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L'origine de la pensée scientifique, on la 

trouve dans les apories de Zénon d'Elée : 

l'histoire d'Achille et de la tortue. Il y a 

là l'opposition cruciale entre discontinu et 

continu. 

René Thom, Prédire n'est pas expliquer 
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Résumé 
 

 
 

On s’intéresse ici aux milieux granulaires présentant un comportement de type solide. 

L’objectif est de décrire la phase réversible de ce comportement ainsi que la création et le 

développement d’un système de fractures jusqu'à la ruine du milieu. 

L’approche adoptée fait apparaître deux étapes. Dans la première, qui concerne la 

partie réversible du comportement, les actions mécaniques entre grains sont matérialisées par 

des joints cohésifs élastiques. La rupture progressive de ces joints fait basculer le milieu dans 

un comportement non linéaire et irréversible ; la mécanique des grains aux points de rupture 

des liens est alors décrite par un modèle contact-frottement. Le passage de l’une à l’autre des 

étapes est régi par un critère de rupture du lien cohésif. Cette approche se distingue par le 

repérage des positions des points d’ancrage des liens cohésifs. 

Une campagne d’essais mécaniques sur des milieux granulaires 2D constitués par des 

cylindres d’aluminium collés suivant une génératrice a été réalisée. Des essais sur doublets en 

traction, compression, cisaillement et couple ont permis de proposer un comportement 

mécanique et un critère de rupture des liens cohésifs pour des sollicitations composées. La 

comparaison entre essais expérimentaux sur éprouvettes constituées par des empilements 

réguliers de cylindres d’aluminium collés et éprouvettes numériques correspondantes s’est 

révélée positive. La relation force-déplacement, l’initiation et la propagation des fractures sont 

bien décrites par le modèle. 

Le modèle est ensuite testé dans le cadre d’applications. La comparaison avec le 

modèle de la Résistance Des Matériaux pour une poutre en flexion permet de constater une 

bonne adéquation des deux approches avant rupture. Le modèle granulaire prolonge le modèle 

de la RDM au-delà, jusqu'à ruine complète de la poutre. Le modèle granulaire s’est également 

révélé apte à simuler le fractionnement d’échantillons granulaires qui peuvent, en première 

approximation, représenter des grains de céréales. Dans le cas de milieux complexes, il est 

montré que l’association du modèle granulaire décrivant la mécanique de la phase solide et 

d’un modèle phénoménologique décrivant les transferts de matière, permet de résoudre le 

problème délicat de la fissuration de ces milieux lors du retrait ou du gonflement. La 

simulation de l’essai biaxial conduit à des courbes intrinsèques comparables à celles données 

par l’essai triaxial de la mécanique classique des sols. 
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2 mm 20 mm 0,2 mm 2 mm 20 mm

� Ph` T���<F7 RF:=<FW=W=DE��:=P#� >AP�@?Q�9 !?Y�P�W�>APSW=<FOEW+Y�P�@d[FP�749�0C9;:=PSB�<F7AW=DE>A]�:=]�W�G � P�W�W=<FOEWIqm7AW
Y�<F@A:|@A7l>ADVT#ef�C9;:=P{BkT#:;T#BC9;]�:=DEW 9;DEsU@AP���� � � ���wPC9pOEP�W|W=<FOEW|RF:=P�7U@AWZY�<F@A:|>AP�Wp>ADVT#ef�C9;:=P�W
BkT#:;T#BC9;]�:=DEW 9;DEsU@AP�W W=@AY�]�:=DEP�@A:=W�G � P�W YA:=<FYA:=DE]C9;]�W ef]�BkT#7ADEsU@AP�W�>APpB�P�W W=<FOEW�W=<F749 >AD\��]�:=P�749;P�W�G
� P�B�D,YA:=<�[?DEP�749{P�7�RF:;T#7A>APoYmT#: 9;DEPo>APJOVT�7mTi9;@A:=Po>AP�W{DE749;P�:;T#BC9;DE<F7AWpP�749;:=PJRF:;T#DE7AW�G

� 	�� � ��
 � � 	�����	 ��� ��������� �	���	����������	���� �����

b OEOEP�WpY�P�@d[FP�749 0C9;:=PJ>APJYAOE@AW=DEP�@A:=Wp9 !?Y�P�WIn
� � THB�DEefP�749�Ti9;DE<F7 n � P�W OEDVT#DEW=<F7AWSB�_ADEefDEsU@AP�W�P�749;:=P RF:;T#DE7AW�Y�P�@d[FP�749.T#YAYmT#:;T,+E9;:=P:=]�W=@AO\9�T#749;W�>API>A]�Y &#9;W�>APIBkT#:=r�<F7mTi9;P�W�� >APIW=DEOEDEB�P#�m>�u T#OE@AefDE7AP#�A>�u <kQ�!?>AP�Wt>APJ`%P�:{<F@
>AP B�<FefY�<FW=]�W�<F:=R4T#7ADEsU@AP�W�G � P�W�ehTi9;]�:=DVT#@?Q�B�DEefP�749;]�W�Y�P�@d[FP�749 YA:=<�[FP�7ADE:l>AP OVT
>A]�B�<FefY�<FW=D\9;DE<F7.>AP�WIefDE7A]�:;T#@?Q.>A@ W=<FO OE@AD�e�0�efP#��B�<FefefP�YmT#:JP�QdP�efYAOEP�OE<F:=Wo>AP
YA:=<?B�P�W=W=@AWl>AP >ADEW=W=<FOE@d9;DE<F7��8YA:=]�B�DEYAD\9�Ti9;DE<F7 � qmRF@A:=P L G � ��G�
{7AP�` T#DErAOEP�sU@mT#749;D\9;]�>AP
B�DEefP�749JY�P�@d9ITk[F<FDE:t@A7AP DE7 �m@AP�7AB�P�DEefY�<F: 9�T#749;P�W=@A:oOEP�WoYA:=<FYA:=DE]C9;]�Wo>A@ ehTi9;]�:=DVT#@
PC9 @A7APp` T#DErAOEP [#T#OEP�@A: >APgOVTtB�<F_A]�W=DE<F7fTo@A7APgDE7 �m@AP�7AB�P{DEefY�<F: 9�T#749;P|W=@A: OVTtW 9�T#rADEOED\9;]
>AP�W{W=<FOEWpYmT#:gP�QdP�efYAOEP " M D\9;B�_AP�OEOv� L KFKFy $ � qmRF@A:=P L G � ��G

� �m<F:=B�P�W BkT#YADEOEOVT#DE:=P�WXn � T B�<Fe�rADE7mT#DEW=<F7 >AP�W PC��PC9;W _�!?>A:=<FYA_ADEOEP�W >A@ W=<FO�PC9
>AP�W YA:=<FYA:=DE]C9;]�W >AP�9;P�7AW=DE<F7 W=@AY�P�: qmB�DEP�OEOEP�>AP�Ovu PkT#@ YA:=<?>A@AD\9�@A7AP Ti9=9;:;T#BC9;DE<F7
P�749;:=P RF:;T#DE7AW�>mT#7AW�OEP�W�W=<FOEW�7A<F7 W;Ti9;@A:=]�W " � <F@AOEDE]#� �#^F^ � � � P�OVT#RFPJPC9 � @ADv� �#^F^F^ �
z DEP�:=:;Ti9gPC9 � T#:;T#e�� L KFK � $ G

� � DVT#DEW=<F7AW�B�<�[#T#OEP�749;P�W �%YA:=DEehT#:�!I[#T#OEP�7AB�Ppr�<F7A> ��" 68W=:;T#P�OVT#B�_4[?DEOEDv� L KFK � $ n � P�W YA_A]�7A< �
ef��7AP�WpW=<F749gDEefY�<F: 9�T#749;W|Y�<F@A:Z>AP�9;:=��WpY�PC9;D\9;P�WZYmT#: 9;DEB�@AOEP�W|9;P�OEOEP�W|sU@APJOEP�W|`%P�@ADEOEOEPC9;W
>�u T#:=RFDEOEP#Gd68OEWgB�<F7AW 9;D\9;@AP�749{@A7APJW=<F: 9;PJ>APJW=<F@A>mT#RFP ��`%:=<FDE>�G

� z _A]�7A<Fef��7AP{>�u T#W=W=<?B�DVTi9;DE<F7�>� �J>AP�W OEDVT#DEW=<F7AW _�!?>A:=<FRF��7AP " � _mT#YAYA@ADEW�� L KFKFK $ n � P�Wef<FOE]�B�@AOEP�W|>�u PkT#@lW=<F749gT#>AW=<F:=r�]�P�WZYmT#:ZOEP�W|RF:;T#DE7AW��?Y�<F@d[#T#749ZRF]�7A]�:=P�:ZOVTI`%<F:=ehTi9;DE<F7
>�u PkT#@ OEDE]�PtB�<F749;:=DErA@mT#749�� OVT�B�<F_A]�W=DE<F7�P�749;:=Po`%P�@ADEOEOEPC9;W�G

� � P�WtYA_A]�7A<Fef��7AP�Wt>�u DE749;P�:;T#BC9;DE<F7AW{]�OEP�BC9;:=<FehT#RF7A]C9;DEsU@AP�W{PC9t]�OEP�BC9;:=<FW 9�Ti9;DEsU@AP�W ��� T#7>AP�:���TFT#OEW��+n � P�WIYA_A]�7A<Fef��7AP�WI7AP�W=<F749+YmT#Wo7A]�RFOEDERFPkT#rAOEP�WtY�<F@A:o>AP�WIYmT#: 9;DEB�@AOEP�W
>APo9;:=��W{Y�PC9;D\9;P�WZ9�T#DEOEOEP�W �%>APJOvu <F:=>A:=Po>A@�efDEB�:=<Fef�C9;:=P ��" � P�:=W=B�_AP�Ov� L KFK � $ G

� T+RF]�<Fef]C9;:=DEP{>AP�WZYmT#: 9;DEB�@AOEP�W Y�P�@d9p]�R4T#OEP�efP�749|B�:=]�P�:Z@A7APtB�<F_A]�W=DE<F7lT#YAYmT#:=P�749;PoT#@SW=P�DE7
>A@�W�!?W 9;��efPSW;T#7AW�sU@�u DEO ! T#D\9+Y�<F@A:+T#@d9�T#749�Ti9=9;:;T#BC9;DE<F7 YA_�!?W=DEsU@APS<F@�B�_ADEefDEsU@APfP�749;:=P
OEP�WoYmT#: 9;DEB�@AOEP�W�G � P YA_A]�7A<Fef��7AP P�W 9 �l:;T#YAYA:=<?B�_AP�:J>AP�OVTS:=@ARF<FW=D\9;]Sn�OE<F:=Wo>AP�Ovu P�W=W;T#D�>AP
B�DEW;T#DEOEOEP�efP�749!>�u @A7�W=<FOv��YmT#:�P�QdP�efYAOEP#�i@A7APZ:=]�W=DEW 9�T#7AB�PpT#@�>A]�YAOVT#B�P�efP�749�Y�P�@d9 T#YAYmT#:;T,+E9;:=P
>mT#7AWg@A7APJ>ADE:=P�BC9;DE<F7�P�7�Ovu T#rAW=P�7AB�PJ>APJB�<F749;:;T#DE749;PJ7A<F:=ehT#OEP#G

L��



�������X� �c
������
	J�-�� �������#
 	 ����-	 ���&�
�-����	�!� ������� 
������� �������
!������!��c

� 
��c���#�������#


�� �!�"�#�$&%('
) #�*,+&-.*�'0/&*,'�-. &1 2�+�/&243
+�2('51 ) 2�*�'6+87 $:9�+�;�#�<�-.;� &/&;�26=>%�1�-.*&?�%
3>/&*&2�-.;�?�) 1 2

�@<(!A"�#�$&%('
) #�*�B�-.;0+�)�-.?�%�*&C('
263
/&*,'ED�-�+�2FB�2�/G-IHJ-.*�<�%F+&-.*�'0/&*
'�-. &1 2

������� L G � � �t@AP�OEsU@AP�W P�QdP�efYAOEP�W�>AP�B�DEefP�749�Ti9;DE<F7 >mT#7AW�OEP�W�W=<FOEW �%>�u T#YA:=��W�n � T �
" z @A:=W=P�:�� L K �F^ $ � �%r ��" � B�_A<FOEOEP#� L K x K $ � �%B � " � B�_A<FOEOEP#� L K x K $ �

2% Cement

4% Cement

Uncemented

3 kPa103=s

0

500

1000

0 5 10 15

D
ev

ia
to

ri
c 

st
re

ss

-
(k

P
a)

1
3

s
s

Axial strain (%)

������� L G � � � <F@A:=r�P�>AP{B�<F749;:;T#DE749;P��8>A]C`%<F:=ehTi9;DE<F7 Y�<F@A: >AD\��]�:=P�749;W 9�T#@?Qf>AP�B�DEefP�749�Ti9;DE<F7>mT#7AWg@A7�W;T#rAOEP " M D\9;B�_AP�OEOv� L KFKFy $

L �



������� L G x � � <FehT#DE7AP >AP.[#T#OEDE>AD\9;] PC9�DE749;P�7AW=D\9;].>AP�W�T#BC9;DE<F7AWlefDEW=P�WlP�7 �=P�@�>mT#7AW�OVTB�<F_A]�W=DE<F7�P�7�`%<F7ABC9;DE<F7l>APJOVT�9�T#DEOEOEP{>AP�W{YmT#: 9;DEB�@AOEP�W " M D\9;B�_AP�OEOv� L KFKFy $ G

� PJ>A<FehT#DE7APt>APo[#T#OEDE>AD\9;]�>APJB�P�W�T#BC9;DE<F7AWpPC9{OEP�@A:pOvu DE749;P�7AW=D\9;]o>A]�Y�P�7A>AP�749�>APJOVT�9�T#DEOEOEP
>AP�WSRF:;T#DE7AW�G � D�<F7�W�u P�7�9;DEP�749�T#@?Q�T#BC9;DE<F7AWhsU@AD�W=P�e�rAOEP�749lYA:=]�Y�<F7A>A]�:;T#749;P�W �%BkT#YADEOEOVT �
:=D\9;]#��B�DEefP�749�Ti9;DE<F7.PC9 � T#7 >AP�:���TFT#OEW�����DEO�P�W 9IY�<FW=W=DErAOEP�>APf>A<F7A7AP�:J@A7APfB�OVT#W=W=D\qmBkTi9;DE<F7
" M D\9;B�_AP�OEOv� L KFKFy $ P�7�>AD\��]�:=P�749;W�>A<FehT#DE7AP�W�G � PZ>ADVT#RF:;T#efefP L G x >A<F7A7APZ>AP�W DE7d`%<F:=ehTi9;DE<F7AW
RF]�7A]�:;T#OEP�W+W=@A:�OVT�:=]�W=DEW 9�T#7AB�P � OVT�9;:;T#BC9;DE<F7 P�7 `%<F7ABC9;DE<F7�>A@�>ADVT#ef�C9;:=Pf>AP�W�YmT#: 9;DEB�@AOEP�W
Y�<F@A: >AD\��]�:=P�749;W ef]�BkT#7ADEW=efP�W�efDEW�P�7��=P�@ >mT#7AW OVTtB�<F_A]�W=DE<F7�n#`%<F:=B�P�W >AP � T#7 >AP�: ��TFT#OEW��
BkT#YADEOEOVT#:=D\9;]#�UB�DEefP�749�Ti9;DE<F7lYmT#:p>A]�Y &#9{PC9{B�DEefP�749�Ti9;DE<F7�G

����� ��� ��� �!��������
�����	���	��������
�	�� ����� ������
�� 	��	��		�����


{7 T#@d9;:=PIP�QdP�efYAOEPIB�<F7AB�P�:=7A]+YmT#:{OVT�ef]�BkT#7ADEsU@API>AP�W�efDEOEDEP�@?QSRF:;T#7U@AOVT#DE:=P�WgB�<F_A]�W=D\`%W
P�W 9!OEP�`%:;T#BC9;DE<F7A7AP�efP�749�>AP�W,B�]�:=]kT#OEP�W,sU@AD4YA:=]�W=P�749;P @A7IDE749;]�: 0C9,DE7A>A@AW 9;:=DEP�O#9;:=��W,DEefY�<F: 9�T#749kG
� D�Ovu <F7.B�<F7AW=DE>A��:=P�OEP�BkT#WJ>A@ rAOE]#��Ovu T#OErA@AefP�7 :=P�YA:=]�W=P�749;PfP�74[?DE:=<F7 �F��
 P�7 ehT#W=W=P#G � P�W
YA:=DE7AB�DEYmT#@?Q�B�<F7AW 9;D\9;@mT#749;W W=<F749 Ovu T#efDE>A<F7��iYA:=]�W=P�749|W=<F@AW `%<F:=efPZ>AP{RF:;T#7U@AOEP�W 7A< !F]�W >mT#7AW
@A7APhehTi9;:=DEB�P >APSYA:=<#9;]�DE7APfsU@AD��=<F@APhOEPf:'&FOEP >APhOEDVT#749kG � P�@?Q 9�T#DEOEOEP�WJ>APhRF:;T#7U@AOEP�WIW=<F749
>ADEW 9;DE7ARF@A]�P�W n >ADVT#ef�C9;:=P�WfW=@AY�]�:=DEP�@A:=W ���� ��� ��� PC9h>ADVT#ef�C9;:=P�WfDE7d`%]�:=DEP�@A:=W ��� ��� ���
� qmRF@A:=P L G � ��G � T [#T#:=DE]C9;]lPC9fOEP�W�B�<F7A>AD\9;DE<F7AW�B�@AO\9;@A:;T#OEP�W�DE7 �m@AP�749fW=@A: OVT OEDVT#DEW=<F7�P�749;:=P
T#efDE>A<F7�PC9|YA:=<#9;]�DE7APgPC9k�4YmT#: B�<F7AW=]�sU@AP�749k�dW=@A: OEP�W <FY�]�:;Ti9;DE<F7AW >APg`%:;T#BC9;DE<F7A7AP�efP�749 PC9 >AP
W=]�YmT#:;Ti9;DE<F7�>AP�Wg>AD\��]�:=P�749;W{B�<F7AW 9;D\9;@mT#749;W�G

L�x



� P�`%:;T#BC9;DE<F7A7AP�efP�749hYmT#:f[F<FDEP W=��B�_AP.>AP�WSB�]�:=]kT#OEP�WhefPC9SP�7��J@d[?:=P >AP�WS]C9�T#Y�P�Wh>AP
rA:=< !4T#RFP{PC9|>APg9�T#efDEW;T#RFP#G � T#7AW OEPgBkT#W >A@frAOE]#�4B�P�W|]C9�T#Y�P�W W=<F749|>A]�B�DEW=D\[FP�W|>mT#7AW OVTt[#T#OE< �
:=DEW;Ti9;DE<F7 >AP�W YA:=<?>A@AD\9;W qm7ADEW�G � P�W YA:=<?>A@AD\9;W >A@f`%:;T#BC9;DE<F7A7AP�efP�749 DE749;]�:=P�W=W=P�749p>AP�YA@ADEW Y�P�@
>AP�W W=P�BC9;P�@A:=W�sU@ADU>A]�YmT#W=W=P�749 OEP BkT#>A:=P >AP|Ovu T#RF:=<4T#OEDEefP�749�T#DE:=P#G � 7+P�74[?DEW;T#RFP|>AP OEP�W!@d9;DEOEDEW=P�:
YmT#:IP�QdP�efYAOEP >mT#7AW+Ovu DE7A>A@AW 9;:=DEP�B�_ADEefDEsU@AP#G � T#7AW+B�PfBkT#W��,OEP�WIYA:=<?B�]�>A]�W+@d9;DEOEDEW=]�Wt[?DEW=P�749
�h>ADEW=W=<?B�DEP�:{OVTfehTi9;DE��:=PIP�7.W=P�Wt>AD\��]�:=P�749;WtB�<F7AW 9;D\9;@mT#749;W���:=P�7d`%<F: �kT#749JT#DE7AW=D!OVT 7A]�B�P�W=W=D\9;]
>APSehT,+E9;:=DEW=P�:IOEP�W�]C9�T#Y�P�W�>A@�`%:;T#BC9;DE<F7A7AP�efP�749kG � T B�<FefYA:=]�_AP�7AW=DE<F7 >APlB�Ph`%:;T#BC9;DE<F7A7AP��
efP�749k��sU@AD >A<FD\9oY�P�:=efPC9=9;:=P�>AP W=]�OEP�BC9;DE<F7A7AP�:J>AP�WJW=P�efP�7AB�P�W�T#>mT#Yd9;]�P�WIT#@?Q r�P�W=<FDE7AWo>AP
Ovu DE7A>A@AW 9;:=DEP�Ov�,YmT#W=W=P�YmT#:�@A7APlefP�DEOEOEP�@A:=PhB�<F7A7mT#DEW=W;T#7AB�Pl>APlOVT ef]�BkT#7ADEsU@APlefDEW=PhP�7 �=P�@
OE<F:=Wt>AP�B�PC9=9;P�<FY�]�:;Ti9;DE<F7�G � P�WJ:=P�B�_AP�:=B�_AP�WIW=<F749IT#BC9;@AP�OEOEP�efP�749oP�7 B�<F@A:=WoW=@A:oOVTS7mTi9;@A:=P
efDEB�:=<FW=B�<FYADEsU@APo>AP�WgOEDVT#DEW=<F7AWZP�7�`%<F7ABC9;DE<F7�>AP�Wp[#T#:=DE]C9;]�WgehT#DEWZB�P�W{:=P�B�_AP�:=B�_AP�Wt7�u <F749{YmT#W
P�7AB�<F:=PIT#r�<F@d9;D�" � _APkTi9g`%<F:p687A>A@AW 9;:=DVT#O��{P�P�>AW�� �#^F^dL $ G

������� L G � � ~ OErA@AefP�7�>APJrAOE] " ��T#>A>mT#>�� L KFKFK $
� <F:=WZ>AP�9;:;Tk[#T#@?Ql:=]�B�P�749;W��mOVTI[#T#:=DE]C9;]�>AP�WpB�<FefY�<F: 9;P�efP�749;WZef]�BkT#7ADEsU@AP�WZPC9p>AP�Wp:=@AY��

9;@A:=P�W�>AP�W�rAOE]�W�T ]C9;]SefDEW=PfP�7 ]C[?DE>AP�7AB�P " ��T#>A>mT#>�� L KFKFK?����T#>A>mT#>�PC9�T#OvG\� �#^F^F^ $ G 68O|T
]C9;]pef<F749;:=]psU@�u DEOAP�W 9 Y�<FW=W=DErAOEPZ>APpB�OVT#W=W=P�:��4>�u @A7 Y�<FDE749 >APZ[?@APg:=_A]�<FOE<FRFDEsU@AP#�#OEP�W�[#T#:=DE]C9;]�W
>APtrAOE]�WZ>mT#7AWZ@A7l>ADVT#RF:;T#efefP �1ef<?>A@AOEP{>�u ]�OVT#W 9;DEB�D\9;]#�U]�7AP�:=RFDEPt>APt:=@AYd9;@A:=P�� � qmRF@A:=P L G K ��G
� PC9=9;PhB�OVT#W=W=D\qmBkTi9;DE<F7 Y�P�@d9�0C9;:=Pf:=P�OEDE]�P ��B�P�OEOEP B�OVT#W=W=DEsU@AP�efP�749+@d9;DEOEDEW=]�P�YmT#:JOvu DE7A>A@AW 9;:=DEP
efP�@A7ADE��:=P+sU@AD,` T#D\9�DE749;P�: [FP�7ADE:�>AP�@?Q YmT#:;T#ef�C9;:=P�WtT#YAY�P�OE]�W�>A@A:=PC9;] �%W=<#` 9k��_mT#:=>���>A@A:��gPC9
[?D\9;:=<FW=D\9;] � [?D\9;:=P�@?Q��#` T#:=DE7AP�@?Q ��" ��T#>A>mT#>�PC9{T#OvG\� �#^F^dL $ G � PC9=9;PgY�<FW=W=DErADEOED\9;] >APpB�OVT#W=W=P�efP�749
�fYmT#: 9;DE:g>A@ B�<FefY�<F: 9;P�efP�749{ef]�BkT#7ADEsU@APIOVT#DEW=W=PIW=@AYAY�<FW=P�:�>AP�W�:=P�OVTi9;DE<F7AWgP�749;:=P+OEPJB�<Fe �
Y�<F: 9;P�efP�749S>AP�WSOEDEP�7AWfB�<F_A]�W=D\`%WhPC9lOEP�B�<FefY�<F: 9;P�efP�749hehT#B�:=<FW=B�<FYADEsU@AP >AP Ovu T#OErA@AefP�7�G
� P�Wh9;:;Tk[#T#@?Q�YA:=]�W=P�749;]�WlYmT#:SOVT W=@AD\9;P W=<F749lP�7 YmT#: 9;DEP�ef<#9;D\[F]�WhYmT#:hOVT ef<?>A]�OEDEW;Ti9;DE<F7
>A@ `%:;T#BC9;DE<F7A7AP�efP�749 ��YmT#: 9;DE:S>AP OVT�B�<F7A7mT#DEW=W;T#7AB�P.>AP�WlOEDEP�7AWSB�<F_A]�W=D\`%W�G � P�B�DoT�Y�<F@A:
rA@d9p>�u T#7mT#O"!?W=P�:ZOvu PC��PC9p>A@lB�<FefY�<F: 9;P�efP�749pef]�BkT#7ADEsU@APt>APtB�P�WpOEDEP�7AW|W=@A:pOvu <FY�]�:;Ti9;DE<F7f>AP
`%:;T#BC9;DE<F7A7AP�efP�749kG

L��



0

1

2

3

4

5

0 0.5 1 1.5 2 2.5

M
e
a
ly

V
itre

o
u

s

2.5

DurumSoft Hard

)/( 3
mmJW

)(MPaE

������� L G K � � OVT#W=W=D\qmBkTi9;DE<F7l:=_A]�<FOE<FRFDEsU@APo>AP�Wp[#T#:=DE]C9;]�Wp>APIrAOE] " ��T#>A>mT#>�PC9�T#OvG\� �#^F^dL $

����� ��� � ��
 � ��	���	 ����������
���� �!����� � ����� �!���

� PtB�<FefYmT#BC9�T#RFP�>AP�WpY�<F@A>A:=P�WpW=<F@AW|`%<F:=efP�>APtYmT#W 9;DEOEOEP�W|B�<F7AW 9;D\9;@APt@A7lef<?>AP{9;:=��WZ:=]��
YmT#7A>A@�>APZB�<F7A>AD\9;DE<F7A7AP�efP�749 >AP�W�YA:=<?>A@AD\9;W!DE7A>A@AW 9;:=DEP�OEW,9;P�OEW sU@APZOEP�W W=P�OEW <F@�OEP�W YA:=<?>A@AD\9;W
YA_mT#:=ehT#B�P�@d9;DEsU@AP�W�G � Tt9;P�7U@AP{>AP�W B�<FefYA:=DEef]�W�YA_mT#:=ehT#B�P�@d9;DEsU@AP�W <F@ >APgYmT#W 9;DEOEOEP�W�>APgW=P�O
P�W 9 rADEP�7I]C[?DE>AP�efefP�749 >A]C9;P�:=efDE7A]�P YmT#:,OVTg7mTi9;@A:=P >AP OVTgehTi9;DE��:=P YA:=P�efDE��:=P �%RF:;T#7U@AOVT#:=D\9;]#�
`%<F:=efP PC9 sU@mT#OED\9;] >AP W=@A: ` T#B�P#��9;P�7AP�@A:!P�7+PkT#@�G�G�G���ehT#DEW�]�R4T#OEP�efP�749!YmT#:,OEP�W,B�<F7A>AD\9;DE<F7AW�>AP
B�<FefYmT#BC9�T#RFP � `%<F:=B�P{>AP�B�<FefYA:=P�W=W=DE<F7��4[?D\9;P�W=W=P#�?>A@A:=]�P{>�u T#YAYAOEDEBkTi9;DE<F7��#9;P�efY�]�:;Ti9;@A:=P#G�G�G���G
� PtYA:=<FrAOE��efP�TJ` T#D\9|Ovu <Fr��=PC9Z>�u ]C9;@A>AP�WpT#@ �!M � � >mT#7AWZOEP{BkT#WZ>AP�YmT#W 9;DEOEOEP�W >APtB�_AOE<F:=@A:=P
>AP+W=<?>ADE@Ae @d9;DEOEDEW=]�P�W{>mT#7AW�OEP�W�T#>A<F@AB�DEW=W=P�@A:=Wt>�u PkT#@ " � T#D3QlPC9 b O�� <F@AW=W=<F@dq�� L KFK � $ G � P�W
YmT#W 9;DEOEOEP�W W=<F749 <Frd9;P�7U@AP�W �tYmT#: 9;DE: >APpOVTtB�<FefYA:=P�W=W=DE<F7�>A@ W=P�Od`%<FDEW=<F7A7A]#G b OEOEP�W�Y�<FW=P�749 >AP�W
YA:=<FrAOE��efP�WJ>AP�` T#rA:=DEBkTi9;DE<F7 n�<Frd9;P�7ADE:o>AP�WIYmT#W 9;DEOEOEP�WoY�<FW=W=]�>mT#749+@A7AP 9;P�7U@APfef]�BkT#7ADEsU@AP
DEefY�<F: 9�T#749;P Y�<F@A:!@A7AP|` T#DErAOEP ]�7AP�:=RFDEP|>AP|B�<FefYmT#BC9�T#RFP efDEW=P P�7 �J@d[?:=P#G � u <Fr��=P�BC9;D\` ]C9�T#749
>APZB�<F7AB�DEOEDEP�:,@A7AP|9;P�7U@APZef]�BkT#7ADEsU@AP|<FYd9;DEehT#OEP PC9�@A7APZBkT#YmT#B�D\9;]|>APZ>ADEW=W=<FOE@d9;DE<F7I:=]�RF@AOEDE��:=P
" � P�OEP�7A7AP#� L KFKFK $ G
� P�W YA_A]�7A<Fef��7AP�W >APgB�<F_A]�W=DE<F7 >APgB�P�W W=P�OEW W=<F749 B�<FefYAOEP�QdP�W�G468OEW Y�P�@d[FP�749 ` T#DE:=PZDE749;P�: �

[FP�7ADE: >AP�W YA_A]�7A<Fef��7AP�W >APg>ADEW=W=<FOE@d9;DE<F7��8:=P�B�:=DEW 9�T#OEOEDEW;Ti9;DE<F7 �%W=<F@AW B�<F749;:;T#DE749;P�W���T#@f7AD\[FPkT#@
>AP�W|B�<F749�T#BC9;W|P�749;:=P�RF:;T#DE7AW <F@h>AP�W|OEDVT#DEW=<F7AW _�!?>A:=<FRF��7APtP�749;:=P�OEP�W B�<F@AB�_AP�WZ>�u PkT#@ST#>AW=<F: �
r�]�P�W " � <FW=P�7 -kTd� L KFK � $ G
� P�WhP�W=W;T#DEW�9;:=DVT�QdDVT#@?Q :=]kT#OEDEW=]�W W=@A:f>A@�W=P�Og<F749hefDEW�P�7�]C[?DE>AP�7AB�PS�1@A7AP�W=<F@A>A@A:=P �

`%:=<FDE>?��sU@AD{>A]�Y�P�7A>�>AP Ovu ]C9�Ti9h>AP B�<F749;:;T#DE749;P�PC9S>AP Ovu DE7A>ADEB�P�>AP�Wf[?DE>AP�Wh>A@�ehTi9;]�:=DVT#@
" � @AP�OEOEPC9pPC9�T#OvG\� � K $ �pB�<FefY�<F: 9;P�efP�749�sU@AP Ovu <F7 7AP :=P�7AB�<F749;:=P YmT#W�W=@A:�>A@�W;T#rAOEP.YmT#:
P�QdP�efYAOEP#G � P�Wpef<?>A]�OEDEW;Ti9;DE<F7AW YA:=<FY�<FW=]�P�WpYmT#:pOVT+W=@AD\9;Po>APC[?:;T#D\9pY�P�:=efPC9=9;:=Po>APoYA:=<FY�<FW=P�:
@A7SBkT#>A:=P�9;_A]�<F:=DEsU@AP�>APtOVTIef]�BkT#7ADEsU@AP�>A@SB�<FefYmT#BC9�T#RFP�PC9Z>APtOVTJ9;P�7U@APtef]�BkT#7ADEsU@AP�>AP�W
YmT#W 9;DEOEOEP�WZB�<FefYmT#BC9;]�P�W�G

L K



�����  ����� !���,�( 
�������, ��� ��� �������*"�,

�������� � ����� ��� ��	�� ����� �!����
�	 	 � ����� � ��� �!	

� P�W.]C9;@A>AP�W YA_A]�7A<Fef]�7A<FOE<FRFDEsU@AP�W���:=]kT#OEDEW=]�P�W.W=@A:.OEP�W 9;:=<FDEW P�QdP�efYAOEP�W.>AP efDEOEDEP�@?Q
RF:;T#7U@AOVT#DE:=P�WfB�<F_A]�W=D\`%WSB�D\9;]�WhB�D �8>AP�W=W=@AW��ZDE7AB�D\9;P�749 � Ovu P�QdYAOE<F:;Ti9;DE<F7 >AP�Wlef]�BkT#7ADEW=efP�Wf>AP
B�<F_A]�W=DE<F7fY�<F@A: B�<FefYA:=P�7A>A:=PgOEP�W B�<FefY�<F: 9;P�efP�749;W <FrAW=P�: [F]�W �JOvu ]�B�_AP�OEOEPpehT#B�:=<FW=B�<FYADEsU@AP#G

� 7 B�<FefYA:=P�7A> T#DE7AW=D OVTSY�<F: 9;]�P�>AP�Ovu <F@d9;DEO!7U@Aef]�:=DEsU@AP#G � P�9;:;Tk[#T#DEO�TlY�<F@A:t<Fr��=P�BC9;D\`
>APIefPC9=9;:=PoP�7 �J@d[?:=PI@A7APJef]C9;_A<?>APIT#>mT#Yd9;]�P ��OVT�YA:=DEW=PJP�7 B�<FefYd9;PJ>APJOEDEP�7AWpB�<F_A]�W=D\`%W�G
�t@AP�OEsU@AP�W+ef]C9;_A<?>AP�WIY�P�:=efPC9=9�T#749+>APhef<?>A]�OEDEW=P�:oOEP B�<FefY�<F: 9;P�efP�749I>AP�W+efDEOEDEP�@?Q.RF:;T �
7U@AOVT#DE:=P�W W=P�:=<F749pYA:=]�W=P�749;]�P�WgrA:=DE�C[FP�efP�749kG b OEOEP�W W=P�:=<F749pDEOEOE@AW 9;:=]�P�W P�W=W=P�749;DEP�OEOEP�efP�749Z>mT#7AW
OEPoBkT#Wg>AP�W{efDEOEDEP�@?QhRF:;T#7U@AOVT#DE:=P�WZYA@AO\[F]�:=@AOEP�749;W�G
68O!P�W 9tY�<FW=W=DErAOEP+>AP+>ADEW 9;DE7ARF@AP�:{>AP�@?Q.T#YAYA:=<?B�_AP�Wt>AP+OVTfef<?>A]�OEDEW;Ti9;DE<F7l>A@ B�<FefY�<F: 9;P��

efP�749{>APJB�P�WgefDEOEDEP�@?Q n
� � u T#YAYA:=<?B�_AP�B�<F749;DE7U@AP#��PC9tYAOE@AW�YmT#: 9;DEB�@AOEDE��:=P�efP�749{Ovu T#YAYA:=<?B�_APIYmT#:�_A<Fef<FRF]�7A]�DEW;T �9;DE<F7��#B�<F7AW=DEW 9;P �tYA:=P�7A>A:=PpP�7 B�<FefYd9;PZ>AP�W YA_A]�7A<Fef��7AP�W ��Ovu ]�B�_AP�OEOEPZefDEB�:=<FW=B�<FYADEsU@AP
YmT#: >AP�W YA:=<?B�]�>A]�W >AP�ef< !FP�7A7AP�W���>AP�ehT#7ADE��:=P � BkT#:;T#BC9;]�:=DEW=P�: >AP�W RF:;T#7A>AP�@A:=W
@d9;DEOEDEW;T#rAOEP�W � Ovu ]�B�_AP�OEOEP.ehT#B�:=<FW=B�<FYADEsU@AP#G � P�W�RF:;T#7A>AP�@A:=W�Y�P�@d[FP�749 P�7AW=@AD\9;P 0C9;:=P
DE749;:=<?>A@AD\9;P�W >mT#7AW @A7�ef<?>A��OEP >AP�B�<FefY�<F: 9;P�efP�749 sU@AD+Y�<F@A:=:;T 0C9;:=P�>ADEW=B�:=]C9;DEW=]
P�7 ]�OE]�efP�749;WJqm7ADEW�G � P�WIef<?>A��OEP�Wo>APfB�<FefY�<F: 9;P�efP�749JB�<F749;DEP�7A7AP�749+>AP�WJ[#T#:=DVT#rAOEP�W
>�u ]C9�Ti9�sU@AD|Y�P�@d[FP�749 0C9;:=Ph7A<Fe�rA:=P�@AW=P�W�G 68O 7�u P�W 9�YmT#WI9;<F@ �=<F@A:=WI` T#B�DEOEP >APh>A<F7A7AP�:
@A7�W=P�7AW{YA_�!?W=DEsU@AP � B�P�Wp[#T#:=DVT#rAOEP�W�G

� � u T#YAYA:=<?B�_APfYmT#:J]�OE]�efP�749;WI>ADEW=B�:=PC9;WJB�<F7AW=DE>A��:=PfOEP�WJRF:;T#DE7AWJDE7A>A]�Y�P�7A>mT#efefP�749JOEP�W@A7AWp>AP�WgT#@d9;:=P�W�G � _mT#sU@APoRF:;T#DE7hYA:=]�W=P�749;PJ@A7lB�<FefY�<F: 9;P�efP�749ZYA:=<FYA:=Pt:=]�RFD�YmT#:|OEP�W
YA_A]�7A<Fef��7AP�W�efDEB�:=<FW=B�<FYADEsU@AP�W+DE749;P�: [FP�7mT#749 T#@�7AD\[FPkT#@�>APhW=P�W�DE749;P�: ` T#B�P�W�G!68O P�W 9
B�OVT#DE:osU@AP 9;<F@d9;PfOVTlB�<FefYAOEP�QdD\9;] >AP�WIYA_A]�7A<Fef��7AP�W�T#@ 7AD\[FPkT#@ efDEB�:=<FW=B�<FYADEsU@AP�7AP
Y�P�@d9{YmT#W�0C9;:=PIYA:=DEW=PoP�7�B�<FefYd9;Po9�T#749g>A@�Y�<FDE749g>APo[?@API>AP�W{T#BC9;DE<F7AWgef]�BkT#7ADEsU@AP�W
sU@APp>APZOVT{RF]�<Fef]C9;:=DEP|>AP�W�RF:;T#DE7AW�G � PZYAOE@AW��#>mT#7AW�OVT{YAOE@AYmT#: 9�>AP�W BkT#W��#OEP�W <F:=>A:=P�W�>AP
RF:;T#7A>AP�@A:Z>A@�7A<Fe�rA:=P�>APtRF:;T#DE7AW|B�<F7AW 9;D\9;@mT#749p@A7lefDEOEDEP�@f:=]�P�O�W=<F749gB�<F7AW=DE>A]�:;T#rAOEP�W
PC9{OVT�sU@mT#749;D\qmBkTi9;DE<F7l>AP�W�T#BC9;DE<F7AWpef]�BkT#7ADEsU@AP�WgY�P�@d9{W=PJ:=]C[F]�OEP�:gDEefY�<FW=W=DErAOEP#G

� P�W >AP�@?Q�T#YAYA:=<?B�_AP�W W=<F749 W=<F@d[FP�749 B�<FefYAOE]�efP�749�T#DE:=P�W�G�68O�7�u P�W 9 YmT#W P�QdB�OE@�>APHOEP�W
@d9;DEOEDEW=P�: 9;<F@d9;P�W OEP�W >AP�@?Q�>mT#7AW >AP�W YA:=<FrAOE��efP�W e�@AO\9;D �8]�B�_AP�OEOEP�W�G � <FefYd9;P 9;P�7U@ >AP�W
ef<#9;D\[#Ti9;DE<F7AW >APHB�PC9=9;P�]C9;@A>AP#�JW=P�@AOEP OVT >AP�@?QdDE��efP T#YAYA:=<?B�_AP W=P�:;T T#r�<F:=>A]�P#G � PC9=9;P
T#YAYA:=<?B�_AP+P�W 9ormT#W=]�P+W=@A:�@A7 YA:=<?B�P�W=W=@AWoD\9;]�:;Ti9;D\` B�<Fe�rADE7mT#749�>AP�WtBkT#OEB�@AOEW{B�DE7A]�ehTi9;DEsU@AP�W
�%ef<F@d[FP�efP�749{>AP�WgRF:;T#DE7AW����APC9{>AP�WgBkT#OEB�@AOEWp>�u DE749;P�:;T#BC9;DE<F7AW �%PC��<F: 9;WgP�749;:=PJOEP�WgRF:;T#DE7AW���G

� P�W�ef<?>A��OEP�W+>�u ]�OE]�efP�749;W�>ADEW=B�:=PC9;W�DE749;]�:=P�W=W=P�749 >AP�W�>ADEW=B�DEYAOEDE7AP�WJ[#T#:=DE]�P�W�B�<FefefPhOVT
ef]�BkT#7ADEsU@AP#� OVT YA_�!?W=DEsU@AP.>AP OVT ehTi9;DE��:=P#� OVT B�_ADEefDEP#� Ovu T#W 9;:=<F7A<FefDEP#G�G�Ghz!<F@A:SOVT YAOE@AW

�#^



RF:;T#7A>APIYmT#: 9;DEP#�mDEOEWg<F749�]C9;]+>A]C[FP�OE<FYAY�]�W��fOvu <F:=DERFDE7APt>mT#7AW�OEPJrA@d9�>AP+:=]�W=<F@A>A:=P+>AP�W�YA:=< �
rAOE��efP�W|` T#DEW;T#749ZDE749;P�: [FP�7ADE:p>AP�WpYA_A]�7A<Fef��7AP�Wp7A<F7�B�<F_A]�W=D\`%W�Gd68OEWZ<F749g>A<F7A7A]t7mT#DEW=W;T#7AB�P �
@A7APtDEefY�<F: 9�T#749;P{OED\9=9;]�:;Ti9;@A:=Pg>A<F749p@A7SYmT#7A<F:;T#ehTIP�Qd_mT#@AW 9;D\`!>A]�YmT#W=W=PoOEP�BkT#>A:=P�>APtB�PC9=9;P
]C9;@A>AP#G � 7�:=PC9;DEP�7A>A:;T�sU@APo>AP�Wpef<?>A��OEP�WZ>ADEW=B�:=PC9;WpW;T#7AWpB�<F_A]�W=DE<F7�<F749p]C9;]JT#YAYAOEDEsU@A]�W��dP�7
ef]�BkT#7ADEsU@AP#����Ovu ]C9;@A>APJ>APJ>AD\[FP�:=WgYA_A]�7A<Fef��7AP�WIn
� ]�B�<F@AOEP�efP�749;W >AP RF:;T#7U@AOVTi9;W �%W=DEOE<FW PC9X9;:=]�efDEP�W�" M T#W=W=<F7 PC9 M T#: 9;DE7AP�-#� L KFK x �
M T#W=W=<F7 PC9�T#OvG\� �#^F^dL � � T#7mT#>�PC9�T#OvG\� �#^F^dL $ � ef]�OVT#7ARFP PC9 W=]�RF:=]�R4Ti9;DE<F7
" 6��ZT#W;T��UD!PC9{T#OvG\� �#^F^dL � �{DEOEO�PC9�T#OvG\� L KFKFK $ � efDEOEDEP�@?Q RF:;T#7U@AOVT#DE:=P�W W=<F@AefDEW T#@?Q
[?DErA:;Ti9;DE<F7AW " � T#OEOVT#W|PC9�T#OvG\� L KFK � � M <F:=PkT#@�� L KFK j $ �JTk[#T#OVT#7AB�_AP�W " M <F:=PkT#@�� �#^F^dL $ �
T#7mT#O"!?W=PJ>A@�B�DEW;T#DEOEOEP�efP�749 " M T#W=W=<F7�PC9 M T#: 9;DE7AP�-#� �#^F^dL ����P�: [F<FW{PC9{T#OvG\� �#^F^F^ $ G�G�G��

� ]C9;@A>AP.>AP�WlPC��<F: 9;WSPC9l>AP.OVT W 9�T#rADEOED\9;] � T#7mT#O"!?W=P >AP OVT >ADEW 9;:=DErA@d9;DE<F7�>AP�WlPC��<F: 9;WPC9p>AP�WpB�<F:=:=]�OVTi9;DE<F7AW `%<F:=B�P���9;P�Q?9;@A:=Po>APtefDEOEDEP�@?QfRF:;T#7U@AOVT#DE:=P�W�" � T#> �;T / PC9{T#OvG\� L KFK x �
� T#> �;T /;� L KFKFK?� � T#> �;T / PC9�T#OvG\� L KFKFK?� � <Fe�r�P#� �#^F^dL $ ��PC��<F: 9;W >mT#7AW OEP�W W=DEOE<FW
" M T#W=W=<F7 PC9 M T#: 9;DE7AP�-#� �#^F^F^ $ ��>mT#7AWJOEP�WormT#OEOVT#W 9;W���>mT#7AWJOEP�Wo<F@d[?:;T#RFP�WJ>�u T#: 9k��W 9�T �
rADEOED\9;]p>AP�W 9�T#OE@AW�" M P�:=:=DEP�7�� � <F@��iTi9;B�_A<#�.PC9�T#OvG\� �#^F^dL � *ZT#:=>APC9gPC9 � B�<#9=9k� L K �4� $ �UDE7��
9;P�:;T#BC9;DE<F7AWgW=<FO	�i<F@d9;DEO " �{<F@ARF@ADEP�:�� L KFKFK $ G�G�G��

68O P�W 9�Y�<FW=W=DErAOEPf>APh>ADEW 9;DE7ARF@AP�:JYAOE@AW=DEP�@A:=WI9 !?Y�P�W�>APhef]C9;_A<?>AP�W�
J7U@Aef]�:=DEsU@AP�W+>ADEW=B�:=�C9;P�W
" � T#e�r�<F@�PC9�#PkT#7�� �#^F^dL � � @A:;T#7�� L KFKFK $ n


�24���,���,-�	f�,��� �,-�� �����!$%-?�!�,-�	
� P�W ef]C9;_A<?>AP�W 7A<F7f7AP��p9;<F7ADEP�7A7AP�W|7�u @d9;DEOEDEW=P�749 YmT#W >ADE:=P�BC9;P�efP�749 OEP�W OE<FDEW >AP �{P��p9;<F7

Y�<F@A:|>A]�B�:=DE:=P�OVT+> !?7mT#efDEsU@AP�>A@lW�!?W 9;��efPt>APtRF:;T#DE7AW�G b OEOEP�W|W=<F749pP�7lRF]�7A]�:;T#O�rmT#W=]�P�WZW=@A:
Ovu @d9;DEOEDEW;Ti9;DE<F7h>APJ:=��RFOEP�WgW=DEefYAOEP�W �1efDEehT#749 ��YAOE@AWp<F@�ef<FDE7AWpOEP�WgYA_A]�7A<Fef��7AP�W{YA_�!?W=DEsU@AP�W
� Ovu ]�B�_AP�OEOEPhefDEB�:=<FW=B�<FYADEsU@AP#G!68O|P�W 9 Y�<FW=W=DErAOEPh>APl>ADEW 9;DE7ARF@AP�:+OEP�W�ef]C9;_A<?>AP�WJ� � ��� �!*�� $ �
/ $�	C��-�	�� � z �IPC9�OEP�WJ� *  ����  * ��-�	 � ����� � *   *�� /%-�	�� � ~ z ��G *|DEP�7 sU@�u P�OEOEP�W�>A<F7A7AP�749
YmT#: `%<FDEW >AP�W :=]�W=@AO\9�Ti9;W DE749;]�:=P�W=W;T#749;W��?P�OEOEP�W <F749|@A7fBkT#:;T#BC9;��:=P{P�efYADE:=DEsU@APp>AD)(fB�DEOEP � �=@AW 9;D �
qmP�:pPC9gW�u ]�OE<FDERF7AP�749g>APoB�<F7AW=DE>A]�:;Ti9;DE<F7AWZYA@A:=P�efP�749gef]�BkT#7ADEsU@AP�W���G � P�Wgef]C9;_A<?>AP�WpW=P�:=<F749
T#r�<F:=>A]�P�WgYmT#:gOVT�W=@AD\9;PJTk[FP�BIY�P�@�>APJ>A]C9�T#DEOEW�G


�24���,���,-�	f�,-�� �����!$%-?�!�,-�	
� P�W{ef]C9;_A<?>AP�W{�,-�� �����!$%-?�!�,-�	JB�<F7AW=DE>A��:=P�749�sU@APIOEPoef<F@d[FP�efP�749{>APIB�_mT#sU@APIRF:;T#DE7

P�W 9+:=]�RFD YmT#:IOEP�WJ]�sU@mTi9;DE<F7AWJ>AP �{P��p9;<F7�G � P�@?Q 9 !?Y�P�W+>APfef<?>A]�OEDEW;Ti9;DE<F7.T#YAYmT#:;T#DEW=W=P�749
>mT#7AWgOVT�OED\9=9;]�:;Ti9;@A:=PtW=@AD\[#T#749gOEP�Wp` T���<F7AWp>APIYA:=P�7A>A:=PJP�7�B�<FefYd9;PJOEP�WpDE749;P�:;T#BC9;DE<F7AWpP�749;:=P
OEP�WpRF:;T#DE7AWpYmT#:p>AP�W{OE<FDEWZ:=]�RF@AOEDE��:=P�Wp<F@�7A<F7��In

��� 2(' =>%�D�$&#�+�2(' *:/&=>%�;�)���/&2(' D�;�-.) D�-.*�D0+�2(' =>) 1 ) 2�/�� ?�;�-.*:/&1�-.) ;�2(' %�D�-.*�D 2�* B&1 2�) *&2F%�H�#�1 /�D�) #�*��I) 1&'�7 -.?�) D
)�<�) +�2AB&;�%('
2�*�D�2�;�'
2�/&1 2�=>2�*�D���/&2�1���/&2('��E;�2�B&;�%('
2�*�D�-.*�D�'	� +�2('F=>%�D�$&#�+�2('�<�1�-�'�'
)���/&2(' �

! " 7 -./�D�;�2(' =>%�D�$&#�+�2(' B&1 /�' #�/ =>#�) *�' %�1 #�) ?�*&%�2('�+�2(' <�#�*�'
)�+�%�;�-JD�) #�*�'�<�1�-�'�'
)���/&2('�2�* =>%(<�-.*&)���/&2
B�2�/&H�2�*�D�#�D�;�2 D�;�#�/&H�%�2('F+&-.*�'%$ & -./&?�)�' ��'�(�(�)�*+�

,.- * 2�*�D�2�*�+ B�-.; 1 #�)�'�*&#�* ;�%�?�/&1 ) C�;�2('�+�2('41 #�)�'/��/&) *&2 B�2�/&H�2�*�D B�-�' '�7 %(<�;�) ;�2 '
#�/�'41�-10�#�;�=>2 +87 /&*&2
0�#�*�<�D�) #�*��

�?L



� � P�W{ef]C9;_A<?>AP�W{>APo9 !?Y�Pt� �������� ���m������$�	k"F��-4��- �o/%-� -?��� 
�-4���,����� � � � ��tb M �oW=<F749IrmT#W=]�P�WIW=@A:J@A7AP >AP�W=B�:=DEYd9;DE<F7 >AP OVTlYA_�!?W=DEsU@AP �lOvu ]�B�_AP�OEOEP�efDEB�:=<FW=B�< �
YADEsU@AP BkT#YmT#rAOEP�>AP YA:=P�7A>A:=P P�7IB�<FefYd9;P�>AP�W,OE<FDEW�>�u DE749;P�:;T#BC9;DE<F7AW�7A<F7J>AD\��]�:=P�749;DVT#rAOEP�W
B�<FefefPlYmT#:�P�QdP�efYAOEPlOEP�W OE<FDEW�>APlB�_A<?B#G � P�W ef]C9;_A<?>AP�W W=<F749fYmT#: 9;DEB�@AOEDE��:=P�efP�749
T#>mT#Yd9;]�P�W �JOVTJ>AP�W=B�:=DEYd9;DE<F7f>AP�W W�!?W 9;��efP�WZ> !?7mT#efDEsU@AP�W�G?z OE@AW=DEP�@A:=W ef]C9;_A<?>AP�W @d9;D �
OEDEW=P�749gB�PJ9 !?Y�PJ>APo9;:;T#D\9;P�efP�749kGmz T#:pP�QdP�efYAOEP n
� � Ttef]C9;_A<?>AP � � ��-?�����l�i$���-?��� � b � ��T#YAY�P�OE]�PpT#@AW=W=DAef]C9;_A<?>AP �1B�<FOEOEDEW=DE<F7A7AP�OEOEP��<F@��1RF]�:=]�P+YmT#:�OEP�W�]C[F��7AP�efP�749;W1��P�W 9o@d9;DEOEDEW=]�PIY�<F@A:{>AP�WtefDEOEDEP�@?Q�>ADEW=Y�P�:=W=]�W�9;P�OEW
sU@APoOEP�W|R4T.-�RF:;T#7U@AOVT#DE:=P�W|YmT#:|P�QdP�efYAOEP#G � T#7AWZW;T+`%<F:=efP{OVT+YAOE@AW|W=DEefYAOEP#�UP�OEOEP{7AP
YA:=P�7A>�YmT#WgP�7�B�<FefYd9;PJOEP�WpB�<F749�T#BC9;W{W=DEe�@AO\9�T#7A]�W�G

� � T�ef]C9;_A<?>AP+� �������� ���m��� ( ����� * "#��� �,� * �$ "�	�� � � �A� � �o>A]C[FP�OE<FYAY�]�P
YmT#: �dG � �dG M <F:=PkT#@�PC9 M G �#PkT#7 " �#PkT#7�� L KFKFK?� M <F:=PkT#@�� �#^F^F^ $ P�W 9p@A7APoef]C9;_A<?>AP
BkT#YmT#rAOEPJ>APIYA:=P�7A>A:=PIP�7 B�<FefYd9;PIOEP�WgB�<F749�T#BC9;W{e�@AO\9;DEYAOEP�WpPC9{@d9;DEOEDEW=P#�AB�<F749;:;T#DE:=P��
efP�749 ��OVT�YAOE@AYmT#: 9g>AP�Wgef]C9;_A<?>AP�W��m@A7�W=B�_A]�ehT DEefYAOEDEB�D\9;P{>�u DE749;]�RF:;Ti9;DE<F7�G

� � P�W+ef]C9;_A<?>AP�WI>APf9 !?Y�P����� ���m���	��$�	k"F��-4��- �o/%-� -?��� 
�-4���,����� � � � �tb M �@d9;DEOEDEW=P�749 >AP�W�OE<FDEW,>�u DE749;P�:;T#BC9;DE<F7AW!P�749;:=PZRF:;T#DE7AW!sU@ADv��B�<F749;:;T#DE:=P�efP�749 T#@?Q+ef]C9;_A<?>AP�W
� � � �tb M � >A<FD\[FP�749 0C9;:=P�W{>AP�Wp`%<F7ABC9;DE<F7AW�G
� � P�W ef]C9;_A<?>AP�WS� 
���/%-?"4 !/ * �
� �,� * �$ "�	�� � M � ��W=<F749 T#YAYAOEDEsU@A]�P�W � Ovu <F:=D �
RFDE7AP�T#@?Q YmT#: 9;DEB�@AOEP�W�>AP�R4T.-�P�7 B�<FOEOEDEW=DE<F7 PC9 W�u DE749;]�:=P�W=W=P�749�T#@?Qw]�B�_AP�OEOEP�W
>AP�W Ti9;<FefP�WXPC9 >AP�W ef<FOE]�B�@AOEP�W " � T#W=_ADEW=_49�T�PC9�T#OvG\� L KFKFK?� � P�:=W=B�_AP�Ov� L KFK � �
~ OEOEP�7lPC9��pDEOE>AP�W=OEP !F� L K �4x $ G � P�W�YmT#: 9;DEB�@AOEP�W��mP�7 RF]�7A]�:;T#O,W=YA_A]�:=DEsU@AP�W���W=<F749�W=<F@��
efDEW=P�W ��>AP�WJDE749;P�:;T#BC9;DE<F7AWo:=P�YA:=]�W=P�749;]�P�W�YmT#:J>AP�Wo`%<F:=B�P�WJ7A<F:=ehT#OEP�WJT#YAYAOEDEsU@A]�P�W
T#@?Q.B�P�749;:=P�WJ>AP�WoW=YA_A��:=P�W�G � P+`%:=<#9=9;P�efP�749o7�u P�W 9IYmT#WtYA:=DEWtP�7 B�<FefYd9;P�>mT#7AWoB�P
9 !?Y�PJ>APIef]C9;_A<?>AP�W���G

� � P�W ef]C9;_A<?>AP�W ���$�	k"F��-4��- �o/%-� -?��� 
�-4���,����� � �tb M � DE7AD\9;DE]�P�WXYmT#:
� @A7A>mT#OEO " � @A7A>mT#OEOv� L K xij � � @A7A>mT#OEO�PC9 � 9;:;T#B � � L K x K?� � @A7A>mT#OEOv� L K �F� �
�#P�7��UDE7AWgPC9�T#OvG\� L K � K $ G � P�W�T#BC9;DE<F7AWIef]�BkT#7ADEsU@AP�WIP�749;:=PSRF:;T#DE7AWIW=<F749�YA:=DEW=P�WIP�7
B�<FefYd9;PoW=<F@AWg`%<F:=efPt>APJ:=P�W=W=<F: 9;W�� YmTi9;DE7AWpPC9�T#ef<F: 9;DEW=W=P�@A:=W�G

�������� � ��� ����	�� � 	 ��	�� � �����	��� ��� ����	�� 	�� � ��	 ��	���� � � � � ��	�� �������
� ��� �!	��

� u DE749;]�: 0C9g>AP�Wpef]C9;_A<?>AP�Wp>ADEW=B�:=�C9;P�WgP�W 9g>APoYA:=P�7A>A:=PJP�7�B�<FefYd9;PoOEP�WZRF:;T#DE7AWZDE7A>A]�Y�P�7��
>mT#efefP�749�OEP�W�@A7AW >AP�WfT#@d9;:=P�W�G M T#DEW�Y�<F@A:�0C9;:=Pl>mT#7AW @A7AP�W=D\9;@mTi9;DE<F7�:=P�YA:=]�W=P�749�Ti9;D\[FP
>�u @A7.efDEOEDEP�@�:=]�P�Ov��DEO,` T#@d9 �hOVTf`%<FDEW{B�<F7AW=DE>A]�:=P�:oOEP+YAOE@AW�RF:;T#7A>.7A<Fe�rA:=P+>AP�RF:;T#DE7AW{Y�<FW �
W=DErAOEP�9;<F@d9gP�7�T !4T#749{@A7APJ>AP�W=B�:=DEYd9;DE<F7�T#>mT#Yd9;]�Po>AP�WgDE749;P�:;T#BC9;DE<F7AWZP�749;:=PJRF:;T#DE7AWZPC9{>APoOVT
> !?7mT#efDEsU@APg>AP{B�P�W|RF:;T#DE7AW�G � T#7AW OEP�W ef]C9;_A<?>AP�W >ADEW=B�:=�C9;P�W��?OEP�W DE749;P�:;T#BC9;DE<F7AW >A]�Y�P�7A>AP�749
>AP�WpY�<FW=D\9;DE<F7AW��U>AP�WZ[?D\9;P�W=W=P�WgPC9p>AP�WpT#B�B�]�OE]�:;Ti9;DE<F7AWZ>AP�WZRF:;T#DE7AW|OEP�WZ@A7AWpYmT#:|:;T#YAY�<F: 9gT#@?Q
T#@d9;:=P�W�G468OmP�W 9 B�OVT#W=W=DEsU@APg>�u @d9;DEOEDEW=P�:�OVTt>ADEW 9�T#7AB�PgP�749;:=P{>AP�@?Q RF:;T#DE7AW Y�<F@A: >A]C9;P�:=efDE7AP�: W�u DEO
��� #�/�' -IH�#�*�' 0@-.) D 1 2�<�$&#�) �A+�2�;�%('
2�;�H�2�;81 20D�2�;�=>2�+�2��E=>#�1 2(<�/&1�-.; +�9:*�-.=>)�<�'	�5-./��A=>%�D�$&#�+�2(' +�%�H�2�1 #�B�

B�%�2('62�* <�$&) =>) 2���:) ?�*�-.1 #�*�' ��/&2A+�24*&#�=  &;�2�/��G-./�D�2�/&;�'�/�D�) 1 )�'
2�*�D <�24D�2�;�=>24B�#�/&; +�%('
) ?�*&2�;�1 7 2�*�'
2�=  &1 2
+�2('F=>%�D�$&#�+�2('���� "�� & �

� �



! TtB�<F749�T#BC9 <F@ 7A<F7�G � P�W >AD\��]�:=P�749;P�W ef]C9;_A<?>AP�W W=<F749 rmT#W=]�P�W W=@A: >AP�W >AP�W=B�:=DEYd9;DE<F7AW YAOE@AW
<F@�ef<FDE7AW qm7AP�Wg>AP�WgDE749;P�:;T#BC9;DE<F7AWZP�749;:=PJRF:;T#DE7AWZPC9g>APJOVT+> !?7mT#efDEsU@APo>APJB�P�WgRF:;T#DE7AW�G � P
B�_A<FD3Q >�u @A7AP{ef]C9;_A<?>APpP�W 9|W=<F@d[FP�749Z:=]�>A@AD\9 �J@A7fB�<FefYA:=<FefDEW�P�749;:=P{OVTo7A]�B�P�W=W=D\9;]{>�u Tk[F<FDE:
>AP�W T#OERF<F:=D\9;_AefP�W�:;T#YADE>AP�W,PC9!Ovu P�QdDERFP�7AB�P >�u @A7AP r�<F7A7AP :=P�YA:=]�W=P�749�Ti9;D\[?D\9;] >AP�W PC��<F: 9;W,P�749;:=P
RF:;T#DE7AW�G
� P�Wfef]C9;_A<?>AP�Wf�,��� �,-�� �����!$%-?�!�,-�	�<F749 9;P�7A>mT#7AB�P � YA:=D\[?DEOE]�RFDEP�:+OEP�7A<Fe�rA:=Pl>AP

RF:;T#DE7AWIefDEWJP�7��=P�@�>mT#7AW+OEP�W+W=DEe�@AOVTi9;DE<F7AWo7U@Aef]�:=DEsU@AP�W�T#@�>A]C9;:=DEefP�749+>�u @A7APSYA:=DEW=PfP�7
B�<FefYd9;PlYA:=]�B�DEW=Pl>AP�W ]�sU@mTi9;DE<F7AW�>APlOVT > !?7mT#efDEsU@APSPC9 >AP�W DE749;P�:;T#BC9;DE<F7AW�G � P�W W=DEefYAOED �
qmBkTi9;DE<F7AWJY�P�@d[FP�749�0C9;:=Pf<Frd9;P�7U@AP�W+YmT#:J>AP�W+B�<F7AW=DE>A]�:;Ti9;DE<F7AWJYA:=<FrmT#rADEOEDEW 9;P�Wo<F@ YmT#:J@A7AP
>AP�W=B�:=DEYd9;DE<F7 W=DEefYAOED\qm]�P�>APfOvu P�W=YmT#B�P PC9+]C[FP�749;@AP�OEOEP�efP�749+>AP�WJPC��<F: 9;W�G � P�WIef]C9;_A<?>AP�WIz
9;P�OEOEP�W+sU@APlOVT ef]C9;_A<?>APh>AP M <F749;P � T#:=OE< @d9;DEOEDEW=P�749�@A7APS>AP�W=B�:=DEYd9;DE<F7�>A@Hef<F@d[FP�efP�749
rmT#W=]�P�W=@A:o>AP�WoB�<F7AW=DE>A]�:;Ti9;DE<F7AWtW 9�Ti9;DEW 9;DEsU@AP�W�G�68O P�W 9JB�OVT#W=W=DEsU@AP�>�u @d9;DEOEDEW=P�:�� >mT#7AWoOEP�Wtef]��
9;_A<?>AP�Wf>AP�9 !?Y�P ~ z!� @A7�:=]�W=PkT#@�BkT#:=:=]�<F@H9;:=DVT#7ARF@AOVT#DE:=PSY�<F@A: W=DEefYAOED\qmP�:�OVT.>AP�W=B�:=DEY��
9;DE<F7�>AP�W�ef<F@d[FP�efP�749;W�Y�<FW=W=DErAOEP�Wg>�u @A7 RF:;T#DE7�G � T qmRF@A:=P L G L�^ ef<F749;:=PIOEP�W{>AP�@?Q :=��RFOEP�W
W=DEefYAOEP�W�>AP�ef<F@d[FP�efP�749h>�u @A7�T#@d9;<FehTi9;P�YA:=<FRF:;T#efehT#rAOEPh>AP�W 9;DE7A] � :=]kT#OEDEW=P�:�@A7 9�T#W
>AP W;T#rAOEP " M�� OEOEP�:�� L KFK � $ G � P�WSBkT#W=P�WS:=P�YA:=]�W=P�749;P�749�OEP�WhRF:;T#DE7AWf>AP W;T#rAOEP PC9lOvu T#OEDEefP�7��
9�Ti9;DE<F7HP�7 RF:;T#DE7AW�W=P�` T#D\9 YmT#: OEPl_mT#@d9f>AP�OVT.B�<FOE<F7A7AP�>AP�R4T#@AB�_AP#G � P�Wfef<F@d[FP�efP�749;W
Y�<FW=W=DErAOEP�W�W=<F749fOEP�W >A]�BkT#OVT#RFP�W�>AP�RF:;T#DE7AW�[FP�:=WfOVT >A:=<FD\9;PlW=Dp@A7�T#YAOE<Fe�r P�W 9 9;:=<FYHDEe �
Y�<F: 9�T#749IPC9+OEP >A]�BkT#OVT#RFP [FP�:=W+OEP rmT#WIW=D >AP�W+BkT#W=P�W+W=<F749�DE7A<?B�B�@AY�]�P�W�G � P�W+:=]kT#OEDEW;Ti9;DE<F7AW
r�PkT#@AB�<F@AY YAOE@AWo�1W=Y�P�BC9�T#B�@AOVT#DE:=P�W1���,>A@�Y�<FDE749+>APh[?@APSef]�BkT#7ADEsU@AP#�!Y�P�@d[FP�749 0C9;:=Ph9;:=<F@��
[F]�P�W >mT#7AW " M T#W=W=<F7�PC9�T#OvG\� �#^F^dL � � T#e�r�<F@�PC9�#PkT#7�� �#^F^dL $ G b 7dqm7���W=DERF7mT#OE<F7AW+@A7HP�Q �
Y�<FW=]�9;:=��WfB�<FefYAOEPC9 >mT#7AW " ��T#7AW=<F7�� L KFKFy $ W=@A:fOEP�W YA:=DE7AB�DEY�P�W PC9fOEP�Wf>A]C[FP�OE<FYAY�P�efP�749;W
Y�<FW=W=DErAOEP�W >AP�W ef]C9;_A<?>AP�W ~ z!G � T#7AW|OEP�W ef]C9;_A<?>AP�W ~ z PC9Zz�OEPp9;P�efYAW 7�u DE749;P�: [?DEP�749ZYmT#W
P�7�RF]�7A]�:;T#OvG

Tour
h=3

Décalage
vers la droite

Décalage
vers le bas

021436587(9�7��{<?�iCdFHL(^?IJFHP�VEG%L(z(GHI�^_^?I�eE@BP

~nP�D�^_[!FHSELWNEP�D��8����� �X���s�W���8�W��|qabC]I�MUF=o?P�@B@BP�D�|�CdFHKB@BKBD%P�MUF�@BP�D�[�abC]IJFHKBL(MED�NEP�@pI?NdTU`
M]I�^_KBabCEPjNEP	�jP�
6FHL(M�VXL(CEG}@pI=NEP�D%Z�G%KBVdFHKBL(M?NECO^_L(Cdw(P�^_P�MUFl9d��L(CEGcCEMO^_KB@BKBP�C�rsL(G%^_[�NEP
z(GHI�KBMEDcMEL(M�NE[!rsL(G%^?I�eE@BP�D2P!F�MEL(M�rsG%L�F%F,I�MUFHD�|d@�R [�abC]IJFHKBL(MOD%CEK�w�I�MUFHP�P�D�F�G%[�D%L(@BCEP�ohZ,S]I�abCEP
V]I�D�NEP�FHP�^_VEDQ¢

����� � ��7(9;:��

:��



<�� � P�W 9oOVT ehT#W=W=P�>A@ RF:;T#DE7�B�<F7AW=DE>A]�:=]#���� W=<F7.T#B�B�]�OE]�:;Ti9;DE<F7�� �� OVTf:=]�W=@AO\9�T#749;P+>AP�W
PC��<F: 9;WSP�Q?9;]�:=DEP�@A:=WSW=@A:SOEP RF:;T#DE7�G � T >ADEW 9�T#7AB�P 7A<F:=ehT#OEP ��� sU@AD�W=]�YmT#:=P >AP�@?Q RF:;T#DE7AW
Y�P�:=efPC9g>APJ>A]C9;P�BC9;P�:{OVT�YA:=]�W=P�7AB�P+>�u @A7�B�<F749�T#BC9 � qmRF@A:=P L G LFL ��G

n
d

������� L G LFL � � DEW 9�T#7AB�PJ7A<F:=ehT#OEP
� P�W�ef]C9;_A<?>AP�W+7AP��p9;<F7ADEP�7A7AP�W�>APf9 !?Y�P � � � �tb M PC9 � � �tb M >AD\����:=P�749�>mT#7AW+OEP�@A:

` T���<F7�>APJYA:=P�7A>A:=PIP�7�B�<FefYd9;PoOEP�WgPC��<F: 9;W��In
� � P�WSef]C9;_A<?>AP�Wf>AP�9 !?Y�P � � � � 
 T#@d9;<F:=DEW=P�749h@A7AP DE749;P�:=Y�]�7A]C9;:;Ti9;DE<F7 �%<�[FP�:=OVT#Y �
P�749;:=PfOEP�WoRF:;T#DE7AW�G�z!<F@A:JB�P�OVTd��P�OEOEP�WtW=<F749IYmT#: `%<FDEWJT#YAY�P�OE]�P�Woef]C9;_A<?>AP�WJ>AP�W��1B�<F:=YAW
ef<F@AW1�I<F@ >AP�Wg�1W=YA_A��:=P�W�ef<FOEOEP�W1��G � PC9oT#: 9;D\qmB�PIY�P�:=efPC9�>AP+B�<F7AW=DE>A]�:=P�:�Ovu PC��<F: 9�T#@
B�<F749�T#BC9	�
� B�<FefefPl@A7AP�`%<F7ABC9;DE<F7H>A@�>A]�YAOVT#B�P�efP�749 ��� � qmRF@A:=P L G L � ��G z!<F@A:fOEP
B�<F749�T#BC9k�ADEO P�W 9gY�<FW=W=DErAOEP�>mT#7AWZB�P�: 9�T#DE7AW|BkT#WZ>APt>A<F7A7AP�:p@A7lW=P�7AWpYA_�!?W=DEsU@AP �+B�PC9=9;P
`%<F7ABC9;DE<F7�P�7�@d9;DEOEDEW;T#749k�dYmT#:pP�QdP�efYAOEP#�mOVT+9;_A]�<F:=DEPo>AP �{P�: 9 - " M T#@ARFDEW�� L KFKFK $ G

� � P�Wfef]C9;_A<?>AP�W >AP�9 !?Y�P���� � � � 
cW=<F749hYmT#: `%<FDEW�sU@mT#OED\qm]�P�W�>AP�ef]C9;_A<?>AP�W >AP�W
�1B�<F:=YAW|>A@A:=W1�t<F@h>AP�W �1W=YA_A��:=P�Wp>A@A:=P�W1��G b OEOEP�W `%<F749Z@A7h9;:;T#D\9;P�efP�749|>AP�WZB�<F749�T#BC9;WZPC9
>AP�W{B�_A<?B�W{P�749;:=PIRF:;T#DE7AWgW;T#7AWgDE749;P�:=Y�]�7A]C9;:;Ti9;DE<F7�G � PIRF:;T#YA_APJ>APJOVT�OE<FD�>APJB�<F749�T#BC9
�%<F@ OE<FD!>AP � DERF7A<F:=DE7AD �ZP�W 9o>A<F7AB+7A<F7.:=]�RF@AOEDEP�: � qmRF@A:=P L G L y ��G � P�Woef]C9;_A<?>AP�W�@d9;D �
OEDEW=P�749lP�7 RF]�7A]�:;T#O�@A7AP `%<F:=efP DE749;]�RF:=]�P >AP.Ovu ]�sU@mTi9;DE<F7 L G � <�� OEP�WSPC��<F: 9;WSW=<F749
>A<F7A7A]�W{W=<F@AWgOVT�`%<F:=efPt>�u DEefYA@AOEW=DE<F7AWtn

���
���	� ����� � �� � L G y �
<���� � PC9�� � W=<F749gOEP�W [?D\9;P�W=W=P�W{Tk[#T#749pPC9{T#YA:=��WZOEPtB�_A<?BoPC9p<�� �� ������� �� ���
P�W 9gOvu DEefYA@AOEW=DE<F7 �|>�u PC��<F: 9gP�749;:=PJOEP�WpRF:;T#DE7AWZY�P�7A>mT#749gOVT�>A@A:=]�P"!�# >A@�B�_A<?B#G

� P�ehT#:=sU@AP�WJn
� � P�W ef]C9;_A<?>AP�W�>AP 9 !?Y�P � � �tb M @d9;DEOEDEW=P�749�>AP�W >ADEW=B�:=]C9;DEW;Ti9;DE<F7AW�P�QdYAOEDEB�D\9;P�W�>AP�W
]�sU@mTi9;DE<F7AWp>APtOVT+> !?7mT#efDEsU@APoT#OE<F:=W|sU@APoOEP�WZef]C9;_A<?>AP�W � � � �tb M �APC9p7A<#9�T#efefP�749
� �A� � � @d9;DEOEDEW=P�749p>AP�Wg`%<F:=efP�WpDEefYAOEDEB�D\9;P�W >APJ>ADEW=B�:=]C9;DEW;Ti9;DE<F7�G

� � P�W�B�<?>AP�W�>AP BkT#OEB�@AO @d9;DEOEDEW;T#749�>AP�W�T#YAYA:=<?B�_AP�W�>ADEW=B�:=�C9;P�W�W=<F749�7A<Fe�rA:=P�@?Q�G� 7 Y�<F@A:=:;T 9;:=<F@d[FP�: @A7AP OEDEW 9;P 7A<F7�P�Qd_mT#@AW 9;D\[FP >mT#7AW " � T#e�r�<F@�� L KFK � $ PC9
" M�� OEOEP�:�� L KFK � $ G 68O{W=P�e�rAOEP�:;T#D\9k� sU@AP OEP�W ef]C9;_A<?>AP�Wh>AP�9 !?Y�P � � �tb M W=<FDEP�749hOEP�W
YAOE@AWg:=]�YmT#7A>A@AP�W�G

$.- *GD�;�#�/&H�2�;�- +&-.*�' $ � #�/&?�/&) 2�; 2�D4-.1 � �&%�)�)�% *8/&*&2A-.*�-.1 9�'
2 +�/ <�#�=>B�#�;
D�2�=>2�*�DF+87 /&* =>) 1 ) 2�/�?�;�-.*:/�
1�-.) ;�2�'
2(< B�-.; 1 2(' +�2�/�� =>%�D�$&#�+�2(' � ��" " 2�D "�� & �')(* -.B&B�-.;�-,+�D <�#�=>=>2,1�- ;�%('
/&1 D�-.*�D�2G+�2('/0�#�;�<�2('�+�2G<�#�*�D�-�<�D -.B&B&1 )���/&%�2('�'
/&;�1 2,?�;�-.) * B�2�*�+&-.*�D 1�-
+�/&;�%�2�+�/ <�$&#�<��

�ij



dn

nf

������� L G L � � � <F749�T#BC9�Tk[FP�BIOEP�Wpef]C9;_A<?>AP�W � � �tb M

dn

nf

������� L G L y � � <F749�T#BC9�Tk[FP�BIOEP�Wgef]C9;_A<?>AP�W � � � �tb M
�������� � � � � � ��
 � �!�	��� ��
�� ����� � � ����	 ��	 ��������� �	���

� TJOED\9=9;]�:;Ti9;@A:=PpW=@A:|OVToYA:=DEW=P{P�7hB�<FefYd9;Pg>AP�W|YA_A]�7A<Fef��7AP�W|>AP{B�<F_A]�W=DE<F7h>mT#7AW OEP�W ef]��
9;_A<?>AP�WI>�u ]�OE]�efP�749;WI>ADEW=B�:=PC9;WIP�W 9+:=P�OVTi9;D\[FP�efP�749JY�P�@�T#r�<F7A>mT#749;P PC9+OEP YA:=<FrAOE��efP�:=P�W 9;P
9;:=��W�OVT#:=RFP�efP�749�<F@d[FP�: 9kG �{]kT#7Aef<FDE7AW�� Ovu T#BC9;D\[?D\9;]f>AP�:=P�B�_AP�:=B�_AP�W=P�e�rAOEP 0C9;:=P�P�7H>A]C[FP��
OE<FYAY�P�efP�749o:;T#YADE>AP#G � P�OVTS:=P�7A> >AD)(fB�DEOEP+@A7 P�QdY�<FW=] P�Qd_mT#@AW 9;D\`1G � P ehT#7ADE��:=P�RF]�7A]�:;T#OEP#�
OVTl�1Y�<FYA@AOVT#:=D\9;]��f>AP�W ef]C9;_A<?>AP�W � � �tb M W=P�:=PC9;:=<F@d[FPl>mT#7AW OEP�W�B�<?>AP�W�>AP�BkT#OEB�@AO|YA:=P��
7mT#749ZP�7lB�<FefYd9;P�OVTJB�<F_A]�W=DE<F7�G��t@AP�OEsU@AP�W|]�OE]�efP�749;WZB�<F7AB�P�:=7mT#749pB�PC9=9;PtYA:=DEW=P�P�7SB�<FefYd9;P
>mT#7AWfOEPlBkT#>A:=P�>AP�ef]C9;_A<?>AP�W � � � �tb M W=<F749h>A<F7A7A]�WfYmT#:#" � T#e�r�<F@�PC9�#PkT#7�� �#^F^dL $ �
" � T#> �;T / PC9�T#OvG\� �#^F^F^ $ PC9 " �JT#>mT#@�PC9�T#OvG\� �#^F^ � $ ehT#DEW B�P�OVT :=P�W 9;P 9;:=��W W=@AB�B�DE7ABC9kGIz T#:
B�<F749;:=P#�lDEO P�QdDEW 9;P @A7 7A<Fe�rA:=P YAOE@AW DEefY�<F: 9�T#749 >AP ef<?>A��OEP�W rmT#W=]�W W=@A: OEP�W ef]��
9;_A<?>AP�W � � �tb M " �{DE7AR PC9�T#OvG\� L KFK x �,z DEW;T#:=P�7��#<fPC9 � OVT#7A>�� �#^F^dL � ~ W=ehT#:gPC9{T#OvG\� �#^F^ � �
z :=P�P�B�_mT �g@d9=9;DEY�<F7ARA� �#^F^ � � � P�OEP�7A7APIPC9�T#OvG\� �#^F^ � $ G
68O ` T#@d9|W=DERF7mT#OEP�: YmT#:ZT#DEOEOEP�@A:=W sU@AP�>AP�WZ>A]C[FP�OE<FYAY�P�efP�749;W��d@d9;DEOEDEW;T#749 @A7APtT#YAYA:=<?B�_AP�>AP

9 !?Y�P � � �tb M � <F749�]C9;]h:=]kT#OEDEW=]�W+>mT#7AW+OEPh>A<FehT#DE7AP >APSOVT�> !?7mT#efDEsU@APhef<FOE]�B�@AOVT#DE:=P�P�7
B�_ADEefDEP PC9 P�7+YA_�!?W=DEsU@APZ>AP OVTgehTi9;DE��:=P" ~ OEOEP�7lPC9��pDEOE>AP�W=OEP !F� L K �4x $ G � T#7AW B�P BkT#W���OVTgYA:=DEW=P
P�7lB�<FefYd9;P�>APtOVT+B�<F_A]�W=DE<F7SW=P�` T#D\9ZP�7SRF]�7A]�:;T#O�YmT#:Z>AP�WZPC��<F: 9;WZ7A<F:=ehT#@?QhP�749;:=PoTi9;<FefP�W
<F@ ef<FOE]�B�@AOEP�W�G � P�WfYmT#: 9;DEB�@AOEP�W � Ti9;<FefP�W <F@ ef<FOE]�B�@AOEP�W���sU@ADp`%<F:=efP�749 @A7�R4T.-�<F@�@A7
OEDEsU@ADE>APJDE749;P�:;T#RFDEW=W=P�749oP�749;:=P�P�OEOEP�W{YmT#:�>AP�WtYA_A]�7A<Fef��7AP�Wt>�u Ti9=9;:;T#BC9;DE<F7 PC9t>AP�:=]�YA@AOEW=DE<F7
B�<FefYAOEP�QdP�W�G � PI9 !?Y�P+>�u T#BC9;DE<F7 P�W 9tW=<F@d[FP�749t:=P�YA:=]�W=P�749;]�YmT#:{@A7 Y�<#9;P�749;DEP�O��+� `%<F7ABC9;DE<F7
>AP|OVTg>ADEW 9�T#7AB�P��gP�749;:=P|OEP�W B�P�749;:=P�W�>AP�W YmT#: 9;DEB�@AOEP�W��iT#YAY�P�OE] Y�<#9;P�749;DEP�OU>AP � P�7A7mT#:=>�� �#<F7AP�W
" � P�:=W=B�_AP�Ov� L KFK � $ G � PJY�<#9;P�749;DEP�O�YA:=P�7A>�OVT+`%<F:=efP�n

�F�



� � � � � ��� �
����� �	� �

�
��
 � L G j �

<�� ��� PC9 � � W=<F749f>AP�W B�<?P (fB�DEP�749;W�G � u T#OEOE@A:=PS>APlB�P�Y�<#9;P�749;DEP�OZP�W 9f>A<F7A7A]�PlqmRF@A:=PL G Lkj G � PJY�<#9;P�749;DEP�O�Y�P�@d9�0C9;:=PI:=P�OEDE] ��OVT+`%<F:=B�PJYmT#:gOVT�:=P�OVTi9;DE<F7.n

� � � � � � � � � � �� �
� L G � �

0

U(r)

rrmin

Umin

������� L G Lkj � ~ OEOE@A:=Pt>A@�Y�<#9;P�749;DEP�O�P�749;:=PI>AP�@?Q Ti9;<FefP�Wp<F@�ef<FOE]�B�@AOEP�W
b 7�7A<#9�T#749 ���� � OVT >ADEW 9�T#7AB�P B�<F:=:=P�W=Y�<F7A>mT#749lT#@�efDE7ADEe�@Ae >AP �+� <F7�Y�P�@d9f[F<FDE:

sU@AP#��Y�<F@A: � � ���� �d��Ovu T#BC9;DE<F7 :=]�YA@AOEW=D\[FP�P�efY���B�_AP�OEP+B�_APC[#T#@AB�_AP�efP�749J>AP�WoYmT#: 9;DEB�@AOEP�W�G
�t@mT#7A> ��T#@ARFefP�749;PZT#@�>AP�O ��>AP����� �d�#OVTg[#T#OEP�@A:!>AP � 9;P�7A>�[FP�:=W ^ G � P�OVT�B�<F:=:=P�W=Y�<F7A> T#@
` T#D\9 sU@APtOvu Ti9=9;:;T#BC9;DE<F7fe�@d9;@AP�OEOEPgW�u P�W 9;<FefY�P#GAz!<F@A:����� �+Ovu T#BC9;DE<F7f>AP�:=]�YA@AOEW=DE<F7h]�sU@ADEOEDErA:=P
Ovu T#BC9;DE<F7l>�u Ti9=9;:;T#BC9;DE<F7�G
68O�` T#@d9JW=DERF7mT#OEP�:tYmT#:IT#DEOEOEP�@A:=W�sU@APfOEP�Woef]C9;_A<?>AP�WJYA:=]�W=P�749;]�P�W+:=P�YA:=]�W=P�749;P�749�Ovu P�W=W=P�7��

9;DEP�O�>AP�W�T#YAYA:=<?B�_AP�Wl>ADEW=B�:=�C9;P�W�G � u T#@d9;:=P�W�ef]C9;_A<?>AP�Wlef<FDE7AWhB�OVT#W=W=DEsU@AP�WlP�QdDEW 9;P�749kG � D �
9;<F7AW�7A<#9�T#efefP�749�OEP�W�ef]C9;_A<?>AP�W�rmT#W=]�P�W W=@A:�@A7HehT#DEOEOVT#RFP >A<F749 B�P�: 9�T#DE7AW�OEDEP�7AW�P�749;:=P
>AP�@?Q 7A<?P�@A>AWlY�P�@d[FP�749�W=P.:=<FefYA:=P <F@�[F<FDE:hOEP�@A:=WSYA:=<FYA:=DE]C9;]�WSef]�BkT#7ADEsU@AP�WSB�_mT#7ARFP�:��
" M PkT��UDE7�� L KFK ^ $ G
b 7dqm7�� rADEP�7HsU@AP�OEP�W ef]C9;_A<?>AP�W >A@H9 !?Y�P � � � �tb M �%PC9f7A<#9�T#efefP�749 OVT ef]C9;_A<?>AP

� �A� � >AP M <F:=PkT#@hPC91�#PkT#7 " M <F:=PkT#@�� L K x K?� M <F:=PkT#@�� �#^F^dL � �#PkT#7�� L KFKFK $ � <F749|ef<F749;:=]
OEP�@A:JYA@ADEW=W;T#7AB�Ph>mT#7AW+>APf7A<Fe�rA:=P�@AW=P�W+]C9;@A>AP�W " M <F:=PkT#@�� �#^F^F^ � � T#7ADEP�:pPC9�#PkT#7�� �#^F^F^ �
M <F:=PkT#@�� L KFK j � � T#> �;T /;� L KFK � $ �?P�OEOEP�W 7APtW=P�e�rAOEP�749ZYmT#WZT#>mT#Yd9;]�P�W �IOVTIYA:=DEW=P�P�7SB�<FefYd9;P
>AP.Ovu DE749;P�:=Y�]�7A]C9;:;Ti9;DE<F7�P�749;:=P.RF:;T#DE7AW�G � D�>mT#7AWl>AP.7A<Fe�rA:=P�@?Q�BkT#WlOvu DE749;P�:=Y�]�7A]C9;:;Ti9;DE<F7
>AP�W�B�<F:=YAW�Y�P�@d9�YmT#:;T,+E9;:=PhT#: 9;D\qmB�DEP�OEOEP#��P�OEOEP `%<F@A:=7AD\9�@A7�ef< !FP�7 W=DEefYAOEPf>APSYA:=P�7A>A:=PSP�7

� " -.*�'6<�2('�=>%�D�$&#�+�2(' �:) 1�* 7 9,- 2�*G?�%�*&%�;�-.1�B�-�'6+�2 +�%�D�2(<�D�) #�*�+�2A<�#�*�D�-�<�D ��1 2('�B�-.;
D�)�<�/&1 2('�* 7 #�*�D6B�-�'
+87 2 ��)�'ED�2�*�<�2A*:/&=>%�;�)���/&2I!��

� �



B�<FefYd9;P OEP�WJYA_A]�7A<Fef��7AP�WIOE<?BkT#@?Q 9;P�OEWJsU@APfOVTl>A]C`%<F:=ehTi9;DE<F7.OE<?BkT#OEP�>AP�WIRF:;T#DE7AWo<F@ >AP�W
OEDEP�7AW,B�<F_A]�W=D\`%W���Giz!<F@A:!B�P�W :;T#DEW=<F7AW!@A7AP ef]C9;_A<?>AP � � �tb M T{]C9;] YA:=]C`%]�:=]�P �{@A7AP ef]C9;_A<?>AP
>APo9 !?Y�P � � � �tb M G

��� 1 0@-./�D *&%(-.*&=>#�) *�'G'
) ?�*�-.1 2�; ��/&2 +�2('�+�%�H�2�1 #�B&B�2�=>2�*�D�'G;�%(-.1 )�'
%('G'
/&;�1�- =>%�D�$&#�+�2 � ��" " B�2�; �
=>2�D
D�2�*�D4+�2�B&;�2�*�+�;�2A2�* <�#�=>B�D�2A1�-,+�% 0�#�;�=,-JD�) #�* +�2(' ?�;�-.) *�'6B�-.;�+�2(' =,-.) 1 1�-.?�2('62�* %�1 %�=>2�*�D�'���*&)�' 2�D
1 2(' +�% 0�#�;�=,-JD�) #�*�'F1 #�<�-.1 2('6B�-.;�+�2(' 1 #�)�' 3 ����2 ��)  &) 1 ) D�%�� $ "6-.=  �#�/ 2�D
	�2(-.*��&%�)�) '�*+�

�Fx



� ����� !���,�����

� PJB�_A<FD3Q�>�u @A7�9 !?Y�PI>APIef<?>A]�OEDEW;Ti9;DE<F7hP�W 9�P�7 RF:;T#7A>APJYmT#: 9;DEPoOEDE]JT#@�>A<FehT#DE7APt>�u T#Y��
YAOEDEBkTi9;DE<F7f[?DEW=]#G � 7�W=<F@A_mT#D\9;PoDEB�D�T#r�<F:=>AP�:pOEPtB�<FefY�<F: 9;P�efP�749pef]�BkT#7ADEsU@APoPC9gOVT+:=@AYd9;@A:=P
>APIefDEOEDEP�@?QSYA:=]�W=P�749�T#749t>mT#7AW{@A7APIYA:=P�efDE��:=PJYA_mT#W=PI@A7 B�<FefY�<F: 9;P�efP�749{>APJ9 !?Y�PIW=<FOEDE>AP
PC9k� 0C9;:=PhP�7�efP�W=@A:=P#� T#YA:=��W�:=@AYd9;@A:=P#�!>APhW=@AD\[?:=PhOvu ]C[F<FOE@d9;DE<F7 >AP�WI`%:;T#BC9;@A:=P�W �=@AW=sU@�u � OVT
:=@ADE7APoqm7mT#OEPJ>A@�efDEOEDEP�@�G � P�B�D,DEefYAOEDEsU@APt>API:=P�YA:=]�W=P�749;P�:���DE7AD\9;DVT#OEP�efP�749ZOEP�W{T#BC9;DE<F7AWgef]��
BkT#7ADEsU@AP�W YmT#: >AP�W OEDEP�7AW B�<F_A]�W=D\`%W P�7hefP�W=@A:=P�>APg9;:;T#7AW=efPC9=9;:=Pg>AP�W `%<F:=B�P�W PC9|>AP�W|B�<F@AYAOEP�W
P�749;:=P RF:;T#DE7AWfPC9k�|T#YA:=��WS:=@AYd9;@A:=P#�|>AP :=P�efYAOVT#B�P�:fB�P�WlT#BC9;DE<F7AWhYmT#:h>A@�B�<F749�T#BC9SPC9l>A@
`%:=<#9=9;P�efP�749kG
� T#7AWtOVTfW=@AD\9;P#��<F7 W=P�OEDEefD\9;PJT#@ BkT#Wt>AP+RF:;T#DE7AW�B !?OEDE7A>A:=DEsU@AP�W{sU@AD 7AP�W=<F749oYmT#W{9;:=<FY

]�OE<FDERF7A]�W OEP�W @A7AW >AP�W|T#@d9;:=P�W Y�<F@A: Y�<F@d[F<FDE: >A]Cqm7ADE: @A7fY�<FDE749 >APgB�<F_A]�W=DE<F7fPC9 :=P�efYAOVT#B�P�:
Ovu T#BC9;DE<F7 ef]�BkT#7ADEsU@AP >A@ OEDEP�7 B�<F_A]�W=D\`�YmT#:�W=P�W ]�OE]�efP�749;W�>AP :=]�>A@ABC9;DE<F7 P�7 B�P Y�<FDE749
B�<F7d`%<F:=ef]�efP�749���OVT�qmRF@A:=P L G � G
�t@AP�OEsU@AP�W!T#YAYA:=<?B�_AP�W,<F749!]C9;] YA:=]�W=P�749;]�P�W W=@AB�B�DE7ABC9;P�efP�749kGiz T#:�OVTZW=@AD\9;P @A7AP ef]C9;_A<?>AP

>APh9 !?Y�P � � �tb M W=P�:;T.T#>A<FYd9;]�PhY�<F@A:+W=P�: [?DE:�>APSBkT#>A:=P � @A7APSDEefYAOE]�efP�749�Ti9;DE<F7 >APSOVT
B�<F_A]�W=DE<F7�G � u DE749;P�:=Y�]�7A]C9;:;Ti9;DE<F7 >AP�WlRF:;T#DE7AWSsU@ADv�|>mT#7AWlB�P�: 9�T#DE7AWlBkT#WlY�P�@d9�T#YAYmT#:;T,+E9;:=P
B�<FefefPI@A7 PC��PC9oYmT#:;T#W=D\9;P#� Y�P�:=efPC9t>�u DE749;:=<?>A@ADE:=PI>API` T���<F7 W=DEefYAOEPJ@A7.B�<FefY�<F: 9;P�efP�749
OE<?BkT#O�sU@AD,Y�P�@d9�0C9;:=PITi9=9;:=DErA@A]JT#@?Q�OEDEP�7AWpB�<F_A]�W=D\`%W�G

�#�



� � ����������� �

� �F��� � ��� � � � � 	� � � 
 �

�	��
����������
������

� T ef]C9;_A<?>AP �tb M � � DEW=B�:=PC9;P b OEP�efP�749 M PC9;_A<?> � DE7AD\9;DE]�P}YmT#: � @A7A>mT#OEO
" � @A7A>mT#OEOv� L K xij,$ [#T�W=P�: [?DE:p>APJBkT#>A:=Pt9;_A]�<F:=DEsU@APJT#@�ef<?>A��OEP�>APJB�<F_A]�W=DE<F7�sU@APJOvu <F7lYA:=< �
Y�<FW=P�:;T�YmT#:ZOVTIW=@AD\9;P#G � PtB�<?>APo>APtBkT#OEB�@AO�P�W 9p>A]�B�<FefY�<FW=]tP�7l9;:=<FDEW|]C9�T#Y�P�W � qmRF@A:=P � G L �gn
� � u ]C9�T#Y�PJ>AP � ��2 � ��� * $ ��-� -?���4�dsU@AD�B�<F7AW=DEW 9;P ��W=Y�]�B�D\qmP�:��
� OVTpRF]�<Fef]C9;:=DEP >AP�W!RF:;T#DE7AW � �#� <F@+y � ��PC9 OEP�@A:!T#:=:;T#7ARFP�efP�749,OEP�W!@A7AW!YmT#:,:;T#YAY�<F: 9
T#@?Q�T#@d9;:=P�W � 9;P�Q?9;@A:=P � �

� OEP�W�BkT#:;T#BC9;]�:=DEW 9;DEsU@AP�W�YA_�!?W=DEsU@AP�W�>APlOvu ]�B�_mT#749;DEOEOE<F7 �%ehT#W=W=P�W�>AP�W�RF:;T#DE7AW��!OE<FD >AP
B�<F_A]�W=DE<F7�PC9gB�:=D\9;��:=PJ>APJ:=@AYd9;@A:=P#�mOE<FDEWZ>APJB�<F749�T#BC9{PC9{>APo`%:=<#9=9;P�efP�749kG�G�G � �

� OEP�WpB�<F7A>AD\9;DE<F7AWpDE7AD\9;DVT#OEP�W �%PC��<F: 9;Wp<F@�>A]�YAOVT#B�P�efP�749;W{T#@l9;P�efYAWgDE7AD\9;DVT#O �
� � P�WgB�<F7A>AD\9;DE<F7AWgT#@?Q�OEDEefD\9;P�W

� � u ]C9�T#Y�P >AP " * / "4 !/oW=P >A]�B�<FefY�<FW=P P�7�>AP�@?Q�YmT#: 9;DEP�WfsU@AD�W=P�:=<F749SP�Qd]�B�@d9;]�P�Wl>AP` T���<F7�D\9;]�:;Ti9;D\[FP�n
� � T YA:=P�efDE��:=PhB�<F7AW=DEW 9;P � BkT#OEB�@AOEP�:+OEP�W+PC��<F: 9;W+P�7�`%<F7ABC9;DE<F7 >AP�W�>A]�YAOVT#B�P�efP�749;W>AP�WgRF:;T#DE7AWZ<Frd9;P�7U@AW{T#@l9;P�efYAWpYA:=]�B�]�>AP�749kG � P�Wg>A]�YAOVT#B�P�efP�749;WpW=<F749{BkT#OEB�@AOE]�W �
YmT#: 9;DE:Z>AP�W{RF:;T#7A>AP�@A:=WgB�DE7A]�ehTi9;DEsU@AP�Wp>APJY�<FW=D\9;DE<F7��?[?D\9;P�W=W=PIPC9{T#B�B�]�OE]�:;Ti9;DE<F7�G

� � TJ>AP�@?QdDE��efP{B�<F7AW=DEW 9;P �IBkT#OEB�@AOEP�: OEP�W RF:;T#7A>AP�@A:=W B�DE7A]�ehTi9;DEsU@AP�W �IYmT#: 9;DE: >�u @A7APDE749;]�RF:;Ti9;DE<F7h>AP�Wp]�sU@mTi9;DE<F7AW|>APoOVTI> !?7mT#efDEsU@APtYmT#:|@A7lW=B�_A]�ehT T#@?QS>AD\��]�:=P�7AB�P�W
qm7ADEP�W�G!z!<F@A:IB�P�OVTd�,<F7 @d9;DEOEDEW=P�OEP�WIPC��<F: 9;WIBkT#OEB�@AOE]�W ��Ovu ]C9�T#Y�P YA:=]�B�]�>AP�749;PlT#DE7AW=D
sU@AP OEP�Wl[#T#OEP�@A:=Wl>AP�W�RF:;T#7A>AP�@A:=W�B�DE7A]�ehTi9;DEsU@AP�W�BkT#OEB�@AOE]�P�W�T#@ YmT#W�>AP 9;P�efYAW
YA:=]�B�]�>AP�749kG

� b 7dqm7���Ovu ]C9�T#Y�PI>AP � � 	C� � ��� * $ ��-� -?���+B�<F7AW=DEW 9;P �fP�Q?9;:;T#DE:=P+>AP�WtDE7d`%<F:=ehTi9;DE<F7AWp>A@BkT#OEB�@AO�YA:=]�B�]�>AP�749�W=<F@AWgOVT+`%<F:=efPt>APo[#T#OEP�@A:=WZ7U@Aef]�:=DEsU@AP�W��mRF:;T#YA_ADEsU@AP�W �%:=P�OVTi9;DE<F7AW
`%<F:=B�P��8>A]�YAOVT#B�P�efP�749 ���AqmOEefWZ>APJOVT�:=@AYd9;@A:=P#G�G�G

*|DEP�7fP�749;P�7A>A@��?Ovu ]C9�T#Y�Pp>AP{BkT#OEB�@AOmP�W 9|B�P�749;:;T#OEPg>mT#7AW OVToefDEW=PpP�7 �J@d[?:=P{>APgOVToef]C9;_A<?>AP#G
b OEOEPpP�W 9|>A]C9�T#DEOEOE]�PZ>mT#7AW OVToW=@AD\9;Pg>AP{B�P{B�_mT#YAD\9;:=PgW=@A: @A7fBkT#W W;T#7AW B�<F_A]�W=DE<F7�G � TJef<?>A]�OED �
W;Ti9;DE<F7f>AP{OVToB�<F_A]�W=DE<F7hP�W 9ZP�7AW=@AD\9;P{>ADEW=B�@d9;]�P{PC9|@A7AP�ef]C9;_A<?>APgW=Y�]�B�D\qmsU@AP�P�W 9|YA:=<FY�<FW=]�P#G

� K



� P�W+]C9�T#Y�P�W+>APhYA:=]�� 9;:;T#D\9;P�efP�749IPC9�>APhY�<FW 9�� 9;:;T#D\9;P�efP�749JW=<F749�YA:=]�W=P�749;]�P�W T#DE7AW=D sU@APSOEP
B�<?>APJ>APJBkT#OEB�@AO�:=]kT#OEDEW=]#G � T#7AWgOEPoBkT#>A:=PJ>APJB�PJ9;:;Tk[#T#DEO�<F7�W=PIOEDEefD\9;P�:;T+T#@�BkT#W �#� G

description géométrique
+

conditions initiales
et aux limites

Etape 1

Pré-traitement

Etape 3

Post-traitement

Calcul des forces
(Relations force-déplacement)

+
Forces imposées

Calcul des déplacements
(Lois du mouvement)

+
Déplacements imposés

Sorties de fichiers de données,
de graphiques,
de films...
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Etape 2

Calcul
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{�G2IKJQW"P}t�_Qd f[L`RUgXTVP\LOd�f=Wc_QqXZ^G�N�W"jVG2_QG2YQW"fy�QTVGXdct NQTVW"�QZ^qXf=GXj ��TVGXNQTVWc_QdQIDRUP^�QP}lZ^PSRUgs_QGXjA�VW"P^YkRUj�_QG8IXW"Z^Z^Gs_QGXj�_QW"dQ�QZ^GDRUjXnz_QP! =IXdQZSRUgE_QGyTVgoLOZ^P^jUL`RUP^W"Y�_QGXj�GXjVjULOP^j�f=P^IXTVW"jVIXW`lNQP^hedQGXjXuXuXu�"�dQGXZ^hedQGXj8GXjVjULOP^j8NQTVgXZ^P^f=P^YMLOP^TVGXj�jVW"YkRiNQTVgXjVGXYkRUgXjiP^IXPbu;{CL _QgD�MYQPSRUP^W"Y�_QG(IXTVP}lRUqXTVGXj/_QG�hedMLOZ^PSRUg�_QGXj�gXIKJMLOYkRUP^Z^Z^W"YQj�W"��RUGXYedQj�L8N�GXTVf=P^jH_QG�jVGXZ^GXIDRUP^W"YQYQGXT�hedQGXZ^hedQGXj/R�xcN�GXj_QG��"TULOP^YQj/GDR�_QG�IXW"Z^Z^GXj�hedQPCW"YkR�gDRUg�RUGXjwRUgXj�Gmt�N�gXTVP^f=GXYkRKLOZ^GXf=GXYkRou$#�NQTVqXj�Lo]"W"P^T�IKJQW"P^jVPCZ^Gf=P^Z^P^GXd�f=Wc_QqXZ^GOn�GDR�jUL�IXW"Y��M�"dQTUL`RUP^W"Y �QP^_QP^f=GXYQjVP^W"YQYQGXZ^Z^GOnQZ\L[NQTVWcIXgX_QdQTVG8_QGE� LO�QTVP^IoL`RUP^W"Y_QGXj�_QW"dQ�QZ^GDRUj�GDR�gXIKJMLOYkRUP^Z^Z^W"YQj�f[LOIXTVW"jVIXW"NQP^hedQGXj/GXjwR�_QgXIXTVPSRUGOu
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{�GXjsNQTVGXf=P^GXTVj�GXjVjULOP^jENQTVgXZ^P^f=P^YMLOP^TVGXj�W"YkREgDRUg=TVgoLOZ^P^jVgXj�NMLOTWV FHJMLOf=f[LOTVPbnz� �"�YX[Z _MLOYQj_QGXjsIXW"YQ_QPSRUP^W"YQj��QP^_QP^f=GXYQjVP^W"YQYQGXZ^Z^GXj�jVdQTsdQYvgXIKJMLOYkRUP^Z^Z^W"Y2f[LOIXTVW"jVIXW"NQP^hedQGiIXW"YQjwRUPSRUdQgi_QG
\Y]



IKJQGD]cP^Z^Z^GXj�_QGv��W"P^j?IDxcZ^P^YQ_QTVP^hedQGXj�IoLOYQYQGXZ^gXGXj�_Qd IXW"f=f=GXTVIXGOu��|Z^Z^GXj�jVW"YkR�_QG~Z^W"YQ�"dQGXdQT
� ] f=f.GDRE_QG=_QP\LOf=qDRUTVGXj \ f=f�n X f=f.GDR[� ] f=f�uCFHGXjEIKJQGD]cP^Z^Z^GXjsjVW"YkREIXW"Z^Z^gXGXjsNMLOT�dQYQGIXW"Z^Z^G�ry��W"P^jXu���W"dQT/LOjVjVdQTVGXT�dQYQG���W"YQYQG�NQZ\LOYQgXPSRUg�_QGXj�gXIKJMLOYkRUP^Z^Z^W"YQjXncZ^GXdQTVjH� LOIXGXj�W"YkR�gDRUgdQjVP^YQgXGXjXu���Y[Gmt�GXf=NQZ^G�GXjwR�_QW"YQYQg��M�"dQTVG���u��cu�FHGXj�Gmt�N�gXTVP^GXYQIXGXj�W"YkR�f=W"YkRUTVg�Zba P^YkRUgXTV�DRA_QGIXG/R�xcN�G�_�a GXjVjULOPbneGXY[NMLOTwRUP^IXdQZ^P^GXT|LOd[YQPS]"GoLOd=_Qd[jVdQPS]cP _QGXjA��TULOIDRUdQTVGXj�� �M�"dQTVG���u��`� ��GDRHW"YkRN�GXTVf=P^j�_QG�f=GDRVRUTVG�GXY�gD]cP^_QGXYQIXGs_QPS�zgXTVGXYkRUj/NQTVW"�QZ^qXf=GXj��
� {�G IoLOYQYQGXZ\LO�"G _QGXj?IKJQGD]cP^Z^Z^GXj(TVGXYQ_ IXW"f=NQZ^Gmt�G2GDR�LOjVjVG
	~LOZ^goL`RUW"P^TVG�Z\L��"gXW"f=gDRUTVP^GZ^WcIoLOZ^G�_QGXj��VW"P^YkRUj�_QG�IXW"Z^Z^GOu
� {|a dQjVP^YMLO�"G(_QGXji��W"TV_Qj8P^YkRUTVWc_QdQPSRy_QGXjiIXW"YkRUTULOP^YkRUGXj8_MLOYQj8Zba gXIKJMLOYkRUP^Z^Z^W"Y�hedQPH��TULO�"P}lZ^P^jVGXYkR/_QG�� L��XW"Y�YQW"Y?IXW"YkRUT�"Z^gXG�Z^G�f[L`RUgXTVP\LOd�u
� {CL~�"gXW"f=gDRUTVP^G�P^TVTVgX�"dQZ^P^qXTVG?_QG Zba gXIKJMLOYkRUP^Z^Z^W"Y GDR�Zba gDRKL`R�_QG jVdQTw� LOIXG _QGXj�IKJQGD]cP^Z^Z^GXjTVGXYQ_QGXYkR/_QP! =IXP^Z^G�Z\L�_QgDRUGXTVf=P^YML`RUP^W"Y[_QGXj�IXGXYkRUTVGXj�GDR�_QGXj�TULox"W"YQj�� gXhedQPS]OLOZ^GXYkRUj���_QGXj�"TULOP^YQjXuzFHGDRVRUGE_QgDRUGXTVf=P^YML`RUP^W"Y?GXjwR�GXjVjVGXYkRUP^GXZ^Z^GsN�W"dQT�Lo]"W"P^T�dQYQGEIXW"f=NMLOTULOP^jVW"Y(�MYQGGXYkRUTVG8Gmt�N�gXTVP^GXYQIXGiGDR�jVP^fydQZ\L`RUP^W"Y�NQTVGXYMLOYkR�GXY IXW"f=N�RUGyZ\L=�"gXW"f=gDRUTVP^GEZ^WcIoLOZ^Gs_MLOYQjZ^G�IXWc_QG�_QG�IoLOZ^IXdQZbu
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������� ��u�� � �|IKJMLOYkRUP^Z^Z^W"Y(IXW"YQjwRUPSRUdQg�_QG�IKJQGD]cP^Z^Z^GXj�_QG���W"P^j�IXW"Z^Z^gXGXj�Lo]"GXIsdQYQG�IXW"Z^Z^G�r8��W"P^jV FHJMLOf=f[LOTVPbn�� �"�YX[Z

ACBDB�E$FGB:9+; FGKLFGMONQPLBDFSRTPLP�NQUGB
< u>=�LO_Q_MLO_%L gDRUdQ_QP^g V =�LO_Q_MLO_�n�� �"�"�[Z Z^G[IXW"f=N�W"TwRUGXf=GXYkRE_QG�Zba LOZ^�QdQf=GXY~_QG��QZ^g�rRUTULo]"GXTVjs_QGXjsf=P^Z^P^GXdct �"TULOYedQZ\LOP^TVGXj�f=Wc_QqXZ^GXj V =�LO_Q_MLO_�n?� ]Y] � Z u�FHGXjsf=P^Z^P^GXdctzn���W"TVf=gXj�_QG�QP^Z^Z^GXj�_QG�]"GXTVTVGsIXW"Z^Z^gXGXj/NMLOT/_QPS�zgXTVGXYkRUGXj�TVgXjVP^YQGXj/_QGsjwxcYkRUJQqXjVGOnzW"YkR�jVGXTw]cPC_QGs�MLOjVGEr8dQYQGgDRUdQ_QG�NQTVgXZ^P^f=P^YMLOP^TVG�RUTVP^_QP^f=GXYQjVP^W"YQYQGXZ^Z^G'V =�LO_Q_MLO_?GDR�LOZbuSn@� ]Y]Y][Z uO{�GXj�gXIKJMLOYkRUP^Z^Z^W"YQj�RUGXjwRUgXjjVW"YkR�IDxcZ^P^YQ_QTVP^hedQGXjA_QG�_QP\LOf=qDRUTVGBA � f=f'GDR�_QG�JMLOd�RUGXdQT XY] f=f�u � Z^jAjVW"YkR�IXW"YQjwRUPSRUdQgXjA_QG�QP^Z^Z^GXj�_QG8_QP\LOf=qDRUTVG X f=f
IXW"Z^Z^gXGXj�NMLOT�dQYQG8IXW"Z^Z^GyN�W"ZSxcdQTVgDRUJMLOYQGDCH� X � �M�"dQTVGi��u �k�mu�{�GN�W"dQTVIXGXYkRKLO�"GyGXY f[LOjVjVGy_QGEIXW"Z^Z^GsGXjwR�IXW"YkRUT�"Z^gsNMLOT�N�GXjVgXG8_QGXj��"TULOP^YQj�NQdQP^j�_QGEZba gXIKJMLOYclRUP^Z^Z^W"Y(�MYMLOZbu {�GXj�gXIKJMLOYkRUP^Z^Z^W"YQj/jVW"YkR�W"��RUGXYedQj�NMLOT�f=W"dQZ\LO�"G�_MLOYQj�dQY�RUdQ��GEIDxcZ^P^YQ_QTVP^hedQGGXYE�>F�F�u�{|a gXIKJMLOYkRUP^Z^Z^W"Y(_QG�Z\LE�M�"dQTVGs��u �8IXW"TVTVGXjVN�W"YQ_�ridQY?N�W"dQTVIXGXYkRKLO�"GsGXY�f[LOjVjVG�_QGIXW"Z^Z^G�N�W"ZSxcdQTVgDRUJMLOYQG[�GCH� X �A_QG �IH u
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� GXj=GXjVjULOP^j=_QG?��GXYQ_MLO�"G?W"YkR[gDRUg�TVgoLOZ^P^jVgXjiLo]"GXI�IXGXj=gXIKJMLOYkRUP^Z^Z^W"YQjXu/��Y Gmt�GXf=NQZ^G?_QGTVdQN�RUdQTVG�GXjwRANQTVgXjVGXYkRUg��M�"dQTVG/��u � u��HP^GXY8hedQG�Z\L���TVgXhedQGXYQIXG/_QG/NQTVP^jVG�_QG�]cdQG/_QG�Z\L�IoLOf=gXTULjVW"PSRyTVgX_QdQPSRUGOn;P^ZHGXjwR8N�W"jVjVP^�QZ^G�_QG�_QP^jwRUP^YQ�"dQGXTydQYQG�W"d�]"GXTwRUdQTVG?_QG[�MjVjVdQTVG�LOd%IXGXYkRUTVG(_QGZba gXIKJMLOYkRUP^Z^Z^W"Y�hedQP�jVGsNQTVW"NMLO�"G�_MLOYQj/Z\L8_QP^TVGXIDRUP^W"Y(_QG�Zba GD�zW"TwR/_QG�IXW"f=NQTVGXjVjVP^W"Y�u

������� ��u � ��� IKJMLOYkRUP^Z^Z^W"Y+IDxcZ^P^YQ_QTVP^hedQG?IXW"YQjwRUPSRUdQg�_QG��QP^Z^Z^GXj8_QG?]"GXTVTVG IXW"Z^Z^gXGXjiNMLOTidQYQGTVgXjVP^YQG CH� X

������� ��u � � �;t�GXf=NQZ^G�_QG�TVdQN�RUdQTVG�Gmt�N�gXTVP^f=GXYkRKLOZ^G�_MLOYQj/Zba gXIKJMLOYkRUP^Z^Z^W"Y
� PS�zgXTVGXYkRUj/NQTVW"�QZ^qXf=GXj�W"YkR�NQd�R��DRUTVG�f=P^j�GXY�gD]cP^_QGXYQIXG=�
� ��YQG�IXW"f=NMLOTULOP^jVW"Y8_QP^TVGXIDRUG/GXYkRUTVG�Gmt�N�gXTVP^GXYQIXG�GDRAjVP^fydQZ\L`RUP^W"YyGXjwRA_QP! =IXP^Z^GOuI�|Y=GD�zGDRZ^GXj�N�W"jVPSRUP^W"YQj/_QGXj��"TULOP^YQj�r=Zba P^YkRUgXTVP^GXdQT/_QGsZba gXIKJMLOYkRUP^Z^Z^W"Y?YQGEjVW"YkR�NMLOj�IXW"YQYedQGXjXu � ZY�a GXjwR/_QW"YQI�NMLOj�N�W"jVjVP^�QZ^G�_QG�TVGXNQTVWc_QdQP^TVG � GmtQLOIDRUGXf=GXYkR ��Z\LE�"gXW"f=gDRUTVP^G�Z^WcIoLOZ^G/_MLOYQjdQY�IXWc_QG�_QG�IoLOZ^IXdQZbu
� {�G�YQW"fy�QTVG�_QG��"TULOP^YQj�f=P^j�GXYy�VGXd?_MLOYQj/_QGXj�Gmt�N�gXTVP^GXYQIXGXj/RUTVP^_QP^f=GXYQjVP^W"YQYQGXZ^Z^GXjAGXjwR]cPSRUGARUTVqXj�P^f=N�W"TwRKLOYkR�GDR�Z^GXj;jVP^fydQZ\L`RUP^W"YQj�YedQf=gXTVP^hedQGXj�jVW"YkR�_�a LOd�RKLOYkR�NQZ^dQj;Z^W"YQ�"dQGXjXu
� {CL�IoLOTULOIDRUgXTVP^jUL`RUP^W"Y�_Qd2IXTVPSRUqXTVGEZ^WcIoLOZ�GXjwR�NQZ^dQj�IXW"f=NQZ^Gmt�GOu�{�GXj�jVW"Z^Z^P^IXPSRKL`RUP^W"YQj�gXZ^gmlf=GXYkRKLOP^TVGXj/jVW"YkR�_QW"YQYQgXGXj�ryRUPSRUTVG�P^YQ_QP^IoL`RUPS��r8Z\LE�M�"dQTVGs��u � u
{�GXj|GXjVjULOP^j|TVgoLOZ^P^jVgXj�NMLOTpFHJMLOf=f[LOTVP V FHJMLOf=f[LOTVPbn�� �"�YX[Z GDR/=�LO_Q_MLO_ V =�LO_Q_MLO_�n?� ]Y] � ZW"YkR�gDRUg�GD�zGXIDRUdQgXj�LOd?jVGXP^Y(_QG�Zba gXhedQP^N�G���P^Z^P^GXdct =�gDRUgXTVW"�"qXYQGXj�_Qd�{��	�sF GDR�W"YkR/Z\LOTV�"Gmlf=GXYkR�P^YQjVNQP^TVg�Zba gDRUdQ_QG�Gmt�N�gXTVP^f=GXYkRKLOZ^G�hedQPzjVdQPSRou�FHGXj�gDRUdQ_QGXj�NQTVgXZ^P^f=P^YMLOP^TVGXj|W"YkRHIXW"YQ_QdQPSRLOd�IKJQW"P}t�_�a dQYQGpIXW"Y��M�"dQTUL`RUP^W"Y��QP^_QP^f=GXYQjVP^W"YQYQGXZ^Z^GOu � LOYQjCZ\L�NMLOTwRUP^G;]OLOZ^P^_ML`RUP^W"Y�nmZ^GXj��"TULOP^YQjjVGXTVW"YkR�_QG�f=�Xf=G�_QP\LOf=qDRUTVGOnQGXf=NQP^Z^gXj�jVGXZ^W"Y?dQYQGsf[LOP^Z^Z^G�TVgX�"dQZ^P^qXTVG=��IKJMLONQPSRUTVGs�k�mu@�;LOT/Z\LjVdQPSRUGOnMW"Y�d�RUP^Z^P^jVGXTULy_QGXj��"TULOP^YQj�NQTVgXjVGXYkRKLOYkR�dQYQGs_QP^jwRUTVP^�Qd�RUP^W"Y(_QGXj�_QP\LOf=qDRUTVGXjs��IKJMLONQPSRUTVG
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������� ��u � � �|jVjULOP^jHgXZ^gXf=GXYkRKLOP^TVGXjA_QG�IoLOTULOIDRUgXTVP^jUL`RUP^W"Y=_QG�Z\L�IXW"JQgXjVP^W"Y�jVdQTHf=P^Z^P^GXd8�"TULOYedclZ\LOP^TVG�RUTVP^_QP^f=GXYQjVP^W"YQYQGXZ
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{�GXj8GD�zW"TwRUjy_QgD]"GXZ^W"NQN�gXjiZ^W"TVjE_QGXj8GXjVjULOP^j8jVdQT8Z^GXjy_QW"dQ�QZ^GDRUjyGDR8jVdQT8Z^GXjygXIKJMLOYkRUP^Z^Z^W"YQjf[LOIXTVW"jVIXW"NQP^hedQGXjHjVW"YkRARUTVqXjH_QPS�zgXTVGXYkRUjXu���W"dQTHIXGXZ\L�nk_QGXdct�NQTVGXjVjVGXj�jVW"YkR�d�RUP^Z^P^jVgXGXjXu���W"d�RUGXjZ^GXj�_QGXdct~jVW"YkRETVGXZ^P^gXGXjsr?dQY~W"TV_QP^YML`RUGXdQT�hedQPpN�GXTVf=GDRsZ^GiNQP^Z^WORKLO�"GyGDREZba LOIXhedQP^jVPSRUP^W"Y2_QGXj_QW"YQYQgXGXjXu
{CL/NQTVGXf=P^qXTVGpf[LOIKJQP^YQGp_�a GXjVjULOPbn _QGXjwRUP^YQgXG�LOdctsGXjVjULOP^j�jVdQT�Z^GXj�_QW"dQ�QZ^GDRUjXn GXjwR;dQYQGANQTVGXjVjVG

� ����� ��NQP^Z^WORUgXG�r�NMLOTwRUP^T�_Qd=Z^W"�"P^IXP^GXZ���GXjwR��~W"T�� u � GXdctiIoLON�RUGXdQTVjA_QG���W"TVIXGXj|jVW"YkRAd�RUP^Z^P^jVgXjZba dQY=_QG������ GDRAZba LOd�RUTVG�_QG � ���su ��Y[jVIKJQgXf[L�_Qd[_QP^jVN�W"jVPSRUPS�zLOP^YQjVPQhed�a dQYQG�NQJQWORUW"�"TULONQJQP^G_QG�Z\LyNQTVGXjVjVGEjVW"YkR�_QW"YQYQgXj��M�"dQTVGs��u \ u
{CL�_QGXdct�P^qXf=GHf[LOIKJQP^YQGA_�a GXjVjULOPQd�RUP^Z^P^jVgXGpGXjwR|dQYQG�NQTVGXjVjVG�� ��W"JQT;GDR0CMGX_QGXTVJML`�'��� �M�"dQTVG��u�A"�/NQP^Z^WORUgXGEr[NMLOTwRUP^T�_Qd2Z^W"�"P^IXP^GXZ��|TVWORUGXdQj�_QG����QGXjwR �|YQ�"P^YQGXGXTVP^YQ�Qu �|Z^Z^GsGXjwR�_QGXjwRUP^YQgXGLOdct GXjVjULOP^j�jVdQT�Z^GXj�gXIKJMLOYkRUP^Z^Z^W"YQj�f[LOIXTVW"jVIXW"NQP^hedQGXjXu � GXdct2IoLON�RUGXdQTVj�jVW"YkR�d�RUP^Z^P^jVgXj�N�W"dQT_QGXj�IoLONMLOIXPSRUgXj�_QG � ] ���-GDR � ]Y] ���su
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� GXj�GXjVjULOP^j�NQTVgXZ^P^f=P^YMLOP^TVGXj�W"YkR�gDRUgETVgoLOZ^P^jVgXj�N�W"dQT�_QGXj�IDxcZ^P^YQ_QTVGXj�_QGE��W"P^jXn�_�a LOIXP^GXT�GDR_�a LOZ^dQf=P^YQP^dQf Lo]"GXI�_QPS�zgXTVGXYkRUGXj�IXW"Z^Z^GXjXu�{|a gDRUdQ_QG�IXW"TVTVGXjVN�W"YQ_MLOYkRUG�_QG�IXGXj�f[L`RUgXTVP\LOdct=GXjwRNQTVgXjVGXYkRUgXG�GXY�LOYQYQGmt�G ��u �|Z^Z^G/L�IXW"YQ_QdQPSRHLOd=IKJQW"P}ti_QG/IDxcZ^P^YQ_QTVGXjp_�a LOZ^dQf=P^YQP^dQf N�W"dQTpZ^GXj�"TULOP^YQjAGDR�_QG�Z\LsIXW"Z^Z^G��|N�W"Z\LOf � ] � ] N�W"dQTAZ^GXjHZ^P^GXYQjAIXW"JQgXjVPS��jXuQ{�GXj�GXjVjULOP^jHTVgoLOZ^P^jVgXjHjVdQTHIXGjwxcjwRUqXf=GsjVW"YkR�TVgXN�gDRUPSRUPS��jXuQ{�GXj�TVdQN�RUdQTVGXj/W"YkR�Z^P^GXd?LOd�jVGXP^Y?_Qd�Z^P^GXY(IXW"JQgXjVPS� u
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(c) Cisaillement (d) Couple
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(b) Compression

(c) Cisaillement (d) Couple

(a) Traction
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Résumé : 
Cette étude traite de la modélisation du comportement mécanique et de la rupture de 

milieux granulaires de type solide. 

Un milieu modèle constitué de cylindres d’aluminium et de joints de colle jouant le 

rôle de liens cohésifs permet de mener à bout cette modélisation. Le comportement du lien est 

étudié expérimentalement et permet d’établir une loi de cohésion et un critère de rupture. Ces 

résultats sont introduits dans un code de calcul basé sur une méthode en éléments discrets 

étendue au cas cohésif. Le code est validé en comparant le comportement mécanique et les 

faciès de rupture d’échantillons macroscopiques réels et numériques. 

Le modèle est ensuite testé dans le cadre d’applications : déformation et rupture de 

poutres, fractionnement d’échantillons, détermination de la courbe intrinsèque. Enfin, 

l’association entre le modèle et une approche phénoménologique, décrivant les transferts de 

matière, permet d’aborder la fissuration de milieux subissant un retrait ou un gonflement. 
 

 

Title: Granular media with solid behaviour - Modelling, experimental analysis of the 

cohesion, validation and applications 
 

 

Abstract 
A model of the mechanical behaviour and rupture of solid type granular media is proposed in 

this study. 

This modelling is carried out on a reference medium made of aluminium cylinders and glue 

joints playing the role of cohesive bonds. The experimental study of the bond’s behaviour 

leads to a cohesion law and to a failure criterion. These results are put into a computer code 

based upon a discrete elements method extended to the cohesive case. This code is validated 

by comparing the mechanical behaviour and the rupture shapes of real and numerical 

macroscopic samples. 

The model is therefore tested in the context of applications: strain and rupture of a beam, 

sample fractionation, yield surface characterisation. Eventually, the association between the 

model and a phenomenological approach describing the mass transfer, permits us to tackle the 

cracking of media submitted to shrinking or swelling. 
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