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Quelques modéles non linéaires en mécanique quantique

Résumé: Cette theése est consacrée a I’étude de trois modeles non linéaires issus de la
mécanique quantique.

Dans la premiere partie, nous démontrons l’existence d’un minimum et d’états ex-
cités approchés pour les modeles multi-configurations décrivant la structure électronique
des molécules. Ces points critiques peuvent étre calculés grace a un nouvel algorithme.
Des résultats numériques sont présentés pour le premier état excité de systemes a deux
électrons.

Dans la seconde partie, nous étudions un lemme du col modélisant des réactions chi-
miques avec le modele de Schrédinger indépendant du temps. Nous prouvons I'existence
d’un point selle, sous I’hypotheése que les molécules & I'infini sont chargées ou polarisées.

La derniere partie est consacrée a 1’étude de la polarisation du vide grace au modele
Bogoliubov-Dirac-Fock, une théorie relativiste de champ moyen issue de 1’électrodynamique
quantique. Nous montrons que 1’énergie étudiée posséde un minimum qui est le vide po-
larisé.

Mots clés: méthodes variationnelles, analyse non linéaire, physique mathématique,
mécanique quantique, états excités de molécules, lemme du col, électrodynamique quan-
tique, polarisation du vide.

Some nonlinear models in quantum mechanics

Abstract : This thesis is devoted to the study of three nonlinear models from quantum
mechanics.

In the first part, we prove the existence of a minimizer and of approximate excited
states for the multiconfiguration methods, which aim at describing electrons in molecules.
These so-defined critical points can be computed numerically by a totally new algorithm.
Numerical results are provided for the first excited state of two-electron systems.

In the second part, we study a mountain pass lemma modelling adiabatic reactions in
the Schrodinger time-independent framework. We prove the existence of a mountain pass
point, assuming that the molecules at infinity are charged or polarized.

Our last part is devoted to the study of the polarization of the vacuum with the
Bogoliubov-Dirac-Fock model, a relativistic mean-field theory deduced from quantum elec-
trodynamics. Our energy is bounded from below and has a minimizer which can be inter-
preted as the polarized vacuum.

Keywords: variational methods, nonlinear analysis, mathematical physics, quantum
mechanics, excited states of molecular systems, mountain pass lemma, quantum electro-
dynamics, polarization of the vacuum.
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Introduction et présentation des
résultats

Cette these est consacrée a I’étude mathématique et numérique de modeles issus de la
physique et de la chimie quantique.

Les problemes mathématiques provenant de ces domaines applicatifs sont nombreux,
variés, et bien souvent complexes. L’intérét qui leur est porté est par ailleurs en plein
essor depuis quelques années: les mathématiciens appliqués jouent un role de plus en
plus décisif grace a leurs interactions avec physiciens et chimistes. Cette these cherche a
s’inscrire dans ce mouvement. Bien qu’abondamment utilisés dans la pratique, tous les
modeles que nous étudions ici ont été tres peu abordés d’un point de vue théorique. Grace
a notre analyse, nous avons tenté d’apporter une lumiere nouvelle qui, nous ’espérons,
permettra de clarifier et éventuellement d’améliorer les méthodes utilisées.

Les travaux présentés ici concernent la modélisation de la matiére a ’échelle microsco-
pique. Ils sont principalement théoriques, notre étude de la premiere partie ayant toutefois
débouché sur des applications numériques intéressantes présentées au Chapitre A.II. Tous
les modeles étudiés sont non linéaires.

Cette these est divisée en trois parties indépendantes mais fortement reliées.

La premiere partie est consacrée aux modeles multi-configurations (MC), qui sont uti-
lisés pour la détermination de la structure électronique des atomes et des molécules. Nous
démontrons 'existence d’un minimum de 1’énergie associée, pour les modeles réels utilisés
par les chimistes, améliorant les résultats antérieurs [LB94, Fri03]. Il s’agit d’un probléme
non linéaire, dont les équations d’Euler-Lagrange sont tres complexes: c¢’est un systeme de
K équations aux dérivées partielles non linéaires elliptiques couplées, posées sur ’espace
tout entier R3. Cependant, l'originalité de notre étude concerne surtout I’existence d’états
excités approchés. Alors que les études théoriques sur ce type de modeles se concentrent
le plus souvent sur I'existence de minima, nous ne connaissons aucun travail permettant
de relier les points critiques d’un modele non linéaire et les états excités de la molécule
(c’est-a~dire les états propres du Hamiltonien). Les points critiques que nous construisons
au Chapitre A.I peuvent étre calculés numériquement, et I’étude d’un algorithme totale-
ment nouveau permettant le calcul du premier état excité de systeémes a deux électrons fait
lobjet du Chapitre A.IT (travail réalisé en collaboration avec Eric Cances et Hervé Gali-
cher, Ecole Nationale des Ponts et Chaussées). Les résultats obtenus sont en remarquable
adéquation avec les mesures expérimentales.

Dans la Partie B, nous étudions un probleme d’optimisation de géométrie : les positions
des noyaux de la molécule ne sont plus fixées. Nous considérons le cas d’une molécule qui
possede deux configurations stables pour ses noyaux, et étudions un lemme du col entre
ces deux minima, modélisant une réaction chimique adiabatique (c’est-a-dire infiniment
lente). Nous commengons par décrire le comportement de ces chemins en cas de perte de
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compacité. Puis, nous nous restreignons au cas particulier d’'une molécule composée de
deux sous-systemes dont les géométries internes sont fixées et nous prouvons que ce com-
portement est impossible, démontrant ainsi I’existence du point col recherché. Ces résultats
présentés au Chapitre B.I sont suivis de commentaires généraux et assez simples sur des
méthodes d’optimisation de valeurs propres de matrices symétriques dans le Chapitre B.II,
qui permettent de relier les travaux des Parties A et B.

Enfin, nous présentons a la Partie C I’étude, en collaboration avec Christian Hainzl
et Eric Séré, d’'un modele de champ moyen en mécanique quantique relativiste, issu de
Iélectrodynamique quantique. Dans cette théorie, le vide réinterprété en la mer de Dirac
joue un role crucial car il peut se polariser en présence d’un champ extérieur. Le modéle que
nous étudions, appelé Bogoliubov-Dirac-Fock, permet de modéliser cette polarisation, qui
est par ailleurs absolument nécessaire pour la construction de modeles bien fondés (c’est-
a-dire d’une énergie bornée inférieurement). Le vide est représenté par un projecteur sur
I’espace associé a la partie négative du spectre d’un opérateur, suivant 'interprétation de
Dirac lui-méme. Le vide polarisé, qui minimise 1’énergie BDF, est solution d’une équation
non linéaire, que nous résolvons au Chapitre C.I grace a une méthode de type point fixe.
Enfin, le Chapitre C.II est consacré a la présentation et l'interprétation de nos résultats
dans un langage plus physique.

Les trois modeles que nous étudions sont non linéaires. Nous utilisons dans cette these
des méthodes adaptées a cette difficulté, principalement initiées par P.L. Lions dans [Lio84,
Lio87]. Plusieurs preuves sont basées sur des idées introduites par N. Ghoussoub dans
[Gho93], et qui généralisent [Lio87]. Enfin, I'article [Fri03] de G. Friesecke sur les modeles
MC nous a également inspiré, en particulier grace a la comparaison présentée entre la
méthode de concentration-compacité [Lio84] et le Théoreme HVZ [Hun66, Van64, Zhi60]
ou les méthodes géométriques utilisées pour les problémes & N corps [Sim77, Sig82, HS00].

La méthode numérique utilisée au Chapitre A.II pour le calcul d’états excités de
molécules est également intéressante car nous déformons des chemins en suivant ainsi
le principe variationnel. Notre méthode, tout a fait générale (et inspirée de diverses idées
existantes), pourrait étre utilisable dans d’autres situations.

L’étude mathématique des modeles présentés nécessite quelques connaissances générales
sur la modélisation de molécules en mécanique quantique. Nous n’avons pas souhaité rap-
peler en détails cette théorie dans cette these. Le lecteur pourra consulter par exemple
[Lie90, Thi02, AF97, CT03] et les excellents chapitres introductifs de [LB93, Can98].
Nous rappellerons dans cette introduction certains points absolument nécessaires a la
compréhension de notre travail. Le lecteur aguerri pourra passer les sections 1 (consacrée
a une description rapide du modele de Schrédinger), 4.1 et 4.2 (consacrées a une descrip-
tion des modeles relativistes dont la QED). Nous présentons nos résultats dans les autres
sections, de facon assez détaillée et, nous ’espérons, imagée.

1 La modélisation d’'une molécule: le modele linéaire de Schrodin-
ger indépendant du temps

Dans cette section, nous présentons le modele linéaire de Schrodinger. C’est une théorie
non relativiste qui permet la description de systémes quantiques, comme des molécules
composées d’électrons et de noyaux.

Les propriétés des opérateurs de Schrodinger associés aux systemes atomiques sont
abondamment utilisées dans la seconde partie de cette thése, consacrée a la modélisation
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d’une réaction chimique. Par ailleurs, une connaissance précise du modele linéaire est
nécessaire pour décrire I'intérét des modeles de type multi-configurations que nous étudions
dans la premiere partie.

Dans toute la suite, nous travaillerons dans le systéme des unités atomiques pour lequel

1
N 47‘1’60

me, = e = h =
ou m,.- et e sont respectivement la masse et la charge de I'électron, 7 est la constante
réduite de Planck, et ﬁ est la constante diélectrique du vide.!

1.1 Description du modele

Nous voulons décrire une molécule comprenant M noyaux de charges Z1,...,Z5 > 0, et
N électrons. Pour cela, nous utilisons 'approximation de Born-Oppenheimer [BO27] dans
laquelle les noyaux sont traités comme des particules ponctuelles classiques, situées en
Ri,...,Ry € R3. Elle se justifie par la différence de masse entre les noyaux et les électrons
(un facteur de l'ordre de 10%). Nous renvoyons par exemple & [Thi02, Section 4.6] et &
[Com75, CS80, KMSW92, C*03] pour une justification théorique. Nous noterons

M
R=(Ry,..Ry) €™, Z=(Z1,...2u) € M) et |Z] =) Zpn,
m=1

avec

L’état des N électrons est représenté par une fonction ¥(xi,...,xx) normalisée dans
L2((R)N,C) (chaque z; est dans R3), |¥(xyq,...,xx5)|? dz1... dzy étant interprété comme la
densité de probabilité de trouver 1’électron 7 en x;.

A cause de I'indiscernabilité des particules, il est donc naturel de supposer que |¥|? soit
symétrique en les variables z;. Ensuite, il y a deux sortes de particules: les bosons pour
lesquels W est symétrique, et les fermions pour lesquels ¥ est antisymétrique. Comme les
électrons sont des fermions, on doit supposer que ¥ est antisymétrique par rapport aux
permutations des variables x; :

Vo € SN7 qj(mlr'wa) = E(O’)W(IEU(U,...,.’L’U(N)) pp-

Si ¥ est une fonction réguliere, 'hypothese d’antisymétrie implique que ¥(z1,...,xx) = 0
dés que z; = x; pour 7 # j. Etant donnée I'interprétation probabiliste de |¥|?, cela
correspond au fait que deux électrons ne peuvent étre au méme endroit. On parle de
principe d’exclusion de Pauli.

L’espace de Hilbert qui modélise I’état de NN électrons est donc le sous-espace de
L?((R*)N ,C) constitué de ces fonctions antisymétriques, et noté dans la suite L2 ((R3)V,C).

Dans cette description, nous avons négligé le spin par soucis de simplicité. Si on désire
tenir compte du spin, il faut travailler dans I’espace de Hilbert L2((R3 x {£})V,C). Les
fonctions sont alors antisymétriques par rapport aux permutations des couples de variables
(1‘@,0‘@) € R3 x {:l:}

1. Dans ce systéme, 'unité de masse est 9,11 - 10~ 3'kg, 'unité de longueur est le rayon de Bohr ap =
5,29 - 10~ m, Punité de temps est 2,42 - 10~ 17s, et P'unité d’énergie est le Hartree £ = 4,36 - 107'%J. La
distance moyenne noyau-électron est de 'ordre de 1 dans ’atome d’hydrogene, et la vitesse de la lumiere
vaut 1/a ~ 137 [C103].
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Le Hamiltonien du systéme est

N

1 1 7.7,
(#2) Z( 2 Z*V(m)>+ 2 st X m-m

X
i=1 1<i<j<N J 1<l<k<M

ou V est le potentiel de Coulomb créé par les noyaux

Mooz
m=1

L’indice x; sur A, signifie que l'opérateur agit sur la i®™e variable de U(z1,...,TN).
L’opérateur HY (R,Z) est auto-adjoint, défini sur l'espace de Hilbert L2((R3)V,C), de
domaine H2((R*)NV,C) [Kat51, Kat57]. L'énergie est la forme quadratique associée

EN(R, W) = (HN(R,Z)¥, 1),

définie sur I'espace H} (R?’N ,C). Elle contient I’énergie cinétique des électrons, 1'énergie
d’interaction avec les noyaux, l’énergie d’interaction entre les électrons, et finalement
I’énergie d’interaction des noyaux. En mécanique classique, I’énergie cinétique d’une par-
ticule de quantité de mouvement p est |p|?/(2m.-) = |p|?/2. L’opérateur auto-adjoint
associé —A /2 s’obtient donc en effectuant le remplacement p <« —iV.

L’évolution temporelle du systeme est régie par I’équation de Schrodinger

0
ih—V; = HN(R,Z) - V.
ot
Un état stationnaire? est une solution de la forme ¥; = e_iTELt\I/, c’est-a-dire ¥ est une
fonction propre de HY (R,Z). L’étude du spectre de cet opérateur est donc primordiale
pour la compréhension du systeme.

Nous mentionnons ici les résultats nécessaires a la compréhension des sections sui-
vantes. Le lecteur pourra consulter le Théoreme 1.1 page 133 pour un énoncé des autres
propriétés de HV (R,Z), et par exemple [RS78, HS00, Thi02, HS96] pour une présentation
plus détaillée.

Introduisons les notations

EN(R,Z) =MV (R,Z)= inf (U,HN(R,Z)V),

W) 2=1
et 7. 7
E°(R,Z) = R
) 1<l§<M |k — Ry

(énergie des noyaux seuls). On suppose dans toute la suite que Z # (0,...,0). Le spectre de
HY(R,Z) al'allure générale de la Figure 1.

Il est composé d'un spectre essentiel de la forme [HS00, RST8] oess (HY (R,Z)) =
[SN(R,Z);400), ou TV(R,Z) est un réel vérifiant £1(R,Z) = E°(R,Z) pour N = 1 et
YN(R,Z) < E°(R,Z) pour N > 1.

2. D’apres le formalisme de la mécanique quantique que le lecteur pourra trouver par exemple dans
[VN32, Zei95] et [Tha92, Section 1.2], un état physique est un élément du quotient de la spheére de
L2(R*N R), SL2(R3*N R)/ ~, ot ) ~ 1) < 30 € R, ¢ = €"4)’. L’état physique d’une solution stationnaire
est donc bien constant.
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F1G. 1 — Forme générale du spectre de H (R,Z)

Les valeurs propres, quand elles existent, sont toutes inférieures & E°(R,Z) [RSTS,
HS00]. Celles qui sont strictement inférieures & YV (R,Z) sont isolées et de multiplicité
finie ; elles sont en nombre fini ou dénombrable mais convergent dans ce cas vers LV (R, 7).
Elles peuvent étre obtenues par la formule usuelle

M(R,Z)= inf sup (U,HY(R,Z)¥),
d (R.Z) dmitha S ( (R.Z)V)
|] =1

qui les fournit dans ’ordre. Lorsque qu’il n’y a qu’un nombre fini de valeurs propres sous
le spectre essentiel, on a alors A%(R,Z) = YN (R,Z) pour un certain dy. S’il n’y a aucune
valeur propre sous XV (R,Z), alors dy = 1.

Lorsque BV (R,Z) = AV(R,Z) est une valeur propre strictement inférieure & ¥V (R,Z),
on parle d’énergie fondamentale. Une fonction propre associée

HY(R,Z)V = EN(R,Z)¥

est appelée état fondamental. Lorsque les )\fiv (R,Z), d > 1, sont des valeurs propres stricte-
ment inférieures & XV (R,Z), on parle d’énergies excitées. Les fonctions propres associées
sont appelées états excités de la molécule. Un état fondamental ou excité est appelé état
lié.

En vertu du principe de Hamilton, la valeur propre de plus basse énergie EV (R,Z),
lorsqu’elle existe, correspond a I’état “le plus stable”, dans lequel on trouvera la molécule
le plus souvent (voir les remarques de [C*03, Chapitre 1 - Section 6]). Toutefois, lorsque de
I’énergie est fournie a la molécule, elle peut alors atteindre un état excité. Les différences
entre deux de ces valeurs propres )\év (R,Z) — )\Jd\,f (R,Z) correspondent a ’énergie apportée
ou emportée par un photon lorsque le systeme passe d’un état excité a 'autre. Elles sont
quantifiées et s’identifient au spectre de raies observé lors d’expériences de spectroscopie
et que la mécanique classique ne peut décrire. 3

Intuitivement, une molécule ne devrait pas étre stable lorsque IV est trop grand, les
noyaux ne pouvant conserver pres d’eux trop d’électrons. La traduction mathématique de

3. L’étude des valeurs propres qui sont plongées dans le spectre essentiel, dans Iintervalle
[EN(R7Z); EO(R,Z)], est bien plus délicate : celles-ci sont “moins stables” que les valeurs propres isolées,
puisqu’elles peuvent disparaitre subitement lorsque HY (R,Z) est légérement perturbé. L’étude met en va-
leur certains phénomenes complexes de résonnance donnant naissance a des états métastables (c’est-a-dire
ayant une vie finie, mais longue). Le lecteur intéressé pourra consulter par exemple [RS78, Section XII.6],
[HS96, Chap. 16], [HS00, Section V] ainsi que [MS99, SW98, CS01] et les références citées dans ces travaux.
Les valeurs propres isolées situées sous le bas du spectre essentiel ¥V (R,Z) ont, elles, un comportement
bien plus simple puisqu’elles sont globalement stables lorsque opérateur est perturbé (analytiquement par
exemple, voir les commentaires du Chapitre B.II).
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ce fait est 1’existence ou non d’un spectre discret sous ¥V (R,Z). Les résultats connus sont
les suivants :

e Molécules neutres et chargées positivement (N < |Z|). Dans ce cas, Zhislin a démontré
[Zhi60] l'existence d’une infinité de valeurs propres sous LV(R,Z), impliquant la
stabilité des molécules neutres et chargées positivement.

e Molécules chargées négativement (N > |Z|). Dans ce cas, il existe un entier dy tel que
)\é\(f) (R,Z) = ¥N(R,Z), ce qui signifie que le spectre discret est toujours fini (voir
[Zhi71, HS0O0] ainsi que les références citées dans [RS78, Notes of section XIII.3]).

e Molécules comprenant un grand nombre d’électrons (N > N.). Pour chaque configura-
tion des noyaux (R,Z), il existe un entier N, vérifiant |Z| < N, < 2|Z|+ M et tel que
Pon ait AY(R,Z) = ©N(R,Z) pour tout N > N, [Lie84, Sig82], ce qui signifie qu’il
n’y a plus aucune valeur propre sous le spectre essentiel : la molécule est instable.

D’autres propriétés importantes sont mentionnées page 133, comme le Théoreme HVZ
[Hun66, Van64, Zhi60] qui fournit la formule ¥V (R,Z) = EN~Y(R,Z), ou la régularité et
la décroissance exponentielle des fonctions propres de HV (R,Z).

Comme les fonctions d’onde a N électrons sont parfois difficiles & manipuler, on utilise
souvent la densité électronique de charge définie par

:N/ / |\Il(x,x27...,xN)‘2da:2'"dmN (1)
R3 R3

qui est une fonction de L'(R3 R*) d’intégrale égale & N, et l'opérateur de densité a un
corps, défini par son noyau

7y N/ / .’L'JTQ, L )\Ij(yx% - )d-rQ dey (2)
R3 R3

c’est-a-dire

(uea) = [ velaadols) dy

qui vérifie par ailleurs 0 < vy < 1, tr(yw) = N et py(z) = yw(z,2).

1.2 Les principaux objectifs pratiques

Le modele linéaire de Schrodinger étant explicité, nous pouvons maintenant présenter
les objectifs pratiques de cette théorie, en suivant [CT03, HG96].

En pleine expansion ces dernieres années, les calculs de chimie ou de physique quan-
tique ont pour but la modélisation de la matiere a [’échelle microscopique. Le modele de
Schrodinger possede une propriété importante : il ne contient aucun parametre empirique,
et ne dépend que de constantes physiques universelles (la masse et la charge de 1’électron
par exemple). On parle de modele ab initio. D’autre part, la connaissance de la fonction
d’onde ¥ € L2((R?)Y,C) permet théoriquement d’accéder & toutes les propriétés physico-
chimiques de la molécule : énergies, structure moléculaire, moments multipolaires, spectre
Raman, et autres propriétés chimiques, mécaniques, optiques ou magnétiques.

Le principal objectif concernant le probleme électronique est la connaissance de 1’état
fondamental, et des états excités. Si 'étude de I’état fondamental constitue la motivation
premieére de tout modele, le calcul des états excités est souvent aussi trés important (voir
des exemples au Chapitre A.II). Lorsque la position des noyaux n’est plus fixée, le modele
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de Schrodinger permet la description de réactions chimiques. La Partie B de cette these
est consacrée a une étude théorique sur ce sujet.

Cependant, les avantages de la modélisation d’une molécule avec le modele de Schrodin-
ger s’évanouissent lorsqu’il s’agit d’effectuer des calculs réels. En effet, le modele est posé
dans I'espace L2((R?)Y,C) dont la “dimension” est trés vite gigantesque : pour la molécule
d’eau H,0, on doit travailler dans L2(R3?,C)! Ainsi, cette théorie ne peut en fait étre uti-
lisée que pour des systeémes tres petits (6 ou 7 électrons de nos jours). Pour simuler des
systemes un peu plus grands, on utilise des modeles approchés.

Il y a deux sortes de modeles approchés, qui correspondent a deux stratégies différentes.

Dans une premiere approche, ’énergie est approximée et exprimée en fonction d’un
objet plus simple que la fonction d’onde. C’est le cas de la théorie de la fonctionnelle de la
densité (DFT) qui propose des fonctionnelles ne dépendant que de la densité électronique
pw. Nous n’utiliserons pas ce type d’approximation dans cette these.

Une autre méthode consiste & conserver H™V (R,Z), mais & réduire 'espace L2 ((R3)V,C)
a un sous-ensemble plus petit. C’est le cas pour les méthodes multi-configurations que nous
étudions a la Partie A, et qui contiennent le célebre modele de Hartree-Fock. L’avantage
de ce type d’approximation est que le minimum approché est nécessairement au dessus du
minimum réel. Nous verrons que ces modeles permettent également le calcul approché des
états excités, ce qui n’est probablement pas le cas de la DFT.

Ces deux approches différentes fournissent des modeles qui sont tous non linéaires.
Grace a ces techniques d’approximation du modele linéaire, on peut maintenant simuler
des sytemes comprenant 103 ~ 10% atomes. Enfin, dans la Partie C, nous introduisons
un autre modele qui permet de prendre en compte les effets relativistes.

2 Le probleme électronique: méthodes de type multi-configura-
-tions (Partie A)

Dans cette partie, nous étudions des méthodes d’approximation pour le probleme
électronique, qui permettent le calcul des états fondamentaux et excités. Remarquons que
comme les noyaux sont fixés, leur énergie d’interaction E°(R,Z) est constante*. D’autre
part, nous nous restreignons a des fonctions d’onde & valeurs réelles et sans spin®.

L’idée conductrice de ces approximations est basée sur la remarque suivante

N
LR R) ~ \ L*(R*R)
=1

ot le membre de droite est le produit tensoriel antisymétrique. Plus précisément, si (p;)ien
est une base hilbertienne de L?(R3R), un résultat classique permet d’affirmer que (p;, ®
e ® QOZ'N)(i17...7Z'N)€NN fournit une base hilbertienne de L?(R3V R), ou

iy @+ @ iy (a:l,...,a:N) = Piy (‘Tl) T (piN(‘TN)’

L’antisymétrisée de cette base

1
©iy N N iy (X1,.2N) = W det(ws, (27))k,1

4. Par soucis de clarté, nous conservons cette énergie ici, alors qu’elle sera supprimée dans la Partie A.
5. Tout notre travail peut étre aisément généralisé & des fonctions d’onde & valeurs complexes et/ou avec
spin.
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est donc une base de Lg(RSN ,R). Les fonctions ¢;, A--- A p;, sont appelées déterminants
de Slater. Une fonction d’onde quelconque ¥ € L2(R3YN R) s’écrit donc

U= Z Cr- @iy N N iy (3)

I={i1<iz2<...<in}

oil la somme converge dans L?(R3Y R). L’idée est maintenant de réduire 1’espace en limi-
tant le nombre de déterminants.

2.1 Le modele Hartree-Fock et I'énergie de corrélation

Dans le modele Hartree-Fock (HF), 'espace fonctionnel est restreint a I’ensemble des
fonctions d’onde qui sont un unique déterminant de Slater [Har28, Foc30, Sla30, Léw55b].
Autrement dit, on introduit

ERE(®) = ERF (@1,on) = EN(R, o1 A+ A o)

pour ® = (¢1,....on)" € (H'(R?))X vérifiant [ps pi9; = 0y, et le probléme de minimisa-
tion

E]IéF = inf {‘SJI\?F(@haSON)? P1y--PN € HI(R3)7 /3 PiP; = 51]} .
R

L’énergie 5}3F est aisément calculée. Elle ne dépend que de l'opérateur de densité v de
la fonction d’onde @1 A --+ A @y (voir (2)), qui est défini par son noyau

N
zy) =Y wi(r)eiy)
=1

En effet, on trouve

al 1 pa(x
:Z/IRB§|V¢i|2+V‘¢i|2 // pa(@)ooly) dy
i=1

- —/ wd:ﬂ dy + E°(R,Z)

tr ((—A/2 + V)ye //pq’ _y| / W‘I’ be@yl® ;. dy + E°(R,Z),

pa étant la densité de charge associée: po(z) = vo(z,x) = Zf\il ¢i(7)%. Remarquons que
~vo est un projecteur de rang N. Ce résultat est général (voir plus loin): une fonction
d’onde V¥ est un déterminant de Slater si et seulement si g est un projecteur de rang N.

L’existence d’un minimum pour EﬁF est démontrée par E.H. Lieb et B. Simon dans
[LS77] et, avec une autre approche, par P.-L. Lions dans [Lio87] qui prouve également
I'existence d’une infinité de points critiques. Ceux-ci, souvent interprétés dans la littérature
comme des états excités de la molécule, seront discutés plus loin.

Les équations satisfaites par un point critique de 1’énergie SJI\}(F sont de la forme

N
Fo i+ Nijoj =0, (4)
i=1
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ot la matrice A = (\;;) contient les multiplicateurs d’Euler-Lagrange associés a la contrainte
fR3 Yip; = 0;j, et Fo est 'opérateur de Fock
Yo (:1:7y) (5)

A 1
,7:<1>=——+V+p<1>*—— )
2 -1 e =yl

ce qui signifie

A 1 N 1
rer= (3o me oo )

i=1

Comme ~g est I'opérateur de densité d’ordre 1 des électrons, 'opérateur Fp s’interprete
comme 1’opérateur de champ moyen créé par le systeme.

Comme EMF est invariante® sous I'action du groupe Oy (R), i.e. ® — U - ® pour
U € On(R), équation (4) peut étre diagonalisée, c’est-a-dire il existe (¢],...,¢y) tels que

For - @i = €ip}. (6)

Les ¢} sont donc solutions d’'un probleme aux valeurs propres, mais dont l'opérateur
dépend lui-méme de ®’. On parle d’équations auto-consistantes (en anglais on utilise le
sigle SCF pour Self-Consistent Field). Notons que cette propriété d’invariance par rotation
de I’énergie HF est primordiale pour obtenir des équations diagonalisées: elle est abon-
damment utilisée dans les preuves d’existence de [LS77, Lio87], et dans les algorithmes
propres a la méthode HF (voir par exemple [CB00, C*T03]). De plus, on peut démontrer (on
parle de principe aufbau) que si ® minimise EﬁF , alors les €; < 0 sont les N plus petites
valeurs propres de Fg, et que de plus ex < en41 [BLS94]. Dans ce cas, 'opérateur g
est le projecteur sur la somme directe des espaces propres correspondant aux /N premieres
valeurs propres de Fgp

Y& = X(—oosen] (Fo). (7)

La différence
E“ = EYF —En >0

est appelée énergie de corrélation [Low59, HG96). En effet, les déterminants de Slater
sont les fonctions d’onde qui tiennent le moins compte des effets de corrélation entre
les électrons: des électrons totalement indépendants devraient étre représentés par une
fonction d’onde de la forme ¢ ® - - - ® ¢, mais a cause du principe de Pauli, on doit anti-
symétriser cette fonction, ce qui fournit un déterminant de Slater. L’énergie de corrélation
peut représenter une part non négligeable de I’énergie totale de la molécule, mais comme
ce sont toujours les différences d’énergies qui importent, le modele de Hartree-Fock fournit
souvent des résultats acceptables. Cependant, au cours de certains phénomeénes particu-
liers, cette énergie varie de maniere importante, ce qui diminue fortement la précision des
calculs. Des exemples typiques sont le parcours de la surface d’énergie potentielle (c’est-
a~dire la résolution du probléeme électronique pour de nombreuses positions de noyaux),
le calcul d’un état de transition lors de réactions chimiques, ou le calcul d’états excités.
L’idée générale que I'on peut retenir est que la méthode HF n’est adaptée qu’a la descrip-
tion de systémes a ’équilibre [HG96] (la méme remarque est valable pour la DFT). Pour
effectuer des calculs raisonnables dans d’autres situations, une description précise de la
corrélation est indispensable. Les modeles multi-configurations constituent la méthode la
plus adaptée pour atteindre ce but.

6. En fait y(z,y) = ®(z)T ®(y) donc va(z,y) = yve(z,y) pour tout U € On (R).
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2.2 Méthodes de type multi-configurations : existence d’un minimum
2.2.1 Définition

Pour les méthodes multi-configurations (notées MC dans la suite), on limite la somme
(3) & un nombre fini de déterminants, ou plus précisément on limite le nombre de fonctions
(p;) utilisées [Lowbbe, Lowb9, She87, AF97, LB94, Fri03, Lew02, Lew04b]:

U= Z Cr i, N A iy (8)

1<i1 < <. <iNSK

Les variables sont donc”
o les orbitales (¢p1,....px) € (H'(R®))X, qui vérifient la contrainte [ps ¢ipj = &;j;
o les coeflicients (c;,...iy) € S(ﬁ)_l, ie. Z (61)2 =1
1<i1<in<.. . <in<K
Les contraintes permettent d’assurer que |¥|z2 = 1. Introduisons donc la variété

ME = {(c,cp) e S(N)=1 x (H'(R?))¥, /

opT = IK}
R3

ou nous avons noté
K
c= (Ci1<~“<iN) € R(N)a ® = (Spla"’ﬁDK)T € Hl(R37R)K

(nous utilisons par exemple I'ordre lexicographique pour les ¢y). D’apres [Lowbba], ¥ est
de la forme (8) si et seulement si 'opérateur vy est de rang fini égal & K, et dans ce cas,
les ¢; engendrent Im(yg) (c’est donc une généralisation du cas HF).

L’énergie est définie sur Mﬁ par la formule

EN (c®) = (V(ca), H" (R,Z) - V(c.0)) (9)
\II(C,@) = Z Ciy..inPir A A iy -
1<ii<-<in<K

Comme pour HF, elle est non quadratique en les ¢; (mais elle est quadratique en c).
L’énergie fondamentale approchée est alors

EX = inf £X. (10)
MK

Il est facile de voir que 'on a E]I\g > Epn et

lim E§ =FE
K—+o00 N N
ce qui montre bien que cette méthode d’approximation permet de décrire I’énergie de
corrélation.
Un cas particulier de K = N + 2 est étudié par C. Le Bris dans [LB94] ou il considere
des sommes de deux déterminants seulement

U=api A ApN-1 APN +Bp1 A ApNy1 A ONt2,

7. Bien remarquer que les ¢; et les ¢; sont inconnus ici. Lorsque les ¢; sont fixés et que seuls les ¢; sont
optimisés, on parle de modeéle d’'Interaction de Configurations.
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prouve 'existence d’un minimum pour les fonctions d’onde ayant cette forme, et démontre
I'inégalité E]]\\?” < E% . L’existence d’un minimum pour tout K > N a récemment été
obtenue par G. Friesecke dans [Fri03]. Sa preuve est basée sur des méthodes de locali-
sation géométrique, un argument de type concentration-compacité de P.-L. Lions [Lio84]
et I'inégalité E]Iéill < Eﬁ . Toutefois son approche, qui n’est pas du tout basée sur les
équations d’Euler-Lagrange (peu étudiées jusqu’a présent a cause de leur complexité), ne
permet pas a priori de prouver I'existence de points critiques, et donc de décrire les états
excités. Dans notre travail [Lew02, Lew04b, CGL04] exposé a la Partie A, nous avons étudié
ces modeles avec une méthode différente, qui repose sur les équations d’Euler-Lagrange

écrites sous une forme tres compacte, et permet la définition d’états excités approchés.

2.2.2 Equations d’Euler-Lagrange

Dans [Lew02, Lew04b] (voir la Partie A), nous avons écrit les équations MC sous la

forme suivante
A
<<—§+V>F+2W(C,¢)>'<I>+A'(I):0 (11)
Hgc = Ac,

ou I' est une matrice K x K dépendant de ¢ (plus précisément, c’est la matrice de vy, écrite
dans la base (¢1,....ox) de Im(yy)), et Wi, o) est une fonction matricielle R* — Mg (R)
dépendant de ¢ et de ® (voir les expressions a la page 65).

La premiere ligne de (11) est un systéme de K équations aux dérivées partielles
non linéaires couplées, écrit sous forme matricielle. A est la matrice (symétrique) des
multiplicateurs associés a la contrainte ng ®dT = Jx. La seconde équation est sim-
plement une équation aux valeurs propres, car Sf\f est quadratique par rapport a c.
He = ((®1,Hn®,))1,s est la matrice de taille (§) x (§) du Hamiltonien HY(R,Z) sur
lespace vect(®r) engendré par les déterminants, formés a partir des ;.

Comme la premiere ligne d’équations possede une forme similaire au cas de Hartree-
Fock, les chimistes utilisent le sigle MCSCF (Multiconfiguration Self-Consistent Field)
pour désigner cette méthode, car I'opérateur (matriciel) (—% + V) '+ 2W . ) dépend
des inconnues (c¢,®). Toutefois, cette dénomination peut induire en erreur: les ¢; ne sont
pas les fonctions propres d’un opérateur de champ moyen.

Pour la méthode Hartree-Fock (K = N), on a I' = Iy car g est un projecteur de
rang IV, et d’autre part le terme non linéaire W, ) - ® se simplifie de sorte que 'équation
s’écrit

(Folr) - ®+A-®=0.

On peut alors diagonaliser A en appliquant une rotation appropriée a ®. Dans le cas
K > N, on peut aussi faire agir le groupe des rotations® sur ® mais a cause de la forme
de I’équation (11), on pourra diagonaliser I ou A, mais pas les deux simultanément. Cette
perte d’invariance par rotation explique la difficulté principale du modele MC face au
modele HF. Dans nos preuves, nous diagonalisons I' ou A, selon I'information désirée.

D’un point de vue numérique, alors qu’il existe des méthodes (de type point fixe) pour
la résolution des équations SCF Hartree-Fock, aucune méthode spécifique n’est connue
pour les méthodes MCSCF (des algorithmes de type Newton sont utilisés pour la minimi-
sation). La forme des équations que nous avons utilisée pourrait étre utile pour construire
une méthode du type de celle employée pour HF .

8. L’action de Ok (R) sur MY est explicitée au Chapitre A.I, page 66.
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2.2.3 Méthodes pratiques: existence d’un minimum

Pour les simulations numériques, on n’utilise pas le modele MC tel qu’il vient d’étre
décrit car le nombre (%) de déterminants est bien trop important. Ala place, certains
déterminants sont choisis (selon des considérations chimiques complexes et souvent empi-
riques) et I'optimisation est effectuée en fixant cette forme particuliere. Comme la preuve
d’existence d’un minimum de G. Friesecke [Fri03] ne semble s’adapter que au cas ou tous
les déterminants possibles sont pris en compte, nous avons voulu compléter ce résultat en
fournissant une preuve applicable aux situations réelles.

Introduisons 'ensemble AX = {I c {1,..,K}, [I| = N}. Pour un certain Z C A,
nous pouvons définir

MBT = {(¢,®) e MB, VI ¢ T, c; =0} ¢ ME.

Dans [Lew04b], nous nous sommes limités & des méthodes que nous avons appelées
naturelles. On dit que les y; sont les orbitales naturelles de la fonction d’onde W si vgp; =
n;p;, c'est-a-dire si les ¢; sont des fonctions propres de 'opérateur de densité & un corps?.
Les n; sont appelés les nombres d’occupation. Une méthode est dite naturelle lorsque pour
tout (¢,®) € Mﬁ’z, il existe une rotation U € Ok (R?) telle que (¢/,®') = U - (¢,®) €
Mﬁ’z et IV = diag(nf,...,n’y ). En d’autres termes, on suppose qu'’il est toujours possible
d’appliquer une rotation permettant d’utiliser les orbitales naturelles, tout en restant dans
I’ensemble Mﬁ’z.

La méthode la plus utilisée en pratique, appelée CASSCF (Complete Active Space
SCF) [Roo87, She87], vérifie cette hypothese. Elle consiste & séparer les électrons en deux
catégories. Les électrons de coeur (ou passifs) sont traités par un modele Hartree-Fock, et
les électrons de valence (ou actifs) sont traités par un modele MC faisant intervenir tous
les déterminants. Les fonctions d’onde utilisées sont donc de la forme

U=pi A~ ANpN_n, A Z crpin N Noiy, | (12)

I={i1<...<in, }C{N—Ny+1,...,K},
=Ny

N, étant le nombre d’électrons de valence.

Notre résultat est alors le suivant (voir le Corollaire 1.2 page 69)

Théoréme 1 (Existence d’état fondamentaux MC). Nous supposons Z > N — 1.
Pour tout K > N et tout T C AJI\{, définissant une méthode naturelle, 6‘]{? possede un

minimum sur My~ .

La démonstration du Théoréme 1 repose sur un résultat central que nous n’exposerons
pas ici (voir le Théoreme 1.1 page 69), dans lequel nous montrons la compacité des suites
de Palais-Smale avec information de Morse, dans l'idée de [Lio87, Gho93]. Lorsque I'on
étudie un procédé de minimisation, il est possible d’obtenir une suite de Palais-Smale
avec des informations supplémentaires sur la dérivée seconde grace a la généralisation du
Lemme d’Ekeland prouvée dans [BP87] (voir aussi [Gho93, FG92]).

9. Rappelons que les ¢; engendrent Im(vy) lorsque ¥ est une somme finie de déterminants de Slater et
qu’il existe toujours une rotation U € Ok (]RS) de ® qui permet de diagonaliser la matrice I' de yw.
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2.3 Points critiques et états excités

Dans cette partie, nous présentons nos résultats concernant 1’existence de points cri-
tiques pour le modele MC, et leur interprétation en tant qu’états excités approchés de
la molécule. Nous exposerons pour simplifier le cas ou tous les déterminants sont pris
en compte et renvoyons au Chapitre A.I pour une étude plus générale s’adaptant a des
méthodes MC partielles, comme la méthode CASSCEF.

2.3.1 L’abondance de points critiques

Alors que la définition d’un état fondamental approché ne pose aucun probleme (il
suffit de minimiser Sf\f sur la variété M%), il n’en est pas de méme pour les états excités.

A cause de la non linéarité du modele, les expériences montrent que les points critiques
de Sf\f abondent sur la variété M% Dans notre travail numérique exposé plus loin, nous
avons remarqué que le lancement de I'algorithme de Newton & partir d’un point choisi au
hasard induit presque toujours une convergence vers un point critique tres proche. Dans
cette situation ou les points critiques de & f\g sont en tres grand nombre, il parait difficile de
sélectionner ceux qui peuvent étre interprétés comme des états excités approchés pour les
fonctions propres du Hamiltonien HY (R,Z). Notons qu’a 'opposé, il est communément
admis qu’un état excité approché doit étre un état stationnaire du modele étudié, c’est-a-
dire I'un des points critiques de Sf\f sur M%

Des observations similaires sont faites pour les autres modeles non linéaires (HF ou
DFT). Dans [Lio87], une infinité de points critiques est exhibée pour le modele Hartree-
Fock. C’est une suite (¢7,...,¢o% )nen de solutions des équations HF qui vérifie en outre

lim EXF(p},....0%) = E°(R,Z).
n—-—+0o
Comme la limite vaut E°(R,Z) alors que nous savons que A} (R,Z) —4— 100 SV (R,Z) <
E°(R,Z), ces points critiques ne peuvent pas étre interprétés comme des approximations
des )\év (R,Z). Cela correspond par ailleurs aux constations pratiques : la méthode HF n’est
pas adaptée au calcul d’états excités.

Au Chapitre A.I, Théoreme 1.3 (i) page 69, nous énongons un résultat similaire a celui

de [Lio87]:
Théoréme 2 (Infinité de points critiques MC). Soient Z > N — 1 et K > N. Alors
il existe une suite (E”j)") de points critiques de E]I\f sur M% qui vérifie par ailleurs
lim EX(@,0") = E°(R,Z).
n—-—+o0o

Comme pour [Lio87], ces points ne peuvent pas étre interprétés comme des états excités

approchés.

2.3.2 Existence d’états excités approchés pour le modele MC

Soient )\(If (®), d =1,..., (ﬁ), les valeurs propres de la matrice Hp apparaissant dans
(11). De la définition de Hg découle immédiatement 'inégalité

Ma(R.Z) < XN (®)
pour tous ®. Cette propriété a conduit les chimistes a utiliser la définition suivante pour

les énergies excitées MC:
K- inf 2K (). (13)
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Comme on a par ailleurs

Jm g = Xa(R,Z),
cette définition semble adaptée pour décrire des états excités approchés. Bien noter que
pour chaque K, seulement (IA{,) états sont ainsi définis. Pour obtenir une approximation
de la valeur propre Ay de HY (R,Z), il est donc nécessaire d’utiliser assez de déterminants
de sorte que (][f,) > d. En particulier, aucune définition d’états excités n’est fournie par les
chimistes pour le modele Hartree-Fock, puisque 'on a alors K = N.

Toutefois, des problemes a la fois théoriques et pratiques importants sont la conséquence
de la définition (13). Tout d’abord pX est défini comme un infimum d’une valeur propre
d’une matrice symétrique dépendant d’un parametre. Ce type de méthode ne fournit pas en
général des points critiques de I’énergie £ ]I\f en cas de dégénérescence de la valeur propre
a Poptimum. Nous renvoyons au Chapitre B.II dans lequel nous donnons des exemples
trés simples du type de comportement qui peut étre obtenu dans ce cas. D’autre part,
aucune méthode numérique claire n’est actuellement connue pour 'optimisation des va-
leurs propres et aux Chapitres A.I et A.Il, nous montrons que ’algorithme actuellement
utilisé pour la résolution de (13) possede des problemes de convergence importants. Des

oscillations entre des états non physiques sont parfois obtenues.

Ces difficultés de convergence sont souvent attribuées par les chimistes a un mauvais
choix au départ de la forme des déterminants (c’est-a-dire des orbitales actives ou passives),
comme le montrent ces extraits de modes d’emploi de logiciels de calcul (utilisant la
définition (13)):

Convergence of the orbital optimization procedure is normally good for CASSCF type
wavefunctions, but problems can occur in calculations of excited states, especially when
several states are close in energy. (Extrait du mode d’emploi du logiciel Molcas)

Convergence of MCSCF is by no means guaranteed. Poor convergence can invariably

be traced back to either a poor initial selection of orbitals, or a poorly chosen number of

active orbitals. My advice is, before you even start: “Look at the orbitals ; then look at

the orbitals again”. Later, if you have any trouble: “Look at the orbitals some more”.

Even if you don’t have any trouble, look at the orbitals to see if they converged to what

you expected, and have reasonable occupation numbers. MCSCF is by no means the

sort of “black box” that HF these days, so LOOK VERY CAREFULLY AT YOUR

RESULTS. (Extrait du mode d’emploi du logiciel Gamess)

Au vu de ces mises en garde traduisant les difficultés importantes rencontrées, il nous

a semblé nécessaire de proposer une nouvelle définition des états excités MC, pouvant
également permettre de construire une nouvelle méthode numérique. Notre résultat est le
suivant (voir le Théoreme 1.3 (i7), page 69) :
Théoréeme 3 (Existence d’états excités MC). Soient Z > N —1 et K > N. Alors il
existe une suite (c?,®) pour d = 1,..., (][\f,) de points critiques de S]I\f sur M][\{,, d’indice de
Morse au plus d — 1, qui vérifie par ailleurs, en posant NI = Sf\f(cd,@d),

(R, Z) < \E < 1l

et donc
lim MY = \y(R,2).
Ktoo d d( 9 )

Notre définition permet d’obtenir des points critiques qui peuvent étre interprétés
comme des états excités approchés de la molécule. Comme pour les ug utilisés par les
chimistes, ceux-ci sont en nombre fini pour chaque K, et aucun état excité n’est défini
pour HF'.
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HF| K=N AV

Fi1G. 2 — Les états excités MC et leur convergence vers le modéle lin€aire de Schrodinger

Expliquons maintenant comment ces points critiques sont construits. Pour cela, intro-
duisons ’action suivante du groupe Zs sur Mﬁ :

(=) (¢,®) = (=¢,®).

En suivant [Gho93], nous dirons qu'une fonction continue f : S9! — ME est Zs-
invariante si elle vérifie f(—x) = (=) - f(x), c’est-a-dire

f(flf) = (67@) - f(—.’lf) = (_67@)7
et notons C¢~! I’ensemble de ces fonctions. Alors, )\(If est défini par

MF = inf sup E&(c,®). (14)
JECTT (e @)ef (591

Autrement dit, nous effectuons un inf sup sur des ensembles qui sont des déformations
de spheres de dimension fixée d — 1, invariantes sous l'action du groupe Zy. Grace a la
théorie développée dans [Gho93, FG92], il est possible d’obtenir & partir de cette méthode
variationnelle une suite de Palais-Smale avec une information de Morse, qui est compacte
grace au résultat démontré au Chapitre A.I page 69.

Dans nos expériences numériques, nous avons été confrontés a des cas ot A = pd<, et &
d’autres ott A < p (voir plus loin). Notre méthode semble donc intéressante d’un point
de vue pratique. Au Chapitre B.II, nous donnons des exemples tres simples (non issus de
modeles chimiques) o 'inégalité stricte a lieu, méme dans des cas de non dégénérescence.

2.4 Une nouvelle méthode numérique pour le calcul du premier état excité
de molécules

Dans cette section, nous présentons une nouvelle méthode numérique pour le calcul
du premier état excité d’une molécule, basée sur la définition (14). Ce travail, réalisé en
collaboration avec Eric Cances et Hervé Galicher du CERMICS (Ecole Nationale des Ponts
et Chaussées), est présenté en détail au Chapitre A.IIl. Nous nous sommes limités dans un
premier temps & la simulation de systémes comprenant deux électrons. Remarquons que
la définition (14) est valable pour tous les états excités (avec d = 1,..., (§)), et un nombre
quelconque d’électrons. Toutefois, la faisabilité de méthodes numériques pour les autres
états excités (d > 2) est moins claire car il faut déformer des surfaces de dimension d — 1.

Commencons par fournir une autre expression de AX. Une fonction Zo-équivariante
de C! peut s’écrire sous la forme t € [0;2] — (c(t),®(t)) € ME avec c¢(1 +t) = —c(t) et
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(1 +t) = ®(t). Comme EF est Zo-invariante (i.e. EX (—c,®) = EX(¢,P)), nous obtenons
donc aisément

A= inf inf max EX (y(t } 15
? (qu’)EMg {’YEF(CK)) te[o;l] N (’Y( )) ( )

Lieay = {7 € C([0; 1] MR) , 7(0) = (¢,®), 7(1) = (—¢,D)} -

Remarquons que la méthode variationnelle de type inf —max entre accolades dans (15)
modélise un lemme du col usuel (dans 'idée de A. Ambrosetti et P.H. Rabinowitz [AR73]),
entre (¢,®) et (—c,®). Pour notre algorithme de calcul, nous avons simplifié le premier inf
de (15) en prenant toujours (¢,®), un minimimum global de £ 10,

Notre nouvel algorithme pour le calcul du premier état excité peut donc étre résumé
ainsi (tous les détails sont donnés au Chapitre A.II):

1. Calculer un minimum global (¢,®) de I’énergie MC (algorithme de type Newton).

2. Chercher, grace a un algorithme de déformation, un chemin ~ sur la variété Mﬁ

dont les extrémités sont v(0) = (¢,®) et y(1) = (—¢,®), et qui minimise

max £ (7(105 1])).

3. Améliorer la convergence du point d’énergie maximale en utilisant un algorithme de
type Newton.

En pratique, I’étape 2 au cours de laquelle les chemins sont optimisés est la plus
délicate. De nombreuses méthodes numériques existent pour la résolution de ce type de
probleme. Les plus élaborées suivent vraiment le principe du col et déforment des chemins,
modélisés par une suite de points qui sont déplacés grace a un algorithme de type gradient.
Le probleme le plus important est la gestion du fait que les points ont tendance a “tomber
dans les vallées”. Une reparamétrisation est donc nécessaire a chaque pas de l'algorithme
pour éviter ce phénomene. La méthode que nous avons utilisée est générale ; elle est décrite
au Chapitre A.II.

Le lecteur remarquera que si I’étape 2 est correctement menée, ’énergie maximale sur
le chemin diminue au cours des itérations. Il ne peut donc pas y avoir d’oscillations, comme
celles qui sont observées avec les méthodes actuelles. Cette théorie s’adapte sans peine a
des méthodes de type CASSCEF. Si le choix des orbitales actives ou passives reste un peu
empirique, la convergence de l'algorithme aura lieu indépendamment de ce choix.

Notre nouvelle méthode a été implémentée en Scilab (avec des modules interfacés en
C), pour calculer le premier état excité de systemes & deux électrons. Les résultats sont
présentés en détail au Chapitre A.II.

Nous avons calculé le premier état excité de la molécule Hy en fonction de la distance
inter-atomique R, en utilisant la base a 10 orbitales atomiques CC-PVDZ. La Figure 3
montre l'allure du chemin optimal pour R = 0,5 Angstrom, et I’évolution des chemins au
cours de l'algorithme. Le chemin résolvant le probleme (15) possede deux “bosses”. Deux
points critiques d’indice de Morse égal a 1 sont donc fournis par cette méthode, mais seul
celui qui possede I’énergie maximale peut étre interprété comme un état excité d’apres
notre définition, I’autre étant une sorte d’état parasite.

La Figure 4 représente les énergies fondamentales HF et MC, ainsi que le premier
état excité MC calculé par notre méthode, en fonction de la distance inter-atomique.
Elle correspond remarquablement bien aux valeurs expérimentales. Notons que le modele

10. Tout autre (c,®), pour lequel on sait que £X (c,®) < A5, peut étre a priori utilisé.
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Fi1a. 3— Chemin optimal pour le calcul du premier état excité de Ho avec r = 0,5 Angstrom,
et évolution des chemins au cours de l’algorithme d’optimisation (a droite).

-0.3
¢ Hartree Fock ground state PES
O MCSCEF ground state PES
—0.4}+ ¥ MCSCF first excited state PES

-0.61

energy (hartree|

-0.7r

R (angstrom)

Fi1G. 4 — La PES des énergies fondamentales HF et MC, et du premier état excité MC de
la molécule Hy en fonction de la distance inter-atomique.
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Hartree-Fock se comporte tres mal lorsque R augmente : il n’est pas adapté a la description
de D’énergie de liaison, pour laquelle la corrélation joue un réle important. Pour R grand,
les chemins optimaux finissent par posséder une seule bosse. Dans ce cas, I'algorithme se
heurte parfois a une sorte de palier ou la convergence est tres ralentie. Pour remédier a ce
probleme, nous avons utilisé une technique d’allumage progressif du terme d’interaction.

Lorsque R € [1;2] (c’est-a-dire dans un voisinage du minimum de l'état excité), la
solution trouvée numériquement vérifie

Ay < b

(c’est-a-~dire la valeur critique optimale correspond & la premiere valeur propre de Hg),
améliorant donc les résultats obtenus par les méthodes classiques.

2.5 Conclusions

Dans cette premiere partie, nous avons étudié les modeles multi-configurations qui
permettent le calcul approché du probleme électronique. Nous avons démontré 'existence
d’un minimum pour les méthodes utilisées en pratique, généralisant les résultats de C. Le
Bris [LB94] et G. Friesecke [Fri03]. Nous avons également démontré l'existence d’une infi-
nité de points critiques pour chaque K, dont un nombre fini seulement peut étre interprété
comme des états excités approchés car leurs énergies )\f convergent vers les valeurs propres
Ag de HN(R,Z).

Malheureusement, nous n’avons pas pu démontrer la convergence des fonctions d’onde
vers les fonctions propres de HY (R,Z), méme si nous pensons qu’elle est vérifiée. Nous
espérons pouvoir résoudre ce probleme dans ’avenir.

Grace a notre nouvelle définition, nous avons, dans une collaboration avec E. Cances et
H. Galicher, implémenté un nouvel algorithme permettant le calcul du premier état excité
de systemes a deux électrons. Il nous faut maintenant étendre cette étude a des systemes
plus grands, et a d’autres états excités (il faut alors déformer des surfaces de dimension
> 3).

De nombreuses questions intéressantes restent ouvertes concernant ces modeles, comme
par exemple la vitesse de convergence vers le modele linéaire lorsque K — +o0o (assez lente
d’apres les chimistes).

3 Optimisation de géométrie: la modélisation de réactions chi-
miques adiabatiques (Partie B)

Dans la section précédente, nous avons étudié des modeles qui permettent la résolution
approchée du probleme électronique. Nous voulons maintenant nous consacrer au cas ol
les positions des noyaux Ry,...,Rp; ne sont plus fixées, et doivent étre optimisées (on parle
d’optimisation de géométrie). L’énergie d’interaction entre les noyaux E°(R,Z) n’est alors
plus une constante et doit absolument étre conservée. Nous revenons ici vers le modele de
Schrédinger présenté au début de cette introduction.

La premiere question naturelle qui apparait est celle de I'existence d’'un minimum au
probleme d’optimisation

inf EN(R,Z), (16)
ReQM

et qui fournirait 1’existence d’une configuration stable pour la molécule!!.

11. Rappelons que QM = (R* ™\ {R; = R;}
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Nous avons vu lors de la description du spectre de HY (R,Z) (page 15) que lorsque N
était trop grand, il n’y avait plus d’état fondamental. On s’attend donc & un phénomene
similaire lorsque cette fois | Z| est trop grand : un minimum a (16) ne devrait pas exister, car
la molécule a tendance a vouloir diminuer le nombre de ses noyaux. Pour contourner cette
difficulté, nous allons maintenant (comme dans [LT86]) nous limiter au cas des molécules
neutres'?: N = |Z|. Dans ce cas particulier 2, il a été démontré par Lieb et Thirring
dans [LT86] l'existence d’un minimum au probléme d’optimisation (16).

3.1 La modélisation d’une réaction chimique adiabatique

Dans notre travail [Lew04a] présenté au Chapitre B.I, nous avons étudié le cas d’une
molécule neutre qui possede deux positions stables R; et Ry dans (2, c’est-a-dire deux
minima (éventuellement locaux) pour R — EV(R,Z). Ces deux configurations stables sont
appelés isoméres en Chimie.

La surface (R,EN(R,Z))REQM est appelée Surface d’Energz’e Potentielle (PES), ou
surface de Born-Oppenheimer, et représente les énergies fondamentales de la molécule en
fonction de la position des noyaux. Un chemin tracé sur cette surface menant de R; a
Ry, c'est-a-dire une application continue ¢ € [0;1] — R(t) € QM vérifiant R(0) = Ry
et R(1) = Ry, est alors interprété comme une réaction chimique infiniment lente (ou
adiabatique) au cours de laquelle la configuration R; est transformée en Rs. Il s’agit donc
d’une réaction d’isomérisation. C’est le modele le plus simple qui permet la simulation
de réactions chimiques. Il ne prend pas en compte la dynamique des noyaux, et considere
que les électrons sont toujours a leur état fondamental (alors qu’il arrive que ces derniers
passent a un état excité au cours de réactions chimiques). C’est pourquoi ce modele n’est
adapté que pour la description de réactions tres lentes.

L’hypothese la plus classique est de supposer que le chemin emprunté par le systéeme
est celui qui nécessite le moins d’énergie, c’est-a-dire qui “monte le moins haut” sur la
PES. Nous sommes donc une nouvelle fois amenés & considérer un principe du col dans
Pesprit de A. Ambrosetti et P.H. Rabinowitz [AR73], et introduisons

¢ = inf sup EN(R(t 17
juf, s £ (R(0) (17)

R = {R e C°([0;1],0M), R(0) = Ry, R(1) = Ry} .

La question principale est donc maintenant celle de 1’existence d’un point col d’énergie ¢ :
nous pouvons étre confrontés ici a une perte de compacité, au cours de laquelle la molécule
se sépare en plusieurs sous-systemes.

Notons tout de suite que la méthode variationnelle (17) pose d’importants problemes
car la fonction R — EN (R,Z) est une valeur propre d’'un opérateur auto-adjoint : elle
n’est donc pas réguliere lorsque des dégénérescences ont lieu (des exemples tres simples sont
donnés au Chapitre B.II). La recherche d’un point critique de niveau ¢’ n’a donc pas grand
sens dans ce cadre. Au Chapitre B.I, nous proposons une méthode variationnelle pour

12. Des résultats similaires peuvent étre obtenus pour des molécules chargées, mais en ajoutant des
hypotheses “a 'infini”.

13. Notons que ce probleme est étudié pour des modeles issus de la DFT par I. Catto et P.L. Lions dans
la série [CL92, CL93a, CL93b, CL93c] (dans ce cas, la force attractive est exponentiellement petite, ce qui
rend I’étude d’une difficulté incomparable par rapport au cas linéaire traité dans [LT86]), et que la stabilité
des molécules neutres est inconnue pour le modele de Hartree-Fock, excepté pour des cas tres particuliers
[CL93c]. Elle est par contre vérifiée pour les modeles multi-configurations lorsque le parameétre K est assez
grand.
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remplacer (17), et qui pourrait également étre intéressante d’un point de vue numérique.
Nous décrivons le comportement d’une suite non compacte de chemins, puis démontrons
que ce comportement est impossible dans le cas particulier d’une molécule composée de
deux sous-systemes dont les positions des noyaux sont fixes. Pour simplifier I'exposé, nous
nous restreindrons dans cette introduction a ce cas particulier et renvoyons au Chapitre
B.I pour une étude plus détaillée.

Pour éclaircir un peu le probleme considéré, nous allons maintenant présenter un
exemple tres simple d’une telle réaction. Il s’agit de la molécule HCN qui existe aussi
sous la forme C N H. Pour passer de HCN (minimum global) & CNH (un minimum local
de Iénergie), le chemin énergétiquement le plus favorable correspondra (voir la Figure 5):

e soit a un processus au cours duquel 'atome H “tourne” autour de la molécule CN,

et passe par un point col (un point critique de I’énergie) ;

e soit & un scindement de la molécule (H part a l'infini), puis une recomposition de

celle-ci dans la nouvelle configuration.

Point Col
"H'.
G I
/ C—N Compacité C—N \
H—CC—N C—N—H

Perte de compacité

Point critique a l'infini

FiG. 5 — Isomérisation de HCN.

Sans surprise, c’est le premier cas qui est observé dans la pratique (voir la PES de
Patome H dans le champ créé par la molécule C'N supposée fixe a la Figure 6). Le chemin
optimal passe par un point col, la configuration d’énergie maximale le long de ce chemin.

Numériquement, plusieurs éléments intéressent plus particulierement les chimistes :

e le calcul du niveau ¢, ou plus précisément la différence ¢/ — EN(Ry,Z) qui corres-
pond a I’énergie qu’il faut fournir a la molécule pour qu’elle puisse passer la barriere
énergétique ;

e le calcul du point col. Cette configuration est treés importante car elle fournit
des informations cruciales sur le mécanisme réactionnel. Dans I'’exemple précédent,
ce point correspond au moment ou il y a un transfert de la liaison chimique de
I’hydrogene, du carbone a ’atome d’azote ;
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e le calcul du chemin optimal, qui permet la description de tout le processus

réactionnel. Nous n’aborderons pas ce probleme ici'# (voir par exemple [QH84]).

FiG. 6 — La PES de l’atome d’hydrogéne dans le champ créé par les molécules C' et N,
dont les noyauz sont fizés. Source : http://www.mcl.chem.tohoku.ac.jp/HCN/PES.html.en

Le cas de deux molécules dont les géométries sont fixées

Comme annoncé, nous n’avons pas réussi a démontrer ’existence du point col en
toute généralité et nous nous sommes restreints au cas particulier d’'une molécule com-
posée de deux sous-systemes dont les géométries internes sont fixées, avec des hypotheses
supplémentaires sur les “configurations a I'infini”.

Dans [LT86], la preuve de l'existence d’'un minimum & (16) est basée sur la mise
en valeur d'une force attractive de I'ordre de 1/d”, appelée force de Van Der Waals'®.
Pour cela, les auteurs éliminent les termes d’ordre inférieurs grace & une moyenne selon
toutes rotations possibles des noyaux de chaque molécule. Ensuite, la force est exhibée en
utilisant la corrélation entre les électrons. A cause de la moyenne sphérique, cela démontre
l’existence d’une orientation (inconnue) de chaque molécule pour laquelle la force attractive
permet la liaison des différents sous-systemes.

Cette astuce parait difficilement utilisable dans le cadre de I'étude du lemme du col
puisque nous devons déformer des chemins: une information trés précise sur les directions
de descente au voisinage des “points critiques a I'infini” est nécessaire. Ces raisons justifient
Iintroduction d’hypotheses “a I'infini” sur les configurations des molécules.

Les parametres sont donc

e la distance entre les deux sous-systémes (qui sera notée d dans la suite),

e lorientation de chaque sous-systéme (représentée par deux rotations u,u’ € SO3(R)),
e la fonction d’onde & N électrons.

. ’ /
Nous considérons donc r = (0,r2,...,7,) € Q™, 1" = (0,rh,...,77 ) € A", 2z = (21,....2m)
et 2/ = (2],...,2),,). Nous notons ensuite Z = (z,z’), et introduisons

R(duu) = (u-r,dv+u -7,

ol ¥ est un vecteur fixé de norme 1, d € R, et u,u’ € SO3(R). Nous avons utilisé la notation
U1 = (U Ty - Tyy).

14. Essentiellement, le chemin optimal est composé de deux lignes de gradient menant de chaque minimum
au point col.
15. 11 y a différentes sortes de forces ayant ce nom. Il s’agit ici de forces a grande distance.
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Fi1G. 7 — une molécule composée de deux sous-systémes dont les noyauzx sont fizes.

Nous supposons N = |Z| et définissons maintenant
EN(dun ) = (HN (R(dyu,u'),Z2)V,0).

Dans la suite, nous noterons toujours p = (d,u,u’) un point de R x (SO3(R))% et M = (p,¥)
un état de R x (SO3(R))? x SHL(R?*N). La preuve de [LT86] fournit I'existence d’un
minimum p = (d,u,u’) € R x (SO3(R))? pour le probleme

(dinf,) EN(R(dun),Z).

Nous supposerons que deux minima (éventuellement locaux) p; et po existent. A une
rotation pres des molécules, nous pouvons prescrire d; > 0 et do > 0. Nous introduisons
alors le principe variationnel suivant, dans l'esprit de (17)

/.= inf EN(R(p()),Z 18
¢ = Inf max (R(p(t)),2) (18)

P = {p € C°([0;1],]0; 00[x SO3(R)?), p(0) = p1, p(1) = p2} .

A cause des irrégularités éventuelles de p — EN (R(p),Z) en cas de dégénérescence,
nous ne pouvons chercher de point critique de niveau ¢’ pour cette fonction. Pour cette rai-
son, nous considérons deux états fondamentaux ¥y et Wy de HY (R(p1),Z) et HY(R(p2),Z)
et introduisons alors le principe variationnel suivant

= inf EN(y(¢
¢ = Inf max (v(t))

ot T' est I’ensemble des fonctions continues « : [0;1] — (0; +00) x SO3(R)? x SH}(R3V)
telles que v(0) = My = (p1,¥1) et v(1) = My := (p2,¥5). En d’autres termes, nous
autorisons a la fonction d’onde ¥ de varier tout le long du chemin (elle peut donc étre
différente d’un état fondamental). Cette fois, 1’énergie €V est réguliere sur (0;+o00) x
SO3(R)? x SH}((R?)N C) et la recherche d'un point col de niveau ¢ a un sens.

Il est tres facile de voir que nécessairement ¢ < c¢. Notre définition serait donc d’'un
faible intérét dans la pratique si ¢ < c¢. Heureusement, nous démontrons au Chapitre B.I
(Théoreme 1.4, page 138) la proposition suivante 6 :

Proposition 1. On ac=¢.

16. voir également la Proposition 3 du Chapitre B.II, page 177
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Notre démonstration est basée sur le fait que les fonctions d’onde sont & valeurs dans
C. Si on choisit de travailler avec des fonctions d’onde a valeurs réelles, il faut dans ce cas
bien choisir les fonctions propres de départ Wy et Wy (voir la Proposition 4 du Chapitre
B.II, page 178), pour que cette égalité reste vraie. Dans le Chapitre B.II, nous présentons
des exemples tres simples en dimension finie qui permettent de clarifier la différence entre
cet ¢, dans les cas de R et C.

Nous pensons que cette définition pourrait étre intéressante d’un point de vue pratique.
En effet, elle permet d’effectuer le calcul du niveau ¢’ sans résoudre le probléme électronique
pour chaque position des noyaux.

3.2 La perte de compacité

Nous voulons maintenant identifier les comportements possibles en cas de défaut de
compacité. Au Chapitre B.I, nous prouvons le résultat suivant (voir le Théoreme 1.5 page
140, et le Théoréme 1.4 page 138 pour le cas général)

Théoréme 4. On suppose que N = |Z|. Il existe deux suites Vi(t) = (pr(t),Vi(t)) € T et
(Pr,¥r) € 1([0;1]) C (0;+00) x SO3(R)? x SH}(R3N C) telles que

Jim maxe™ (3u((0:1) = lim V(. Te) = ¢

HN(R(Py),Z) - V), — c- ¥, — 0

et telles que l'on ait lalternative suivante :
e Premier cas: (d;) est bornée et (P, Vi) converge vers un point critique (p,¥) de EV,
qui vérifie par ailleurs

HY(R($).Z)- U =c-U, c=E"(R({D)Z).
e Second cas: Il existe une suite 5, — +oo telle que 6 < dj, et
dip(t) < 6 = EN(n(t)) < c.
On a alors

c= kETOO EN(R(py),Z) = min {E"(r,z) +EY(r,z), n+n = N} . (19)

La démonstration de ce théoreme utilise abondamment la théorie développée dans
[Gho93]. Un élément important est que I'on peut obtenir des points critiques d’indice de
Morse au plus 1 car on déforme ici des chemins (donc de dimension 1) [Gho93, FG92].
Afin d’obtenir lalternative du théoréme, nous utilisons la notion de dualité de [Gho93]
qui permet de localiser les points critiques.

Un point col a l’infini devrait donc correspondre & une configuration ou la molécule
est scindée en deux sous-systemes infiniment éloignés les uns des autres, les électrons
étant répartis entre eux et a leur état fondamental. '” Au Chapitre B.I, nous définissons
précisément la notion de point critique a l'infini dans l'esprit de Bahri [Bah89]. Cela
nous permet de préciser le comportement de la fonction d’onde ¥}, dans le second cas du
Théoréme 4. Pour cela, nous utilisons une décroissance exponentielle anisotrope des états

17. Ces derniers sont a leur état fondamental alors que ’on cherche a priori un point critique d’indice au
plus 1, car les fonctions d’onde sont & valeurs complexes et H (R,Z) est lui méme réel (voir le Chapitre
B.II pour plus de précisions).
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(p2,¥2)

Fi1G. 8 — Le second cas du Théoréme 4.

fondamentaux de HY (R(p},),Z) et des techniques géométriques de localisation appropriées
aux problémes & N corps inspirées de [Sim77, Sig82, HS00, Fri03]. Nous ne donnerons pas
plus de détails ici et renvoyons au Chapitre B.I, Théoremes 1.4, 1.2, 1.3.

Remarque: il est important de noter que dans le premier cas du Théoreme 4, on peut
tres bien avoir

¢ > min {E"(T,Z) + E"(r2), n+n' = N} :

Autrement dit, une comparaison des niveaux d’énergie est illusoire pour traiter ce type de
probléme, contrairement au cas de la minimisation. Il faut donc analyser le comportement
des chemins dans le second cas ou une perte de compacité a lieu.

3.3 Résultats d’existence d’un point col

Pour démontrer que le second cas du Théoreme 4 est impossible, nous traitons deux
situations

e soit (19) est atteint pour un couple (n,n') qui vérifie (|z| —n)(|2'| —n’) #0;
e soit I'unique couple minimisant (19) est (|z],|2']).

Le cas de molécules chargées a I'infini

Dans ce premier cas, nous avons démontré le résultat suivant (voir Chapitre B.I,
Théoreéme 1.6, page 141):

Théoréme 5. On suppose qu’il existe (n,n’) € N? tels que nt+n' = N, (|z|-n)(|2'|—n) # 0
et qui réalise le min de (19). Alors le second cas du Théoréme 4 n’a pas lieu, et ¢ est donc
une valeur critique de EN.

La démonstration du Théoreme 5 est assez simple (voir les détails au Chapitre B.I).

Le cas de molécules neutres mais polarisées a I'infini

Dans ce cas, nous travaillons sous I’hypothese
(H1) EV(r2)+E¥ (1 2) < EN(r,2)+EN2(/,2') pour tout (N1,No) vérifiant Ni+ Ny =
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N et (Ny - |2)(Nz - |2/]) 0.

Nous allons également ajouter des hypothéses sur les configurations & 'infini. Plus
précisément, nous allons supposer que chaque molécule est polarisée.
Définition 1. Soient R = (Ry,...,Ry) € OM, Z = (Z1,....Zy), ¥ € L2(R3VR) et
pw € LY(R3) NS(R®\ {R;}) la densité de charge associée. Alors le moment dipolaire de
la molécule est le vecteur Py 1= ng xpy(x)dr — E]Ail ZiR;.
Supposons que EN(R,Z) < ¥N(R,Z). Nous dirons que la molécule (R,Z,N) est polarisée
a son état fondamental si Py # 0 pour tout état U tel que HY(R,Z)¥ = EN(R,Z)V,
9]z =1.

Nous allons donc supposer
(H2) les deux molécules (7,z,|z|) et (',2',|2'|) sont polarisées dans leur état fondamental ;
(H3) EVl(r,z) ou E¥'I(+',2') est non dégénérée.

Le résultat est alors le suivant (voir Chapitre B.I, Théoreme 1.7, page 142)

Théoréme 6. Sous les hypothéses (H1,H2,H3), le second cas du Theoréme 4 n’a pas lieu,
et ¢ est donc une valeur critique de EN.

Remarquons que (H2) est vraie pour de nombreux cas pratiques (essentiellement, des
que les molécules ne sont pas symétriques). Quant a I’hypothese (H3), ¢’est une restriction
purement mathématique qui est par ailleurs génériquement vraie.

La preuve du Théoreéme 6 est bien plus complexe que celle du Théoréme 5. Elle repose
en particulier sur la détermination des points critiques de l'interaction dipolaire, et de leur
indice de Morse: ceux dont l'indice est au plus un ont une énergie strictement négative,
qui induit une force attractive entre les molécules situées a grande distance.

3.4 Conclusions

Dans cette seconde partie, nous avons étudié la faisabilité de réactions chimiques adia-
batiques. Apres avoir précisé le comportement général, nous nous sommes restreints au
cas d’un réarrangement de deux molécules dont les géométries internes sont fixées. Nous
avons démontré l'existence d’un point col entre les deux minima, avec des hypotheses
physiquement raisonnables sur les configurations a ’infini.

Malheureusement, notre méthode ne s’applique pas telle quelle a I’étude de systemes
dont les géométries internes ne sont pas fixées. De plus, méme si les cas couverts sont tres
nombreux, nos hypotheses a 'infini restreignent tout de méme le champ d’applicabilité de
nos résultats. Nous aimerions donc les étendre a un cadre plus général.

D’autre part, si certaines idées sont générales, notre étude utilise pleinement la linéarité
du probléme en U. L’étude des modeles non linéaires (DFT, HF ou MC) est clairement
plus complexe.

4 La prise en compte des phénomenes relativistes: le modele
Bogoliubov-Dirac-Fock (Partie C)

Dans cette partie, nous présentons nos résultats obtenus en collaboration avec Christian
Hainzl et Eric Séré [HLS04a, HLS04b], concernant la modélisation de la polarisation du
vide en mécanique quantique relativiste. Pour cela, nous présentons d’abord les éléments
principaux de cette théorie.
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4.1 L’opérateur de Dirac

Les effets relativistes dans les molécules sont souvent négligés. Peut-étre est-ce di a
la complexité des modeles, ou plutét au fait que ces derniers présentent des difficultés
théoriques et pratiques non résolues. Pourtant, ces effets ne peuvent étre raisonnablement
négligés dans tous les cas. Si leur influence reste faible pour les atomes légers, ils deviennent
absolument nécessaires pour la modélisation d’atomes lourds. Citons ’exemple classique
de l'or dont la couleur est argentée si le modeéle non relativiste de Schrodinger est utilisé :
sa couleur dorée est un effet purement relativiste.

Tous les maux des modeles relativistes proviennent du fait que I’opérateur de Dirac est
non borné inférieurement. Cette propriété est liée a la réinterprétation de Dirac du vide,
qui ne doit plus étre considéré comme absent de la modélisation.

L’opérateur de Dirac libre

Nous suivrons ici principalement [Tha92, ES02, BD64, Str98, Dir33, Dir34b, Dir34a]
auxquels le lecteur pourra se reporter pour une présentation plus détaillée. L’opérateur
de Dirac est, comme 'opérateur de Schrédinger, obtenu a partir de I’équation d’énergie
classique. Elle prend ici la forme:

E? = 2p? + m2ct,

ou m est la masse de I’électron, et c la vitesse de la lumiere. Les remplacements E «— i0;

et p «— —1V fournissent I’équation de Klein-Gordon
2

o2

Toutefois, cette équation du second ordre ne décrit pas correctement I’évolution d’un

systeme quantique qui doit étre du premier ordre par rapport a t. Il faut donc chercher
un opérateur auto-adjoint H vérifiant

U(ta) = (—A2A +mPch) U(t,a).

H? = —2A + m?c (20)
pour I’étude de 1’équation
0
ialll(t,x) =H - V(tx). (21)

La solution la plus simple serait de prendre
H = +/—c2A + m?2c.

Cependant, cet opérateur est non-local, ce qui contredit le principe de causalité en mécanique
relativiste, et il crée une asymétrie entre les variables spaciale x et temporelle ¢.
En 1928, Dirac eut I'idée de chercher H sous la forme d’un opérateur d’ordre 1

3
Dg = —icz 00y, + Bme? = —ica- V + fmc?,
i=1

oll nous avons noté a = (ay,as,a3). Il est tres aisé de voir que les «; et 3 doivent étre
des matrices de dimension 4 vérifiant certaines propriétés d’anti-commutation (voir par
exemple [Tha92]). Dirac a choisi

(L 0 (0 o
ﬁ_<0 —Ig)’ ak_(ak 0)’
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o — 01 oy — 0 —i oo — 1 0
=1 o) 2=\ o) =0 —1)°
L’opérateur DS agit donc sur des spineurs

(01

v |V e L2(R®,CY).
V3
(o

Comme nous le verrons, le fait que les fonctions d’onde soient maintenant & valeurs dans
C* S’interpréte de maniére tres intéressante puisque cette représentation contient a la fois
le spin et la dualité particule/anti-particule qui est caractéristique de cette théorie.

Présentons maintenant les propriétés principales de DS. Tout d’abord, cet opérateur
est auto-adjoint sur L?(R3,C*), de domaine H*(R3,C*) [Tha92]. Son spectre est purement
continu :

o(Hp) = (—o0; —mc?| U [mc?; +00).

Nous noterons P = X(—oo;o)(D(c)) et P) = X(O;Jroo)(DQ) les projecteurs sur les espaces
respectivement associés au spectre négatif et positif de DY.
Les valeurs propres de la matrice ca - p + Bmc? sont précisément ++/c2p? + m2¢ct. En

diagonalisant cette matrice et en utilisant la transformée de Fourier inverse, on trouve

_ V—=c2A +m2ct I 0
DO 1 —
UrwDeUpw < 0 VPRI AL)

ou Upw est un opérateur unitaire appelé transformation de Foldy- Wouthuysen [Tha92,
page 11]. Cela signifie que, & une transformation unitaire pres, PJ? projette sur les spineurs
de la forme (1)1,2,0,0)7 alors que P° projette sur ceux de la forme (0,0,13,14)7. Les deux
premieres composantes de W correspondent donc a une particule ayant une énergie positive,
alors que les deux suivantes correspondent a une particule ayant une énergie négative, ¥
étant une combinaison de ces deux états. Chacune de ces deux particules est modélisée
par une fonction d’onde & valeurs dans C?, donc possédant un spin & deux états. La
théorie de Dirac décrit donc trés naturellement le spin, alors que ce dernier n’apparait pas
intrinsequement dans la théorie non relativiste de Schrédinger. Enfin, elle met en valeur
une dualité entre les états d’énergie positive et ceux d’énergie négative, que nous voulons
maintenant interpréter.

La présence du spectre négatif non borné de I'opérateur DY, alors que ce dernier est
censé décrire I’énergie d’un électron libre, peut paraitre tres étrange : celui-ci devrait pou-
voir “s’évanouir” dans la partie négative du spectre. C’est pourquoi Dirac a proposé I'in-
terprétation suivante [Dir33, Dir34b, Dir34a]: si I’électron ne peut atteindre les états
d’énergies négatives, c’est que ces derniers sont déja occupés par des particules virtuelles.
Cela implique une nouvelle conception du vide: celui-ci est en fait composé d’une infi-
nité de particules virtuelles occupant les énergies négatives de 'opérateur de Dirac libre
DY appelée mer de Dirac. Ainsi, le vide peut étre modélisé par le projecteur P sur le
sous-espace associé a la partie négative du spectre.

Ce nouveau concept possede des conséquences tres surprenantes. En effet, en fournis-
sant suffisamment d’énergie a ces particules virtuelles, on a découvert en 1933 que l'on
pouvait les faire “apparaitre”. Cependant, lorsqu’un électron est créé a partir de la mer
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de Dirac, un “trou” apparait dans le vide. Cette lacune peut étre interprétée comme
une charge positive: c’est le positron (ou anti-électron).'® Ce dernier n’est pas moins
stable dans le vide que I’électron. Cependant, lorsque les deux particules duales se ren-
contrent, elles s’annihilent et toute leur énergie est rayonnée. Ainsi, dans notre univers
chargé d’électrons, la vie d’un positron sera en fait assez courte. La découverte des anti-
particules (cing ans apres l'invention de I'opérateur D? par Dirac) constitue le succes le
plus étonnant de cette théorie.

o

2 / 2

mc mc
» -~ < ——
énergie énergie
—mc? —mc?
% / mer de Dirac /
CREATION ANNIHILATION

Fi1c. 9 — Création et annihilation de paires électron-positron

L’opérateur de Dirac avec potentiel extérieur

Nous avons vu que l'on devait identifier le vide avec le projecteur P°. Cette vision est
confirmée si ’on ajoute maintenant un potentiel extérieur, créé par exemple par un noyau
de charge Z situé a l'origine. On doit alors étudier I'opérateur

DY =DV — eV = —ica- V + fmc? — eV

ou e est la charge de I’électron et V est le potentiel électrostatique créé par le noyau. Sous
I'approximation de Born-Oppenheimer, on prend donc

Ze

_Z25 z>o.
||

Vi(z) =
Pour la suite, nous introduisons la constante de structure fine o = €2.

L’approximation de Born-Oppenheimer pose des problemes importants pour I'opérateur
de Dirac, dus au fait que DY est un opérateur d’ordre 1. En effet, on peut donner un sens &
D¢V comme opérateur auto-adjoint sur L%(R3,C*), uniquement lorsque 0 < aZ < ¢ (voir
les détails dans [Tha92, page 114]) . Son spectre a la forme

o(DE) = (—00; —mP] U A < --- 0§ < - YU [me?; 4+00)

18. Ces phénomenes ont spontanément lieu dans la nature, par exemple lors de l'interaction des rayons
cosmiques de haute énergie avec la matiere interstellaire ou intergalactique. D’autre part, on sait maintenant
créer toutes les anti-particules en laboratoire ; les positrons sont méme abondamment utilisés en imagerie
médicale.

19. D¢V est auto-adjoint de domaine égal & H'(R?,C*) lorsque 0 < e?Z < ¢v/3/2 et admet une unique
extension auto-adjointe déterminée par les conditions de [Tha92] pour c¢v/3/2 < €*Z < c.
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ou les A\ E]O;mc2[ sont des valeurs propres de multiplicité finie, convergeant vers mc?

lorsque d — +o00. Si aZ — ¢, la premiere valeur propre tend vers 0 et 'opérateur cesse
d’étre défini [Tha92]. Ce phénomene disparait si on considére un noyau “élargi” en prenant
cette fois
1
V(z) =eZn ﬁ(aj),
ou n est une fonction positive d’intégrale égale a 1. Dans ce cas, 'opérateur ng est
toujours bien défini.

—mc? 0 me?

mer de Dirac

Fi1G. 10 — Le spectre de l'opérateur de Dirac avec potentiel Coulombien
Les valeurs propres de Dg 2ol 2 convergent vers celles de 'opérateur de Schrodin-
ger —A/2 — ?TZ| lorsque ¢ — +00.20 Cette propriété permet d’interpréter la premiere
valeur propre comme un état fondamental et confirme 'interprétation fournie plus haut:
la partie négative du spectre doit étre négligée car elle correspond au vide. D’ailleurs, elle
“disparait” en —oo lorsque ¢ — +o00. Dans ce cas, il semble naturel de représenter le vide

par le projecteur PfZ/ |m|, sur le sous-espace correspondant a la partie négative du spectre

de DS‘Z/|I|

Nous pouvons remarquer que notre choix de représentation du vide est différent lorsque
I'on étudie DO ou DEV. Cela signifie que les particules virtuelles de la mer de Dirac
réagissent a un champ extérieur, et sont modifiées pour occuper les énergies négatives
du spectre d’un autre opérateur. Si la mer de Dirac associée & DY est par postulat inacces-
sible a I'expérience, on devrait pouvoir détecter les modifications de celle-ci en présence
du champ extérieur V.

. Ce choix est appelé la représentation de Furry.

En fait, les expériences montrent que dans ce cas le vide se polarise (c’est-a-dire il
se charge localement, mais conserve une charge globale nulle, au moins lorsque le champ
n’est pas trop fort): voir la Figure 11. Cette polarisation, tres faible dans la plupart des
situations pratiques, joue pourtant un role considérable pour la construction de modeles
bien fondés, comme nous allons le voir dans un instant.

La polarisation du vide crée donc un nouveau champ, qui devrait étre pris en compte
dans 'opérateur DY 2/l
de la forme

, et le vide devrait donc étre plutdt représenté par un projecteur

P = X( o) (DE 4 Vi) (22)

ou Vo est le potentiel créé par la polarisation du vide. Comme évidemment ce potentiel
dépend lui-méme du projecteur choisi, Vpo1 = Vpol(P), 1'équation (22) est une équation
auto-consistante, dont ’étude fait I'objet du Chapitre C.I, et que nous préciserons plus
tard. Notons que la polarisation du vide est a I'origine d’une modification du spectre de

20. Plus précisément, plusieurs \j convergent vers la méme valeur propre: on parle de structure fine des
raies.
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F1a. 11 — Polarisation du vide (courbe du bas) créée par une distribution positive de charge
(courbe du haut). Echelle non respectée.

raies de ’hydrogene, appelée structure hyperfine ?!. Les niveaux d’énergies sont légerement
décalés (on parle de Lamb shift) par rapport aux A\g. Au Chapitre C.II, nous montrons
que notre modele permet de retrouver ce décalage étudié dans les ouvrages de physique.

Le modele que nous avons étudié est appelé Bogoliubov-Dirac-Fock (BDF) et il a été
introduit par Chaix et Iracane dans [CI89]. Il permet la description de la polarisation
du vide car il est issu de l'électrodynamique quantique (QED). Une énergie est définie et
le projecteur représentant le vide est obtenu comme un minimiseur de cette énergie. 11
est solution d’une équation d’Euler-Lagrange qui possede la forme (22). Mais ce modele
permet aussi la description de molécules, c’est-a-dire de systéemes comprenant des électrons.
Comme nous le verrons, il devrait permettre de justifier le modele de Dirac-Fock [ES99,
ES03] qui est ’analogue relativiste de HF.

Pour expliquer comment le modéle BDF est déduit de la QED, il nous faut présenter
rapidement le formalisme de cette théorie dans la section suivante. Le lecteur habitué a
I'utilisation de I'espace de Fock et des opérateurs de création et d’annihilation pourra lire
directement la section 4.3.

4.2 Introduction au formalisme de I'électrodynamique quantique

Dans toute la suite, nous travaillerons dans des unités telles que
m=c=1.
Nous introduisons alors les opérateurs de Dirac dans ces nouvelles unités
D'=—ia-V+8, DY¥=—ia-V+—ap.

Nous noterons P? = X(—oo;O](DO) le projecteur associé a la partie négative du spectre de
DO, et P* = X(_o0;0(D*?) lorsque 0 ¢ (D).

21. Plusieurs effets contribuent a la structure hyperfine du spectre des atomes et la polarisation du vide
n’est que 'un d’entre eux. Elle ne représente en fait qu’environ 3% du Lamb Shift des états 2s1/5-2p; /2 de
I'hydrogene (le reste est principalement di & Uinteraction avec les photons), mais environ 90% du Lamb
Shift d’un atome d’hélium muonique.
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La difficile modélisation de systémes relativistes a N particules

Nous avons vu comment interpréter le spectre de 'opérateur de Dirac décrivant un
électron libre ou dans le champ créé par un noyau. L’interprétation était facilitée par le
fait que le spectre comprend deux parties non bornées distinctes, séparées par un “trou
spectral” dans lequel sont les valeurs propres. Cette propriété disparait compléetement
lorsque 1’on étudie 'opérateur de Dirac pour N particules, avec N > 2,

N
(6%

d (D)e+ Y. (23)

i—1 1<i<j<N |zi — a5

car cet opérateur possede un spectre égal a toute la droite réelle. Aucune théorie sa-
tisfaisante n’est actuellement connue pour la description de systémes a N corps avec
cet opérateur. Certains auteurs ont étudié des modeles ou l'opérateur D% est rem-
placé par un opérateur projeté comme P{¥D®?P{¥ ou P{D®?PY voir par exemple
[Suc80, Suc87, LSS97] et les références dans [ES02, ES99], mais qui ne semblent pas satis-
faisants dans la pratique.

Le modele de Dirac-Fock [ES99, ES03, ES01, Pat00] est lui déduit de cet opérateur tout
comme Hartree-Fock est déduit de l'opérateur de Schrodinger (au moins formellement),
en le restreignant aux déterminants de Slater. On obtient une énergie ne dépendant que
de 'opérateur de densité vp, comme pour HF

ERF(®) = tr (D) + % // 7’)‘1"(;)’)2"@)@ dy — g/ beley)l

dx dy. 24
2 [z =y @

Cette énergie est non bornée inférieurement, ce qui constitue la difficulté principale de ce
modele. L’existence de points critiques a été démontrée par M.J. Esteban et E. Séré dans
[ES99], les hypotheéses ayant ensuite été améliorées par E. Paturel dans [Pat00]. Ils sont
solutions d’une équation SCF de la forme

Fopi = €ipi, gi € (0;1) (25)

ou F} est 'opérateur de champ moyen (de Fock) similaire & (5).

Fp = D + apg * 1 aw. (26)
|- |z -yl
Méme si cette énergie n’est pas minorée, les résultats numériques obtenus sont tres
satisfaisants 22. Un objectif important des travaux de ces dernieres années [CI89, CIL89,
Cha90, ES03, BBHS99, BFHS04] a été de tenter d’expliquer ces succes par le fait que le
modele DF puisse étre déduit de la QED, dont nous allons présenter les caractéristiques
principales.

Electrodynamique quantique

La QED est une méthode tres générale permettant I’étude de systemes relativistes car

e clle réinterprete les particules d’énergies négatives en des positrons (qui sont des
particules d’énergie et de charge positives)

22. Une grande prudence est toutefois nécessaire au cours des simulations numériques [Cha90].
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e clle est posée sur l’espace de Fock qui contient les états ayant un nombre arbitraire
de particules?3

e elle tient compte de la quantification du champ électromagnétique grace aux photons
(que nous négligerons ici).

Nous survolons ici cette théorie pour expliquer comment le modele Bogoliubov-Dirac-
Fock en est déduit. Le lecteur pourra consulter I’Appendice du Chapitre C.I page 225 et
par exemple [Tha92, BBHS99, HS98, CI89] pour de plus amples détails.

Commencons par définir ['opérateur de conjugaison de charge C qui permet de trans-
former un électron (virtuel) d’énergie négative en un positron

C- 1/} = 1'5042E7

et qui vérifie CD*?C~! = — D~ pour tout potentiel ¢. Posons maintenant H = H'(R3,C*)
et
HS =(1-PYH, H, =P"H

les sous-espaces sur lesquels DY est de signe constant, qui sont tels que H = Har @ H, -
Nous pouvons maintenant construire ’espace de Fock, & partir de ces espaces dépendant

de 'opérateur libre. Pour cela, nous introduisons ]-“J(FO) = ]'_EO) =Cet
F=ANHS, F=N\CHy et Fom = F o F™,
k=1 k=1

décrivant les états a n électrons et m positrons. L’espace de Fock contient tous ces états
possibles

F o= @ f‘(”»m); (27)

n,m=0

c’est un espace de Hilbert lorsqu’il est muni du produit scalaire

<\117\II/> = lI10,0\116,0 + Z (gln,maqlgz,m>L2(R3(n+m)7((:4)
n7m7ﬁ(0’0)

deés lors que ¥ = (V) 1) nm>0 € F et U/ = (\I/;L7m)n7m20 € F. Le vide nu est alors
Qp:=1¢F00 =,

Sur F sont définis des opérateurs de création et d’annihilation d’électrons et de posi-
trons. ag(f) est Popérateur d’annihilation d’électrons; il vérifie ag(f)(F™™) ¢ Fr=1m)
pour n > 1 et il est défini sur F(™™) par

ao(f) (W) (@150 s Tn—1;Y1yeesYm) = V1 + 1/ (1= POYf) - (2,21, es 15 Y1y, Ym) AT,

R3

et ao(f)(FO™) = 0. Son adjoint est 'opérateur de création d’électrons afj(f) qui vérifie
as(f)(Frm)y ¢ Ftlm) pour n > 0 et est défini sur les produits tensoriels de (™™ par

A () (s ® v_) = ((1 ~ () mm) v

23. Rappelons que théoriquement des paires électrons-positrons peuvent spontanément apparaitre. Nor-
malement, on ne peut donc pas fixer le nombre de particules dans une théorie relativiste.
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pour ¢y € fin) et Yy € F™ Les opérateurs de création bi(f) et d’annihilation bo(f)
de positrons sont définis de facon similaire. Tous ces opérateurs satisfont des relations
d’anti-commutation (voir page 225). Notons que le vide nu g est caractérisé (& une phase
pres) par les propriétés

(Qo,Qo> = 1, ao(f)Qo = bo(f)Qo = O (28)

pour tout f € H. Enfin, Popérateur de champ est défini par la formule

(f) = ao(f) +b6(f)-

Cet opérateur doit étre vu comme un opérateur d’annihilation. On notera que I’annihilation
d’une particule virtuelle (i.e. f € H;) a été réinterprétée en une création d’un positron,
grace a l'opérateur bj(f). Notons que

ao(f) = (L —P)f),  bi(f) =L(Pf). (29)

Il nous faut maintenant implémenter 'opérateur DY dans F pour obtenir les for-
mules usuelles dans chaque F(™™) . Pour cela, on définit (formellement) 'opérateur second-
quantifié %

DY = N (fu DU (F)U(f;) = Y UH(DP f,)U(f;) (30)

i.jE(N")? N

ou (fi)ien~ est une base hilbertienne de H qui est telle que (f;)i>1 et (fi)i<—1 forment des
bases de H(J{ et ‘H, . Toutefois, cet opérateur n’est pas bien défini puisque méme le vide g
n’est pas dans le domaine de la forme quadratique associée : (€29,D Q) = tr(P°D*? P) et
PY D% PY n’est pas trace-class. Il faut donc effectuer une renormalisation qui est réalisée en
plagant tous les opérateurs de création a gauche, en faisant comme s’ils anticommutaient.
Cette opération est notée : — :po. Comme

U (f)¥(g) = ap(f)ao(f) + bo(g)ao(f) + ag(f)bo(g) + bo(9)bs(9),

nous obtenons donc
s UE(f)W(g) :po= ag(f)ao(f) + bo(g)ao(f) + ag(f)bo(g) — b5(9)bo(9),

D™ o= Y (fi.DCf;) ()T (f) tpo
i,jE(N*)?
et (Qo, : D* :po Qp) = 0. Les résultats de [HS98] permettent de donner un sens a : D : po
en tant qu’opérateur essentiellement auto-adjoint sur I’espace de Fock, lorsque le potentiel
 est créé par un noyau étendu

1
(p - ZTL * W’
ce que nous supposerons dans toute la suite.
Lorsque 'on tient compte de I'interaction entre les particules, une étude similaire mene
a la formule suivante, pour le Hamiltonien global du systeme sur ’espace de Fock

H —: DO ‘po + Z / fz($)*fk($)fj(y)*fl(y)d$dy . \I/*(fz)‘lj*(f])qj(fk)qj(fl) :po .

i,§,k,lEN* |~y

24. On obtient par exemple D*? f; = (1 — P°)D*¢ f; + CP° D*? {1, qui est un élément de FLO g FO
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Nous ne connaissons aucun résultat mathématique permettant de donner un sens a cet
opérateur. Notons que : D :po est minoré sur son domaine dans F. Les physiciens
semblent penser que H est aussi borné inférieurement?®, et interprétent un minimum
de H, Qp, € F, comme le vide polarisé. En effet, le vide doit étre 1'état de plus basse
énergie dans espace de Fock [CI89] (on parle de stabilité du vide polarisé). Aucun résultat
théorique dans ce sens n’est connu.

Dans le modeéle de Bogoliubov-Dirac-Fock, 'opérateur H est restreint a un sous-
ensemble particulier de F contenant des états BDF, dans lesprit des approximations
de Hartree et Dirac-Fock. Nous obtenons une énergie qui est bornée inférieurement, et
possede un minimum qui peut étre interprété comme un vide stable parmi les états BDF.

4.3 Le modele Bogoliubov-Dirac-Fock et I’existence d’un vide BDF-stable

Nous décrivons ici nos résultats [HLS04a, HLS04b| présentés aux Chapitres C.I et
C.II, concernant la minimisation de ’énergie Bogoliubov-Dirac-Fock introduite par Chaix
et Iracane dans [CI89, CIL89, Cha90].

Nous avons vu précédemment que le vide pouvait étre représenté par un projecteur sur
le spectre négatif d’un certain opérateur de Dirac. Notons que le choix d’un projecteur P
pour représenter le vide implique le choix de deux espaces HJIS et Hp vérifiant H = HJIS 53]
H;, et représentant respectivement les nouveaux espaces électronique et positronique.
Pour construire I'espace de Fock, nous avions choisi P = PY et on parle dans ce cas de
vide nu et de particules nues. Lorsqu’un autre P est choisi, on parle de vide et particules
habillés [CI89, Cha90].

Pour un certain projecteur orthogonal P, les opérateurs de création et d’annihilation
de particules habillées sont aisément définis, en comparaison avec la formule (29), par

ap(f) = ¥((1 = P)f), bp(f) =V (Pf). (31)

La question principale est maintenant celle de I'existence d’un wvide habillé associé au
projecteur P dans I'espace de Fock, et qui doit étre caractérisé par

<QP,QP> = 1, ap(f)Qp = bp(f)Qp = 0. (32)

La réponse est donnée par le célebre Théoreme de Shale-Stinespring [Tha92, Theorem
10.6] qui affirme qu’un tel Qp existe (et est alors unique a une phase pres), si et seulement
si P — PY est un opérateur de Hilbert-Schmidt, ce que nous noterons usuellement P — P° €
G5 (H). Nous verrons que la différence P — P° joue un role crucial dans cette théorie car
elle s’ interprete comme 'opérateur de densité a un corps du vide polarisé. Ainsi, nous
pouvons considérer 1’ensemble

{e“’QP, P—Pe 62} cF

qui décrira les “vides possibles” que nous allons considérer.

Notons que le vide habillé Q2p est construit dans la preuve du Théoreme de Shale-
Stinespring comme une rotation du vide nu dans l’espace de Fock, i.e. Qp = U - . La
rotation U est appelée transformation de Bogoliubov (voir [Tha92, KS77, CI89)).

25. Cela tres probablement faux sans cut-off puisqu’un exemple de J.P. Solovej permet de montrer que
cet opérateur n’est pas borné inférieurement lorsque m = 0 (P'invariance par dilatation est utilisée).
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La charge du vide, supertrace

Avant de calculer I’énergie d’un vide 2p, nous voulons introduire le concept de charge,
et de supertrace. L’opérateur de charge est donné par [Tha92, Formula (10.52)]

Q= Z { fz ap fz) _bo(fz bo fz } Zao fz ap fz Z bO fz bO fz)

1€N* i>1 i<—1

On calcule aisément la charge de Qp
(Qp,Q0p) = tr[(1 — P°)(P — P°)(1 — P%)] + tz[P°(P — P*)PY].

Si P — P est trace-class, cette expression est juste tr(P — P%)206. En revanche, si P — P°
n’est pas trace-class, nous devons introduire la notion suivante.

Définition 2. Soit P un projecteur tel que P et 1 — P sont de rang infini, et A € S,.
Nous dirons que A est supertrace-class par rapport a P si A__ := PAP et Ay y :=
(1 —P)A(1 — P) sont trace-class. Dans ce cas, on pose

strp(A) = tr(A4y) + tr(A__).

Nous noterons 6{3 l’ensemble des opérateurs Hilbert-Schmidt qui sont supertrace-class par
rapport a P.

Evidemment, cette notion généralise la trace puisque lorsque A € &4, alors A € Gf
pour tout P et strp(A) = tr(A). Mentionnons le résultat suivant, qui est prouvé et abon-
damment utilisé au Chapitre C.I:

Théoréme 7. Soient P et P' deux projecteurs tels que P — P € Gy. Alors &1 = 6{3/ et
strp(A) = strp/(A) pour tout A € &Y.

Enfin, il nous reste a démontrer que la charge de 2p est bien définie. Pour cela, nous
prouvons au Chapitre C.I le résultat suivant :

Théoréme 8. Soient P et P' deux projecteurs tels que Q := P — P’ € Gy. Alors Q €
&P = 6{3/. De plus, strp(Q) est un entier qui vérifie

Vk > 1, strp(Q) = strp/(Q) = tr(Q* 1),

Ce résultat, conséquence de la théorie développée par Avron-Seiler-Simon dans [ASS94],
est tres intéressant car il prouve que la charge d’un vide 2p — mesurée par rapport a celle
de Qp — est toujours un entier (voir [Hai03] pour une interprétation).

Méme si elle a été introduite dans [Tha92, Section 5.7], nous n’avons trouvé dans la
littérature aucune mention de cette notion de supertrace appliquée a la charge du vide
dans I’espace de Fock.

L’énergie BDF

Commencons par préciser ’ensemble des états que nous allons considérer dans F. Nous
allons simplement nous restreindre aux états de Dirac-Fock, c¢’est-a-dire a des déterminants
de Slater d’électrons et de positrons habillés. Ces derniers sont obtenus en appliquant des
opérateurs de création sur le vide 2p. Un état BDF est donc un état de la forme

¢ =ap(f1)---ap(fa) bp(g1) - - bp(gm) Qp, (33)

26. Par exemple, si P = P°, on trouve bien que la charge de Qo est nulle.
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ou (f1,--sfn) € (HJIS)” et (g1,.-.9m) € (Hp)™ sont tels que (fi,f;) = dij, (95,95) = dij (n et
m ne sont pas fixés dans cette théorie). L'opérateur de densité d’ordre 1 7y, des particules
est alors défini par son noyau

9= @0y -3 @)
i=1 Jj=1

et il vérifie
—-P < Y <1- P.

La densité de charge associée est bien évidemment

py(x) = Trea (v Zlfz 2= lgi(a)?
j=1

L’énergie d'un état BDF de la forme (33) dépend alors de 'opérateur de densité a un
corps du systeme “particules + vide”, I' = P — PY + Yy, et elle vaut

(h,Hyp) = EBPF(P — PO ), (34)

ot EBPF est définie par

5BDF(F):strPo(D0r)—a/p ot // pru_y' dz dy ——// U _y| Y. (35)

Dans cette égalité, pr(x) = Trca (I'(x,z)). L'expression (35) est exactement semblable &
Pénergie Dirac-Fock (24) ; seul ’ensemble de définition change. Cela provient du fait que,
en représentant la mer de Dirac par un projecteur, on a négligé la corrélation entre les
électrons virtuels. Le véritable vide polarisé (i.e. le minimiseur de (1,Hz)) s’il existe) n’est
en général pas de la forme Qp, avec P projecteur orthogonal.

Comme en général P—P° ¢ 6{30 n’est pas trace-class, la fonction pr(x) = Trea (T(z,x))
n’est pas bien définie. Le probleme est posé de facon cruciale dans la représentation de
Furry, lorsque P = P*?, puisque dans ce cas pp_po diverge en tout point. Afin de donner
un sens a 'expression (35), nous allons donc maintenant ajouter un cut-off dans ’espace
de Fourier, c’est-a-dire, nous travaillons définitivement dans 1’espace 2"

Hp = {f €H, supp(f) C B(O,A)} .

Dans ce cadre, la fonction pr est bien définie par la formule
pr(z) = Trca (I'(z,x) / / Trca F(p Q)) =9 dp dg. (36)
@) S i jala

Notons qu’un cut-off ultraviolet est utilisé (méme implicitement) dans tous les ouvrages
de physique. Comme nous obtiendrons une contrainte de la forme ay/log A < C pour une
certaine constante C, cela autorise un A treés grand lorsque o ~ 1/137, bien au-dela de la
validité des modeles physiques actuels.

Nous voulons montrer que I’énergie BDF est minorée, et admet un minimum de la
forme P — P, o1 P est le projecteur associé au spectre négatif d’un opérateur de Dirac

27. Comme D° est un opérateur de multiplication dans l’espace de Fourier, Ha est invariant par le
projecteur P°. Nous conservons donc la notation P° et évitons I’introduction d’un opérateur restreint
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de champ moyen. Pour cela, nous allons plutot travailler sur ’enveloppe convexe de {I" =
P — P%+ 4,}, et introduisons I'ensemble

Bri={resl’(My), —P'<T <1-P° prec}

Sk 2 14+ ]{32
c:{peL2<R3>, [ dk<oo}, o2 = [ Bl an
rs K] R |kl

La contrainte sur pr permet de donner un sens aux termes qui en dépendent. Notre résultat
est alors le suivant (voir le Théoreme 1.2 page 194)
Théoréme 9. Soient n € C, Z € R, et p = Zn * ‘—1‘

1. £BDF

avec

est bien définie et continue sur
Ap = {F € GfO(HA), pr € C} D Bj.

2. §5i0<a< %, alors EBPE est bornée inférieurement sur By, indépendamment de A.
3 5i0<a< % et Z =0, alors EBPE est positive sur By [BBHS99)], avec 0 comme
unique minimiseur.

Comme nous cherchons un minimum de la forme P — P, nous introduisons la
Définition 3. Un projecteur P tel que P— PY € By est appelé vide BDF-stable si P — P
est un minimum de EBPF sur By.

(1p est donc dans ce cas 1'état d’énergie minimale parmi les états BDF (33). Le dernier
point du Théoréme 9 a déja été prouvé dans [BBHS99]. 1l signifie que P° est un vide BDF-
stable en ’absence de potentiel extérieur, ce qui correspond a l'interprétation de Dirac.
La constante 4/7 est optimale dans le sens oit E8PF n’est plus minorée lorsque o > 4/7
et Z = 0 [HRS00]. Lorsque Z # 0, il est facile de voir que 0 ne minimise plus E8PF| ce
qui signifie que le vide est nécessairement polarisé.

Remarque: Dans Chaix-Iracane [CI89], formule (4.8), I'énergie (34) est développée sous
la forme (rappelons que Q = P — PY)

EBPF(Q 4 ) = tr (Dove) + // Py () py(y) d dy __/ vy (@ ,y)|| da dy+ EBPF(Q)
(37)
(38)

_ Dow L - Q(ﬂl’,y)

Po=Ptapes r=ap =y

Le terme EBPF (Q) représente ’énergie du vide polarisé, tandis que les deux termes
dépendant de @) dans Dg sont les potentiels créés par la polarisation du vide. @ s’in-
terprete donc bien comme la matrice de densité de Qp. Dans [BBHS99, Formule (21)],
tous ces termes dépendant de () ont été négligés par les auteurs, qui étudient la fonction-

nelle
Ep(y) = tr (D7) // d dy — // hviw _y‘ da:dy,

sous la contrainte —P < v < 1—P. Elle n’est pas bornée inférieurement : infpinf_p< <1_p
Ep(7y) = —oo. Pour cette raison, un principe de la forme suppinf_p<,<i_p Ep(7) inspiré
de [Mit81] est proposé dans [BBHS99, BFHS04], dont la solution est P = P*?.

En fait, comme cela est expliqué dans [CI89], les termes de polarisation du vide, méme
s’ils sont négligeables en pratique dans beaucoup de cas, sont indispensables pour obtenir
une énergie bornée inférieurement. Par ailleurs, comme nous allons le voir dans quelques
instants, le minimiseur n’est pas P“¥, méme s’il en est proche en un certain sens.
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Existence d’un vide BDF-stable : I'approche de type point-fixe

On peut démontrer qu’un vide BDF-stable P satisfait ’équation d’Euler-Lagrange

o L Qlz,y
P = X(—oo,O)(DQ) = X(—OO;O) <D ® + apQ * W — Oé|x(_ y)|> . (39)

Il s’agit d’une équation auto-consistante similaire aux équations HF (6,7) et DF (25). Le
vide doit correspondre au projecteur P associé au spectre négatif d’un opérateur de Dirac
tenant compte des potentiels de polarisation, dépendant eux-mémes de P. Cette équation
peut étre résolue par une méthode de type point fixe. Toutefois, le point critique trouvé
n’est pas a priori un minimiseur de ’énergie (pour HF, une solution de (7) n’est pas
forcément un minimum global). Ici, cette propriété est vraie au moins lorsque « est assez
petit puisque nous prouvons au Chapitre C.I (Théoreme 1.3 page 196), le

Théoréeme 10 (BDF-Stabilité). Soient n € C, Z € R, et P un projecteur tel que
P — PY ¢ Bp. Nous supposons qu’il existe une constante strictement positive d telle que

d|Dg| > |D°| avec ad% <1, (40)

ou Dq est défini par la formule (38). Alors les assertions suivantes sont équivalentes

1. P est solution de ’équation (39) ;

2. P est BDF-stable, i.e. P — P est un minimiseur de EPPY sur By.

La preuve de ce résultat est basée sur des idées de [BBHS99], avec des difficultés
supplémentaires dues au fait que les opérateurs considérés ne sont pas trace-class. Voici
maintenant notre résultat principal, exposé au Chapitre C.I (Théoreme 1.4 page 196),
Théoréeme 11 (Existence d’un vide BDF-stable). Soit 2 — /2 < b <1, Z € R et
n € C. Alors il existe une fonction A — ap(A) > 0 telle que, lorsque o vérifie

dymaZln|e <b et a<ay(A)

avec c1—)
A) ~op oo
ab( ) A—oo \/@
alors il existe un unique vide BDF-stable P dans une certaine boule B(P°,Ry) contenant
P> qui est une solution de

C > 0,798,

P = X(~o00) (DO +alpg — Zn)s o + aQ(x’y)>
=l
avec Q = P — PY. De plus, P est un vide polarisé mais non chargé : strpo(P — P%) = 0.

Notons que 'on peut démontrer tres facilement que si @« — 0 et Z — oo de sorte que
aZ = k est fixé tel que 4y/7mk|n|c < 1, alors notre solution P, converge vers P?¥ avec
p = KN * |—1| Ce point justifie 'utilisation fréquente de la représentation de Furry dans
les calculs numériques, c’est-a-dire le choix P = P** pour la description d’atomes lourds
(Z >>1).

Comme nous l'avons dit, la contrainte a < a;(A) se réduit essentiellement a ay/log A <
C’, ce qui permet un A treés grand. Notons qu’une condition de la forme alog A < (37)/2
est trouvée dans tous les ouvrages physiques (elle provient du fait que seuls les termes du
premier ordre en « sont souvent considérés). Notre condition est donc meilleure que cette
derniére. En fait, nous pensions que la condition portant sur le cut-off A était purement
technique (elle permet la contraction de 'application utilisée pour le point fixe). Cette
intuition est confirmée par le résultat que nous annoncons au Chapitre C.II et que nous
allons présenter maintenant.
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Existence d’un vide BDF-stable: la minimisation directe

L’intérét d’une approche de type point fixe est grand car cette méthode est celle qui
est utilisée numériquement. Au Chapitre C.II, dans lequel nous présentons nos résultats
dans un langage plus proche de la physique, nous annoncons le résultat suivant, qui n’est
pas démontré dans cette these et fera I’'objet d’une publication ultérieure.

Théoréme 12 (Existence d’un vide BDF-stable (en préparation)). Supposons que
neC,ZeR et quel < a<4/r. Alors il existe un vide BDF-stable P, c’est-a-dire un
minimiseur de EBPE sur Ba de la forme Q = P — P° o0 P est solution de I’équation

P = X(—o0;0) (DO +alpg — Zn) * L aQ(m’y)> :
=yl

Nous voyons donc que la condition liant « et A a disparu: A doit seulement étre fini.
Ce résultat est obtenu par une méthode de minimisation directe utilisant des techniques
de type concentration-compacité [Lio84].

La charge de P n’est, en général, pas nulle (sauf pour « petit) car des paires électron-
positron peuvent spontanément apparaitre lorsque le champ extérieur ¢ est tres fort. Cette
charge peut étre exprimée en fonction du nombre de valeurs propres qui “traversent” 0
lorsque 'on déforme P en P en variant o & partir de 0 (voir [Hai03]).

4.4 Conclusions

En suivant [CI89, CIL89], nous avons introduit le modele de Bogoliubov-Dirac-Fock
qui permet la description de la polarisation du vide, représenté par un projecteur sur le
sous-espace associé au spectre négatif d’un opérateur de Dirac. Nous avons prouvé que
I’énergie BDF est minorée et admet un minimiseur qui correspond au vide polarisé. Ce
minimiseur peut étre calculé grace & un algorithme de point fixe & partir de PP.

L’étude de la polarisation du vide dans un champ extérieur n’est qu’une premiere
étape : le modele BDF permet aussi la description de molécules. Dans ce cas, il faut étudier
le probléeme variationnel

min  EBPF(T),
TeBy
str po (I')=¢q
ol ¢ € N est la charge du systéme étudié ?8. Les solutions sont de la forme I' = P’— P? ot P/
est solution de I'équation P’' = X(_o;0)(Dr — A) = X(—00:2)(Dr), A étant le multiplicateur
d’Euler-Lagrange associé & la contrainte de charge. Comme strpo(I') = ¢, lorsque Z n’est
pas trop grand, on aura strpo(P—P%) = 0ou P = X(=o0:0)(Dr), de sorte que cela implique

q
P=P+yy, w=>)_le)eail
=1

ou les ; sont les ¢ premieres fonctions propres de Dr (voir la Figure 12).
Les ; satisfont donc 1’équation

Dry; = €, gi € (0;1)

ou

1 ; 1 ,
DF:DOAP—FCpr*——aM_‘_apQ*__ Q(.Ty)

-l =yl -1 e =yl

28. Rappelons que I'on ne peut pas fixer le nombre de particules, mais plutot la charge totale. L’étude peut
étre également menée avec ¢ € R mais dans ce cas le minimiseur n’est plus nécessairement un projecteur.
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o(Dr)
] i) * o—oooo $
; D S~
vide polarisé: P q €lectrons : vy,

minimiseur: P’

Fic. 12 — La solution du probléeme de minimisation BDF

avec Q = P — P°. En d’autres termes, les ¢; satisfont des équations de Dirac-Fock per-
turbées par les potentiels de polarisation du vide, qui sont du second ordre en .

Ceci permet donc de relier le modele Dirac-Fock et la QED et explique pourquoi DF
fournit de bons résultats en pratique. Notons bien que les ¢; et le vide polarisé associé P
sont toutefois obtenus par un procédé de minimisation, un gain considérable par rapport
a la théorie DF, qui ouvre une nouvelle voie pour ’étude de ces modeles.

5 Conclusions et perspectives

Nous avons déja commenté les résultats obtenus dans chacune des trois parties. Nous
souhaitons mentionner ici deux problemes intéressants qui prolongent notre travail.

Le premier concerne les modeles multi-configurations relativistes. Comme pour le cas
non-relativiste, les modeles de champ moyen de type DF ou BDF ne décrivent pas correc-
tement la corrélation, et 'utilisation de modeles plus perfectionnés est indispensable dans
certaines situations. Toutefois, aucun modeéle clair de type MC tenant compte des effets
relativistes n’est actuellement connu. En effet, I'utilisation de projecteurs est indispensable
pour éviter un effondrement dans le spectre négatif mais, contrairement a DF, ceux-ci sont
pour 'instant déterminés de maniére un peu empirique [VIK98, Ind95]: comme les orbi-
tales ne sont pas des fonctions propres d’un opérateur de champ moyen, aucun projecteur
commun & toutes celles-ci n’apparait naturellement dans cette théorie.

Nous pensons que l’ajout de la polarisation du vide devrait permettre de lever cette
indétermination. On peut en effet considérer un modele ou les électrons sont modélisés
par plusieurs déterminants, et le vide reste lui représenté par un projecteur. Il s’agit donc
d’une approximation de type CASSCF (12) car les particules virtuelles de la mer de Dirac
sont traitées par un modele de champ moyen. Cette méthode fournirait un projecteur
identique pour toutes les orbitales, et pourrait étre tres intéressante d’un point de vue
numérique. Une collaboration a été entamée sur ce sujet avec Eric Séré et Heinz Siedentop
(LMU, Miinich).

Un autre probleme lié a notre travail de la Partie C concerne I’étude des défauts dans
les cristaux. Un cristal est composé d’un réseau périodique sur lequel sont placés des
noyaux chargés qui créent un potentiel électrostatique périodique V', et d’électrons qui
sont soumis a ce potentiel. Le spectre de 'opérateur de Schrédinger périodique —A/2+V
est alors composé de bandes, chacune représentant un état électronique pour le réseau
(voir par exemple [AM76]). Ainsi, un cristal comprenant k électrons par cellule du réseau
en moyenne remplira totalement les k premieres bandes du spectre. Evidemmen‘c7 il est



9. Diblrographie

faux d’imaginer les électrons comme réellement localisés dans chaque cellule, et on doit
plutdt les voir comme un nuage réparti plus ou moins uniformément dans le cristal : c’est
la mer de Fermi, qui présente des caractéristiques tres similaires a la mer de Dirac car
toutes deux sont modélisées par un intervalle du spectre continu d’un opérateur.

Si on suppose maintenant qu’il existe un défaut dans le cristal, comme par exemple
un noyau plus lourd que les autres, on doit ajouter le potentiel électrostatique w créé
par cette charge supplémentaire, qui satisfait lim ;| w(z) = 0 (voir par exemple [Bir95,
Klo91, Klo90, Out87, Dim94] pour des résultats sur ce sujet). L’étude d’un modele auto-
consistant pour la mer de Fermi soumise a ce potentiel est formellement tres similaire
a notre étude de la mer de Dirac dans le champ créé par un noyau a la Partie C. Une
collaboration avec Eric Cances et Eric Séré est prévue sur ce sujet.
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Résumé

Les méthodes multi-configurations généralisent naturellement la théorie de Hartree-
Fock, fréquemment utilisée pour la modélisation d’électrons non relativistes dans les atomes
et les molécules. Avec une méthode variationnelle, nous prouvons 'existence d’un mini-
mum de Iénergie et d’une infinité de solutions aux équations multi-configurations. Seules
certaines d’entre elles, en nombre fini, peuvent étre interprétées comme des états excités
de la molécule. Nos résultats sont valables lorsque la charge totale des noyaux Z est
supérieure au nombre d’électrons N, et s’appliquent a la plupart des méthodes utilisées
dans la pratique par les chimistes. Les points critiques sont obtenus grace a des principes
de min-max. Nous utilisons une condition de type Palais-Smale avec information de Morse,
et une nouvelle forme tres simple des équations d’Euler-Lagrange.
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Solutions of the Multiconfiguration Equations in
Quantum Chemistry
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Abstract

The multiconfiguration methods are the natural generalization of the well-
known Hartree-Fock theory for atoms and molecules. By a variational method,
we prove the existence of a minimum of the energy and of infinitely many
solutions of the multiconfiguration equations, a finite number of them being
interpreted as excited states of the molecule. Our results are valid when the
total nuclear charge Z exceeds N — 1 (N is the number of electrons) and
cover most of the methods used by chemists. The saddle points are obtained
with a min-max principle; we use a Palais-Smale condition with Morse-type
information and a new and simple form of the Euler-Lagrange equations.

AMS Subject Classification: 49505, 49J35, 35Q40, 35J60, 35P30, 81Q05, 81V70,
81V45, 81V55.

Keywords: variational methods, critical points, minimax principles, Palais-Smale
condition, Morse index, quantum mechanics, quantum chemistry, ground state, excited
state, multiconfiguration methods, configuration-interaction method, Hartree-Fock equa-
tions.

1 Introduction

We want to prove here some results concerning the multiconfiguration (MC) methods in
molecular quantum chemistry.

Under the Born-Oppenheimer approximation, the non-relativistic quantum energy of
N electrons interacting with M static nuclei is given by

N
= = 1 X 2 xT; x 2 X
xw) = @) = 3 [ (G + Vi) d

T 2
Ly /R P o)

1<i<j<v VR i — ;]

where x = (z1,...,zx) € (R?)", and V is the purely Coulombic potential

M Z,
V= 2
m=1
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Zm > 0 and Z,, € R3 being the charge and position of each of the M nuclei.

In the formula (I.1), ¥ € H}(R3N R) is such that |¥|;> = 1. The subscript a on the
Sobolev space H! indicates that we consider functions ¥ which are antisymmetric under
interchanges of variables (expression of the Pauli exclusion principle):

Vo € Sy, V(z1..2N) = €(0)¥(To(1) - To(n)) a-C.

‘H is the purely Coulombic N-body Hamiltonian

H = é (—%Am + V(xi)> + ) ﬁ

1<i<j<N i
For the sake of simplicity, we restrict ourselves to real-valued functions and do
not take the spin into account. Of course, everything in this article can be trivially
adapted to the case of complex-valued (spin-dependent) functions. In what follows, we
denote by Z = Zn]‘le zm the total nuclear charge. We refer the reader to [C*03, Lie90]
for a description of this model and a detailed explanation of the Born-Oppenheimer
approximation.

The form of the spectrum of H is known (see for instance the review [HS00]): it is
bounded from below, o.s5(H) = [¥; +00) where ¥ < 0, and each potential eigenvalue lies
in (—o0;0]. The N-body ground state energy is the minimum of o(H) also defined by

Ey = inf{En(V), ¥ € Hy(R*), |¥] 2@y =1} (1.2)

The condition Ey < X translates the physical property of the nuclei being able to bind
the N electrons in their vicinity. In agreement with intuition, this is false when Z is not
sufficiently large. Zhislin showed in [Zhi60] (see also [Fri03a]) that when Z > N — 1,

o(H) ={En =AM <A< <A\ <o JUE; +00)

where (\;);>1 are eigenvalues strictly below ¥ and whose eigenfunctions are called excited
states. Throughout this article, we shall always assume that Z > N — 1.

From the practical point of view, the determination of a minimum for (I.2) is the
main goal we need to achieve in order to understand the molecular structure, but the
computation of excited states is also important: they occur when the molecule gets an
excess of energy, that could then be lost in a number of ways. Chemical reactions also
often ensue after an initial electronic transition. Since the model contains no empirical
parameter (this is an ”ab initio” theory), it might be thought that very accurate results
could be obtained.

Unfortunately, the numerical computation of a minimum (and a fortiori excited states)
is extremely difficult, due to the excessive dimension of the space R3" on which the wave-
functions are defined. This is why chemists have introduced some simplification of (I1.2).
One of them is based on a reduction of the space H = H}(R3") where the minimization
has to be done. The idea is to choose a sequence of subsets M' Cc ---c MK c ... Cc H
such that, intuitively, M* — H, and then to replace H by MY in (I1.2). The main
advantage of this approach is that the approximate ground state energy is always greater
than the true. Nevertheless, the main difficulty is that the Schrédinger linear problem
(I.2) often becomes strongly nonlinear (when the M are not linear subspaces of H) and
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so the methods used to study it are inefficient. The multiconfiguration methods belong
to this type of approximation.

In the multiconfiguration (MC) method of rank K (see [LB94, Fri03a] for a mathe-
matical set-up and for instance [She87] for chemical and numerical aspects), the set of
admissible wavefunctions is limited to the W which are a linear combination of Slater
determinants built with K functions ¢z, ..., o in H'(R?) with fR3 ©ip; = 0ij

U= Z cr - [iy - Pin) (1.3)

I={i1<iz<..<in}C{1..K}

where 1
|0y iy ) (@1 xN) = \/—N_' det (i, (1)K

2612 =1.
I

When there is no possible confusion, we shall abbreviate ®; = |¢;,...05,) for I =
{i1,...,in} and write
U=> c®;.
I

The set of the functions ¥ that can be written on the form (I.3) is characterized in terms
of the rank of the one-body density operator T'y: this is the operator acting on L?(IR?)
with kernel

and

yo(x,y) =N U (z, x9...xN)V(y, z2...xN)dxs...dT N,
R3(N-1)

that is to say

Tu(p)a) = [

R
It can easily be proved (see [Lowb5, Fri03a] and Lemma I.1) that ¥ is of the form (I.3)
if and only if rank(l'y) < K and Range(I'y) C span(yp;). The total electronic charge
density is defined on R? by py(z) = yw(z,z) and we have Tr(I'y) = [ps p(z) dz = N.

If we introduce rank(V¥) := rank(T'y), the N-body ground state energy of rank K is
thus defined by

\ Yo (z,y)e(y) dy.

EN = inf{En(T), ¥ € Hy(R™), |¥] 2@y =1, rank(¥) < K}. (1.4)

Since every wave function U can be expressed as a (infinite) linear combination of Slater
determinants (see Lemma I.1), we have
lim Ef = E.

When K = N, we obtain the well-known Hartree-Fock (HF) model
[Lie90, LS77, Lio87, Gho93]: ¥ is a unique Slater determinant and I'y a projector
of rank N. The existence of a minimum for E% has been proved for the first time
by E.H. Lieb and B. Simon in [LS77]. In [Lio87], P.-L. Lions proved the existence of

infinitely many solutions of the Hartree-Fock equations, often interpreted as excited
states in the literature (this point is discussed further on). The difference EY — Ey > 0
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between the Hartree-Fock and the ”exact” energy is called the electron correlation energy
[LB94, LB99, LB93, Lowh9]. It can change quite significantly in many elementary
chemical processes: typical examples are transition states in chemical reactions, bond
breaking and excited states (see for instance [AF97, HG96, WMS80]). In such situations,
the HF method fails and chemists have to use the more accurate MC.

In practice, chemists rarely work with an expansion of wave functions containing
all Slater determinants built with ¢1,..., ok like in formula (I.3). They often select
some determinants (configurations), chosen for instance thanks to the known symmetry
of the molecule or some chemical intuition, and optimize the energy with this form
fixed [Roo87, She87, Wer87, WMS80]. In the sequel, we shall call this approach ”partial
multiconfiguration”. From the mathematical point of view, these methods are more
difficult to deal with since the form may change when another basis of Range(I'y) is used.

For algebraic reasons (see [And63, Col63, Lowb5, Fri03a] and Appendix), there do not
exist N-body wave functions of rank K = N + 1 and when N = 2, all the ¥ have an even
rank. A partial multiconfiguration method of rank K = N + 2 was studied by C. Le Bris
[LB94] who considered the minimization over doubly excited configurations

U = alp1...on) + Blo1...oN 20N 110N+ 2)- (L5)

He proved the existence of a minimum when Z > N — 1 and obtained the inequality
ENT? < EY (see [Fri03b] for the generalization Ex ™ < EX, K > N).

The existence of a minimum for Eﬁ provided K > N and Z > N — 1 was recently
proved by G. Friesecke in [Fri03a]. He used a very interesting proof based on geomet-
ric localization methods, P.-L. Lions’ concentration-compactness ideas and the inequality
E]{?I% < Eﬁ . The latter inequality allowed the author to notice an interesting connection
between Lions’ method and the celebrated HVZ Theorem. Unfortunately, we think that
his method cannot easily be generalized to obtain saddle points. We do not know if it can
be adapted to treat the case of partial MC.

To our knowledge, the problem of existence of excited states for multiconfiguration
methods and their relation with the eigenvalues of H have never been tackled from the
mathematical point of view, although this is one of the main uses of MC in today’s
molecular quantum chemistry. Our approach, based on ideas of [Lio87], allows us to prove
the existence of a minimum and of saddle points for some partial MC, including the ”full”
MC studied by G. Friesecke, the doubly excited configurations of C. Le Bris, and the other
main methods used by chemists. More precisely, for the ”full” method,

1. For each K > N, we prove that there exists a sequence of distinct critical points of
rank K, whose energy converges to 0;

2. For each K > N, we construct explicitly (%) critical points of rank K with a

nonlinear min-max method that is related to the algorithm used by chemists. Their
energy converges when K — 400 to the "true” critical values of Ey (the eigenvalues
(Ai)iz1 of the Hamiltonian H).

The solutions of the multiconfiguration equations constructed in the first part are the
analogue of P.-L. Lions’ result for HF [Lio87]. Our impression is that they cannot really
be interpreted as excited states of the molecule (for instance, their energy tends to 0 while
Ai — ¥ as i — +00). The solutions constructed in the second part are better candidates
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in view of their behaviour when K — +o00. For each K > N, there is a finite number of
such points and only one type (the minima) for the HF case K = N. This corresponds
to chemists’ experience, which suggests that many determinants have to be included in
the model to obtain accuracy for a fixed excited state of the molecule.

As for HF in [LS77, Lio87], we study the energy in the ”one-body space” (as a function
of ¢ and ¢;), in opposition to G. Friesecke’s approach in the ” N-body space” H}(R3Y).
Our method is based on a Palais-Smale condition with Morse-type information, and on
the Euler-Lagrange equations which were often neglected in the previous studies because
of their apparent complexity. We express them in a very simple and useful way (1.9) that
clarifies the connection with the HF model and could also become relevant for numeric
simulations.

Finally, let us mention that some of the results proved here were outlined in [Lew02].

In the next section, we introduce some notation and definitions in order to state prop-
erly the main results of this paper; they can be found in section 3, with some comments
on the proofs and on the relation with the algorithms. Section 4 is devoted to the proof
of our results.

Acknowledgement: I would like to thank Eric Séré for his constant attention and
helpful advice. I am also indebted to Gero Friesecke and the referee for valuable remarks.

2 General setting of the model

2.1 Expression of the energy in one-body space

We need some notation. Let ¥ be a wave function of rank K

U= > er - iy @iy

I={i1<iz<..<in}C{l..K}

If we use the convention

Qi iy = 0 if #{Zl’lN} <N
e(o)
- mc{i0(1)<...<i0(1\/)

(0 is the permutation of [1; N] such that i,y < ... < is(n)), We get

} otherwise,

V=) Qi ® - © @iy

14N

We are now able to express the energy as a function of the ¢y and ;:

2 K 2
+V (Z ai,k’z...k’]\r@i)
i=1

2
N N(N2— 1) Z //R6 (Z1<z‘,j<K ai,i'fi.zv%(x%@j(y)) dedy. (L6)

K
E O ko ke V Pi
i—1

EN(T)=N > /RS%

1<ks, . kn <K

1<ks, . knSK
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This can be written on the compact form

A
SN(\I!):<<<——+V>P+W¢> .q>,q>> (L.7)
2 (L2(R3)K
where ® = (1, ..., o )T € (H'(R3))X and the K x K matrices I' and Wy are defined by

Dij =N D Qikyodiny O,y
ko...kn

N(N -1 1
(Wa)ij(x) = % Z Zai,k,kg...kNaj,l,kg...kN ((som) * m) (7).
ks ky kil

In (L.7), we have used the notation (®, ') 2ps)x = SE Jgs i}

With ¢ = (¢r) € R(¥) (lexicographical order), we introduce

MR = {(c,<I>) e RO » (7' (R?), doet=1, / Pipj = 52‘]'}
7 R?

and E‘]{? , which is defined on Mﬁ by the formula

E&(c,®) = <<(—% + v> I+ W¢> P, ¢>(L2(R3))K . (1.8)

We shall denote by dé’f\f its first derivative, and déé’fv{ its second derivative with respect
to @, on the Riemannian manifold Mﬁ Let us notice that we now have
EX = inf £X.
M
The problem is to prove the existence of a minimum and saddle points for £ ]I\f on M]If,

Such a point (¢, ®) will be a solution of the multiconfiguration equations which take the
form

<<_%+V>r+2W¢>-<I>+A-<I>:0 (L9)
Hy-c=f-c (L.10)

The first equation (1.9) is a system of K nonlinear partial differential equations —
the Euler-Lagrange equations for the ¢;, A being the Lagrange multipliers matrix as-
sociated with the constraints fR3 wipj = 6;. The second equation (I.10) is an eigen-
value problem — the Euler-Lagrange equations for the ¢y, with multiplier 8 = £X (¢, ®).
Ho = ((®7, H®,))1,s is the (§) x (§) matrix of the Hamiltonian H on span(®y).

We shall see that the compact form of (1.9) will largely simplify the study. A formalism
to treat the case of partial MC will be introduced later.

We shall compare some critical values of E‘]{? on M]If, to the eigenvalues of the Hamil-
tonian H :

A¢ = min max (H¥, ). (I.11)
dim(V)=d TeV,
@2 =1

Recall that since Z > N — 1, the (A\g)4>1 are eigenvalues of finite multiplicity of H below
the bottom of the essential spectrum 3.
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2.2 About the orthogonal invariance

Let us now give a precise statement for some facts mentioned in the Introduction, con-
cerning the role of Slater determinants in H}(R3") and the basic properties of rank K
wave functions. We recall that I'y is the one-body density operator defined previously.

Lemma 1.1 (Basic properties of rank K wave functions [Lo6w55]).

1. Let (¢i)ien be an orthonormal basis of L2*(R3) (resp.  H'(R?)). Then
(|94sy - Pin )is<...<in 5 an orthonormal basis of LE(R3N) (resp. H}(R3N)).

2. Let U be a wave function of rank K (i.e. rank(Ty) = K), and (p;)X, be an
orthonormal basis of Range(T'y). Then ¥ can be expanded as a linear combination
of Slater determinants built with (%)fil Conversely, every wave function which is
a linear combination of Slater determinants is of finite rank.

Assertion 2. of this lemma corresponds to the Lowdin Ezpansion Theorem [Low55],

while assertion 1. is just the expression of the classical
N

LI(R*Y) ~ A\ L*(R?).
i=1

When (p;)K, is an orthonormal basis of Range(I'y), each ¢; is, by definition, an

orbital of U. If moreover they are eigenfunctions of I'y, they are called the natural orbitals
of W. The associated eigenvalues are then the occupation numbers. By Lowdin’s Theorem,
each W of finite rank can be expanded as a linear combination of Slater determinants
involving its natural orbitals.

If we now take a wave function of rank K
K

U= Z CIq)I - Z akl,...k’]\r Pkq K- & Spk’]\m
I ki,....kn=1

let us see how ¢ = (¢r) changes when another basis (¢)) of Range(I'y) is used. Assuming
that ¢ = Z]K:1 ui jpj with U = (u; ;) € Og(R) (the set of K x K orthogonal matrices),
we obtain

/

ail,...iN = <\I/7g0;1 @ ®SO’/L'N>L2(R3N)
K

= Z WUiy,g1 " Win gn © <\Ilv‘pj1 ®"'®90jN>L2(R3N)
J1s-in=1
K

= E Wir,gr* " Wi gy " O gne (1'12)
JiyedN=1

This defines a group action of Ok (R) on MX:
U-(c,®) = (,U-®).
We have the following
Lemma I.2. We assume that (¢, @) = U - (¢, ®). With obvious notations, we then have :
' =UTUT and W}, =UWaU?.

In particular EX is invariant under the action of Ok (R) on MXK.
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Proof — Tt is easy to see that T is the matrix of T'y in the basis (p;)X ;. Its transformation
law is thus obvious. For Wg, the computation is very easy but tedious. O

It is easy to see that the action of O (R) on MXE is not free when K > N. Therefore
we believe that the quotient M% /O (R) is not smooth (that is to say, it is not a manifold)
and that is why we shall not really use it here. Nevertheless, this action of Og(R) will
play an important role in the proof of Theorem I.1 since we shall use it to diagonalize
matrices.

2.3 Formalism for partial multiconfiguration methods

We introduce
AR ={Ic{1,.,K}:|I|=N}.

In a partial MC method of rank K, a set Z C A% is chosen and the energy Sf\f is
restricted to the submanifold

MET = {(c,®) e ME VI ¢ T, ¢; =0} ¢ MK.
The ground state energy associated with the method is then defined by

EET — inf &K,
N K, T N
MN’

Critical points of Sf\f on Mﬁ’z are now solutions of the following partial multiconfigu-
ration equations

<<—%+V>F+2W¢>-¢+A@=O (1.13)

HL.cz =8 c1. (1.14)
where ¢ = (c1)rez and HE = ((®7, H® ;)1 jez is the |Z| x |Z| matrix of the Hamiltonian
H on span(®;, I € 7).

Compared to the ”full” MC, the new difficulty is that one cannot choose any basis
(0i)E | of Range(T'y) for we need to preserve the form of the wavefunction. We introduce

Or = {U € OxkR):U- MET Mﬁf}.

Below, we shall restrict ourselves to the following methods:

Definition 1.1. We say that T C Aﬁ defines a natural multiconfiguration method of
rank K if

1. there exists (c,®) € Mﬁ’z which is of rank K

2. for all (¢, @) € Mﬁ’z there exists a U € O such that T, associated with (¢, ®") =
U-(c,®), is a diagonal matriz. In other words, every wavefunction of the method
can be expressed in terms of its natural orbitals.
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Let us notice that most of the methods used by chemists are "natural methods” (the
natural orbitals have an important physical meaning). Here are some examples:

e (M;) Full MC. It is clear that the general multiconfiguration method explained before
is a natural method with 7 = A%.

¢ (M;) Two nonvanishing determinants have at least two distinct orbitals. Sup-
pose that Z satisfies

#INJ)=1=I1¢TZorJ¢LT.

Then it can easily be seen that I'y is always diagonal and this method is thus natural. As
an example, we can quote the method studied by C. Le Bris in [LB94]

U = alpr..on) + Ble1.-ON 20N 11PN +2)-

See the Appendix for a study of the role of those methods in the cases N = 2 and
K=N+2.

e (M3) Complete Active Space method. The most common method used by chemists
is probably the Complete Active Space method [Roo87, She87]. In this method, the
electrons are divided into two groups : the inactive (or core) electrons that are supposed to
be correctly described by a Hartree-Fock type model, and the active (or valence) electrons
that are supposed to be the most important for estimating the correlation energy. They
are thus described by a ”Full” MC. Hence, an integer N, € [0; N] is chosen and we take

Toas = {I : {1,...,N — NU} C I}.

In other words, the considered wavefunctions have the form

o= |901--~(PN—NU>/\< > CI\SOi17~-~80z’NU>>

I'={i1<..<in,} C{N—-Ny+1,..,K},

1] = No
= E CI|9017"'agpN—NmQOi1a"')90iNv>
IC{N—Ny+1,.. K},
[ 1] = N

N, = N corresponds to the ”full” MC method of rank K, while N,, = 0 is the Hartree-Fock
model. Typically, N, € [2;10] in the common chemical programs.
It is easy to see that I' has the form

so with an appropriate

that does not change the form of the wavefunction, we can diagonalize I'. This is thus a
natural MC method.
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3 Main results and comments

3.1 Our results

We can now state our main results.
The first is a rather technical result which is simply the compactness of Palais-Smale
sequences, but with the additional difficulty that the sequence may lose rank.

Theorem I.1 (Palais-Smale condition with Morse-type information). Assume
Z > N—1, K > N and suppose that T defines a natural MC method of rank K. Let
(", ®™)pen be a sequence in Mﬁ’z, with associated wavefunctions (V")nen, such that

1. (EX(c, ®"))nen is bounded

O (e, &™) — 0 for all I € T.

2. dpEX(c", ®") — 0 in (LA(R?)K, and

3. there exists j € N and a sequence of positive real numbers (0™ )pen with 8™ — 0, such
that for every n, da(EX)(c", ®™) has at most j eigenvalues below —3™.

Then, there exists a K' € [N; K] such that, up to subsequences and after a rotation
Un € Ok (R) on each (¢, ®"):

1. Vn e N, I'™ = diag(h}, ..., V%)-
2. Vi=1,.,K', A" — ~; >0 and ¢ — ¢; strongly in H*(R3).
8. Vi=K +1,.,K,¥* — 0 and \/4P¢ — 0 strongly in H'(R?).

4. We define 7' =7nN _AK/’ d = (CI)IEAKI and ® = (Qolw"a(PK/)' Then (C,,q),) s a
N

critical point of ij\f/ on Mﬁl’zl and is a solution of the partial multiconfiguration
equations (1.18,1.14) with a A > 0.

5. The sequence U™ — W strongly in H} (R3N), where W is the wavefunction associated
to (d, ).

6. If T = AK (Pull MC), then K' € {K —1,K}.

Remark I.1. The last claim K' € {K — 1, K} is also true for some partial MC methods,
including example (M3) quoted in section 2.3. See the proof in [Fri03b, LB9/j]. In general,
this depends on the method.

From the above result we obtain the existence of a minimizer:

Corollary 1.2 (Ground State for Multiconfiguration Methods). Let Z > N — 1.

For all K > N and any T that defines a natural method of rank K, there exists a minimizer
K KT

of Ex on My~

We now state our result concerning excited states:

Theorem 1.3 (Excited States for Multiconfiguration Methods). Assume Z >
N —1.

(i) For all K > N and any T that defines a natural method of rank K, there exists a
sequence (&', ®%);>1 of distinct points of Mﬁ’z, which are solutions of equation (1.9) with
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some A; > 0. In addition, if (\ili)z-;l 1s the associated sequence of wavefunctions, as i goes
to infinity, N N .
Env(¥') <0, Ev(¥') —0, A;—0,

VT (V&) =0 in (L2R¥)E, and V¥ -0 in L2R).

(7i) For all K > N and any Z that defines a natural method of rank K, there ezists |Z|
points (ck, (I)fl{)ISdS\I\ of Mﬁ’z, which are solutions of equation (1.9) with some ALY >0,
and such that, if (‘I’fl{)lgdém 18 the associated sequence of wave functions, we have for all
d>1

E(WEY > N,

If moreover T = A (Full MC), then we have (with d fized)
E(UEY = N\j as K — +o0.

We recall that \g is the d' eigenvalue of H defined in (I.11). The two parts of Theorem
1.3 may be interpreted as follows. For a fixed method (i.e. fixed K and Z), there are many
solutions to the multiconfiguration equations: in the first part (i), we show how an infinity
can be exhibited. But, just a finite number of them, defined in part (i7), is related to the
true eigenfunctions of the Hamiltonian in the N-body space. Hence, to obtain accuracy
for the d* excited state of the molecule, we need to work with a lot of Slater determinants
so that d < |Z|.

Remark 1.2. When T = AL, we belicve that the sequence (VX)) x>y in Theorem I.3-ii)
is precompact in H} (]R3N ) and converges, up to a subsequence, to an eigenfunction Uy of
‘H associated to the eigenvalue Ag, but we were unable to prove it. This is true in the case
of minimizing sequences (d = 1), see [Fri03a]. We hope to come back to this point in the
future.

Finally, let us specify the properties of the orbitals, when they are solutions of the
multiconfiguration equations.

Proposition 1.3. Let (¢, ®) € MK be such that T > 0 and ® is a solution of
A
_E—’_V F'+2We | - @+ A-P=0. (1.15)

Then each @; is in (Nagys W2P(R3) and is real-analytic on Q := R3\ {Z1..Zp}. If
moreover A > 0, then it also has an exponential fall-off.

Hence, the wavefunctions constructed by our method are real-analytic on QY and have
an exponential fall-off. This regularity of the multiconfiguration optimal wavefunctions
could be the main reason for the rather slow convergence of these methods when K — 400,
since the true eigenfunctions (¥;) of H are known to have a cusp at electrons coalescence
points, i.e. (z1,...,zy) € QY with [1iz (@i — 25) = 0 [Kat57, HOS94].

3.2 Strategy of proof

In this subsection, we make a few comments on the proof of the above results. For the
sake of simplicity, we suppose here Z = AX (full method).
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In [Lio87], P.L. Lions uses second order information on the almost critical sequences
in order to prove the convergence of minimizing or min-maxing sequences in the Hartree-
Fock case. Such sequences can be obtained by using for instance the Borwein-Preiss
minimization principle (which is an improvement of Ekeland’s variational principle since
the perturbations are quadratic) in the case of a minimum, and the later work of Fang &
Ghoussoub [FG92, Gho93] that deals with suitable min-max. Theorem I.1 is thus the first
step towards the existence of minima (Corollary 1.2) and saddle points (Theorem 1.3).

Therefore, our proof of Theorem 1.1 is largely inspired of the study of the Hartree-Fock
functional in [Lio87]. There are two main new difficulties.

The first is that we have lost the ”crucial orthogonal invariance of the energy” (see
[LB94]). It is linked to the fact that, in the Hartree-Fock theory, I' = Iy and so it may
be supposed that I' and A are both diagonal, which simplifies the arguments since the
problem splits into N less coupled scalar equations. For the general MC theory, we have
seen (Lemma 1.2) that if ® = U -® where U € Ok (R), then IV = UTUT, W}, = UWaUT.
This implies A’ = UAUT in (1.9). Hence, we may suppose either I" or A diagonal, according
to what we need, but we cannot assume that they are simultaneous diagonal.

The second difficulty is that the occupation numbers (the eigenvalues (y?)X | of T™),
which were all equal to 1 in HF, may go to 0 in a MC method; this corresponds to a lost
of rank. Since we just know that the /77" are bounded in H'(R?) (see Lemma 1.4),
this could obstruct the convergence of the (¢!') when 7" — 0.

The scheme of our proof is the following:

Step 1 :  We first show 8., thanks to the information on the first derivative with
regard to c of the Palais-Smale sequence, and define K’. This allows us to work in Mﬁ/
and assume I' > ~I where v > 0. In this step, we diagonalize T'".

Step 2 : We use the information on the first and second derivatives of the sequence to
prove that the Lagrange multipliers cannot tend to 0. More precisely, we show that there
exists a A > 0 such that A™ > AI. In this step, we diagonalize A™.

Step 8 : We use the Euler-Lagrange equation and the nondegeneracy information of
step 2 on the sequence of multipliers (A™) to prove that the sequence is relatively compact.

Using Theorem 1.1, it is then easy to prove the existence of a minimum, as it is stated
in Corollary 1.2

Let us now give a sketch of the proof of Theorem I.3.

As in [Lio87, Gho93], we use the fact that X is even in ¢ and ® in order to define ap-
propriate min-max methods to obtain critical points. If a group G acts on two topological
spaces X and Y, we recall that a function ¢ : X — Y is G-equivariant if o(g-x) = g-¢(x)
for all g € G and x € X. We denote by Cq(X,Y) the set of all continuous G-equivariant
functions. In our case, we shall consider, as in [Lio87, Gho93, Rab86], min-maxing methods
of the form:

min max  ER(c, @) (1.16)
feCa(SI=1LME) (e, ®)Ef(SIT)
where G' = Zo ~ {£1} acts obviously on the Euclidian sphere S9! of RY. It remains to
find an appropriate action of Zs on M% Actually, we shall define two distinct actions
and prove (i) and (i7) separately.

Suppose that we want to approximate the ”true” eigenvalues of the Hamiltonian A4

defined in (I.11). Let us denote by

ns. M8 — HY{(RNR)
(C,q)) [ \I/:ZIC[(I)[
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the natural projection from the one-body space into the N-body space. One can prove
that
A¢ = min  max (HVU, )
gEO, Weg(Sd-1)

where @ is the collection of all odd continuous map from S~ into the sphere of H}(R3Y).

To be able to compare our min-max with A4, we shall choose an action of Zy ~ {+1} on

M% such that g = H% o f € ©4 for all Zy-equivariant function f : S 1 — M%, that is

to say H% o f is odd. In standard theories, compact symmetric sets are often used with

(=) (e,®) = (—¢,—P), a group action that does not have this property when N is odd.
The following group action has the requested property

(=) e (e, ®) = (=¢, D).

Nevertheless, it allows to construct only a finite number of critical points. To see this
point, let us introduce the projection

P ME — s(R)
() — o
Then if f : S 1 — M% is equivariant for this group action, Po f : S* 1 — s(F)-1
is odd. By the Borsuk-Ulam Theorem, we therefore obtain Cq(S? 1, MK) = @ when
d > (%) and so only (%) min-max will be really defined by a formula like (I1.16).

This point being explained, we consider the following two group actions of Zy on M]I\(, :

() (@) = (—c,9) (117)
()0 (c®) = (c,-®). (118)

A function f: S9! — MXE is said to be (Zs).-equivariant when
f@)=(c,®) = [f(-2)=(-c,®)
and (Z2)g-equivariant when
f@)=(e,®) = f(-z)=(c,—®).
We remark that €5 is both (Zz). and (Zg)g-invariant on ME that is to say
EX (e, @) = Ef (=, ®) = Ex (¢, —D).
We can now define:

Py - inf max  EX(c, 1.19
d fEC(ZQ)C(Sd_l,MIA?) (C,q))ef(sdfl) N( ) ( )

for 1 <d< (][f,), and

K : K
Wy = inf max  En(c, P 1.20
b el (51-1,ME) (e®)ef(541) () (1.20)

for all d > 1.
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This argument can be easily adapted to the case of partial multiconfiguration methods.
Since for all Z C .A]If,, M]I\(,’I is globally invariant under the two group actions, we may
thus define similarly

AT inf max EK(C, o) (121)
‘ FEC(y) (SE=LMRT) (e,@)Ef(S4T) N

for 1 < d < |Z|, and

KT ) .
pat = inf max  En(c,®) (1.22)
4 fEQzQ)q,(Sd—l,Mng) (e,®)EF(SI-1) N

for all d > 1.
In section 4, we show that the variational principles underlying (7.21) and (1.22) yield

solutions to the multiconfiguration equations, and that they allow to prove respectively
(74) and (i) of Theorem I1.3.

Remark 1.3. The sequence (ué{’z)d>1 1s the natural generalization of the one that was
used in the proof for K = N (HF) in [Lio87, Gho93] (see also [ES99] for the relativistic
case), and its study will use exactly the same ideas.

Remark 1.4. We suppose here T = AK. A basis B = (¢i)i>1 of HY(R3) being fized, it is
also natural to introduce, for all K > N and d > 1 such that (][f,) >d

MK = min max (HW¥, )
' VeV, dim(V)=d VeV,
[¥lp2 =1

where V& = span(|giy, .., pin), 1 < ix < K). This method is called by chemists Full
Configuration-Interaction. It is very easy to see that

>\d < >\(11< < )\g,d

and we shall prove in section 4.4 that limg 1 )\gd = \g-

3.3 About the algorithms

We now make some comments on the connection between our min-max defining )\é{’z and
the algorithms used by chemists. Although there are a lot of different approaches, the
general form of the numerical algorithms used to calculate the (d — 1) excited state with
a fixed geometry can be summarized as follows (see for instance [She87, Wer87, WMS0]):

1. Start with some (cz,®) obtained for instance from a previous Hartree-Fock or
Configuration-Interaction calculation.

2. Compute the matrix H g of the quadratic form £y associated to H on the subspace
Span(®y, I € T) where @1 = [pjy, ..., piy) if I = {i1,...,in}

3. Find ¢ as the d" eigenvector of this matrix.
4. This ¢, being fixed, minimize the energy with regard to ® to obtain a new ®'.

5. Replace (cz,®) by (7, ®’) and return to step 2.
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According to chemists, the aim of such an algorithm is to solve a problem of the form

)\ff’z = inf min max (HWU, ) (1.23)
o = (Qoi)zK:p VC VKVI(q)): VeV,
Js wiv; = dij dim(V)=d  |¥|p2=1
= inf Aa(P) (1.24)
o = (@Z)fil?
Jrs pips = 035

where VEZ(®) = Span(®;, I € I) and M\g(®) is the d* eigenvalue of the matrix
H% = ((®1,H® )1 7ez. In other words, “the MCSCF energy results from minimizing
the appropriate eigenvalue of the Hamiltonian matriz with respect to orbital variations”
[She87].

All the sets in the "min” part of (I1.23) can be written f(S% ') with a f €
Cz,). (ST, M]I\(,I) and so we easily obtain

A < AP <A

However, it is not obvious that the min-max method (I.23) yields the existence of
critical points. Let us notice that this may be viewed as a special case of the following
abstract problem: let X be a Banach space, and A : X — Sy(R) that is bounded and
smooth (Sy(R) is the set of all N x N symmetric real matrices). We denote by A\4(z) the
d" eigenvalue of A(z) and consider

= inf
Ad Inf Ad(z)
= inf min max (A(x)v,v).
z€X dim(V)=d wvev,

lol =1

We introduce
F(z,v) = (A(z)v,v)

and want to know if this method gives a critical point of F on X x SN—1,
To see that critical points may not exist when degeneracies of eigenvalues occur, we
consider a simple example due to Rellich and adapted by Reed and Simon [RS78]:

A(z) = < sin(z1)  sin(zz) >

sin(zg) —sin(xq)

for = (21, 22) € X = R%. We have

Ao () = \/sin(x1)2 + sin(x2)2

and so

But 3—5(0, v) = g—g(o, v) = 0 if and only if v = 0, and this method does not give a critical

point of F on R? x ST,

If X =R and A is analytic, a simplification appears due to a theorem of Rellich (see
[RS78]), and critical points exist even when the optimal eigenvalue is degenerate. We now
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show that the algorithm described previously may possibly not converge. Consider for
instance

Alz) :sin(m)< D >

for x € X = R. We have
Ao () = V2| sin(z)|

and so

1
1
is then easy to see that (0,v) with v = (v + v2)/V/2 is a critical point of F on R x S?.

But for any initial guess xo € [r/2;7/2] such that zo # 0, the algorithm does not
converge and oscillates between 2z = /2 and —7 /2. This shows that even if critical points
exist, degeneracies may obstruct convergence.

If we denote v; and vy two eigenvectors of A’(0) = < _11 > such that (v;,v;) = 6;5, it

In the case of the MC method, oscillations are frequently obtained when using the
algorithm described before.

All these difficulties explain why we focused on the more ”theoretical” min-max Afl(’z
that takes into account the strong nonlinearity of E]I\f .

4 Proofs

This section is devoted to the proof of our results.

4.1 Some preliminaries

In this section, we give some basic properties that will be used in the proof of our results.

4.1.1 Properties of &£

Lemma 1.4. (i) When it is defined by the formula (1.8), EX is continuous on M, and
weakly lower semi-continuous on R(¥) x (H'(R?))K.

(ii) (Kato’s inequality). Given € > 0 there exists a constant C. such that

K

Vi
EN(e®) > (1)) TIVeiliams) — Ce (1.25)
=1

for all (¢, ®) € ME with T = diag(v1, ..., vk ). In particular, EX is bounded from below on
MEIf (¢, @) € MK is such that EX (¢, ®") is bounded, then (v/T™ - ®") is bounded
in (H'Y(R?))X.

Proof — The continuity of £ ]I\f on M]If, is obvious. To prove its weakly lower semi-continuity,
we consider a sequence (", ") in R(*) x (H'(R3))X, such that ¢® — c and ®" — ® weakly
in (HY(R?))X. We introduce L = liminf,_, o EX(c?, ®") and suppose (by extracting
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a subsequence if necessary) that ®” — & strongly in (L? (R3))® and a.e., and that

loc
E]I\f(c”, ®™) — L. Since for all ks...kn,
K K
Z Vi by ey Pi — Z Qi ko Pi
i=1

i=1

weakly in H'(R?) and strongly in L? (R3) , we have

K 2 K 2
/ VDol it —>/ VDY iy @i
R i=1 R® i=1

2
/.

But Fatou’s lemma yields

K 2

K

< liminf g kg iy VI
n—-4oo R3 |4 1
1=

i ko ky Vi
1

1=

zz‘,j=1 i s ke i ()05 (Y)
// dxdy
R6

lz -yl
K n n n 2
o (Zi,jzl QG i ks kPl (33)90]' (y))
< lim inf dxdy
w4 S Jo =

which easily concludes the proof of (7).
The proof of (I1.25) is standard: by Kato’s inequality, one easily shows

(HY, ) > (1 —s>3/ VU - C
2 Jgs

for all ¥ € H}(R3Y) such that |¥];2 = 1 (see [Fri03a]). Given a (c,®) € MK such that
I' = diag(y1...7K ), we may apply this inequality to the associated wavefunction and obtain

K

Z Vi
S]I\?(Q q)) > (1 - 5) E”VSDZ”%Q([W) - Oa
=1

which obviously implies that 5}1\; is bounded from below.

Finally, if we take an arbitrary sequence (¢, ®") in MX such that E5 (¢, ®") is
bounded, we can find for each n, a U, € Ok(R) such that U,I"Ul = diag(y}...v%). We
then use the latter inequality and the fact that Ok (R) is compact to obtain (vI™ - ®")
bounded in (H'(R?))X. O

Remark I.5. As it has been pointed out by G. Friesecke in [Fri03a/, En is not weakly
lower semi-continuous on HY(R3N). This shows the benefit to work in the one-body space

ME.
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4.1.2 About the inequality Z > N — 1

As in [LS77, Lio87, Gho93, Fri03a], our results are stated with Z > N —1 (i.e. for neutral
molecules and positive ions). The reason is that we shall often use the following

Lemma 1.5. For allk > 1 and all 0 < m < Z, there exists a k-dimensional subspace Vi, ,
of HY(R3) and a 0k, > 0 such that

1

for all p € Vi with |p|r2rsy = 1, and all bounded non-negative measure pu on R3 that
satisfies u(R3) < m.

Moreover, Vi, can be chosen such that Vi, p, = span(ei, ..., ) where the (gpi)le are
radially symmetric functions in D(R®), with disjoint supports.

In particular, the Hamiltonian

1 1
H,=—-A+4+V —
W 5 + +/L*|r|

admit at least k eigenvalues strictly below —oy, .

Proof — See the proof of a similar lemma in [Lio87, Gho93]. O

4.2 Proof of Theorem I.1

Our method of proof is in the spirit of [Lio87], with the additional difficulties quoted
before.

Let (¢, ®™) be as in the Theorem. Since the method is natural, we may suppose that
for all n, I'" = diag("]...7%), with 0 <~ <1 and 4§ > ... > 7% (we recall that I'™ = Iy
if K = N). We may also assume that ¢} — ¢y for all I € Z. Thus each 7' converges to
some y; = 0.

By lemma 1.4, for all i = 1..K, 7" [os |V?|? is bounded, so either v; = 0 or (7 )nen
is bounded in H'(R3).

Step 1 : Let us suppose for instance that v} — 0 (this cannot happen when K = N
since 7 = 1 for all i = 1,...,N and n € N). Since (¢ )nen is bounded in L*(R3), we
may assume —by extracting subsequences if necessary— that \/@w?{ — 0 in L*(R?) and
\/@go’}( — 0 weakly in H!(R?). We now show that this last convergence is strong.

Let I € T be such that K € I. Since £ is quadratic with regard to the (c;), we have

gN (Z/ |VQDZ |2> n) (C?)z + Bnc? + Cn

el

where A, (c?)? and B,c}? — 0 : for instance one of the terms appearing in A, (c})? is

(c?)z/ 7 (2) da: < = d:U — 0.
R3

|z RS le
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The second assumption of Theorem I.1 now yields the existence of a bounded sequence
of Lagrange multipliers (8"),en such that

801;7(0 , P ):2<Z/R3 |V90i‘2) (cf) + 2Anc] + Bp + "¢} — 0.

iel

Multiplying by ¢}, we obtain

(Z /. |wz-|2> () 0.

i€l
as n — 4o00. Since we have
2 2
=D )= (P
I, Kel IeT, Kel
this shows that /7% — 0 strongly in H(R3).
Let K’ > N be such that yg/41 = 0 and ygs # 0. By the same argument, one has
/APl — 0 strongly in HY(R?) for i = K' +1,..., K.
We now introduce Z/ = Z N AL’

n
Cr

for all I e A%
\/ch{1...Kf}(07})2

¢y =

and " = (..o )T
so that (¢, i)”) € MIA{,,’T. If (\TJ”) is the corresponding sequence of wave functions, the
previous arguments imply that we have U™ = U" + " where 7" — 0 in H}(R3V). The

convergence of ()X, will imply those of U and then ™. The new sequence (&%, ®"),en
satisfies the assumptions 1), 2), 3) of Theorem 1.1 on Mﬁl’zl and also T > ~Igs with
v = g+ > 0. We now work with this new Palais-Smale sequence and omit the ~ for
simplicity.

Step 2 : The first order condition also yields the existence of a K’ x K’ symmetric
matrix A™ such that

EK

55 (¢ P = <<—%+V> F"+2W¢,n> SPT AT D" — 0 (1.26)

in (L2(R3))X. We now prove that there exists a A\ > 0 such that A™ > M. Let U, be
an orthogonal matrix such that A" := U,AU! = diag(A\}...\%,). We work in this step

with (¢, @) = U, - (¢n, ). The second order condition of Theorem 1.1 implies, for all
i=1,..,K" and all o in a closed subspace F},, of H'(R3) of codimension at most K + j

1
l/ |W|2+/ SV ARl L 4 AT £ ARen ) @ — N(N — 1)D2 >0
2 R3 R3 |’I"|

where €' — 0 and

2
N(N — 1) 5 5

k
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Z //RG (@(l’) >k de,kg...,kNgbZ(m)) (go(y) >k de,kg...,kNﬂbZ(y)) dndy.

W |z — y|

Hence we obtain (it is easy to see that D}' > 0)

1 1 \7
§/Rs|W|2+/R3<V+p?*m+%+€?>@2 >0 (1.27)

13

for all p € F,,.
We now use the method of [Lio87] (see also [Gho93]) which is based on the following
simple lemma

Lemma 1.6. Let A be a self-adjoint operator on a Hilbert space H and let Hy, Ho be two
subspaces of H such that H = Hy; @ Ha, dim(H1) = k < +00 and PoAPy, > 0 (P, is the
orthogonal projection onto Hy). Then A has at most k negative eigenvalues.

Proof — See [Lio87, Gho93]. O

By Lemma 1.6, we deduce that the Schrodinger operator H]' := —A/24+V + pl % ﬁ

has at most K + j eigenvalues strictly less than —i‘/—g —e'. On the other hand, since we

i

NN =1) )
/, pl=—ri— D (Al k)’ =N-1<7Z
R3 Vi kskn

have

we can use Lemma L.5 to find a 6 > 0 that does not depend on ¢ such that H;* admits at
least K + j eigenvalues strictly below —§. We deduce that

n

A
Vn, V—; +e' =0
(%3

and thus we obtain from I'* = U, T"Ul > Iy (and for n large enough)
XIS A5(6/2) 2 1(5/2) = A > 0.
This shows that A > My and so A" > M. But (1.26) yields
ER(c, ™) 4+ (Wen - @™, ") + Tr(A™) — 0
and so (A™) is bounded. We finally obtain (up to subsequences) A™ — A > 0.

Step 3 : Since 4" > v > 0, the (¢?)nen are bounded in H'(R3) and thus we may
assume that 7 converges weakly in H!1(R?) (and a.e. in R3) to some ¢;. We now prove
that this convergence is strong.

Passing to the limit in (I1.26), we get

((—%+V>F+2W¢>-<I>+A-<I>:O.
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This implies

limsup (A" - ", ®") = —liminf<<<—% + V> 4+ 2W<pn> - " <I>”>

n—-+400 n—+o0

_<<<_§+v>r+2W¢,> -<1>,<1>>:(A-<I>,<I>>,

by using the same arguments as the one used to show that 5]{? is weakly lower semi-
continuous on R(V) x (HY(R3))X. So & — & in (L2(R?))X’, and then in (H'(R3))X"
The convergence of (U") follows.

N

Step 4 : It remains to show that, when Z = A%, K’ = K or K — 1. This is obtained
by the same proof as in [LB94, Fri03b] to show the inequality E]1\§+2 < E]I\g and we refer
the reader to these papers. Let us notice that this uses the analyticity of the orbitals,
independently proved in Proposition 1.3. This ends the proof of Theorem I.1. U

4.3 Proof of Corollary 1.2

Let (¢, ®") be a minimizing sequence of Eﬁ’z. We use the minimization principle of

Borwein and Preiss (see [BP87, Gho93]) to obtain a new minimizing sequence (&", ®") €
KT

My such that

L |®" — ®"| g1 (gsyyx — 0 and &} — ¢}| — 0 when I € T
2. there exists a sequence (¢, d") € M]I\(,’I such that

|®" — " g1 msyyx — 0, |¢f —cf| — 0 whenI€Z, and

- 1 - 1
VneN, EF@E@, 0" +=Q,(¢", ") = min {gfvf + —Qn}
n Mﬁ’r n

where )
Qu(e,®) = 5 (le=enl? + 12 = &, )?).

This new minimizing sequence (&, ®") now satisfies the assumptions of Theorem I.1, with
J=0. O

4.4 Proof of Theorem 1.3

We recall that we shall prove (i) and (ii) by using the variational principles defining
respectively the sequences (ué{’z)d>1 and ()\fl{’z)lgdg\z\ — formulas (1.22) and (I1.21).

Step 1 : Existence. We shall use here a Theorem of G. Fang and N. Ghoussoub
[FG92, Gho93] that enables to obtain Palais-Smale sequences satisfying the assumptions
of Theorem I.1. Let us now present this result.

Let X be a complete C?-Riemannian manifold, and G a compact Lie group acting
freely and differentiably on X and on R? for some d > 1. Let F be a G-homotopic family
of dimension d, that is to say a set of the form:

f:{f(D)7 fECG(DJX)}
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where D in a fixed G-invariant compact subset of R¢, and Ca(D, X) is the set of all G-
equivariant continuous functions f : D — X. We now have the following result, which is
a simplified version of the original one in [FG92, Gho93]

Theorem 1.4 (Fang-Ghoussoub [FG92, Gho93]). Let ¢ be a G-invariant C* func-
tional on X with dp and d*>¢ Hélder-continuous on X, and consider

= inf :
CT e

Then for every min-mazing sequence (Ay)n in F, there exist sequences (Ty)n in X and
(0n)n in RY with lim, . o 6, = 0 such that

1. x, € A, for each n,

2. lim ¢(z,) =c,

n—-4o00

3. lim dy(z,) =0,

n—+o00
4. for each n, d*p(x,) has at most d eigenvalues below —,,.

Now we easily see that the min-max (I1.21,1.22) are defined with (Z2)./¢-homotopic
classes of dimension d for each d (take X = ME and D = S%°1). Applying this result,
we obtain a sequence (c", ®™) that satisfies the assumptions of Theorem 1.1 with j = d.
Therefore, it converges up to a subsequence, in the sense of Theorem 1.1, to some critical
point (¢, ®') of £X on M?’Il with K’ < K. One may add any (¢g/41, ..., px ) to obtain
solutions of (1.9) with a A > 0.

Step 2 : Study of (ug’z)d>1. Our proof uses ideas of [Lio87, Gho93]. Since in this
step, K > N and 7 are fixed, we shall forget these subscripts. We show that —oo < g <
par1 < 0 for all d > 1 and that limg 40 ptg = 0.

The fact that —oco < pg < pgs1 is obvious. Let be ng = K - d. For each d > 1, by
lemma 1.5, there exists a n4-dimensional subspace V; of H!(R3) and a § > 0 such that

1 1
/RSE|V90|2+<V+m*W>gp2<—5<O

for all ¢ € Vy with |¢|r2gs) = 1, and all bounded non-negative measure m on R3 which
satisfies m(R3) = N — 1 < Z. Let (1, ..., pn,) be a L?-orthogonal basis of Vj, of radially
symmetric functions in D(R?) with disjoints supports and such that [ps(¢;)? = 1. For the
sake of simplicity, we may suppose that {1,..., N} € Z. We consider :

— KT

—_

aypr + -+ agpq

o

(a1y.yg) +— ,

QLP4(K-1)+1 T T QPKd
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f is a continuous (Zz)g-equivariant function and

g]I\g(f(alv "'aad)) =
=En(Jarpr + -+ Qg@d, - UPIN-1)41 T + QPNa))

=&N Z Z Qg "'aiN—(N—l)d‘S0i17"'7§0iN>

i1=1 {n=(N-1)d+1

— Z Z (ail '"CVZ'N_(N_l)d)ng(“DZ'N"'aSOiN>)

i1=1 IN= (N )
d Nd
Z Z (cviy - aiN—(N—l)d)2gHF(90i1v e Pin )
i1=1 =(N-1)d+1

since the (¢;) have disjoint supports.
We recall that

ETE (o1, . o) = fj/ ( Vil +V(%)>
=1
() ) Ee) AL o)

]21
so that

N

EMF (1, on) = Z/RB (%lvmz + <V—|—mi % %) (%)2>

=1

1 & 1
-3 2 [ (i) e
iti=17%
where
N
m; = Z (p;)? and “m;=N -1
j=1, j#i R

Since [ps ((gpigpj) * ﬁ) (pigj) = 0 for all i # j, we finally obtain

d d
EN (flon, yaq)) < Z - Z (aiy -+~ iy )*(=N3)

for all (av, ..., aq) € S4~1, which shows that ug < (rn;xx1 Eji\f < 0.
f(se=

To show that limg_, 1o tg = 0, we classically consider a sequence (V) of finite dimen-
sional subspaces of (H!'(R3))X such that dimVy = d and |J, Vy is dense in (H'(R3))X, and
denote W, = le. Since for all d > 1, pg < 0, there exists a (Zsg)p-equivariant continuous
fa such that

pg & max Ey < —-.
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By the Borsuk-Ulam Theorem, there exists (cq, ®4) € f4(S%!) such that ®; € Wy_; and

Ef\/{(cd,q)d) < % < 0.

Since (cg) is bounded and ®; — 0 weakly in (H!(R?))%, we obtain by lemma 1.4

liminf & (¢y, ®4) = 0
lim inf ~ (cd, Pq)

which implies limg_, o ptg = 0.

For each d > 1, there exists (c?, ®?) and A? > 0 such that £ (c?, &%) = p4 and
A d d d
—§+V I+ 2Wga | - @+ Ag-2“=0
This yields
<W<I>d ’ q)d’ q)d> T tT(Ad) = —5§(Cd, (I)d) = —Hd —7d—+o0 0*

and so
<W¢d ¥ 8 <1>d> 0 and Ag— 0 (1.28)

as d — +0o. By Lemma 1.4, (VI'4®9); is bounded in (H'(R3))¥X, so one may suppose
that clpd — ;; weakly in H(R?), strongly in L? (R?®) and ae., for all i = 1,..., K and
all I such that i € I. But ¢;; = 0 by (1.28) and this implies

<<—%+v>rd-q>d,q>d> —0

as d — 4o00. We now easily obtain vVI'{(V®%) — 0 strongly in (L?(R?))X, thanks to the
weakly lower semi-continuity of this last expression.
This ends the proof of (7).

Step 3 : Study of ()\fl{’z)1<d<\z\~ We first choose a sequence (V) of eigenvectors of
'H associated with the eigenvalues ()\;) such that fst U, ¥; = §;; and

Ai=En(Va) = ve Spg?\;f ) En(Y)
1---¥d),
1¥lp2 =1
= min En(W).
V€ span(¥1..Vg_q)+,
Wiz =1

We denote by Vy = span(¥;.. W) and Wy = (V;)* its orthogonal complements in
H}(R3Y),

In the sequel, we fix a d > 1 and assume that K and Z are such that d < |Z| < (%)
Let f: 8% 1 — Mﬁ’z be a (Zz).~equivariant continuous function. We have

max EF = max &y
GRS o f(S9=1)
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and since 1T o f is odd, II§ o f(S? 1) N W,_; # @. This implies

max En = min En(T) =Ny
MR of(S4-1) Ve (Va1)t,
W2 =1

for all (Zg)c-equivariant continuous f, and so
A < AL (1.29)

We now assume 7 = A% and forget the subscript Z. We fix a basis B = (¢;)ien+ of
H 1(R3) such that ng pip; = 0;;. We recall that every wave function ¥ can be expanded
as a combination of Slater determinants built with (¢;) :

U= Z CI‘SOil”'SDiN>

1< <...<iy

where the sum converges in H!(R3Y). We then introduce

E CI‘SOil”'SDiN>
1< <..<in<K

PR(L) = when Z (c1)?#0
Z (c1)? 1<ir<...<in <K
1< <. <in <K

= 0 otherwise,

so that rank(¥) < K and Range(I'y) C span(p;)X ;.
We thus have PX(¥) — ¥ in H}(R3V) as K — +o00. We now introduce

VdK = Span(PK(‘I’l)y“' aPK(‘I’d)) and Wc{{ = (VdK)l-

We recall (see a previous remark) that V& = span(|oi,, ..., piy), 1 <ip < K) and so V.F
is a subspace of Vé( . We have the following lemma

Lemma L.7. One has dim(VE) = d for K large enough, and

as K — +oo0.
Proof — We introduce GX = Gram(PX(¥,)), i.e. Gf]{- = [pan PE(U)PE(T;). G — I,
SO dz’m(VdK ) — d. The end of the proof is easy, thanks to the continuity of Ex. O

We now assume that K is large enough so that dim (V) = d. Let (¢4, ...,4}) be an
basis of VdK such that fst 1[);-1/1;- = 0;5, and ..t e S(8)=1 be such that

/ k
o= D Cilenpiy).
1<in <...<in<K
When (a, ..., aq) € S, we have

d d
>ty = > (Z Oék:CIf) |pir @iy )
k=1

1< <. <in<K \k=1
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d
and ” Ekzl ak¢;€”L2(R3N) =1.
We thus introduce the continuous (Zsg).-equivariant function

. d—1 K
f: S — My
¥1
(1, .yag) +— Zizl apc®,
PK
By the definition of )\g , We obtain
AKgAK < max EX —  max En = max En(D).
d Bd f(sd-1) N M{of(s4-1) e VS, )
W)L =1

Hence we have proved, by (1.29),

M <AF<AE, < max En(9)

)

and so, by Lemma 1.7,

lim M=), and lim M\, =)\,
K—+o00 d d K—+o00 B.d d

4.5 Proof of Proposition 1.3

The assertion ¢; € ﬂKp <3 W?2P(R3) is obtained by standard arguments. To prove the

analyticity of the orbitals, we introduce ¢; ; = (¢ip;) * ‘—}4‘ Equations 1.9 can be written
on the form

A ¥ )
(-5 +V) et D e+ S hue =0 =LK
7 k<l j
—Apy = ATprpr, 1<kI<K

with ~; > 0.

Since (@i, ¢k1)ik, is a solution of an analytic non-linear elliptic system of partial
differential equations, we may use for instance the results of [Mor58] or the method of
[Kat96] to obtain the analyticity of the ¢; and ¢j; on €.

We now assume A > 0 and prove that the electronic density p = Zfi 1 Yi(:i)? has an

exponential fall-off, which will end the proof. To obtain an inequation for p, we multiply
(I.15) by @ to give

K
1
-3 E Yi(Api)pi + Vp+2(W, - ®,®) + (AD, D) =0
=1

where (, ) denotes the usual scalar product of R, This yields

K
1 1 2
_ZA/H_ Vp+ (A®,®) = =2(W, - &, D) — 3 ;_1 7| Vil
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and since Wy (x) is a non negative matrix for all z,
1
—ZAp +Vp+ (AD,®) <0.
Now, since A and I" are positive, there exists an « > 0 such that A > oI’, and so
(A, D) > a(T'DP,P) = ap

which yields
1
—ZAH Vp+ap<O0.

For p > 0in H'(R3), it is now standard that this implies, thanks to the maximum principle,
p(z) < Cﬂe—\/@\z\

for all 0 < 8 < a. ]
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Appendix

In order to emphasize the key role of the partial method (Ms) quoted in section 2.3,
we want to tackle here the classification of wave functions of rank K when N = 2 and
K = N+2. Existence and non-existence of those wave functions have been largely studied
in the 50-60’s (see [Lowb5, And63, Col63, CY00]). Their general form is known by chemists
in the case N = 2 [Col63, CY00] but we do not know if the case K = N + 2 has never
been written down. We shall however give here the proof for both cases, since they are
quite similar.

Proposition I.8.
(N=2 — Coleman [Col63, CYO00]). For all 2-electrons wavefunctions ¥ of finite
rank, there exists a p € N* and (goi)?ﬁl with [gs pip; = dij such that

p
U = Z Ci‘QOQi_lcpgi>. (130)

i=1
In particular, all such U have an even rank.

(K=N+42). For all N-electrons wavefunctions ¥ of rank K < N + 2, there exists
(gol-)i\gf with fR3 wipj =05 and a p > 1 with 2p < N + 2, such that

p

U =0 Alpgps1--oni2) where (') =— Zci|<ﬂ2i—1¢2i>- (1.31)
=1

In particular, there does not exist N -electrons wave functions of rank N + 1.
Let us first recall the standard notations used in this result. The bilinear operator
A HE(RSP) x HARIN-P)) — HI®V)

is defined by
|01, s @P) AN PP41, oy ON) = |@1,5 o N ),

whereas »
xT') = =) cileai-1p2)
i=1
means
p
= Z cilp1p2; - P2i—-3P2(i—1) P2i+1P2(i+1) 5 -+ ¢2p—1¢2p>-
i=1

Hence, when N = 2 or K = N +2, every wavefunction can be expressed in a form such
that two determinants have at least two distinct orbitals, a method quoted as an example
(M3) in section 2.3. This allows to limit significantly the number of determinants.

In (I.31), the case p = 1 corresponds to the Hartree-Fock case (VU is a Slater determi-
nant), and the case p = 2 corresponds to doubly excited configurations, also studied by
C. Le Bris in [LB94]

U = alp1...on) + Blo1...oN 20N 110N+ 2)-

Proof — Let us first consider the case N = 2. A basis (¢;)X, of Range(T'y) being fixed,
we introduce the antisymmetric matrix A = (a;;) such that ¥ = )" a;;¢; ® ¢;. We have
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I' = 24A7, so K = rank(l') = rank(A) is even. By formula (I1.12), A’ = UAUT when
¢’ = U - @ and thus, we may find a U € Og(R) such that

= 0 o
A = AN with A; = '), o €RF
—a; 0
Ap ¢

which easily ends the proof of this first point.

The dual case K = N + 2 is very similar. Given a wave function ¥ = Y, cr|@;; ...0iy ),
we introduce B;; = (—1)"er for {1..K} \ I = {i < j}, and the antisymmetric matrix
B = (Bij) (so Bi; = 0 and (3j; = —;;). Then, it is easy to see that I = N (I — BBT) and
B’ = det(U)UBU?T when ® = U - ®. Now there exists a U € Ok (R) such that

By

. 0 0
B = N\ w1thBZ':< Z>, ; € R*
B, 5 0 )P

0

which easily ends the proof of Proposition I.8. ]
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A.ll

Computing Electronic
Structures: a new
Multiconfiguration
Approach for Excited
States

Ce chapitre reprend le texte intégral d’un article écrit en collaboration avec Eric Cances
et Hervé Galicher.

Résumé

Nous présentons une nouvelle méthode pour le calcul d’états excités de molécules,
basée sur un travail récent de I'un d’entre nous [Lew04] concernant les modeles multi-
configurations. Contrairement aux méthodes précédentes, notre algorithme converge tou-
jours vers un état stationnaire du modele, qui peut étre interprété comme un état excité
approché de la molécule.

Nous comparons également notre nouvelle définition aux autres approches et tentons
d’expliquer les défauts qui sont parfois observés avec les méthodes antérieures.

Notre définition est variationnelle. Pour calculer le premier état excité, des chemins
doivent étre déformés sur une certaine variété, comme pour le calcul d’un état de transi-
tion entre réactants et produits sur une surface d’énergie potentielle. Nous proposons ici
une méthode générale pour la déformation de chemins, pouvant étre utile dans d’autres
situations.

Enfin, nous présentons des résultats numériques pour le cas de systémes a deux électrons :
nous tracons I’énergie du premier état excité en fonction de la distance inter-atomique pour
la molécule Hy, et donnons des résultats pour des atomes a deux électrons comme 1’hélium.
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Computing Electronic Structures: a new
Multiconfiguration Approach for Excited States

Eric CANCES®, HERVE GALICHER® AND MATHIEU LEWIN®

Abstract

We present a new method for the computation of electronic excited states
of molecular systems. This method is based upon a recent theoretical definition
(due to one of us, see M. Lewin, Solutions of the Multiconfiguration Equations
in Quantum Chemistry, Arch. Rat. Mech. Anal. 171 (2004) 83-114) of the
Multiconfiguration Self-Consistent-Field (MCSCF) excited states. Contrarily
to previously used methods, our algorithm always converges to a stationnary
te of the model, which can be interpreted as an approximate excited state of
the molecule.

We also compare our definition to other approaches and give some expla-
nation of the unsatisfactory behaviours which are sometimes observed when
using the latter.

Our definition is variational. To compute the first excited state, one has
to deform paths on a manifold, like this is usually done in the search for
transition states between reactants and products on potential energy surfaces.
We propose here a general method for the deformation of paths which could
also be useful in other settings.

Numerical results for the special case of two-electrons systems are pro-
vided. We compute the first singlet excited state energy potential energy sur-
face of the Hy molecule, and give some numerical results concerning Helium-like
atoms.

Electronic excited states play an essential role in various phenomena of high inter-
est, such as photo-induced chemical reactions, femtosecond spectroscopy, or laser control
of molecular processes. Whereas most of the currently used electronic structure models,
notably the Hartree-Fock and the Kohn-Sham models, are rigorously founded and quite
successful in the description of ground states, their approach to excited states is ques-
tionable [HG96]. The method which seems to be best-adapted to this issue is to date
the multiconfiguration self-consitent field (denoted by MCSCF in the following) method
[Lowbbe, Lowb9, She87]; loosely speaking, this approach leads to variational models which
fill the gap between the mean-field Hartree-Fock and the N-body Schrodinger models
[Low59]. However the definition of what actually is an excited state for a nonlinear theory
such as MCSCEF is still unclear; it is indeed observed that nonlinear electronic structure
models have a lot of spurious critical points that cannot be interpreted as approximations
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of excited states. In other words, solving the equations of the model is clearly not suffi-
cient to obtain a state which really approximates some excited state. In addition, even if
we leave aside the above mentioned difficulty, the practical calculation of MCSCF criti-
cal points is problematic: numerical algorithms available to date do not always converge.
More precisely, they sometimes lead to oscillations between two states of different energies,
none of them being a critical point. For all these reasons, the computation of electronic
excited states remains one of the main challenges of modern Quantum Chemistry.

In [Lew04], it is emphasized that those difficulties are likely to stem from the currently
used definitions of MCSCF excited states that are not correct, for they do not fully take
into account the nonlinearity of the model. The purpose of [Lew04] was to provide a more
rigorous definition of MCSCF excited states. Our goal in this paper is to show that this
theoretical definition can actually be used in practice, at least for the computation of the
first excited state.

The paper is organized as follows. In Section 1, we introduce the MCSCF description of
electronic structures. In Section 2, we present the new definition of MCSCF excited states
and compare it to other definitions currently used in Computational Chemistry. Finally,
in Section 3, we describe in details our new algorithm and present numerical results for
the case of two-electrons systems.

1 MCSCF approximation of the time-independent Schrodinger
equation

In this section we recall some classical properties of the N-body time-independent
Schrodinger equation, and briefly present the MCSCF approximation. We refer the reader
to [AF97, CDK ™03, Lew04, She87| for more details.

Let us consider a molecular system consisting of NV electrons, and of M nuclei of positive
charges z1,--- , z)s. The nuclei are supposed to be correctly described by a classical model
and are represented by pointwise charges clamped at positions Z1,--- , 2y (Z,, € R? for
1 < m < M). This is the so-called Born-Oppenheimer approximation. The electrons
are described by the N-body quantum hamiltonian (written in atomic units, see e.g.

[CDK*03))
N

Hy=Y" <—%Am + V(mi)> + ) ﬁ (IL1)

i=1 1<i<j<N
which acts on normalized electronic wavefunctions ¥(z1,...,zx) € L2(R)N), |¥]z2 = 1.

The subscript a indicates that, due to the fermionic nature of the electrons, one solely
considers wavefunctions ¥ which are antisymmetric under permutations of variables:

Vo € Sy, V(z1,....xn) = €(0)VU(To(1), - To(n)) A

Here and below, Sy denotes the set of the permutations of the indices {1, ..., N} and (o)
the signature of the permutation o. Finally, V' is the electrostatic potential generated by
the nuclei

M z
Vig)=-> ——
m=1

|z — Zp|

In what follows, we denote by Z = 2%21 zm the total nuclear charge which is an integer
as we work in atomic units.
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For the sake of clarity, we do not take the spin into account in the first two sections
of the article, but the following arguments can be straightforwardly adapted to the case
of spin-dependent wavefunctions. The spin will be reintroduced in Section 3, in which
numerical examples on real molecular systems will be provided.

The operator Hy is self-adjoint in L2((R*)Y), with domain H2((R3)") and form do-
main H}((R3)"). Some of its spectral properties are known: the spectrum o(Hy) of Hy
is bounded from below, its essential spectrum is a range of the form [3; +o00) with ¥ < 0,
and its point spectrum is a subset of (—o0;0]. The N-body ground state energy is the
minimum of o(Hy) also defined by

Ey = inf{(¥, Hy V), ¥ € Hy(R*), |¥]2gsn) = 1}. (I1.2)

The condition Fy < X translates as the physical property of the nuclei being able to bind
the N electrons in their vicinity. Zhislin showed in [Zhi60] that when Z > N — 1 (an
assumption that we will make throughout this article),

N

O'(HN):{EN:)\l§)\2\~~~<)\n§~'}U[Z;+OO)

where (\;);>1 are eigenvalues strictly below and which converge to X.

The eigenfunctions corresponding to the A\; > En are called excited states. Both the
ground states and the excited states obviously solve the time-independent Schrodinger
equation

HyVv =\, (I1.3)

Recall that the excited state energies Ay, d > 1, can be obtained by the Rayleigh-Ritz
principle

A¢d= min max (U, HY) (I1.4)
dim(W)=d YeW,
[w)2=1

where the first minimum is taken over all d-dimensional subspaces W of the domain of
Hy.

The Schrodinger equation is a model of extremely high accuracy (except for heavy
atoms for which core electrons are relativistic). For systems involving a few (say today
six or seven) electrons, a direct Galerkin discretization of problem (II.3) is possible; such
a technique is refered to as Full CI in Computational Chemistry. For larger systems, this
approach is out of reach, due to the excessive dimension of the space R3" on which the
wavefunctions are defined, and problem (II.3) must then be approximated. To date, the
most commonly used approximations are the Hartree-Fock model (see e.g. [Lowb5b]) on
the one hand, and the Kohn-Sham model (see e.g. [KS65, DG90]) on the other hand.
Both of them have been designed for the calculation of ground states and are not really
adapted to the calculation of excited states. On the contrary, the MCSCF approximation
can be applied to both ground and excited state calculations.

The MCSCF method is based on the following remark:

N

Ly(®R)Y) = N\ LX(®?),

n=1
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an equality which can be explicited in the following way. Consider an orthonormal basis
(pi)i<i<too Of L?(R3). It is well-known that the sequence (pi; @ -+ @ iy )1<i,<oo forms
an orthonormal basis of L?((R?)V) = ®g:1 L?(R?), where by definition

(Soil Q- ® QOiN)(xlﬂ "'7$N) = Qoil(ml) T SOZ'N(‘TN)'

An orthonormal basis of the subspace L2((R?)") of L?((R3)") can then be obtained by
simply considering the antisymmetrized product (p;, A -+ A @iy )i<ii<--<iy<+oo Where
(piy A+ A piy) denotes the so-called Slater determinant of the ¢;, :

(i A A i) (@1, o) = % S (o)1 (o) -~ Pin (o))

T oEeSN

1
- o= det(y;, (1))

In other words every antisymmetric wavefunction ¥ is an infinite linear combination of
such Slater determinants:

U= E Civ.inPin N N Pis
1<i1 <<y <+o0o

the sum being convergent in L2((R3)"). Remark that |¥[;2 = 1 is then equivalent to the

condition » 7, . ;= liy.in]? = 1.

An integer K > N being fixed, we now consider the subset of L2((R?)") consisting of
the wavefuntions ¥ which are finite linear combinations of the (%) Slater determinants
constructed from a set of K orthonormal functions (¢1,--- , @) of L2(R3), i.e.

1<ii<-<in<K

The MCSCF approach is a variational method for approximating (II.3) in which both the
coefficients ¢;, . ;, and the functions (¢, - - , k) are variational parameters. Let us men-
tion incidently that the MCSCF method differs from the Configuration-Interaction (CI)
method [Léwbbal, for in the latter, only the coefficients ¢;, ;, are variational parameters
(in a CI calculation, the functions (p1,--- , ¢k ) are issued from a previous Hartree-Fock
or Kohn-Sham calculation and are kept fixed).

Following our purpose to describe the MCSCF approach, we therefore introduce the
manifold

K
ME =S (e, ®) e RB) s (H R3S, D ei, il = 1, / pitp; = 0y
) ) R3
i1<<in
where we have denoted by
= (c;i ... R(¥) o = HYR3HE
¢ = (Ciyiy) € ; (o1, ) € H (R?)

(we arrange the ¢;,...;, in a column vector ¢ using for instance the lexicographical order).
Let us note that the functions (1, - - , @) are now requested to have a H' regularity, in
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order to ensure that the MCSCF energy (see formula (I1.8) below) is well defined. Indeed,
the MCSCF energy functional that we denoted here by Sf\f , is defined by the formula

EN (e, ®) = (V) HV Y (c.0)) (I1.6)

Vo) = > Ciy.in®in N oo N iy
1<i) < <in<K

The MCSCF ground state energy is then

By = inf £§. (IL.7)
My
If we write ¥, ) as
\Il(c7q>) = Z ail---iNSDil ® e ® 4)07:1\[7
1<y, in<K
with
Ay iy = 0 if #{Zl’LN} <N

e(o)
\/—N_!Cio'(l)“'io'(N)

where o is the permutation of the indices {1,2,---, N} such that i,y < ... <iy(ny)), the
MCSCEF energy functional reads

otherwise,

EN(e,®) =N > /Rsé

2 K 2
+V E O ko ke Pi
1<ks,.. ey <K i—1

2
LN -1 S //RG(ZK@KKai,ﬁi.zr%(ﬂﬂ)@j(y)) dody. (IL8)

K
E i k. ke Vi
=1

1<ks,. kv <K

Let us point out that, whereas the Schrédinger energy functional (¥, Hy V) is quadratic,
the MCSCF energy functional is not. Consequently, the MCSCF equations, namely the
first order stationarity conditions for the critical points of 6‘]{? on the manifold Mﬁ, will
be nonlinear.

Remark that when K = N, the set M% reduces to the set of Slater determinants
and one recovers the celebrated Hartree-Fock approximation [Léw55b, LS77, Lio87]. The
difference between the Hartree-Fock and the exact (non-relativistic) ground state energy
[Lowb9)]

Eeorr — E]]\\;' — En

is called the correlation energy, for it originates from correlations between the positions of
individual electrons, which are averaged out by the mean-field Hartree-Fock scheme. Esti-
mating the correlation energy is essential for reliably calculating many of the fundamental
properties of molecules [AF97, HG96], in particular in situations where the Hartree-Fock
method fails. Since .

i, B = B,

the MCSCF method is a method of choice for computing the correlation energy.
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Mathematically, it is known that a minimizer of (IL.7) exists, and that the as-
sociated wavefunction converges to the ground state of Hy as K goes to infinity
[LB94, Fri03, Lew04]. A minimizer of (I1.7) can be numerically computed by a Newton-like
method [Wer87, WMS80, She87, ER81, MFS92] in which the orbitals ¢; and the coefficients
¢ are optimized simultaneously. For the Hartree-Fock model, efficient numerical methods
based on combinations of fixed-point and optimization strategies are available [CDK'03].
Unfortunately, such algorithms are specifically designed for solving the Hartree-Fock prob-
lem and seem to be difficult to adapt to the more general MCSCF setting.

Remark that in (IL.5), all the Slater determinants that can be built with the functions
; are taken into account. Most often, this cannot be done in practice for (ﬁ) is too
large a number. It is then necessary to resort to an additional approximation consisting
in dividing the electrons into two groups, the inactive electrons that are supposed to be
correctly described by a Hartree-Fock type model, and the active electrons that mostly
contribute to the correlation energy, and in using the MCSCF methodology for the active
electrons only. This is the so-called CASSCF (Complete Active Space Self-Consistent
Field) approach [Roo87]. All what we shall mention here can be straightforwardly adapted
to the CASSCF setting. In particular, the first excited state of a CASSCF model can
be computed using a slightly modified version of the numerical algorithm presented in
Section 2.3.

2 On the definition of MCSCF excited states

Numerical investigations show that the MCSCF energy 5]{? possesses a lot of critical
points on the manifold Mﬁ This abundance of critical points is probably due to the
nonlinearity of the energy functional. In [Lew04, Theorem 2 (i)] it is shown how an infinity
of critical points can be exhibited, following a variational method previously applied for
the Hartree-Fock theory in [Lio87]. It seems very difficult to decide in practice whether
some critical point can be interpreted as an excited state of the molecular system (in
particular, considering the Morse index! is not enough). To achieve this goal, we need to
be able to “follow” the critical points as K grows to infinity, and see whether they actually
converge to the true excited states of the linear N-body Schrodinger model (I1.3).

2.1 Currently used definition of MCSCF excited states

Since there are two sets of parameters (the orbitals ¢; and the coefficients c), the multi-
configuration equations take the following general form

K
A 1
il—5 TV ) E bij j o :E)\i' , 1<i< K

1<j,kI<K Jj=1
Hg - c = (e,

where the b;j;; are real numbers which can be expressed in terms of ¢ (see [Fri03] and
[Lew04], where a compact form of the first equations is also given). The first line of (I1.9)
is in fact a system of K nonlinear coupled partial differential equations accounting for
the stationarity conditions with respect to ®; the symmetric matrix (A;;) is the Lagrange

'Recall that the Morse index of a critical point is the number of negative eigenvalues of the Hessian
matrix.
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multiplier associated with the orthonormality constraints on ®. The numbers ~; are called
the occupation numbers and satisfy 0 < 7; < 1 (see [Lew04] for details); they all equal 1
in the Hartree-Fock method. The second equation conveys the stationarity condition with
respect to c¢. As both the energy and the constraints are quadratic with respect to ¢, it has
the form of an eigenvalue problem. It follows from (II.6) that the matrix Hg is defined by

(Ho)rg = (1, Hv®),

where
O =iy A= Awiy, when I={ij<--- <in}.

In other words, Hg is the (%) X (%) matrix of the quadratic form associated with Hy
when it is restricted to the (]If,)-dimensional space

Vo = Span(pi, A+ ANpiy, 1 <i1 <--- <iy < K).
Let us introduce )\f (®),d=1,---, (%), the eigenvalues of the matrix Hg. Obviously,
A < A (®)

for all K and d such that d < (%), and all ® € H'(R3)X such that ng ip; = 0;5. This
inequality suggests the currently used definition of excited state energies [Low59, She87,
WM80, CERT79, Wer87, MFS92]

pk = inf 2E (@), (I1.10)

that is to say, quoting [She87], “the MCSCF energy results from minimizing the appropriate
etgenvalue of the hamiltonian matriz with respect to orbital variations”. It can be shown
that the expected condition

lim pX =Ny

K—o0

is actually fulfilled. We nevertheless believe that this commonly admitted definition of
MCSCF excited state energies is the source of various difficulties of both practical and
theoretical nature. We now draw up a list of the latter.

i) Practical difficulties in eigenvalue optimization. Solving problem (II.10)
amounts to minimizing the d** eigenvalue of a matrix depending on a set of parameters
®. This is known to be a challenging task. Indeed no completely satisfactory numerical
method dedicated to solving such problems is available to date, except for very special cases
(for instance when the matrix linearly depends on the parameters, see e.g. [LO96]). In fact,
we shall see in the next paragraph that the algorithms which are currently implemented in
the Quantum Chemistry simulation packages are not totally adapted to this issue [She87,
WMS80, CERT79, Wer87].

ii) Problems of degeneracies and non-existence of stationary points. Serious
difficulties can occur when optimizing )\Cfl{ (®), due to a possible loss of differentiability of
this function in case of degeneracies. As an illustration, let us simply mention a celebrated
example due to Rellich and reported in [RS78]: consider the family of 2 x 2 matrices
(A(%,Y))(z,y)cr2 defined by

_( —sinz siny \
A(a:,y)—< siny Smm>7 (I1.11)
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the second eigenvalue +/sin(x) 4 sin’(y) degenerates at its minimum (zg, yo) = (0,0), and
is not differentiable. At this point, there exists no critical point of the associated energy
(z,y,v) — (A(z,y)v,v) on R? x St. Coming back to our main context, if no stationary
MCSCEF state exists at the energy level ,uff , it is not clear whether definition (I1.10) is
relevant.

iii) The non-linearity of S]I\f is not fully accounted for. An explanation of the
difficulties mentioned above can be given in the following way. According to the Rayleigh-
Ritz principle, we may write

K . . K . K
gy =inf inf sup Ey(c,®)= inf sup Ey(c, P), (I1.12)
4 LY cev Ae AL (¢ B)eA
heR it o

where
At = {f(sd—l) x {3}, fe st s(W)1) odd, ® € HY(R3)K, /qbe = IK} :

Such an inf — sup method cannot give a priori a critical point of Sf\f , for the set A% on
which the outer infimum in (I1.12) is clearly not invariant under nonlinear deformations
[Gho93]. We propose below a new inf — sup definition of MCSCF excited states which
fully takes into account the nonlinearity of the model.

But before proceeding further in this direction, we would like to make some comments
on the numerical methods used to solve (I1.10). Following [She87, WM80, CER79, Wer87],
the general form of the numerical algorithms currently used to calculate the (d—1)" excited
state can be summarized as follows:

1. Start with some (c,®) obtained for instance from a previous Hartree-Fock or
Configuration-Interaction calculation.

2. Compute the matrix Hg of the quadratic form associated to Hy on the subspace
Span{@i, A+ A@iy, i1 <--- <in}.

3. Find ¢ as the d eigenvector of this matrix.
4. This ¢’ being fixed, minimize the energy with respect to ® to obtain a new @'.

5. Replace (¢, ®) by (¢/, ®') and return to step 2.

The main difficulty with this method is that the energy is not necessarily decreasing
during the computation; it can in fact oscillate, as this can be easily seen when this
algorithm is applied to the following toy problem (due to Rellich and reported in [RS78]):
find the first excited state for the energy functional

5 _p [ —sin® 0
Ele, @) =c < 0 sin<I>>

with ¢ € S! and ® €] — 7, 71 (an oscillation between ® = —7/2 and ® = 7/2 is obtained).
This phenomenon is observed in practice in MCSCF calculations (see, e.g., [CER79, page
1092]). This is a severe limitation of the above numerical method.
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2.2 A new definition of MCSCF excited states

In this section, we present our new definition of MCSCF excited states and explain how
this definition can be used in practice to compute the first excited state.

We introduce the following group action of Zs on M]If, :

(=) (¢, @) = (=¢, D).

A continuous function f : S9! — ME is said to be Zs-equivariant [Gho93] if it satisfies
f(=z) = (=) - f(z) for all z € S9!, or equivalently

f(@)=(c,®) = f(—z) = (—¢, ).

We denote by C4~! the set of all such continuous Zs-equivariant functions from S%! into
Mﬁ, and introduce

Bl-1 — {f(Sd—l)’ fe Cd—l}.

Our definition of an excited state energy is now the following

MS = inf  sup EE(c, ®). 11.13
d BeBd—l(c@)I;B N (¢, ®) ( )

Notice the important property
ATt pitt (I1.14)

A direct consequence of (I1.14) is the following inequality
A<l
Let us now state the following result, established by one of us in [Lew04].

Theorem II.1 (Existence of MCSCF excited states). Assume Z > N — 1 and
1<d< (][f,) Then there exists a critical point (co, ®g) of the energy E‘]{? on Mﬁ, with a
Morse index lower than or equal to d— 1, and which satisfies Sf\f(co, dy) = )\ff. Moreover,
)\g satisfies

Aa SN <kt (11.15)

and therefore
Jim A=\

This result shows that contrarily to what occurs with the definition (I1.10), one always
obtains with (II.13) a critical point which is solution to the MCSCF equations (II1.9),
together with a possibly better estimate of the true excited state energy as shown by
(I.15). We have no general criterion to decide whether the strict inequality \YX < pff
holds or not. In our simulation (see section 3.3.1 below) we have observed cases where
it was true and other cases for which it was not. One can guess that it holds in practice
when, due to a problem of degeneracy, no critical point exists at the level ug (Ag is always
a critical value by Theorem II.1). For the Rellich example defined above (I1.11), a simple
calculation indeed shows that, with obvious notations, —1 = Ay < uo = 0.

Remark. In a non-interacting system, i.e. when the interaction term

1
2 ma

1<i<j<N
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in the expression (II.1) of Hy is turned off, one can see that for any d < (]I\{,), )\(If = A\ (i-e.
the MCSCF and the Schrodinger excited state energies coincide). Moreover, the critical
point which is found in Theorem II.1 is precisely in this case the d' eigenfunction of the
N-body hamiltonian.

Remark. Notice that when K = N, (ﬁ) = 1, which implies that Theorem II.1 does
not provide any definition of excited states for the Hartree-Fock method. This strengthens
the argument that the Hartree-Fock method is not adapted to excited state calculations
[HG96]. Let us point out that the infinitely many solutions to the Hartree-Fock equa-
tions constructed by P.-L. Lions in [Lio87] cannot be interpreted as excited states of the
molecule. Indeed, the sequence (v4)4>1 of the critical values of [Lio87] satisfies vy — 0 as
d — oo, whereas \y — ¥ < 0 when N > 2 (recall that ¥ is the bottom of the essential
spectrum of Hy). Moreover, using the fact that

(cosBp1 +sinbps) A (—sinbp; + cosbpa) = @1 A 2

for all (o1, p2) € H'(R?)? with fRS wipj = ;5 and 6 € [0;27], it can be easily seen that
v1 = 1o for two-electrons systems. Finally, in a non-interacting system, the vy do not
equal the )y, and they satisfy in particular v9q_1 > 2A¢y when N = 2. The same remarks
apply to the sequence constructed in [Lew04, Theorem 2 (i)]. Let us also mention that a
definition of Hartree-Fock excited states has been proposed by J.F. Léon in [Léo88]: the
first excited state is defined as a minimizer of the Hartree-Fock energy, restricted to the
set of Slater determinants which are orthogonal to the Hartree-Fock ground state, and so
on for the higher excited states. Note that the so-obtained excited states are not solutions
to the Hartree-Fock equations and we therefore do not know whether this definition can
be useful in practice.

2.3 A new method for the computation of the first excited state

We can deduce from (II.13) a new computational approach for the calculation of excited
states. In this section, we explain the main lines of this algorithm for the case of the first
excited state.

Let us emphasize that our definition (II.13) is valid for all the excited states for which
1 <d < (). However, the exploitation of (I1.13) for numerical purposes when d > 2
is not obvious (one has to deform surfaces of dimension d — 1), and will be the subject
of a future work. For the first excited state (i.e. for d = 2), our definition can be easily
transformed into a computational method, that we present here.

Let us first clarify the structure of the set B'. A Zs-equivariant function of C' can
be seen as a function ¢ € [0;2] — (c(t), ®(t)) € ME which satisfies ¢(1 +t) = —c(t) and
(1 +t) = ®(t). Since EF is Zo-invariant which means

ER(—c,®) = X (¢, @),

we see that

sup EX (e(t), 2(1)) = sup EX (c(t), (1))
t€[0;2] te[0;1]

Therefore, we can rewrite (I1.13) as

M= inf inf  sup EX(y(t I1.16
f= i {%M i €K 6(0) (IL.16)
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where

F(c,<1>) = {’V € CO ([0; 1]7M§) ) ’7(0) = (C> (I))v 7(1) = (_Cv (I))} .
Notice that the inf — sup problem which is in brackets in (I1.16) is a mountain-pass problem
(between (c, ) and (—c, ¢)), similar to those encountered in molecular simulation in the
search for transition states between reactants and products on potential energy surfaces
[Sch87, QHS84]. To compute the term in brackets, one thus has to deform paths, as this is
usually done in the latter setting.

We propose to simplify the resolution of problem (II.16): we simply assume that a
global minimizer of the MCSCF energy (¢, ®) is is also a minimizer of the outer minimiza-
tion in (I1.16). Therefore, we clamp both ends of the trial paths at (¢,®) and (—¢,®)
respectively, and solve the mountain pass problem

inf sup EX (4(1)). (IL17)
veCO([01,ME),  te[0;1]
7(0):(6’&)), ’7(1):(_6’&))

This simplication is justified provided there exists a path linking (¢,®) and an actual
minimizer of the outer minimization of (II.16), along which the energy does not exceed
M. Tt is indeed likely to be the case, at least for K large enough.

Thus, our algorithm to compute the first excited state can be summarized as follows
(we shall give details for each step in the next section):

1. Use a Newton-like method to compute a ground state (¢, ®) of the MCSCF energy.

2. Find the path v on the manifold M such that v(0) = (¢,®) and v(1) = (—¢, ®),
which minimizes
max EX (7([0; 1])).

3. The first MCSCF excited state is the state which possesses the highest energy on
this optimal path.

In practice, solving the mountain-pass problem (Step 2) is rather demanding in terms
of CPU time. Therefore, we shall always choose a not too tight convergence criteria to
stop the path optimization step. The state of highest energy on the final path is then used
as initial guess in a Newton-like procedure to solve (IL.9).

We have found many algorithms in the literature for the optimization of paths (often
applied to the simulation of chemical reactions on potential energy surfaces) [Sch87, HJJ0O,
HJ99, HJU00, HJ00, CMH94, EK87, JS88, QH84, QHIH98, CE90, WWVE02], some of
them being quite peculiar in our opinion. The method that we propose below for the
deformation of paths, and which seems to give good results on our problem, is of general
concern and could therefore also be useful for some other problems.

2.4 Solving the mountain pass problem: a method of deformation of paths

Let us first point out that solving a mountain pass problem is by no means equivalent to
finding a saddle point somewhere “between” two minima. The example of the search of the
first excited state of the Helium atom (Section 3.3.1) is an illustration of this statement.
In this example indeed, the optimal path obtained with our algorithm contains two saddle
points of different energies; an algorithm of saddle point localization could converge toward
the one of lower energy, and thus underestimate the mountain pass energy.
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The best way for properly solving a mountain pass problem is in fact to deform paths.
A mathematical study of an algorithm of this type can be found in [CM93, CMR93|. Our
method has been inspired by the one described in these references, but it is not identical.
In this section, we present it in the following abstract setting: solve the mountain pass
problem on the energy surface defined by the functional £ on the Riemann manifold M
between the two points My and M of M, or in other words, find a minimizer of

inf max E(y(t)).
yec (o1, m)  EO]
7(0) = Mo, v(1) = Mg

Like in [HJJ0O, HJU00, HJ00, CE90, WWVEQ2], the main idea is to sample a given
path linking My and M| with a sequence of points My, M, -, My41 of M, such that
Mn+1 = M{. During the optimization process, the number N of points used to represent
the current path is not necessarily fixed. In our method, we associate with each sequence
(trs Mi)o<k<n41 where 0 = tg < t; < --- <ty < ty4+1 = 1 are real numbers and where
My, My, -+ ,Mpyy; are points on M, a uniquely defined continuous path + : [0;1] — M
which satisfies y(t;) = My. This is done by selecting once and for all, a convenient
interpolation scheme. A possible choice is to take for v(t) some piecewise geodesic curve
on the manifold M. Simplest interpolation schemes can also be chosen, for in practice,
My, and M1 will be close together. In some cases, spline-type interpolation functions
can also be used.

A sequence (ti, My)o<k<n+1 being given, one can use the gradient field of the functional
€ to deform the associated continuous path. A naive approach consists in simply moving
each M} in the direction opposite to the gradient with a step-length aj. Remark that
since the new point M, has to lay on the (curved) manifold M, one has to make precise
the statement “in the direction opposite to the gradient”. The most intrinsic rule is to
move M), on the geodesic curve which spurts out from M}, in the direction opposite to the
gradient. A simpler alternative is first to move M in the tangent space, then to project
the so-obtained point on the manifold (we shall use this method in our problem).

When this naive procedure is iterated, each point M falls off in one of the valleys
of the function. In [HJJ00, HJU00, HJ00], it is suggested to circumvent this problem by
linking the points (M})o<r<n+1 With strings or elastic bands. Our main contribution is
to propose a simpler but apparently more efficient solution: it consists in first computing
the path +/ associated to (tx, M}), and then finding new points (¢}, Ni) which are better
distributed in some sense on the (uniquely defined) continuous path «'. We have observed
that for stability reasons, the points need to be redistributed after each minimization step.
We use in addition the following rule: the larger the difference between the maximum of
the energy on « and the £(My), the smallest the step-length oy in the direction opposite
to the gradient. This simple trick helps in preventing the points M} from falling off in the
valleys.

We have applied the above method to several test cases (notably to the ones described
in [QHIH98|) and we have observed a convergence to the saddle point in all the cases,
when the number N of points is large enough. We have also checked on these test cases
that switching to a Newton-like method once the mountain-pass algorithm has found out
a state close enough to the saddle point, is an efficient strategy.

In the following section, we apply this method to the calculation of MCSCF excited
states.
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(_67 (i))

Figure I1.1: The deformation method

3 Computation of the first excited state of two-electrons sys-
tems

3.1 Singlet and triplet states

In order to be able to simulate real molecular systems, we now need to reintroduce the
spin variables. As the N-body hamiltonian Hy and the spin operators S? and S, (see
e.g. [LL77]) commute, it is convenient to search for eigenfunctions of Hy that also are
eigenfunctions of $2 and S..

For two-electron systems, the situation is particularly simple. There are only two types
of wavefunctions which are eigenfunctions of both S$? and S, namely the so-called singlet
and triplet states.

A singlet state is a wavefunction of the form

U (z,03y,0") = Yz, y)|ab)(o,0")

where ¢(x,y) is symmetric in L?(R® x R3), i.e. such that ¥(y,z) = v¥(z,y). The
antisymmetry is carried by the spin function |af)(o,0’) which is defined for (o,0') €

U0 A1) 11} by

|aB)(0,0")—= (a(0)B(”) — Blo)a(o’))

1
V2
where

a(l) =1, a(l))=0, BN =0  B())=1
A triplet state takes the form

UV (z,01y,0') = Y(z,y)a(o)a(o’)

where (x, ) is antisymmetric in L?>(R3 x R3), i.e. ¥(y,x) = —(x,y) (the spin function
a(o)a(o’) is symmetric and the antisymmetry is carried by the function of the space
variables).

For two electron systems, the MCSCF wavefunctions thus read

b= i ® @), (I1.18)

I<i,j<K
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where the K x K matrix C = (¢;;) is symmetric for singlet states and antisymmetric for
triplet states. The condition ||1)||;2 = 1 also reads |C| = 1 where |C| = tr(CCT)'/2.

For numerical simulations, one most often resorts to a Galerkin approximation. One
expands each ; on a finite basis (x,)i1<u<n, of H!(R?) functions specially designed for
electronic structure calculations, the so-called atomic orbitals. This approximation is
refered to as the Linear Combination of Atomic Orbitals (LCAO) approximation in the
Computational Chemistry literature (see e.g. [HRSP86]). Let S be the matrix defined by

S;w:/ XpXvs
R3

and ¢ = (pu;) the N x K coordinate matrix of the functions (¢;)1<i<kx in the basis
(Xu)1<u<n,- The condition fR3 pip; = 0;5 also reads @IS = Ik (of course, N, must be
chosen greater or equal to K) and the energy of a state ¥* or ¥', as a function of C' and
¢, has the following expression:

E(C, @) =2 tr(CTeTheC) + tr ((ng«pT)W(ng<pT)) , (I1.19)

where h is the Ny x N matrix defined by
1
h,uu = 5/ VX,u : VXI/ +/ VX,uXV
R3 R3

and where W is the linear map associated with the tensor W defined by

W - / X (@0 WX @) g
o
R3xR3 [z =yl

i.e. for any Ny X Ny matrix X

Ny

WX = > WiwraXax- (I1.20)
K,A=1

Remark that expression (I1.19) is valid for both singlet and triplet states, but that the
matrix C' appearing in this formula is symmetric for singlet states and antisymmetric for
triplet states.

Let us first deal with the singlet state case. The manifold of admissible singlet states
is
M= {(07410) € M(K,K) x M(Ny, K), cT = C, tI’(CTC) =1, SOTSSO = IK}7

where M (K, K') denotes the set of K x K’ matrices. The MCSCF equations (i.e. the
stationarity conditions of the MCSCF energy (I1.19) on the manifold M) take the form

(¢"heC + CT"he) + " W(pCp")p = BC (IL.21)
hoCCT + W(pCpT) oC = SpA '

where 5 € R and where A is a K x K symmetric matrix. The problem can be dramatically
simplified by introducing the following reduced model (see [Fri03, And63, Col63, CY00]
and [Lew04, Appendix]). Let us first remark that (II.18) can be recast as

P(z,y) = 2(y)" CP(x)
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where ® = (p1,...,0K). Since C' is symmetric and real, there exists a rotation matrix
U € M(K,K) such that C = UTdiag(cy,...,cx)U. This means that if we introduce
= U®, we obtain

K
y) =Y cih ()i (y)
=1

Therefore, there is no restriction in assuming that the matrix C' is diagonal. When using
this reduced model (which is not an approximation) in a finite basis of atomic orbitals,
the manifold of admissible singlet states reads

red _ gK-1 Ny
Mred = GE=1 5 N

with
Wit = {p € M(Ny, K), ¢7'Sp = Ix},

and the energy functional is given by
£ (e, p) = E(C*(0), )

where C*(c) = diag(cy, ..., cx ). Lastly, the MCSCF equations become

H(p)-c=p-c
{ hp(C3(c))? + W(pC%(c)p) pC%(c) = SpA (I1.22)

with

H(p)ij = 207 hpidij + oI W(j07 )i

The same type of reduction can be done for triplet states, since for any antisymmetric
matrix C, there exists a rotation matrix U such that C = UTdiag(Cy, ...,C,)U if K = 2p,
and C = Uldiag(Cy, ..., Cp, 0)U if K = 2p + 1, where

1 0 C;
-7 (% o)

This means that the wavefunction of a generic triplet state reads [Col63, Fri03, Lew04]

p

U@ y) =D cileaio1p0) (@,y) =

=1

(p2i-1(7)w2i(y) — p2i(7)p2i-1(y)) -

I M*@

3.2 Description of the algorithm
For the sake of brevity, we only deal with the reduced model of the singlet state.

We shall make use of the following interpolation rule: a discrete path on M™d =
SE-1 % ng being given as a finite sequence (tk, (F, o )) where

0<k<N+1

e tp=0<1t; < - <ty <tnyy1 =1 are real numbers ;

. _ N,
o (cF, SOk)OSkSN+1 are points of SK~1 x W,
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we define the associated continuous path v € C°([0, 1], K1 x ng) according to

Ve [0,1], () = (c(t), o(t))

where
_ k : ~k+1
VO <k <N, Vt € [tk thya)s c(t) = cos (0x(t)) ™ +sin (0x(t)) ¢
with k+1 k+1 kY .k
b O~ (%) ¢
[cFHT = (cFHT, ck) ok
O(t) = =t arccos Caanie
Te+1 — Uk )
and
~ ~  NT v~ -1/2
VOSKkSN, V€ [ty tral,  ot) =3() [B(t) SB(1)]
with

~ t—t
B(t) = o + ——— (sok“ - sok) :
lg1 — Tk

We can now describe our algorithm for computing the first excited state of two-electron
systems.

Step A: search for a MCSCF ground state (¢, @), i.e. solve
inf {Sred(c, ©), (c,p) e 8K x Wg”} .

with a Newton-like algorithm; a convenient initial guess is the Hartree-Fock ground state,
which can itself be obtained by a self-consistent field algorithm [CDK™03].
Step B : construction of an initial trial path.

As already mentioned in Section 2.3, we get rid of the outer minimization in (II.16)
and concentrate on solving

AST = min max gred(,y(t))'
v € CO([0,1], SK-1 x wpry  t€[01]
7(0) = (&,9)
(1) = (=& ¢)

Let ¢; be the second eigenvector of the hamiltonian matrix
[H(@)lij = 2@ hi 6ij + & W(2;0] )@ (I1.23)

(note that ¢ is the ground state of H(p)). A possible initial trial path is one of the
minimizers of

min max E(~(¢)),
v(t) = (c(t), 9) te[0;1] )
c(t) € ¢([0,1], SK~1)
7(0) = (¢, @)
(1) = (=c,9)

for instance

() = (c(t), @) (I1.24)
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with ¢(t) = cos(tr) é+sin(tm) &. A better initial guess can however be obtained by random
perturbations of that reference path. In practice, we randomly choose a collection of Ngto

states (;, @) € (vect(é)l N SK_1> X Wﬁ” such that for all j
Iej — el <ela] and |} — @] < cfg]

for a small £, and we consider the N, continuous paths 'yj (t) associated with the three-
point discrete paths

7 (0) = (€,9), ¥(1/2) = (&,8), ¥ (1) = (¢, 9).

One then selects, among the Ny, paths 77, the path vo(¢) for which the maximal en-
ergy max £°°4(7([0;1])) is minimum. The above method can obviously be generalized to
discrete paths containing more than three points and can also be used to improve the
following step C (path optimization) when necessary.

One then sets m =0, t, = k/(N + 1), 7§ = (&9, o%0) = y(t;) for 1 <k < N, and

E(r)nin — gred(a ¢)’ E(r)nax — fg}f}?N gred (,%)c) ,

i = argmax £7°4 (yé“) .
1<k<N

Step C : path optimization.

For the sake of simplicity, we displace the nodes in the direction opposite to the gra-
dient; for this purpose,

1. we compute for each 1 < k < N, the MCSCF energy at the point v* = (cFm, oFm)

Efn, — gred(,yfn) — (H(Sok,m)ck,m7ck,m) :

2. we project the components V.£4(vX ) and Vgé’ red(~k ) of the gradients of the energy
at the points 7%, on the tangent spaces of the underlying manifolds:

gfn _ chred(ck,m’spk,m) _ (chred(ck,m’spk,m)’ck,m) Hm
= 2 (H() — B
Gl = 4 P50 |87 (hghm O (my 4 W (GEmes(hm) (BT ) bmes(m)) |

where Pfk,m is the orthogonal projector of M (N, K) on the tangent space T¢k,mW%b
for the scalar product (-,-)¢ (defined on M (Ny, K) by (A, B)g = tr(ATSB)). One

has
1
Vo e Wit, VZe€M(Ny,K), P3Z=127- 59 (pTSZ+27Sp);  (11.25)
3. we set
Emax: red( k) max __ red( k) .
™ @?%(Ng Tm)o Gm” = argmax E m ) s
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smax

4. if |[ERax — pmax || < p M times consecutively, set (¢,5) = v,4* and go to Step D

e
(i.e. switch to a Newton-like algorithm);

5. for all 1 < k < N, search for an optimal step 0 < aﬁl < 1 and set

ko k k k k ~k .
dy, = — G D o, G s

m m

6. displace the nodes v¥ along the descent directions:

1
km+1 k,m k
c” = — (""" + dm
||Ck’m d’ﬁq,ll( )

e ] e —1/2 . ~
(pk,m—i-l & [goTSgo] 1/ with G = (pk,m—i-l i Dfn :

7. reparametrize the path. For this purpose, define the length of the discrete path by

N+1
I = Z Hck,m—i—l . ck—l,m—i—l” + Hwk,m—i—l . on—l,m—i-l”
k=1

and search for a sequence of points v,,, 41 (%) of the continuous path v*+1(¢) satisfying

[Ym41(trs1) = Yt (t)ll € [L/N, L/N + €]

where &’ is a small enough threshold. The points 7,,+1(tx) define a reparametrized
path v, -2 (¢); we finally set

k
TYm+1 = /Y;:L)E-l(k/N);
8. set m = m + 1 and return to step C.1.
Step D : apply a Newton-like algorithm with (¢, $) as initial guess.

3.3 Numerical results

In this section, we present numerical results concerning the calculation of the first singlet
excited state of some two-electrons systems, namely the Hs molecule and Helium-like
atoms.

These results have been obtained with a Scilab [GBCT99] program, interfaced with
a few C routines aiming in particular at speeding up the tensor-matrix products (I1.20).
Let us mention that the overlap matrices S, the core hamiltonians h, and the bielectronic
integral tensors W have been extracted from Gaussian 98 calculations [FTST98].

3.3.1 The Hs molecule

We have computed the first singlet excited state of the Hy molecule, for various interatomic
distances R. We have used for these calculations the double zeta Dunning’s correlation
consistent atomic basis set (CC-PVDZ), for which N, = 10. The number of iterations
in Step C (path optimization) necessary to reach a given convergence criterion strongly
depends on the choice of the initial guess. In that respect, the randomly perturbed initial
paths constucted in Step B of our algorithm are of better quality than the one given by
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formula (I1.24). Let us mention that one iteration of the path optimization procedure for
Np =10 and N = 100 is about five seconds long on a Pentium IV 2.4 GHz.

Let us first analyze the results for a fixed interatomic distance equal to R = 0.5 }i
The energy profiles of the successive paths generated by the path optimization procedure
(Step C) have been reported on the same graph (Figure I1.2). One can see that the energy
profile of the initial trial path is a single hump and that the energy profiles of the iterates
progressively turn into a double hump shape. The energy profiles of the earlier iterates
have a rough shape for the initial trial path results from a stochastic local deformation of
a reference path (Step B of the algorithm). The optimization process rapidly smoothes
the trial path. Notice that due to the reparametrization procedure, the graph of £7¢4(~;)
is not necessarily below the graph of £ (y;_1).

The optimal path ~ obtained with our algorithm exhibits a double hump energy profile
(see Figure I1.3) with two local maxima. Let us point out that we have run on this case
many tests with different stochastic initial trial paths; we have always obtained a double
hump profile at convergence.

Our method thus provides two saddle points of Morse index equal to one. According to
our definition of MCSCF excited states, the one of higher energy (denoted by M on Figure
I1.3) corresponds to the first singlet excited state. On the other hand, the saddle point
M’ cannot be interpreted as a MCSCF excited state; it is rather a spurious solution of the
MCSCF equations (I1.22). Notice that the energy of M’ corresponds to the first eigenvalue
of the matrix H(yp) appearing in equation (I1.22), whereas the energy of M corresponds
to the second eigenvalue of H(p). We therefore obtain A = p& in this case.

Let us now display the vectors ¢ for the three points I, M and M’ introduced in
Figure I1.3 (of course cp = —cy)

0.9953010 0.7009818 —0.7069785
—0.0369945 0.7009818 0.7072304
—0.0087985 —0.0139024 —1.029 1078
—0.0369945 —0.0536869 —0.0021659
o — —0.0441540 ear — —0.0458169 - —1.159 10798
—0.0441540 —0.0536868 —1.321107%8
—0.0498874 —0.0942362 0.0009807
—0.0088056 —0.0141266 —8.252 1079
—0.0088057 —0.0074823 0.0009807
| —0.0042793 | | —0.0074823 | | —8.252107% |

It appears that cp; possesses two dominant coefficients. This shows the usefulness of
the MCSCF method for the calculation of excited states: the Hartree-Fock method is not
able to correctly describe such a two-configuration state (recall that the square of the
coefficients of ¢ are the weights of the different configurations of the multiconfiguration
wavefunction). The structure of ¢y is very similar to the one of ¢y, apart from a change
of sign.

We can have an insight into the shape of the optimal path v by displaying the projection
of ~v on several 3D representative subspaces selected by principal components analysis.
Figure I1.4 shows the projection of the component ¢(t) of v(¢) as well as that of three
different columns of ¢(t) (each of them representing a partially occupied one-electron
wavefunction). The approximate location of the points I, M, M’ and F introduced in
Figure I1.3 are reported on the graphs.
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Figure I1.2: Energy profiles of the successive paths generated by the path optimization

(o]
procedure (Hy molecule, interatomic distance equal to 0.5 A).
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Figure 11.3: Path at convergence for Hy with R = 0.5 K
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Figure I1.4: Projections of ¢(t) (top left), ¢1 (top right), ¢o (bottom left) and 7 (bottom
right) on 3D representative subspaces selected by principal components analysis.
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Let us now present our results for different values of the interatomic distance R. Fig-
ure I1.5 puts together three potential energy surfaces (PES) of Hy: the Hartree-Fock and
MCSCF ground state PES and the first MCSCF singlet excited state PES.

For values of R in the range [1.5 }i; 2.5 K], the optimal path exhibits the same char-

acteristics as for the case R = 0.5 fA reported above. However, the optimal path is more
difficult to obtain than for smaller values of R. We have actually observed that in this
range of values of R, the choice of the convergence criteria plays a crucial role in the
quality of the results. Indeed, the difference || max(E£™4(vy;)) — max(E*(yx11)|| can be
very small during many consecutive iterations, just as if convergence was reached. But if
we run many additional iterations, the algorithm finally escapes this trap and converges
toward the (supposed) optimal path. We have observed that such a sequence of small
changes in max(£74(y;)) occurs when the energy profile of the trial path turns from a
single hump shape into a double hump shape (see Figure I1.6).

Many solutions can be proposed to avoid this drawback. One of them consists in using
a continuation method. Actually, there are two ways for “propagating” an optimal path
by a continuation method. The first way is to choose for the continuation parameter, the
interatomic distance R (i.e. inject the optimal path obtained for R = Ry as initial guess in
the calculation for R = Ry+dR). The second way is to introduce an additional parameter
s, varying in the range [0; 1], allowing to progressively switch on the electronic interaction
term. For instance, one can simply multiply by s the second term of the right-hand side
of (IL.19). When s = 0, the two electrons are independent and an optimal path is easy to
construct. We have observed that an efficient numerical strategy consists in making the
continuation parameter s increase logarithmically from 0 to 0.1, then linearly from 0.1 to
1. Numerical simulations also show that it is more efficient to progressively turn on the
electronic interaction than to use the interatomic distance as a continuation parameter.
The former method has thus been used in the calculation of the excited state PES of the
Hj molecule for values of R in the range [1.5;2.5].

For R = 1.5 and R = 2, the first singlet excited state that we obtain with our method
corresponds to the first eigenvalue of the matrix Hg (see formula (I1.22). This means that,
using the notations of Sections 2.1 and 2.2, we have in these cases

NE < uds

Therefore, our definition (II.13) of MCSCF excited states provides better results than the
usual definition (II.10).

We notice that when R grows, the values of the local maxima M and M’ get closer
and closer, until some critical value of R (between 2 and 2.5) for which both values are
equal. Beyond this critical value, we obtain, depending on the initial guess, optimal paths
that have either one or two humps and give the same excited state (see Figure I1.7).

Our numerical experiments thus show that there is a bifurcation phenomenon between
single and double hump paths, in the vicinity of the minimum of the first excited state
PES. It apparently corresponds to situations for which our method gives better results
than the other methods currently used in Computational Chemistry.

3.3.2 Helium-like atoms

We have also tested our algorithm on the calculation of the first singlet excited state of
Helium-like atoms (one nucleus of charge Z > 2 and two electrons). For these calculations,
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Figure I1.5: Potential energy surfaces (PES) of the Hs molecule.
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Figure I1.6: Iterates of v4 during the optimization process until convergence, for R = 1.5 A.



biolrography Ly

we have used a simple basis set made of the first six radial eigenstates of the corresponding
Hydrogen-like atom (one nucleus of the same charge Z and one electron), that are known
analytically (see e.g. [LL77]). The results are shown on Table II.1 for the values Z = 2, 3, 4.
It is to be noticed that the energy profiles of the optimal paths present double humps.
This is consistent with the results obtained with the Hy molecule for small interatomic
distances. The energy profiles of the sequence of paths obtained during the optimization
process are put together on Figure II.8.

Z =2 Z=3 Z =4
HF ground state energy —2.835374 | —7.200180 | —13.570185
MCSCF ground state energy —2.844340 | —7.204910 | —13.573562
MCSCEF first singlet excited state | —1.741472 | —4.4432095 | —8.4031421

Table I1.1: Results for Helium-like atoms (one nucleus of charge Z and two electrons).

Acknowledgment: M.L. would like to thank Eric Séré for useful discussions and for
suggesting him the works [CM93, CMR93|.
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Appendix: the Newton algorithm
We describe here the Newton-like algorithm which is used in our method. Define
P.=1- cc
the orthogonal projector on {c}+,
ng =P, g
where Pg is defined in formula (II.25), and

1
Q2 =17 - 5S¢ (¢ Z +2Z7)

the adjoint of @), for the euclidian scalar product. Note that (), is an orthogonal projector,
only for the scalar product defined by the matrix S (see page 110).

The Newton equations take the form, (c, o, u, A) € RE x M (Ny, N) x R x My(K) being
given,
Find (d,(,v, M) € RE x M(N,, K) x R x M,(K) such that
[H(p) — pld+ [H'(¢0) - ¢J e =ve— (H(p) - ¢ — pc)
zjgc o) (d,0) = SeM — (hC®(c)* + W(pC*(c)p" ) pC*(c) — SpA)  (IL.26)
d=— (cTc 1)
SOTSC + (TS = — (TS — Ik)

with

Licopn) - (d,¢) = h(C?(c)? + 2hpC®(c)C*(d)+
+W(C* ()¢ + (C3(e)p") pC3(c) + W(C*(c)") (C*(c)+
+W(eC*(d)p") C%(c) + W(pC®(c)p") ¢C%(d) — SCA.  (11.27)

Note that

[[H'(9)-¢le]; =

N

[H,(SO) ) C] ij i
1
= 2(¢Thpi + ©FhG) e + <CZ-TW (C3(c)e™) @i

K
+o] W (9C°(c) ) Z W(eip! )pj + @ W(eie] )G5) ¢

<.
Il

= 2(¢ hpi + 9f hG) i+ <C¢TW (C%(c)p") @i +

eI W (¢C%(c)™) CZ-> + tr <W(golgozT) (eC* ()T + ¢C%(c)e™) >

Let us consider a MCSCF state (c,¢) € SE—1 x W%” satisfying the constraints, and
let
p=c"H(ple, A=¢" (hpC(c)” + W(C*(c)p")pC*(c)) .
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We define the linear map 6(¢) : M(Ny, K) — RX by
5(¢) = = [P.(H(p) =) )" (Pe ([H'(9) - (] ©)) -
Notice that §(¢) is well defined as soon as H(y) — p is invertible on {c}*. Let be
a=[P.(H(p) = p) P~ (Pe ([H(p) — ] ) -

We then introduce
L(c,wu\) (= Qzﬁ(w,u,/\)(‘s(@p@v QypQ).

and
boomn) = —QF (thS(C)Q+W(9008(0)90T)s005(0) _ S

—2hpC*(c)C*(a) = W(pC* ()" )pC*(c) — W(SDCS(C)SOT)SDCS(OZ))

Newton algorithm

Initial guess. Some (cg,¢p) € SE~1 x Wﬁb. Set k= 0.

Iterates.
1. Set
pu, = cf H(pp)c, Ay, = of {hepC*(cr)® + W(prC®(cr)ef ) orC(ck) }

and (the symmetry of Ay is imposed)

A= 5 (A (A7),

2. Compute
T = H(pk) - ek — pic

Ry = hpiC*(ck)? + W(orC%(cr) ot ) o C* (k) — SprAg.
I ||| < 20 and if | Ry]| < 2.,, STOP.

3. Use an orthonormalization method (Gramm-Schmidt for instance) to build a matrix
By, € M(K, K — 1) such that [c;x|Bg] € U(K). Then, let

-1
Ty, = (B{ [H(pr) — k] Br)
Q. = BkaBgT‘k

and
bk = —Qz <Rk — 2hg0k08(ck)05(ak))
WekC ()T onC (er) — WiphC (c) o >sokos<ak>),

with QtZ = Z — 5S¢k (91 Z + Z" p1).
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4. Solve the linear symmetric system
LG = by,

where Ly = L, oy x,A,)- 10 this end, one can use for instance the GMRes method.
To apply the operator Lj to some vector (, one follows :

(a) Compute Q¢ where Qi = Q. -
(b) Compute
§(Qr¢) = —BeTp BL ([H'(¢r) - (Qr{)] ck) -

(c) Compute LiC = QpLcy oppn.05) (0(Q1C), Qr() using formula (I1.27).

5. Set
Ck = QrCks

di, = =By Ty Bl ([H'(¢1) - Ck] &) — o

6. Set
1 = llow + diel| " (cp + di)

Ort1 = Pk + Gk,

- " o \—1/2
Or+1 = Prt1 (Pri1SPrin) .

7. Set k =k + 1 and return to Step 1.

This Newton-like method has been used on the one hand to find the MCSCF ground
state, and on the other hand to achieve the convergence of the mountain pass point.

For the minimization of £4, the step 6 has to be improved by using a linear search
method to minimize the energy on the curve (c(t), ¢(t)):c(o,1] With

c(t) = |lep + tde|| ™ (cr + tdy,)
o(t) = @ + ¢,

p(t) = 3(t) (3(6)53() 7.



Deuxieme partie

Optimisation de géométrie: la
modélisation de réactions chimiques
adiabatiques






B.l

A Mountain Pass for
Reacting Molecules

Ce chapitre reprend le texte intégral d’un article & paraitre dans Annales Henri Poin-
caré.

Résumé

Dans cet article, nous considérons une molécule neutre dont les noyaux possedent deux
positions stables distinctes, et nous étudions un lemme du col entre ces deux minima, dans
le cadre de la théorie linéaire de Schrodinger.

Tout d’abord, nous établissons certaines propriétés concernant le spectre et les fonc-
tions propres d’'une molécule qui se sépare en plusieurs morceaux, c’est-a-dire dont les
noyaux s’écartent. Ce comportement est observé lorsqu’une suite de Palais-Smale obtenue
par le procédé de min-max est non compacte. Cela nous permet d’identifier précisément
les valeurs possibles de 'énergie et les points critiques a l’infini (voir [Bah89]), en cas de
perte de compacité.

Nous restreignons ensuite notre étude & un model simplifié, mais toujours pertinent :
une molécule comprenant deux sous-systemes libres mais dont les géométries internes
sont fixées. Nous démontrons alors que la perte de compacité n’a pas lieu, sous certaines
hypotheses tres naturelles portant sur les configurations “a I'infini”. Ceci démontre 1’exis-
tence d’un point selle entre les deux minima. Plus précisément, nous supposons soit que
les molécules a l'infini sont chargées, soit qu’elles sont neutres, mais possedent un moment
dipolaire.
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A Mountain Pass for Reacting Molecules
MATHIEU LEWIN
Communicated by R. BENGURIA

Abstract

In this paper, we consider a neutral molecule that possesses two distinct
stable positions for its nuclei, and look for a mountain pass point between the
two minima in the non-relativistic Schrodinger framework.

We first prove some properties concerning the spectrum and the eigen-
states of a molecule that splits into pieces, a behaviour which is observed when
the Palais-Smale sequences obtained by the mountain pass method are not
compact. This enables us to identify precisely the possible values of the moun-
tain pass energy and the associated ”critical points at infinity” (a concept
introduced by Bahri [Bah89]) in this non-compact case.

We then restrict our study to a simplified (but still relevant) model: a
molecule made of two interacting parts, the geometry of each part being frozen.
We show that this lack of compactness is impossible under some natural as-
sumptions about the configurations ”at infinity”, proving the existence of the
mountain pass in these cases. More precisely, we suppose either that the
molecules at infinity are charged, or that they are neutral but with dipoles at
their ground state.

AMS Subject Classification: 35B38, 35Q40, 35J10, 49J35, 81V70, 81V55, 81Q05,
49505.

Keywords: mountain pass, critical points, critical points at infinity, Morse index,
quantum mechanics, ground state, excited state, quantum chemistry, reaction path, tran-
sition state.

Introduction

In this paper, we study in the non-relativistic quantum Schrodinger framework the case
of a molecule that possesses two distinct stable positions for its nuclei, as this is for
instance the case for HCN and CNH. Our purpose is somewhat simple: can we obtain
a critical point of the energy by using the classical mountain pass method between the
two minima ? Experiment suggests that this is the case (at least for the HCN«—CNH
reaction). Indeed, such mountain pass points are frequently computed by chemists who
need to understand the possible behaviour of the molecule: it corresponds to a ”transition
state” during an infinitely slow reaction leading from one minimum to the other. But
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as far as we know, this problem has never been tackled from the mathematical point of
view for the N-body quantum problem, or even in the context of the classical Hartree or
Thomas-Fermi type models which are approximations of the exact theory.

For a neutral molecule, the proof that there is a minimum with regards to the position
of the nuclei can be found in the fundamental work of E.H. Lieb and W. E. Thirring
[LT86] for the Schrodinger model, and in a series of papers by I. Catto and P.-L. Lions
[CL92, CL93a, CLI3b, CLI3c] for approximate models (Hartree or Thomas-Fermi type),
the latter being really more complicated due to the non linearity of these models. In
these two works, the authors had to prove that minimizing sequences are compact, the
non-compactness behaviour being related to the fact that the molecule can split into parts,
each moving away from the others. Remark that binding does not occur for the Thomas-
Fermi model (see the works of E. Teller [Tel62], E.H. Lieb and B. Simon [LS77], and the
references in [CL92]) and that the result is not known for the Hartree-Fock model, except
in very special cases [CL93c].

Let us make some comment on a tool used in these proofs that cannot be simply
adapted to our setting. A common idea in these two works is to average over all the
possible orientations of each piece in order to simplify the computation of the interaction
energy between them, by suppressing the multipoles. To show that the energy can be
lower than the energy at infinity, a new term using the correlation between the electrons
is then created in [LT86] to obtain a Van Der Waals term of the form —C/RS (R is the
distance between the molecules), while a very detailed computation of the (exponentially
small) combined energy is done in [CL92, CL93a, CL93b, CL93c] to conclude that the
system can bind. Because of the preliminary averaging, the conclusion is that there exists
some orientation of the molecules for which this is true, but this position is unknown a
PTIOTL.

In the case of the mountain pass method that we propose here, the non-compactness
is obviously also due to a possible splitting of the molecule. However, we want to insist on
the fact that we cannot use in this setting the same idea of averaging over all the rotations
of the molecules, because we have to pull down the energy along a path. In other words,
a comparison between the energies is not sufficient to conclude, and a precise information
on the directions on which the energy decreases is needed.

This is why we failed to treat the problem in its full generality and we had to add some
hypothesis about the configurations ”at infinity”. Nevertheless, we wish to ameliorate
this first work in the future, and hope that it will stimulate further results.

The results proved in this paper are the following.

First, we study the spectrum and the eigenfunctions of the Hamiltonian when a
molecule splits into parts. We obtain some bounds on the eigenvalues and the bottom
of the essential spectrum which allow to show that the ”electrons remain in the vicinity
of the nuclei” when a fixed excited state is studied. In other words, no electron is lost
during the process. This is obtained by a non-isotropic exponential decay of the electronic
density, which is shown to be uniform when the distance between the molecules grows. We
also specify the behaviour of the associated wavefunctions and define the ”critical points
at infinity”, a concept introduced by A. Bahri [Bah89]. Some parts of this first result are
necessary for our min-max problem.

Then, we prove a result that enables to identify the possible behaviour of the non-
compact min-maxing paths. As it is suggested by the intuition, it is shown that the optimal
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energy of the mountain pass corresponds in this case to a system where the molecule is
split into independent parts (the electrons are shared among them), each being at its
ground state. This Morse information on the critical points at infinity is rather intuitive.

As announced, we were unable to treat the general case and we end this article by
showing that this non-compactness behaviour is impossible in the special case of two
interacting molecules with fixed nuclei. This is done under the hypothesis that we are
in the easy case of two charged molecules at infinity, or in the more difficult case of
two neutral molecules at infinity, but with dipoles at their ground state. This enables
to obtain the required result for many practical situations. As explained before, the
crucial step is to evaluate the interaction energy between the molecules and we use here a
multipole expansion, even for wavefunctions that are not a simple tensor product of two
ground states as in [LT86]. Finally, the expected result is deduced from the fact that the
critical points of the dipole/dipole interaction energy which have a nonnegative energy
have a Morse index which is at least 2.

From a practical point af view, the study of this mountain pass method is really
important. As mentioned above, the main idea is that a path leading from one minimum
to the other represents an infinitely slow chemical reaction. The mountain pass energy is
then interpreted as the lowest energy threshold for the reaction to happen. The numerical
computation of this energy and of the optimum (even the whole path) is then a prime
necessity for chemists, who have to understand the possible behaviours of the molecule
(see for instance [Sch87, FF96] for chemical and numerical aspects).

However, chemists only consider paths on which the molecule is at its ground state
all along it, which leads to obvious problems of smoothness in the case of degeneracy of
the first eigenvalue of the Hamiltonian, and can obstruct convergence. For mathematical
reasons, we were thus forced to abandon this hypothesis and relax the problem by
considering that the wavefunction can vary independently of the nuclear geometry, in
order to obtain a critical point with respect to nuclei’s variations. Since we shall show
that our min-max energy is in fact the same that the one used in practice, this approach
could also be interesting for numerical computations.

We conclude with a few words on the mathematical tools used in this paper. As
in [CL92, CL93a, CL93b, CL93c|, the proof is guided by P.-L. Lions’ Concentration-
Compactness ideas [Lio84], although the localization of the electrons is given by the uni-
form exponential decay of Theorem 1.2, and not by this theory. Let us remark that the
physical intuition is somewhat often related to the behaviour of the electronic density.
For instance, when the molecule splits into parts, the latter becomes a sum of functions
localized near the nuclei. But this point of view is not sufficient to understand the problem
since the main object is not the density, but the wavefunction. The latter will not split into
sums, but into sums of tensor products of wavefunctions in lower dimensions (see the work
of G. Friesecke [Fri03] for a very clear explanation of this phenomenon). Therefore, we use
a variant of N-body geometric methods for Schrédinger operators [Sim77, Sig82, Hun66]
that enables to relate the behaviour of the wavefunction to those of the associated elec-
tronic density. This method is used in [Fri03] and enabled G. Friesecke to notice an
interesting link between the celebrated HVZ Theorem [Hun66, Van64, Zhi60] and the
Concentration-Compactness method [Lio84].

Moreover, the HVZ Theorem (which enables to identify the bottom of the spectrum as
the ground state energy of the same system but with an electron removed), and Zhislin’s
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Theorem (which states the existence of excited states for positive or neutral molecules)
are abundantly used in this article.

Finally, we use the results and methods developed by G. Fang and N. Ghoussoub
[FG92, Gho93] which enable to obtain Morse information on the Palais-Smale sequences,
related to the fact that the deformed object are paths (i.e. deformations of [0;1]). We
also use the duality theory developed in [Gho93] which permits to locate critical points.

The paper is organized as follows. In the next section, we describe the model in detail
and recall known results on the Hamiltonian and its eigenfunctions. Then, in section
2, we present our results without proof: for the sake of clarity, we have brought all the
proofs together in the last section.

Acknowledgments: I would like to thank Eric Séré for his constant attention and
helpful remarks.

1 The model

1.1 Framework

We consider here a positive or neutral molecule with N non relativistic electrons, and M
nuclei of charges Z1+---+Z3; > N. The nuclei are supposed to be correctly described by a
classical model (Born-Oppenheimer approximation) and are thus represented as pointwise
charges at Ry, ..., Ry € R?. In what follows, we let

R = (Rl, ceey RM) €= (R3)M \ (Ui;éj{Ri = R]})
and
Z=(Zy,...Zy) e NOYM \Z|=Z +-- -+ Zy > N.
The system is described by the purely coulombic N-body Hamiltonian

N

1 1 7.7,
HN(R,Z) = —— A, +Vp(z, _ T
(& 2) Z( g T R<xz)>+ Z |i ﬂﬂler — |Ri— R;|’
i=1 1<i<j<N 1<i<j<M

y - M z,
r(u) = _Z lu—R;|
j=1 J

Its operator domain is the Sobolev space H2(R3Y,C), and its quadratic form domain is
H} (R?’N , C). Throughout this paper, the subscript a indicates that we consider wavefunc-
tions U which are antisymmetric under interchanges of variables (expression of the Pauli
exclusion principle):

Yo € Sy, \I/(xl,...,xN) = E(a)\ll(xa(l),...,xa(N)).

The quantum energy of the system in a state ¥ € H}(R3YC) is the associated quadratic
form
EN(R, V) = (¥, HN(R,Z)V) .

We refer the reader to [Lie90, CT03] for a description of this model and a detailed
explanation of the Born-Oppenheimer approximation. The properties of H (R,Z) and
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its eigenfunctions are recalled below. For the sake of simplicity, we have neglected the
spin and the dynamic of the nuclei, as in [LT86]. We would like also to mention that all
the results in this paper can be adapted to the case of smeared nuclei, that is to say when
the Coulomb potential E R\ is replaced by ng, = y 7 |d,uz( y) where p; is a probability
measure on R3. Of course, oo R  has to be replaced by S Jgs md,uz( y)dpi(z).
Remark that, in contrast to many other papers dealing with minimization, we work here
with complex-valued wavefunctions, a hypothesis that plays a role in our results (see for
instance Theorem 1.4 and the associated remarks).

Z and N being fixed such that N < |Z|, for each R € , the problem
N(R, Z) = min{EY (R, V), |¥]L2 =1}

has a solution ¥, which is the ground state of the N electrons interacting with the M
nuclei localized at the R;.

For neutral molecules (N = |Z|), it is also known that the problem

EN = min EY (R, Z)
ReQ

admits a solution [LT86], proving the stability of neutral molecules.
We shall assume that (R, ¥) and (R’, ¥') are two local minima of V. We then consider
the classical mountain pass method

= inf EN(y(t L1
¢ = Inf max £7(7(t) (I.1)

where

T = {y e C([0;1],2 x SHy(R*™)), 7(0) = (R, ¥), »(1) = (R, ¥)}
SH(R*Y) = {0 € Hy(R*Y), | ]2 =1}

and want to show that ¢ is a critical value of EV.

As mentioned in the introduction, the physical interpretation of this min-max method
is that paths v € T' represent an infinitely slow reaction leading from one minimum to
the other. c is thus interpreted as the lowest energy threshold for passing from (R, V) to
(R, 0.

In practice, the following definition is used

¢ = inf max EN(r(t), Z)
reR t€(0;1]

where
R = {reC’0;1],Q), r(0) =R, r(1) = R'}.

As explained in the introduction, the function R — EN (R, Z) is continuous but not
necessary differentiable and this is why we shall study the min-max method (I.1). However,
it will be shown that in fact ¢ = ¢/.



1. 1The model 100

1.2 Properties of HY (R, Z)

Let us now recall some well-known facts about the spectrum of H™ (R, Z). We introduce

M(R,Z)= inf sup (H(R,Z)U,W). 1.2
4 (R.Z) dmy—a o (H(R,Z)V, V) (1.2)
)2 =1

In the sequel, we shall denote for all d > 1
0 0 ZiZ; 0
E°R,Z)=MyR,Z):= Y ———2=, SR, Z)=+oc.
£~ |R; — Rj]
1<i<j<M
For a wavefunction ¥ € H(R3,C), the electronic density and the electronic kinetic

energy density are respectively defined by

py(x) =N U (x, 29, ..., xN ) [2day...de N
R3(N-1)

ty(z) =N VU (z,z9, ..., N5 ) |2dzy...dzy.
R3(N-1)

We have brought together the main known results in the following
Theorem I.1. We assume N > 1. The following results are known :

1. (Self-adjointness [Kat51]) HY (R, Z) is self-adjoint on L2(R3N) with operator
domain H2(R3N) and quadratic form domain H}(R3N).

2. We have [HS00]
Oess (HN(Rv Z)) = [ZN(R7 Z);+0o0)

Z:Z,
vd>1, N)(R,2) <EN(R,Z)< ) ﬁ
1§z’<j§M| i — Rl

3. (HVZ Theorem [Hun66, Van64, Zhi60, HS00]) We have

YM(R,Z) = EY"YR, 2).

4. (Compactness below the essential spectrum) If \Y(R,Z) < SN (R, Z), then
)\év (R, Z) is an eigenvalue of finite multiplicity and in particular, there ezists a ¥y €
H2(R3N) such that

HN(R, Z)¥; = M) (R, 2)¥,.

It is locally lipschitz [Kat57], i.e.
Ty e CORPY)  and |V, € LS (R3Y),

and real analytic [FHO02a] on UN \ {x; = x;}, where U = R3\{R;}M,. If pgq is the
associated electronic density, then [FHO02a]

pa € C¥(U)NCO(R3).
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5. (Zhislin Theorem [Zhi60]) For positive and neutral molecules N < |Z|, then
AV (R, Z) < =N(R, Z)
for all d > 1, so that
o (HYN(R,2)) = {\'(R,Z)<--- <AV (R, Z) < - YU[EN(R, Z); +00).
6. (Negative molecules [HS00, Lie84]) For negative molecules N > |Z|, there ezists
a § such that \Y(R,Z) = ¥N(R, Z), and 6 = 1 when N > 2|Z| + M.

Note that the functions SV (R, Z) and A\Y (R, Z) (d > 1) are continuous with respect
to R.

2 The results

In this section, we present the results that we have obtained concerning the mountain pass
method defined above. As mentioned, all the proofs are postponed to the next section.

2.1 The spectrum of a molecule that splits into pieces

We begin the study by some general results about the spectrum and the behaviour of the
eigenstates when the molecule splits into pieces, that is to say when |R; — R;| — +oo for
some 7 and j. As mentioned above, this splitting of the molecule will be shown to be the
main reason for the possible lack of compactness of Palais-Smale sequences.

Although only the case of ground states will be necessary for the sequel, we tackle
here arbitrary excited states. In this section, we consider a positive or neutral molecule
(N < |2)).

Z

Z1 0)

Figure I.1: An example with M =6, p =3, m1 = 3, mo = 1 and mg = 2.

We fix a 2 < p < M (number of pieces).
Let X1,...,X, : RT = R3 be p functions that satisfy |X;(t) — X;(t)| > ¢ for all i # j
and t large enough. Let be m = (mq,...,mp) € (N*)P such that Z§:1 m; = M. We fix
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a positive constant Ro and some 1) € R3 and zjr € Nfor j=1,...,pand k =1,...,m;
such that |Z|:= )", k 2 zik > N, |rjkl < Roand 7 # 1y When k#1. We then let

Zj = (Zj71, '-'7Zj,mj)7 7z = (Zl, ...,Zp), T‘j = (T‘j71, ...,7’]'7m].),

7i(t) = (X5(t) + 7115000 Xj () +75my)s  R(E) = (F1(), ., (1))

We also introduce
wj ={(rx) € B(0,Ro)"™, 11, # iy if k1 = ko}.
and

p
U(R U (X;, R)

2.1.1 Spectrum and uniform exponential decay

We have the following result:

Theorem 1.2 (Spectrum and uniform exponential decay). For all 1 < N < |Z]
and all d > 1, we have

1. lim EN(R(t),Z) = min ZE (rj,25), Ni+..+Ny,=N

t—+4o00

p
2. limsup \Y (R(t), Z) < min Z)\J’ rj, %), N1+ ..+ N, =N, Hé—d

t——+o0 j=1 j=1

3. inf lim inf (ZN(R(t),2) — \J (R(t), 2)) > 0.
T’j (.UJ — 100
4. Let Wi be an eigenfunction associated to the eigenvalue )\éV(R, Z), with associated

densities pr and tg. Then there exist positive constants Ry, C' and «, depending
only on N, d, Ry, p such that

pr(x) < Cexp(—ad(z)) and tr(x) < Cexp(—ad(z)) on U(Ry)

where 0(x) = min{|z — X;|, j =1,...,d}.

The first part 1) identifies the limit of the ground state energy. This type of result is
rather intuitive and classical. However, since we do not know a reference in this precise
setting, a proof will be given in the next section.

The interpretation of the last part 4) is that if a neutral or positively charged molecule
splits into parts, then for a fixed excited state, the electrons remain in the vicinity of the
nuclei.

For the sake of simplicity, let us denote, for r = (r1,...,rp) and z = (21, ..., 2p)

P P
AY (7, z) := min Z)\gj(rj,zj), Ni+..+N,=N, Héj =d
j=1 Jj=1
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2.1.2 Behaviour of the wavefunctions, critical points at infinity

Now that we have some bounds on the eigenvalues and the bottom of the essential spec-
trum, we want to prove a result describing the behaviour of the eigenfunctions. This
will enable us to define the ”critical points at infinity” of the model, a concept that was
introduced by A. Bahri [Bah89].

The right hand side of Theorem 1.2 - 1), or more generally an equality like

p

N.
c= Z)‘éjj (rj,24), (I.3)
j=1

is rather standard from P.-L. Lions’ Concentration-Compactness point of view: when the
molecule splits into pieces, then the energy of an electronic excited states becomes a sum
of excited states energies of the pieces. In other words, a ”critical point at infinity” would
be a system constituted by p molecules in some excited state, each being infinitely far
from the others, so that the interactions between them vanish.

Let us consider a sequence t,, — +00, some 1 = (11, ...,7p) € ®§:1 wj, and denote by
R" = R(t,) == (Xa(tn) + r1,.., Xp(tn) +1p), X = Xj(tn). For the electronic density,
such a conﬁguration is then clearly obtained in the case of dichotomy, that is to say
P~ ] 1 pj where p? is essentially supported in the vicinity of X7 (see the exponential
decay of Theorem 1.2). But the behaviour of the wavefunction ¥ is less simple since
these functions will not split into sum of functions, but into sums of antisymmetric tensor
products of wavefunctions in lower dimensions. In other words, a simple way to represent
these non interacting molecules in terms of the wavefunction is to take

\IfnZTX{L'i/Jl/\"'/\TXg-K/Jp (1.4)

where each 1; is an eigenfunction of HYi(r;, z;) associated to the eigenvalue AN 55 I(rj, z)-
We have used here the notation

To - Y(z1,.cyzn) = V(1 — v, ..., zN — V)

and we recall that the tensor product is defined for 1 € L2(R3N) and v/ € L2(R3*"?) by

! / 2
7[)/\1/1(331,---755N1+N2) \/m Z (xcr)‘
where 2} 1= (2,(1), .-, To(ny)) and 22 = (z o(N141)s = Ta(N))-
With (I.4), one easily sees that p" = 1; LTXP - Pj with obvious notations, and that

HN(R™, Z)¥™ — c¥™ — 0

in L2(R3V) as n — +00.
When a )\ ?(rj,z;) is degenerated, we can obtain the same behaviour by taking a
wavefunction Whlch is a sum of such antisymmetric tensor products

p
. N;
NV A= /\ X7 - ker (HNJ (rj,24) — )\5],3 (rj,zj)) .
j=1

To simplify notations, we shall denote 7, - (1 A -+ Athp) i= Txp -1 Ao A TXn  Pp, SO
that U™ = 7,, - U where ¥ € /\?:1 ker (HNJ' (rj,25) — )\gj (15, z]))
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Suppose now that a molecule splits into two identical pieces: r; = ro and z; = 23, and
that N1 # Ny. At infinity, we shall obtain two molecules with the same configurations of
the nuclei, but not the same number of electrons. Since there is no reason to distinguish the
two states obtained by inverting the electrons between the two molecules, a wavefunction
can be a sum of these two states with the same energies. We are thus led to introduce the
following definition.

Definition I.1. Let r" = (r{,..,r}) € Q}_ w; be such that r} — r; € wj, and R" =
R(ty) == (X1(tn) + 11,0y Xp(tn) +1p), X7 = X;(tn), for some t, — +oo.
Let ¢ be such that the set

'Aév(r’z): (Nj’éj)E(Np)Qv N1+"'+NP:N’ Z)\gj(rj7zj):c (1‘5)

is not empty. The sequence (R™,¥") in Q x SH}(R3N) converges to a critical point at
infinity of energy c if there exists some

p
U e Z /\ ker (HNJ' (rj,25) — )\gj (14, z])) (1.6)

(Nj,8;)€AN (r,z) \J=1
such that
[e™ — 7, - \I/HH(%(RBN) — 0. (I.7)
To justify the term critical point, we remark that one can prove

Lemma I.1. Let be ¢ and ¥ that satisfy (1.5) and (1.6). Then
(HM(R",Z) = ¢)(70 - ¥) — 0
in L2(R3N).

Details will be given later on.

Saying differently, a critical point at infinity is a class

x(r,0) = {rx,. x,(rn¥), X; eR3 |X; - X;|>K}

where ¥ € Z(Nj,éj)eAgV(r,z) (/\1;:]L ker (HNJ' (rj,25) — )\gj (rj,zj))), rj € wj and Tx, .. X,
is defined on each Q x AJ_; H}(R*"7) by

TX),.,Xp T = (X147, Xp+1p)

X1, Xy (1A Ahp) = (Txy901) Ao A (Tx,Yp)-

A sequence (R™, U™) converges to this critical point at infinity when there exists a K, —
400 such that
lim d[(R",V");7k, (r,¥)] = 0.
n— 00
Let us now fix a sequence t, — +o0o and some " = (rf, ...,rg) € ®§-’:1 wj such that
r? — rj € wj, and denote R" = R(t,), X' = X;(t,). We then have the following result

J
concerning the behaviour of the eigenfunctions
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Theorem 1.3. We assume 1 < N <|Z| and d > 1. Let (¥") be a sequence of wavefunc-
tions such that
HN(R™ Z)- 9" = \Y(R", Z) - o,
Then, up to a subsequence, we have lim,_, 4 )\fiv(R", Z) := ¢ with
N( N’
A (r,2) <c :Z)‘é i, 2;) < A (r,2)
7j=1

for some (N},6}) € AN(r,2), and (R",¥™) converges to a critical point at infinity of
energy c.

2.2 The mountain pass method: a general result

Let us now come back to our mountain pass method, and consider again a neutral molecule
(N = |Z]). Recall that (R, ¥) and (R', ¥’) are two local minima of (R, ¥) — EN(R, ¥),
and that ¢ and ¢ are defined by

= inf EN I.8
o= o ey £ 00) .

I = {y €C’([0;1],2 x SH; (R*)), 7(0) = (R, ¥), ~(1) = (R, ¥')}.

¢ = inf max EN(r(t),Z2)
reR t€[0;1]

R = {rec’([0;1,Q), r(0) = R, r(1) = R'}.
The following result enables to identify ¢ in the case of lack of compactness:

Theorem 1.4. We assume N = |Z|. We have ¢ = ¢’. There exists a min-maxing sequence
(R™,¥") € Q x HYR3N) such that:

If Ei# |R" — R;l| is bounded then, up to a translation, (R™,¥™) converges strongly in
Q x HLYR3*N) to some critical point (R, V) of EN such that

HN(R,Z)- W =¢- U, c=\(R,2).

If 3225 IR — R}| is not bounded, there exists a 2 < p < M, some X' € R? with
j=1,..,p and a Ry > 0 such that, changing the indices if necessary, R" = (X} +
T Xy + 1), Ir?] < Ro, Z = (21, 2p), and limy,— o0 | X]" — XT'| = +o0, 1] — 1j.
Then

¢ =AY (r,z) = min ZE (rj,25), Ni+---+N,=N

and (R™,U™) converges up to a subsequence to a critical point at infinity of energy ¢ =
AN (r, 2).

As a consequence, in the non-compact case, the molecule splits into pieces, the electrons
being shared among them and at their ground state. We also believe that the r; correspond
to positions of the nuclei with a Morse index equal to 0, but this is not necessary for the
sequel.

This result should be seen as the first step towards concluding the existence of a
critical point of energy c, by proving that the second case in Theorem 1.4 does not
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happen. Unfortunately, we met with serious difficulties when trying to solve this general
problem. This is why the compactness will be shown in the next section for the special
case of two interacting molecules with fixed nuclei.

Remark — Throughout this paper, we work with complex-valued wavefunctions V.
Although in other situations (minimization for instance) one often works with real-valued
functions without any change, this is not the case here. In particular, the equality ¢ = ¢
is very easily obtained in this setting, while one can prove that this is also true for
real-valued wavefunctions, but for well-chosen ground states ¥ and ¥’ only. See the proof
for more details.

2.3 Compactness in the case of two interacting molecules

Now that we have identified the critical points at infinity for the mountain pass method,
the next step is to show that min-maxing paths cannot approach these critical points. We
study here the case of two interacting molecules with fixed nuclei. The parameters are
then

the distance between the two molecules (denoted by « in the sequel),

the orientation of each molecule (represented by two rotations u and u’),

the electronic wavefunction.

U
> <

Figure 1.2: Two molecules with fixed nuclei.

So we consider 7 = (r1,...,7) € B(0,Ro)™ and ' = (r},...,7! ;) € B(0,Ro)"™ such
that i =r] =0, r; #rj and 1} # r;- for i # j, and some z = (21, ..., 2m), 2 = (2], ..., 2 /).

m/
We denote by Z = (z,2’), and introduce
Rlo,u,u') = (u-r,av +u' -r'),

where ¥ is a fixed vector of norm 1, o € R, and u,u are rotations in R®. We have used
the notation w -r = (u-ry,...,u - ry). We suppose now that N = |Z| and define

EN(a,u, !, ¥) = EN(R(a, u, ), U).

In [LT86], it is proved that £V admits a minimum on R x (SO3(R))? x SH}(R3N). As
in the previous sections, we shall assume that £V possesses two local minima M and M.
Up to a rotation of each molecule, we may suppose that a(M) > 0 and a(M') > 0. We
then consider

= inf EN(y(¢
¢ = Inf max (v(t))
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where T is the set of all the continuous functions « : [0; 1] — X := (0; +00) x (SO3(R))? x
SH}(R3N) such that v(0) = M and (1) = M.

2.3.1 The mountain pass method

We begin this section by stating a result which is the analogue of Theorem 1.4 in this
special setting.

Theorem 1.5. We have

e cither there exists a critical point (a,u,u’, V) of EN on X, such that

HN(R(Q>U7UI)7Z) U=c-¥, c= )‘{V(R(avuau/)v Z)a

¢ =min {EM (r,z) + EM(1',2), N1+ No=N}.

Roughly speaking, the non compactness of min-maxing sequences is related to the
existence of two gradient lines going from a local minimum to some critical point at
infinity of index 0. The idea is that an "optimal path” has to follow these lines, and
then to connect the two critical points at infinity. Since the molecule is split here into
two independent parts, the problem is now to find two mountain pass paths connecting
each configuration of the two molecules — two similar problems of lower dimension. When
the position of the nuclei in each molecule is fixed, these paths can be obtained by only
applying some rotations. In other words, the minima always belong to the same connected
component and this is why the situation will be simpler in this setting. When the position
is not fixed, even if we may assume the existence of such paths (by induction), the situation
is much more complicated and we hope to come back to this more general issue in the
future.

The proof of Theorem 1.5 is very similar to the one of Theorem 1.4, and will be
ommitted.

In order to prove that the second case in Theorem 1.5 does not happen, we need
some information on the directions on which the energy decreases near the critical points
at infinity. We shall thus need an expansion of the interaction energy between the two
molecules when « grows. The terms involving in these expansion are classical. Let us first
recall the definitions of the first multipoles.

Definition 1.2. Let be R = (Ry,...,Ry) €Q, Z = (Z1,..., Zyr), and p € LY(R3) NS(R3\
{R;}) a non negative function such that [ps p= N > 0. Then

1. the total density of charge is the measure p := p — Z]J\/il ZjoR;. The total charge is
q = fRdﬁ:N_ |Z|}

2. the dipole moment is the vector P := [o3 xp(x)dx = [ps zp(x) dx — Z]Ai1 Z;R;,
3. the quadrupole moment is the matriz Q := [ps (za’ — 3|z|*T) p(z) da.

When p is the electronic density associated to some eigenstate ¥, we shall use the
notations py, py, Py and Qy.
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This multipoles will be used in the expansion of the interaction energy. To illustrate
this point, we give here the following

Lemma 1.2. We assume that Ny and Ny are such that Ny+No = N, EN (7, 2) < £ (7, 2)
and EN2(r' ') < SN2(r! 2'). Let b1 and b2 be two ground states of respectively HV1(r, z)
and HN2(r',2"). Denoting

U(a,u,u’) = (u-11) A (Tag -0 - 1b2),

we have

EN (R(a,u,u'), ¥(a,u, o)) = EN (1, 2) + EN2 (¢, )
q142 uP1 U U,PQ - + (uPl) . (U,PQ) — 3(UP1 . ﬁ)(u'PQ . ’[f)

+ o + Q2 Oé2 - QI Oé2 C¥3
3(guQrul + /' Qo' v - v 1
n (q2u@q ql3 Q2u"") oL
20 o

for all u,u' € SO3(R) and when « goes to +oo.

In this result, g, P. and ) are respectively the total charge, the dipole and the
quadrupole moment associated to the electronic densities p; of the states .

The terms of this expansion can be interpreted respectively as the energies of
the molecules, and the interaction energy between them, which decomposes into the
charge/charge (1/a), dipole/charge (1/a?), dipole/dipole and charge/quadrupole (1/a?)
terms.

We are now able to state our main compactness results. As mentioned above, we had
to add some hypothesis about the molecules ”at infinity”, concerning their multipoles in
their ground state.

2.3.2 The case of charged molecules at infinity

Our first result will concern the case of monopoles at infinity, that is to say when the
molecules are charged.

Theorem 1.6 (Charged molecules at infinity). Let us assume that
EM (r,z) + EN2 (r',2) = min {E"l (r,z) + E™(r',2"), ni+ng = N} (1.9)

for some Ny and Ny with (N1 — |z|)(N2 — |2']) # 0.
Then the case 2) in Theorem 1.5 does not happen. Therefore c is a critical value of EN
on X.

Remark — By (1.9), we have for instance
pi=EN(r,z) — E¥l(r 2) < EFI( 2y — EN2 (¢ 2 o= 1

for some Nj, Ny such that N1+ Ny = N and N; < |z|. This can be viewed as a comparison
between oxydo-reduction potentials. So (1.9) will be probably true if one molecule is a
oxydant and the other is a reductor.
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2.3.3 The case of neutral molecules with dipole moments at infinity

If the two molecules at infinity are neutral, the first term involving in the expansion of the
interaction energy is the dipole/dipole term. This is why we shall now consider the case
of molecules that possess some dipole moment in their ground state (experiment suggests
that this is the case for every non symmetric molecule).

Let us introduce the following definition

Definition 1.3. Let be R = (Ry,....,Ry) € Q, Z = (Z1,...,Zn) and N > 0 such that
M (R, Z) < ©N(R, Z). We shall say that the molecule (R, Z, N) possesses a dipole moment
at its ground state if Py # 0 for all ground state .

Since V := ker (HN(R,Z) — EN(R, Z)) is finite dimensional, let us notice that this
implies min{|Py|, Y € V, |¥|;2 =1} > 0.
We then have the following result:

Theorem 1.7 (Neutral molecules with dipole moments at infinity).
Let us assume that

(H1) EV(r,2)+E¥|(r' 2') < ENt(r, 2)+EN2(r', 2) for all Ny, Ny such that Ny+Ny = N
and (N1 — |2])(N2 — |2]) # 0,

(H2) the two molecules (r,z,|z|) and (v',2',|2'|) possess a dipole moment at their ground
state,

(H3) EV(r,z) or E¥|(+',2') is non-degenerated.

Then the case 2) in Theorem 1.5 does not happen. Therefore ¢ is a critical value of EN
on X.

Remark — (H3) is a purely mathematical restriction that simplifies the proof.

Let us explain the general idea of the proof. Recall that the dipole/dipole interaction
energy can be written F (P, P')/a? (see Lemma 1.2). It is shown in Appendix 2 that the
critical points of F which have a non-negative energy have a Morse index which is at least
one. If a path approaches a critical point at infinity then, to pull down the energy along
the path, one may use either the rotations of the molecules if the dipole/dipole interaction
energy is positive (thanks to this Morse index information on F'), or the distance between
them if it is negative (because o — F(P, P')/a? is then increasing). This is why min-
maxing paths do not approach the critical points at infinity, and give thus a compact
Palais-Smale sequence. Obviously, this general idea does not suffice to lead the proof and
there are some other difficulties (essentially due to the complexity of the model) that are
explicited in the next section.

Remark — This general information on the Morse index is probably true for the others
multipoles interaction energies, a fact that could be used to treat the general case.

3 Proofs
3.1 Proof of Theorems 1.2 and 1.3

3.1.1 Preliminaries

We shall use the following lemma, which is an adaptation of results in [HO77, HQOO01,
FHO02b, FHO02c, FHP02a], and which is proved in Appendix 1.
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Lemma 1.3. Let Ui be an eigenfunction associated to the eigenvalue )\fiv(R, Z) and pgr
be the electronic density. We introduce eg = SN (R, Z) — A\Y (R, Z). Then

1. pr satisfies the inequation

1
—§ApR—|—VRpR—|—ERpR <0. (1.10)

2. With Ry(e) := max (RO +1,Ro + 2Np> and C(e) = U§:1{$a lz — Xj| = Ri(e)},
and if r > 2Ry (eR), then we have

p
pr(z) < |prlrec(eny P e Vr/PiXel-filer)
7j=1
< plorlre(cenye” VER/PO@RIER) (1.11)

< Me Ver/P@)=Rier)
on U(Ry(eR)), where 6(x) = min{|z — X;|, j=1,...,d}, and M = M(p, N, Ry(eR)).

The explicit bound (I.11) has been written in order to show the dependence of all the
constants with regard to eg. It is clearly not optimal. It shows a non-isotropic exponential
decay of the electronic density, which will be uniform if e - 0. This type of bounds is
studied in the work of Agmon [Agm82] and we do not know if one can use his formalism
to obtain the same result. Isotropic exponential bounds for N-body eigenfunctions are
frequently seen in the literature, but surprising is the fact that such non-isotropic bounds
has not yet been noticed.

The next two lemmas will be useful to prove the exponential decay of Theorem I.2.

Lemma I.4. For all a > 0, there exists a constant M = M («a, N, Ry) such that

r) <M / pr(y) dy
B(z,a)

Proof of Lemma 1.4 — see [HOO01]. O

onU(Ro+1/2+ a).

Lemma L.5. Forall j=1,...,p, d > 1 and n < |z;|, we have

inf (Zn(rj,Zj) - AZ(Tj,Zj)) > 0.

T EW;
Proof — We have
=" (rj, 25) = Na(rj ) = E"(rg 1) = N (ry, 25)
where S\Z(rj,zj) and YX"(rj, z;) are the d* eigenvalue and the bottom of the essential

spectrum of the Hamiltonian with the nuclei interaction removed

n

ﬁ”(rj,zj)zz(—%Am%(mi))+ > ﬁ

=1 1<i<j<n
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By Zhislin’s Theorem, it is known that
M (rjsz5) = Ad(rj z;) >0
for all r; € w; and, since this function is continuous with regard to r;,

inf (X"(rj,z;) — Aj(rj,2;)) > 0. O

TjEW;

In the next result, we use both HVZ and Zhislin’s Theorems. This lemma will be
useful in the proof of Theorem 1.2 to construct test functions.

Lemma 1.6. If the minimum

P P
. N;
min E Aéjj(rj,zj), Ni+..+N,=N, | | §;=d
=1 =1

is attained for Ni,...,N; and 61, ...,0,, then necessarily
N; N;
)‘6]'] (’I"j, Zj) < 25; (Tj, Zj)

forallj=1,....p

Proof of Lemma 1.6 — Remark that by definition )\gj (rj, zj) < X%(rj,2;) = +oo for
all §;. We argue by contradiction and suppose that there exists a k such that N, > 0
and )\(];V’“ (riy zi) = ENk(rk,zk) = ENe=1(ry, 21,). Theorem 1.1 implies Ny > |z| + 1. Since
Z] 1 (N, = |zx]) = N —|Z] <0, there exists a [ # k such that N; < [z]. We then let

&y = dj, N} = Nj for J ¢k}, 0, =1, N, =Ny —1, 6 = 60, and N/ = N;+ 1. We
obtain

p P

N; N} N Ni+1
E )\éj](rj,z] Z)‘é (rj,z;) = )\éll(rl,zl)—)\égl (r1,21)
j=1 J=1

v

N,
ENl (T‘l, Zl) - )\621+1(7’l, Zl)

2Nl+1(7'l,zl) N )‘(];\l/[l+1(rl7zl)

> 0

since N; + 1 < |z (Zhislin Theorem), which is a contradiction. O

3.1.2 Proof of Theorem 1.2

We are now able to prove Theorem 1.2.

We first prove 2). Suppose that the right hand side is attained for some Ny, ..., N; and
01,...,0p such that Ny + ...+ N, = N and H 0; = p. For the sake of 51mp11c1ty, we
may assume that N; > 0 for allj =1,...,p. By Lemma 1.6 and Theorem .1, there exist
eigenfunctions \Ilk € L2 2(R3N) satlsfymg

N; k Nj k kgl
H J(?“j,Zj)\I/j = )\kj(rj,zj)\lfj, /R3Nj \I/j\Ifj = 5kl
forall j=1,..,pand k=1,...,6;. If

V= span(lllg‘?, k=1,..08;) C L2(R*7)
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then we have
max_ (HYi(rj,2;)¥,¥) = Af;fj(

T, %j).
5+ %j
vev;, [¥3=1

We now consider a sequence t, — +o0o such that lim, e A (R(tn),Z) =
limsup,_, 4o AY (R(t), Z2). If ¥ € L%(R?*Y), we introduce

kon _ k

V" = Tx ) Y

f/j" = span(\Il?’", k=1,..06;) C LAR¥).

(we recall that 7, is the translation by v).
Now, let be

Wy =VIA---A V” = spcm(lllkl’ A \IIkp’ 1 <kj <95)
which is a space of dimension ] jo10;=d. It

U= 3" oy, U A AT W,

P
1<k;<5;

and 3" ek, k,|* = 1, we have

bS]

kjm kj,n

(HY(R,2)0,¥) => |Chy ooy PN (1, 25 ) W™ W) ey,

j=11<k; <5,

where e,, is the interaction energy between the p molecules. It is the sum of three terms
en:e#+e%+ei.

el is the interaction between electrons in different molecules, and contains terms like

// L JIEEL g U da dy.
|$ —y+ XJ2 (tn) - XJl (tn)|

with j1 # jo. €2 is the interaction between electrons and nuclei of different molecules, and

contains terms like W
Zjg i “\Il-jl)(a;,...)
// dx dy
|z = 1jyi + Xjo (tn) — X, (t0)]

with j; # jo2. Finally, e is the interaction between nuclei of different molecules

_ Z Z Zj1,kj, Zi2ki
j = Vo kj, + X, (tn) — X (tn)l

T .
j1<ja 1<k; <m; 7510,

It is now easy to see that each of this term tends to 0 as n — +oc.
By definition, we have

M(R,Z) < max  (HM(R,Z)¥, W)
3 leky o 2=1
u N.
2 I (. ~.

S D S ey P (1 2) + maxe
7=1 1o fp 1§kj§6j
u N.

< Zkajj(r],z])+maxen
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We may now pass to the limit as n — 400 in this inequality and obtain the bound

p p
limsup AY (R(), Z2) < min{ >~ 237 (15, %), Ni+ ..+ N, =N, [[o;=d
t—-+o0o X .

]:1 ]:]_

We then prove simultaneously 1) 3) 4) by induction on N =1, ..., |Z]|.
For N =1, it is known that

SR, Z)=E'R,Z)= > ZiZ;

i — R
].<7,<j<M| ‘
and so
E 2 kZj)
lim Z —CPERIE E (rj, 24
i1 25)
t——+o0 — |T]k T]l|

As a consequence

liminf (SY(R(t), Z) — Ay(R(t), Z))

t—+4o00

and

inf liminf (SY(R(t),Z) — \y(R(t), Z)) > inf (Z'(ry,21) — Aj(r1,21)) >0

ri€Ew; t——+00 T ri€wr

by lemma I.5. The uniform exponential decay is then a consequence of lemmas 1.3 and
1.4.

Let t, — oo be such that lim, .o EY(R(t,),Z) = liminf; ., EY(R(t),Z), and
©" € L%(R3) be such that

HY(R(tn), 2)¢" = E'(R(tn), Z)¢".

By the uniform exponential decay, we may write ™ = §:1 1 + a where supp(p) C
B(Xj’rn/3)a and |ay| g1 — 0. Then

p
(H'(R(tn), Z =N (H 1y, 2) 0 ) +Z D L

—r
=1 j=1 1<k<I<m; 73 = Tl
where H is the Hamiltonian with the nuclei interaction removed, and e, — 0. We have

p
D (H (2@l ef) = Y BNy, z) e}

Jj=1 Jj=1,....p

> min El(Tj,Zj) Z ||80?||%2
Jj=1,....p G=1,..p
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SO
1 n n ijzjl
(H'(R(t,), 2)¢", ") > min E'(rj,z +Z Yy
J=heop J=11<k<i<m; |]k ’I"]l|
p
= Z i(rj,2), Ni+..+N,=1
and finally
p
1 _
Jim B (R(), Z i(rjy2i)y N1+ ..+ Np=1

Let us now assume that 1) 3) 4) have been proved for N—1 < |Z|. We have 2V (R, Z) =
MV=YR, Z) so
1 9

lim ©NV(R(t),Z) = min ZE (rjy2), Ni4 ...+ N, =N —1

t—+o00

for some Ny, ..., N,. But Zp_1(|z]\ N;) =1|Z|— (N —1) > 0 so there exists a k such that
Ni < |zx|. We then have, for all d > 1,

liminf (SN (R(t), Z) — \Y (R(t), Z))

t——+o00

p p
Z TJ?'Z] )‘éVk—i_l(rkazk) + Z ENj(rjvzj)
= ENe(ry,, 21) — Afivkﬂ(rk, z1) = SV (g 2) — )\ilvkﬂ(?’k, 2k)
and

inf liminf (SYV(R(t), Z) — \Y (R(t), 2))

T Ew; t——+00

> if nf (5(rj25) — Ni(rj, 2
= j:l?,...,p T;Iele( (5, 25) d(r5,25)) >0
n < |zl

by lemma I.5. The uniform exponential decay 4) is then a consequence of lemmas 1.3 and
1.4.
We now prove the inequality

lim inf BN (R(t), Z) > min ZE (rjy2;), N1+ ..+ N, =N

t—-+o0

by using a variant of classical N-body geometric methods for Schrédinger operators [Sim77,
Sig82, HS00], which is used in [Fri03].
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Let t, — +oo be such that lim, EY (R(t,),Z) = liminf, EV(R(t),Z), and ¥,, an
associated sequence of ground states, with densities py,, and ty,. We denote R" = R(t,)
and X7 = X j(tn). Due to the uniform exponential decay, one has

lim py, = lim ty, =0. (1.12)

0 JU (tn /3) 0 JU (tn /3)
Let &, € C®(R3,[0;1]) be a cutoff function such that &, = 0 on U(t,/3), &, = 1 on
R3 \L{( n/3 —1), and |[V&[o < 1, ||A§n||OO < 2. We then introduce xp(z1,...,xn) =

HZ L&n(x) and U, = x,,¥,,. Using (1.12), it is then easy to see that |¥, — ¥, ||H1 — 0,
and

N
HN(R", Z) Wy = A (R™,2) - Wy = = (2Va,Xn - Va, U + Vs Xn)
=1
— 0 in L3(R3Y),

N
EN(R™ W) = MV (R™, W) [ W | pomony = / U [?| Vi, X > = 0.
i=1
Now, we may write &, = 1;:1 &) where Supp(€l) C B(Xj,t,/3), and

‘ifn: Z 5’;1(;31)57;N(x]v)\1fn = Z \117141:1,...,]@1\,

1<k;<p 1<k;<p

Since the \IIkl’ RN have disjoint supports,

(W7 = > [P EN(RY ) = Y EN(Ry, UMY,

1<k;<p 1<k;<p

(HN(R", Z) = X (R", Z)) - it — 0

in LQ(R%N) for all ki,...kny. To end the proof of Theorem 1.2, it suffices to bound
EN(R™,W,) from below by the appropriate constant.. We now fix ki, ..., kx and intro-
duce C; = {i, k; = j}, Nj = |C;|. Remark that WhRN g antisymmetric in (7i)iec; for

all j =1,....,p. Then

p
EN(Rn7\IIﬁ1,..., _ Z Z/ |vxz\llk1, 7/€1\1|2 Z/V: xz ‘\I/kl’ kN |2

j=1 \:ieC; 1€l
\Ijk17~~~7kN 2
+ > /M‘FEO(TJ‘,ZJ') +en
wiee, ! 1wkl
) J

where

|\I/k1’ 7kN|2
D S DB L S N

1<];£]’<p 1€Cy i€Cyi'eCy
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el being the interaction energy between nuclei in different molecules, which easily tends
to 0 as n — +o0. Now

31251 gyhr i 2 I‘Ifkl’ ’kNIQ
len < Z/ ot +3ZZ/ +el, —0

l<]7$]/<p 1€C i€Cyi'eCy

as n — +o0o. Finally, since PRk g antisymmetric in (z;);ec; for all j = 1,...,p and

thanks to the translation invariance of the Hamiltonian,
N E1,... E,eekn |12
EN(R™, Whik ZE (rj, z;) | [@kv-kN |2, e,
Passing to the limit, we obtain

p
NP § ) > m N N —
nEI—Poog (R",¥,) > min ZE i(rj,2), Ny +---Np,=N

J=1

which ends the proof of Theorem I.2. [l

3.1.3 Proof of Theorem 1.3

The proof uses exactly the same N-body geometric method as the end of the proof
of Theorem L2, but with AY(R",Z) replaced by A\Y(R", Z). 1If we suppose that
limy, 4 oo )\év (R™, Z) = ¢, then passing to the limit and using Theorem 1.2

¢ < limsup \Y (R™, Z) < A (r, 2).

n—-—+00

We have
(1Y (7. 2) - ) - Wit 0

in L2(R3N) for all ky,...ky. Since all the interaction terms tend to 0 (see the proof of
Theorem 1.2), we obtain

p
S e - Wb o
J=1

where the Hamiltonian H™i (X7 + 1], 2j)c; acts on the variables (z;)iec;. Due to the
translation invariance, we obtain

p
S e | 0

where \Ifﬁl""’k’v(xl, e IN) = \Ifﬁl“‘”kN(X,?i + z;). But due to the exponential decay of ¥,,,

\ifﬁl""’kN is precompact in H'(R3") and converges up to a subsequence to some Wk
such that

§ HN3 (rj, zj) ¢, | WFoomV = ¢ gk



10U b.1. — A Mountawn Fass jor reacting Molecules

P
J=1

1]?:1 Lg(R?’Ni)C]. (with an obvious notation), or Wkt-knN — (),

We thus have either ¢ is an eigenvalue of ( HN (rj,zj)cj) on the tensor product

j=1
Oess (Z?:l HN (rj,zj)cj) = [¥; +00) with

Lemma I.7. We have O‘( r HNj(rj,zj)C].) = ?zla(HNj(rj,zj)C].) so that

S o= ming Y EN(rj, ) + 50 (1, 25), 1< 50 <p
J#jo
> AN(r,z2)

for all d > 1.

Proof of Lemma 1.7 — The fact that the spectrum of Z§:1 HYi(r;, zj)c; is the sum
?:1 o (HNi(ry, zj)c;) is standard (see for instance [RS72], Theorem VIII-33). Suppose
now that ¥ =3, . ENi(r;,2j) + BNio(rj,, 2;,) for some 1 < jo < p. If )\ilvjo (70> Zjo) <
>Nio (r;y, zj,) then obviously ¥ > AY(r, z). If )\ilvjo (7o, 2jo) = SN0 (rj,, 2;,) then ¥ >
A (r,2) by lemma L.6. O

As a consequence, if ¢ is an eigenvalue of (Z§:1 HNi (g, zj)cj), it is necessary below
its essential spectrum. It is then easy to see that this implies

p
Phkn o ®ker (HNj (1, 25) — )\gj ("”jazj)>

C.
j=1 7

N; .
for some )‘éj] (rj,2) < N (rj, %) )
Now, we have [U" — 7, - U]y (gany — 0 where W =37, 4 - Wht b, O

3.2 Proof of Theorem 1.4

We may suppose ¢ > max(EV (R, ¥), EN (R, V)).

Let us first prove the equality ¢ = ¢/. Indeed, ¢ < ¢ is obvious. Let be r, € R a
sequence such that m,, := max;c(o EN(rn(t),Z) — ¢ as n — +oo. For each n € N, we
define

n — i f gN n t 9 t
¢n = Jnf max (ra(t), (1))
Py = {¢ € C°([0;1], SH, (R*Y)), %(0) = ¥, ¢(1) = ¥'}.

We may now apply the methods of [FG92] to obtain some sequences t; € [0;1] and
(¥)k>1 such that

1. kEI-ll-loo SN(Tn(tk)a \Ilk) = Cn,;

2. HN(r,(ty), Z) - Oy, — EN (ra(ty), Ug) - Uy — 0 in LA(R3Y),

3. SN(T’n(tk), \I’k) < )\le(rn(tk), Z) + €k, lim e, =0

k—+o00
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1,2) correspond to the classical fact that one can obtain min-maxing sequences that are
almost critical. On the other hand, 3) is a consequence of the less-known fact that one
can obtain Palais-Smale sequences with Morse-type information related to the dimension
of the homotopy-stable class used in the min-max method, which is 1 here (paths are
deformations of [0;1]). Since we are in C = R?, eigenvectors always have an even Morse
index and this is why A appears in 3) and not AY.

The fact that such a sequence (¥}) is precompact in H!(R3V) is now a simple con-
sequence of Theorem 1.1 - 4). Indeed, the compactness below the essential spectrum is
nothing else but the Palais-Smale condition of £V with Morse-type information introduced
in [Gho93]. We have the following general lemma, whose proof is postponed until the end
of the proof of Theorem 1.4.

Lemma 1.8. We assume that Z = (Z1, ..., Zyr) is such that N < |Z|. Let (R™,¥") be a
sequence in Q x SHL(R?*N) such that

1. R" - RcQ
2. lim EN(R™,U") =,

n—-+00
8. HN(R™ Z)- " — EN(R™, U") . 0" — 0 in L3(R3),
4. there exist dy > 1 and €, — 0 such that EN (R",¥") < )\Jd\g(R", Z) +en.

Then (™) is precompact in HL(R3N) and converges, up to a subsequence, to an eigen-
function ¥ of HN (R, Z) associated to \Y (R, Z) with d < dy.

Applying this result, we obtain, by passing to the limit as kK — 400,
c<en =N (rn(tn), Z2) < my

for some t,, € [0;1] and so ¢ = ¢.

We now prove the alternative of the Theorem. We introduce

Fe(Ro) = ¢ (R, ) € Q x SHy(R¥), Y "|R; — Rj| < Ry, EN(R,¥) > ¢
i#j
INa) = {fy €T, max EN(y(t)) <c+ a} .
te(0;1]

We have the following alternative:

either there exist Ry > 0 and « > 0 such that, F.(Rp) Ny([0;1]) # 0 for all v € I'(«),

or for all Ry > 0 there exists a min-maxing sequence v, € I' such that F.(Rp) N

Y ([0;1]) = 0.

First Case : there exist By > 0 and « > 0 such that, F.(Rg) N~v([0;1]) # 0 for all
v € I'(a).

Since (R,¥) and (R',¥’) do not belong to F.(Rp), we may apply the methods of
[Gho93] (F.(Ryp) is a set which is dual to the homotopy-stable class I'(«) with boundary
B ={(R,V),(R,¥")}) to obtain a sequence (R",¥") € Q x SH!(R3") such that

L lim d((R",¥"), Fo(Ro)) =0,
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2. lim ENV(R™ UM =,

n—-4o00

3. lim VgzEN(R™,¥") =0,

n—-+o0o
4. HN(R", Z) - ¥" — EN(R", ¥™) - ¥" — 0 in L2(R®*Y),

5. EN(R™ 0™ < \V(R™, Z) + ¢, m e, =0

li
n—-400

Remark that 2, 3,4, 5) correspond to the fact that one can obtain min-maxing sequences
that are almost critical, and with Morse-type information. On the other hand, 1) is the
consequence of the duality theory developed in [Gho93] that enables to locate the critical
points.

Due to 1), Zi# |R? — R}| is bounded. Up to a translation, we may suppose

R" — R € Q (since A\V(R",Z) — +o0o0 when d(R",0Q) — 0 due to the nuclei/nuclei
repulsion). Now U™ converges up to a subsequence to a ¥ in H*(R3) by lemma 1.8.

Second Case : for all Ry > 0 there exists a min-maxing sequence v, € I' such that
Fe(Ro) Ny, ([0;1]) = 0.

Let (r,,) be a sequence in R such that r,, — +o00. For each r,, there exists a 7, such
that, for instance,

1
< N < -
c< f&%ﬁﬁg (m(t)) < et~

and Fo(rp) N 7,([0;1]) = 0. We now write 7,(t) = (Rn(t), ¥,(t)) and fix n. The
set K, = {t € [0;1], X |R}(t) — R}(t)] < rp} is a compact subset of [0;1] such that
max EN (y(K,)) < c. We now introduce

Iy = {1[) € C%([0; 1], SHy (R*Y)), ¢y, = \iHKn}

which is an homotopy-stable class of dimension 1 with boundary ¥"(K,), and

s N
cu = inf s £V(Ro (1), (1) (1.13)

so that

1
c<cp<c+ —.
n

Applying the methods of [Gho93], we may find a sequence t; € [0;1] \ K,, and ¥ ¢
SH}(R3N) such that ¢, — £ and

L. Zz;é] ‘Rn,z(tk) - Rn,j(tk)‘ > Tn

2. 1 N(R, (), ¥F) = ¢,
Jm E7 (Ra(tk), ¥n) = ¢

3. HY(R,(t), Z) - Wk — EN(R,(ty), ¥E) - Wk — 0 in L2(R3N)

n

4. EN(Ru(tr), UF) < MN(R,(tr), Z) + oy, with Jim oy =0

By lemma 1.8, (\III;;) keN is precompact in H} (R3N) and converges, up to a subsequence,
to some ¥"” such that

LY i |RY — R} =
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2. lim EV(R™,¥") =c

n—-—+00
3. HN(R", Z) - " = \N(R", Z) - ¥™
where R™ := R, ().

Since ), ., |R} — R}| — 400, there exists a 2 < p < M, some X' € R3 withj =1,...,p
and a Ry > 0 such that (changing the indices if necessary and up to a subsequence)
R = (X7 +7r7, ., Xp +1p), |77 < Ro, Z = (21, ..., 2p), and limy, oo [ XT' — X7 = +00,
Tl — ;.

J
Passing to the limit, we obtain, by Theorem 1.2

c= lim AV(R™ Z)=AY(r,2).

n——4oo

We now simply apply Theorem 1.3 to obtain the convergence to a critical point at
infinity of energy c¢, as defined in the corresponding section. [l

Let us now prove Lemma I.8.

Proof of Lemma 1.8 — Let m be an integer such that \Y(R,Z) > AN (R, Z) =
)\Jd\g (R, Z). Due to the fact that A} (R", Z) — MY (R, Z) as n — +o0, we have A\ (R", Z) >
)\fi\g (R, Z) > c for n large enough.

Let be V, = @7, ker (H(R",Z) — AN(R",Z)), and (4}, ...,9"_;) an orthonor-
mal basis of V" 4 being eigenfunctions of HY(R",Z) (Theorem 1.1 - 4)). Due
for instance to the uniform exponential decay of Theorem 1.2, one easily sees that
each v} is precompact and converges up to a subsequence in H} (R?’N ) to a v, with
span(i;) = @7 ker (H(R,Z) - A\N(R, Z)).

Now we can write U™ = Wyn + W yn) with an obvious definition. Since EN(R™,TM) is

bounded, it is a classical fact that (¥™) is bounded in H!(R3*") and so, up to a subsequence,
U" — ¥ weakly in H}(R?*N). Since dim(V,,) = m — 1, (¥y;,) is precompact in H*(R3Y)
and converges to a ¥y € V. By difference, ¥ (yny1 — W(yy1 weakly in HY(R3N).

Since lim,, 4 oo EN(R™, ¥") = ¢, HV(R", Z)-¥" —c-U" — 0 in L*(R?"), so we obtain

(HN(R",Z) = ¢) - Oy, + (HY(R", Z) —¢) - U(y,y10 — 0

which implies (HN(R", Z) — ¢) - Wy, — 0 and (HN(R",Z) —¢) - ¥ (3,2 — 0 in L*(R3Y).
Finally,
EN(R™, W (y,y1) = e| ¥y, o [ gany — 0.

Because min ENV (R, S(V,,)4) = MV (R™, Z) > )\é\g(R", Z) > c, this implies ¥y, )|z — 0
and then |W(y, yi[g1 — 0. Thus W™ converges in HYR3N) to a ¥ = Wy which is an
eigenfunction of HV(R, Z) that belongs to V. O

3.3 The case of two interacting molecules
3.3.1 Proof of Lemma 1.2
We shall use the following lemma:

Lemma 1.9 (Multipole expansion). There exists a constant C' such that, for all R and
h e R3 with R+h#0,

‘ 1 _(i_epph 3(eR-h)2—\h|2>'< C |h?
[R+h|  \IR  [|R]? 2|R[? = |RIP|R +
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with er = R/|R).

Proof of Lemma 1.9 — Tt suffices to show

1 t2 Ct]?
S S— 1+mt+—3m2—1>'§—
V1= 2at + 2 < 2 ) V1 — 2zt 4 2
for all t € R and =z € [-1;1] (take z = —(eR - h)/|h| and t = |h|/|R|). We thus

introduce f(z,t) = 1 — V1 —2xt+1t2 (1+xt+ (322 — 1)) One easily computes

Of (4 4) = 3t3 (522 —2xt—1)
7@t = S e

max 1/(2.0)] < max{ (0, a0, o0), £a(0)}
where f1(8) = | F(@1(6), )1 1<ps<1 (0, folt) = |F(@2(6), DI 12mer(8), fo(t) = |F(—1,8)],
f12(t) = [f(L, )], z1(t) = &= \/ﬁ and zo(t) = @ It is now easy to conclude that
|f(z,t)| < C|t]? for some constant C>0. O

so that

We are now able to prove Lemma 1.2.
Proof of Lemma 1.2 — Let &, € C®(R3,[0;1]) be a cut-off function such that &, = 0
on R3\ B(O,a/3), &, =1 on B(O,a/3 — 1), |[Véa|oo <1, [Als]eo < 2. We introduce

J}]O'é(xl) "'7'1;]\/]') = Hfgvil ﬁa(xk)%(xl, "'7'1"]\/]')7 %a = ,(Z}]OC/HQZJJOCHLQ and (Ij(avuvul) = (qula)/\

(Taw -1 - 1F). Due to the exponential decay of Theorem 1.2, one has
‘EN <R(a,u,u'),\il(a,u,u’)> —&N (R(a,u,u'),\ll(a,u,u’))‘ < Ce

|EY (r,2) = EM (g, [BN2 (Y, 2) — M2 (08| < Cemo®

for some C,a > 0. Let us recall that, by definition,

YAY (21, \/Nl'NQ Z V' (zg)

|Cl=N1

where x¢ = (@4, ..., Tiy, ) When C = {iy <--- <in, }, 0(C) = £1. Applying this equality
to U, we obtain on the right functions with disjoint supports. We shall therefore only
study the expansion of

gN (R(Oé, u, U,), (U : ¢?) ® (Taﬁ ' ul ' QZ}S{)) .

1

We have (using the notation ! = (x1,...,xn,) and 22 = (¥ N, 41, ..., TN))

EN (Rl u,u'), () @ (Tagu/y5)) = EN (ur, ugsf) + EN (0ﬂ7 + U’T',Taﬁu%/}‘i‘ )

95 (@) Plys (@)]* 4
+ZZ/3N |o 4+ u’ - ac? u- o' da? +Zz|av+u T

=1 j=1 =1 j=1

" 2% e g8 e Pl o)
/ szwj-u - +Zz|av+u -l — x|

=1 j=1 =1 j5=1

dx'dz?
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so we obtain

eV (Rl u, '), (wift) @ <Tagu’w§”>) = EM(r,yf) + EM (1, 43)

(y) PR 4i%j
//R6 |ow—|—u y—u-xl v y+;;|av+u’ rh— -y
m « m Z, al’
_le/ Z’Lp2(y) dy_NQZ/ ]pl(/) d
— Jrs ot +u' -y —u -1y r3 @ +u -7 —u- x|

where the pfi are the electronic densities associated to 1}, and finally

EN (R(a,u, ), (uihf) @ (Tagu'y§)) = EN (r,bf) + EN2 (r,4%)

// (y) dr dy
RS |0w+u y—u-z

where 59 (x) = pf(z) — X7, 20y, (x) and j§(y) = p§(y) — X1, 248, (y) are the total
densities of charge associated to the distributions p{* and p§. Now, by lemma 1.9, we have

P . g 'pay . g
/] BO) g,y B 0F0) T ()
R6 |ow+u y—u- x| o a a

 B(uPyp - )( ‘P - ¥) — (uP®) - (u'P§Y) N 3(guQiu” + qu/Quu' v - v
a3 2a3

co( [ B , g
ad JJge |at+u -y —u-xl
But we have

Wy — uzP|p¢(2)] 6% (y 3C _ _
J[[ AN W) gy 0y < 22 [ o]+ 7l @
RS « R3

lav +u' -y —u -z

It suffices to notice that [P} — P,| < Ce™ and |Qf — Qx| < Ce™** for some C,a > 0 to
end the proof. [l

3.3.2 Proof of Theorem 1.6

Let us suppose that we are in the second case of Theorem 1.5, and that ¢ >
max{EN(M),EN(M")}. By the proof of Theorem 1.4, we obtain a sequence o, — +00
and paths =, such that

1
AV <e< EN(v(t) < e+ —
¢S max (m(t)) < et~

and EN(a(t),u(t),u'(t),¥(t)) < ¢ when a(t) < a,. Let t} and § be respectively the
minimum and the maximum of {¢, a(t) > «a,}. By the definition of ¢, we have 0 < ¢} <
tiy < 1. For the sake of simplicity, we introduce u? = u(t?), u'} = u'(}), and U} = W(t}).

The idea of the proof is now to connect MP' = (an,uf,u/{,¥7) and M} =
(o, uly,u'y, ¥Y) by a path on which « is constant, with a maximum energy that is below
c.

We shall use the following lemma
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A %
M
N
Y1 A iho

Figure 1.3: A schematic representation of the proof

Lemma 1.10. We assume that (o, u,u’) € (0; +00) x (SO3(R))? is fized, and we abbreviate
R = R(a,u,u'). Let ¥y and ¥y be two wavefunctions of SHL(R3N). Then there exists
a continuous path W : [0;1] — SH(R3N) such that U(0) = Uy, U(1) = Uy, and for all
t € [0;1]

EN(R, (1)) < max{EN (R, ¥;), EN(R, U)}.

Proof of Lemma 1.10 — Let us denote by V the finite-dimensional eigenspace associated
to the first eigenvalue AV(R, Z) of HN(R, Z), and let Py be the projection onto V. We

may write ¥ = oWy + /1 — t%‘ljvJ_, where ty € [0;1], ¥y = % if Py(¥) #0,
and Uy is an arbitrary normalized function of V if Py(¥;) = 0 (then tp = 0). This
enables to define a path connecting ¥ to Wy, on which the energy decreases, by varying
t e [to; 1].

We may find with the same method a path from U5 to some ¥y, in V', with a decreasing
energy. It remains now to take an arbitrary path in the sphere of V to connect ¥y and
U, (the sphere of V being pathwise-connected since we are in C), on which EV(R,") is
constant. U

Now, let N1 and Ny be such that
EN(r,2) + EM2 (1, 2') = min {E™ (r,z) + E™(r,2), n1 +ns =N} =AY

and (N1 — |z])(N2 — |2']) # 0.

By lemma 1.6, there exist ¢/, and 15, two ground states of respectively H™1(r,z)
and H™2(r' 2'). We now introduce W = (ul - 11) A (To,5 - w'jtbe) for k = 1,2. Since
SO3(R) is pathwise connected, one may find two paths U,,U,, : [0;1] — SO3(R) such
that U,(0) = uf, U,(1) = uY, U/(0) = «/{ and U}(1) = «’5. This enables to connect
M} = (ap, u?,u'}, O7) and M3 := (o, ul, vy, U%) by a path on which o = v, Applying
Lemma I.10, we may connect M7* to M{”, and M3 to MQ” We finally obtain an admissible
path 4, connecting M and M’, with a maximum that is attained ”between” Mln and Mé”

It is now a consequence of Lemma 1.2 that

B ’or N1 — [2]) (N2 — | !
E&)ﬁ”m(t»=ENl<r,z>+EN2<rvz>+(1 "l(nz | D*O((an)z)'
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Since N1 + Ny = N = |z| + |2|, we have (N7 — |2|)(N2 — |2/]) < 0 and so

e < max £¥(3u(1) < BV (r.2) + BV (", )
te|0;

for n large enough, which is a contradiction. O

3.3.3 Proof of Theorem 1.7

As in the previous proofs, we may suppose that ¢ > max{E™(M),EN(M')}, and that
there exists a sequence a,, — +00 and paths v, such that

1
¢ < max EN(v, (1)) < c+ =
< max €9 (0) < e
and N (a(t),u(t),u’(t), ¥(t)) < ¢ when a(t) < ay,. We use the same definitions as above
for ¢7, 15, M = (u},u');, U}) for k = 1,2. Applying Lemma 1.10 if necessary, we may also
assume that U7 is a ground state of HY (R(au, uf,u'y), Z).

Up to a subsequence, we may assume that u} — u; and o r — u') as n goes to
+o0o and that each (¥}), converges to some critical point at infinity of energy c (by
Theorem 1.3). But by (Hi1), (H3) (let us assume for instance that El?l(r,z) is not
degenerated), these points can be written (ut) A (u’¢)') where 9 is a fixed ground state

of HI*l(r,2), and ¢/ € ker (H‘Z/|(r’,z’) —E‘Z/|(r’,z’)), ||z = 1. So finally, we may

assume that each (¥}),, converges to a critical point at infinity of the form (ugt)) A (upy,).

Step 1: Rotating the molecules. As above, the idea is now to find a path from
each M;' to some tensor product, with a non-increasing energy. But we cannot apply
the method used before since a tensor product may now have an energy which is greater
than ¢ if the molecules have a ’bad’ orientation. This is due to the fact that the first
term in the expansion of the interaction energy will be the dipole/dipole term. Therefore,
our first step will be to change the orientation of the molecules, so that the dipole/dipole
interaction energy of a tensor product becomes negative.

Let &7 € C®(R3,[0;1]) be a cut-off function such that ¢ = 0 on R?\ B(O,a,/3),

?=1on B(O,0,/3 — 1), |[V& 0o <1, [AE} o < 2, and let us denote by &5 = 7, 57
the translation of 7', and by &£ := 1 — &7 — £5'. We now write as in the proof of Theorem
1.2

N
v = 1+ &+ = Y Ghle) - an) e = 30 (-,
=1 1<k;<3 1<k; <3

Since k € {1,2} and n will be fixed during this step, we shall forget the subscripts and
write U= 34 o3 WkikN - We now introduce for all v1, v € SO3(R),

. E k1,..,k
\I/(U17UQ)($1,....TN) = (A N(wklfL’l,...’wkN:L’N),
1<k;<3
M = ( ' )
(vi,02) *— Qp, V1U, VU , (v1,v2)

where wy = v, w3 = v3 = I and wo(x) = vd (r — @, ¥) + a,, 7. We have also forgotten the
indices k and n for the sake of simplicity. Obviously, M(; r) = M.

Lemma I.11. There exists a path V : [0,1] — (SO3(R))? such that V(0) = (I,I), V(1)
is a critical point of (vy,vy) — SN(M(UWQ)), and EN(MV(t)) < EN(My ) for all t € [0;1].
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Proof of Lemma 1.11 — Since ¥} is locally Lipschitz by Theorem I.1, one easily shows
that F : (vi,v2) = EN(My, ) is C? on (SO3(R))?. We then simply consider the associ-
ated gradient flow to conclude. O

Applying this lemma, we may obtain some X = (ay,vu,v'u/, ¥), connected to M}
by a path with a non-increasing energy, and which is a critical point with respect to the
rotation of the molecules as defined before. Indeed it is a critical point of the function

(Hy, Hy) — EN (an,eHlv,eHQU’, (@)(6H176H2))

defined on the space A3(R) x A3(R), A3(R) being the space of 3 x 3 antisymmetric real
matrices.

Step 2: Expression and expansion of the energy and its derivative. Now, we
have

T2 ki,....k 2
|W|(3H173H2) = Z |gl 1H1 egg | + (IO
1<k;<2

with || < Ce™** (by Theorem 1.2), so we obtain

eN (an, ey, ef2y W(6H176H2)> =

N Hi, _Ho 1 &kiy.k _
E £ (an,e v, e 221’,\11(61,{1 e%)) + 0 (e7n).
1<k <2

Let us fix 1 < ki, ..., ky < 2 and denote C; = {i, k; =1}, 2! = (2;)iccy, 2% = (24)iccy,
= |C)|. We then have
5N< ey, ef2y/ \Ifl(“}ll’f%)) =

(HNl (7“, Z)Cl \I}kl,---,kN’ \Pk17"'7kN> + <HN2 (7“,, Z’)C2\I/kl""’kN, \Pk17"'7kN>

- 1
+ ) PRk 2
/]‘{31\/ |(T omv):z:2 | E : |04n17+ €H2$j _ eHle.|

1€Ct, jels
/
- Z Z Hz H, Z Z Hz _ oH1
apU+e r; — e, a,U+e rj—elir
i€Cq =1 | + ‘ i=1 jeCq ‘ + Z‘

/

+E E I T dxtdax?.
lan ¥ + € 27“ — eflipy|
i=1 j=1

Differentiating this expression with regard to H = (H;, Hs), we find

d—oEN (an,eHlv eflzy/ \IIkl’ wky )(H17H2) =

(ef1,ef2)

- €q g —p - (Hox; — Hyix;
_/ |(T_anﬁ)x2‘1jkl"'.7kN|2 Z e :iz ( d 2 Z)
RSN 1€Ct, jeCs |C¥n’U + J;J o :L‘Z|



J. £roojs 1959

m' m
Z Z Zjeoznz_f—i-rj—:ci : (H2Tj - Hlxz) Z Z Zieanﬁ-',-z]-—ri : (Hij - lei)
_ — 5 — = 2
o U+ 1 — T4 U+ — 1
ieCy j=1 | n + 7 7,| i=1 jECQ | n + 7 7,|
m m

/
ZiZjCanvtrj—r; (HQTj - lei)

da' da®.
+ZZ | + 1 — rif? v

Now, we obtain, using lemma 1.2,

k k
VleogN <Ozn,€H1 Hz / \I/ 1mkN ) —

(ef1,eH2)
(N2 - |Z/|) ki,...;kn |2 T 1139
 (an)? . (T )22 ¥ | sz Zzﬂ] U drdx
" R i€Cq
No — |
| (2a )|3Z|)/ (7o 5) g TR RN 21 3wt ZZZWT drlde?
" R ieCq =1
1 —
 (an)? /RBN (7, 9)2 U1 2T = 3007
n
T ~
dalda? fRSN |\I/kl""’kN|2
Zmz sz Z% Z z'dz® + O . 7
1€C jeCs (an)

and a similar expansion for the gradient with regard to Ho.
We may now expand the energy with a similar method and obtain

eN (amvjvzj\ijkl,...,m) _ <HN1 (r, 2)c, \Ijkl,...,k:N,\I/kl,...,kN>+

(HN2 (1! ), WhAeho gikoky 4 (N1 — Z1)(Na — Z3) / Gk 2
R3N

Qo

(N2 — |2']) Gtk |2 - 1,9
+ CBE o RaN (- )22 | E Ti— E 2iri | dx-dz
n

ieCy i=1
(N1 — |2]) / ki,...kn (2 / / 1.2
- e T_ g PhL kN €T dx dx
(an)® " Jran (i) | ];2 J Z
(N2 — |Z/|)/ Tkt kN (2 ST
A S R R - _ \I] 1;--sRN I _ 3 .. .
2(an )3 RIN [(T—n )22 ‘ Zezc:l( U )i -
m
- ZzZ(I - 3{1’{1’T)r2- . ri) dat da®
i=1
(N1 — |2])

k1, kn|2 —=T
_W/RSNKT—MWI” P 21 -3 e

JjeCs
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- Zi(I — 31717T)7“;- Xy dz' dx?

1 / k k —»—»T
+ ((T—a, )2 OF0 RN [2(T — 3075 E x E ZiTi
(an)g RdN anvV)x ZECl (] — '
Pki,kn |2
E T — E ’ ' detdx® + O (fRSN | I | ) .
jeCs (an)

With a similar computation, it can be proved that
|VH:0<HN(RH7 Z)\i/kl""’kN, \ilk/l”kﬁvﬂ -0 (e_aan)

when k; = 3 for some .
As a conclusion, we obtain, by summing these expressions,

- B, C, D,+E 1
N Hy, Ha, /' qpn) _ _ Dn n n n
R R e vl ()

where

An = Z Z HN1 ’[" yA Cl —|—H ( /)02) \chl?CQ’\IjChCQ>
Ni+No= N‘C’1| Ny

By=— Y > (Ni—[a))(Na — [T, > 0
N1+N2=N |C;|=N

and with similar definitions for C,,, D, E,, (D,, contains the two terms involving (N1 —|z|)
and (N2 — |Z/]), and E,, is the third term).

Step 3: A boot-strap argument. We have

A4, = S (BN + BN YD OO,

N1+N2:N |Cl|=N1

= ¢ Y ¥,
C1|=l2]
+ Y (BN )+ BV Y)Y [,
Ni+ N2 =N |C1]=N1
N1 # |2
= c+O0(e ™)+ Y (EM(r2)+EM( ) —c) Y [T,
Ni+No =N |C1|=N1
N1 # |2

v

cHO( ) ke Y S [EOC,

N1+ N =N |Ci]|=N;
N1 # 2]

¢+ & By + O (e79n)

v
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where ¢ = min{ENt (r, z) + EN2(¢',2'), Ny + Ny = N, Ny # |z|} —c > 0 (HI). Now, we
have by the definition of M;' and X},

eN (an,eHlv,eH%',\I/Z) <c

so we obtain, for n large enough,

0< 23 < <g — a%) B, < —(552 - DE"‘QJ;);E" +0 <ﬁ> . (I.14)

Using the fact that \il" converges to some critical point at infinity, one easily sees that A,,,

B, C,, and D,, are bounded as n goes to +o00, and finally B, = O ( @2 ) But we may
write for instance, for 1 < k; < 2 with |C}| := Ny # |z|, by (1.14)

m
S .. R T ki,....kn |2 L o 1 2
(N — |2])es /st |(T—a, )02 \ ; z; ;zm da'da
R B
= an|Na = [2]]0 (i 2,
and so one can easily prove
Cn =0 (anBy), Dp=0 ((an)*By,). (I.15)

Now C,, = O ( n) and by (1.14), B,, = O <( o ) Using one more time (1.15), we obtain
C,=0 ((an)2> and D, = O <E> As a consequence,

- E 1
N Hyi, _Ho | §n\) _ n
E <an,e v, e %Y ,\Ilk> = At ) 0 <(an)4> .

Using the same estimates, we also obtain an expansion of the form

~ E/, 1
VHl:oé'N (Oén,eHl?J,eHQ'Ul,\I/(Hth)) = W + 0 <(a )4) =0

n

where E! corresponds to the derivative of the dipole/dipole term. But now it is known
that

P as(r)+ [VHl oEN (an, ey, ef2yf ‘I’(Hl,Hg)ﬂ -0

where P4,y is the orthogonal projection onto A3(R)L. We thus have P As®)L By =

(0] a—ln and so Py, w1 E;, — 0 as n goes to +00. A same result holds for the derivative

with respect to Hy. Recall now that in fact v = o, v/ = v/}, u = ul} and u =y As
above we may assume by extracting a sequence if necessary that v} and v’ & converge to
some vy, and vj as n — +00.

We may now pass to the limit and obtain, by (7.14) and the convergence of o,

(vgugP) - (vkukP’) 3(vpug P - 0)(vu, Py - U) <0

P A ()L [(I 300 )(vkukP)(v;CuLP,;)T] =0 (1.16)
P A ()L (I = 3607 (vj,u), P) (viur P)T] = 0
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for k € {1,2}, and where P := P, and Py := Py, .

Step 4: Study of the critical points of the dipole/dipole interaction. We
have the following result, which is proved in Appendix 2.

Lemma 1.12. Let be P, P' € R3\ {0} and e € S?. The critical points of the function
Fppr: (u,uf) = (wP) - (u'P') = 3(uP - e)(u'P" - e) = (I — 3ee” ) (uP)) - (u'P’)
defined on SO3(R)? are given by

1. ugP = ¢|Ple, u(P" = €|P'|e with ¢ = £1. Then (ug,uy) is a minimum of F, and
Fp pi(uo,up) = —=2|P[[P'].

2. uyP = ¢|Ple, u)yP' = —¢|P'|e with e = +1. Then (u4,u}) is a mazimum of F with
a Morse index equal to 4, and Ff p(ug,u)y) = 2|P| |P'|.

8. w1P = |Plv, uiP' = —|P'|v for some v € S?> N (e)t. Then (ui,u}) has a Morse
index equal to 1, and Fp p(u1,uy) = —|P|[P].

4. ugP = |PJv, uyP" = |P'|v for some v € S*N (e)*. Then (ug,ub) has a Morse index
equal to 2, and Fy, p/(uy,u}) = |P||P'|.

Index| Energy

4 2|P||P'| —_— - -~— —

2 | PP A4
1| -IPlP 83—
0 —2|P||P'| —_ — -~ -

Figure 1.4: The critical points of the dipole/dipole interaction

By (1.16), (vgug,viuy) is a critical point of Fg pr» With a non-positive energy. Since
"k

P # 0and P| # 0 (H1), we conclude by Lemma I.12 that ngxi (vgug, vpuy) < —|P||Pl] <
0.
As a consequence, applying Lemma 1.2, we obtain

EV (0 v 0 R (O - ) A (a0 ) =
Fhr Rt i)
— | <c
(0n)? (00!
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for n large enough, since

. ] n,n /N IM\ _ 17 A
nETOOFPvP;Q(Ukuk’U U L) = FRPé(vkuk,v k') < 0.

Let us now denote by
My = (o, viug, V' e, (Vgug - 9) A (T - 0y - 0)) -

For n large enough, we may now construct a path connecting X}’ to M » ke {1,2}, with
an energy below ¢, by Lemma 1.10.

Step 5: Connecting the two tensor products. To end the proof, it remains to
connect M{" and M3 by a path with a maximum energy below c. We fix here n and forget
this subscript. Let us now introduce the function F' defined by

F(valvgo):F]ng(le/,)

for (1,1, p) € W := SO3(R)?>x V where V is the unit sphere of the finite dimensional space
ker (H‘Z/|(r’,z’) - E‘Z"(r’,z’)). We now denote by Yy, := (upvg, upvp, ¢¥x) for k € {1,2}.
Notice that we have shown

max(F (Y1), F(Y2)) < —mi‘r/1{|PHP<p\} < 0.
o€

Now, let be

¢:= inf F(Y (¢t .17
¢:= jnf, max (Y(t) (L.17)

where

I' = {y € C%([0,1],W), Y(0) = Y3, Y(1) = Ya}.
We have the following
Lemma I.13. We have ¢ < —mingev {|P||P,|} := C < 0.

Proof of Lemma 1.13 — Suppose that ¢ > max(F(Y1), F(Y2)). By the methods of
[Gho93], we may find a sequence y,, € W such that F(y,) — ¢, VF(y,) — 0 and d%y’y,)F >
—e, on a space of codimension at most 1, with e,, — 0 as n — +o0o. W being compact,
up to a subsequence, y, = (vp, V), ¢n) converges to a critical point y = (v,/, ¢) of energy
¢, and with a Morse index with respect to (v,r') variations at most 1. By Lemma 1.12,
we necessary have F(y) < —|P||P,|. O

Let Y;, € I be a path connecting Y7 and Y such that max,c(o,1) F'(Y (t)) < ¢+ a—ln We
then have

EN (am, vn(t), v (1), (n (1) - ) A (Tai -V (8) - U (1))

=+ e+ O <<ai>4> <oty tO <<ai>4> <
for n large enough.

As a conclusion, we have built a path 4, for n large enough such that

EN (3, (t
max (Fn(t)) <c

which is a contradiction and ends the proof of Theorem 1.7. [l
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Appendix 1: Non-isotropic exponential decay of the electronic density

We want to prove here Lemma 1.3, that we recall for the reader’s convenience.

Lemma 1.14. Let Vg be an eigenfunction associated to the eigenvalue )\fiv(R, Z) and pr
be the electronic density. We introduce eg = SN (R, Z) — \Y (R, Z). Then

1. pr satisfies the inequation

1
—§ApR+VRpR+€RpR <0. (1.18)

2. With Ri(¢) == maz (Ro +1,Ro + M) and C(e) := U_ {z, |z — X;| = Ri(e)},
and if r > 2Ry (eR), then we have

pr(z) < ||PR||L<><>(C(€R))Ze_VER/p(‘Xﬂ'—ﬂ—Rl(m))

7=1
< plorlis(cenye VERPOEER) (1.19)
< Me V er/p(6(z)—Ri(eR))

onU(Ri(eR)), where 6(x) = min{|z — Xj|, j=1,...,d}, and M = M(p, N, Ri(eR)).

Proof — The fact that pgr is a solution to (I.10) is essentially proved in [H?D01] (the
proof is written for atoms with no nuclei/nuclei interaction).
The proof of (1.19) follows ideas of [HO77]. We have

P N
Valx)> -5 —
rl@) 2 ; |z — Xj| = Ro

for all z € U(R1(eR)), so that pg satisfies

1 L ER N
VWS RN S PR
2~ ; P Jo-Xj|—Ro)”

on U. Let f be the radial positive solution of

1 ER N >
2 <p EEYA

on R3\ B(0, Ry(eR)), such that f(z) = 1if |z| = Ri(eg) (f is a Whittaker function, see
[HO77]). Then f;(z) = f(x — X;) is a positive solution of

1 ER N
——Af.: v - J—

on R*\ B(X;,Ri(er)) and F = 27;:1 fj is a solution of

1 L ER N
—ZAF + <_——>F:0.
2 ; p o lz—X;l=Ro



Appendix 1: INon-i1sotropic exponential aecay of the electronic aensity 100

such that F(z) > 1if x € C(eg).
Since pr € C*(U(R1(er))) and lim|y 4 o pr(7) = 0, the maximum principle implies

PR < PRl Lo () F(2)-
But, on R?\ B(Xj, Ri(eR)), we also have

ER N ER

— - > — >0,
p lr—X;|—Ro ~ 2p

so that (maximum principle)

fi(2) < %e—\/aR/p(lx—Xj—Rl(ER)) < o~ VERIP(E=X;|-Ri(er)
i — X

on R3\ B(X;, R1(er)) which implies

p
F(.’E) < eV er/p(|lx—X;|—R1(er))
=1
< pe_m(% X ‘x_X]"_Rl(aR))

pe—VEr/p3@)~FRi(en).

IA

To end the proof, we now remark that since pg is real analytic on U(Ry + 1/2), there
exists a constant M depending only on R;(eg) such that

lpRlL(cer)) < MlprlL @iro+1/2))) < MlpRIL1®RS) =M - N

and so
pR S MNpe_ V ER/p(é(x)—Rl(ER)).
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Appendix 2: Study of the critical points of the dipole/dipole interaction
We prove here Lemma 1.12 that we recall.

Lemma 1.15. Let be P, P’ € R3\ {0} and e € S%. The critical points of the function
Fppr: (u,u') = (uP) - (u'P") = 3(uP - e)(u'P'-e) = (I - 3eel)(uP)) - (u'P’)
defined on SO3(R)? are given by

1. ugP = ¢|Ple, u(P" = €|P'|e with ¢ = £1. Then (ug,uy) is a minimum of F, and
Fp pi(uo,up) = —=2|P[[P'].

2. uyP = ¢|Ple, uyP' = —¢|P'|e with e = +1. Then (ug4,u}) is a mazimum of F with
a Morse index equal to 4, and Ff p(ug,uy) = 2|P| |P'|.

3. u1P = |Plv, uyP' = —|P'|v for some v € S? N (e)*. Then (u1,u}) has a Morse
index equal to 1, and F§, p/(uy,uy) = —|P||P’|.

4. ugP = |PJv, uyP' = |P'|v for some v € S?N (e)*. Then (ug,ub) has a Morse index
equal to 2, and Fp, p,(u1,uy) = |P[|P'].

Proof — It is simpler to study the function
(z,y) = [P|[P|lz -y —3(z - €)(y - e)

defined on S? x S?, but we shall not use here this expression, to keep the point of view
imposed by the proof of Theorem L.7.

If (u,u’) is a critical point of F§ p,, then (0,0) is a critical point of f : (H,H') —
FueRu,P,(eH,eH,), defined on A3(R) x A3(R). We may assume v = v’ = I and |P| =
|P'| = 1 to simplify notations, and we denote by M := I — 3ee’. Then we have

{ MP'PT € A3(R)* { MP'PT = P(P')"M (1.20)

MP(P')" € A3(R)* MP(P)T = PPTM

Multiplying by M, we find for instance M2?P'PT = P'PT M? and so M?P' = (PTM?P)P’,
showing that P and P’ are eigenvectors of M?2. It is then easy to see that they are
eigenvectors of M. Using (1.20), we obtain P = +P’. The critical points are thus those
given in the Lemma.

The second derivative is given by

P fpp(H H)=2(MHP) - (HP')+ (MH?P)-P' + (M(H')*P') - P.

Suppose for instance that P = e. Let (e2,e3) be an orthogonal basis of et. Then, in

the basis (e1 = e, ez,e3), M = diag(—2,1,1). We introduce H;; := eie;r —ejel’, so that

(Hij)1<i<j<3 is an orthogonal basis of A3(R). The matrix of d% pf is this basis is then

dppf = ~ diag(1,1,3,3,0,0),

O O~ O O N
OO O O OO
O o N OO
SO N O O
OO O O O O
N OO = OO
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and obviously d%_Pf ~ diag(—1,-1,-3,-3,0,0).
If P 1 e, we use the same basis (H;;)1<i<j<3 but with e; = P and find

-1 0 0 -2 0 0
0 -1 0 0 1 O
> . | 0 0 0 0 0 0 o
dP,Pf_ _2 O 0 _1 O O dlag(l, 27 3707070)7
0 -2 0 0 =10
0 0 0 0 0 O

and obviously d%_Pf ~ diag(—1,2,3,0,0,0). O
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B.lI

Sur quelques méthodes
variationnelles faisant
intervenir des valeurs
propres de matrices
symétriques.

Résumé

Dans ce chapitre, nous étudions deux principes variationnels portant sur les valeurs
propres d’'une matrice symétrique dépendant d’un parametre. Ces deux méthodes sont, en
dimension finie, exactement similaires a nos deux études des Parties A et B.

Dans ces deux précédents travaux, nous avons, pour des raisons de perte de régularité,
modifié la définition utilisée en pratique. Grace a des exemples et contre-exemples, nous
comparons ici les deux approches.
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Dans ce chapitre, nous voulons mentionner quelques résultats simples concernant des
méthodes variationnelles faisant intervenir des valeurs propres de matrices symétriques.

Dans les Parties A et B de cette theése, nous avons étudié des problémes pratiques dans
lesquels les chimistes sont amenés a considérer des minima ou des min-max de valeurs
propres d’un opérateur auto-adjoint réel. Dans les deux cas, un probleme de régularité
nous a conduit a utiliser une définition différente de celle proposée au départ. Nous voulons
dans ce chapitre comparer notre approche avec celle utilisée en pratique, en nous plagant
dans un cadre simplifié.

Nous nous limitons donc ici a I’étude de matrices, c’est-a-dire a la dimension finie,
méme si les problemes mathématiques étudiés sont posés en dimension infinie. En fait, les
résultats que nous allons présenter peuvent étre facilement étendus a la dimension infinie,
mais nous préférons rester dans ce cadre simple qui est par ailleurs bien évidemment celui
des calculs numériques.

Apres quelques remarques d’ordre général sur I'optimisation de valeurs propres, nous
étudions un lemme du col faisant intervenir la premiere valeur propre d’une matrice
symétrique, en liaison avec I’étude précédente des réactions chimiques. Certaines remarques
peuvent étre a notre avis utiles d'un point de vue numérique. Ensuite, nous donnons
quelques exemples permettant de clarifier la méthode que nous avons utilisée dans la Par-
tie A qui est reliée a la minimisation de la seconde valeur propre d’une matrice symétrique.
Dans ce cadre commun, nous verrons que les deux études effectuées présentent des diffi-
cultés similaires que nous avons par ailleurs résolues différemment.

Pour faciliter la compréhension du lecteur, rappelons brievement le cadre des deux
études précédentes. L’objet principal est 'opérateur auto-adjoint réel

N

1 1 7:7;
HN(R,Z):Z<—§A9EZ.—I—V(33¢)>—I— > T > T;?jl (IL1)

i=1 1<i<j<N 1<i<j<M | i

avec
M
Z;
Vi(z) = —Z TR
7=1

qui dépend des positions R = (Ry,...,Ryr) des noyaux de charge Zi,...,Zy. Ses valeurs
propres seront notées ici A} (R,Z).

Au Chapitre B.I, nous étudions un lemme du col entre deux minima de la premiere va-
leur propre A\ (R,Z) de HY(R,Z), les variables étant les positions des noyaux Ry,...,Ry €
IR3.

Dans la Partie A, ces positions Rj,...,Rps sont fixées et nous étudions les modeles
de type multi-configurations qui permettent le calcul d’états excités. Nous définissons un
certain ensemble Gp contenant des sous-espaces de dimension D de H!(R3V) (paramétrés
par des fonctions 1,...,ox € H'(R?,R)). Lorsque V € Gp, Ag(V) est la d**° valeur propre
de Vopérateur Py HN (R,Z)Py ou Py est le projecteur orthogonal sur le sous-espace V.
Nous étudions ensuite la minimisation des valeurs propres \;(V') lorsque V varie dans G,
(nous nous intéresserons surtout ici au cas d = 2, c’est-a-dire au premier état excité).

Dans ces deux cas, il est tres fréquent que les valeurs propres soient dégénérées au point
recherché, engendrant une perte de régularité qui pose des problemes a la fois théoriques
(on n’obtient pas un point critique, donc par exemple a priori pas de régularité de la
solution) et numériques (les algorithmes sont basés sur le calcul des dérivées).
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1 Sur I'optimisation de valeurs propres

Placons-nous dans le cadre suivant.

Soit X un espace de Banach, et A : X +— Sy(R) une application de classe C2.
Sn(R) est I'ensemble des matrices symétriques réelles de taille N x N. Nous noterons
A(z) < --- < Ay(x) les N valeurs propres de A(x) pour chaque x € X. Pour simplifier
I’énoncé du résultat suivant, nous noterons aussi A\g(z) = —oo et Ayy1(x) = +o0 pour tout
x. Le Théoreme 13 montrera que les fonctions A; sont continues. En revanche, en toute
généralité, la régularité des \; ne peut étre vraiment plus précise. Elles sont lipschitziennes
si A l’est mais il n’y a aucune raison pour qu’elles soient C' aux points de dégénérescence,
méme si A est analytique réelle par exemple.

z 0

Exemple 1: pour A(x) = < 0 —z

>, on a Ai(x) = —|z| et Ao(z) = |x|.

Cette perte de régularité due a la dégénérescence des valeurs propres peut poser des
problemes importants, comme nous l’avons dit. Or il existe de nombreuses situations
pratiques ot une optimisation de valeurs propres est nécessaire. Evidemment, toutes les
situations ne sont pas identiques puisque par exemple la minimisation de Ay conduira
rarement a une dégénérescence, alors qu’'un maximum local de A{, ou un minimum d’une
autre valeur propre sera fréquemment dégénéré (comme dans ’exemple simple ci-dessus).

Historiquement, le premier probleme de cette nature remonte a Lagrange en 1773, qui
voulait déterminer la forme de la colonne (a symétrie de révolution) la plus solide ayant
un volume et une longueur fixés (ainsi que des conditions ”de bord” & ses extrémités).
Ce probleme peut s’exprimer comme la maximisation de la premiere valeur propre d’'un
opérateur différentiel d’ordre 4. Comme cette valeur propre est dégénérée a I'optimum, le
calcul numérique de celui-ci a été sujet a de nombreuses controverses et des algorithmes
spécifiques prenant en compte cette dégénérescence ont du étre utilisés. Nous renvoyons aux
travaux d’Overton et al. [LO96, Ove92, Ove88] pour plus de détails et d’autres exemples
de tels problemes.

Malheureusement, les travaux mathématiques de ces derniers auteurs se concentrent
plutot sur des modeles convexes ou méme le plus souvent linéaires (A(z) = >, zrAx),
une restriction qui limite I'utilisation de ces théories et ne convient pas & nos probléemes
physiques.

Pour toute la suite, nous considérons une partie connexe par arcs C C X (souvent, une
sphere par exemple). Nous supposons que A est C2 sur un voisinage de C, et qu’il existe
m tel que m < A, c’est-a-dire que m < A(x) pour tout x € C, au sens des matrices
symétriques. Les \; sont alors des fonctions minorées sur C.

Avant d’étudier les deux principes de min-max mentionnés ci-dessus, rappelons quelques
propriétés classiques concernant le comportement des valeurs et espaces propres en fonc-
tion du parametre x € C. Nous renvoyons a [Kat95, Chapter 2 - Section 5], [HS96, Section
15.2] et [RS78, Sections XII.1-2] pour plus de détails (plutot pour le cas analytique). Le
résultat principal est le suivant (il généralise [Kat95, Thm 5.1] qui traite le cas de R ou C)

Théoréme 13. On suppose que A est de classe C*, k > 0. Alors les fonctions © €
C — \i(z) € R sont continues, et Lipschitziennes si k > 1. Considérons un xg € C et
1 <dy <dy < N des entiers tels que

Ady—1(20) < Ady (T0) = -+ = Mgy (T0) < Ady11(0)-
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Soit alors P(x) le projecteur orthogonal sur la somme directe des espaces propres associés
auz valeurs propres g, (x),...,Aa, (), défini sur un voisinage Vs, de xo. Alors la fonction
x +— P(x) est de classe CF sur V.

Il est important de remarquer que les projecteurs spectraux ne sont pas en général
continus individuellement lorsqu’il y a une dégénérescence, mais uniquement globalement,
comme le montre l'exemple suivant, tiré de [Kat95, Exemple 5.3]

Exemple 2 : Posons

2 in 2
Alz) = e 32 ( sy Smg > et A(0) = 0.

s 2
SIHE —COSE

_ 2 . .
A est de classe C* sur R. Ses valeurs propres sont e~/ Les projecteurs associés aux
deux valeurs propres sont

21 1o 1 <21 1o 1
cos” = cos - sin o ot sin” —cos  sin =
cos + sin & sin? 1 —cosLsini cos? 1
xr xr x xr x xr
qui n’ont pas de limite en 0, alors qu’évidemment la somme des deux projecteurs est
I'identité.

Notons que lorsque X = R et A est analytique réelle, un résultat de Rellich [RS78,
Theorem XII.3] fournit l'existence de fonctions Gy, ,...,04, analytiques sur un voisinage de
xo et qui coincident avec les valeurs propres ordonnées A4, ,...,A4,. Ce résultat est faux en
dimension supérieure (voir Exemple 5).

2 Un lemme du col faisant intervenir )\,
Pour ce premier exemple, nous supposons qu’il existe g et xj, dans C' C X tels que

A1 (xo) = M (zg) = mcin A1,

et définissons
/ . /
¢ := min max A t
4/ €T te[0;1] (1)

I = {7 € C%([0;1],C), v/(0) = w0, 7 (1) = xp}.
11 s’agit donc d’un lemme du col dans 'esprit de A. Ambrosetti et P.H. Rabinowitz [AR73].

Voici un exemple d’une telle situation en chimie quantique.
Pour des molécules neutres (Z = N), il a été démontré par Lieb et Thirring [LT86]
que l'infimum
AV = in AV(R,Z
1 R:I?RIBGQ 1 ( )
Q:={(R1,....Rn) € R)M, R; # R;}

est atteint, prouvant la stabilité des molécules neutres. Supposons maintenant qu’il existe
R = (Ry,..Ry) et R = (R},...R),) dans Q tels que A (R,Z) = AV (R',Z) = AY. Nous
pouvons alors définir

' = mi MW@,z
¢ = min max 1 (r(1),2)
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avec

R = {r e C’([0;1],Q), r(0) = R, r(1) = R'}.

Si le probleme est posé en dimension infinie, il a toutefois la méme forme que le cas général
exposé plus haut.

Intuitivement, un chemin optimal s’interpréete comme une réaction chimique adiaba-
tique menant d’un minimum & 'autre. ¢’ s’interpréte comme le seuil énergétique a dépasser
pour que la réaction puisse avoir lieu. Les calculs de ¢’ et de I'optimum, appelé état de
transition, sont tres importants en chimie.

Comme indiqué précédemment, des problemes de régularité peuvent survenir lorsque
)\le dégéneére, ce qui trouble grandement 'efficacité des algorithmes.

Revenons maintenant au cas général. Voici tout d’abord un exemple tres simple ot une
dégénérescence intervient au point col cherché:

sinz 0
A(m)-( 0 —sinm)’
on a A\(r) = —|sinx| et \o(z) = |sinz|. Le minimum de A; est par exemple atteint en

xo = —7/2 et x(; = /2. On voit alors aisément que ¢’ = 0, atteint en x; = 0, un point ou
A1 n’est pas dérivable. x1 n’est donc pas un point critique de Aq.

Exemple 3: Pour

Pour contourner cette difficulté, nous avons choisi dans notre travail sur le modele
chimique de relacher les fonctions d’onde dans le principe de min-max. Dans le cas général,
vp et v, étant deux vecteurs propres normalisés associés respectivement a \j (zg) et A (xp),
cela revient a définir

i E(~(t 1.2
din e (v()) (I1.2)

Coo,vh =

v,
avec
Ly, = {7 € CO([0;1],C x SV71), 4(0) = (0,v0), ¥(1) = (x5,00)}

E(xw) = (A(z)v,w).

Dans la suite, nous noterons Vj et Vb’ les espaces propres associés respectivement a A\q ()
et A\ (z()-

Remarquons que F a maintenant la régularité de A, et qu’un tel min-max donnera
donc sous de bonnes hypotheses un point critique de niveau Cup v Nous ne voulons pas
préciser ces hypotheses, mais préférons simplement maintenant comparer Cug,upy €1 c. Une
inégalité évidente est donnée par le

Lemme 2. Pour tous vecteurs propres normalisés (vy,v)) € Vo X Vi, on a

c < Cug v

Preuve — Soit v € I'; on note v(t) = (x(¢),v(t)). On a alors Aj(x(t)) < E(~v(t)), donc
d < maxy A\ (z(t)) < max; E(y(t)). O

L’idée intuitive est que cette nouvelle définition peut permettre en quelque sorte de
"lisser” les discontinuités de A;, en autorisant une plus grande variation des vecteurs
propres proche de 'optimum. Reprenons ’exemple précédent :
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Exemple 3 (suite): on pose a nouveau

sin x 0
A(m)-( 0 —sinm)’

zg = —7/2 et z{, = 7/2. On paramétrise S usuellement en posant v = (cos #,sin ), d’ou
I’énergie
E(z,0) = sinz(cos? § — sin? 6).

On voit aisément que VE(0,0) = 0 si et seulement si 0 = /4 [r/2] ce qui fournit ’existence
de points critiques de E au niveau 0. On pose 0y = 0 (i.e. vo = (1,0)) et 0y = 7/2 (i.e.
vy = (0,1)). On relie ensuite simplement (z¢,0p) a (z(,0,) par un segment de droite en
posant y(t) = (z(t),0(t)) = (—7/2 + wt,wt/2), t € [0;1]. On obtient alors un chemin
optimal passant par le point critique (0,7/4) de niveau Coouy =0 (voir la figure II.1).

0.5+

0 02 AN 038 1

—0.5 1

—1+

Fi1c. I1.1 — Les deux valeurs propres et l’énergie le long du chemin de l’exemple.

Remarque. En fait, on peut construire tres facilement des chemins optimaux pour
(I1.2) ot v(t) reste un vecteur propre associé a Aj(z(t)) pour tout ¢, tout en restant continu.
Pour cela, il suffit d’ajouter aux dégénérescences un petit bout de chemin sur lequel x reste
constant, pour permettre a v(t) de tourner et éviter ainsi les sauts. Pour I'exemple tres
simple proposé ci-dessus, on obtiendrait un profil de I’énergie le long du chemin comme
dans la figure 2 ci-dessous.

0.4

0.2
0.2 04 t 06 0.8 1

—0.2

—0.4 1

—0.6

—0.8 7

F1a. I1.2 — L’énergie le long d’un chemin ot v(t) reste un vecteur propre associé a Ai(x(t)).

Pour savoir maintenant si on a égalité ou pas dans le cas général, nous devons traiter
séparément les cas de R et C.
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2.1 Le cas d’'une matrice symétrique réelle agissant sur CV

Commencons tout d’abord par un cas simple, mais qui est la version “en dimension
finie” du probleme d’origine chimique exposé plus haut. En effet, dans ce modele, le Ha-
miltonien H™V(R,Z) est un opérateur réel agissant sur L2(R3Y C). En d’autres termes,
il agit séparément sur parties réelles et imaginaires et, en se ramenant a R, on est donc
conduit & étudier un opérateur de la forme B = A® A, dont les valeurs propres sont toutes
de multiplicités paires.

Dans ce cadre, on a alors le résultat suivant :

. . A0
Proposition 3. S1 A = A/ A = < 0 A
valeurs dans Sy (R), alors on a pour tous vecteurs normalisés (vo,v(,) € Vo x Vjy

>, ou A’ est une fonction de classe C' a

/

Cvo,vé =cC.

Preuve — Soit € > 0 et x € I' un chemin vérifiant ¢’ < maxycp,q) M (2(t)) < ¢’ +¢e. On
définit maintenant

1= mi E(x(t),v(t
¢o 1= min max (@(t)v(t))

avec

V = {v e c®0;1],5N 1), v(0) = vo, v(1) = v} }.

Grace aux méthodes développées dans [Gho93, FG92], on peut trouver une suite (¢,,v,) €
[0;1] x SN~ telle que

E(x(ty),vn) — ¢z, A(x(tn))vn — E(x(ty),vn)vn — 0

et
E(z(tn),vn) < M(z(tn)) +&n, lim e, =0.

n——4oo

Les deux premieres assertions sont classiques (suites de Palais-Smale). La derniere provient
du fait moins connu que lorsque le min-max prend en compte des déformations de chemins
(donc de dimension 1), on peut alors obtenir également une information sur la dérivée se-
conde. Normalement, on aurait di avoir \y(z(t,,)) dans estimation a droite, mais d’apres
les hypotheses, on a A2 = A1. On a donc finalement E(z(t,,),vn) < maxyepo;1) A1(2(t))+en <
cd + ¢+ ¢,. En passant & la limite, on obtient donc

/
Copy S Cx <€ +€E

car (z,0) C I'y, 4, ce qui termine la preuve. O

2.2 Le cas réel

Il est facile de voir que I’égalité Cuop ol = c n’est pas vraie en toute généralité dans le
cas réel.

1

0 2
alors ¢ = 1. Prenons maintenant zo = x, = 0 et vg = (1,0), vj; = (—1,0). Soit v = (z,v) un
chemin quelconque de I'. Alors nécessairement il existe un ¢ € [0;1] tel que v(¢) = (0,+1),
mais alors E(x(f),v(t)) = 2, ce qui montre que ¢, ,, =2 >1=¢.

Exemple 4: Considérons A(z) = < > pour tout z € R. Evidemment, on a
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Cet exemple montre que le choix des vecteurs propres vy et v, joue un réle crucial. En
effet, il est tres facile de voir que si on avait posé vy = (1,0), on aurait trouvé ¢, ,» = ¢ = 1.
70

En revanche, nous pouvons montrer que, modulo un bon choix des vecteurs propres de
départ, les deux définitions coincident :

Proposition 4. Dans le cas général, on a

/

¢ = min Cuo o
(vo,v0) € ‘,/0 x Vy 0%
lvoll = llvpll = 1

ou Vy et Vi sont les espaces propres associés respectivement a Ai(zo) et Ay (x().

Preuve — Soit ¢ > 0 et € I un chemin vérifiant ¢’ < maxcpoq M(z(t)) < ¢ +e.
Nous traitons deux cas séparément.

e Premier cas: Aj(x(t)) est non dégénérée pour tout ¢t € [0;1]. Soit alors vy € Vy un
vecteur normalisé. Dans ce cas, grace a la continuité des vecteurs propres, on peut trouver
un chemin continu v : [0;1] — SN~ menant de vy & un certain v} € V§. On a alors
E(z(t),0(t)) = M(2(t)) pour tout ¢ € [0;1], d’olt ¢, oy < maxy E(z(t),0(t)) < +e.

e Second cas: Aj(x(t)) est dégénérée pour un certain t € [0;1]. Soit alors
Ke ={t € [0;1], Aa(z(t)) < Mi(2(t)) + €}

K. étant un compact non vide de [0; 1], on peut le recouvrir par une union finie de segments
disjoints

M

K. C | Jlai;bi] == K'

i=1
avec 0 < a1 < by <ag < ---<ay < by <1, et K' C Ky.. Pour simplifier, nous allons
supposer que a; > 0 et by < 1 (la démonstration est tout a fait similaire sinon), et on
pose alors bg = 0, apr4+1 = 1.

Sur chaque [b;; a;41] pour i = 0,...,M, Aa(z(t)) > A1 (x(t))+e, donc Aj(x(t)) est toujours
non dégénérée. On peut donc construire un chemin de vecteurs propres: pour cela, on
choisit pour chaque i un vecteur propre normalisé vy, associé a A\i(z(b;)) et on déduit du
premier cas qu’il existe chemin v; : [b;;a; 1] — SV tel que A(z(t)) vi(t) = A (z(t)) vi(t),
v;(b;) = vy, On pose alors v, = vi(ait1).

Ensuite, on définit sur chaque [a;; b;]

CF%%%%HWWW

Vi = {v € C([lai; b:],5" 1), v(ai) = va,, ¥(bi) = v,}.

Grace aux méthodes développées dans [FG92, Gho93], on peut montrer comme précédemment
que
c; < max Ao(z(t)) < max A\(z(t)) +2e < + 3¢
tefai;bi t€fai;bi]
par construction des suites (a;) et (b;), et par définition de x. Pour chaque 7, on peut donc
trouver un chemin w; € V; tel que maxeq,;p,) E(2(t),wi(t)) < ¢ + 4e.
En recollant les v; et les w;, on obtient un chemin continu ¢ — (z(t),v(t)) tel que

max E(x(t),v(t)) < +4e
te[0;1]
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ce qui termine la preuve. [l

Remarque. Dans la preuve on voit que si A; dégénére au moins une fois le long du
chemin ¢ — z(t), alors on peut choisir vy et v}, de maniére quelconque (prendre vy, = v
au lieu de vy,,). Ainsi, si tous les chemins réalisant presque le min-max passent par un
point ot A\; dégénere, alors les choix de vy et v{, peuvent étre quelconques et on obtiendra
toujours ¢ = Cup vl C’est le cas si par exemple dimVp > 1 ou dimVj > 1.

3 Un min-max relié a la minimisation des )\;

Dans la section précédente, nous avons présenté un lemme du col appliqué a A1 qui
pouvait conduire & une dégénérescence de cette valeur propre. Comme nous 'avons dit,
la minimisation d’autres valeurs propres peut également conduire trés fréquemment a des
dégénérescences (voir les exemples précédents). Dans cette partie, nous étudions donc des
problemes du type

/ . .
;1= i 1.
¢ = minXi(z), >

Voici un exemple important :
Exemple 5 (Rellich) : On pose

[ —sinx siny B
A= (S Blaga) = (Aleg)oo)

On a alors \a(z,y) = v/sin?z + sin y, dont le minimum est atteint en (zq,y0) = (0,0). Or
on calcule %—5(0,0,0) = —v? +vd et %—5(0,0,1}) = 2v1v2. On voit donc qu’il n’existe pas de
point critique de E de la forme (0,0,v) € R? x S1.

Fi1a. 11.3 — Les deuz valeurs propres de A(z,y).

Dans cet exemple, on voit que ’étude d’un procédé de min-max portant sur I’énergie
E(x,y,v) ne pourra en aucun cas conduire a l’existence d’un point critique de E au niveau
0, car il n’en existe aucun. Voir la figure I1.3 pour une représentation des deux valeurs
propres.
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Avant de présenter la méthode de min-max de niveau ¢; que nous avons utilisée pour
remplacer la minimisation de A;, nous allons maintenant donner un exemple d’une telle
situation en chimie quantique.

Dans cet exemple, on considere une molécule comprenant comme précédemment M
noyaux de charges Z1,...,Z5, dont les positions sont cette fois fixées, et N électrons. On
cherche & calculer numériquement les valeurs propres ();) du Hamiltonien H" (R,Z). Pour
cela, on se fixe un entier K assez grand et on restreint HV (R,Z) a des espaces variables de
dimension (%) Ces espaces sont paramétrés par des K-uplets (¢1,....0x) € (H'(R3 R))K
tels que ng, wip; = 5ij en posant

Vor,oore = Vect(|@ip,oonin ), 1 < i < K).

Pour ® = (p1,...,0x), on nomme ensuite Hg la matrice de H™(R,Z) dans la base
(|0i1 sesPin ) 1<in<i €t AE(®@)),_, (k) S8 valeurs propres. On pose alors

= min (N @), 0. (@, [ e =)

pour ¢ < (%)
Sous cette forme, on retrouve bien pour chaque K un probléme de minimisation de
valeurs propres d’une matrice symétrique réelle de dimension (%) X (%)

Remarquons que 'on a

¢; = min \;(z) = min min max F(x,v)
zeC zeC A€A; vEA

Ai = {f(Si_l)a fe CO(Si_l,SN_l) impaire},

d’aprés le principe classique de Courant-Fisher et le théoréeme de Borsuk-Ulam. Ainsi, on
peut écrire
¢, = min max F(x,v)
BeB; (zv)eB
Bi = {(z,f(S7Y), z € C, f € CO(S1,8V 1) impaire}.

En d’autres termes, on effectue un min-max sur des parties B qui sont des déformations de
cercles, mais ol x est constant. Le probleme est que B; n’est pas invariant par homotopie,
une hypothese classique dans cette théorie qui est nécessaire pour démontrer 'existence
d’un point critique. En d’autres termes en empéchant une variation de x, on interdit les
déformations permettant de faire baisser la dérivée de E par rapport a x.

C’est pourquoi, nous avons “augmenté” I’ensemble B; en ajoutant ces déformations
(d’ou I'inégalité ¢; < ¢;), mais en conservant les propriétés d’imparité par rapport a v.

Plus précisément, on consideére alors ’action du groupe Zs sur C' x SV—1 définie par
(=) - (2,v) := (z, — v) et on munit S~ pour tout i < N de I'action usuelle. On rappelle
qu'une fonction f : S1 — C x SN~ est dite Zy-équivariante lorsque f(—2) = (=) - f(2).
L’énergie E est elle Zy-invariante, c’est-a-dire FE(z,v) = E(z, — v).

On définit alors le principe de min-max classique [Gho93| dans cette situation :

¢i = min max FE(z,v) (I1.3)
FeF; (z,w)eF

Fi={f(871), f €S 1,C x SN7) Zy — équivariante}.

Comme annoncé, on a évidemment 1'inégalité suivante :
Lemma II.1. On a toujours ¢; < ¢,.
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Preuve : 11 suffit de remarquer que B; C F;. O

Comme maintenant F; est invariant par les Zo-homotopies, on peut, sous certaines
hypotheses que nous ne préciserons pas ici, démontrer I'existence d’un point critique de £
de niveau c¢;. Nous allons maintenant fournir deux exemples de situations pour lesquelles

: /
on obtient par exemple ¢y < c;.
Pour cela, nous devons noter que (II.3) s’écrit également

Co = min min max F(vy(t
2 (x,v)GCXSN_l ’YEF(:E,'U) te[o;l] (’Y( ))

P(w,v) = {"Y € CO([O; 1]70 X SN_1)7 '7(0) = (a:,v), 7(1) = (‘Ta - v)} .

En effet, lorsque i = 2, on doit déformer des cercles S' mais avec ’hypothese d’invariance
par rapport a v, il suffit de déformer des chemins continus menant d’un certain (x,v) a
(z, —v). Au premier minimum pres portant sur le “point d’attache du chemin” (z,v), on
voit donc que, pour le calcul de co, on a affaire a un principe du col du type de celui étudié
dans la partie précédente.

Exemple 6: Soit A I'application matricielle définie sur S ~ R/27Z par

A(6) = ( —sinf cosd >

cos@ sinf

On a alors A\ () = —1 et X\2(f) = 1 pour tout #. Posons maintenant, pour ¢ € [0;1],
0(t) = w/2 4 27t et v(t) = (cos7t,sin7t) qui est un vecteur propre associé a A1(0(t)). Si
~y(t) = (6(¢),v(t)), alors on a v(0) = (7/2,v9) et (1) = (7/24 27, —vy) = (7/2, — vg) avec
vo = (1,0). Comme E(y(t)) = —1 pour tout ¢ € [0;1], on déduit que ¢, = —1 < ¢g = 1.

On déduit méme de cet exemple que le fait que I'inégalité ¢; < ¢ soit stricte n’est pas
lié au fait que les valeurs propres dégénerent ou pas, puisqu’ici elles sont constantes et
distinctes.

Pour compléter cet exposé, reprenons l'exemple cité au début de cette section, et
calculons ¢y dans ce cas.

Exemple 5 (suite): On pose a nouveau

Alz,y) = < —sinz siny >

siny sinx

Un point critique (z,y,v) de E vérifie les équations

(v2 —v})cosx =0

vivg cosy = 0
A(z,y)v = E(z,y,v)v.

On montre aisément que ces points critiques existent en les points (7/2 + km,7/2 + k'w),
(km,m/2 + K'm) et (7/2 + km,k'm) (v est 'un des vecteurs propres & chaque fois). Ensuite,
on relie ces points en faisant le tour du point (0,0) selon le schéma de la figure 4. Un calcul
trés simple montre que 'on est en fait ramené a l’exemple précédent, pour lequel on a
démontré ¢y = —1 (prendre v(t) un vecteur propre associé a A\ (z(t),y(t)) tout le long du
chemin, comme indiqué sur la figure). Finalement, on a bien ¢; = —1 < ¢, = 0.

On peut voir que les points critiques situés en (7/2 + km,7m/2 + k'm) qui sont d’énergie
—v/2 correspondent a des minima globaux de Ap, alors que les autres sont des points col
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Fic. I1.4 — Le chemin construit pour démontrer que co = —1.

d’énergie —1. Tous les maxima globaux de A; sont dégénérés et ne fournissent pas de
points critiques pour F.

Avec le min-max (I1.3), nous avons donc obtenu un point col de Aj, qui n’a rien a
voir avec les minima de A9, étudiés au départ. Ceci n’est pas tres étonnant vu que la
minimisation de Ao ne peut fournir aucun point critique.
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Troisieme partie

La prise en compte des phénomenes
relativistes : le modele
Bogoliubov-Dirac-Fock






C.l

Stability of the Polarized
Vacuum in the
Bogoliubov-Dirac-Fock
approximation

Ce chapitre reprend le texte intégral d’un article écrit en collaboration avec Christian
Hainzl et Eric Séré. Il a fait 'objet d’une prépublication au Ceremade.

Résumé

D’apres les idées de Dirac, on doit imaginer que le vide est une “mer” d’électrons vir-
tuels occupant les énergies négatives du spectre de 'operateur de Dirac libre. Sa charge (in-
finie) est supposée non mesurable. Cependant, lorsque l'on introduit un champ extérieur,
ces électrons virtuels réagissent et le vide se polarise.

Dans cet article, nous étudions le modele Bogoliubov-Dirac-Fock qui est obtenu a partir
de ’électrodynamique quantique, et a été introduit par Chaix et Iracane [CI89]. L’énergie
BDF tient compte de la polarisation du vide, et est bornée inférieurement. Un vide BDF-
stable est par définition un minimimum de cette énergie. S’il existe, un tel minimimum
est solution d’une équation auto-consistante.

Nous démontrons ici 'existence d’un minimimum de I’énergie BDF en présence d’un
champ extérieur électrostatique, grace a un théoreme de type point fixe. Ce minimum est
interprété comme le vide polarisé.
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Stability of the Polarized Vacuum in the
Bogoliubov-Dirac-Fock approximation

CHRISTIAN HAINZL®*, MATHIEU LEWIN® & ERIC SERE®

Abstract

According to Dirac’s ideas, the vacuum consists of infinitely many virtual
electrons which completely fill up the negative part of the spectrum of the free
Dirac operator D°. In the presence of an external field, these virtual particles

react and the vacuum becomes polarized.

In this paper, following Chaix and Iracane [CI89], we consider the
Bogoliubov-Dirac-Fock model, which is derived from QED. The corresponding
BDF-energy takes the polarization of the vacuum into account and is bounded
from below. A BDF-stable vacuum is defined to be a minimizer of this energy.
If it exists, such a minimizer is a solution of a self-consistent equation.

We show the existence of a minimizer of the BDF-energy in the presence
of an external electrostatic field, by means of a fixed-point approach. This

minimizer is interpreted as the polarized vacuum.

1 Introduction

The relativistic quantum theory of electrons and positrons is based on the free Dirac

operator, which is defined by

3
Doz—iZak8k+ﬁ:: —ia-V+0
k=1

where a = (a1, a9, a3) and

. Ig 0 . 0 Ok
(01 (0 —i (1 0
=1 0) 27\ o) 7\ —1)-

with

(L1)

We follow here the notation of Thaller’s book [Tha92], and of [BBHS99]. We have chosen
a system of units such that 7 = ¢ = 1, and also such that the mass m, of the electron is

normalized to 1.
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The operator DY acts on 4-spinors, i.e. functions ¥ € H := L?(R3,C*). It is self-
adjoint on H, with domain H'(R3 C*) and form domain H'/?(R3,C*). Moreover, it is
defined to ensure

(D%)? = —A +1.

The spectrum of DY is (—oo;—1] U [1;00). The fact that the spectrum of D° is not
bounded from below is the main reason for all the problems that occur in this theory. To
explain why a free electron does not dissolve into the lower continuum, Dirac’s idea was
to postulate that the vacuum contains infinitely many virtual electrons which completely
fill up the negative part of the spectrum of D°. This model of the vacuum is called the
Dirac Sea.

In what follows, the projector associated with the negative part of the spectrum of D°
will be denoted by P°:

Pl = X(—oo;O)(DO)'

We then have

D°PY=P'D0 = —\/1—AP" = —P'V1I - A,
D1 -PHY=1-PHD°=vV1-A(1-P°)=(1-P)V1-A,
and
H=H" &HY,
where H? := POH and HY := (1 — PY)H.
According to what we said above, we can identify P? with the vacuum since it projects
onto the Dirac sea. It is often called the bare vacuum [CI89].

Let us now add the potential created by some nuclei of total charge Z. In our system
of units, the Dirac operator with external potential ¢ is

D¢ := D" — ayp, (1.2)

where p = Zn x ‘—1‘ is the Coulomb potential created by the smeared out nuclei of total

density Zn > 0 such that fR3 n = 1. The constant « is often called the Sommerfeld fine
structure constant, and its physical value is approximately % Nevertheless in the present
paper it will rather play the role of a small dimensionless coupling parameter.

Dirac postulated that the charge of the Dirac sea is not measurable. However, in the
presence of the external field created by the nuclei, the virtual electrons should react, by
occupying the negative energy state of an other Dirac operator: the vacuum is polarized.
This polarization of the dressed vacuum, which takes the form of a local density of charge,
is measurable in practice. Our main goal in this paper is to study a model for the po-
larized vacuum which was derived by Chaix and Iracane [CI89] from no-photon Quantum
Electrodynamics .

It is natural to expect that the vacuum should be described by the projector P*¥
associated with the negative part of the spectrum of D®? (this choice is called the Furry
picture). We shall see that this is only an approximation: we describe below a more exact
model.

Mathematically speaking, we shall say that a vacuum is an orthogonal projector P with
the additional requirement that Q = P — PY is in G5(H), the space of all Hilbert-Schmidt
operators on H. As explained in Appendix, this condition guarantees the existence of a
dressed vacuum in the Fock space defined with respect to the splitting H = H® @ HS)F, but
we shall not give much more detail here.
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Since the model takes the free case as reference, it can be seen using the formalism of
Quantum Electrodynamics (further details are given in the Appendix) that the polariza-
tion of a dressed vacuum P can be described by the difference

Q=pr-p°

which is interpreted as the one-body density matriz of the vacuum. This means that the
total Hamiltonian is now the formal operator

1
DQ = DoP + apQ * ﬁ _ QM' (13)
. x—y

Q(z,y)

[z—y]

The two terms apq * |—1| and « are called respectively the non-exchange and exchange

potentials and they vanish when P = P°?. The function

pq(x) = Tres (Q(z, 1))

is the charge density of the vacuum P. Remark that since we only assume @ to be Hilbert-
Schmidt, pg is not a priori a well-defined function, but an adequate framework will be
given later.

Let us now explain how this P is chosen. According to Dirac’s ideas, a “correct” P
should be the projector associated with the negative part of the spectrum of the one-
body Hamiltonian of the system. Therefore, it should be a solution of the self-consistent
equation

o 1 x,
P = X(“00;0)(DQ) = X(~o0:0) (D 7+ apq * o acé(_ z|)> - (1.4)

Remark that if ¢ = 0 (no external potential), then PV is already a solution to this equation
since @) = 0 in this particular case.

This equation can be interpreted as the Euler-Lagrange equation associated with the
minimization of the Bogoliubov-Dirac-Fock (BDF') energy defined by Chaix and Iracane
[CI89] (see also [Cha90]). The study of this functional was our original motivation for
solving (I.4). In this paper, we first give a rigorous meaning to formula (7.4) and then
show the existence of a solution by a fixed-point argument. We then prove that our
solution is a minimizer of the BDF energy.

Notice that the use of a fixed-point method to solve a self-consistent equation is very
common in quantum chemistry and physics. The numerical algorithms used in practice
are based on this idea. For a mathematical existence result using the Schauder fixed-point
theorem, see the resolution of the Hartree equations in [Wol73]. For the determination
of projectors describing the vacuum, the fixed-point approach has been used for the first
time by E.H. Lieb and H. Siedentop [LS00]. We use the Banach fixed-point theorem as in
[LS00], but our model is different and the necessary estimates are much more delicate.

A model also inspired by [CI89] was studied by V. Bach, J.-M. Barbaroux, B. Helffer
and H. Siedentop in [BBHS99] (see also [BRSO01]) . Although our model coincide with
[BBHS99] when there is no external potential (i.e. Z = 0), it is very different in the
presence of an external electrostatic field (i.e. Z # 0). Indeed, the authors of [BBHS99]
have neglected the terms describing the polarization of the vacuum and, as this is explained
in [CI89], the resulting energy is not bounded from below. Therefore a max-min procedure
inspired by [Mit81] was considered, leading to the solution P = P*?. Since we keep the
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vacuum polarization terms, the BDF energy is bounded from below and we can define the
polarized vacuum as the minimum of this energy. We find a P which solves (I.4) and is
therefore different from P®%.

When studying equation (I1.4), a first problem occurs with the definition of the density
pq- Let us explain this fact in the Furry picture, that is to say when P is chosen to be
Pe?. Remark that P®? is the projector which is obtained after the first iteration of the
fixed-point algorithm if we start at P.

It is known since the very beginning of QED [Dir34, Hei34, FO34, Ueh35, Ser35]
that the density p®¥ associated with Q% = P — PO is never well-defined, since it
diverges pointwise logarithmically. In physics literature [FW49, Sch49, Dys49a, Dys49b]
(see also the books [IZ80, Mil94, Wei96]), a procedure called charge renormalization aims
at extracting the main information from p®? and a renormalized density pren is used to
replace the ill-defined density in the Hamiltonian

Q(z,y)
D52, = D + qpl¥ x — — a@—""2,
o e eyl
This procedure has been recently clarified by C. Hainzl and H. Siedentop in [HS03], where
it is in addition shown that D$E¢ is then a well defined self-adjoint operator, under some
reasonable assumption on ¢. Some interesting features of pren, in the case of strong

external fields, were obtained by Hainzl in [Hai03]. We do not want to give a precise
definition of pren here and we refer the reader to [HS03, Hai03, MPS98].

For the same reason as for p®?, it can be seen that if P is a solution to equation (I.4),
then pg is necessarily logarithmically divergent. However our approach is different from
[HS03] since we do not renormalize pg a priori: the interpretation of the solution as a
minimizer of the BDF energy becomes unclear if a renormalization is used. Instead, we
impose a momentum cut-off. In other words, from now on, we replace the ambiant space
‘H by

Hy = {f e M, supp(f) C B(O,A)} .

Since DY is a multiplication operator in Fourier space, Hj is invariant under P° and we
keep the notation P° to avoid the introduction of a restricted operator.

As we shall see it later on, our results will be valid under a condition of the form
avInA < C for some constant C' 2 0.33. If a has the physical value 1/137, this leads
to an extremely large A, which corresponds to scales that are far beyond the reach of
experimental and theoretical physics at the present time.

We would like to emphasize that in QED calculations (see, e.g., [IZ80, Equation (7.18)])
a momentum cut-off is necessary. It appears in the charge renormalization which consists
of a replacement of the bare charge e by egﬁ ~e?(1— ?,’—ﬁ In A). This charge renormalization
is the physical explanation for the renormalization of p®? mentioned above.

The paper is organized as follows. In the next section, we define the Bogoliubov-Dirac-
Fock model and state our main results. For the sake of clarity, we have brought all the
proofs together in Sections 3 and 4. In the Appendix, we explain how the BDF energy
can be deduced from no-photon QED.

Acknowledgement: C.H. wishes to thank Heinz Siedentop for suggesting him the pos-
sibility of studying a self-consistent model of the polarized vacuum, during his time as
post-doc at the LMU (Munich). The authors acknowledge support from the FEuropean
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Union’s IHP network Analysis and Quantum HPRN-CT-2002-00277. E.S. acknowledges
support from the Institut Universitaire de France.

2 Model and main results

In this section, we study the Bogoliubov-Dirac-Fock model introduced in [CI89, Cha90].
Our system of notation is similar to [BBHS99], with the difference that we keep all the
terms describing the vacuum polarization. As explained in [CI89], although these terms
are negligible in most practical atomic computations, they are essential if one wants to
deal with an energy which is bounded from below and intrinsic. By intrinsic, we mean that
it does not depend on the choice of a particular normal ordering of the second-quantized
Hamiltonian (see the Appendix for details). Remark also that the vacuum polarization
terms play an essential role within the treatment of muonic atoms [GMRS85].

2.1 Supertrace-class operators

In order to define the BD F-functional properly, we introduce the concept of supertrace-
class operators, in the spirit of [Tha92, Section 5.7]. In this section only, we work in an
abstract Hilbert space H.

Definition I.1. Let P be a projector such that P and 1 — P have infinite rank, and
A € 63(H). We shall say that A is supertrace-class with respect to P if and only if
Ayt = (1—-P)A(1 —P) and A__ := PAP are trace-class. Then we define

strp(A) :=tr(A44) + tr(A__).

We denote by ST (H) the set of all Hilbert-Schmidt operators which are supertrace-class
with respect to P.

Remark that if A is a trace-class operator, then A € G'(H) and tr(A) = strp(A) for
any projector P. We want to mention the following result, which will be useful in the
proofs of our main theorems, and which is proved in Section 3.

Theorem 1.1. Let P and P’ be two projectors such that P — P’ € Go(H). Then A is
supertrace-class with respect to P if and only if it is supertrace-class with respect to P’,
and in this case strp(A) = strp/(A).
2.2 The Bogoliubov-Dirac-Fock model
The Bogoliubov-Dirac-Fock energy is defined by
T 2
E(T) = strpo(DT) — a/prga+ a // Mdmd@/ _2 // Mdmdy (I.5)
2 |z —y| 2 |z -yl

on the set .
By = {m@f (Hp), —P°<T <1-P° pFEC}

with

o(k)|? 1+ |k .
c:{peL2<R3>, [ dk<oo}, ol = [ AP dk
& |k rs |k
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In (I.5), pr is the well-defined diagonal of ' € Go(H,)
1 ~ .
pr(x) = Trea (T(z,2)) = —// Trea (D(p, q) )P~ Ddp dg 1.6
@) =Tes O ) = gz [ Toes (Fov0) (1.6)

so that
1

prib) = s /pSA Trea (B +k/2.0 — 1/2)) dp

showing that pr € L', and so pr € CJ. Notice that (I.6) shows that the function I' €
G2(Hp) = pr € C§ N L?(R3) is continuous.

In the next subsection, we prove that £ is well-defined and bounded from below on By.
We then show the existence of a minimizer, which can be interpreted as a stable polarized
vacuum in the BDF approximation.

To this end, let us first explain how this energy is used in [CI89]. In the BDF setting,
a state of the system is a pair (P, ) where

e P is a projector such that Q = P — P? € Gy(H,), representing the dressed vacuum,

e v € G1(Hy) is the density matrix of a BD F-state built with electrons and positrons
defined by P. This means that

Y= = -

where v4 and 7_ are projectors of finite rank with Ran(y;) C (1 — P)Ha and
Ran(y_) C PHy. It therefore satisfies —P <~y <1— P.

Details are given in Appendix for the interested reader. The density matrix v corresponds
to Slater determinants involving electrons and positrons defined by means of the vacuum
P. The energy of such a state (P,~) is then given by

EPPE(P) =E(Q +7) (L7)

where we recall that Q = P — P°. Remark that the real physical object is not really
the pair (P,7), but the sum I' = Q +~ = P — P? + . It fulfills —P° < T <1 — PY.
Therefore the set Bj, on which £ is defined, is seen to be the convex hull of the BDF
states taking the special form P — P? 4+ ~. For such models, it is a very common idea to
extend the functional to the convex hull of the states under consideration (see for instance
the notion of quasi-free states defined in [BLS94] and used in [BBHS99]). To explain why
Ba C 6{’0 (Ha), we now state the following

Lemma I.1. Let P be a projector on Hy, such that Q = P — P is a Hilbert-Schmidt
operator. Then Q is supertrace-class with respect to PY. Moreover, strpo(Q) is an integer

which satisfies
Vn > 1, strpo(Q) = tr(Q* ).

Proof — We have Q> = P — PP? — PP + P0 = (1 — PY)Q(1 — P°) — P°QP°. This
implies that (1 — P°)Q(1 — P%) and —P°QP" are non-negative trace-class operators.

We now use the proof of [ASS94, Theorem 4.1]. Since Q € Gg, we infer Q3 € &; and
so (P, PY) is a Fredholm pair, in the language of [ASS94]. Therefore, tr(Q?) is an integer
and satisfies tr(Q3) = tr(Q***!) for all n > 1. Now we have

(P—P% =P —-P"2P—(P-P"2P"=pPP - PP+ P'(P—P"P°
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Applying this result to 1 — P and 1 — P°, we find
(P-P=(1-P)(P—-P)1-P)+(1—-P)P-P%1-P.
Summing up this two identities, we obtain by Theorem 1.1

2tr(Q?) = strp(Q) + strpo(Q) = 2strpo(Q) O

Remark: Since strpo(Q) is an integer, it can be interpreted as the charge of the dressed
vacuum P (see [Hai03] for results in this direction).

In Chaix-Iracane [CI89], formula (4.8), the expression £(Q + ) is expanded to get

EBPF(P ~) = tr<<Da@+apQ*i_aQ($7y)>,y>

R

ﬂ//M / bl g e@) s
— // " _y| d dy ——/ %dwdyﬂ%(@,

since v € &1(H,) which implies [ps (pQ * |—1| — 90) p=tr [(pQ * ﬁ - gp) fy].
In [BBHS99, Formula (21)], the polarization potentials appearing in D¢ and the energy
of the vacuum &£(Q) were neglected by the authors who used the following functional

BBHS99 a AN
g ) = (D) //|—y| d“//| —y|ddy’

with the constraint —P < v < 1 — P. This energy is easily seen to be non intrinsic
and unbounded from below: infpinf_p<,<i_ pé‘[BBHS%]( ) = —oo (see the properties
of the Dirac-Fock functional defined in [ES99]). Therefore, a procedure which takes the
form suppinf_p<y<i-p& [BBHSQQ]( ) inspired by [Mit81] was considered in [BBHS99],
leading to the solution P = P*¥. In fact, as explained in [CI89], the vacuum polarization

potentials and the energy of the vacuum £(Q) are unavoidable if one wants to deal with
a bounded-below and intrinsic energy.

2.3 Study of the BDF energy

We are now able to state the following result (recall that ¢ = Zn * |—1|)
Theorem 1.2. Let be n € C and Z € R.

1. & is well-defined on
Ap = {F € GfO(HA), pr € C} D Bj.

2. If0<a< %, then £ is bounded from below on By, independently of A.

3. If0<a< % and Z = 0, then & is non-negative on By [BBHS99], 0 being the unique
Minimaizer.
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Without external potential, the non-negativity of the functional £ was first proved by
Chaix, Iracane, and Lions [CIL89] and later, with improvement in the parameter range,
stated by Bach, Barbaroux, Helffer, and Siedentop [BBHS99|. This result is optimal in the
sense that the functional becomes unbounded from below when Z = 0: infreg, £(I') = —o0
if « > 4/ as shown by Hundertmark, Réhrl, and Siedentop [HRSO00].

Proof of Theorem I.2 — Let us first show that £ is well defined on Ay. If T € 6{30 (Ha),
then we have P'DTP? = DOPTP? = DT, | € & (H,) since P commutes with D°
and | DY) < v/1 + A2. With a similar argument for 1 — P°, we obtain that DT € 6{30 (Ha).
Therefore, strpo(D°T) is well-defined and

strpo(DT) = tr(DT ) + tr(DT__) = tr(|D°|Ty ) — tr(|DOIT__). (L.9)

On the other hand we have by Hardy’s inequality
T 2
// dedy < T t(|D°|T2)
|z -y 2

showing that this last term is well-defined since |D°| is bounded on H and I' € Gy(H,).
Finally, let us introduce D(f,g) := [f %dm dy which defines a scalar product on C.

We have
X
/pw = D(pr, Zn) and // %dm dy = D(pr, pr)

which show that the terms in pr are well-defined as soon as n and pr belong to C.

Now, if I' € A, fulfills the additional property —P° < T' < 1—PY, then it is easily shown
that Ty = (1 — POT'(1 — P%) > 0 and I'__ := P'TPY < 0, and thus strpo(D°T) > 0,
by (1.9). On the other hand, following an argument of [BBHS99], we derive from 0 <
I'+ P% <1 that I'? + PT' + T'P% < T or equivalently I'? < Iy —T'__. Therefore

|F(337y)|2 d 0 7T 0
7 < — DTy —T__)) == D"T).
// P drdy < 5 tr(|D7|(T4+ ) 5 strpo(DT)

If we now simply remark that
2

o [oro+§ ([ g, - %(D(Pr,pr) —2D(pr, zm) > -2 Dn.m).

we finally obtain
am 0 aZ? aZ?
£(T) > (1 - T) strpo(D'L) — =2=D(n,n) = —=2—D(n,n)

when o < 4/7, which easily ends the proof. O

Even if it is more convenient to study the functional £ on the convex hull By, we are
interested in minimizers which belong to the BDF class. For the study of the vacuum,
this leads to the following definition

Definition I1.2. We say that a projector P is a BDF-stable vacuum if and only if P — P°
is @ minimizer of £ on Bj.
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Theorem 1.2 implies that P° is a BDF-stable vacuum when there is no external po-
tential [CI89, BBHS99], which corresponds to Dirac’s ideas. But if we consider a non-
vanishing external potential ¢ = Zn % ﬁ, then P° obviously cannot be BDF-stable, since

it is easy to create a state —P% < < 1— P such that £(y) < 0 = £(0). This means that
the vacuum is necessarily polarized.
To state the following result, we introduce the notation

Pa = {P projector, P — P° € AA} i

Theorem 1.3 (BDF-Stability). Let be P € Py, n € C and Z € R. We assume that
there exists a positive constant d such that

d|Dg| > |D°| with ad% <1, (1.10)

where Dg is defined in (1.3). Then, the following assertions are equivalent

1. P fulfills the equation

o 1 Qlz,
P = X(—00;0) (DQ) = X(~o0;0) <D Y+ apQ * ﬁ - aﬁ) : (111)

2. P is BDF-stable, i.e. P — P° is a minimizer of £ on By.

The main ideas of the proof, which is given in Section 3, are taken from [BBHS99|, with
additional difficulties coming from the fact that we do not consider trace-class operators.
Remark that it is easily seen from (I.11) that P*? is not a BDF-stable vacuum.

2.4 Existence of a BDF-stable vacuum

We may now state our main Theorem.

Theorem 1.4 (Existence of a BDF-stable vacuum). Let be 2 —/2<b< 1, Z€R
and n € C. Then for all A, there exists an ay(A) > 0 such that for all o which satisfies

dymaZln|e <b and o < ay(A)

where
C(1-0b)
A) Mo ——,
ap(A) ~ log A
there exists a unique stable vacuum P in some ball B(P°, Ro(c, A)) C Py containing P,
which is a solution of

1 Q(z,y)
P= o | D° -7 —
X(—O0,0) < + Oé(pQ n) * | ) | +« |3§' — y|

with Q = P — P°. Moreover, we have

strpo(P — PY%) = 0.
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Remarks: It can be easily shown that when o — 0 and aZ = & is fixed, our solution P,
converges to the projector in the Furry picture P¥ where ¢ = kn % ‘—1‘ This justifies the
use of the Furry picture for high-Z atoms in numerical calculations.

A precise definition of the constant C' appearing in this result is given in the proof, but
we do not know an explicit formula. However, we have obtained numerically the bound
C > 0.798.

Pa is naturally equipped with the metric

d(P1, Py) = | Py — P&, (my)

which is weaker than the one we use in the proof (and which defines the ball in Theorem
1.4).

3 Proof of Theorem 1.3

In this section, we prove Theorem 1.3. To this end, we first need to prove Theorem I.1.

3.1 Proof of Theorem 1.1

Let be P and P’ two projectors such that P'— P € G5(H), and a Hilbert-Schmidt operator
A which is supertrace-class with respect to P. This means that PAP and (1— P)A(1—P)
are trace-class.

Let us first show that P’AP’ is trace-class. To this end, we write

P'AP" = (P'—P+P)A(P'—P+P)
(P' — P)A(P' — P) + (P' — P)AP 4+ PA(P' — P) + PAP. (1.12)

This shows that P’AP’ is trace-class since the last term is in &7 by assumption, P’ — P
and A are in &y, and P is bounded. The same computation shows that (1 — P")A(1 — P’)
is trace-class.

We now compute

tr[P'AP"] = tr[(P' — P)A(P' — P)] + tr[(P’' — P)AP] + tr[PA(P' — P)] + tr[PAP]
= tr[A((P'— P)(P' = P)+ P(P' — P) + (P' — P)P)] + tr[PAP]
= tr[A(P' — P)] + tr[PAP],

where we have used the formula tr(AB) = tr(BA), valid for A,B € &,. The same
computation gives

where we have used the notation P, =1— P and P{ = 1— P’. Summing this two results,
we obtain the formula strp[A] = strp/[A]. O
3.2 Preliminaries

To prove Theorem 1.3, we need the following

Lemma 1.2. Assume that ¢ = p * ‘—1‘ for some p € C.Then

IVelur = 4rmlple,  leli= < Cocdrlple,  lelrs < Cednlple

where Cy := 27r+/2 and Cg is the Sobolev constant for the inequality |ulrsms)y <
06 ||VUH L2(R3)-



198 C.1. — DStaoihity of the rolarizea Vacuum n the bogoliubov-Lirac-r'ock approrimation

Proof — We have

L PN
/Rg TR k=

el < Nl < o / LI R
oo —_— —_— R T .
A== 2 I = omy372 \ Jgs TRPE(L + [KP2) Ple

The rest is easily obtained by the Sobolev inequalities. ]

2(1+ K1) B(k)|* dk,

and so

Lemma 1.3. Let P be a projector such that P — P° € Ax. Then Dg s bounded.

Proof — Due to the cut-off in Fourier space, D° is bounded on H,. On the other hand,
if p = px ‘ | for some p € C, then ¢ € L™ by Lemma 1.2 and so this is also a bounded

operator. Let us now denote R(z,y) = %fjﬁ We then have

2 2
S(/ 9f ) ([ LWL )
e T —y r3 |2 —y]
and since, by a Hardy-type inequality,

2 m
[0y < Zeripi)
R

Qz,y)f(y)

dy
R3 |x—y|

|Rf(2)” =

-yl
J[ A “drdy < T (10| @) (L13)
R6 |IE - 2
this shows that R < C' |D°|*/? and so R is bounded. O

Lemma I.4. Let be P a projector such that P — PY € Ay. Then Dl € Gfo (Ha) for all
I' € Ax and we have

strpo(DT) + ang or ((pQ ~ Zn)s i) +atr (Q(x’y)r> — strpo(DoT).

- |z =yl
Proof — Remark that RI' = ‘( ‘)F is trace-class, since ﬁf;% and |F(x’|?{32 are in
G2 by (I.13). Let us now define D = D alb=Zmrr _ po + a(pg — Zn) * W and

P’ = X(—o0;0)(D). By the result of Klaus-Scharf [KS77] (see also [HS98] and the proof of
Theorem 1.4), it is known that P’ — P° € Go(Ha). Thus P’DI'P' = DP'TP' € &1(H))
since I' € Gfo = 6{3/ by Theorem 1.1, and D is bounded by the proof of Lemma I.3.
Therefore, DoI' = DI" 4+ RI is in Gfo.

To show the expected equality, we show

strpo(DT) + a/ preg = strpo(DT) (I.14)
R3

where go’Q = p’Q * ﬁ, p’Q = pg — Zn € C. This will end the proof since the other term is
trace-class. The general idea of the proof is to approximate I' by a trace-class operator
for which this equality is true, and to pass to the limit. However, the behaviour of the
associated density in the space C is not obvious and to overcome this difficulty, we shall
also approximate the density p’Q to obtain a potential in L?(R3). We thus start by choosing
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a sequence p; which converges as j — +o0 to p’Q in C, such that ¢; = p; * |—1| is in L?(IR3).

We can choose for instance p;(k) = pfy(k)x(|k| = 1/j). We now show

strpo (DT + a/ prej = strpo(D;I) (I.15)
R3

for all I' € Ay, and where D; = DY — ayp;. To this end, we may find a sequence I'"} _ of
finite rank operator which converges to I'; _ = (1 — PO)I'P? in &,. Then

. < | . F1_>
() T
converges to I in &5. Since I'™ € &4 for all n > 0, we have
strpo(DOT™) + a/ prr@; = strpo(D;I™). (1.16)
R3
By (1.6), the function Q € G2(Ha) — pg € L*(R3) is continuous. Therefore, prn — pr in
L%(R3). Since ¢; € L?(R3), we may now pass to the limit in (I.16) and obtain

n—oo

lim <strpo(D0F”) +a/ ppng0j> = strpo(DT) +a/ Pre;,
R3 R3
where we have used that
strpo(D°T™) = tr(DT"} ) + tr(DT™ ) = tr(D°T'44) + tr(DT__) = strpo(DT).
Let us now pass to the limit in the right hand side. Indeed, we can write, by Theorem I.1,
strpo(D;I™) = StI'P]{(Dan) = tr(DjP]T"P]{) +tr(D;(1 — P]{)F”(l — P]'))

where P} = X(_s0;0)(D;) and since P} — PY € &5 by [KS77]. Now, using (1.12), it is easily
seen that P/ P — PT'P} and (1 — P))T™(1 — P}) — (1 - P))I'(1 — P}) in &; as n — oo,
since this terms can be expanded as a sum of trace-class operators and products of at
least two Hilbert-Schmidt operators converging strongly in &3. Since D; is bounded by
the proof of Lemma 1.3, we obtain that strp]((DjF”) — oo strp;(DjF) = strpo(D;I") by
Theorem I.1.

As a conclusion, we have proved (I.15) for all I' € Aj. To finish the proof, it remains
to pass to the limit as j — 400. Since

/ prej = D(pr, pj)
]R3

and pr € C (recall that I' € Ap), p; — p’Q strongly in C as j — oo, we may pass to the
limit in the left hand side of (I.15). To pass to the limit in the right hand side, we use
again the fact that

strpo(D,;I) = StrPJ((DjF) = tr(D; P,TP;}) + tr(D;(1 — P)T(1 - P))).

By the results of Klaus-Scharf [KS77] (see also the proof of Theorem 1.4), it is known that
Pl — P" — 0 in &, since p; — pp in C. Using again (I.12), it is then easily seen that
PI'P; — P'TP and (1 - P)I'(1 - Pj) — (1 - P)T'(1 — P') in &; as j — oo. Since
D; — D in 64 by Lemma 1.3, we may thus pass to the limit and obtain the desired
equality (I1.14). O
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3.3 Proof of Theorem 1.3

We are now able to prove Theorem I.3.

We start by proving 1) = 2). We thus consider a projector P that satisfies the
assumption of the Theorem, and is also a solution to the equation P = x(_s;0)(Dg). We
fix some I' € By and show that £(I') > £(Q). To this end, we write E(I') = £(Q + I)
where IV =T' — Q = T' 4+ P° — P. By assumption, I fulfills —P° <T'<1— P° and so I
fulfills —P <T’ <1 — P. Using Lemma 1.4, we may expand £(Q + I") and obtain

/
E(Q +T') = strpo (Dgl") // e @)pe W) gy // M@ 50 0+ £(0).
|z — Ix—m

It is thus sufficient to prove that

, , F/ 2
str po DQF // pr pF dx dy — %/ %dm dy > 0.

Indeed we now essentially follow the proof of Theorem 1.2: we have

//pr/ Y g dy >0

T (2, y)” T 0112 md N2
———dxdy < —tr(|D°|(T < —tr(|Dol|(T
[ PR ay < (D)) < B (1Dl
since by assumption |D°| < d|Dg|. From —P < T’ <1 — P, we obtain as before (I")?
PT'P — (1 — P)I'"(1 — P). We thus have

and

/ 2
/ %dm dy < %dtr [|DQ|(PI"P —1-PI'Qa- P))] _ %Z Strp(DQF’)

since PP commutes with Dg. Using Theorem 1.1 and the fact that P — PY € G5, we deduce
that strpo (DgI") = strp (DgI") > 0 and

, , I 2
strpo (Do) + // pr( pF —%/ %dm dy > (1 = ad%) strp(DglY) >0

when ad? <1, which ends the proof of this first part.

We now show 2) = 1). Let be P which satisfies the assumption of the Theorem, and
such that Q = P — PY is a minimizer of £ in By. We therefore have for all v E G NAy
such that —-P <~y <1-P

E(Q+7) = £(Q)

or equivalently

£'(7) = tr (Do) + // LGOI - / h@vl . dy > 0. (L.17)
—m 2 [z =y

We now follow the proof of Theorem 4 by Bach et al. [BBHS99]. Their proof is done with

Dg replaced by D*¥ but they also mention that it can be extended to a more general case,

provided 0 ¢ o(Dg) and P, 1 — P leave the domain of D¢ invariant, which is the case

here. Let us however explain the general ideas of this proof for the reader’s convenience.
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If P does not commute with X(_o0)(Dg), then there exist two normalized vectors
f € (1 —P)Hp and g € PHp such that the real part of (f, Dgg) is not 0. We now let

e =2 (1F)(F] = la)gl) + eVl =2 (If) (gl +19)(f])

which is a trace-class operator satisfying —P < v < 1 — P. Computing now the energy
(I.17) of . yields

£'(7:) = 2e R(f, Dgg) + O(<?)

which contradicts (I.17) since this can be made negative for £ small enough. This implies
that P commutes with D¢, and so it commutes with all spectral projections of D¢, and
namely with P’ = x(_se,0)(Dg) and 1 — P’

We now show that P = P’ = x(_se,0)(Dg). Suppose that there exists a u € (1 —
P)YHa N P"Ha. We then let g = |u)(u|. The corresponding energy is then

€'(70) = {u, Du) <0,

since the exchange and non-exchange terms cancel. This contradicts (I.17). Since we
may show with the same argument that PHy N (P"Hp)¢ = 0, we obtain that P = P’ =

X(—oo;O)(DQ)' 0
4 Proof of Theorem 1.4

In this section, we prove Theorem 1.4 by using a Banach fixed-point method.

4.1 Preliminaries

We start by defining the norms and spaces that will be used to apply this well-known
result. In fact, the main challenge concerning the fixed-point argument consisted in finding
suitable Banach spaces.

Norms and spaces

We choose the following norms

IQlo = (// E(p - 9)*E(p + 9)|Q(p, Q)|2dde>1/27
1= ([ 2= )
e = ( E|,i‘3 ol >\2dk)1/2,

Iely o= ( [ PEWRIG0 2 ar ) "

where
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and denote by Q, R, C and ) the associated Hilbert spaces. The dual space C’ of C will
be also useful and we introduce

R e
ICler == 5 [C(R)I? dk.
E(k)?
In the following, it will be easier to use the norm |R|zr where R = C‘)(I’y) in our

z—y|
estimates and a relation with |Q]o will then be needed. To this end, we first need the

following Lemma, which will be useful throughout the rest of the proof.

Lemma 1.5. For all £ and n in R3, we have

Vs >0, E(¢)* <2°) (E(¢ - n)® + E(n)°) (1.18)
Vs e R, E(€)* < 2FE(E —n)*E(n), (1.19)
with
o-{1, 4 oEe

Proof — We have E(£) = [(1,§)] < [(1.& —n)| + [(0,n)] < [(1,& =) + [, n)],
proving (I.18) when s = 1. Now, for s > 1, the result follows from the convexity of

x — x° on [1;400), using (a/2 + b/2)* < a®/2 +b°/2. When s € [0;1), we simply write
(a+0)* = (a+b)*T/(a+b) <2%a*a/(a+b)+2°b°b/(a+b) < 2°(a® +b%), ending the proof
of (1.18). On the other hand, the Peetre inequality (/.19), is easily obtained by reduction
to the case s = 1. O

Remark: A trivial consequence of (1.18) is the following inequality

1 . 1 1
Ep) + B =" <E(p T Bp= q)> : (1.20)

Q(z,y)
Tyl

Now we can give a connection between |R|z and |Q]o when R = (we also recall

the easy relation between |p|c and |¢|y when ¢ = p * ‘—1‘)

Lemma 1.6. If p € C and Q € Q, then we have p = p x ﬁ €Y and R(z,y) = % ER
and more precisely

lely = 4xlple,
|R|= < Cr|Q]e (1.21)
IR - |Do| s, < 2[RIz,
with p

1 U
Cp = f E(2z)° : 1.22
R on2 061% 2) :;153 < (22) /Rs EQ2u) 0y — a:|2> (1-22)

Proof of Lemma 1.6 — We have
5 Qp—1lg-1
R(p,q) = Q-la-l)

272 Jps |12
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so we obtain, for some fixed 6 € (0;2)

E(p
RJ; :// *dpd
|2 p+q ,q)|” dpdq

E( 2
= 8/ v)’ |R(u+v,u—v)|2dudv
E@)2 QU+ v,l—v)- QU +v,I —v) ,
= dudvdldl
o //// u—u|2uf—u|2 o

_ / /
NCZE 2// dudv’y //E 9+l -v) B Q(l ol =) gy
(2m B — | [l — u| EQD | — ul [ — ul

E(20)%2 EQD)™ |Q(l +v,1 — v)[2 ,
<
< 2772 //// BOD)T [ — Pl —uP dudvdl dl
< / E(20)2E(2D)| (l+vl—v)| Ko(1) dvdl
where
1 /
Ko(D) : 27T2 / E(2u) - EQ2U)H0|l — w2l — ul? dudl.

Now, let us introduce

du
= E(2z)? )
Co f?@( (22) /R E<2u>1+9|u—x|2>

Remark that

/ du < 1 / du
rs E2u)1 0 u — x2 = 2140|2)0 Jos Ju[1H0|u — e,|?

where e, := z/|z|, showing that Cy < co when 6 € (0;2). Now we have

E(2 1 1 ,
Kol) = (2(71' ; "E 2u)1+9|1—u\2 (E(m)@/ E(21’)1+9|z'—u|2dl>
B(@21)° Co\?
< o / E 1+9|l e x Cp < <#>

and so

||RMR<8<CQ) J[ BeorEenidu v - opaa < (2 )uQnQ

which ends the proof of (1.21).
Finally, we remark that we have

] R(p.o)P By o)
- oo 2g, = [ RO g <2 [[ BRI 4,

E(p — q)|R(p,q)? 2
<4/ dpdg < 4|R
Eo+q) | Rl%

by Lemma 1.5 O
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An estimate from below for D

We now state a Lemma in which we give a lower estimate for the operator

1
Dg, =D +ap* — — aQ(m,y)
rlz—yl

by DY, in terms of the spaces introduced above.
For our result, we are interested in Do = Dg ,, but this definition with a different p
will be useful in the following.

Lemma 1.7. Assume that (Q),p) € Q x C are such that

o (2/7lp — Znlle + 2CRIQl0) < 1. (1.23)

Then Dg , is a bounded operator which satisfies
1Dl > (1 —a (2v/7|p — Znlc +2CR|Qlo)) ID°|. (1.24)
Proof — We have, with ¢’ = (p — Zn) ﬁ,

l¢'ulz> < |9l lul 2 < 275"2|p = Znle|| Dol - ul 2
by Lemma 1.2, and
| Rul 2 = | RIDo| ™| Do|ul 2 < |RIDo| ™|, | Dol *ull 2 < 2Cr|@Ql ol Dol - ul .2

by Lemma 1.6. This shows that |¢' — R| < (27Y/2|pg — Zn|c + 2Cr|Q|o)|D°|, the square
root being monotone. This proves that D¢ , is bounded since Dy is bounded on H,, and
gives the expected inequality. ]

Remark that Lemma 1.7 will be useful when we shall apply Theorem 1.3 (see the
condition (I.10) in the statement). It also implies 0 ¢ o(Dg,,), a fact that will be used to
compute the projection X(_u;0)(Dg,p)-

Expansion by Cauchy’s formula

We want to solve the equation

@ = X(-o00) (DO +alpg — Zn) x = - LL@y)

e~y > = X(-oei0)(D") := FA(Q).

If a (2y/7|pg — Zn|c + 2Cr|Q| o) < 1, then 0 ¢ o(Dg) by Lemma 1.7. We may thus
use the method of [HS03|] and expand F; by Cauchy’s formula

1 [t 1 1
RQ=-— [ d - =3 a"Qu
@) 21 J_ oo 7]<DQ+1'7] D0+z'77> —

where

Y .

T Ton ) Yoy \VT T PRI po Ty

_ Qz,y)
|z — |

1
p'Q:pQ—Zn, @'QZP/Q*W, RQ($ay)
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We shall write

Qn = Z Q1

kl/ k+l=n
_1)l+1 +oo 1 n 1
Qui= Yo g (B
IUJ={1,....n}, |I|=k, |J|=1” —° DP +in j=1 D+ in

where R; = Rg if j € I and R; = gp’Q if j € J (Qg, is the sum of all the terms containing
k Rg’s and [ gp’Q’s). We also denote pi; = pq, -
Hence our equation can be written

Q=) a"Qu(Q,pq)
nt (1.25)

pg =Y a"pn(Q.pq),

n=1

where we recall that @), and p,, depend on both @ and pg. In order to have a better
condition on a and A, we shall now change the second equation for the density, by taking
into account the special form of the first order term p;. To this end, we need to compute
this term explicitely.

The first order density
Recall that

Q _ 1 /+ood 1 , 1
0" or | Do +Z'7]90QD0 +1in
so that
— 5/2 +oo 1 - 1
,q) = (2m)” dn——m——r——r )T

We now introduce
1 [T 1 1
M(p, = — d — - .
,q) W/_oo na~p+6+m a-q+[+in
1/+°°d a-p+B—in a-q+8—in

T J - np2+1—|—772 ’ q2+1+772
= 1 (a-ptp)(a-q+pB)
~ E(p)+E(g) ( E(p) E(Q) 1> : (1.26)

Hence 1
Qo1(P,0) = 57537390 — OM(p. q)-

This enables us to compute

_ 1 A
poi(k) = @7 e Trea (Q0,1(l +k/2,1 - k/2))dl
1 =
— W()@Q(kj) len TI‘(C4 (M(l + k‘/2,l — k‘/2))dl
= A MIKEBA(R) = —~ () BA (M
— L zam) - stk Bk (L.27)

™
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where

dl.

Bi\(k) = 1/| (I+Kk/2)-(1—k/2)+1—E(l+k/2)E(l - k/2)

k2 Jy<a EQ+E/2)E1 - k/2)(E(+ k/2) + E(1 — k/2))

This function is computed in [PR36]

B (k)—/E?A) 22— 24/3 dz
A 1—22 14 k21— 22)/4

and so for instance

A o 4
BN 2° —2%/3 2 5 2
B) < B = ————dz= =log(A) — = + =log?2 1/A?).
() < BAO) = [T R de = Zhog(h) - § o+ 5 log2 +0(1/)
In the following, we shall use the notation By := w ~A o0 3% log(A).

Equation

We are now able to introduce the function on which we shall apply the fixed-point theorem.
According to what we said above, the equation in pg can be written

pQ =Y a"pn(Q,pQ) (1.28)

n=1

or equivalently (we forget the dependence in @ and pg for simplicity)

(k) = PO 70) — 7 (00) + apath) + 3 0" (k)
n=2
and
.. aBj(k) N T o > .
pQ(k) = #Bj\(k)zn(k) + ) (apl,o(kf) + nz:;a Pn(k?)> ; (1.29)

which is the equation that we want to solve for the density.
Since the equations in @) and pg are now different, we have to introduce the following
space:
X=9xC

consisting of all the pairs (Q, p) such that @ € Q and p € C. Notice that in this space, p
can be different from pg. However, we shall find a solution of the equations in this space,
which satisfies p = pg. We also introduce on X the norm

1Q, p)I = CrV2IQla +2v/7plc,

where we recall that Cg is defined in Lemma 1.6.
We now introduce the function F': X — X defined by

FQ.0) = (Fo(@) . BQu0))
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where
FQ(Q,p) = X(=o0:0)(Daq,p) — Za"Qn Q.p) (1.30)
n=1
F/(Cj?\p)zOéiBlAZﬁJrL ap1o(Q, p) +Za Pn(Q; p) (1.31)
Ay T+ aB) T+ aB) ~

where Q,,(Q, p) and p,,(Q, p) are defined in (I1.25) (replace pg by p). Remark that p, = pg,,
for all n > 2. In the proof of Theorem 1.4, we solve the fixed-point equation in X

F(Q,p) =(Q,p).

4.2 Proof of Theorem 1.4

To prove our main Theorem, we need the following estimates

Proposition 1.8. Assume that (Q,p) € X is such that 0 ¢ 0(Dgq, ). Then we have

IF(@.0)] < (M)al(@.p) + ([ + s () 2R ZInle
+ Zmn[ (1@ o)l +2v72lnle)| - (032
n—1
IF(Q.0)] < ra a+a2nmn[ (1@ Pl +2/7ZInle) (133

where

k1 (A) = max < CrV?2 o \/7034—23}(2)%/13) ~A—oo %ﬁx/logj\

and (Kp)n>2 is a sequence of positive numbers independent of A and which satisfies
En ~n—oo K\/n for some constant K.

To prove this proposition, we have to do some tedious estimates that we postpone until
the end of the proof of Theorem 1.4.

We are now able to prove Theorem 1.4
Let us introduce the function f(z) =Y o7 5 k,z™, which is a power serie with a radius
of convergence equal to 1. The estimates (1.32) and (1.33) can be written

aBy

IF(Q,p)] < #1(A)al(Q, p)||+<m

+ 04%1(/\)> 2V Z|nle+f(al(Q, p)|+2vmaZlnc)
(L.34)

[F'(Q, )| < ki(Ma +af' (l(@Q, p)| +2vVTaZ|n|c).
To apply Banach fixed-point theorem, we now have to find a ball B(0, R) C X which is

invariant under the function F' and on which F'is a contraction. Let R > 0 be some fixed
radius. We have

sup  [F'(Q.p)] < mi(M)a+ af (aR +2v7aZlnlc) =
(Q,p)EB(0,R)
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Moreover, we also have

1E(Q, )| < 1F(Q, p) = F(0,0)] + [F(0,0)] < ul(Q, p)| + [F(0,0)].

Therefore a condition for the ball B(0,R) to be invariant under the action of F' is
|F(0,0)] < (1 — p)R. Additionally due to Lemma 1.7 we assume ay/2R < 1 as well

as
T

4(1 — a/2R)

due to Theorem 1.3 and Lemma 1.7 which is equivalent to
a<__
T r/44+ RV2

As a conclusion, if (o, R) fulfills

<1,

(% + m(A)) 2y Zlnle + f(2V7ZInlc) + s1(A)aR + aRf' (aR+2v/7Z|n|c) < R
1

@ = 74+ R\V2’

(1.35)
then we are able to apply the Banach Fixed-Point Theorem on B(0, R). Remark that
these inequalities also contain the conditions ¢ < 1 and ay/2R < 1. Notice also that if
(o, R) is a solution to (1.35), then (o/, R) is a solution to (1.35) for all o/ < a, since the
function which appears on the left of (1.35) is increasing in a.

Now, if we assume that 4\/7aZ|n|c < b, we obtain that if («, R) fulfills

b + k1(A)b/2 + f(b/2) + k1(A)aR + aRf' (aR+b/2) < R
2 1 (1.36)

ol ———
~ w/4+ RV2
then it also fulfills (I.35), f being increasing. Remark that we have used the estimate

aBy

b
——2ynZ < —.
s w e < o

The first inequation of (I1.36) is simpler when it is written in terms of the variables «
and z := aRR. It becomes

% + e (A)b/2 + F(b)2) + k1 (M) + af (x +b/2) < 2 (L37)

which implies b/2 < z. Since necessarily x < 1 — b/2 (recall that f is defined on [0;1)),
we see that we need b < 1. Now, let us call ap(z) the solution of (I.37) where the < is
replaced by =, i.e.

x—0b/2
k1(A)b/2 + f(b/2) + k1 (M)z + zf' (2 + b/2)’
a smooth function on [b/2;1 — b/2). Since ax(b/2) = lim,_,;_p/5 an(z) = 0, we deduce

that ap attains its maximum on (b/2;1 — b/2) and we may denote by za the largest
x € (b/2;1 —b/2) such that

ap(z) = (1.38)

ap(zp) = Ap(A) == xe(br/g%}ibm) ap(z). (1.39)
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We now define Ry := x5 /Ap and

. 1
ap(A) := min <Ab(A), . RA\/§> .

As a conclusion, for all 0 < a < ap(A), there exists some Ry = Ro(a, A,b) such that
(v, Ro) is a solution of (I1.35). This means that F' is a contraction on B(0, Rp), on which we
can apply Banach Theorem. This gives a unique solution to the equation F(Q, p) = (Q, p)
in B(0,Ry) C X.

Let us now show that P is indeed a solution to (I.4). In fact p is a solution to (I1.29)
and so it is a solution to (I.28). On the other hand, we have Q = X(_o0:0)(Dg,p) — P°, and
so equation (I.28) means exactly that p = pg. Hence, P is a solution to P = X (_s;0)(Dg)-
Thanks to the proof, we know that P satisfies the assumptions of Theorem 1.3, and so P
is a BDF'-stable vacuum.

To end the proof, let us study the behaviour of A;(A) as A — oo. Differentiating (I1.38)
with respect to x, we arrive at

bf’ +b/2

k1(A)b + F(b) + M
Since x1(A) — 0o as A — oo, we deduce that xp+b/2 — 1, or equivalently xy — 1—0/2. If
we now use the fact that f'(y) = o(f"(y)) asy — 17, we finally obtain f”(zs+b/2) ~p—

% and f'(za + b/2) = o(k1(A)). By (1.38), this implies

= (zp — b/2)fo”(xA +b/2). (1.40)

AA ~MA—oo m
Remark also that Ry = xp/Ap ~ 11_—_b{)2ﬁ1(A), which ends the proof since when 2— /2 < b,
min (1 —b 17_17)
V20-b/2)) _ 1— b - V(1 =) _ C(1-0b)
K1(A) k1(A) 7T Crv2yIogA  IogA

JE
vvlthC’—CR\/_ O

ab(A) ~MA—oo

4.3 Proof of Proposition 1.8: estimates
In this section, we prove the claimed estimates of Proposition I.8.
Remark first that we have
! /
aB) (k) < aB) (0) __aBa and ™ <1
m+aB\(k) T m+aBj(0) 1+ aBj m+ aB) (k)

for all k € R3. Therefore, to estimate the norm |F,(Q,p)|c, it suffices to estimate the
norms of p1 (@, p) and p,(Q, p), due to (1.31).

For (Q, ,0) € X, we introduce the notation R = ‘ézy‘) ER,p =p—2Znand ¢ =
(p—2Zn) = ﬂ-

We then remark that

IF(Q, )| < s—5=2V7Z|nlc + al(Q1, p10)| + Y ™ [(Qn, pu)]

| <
1+ B =

and estimate each term separately. A similar argument can be done for F'(Q, p).
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4.3.1 First order terms

Lemma 1.9. We have the following estimates:

log A
Ieate < BN, — 2105 4) 21
Cr(log A
(Quole < IRole < CelQle:  Ipnole < SN g1,
Therefore
Qi 1)l < M@ )] < 1 (M@ )] + ra(A2vAZlnle,
where

k1(A) = max ( R\/_\/ , V2CR + 2;;?)

Proof — Recall that
_— 1 ~
Qoa(p,q) = W@’(p —q9)M(p,q), (1.41)

where the matrix M (p, ¢) is defined in (1.26), and whose properties are summarized in the
following

Lemma 1.10. Let AT (p) = %&f(m and A= (p) = W be the projections
matrices in C* onto the eigenspaces of D° in Fourier space. We then have
Tres (M(p.0)) = ~45r = Tres (A (p)A™ (4)
’ E(p) + E(q)
1
M(p,q)]> = Tres (M(p, )M (p, q)*) = 8-—=———=—Trca (AT (p)A™ (g
[M(p, q)| ct (M(p, )M (p,q)") E0) T EQ)? ct (AT (p)A™(9))
q+1
Trea (AT (p)A™(q)) = Trea (A (p)AT (g :1_L_
(C4( ( ) ( )) (C4( ( ) ( )) E(p)E(q)
Moreover, we have
Vp,g € R®,  Trca (AT (p)A™(¢)) < min (ﬂ 1) (1.42)
’ o - 2E((p+9)/2)*" 2) '
Proof of Lemma I.10 — We only prove (I1.42). We have Trca (AT (p)A™(q)) <
2
IAT(p)||A~(q)| = 1/2, so when t := W > 1/2, there is nothing to prove. Now we
have
p-g+1 -k +1 . p+q p—q
-~ = 1- thli=—— k=——
E(p)E(q) E(+kE(I—Fk) 2 2
o 1t
(14t)% — 4zt

where t = |k[2/E(1)? and z = % € [0;1). When ¢ € [0;1/2) and z € [0;1), the

expression above is decreasing in z and so we obtain

p-qg+1 < 11—t 2t < o

1_E(p)E(q) = Jarn? 1+t
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which ends the proof. [l

e Let us now treat Qo 1. From (I.41), we obtain

. 1 ~
1Qo,1(p,q)|* = mlw’lz(p —q)|M(p,q)*,

and so

// E(p - )*E(p + )| Qo (p. 9)*dp dg

/ dk duB(k)* E(2u)|¢'[* (k)x(Ju] < A)[M(u+ k/2,u — k/2)[

g§§g</dmmﬁmm%&9@{)<£<AE@5%@V>

B 1
2573

by Lemma 1.10. Now we have

du 1 1 V3A
/u|§A B0 E@W? =4 <§argsh(2A) + ﬁarg‘ch (\/TTK)) <2mlogA (L1.43)

for A > 3. So we obtain

(log A)!/2

5 |¥'ly = 2(log A2 e

1Qo,1lo <

® p1,0 and Q1.

We have N
1 > 1 1
= d R
@uo=—5- /_OO DO in DO 1 in
so that
_ 1 Foo 1 ~ 1
s = - 27T - d . ) -
Q) = ~e0 [ i R

2E(p) + E(q) E(p)
and 1
1Q10(p,q)* < W\R(n Q) < WIR@, 9,

showing that
|Quolle < [R|r < CrlQ|e-

Now, we have

— 1 —— k. k
= — [ T¢ A .
o) = o [T (@ (1430 5)

1 Sk k ko k
- [ T L A IV (I R <A
S /R o <R<l+2,l 2) <z+2,z 2>>X(|z|_ ),
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so we obtain

_ 1 e , \2
[p10(k)| < W< » EQ)YR(1+k/2,1 —k/2)| dl) x

1/2
2
x (/RS EQD|IM(1 + k/2,1 — k/2)] dl>

and finally

E(k) 9 1 log A
< -
‘k|2 ‘ 10( )| dk = 25 3 |RHR /|;|<A E(ZZ)E(Z)2 dl 242 ”RHR

by (1.43) which implies

Mnczng 0

lp1ole <

4.3.2 Second order terms

To simplify the presentation, we introduce the following notation:

1
du 7 1 too g
= —3/p = == 7
Sp,q = (47)(2) (/RS E(u)q> ) Sp = Spp; Ky o J_o E(n)Pr’

Let us recall the following inequality [Sim79, Theorem 4.1]

1£(@)g(=iV)ls, < (2m) "] flLo@) 9l e @s), (1.44)
which implies
< Spa
I e < 2221 o
On the other hand, we shall often use the followmg trick
(E@)” +7)(E@@)?+1°) = (E@E@)” + (E®)?®+ E@*)n +1'

1 1

> JE(p+9)"+5E@+9™’
1

> JE(+0*E0)

by Lemma 1.5. This implies
1 < 2
VE@?2+12VE@?2+n2 ~ E(p+aqE@)

(1.45)

Recall now that we have QQ2 = Q2,0 + Q1,1 + Qo2 with

0 1 /+°° J 1 R 1 R 1
20 = T n ; ; ;
21 J_oo DO +1in DO +in DY +in
1 [T 1 1 1
= — d R !

@i o ). "DV i DO+ i DOt in
1 [T 1 1 1
— d ! R

+27r o 77Do—l—ingp DO +in DY +in
1 [T 1 1 1
Qo2 = —— dn — !

2 J_o DY +in D0+i77(p DO +in
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We shall now treat each term separately.

Lemma I.11. We have pgo = 0 and the following estimates:

|Q2.0la < 2°/%K3/5(Cr)*|Q|%, 1Q11lo < 4S6CsK3/2Cr|Qlalr e
|Qo2lo < 2v10S65CaCsl o',
SGCG(CR) 56,5CM060R
Ip20lc < 7“@”@ lp1ale < 47”0,”0”@”@7
and so
1(Q2, p2)| < K2l (Q, )7,
with

Ko = C,CrV2 + 2y/7C,,,
S6C6 K32 \/556,501\/[06) <5606 56,5C'MC6>
, Cp, = max

_ 3/2
CQQ max <2 K3/27 \/ﬂ ) 7'('\/5 o 7_‘_3/2\/5

Proof — Step 1 : Estimates on the exchange term @)s.
e ()20. To estimate @2, we write

1G20(psq |<_/ / \ pm)l 1R(p1, q)| 2 _
RS 2+ VEm)??+ 7> VE@Q)?+1n

and so by (I.45)

5 22 dny [Bp,p)|  |R(p1,9)]
|Q2,0(p, 9)| < 3/2 12 172 1/2
m En)32E(p+q)'/? Jrs E(p+p1)Y2 E(p1 + q)

which implies

Ep pV)|R(p,p1)| E(p1 — @)|R(p1, q)|

E(p—q)E(p+q)'? < 22K d
(p— )EP+)'"*1Q20(p, q)| Ky E+ p1)2 Eomti2 P
and finally
|Q20la < 272Ky 5| RI% < 2°2K35(Cr)?|Q[%.
e ()1,1. We treat for instance
1 o0 1 1 1
1= —— d R !
@1 = G /_Oo "DV i DO +in” DO+ i
and use the same method to obtain
. 4 +o0 d,’,]
E(p—q)E 12|01 <____1/ _dn_
(p—a)E(+4q9) 7@ ,(p,q)| < o2 | B
Ep—p1) 5 E(p1 —q) -~
X ——————1R(p, "(p1 — q)|dp1.
o B o Rl g g 1~ ol

This means that

Q)] 4‘/+m L S S
L2 = 5r | B (0P + )7 (Dl )/
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where we have introduced R’ and f defined by

o Ep-9) 5 7 -
R(p,q) = WIR@, a)l,  f(k) = E(K)|¢ (k).
But now
1 1 1 1
IR f le: < IR el f =
(I1Dof2 +12)1" (IDol2 +m2)7 S(IDol2 +12)1” (|Dof2 +2)
1 1
< |R|z| T f e
(IDol? +n2)1" (1D + )1
If we now use inequality (/.44), we obtain
1 1 1
I f les < |———1IfI"?)2
(1Dof2 +12)5 " (IDof2 +12) (1Dof2 +n2)5 "
1/6
< () ( / d—“) ® e
- re 1+ |ul? +n?)3
Se
= W\\f“m-
Finally since
1 £ls < ClV flrz = Cele'lly, (L.46)
and |¢'|y = (47)] ¢ |c, we obtain
, 456Cs [T dn ,
1Q11le < o E)i72 IRI=[o e

and
1Q1,1le < 856CsK3/5CrIQlalr |-

e (Qo2. Unfortunately, the method used above cannot be applied to QQo2. In this case,
we have to calculate this term explicitely. We can write

Qoz= Y, Q5™

€1,62,e3€{%}

where for instance (by a residuum formula)

03 (pa) =Quy (p,q) =0,

Qfy (pg) = (2m)~° / dp1 g
R3

e N -3
02" (p) = (2m) /Rgdpl E(p) + E(p)(E(@) + E(p1))



4. rrooj of 1Lheorem 1.4 zlo

—

and similar formulas for the other Qé}; 23 We now treat for instance Q(J)f 5 . Using (1.20),
we may obtain

E(p—pl)
E(p+p1)?/3

- E(p1 — ¢)|& (py —
‘AJF (p p1)A" (p1)| X (Z‘l(pl)ql)/‘fE(él)l/QQN -

Blp— B +0)" 105 | <200 [ an

So, we may write

1 1 1 1
7o < <
”QO,Q ”Q — 2||Mf |D0|1/3f|D0|1/2 ||62 — 2||Mf||62|| |D0|1/3f|D0|1/2 ||6<x>7

where
_ At
My(p.q) = (2 32 Eq()p|—|—q()2)/3 (@l

Lemma 1.12. When M; is defined by formula (1.47), then

1/2
Mw@s—(/wﬁf\%>

0o 2 1/2
where Chyy 1= 2 (fo W‘:?E(t)?) ~ 2.1589.

(1.47)

Proof — We have |A*(p)A~(q)|*> = Trea (A (p)A~(q)) and so, by (1.42),

- _ 2
/dpdqle(p,fDl2 < (2m)” //d 198( |§+Zi/|2f)(2pE(qu)r|q)4/3

< (2m) /dk\kl |f(k)|2/2E(2u)Ci1;3E( )2

t2 dt
2

O
o2 ([ awriior) [ o

IA

Finally, since by (7.46)

1 1 1 1 56,5
”‘D ‘]_/3f‘D |1/2||600—H|D |1/3f‘D ‘1/2”66_ 4 HfHL(),

we obtain
1Q52 "o < 2865CuCsll |-
This result is immediatly extended to the others terms and since we can prove
QP =1 + Q" P +IQTTT +Q TP+ QTP QTP
we arrive at

|Qoz2lo < 2v10S65CxCsp' 2

Step 2 : Estimates on the density ps;. Let us now treat the density po. The
general idea of the proof is to estimate (pz, () in terms of the norm (| by using

(0, Q) = ITr (QQ)| = | T (QC)| =

s Trca (@\C) (p;p) dp' < /R3 |C/2\C(p,p)|dp.
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This can be done if we know that Q¢ € &;. But we have

1 1 S2.4
1QCls, = HQ|D0\2WCH61 < HQ|D0|2H62||WCHGQ < B(A)? ||QH624—HCHL2

showing that Q¢ € &; when ¢ € L2. So, in what follows, we shall assume that ¢ € C' N L?
and prove a bound depending only on [(|c:. By the density of C' N L? in €', this will give
us a bound on |p|c.

Let us remark first that pp 2 vanishes. Indeed we have

__ 1 A
po2(k) = W /p<A Trea <Q0,2(p +k/2,p— k:/2)>dp

and

+o0
Trca (Qo 2(p,q) ) = / dn/ dp1Trea <m¢ (p—p1)x

1
7D( )_i_m@(pl—Q)iD (q)+in>

dp #'(p = p1)¢'(p1 — q) "
B VED?+1VE®)? + 1PV E@)? + 17

% Trps [(Do(p) — im)(Do(p1) — in)(Dolg) — in) .

—+oc0o
dn

Now the terms linear in the Dirac matrices are traceless and the remaining terms are odd
in 7 and vanish after integration. This can be easily generalized to pg o for all k, and is
known as Furry’s Theorem in the physics litterature.

® p20. We use here a method similar to what we have done above. We estimate for some
C clC'n L2 and QC = QZOC

Oe.p)| < (2m) 5/2/ // |R(p, p)| [R(py, p2)| S (p2 — )| dp1 dps
- P2+ 1’V E([P1)? + 1?\/E(p2)? + 12

s [T d — p)IR(p,p1)| E(p1 — p2)|R(p1, p2)|
) 5/2 _an - (p—p1
< 4lm) /_oo E(n) //dpldm E(p+p1)'?E(p1 + p2)'/? "
" IC(p2 — p)|
E(ps — p)(E(p)? + n*)Y4(E ( )2+772)1/4’
_ oo d ,p1) R (p1,p2)C (p2 — p)
< 4(2nm) 5/2/ e/ //dp1 P ppl

)1/4(E(p2)2 + 772)1/4

where ﬁ\’(p, q) = E@—a)|R(p.q)| and a(k) = E(k)_lz(k) This means that

E(p+q)'/?
4 e dT] ! o/ ]- / ].
< =
|<P2,0»<>| = or - E(n) ” (‘D0‘2+T/2)1/4 (‘DO‘2+T]2)1/4”61
AS¢ [t _dn o S6Cs(CR)*Kap,
< < )
- (27r)(47r)/_ Em)? IR, 1¢ 1 o - IQISIC]e
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by (1.46), showing that

S6C6(Cr)?
™

lp20lc < K3/0|Ql%-

e pi11. Unfortunately, as for Qo 2, we have to calculate p;; explicitely. Let us start for
instance with pfl__, the density associated with one of the two terms of Q11

Ny AT () R(p — p)A~ (p)¢' (01— A (@)
e | S e B

We use the same method as above and estimate for some ¢ € C' N L? the term

~

S gy A* () R(p,p)A” ()¢ (p1 = p2)A" (2) =,
Qclp.p) = (2m) // WPy + B (ED) T By 2P

by
5 A ()R(p.p)A (p1)] ¢/ (p1 — p2)]
|Q<(pap)| < // p+p1)1/2 E(pl)l/zE(m)l/?’ X
C(p2 — p)| x |A~ (p2)A* (p)]
X Blp + pa)2/3 dp1 dps,
)=3/2 E(p — p)|A* (p)R(p, p)A~ (p1)|
: / E(p+p1)'/? 8
F(p1 = p2)

E(p1)'/2E(p2)'/3 M/ (p2, p)dp1 dps,

with f(k) := E(k)|¢' (k)| and {'(k) := |C(k)|/E(k). Now

F(p1 — p2)
E(p1)'/2E(py)

Qc(p,p)| < 2(27T)_3/2/ Ri(p,p1) 73 M/ (p2, p) dp1 dps
with R
E(p —p1)|AT () R(p, p1)A” (p1))]

E(p+p1)'/? '

Ri(p,p1) ==

We thus have

1 f 1
|Do|1/27 | Do|1/3

IN

2[Ry

[2ewmnel M| e
1 1
|Do|1/2f|Do|1/3 le-.
1 1
|Do|1/2f|Do|1/3 le

[ATRA | [Cle 16 ],

IN

2|ATRA R M ||

IN

2|ATRAT || M |

S6,5CnCs
27

IN

and finally

_ S6,5CmCs
+ <L = 7 -
||P1,1 le < o

[ATRA =P lc.
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We now treat pfl_Jr and estimate

~

_ ( R - I(p, — + .
Q) = 2n) [ [ apy iy QLI E R,

by

E A+ R(p, A
Qctpp)| <200 | = p)l p(+)pl(ﬁ/fl) ()l

F(p1 = p2)|A~(p1)A* (p2)| {'(p2 — p)
E(p1 + po)?3 E(p2)3/6

dp1 dps.

Using the same argument as above, we arrive at

_ S6,5CnCo _
lof *le < Z22S2E0 AT RA e
To treat pff‘, we remark that
1 < 1
(E(p) + E(p2))(E(p1) + E(p2)) — (E(p) + E(p1))(E(p1) + E(p2))
1
_|_

(E(p) + E(p1))(E(p) + E(p2))

and use the same estimates as above to get

56,5CM06
™

lofy e < [ATRA™ ] le-

Finally, since . _ cryy [A®TRA® |% = |R|%, we end up with

S6,5C 1 CeC
T el Rl

lorale <2 We [ S 1AmRA%IR | <4

e1,e2€{=£}

S6,5CnCs
™

4.3.3 The general n'" order case

Now that we have explained how the proof works for the second order, let us estimate the
general n* order term.

Lemma 1.13. We have the following estimates

n . S6Cs \®
W3 |Quo k3 ColiQIN with Co=VE(FRY
. S6Cs (S6Cs\’
> < n /\ || —
Vn > 5, lonle < K Cpl(Q, )", with G, T (2\/77)
. K>86Cs [ S6C5\ >
Ipile < Cul(@ A1 with €y, = 222058 (2020
Therefore,
Vn >4, 1(@ns p) | < w0l (@, )"
with

ks = ACRK20QV2 + 2VTC,,,  fin = nCRE3CQV2 + 20K nii Cpy/T.
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Remark that it can be proved that K, ~, %, which gives the claimed behaviour

for k,, as n — oo.

Proof — Step 1 : Estimates on the exchange term @),,.
o Qr; withk >1 and k+1=n > 3. Recall that

n

) /*“’d #H n_ Lt
oo 77D0+z'nj:1 TDO+in )’

1UJ={1,...n}, |I|=k, |J|=l

(_1)l+1

Qr) =

where R; = Rif j € I and R; = ¢’ if j € J. For the sake of simplicity, we treat only

1 oo 1 1 k 1 !
/ = — d R ! *
@i = o /_Oo ”D0+in< D0+z’77> <‘p D0+z'17>
We have

v < g [ / Rl

x ! H( R(psspin)] ! )
(E(pr)? +n?)/* 4 <E<pj>2 ) B (pya)? + ) A
n—2
1 1
X —p X
E<<E< T 0~ P )
x . P )| R S—
(B(pn1)? + )70 Pt = Dl qy o pzyie 1t
so by (1.45),
2" E(p — q) IR(
1/2 P—q P, P1
B~ )B(p + ) @y (r, )] < z ey B B
= |R p]>p]+1
1;1 p] +p]+1 1/2 H 2 42 )1/4|‘P( pj+1)|(E(pj+1) +n )1/4 X
1 ~ 1
"(pp—1 — dpy - dpp—_1.

Now if we use the easy generalization of (I.18),

Ep—q) <E@p—-p1)+EpP—p2)+-+EPr2—pn1)+E@Pn1—0q),

we obtain by a similar argument as before

k(Cr)F(4mCos ) (/_OO #)

o d
+I(CR)*(4mCs)' 7186 Cs (/ %)] 1QISIA Ic-

—oo E(n

k41

272
|Qkilo < ——
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To obtain this result, we have estimated each term containing a ¢’ by using

1 ' 1 C )
o E T Ee < Fh e < b

and when E(p; — pj+1) appears in front of a o (p '(pj — pj+1) (i.e. when j > k), by using

1 1
(Do + B (Dol + B/ o
<| ! f ! oy < ——28__
< B+ B (DoP + Em?) A1 = By

[l

So we have

1@k lo

+

k(Cr)*(4nCo0) Ky 11 +1(CR) (477000)l_15606K1+§] lQ1S1 e

it SsC
< 2 (OO Ky g max (1,250 ) Q11

IN

which implies

Ny o kL SgC
|Qralo < (1)2F n(Cp)* (4nCo) K, & max (1 ey ) Q11

e (o, with n > 3. Recall that

(_1)n+1 /+OO 1 / 1 "
R
o, o ) D0 i \P DOt

so that
E(p—q)E(pﬂLq)”QI@o?(p,q)‘ﬁg(p)i;g—z/m il //dm - dpn_1 X
&' (p — p1)] 1
B+ ) B + ) 1/4H< s ”””'<E<pj+1>2+n2>1/4>x
1 - 1
X Bl 1A et = gy

We now use (1.46) to bound for some fi, fo and f3

’ 1
1:[ < |D0|2_|_77 1/4f3(‘D ‘2 )1/4) ”62 > E 3/2 3 H”f]”[,b (1.48)

to obtain
|Qonlo < 3= ( / m) (S5C6)* (4nCo)" /2

or
[Qonllo < nKn-1V2(S6Cs)* (4mCs)" |02
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Finally, we can write for instance (recall that Coo = 1/(2+/7))

Qule < nK,2Cq (CrV2IQle + 2v7l/lc) (1.49)

where

B S6Cs [ SsCs \*\  =(S6Cs)?
Cg = V2max (1’ AnCy’ <47r000> ) = V2 8r3/2

and since K, /5 > K;,—1 when n > 2.

Step 2 : Estimates on the density p,,.

o pig with k> 2 and n > 3. As before we treat for instance the density pz’l of the Q%,l
where the k R’s are on the left and the [ ¢'’s are on the right. For some fixed ¢ € ¢’ N L2,
we introduce Q¢ := Q;’ZC . We thus estimate

Qo< [T / Rl

1
X ( ( +77 1/4 H < )1/4|R(pj7pj+1)|(E(pj+1)2 +772)1/4> x
1
X H < —|-77 )1/4|90( p]+l)|(E(pj+1)2 +772)1/4> X
1 i 1
“Ep)? + 772)1/4|C(pn —p)| EGE LA dpy - - - dpy.

We now use as before

E(T_—];))'(E(p —p1) + E(pr—p2) + -+ E(pn_1 — pn))
to obtain
2k/286C, 1 [  dy
(k1> C)] < n#(@%)k(‘lﬂcoo)l (g/ W) QIS 161 e

and so
Sﬁ Oﬁ

loklle < n ;) (CrV2)* (4 Co0) K, 11 [Ql 01 -

e pi; with 1 > 2. We may treat for instance with the same notation as before

Qo< o [ | G e

1
B ) 1/4H< +n>1/4'“"( i )
1 ~ 1

(E(py)2 + n2)1/4 IC(pn — )| B2 P dp1 - - - dpn.

X
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We now use (1.48) and obtain

21/2(S6C)3 o1 [ dy
01 < 02O a2 (o [7 ) 1loleicle
oo E(n)
and so 12 5
L 2V2(S5C K, .
Iovdle < n (3-1) 2= R o amc) 2@l I

e po; with I > 5. We want to estimate

_ +00
IQc(p,p)l_ g(nﬂ) dn 14|90(p p1)|x
N /
n—1 1
B ) /13< o) pﬂ“”(E(ij)an)l/‘*)X
1 - 1

X (E(pn)? + 7]2)1/4 IC(pn — D) (E()? + 772)1/4 dpy - - - dpy,.

Since there are at least 6 functions, we may use (1.48) twice and obtain

SeC
iohss6)1 < aro s (7 B eicle

and so

S6C)° .
Inodle <0 a0k ol

Now since K2 < K(,41)/2 when n > 5, we obtain

Ipale < 0k w1 C, (Cav21Qle +2vTlo lc ) (1.50)

o S6cﬁma 1 C6Ss\* (CsS6\"\ _ SsCs (C6S6)°
P T M\ ey ) \avr ) ) T T \aur

For p4, we notice that pps = 0 for the same reason as ppo, and that Ky > K5/2.
Therefore we obtain

with

4
loslle < Cp, (CrVEIQIQ + 2vIo e ) (151)

o . AEaSeCs [ (CoSg ) _ SeCska (CsSs\*
PeTT O 4g " 2\/m oo 2w )

4.3.4 The third order density p3

with

Lemma 1.14. We have
3
Isle < Cps (CrV2IQlo + 2Vl lc)

and therefore
1(@s,p3)] < ral(Q, I
with
_ 15CnS6(S6,4)(Ce)*
(47 Cy)3

K3 :3CRK3/20Q\/§+2ﬁCp3, Cp3
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Proof — Notice that thanks to the previous proof, we already have some estimates on p3 g,
p21 and p1 2. It remains to study pp 3. As before and as in [HS03], we have to compute
po,3 explicitely by a residuum formula. We thus write

_ E£1E2E3E4
£0,3 = E Po,3
€1,...,4€{£}

with an obvious definition.

e Let us treat first par 3. We thus fix some ( € C'N L? and estimate the term

()¢ (p — p1)A” (p1)
Qclr.p) = (2m)” ///dpldmdp?’ lE(p)JrEl(pl) —x

o o —p2)A(p 2)¢ (pa — p3)A~ (p3) »
E) + Em)(E@) T Epa)) P3P

by

‘AJF "(p — p1)A_(p1)‘
Kdey )< (2m)” E/X/}@ldp2@% X

E(p+ p1)?/3
o (p1 — p2) p3 “C
(s =)
E(p1)Y 3E(p2 ’
So if we follow the method used above, we obtain
o 3C 1 S6(56,4)%(C)*
logs N < Sl 20D,

s : —tt+ A= ———  —+F  —
Now, it is easily seen that py 3", po3~ ", Po3 P03 +Po3 o p0’3 ~and pg 5

can be treated by exactly the same method.

—

e Let us now treat for instance paf ;__. Thanks to the residuum formula, we have to study

Qelp.p) = (2m) / / / dpy dps dps A+ (D) (p — pr)A™ (1)@ (b1 — p2) A~ (p2)
1
(E®) + E@2) (E(pr) + Ew) (E(pr) + Epa))

@' (pa — p3)A~ (p3)C(ps — p) X (

1
(E(p) + E(p2))(E(p) + E(ps))(E(p1) + E(m))) ’

If we now use the same method as above for each of the two terms of this sum, we arrive
at

3Cn56(56,4)°(Ce)* 1
47T p C-
This is easily generalized to the study of pag++, p6f§+_, p&?{‘ﬂ pafg_Jr and pagfr_
Summing now all these terms, we obtain

logs ™ e <2

3C1S6(S6.4)%(Cs)*
Ionsle < 202D (CD) ) 1y

15C16(S6.4)%(Cs)*
- 1Ak
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and

3
Ipslle < Cp, (CrVEIQlo + 2vlR le) (152)
with
SsCs SeC 2 2OCM(S6',4)2(06)3
Coa = 3= max <K3+1/2’K3’K2 <47rcoo> ’

(ArCy)3

_ 15Cn56(56,4)%(Ce)* .
m(4mCoo)3 '
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Appendix: Derivation of the BDF energy

In this section, we recall some basics about the second-quantization in no-photon QED and
explain how the energy EBPF is derived from this theory, as a mean-field approximation.
We mainly follow the method of Chaix-Iracane [CI89, Cha90], but with the notation of
[Tha92, BBHS99, HS98]. See also [HS03] for more details concerning the polarization of
the vacuum.

Since this derivation is somewhat formal, we may work in H = L?(R3,C*). To simplify
the presentation, we introduce PY := P? and PJ? =1-— PO,

Free particles, Fock space, free vacuum

We first introduce ]:J(rl) = PJ?H and ,7-'&1) := O PYH which are called respectively the free
electron and the free positron state subspace. C is the charge-conjugation operator defined
by Cip = ifag. We define FI” = F© = € and " = Ap_ 7, 70 = Ay 7O

for n,m > 1. The space of n free electrons and m free positrons is then defined by
Flm) — fi") ® ]:Sm) and the associated Fock space is

Fi= g Fom. (153)

n,m=0

For any f € H, we define the free electron annihilation and creation operators ag(f)
and aj(f). The free electron annihilation operator ag(f) fulfills ag(f)(F"™) ¢ Fr=1m)
for n > 1 and is defined on F(™) by

ao(f)(1/})(3317-- Tn—15Y1, .- Jym) Vn+ / PO (.T Ty 7xn—l;y17”'7ym)dx7

and ag(f)(F©™) = 0. The free electron creation operator a(f) fulfills aj(f)(F™™) C
Frtlm) for n > 0 and is defined on tensor products of F™) by

AW @) = < <f>Aw+>®w_

when ¢, € FSF") and ¢4 € fﬁ”“, or more explicitely for ¢ € Fm)

aa(f)(w)(xla'"vxn-i-l;yla"'7ym = \/—Z J+1P0 (xj)¢($17---,ij—l,f’?jﬂa---,J?n;yh---

Correspondingly, the free positron annihilation and creation operators bg(f) and b§(f)
are defined by

bo(f)(d))(xlv"'axn;ylv"wym—l) ( V / CPO (3317" ,l’n;y,yl,...,ym_l)dﬂf,

bo(f)(Fm) =0, i)Wy @) = (-1)"); @ <0P9<f> A w_>

when ¢, € 71" and ¢y € F™. As before, by(f)(Fmm) ¢ FOm=1) and b (f)(Frm))
Fmtl)  Remark that ag and b are anti-linear, while ajj and by are linear. They fulfill

Ym)-
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the Canonical Anti-commutation Relations

{ao(f),a0(9)} = {ag(f), ap(9)} = {ao(f), bo(9)}
={ag(f),b6(9)} = {ag(f),bo(9)} = {ao(f),b5(9)} =0, (1.54)
{ao(f)ai(9)} = (f. PLg),  {B6(£).bo(9)} = (f. PLy), (L55)
where (-,-) denotes the usual scalar product of L?(R3, C*).
For the free vacuum state )y, a unit vector spanning F (0.0) = C, we obtain
ao(f)Qo =0 and bo(f)Qo = O, (156)

a property that caracterizes uniquely )¢ up to a phase factor.
Let us now define the field operator ¥(f) on the Fock space F by

V(f) = ao(f) +bo(f)-
In terms of ¥(f), the CAR become

(W), ¥(9)} =49 (), ¥ (9} =0, {¥(f), ¥ (9)} = (f, 91,

for all (f,g) € H>.
Remark that we have by definition

U(PYf) =ao(f), U (P°f)=bo(f) (L57)

and V(P f)Qy = U*(P° f)Q = 0, which also caracterizes the free vacuum Qy up to a
phase factor.

Dressed particles and vacuum

In this description, the free electrons and positrons are defined with respect to the projector
PO, or equivalently the splitting H = H® @ HS)F. We want now to change this definition
and introduce the dressed electrons and positrons. To this end, we fix a new projector P
on H, use again the notation P_ := P and Py := 1— P, and introduce the dressed particle
annihilation operators

ap(f):=W(Pyf),  bp(f):=V(P-f), (1.58)

by using (I.57). Similar formula can be given for the dressed particle creation operators
ap and bp. These dressed operators satisfy the same anti-commutation relations as for
the free operators (I.54) (I.55). We also introduce the dressed electrons and positrons
state subspaces
HY =(1-PH, HI=PH.
Now, the main question is to know if there exists a dressed vacuum 2p in the Fock
space F. This state has to be a solution to the analogue of (1.56)

ap(f)Qp =0 and bp(f)Qp =0 (1.59)

for all f € H. The answer is given by the celebrated Shale-Stinespring Theorem (see
Thaller’s book [Tha92, Theorem 10.6])

Theorem 1.5 (Shale-Stinespring Theorem). There exists a dressed vacuum Qp in
the Fock space F satisfying (1.59) if and only if P — P° is a Hilbert-Schmidt operator. In
this case, Qp is unique up to a phase factor.

This result explains why we assumed in the previous section that P — P € Gy(H,).
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Second-quantized Hamiltonian

In the physics literature, the creation and annihilation operators are defined differently.
For instance, instead of afj(f) which creates an electron in the state Pﬂ f, the operator
ag(z) which creates an electron at z is formally used, where afj(x) = > 2, a§(fi) fi(z),
(fi)i>1 being an orthonormal basis of HY. The operators ap(z) and bp(z) are defined
similarly.

We shall now use this formalism and follow mainly [HS03]. Formally, the CAR
(1.54,1.55) are equivalent to

{ao(2),a0(y)} = {ag(2), ag(y)} = {ao(z),bo(y)}
= {ag(®),b5(y)} = {ag(x), bo(y)} = {ao(x), by(y)} = 0, (L.60)

{ao(x), aj(y)} = [1 = PO)(z,y), {b(x), bo(y)} = P°(z.y) (L61)

where [1 — P°|(z,y), P(z,y) are the integral kernels of the projectors 1 — P and P.
We now start with writing down the formal unregularized no-photon Hamiltonian

Hyy :/dw () DU (z /dm/ D)V (y)(y) (1.62)

IX yl

which acts on the Fock space F. As explained for instance in [Tha92, HS98|, the free
vacuum may not belong to the domain of this formally defined operator. Therefore, the
formal energy of the free vacuum is substracted from (1.62) by a procedure which is called
“normal ordering”, denoted by double dots : — :po. In each product of annihilation and
creation operators, the aj and b are moved to the left as if they anticommute with the
ap and by. For instance

P W (2)W(y) :po= ag(@)ao(y)+a5(y)bo(x)+bo(w)ao(y) —b5(y)bo(x) = U ()W (y) - P (x, y).

(1.63)

As a first step we thus regularize H,, as done in Chaix and Iracane [CI89, Sections 3.5
and 4.1], namely we normal order with respect to the free Projector PV,

H= /d:c U (2) DU () 1po +2 /da:/dy @V W)W i gy

IX—yI

This kind of regularization appears implicitly in any QED textbook. It corresponds to the
subtraction of the energy of the free Dirac sea, and the interaction energy with the free
Dirac sea, which is usually referred to as mass renormalization. In fact in [HS03, Section
3] these subtractions were justified by the first two guiding principles (denoted as W1 and
W2) formulated and justified by Weisskopf [Wei36].

The definition of the normal ordering depends on the annihilation and creation oper-
ators and it thus depends on the projector P which is used. Now we want to express H in
terms of : — :p for some P. Using (1.63) we obtain the reordering relations

s (@) U(y) cpo=: UH(2)¥(y) :p +Q(,y), (1.65)
where Q = P — PY, and

P W) (@)W (Y)W (y) cpo = W)U (2) W (Y)W (y) :p +2: U ()W (2) :p Trea (Q(y,y))
= 2: U (2)¥(y) :p Q(z,y) + Tres (Qz,2)) Tres (Qy, y) — 1Q(z, y) .
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Therefore we can rewrite H with respect to an arbitrary dressed vacuum P,

H = / 2)DU(z) :p dz + — // V(@) ¥ (@)W (y )ql(y):Pd:rdy

Ix—y\

+a// |a;P—1;|C4 (Qy,y)) do dy — // T* (2 ‘m_ p|Q(a: y)dmdy

Trea (Q(w, ) Tres (Q(y: ) Q(z,y)?
+ Tr(D*Q) + // P dx dy — 5 / =yl ——=dxdy. (1.66)

The last line represents the energy of the dressed vacuum P measured with respect to P°,
whereas in the second line the vacuum polarization potentials appear.

Restriction to Bogoliubov-Dirac-Fock states

A general strategy would now be to fix a charge ¢ and to look at the expectation value of
the operator H in an electron-positron state ¢ with total charge ¢ (electrons and positrons
are defined with respect to P) and then minimizing over all admissible states ¢ and over
P.

For a slight simplification, we will follow [CI89] and restrict ourselves to Bogoliubov-
Dirac-Fock type states. In this approximation method, a dressed vacuum P is first chosen
such that P — P° € Gy(H). Then a BDF state is simply a Slater determinant made with
n electrons and m positrons defined with respect to the dressed vacuum P (n,m > 0 are
not fixed in this theory). This is a state of F which takes the form

¢ =ap(f1)---ap(fn)bp(g1) - bp(gm) p,
where (f1,..., fn) € (HY)™ and (g1, ..., gm) € (HE)™ are such that (f;, f;) = 6ij, (gi,95) =

di5, and §p is the dressed vacuum in F obtained by Theorem I.5. The one-body density
matriz of such a state is the operator v, defined by its kernel

W)=Y @)W~ 9@ )
i=1 Jj=1
often written as
Yy = Z | fi){fil = Z 195)(9;1
i=1 Jj=1

and it satisfies
-P § ’}/w S 1- P

The associated density of charge is the function py(x) = Trea (y(z,x)) or

= 1fi@)P = lgi(=)P
i=1 j=1

The energy (|H|¢) of such a BDF-state ¢ € F is easily computed with formula
(1.66). As usually in this type of approximation, it only depends on the one-body density
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matrix v, (and its spin-summed diagonal py) and it is shown to be (see [BBHS99] for
details and [CI89, Formula 4.8])

EBDF(RW) — <¢|H|¢>:tr<<Dw+apQ*ﬁ—aTi(i>z)>w>
//pw Pw ) g dy __/ %dwdwﬂ%@)

= &(Q+vyp)
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C.l

Self-Consistent Solution
for the Polarized

Vacuum in a No-Photon
QED Model

Ce chapitre reprend le texte intégral d’un article écrit en collaboration avec Christian
Hainzl et Eric Séré. Il est destiné a un public de physiciens.

Résumé

Dans cet article, en suivant des idées de Chaix-Iracane [CI89], nous déduisons des pre-
miers principes de I’électrodynamique quantique négligeant les photons, une fonctionnelle
qui permet la description rigoureuse de la polarisation du vide. Nous présentons également
un nouvel outil permettant de définir la charge du vide. Enfin, nous proposons une renor-
malisation de charge qui s’applique simultanément a tous les ordres du développement par
rapport a la constante de structure fine «.
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Self-Consistent Solution for the Polarized Vacuum in
a No-Photon QED Model!

CHRISTIAN HAINZL®*, MATHIEU LEWIN® & ERIC SERE®

Abstract

Starting from a first principle QED Hamiltonian, neglecting photons, we
derive a functional — following ideas of Chaix-Iracane [CI89] — which allows us
to rigorously describe the polarized vacuum in a self-consistent way. Thereby
we develop novel means to characterize charge sectors. Additionally we perform
a charge renormalization scheme applying simultaneously to all orders of the
fine structure constant «.

1 Introduction

Despite the incredible predictive power of Quantum Electrodynamics (QED) its descrip-
tion in terms of perturbation theory restricts its range of applicability. In fact a math-
ematical consistent formulation is still unknown. We want to make a tiny step in that
direction. Following ideas from Chaix and Iracane [CI89] we rigorously treat a model,
which we derive from no-photon QED, describing ground states of atomic systems. Com-
monly speaking we deal with divergences arising from vacuum polarization (VP) effects.

By means of a Bogoliubov transform applied to a standard regularized Hamiltonian,
describing interacting particle-antiparticle systems, we derive a well defined Hamiltonian.
We impose an ultraviolet momentum cutoff A which is a necessity when dealing with VP-
effects. Our only restriction on A is its finiteness. Although VP plays a minor role in the
Lamb-shift calculations of low-Z hydrogen-like atoms, it is important for high-Z atoms
[MPS98, Sha02] and even plays a major role for muonic atoms [PY59, GRS60] and for
heavy ion collision [RMG81].

As our main issue we describe a stable polarized vacuum self-consistently in a non-
perturbative way. Such a solution minimizes an appropriate energy functional and differs
slightly from the Furry picture which can be obtained after the first iteration of a fixed
point algorithm starting with the projector on the negative energy spectrum of the free
Dirac operator. Additionally we introduce the notion of supertraceclass operators which
turns out to be an appropriate tool to describe different charge sectors. We will discuss
a simplified model in more detail, neglecting the exchange energy. For the corresponding

!The authors are thankful to Robert Seiringer and Vladimir M. Shabaev for valuable comments. They
acknowledge support through the European Union’s THP network Analysis & Quantum HPRN-CT-2002-
00277. E.S. acknowledges support from the Institut Universitaire de France
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self-consistent solution of the VP-density we will perform a fully — to any order — consistent
charge renormalization scheme.

As an application our procedure might be useful for the Lamb-shift calculation of
atomic bound states: usually, see, e.g., [MPS98, Sha02], one works in the Furry picture,
i.e. with the (generalized) eigenstates |1, ), solving [D® — a]|tm) = em|thm), to evaluate
corrections due to Vacuum Polarization, where D denotes the free Dirac operator D? =
a - p+ (. The “eigenstates” [iy,) satisfy the relation

D 1) Wl = PPLAR) @ CY Y o) (| = [L = PAL*RY) @ CY, (IL1)

em<0 em >0

where the sum should rather be understood as an integral. P¥ = x(_s 0)(D?) is the
projector on the negative spectral space of D¥ = DY — ap therefore the right hand terms
in (IT.1) are mathematically well defined. A different frame concerning the choice of the
electron-positron subspaces should rather be corresponding to an effective Hamiltonian
D? — ap + Vg, ie. [D — ap + Vigl[thm) = em|tm) already including VP effects. In
the following we describe a procedure to derive such an effective potential Veg in a self-
consistent way. It known in the literature, see, e.g., [BS72], that an effective potential can
be derived by means of Feynman diagrams. However, we emphasize that our approach
is mathematically rigorous, non-perturbative and works for any charge Z of the external
potential.

Throughout the paper X(—oo,o)(H ) denotes the projector on the negative spectral space
of H. In other words it consists of the eigenspace generated by the (generalized) eigenvec-
tors of H with negative spectrum. (In the physical literature x(_q0)(H) is often denoted
as A7 (H).)

We use relativistic units i = ¢ = 1, set the particle mass equal to one and a = €2 /(4).
We emphasize that in the first part e represents the bare charge of the fermion. We assume
the presence of an external field ( ) = Znx1/|-| describing one or more extended nuclei
with overall charge density Zn(z), [n = 1.

In the following we will use the shorthands D’ = a-p + 3, D¥ = D" — ap and ¥(z)
denotes the field consisting of a particle annihilation and an anti-particle creation operator,
which will be made more explicit below. Our starting point is the formal Hamiltonian

M W () ()0 ()W ()
Hformal_/d v ( )DSO\I] / /d |X—y| ) (112)

which acts on the Fock space. We use the notation z = (x,0) € R*x{1,2, 3,4}, ¢ denoting
the spin index. | dz denotes integration over R3 and sum over the indices. The momentum
cutoff A is implemented in the Hilbert space 4 which builds up the corresponding Fock
space. Namely

or={f¢€ L2(]R3) ® (C4\ suppf C B(0,A)},

that is the space $H, of spin valued functions whose Fourier transform has support inside
a ball with radius A. Equation (II.2) contains several divergences. We simply regularize
by normal ordering with respect to the projector, P°, on the negative spectral space of
D07 PO = X(—oo,O)(DO):

H = /d:r LU (2) DU () 1o+ /daz/dy @V W) o gy g

IX—yI
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This corresponds to subtracting the energy of the free Dirac sea P° and the interaction
energy with P°. Indeed, the latter subtraction represents a generalized mass renormaliza-
tion.

The field operator W(z) with respect to the free Dirac sea PY is given by ¥(z) =
ao(x) + bj(x), satisfying the anti-commutation relation

{ao(2), a5(y)} = [1 = P*)(x,y), {b5(2),bo(y)} = P(z,y) (IL.4)

where [1 — PY)(x,y), P°(x,y) are the integral kernels of the projectors 1 — PY and P°. All
other possible pairs anticommute.

In the following we want to perform a general Bogoliubov transformation, see [CI89],
and rewrite H with respect to any dressed vacuum (projector) P, P — P? € Gy($4). G
is the set of all operators whose square has a summable diagonal, i.e. G3(Hp) = {4 €
B($Hp)|tr A*A < oo} (B($Ha) denotes the set of bounded operators). By definition of
normal ordering

DU (@)U(y) po = ag(@)ao(y) + ag(y)bo(x) + bo(z)ao(y) — bo(y)bo(x)

@)U (y) - P, y). (1L.5)

Representing now (I1.5) by means of a general P, thereby changing from one representation
to the other by an appropriate Bogoliubov transformation, one derives

U (2)U(y) cpo=: ¥ (2)U(y) :p +Q(x,y), (I1.6)

with Q = P — P°. This is a direct consequence of the fact that, with respect to P, we
can rewrite the field ¥ as ¥(z) = ap(z) + b} (z), where the particle-antiparticle operators
ap,bp fulfill the relations (II.4) with P® being replaced by P. After straightforward
calculations one sees that

UM (2) T (2) T (y) U (y) tpo = : U (2)T(x)T* (y)T(y) :p
+2: 0% (2)¥(z) :p Tres (Q(y,y)) — 21 U*(2)T(y) :p Q(=,y)
+ Tres (Q(x, %)) Tres (Q(y,y)) — 1Q(z, y) .

Here and in the following |Q|? = Q*Q. Therefore we can rewrite (I1.3) with respect to an
arbitrary dressed P as

a [0 (z)¥(@)V (y)¥(y) p
H= / x)D¥V(z) :p dx + 5 // =] dx dy
U*(x ip Trea (Qy, y)) U*(x p Q(z,y)
v [ RS ixdy o [ SR ay
+ tr(D°Q) /dxgo x)Tres (Q(x, %) // Tre: (Qx, ;)T;T (Q(y’y»dx dy

2
5// %dmdgj. (I1.7)

Note, due to the Shale-Stinespring Theorem [Tha92, Thm 10.6], the requirement P— P° €
G2(9H4) is necessary and sufficient to guarantee that the Bogoliubov transformation is
implementable in the Fock space, which means that there exists a vacuum vector (2p in
the Fock space, such that apQp = bpQ2p = 0. We do not specify this implementation in
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more detail, since we are primarily interested in the vacuum energy (see, e.g., [HLS04a,
Appendix]). Evaluating the vacuum expectation value (Qp|H|Qp) only the last two lines
of (IL.7) remain representing the energy of the dressed vacuum P measured with respect to
PO, In the Furry picture, P is fixed to be the projector P¥ = X(=o00,0)(D¥), and the energy
of P¥ — PY is usually neglected. The second line of (IL.7), in the Furry picture, represents
the interaction with the VP-potentials, more precisely, the first term is the interaction with
the VP-density p?(x) = Trca ([pcp — PO](X,X)). This density diverges logarithmically in
the cutoff A. This becomes finite by throwing away the physically unimportant divergent
part of p¥, a procedure usually referred to as charge renormalization. We refer to [HS03]
for an intense study of the Furry picture. Let us remark that P? — P° € Gy(H5) was
shown by Klaus and Scharf [KS77].

In our case of a general P we do not a priori renormalize: this would destroy the
naturalness of the Hamiltonian. Namely, such a renormalization procedure would depend
on the representation P, therefore the Hamiltonian (II.7) would be no longer unitary
equivalent with respect to different representations. Instead we give a fully consistent
renormalization procedure later on for a slightly simplified model. That means we present
a renormalization of the vacuum polarization density which applies simultaneously to any
order of « and is in the spirit of the usual charge renormalization procedure [IZ80, Equ.
(7-18)].

In the following we want to concentrate on the vacuum energy, which ceases to be a
constant if one minimizes over P. Such a minimizer, if it exists, we call a stable vacuum.

2 Existence of a stable polarized vacuum

To define our energy functional properly we have to overcome the difficulty that the
variables Q = P — P°, DY@ are not necessarily traceclass, this means tr|Q|, |Q| = vVQ* @,
can be infinite. Indeed this is the case for P¥ — PY. For any fixed A, p¥(z) is a well defined
function (see [HLS04a, Equ. (6)]), which diverges for each x if A tends to oo. Nevertheless
even for fixed A the operator P¥ — P? is not traceclass.

For that reason we introduce the notion of supertraceclass operators (see, [Tha92,
Section 5.7]). We say A € G2($,) is supertraceclass with respect to P°, i.e. A in 6{30 (Hr),
if the operators Ay, := (1—PY)A(1—P°% and A__ := PYAPY are traceclass (€ &1(H4)),
tr|Ai4|, tr|[A__| < oo, and we define

strpo A=trA;, +trA__. (I1.8)

Notice, if A is even traceclass then strpo A = tr A. In fact we show in [HLS04a] that
any difference of two projectors Q@ = P — P? € G5($4) (consequently also DY@, since
due to the momentum cutoff A, DY is a bounded operator) is automatically in &% ’ (Hr),
moreover, strpo () = strp ) is an integer which can be interpreted as the charge of @ (see
below).

Calculating now the vacuum expectation value (Q2p|H|Q2p) we see that the terms cor-
responding to the first two lines in (I1.7) vanish and it rests the energy of the vacuum
which we denote as £(Q) = (Qp|H|Q2p). Defining the kinetic energy properly by means of
the notion of supertraceclass we write £ as

2
E(Q) = strpo(D°Q) — a/stD + %D(pcz,p@) - %/ %dm dy, (I1.9)
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po(x) = Tres (Q(x,%)), D(f,9) = [ %dx dy, acting on the extended, convex, set

Gr={Q0<Q+P <1,Qe 6 (), pg el (IL.10)

with C = {f € Ha| D(f, f) < oco}. We remark that due to our cutoff the density pg(x)
is well defined [HLS04a, Equ. (6)], and that for mathematical reasons we extended the
physical states to their convex hull. As our main result we obtain that, for any A, £ has
a minimizer on Sy, therefore there exists a stable vacuum.

Theorem II.1. Let 0 < a < 4/m, n € C. Then there exists a minimizer Q of € in Sy.
Furthermore P = Q + P is a projector satisfying the self-consistent equation

aQ(x’y)). (IL11)

1

The proof of the theorem is complicated and will be given elsewhere [HLS04b].

Equation (II.11) corresponds to Dirac’s picture that the “correct” vacuum P should
be the projector on the negative spectrum of an effective one-body Hamiltonian.

Remark, that in the case without external potential, ¢ = 0, the free projector P°
solves (I1.11) and minimizes £ [CIL89, BBHS99].

Numerically the self-consistent solution of (II.11) could be evaluated by a fixed point
algorithm, starting with P°, which converges to the solution (II.11) as shown in [HLS04a).
Notice thereby P = P?+O(a?). In fact in [HLS04a] we prove (I1.11) under reasonable re-
strictions, av/log A < 0.3, using the Banach fixed point theorem. This proof is much more
constructive than the direct proof in [HLS04b], and it might better reflect the smoothness
properties corresponding to the solution of (II.11). In a different model [LS00] the Banach
fixed point theorem was already used to derive a self-consistent projector.

Quite generally, as presented in [HLS04a] — following [CI89] — the Hamiltonian H can
be applied on Hartree-Fock type states

) = ap(f1) .. ap(f)bp(g91) ... bp(gm)Slp, (I1.12)

denoted as Bogoliubov-Dirac-Fock (BDF) states (see [CI89]), where f; € [1 — P]$x, for
1 <i<1,gj € Py, for 1 < j < m. Evaluating the expectation value (1|H|¢) one realizes
that this only depends on the one particle density matrix -, associated to |¢),

l m
o = DN =D laiasl,
i=1 j=1
which fulfills —P < ~, <1 — P. More precisely

(Y[H]Y) = E(Q + ),

with Q = P — PY. Consequently the real physical object is the sum of the vacuum density
and the particle density, Q) + vy, satisfying -P'<Q+ Yo <1 — PY showing that @Q + Yoy
is an element of Sy. Quite generally, all admissible states, @ + vy, are in the set Sy. This
explains why we call the solution of (I1.11) a stable vacuum: it is the state of lowest energy
among all admissible states.
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3 The charge of the vacuum

By means of the next theorem we emphasize the usefulness of the notion of supertrace.
We have seen that the physical objects in Sy consists of elements @) + v where v describes
an appropriate particle-antiparticle state whose trace has an integer value and @ denote
a vacuum state whose supertrace is an integer. Consequently the supertrace of the whole
object is an integer which shows that the supertrace is an appropriate tool to describe
charge sectors in Sy.

Theorem I1.2. For any orthogonal projector P, such that P—PY € Gy($)), strpo [P—PO]
is an integer. If additionally P satisfies (IL11) and 0 ¢ o(D>), the spectrum of D*, for

all X € [0,a], where D* = D° — \p + Apg * |—1| - )\Cﬁ{(fgl), then strpo[P — P°] = 0.

In words, we assume in Theorem II.2 that no eigenvalue crosses 0 when deforming D*
from 0 to @. We remark that under the assumptions made in [HLS04a, Theorem 4] we
are sure that such crossings of eigenvalues do not happen.

Proof — Using the proof of [ASS94, Theorem 4.1] we obtain (see [HLS04a, Lemma 1])
for any orthogonal projector P, P — P? € &5(9,), that strpo[P — PY] = tr[P — PY]?m+1
for all m > 1, which is automatically an integer according to Avron, Seiler, and Simon
[ASS94]. Applying now [Hai03, Theorem 2] to the solution of (II.11) under the assumptions
mentioned in the theorem we arrive at strpo[P — P°] = 0. O

This Theorem tells us that if the overall charge of the nuclei is not too big the vacuum
stays neutral, cf. [GMRS85, Hai03].
Notice that strpo @ # [ pg, since even for fixed A, @ is in general not traceclass.

4 Reduced vacuum energy functional

Recall up to now the charge was kept to be the bare one. In other words we did not
renormalize the density pg. Next we want to derive a renormalization consistent to any
order. This distinguishes us from usual renormalization procedures where only the first
order (in «) of the VP density is renormalized. For that reason we simplify our vacuum
energy by neglecting the exchange term,

Ered(Q) = strpo(D°Q) — / poY + %D(,OQ, PQ)- (I1.13)

From a physical point of view this is quite natural, since the exchange term is usually
treated together with a term describing the interaction with the photon field to form the
standard electron self-energy that is a subject of the mass renormalization (see the remark
after (IL.3)).

Theorem I1.3. For any positive A there exists a minimizer QQ € Sp for Eeq Satisfying

1
Q = X(—s00) (DO —ap+apg W) — PO (I1.14)
The proof is on the one hand a direct consequence of the proof of Theorem II.1, on
the other hand much simpler. Namely the fact that the functional is convex and strongly
continuous in @ immediately implies that it is weakly lower semicontinuous on Sp. Since
it is trivially bounded from below one sees quite easily that the minimum is attained.
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To see that the minimum satisfies the equation (II.14) one proceeds similar to [HLS04a,
Theorem 3.

In order to perform our renormalization scheme we expand (II.14) in powers of «.
Using the resolvent representation [Kat66, Section VI, Lemma 5.6] and recalling pg(x) =
Trea (Q(x,x)) we derive from (I1.14) the self-consistent equation for the VP-density

[ee]

1 1
Do—a<p+apQ*ﬁ+i77_D0+in ’

(11.15)

pQ = dn tr[

~5- .

which is guaranteed to exist as a well defined object in our set C. Applying the resolvent
equation
1 1 1

1 111 111 1
bt gt ety slglply b
A_aB A “APATYAPAPA T AP AP AP Ao

using Furry’s Theorem [Fur37], telling us that the corresponding a?-term with two poten-
tials vanish, we obtain

pg = aFi(pg — Zn) + F3(apg — aZn) (I1.16)
with
° 1 1 1 1
Fs(ap) = dnTrea | ——— | (ap) *x — | —— | (ap) x — | X
y 1 (ap) * 1 1
DO+ in T DY —ap g

As realized first by Dirac [Dir34b, Dir34a] and Heisenberg [Hei34], cf. also [FO34],
the term Fj(p) plays a particular role since it is logarithmically ultraviolet divergent.
Following, e.g., Pauli-Rose [PR36], one evaluates in Fourier representation

~

Fi[pl(k) = —p(k)Ba(k),

| / (Lt k/2)- (= k/2) + 1= B+ k/2)BC=k/2) g g
|

w2k Jyen EQ+E/2)E(1—k/2)(E(+k/2) + E(l — k/2))
E(p) = /1 + p?, which can be decomposed into [PR36, Equ. (5)-(9)] Ca(k) = Ba—Ba(k),
with

A

1 [Em 22— 24/3 2 5 2

Denote p = pg — Zn the total density, then (I1.16) reads in terms of p
p+ Zi = —aByp — aCa(k)p + Fs(ap), (11.19)

or equivalently

« « « =~

p=————7Zn— ———Cr(k)ap + ————F: . 11.20
op 1+ aBj " 1+ aBy A )ap+1+OéBA s(ap) ( )
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To perform our renormalization scheme we fix as physical (renormalized) objects ayp, =
ap, with ap = %%, cf. [I1Z80, Equ. (7-18)]. It holds

1+aBA’
1
Jim Ca(k) = C(F) = —2i de(1—a%)log[l + K2(1 —22) /4], (IL.21)
—00 ™ Jo

which was first calculated by Serber and Uehling [Ser35, Ueh35]. Therefore we can rewrite
the self-consistent equation (I1.19) as

Qppr = —Qr LN — afOA(k),ér + arﬁg(arpr), (I1.22)

independently of the bare o. This equation uniquely defines the VP density only depending
on the physical observable a;, which is what we understand under consistent to any order.
The «, represents the dressed coupling constant, which is observed in experiment and
whose value is approximately 1/137. Notice that from formula o, = it follows that
necessarily a, By < 1 and o, By — 1 as A — oc.

Returning to the effective Hamiltonian D° — ap + apg and inserting (I1.22), i.e. ex-
pressing in terms of the physical objects, we obtain

_a
1+aBy?

1 1
D% — a,py ﬁ =D — o, Znx W + Vs, (11.23)
with .
2 1 | ZCOA(k)pe (k) + arF3(cupy)
Ver = 7! v ()

the effective self-consistent potential, where F~! denotes the inverse Fourier transform.
Notice, this equation is valid for any strength of the external potential. However, expand-
ing py in ay, which only makes sense if aZ < 1, one obtains to lowest order in a;

Vi = a2z o | A0

k2
atZ [ 2 1 ne n(z’)

~ 22 [ @ -1)? S+ = /d le=2le—allt_ 1 (124
3 /1 ( ) AT ve |z — 2'|’ ( )

the Uehling potential [BR82]. Concerning a point like particle this potential was first
written down in closed form by Schwinger [Sch49]. The next term in Vig is of order
@) (ar(arZ )3) In principle all higher order corrections can be evaluated explicitly, which
is not the task of our paper, and might play a role in Lamb-shift calculations of large-Z
or muonic atoms. Finally we note that the convergence of the term in the right hand side
of (I1.19), in the case of the VP-density in the Furry picture, i.e. a?’ﬁg(an), was shown
in various papers. The most clarifying proof with respect to spurious third order contri-
butions can probably be found in [Sof88] (for earlier proofs, in particular corresponding
to muonic atoms, we refer to the references in [Sof88]). However the fact that this term,
a?’ﬁg (an), additionally gives rise to a well defined self-adjoint operator was recently proven
in [HS03].
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