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á�Ý�:ã:ñ¡ö:Ý þ¹Ýßñ¯ñ Ý'ñ����¹ä Ý Ý¹ä¯ñ�ö:Ý�� Ýßñ¯ñ¯Þ Ý»Ýßæ�����Ü�ö:Ýßæ þ¹Ý ã:æ Ý'æ âUã��.ÝßôÂô�Ý0æ âUñ¯Ü�âUæ�ö:Ý��µÝßã����wã � âUæ�ð"!�!�ÝßôÂô�ÝßÞ�ð
# í�ù%$�ì'& é�(ßù1ë ç:í*)�Ýßæ�Ý+�<ñ¯Þ�ð¹ówðMæ�ñûô,� Ý¹ä ä�Ýßæ þ¹Ýaö:Ýaôõð�æ âUñ¯Ü�âUæ�ö:Ý-�¯Ýßã���þ¹âUæ�.ßã Ý/!
ðMÞ»ò»ó1ôõðMæ ö Ýßñ10ûæ:ü Ù

2»æ3�¯Ýßã ö4�5�*��ã:Ü6!�Ýûü7�ßæ��ßÞ�ðMôÂÜ�ä Ýzô�Ý¹ä æ âUñ¯Ü�âUæ ä'ã ä¯ã ÝßôÂô�Ý¹ä'ö:Ý8!�ânä¯ÜÂñ¯Ü�âUæ ä9)<þ¹âUã�! ä9):!
ðMÞ¯ñ¯Ü�Ý¹ä Ýßñ'ä¯ñ¯Þ�ðMñ;�ßünÜ�Ý¹ä
ÝßæIô�Ýßã:Þ ö:âUæ:æ
ðMæwñ�ã:æ Ý�ÜÂæ�ñ ÝßÞ�!:Þ;�ßñ�ðMñ¯Ü�âUæNü7�¹â<���ßñ¯Þ¯Ü=��ã ÝnÙIÛ�ðMÞ��uÜûô�Ý¹ä�!�ânä ÜÂñ¯Ü�âUæ ä âUæIö<Ü�ä¯ñ¯ÜÂæ:ünã ÝßÞ�ð4ô�Ý¹ä
!�ânä¯ÜÂñ¯Ü�âUæ ä/!�ÝßÞ ö ðMæ�ñ Ý¹ä ö:Ý¹ä>!�ânä¯ÜÂñ¯Ü�âUæ äaüwðMünæ
ðMæ�ñ Ý¹ä�ðMô�âUÞ ä?��ã Ý�!
ðMÞ��uÜiô�Ý¹ä�ä¯ñ¯Þ�ðMñ;�ßünÜ�Ý¹ä�âUæ ö<Ü�ä¯ñ¯ÜÂæ:ünã ÝßÞ�ð
ô�Ý¹ä0ä¯ñ¯Þ�ðMñ;�ßünÜ�Ý¹ä0üwðMünæ
ðMæ�ñ Ý¹äûÝßñ ô�Ý¹ä»ä¯ñ¯Þ�ðMñ;�ßünÜ�Ý¹ä»ö��ßñ ÝßÞ��uÜÂæ:Ü�ä¯ñ Ý¹äÙ

á�ðÓþ¹â<�@!�ânä¯ÜÂñ¯Ü�âUæ )��wã:Ü8!�ÝßÞ�� ÝßñBA ö:Ýßã��C�¯âUã Ýßã:Þ ä�ö:Ý�þ¹â<�3:ÜÂæ ÝßÞ�ô�Ýßã:Þ ä�ä¯ñ¯Þ�ðMñ;�ßünÜ�Ý¹ä Þ Ý¹ä�!�Ý¹þßñ¯Ü6�.Ý¹ä
!�âUã:Þ�ä Ý�!
ðMÞ¯ñ�ðMü.ÝßÞ�ã:æD:ã:ñuÝßæ#ö:Ýßã��#â<��¯Ý¹þßñ¯ÜFE�ä�þ¹â<�@!:ô=��� Ýßæ�ñ�ðMÜÂÞ Ý¹ä9)¡þ¹âUæ ä¯ñ¯ÜÂñ¯ã Ý ô,� ðMñ¯ñ¯Þ�ðMÜÂñ�!:Þ¯ÜÂæ þßÜ6!
ðMô
ö4� ã:æ@�µÝßã�ö4�5�*��ã:Ü6!�ÝnÙ

GûâUñ¯Þ Ý�þ¹â<�@!�ânä¯ÜÂñ¯Ü�âUæ ö:Ý�ä¯ñ¯Þ�ðMñ;�ßünÜ�Ý¹ä ð�ã:æH�ßô=��� Ýßæwñ�æ Ýßã:ñ¯Þ Ý�ÝßñI�7�ßÞ¯ÜFJ
Ý�ôõð þ¹âUæ ö<ÜÂñ¯Ü�âUæK�
ð":ÜÂñ¯ã ÝßôÂô�Ý
ö4� ðUä ä â1þßÜõðMñ¯Ü6��ÜÂñ;�nÙaÿ¤Ý3!:ôÂã äûô�Ý¹ä1!:Þ â<!:Þ¯Ü=�ßñ;�¹ä�ö<ã$ñ�ó:!�Ý�Lw÷9LUî�÷Uî�ï»âUãIìwéßï�í�è+M�ë�î ë�ê�ï�í ä âUæwñ1!:Þ;�¹ä ÝßÞ��7�¹Ý¹ä/A
ñ¯Þ�ð*�.ÝßÞ ä»þ¹Ýßñ¯ñ Ý þ¹â<�@!�ânä¯ÜÂñ¯Ü�âUæ�Ù

Û�âUã:Þ Þ Ýßæ ö<Þ Ýuþ¹Ý�ñ¯Þ�ð*�nðMÜÂô�þ¹â<���ßÞ ÝßæwñN�¯ÝO� Ýuö:Ý��UðMÜ�äaö:Ý�ö:âUæ:æ ÝßÞ�ã:æP�¯Ýßã ö4�5�*�wã:Ü6!�ÝO!�âUã:Þaô�Ý¹ä-�¯Ýßã��
HO

ñ âUñ�ðMã��4) ö ðMæ ä ô�Ý*��ã Ýßô�ô�Ý¹ä0â<��¯Ýßñ ä0ä âUæ�ñ0ô�Ý¹äN!
ðMÞ¯ñ¯Ü�Ý¹äûö ðMæ ä0ã:æ Ý�ðMÞ;�ßæ Ý�ö:âUæ:æ��¹ÝnÙ

Q �1� �w�M}w�,��������~��
R�âUã:ñ*ö4� ð"�âUÞ ö>�¯ÝN�.âUã ö<Þ�ðMÜ�ä*Þ Ý�� ÝßÞ þßÜ�ÝßÞ*ýzÜÂæ þ¹Ýßæwñ ÿaðMæ ânä*ö4� ð9�.âUÜÂÞ*Ýßæ þ�ðUö<Þ;�S� Ý¹ä�ñ¯Þ�ð*�nðMã���ÙUT�ô��V� ðIE ðMÜÂñ
ö��¹þ¹âUã���Þ¯ÜÂÞ'ä�ðIE ð<.¹âUæ�ö4� ð"!�!:Þ;��� Ýßæ ö:ÝßÞ ô�Ý8� âUæ ö:Ýûö:ÝûôõðaÞ Ý¹þW� ÝßÞ þ;� Ýaä âUã ä¡ã:æ�ðMæ:ünô�Ý1��ã:Ü
ôÂã:Ü�Ý¹ä ñX!:Þ â<!:Þ Ý
Ýßñ3��ã ÝI��� ðMÜY�Ý�ðMã þ¹âUã�!Ið"!�!:Þ;�¹þßÜ=�nÙ[Z.Ý�Þ Ý�� ÝßÞ þßÜ�ÝB�ßüwðMô�Ý�� Ýßæ�ñ �¤ôÂó�æ:æ � ÜÂæ ä�
.Ýßô ö4� ð*�.âUÜÂÞuðUþ¹þ¹Ý�!:ñ;��ö:Ý
E ðMÜÂÞ Ý@!
ðMÞ¯ñ¯Ü�Ý�ö:Ý@� âUæ[�µã:Þ¯ó.Ù\Z.ÝuÞ Ý�� ÝßÞ þßÜ�Ý\!:ôÂã ä ä�!]�¹þßÜõðMô�Ý�� Ýßæwñ3� Ý¹ä�Þ�ð"!�!�âUÞ¯ñ Ýßã:Þ ä Ø4ðMÞ¯ñ¯ÜÂæ�òûó�ôõðMæ ö
Ýßñ'á�ðMã:Þ Ýßæwñ0ú»Ýßünæ:Ü�ÝßÞ���ã:Ü�âUæ�ñ'Þ;�ßã ä ä¯Ü�ô�Ý»ñ âUã:Þ ö:ÝSE�âUÞ þ¹Ýzö:Ýzñ¯Þ�ð*�nðMÜÂôÂô�ÝßÞ0Ý+^�þ�ðUþ¹Ý�� Ýßæwñ0ö ðMæ ä ö:Ý¹ä'ö��ßôõðMÜ�ä
ÜÂæ ö��¹þ¹Ý��@� Ýßæwñ¤þ¹âUã:Þ¯ñ ä»þ¹ÝI!�âUã:Þ8�wã âUÜ��¯Ý¤ô�Ýßã:Þ»ö:âUÜ�ä0Ý+�:þßã ä Ý¹ä0Ýßñ»Þ Ý¹þ¹âUæ:æ
ðMÜ�ä ä�ðMæ þ¹ÝnÙ

ÛiôÂã ä�ü7�ßæ��ßÞ�ðMô�Ý�� Ýßæ�ñ9)_�µÝ�Þ Ý�� ÝßÞ þßÜ�Ý�ñ âUã äaô�Ý¹ä>� âUæ�ã�� Ýßæwñ ä�ö:Ý ä þßÜ�Ýßæ þ¹Ý ö<ã�ôõð"�âUÞ�ðMñ âUÜÂÞ Ý�Û�ÛY`4Ýßñ
ö4� ðMÜÂôÂô�Ýßã:Þ ä��wã Ý3�*� ðMÜ Ýßã8ôõð$þ;�
ðMæ þ¹Ý6ö:Ý þ*aUñ âó.ÝßÞ Ýßñ@�wã:Ü-E âUæwñuö:Ý�þ¹Ýßñ¯ñ Ý þ¹â<�@� ã:æ
ðMã:ñ;� ã:æIÝßæ ö<Þ âUÜÂñ9)
â<b ô�Ý¹ä Ü�ö��¹Ý¹ä\c
Ýßã:Þ¯Ü�ä ä Ýßæwñ�ðMã ä ä Üzä âUã��.Ýßæ�ñ[�wã Ý6ô�Ý¹äB��ðMã��nðMÜ�ä Þ Ý�!
ðUä�ö:Ý�ôõð#þ�ðMæwñ¯ÜÂæ ÝÓÝßñ�ö:Ý$þ¹Ý�E ðMÜÂñ
!
ðMÞ¯ñ¯Ü�þßã:ôÂÜ=�ßÞ Ý�� Ýßæwñd!:Þ â<!:Ü�þ¹Ý�A0ô,�5��!
ðMæ âUã:Ü�ä�ä Ý�� Ýßæwñ�Ýßñ ðMã�ö����.Ýßô�â<!�!�Ý�� Ýßæwñ�ö:Ý*ôõð0ä þßÜ�Ýßæ þ¹Ý1e'ZwÝ�ðMæ<à�á�âUã:Ü�ä
f¤Þ¯Ü6��ÜÂæ Ý%)dZwÝ�ðMæ<à�Ø$ðMÞ¯Ü�Ý ú»ÜFg�Ýßñ9)iØ6Ü�þW� Ýßô'Û ðMÞ¯ÜÂü.âUñ9)Xhûô6�ÝßÞ¯ñOi ã:Þ âUæ:Ü,)�Û ðMã:ô£àjh»æ ö<Þ;� Ø$ÝßôÂôÂÜ=�¹ä9)iÛ ðMñ¯Þ¯Ü�þ�

i'ðMÜÂôÂô�âUñ9)Sh»æ�ñ âUæ:Ü�âki*ã þ¹þßÜõðMÞ ÝßôÂôÂÜ,)ûýzÜÂæ þ¹Ýßæwñ Û�ðUö:âl�UðMæ:Ü,)ImU�@��ðMæ�ã Ýßô�åY�
ðMÜÂôÂô�âUã��])ûÛ�ðUä�þ�ðMô¤Ø4ðMæ âUã:Þ¯ó7)
Znã:ôÂÜÂã ä�n�åY�:Þ â<�â�þ�n�Ý 
])�hûô�Ý+�:ðMæ ö<Þ Ý Ø6Ü=��ã Ýßô�Ýßñ»ÿ¤ÝßôÂÜõð�faÝ¹ä¯æ ÝßÞ�Ù

Z.Ý Þ Ý�� ÝßÞ þßÜ�Ý6ñ âUã:ñ�!
ðMÞ¯ñ¯Ü�þßã:ôÂÜ=�ßÞ Ý�� Ýßæwñ�0ûôÂÜ6�1Ü�ÝßÞ�á�ðMã:Þ Ýßæwñ Ýßñ�ÛiÜ�ÝßÞ¯Þ Ý�à�á�âUã:Ü�ä å*ã:Þ¯Ü�Ýßæo!�âUã:Þ ô�Ýßã:Þ ä
Þ Ýßô�Ý¹þßñ¯ã:Þ Ý¹ä Ýßñ¡ô�Ý¹ä*þ¹âUæ ä ÝßÜÂô�ä'ð*�1Ü�ä;�¹äY�wã:Ü ô�Ý¹ä ä¯ã:Ü6�nðMÜ�Ýßæwñ*ÜÂæp�nðMÞ¯Üõð":ô�Ý�� Ýßæwñ9) �zã:ó�å âUã ä¯ÜÂæ Ý�ðMã�Ýßñ¡úûâ<�ÝßÞ¯ñ â
ÿûÜ�å ânä;� â@!�âUã:Þ ô�Ýßã:Þ»ü.Ýßæwñ¯ÜÂôÂô�Ý¹ä ä Ý ô�Ýßã:Þ»ö<Ü�ä�!�âUæ:Ü6:ÜÂôÂÜÂñ;��Ýßñ ô�Ýßã:Þq!
ðMñ¯Ü�Ýßæ þ¹ÝnÙ
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Z.Ý'Þ Ý�� ÝßÞ þßÜ�Ý��d�.Ý¹ä�á�ÝßünÞ�ðMæ ö<ü7�ßÞ�ðMÞ ö�!�âUã:Þ ärðSE ðUþßÜÂôÂÜÂñ;�qA¤ðMÜ�ö:ÝßÞ¡ÝßñdAzÞ;�¹ä âUã ö<Þ Ý'ô�Ý¹äU!:Þ â<:ô=��� Ý¹ä*ð*�.Ý¹þ
ã:æ Ý ðMã ä ä¯Ü�ünÞ�ðMæ ö:Ý�ä ó �@!
ðMñ��:Ü�Ý/��ã Ý¤Þ�ð"!:Ü�ö<ÜÂñ;�nÙ

Z.Ý�Þ Ý�� ÝßÞ þßÜ�Ý�ðMã ä�ä¯Ü�ô�Ý¹ä1�wã Ýßô=��ã Ý¹äS!�ÝßÞ ä âUæ:æ Ý¹äzö:Ý�æ âUñ¯Þ Ý�þW� ÝßÞûôõð"�âUÞ�ðMñ âUÜÂÞ ÝO�.âUÜ�ä¯ÜÂæ$ð9�.Ý¹þ�ô�Ý¹äW�wã Ýßô�ä
��� ðMÜ�Ýßã�ö4� ðMünÞ;��ð":ô�Ý¹ä'ÜÂæwñ ÝßÞ�ðUþßñ¯Ü�âUæ äqA�ô,� â�þ¹þ�ðUä Ü�âUæ ö:Ý»æ ânä ðUþßñ¯Ü6�1ÜÂñ;�¹ä'ö4� Ýßæ ä ÝßÜÂünæ Ý�� Ýßæwñ âUã ðMã:ñ âUã:Þ ö4� ã:æ
þ�ð E �%)�æ âUñ�ð"�@� Ýßæ�ñ�åY�:Þ¯Ü�ä¯ñ â<!�� Ý Û�Þ¯Ü�Ýßã:Þ9)'hûæwñ âUÜÂæ ÝuØ$Ýßó.ÝßÞ�Ýßñ¤òûã:ü.â �zÜ6�3�ÝßÞ¯ñ�Ù��iüwðMô�Ý�� Ýßæwñ�ÛiÜ�ÝßÞ¯Þ Ý
Ø�âUÞ â	�wã:Ü¤ð Ýßã ö:Ý¹ä Ü�ö��¹Ý¹ä ð" ä âUôÂã�� Ýßæwñ Þ Ý¹ö:âUã:ñ�ð":ô�Ý¹ä !�âUã:Þ�Þ;�ßÜÂæp�.Ýßæ�ñ ÝßÞ ô�Ý¹ä Þ ÝßôõðMñ¯Ü�âUæ ä�Ýßæwñ¯Þ Ý�ô�Ý¹ä
ñ����¹ä�ðMÞ ö:ä»ö:Ý¹ä0ö:Ýßã���ôõð"�âUÞ�ðMñ âUÜÂÞ Ý¹ä�Ù¡Ø$ÝßÞ þßÜ�ðMã ä ä¯Ü'A�åY�
ðMÞ¯ô�Ý¹äûò»ó:��ðMæ äN!�âUã:Þ ñ âUã ä0ä Ý¹ä0þ¹âUæ ä�ÝßÜÂô�ä�Ù
i*Ü�Ýßæ Ýßæwñ Ýßæ ö<ã )'ô�Ý¹äB�ßñ ÝßÞ¯æ Ýßô�ä�Ýßñ æ âUæ�� âUÜÂæ ä�ÜÂæ ö<Ü�ä;!�Ýßæ ä�ð":ô�Ý¹ä�â�þ¹þßã�!
ðMæ�ñ ä�ö:Ý¹ä\:ã:Þ Ý�ðMã����.å��	� Ýßñ
�.å��	
�)�þ¹â<�@!
ðMünæ âUæ ä ö:Ý�ñ����¹ä Ý�Ýßñaæ���ðMæ�� âUÜÂæ ä ð"�uÜ�äl)4� Ý�ôõðMÜ�ä ä ÝßÞ âUæ�ñaô�âUæ:ünñ Ý��@! ä�ôõð�æ ânä¯ñ�ðMôÂünÜ�Ýuö:Ý¹ä
ñ¯Þ âUÜ�ä�ðMæ:æ��¹Ý¹äU!
ðUä ä;�¹Ý¹ä�Ù�Û�âUã:Þ�æ Ý-!
ðUä ô�Ý¹äiþßÜÂñ ÝßÞ]�µÝ'þ¹â<�@� Ýßæ þ¹ÝßÞ�ðMÜ�!
ðMÞY`�ó1ô6�UðMÜÂæ@i ðMÞ â�)nýzÜÂæ þ¹ÝßæwñXi ðMôõðMñ9)
mU�@��ðMæwã ÝßôiÛ�âUô�âUæ â9�<ä�
�Ü ÝßñSZwÝ�ðMæ<à ýûÜÂæ þ¹Ýßæ�ñ¤á�â�ö:ö:âB�wã:Ü �V� âUæwñaðUþ¹þßã ÝßÜÂôÂôÂÜ�äûþW�
ðUþßã:æ A ô�Ýßã:Þ8��ðMæ:Ü=�ßÞ Ý%)
�:Þ�ðMæ�.¹âUÜ�ä�Ø4ðMã:Þ Ýßô¤Ýßñ úzð"!��
ð�ßô�Ø�âUæ�ñ ÝßôõðMñ¯Ü�þßÜ/�wã:ÜI�V� âUæwñ[�Ý�ðMã þ¹âUã�! ðMÜ�ö��$ñ âUã:ñ�ðMã ô�âUæ:ü8ö:Ý ��ð
ñ����¹ä Ý%)4i'Ýßæ<�¯ð"�uÜÂæ á�Ý�!�ÝßÞ þ;� Ýßó4Ýßñ>mU�@��ðMæwã ÝßôYi Ý���ðMÞ�ð�ð*�.Ý¹þ@��ã:Ü ô�Ý¹äzö<Ü�ä�þßã ä ä¯Ü�âUæ ä>�ßñ�ðMÜ�Ýßæwñ�ä�âUã��.Ýßæwñ
ÜÂæwñ;�ßÞ Ý¹ä ä�ðMæ�ñ Ý¹ä�Ýßñañ âUã<�¯âUã:Þ äaÜÂæ ä¯ñ¯Þ¯ã þßñ¯Ü6�.Ý¹ä?!�âUã:Þ>� âUÜ,) h»æ:æ Ý�à ���*Ýßæ:æ	i'ânä ä�ÝßÞ9)�� �
ðMæ:ü6Ø�ÜÂæ )��
ð":Ü�Ýßæ
R�ðMÞ¯Ü�ä ä�ðMæ )_`<ð"�Qò»ó:� Ýßñ0ÿ¤Ýßæ:ü���ã��<ÜÂæ[!�âUã:Þ0ôõð3E�Þ�ð��õþ;� Ýßã:Þ1�wã � ÜÂô�äûð"!�!�âUÞ¯ñ�ðMÜ�Ýßæ�ñzðMãV��ã âUñ¯Ü�ö<Ü�Ýßæ )
ä�ðMæ ä
âUã�:ôÂÜ�ÝßÞ»á�Ü�� � Ýßæ:ü�Ýßñ�� Ýßæ:ü��*ðMæ:ünó1ã ÝnÙ

miæ�J æ6ô�Ý¹ä8!:ôÂã ä0æ âUã��.Ý�ðMã��VZ.â.ðUþW�:Ü6�\ÿ¤Ý�á�ðMñ�ðMÜÂôÂôõðUö:Ý%)4`�ó1ô6�UðMÜÂæ6á�Ý�:Þ Ý¹ä¯æ Ý%)_`�ñ;��!��
ðMæ Ý�á�Ýßæ:ünÞ�ðMæ ö
Ýßñ*å'ðMÞ âUôÂÜÂæ Ý0ÛiÞ¯Ü�âUã )wö:âUæ�ñiô�Ý¹äd��ã
ðMôÂÜÂñ;�¹äiä Ý-!�âUÞ¯ñ Ýßæ�ñ�üwðMÞ�ðMæwñ Ý¹ä*ö:ÝN�wã Ýßô=��ã Ý¹ä�ðMæ:æ��¹Ý¹ä�ä¯ã�!�!:ô=��� Ýßæ�ñ�ðMÜÂÞ Ý¹ä
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þ¹â<!wó<þ�ðMñ ����� )  �!:Þ;�+J��<Ý%) & �
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ä¯ã:ÜÂñ Ý�þßÞ âUÜ�ä ärðMæwñ Ý%) � �

!:ô�âUæ:ü.Ý�� Ýßæwñ9) �%�
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Ý+�<Ü6:ô�Ý%) � -
E Ýßæ �ßñ¯Þ ÝIc
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� ÷nï�é L.ønèrë (ßù írêaì�í ) ÷Mê¹í5��øUî�è¯÷rç.ç:í�����ízë �¹ë (ßù í��F(¹ù:írê � øUî �
ê�ï�è�ù �¹ï�ë øUî:ê �+�Â÷Mêrêrë (ßù:í�ê"�*î�ønï ÷<M�M�í�î
ï �Â÷ ��í����Âí�ì�í��4÷ �
��÷Uî�íS(ßù1ë�&ß÷ )�èrë (ßù í»ù�î�í � ÷.ï�é L.øUè�ë í �+ë )�è¯í�# ç<÷Uèßï�ë�è»ì & ù1î
LUèµ÷�ç��<í�� ÷Uë,î:ê�ë[(¹ù:í �;& ÷.ì # øUî �¹ï�ë�ønîKí�î
ï�è í ��íßï ï�í � øUî �
ê�ï�è�ù �¹ï�ë øUî#íßï ��í+� ��í�(ßù1ë � øUî:ê�ëõêßï�í'#�øUù )��vë í�è�ù�î�í � ÷nï�é��
L.øUè�ë í �Mí�èrêaêßønî LUè¯÷rç��:í êßøUù�ê5� # ÷ �rí�î
ï �

�����  ±'´"!'´�§ ±�#�°
ÿ¤ðMæ äaþ¹Ýßñ¯ñ Ý�ä Ý¹þßñ¯Ü�âUæÓâUæ !�ânä Ý ô�Ý¹ä¤þ¹âUæ �.Ýßæwñ¯Ü�âUæ ä Ýßñ¤æ âUñ�ðMñ¯Ü�âUæ ä>��ã:Ü ünã:Ü�ö:ÝßÞ âUæwñaô�Ý�ô�Ý¹þßñ Ýßã:Þ?A ñ¯Þ�ð9�.ÝßÞ ä
ô�Ý>��ðMæwã ä þßÞ¯ÜÂñ8!�âUã:Þ0ã:æ Ý þ¹â<�@!:Þ;��� Ýßæ ä¯Ü�âUæ$ðUþ¹þßÞ¯ã ÝnÙ
$ | ~��<~�,|�� �
% & ï ÷Uî
ï'ì.øUî î�éaù1îVLUèµ÷�ç��<í G �*øUî4î�ø.ï�í

G0
�;& íßî:ê¹í+M )���í�ìwí�ê¹í�êaêßø<M�M�íßï,ê"� í¹ï

G1
�;& í�î ê¹í+M )���í�ìwí

ê¹í�ê�÷Uè'�¹ï�írê��

% & ï ÷Uî
ïaì.ønî î�é í ù1î�í	��÷nï�é L.øUè�ë í
C
��øUî8î�ønï�í

C0
�;& í�î:ê¹í�M )+�Âí ì�í�ê¹írê ø ) # íßï,ê"�

C1
��& í�î:ê�í+M )���í ìwí

ê¹í�ê?M øUè ç �wëõê+M�írê"�
C2

��& í�î:ê�í+M )���íuìwí�ê¹írê ï�è�ë ÷Uî L1��írê � ø%MOM�ù<ï ÷nï�ë &�ê5�'íßï
C3

�;& íßî:ê¹í+M )���íuìwí�ê�írê
ï�éßï�è¯÷ �¯ìUè írêuì'& ÷Uê�êßø �ßë�÷.ï�ë ��ë�ï�é:�

% �'î ù1ï�ë��vë�ê¹íßèµ÷Úìwírê î�ønï ÷.ï�ë�øUî ê ÷Uî�÷1�£øWLUù:í�ê�ç<øUù1è �Âírê�êßï�èrù��¹ï�ù1è¯írê ��÷nï�é L.øUè�ë (ßù:í�ê4÷)(»÷Uë )��+ë í�êV(¹ùU& øUî
ë,î
ï�èµøìUù�ë,è¯÷ ç<÷Uè �Â÷uê�ù�ë�ï�í:�
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%� ÷Uî:ê �Â÷ ê�ù�ë�ï�í Graph
ìwérêrë6LUî�í �Â÷ � ÷nï�é LwøUèrë íuìwí�êSLUèµ÷�ç��<írê5�

Ens
�Â÷ ��÷nï�é L.øUè�ë íuìwírê�í�î ê¹í+M )���írê�íßï

Cat
�Â÷ � ÷nï�é LwøUèrë í�ìwírê ��÷nï�é L.øUè�ë írê��

% �'î ÷.ì.ørç�ï�í ��írêaî�ønï ÷nï�ë øUî:ê ìwí �Â÷�ï��:é¯øUè�ë í�ìwí1LUè¯÷rç��:írê�íßï'ìwí �£÷ ï��<é¯ønèrë í�ìwírê � ÷nï�é,L.øUè�ë írê:�
% � î$î�ønï�íßèµ÷ ��írê � ÷nï�é LwøUèrë írê

A,C,D, J . . .
øUù

J
�

% ��írê � ÷nï�é,L.øUè�ë írê &ß÷në )���írê3(ßùd& øUî�ë,î
ï�è¯ø�ìUù1ë�è¯÷ ç��+ùwê �ÂøUë,î6ê�& ÷rçwç:í����Âí�è¯øUî
ï*ê¹øUù	�Uí�î
ï
H
Ù

����� � !�����«i¬�°���«�� !'´����0±0®�§ «i°
! ���i����~�,|�� � %��! #"
$
%'&)(� +*,&.-0/213�465�798;:=<!>@?A7CBD>E4=F�G@>2HAF�IJ4LK�I080M�7AIA:=ND>OFQPSRT?A4
HOFDB#FCI'G�U
% M�V IJ4!>WRT?ANXND>TROFDBD?A4Y4!?0F�GT>

G0

M�?A4�FZND>2H[GENDGE\6>E4�F]HQH;?A4�F^8;:�:Z>ENDG2H[?`_TaA>OF]H�M�>
G b

% M�V IJ4!>)RT?ANXND>TROFDBD?A4c4!?0F�GT>
G1

M�?A4=F�ND>2HdGENDGE\6>E4�F]HeHT?A4�F@8;:�:Z>ENDG2Hf\6?A7g:=<�BhHC\6>2H6?0Iji!kTR+<!>2H
M�>
G b

% M�>^M�>OImlf8;:�:=NXBDRn8'FDBD?A4
Hpo;q#r
G

>OF6s`t�u
G

K.IJB�8mHEH;?'REBD>E4�FwvQR�<�80K.I'>�\6?A7g:=<�BhHC\6>
f
M�>2H^?`_TaT>OF]H

A>OF
B
8;:�:Z>ENDG2H�7;>2Hg:Z>TROFDB#xm>E\6>E4�FZH;?0IJ7;RT>[>OFy_.I�FzM�>

f b RT>[K�I'>�N9V ?A4)4!?0F�>E798 f : A→ B {| 4}4!?0F�>E798~8'I�HEHEB
MorG(A,B) b ?0IL:=N#I�HdHEBX\@:=ND>E\6>E4�F Mor(A,B)

N9V >E4
H;>E\d_mND>�M�>2H
\6?A7g:=<�BhHC\6>2H[M�>�HT?0IJ7;RT>

A
>OF�_.I�F

B {
! ���i����~�,|�� � %}��"0/91��
(� +*,&3�4!>eRn8'F�GC5�?A7CBD>e>2HAF[IJ4�5�798;:=<!>e?A7CBD>E4�F�G

C
\�IJ4�B�M�>2HfM�>OIml�M�?A4�4!GT>2H@HOIA:�:=NDGE\6>E4�Fg8�BX7;>2HfHAIJB#xJ�

8�4=F�>2HOU
� :Z?0IJ7

A b B >OF
C
?`_TaA>OF]HdM�>

C b IJ4!>�8;:�:=NXBDRn8'FDBD?A4�M�>
Mor(B,C) ×Mor(A,B)

M'8�4
H
Mor(A,C) � N9V BX\�8O5�>�M�> (g, f)

>2HOF�4!?0F�GT>
g ◦ f {

� :Z?0IJ7�R+<�80K�I'>W?`_TaA>OF
A
M�>

C b IJ4LGENDGE\6>E4�FZ4!?0F�G����
A : A→ A

>OF�8;:�:Z>ENDGyBDM�>E4�FDB#F�G@M�>
A

>OFQxmGE7CBX��8�4�F�:Z?0IJ7�F�?0I�H@?`_TaT>OF]H
A b B b C b D >OFZ\6?A7g:=<�BhHC\6>2H

f : A→ B b g : B → C
>OF

h : C → D b
� ���

B ◦ f = f
>OF
f ◦

���
A = f � ND?ABhH�M�>�N9V BDM�>E4�FDB#F�GC�

� h ◦ (g ◦ f) = (h ◦ g) ◦ f � 8mHEH;?'REB�8'FDB#xOB#F�GC�

á�ðOc �¹þW� Ý Ü�ö:Ýßæ�ñ¯ÜÂñ;� ö4� ã:æ6â<��¯Ýßñ
A

ä ÝßÞ�ðuä âUã��.Ýßæ�ñ»æ âUñ;�¹Ý�ä¯Ü6�@!:ô�Ý�� Ýßæ�ñ 	 ��ðMã�ôÂÜ�Ýßã6ö:Ý 	 �
A
ä¯Ü�þ¹Ýßôõð

æ � Ýßæwñ¯Þ�ð���æ Ý3!
ðUä0ö:Ýaþ¹âUæ�E,ã ä Ü�âUæ�Ù
m �:Ý��@!:ô�Ý\e

Ens
)<ôõðuþ�ðMñ;�ßü.âUÞ¯Ü�Ý ö:Ý¹ä0Ýßæ ä Ý��?:ô�Ý¹äl)
ö:âUæwñ»ô�Ý¹ä�c �¹þ;� Ý¹äûä âUæwñ0ô�Ý¹äûð"!�!:ôÂÜ�þ�ðMñ¯Ü�âUæ ä � E âUæ þ�à

ñ¯Ü�âUæ ä�ñ âUñ�ðMô�Ý¹ä���Ýßæ�ñ¯Þ Ý0ô�Ý¹ä�Ýßæ ä Ý��3:ô�Ý¹ä�ÙX0ûæuæ âUñ ÝßÞ�ð
Ensf

ôõð¤þ�ðMñ;�ßü.âUÞ¯Ü�Ýûö:Ý¹ä�Ýßæ ä Ý��3:ô�Ý¹äUJ æ:Ü�ä�Ù ö<ÜÂñ��wó1Þ�ðlà
�?:Ü=��ã Ý
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(� +*,&����`"�� &| 4j8;:�:Z>ENXND>E798�Rn8'F�GC5�?A7CBD>�M�I08�ND>WM�V IJ4!>WRn8'F�GC5�?A7CBD>
C
N�8 Rn8'F�GC5�?A7CBD>Q4!?0F�GT>

Cop M�GE��4�BD>z: 8�7
� ObjCop = ObjC b
� MorCop = MorC b
� o;q#r

Cop =
s't�u

C

>OF�s`t0u
Cop =

o;q#r
C

��8dRT?A\@:�?OHCB#FDBD?A4LM�>[M�>OIml6\6?A7g:=<�BhHC\6>2H
f
>OF
g
M�>

Cop
>2HOFzM�?A4�4!GT>z: 8�7

f ◦Cop g = g ◦C f
>OF

?A4)5'8�7;M�> ND>2H�\��E\6>2HyBDM�>E4=FDB#F�G2H {

! ���i����~�,|�� & %
	g(=-`�J/2&��
 3�4kE�âUæ þßñ Ýßã:Þ þ¹âl�UðMÞ¯ÜõðMæ�ñ
F
>E4=FD7;> M�>OIml�Rn8'F�GC5�?A7CBD>2H

C
>OF

D
>2HOF IJ4 RT?0IA:=ND> M�V 8;:�:=NXBDRn8'FDBD?A4
H

Fobj : C0 → D0
>OF

Fmor : C1 → D1
F�>ENXND>2H[K�I'> b

∀ A,B,C ∈ C, ∀ f : A→ B, ∀ g : B → C

• Fmor(f) : Fobj(A)→ Fobj(B)

• Fmor(g ◦ f) = Fmor(g) ◦ Fmor(f)

• Fmor(idA) = idFobj(A)

3�4PE�âUæ þßñ Ýßã:Þ0þ¹âUæ�ñ¯Þ�ð*�nðMÞ¯ÜõðMæwñ@M�>
C
M'8�4
H

D
>2HAF IJ4��g?A4!ROF�>OIJ7 � RT?Jx;8�7CB�8�4=F �@M�> Cop

M'8�4
H
D {3�4 E âUæ þßñ Ýßã:ÞfM�>

C
M'8�4
H

D
>2HAF�IJ4�g?A4!ROF�>OIJ7 � RT?Jx;8�7CB�8�4=F[?0IjRT?A4�FD798�x;8�7CB�8�4=F � M�> C

M'8�4
H
D {

����� � ! ©�±�#�°:´
®���©�´�§ ± # ��« ¦ !0© � !�#�«
ÿ¤ðMæ ä�þ¹Ýßñ¯ñ Ý�ä Ý¹þßñ¯Ü�âUæ ) âUæ#Þ�ð"!�!�ÝßôÂô�Ý\:Þ¯Ü=���.Ý�� Ýßæwñ�ôõð�þ¹âUæ ä¯ñ¯Þ¯ã þßñ¯Ü�âUæ8ö:Ý Ø4ðUþ á�ðMæ Ý ö4� ã:æ Ý�þ�ðMñ;�ßü.âUÞ¯Ü�Ý
ôÂÜ6:Þ Ý

L(G)
Ýßæ:ü.Ýßæ ö<Þ;�¹Ý?!
ðMÞ0ã:æ ünÞ�ð"!�� Ý

G
� á�ðMæ ��� � � !�Ù�� ����Ù

`1âUÜÂñ
G

ã:æ ünÞ�ð"!�� ÝnÙ
ÿzÝßã���ðMÞ �ßñ Ý¹ä

c
)
c′
ä âUæwñ ��ø<Mûç<øMêß÷ )��Âí�ê�ö��¹ä3�wã � âUæ#ð ô,�5�ßüwðMôÂÜÂñ;��ä¯ã:Ü6�nðMæwñ Ý 	�
 � (c′) =

�����
(c)

ÙBmiñ�âUæ
E ð":Þ¯Ü=��ã Ý

L(G)
e

I � ô�Ý¹ä0â<��¯Ýßñ äö:Ý
L(G)

ä âUæwñ0ô�Ý¹ä»ä â<�@� Ýßñ ä0ö:Ý
G
)

I � ã:æ[� âUÞ�!��:Ü�ä�� Ýö:Ý
p
�.ÝßÞ ä

q
Ý¹ä ñ»ã:æ Ý�ä¯ã:ÜÂñ Ý>J æ:Ü�Ý�� !�Ýßã:ñµà �ßñ¯Þ Ý3�1Ü�ö:Ý%� ö:Ý�þ¹âUã�! äûþ¹â<�@!�ânä�ð":ô�Ý¹ä

c1
)�Ù¹Ù¹Ù*)

cn
)�ð*�.Ý¹þ%)

ä¯Ü
n
Ý¹ä¯ñ æ âUæ�æwã:ô,)

p = 	�
� (c1)
Ýßñ
q =

�����
(cn)

):Ýßñ9) ä¯Ü
n
Ý¹ä¯ñ æ�ã:ô,)

p = q
Ù

�����#� � 
 %���"0/21��
(� +*,&��,*��' ]&6&.-`�
&.-��! #1�&p$`"' ��
- �! #"
$�%`&
� >OFCF�>�HAFD7AI'ROFCIJ7;>��+?A7C\6>@IJ4!>�Rn8'F�GC5�?A7CBD>�����8�4 �"!$# b M�?A4=F N�8eRT?A\@:�?OHCB#FDBD?A4L>2HOF�N�8eRT?A4!Rn8'F�GE4�8'FDBD?A4M�> HOIJB#F�>2H b >OF�ND>2H�BDM�>E4=FDB#F�G2H�H;?A4=F�ND>2HyHAIJB#F�>2HWx�BDM�>2H {



7:7 ������� �õ��	�� ��� &a����� �
	w� ���1���
� !�	���2�3�� �
$ | ~��<~�,|�� �
`�Ü
G

Ý¹ä¯ñ ã:æ�ünÞ�ð"!�� Ý%) âUæ6æ âUñ ÝßÞ�ð
L(G)

þ¹Ýßñ¯ñ Ý þ�ðMñ;�ßü.âUÞ¯Ü�Ý�ðUä ä â1þßÜ=�¹Ý/A
G
Ù

miñ»âUæ�ö<ÜÂñ8��ã Ý¤ô�Ý¹ä»ðMÞ �ßñ Ý¹ä»ä�âUæwñ0ô�Ý¹ä8L�é�î�é�è¯÷nï�í�ù1è�ê�ö:Ý
L(G)

Ù
`�Ü
g1, . . . , gn

Ý¹ä¯ñ ã:æ Ý ä¯ã:ÜÂñ Ý þ¹â<�@!�ânä�ð":ô�Ý ö4� ðMÞ �ßñ Ý¹ä�ö:Ý
G
)iâUæÚæ âUñ ÝßÞ�ð

g1; . . . ; gn
ô�ÝB� âUÞ�!��:Ü�ä�� Ý

þ¹âUÞ¯Þ Ý¹ä�!�âUæ ö ðMæ�ñûö ðMæ ä
L(G)

Ù

����� ��� !y��� ±�#�©�´�§ ± # «�#û´
®�«
L

«�´
U

L : Graph → Cat
Ý¹ä¯ñ�ôõð»þ¹âUæ ä¯ñ¯Þ¯ã þßñ¯Ü�âUæuö��+J æ:Ü�Ý*þßÜ£à�ö:Ý¹ä ä ã ä9)<�wã:ÜpE ð":Þ¯Ü=��ã Ý¡ôõð»þ�ðMñ;�ßü.âUÞ¯Ü�Ý ôÂÜ6:Þ Ý ðUä ä�â�þßÜ=�¹Ý

A�ã:æ ünÞ�ð"!�� Ý
G
) Ýßñ
U : Cat→ Graph

ôõð�þ¹âUæ ä¯ñ¯Þ¯ã þßñ¯Ü�âUæC�wã:Ü�âUã�:ôÂÜ�Ýaôõð�ä¯ñ¯Þ¯ã þßñ¯ã:Þ Ýaö4� ã:æ Ý þ�ðMñ;�ßü.âUÞ¯Ü�Ý
!�âUã:Þ»Ýßæ�Ý+�<ñ¯Þ�ðMÜÂÞ Ý�ä âUæ ünÞ�ð"!�� Ý�ä âUã äµà6� ðUþ¹Ýßæwñ�Ù

Û�âUã:Þûñ âUã:ñ0ünÞ�ð"!�� Ý
G
) ÝßñN!�âUã:Þ0ñ âUã:ñ Ý�þ�ðMñ;�ßü.âUÞ¯Ü�Ý

C
)<âUæ�ð�ã:æ Ý>:Ü �¯Ý¹þßñ¯Ü�âUæ�æ
ðMñ¯ã:Þ ÝßôÂô�Ý

HomCat[L(G),C] ' HomGraph[G,U(C)]
Ù

�iñ�ðMæwñ ö:âUæ:æ��ûã:æ\� âUÞ�!��:Ü�ä�� Ý
Fg : G→ U(C)

)�ô�ÝqE âUæ þßñ Ýßã:Þ ðUä ä�â�þßÜ=�
F : L(G)→ C

Ý¹ä¯ñ¡ö��+J æ:Ü
!
ðMÞ9e

F (g1; . . . ; gp) := Fg(gp) ◦ · · · ◦ Fg(g1)
Ù

�zÞ��Uþ¹Ý ð þ¹Ýßñ¯ñ Ý�:Ü �µÝ¹þßñ¯Ü�âUæ	�wã � âUæ ð"!�!�ÝßôÂô�Ý�ô,� ðUö"�µâUæ þßñ¯Ü�âUæ�ö:ÝuØ4ðUþ�á�ðMæ ÝuÝßñ/�ßñ�ðMæwñ�ö:âUæ:æ��¹ä ö:Ýßã��
ünÞ�ð"!�� Ý¹ä

G, G′
)'!�âUã:Þ ö��+J æ:ÜÂÞ�ã:æHE âUæ þßñ Ýßã:Þ�ö:Ý

L(G)
ö ðMæ ä

L(G′)
)�ÜÂô¡æ âUã ä�ä¯ã�^ ñ�ö4� Ý+���:Ü6�ÝßÞ�ä�ð

Þ Ý¹ä¯ñ¯Þ¯Ü�þßñ¯Ü�âUæ A
G
Ù

���	� 
 ±�#�©�´�« � ®�° «�´ © ! ´����0± ®�§ «i° ��«��¹±�#�©�´�« ��®�°
0ûæ4ð�ö��+J æ:Ü !:ôÂã äS�
ðMã:ñzþ¹ÝO��ã � Ý¹ä¯ñ»ã:æCE�âUæ þßñ Ýßã:Þ9)�Ýßñ¤âUæ�â<� Ýßñ¯ñ¯Þ�ð ä âUã��.Ýßæwñ¤ö:Ý3!:Þ;�¹þßÜ�ä ÝßÞûô�Ý¹äûÜÂæ ö<Ü�þ¹Ý¹ä
obj

Ýßñ
mor

ö:Ý¹ä�E âUæ þßñ Ýßã:Þ ä�Ù
! ���i����~�,|�� � %
	g(=-`�J/2&��
 �$�� &`*h-`&� &.-0/�� ����� &

� ?AB#F
F : C→ D

IJ4 �+?A4!ROF�>OIJ7 {�� ?0IJ7 F�?0I�H6?`_TaA>OF]H A >OF
B
M�>

C b 8;:�:Z>END?A4
H Fmor(A, B)N�8c7;>2HAFD7CBDROFDBD?A4 M�>
Fmor

v
C(A, B) b x'I'> RT?A\ \6>cIJ4!>�8;:�:=NXBDRn8'FDBD?A4 M�>

C(A, B)
M'8�4
H

D(F (A), F (B)) {
•
� > �+?A4!ROF�>OIJ7

F
>2HAF�M�B#F �!M�kEND> �

.
�]8�B#FD<�� IJN �zHCB

Fmor(A, B)
>2HAF�BX4OaT>TROFDB#xm>W:Z?0IJ7�F�?0I�F

RT?0IA:=ND>
(A, B)

M�V ?`_TaA>OF]H[M�>
C {

•
� > �+?A4!ROF�>OIJ7

F
>2HAF M�B#F�:=ND>EBX4��

.
��IJNXN ��HEB

Fmor(A, B)
>2HAF HOIJ7 aT>TROFDB#xm>�:�?0IJ7QF�?0I�F RT?0IA:=ND>

(A, B)
M�V ?`_TaT>OF]H[M�>

C {
•
� > �g?A4!ROF�>OIJ7

F
>2HAF�M�B#FZ:=ND>EBX4!>E\6>E4=F��!M�kEND> �

.
� IJNXNz8�4!M �#8�B#FD<���IJN �^HCB

Fmor(A, B)
>2HAF

_mB aT>TROFDB#xm> :�?0IJ7QF�?0I�F RT?0IA:=ND>
(A, B)

M�V ?`_TaA>OF]H�M�>
C { | 4�: 8�7CND>E798@8'I�H2HCBwM�>�:=ND?A4.5�>E\6>E4=F�

.
>E\d_
>TM�M�BX4.5#� {

0ûæ�æ âUñ ÝßÞ�ð
F : A B

ã:æ[E�âUæ þßñ Ýßã:Þ8!:ô�ÝßÜÂæ Ý�� ÝßæwñqJ
ö��ßô�Ý Ýßæwñ¯Þ Ý
A
Ýßñ
B
Ù

0ûæ�!�Ýßã:ñ�ö��+J æ:ÜÂÞ�ôõð�þ¹â<�@!�ânä¯ÜÂñ¯Ü�âUæÚö:Ý�ö:Ýßã��HE�âUæ þßñ Ýßã:Þ ä�ñ¯Þ;�¹ä�ä Ü6�@!:ô�Ý�� Ýßæwñ9)iþ¹Ý���ã:ÜX!�ÝßÞ�� Ýßñ�ö:Ý
ö��+J æ:ÜÂÞ¡ôõð�þ�ðMñ;�ßü.âUÞ¯Ü�Ýzö:Ý¹ä¡þ�ðMñ;�ßü.âUÞ¯Ü�Ý¹äl) ��ã Ý ô,� âUæ�æ âUñ ÝßÞ�ð

Cat
Ù ÿ¤Ýßã��uþ�ðMñ;�ßü.âUÞ¯Ü�Ý¹ä ä âUæ�ñ*ö<ÜÂñ Ý¹ä*Ü�ä â<� âUÞµà

!�� Ý¹ä»ä¯Ü�ÝßôÂô�Ý¹ä»ä�âUæwñ0Ü�ä â<� âUÞ�!�� Ý¹äûÝßæ ñ�ðMæwñ1�wã � â<��¯Ýßñ ä0ö:Ý¤ôõðuþ�ðMñ;�ßü.âUÞ¯Ü�Ý
Cat

Ù
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! ���i����~�,|�� � % %`( �� 	g(=-`�J/2& �� z��(=-0/T #"��0"' +*,"
-0/
� ?AB#F

C
IJ4!>�Rn8'F�GC5�?A7CBD> b >OF B IJ4 ?`_TaT>OFZM�>

C { | 4 4!?0F�>E798 C(−, B) : Cop → Ens
ND> �g?A4!ROF�>OIJ7

8;:�:Z>ENDG�<!?A\ � �+?A4!ROF�>OIJ7WRT?A4�FD798�x;8�7CB�8�4=FyM�GE��4�B!: 8�7@U
•
:�?0IJ7WF�?0I�F ?`_TaA>OF

A
M�>

C b C(−, B)(A) = C(A, B)

•
:�?0IJ7WF�?0I�F�>�i!kTR�<!>

h : A→ A′ b C(−, B)(h) : C(A′, B) → C(A, B)
f 7→ f ◦ h

! ���i����~�,|�� ) %�/T #"
-�� 	g(
  "0/n*,(=-L-`"`/ �
 #& ��� &
� Fg8�4=F M�?A4�4!G2H�M�>OIml��g?A4!ROF�>OIJ7EH

F
>OF
G
M�> \��E\6>�HT?0IJ7;RT>

C
>OF \��E\6>�_.I�F

D b IJ4!>@FD798�4
H �g?A72�\�8'FDBD?A4p4�8'FCIJ7;>ENXND>W>E4�FD7;>
F
>OF
G
>2HAF�IJ4!>qE ð"�uÜÂôÂô�Ý

ϕ = {ϕA : F (A)→ G(A)}A∈ObjCM�>qc �¹þW� Ý¹ä»ö:Ý
D b F�>ENXND>[K�I'>�U:Z?0IJ7@F�?0I�F�>�i!kTR�<!>

f : A→ B
M�>

C b ND>WM�B�8O5�798�\ \6>�HAIJB#xT8�4�F RT?A\ \dI�F�> {
F (A)

ϕA

F (f)

G(A)

G(f)

F (B)
ϕB

G(B)

3�4!>�FD798�4
H$�+?A7C\�8'FDBD?A4 4�8'FCIJ7;>ENXND>@>2HOF 7;>+:=7;G2H;>E4�F�GT>�M�>�N�8�\�8�4�BDkE7;>QHAIJB#xT8�4�F�>fU

F
ϕC D

G

á�ðuæ âUñ¯Ü�âUæ$ö:Ý�ñ¯Þ�ðMæ ä E âUÞ���ðMñ¯Ü�âUæ$æ
ðMñ¯ã:Þ ÝßôÂô�Ý�æ âUã äS!�ÝßÞ�� Ýßñ»ö:Ý�þ¹âUæ ä¯Ü�ö��ßÞ ÝßÞ»ô�Ý¹ä8E âUæ þßñ Ýßã:Þ ä»þ¹â<�@� Ý
ö:Ý¹ä â<��¯Ýßñ ä�ö4� ã:æ Ý4þ�ðMñ;�ßü.âUÞ¯Ü�ÝnÙ �iñ�ðMæwñ�ö:âUæ:æ��¹Ý¹ä ö:Ýßã�� þ�ðMñ;�ßü.âUÞ¯Ü�Ý¹ä

C
Ýßñ

D
)0âUæ æ âUñ ÝßÞ�ð

DC
ôõð

þ�ðMñ;�ßü.âUÞ¯Ü�Ý�ö:âUæwñ�ô�Ý¹ä â<��¯Ýßñ ä ä âUæ�ñ�ô�Ý¹ä>E âUæ þßñ Ýßã:Þ ä ö:Ý
C
ö ðMæ ä

D
)�Ýßñ�ô�Ý¹ä/� âUÞ�!��:Ü�ä�� Ý¹ä ô�Ý¹ä�ñ¯Þ�ðMæ ä E âUÞµà

��ðMñ¯Ü�âUæ ä'æ
ðMñ¯ã:Þ ÝßôÂô�Ý¹ä Ýßæwñ¯Þ Ý¤þ¹Ý¹äYE�âUæ þßñ Ýßã:Þ ä�Ù¡á�ð þ¹â<�@!�ânä¯ÜÂñ¯Ü�âUæ ö:Ý¤ö:Ýßã���ñ¯Þ�ðMæ ä E âUÞ���ðMñ¯Ü�âUæ ä'æ
ðMñ¯ã:Þ ÝßôÂô�Ý¹ä
ϕ : F → G

Ýßñ
ψ : G→ H

Ý¹ä¯ñiôõð¤ñ¯Þ�ðMæ ä E âUÞ���ðMñ¯Ü�âUæ æ
ðMñ¯ã:Þ ÝßôÂô�Ý
ψ ◦ ϕ : F → H

)1ð"!�!�Ýßô=�¹Ý»þ¹â<�@!�ânä;�¹Ý
�.ÝßÞ¯ñ¯Ü�þ�ðMô�Ý%)
Ýßñ0ö��+J æ:Ü�Ý/!
ðMÞ

(ψ ◦ ϕ)A = ψA ◦ ϕA
Ù

ϕ

C

F

G

H

ψ
D

0ûæV�7�ßÞ¯ÜFJ
ÝIE ðUþßÜÂô�Ý�� ÝßæwñS��ã Ý¤ô,� âUæ6ö��+J æ:ÜÂñq:Ü�Ýßæ$ðMÜÂæ ä¯Ü�ã:æ Ýaþ�ðMñ;�ßü.âUÞ¯Ü�ÝnÙ
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! ���i����~�,|�� � % $�� (=-0�
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� >�:=ND?A4.5�>E\6>E4�F@M�>��w?A4!>TM'8j>E4=FD7;>�IJ4!>eRn8'F�GC5�?A7CBD>
C
>OFyN�8pRn8'F�GC5�?A7CBD> M�>2H �+?A4!ROF�>OIJ7EH M�>

CopM'8�4
H
Ens

>2HAF�ND>��+?A4!ROF�>OIJ7
y
M�GE��4�B=: 8�7

y : C → EnsCop

A 7→ yA = C(−, A)

>OF�: 8�7

yA,B : C(A, B) → EnsCop

(y(A),y(B))
f 7→ X 7→ g 7→ f ◦ g

� ���w|
� 
���� ���
� > �g?A4!ROF�>OIJ7

y
>2HAF :=ND>EBX4!>E\6>E4�F��!M�kEND> {

å Ýßñ¯ñ Ý@!:Þ â<!�ânä¯ÜÂñ¯Ü�âUæ[�µã ä¯ñ¯ÜFJ
Ýuô,� ð"!�!�ÝßôÂôõðMñ¯Ü�âUæ#ö:Ý�!:ô�âUæ:ü.Ý�� Ýßæwñ�Ù á�ðP!:Þ Ýßã��.Ý�ã:ñ¯ÜÂôÂÜ�ä Ý�ô�Ýuô�Ý��@� Ý ö:Ý
�¡âUæ Ý¹ö ð@�ßæ âUæ þ*� þßÜ£à�ö:Ý¹ä ä�âUã ä�Ù
� ���w|
� 
���� � � %��.&   & �
&	� (=-`& �
"

� ?AB#F
A
IJ4~?`_TaT>OFQM�V IJ4!> Rn8'F�GC5�?A7CBD>

C b >OF P IJ4~?`_TaA>OF�M�>
EnsCop {�
 Nz>Cl.BhHAF�> IJ4!>?:Ü �¯Ý¹þßñ¯Ü�âUæRn8�4!?A4�BDK�I'>

i(A,P ) : P (A)→ EnsCop

(yA, P )K�IJB`8mHEH;?'REBD>�v�F�?0I�F=GENDGE\6>E4�F
a
M�> N9V >E4
HT>E\d_mND>

P (A)
N�8QFD798�4
H$�+?A7C\�8'FDBD?A4@4�8'FCIJ7;>ENXND>

αa : yA → PM�GE��4�BD> b :�?0IJ7WF�?0I�F B ∈ ObjC >OF :Z?0IJ7WF�?0I�F
f ∈ yA(B)

: 8�7

αa,B(f) = P (f)(a)

���l|���|
�l�õ~�,|�� � �
��>OIml ?`_TaA>OF]H

A
>OF
B
M�V IJ4!> Rn8'F�GC5�?A7CBD>

C
HT?A4�F BhH;?A\6?A7g:=<!>2HWHEB�>OF H;>OIJND>E\6>E4=FyHCB

yA
>2HAF^BhHT?��

\6?A7g:=<!>Wv
yB {! ��� |�����~��l�<~�,|�� �

å1� Ý¹ä¯ñ0ã:æ Ý þ¹âUæ ä;�*�wã Ýßæ þ¹Ý ö:Ý¤ôõð�!:ô�ÝßÜÂæ ÝIJ
ö��ßôÂÜÂñ;��ö<ã[E âUæ þßñ Ýßã:Þ»ö:Ý��¡âUæ Ý¹ö ð<Ù

���� ��� « ®��w© ! ´����0± ®�§ «
! ���i����~�,|�� �� %}��"`/21��
(
 g*,&d��(   "

� ?ABD>E4=F
F1 : C1 → D

>OF
F2 : C2 → D

M�>OIml �+?A4!ROF�>OIJ7EH[M�>y\��E\6>�_.I�F {| 4 8;:�:�>ENXND>�Rn8'F�GC5�?A7CBD>�RT?A\ \�8[M�I�RT?0IA:=ND>
(F1, F2)

N�8QRn8'F�GC5�?A7CBD> b 4!?0F�GT> F1↓D F2

?0I
F1↓F2 bM�GE��4�BD>�M�>yN�8�\�8�4�BDkE7;> HAIJB#xT8�4�F�>�U
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•
3 4 ?`_TaT>OFQM�>

F1 ↓F2
>2HOFQIJ4Óñ¯Þ¯Ü6!:ô�Ýßñ

(A1, f, A2) ∈ ObjC1
×MorD × ObjC2

F�>EN K�I'>
f : F1(A1)→ F2(A2)

•
3 46\6?A7g:=<�BhHC\6>

(a1, a2) : (A1, f, A2)→ (A′1, f
′, A′2)

M�>
F1 ↓F2

>2HAFzM�GE��4�B�: 8�7�M�>OIml
\6?A7g:=<�BhHC\6>2H

a1 : A1 → A′1
>OF
a2 : A2 → A′2 b F�>ENhHWK.I'>

f ′ ◦ F1(a1) = F2(a2) ◦ f

Q �1� �:�M����� ��& %�� �0&. ��"0/21��
(� +*,&| 4 4�V I�FDBXNXBhHT>E798�BDREB�K�I V IJ4!> �g?A7C\6>@FD7;k2HWM�GC5�GE4!GE7;GT>WM�>WRT>OFCF�>WRT?A4
HOFD7AI'ROFDBD?A4�U
� ?AB#F

F : C→ D b GOFg8�4=F�M�?A4�4!G[IJ4p?`_TaA>OF D M�>
D b ?A4 8;:�:Z>ENXND> ?Jxm>E7 Rn8'F�GC5�?A7CBD> 8'I M�>2HEHAI�H�M�>

D
N�8�Rn8'F�GC5�?A7CBD> b 4!?0F�GT> F ↓D

M�GE��4�BD>WM�> N�8�\�8�4�BDkE7;>QHAIJB#xT8�4�F�>�U
•
3 4L?`_TaA>OFzM�>

F ↓D
>2HOF�IJ4�þ¹âUã�!:ô�Ý

(C,m) ∈ ObjC ×D(F (C), D)

•
3 4[\6?A7g:=<�BhHC\6>

a : (C,m)→ (C ′,m′)
M�>
F ↓D

>2HOF=M�GE��4�B�: 8�7^IJ4[\6?A7g:=<�BhHC\6>
p : C → C ′ bF�>EN K.I'>

m′ ◦ F (p) = m

{
! ���i����~�,|�� � 
 % �.& �W&�-��9&� ��� & � �T* )$ ��*,�0*," ���| 4 4!?0F�>

∆
N�8 Rn8'F�GC5�?A7CBD>@M�?A4�F

� ND>2Hp?`_TaA>OF]HdHT?A4�F�ND>2Hj>E4�FDBD>E7EH64�8'FCIJ7;>ENhH {�� R+<�80K�I'>L?`_TaT>OF
p b ?A4 8mHEH;?'REBD>6N9V >E4
H;>E\d_mND>

?A7;M�?A4�4!G
p := (0, . . . , p)

x'IdRT?A\ \6>�IJ4!>WRn8'F�GC5�?A7CBD> �� ND>2H[\6?A7g:=<�BhHC\6>2H M�> p M'8�4
H q H;?A4�F�ND>2H�8;:�:=NXBDRn8'FDBD?A4
H RE7;?ABhHEH98�4�F�>2H M�> (0, . . . , p)
M'8�4
H

(0, . . . , q) b K.I V ?A4 :Z>OI�Fyxm?ABX7�RT?A\ \6>QND>2H �g?A4!ROF�>OIJ7EHWM�> p xm>E7EH q� N�8 RT?A\@:�?OHCB#FDBD?A4�>2HAF RT>ENXND>WM�>2H �+?A4!ROF�>OIJ7EH {3�4 >E4
HT>E\d_mND>eHCBX\@:=NXBDREB�8�Ny>2HOF@IJ4 �+?A4!ROF�>OIJ7�RT?A4�FD798�xT8�7CB�8�4�F�M�>
∆

xm>E7EH�N�8jRn8'F�GC5�?A7CBD>
EnsM�>2HW>E4
H;>E\d_mND>2H�����8�4 �"!$# {

� F�?0I�F�>eRn8'F�GC5�?A7CBD>
C b ?A4 8mHEH;?'REBD>[HT?A4�4!>E7$� b	��
��� C b K.IJBz>2HAF[IJ4~>E4
HT>E\d_mND>�HCBX\@:=NXBDREB�8�N vH98�xm?ABX7 ND> �+?A4!ROF�>OIJ7^K�IJB
v
p
8mHEH;?'REBD>

Cat(p,C) � N9V >E4
H;>E\d_mND>�M�>2H�\6?A7g:=<�BhHC\6>2H�M'8�4
H�N�8�Rn8'F�GC5�?A7CBD>M�>2HWRn8'F�GC5�?A7CBD>2H b 8'I�FD7;>E\6>E4�FyM�B#F�N9V >E4
H;>E\6_mND>@M�>2H �+?A4!ROF�>OIJ7EH � {
� ?0IJ7 Rn8�7980ROF�GE7CBhH;>E7^ND>2H�4!>E7$�DH�: 8�7C\ B�ND>2H�>E4
H;>E\6_mND>2H�HCBX\@:=NXBDREB�8'Iml b ?A4 RT?A4
HCBDM�kE7;>QIJ4)>E4
HT>E\ �_mND> HCBX\@:=NXBDREB�8�N

E { � V >2HOF^IJ4 4!>E7$�wHCB >OF H;>OIJND>E\6>E4=F�HCB b :�?0IJ7QF�?0I�F n b R+<�80K�I'> HAIJB#F�>�M�> n 8�7 �OF�>2HM�>
E
80M9a;80RT>E4�F�>2H � >E4LRT>�H;>E4
HQK.I'>�N9V >ClwFD7;GE\ B#F�GWM�>yN9V IJ4!>[>2HAF�N9V ?A7CB 5�BX4!>WM�>yN�8�HAIJB#xT8�4�F�>C�[>2HOF�N�8HAIJB#F�>@M�>2H 8�7 �OF�>2H�:=7CBX4!REB�: 8�ND>2HWM�V IJ4 IJ4�BDK.I'>

n
�DHEBX\@:=ND>Cl�>[M�>

E {
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� 8�7;M b ?0I �+?A7���8�7;M {

� B
c
>2HAF �+?A7���8�7;M b 8�ND?A7EH ND>�RT?9: �=Rn8'F�GENDGE\6>E4�Fg8�BX7;>[8mHEH;?'REBDGyv c >2HOF�N9V >E\@:=BXND>E\6>E4=F M�>2H M�>OIml_mB�:=ND>Cl=>2H�M�>2HEHCBX4!G�REB �+M�>2HEHT?0I�H�v[5'8'I'R�<!> � >OF�HCB c >2HOF _�80R � � 8�7;M b R'V >2HAF N9V >E\@:=BXND>E\6>E4=F M�>2HQM�>OIml_mB�:=ND>Cl=>2H�M�>2HEHCBX4!G�REB �+M�>2HEHT?0I�H�v M�7;?AB#F�> � _mBD>E4�xm?ABX7�K�I'> b M'8�4
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»½¼�¾À¿ÂÁ3ÃwÄ)ÅYÆkÇ�ÈOÉ R É;ÃËÊTÌ3ÅYÇTÆC¿%Í3ÅY¼3¼NÊZ¿

J
R ÅYÎÏÎÐ¿ÏÁ1¼ R É`ÍJÇb¿�Í;É�¼uÑmÈC¿ZÒ3Á;¿DÈ½ÅY¼�¾À¿ÂÁ3ÃÓÑ V É`Í3ÅY¼3¼N¿DÇ�ÔÍJÆRÄ)¿DÇDÑKÕY¿ÂÁ)Ö+×ÓØÙ¿ÙÑbÅY¼?Ã?ÈC¿7ÑsÍ3¿ÂÁ)Ö�ÑbÊDÈC¿ R ÃCÆCÅY¼uÑpÍ3¿�ÎÐÅYÇQ¾?Ú3Æ^ÑDÎÐ¿7Ñ�ÛRÄ)ÅYÆkÇsÍ3ÊDÜ3¼3ÆRÃCÆCÅY¼�ÝVÞ:ßpÒ3Á1ÆPÍ3ÊÂÃË¿DÇTÎÏÆáà¼N¿D¼?ÃÀÈC¿7Ñ�ÇbâTÌJÈC¿7Ñ�ÍKÁwÕY¿ÂÁ£É;Á;Ò{Á;¿DÈÀÅY¼�ÕYÅ`Á;¿�×ÀãäÈ R ÅY¼PÄ�ÆC¿D¼PÃpÉ�ÈCÅYÇDÑ�Í3¿ R ÅY¼uÑTÆCÍ3ÊDÇb¿DÇmÈOÉ%ÑbÅ`ÁVÑ7à R É;ÃËÊTÌ3ÅYÇTÆC¿¿D¼{Ì3¿D¼NÍJÇbÊZ¿�¾+É�Ç�ÈC¿7ÑÓÍ3¿ÂÁ)Ö%ÑbÊDÈC¿ R ÃCÆCÅY¼uÑpÍ3¿ÀÎÐÅYÇQ¾?Ú3Æ^ÑTÎÐ¿7Ñ R ÅYÎÏÎÐ¿ÙÈOÉ R É;ÃËÊTÌ3ÅYÇTÆC¿wÍ3¿7Ñ+¾�ÅÂÑTÆRÃCÆCÅY¼uÑ�Ì;ÉÂÌ'à¼PÉ�¼?ÃË¿7Ñbå�¿ÂÃÙÈC¿7ÑpÆCÍ3¿D¼PÃCÆRÃËÊ7Ñ R ÅYÎÏÎÐ¿mÈC¿7Ñ½¾�ÅÂÑTÆRÃCÆCÅY¼uÑ�Ì;ÉÂÌJ¼NÊZ¿7ÑÂ×½æ�¿�ÕY¿ÂÁ R ÅY¼uÑTÆ^ÑYÃË¿�Î£É�Æk¼PÃË¿D¼PÉ�¼PÃ�¾ÀÅ`Á1Ç

P
Ôe¾?ÇbÅ`Á3Ä)¿DÇ\Ò3Á;¿lÈOÉÏ¾ÀÅÂÑTÆRÃCÆCÅY¼aÍ3ÅY¼3¼NÊZ¿�ÛCÅ`Á R Å`Á1Ç=É�¼PÃË¿Tßç¿7ÑYÃ�Á1¼N¿�¾�ÅÂÑDÆRÃCÆCÅY¼èÌ;ÉÂÌJ¼PÉ�¼PÃË¿ZåwÃQÉ�¼NÍJÆ^ÑÒ3Á;¿
O
R ÚN¿DÇ R ÚN¿mÔp¾?ÇbÅ`Á3Ä)¿DÇÙÈC¿ R ÅY¼PÃCÇ=É�ÆkÇb¿�×�éÙÅ`Á1Ç R ¿ÓêcÉ�ÆkÇb¿Zå

P
êRÉ R ÃËÅYÇTÆ^Ñb¿ÙÈOÉ�¾ÀÅÂÑTÆRÃCÆCÅY¼ R Å`Á1Ç=É�¼?ÃË¿m¿D¼Á1¼N¿ R ÅYÎl¾ÀÅÂÑbÊZ¿�Í3¿wÈ V Á1¼�Í3¿7Ñ R Å`ÁY¾NÑpÌ3ÊD¼NÊDÇ=É;ÃË¿ÂÁ1ÇDÑeÛkêäÅYÇYëìÉ�ÇbÍ�Å`Á�íJÉ Räî ëìÉ�ÇbÍÐÑb¿DÈCÅY¼�ÈC¿ RZï ÃËÊTß�ÉVÄ)¿ RÁ1¼N¿s¼NÅ`Á3Ä)¿DÈkÈC¿Ù¾�ÅÂÑTÆRÃCÆCÅY¼�Ò{Á V ÆkÈo¿7ÑQ¾ÀâDÇb¿�¾?ÈRÁVÑ�¾?Çbâ7ÑmÍ V ð ÃCÇb¿½Ì;ÉÂÌJ¼NÊZ¿�ñ
O
Ò{Á`É�¼?Ã�Ô�ÈRÁ1ÆCåV¾?ÇbÊ=à R ÅYÎl¾ÀÅÂÑb¿Å`Á¬¾�ÅÂÑYÃRà R ÅYÎl¾ÀÅÂÑb¿\ÈOÉ�¾�ÅÂÑDÆRÃCÆCÅY¼ R Å`Á1Ç=É�¼PÃË¿�ÉVÄ)¿ R Á1¼�Í3¿7Ñ R Å`ÁY¾NÑeÌ3ÊD¼NÊDÇ=É;ÃË¿ÂÁ1ÇDÑòÛQíJÉ Räî ëìÉ�ÇbÍ5Å`ÁêäÅYÇYëìÉ�ÇbÍÐÇb¿7ÑQ¾À¿ R ÃCÆRÄ)¿DÎÐ¿D¼PÃAßZåP¾ÀÅ`Á1Ç�¿7ÑDÑ=É:óu¿DÇlÍ3¿�ÎÐ¿ÂÃTÃCÇb¿

P
¿D¼�ÍJÆkô R Á1ÈRÃËÊ�×lØÙ¿ä¾À¿D¼NÍ;É�¼PÃ�¾�Á1Æ^ÑbÒ{Á V ÆkÈ

õVö
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R ÅYÎl¾ÀÅÂÑb¿sÈOÉw¾ÀÅÂÑTÆRÃCÆCÅY¼ R Å`Á1Ç=É�¼PÃË¿mÉVÄ)¿ R Á1¼eÌ3ÊD¼NÊDÇ=É;ÃË¿ÂÁ1ÇbåKÑDÆ R ¿DÈkÈC¿=à R ÆoÊÂÃQÉ�ÆRÃ+Ì;ÉÂÌJ¼PÉ�¼?ÃË¿ZåuÈOÉ�¼NÅ`Á3Ä)¿DÈkÈC¿¾ÀÅÂÑTÆRÃCÆCÅY¼èÈ V ¿7ÑYÃÓêäÅYÇ R ÊDÎÐ¿D¼PÃmÉ;ÁVÑDÑDÆ½ñ�É;Á3ÃCÇb¿DÎÐ¿D¼PÃ�ÍJÆRÃËåìÑb¿ÂÁ1È
P
¾À¿ÂÁ3ÃËå�¿D¼\ÕYÅ`Á`É�¼PÃsÎ£É�ÈCåoÑbÅYÇYÃCÆkÇ%Í3¿7Ñ¾ÀÅÂÑTÆRÃCÆCÅY¼uÑpÌ;ÉÂÌJ¼PÉ�¼?ÃË¿7ÑÂ×ãäÈ R ÅY¼PÄ�ÆC¿D¼PÃmÉ;ÁVÑ7ÑTÆÓÍ3¿eí)ÆC¿D¼ R ÅYÎl¾?Çb¿D¼NÍJÇb¿/ÈOÉeÇbÊä¾+É�ÇYÃCÆRÃCÆCÅY¼dÍ3¿7Ñ�Ç ï ÈC¿7Ñ�¿D¼PÃCÇb¿�ÈC¿7Ñ�Í3¿ÂÁ)Ö¬ÑZÊDÈC¿ R àÃCÆCÅY¼uÑ U êRÉ R ¿pÔeÁ1¼N¿�¾ÀÅÂÑTÆRÃCÆCÅY¼

p : A→ B
å
O
¾À¿ÂÁ3Ã R ÅYÎl¾ÀÅÂÑb¿DÇ�ÉVÄ)¿ R Á1¼ R Å`ÁY¾�êQÅYÇYë�É�ÇbÍ£¿D¼

B
åPÅ`ÁÉJÄ)¿ R Á1¼ R Å`ÁY¾5íJÉ Räî ëìÉ�ÇbÍ�¿D¼

A
å�ÃQÉ�¼NÍJÆ^Ñ/Ò3Á;¿/Í;É�¼uÑmÈOÉeÎ ð ÎÐ¿p¾ÀÅÂÑTÆRÃCÆCÅY¼Nå

P
¾À¿ÂÁ3ÃwÍ3Ê R ÅYÎl¾�ÅÂÑb¿DÇ

p
ÉVÄ)¿ R Á1¼ R Å`ÁY¾ íJÉ Räî ëìÉ�ÇbÍè¿D¼

B
å�Å`Á�ÉVÄ)¿ R Á1¼ R Å`ÁY¾�êQÅYÇYë�É�ÇbÍ¬¿D¼

A
×ÏØ V ¿7ÑYÃ R ¿ÂÃTÃË¿�ÇbâTÌJÈC¿%Ò{Á1ÆÌ;É�Ç=É�¼?ÃCÆRÃwÒ3Á;¿Zå+Í;É�¼uÑ�Á1¼N¿mÆk¼?ÃË¿DÇ=É R ÃCÆCÅY¼

I : A→ B → C
å?ÑTÆ?¾+É�Ç�¿TÖ?¿DÎl¾?ÈC¿

P
ÕYÅ`Á;¿l¿D¼

B
Í;É�¼uÑ

B → C
å+ÑbÅY¼�É R ÃCÆCÅY¼_¿7ÑYÃpÉ;Á3ÃËÅYÎ£É;ÃCÆCÒ3Á;¿DÎÐ¿D¼PÃlÃCÇ=É`ÍKÁ1ÆRÃË¿%Å`ÁçÇb¿ R ÅY¼3¼PÁ;¿ R ÅYÎÏÎÐ¿\Á1¼N¿lÉ R ÃCÆCÅY¼òÍ3¿

O
Í;É�¼uÑ

A→ B
×

3 ¿DÎ£É�ÇbÒ{Á;ÅY¼uÑçÒ3Á;¿ÏÑTÆmÁ1¼_ÎÐÅYÇQ¾?Ú3Æ^ÑTÎÐ¿£Éb¾3¾+É�Ç=É.4RÃ/Í;É�¼uÑ�ÈC¿7Ñ\Í3¿ÂÁ)Ö_ÑbÊDÈC¿ R ÃCÆCÅY¼uÑbå R'V ¿7ÑYÃRàRÔ1àäÍJÆkÇb¿Ò3Á;¿£ÈC¿�¾?Çb¿DÎÏÆC¿DÇ�ÕYÅ`Á;¿ÂÁ1Ç�¾À¿ÂÁ3Ã�ÈC¿�ÕYÅ`Á;¿DÇ�Í;É�¼uÑ�Á1¼MÑb¿D¼uÑ�¿ÂÃlÑbÅY¼5É`ÍKÄ)¿DÇDÑ:É�ÆkÇb¿�Í;É�¼uÑ£È V É;Á3ÃCÇb¿Zå�ÆkÈ
R ÅY¼uÑYÃCÆRÃTÁ;¿�Í3¿ÂÁ)Ö R Å`ÁY¾NÑ65kÆk¼?Á3ÃCÆkÈC¿7Ñ87Añ�¿D¼�¿:9o¿ÂÃËå3È V É`ÍKÄ)¿DÇDÑ=É�ÆkÇb¿mÉeÃËÅ`ÁDÕYÅ`Á1ÇDÑÓÈOÉw¾ÀÅÂÑDÑTÆQí)ÆkÈkÆRÃËÊmÍ V É�¼3¼PÁ1ÈC¿DÇÁ1¼�ÃË¿DÈ R Å`ÁY¾�×
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A É�¼uÑÏÈC¿ R É`ÍJÇb¿�Í V Á1¼N¿\Æk¼?ÃË¿DÇ=É R ÃCÆCÅY¼Nå�ÅY¼MÍ3ÅYÆRÃ R ÅY¼uÑDÆCÍ3ÊDÇb¿DÇ�Ò{Á;¿�ÃCÇbÅYÆ^ÑwÕYÅ`Á;¿ÂÁ1ÇDÑ

O
å
P1
å
P2Æk¼?ÃË¿DÇYÄÂÆC¿D¼3¼N¿D¼?Ã�ÃËÅ`Á1Ç�ÔdÃËÅ`Á1ÇÂ×�ØoÚPÉ R Á1¼�Æk¼PÃË¿DÇYÄ�ÆC¿D¼PÃÐÍ;É�¼uÑ�Á1¼N¿\¾�ÅÂÑDÆRÃCÆCÅY¼Nå/Å`Á�¾?ÈRÁ3Ã ï Ã�Á1¼N¿
2
à¾ÀÅÂÑTÆRÃCÆCÅY¼Nå

A→ B → C
åPÍ3ÅY¼?ÃoÆkÈ?¼N¿�Ä)ÅYÆRÃÙÒ3Á V Á1¼N¿Ù¾?ÇbÅ=ÕZ¿ R ÃCÆCÅY¼ U

O
Ä)ÅYÆRÃ�ÈOÉ�¾?ÇbÅ=ÕY¿ R ÃCÆCÅY¼�¿TÖ�ÃË¿DÇT¼N¿

A → C
¿ÂÃ+ÕZÅ`Á;¿ÏÍ3¿ZÍ;É�¼uÑZå

P1
Ä)ÅYÆRÃsÈOÉ%¾?ÇbÅ=ÕZ¿ R ÃCÆCÅY¼èÆk¼?ÃË¿DÇT¼N¿�Ì;É;Á R ÚN¿

A → B
¿ÂÃ+ÕYÅ`Á;¿ÏÍ3¿ZÍ;É�¼uÑbå

P2
Ä)ÅYÆRÃ�ÈOÉ£¾?ÇbÅ=ÕY¿ R ÃCÆCÅY¼aÆk¼PÃË¿DÇT¼N¿�ÍJÇbÅYÆRÃË¿

B → C
¿ÂÃÀÕYÅ`Á;¿ÐÍ3¿ZÍ;É�¼uÑÂ×�BèÉ�Æ^Ñ�ÈCÅYÇDÑbÒ3Á V Á1¼�ÕZÅ`Á;¿ÂÁ1ÇÕYÅ`Á;¿�Í;É�¼uÑ�Ñ=É�¾?ÇbÅ=ÕY¿ R ÃCÆCÅY¼NåPÑbÅY¼ R Å`ÁY¾ò¿7ÑÂÃ�ÇbÊä¾�¿DÇ R Á3ÃËÊ�Í;É�¼uÑ�ÈC¿7Ñ�Í3¿ÂÁ)Ö�É;Á3ÃCÇb¿7Ñ½¾+É�Ç R ÅYÎl¾�ÅÂÑTÆRÃCÆCÅY¼NåÅ`ÁÐ¾?ÈRÁVÑ£¿TÖuÉ R ÃË¿DÎÐ¿D¼?Ãs¾+É�ÇeÉ)ÑDÑbÅ R ÆOÉ;ÃCÆRÄ�ÆRÃËÊ�×�ØÙ¿ÏÑbÅY¼PÃmÈC¿7ÑÐÃCÇTÆ ¾?ÈC¿TÖP¿7Ñ£Ò3Á1Æ�¿D¼ R Å;Í3¿D¼PÃ R ¿ÂÃTÃË¿%ÑZÅYÇYÃË¿Í3¿ÐÃCÇ=É`ÍKÁ R ÃCÆCÅY¼�×DC�¼d¿:9o¿ÂÃËåsÁ1¼MÃCÇTÆ ¾?ÈC¿TÖP¿£¿7ÑYÃ�Í3ÊÂÃË¿DÇTÎÏÆk¼NÊ�¾+É�ÇÏÍ3¿ÂÁ)ÖaÍ3¿/Ñb¿7ÑlêcÉ R ¿7Ñ U Ñ=ÉÐÑZÅ`Á1Ç R ¿Ä)¿DÇYÃCÆ R É�ÈC¿Zå�Ò3Á1Æ�¿7ÑYÃ�¼NÅ`ÃCÇb¿

2
àk¾ÀÅÂÑTÆRÃCÆCÅY¼

A → B → C
åm¿ÂÃ�Ñ=ÉÐ¾?ÇbÅ=ÕY¿ R ÃCÆCÅY¼ É R ÃCÆRÄ)¿Zå�Ò3Á1Æ�¿7ÑYÃ�ÈC¿í)Æ ¾?ÈC¿TÖ?¿ R ÚNÅYÆ^ÑDÆP¾+É�Ç�ÈC¿oÕYÅ`Á;¿ÂÁ1Ç�É R ÃCÆkê ×
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	n¸�=�=u¸3¯ ?Kº`¶
C�¼�ÇbÊ:É�ÈkÆRÃËÊZåPÆkÈ�¿7ÑÂÃ+¾?ÈRÁVÑoÕ�ÁVÑYÃË¿�Í V ÆkÎ£ÉÂÌJÆk¼N¿DÇ�Ò3Á;¿wÈ V Å=¾3¾ÀÅÂÑ=É�¼PÃ?ÕZÅ`Á;¿m¼NÅY¼ç¾+É)Ñ�Í;É�¼uÑwÈOÉ�¾?ÇbÅ=ÕZ¿ R ÃCÆCÅY¼¿TÖ�ÃË¿DÇT¼N¿Zå'Î£É�Æ^ÑsÉ�ÆkÈkÈC¿ÂÁ1ÇDÑbå;ÑYÁ1ÇmÁ1¼N¿o¾�ÅÂÑTÆRÃCÆCÅY¼�Ò{Á1Æ`¾+É�ÇYÃQÉÂÌ3¿�Á1¼/¾�ÅYÇYÃ�ÉJÄ)¿ R ÈOÉs¾ÀÅÂÑTÆRÃCÆCÅY¼ R ÅY¼uÑTÆCÍ3ÊDÇbÊZ¿�×
B�ÆC¿ÂÁ)ÖPå�ÅY¼�¾�¿ÂÁ3Ã�¾À¿D¼uÑb¿DÇ/Ò{Á V ÅY¼,É£É.9+É�ÆkÇb¿/ÔÐÍ3¿ÂÁ)Ö�Å=¾3¾�ÅÂÑ=É�¼?ÃcÑbåÙÁ1¼,Ô%Ì;É;Á R ÚN¿Ï¿ÂÃmÁ1¼,ÔÐÍJÇbÅYÆRÃË¿Zå¿D¼?ÃCÇb¿�ÈC¿7ÑbÒ3Á;¿DÈ^Ñ�ÕZÅ`Á;¿ÂÁ1Ç�ÝÏ¿ÂÃPÕYÅ`Á;¿ÂÁ1Ç��e¼N¿mêäÅY¼PÃì¾+É)Ñ�Í3¿/ÍJÆH9�ÊDÇb¿D¼ R ¿�×péÀÈRÁVÑ�¿TÖKÉ R ÃË¿DÎÐ¿D¼PÃËå`ÕYÅ`Á;¿ÂÁ1ÇÝ%¼NÊTÌ3Å R ÆC¿�ÉVÄ)¿ R Å=¾3¾ÀÅÂÑ=É�¼?Ã�ÝÏÔçÑ:ÉÏÌ;É;Á R ÚN¿ZåÙ¿ÂÃwÉJÄ)¿ R ÕZÅ`Á;¿ÂÁ1Ç��ÔçÑ=É�ÍJÇbÅYÆRÃË¿ZåÀ¿ÂÃ R'V ¿7ÑÂÃsÈOÉ\ÑZ¿ÂÁ1ÈC¿ÍJÆH9oÊDÇb¿D¼ R ¿/Ò3Á V ÆkÈ�êRÉ�ÆRÃp¿D¼?ÃCÇb¿�Ñb¿7Ñ�Í3¿ÂÁ)Ö�Æk¼?ÃË¿DÇTÈCÅ R Á3ÃË¿ÂÁ1ÇDÑÂ×���Á`É�¼NÍçÆkÈN¾+É)ÑDÑb¿�ÈOÉ%Î£É�Æk¼,ÔÏÑ=É£ÍJÇbÅYÆRÃË¿ZåÕYÅ`Á;¿ÂÁ1Ç�Ýw¼N¿�Ñ=É�ÆRÃN¾+É)ÑmÒ{Á;¿ZåNÍ3¿ R ¿ RZï ÃËÊZåNÍ3¿DÇTÇTÆCâDÇb¿wÑbÅY¼�Å=¾3¾ÀÅÂÑ=É�¼PÃËå R'V ¿7ÑYÃ{ÕYÅ`Á;¿ÂÁ1Ç��eÒ3Á1Æ?Ñb¿ R É R ÚN¿�×

����� �ç���ì�����£�w�K� �P�7��� �� ��������K�P�7 ��
�����! #"%$&"('� M©*)�«�+½¸-,a=u¸3¯b· ¶:·¹¸?º�°u®q=k?x<c¶:·¹®J¯
»½¼�Ç=Éb¾3¾À¿DÈkÈC¿lÒ3Á;¿�¼NÅÂÑ½¾+É�ÇYÃCÆC¿7ÑwêQÅYÇTÎÐ¿D¼?ÃwÁ1¼è¿D¼uÑZ¿DÎçí)ÈC¿�ÑDÆkÎl¾?ÈkÆ R ÆOÉ�È

J1
å+Í3ÅY¼PÃÙ¼NÅ`ÁVÑ�ÊÂÃTÁ;ÍJÆCÅY¼uÑwÈOÉ

R ÅYÎl¾ÀÅÂÑTÆRÃCÆCÅY¼�×�ØÙ¿ÂÃTÃË¿ R ÅYÎl¾ÀÅÂÑTÆRÃCÆCÅY¼a¿7ÑYÃ�Í3ÊDÜ3¼3ÆC¿ R ÅYÎÏÎÐ¿/ÑÂÁ1ÆRÃ U ÊÂÃQÉ�¼?Ã�Í3ÅY¼3¼NÊZ¿7ÑeÃCÇbÅYÆ^Ñw¾+É�ÇYÃCÆC¿7Ñ
Π,Π1,Π2

ÅY¼�ÄZÉ_ÍJÆkÇb¿¬Ò3Á;¿
Π
Éb¾3¾+É�ÇYÃCÆC¿D¼?Ã\Ô

Π2◦JΠ1
Í3â7Ñ�Ò{Á;¿

Π
å

Π1
å�¿ÂÃ

Π2
ÑbÅY¼?Ã£ÃCÇbÅYÆ^Ñ¾?ÇbÅ=ÕY¿ R ÃCÆCÅY¼uÑÀÍ V Á1¼N¿�Î ð ÎÐ¿oÆk¼?ÃË¿DÇ=É R ÃCÆCÅY¼\Í;É�¼uÑ

J2
1

åY¾?ÈRÁVÑP¾?ÇbÊ R Æ^ÑbÊDÎÐ¿D¼?Ã+Ò3Á`É�¼NÍ
Π
¿7ÑYÃ3ÈOÉÀ¾?ÇbÅ=ÕZ¿ R ÃCÆCÅY¼¿TÖ�ÃË¿DÇT¼N¿

pext
¿ÂÃ

Π2
¿ÂÃ

Π1
Çb¿7ÑQ¾À¿ R ÃCÆRÄ)¿DÎÐ¿D¼PÃ½ÈC¿7ÑÙ¾?ÇbÅ=ÕZ¿ R ÃCÆCÅY¼uÑwÆk¼PÃË¿DÇT¼N¿7Ñ

pint2
¿ÂÃ

pint1
×

¡£¢;¤,¥3¦)§+¨�¢/.-0¬«1+½¸-,a=u¸3¯b· ¶:·¹¸?º2,�±u´�¶:·43�?K´n±;³J®\°u®*=x?x<C¶b· ®`¯
ØÙ¿ÂÃTÃË¿ R ÅYÎl¾�ÅÂÑTÆRÃCÆCÅY¼�¼ V ¿7ÑYÃ+¾+É)ÑpêäÅYÇ R ÊDÎÐ¿D¼PÃwÁ1¼3ÆCÒ3Á;¿Zå+ÅY¼èÍJÆkÇ=ÉçÒ{Á V ¿DÈkÈC¿�¿7ÑYÃÀÎ£Á1ÈRÃCÆRÄZÉ�ÈRÁ;ÊZ¿�×
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VKL G�XZI�g?>�LA@ VNJ S FHj:L"L_j S Y*FHY�VNF
5kI�L lfu L_YkjbJ:L_l1Xhg^[sg S JbJ:L^[bU S Y�V�XZY�j@

g?>!XB5kI�L VKL^[,[bFHY M
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�K� �����	��
����������������������
��������! ����"��#�$%�� &����!�'��(��*)��	 ��	�,+-�.�&/0(��
1��
�2	#&�!�

¡£¢;¤,¥3¦)§+¨�¢/.��
A É�¼uÑ�È V ¿TÖ?¿DÎl¾?ÈC¿Ó¾?ÇbÊ R ÊZÍ3¿D¼?ÃËå�ÃËÅ`ÁVÑpÈC¿7Ñ R Å`ÁY¾NÑ R ÅY¼uÑTÆCÍ3ÊDÇbÊ7Ñ�ÊÂÃQÉ�ÆC¿D¼PÃpÍ;É�¼uÑ�ÈC¿7ÑÙ¾�ÅYÇYÃcÑ�¿TÖNÃË¿DÇT¼N¿7Ñ�¿ÂÃ
R'V ¿7ÑYÃ R ¿pÒ{Á1ÆuêRÉ�Æ^Ñ=É�ÆRÃìÒ3Á;¿wÃËÅ`ÁVÑÀÈC¿7Ñs¿D¼?ÃCÇb¿DÈOÉ R ¿DÎÐ¿D¼PÃcÑmÊÂÃQÉ�ÆC¿D¼PÃ?¾�ÅÂÑ7ÑTÆQí)ÈC¿7ÑÂ× A É�¼uÑ�ÈC¿ R É)Ñ�Ì3ÊD¼NÊDÇ=É�ÈCå;ÈOÉÑb¿ÂÁ1ÈC¿ R ÅY¼?ÃCÇ=É�Æk¼PÃË¿wÆkÎl¾ÀÅÂÑbÊZ¿½¾+É�ÇsÈC¿7ÑÀ¾?ÇbÅ=ÕY¿ R ÃCÆCÅY¼uÑpÆk¼PÃË¿DÇT¼N¿7ÑmÑYÁ1ÇsÈ V ¿D¼PÃCÇb¿DÈOÉ R ¿DÎÐ¿D¼PÃÙÜ{ÌKÁ1Ç=É�¼PÃsÍ;É�¼uÑÈOÉm¾?ÇbÅ=ÕZ¿ R ÃCÆCÅY¼¬¿TÖ�ÃË¿DÇT¼N¿m¿7ÑÂÃ�Í3¿sÇb¿7ÑQ¾�¿ R ÃË¿DÇÓÈC¿7ÑÓÇb¿D¼NÍ3¿��Âà Ä)Å`ÁVÑÓÆkÎl¾�ÅÂÑbÊ7Ñ�¾+É�ÇÓÈC¿7Ñ R Å`ÁY¾NÑ�ÕYÅ`Á;Ê7Ñ�Í;É�¼uÑÈC¿m¾ÀÅYÇYÃsÎÐÊZÍJÆOÉ�¼�×�»½¼èÎÐÅY¼PÃCÇb¿ R ÆáàäÍ3¿7ÑDÑZÅ`ÁVÑ�Í3¿ÂÁ)Ö�¿D¼?ÃCÇb¿DÈOÉ R ¿DÎÐ¿D¼PÃcÑ/Æk¼PÃË¿DÇbÍJÆRÃcÑÂ×%æ�¿m¾?ÚNÊD¼NÅYÎÐâD¼N¿Ò3Á V ÅY¼_Å'í1Ñb¿DÇYÄ)¿�Æ R Æs¿7ÑYÃmÒ3Á;¿�ÑDÆ
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ÑbÅY¼PÃ�ÃCÇbÅYÆ^Ñ%¿D¼uÑZ¿DÎçí)ÈC¿7Ñ%ÍJÆ^ÑáÕYÅYÆk¼PÃcÑÏÅYÇbÍ3ÅY¼3¼NÊ7Ñbå½Á1¼�¾?ÇbÅ�àÈCÅY¼{Ì3¿DÎÐ¿D¼?Ã�Ò3Á;¿DÈ R ÅY¼NÒ{Á;¿�Í3¿ R ¿7ÑpÅYÇbÍJÇb¿7Ñ½Ô
AqB

å
BqC

¿ÂÃ
AqC

¼N¿o¾?ÇbÅ1ÄÂÆC¿D¼?ÃP¾+É)Ñ�êäÅYÇ R ÊDÎÐ¿D¼PÃÍ V Á1¼èÅYÇbÍJÇb¿�ÑYÁ1Ç
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��Y�L�U!XZJbjbF>L V�XZY�[

J1

Xa[,Xa[bIKFHj:L VKL�g S IKU�[ @DG�XZI�g >�L
Sg

L_j [,Xa[:IKFHj:L�VKL�g S IKU�[ @ VNJ S FHj:L
Sdj S IKj:L^["VKL_IN` V�XZY�[

J0
1 \
L_j l1XWJ:m_IKYKF S Y VNF>[ ;bS FHY�j:LDVKLDg^L^[ VKL_IN` [bIKFHj:L^[�L^[bj j S j,XZl>L_p�L_Ykj S J:V S YKY�m^L

U!XZJ6l1X [bIKFHj:L�VKL [:L^[��KFHUKl>Lo`NL^[ M = Y X V S Y�g IKY L_YkjbJ:L_l1Xhg^[tVKL
Sg

L_j
Sd \

XZI [:L_Y�[�VKL l1X VKmon�YKFHjbF S Y
[bIKFHwhXZYkj:L M
�����! #"%$&"('� .*.¬«��oº`¶^<R®{´v?;µV¯
»½¼�Éb¾3¾�¿DÈkÈC¿�¿D¼?ÃCÇb¿DÈOÉ R Ñ�Í3¿�Í3¿ÂÁ)ÖGÑYÁ1ÆRÃË¿7ÑÏÜ3¼3ÆC¿7Ñ�Í3¿çÈCÅY¼{ÌKÁ;¿ÂÁ1Ç

m
¿ÂÃ
n
ÃËÅ`Á3ÃÏÅYÇbÍJÇb¿¬ÃËÅ`ÃQÉ�ÈmÑÂÁ1Ç

[1, . . . ,m]q [1, . . . , n]
Ç=É�ôÏ¼PÉ�¼PÃ½È V ÅYÇbÍJÇb¿/ÁVÑYÁ;¿DÈ+ÑÂÁ1Ç�ÈC¿7Ñ�Í3¿ÂÁ)Ö R ÅYÎl¾�ÅÂÑ=É�¼?ÃË¿7ÑÂ×

�����! #"%$&"('� .
	�«��m® ,ç·�D·^º`¶7®K<@?;µ1¶:·¹¸?º
� ¾3¾�¿DÈCÅY¼uÑÙÍ3¿DÎÏÆáàAÆk¼PÃË¿DÇ=É R ÃCÆCÅY¼%ÈOÉ�Í3ÅY¼3¼NÊZ¿ÙÍ3¿ÙÍ3¿ÂÁ)Öw¾?ÇbÅ=ÕY¿ R ÃCÆCÅY¼uÑ�Æk¼?ÃË¿DÇT¼N¿7Ñ�Û ¾+É�ÇYÃCÆC¿7Ñ ß R ÅYÎl¾+É;ÃCÆQí)ÈC¿7Ñ¿D¼ R ¿ÙÑb¿D¼uÑÓÒ3Á;¿�ÈC¿mí3ÅYÇbÍÏÍJÇbÅYÆRÃsÛkÈC¿mí{Á3ÃìÍ;É�¼uÑ�ÈOÉ R É;ÃËÊTÌ3ÅYÇTÆC¿½ÚNÅYÇTÆ��1ÅY¼PÃQÉ�ÈC¿wÍ3¿7Ñ+¾+É�ÇYÃCÆC¿7Ñ �{Þ:ßpÍ3¿ R ¿DÈkÈC¿Í3¿ìÌ;É;Á R ÚN¿s¿7ÑYÃ+ÊTÌ;É�È{É;Á%í3ÅYÇbÍmÌ;É;Á R ÚN¿�ÛkÈOÉ�ÑZÅ`Á1Ç R ¿ÙÍ;É�¼uÑìÈOÉ R É;ÃËÊTÌ3ÅYÇTÆC¿�ÚNÅYÇTÆ��1ÅY¼PÃQÉ�ÈC¿sÍ3¿7ÑN¾+É�ÇYÃCÆC¿7Ñ½Í3¿ÈOÉ�Ñb¿ R ÃCÆCÅY¼ �{Þ:ß�Í3¿ R ¿DÈkÈC¿�Í3¿�ÍJÇbÅYÆRÃË¿�×�� ÃËÅ`Á3ÃË¿�Æk¼PÃË¿DÇ=É R ÃCÆCÅY¼

I
¿7ÑYÃÙÉ)ÑDÑbÅ R ÆCÊZ¿pÈOÉÏÍ3¿DÎÏÆáàAÆk¼?ÃË¿DÇ=É R ÃCÆCÅY¼

R ÅY¼uÑYÃCÆRÃTÁ;ÊZ¿ÏÍ3¿�Ñb¿7Ñ/Í3¿ÂÁ)Öç¾?ÇbÅ=ÕY¿ R ÃCÆCÅY¼uÑ�Æk¼PÃË¿DÇT¼N¿7Ñbå�Ò3Á V ÅY¼�Éb¾3¾�¿DÈkÈC¿�ÈOÉ�Í3¿DÎÏÆáàAÆk¼PÃË¿DÇ=É R ÃCÆCÅY¼,Æk¼NÍKÁ1ÆRÃË¿¾+É�Ç
I
×

� S IKj:L�VKL_p"F87fFHY�j:L_J,Xhg_jbF S YWU S [:[,c^VKL�jbJ S F>[ [bIKFHj:L^[
Sg \ Sd

L_j
Sm � [:L^[ UKJ S<; L^g_jbF S Y�[eV�XZY�[ J0

1 � X^w L^gIKY S J:VNJ:Ltj S j,XZl�[bIKJ
Sg q Sm

L_ji[bIKJ
Sm q Sd

M



��� ����� � ( � ��� �-� 
���
��- �	��� � �	 ��
���� ���

�À¢'¤�¤,¢ .Pª
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Sg qSd

Í3¿sÈOÉ�êQ¿DÇTÎÐ¿ÂÃTÁ1Çb¿lÃCÇ=É�¼uÑTÆRÃCÆRÄ)¿
F
ÑYÁ1Ç

Sg qSm qSd
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U
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Sg q Sm
¿ÂÃsÑYÁ1Ç

Sm q Sd
¿7ÑÂÃ�Á1¼_ÅYÇbÍJÇb¿m¾+É�ÇYÃCÆC¿DÈ½ÑYÁ1Ç

Sg q Sd
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= Y g S Y�[bF>VKc_J:L l1X J:L_l1XZjbF S Y

F ′
[bIKJ

Sg q Sm q Sd
S �Kj:L_YkI�L�g S p"p�L [bIKFHj P [bIKJ

Sg q Sm
L_j

SmqSd \
S Y UKJ:L_Y�V l>L^[ S J:VNJ:L^[ j S j,XZIN` V S YKY�m^[ � Y S j:m^[ ≤ � M�� IKJ Sg×Sd \ S Y UKJ:L_Y�V lfu L_Y�[,L_p �Kl>LVKL^[eUKJ S<; L^g_jbF S Y�[�VKL�jbJbFHUKl>L_j:[

(a, b, c)
V�XZY�[

Sg × Sm × Sd
w m_JbF n�XZYkj

a < b � V�XZY�[ Sg × Sm � L_j
b < c � V�XZY�[ Sm×Sd � M
	 YNn�Y [:IKJ Sd×Sg \ S Y UKJ:L_Y�V lfu L_Y�[:L_p �Kl>LtVKL^[ UKJ S<; L^g_jbF S Y�[eVKL�jbJbFHUKl>L_j:[
(a, b, c)

V�XZY�[
Sg × Sm × Sd

w m_JbF n�XZYkj
a > b � V�XZY�[ Sg × Sm � L_j b > c � V�XZY�[ Sm × Sd � M = Yw m_JbF n!LA5�I�L

F ′
L^[:jtIKY�L"J:L_l1XZjbF S Y V�u S J:VNJ:L g S Y�j:L_Y!XZY�j

U
L_j g S Ykj:L_Y�I�L V�XZY�[
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V S Y�g g'u L^[bj

F
M

� S Y�g
R
L^[bj�XZI�[,[bF�l1X�J:L^[bjbJbF>g_jbF S YWVKL

F ′
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D
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Sg
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Sd

L_j
p
lfu S J:VNJ:L U!XZJbjbF>L_l FHY�VNIKFHj6[:IKJ

S
M�	 YNn�Y S YqY S j:L

comp(D)
lfu L_Y�[,L_p �Kl>L

VKL^[eFHY�j:L_J,Xhg_jbF S Y�[6FHY�VNIKF>[,XZYkj
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Π
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Π1,Π2
Ò3Á;¿�Í V ¿D¼PÃCÇb¿DÈOÉ R ¿DÎÐ¿D¼PÃcÑÍ3¿wÈC¿ÂÁ1ÇDÑ/í3ÅYÇbÍ`Ñ�¿TÖ�ÃË¿DÇT¼N¿7Ñ�Çb¿7Ñä¾�¿ R ÃQÉ�¼?Ã�ÈC¿7Ñ�Çb¿D¼NÍ3¿��Âà Ä)Å`ÁVÑÂ×
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� Å`Á3Ã R Å`ÁY¾?ÈC¿wÍ3¿wÍ3¿ÂÁ)Ö%Æk¼?ÃË¿DÇ=É R ÃCÆCÅY¼uÑ
I
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δ3(R) = I ′

¿ÂÃ
δ1(R) = IÛkÇb¿7ÑQ¾�×

δ2(R) = I ′
¿ÂÃ
δ0(R) = I

ß�×
ã R Æ�ÅY¼�ÉçÁ3ÃCÆkÈkÆ^ÑbÊmÈC¿7Ñp¼NÅ`ÃQÉ;ÃCÆCÅY¼uÑ/ÁVÑÂÁ;¿DÈkÈC¿7ÑÙ¾�Å`Á1ÇpÈC¿7Ñ�Å=¾�ÊDÇ=É;ÃË¿ÂÁ1ÇDÑ�Í3¿�êcÉ R ¿7Ñ��væoÉ�¼
�YÝ��ZÛ ¾�×vÝ����bß�×
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M
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I
L_j"! S I�@

I ′[:L_l S Y l>L g8Xh[ \
g S p"p�L Lo`NUKlHF
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VKL
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1

[bIKJ�l>L 5�I�L_l
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f
¿ÂÃ
g
ÑZÅY¼PÃ R ÅYÎl¾ÀÅÂÑ=É{í)ÈC¿7Ñ�Í3â7Ñ�Ò{Á;¿ �� � (f)

¿7ÑYÃÓÊTÌ;É�ÈC¿�Ô �#��� (g) ×

����� �   ����� �o�p�P�+*��p�N�D ����K��*��/�� ��
�����! #"%$&"('� Mª �Ð«��m® ,ç·� µ'?'¶7³14u¸�<Q·¹®£¯b·54Nº'³J®

6 ¼N¿/Í3¿DÎÏÆáà R É;ÃËÊTÌ3ÅYÇTÆC¿�ÑTÆvÌJ¼NÊZ¿�¿7ÑYÃmÁ1¼N¿/Í3¿DÎÏÆáà R É;ÃËÊTÌ3ÅYÇTÆC¿
H
ÎçÁ1¼3ÆC¿/Í V Á1¼N¿�êäÅY¼ R ÃCÆCÅY¼�Í3¿�¾�ÅYÈOÉ�ÇTÆRÃËÊÑYÁ1ÇmÈC¿7Ñ�Å'íZÕY¿ÂÃcÑbå

λ : H0 → {−,+}
Ò{Á1ÆìÑ V ÊÂÃË¿D¼NÍ£¼PÉ;ÃTÁ1Çb¿DÈkÈC¿DÎÐ¿D¼?ÃwÉ;Á)Ö��Nâ R ÚN¿7Ñp¾+É�ÇwÈOÉ%ÇbâTÌJÈC¿�Í3¿7ÑÑTÆvÌJ¼N¿7ÑlÁVÑYÁ;¿DÈkÈC¿wÆkÈkÈRÁVÑYÃCÇbÊZ¿�Í;É�¼uÑwÈC¿wÑ R ÚNÊDÎ£É R ÆáàäÍ3¿7ÑDÑbÅ`ÁVÑ U

+
+

+ −
+

− −
−

+ +
−

−

E	FHG'IKJ:L� MHO'P �0J S U!XZG�XZjbF S YqVKL^[�[bFHG'Y�L^[�XZIN`ap S JbU >KF>[bp�L^[ M

¡£¢;¤,¥3¦)§+¨�¢�ª
�
� ÃQÉ�¼?Ã�Í3ÅY¼3¼NÊZ¿�Á1¼N¿ÐÍ3¿DÎÏÆáà R É;ÃËÊTÌ3ÅYÇTÆC¿\ÑTÆvÌJ¼NÊZ¿

H
åwÅY¼òêRÉ{í)ÇTÆCÒ3Á;¿�Á1¼N¿%¼NÅ`Á3Ä)¿DÈkÈC¿�Í3¿DÎÏÆáà R É;ÃËÊTÌ3ÅYÇTÆC¿

H+ R ÅYÎÏÎÐ¿mÑÂÁ1ÆRÃ U
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« ØÙÅYÎÏÎÐ¿�Å'íZÕY¿ÂÃcÑ�ÅY¼£¾?Çb¿D¼NÍ£Ñb¿ÂÁ1ÈC¿DÎÐ¿D¼?ÃÀÈC¿7Ñ�Å'íZÕY¿ÂÃcÑÙ¾ÀÅÂÑTÆRÃCÆkêCÑ�Í3¿
H
å

« ¿ÂÃ R ÅYÎÏÎÐ¿wÎÐÅYÇQ¾?Ú3Æ^ÑTÎÐ¿7ÑlÅY¼\¾?Çb¿D¼NÍ�ÃËÅ`ÁVÑ�ÈC¿7Ñ�ÎÐÅYÇQ¾?Ú3Æ^ÑTÎÐ¿7Ñ�¿D¼?ÃCÇb¿lÍ3¿lÃË¿DÈ^Ñ�Å'íZÕY¿ÂÃcÑÂ×
« æ�¿7ÑpÆCÍ3¿D¼?ÃCÆRÃËÊ7ÑmÑbÅY¼?ÃsÍ;É�¼uÑ

H+ å
« ¿ÂÃ�ÈOÉ R ÅYÎl¾ÀÅÂÑbÊZ¿�Í3¿�Í3¿ÂÁ)Ö��Nâ R ÚN¿7Ñs¾�ÅÂÑTÆRÃCÆRÄ)¿7Ñ�¿7ÑYÃÙÉ;ÁVÑDÑTÆK¾ÀÅÂÑTÆRÃCÆRÄ)¿�×

H+ ¿7ÑYÃlí)ÆC¿D¼MÁ1¼N¿£Í3¿DÎÏÆáà R É;ÃËÊTÌ3ÅYÇTÆC¿�×,»½¼dÍJÆRÃmÉ;ÁVÑ7ÑTÆpÒ3Á;¿
H+ ¿7ÑYÃpÈOÉ�ÑbÅ`ÁVÑÏÍ3¿DÎÏÆáà R É;ÃËÊTÌ3ÅYÇTÆC¿¾?ÈC¿DÆk¼N¿�Í3¿7Ñ�Å'íZÕZ¿ÂÃcÑ½¾�ÅÂÑTÆRÃCÆkêCÑ�Í3¿

H
×

= YWw'X�[8u FHY�j:m_J:L^[,[:L_J�[bIKJbj S IKj�XZIN` VKL_p"F87 g8XZj:m_G S JbF>L^[6[:FHG'Y�m^L^[�V�XZY�[il>L^[ 5�I�L_lHl>L^[�l>L^[��!c^g?>�L^[�Y�m_G�X 7
jbFHw L^[iY�Lt[ S YkjiU!Xh[ig S p"U S [,X �Kl>L^[ \ S Y l>L_IKJiV S YKY�L V S Y�gtIKY [bj,XZjbIKj P
�����! #"%$&"('� MªK©�«��m® ,ç·� µ'?'¶7³14u¸�<Q·¹®J¯�� ?K´v´v?'µ`·¹®{±'¯:®J¯

6 ¼N¿ÐÍ3¿DÎÏÆáà R É;ÃËÊTÌ3ÅYÇTÆC¿£êRÉ�ÈkÈOÉ R ÆC¿ÂÁVÑb¿�¿7ÑYÃ%Á1¼N¿ÐÍ3¿DÎÏÆáà R É;ÃËÊTÌ3ÅYÇTÆC¿çÑTÆvÌJ¼NÊZ¿�Ò3Á1Æ�Ä)ÊDÇTÆkÜN¿eÈOÉ R ÅY¼NÍJÆRÃCÆCÅY¼Ò3Á;¿�Í3¿ÂÁ)Ö��Nâ R ÚN¿7Ñ�¼NÊTÌ;É;ÃCÆRÄ)¿7Ñm¼N¿wÑbÅY¼?ÃKÕ:É�Î£É�Æ^Ñ R ÅYÎl¾�ÅÂÑ=É{í)ÈC¿7Ñ�×
= YWV S YKY�Ltp XZFHYkj:L_Y!XZY�j6IKY UKJ S g^m^VKmsU S IKJ S �Kj:L_YKFHJ6VKL�j:L_lHl>L^[�VKL_p"F87 g8XZj:m_G S JbF>L^[ M

���+¢;¤ ���O¢¬ª .¬«��?²`® ,a=u´ ®J¯�°u®�°u® ,ç·�Tµ'?`¶=³14u¸K<ä·¹®	� ?K´v´v?'µ`·¹®{±'¯:®
6 ¼N¿ R É;ÃËÊTÌ3ÅYÇTÆC¿

C
ÊZÒ3Á1Æ ¾ÀÊZ¿£Í V Á1¼N¿%êQÅY¼ R ÃCÆCÅY¼MÍ3¿ÏÑTÆvÌJ¼N¿

λ : C0 → {−,+}
Í3ÅY¼3¼N¿%ÈkÆC¿ÂÁèÔèÁ1¼N¿Í3¿DÎÏÆáà R É;ÃËÊTÌ3ÅYÇTÆC¿/ÑDÆvÌJ¼NÊZ¿

D(C, λ)
Í3ÅY¼PÃÓÈC¿7Ñ/Å'íZÕZ¿ÂÃcÑ/¿ÂÃ½ÈC¿7Ñ�ÎÐÅYÇQ¾?Ú3Æ^ÑTÎÐ¿7Ñ�ÑbÅY¼PÃÓÈC¿7ÑlÅ'íZÕZ¿ÂÃcÑ/¿ÂÃÓÈC¿7ÑÎÐÅYÇQ¾?Ú3Æ^ÑTÎÐ¿7Ñ\Í3¿

C
¿ÂÃ�Å32�ÈOÉ R ÅYÎl¾�ÅÂÑTÆRÃCÆCÅY¼d¿7ÑYÃpÈOÉ£Çb¿7ÑYÃCÇTÆ R ÃCÆCÅY¼GÍ3¿lÈOÉ R ÅYÎl¾�ÅÂÑDÆRÃCÆCÅY¼dÍ3¿

C
Ô£ÈOÉÇbÊÂÁ1¼3ÆCÅY¼�Í3¿

C+
1 × C1

¿ÂÃ
C1 × C+

1

× C�¼�Ì3ÊD¼NÊDÇ=É�È
D(C, λ)

¼ V ¿7ÑYÃ�¾+É)Ñ�Á1¼N¿ R É;ÃËÊTÌ3ÅYÇTÆC¿�×
BèÉ�Æ^Ñ

D(C, λ)
¿7ÑYÃpÁ1¼N¿�Í3¿DÎÏÆáà R É;ÃËÊTÌ3ÅYÇTÆC¿�êRÉ�ÈkÈOÉ R ÆC¿ÂÁVÑb¿�×

¡£¢;¤,¥3¦)§+¨�¢�ª
	
»½¼�¾À¿ÂÁ3Ã�Çb¿DÎ£É�ÇbÒ3Á;¿DÇ�Ò3Á V Æ R Æ�ÈOÉ R É;ÃËÊTÌ3ÅYÇTÆC¿�¿7ÑYÃÏÃËÅ`ÃQÉ�ÈC¿çÑYÁ1Ç�ÃËÅ`Á3ÃË¿7Ñ\ÈC¿7ÑçÉ;Á3ÃCÇb¿7Ñ R ÅYÎl¾�ÅÂÑTÆRÃCÆCÅY¼uÑÛ R ¿DÈkÈC¿7Ñ%Í;É�¼uÑ�ÈC¿7ÑbÒ3Á;¿DÈkÈC¿7ÑÏÁ1¼�ÎÐÅYÇQ¾?Ú3Æ^ÑTÎÐ¿�É;ÁçÎÐÅYÆk¼uÑ�¿7ÑYÃ�¾�ÅÂÑDÆRÃCÆkê ß/¿D¼ R ¿�Ñb¿D¼uÑ/Ò{Á;¿%Í;É�¼uÑ

C+
1 ×

C1 q C1 × C+
1

ÈOÉ R ÅYÎl¾ÀÅÂÑTÆRÃCÆCÅY¼è¿7ÑÂÃ+¾+É�ÇYÃËÅ`Á3Ãwí)ÆC¿D¼èÍ3ÊDÜ3¼3ÆC¿�×
���'¤ '- �� $Y¦�¥ $&"('� ��

« ] u F>VKL_YkjbFHj:m L^[bj�Y�L_IKjbJ:L�@"VNJ S FHj:L UKIKF>[?5kI&u S YWg S p"U S [,Lslfu F>VKL_Y�jbFHj:m�5kIKF�L^[bjiIKY�L
�!c^g?>�LsU S [bFHjbFHw L
X^w L^gsIKY�L XZIKjbJ:L��!c^g?>�L V S Y�gtj S IKj:L^[ig^L^[�g S p"U S [:m^L^[�[ S Y�jil>L^[ip�r_p�L^[�5kI�LtV�XZY�[

C
M

« ��L�p�r_p�Ltlfu F>VKL_Y�jbFHj:m L^[bjeY�L_IKjbJ:L@ G�XZI�g >�L M

« � [:[ S g_F1XZjbFHwkFHj:m P
�tXZY�[sl>L^[sg8Xh[ V�XZY�[sl>L^[?5kI�L_l>[tFHl�� X XZI�UKlHI�[tIKY�L��!c^g >�L�Y�m_G�XZjbFHw L [:IKJsl>L^[tjbJ S F>[sU�L_jbFHj:L^[
�!c^g?>�L^[

\
G'J��hg^L @"l1X�l S F�[bIKJil>L^[�[bFHG'Y�L^[ \ [:F&l1X"g S p"U S [:m^LsLo`NF>[bj:LsV�XZY�[iIKYq[:L_Y�[

\
L_lHl>LsLo`NF>[bj:L

XZI�[:[bF&V�XZY�[�lfuvXZIKjbJ:L �![bF�U!XZJ�g S Y�jbJ:LsFHl��DX"VKL_IN`�!c^g >�L^[�Y�m_G�XZjbFHw L^[ S I UKlHI�[ \ l1X"g S p"U S [:m^LY&u Lo`NF>[bj:L�YKF�V�XZY�[eIKYW[,L_Y�[eYKF&V�XZY�[ilfuvXZIKjbJ:L M



�K� �t���	��
����� ����� �N� �!�
����q(��x� ��� �-�
�2-#&���,�-
������

�����! #"%$&"('� MªKª�«
Z2

Z2
¿7ÑÂÃ�ÈOÉ R É;ÃËÊTÌ3ÅYÇTÆC¿�ÑTÆvÌJ¼NÊZ¿�Í3Ê R ÇTÆRÃË¿s¾+É�Ç�ÈC¿wÑ R ÚNÊDÎ£É R ÆáàäÍ3¿7ÑDÑbÅ`ÁVÑ U

0
� �

0 +

01

−

	 1
� �

1+

10

−

¿D¼�É)Ñ7ÑbÅ R ÆOÉ�¼?Ã
+
Ô

0
¿ÂÃ
−
Ô

1
ñ?É;Á3ÃCÇb¿DÎÐ¿D¼PÃsÍJÆRÃ

Z2
¿7ÑÂÃoÈOÉ R É;ÃËÊTÌ3ÅYÇTÆC¿�ÔeÍ3¿ÂÁ)Ö�Å'íZÕZ¿ÂÃcÑ

{0, 1}¿ÂÃsÒ3Á`É;ÃCÇb¿wÎÐÅYÇQ¾?Ú3Æ^ÑTÎÐ¿7Ñ
{ � � 0, � � 1, 01, 10} Ñ=É;ÃCÆ^ÑTêRÉ�Æ^Ñ=É�¼PÃ U

I 01 ◦ 10 = ��� 1 ¿ÂÃ 10 ◦ 01 = � � 0»½¼¬¾�¿ÂÁ3Ãp¼NÅ`ÃË¿DÇeÒ{Á;¿
Z
′
2

ÊTÌ;É�ÈC¿
D(Z2, λ)

åÓÅ32
λ
¿7ÑYÃsÈOÉçêäÅY¼ R ÃCÆCÅY¼aÍ3¿�¾ÀÅYÈOÉ�ÇTÆRÃËÊlÆk¼PÃCÇbÅ;ÍKÁ1ÆRÃË¿¾?ÈRÁVÑwÚPÉ;Á3ÃsÒ{Á1ÆoÉ)Ñ7ÑbÅ R ÆC¿

+
Ô

0
¿ÂÃ
−
Ô

1
×

�����! #"%$&"('� Mª�;�«
Z

′

2

Z
′
2

¿7ÑYÃpÈOÉ�Í3¿DÎÏÆáà R É;ÃËÊTÌ3ÅYÇTÆC¿ÐÍ3ÅY¼?Ã�ÈC¿7ÑÏÅ'íZÕY¿ÂÃcÑ\¿ÂÃpÈC¿7Ñ�ÎÐÅYÇQ¾?Ú3Æ^ÑTÎÐ¿7Ñ�ÑbÅY¼?Ã R ¿ÂÁ)ÖaÍ3¿
Z2

Î£É�Æ^ÑÍ;É�¼uÑÙÈOÉ`Ò{Á;¿DÈkÈC¿
01◦10 = ⊥

¿ÂÃ
10◦01 = ⊥

×ÓØÙ¿�Ò3Á1Æ+Ä)¿ÂÁ3Ã�ÍJÆkÇb¿pÒ3Á;¿
01
¿ÂÃ

10
¼N¿ÙÑb¿ R ÅYÎl¾ÀÅÂÑb¿D¼PÃ¼3Æ�Í;É�¼uÑlÁ1¼�Ñb¿D¼uÑp¼3Æ�Í;É�¼uÑwÈ V É;Á3ÃCÇb¿�×»½¼ R ÅY¼uÑÂÃCÇYÁ1ÆRÃ½É�Æk¼uÑTÆÙÁ1¼N¿�Í3¿DÎÏÆáà R É;ÃËÊTÌ3ÅYÇTÆC¿�êcÉ�ÈkÈOÉ R ÆC¿ÂÁVÑZ¿�×

�����! #"%$&"('� Mª*��« {®J¯�°K® ,ç·� �Q¸?º;µ1¶7®{±�<R¯
æoÉÏ¼NÅ`ÃCÆCÅY¼èÍ3¿mêäÅY¼ R ÃË¿ÂÁ1ÇwÑ V ÊÂÃË¿D¼NÍçêcÉ R ÆkÈC¿DÎÐ¿D¼?ÃÓÉ;Á)Ö�Í3¿DÎÏÆáà R É;ÃËÊTÌ3ÅYÇTÆC¿7ÑÂ×ÓæoÉ£Í3¿ÂÁ)Ö{ÆCâDÎÐ¿ R ÅY¼NÍJÆRÃCÆCÅY¼¼ V ¿7ÑYÃ�Ä)ÊDÇTÆkÜNÊZ¿ÏÒ3Á;¿/Í;É�¼uÑ�ÈC¿7Ñ R É)Ñ/Å32

f
¿ÂÃ
g
ÑbÅY¼?Ã R ÅYÎl¾�ÅÂÑ=É{í)ÈC¿7Ñ�¿ÂÃÓÆkÎl¾?ÈkÆCÒ3Á`É�¼PÃ�Ò3Á;¿

F (f)
¿ÂÃ

F (g)
ÈC¿wÑbÅY¼PÃ½É;ÁVÑ7ÑTÆQ×

= Y U�L_IKj V S Y�g Lo`NUKlHF
5�I�L_J-IKY�LTY S IKw L_lHl>L d@X	� S Y VKL V S YKY�L_J IKY�[bFHG'Y�L @�IKY�LTg8XZj:m_G S JbF>LTL_j L_Y�[bIKFHj:L
V�u L_YWLo`xjbJ,XZFHJ:LsIKY�LsVKL_p"F87 g8XZj:m_G S JbF>L M

	 Y�L 9�L_j \ m_j,XZY�jRV S YKY�m IKY�VKL_p"F87@d S Y�g_j:L_IKJ F : C→ Z
′
2 \
S Y"U�L_IKj-d@X �KJbF
5kI�L_J0l1X�VKL_p"F87 g8XZj:m_G S JbF>L

C′ = D(C, F )
P [:L^[ S � ; L_j:[iL_j�[,L^[ p S JbU >KF>[bp�L^[�[ S Ykj�g^L_IN` VKL

C \
lfu L_Y�[:L_p �Kl>L VKL^[ S � ; L_j:[eU S [bFHjbF d [

VKL
C′

L^[bj lfu FHp XZG L�J:m^g_FHUKJ S 5�I�LtVKL
0
U!XZJ

F \
L_j lfu L_Y�[:L_p �Kl>LsVKL^[ S � ; L_j:[ Y�m_G�XZjbF d [eVKL

C′
L^[bj lfu FHp XZG L

J:m^g_FHUKJ S 5kI�LWVKL
1
U!XZJ

F \
L_j l>L^[�p S JbU >KF>[bp�L^[Dg S p"U S [,X �Kl>L^[ [ S Y�j g^L_IN` V S Ykj l>L^[ FHp XZG L^[ [ S Y�j

g S p"U S [,X �Kl>L^[ M
¡£¢;¤,¥3¦)§+¨�¢�ª�)
æ�¿7ÑsÎÐÅYÇQ¾?Ú3Æ^ÑDÎÐ¿7ÑÙ¾�ÅÂÑDÆRÃCÆkêAÑsÑbÅY¼?ÃÙÍ3ÅY¼ R[R ¿ÂÁ)Ö�Ò{Á1ÆNÑbÅY¼?ÃÓ¿D¼PÄ)ÅDóuÊ7ÑwÑYÁ1ÇsÈC¿7ÑsÆCÍ3¿D¼PÃCÆRÃËÊ7ÑmÉ�ÈCÅYÇDÑ�Ò3Á;¿pÈC¿7Ñ¼NÊTÌ;É;ÃCÆkêCÑ�ÑbÅY¼?Ã R ¿ÂÁ)Ö�Ò{Á1Æ�ÑbÅY¼?Ã�¿D¼PÄ)Å7óuÊ7ÑlÑYÁ1Ç�ÈC¿7Ñ�Í3¿ÂÁ)ÖèÉ;Á3ÃCÇb¿7Ñ�ÎÐÅYÇQ¾?Ú3Æ^ÑDÎÐ¿7Ñ�Û

01
¿ÂÃ

10
ßZå�ÈOÉ\ÈCÅYÆÍ3¿7ÑmÑTÆvÌJ¼N¿7Ñ�¿7ÑYÃÙÉ�Æk¼uÑTÆ�¼PÉ;ÃTÁ1Çb¿DÈkÈC¿DÎÐ¿D¼?ÃÙÎÏÆ^ÑZ¿�¿D¼\¾?ÈOÉ R ¿�×

C′
¾�¿ÂÁ3Ã ð ÃCÇb¿�Ä;Á;¿ R ÅYÎÏÎÐ¿mÈ V ÆkÎ£ÉÂÌ3¿�ÇbÊ R Æ ¾?ÇbÅ;Ò{Á;¿/Í3¿

Z
′
2

Ä;Á;¿ R ÅYÎÏÎÐ¿�ÑbÅ`ÁVÑ7àäÍ3¿DÎÏÆáà R É;ÃËÊTÌ3ÅYÇTÆC¿Í3¿
Z2
×

C�¼ç¾+É�ÇYÃCÆ R Á1ÈkÆC¿DÇbå�Í;É�¼uÑ
C′
Í3¿ÂÁ)Ö��Nâ R ÚN¿7Ñm¼NÊTÌ;É;ÃCÆRÄ)¿7Ñ�¼N¿wÑbÅY¼?Ã�¾+É)Ñ R ÅYÎl¾ÀÅÂÑ=É{í)ÈC¿7ÑÂ×

¡£¢;¤,¥3¦)§+¨�¢ ; 0
C�¼,ÃË¿DÇTÎÐ¿�Í3¿oÕY¿ÂÁ)Ö?å{ÈC¿pêRÉ�ÆRÃ½Í V Æk¼PÃË¿DÇbÍJÆkÇb¿lÒ3Á;¿pÈC¿7Ñ �Nâ R ÚN¿7Ñp¼NÊTÌ;É;ÃCÆRÄ)¿7Ñ R ÅYÎl¾�ÅÂÑb¿D¼?Ã�¼NÅ`ÁVÑ�ÊÂÄ�ÆRÃË¿�ÈC¿7Ñ
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ÃCÇTÆOÉ�¼{ÌJÈC¿7ÑsÍ3¿ R ÅYÎl¾ÀÅÂÑTÆRÃCÆCÅY¼
(−,−)

Í;É�¼uÑ�ÈC¿7ÑbÒ3Á;¿DÈ^Ñ��:É�Ñb¿DÇ=É�ÆRÃ+É;ÁÀÕZÅ`Á;¿ÂÁ1ÇÓÍ3¿PÕYÅ`Á;¿DÇ½Í;É�¼uÑ�ÈC¿7ÑÓÍ3¿ÂÁ)ÖÉ�ÇbâD¼N¿7Ñ/Æk¼PÃË¿DÇT¼N¿7ÑÂ×çé�ÈRÁVÑ�Ì3ÊD¼NÊDÇ=É�ÈC¿DÎÐ¿D¼PÃ R'V ¿7ÑYÃpÈOÉ R ÅY¼NÍJÆRÃCÆCÅY¼GÒ3Á1Æ R Å;Í3¿lÈ V ÚPÉ{í)ÆRÃTÁ;¿DÈwÍJÆOÉÂÌJÇ=É�ÎÏÎÐ¿Í3¿7Ñ�ÊÂÃQÉ;ÃcÑÏÛRÄ)ÅYÆkÇ����ÓÈOÉ �&�;å���É�Ç�� �Vå!B R Ø �JÞ �sÅ`Á%Çb¿DÎ£É�ÇbÒ{Á;¿ �Â×��Zß�×

���Q� �   ����� �o�p�P�+*��p�N�D ��	�Z����
%�D ��
]�X VNF89�m_J:L_Y�g^L"L_YkjbJ:L VKL_p"F87 g8XZj:m_G S JbF>L^[ L_jtVKL_p"F87 g8XZj:m_G S JbF>L^[�d@XZF��Kl>L^[�J:m^[:F>VKL V�XZY�[6l>L dfXZFHj 5kI�L U S IKJ
g^L^[ VKL_JbYKF>c_J:L^[ l1Xtg S p"U S [bFHjbF S Y L^[:j0IKY�L J:L_l1XZjbF S Y j:L_JbY!XZFHJ:LiL_j U!Xh[ Y�m^g^L^[:[,XZFHJ:L_p�L_Y�j IKY�LiXZUKUKlHF>g8XZjbF S Y
U!XZJbjbF>L_lHl>L M
�����! #"%$&"('� ; �Ð«M°u® ,ç· �Tµ'?'¶7³14u¸K<ä·¹®	� ?{·�u´ ®

6 ¼N¿ÙÍ3¿DÎÏÆáà R É;ÃËÊTÌ3ÅYÇTÆC¿ÀêRÉ�ÆQí)ÈC¿
A
¿7ÑÂÃ R ÅY¼uÑYÃCÆRÃTÁ;ÊZ¿ÓÍ V Á1¼\¿D¼uÑZ¿DÎçí)ÈC¿ÓÍ V Å'íZÕZ¿ÂÃcÑ

A0
å{Í V Á1¼\¿D¼uÑZ¿DÎçí)ÈC¿ÓÍ3¿ÎÐÅYÇQ¾?Ú3Æ^ÑTÎÐ¿7Ñ

A1
åPÍ3¿�ÃCÇbÅYÆ^ÑpÉb¾3¾?ÈkÆ R É;ÃCÆCÅY¼uÑ �� � , �#��� : A1 → A0, � � : A0 → A1

¿ÂÃÙÍ V Á1¼N¿½Çb¿DÈOÉ;ÃCÆCÅY¼ÃË¿DÇT¼PÉ�ÆkÇb¿
◦ ⊆ A1 × A1 × A1

¾ÀÅ`Á1Ç/ÈOÉ R ÅYÎl¾�ÅÂÑDÆRÃCÆCÅY¼GÍ;É�¼uÑ
A1
×�»½¼ò¼NÅ`ÃË¿

f ◦ g
È V ¿D¼uÑZ¿DÎçí)ÈC¿Í3¿7Ñ �Nâ R ÚN¿7Ñ

h
ÃË¿DÈkÈC¿7Ñ�Ò{Á;¿

(h, f, g) ∈ ◦
¿D¼¬É RTR ÅYÇbÍ�ÉVÄ)¿ R Ò3Á;ÅYÆ�ÅY¼,Ê R ÇTÆkÇ=É

h ∈ f ◦ g
É;Á\ÈkÆC¿ÂÁÐÍ3¿

(h, f, g) ∈ ◦
×

�-XZJ S UKU S [bFHjbF S Y�XZIN` VKL_p"F87 g8XZj:m_G S JbF>L^[sdfXZF��Kl>L^[ \ S Y VNFHJ,X U!XZJ d S F>[tVKL_p"F87 g8XZj:m_G S JbF>L [bjbJbF>g_j:LA@ l1X
UKl1Xhg^LsVKLsVKL_p"F87 g8XZj:m_G S JbF>L M

Q L^[iV S YKY�m^L^[6[ S Y�ji[bI ; L_jbj:L^[�@�l1X lHF>[:j:LsVKLtg S Y�VNFHjbF S Y�[�[:IKFHwhXZYkj:L^[ P

I � O �
����� ( � � (x)) = x

L_j������
( � � (x)) = x

I � 	 �[bF
h
L^[:jeIKY�Lsg S p"U S [,m^LtVKL

f
L_j
g \

����� (f)
V S FHj�r_jbJ:Ltm_G�XZl#@������

(g) \ ����� (g)
@ ����� (h) L_j������ (f)

@������
(h)

I � õ �[bF
fxz

L^[bjRIKY�L6g S p"U S [,m^L�VKL
fyz

X8w L^g
fxy \

L_j
fxw

L^[bj IKY�L�g S p"U S [:m^L�VKL
fzw

X^w L^g
fxz \

XZl S J:[
FHl&Lo`xF>[bj:LsIKY�Ltg S p"U S [:m^L

fyw
VKL

fzw
X^w L^g

fyz
VKLtl1XB5kI�L_lHl>L

fxw
L^[bjeIKY�Ltg S p"U S [:m^L X8w L^g

fxy
M

� IKjbJ:L_p�L_Ykj VNFHj
\
[bF
fxz ∈ fyz ◦ fxy \

L_j
fxw ∈ fzw ◦ fxz \

XZl S J:[�FHl Lo`xF>[bj:L IKY�L"g S p"U S [:m^L
fyw ∈

fzw ◦ fyz
j:L_lHl>L5�I�L

fxw ∈ fyw ◦ fxy
M

I � õ u �VKL d@X	� S Y [bFHp"FHl1XZFHJ:L
\
[bF
fyw

L^[bj�IKY g S p"U S [:m�VKL
fzw

X^w L^g
fyz \

L_j
fxw

IKY g S p"U S [:m"VKL
fywX^w L^g

fxy \
XZl S J:[�FHl&Lo`xF>[:j:L�IKYWg S p"U S [,m

fxz
VKL
fyz

X^w L^g
fxy

VNI 5�I�L_l
fxw

L^[bjig S p"U S [:m X^w L^g
fzw

M
� IKjbJ:L_p�L_Ykj-VNFHj

\
[bF
fyw ∈ fzw◦fyz \

L_j
fxw ∈ fyw◦fxy \

XZl S J:[	FHl�Lo`NF>[bj:L IKY g S p"U S [:m
fxz ∈ fyz◦fxyj:L_l 5�I�L

fxw ∈ fxz ◦ fzw
M � w S FHJ�� n�G  M
	! �

I � � �l>L^[�F>VKL_Y�jbFHj:m^[s[ S Y�jÏ0?6:L{@CBD6=2 V�XZY�[�l>L�[:L_Y�[�[bIKFHwhXZYkj P m_j,XZYkjsV S YKY�m
f
V�XZY�[

A1 \ f ◦ � �#"%$'& (f)
L_j

� �)(+*-, (f) ◦ f
[ S Y�j�m_G�XZIN`�@

{f}
M

¡£¢;¤,¥3¦)§+¨�¢ ; �
æoÉ R ÅY¼NÍJÆRÃCÆCÅY¼�ÁVÑYÁ;¿DÈkÈC¿£Í V É)ÑDÑbÅ R ÆOÉ;ÃCÆRÄÂÆRÃËÊç¿7ÑYÃ�¿TÖV¾?ÇTÆkÎÐÊZ¿�¾+É�ÇlÈC¿7Ñ\Í3¿ÂÁ)Ö R ÅY¼NÍJÆRÃCÆCÅY¼uÑeÉ`Í3ÊZÒ{Á`É;ÃË¿7ÑÛ%.Zß�¿ÂÃ�Û%. V ß£ÛRÄ)ÅYÆkÇ�Ü{ÌP×/�'× ��ß�×



�*� �t���	��
����� ����� �N� �!�
����q(��x� ��� �-�
�2-#&���,�-
������

Y
fyz

fyw

Z

fzwX

fxy fxz

fxw

W

Y
fyz

fyw

Z

fzwX

fxy fxz

fxw

W

E-FHG'IKJ:L� M
	NP � [:[ S g_F1XZjbFHwxFHj:mtV�XZY�[el>L^[�VKL_p"F87 g8XZj:m_G S JbF>L^[�d@XZF��Kl>L^[ M

æ�¿7Ñ R ÅY¼NÍJÆRÃCÆCÅY¼uÑ_Û%.Zß¬¿ÂÃ�Û%. V ßÐÇb¿ÂÄ�ÆC¿D¼3¼N¿D¼PÃeÉaÍJÆkÇb¿�Ò3Á;¿ÐÈOÉ R ÅYÎl¾ÀÅÂÑTÆRÃCÆCÅY¼�¿D¼uÑb¿DÎçí)ÈkÆ^ÑÂÃË¿
◦ :

P(Hom(B,C)) ×P(Hom(A,B))→ P(Hom(A,C))
Í3ÊDÜ3¼3ÆC¿s¾+É�Ç U

G ◦ F = {h : Hom(A,C) | ∃f : F, g : G ���������
	�� h = f ◦ g}¿7ÑYÃ�É)ÑDÑbÅ R ÆOÉ;ÃCÆRÄ)¿�×�Ûä»½¼\êRÉ�ÆRÃ+Æ R Æ?ÇbÊDêQÊDÇb¿D¼ R ¿wÔ�ÈOÉ�¼NÅ`ÃCÆCÅY¼�Í V É)Ñ7ÑbÅ R ÆOÉ;ÃCÆRÄ�ÆRÃËÊ�¿D¼uÑb¿DÎçí)ÈkÆ^ÑYÃË¿�Í3ÊOÕbÔ�Æk¼PÃCÇbÅ�àÍKÁ1ÆRÃË¿Ó¾+É�ÇwÈOÉ�Çb¿DÎ£É�ÇbÒ{Á;¿�� �bß�×

��� ( )� ��P������� �ì�s�P�+*��p�N�D ��
Q u L^[bj"F>g_F 5�I�L lfu S Y UKJ:m^[:L_Ykj:LaY S jbJ:LDY S jbF S Y VKLaV S I �Kl>Lag8XZj:m_G S JbF>LDdfXZF��Kl>L \ 5kIKFiL^[bj�IKY�LDw'XZJbF1XZY�j:LX 9�XZF��KlHF>LsVKLsl1X Y S jbF S YWVKLsg8XZj:m_G S JbF>L V S I �Kl>LsFHY�jbJ S VNIKFHj:LsU!XZJ� L_Y!X � S I ��Tm_Y����  M

= Y"IKjbFHlHF>[:L_J,X�l>L^[ g S Ykw L_Y�jbF S Y�[TVKL l1X�[:L^g_jbF S Y O'MHOtP
c, c′, c′′

VKm^[:FHG'Y�L_Y�jRVKL^[ g S IKU�[ \ h, h′, h′′
[ S Y�j

VKL^[eY S p�[�5kI&u S Y V S YKY�L @�VKL^[��!c^g >�L^[ > S JbF�� S Ykj,XZl>L^[ M
= YqV S YKY�L F>g_F&IKY�LtFHlHlHI�[bjbJ,XZjbF S Y VKL^[ S � ; L_j:[�5kI&u S Y w'X�p XZYKFHUKIKl>L_J 5kI!XZY�V S Y U!XZJbl>L_J,X VKL V S I 7

�Kl>L^[ig8XZj:m_G S JbF>L^[ P
�����! #"%$&"('� ;{©�«M¯:®J¯ �N±{·� µ'?'¶7³14u¸�<ä· ®

6 ¼N¿ [:L^[?5kIKF87 g8XZj:m_G S JbF>L
S
¿7ÑYÃ R ÅY¼uÑÂÃCÆRÃTÁ;ÊZ¿�Í3¿7Ñ�Í3ÅY¼3¼NÊZ¿7ÑwÑÂÁ1ÆRÄbÉ�¼?ÃË¿7Ñ U

Á1¼¬Ò3Á`É`ÍJÇYÁY¾?ÈC¿ÂÃ½Í V ¿D¼uÑb¿DÎçí)ÈC¿7Ñ
{S0

å
Sv
å
Sh
å
S2}

U ¾ÀÅYÇYÃcÑlÛ ¾ÀÅ`Á1ÇmÅ'íZÕZ¿ÂÃcÑ ßZå3ÎÐÅYÇQ¾?Ú3Æ^ÑTÎÐ¿7Ñ�Ä)¿DÇYÃCÆáà
R É;Á)Ö?å?¾ÀÅÂÑTÆRÃCÆCÅY¼uÑÐÛ ¾�Å`Á1Ç�ÎÐÅYÇQ¾?Ú3Æ^ÑTÎÐ¿7Ñ�ÚNÅYÇTÆ��1ÅY¼PÃQÉ;Á)Ö;ßZåÙ¿ÂÃÀ¾+É�ÇYÃCÆC¿7ÑÐÛ ¾ÀÅ`Á1Ç R ¿DÈkÈRÁ1ÈC¿7Ñ ß�Çb¿7ÑQ¾À¿ R ÃCÆRÄ)¿=àÎÐ¿D¼?ÃD×
� Ú?Á1ÆRÃÙêRÉ R ¿7Ñ�¿D¼?ÃCÇb¿/¿ÂÁ)Ö U �� � v, �#� � v : Sv → S0; �� � h, �#��� h : Sh → S0; �� � V , �#��� V : S2 →



��� �&� ����� 2-#&
��:(��N� ��� �	�
���� �K�

A0 A1 A2 � �������	�


���� ������
A3 A4 A5 0 ������� ���	����� � � ���

0 � � ��� ���	��� � � � ���
A6 A7 A8

E-FHG'IKJ:L� M õNP � S I �Kl>L g8XZj:m_G S JbF>L ��V�XZY�["! 7 > 7fp S JbU >KF>[bp�L^[ \ !"J:mod c_J:L�@�l1X�VNFHp�L_Y�[bF S Y*VNIqg S Ykj,Xhg_j \U!XZJiLo`KL_p"UKl>Ltl>L^[ig^L_lHlHIKl>L^[�[ S Y�j @�l1X d S F>[iVKL^[ O 7fwDL_j�VKL^[ O 7 >Wp S JbU >KF>[bp�L^[ M

Sh; �� � H , �#� � H : S2 → Sv

� ¿ÂÃÀÒ{Á`É;ÃCÇb¿�Í3ÊTÌ3ÊD¼NÊDÇb¿7Ñ R ¿D¼ R ¿7Ñ U � � v : S0 → Sv; ��� h : S0 → Sh; ��� V : Sh → S2; � � H : Sv →
S2
×

� Ò3Á`É;ÃCÇb¿�¼NÅ`ÃCÆCÅY¼uÑ�Í3¿ R ÅYÎl¾ÀÅÂÑTÆRÃCÆCÅY¼uÑ U
« ÃCÇbÅYÆ^Ñ�Í V ¿D¼?ÃCÇb¿l¿DÈkÈC¿7ÑmÑbÅY¼PÃsÍ3¿7Ñ�Éb¾3¾?ÈkÆ R É;ÃCÆCÅY¼uÑ½¾+É�ÇYÃCÆC¿DÈkÈC¿DÎÐ¿D¼PÃwÍ3ÊDÜ3¼3ÆC¿7Ñ U

◦v : Sv × Sv 99K Sv; ◦V : S2 × S2 99K S2; ◦h : Sh × Sh 99K Sh« É�ÈCÅYÇDÑeÒ{Á;¿�ÈOÉ R ÅYÎl¾ÀÅÂÑTÆRÃCÆCÅY¼�ÚNÅYÇTÆ��1ÅY¼PÃQÉ�ÈC¿\Í3¿7Ñ�¾+É�ÇYÃCÆC¿7ÑÏ¿7ÑYÃ�Á1¼�ÑbÅ`ÁVÑ7àä¿D¼uÑb¿DÎÐí)ÈC¿
◦H

Í3¿
(S2 × S2 × S2)Í3ÅY¼PÃ�ÅY¼�Éb¾3¾À¿DÈkÈC¿DÇ=ÉÏÈC¿7Ñ�ÊDÈCÊDÎÐ¿D¼PÃcÑ FHY�j:L_J,Xhg_jbF S Y�[ ×�»½¼,Ê R ÇTÆkÇ=É�¾+É�ÇTêäÅYÆ^Ñ

I ∈ I1 ◦ I2
ÔÈOÉ�¾?ÈOÉ R ¿�Í3¿

(I, I1, I2) ∈ ◦H
×

ØÙ¿7Ñ�Í3ÅY¼3¼NÊZ¿7Ñ�Í3ÅY¼3¼N¿D¼?ÃÀÈkÆC¿ÂÁ£Ô\Ò3Á`É;ÃCÇb¿mÑYÃCÇYÁ R ÃTÁ1Çb¿7Ñ R É;ÃËÊTÌ3ÅYÇTÆCÒ{Á;¿7Ñbå
� Sh = {S0, Sh, ◦h, � � h} ¿7ÑYÃmÁ1¼N¿ÏÍ3¿DÎÏÆáà R É;ÃËÊTÌ3ÅYÇTÆC¿\Ò{Á V ÅY¼aÄZÉeÎ£É�Æk¼?ÃË¿D¼PÉ�¼PÃ�Éb¾3¾�¿DÈC¿DÇ VKL_p"F87g8XZj:m_G S JbF>L > S JbF�� S Y�j,XZl>L å
� Sv = {S0, Sv, ◦v , ��� v} ¿7ÑYÃpÁ1¼N¿ R É;ÃËÊTÌ3ÅYÇTÆC¿lÒ3Á V ÅY¼�Éb¾3¾�¿DÈkÈC¿DÇ=É g8XZj:m_G S JbF>Ltw L_JbjbF>g8XZl>L å
� SV = {Sh, S2, ◦V , � � V } ¿7ÑYÃpÁ1¼N¿ R É;ÃËÊTÌ3ÅYÇTÆC¿/Ò{Á V ÅY¼�Éb¾3¾À¿DÈkÈC¿DÇ=É l1X�g8XZj:m_G S JbF>L 1

7fw L_JbjbF>g8XZl>L å
� SH = {Sv, S2, ◦H , � � H} ¿7ÑYÃ�Á1¼N¿èÍ3¿DÎÏÆáà R É;ÃËÊTÌ3ÅYÇTÆC¿¬êRÉ�ÆQí)ÈC¿èÒ3Á V ÅY¼ Éb¾3¾�¿DÈkÈC¿DÇ=É l1X VKL_p"F87

g8XZj:m_G S JbF>L�dfXZF��Kl>L
1
7 > S JbF�� S Y�j,XZl>L å

ØÙ¿7Ñ�Í3ÅY¼3¼NÊZ¿7Ñ�Í3ÅYÆRÄ)¿D¼?ÃwÄ)ÊDÇTÆkÜN¿DÇ�ÈC¿7Ñ R ÅY¼NÍJÆRÃCÆCÅY¼uÑlÍ3¿ R ÅYÎl¾+É;ÃCÆQí)ÆkÈkÆRÃËÊ7Ñ�ÑYÁ1ÆRÄbÉ�¼?ÃË¿7Ñ U
I
ÛRÝ:ß
�� � V ¿ÂÃ �#��� V ÑbÅY¼?Ã�Í3¿7Ñ/êQÅY¼ R ÃË¿ÂÁ1ÇDÑ\¿D¼ R ¿%Ñb¿D¼uÑ\Ò{Á;¿Zå�ÑTÆ

c
¿7ÑÂÃlÁ1¼ R ÅYÎl¾ÀÅÂÑbÊ¬ÛkÚNÅYÇTÆ��1ÅY¼PÃQÉ�ÈvßÍ3¿

c′
ÉVÄ)¿ R

c′′
É�ÈCÅYÇDÑ �� � V (c)

¿7ÑÂÃÀÈC¿ R ÅYÎl¾�ÅÂÑbÊ%Í3¿ �� � V (c′)
ÉJÄ)¿ R �� � V (c′′)

ÛkÇb¿7ÑQ¾�× �#��� V ¿7ÑYÃÙÈC¿
R ÅYÎl¾ÀÅÂÑbÊ�Í3¿ �#� � V (c′)

ÉVÄ)¿ R �#��� V (c′′)



�N� �t���	��
����� ����� �N� �!�
����q(��x� ��� �-�
�2-#&���,�-
������

I
ÛRÝ V ß
�� � H ¿ÂÃ �#��� H ÑbÅY¼PÃ�Í3¿7Ñ�êQÅY¼ R ÃË¿ÂÁ1ÇDÑ%¿D¼ R ¿lÑb¿D¼uÑ�Ò{Á;¿Zå�ÑTÆ

c
¿7ÑYÃsÈC¿ R ÅYÎl¾�ÅÂÑZÊ\Ä)¿DÇYÃCÆ R É�È�Í3¿

c′ÉJÄ)¿ R
c′′
É�ÈCÅYÇDÑ �� � H(c)

¿7ÑYÃìÈC¿ R ÅYÎl¾�ÅÂÑbÊ�Ä)¿DÇYÃCÆ R É�ÈpÛCÍ;É�¼uÑ
J0 ß�Í3¿ �� � H(c′)

ÉVÄ)¿ R �� � H(c′′)
ÛkÇb¿7ÑQ¾�×

�#� � H ¿7ÑYÃpÁ1¼ R ÅYÎl¾ÀÅÂÑbÊ�Í3¿ �#� � H(c′)
ÉJÄ)¿ R �#��� H(c′′)

I
Û ��ßÑDÆ
h
¿7ÑYÃPÈC¿ R ÅYÎl¾�ÅÂÑbÊsÍ3¿

h′
ÉVÄ)¿ R

h′′
É�ÈCÅYÇDÑ � � V (h)

¿7ÑYÃìÁ1¼ R ÅYÎl¾�ÅÂÑbÊ�ÛkÚNÅYÇTÆ��1ÅY¼PÃQÉ�ÈvßwÍ3¿ ��� V (h′)ÉJÄ)¿ R � � V (h′′)Í3¿Ó¾?ÈRÁVÑ � � V (h)
¿7ÑYÃ�È V Á1¼3ÆCÒ{Á;¿ R ÅYÎl¾�ÅÂÑbÊ U

{ � � V (h)} = ��� V (h′) ◦H � � V (h′′)
×

I
Û%.ZßéÙÅ`Á1Ç/ÃËÅ`Á3Ã

d : S0
å ��� V ( � � h(d)) = � � H( ��� v(d))

I
Û �ÂßÈC¿7ÑsêäÅY¼ R ÃCÆCÅY¼uÑ �� � ¿ÂÃ �#��� ÑYÁ1ÇsÈC¿7Ñ R ¿DÈkÈRÁ1ÈC¿7Ñ�Ñ=É;ÃCÆ^ÑDêQÅY¼?ÃoÈC¿7Ñ�Ò3Á`É;ÃCÇb¿�ÆCÍ3¿D¼PÃCÆRÃËÊ7Ñ�¼PÉ;ÃTÁ1Çb¿DÈkÈC¿7ÑwÑYÁ1ÆRÄ1àÉ�¼?ÃË¿7Ñbå;¾ÀÅ`Á1ÇlÃËÅ`Á3ÃË¿ R ¿DÈkÈRÁ1ÈC¿

c
å

�� � v( �� � H(c)) = �� � h( �� � V (c))
�� � v( ����� H(c)) = �#��� h( �� � V (c))
�#� � v( �� � H(c)) = �� � h( ����� V (c))
�#� � v( ����� H(c)) = �#��� h( ����� V (c))

I
Û%�ZßÈC¿7Ñ �� � ¿ÂÃ �#��� Ä)¿DÇYÃCÆ R É�ÈC¿7Ñ%ÛkÇb¿7ÑQ¾�×ìÚNÅYÇTÆ��1ÅY¼?ÃQÉ�ÈC¿7Ñ ß�Í V Á1¼N¿ R ¿DÈkÈRÁ1ÈC¿pÆCÍ3¿D¼PÃCÆRÃËÊ�ÚNÅYÇTÆ��1ÅY¼PÃQÉ�ÈC¿eÛkÇb¿7Ñä¾�×Ä)¿DÇYÃCÆ R É�ÈC¿Tß�ÑbÅY¼PÃ+Í3¿7Ñ+ÆCÍ3¿D¼?ÃCÆRÃËÊ7Ñ�ÚNÅYÇTÆ��1ÅY¼?ÃQÉ�ÈC¿7ÑmÛkÇb¿7Ñä¾�×ÙÄ)¿DÇYÃCÆ R É�ÈC¿7Ñ ß½Í3¿7Ñ�ÑbÅYÎÏÎÐ¿ÂÃcÑ R ÅYÇTÇb¿7ÑQ¾ÀÅY¼NÍ;É�¼PÃcÑÂ×

���+¢;¤ ���O¢ ; .¬«��+®J¯ ��±{·� µ'?'¶7³14u¸�<Q·¹®
éÙÅ`Á1Ç/ÃËÅ`Á3ÃË¿ R É;ÃËÊTÌ3ÅYÇTÆC¿

C
ÅY¼\¾�¿ÂÁ3Ã R ÅY¼uÑYÃCÇYÁ1ÆkÇb¿/Á1¼N¿mÑb¿7ÑZÒ{Á1Æáà R É;ÃËÊTÌ3ÅYÇTÆC¿ U

I Sh

= C
ÛkÆkÈ+êcÉ;Á3Ã�ÑZ¿�Çb¿ä¾?ÇbÊ7Ñb¿D¼PÃË¿DÇmÈC¿7Ñ �Nâ R ÚN¿7ÑmÚNÅYÇTÆ��1ÅY¼PÃQÉ�ÈC¿DÎÐ¿D¼?ÃAß

I Sv

= C
ÛkÆkÈ+êcÉ;Á3Ã�ÑZ¿�Çb¿ä¾?ÇbÊ7Ñb¿D¼PÃË¿DÇmÈC¿7Ñ �Nâ R ÚN¿7Ñ�Ä)¿DÇYÃCÆ R É�ÈC¿DÎÐ¿D¼PÃAß

I SHÈOÉ R É;ÃËÊTÌ3ÅYÇTÆC¿eÍ3¿7Ñ�ÎÐÅYÇQ¾?Ú3Æ^ÑTÎÐ¿7ÑÏÍ3¿
C
R'V ¿7ÑYÃRàRÔ1àäÍJÆkÇb¿�ÈOÉ R É;ÃËÊTÌ3ÅYÇTÆC¿ÏÍ3ÅY¼PÃsÈC¿7Ñ�Å'íZÕY¿ÂÃcÑ�ÑbÅY¼PÃsÈC¿7ÑÎÐÅYÇQ¾?Ú3Æ^ÑTÎÐ¿7Ñ�Í3¿
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V S FHw L_Y�jD[8u FHY�j:L_JbUKJ:m_j:L_JDg S p"p�LWVKL^[ g S IKU�[ V�XZY�[ l1X UKJ S<; L^g_jbF S Y%Lo`xj:L_JbY�L M 	 j g'u L^[bj�l>L J��hl>L 5�I�L



��� ����� ��� 
� ��������(���
��- &� �%2	#��N���� � �

; S I�L_Ykjsl>L^[tjbJbFHUKl>Lo`KL^[ \ FHl>[tjbJ,XhVNIKF>[,L_Y�j IKY g S IKU V�u IKY�L"U S [:FHjbF S Y�V�XZY�[tIKY�L XZIKjbJ:L P U!XZJsLo`KL_p"UKl>L \S Y L^[bjsV�XZY�[tIKY�L�FHY�j:L_J,Xhg_jbF S Y \
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t \«�xc2���>A@R4b9`>O0�'ç47F10PH1>C@C>CFV0V~ V�XZY�[
I q J \

l>L^[�m_l>m_p�L_Y�j:[6VKLtJ,XZYKG�FHp"U!XZFHJ � [ XZINd l>LsUKJ:L_p"F>L_J � [ S Ykj�VNIp�r_p�Lsg �hj:m � I S I J � 5�I�L�l>L_IKJ�UKJ:m^VKm^g^L^[:[:L_IKJ M
��������� �� � ����� ��� �
�À¢'¤�¤,¢ � � �

� ÅYÆRÃ s = 〈I, i, p〉
¿ÂÃ
s′ = 〈I ′, i′, p′〉

Í3¿ÂÁ)Ö�ÃCÆkÎÏÆk¼{Ì`ÑmÊZÒ{Á1ÆRÄZÉ�ÈC¿D¼PÃcÑ�¿D¼ 	Z¿sÑb¿D¼uÑwÒ3Á V ÆkÈ�¿TÖ{Æ^ÑYÃË¿�Á1¼N¿í)Æ ÕY¿ 	ÂÃCÆCÅY¼ 	DÇbÅYÆ^ÑDÑ=É�¼?ÃË¿�Í3¿
I
ÑYÁ1Ç

I ′
Ò3Á1Æ 	ZÅYÎÏÎçÁ3ÃË¿�Ô

i
¿ÂÃ
i′
ÛRÄ)ÅYÆkÇsÜ{ÌKÁ1Çb¿��'×vÝ:ß�× � ÅYÆRÃ ϕ È V Á1¼3ÆCÒ{Á;¿ÅYÇbÍJÇb¿mÑÂÁ1Ç

I q I ′
	ZÅYÎl¾+É;ÃCÆQí)ÈC¿�ÉJÄ)¿ 	

p
¿ÂÃ
p′
¿ÂÃÓÍ;É�¼uÑwÈC¿ZÒ{Á;¿DÈ

« ÈC¿7Ñ�ÊDÈCÊDÎÐ¿D¼PÃcÑ�Í3¿wÇ=É�¼{Ì�¾+É�ÆkÇ�¼N¿wÑZÅY¼PÃ�¾+É)Ñ�ÍKÁeÎ ð ÎÐ¿
	 ï ÃËÊ�Ò3Á;¿�ÈC¿ÂÁ1Ç½¾?ÇbÊZÍ3Ê 	Z¿7ÑDÑb¿ÂÁ1ÇÂ×
« ÈC¿7Ñ�ÊDÈCÊDÎÐ¿D¼PÃcÑÀÍ3¿�Ç=É�¼{ÌwÆkÎl¾+É�ÆkÇ�Û^Ñ:É;Á1ê'ÈC¿P¾?Çb¿DÎÏÆC¿DÇ ß�ÑbÅY¼PÃNÍKÁsÎ ð ÎÐ¿ 	 ï ÃËÊÀÒ{Á;¿+ÈC¿ÂÁ1Ç?¾?ÇbÊZÍ3Ê 	Z¿7ÑDÑb¿ÂÁ1ÇÂ×
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� ÈCÅYÇDÑ
(I q I ′, iq i′, ϕ)

¿7ÑYÃpÁ1¼�ÎÐÅYÇQ¾?Ú3Æ^ÑTÎÐ¿lÍ3¿
s
Í;É�¼uÑ

s′
Ò3Á V ÅY¼�Éb¾3¾�¿DÈkÈC¿wÈC¿ 	ZÅ=¾{ó 	:É;ÃpÍ3¿

s
Ô
s′
× � Æ s = s′

ÅY¼èÍJÆRÃÙÉ;ÁVÑ7ÑTÆ�ÈC¿
	ZÅ=¾;ó�	:É;ÃsÍ3¿
s
×

{Q,R}

	

I

i

I ′

i′

E-FHG'IKJ:L �NMHO'P l1X �KF ; L^g_jbF S YWg S p"p IKj:L @
i
L_j
i′

��������� ����� ������� ��� �	�
���
�À¢'¤�¤,¢ � �;©

� ÅYÆC¿D¼?Ã f = 〈I q J, i q j, ϕ〉
Á1¼�ÎÐÅYÇQ¾?Ú3Æ^ÑTÎÐ¿�ÍKÁ�ÃCÆkÎÏÆk¼{Ì

r = 〈I, i, m〉
Í;É�¼uÑmÈC¿/ÃCÆkÎÏÆk¼{Ì

s = 〈J, j, n〉
¿ÂÃ
g = 〈J q K, j q k, ψ〉

Á1¼MÎÐÅYÇQ¾?Ú3Æ^ÑTÎÐ¿¬ÍKÁdÃCÆkÎÏÆk¼{Ì
s
Í;É�¼uÑ£ÈC¿�ÃCÆkÎÏÆk¼{Ì

t = 〈K, k, p〉
× � ÆÓÅY¼¬¼NÅ`ÃË¿ o ÈOÉ\Çb¿DÈOÉ;ÃCÆCÅY¼�ÑYÁ1Ç I q J qK Å'í{ÃË¿D¼?Á;¿e¿D¼�¾?Çb¿D¼PÉ�¼PÃsÈOÉ 	DÈ ï ÃTÁ1Çb¿ÃCÇ=É�¼uÑTÆRÃCÆRÄ)¿/Í3¿
ϕ ∪ ψ

å?É�ÈCÅYÇDÑ��
«
o
¿7ÑÂÃ�È V Á1¼3ÆCÒ{Á;¿�ÅYÇbÍJÇb¿�ÃËÅ`ÃQÉ�È�ÑYÁ1Ç

I q J qK
Æk¼NÍKÁ1Æ^Ñ=É�¼?Ã

ϕ
¿ÂÃ
ψ
ñ

« ÑTÆÀÅY¼¬¼NÅ`ÃË¿
o′
ÈOÉÏÇb¿7ÑYÃCÇTÆ 	ÂÃCÆCÅY¼òÍ3¿

o
Ô
I qK

å+É�ÈCÅYÇDÑ
〈I qK, i q k, o′〉

¿7ÑYÃwÁ1¼¬ÎÐÅYÇQ¾?Ú3Æ^ÑTÎÐ¿Í3¿
r
Í;É�¼uÑ

t
×
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]&L U S FHYkj g_JbI�g_F1XZl L^[bj 5kI�L [:FRl1Xal S YKG'I�L_IKJ�VKL

J
L^[:j FHp"U!XZFHJ:L

\
l>L VKL_JbYKF>L_J�g S IKU VKL

ψ
L^[bj

V�XZY�[
J
j,XZY�VNF>[ 5�I�Le[:F�g^L_jbj:Lil S YKG'I�L_IKJRL^[bj0U!XZFHJ:L \ g'u L^[bj0l>LiVKL_JbYKF>L_J g S IKU VKL ϕ 5�IKF�L^[bj d S J:g^m_p�L_YkjV�XZY�[

J
M

= Y VKmon�YKFHjRl>Leg S p"U S [:miVKL�VKL_IN` p S JbU >KF>[bp�L^[
f
L_j
g
g S p"p�L�V�XZY�[0l>Lel>L_p"p�L \

U!XZJ0l1X6d S Jbp IKl>L

(I qK, i q k, o′)
M

��¦ ' � ' � " $&"('- � � .�«
TAJM

®J¯=¶/±Kº'®�µ'?`¶=³14u¸K<ä·¹®
ØÙ¿ÂÃTÃË¿ 	ZÅYÎl¾�ÅÂÑDÆRÃCÆCÅY¼lÎ£Á1¼3ÆRÃPÈ V ¿D¼uÑb¿DÎÐí)ÈC¿ÓÍ3¿7Ñ½ÃCÆkÎÏÆk¼{Ì`Ñ½Í V Á1¼N¿ìÑYÃCÇYÁ	ÂÃTÁ1Çb¿ÓÍ3¿ 	:É;ÃËÊTÌ3ÅYÇTÆC¿�êcÉ�ÈkÈOÉ�	DÆC¿ÂÁVÑZ¿Í3ÅY¼?ÃÀÈC¿7ÑpÆCÍ3¿D¼?ÃCÆRÃËÊ7ÑwÑbÅY¼?Ã�ÈC¿7Ñ 	ZÅ=¾;ó�	:É;ÃcÑÂ×

��������* ������ ��+� �
= Y [:m_l>L^g_jbF S YKY�L�g S p"p�L"g S IKU�[tl>L^[�UKJ:monK`KL^[tFHp"U!XZFHJ:[sVKL^[tg S U �xg8XZj:[ M�QTS p"p�L"g S IKU�[ �!Xhg � � XZJ:V \S Y UKJ:L_Y�VWg^L_IN`/5kIKF�[:L�j:L_Jbp"FHY�L_Y�j @�G�XZI�g >�L

\
L_j�g S p"p�L g S IKU�[ed S J��TXZJ:V \

g^L_IN`�5kIKF�[:L�j:L_Jbp"FHY�L_Ykj
@tVNJ S FHj:L M = Y J:L_p XZJ?5kI�L�5kI�LiV�XZY�[ IKY g S IKU �!Xhg����TXZJ:V \ l1X [ S IKJ:g^LiL^[bj U!XZFHJ:L�L_j l>L �KIKj L^[bj FHp"U!XZFHJ \
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j,XZY�VNF>[#5kI�L U S IKJ�l>L^[-g S IKU�[&d S J��TXZJ:V \ g'u L^[:j�l1Xep�r_p�L g?> S [:L M � l�[8u L_Y�[bIKFHj 5�I�L VKL_IN` g S IKU�[ �!Xhg � � XZJ:V
� S IWVKL_IN`Dg S IKU�[id S J�� XZJ:V � Y�Lt[ S Ykj ; XZp XZF>[ig S p"U S [ X �Kl>L^[ M

��������, ������� ���! ����$�
 - /� �	�0���)(  �  � �	� ��� �  �
AJM

� w L^gtg^L^[iV S YKY�m^L^[ S YDd@X �KJbF
5kI�LtV S Y�g�IKY ; L_I L_j S YWX IKY�LsVKL^[,g_JbFHUKjbF S YWXZG'J:m8X �Kl>LsVKLt[,X�g8XZj:m_G S JbF>L
w L_JbjbF>g8XZl>L P
��¦ ' � ' � " $&"('- � � 	

6 ¼,ÎÐÅYÇQ¾?Ú3Æ^ÑTÎÐ¿ÐÄ)¿DÇYÃCÆ 	:É�ÈwÍKÁ,ÃCÆkÎÏÆk¼{Ì
r = 〈I, i, m〉

Í;É�¼uÑ�ÈC¿£ÃCÆkÎÏÆk¼{Ì
s = 〈J, j, n〉

¿7ÑYÃlÁ1¼N¿Æk¼ÂÕY¿ 	ÂÃCÆCÅY¼£¾?ÇbÊDÜ{Ö?¿�Í3¿
I
Í;É�¼uÑ

J
	ZÅYÎÏÎçÁ3ÃQÉ�¼PÃpÔ

i
¿ÂÃ
j
×

���'¤ '- �� $Y¦�¥ $&"('� ��
= Y VKmon�YKFHj VKL_IN` XZUKUKlHF>g8XZjbF S Y�["L_YkjbJ:L l>L^[�VKL_IN`�L_Y�[:L_p �Kl>L^[�L_j S Y p S Y�jbJ:L65kI�L g^L^[ VKL_IN`

XZUKUKlHF>g8XZjbF S Y�[�[ S YkjiFHY�w L_J:[:L^[�lfu IKY�LsVKLtlfuvXZIKjbJ:L M

��� ( �ç ��
sho

�V�P� ���D� *��
= YWVKmon�YKFHjiF>g_F&l>L ; L_I

sho
VKL^[�jbFHp"FHYKG [�XhV�XZUKj:m^[�@�l1X£2���>A@R4b9`>O0�'£4DFV0PH1>C@C>CF10 �� � 	��mö �  M

����� �
	 ���������������
��Y

sho
7fjbFHp"FHYKG"L^[bjTIKY

ho
7fjbFHp"FHYKG"p IKYKF�V�u IKY S J:VNJ:L6j S j,XZl�g S p"U!XZjbF��Kl>LtX^w L^g�l>L^[ ; I�[:jbF n!g8XZjbF S Y�[eL_j

XZlHj:L_JbY!XZY�ji[ S p"p�L_j:[ U S [bFHjbF d@[TL_jTY�m_G�XZjbF d@[ M = YaVNFHj 5kI�L6VKL_IN`
sho

7fjbFHp"FHYKG [e[ S Y�jem 5�IKFHw'XZl>L_Y�j:[e[ u FHl �
X�L_Y�jbJ:L L_IN`DIKY�L � IKYKF
5kI�L � �KF ; L^g_jbF S YWg_J S F>[:[,XZYkj:L L_jig S p"U!XZjbF��Kl>L X8w L^gtl>L^[ ; I�[bjbF n!g8XZjbF S Y�[ M

����� ��� ������ ���	��
�
���  �
��Y p S JbU >KF>[:p�L > S JbF�� S Ykj,XZl

m
VKL

sho
7fjbFHp"FHYKG [ VKL

a
w L_J:[

b
L^[bj�IKY p S JbU >KF>[bp�L

initm
L_Y�jbJ:L

l>L^[
ho
7fjbFHp"FHYKG ["[ S I�[ 7 ; Xhg^L_Y�j:[ \ X^w L^gDL_Y UKlHI�[�IKY S J:VNJ:L j S j,XZl

τ � XZI�[:[bFTY S j:m < � \ 5�I&u S Y XZUKU�L_lHl>L
lfu L_Y�jbJ:L_l1Xhg^[�VKL

m \
[bIKJ l1XWJ:m_IKYKF S Y VKL^[�[ S p"p�L_j:["VKL

a
X8w L^g g^L_IN` VKL

b \
l>L j S IKj�Xh[:[bI ; L_jbjbF XZIN`

g S Y�VNFHjbF S Y�[�[bIKFHw'XZY�j:L^[ M

� τ
FHY�VNIKFHjil>L^[ S J:VNJ:L^[�V S YKY�m^[�[bIKJ

a
L_j
b

�
[bF
s
L^[:jeIKYW[ S p"p�L_jiFHYKFHjbF1XZl�V�XZY�[

a \
XZl S J:[

initm(s) < s
� τ

L^[:jeXZlHj:L_JbY�m � U S IKJ O/P � L_jew m_JbF n!L�l1X [��eFHj:g?>KFHYKG g S Y�VNFHjbF S Y P l>L^[e[ S p"p�L_j:[ U S [:FHjbF d [e[ S Ykj
VNI p�r_p�Lsg �hj:m:5kI�L�l>L_IKJiUKJ:m^VKm^g^L^[:[:L_IKJ M

= Y VNFHj 5kI�L lfu L_YkjbJ:L_l1Xhg^["L^[bj g S U �xg8XZj"[8u FHl XqXZI UKlHI�[�VKL_IN` [ S p"p�L_j:[�g S Y�[:m^g_IKjbF d@[ VNI p�r_p�L
g �hj:m M

� S IKJTl>L^[ jbFHp"FHYKG [
HO \ S

Y X^w'XZFHjTUKJbF>[RVKL^[ G'J,XZU >�L^[ Y S Y S J:V S YKY�m^L^[TU S IKJ Xh[:[bIKJ:L_JRlfu IKYKF>g_FHj:m6VKL
l1X g S p"U S [bFHjbF S Y6> S JbF�� S Y�j,XZl>L M � g_F \ g^L�Y&u L^[bj UKlHI�[TY�m^g^L^[:[ XZFHJ:L P0S Y U�L_IKj V S Y�g�UKJ:L_Y�VNJ:LtVKL^[TG'J,XZU >�L^[S J:V S YKY�m^[ \

L_jDg'u L^[bj6>�L_IKJ:L_IN` UKIKF>[ 5�I�L
\
U S IKJag?> S F>[:FHJDVKL^[ag S IKU�[65kIKF�J:L^[bU�L^g_j:L_YkjDl1X [��eFHj:g?>KFHYKG

g S Y�VNFHjbF S Y \
FHl�dfXZIKjiU S IKw S FHJ�J:L^g S Y�[bjbFHjbI�L_Jil>LsVKL_JbYKF>L_J�g S IKU ; S I�m M
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���
� g_F-L_Y�g S J:L \ S

Y*Y�L g S p"U S [:L�5�I�L VKL^[6p S JbU >KF>[bp�L^[�V S Y�j6lfu IKY XZI*p S FHY�[�L^[bj�U S [bFHjbF d M � S IKJtg S p 7
U S [:L_J VKL_IN` j:L_l>[Tp S JbU >KF>[bp�L^[ \ n : b→ c

L_j
m : a→ b \

V�u IKY�L6U!XZJbj S YDg S p"U S [:L�l1X ; I�[bjbF n!g8XZjbF S Y
VKL^[e[ S p"p�L_j:[ FHYKFHjbF1XZIN` M � uvXZIKjbJ:L�U!XZJbj \ S

Y S ��[:L_Jbw L 5kI�L�lfu S J:VNJ:L�FHY�VNIKFHjeU!XZJ
m

L_j
n
[bIKJ

aq bq cL^[bj�j S j,XZl \
L_j S YqUKJ:L_Y�V*[,X J:L^[bjbJbF>g_jbF S Y @

a q c
g S p"p�L S J:VNJ:L j S j,XZl-g S p"U S [:m M = Y S �KjbF>L_Ykj �KF>L_Y

XZFHY�[bF&IKY�LtVKL_p"F87 g8XZj:m_G S JbF>L d@XZlHl1Xhg_F>L_I�[:L M

����� ��� ������ ��+� �
QTS p"p�L g S IKU�[id S J�� XZJ:V \ S

Yq[:m_l>L^g_jbF S YKY�L l>L^[�p S JbU >KF>[bp�L^[
m : a→ b

S�� l>LsVKL_JbYKF>L_J�[ S p"p�L_j6VKL

b
L^[:jsU S [:FHjbF d \ a

L^[bj m 5kIKFHwhXZl>L_Ykj�@
b
UKJbFHw m VKL g^L�VKL_JbYKF>L_J [ S p"p�L_j \ initm

; I�[bjbF n!L"l>L^[ [ S p"p�L_j:[
FHYKFHjbF1XZIN`DU!XZJ�l>L^[i[ S p"p�L_j:[�VKL�p�r_p�LsJ,XZYKG \

L_jilfu L_Y�jbJ:L_l1Xhg^[6L^[bjig S U �xg8XZj M
� �kp�m_jbJbF
5kI�L_p�L_Y�j \ g S p"p�L g S IKU�[ �!Xhg � � XZJ:V S Yq[:m_l>L^g_jbF S YKY�L l>L^[�p S JbU >KF>[bp�L^[

m : a→ b
S��

l>LsVKL_JbYKF>L_J�[ S p"p�L_j�VKL
a
L^[bj�Y�m_G�XZjbF d

\ b
L^[bj�m 5�IKFHw'XZl>L_Y�j @

a
UKJbFHw msVKL g^LsVKL_JbYKF>L_J�[ S p"p�L_j \ initm; I�[bjbF n!L�l>L^[�[ S p"p�L_j:[eFHYKFHjbF1XZIN`aU!XZJil>L^[i[ S p"p�L_j:[�VKL�p�r_p�LtJ,XZYKG \ L_j�lfu L_Y�jbJ:L_l1Xhg^[6L^[bjig S U �Ng8XZj M

����� ��* ������� ���! ����$�
 - /� �	�0���)( 
= Y"w m_JbF n!LTd@Xhg_FHl>L_p�L_Ykj 5�I&u IKY�p S JbU >KF>[bp�L w L_JbjbF>g8XZl

m : a→ b
VKL
sho

7fjbFHp"FHYKG [0F>VKL_YkjbF n!L
a
g S p"p�L

IKY UKJ:monK`NL VKL
b
M
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6 ¼N¿ XZJ:c_Y�L ¿7ÑYÃ�Á1¼N¿%êQÅYÇ ð ÃmÜ3¼3ÆC¿Zå�Í3ÅY¼PÃ�ÈC¿7Ñ�¼edlÁ;Í`Ñ%ÑbÅY¼PÃ�Éb¾3¾À¿DÈCÊ7Ñ g S IKU�[ ×�æìÉ U S l1XZJbFHj:m Í V Á1¼
	ZÅ`ÁY¾è¿7ÑYÃ+ÈOÉp¾+É�ÇTÆRÃËÊmÍ3¿½ÈOÉ�ÈCÅY¼{ÌKÁ;¿ÂÁ1Ç�ÍKÁ 	ËÚN¿DÎÏÆk¼�¿D¼?ÃCÇb¿ 	Z¿ 	ZÅ`ÁY¾�¿ÂÃ+ÈOÉ�Ç=É�	DÆk¼N¿wÍ3¿ÓÈ V É�ÇÂí)Çb¿pÉ;Á;Ò3Á;¿DÈÆkÈ+Éb¾3¾+É�ÇYÃCÆC¿D¼PÃD×Ùæ�¿7ÑsÇ=É�	DÆk¼N¿7ÑsÑbÅY¼PÃ½Í3¿À¾�ÅYÈOÉ�ÇTÆRÃËÊ

O
å;ÈC¿ÂÁ1ÇDÑÓÜ3È^ÑsÑbÅY¼?ÃÙÍ3¿À¾ÀÅYÈOÉ�ÇTÆRÃËÊ

P
× � Æ n ¿7ÑÂÃ½Á1¼N¿Ç=É�	DÆk¼N¿�Í3¿½È V Á1¼�Í3¿7ÑsÉ�ÇÂí)Çb¿7ÑZåPÅY¼�ÍJÆRÃ�Ò3Á;¿

n
¿7ÑYÃ½Á1¼ 	ZÅ`ÁY¾ FHYKFHjbF1XZl 	Z¿wÒ3Á V ÅY¼£¼NÅ`ÃË¿

` n
× � ÆPÈC¿ 	ZÅ`ÁY¾

n
¿7ÑYÃpÁ1¼�Ü3È^Ñ�ÍKÁ 	ZÅ`ÁY¾

m
å+ÅY¼�ÍJÆRÃsÒ3Á;¿

m
whXZlHF>VKL

n
å�	Z¿�Ò3Á V ÅY¼�¼NÅ`ÃË¿

m ` n
×

= YWg S Y�[bj,XZj:L:5kI�Ltg^L^[�XZJ:c_Y�L^[�[ S Y�j�Lo`�Xhg_j:L_p�L_Y�j�Y S [
ho
7fjbFHp"FHYKG [ M

�����! #"%$&"('� � ��;�« 
6<4c{º'®��0c`µ �'®
� Æ A ¿ÂÃ

B
ÑbÅY¼?Ã�Í3¿ÂÁ)Ö�É�ÇbâD¼N¿7Ñbå�È V É�ÇbâD¼N¿ �Nâ 	äÚN¿

A → B
¿7ÑYÃ�Å'í{ÃË¿D¼?Á;¿\¿D¼aÉbÕZÅ`Á3ÃQÉ�¼?Ã�Ô

B
Á1¼N¿

	ZÅ=¾?ÆC¿/Í3¿
A
¾�Å`Á1Ç 	ËÚPÉ`Ò{Á;¿�Ç=É�	DÆk¼N¿

r
Í3¿
B
¿ÂÃ�¿D¼/ÕÂÁVÑÂÃCÆkÜPÉ�¼PÃwÃËÅ`ÁVÑmÈC¿7Ñ 	ZÅ`ÁY¾NÑwÆk¼3ÆRÃCÆOÉ;Á)ÖèÍ3¿ 	Z¿ÂÃTÃË¿

	ZÅ=¾?ÆC¿Ó¾+É�Ç
r
×

�����! #"%$&"('� � � �¬«��ì±{· ¶7®q=u¸K·kº'¶7³J®
6 ¼N¿ [bIKFHj:L U S FHY�j:m^L ÑÂÁ1ÇmÈ V É�ÇbâD¼N¿

A
¿7ÑÂÃmÁ1¼�	ZÅ`ÁY¾?ÈC¿

(s, f)
Å32

s
¿7ÑÂÃ�Á1¼N¿�ÑYÁ1ÆRÃË¿�Ü3¼3ÆC¿%Í3¿ 	ZÅ`ÁY¾NÑÍ3¿

A
¿ÂÃËå+ÑTÆ

k
¿7ÑYÃÙÈOÉ\ÈCÅY¼{ÌKÁ;¿ÂÁ1Ç

|s|
Í3¿

s
Û
s = n1n2...nk

ßZå
f
¿7ÑYÃ�Á1¼N¿�êQÅY¼�	ÂÃCÆCÅY¼_Í3¿

{1, ..., k}ö 



� � �����	��
����� �����R� �o�!#
HO

�K� � �!� � �	�
1�	 ������

Í;É�¼uÑ
{0, ..., k − 1}

ÃË¿DÈkÈC¿�Ò3Á;¿ �
• f(i) < i

•
ÑTÆ
f(i) = 0

É�ÈCÅYÇDÑ
ni
¿7ÑÂÃpÁ1¼ 	ZÅ`ÁY¾�Æk¼3ÆRÃCÆOÉ�È�Í3¿

A

•
ÑTÆ
f(i) = j 6= 0

É�ÈCÅYÇDÑ
nj
ÄbÉ�ÈkÆCÍ3¿

ni
Í;É�¼uÑ

A
ÛCÅY¼¬ÍJÆRÃ½Ò{Á;¿

nj
; I�[bjbF n!L

ni
Í;É�¼uÑ

(s, f)
Å`ÁÒ{Á;¿

ni
U S FHY�j:L ÑYÁ1Ç

nj
ß�×

� V ÆkÈ½¿TÖ;Æ^ÑÂÃË¿ p > 0
ÃË¿DÈÀÒ3Á;¿

fp(i) = j 6= 0
åoÅY¼�ÍJÆRÃ�Ò3Á;¿

nj
ÕÂÁVÑÂÃCÆkÜN¿ >�m_J:m^VNFHj,XZFHJ:L_p�L_Y�j

ni
Í;É�¼uÑ

(s, f)
×

�����! #"%$&"('� � � )¬«���·
,ç·^º34
� Á1¼N¿ [:IKFHj:L�U S FHY�j:m^L

(s, f)
Í3¿lÈCÅY¼{ÌKÁ;¿ÂÁ1Ç

k
ÑYÁ1Ç�È V É�ÇbâD¼N¿

A
ÅY¼_É)ÑDÑbÅ	DÆC¿/ÑbÅY¼MÃCÆkÎÏÆk¼{Ì � 	 V ¿7ÑYÃÈ V É�ÇbâD¼N¿£Í3ÅY¼PÃ�È V ¿D¼uÑZ¿DÎçí)ÈC¿\Í3¿7Ñ�	ZÅ`ÁY¾NÑÏ¿7ÑYÃ

{1, ..., k}
¿ÂÃ�Í3ÅY¼?Ã�ÈOÉ�Õ�ÁVÑYÃCÆkÜ�	:É;ÃCÆCÅY¼a¿7ÑÂÃpÈ V ¿D¼uÑb¿DÎçí)ÈC¿Í3¿7Ñ
	ZÅ`ÁY¾?ÈC¿7Ñ

(i, f(i))
¾�Å`Á1Ç

i = 1, · · · , k
¿ÂÃ
f(i) 6= 0

×
�����! #"%$&"('� � � 0¬«�+R?'¶7³14u¸�<ä· ®Ð°u®`¯s?x<4c{º'®J¯

»½¼�Éb¾3¾�¿DÈkÈC¿sÎÐÅYÇQ¾?Ú3Æ^ÑTÎÐ¿�¿D¼PÃCÇb¿�Í3¿ÂÁ)ÖÐÉ�ÇbâD¼N¿7Ñ
A
¿ÂÃ
B
ÃËÅ`Á3ÃìÎÐÅYÇQ¾?Ú3Æ^ÑTÎÐ¿�Í3¿ÓÌJÇ=Éb¾?ÚN¿�¿D¼PÄ)Å7ó{É�¼PÃÈC¿7Ñ 	ZÅ`ÁY¾NÑwÆk¼3ÆRÃCÆOÉ;Á)Ö�Í3¿

A
ÑYÁ1Ç�Í3¿7Ñ 	ZÅ`ÁY¾NÑwÆk¼3ÆRÃCÆOÉ;Á)Ö�Í3¿

B
×�»½¼�Í3ÊDÜ3¼3ÆRÃ�ÊÂÄÂÆCÍ3¿DÎÏÎÐ¿D¼?ÃÓÉ�Æk¼uÑTÆÀÁ1¼N¿ÑbÅ`ÁVÑ=à�	:É;ÃËÊTÌ3ÅYÇTÆC¿m¼NÅ`ÃËÊZ¿

A
Í3¿�ÈOÉ�	:É;ÃËÊTÌ3ÅYÇTÆC¿�Í3¿7ÑpÌJÇ=Éb¾?ÚN¿7Ñ�×

= Yqg S Y�[bj,XZj:L�5kI�Lsg^L_jbj:L g8XZj:m_G S JbF>L Y&u L^[bj�U!Xh[�F>VKL_Y�jbF
5kI�L @�Y S jbJ:L g8XZj:m_G S JbF>L w L_JbjbF>g8XZl>L VKL^[
ho
7

jbFHp"FHYKG [
\
5�IKF Y&u L_Y L^[:j p�r_p�L U!Xh[ IKY�L [ S I�[ 7 g8XZj:m_G S JbF>L P L_Y L 9�L_j

\
g S p"p�L S Y lfuvXawxI � V�XZY�[ l1X[:L^g_jbF S Y �NMHO'M � � \ IKYap S JbU >KF>[bp�L w L_JbjbF>g8XZl�L^[bjeIKYap S JbU >KF>[bp�L V�uvXZJ:c_Y�L^[iFHY ; L^g_jbF d \ p IKYKF�V�u IKY S J:VNJ:L

XhVKm 5�I!XZj�[bIKJ"l>L^["g S IKU�[�Y S Y XZjbj:L_FHY�j:[ M = Y X*g^L_U�L_Y�V�XZY�j�IKY d S Y�g_j:L_IKJ
Ω
VKLDl1X*g8XZj:m_G S JbF>L VKL^[

ho
7fjbFHp"FHYKG [�V�XZY�[ig^L_lHl>L VKL^[�XZJ:c_Y�L^[ P

�����! #"%$&"('� � � ��« ;® �Q¸?º;µ1¶7®{±�<
Ω

A É�¼uÑ 	Z¿ÂÃTÃË¿sÑZ¿ 	ÂÃCÆCÅY¼�ÅY¼ç¼NÅ`ÃË¿
Ω
ÈC¿sêQÅY¼�	ÂÃË¿ÂÁ1ÇmÍ3¿ÓÈOÉ 	:É;ÃËÊTÌ3ÅYÇTÆC¿�Ä)¿DÇYÃCÆ 	:É�ÈC¿

hov
Í3¿7Ñ�ÃCÆkÎÏÆk¼{Ì`ÑwÍ;É�¼uÑÈOÉ 	:É;ÃËÊTÌ3ÅYÇTÆC¿

A
��ÑYÁ1Ç�ÈC¿7ÑÓÅ'íZÕZ¿ÂÃcÑZå 	 V ¿7ÑYÃ?È V ÆCÍ3¿D¼PÃCÆRÃËÊlÛkÇ=Éb¾3¾À¿DÈCÅY¼uÑsÒ3Á V Á1¼

ho
à ÃCÆkÎÏÆk¼{ÌÏ¿7ÑYÃVÕÂÁVÑÂÃË¿DÎÐ¿D¼PÃÁ1¼N¿�É�ÇbâD¼N¿TßZåìÃQÉ�¼NÍJÆ^Ñ�Ò{Á;¿�È V ÆkÎ£ÉÂÌ3¿/Í V Á1¼�ÎÐÅYÇQ¾?Ú3Æ^ÑTÎÐ¿�¿7ÑYÃ�È V Æk¼ÂÕY¿ 	ÂÃCÆCÅY¼£¾?ÇbÊDÜ{Ö?¿mÑbÅ`ÁVÑ7à�ÕbÉ�	Z¿D¼PÃË¿£ÛCÅY¼Å`Áuí)ÈkÆC¿/Í3ÅY¼�	�È V ÅYÇbÍJÇb¿�ÑYÁ1ÇpÈOÉ\ÍJÆH9oÊDÇb¿D¼�	Z¿Tß�×

�����! #"%$&"('� � � ��«���¸K< =��3· ¯&,\®D?'¯:¯:¸Pµ`·¹³ ��±uº'®�¯Â±{· ¶7®*=u¸K·^º`¶7³J®
�"ÃËÅ`Á3ÃË¿�ÑYÁ1ÆRÃË¿Ð¾�ÅYÆk¼?ÃËÊZ¿

(s, f)
Í3¿�ÈCÅY¼{ÌKÁ;¿ÂÁ1Ç

k
ÑYÁ1Ç�È V É�ÇbâD¼N¿

A
Í3¿�ÃCÆkÎÏÆk¼{Ì

T
å%ÅY¼�É)ÑDÑbÅ	DÆC¿È V Éb¾3¾?ÈkÆ 	:É;ÃCÆCÅY¼

p
Í3¿

T
Í;É�¼uÑ

A
Ò3Á1Æ�Ô

i
É)ÑDÑbÅ	DÆC¿

s(i)
×�æ�¿7Ñ 	ZÅY¼NÍJÆRÃCÆCÅY¼uÑèÄ)ÊDÇTÆkÜNÊZ¿7Ñe¾+É�ÇèÁ1¼N¿ÑYÁ1ÆRÃË¿s¾�ÅYÆk¼?ÃËÊZ¿�É)ÑDÑYÁ1Çb¿D¼?Ã�¾?ÇbÊ 	DÆ^ÑbÊDÎÐ¿D¼PÃ�Ò{Á;¿

p
¿7ÑYÃpÁ1¼�ÎÐÅYÇQ¾?Ú3Æ^ÑTÎÐ¿lÍ V É�ÇbâD¼N¿7Ñ�×

� S F>g_F	Y S jbJ:L FHYkj:L_JbUKJ:m_j,XZjbF S Y g8XZj:m_G S JbF
5�I�L�VKL^[6[bIKFHj:L^[�U S FHY�j:m^L^[ M � S IKJ�IKY�L XZJ:c_Y�L
A \ S

YqU�L_IKj
V S Y�gig S Y�[bF>VKm_J:L_JRlfu S w L_J 7 g8XZj:m_G S JbF>L

A↓A
V S Y�j S Y�Y S j:L

∅A
lfu S � ; L_jRg S JbJ:L^[:U S Y�V�XZYkj XZI�jbFHp"FHYKG wkF>VKL

� 5�IKF L^[bj6XZJ:c_Y�L FHYKFHjbF1XZl>L p XZF>[�U!Xh[�jbFHp"FHYKG FHYKFHjbF1XZl � M�QTS p"p�L S Y*X wxI
\
IKY�L [bIKFHj:L U S FHY�j:m^L

s
V�XZY�[

A
VKmon�YKFHj�IKY S � ; L_j

ŝ ∈ Ω(A)
L_jeUKlHI�[iUKJ:m^g_F>[:m_p�L_Y�j6IKYap S JbU >KF>[bp�L

s̃ : ∅A → ŝ
M = Y w m_JbF n!L:5kI�L

s
L^[bjTVKm_j:L_Jbp"FHY�m^L�U!XZJ

s̃
L_j 5�I&u FHYkw L_J:[:L_p�L_Y�j�j S IKjTp S JbU >KF>[:p�L6VKL�[ S IKJ:g^L

∅A
L^[bj F>[ S p S JbU >�L:@sIKY

IKYKF
5�I�L
s̃
M = Y*X V S Y�gsjbJ S IKw m IKY�L g8XZj:m_G S JbF>L m 5�IKFHw'XZl>L_Y�j:L @�g^L_lHl>L VKL^[�[bIKFHj:L^[�U S FHYkj:m^L^[�V�XZY�[

A
P

lfu IKY�VKL_J 7 g8XZj:m_G S JbF>L 5kI&u S Y Y S j:L
A↑∅Ω(A)

M
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�����! #"%$&"('� � �u©¬«/.&?x<c¶:·¹®
6 ¼N¿ U!XZJbjbF>L ÑYÁ1Ç%È V É�ÇbâD¼N¿

A
¿7ÑYÃ�Á1¼N¿eÑYÁ1ÆRÃË¿�¾ÀÅYÆk¼PÃËÊZ¿eÑYÁ1Ç

A
Í3ÅY¼?Ã�ÈOÉ\¾ÀÅYÈOÉ�ÇTÆRÃËÊÐÍ3¿7Ñ�	ZÅ`ÁY¾NÑç¿7ÑÂÃÉ�ÈRÃË¿DÇT¼NÊZ¿�×æ V ¿D¼uÑb¿DÎçí)ÈC¿�Í3¿7ÑÙ¾+É�ÇYÃCÆC¿7ÑwÑÂÁ1ÇpÈ V É�ÇbâD¼N¿

A
¿7ÑÂÃ�¼NÅ`ÃËÊ

PA
×

��S I�[ Y&uvX^w S Y�[ U!Xh[WV�u FHY�j:L_JbUKJ:m_j,XZjbF S Y g8XZj:m_G S JbF
5�I�L VKL lfu L_Y�[,L_p �Kl>L�VKL^[ U!XZJbjbF>L^[ � XZlHj:L_JbY�m^L^[ �V�XZY�[sIKY�L XZJ:c_Y�L P V�XZY�[sl>L�UKJ:m^[:L_Ykj ; L_I
HO � 5kIKF Y�L�g S p"U S Jbj:L"U!Xh[ VKL"[��eFHj:g?>KFHYKG g S Y�VNFHjbF S Y � \Y S I�[iY�Lt[ S p"p�L^[�g S Y�g^L_JbY�m^[�5kI�L�U!XZJil>L^[eU!XZJbjbF>L^[�XZlHj:L_JbY�m^L^[�V�XZY�[iIKY�L XZJ:c_Y�L �!c^g?>�L \ U!XZJbjbF>L^[ 5�I�LY S I�[ [ X^w S Y�[ �KF>L_Y FHY�j:L_JbUKJ:m_j:L_J

\
p XZF>["X^w'XZY�j�g^L_jbj:L FHY�j:L_JbUKJ:m_j,XZjbF S Y FHlTY S I�[ d@XZIKj�FHYkjbJ S VNIKFHJ:LDVKL^[

g S Y�[bjbJbI�g_jbF S Y�[ 5kI&u FHl&L^[bjeUKlHI�[�[bFHp"UKl>LtVKLtUKJ:m^[:L_Ykj:L_J�VKL6dfX	� S Y G m_Y�m_J,XZl>L M

����� �ç���ì�����3�K�N� ���P�D�w��� 
%�3�P�?���T�P 
= YqV S YKY�L F>g_F�IKY�Lsw L_J:[:F S Y X ��[bjbJ,XZFHj:L VKLslfu F>VKm^L�5�IKF-g S Y�[bF>[bj:L�@�w S FHJ�IKY�L U!XZJbjbF>L

HO
g S p"p�L IKY

p S JbU >KF>[bp�L 5kIKF >!X �KFHlHl>L [,X d S Jbp�L � [ S YqjbFHp"FHYKG � V�XZY�[�IKY�L XZJ:c_Y�L XZIKjbJ:L_p�L_Y�jtVNFHj�VKL [ S Y jbFHp"FHYKGV�XZY�[�[ S YWXZJ:c_Y�L M

�������
	 ������ �'�� �  �
� S IKJTdfX �KJbF
5�I�L_JTY S jbJ:L ; L_I

J \ S
Y U!XZJbjTV�u IKY ; L_I

T
�xl>L^[ S � ; L_j:[ VKL

T
[ S Y�jeXZUKU�L_l>m^[Tl>L^[TjbFHp"FHYKG [ VKL

J
M = Y [:LtV S YKY�LsXZI�[,[bF�IKY�Ltg8XZj:m_G S JbF>L

A \
IKY�L6dfXZp"FHlHl>L

(ai)i∈I
V�u S � ; L_j:[iVKL

A \
5�I&u S YWXZUKU�L_lHl>L�l>L^[

XZJ:c_Y�L^[�VKL
J
M 	 YNn�Y S YW[:L V S YKY�LsIKYad S Y�g_j:L_IKJ

Ω : ϑ(T )v → A
VKLtl1X"g8XZj:m_G S JbF>L w L_JbjbF>g8XZl>L VKL

TV�XZY�[
A
M

��������� ���������������
� U!XZJbjbFHJ�VKLsl @

\ S
Y FHY�jbJ S VNIKFHj�l1X�g8XZj:m_G S JbF>L [bFHG'Y�m^L

PTA
VKL^[iU S [bFHjbF S Y�[ P

l>L^[ S � ; L_j:[ \ 5�I&u S YDXZUKU�L_lHl>L�XZI�[:[bF 0
7fU S [:FHjbF S Y�[ \ [ S Y�j g S Y�[bjbFHjbI�m^[ V�u IKY S � ; L_j t VKL T \ 5kI&u S YDXZUKU�L_lHl>Ll>L jbFHp"FHYKGtVKLTl1X�U S [bFHjbF S Y \

V�u IKY�FHY�VNF>g^L
i ∈ I � S Y"VNFHj!5�I�L l1X�U S [bFHjbF S Y"L^[bj V�XZY�[ lfuvXZJ:c_Y�L ai � \ L_j0V�u IKYp S JbU >KF>[bp�L

π
VKL

Ω(t)
w L_J:[

ai \
5kI&u S YWXZUKU�L_lHl>Ltl1X jbJ,Xhg^LtVKL�l1X U S [bFHjbF S Y � 5kI!XZY�V S YaY�Ltg S Y�[bF>VKc_J:LU!Xh[�X �KI�[bFHw L_p�L_Y�j 5kI�Ltg^L�p S JbU >KF>[bp�L��_L^[bj��6l1X"U S [bFHjbF S Y � ��IKYaj:L_l S � ; L_j�>�m_JbFHj:L VNI [bFHG'Y�LsVKL t �

T
Ω

A

ai

Ω(t)

π

t

Ω
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]&L^[ep S JbU >KF>[bp�L^[�VKL

(t, i, π)
w L_J:[

(t′, j, π′)
[ S Y�ji[bFHp"UKl>L_p�L_Ykj�g S Y�[bjbFHjbI�m^[iV�u IKYWp S JbU >KF>[bp�L > S J 7

F�� S Y�j,XZl � VKL ϑ(T )h � s : t → t′ \
5kI&u S Y XZUKU�L_lHl>L l>L � S J:Vq[bI�V*VNI p S JbU >KF>[bp�L M = Y VNFHjtXZI�[:[bF 5�I�L

g^L^[ep S JbU >KF>[bp�L^[�[ S Y�jil>L^[
1
7fU S [bFHjbF S Y�[ M

T
Ω

A

ai aj

Ω(t)

π

Ω(t′)

π′

t

Ω

s
t′

Ω

��������� ������� ���! ����$�
 
 ���$�&%��'� ���)( 
QTS p"p�L g S p"U S [bFHjbF S Y \ S

YaUKJ:L_Y�VWg^L_lHl>LtVKL
Th \

g^L 5�IKF�dfXZFHj�m_wxF>VKL_p"p�L_Y�j�VKL
PTA

IKY�Lsg8XZj:m_G S JbF>L M

ai aj ak

A

Ω(t)

π

Ω(t′)

π′

Ω(t′′)

π′′

T

Ω

t

Ω

s t′
s′

Ω

t′′

Ω

��������* ������ ��+� �
= Y VNF>[:U S [:L V S Y�g�VKL l1X g8XZj:m_G S JbF>L

PTA
L_j
\
U S IKJ�VKmon�YKFHJtY S jbJ:L ; L_I \ Y S I�[sXZlHl S Y�[ �W[:m_l>L^g_jbF S YKY�L_J

l>L^[ig S IKU�[ M

I
QTS p"p�Lsg S IKU�[id S J�� XZJ:V \S YW[:m_l>L^g_jbF S YKY�Ltl>L^[

1
7fU S [bFHjbF S Y�[ S �Kj:L_Y�I�L^[6g S p"p�Ls[bIKFHj P

S Y U!XZJbjDV�u IKY�L
0
7fU S [:FHjbF S Y

π : Ω(t) → ai
L_j V�u IKY g S IKU d S J��TXZJ:V

c : t′ → t
VKL
T f

L_j S Y
[:m_l>L^g_jbF S YKY�Lsl>L�p S JbU >KF>[bp�L VKL

π ◦ Ω(c) : Ω(t′)→ ai
w L_J:[

π
V S Ykj�l>L � S J:V [bI�VaL^[bj

c
M
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T
Ω

A

ai ai

Ω(t)

π

t

Ω

Ω(t′)

Ω(−→c )

Ω(t)

π

t′

Ω

−→c

c
t

Ω

I
� �xp�m_jbJbF
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