‘f s0B () | ©

2

d.

X

2

X sup
lg1<1

?

2

L (HZ)

1 ((z,w))"
< lgll 2 sup ||B(z, |(z,w)]) :
(2m)N/2 7R ean ()" 2@y
Adding up the previous inequalities, we conclude that
T -
790zt
((z,w))"

(2.3.26) < cst(V, s) HgHH sup

7 weSN-1

(z)7

HS@®Y)
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Step 3: Corollary: estimates of the angular derivatives of 7. Here
we show how to get estimates on the angular derivatives of T'g thanks to the
estimates on the radial derivatives. We first require the exponent s+(N—1)/2
to be integer, so that the HSHN_U/Q norm can be computed in terms of norms
of derivatives. Then,

d(Tyg Jw;(y) 0 ds(y) [ 9
ayZ Zi@yz 'w] Rw sg( )‘I’ ayZ 83 Rw,rg(S) .
87“() 0
* dy; {ERWQ(S)] o=
where
Yy
w(y)=m, r(y) = s(y) = |y|

and higher-order variants of this formula can obviously be obtained by dif-
ferentiating at arbitrary order. Let us assume that supp (@) C [a, +0o0) and
supp (b) C [6,1] (&« > 0 and 0 < ¢ < 1). Then supp (B) C [a,+0) X
[ea, +00), and we can easily establish that

0"w;(y)| _ cst(NV) 9”s(y)
Ay |~ (ae)ll’ dy¥

d"r(y)
<
dy¥ ‘ = (ag)h=t

?

in the support of B.
Our second tool is the following property of the Radon transform: it can
be rewritten

Ryrg(s) = / g(z + sw)B(z + sw,r)dz
wJ_
= / g(u)B(u,r)é(w - u — s) du,
RN
where 4 is the Dirac mass at 0 on R. Thus

aiijwJ‘g(S) = / g(u)B(u, r)u]- 5’(w LU — 3) du

RN
d
—%/RNQ(U)B(M ru; 0(w - u—s)du
0 ~

where Ewﬁ, is defined by the new kernel B(u,r)u;. Thus the angular deriva-

tive %meg(s) can be obtained from the estimate (2.3.26) of Step 2, upon
J
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replacing the collision kernel by another one, only differing by a factor of u;.
The same holds true for all order derivatives.

To conclude with the regularization property of 7', it is enough to notice
that the derivatives along r are already taken into account above, and to use
the above-mentioned commutation property for the angular derivatives. We
conclude that equation (2.3.25) holds true with

1 n
Creg(s, B) = MSUP HB(L |(I7w)|)$vM ;
(ag)™+"3 ()7 -y
(2.3.27) W< s+ % we SN—l} |

This concludes the proof of (2.3.25) when s+ (/N —1)/2 is an integer. The

general case follows by the Riesz-Thorin interpolation theorem again. U

Order of the constant according to the convolution parameters.
The computation of an upper bound on the constant Cle.(s, B) for the colli-
sion kernel ®g,,bg ,,, according to the mollifying parameters m and n is tedious
but straightforward. It is easy to obtain a polynomial bound in the form

Creg(S, B) § CSt(S7 N)mas-l—bna's-l—b’ ||1Hmb||L1(SN—1)
(2.3.28) < cst(s, N)m“""bnals"'bl ||bHL1(SN—1

)
where a,a’,b,b" stand for some constant depending only the dimension N
and ~.

We conclude this section with the following corollary of Theorem 2.2,
which translates the gain of regularity into a gain of integrability.

Corollary 2.2. Let us consider a collision kernel B satisfying the smooth-
ness assumption (2.3.23). Then, for all p € (1;+00), n € R,

1€ (g, iy < Cine(ps, B) gl 11/ 1]

2
2|n|

1Q*(/:9)llzg < Cioalp, . B) ol 11,

where the constant Cine(p,n, B) only depends on the collision kernel, p and
n, and g > p is given by

if pe(1;2],

pN if p€2+00).
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Remark: Just as Cpe,, the constant Ci,(m,n) depends on the mollifying
parameters in a polynomial way. Note that the constant Ciy(p,n, B) in
Corollary 2.2 no longer depends on the weight exponent 1 in the quadratic
case (just as in Section 2.2).

Proof. The proof is almost obvious. When p = 2, it is a direct consequence
of Theorem 2.2 with s = 0, and the Sobolev injection HéN_l)/Q — L??N (with
a constant only depending on V). The general case follows by a Riesz-Thorin
interpolation betweeen this estimate and the convolution-like inequalities in
Theorem 2.1. O

2.3.3 Regularity and integrability for a non-smooth col-
lision kernel

In this subsection we extend the regularity of Q% to general non-smooth ker-
nels. There are at least two strategies for that, which will lead to slightly
different results. We shall first give a general result of “gain of integrabil-
ity /regularity”, in a form which is remindful of the classical Povzner inequal-
ities used to study the L'-moment behavior (besides it will play the same
role in the proof of propagation of L” moments).

Decomposition approach. The following inequality will turn out to be
the most appropriate for our study of propagation of integrability. We state
it only in its quadratic version, the bilinear version would be slightly more
intricate but easy to write down as well.

Theorem 2.3. Let B be a collision kernel satisfying assumptions (2.1.3)-
(2.1.5). Then, for allp > 1, k >~ and n > —~, there exist constants C and
K, and g < p (q only depending on p and N), such that for all ¢ > 0, and for
all measurable f,

QT iy < Ce™ gl flley, +ellflle

2|n| Y+n

ey, -

This estimate expresses a “mixing” property of the QT operator: the
dominant norm L%, appears with a constant ¢ as small as desired; and for
the rest, we can lower both the Lebesgue exponent and its weight. This
property is of course consistent with the compactness properties of QF, and

in complete contrast with the properties of the loss term ).

Proof of Theorem 2.3. We split Q% as Q% + Qfs + Qi + Qfx and we shall

estimate each term separately. From the beginning we assume, without loss of
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generality, that the angular kernel b(cos #) has support in [0, 7/2]. Remember
that the truncation parameters n (for the kinetic part) and m (for the angular
part) are implicit in the decomposition of Q7.

By Corollary 2.2, there exists a constant Ciye(m,n), blowing up polyno-
mially as m — oo, n — oo, such that

|QF(f N 1z < Cinelm I Fll gl £l

2ln|’
for some ¢ < p, namely
(2N —1)p

2 % ifpe (132N
Nt (N_1)p if p € (1;2N],

(2.3.29) q=

% if p e [2N;+o0)

(the roles of p and ¢ are exchanged here with respect to Corollary 2.2.)
Next, we shall take advantage of the fact that bg ,, has a very small mass
(assumptions (2.1.3) and (2.1.5)), and write, using Corollary 2.1 with k& = ~,
1QER(F: Nllg < Cm™° || f| s 1fllzz,

[v+nl+1nl
for some constant C' only depending on Cs. A similar estimate holds true
for |Q%xllLz. Since v + 1 > 0, we can write |y 4 7| + |n| = v + 214, where

14 = max(n,0).
It remains to estimate the term Q. For this we shall consider separately
large and small velocities, and write f = f. + f.c, where

fr’ = f1{|u|§r}7

fre = T Lijopsry-

On the one hand, we use Theorem 2.1, and pick a & > ~, in order to en-
sure that ||®p,|;~ goes to 0 as n — oo. Thanks to the Hélder assump-
>

tion (2.1.4), it can easily be proved that

—(min(y,k—7))
H(I)R’nHLiok <cstn .
It follows that
p < b s
[Qks(7 Sy < C Ay, WA Il
k— y—k
<Ol Wl
r\ k=
<C(5) Wy, Nz,
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(here 8, = /2 thanks to the symmetrization).
Remark: This is the only place where we use a regularity estimate on ®.

On the other hand, the support of bs,, lies a positive distance (O(1/m))
away from 0, so (2.2.10) holds true with 8, = cstm™'. Thus we can apply
Theorem 2.1 with f and ¢ exchanged, to find

HQES(fv fr’c)

where # = max(—n,0) + 2/p" and C' depends only on Cg. Since we assume
~v 4+ n > 0, this can also be bounded by

1 £llez,, = Cm®r = fll s
Y+n

k427

Ly < CmﬁHfrc

1 flzz, .

1
le+nl+lnl

O * |

E+n+n| + HfHL5+n'

To sum up, we have obtained

QT (£, Ny < Crlms )| fllzgllflzy

2|n|
—5 T k—ﬁ n@ﬁ
m +<—) e
n re=

The conclusion follows by choosing first m large enough, then r, then n. [

+C (a0

k427

ez

Ytn'

We turn to another similar theorem in which the emphasis is laid on
regularity rather than integrability and whose proof is quite similar.

Theorem 2.4. Let B be a collision kernel satisfying assumptions (2.1.3)-
(2.1.5). Then, for all s >0, k >~ and n > —~, there exist constants C and
K, and 0 < &' < s (s’ = max (5 — %,0) only depending on s and N), such
that for all ¢, and for all measurable f,

1Q% (7, £l < O g Wl + <l 1 g

2|n|

Proof of Theorem 2.4. The proof follows the same path as the previous one.
The term QF is estimated by Theorem 2.2, the terms Q%, and Q% are
estimated by Theorem 2.1. For the remaining term @7, we also estimate
separately large and small velocities. But this time, the splitting f = f, + f.c
should be

fr’:erv
frc:f_fra

where x, is a C*™ function with bounded derivatives and such that y, =1 on
|v| < r and supp x, C B(0,r + 1). The end of the proof is straightforward.
O
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Bouchut-Desvillettes approach. The first way to get a regularity result
for the full kernel is to use the method of Bouchut and Desvillettes [37].
Hence it is possible to extend Theorem 2.1 in [37] into the following

Theorem 2.5. Let B(|v — v.|,cos0) = ®(Jv — v.|)b(cosb) be a collision
kernel such that ® satisfies the assumption (2.1.4) and b satisfies

in the sense that fow b(cos 0)? sinV"'0df < +oo. Then for all s > 0 and
n=>0,

1%, D omzr < Coo (lgllas, Wi, + Dl AL, ]

n

where Cgp only depends on N and on HbHLQ(SN_l).

Remarks:

1. Of course assumption (2.3.30) is stronger than (2.1.3); it is however
still reasonable in the context of cut-off hard potentials (in particular for
hard spheres, in which b is just a constant).

2. The inequality here is not adapted to our study of integrability, but
will be useful for our study of regularity. Moreover, the proof is simpler than
the proof of Theorem 2.6 below.

Interpolation approach. The second way towards a regularity result for
the full kernel is to combine Theorem 2.1 and Theorem 2.2 and make an
explicit interpolation. By this we can prove

Theorem 2.6. Let B be a collision kernel satisfying assumptions (2.1.3) —
(2.1.5). Then for all k > ~ and n > —~, there exists o > 0, depending only
on B, such that for all s > 0 and n € R

10 Dllste < €Wl 171,

for some constant C' which only depends on s and B.

Proof of Theorem 2.6. Let us take s € R} and € R. We have the following
estimates on the four parts of the decomposition of @t (by symmetrization
the angular part of the collision kernel is supposed to be zero for § > 7 /2).

e For the smooth part, Theorem 2.2 gives
[QFCF. AN cosms < Coll gy, e,

Hy T ()
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where Cy = Cieg(m, n) blows up polynomially as m — oo, n — oc.

e To control the effect of small deviation angles, we use again Corollary 2.1,
and the dependence of the constant on ||bg,,| to ensure it goes to zero; we
obtain as in the proof of Theorem 2.3

HQE_R(f7 f)a QER(JC’ f)HH,, < Oy HfHWVFjjijﬁ HJCHHW,7 )

where Cy = cst(N) HbRHLl(SN—l) Hq)HLgo , which thanks to assumption (2.1.5)
can be bounded from above by cst(Cg, N)m™°.

e To control the effect of singularities of the kinetic kernel and high velocities,
we use again Theorem 2.1 and pick a £ > +. As in the proof of Theorem 2.4,
we prove

|@fs(r.0)

< s s
e SO lhgs Wl

where

Cs = C’{m_‘g—l- (C)k_w + m }a

n rk=>
which goes to 0 polynomially according to the parameter m when we set r
then n as well-chosen functions of m.

To sum up, we know that for all m > 1, we can decompose QT as Q* =
Q"S'm + Q}Sm (remember n is now set as a function of m), with the estimates

1€, £ DI ange < CllFLy, Il

j7had

_I_
Qi Pl < (Cot )W ygts WFls,,
By applying Theorem 2.14 in the Appendix, we can conclude that

1@ Nl gre < C M lhggaa 171

for some 0 < o < (N — 1)/2 depending on the exponents of polynomial
control for each term. This concludes the proof. O

Remark: Some closely related results can be found in [199], the goal is
however different: in this reference the author searches for sufficient condi-
tions on the collision kernel B, to ensure that the H™=1/2 hound still holds
true. Here on the contrary we allow general collision kernels, but, as a natu-
ral price to pay, the regularization which we obtain is in general strictly less
than a gain of (N — 1)/2 derivatives.
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2.4 Propagation of LP estimates

In this section we are interested in the propagation of L? integrability of the
solutions of Boltzmann’s equation and its derivatives. Our proofs will be
based on a differential inequality approach. Most of the hard work has been
done in the functional study of the previous section, and the proofs will be
much less technical now. The bounds that we establish here will later serve
as the first step for our study of propagation of regularity via a semigroup
approach.

2.4.1 Main result

Theorem 2.7. Let B(|v — v.|,cos0) = ®(|v — v.]) b(cos ) satisfy assump-
tions (2.1.3)~(2.1.6), let 1 < p < 400 and let fo be a nonnegative function
in LYN LP(RY). Then, the unique solution f of the Boltzmann equation with
inttial datum fy satisfies the estimates

| d1f1z, :
2.431) Wi < = — s,

for some constants Cy, K_ > 0, 8 € (0,1) which only depend on p, N, B,
on upper bounds on ||f||r1 and H(f), and on a lower bound on | f| L.

In particular, there is an explicit constant C,(fo), only depending on B,
on an upper bound on || fo||L1 + | foll e, and on a lower bound on | fo|r1, such
that

VEZ0, IS )z < Colfo).

Moreover, for any t > 0 and any n > 0, it is known that f(t,-) € Lg(]RN).
More precisely, for any tqg > 0,

sup [[£(t, )5 < +oo.

t>to

Once again this bound can be computed in terms of B, an upper bound on
HfOHLé + || follze, a lower bound on || fo||r:, and a lower bound on t,.

Proof of Theorem 2.7. Here we shall just be content with establishing the
necessary a priort estimates. The proof of the theorem follows from standard
approximation arguments, known results on the unique solvability of the
Boltzmann equation, with bounds in, say, weighted L* if the initial datum
also satisfies such bounds (see the references indicated in Section 2.1).
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Let f be a solution to the Boltzmann equation, supposed to be in C*(R,, L?).
Also, since the solution is differentiable in L7,

1 d||f|lze - —1)-
Al [ porpao- [ rra i i
By Proposition 2.1,

(2.4.32) —/fp_lQ_ dv < —K/fp(l + |v|)"dv < =Ky Hins/p

On the other hand, by Hoélder’s inequality,

p—1

/fp—ng(f,f)dv < [/fp]T [/@;)pf
= I 1QF ()l

and

/ﬂﬂ%@ﬂM=/ﬁwWW”%%

p—1

s[/uwwwﬂp[/@ywﬂﬂﬂ%

= A1 QR Dz,

By using the estimates on Q% and QF, proved in Theorem 2.3 with n = —v/p/,
k=2 and e = Ko/(2||f||11), we can find a constant ', depending on || |11,
such that

[ QNG Do < Ul S VI + DAz

where ¢ is defined by (2.3.29). Combining this with elementary Lebesgue
interpolation and the conservation of mass and energy, we deduce that there
exists a # € (0,1), only depending on N and p, and a constant Cy, only
depending on N, p, B and || fol| 1, such that

Ky

[ Qs o < Cll AU — 20

1-6 Ky
< Coll FIFS " = - Iz -

This together with (2.4.32) concludes the proof of the differential inequal-
ity (2.4.31) with Cy = Cy and K_ = Ky/2.
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From this differential inequality we see that the time-derivativeof || f(¢,-)||},
is bounded by a constant, and therefore f(¢,-) lies in L? for all times.

Moreover, if Hf(t,-)HLp/ ever becomes greater than (Cy/K_)Y®9 it fol-
lows from (2.4.31) that (d/dt)||f(¢,-)||lzr < 0. Since HfHLp/ > | fllze, we

conclude that

O\
cauwzznmxbumup;(ﬁ%)

is a uniform upper bound for || f(¢,-)||Le-
Next, for all n > 0, a similar argument leads to the a prior: differential
inequality

|| fIl7e

2.4.3:
(2.4.33) o

1-0 -
< Cellflly ™ = Ko,

where C, K_ now depend on the entropy and on some ||f||z: norm for s
large enough (depending on 7). We deduce that ||f|zz norms are propa-
gated, uniformly in time, if the initial datum possesses L' moments of high
enough order. Let ¢5 > 0 be arbitrarily small; for ¢ > t3, we know that all
the quantities || f(¢,-)||r1 are bounded, uniformly in time, for all s, and these
inequalities therefore hold true with uniform constants as soon as t > t,.
We next turn to the property of moment generation, i.e., the proof that
L? norms are automatically bounded for positive times. These results are the
analogue of the well-known results of L!'-moment generation for hard poten-
tial with cut-off (see for instance [200, Theorem 4.2|). Let ty > 0 be arbitrar-
ily small. Integrating the inequality (2.4.31) in time from 0 to ¢y, we obtain

~p T K

10 C 10 _ 1
[l < 2= [+ = (1l = 1 ).

which implies

to
|1, ds < oo
0 Y/P
and thus
\V/tO > 07 EItl € (07t0); ”f(th ')”][9}’/ < +oo.

p
v/p
norm starting from time ¢; > 0. Since for ¢ > ¢;, the L! norms of f are

Besides, the estimate (2.4.33) for n = v/p gives the propagation of the L
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uniformly bounded, the argument can be iterated to prove by induction (in-
tegrating in time the weighted inequality (2.4.33)) that

V77 >0, vi >0, Hf(ta )”L% < too.

The above argument is slightly formal since we worked with quantities which
are not a priort finite. It can however be made rigorous and quantitative in
the same manner as in [200]. O

Remark: The property of moment generation in L? could also be proved
directly, without induction, by using the idea of Wennberg [200] of compari-
son to a Bernoulli differential equation. Using the same estimates on Q7 and
Q~ as in (2.4.33), convolution-like inequality (2.2.11) on Q¥, and Hélder’s
inequality, gives

d”f”ig <L I K_
dt = 4 H HL?Z - Op(fO)

where A = % and C,( fo) stands for the uniform bound on the L? norm of the

solution. It gives an explicit bound on the L” moments of the form

(1+3)
Hf”i% )

A Ty
Ve 0, |[f(E )l < [m] ;

where A, B depend on C,(fy) and an upper bound on the L' moment of the

solution of high enough order. Notice that these bounds are not optimal: for

example, || f||7» has to be integrable as a function of ¢, as t — 0T, as can
v/p

be seen from our a priori differential inequality.

2.4.2 Generalization: propagation of H* estimates for
kEeN

Here we follow the same strategy on the differentiated equation in order to
get uniform bounds in Sobolev spaces H* for k& € N. This method seems to
fail for spaces H* with k non-integer, because fractional derivatives do not
behave “bilinearly” with respect to the collision operator. Moreover we state
our results only for “power law” kinetic collision kernels. This restriction is
made for convenience, and can probably be relaxed at the price of some more
work.
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Theorem 2.8. Let B(|v — v.],cos8) = |v — v.["b(cos 0) (v € (0,2)) satisfy
assumptions (2.1.3), (2.1.5), (2.1.6) and (2.3.30), let n € R, and let f, be
a nonnegative function in L. Then the unique solution f of the Boltzmann
equation with initial datum fy satisfies, for any multi-index v, the estimate

d v v a v
10711175 < Cll0” fllyy — K- 110" I3z,

for some constants C., K_ > 0, which depend on p, N, B, on upper bounds
on || follzy + H(fo), on a lower bound on | fol|r1 and on L2,,,, norms on
derivatives of [ of order strictly less than |v|.

In particular for any k € N, there is an explicit constant Cy(fo), only
depending on B, on an upper bound on || fol 11 + HfOHH;f(M)’ and on a lower

bound on || fo||p1, such that

Vi=0, S ) < Cilfo)-

Moreover, for any t > 0 and any x > 0, it is known that f(t,-) € HF(RY).
More precisely, for any tqg > 0,

sup | (1, s < +ov.
t>to

This bound can be computed in terms of B, an upper bound on | follrs +

| follzrx, @ lower bound on || fol|L1, and a lower bound on tg.

Proof of Theorem 2.8. Again we only prove the a prior: differential inequal-
ity: let us consider a given partial derivative 0" f of f,

191,
st = [ereran e - [oroo-r

- /an 0"Q* (v)*" dv — /(an)m # f ()" dv
- Y (4) Jorerrasnwra
0<a<y

where A(z) = ||b]|z1s~)®(2) = cst|z|” here. For the first term we apply the
regularity Theorem 2.5 : since (N — 1)/2 > 1, it implies

l0°@* (£, Dl < Coo [IFes, I es, + 1M W]

nt+y+1 nt+y+1

where ¢/ is a multi-index satisfying /| < |v|, and thus

[oroQru e < ey,



Chapitre 2. Regularity theory for short-range interactions 123

with C; depending on the L727-I—w+1 norm on derivatives of f of order strictly
lower than v and the L717+w norm of f.
By Proposition 2.1, the second term is bounded by

2

(2.4.34) —/(af)2A*f<v>2” dv < — Ky H@ina e
Finally for the third and last term, we split A in Ag + Ag where, for 7 € N,
As = (84 lupays) A, Ar=A— As

(notice that here we only need to isolate the singularity at zero relative
velocity).
For the smooth part,

10°(As * Dl = 10" As) * fllw < 10°Aslly Wl

nt+

(HaaASHLiOH_M < 400 since |a| > 1) and thus

[orroreraras p@ao < 1l | 10, 10
< Gy 1Sl

with 'y depending on on the L?? norm on derivatives of f of order strictly

less than |v| and the L(IW_I)Jr norm of f.

For the remainder term,
10%(Ar * )l e = [[AR * (0 )l o < [[AR N2 1 0% 1| 2
and thus

/6”f " f O (Ap* f)dv < C3 [|0" f]| 12

if o < v, with C3 depending on the L? norm on derivatives of f of order
strictly lower than v and the L! norm of f, or

/8”f 9" f 0(Ag * f)dv < Cs ||0” f|7

if o = v, with C5 depending on the L? norm of f. In the second case, as Cs
goes to zero when j goes to infinity, this term can be damped by the second
one, thanks to (2.4.34). This shows that

d 0" fz2

1 v e v 2
3 7 < Cy |07l — K- |0 f”Li/2
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and the proof is complete.
Then the proof of propagation of the H* norm is made by induction.
The proof of moments appearance is made first by propagating the Hﬁk(w-l—l)

norm, then using interpolation with the L' moments. O

Remark: To get W*? bounds when p is different from 2, the strategy above
could still apply, although with more complications. The idea would be to
prove an a priori differential inequality similar to (2.4.31) on each derivative.
Use the decomposition Q+ = QF + Q. To deal with the regular part now
use Corollary 2.2 instead of Theorem 2.5 on each term of the Leibniz formula;
and to deal with the remainder part use estimate (2.2.13), together with the
rough estimate

[Fllzy < Ce) Fllze

n+N/p'+e

for ¢ > 0. Moreover the weight exponent in the assumptions becomes much

higher.

2.5 Propagation of smoothness and singularity
via the Duhamel formula

The aim of this section is to study the propagation of smoothness and singu-
larity for the solutions of the Boltzmann equation. Throughout the section,
we shall consider a given collision kernel B, satisfying assumptions (2.1.3)-

(2.1.6), (2.3.30).

2.5.1 Preliminary estimates

From now on, explicit computations become rather long and we shall try to
be as synthetical as possible; so we will not keep track of exact constants.
However, all the proofs remain completely explicit and there would be no
conceptual difficulty in extracting exact constants.

Our results below are based on two kinds of estimates. First, a result
of stability in L' for the solution of the Boltzmann equation with cut-off
and hard potential. Secondly, some smoothness estimates on the Duhamel
representation formula.

Stability estimate. The stability result in L' which we use is an imme-
diate consequence of the estimates in [198] and in [111]. We do not search
here for an optimal version. We shall use the shorthand f; = f(¢,-).
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Lemma 2.1. Let f,g be two solutions of the Boltzmann equation belonging
to L%ﬂ N Llog L. Then there exists a constant C' > 0, only depending on B,
such that for all 0 <k <2 andt >0

d
o M= gillny = Cllfe = gellpy N + gelly,

In particular, as || f; + gtHLl is bounded uniformly with respect to t thanks
to the assumption, the followmg stability estimate holds:

1 £ _QtHL}v <|lfo— gO”L}lC Cstavl

where Cyap only depends on B, HfOHL}H and HgOHL}ch .
Y

Regularity estimates on the Duhamel representation. Next, we in-

troduce the well-known Duhamel representation formula for the Boltzmann

equation: for all t > 0, v € RV,

@ﬁ%)fmw=ﬁwaﬁwwﬁ+/EWﬁﬁ@waﬁMww@,

where Lf stands for A* f and A(z) = ”bHLl(SN) ®(|z]). This formula is well
adapted to the study of smoothness issues because it expresses the solution
in terms of the initial datum and the regularizing operators Q% and L.

For s <t, we set

t
F(S)ta 'U) = / Lf(T, ‘U) dT, G(S,t’ 'U) — e_F(S’t’U)_

We shall prove several estimates on these functions. We look for uniform
(with respect to time) estimates, which leads us to allow a “loss” on the
weight exponent.

Proposition 2.2. Let o, 3 > 0 be such that A € H%. Let o' = min(a, (N —
1)/2), and let 6 = B+~ + 1. Then, there is a constant Cqun such that for all
k,n =0,

t
2530) || [ QAN Glsut)ds|| < Caw sup 17T,
0 HE <7<t
and
(25.37)  [1fo() G(0,2,) gy < Caune™ N fo(lze, | sup 1 (7))
TP oLr<t 8

with 0 < K' < K where K > 0 is the constant in (2.2.18).
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Remark: Under our general assumptions, a possible choice of a, 3 is o = 7,
B =N/24~v+¢e, e >0. For ®(|z]|) = |z|", it would be possible to take
=~ + N/2 — ¢, for any € > 0.

Proof of Proposition 2.2. We start with some preliminary estimates on L, F
and (G. As a consequence of Cauchy-Schwarz inequality, we find that for all
k>0,

”Lf”WfJﬁf“v“’ < CIHJC”Hg
It follows that

+ 1/2
17t Mg < s ([ lar)

Combining this with the estimate (2.2.19), in the form Lf > K, we deduce
that

i
N VAL )

[k+a]
2

(2.5.38) S G sup | f(r, ||

s<7t<t
with 0 < K' < K.

Now we use the following simple lemma to exchange a time integral and
a HZ(RY) norm:

Lemma 2.2. Let Z(s,v) be a function on Ry x RN and S, P € R, then for

any A > 0,
1 1 t )\( ) 5
Z(s,-)ds < — (/ et Z (s, - ds)
/0 ( ) s \/X 0 H ( )HH;

This lemma is an immediate consequence of the Cauchy-Schwarz inequal-
ity with the weight ¢*(*=*)/2_ after passing to Fourier variables. The choice of

1/2

the exponential function is arbitrary; we used it because it is convenient for
what follows.
As a consequence, we have (recall that o' = min(a, (N —1)/2))

/0 Q*(fu. 1) Gl(s,1,) ds

t 2 1/2
C </ e[x’ (t—s) , d8>
0 Hyte

1
C </0 K (t_S)HQ+(fS’fs)”if,’jj;g'HG( ')Hwk+a oo )

k+al
HW

IN

Q+(f87f8) G(S’ta )

1/2

IN
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At this stage we apply Theorem 2.5 and estimate (2.5.38), to get a bound
like

. ) 1/2
K'(t—s 4 —2K'(t—s [k+a]
C /0 N Ll e <Siggt!\f(ﬂ-)l\Hg ) dS]
¢ 1/2
<C </ e_Kl(t_s)d3> sup || f(s, ')HZ?QHZ
0 0<s<t 1+ B+y+1

< C sup [ f(s, )
0<s<t n+B+y+1
This concludes the proof of (2.5.36).
The proof of (2.5.37) is performed in a similar way, using estimate (2.5.38)

with s = 0. O

2.5.2 Propagation of regularity

As soon as we have uniform bounds on L? moments, the Duhamel represen-
tation (2.5.35) together with Proposition 2.2 imply some uniform bound on
f in Sobolev spaces, provided that the initial datum itself belongs to such a
space. With respect to the method used for proving Theorem 2.8, the im-
provement here is that we are able to treat H® regularity for any s € R,.
Here is a precise theorem, definitely not optimal.

Theorem 2.9. Let 0 < fy € L} be an initial datum with finite mass and
kinetic energy, and let f be the unique solution preserving energy. Then for
all s > 0 and n > 3, there exists w(s) > 0 (explicitly w(s) = d[s/a’]) such
that

Jo € Hyyoy = sup [ f(1, )]l < +oo.

Remark: This theorem is not so strong as the decomposition theorem be-
low, because of the strong moment assumption. It is quite likely that the
restriction on w could be relaxed with some more work. A sufficient con-
dition for this moment assumption to be automatically satisfied, is that all
the L' moments of fy be finite. Of course we know that for ¢t > t,, this is
always the case; but this is a priori not sufficient to conclude. Nevertheless it
gives by interpolation the following result: under the same assumptions, as
soon as fo € H;, f; belongs to Hy for any ¢ > 0. The constant is explicit, is
uniformly bounded for ¢t > ¢ for any ¢y, and blows up like an inverse power
law of ¢y as tg — 0.
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Proof of Theorem 2.9. Let n € N be such that na’ > s (n = [s/a']). Let
w(s) = §[s/a’]. The proof is made by an induction comprising n steps,

proving successively that f is uniformly bounded in H;i/"—iw fort =0,1,...,n.

n

The above-mentioned argument is used in each step.

Let us write the induction. The initialization for : = 0, i.e., f uniformly
bounded in L727-|—w is proved by Theorem 2.7 and the more general equa-
tion (2.4.33). Now let 0 < ¢ < n and suppose the assumption is satisfied for
all 0 < 5 < 2. Then Proposition 2.2 implies

1/o(-) G(O, 2, -)!\Hii'u < Cpe ™ Hfo(')”Hij_’n_—'

= —Lwtp

fia']

Sup 1Tl imsar

We know from the previous subsection that

/o QF (£, f)(s,) Gls, 1) ds <Oy sup ||f(r, )|l

(i—-1)a’
RS
Moreover as # < § <w/n and 1 > 1,
n—(—1
n—1 n—(—1)
n+ w46 < n+ ———uw,

and thus, using the induction assumption for : — 1, f is uniformly bounded
in Hg_o‘l_ln_iw and the proof is complete. O

2.5.3 The decomposition theorem

Here we shall give a precise meaning to the idea that the Boltzmann equa-
tion with cut-off propagates both smoothness and singularities, but makes
the amplitude of the singular part go to zero as time ¢ goes to infinity. For
this purpose, we shall look for some iterated versions of the Duhamel repre-
sentation (2.5.35).

Theorem 2.10. Let 0 < fo € LANL? and f be the unique energy-preserving
solution of the Botzmann equation with initial datum fy, and let s > 0, ¢ > 0
be arbitrarily large. Let 7 > 0 be arbitrarily small. Then, for allt > 7, f can
be written % + f®, where f° is nonnegative, and

0P |77 lgeny < o0

Vi T, Vk>0,3x=Ak) >0, |[fF],, =0 (™).
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All the constants in this theorem can be computed in terms of the mass, enerqy
and L* norm of fy, and .

Remark: The idea of such a decomposition is reminiscent of Wild sums in
the case of Maxwellian molecules. Also partial results in this direction were
obtained in [199] and [1]. In these cases the gain of regularity in the second
term of the Duhamel formula was iterated just once (or twice in [1] for a gain
of integrability), and thus the regularity was limited to HN=1/2 essentially.
For hard potentials the obstacle to iterating the Duhamel formula as in the
Maxwellian case is the strong non-linearity of the decomposition. Here we
bypass this difficulty by the strategy of starting new flows at each step of the
iteration.

Proof of Theorem 2.10. We first note that moment estimates imply bounds
in L for all & > 0, and therefore the only problems are the gain of regularity
for the smooth part and the exponential decrease for the remainder part.

The idea of the proof is a use of the Duhamel formula to decompose
the flow associated with the equation into two parts, one of which is more
regular than the initial datum, while the amplitude of the other decreases
exponentially fast with time. We shall use this repeatedly to progressively
increase the smoothness: after a while, we start again a new flow having the
smooth part of the previous solution as initial datum. And so on. Of course,
each time we start a new flow, we shall depart from the true solution, since
the initial datum is not the real solution. However, we can use the stability
theorem (Lemma 2.1) to control the error.

The times at which we start the new flows are chosen in such a way that
the decay of the non-smooth part (measured by the constant Cye.) balances
the divergence of the solutions (measured by the constant Cgap). The idea
is summarized in Fig. 2.1. Each node of the tree corresponds to a time
where we start a new solution of the Boltzmann equation, taking for initial
data the “smooth part” of the previous solution. In the aim to achieve the
goal of balancing the effect of the divergence of the solutions thanks to the
exponential decaying of the first term in the Duhamel formula, it is necessary
that the decomposition tree ends precisely at the time ¢ we are looking for
a decomposition of the solution. Note that for different ¢, the functions f°
constructed below do not belong to the same flow.

Let us implement this idea more precisely. By Theorem 2.7, we have a
uniform L? bound on the solution f, and for a given ¢, > 0, we also know
that all the L? moments are uniformly bounded (see Section 2.4). Let n > 1,
be thought of as the number of times we wish to apply the semigroup; we
choose n in such a way that na’ > k, where k is the degree of smoothness
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Figure 2.1: Decomposition of the solution

which we are looking for, and o' is the degree of regularization appearing
in Proposition 2.2. Let 7" € (0,7) be arbitrary, say 7/ = 7/2. Let us set
t, =1t > 7,1ty = 7', and define inductively (forwards) ¢; for 0 <i <n —1
by

ti=1tio1 4 p(t, — tic1),
where p € (0, 1) satisfies

Ostab

2.5.39 > —
( ) s Ostab + K’

(K" is the constant of exponential decrease in (2.5.37)). Let us denote by
fo, f1, ..., fn the solutions constructed as explained above: f; = f is the
solution we are studying, f; is the solution for ¢ > t; of the Boltzmann
equation starting from the “initial datum”

/0 0 Q+(f0’ fO)(S, ) e fsto L fo ds

at time tg, fo is the solution for ¢t > ¢; of the Boltzmann equation starting
from

/0 o Q+(f17f1)(37 ) e—fﬁl‘to Lfr gs
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at time ¢y, etc. More generally, for 2 <1 < n — 1, fi1; is the solution for
t > t; of the Boltzmann equation starting at

ti—t;—1 o
/ Q+(f27fz)(3,) e [T LS g
0

at time ¢;. Of course this sequence is well defined, since at each node, the
“smooth” part of the solution that we take as a new initial data is nonnegative,
lies in L3 N L* and has all its L? moments bounded.

The n-times iteration of estimate (2.5.36) together with the theorem of
propagation of regularity 2.9 easily implies a bound on the H”* norm on
fa(ts,-) which is uniform in ¢, > 7, and only depends on 7/, n, and on the
mass, energy and L? moments of f. So let us set

fs(tm ) = fn(tm )

and

fR(tnv ) = f(tnv ) - fs(tn’ )

This construction can be made for all ¢, > 7; thus our decomposition is well
defined for all t > 7. It remains to prove that f¥ is exponentially decaying
as t — oo. For this we write

(F P P P

n—1
1y )
< Mol =l
=0
n
Cs a n—1U; 41 ;
< Yo i
=1
n
< C Z GCS“‘b(t"_ti)e—f\'"(ti—ti_l)
=1
n .
< C Z 6(1_“)1_1(t"_tO)(Cstab(l—u)—K'u)
1=1
n
< (C Z 6(1_”)n_1(t"_T/)(Cstab(l—p)—K’p)

=1
< One—(tn=m)(1=p)" (K 1= Curap (1-1))

which gives the result: if we set

0 < Caee < (1= )" (K" — Cunl(1 — )
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which is possible thanks to (2.5.39), we have
150 = Cemoet

On the other hand, f} has all its L} norms bounded, for all k. By elementary
interpolation, it follows that all these L} norms are decaying exponentially
fast (the same holds true for all L} norms, whenever p < 2). O

2.6 Application to a problem of long-time be-
havior

Let us now show an application of Theorem 2.10. Here we shall extend a
result proved for very smooth solutions, into a result which applies without
a smoothness assumption.

We start with the following statement, which is an immediate corollary
of the main results in [192].

Theorem 2.11. Let B(|v — v.|,cos8) = ®(|v — v.|) b(cos ) satisfy assump-
tions (2.1.4), (2.1.6) and (2.3.30), together with the stronger lower-bound
assumption

(2.6.40) b(cosf) > by > 0.

Let fo be a nonnegative function in LY(RY). Without loss of generality,
assume that

1 1
fO(’U) v dv = 0 3
RN |’U|2 N
and denote by
€_|U|2
M= Gy

the associated Maxwellian equilibrium. Let f be an energy-preserving solution
of the Boltzmann equation with initial datum fy, satisfying

(2.6.41) Ys>0, VE>0, Csx = sup || fel| s < +o0,
t>t0

and

Vi > to, f(t,v) > Ko e Aol
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for some time ty > 0 and some positive constants Ky, Ag, qo. Then,
[fe = MLy = O@™),

in the sense that for all e > 0 there exists a constant C., explicitly computable
in terms of the above constants, and depending on f only via tg, Ko, Ag, qo
and and upper bound on Cy s for k and s large enough, such that

(2.6.42) | fi = M| < Cot7Ye,

Remarks:

1. Assumption (2.6.40) is satisfied by the hard-spheres kernel, and can
be considered as satisfactory for hard potentials with cut-off (since they are
satisfied by non-cutoff potentials). Kernels like [v — v, |7 (0 < v < 2) satisfy
all the above assumptions.

2. Note that Theorem 2.11 and Theorem 2.12 in the sequel are quantita-
tive, which explains their interest even if exponential convergence to equilib-
rium has been proven by non-constructive approaches: see [10] for the proof
in the L' setting, and [197] for the extension to the L? setting.

It is equivalent to require (2.6.41) or to require uniform bounds in all H*
norms and in all ! norms. Therefore, we see that known results of appear-
ance of moments and Maxwellian lower bound for hard potentials cover all the
assumptions needed for this theorem, except the H* bounds. If we apply the
propagation result of Theorem 2.9, we conclude that the conclusion (2.6.42)
holds true as soon as the initial datum fy lies in all weighted Sobolev spaces.
However, the decomposition theorem of the previous paragraph will lead us
to a much stronger conclusion.

Theorem 2.12. Let fy satisfy the same assumptions as in Theorem 2.11 and
B satisfy (2.1.3)~(2.1.6), (2.3.30) together with (2.6.40). Further assume that
fo € LA(RY). Then the conclusion of Theorem 2.11 holds true:

1fe = M| = O@™).

Proof of Theorem 2.12. First of all, let us pick a t, > 0. We know that
the solution f; satisfies a Maxwellian lower bound and moment estimates,
uniformly as ¢ > tq.

Let € > 0 be arbitrary, and let k, s be such that C. in Theorem 2.11 only
depends on a uniform upper bound on || f||z». Let us make the decomposition
of Theorem 2.10 with 7 = 1 and s. Then we know that

=+ vi>1
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Let t; > 1 be an intermediate time, to be chosen later. Let us introduce f;,
the solution of the Boltzmann equation starting from ft‘f at t = t1, and M,

the Maxwellian distribution associated with ftl = ft‘f Since ft‘f is bounded

in H* N L! by Theorem 2.10, f; is uniformly bounded in H* N L}, and has a
Maxwellian lower bound for ¢ > ¢3 > t;, where t; can be chosen arbitrarily
(so let us say ty = t1 + 1). After rescaling space (to reduce to the case where

f has unit mass, zero average velocity and unit temperature), Theorem 2.11
implies

If — M|z = O((t —t1)7%)

with explicit constants which do not depend on t; (they only depend on the
7 in the decomposition).
Now, thanks to the properties of the decomposition,

1], = O (et
= 0 <e_cdec(t_1)) =0 <€_Odect) )
Moreover,
HM . M‘ = 0 <€—Cdec(t1—7))
- 0 <e_cdec(t1_1)> =0 <€—Cdect1) )

R

Indeed, a simple computation shows that |M — M||;: can be bounded in
terms of || f — f[,1, which in turn can be estimated in terms of ||ff”L%
Next, the stability Lemma 2.1 implies

On the whole, we find

fi— fil| € CelodC=t) 1 £ f

1

o= Ml < |5 f .

< O (ecstab(t_tl)e_cdectl + (t . tl)_% + e_odect1> )

|
Il

fom ], e e

It remains to choose t; > (t —t;) in order to compensate for the exponential
divergence allowed by the stability Lemma 2.1. More precisely, if

Cdec . Cs ab
Cstab(t - tl) = ty, Le 1y = mt

2
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then
s = Ml < O (Omt) g (1= 1) F 4 o2ttt
and so
Ifi= Ml < Ot =) <O e,
This holds for e arbitrarily small, and the theorem is proved. O

2.7 'Weaker integrability conditions

A natural question is whether the two main results of this paper, the decom-
position Theorem 2.10 and the Theorem 2.12 of convergence to equilibrium,
extend to solutions with weaker integrability conditions. A first step could
be Ly N L with 1 < p < 2. A physically relevant assumption would be
Ly N Llog L. But since Mischler and Wennberg [144] have proved the ex-
istence and unicity under the sole L} assumption, the optimal assumption
would be only fy € L} (i.e., no entropy condition).

It turns out that in the particular case of a hard-sphere collision kernel
we can extend our results to general L} data, using results of [144] and [1].
A careful study of the iterated gain term Q*(Q%(g, f),h) is done in [144]
in order to prove non-concentration of the solution. This non-concentration
is used to obtain the weak compactness by the Dunford-Pettis theorem and
prove the existence of a solution with no entropy condition. This study is
refined in [1]|, where this iterated gain term is estimated in Lebesgue spaces.
Therefore Abrahamsson is able to prove [1, Lemma 2.1]

V1<p<3, [|QNQT (g, f), h)llwe < Cllflley Nalley IRl

with an explicit constant C'. He deduces a decomposition theorem [1, Propo-
sition 2.1] from which we can extract

Lemma 2.3 (Abrahamsson’s decomposition). Let B(|v — v.|,cos8) =
|v — v, and let fo € LY be a nonnegative initial datum with finite kinetic
energy. Let f be the unique solution (with non-increasing energy) of the
Boltzmann equation with collision kernel B and initial datum f. Let g > 0
be arbitrarily large and T > 0 arbitrarily small. Then f can be decomposed
as [ = f5+ 2, where 5 € L*([r, +o0); LN Ly) and, for all k > 0, there is
A= AKk) > 0 such that HfRHL}c = O(e™). All the constants in this lemma
can be computed explicitely in terms of the mass and energy of fq.
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We explain how to connect this result to our method in order to get
optimal assumptions on the initial data in the hard-sphere case, and then we
make some remarks on possible extensions for general hard potentials with
cut-off.

Thus for hard spheres we have

Theorem 2.13. Let B(|v — v.|,cos0) = |v —v,| and 0 < fo € L}. Let f be
the unique enerqy-preserving solution of the Botzmann equation with initial
datum fo, and let s > 0, g > 0 be arbitrarily large. Let 7 > 0 be arbitrarily
small. Then, for allt > 7, f can be written 5+ &, where f° is nonnegative,
and

P |7 gy < oo

Ve T Yk > 0,30 = Ak) > 0[]l = O (7).
k
Moreover the conclusion of Theorem 2.11 holds true:
Hft — MHLl = O(t_oo)

All the constants in this theorem can be computed in terms of 7, q, s, and
the mass and energy of fo.

Proof of Theorem 2.13. First let us prove the decomposition part of the the-
orem. We follow the same strategy of tree decomposition as in Theorem 2.10.
It is enough to take the decomposition of Lemma 2.3 at the first step of the
tree: f; takes the smooth part of decomposition of Lemma 2.3 as initial data
at time ty. Then we have to adjust the constants in the proof: take n, the
number of steps, such that (n + 1)a’ > k (one step more) and take

Cstab

< S
H Cstab + K"

where K" = min{K’, A} (X is the rate of exponential decrease in the de-
composition of Lemma 2.3). The rest of the proof is identical to that of
Theorem 2.10. Then with the decomposition result in hand, we can prove

the “almost exponential” convergence to equilibrium exactly the same way as
in Theorem 2.12. O

Remarks:

1. Note that except for the physically relevant case of hard spheres,
the cut-off assumption is unphysical for general hard potentials interactions.
Besides, non-cutoff collision operators are known to have a regularizing effect
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(see for instance [3]). The optimality of the integrability condition is thus less
important for general hard- potential interactions than it is for hard spheres.

2. For general hard potentials with cut-off (with 0 < v < 1), the result
of Abrahamsson on the iterated gain term becomes
bl

1QT(QT (g, ), ller < Cogry (HfHL;v lgllzs: Wellzss [ fllzas N9l

for any p € [1,3/(2 — ~)) and q,r,v satisfying 1/g + 1/r < (5+~v)/3. It
is likely that an improvement of this result in order to allow ¢ = r = 1 in
this estimate would allow us to extend Lemma 2.3 and thus Theorem 2.13
to general hard potentials with cut-off. However it seems that this question

L,

leads to serious technical difficulties.

3. Nevertheless a possible strategy to extend Theorem 2.10 to initial data
in LN LP with any p > 1 could be the following. In the same spirit as the tree
decomposition in Theorem 2.10, we could iterate the Duhamel formula, but
now increase the Lebesgue integrability at each step (using Theorem 2.6 for
s = 0, translated into a gain of integrability thanks to the Sobolev injections
coupled with some interpolation). As soon as the L? integrability is reached,
we could start the decomposition tree of Theorem 2.10 in order to increase
regularity, connecting the two decompositions in the same spirit as in the
proof of Theorem 2.13.

2.8 Appendix: Some facts from interpolation
theory and harmonic analysis

The goal of this appendix section is to recall some classical results about
linear interpolation theory and also to give the proof of some elementary
results used here, in order to make this paper almost self-contained.

2.8.1 Convolution inequalities in weighted spaces

Proposition 2.3. Let n € R, then

|f * gl

4y < Wy Ngllug

for all p,q,r > 1 such that + + 1 =%+5,

Proof of Proposition 2.3. The proof of this proposition is similar to the stan-
dard proof of the usual Young’s inequality. O
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2.8.2 Riesz-Thorin interpolation

Proposition 2.4. Let 6 € [0,1], p1,p2,p € [1,+00] such that 1/p = 6/p; +
(1 —0)/p2, k1,ka, k € R such that k = 0k + (1 — 0)k2, q1,92,9 € [1,+00]
such that 1/q = 0/q + (1 — 0)/qa, l1,12,1 € R such that | = 01, + (1 — 0)l,,
and let T be a continuous operator from Ly} into L|' and from Li into Li*.
Then its restriction to C$° functions extends to a conlinuous operator from
LY into L] with the following bound on its norm:

1T e e < HTHLm L HTlle

—>Lq2 :

Corollary 2.3. Let 0 € [0,1], s1, 52,5 € R such that s = 0s;+ (1 —0)s2, and
t1,t2,t € R such that t = 0t; + (1 — 0)ty. If T is a continuous operator from
H*' into H" and from H®* into H™, then its restriction to C§° functions
extends to a continuous operator from H® into H' with the following bound
on its norm:

HTHH S HE < ”T”H s1 st HT”H s2_s [t *

This corollary is still true when a weight is added on the space variable:

1T N e, < T “4Lpt HTHH 2, p's

In fact the abstract method of interpolation leads to the stronger result
0T W, < 17 o 17117 2on

where the weight indexes satisfy k = 0k; + (1 — 0)ky and &' = 0k} + (1 — 0)k,.
As a consequence we could prove a strong version of the Young’s inequality
in the case of the weighted Sobolev spaces. We can indeed make the index
of weight and regularity vary together. Namely,

1 g < 1AWz 111

where s = sy + (1 — 6)sy and k = 0k + (1 — 0)k;. Let us emphasize
the consequence of this inequality, which we use in this paper: as soon as
f belongs to H*® and has finite L' moments of order large enough, we can
deduce bounds on H,i’ norm for s' < s.

2.8.3 Regularity of a sum H} + H;Jrﬁ
Theorem 2.14. Leth € H; (s > 0, n € R) such that for all ¢ small enough,

h=hi+h3,
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where the two parts h and h5 salisfy the following estimates: there exist

ky >0 and ky > 0 such that |h|| je+s < Cie™™ and |5l e < Cac™ (3>0).
n n

Then

Bk
h € H> .
Va < PR € H,

Remarks:
1. Our estimate on the norm H** blows up like

Bk ! Bk,
t — .
CS <k‘1—|—k2 (0% as o — k‘l—l—k‘Q

2. In fact the proof shows that A(-)” belongs to the Besov space

B2 €, s H.

Proof of Theorem 2.14. Let us take a < [kof(ki + k2). Without loss of
generality we treat the case s = n = 0 (the general case can be reduced to
this one). We first prove an upper bound on an annulus. Let 0 < A < B,

and

[ herere < 2 (P 1) @
AL|gI<B AL[¢|<B

< 2(Cie7M (A0 4 Oy(B)eR)

< 2(Ce7M AP 20, BPER)

< max{2C;,4C,} (5_’“ Ae=h) 4 B2a5k2) )

As this inequality holds for all ¢, it can be chosen in order that the two
right-members be equal in the preceding inequality. The computation leads
to

2(a—P) ko

/ R(OIP(€)°d¢ < 2max{2Cy,4C,} Bk AR
A<L|¢|I<B

Let C3 = 2max{2C,4C;} and let us sum the inequalities on a family of
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concentric dyadic annuli:

2a(n+1)k;  2(a—B)nky

+co
= (n+1)
|Allgs < / |h(§)|2<§>5—|-03§ O kithy 2 Ktk
0<el<1 ~

+oo
2a(nt1)kg 2(a—B)nkg
< flhll+ 0y 3 2 EE

n=0

ak) $eo n(oz— Bky )
< :ZHh”L2 + Cg 4*itk 24 itk 7,

n=0

Thanks to the assumption on « the right member is summable and thus
h € H* with the following bound on the norm:

an IR o
HhHHa < 2HhHL2 + O 4F1tks 24 F1+k2
n=0
4’?;13@2
— 40‘_k18i2kQ

< 2|[All +Cs
1
O

2.8.4 A simple estimate on pseudo-differential opera-
tors

We conclude this section with a simple result needed for the proof of the
regularity property of @Q*. This can be linked with more general pseudo-
differential estimates, but will be proved by elementary means. The space H}
is not an algebra in general (it is an algebra thanks to the Sobolev imbeddings
as soon as 2s > N), but we can prove a bound on the norm H} of a product
of functions if one of the two functions has regularity greater than s:

1fglle; < est(Nye) [ Fllug Nolla; -
1 2

where k; + ky = k, and S = s+ N/2 4 ¢ with ¢ > 0.
Now we follow the same idea but assuming that one of the two functions
depends also on the Fourier variable.

Lemma 2.4. Let ¥ (x,£) be a real-valued C* function on RY x RY, com-
pactly supported in x, uniformly in €. Let g : RY — R be a function in the
Schwartz space S(RY), and let s € R. Define

1= [

2

Flg()p(-,€))| de.
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Then for all ¢ > 0 there exists a constant cst(N,¢e) such that
I < cst(N,e) H@Z)Higo(}[g) g7 -

with S = s+ N/2 + ¢.

Proof of Lemma 2.4. We have

1 o
g(x) = W/RNG g(r)dr

hence

= ! 2 g(T e Ty (2 1:] 72
i e[ | [ s s ar] ae
! 2s g(éE — 1 e T (z T 7'2
- oo [0 | [ e )[/RN eb(t,f)dt]d ¢
! 2s Gg(E — 1 WU(- T 7'2
— o [0 | [ i niE e o | e
and thus
et < [ (on [ laPe -
RN RN
<[ F O dr' de
< [ er [ 1kt - my S dr et el de
< Il [ (07 [ (R - ) dedr
< Nl [ 07 [ ternlaer i
< Ilipen 2 [ (0F0er s [ s ar
< 19l ol 2 [ (17 dr
which concludes the proof. O
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ABSTRACT: For the homogeneous Boltzmann equation with (cutoff or non
cutoff ) hard potentials, we prove estimates of propagation of L* norms with a
weight (14|2)?)% (1 < p < 400, ¢ € Ry large enough), as well as appearance
of such weights. The proof is based on some new functional inequalities for
the collision operator, proven by elementary means.
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3.1 Introduction

The spatially homogeneous Boltzmann equation (cf. [52]) writes

of

(3.1.1) 5

(tv 'U) = Q(f7 f)(t7 'U) )

where f(¢,-) : RN — R, is the nonnegative density of particles which at
time ¢ move with velocity v. The bilinear operator in the right-hand side is

defined by
312) QUo.)o) =
[ a6 s} Bl - ol 7o)t

In this formula, v, v. and v, v, are the velocities of a pair of particles before
and after a collision. They are defined by

, vt ue =
o — o,
2 2
, vt v. |uv— v
e e

where o € SN-1.

We concentrate in this work on hard potentials or hard spheres collision
kernels, with or without angular cutoff. More precisely, we suppose that the
collision kernel satisfies the following:

Assumptions. The collision kernel B is of the form

(3.1.3) B(z,y) = [z["b(|y]),
where

(3.1.4) v € [0,1]

and

be Ly ([-1,1]),
(3.1.5)
—gN—2)+u)7

b(y) =y—1- O((l —y) 2 v > —3.
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Note that assumption (3.1.5) is an alternative (and a slighlty less general)
formulation to the minimal condition necessary for a mathematical treatment
of the Boltzmann equation identified in [186, 4], namely the requirement

/ b(cos0)(1 — cos ) do < +00.
SN—1

Then, we wish to consider initial data fo > 0 with finite mass and energy,
such that

fo(w) (1+[v]*)"* € LP(RY)

for some 1 < p < +o00 and ¢ > 0 (notice that entropy is thus automatically
finite). Existence results under the assumptions of finite mass, energy and
entropy were obtained in [6] for the case of hard potentials with cutoff, in [7]
for (non cutoff) soft potentials in dimension 3 under the restriction v > —1,
then in [107] and [186] for general kernels (our assumptions on the kernel fall
in the setting of [186] for instance). Uniqueness however is proved only in
the cutoff case (for an optimal result see [144]) and remains an open question
in the noncutoff case (except for Maxwellian molecules v = 0, see [180]).

Propagation of momentsin L' was proven in [118] for Maxwellian molecules
with cutoff. Then, for the case of strictly hard potentials with cutoff, it was
shown in [67] that all polynomial moments were created immediately when
one of them of order strictly bigger than 2 initially existed. This last restric-
tion was later relaxed in [200].

Propagation of moments in L? was first obtained by Gustafsson (cf. [111,
112]) thanks to interpolation techniques, under the assumption of angular
cutoff. It was recovered by a simpler and more explicit method in [150],
thanks to the smoothness properties of the gain part of the Boltzmann’s
collision operator discovered by P.-L. Lions [130, 131]. As far as appearance
of moments in L? is concerned, the first result is due to Wennberg in [198],
still in the framework of angular cutoff. It is precised in [150].

In this work, we wish to improve these results by presenting an L? theory

e first, which is elementary (that is, without abstract interpolations and
without using the smoothness properties of Boltzmann’s kernel),

e secondly, which includes the non cutoff case,

e finally, without assuming too many momentsin L? for the initial datum.

Our method is reminiscent of recent works by Mischler and Rodriguez Ri-
card [143] and Escobedo, Laurencot and Mischler [80] on the Smoluchowsky
equation.
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Let 1 < p < 400. We define the weighted L? space LZ(RN) by

LR = {1 RY S R gy < 400
with its norm

gy = [ S0P (07 do
BN
and the usual notation (v) = /1 + |v|%

We now state our main theorem

Theorem 3.1. Let B be a collision kernel satisfying assumptions (3.1.3),
(3.1.4), (3.1.5) and q such that

(i) g € Ry if v > —1 (integrable angular kernel),
(it) pg > 2 ifv € (=2, —1],
(iii) pg > 4 if v € (—3,-2],

and fo be an initial datum in Lrlnax(p 2)a+2

QLZ.
Then

A. there exists a (weak) solution to the Boltzmann equation (3.1.1) with
collision kernel B and initial datum fo lying in L*([0,400); LZ(RN))
(with explicit bounds in this space),

B. if v > 0, this solution belongs moreover to L*((7,+oc); LP(RY)) for
all 7> 0 and r > q (still with explicit bounds in this space, the blow up
near 7 ~ 07 being at worse polynomial).

Remarks: Let us discuss the assumptions and the conclusion of this theo-
rem.

1. Our result cannot hold when the hard potentials are replaced by soft
potentials. In the case of Maxwellian molecules (y = 0), we have uniform
(in time) bounds but no appearance of moments (neither in L? nor in L')
occurs. In the case of the so-called “mollified soft potentials” with cutoff,
some bounds growing polynomially in time are proved in [182], on the basis
of the regularity property of the gain term of the collision operator.

2. When the collision kernel B is not a product of a function of = by a
function of y (as in Assumption (3.1.3)), it is likely that Theorem 3.1 still
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holds provided that the behavior of B with respect to @ (when # — +00)
is that of a nonnegative power and B satisfies estimate (3.1.5) uniformly
according to x.

3. The restriction on the weight ¢ is not a technical one which is likely to
be discarded (at least in our method). Indeed as suggested in [132, 188, 3|
the noncutoff collision operator behaves roughly like some fractional Lapla-
cian of order —r//2 and these derivatives will in fact be supported by the
weight, as we shall see. Notice however that there is no condition on g when
v > —1, 1.e. in the cutoff case, which recovers existing results. Note also that
the condition fy € L%q+2 is used only to get the uniformity when ¢ — 400 of
the estimates. The local (in time) estimates hold as soon as fo € L} 5.

4. Finally, Theorem 3.1 can certainly be improved when the collision ker-
nel is non cutoff. In such a case (and under rather not stringent assumption
(cf. [3])), it is possible to show that some smoothness is gained, and some L?
regularity will appear even if it does not initially exist. As a consequence, the
assumptions of Theorem 3.1 can certainly be somehow relaxed. One can for
example compare Theorem 3.1 to the results of [71] for the Landau equation.
We also refer to [74] for “regularized hard potentials” without angular cutoff.

The proof of Theorem 3.1 runs as follows. In Section 3.2, we give various
bounds for quantities like

[ QU0 P70 )

These bounds are applied to the flow of the spatially homogeneous Botzmann
equation in Section 3.3, and are sufficient to prove Theorem 3.1, except that
the bounds may blow up when ¢ — +oc. Finally in Section 3.4, we explain
why such a blow up cannot take place, and so we conclude the proof of
Theorem 3.1. This last part is the only one which is not self-contained. It
uses an estimate from [150].

3.2 Functional estimates on the collision oper-
ator
In the sequel we shall use the parametrization described in figure 3.1, where

v — U, v — vl

D N
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and cosf = o - k. The range of 0 is [0, 7] and o writes
o= cosBk+sinfu,

where u belongs to the sphere of SV~ orthogonal to k (which is isomorphic
to SV=2).

A

Figure 3.1: Geometry of binary collisions

Thanks to the change of variable § — 7 — # which exchanges v’ and v,
the quadratic collision operator can be written

at.nw = [

RNxSN-1

{10 160) = 100 100 Bnlo = 0ol cos0) . o

where

Bsym(

v — v, cos0) = [B(|v — v.|,cos0) + B(|v — v, cos(m — )] Leoss30-

As a consequence, it is enough to consider the case when B(|v—v.]|, cos-)
has its support included in [0,7/2]. This is what we shall systematically do
in the sequel (Beware that certain propositions are written for the bilinear
kernel Q(g, f) and not for Q(f, f): they hold only in fact for the symmetrized
collision kernel Bs,,, defined above).

Recalling that

, vt ue |uv—u
o = o,
2 2




Chapitre 3. Regularity theory for long-range interactions 150

we shall use (for all F) the formula (cf. [3, Section 3, proof of Lemma 1])

(3.2.6) / B(|v — v.|, cos 8) F(v') dv do
RNxSN-1

1 v — v,
= B 0) F(v)dvdo.
/RNXSN—I cos™N(6/2) (COS(@/Q)’COS ) (v) dvdo

Let us prove a first functional estimate independant on the integrability

of the angular part of the collision kernel

Proposition 3.1. Let B be a collision kernel satisfying Assumptions (3.1.3),
(3.1.4), (3.1.5). Then, for allp > 1, g € R and f and g nonnegative, we have

(3.2.7) - Q(g, f)(v) 77} (v) (v) dv <

/ |v — v.|” b(cos )
R2NySN—1
1 Nt~y
— (cos(8/2)) P |v—wv.|"b(cosb
[ eos(02) 7 o= bcos)
< 1) — (o)) F2(0) gl02) do dos do

Proof of Proposition 3.1. We first observe that thanks to the pre-post colli-
sional change of variables, that is, the identity

/ F(v,v.,0)dvdv,do = / F(v' v, 0)dvdv, do,
R2Nyg§N-—1

R2NygN-1

Nt~y

(cos(0/2))”7

— 1] (v)?? fP(v) g(vs) dv dv. do

we can write
[ Q.11 7w (o e
= [ st e = gted o))
R2Ny §N—1
fp_l(v) (v)P? v — vi|" b(cos ) dv dv, do
= [ e e et
RQNXSN—I
— (v)P? fP(v) g('v*)} |v — v.|” b(cos 0) dv dv. do.
According to Young’s inequality, for all g = u(6) > 0,

f(')
/1,1/19

) (W7 £(0))
< (1 - 1%) pot )+ ]%up‘l fr(v),

P s = (
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so that

[ownormoras [ T(1=Y) e

+ %,up_l (V)P fP(v) — (v)P? fp(v)} g(vi) [v — v.]” b(cos 0) dv dv, do.

We now use (for a given v,, 6) formula (3.2.6) for the first term in this
integral. We get

[ Qo nw o) ey <

/wagN_l Kl - %) 1t ()P (cos(0/2)) N7 fP(v)

+ % PP P (v) = (v)P fp('U)] g(vs) |[v — v.]” b(cos 0) dv dv, do
B /RszSN—1<‘U>pq [0 = v (cos 0) f7(v) g(v.)

1 1
X [ <1 - —> pt (cos(0/2)) N 4 — Tt — 1] do dv, dv
p p

—I—/R l,up_l |v — vi|" b(cos B) fP(v) g(vi) x [(v)P? — (v)P] dv dv. do.

2Ny §N-1 P

We now take the optimal p = p(6) > 0. This amounts to consider

N+~

u(0) = (cos(0/2))""5

In this way, we get estimate (3.2.7). O

Remark: With the same idea, one could easily obtain
[ @ta.nt) 7w (oo
RN
e = e beos0) £7(0)g(0)
R2Nyg§N-1

1 1

X [ (1 - —) = (cos(0/2)) N + = pP (cos(0/2))P7 — 1| dv dv, do
p p

¥ / = 1 fo—o.]? bleos ) £7(v) g(v.) [{v/)"'—(cos(8/2))" (v)""] dov do. do.

2Ny §N-1 P
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so that taking the optimal y given by

Nt~y

p(0) = (cos(6/2))" 77,

the following inequality holds:

[ @01 ) oo <

/R yoon (v)P? |v — v.|" b(cos )
2 X —1
Nt~y

1
+ / = (cos(8/2)) P75y — v, |7 b(cos )
R

2Ny §N-1 P

[<'U’>pq — (cos(@/Z))pq<'v>pq] fP(v) g(v.) dv dv, do.

Nt~y

(cos(6/2))7 7 —1} F7(v) g(v.) dv dv. do

If g is big enough, i.e. such that

(3.2.8) q-

the first term is strictly negative, and some estimates (in the same spirit as
in Lemma 3.1 below) on the term [(v/)?? — (cos(6/2))P?(v)??] for small and
large angles 6 would yield directly

Qg, f(v) fFHv) (v)dv < — C / g(vs) dv. f7(v) (v)P* dv
R RN RN
s 0 [ [ e
RN BN
s 0 [ i [ o) epe
RN RN
We do not follow in the sequel this line of ideas because we don’t want to

assume (3.2.8). We rather choose to make a global splitting between the
small and large angles 6.

We now deduce from Proposition 3.1 a corollary enabling to bound
Q(g, [)(v) 77 (v) (v)" dv
RN

in terms of weighted L' and L? norms of f and g. Note that this corollary is
almost obvious to prove when the collision kernel is integrable (cutoff case).
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Corollary 3.1. Let B be a collision kernel satisfying assumptions (3.1.3),

(3.1.4), (3.1.5). We consider f and g nonnegative and ¢ € R. We suppose

moreover that pqg > 2 if v € (=2, —1] and pg > 4 if v € (=3, —2]. Then,

329) [ QD)) ) do < o) gl
R

14
b M2,

where
Cp. N~ (D) = est(p, N,v) (/ b(cosB) (1 — cosb) da) ,
SN-1

and cst(p, N,v) is a computable constant depending on p, N and ~.

Remark: Since the non cutoff collision operator behaves roughly like some
fractional Laplacian of order —v//2, one could wonder how such a functional
inequality which does not contain derivatives of the functions f and ¢ can
hold. The answer is that the pre-post collisional change of variable and
formula (3.2.6) (which play here the role played by integration by part for
differential operators) allow to transfer the derivatives on the weight func-
tion (v)P?. This also explains why the restriction on the weight exponent ¢
depends on the order v of the angular singularity.

Proof of Corollary 3.1. Estimate (3.2.7) can be written

[, Qa.n)) 7 @) oo < i+ Bt b,

L = / |v — v.|” b(cos )
R2Ny§N-1
N4~y

(cos(8/2))” 7+ — 1} (v)P? fP(v) g(vy) dv dv, do,
1
= /R?NxSN—l }_7

b= [ Sl e beos8) [0 = (0] P (o)glon) do do. do

2NygN-1 P

Nt~

(cos(8/2))” 7+ — 1} |v — v.|” b(cos )
[(v"YP? — (v)P?] fP(v) g(v.) dv dv. do,

Then the two first terms are easily estimated thanks to the formula
_ Nty N +
(cos(8/2)™ " —1] ~o0 =

For the last one, we shall need the following lemma, which takes advantage
of the symmetry properties of the collision operator:

(1 — cosb).
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Lemma 3.1. For all a > 1,

(3.2.10) ‘ /UGSN_Q [(v)> — (v)**] du

and for all a > 2,

(3.2.11) ‘ /UGSN_Q [(v")** — (v)**] du

Remark: This lemma is reminiscent of the symmetry properties used in the
“cancellation lemma” in [4] and [3] in order to give sense to the Boltzmann
collision operator for strong angular singularities (i.e. v € (=3, —2]).

< C, (sin6/2) (v)2* (v,)?,

< Oy (sin0/2)% (v)*™ (v.)*.

Proof of Lemma 3.1. We note that since
[v')? = |v]?* cos® 0/2 4 |v.|? sin*0/2 + 2cos 0/2 sin0/2 |v — v.| u - v.,

if one introduces (for z € [0,1/2/2]) the function

R.(z) = /UESN_2

(1 + v (1 —2*) + |v > 2* + 22 V1 — 22 Jv — v.|u- v*>a

-1+ |’U|2)a] du
we get
/ESM (14 [0/ = (14 [v]*)?] du = Ra(sin0/2).

But thanks to the change of variables u — —u, we see that R, is even.
Noticing also that R,(0) = 0, we have the identities

R.(z) ==z fol R (sz)ds,
= 22 fo s)R!(sx)ds.
We compute
R (z) = « / (— 2 [v)? + 2z [v. > + 2(1 — 2)Y? v — v,]u - v,
ueSN—Q
—22% (1 — 23V v — v, u- ‘U*>

a—1
X <1 + v (1 —2) + |vo> 2 + 22 V1 — 22 |v — vi] u - ’U*> du
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and
Rl(z) = a(a—1) / ( — 2z |l + 2z v )P+ 2(1 — )Y o — v |u- v,
UESN_2
2
—22% (1 — 237V v — v, u- ‘U*>
a—2
X (1 + v (1 = 2°) + |va]? 2® + 22 V1 — 22 v — v, u - ’U*> du
+o / (—2|‘U|2—|-2|‘U*|2—2$ (1—x2)_1/2
UESN_2
|'U - 'U*| u - 'U* - 2 |'U - 'U*| U - 'U* <2$ (1 - IQ)_l/Q —I_ $3 (1 - $2)_3/2))
X (1 + o] (1 — 2?) + [P 2 + 22 V1 — 22 Jv — v, u - ‘U*) " du
Then, for z € [0,v/2/2], if a > 1, we get
| R ()] < Ca (v)™ (vs)*,
and if a > 2,
|Ro(@)] < Co(v)* (va)™.
This concludes the proof of Lemma 3.1. U

Let us come back to the proof of Corollary 3.1. We have

™1
I3 = / / — |v — v.]” b(cos 0) R, (sin §/2) (sin H)N_2 fP(v) g(vs) dv dv. db
R2N Jo P

for @ = (pg)/2. Lemma 3.1 and the equality

(sinf/2)% = “_Zﬂ

conclude the proof. O

We now turn to an estimate which holds when the (angular part of the)
collision kernel has its support in [0y, 7/2] for some 0y € (0,7/2]. As we shall
see later on, this term is the “dominant part” of the same quantity when the
(angular part of the) collision kernel has its support in [0, 7 /2].

Proposition 3.2. Let B be a collision kernel satisfying assumptions (3.1.3),
(3.1.4), (3.1.5). We suppose moreover that b has its support in [0y, 7/2] for
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some Oy € (0,7/2]. Then, for all p > 1, ¢ > 0 and f nonnegative with
bounded L;q_I_Q norm, we have

(3.2.12) /RN QU (@) 77 (w) ) do < CHO) £l = KO IF115,

with
CHb) = C* (/ bda), K=(b) = K~ (/ bda),
SN-1 §N-1

where CT, K~ are strictly positive constants. Both depend on an upper bound
on || fll o and on a lower bound on || f||p1; Ct also depends on q.
pg

Remark: This estimate could be deduced from the results of [150], but we
shall give here an elementary self-contained proof, in the same spirit as that
of the proof of Proposition 3.1.

Proof of Proposition 3.2. Let us write the quantity to be estimated
[ Q@@ < [ QU P
- [ e Un@ e W,

splitting as usual the operator between its gain and loss parts (remember
that the small angles have been cutoff). On one hand, using |[v — v.|” >
[(v)Y — cst (vi)7] we get

= [ QU @) )
R
< — Kol 15+ Collbllaan—y 171

for some constant Ky > 0 depending on a lower bound on ||f||z: and Cy > 0
depending on an upper bound on the || f|[z1. On the other hand,

Q* (1, 1)) [ (v) (v} dv = / £LF 7 (o) Bdv dv, do
RN

R2Ny§N-—1

can be split into

W= [ RGP Bdvdodo
R2Nx§N -1

/ C(f gee) fP7H (0)P B dv dv, do,
2Ny gN— 1
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with j,.(v) = ljy<, and je = 1 — j,. This means that we treat separately
large and small velocities. Then

ho= [ RGP W) Bdededs
R2Ny§N-1

1 —1 £y
/RQNXSN_lf* [(l _};> pi f ( )

L (fjr)p(v)] (v')"" B dv dv. do

IN

IN

Iy N
[Py [ (1=2) w Ccosm/ay™ = by U1,

P+

1
-, p-1 - ||P
+p 1241 HfHLl Hf]r’”LZ_M/p] )

and thus

1\ N
(3.213) I < ||b]| v [(1 —}—)) it (cosm/4) N7 | £l Hinpr

I
F 2 Hfl\ip] .
p a
As for I, we get
Iy = / T (f gre)l f771 <'U>qudv dv, do
R2NxSN—1

thanks to the change of variable 0 — —co. Now B has compact support in

[m/2,m — 6]. And as

L= [ G (O Bdede do
R2Ny §N—1

< / o T [(1 - }O) uy! ()

1 ~
+—ph fp('v)] (') B dv dv, do
p
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we deduce

Iy . Nyl -
L sHMMWﬂ[(LQJu;@m%m>Nwwﬂmuwmaw

T ..
i meLMJVMQW]

by using again formula (3.2.6). Hence
Iy < |1b]|pren-yy

1 . _N— _
(32,14 XIO—5>MJ@m%ﬂ)N”O+WWVWWﬂMHM%MW

pg+y

1 p—1 P
+L iy Hﬂ@MJ.
Gathering (3.2.13) and (3.2.14), we obtain for the gain part
| @t nw ) o de <
R

1
mewﬂ[gﬁlﬂ+ﬁV”WMl

P+

s,
1 -1 —N—v
+ |[bllprga-y | {1 - ») (cos m/4)

P
W7z,

P+

1 . N _ 1
-+O—;>u?@m%ﬂ)N”O+”W2W+;£1]WM1

For some 6y > 0 fixed, one can first choose uy small enough, then r big
enough (remember that v — 2 < 0), then gy big enough, in such a way that

[(1—-%) i (cosm/4) N

1 [,7
(1= =) ppt (sino/2)" N7 072 4 =i < =3
p p 2

11l

Pty

We thus get the wanted estimate by combining the estimates for the gain
part and the loss part. O

We now can gather Corollary 3.1 with Proposition 3.2 in order to get the
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Proposition 3.3. Let B be a collision kernel satisfying assumptions (3.1.3),
(3.1.4), (3.1.5), p belong to (1,4+00), and ¢ > 0. We suppose moreover that
pqg>2ifv e (=2,—1] and pg >4 if v € (—3,—-2]. Then, for f nonnegative
with bounded L}, , norm, we have

(3.2.15) - QU 1)) 77 () () do < CF I fIly = KT NNy,

for some positive constants Ct and K~, depending on an upper bound on
Il f 2 o and on a lower bound on || f]|L:.
pg

Proof of Proposition 3.3. The proof is straightforward and based on a split-
ting of b of the form

(3.2.16) b=b 4 b,
where b = blgeig, /2 stands for the “cutoff” part, b = 1 — b for the
remaining part, and 6y € (0,7/2] is some fixed positive angle. We split the

corresponding collision operator as ) = Q). + @,. It remains then to apply
Corollary 3.1 to

L@ r00) 77w (o)
and Proposition 3.2 to

[ QD) P70 (e,
Observing that

/ bfo (cos@) (1 — cos)do —g,—0 0,
SN—I

we see that the term corresponding to (), can be absorbed by the damping
(nonpositive) part of )., for 8y small enough. O

3.3 Application to the flow of the equation

In this section, we denote by K any strictly positive constant which can be
replaced by a smaller strictly positive constant, and by €' any constant which
can be replaced by a larger constant. We precise the dependance with respect
to time when this is useful.
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We now prove Theorem 3.1 without trying to get bounds which are uni-
form when ¢ — 400. We notice that a solution f(¢,-) at time ¢ > 0 of the
Boltzmann equation (given by the results of [6], [7] and [186]) satisfies:

d

i f @A =p | QU ) F7(0) (o) dv.

We also recall that (under our assumptions on the initial datum), such a
solution f(¢,-) has a constant mass [|f(¢,)||z1. The L? integrability of the
initial datum fy implies that this initial datum has bounded entropy, then the
H-Theorem ensures that the entropy remains uniformly bounded for all times
(by the initial entropy). Also its moment of order 2 + pq in L' is propagated
and remains uniformly bounded for all times with explicit constant (see for
instance [200]).
Then Propostion 3.3 gives the following a priori differential inequality:

N d .
(3.3.17) 7 1l < CUAIlG, = KNAIL:, .

In particular,

o - d P P

(33.15) SNl < I,

According to Gronwall’s lemma, the norm || f||zz remains bounded (on all
intervals [0, T for T' > 0) if it is initially finite.

Let us now turn to the question of appearance of higher moments in L?
(when v > 0). Let » > 0. Using Holder’s inequality, we see that

1 llze < 1 Nzg, 11"

with r = 0¢; + (1 — 6)gz2. Thus with ¢ = 0 and ¢; = r + v/p, we get

T Y/p

1A lee < A WAz
r+v/p
Therefore,
- 1+
Flle,, > Kr IS,

where Kp = <SUPte[0,T] HfHLp(t))_:_‘? But this last quantity is finite (thanks
to estimate (3.3.18)). We thus obtain the following a priori differential in-
equality on || f][7,:

- V1t
S = Kr (Iflz) " + O]

d
ZI1

P
Ly



Chapitre 3. Regularity theory for long-range interactions 161

Using a standard argument (first used by Nash for parabolic equations) of
comparison with the Bernouilli differential equation

y = —Kry'o 4+ Cy,
whose solutions can be computed explicitely, we see that for all 0 <t < T,
[f1lzz(t) < +o0,

more precisely

/Y

C
Lf(t) § th
Ky (1 . )

This concludes the proof of Theorem 3.1 for local in times bounds. It remains

(3.3.19) 171

to study more accurately the behavior of these bounds when ¢ goes to infinity.

Remarks:

1. Notice that the upper bound (3.3.19) cannot be optimal since for
example if | fol[zz < +oco then | f|lzz < +oc uniformly on [0,77] by the
argument above, and the a priori differential inequality (3.3.17) implies that
the quantity HinZM/ is integrable at ¢ ~ 0%, which is not necessarily the

case of the right—handpside term in (3.3.19).

2. Note that in the previous computation, one should use approximate
solutions of the Boltzmann equation in order to give a completely rigorous
proof. For example, solutions of the equation

af.
ot

f6(07') = in*¢67

where ¢. is a sequence of mollifiers, can be used. This point does not lead
to any difficulties.

Qfe, fo) + e Aufe,

3. It is also possible to get a slightly less stringent condition on the L!
moments of the initial data fy by using the appearance of the L' moments
of f (in the case v > 0).
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3.4 Behavior for large times

The goal of this section is to conclude the proof of Theorem 3.1 by showing
that the bounds on the L? moments are uniform when ¢t — +o0.

Our starting point is a stronger result than Proposition 3.2, which is a
particular case of a result proven in [150] (where the result holds for every
collision kernel which satisfies angular integrability), and is based on the
regularity property of the gain term of the cutoff collision kernel'. This
result writes:

Proposition 3.4 (cf. [150], Theorem 4.1). Let B be a collision kernel sat-
isfying assumptions (3.1.3), (3.1.4), (3.1.5). We suppose moreover that b has
its support in [0p,m/2]. Then, for all p > 1, ¢ > 0 and f nonnegative with
bounded entropy and L%q-}—? norm, we have

(3.4.20)
[ QUNE) ) o do < CHO) AT = KO,

Ct(b) =C* </SN_16da>, K-(b)= K~ </SN_1MU>,

and C*, K~ are positive constants. Both depend on an upper bound on the
entropy and the Ly, , norm of f and a lower bound on | f|p1; CT also de-

pends on y. Finally e € (0,1) is a constant depending only on the dimension
N and p.

with

Gathering now Corollary 3.1 with Proposition 3.4, we get the

Proposition 3.5. Let B be a collision kernel satisfying assumptions (3.1.3),
(3.1.4), (3.1.5), p belong to (1,400) and ¢ > 0. We suppose moreover that
pqg>2ifv e (=2,—1] and pg > 4 if v € (—3,—-2]. Then, for f nonnegative
with bounded entropy and Lrlnax{png}_m norm, we have

(3.4.21) RNQ(f, D) 771 w) (@) do < CF | I~ — K- I

for some positive constants Ct and K~ depending on an upper bound on

HfHLrlnax{pq,quz’ an upper bound on the entropy and a lower bound on || f||1:.

Finally ¢ € (0,1) is a constant depending only on the dimension N and p.

!This result corresponds to Theorem 2.7 of Chapter 2 of this PhD.
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Proof of Proposition 3.5. The proof is exactly the same as that of Proposi-
tion 3.3. It is based on the splitting

b= bfo + b

and the use of Corollary 3.1 for

o0 7w

and Proposition 3.4 for

[ QD) 77 w) o) o
0

We now can prove that the bound on the L? moments is uniform for
large times. Indeed, Proposition 3.5 leads to the following a priori differential

inequality on y(t) = [[f(¢, )]}
y/ § Cyl—s _ [(y.

Then, by a maximum principle, we see that y(¢) is bounded on |7, +o0o[ as
soon as it is finite at time 7. The explicit estimate is:

Vi> 7, y(t) < max {y(T); <%>1/} .
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Quantitative lower
bounds for the full

Boltzmann equation in
the torus

Article [146], a paraitre dans Communications in Partial Differential
Equations.

ABSTRACT: We prove the appearance of an explicit lower bound on the solu-
tion to the full Boltzmann equation in the torus for a broad family of collision
kernels including in particular long-range interaction models, under the as-
sumption of some uniform bounds on some hydrodynamic quantities. This
lower bound is independent of time and space. When the collision kernel sat-
isfies Grad’s cutoff assumption, the lower bound is a global Mazwellian and
its asymptotic behavior in velocity is optimal, whereas for non-cutoff collision
kernels the lower bound we obtain decreases exponentially but faster than the
Mazwellian. Our results cover solutions constructed in a spatially homoge-
neous setting, as well as small-time or close-to-equilibrium solutions to the
full Boltzmann equation in the torus. The constants are explicit and depend
on the a priori bounds on the solution.
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4.1 Introduction

This paper is devoted to the study of qualitative properties of the solutions
to the full Boltzmann equation in the torus for a broad family of collision
kernels. In this work we shall quantify the positivity of the solution by
proving the “immediate” appearance of a stationary lower bound, uniform
in space. Before we explain our results and methods in more details let us
introduce the problem in a precise way.

4.1.1 Motivation

The Boltzmann equation decribes the behavior of a dilute gas; when we as-
sume periodic boundary conditions in space, it reads

of N N
E—I_vaf:Q(]:f% "CET ) 'UER ) tE[O,T),
where T € (0,400, TV is the N-dimensional torus, the unknown f =
f(t,xz,v) is a time-dependent probability density on TN x RY (N > 2),
and @) is the quadratic Boltzmann collision operator. It is local in ¢t and x
and we define it by the bilinear form

Q(g7f) = /RN N B(|U — ’U*|7 COS 0) (gif’ — g*f) dv* do.

Here we have used the shorthands f' = f(v'), g. = g(v.) and ¢, = g(v)),

*
where

, vtue |uv—u
v' = o,
2 2
, v+ vt v — v,
ol = _
2 2

stand for the pre-collisional velocities of particles which after collision have
velocities v and v,.. Moreover 8 € [0, 7] is the deviation angle between v’ — v/,
and v — v, and B is the Boltzmann collision kernel (related to the cross-
section X(v — v, 0) by the formula B = ¥|v — v.|), determined by physics.
On physical grounds, it is assumed that B > 0 and that B is a function of
|v — v.| and cos = (o - (v —v.)/|v — vi]).

In this paper we shall be concerned with the case when

e B takes the following product form
(4.1.1) B(|v — vi|,cos0) = ®(|v — v.|) b(cos ),
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e where ® satisfies either the assumption
(4.1.2) VzeR, colz]” <P(2) < Cs |2|”

or the mollified assumption

Viz| > 1, co |2 < P(2) < Cyp |27
(1.13) { 2| > o |2] (2) < Co |2]

Viz| <1, o < O(2) <Co
with ¢g,Ce > 0 and v € (=N, 1],

e and b is a continuous function on 6 € (0, 7], strictly positive on 6 €

(0,7), such that
(4.1.4) b(cos ) sin® 720 ~y_or by 71
for some by > 0 and v € (—o0, 2).

The assumption (4.1.1) that B takes a tensorial form is made for the sake
of convenience, since it is a well-accepted hypothesis which covers important
physical cases. Most probably it could be relaxed to non-tensorial collision
kernels with the same kind of controls, up to some technical refinements. The
assumption that b is strictly positive on 8 € (0,7) is a technical requirement
for Lemma 4.2 and Lemma 4.3 in Section 4.2 and it could be relaxed to the
requirement that b is strictly positive near 6 ~ 7 /2.

Following the usual taxonomy we shall denote by “hard potentials” colli-
sion kernels the case when v > 0, “Maxwellian” collision kernels the case when
~v = 0, and “soft potentials” collision kernels the case when v < (0. When @
satisfies assumption (4.1.3) and not (4.1.2) we shall speak of “mollified soft
potentials” collision kernels or “mollified hard potentials” collision kernels. In
the case when v < 0, the angular collision kernel is locally integrable, an as-
sumption which is usually referred to as Grad’s cutoff assumption (see [108]).
Thus for v < 0 we shall speak of “cutoft” collision kernels, and for v > 0 we
shall speak of “non-cutoff” collision kernels.

The main cases of application are “hard spheres” interaction (b constant
and ®(z) = |z| which corresponds to the case y = 1 and v = —1), and
interactions deriving from a 1/r® force (s > 2), where r is the distance
between particles, which corresponds to vy = (s —5)/(s—1) and v = 2/(s—1)
in dimension 3.

In the case when the solution f(¢,v) does not depend on the space variable
x, we shall speak of a spatially homogeneous solution.

The attempts to quantify the strict positivity of the solution to the Boltz-
mann equation are as old as the mathematical theory of the Boltzmann
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equation, since Carleman himself established such estimates in his pioneer-
ing paper [44]. He showed, for hard potentials with cutoff in dimension 3,
that the spatially homogeneous solutions radially symmetric in v he had con-
structed in LZ(RN)! (the very first result in the Cauchy theory) satisfy a
lower bound of the form

|2+5

Vt2t0>0, \V/’UERS f(tjv)zcle—Cth ’

for any fixed tg > 0 and € > 0. The constants Cy,Cy > 0 are uniform as ¢t —
+oo and depend on ty, ¢ and some estimates on the solution. The proof was
based on a “spreading property” of the collision operator and the assumption
that the initial datum is uniformly bounded from below by a positive quantity
on a ball centered at the origin (in fact the weaker assumption of a lower
bound on an annulus is sufficient, see [44]).

This result remained unchallenged until the paper from Pulvirenti and
Wennberg [169]. They proved, for hard potentials with cutoff in dimension
3, that the spatially homogeneous solutions in Li(RY) N Llog L(RY)? with
bounded entropy (see [6] and [144]) satisfy a lower bound of the form

Vi>to>0, VoeR® f(t,v)> Cpe @M,

for any fixed tqg > 0. Again Cy,C5 > 0 are uniform as ¢ — +oo and depend
on tg and some estimates on the solution. Their proof was also based on the
spreading property of the collision operator but the optimal decay of the lower
bound was obtained by some improvements of the computations. Moreover
they made a clever use of the iterated gain part of the collision kernel in
order to establish the immediate appearance of a positive minoration of the
solution on a ball, thus getting rid of the assumption of Carleman on the
initial datum. This paper is the starting point of our study.

Two other methods should be mentioned.

On one hand, Fournier [92, 94| established by delicate probabilistic tech-
niques that the spatially homogeneous solutions to the Kac equation without

cutoff satisfy f(t,v) € C*°((0,+oc) x RY) and
Vi>0, VoeRY, f(t,v)>0.

He proved the same kind of result in [93] for the spatially homogeneous Boltz-

mann equation without cutoff in dimension 2 under technical restrictions.
On the other hand there is a work in progress by Villani in order to estab-

lish lower bounds on the solution to the Boltzmann equation using suitable

lsee Subsection 4.1.4 for the notations

4d.
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maximum principles. The most important feature of this new method is that
it applies to the non-cutoff case. For more explanations we refer to [191,
Chapter 2, Section 6]. This method has been able to recover more simply
the results by Fournier, and a quantitative lower bound is in progress. We
also refer to the work [99] which proves with the same tools the propagation
of upper Maxwellian bounds for the spatially homogeneous solutions to the
Boltzmann equation for hard spheres.

Finally we note that in the case of the spatially homogeneous Landau
equation with Maxwellian or hard potentials interactions, one can prove a
theorem similar to that of Pulvirenti and Wennberg by means of the standard
maximum principle for parabolic equations, see [71]. Actually the result
stated in this paper is not uniform as ¢ — 400, but it can be made uniform
by the same argument as in the proof of Theorem 4.1 in Section 4.3 below.

The study of lower bounds is of interest in itself, in order to understand
the qualitative behaviour of solutions to the Boltzmann equation. Moreover
recently this interest has been renewed by the emergence of a new quantitave
method in the study of convergence to equilibrium, the so-called “entropy-
entropy production” method (see [181, 182, 72, 192]|). This method re-
quires indeed a control from below on the solution by a function decreasing
at most exponentially, and uniform in time. It has been applied lately to
some inhomogeneous kinetic equations: see [73] for the Fokker-Planck equa-
tion and [70]| for the full Boltzmann equation. For instance the main result
in [70] asserts that any solution of the Boltzmann equation satisfying uni-
form estimates of smoothness and fast decay at large velocities, combined
with a lower bound like

(4.1.5) Vi>te>0, Yz e TV, VoeRY, f(t,z,v)> CpeM"

for some C,Cy, K > 0 does converge to equilibrium at rate “almost expo-
nential”, i.e. faster than any inverse power of ¢. This paper works in some a
priori setting on the solution, since there is no general Cauchy theory whose
solutions satisfies suitable estimates to apply the “entropy-entropy produc-
tion” method. Nevertheless a natural question is wether the set of solution
satisfying the a priori assumptions of [70] is not trivial, i.e. reduced to the
spatially homogeneous case or to cases for which exponential convergence
results are already known. Qur study answers to this question, since the so-
lutions [110] satisfy all the estimates of regularity and decay needed in [70],

and a consequence of Theorem 4.1 below is that they also satisfy (4.1.5) (with
K =2).
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4.1.2 Statement of the results

Now let us introduce the functional spaces and the macroscopic quantities
on the solution. We define bounds uniform in space on the observables of
the solutions. We shall study precisely in Section 4.5 in which case there
is a Cauchy theory which fits these assumptions. One can say briefly that
they are satisfied at least for hard spheres and inverse power laws interactions,
either in the spatially homogeneous setting, or in the spatially inhomogeneous
setting for solutions for small time or near the equilibrium.

Let us consider a function f(¢,z,v) > 0on [0,7) x TV x RN. We define
its local density

pr(ta)i= [ f(t.z,v)dv,

BN

its local energy

csitia)i= [ fta) ol do
RN
its weighted local energy

¢t z) = flt,z,v) o] dv
RN

(where 4 is the positive part of (2 4+ 7)), its local entropy

ho(ts)i= = [ ft,a,0) log f(t.a.0) do,
BN
its local L? norm (p € [1,+00))

l?‘(twr) = Hf(t,:l:, ')HLP(R%V)v

and its local W2 norm?

wf(t, .?7) = Hf(t, Z, ‘)H],VQ,OO(R%V).

Note that in the sequel we shall systematically speak of hydrodynamical
quantities on the solution in a generalized sense, since we include in this
term the quantities €, hy, l? and wy.

Then we define the following uniform bounds

3see Subsection 4.1.4 for the notations
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0f 1= inf pe(t,x), Es:= sup er(t,x) + pslt,z)),
TR - st ) f (m)e[O’T)XW( f(tx) + pg(t, )
E} = sup elf(ta'r)7 Hf = sup |hf(t7$)|7
(t,2)€[0,T)x TV (,2)€[0,T)x TV
LY = sup (. z), W; = sup wy(t,x).
(t,2)€[0,T)x TV (t,2)€[0,T)x TN

Remark: In the spatially homogeneous setting all these quantities are inde-
pendent of the space variable x and the uniformity in time is in most cases,
well-known or obvious (see Section 4.5).

Our assumptions on the solution are as follows:

e When v > 0 and v < 0 (hard or Maxwellian potentials with cutoff) we
shall assume that

(4.1.6) o >0, FEf<4oo, Hj<+oo.

e When v € (—N,0) (singularity of the kinetic collision kernel) we shall
make the additional assumption that

with p, > NL—FW (notice that this uniform bound on Lfﬂ implies the one
on the local entropy).

e When v € [0,2) (singularity of the angular collision kernel) we shall
make the additional assumption that

(4.1.8) Wy < 400, E} < 400

(remark that when 7 < 0, we have £} < E; and the second part of
this assumption is not necessary).

Remark: Although the regularity part of the last assumption (4.1.8) seems
quite stronger compared to the other ones, the regularizing property of the
non-cutoff collision operator often ensures that it holds, at least in some cases
(see Section 4.5), and thus makes it rather natural.

We now state our main theorems. The first one deals with cutoff col-
lision kernels. In this theorem a mild solution to the Boltzmann equation
with initial datum fy is a function f which satisfies (4.3.16) pointwise (see
Definition 4.1 below).
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Theorem 4.1. Let B = ®b be a collision kernel which satisfies (4.1.1),
with ® satisfying (4.1.2) or (4.1.3), and b satisfying (4.1.4) with v < 0. Let
f(t,xz,v) be a mild solution of the full Boltzmann equation in the torus on
some time interval [0,T), T € (0, +00] such that

(1) if ® satisfies (4.1.2) with v > 0 or if ® satisfies (4.1.3), then [ satis-
fies (4.1.6);

(11) if ® satisfies (4.1.2) with v < 0, then f satisfies (4.1.6) and (4.1.7).

Then for all 7 € (0,T) there exists some p > 0 and 6 > 0 depending
on T, 07, By, Hy (and L?ﬂ if ® satisfies (4.1.2) with v < 0), such that for
all t € [r,T) the solution is bounded from below by the uniform Mazwellian
distribution with density p and temperature 0, i.e.

2
_ vl

N N e 20
(419) Vite [T,T)7 Ve eT", YveR", f(tfj[;?‘U) Zp (271‘9)]\7/2.

Remarks: Let us comment on the assumptions and conclusions of this
theorem:

1. The main case of application of this theorem one should think of is
B = |v — v.]" b(cos 0) with b bounded from above and below. It includes the
hard spheres model (when v = 1 and b = 1), and the so-called “variable hard
spheres” model.

2. As the lower bound in (4.1.9) does not depend on the space variable z,
Theorem 4.1 applies to spatially homogeneous solutions as well: take f, de-
pending only on v and f(¢,v) the corresponding solution of the homogeneous
Boltzmann equation, then f(¢,v) is also a solution of the inhomogeneous
Boltzmann equation in the torus and Theorem 4.1 gives the appearance of a
Maxwellian lower bound on the v variable. This theorem thus includes and
extends the previous result of Pulvirenti and Wennberg in [169], valid for
hard potentials. It gives new results for spatially homogeneous solutions in
the case of soft potentials with cutoff (see Section 4.5).

3. In the inhomogeneous case, Theorem 4.1 applies to the solutions
of Ukai [183] near the equilibrium for hard spheres, or to the solutions
of Guo [110] near the equilibrium for soft potentials with cutoff (see Sec-
tion 4.5).

4. More generally this theorem can be seen as an a priori result on the
renormalized solutions (see [75] and [58, Chapter 5]), the only theory of
solutions in the large at now. For instance for a gas of hard spheres in a
torus, its converse says that if the solution f vanishes at some point in the
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phase space, then either the local density ps has to vanish somewhere in
the torus, or the local density py, energy ey or entropy h; have to blow-up
somewhere in the torus.

Now let us state the result we get for long-range interaction models, i.e.
collision kernels with an angular singularity. In this theorem a mild solu-
tion to the Boltzmann equation with initial datum f; is a function f which
satisfies (4.4.22) pointwise (see Definition 4.2 below).

Theorem 4.2. Let B = ®b be a collision kernel which satisfies (4.1.1), with
O satisfying (4.1.2) or (4.1.3), and b satisfying (4.1.4) with v € [0,2). Let
f(t,xz,v) be a mild solution of the full Boltzmann equation in the torus on
some time interval [0,T), T € (0,+00] such that

(1) if ® satisfies (4.1.2) with v > 0 or if ® satisfies (4.1.3), then f satis-
fies (4.1.6) and (4.1.8);

(11) if ® satisfies (4.1.2) withy < 0, then f satisfies (4.1.6), (4.1.7) and (4.1.8).
Then for all 7 € (0,T) and for any exponent K such that

log (2 + 2
K>2—Og( + 2)

log 2
there exist Cy > 0 and Cy > 0 depending on 7, K, o5, Ey, E;, Hy, Wy (and
ij,” if © satisfies (4.1.2) with v < 0), such that

|K

Vtel[r,T), Ve e TV, Vv e RY, flt,z,0) > C o= Ca o™

Moreover in the case when v = 0, one can take K = 2 (Mazwellian lower

bound).

Remarks: Let us comment on the assumptions and conclusions of this
theorem:

1. One can check that this theorem is consistent with Theorem 4.1 when
v — 0. Notice that the situation when v = 0 is particular: the collision
operator is non-cutoff and corresponds to some “logarithmic derivative”.

2. This theorem is, to the knowledge of the author, the first quantitative
lower bound result for non-cutoff collision kernels. It applies for instance
to the spatially homogeneous solutions recently obtained in [74] (see Sec-
tion 4.5).

3. We mention that an extension of Theorem 4.1 and Theorem 4.2 to
the case of a bounded open set 0 with specular reflection or bounce-back
boundary condition on 92 is in progress, and will be treated in a second part
of this work.
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4.1.3 Methods of proof

In the spatially homogeneous case the proof of [169] proceeds in two steps:
first the construction of an “upheaval point” for the solution after a small
time, i.e. a uniform minoration on a ball; second a “spreading process” of
this bound from below after a small time by the collision process, iterated
infinitely many times. Both these steps are based on a mixing property of the
gain part of the collision operator, which is reminiscent of the regularization
property of this gain part, discovered by Lions (see [130, 131] or [191,
Chapter 2, Section 3.4] for a review). The second step was already present
in [44] and systematically used in [169]. The main contributions of our paper
are:

1. a strategy to deal with space dependent solutions (Section 4.3), based
on an implementation of the “upheaval” and “spreading” steps along
each caracteristic, keeping track carefully of the constants in order to
get uniform estimates according to the choice of the characteristic;

2. a strategy to deal with non-cutoff collision kernels (Section 4.4), based
on the use of a suitable splitting of the collision operator between a
cutoff part which still enjoys the spreading property, and a small non-
cutoff part, for which we give L* estimates of smallness thanks to
the regularity assumptions on the solution. A precise balance between
these two parts then allows to obtain the lower bound in the non-cutoff
case, although slighlty weaker;

3. the implementation of the general method for soft potentials as well (i.e.

for collision kernels with a singular kinetic part), and in any dimension
(Sections 4.3 and 4.4);

4. a detailed discussion of the connection between these results and the
existing Cauchy theories (Section 4.5).

Here we adopt the point of view of an a priori setting which allows to treat
separately the issue of the lower bound and the one of establishing a pri-
ort estimates on the solution. Therefore we do not address the question of
obtaining such a priori estimates in the general case, which is open at now.
This point of view should be understood as a unified approach for all existing
Cauchy theories, as well as a way to obtain a priori results when no Cauchy
theory exists, or when the solutions are too weak.

The paper runs as follows. Section 4.2 remains purely functional, Sec-
tion 4.3 and 4.4 work on arbitrary solutions in a priori setting, and only
Section 4.5 deals with solutions which have effectively been constructed by
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previous authors. Section 4.3 is devoted to the proof of Theorem 4.1, Sec-
tion 4.4 to the proof of Theorem 4.2 and Section 4.5 applies these two theo-
rems to the existing Cauchy theories.

4.1.4 Notation

In the sequel we shall denote (-) = /1 +|-]2. We define the weighted
Lebesgue space LS(RN) (p € [1,4¢], ¢ € R) by the norm

1/p
e = | [ 1700 (o) ]
if p < +o0 and
[fll 2oy = sup | f(v)](v)*

vERN

when p = +o0o0. The Sobolev space W*?(RY) (p € [1,+0o0] and k € N) is
defined by
1/p

I llwes@my = | X 10 F(l50|

s|<k

with the usual notation H* = W%2. Finally, we denote Llog L the Orlicz
space defined by the convex function ¢(X) = (1 + |X|)log(1l + |X]). For

nonnegative functions in Li(RY), the quantity

flog fdv
RN
is finite if and only if f belongs to Llog L.
Concerning the collision kernel we define the L' norm of b on the unit
sphere when v < 0 (integrable angular collision kernel) by

ny = / b(cos 0) do =[SV / b(cos 0) sin™" 20 db,
§N-1 0
and in the case v € [0,2) we define
my = / b(cos ) (1 — cosf) do = |SV2| / b(cos ) (1 — cos f) sin™ =20 db,
§N-1 0

which is always finite (since v < 2), and is related to the cross-section for
momentum transfer (see [191, Chapter 1, Section 3.4]). Finally we define

6= inf  b(0)

7/4<6<3mw /4
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which is strictly positive by assumption.

In the following we shall keep track explicitely of the dependency of the
constants according to the bounds on the collision kernel and the estimates on
the solution. As a convention, “cst” shall systematically denote any constant
depending only on the dimension N, 7, v and by. For a real =, we shall
denote z* the positive part of x and we recall the shorthand 4 = (2 4+ v)*.

4.2 Functional toolbox

In this section we shall gather functional tools useful for the sequel. On one
hand, Lemma 4.1, Lemma 4.4 are precised versions of well-known results
adapted to our study: we need L™ estimates whereas the usual framework
of such estimates are integral spaces. On the other hand, Lemma 4.2 and
Lemma 4.3 are essentially generalizations of results in [169]. We extend
these results for any cutoff potentials (in the sense of (4.1.2) and (4.1.4) with
v < 0), in any dimension. Moreover we intend to use these results in the
context of spatially inhomogeneous solutions, using the fact that the collision
operator is local in t and x, which allows to see these variables as parameters
in the functional estimates. Thus we shall track precisely the dependence of
these estimates on the hydrodynamical quantities: py, ef, €%, hy, l?, wy.

4.2.1 The cutoff case
We introduce Grad’s splitting Q(g, f) = Q1 (g, f) — Q@ (g, f) with

Q* (g, f) := / B(|v — v.|,cos8) g. [ dv. do
RNxSN-1

@ 0.0y = [ Blo— o cost)g.fdo. do
RNx§N-1

where Q7 is called the gain term and @~ is called the loss term. We write
the loss term as

Q (9, f) = Llglf
with
(4.2.10) Lig(t,z,-)](v) = n /RN O(v —v.)g(t, z,v.) do..

First let us give an L* bound on the action of the loss term along the
characteristics.
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Lemma 4.1. Let g be a measurable function on RY. Then
(1) If ® satisfy (4.1.2) with v > 0 or if ® satisfies (4.1.3), then
Yo eRY, |gx®(0)] < cst Co flgllzy (v)"
(it) If ® satisfy (4.1.2) with v <0, then
Yo eRY, |gx ()| <cst Co |llgley + lgller| (o)
with p > N/(N + 7).

Corollary 4.1. As a straightforward consequence we obtain the following es-
timates on the operators L and S defined respectively in (4.2.10) and (4.2.15)

(4.2.11) VYo eRY, |Llgl(v)] < CL )" and |S[g](v)| < Cs (v)""
where the constants Cp, and Cg are defined by:
(1) If ® satisfy (4.1.2) with v > 0 or if ® satisfies (4.1.3), then
Cr, = cst ny Cg ¢y, Cs = cst my Cg ey.
(ii) If ® satisfy (4.1.2) with v < 0, then
Cr, = cst ny Co [eg—}—lg] , Cg =cst my Coy [eg—l—lg] .

Proof of Lemma 4.1. In the case ® satisfies (4.1.2) with v > 0 or (4.1.3), the
proof is obvious and amounts to a triangular inequality.
In the case ® satisfies (4.1.2) with v € (=N, 0), one can split g* ®(v) into

g*P(v) = / O(v — v.) g(vi) du.
{ve 5 lv—vs|<1}

—I—/ O(v —vi) g(vi) dve =: [} + [5.
vx 5 [v—va|>1}
On one hand,

VoeRY, [Lw)] < Collglle < Collglly

and on the other hand, by Cauchy-Schwarz inequality

l/p'
Vo eRY, |L(v) < Cs { / o — o[ d} lglls

; Ju—vel<1}

which gives the result since

cst = / lv — 'U*|Wpl dv, = / |u|w’ du < +o00
vs ; lv—us|<1} {u ; |u|<1}

as soon as vp' > —N, i.e. p > Nl-l—w O
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The next lemma uses the mixing property of @ in order to obtain a
minoration of Qt(Q*(-,-),-) on a ball. This will be the starting point for the
construction of an “upheaval point” by the iterated Duhamel formula.

Lemma 4.2. Let B = ®b be a collision kernel which satisfies (4.1.1), with
O satisfying (4.1.2) or (4.1.3), and b satisfying (4.1.4) with v < 0. Let g(v)
be a nonnegative function on RN with bounded energy e, and entropy h, and
a mass p,; such that 0 < p, < +o00. Then there exist Ry > 0, 6o > 0, o > 0
and v € B(0, Ry) such that

QT (Q (9 1B(0,R0)» 9 1B(0,Rs)): 9 1B(0,Rs)) = o 1B(5,50)

and Ry, 6o, no only depend on B, on a lower bound on p,, and upper bounds
on e, and h,.

Remark: Another strategy to obtain this “upheaval point” for hard poten-
tials could have been to iterate the regularity property of Q%1 in the form
proved in [150] in Sobolev spaces enough times to get some continuous func-
tion. We did not follow this method which is less direct, and leads to harder
computations to track the exact dependence of the constant. Nevertheless
the remark emphasizes the fact that the mixing property used here on Q% is
a linear one, which is consistent with the regularity theory for this operator
(see the regularity theory of Q% in the cutoff case in [150]).

Proof of Lemma 4.2. This lemma is a slight variant of [169, Lemma 3.1|,
whose proof can be straightforwardly adapted here. Note that this proof was
made assuming that b is bounded below by a positive quantity on the whole
interval [0, 7] but as pointed out in [169, Proof of Lemma 3.1] the proof still
works the same under the sole assumption on b that it is bounded below by
a positive quantity near 6 ~ 7 /2, which is satisfied under our assumptions
on b.

Therefore we only generalize the formula in the proof to any dimension
and to any power vy of the collision kernel, and we precise the dependence of
Ry, 0o and 1y according to the quantities p,, €, and h,.

First let us suppose that ® satisfies (4.1.2) with v > 0, in order to satisfy
the assumptions of [169, Lemma 3.1]. As for Rg, in the proof of [169,
Lemma 3.1] Ry is chosen such that

[ stordo=22.
lv1<Ro 2

The estimate
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Ro - Qﬁ
Pg

Then it is straigthforward to see that dg depends only on upper bounds on

yields the possible choice

e, and hy, and

no = cst ly co Rg_(SN_l) 62N

The case of a mollified kinetic collision kernel @ (assumption (4.1.3)) with
v > 0 reduces to the case of a kinetic collision kernel satisfying (4.1.2) with
v > 0. Indeed when v > 0, we have the bound from below ®(z) > ¢g |z|" for
all z € RY and the proof is unchanged.

When @ satisfies (4.1.2) or (4.1.3) with v < 0, we first choose Ry as above,
with Rg > 1 (it is possible up to take a bigger Ry). Then we use that on
B(0, Ry), we have that ®(z) > c¢ R}, which means we can apply the formula
above for the case v = 0, and the final formula for 7y is unchanged. 0

The next lemma gives a precise estimate of the “spreading property” of
Q" (according to the velocity variable), which is pictured in Figure 4.1: for
any R’ < v/r? 4+ R?, for any v in the ball with radius R', it is possible to
find collisions with post-collision velocity v, v, and taking the pre-collision
velocity v inside the ball with radius R and the pre-collision velocity v’
inside the ball with radius r.

Lemma 4.3. Let B = ®b be a collision kernel which satisfies (4.1.1), with
O satisfying (4.1.2) or (4.1.3), and b satisfying (4.1.4) with v < 0. Then for
anyv € RN, 0 <r < R, £€(0,1), we have

o + ) ) N-3 p3+v ¢N/2-1
(4.2.12) Q" (1p(,Rr): 1B(w,r) = cst Lycor™ " BTV E lB(a,\/r2+R2(1—£))'

As a consequence in the particular quadratic case 6 = r = R, we obtain

. . N N/2—
(12.13) @ (Lagosy o) 2 est bhea 8 HETL )

for any v € RN and ¢ € (0,1).

Remark: In the sequel we shall use the quadratic version of Lemma 4.3 (i.e.
when r = R) which seems compulsory when one wants to obtain the optimal
Maxwellian decrease at infinity for the lower bound. Nervertheless we give a
bilinear version since it highlights again the fact that the “spreading effect”
of Q7 is a linear one.
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Figure 4.1: Spreading property of Q*

Proof of Lemma 4.3. This result is a bilinear version of [169, Lemma 3.2|,
written here in any dimension and for any power . Thus we only recall the
main steps of the proof, especially those where the bilinearity, the dimension

N, or v play some role.
First we deal with collision kernel such that ® satisfies (4.1.2) with y > 0.
As a general property Q7 satisfies the homogeneity relation

Q* (g, /)(w) = A7 Q*(g(X), f(A))(v)

and the invariance by translation allows to reduce the proof of (4.2.12) to
the proof of

N—3 ¢N/2—
Q" (1B(0,1), 1B(o,p)) = cst by co p SN 11B<0,\/1+p2(1—§))

with p < 1 stands for r/R. Now by isotropic invariance we can assume

v = zen with z < /1 4+ p? and (ey,...,eNn) an orthonormal basis. By
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Carleman representation [45], we have

Q" (1B(0,1), 1B(o,p)) (v = zen) >

co / lB(O’—p)(U/) / 15001 ('U’)i)(&) dv! | dv'
v'eERN |’U - ‘U/|N_1_W VLEE 1 (O i

where E,, is the hyperplan orthogonal to v/ — v and containing v. We write
the integral along v’ in spherical coordinates centered in v and we use the

bound from below b(#) = b(6) (sin8/2)~7 > cst 4, for 6 € [r/4,3r /4] given

by the assumptions on b

Q" (1B(0,1), 1B(0,p)) (v = zeN) >

+co
cst ly co / / 10, (v + po) p” Vol (E,» 0 B(0, 1)NC,,)dpdo,
0 §N-1
where
N T 3
Cop=3ueR"Y, tangpg lu — v| §tan§p :

Finally it is easy to see that the integrand is invariant under rotation around
the axis (0, en), which allows to simplify the part of integration over the unit
sphere SV =2 of the hyperplan orthogonal to (0, en):

Q" (1B(0,1), 1B(0,p)) (v = zen) >
+ oo i
cst 0y co / / (sin oz)N_2 150, (v+po) p” Vol (E,NB(0, 1)NC,,) dp da.
0 0
where o in the integrand stands for any —(cosa)en + (sina)u with u is

any vector of the set of unit vectors orthogonal to en. Some elementary
geometrical computation lead to

N—-1

Vol (E,» N B(0, 1)) = cst (1 — 2% cos® ) > 1icos? a<1/22}
and shows that
E,..NB(0,1)cC,,

when

a (zsinoz—l—\/1—22cos2a> <p<b (Zsina— 1—22c082a)
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with

3 T
=tan™!' — <1, b:=tan"'= > 1.
a an g an g

This inequality is possible as soon as

1 —z%cos?a < A2 %sina

with A = (b—a)/(b+ a) < 1. If one sets y = zcos a as a new variable, this
inequality means

11— A%z

1 — A2

and one gets

QF (1B(0,1), 1B(o,p))(v = zen) >

1 min{y+\/1—22+y2 b\/ —y —\/1 32
cst by co / /
max{\/— 1-22 5 2} max{y—\/1—22+y2,a(\/Z2—y2+\/1—1/2)}

YT ) g
P13 (1-y*) 7 dydp.

Now setting z = /1 + p?(1 — £) and computing an expansion of this ex-
pression according to £ in the same way as in the end of the proof of [169,

Lemma 3.2], one gets the following estimates:

(1—y?) 7 = (201 +p)8) ° +0(™F)

(> =9 " ="+ 0
/min{y+\/1—z2 492, ()(\/,Z‘Q—y2 —\/1—y2)
max{y—\/1—22+y2,a(\/22 —y2+\/1—y2)}

Then similar computations as in the proof of [169, Lemma 3.2| conclude
the proof (for the integration on y, the condition y > /(1 — A2 22)/(1 — A?)
plays no role at the limit since /(1 — A222)/(1 — A2) —¢_0 cst < 1).

As for the previous lemma the case of a mollified kinetic collision kernel
¢ (assumption (4.1.3)) with v > 0 reduces the case of a kinetic collision
kernel satisfying (4.1.2) with v > 0 since we have the bound from below
®(2) > cg |2|” for all z € RY and the proof is unchanged.

When & satisfies (4.1.2) or (4.1.3) with v < 0, we use that on B(0, R), we
have that ®(z) > ¢ R” (assuming R > 1 without restriction for the sequel)

which means we can apply the formula above for the case v = 0, and the
final formula (4.2.12) is unchanged. O

pTdp = \/2(1+p*)E — 2(1 —y) + O(E°).
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4.2.2 The non-cutoff case

The two lemmas below will be useful in the treatment of non-cutoff colli-
sions kernels. They express the fact that non-grazing collisions constitute
the dominant term of the collision operator as long as “spreading effect” is
concerned. They are essentially based on the by now well-known idea of us-
ing symmetry-induced cancellations effects in order to deal with the angular
singularity (see [186, 3, 4]).

In the case of non-cutoff collision kernels, the usual Grad’s splitting () =
Q1 — Q™ does not make sense anymore. However, the following splitting still
makes sense:

= Bd (f' — fdv, do B(qd — qg.)dv. do
Quf) = [ B =ndndos ([ Bl -g)deds) s
(4.2.14) — Q' 4

Thanks to the cancellation Lemma [3, Lemma 1|, the operator Q* can be
written

Q*g,f) =Sl f
with
(4.2.15)

N-2 KA 1 _ « ofv
Slgl(v) :==[S™7 (/0 sin” ~“ 4 LOSN‘H(Q/Q) 1] b(@)d@) O * g(v).

Corollary 4.1 gives L> estimates (4.2.11) on S. Now let us turn to the
L* estimates for Q*.

Lemma 4.4. Let B = ®b be a collision kernel satisfying (4.1.1), with ®
satisfying (4.1.2) or (4.1.3), and b satisfying (4.1.4) with v € [0,2). Let f, g
be measurable functions on RY. Then

(i) If ® satisfy (4.1.2) with 24+~ > 0 or if ® satisfies (4.1.3), then
Vo e RY, [QYg f)o)] < cst my Ca gl Il (o)

(ii) If ® satisfy (4.1.2) with 2+ < 0, then

Vo eRY, Q' (g, /)W) < estmy Co |llgllzy + llgller | [fllwze (v).

with p > NJ/(N +~ +2).
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Remarks: 1. In the treatment of Q?, the “derivative-like” difference (' — f)
can be transferred to the angular part of the collision kernel by a process of
change of variable which plays the same role as integration by part for clas-
sical differential operators. One can not do the same in Lemma 4.4 because
there is no “decoupling” of the two arguments f and g.

2. The proof of Lemma 4.4 is based on a similar idea as cancellation
lemmas in [186, 3, 4]. We make a Taylor expansion of (f' — f) for small
deviation angles in order to compensate for the grazing collision singularity
of the collision kernel. However for smooth functions the quantity (f" — f)
compensate only for a singularity of order 1. Thus one has to use the sym-
metry of the collision sphere in order to compensate for strong singularities:
to compensate for a singularity of order 2, one has to kill the first order term
of the Taylor expansion of (f'— f) by integrating on the (N — 2)-dimensional
sphere included in the collision sphere which is orthogonal to the vector v —v,
and contains v'.

3. Note that Lemma 4.4 is reminiscent of [4, Proposition 4] which implies
that the complete non-cutoff operator () satisfies the following inequality

1G9, Hllww—1 < € ligls 1l

Essentially the difference is that Lemma 4.4 is intended to provide an L
control. This is why it requires an L” bound on the solution for soft po-
tentials. The proof of [4, Proposition 4] uses a duality argument and the
pre-post collisional change of variable to pass the “derivative-like” difference
on the dual test function. The (N — 2)-dimensional sphere on which cancel-
lations occur does not appear explicitely in the representation formula as in
our proof, but is rather implicit in a projection argument. Here we proceed
directly, using Carleman representation.

Proof of Lemma 4.4. In order to isolate the exact sphere on which we want
to use symmetry properties, we use the Carleman representation (exchanging
the roles of v’ and v!)

Q' (g, f)(v) = /RN dv! W/E dv' b(cos 0) ®(v — v,) (f' — f)

U,V

where F, ., denotes the hyperplan orthogonal to the vector v — v} and con-
taining v. Now let us write the integration of the v’ variable in spherical
coordinate of center v, i.e. v = v 4 po where p € Ry and o describes the
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(N — 2)-dimensional unit sphere of F, ., denoted by Sh-2 -
g * _
Ql(ga f)(U) = / d’Ui TVV_I /0 dp b(COS 9) (I)(’U — v*) pN 2

RN |v
( [ o st - f<v>‘>)-

’l)’l)*

Now let us study more precisely the quantity

I= /SN : do (f('v—}—pa) —f(v))

1}1}*

If Vf denotes the gradient of f and V2f its Hessian matrix, one has the
following Taylor expansion:

F(v+00) = F(0)+ p(V () -0) + 2 (V2 (0 + o) - 0.0)

where 0 < p’ < p. By bounding the last term and taking the integral over o,
we get the estimate

1_p</sm a(Vf(v)-d))

vv*

p?
< 218 | e

As the term involving V f vanishes by symmetry, we obtain
PPN
1< 5 181 llweee

Thus we get for some function ¢ in L}

Ql(g,f)('v)qﬁ('v)dv
0 N
< | fllwes S~ 2|/ dU/RNdU - _,,|N 1/0 dpb(cos 0) (v—v.) - |4(v)|

<ny\w2oo/ du/ dv!, |N 1/0 dppN—Q/SN_2 do

v—v

2

b(cos §) B(v — v.) % |6(v)]

< Ca [ fllwe / dv dv. do b(cos 0) (sin(0/2))" [v — v |l |4].

R2Nyg§N-1
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Finally we cut the integral in two parts, for 6 € [0,7/2] and for § € [7/2, 7].
For the first part we use the pre-postcollisional change of variable and the
change of variable (v,v.,0) — (v, v.,0) used in the cancellation lemma [3,
Lemma 1] whose jacobian is cos™ (V4 (#/2) and is thus smaller than 2°3 for

6 € [0,7/2]. For the second part we use the change of variable (v, v.,0) —

(v,v!,0) whose jacobian is sin™¥*7)(0/2), which is smaller than 275 for

6 € [w/2,7]. Thus we get

/ Q" (9, [)(v)é(v) dv| <

BN

Cs 2% || f |[wr2.e0 / dv dv, do b(cos 0) (sin(q‘?/Z))2 lv — v, )17 |g.| ¢
R2Nyg§N-1

and so, if ® satisfy (4.1.2) with 24 v > 0 or if ® satisfies (4.1.3), we get

<

[ Q0. Ni)olw) o

f 2,00

oo W ' db(eost) (1~ cost) ) Nl Il
29—+l SN—1 ¥ ¥

and if ® satisfy (4.1.2) with 2 + v < 0, then

<

[ Q0. Ni)otw) o

f 72,00
Co HZLI% - do b(cos 0) (1 — cos 6) {HQHL% + llgllze | Nl -

Since this holds for all ¢ € L1, this yields the result by duality, with cst =
Co/(2737+1), O

4.3 Proof of the lower bound in the cutoff case

In this section we shall prove Theorem 4.1. Since the collision operator is
local in t and x, the idea of the proof is to apply first Lemma 4.2 and then
Lemma 4.3 iterated on each characteristic of the free transport operator, in
order first to obtain an upheaval point, and then to “spread” the minoration.
It yields for each characteristic of the transport flow a Maxwellian lower
bound with macroscopic velocity v, temperature § and density p depending
on the characteristic. Then a uniform control on v, # and p yields the global
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Maxwellian lower bound. This control is based on the uniform bounds on the
hydrodynamic quantities. The lower bound is also made uniform as ¢t — 400
thanks to these uniform bounds.

The main tool is the Duhamel representation formula, written along the
characteristics (which reduce to lines in the case of periodic boundary con-
ditions):

(4.3.16)
Vte0,T), Ve e TV, Vv € RY,

flt,z+ovt,v) = folz,v)exp (— fot Lif(s,z +vs,)](v) ds)
+ Jyexp (= [ LI 2+ 08, )](v) d¥)
QT [f(s,z +vs,), f(s,z + vs,)](v)ds

where L was defined in (4.2.10). We define the concept of solution we shall
use in the cutoff case, i.e. the concept of mild solutions (see [58, Section 5.3]

for an analogous definition).

Definition 4.1. Let fy be a measurable function non-negative almost every-
where on TN x RN, A measurable function f = f(t,z,v) on [0,T) x TN x RN
is a mild solution of the Boltzmann equation to the initial datum fo(x,v) if
for almost every (x,v) in TV x RV:

t— LIf(t,z +vt,)](v), tw QF[f(t,x+vt,"), f(t,z+ vt, )](v)

are in Ll

15([0;T)), and for each t € [0,T), the equation (4.3.16) is satisfied

and f(t,z,v) is non-negative for almost every (z,v).

Proposition 4.1. Let B = ®b be a collision kernel which satisfies (4.1.1),
with ® satisfying (4.1.2) or (4.1.3), and b satisfying (4.1.4) with v < 0. Let
f(t,xz,v) be a mild solution of the full Boltzmann equation in the torus on
some time interval [0,T) (T € (0,+00]), which satisfies

(1) assumption (4.1.6) if ® satisfies (4.1.2) with v > 0 or if ® satis-
fies (4.1.3),
(11) assumptions (4.1.6) and (4.1.7) if ® satisfies (4.1.2) with v € (=N, 0).

Then for any fized T € (0,T) and x € TV, there exists some Ry > 0 and
some v € B(0, Ry) such that

(4.3.17)

Yn>0,Vte {T— , Vv eRY, [tz +vt,v) > an 1pgs,)

-
on+tl’ T
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with the induction formulae

2 sy+N ¢N/2+1
azotvg,

apq = cst C, St

5n+1 = \/§5n(1 - En)

where (&,)n>0 s any sequence in (0,1), Ry > 0, ag > 0, &g > 0, C. only
depend on 7, B, o5, F; and Hy (plus szﬂ if ® satisfies (4.1.2) with v €
(=N,0)), and v € B(0, Ry) depends on the same quantities plus x.

Proof of Proposition 4.1. We decompose the proof in two steps.

Step 1: Initialization. We apply Lemma 4.2 to the right-hand side mem-
ber of the Duhamel representation iterated twice. More precisely, the equa-
tion (4.3.16) yields on one hand

flt,x 4+ vt,v) > folz,v) e_CLWJ>7+

and on the other hand
¢
flt,x+vt,v) > / OO OF[f(s, 2 + vs, ), f(s, 2+ vs, )] (v) ds.
0

If we iterate the latter, we get

t
f(t, T _I_ 'Ut, 'U) 2 / e_CL (t—s) ('u>v+
0

(v)ds.

o [(/S —C1 (s=s") (w)7" O+ [f(s’,37+'vs', ), f(s', x+vs, .)](.)d3/>’f(37$+v37 )

0

Whenever ¢ is some function on RY, we denote by ¢ the truncation
@ 1<Rr,- We can bound from below by

Yo eRY, ol < Ro, flLzot) > @ [QF [0 (e ), 00 0)] £ (2, )] ()
/ Y A ( / CeOL e R 200 Ry ds') ds
0 0
and thus after some computation
B e—thRg+)2
2ACL B )?
QF |Q* A, ). S5 (. )], S ()| (v).

+ (1
VveRY, |v| < Ry, f(t,z+vt,v)>e Crti (
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Then the use of Lemma 4.2 concludes the initialization n = 0 of the proof
with

b (1= e CLDR

2(C, Ry )?

_ Y
aoze CL‘TRO

To

where &g, Ro, no depend on gy, Es, Hy (as in the statement of Lemma 4.2),
and v depends on the same quantities plus z (via the function fI°(z,-)).

Step 2: Proof of the induction. Now let us suppose that the induction
property holds for n:

—T N
\V/t € [T - 2n+177—:| ) \V/'U € R ) f(t,.f ‘I‘ 'Ut,’U) Z an, ]‘B(T},én)-

The Duhamel representation yields the following lower bound

Vite {T— , Vo e RN, f(t,z+vt,v) >

T
o7
Ttz +
/ ’ e_CL (=) ) Q+ <an 1B(17,5n)7 Qp ]-B(T/,én)) d57

‘T—#

which easily leads to

Vte |T

, Vo e RN, f(t,z+vt,v) >

o 2n—l—27T

_ T v + T
e~ Cr T () <2n+2) ai Q+<13(575n)7 13(575"))'

Now the application of Lemma 4.3 gives

T ) N ) )
Vite {T—W,T},VUER , [tz +ot,v) >

—Cp Iyt (T ) 2 gN+v ¢N/2-1 :
cst e 2n <2n+2 a, 6, ", 13(5,5n\/5(1—£n))

and thus if 6,41 = 5n\/§(1 — &), we get

-
VtE {T—W,T}, \V/‘UERN, f(t,$‘|“Ut,’U)Z
F o ot
cst =G (Bo)" 5T &4 (—2n+2> ai 5711\7+w 57]1\7/2_1 15(5,6,41)-

As an easy induction shows, we have d,, < dg 27/2 and so

T
2n+1

Cp (Ro)"" ——= 670, < Cp (Ro)""

gn+1 (50 2n/2)w+
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which is uniformly bounded from above since v < 1. Thus the exponential
term

+ +
e~ CL(Ro)"" saFr Sai

is bounded from below uniformly by some constant C. > 0. We deduce that

, N
vtE{T—W,T},VUER,
2
ft,x 4+ vt,v) > cst C. <2ZL> ai 57]1\7"'7 57]1\7/2_1 1B(5,5,41)
This concludes the proof. O

Now we can apply Proposition 4.1 along the characteristics in order to
prove Theorem 4.1.

Proof of Theorem 4.1. We shall divide the proof into three steps for the sake
of clarity. Each step is embodied in a lemma. For these three lemmas we
make the same assumptions on B and f as in Theorem 4.1.

Step 1: Choice of (,),>0 and asymptotic behavior of (a,),>0.

Lemma 4.5. For any x € TV and 7 € (0,T), there exists v(x) € B(0, Ry)
and p, 0 > 0 such that

_—op?
. N e 26
(4318) VveRY, f(Tv T+ TV, 'U) 2P (27“9)]\7/2‘

The constants Rg, p, 0 depend on 7, o, Ef and Hy (and Lfﬂ if ® satis-
fies (4.1.2) with v < 0).

Proof of Lemma 4.5. Let us now chose the sequence (&,),>0. The most nat-
ural choice is a geometrical sequence &, = £"*! for some £ € (0,1). With this
choice we can estimate the asymptotic behaviour of the sequence (4, ),>0.
Explicitely

5= 002 (L= ) (1= €) -+ (1 €") = 62 Ty (1 — )
and thus as € € (0,1) one easily gets

S5, > cs 22
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where the constant ¢s depends on dg and £. It follows that

T b n
VYn>0,Vte[r— 272ﬁ,r], Yo € B(v,es2V?%), f(t,x+vt,v) > a,.

By plugging this into the expression of the Maxwellian distribution

_lv—3]?
e 26
P (2r0)N/2

we deduce that a sufficient condition to obtain (4.3.18) is the following lower
bound on the coefficients a,, appearing in the minoration (4.3.17): a, > a?"
for some a € (0,1). Indeed the parameter § can then be fixed such that

Afterwards one can fix the parameter p in order that
_r
(2m0)N/2

for |[v — v| < &g, which leads to (4.3.18).

Let us prove this bound from below on the sequence (ay),>o. If one

ag >

denotes
SN N/2+1
N
2n+1
one gets explicitely
ap = (st C)?" ™ Aasg A2, - A2 a2

As for the sequence (A, ),>0, we have A, > cst A" with
9r+N)[2 ¢N/2+1
2

A=

and so

an > (cst 06)2”—1 )\[(n—1)20+(n—2)21+~~~+02"_1] a?)".

If A > 1 the proof is clearly finished. If A € (0,1) it remains to study the
quantity

An easy computation shows that A, = 2" —(n+1) and so A, < 2". It yields
a, > o with a = cst C. ) ag. O
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Step 2: Uniformization of the spatial dependence.

Lemma 4.6. For any 7 € (0,7T'), there exists p',0' > 0 such that

(4.3.19) Vee TV, YoeRY, f(r,z,v)>p

The constants p', 0 depend on 7, o5, Ef and Hy (and LZ}” if ® satisfies (4.1.2)
with v € (=N, 0)).

Proof of Lemma 4.6. This step is straightforward: the right-member term
in the estimate (4.3.18) depends on the space variable z only through v(z).
However, as a consequence of Lemma 4.2, v is always included in the ball
B(0, Ry) for some radius Ry depending only on the a priori bounds on the
solution. Thus

_lv=3]? _? _ R
e 20 >e 6 e 6

and the proof is complete up to the choice of some new parameters p’, 6": one
can take 6’ = 0/2 and

Step 3: Uniformization of the time dependence.

Lemma 4.7. For any T > 0, there exists p', 8’ > 0 such that

N N
ViE[nT), Vo TV, Yo e RY, f(ta) >4 r

The constants p', 8" depend on the a priori bounds on the solution.

Proof of Lemma 4.7. Again this step is straightforward: one can check that
the lower bound (4.3.19) does not depend on the precise form of the solution
f(t,z,v) for t € [0,7], z € TV, v € RY, but only on the uniform bounds on
the solution. It means that the same argument could be started not from
t = 0 anymore, but at any time (as long as the bounds used are uniform in
time). As the lower bound appears after some time 7 > 0 (arbitrary small),
we get the lower bound for any time ¢ > 7 by making the proof start at
t—r. U

This concludes the proof of Theorem 4.1. O
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4.4 Proof of the lower bound in the non-cutoff
case

In this section we shall prove Theorem 4.2. Again we use the spreading
property along each characteristic but we use the spreading property on the
gain part of a truncated collision operator. The remaining part will be treated
thanks to the L* estimates proved in Section 4.2.

We assume that v € [0,2) and we make the following splitting for any
e € (0,7/4):

Q=QF —Q- +Q.+Q?

where Q)+ and ()7 are the usual Grad splitting for the collision operator with
collision kernel

BY =0 [blys.] =: @b,
and Q! and Q? are the splitting introduced in (4.2.14) applied to the non-
cutoff collision operator with collision kernel

BEF =@ [b1j<.] =: ®bL.

For the sake of clarity the index ¢ shall be recalled on each quantity that
depends on this splitting.

It is straightforward to check that 5 > ¢, on [r/4, 37 /4], since b5 = b for
6 € [w/4,3n /4] and thus the constants given by the application of Lemma 4.2
and Lemma 4.3 on QF are uniform according to ¢. Moreover we have

b b
(4.4.20) Mbs ~emso — €, MR ~emsp —— 27
: v : 2—v
for v € (0,2) and
bo
(4421) Nps ~es0 bo |10g €|, MR ~es0 5 S
€ € [y

when v = 0.
The basic tool is the Duhamel formula written in the following way

(4.4.22)
Vte0,T), Ve e TV, Vve RY,

flt,x+vt,v) = folz,v)exp (— fOt(Ss + L)[f(s, x4+ vs,-)]|(v) ds)
+ Jyexp (= [+ LU ( 2+ 08, )](0) ds')
(QF + QI (s,x +vs, ), fls, 2+ vs,)](v) ds
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where L. and S, are the operators introduced in Section 4.2 corresponding
respectively to Q7 and Q?. We shall systematically use the L*° estimates
given by (4.2.11) and Lemma 4.4, written in the following form

L[f] < Cy nps ('U>W+7 Selfl1 £ Cy MR <.U>ﬂ'+’ Qi(f, <o My <,U>(2+w)+

for a constant €'y depending on the uniform bounds on f.
Let us define the concept of mild solution we shall use in the non-cutoff
case.

Definition 4.2. Let fy be a measurable function non-negative almost every-
where on TN x RY. A measurable function f = f(t,z,v) on [0,T) x TN x RY
is a mild solution of the Boltzmann equation to the initial datum fo(x,v) if

there exists eg > 0 such that for all 0 < ¢ < &g, for almost every (x,v) in
TN x RN:

t= QIf(t x4 vt (1 e+ vt )](v),
b Qelf(ta 4 vt,), f(t w4 vt ))(v),
t— Lf(t x4+ vt,)]|(v), t— S[f(t,z+ vt,)](v)
([0;T)), and for each t € [0,T), the equation (4.4.22) is satisfied

and f(t,z,v) is non-negative for almost every (z,v).

e 4 1
are in L,

Let us prove the equivalent of Proposition 4.1 in the non-cutoff case. Here
we shall write the induction formula for a general sequence of time intervals
A,

Indeed, on one hand at each step n of the induction the spreading effect
of the gain part Q7 is now balanced by the perturbation Q!, which imposes
a careful choice of the splitting parameter ¢ for each n to get a lower bound
on

This yields a sequence (&,),>0 going to 0 as n goes to infinity.

One the other hand at each step n of the induction we have the following
action of —Q + Q? along the characteristic in the estimate from below on
the solution:

=01 (map +g ) (Snznr 6) 007"
It makes the lower bound decrease and this exponential term goes to 0 when
the splitting parameter & goes to 0 (since n,s goes to infinity as e goes to 0).
That is why we shall choose time intervals A,, whose size decreases very fast
to 0 as n goes to infinity, in order to limit the action of this part during a
time interval.
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Proposition 4.2. Let B = ®b be a collision kernel which satisfies (4.1.1),
with ® satisfying (4.1.2) or (4.1.3), and b satisfying (4.1.4) with v € [0,2).
Let f(t,x,v) be a mild solution of the full Boltzmann equation in the torus
on some time interval [0,T) (T € (0,+00]), which satisfies

(i) assumptions (4.1.6) and (4.1.8) if ® satisfies (4.1.2) with v > 0 or if
O satisfies (4.1.3);

(11) assumptions (4.1.6), (4.1.7) and (4.1.8) if ® satisfies (4.1.2) with v €
(—N,O).

Then for any fized 7 € (0,T) (small enough) and z € TV, any sequence
(Ay)n>o of positive numbers such that Yoo An =1, there exists some Ry > 0
and v € B(0, Ry) such that -

Vn>0, Vte [(ZAk)T,T], Yo e RY, f(t,z +vt,v) > an 1B(5,5,)-

The sequence a, satisfies the induction formula

(4.4.23)
Gpr1 = cstA, 11 exp [Cfa 5N+7 WfN/Q 1 ( Z Ak) n+1]
k>n+1
)
if v €(0,2) and
(4.4.24)
Apy1 = st AN, 41 exp [— cst log [Cyal SN+ fle/Q_l)] ( Z Ak> 52:1]
k>n+1
Cl2 (Sw—I—Nf(N/Q—I—l)

if v = 0. The sequence 6, satisfies the induction formula
n—I—l = \/_5 (1 - Sn)

Here (€,)n>0 ts any sequence in (0,1), the constants Rg > 0, ag > 0, & > 0
and Cy only depend on 7, of, Ey, By, Hy, Wy (plus Lfﬂ if ® satisfies (4.1.2)
with v € (=N,0)), and v € B(0, Ry) depends on the same quantities plus x.

Proof of Proposition 4.2. In this proof we shall use estimates of Section 4.2
as well as several equations established in the proofs of Section 4.3.
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Step 1: Initialization. The initialization here is simpler than for the
cutoff case since we assume some regularity on the solution, and thus we do
not need the regularizing property of the iterated gain term. First we give a
straightforward lemma:

Lemma 4.8. Let g a non-negative function on RN such that e, and w, are
bounded, and p, satifies 0 < p, < +oo. Then there are Ry, do, n > 0 and
v € B(0, Ro) such that

g(v) > 1 1B(s),

where Ry, 0o, n > 0 are explicit constants depending on the upper bounds on
Pg; €4, Wy and the lower bound on p,.

Proof of Lemma 4.8. Using the bound on the energy of g, the choice

2e,

Pg

ROZ

implies that

/ g(v)dv > p_—g.
Jol<Ro 2

So there is v € B(0, Ry) such that

g(v)

< Pg
~ 2Vol(B(0, Ry))’

As w, controls the Lipschitz norm, we have
Voo € RY, [g(01) = g(v2)] < wy Jor — va

and thus if we take

4Vol(B(0, Ro))w,’ 4Vol(B(0, Ry))’

do

we get g(v) > 1 1B(s)- O
Now we fix z € T" and we deduce from the representation (4.4.22) that

\v/t c [0’7_]’ \V/'U c RN7 f(t,.f + ’Ut,’U) Z fo(:E"U)e_fOt(SE+LE)[f(S7z+US7.)](U)ds
t
+ / ¢ Jo (SetLe)lf (o' ztus! )l (v) s’ QL f(s,z +vs,+), f(s,x +vs,-)](v)ds.

0
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We apply Lemma 4.8 to the function fo(z,-) to obtain

VEe (0,7, Yo e B, f(t,a+vtv) > g Lagse- KO- mr 0 i
t
+ / e—fs(SE-|—L5)[f(s’,z—|—vs',.)](u)ds’ Qi[f(sa T+ vs, ‘)7 f(S,l‘ + vs, )](U) dS,
0
for some v € B(0, Rg). Then we restrict the inequality on the ball B(v,dq) C
B(0, Ry + 60) and we use the estimates on 5., L. and Q! to get

+
T

Vi € [0, 7'], Vo € B(‘ﬁ,(So), f(t, T+ ‘Ut, ’U) Z n 13(5750)6_Cf <mb§+nb§) ()7
—7Cymyr (v)7.

Using the bounds on the velocity in the ball we get (up to modifying the
constant C})

Vtel0,7], Yve B(v,d), f(t,x+vt,v)>n 1B(6750)€—Cf <mb£R+nb§)‘T
— 7 Cfmyr.

Then we assume (up to reducing 7) that 7 < 1, and we choose first g small
enough such that

<
Crmpr <

S

and then 7 small enough such that

e_cf <mb§) +”b§0) T > %

This shows that
Vtel[0,7], Vv e B(v,d), fl(t,x+vt,v)> %13(5750),

which concludes the initialization with v, ¢ and ng = /4.

Step 2: Proof of the induction. As for the proof of the induction, we
proceed quite similarly as in the proof of Proposition 4.1. We suppose that
the nth step is satisfied:

Vite [(ZAk)T,T], VoveRY, f(t,z 4 vt,v) > an 1(,s,)-

k=0
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We use the following lower bound given by the Duhamel representation (4.4.22)
and the estimate on Q!:

n+1
Vite [(ZAk)T,T], YveRY,

k=0
13
flt,z +ot,v) > / o Cr <mb§+nb§) (t—s) ()7*

(k=0 An)7

[Q;"(an 1B(5,6,), @n 13(57571)) —7CYy myR <'U>i ds.

Thus by applying Lemma 4.3 on @, we obtain

n+1
Vite [(ZAn)T,T], Vv eRY,

k=0
¢
flt,z +vt,v) > / O (mb§+”b§) (t—s) ()"

(X¥=0 An)7

[CSt ai 57]7‘\7-}-’7 57(7‘N/2_1)1B(’U,5n+1) -7 Of mb? <U>ﬁ/ .

Then we restrict the inequality to the ball B(v,d,41) to obtain, using the
bounds on the velocity and up to modifying the constant C':

n+1
Vi€ [(ZAn>T,T], Vv € B(v,0n41),

k=0
t +
flt,x +vt,v) > / e Cr <mb§+”b§) (t=5) 6341

(Xk=0An)7

ﬁ/
i) _Tofmb§5n+1 )

[Cst a2 SV NN

Then (assuming 7 < 1) we choose ¢ = ¢, such that
- 1
ey Mmyr 52“ < 3 cst ai 57]1\74'7 ffth/Q_l)

which is possible since m,r —.0 0. More precisely by using the equivalent
of myr for € ~ 0, simple computations show that we can take

_1
n = cst |Cf a2 NI gN/2-1) 27
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where the constant Cy is independent of n and depends only on the uniform
bounds on f.

Then we restrict the time integration to the interval

n+1 n+1
(o) (22)-
k=0 k=0

(since the integrand is non-negative) which yields

n+1
Vi€ [(ZAn>T,T], Vv € B(v,0n41),

k=0

f(t,z+vt,v)

(Cido An)r ' H
> cst / k=0 et (mb§n+”b§n) (t=s) 6y 41 ai 57]1V+W 57(1]\7/2—1)1]3(576”“)
(

E::O An)T
+

—Cslm +n ‘ nt1 A 52 _
> cst e f( il b§n) <Ek2 +1 k) +1 Ani1 ai 5712\7+w 57(5\7/2 1)1B(a,6n+1)-

Finally the argument in the exponential is seen to be equivalent to

Cf ai 57]1\7+W—W 57(1N/2—1)} T2 ( Z Ak) 5211

k>n+1

when v € (0,2) and

st oyt ] (3 )

k>n+1

when v = 0 (for some new constant C'; depending on the uniform bounds on
f), which concludes the proof. O

We are now able to conclude the proof of Theorem 4.2.

Proof of Theorem 4.2. We only study the asymptotic behavior of the coeffi-
cients a,. The two other steps of the proof (uniformization of the spatial and
time dependences) are exactly similar as those in the proof of Theorem 4.1.

We fix ¢ € (0,1) and define &, = £*. We saw above that with this
choice 6, ~ cst 2*/2. First we deal with the case v > 0. Let us choose any
Kk >2+42v/(2 —v), and take for the time intervals

K"

ab

Apyr = N
0
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where a € (0,1) and 2v/(2—v) < # < k—2. We shall establish by induction
the lower bound

n

(4.4.25) a, > o .
One easily sees that this estimate (4.4.25) implies that

YoeRY, f(r,z+71v,0)>Cpe @ [l
for a suitable choice of C'y,Cy > 0 and

- log &

_log\/§7

and thus concludes the proof.

The initialization of the induction is made by choosing « such that o < ay.
Then we suppose the lower bound satisfied for a, and we show first that the
argument of the exponential in (4.4.23) is uniformly bounded. A simple
computation establishes that

Z Ap < cst Ayyq = cst aPr"

k>n+1

where the constant is independent of n. Thus

a2 8 o] ( 5 A) i,

k>n+1
27"/
(CfQ(Nﬂ—a)/z)g(N/g_l))u/(z_y)

<

a(ﬁ_ 22_Vl, )Hn

and the right-hand side member of this inequality goes to 0 as n goes to
infinity. So the exponential term is uniformly bounded from below by some
constant C; > 0 depending on the uniform bounds on the solution f.

So the induction formula (4.4.23) defining a,, yields

app1 > cst Co Ay Gi5Z+N§(N/2_1)

n

and thus

Uy > cst O, aHOR" [Q(Nﬂ)/?)g(]v/?—l)]” > cst o

if v is small enough (using £ > 2 4+ ) and the induction is proved.
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Now for the case v = 0, we choose the following time intervals

/371
Appr =
o Ekzo Cha

where 3 € (0,1). We shall establish by induction the lower bound
an > a?"
which implies (as in the proof of Theorem 4.1) that
Yo eRY, f(r,z+1v,0)> Cr e @ [of?

for a suitable choice of Cy,C; > 0 and thus concludes the proof.
We suppose the lower bound satisfied for a,, and we show first that the
argument of the exponential in (4.4.24) is uniformly bounded. We have

Z Ap < cst Ay = cst g7

k>n+1

where the constant is independent of n, and so

log [Cf ai 57JZV+W-ﬁ 57(th/2—1)} ( Z Ak) 52:_1

k>n+1

< [log Oyl + cst nOT /240 gn st 2707 /2 g7

which goes to 0 if 3 is taken small enough. So the exponential term is
uniformly bounded from below by some constant C. > 0 depending on the
uniform bounds on the solution f.

The induction formula (4.4.24) defining a,, yields

an-|—1 Z Cst Ce A’I’L—|—1 a/i(sl‘l'Nf(N/Q—l)

n

and thus
g1 > cst C, ai [Q(Nﬂ)/?)f(N/?—l)@]”'
Then if we denote
A\ = 2(N+w)/2)§(N/2—1)5
a similar computation as in the proof of Proposition 4.1 gives

an = a, > (cst 06)2”—1 )\[(n—l)20+(n—2)21-I—~~~-I—02"_1] a(z)n > (st C, )\GO)Q"

and thus a, > o?" if one takes o < cst C. Mag and the induction is proved.
This concludes the proof. O
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4.5 Application to the existing Cauchy theories

In this section we shall use Theorem 4.1 and Theorem 4.2 to study solu-
tions which have been constructed by previous authors, by connecting these
theorems to some existing results of the Cauchy theory of the Boltzmann
equation.

First we give a theorem which summarizes the situation in the spatially
homogeneous setting for cutoff potentials in cases where the collision kernel
does not present a singularity for vanishing relative velocity (a case which is
not so well understood and for which L? estimates have not yet been derived).

Theorem 4.3. Let B = ®b be a collision kernel satisfying assumptions
(4.1.1), with ® satisfying assumption (4.1.2) with v > 0 or (4.1.3), and b
satisfying (4.1.4) with v < 0. Let fy be a nonnegative initial datum on RI’
with finite mass, energy. Then

(i) there exists a unique solution f(t,v) with constant mass and energy to
the spatially homogeneous Boltzmann equation, defined for all times;

(11) if fo has finite entropy, then the entropy of the solution remains uni-
formly bounded and the solution satisfies

_ v
e 29(t)

V>0, Vo e RN,  f(t,v) > p(t) W

The constants p(t), 6(t) > 0 are explicit and depend on the mass, energy
and entropy of fo; they are uniform for t — 400 but not necessarily
fort — 0.

Remark: Let us sketch briefly how it is possible to relax the assumption
of the boundedness of the entropy of the initial datum in point (ii) in the
case ¥ > 0 in dimension 3. Indeed Mischler and Wennberg [144, Lemma 2.1|
proved in this case that

9=Q%(Q"(f.1).f)

is uniformly integrable, with constants depending on the L} norm of f. The
bound on the entropy is only used in the obtaining of the upheaval point in
Lemma 4.2, whose proof requires the uniform integrability of the function.
But in the initialization step of Proposition 4.1, it is possible, up some tricky
computations, to obtain by iterating twice more the Duhamel representation

VoeRY, |v] < Ry,

F(t e+ vt,0) > Crpgs QF[QF [0 (2,), a6 (2,)] o8 (2,)] (0)
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where go = Q1Y(Q*(fo, fo), fo)- As go is uniformly integrable (with ex-
plicit bounds) by the result of Mischler and Wennberg above, one can apply
Lemma 4.2 to

Q+

Q* g (w,), gh (w,)], g (2, (v)
to get the upheaval point and the rest of the proof is unchanged.

Proof of Theorem /.3. Let us prove (i): In the case ® satisfies assumption
(4.1.2) with v > 0, the existence and uniqueness in L} (for solutions with
non-increasing energy) are proved in [144]. In the case v = 0 or ® satisfies
assumption (4.1.3) with v € (=N, 0), existence and uniqueness in L} can be
deduced from Arkeryd [6]: in this case the collision operator is a bounded
bilinear operator in L', which implies the uniqueness, and the global existence
is proved by the monotonicity argument from [6]. For (ii): In all these cases
the mass and energy are conserved. By the H Theorem, if the entropy
of the initial datum is bounded, then it remains bounded uniformly for all
times. Thus the solution satisfies (4.1.6) and one can apply Theorem 4.1 and
concludes the proof. O

Now we give a theorem for non-cutoff mollified hard potentials collision
kernels, using a recent result of Desvillettes and Wennberg [74]. Here S(RY)
denotes the Schwartz space of the functions with all derivatives bounded and
decreasing faster at infinity than any inverse of polynomial.

Theorem 4.4. Let B = ®b be a collision kernel satisfying assumptions
(4.1.1), with ® satisfying assumption (4.1.3) with v > 0 and C*, and b
satisfying (4.1.4) with v € (0,2). Let fo be a nonnegative initial datum on
RY with finite mass, energy and entropy. Then

(i) there exists a solution f to the spatially homogeneous Boltzmann equa-
tion with constant mass and energy and uniformly bounded entropy,
defined for all times and belonging to L*°([to,+oc),S(RY)) for any
to > 0,

(1i) this solution satisfies

|K

Vi>0, YoeRY,  f(t,v) > Cy(t) e O
for any exponent K such that

log (2 + 22_—”V)

K >?2
. log 2
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The constants Cy1(t), Cz(t) > 0 are explicit and depend on the mass,
enerqy, entropy of fo and K; they are uniform for t — 4oo but not
necessarily for t — 0.

Proof of Theorem 4.4. First let us prove (i): Our assumptions on B imply
the assumptions [74, Assumption 2| on the collision kernel B, namely B =
® b with ® a smooth and strictly positive function such that ®(z) ~|.j5 400
|2|" with v € (0,1], and b such that b(cos ) ~g_o cst O~ N1 with v >
0. Concerning the initial datum our assumptions are exactly those of |74,
Assumption 1]. So we can apply [74, Theorem 1] to prove the existence of a
solution, lying in L*([tg, +00), S(RY)) for any ¢, > 0. For (ii): The explicit
bound L*([tg, +oc), S(RY)) for any t, > 0 immediately implies the uniform
bounds (4.1.6) and (4.1.8). Thus one can apply Theorem 4.2 to obtain the
lower bound for t > tg + 7. As tg and 7 are arbitrarily small this concludes
the proof. O

For spatially inhomogeneous solutions we can apply our results to the
solutions near the equilibrium in a torus constructed by Ukai (see [183, 184|
and [58, Section 7.6]) for hard spheres and Guo [110] for soft potentials. For
the sake of clarity, we do not explicit in full detail the functional settings in
which these solutions are constructed and we refer to the above-mentioned
references for more precise definitions.

Theorem 4.5. Let B = ®b be a collision kernel satisfying assumptions
(4.1.1), with

a- ® satisfying assumption (4.1.2) with v = 1 and b = 1 (solutions of
Ukai) or

b- @ satisfying assumption (4.1.2) with v < 0 and b satisfying (4.1.4) with
v < 0 (solutions of Guo).

Let fo = M + M'?hy (M is the global Mazwellian equilibrium) be a nonneg-
ative initial datum on T x RY such that
2
HhOHiI&q = Z Hh0<v>qHL2(TNXRN) < €
lil+1i1<s
with s,q,¢9 > 0. Then

(i) for any s',¢" > 0, if s,q are large enough and eq is small enough,
there exists a unique solution f to the full Boltzmann equation in H* 7'
defined for all times, with uniform bound in H*"?' depending on €o;
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(i1) this solution satisfies

lv)?
e 260(¢

N N
t> 07 T € T 5 v E R 5 ’(t,x, U) p(t) (2 Q(t))N/Q

The constants p(t), 0(t) > 0 depend on ey; they are uniform for t —
+oo but not necessarily for t — 0.

Remarks: 1. Most probably the solutions of Ukai could extend to any cutoff
hard potentials, even if they were constructed for hard spheres. Anyhow
the method of Guo would probably recover the result for any cutoff hard
potentials as well.

2. The proof of Ukai uses the spectral gap of the linearized collision
operator for hard spheres, which was known to exist since Grad [108]. This
spectral gap was obtained by non-constructive method (essentially Weyl’s
Theorem about compact perturbation of the essential spectrum). However
explicit estimates on this spectral gap were recently obtained in [15], which
is a step forward into a constructive theory. Nevertheless at now the proofs
of Ukai (and Guo) still do not provide constructive bounds.

3. One can apply the result of convergence to equilibrium of Desvillettes
and Villani [70] to the solutions of Theorem 4.5, which do satisfy every
assumption of [70, Theorem 2]. Thus they converges almost exponentially
to equilibrium, i.e.

1fi = Mllzy, < Cat™!e

where o can be taken as big as wanted when s and ¢ are large enough, and
the constant C, is explicit according to the uniform regularity bounds on
f and the constants in the lower bound. For the solutions of Ukai in the
hard spheres case, this result is weaker than the exponential convergence to
equilibrium already proved by Ukai, but the convergence to equilibrium was
unknown for the solutions of Guo in the case of soft potentials.

4. Let us explain how to skip the “upheaval step” of the proof for so-
lutions near the equilibrium. Indeed in the case of perturbative solutions,
which are L* close to a global Maxwellian distribution, Lemma 4.2 can be
bypassed by a more direct argument: up to reduce the neightborhood of
the Maxwellian distribution for the existence theory (i.e. reducing ), the
uniform L*° control of smallness on A yields

Vte Ry, Va e TV, Vo e RY,  f(t,z,v) > no Lpo,s)

for some 1y > 0 and d¢ > 0.



Chapitre 4. Quantitative positivity estimates 207

Proof of Theorem 4.5. One can check easily that for s and ¢ large enough
and ¢; small enough in the assumptions on the initial datum, fy satisfies
the assumptions of [58, Theorem 7.6.2| in the case of Ukai’s solutions, and
the assumptions of [110, Theorem 1] for Guo’s solutions. Then for s large
enough, the uniform smoothness estimates on the solution imply in both
cases a bound on ||h||ze , uniform for all times, and going to 0 as ¢ — 0.
Thus if one take ¢ small enough such that

1
<sup ||t || .o > / VM(v)dv < = M(v)dv
150 =) Jey 2

Ry

one immediately get

0f > = M(v)dv >0

RY

for all times. The uniform upper bounds on the local energy and local en-
tropy (and local L? bound) follow from the uniform regularity bounds on the
solution. Thus the solution satisfies (4.1.6) and (4.1.7) and one can apply
Theorem 4.1 and conclude the proof. O

Finally, let us say a few words about other Cauchy theories.

In the spatially inhomogeneous setting, one could apply Theorem 4.1 to
solutions for small time constructed in [120] (in the cutoff case). We did not
detail this application since we were more interested with global solutions.

One could also apply Theorem 4.1 to the global weakly inhomogeneous
solutions (for cutoff hard potentials) constructed by Arkeryd, Esposito and
Pulvirenti in [11], which would give a Maxwellian lower bound on these
solutions (uniform as ¢ — 4+00). Note that the uniform bounds on the solu-
tion obtained in [11] do not seem to be constructive. As a consequence the
Maxwellian lower bound given by Theorem 4.1 would not have constructive
constants.

Concerning the global solutions in the whole space R near the vacuum
constructed by Kaniel, Illner and Shinbrot (cf. [119, 142, 106] or [58, Sec-
tion 5.2]), a lower bound on the solution f(¢,z,v) cannot be uniform in space
since f(t,-,-) is integrable on RY x R and it cannot be uniform as ¢ goes
to infinity since the solution goes to 0 as ¢ goes to infinity for every (z,v)
such that v # 0 (see [58, Theorem 5.2.2]). Our method could not apply, and
is more adapted to evolution problems in bounded domains. We note that
for these solutions in the whole space, in some cases a bound from below on
the solutions by a “travelling Maxwellian”

|2

Vi>0, Ve e RN, Vo e RY,  f(t,z,v) > C(1) ¢~ Pletvl® gmalu
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(where a > 0 and 8 > 0 are absolute constants, and C(t) > 0 is a constant
depending on time) can replace our method to provide a lower bound (see
for instance [106], and also in the same spirit [136]).
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ABSTRACT: This paper deals with explicit spectral gap estimates for the lin-
earized Boltzmann operator with hard potentials (and hard spheres). We
prove that it can be reduced to the Maxwellian case, for which explicit es-
timates are already known. Such a method is constructive, does not rely on
Weyl’s Theorem and thus does not require Grad’s splitting. The more phys-
ical idea of the proof is to use geometrical properties of the whole collision
operator. In a second part, we use the fact that the Landau operator can be
expressed as the limit of the Boltzmann operator as collisions become grazing
in order to deduce explicit spectral gap estimates for the linearized Landau
operator with hard potentials.
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5.1 Introduction

This paper is devoted to the study of the spectral properties of the linearized
Boltzmann and Landau collision operators with hard potentials. In this
work we shall obtain new quantitative estimates on the spectral gap of these
operators. Before we explain our methods and results in more details, let us
introduce the problem in a precise way. The Boltzmann equation describes
the behavior of a dilute gas when the only interactions taken into account
are binary elastic collisions. It reads in RY (N > 2)

aa_]; —I_vaf = QB(fvf)v

where f(t,z,v) stands for the time-dependent distribution function of den-
sity of particles in the phase space. The N-dimensional Boltzmann collision
operator QF is a quadratic operator, which is local in (¢,z). The time and
position are only parameters and therefore shall not be written in the sequel:
the estimates proven in this paper are all local in (¢, z). Thus it acts on f(v)

by

Q°(f, F)(v) = / B([v = v.],cos 0) (fof' = fof) dv.do

RNxSN-1

where we have used the shorthands f = f(v), f. = f(v.), f = f(v'), f. =
f(v.). The velocities are given by

, vt ue |uv—u,

o o,
2 2

vt v — v,

2 2

The collision kernel B is a non-negative function which only depends on
|v — v.] and cos§ = k- o where k = (v — v.)/|v — v.].

Consider the collision operator obtained by the linearization process around
the Maxwellian global equilibrium state denoted by M

LEh(v) = / B(lv — v.|, cos 0) M(v.) (h; + B —h— h) dv. do,
RNxSN-1

where f = M(1 4+ h) and M(v) = eI’ (up to a normalization). It is well-
known that this operator is self-adjoint on the space L?( M), which we define
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by

BN

Moreover the dirichlet form satisfies

(hy LPR) 12y =
1 ! ! 2
— —/ B(|v — v, cos 0) (h* +h —h, — h) M M, dv dv, do.
4 fpanygn—
This quantity is non-positive, which implies that the spectrum of L? in
L*(M) is non-positive. Finally the kernel of L? is spanned by the so-called
collision invariants, that is

N(LP) = Span {1,'1)1, ce., UN, |‘U|2} .

At the level of the linearized equation, this two properties corresponds to
Boltzmann’s H theorem. Indeed for the linearized equation, the role of the
entropy is played by the opposite of the L*(M) norm of &, and the “entropy
production functionnal” is —(h, LBh>L2(M). Let us denote

DP(h) = —(h, L°h)12(a) > 0.

In the case of long-distance interaction, the collisions occur mostly for
very small deviation angle 6. In the case of the Coulomb potential, for which
the Boltzmann collision operator is meaningless (see [189, Annex I, Appendix
Al]), one has to replace it by the Landau collision operator

QE(f. Hlv) =V, ( A=) [F (V) = F (V)] dv*) :

with A(z) = |z|*®(z) [+, where II,. is the orthogonal projection onto z*,
ie.
|2[*

This operator is used for instance in models of plasma in the case of a

(1), =6 —

1,J

Coulomb potential, i.e. a gas of (partially or totally) ionized particles (for
more details see [191] and the references therein). Applying the same lin-
earization process than for the Boltzmann operator (around the same global
equilibrium M), we define the linearized Landau operator

Lh(v) = M(v)™'V,, - < A(v—v)[(Vh) = (Vh), | MM, dv*> :

BN
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It is well-known that this operator is self-adjoint on L?(M). Moreover the
Dirichlet form (which plays the role of the (linearized) Landau “entropy pro-
duction functional”) satisfies

DE(}L) = —<h, Lﬁh>L2(M)
1

_ __/ (0 — v)|o — vul? | Mmsys [(VR) — (V)] M M. dv do.
2 R2N

which is non-positive. It implies that the spectrum of L* in L?(M) is non-
positive. The null space of L* is the same as the one of L?, that is the vector
space spanned by the collision invariants.

Let us now write down our assumptions for the collision kernel B:

e B is a tensorial product
(5.1.1) B(|v — vil,cos0) = ®(|v — v.|) b(cos ),

where ® and b are non-negative functions (this is the case for instance
for collision kernels deriving from interaction potentials behaving like
inverse-power laws).

e The kinetic part ® is bounded from below at infinity, i.e.
(5.1.2) dR>0,¢ce>0 | Yr>R, ®(r) > cs.
This assumption holds for hard potentials (and hard spheres).

e The angular part b satisfies

(5.1.3) = inf / min{b(oy - 03),b(03 - 03)} dos > 0.
o3 ESN-1

Ol,UQESN_l

This covers all the physical cases.

Remarks:

1. Notice that there is no b left in Q% and L* but the function ® is
definitely the same in both Landau and Boltzmann operators. Therefore the
assumptions on the Landau operator reduce to (5.1.2). Thus we deal with
the so-called “hard potentials” case for the Landau operator, which excludes
the Coulomb potential.

2. The assumption that B is a tensorial product is made for a sake of
simplicity. Indeed, one could easily adapt the proofs in section 5.2 to relax
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this assumption. The price to pay would be a more technical condition on
the collision kernel B.

The spectral properties of the linearized Boltzmann and Landau opera-
tors have been extensively studied. In particular, there are of crucial interest
for perturbative approach issues. For instance, the convergence to equilib-
rium has been studied in this context, as well as the hydrodynamical limit
(see [76]).

On the one hand, for hard potentials, the existence of a spectral gap as
soon as the kinetic part of the collision kernel is bounded from below at
infinity is a classical result, which can be traced back unto Grad himself.
The only method was up to now to work under the assumption of Grad’s
angular cutoff, and to apply Weyl’s Theorem to LP, written as a compact
perturbation of a multiplication operator (a very clear presentation of this
proof can be found in [58]). The picture of the spectrum obtained for the
operator (under Grad’s cutoff assumption) is described by figures 5.1 and 5.2
(see [52]).

Y

Figure 5.1: Spectrum of the collision operator for strictly hard potential with
angular cutoff

A similar method has been applied to the Landau linearized operator
with hard potential in [62].

On the other hand, for the particular case of Maxwellian molecules (for
LP), a complete and explicit diagonalisation has been obtained first by sym-
metry arguments in [194], and then by Fourier methods in [24]. The spec-
tral gap for the “over-Maxwellian” collision kernel of the Landau linearized
operator (i.e. collision kernels which are bounded from below by one for
Maxwellian molecules) can be derived from results in [72], by a lineariza-
tion process. Notice also that in the case of the so-called Kac’s equation, an
explicit entropy production estimate, based on a cancellation method, was
given in [68]; this method can be linearized in order to give explicit spectral
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\j

—

Figure 5.2: Spectrum of the collision operator for Maxwell’s molecules with
angular cutoff

gap estimates for “over-quadratic” linearized Kac’s operator (for which the
physical meaning is not clear!). Nevertheless we did not manage to adapt
this strategy to the Boltzmann operator with hard potentials. Notice however
that Wennberg [195] gave an extension of the very first entropy estimates
of Desvillettes [65] to allow for hard and soft potentials. His idea has some
similarities with ours: to avoid the region in RY x RY where ®(|v — v.]) is
small.

A specific study of the spectral properties of the linearized operator was
made for non-cutoff hard potentials in [157]. Nevertheless this article was
critically reviewed some years later in [122]. Also another specific study for
“radial cutoff potentials” was done in [61].

Finally notice that it is proved in [41] that the Boltzmann linearized
operator with soft potential has no spectral gap. The resulting spectrum is
described in figure 5.3 (see [52]).

Figure 5.3: Spectrum of the collision operator for soft potentials with angular
cutoff

Nevertheless if one allows a loss on the algebraic weight of the norm, it
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was proved in [103] a “degenerated spectral gap” result of the form
Vhl {17 U1,-..;UN, |'U|2} ’ HLBh”LQ(M) >C HhHL%(Mﬁ

where v < 0 is the power such that ®(|z]) = |z|7. It is based on inequalities
proven in [41] and Weyl’s Theorem.

However, the perturbative method has drawbacks, all coming from the
fact that it does not rely on a physical argument. First it is not explicit, that
is the width of the spectral gap is not known, which is problematic when
one wants to obtain quantitative estimates of convergence to equilibrium.
Secondly it gives no information about how this spectral gap is sensitive to
the perturbation of the collision kernel. Finally approaches based on Weyl’s
Theorem rely strongly on Grad’s cutoff assumption via “Grad’s splitting”,
which means to deal separately with the gain and the loss part of the collision
operator.

Our method is geometrical and based on a physical argument. It gives
explicit estimates and deals with the whole operator, with or without an-
gular cutoff. Up to our knowledge, as far as spectral gaps are considered,
it covers all the results of the above-mentioned articles dealing with hard
potentials, with or without angular cutoff. We also think likely that this ge-
ometrical method could be adapted to give explicit versions of “degenerated
spectral gap” results in the case of soft potentials, which will be the object
for forthcoming works.

We now state our main theorems:

Theorem 5.1 (The Boltzmann linearized operator). Let B = ®b be
a collision kernel satisfying assumptions (5.1.1), (5.1.2), (5.1.3). Then the
Boltzmann linearized entropy production functional D with collision kernel

B satisfies, for all h € L*(M)
(5.1.4) DE(R) > €8, DE(h)

where D§(R) stands for the entropy dissipation functional with By = 1 and

CB _ C<I>cbe_4R2
®b T 32 SN

with R, co, ¢ being defined in (5.1.2), (5.1.3).

As a consequence we deduce quantitative estimates on the spectral gap of
the linearized Boltzmann operator, namely for all h € L*(M) orthogonal in
L*(M) to 1, v and |v|*, we have

(5.1.5) DE(h) > Cg o LRl Z2 an)-
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Here A5 is the first non-zero eigenvalue of the linearized Boltzmann operator
with By = 1 (that is, for Mazwellian molecules with no angular dependence,
sometimes called pseudo-Mazwellian molecules) which equals in dimension 3

(see [24])

g 4[
Y J— / sin®0df = ——.
; 3

Remark: As an application of this theorem, let us give explicit formulas
for the spectral gap Sf of the Boltzmann linearized operator with b6 > 1 and
®(z) = |z|”, v > 0, in dimension 3. Then ¢, > |S? and for any given R we
can take cg = R”. Thus we get

[ R
7= 32 3

for any R > 0. An easy computation leads to the lower bound

T (7/8)”/2 /2
24

B
S5 2>
by optimizing the free parameter R.
Theorem 5.2 (The Landau linearized operator). Let ® be a collision

kernel satisfying assumption (5.1.2). Then the Landau linearized entropy
production functional D* with collision kernel ® satisfies, for all h € L*(M)

(5.1.6) D*(h) > C§ DE(h)
where DE(h) stands for the Landau entropy dissipation functional with ®; =
1 and
CE = <C<I> /3R>
8 an
with

an = / e IVP dV, pr= e VPP qv.
RN-1

/{VERN—l | VI>2R}

As a consequence we deduce quantitaves estimates on the spectral gap
of the linearized Landau operator, namely for all h € L*(M) orthogonal in
L*(M) to 1, v and |v|*, we have

(5.1.7) D*(h) > Cg XS ATz (ay-
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Here A5 is the first non-zero eigenvalue of the linearized Landau operator
with @9 =1 (that is, for Mazwellian molecules).

Moreover in dimension 3, by grazing collisions limit, we can estimate \5
thanks to the explicit formula on the spectral gap of the Boltzmann linearized
operator for Mazwellian molecules

(5.1.8) I\S| > 2.

Remarks:

1. As for the Boltzmann linearized operator, we can deduce from this
theorem an explicit formula for a lower bound on the spectral gap Sf for
the Landau linearized operator with hard potentials ®(z) = |z]”, ¥ > 0, in

v —4R?
5> (L) -
8

for any R > 0. An easy computation leads to the lower bound

oo T8y
7= 4

dimension 3. We get

by optimizing the free parameter R.

2. The modulus of the first non-zero eigenvalue of the Landau linearized
operator for Maxwellian molecules is estimated here by grazing collisions
limit. Other methods would have been the linearization of entropy esti-
mates in [72], or to use the decomposition (established in [187]) of the
Landau operator for Maxwellian molecules into a Fokker-Planck part (for
which spectral gap is already known) and a spherical diffusion process, which
can only increases the spectral gap; and then to linearize the estimate thus
obtained.

3. More generally, it is likely that an explicit spectral gap for the Landau
linearized operator with hard potentials could be directly computed by exist-
ing methods even if up to our knowledge this is the first explicit formula. But
Theorem 5.2 is stronger: it says that the property proved on the Boltzmann
operator with hard potentials, namely “cancellations for small relative veloc-
ities can be neglected as far as linearized entropy production is concerned”,
remains true for the Landau linearized operator with hard potentials.

The idea of the proof is to reduce the case of hard potentials (in the
generalized sense (5.1.2)) to the Maxwellian case. The difficulty is to deal
with the cancellations of the kinetic collision kernel ® on the diagonal v = v,.
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The starting point is the following inequality which is a corollary of [50
Theorem 2.4]

.09) [ [l — € e - b M(e) M(y) dady
20 [ 1) = €l M) M) de dy

for v > 0, € some function, and

K, = m x,gi/rel]}gN /RN min{|z —z|", |z —y|"} M(z)d=

It was first suggested by Villani [191, Chap. 5, section 1.4], in the context
of the study of entropy-entropy dissipation inequalities for the Landau equa-
tion with hard potentials, that this inequality could allow to prove that hard
potentials reduce to the Maxwellian case as far as convergence to equilibrium
is concerned.

The proof of (5.1.9) relies strongly on the existence of a “triangular in-
equality” for some function F(z,y) integrated: in (5.1.9), the function F is
simply |£(x) — &(y)|* which satisfies

F(z,y) <2F(x,2) + 2F(z,y).

The main difficulty is hence to obtain such a “triangular inequality” adapted
to our case for the Boltzmann linearized operator. It will be discussed in
details in section 5.2 together with the proof of Theorem 5.1. Section 5.3 will
be devoted to the Landau linearized operator: using results of section 5.2,
we will prove Theorem 5.2 thanks to a grazing collision limit.

5.2 The Boltzmann linearized operator

In this section, we present the proof of inequality (5.1.4) in Theorem 5.1.
In order to “avoid” the diagonal v ~ v, where ® is not uniformly bounded
from below, we use the following argument: perfoming a collision with small
relative velocity (i.e. for a small |[v—wv.]) is the same than perfoming two colli-
sions with great relative velocity, provided that the pre- and post-collisionnal
velocities are the same. One could summarize the situation in this way:
when a collision with small relative velocity occurs, at the same time, two
collisions with great relative velocity occur, which give the same pre- and
post-collisionnal velocities, and which produce at least the same amount of
entropy.
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Before proving (5.1.4), let us begin with a preliminary lemma dealing with
the angular part of the collision kernel. This lemma is based on the same
geometrical idea as the one we shall use for the treatment of the cancellations
of ®: the introduction of some well-chosen intermediate collision. This first
step is made for the sake of simplicity: we show that in the sequel of this
section one can set b = 1 without restriction. It makes the proof clearer, and
simplifies somehow the constants.

Let us denote from now on

k(v,v., 0", 00) = [R(v) + h(v.) — h(v") = h(v])]".

Lemma 5.1 (Homogeneization of the angular collision kernel b).
Under the assumptions (5.1.1), (5.1.2), (5.1.3), for all h € L*(M),

(5.2.10) DB(h) >

B
= 4|SN el

where DY denotes the entropy dissipation functional with B = ® instead of
B=2ob.

Remark: This lemma allows to bound from below the entropy dissipation
functional by one with an “uniform angular collision kernel”, i.e. a constant
¢y, even when b is not bounded from below by a positive number uniformly
on the sphere. Notice for instance that the condition ¢, > 0 is satisfied for b
having only finite number of 0.

Proof of Lemma 5.1. First, we write down an appropriate representation of
the operator. The functional D? reads in “o-representation”

1 v — v
DB(h) = = O(lv —v,|)b il
=3 /R2N><SN—1 (o = v <|’U—’U*| Jl)
M M, k(v, v, v, v]) dv dv. doy

(for the classical representations of the Boltzmann operator we refer to [191]).
Then keeping o fixed we do the change of variable

(‘ ‘ )_> U+ v, U — U,
U7U* 2 M) 2 M)

whose jacobian is (—1/2)". Let us denote ) = (v+v.)/2 and ' = (v—v.)/2.
We obtain

00 = %5 [ fy o 0200 (7
QERN 'ERN §N-1 | | |Q/| !

EQ+Q,0 -0+ |0y, Q — |0y ) e 22V 40 4O doy
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(recall that | + Q| = (Jv]* + |v«]?)/2).
We now write €)' in spherical coordinates ) = r o3, the other variables
being kept fixed, and use Fubini’s Theorem

2N 2 2

DB(h) = — / / pV1 o (2r) e2aF—2r / / b(oy - 03)
4 QeRYN JreRy c1ESN-1 JoaeSN-1
k(ﬂ + 109, —rog, Q4+ 1oy, Q) — ral) doy doy dS) dr.

Now we apply a geometrical idea that we shall also use below in the treatment
of cancellations of ®: namely we add a third artificial variable. Let us thus
introduce two collisions points u and u, on the sphere of center 2 and radius
r (see figure 5.4) and replace the collision “(v,v.) gives (v',v.)” by the two
collisions “(v, v.) gives (u, u.)” and “(u, u,) gives (v', v.)".

/* intermediate collision

u.

v,

Figure 5.4: Introduction of an intermediate collision A

Then, we shall use the following “triangular” inequality on the collision
points:

(5.2.11) [(A(v) + h(v.)) — (h(v") + k() ]?

< 2[(A(v) + h(v.)) — (A(w) + k()]
+2[ (h(u) + A(u.)) — (h(v') + A(21)) .
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So let us add a third “blind” variable o3 on the sphere

DB(

— 2_
/ N lq) 27" 2|1Q)2 —2r2 / / /
RY JreR4 01ESN-1 Jo,eSN—1 JoseSN-1

4 |SN ! /Qe
b(oy — ral) doy doy dos dr df).

(

As variables o1, 03 and o3 are equivalent, one can change the “blind” variable

2)k<ﬂ + 7109, — 10y, Q4+ 10,0

into either oy or oy and compute the mean to get

DE(h)
_ 2_
Nl/ / PN=1 (1) =21 zr/ / /
4 |S | QeRN reRy c1€SV-1 JooeSN-1 JozeSN-1

) {b(al o3) k(ﬂ +ros3, Q) —ros, Q+roy, Q — ral)
+ b(og - 03) k(ﬂ +roy, ) —roy, Q +ros, ) — rag)} doy doy dos dr dS2,

which yields

DE(h) >
S N S
—_— d(2r
4|SN_1| QeRN JreRy Jo1€SV-1 JoyeSN-1 JoseSN-1L ( )

! (o1-03),b(09-03)} {k(ﬂ +ro3,Q —ro3, Q+roy, Q — ral)

3 min{b
+ k(Q + 10y, —rog, Q4+ roz, Q) — T'Ug):| e~ 2197 -2r doy doy dos dr df2,

The triangular inequality needed on k is

k(Q + 1oy, —roy, Q4+ roy, Q) — ral)
< 2k<Q +ros3,Q —ro3, Q4+ ro, Q) — ral)
+ 2k‘<ﬂ + 1oy, —roy, Q4+ roz, Q) — rag)

and follows from (5.2.11). Thus if one sets
c, = inf / min{b(coy - 03),b(03 - 03)} dos,
oa€SN—1

Ul,UQESN_l
one obtains (going back to the classical representation)
Cp 1
DB(h) > ——— O(|v —v.|) M M, k(v, v, v, v.)dvdv, d
(h) > 4|SN_1|4/RQNXSN1 (Jv —v.l) (v, v, v, 0) dv dv, do

B
4|SN Tl

v
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which concludes the proof. O

Lemma 5.2 (Treatment of the cancellations of ®). Under the assump-
tions (5.1.2) on @, for all h € L*(M)

(5.2.12) DY (h) > ( = ) D (h)

where DY is the entropy dissipation functional with B = ®(|v — v.|) and D5
is the entropy dissipation functional with B = 1.

Proof of Lemma 5.2. We assume here that b = 1. Lemma 5.1 indeed shows
that this is no restriction modulo a factor ¢,/(4|SN=!|). Let us consider the
so-called “w-representation” (see [191] again): instead of the vector o, the
collision is parametrized by the unit vector w = (v’ —wv)/|v' —v| on the sphere
and the change of variable changes the angular kernel into

where cosf = 2(k - w)* — 1 with & = (v — v.)/]v — v
The operator D¥(h) thus becomes

1 .
Df(h) = — / O(Jv —vi|) b(0) M M, k(v, v, v, v) dv dv, dw.
4 R2N><SN 1

where the velocities v, v/ are given by
V=0 — (V= v, w)w,
vl = v+ (v — v, w)w.
Then keeping w fixed we do the following change of variable
v=rw+ Vi, v.=rw+ 1

with V;,V, € wt. The Jacobian of the change of variable is 1 since the de-
compositions are orthogonal. Finally we obtain the following representation

1 /s /.
o = 4L
SN-1 Vlew VQEW

[ [ ette(Vin-nFrVi- Vi)
r1€ER T’QER

(9) riw + Vi, raw + Vo, raw 4+ Vi, mw + Va) dry dry dV5 dVi dw.
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Assume that ® is non-decreasing. This is no restriction since ® > &, with

d(r) = 1Ir;f o(r'),
and @ satisfies assumption (5.1.2) with the same constant as ®. This mono-
tonicity yields

_VQ ‘ 2 _7,2_7,2
/ / / Vi —| |/ / eI @ (|ry — 1)
SN-1 Vlew VQEW ri€R Jro€R

b(9 k(riw + Vi,rw + Vo, row + Vi, rw + Vo) dry dry dV3 dVi dw.

We now introduce two collision points u and w, (see figure 5.5) and replace

the collision “(v, v.) gives (v',v.)” by the two collisions “(v, u.) gives (v., u)”
and “(u, v.) gives (u.,v")".

" collision with small relative velocity intermexiiate
S collisions
7 Va
v,/ = v v
0 |
o
V. V. u

Figure 5.5: Introduction of an intermediate collision B

Then, we shall use the following “triangular” inequality on the collision
points:

[(h(v) + (v.)) — (R(") + h(v)) ]
< 2[ (h(v) + h(u.)) — (h(u) + A(v))]?
+2[ (h(u) + h(v.)) = (R(v') + h(w.)) ]
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Recall that [, e dr = \/m. Let us add a third artificial integration

variable r3 on R
/ / / e~ Vil =Ival*
sv=1 Jyv ewt Jvpewt
[ etr-rhben
ri€ER Jro€R JrzeR

k(le + ‘/177‘2(4) + ‘/27T2w + ‘/1,7“1(4) + ‘/2)

OREN

eI dry diry dirs dVy AV dew.

From now on, indexes of # denote the points which are chosen to compute
the angle. Now we rename rq, r9, 73 first in rq, r3, r9, secondly in r3, r9, 7y and
we take the mean of these two quantities. We get

Dy(h) > / / / —|V1|2—|V2|2/ / / i3
8VT Jsv-1 Jviewt Jvewt r1€R Jro€R JrscR

5(01,5) @(Irs = 1)) k(riw + Vi, 1w + Va, roo + Vi, rieo + 14)

-|-l~)(92,3) O(|ry — rs|) k(rsw 4+ Vi, raw + Vo, raw + Vi, raw + VZ)}
dry dry drs dVi dV5 dw.

Then,
(5.2.13) DB(

8\/_ SN-1 VvlewJ‘ ‘IQGWJ' r1€ER Jro€R JrzeR

mln{b 9173 (|T3—T‘1|) (023) (|T2 —T'3|)
{k(ﬁw + Vi, raw+ Vo, raw + Vi, rw 4+ Vo) +

k(rsw + Vi, rw + Vo, raw + Vi, rsw + VQ)}
eI dry dry drs dVy dV; dw.

Now we use the following triangular inequality above-mentioned which means
translated on k

k(riw + Vi,rw + Vo, row + Vi, rw + V3)
< 2k(rw+ Vi, rsw+ Vo, rsw + Vi, mw + Vi)
+ 2k(rsw + Vi, raw + Vo, raw + Vi, raw + V3).
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Plugging it in (5.2.13), we get

[ Y S B O |
16\/_ SN-1 ‘11EWJ‘ VQEWJ' r1€R TQER rs€R

mm{b (013) ®(|rs — r1]), (923) (|7“2—7"3|
k(riw + Vi, raw + Vo, row + Vi, rw + V5)

eI TE dry dry dirs dVy dV dw,

DB

which yields

1 712 2
DB(h) > / / / e~ Vil =IVa| / /
! 16ﬁ SN-1 ‘«ﬁewl VQEWJ‘ ri€R Jro€R

</rseRmin{g(91’3 ®(|rs — r1]),b(b25) @ (|r2—7“3|)}€_”§dr3>

E(riw + Vi,rw + Vo, row + Vi, rw + V3)
¢T3 dry dry dVi dVi dw.

We now restrict the domain of integration for r3 to the set
Dy = {Tg ER | |rs—r1|>|r1 —ro| and |rg —r3| > |y — r2|}.

Since b is non-decreasing, and

Vi = Vo|? — |ry — m|?
(Vi — Va2 + |r — raf?

cos ) =

which is non-increasing with respect to |r; — ry| when Vi, V, are kept frozen,
it is easy to check that on this domain we have 6, 3 > 6, ; and 0,5 > 6, ; and

thus 5(0173) > 5(0172) and 5(9273) > ]N)(@Lg). Therefore we get

1 7. 12 /.12
D5(h) > / / / e—|u|—|x2|/ /
! 16ﬁ §N-1 ‘/1€WJ' ‘/2€WJ_ rleR 7,2€R

(/ min {®(|ry — 1), ®(|ry — r3|)} e dr3> b(0:.5)
T3€D7‘1,7‘2

k(riw + Vi, raw + Vo, row + Vi, rw + V5)
¢T3 dry dry dVi dV dw.

Under assumption (5.1.2), an easy computation leads to

(/ min{CI)(|T3 — 1)), ®(|ry — 7«3|)} e lral? dr3> > cg /A F > 0
T’SGDTI,TQ



Chapitre 5. Spectral gap estimates 229

as soon as |r; — ry| < R, i.e.

/ min{q)(|r3—r1|),<b(|r2—r3|)}e_|r3|2 drs
TSGDrl,rg
Z C(I) ﬁ6_4R2 1|7‘1 —T‘2|SR'

By taking the mean of this estimate and the one obtained by replacing ® by
its bound from below cg 1,>r, we deduce that

D7 (h)

—4R?
. C@e _/2 2
Z i / / / ne / /
SN-1 ‘«]16(4) VQEW rieER Jry€eR

k(riw 4+ Vi,rw + Vo, rqw + Vi, riw + Vg)b f)e —riers dry dre dVy dVs dw.

If we now go back to the classical representation and simplify the minimum,
we obtain

—4R2
Df(h) > ( ) / / M M., k(v, v, v, v.) do dv dv.
sN-1 JpN JpN

- (7 3 W) D)

which concludes the proof of the lemma. O

The proof of Theorem 5.1 is a straightforward consequence of inequalities

(5.2.10) and (5.2.12).

5.3 The Landau linearized operator

We now prove Theorem 5.2. The idea here is to take the grazing collisions
limit in some inequalities on the Boltzmann linearized operator obtained
thanks to the geometrical method used in Section 5.2. In fact, the most nat-
ural idea would have been to look for a geometrical property on the Landau
linearized operator similar to the triangular inequality used for the Boltz-
mann linearized operator. But as collision circles reduce to lines in the
grazing limit, the triangular inequality becomes trivial, and thus does not
seem sufficient to apply the method of section 5.2. It could be linked to the
fact that in the grazing collisions limit one loses some information on the
geometry of the collision.
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The problem that has to be tackled is to keep track of the angular collision
kernel b in the inequalities above. In fact we need it only for particular b,
namely

J=(0)

N-2

(5.3.14) be(6) =

€2sin

SIES

where j.(0) = j(0/¢)/e is a sequence of mollifiers (approximating dg—¢) with
compact support in [0,7/2] and non-increasing on this interval. It is easy
to see that b, = 2VN~1sin™V =2 (g) b. is also non-increasing on [0, 7]. Following
the same strategy as in Lemma 5.2 but keeping track of the angular part of
the collision kernel, one obtains

Lemma 5.3. Under the assumptions (5.1.1), (5.1.2), (5.1.3), plus the as-
sumption that b = 2N~ sin™¥ 2 (g) b is non-increasing, one gets for all h €

L*(M)

(5.3.15) Dyg(h) > <c§ ﬂR) Dy, (h)
with

ay = / e VP av, Br eV qv.
RN-1

N /{VeRN—l | IV[>2R}

Here DbB@ stands for the entropy dissipation functional with B = ®b and
fol stands for the entropy dissipation functional with B = b.

Proof of Lemma 5.3. The geometrical idea of Lemma 5.2 can be applied to
the variables Vi, V5. Let us thus introduce two collisions points v and wu, (see
figure 5.6) and replace the collision “(v, v,) gives (v’,v.)” by the two collisions

“(v,u.) gives (v',u)” and “(u, v.) gives (u., vl)".

Then, we shall use the following “triangular” inequality on the collision
points:

[(h(v) + h(v.)) — (R(2") + h(v)) ]
< 2[(A(v) + h(u)) — (h(v") + h(w))]”
+2[ (h(u) + h(v.)) = (h(w.) + (1)) ]

Now we introduce an artificial third variable V5 on w*. Let us denote

ay = / e VI qv
RN-1
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* collision with small relative velocity intermexiiate
SR collisions
v,

V \| \u

) ‘

Y

0
o

A V. u

Figure 5.6: Introduction of an intermediate collision C

By inverting either V; and V5 or V; and V3, taking the mean, and using the
“triangular” inequality above-mentioned we get

Dz [ [ et
’ 16@]\7 SN-1 Jr eR JryeR Viewt JVoewt

([ min {b0sa) 001 — Vi bowa) @1 — Vi } e v
V3€wL
k(riw 4+ Vi, raw + Vo, row + Vi, rw + V3) €_|V1|2_|V2|2d7“1 dry dVy dV; dw.

Let us now restrict the integration along V3 to the domain
Dvy, = {Vacwh | [Va—Vi| > Vi — Vol and [Va — V4| > Vi — Vil }.
Then since the expression

|V1 - V2|2 - |7°1 - 7“2|2
(Vi — Va2 + |r — raf?

cos ) =

is non-decreasing according to |V; — V5| when ry,ry are kept frozen, and b
is non-increasing, we get 613 < 615 and f535 < 615 (see figure 5.6) and so
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5(9173) > 5(9172) and 5(9273) > 5(9172). Consequently

1
LRS- N B Bl B
16an SN=1 Jpr eR JrocR Viewl JVyewd

</ min {@(|V5 — Vi), ®(|V; — Val)} 1% dVS) b(01.2)
Va€Dv, vy

E(riw+ Vi, rw + Vo, mw + Vi, rw + Va) e_|V1|2_|V2|2dr1 dry dV; dV; dw.

Under assumption (5.1.2), an easy computation leads to

/ min {®(|Vs — Vi|), (Vs — Va|) } e " dv4
Va€Dv, vy

> Co e~ IVP dV =ce Br >0

/{VERN—l | [VI>2R}

as soon as |V; — V| < R, i.e.

(/ min {®(|V5 — Vi]), (Va2 — V5|) } e~ 1Val® dv3> > co Br Ljvi—vy|<R -
Vs€Dv, vy

Taking the mean of this estimate and the one obtained by the trivial lower
bound ®(r) > coli>r), we get in the end

Dy (h)

1
> min § €201 @ —/ b(0) M M, [h. + — h — h.]* dv dv, do,
80./]\7 2 4 R2NyS§N-1

which yields

D) = (222 Dt ()

80éN

and concludes the proof of the lemma. O

We now have to take the grazing collisions limit in the entropy dissipation
functional to prove inequality (5.1.6) of Theorem 5.2 (this limit is essentially
well-known, see for instance [66]).

Lemma 5.4. Let us consider b, as defined in (5.3.14) and @ satisfying as-
sumption (5.1.2). Then for a given h € L*(M),

Dy o(h) —= en; Dg(h)

—0
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where

2N—5 SN—Q ™ .
N = % (/ J(X)XQdX>

depends only on the dimension N and the mollifier j. D(i@ stands for the
Boltzmann entropy dissipation functional with B = ®b., and D% stands for
the Landau entropy dissipation functional with collision kernel ®.

Proof of Lemma 5.4. The idea of the proof is to expand the expression for
small ¢ and is very similar to what is done in [66]. Let us write the angular
vector ¢

v— v

c= — cos(#) + n sin(6),

o— o]

where n is a unit vector in (v — U*) Therefore, we shall write

Dy o / / lv — v.|) M M, / b.(6)
RN JRN SN=2((v—vs) L) J6=0

2
—h(v) — h(v*)] sin’" ™2 0 df dn dv dv.,

where SN_Q((’U —v,)T) denotes the unit sphere in (v —v,)*. Let us now focus
on the integral on 6

R

h ('v — _2 *(1 — cos(f)) +

n m(a))
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and make the change of variables y = /. We get

i.e. for small ¢,

[0 (1)

{5xn S (Vyh(v) =V, h(v.)) + O(e*x?) i dx,

which writes

o [ 20N [ (Vo) - V(o)) ] ax+ Oe)

=0

=2 ([ T00x ) o= o 0 (Vub(o) = Tk + 0

As the unit vector n is orthogonal to (v — v.), we can introduce here the

orthogonal projection onto (v — v, )+t

Dy} o(h)

2]\7—4 7r. ) )
-2 ([aova) [ ] B(jo — v o — v
) RY JRN JSN=2((v—vy) 1)

{n My yye [Voh(v) = Vo, h(v)] }2M M, dn dv dv, + O(c).

It is straightforward to see that

2
/SN—2(( )Ly <n ' “) dn = (n H'“H2

with, for any u € V-2

SN—Q
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Thus we get in the end

Dy ¢(h) = % </OWJ(X)X2dX>

/ / lv — ’U*|2 O(jv — vi|) M M ||V, h(v) — VU*h(U*)H2 dv. dv + O(e)
RN JpN
|SN_2| 2N—5 7r
=T N_1 (/ 700 x* dX) Dg(h) + O(e).
This concludes the proof of Lemma 5.4. O

Coming back to the proof of Theorem 5.2, we first prove (5.1.6): we write
down inequality (5.3.15) on nge since b, is non-increasing, and we apply
Lemma 5.4 on each term, which gives

D*(h) = Cg Dg (h),

CE = <C<I> 5R> .
80(]\7

Inequality (5.1.7) follows immediatly.

where

It remains to prove the lower bound (5.1.8) on the first non-zero eigenvalue
of the Landau linearized operator for Maxwellian molecules in dimension
3. Let us denote by )‘g,ba the first non-zero eigenvalue for the Boltzmann
linearized operator with B = b.: for all & € L*(M) orthogonal in L*(M) to
17 ’U7 |U|27

Dy (h) > 1G4 I RlI72 (ary-

We apply Lemma 5.4 to this inequality which leads to

: B
11m5_>0 | )\07b5

D5 (h) =

R||7s
S L

for all € L*(M) orthogonal in L*(M) to 1,v,|v|%:. An explicit formula for
A5, | is given in [24]

Ao,

= / sin®(0) b.(0) df
0
and thus
. B . T " 2
lim [Ag,, | = 27 (/0 3(x) x dx)
which concludes the proof.
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Explicit coercivity
estimates for the
linearized Boltzmann
and Landau operators
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ABSTRACT: We prove explicit coercivity estimates for the linearized Boltz-
mann and Landau operators, for a general class of interactions including any
inverse-power law interactions, and hard spheres. The functional spaces of
these coecivity estimates depend on the collision kernel of these operators.
For Maxwell molecules they coincide with the spectral gap estimates. For
hard potentials they are stronger and imply these spectral estimates. For soft
potentials, they play the role of explicit “degenerated spectral gap” estimates.
The proofs are based on the reduction to the Mazwell case by decomposition
methods. We also prove a regularity property for the linearized Boltzmann op-
erator for non locally integrable collision kernel and for the linearized Landau
operator, and we discuss the consequence on its spectrum.
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6.1 Introduction and main results

This paper is devoted to the study of the linearized Boltzmann and Landau
collision operators. In this work we shall obtain new quantitative coercivity
estimates for these operators. Before we explain our methods and results in
more details, let us introduce the problem in a precise way.

6.1.1 The models

The Boltzmann equation describes the behavior of a dilute gas when the only
interactions taken into account are binary elastic collisions. It reads in RV

(N >2)

aa_J; —I_Uvrf = QB(f7f)7

where f(t, z,v) stands for the time-dependent probability density of particles
in the phase space. The N-dimensional Boltzmann operator QF is a quadratic
operator, which is local in (¢, ). The time and position are only parameters
and therefore shall be omitted in the sequel: the functional estimates proved
in this paper are all local in (¢,2). This operator acts on f(v) by

QWLﬁ@%i/ B(Jv — v.,cos0) [f1f' — f.f) dv. do

RNV x§N-1

where we have used the shorthands f = f(v), f. = f(v.), f = f(v'), f. =
f(vl) In this formula, v’, v] and v, v, are the velocities of a pair of particles
before and after collision, they are related by

, vt ue |uv—u
o = o,
2 2
, vt Juv—u
T R

The collision kernel B is a non-negative function which only depends on the
relative velocity |v — v,| and the deviation angle 6 through cos§ = k- o where
k= (v—uv.)/|v—vi|. Wealso define the collision frequency (in [0, 4+oc]) by

v(v) = / B(|v — vy, cos ) M(v.) dv..
RNxSN-1

In the case of long-distance interactions, collisions occur mostly for very
small §. When all collisions become concentrated on § = 0, one obtains by
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the so-called grazing collision limit asymptotic (see for instance [13, 63, 66,
186, 5]|) the Landau operator

Q%(f. () =V, - ( Ao — o) [ (VF) = F(V).] d) ,

RN

with A(z) = |2|* ®(|z|) P(z), ® is a non-negative function, and P(z) is the
orthogonal projection onto z%, i.e

This operator is used for instance in models of plasma in the case of a
Coulomb potential where ®(|z|) = |z|™ in dimension 3 (for more details
see [191, Chapter 1, Section 1.7] and the references therein). Indeed in this
case the Boltzmann collision operator does not make sense anymore (see [189,
Annex I, Appendix]).

Boltzmann and Landau collision operators have the fundamental proper-
ties of preserving mass, momentum and energy () denotes Q° or Q*)

[ QU)o de =0, o) = Lu.Jo?

Moreover they satisfy well-known Boltzmann’s H theorem, which writes for-
mally

S [ reerdv=— [ Q. poat)d 0.
RN RN

The functional — [ flog f is the entropy of the solution. The H theorem
implies formally that any equilibrium distribution, i.e. any distribution which
maximizes the entropy, has the form of a locally Maxwellian distribution

ju—of?

M(p,u,T)(’U):meXp{_ 2T }

where p, u, T are the mass, momentum and temperature of the gas

1 1
p= fv)dv, u=- / vf(v)dv, T =— / lu —v|*f(v) dv.
- (v) > s (v) Np ow (v)
For further details on the physical background and derivation of the Boltz-
mann and Landau equations we refer to [52, 58, 191].
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6.1.2 Linearization

Consider the linearization process f = M(1 + h) around the Maxwellian
equilibrium state denoted by M. It yields the linearized Boltzmann operator

LBh('v) = / B(|v — vy, cos 0) M(v,) h/* +h —h, —h| dv, do,
RNx§N-1

with (up to a normalization) M(v) = e~ This operator is self-adjoint on

the Hilbert space L*(M), which is defined by

LQ(M) = {h : RY — R measurable s. t.

”hH%’Z(M) = / h(v)*M (v) dv < —|—OO}.
RN
The Dirichlet form in this space satisfies

DP(h) = —(h, L®h)12(a)
1

7 1 2
= —/ B(|v — v, cos 8) {h* +h — h, —h} M M, dv dv, do.
4 RVXRNxSN-1

It is non-negative, which implies that the spectrum of L? in L?(M) is included
in R_. The same linearization process yields the linearized Landau operator

Lh(v) = M(v)™' V,, - (/

which is self-adjoint on L?*(M), and whose Dirichlet form satisfies

A(v—v,)[(Vh) = (Vh), | MM, d'v*> )

+ERN

D*(h) = —(h, L*h)12(u)

1
= —/ / (v — vi)|v — v
2 BN JRN

It is also non-negative, which implies that the spectrum of L* in L?(M) is
included in R_. The null space of the two operators L* and L? is

N(LB) = N(LF) = Span{1,vi... ., v, [v]?}

‘QM M, dv, dv.

[P(v—v.)[(Vh) = (Vh),]

(note that it is independent on the collision kernel). These two properties
— the fact that the time-derivative of the L*(M) norm is negative and the
fact that the only functions which cancel this derivative are the collision
invariants — correspond to the H theorem at the linearized level. We denote
by II the orthogonal projection on this null space in L*(M).
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6.1.3 Assumptions on the collision kernel

e B takes the product form
(6.1.1) B(|v — vil,cos0) = ®(|v — v.|) b(cos ),

where ® and b are non-negative functions. This is the case for instance
for collision kernels deriving from interaction potentials behaving like
inverse-power laws, and for hard spheres.

e The kinetic part ® is bounded from below by a power-law:
(6.1.2) Vr>0, ®(r)>Cer.

where v € (=N, 1] for the linearized Boltzmann operator, or v €
[N, 1] for the linearized Landau operator, and Cp > 0 is some con-
stant. Collision kernels deriving from interaction potentials behaving
like inverse-power laws satisfy this assumption, as well as hard spheres
collision kernels.

o In the case of the linearized Boltzmann operator, the angular part b
satisfies

(6.1.3) Cp= inf / min{b(oy - 03),b(03 - 03)} dos > 0.
o €SN—1

o1 ,G'QESN_l

In the particular case of the linearized Boltzmann operator with a non
locally integrable collision kernel, in order to derive coercivity estimates
in Sobolev spaces, we shall assume the more accurate control from
below
ch

(614) Vo € (0,77'], b(COS 9) Z m

for some constant ¢, > 0 and « € [0,2) (note that assumption (6.1.4)
implies straightforwardly assumption (6.1.3)). The goal of this control

is to measure the strength of the angular singularity, which is related to
the regularity properties of the collision operator (see [3] for instance).

Remark: The assumption (6.1.1) is made for a sake of simplicity. Indeed,
one could easily adapt the proofs in Section 6.2 to relax this assumption.
The price to pay would be a more technical condition on the collision kernel

B.



Chapitre 6. Coercivity estimates 243

6.1.4 Motivation

We refer to [15] and the references therein for a discussion about the interest
of spectral gap estimates for the linearized Boltzmann and Landau operators
and some review. Let us just recall that spectral gap estimates are known to
exist as soon as the collision kernel is controlled from below by a locally inte-
grable collision kernel for which the collision frequency is finite and bounded
from below by a positive number. However, apart for the case of Maxwell
molecules, for which the linearized Boltzmann operator is diagonalized ex-
plicitely in [194, 24|, the classical proof of the existence of a spectral gap
by Grad is based on non-constructive arguments and leads to non explicit
estimates. In [15], it is given a new method to obtain explicit spectral gap
estimates for any hard potentials. This method relies on a geometrical ar-
gument on the whole collision operator, with no need of splitting or angular
cutoff assumptions. The result was also extended in the same work to the
linearized Landau operator by a grazing collision asymptotic.

As for soft potentials, it was proved in [41] that the Boltzmann linearized
operator with soft potential has no spectral gap. But if one allows a loss
on the algebraic weight of the norm, it was proved in [103] a “degenerated
spectral gap” result of the form
(6.1.5) DB(h) > C||[h — TI(R)] <‘U>W/QH;(M)
where v < 0 is the exponent in (6.1.2) and we have denoted (-) = /1 +] - |.
The proof was based on inequalities proved in [41] together with Weyl’s
Theorem about compact perturbation of the essential spectrum, and it lead
to non explicit constants.

In this work we shall extend and complete the works [103] and [15] by
e giving a constructive proof of estimate (6.1.5) for soft potentials;

e extending it to hard potentials (v > 0) (note that for hard potentials
this estimate is stronger than the usual spectral gap estimate);

o extending this approach to the linearized Landau operator by proving
coercivity estimates in H' with a weight corresponding to the collision
kernel;

e giving a coercivity result in local Sobolev spaces for the linearized Boltz-
mann operator with a non locally integrable collision kernel, and dis-
cussing the consequence on its spectrum.
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6.1.5 Main results

We now state our main results:

Theorem 6.1 (The linearized Boltzmann operator). Under the assump-
tions (6.1.1), (6.1.2), (6.1.3), the linearized Boltzmann operator LP with col-
lision kernel B = ® b satisfies

(6.1.6) Yhe LA(M), DP(h) > CF||[h—T(R)] (0)"]|}. 00,

where Cf is an explicit constant depending only on v, Cg, Cy, and the di-
mension N.

Remarks:
1. When the collision kernel is locally integrable, the collision frequency
v is finite, and the estimate (6.1.6) can be written in the following form

DE(R) 2 CF |7 = T(R)] )|

for some explicit constant C'® > 0.

2. When the collision kernel is not locally integrable and b satisfies (6.1.4),
a natural conjoncture would be that the estimate (6.1.6) improves into

DE(1) = CE, 1= 1] ()] ey

where a € [0,2) is the order of angular singularity, defined in (6.1.4), and
H®/?(M) is the Sobolev space defined by
H (M) ={h € L* (M) s. t. (1 —A)™/*h e L*(M)}.

We were not able to obtain this coercivity estimate, however we give in
the following theorem 1ts consequence in terms of local regularity. In the
following theorem, H ? denotes the space of functions whose restriction to
any compact set K of ]RN belongs to

H**(K)={h € L*(K) s. t. (1-A)*h e [*(K)}
(here L?(K') denotes space of functions square integrable on K).

Theorem 6.2. (The linearized Boltzmann operator for long-range
interactions). Under the assumptions (6.1.1), (6.1.2), (6.1.4), the linearized
Boltzmann operator LB with collision kernel B = ® b satisfies (6.1.6) and

(6.1.7) Vhe LA(M), DE(R) 2 OF, Ih = TR

where C’ﬁa is an explicit constant depending only on~, a, Cg, Cy, ¢, and the
dimension N.



Chapitre 6. Coercivity estimates 245

Remark: When v > 0 and « > 0, it is easily seen that one can deduce from
Theorem 6.2 that the operator L? has compact resolvent, which implies that
its spectrum is purely discrete in this case (see Section 6.2).

Concerning the linearized Landau operator we prove the

Theorem 6.3 (The linearized Landau operator). Under assumptions
(6.1.2), the linearized Landau operator L* with collision kernel ® satisfies

6.8)  VheLXM), DE(R) = CE| [k —T0)] (o)

where C’f s an explicit constant depending only on v, Cg, and the dimension

N.

Remarks:

1. Here on the contrary to the Boltzmann case we expect the coercivity
estimate (6.1.8) to be optimal at the level of the functional space (although
most probably not at the level of the numerical constant provided by our
proof).

2. As for the linearized Boltzmann operator with a non locally integrable
collision kernel, when v > 0, we deduce from this result that the linearized
Landau operator has compact resolvent and thus a purely discrete spectrum.

6.1.6 Method of proof

In the case of hard potentials, the idea is to decompose the operator between
a part satisfying the desired coercivity estimate and a bounded part, and use
the spectral gap estimates. This argument is reminiscent of an argument of
Grad [109, Section 5] used to study the decrease of the eivenvectors of the
linearized Boltzmann operator for hard potentials, and it was already noticed
in [17]. Nevertheless it is the first time that it is used to obtain explicit
estimates (thanks to the results in [15]). The same idea, combined with a
suitable Poincaré inequality, is applied to the linearized Landau operator.

For soft potentials we decompose the Dirichlet form according to the
modulus of the relative velocity. Combined with technical estimates on the
non-local part of the linearized collision operators and the spectral gap esti-
mates from the Maxwell case, it enables to reconstruct a lower bound with the
appropriate weight. The proof for the linearized Landau is strongly guided
by the previous study of the Boltzmann case, which helps to identify relevant
estimates.

Finally the proof of the coercivity estimates in local Sobolev spaces for the
linearized Boltzmann operator with a non locally integrable collision kernel
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is inspired by the previous works [132, 188, 3] on the full non-linear collision
operator, and by our study of the linearized Landau operator. Indeed the
suitable decomposition of L® for non locally integrable collision kernels (for
which the usual Grad’s splitting does not make sense anymore) is directly
readable on the linearized Landau operator: the part which becomes the
diffusion part in the grazing collision limit is the part which enjoys a coer-
civity property in Sobolev spaces, and the part which becomes the bounded
part in the grazing collision limit is the part which is bounded thanks to the
cancellation lemmas.

6.1.7 Plan of the paper

Section 6.2 is devoted to the linearized Boltzmann operator: it contains
the proof of Theorem 6.1, divided into two parts, for hard and then soft
potentials, and then the proof of Theorem 6.2. Section 6.3 is devoted to the
linearized Landau operator: it contains the proof of Theorem 6.3, divided
into hard and soft potentials again.

6.2 The linearized Boltzmann operator

In this section and the next one, the constants which are only internal to a
proof shall be denoted Cy, (s, ... if they are referred to inside the proof, are
simply C' if not.

6.2.1 Hard potentials

Notice that the case v = 0 of Theorem 6.1 is already proved by the explicit
estimates of the Maxwell case, see [24]. Hence we assume that v > 0 and we
pick h € L?(M) orthogonal to the null space of L®. First using the minoration
of b (6.1.3) we reduce to the (cutoff case) where b = 1 by [15, Lemma 2.1],
and using the assumption (6.1.2) we reduce to the case ®(z) = 27.

Then we use Grad computations [109, Sections 2, 3, 4] to obtain the
decomposition

LF = KF - AP

where K is a (compact) bounded operator (with explicit bound C%) and
AB is the multiplication operator by the collision frequency v, given here by

v(v) =[SV |v — v.|” M(v.) dv..
RN
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On one hand we have straightforwardly
/RN(ABh) hMdv>Cylh @Wﬂ\iz(m

with ¢y > 0 depending on 4. On the other hand we know by [15, Theo-
rem 1.1] that there is an explicit constant Cy > 0 such that

DE(h) = —/ (LER) h M dv > Cy ||hl| 22y
RN
We deduce then that

12 (o) |12 0 h)h M dv

{ / (L5h) thu+/ (KBh)thv]

BN
<7 [ DP(R) + CF Al

< CrH 1+ CRCTY] DB(h)

which concludes the proof of Theorem 6.1 in the case v > 0.

6.2.2 Soft potentials

We suppose now that v < 0 and we pick h € L*(M) orthogonal to the null
space of LP. First using (6.1.3) we reduce to the (cutoff case) where b = 1
by using [15, Lemma 2.1] again (this lemma is independent on the particular
form of @), and using (6.1.2) we reduce to the case ®(z) = min{z", 1}.

Step 1. We need first a technical lemma on K%, in the case of Maxwell
molecules. We define

K h( ) / 1{|v—v*|ZR} M(U*) |:h; + h/ — h*} d‘U* do.
RNxSN—1

Then

Lemma 6.1. The bounded operator K5 satisfies

g R—oo0
KRN 2 ay —=+ 0

with explicit rate (||| - |||r2(ar) denotes the usual operator norm on L*(M)).
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Proof of Lemma 6.1. First we decompose K5 = Tr — Ur with
Trh(v) = 2/ L{j—ve|>R} M(v*)h/ do dv,
RNxSN-1 -
and
Urh(v) = / Lijv—v, >R} M(vi)he do do,.
RNxSN-1 B

The proof for Uy is straightforward:

1/2
1URAI 2 an) < ISYHY2 1| 2 any (/ Lpwafzry M M. dv d‘U*)

RN xR

which gives the convergence to 0 for the operator norm with the rate.
The term T'g is more tricky to handle. First we write it as

Trh(v) = 2M (v)™/* / L(jovazr} (M))PR (M)YA(M])Y? do dv...

RN xSN—-1

Then we use the bound

Ljo—va>r} < Yoo > rpvE) T Yooy > R/VE)

which yields a corresponding decomposition ‘TRh‘ < Thh + TEh with

Thh(v) = 2M 7/ /N sy (MO (M)YVA(MD)2 do do.,
RNxSN~-1
Th(w) =207 [ s )R (L)L) do do.

Now we follow the computations by Grad [109, Sections 2 and 3] (recalled
in [58, Chapter 7, Section 2]) to compute and bound from above the kernel
of these operators: we make the changes the variables

eceSV L, eRYN —w=(>w-v)/|—vl €SV v, € RN (the
jacobian is bounded by a constant);

o thenw € SV v, e RN — w € SV u = v — v, € RY (the jacobian
is equal to 1);

o then keepingw fixed, decompose orthogonally v = uow+W with uy € R
and W € w* (the jacobian is equal to 1);
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o finally keeping W € V* fixed, w € SV, g € R — V = ugw € RV
(the jacobian is (1/2)|V|~(N=1).

We get thus

Tl <o [ e v+ V)
VeRN Jwevt
1{|V|ZR/\/§} |V|_(N_1) M(U —I‘ W)1/2 M(U —I‘ V ‘I’ W)1/2 dV dW
Then using that
M(v+ W) M(v+V + W)Y < MV = 5V

we obtain the bound from above

[ Tih(v)] <

C M(v)~1/? / Ao+ V)IM(v+ V)2 Ly pygg VIO 3V F av.

RN

By Young’s inequality one deduces immediately the convergence to 0 of T}
in the operator norm with explicit rate. On the other hand for T we use
first that

|||1{||Z7’}T]2%|||L2(M) < |||1{||ZT}TR|||L2(M) < C(l + T)_1/2

with explicit constant by Grad [109, Section 4] (or see [58, Chapter 7, Section
2] again). Thus we pick ¢ > 0 and then r such that

(6:2.9) 1Lz Tl oy < /2.

Then using again the changes of variables detailed above we get

Liien Tah(v)] < C M ()™ 2 1p,<y / |h(v+ V)| M (v+ V)2 |y [~V

BN
[ | M WM+ V + W) 15 p/0m AW | dV.
We use that
M+ WY M (v +V + W)Y < M(v4+ W)Y < M(v)VAM(W)YE
and

Mo+ W)Y M(v +V + W)Y < M(V)VE
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to obtain

1 ujery Toh(v)] < C /1 / (v + V)| M(w + V)12

RN

V=Nt M(V)YE { MW 115 m/va dW] dv.

VJ_

Since the function |V|=N=' M(V)/® belongs to L', the convolution according
to this function is bounded from L? into L?, and we deduce that

1< Trll 2y < € { MO L sy dW] el 2y
and thus, for R big enough,

1< Talll 2y < €/2.

Together with (6.2.9) this shows that T4 goes to 0 in the operator norm with
explicit rate, which ends the proof. O

Step 2. Let us do a dyadic decompositon of D®(h). We fix a parameter
R > 1 and we use the following decomposition of identity:

]_ = 1{|“|SR} —|— Z 1{R”§|U|SR"+1}

n>1
to obtain
Z R(n+1)y DB
n>0
with

. ) ) 2
Dj(h) = / L{Rn<jumue|<R7+1} {h* +h —h.— h} M M, dv dv, do
RNXRNxSN-1 B B
for n > 1, and
! I 2
Dg(h) = / 1(ju—v.<R} {h* +h —h.— h} M M, dv dv, do.
RNxRNxSN-1 h

Now if we define

! ! 2
DB(h) = / Ujpuuierisy |Be+ B —he—h|" M M. dvdv.do
RNVNxRNxSN-1
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for any k£ > 0, we have

£>0 £>0 0<n<k
=Y " DE(h) (Z R(’“J’l”) =S Y RUTIDE(h)
n>0 k>n n>0
where the constant
s=3"(r")"
£>0

is finite thanks to the fact that R > 1. Thus we deduce that

C
B n+1 B
DE(h) > — > RO DE(R).

n>0

Step 3. In this step we estimate each term of the dyadic decomposition.
We fix ng € N (to be latter chosen big enough) and we estimate D5 (h) for
n > ng. We denote y, the indicator function depending on the four variables
v, Vs, U, 0] such that at least one of these four points belongs to B(0,r). We
also define the shorthand

A(F)= [F'+ F — F. - F].

Df(h) = / 1{|v—v*|<R”+1} A(h)Q M M* dv d’U* do
RNxRNx§N-1 B
> / L(jyva|<rrt1} Xr(V, U, 0/, 00) A(R)? M M, dv dv. do.
RNVNxRNxSN-1 B
We take r = R™™? — R™*! and we denote h; = h 1. <rry. If one of the
four collision points belongs to B(0, R*** — R™*!) and the relative velocity

is bounded by R™*!, the collision sphere is included in B(0, R"*?). Thus we
deduce

DE(Rn) > / Ly j<rrt1y Xr (0, 0 V', 0)) ARng2)? M M, dv dv, do.
RN xRN x§N-1 B

Now we remove the indicator function yx, by bounding from above the term
corresponding to 1 — x,, that is when all the four collision points have a
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modulus greater than R"*% — R"*1. Simple computations yield

Df(h) > / L{jy_v,|<rr+1} A(hpia)? M M., dv dv. do
RVXxRNxSN—1

— Oy e BTEERT 12|72 0y

for an explicit constant C; > 0. Then

/ 1{|U_U*|SRH+1}A(hn+2)2 M M, dvdv, do
RVXRNxSN-1

= —4 / 1{|,U_,U*|SRH+1}
RVxRNVxSN—1
Py [(hn+2)/ + (hpg2), — (hn+2)*] M M, dv dv, do

+4 / 1{|u—u*|<R"+1}hi+2 M M, dvdv, do
RVNXRNxSN-1 B
> —4 / hn—l—? [(hn—l—Q)/ + (hn—I—Q); - (hn—|—2)*] M M, dv d’U* do
RVxRNx§N-1
—4 / <[X’Ign+1 hn_|_2) hn+2 M dv
BN
+4 / 1{|u—u*|<R"+1}hiMM* dv dv, do,
RNxRNx§N-1 h
and thus we deduce that
/ 1{|u—u*|§R"+l}A(hn+2)2 MM* dv d’U* do
RVXxRNxSN-1
> [ s [(hnsa) + Uizl — ()] M M. do do, do
RVXRNxSN—1
+4 / hi M M, do dv, dv
RNXRNxSN-1
—4 / <[X’gn+1 hn_|_2) hn+2 M dv
BN
—4 / 1{|u—u*|>R"+1}h72~LMM* dv dv, do.
RNxRNxSN-1 B
From Lemma 6.1 we have
[ (ihosa) b M = =B sl
RN

where ¢ (r) is an explicit function going to 0 as r goes to infinity. Also
when v € B(0,R") and |v — v,| > R""' we have by triangular inequality
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lv.| > R™** — R"™, and thus simple computations show that
2 —(R"t!-R" 2
4 /RNXRNXSN—l 1{|u—u*|ZR"+1} hn M M* dv d’U* do S 02 € ( ) Hh’ﬂ‘FQHLQ(M)'

Collecting every term we deduce

Z RUTD7 DB(p) >

n>no

Z R 1)y [

n>no

- [ Bt [(hos) + (husa)l = (huy2)-] M M. dodv. do
RNXRNx§N-1
+4 R® / hZ.y M M, dv dv, do
RNXRNx§N-1
_Cl e_(Rn-I-Q_Rn-I-l) Hh

n+2H%2(M) - 61(Rn+1) th+2|‘%2(M)

_ n+1_ pn
—Cpe” =R th-l-QH%Q(M)]

which writes

Z R 1) DE(R) >

n>ng

> R / A(hpyz)? M M, dv dv, do
n>no RVxRNxSN—1

-1 (1 — R(M) th+2H%2(M) -y e_(Rn+2_Rn+l) th+2|‘%2(M)

n _ n+l_ pn
—a(R +1) th+2”%2(M) — Cye® ) th-l—QH%Q(M) .

Now we use the explicit spectral gap for Maxwell molecules to get

/ A(hn+2)2 M M* dv d‘U* do 2 A th_|_2 - H(hn—I—Q)H%Q(M)
RNVNXRNxSN-1
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for an explicit A > 0. Hence we deduce that

Z R(n-l-l)W DB Z R (n+1)y A th_}_QHLQ —A HH(hn-}-?)”%Q(M)

n>ng n>no

_ n+2_ pn+l
—4(1 = B*) |hnsal[feqany — Cre™ ™ ) ha |3 any
n n+l_ pn
—ea(R +1) th+2|‘%2(M) — Cyel? " ”hn-l-QH%Q(M)

Since II(h) = 0, we have

T (hg2)|* = [|TL(A L mnsay) ||

([ WP ) [,
{lv[>Rn+2}

< Co e [y 12

Now if we choose R — 1 > 0 small enough such that
A
4(1-R") < 3

then ng big enough so that R*** — R**! = R"*'(R — 1) and R"t' — R" =
R*(R — 1) big enough such that

Vn >ng, Cpe BTRT 0 em(RTI-RY <

0| >

and also ng big enough such that R"*! big enough such that

A
Vn > ng, 61(R”+1) < 3’
we obtain for this choice of ny and R:
Z Rn+1)y DE(h)
n>ng
)\ n _pnit2
> 9 Z RO th-l-QH%Q(M) —C3A (Z e "t ) Hh<'U>W/2H%2(M)
n>ng n>ng

> [Co B = Cs ] ||h(0)?| L2 ary

for some explicit constants Cy,Cs > 0 independent on ng. Thus by taking
no large enough we deduce that

Z R+ DE(R) > Cs Hh<.v>w/2H2
n>no

for some explicit constant Cs > 0. Coming back to D®(h), this ends the
proof of Theorem 6.1 in the case v < 0.
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6.2.3 Regularity for long-range interactions

We suppose here that the collision kernel B satisfies (6.1.1), (6.1.2), (6.1.4),
with & > 0 (the case @ = 0 is deduced from Theorem 6.1). Thus we are
reduced to the case where B(|v — v,|,cos8) = |[v — v, |~ N=D=2 By sym-
metrizing the Dirichlet form with the change of variable 0 — —o, we can fi-
nally reduce to the case where B(|v—uv.|,cos6) = [v—v. [ 0= NV=1=a 1, 0.
We pick h € L?(M) orthogonal to the null space of L.

We start by restricting the velocity variables to a bounded domain. Let
us fix B > 0, and let us denote by Zp a C'* mollified indicator function of
the variables v, v, which is 1 on Bgr = B(0, R) and 0 outside B(0, R + 1).

We control from below the Dirichlet form by

1
DE(h) > 1 / BIg [k +h. —h—h,)* M M, dvdv, do
RVxRNxSN—1

and we develop it as

DF > L / BIp ([h' — )"+ [h h*f) M M, dv dv, do
4 RVNxRNx§N-1

+ 1 / BZIg (b = h)(h, — h.) M M. dv dv. do.
2 RVNxRNxS§N-1

The pre-postcollisional change of variable on the second term and the change
of variable (v,v,,0) = (v, v, —0) on the first term yield
1

DB >
=9

/ BIp (K —h)* M M. dvdv.do
RNVNxRNxSN-1
+/ BIph. (K —h)M M.dvdv,do =: I{* + L.
RVNXxRNxSN-1

Now we estimate separately I{* from below and I from above. For the term
IE the Carleman representation (see [45]) yields

W —h)?
t>c / S(v,v) % dv dv'
BRXBR |‘U -0 | to

where

S(U,'v’):M(v)/E (o) o = ol gt gy Mo
NBRr

v,V
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and F, . is the hyperplan containing v and orthogonal to v — v’ (for the
derivation of this formula, see [188, Section 4]). The second indicator func-
tion in the formula for S(v,v’) comes from the restriction to 8 € [0, 7/2] by
the symmetrization above. It is easily seen that S(v,v’) is bounded from
below by some constant C' > 0 on Br x Bgr. It follows that

B — h)?
>c / =) dv dv' > Cy ||h|[3ar2 (s,
BRXBR |

v — .U/|N-|—Oé

for some constant C; > 0 (for the last inequality see for instance [2]).

As for the second term I£*, we use the change of variable of the cancellation
lemma in [3, Section 3|: keeping v, fixed, change v, o into v’, o (the jacobian
is cos™ 0/2). We obtain

15:/ Bh.h|v—v.|" M,
RVXRNxSN-1

b(cos ) {M(@ZJU(U)) cos VT 0/2 Tp(Ys(v), v.) — M(v) Zr(v, v.)|dv dv, do

where ©,(v) is the transformation introduced in [3, Lemma 1]: it is the point
in the plan defined by v, v, o such that

('¢a('v) - ’U) L (’U* - ’U) and (I/JU(U) - 'U*) . ('U — v*) = COS 0/2,

Now let us fix v, v, and 6. Then the modulus |, (v)—v| = tan 6/2 |v —v.|
is fixed, and the vector 9, (v) — v satisfies

1/)0('0) —v= W)a(v) - ‘U| w

where w is the opposite of the unit vector directing the projection of ¢ on
the plan orthogonal to v — v, (see [3, Figure 1]). It motivates the study of
quantities like

I(p) = /SM (v + pw) — ¢(v)) dw

V—Ux

where ¢ denotes some C? function on RY, Si\jv_f denotes the unit sphere in
the plan orthogonal to v — v,, and p > 0. If Vi denotes the gradient of ¢
and V?¢ denotes its Hessian matrix, one has the following Taylor expansion:

r

5 (Vio(v+ p'w) - w,w)

p(v+pw) = p(v) +p (Ve(v)  w) +
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for some 0 < p’ < p. By bounding the last term and taking the integral over
SN_2

v—v,, We get the estimate

I(¢)—p (/SM do (Ve(v)- 0))

V—Uy

P2 N
< 218" e

As the term involving Vi vanishes by symmetry, we obtain

2
p _
()l <5 ISV 72| || |lwrz.ee.

We apply this computation to p(v) = M(v) Z(v,v.) with p = |, (v)—v| =
tan6/2 |v — v,| to find

Vv,v, € Bg,

/2
<C / O~ N=D= tan?9/2d0 < C,
0
for some finite constant C; > 0. Finally we have immediately

/ b(cos ) ‘COS_N_W 0/2 — 1‘ do
§N—1

/2
g/ 6= N7 Jeos™NTY /2 — 1| df < Cs

0
for some finite constant Cs > 0. We thus deduce that

117 < C A2, < Ca Hh<'U>W/2|‘%2(M)'
Now we can conclude the proof of Theorem 6.2. For any R > 0, we have
1Al < CTIE < CTY [DE(R) + | 15]
<CT DB () + Cy (o) )y
Since II(h) = 0 we can use the coercivity estimate of Theorem 6.1
1R (0) 221y < Cs DB (h)

to deduce finally

1o llFrarz (s < O [1+ CaCs] DE(h).
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Since it is valid for any R > 0, we obtain

DE(h) = C|R]|70/:

loc
for some explicit constant C' > 0. This ends the proof of Theorem 6.2.

Let us discuss the consequence of this estimate on the spectrum of LP
when v > 0 and o > 0. Let us pick any ¢ € C such that L® — ¢ is invertible
(such £ exists since the operator is self-adjoint for instance), and let us denote
R(¢) = <LB — f)_l the resolvent at this point. For any sequence (g,).>0
bounded in L*(M), we can define the sequence h,, = R(£)(g,) which is also
bounded in L*(M) since the operator R(£) is bounded. We have:

V>0, LE(h,)=g,+Eh,

and so the sequence L®(h,,) is bounded in L*(M). It follows that the sequence
DP(h,,) is bounded in R, and we deduce from the coercivity estimates above

that the sequence (h,,),>0 is bounded in L*((v)"M)N Hﬁf. It implies that it
has a cluster point in L?*(M) by Rellich-Kondrachov compactness Theorem.
Thus the operator R(¢) is compact. By classical arguments (see [121] for
instance), it implies that the resolvent R(£) is compact at every £ € C for

which it is defined, and that the spectrum of L? is purely discrete.

Remark: We expect the property of having compact resolvent to hold under
the more general conditions o« > 0 and v > 0. The case @ = 0 could proba-
bly be treated by the same computations as above, using for the coercivity
estimate a functional space controling logarithmic derivatives defined by the
norm |[hlog(1l — A)hHle . The restriction v > 0 of our proof seems more
serious, since in the cas(()ec’y = 0, the coercivity estimate from Theorem 6.1
does not forbid the loss of mass at infinity.

6.3 The linearized Landau operator

Note that here on the contrary to [15] we are not able to take the grazing
collision limit in the coercivity estimates for the linearized Boltzmann opera-
tor. Thus we do not try to deduce results on the linearized Landau operator
from the Boltzmann case, instead we work directly on this operator.

6.3.1 Hard potentials and Maxwell molecules

We consider h € L*(M) orthogonal to the null space of L, we assume that
v > 0 and, thanks to the assumption (6.1.2), we reduce to the case ®(z) = 27.
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Classical computations, which can be found in [62, Section 2] for instance,
show that the linearized Landau operator L* decomposes as

LF = K* — A*

where K* is a (compact) bounded operator (with explicit bound Cf) and
A* is a diffusion operator whose Dirichlet form satisfies

/ (A“hYh M dv = / (Vo h) M(v) (Vyh) M dv

where the matrix M is symmetric definite positive with its smallest eigen-
value bounded from below by C (v)” for an explicit constant C' > 0 (see [62,
Section 2, Propositions 2.3 and 2.4]|). Thus we deduce that

/(A%)thvzc/ |V h|? (v) M dv.
RN RN

First, we recall that, as noticed in [128], a simpler way to recover the coer-
civity result from [62, Section 3, Theorem 3.1] is to apply the Bakry-Emery
criterium (see [193, Chapter 9, Section 2]), which implies that M satisfies a

Poincaré inequality with constant 2, and thus (as h has zero mean)

/ |V h|?* (v)Y M dv > / |V, h|)* M dv > 2 / h* M dv.
RN RN RN

Now we want to obtain a stronger coercivity estimate. Thus we apply Bakry-
Emery criterium to the measure

m(v) = () M(v) = exp | ~[o + L In(1 + [o]")| = exp [~6(0)].
A straightforward computation shows that
Vi > (2-)Id

which implies, as (2—+) > 1 thanks to the assumptions on ~, that m satifies
a Poincaré inequality with constant 1, and thus

/RN Vb2 (0) M dv > /RN [h _ </h<v>de,U>r (o) M do.

Hence by developing

/RN IV, h|? (o) M dv > /RN R (0) M dv — </h<v>” Mdv>2.
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Now as

(/h@dev)Q <0 (/RNhQMdv>

for some explicit constant (', we deduce by collecting every term that
AR R do > o ) 2 an — Call

for some explicit constants Cy, C3 > 0.
Besides we have by [15, Theorem 1.2]

_/ (LEh)h M dv > Cy [[h]22 )
RN
for an explicit constant Cy > 0. Now we can conclude the proof:
I (o) sy < 5 [ (AB) R M do 5 Ca s
RN

RN
<Cyt

DE(h) + (Cf: + Co) [hll3n| < O3 [1+(CK + C5) €3] DE(h)

which concludes the proof of Theorem 6.3 when v > 0.

As for the Boltzmann linearized operator with v > 0 and « > 0, one can
deduce similarly from this estimate, when v > 0, that the Landau linearized
operator has compact resolvent (and thus a purely discrete spectrum).

6.3.2 Soft potentials

We follow exactly the same path as for the linearized Boltzmann operator.
The starting point is the following coercivity estimate in the Maxwell case

(6.3.11)
1 2
E/ lv — ‘U*|2HP(’U —v)[(Vh) = (Vh), ] H M M, dvdv. > X HhH?—Il(M)
RNXRN
for some explicit constant A > 0, which has been proved in the previous
subsection.
We assume that v < 0 and we pick i € L?(M) orthogonal to the null space
of L*. Using the assumption (6.1.2) we reduce to the case ®(z) = min{z",1}.
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Step 1. We first prove a technical lemma on K%, in the case of Maxwell
molecules. We define for R > 0

K]%h('v) = —M('v)_l V., -
</ (1 —Opr(v—uv.))|v— v, |? P(v—v.)(Vh), M M, d'v*>
RN
where O is a C* function on R¥ such that 0 < ©r <1, O = 1 on B(0, R)

and O = 0 outside B(0, R+ 1). Then

Lemma 6.2. The bounded operator K% satisfies

R—oo

|||K§|||L2(M) 0

with explicit rate.

Proof of Lemma 6.2. It amounts to a differentiation under the integral, an
integration by part, and the use of Young’s inequality. O

Step 2. Let us fix R > 1. We do the same dyadic decompositon of D*(h)
as for the Boltzmann case, to obtain

Df(h) > C Y R DE(h)

n>0
for some constant C' > 0, with
Dy (h) =
/ Ly, <rrt1y |0 — ’U*|2HP(’U — V) [ (Vh) — (Vh)*] HQM M, dv dv,
RNxRN

for any n > 0.

Step 3. In this step we estimate each term of the dyadic decomposition.
We fix ng > 0 (to be latter chosen big enough) and we estimate D% (h) for
n > ng. We denote y, the indicator function depending on v, v, such that at
least on of these two points belongs to B(0,r). We also define the shorthand

A(F) = [[P(v—v) [(VF) = (VF).]]|

D’C(h) = / L{jy—v,<rrery v — v* A(h)? M M, dv dv.
RNV xRN

> / L{jy—v,|<mrt1y Xr(V, 0s) A(h)? M M, dv dv..
RV xRN B
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We take r = R**? — R"*! and we denote hy = h 1. <gxy. If v or v, belongs to
B(0, R™*? — R™*1) and the relative velocity is bounded by R"*!, both points
belong to B(0, R**?). Thus we deduce

Df(h) > / L{jy—v,|<mri1y |V — V| X (0, 02) Apy2)? M M, dv dv..
RVxRN

Now we remove the indicator function y, by bounding from above the term
corresponding to 1 — x,, that is when v and v, have a modulus greater than
R™? — R™*1 Simple computations yield

DE(h) > / Ljyvj<rrt1} |0 — 0)* A(hpy2)? M M, dv dv,
RV xRN

_ n+2_ pn+l
— Cye” R th+2H12ql(M)

for an explicit constant C'; > 0. Then we focus on the main term
/ L{jy—v,<hre1y [0 — V)? Alhpya)* M M, dv dv..
RNxRN -
Since 1yj,_y,|<rrt1} = Opni1_q(v — v,), we first bound it from below by
/ Opnt1_1(v —v.) v — ’U*|2 A(hn+2)2 M M, dv dv..
RN xRN
Then we proceed as in the Boltzmann case:

/ Opn+1_1(v —va) v — ’U*|2 A(hn+2)2 M M, dv dv,
RNxRN

=—4 / Opnti_y v — v.|*
RVxRN
[P('v — V) (th_|_2)] . [P('v — V) (th+2)*] M M, dv dv,

+4 / Opnti_y [v — v, |? HP(‘U — ) (Vhyg2) H2 M M, dv dv,
RNxRN

_4 / <[X7]§n+l_1hn+2) hn+2 MdU
RN

+4 / Opnti_q [v — v.|? HP(‘U — ) (Vhyi2) H2 M M, dv dv,,
RNxRN



Chapitre 6. Coercivity estimates 263

and thus we deduce that

/ Opnt1_1(v —v,) v — 'v*|2 A(hn+2)2 M M, dv, dv
RNxRN

—4 / <[XR"+1 1hn+2) hn+2 M dv
RN

4 / Lsiornti 1y [P(0 — 0.) (Vho)|> M M. dv do,.
RNxRN

Now we use that (from Lemma 6.2)

—4 / (Kfnt1_1hng2) hngz M do > —ea(R™ = 1) || hgallin
RN

where €;(r) is an explicit function going to 0 as r goes to infinity. Also simple
computations show that

4 / Lo sroti_1y [P0 = 0.) (Vh)|* M M, dv dv.
RNXRN
< Cye(RTI-RY) th+2”12111(M)‘

Collecting every term we deduce

> B D) 2 Y R

n>no n>no

[—4 /RN " lv—0,2 [P(v — 0.) (V)] [P(0 — 0.) (Vhnys),] M M, dv dv,

+4 RY /RN RN |P(v — v.) (th+2)|‘2 M M. dv dv,
X
= Gy R = (B [l

— Cy e TR 1 esall o ay
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which writes

Z R 1) D;f(h) > Z R 1)y / A(hn+2)2 M M, dv dv,
RNxRN

n>no n>no

—4(1 = R) ||hs2llFrr ary — Ca R [ MY

n _ n+1_ pn
— (R g2 oy — Co € T a3y | -

Now we use the explicit coercivity estimate (6.3.11) for Maxwell molecules
to deduce that

Z RO DE(R) >

n>ng

Y B N sl ary = M)l ary = 4 (1= B2 sl )

n>no

_ n+2_ pn+l n
—(Cie (R R™) th+2H12t[1(M) - 62(R +1) th+2|‘12111(M)

— Cy e (TR et I3 ary | -

Since II(h) = 0, we have

T ()2 ary = [Tk Lsmnay) | < Co e {10) 2] s gy

Now if we choose R — 1 > 0 small enough such that

A
4(1 - R") < 3

then ng big enough so that R*** — R**! = R"*'(R — 1) and R"*' — R" =
R*(R — 1) big enough such that

¥Yn>ng C4 e~ (R"F2-R") C, e~ (R™I-R") i
iy bl bl — 87
and also ng big enough such that R"*! big enough such that

A
Vn>no, eR™)< 3’
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we obtain for this choice of ny and R:

Z R+ Df(h)

n>no

A n+2
> 5 3 B sl — Cs ) (Z e ) (R s

n>no n>no

> [CaR™ = C5e ] [R(o) |3 )
for some explicit constants Cy,Cs > 0 independent on ng. Thus by taking
no large enough we deduce that

Z Rt Df(h) > (g Hh(vﬁ/?

n>no

(o

for some explicit constant Cs > 0. Coming back to D*(h), this concludes
the proof of Theorem 6.3 when v < 0.
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ABSTRACT: For the spatially homogeneous Boltzmann equation with hard po-
tentials and Grad’s cutoff (e.g. hard spheres), we give quantitative estimates
of exponential convergence to equilibrium, and we show that the rate of ex-
ponential decay is governed by the spectral gap for the linearized equation,
on which we provide a lower bound. Our approach is based on establishing
spectral gap-like estimates valid near the equilibrium, and then connecting the
latter to the quantitative nonlinear theory. This leads us to an explicit study
of the linearized Boltzmann collision operator in functional spaces larger than
the usual linearization setting.

267



Chapitre 7. Rate of convergence to equilibrium 268

Contents
7.1 Introduction ... ...... ... ... 0. 269
7.1.1 The problem and its motivation . . . . . ... ... 269
7.1.2 Assumptions on the collision kernel . . . . . . . .. 271
7.1.3 Linearization . ... ... ... ... .. ...... 272
7.1.4 Spectral theory . . . . ... ... 0oL 274
7.1.5  Existing results and difficulties . . . . . ... ... 276
7.1.6 Notation. . . .. .. ... .. ... ... .. ..., 277
7.1.7 Statement of the results . . . .. ... . ... ... 278
7.1.8 Method of proof . . ... .. ... ... ... 280
7.1.9 Plan of the paper . . . . . . ... ... .. ..... 281

7.2 Properties of the linearized collision operator . . 281

7.2.1 Introduction of an approximate operator . . . . . . 281
7.2.2 Convergence of the approximation . .. ... ... 282
7.2.3 Estimateson £ . . . ... .. ... ... 289
7.2.4 Estimateson L . .. ... ... ... ... .... 296
7.3 Localization of the spectrum . . .. ... ... ... 297
7.3.1 Spectrumof L . ... ... .. 0oL 297
7.3.2 Essential spectrumof £ . . . .. ... oL 299
7.3.3 Discrete spectrumof £ . . . . .. ... L. 301
7.4 'Trend to equilibrium ... ... ........... 304
7.4.1 Decay estimates on the evolution semi-group . . . 305
7.4.2 Proof of the convergence . . . . . ... ... .... 311

7.4.3 A remark on the asymptotic behavior of the solution319




Chapitre 7. Rate of convergence to equilibrium 269

7.1 Introduction

This paper is devoted to the study of the asymptotic behavior of solutions
to the spatially homogeneous Boltzmann equation for hard potentials with
cutoff. On one hand it was proved by Arkeryd [10]| by non-constructive ar-
guments that spatially homogeneous solutions (with finite mass and energy)
of the Boltzmann equation for hard spheres converge towards equilibrium
with exponential rate, with no information on the rate of convergence and
the constants (in fact the proof in this paper required some moment assump-
tions, but the latter can be relaxed with the results about appearance and
propagation of moments, as can be found in [200]). On the other hand it
was proved in [150] a quantitative convergence result with rate O(t™>°) for
these solutions. The goal of this paper is to improve and fill the gap between
these results by

e showing exponential convergence towards equilibrium by constructive
arguments (with explicit rate and constants);

e showing that the spectrum of the linearized collision operator in the
narrow space L*(M~(v)dv) (M is the equilibrium) dictates the asymp-
totic behavior of the solution in a much more general setting, as was
conjectured in [48] on the basis of the study of the Maxwell case.

Before we explain our results and methods in more details let us introduce
the problem in a precise way.

7.1.1 The problem and its motivation

The Boltzmann equation describes the behavior of a dilute gas when the
only interactions taken into account are binary collisions, by means of an
evolution equation on the time-dependent particle distribution function in
the phase space. In the case where this distribution function is assumed to be
independent of the position, we obtain the spatially homogeneous Boltzmann
equation:

(7.1.1) aa—{ =Q(f,f), veRY t>0

in dimension N > 2. In spite of the strong restriction that this assumption
of spatial homogeneity constitutes, it has proven an interesting and inspiring
case for studying qualitative properties of the Boltzmann equation. In equa-
tion (7.1.1), @ is the quadratic Boltzmann collision operator, defined by the
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bilinear form

Qg f) = /RN . B(|v — v.],cos 0)(g.f" — g.f) dv, do.

Here we have used the shorthands f' = f(v'), g. = g(v.) and ¢, = g(v)),
where

vt |‘U—‘U*|0_ s vtu [v—o
2 2 7 * 2 2

stand for the pre-collisional velocities of particles which after collision have
velocities v and v.. Moreover 8 € [0, 7] is the deviation angle between v’ — v/,
and v — v,, and B is the Boltzmann collision kernel determined by physics
(related to the cross-section (v — v,, o) by the formula B = |v — v, ¥). On
physical grounds, it is assumed that B > 0 and B is a function of |v — v,|
and cos .

Boltzmann’s collision operator has the fundamental properties of conserv-
ing mass, momentum and energy

QUL D) =0, 6(0) = 1,0, ol
R
and satisfying Boltzmann’s H theorem, which can be formally written as

d
D(f) = % RNflogfalv:— RNQ(f,f)log(f)alv20.

The H functional H(f) = [ flog f is the opposite of the entropy of the
solution. Boltzmann’s H theorem implies that any equilibrium distribution
function has the form of a Maxwellian distribution

ju—of?

Ml T)0) = e (5770 )

where p, u, T are the density, mean velocity and temperature of the gas

p= [ twdo, w=r [ opwrde, 7= [ u-oPfe)de,
RN P JrN Np Jpw

which are determined by the mass, momentum and energy of the initial

datum thanks to the conservation properties. As a result of the process

of entropy production pushing towards local equilibrium combined with the

constraints of conservation laws, solutions are thus expected to converge to
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a unique Maxwellian equilibrium. Up to a normalization we set without
restriction M(v) = e 1" as the Maxwellian equilibrium, or equivalently p =
N2y =0and T =1/2.

The relaxation to equilibrium is studied since the works of Boltzmann
and it is at the core of the kinetic theory. The motivation is to provide an
analytic basis for the second principle of thermodynamics for a statistical
physics model of a gas out of equilibrium. Indeed Boltzmann’s famous H
theorem gives an analytic meaning to the entropy production process and
identifies possible equilibrium states. In this context, proving convergence
towards equilibrium is a fundamental step to justify Boltzmann model, but
cannot be fully satisfactory as long as it remains based on non-constructive
arguments. Indeed, as suggested implicitly by Boltzmann when answering
critics of his theory based on Poincaré recurrence Theorem, the validity of
the Boltzmann equation breaks for very large time (see [191, Chapter 1,
Section 2.5] for a discussion). It is therefore crucial to obtain quantitative
informations on the time scale of the convergence, in order to show that this
time scale is much smaller than the time scale of validity of the model. More-
over constructive arguments often provide new qualitative insights into the
model, for instance here they give a better understanding of the dependency
of the rate of convergence according to the collision kernel and the initial
datum.

7.1.2 Assumptions on the collision kernel

The main physical case of application of this paper is that of hard spheres in
dimension N = 3, where (up to a normalization constant)

(7.1.2) B(|v — vi|,cos0) = [v — v,

More generally we shall make the following assumption on the collision
kernel:

A. We assume that B takes the product form
(7.1.3) B(|v — vi,cos0) = ®(|v — v.|) b(cos ),

where ® and b are nonnegative functions not identically equal to 0.
This decoupling assumption is made for the sake of simplicity and could
probably be relaxed at the price of technical complications.

B. Concerning the kinetic part, we assume ® to be given by

(7.1.4) O(z) =Cp 2"
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with v € (0,1] and Cg > 0. It is customary in physics and in math-
ematics to study the case when ®(v — v.) behaves like a power law
|v — v.|7, and one traditionally separates between hard potentials (y >
0), Maxwellian potentials (v = 0), and soft potentials (y < 0). We
assume here that we deal with hard potentials.

C. Concerning the angular part, we assume the control from above
(7.1.5) Vo e [0,7], b(cosh) < Ch.

This assumption is a strong version of Grad’s angular cutoff (see [108]).
It is satisfied for the hard spheres model.

Moreover, in order to prove the appearance and propagation of expo-
nential moments (see Lemma 7.8), we shall assume additionally that

(7.1.6) b is nondecreasing and convex on (—1,1).

This technical assumption is satisfied for the hard spheres model, since
in this case b is constant.

Under these assumptions on the collision kernel B, equation (7.1.1) is well-
posed in the space of nonnegative solutions with finite and non-increasing
mass and energy [144]. In the sequel by “solution” of (7.1.1) we shall always
denote these solutions.

Let us mention that under assumptions (7.1.3) and (7.1.5), for soft poten-
tials (v < 0), the linearized operator has no spectral gap and no exponential
convergence is expected for (7.1.1) (see [41, 42]). For Maxwellian potentials
(v = 0), exponential convergence is known to hold for (7.1.1) if and only if
the initial datum has bounded moments of order s > 2 (see [49]), and, under
additionnal moments and smoothness assumptions on the initial datum, the
rate is known to be governed by the spectral gap of the linearized operator
(see [48]).

7.1.3 Linearization

Under assumption (7.1.5), we can define

by := ||b]| 1 sv-1y = ‘SN_Q‘ / b(cos ) sinV 720 df < +oc.
0
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Without loss of generality we set £, = 1 in the sequel. Then one can split
the collision operator in the following way

Q(g7f) = Q+(gaf)_Q_(g7f)7
@ of) = [ 8=l bleost) g.f" do. do
RNxSN-1

Q (9.f) = /RN s O(Jv — vi|) b(cos ) g f dv. do = (® * g) f,

and introduce the so-called collision frequency
(7.1.7)  v(v) = / O(|v — vi|) b(cos ) M (v.) dv. do = (P * M)(v).
RN xSN-1

We denote by vg > 0 the minimum value of v.

Definition 7.1 (Linearized collision operator). Let m = m(v) be a pos-
itive rapidly decaying function. We define the linearized collision operator L,
associated with the rescaling m, by the formula

Ly (g) = m™" [Q(mg, M) + Q(M,mg)].

The particular case when m = M is just called the “linearized collision oper-
ator”, defined by

L(k) = M [Q(Mh, M) + Q(M, Mh)]

— / O(|v — vi|) b(cos ) M(v.) [h’* +h —h,— h] dv, do.
RN xSN-1

Remark: The linearized collision operator £,,(g) corresponds to the lin-
earization around M with the scaling f = M 4 mg. Among all possible
choices of m, the case m = M is particular since L enjoys a self-adjoint pro-
perty on the space g € L*(M(v)dv), which is why this is usually the only case
considered. Note that this space corresponds to f € L*(M~*(v)dv) for the
original solution. In this paper we shall need other scalings of linearization
in order to connect the linearized theory to the nonlinear theory. We shall
use a scaling function m(v) of the form m(v) = exp [—a|v|*] with ¢ > 0 and
0 < s < 2 to be chosen later.

The linear operators L,, splits naturally between a multiplicative part
LY and a non-local part £, (the “c” exponent stands for “compact” as we
shall see) in the following way:

(7.1.8) Ln(g) = £5.(9) = L5(g)  with  L7.(g) :=vg
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where v is the collision frequency defined in (7.1.7), and LS, splits between
a “gain” part L (denoted so because it corresponds to the linearization of
(") and a convolution part £, as

(7.1.9)  L(g9) = Lf(9) — LL(g) with L5 (g) :=m™" M [(mg) * ?]
and

(7.1.10)
L(g)=m™ /R o ®(|v — v.]) b(cos §) [(mg)' M. + M'(mg)'] dv. do.

For L = Lj; we obtain as a particular case the decomposition

(7.1.11) L(h) = L°(h) — L"(h) with L"(h):=vh

and

(7.1.12) L°(h) = L*(h) — L*(h) with  L*(h) := (hM) * ®
and

(7.1.13) Lt(h) := / ®(|v — v,]) b(cos §) [A' + k] M, dv, do.
RNxSN—1

7.1.4 Spectral theory

Let us consider a linear unbounded operator T : B — B on the Banach space
B, defined on a dense domain Dom(7') C B. Then we adopt the following
notations and definitions:

e we denote by N(T') C B the null space of T';
o T is said to be closed if its graph is closed in B x B;
In the following definitions, 7" is assumed to be closed.

o the resolvent set of T' denotes the set of complex numbers ¢ such that
T — € is bijective from Dom(7") to B and the inverse linear operator

(T — &), defined on B, is bounded (see [121, Chapter 3, Section 5]);

e we denote by X(7') C C the spectrum of T, that is the complementary
set of the resolvent set of T in C;

e an eigenvalue is a complex number ¢ € C such that N(T' — £) is not

reduced to {0};
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e we denote 3y4(7T') C X(T) the discrete spectrum of T, i.e. the set of
discrete eigenvalues, that is the eigenvalues isolated in the spectrum and
with finite multiplicity (i.e. such that the spectral projection associated
with this eigenvalue has finite dimension, see [121, Chapter 3, Section

6]);

e for a given discrete eigenvalue £, we shall call the eigenspace of € the
range of the spectral projection associated with ¢;

e we denote X.(T') C X(T') the essential spectrumof T' defined by ¥.(7T') =
(T)\ Xa(T);

e when X(7') C R_, we say that 7" has a spectral gap when the distance
between 0 and X(7')\ {0} is positive, and the spectral gap denotes this
distance.

It is well-known from classical theory of the linearized operator (see [109]
or 58, Chapter 7, Section 1]) that

RN
1 1 2
—3/ ®(Jv—v.|) b(cos 0) {h* + B —h— h} M M. dv dv. do < 0.
4 RVNXRNxSN-1

This implies that the spectrum of L in L*(M) is included in R_. Tts null
space is

(7.1.14) N(L) :Span{l,vl,...,vN,|'U|2}.

These two properties correspond to the linearization of Boltzmann’s H the-
orem.
Let us denote by D(h) = —(h, Lh)2(ary the Dirichlet form for —L. Since

the operator is self-adjoint, the existence of a spectral gap A is equivalent to
YhIN(L), D(h) > M|h|Z200-

Controls from below on the collision kernel are necessary so that there exists
a spectral gap for the linearized operator. Concerning the bound from below
on @, the non-constructive proof of Grad suggests that, when the collision
kernel satisfies Gad’s angular cutoff, L. has a spectral gap if and only if the
collision frequency is bounded from below by a positive constant (9 > 0).
Moreover, exzplicit estimates on the spectral gap are given in [15] under the
assumption that ® is bounded from below at infinity, i.e.

dR>0,¢c>0 ; Vr>R, ®(r) > co.



Chapitre 7. Rate of convergence to equilibrium 276

This assumption holds for Maxwellian molecules and hard potentials, with
or without angular cutoff.

Thus under our assumptions on B, L has a spectral gap A € (0, 5] (indeed
the proof of Grad shows that ¥.(L) = (—oo, —15] and the remaining part of
the spectrum is composed of discrete eigenvalues in (—vp,0] since L is self-
adjoint nonpositive). Moreover as discussed in [52, Chapter 4, Section 6],
it was proved in [123] that L has an infinite number of discrete negative
eigenvalues in the interval (—14,0), which implies that

0 <A<y

In fact the proof in [123] was done for hard spheres, but the argument applies
to any cutoff hard potential collision kernel as well.

7.1.5 [Existing results and difficulties

On the basis of the H theorem and suitable a priortestimates, various authors
gave results of L! convergence to equilibrium by compactness arguments for
the spatially homogeneous Boltzmann equation with hard potentials and
angular cutoff (for instance Carleman [44], Arkeryd [6], etc.). These results
provide no information at all on the rate of convergence.

In [109] Grad gave the first proof of the existence of a spectral gap for the
linearized collision operator L with hard potentials and angular cutoff. His
proof was based on Weyl’s Theorem about compact perturbation and thus
did not provide an explicit estimate on the spectral gap. Following Grad, a
lot a works have been done by various authors to extend this spectral study
to soft potentials (see [41], [103]), or to apply it to the perturbative solutions
(see [183]) or to the hydrodynamical limit (see [76]).

On the basis of these compactness results and linearization tools, Arkeryd
gave in [10] the first (non-constructive) proof of exponential convergence in
L' for the spatially homogeneous Boltzmann equation with hard potentials
and angular cutoff. His result was generalized to L? spaces (1 < p < +00)

by Wennberg [197].

At this point, several difficulties have still to be overcome in order to get
a quantitative result of exponential convergence:

(i) The spectral gap in f € L?*(M~') was obtained by non-constructive
methods for hard potentials.

(ii) The spectral study was done in the space f € L?*(M~") for which there
is no known a priort estimate for the nonlinear problem. Matching
results obtained in this space and the physical space L'((1+ |v|?)dv) is
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one the main difficulties, and was treated in [10] by a non-constructive
argument.

(iii) Finally, any estimate deduced from a linearization argument is valid
only in a neighborhood of the equilibrium, and the use of compactness
arguments to deduce that the solution enters this neighborhood (as e.g.
in [10]) would prevent any hope of obtaining explicit estimate.

First it should be said that in the Maxwell case, all these difficulties have
been solved. When the collision kernel is independent of the relative velocity,
Wang-Chang and Uhlenbeck [194] and then Bobylev [24] were able to obtain
a complete and explicit diagonalization of the linearized collision operator,
with or without cutoff. Then specific metric well suited to the collision
operator for Maxwell molecules allowed to achieve the goals sketched in the
first paragraph of this introduction (under additionnal assumptions on the
initial datum), see [48] and [49]. However it seems that the proofs in this
case are strongly restricted to the Maxwellian case.

In order to solve the point (iii), quantitative estimates in the large have
been obtained recently, directly on the nonlinear equation, by relating the en-
tropy production functional to the relative entropy: (46, 47, 181, 192, 150|.
The latter paper states, for hard potentials with angular cutoff, quanti-
tative convergence towards equilibrium with rate O(¢~>°) for solutions in
L*((1 + |v|*)dv) N L* (or only L'((1 + |v|*)dv) in the case of hard spheres).
However it was proved in [28] that one cannot establish in this functional
space a linear inequality relating the entropy production functional and the
relative entropy, which would yields exponential convergence directly on the
nonlinear equation.

Point (i) was solved in [15], which gave explicit estimates on the spectral
gap for hard potentials, with or without cutoff, by relating it explicitly to
the one for Maxwell molecules.

In order to solve the remaining obstacle of point (ii), the strategy of this
paper is to prove explicit linearized estimates of convergence to equilibrium
in the space L'(exp [a|v|*] dv) with @ > 0 and 0 < s < /2, on which we have
explicit results of appearance and propagation of the norm, and thus which
can be connected to the quantitative nonlinear results in [150]. It will lead
us to study the linearized operator L, for m = exp[—a|v|*] on L', which has
no hilbertian self-adjointness structure.

7.1.6 Notation

In the sequel we shall denote (-) = /14 |-|?. For any Borel function
w: RY — R,, we define the weighted Lebesgue space LP(w) on RY (p €
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[1,+0oc]), by the norm

1/p
lerir = | [ 0wty
if p < +o0 and

[fll ey = sup |f(v)]w(v)
veRN
when p = 4oo. The weighted Sobolev spaces W*?(w) (p € [1,+oc] and
k € N) are defined by the norm

1/p

W llwsse = | 3210712000

s|<k

with the notation H*(w) = W*?2(w). In the sequel we shall denote by || - ||
indifferently the norm of an element of a Banach space or the usual opera-
tor norm on this Banach space, and we shall denote by C' various positive
constants independent of the collision kernel.

7.1.7 Statement of the results
Our main result of exponential convergence to equilibrium is

Theorem 7.1. Let B be a collision kernel satisfying assumptions (7.1.3),
(7.1.4), (7.1.5), (7.1.6). Let A € (0,19) be the spectral gap of the linearized
operator L. Let fo be a nonnegative initial datum in L'((v)?)N L*. Then the
solution f(t,v) to the spatially homogeneous Boltzmann equation (7.1.1) with
inttial datum fo satisfies: for any 0 < p < A, there s a constant C, which
depends explicitly on B, the mass, energy and L* norm of fo, on pu and on a
lower bound on vy — u, such that

(7.1.15) 1£(t,-) — Ml|p2 < C e,

In the important case of hard spheres (7.1.2), the assumption “fo € L'({(v)?)N
L*7 can be relaxed into just “fo € L'((v)?)”, and the same result holds with
the constant C in (7.1.15) depending explicitly on B, the mass and energy of
fo, on p and on a lower bound on vy — p.

Remarks:
1. Note that the optimal rate g = A is allowed in the theorem, which
can be related to the fact that the eigenspace of £,, associated with the first
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non-zero eigenvalue —\ is not degenerate. It seems to be the first time this
optimal rate is reached, since both the quantitative study in [48] for Maxwell
molecules and the non-constructive results of [10] for hard spheres only prove
a convergence like O(e™#") for any u < A, where X is the corresponding
spectral gap.

2. From [15], one deduces the following estimate on A: when b satisfies
the control from below

1

|SN_1| Ul,aiIElSN—l

/ min{b(cy - 03),b(03 - 03)} dog > ¢, > 0
oa€SN-1

(which is true for all physical cases), then

(7/8)”/2 e=V/2 1

A> e Co o1

In particular, for hard spheres collision kernels one can compute

A > 7/(48V2¢) = 0.03.

We also state the functional analysis result on the spectrum of £,, used
in the proof of Theorem 7.1 and which has interest in itself. We consider the
unbounded operator £,, on L' with domain Dom(£,,) = L'({(v)") and the
unbounded operator L on L?*(M) with domain Dom(L) = L*((v)*M). These
operators are shown to be closed in Proposition 7.4 and Proposition 7.5 and
we have

Theorem 7.2. Let B be a collision kernel satisfying assumptions (7.1.3),
(7.1.4) and (7.1.5). Then the spectrum (L) of L., is equal to the spectrum
Y(L) of L. Moreover the eigenvectors of L., associated with any discrete
etgenvalue are given by those of L associated with the same eigenvalue, mul-
tiplied by m™* M.

Remarks:

1. This theorem essentially means that enlarging the functional space
from f € L*(M™') to f € L'(m™") (for the original solution) does not yield
new eigenvectors for the linearized collision operator.

2. Tt implies in particular that £,, only has non-degenerate eigenspaces
associated with its discrete eigenvalues, since this is true for the self-adjoint
operator L. This is related to the fact that the optimal convergence rate is
exactly C e™** and not C't* e~ for some k > 0. It also yields a simple form
of the first term in the asymptotic developement (see Section 7.4).
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3. Our study shows that, for hard potentials with cutoff, the linear part
of the collision operator f — Q(M, f) + Q(f, M) “has a spectral gap” in
L*(m™'), in the sense that it satisfies exponential decay estimates on its
evolution semi-group in this space, with the rate given by the spectral gap of
L. We use this linear feature of the collision process to compensate for the
fact the functional inequality (Cercignani’s conjecture)

(7.1.16) D(f) > K [H(f) — HM)], K >0,

is not true for f € L'((v)?). It also supports the fact that (7.1.16) could be
true for solutions f of (7.1.1) satisfying some exponential decay at infinity (as
was questioned in [191, Chapter 3, Section 4.2]), in the sense f € L'(m™!).

7.1.8 Method of proof

The idea of the proof is to establish quantitative estimates of exponential
decay on the evolution semi-group of £,,. They are used to estimate the rate
of convergence when the solution is close to equilibrium (where the linear
part of the collision operator is dominant), whereas the existing nonlinear
entropy method, combined with some a priori estimates in L'(m™"!), are
used to estimate the rate of convergence for solutions far from equilibrium.
The proof splits into several steps.

. The first step is to prove that £,, and L have the same spectrum. We use
the following strategy: first we localize the essential spectrum of £,, with the
perturbation arguments Grad used for L, with additional technical difficul-
ties due to the fact that the operator £,, has no hilbertian self-adjointness
structure. It is shown to have the same essential spectrum as L, which is
the range of the collision frequency. The main tool is the proof of the fact
that the non-local part of £,, is relatively compact with respect to its local
part. Then, in order to localize the discrete spectrum, we show some decay
estimates on the eigenvectors of L£,, associated to discrete eigenvalues. The
operators L,, and L are related by

L.(g9) = m~tM L(mM_lg),

and our decay estimates show that any such eigenvector ¢ of L,, satisfies
mM~tg € L*((v)"M) = Dom(L). We deduce that £,, and L have the same

discrete spectrum.

I1. The second step is to prove explicit exponential decay estimates on the
evolution semi-group of £,, with optimal rate, i.e. the first non-zero eigen-
value of £,, and L). To that purpose we show sectoriality estimates on L,,.
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This requires estimates on the norm of the resolvent of L,,, which are ob-
tained by showing that this norm can be related to the norm of the resolvent

of L.

IT1. The third step is the application of these linear estimates to the nonlinear
problem. A Gronwall argument is used to obtain the exponential convergence
in an L'(m™')-neighborhood of the equilibrium for the nonlinear problem.
Moments estimates are used to show the appearance and propagation of this
norm, and the nonlinear entropy method (in the form of [150, Theorems 6.2
and 7.2]) is used to estimate the time required to enter this neighborhood.

7.1.9 Plan of the paper

Sections 7.2 and 7.3 remain at the functional analysis level. In Section 7.2 we
introduce suitable approximations of £,, and L, and state and prove various
technical estimates on these linearized operators useful for the sequel. In
Section 7.3 we determine the spectrum of £,, and show that it is equal to
the one of L. Then in Section 7.4 we handle solutions of the Boltzmann
equation: we prove Theorem 7.1 by translating the previous spectral study
into explicit estimates on the evolution semi-group, and then connecting the
latter to the nonlinear theory.

7.2 Properties of the linearized collision oper-
ator

In the sequel we fix m(v) = exp[—a|v]*] with @ > 0 and 0 < s < 2. The
exact values of a and s will be chosen later. With no risk of confusion we
shall no more write the subscript “m” on the operator £. We assume in this

section that the collision kernel B satisfies (7.1.3), (7.1.4), (7.1.5).

7.2.1 Introduction of an approximate operator

Let 15 denote the usual indicator function of the set . Roughly speaking we
shall truncate smoothly v, remove grazing and frontal collisions and mollify
the angular part of the collision kernel. More precisely, let © : R — R,
be an even C* function with mass 1 and support included in [—1,1] and
O :RN - R, a radial ¢ function with mass 1 and support included in
B(0,1). We define the following mollification functions (e > 0):

{ O.(z) =€O(ex), (z€R)
O.(x) = N Blex), (x € RY),
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Then for any § € (0,1) we set

(7.2.17) Li(g) =

Is(v)m™ ®(|v — v.|) bs(cos 0) [(mg)' M. + M'(mg).] dv. do.
RNxSN-1
where
(7.2.18) Is = (:)5 * 1. 1<s-1},
and
(7219) 65(2) = <®52 * 1{_1+262SZ§1_262}> b(Z)

We check that
supp(bs) C {—1+6* < cosf < 1 — §°}.

The approximation induces L5 = L — £* — L¥, following the decomposition
(7.1.8,7.1.9).

We define similarly the approximate operator

(7.2.20) L;(h) = Ts(v) / bs(cos 0) (|v — v.|) [h’ + h’*] M, dv, do

RNxSN-1

which induces Ls = LT —L*— L, following the decomposition (7.1.11,7.1.12).

7.2.2 Convergence of the approximation

First for £ we have

Proposition 7.1. For any g € L'((v)"), we have

(£ = £3) (9] < CLO) Nlgllzrwm)

where C1(6) > 0 is an explicit constant depending on the collision kernel and
going to 0 as & goes to 0.

Before going into the proof of Proposition 7.1, let us enounce as a lemma
a simple estimate we shall use several times in the sequel:

Lemma 7.1. For all v € RN

(7.2.21) (MM (m')7"), (mM(m))™") < exp [alv.]® — |vf*].
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Proof of Lemma 7.1. Indeed
(mM.(m')) = exp [alo']" = alo]* = [v.]?]
and by using the conservation of energy and the fact that s/2 < v/4 <1,
s s/2 5/2 s s
= (7)™ < (ol + [ou))"" < ol + Jo”.

This implies immediately (7.2.21) (for the other term (mM,(m’)™"), the
proof is similar). O

Proof of Proposition 7.1. Let us pick ¢ > 0. Using the pre-postcollisional
change of variable [191, Chapter 1, Section 4.5] and the unitary change of
variable (v,v.,0) = (vi,v, —0), we can write

(£ = £5) ()|, <
/ b= bs] 9] (v)7 M. (0. o [(m/) " + (m1)~"] do do, dor
RVXRNxSN-1
+ / blg| (v)Y M, (v.)"m [(m’)_1C5('U’) + (m;)_lc(g(vi)] dv dv, do
RNxRNxSN—-1
= I + I,

where we have denoted Cs(v) = v — Zs(v), and Zs was introduced in (7.2.18).
The goal is to prove that

(7.2.22) L+ 1y < e gl

for ¢ small enough.
By Lemma 7.1,

<2 / b — bs| |g| (v)" (ve)” exp [a|vs]® — |v.]*] dvdv.do
RVxRNx§N-1
< 26 = bs[ 1 sv-1) lgll 1y (/RN<'U*>” exp [alv.|" — |v.|] d‘v*> :
Since s < v/2 < 2, we have
</ (v)Y exp [alva]” — v ] dv*> < 400
BN

and thus

I2<Clb— bslLrsn-1) |9l 21 ((wym)-
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Now as ||b — bs||p1gv-1) — 0 as & goes to 0 we deduce that there exists dg
such that for § < §;

I < (/9 gl -

For I3, let us denote

1 (v) ::/R . b M, (v.)" m(m')"'Cs(v') dv. do
Ny§N-1

b3(v) = / b M, (v.) m (ml) " Cs(v.) dv, do.
RNx§N-1
We have
= [ lalto) (60 + 6] do.
RN

Let us show that ¢¢ and ¢ converge to 0 in L>®. We write the proof for ¢S,
the argument for #% is symmetric. First let us pick n > 0 and introduce the
truncation b(cos ) = 1¢_11y<cos9<1—n} D(cos#). Then we have

/ |b — 13| M, (v.)"m (m’*)_lc(;(vi) dv, do
RN x§N-1
< b = b|| 11 -1y (/ (v)7 exp [alval® — |va ] d'v*> 2% 0
BN
and we can choose 1 small enough such that for any § € (0, 1)

<e/8.

$1(v) - / b M. (v.) m (m/)™'Cs5(v") do dv.
RNxSN-1

Secondly let us pick R > 0. As
/ b M, (v )Tm (m’)_1C5('U’) do dv,
{lval>R}xSN -1

s R 0
< sy ([ (o e fafol o] do) 224
{lvs|>R}

we can choose R large enough such that for any § € (0, 1)

/ b M, (v)"m (m’)_1C5('U’) dv,do < /8.
{|vx|>R}xSN-1
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Thus we get for any § € (0,1)

o) - |
{Jus|<R}xSN—1

and it remains to estimate

J‘g('v) = /
{|vs|<R}xSN-1

We use the following bound: on the set of angles determined by
{—14+7n<cosf <1—n}, we have

v, — 0| <sinf/2|v — v <A1 —1n/2|v— v,

Thus when |v.] < R we obtain

bM. (v.)" m (m')_1C5('U’) dv.do| < e/4

bM. (v.)"m (m')_1C5('U’) dv, do.

(7.2.23)

V| < R+ Jve — V| < R+ /1 —n/2v—v.] <2R++/1—n/2]v|.

Moreover if we impose § < (v2R)™!, up to reducing &, we get that if
lv| < 671/+/2 then

0| < \/R*+0-2/2 < 57,

and thus J(v) = 0. So let us assume that |v| > §=1/v/2. For these values of
v we have (using (7.2.23))

a(2R 4+ /1 —n/2v|)* — a|'U|S} 16][ L1 (s -1y (/N M, (v)” d'v*) :
R
To conclude we observe that

exp [af2R+ T a2 ol — alul] M5

since s > 0. So, up to reducing dq, we obtain

J°(v) < exp

T (v) < /8

as it is true for |v| > 67'/y/2 with § small enough and it is equal to 0
elsewhere.

This concludes the proof: we have ||¢S|r~ < 3/8 for § < §. By exactly
the same proof we get [|¢3||r=~ < 3e/8, and thus 15 < (32/4) ||g]| 11 (). As
we had also I? < (¢/4) 1911 ((wyry> the proof of (7.2.22) is complete. O
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Remark: One can see from this proof that we use the fact that the weight
function m = m(v) satisfies

m(v) oo,

m(nv) -

for any given n € [0,1). This explains why we do not use a polynomial
function, but an exponential one.

For L™ we can use classical estimates from Grad [109] to obtain a stronger
result: the operator L is bounded on the space L*(M), and the convergence
holds in the sense of operator norm.

Proposition 7.2. For any h € L*(M), we have
(LT = L}) (h)HLz(M) < Ca(9) |2l 22 (ary

where C3(8) > 0 is an explicit constant going to 0 as § goes to 0.

Proof of Proposition 7.2. Under assumptions (7.1.4) and (7.1.5), the collision
kernel B in w-representation [191, Chapter 1, Section 4.6] satisfies

B(|v — v,],cos0) < 2V72C, Cp v — .| sin™¥726/2
< N2, Co ([ — v sin0/2)7

since N —2 > 1 > ~. Hence
B(|v — v.],cos0) < 2V72C, Cp v — 0|

Then similar computations as in [58, Chapter 7, Section 2| show that L*
writes

Lt (h)(v) = M_I/Q('U) /GRNk(u,v) (h(u)Ml/Q(u)) du

with a kernel k satisfying

2 2 2\2
- =N ju—v*  (Ju* = [o])
E(u,v) < Clu—v|" ™77 exp {— y e T v

First we see that this kernel is controlled from above by

_ 4N lu — vl]?
E(u,v) <k(u—wv):=Clu—v| 7" exp |— 1 .
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Since k is integrable on RY, we deduce that Lt is bounded by Young’s
inequality:

(7.2.24) 1L 22y < 1R 2

Moreover the computations by Grad [109, Section 4] (see also [58, Chap-
ter 7, Theorem 7.2.3]) show that for any r > 0,

/RN E(u,v)(u)™"du < C <v>—7‘—1

for an explicit constant C, > 0. Thus if we denote Cs(v) = v — Zs(v) (Zs is
defined in (7.2.18)), we have for ||| 2y < 1:

ICs(0) L* (B) || 2apy < € /Wc(g(v)2 [/RNk(u,v) MY (u)h(u) dur dv

<c /RNcg(v)2 [/RNk(u,v)du] {/RNk(u,v)M(u)h(u)Qdu} dv

using finally the L' bound
/ k(u,v)dv < / E(u—v)dv < |lk||p < 400
RN RN

independent of u. This shows that
(7.2.25) [Cs(0) L |2 gy = O(8)

and thus Cs(v) L™ goes to 0 as d goes to 0 in the sense of operator norm, with
explicit rate.
Let us again pick h with ||A|| 72 < 1, then

(7.2.26)
I+ = 22) )]sy < 1€ ) ()2 qaty + I Z5(0) Ly ()20
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where the notation Ll—g—bal stands for the linearized collision operator Lt with

the collision kernel ®|b — bs| instead of ®b. We have
2
HIfs('U)Lrg—bﬂ(h)HLZ‘(M)
2

gc/ Ts(v) (0)? URNXSN_qub_bgHU*W (W + h') dv, do| M(v)dv.

We use the truncation of v to control (v)” and the Cauchy-Schwarz inequality
together with the bound

/ M (v,) <v*>2” dv, < +oo.
RN
This yields
2 1\
IZ5() Libo (M| pagary < € (677 11D = bl ooy

/ b —bs| [(A")? + (RL)?] M M. dv dv, do.
RVXxRNxS§N-1

Then using the pre-postcollisional change of variable we get

2 _
IZs() Lo ()l aary < CEDT B = Bslla oy

/ |b — bs]| [h2 + (h*)Q] M M, dv dv, do

RVXRNxSN-1
< O — byl

Finally by (7.2.19) we have

Hb - bg”il(SN—l) S 054
and we deduce

2 _
HIg(’U)LIZ_bH(h)HLQ(M) S C <5 1>2W 54'

Since v < 1, we have

|Zs(v)L = 0(6*7)

+
bossill 22 any

and thus Ig('U)LrE;_M goes to 0 as ¢ goes to 0 in the sense of operator norm,

with explicit rate. Together with (7.2.25) and (7.2.26), this concludes the
proof. O
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7.2.3 Estimates on L

Proposition 7.3. For any ¢ € (0,1), we have the following properties.

(i) There exists a constant C3 > 0 depending only on the collision kernel
such that

Lt 1 < C L( ()
(r2.27) { 1L () < Cs gl

15 (Dl < Callgllzry-

(1i) There exists a constant C4(8) > 0 depending on & (and going to infinity
as & goes to 0) such that

(7.2.28) VoeRY, [LF(g)(v)| < Ca(8) Ts(v) gl

(tii) There is a constant Cs(6) > 0 depending on 6 (and possibly going to
infinity as 6 goes to 0) such that for all 6 € (0,1)

(7.2.29) I£E () lwrr < C5(8) [lgl -

(tv) There is a constant Cg > 0 such that

(7.2.30) Yo e RN, |£%(g)(v)| < Cé||gllz m ™" (v)Y M(v).

(v) There exists some constant Cy > 0 such that

(7.2.31) 1£*(9)lwrr < Crllglr-

(vi) There are some constants ng, nq > 0 such that

(7.2.32) VoeRY, ng (v)” < v(v) <ng(v).

Remark: The regularity property (7.2.29) is proved here by direct analytic
computations on the kernel but is reminiscient of the regularity property on

Q7 of the form

1Q™ (g, Hllz= < CllgllzyllFllzz

with s > 0 (see [130, 131, 199, 37, 134, 150]|), proved with the help of
tools from harmonic analysis to handle integral over moving hypersurfaces.
Here we do not need such tools since the function integrated on the moving
hyperplan is just a gaussian. Note that, using the arguments from point (iii),
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one could easily prove that L{ is bounded from L?(M) into H*(M). Since
L} converges to L, this would provide a proof for the compactness of LT,
alternative to the one of Grad (which is based on the Hilbert-Schmidt theory).
But in fact most of the key estimates of the proof of Grad were used in
the proof of Proposition 7.2. Nevertheless it underlines the fact that the
compactness property of LT can be linked to the same kind of regularity
effect that we observe for the nonlinear operator Q.

Proof of Proposition 7.3. Point (i) follows directly from convolution-like es-
timates in [150, Section 2| together with inequality (7.2.21). Point (ii) is a
direct consequence of the estimates

QF : L((0)) x L'({v)) — L~
Q"+ L'((v)") x L*({v)") — L~

valid when grazing and frontal collisions are removed (see [150, Section 2|
again) and thus valid for the quantity

m™? ®([v — v.]) bs(cos 8) [(mg)' M. + M'(mg).] dv. do

RNxSN-1

appearing in the formula of £F. Point (iv) is trivial and point (vi) is well-
known. It remains to prove the regularity estimates.

For the regularity of £f (point (iii)), we first derive a representation
in the spirit of the computations of Grad (it is also related to the Carleman
representation, see [191, Chapter 1, Section 4.6]). Write the collision integral
with the “w-representation” (see [191, Chapter 1, Section 4.6] again)

(7.2.33) Lf(g) =Z(v)m™ /wasw—l (Jv — v.]) bs (w - |:Z - Z|>
[(mg)' M. + M(mg).] dw dv..

In this new parametrization of the collision, the velocities before and after
collision are related by

v'=v+ ((ve —v) - w)w, vl = v — (v — V) w)w
and the angular collision kernel is given by

bs(u) = N=1  N-2 bs(1 — 2u?).



Chapitre 7. Rate of convergence to equilibrium 291

Up to replacing bs by a symmetrized version 53(9) = ?)5(9) + 135(71'/2 —0), we
can combine terms appearing in (7.2.33) into just one:

U — Uy

et =2oym [ (o ) @l = o) Gng) M. do.
NySN—-1 %

Then, keeping w unchanged, we make the translation change of variable
ve >V =v. — v,

et =2y [ (o) e

(mg) <‘U + (V- w)w) Mv+V+ (V- -ww)dV dw.

Then, still keeping w unchanged, we write the orthogonal decomposition
V =Viw+V, with V; € Rand V; € wt (the latter set can be identified with
RN_l)

> Vi
LE(g)(v)=ZI(v m_l/ b;
5 (9)(v) = Z(v) S Sy AT
S(VIVI[* + [Val?) (mg)(v + Viw) M(v + V2) dw dVi V5.

Finally we reconstruct the polar variable W = V} w

L‘;(Q)(U) N I('U) m_l /RNXWL |W|_(N_1) Eg ( |W||I2/V‘||‘ |V2|2>
O (VW +[V2]?) (mg)(v+ W) M(v + V) dW dV3.

This finally leads to the following representation of L} :
(7.2.34) LI (g)(v)=Z(v)m™! / (mg)(‘v + W) X
RN

. W]
W[~=1 3 | O (/W2 + |Val2) M(v+V3) dVy | dW.
(/Wi| | 5( e, PVIWE IR MtV v,

Then we compute a derivative along some coordinate v;. By integration
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by parts,

0,5 (9)(0) = ~T(@)m™ [ (mg)(o+W) x

. Wi |
. / W~ W= ps | & (/WP + [VaP) M(v4Va) dVy | dW
WZ[WJ | 5 Wt aP (VW] + [Va]?) M( 5) dVsy
-I-I('U)m_l/ (mg)(v+ W) x
RN
o W|
W~ WV=1) ps | i) \/W 8, M(v+V,) dVa | dW
[/W’J-| | § ( |W|2—|—|‘/2|2 < | | | 2| ) i ( 2) 2
+0,Z0)m ™) [ (mg)o+ W) x
RN
. W
Wm0 | (/WP + |Val?) M(v+Va) dVs | dW
[/wl| | 5 W+ [Va]? (VIW P+ [Val?) M(v+V2) dVs
=: [1+[2—|-[3.

The functions Zsm ™" and 9,,(Zs(v)m™") are bounded in the domain of trun-
cation. Concerning the term /; we have immediately

10, M| < C M*/?

and thus straightforwardly

/ I, dv, / I3dv < C(9) ngHLl(<U>v) <) gL
RN RN

For the term [;, we use the fact that, in the domain of the angular
truncation bs, we have

(7.2.35) aslVal < [W| < Bs|Vil

for some constants as > 0 and G5 > 0 depending on §. In order not to deal
with a moving domain of integration we shall write the integral as follows.
Since the integral is even with respect to W, we can restrict the study to the
set of W such that the first coordinate W, is nonnegative. We denote e; the
first unit vector of the corresponding orthonormal basis. Then we define the
following orthogonal linear transformation of R¥, for some w € SV~

e1+w)- X

VX eRY, R(w,X):2(|el+w|2 (e1 +w) — X.
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Geometrically R(w,-) is the axial symmetry with respect to the line defined
by the vector e; + w. It is straightforward that R(w,-) is a unitary diffeo-
morphism from {X, X; = 0} onto w*. We deduce that

/ W& o O (/W2 + [Val2) M(v + V3) dV,
e JIWE T Va2

2) M
:A“WwWﬂ%<|$mw )
(/W2 +|U]?) M [U+R<% (0, U))] du.

Thus we compute by differentiating each term

aVVt‘ [

MVWWIWWMWP+RQ$|mUQ]

Wi -
= {—(N— DW= ik @M]
I (R 0 M
+|wﬁmﬂfﬁ%%ﬁ§%@M]
— W= V=1) gy 'v—I—R<|$| (0, U)) 2 Mb®

= ha+ha+Lis+ 14

Then we use the fact that I~)§ and (i)g)’ are bounded in L* by some constant
depending on 4§, and
B(2) < Co2", |9(2)| <Coyz"t.

We write the previous expression according to |W| only thanks to (7.2.35)
(using that |U| = |V3]). The three first terms are controlled as follows

I Tia < CE) WY o (VWP FTUP) M < C(6) W[ M
I < W™ (VWP + [UR)| M < C8) (W M,
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for some constant C'(d) depending on ¢. Finally for the forth term, easy

computations give
w : Lt [of* + |U
ot (n0) | <o (
w0 W]

and thus using the controls (7.2.35) we deduce that on the domain of trun-
cation for v we have

Ow,

1

Lia < C) (W 4 (W =N H1H7) M.

Thus I; is controlled by

o< COT@m™ () [ (mlgho+ W) (W 4+ W]4)

[ (e fyo) ] o

= C(6) L(v)m™(v)
/ (mlgh(v+ W) (W[ + W[V M (v W/ W) dW
RN
up to modifying the constant C(4). Hence, using that |-|~V*7 and |- |~V +1+7

are integrable near 0 in R (as v > 0) and a translation change of variable
u=v+ W, we obtain

[t < 0@ [ Lm0 (mlaio+ W)
(W [N + W[V M (v - W/ W) dv dW

< o) [ mlahw) [ [ Totw=wym =)
(WM 4 (W | ++) dw} du
< )l

up to modifying the constant C'(d) (for the last inequality we use the fact
that the truncation Zs reduces the integration over W to a bounded domain).

We deduce that
/ I dv < C(0) gl -
RN

Gathering the estimates for Iy, I, I3, we conclude that

10u.L5 (9)lzr < C(8) llgllrr-
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The proof of inequality (7.2.29) is completed by writing this estimate on each
derivative and using the bound (7.2.28) on || £ ||L:.

Finally point (v) is simpler since £* has a more classical convolution
structure. We compute a derivative along some coordinate v;:

0.0 = ( [ 2800 = 0 mg) o) do ) 7 (0) (o)
RN
# ([, 00— vma)en) don) 2, (o) 41(0)
RN
and it is straightforward to control the L' norm of these two terms according

to the L' norm of g. O

Now we can deduce some convenient properties in order to handle the
operator £ with the tools from the spectral theory. We give properties for
each part of the decomposition as well as for the global operator.

Proposition 7.4.

(i) Forall§ € (0,1), the operator L} is bounded on L' (with bound Cy(3)).
The operator LT, with domain L*({v)"), is closable on L' .

(ii) The operator L* is bounded on L' (with bound C7).
(iii) The operator LY, with domain L'({v)"), is closed on L' .
(iv) The operator L, with domain L'((v)?), is closed on L'.

Proof of Proposition 7.4. For point (i), the boundedness of £} is already
proved in (7.2.28) and L% is well-defined on L'((v)") from (7.2.27). Let us
prove that £ is closable on L'. It means that for any sequence (g,).>o0 in
L*({v)7), going to 0 in L', and such that £*(g,) converges to G in L', we
have G = 0. We can write

LF(gn) =m™ L*(gn)
where

L(g.) = QT (M, mg,) + QT (mg,, M).

It is straightforward to see from the proof of (7.2.27) (using [150, Theo-
rem 2.1]) that £* is bounded in L'. So g, — 0in L' implies that £L*(g,) — 0
in L', which implies that £*(g,) goes to 0 almost everywhere, up to an ex-

traction. After multiplication by m™!, we deduce that, up to an extraction,
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L*(gn) goes to 0 almost everywhere. This implies that G = 0 and concludes
the proof.

Point (ii) is already proved in (7.2.30). For point (iii), £ is well-defined
on L'({v)?) from (7.2.32) and the closure property is immediate: for any
sequence (g )n>0 in L'((v)?) such that g, — ¢ in L' and £"(g,) — G in L',
we have, up to an extraction, that g, goes to g almost everywhere and vg,
goes to (& almost everywhere. So G = vg = LV(g) almost everywhere, and
moreover as ¢ € L', we deduce from (7.2.32) that g € L'((v)?) = Dom(L").

For point (iv), first we remark that L5 is trivially closed since it is the
sum of a closed operator plus a bounded operator (see [121, Chapter 3,
Section 5.2]). In order to prove that £ is closed we shall prove on L° a
quantitative relative compactness estimate with respect to v.

By Proposition 7.1 we obtain

no
1% (@)l < N£5 (@ller + 57 Ngllpr o)

if we choose 6 > 0 such that C1(d) < ng/2 (ng > 0 is defined in (7.2.32)).

Hence
o < + o
(7.2.36) I£7(9)llzr = Ca(d) llgllzr + < gl oy

and thus for the whole non-local part

c o o
I£5(9)lzr = [Ca(d) + Col llgller + - 9l = Cllalle: + 5 llgller -

Then by triangular inequality

v C n
£z = £ (@)l = [1£5(9) e = 70 91l @y = C Mgl

which implies that
2

no

(7.2.37) lallzr o < = (1€ + C llgllz )

If (gn)n>0 is a sequence in L*({v)7) such that g, — g and L(g,) — G in L',
then ¢ € L'((v)") and g, — ¢ in L*((v)?) by (7.2.37). Then by (7.2.27),
(7.2.30), (7.2.32) we deduce that £(g,) — L(g) in L', which implies G =
L(g). O

7.2.4 Estimates on L

We recall here some classical properties of L.
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Proposition 7.5.

(i) The operators L™ and L* are bounded on L*(M).

(ii) The operator L*, with domain L*({(v)"M), is closed on L*(M).
(iii) The operator L, with domain L*({v)"M), is closed on L*(M).

Proof of proposition 7.5. Point (i) was proved in (7.2.24) (see also [109, Sec-
tion 4] or [58, Chapter 7, Section 7.2]). Point (ii) is immediate since L”
is a multiplication operator. Point (iii) is a consequence of the fact that a

bounded perturbation of a closed operator is closed (see [121, Chapter 3,
Section 5.2]). O

7.3 Localization of the spectrum

In this section we determine the spectrum of £. As we do not have a hilber-
tian structure anymore, new technical difficulties arise with respect to the
study of L. Nevertheless the localization of the essential spectrum is based
on a similar argument as for L, namely the use of a variant of Weyl’s Theo-
rem for relatively compact perturbation. We assume in this section that the

collision kernel B satisfies (7.1.3), (7.1.4), (7.1.5).

7.3.1 Spectrum of L

Before going into the study of the spectrum of £ we state well-known prop-
erties on the spectrum of L. We recall that the discrete spectrum is defined
as the set of eigenvalues isolated in the spectrum and with finite multipli-
city, while the essential spectrum is defined as the complementary set in the
spectrum of the discrete spectrum.

Proposition 7.6. The spectrum of L is composed of an essential spectrum
part, which is —v(RY) = (—oc, —1y|, plus discrete eigenvalues on (—wvy, 0],
that can only accumulate at —ug.

Proof of Proposition 7.6. The operator L° = L™ — L* is compact on the
Hilbert space L*(M) (see below). Thus Weyl’s Theorem for self-adjoint op-
erators (cf. [121, Chapter 4, Section 5]) implies that

So(L) = 9.(L") = (—o0, —1y).

Since the operator is self-adjoint, the remaining part of the spectrum (that is
the discrete spectrum) is included in RN (C\ ¥.(L)) = (—vo, +o0). Finally
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since the Dirichlet form is nonpositive, the discrete spectrum is also included
in R_, which concludes the proof.

Concerning the proof of the compactness of L°, we shall briefly recall the
arguments. The original proof is due to Grad [109, Section 4] (in dimension 3
for cutoff hard potentials). It was partly simplified in [58, Chapter 7, Section
2, Theorem 7.2.4] (in dimension 3 for hard spheres). It relies on the Hilbert-
Schmidt theory for integral operators (see [121, Chapter 5, Section 2.4]). We
give here a version valid for cutoff hard potentials (under our assumptions
(7.1.3), (7.1.4), (7.1.5)), in any dimension N > 2.

Let us first consider the compactness of L*. First it was proved within
Proposition 7.2 the convergence

R—+o0

[Lem Lt = L¥| oy 0.

Hence it is enough to prove the compactness of 1;<pyL* for any R > 0.
Second if one defines

LE(h) = / L{jo—vize} (|0 — va]) b(cos 0) [A" + k] M. dv. do,
RV x§N-1 B
the same computations of the kernel as in Proposition 7.2 show that

LHW(0) = M) [ hafuso) ()M (w) du

u€RN

where k. satisfies

o b oy |1HY—N _|u—'v|2
ko(u,v) < C lyjyuyppe) lu — | exp 1 .

By Young’s inequality we deduce that

|

Y -
L T e

e—0
—

4

Ll

|TH=N ex

since the function |- p {—%} is integrable at 0. Hence it is enough

to prove the compactness of 14 <gy Lt for any R,e > 0. But as

/ Lijo<ry Lju—v|>e} (Iu —v|""7 N exp [—
RVxRN

it is a Hilbert-Schmidt operator. This concludes the proof for L*. For L*,
straightforward computations show that

L*(h)(v) = M~Y?(v) /GRN E*(u,v) (h(u)Ml/Q(u)) du

u—of?

2
]) du dv < +o0,
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with a kernel £* satisfying

12 (]2
E*(u,v) < Clu—v|" exp [—M] .
This shows by inspection that L* is a Hilbert-Schmidt operator. U

7.3.2 [Essential spectrum of £

Now let us turn to £. We prove that the operator £¢ is relatively compact
with respect to £¥. The main ingredients are the regularity estimates (7.2.29)
and (7.2.31), related to the “almost convolution” structure of the non-local
term. We first deal with the approximate operator.

Lemma 7.2. For all § € (0,1), the operator L5 is compact on L".

Proof of Lemma 7.2. We fix 6 € (0,1). We have to prove that for any se-
quence (g, )n>o0 bounded in L', the sequence (£$(g,)), 5, has a cluster point
in L'. The regularity estimates (7.2.29) and (7.2.31) on £} and L3 imply
that the sequence (£§(gs)), s, is bounded in W'(RY). Then we can ap-
ply the Rellich-Kondrachov Theorem (see [39, Chapter 9, Section 3]) on any
open ball B(0, K) C RY for K € N*. Tt implies that the restriction of the
sequence (£5(gx)), s, to this ball is relatively compact in L'. By a diagonal
process with respect to the parameter K € N*, we can thus extract a sub-
sequence converging in LL _(R™). The decay estimates (7.2.28) and (7.2.30)

then ensure a tightness control (uniform with respect to n), which implies
that the convergence holds in L!. This ends the proof. 0

Then by closeness of the relative compactness property, we deduce for £°
Lemma 7.3. The operator L is relatively compact with respect to L”.

Proof of Lemma 7.3. Thanks to the estimate (7.2.32), it is equivalent to
prove that for any sequence (g,)n>0 bounded in L'((v)?), the sequence
(£5(gn)), o has a cluster point in L'. As L' is a Banach space it is enough
to prove that a subsequence of (£°(gy)), s, has the Cauchy property. Let us
choose a sequence & € (0,1) decreasing to 0. Thanks to the previous lemma
and a diagonal process, we can find an extraction ¢ such that for all £ > 0
the sequence (,Cgk (gw(n)))n>0 converges in L'. Then for a given ¢ > 0, we
first choose k € N such that

V>0, [I£5,(9.) = L(gn)llr < /4
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which is possible thanks to Proposition 7.1 and the uniform bound on the
L'((v)”) norm of the sequence (g,).>0. Then we choose nj. such that

Vm,n > nge,  ||£5,(9oim)) — £5,(9om)ll < €/2

since the sequence (,Cgk (g(p(n))) converges in L'. Then by a triangular

n>0
inequality, we get

Vm,n > Nk, H[’c(gtp(m)) - 'Cc(gga(n))H < g,
which concludes the proof. O
The next step is the use of a variant of Weyl’s Theorem.

Proposition 7.7. The essential spectrum of the operator £ is —v(RY) =
(_007 _VO]'

Proof of Proposition 7.7. We shall use here the classification of the spectrum
by the Fredholm theory. Indeed in the case of non hilbertian operators,
Weyl’s Theorem does not imply directly the stability of the essential spectrum
under relatively compact perturbation, but only the stability of a smaller set,
namely the complementary in the spectrum of the Fredholm set (see below).
We refer for the objects and results to [121, Chapter 4, Section 5.6].

Given an operator T on a Banach space B and a complex number £, we
define nul(¢) as the dimension of the null space of T'—¢, and def(£) as the codi-
mension of the range of T'— ¢. These numbers belong to NU {4+00}. A com-
plex number ¢ belongs to the resolvent set if and only if nul(¢) = def(¢) = 0.
Let Ap(T) be the set of all complex numbers such that 7' — ¢ is Fredholm
(i.e. nul(€é) < 400 and def(¢) < +o00). This set includes the resolvent set.
Let Ep(T) be the complementary set of Ap(7") in C, in short the set of
complex numbers ¢ such that 7' — ¢ is not Fredholm. From [121, Chap-
ter 4, Section 5.6, Theorem 5.35 and footnote|, the set Ep is preserved under
relatively compact perturbation.

We apply this result to the perturbation of —L£” by £, which is relatively
compact by Lemma 7.3. As Ex(L") = —v(RY) = (—oc, 1), we deduce that
Ep(L) = (—o0, —1p] and so Ap(L) = C\ (—o0, —1yg).

Thus it remains to prove that the Fredholm set of £ contains only the
discrete spectrum plus the resolvent set. By [121, Chapter 4, Section 5.6],
the Fredholm set Ay is the union of a countable number of components A,
(connected open sets) on which nul(¢) and def(¢) are constant, except for a
(countable) set of isolated values of £. Moreover the boundary dAp of the set
Ay as well as the boundaries A, of the components A,, all belong to the set
Er. As in our case the Fredholm set Ap(L) = C\ (—o0, —1p] is connected,
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it has only one component. It means that nul(¢) and def(¢) are constant on
C\ (—o0, —11), except for a (countable) set of isolated values of €.

Let us prove now that these constant values are nul(¢) = def(¢) = 0. It
will imply the result, since a complex number ¢ such that nul(¢) = def(¢) =0
belongs to the resolvent set, and a complex number £, isolated in the spec-
trum, that belongs to the Fredholm set, satisfies nul(¢§) < +oo and
def(¢) < 400, and is exactly a discrete eigenvalue with finite multiplicity.

As  the numbers nul(¢) and def(§) are constant in
Ap(L) = C\((—o0,v9] UV) (V denotes a (countable) set of isolated complex
numbers), it is enough to prove that there is an uncountable set of complex
numbers in C\ (—oo, 19| such that nul(¢) = def(£) = 0.

By using (7.2.36) and (7.2.30) we have

a c no
U&%)V96UGWU,HEWWuﬂCWﬂu+§Wmmwm
1
< Cllglles + 5 Ivglles

for some explicit constant C'. Now we choose rq € Ry big enough such that

1
+o<1

YVr >
r=Tes vo+1r 2

The multiplication operator —(v + r) is bijective from L'({(v)?) to L' (since
v+1r >y > 0). The inverse linear operator is the multiplication operator
—(v+7r)7Y, it is defined on L' and bounded by || — (v+7)7}||L= = (ro+7)7 .
Its range is L'((v)?). Hence the linear operator L£L°(—(v + r)~':) is well-
defined, and, thanks to (7.3.38) it is bounded with a norm controlled by
a/(vo + r) + 1/2, which is strictly less than 1 for r > rg. Thus for r > r,
the operator Id + L£°(—(v + r)_l-) is invertible with bounded inverse, and as
the operator —(v + r)- is also invertible with bounded inverse for » > 0, by
composition we deduce that

(Id + Lo(—(v+ 7“)_1-)) o(—=(v+r))=L.—(v+7)

is invertible with bounded inverse. It means that [rg,+00) belongs to the
resolvent set, i.e. nul(r) = def(r) = 0 for all » > ro, which concludes the
proof. O

7.3.3 Discrete spectrum of £

In order to localize the discrete eigenvalues, we will prove that the eigenvec-
tors associated with these eigenvalues decay fast enough at infinity to be in
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fact multiple of the eigenvectors of L. This implies that these eigenvalues
belong to the discrete spectrum of I and gives new geometrical informations
on them: they lie in the intervalle (—vp,0] with the only possible cluster
point being —rgy. Moreover, explicit estimates on the spectral gap of £ follow
by [15].

Proposition 7.8. The operators L and L have the same discrete eigenvalues
with the same multiplicities. Moreover the eigenvectors of L associated with
these eigenvalues are given by those of L associated with the same eigenvalues,
multiplied by m=1 M.

Remarks: This result implies in particular that the (finite dimensional)
algebraic eigenspaces of the discrete eigenvalues of £ do not contain any Jor-
dan block (i.e. their algebraic multiplicity equals their geometric multiplicity,
see the definitions in [121, Chapter 3, Section 6]) as it is the case for the
self-adjoint operator L.

Proof of Proposition 7.8. Let us pick A a discrete eigenvalue of £. The as-
sociated eigenspace has finite dimension since the eigenvalue is discrete. Let
us consider a Jordan block of £ on this eigenspace, spanned in the canonical
form by the basis (¢1,92,...,9n). It means that

/:(91) = A1
and for all 2 <1 < n,
L(g:) = Agi + gi1-

As )X does not belong to the essential spectrum of £, we know from Propo-
sition 7.7 that A € (—o0, —1p]. Let us call dy > 0 the distance between A
and (—oo, —1p]. It is straightforward that

Vo e RN, wv(v)+ X >d,
and by (7.2.32) there is d\ > 0 such that
VoeRY, wv(v)+ > d)\ (v).

Let us prove by finite induction that for all 1 < ¢ < n we have
mM~tg; € L*({(v)"M). We write

/J—AZ(/S;—/:*)—(I/—I—)\—L’—I_—I—L‘;) =: As — Bs.
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Both part As and Bs of this decomposition are well-defined on L'((v)").
Moreover we shall prove that when 4 is small enough, Bs is bijective from
L'((v)?) to L' with bounded inverse, and also that its restriction (Bjs)| to
L*({(v)Ym* M) C L' is bijective from L*({v)"m*M~"') to L*(m*M~"') with
bounded inverse.

We pick > 0 such that

(7.3.39) VveRY, ()< % and  (5(8) < h

where C1(d) and Cy(d) are defined in Propositions 7.1 and 7.2. Then we

write
Bs = (Id — (Lt - /3;')((1/ + )\)_1-)) o((r+A)).

As (LT — ,C;)((I/ + A)7*) is bounded in L' with norm less than 1/2 thanks
to (7.3.39), we have that (Id — (LY = LH((v + )\)_1-)) is bijective from L1
to L' (with bounded inverse). As (v + A)- is bijective from L'((v)?) to L'
(with bounded inverse), we deduce that Bs is bijective from L'({v)") to L*
(with bounded inverse).

Then we remark that

102 = L2 rana—y = 127 = L[| ooy

thanks to the formula (7.1.10), (7.1.13), (7.2.17), (7.2.20) for £*, LT, £ and
L;. Hence (LT — L‘;)((V + A)7!) is bounded in L*(m?M ') with norm less
than 1/2 thanks to (7.3.39), and we deduce that (Id — (Lt — ,Cg')((u + )\)_1-))
is bijective from L*(m*M™!) to L*(m?M ') (with bounded inverse). As the
multiplication operator v+ A is bijective from L*({v)"m*M 1) to L*(m*M ")
(with bounded inverse), we deduce that (Bs), is bijective from L*((v) m*M~")
to L*(m?*M~') (with bounded inverse).

For the initialization, we write the eigenvalue equation on ¢; in the form

(7.3.40) Bs(g1) = As(g1).

Thanks to the decay estimates (7.2.28) and (7.2.30), As(g1) belongs to
L*(m?*M~") C L', and thus it implies that the unique pre-image of As(g)
by Bs in L' belongs to L*({(v)Ym*M~"'), thanks to the invertibilities of B;
and (Bs)| proved above. Hence g; € L*({(v)"m*M™").

Now let us consider the other vectors of the Jordan block: we pick

2 <1 < n and we suppose the result to be true for g;_;. Then g¢; satis-
fies

Bs(gi) = As(gi) — gi—1
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and with the same argument as above together with the fact that
gi—1 € L*({v)Ym*M™"), one concludes straightforwardly.

As a consequence, for any 1 < i < n, g; belongs to L*({v)"m*M~!) and
thus mM~'g; belong to the space L*({v)*M), i.e. the domain of L. Hence X
is necessarily an eigenvalue of L, and the eigenspace associated with A of the
operator £ is included in the one of L multiplied by m~'M. As the converse
inclusion is trivially true, this ends the proof. O

To conclude this section, we give in Figure 7.1 the complete picture of
the spectrum of £ in L', which is the same as the spectrum of L in L*(M)
(using Proposition 7.7 and Proposition 7.8).

Y

Figure 7.1: Spectrum of £ in L!

7.4 Trend to equilibrium

This section is devoted to the proof of the main Theorem 7.1. We consider f
a solution (in L3) of the Boltzmann equation (7.1.1). The equation satisfied
by the perturbation of equilibrium g = m™" (f — M) is

0
a—"j = L(g) +I'(g,9)
with

[(g,9) = m™" Q(mg, mg).

The kernel of £ is given by the one of L multiplied by m™' M (cf. Proposi-
tion 7.8), i.e. the following (N + 2)-dimensional vector space:

N(L) = Span {m_l M,m*Muv,....m Moy, m™*M |’U|2} i
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Let us introduce the following complementary set of N(£) in L:

S:{gELl, / mgodv =0, <b(v):1,'01,...,'UN,|'U|2}.
RN

Since
/ ,C(g)m¢dv:/ dbmg M, [¢' + ¢, — & — ¢.] dvdv. do,
RN RNxRNxSN-1
[ tegmods = [ bmgm.g. [¢ + 8. — & — 6] dvdv. do,
RN RNxRNxSN-1

we see that

As go € § since f and M have the same mass, momentum and energy, we
can restrict the evolution equation to & and thus we shall consider in the
sequel the operator £ restricted on &, which we denote by £. The spectrum
of £ is given by the one of £ minus the 0 eigenvalue.

Similarly we define in L*(M) the following stable complementary set of
the kernel N(L) of L (N(L) was defined in (7.1.14))

S = {h € L}(M), / heMdv=0, ¢(v)=1,v,...,0p, |‘U|2}
RN

which is formally related to 8 by S = m™' M S. We define the restriction L
of L on the stable set S, whose spectrum is given by the one of L minus the
0 eigenvalue.

7.4.1 Decay estimates on the evolution semi-group

Compared to the classical strategy to obtain decay estimates on the evolution
semi-group of L, here the estimate on the Dirichlet form will be replaced by
an estimate on the norm of the resolvent and the self-adjointness property
will replaced by the sectorial property.

We denote ¥ = X(L) = X(L) and X, = X.(L) = X (L). For £ € X, we
denote R(§) = (£ — &)7" the resolvent of £ at £ € C, and R(¢) = (L — &)™
the resolvent of L at £ € C. R(¢) is a bounded operator on L', R({) is a
bounded operator on L*(M). We have the following estimate on the norm

of R(&):
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Proposition 7.9. There are explicit constants Cg, Cy > 0 depending only
on the collision kernel and on a lower bound on dist(£,X.) such that

(7.4.41) VEZE, RO < Co+ CrollR(E)| 2 (ar)-

Proof of Proposition 7.9. Let us introduce a right inverse of the operator

(L —€&): let us pick § > 0 such that

v(v) +¢
2 (v

(7.4.42) Vo e RY, (Cy(5) <

(note that this choice only depends on the collision kernel and a lower bound
on dist(£,%.)). Then we shall use the same argument as in the proof of
Proposition 7.8 to prove that the operator

Bs(&) =L +&— (LF - Lf)

is bijective from L'({v)?) to L' and its inverse has its norm bounded by

1 2
[1Bs(€)™ |zt < m

Indeed once the invertibility is known, the bound on the inverse is given by

Vge L)), Bl = v+ &gl — (LT = L) (9l

dist(&, X,
) gt

dist(&, X)
- 2
where we have used Proposition 7.1 and the bound (7.4.42) on Cy(d). To
prove the invertibility, we write

Bs(¢) = (Id+ (L7 = LE)(=(v +&)7")) o (=(v +€)).

Since (LT — ,C;)(—(V + &)7!) is well-defined and bounded on L' with norm
less than 1/2 thanks to (7.4.42), we have that (Id + (LT — ,C;_)(—(V + f)_l))
is bijective from L' to L' (with bounded inverse), and as —(v+¢)- is bijective
from L'({v)") to L' (with bounded inverse), we deduce the result.

Now we denote

Y

g1l

As = Lf — L~

This operator is bounded on L' and satisfies, thanks to the estimates (7.2.28)
and (7.2.30),

VoeRY, |As(g)(v)] < Cllglles M°
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for any 6 € [0,1) and some explicit constant C' depending on the choice of §
above, on the collision kernel, and on 6.
The operator £ — & writes

L—§= 45— Bs(¢)
and we define the following operator
I1(§) = =Bs(£) ™" + (m™ M) R(¢) [(mM™") A5 Bs(§)™']

(note that here R is the resolvent of L). Let us first check that this operator
is well-defined and bounded on L': for g € L', we have B;s(£)™'(g) € L' and

as (choosing 6 = 3/4 for instance)
[45(Bs()7 (9) ()] < O | Bs(€) ™ (9]0 M,

we have

M) As(B( @) gy < € B s ([ m*ar a0 )
Thus

R(¢) [(mM™") A5 Bs(€) ™ (9)]

is well-defined and belongs to L?(M). Since by Cauchy-Schwarz
[l M A < [t M| e

we deduce finally that I(£)(g) is well-defined and belongs to L'. Moreover,

from the computations above we deduce

1)) <
1Bs©71 (14 CIREO N2y [m™ MY (b2 ) gl

Now let us check that [(€) is a right inverse of (£ — &):

(L—€)ol©)g) = (L-¢o(—Bs(&)

+m M) R(E) [(m M) A5 Bs(€)7'] ) (9)
= ( A6+Bé(§)036( )" (9)
(m™" M) R(&) [(mM™) 45 B(€)]) (9)

o (
= 9 Ang( )_()
o ((m
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Now as
(m™' M) R(€) [(mM~") As Bs(§)™'] (9) € L} (m* M)

we deduce that

(£ —€) o ((m™ M) R(€) [(mM™) A5 Bs(£)™']) (9)
=m™ M (L —€)o R(€) [(mM™) A5 Bs(6)™] (g)
=m™ ' M [(mM~") As Bs(€)"'(g)] = As Bs(€)™'(9).

Collecting every term we deduce

Vge L', (L—¢&ol(é)(g) =gy

Let us conclude the proof: whenever £ € X, (£ — £) is bijective from

L*((v)7) to L' with bounded inverse R(¢), and we deduce that R(&) = I(£)
and thus

IRE) e < IBs©) 7 |1+ CNRE 2y [[m™ M| [|mda ], |

As we have
2

1557 < Fioe s

and the choice of ¢ (determining the constant C') depends only on the collision
kernel and a lower bound on dist(¢, ¥.), this ends the proof. O

Now we use this estimate in order to obtain some decay estimate on the
evolution semi-group. We recall that A € (0,14) denotes the spectral gap of
L and L.

Theorem 7.3. The evolution semi-group of the operator L is well-defined
on L', and for any 0 < p < )\, it salisfies the decay estimate

(7.4.43) Vi>0, |€“],, <Cioe

for some explicit constant Cyo depending only on the collision kernel, on p,
and a lower bound on vy — p.

Proof of Theorem 7.3. Let us pick u € (0, \]. We define in the complex plane
the set

A, = {f €C, arg(é—p)e€ [ 5 SW] and Re(¢) < —ﬁ}.

474 )

We shall prove the following lemma
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Lemma 7.4. There are explicit constants a,b > 0 depending on the collision
kernel, on p, and on a lower bound on vy — u, such that

b
€ — |

Proof of Lemma 7.4. We shall use Proposition 7.9. In the Hilbert space
L*(M), L is self-adjoint and thus we have (see [121, Chapter 5, Section 3.5])

vEe Ay IR < e+t

1
IR 2ar) = dist(6,5)"
Hence Proposition 7.9 yields
VEE Ay IR < Cs+ e
& BT dist (g, 30

with Cs and Cg depending on a lower bound on dist(&,3,). Then in the set
A, the lower bound on dist(¢, 3.) is straightforwardly controlled by a lower
bound on vy — p, and we have immediately

€ — pl
V2

and dist(&, {0}) = [£|. Since for £ € A,, we have | — pu| < |€], we deduce
that

dist(&,3X\ {0}) >

V2 o1 b
A A, R 1 < (Cg+ Cg maxs ——,— » < a ,
P A RO = G {K—M|H} tiE—

which concludes the proof. O

Now let us conclude the proof of the theorem. Let ¢t > 0 and n € (0,7/4). Let
us consider I a curve running, within A,, from infinity with arg(¢) = 7/2+7n
to infinity with arg(¢) = —7/2 — 5, and the complex integral

— / e R(€) de.

T Jr

Thanks to the bound of Lemma 7.4, the integral is absolutely convergent. As
the curve encloses the spectrum of £ minus 0, i.e. the spectrum of £, classical
results from spectral analysis (see [115, Chapter 1, Section 3| and [121,
Chapter 9, Section 1.6]) show that this integral defines the evolution semi-
group '€ of £. Now we apply a classical strategy to obtain a decay estimate
on the semi-group: we perform the change of variable £ = z/t — u. Then z



Chapitre 7. Rate of convergence to equilibrium 310

describes a new path I'; = y + tI', depending on ¢, in the resolvent set of £,
and the integral becomes

- ekt d
et = 26 - / eR (i — ,u) -y
T Jr, t t

By the Cauchy theorem, we deform I'; into some fixed 1", independent of ¢,
running from infinity with arg(§) = n/2+4n to infinity with arg(¢) = —n/2—n
in the set

3 37

{eec agoe |- T| wd reo <5,

N =

and the formula for the semi-group becomes

o —e Mt ; (Z > dz
—— R(Z—u) &
e 2me /,e t a t

Then for any ¢t > 1, I/t — up C A, and thus we can apply the estimate of

Lemma 7.4 to get

i B —e H ; z dz
el = [ [em(G-n) 5

e Mt

Ll

d
[a lal b [ 1 1 Z'},
I I

K

<
- 27

which concludes the proof. O

Remarks:

1. The arguments of the proof show in fact that L is a sectorial oper-
ator, which implies that its evolution semi-group is analytic in ¢ (see [115,
Chapter 1, Section 3]|).

2. With the same method one can also prove that £ is sectorial, and
define its analytic semi-group e** on L' which satisfies

viz0, |, <c

for some explicit constant C' depending only the collision kernel. More pre-
cisely if Il denotes the spectral projection associated with the 0 eigenvalue
(for the definition of the spectral projection we refer to [121, Chapter 3,
Section 6, Theorem 6.17]), then we have the following relation:

V>0, €% =1+ e?(1d—1Il).
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7.4.2 Proof of the convergence

In this subsection we shall complete the proof of Theorem 7.1. We decompose
the argument in several lemmas. The first technical lemma deals with the
bilinear term I'.

Lemma 7.5. Let B be a collision kernel satisfying assumptions (7.1.3),
(7.1.4), (7.1.5). Then there is an explicit constant C1; > 0 depending on
the collision kernel such that the bilinear operator I' satisfies

3/2 1/2
IT(g, 9l < Cur gl 5 gl G-

Proof of Lemma 7.5. Estimates in L' of the collision operator (for instance
see [150, Section 2]), plus the obvious control

(m_lm’m’*) , (m_lmm*) <1,
yield
IT(g, @)l < Cllglles llgllzs oy

Then by Holder’s inequality

1/2 1/2
lgllzr (@ < C gl Mgl ms.

O

In a second technical lemma we state a precise form of the Gronwall
estimate (for which we do not search for an optimal statement).

Lemma 7.6. Let y = y(t) be a nonnegative LiS. function on Ry such that
for some constants a, b, 6, > 0,

(7.4.44) y(t) < ae y(0) +b (/Ot emP=s)y (5)1H ds) :

Then if y(0) and b are small enough, we have
y(t) S 012 y(O) G_Mt.
for some explicit constant C15 > 0.

Proof of Lemma 7.6. As y is locally L>™ on R, the righthand side in (7.4.44)
is continuous with respect to t. If we assume that y(0) < 1, this remains true
on a small time interval [0, o], on which we have

0 < actyo)+o ([ as),
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which implies
(7.4.45) y(t) < ay(0) e b1,

So if we choose y(0) small enough such that ay(0) < 1 and b small enough
such that g —b > 0, we get for all time that y(¢) < 1 with the bound (7.4.45).
Now to obtain the rate of decay p, we assume, up to reducing b, that

s B
— 1440

for some n > 0. We deduce that

(1) < ay(0)+5 o) ([[eras) <y,

which concludes the proof. O

Now we state the result of convergence to equilibrium assuming a uniform
smallness estimate on the L'(m™) norm of g (i.e. the L'(m™2) of f — M).

Lemma 7.7. Let B be a collision kernel satisfying assumptions (7.1.3),
(7.1.4), (7.1.5), and X be the associated spectral gap. Let 0 < p < X. Then
there are some explicit constants ¢, Cy13 > 0 depending on the collision ker-
nel, on p and on a lower bound on vg — p, such that if f is a solution to the
Boltzmann equation such that

\V/tZO, Hft_MHLl(m—Q) S@,
then
V>0, |lfi— Mpim-n) < Cisllfo — M[za(mory 7.

Proof of Lemma 7.7. We write a Duhamel representation of g;:

. t
gt = etEQO + / e(t_s)ﬁr(gmgs) ds.
0

Using Theorem 7.3 and Lemma 7.5 we get

1
lgellzr < Cioe ™ || gollzr + Cio Cia glf? / B_M(t_s)Hgs”i/lQ ds.
0

Thus if ¢ is small enough, we can apply Lemma 7.6 with y(¢) = ||g:||z: and
0 =1/2 to get

lgeller < Cisl|gol|r €.

This concludes the proof since

lgellee = [[fe = M|t (1)
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Finally we need a result on the appearance and propagation of the L*(m ™)
norm. This lemmais a variant of results in [25] and [32], and it is a particular
case of more general results in [141].

Lemma 7.8. Let B be a collision kernel satisfying assumptions (7.1.3),
(7.1.4), (7.1.5), (7.1.6). Let fo be a nonnegative initial datum in Ly N L.
Then the corresponding solution f = f(t,v) of the Boltzmann equation (7.1.1)
in LY satisfies: for any 0 < s < /2 and 7 > 0, there are explicit constants
a,C > 0, depending on the collision kernel, s, 7, and the mass, and energy
and L* norm of fy, such that

(7.4.46) Vt>r, / f(t,v) exp[alv|’] dv < C.
RN

In the important case of hard spheres (7.1.2), the assumption “fy € Ly N L*”
can be relazed into just “fo € L37, and the same result (7.4.46) holds with
explicit constant a,C > 0 depending only on the collision kernel, s, 7, and
the mass and energy of fo.

Proof of Lemma 7.8. Note that when v € (0,1), the assumption f, € L?
implies that fy has finite entropy, i.e.
fo(v)log fo(v)dv < Hy < 40
RN

which ensures by the H theorem that

(7.4.47) Vit>0, f(t,v)log f(t,v)dv < Hy.
RN
We assume also, up to a normalization, that f satisfies
(7.4.48) Yit>0, f(t,v)vdv =0.
BN

Let us fix 0 < s < /2. We define for any p € R

mp(t)i= [ 0ol do
BN
The evolution equation on the distribution f yields

(7.4.49)

dm,,

" - / QU ol do = / o 0 =) Ky, 0) do do,
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where

. 1
(7.4.50)  Ky(v,v.) 1= =

5 / <|'U/|Sp + [P = |v|*P — |'U*|Sp) b(cos 8) do.
SN—l

From [32, Lemma 1, Corollary 3|, we have
(7.4.51) Ky (v,0.) < ap (Jo]? + [0.2) 72 = o] = o,

where (o, )pen2 is a strictly decreasing sequence such that

C
(7.4.52) 0<a,< min{l, m} .
for some constant C' depending on Cj, defined in (7.1.5). Notice that the
assumptions [32, (2.11)-(2.12)-(2.13)] are satisfied under our assumptions
(7.1.3), (7.1.4), (7.1.5), (7.1.6) on the collision kernel (see [32, Remark 3] for
some possible ways of relaxing the assumption (7.1.6) in the elastic case).
Then we use the classical estimate

/ O(|v — vi|) f(t,v4) dve = Co / lv — v.|” f(t,0.) dvs > K |v|”
RN

RN

for some constant K depending on Cg (defined in (7.1.4)) and the mass,
energy and entropy Hy of fy (or only the mass of fy in the case v = 1).
This estimate is obtained by a classical non-concentration argument when
v € (0,1) (using the bound (7.4.47)), as can be found in [6] for instance,
or just by convexity when v = 1, using the assumption (7.4.48) that the
distribution has zero mean (see for instance [141, Lemma 2.3]). We combine
this with [32, Lemma 2 and Lemma 3| to get

(7.4.53) [ Qoo <0, Q= K (1= )y
R
with
Quim [ SR 0P+ o)™ = ol = o] (0 = ] oo
RVxRN

and [32, Lemma 2 and Lemma 3| shows that, for ps/2 > 1, we have

kp
sp/2 :
Qp < Sp = CCD E < pk/ ) <m(2k+qf)/s Mp_2k/s + Mak/s mp—?k/s—l—w/s)y
k
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where k, := [sp/4+1/2] is the integer part of (sp/441/2) and (5pk/2) denotes
the generalized binomial coefficient. Gathering (7.4.49), (7.4.53) and (7.4.54),

we get

dm,

4.
(7.4.55) =

< ap Sy = K (1 —ap) mpiqys.

By Hoélder’s inequality, we have

1+
Mpty/s > ﬁmp

for some constant 3 > 0 depending on the mass of the distribution. By [32,
Lemma 4], there exists A > 0 such that

Sp < Al(p+1+417/s) 2y

with
My
Zy = kgllf_ﬁp {Z(2k+w)/s Zp—2k/ss R2k[s Zp—2k/s+w/5}7 and  z, 1= m
Thus we may rewrite (7.4.55) as
d I'(4 1 v <
(7456) P2 < a0, TPELEVS) p o4 12)%

dt T(p+1/2)

wiht K’ = 3 K. On the one hand, from the definition of the sequence (a;)p>0,
there exists A’ such that

I(p+1+4+7v/s) ' )
4. A < Al /5112,
(7 57) oy, F(p n 1/2) < Ap

On the other hand, thanks to Stirling’s formula

n!l  ~ n"e"V2mn,

n—+oo

there is A” > 0 such that
(7.4.58) (1—a,)T(p+1/2)% > A" p/>,

Gathering (7.4.56), (7.4.57) and (7.4.58), we deduce

d 2
(7.4.59) % < Al g An gl Y
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Note that in this differential inequality, for p big enough, Z, depends only on
terms z, for ¢ < p — 1, (but not necessarily with ¢ an integer), which allows
to get bounds on the moments by induction.
At this stage, we prove by induction on p > pg integer (po > 1) the
following property
Viz>tp, Vq€po,p] 2z <af

for some x € (1,400) large enough and some increasing sequence of times
(tp)p>po With t,; > 0 fixed as small as wanted. The goal is to prove this
induction for a convergent sequence of times (¢,),>p,. The initialization for
p = po, with py as big as wanted and ¢y as small as wanted, is straightfor-
ward by the classical theorems about the immediate appearance and uniform
propagation of algebraic moments (see [200] for instance), and taking x big
enough. Now as s < 7/2, if pg is large enough, we have for p > pg

/ A" iy /s > 24 AN
P’ Z2Wp" , pP>p and pZ(A//[{/)

for some € > 0. So let us assume the induction property satisfied for all steps
po < ¢ < p—1, and let us consider z,. Assume that z,(t,_1) < 2P. Then
from (7.4.59), for any ¢ such that z,(¢) < x? we have

A/p'y/s—l/Q Zp — A" [(Ipfy/s Z;-I_slp

A" K! .
< A/pw/s—l/? |:(xp)1+g—p _ Alx p1/2 Z;—I— SP:|

o
ol 1+Sp

< A/pw/s—l/? [(xp)l-l-; — 2z :| .

)

dt

IN

We deduce by maximum principle that this bound is propagated uniformly
for all times ¢ > t,_4. If on the other hand z,(t,—1) € (27, 40o0], as long as
zp(t) > ¥ we have

dZ 1+ XL
d_tp < A/pw/s—l/? Zp _ A" [(/pw/s Zp sp
S A/pw/s—l/? (:L,p)l-i-g—p . A// [{/p’y/s Z;—I—g_p
< [A/pw/s—l/Q — A" [{/pw/s] Z;-I_g_P
ATK e 5
< - pw/ z, P < _Cp2+ Z;-h?‘

2
with C' = (A" K')/2 and § = v/(sp). Then classical arguments of comparison
to a differential equation show that z, is finite for any ¢ > ¢,_;, and satisfies
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the following bound independent of the initial datum:

sl +0 < || <[]
rl COp*tet| — |[Crypitet|

Thus if we set
S

Ap = CVPH_E /s’
we have

Vi> Ay zp(tp—r +t) < af

By Hélder interpolation with the bounds on z,_; provided by the induction
assumption, we deduce immediately

Vi> A, Vg€ [p,p+ 1], z(tp—1+1)<a?,

which proves the step p of the induction with ¢, = ¢,_1 + A,. So we have
proved that if we set

+co
1
r=lim ty =t + > oA, =to+ & w/s ( > p—1+s) < +oo0,

p>po+1 p=po+1

we have
VtZTa vPZPOa Zp(t) S:Ep

Moreover 7 can be taken as small as wanted by taking ¢, small enough and
x large enough.
So we conclude that there are explicit constants R and 7 such that

Vit>71, Vp>0, z(t) <R

We deduce explicit bounds

sup f(t,v) explalvl’] dv < C < 40
t>7 JRN

for any a < R since

||p S iy
f(t,v) exp[a]v|’] dv = / ft,v)a? ——dv = a? —
/. falol] §j >

TN

|
=0 p.
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Now we state a result of convergence to equilibrium for non smooth solu-
tions deduced from [150, Theorems 6.2 and 7.2] combined with the previous
lemma.

Lemma 7.9. Let B be a collision kernel satisfying assumptions (7.1.3),
(7.1.4), (7.1.5), (7.1.6). Let fo be a nonnegative initial datum in LANL*. Then
the corresponding solution f = f(t,v) of the Boltzmann equation (7.1.1) in
L} satisfies: for any T >0, 0 < s < v/2, there are explicit constants Cyq > 0
and a > 0 depending on the collision kernel, 7, s and the mass, energy and
L? norm of fy, such that

(7.4.60) Vi>r1, | fe— Mgy < Crat™"

with m(v) = exp [—a|v|®]. In the important case of hard spheres (7.1.2), the
assumption “fo € Ly N L*” can be relazed into just “fy € L}”, and the same
result (7.4.60) holds with explicit constant a,C14 > 0 depending only on the
collision kernel, s, 7, and the mass and energy of fq.

Proof of Lemma 7.9. 1t is straightforward that the assumptions (7.1.3),
(7.1.4), (7.1.5) implies the assumptions [150, equations (1.2) to (1.7)]. Hence
by [150, Theorem 6.2] we deduce that for an initial datum in L} N L?, the
solution satisfies for any o > 0

(7.4.61) VE>0, |[fi— M| < Cut™

for some explicit constant C, depending on «, the collision kernel and the
mass, energy and L? norm of the initial datum. We apply this result with
a = 2 and we interpolate by Hélder’s inequality with the norm
L'(exp[2alv|®]) for 0 < s < 4/2 which is bounded uniformly for ¢ > 7 > 0
by Lemma 7.8, to deduce that

Vi>r1, |fi— M”Ll(m—l) < Ot

with m(v) = exp [—a|v|®].

In the case of hard spheres we use [150, Theorem 7.2| instead of [150,
Theorem 6.2], which yields the same result (7.4.61), but under the sole as-
sumption that fo € L. O

Now we can conclude the proof of Theorem 7.1:

Proof of Theorem 7.1. Using Lemmas 7.8 and 7.9, we pick ¢t > 0 and
m(v) = exp [—a|v|*] with 0 < s < /2 such that

vt2t07 Hft—MHLl(m—Q) S@



Chapitre 7. Rate of convergence to equilibrium 319

where ¢ is chosen as in Lemma 7.7. Then for 0 < p < A\, we apply Lemma 7.7
starting from ¢ = t,:

Vi > tOv Hft - MHLl(m_l) < CY13 Hfto - M”Ll(m_l) e M < Ce—#t_

This concludes the proof. O

7.4.3 A remark on the asymptotic behavior of the solu-
tion
Theorem 7.1 thus yields the asymptotic expansion
f=M+mg

with g going to 0 in L' with rate C'e™*. If we denote by II; the spectral

projection associated with the —\ eigenvalue (for the definition of the spectral
projection see [121, Chapter 3, Section 6, Theorem 6.17]) and I = Id — 11,
then the evolution equation on II7-(g) writes (using the fact that £ commutes

Ol (g) = L(ITE(g)) + ITE(D(g, 9)).

By exactly the same analysis as above, one could prove that the semi-group of
L restricted to I1{ (L) decays with rate C' e=*2" where Ay > X is the modulus
of the second non-zero eigenvalue. Thus by the Duhamel formula one gets

i
L (gl < € eI (go)ll + € / eI (T (g5, 95)) | ds.
0

Then using that
ITTE(T(gs, gs)|| < C (g, gs)|| < C|lgs]|?/? < C e~/
we deduce that
I (g)]| < C e

with A < XA < min{)y, (3/2)A\}. Hence, setting ¢, = m1Il(g;) and R =

m 1+ (g;), we obtain the asymptotic expansion
f=M+e1+ R

with ¢; = ¢1(¢,v) going to 0 in L' with rate e=* and R = R(t,v) going
to 0 in L' with rate e=(**9)t for some ¢ > 0. Thus ¢; is asymptotically
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the dominant term of f — M, and as m™'¢; belongs to the eigenspace of L
associated with A, we know by the study of the decay of the eigenvectors
that

V>0, ¢ € L*({(v)Ym*M™).

Moreover ¢y is the projection of the solution on the eigenspace of the first
non-zero eigenvalue. It can be seen as the first order correction to the equilib-
rium regime, and the asymptotic profil of this first order correction is given
by the eigenvectors associated to the —\ eigenvalue.
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ABSTRACT: We develop the Cauchy theory of the spatially homogeneous in-
elastic Boltzmann equation for hard spheres, for a general form of collision
rate which includes in particular variable restitution cocefficients depending
on the kinetic energy and the relative velocity. It covers physically realistic
models for granular materials. We prove (local in time) non-concentration
estimates in Orlicz spaces, from which we deduce weak stability and existence
theorem. Strong stability together with uniqueness is proved under additional
smoothness assumption on the initial datum, for a restricted class of collision
rates. Concerning the long-time behaviour, we give conditions for the cooling
process to occur or not in finite time.
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8.1 Introduction and main results

In this paper we address the Cauchy problem for the spatially homogeneous
Boltzmann equation modelling the dynamic of a homogeneous system of
inelastic hard spheres which interact only through binary collisions. More
precisely, describing the gas by the probability density f(¢,v) > 0 of particles
with velocity v € RY (N > 2) at time ¢t > 0, we study the existence and
the qualitative behaviour of solutions to the Boltzmann equation for inelastic
collision

0 :
(8.1.1) U = QU i (040) <R,
(8.1.2) f(0,) = fw in RN

The use of Boltzmann inelastic hard spheres-like models to describe di-
lute, rapid flows of granular media started with the seminal physics paper
[113], and a huge physics litterature has developed in the last twenty years.
The study of granular systems in such regime is motivated by their unex-
pected physical behavior (with the phenomena of collapse —or “cooling effect’-
at the kinetic level and clustering at the hydrodynamical level), their use to
derive hydrodynamical equations for granular fluids, and their industrial ap-
plications.

From the mathematical viewpoint, works on the Cauchy problem for these
models have been first restricted to the so-called inelastic Mazwell model,
which is an approximation where the collision rate is replaced by a mean
value independent on the relative velocity (see [27] for instance). This sim-
plified model is important because of its analytic simplifications allowing
to use powerful Fourier transform tools. Nevertheless, although it is pos-
sible to modify the collision operator by a multiplication by a function of
the kinetic energy in order to restore its dimensional homogeneity (see [27]
for this pseudo-Mazwell molecules model), fine properties of the distribution
(such as overpopulated tails or self-similar solutions) are broken or modified
by the approximation. Another simplification which has lead to interesting
results is the restriction to one-dimensional models (in space and velocity)
(see [18, 179, 20]), where, on the contrary to the elastic case, the collision
operator has a non-trivial outcome. Also the recent papers [100, 32] have
studied the case of inelastic hard spheres in various regimes (for instance in a
thermal bath, i.e. when a heat source term is added to the equation) in any
dimension. Another common major physical simplification is to deal with
constant normal restitution coefficients. This choice, while reasonnable from
the viewpoint of the mathematical complexity of the model, appears inade-
quate to describe the whole variety of behaviors of these materials (see the
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discussion and models in [27] and [179] and the references therein). Lately
the work [27] has considered some cases of normal restitution coefficients pos-
sibly depending on the kinetic energy of the solution, and the works [179, 20]
have considered some cases of normal restitution coefficients depending on
the relative velocity.

In this work, we shall construct solutions to the freely cooling Boltz-
mann equation for hard spheres in any dimension N > 2 and for a general
framework of measure-valued inelasticity coefficients which covers in particu-
lar variable normal restitution coefficients possibly depending on the relative
velocity and the kinetic energy of the solution. Our framework enables to
consider interesting physical features, such as elasticity increasing when the
relative velocity or the temperature decrease (“normal” granular media) or
the opposite phenomenon (“anomalous” granular media). Let us emphasize
that these solutions are new even in the case of a constant normal restitution
coefficient. We also discuss various conditions on the collisions rate for the
collapse to occur or not in finite time. A second part of this work [140] will
be concerned with the existence of self-similar solutions and the tail behavior
of the distribution.

Before we explain our results and methods in detail, let us introduce the
problem.

8.1.1 A general framework for the collision operator

The bilinear collision operator Q(f, f) models the interaction of particles by
means of inelastic binary collisions (preserving mass and total momentum
but dissipating kinetic energy). We denote by B the rate of occurance of
collision of two particles with pre-collisional velocities v and v, which gives
rise to post-collisional velocities v" and v’. The collision may be schematically
written

vV 4l =v+ v,
(8.1.3) {v}+{v.} = {v'}+{v'} with
o'+ ol P < o]+ fus]

More precisely, we define the collision operator by its action on test func-
tions (which is related to the observables of the probability density). Taking
© = @(v) to be some well-suited regular function, we introduce the following
weak formulation of the collision operator

(8.1.4)
QDN =5 [ [ 51 [ e o) BE 0~ vids) dd.
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where D := {u € R”; |u| < 1}. Here and below we use the shorthand

notations ¢ = ¥ (v), . = ¥(v.), ¥’ = ¥ (v') and ¥, = ¥ (v]) for any function
v on RN, For any z € D and v, v, € RY we define

, Ut v |v. — |
T Ty TR
(8.L.5)
, vt |v. — |
Uy = -z )
2 2

which is nothing but a parametrization, for any fixed pre-collisional particles
{v,v.}, of all possible resulting post-collisional particles {v',v.} in (8.1.3).
Finally, £ is the kinetic energy of the distribution f, defined by

& :=/ I |v]? dv.
RN

The collision rate B is the product of the norm of the relative velocity by
the collisional cross section, B = |v — v.| b, reflecting the fact that we are
dealing with hard spheres which undergo contact interactions. The collisional
cross section b is a non-negative measure on D, depending on the kinetic
energy £, and on the pre-collisional velocities v, v,. It depends on the velocity
only through v — v, by Gallilean invariance. The non-negative real |z| is the
restitution coefficient which measures the loss of energy in the collision, since

1
(8.1.6) 0P Jer = Jof? = Jo P = —(1 = [ fe. — o] < 0.

In the above formula, |z| = 1 corresponds to an elastic collision while z =0
corresponds to a completely inelastic collision (or sticky collision). In the
sequel we shall denote u = v — v, the relative velocity, and for a vector
z € RM\{0}, we shall denote & = z/|z|.

A first simple consequence of the definition of the operator (8.1.4) and of
the parametrization (8.1.5) is that mass and momentum are conserved

d 1
—_ dv =
dt RNf ( v > =0

a fact that we easily derive (at least formally), multiplying the equation (8.1.1)
by ¢ = 1 or ¢ = v and integrating in the velocity variable (using (8.1.4)).
In the same way, multiplying equation (8.1.1) by ¢ = |v|?, integrating and
using (8.1.6), we obtain that the kinetic energy is dissipated

(8.1.7) %S(t) — _D(f) <0,
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where we define the energy dissipation functional D and the energy dissipa-
tion rate [, which measures the (averaged) inelasticity of collisions, by

i) = [ [ P 6E 0 dodo.

1

B(Eu) = 1 /D(l — |2]*) b(E,u; dz) > 0.

Finally, we introduce the cooling time, associated to the process of cooling
(possibly in finite time) of granular gases:

(8.L.8)
T.:=inf{T' >0, E(t)=0Vt>T}=sup{S >0, E(t)>0Vt< S}.

This cooling effect (or collapse) is one of main motivation for the physical
and mathematical study of granular media.

The Boltzmann equation (8.1.1) is complemented with an initial con-
dition (8.1.2) where the initial datum is supposed to satisfy the moment
conditions

1. < f. LN "y — oy —
(8.1.9) 0 < fin € L(RY), /RmedU 1, /Rmevdv 0

for some g > 2. Notice that we can assume without loss of generality the
two last moment conditions in (8.1.9), since we may always reduce to that
case by a scalling and translation argument. Here we denote, for any integer
g € N, the Banach space

L; = {f : RY — R measurable; [ flly == / |f(0)[ (1 + |v]?)dv < oo}
BN

We also define the weighted Sobolev spaces qu’l (¢ € R and k € N) by the

norm

1F e = D 10°F (14 o]l

s|<k

We introduce the space of normalized probability measures on R”, denoted
by MY(RY), and the space BV,(R") (¢ € R) of Bounded Variation func-
tions, defined as the set of the weak limits in D'(R") of sequences of smooth
functions which are bounded in qu’l(]RN). Throughout the paper we denote
by “C” various constants which do not depend on the collision rate B.
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8.1.2 Mathematical assumptions on the collision rate

Let us state the basic assumptions on the collision rate B:

o B takes the form
(8.1.10) B = B(&,u;dz) = |u|b(€,u; dz),

where b is a finite measure on D for any &£, u. This measure b satisfies
the following properties:

o [t satisfies the symmetry property

(8.1.11) b€, u;dz) = b(E, —u, —dz).
e For any ¢ € C.(R") the function

(8.1.12) (v,v., &) +—>/Dgo(v’)b(5,u;dz)

is continuous.

e There exists a continuous function a : (0,00) — (0, 00), which measures
the intensity of interactions, such that

(8.1.13) VueRY €>0, o) = / b(E, u; dz).
D

For the energy coupled models we will need the following additional as-
sumption:

e The measure b satisfies the following angular spreading property: for
any £ > 0, there is a function jg(¢) > 0, going to 0 as ¢ — 0, such that

(8.1.14)
Ve>0, ueRY, / b(&,u;dz) < a€) jele).
{la-slel-1,10\[-1+e51—<] }

Moreover we assume that this convergence is uniform according to &
when it is restricted to a compact set of (0,400).

For the uniqueness of the energy coupled models, we shall need the fol-
lowing assumption
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H1.

The cross-section b reduces to a measure on the sphere

1—6‘& 1—|—eSN_1

8115 Cue = Y
( ) ’ 2 + 2

where € : (0,00) — [0,1], € — ¢(€) depends only on the kinetic en-
ergy, and @ = a(€) and e = e(€) are locally Lipschitz on (0,+0o0).
Morerover, b is assumed to be absolutely continuous according to the
Hausdorff measure on C, ., and thus writes

(8.1.16) b(E,u;dz) = 0 =(1—c)i/2+(14e)0/2} ]N)(E, lu|,@ - o)do

where do is the uniform measure on the unit sphere, and b is a non-
negative measurable function.

In the study of the cooling process, we always assume:

H2.

The energy dissipation rate 8(€, u) in (8.1.8)) is continuous on (0, +00) x
RY and satisfies

(8.1.17) B(E,u) >0 YueRY £>0.

We will also need one of the two following additional assumptions :

H3.

H4.

For any &, € (0,00) (with & > &£,) there exists ¥ such that
(8.1.18) B(E,u) > Y(Jul) VEE (6w, &), YueRY,

with ¢ € C'(R4,R,) and such that for any R > 0 there exists ¢z > 0,
(8.1.19) O(lu)) > vrlu™ YueRY, |u| > R/2.

This assumption is quite natural. In particular, it holds for a “normal”
granular media.

The cross-section b reduces to a measure on the sphere C, . and it
is absolutely continuous according to the Hausdorff measure, where
e:(0,00)%x(0,00) = [0,1], (&, |u]|) — e(&, |u|) is a continuous function.
In particular, (8.1.16) holds. Moreover we assume that for any given
£ and |u|, the function z — b(E, Ju|, z) is non-negative, nondecreasing
and convex on (—1,1).
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The fact that b is a finite measure on D allows to define the splitting
Q = Q" — @~ where QT and Q™ are defined in dual form by

8120 Q@ @he) = [ [ 0t [ olubE s dod.

and

s120 @0 = [ [ ar [ elibe ).

A straightforward computation shows that it is possible to give a very simple
strong form of ()~ as follows

(8.1.22) Q (g9,f) = Lig) f

where L is the convolution operator

(8.1.23) L(g)(v) := a(€) / g(vi) [v — vi] dv..
RN

Under assumption H4, the expression of Q% (f, f) reduces to

(8.1.24) (Q* (g, f), ¢ / / ge flu |/ b(E, |ul, 4 - o) do dv dv..

We refer to [27] for physical motivations for the case when e = ¢(€) and to
[179] for the case when e = ¢(Jul). Under assumption H4 and when one
assumes that b only depends on @ - o, the energy dissipation rate just writes

(8.1.25) B(E,u) = Cn (1 —¢€?),
where Cy is a constant depending on the dimension.

We note that the classical Boltzmann collision operator for inelastic hard
spheres with constant normal restitution coefficient ¢ € [0, 1], as studied for
instance in [27] and [100], is included as a particular case of our model,
and satisfies all the assumptions above. But the formalism (8.1.4)—(8.1.14)
is much more general than this case. In particular, we may also consider:

1. Uniformly inelastic collision processes such that

(8.1.26)
20 €(0,1) s.t. supp B(E,v,v.,.) C D(0,2) VYov,v. € RY, VE >0,

which includes the sticky particles model when zq = 0.
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2. The physically important case of a normal restitution coefficient e
depending on the relative velocity and the kinetic energy with a cross-section
b depending on &, u and @-o. In particular it covers the kind of models studied
in [27] (where e depends on &, and b is independent on € and u).

3. This formalism also covers multidimensional versions of the kind of
models proposed in [179], which corresponds to the case where b is the prod-
uct of a measure depending on |u|, |z| and a measure of @ - z absolutely
continuous according to the Hausdorff measure. One easily checks that our
assumptions are quite natural for this kind of models as well.

8.1.3 Statement of the main results
Let us now define the notion of solutions we deal with in this paper.

Definition 8.1. Consider an initial datum fi, satisfying (8.1.9) with ¢ =
2. A nonnegative function f on [0,T] x RY is said to be a solution to the
Boltzmann equation (8.1.1)-(8.1.2) if

(8.1.27) f € C(0,T]; Ly(R™)),
and if (8.1.1)-(8.1.2) holds in the sense of distributions, that is,

sz [ T{ [ 15+ Q. f>,¢>} tt= [ fnél0.)do

for any ¢ € CL([0,T) x RY).

It is worth mentioning that (8.1.27) ensures that the collision term Q(f, f)
is well defined as a function of L!(R"). Indeed, on the one hand, we deduce
from f € C([0,7]; LYRY)) that £(t) € K; on [0,T] and thus a(E(t)) € K,
on [0, 7] for some compact sets K; C (0,00). On the other hand, from the
dual form (8.1.20) it is immediate that Q% is bounded from Li x L! into L*,
with bound a(€) (see also [100, 140] for some strong forms of the Q*(f, f)
term). It turns out that a solution f, defined as above, is also a solution of

(8.1.1)-(8.1.2) in the mild sense:

f(t,.)zfin—{—/o Q(f(s,.))ds a.e. in RY,

Another consequence is that if f € L>([0,7), L}) then f satisfies the chain
rule

(8.1.29) % RNﬁ(dev:(Q(f,f)vﬁ’(f)w in D'([0, 7)),
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for any 3 € CH{R)N W' (R), ¢ € L(fo_q(]RN), see [101, 75, 126].
Let us state the main results of this paper. First, we give a Cauchy

Theorem valid when the collision rate B is independent on the kinetic energy.

Theorem 8.1. Assume that B satisfies the assumptions (8.1.10)-(8.1.13)
with b = b(u;dz): the cross-section does not depend on the kinetic energy.
Take an initial datum fi, satisfying (8.1.9) with ¢ = 3. Then

(i) For all T > 0, there exists a unique solution f € C([0,T];L3) N
L>(0,T; L}) to the Boltzmann equation (8.1.1)-(8.1.2). This solution

conserves mass and momentum,

(8.1.30) ft,v)do =1, ft,v)vdv =0 Yit>0,
BN

BN

and has a decreasing kinetic energy

(11) Its time of life (as introduced in (8.1.8)) is T. = +oo, in particular,
E(t) >0 for any t > 0. Morever, assuming H2-H3 or H2-H4 (with e
and b independent on the kinetic energy), there holds

(8.1.32)
E(t) = 0 and f(t,.) — dy=0 in MI(RN)-weak* when t — T..

In other words, the cooling process does not occur in finite time, but
asymptotically in large time.

Remarks: Let us discuss the assumptions and conclusions of this theorem.

1. Under assumption H4 and when the collision rate is independent on
the kinetic energy, one can prove in fact that there exists a unique solution
f € C([0,00); L) satisfying (8.1.30) and (8.1.31) for any initial condition
fin satisfying (8.1.9) with ¢ = 2. The proof is quite more technical and
we refer to [144] where the result is presented for the true elastic collision
Boltzmann equation; nevertheless the proof may be readily adapted to the
inelastic collisional framework.

2. The existence and uniqueness part of Theorem 8.1 (point (i)) extends
to a cross-section B = B(u;dz) > 0 which satisfies the sole assumptions

B(—u;—dz) = B(u;dz),

/ Bdz < Co(1+ |v|+ |vi)
D

(v,v,) /Dap(v’) B(u;dz) € C(RY x RY) Ve C(RY)
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for some constant Cy € R4. This corresponds to the so-called cut-off hard
potentials (or variable hard spheres) in the context of inelastic gases.

3. For a uniformly dissipative collision model, i.e. such that

Bu) 2 fo € (0,0),

a fact which holds under assumption (8.1.26) or under assumption H4 with a
normal restitution coefficient e satisfying e(|u|) < ey € [0,1) for any u € RY,
we may prove the additionnal a priori bound

/0 V(s di < C (| fnll s o).

As a consequence, one can easily adapt the proof of existence and uniqueness
in Theorem 8.1 and then one can easily establish that the existence part of
Theorem 8.1 holds for any initial datum fi, satisfying (8.1.9) with ¢ = 2.

4. The existence and uniqueness part of Theorem 8.1 (point (i)) im-
mediately extends to a time dependent collision rate B = |u|y(¢) b(t, u; dz)
where b(t,u, .) is a probability measure for any u € RY, ¢ € [0, T] such that
b(t,u;dz) = b(t, —u,—dz), and y(¢) is a positive function in L>(0,T").

Now, let us turn to the case where the collision kernel depends on the
kinetic energy of the solution.

Theorem 8.2. Assume now that B satisfies the assumptions (8.1.10)-(8.1.14)
and that the cross-section b = b(E,u; dz) depends also on the kinetic energy
E. Take an initial datum fi, satisfying (8.1.9) with ¢ = 3.

(i) There exists at least one mazimal solution f € C([0,T.); L3)NL>(0,T; L1)
for some T. € (0,400] which satisfies the conservation laws (8.1.30)
and the decrease of the kinetic energy (8.1.51).

(11) If the collision rate satisfies the assumption H1, and the initial datum
satisfies the additional assumption fi, € BVy N LY, then this solution
is unique in the class of functions C([0,T], L3) N L*(0,T; L3) for any
T € (0,77).

(1ii) The asymptotic convergence (8.1.32) holds under the additional as-
sumptions H2-H3 or H2-H4.

() If a is bounded near £ = 0 and je converges to 0 as ¢ — 0 uniformly
near £ =0, or if B is bounded by an increasing function By which only
depends on the energy and fi, e*"I" € L' with n € (1,2], a, > 0, then
T, = +oc0.
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(v) If B(E,u) > Bo & with By > 0 and § < —1/2, then T. < +oo.

Remarks: Let us discuss the assumptions and conclusions of this theorem.

1. In point (ii), the assumption we make in order to get the uniqueness
part of the theorem could most probably be relaxed to a smoothness assump-
tion on b of the form b depends only on £ and z and £ — b(&; dz) is locally
Lipschitz from (0, 4+00) to W=1(D).

2. Under the assumptions of point (ii) on the initial datum, by using
a bootstrap a posteriori argument as introduced in [144|, one can indeed
prove that there exists a unique solution f € C'([0, 00); L') satisfying (8.1.30)
and (8.1.31) for any initial condition fi, satisfying (8.1.9) with ¢ > 4 and
fin € BVj.

8.1.4 Plan of the paper

We gather in Section 8.2 some new integrability estimates on the collision
operator which can be of independent interest. Concerning the gain term we
prove convolution-like estimates in Orlicz spaces. These estimates general-
ize similar estimates in Lebesgue spaces in the elastic and the inelastic case.
Concerning the loss term we give simple bounds from below obtained by con-
vexity. We give then estimates on the global operator in Orlicz space, which
show essentially that even if the bilinear collision operator is not bounded, its
evolution semi-group is bounded in any Orlicz space (with bound depending
on time). The proof is based on Young’s inequality and only requires ele-
mentary tools. In Section 8.3 we start looking at solutions of the Boltzmann
equation and we prove Theorem 8.1, on the basis of moments estimates in
L'. In Section 8.4, we extend the existence result to collision rates depending
on the kinetic energy of the solution by proving a weak stability result on the
basis of (local in time) non-concentration estimates obtained by the study
of Section 8.2, to obtain the existence part of Theorem 8.2. The uniqueness
part of Theorem 8.2 is obtained by proving a strong stability result valid for
smooth solution. In Section 8.5 we study the cooling process and prove the
remaining parts of Theorem 8.1 and Theorem 8.2. In order this paper to be
as self-contained as possible, we gather some facts about Orlicz spaces in an
appendix in Section 8.6.

8.2 Estimates in Orlicz spaces

In this section we gather some new functional estimates on the collision oper-
ator in Orlicz spaces, that will be used in the sequel to obtain (local in time)
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non-concentration estimates. Let us introduce the following decomposition
b= bi + b of the cross-section b for £ € (0,1):

bi((?"? u; dZ) = b(57 Uu; dZ) 1{—1+6§12~2§1—6}
b(E,u;dz) = b(E,u;dz) — bL(E, u; dz)

where 1{_1.<q..<1--} denotes the usual indicator function of the set {—1 +
e <tu-z<1—¢}. When no confusion is possible the subscript ¢ shall be
omitted.

In the sequel, A denotes a function C? strictly increasing, convex satis-
fying the assumptions (8.6.91), (8.6.92) and (8.6.93). This function defines
the Orlicz space L*(RY), which is a Banach space (see the definition in
appendix).

8.2.1 Convolution-like estimates on the gain term

In this subsection we shall prove convolution-like estimates in Orlicz spaces.
These estimates extend existing results in Lebesgue spaces: see [111, 112,
150] in the elastic case and [100] in the inelastic case for a constant normal
restitution coefficient. The proof relies only on elementary tools, essentially
Young’s inequality, in the spirit of [69]. Another proof could be given by
interpolating between the L' and L* theories, as in [111, 112] (using tools
of [21]), but this path leads to more technical difficulties. Moreover the proof
given here has several advantages: its simplicity, the fact that it handles only
the dual form of QT and the fact that it is naturally well-suited to deal with
Orlicz spaces, since it is based on Young’s inequality.

As shown by the formula for the differential of the Orlicz norm in the
appendix, the crucial quantity to estimate is

(NN (=) do
RN [malr
Most of the difficulty is related to the fact that the bilinear operator Q% is
not bounded because of the term |v — v.| in the collision rate. Neverthe-
less it is possible to prove a compactness-like estimate with respect to this
algebraic weight. When combined with the damping effect of the loss term
this estimate shall show that the evolution semi-group of the global collision
operator is bounded in any Orlicz space.
Let us state the result
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Theorem 8.3. For any function f € L}N LA, for anye € (0, 1), there is an
explicit constant CF(g) such that

[t () do<ate) [eeen (v (i) ) Ul o,

(5.2.33) 42 Ay [ TN (H f{‘) v dv} |

Remarks: Let us comment on the conclusions of this theorem.

1. We establish estimates for the quadratic Boltzmann collision operator
but similar bilinear estimates could be proved under additional assumption
on b, namely that either no frontal collision occurs, i.e. b(E,u;dz) should
vanish for @ close to z, or no grazing collision occurs, i.e. b(E,;dz) should
vanish for @ close to —z. For more details on these bilinear estimates and
the corresponding assumptions, we refer to [150] where they are proved in
Lebesgue spaces in the elastic framework.

2. Let us emphasize that for z ~ 0 (close to sticky collisions), the jacobian
of the change of variable (v, v.) — (v',v}) (both velocities at the same time) is
blowing up. However in our method, we only use the changes of variable v —
v" and v, — v’, keeping the other velocity unchanged, and the jacobians of
these changes of variable remain uniformly bounded as z — 0. This explains
why our bounds includes the sticky particules model, and are uniform as
z — 0.

Proof of Theorem 8.3. Let us denote

o=~ (1)

Using the decomposition b = b' + b", we control separately the two terms I'

and [" in the decomposition
QH(f, N)w(f)dv = / F o () [ul B (€, s d) do do
RN RNxRNxD
-I-/ Fleo(f) Jul b (€, u; dz) dv dv.
RNxRNxD
= I'+17T.
Using the bound

luf = o — v < fo] + o]
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we have
< / LoD Fag () B(E, w3 d2) do do
RN¥XRNxD
+/ F(felv)e(f) Jul b (€, u; dz) dv dv. =: T} + L.
RN¥XRNxD

Now these two terms are treated similarly: the two changes of variable ¢ :
v — v and ¢y : v, — v’ (while the other integration variables are kept fixed)
are allowed thanks to the truncation. Indeed it is straightforward to compute
their jacobians:

J@l(vav*az):: ZAI(1'+'Z"&)_1
Jp,(v,v0,2) =2V (1 — 2+ 4) 71

which yields the bound
(8.2.34) N <y, Ty, <2V 7
Thus, by applying the Young’s inequality (8.6.94)

fs
[l

P = 18l (7 ) o) < 1 A (1) + s Ao,

S
(Al
we get for I} the following estimate

’U|A< J- ) b (&, u; dz) dv dv.

< s / s
RVNxRNxD HfHLA
Al / FlolA (o (f)) B(E, us dz) do dv, = IL, + T .
RVNxRNxD

On the one hand, using
Ve eRy, Az) <zA(z),

which is a trivial consequence of the fact that A(0) = 0 and A’ is increasing,
we have

Ha< @)l [ ot

Holder’s inequality in Orlicz spaces (8.6.95) recalled in the appendix then
yields

239 <@ (0 (L) )i
Il
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On the other hand, using that A*(y) = y (A) " (y) — A(A) " (y)), we get
If,z < / flolf ()b (E, u; dz) dv dv..
RNxRNxD

Since the cross-section b’ is truncated, we can apply the change of variable
v, — o', with the bound (8.2.34), and we get

Ha< a2 Ay [ 1)

Hoélder’s inequality (8.6.95) then yields

(8.2.36) I, < a(&)2Ve ™ | f]lp NV (A’ (i» 11l a-
! : /1l

Next, the term I} is exactly similar to I}, except that one has to use the
change of variable v — v’ instead of v, — v’ (with the bound (8.2.34) again).
Therefore gathering (8.2.35), (8.2.36) and the same estimate for 1%, we obtain

s2a1) 1 <20+ 2 gy |V (3 (TEE))] 1l

Finally, for the term [”, we can split it as
" < / I fee(f) Lia>0) |u| 0" (€, u; dz) dv dv.
RNxRNxD B
-I-/ I feo(f) Lia<oy [ul b7 (€, usdz) dv dv, =: IT + 1.
RVxRNxD
Then for I7, we use Young’s inequality (8.6.94) to obtain
I < / I fee(fe) 1250 |u| 0" (€, u; dz) dv dv.
RVNxRNxD
+ / I o(f) Liaesoy [ul 07(€, u; dz) dv dv..
R¥XxRVxD

In the second integral we make the change of variable v — v/, whose jacobian
is less than 2V thanks the truncation -z > 0 and the formula for the jacobian,
and we use that under the truncation

o — .| < 200" = v.] < 2(1+ [])(L+ [on]).
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Hence we obtain

i< a2 (sup [ Wi )il [ setn sl

< (L4 2% a(€) je(e) || fll e /RNfap(f) (1 + [v]) dv.

The term I] is treated similarly using Young’s inequality and the change of
variable v, — v/, whose jacobian is also less than 2V under the truncation
-z < 0. It satisfies therefore the same estimate. Thus we obtain the estimate

3238 I <E+2a@ie@ Ny [ FoD+lol)

Defining
(8.2.39) Che) =2(1 + 2N + (2 + 2872) je (o),
we conclude the proof gathering (8.2.37) and (8.2.38). O

8.2.2 Minoration of the loss term

In this subsection we recall a well-known result about the minoration of the
loss term ()~. Let us recall first the following classical estimate.

Lemma 8.1. For any non-negative measurable function f such that

(8.2.40) f e LYRY), fdv=1, fvdv=0,

RN RN

we have
Vv e RY, / felv — v dve > |l
RN

Proof of Lemma 8.1. Using Jensen’s inequality

/Rth(g*)du* > ¢ (/RNQ* dm)

with the probability measure du, = f. dv., the measurable function v,
g« = v — v, and the convex function p(s) = |s|, we deduce the result. O

Then the proof of the following proposition is straightforward:
Proposition 8.1. For a non-negative function f satisfying (8.2.40), we have

(] (o
A dv > alE A v| dv.
s2a) [ o nn () arze) [ () o
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8.2.3 Estimate on the global collision operator and «a
priori estimate on the solutions
Combining Theorem 8.3 and Proposition 8.1 we get

Theorem 8.4. Let us consider a non-negative function f satisfying (8.2.40).
Then there is an explicit constant C¢ depending on the collision rate through
the functions a and je such that

A dv < Ce |N A 1 A.
RNQ(fvf) (H]CHLA> < Ce |: HfHLA Hfl‘LleHL

More precisely, Ce = a(E) C} (e0), with g9 such that
Je(zo) < (24 2V £l
and where CZ is defined in (8.2.39).

Proof of Theorem 8.4. One just has to combine (8.2.33) and (8.2.41) and
pick a g small enough such that

(2+2%%2) || £l de(eo) < 1.

O

Corollary 8.1. Assume that B satisfies (8.1.10)-(8.1.11) and (8.1.13)-(8.1.14)
and let us consider a solution f € C([0,T]; L}) to the Boltzmann equation
(8.1.1)-(8.1.2) associated to an initial datum fi, € L} and to the collision
rate B. Assume moreover that (8.1.30) holds and there exists a compact set
K C (0,400) such that

Vtel0,T] E(t) € K.

Then, there exists a C?, strictly increasing and convex function A satisfying
the assumptions (8.6.91), (8.6.92) and (8.6.93) (which only depends on fin)
and a constant Cp (which depends on K, T and B) such that

sup || f(t, )|lea < Cr.
(0,77

Remark: Let us emphasize that these non-concentration bounds are valid
for the sticky particules model (in this case they provide an exponentially
growing bound in LA for all times). As a particular case we deduce some
explicit bounds on the entropy when it is finite initially. Moreover, since
our bounds are uniform as b — d,—g, we also deduce a proof of the sticky
particules limit (for a cross-section being a diffuse measure converging to a
Dirac mass at z = 0) by the Dunford-Pettis Lemma. This shows moreover
that this limit is not singular.
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Proof of Corollary 8.1. Since fi, € L*(RY), as recalled in the appendix, a
refined version of the De la Vallée-Poussin theorem [127, Proposition 1.1.1]
(see also [125, 126]) guarantees that there exists a function A satisfying the
properties listed in the statement of Corollary 8.1 and such that

/ A(| fin]) dv < +o0.
RN

Then the L* norm of f satisfies

s = [ (e (1 ))} v ()
il = (v (v ()| Lewn (g

thanks to Theorem 8.6, and thus using Theorem 8.4, we get

d
g Mellza < Cegy Ml fell oy [l fella

Thanks to the assumptions (8.1.13) and (8.1.14), the constant C¢(y) provided
by Theorem 8.4 is uniform when the kinetic energy belongs to a compact set.

Vte 0,17,

Thus we deduce

d
(8.2.42) vie[0,T], —lfilles = Crllfelley 1 fella.

for some explicit constant C'x > 0 depending on K and the collision rate.
We conclude thanks to the Gronwall lemma. O

8.3 Proof of the Cauchy theorem for non-coupled
collision rate

In this section we fix 7, > 0 and we assume that the collision rate B satisfies
(8.3.43) B = B(t,u;dz) = |u|y(t) b(t, u; dz),

where b is a probability measure on D for any ¢ € [0,7.] and u € R¥ satisfying
(8.3.44) Vte[0,7.], Yue RN, b(t,u;dz) = b(t, —u; —dz)

and where ~ satisfies

(8.3.45) 0<~(t) <~ on (0,7%).
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8.3.1 Propagation of moments

In this subsection we establish several moments estimates which are well
known for the Boltzmann equation with elastic collision, see [144, 135, 25|
and the references therein, as well as the recent works [100, 32] for the
inelastic case. Let us emphasize that these moment estimates are uniform
with respect to the normal restitution coefficient e or more generally to the
support of b(t,u;-) in D.

First we give a result of propagation of moments valid for general collision
rates using a rough version of the Povzner inequality.

Proposition 8.2. Assume that B satisfies (8.3.43)—(8.5.45). For any 0 <
fin € L;(RN) with ¢ > 2 and T' > 0, there exists Cp such that any solution f
to the inelastic Boltzmann equation (8.1.1)-(8.1.2) on [0,T] satisfies, at least
formally,

sup [ (¢, -)llzy < Cr
[0.7]

Proof of Proposition 8.2. We make the proof for the third moment, the gen-
eral moment estimate being similar. For any function ¥ : RY — R, such
that ¥(v) := ¥(|v]?) for some function ¥ : Ry — R, the evolution of the
associated moment is given by

d

— fUdv = / f f« Ky dv dv,,
dt BN RVNxRN

where

1
Ky = 5 / (W' 4+ Ul — U —U,) B(t,u;dz).
D

For ¢(z) = z°, s > 1, the function ¢ is super-additive, that is ¢¥(z)+ ¥(y) <
Y(x +y), and it is an increasing function. As a consequence,

VW -0 =W, < p(]) + (o) — e ('] + [0l])
(ol + [ul*) = D([of) = ¥ (lva?)
< O(fol* + [vul?) = ([ol*) — ¥ (lv.l?),

which implies

Ky < 2o ] [0l + o) = (1ol — (e )]
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Making the choice v (z) = 2%/ and using the inequality

(301/2 + y1/2) [(”L‘ + y)3/2 - 1}3/2 o y3/2]
(8.3.46)

< C(2'? +y"?) min(a'?y, zy'/?)
< O (ay + a2y
for any z,y > 0, we get

d
8347) 5 [ FePae <o [ FL Q0P o + ol o) dodo,

RV xRN
and we conclude thanks to the Gronwall Lemma. O

Finally we give a much more precise result on the evolution moment in
the case when assumption H4 is made. One the one hand, we prove uniform
in time propagation of algebraic moments (as introduced in [167, 6, 77]) and
exponential moments (for which the starting reference is [25]). On the other
hand we prove appearance of exponential moments (while appearance of
algebraic moments was initiated in [67, 200]) using carefully tools developed
n [32]. These estimates may be seen as a priori bounds, but in fact, by the
bootstrap argument introduced in [144], they can be obtained a posteriori
for any solution given by the existence part of Theorem 8.1 and Theorem

8.2.

Proposition 8.3. We make assumption H4 on B. A solution f to the in-
elastic Boltzman equation (8.1.1)-(8.1.2) on [0,T.) satisfies the additional
moment properties:

(i) For any s > 2, there exists Cs > 0 such that

(8.3.48) sup [[£(t,)er < max {||fulloa, .}

tel0,1e)

(17) If fin e " e LI(RN) forr >0 and n € (0,2], there exists Cy,r" > 0,
such that

(8.3.49) sup f(t,v) e gy < 0.
te[0,T:) JRV

(tii) For any n € (0,1/2) and 7 € (0,T.) there exists a,,C, € (0,00) such
that

(8.3.50) sup f(t,v)e"dv < C,.
te[r,Tc) JRN
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Let us emphasize that none of these constants depends on the inelasticity
coefficient e (so that the estimates are uniform with respect to the inelasticity
of the Boltzmann operator) and that the constant Cs, a,, C,, may depend on
fin only through its kinetic energy &,.

Proof of Proposition 8.3. The proof of (i) is classical and we refer for intance
to [144, 135, 191] and the references therein. The proofs of (ii) and (iii) are
variants of [25, Theorem 3]. Let us define

my :2/ flv? dv.
RN

Step 1: Differential inequalities on the moments. Taking ¢)(z) = 27/
and B of the above form, there holds

(8.3.51)
d Py =« v — U Kp(v,v,) dv dv
Gme= [ QU dr=a(E) [ L= Kywe) dvdo.,

where

ZN)(S, lu|,o - )
a(€)

From [32, Lemma 1, Corollary 3] (see also [100, Lemma 3.1 to Lemma 3.4]),
there holds

1
Kolov)i=5 [ (0P + 0l = ol = o) do.

(8.3.52) Kp(0,02) < 3 ([0 + [0 PP — [0 — [o.
where (7,)p=3/2,2,... 1s a decreasing sequence of real numbers such that
(8.3.53) 0 <79, <min(l 1 )

3. min(1l, ——).

(notice that the assumptions [32, (2.11)-(2.12)-(2.13)]| are satisfied under
our assumptions on the collision kernel). Let us emphasize that the esti-
mate (8.3.52) does not depend on the inelasticity coefficient e(&, |u|). Then,
from [32, Lemma 2 and Lemma 3|, we have

. 1 P — — m
(8.3.54) m/RNQ(f,f)Iv| dv < 4, Sp = (1 = %) Myps1y2



Chapitre 8. Granular gases: The Cauchy problem 346

with
kp

Sp = Z (1) (Migry2 Mp—i + MpMp_py1/2),
k=1

where k, := [(p+1)/2] is the integer part of (p+1)/2 and (} ) stands for the
binomial coefficient. Gathering (8.3.51) and (8.3.54), we get

d
(8.3.55) e <al€) (v Sp — (1 — ) mpt1/2) Vp=3/2,2,...

By Hoélder’s inequality and the conservation of mass,

14+
my < Mpt1/2

and, by [32, Lemma 4], for any a > 1, there exists A > 0 such that
S, < Al(ap+a/2+1) 7,

with
My

Ilap+1/2)

Ly = kzrfaﬁ {Zk+1/2 Zp—k> “k Zp—k-l-l/Q}7 Zp i =
=1,...kp

We may then rewrite (8.3.55) as

(8.3.56)
dz, Llap+a/2+1) L
7 < A Zy— (1 — ) Tap + 1/2)/% 1412
dt < a(€) ( Vp T(ap + 1/2) » = ( Yp) D(ap+1/2) Zp

for any p = 3/2,2,.... On the one hand, from (8.3.53), there exists A’ such
that

D(ap+a/2+1) _
< A'pYHT Y p=3/2,2, ...
Tapt1/2) —°7F p=3/

On the other hand, thanks to Stirling’s formula n! ~ n”e " v/2rn when
n — oo and the estimate (8.3.53), there exists A” > 0 such that

(8.3.57) An,

(8.3.58) (1—7,)Dlap+1/2)Y2 > A" p2/2 ¥p=3/2,2,...

Gathering (8.3.56), (8.3.57) and (8.3.58), we obtain the differential inequality

d :
(8.3.59) LS al€) (A p g, - AT )

for any p =3/2,2,...
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Step 2: Proof of (8.3.49). On the one hand, we remark, by an induction
argument, that taking po := max{3/2,(2A4’/A")*} the sequence of functions

zp 1= ¥ is a sequence of supersolution of (8.3.59) for any = > 0 and for
p > po. On the other hand, choosing z¢ large enough, which may depend on
po, with have from (i) that the sequence of functions z, := 2 is a sequence

of supersolution of (8.3.59) for any « > z¢ and for p € {3/2,...,po}. As
a consequence, since z, for p = 0,1/2,1 are bounded by || fin|[z1, we have
proved that there exists xg such that the set

1
(8.3.60) C, = {Z =(z,); z,<af Vpe 5 N}

is invariant under the flow generated by the Boltzmann equation for any
x> xo: if f(t1) € C, then f(t3) € C, for any t5 > t4.

We put a :=2/n > 1. Noticing that

ok
. r
(8.3.61) - f(v) e P dy = 71 Tk n/2

k=0
we get, from the assumption made on fi,, that
k!
mk/a(()) S Co " VEk € N.
r
Since we may assume r € (0, 1], the function y — Co I'(y+1) r~¥ is increasing,

and we deduce by Hoélder’s inequality that for any p

£ ['(ap + 2)

m,(0) < Cy rT]?;; <y with €, :==[ap] + 1.

rap—l—?

From the definition of z, we deduce

1
(8.3.62) 2(0) < ¢ 2P+

T.ap—l—? —

for any p and for some constant z; € (0,00). Choosing @ := max{xo, x1} we

get from (8.3.60) and (8.3.62) that for any p
zp(t) < xP Vtel0,T.).
Therefore, we have

my(t) < T(ap +1/2) 2P Vp=3/2,2,..., Yte|0,T.).
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The function y — I'(y + 1/2) 2¥ being increasing, we deduce from Holder’s
inequality that for any k € N*

mgsa(t) < D(ap+1/2) 2P < T(k+a/2+1/2) 22 with  p = [2k/a]/2+1/2.

For ' < 2$_1/“(1 + a)~! we have

Vtelo,T,) f(t,v) Tl gy < Z P(k + a/Z +1/2) Lhlat1/2 (T/)k
RN

o) 1 k
<C <%$1/GT/> < 40
k=0

from which (8.3.49) follows.

Step 3: Proof of (8.3.50). Let us fix 7 € (0,7,). We claim that there
exists = large enough and some increasing sequence of times (t,),>p, Which
is bounded by 7 such that for any p

(8.3.63) Viet,,T.) z(t) <zt

We already know by classical arguments (see [144, 191]) that for py (defined
at the beginning of Step 2) there exists 1, larger than z¢ defined in (8.3.60),
such that (8.3.63) holds for any p < po and ¢, = 7/2. We then argue by
induction, assuming that for p > py there holds:

(8.3.64) z, <a2f oon [t,_iye,T.) Yk<p—1/2

(8.3.65) zp > 2P on [t,_12,1p),

for some © > x1 to be defined. If (8.3.65) does not hold, there is nothing
to prove thanks to Step 2. Gathering (8.3.64), (8.3.65) with (8.3.59) we

get from the definition of py and the fact that £(¢t) € [£(7),£(0)] so that
a(E) > ap >0

d A//
(8.3.66) % < —ap 7})“/2 Z;‘H/Qp on (t,_1/2,1p).
Integrating this differential inequality we obtain

1 1 1 1 A" A" o a/2

—zp () < 2p T (tpm1y2) — 2 P (tp) < — o9 9 (tp — tp-1/2)-
p
Defining (t,) in the following way:
1—a/2
S TP _ 1—a/2
to-—§7 2 p1/2+2 E p
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and defining z3 := (8s,)*/(A” ap7)* we have then proved z,(¢,) < zb and
therefore z,(t) < x? for any t > (¢,,T.) with @ = max{xy, z,} thanks to Step
2. Setting a :=2/n >4 (n < 1/2) we have

(8.3.67) Y i <7
and we conclude as in the end of Step 2. U

8.3.2 Stability estimate in L and proof of the unique-
ness part of Theorem 8.1

Proposition 8.4. Assume that B satisfies (8.3.43)-(8.3.45). For any two
solutions f and g of the inelastic Boltzmann equation (8.1.1)-(8.1.2) on [0,T]
(I <T.) we have

d
(8368) 7 /RN|f gl (14 o) do
<O (o) +loP)do [ 1F =gl +1oF)do

We deduce that there is Cr > 0 depending on B and sup,ejo || f + 9gll11 such
that

vee [0, T], |[fi— gtHL; < | fin — ginHL% ettt

In particular, there exists at most one solution to the Cauchy problem for the

inelastic Boltzmann equation in C([0,T]; Ly) N L*(0,T; L3).

Proof of Proposition 8.4. We multiply the equation satisfied by f — ¢ by
o(t,y) = sen(f(t,y) — g(t,y))k , where k = (1 + |v|*). Using the chain
rule (8.1.29), we get for all ¢ > 0

d 1
- - kdv = = - * * — Ox
Rle q| 5 /RNXRNXD (f—9)g« + f(f« — 9]

dt
(¢' + &L — & — i) B(t,u;dz) dv. dv

)

- 1 / RIS

(¢ + ¢ — & — ¢.) B(t, u; dz) dv, dv
)
)

1
< 5/ /- gl(f + 9
RNXRNXxD
(K" + kL — k + k) B(t,u; dz) dv, dv,
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where we have just use the symmetry hypothesis (8.3.43), (8.3.44) on B and
a change of variable (v,v.) — (v.,v). Then, thanks to the bounds (8.3.43),
(8.3.45) we deduce

d
7 |f —glkdv < fy*/ lul |f — gl (f« + gx) K dvodv
RN RNxRN

IN

e / |f — g| kd'v/ (f* + g*) ki’/Q dv,
RN RN

which yields the differential inequality (8.3.68). The end of the proof is
straightforward by a Gronwall Lemma. U

The uniqueness in C([0,7); L3) N L (0,7; L) as stated in Theorem 8.1 is
given by Proposition 8.4.

8.3.3 Sketch of the proof of the existence part of Theo-
rem 8.1

As for the existence part, we briefly sketch the proof. We follow a method
introduced in [144] and developed in [95]. We split the proof in three steps.

Step 1. Let us first consider an initial datum f;, satisfying (8.1.9) with
g = 4 and let us define the truncated collision rates B, = B1j,<,. The
associated collision operators (), are bounded in any L;, g > 1, and are
Lipschitz in L} on any bounded subset of L}. Therefore following a classical
argument from Arkeryd, see [6], we can use the Banach fixed point Theorem
and obtain the existence of a solution 0 < f,, € C([0,7]; L3) N L>=(0,T; L})
for any T' > 0, to the associated Boltzmann equation (8.1.1)-(8.1.2), which
satisfies (8.1.30)-(8.1.31).

Step 2. From Proposition 8.2, for any T' > 0, there exists Cp such that

sup || fullzy < Cr-
[0.7]

Moreover, coming back to the proof of Proposition 8.4 (see also the first step
in the proof of [95, Theorem 2.6]), we may establish the differential inequality

d C
%an - meL% < Cl an + meL% an - meL% + ;2 an + fm”ii

for any integers m > n. Gathering these two informations we easily deduce
that (f,) is a Cauchy sequence in C([0,71]; L3) for any T > 0. Denoting by
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f e C(o,T]; L) N L=(0,T; L}) its limit, we obtain that f is a solution to
the Boltzmann equation (8.1.1)-(8.1.2) associated to the collision rate B and
the initial datum fi, by passing to the limit in the weak formulation (8.1.28)
of the Boltzmann equation written for f,.

Step 3. When the initial datum f;, satisfies (8.1.9) with ¢ = 3 we introduce
the sequence of initial data fin := fin L{ju|<e}. Since fine € L}, the preced-
ing step give the existence of a sequence of solutions f, € C([0,T]; L3) N
L>(0,T; L}) for any T > 0 to the Boltzmann equation (8.1.1)-(8.1.2) asso-
ciated to the initial datum f, . From Proposition 8.2, for any 7' > 0, there
exists Cr such that

sup || fellzy < Cr.
[0,1]

Thanks to (8.3.68) we establish that (f;) is a Cauchy sequence in C'([0, T7]; L3)

and we conclude as before. O

Remark: Note here that an alternative path to the proof of existence could
have been the use of the result of propagation of Orlicz norm which shows
here, under the assumptions on B, that the solution is uniformly bounded
for t € [0,7] in a certain Orlicz space. Together with the propagation of mo-
ments and Dunford-Pettis Lemma, it would yield the existence of a solution
by classical approximation arguments and weak stability results as presented
below. More generally the propagation of Orlicz norm by the collision op-
erator can be seen as a new tool (as well as a clarification) for the theory
of solutions to the spatially homogeneous Boltzmann equation with no en-
tropy bound, as in the inelastic case, or in the elastic case when the initial
datum has infinite entropy, see also [6, 144] where other strategies of proof
are presented.

8.4 Proof of the Cauchy theorem for coupled
collision rate

8.4.1 Weak stability and proof of the existence part of
Theorem 8.2

Proposition 8.5. Consider a sequence B, = B,(t,u;dz) of collision rates
satisfying the structure conditions (8.3.43)-(8.5.44) and the uniform bound

0<7,(t)<~vpr VYte[0,T], VYneN,
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and let us denote by f, € C([0,T); L) N L>°(0,T; L3) the solution associated
to B, thanks to the existence result of the preceding section (existence and
uniqueness part of Theorem 8.1 and jth point of the remarks following The-
orem 8.1). Assume furthermore that (f,) belongs to a weak compact set of
LY((0,T) x RY) and that there exists a collision rate B satisfying (8.3.43)-
(8.3.45) and such that for any ¥ € C.(RY)

Yo — v and /1/) w(tu;dz) — /t/) b(t,u;dz) a.e.

Then there exists a function f € C([0,T); L) N L>=(0,T; L) and a subse-
quence f,, such that

fu, — f weakly in  L'((0,T) x R™),

and f is a solution to the Boltzmann equation (8.1.1)-(8.1.2) associated to
B.

Such a stability /compactness result is classical and we refer to [75, 6] for
its proof.

Proof of the existence part of Theorem 8.2. We assume without restriction
that there exists a decreasing function ag such that a < ag on [0, &,]. We
proceed in three steps.

Step 1. We start with some a priori bounds. We set Y3 := || f||;1. From
the Povner inequality (8.3.47) (with v(¢) = «(&(t)) and the dissipation of
energy equation (8.1.7), we have

d
(8-4-69) EYS <G 040(5) Ys, Y:J)(O) = Y3(fin)
and
(8470) %g > 01 Oéo(g) }/3, 5(0) = gin;

for some constant C; (which depends on &,). There exists T, such that
any solution (Y3, &) to the above differential inequalities system is defined on

[0, T,] and satisfies
(8.4.71) sup Y3(t) <2Ya(fin), inf E(t) > &n/2.

[0,T%] [0,1%]
More precisely, we choose T, such that

Cl aO(Sin/Q) T* S 1/S(fm) and Cl aO(gin/Q)Q 1/B(fln) T* S gin/zv
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in such a way that if (Y3, £) satisfies Y3 < 2Y;3(fin) and (8.4.70) on (0,7%) or
if (Y3, €) satisfies £ > &,/2 and (8.4.69) on (0,7%) then (8.4.71) holds. Then

we introduce

X = {5 e O([0,T.]), En/2 < E(t) < En on (O,T*)}.

Step 2. Let us consider a function & € X and define By(t,u;dz) :=
B(&(1),u;dz). From assumption (8.1.13) we may write

BQ(ta U; dZ) = |u| 72(t) 62(t7 Uu; dZ)
where by is a probability measure and () satisfies
Y2(t) = a(&1(t)) < ap(&in/2) < +0 Vte 0,1y

Thanks to Theorem 8.1 there exists a unique solution fy € C([0,T.]; L) N
L>(0,T,; L3) to the Boltzmann equation (8.1.1)-(8.1.2) associated to the col-
lision rate By and we set & := &(f2). In such a way we have defined a map
X = X, 0(&)=2¢,.

In order to apply the Schauder fixed point Theorem, we aim to prove
that @ is continuous and compact from X to X. Consider (£}') a sequence of
X which uniformly converges to & . Since (£') belongs to the compact set
[Ein/2, &) for any n and any t € [0, T,], we deduce by applying Corollary 8.1
to the the sequence (fy) associated to By (t,u;dz) = B(E]' (1), u; dz) that

(8.4.72) ¥Yn >0, sup / A(f3(t,v))dv < Cy,
] /RN

[0,T,

for a superlinear function A and a constant C3 > 0. Moreover, from Propo-
sition 8.2 we have

(8.4.73) ¥Yn >0, sup it o) o] dv < Csq
(0,74 /RN

for some constant C5 > 0.

On the one hand, gathering (8.4.72), (8.4.73) and using the Dunford-
Pettis Lemma, we obtain that (f3') belongs to a weak compact set of L*((0, T%) x
R?). Propositon 8.5 then implies that there exists f» € C([0,7.]; L3) N
L>(0,T,; L3) such that, up to a subsequence, fi — f; weakly in L*(0,7; L3)
and fy is a solution to the Boltzmann equation associated to By(t,u;dz) =
B(&(t),u;dz). Since this limit is unique by the previous study, the whole
sequence (f7) converges weakly to f;, and in particular

(8.4.74) & — & weaklyin L'Y0,7)
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where &, is the kinetic energy of f,.
On the other hand, there holds

d
GE == [ BB BE W dode. = D
dt RNxRN

Since B(EF,u) < a(&]')/4 < ap(&n/2)/4, we deduce from (8.2) that D7 is
bounded in L*°(0,7T") which in turn implies

(8.4.75) 1€ lIwree 0.7 < Cia-

From Ascoli’s Theorem we infer that the sequence (&) belongs to a compact
set of C([0,71]). Since the cluster points for the uniform norm are included
in the set of cluster points for the L' norm, it then follows from (8.4.74)
that ®(&) = E(fy) converges to E(fy) = ®(&) for the uniform norm on
C(]0,T1]), which ends the proof of the continuity of ®. Of course, the a priori
bound (8.4.75) and Ascoli’s Theorem also imply that ® is a compact map
on X. We may thus use the Schauder fixed point Theorem to conclude to
the existence of at least one £ € X such that ®(£) = €. Then, the solution
f e C([0,T.]; L) N L>=(0,T.; L}) to the Boltzmann equation associated to

B(t,u;dz) := B(E(t), u; dz) satisfies

fltv) o dv = ®(E)(t) = ()

RN

and therefore f is a solution to the Boltzmann equation associated to B in

C([0, T); L3) N L=(0, T. L),

Step 3. We then consider the class of solution f : (0,7}) — L3 such that
feC(0,T]; Ly)NL>=(0,T; L3) for any T € (0,T}), € is decreasing, f is mass
conserving. By Zorn’s Lemma, there exists a maximal interval [0,7.) such
that

(T. < o0 and £(t) = 0 when t = T.) or T,=oc.

In order to end the proof, the only thing one has to remark is that if 7, <
oo and 1}%1 E(t)=E. >0, then 1}%1 Y5(t) < oo (by (8.4.69)) so that f €
t /e t/ e

C([0,T.); L3) N L*(0,T,; L3) and we may extends the solution f to a larger
time interval. O

8.4.2 Strongstability and uniqueness part of Theorem 8.2

In this subsection we give a quantitative stability result in strong sense, under
the additional assumption of some smoothness on the initial datum and the
collision rate. Let us first prove a simple result of propagation of the total
variation of the distribution.
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Proposition 8.6. Let B be a collision rate satisfying assumptions (8.3.43)-
(8.3.44)-(8.3.45) and 0 < fi, € BVyN L an initial datum. Then there exists
Ct,, depending on 7. and | fin||L1, such that any solution f € C([0,1.], LN
L>=(0,T., L3) to the Boltzmann equation constructed in the previous step sat-

isfies
Vite [OvT*]7 HftHBV,; < HfinHBV4 GCT* t'

Proof of Proposition 8.6. The proof is based on the same kind of Povzner
inequality as above. Let us first prove the estimate by a priori approach, for
the sake of clearness. We have the following formula for the differential of Q:

VuQ(f, ) = Q(Vuf, )+ Qf, Vo).

This property is proved in the elastic case in [191] but as it is strictly related
to the invariance property of the collision operator

ThQ(fa f) = Q(Thfa Thf)
where the translation operator 7, is defined by
Vv € RY, 7,f(v) = flv—h).

It is easily seen that it remains true in the inelastic case under our assump-
tions. The propagation of the L} norm has already been established. Then
we estimate the time derivative of the L} norm of the gradient along the flow:

%Wvﬁlm = /R ooy (Vuf)
[(1 + 0|} sgn (Vo f) + (1 + [v]*) sgn(V, f).
—(14 o) sgn(Vof) = (1 + |va]?) sgn(VUf)*} B dv dv,
/RNxRNXD FIVLfl (L + [+ (1 + L)
—(1 o) = (1 + Jou|")| Bdv o

A L+ P [Vof (1 + o)l
< Clfllea V£l

using a Povzner inequality as in (8.3.46). This shows the a priori propagation
of the BV, norm by a Gronwall argument.

Now let us explain how to obtain the same estimate by a posteriori ap-
proach. First concerning the a posteriori propagation of the L} norm, it is

IN
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similar to the method in [144] and does not lead to any difficulty. Concern-
ing the propagation of BV, norm, we look at some “discretized derivative”.
Let us denote k = sgn(7,f — f) (1 + |v|*). We can compute by the chain rule
the following time derivative (using the invariance property of the collision
operator)

d !
EHThft — fillzy = / (rnfrufe — ff) [K' — k] Bdvdv,
RNVNxRNxD

= / (7of — F)fe [F' + K, — k — k] Bdvdv,
RVNXxRNxD

1
5 [ =D 1)

(K + k. — k — k.] Bdvdv,

/ |7-hf - f|f*
RNxRNxD
[Iv’|4 + ol = ol + |v*|4} B dv dv.

IN

1
w3 [ mi- Al £
RVYXRNxD

{I'v’l“ + [0l + ol* + [v.]*] Bdv dv..

Then using the same rough Povzner inequality as in the proof of Proposi-
tion 8.2, we have

11+ ol = o+ foul* o = 0] < € (14 [o]) (1 + Jo.])

and

o' [ 4 ol 4 [o]* + |‘U*|4} <C (L4 oY@+ o) + (T4 oD (A + [0])] -
Hence we deduce that

d
E”Thft - ftHL; <Cr. HThft - ftHL; {Hf”L}) + H’Fhft - ftHLé}

and for |h| <1, we deduce

d
%HThft - ftHL; < O HThft - ft”Lin”L})-
By a Gronwall argument it shows for any |h| <1 that

vie [0, L], |mafe — flley < llmnfin — finllLz Ot
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for a constant Cr, depending on 7. and sup;¢p 1]
and letting h goes to 0, we conclude that

fellpi- By dividing by A

Vi€ 0.1 IVl < IV fillrg e
which ends the proof. O

Now let us assume that the collision rate satisfies (8.1.10)—(8.1.14) plus
the additional assumption H1: the measure b reduces to a mesure on the
sphere C,, . with e(€), a(€) : (0,4+00) — [0, 1] locally Lipschitz functions. Let
us take fi, € BVyN L} and let us consider two solutions f,g € C'([0,7.]; L3)N
L>(0,T; L) constructed by the previous steps. For these two solutions the
function e(€) is locally Lipschitz, so is the function 8(€) and the differential
equation (8.1.7) satisfied by E(f:) on [0,7%] implies that it is bounded from
below on this interval. Thus thanks to the continuity of «, the assumptions
of Proposition 8.6 are satisfied, and thus the BV, norm is bounded on any
time interval [0,7.] C [0,7}) .

Proposition 8.7. Let B be a collision rate satisfying (8.1.10)—(8.1.14) plus
the additionnal assumption H1. Let f,g € C([0,T.]; L3) N L=(0,T\; L) be
two solutions with mass 1 and momentum 0, with initial data fi, and g,

and such that E(f;),E(g:) € K on [0,T] with K compact of (0,+00) and

Vite [O7T*]7 HftHBVM ”gtHBV4 < CT*'

Then there is a constant Cy depending on B, K and Cr, such that

Vte [OaT*L Hft_gtHL% S Hfin_ginHL% eoflj‘*t‘

Proof of Proposition 8.7. Let us denote Q) (resp. @),) the collision operator
with collision rate associated with € = £(f;) (resp. € = E(g¢)). Without

restriction we assume by symmetrization that b has its support included in
u-o <0.

Let us denote D = f — g and S = f 4+ g. The evolution equation on D
writes

0

D= % [Qs(D,S) + Qs(S, D)] +[Q(g.9) — Qy(g,9)]
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and thus the time derivative of the L% norm of D is

d 1
oy = 5 | SD[(1+ o) sgn(D) + (1 -+ 0! sgn( DL)
dt 2 2 JRNyRNygN-1

(14 [o*) sgn(D) = (1 + |o.]*) sen(D).

lu| B(E(f), & - o) dv dv, do

(14 vl |*) sgn( Dl J(E(S), - 0)

+/ 99~
RNXxRNxSN-1

—(1+ |‘Ué(gt)|2) Sgn(Dé(gt))B(g(gt)y - U)] |u| dv dv, do

-/ 99-(1+ [v]*) sgn(D)ul
RNVXRNxSN-1
[E(s(ft), i 0)—b(E(g); - a)} dv dv. do
= L+1,+1s

(the subscripts recall that the post-collisional velocities depend on the choice
of the restitution coefficient €). The first term is easily dealt with by the
same arguments as in the non-coupled case:

L < / SID.| (1 + |v)?) |u| B(E(fe), it - o) dv dv, do
RVXRNx§N-1
(€S ISy I1fe = gillzy-

The third term I3 is controlled by

I3 < |a(E(fr)) — a(E(ge)) gl gl Ly

and using that « is locally Lipschitz on K we get

I3 < Ck [E(ft) — E(g:)] HQHL; HQHL% <Ck|fi— gtHL; HQHL; HQHM

for some constant C'x depending on « and K.

As for the second term [, we use the change of variable v, — v" with
v, o fixed and e given. This change of variable depends on e and we denote
Vs = Poe(v,0"). Let us denote the jacobian J.. This jacobian is computed
in [100]:

(8.4.76) J.(cos ) = <1 I €>N (1 = cos )
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and thus since by symmetrization we suppose here that 6 € [7/2, 7|, we have

(84.77)  Vee[0,1], Vo€ [0,7], Ju(cosh) e [(i)Nz G)N]

Thus we get

I =/ g (14 [v']*) sgn(D’) |ul {g(qﬁa,e(ft)('va‘v'))Je(ft)(COS 0)
RNxRNxSN-1

— g(qbw(gt)('v, v')) Je(gt)(cos 6) ZN)(E, cos 0) dv dv’ do.

So we can split this term as

I, = / g (14 107 sen(D') Ju] [g( o0, 0)
RV xRN x§N-1

—g(¢g7e(gt)('v, ‘U/))} Je(ft)(cos 6) INJ(E, cos 8) dv dv' do
- g (14 1) sl D) [ul [ s (cos)
RNVNXxRNxSN-1

—Je(gt)(cos 6) g(qu(gt)(v, v')) ZN)(S, cos 8) dv dv' do

= Iy1+ 1.

For the term I35 we use that, from the formula (8.4.76) and the fact that
E — (&) is locally Lipschitz,

Je(ft)(COS 9) - Je(gt)(COS 9) < C |e(f7f) - e(gl‘)|
< CilIELF) — E@lley < Cic Lfs — ally.

Then doing the (elastic) change of variable backward v — v, (whose jacobian
is bounded by (8.4.77)) we get

Ly < Ck || fe — gtHLg HQHL; HQHL%-

We now aim to prove that for any functions f, g which energies & and
&, belong to a compact K C (0, 00) there exists a constant C'x such that the
following functionnal inequality holds

(8.4.78) Iq < Cx | fe = gelloy lgllze N9l Bva-
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Let first assume that f and g are smooth functions, say f,g € D(RY). We
have

9(Doe(5)(V5,0) = 9(Poe(g0) (0, V)| < N[Poe(s) (05 0) = Do e(g0) (v, V)|

(f

As for the difference |¢, () (v, V") = b5 (g, (v,0')], it is easy to see that for
some fixed v, v’, o the corresponding v, = ¢, (v, v’) are aligned for any e (on
the line determined by the plan defined by v, v, o and the direction defined

V.g((1 — t)qbw(ft)('v, v') + tqu(gt)('v, ‘U/))‘ dt) )

by the angle 6/2 between v’ — v and v, — v). Thus it remains to look for
the algebraic length of [¢g c(s,) (v, V'), G e(g,) (v, v')] on this line, which is given
explicitely in [100]:

e v] 20elf) ~ clg)
Boctsa0: ) = Cocton (00 = o5 (T el )1+ ela)

Thus we get

|¢0’,6(ft)(v7 ’U/) - ¢0,e(gt)(v7 ’U/)| < CK |u| Hft - gtHL%

and the term [y, is controlled by (using the uniform bound (8.4.77) on
Je(s)(cos 0))

1
Laa < Cklfi — gtHL; / / g (14 ') ul?
0 JRVXRNxSN-1

‘va((l — ) boe(f) (0, V") + g (g, (v, ‘U/))‘ b(cos 8) dv dv' do dt
Finally for any ¢ € [0, 1] we want to perform the change of variable
(8.4.79) V' = (1 = 1) bo o) (0,0") 4+ tds c(g0) (v, V).
Some tedious but elementary computations yields

Ao — ' o v—v

l+e 2cos(9/2+|'v—'v’| '

Goe(v,0) =0v —
We deduce that
(L =) @oer (0,0) + 1y e, (0,0") = oy (v, V)
with

e — tel + (1 —t)eg + €1€9
0~ 1—|—(1—t)€1—|—t€2

€ [min{ey, e}, max{es, ex}].
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Thus we deduce that the jacobian of the change of variable (8.4.79) is given
by

-1 _ te(f) + (1 —te(gr) + e(fe)e(gr)
<J6(f“gf)(cos 0)) with e(fi, :) = L4+ (1 —t)e(fr) + te(ge)

and thus is uniformly bounded thanks to (8.4.76). Therefore we obtain

(8.4.78) for smooth functions. When f,g € BV, we argue by density, in-

troducing two sequences of smooth functions (f,,) and (g,) which converge

respectively to f and ¢ in L! and are bounded in BV}, we pass to the limit

n — oo in the functionnal inequality (8.4.78) written for the functions f,

and g,. We then easily conclude that (8.4.78) also holds for f and g.
Collecting all the terms we thus get

d
%Hft - gtHL; < C/*

ft—gtHL;

where Cf, depends on K, b and some uniform bounds on || f||z: and [|g[/ v,
This concludes the proof by a Gronwall argument. O

The uniqueness part of Theorem 8.2 follows straightforwardly from Propo-
sition 8.7 and the discussion made just before its statement.

8.5 Study of the cooling process

In this section we prove the cooling asymptotic as stated in point (ii) of
Theorem 8.1 and points (iii), (iv), (v) of Theorem 8.2. We first prove the
collapse of the distribution function in the sense of weak * convergence to
the Dirac mass in the set of measures.

Proposition 8.8. Let T. € (0,4+0oc] be the time of life of the solution. Under
the sole additional assumption H2, there holds
(8.5.80) f(t,.) = &m0 weakly* in M*(RY).

t—T.

Proof of Proposition 8.8. We split the proof in two steps.

Step 1. Assume first that &€ — 0 when ¢ — T.. This includes the case
when T, < +o00 (since the convergence to 0 of the kinetic energy follows from
the existence proof in this case) and it will be established under additional
assumptions on B when 1. = +oc but probably holds true under the sole
assumption H2 in this case as well. For any 0 < ¢ € D(R™\{0}), there exists
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r > 0 such that ¢ = 0 on D(0,r) and then, there exists C, = Cu(r, ||¢| =)
such that |¢(v)] < C, |v|*. As a consequence,

fodv <CLE(t) =0,
BN

from which we deduce that any weak * limit i of f in M? satisfies supp iz C
{0}. Therefore, (8.5.80) follows using the conservations (8.1.30) and the
energy bound (8.1.31).

Step 2. Assume next that £ — £, > 0 (and thus also 7, = +00). Then for
a fixed time 7' > 0 and for any non-negative sequence (¢, ) increasing and go-
ing to +oo, there exists a subsequence (¢,, ) and a measure g € L*(0,T; My)
such that the function fy(t,v):= f(t,, +t,v) satisfies

(8.5.81) fr = weakly * in L>(0,T; M").
Moreover, for any ¢ € C.(RY), there holds

d

5 | fredv=(Q(fi, fi),) on (0,T),
RN

with (Q(fx, fx), ) bounded in L>°(0,7). From Ascoli’s Theorem, we get
/ fepdv — @di(v) uniformly on [0, 7.
RN RN

As a consequence, for any given function y. € C.(R?® x R?) such that 0 <
Xe < 1 and y.(v,v.) = 1 for every (v,v.) such that |v] <e ! and |v.| < et
we may pass to the limit (using the continuity of 5 = 3(&, u) which is uniform
on the compact set determined by [€.., &] and the support of x.)

T T
(8.5.82) / D:(fr)dt — / / U’ B(Eao, 1) Xe(v,v4) diit dfi dt,
0 k=too Jo  JrNyRY

where we have defined for any measure (or function) A:

D:(X) := /RN o lul® B(E,u) xe(v, v) dA(v) dA(v4).

From the dissipation of energy (8.1.7) and the estimate from below (8.1.18),
there holds

ig(t) < —=D(f) with D(f) ::/ lu|® B(E,u) f f. dv dv.,

dt RYVxRN
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which in turn implies that ¢ — D(f(¢,.)) € L*(0,00), and then

(8.5.83) /TDE(fk)dtg/TD(fk)dt:/tnk+TD(f)dt .0

k— oo
k

Gathering (8.5.82) and (8.5.83), and letting ¢ goes to 0, we deduce that
[ WPBE ) didi. =0 on (0.7),
RNxRN

The positivity (8.1.17) of 3(€«,u) then implies that g = ¢d,— for some
measurable functions @ : (0,7) — RY and ¢: (0,7) — R,. Moreover, from
the conservation of mass and momentum (8.1.30) and the bound of energy
(8.1.31) we deduce that ¢ = 1 and w = 0 a.e. It is then classical to deduce

(by the uniqueness of the limit and the fact that it is independent on time)
that (8.5.80) holds. O

To conclude that this weak convergence of the distribution to the Dirac
mass as time goes to infinity implies the convergence of the kinetic energy to
0 (i.e. the kinetic energy of the Dirac mass) we have to show that no kinetic
energy is lost at infinify as t — T.. To this purpose we put stronger as-
sumptions on the collision rate. The first additional assumption H3 roughly
speaking means that the energy dissipation functional is strong enough to
forbid it, whereas the second additional assumption H4 allows to use the
uniform propagation of moments of order strictly greater than 2 to forbid it.

Proposition 8.9. Let T, € (0,+0c] be the time of life of the solution. Then
if either T. < 400, or T. = 400 and B satisfies additional assumptions
H2-H3 or H2-H4, we have

(8.5.84) E(t) = 0 when t—T..

Proof of Proposition 8.9. We split the proof in three steps.
Step 1. Assume first 7. < 400. The claim follows from the existence proof.

Step 2. Assume now 7. = +4oc and that B satisfies assumption H3:
(8.1.18)-(8.1.19). We argue by contradiction: assume that £(¢) /4 0, that
is, there exists £, > 0 such that £(t) € (€, &n). Reasoning as in Propo-
sition 8.8, we get, for a fixed time 7' > 0 and for any sequence (¢,) increas-
ing and going to +oo, that there exists a subsequence (¢,,) and a measure
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p € L*(0,T; M}) such that the function fi(¢,v) := f(t,, + t,v) satisfies
5.81) and

(8.5.85) /T DO(f)dt — /T D) dt,

where we have defined for any measure (or function) A:
DO i= [l o) o) dN(0) dAe).
RVxRN

From the dissipation of energy (8.1.7) and the estimate from below (8.1.18),
there holds

(8.5.86)

d

SE() < —D°(f) with  DO(f) = / o Tl £ f oo

which in turn implies that ¢ — D°(f(¢,.)) € L'(0,00), and then

T T tn, +T
(8.5.87) / Dg(fk)dtg/ Do(fk)dt:/ ' Do(f)dt — 0.

k— oo
k

Gathering (8.5.85) and (8.5.87), and letting ¢ goes to 0, we deduce that
D) = 0 on (0,7). The positivity of ¥ implies as in Proposition 8.8 that
supp ¢ C {0} and g = d,—o. As this limit is unique and independent on time
we deduce that (8.5.80) holds.

Now, on the one hand, taking R = /€., /2 there holds
(8.5.88) flv)*dv = / I o) dv — flo)fPdv> &, —R*>E./2
Bg RN Br

for any ¢ > 0. On the other hand, for T' large enough, there holds thanks to
(8.5.80)

(8.5.89) fdv> for any t>T.

Remarking that on Bpj; x B there holds, thanks to (8.1.19),

WP o(lul) > 2Ly (12 o-*
(8.5.90) R e
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we may put together (8.5.86)-(8.5.90) and we get thanks to (8.5.88) and
(8.5.89)

d
Ley < / /|v—v*| W(Jo = v.) £ f. dvd,
1
< IR fdo | fo|v.|?do. S_@_g_
4 T 4272

for any ¢t > T'. This implies that £ becomes negative in finite time and we
get a contradiction.

Step 3. Finally, assume that 7. = +oc and B satisfies assumption H4. On
the one hand, thanks to (8.3.48), there holds

sup flt,v) v dv < .
[0,00) JRI

On the other hand, arguing as in Step 2, we obtain (keeping the same nota-
tions) that (8.5.81) and then (from the uniform bound in L})

E(fy) = E=E[) and D(i)=0.
The dissipation of energy vanishing implies that
lul> iy =0 or  B(€,u) is not positive on (0,7') x R,

In the first case we deduce that ji = §,—¢ as in Step 2 and then € = £(8,—g) =
0. In the second case we deduce, from (8.1.17), that € is not positive. In
both case, there exists 7, such that 7, — oo and &(7;) — 0 and therefore
(8.9) holds since & is decreasing. O

Now we turn to some criterions for the cooling process to occur or not in
finite time.

Proposition 8.10. Assume that o is bounded near € =0, and je converges
to 0 as ¢ — 0 uniformly near £ =0, then T, = 4+0c.

Proof of Proposition 8.10. 1t is enough to remark that, thanks to the hypoth-
esis made on « and jg, the a priori bound in Orlicz norm that one deduces
from (8.2.42) as in Corollary 8.1 extends to all times:

VE20 il < finllzn exp (Cll il ?)

for some constant C' depending on the collision rate. It shows that the energy
cannot vanish in finite time. O
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Proposition 8.11. Assume that for some increasing and positive function
Bo there holds B(E,u) < Bo(&) for anyu € RN, € >0 and that fi, e M" € L
for some r >0 and n € (1,2], then T, = +oo.

Proof of Proposition 8.11. From the dissipation of energy (8.1.7), the bound
on 3 and the decrease of the energy (8.1.31), we have

d€

T > —Bo(&n) /RN/RN I fo u)? dvdv, =2 —Bo(En) (I1,r + I2.R)

where

[LR = / |u|3 1{|U|SR}ff* dv d’U*
RN xRN
IQ,R = / |u|3 1{|U|ZR}ff* dv d’U*.
RN xRN
On the one hand, for any R > 0, we have using (8.1.30)
[17R§R/ lu|> f fudvdv, =2RE.
RVxRN
On the other hand, we infer from Proposition 8.3 that

sup f(t,v) 2 M dy < ¢
te[0,T;) JRYV

for some r', C; € (0,00). Therefore
]273 < / (4|’U|3 ‘|‘4|'U*|3)21{|u|>R/2}ff* dv dv,
RN xRN

< 86‘“”/ (1+ [v]) ef”"”'"fdv/ (1 + [v.f?) frdv. < Cye 7.
RN RN

Gathering these three estimates, we deduce

d ' RY
%52—0338—03€_TR,

which in turns implies, thanks to the Gronwall Lemma,
e—r" R7

. > ¢ ,~C:sRT _
VR >0, tel[%fT]S(t)_Sme g

We conclude that £(t) > 0 for any ¢ € [0,7] and any fixed T' > 0, choosing
R large enough (using that n > 1). O
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Proposition 8.12. Assume 3(E,u) > Bo & with By > 0 and § < —1/2,
then T, < +o0.

Proof of Proposition 8.12. On the one hand, from the dissipation of energy
(8.1.7) and the bound on 3, we have

d
& < =B E° / f fo |uf? dv dv..
dt RN RN

On the other hand, from Jensen’s inequality and the conservation of mass
and momentum, there holds

3/2
[ et ([ [ gt = e
RN RN RN RN

Gathering these two estimates, we get

d
s < _ 5-}—3/2
gt s e

and &€ vanishes in finite time. O

8.6 Appendix: Some facts about Orlicz spaces

The goal of this appendix is to gather some results about Orlicz spaces in
order to make this paper as self-contained as possible. The definition and
Holder’s inequality are recalls of results which can be found in [170] for
instance. We also state and prove a simple formula for the differential of
Orlicz norms, which is most probably not new, but for which we were not
able to find a reference.

Definition

We recall here the definition of Orlicz spaces on R" according to the Lebesgue
measure. Let A : Ry — R, be a function C? strictly increasing, convex, such
that

(8.6.91) A(0) = A'(0) =0,

(8.6.92) VE>0, A2t) <enAlt),

for some constant ¢y > 0, and which is superlinear, in the sense that

M—>—|—oo.

t t=+o0

(8.6.93)
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We define L* the set of measurable functions f : RY — R such that

/RNA<|f('U)|> dv < 400.

Then L* is a Banach space for the norm

Il =int {as 0 [ a () a0 <o}

and it is called the Orlicz space associated with A. The proof of this last
point can be found in [170, Chapter III, Theorem 3]. Note that the usual
Lebesgue spaces LP for 1 < p < 400 are recovered as particular cases of this
definition for A(t) = 7.

Let us mention that for any f € L'(RY), a refined version of the De la
Vallée-Poussin theorem [127, Proposition 1.1.1] (see also [125, 126]) guar-
antees that there exists a function A satisfying all the properties above and
such that

/RNA(|f(v)|)d'U < +4o0.

Holder’s inequality in Orlicz spaces

Let A be a function C? strictly increasing, convex satisfying the assump-
tions (8.6.91), (8.6.92) and (8.6.93), and A* its complementary Young func-
tion, given (when A is C'') by

Vy>0, Ay)=y(A) " (y) = A(A) ()

It is straightforward to check that A* satisfies the same assumptions as A.
Recall Young’s inequality

(8.6.94) Va,y >0, ry < Alz) + A (y).

Then one can define the following norm on the Orlicz space LA™

Ve =sw{ [ sdldo [ Adahao <1}

One can extract from [170, Chapter 111, Section 3.4, Propositions 6 and 9]
the following result
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Theorem 8.5. (i) We have the following Hélder’s inequality for any f € L*,
g€ Lr:

(5.6.95 [ Maldo <1710 N (9)

(11) There is equality in (8.6.95) if and only if there is a constant 0 < k* <
+oo such that

so () () = () o ()

for almost every v € RV,

Differential of Orlicz norms

In order to propagate bounds on Orlicz norms along the flow of the Boltz-
mann equation, we shall need a formula for the time derivative of the Orlicz
norm.

Theorem 8.6. Let A be a function C? strictly increasing, convex salisfy-
ing (8.6.91), (8.6.92), (8.6.93), and let 0 # f € CY[0,T],L*). Then we

have

d IR ali ))}_1 ( 7 ) ,
6.97 S flls = NA A at A dv.
(8.6.97) I /ille { ( <||fHLA /RN d 11l

Proof of Theorem 8.6. From [170, Chapter 111, Proposition 6]), our assump-
tions on A imply that

(8.6.98) /RNA (HJLJ!C\L) =1

for all 0 #£ f € L*. By differentiating this quantity along ¢ we get:

) (1] ) L d < 7] >
0= O f A dv — — | fell 72 A dv.
O (HfHLA e L (i

Now using the case of equality in Holder’s inequality (8.6.95) we have

1 |f| > _ A* < l < |f| >>
A dv = AN A
/.1 (anm 7 1l

since the equality (8.6.96) is trivially satisfied with

i )
=A
I (HfHLA
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and k* = N4"(g), using that
zy = Az) + A*(y)

as soon as y = A’(x). This concludes the proof. O
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ABSTRACT: We consider the spatially homogeneous Boltzmann equation for
inelastic hard spheres, in the framework of so-called constant normal restitu-
tion coefficients. We prove the existence of self-similar solutions, and we give
pointwise estimates on their tail. We also give more general estimates on the
tail and the reqularity of generic solutions. In particular we prove Haff’s law
on the rate of decay of temperature, as well as the algebraic decay of singu-
larities. The proofs are based on the reqularity study of a rescaled problem,
with the help of the reqularity properties of the gain part of the Boltzmann
collision integral, well-known in the elastic case, and which are extended here
in the context of granular gases.
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9.1 Introduction and main results

9.1.1 The model

We consider the asymptotic behavior of inelastic hard spheres described by
the spatially homogeneous Boltzmann equation with a constant normal resti-
tution coefficient (see [141]). More precisely, the gas is described by the
probability density of particles f(¢,v) > 0 with velocity v € RY (N > 2) at
time ¢ > 0, which undergoes the evolution equation

af . N
(9.1.1) U = QU i (040) <RY,
(9.1.2) f0) = fi in RN

The bilinear collision operator Q(f, f) models the interaction of particles
by means of inelastic binary collisions (preserving mass and momentum but
dissipating kinetic energy). Denoting by e € (0,1) the normal restitution
coefficient, we define the collision operator in strong form as

7 7
Lo o] 1l ) do .,

019 Qenw=[ |

where we use notations from [100|. Here u = v — v, denotes the relative
velocity, @ stands for u/|u|, and 'v, 'v. denote the possible pre-collisional
velocities leading to post-collisional velocities v, v.. They are defined by

, v+ve uo v+u. u

v = 5 Uy = BY
2 2 2 2
with 'u = (1—)u+pPlujoand g = (e+1)/(2¢e) (B € (1,00) since e € (0,1)).
The function b in (9.1.3) is (up to a multiplicative factor) the differential

collisional cross-section. In the sequel we assume that there exists by, b; €
(0, 00) such that

(9.1.4) Ve e[—1,1], by <b(x) < by,
and that
(9.1.5) b is nondecreasing and convex on (—1,1).

Note that the “physical” cross-section for hard spheres is given by (see [100,
54|)

N-=3

bz)=cst(l —ax)" "z,



Chapitre 9. Granular gases: Asymptotic behavior 374

so that it fulfills hypothesis (9.1.4) and (9.1.5) when N = 3. The Boltzmann
equation (9.1.1) is complemented with an initial datum (9.1.2) which satisfies
(for some k > 2)

(9.1.6) 0 < fn € Li(RY), / findv =1, / finvdv = 0.
RN RN

Notice that, without loss of generality, we can assume the two last moment
conditions in (9.1.6), since we may always reduce to that case by a scaling
and translation argument.

As explained in [141], the operator (9.1.3) preserves mass and momen-
tum:

(9.1.7) % [ ( i > dv = 0,

while kinetic energy is dissipated

d

OL8)  EUU) = =DUE). with €)= [ @)oo,

The dissipation functional is given by

1— 2
D(f) =7 / fflulPdvdv,., 7:=my ( ‘ ) ,
RNxRN 4

where my is the angular momentum defined by

my = /SN_l <#) b(i - o) do

= |SV7? / b(cos §) sin? /2 sin™ %0 db
0

(in the second formula, we have set cosf = @ - o).

The study of the Cauchy theory and the cooling process of (9.1.1)-(9.1.2)
was done in [141] (where more general models were considered). The equa-
tion is well-posed for instance in L}: for 0 < fi, € L}, there is a unique
solution in C'(Ry; L) N LY (R4; L) (see Subsection 9.1.4 for the notations of
functional spaces). This solution is defined for all times. It preserves mass,
momentum and has a decreasing kinetic energy. The cooling process does
not occur in finite time, but asymptotically in large time, i.e. the kinetic
energy is strictly positive for all times and the solution satisfies

E(t) =0 and f(t,) = =0 in M'(R™)-weak * when t— +oc,

where M!(R”") denotes the space of probability measures on R". We refer
to [141] for the proofs of these results and for the study of other physically
relevant models for which the cooling process occurs in finite time.
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9.1.2 Introduction of rescaled variables

Let us introduce some rescaled variables, in order to study more precisely the
asymptotic behavior of the solution. This usual rescaling can be found in [32]
and [78] for instance. Roughly speaking it adds an anti-drift to the equation.
As we shall show in the sequel, this additional term prevents concentration
and thus forces the kinetic energy to remain bounded from below.

We search for a rescaled solution g of the form

ftv) = K(t)g(T(t), V(t,v)),

where K, T,V are the scaling functions to be determined. Imposing the
conservation of mass and the cancellations of the multiplicative term in front
of g in the evolution equation, and using the following homogeneity property

(9.1.9) Q(g(A), g(A))(v) = AN Q(g, g) (M)

(which is obtained by a homothetic change of variable), we obtain by some
classical computations the natural choice

K(t)=(co+at)h, T()= Ci In <1 + Z—1t> V(t,v) = (co + e1t)v
0 0

for some constants ¢g,¢; > 0. A solution f associated to some function g
independent of T' in this new variables is called a self-similar solution, with
profil g. It is obvious that changing ¢y in this scaling only amounts to a
translation of time of the self-similar solution, and changing ¢; only amounts
to the multiplication of the self-similar solution by a constant. Hence in the
following we fix without restriction ¢ = ¢; = 1. Then it is straightforward
that ¢ satisfies the evolution equation

99 _

(9.1.10) = =

Q(g,9) = V.- (vg).

This evolution problem preserves the L' norm. Any steady state G(v)
of (9.1.10) translates into a self-similar solution

F(t,v)=1+)NG((1+1t)w)

of the original equation (9.1.1). More generally, for any solution ¢ to the
Boltzmann equation in self-similar variables (9.1.10), we associate a solution
f to the evolution problem (9.1.1), defining f by the relation

(9.1.11) ft,v) =1+ g(In(1 + 1), (1 + t)v).
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Reciprocally, for any solution f to the Boltzmann equation (9.1.1), we asso-
ciate a solution g to the evolution problem (9.1.10), defining ¢ by the relation

(9.1.12) g(t,v) = e flel — 1,e ).

Given an initial datum fi, = gin € L3, we know from [141] that there
exists a unique solution of (9.1.1) in C'(Ry, L) N L*(Ry, L}). Therefore,
thanks to the changes of variables (9.1.11,9.1.12), we deduce that there exists
a unique solution g to (9.1.10) in C'(Ry, L3) N L* (R4, L}). Moreover we have
the following relations between the moments of f and g:

lgt, ) [+ [l = ¥ I (ef = 1) |- ¥l

(9.1.13) V>0, {
LA ) T Fllee = (1 + )7 [lg(n(L +¢),) |- [*]| e

9.1.3 Motivation

On the basis of the study of the non-physical simplified case of Maxwell
molecules, Ernst and Brito conjectured that self-similar solutions, when they
exist, should attract any solution, in the sense of convergence of the rescaled
solution. Thus existence of and informations on these self-similar solutions
is expected to yield informations on the asymptotic behavior of the generic
solutions. And, as our study shows (as well as the study of diffusively excited
inelastic hard spheres in [100]), the over-populated high energy tails for
the self-similar solutions precisely indicate the tail behavior of the generic
solutions.
Moreover, the kinetic energy of the self-similar solutions behaves like

£(1) ~se
and it is natural to expect a similar behavior for the rate of decay of the
temperature for the generic solutions. This conjecture was made twenty
years ago in the pioneering paper [113], where the model of inelastic hard
spheres was introduced, and this rate of decay for the temperature is therefore
known as Haff’s law. This law is a typical physical feature of inelastic hard
spheres which does not hold for the simplified model of Maxwell molecules.
Indeed, in this case, one can derive a closed equation for the kinetic energy,
which decreases exponentially fast. More generally, the tail behavior of the
solutions are different for Maxwell molecules and hard spheres.

However, until now, mathematical analysis of (spatially homogeneous) in-
elastic Boltzmann equations essentially dealt with Maxwell molecules because
of the strong analytic simplications it provides (see for instance [27, 29, 30]),
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or with some simplified non-linear friction models (see [129] for instance).
In [27], a pseudo-Maxwell approximation of hard spheres was considered,
preserving Haff’s law and still most of the nice simplications of Maxwell
molecules, but leading to different self-similar solutions and tail behaviors.
Recently the works [100, 32] laid the first steps for a mathematical analysis
of the more realistic inelastic hard spheres model: the former proved the
existence of steady states and gave estimates showing the presence of over-
populated tails for diffusively excited inelastic hard spheres, and the latter
proved a priori integral estimates on the tail of the steady state (assuming its
existence) for the spatially homogeneous inelastic Boltzmann equation with
various additionnal terms, such as a diffusion, or an anti-drift as in (9.1.10).
These two papers are the starting point of our study.

In this work, we prove, for spatially homogeneous inelastic hard spheres,
the existence of smooth self-similar solutions, and we improve the estimates
on their tails of [32] into pontwise ones. We also give a complete regularity
study of the generic solutions in the rescaled variables, as well as estimates
on their tails. In particular, we give the first mathematical proof of Haft’s
law and we show the algebraic decay of singularities.

9.1.4 Notation

Throughout the paper we shall use the notation (-) = /1 4+ |- |2. We denote,
for any integer k € N, the Banach space

L, = {f : RY — R measurable; HfHL}C = / |f(v)] (v)* dv < —I-OO} .
BN

More generally we define the weighted Lebesgue space LZ(RN) (p € [1,400],
g € R) by the norm

1/p
1Al = U |f(v)[P () dv]
RN
when p < 400 and

£ llzge ey = sup [f(v)] (v)?

vERN

when p = +o00. The weighted Sobolev space qu’p(]RN) (pefl,4ox],geR
and k£ € N) is defined by the norm

1/p

lgoan = |2 [ 100 oo

|s|<k
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Finally, for h € RY, we define the translation operator 7, by
Vv € RY, 7,f(v)= f(v—h).

We shall denote by “C” various constants which do not depend on the collision

kernel B.

9.1.5 Main results

First we state a result of existence of self-similar solutions.

Theorem 9.1. For any mass p > 0, there exists a self-stmilar profil G with
mass p and momentum 0:

(%

0<Gel) QG.G) =V, (v0), /RNG(l)d‘”:(g)’

which moreover can be built in such a way that G is radially symmetric,

G e C* and
Vv eRY, are” 2l < G(v) < Aje= Al
for some explicit constants ay,aq, Ay, Ay > 0.

Second we give a result on the asymptotic behavior of the solution in the
rescaled variables.

Theorem 9.2. For an initial datum

OégineLémLp7p>17 /gln<1>dU:<p>7
RN v O

the unique solution g of (9.1.10) with initial datum gi, in C(Ry; LA)NLY(R4; L3)
satisfies:

(i) For anys >0, ¢ > 0 arbitrarily large, g can be written g° + g in such
a way that

0D (167 [ gy < +o0r 95 20,

=0 (e_M) )

x>0 g, =
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(i1) For any 7 > 0 and s € [0,1/2), there are some explicit constants
ay, az, Ay, Ay > 0 such that

Yo e RY, liminfg(t,v) > aye
t— 00
and

Vit>r, / g(t,v) e Al dy < A,
RN

(1ii) As a consequence, for any 7 > 0, for an initial datum

enemnmaon [a(l)a-(2)
BN v 0

the associated solution of the Boltzmann equation (9.1.1,9.1.2) satisfies
Haff’s law in the sense:

(9.1.14) Vi>r, mt?<EH) < Mt?
for some explicit constants m, M > 0. and T.

All the constants in this theorem can be computed in terms of the mass,
kinetic energy and LP norm of fin or G, and 7.

9.1.6 Method of proof

The main tool is the regularity theory of the collision operator. We show that
the gain part satisfies similar regularity properties as in the elastic case, and
we use them to study the regularity of the solution in the rescaled variables,
in a similar way to the elastic case (see [150]). We show uniform propagation
of Lebesgue and Sobolev norms as well as exponential decay of singularities
for solutions of (9.1.10).

These uniform non-concentration estimates immediately show that the
temperature is uniformly bounded from below by some positive number in
the rescaled variables, which enables to prove Haff’s law. The existence of
self-similar solutions is proved by the use of a consequence of Tykhonov’s
fixed point Theorem (see Theorem 9.8), which is an infinite dimensional
(rough) version of Poincaré-Bendixon Theorem on dynamical system, see for
instance [14, 100, 82|. It says that a semi-group on a Banach space ) with
suitable weak continuity properties, and which stabilizes a nonempty convex
weakly compact subset, has a steady state.

Essentially this result reduces the question of proving the existence of a
steady state to the one of finding suitable a priori estimates on the evolution
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equation. We apply it to the evolution semi-group of (9.1.10) in the Banach
space Y = LINLP, p > 1. The existence and continuity properties of the semi-
group were proved in [141] and the nonempty convex weakly compact subset
of functions with bounded moments and L? norm (for some 1 < p < +o00
and a bound big enough) is stable along the flow thanks to the uniform L?
bounds obtained in the rescaled variables. Then, regularity of the profil is
obtained by the previous regularity study, and pointwise estimates on the
tail are obtained using results and methods of [32] on the study of moments,
together with maximum principles arguments inspired from [100].

The regularity study in the rescaled variables translates in the original
variables and yields the algebraic decay of singularities for the Cauchy prob-
lem (9.1.1,9.1.2). Then the tail of the solution is studied by classical tech-
niques. For the lower bound on one hand we use the spreading effect of the
evolution semi-group of (9.1.10) (in the spirit of [44, 169]). For the upper
bound on the other hand we use moments estimates as in [32] and elementary
o.d.e. arguments.

9.1.7 Weak and strong forms of the collision operator

Under our assumptions on b, the function o — b(4 - o) is integrable on the
sphere S¥~!, and we can set without restriction

/ b('&-a)da:|SN_2|/ b(cos 0) sin™ 2 0df = 1.
SN-1 0

Thus we can write the classical splitting Q = QT — Q= between gain part
and loss part. The loss part (Q~ is

0115 Qa0 = ([ oo lo—vlden) £0) = (g0

where ® denotes ®(z) = |z|. For any distribution ¢ satifying the moment
conditions fRNgdv = 1, fRNg'U dv = 0, we have (see for instance [141,
Lemma 2.2])

(9.1.16) (g @) > |v].

The gain part Q% is defined by

,f /g*
2

(9.1.17) Qt (g, f)(v) = /RN - |u| b(t - o) do dv..

€
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In the sequel, we shall need two other representations. On the one hand
from [54], there holds: for any ¢ € L{°

(9.1.18)
. Q" (g, /(v)¥(v)dv = / f e |ulb(ii - o) ¥ (v') do dv, dv,

RVxRNxSN-1
where v’ denotes the post-collisional velocity defined by

vt W 1 1
(9.1.19) v’=UJ;U+%, o' = 26 +€||

On the other hand, we shall establish a Carleman representation for gran-

ular gases:

/!

Proposition 9.1. Let £, be the hype'r’plan orthogonal to the vector v — v
and passing through the pomt (v, "v), defined by

Qv, v)=v+ (1 -8 (v—-"v)= (2 — ﬂ_l) v+ (/3_1 — 1) "v.

(recall that B = (14 e)/(2¢)). Then we have the following representation of
the gain term

(9.1.20)

0* (g, F)(v) t/ /' o —w N Bl — o g,
/6N 1 2 ’ERN 'U*EEG

Proof of Proposition 9.1. We start from the basic identity

1 1
(9.1.21) ) /SN_1 F(lulo —u)do = e /RN 52z -u+ |z|*) F(z) dx,

which can be verified easily by completing the square in the Dirac function,

taking the spherical coordinate x + u = r o and performing the change of
variable r* = s.
We have the following relations

{w=v+owmuwa—w
0. = v, = (8/2) (|ulo = w)

and thus starting from the strong form of Q% we get

QF (g, f) =¢? /

RNV xSN-1

Bf(v+(2/2) (lulo—w))
9(v- — (2/2) (lulo —w) ) dv. do.
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Applying (9.1.21) yields

Qa.f) =2 [ WPV B kLol
Fv+(8/2)z) g(ve — (8/2)z) dv, dz.

We do the change of variable x — v = v + (3/2)z (with jacobian (3/2)V).
Then, keeping v fixed, we do the change of variable v, — v, (with jaco-
bian 1). This gives

2N+1

Q+(g,f) = GNe2 /RN - |u|2_NB5f(/‘U)g(/v*)d o d "o,

Finally, keeping ‘v fixed, we decompose orthogonally the variable ‘v, as v +
Vin+ Vy with Vi = ("o, —v) -n, n = ("v —v)/|'v — v| and V; orthogonal to
'v —wv. This gives after computing the Dirac function in the new coordinates

2N+1
+ i u 2—N
Q (g7f) - ﬁNGQ /RxRN—lxRN| | B x
o (L =t =l = V] ) sCodato+ Vi vy avi dvia

Removing the Dirac mass leads to
2Nt 2-N 1
Q+(g7f) = W / N/ |u| B |/’U — ‘U|_ Bf(/‘l))g(/‘l)*) d'v.d /'U,
'veR RISy I

which concludes the proof. O

The parametrization by the Carleman representation means that for v
and v fixed, the point ‘v, describes the hyperplan orthogonal to (‘v —v) and
passing through the point Q(v,’v) on the line determined by v and 'v. Note
that in the elastic case, Q(v,/v) = v, whereas here Q(v,’v) is outside the
segment [v,"v], which reflects the fact that for the pre-collisional velocities,
the modulus of the relative velocity is bigger than |v — v.|. The geometrical
picture (in a plane section) is summerized in Figure 9.1.

From this proposition we immediately deduce the following representa-
tion, which is closer to the classical Carleman representation for the elastic
Boltzmann collision operator:

Q+(f7g)(v) =C., /RN W {/E /g* E(l} . U)d /’U*} d /'U,

e
v, v
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o) Y Y
. V*
,V* ‘ ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, -
|
|
|
’V : V* J
kI R ’

Figure 9.1: Carleman representation for granular gases

with
3N-—-5
27z
FIN=2

Ce

and l;(x) =(1- x)_(N_S) b(x).

9.2 Regularity property of the collision opera-
tor

In this section the final goal is to estimate quantities such as

QUL f) 7 dv
RN

for p > 1, i.e. the action of the collision operator on the evolution of the L?
norm (to the power p) of the solution along the flow. We shall use minoration
estimates on ()~ deduced from (9.1.15)-(9.1.16), together with regularity
estimates on Q7. The latter seem to be new in the inelastic framework but
they are an extension of similar estimates in the elastic case ¢ = 1, which
originated in the works of Lions [130, 131|, Bouchut and Desvillettes [37],
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Lu [134] (and are reminiscent of the work of Grad on the linearized collision
operator [109]). The main tool is the Carleman representation for granular
gases of Proposition 9.1. Before turning to the regularity study of Q, we
recall convolution-like estimates.

9.2.1 Convolution-like estimates

In the elastic case e = 1, convolution-like estimates for the gain part of the
collision operator were first proved in [111, 112]. This proof was simplified
by a duality argument in [150], where also a more precise statement was
given. These estimates were extended to the inelastic case, for a constant
normal restitution coefficient e € (0,1], in [100] (in a form slightly less
precise than in [150]). Also a result weaker in one aspect (less precise for
the treatment of the algebraic weight) but more general in another (valid in
any Orlicz spaces, and valid for more general collision kernels) was proved
in [141]. Here we only state the precise result we shall need, whose proof is
straightforward from the arguments in [100, Proof of Lemma 4.1] and [150,
Proof of Theorem 2.1].

We make the following assumption on the cross-section: no frontal colli-
ston should occur, i.e. b(cos @) should vanish for 6 close to m:

(9.2.22) 36, >0; supportb(cosf) C{0/ 0<60<m—6,}

This additional assumption will not be needed, however, for the quadratic
estimates, i.e. the estimates on QT(f, f). Indeed, Q*(f,g) = Q*(g, f) if
Q* is the gain term associated to the cross-section b(cos #) = b(cos(m — 0)).
In particular, b(cos @) and [b(cosf) + b(cos(m — 0))] Leosg>0 define the same
quadratic operator @T, and the latter satisfies (9.2.22) automatically (with
0, = 7/2). We note that Q*(g, f) and Q*(f,g) will not necessarily satisfy
the same estimates, since assumption (9.2.22) is not symmetric. To exchange
the roles of f and ¢, we will therefore be led to introduce the assumption
that no grazing collision should occur, i.e.

(9.2.23) 36, > 0; supportb(cosd) C {0/ 6, <0 <m}.

Theorem 9.3. Let k,np € R, p € [1,40o0], and let B = ®b be a collision
kernel with b satisfying the assumption (9.2.22). Then, we have the estimates

1QF (g, Nl p < Crna(B) llgll 1Allze,

|k+nl+n|

where

Chnp(B) = C (sin(0y/2))™ =2 11b]| 1 vy (@] e,



Chapitre 9. Granular gases: Asymptotic behavior 385

If on the other hand assumption (9.2.22) is replaced by assumption (9.2.23),
then the same estimates hold with Q% (g, f) replaced by Q*(f,g).

9.2.2 Lions Theorem for Q7

In this subsection we assume that the collision kernel B = ® b satisfies
(9.2.24) ® € C(RY\ {0}), be Ce(—1,1).

Then we have the

Theorem 9.4. Let B be a collision kernel satisfying (9.2.24). Then the gain
part Qt satisfies for all s € Ry and n € Ry

1Q™ (g, )l y+ev-vrz < Cs, B) llgllmg |1 f Iy,

1Q™ (g Fll y+ev-vrz < C(s, B) llgllmg [l £l

for some explicit constant C(s, B) > 0 depending only on s and the collision
kernel.

Proof of Proposition 9.4. We follow closely the proof of [150], inspired from
the works of Lions [130, 131] and Wennberg [199]. Indeed the Carleman
representation proved above in Proposition 9.1 allows essentially to reduce
to the study of the elastic case.

We assume first that n = 0. We denote

B(|v — v.|, cos 0
B(\'o vl — v]) = LU0 c0s0)

N |v — v, [N =20 — v

which belongs to C5°((R4 \ {0})?) under assumption (9.2.24). We define the
following (Radon transform type) functional: for g smooth enough, T'g is

defined by
Tow) = [ Blewgle)d:
py+yt

with 4 = 2 — 37!, Then a straightforward computation from the Carleman
representation (9.1.20) yields

Q0. ) = 2B [ f0) (rooTor) (g)(w)d v
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Thus if one has a bound on 7' of the form
(9.2.25) HTgHHs+(N—1)/2 < Cr ||9”H5a Cr >0,

then by using Fubini’s and Jensen’s theorems one gets

19%0: DMievvre < Ol [ 100 N T 7o) (@i
< Ol [ 500 1 o) @l 4
< COrlflu [ 500 Il o

I

CCr gl Il [ 1000
< 00 lolly. 11,

which concludes the proof. Thus we are reduced to prove (9.2.25). But, up
to an homothetic factor, 1" is exactly the operator which was studied in detail
in [199] and [150|. More precisely,

Tg(y) =Tg(ny)

where T is the Radon transform
Tow)= [ Blewte)d:
y+yt

introduced in the elastic case in [199], with

B(z,y) = B(z,n7"y).
It was proved in [150, Proof of Theorem 3.1] that

1T g e+ v-nr2 < C||g]| s

for an explicit bound C' depending on B. Coming back to 7', we obtain (9.2.25).
This ends the proof when 1 = 0. The extension to n > 0 is straightforward
(and exactly similar to [150, Proof of Theorem 3.1]). O

As a Corollary we deduce from Theorem 9.4 the following estimates in
Lebesgue spaces by Sobolev embeddings (the proof is exactly similar to [150,
Proof of Corollary 3.2]).
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Corollary 9.1. Let B be a collision kernel satisfying (9.2.24). Then, for all
p € (l,+), n € R, we have

| Ny < Con B gl 171y,
l*(F. )y < Clon B ol 1y,

IN

where the constant C(p,n, B) > 0 only depends on the collision kernel, p and
n, and g > p is given by
P
q= 2 - % +p (% B 1)
pN if p € [2;+00).

if p € (1;2]

9.2.3 Bouchut-Desvillettes-Lu Theorem on Q%

Now we turn to a slightly different regularity estimate on Q%t, which is a
straightforward extension of the works [37, 134] in the elastic case e = 1.
This class of estimate is weaker than Lions’s Theorem 9.4 since the Sobolev
norm of Q7 is controlled by the square of the Sobolev norm of the solution
with smaller order, which does not allow to take advantage of the L' theory.
Nevertheless, it is more convenient in other aspects since it deals directly
with the physical collision kernel.

Here we assume that the collision kernel writes B(v — v,,cos) = [v —

v.| b(cos 0) with
(9.2.26) 161172 v-1) = / b(cos 0)* sinV 71 0 df = ¢,(b) < +o0
0
(this assumption is obviously satisfied when b satisfies (9.1.4)). Then we have

the

Theorem 9.5. Let B be a collision kernel satisfying (9.2.26). Then the gain
part QF satisfies, for all s € Ry and n € Ry,

1QT (g, )l ye+ev-vrz < Cs, B) (gl M Ml + gl I lls

n+2

for some explicit constant C(s, B) > 0 depending only on s and B.

Proof of Theorem 9.5. We follow closely the method in [37]. We write it for
n = 0 but the general case is strictly similar.
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Let us denote F(v,v.) = f(v)g(vi)|v — vi]. The same arguments as
n [37] easily lead to

FQHO) = [ F(E € )biE ) do

where FQ* denotes the Fourier transform of Q according to v, F' denotes
the Fourier transform of F' according to v, v,, and

3—6 1—|—e _ 1—|—e 1—|—e
e =22 flo, &= €lo-

Thus
QR < Wy ([ 1P R 0).

Let us consider frequencies ¢ such that |£] > 1. As

/.
_ /SN
/.

IR ) do

~ (3 - 1 1 1 2
/ —F<3 ef— +era, +€§— +era> do dr
e 1 1 1 1
— 1 1 1
< / <3 ef— +era, +e§— +era> X
e 1 1 1
3 — 1 1 1
(Vo= V)P (2=Ce - +e ro,— e - 210 dodr
4 4 4
3—e 1—|—e 1—|—e 1+e
< ( g Lteg e, <)‘x

<> el 4
‘(%—v)% f—Hec HGS—HG )‘ e

where we have made the spherical change of variable ( = ro, we deduce

/ FQH(E)? €N ge
[€]>1

~ (3 —e 14+e 1 —|— € 1+e
R N e e e R |
1<el<¢]
~ 1—|—e 14+e 1+e |§|25+ N-1)

— — — d¢ d¢.

(72 voF (2t Tt e e ) e e
Finally we make the change of variable
3—e€ 1+4+e 1+e 1+e
X = 5 - Cv Y = ‘f - C7

4 4 4 4



Chapitre 9. Granular gases: Asymptotic behavior 389

to obtain
/ FQHEPIEP D de
l€[>1

< C by [

RNxRN

< Clbllze@n— I1Flae (0 = va) Fllas < C bl @n-n gl 1/ 115

‘ﬁ@&}q‘MVQ—VaﬂWX;Y)<Xysaw%dXdY

Then small frequencies are controlled thanks to the L' norms of f and g,
which concludes the proof. O

9.2.4 Estimateson the global collision operator in Lebesgue
spaces

We consider a collision kernel B = ® b with ®(u) = |u| and b integrable. We
shall make a splitting of Q1 as in [150, Section 3.1]. We denote by 15 the
usual indicator function of the set F.

Let © : R — Ry be an even C'*° function such that support @ C (—1,1),
and [, ©Odr = 1. Let 0 :RY - R, be a radial C* function such that

support ©® C B(0,1) and fRN © dz = 1. Introduce the regularizing sequences

O, (z) =mO(mz), ze€R,
O,(z) = nVO(nz), zeRY.
We use these mollifiers to split the collision kernel into a smooth and a non-

smooth part. As a convention, we shall use subscripts S for “smooth” and R
for “remainder”. First, we set

<I>57n:®n*(<1> lAn), q)R,n:(I)_(I)S,na

where A,, stands for the annulus A, = {x e RV, % <lz| < n} Similarly,
we set

bSJn(Z) = ®m * (b ]‘Im) (2)7 bR,m =b— bS,m7

where Z,, stands for the interval Z,, = {3: eR; -1+ % <l|lz]<1- %} (b
is understood as a function defined on R with compact support in [—1, 1]).
Finally, we set

Q= Q3+ QF,
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where

Qtlo.f) = [ @ullo = o) bscost)'s. ' dor

RNxSN-1
and
Qf = Qfs + Qir + Qfi

with the obvious notation

Qfslg, f)=€? / Ornbsm'g fdv.do

RNV xSN-1

—|S—R(g7 f) =’ / (I)S,n bR,m /g* ,f dv, do
RNxSN—1

Qfrlg. f) =€ / Or.brm' g f dvs do.

RNxSN-1

Now we follow the proof as in [150, Section 4.1] since we have the same
functional inequalities in Sobolev and Lebesgue spaces:

Proposition 9.2. For any ¢ > 0 there is C. > 0 depending on ¢ and the
collision kernel (and blowing up as e — 0) such that

- -6
QNN o S CATIE AN + < Wl 11,

Remark: Note that all the estimates in this section are valid only for e > 0
(and the constants blow up as e — 0).

Proof of Proposition 9.2. Let us fix ¢ > 0. We split QT as Q& +Qhs+Qn+
QF and we estimate each term separately. From the beginning we assume,
without loss of generality, that the angular part b(cos 6) of the collision kernel
has its support included in [0, 7 /2] (see the discussion on the symmetrization
of bin Subsection 9.2.1). Remember that the truncation parameters n (for the
kinetic part) and m (for the angular part) are implicit in the decomposition
of Q7.

By Corollary 9.1, there exists a constant C'(m,n) > 0, blowing up as m
or n goes to infinity, such that

|QE(F: Ol o < Clm )| Fllall Nl
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for some ¢ < p, namely

Ngﬁ%}Q%f if p e (1;2N]
(9.2.27) g=¢ N+ -Dp
% if pe[2N;+o0)

(the roles of p and ¢ are exchanged here with respect to Corollary 9.1).

Next we fix a weight > —1 and we estimate the LI norm of QLS. f)-
We use that |[bg | L1 (s~-1) goes to 0 as m goes to infinity (since b is integrable
on the sphere), and we write, using Theorem 9.3 with k& = 1,

|QER(, e < em) I fllie, . IF e

[147141n] +n’

for some €(m) going to 0 as m goes to infinity. A similar estimate holds true
for |Q%xllLe. Since 141 > 0, we can write |1 47| + 5| = 1 + 254, where
14 = max(n,0).

It remains to estimate Q}g. Let us consider separately large and small
velocities: we write f = f, + f.c, where

{ fr’ = f1{|u|§r}7
fre = F 1>y

On the one hand, we pick a 1 < k£ < 2 and use Theorem 9.3. By direct
computation, one can easily prove

T [ e e

It follows
* < P oo
|Qks(F Ay < ClFMgy, 5Ty, Oalles,
k—1 1-k
< Clifly, 1l
< C(5) W, Iz,

(here 6, = m/2 thanks to the symmetrization). On the other hand, the
support of bs,, lies a positive distance (O(1/m)) away from 0, so (9.2.23)
holds true with 8, = C'm™'. Thus we can apply Theorem 9.3 with f and g
exchanged, to find

HQES(fv fr‘c)

p S Om [ frell [Ral;
n

1147+ In] +n’
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where o = max(—n,0) + 2/p’ > 0. Since we assume 1 4+ n > 0, this can be
bounded by

Cm ' flny

k+n+|n|

= Cm =[]l

k+2n

[xaly:

147 +n’

1

To sum up, we have obtained

r

|QES N < C{e(m) N (g)k—l N ;Z__i

Then by choosing first m large enough, then r large enough, then n large
enough, one gets

[al¥

k+2n

1z

147"

Q%S Dl < el flley,,,, 111z

k427 147"
Now by Hélder’s inequality,

/R QIS f) e < { /R o dv]

p—1 1
»

[ atra)

= A Q% (F: Al

and

+
/ fp—lQE(f7 f) dv = / <f<'U>1/p)p_1Q—]1d'U
RN

RN <‘U>P'

p=1

< [/RN(ﬂv)l/p)pdv] p [AN(Q§<'U>‘1/p')pd'v]%= 111z, QRS Dllzr, -

By using the estimates above on Q% and for QF with n = —1/p’ and k = 2,
one can find C. > 0 such that

. R )y dv < Cell fllall Fllall AT + € Il flles 1FIE,

where ¢ is defined by (9.2.27). Combining this with elementary interpolation
and the uniform bounds on the mass and kinetic energy, we deduce that there
exists § € (0,1), only depending on N and p, and a constant C. > 0, only
depending on N, p, B and ¢, such that

- o —pb _
/Rpr 'QY(f, fyde < CoIfIT I Al I\f!\ip1+€|\f!\iz;/p
-
< CAIFIE AR + 2 N1 F iy A1z -

This concludes the proof. O
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9.3 Regularity study in the rescaled variables

In this section we show the uniform propagation of Lebesgue and Sobolev
norms and the exponential decay of singularities for the solutions of (9.1.10).

9.3.1 Uniform propagation of moments - Povzner Lemma

Let us prove that the kinetic energy of ¢ remains uniformly bounded from
above as ¢ goes to infinity. Using (9.1.10) and (9.1.8), we get

d

o glv|fdv < -7 / 9 g« |u|? dv.dv + 2 / g|v]?dv.
RN RNxRN RN

On the one hand, from Jensen’s inequality (see for instance [141, Lemma 2.2]),

there holds
[ o luP o= plof.
RN

On the other hand, Hélder’s inequality yields

1/3 2/3
/ glv]Fdv < </ gdv) (/ g|v|3dv> ,
RN RN RN

which implies that

3/2
[atetaoz g ([ alopao)
RN RN
Thus

d 3/2
o g|v|2dv < —’7',03/2 </ g|v|2d'v> + 2 (/ g |’U|2d’0>
RN RN RN
< 7302 2 2 B 2 12
<7p gl dv | | —5 g vl dv :
RN Tp3/? RN

and by maximum principle we deduce

4
(9.3.28) sup/ g|v]*dv < Cp = max {( 5 2) ,/ Gin |‘U|2d‘U} .
t>0 JRN p-T RN

The same argument, together with sharp versions of Povzner inequalities
(see [141, Proof of Proposition 3.2]) shall yield uniform bounds on every

moments of the solution. Indeed we prove the
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Proposition 9.3. Let g be a solution in C(Ry;Ly) N LY(R4; L3) to the
rescaled Boltzman equation (9.1.10), with initial datum gi,. Then it satis-
fies the following additional moment properties:

(i) For any s > 2, there is an explicit constant Cs > 0, depending only on
B, e, and g;,, such that

sup Hg(ta )HLi S maX{HginHLia Cs}
te[0,00)

(ii) If gin €’ """ € LY(RYN) forr > 0 and n € (0,1], there exists Cy,r' > 0,
depending only on B, e, and g, such that

sup / g(t,v) ¢ dy < 0.
RN

te[0,00)

(tii) For anyn € (0,1/2) and 7 > 0, there exists a,, C, € (0,00), depending
only on B, e, and gy, such that

sup / g(t,v) e " dv < C,.
RN

te[r,00)

Let us emphasize that the constant Cy, a,, C,, may depend on gin only through
its mass p and its kinetic enerqy &y, .

Proof of Proposition 9.3. The proof is just a copy with minor modifications
of classical proofs. For the proof of (i) we refer for intance to [144, 191, 100|
and the references therein. The proofs of (ii) and (iii) are variants of the
proof of [141, Proposition 3.2], which itself follows closely the proof of |25,
Theorem 3] and use arguments introduced in [100, 32|. The starting point
is the following differential equation on the moments

d :
= / Q(g,9)|v|*dv +pm, with m, = / g |v|** dv.
RN RN

Proceeding along the lines of [141, Proof of Proposition 3.2], we introduce

the new rescaled moment function
m
— p —
Zp = s, Zp = MaxX {Zkp1/2 Zp—k, 2k Yp—kt1/2}

Llap+1/2) k=1,....kp
for some fixed a > 2, and we obtain the differential inequality

dz,

3.2
(9.3.29) =

< Alpa/2—1/2 Zp . Al/pa/Q Z;—}—I/Zp _I_pr
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for any p = 3/2,2,... and for some constants A’, A” > 0. Note that (9.3.29)
is nothing but [141, equation (3.18)], with an additional term p z, due to the
additional term —V, - (v g) in equation (9.1.10).

On the one hand, we remark, by an induction argument, that taking py =
pola, A’y A") and zg = xo(a, A’, A”) large enough, the sequence of functions
zp := P is a sequence of supersolution of (9.3.29) for any « > x¢ and p > po.
Let us emphasize here that we have to take ¢ > 2 (i.e. n <1 in [141, Proof
of Proposition 3.2]) because of the additional term pz,. On the other hand,
choosing z; large enough, which may depend on pg, we have from (i) that
the sequence of functions z, := a” is a sequence of supersolution of (9.3.29)
for any x > x; and for p € {0,1/2,...,po}. As a consequence, we have proved
that there exists x5 := max(zg, 1) such that the set

(9.3.30) C,:= {Z =(z,); z, <aP Vpe %N}

is invariant under the flow generated by the Boltzmann equation for any
x> xq9: if g(t1) € C; then g(t3) € C, for any t5 > 5.
The end of the proof is exactly similar to that of [141, Proof of Proposi-
tion 3.2]. O
The integral upper bound in point (ii) of Theorem 9.2 follows from point
(iii) of Proposition 9.3.

9.3.2 Stability in L'
The stability result [141, Proposition 3.4| translates for (9.1.10) into:

lg — |zt + e |[(g — B)[v]*||zs <
T )| gin — hinllzr + [[(gin — Bin)[v[*]]1:1]

for any solutions g and & in C(R4, L) N L= (R4, L) with initial datum
0 < Gin, hin € Li. This shows (together with the propagation of the L} norm)
that, in the Banach space L3}, the evolution semi-group S; of (9.1.10) satisfies:
for any ¢t > 0, S, is (strongly) continuous in any L3 bounded subset of Lj.
However we shall prove a more precise stability result, working directly on
the rescaled equation (9.1.10).

€

Proposition 9.4. Let 0 < gy, hin € L3 and let g and h be the two solutions
of (9.1.10) (in C(Ry, Ly) N L*=°(Ry, LY)). Then there is Cgpap > 0 depending
only on B and sup,sq ||g + hl|ps such that

V>0, g —hilly < llgin — hinllpy € stab.
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Proof of Proposition 9.4. We multiply the equation satisfied by g — h by
o(t,v) = sgn(g(t,v) — h(t,v)) (1 + |v|?). We use on the one hand the same
arguments as in [141, Proposition 3.4] to treat

1= [ 10009~ QUi 1)) 9t 0) o,

which gives

ree ([ rnasipa) ([ o=t ).

On the other hand we use that

- [ Vo wla=mysttoras = =N [ = b1+ o) do

BN

+/ g h| V- (v + vfo]?) do
RN

= 2/ lg — A |v]* dv.
BN

This concludes the proof with
Cstab = C sup [|g + A1 + 2.
>0

9.3.3 Uniform propagation of Lebesgue norms

Let us take 1 < p < +00. We compute the time derivative of the LP norm of
¢ using equation (9.1.10):

1d

—— | ¢dv=| Q%(g,9)g" " dv~ /

P dt RN RN RN

We use the control (9.1.16), and

g" L(g) dv—/ ¢V, (vg)dv.

BN

1
V.- (vg)gp_1 dv=N (1 — }—?> gl »-

RN

Gathering all these estimates, we deduce

1d
— [ gFdv< | Q% (g,9)g" ' dv

;dt RN RN
1
—min{l,N(l——)}/ ' (1 + |v]) dv.
p RN
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Concerning the gain term, Theorem 9.4 yields, for any ¢ > 0,

— [ 1-6
- Q*(g,9) 1" dv < C. |lgll 7 Ngllie ™ + & llgllp gt + [o]) 17

Hence, using the bound Cg on the kinetic energy, if we fix ¢ such that

. 1
cr =0z < 1/2 min{l,N (1 - —)}
p

d 1-6 "
aillalis < Collallis™ = K- llallgy

we obtain

for some explicit constants C;, K_ > 0. By maximum principle, it shows
that the LP norm of ¢ is uniformly bounded by

1
C po
mMMWSmw{@f),wmm}
>0 _

9.3.4 Non-concentration in the rescaled variables and
Haff’s law

In this subsection we give a short proof of Haft’s law, even if a stronger
pontwise result on the tail will be proved in the next section. Let fi, = gin
be an initial datum in Lzl)) N LP (with 1 < p < +o0). Hence according to the
previous subsection, the rescaled solution g of (9.1.10) with initial datum g,

satisfies

sup [|g¢[|» < C,
>0

for some explicit constant C), > 0 depending on the collision kernel and the
mass, kinetic energy and L? norm of f;,,. By using Cauchy-Schwarz inequality,
this non-concentration estimate implies that for any » > 0

Vit >0, / g(t,v)dv < crv N,
v|<r
Thus there is 7 > 0 such that

Yit>0, / g(t,v)dv < 1/2
v]<ro
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and thus
Vit>0, / g(t,v) |v]Pdv > / g(t,v) |v]* dv
RN [v|>ro

(9.3.31) > rl / g(t,v)dv
[v[>ro

2
> (1= [ ow) =
fol<ro 2

As a conclusion, gathering (9.3.28) and (9.3.31), we have proved that for
some constants Cp, Cy € (0, 00) there holds

Co < E(g(t,-)) < Cy,

and Haff’s law (9.1.14) (point (iii) in Theorem 9.2) follows thanks to (9.1.13).
]

Remark: The inequality £(f(¢,-)) < M ¢ (or equivalently £(g(¢,-)) < C)
was already known: see for instance [18, equations (2.5)-(2.6)] where it is
proved for a quasi-elastic one-dimensional model with the same evolution
equation (9.1.8) on the kinetic energy, by comparison to a differential equa-
tion. Indeed the harder part in Haff’s law is the first inequality, which means
that the solution does not cool down faster than the self-similar profil. As em-
phasized by the proof above, this is related to the impossiblity of asymptotic
concentration in the rescaled equation (9.1.10).

9.3.5 Uniform propagation of Sobolev norms

The study of propagation of regularity and exponential decay of singularities
is based on a Duhamel representation of the solution we shall introduce. Let

L(t,v) = </RN g(v.) v — vl dv*) ,

¢
Sig = gle”"v) exp {—Nt - / L(s,e”9p) ds]
0

us denote
and

the evolution semi-group associated to

rg=—( [ stelo = nlde. ) o) = % (09)
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Then the solution of (9.1.10) represents as

t
gt = Stgin + / St—sQ+(gsags) ds.

0
We give a proposition similar to [150, Proposition 5.2]

Proposition 9.5. There are some constants a > 0,6 >0, K >0 and k > 0
such that for any s,n > 0, we have

-K r k
HStginHH;w < Cpune ' HQinHH;j;g OS;I; Hg(tv')H%H

< Cpun sup Hg({a)m{ié

Hite 0<i<t

t
/ St—SQ+(957 95) ds

0

Proof of Proposition 9.5. The proof is exactly similar to [150, Proof of
Proposition 5.2]. Indeed the semi-group in [150, Proof of Proposition 5.2] is

S.g = g(v) exp {_ /Ot L(s,v)ds}

and thus the estimates on the Sobolev norm in v can only improve for S;
according to S;. The main tool of [150, Proof of Proposition 5.2|, i.e. the
Bouchut-Desvillettes-Lu regularity result on %, has been proved in our case

in Theorem 9.5. O

Now results follows as in [150]:

Theorem 9.6. Let 0 < g, € L} be an initial datum and let g be the unique
solution of (9.1.10) in C(Ry, L) N LY (R4, LY) associated with gi,. Then for
all s > 0 and n > 1, there exists w(s) > 0 (explicitly w(s) = 0]s/a], where
« ts defined in Proposition 9.5) such that

gn € Hy(,, = sup lg(t, lmg < +o0

with uniform bounds.

Proof of Theorem 9.6. Let n € N be such that na > s (n = [s/a]). Let
w(s) = é[s/a]. The proof is made by an induction comprising n steps, prov-
ing successively that ¢ is uniformly bounded in H;j_uw fori=0,1,...,n.
Let us write the induction. The initialisation for 1 = 0, i.e. ¢ uniformly
bounded in L727+w is proved by the previous study of uniform propagation of
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weighted LP norms in Subsection 9.3.3. Now let 0 < ¢ < n and suppose the
induction assumption to be satisfied for all 0 < 5 < i. Then proposition 9.5
implies

itk

ISginllee < Coune™ Ngin(Maa _ sup flglto, Mgitna
nt 2 tw 7]+T'w+(5 Ogtogt n+ n;tw-l-é

and

< Cpun sup I\g(to,-)l\ﬁﬁﬁ)a

Héa X Ogtogt n+ n;1 w4 d
o

1
/ St—SQ+(957 gS) ds

0

Moreover as ¢ > 1,

n—1 —(i-1)

n
w+o<n+ ——w.
n

N+

n

Thus, using the induction assumption for : — 1, g is uniformly bounded in
H;j.”_—iw which concludes the proof. O

9.3.6 Exponential decay of singularities

Theorem 9.7. Let 0 < g, € Ly N L* and let g be the unique solution
of (9.1.10) in C(Ry, L) N LY (R4, L}) associated with g¢i,. Let s >0, ¢ > 0
be arbitrarily large. Then g can be written ¢° + g% in such a way that

Stlzlg HngHqsnL; < 4oo, ¢720

IA> 00 gy = 0 (7).

All the constants in this theorem can be computed in terms of the collision
kernel, the mass, kinetic energy and L? norm of gi,.

Proof of Theorem 9.7. The proof of Theorem 9.7 is exactly similar to [150,
Proof of Theorem 5.4], since the only tools of the proof are the stability result,
the estimate on the Duhamel representation, and the uniform propagation
of Sobolev norms, which have been proved respectively in Proposition 9.4,
Proposition 9.5 and Proposition 9.6. The propagation and appearance of

moments in L' (used in this proof) were proved in Proposition 9.3. O
Point (i) of Theorem 9.2 is deduced from this theorem.

Remark: A suggested by this study, the self-similar variables are not only
useful for proving the existence of self-similar profils, but it seems that they
also provide the good framework for studying precisely the regularity of the
solution. For instance, coming back to the original variables, Theorem 9.7
shows the algebraic decay of singularities for the solutions of (9.1.1).
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9.4 Self-similar solutions and tail behavior

In this section we achieve the proofs of Theorem 9.1 and Theorem 9.2 by
showing the existence of self-similar solutions, and obtaining estimates on
their tail and the tail of generic solutions.

9.4.1 Existence of self-similar solutions

The starting point is the following result, see for instance [100, Theorem 5.2]
or [14, 82|.

Theorem 9.8. Let Y be a Banach space and (S¢)¢>0 be a continuous semi-
group on Y. Assume that there exists K a nonempty conver and weakly
(sequentially) compact subset of Y which is invariant under the action of
St (that is Syy € K for anyy € K and t > 0), and such that S; is weakly
(sequentially) continuous on K for anyt > 0. Then there exists yo € K which
is stationary under the action of S; (that is Siyo = yo for any t > 0).

Proof of Theorem 9.1 (existence part). The existence of self-similar solu-
tions follows from the application of this result to the evolution semi-group
of (9.1.10). The continuity properties of the semi-group are proved by the
study of the Cauchy problem, recalled in Section 9.3. On the Banach space
Y = L, thanks to the uniform bounds on the L} and L? norms, the nonempty
convex subset of Y

K={rey. Il + 1/l < M}

is stable by the semi-group provided M is big enough. This set is weakly
compact in Y by Dunford-Pettis Theorem, and the continuity of S; for all
t > 0 on K follows from Proposition 9.4. This shows that there exists a
stationary solution to (9.1.10) in L} N L? for any given mass, that is a self-
similar solution for the original problem (9.1.1).

Then if one chooses p = 2, he can apply Theorem 9.7, which proves that
the stationary solution of (9.1.10) obtained above belongs to C'* (in fact
it proves that it belongs to the Schwartz space of C'* functions decreasing
faster than any polynomial at infinity). Moreover, since the property of being
radially symmetric is stable along the flow of (9.1.10), this sationary solution
can be shown to exist within the set of radially symmetric functions by the
same arguments. U
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9.4.2 Tail of the self-similar profils

In this subsection we prove pointwise bounds on the tail behavior of the
self-similar solutions. The starting point is the following result extracted
from [32, Theorem 1]; notice that it is also a consequence of the construction
of invariant sets C, for z, with @ = 2, as defined in (9.3.30).

Theorem 9.9 (Bobylev-Gamba-Panferov). Let G be a steady state of (9.1.10)
with finite moments of all orders. Then G has exponential tail of order 1,
that s

r* = sup {r >0, / G(v) exp(r|v])dv < —}—oo}
RN

belongs to (0,400).

Note that if we define more generally (for s > 0)

ri = sup {r >0, / G(v) exp(r|v]®) dv < +oo} ,
RN

a simple consequence of this result is that r¥ = 400 for any s < 1, and r; =0
for any s > 1.

First let us prove the pointwise bound from above on the steady state.
Since the evolution equation (9.1.10) makes all the moments appear (see
Proposition 9.3), we assume that GG has finite moments of all orders. More-
over, as discussed above, we can also assume that G is smooth and radially
symmetric. We denote r = |v]. We thus have the

Proposition 9.6. Let G € C' be a radially symmetric steady state of (9.1.10)
with finite moments of all order. Then there exists Ay, Ay > 0 such that

Vo e RN, Gv) < Ay e 42l

Proof of Proposition 9.6. The differential equation satisfied by G = G(r)
writes

QG,G)~ NG —rG =0.

Since (G is smooth and integrable, it goes to 0 at infinity. By integrating this
equation between r = R and r = +o00, we obtain

G(R)ZN/—I—OO@LZT— +mwdr.

R T
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One deduces the following upper bound

G(R) < N /+m@dr+ ARG
R r R r
Since Q~(G,G) = G (G * ®), we have
Q7 (G,G)(v) S C(1+|v|)G.

Hence, taking R > 1 leads to
+co
G(R) <C / G(r) N1 dr

R

Finally, since we have by Theorem 9.9
“+ o0
/ G(r) exp(Aar) Nl dr < Ag < 40
0

for some constants Ag, Ay > 0, we deduce that

+co
G(R) < C / G(r) PNl dr < C Ag exp(—Az R) = Ay exp(—A2 R).
R

This concludes the proof. O

For the pointwise lower bound, we give here a proof based on a maximum
principle argument, inspired from the works [100, 99]. We shall in the next
subsection give a more general result for generic solutions of (9.1.10), based
on the spreading effect of the gain term and the dispersion (or transport)
effect of the evolution semi-group of (9.1.10) (due to the anti-drift term).

Proposition 9.7. Let G € C' be a steady state of (9.1.10) with finite mo-
ments of orders 0 and 2. Then there exists ay,ay > 0 such that

Vv e RY, G(v) > a;e ™ I,
We first start with a lemma.

Lemma 9.1. For any ro,as,po,p1 > 0, there exists ay > 0 such that the
function h(v) := a; exp(—az |v|) satisfies

(9.4.32) Yo, |v]| >re, Q (g,h)+ V,(vh) <0

for any function g such that

[ storto=p. [ ge)leldo=p.
BN BN
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Proof of Lemma 9.1. On the one hand, it is straightforward that
Q™ (9,h) = (g ®)h < (p1 + polo]) .
On the other hand, simple computations show that
Vu(vh) = (N —ay|v])h.
Gathering these two inequalities there holds
Vo, [0l > 10, Q7(gh) + Va(vh) < (1 + N+ polo] — azfol) h <0

for a, large enough. O

Proof of Proposition 9.7. Since G € C'! and radially symmetric, there holds
G'(0) = 0. As a consequence, the equation satisfied by GG reads in v =0

QIG, G)(0) = NG(0) =0

and then

_ QH(G.Q)(0)

G(0
(0) TN

>0

since (G is not zero everywhere. By continuity, G(v) > 2a; on B(0,r) for
some ay,ro > 0.
Let us define

Po ::/ G(v)dv, p ::/ G(v) |v| dv.
RN RN

and ay > 0 by Lemma 9.1. On the one hand h(v) := a; exp(—az |v|) satis-
fies (9.4.32) for ¢ = G and, on the other hand, G satisfies

(9.4.33) VveRY, Q7 (G,G)+V,(vG) =Q"(G,G) >0.

Introducing the auxiliary function W := G — h, we deduce from (9.4.32)
and (9.4.33)

Vo, [vo] >re, (G*®)W + V(v W) >0
and W (rg) = G(ro) — h(rg) > G(r9)/2 > 0. By the Gronwall Lemma (using

that all the functions involved in this inequality are radially symmetric), we
get W(v) > 0 for any v, |v| > ro, which concludes the proof. O
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9.4.3 Positivity of the rescaled solution

We start with three technical lemmas.

Lemma 9.2. Let gy satisfies

(9.4.34) / godv =1, / go |v]|* dv < Oy, / godv < Cy.
RN RN RN

weay

such that |v;] < R, i=1,...,4, and |v; —vj| > 3r for 1 <i# j <3, and

(9.4.35) / go(v)dv>n for i=1,2 3,
B(Uiv )
(9.4.36)
Vw; € B(vi,r), FEy, ., NSy, ., s asphere of radius larger than r,

where E7 ,, stands for the plane defined in Proposition 9.1 and S; = stands
for the sphere of all possibles post-collisional velocity v’ defined by (9.1.19).

Proof of Theorem 9.2. Let Cg denotes the hypercube [~ R, R]" centered at
v = 0 with length 2R > 0. Thanks to the mass condition and the energy
bound in (9.4.34), for R large enough, there holds

DO | —

(9.4.37) / godv > -
Cr

Then we define (K;);=;..; the familly of I = (2 R/r)" hypercubes of length
r > 0 (with R/r € N), included in Cg and such that the union of K; is
almost equal to C'r. For any given A > 0 to be later fixed, we may find r > 0
such that

1/2
(9.4.38) / go dv < |K; + B(0, \r)['/? </ ae dv)
Ki+B(0,r) Ki+B(0,r)

<ClA+ DV < 1/4

for any ¢ = 1,..., 1. Hence we can choose K;, such that the mass of gy in K;
is maximal for 7 = ig. Because of (9.4.37) there holds

(9.4.39) /W%WZUMN%TM

iQ
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Gathering (9.4.37) and (9.4.38) we may find K;, C Cp such that dist(K;,, K;,) >
Ar-and (9.4.39) also holds for ¢ = jo.

Next, we fix A := 200 3. We define v; (respectively vy) as the center of the
hypercube K;, (respectively K ), and vs = (v1 4+ v2)/2 and vy = vy. Then
we have

-1
Q(vs, v4) = v1 + ﬁT (v — v1) € [v1, 2],
which implies
-1 1

| — | = ﬁT |vg — v1| > %()\r) > 1007.

Thus £S N S(vy,vs) is a (N — 2)-dimensional sphere of radius larger than

100 r (béé;use B(£,100r) is included in the convex hull of S¢(vq,v3)), and
(9.4.36) follows straightforwardly. O

Lemma 9.3. Let us fir R > r > 0 and n > 0. Then there exists 69 > 0,
no >0, & € (0,1) (depending on R >r >0, n > 0 and B) such that, for any

wesy

such that |v;| < R, i =1,...,4 and |v; —vj| > 3r, 1 <1 # j <3, and for
any & € (&o, 1), there holds

Q+(f7 Qg—(hag)) 2 o lB(U3750)7
where we define here and below Qz(, Jw)=QF(,)(Ev).

Proof of Theorem 9.3. We first establish a convenient formula to handle
representations of the iterated gain term. For any f, h and £ and any v € R
there holds (setting ‘v = w and 'v. = w.)

Q*(f, Qg(h,z))(v):cé/ f(w)

RN | — w]

{ Qg’(h,ﬁ)(w*) d'w*} dw.
ES w
From the following identity

Qz(h,ﬁ)('w*) = /RN/RNh(wl)ﬁ('wg) Q;’((Sl,(sg)('w*)dwldwg

where ¢; stands for the Dirac measure at w;, the term between brackets, that
we denote by A, write

A(v,w) = /RNXRNh(wl)K(wQ) X

{lim E Q1 (61,82) (€ w.) Zc(w.) d'w*} dwq dws
RN

e—0 25
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where =, denotes the indicator function of the set {w, ;dist(w., Fy.,) < €}.
Denoting now by D, the integral just after the limit sign in the term between
brackets, and using the weak formulation (9.1.18), there holds

-1
n. = 5| (=) 1(22) |2 — 22 blor - 2) (67 &) dor d= .
RNxRNxSN-1

2e
- 1 ¢e—1

= w-wlete [ g,

SN—1 2e

where in these integrales 2z’ is defined from (z, z., ) and next from (wy, wy, o)
thanks to formula (9.1.19). We define & = (1 + r/R)™! in such a way that
€7t 2" — 2| < r for any 2/ € B(0,R) and £ € (&,1). Taking v € B(vs,r),
w € B(vg, 1), w1 € B(vy,r), wy € B(vg,r), we have thanks to (9.4.36) and

|wy — wy| > r:

Do(v,w,wy,wy) :=lim D, > r&;" C, C V-2,
e—=0
As a consequence, for any v € B(vs, 1),

QF(f,Qf (h,0))(v) > QT (f 1p(uy.r Q (h 1B, £ 1B(vz,r)) (V)

= Cb / / / (wl) ﬁ(u@) Dy dw; dwy dw
Ul 7’) U2 7’ ’U4 7’ v —

>Cin rfo Cy C V=% =i .

This concludes the proof. O

Lemma 9.4. For any v € RY and § > 0, there exists k = k(8) > 0 such
that

(9.4.40) Q*(v) = Q% (Lo 1o@a) 2 K1y, sy

Proof of Lemma 9.4.  The homogeneity property (9.1.9) of QT and the
invariance by translation allow to reduce the proof of (9.4.40) to the case
v = 0 and § = 1. The invariance by rotations implies that QT is radially
symmetric and the homogeneity property again allows to conclude that the
support of QT is a ball B’. More precisely, taking a C'*° radially symmetric
function ¢ such that ¢ > 0 on B = B(0,1) and ¢ < 15 on RY, we have
Q* (¢, ¢) is continuous, Q@+ > Q* (¢, ¢) on RN and QT (4, ¢) > 0 on the ball
B’. As a consequence, for any ball B” strictly included in B’, there exists
k > 0 such that @ > x 1g». In order to conclude, we just need to estimate
the support of Q.
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Let us fix R € (0,1) and choose 'v, 'v. € B(0,1) such that 'v L ‘v,
'v| = ['vs] = R. Then for any 0 € SN~ o | v —'v,, the function Q7 is
positive at the post-collisional associated velocity v defined by

'w4'v, 11— 1
’U:U—I-U_I_ e("v—"v*)—l— +e|,

2 4

!
v—"v.|o.

Remarking that |'v +' v |* = |'v =" v.]* = 2 R%, ('v " v.) - ('v +' vs) = 0 and
('v +'v.) - 0 = /2 R, we easily compute

1—|—e2
1
(%)

and the radius of B’ is strictly larger than v/5/2. O

5
.QZRQ _R2
|v] > B

Theorem 9.10. Let g;, satisfy the hypothesis of Theorem 9.2 and let g be
the solution to the rescaled equation (9.1.10) associated to the initial datum
Gin- Then for any t. > 0, g(t,-) > 0 a.e. on RY for any t > t., and there
exists ay,az,c > 0 such that

Vt>t., g(t,v)>ae™ vl liyj<cet—t« fora.e. v € RV,

Proof of Theorem 9.10. We split the proof into four steps.

Step 1. The starting point is the evolution equation satisfied by g written
in the form

dg+v-Vig+ (N +v])g=Q%(g,9) + (lv] — L(g)) g-

Let us introduce the semigroup S; associated to the operator v -V, + A(v),
where A(v) := N + |v|. Thanks to the Duhamel formula and (9.1.16), we

have

(9.4.41) g(t,") > S g(0,-) + /t St-sQT(g(s.+), g(s,-)) ds,

0

where the semigroup S; is defined by

(S h)(v) = h(ve™) exp (- /Ot Mo e™) ds) .

<_ /OtA(U e—S)d5> > (Jo] + N1).

Notice that
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Step 2. Let us fix to > 0 and define go(t,-) := g(to + t,-). Using twice the
Duhamel formula (9.4.41), we find

v

f]o(t,-)

t s
[ s (go<s,->, / ss_s/@wo(s',->,go<s',->>ds') ds
0 0
t s
(9442) 2 / / St_5Q+ (Ssgo,Ss—s'Q+(55'§70755'§o)) dS/ dS.
0 JO

We apply now Lemma 9.2 to gy and set Ry := 2R. Since S; is continuous in
L', there exists Ty > 0, such that for any s € [0, T}], there holds

/ Ss(go)(v)dv >n/2 for i=1,2, 3,
B(Uiv)

and e™T1 > &. For v € B(0, Ry) and ¢ € [0, T;] we may estimate S;h from
below in the following way

(Sth)(v) 2 7 he-t(v)

for some constant ¥ = g, 7,. The bound from below (9.4.42) then yields
(using Lemma 9.3)

1 s
dolt,) > 72/ / Q" <Ssg0,Q;,_S(SS,§0,55,§O)> s’ ds
0 0

1 s
> 72/ / nolves_teB(Uw)ds’ds.
o Jo

We have then proved that there exists 71 > 0 and for any ¢; € (0,71/2] there
exists n; > 0 such that (for some v € B(0, R))

Vtel[0,T1/2], Gi(t,-) = go(t +t1,+) > m 1B(s,)-

Step 3. Using again the Duhamel formula (9.4.41) and the preceding step
we have

f]l(tv')Z/ Se—sQT(1(s,7), 01 (s, ) ds.

0

Thanks to Lemma 9.3, on the ball B(0, Ry), there holds

1
a(t,) > Uf/ Si—sQ1 (1B(,s1), 1B(s,5)) ds

0

Y

13
7’/% K(él) e_(RO‘i‘Nt) /0 le_t ’UEB('E,\/gél/Q) dS

n; k(6;) e otV Ty L5, v/196, /4)

Y
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on [0, 73] with Ty € (0,71/2] small enough, and then
Ga(t, ) == G1(t +t9,+) 2 2 lpws,) on [0,72/2]
with &y := \/E(Sl/él and ty € (0,72/2] arbitrarily small, g, > 0. Repeating

the argument we obtain

k
gk(ta ) =g (t + Ztu ) 2 Nk ]-B(T/,(Sk) on [OaTk/2]7 with 5k = (\/E/4)k 517
=0

for k£ > 1 and some ¢; € [0,7T;/2] arbitrarily small, n; > 0. As a consequence,
taking k large enough in such a way that 0, > Ry, we get for some explicit
constant 1, > 0 and some (arbitrarily small) time ¢, > 0

(9.4.43) Vio20, g(tc+to,) 2 nelpor).

Step 4. Coming back to the Duhamel formula (9.4.41) where we only keep
the first term, we have, for any g > 0,

Vi>t., gto+1,v) > 0 ly<ret-t exp(—|v| — N (1 —t,)).

As a consequence, for any t > t,,

[0,t—%x]

g(tav) > 1|v|§Ret—t* ( sSup ]-|v|:ReS 6Xp(-|’U| - NS))
s€

[0,t—%x]

(9.4.44) > Ljy|<Ret—te ( sup 1|U|:Res) exp(—|v| — N In*(|v|/R)),
s€

and we conclude gathering (9.4.43) and (9.4.44). O

It is straightforward that Theorem 9.10 implies the lower bound in point
(ii) of Theorem 9.2.

9.5 Perspectives

As a conclusion, we discuss some possible perspectives arising from our study.

Let us denote
P = {G € C*, @ radially symmetric,

Jay,ay, A1, Ay >0 | ale_“2|“| < Gv) < Ale_A2|“|},



Chapitre 9. Granular gases: Asymptotic behavior 411

Conjecture 1. For any mass p > 0, the self-similar profil (G, with mass p
and momentum 0 is unique.

Conjecture 2. (Strong version) For any initial datum with mass p and
momentum 0 (maybe with some regularity or moment assumptions), the
associated solution satisfies (in rescaled variables)

=00
g — G,

for some steady state (G, with mass p and momentum 0 of (9.1.10).

Conjecture 2. (Weak version) For any initial datum with mass p and
momentum 0 (maybe with some regularity or moment assumptions), the
associated solution satisfies (in rescaled variables)

gt=gf+9f

with g7 € P and g 2% 0 in L.

Note that conjecture 2 (in strong or weak forms) still makes sense when
the self-similar profil with mass p and momentum 0 is not unique. Its weak
version still makes sense even if there is no convergence towards some self-
similar profil (which could be the case for instance if the solution in rescaled
variables “oscillates” asymptotically between several self-similar profils).
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Fast algorithms for
computing the
Boltzmann collision
operator
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ABSTRACT: The development of accurate and fast numerical schemes for
the five fold Boltzmann collision integral represents a challenging problem
in scientific computing. For a particular class of interactions, including the
so-called hard spheres model in dimension three, we are able to derive spec-
tral methods and discrete velocity methods that can be evaluated through fast
algorithms. These algorithms are based on a suitable representation and ap-
proximation of the collision operator. Explicit expressions for the errors in
the schemes are given and, in particular, for the spectral method spectral ac-
curacy is proved. Parallelization properties and adaptivity of the algorithms
are also discussed.
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10.1 Introduction

The Boltzmann equation describes the behavior of a dilute gas of particles
when the only interactions taken into account are binary elastic collisions. It
reads for z,v € R? (d > 2)

af

where f(¢,z,v) is the time-dependent particle distribution function in the
phase space. The Boltzmann collision operator () is a quadratic operator
local in (¢t,2). The time and position acts only as parameters in () and
therefore will be omitted in its description

0L QUNE = [ Bllo—olcos0) (1 = 1.f) do.do

In (10.1.1) we used the shorthand f = f(v), f. = f(v.), f = f(v'), f. =
f(v.). The velocities of the colliding pairs (v,v,) and (v, v’) are related by

, vt ue |uv—u,
v' = o,
2 2
, vHvt v — v
ol = _
2 2

The collision kernel B is a non-negative function which by physical arguments
of invariance only depends on |v—v,| and cos § = §-o (where § = (v—wv,)/|v—

Vsl ).

Boltzmann’s collision operator has the fundamental properties of conserv-
ing mass, momentum and energy

QU o) do=0. o) = Lo onlof
R
and satisfies the well-known Boltzmann’s H theorem

4 | reerao==- [ QU pos(pao=o.

Rd Rd

The functional — [ flog f is the entropy of the solution. Boltzmann H the-
orem implies that any equilibrium distribution function, i.e. any function
which is a maximum of the entropy, has the form of a locally Maxwellian
distribution

p u —v[?
M(PauaT)(’U):WGXP{— 5T }7
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where p, u, T' are the density, mean velocity and temperature of the gas,

defined by

1 1
= v)dv, u=— vi(v)dv, T = — u—v]*f(v)dv.
p= [ 1o, w=s [ opeyan, =2 [ jum o)

For further details on the physical background and derivation of the Boltz-
mann equation we refer to [58, 191].

The construction of numerical methods for Boltzmann equations repre-
sents a real challenge for scientific computing and it is of paramount impor-
tance in many applications, ranging from rarefied gas dynamics (RGD) [58],
plasma physics [63], granular flows [18, 19], semiconductors [138] and quan-
tum kinetic theory [81].

Most of the difficulties are due to the multidimensional structure of the
collisional integral (), as the integration runs on a 5-dimensional unflat man-
ifold. In addition to the unpracticable computational cost of deterministic
quadrature rules the integration has to be handled carefully since it is at the
basis of the macroscopic properties of the equation. Additional difficulties
are represented by the stiffness induced by the presence of small scales, like
the case of small mean free path [96] or the case of large velocities [86].

For such reasons realistic numerical computations are based on probabilis-
tic Monte-Carlo techniques at different levels. The most famous examples
are the direct simulation Monte Carlo (DSMC) methods by Bird [22] and
by Nanbu [152]|. These methods preserve the conservation properties of the
equation in a natural way and avoid the computational complexity of a deter-
ministic approach. However avoiding the low accuracy and the fluctuations
of the results becomes extremely expensive in presence of nonstationary flows
or close to continuum regimes.

Among deterministic approximations, one of the most popular methods
in RGD is represented by the discrete velocity models (DVM) of the Boltz-
mann equation. These methods [40, 139, 33, 60, 156, 171] are based on a
regular grid in the velocity field and construct a discrete collision mechanics
on the points of the grid in order to preserve the main physical proper-
ties. Unfortunately DVM have the same computational cost of a product
quadrature rule and due to the particular choice of the nodes imposed by the
conservation properties the accuracy of the schemes seems to be less than
first order [155, 154, 156].

More recently a new class of methods based on the use of spectral tech-
niques in the velocity space has attracted the attention of the scientific com-
munity. The method was first developed for kinetic equations in [159], in-
spired from spectral methods in fluid mechanics [43] and the use of Fourier
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transform tools in the analysis of the Boltzmann equation [24]. It is based
on a Fourier-Galerkin approximation of the equation. Generalizations of the
method and spectral accuracy have been given in [160, 161]. This method,
thanks to its generality, has been applied also to non homogeneous situa-
tions [89], to the Landau equation [86, 162] and to the case of granular
gases [151, 87]. A related numerical strategy based on the direct use of the
fast Fourier transform (FFT) has been developed in [23, 34].

The lack of discrete conservations in the spectral scheme (mass is pre-
served, whereas momentum and energy are approximated with spectral ac-
curacy) is compensated by its higher accuracy and efficiency. In fact it has
been shown that these spectral schemes permit to obtain spectrally accurate
solutions with a reduction of the computational cost strictly related to the
particular structure of the collision operator. A reduction from O(N?) to
O(N log, N) is readily deducible for the Landau equation, whereas in the
Boltzmann case such a reduction had been obtained until now only at the
price of a poor accuracy (in particular the loss of the spectral accuracy),
see [23, 34|.

Finally we mention that spectral methods have been successfully ap-
plied also to the study of non cut-off Boltzmann equations, like for RGD
in the grazing collision limit [164] and for granular flows in the quasi-elastic
limit [151]. In particular, during these asymptotic processes it is possible
to obtain intermediate approximations that can be evaluated with fast al-
gorithms that brings the overall computational cost to O(N log, N). These
idea has been used in [158] to obtain fast approximated algorithms for the
Boltzmann equation.

For a recent introduction to numerical methods for the Boltzmann equa-
tion and related kinetic equations we refer the reader to [64].

In this paper we shall focus on the two main questions in the approxima-
tion the Boltzmann equation by deterministic schemes, that is the computa-
tional complexity and the accuracy of the numerical schemes for computing
the collision operator ().

Let us mention that a major problem associated with deterministic meth-
ods that use a fixed discretization in the velocity domain is that the velocity
space is approximated by a finite region. Physically the domain for the
velocity is R% But, as soon as d > 2, the property of having compact
support is not conserved by the collision operator (in fact for some Boltz-
mann models in dimension d = 1, like granular models, the support is con-
served [151]). In general the collision process “spreads” the support by a
factor v/2 (see [169, 146]). As a consequence, for the continuous equation
in time, the function f is immediately positive in the whole velocity domain
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R<.

Thus at the numerical level some non physical condition has to be imposed
to keep the support of the function in velocity uniformly bounded. In order
to do this there are two main strategies, which we shall make more precise
in the sequel.

1. One can remove the physical binary collisions that will lead outside
the bounded velocity domain, which means a possible increase of the
number of local invariants. If this is done properly (i.e. “without re-
moving too many collisions”), the scheme remains conservative (and
without spurious invariants). However this truncation breaks down the
convolution-like structure of the collision operator, which requires the
invariance in velocity. Indeed the modified collision kernel depends on
v through the boundary conditions. This truncation is the starting
point of most schemes based on discrete velocity models in a bounded
domain.

2. One can add some non physical binary collisions by periodizing the
function and the collision operator. This implies the loss of some local
invariants (some non physical collisions are added). Thus the scheme
is not conservative anymore, except for the mass if the periodization is
done carefully (and possibly the momentum if some symmetry proper-
ties are satisfied by the function). In this way the structural properties
of the collision operator are maintained and thus they can be exploited
to derive fast algorithms. This periodization is the basis of the spectral
method.

Note that in both cases by enlarging enough the computational domain the
number of removed or added collisions can be made negligible (as it is usually
done for removing the aliasing error of the FFT, for instance see [43]) as well
as the error in the local invariants.

In this paper we shall focus on the second approach, which means that the
schemes have to deal with some aliasing error introduced by the periodiza-
tion. In this way, for a particular class of interactions using a Carleman-like
representation of the collision operator we are able to derive spectral methods
and discrete velocity methods that can be evaluated through fast algorithms.
The class of interactions includes Mazwellian molecules in dimension two and
hard spheres molecules in dimension three.

Thus the fast DVM algorithms of Section 10.4 are in fact conservative “up
to the aliasing question”, whereas the fast spectral methods of Section 10.3 are
not exactly conservative, since in addition to the aliasing problem, we have to
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deal with the spectral projection of the nonlinear collision operator. However
in this case the spectral accuracy compensates for the loss of conservations.

The rest of the paper is organized in the following way. In the next Section
we introduce a Carleman-like representation of the collision operator which
is used as a starting point for the development of our methods. After the
derivation of the schemes the details of the fast spectral algorithm together
with its accuracy properties are given in Section 10.3. In Section 10.4 the fast
methods are extended to the DVM case and a detailed analysis of its compu-
tational complexity is presented. In a separate Appendix we show a possible
way to extend the present fast schemes to general collision interactions.

10.2 Carleman-like representation and approx-
imation of the collision operator

In this section we shall approximate the collision operator starting from a
representation which somehow conserves more symmetries of the collision op-
erator when one truncates it in a bounded domain. This representation was
used in [28, 34, 35, 117] and it’s close to the classical Carleman representa-
tion (cf. [44]). Also the kind of periodization inspired from this representation
was implicitly used in [34].

10.2.1 The Boltzmann collision operator in bounded do-
mains

The basic identity we shall need is

1 1
(10.2.2) = / F(lulo —u)do = —— / 52z - u+|z|?) F(z) de,
2 §d—1 |u|d—2 Rd

and can be verified easily by completing the square in the delta Dirac func-
tion, taking the spherical coordinate = r o and performing the change of
variable r? = s.

Setting u = v — v, we can write the collision operator in the form

QF. ) = /{ [, Bllud.cost

[f (v- - MUT_U> fo+ WT_M) ~ f(v.) f@)} da} o,
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and thus equation (10.2.2) yields

Qf. F)(v) =2 /{ / B("W> ezt o)
[f('v* —z/2) f(v +2/2) — f(v.) f(v)} d:z:} dv.,.

Now let us make the change of variable z — z/2 in z to get

eupw=2 [ [ (' T |> gz (e dlal)
[F (e~ 2) f(o +2) — [(02) [(0)] do do

and then setting y = v, — v — z in v, we obtain

d+1 A -
AL Aoy =2 // (' T |>| 0(~4 )

| =
(0+9) f(o+a) = [(v+a+y) f(v)] dedy

where now v = —(z 4+ y). Thus in the end we have

z- (x4 y) 1
ALS) // <'”y' |||:c+y|> Tt g
) v+ 9) Fo+2) = Fo+ 2 +y) F(v)] dody.

Figure 10.1 sums up the different geometrical quantities of the usual repre-
sentation and the one we derived from Carleman’s one.
Now let us consider the bounded domain Dy = [-T,T]* (0 < T < +o0).

There are two possibilities of truncation to reduce the collision process in a

box. From now on let us write

~ +y) (4
B(z,y)=2""'B B Cht’)h NI
(z,y) Or+m |ﬂL+y|lr+w

One can easily see that on the manifold defined by z-y = 0, a simpler formula
is (using the parities of the collision kernel)

(10.23) B(x,y) = B(lz],ly])

d— 2] _a2
:ZdlB<V|x|2+|y|27W (| + Jy|*)~ 2
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y

Figure 10.1: Geometry of the collision (v, v.) ¢ (v, v]).

7 Tk

First one can remove the collisions connecting with some points out of the
box. This is the natural preliminary stage for deriving conservative schemes
based on the discretization of the velocity. In this case there is no need for
a truncation on the modulus of x and y since we impose them to stay in the
box. It yields

tr z,y)0(x -
¢ f f //{ JYER? | vz, v+y,v+m+y€DT} B( y) ( y)
[flo+y) flo+z)— flv+a+y)f(v)] dedy

defined for v € Dyr. One can easily check that the following weak form is
satisfied by this operator

(10.2.4) /Qtr(f’ Fo(v)do
///{u 2,y R | v,v+a, vy, vHaty € Dr | B(z,y)é(z - y)

Jw+z+y) f(v)[plo+y) +elv+a)—plo+a+y)—p)] dvdedy

and this implies conservation of mass, momentum and energy as well as the
H theorem on the entropy. Note that at this level this formulation gives no
advantage with respect to the usual one obtained from (10.1.1) by restricting
v, V., V', v, € Dy (except that consistency results for Discrete Velocity Models
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seem easier to prove when they are derived by quadrature on this formulation,
see [156]). The problem of this truncation on a bounded domain is the
fact that we have changed the collision kernel itself by adding some artificial
dependence on v, v,, v’, v.. In this way convolution-like properties are broken.

A different approach consists in periodizing the function f on the domain
Dyr. This amounts in adding some non-physical collisions by connecting some
points in the domain Dy which are geometrically included in a collision cir-
cle “modulo 77 (i.e. up to a translation of T' of certain points in certain
directions). Here we have to truncate the integration in x and y since pe-
riodization would yield infinite result if not. Thus we set them to vary in
Br, the ball of center 0 and radius R. For a compactly supported function
f with support Bg, we take R = S in order to obtain all possible collisions.
Then a geometrical argument (see [160]) shows that using the periodicity of
the function it is enough to take T' > (3 + \/5)5/2 to prevent intersections
of the regions where f is different from zero. The operator now reads

for v € Dr (the expression for v € R? is deduced by periodization). The
interest of this representation is to preserve the real collision kernel and its
properties.

By making some translation changes of variable on v (by z, y and = +y),
using the changes + —+ —x and y — —y and the fact that

B(—x,y)6(—x-y) = B(z,y)d(z - y) = Bz, —y) §(z - —y)

one can easily prove that for any function ¢ periodic on Dy the following
weak form is satisfied

(10.2.6) QR(ff /D /B /5 (z,y)d(z-y)
f('v+$+y)f()[ (v+y)+e(v+a)—elo+z+y) —p)] dvdedy.

About the conservation properties one can shows that

1. The only invariant ¢ is 1: it is the only periodic function on Dy such
that

plvt+y)+tevtaz)—plotaty) —pv)=0
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for any v € Dy and x L1y € Bp (see [51] for instance). It means that
the mass is locally conserved but not necessarily the momentum and
energy.

2. When f is even there is global conservation of momentum, which is 0
in this case. Indeed Q preserves the parity property of the solution,
which can be checked using the change of variable © — —z, y — —y.

3. The collision operator satisfies formally the H theorem
Q" )log( ) dv <0,
R

4. If f has compact support included in Bg, and we have B = 25 and
T > (3v/2 4 1)S/2 (no aliasing condition, see [160] for a detailed
discussion'), then no unphysical collisions occur and thus mass, mo-
mentum and energy are preserved. Obviously this compactness is not
preserved with time since the collision operator spreads the support of

f by a factor v/2.

To sum up one could say that the lack of conservations originates from the
fact that the geometry of the collision does not respect the periodization.

Finally we give the Cauchy theorems for the homogeneous Boltzmann
equations in Dy computed with Qtr or QF.

Theorem 10.1. Let fo € L'(Dy) be a nonnegative function. Then there
exists a unique solution f € C*(Ry, LY(Dr)) to the Cauchy problems

af

_Alr N —
8t_Q (fvf)7 f(t_oa)_fo

(10.2.7)

(10.2.3) Wo@b . f=0)="1

which is nonnegative and has constant mass (and so constant L' norm). If
fo has finite entropy, the entropy is finite and non-decreasing for all time.
Moreover in the case (10.2.7), if fo has finite momentum (respectively energy)
on Dr, the momentum (respectively energy) is conserved with time.

!Note that here the dealiasing condition is slightly different, since the truncation on
the modulus of z and y in the ball B implies only a truncation in the ball B s for the
relative velocity.
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Remark: When the initial data fy is nonnegative and has finite mass and
entropy, it is possible to show by the Dunford-Pettis compactness theorem
that the solution f converges weakly in L'(Dr), as ¢ goes to infinity, to the
unique maximum of the entropy functional compatible with the conservation
law(s) (and the periodicity in the case (10.2.8)). In the case (10.2.7) this
equilibrium state is a sort of truncated Maxwellian on Dy defined by the
conservation laws (see [51]). In the case (10.2.8) this equilibrium state is a
constant defined by the mass of the initial data, which is due to the effect of
aliasing in the very long-time. We omit the proof for brevity.

Proof of Theorem 10.1. For clarity we briefly sketch the main lines of the
proof. The existence and uniqueness are proved by the method of Arkeryd
for bounded collision kernels, see [6, Part I, Proposition 1.1]. In our case
the collision kernel is bounded because of the boundedness of the domain.
The only a priori estimate required in [6, Part I, Proposition 1.1] is the mass
conservation, valid for the two equations under consideration. This method
is based on a monotonicity argument to prove propagation of the sign of the
solution. The argument relies on a splitting of the collision operator () into
a gain part @ which is monotonic (i.e. @*(f, f) is non-negative when f is
non-negative), and a loss part ¢~ which writes Q~(f, f) = L(f)f with Lisa
linear operator such that || L(f)||cc < C'||f|lz:. One can check easily that this
splitting is still valid for the two collision operators Qtr and QF. For brevity
we omit the details and refer to the article [6]. The conservation law(s) and
the H theorem are deduced from the weak forms (10.2.4) and (10.2.6) (see
the proof of |6, Part I, Proposition 1.2] and [6, Part I, Theorem 2.1]). O

In the rest of the paper we will focus on the periodized truncation QF.

10.2.2 Application to spectral methods

Now we use the representation QF to derive new spectral methods. The
spectral methods for kinetic equations originated in the works of [159, 160],
and were further developed in [161, 89]. Before they had a long history in
fluid mechanics, see [43].

The main change compared to the usual spectral method is in the way we
truncate the collision operator. In fact as we shall see in the next section this
yields better decoupling properties between the arguments of the operator.

To simplify notations let us take T' = w. Hereafter we use just one index
to denote the d-dimensional sums of integers.
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The approximate function fy is represented as the truncated Fourier
series

N
F o ikw
= § fke )
k=—N

1

Gy [, S

7'r

fi=

The spectral equation is the projection of the collision equation in PV, the
(2N + 1)?-dimensional vector space of trigonometric polynomials of degree
at most NV in each direction, i.e.

dfn

o = PnQE(fn, fn)

where Py denotes the orthogonal projection on PY in L?(D,). A straightfor-
ward computation leads to the following set of ordinary differential equations
on the Fourier coefficients

N
(10.2.9) Z B,m) fi fn, k=-N,.,N

+m=

where B(l, m) are the so-called kernel modes, given by

B(lam) = / / B(z,y)é(z-y) [e”'z ey — eim'(g”"'y)] dz dy.
rz€BR JyEBR
The kernel modes can be written as

B(1,m) = B(L,m) — B(m,m)

where

Bl,m) = / / B(z,y)d(x - y) e ™V dz dy.
z€Br JyeBR

Therefore in the sequel we shall focus on 3, and one easily checks that 3(I,m)
depends only on [{|, |m| and |] - m]|.

Note that the usual way to truncate the Boltzmann collision operator for
periodic function starts from the following representation (see [160])

(10.2.10) Q(f,f):/ Rd/ Sd_lB(|u|,cos9)
{f(’v — (u—ulo)/2) f(v — (u+ lulo)/2) = f(v)f(v—u)| dodu
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and then truncate the parameter u = = 4 y in order that v € Br. Thus we
have

Qusual f7 /g;eRd /yeRd T y $ y) X{lz+y|<R}
flo+y)flv+z)— flo+ax+y)f(v)] dedy

where X{|z+y/<r} denotes the characteristic function of the set {|z +y| < R}.
One can notice that here z and y are also restricted to the ball Br but the
condition |z + y|* = |z|* + |y|* < R? couples the two modulus, such that the
ball is not completely covered (for instance, if  and y have both modulus
R, the condition is not satisfied, since |z + y| = V2R).

Finally let us compare the new kernel modes with the usual ones. As a
consequence of the representation (10.2.10), the usual kernel modes (cf. [160])
are

ﬁusual l m

/ / B(|ul,cos ) |e
u€EBR JoeSd-1

and hence coming back to the representation in x and y,
ﬁusual(ly m)

:/ / B(z,y) 6(x - y) X{leryi<ry [T €™ — ] ddy.
z€EBR JyEBR

u i+m -|-|u|o' m—l

— e_i(“'m)} do du

Thus the usual representation contains more coupling between = and y and
it is less appropriate for the construction of fast algorithms.

10.2.3 Application to discrete-velocity models

The representation QF of this section can also be used to derive Discrete

Velocity Models (DVM). The usual representation of DVM is
D; = Z TE [ ffi = fifi]
klezd

where D; denotes the discrete Boltzmann collision operator and the integer
indexes refer to the points in the computational grid In order to kepp the
conservations at the discrete level the coefficients F ! take the form

Lo =10 +5 — k= D 1(i* + 5 = [k[* = |11*) B}k =], |l = j]) wi;

27]
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where 1 denotes the function on Z defined by 1(z) = 1 if z = 0 and 0
elsewhere, and wf]l > 0 are the weights of the quadrature formula, which
characterize the different DVM. B > 0 is the discrete collision kernel. One
can check on this formulation that the scheme satisfies the usual conservation
laws and entropy inequality (see [166] and the references therein).

We can also write at the discrete level the same representation as in the

continuous case

D; = Z Dig[franfist = Fifirnsi]

klezd
with

N B(|k|, |1
FkJ = l(k‘ . l) wwk’l'

This way of writing the DVM is discussed and justified in [26]. It is co-
herent with the DVM obtained by quadrature starting from the Carleman
representation in [156].

Now again when one is interested to compute the DVM in a bounded
domain there are two possibilities. First as in the case of Qtr one can force
the discrete velocities to stay in a box, which yields fori = —N,... | N (again
using the one index notation for d-dimensional sums)

D;Gr = Z Ukt [fisrfist = fifepns]-
—N§i+k,ili|:ll,i+k+l§N
This new discrete operator is completely conservative but the collision ker-
nel is not invariant anymore according to iz, which breaks the convolution
properties.
The other possibility is to periodize the function f over the box and
truncate the sum in & and [. It yields for a given truncation parameter

N e N

(10.2.11) DY = Y Twilfirnfivi = fifien],

—N<kI<N

forany e = —N...N. i

It is easy to see that DV satisfies exactly a discrete weak form and con-
servation properties similar to Q¥. Moreover one can derive the following
consistency result from [156, Theorem 3| in the case of hard spheres collision
kernel
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Theorem 10.2. Assume that f,g € C*(R3) (k > 1) with compact support
Bs. The uniform grid of step h is constructed on the box Dr with the no
aliasing condition T > (34++/2)S/2. Then for N = [S/h] (where [-] denotes
the integer value) and h > 0 sufficiently small,

1Q(g, F) = DY (g, )ll1oe(zny < Ch"

where D}]y is the DVM operator defined in (10.2.11) (for the precise quadra-
ture weights derived in [156]) on the grid above-mentioned, and f; = f(ih).
Here r = k/(k + 3) and the constant C is independent on h.

Remark: As can be seen from Theorem 10.2, the periodized DVM pre-
sented in this subsection is expected to have a quite poor accuracy. On the
contrary the spectral method, even in the fast version of the next section,
will be proven to be spectrally accurate, i.e. of infinite order for smooth
solutions. Nevertheless this periodized DVM has some interesting features
compared to the spectral method. Indeed, with exactly the same proof at
the discrete level as in Theorem 10.1, one can prove that if the quadrature
weights wy; are non-negative, then the scheme is stable in the sense that
if one starts from a non-negative initial datum, then the solution remains
non-negative and has thus constant L' norm. In addition to this stability
in L' this DVM preserves exactly the physical conservation laws, up to the
aliasing issue, whereas the spectral method preserves the mass but not the
momentum and energy because of the spectral projection of the operator (al-
though the error on this conservation laws are spectrally small). Concerning
the spectral method, stability is expected by the authors to hold in L! but
only asymptotically, i.e. for N big enough related to the initial datum.

10.3 Fast spectral algorithm for a class of col-
lision kernels

As soon as one is searching for fast deterministic algorithms for the collision
operator, i.e. algorithm with a cost lower than O(N?%*¢) (which is the cost
of a usual discrete velocity model, with typically ¢ = 1), one has to find some
way to compute the collision operator without going through all the couples
of collision points during the computation. This leads naturally to search for
some convolution structure (discrete or continuous) in the operator. Unfor-
tunately, as discussed in the previous sections, this is rather contradictory
with the search for a conservative scheme in a bounded domain, since the
boundary condition needed to prevent for the outgoing or ingoing collisions
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breaks the invariance. Thus fast algorithms seem more adapted to spectral
methods, or more in general to methods where the invariance is conserved
thanks to the periodization.

Here we search for a convolution structure in the equations (10.2.9). The
alm is to approximate each B(l, m) by a sum

B(l,m) = > " ay(l)al(m).

This gives a sum of A discrete convolutions and so the algorithm can be
computed in O(A N%log, N) operations by means of standard FFT tech-
niques [43, 59]. Obviously this is equivalent to obtain such a decomposition
on (3. To this purpose we shall use a further approximated collision operator
where the number of possible directions of collision is reduced to a finite set.

The starting point of our study is an idea of [34]: use the Carleman-
like representation (10.2.5) to obtain a convolution structure for every fixed
directions of the vectors x and y. In this work [34] the corresponding set of
directions

S={(e,e) e SV xSV | eLe}

is very difficult to discretize in a way that preserves the symmetry properties
of the collision operator. No systematic process was available and the dis-
cretization is done only for some particular number of grid points. Then the
FFT is used in each couple of direction and finally a correction is imposed at
the end to preserve the conservation laws. However no consistency result is
available and the accuracy suggested by the numerical simulations is of order
1. The two main new ingredients of our method are:

e First we project the collision operator on the Fourier basis. This en-
ables to integrate one of the two coordinates of the manifold S and
to reduce to the discretization of the sphere S¥=!. This discretization
is straightforward and can be made easily to preserve the symmetries
of the collision operator. Moreover it reduces the complexity of the
algorithm by suppressing N — 2 degrees of freedom to discretize.

o Second we choose to discretize S~ by the rectangular rule. Indeed
the periodization shall imply that this quadrature rule is of infinite
order. This point will allow to obtain a spectrally accurate scheme,
and adaptativity properties.
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10.3.1 A semi-discrete collision operator

We write z and y in spherical coordinates

(10.3.12) Q*(f, f) L/‘ j/ (e-¢€)dede
{// 2 Blp.p)
[ﬂv+ﬂ&f@+pa—fw+me+ﬂwfwﬂwwﬂ}

Let us take A a set of orthogonal couples of unit vectors (e, €’), which is even:
(e,e¢') € A implies that (—e,¢€’), (e,—¢€') and (—e, —€’) belong to A (this
property on the set A is required to preserve the conservation properties of
the operator). Now we define Q7 to be

QRA(F, F)(v) = / {// Blo,p)

[F(v+ p€) f(v+ pe) — f(v + pe+ p'¢) f(v)] dp d,o'} dA

where dA denotes a measure on A which is also even in the sense that
dA(e,e') = dA(—e,e') = dA(e, —e) = dA(—e,—€'). Using translation
changes of Varlable on v by pe, p'e" and pe + p’¢’ and the symmetries of
the set A one can easily derive the following weak form on Q4. For any
function ¢ periodic on Dy,

@“UJW@MU

[@pkeg/‘/ Blp, p') f(v + pe + p'e) f(v)

(v +p'e’) + o(v+ pe) — p(v+ pe + p'e’) — p(v)] dpdp’ dAdv.

This immediately gives the same conservations properties as QQr. Of course
one could also prove exactly the same way

Theorem 10.3. Let fo € L'(Dr) be a nonnegative function. Then there
exists a unique solution f € C*(Ry, LY(Dr)) to the Cauchy problem

TR, Tu=0.)= 1
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which is nonnegative and has constant mass (and so constant L' norm).
Moreover, if fo has finite entropy, the entropy is non-decreasing with time.

10.3.2 Expansion of the kernel modes

We make the decoupling assumption that

(10.3.13) B(z,y) = a(|z]) b(|yl).

This assumption is obviously satisfied if B is constant. This is the case
of Maxwellian molecules in dimension two, and hard spheres in dimension
three (the most relevant kernel for applications). Extensions to more general
interactions are discussed in the Appendix.

First let us deal with dimension 2 with B = 1 to explain the method.
Here we write # and y in spherical coordinates © = pe and y = p’¢’ to get

1 R B
Bl,m) = - / / 5(e-€) { / eie(te) dp} { / e’ <m'e>dp'} de de'.
ecS! JeleS! -R -R

Let us denote by

= [

R

for s € R. It is easy to see that ¢% is even and we can give the explicit
formula

®R(s) = 2 R Sinc(Rs)

with Sinc(8) = (sin6)/6.

Thus we have
1
sty =1 [ [ st dhtm ¢ dede
4 eeSl SIGSI

and thanks to the parity property of ¢% we can adopt the following periodic
parametrization

(t.m) = [ Ghl-e6) Ghim- canepa) 0.
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The function 8 — ¢%(1 - €g) pH(m - €g4r/2) is periodic on [0, 7] and thus
the rectangular quadrature rule is of infinite order and optimal. A regular
discretization of M equally spaced points thus gives

- M-1
Btm) =T 3 ey (e (m)
p=0
with
O‘p(l) = 96?%([ ) eﬁp)v a;(m) = Qbﬁg(m : €€p+7r/2)

where 0, = mp/M. i
More generally under the decoupling assumption (10.3.13) on B, we get
the following decomposition formula

T /
Bitm) = T3 () m)
p=0
where
Oép(l) = qb?%,a(l ’ egp)? a;(m) = qb?%,b(m ' €€p+7r/2)
and

R R
Ohals) = /_ a(p) €™ dp,  dpy(s) = /_ b(o!) € dpf

R R
with 8, = mp/M.

Remark: In the symmetric case a = b (for instance for hard spheres) it is
possible to parametrize 5(I,m) as

/2
B(l,m) =2 / G2 (1 ¢) Gy a(m - oanya) dO
0

and the function 6 — ¢% (1 - €g) ¢} (M - €g4r/2) is periodic on [0,7/2]. Thus
the decomposition can be obtained by applying the rectangular rule on this
interval. At the numerical level it yields a reduction of the cost by a factor

2.

Now let us deal with dimension d = 3 with B satisfying the decoupling
assumption (10.3.13). First we change to the spherical coordinates

/ / §(e-€)
e€S2 Je'eS2
R Ny 7
[ / plato) e an] | [ 1100607 | e
-R -R
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and then we integrate first ¢’ on the intersection of the unit sphere with the

L
plane e+,

s =3 [ tea [ dumeerae] de
ecS? e’eS2nel

where
R . R -
)= [ blato) e dp 1= [ ot dp

Thus we get the following decoupling formula with two degrees of freedom
Bll.m) = [ hall-e) s (esom) de
eESi
where S2 denotes the half-sphere and

'¢%76<Hel(m)) = /07r ¢R7b<|H6J_(m)| CoS (9) do,

(this formula can be derived performing the change of variable de’ = sin 8 df dy
with the basis (e,u = 1(m)/|II.L(m)], e X w)).

Again in the particular case where B = 1 (hard spheres model), we can
compute explicitly the functions ¢%, (in this case a = b = 1),

¢y (s) = R* [2Sinc(Rs) — Sinc*(Rs/2)] .

Now the function e — ¢ (I - ¢€) ¢%76<H8L(m)) is periodic on S2 and
so the rectangular rule is of infinite order and optimal. Taking a spherical
parametrization (6, ¢) of e € S and uniform grids of respective size M; and
M, for 6 and ¢ we get

2 My, Mz
/B(l’m) = M M Z a?v‘](l)a;?,q(m)
1My 2=
where
apg(1) = o (1 €(0y00)) ay, 4(m) = %b%vb(He(lepwq)(m))
and

(0p,04) = (pﬁia qﬁ:)
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From now on we shall consider this expansion with M = M; = M, to avoid
anisotropy in the computational grid.

Remarks:

1. Tt is possible to give more general exact formula in dimension 2 and 3
when a(r) = |r[', b(r) = |r|" with ¢,#/ € N by computing derivatives along
along s of the two quantities

R R
/ sin(ps) dp, / cos(ps) dp.
0 0

2. For any dimension, we can construct as above an approximated colli-
sion operator Q4™ with

Au={(e,) e85 x84 [eesit, feetnstt]

where S?\ii denotes a uniform angular discretization of the half sphere with
M points in each angular coordinate (the other half sphere is obtained by
parity). Let us remark that this discretization contains exactly M?~! points.
From now on we shall denote

Md-1

RM __ RAm _ R,M
QUM = QAw = N QIM,
p=1

10.3.3 Spectral accuracy

In this paragraph we are interested in computing the accuracy of the scheme
according to the three parameters N (the number of modes), R (the trunca-
tion parameter), and M (the number of angular directions for each angular
coordinate). Instead of looking at the error on each kernel mode it is more
convenient to look at the error on the global operator. Here the Lebesgue
spaces P, p=1...4 oo, and the periodic Sobolev spaces H;f, k=0...400
refer to D,.

In order to give a consistency result, the first step will be to prove a
consistency result for the approximation of Q¥ by Q%M.

Lemma 10.1. The error on the approximation of the collision operator is
spectrally small, i.e for all k > d — 1 such that f € H;j

RE |\ gl sl f 11 s
MF '

”QR(gvf) - QR7M(gvf)HL2 S Cl
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Proof of Lemma 10.1. Starting from (10.3.12), one gets

Qe N) = 5 /[ [ e B

lg(v + p'€") f(v + pe) — g(v + pe + p'e’) f(v)] dpdp de’ | de

As the function in the brackets is a periodic function of e on Si‘l with period
7 in each coordinate, one can apply the error estimate for the rectangular
rule (see for instance [172, Theorem 19.10]). This error estimate is valid for
k > d — 1 and depends on the derivative along e of this functional on the
following way

1Q%(g. f) — Dlire

Mg,
d— R R
d—2
- €i p
ZkM z; /eSd ! /e’ESd—lﬂeJ' /—R /—R

B(p, ') [9(v+ p'e') (v + pe) — g(v + pe + p'e') f(v)] dp dp' de

"I'de

L3

where the constant is independent on k and 9% is the derivative of order k
along the coordinate €;. Then a straightforward computation gives

HQR(ga f) - QR7M(97 f)HL2

ORk d—1

oo 2| 2 (B) (™10 gl 10" )l

i=1 L k'h=k
+1Q™ (10" g1, [0*" £1)|.2)

where 0¥ and 0% denote some derivatives of order &' and k”. Then using
the estimates

1Q%* (g, ). Q" (g, Nllze < C llgllz2ll fll1e

proved in [88]%, we get
CR*
1Q% (9, /) = Q™ (g, Nllez < =7 gl 1l

which concludes the proof. O

2Which are consequences of the LP estimates proved in [111, 112], and revisited
in [150].
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For the second step we shall use the consistency result [160, Corollary 5.4]
on the operator QF, which we quote here for the sake of clarity.

Lemma 10.2. For all k € N such that f € Hk,

Q7S £) = Pa@ (. Swlze < o (W fllg + Q% )l ).

Combining these two results, one gets the following consistency result

Theorem 10.4. For all k > d —1 such that f € H¥(D,),

1QF(f. f) — PnQ™M(fn, fn) Iz
R* || fn Il

Cz
m (HfHHg + HQR(fNafN)HH}l;).

Proof of Theorem 10.4. By triangular inequality

1Q7(f, ) = PnQ ™M (fn, fn)lle < P (QF(fnin) — QM (fn, fn)) e
+ QR (f, F) — PnQ (fny )| 22-

The first term on the right-hand side is controlled by Lemma 10.1

H,PN<QR(]CN7 fN) - QR7M(fN7 fN)) HL2 <

Rk”fNHi[g(Dﬁ)
M* '

The second term in the right-hand side is controlled by Lemma 10.2, which

concludes the proof. O

HQR(vafN) - QR7M(fN7fN)HL2 < Ol

Now let us focus briefly on the macroscopic quantities. In fact here no
additional error (related to M) occurs, compared with the usual spectral
method, since the approximation of the collision operator that we are using
is still conservative. First with Lemma 10.1 at hand one can establish the
estimate

1Q™™ (g, Nz < Cllglmgll fll g,

for a constant uniform in M. Then following the method of [160, Remark 5.4]
and using this estimate we obtain the following spectral accuracy result

(@115.0)2) = (P U 1)
< S lelze (1 ggos + 15 (v, )l
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where ¢ can be replaced by v, |v|?. Indeed there is no need to compare
the momenta of PxQM(fx, fn) with those of Q®(f, f) since QM is also
conservative, and so they can be compared directly to those of Q%M. Thus
the error on momentum and energy is independent on M and is spectrally
small according to IV even for very small value of the parameter M.

10.3.4 Implementation of the algorithm

The final spectral scheme depends on the three parameters N, R, and M. The
only conditions on these parameters is the no-aliasing condition that relates
R and the size of the box T' (here ). A detailed study of the influence of the
choices of N and R has been done in [160]. Here we are interested only in
the influence of M over the computations, since M controls the computations
speed-up.

The method of the previous subsections yields a decomposition of the
collision operator, which after projection on PV gives the following decom-
position

Md—l

(10.3.14) PNQR’M — Z /PNQ;)%,M.
p=1

Each PNQE’M can be computed with a cost O(N?log, N). Thus for a general
choice of M and N we obtain the cost O(M?"*N¢log, N). The decomposi-
tion (10.3.14) is completely parallelizable and thus the cost can be strongly
reduced on a parallel machine (formally up to O(N?log, N)). One just has
to make independent computations for the M9~ terms of the decomposition.

Moreover the formula of decomposition is naturally adaptive (that is the
number M can be made space dependent), which can be quite useful in the
inhomogeneous setting, where some regions deserve less accuracy than others.
Since it relies on the rectangular formula, whose adaptivity property is well
known, one can easily double the number of directions M if needed, without
computing again those points already computed.

Finally the decomposition can be also interesting from the storage view-
point, as the classical spectral method requires the storage of a N¢ x N¢
matrix whereas our method requires the storage of 2M %! vectors of size N
In dimension 2 the classical method requires a storage of order O(N*) and
our method requires a storage of order O(M N?). In dimension 3 the classical
method requires a storage of order O(N*) (thanks to the symmetries of the
matrix of kernel modes, see [88]), and our method requires a storage of order

O(M? N3).
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N M=2 M=4 M=8 M=16

32 | 2.129E-4 | 1.993E-05 | 2.153E-05 | 2.262E-5
64 | 2.109E-4 | 7.122E-10 | 6.830E-10 | 6.843E-10
128 | 2.112E-4 | 3.116E-12 | 3.117E-12 | 3.117E-12

Table 10.1: Relative L; norm of the error for different values of N and M
for the fast spectral method.

As a numerical example we report the results obtained in the case of space
homogeneous two-dimensional Maxwellian molecules using as a comparison
the exact analytic solution (see [160]). The results for the relative L; norm
of the error at time ¢t = 0.01 are reported in Table 10.1.

Although further extensive testing is necessary, the results are very promis-
ing and seem to indicate a very low influence of the number of directions over
the accuracy of the scheme. For M = 2 the angle error dominates, but as
soon as M = 4 the error in N is dominating. Note that the number of angle
directions will indirectly influence the aliasing effect trough the slight change
in the relaxation times. This may explain the slight error variations that we
observe taking M > 4.

Finally, in view of space non homogeneous computations, we will have the
additional advantage of taking a larger number of gridpoints without increas-
ing too much the computational cost, thus allowing the computations of flows
at larger Mach number compared to conventional deterministic schemes. Fur-

ther numerical results are under development and will be presented elsewhere
[85].

10.4 Fast DVM’s algorithm for a class of colli-
sion kernels

The fast algorithms developed for the spectral method can be in fact extended
to the periodized DVM method. The method that originates is in some sense
related to the direct FFT approach proposed in [23, 35, 34].
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10.4.1 Principle of the method: a pseudo-spectral view-
point

We start from the periodized DVM in [|—- N, N|]* with representation (10.2.11)
and we set, for —N < k,[ <N,

B([k], 1)

B(|kl, |1]) = ]

With this notation
fk,z =1(k-1) B(|k|, 1) we,
and thus the DVM becomes
fi= Z L(k - 1) B(|k], |1]) wi [fornfiorr = FiFrvnrt].

—N<kI<N
Now we transform this set of ordinary differential equations into a new one

using the involution transformation of the discrete Fourier transform on the
vector (fi)—n<i<n. This involution reads

N 1 2N N 5
fr= 557 ijf es(i),  fi =I;Nfze1(i)

where ek (k) denotes eQéTfiffk, and thus the set of differential equations be-

comes

. N 1 2N
= > <2N+1 ZeK+L_I(i))

K,L=—N =0

fK fL

[ Z Lk B(|k|, 1) wry (eK(k)eL(l) —er(k+ [))

—N<kI<N
for —N < I < N. We have the following identity

2N

1 . .
Y exqror(i)=1(K+ L1
1=0

2N +1

and so the set of equations is

N
Ji= > BK,L)fxk fu
K+L=1
K,L=—N
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with
B LY = 30 11y BURL ) ks fex(Rlen(l) — ex(k + 1)
o :ﬁ(KvL)_ﬂ(LvL)
where

BK,L)= Y 1k 1) Bk] ) i exc(R)er (0)

—N<kI<N

Let us first remark that this new formulation allows to reduce the usual cost
of computation of the DVM exactly to O(N??) (as with the usual spectral
method). Note however that the (2N + 1)d x (2N + 1)d matrix of coefficients
(B(K, L))k.r has to be computed and stored first, thus the storage require-
ments are larger with respect to usual DVM. Nevertheless symmetries in the
matrix can reduce substantially this cost.

Now the aim is to give an expansion of F(K, L) of the form

M
Ber~ 3 ay(K)el(L)
p=1
to get a lower cost by the use of discrete convolution.

10.4.2 Expansion of the discrete kernel modes
We make a decoupling assumption as in the spectral case

B(Jkl. 1) wry = a(k) b(1).

Remark: Note that the DVM constructed by quadrature, in dimension 3
for hard spheres, in [156] satisfies this decoupling assumption with a(k) =
h*/ged(ky, ka2, ks) and b(1) = 1 (see [156, Formula (2.8)]), and ged(ky, k2, k3)

denotes the greater common divisor of the three integers.

The difference here with the spectral method, which is a continuous nu-
merical method, is that we have to enumerate the set of {—N < k0 <
N |k L1}, As noticed in [173], this motivates for a detailed study of the set
of lines passing through 0 and another point in the grid. To this purpose let
us introduce the Farey series and a new parameter 0 < N < N for the size
of the grid used to compute the number of directions. The usual Farey serie
is

Fy=1{(p.q) €[J0N* |0 < p<g<N and ged(p,q) =1}
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where ged(p, ¢) denotes again the greater common divisor of the two integers
(more details can be found in [114]). It is straightforward to see that the
number of lines AY passing through 0 in the grid [|— N, N[]? is A}, = 4|Fx|.
In fact symmetries often allow to reduce the number of directions needed.
Similarly one can define

Fi={(p.a.r) €[NP [0<p<q<r<Nandged(p.g,r) =1}

and the number of lines A% passing through 0 in the grid [| — N, N[]? is
A% = 16|F%|. The exponents of the Farey series refer to the dimension of

the space of lines (which is d — 1). Now let us estimate the cardinal of Fy,
and F3.

Lemma 10.3. The Farey series in dimension d = 2 and d = 3 satisfy the
following asymptotic behavior
N? _ _. 3N?
Fyl = + O(N log N) =
N? .
Fil = + O(N?

where ( denotes the usual zeta function.

+ O(N log N)

T2

Remark: In dimension d, the formula would be

F]Céf_l = {(php?a'“ 7pd) € HO’NHd |

0<p<pr < <pa <N and ged(pr,pa, o pa) = 1

and A;lv_l = 22(d-1) |.7:]%,_1|. It is likely that the cardinal of f]dv_l could be
computed by induction with the same tools as in the proof below (for d > 3),
with the general formula

d N4 vd—1
vl = —=——— +O(N).
Proof of Lemma 10.3. The proof of the first equivalent is extracted from [114],
and given shortly for convenience of the reader. The proof of the second one
is inspired from it.
Let us introduce p(n) the Euler function (as number of integers less than
and prime to n) and the multiplicative Mébius function g(n) such that p(1) =
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1, u(n) = 0 if n has a squared factor and u(pipy---px) = (—1)F if all the
primes py, pa,- - - , pr are different. We have the following connection between
this two arithmetical functions

o) =n 3D _ S aua)

d|n dd'=n

Now let us compute the cardinal of the Farey serie in dimension 2.

FN = Lo+ o(N) =14 Y du(d)

v
= 1+ Y dud) =1+ @) S
= 14> uld) (IN/d? +[N/d)
= 1+ %Zﬂ(d) ((N/d)* + O(N/d))

and thus

N2 &L u(d) X
|FL| = L+ = >y -+ 0 NZE
1

N ~ L
D) +O(N)+ O (NlogN)
where we have used the arithmetical formula 1/¢(s) = >">7, u(n)/n®.

Now for the dimension d = 3, we enumerate the set F% in the following
way: we fix r then ¢ < r, then p < ¢ such that ged(p,ged(q,r)) = 1 (we use
the associativity of the function ged). This leads us to count the number of p
in [|1, ¢|] such that (p,d) = 1 for a given d|g. When § > 1, writing p = kd + po
with po € [|1,6 — 1|], this number is seen to be ¢(d) (¢/d). When 6 = 1 this
number is ¢ + 1 (all the value from 0 to ¢). Thus the formula ¢(4) (¢/) is
still valid if we deal separately with the case p = 0, which has cardinal |‘7:11V|
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Now let us compute the cardinal of .7:]%

FRERT-TE o oML BT S ol e

r=1 q—l (Q7 7")

-

1<q,r<N | dlg, d|r

e Ly o (S
= O(N)—|—§ZT[N/d]d Y d

d'=1

73 = 0(N2)+iiu(d) (N7d+ o) (IN/d? +[N/d)

d=1

O

Now one can deduce the following decomposition of the kernel modes

BUE, L) = ) Lupalk)b(ll]) ex(k)es(l)

—N<k,I<N

> > a(|k|)€1<(k)” > bl en(l)

e€Ax LkeeZ,—N<k<N leel, —N<IKN

12

with equality if N = N. Here Ay denotes the set of primal representants of

directions of lines in [| — N, N|] passing through 0. After indexing this set,
which has cardinal A?V, one gets

At
(10.4.15) Br =Y ap(K) (L)
p=1
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with

ap(K)= Y a(lklex(k), ap(L)= Y b(li)ec(l).

k€epZ,—~N<k<N leet, —N<IKN

The method yields a decomposition of the discrete collision operator
I
DN ~ pDN.N ZDNJVJD
p=1

with equality if N = N. Each DN’N’p(f, f) is defined by the p-th term of the
decomposition of the kernel modes (10.4.15). Each term DNN# of the sum
is a discrete convolution operator when it is written in Fourier space.

Thus one can see that even if we take N = N = N
possible directions in the grid [| — N, N|]¢, we get the computational cost
O(N?*@log, N), which is better than the usual cost of the DVM O(N?%¥+1)
(but slightly worse than the cost O(N??) obtained by solving directly the
pseudo-spectral scheme, thanks to a bigger storage requirement).

More generally for a choice of N < N we obtain the cost O(N?N%log, N).

The same remarks we did for the fast spectral algorithms about the paral-

, l.e we take all

lelization and adaptivity (and storage interest) of the method hold true in
this case: a parallel algorithm could reduce the computational cost up to
O(N%log, N).

Moreover we expect that for DVM one can strongly reduce the parameter
N in order to improve the cost of the scheme, without damaging the accuracy
of the scheme. The justification for this is the low accuracy of the method
(the reduction of the number of direction has a small effect on the already
poor accuracy of the scheme).

Remarks:

1. Concerning the construction of the set of directions .Ajlv, it can be done
with systematic algorithms of iterated subdivisions of a simplex, thanks to
the properties of the Farey series. In dimension d = 2 this construction is
quite simple (see [114]). In dimension 3 we refer to [153].

2. Let us remark that in order to get a regular scheme (i.e with no other
conservation laws than the usual ones) in spite of the reduction of directions,
it is enough that the scheme “contains the directions 0 and /2" (see [51]).
This is satisfied if we take the directions contained in F¢™', i.e. as soon as
N >1.

3. Finally in the practical implementation of the algorithm one has to
take advantage, as in the spectral case, of the symmetry of the decomposi-
tion (10.3.13) in order to reduce the number of terms in the sum: in dimension
2, if a = b =1, one can write a decomposition with A%/Q terms.
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10.5 Conclusions

We have presented a deterministic way for computing the Boltzmann collision
operator with fast algorithms. The method is based on a Carleman-like
representation of the operator that allows to express it as a combination
of convolutions (this is trivially true for the loss part but it is not trivial
for the gain part). A suitable periodized truncation of the operator is then
used to derive new spectral methods and new discrete velocity methods both
computable with a high speed up in computation times. For the spectral
method it will bring the overall cost in dimension d to O(M?"*N%log, N)
where N is the number of velocity parameters and M the number of angular
directions in each angular coordinate. For the discrete velocity method it
will bring the overall cost in dimension d to O(N?N?log, N) where N is the
size of velocity grid and N is the size of the grid used to compute directions
in the approximation of the discrete operator. Consistency and accuracy of
the proposed schemes are also presented. First numerical results seem to
indicate the validity and the flexibility of the present approach that, to our
opinion, will make deterministic schemes much more competitive with Monte
Carlo methods in several situations.

10.6 Appendix: Remarks on admissible colli-
sion kernels and an extension to the “non-
decoupled” case

Let us study the cases where the assumption (10.3.13) is satisfied. For hard
spheres in dimension 3, or Maxwellian molecules in dimension 2, one has the
equation (10.3.13) with @ = b = 1. Formally for the Coulomb potential in
dimension 3, we have

B(0, Ju]) = |u]™* sin™(0/2),
and thus, thanks to formula (10.2.3)
B(z,y) = 27" |27,

This suggests, in dimension 3, to consider the following family of "variable
hard sphere" collision kernels

(10.6.16) B, (0, [u]) = sin"=1(8/2) [ul".



Chapitre 10. Numerical study of the Boltzmann equation 448

Indeed simple computations give
B~W(‘r7y) =277 |2

and thus they satisfy the decoupling assumption (10.3.13) In the case where
v € (—=2,1] the angular part of the collision kernel remains integrable. On
the contrary, for § ~ 0, the equivalent derived from the physical non explicit
formula in [52] for inverse-power laws kernels (for a potential 1/|d|" with n

such that v = (n — 5)/(n — 1)) is of the form
B0, [ul) ~pmo sin T (0/2) Ju]”

with v € [=3,1). It is therefore always non-integrable for § ~ 0.

The model (10.6.16) coincides with the hard spheres model for v = 1 and,
formally, coincides with the kernel of the Coulomb potential for v = —3.
Moreover for v € (—2,1] (i.e. hard potentials and the so-called moderately
soft potentials) it remains integrable for § ~ 0. Thus it seems quite reason-
able to consider it as a model for cutoff hard and moderately soft potentials,
as well as hard spheres.

In dimension 2 the same arguments and computations lead to the follow-
ing cutoff hard and moderately soft potentials model

B, (0, ul) = sin(60/2) [ul"

valid for v € (=3, 1], which coincides with the case of Maxwellian molecules
for v = 0.

For the spectral method the other situation where one obtains natu-
rally a fast algorithm is the case where collisions concentrate on the grazing
part: see [163] and [164] for a fast algorithm to compute the Fokker-Planck-
Landau collision operator, which is the limit of the Boltzmann collision oper-
ator in the grazing collision limit. In this case indeed one of the two variables
x or y of the representation (10.2.5) disappears in the limit process, which
“decouples” the kernel modes. Thus it may be possible to construct fast
algorithms for non-cutoff models by splitting the collision operator into a
cutoff part treated by the method presented in this paper, and a non-cutoff
part restricted to very small deviation angles, which would be close to the
grazing collision limit and thus could be computed by the fast algorithm
of [163, 164].
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