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CHAPITRE 1

Introduction

1. Origines du probléme et modélisation

Dans ce travail de these, on s’est intéressé au procédé d’usinage a tres grande
vitesse qui consiste & mettre aux cotes désirées un matériau. Plus précisément,
les cotes obtenues sont d’autant meilleures que la vitesse de rotation de la fraise
est grande. Bien que ce procédé soit utilisé depuis de nombreuses années dans
I'industrie, il est loin d’étre compris. En effet, pour éviter une casse au niveau
du contact, on utilise pendant ’'usinage un lubrifiant dont le role est de refroidir
Iinterface fraise-matériau. Ce lubrifiant empéche une élévation trop importante de
la température mais il rend impossible toute observation.

Nous avons voulu comprendre ce qui se passe au niveau de cette interface
lors de l'usinage & treés grande vitesse, sachant que le voisinage fraise-matériau est
considéré comme thermoviscoélastique. C’est la raison pour laquelle nous avons
modélisé puis étudié des problemes mathématiques simplifiés qui nous ont permis
d’apporter quelques réponses qui seront développées dans cette these.

Nous commencons par expliquer la modélisation. Nous supposerons dans cette
these que le matériau utilisé est homogene et isotrope. S’il y a des mouvements
dans le matériau en déformation, sa température n’est pas constante mais elle varie
aussi bien en temps que d’un point & 'autre. Cette circonstance complique les
équations exactes du mouvement. Néanmoins les choses viennent a se simplifier car
la transmission de chaleur d’une région a une autre du matériau est extrémement
limitée. Dans toute la suite, on supposera qu’il n’y a pratiquement pas d’échange
thermique entre chaque région du matériau, chaque région sera considérée comme
thermoisolée: le mouvement est adiabatique.

Pour établir les équations du mouvement en milieu viscoélastique, il faut égaler
les forces des contraintes internes 6’0;‘}g [0z, + 6&5’; /0y + f; au produit de Paccé-
lération i; par la densité du matériau p:

. Oof  0cF
pu; = Bz, + Dz + fi-
Les tenseurs des contraintes a{; et 05 sont définis & ’aide des tenseurs de déforma-
tion €;;(u) et des tenseurs de Hooke a;jk; et bijr. Les conditions aux limites sont
des conditions unilatérales appelées également conditions de Signorini.

Les premiers résultats monodimensionnels concernant 1’étude de problemes de
vibrations d’un milieu élastique soumis & des contraintes unilatérales sur le bord
sont dus & Amerio et Prouse [3, 4] et Schatzman [13] dans le cas d’un obstacle con-
tinu et & Amerio [1, 2], Schatzman [14], Citrini [5], Citrini et Marchionna [6] dans
le cas d’un obstacle ponctuel. Le probleme élastodynamique reste complétement
ouvert en plus d’une dimension d’espace. Notons que Lebeau et Schatzman [7]
ont traité le cas d’une équation des ondes avec contrainte unilatérale au bord dans
un demi-espace, ils ont établi I'unicité et la conservation de I’énergie. Par ailleurs,
Kim dans [11] et JaruSek dans [9] et [10] ont obtenu des solutions faibles dans
un cadre plus général pour des problemes multidimensionnels avec des contraintes
unilatérales mais sans information sur le bilan énergétique, ni sur les traces.
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2 1 Introduction

Dans ce travail, nous avons étudié des problémes viscoélastiques avec contact
unilatéral, et on s’est particulierement intéressé aux espaces fonctionnels qui car-
actérisent les traces ainsi qu’au bilan énergétique.

La premieére partie de ce travail, regroupant les deux premiers chapitres, est
consacrée a 1’étude d’un probléme viscoélastique avec contact unilatéral dans un
domaine borné en dimension 1. La seconde partie est dédiée a 1’étude de problémes
viscoélastiques avec contact unilatéral dans un demi-espace. Dans la suite, on
notera par ug la position initiale et par u; ou vg la vitesse initiale et on supposera
que a > 0.

Dans le chapitre 2, on modélise une barre viscoélastique de longueur L qui
vibre longitudinalement entre deux obstales. Le probléeme mathématique peut étre
formulé de la maniére suivante:

(1.1a) Uy —Ugy — QU = f, T €K, t>0,

(1.1b)  w(0,) 4+ ag > 0, —(ug + aug:)(0,-) > 0, ((u + ao)(ug + aug))(0,-) =0,
(L.1e) w(L,")+ar >0, (us +aug)(L,-) >0, ((u+ar)(us + aug))(L,-) =0,
(1.1d) wu(,0)=wug et wu(-,0) =u1,

ou Q = (0,L). L’existence de solutions faibles est prouvée par pénalisation. On
détermine, par une analyse de Fourier, les espaces fonctionnels qui caractérisent les
traces u(0, ) et u(L, ).

Le chapitre 3 est dédié & 1’étude d’un schéma numérique qui approche une
solution de (1.1). Il est inspiré du schéma développé par Lebeau et Schatzman [8],
adapté au cas viscoélastique.

Dans les chapitres 4 et 5, on considére un matériau de Kelvin-Voigt occupant
une région @ = (—o0,0] du plan. On remarque que dans ce cas particulier, le
probleme peut étre découplé et apres avoir choisi les unités de maniére appropriée,
Péquation satisfaite par la premieére composante est (1.1a) avec des conditions uni-
latérales:

(12) U(Oa ) >0, (uw + Oé'u,wt)(oa ) >0, (u(uw + OéUzt))(Oa ) =0,

et des conditions initiales (1.1d). Ce probléme peut étre réduit & I’inéquation vari-
ationnelle suivante:

(1.3) Mxw=g+b w>0, b>0, (w,b)=0.

Ici A1 (w) est la détermination causale de iw+/T + iaw. On démontre que ce probléme
posséde une solution et que les pertes d’énergie sont purement visqueuses; ce
résultat provient de la relation {(u,b) = 0, qui n’est pas triviale puisque, a pri-
ori, b est une mesure et w n’est définie que presque partout.

Le chapitre 6 est consacré & l’étude de ’équation des ondes amorties dans le
demi-espace = [—00,0) x R¥~! avec des conditions unilatérales en x; = 0;

(1.4a) Uy —Au—alAuy=f, €, t>0,
(14b) u(07 ) Z 07 (u$1 + auﬂht)(oa ) 2 07 (u(u$1 + aumlt))(oa ) = 07
(1.4c) u(-,0) =uo et u(-,0) =wuy.

Quant au chapitre 7, il est dédié & ’étude du probléeme élastodynamique dans
le demi-espace () € (—o0,0] x R¢~1 avec des conditions unilatérales en z; = 0;

(1.5a) pl; = 6ja?j(u) + 8]-0,% (W)+f;, z€Q, t>0,

(1.5b) o12(u) +015(@) =0 et of5(u) +o15(a) =0,

(1.5¢) w1 <0, ofy(u) + o1y () <0, wui(of;(u)+ o1, () =0,
(1.5d) u(+,0) =uo et u(-,0) =wvy.
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Dans les chapitres 6 et 7, on prouve l’existence d’une solution et on détermine les
espaces fonctionnels qui caractérisent les traces. Signalons enfin que 'unicité de la
solution reste dans tout les cas un probleme ouvert.

Pour terminer nous présentons un résumé détaillé des différents chapitres.

2. Viscoélasticité avec contact unilatéral dans un domaine borné en
dimension 1

2.1. Chapitre 2. Pour montrer ’existence d’une solution, on utilise une péna-
lisation; on approche le probléme (1.1) en remplacant les contraintes rigides (1.1b)
t (1.1c) par des réponses tres raides: si la contrainte est atteinte, la réponse est
linéaire sinon la réponse est nulle. Plus précisément, soit 7~ = — min(r,0) alors le
probleme approché s’écrit:

(2'13) uit - uiz - au;zt = f7 T € QJ t>0,
(2.10) (05 + a0, ) = — )T
(210) (05 + o) (L, ) = BT a)
(2.1d) u(,0) =up et ui(-0)=uy.

On introduit ensuite v qui est solution du probléme suivant:
Utt_vw:c_avwmt:fu (:E:t) € x (O;T)u
v(0,-) = e “(uog(0) —ag) et v(0,-) =e *(uo(L) —ar),
v(-,0) =ug et wv(-,0) = us.

Si on pose ho = e~ (ug(0) — ag) et by, = e~ (uo(L) —ar) alors w® = e~ (u® —v),
v > 0, est solution de

(2.3a) (V+6t)2w5—(1+a( +8))ws, =0, (z,t) € Qx(0,T),
(2.3b) (1+a(v+8,))w;(0,-) =€ "go — (w(0,-) + e ""ho) /e,
(2.3¢c) (1+a(v+08))wi(L,) =e "gr + (w(L,) + e **hy) " /e,
(2.3d) w®(-,0) =0 and wi (-,0) =0.

Soient @ la transformée de Fourier partielle en temps de w® et w la variable duale
de t. Par une transformée de Fourier en temps de (2.3a), on s’apergoit que

N (iw+v)? .
2.4 WS, = ————————— W°.
(24) 14 a(v + iw)
On montre que @w° est une distribution tempérée et si X est la détermination causale

de (iw +v)/4/1+ a(v + iw), alors la solution de (2.4) est

o XL - ML~ _ R
(2.5) @ (z,w) = w°(0,w) —e AwE(L’w)e*/\z n —eM ¢ (0, w) th(L,w) Aa—L)
1—e 22 1 — e—2XL

Si on pose N(w) = e~2 L alors on peut déduire de (2.3b), (2.3c) et (2.5) que

w*® (07 t) _ —vt _QO(t) (ws (05 t) + e_ytho (t))_/6
(26) M ( wf (L, 1) ) e ( an(®) )T\ @ (L) + e hu () /e )
ou la transformée de Fourier de M est définie par

— AW +a@+iv) [ 1+7(w) -27(w)
M{w) = 1—7?(w) ( —2f(w)  14+7°(w) ) '




4 1 Introduction

L’existence et 'unicité d’une solution de (2.6) résulte alors immédiatement du
théoreme classique des itérations successives de Picard. Apres avoir établi des
estimations sur la suite (u®).s0, le passage & la limite lorsque ¢ tend vers 0 per-
met d’obtenir une solution variationnelle du probleme étudié. Puis on détermine
les espaces fonctionnels qui caractérisent les traces; on multiplie (2.6) par ((v +

O w=(0,-), (v + 0w (L, -))T, on intégre sur R puis on applique la formule de
Plancherel a l'identité ainsi obtenue. Par ailleurs, on montre en utilisant des esti-
mations d’énergie que go = —(vg+0avg)(0,-) et g1, = —(vg+avg)(L, ) sont bornées
dans H'/2(0,T). 1l en découle que (u®(0,-),us(L, ))T est borné dans H>/*(R)2.

loc
2.2. Chapitre 3. Les solutions des équations (1.1) peuvent étre numérique-
ment approchées de la maniére suivante: on approche u(jAz,nAt) par (O On
discrétise les différences en temps et en espace et on applique une formulation
variationnelle & notre probleme. Soit A l'opérateur obtenu par discrétisation du
Laplacien en une dimension avec des conditions de Neumann; pour 4 € [1, J],

Aiz’ = 2/A$2, Ai,z’—i—l = Ai,z’—l = —1/A.’L‘2, A()() = AJ+1’J+1 = 1/A(E2

Posons f]' = (jAz,nAt). Alors le schéma numérique est défini par

uftt = 2un +ul A u™tt 4yt +ad yntl — gl n
a = fn
A¢? 2 2At i
On a le probléeme complémentaire suivant:
—ao <ugy, 0ZXyF, ugXy=0,
—ar, < U?+1; 0< X?+1, u9+1X5L+1 =0,
ou pour tout j =0, J+ 1,
n+l n—1 _ —
J At2 2 2At o

J
On prouve la convergence de la solution numérique vers une solution de (1.1).
On présente ensuite quelques simulations numériques que ’on a effectuées sur un
intervalle de temps fini, ou nous prenons une ou deux contraintes unilatérales au
bord. En pratique, & chaque pas de temps, on regarde si la solution sans contrainte
est admissible; si c’est le cas on passe au temps suivant, sinon on résout le probleme
lorsque une ou deux contraintes sont actives et ainsi de suite.

3. Viscoélasticité avec contact unilatéral dans un demi-espace

3.1. Chapitre 4 et 5. On commence par réduire le probleme (1.1a), (1.1d)
t (1.2) & un probléme au bord. Soit v la solution du probléme de Dirichlet pour
1.1) avec des conditions initiales (1.1d). On définit g = —(u, + aiz)(0,). Alors
= u — @ satisfait le probléme suivant:

~—~

<

3.1a) Vig — Vgpp — QUggt = 0,
31b) U(07 ) Z 07 (va: + Ot’Uzt)(O, ) Z g9, (U(Uz + Oé’l)mt)) (07 ) = 07
3.1c) v(,t)=0 if t<0.

~ o~ o~

Par une transformation de Fourier en temps de (3.1a), on a montré que (1.1a),
(1.1d) et (1.2) est équivalent & un probléme au bord. En effet, v(-,w) la transformée
de Fourier en temps de v satisfait 1’équation différentielle suivante:

(3.2) (14 i0w)t,, = —w?D.
On montre que v est une distribution tempérée et si X(w) =iw/v/1+ iaw alors la

~

solution de (3.2) est v(z,w) = v(0,w) exp(A(w)z). En particulier, la transformée de
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Fourier de (vy + avgt)(0,-) est (1 + iaw)X(w)@(O,w). Remarquons ensuite que la
transformée de Fourier réciproque de A; (w) = iwy/1 + iaw est & support dans Rt
et sa partie principale est le produit de /& et de la dérivée d’ordre 3/2 de la masse
de Dirac. Si on pose w = v(0, -) alors le probleme (3.1) est équivalent au probléme
(1.3). On montre que (1.3) posséde une solution w en faisant une pénalisation; plus

précisément, soit € > 0 et (w®)” = — min(0, w®), ce qui nous conduit au probléeme
approché suivant:
(3.3) AL xw® =g+ (w°) /e

Soit p1 la convolution inverse de Aq; sa transformée de Fourier est fi; = 1/ (z(w —
i0)v1+ iaw). En particulier, p; est une fonction continue & support dans Rt et

au voisinage de 0, u; peut étre approchée par C'v/max(t,0). On prouve l’existence
d’une solution de (3.3) par une méthode itérative:

(3.4) Wnt1 = i * (W) Je+g).

Les propriétés fonctionnelles de u; permettent de déduire que ces itérations conver-
gent vers une solution de (3.3). Pour la démonstration, on a utilisé les itérés de
Picard ainsi que la propriété r — r— est lipschitzienne.

Une fois que l'on a démontré l'existence d’une solution de (3.3), nous avons
prouvé sa convergence lorsque € tend vers 0. Nous devons pour cela faire des esti-
mations sur w® indépendamment de €. L’idée est de faire des estimations d’énergie,
pour cela on a multiplié (3.3) par w® puis intégré sur (0,7T), on s’apercoit alors que
le membre de gauche de I’équation est non négatif et que le membre de droite peut
étre estimé. En effet, en utilisant ’identité de Plancherel, on obtient:

(35) ¢ [l 1+ o) [0 o < [ Jo g do
R R

Par ailleurs, on montre en faisant des estimations a priori que g est bornée dans
H1/2([0,oo)). Alors on déduit de (3.5) que w® est bornée dans H>/*(R). Par

loc loc
conséquent, w® converge faiblement vers w et en particulier w° et (ws) ~ /e conver-

gent faiblement vers leurs limites respectivement dans Hllo/:(]R) et ngcl / “(R). Le
raisonnement effectué pour déterminer la régularité de w* est purement formel, une
démonstration rigoureuse est donnée dans [12].

Dans les problemes viscoélastiques standards, les dissipations d’énergie sont
dues a la viscosité. D’un point de vue mathématique, on obtient I’énergie cinétique
en multipliant (1.1a) par wu, puis en intégrant sur (—o0,0) x (0,7), 7 € [0,T], on
trouve l'identité suivante:

1 0 . 0 T 1 0
3] @aa)endsa [ [atidsai=g [ (uil + juosf?) de
—oo JO —o0

- T T 0
+/0 ((ug + qugr)u)(0,-) dt+/0 /_OO fug dz dt.

Les pertes d’énergie sont purement visqueuses si 'intégrale de ((ug + augs)ut) (0, )
s’annule. En effet, 4(0,-) = w est non négatif alors u(0, -) s’annule presque partout
sur l’ensemble des points ou u(0,-) s’annule. On s’apergoit que (1.3) permet de
déduire que A; xw — g = (uz + aug)(0, ) sannule quand w s’annule. Néanmoins,
I’argument donné ci-dessus n’est pas correct car on ne sait pas si A\; xw — g est une
fonction, on sait seulement que c’est une mesure. De plus, on sait que w s’annule
presque partout, mais ce n’est pas suffisant pour conclure. Par ailleurs, on ne peut
passer & la limite dans le produit de dualité (W, (w®)~/e) car on sait seulement

que w° et (w®)~ /e sont bornées respectivement dans Hllo/c‘l(R) et Hl;;/ Y(R).
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Etant donné que les techniques habituelles ne permettent pas de conclure, on
a élaboré une nouvelle méthode qui nous permet de déduire que les dissipations
d’énergie sont dues essentiellement & la viscosité. On explique dans la suite la
démarche que nous avons adoptée.

A priori, on ne sait pas si le support de w est une réunion d’intervalles locale-
ment finis et si le support de b est une réunion localement finie de leurs complé-
mentaires. En d’autres termes, on pourrait avoir une accumulation de petits inter-
valles contenant le support de w encadré par deux accumulations de petits inter-
valles contenant le support de b. Supposons que le support de w est inclus dans
Uj>olo(4),7(j)) et le support de b est inclus dans U;>o[7(j),0(j +1)). Alors on a
presque une solution explicite de notre probleme si on suppose que g est la convo-
lution de ¢, une mesure 3 support dans RY, et de u(t) = exp(—t/a)H(t)/V/rat,
H(t) étant la fonction de Heaviside. On définit ensuite deux fonctions

___H®
w(t) = m(t+ 1)/t

et une distribution v(t) = H(t) exp(—t/a)/a. Alors la solution est déterminée par
récurrence 3 partir des formules suivantes:

2
Q(t) = = arctan /¢,
7]'

(3.6a) b0 = &,
(3.6b) ¥j = Gl oy + 0 —T())e T/ / el g;,
[0(7)s7(5))
(3.6¢) Pir1 = Lg(j+1),00) 93
—(— —o(j+1) ;(s)
14y G100 e s)/aw( oy ) (s
Do) [r(4),0(G+1)) o(j+1)—s)o(j+1)—s

(3:6d) Wl = (H *v*5) o0 r(i))-

Par ailleurs, on établit une estimation de la partie négative de la dérivée & droite
de w au point ¢t oll w est strictement positive:

(il —0))” < - /[Uj,g)|¢0(8)| + ; /[) (2ew(25%) 1)

(Q (Zi_—0;> -9 (%) ) i (s)pf (s).

On construit alors une suite approchant les données et les solutions qui a la propriété
d’étre localement finie. L’idée essentielle est de voir si nos données rendent une
solution w telle que b est & support inclus dans une union d’intervalles de taille au
moins égale & 1/n, ce sera alors notre solution. Sinon on prend le plus petit temps
pour lequel cette propriété n’est pas vérifiée et on modifie les données de maniere a
corriger ce défaut: si le probleme se produit pour la premiere fois apres l'intervalle
[6(4),7(j)], on prend un intervalle plus grand [r(j),c*(j)] de longueur au moins
égale & 1/n. Ensuite on met toute la partie négative de la mesure ¢, |[T(j)’a*(].)]
dans la masse de Dirac en 7(j), et toute la partie positive de cette mesure dans la
masse de Dirac en ¢*(j). Maintenant, la solution modifiée a la propriété désirée
sur lintervalle [0,0*(j)]; on démontre ce résultat par récurrence. Finalement, on
obtient ¢™, une solution w™ et deux mesures intermédiaires ¢7 et 7.

On montre des propriétés d’ordre pour les mesures ¢7' et ¢} qui impliquent que
la masse totale de ces mesures est bornée indépendamment de n et j. En particulier,
on déduit de (3.6d) que w™ est bornée indépendamment de n. Ce résultat est plus
fort que celui obtenu en utilisant la pénalisation et il nous permet de passer a la
limite lorsque n tend vers l'infini.

(3.7)
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Enfin, a priori, la mesure b peut avoir une partie singuliere. Puisque w est
bornée, on a prouvé que b n’a pas d’atome; on ne peut pas exclure la possibilité
que b ait une mesure diffuse, c’est-a-dire que b soit une fonction croissante dont les
dérivées s’annulent presque partout. Par ailleurs, en utilisant (3.7), on montre que
sur le support de b, w s’annule sauf en un nombre dénombrable de points. On peut
alors déduire que le produit de dualité (b,w) a un sens et qu’il s’annule.

3.2. Chapitre 6. On commence par pénaliser le probleme (1.4) en utilisant
le méme procédé que celui employé dans le chapitre 2, on obtient donc

(3.8a) upy — Au® —aAu; =f, z€Q, t>0,
(38b) (’LL + au:nt) (07 ) ) = (us(o’ ) )) _/5;
(3.8¢) u®(-,0) =ug et wuj(-,0)=us.

On prouve ’existence et I"unicité de u° en utilisant une méthode de Galerkin. Nous
établissons 'existence d’une solution de (1.4) & partir d’estimations a priori sur le
probléme pénalisé.

Ensuite on détermine par une analyse de Fourier I’espace fonctionnel qui car-
actérise la trace u(0, -, -). Supposons que z € H(Q x [0,00)). Soit @ la solution du
probléme suivant:

(39&) Uy — Au—aAuy = f, z€Q, t>0,
(39b) 11(0, ) ) = Z(O, ) ')7
(39(3) 17/(', 0) =ug et ﬂt(‘, 0) = Uui-

Soient § = —(iig, + Qiig,¢)(0,-,+) et g = e~¥g. Alors 2° = e "{(u® —v), v > 0,
satisfait le probléme suivant:

(3.10a) (V+6t)22'5— (1+a(v+8,))A"=0, z€Q, t>0, a>0,
(3.10b) (1+a(v+08))25,(0,,-) =g — (2°(0,-,) + e "*@(0,-,-)) /e,
(3.10c) 2°(,0)=0 et 2;(-,0)=0.

Soient z* la transformée de Fourier partielle en variables tangentielles ¢ et x' =
(2, ..., 2q) de 2°, w la variable duale de t et £ la variable duale de z'. Par une
transformée de Fourier partielle en variables tangentielles de (3.10a), on s’apercoit
que

2 (V+iw)2 z€

On montre que 2° est une distribution tempérée et si A est la détermination causale

de
€2 + (v + zw) )
1+ a(v +iw)’
alors la solution de (3.11) est 2°(xy,-,-) = 2°(0,-,)e 71 Si on pose w® = z(0,-, )
alors le probléme (3.8) est équivalent au probléme suivant:

(3.12) A xw® =g+ (w +ea(0,-,-)) Je.

Si nous multiplions (3.12) par OL(V’UJE + wts) + w® puis nous intégrons sur R4 x
[0, 00), nous observons que le membre de gauche de 1’équation est non négatif et que
le membre de droite peut étre estimé. En effet, en utilisant ’identité de Plancherel,
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on obtient:

(c-1) /Rd|z +iaw]? (1+ €] + v/[o]) |@°? d de
1 s
SO S T i+ el
Par ailleurs, on montre en faisant des estimations a priori que g est bornée dans
L2([0, 00); HY/2(R?~1)). Alors si on choisit 7 tel que v < 2C, il découle de (3.13)
que w?(0,-,-) est bornée dans H®/*([0,00); L*(£)). On déduit que u(0,-,-) est
bornée dans H>/* ([0, 00); L*(X)).

loc

(3.13)
de.

3.3. Chapitre 7. Comme précédemment, on pénalise le probleme (1.5) de la
maniere suivante:

piic — A%u —Aluc=f, z€Q, t>0,
a1 per (u) + aqyen (0€) = —(ui)t /e,
aoaert(u) + alopen (i) =0 et adyyen (u) + aggen (@) =0,
u®(-,0) =uo et u(-,0) =vg.
On utilise les mémes idées que celles développées dans le chapitre 6 pour prou-

ver Pexistence d’une solution et pour déterminer les espaces fonctionnels qui car-
actérisent la trace u1(0,-,). Ce qu’il faut retenir ici c’est que la trace uq(0,-,-) est

dans H:/! ([0, 00); L2, (R91)).

loc
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Partie 1

Viscoélasticité avec contact
unilatéral dans un domaine borné
en dimension 1






CHAPITRE 2

Viscoelastic bar with Signorini conditions

Adrien Petrov and Michelle Schatzman

Abstract. The simplified viscoelastic problem

Utt — Ugy — AUzt = f; (I,t) € (0, L) X (O,T), a > O,
with initial data
u(-,0) =up and wu(-,0) = us,

and boundary conditions

0 < (u(0,t) +ao) L —(uz + auqe)(0,t) >0,
0 < (u(L,t) +ar) L (ugz + aug)(L,t) > 0.

models the longitudinal vibrations of a bar, whose motion is limited by obstacles at both
ends. A weak solution is obtained as the limit of penalized of a sequence of problem; the
functional properties of the trace are precisely identified.

1. Introduction and notations

The origin of the problem is a model of grinding: the tool is in contact with the
metal part to be machined during the rectification process. Usually, the grinding
tool is made of small very hard grains held together by a resin-like material. The
behavior of the grinding tool is considered as viscoelastic.

The theory of vibrations of continuous media with unilateral conditions at
the boundary purports to understand the so-called Signorini problem; when the
medium is elastic and satisfies the assumptions of the theory of small deformations,
the one-dimensional theory is well understood, starting from the work of Amerio
and Prouse [3, 4] and of Schatzman [11], in the case of a continuous obstacle and
the work of Amerio [1, 2] of Schatzman [12], Citrini [5], Citrini and Marchionna [6]
in the case of a point-like obstacle and the theory can be considered as complete.
It was only in the work of Lebeau and Schatzman [9] that the equivalence between
codimension one obstacle and constraint at the boundary was clearly stated, though
it was probably understood before that article appeared.

In multidimensional case, the energy relation is proved only for a wave in the
half-space with unilateral boundary conditions [9]; weaker results in more general
setting have been obtained by Jarusek et al. [7] and by Uhn [8].

We consider a viscoelastic bar of length L which vibrates longitudinally; each
extremity of the bar is free to move as long as it does not hit a material obsta-
cle. Therefore, we may describe this situation mathematically as follows: let the
material of the bar be homogeneous, linear and make the approximation of small
displacements and deformations. Assume the material can be described as a Kelvin-
Voigt material. Let = be the spatial coordinate along the bar with the origin at one
of the extremities; let u(z,t) be the displacement at time ¢ of the material point

13



14 2 Viscoelastic bar with Signorini conditions

with spatial coordinate z. Let f denote a density of exterior forces, depending on
space and time. The displacement u satisfies the following equation:

(1.1) uy — o, =f in (0,L) x (0,T),
with the following Kelvin-Voigt constitutive law

(1.2) 0 =uz+auy, a>0,
with initial data

(1.3) u(-,0) =uo and wu(-,0) = us.

Here we have denoted by wug, ug, Us, gy and ugy the derivatives of u. Assume that
the obstacles at 0 and T have the respective positions: ag > 0 and ar > 0. The
following boundary conditions are derived from the variational formulation and will
be completely justified later on. They are respectively at z = 0 and z = L,

(143‘) 0< (U(O, ) + aO) 1 _(uw + aumt)(oa ) > 07

(1.4b) 0 < (u(L,)+ar) L (uy + aug)(L, ) > 0;

here the orthogonality has the natural meaning: an appropriate duality product
between the two terms of the relation vanishes. Conditions (1.4a)-(1.4b) are usu-
ally termed Signorini conditions. We are given Cauchy initial data ug and u;g; it
is assumed that the initial position ug belongs to the Sobolev space H?(0,L) and
satisfies the compatibility conditions ug(0) > —a¢ and ug(L) > —ar,. The initial ve-
locity u; belongs to L2(0, L) and the density of forces belongs to L2(0,T’; L%(0, L)).

Let us define for all 7 € [0, T the following sets:

Qr=(0,L)x(0,7), Q; =R x(0,7), %¥;=4{0,L}x(0,7).
Let K be a convex set:
K ={ve H Q) : vzt € L*(Qr),v(0,-) > —ag,v(L,") > —ar}.

The weak formulation of the problem (1.1)-(1.4b) is obtained as follows: multiply
(1.1) by v — u, for some v € K, integrate formally over @), we obtain the following
formulation:

u € K and for all v € K and almost every 7 € [0,7],

L
(1.5) ‘/0 (ut(v o u)) |0 dz — /Q ug(vg — ug) dx dt

+/ (ug + aug) (Ve — ug) dr dt > fv—u)dzdt.
. Q-

The equivalence of this weak formulation with the strong (1.1)-(1.4b) is by no means
obvious; it depends on precise information on the trace of uz; on {x = 0} and on
{z =L}
Let us write at least formally an energy relation for (1.1): we multiply this
equation by wu;, we integrate by parts over @), and we get
L

1 [ 1
—/ (|ut|2+|u$|2)(-,7)d$+a/ |u$t|2dmdt:—/ (lus]? + luo.0]?) do
2 Jo Q- 2 Jo

- /OT((uz T atg)u) (0, ) dt + /0

The energy loss is purely viscous, iff

(1.6) - /OT ((ug + qug)ug)(0,-) dt + /OT((u;C + Qug)ug) (L, -) dt = 0.

((ug + quge)us) (L, -) dt + / fugdz dt.
Qr
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REMARK 1.1. The identity (1.6) would be quite easy to prove if we knew that u
vanishes only on a finite number of intervals, since then u; would vanish on these
intervals, and little analysis would be needed to conclude.

Let us explain now the plan of the article.

We will show in Section 2 that if ug and u; belong to H2(0, L)NHL(0, L), f and
ft belong to L?(Q7) and v is the solution of (1.1)-(1.3) with Dirichlet boundary
data at x = 0 and £ = L then the traces (v, + Qvg) |ET are bounded in H'/2(0,T).

In Section 3, we define a penalized problem associated to (1.1)-(1.4b) for which
we prove the existence and uniqueness of a solution.

In Section 4 and 5, according to estimates on the penalized problem, it is
possible to deduce the existence of a weak solution to problem (1.1)-(1.4b).

Once we have obtained the existence of a solution of penalized problem, we
prove the convergence in Section 6. Thanks to energy estimates, we establish that
the trace u|ET belongs to the Sobolev space H15 /4 (R).

ocC

2. Regularity results for a viscoelastic problem with Dirichlet
boundary conditions

Denote by v the solution of

(2.1) Vgt — Vg — QU = f, (z,t) € (0,L) x (0,T), a>0,
with initial data

(2.2) v(,0) =ug and w(-,0) = uy,

and boundary conditions

(2.3) v(0,) = e *(uo(0) + ag) and wv(L,-) =e *(uo(L) +ar).

THEOREM 2.1. If ug and u; belong to H?>(0,L) N HY(0,L) and if f and f;
belong to L?(Qr), then v has the following functional properties:

(2.4a) v € W»*(0,T; L*(0, L)),
(2.4b) v, € W%>(0,T; L*(0,L)) N H*(0,T; L*(0, L)),
(2.4c) Vge € L(0, T} LZ(OJL))7 VUgat € Lz(QT)-

ProOF. We sketch here the proof of (2.4), using the straightforward energy
inequality. The proof could be easily completed by a Galerkin method, but since it
is quite routine, we leave the verification to the reader. Multiply (2.5) by v, and
integrate by parts in z; we find

1 L
5/ (Joe(-, ) + vg (-, 7)|?) dz + a/ [vge|? dz dt
0 -

Lt
= / fUt drdt+ = / (|u1|2 + |U0,z|2) dx.
Q- 2 Jo

A straightforward application of Gronwall’s lemma shows that if ug belongs to
L?(0,L) N H}(0, L), u; belongs to L2(0,L) and f belongs to L?(Qr), then v; and
v, are bounded in L>(0,T;L%(0, L)), vy is bounded in L?(Q7). If we multiply
(2.5) by vz, an application of Cauchy-Schwarz inequality implies that v, belongs
to L>(0,T; L*(0, L)); when performing the calculation one must careful be to inte-
grate by parts v, vy first in time, and next in space. Finally, if we multiply (2.5)
by vzz¢, another application of Cauchy-Schwarz inequality shows that v,,; belongs
to L2(Qr). Similarly, after differentiating (2.5) with respect to ¢, and multiplying
it by vy, we find that v, belongs to L?(Qr) under the assumption that f; belongs
to L2 (QT) O
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COROLLARY 2.2. Under the hypotheses of Theorem 2.1, the functions defined
by
(2.5) 9o = —(vz + avg)(0,)) and  gr = —(vs + avee) (L, ).
belong to the space H'/?(0,T).

PRroOOF. This proof is a consequence of the classical theory of traces of Sobolev
spaces. O

3. Existence and uniqueness of the solution of the penalized equation

We approximate (1.1)-(1.4b) by replacing the rigid constraint (1.4a) by a very
stiff response: when the constraint is active, the response is linear, and it vanishes

when the constraint is not active. More precisely, letting r~ = —min(r,0), we
replace u by u®, which satisfies

(3.1) Uy — Ugg — QUG = [ in (0,L) x (0,7),

with initial data

(3.2) u®(-,0) =ug and wu(-,0) =uq,

and boundary conditions

(83) (w5 +aus)0,) = —m(0,) and (v +aul)(L,) = m(L,"),
where

£ ) - (L. - -
(u(0,-) + ao) and m°(L,-) = (u?(L,-) +ar) )
e €
Our convention for the Fourier transform is

Z(w) :/Re_iwtz(t) dt.

(34)  m0,) =

Define
(3.5a) ho(t) = e~*(uo(0) + ao),
(3.5b) hi(t) = e *(uo(L) + ar).
We perform a change of unknown function by defining
w® = e "t (u —v);
therefore w* solves the equation
(3.6) (v+ Bt)zwE - (1+a(v+6))ws, =0, (z,t) € (0,L) x (0,T),
together with the boundary conditions
(3.7a) —(1+a(v+8))w(0,t) = —e ' go(t) + (w(0,) + e "' ho(t)) /e,

(3.7b) (1+a(v+8))ws(L,t) =e "gr(t) + (w(L,t) + e "*hi(t)) /e,
and the initial data
(3.8) W (-,0) = wi (,0) = 0.

We extend go and gr, to all of R by putting them equal to 0 on R~ and on [T, c0);
the functions hg and hj, are extended to all of R to all of R by putting them equal
to 0 on R~. We expect that the solution w® vanishes for ¢ < 0. Since we seek a
temperate solution, we apply a partial Fourier transform in time to (3.6), and we
see that w®(z,w) satisfies

(v +iw)® .

(3:9) D2s = T3 ol + i)
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Define X(w) by the condition

(v +iw)? ~
= That i) RA(w) > 0.

Let us check that there exists a constant C' such that
Vo >1, Yw>0, RA(w)> C(1+|wl)-

It suffices to check the case w > 0, the other case being deduced by complex
conjugation. We check that A2 cannot belong to R™; if there existed a non negative
number r such that A2(w) = —r, we would have —r(1+a(v+iw)) = v?—w?+2iavw.
If we take imaginary parts, this gives —awr = 2avw, which is possible only if w
vanishes; but then, if we take the real parts, we see that —r(1 + av) = v, which is
a contradiction. An expression of A(w) is

22 (w)

Mw) = L“’_’
V1+alv+iw)

where we take the principal determination of the square root. Write z = v +iw. In
the neighborhood of the point at infinity in C, we have

z z 1
3.10 — /2 =0(—),
(3-10) V14t az e (\/E )
where we have taken principal determinations. An elementary calculation shows
that arg(1l + az) > arg(z)/2 iff a?(w? + v?) > 1. On that domain,
z 3
arg| —— ) > — if Rz >0.

8 (\/1 + az) -8 -
We also observe that arg A(w) < w/2 if w > 0 and v > 0; therefore there exists
0 < m/2 such that

Yw>0, Vv>1 argilw)<86.
We use the equivalent (3.10) to conclude that there exists C' > 0 independent of v
such that for all w e Rand all v > 1

(3.11) RAw) > C(1+ Vv + V|w).
Therefore the real part of X(w) is always strictly positive. In particular,

lim arg A(w) = g,

w——+o00
which shows that the argument of A(w) is bounded from above by some 8 < /2.
Similarly, it is plain that at w = 400
N ||
[AW)] ~ 4/ —,

a

and since the real part of :\\(w) is strictly positive, we may conclude indeed that
there exists C' > 0 such that

(3.12) VoeR, RA(w)>C(1++/w]).
The solution of (3.9) is a linear combination of exp(—/):ac) and exp(Xm), with coef-

ficients depending on w. It is given explicitly as

@°(0,w) — e M@ (Lw) 3,
1 — e—2AL €

W (z,w) =
(3.13)

—e MG (0,0) + T°(L,w) $_r)
1 — e—23L € '
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We infer from (3.12) that 1 — exp(—2AL) never vanishes. Define now

(w) = exp(~A@)L);
with this notation, we calculate @< (0,w) and @S (L,w), and we find
—0;(0,w) = 7= (9°(0,w) — 7" (L,w)) — (=7@°(0,w) + @°(L,w)),

7 7
~c :\\A ~E wiNE X i 7t
wo(L,w) = — —nﬁ? (@°(0,w) — R° (L, w)) + -7 (—7@° (0,w) + @° (L, w)).

We define now a matrix-valued function M through its Fourier transform:
— MNl+oaw+iw) [(1+72 —27
1—17 2 1+7
By comparison with (3.7a) and (3.7b), we see that the vector-valued function
€ WO _ w*® (0: )
we=(wf )= (o)
satisfies the integrodifferential equation

CE = vt [ 90 (W§ + e "tho) Je
(3.14) M« We = t( i )+( (WEH_V%L)_/s)

Therefore, in order to solve (3.14), it suffices to obtain enough information on L,
the convolution inverse of M, whose Fourier transform is

T (i) — 1 1+7 2n
ey = (1 _ﬁQ)(X(l—Fa(V—Fiw))) ( 27 1+7° > '

Since /):(1 +a(v+iw)) = (v +iw)y/1 + a(v + iw), giving the inverse Fourier trans-
form ef li+ a(v 4 iw))~/? can be obtained by complex integration as in

[10]:
1 et _exp(—t(v+1/a))
(3.15) uit) = %/R 1+ a(v +iw) dw = V2arnt e+ (1)

therefore, p1; the inverse Fourier transform of A(1+ a(v + iw))~! is the convolution
of p with e *1gp+. This is a continuous function which vanishes over R~, and
moreover

t
0< (t) = / e =9 u(s) ds < Jame "t
0

Observe now that

1 1+n? 2n 10 2n n1 =
=~ ~ ~9 - = =~ LO( )
1—7 2n 1+7 01 1—7 1 7

Let us show now that n belong to the Schwartz space S(R). By induction, it is

clear that
d*f _ Pr(w)y/1+a +iw) + Qr(w) -
dwk — 1+ a(v + iw))™
where Py and @)} are polynomials in w and my is an integer. Therefore, estimate
(3.12) implies that all the integrals

/| |m‘d’“n

are bounded for m and k arbitrary integers; this proves our assertion on 7j. Paley-
Wiener theorem implies that 7 is supported in Rt .

?



3 Existence and uniqueness of the solution of the penalized equation 19

Moreover, as w tends to infinity, 7j tends to zero; since 1 — %2 never vanishes,
1 — 7?2 is bounded away from 0. Therefore the matrix valued function Lo belongs
to S(R), and supported in RT. We may write now

L = py + p1 * Lo,

and, of course, p; * Lg is a bounded matrix valued function of class C*°. It is clearly
equivalent to solve (3.14) and

C I e (W§ +e"the) [e
s wemre (e () o ()

It is convenient to define

g(t) — e—l/t ( _QO(t) ) and G(Ws,t) — < (WS + e_VthO)_ ) -

95 (t) (Ws + e "thy)”
If we equip R? with the Euclidean norm, it is plain that
(3.17) IGW,) = G(Z,")| < |W - Z|.

THEOREM 3.1. Let Z = {u € HY(Qr) : ups € L*(Qr)}. Then for each e > 0
there exists a unique weak solution u® € Z of the problem (3.1)-(3.3); moreover, u®
satisfies the following functional properties

(3.18a) u® € L°°(0,T; H*(0, L)),
(3.18b) us € L*(0,T; H*(0, L)),
(3.18¢) us, € L*(0,T; L*(0, L)),

and for almost every T € (0,T) and for all v € Z, the following variational equality
is satisfied:

L L
/0 ui(-,r)v(-,r)dm—/o u10(-,0) d:z:—/ ufvtda:dt+/ u vy dr dt
(3.19) - -

+a/ uitvwdxdt—/ (msv)(L,-)dt—/ (mfv)(0,-) dt = fodzdt.
- 0 0 Q-

Moreover, there exist constant C and C' such that
e " (|us(0,) — v(0,t)| + |[us(L,t) — v(L,t)|) < Cexp(C't/e)
PROOF. In this proof we drop the superscript €. We rewrite (3.16) as
(3.20) W =Lx(g+GW,-)/e).
Define a mapping 7 by
(TW)(t)=Lxg+ LxGW,-)/e.

If we let A be the maximum of the norm of L(t) over [0,T], we infer from (3.17)
the estimate

t
(TW)0 -T2 < [ (W) - 2()|ds
0

and by Picard iteration, we see that for p large enough, 77 is a contraction from
CO([O,T];RQ) to itself. Moreover, L * g is of class C°°; therefore, the standard
method for proving Cauchy-Lipschitz theorem works, and moreover, we obtain a
pointwise estimate of the form

(W (t)| < Cexp(At/e).
We remark that we may apply Picard iterations to (3.20) to obtain the existence
of a solution; it suffices to consider the iterations:

Wo=0, W' =Lx(g+GW","))/e,
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and apply the standard estimates. Uniqueness is obtained by the very same ar-
gument, since a large enough power of the mapping 7 : W™ — W™+l is a strict
contraction in the space C°([0,T]; R?), since L is bounded on [0, 7. O

4. Estimates on the penalized solution
4.1. Estimates up to the boundary.

LEMMA 4.1. Under assumptions of Theorem 2.1, independently of ¢ > 0 , ug,
uS are bounded in L>(0,T; L*(0,L)), u, is bounded in L*(Qr), e(m(0,-))? and
e(m*(L,-))? are bounded in L*°(0,T).

PROOF. These estimates are simply an application of Gronwall’s lemma to the
energy estimate. We multiply (3.1) by u§; next we integrate this expression over
Q, to get
(4.1) / ugus do dt — / ul uf do dt — a/ uluf drdt = fuj dz dt.

QT QT QT QT
We integrate in time the first integral in (4.1), we integrate by parts in space the
second and the third one, and with the help of the boundary conditions (3.3) we
obtain

1 [F . T
5/ (Jug G, )P + Jug (7)) dm+a/ |u§:t|2dmdt_/ (mug)(L,-)dt
0 Q- 0

(4.2) B

T 1
—/ (mfuf)(0,-) dt = / fui dzdt + —/ (Juo,z|? + u1]?) dz.
0 Q- 2 Jo
On the other hand, we observe that for zg =0 or zop = L

(43) || mui)an, ) dt = = (m (oo, )]
0
Therefore, relation (4.3) implies that

1 g e e e € e T
3, (WGP +ECI) detan [ sy dedes S om0, 0],

(4.4)

€ T 1 F
2 @02 < [ (fuildedes ) [ (uosl + ) da.
Qr 0

We may deduce from a classical Gronwall lemma that uj, u; are bounded in
L>(0,T;L%(0, L)) and uS, is bounded in L%(Qr), ¢(m(0,-))? and e(m®(L,-))?
are bounded in L>®(0,T). O

REMARK 4.2. If we suppose that f vanishes when t > T then independently
of € > 0, u§ and u, are bounded in L*(0,00; L%(0,L)) and uS, is bounded in
L2(0,00; L2(0,L)). These properties can be proved with the help of the arguments
given in the proof of Lemma 4.1, with the origin of time moved to T; the important
fact is that since the integral involving f vanishes.

LEMMA 4.3. Under assumptions of Theorem 2.1, independently of € > 0, u® is
bounded in CO'/2(Qr).

PROOF. Define
1 .
p=1p1 and pg= EP(E>

Assume that v belongs to the Holder space C%'/2. if 3 € (0,L) and 0 <z < L — 8,
the function

z+43
o(z) - (ps *v) () = % / (v(z) — v(»)) dy,
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can be estimated as follows:
2
(4.5) [v(z) — (ps * v)(2)] < g\/B”U”co,l/z :

On the other hand, if v belongs to L?(0, L), and is extended by 0 outside of (0, L),
we see immediately that

[v| 2

(4.6) o vl < 2

For z € [0, L — j], we estimate u®(x,t) — u®(z,t') thanks to the triangle inequality
(1) —u ()] < u (5 8) — (g xu® (-, 1))
+1(pg *u (1)) = (pp * u (1)) + [u° (-, t) — (ps * u* ()],
to which we apply (4.5) and (4.6); we obtain thus
4 1
[uf (-, ) —u (-, t)] < 5\//[_3|u5|L°°(0,T;00,1/2(0,L)) + 3 [u®(-,t) = (-, ¢,

and thanks to Lemma 4.1, we see that
|t — |
|us (- 1) —us (-, t")| < c(ﬁ+ :
VB

An analogous inequality holds if 8 < z < L, by choosing p = 1_;¢. The choice
B = |t' — t| shows that «° is Holder continuous in time with exponent 1/2; the
Holder continuity in space is classical. a

LEMMA 4.4. Under assumptions of Theorem 2.1. Let m® be the sequence defined
by the relations (3.4). Then independently of € > 0, m® is bounded in M*(Xr), the
space of bounded measures on Y.

PrOOF. We integrate (3.1) over @, and we obtain with the help of the bound-
ary conditions

/0 uf(-,t)|gda¢—/or(m (L,) +m(0,-)) dt = [ fdzdt,

Qr
which implies immediately

[ et 0, ) e < 5 [ (0P + ) do 1+ | 151zt

As f € L3(Qr), u1 € L*(0,L) and v is bounded in L>(0,T; L*(0,L)), and m* is
non negative, the conclusion is clear. |

L

LEMMA 4.5. Under assumptions of Theorem 2.1, independently of € > 0, u$,
is bounded in L*°(0,T; L?(0,L)).

PROOF. Once again we use energy techniques, but now we multiply relation
(3.1) by u, and we integrate over Q,;

(4.7 / ugus,, dr dt — / |uS | do dt — a/ Uhpy Uy AT dE = fu, dz dt.
. Q- Q- Q-

We integrate by parts the first integral in (4.7) once in space and once in time and
we observe that the third integral contains a total time derivative; we get thus

L
/ ((uiu;z) ; |0 / ((utuwt .Z't |0dt+/ |uwt|2dwdt

/ |um|2d:1:dt——/ |, (-, ||0dx—/ fus, dzdt.

(4.8)
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By application of the boundary conditions (3.3), (4.8) becomes
T 3 T
/ e, 2 da dt + & / 050 ( ) o = o (O, )P + o e (L, )P ;
1 1 T L
+—/ (usul) (L, )dt——/ (usug)(0,-) dt+/ (usus,) (-, 7)de
@ Jo @ Jo 0

L L
- ful, dedt — / ULUQ 5z AT + a / [uo, 22| dx + / |us,|* dz dt.
Q- 0 2 Jo Q-

Let us estimate the boundary integrals at = 0 and at x = L. As u and u$, are
bounded in L%(Q,), we have the trace estimate:

.
(4.9) / (15 0, ) + s (£, ) dt < € (I g, + Iel32(q.))

and similarly

(4.10) / (150, )2 + s (L, )P) dt < C (Il g, + 522 ) -

We estimate the product |zy| by |2|?/2v; + vi|y|>/2, choosing different values of
v > 0,1 =1,2,3, in different terms and we get the following inequality:

L
a 5
[ el e 5 [ |u;z<-,r>|2dxs%«m‘f(o,t))?+<mE<L,t))2)|£
Cs 70 )2 VL 2 E,
+ 5 20 ||uzz”L2(Q |uzx )T | de + < |uzz| dx dt +
where
073 c 1ot 2
12 + o (i a0y + lilian) + 3 | i@l da
2—/ Vil d:z:dt+/ |u1tg 22| dz + 5/ [uo 2z dm+/ [us,|? da dt.
YL JQ. 0 0 Q-

We choose 7; > 0 such that a > v and a > C73/(2 — 1) and we obtain

L
(1_7—'?—%)/ asais (5= [P a
(4.11) 2 2 2/

2\ |7 i
S%((m (Oat)) +(m (Lat) )|0+Ea
as f is bounded in L?(Qt), we conclude the proof thanks to Lemma 4.1. a

REMARK 4.6. If we suppose that f vanishes for t > T then independently of
e > 0, ug, is bounded in L?(0,00; L2(0,L)). These properties can be proved with
the argument stated in Remark 4.2.

REMARK 4.7. Thanks to Lemmas 4.1 and 4.5, uS is bounded in H*(Qr). Let

. be the trace u:, on Xr. Since u§|ET is bounded in H'/?(S7), we may extract

z|Sp
a subsequence which s still denoted by u;|ET such that

u

€

2le, = Uely, weakly in HY2(2r).

u
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4.2. Interior estimates. Let us turn now to interior estimates.

LEMMA 4.8. Under assumptions of Theorem 2.1. For all g € (0,L/2), u§, and

u,; are bounded in L?(0,T; L*(3, L — B)), independently of € > 0.

PROOF. The idea of the proof is double: first, we multiply u® by a cutoff

function w € C§°(R), and we define v* = wu®; next, we observe that w®

satisfies a heat equation, whose right hand side can be estimated thanks to the

previous lemmas. Let us go now into details. The cutoff function is given by
1 if <z<L-
(412) wi@) = {0 if f ;;/5 or ﬂ;; > L— /2.
Define
(4.13) 0o (-, 1) = wu(-, t).
The derivatives of v° are given by:
vy (1) = wug (1),
Vg (1) = wugy (1) + 2wauz (5 1) + weau® (1),
Vaot (1) = WGy (45 1) + 2waugy (-, 1) + waaug (- 1)
Notice that thanks to these relations and (3.1), v® satisfies
(4.14) Vg = Vgg — QU & 5
where
9 =wf— 2w, (U5 + aus,) — wee (U + ausf).
We have proved at Lemmas 4.1 and 4.3, that uf, ug, us, are bounded in L%(Qr),

uf is bounded in C%'/2(Qr); since f belongs to L?(Qr), we see that §° is bounded
in L2(R x (0,7T)). Let us define

(4.15) w” =v; and ¢° F F+v,.
Substituting (4.15) in (4.14), we obtain
(4.16) wi —aw,, =4g°.

Since v¢, and g° are bounded in L*(Rx (0, 7)), ¢ is bounded in L? (Rx (0,T)). Let
us prove now that wf§ is bounded in L?(R x (0,7')). For this purpose, we multiply
(4.16) by wi and we integrate the resulting expression over R,

/|wf|2dx—a/w§wizda::/ggwfd;c.
R R R

We integrate by parts the second term on the left hand side, thanks to relations
(4.13), (4.15). Since w € C§°(R), we may infer that w;w: vanishes when z tends
to infinity, getting thus

(4.17) /|wt5|2 dxr + a/ wi, wh dr = / 9° wi dz.
R R R
On the other hand, we observe that
1 1
(4.18) / g°wi dx < —/|gf|2 dx + —/|w§|2 dzx.

Substituting (4.18) into (4.17), and integrating over (0, 7), we obtain

//|w§| dedt+2 /|w |d:c——/|w )2 do
_2/ /|g\2d$dt+ //|w§|2dxdt
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which implies immediately that

/ /|wf|2dxdt+a/|w )% dz
<a/|w |2dx+/ /|g |? dz dt.
As

(4.20) wi(+,0) = waur + WU 45

uy belongs to H'(0,L) and w belongs to C§°(R), relation (4.20) implies that
wE(-,0) € L2(R). As g° belongs to L2(R x (0,T)), the left hand side of inequality
(4.19) is bounded. Then we infer from (4.13) and (4.15) that u§, is bounded in
L?((8,L — B) x (0,T)) independently of .

We use analogous arguments to show that uZ,, is bounded in L?((3, L — ) x
(0,7)): we multiply (4.16) by wt_, next we integrate over (), and, thanks to an
integration by parts, we get

1 - T T
(4.21) ——/|w§j(-,t)|2 |0 dm—a/ /|w§z|2 dmdt:/ /gswiz dx dt.

We have used the inequality yz < y?/2y + v22/2 where v € (0, 2a), and therefore

(a——)/ /|wm|2dmdt<—/ /|g > dzdt + = /lw 0)|? dz.

Since ¢g° and w¢(-,0) are respectively bounded in L?(R) previous inequality, we
deduce that w¢, is bounded in L?(Rx (0,7')). Therefore relations (4.13) and (4.15)
imply that ¢, is bounded in L*(0,T; L?(3, L — 3)). O

(4.19)

Tx?

REMARK 4.9. If we differentiate (4.14) with respect to t, multiply it by v§, and
integrate the resulting expression over (0,7) x R, we find that for all § € (0,L/2)
uS,, belongs to L2(0,T; L?(8,L — f3)), independently of c.

5. Passage to the limit in the variational formulation

We have given a variational formulation of the penalized problem. The previous
Lemmas enable us to pass to the limit and to deduce the existence of a weak solution
(1.1)-(1.4b). We substitute v — u® to v in (3.19) and we get

L
/0(u§(v—u5))(-,t)|gda:—/Q uf (v — uf) dx dt

.

G [ (o aus) (o - ) dde - /0 " (v —w))(L,) dt

-

—/Or(ms(v—us))(O,-)dt=/ f(v—ug)da:dt.

.

LEMMA 5.1. Under assumptions of Theorem 2.1. Let u® be a solution of (3.1)-
3.3). There exist subsequences, still denoted by u®, such that

(
(5.2a) u® = u in COY2(Qr),

. u; = uy weakly x in Y , ,
5.2b : ki L>(0,T; L*(0, L
(5.2¢) us, — u, strongly in L*(Qr),

(5.2d) uS, = ug, weakly * in L°°(0,T;L*(0, L)),
(5.2¢) us, — ugy weakly x in L*(Qr),
(5.2f) m® = m weakly * in M"(Xr).
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Moreover the support of m, denoted by suppm is included in the following set:
{t e R* : u(0,-) = —ag, u(L,") = —ar}.

PrOOF. Lemma 5.1 is an immediate consequence of Lemmas 4.1-4.4. In fact,
we know that u®, uj, u,, u;, and m® are bounded in functional spaces explicitly
given in the Lemmas 4.1-4.4. Therefore we may extract subsequences, still denoted

by u®, uf, us,, us, and m®, which converge weakly as in (5.2). On the other hand,

u, is bounded in L*(Qr) and ug,, is bounded in L>(0,T; L?(0, L)) then by Sobolev
injections, we may extract a subsequence, still denoted v, such that «, converges
strongly to u, in L2(Q7). O

The convergence of u; is obtained with the help of interior estimates (Lemma
4.8).

LEMMA 5.2. Under assumptions of Theorem 2.1. The convergence of u; to its
limit is strong in L*(Qr).
PRroOF. Write
y = Juf — .

For any 8 > 0 we have:

T, B L-B L
(5.3) / ydmdt:/ (/ yda:+/ yd:c+/ ydm) dt.
T 0 0 B L-p

Since u$ is bounded in the Sobolev space H'(0,L;L%*(0,T)), u§ is bounded in
C%1/2(0, L; L*(0,T)). Denote by C the supremum of |us(z, N 12(0,7) With respect
to z; a Cauchy-Schwarz inequality on the time integral gives

T 5 T oL
(5.4) / / [us|? dmdt+/ / |us|? de dt < 2C*8.
o Jo 0 JL-p
Similarly the supremum of |u;(z,-)| 2(0,7) 18 at most equal to C, so that
T B T L
(5.5) / / g |* dmdt+/ / |ug|? do dt < 2C?B.
0o Jo 0o Jr-p

Let v be any positive number. Choose 3 such that 8C?3 < 7/2. Lemma 4.8
implies that u§ is bounded in H' ([8, L — 8] x [0,T]) then it is possible to extract a
subsequence such that the restriction of u§ to [8, L — 8] x [0,T] converges strongly
to u¢; in particular, for v small enough,

T ,L-8 A
(5.6) / / luf — w2 da dt <
0 JB

Carrying (5.4)-(5.6) into (5.3), we deduce the Lemma. O

N2

THEOREM 5.3. Under assumptions of Theorem 2.1, problem (1.1)-(1.4b) pos-

sesses a weak solution u such that u is bounded in C%'/?(Qr), uy and u; are
bounded in L>°(0,T; L*(0,L)), uze is bounded in L?(Qr).

PRrROOF. We pass to the limit in (5.1) when ¢ tends to zero. Since for all
(r,s) € R2, (s= —r~)(r —s) > 0, if we take s = u*(0,-) + ag and r = v(0, ) + aq,
we may infer that

(’U(O, )+ ao) (v(O, )+ ao)_ - (uE(O, )+ ag) (’U(O, D+ ag)_

5.7
5.7 < (v(0,+) 4+ ao) (u°(0,) + ao) — (u(0,) + ao) (u°(0,-) + @) -
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Since v(0,-) > —aq for all ¢t € [0, 7], the left hand side of inequality (5.7) vanishes.
On the other hand, the right hand side of (5.7) is equal to (m® (v —u¢))(0, -) which
leads to

(5.8) / (m* (v = u%))(0,-) dt > 0.
0

The similar inequality holds at z = L

(5.9) /(m%v—fnuyﬁhza
0

Thanks to inequalities (5.8), (5.9), Lemmas 5.1 and 5.2, we may pass to the limit
in the variational formulation (5.1) and we obtain (1.5), and the conclusion is
clear. O

REMARK 5.4. The question of uniqueness is completely open, and we have no
hint whatsoever in this direction.

6. The trace spaces
We have obtained at 3.1 the existence of a solution u® of (3.19) such that
e " (|us(0,t) — v(0, )| + |[us(L,t) — v(L,t)]) < Cexp(C't/e)

and C' was defined as the maximum of the norm of the matrix ||L(¢)|| over R; this
matrix depends on v, as well as C' and C' . Pick any v’ > 0, and define

! !
v=v+ aw) +1;
€
then e~ (|u®(0,t) — v(0,t)| + [u®(L,t) — v(L,t)|) is temperate. Assume from now
on that f has compact support in ¢; we know then from Remark 4.2 that the traces
u$(0,-) and u$(L,-) are bounded in H'/?(R), and therefore W¢§, = e~ (u5(0,1) —
vu(0,t)) and Wi , = e=*(u;(L,t) — vu®(L,t)) are square integrable over R. We
see immediately that > G(W#(t),t) is also square integrable. We multiply (3.14)
scalarly by W§ + vW*¢ and we integrate over Rt | which is permissible according to
the above considerations. We observe that

/OO(G(WE(t),t)) (W +vWe) dt

oo

(

/0 W5 (t) + e~ (uo(0) + ao)) (0 +v)(W5 + e~ (uo(0) + ao))) dt
+ /Ooo (WE(t) + et (uo(0) +ao)) (781 (up(0) + ao)) dt
+/OOO(Wf(t)+e

- T +e

/000 (W5 (t) + e "(uo(0) + ao)) ™ ((0¢ + v) (W5 (t) + e (uo(0) + ag))) dt
1

(50 + e @+ a) )|

_ y/ooo (W5 @) + e (uo(0) + ao))_)2 dt,

“Huo(L) + ar))” ((0r + v) (W + e *(uo(L) + ar))) dt

w “Huo(L) +ar)) (e7H TV (uo(L) + ar)) dt.

But

t=o00
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and

/000 (W (t) + e (uo(0) + ao)) ~ (e7“ ) (uo(0) + ao)) dt
< /0 T UWE ) + e (uo(0) + ag)) ) dt + 4i /0 " 620D (40 (0) + ag)? dt.

v

Therefore

/Ooo (G(Ws(t),t)) . (Wts + I/WE) dt < ) ((Uo(O) + 00)2 + (UO(L) + aL)Z).

1
8v(v+1
We apply Plancherel’s formula to the term involving M « W€ in (3.14):

/OO(M*WE) (B + v)W®) dt = i§)‘E/|l/+z'cu|2\/1+0¢(1/+i<,u)|ws(w)|2d<,u
0
+—§R/|V+zw| \/1+a1/+uu( ) )WE( ) dw

where Mo is defined as

o 2n no-1

In particular the norm of the matrix

v+ iw|>/T+ a(v + iw) Mo (w)

is bounded independently of w € R and v > 1 in consequence of (3.11); we denote
by 7 an upper bound of this quantity. For » > 1 and w € R, we have

RV1+ a(v+iw) > Co(1+ Vv +V]|wl),
and therefore we may write now, with the help of the classical inequality |ab| <
lal?/2 + [b]*/2

C
272 ((1+\/_+ Viw|) v + iw|? |Ws | )dw

21 / |W’5 | dw + Py ((u0(0) + a0)® + (uo(L) + ar)?)
6.1) .

+4—/ <(1+\/;+ \/W)|u+iw|2|ﬁ/\5(w)|2) dw

/CO +f+\/|7)

which implies immediately a bound on the L? norm of W¢ independently of & and
of v > 1, since W¢ is bounded in L?(0,00)? thanks to Remark 4.2. There remains
to validate (6.1) for all v > 1, while we needed Plancherel formula to obtain it. For
this purpose, we let o1 be a C*° function which is equal to 1 for ¢t < T, to 0 for
t > T + 2/v, and whose gradient is at most v over [T,T + 2v], the approximate
problem
M«WoT = g+ orG(WT ) /e,

possesses a unique solution for the same reason that the limiting problem possesses
a unique solution. The function W*7T is fast decreasing as t tends to infinity. The
modifications in estimate (6.1) is straightforward, and we can show easily that

1 —~
o / 1+ Vv + w])|v+ iw|2|W5’T|2 dw
R

is bounded independently of €, T and v. We pass to the limit for T — oo, and we
obtain the conclusion by uniqueness of the solution of (3.20).
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THEOREM 6.1. Under assumptions of Theorem 2.1. For all v > 1, W¢ is
bounded in H®/*(R)? and therefore we may extract a subsequence such that uE|ET

converges to u|ET weakly in HE)/CAI(]R), and (uS + auit)|ET converges to (uz +
auwt)|ET weakly in ngi/‘l(]R). Therefore, u is a strong solution of (1.1)-(1.4).

PrOOF. We obtain a strong solution of (1.1)-(1.4), by taking weak limits in
appropriate functional spaces and by applying standard methods. Since it is quite
routine, we leave the verification of this proof to the reader. O

REMARK 6.2. We mean by strong solution that all the traces can be defined.
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CHAPITRE 3

Numerical approximation of a viscoelastic problem
with unilateral constraints

Adrien Petrov and Michelle Schatzman

Abstract. The system ui — Uge — QUaat O f, (x,t) € (0,L) x (0,T), with initial
data u(-,0) = uo, u+(-,0) = w1 almost everywhere on (0, L) and the unilateral conditions
given by

0<wu(0,")+ao0 L —(us + auqt)(0,-) >0,
0<u(L,’)+ar L (uz + auqz)(L,-) >0,
models the longitudinal vibrations of a rod, whose motion is limited by obstacles at both

ends. We give a numerical scheme, we prove its convergence and we report the results of
some numerical experiments.

1. Introduction and notations

Consider the following problem: a viscoelastic rod of length L vibrates longi-
tudinally; each end of the rod is free to move as long as it does not hit a material
obstacle. Each obstacle may constrain the displacement of the extremity to be
greater than or equal to some number.

Figure 1. Motion of the rod between two obstacles.

The mathematical situation can be described as follows: assume that the rod
is made up of an homogeneous viscoelastic material and satisfies the assumptions
of the theory of small deformations. Let x be the spatial coordinate along the rod
with the origin at one of the extremities; let u(z,t) be the displacement of the
material point with spatial coordinate x at time t. Let f be an exterior force which
depends on space and time. The displacement u satisfies the following equation:

(1.1) Utt — Ugy — QUzzt = f,  (z,t) € (0,L) x (0,T), «a >0,
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32 3 Numerical approximation of a viscoelastic problem with unilateral constraints

with initial data
(1.2) u(+,0) =uo and wuy(-,0) = us.

The boundary conditions are determinated as follows: when the rod touches one of
the obstacles, the complementarity conditions are as follows:

(1.3) ug(0,-) + auge(0,-) <0 on the set {t: u(0,-) = —ao},

or

(1.4) ug(L,-) + augi(L,-) > 0 on the set {¢t: u(L,-) = —ar},

whereas when the rod does not touch one of the obstacles, each end is free to move
(1.5) ug(0,) + augt(0,-) = 0 on the set {t: u(0,-) > —ap},

or

(1.6) ug(L,-) + aug(L,-) = 0 on the set {¢t: w(L,-) > —ar},

The conditions (1.3)-(1.6) can be summarized as

(1.7a) 0 < (u(0,-) +ao) L —(uz + auat)(0,-) >0,

(1.7b) 0< (u(L;") +ar) L (uz +auqz)(L,") >0,

here the orthogonality means that an appropriate duality product between the
terms of the relation vanishes. Conditions (1.7)-(1.7a) are usually termed Signorini
conditions.

Problem (1.1)-(1.7) has been studied in [5]. Under the following assumptions:
ug belongs to the Sobolev space H2(0, L), uo(0,0) = uo(0) > —ag and ug(L,0) =
uo(L) > —ar, u; belongs to the Sobolev space H'(0,L) and f and f; belong to
L2(0,T; L2(0, L)), we have proved using penalization the existence of a solution to
(1.1)-(1.7). A weak formulation of (1.1)-(1.7b) is given by

u € K and for all v € K and for almost every T € [0,T],

L T L
(1.8) /0 “t(”—“)|3d$—/0 /0 ug(ve — ug) de dt
T L - L
a + Qtigt) (Ve — ug) dzd — u) dz dt,
+/0/0(u+aut)(v u)xtz/o/of(v w) dz dt

where K is the convex set defined by
{ve H'((0,L) x (0,T)) : war € L*((0,L) x (0,7)), v(0,-) > —ao, v(L,-) > —ar}.

Let us explain now the plan of the article.

In Section 2 of this paper, we approximate numerically a solution of (1.1)-
(1.7a) though the following numerical method: approximate u(jAz,nAt) by uf.
We discretize the time and space differences and apply a variational formulation
to our problem. We denote by A the discretization of Laplacian with Neumann
conditions. The numerical scheme is defined by

uptt — 2u? Ul (A u™tl 4yt untl — u"‘1>

Xr=- + aA

— fn —
J At2 2 2At . i =0

J
with unilateral conditions at the boundary; i.e. for j =0, J + 1 we get

0<u? LXP>0.

This numerical scheme is the straightforward generalization of the scheme presented
in [6] to a viscoelastic case.

In Section 3, we prove the convergence of the numerical solution to a solution
of (1.1)-(1.7a).
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Finally, in Section 4, we display the result of some numerical simulations per-
formed on a finite interval, where we have taken unilateral boundary conditions at
the both ends, or one unilateral condition and one Neumann condition.

2. Numerical schemes

We approximate each derivative in (1.1) using the Taylor’s formulae. That is
to say, we approximate the second derivative in time by a centered finite difference.
We approximate the second derivative in space by a centered differences in space
at times t — At and t + At,

u(z + Az, t + At) — 2u(z, t + At) + u(z — Az, t + At)
2A 2
u(z + Az, t — At) — 2u(z,t — At) + u(z — Az, t — At)
+
2A 2
and ug: by a centered difference in x and ¢:
u(z + Az, t + At) — 2u(z,t + At) + u(z — Az, t + At)
2Ax2 At
w(z + Az, t — At) — 2u(z,t — At) + u(z — Ax,t — At
_ul ) éA;vQAt ) ( )+O(A$2)+O(At2).

It is convenient to denote by A the linear operator obtained by discretizing the
Laplace operator in one dimension with Neumann boundary conditions; all its
coeflicients vanish except the ones on the three main diagonals and they are given
by: for i € [1,J],

Ay =2/A2?, Ajiy1 = Aii = —1/Az% Ago = Ajy1,741 = 1/A2%
On the other hand, At is the uniform time step, ¢, = to +nAt and n < N(At) with
N(At) = |T/At] which is the greatest integer at the most equal to T/At; Az =
L/(J +1) is the space step. Denote by fI' and u respectively the approximations
of f(jAz,nAt) and u(jAz,nAt). We assume that u} = ug(jAz) for j € [0, + 1],
ug > —ag and w7, ; > —ar. Then the estimates given above motivate the choice
of following scheme: for j € [1, J],

Uge (T, 1) =

+0(A2%) +0(AP),

Uget (T, 1) =

(2 1) u‘?'i‘l _ 2u;), + U?_l <A un+1 _|_ u’n,—l + aA un+1 _ un—l) _ fn
’ At? 2 2At o
J
We have a complementarity problem:
(2.2) —ao<ug L Xy >0 and —ap<uj,, LX7.,>0,
where
+1 ~1 - -
X[‘:uln —2ul +u} N Au”+1+u”1+aAu"+1—u"1 g
At? 2 2At .

for all [=0,J+1.

REMARK 2.1. According to standard Fourier techniques, the scheme (2.1) is
L?-stable and consistant of second order in time and in space. Then we may deduce
that the scheme (2.1) converges.

Let us denote by |-| and ||-|| respectively the norm on L?(0,L) and H(0, L)
and let (-,-) denote the scalar product in L2(0, L). We shall need a number of spaces
and sets. Let V}, and Hp be respectively sequences of finite-dimensional subspaces
of H(0,L) and L?(0, L) such that

—12(0,L)
L*(0,L) = | J Hn and H'(0,L) =W
h h

H(0,L)
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Let K}, be the convex set defined by
Ky ={v € Vi : vzt € Hp, v(0) > —ap, v(L) > —ar}.

Therefore, uZ*’l belongs to K} and satisfies an evolution variational inequality given
by:

uptt € Ky, for all w € Kp,

n+1 n n—1 n+1 n—1
u —2ul +u u +u
( h h h ,’U)—’U.;zL 1)+<A7h’ h ,w—uz 1)

(2.3) At2 2

up ™ —up! 1 1
+ n +
—oAr W T Un )Z(fhaw—uﬁ )-
LEMMA 2.2. The finite difference scheme (2.1)-(2.2) is equivalent to the vari-
ational inequality (2.3).

+a (A

PROOF. We substitute w in (2.3) by u + ¢, with ¢(0) = ¢(L) = 0, we obtain

uptt —2uf +uf! 4 uptt !
At2 7S0 + 2 5S0

un—{—l _ un—l
A h h > n
+Oé( 2AL 790)_(fh7§0);
which is equivalent to (2.1). We choose w such that

wj =u; for all jel[l,J], wo>ao, wiy2ar,

then we get
Ug+1 — 2U(7)L + ugil ('LUO _ U"+1)
At2 0
un+1 + un—l un+1 _ un—l
(24) + (Af"‘OZAT . (WO_U3+1)
> fo(wo —ud™) for all wg > —ag,
and
1 -1
wity — 2uf, +uly ntl
Af2 (wJ+1 - u.]+1)
+1 n—1 n+1 n—1
(2.5) ( u™t 4 u"tt — ) ntl
+(A4 +aA (wyg1 —ulty)
2 A )

1
> fio (wop —ufty) for all wyy > —ar.

It is straightforward to check that relations (2.4) and (2.5) are equivalent to (2.2).
O

REMARK 2.3. Relation (2.3) can be written in slightly different form: define a
mazimal monotone operator Ok, (see [1],[3]) by

{0} if u € int(Kp),
Mk, (u) = S {z: (z,v—u), Vv e K} if wue€dKy,
0 otherwise.

Then relation (2.3) can be rewritten as
uptt — 2uf 4wt 4 wptt oA uptt — oyt
At? 2 2At

n+1 n—1
u +u
+0Yk, (7'1 h >9 e

(2.6)
2
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It is equivalent to minimize a coercive function and twice differentiable in a convex
set. Therefore, for each step uj is unique.

3. Convergence of the scheme

We will prove that the scheme (2.1) with unilateral boundary conditions (2.2)
converges to a solution of (1.1)-(1.7a).

THEOREM 3.1. Under the unilateral conditions (2.2), the numerical scheme
(2.1) converges to a solution of (1.1)-(1.7b) when Az and At tend to zero.

n—1:

PROOF. Let us first prove the stability: we let w = uy~ " in (2.3) and we obtain

n+1 n—1 n+1 n—1
U —2up +u _ +u -
( h h h JUZ 1_ uz,—i—l) + (A h u™ 1_ u;z—i—l)

At? 2 »h
(31) un+1 unfl
ra (4T ) 2 (-,
The identity
-1 2 1 2
(Wit = 2uf + U Wt - un—l—l) _ | Uy up ™ —uj;
A2 h > h At At ’

implies that

n+1 n |2 n+1 n—1 n+1 n—1
u,” " —up 1An+1 nt1 9 Auh — Uy u, T —uy A
Py ) ) t
ar | talmT ) +2a 2At 2At
unfl —u? 2 1 un—i—l _ unfl
< h h Z(Au™— 1, n-1 2 m “h — “h At.
=17 At (AT 2 TRy
We perform a discrete time integration of the above expressions and we obtain
+1 n |2
up — U 1 +1, ntl
At 5 (Au;ll ) u;ll )
m+1 m—1 m—+1 m—1
- “h Up — —Up
(3:2) +2a Z ( T 9A )
u? u1 2 - u et
< |—h__h —(Au?,ud) +2 —h_____h At
— At 2( uh7uh)+ mZZI fh, ) 2At
Therefore, thanks to Cauchy-Schwarz inequality, we get
m+1 m—1 n n m+1 m—1 |2
+u 1 1 U —u
3.3 b —h At < - M2AL 4 — —h__—h | At.
3 3 (< g Sigepare g Y[
m=1 m=1 m=1
On the other hand, there exist v > 0 and A > 0, such that
(3.4) el +7 [l2]]® < (4z,2).
We deduce from (3.3) and the coercivity inequality (3.4):
1 2 1 12
A u "~ “;Ln At
At oA
) — gt gt P
<[Pt +(1+200) > AT At + - (Auh,uh +Z|fk|At
m=1 m=1
With the help of the inequality
m—+1 m—1 |2 m—+1 2 m—1 2
uy + uy < |Un + up + uy' T —up
2At - At At ’
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we infer then

2
uptt — S| P fju Tt — gt
Z(A n+l | n+l 2 h h A
At +2( Uy, Uy, )+ afymZ:l oAL t
0 1|2 n m+1 m 12
Up — Up ~ Up
(3.5) < | PR F2AL+200) ZO = At
1 m
5 (Aup,up) + Zlfh > At.
We define
wntt —ym|?
(3.6a) a™ = |-k hi
At
(3.6b) bt = (Auptt ulth),
LTI S SRS 2
3.6 "= L h
(3.60) ¢ g::l 2At ’
(3.6d) B8 =2(1+2al),
n 0 _,1 2 1
(3.60) g" = D ISEA + [P 2 (Au, uf).
m=1

Therefore (3.5) can be rewritten as follows:

n 1 n n n S m
(3.7 a +§b +2avc"At < g +,37;a At.
Define
(3.8) dt =Y a™,
m=0

Since the matrix A is non negative, relation (3.6), shows that b™ > 0; moreover it
is obvious that 2ayc™At > 0, thus we infer from (3.7) that

o< nAt N dn—l
_1—,8At 1— BAt

The discrete Gronwall lemma enables us to deduce now that

~ gm At a®
(3:9) Z (L= pAp—m+ T 1= gAge

Carrying (3.9) into (3.7), we obtain

. n BgmAt ,3(10
1 "4 2B 4 209" At < g" '

The right hand side of the inequality (3.10) is bounded because the elements which
composed it are bounded data. Define an interpolation uy by

(n+1)At—t+un+1t—nAt

uh(xa t) = up At h At

for te [nAt,(n+1)At].
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Relation (3.10) implies that we can extract from the sequence up, a subsequence,
still denoted by wuy, such that

(3.11a) up = u in L*(0,T;H'(0,L)) weak =,
(3.11b) ‘%"A‘;—? in L*°(0,T;L*(0,L)) weak *,
(3.11c) up = u in C%%(Qr), VB<1/2.

In order to prove that the limit u satisfies (1.8), it is necessary to take convenient
test functions. It is obvious that up belongs to K. Thanks to (3.11), we may deduce
that u belongs to K. The elements of K are not smooth enough in time, and they
have to be approximated before being projected onto V},. This projection does not
conserve the constraints at x = L and x = 0, and therefore, the elements of K need
another approximation in order to satisfy the constraints strictly. More precisely,
let v be an element of K which is equal to u for t > T — . For 5 < £/4, define

u(z,t) ift>T—n,

(3.12)  v"(z,t) = w(et) + %/H—n(v —w)(z,8)ds + k()d(t) ift<T —1.

The function ¢ is nonnegative and smooth; it is equal to 1 on [0,T — /2], and it
vanishes on [T' — ¢/4,T]. The parameter k(n) is chosen as follows:

1 t+n 1 t+n
u(L,t)—E/ w(L,5) ds| < —/ (L, ) — (L, 5)| ds
t

nJi
n B
Sg/sadszﬂ,
n Jo B+1

where

L,t) —u(L
Co pup DED-uLo)
s€lt i+l (s —1)
We have the inequality, for t <T — /2,
1 [t CnP
v"(L,t 2—/ v(L,8)ds — —— +k t).
@022 [ o ds = 5 + ko)
If we choose

20n°
k(n) = ——,
(n) B+1
we will be sure that
CnP €
TL,t) > —k fort <T — —.
v"(L,t) > 2+ g fort< 5
With the same arguments, we obtain
CnP €
70,t) > —k fort <T ——.
v"(0,t) > —k1 + B+1 ort < 2

It is not difficult to check that, for ¢ in [T —¢/2,T — 1),

v"(z,t) = u(z,t) + k(n)¢(t),
so that v” belongs to K. On the other hand, v" belongs to L>(0,T; L?(0, L)),
because time integration has a smoothing effect. We denote by @}, the projection
onto V}, with respect to scalar product of L?(0, L). The sequence @, converges in
strong operator topology of L%(0,L) to the identity, and therefore, thanks to the
Sobolev injections, there exists a sequence 7, converging to zero when h tends to
zero such that

1Qnz = 2llcogo,zy < mllzll, ¥z € H'(0,L).
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Moreover there exists a positive constant C' such that
1Qnoll < Clloll, Vve HY(0,L).

This property is proved by a classical computation. Now, we choose v as in (3.12)
and we let

op = ult + Qp(v"(nAt) — u(nAt)).
If we substitute this value for v} in (2.3) and perform a discrete integration, we

obtain
N-1

1 0
Uy, — U
Z (fl?avl? - “ZH)At < - (hTthavg - u}z)
n=1
5 (UZ —up Tt gt o “Z>At
7
Z\" A At
N-1 n+1 n
u u
+ (Ai" - h,v;;—ugﬂ) At
n=1

N-1 un+1 —
+a) (Ah?h,v;; - uZ'H)At.

The passage to the limit in this expression is obvious. It is enough to show that
the total energy of uy converges to the total energy of u. This is done by a discrete
integration of (3.1). O

REMARK 3.2. Theorem 3.1 is also valid when we replace the Signorini condition
at the both ends by a Neumann or a Dirichlet boundary condition at one end and
Signorini condition at the other end.

REMARK 3.3. Let us define

n+1 n—1
Uy Uy,

(3.13a) R
A At?
(3.13b) M:1+a7tA+TtA,
~  A#? At
(3.13¢) fn = — i +up + a— Aupt,

where 1 is the identity matriz. Therefore, (2.6) can be rewritten as follows:

(3.14) My™ + 0k, (yi) > fa-
It is plain that (3.14) is equivalent to minimize the functional J(y,’l‘) on Ky,

T(yk) = 5 (o) Myi; = (fn) vk
We have used this equivalence for the numerical simulations reported in next section.

4. Numerical experiments

For the following simulations, the space interval is [0,1], the time and space
steps are given by At = 0.125, Az = 1/27, and initial data are

uo(z) =2(1 —z) and wi(z) = wue(x),
and @« = 1. We have performed simulations for f(z,t) = 0 and for f(z,t) =
sin(#v/2) cos(2z). In practical, resolution is very simple-minded way: at each time
step, we check whether the solution of the problem without constraints is admissible;

if it is, we advance by one time-step; if it is not, we solve when one or two constraints
are active. Thus we have at almost four linear problem to solve per time-step.
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In the first experiment, we assume that f(x,t) vanishes. We observe that if the
constraint is active, then small oscillations appear at the boundary.
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FIGURE 1. A numerical simulation with vanishing right hand side
and Signorini condition at both ends.
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FIGURE 2. A numerical simulation with vanishing right hand side,
a Neumann boundary condition at one hand and a Signorini con-
dition at the other.

REMARK 4.1. The last two simulations concern the case of a distributed con-
straint, i.e.

K ={ve HY(Qr) : vst € L*(Qr), v(z,-) > a for all z € (0,L)}.
We have not treated the mathematical theory of this problem (see [2]), nor its nu-

merical approximation. We give nevertheless the results of these simulations for
the reader’s information.
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FIGURE 3. A numerical simulation with right hand side f(z,t) =
sin(¢v/2) cos(2z) and a Signorini condition at the both ends.
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FIGURE 4. A numerical simulation with right hand side f(z,t) =
sin (#v/2) cos(2z) a Neumann boundary condition at one hand and
a Signorini condition at the other.
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FIGURE 5. A numerical simulation with vanishing right hand side.
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FIGURE 6. A numerical simulation with right hand side f(z,t) = sin(tv/2) cos(2z).
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CHAPITRE 4

Viscoélastodynamique monodimensionnelle avec
conditions de Signorini

Adrien Petrov et Michelle Schatzman

Note aux C.R. Acad. Sci. Paris, Ser. I 334 (2002) 983-988.

Résumé. Soit o un nombre strictement positif. Le probléme viscoélastique monodi-

mensionnel
Utt — Ugz — QUggt = f7 T € (_OO, 0], t e [0, +OO)
avec les conditions au bord unilatérales
u(0,9) >0, (uz +aug)(0,-) >0, (u(uz + augt))(0,-) =0,
peut étre réduit & I'inéquation variationnelle suivante:
AM*xw=g+b w>0, >0, (w,b)=0.
Ici A1(w) est la détermination causale de iw+/I+ icw. On démontre que ce probléme
posséde une solution et que les pertes d’énergie sont purement visqueuses; ce résultat

provient de la relation (w,b) = 0, qui n’est pas triviale puisque, a priori, b est une mesure
et w n’est définie que presque partout.

One dimensional viscoelastodynamics with Signorini
boundary conditions

Abstract. Let a be a positive number. The one-dimensional viscoelastic problem

Ut — Uggy — QUazt = f, « € (—00,0], t € [0,+00).
with unilateral boundary conditions
u(0,) >0, (uz + auqe)(0,-) >0,  (u(uz + augt))(0,-) =0,
can be reduced to the following variational inequality:
Mxw=g+b w>0, b>0, {(wb)=0.
Here A1 (w) is the causal determination of iw+/T + iaw. We show that the energy losses

are purely viscous; this result is a consequence of the relation (u,b) = 0; since a priori, b
is a measure and w is defined only almost everywhere, this relation is not trivial.

1. Abridged English version

We seek solutions of viscoelastodynamics for a Kelvin-Voigt material with Sig-
norini boundary conditions. In the simple case of a homogeneous isotropic material
in a half-space x < 0 and of a solution depending only on the coordinate z, the
only interesting equation is that for the first component of the displacement. After
adimensionalization, it reads

(1.1) U — Ugy — QUggt = f, <0, t>0, a>0,
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with boundary conditions

(1.2) u(0,) >0, (uz 4+ aug)(0,-) >0, (u(uz + auq))(0,-) =0,
and initial data

(1.3) u(z,0) =uo(x), u(z,0) = ui(x).

Without loss of generality, we may assume that uo(0) vanishes; otherwise, we solve
the problem with vanishing (u, + aug:)(0,-) until «(0,t) vanishes and we change
the origin of times. Define A\; as the inverse Fourier transform of the causal de-
termination of iw+/1 + aiw; the problem (1.1), (1.2) and (1.3) is equivalent to the
following problem on the boundary:

Here g is equal to —(4 + atiz)(0,-), where @ is the solution of (1.1) and (1.3) with
Dirichlet data. If ug and u; belong to H?(—00,0) N H}(—oc,0), and if f and f;
belong to L2 ([0, 00); L*(0,00)), then g belongs to Hllo/cz([O, 00)).

Observe that the principal term of A; is a constant times the derivative of order
3/2 of the Dirac mass; one could have thought that the difficulty of this problem is

somewhere between the analogous problems
Lw=g+b, w>0, b>0, (wb)=0,

with L = d/dt as in [3] or with L = d?/dt* as in [7]. The pseudodifferential
character of the convolution with A\; makes everything difficult; we thought at the
beginning of this study that the viscous term might act as a regularization and
make things simpler than for elastodynamics, where the Signorini problem is still
wide open. It seems that this hope was not substantiated; nevertheless, we are at
least able to provide a few results and proof techniques appropriate to the present
frame.

The existence of a solution of (1.4) can be obtained by the penalty method.

The energy balance is obtained by multiplying (1.2) by u; and integrating over
(—00,0) x (0,7); see (4.1); the losses are purely viscous iff (w,b) vanishes. This
statement looks trivial since w vanishes almost everywhere on the support of b; but
it is not so, since b is only a measure, and we do not know that its singular part
vanishes.

We prove indeed that @ vanishes on the set {u = 0}, except on a countable
subset, and that b has no atoms; in consequence, {w, by vanishes. But these results
cannot be deduced from functional estimates on the penalized approximation, since
they only imply that w is bounded in Hﬁ)/(:l([o, 00)).

Therefore, we develop another construction: we assume that g is the convolu-
tion of a measure ¢ with the kernel 1y ) (t)/ V/7t, i.e. gis ahalf-integral of ¢; this is
true if the data ug, u; and f are smooth enough, as we have seen above. If ¢ is such
that the supports of b and u are included in a locally finite union of intervals, we
have an almost explicit formula for the solution (see (4.4) and (4.5)); in the general
case, we construct an approximation w™ which has this local finiteness property;
we are able to estimate (@™ (o —0))~ for each o such that w™(o) > 0; together with
an order property and L estimates on w™, this enables us to conclude.

2. L’origine du probléme

Le systeme de la viscoélastodynamique pour un matériau de Kelvin-Voigt peut
s’écrire
pUut :Au+Bllt+f, T € Q, te (O,T),
avec des opérateurs A et B définis au moyen des tenseurs de Hooke; dans ce cas,
les conditions de Signorini s’écriront o4 + 62 =0, o + 65 > 0, uy > 0, un (o +
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68) = 0. Ici, of et of désignent respectivement les composantes normales et
tangentielles du tenseur des contraintes relativement & C = A ou B.

Si le matériau est homogene et isotrope, et que nous cherchons une solution dans
le demi-espace z < 0, ne dépendant que de la variable z, le probleme se découple,
et apres avoir choisi les unités de maniere appropriée, I’équation satisfaite par la
premiere composante est (1.1), avec les conditions au bord (1.2) et les conditions
initiales (1.3).

Rappelons que le probleme de Signorini élastodynamique reste completement
ouvert en plus d’une dimension d’espace; les premiers résultats monodimension-
nels sont dus & Amerio [2], qui considérait plutét un probléme de vibrations avec
obstacle ponctuel; [6] a mis en évidence que ces derniers étaient identiques aux
problémes avec contraintes au bord, et surtout a traité le cas d’une équation des on-
des avec contrainte unilatérale au bord d’un demi-espace, tout en montrant ’unicité
et la conservation de I’énergie. D’autres articles ont abordé des problemes muli-
tidimensionnels, notablement [5], et [4] qui ont obtenu des solutions faibles, sans
information sur le bilan énergétique, ni sur les traces.

3. Réduction a un probléme au bord

Si @ est la solution du probléme de Cauchy-Dirichlet pour les mémes données
initiales, on prouve par analyse de Fourier que w(t) = u(0,t) vérifie les relations
(1.4).

Nous montrons que si ug et u; appartiennent & H2(—00,0) N H}(—o0,0) et si
[ et f, appartiennent & L ([0, 00); L?(—00,0)), alors g appartient & Hﬁ)/f ([0, 00)).
Remarquons que la partie principale de A; est une dérivée d’ordre 3/2 de la masse de
Dirac. L’existence d’une solution de (1.4) se prouve par pénalisation: la procédure
d’itérations de Picard fournit une solution de

(3.1) AL xw® =g+ () /e,

3 support dans Rt. Formellement, si on multiplie (3.1) par #® et qu’on inteégre,

. N 5/4 o
on obtient une estimation sur la norme de w*® dans Hlo/C ([0,00)); cette estimation
peut étre rendue rigoureuse, et nous montrons le

THEOREME 3.1. Si g appartient a L .(R) N H_1/4(R) et est a support dans

loc loc

R, il existe une fonction w € H5/4(R) a support dans RY satisfaisant (1.4)

loc
(3.2) Mxw=g+b, w>0, b>0, (w,b)=0.

Idée de la démonstration. Si I’on peut trouver 7' > 0 tel que pour tout
€ >0, w¢(t) > 0 quand ¢ > T, alors il est 1égitime de multiplier (3.1) par w® et
d’intégrer puisqu’on peut montrer que w® décroit exponentiellement 3 l'infini. Si g
est dans L?(0, 00), alors w* est borné dans H'/4(0, 00) uniformément en e. Afin de
se ramener 3 ce cas, on modifie g pour des temps tres grands et on conclut par un
procédé diagonal.

Remarquons qu’il est difficile d’aller au dela des estimations énoncées dans ce
théoréme; en effet il est obtenu en mutipliant (3.1) par un facteur p° pour lequel
(A1 % w®, p°) est positif ou nul et on sait estimer ((w®)~,p)/e. Or le seul que nous
ayons trouvé est p° = w°.
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4. Bilan d’énergie

Si nous multiplions (1.1) par u; et que nous 'intégrons sur (—oo, 0] x [0, 7],
nous obtenons formellement la relation

1 [ I
5/ (u2 + u?)( da:+a/ /u dzdt = 2/ [ug (-, 0)|? dz

- +%7 |uz (-, 0)]? dm+/ / f“tdmdt+/0 ((uz + uat)ue) (0, ) dt.

Les pertes d’énergies sont purement d’origine visqueuse si et seulement si le dernier
terme intégral est nul. Par construction, u, + auz: = A1 *w — g; par conséquent, il
nous faut montrer que (w, b) s’annule si nous voulons comprendre le bilan d’énergie.

Une vision naive consisterait & dire que comme w est nul sur le support de
b, il est clair que (u,b) s’annule. Mais, de fait, w n’est nul que presque partout,
et nous ne savons pas si b est absolument continue par rapport a la mesure de
Lebesgue. Par conséquent 'annulation de (w,b) n’est pas triviale, et elle repose
sur une construction en plusieurs étapes, demandant une certaine régularité sur g.
L’hypothese fondamentale est que g est une demi-primitive d’une mesure ¢ sur R
a support dans Rt ; plus précisément, et en notant [, f¢ l'intégrale relativement &
la mesure ¢ sur un intervalle I d’une fonction f ¢-intégrable, nous supposons:

-1/2
(42) 90 = [ (nlt=5) 750,
[0,¢]
Soit w une solution de (1.4) possédant une structure localement finie, c’est-a-dire:

suppw C | Jloj, 73], suppb C |J[75,0541],
jeJ jeJ

avec 0 < g9 < 19 < 01 < 71...; notons H la fonctlon de Heav1s1de et posons
w(t) = Ht)/ (n(t + 1)), v(t) = Ht)e /o et Q) = [ w(

Alors un calcul explicite fournit ’expression sulvante de w:
(4.3) W1[o_7-,‘rj] = (H * UV x (]5]) l[aj’Tj],
et la suite des ¢; est construite & partir de ¢g = ¢ par récurrence:
(4.4) Wi = 1, gs0n) + (- — 7)€/ / elag,,

[O'jﬂTj)
(4.5) Pj+1 = 1[0j+1’00)¢j

-— 3 =0t \ Y(s
—|—1[0j+1,00)/ exp(— )w( It ) i(5) .
[75,0541) a Oj+1 =5/ 041 — 8

Cette formule conduit & ’estimation suivante, en un point o ot w(o) est strictement
positif:

46 e -0) <z [ 6o

a

+ Z/ 26(070j)/a - 1)G(U7S7i7j)¢zﬂ_—1(s)7

[Ti— 1,01)

ol nous avons posé G(a,s,4,5) = Q((c — 03) /(05 — 8)) — Q((0; — 03) /(05 — 8)).
D’autre part, elle nous permettra ultérieurement de trouver une estimation de
la norme de w dans L*°.
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5. Approximation par des solutions a structure localement finie

Cependant nous n’avons aucune garantie d’existence d’une solution a structure
localement finie pour des données g quelconques satisfaisant ’hypothese (4.2). Nous
construisons alors récursivement une suite possédant cette structure. Tout d’abord,
soit 7_1 la borne inférieure du support de ¢, et soit o la borne inférieure du support
de (H xv*¢)*T; si 0g = 7_1, posons ¢g = ¢; si g9 > T_1, nous définissons ¢g par

_ = =00\ _9(s) .
¢0_1[00’00)(¢+/[T_1,ao)exp(_ ! >w(0'0_5)00_3)7

alors wo = wl[g, o) Tésout le probleme

AL *wo = p*do+go, pxdo>0, wo>0, (u*¢po,wo)=0

et la borne inférieure du support de ¢g est égale a og. Posons ng = ¢ et 0§ = 0p;
si la borne inférieure du support de (H * U * q~56‘) ~ est strictement supérieure & o,
nous l’appelons 7§ et nous posons ¢f = (;~53. Sinon, nous pouvons trouver un instant
72 dans |o¥, 0% + 1/n] pour lequel H % v x ¢ s’annule, alors que (v * ¢7) (78 — 0)
est négatif ou nul, et nous posons

G=o0-cp) [ @) o) [ @)+ oo
logs73) logs73)
Soit alors ¢7 une mesure dont le support a méme borne inférieure que celui de
(H*vx*¢})T, et soit
7' = infsupp(H * v x ¢}) .
Si 7;' = 00, la construction s’arréte; par construction T]Q > a?, et il est possible

de montrer que 7' > o7 pour tout j. La mesure 9} est donnée par (4.4) avec
chacune des quantités affectée d’un indice n en haut. Soit 67, la borne inférieure

~n\ T+ . o~ . ~ . o~ .
du support de (o7)"; si 07, = 00, la construction s’arréte; si o7, est fini, nous

J =
prenons pour o7, n’importe quel instant ne portant pas d’atome de 97 et tel que

~ 1 ~ 1 1
max<0?+1,7'f + %) <o < max(a?HJf + %> + 2’

et nous posons
-~ ~ -
w;t = _1[7.7-",0'?+1) (¢?) + 5( - _;l+1) /[' n m )(,éb‘;l) + 1[5?+17°°)¢.;l'
Ti 9541
Alors ¢7,; peut étre déduit de ¢7 a partir de (4.5), lui aussi affecté d’indices n en
haut. La fonction w" = 37,54 1[pr 721 (H * v x ¢7) est la solution de
Avxw™ =g"+ 0", w" >0, >0, (w"b")=0

avec

9" =px (¢+ (46 - ¢)1[aa,r5))

+ (2(5(-— ?+1)/

>0 [75"0541)

(J;L)_’_ - 1[7'?50'?+1) (IZ.;L)—F)) .

Si nous supposons que ¢ est de masse finie, nous montrons que les masses de riq
et de 47, sont bornées indépendamment de n et j, et que 'on a des propriétés
d’ordre suffisantes pour passer a la limite:



52 4 Viscoélastodynamique monodimensionnelle

LEMME 5.1. Les inégalités suivantes ont lieu:

60 [leal< [l < [ig3)

62 @) Sl @) =R [ @
(741005 41)

Nous déduisons de (5.1) que g™ tend vers g dans LP(R), p € [1,2[, que w™ est
bornée dans L (R) et que b" est d’intégrale bornée sur R. Enfin, w™ converge
uniformément vers w sur tout compact, aprés extraction d’une sous-suite, et la
limite vérifie (1.4): les estimations ainsi obtenues sont meilleures que celles obtenues
via la pénalisation.

En particulier, comme  est essentiellement bornée, b ne peut avoir d’atomes.
Par ailleurs, nous utilisons la propriété (4.6) pour montrer le résultat suivant:

THEOREME 5.2. Soit N l’ensemble des atomes de ¢ et soit Ny l’ensemble des
extrémités des composantes connezes de U = {t € R : w(t) > 0}. Alors w(t) est
différentiable en tout point qui n’appartient pas ¢ N U N1 U U, et sa dérivée est
nulle.

Idée de la démonstration. Si w(t) est nul et ¢ n’est pas extrémité d’une
composante connexe de U = {w > 0}, le cas ol il y a quelque chose & démontrer
est celui ou ¢ est une valeur d’adhérence de U. Si ¢ est une valeur d’adhérence a
droite et ’il n’est pas vrai que w(t) est nul, on peut trouver 8 > 0 et une suite t,,
croissant vers t telle que w(t,,) > B(t —t.,)- Alors pour tout n assez grand, w™ (¢,,)
est plus grand que 36(t — t,)/4; si Jo™, 7] est la composante connexe de t,, dans
{w™ > 0}, on voit qu’il existe un ensemble de mesure non nulle dans o™, 7"[ sur
lequel w™ < —3f/4; mais en vertu de (5.2) et de (4.6), on obtient une contradiction.
Le cas ou t est un point d’accumulation & gauche est traité de fagon analogue, bien
qu’un peu plus simple.

Ce résultat suffit & conclure que w|,,. est nul sauf sur un ensemble dénombrable
de points et par conséquent (b,w) s’annule.

Remarque 1. Nous ne savons rien de lunicité des solutions; nous ne savons
méme pas si les deuzr constructions d’une solution de (1.4) fournissent le méme
résultat.
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CHAPITRE 5

A pseudodifferential linear complementarity
problem related to a one dimensional viscoelastic
model with Signorini conditions

Adrien Petrov and Michelle Schatzman

Abstract. The simplified viscoelastic problem

Ut — Upy — Qg = f, TER , tERT, a>0,
with boundary condition
u(0,-) >0, (uz+ auzt)(0,-) >0, (u(um + aumt))(O, ) =0,
is reduced to pseudodifferential linear complementarity problem (LCP)
Mrw=g+b 0<wlb>0.

where )\ is the inverse Fourier transform of the causal determination of Xl = w1+ taw.
We prove the existence of a solution of this LCP; the energy relation for the original
problem is equivalent to

(1, b) = 0.

This relation is formally and rigorously true, but highly non trivial since a priori b is a
measure and w is defined almost everywhere.

1. Introduction and notations

The theory of vibrations of continuous media with unilateral conditions at the
boundary purports to understand the mathematical description of the so-called
dynamical Signorini problem; when the medium is elastic and satisfies the assump-
tions of the theory of small deformations, the one-dimensional medium is fairly well
understood, starting from the work of Amerio and Prouse [3, 4] and of Schatzman
[10], in the case of a continuous obstacle and the work of Amerio [1, 2] of Schatz-
man [11], Citrini [5], Citrini and Marchionna [6] and the theory can be considered
as complete. In the multidimensional case, the theory is still quite poor, and there
are deep functional analytic reasons for our ignorance. The only case where an en-
ergy relation is proved is that of is a wave equation in a half-space with unilateral
conditions at the boundary [9]; see also for weaker results Uhn [8] and Jarusek et
al. [2].

The present work stems from an attempt to replace the elastic case by the
viscoelastic case.

In the most general situation, we would like to solve the dynamical evolution
system for Kelvin-Voigt material, i.e.

pug = Au+ Bug+ f, z€Q, te(0,T),

where A and B are elasticity operators defined with the help of Hooke tensors a;;x;
and b;;r; and € is the part of the space occupied by the material. Define the strain
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56 5 A pseudodifferential linear complementarity problem

and respective stress tensors:

Oyu; + Oju;
= %; a{;(u) = aijkIEkl(u)a oﬁ(u) = bz’jklﬁkl(u);
the normal displacement at the boundary is

€ij(u)

UN = UiV,

where we have chosen v; to be unit normal pointing inward; the normal and the
tangential components of the stress vectors at the boundary are

A _ A B _ B
oN = Uz-]-I/iI/j, oN = UijViVj;
Ay _ A A BY _ B, . B
(O'T)j = 0;;Vi — ONVj, (UT)]. = 0;;Vi — ONVj-

With these notations, the boundary condition on that part of the boundary where
contact may take place is written:

off +68 =0,

on+68 >0, un>0, un(on+d8)=0.
If we consider the very particular case where @ = R~ x R?~! and if we seek a

solution u which depends only on z; and ¢, while the material under consideration
is homogeneous and isotropic, we are led to the following boundary problem for u;:
82’U,1 A A 62U1 B B 63u1

1.1 = (A 2 A 2
( ) p 3t2 ( + 12 ) 81}% + ( + 19 )6$%6t

with the boundary conditions written in the fashion of a linear complementarity
problem (LCP):

+f17

621,61

dz10t

here the orthogonality has the natural meaning: an appropriate duality product

between the two terms of the relation vanishes. The problem for the second and
third components of v is linear, viz. for j = 2, 3,

p32Uj _ NA 62Uj

ot? oz}

with boundary conditions given by

0< ()\A+2,LLA)%+(AB+2/LB) Loug >0
1

B 9%y,
oz3ot

+u + fis

NA% uP 9uy _
oz O0x10t
Therefore we concentrate our efforts on (1.1), which becomes after appropriate
adimensionalization the one-dimensional viscously damped wave equation on a half-
line:

(1.2) U — Ugy — QUggt = f, <0, t>0, a>0,
with initial data

(1.3) u(+,0) =uo and wu(-,0) = uq,

and boundary conditions

(1.4) 0 <w(0,-) L (ug + aug)(0,-) > 0.

If ug(0) is strictly positive, we may solve the linear problem (1.2) with initial con-
ditions (1.3) and boundary condition

(1.5) (ug + augt)(0,-) = 0.

Then by energy estimates we conclude easily that if ug,, u1 and f are square
integrable respectively on R, R and R x (0,7'), w is continuous over R x [0,T7; it
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suffices therefore to solve (1.2)-(1.3)-(1.5) on the maximum time interval over which
u0(0, -) is strictly positive, to be reduced to the case

uo(0) = 0.
Denote by @ the solution of
(1.6) Ut — Ugy — Oz = f, <0, t>0, a>0,
with initial data (1.3) and Dirichlet boundary data at = 0. Define
(1.7) 9 = —z(0,-) — aiiz(0,-)-
Then v = u — 4 solves
(1.8a) Vgt — Vg — QUggy = 0,
(1.8b) v(0,-) >0, (vz+avat)(0,7) > 9, (v(vs + aver))(0,7) =0
(1.8¢) v(,t)=0 if t<O0.

Call \; the distribution whose Fourier transform in time is the causal determination
of iwv/1 + aiw; we will show in Section 3 that v solves (1.8) iff w = v(0, ) solves

(1.9 Mxw=g+b 0<wlb>0.

In order to construct a solution of (1.9), we require that g be a half-integral of a
measure ¢ with support in R, i.e. for almost every ¢ > 0:

(1.10) 9(t) = /[ ) ﬁ 5(5).

We will show in Section 2 that if ug and u; belong to H?(—oc,0) N H} (—o0,0)
and if f and f; belong to L ([0, 00); L?(—00,0)), then g belongs to Hlo/c (R) and
is supported in RT, so that our theory can be applied.

In Section 4, we define a penalized problem associated to (1.9), for which we
prove the existence and uniqueness of a solution. It is not difficult to extract weakly
convergent subsequences, to pass to the limit and to obtain therefore the existence
of a solution of (1.9) belonging to Hﬁ)/f(R).

Let us write at least formally an energy relation for (1.2): we multiply this
equation by u;, we integrate by parts over (—o0,0) x (0,7), and we get

1 /° ’
5/ (u +ut d.Z'+(1/ / u d.rdt / (|u1|2—|—|u0’$|2)d1’

-{-/OT((um—i—auzt)ut)(O, ) dt+/0 /_m Fuy da dt.

The energy loss is purely viscous, iff

(1.11) /T((uw + Qug)u) (0,-) dt = 0.
0

By construction, (uz+augt)(0,-) is equal to Ay xw — g; therefore, (1.11) is equivalent
to

(1.12) (b, ) = 0.

A priori, b belongs to H,__ 1/ (R) and is non negative and w belongs to Hlo/C (R):
this is not enough to conclude that (1.12) holds.

The standard methods used for variational inequalities break down here: the
non local character of the convolution by A; seems to preclude any kind of argument
based on the signs of functions. While local estimates using sign cannot work, we
construct a global estimate which will work. This is where we need regularity on
data, i.e. (1.10).
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Let us sketch the principle of the construction of Section 5: define H to be the
Heaviside function and

o t/a )
(6]

v(t) =

Let p be the inverse Fourier transform of the causal determination of v/1 + aiw,
and p the inverse Fourier transform of 1/p. Then v is equal to p * g and A\ = p';
the convolution inverse of Ay is H * pu = ;.

More information on these distributions is given in the Appendix.

Assume first that our data ¢ is such that H x v % ¢ is positive on some interval
[¢,7) and then negative on some interval (7, 0'); an explicit calculation shows that
a good candidate for a solution on [0, 7] is 1[5 ;] (H x v * ¢); then, we calculate a
candidate for b, hoping that the support of b will be included in [r,¢'], and we find
b= —px1, where 1) is obtained from ¢ by a linear operation; however, since after
time o', we expect the solution to be positive again, the really good candidate for
b is rather —(/,l, * ¢)1[T,(,/), and, lo and behold, there exists a measure ¢ such that

_(ll’ * ¢)1[T,U'] =W * C;

the calculation of this measure is the object of Lemma 5.1, where we also give the
formula for w on the next interval where it is non zero. Once we have a formula for
two intervals, we generalize to any number of intervals (Corollary 5.2). Moreover,
we are able to give an estimate on the left derivative of w over any interval where
w is positive (Lemma 5.5), and this estimate leads to the above mentioned global
sign argument.

However, this construction has a very significant defect: we do not know that
it is possible to extend it to an interval of finite length; therefore, the next idea is
to modify ¢ so as to realize the locally finite construction; this is the recursion of
Section 6.

A number of estimates are given in that Section, and they lead easily to the
extraction of a convergent subsequence in Section 7; but this is not enough to
show the desired energy equality; the function w cannot vanish everywhere on the
support of b, since w may have a strictly negative left derivative at the right end
of intervals where w is strictly positive. The requirement that w vanish almost
everywhere on the support of b does not suffice, since we do not know that b is
absolutely continuous with respect to Lebesgue’s measure. Therefore, we show
that w vanishes on the support of b except on a countable set; on the other hand,
as uxb is a locally essentially bounded function, the atomic part of b vanishes; thus
w is b-integrable and we are able to conclude.

2. Regularity results for the damped wave equation

THEOREM 2.1. Ifug and uy belong to H?(—o0,0) N Hg(—00,0) and if f and f;
belong to Lloc([O, oo),L2(—oo,0)), then @ has the following functional properties:

ue Wf’ ([0, 00); L2(—o0 0)),
(21) aﬂ? loc ([0 OO Lz ) loc( )7L2(_OO’0))7
Uzg € Lloc([O,oo),Lz(—oo,O)).

ProOOF. We sketch here the proof of (2.1), using a straightforward energy in-
equality. The proof could be easily completed by a Galerkin method, but since it
is quite routine, we leave the verification to the reader.
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Multiply (1.6) by 4, and integrate by parts in z; then we find

1 0 P . T 0
3 [ (uloP st nP)deva [ [ judsds
0 —oo

—0o0

T 0 1 [0 .
:/ / fay dz dt + 5/ (Jua|* + |uo,o|*) da.
0 —0o0 -0

A straightforward application of Gronwall’s lemma yields: 4, @, are bounded
in L{2. ([0,00); L*(—00,0)), @g is bounded in LZ ([0, 00); L*(—00,0)) under the
assumptions ug belongs to L?(—o00,0) N H} (—00,0), u1 belongs to L?(—o0,0) and
f belongs to LE ([0, 00); L*(—o0,0)).

If we multiply (1.6) by %44, an application of Cauchy-Schwarz inequality shows
that @4 belongs to LE ([0,00); L*(—0,0)), U and s, belong to the space
Lﬁ?c([oa OO); LIQOC(—OO, 0))

Similarly, after differentiating (1.6) with respect to ¢, and multiplying it by g,
we find that @,,; belongs to LE ([0, 00); L?(—o0,0)). O

loc

COROLLARY 2.1. Under the hypotheses of Theorem 2.1, (i, +aii)(0,-) belongs
to the space Hy./? ([0,00)).

PRroOF. This proof is a consequence of the classical theory of traces of Sobolev
spaces. O

REMARK 2.2. The conclusion of Corollary 2.1 is much stronger than needed;
its purpose is only to show that our theory is not empty. Obtaining estimates in
Banach spaces for the traces of the solution of the viscoelastodynamic equation (1.6)
is much more difficult than in Hilbert spaces, which is the reason why we have opted
for a simple approach of the regularity theory.

3. Reduction to a problem at the boundary

Qur convention for the Fourier transform is
B(w) = / =it (1) dt.
R

Let us apply a partial Fourier transform in time to (1.8a), calling w the dual
variable of ¢; then equation (1.8a) becomes

w2

T1tiow
The general solution of (3.1) is given by
(3.2) B(z,w) = a(w) exp(A(w)z) + b(w) exp(—A(w)z);
since we performed a Fourier transform on v, we assumed implicitly that v and v
are tempered respectively in ¢ and w.
Intuitively the term bexp(—)\x) can be tempered only if b decays at infinity

very fast, and since this must be true for all z, it will imply that b vanishes as
proved in next lemma:

LemMA 3.1. Ifv is of finite energy, the coefficient b vanishes.
PROOF. We eliminate a by performing a linear combination of v and v,:
—0,(x,-) + A0(2,-) = 2b A exp(—Az).

The Paley-Wiener-Schwartz theorem implies that A is a tempered distribution on
R, with support included in R, i.e. a causal distribution. Let us define

w(z,-) = DA exp(—X:c) .



60 5 A pseudodifferential linear complementarity problem

Since v is of finite energy, it is tempered, and therefore w and @ are tempered.
Therefore there exists ¢, |y| < m, which is continuous and polynomially increasing
such that

= Z 07 (z,-) in the distributions sense.
[v|<m

Here v is multi-index (y1,72) and |y| =1 + Y2.

Let ¢ and @ belong respectively to C§°(R) and C§°(0,00); assume that the
support of ¢ is included in {w : w; < |w| < w2} with wy > 0, and call [z1, 23] an
interval containing the support of 1. The distribution b restricted to (0,00) x (R\
{0}) is equal to

w(x, ) exp (:\\x) /:\\

/ (@) d =

and if y is an arbitrary negative number, we have the equality in the sense of
distributions:

(33 (.9)=(howv) ]
// ). (2, )87 (eXp§ )W}(x_yo e do.
)Y

The reader will check that all the derivatives of exp(
of expressions of the form

(@)@ (@)™ (& - y)e™ exp (Aw)e)

where @ is the quotient of a polynomial in X and a finite number of its derivatives,
and of a power of A. Since 0 is excluded from the support of w, we have the estimate

|a§5(j) | <C.

If we assume that

(z—y)/X are finite sums

Let k > 0 be a lower bound of R\ over w1 < |w| € wa. Then there exists Cy such
that for w verifying w; < |w| < wsy and for z < 0,

leq (2, )| < C1exp(—kz/2).
We may estimate each term in the right hand side of (1.4c) by

0
2(we — wy) / ccy exp(kx/2)|w(k) (x — y)||a:|m dz.

As y tends to —oo, it is clear that this integral tends to 0, and therefore the
restriction of b to R\ {0} vanishes. This means that b can be a finite combination
of the derivatives of a Dirac mass at 0; but these terms can be included in @, proving
thus the lemma. O

We deduce from Lemma 3.1 that if v is tempered in the neighborhood of z =
—00, it must be of the form

o(z,-) = aexp(Az).
In particular
(3.4) 32(0,-) + av3:(0, -) = A15(0, -).
If we let w be the trace v(0,-), (1.8) can be written now

(3.5) M*xw=g+b w>0, b>0, blw.
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Of course, w vanishes for all negative times, and g has been defined at (1.7). At
this point, b L w is a formal statement, and a good part of this article aims to turn
this formal statement into a bona fide mathematical relation — which implies in
particular that we are able to assign a coherent sense to all the quantities involved.

4. Existence and uniqueness of the solution of the penalized equation

In (1.7), the rigid constraint is defined by a set of linear complementary con-
ditions. We approximate this constraint by a very stiff response which vanishes
when the constraint is not active and is linear when the constraint is active. More
precisely, if r~ = —min(r,0), we consider the problem

(4.1) Ak w® =g+ (w)7 /e,

where w® vanishes for all t < 0. We recall that y; is the integral of ;1 which vanishes
at 0, where i(w) is the causal determination of 1/4/1 + iaw.
We establish now the existence and uniqueness of the solution of (4.1).

THEOREM 4.1. Assume that g belongs to L{, .(R) N lecl/4(R) and vanishes for
t < 0. Let h be a uniformly Lipschitz continuous function; then there exists a unique

solution vanishing for t < 0 of the convolution equation:

(4.2) w = p1* (g — h(w)).
Moreover w is continuous.

PRrOOF. We see from (7.12) that on any interval [0, T, 41 satisfies the estimate

0<m(t) < ﬂ

N

Define an integral operator T by
Tw = p1 * (g + h(w)).

It is clearly equivalent to find a solution of (4.2) or a fixed point of 7. Therefore,
it is suffices to find an integer k such that 7% will be a strict contraction in an
appropriate functional space.

Let us check first that 7 maps C°([0,T]) to itself: since p1 is an integral of the
integrable function p, it is continuous and therefore 4 * g is also continuous. Since
the composition h o w is continuous, it is plain that 7w is a continuous function.

We estimate now the Lipschitz constant of T restricted to C°([0,T7), denoting
by L the Lipschitz constant of h:

¢ 2LVT [?
|(Tw2—7'w1)(t)|§/0 p1(t — ) L|lwy — wq| ds < \/ﬂi:/ohuz—wﬂds.

Since this estimate is completely analogous to the classical estimate of Picard iter-
ations, we obtain by induction the estimate

2LVE\ ¥ [lws — wy |l
Vo k! )

Therefore, for all T € (0, 00), we can find an integer k such that the restriction of
T* to C°([0,T7) is a strict contraction. As T is arbitrary the theorem is proved. 0O

|(T*ws — TFwy) (t)] < (

REMARK 4.2. We could have obtained the stronger estimate:

L k
[(Thws = Trwn) ()] < (ﬁ) XER2 () [lws — wi . s

where x*(t) = (t7)21/T(a), which leads to the same conclusion, but with a smaller
k for each T.
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REMARK 4.3. The same proof works if instead of h(w) we introduce a con-
tinuous function h(t,w) which is Lipschitz continuous with respect to its second
argument.

REMARK 4.4. If g1 and g2 coincide over (—oo,T], then the corresponding so-
lutions w1 and wa of w1 = 1 * (g1 — h(w1)) and we = p1 * (g2 — h(ws)) coincide
over (—oo,T), thanks to the causal character of p;.

We would like to estimate w® in appropriate functional spaces independently of

€. We will assume that g belongs to H. —1/4 (R). Formally we multiply (4.1) by w®,

loc
and we estimate the pseudodifferential term in the Fourier variables. We obtain

1 P — *1d 2
4. — c € + —— £
(4.3) 5 §R</ A1 W iww dw) /0 % lt((w) ) dt

-1 %(/ iw@egdw).
271' R

We infer from the estimate

~ 1

|Aviw| > rod |w|?(1 + |(,u|)1/2
that
(4.4) /|w|5/2|1’05|2dw < C/|w|2(1 +lw) @) (1 + w]) 5] dw,

R R

and therefore if (1 + |w|)_1/4|§(w)| is bounded in L?*(R), we see that |w|(1 +

|w|)1/ 4|135 (w)] is bounded in L?*(R) independently of ¢. As it stands, this cal-
culation is insane, and the aim of the present section is turn it into a valid result.
The essential idea is to use the causality: it enables us to modify g for large times,
to validate the desired result on a time interval for which g has not been modi-
fied, and then to conclude for Rt since the modification time has been arbitrarily
chosen.

The first step consists in proving the following lemma:

LEMMA 4.5. Assume that g belongs to L. .(R) and vanishes for t < 0. Then

loc

there exists for all T > 0 an S > T and a compactly supported function G which
coincides with g over [—oo, T such that for all € > 0 the solution W¢ of

(4.5) MW =G+ (W)™ /e,
is mon negative over [S, 00).

PRrROOF. We choose 1 to be a C* function from R to R, which takes its values

in [0, 1], and satisfies
0 if t<O,
Wﬂ:{liftZL
We define then
G@t) =T +1—-t)g(t) + Bt =T = 2)p(T + 3 - 1),

where § is a number to be defined later. Then, for ¢ > T + 3, we may write

(4.6) W =p1 %G+ % (W)™ /Je.
The first term on the right hand side of (4.6) can be written also as
T+1
(47) | =gl +1- s
0
T+3
+3 it —8)Y(s =T — 2)Y(T + 3 — s) ds.

T+2
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The function p4 (¢) is increasing and tends to 1 as ¢ tends to infinity, since p is non
negative and [i(0) = 1. Therefore, the limit for ¢ going to infinity of the second
term of (4.7) is

T+3

1
lim 8 p(E—8)Yp(s =T —=2)Pp(T +3—s)ds = ﬂ/o Y(s)Y(1 — s)ds.

t—o00 T42
We estimate from below the first term of (4.7) as follows:

T+1 T+1
[ mt- e +1-sdsz [ gl ds
0 0
We choose § so large that

T+1
ﬂ/ P(E)Y(l —1t) dt>/ lg(s)| ds.

Then there exists S such that for all t > S, (u1 * G)(t) > 0, and thanks to (4.6),
the conclusion is clear. |

This Lemma yields a Corollary:

COROLLARY 4.6. The function Ay xW¢ is compactly supported and We belongs
to H/4 (R); moreover W€ decays exponentially to 0 as time goes to infinity.

PROOF. As a consequence of Lemma 4.5, the supports of (W¢)~ and G are
included in the interval [0, S]. Define

=G+ (W)™ [e.
We infer from (7.12) and the identity W¢ = p % g1 that for t > S
. exp(—t/a S
o] < SR [ g, 6) exps/a) s
Vra(t—8) Jo
which implies the exponential decay of W¢. On the other hand, G belongs to

H~'Y*(R) and (W¢)~ is square integrable and therefore belongs also to H~/4(R).
Therefore, by Fourier transformation,
91(w)

(Wsﬂw) = (ﬁﬁl)(w) = m,

and it is plain that W¢ belongs to H'/4(R), thus concluding the proof of corollary.
O

LEMMA 4.7. The following estimate holds:
(4.8) sup/|w|2\/1 F ][] dw < +00.
e>0 JR

PROOF. Since G belongs to H‘1/4(R) and W¢ belongs to H'/4(R), we per-
form the duality product of (4.5) with W¢. By standard properties of the Fourier
transform,

27T<)\1 *We, I/VE>H—1/4 H1/4 = «SR/ le/{/\sins dw;
’ R

thanks to the definition of A;, there exists a constant C such that ®A; > C |w] (1 +
|w|) , 50 that

1/2

2 (AL * W, W) s yyija > C / w2 (1 + ) W deo.
’ R

The duality product of (W)~ with W¢ can be identified with the L? scalar prod-
uct of these two quantities, since (WW*¢)~ is continuous with compact support. In
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consequence, as follows from the classical results on the derivative of the negative
part of an H. (R) function,

(W7 W) ysja grasa = _% /R %((WE)_)z dt

which vanishes since (W¢)~ is compactly supported. The last term is

C e 1 T
<G7W >H—1/4,H1/4 = %?R/RGZUJW dw
|2

A 1/2 N 1/2
Si</|G71/2dw) (/|w|2(1+|w|)1/2|W5|2dw) .
27 R (14 |wl) R

By construction |@| (1+ |w|)_1/ * is bounded in L2 (R), and the conclusion is clear.
O

THEOREM 4.8. Assume that g belongs to L (R) N Hil/‘i(R) and vanishes for

loc loc

t < 0. Then there ezxists a function w € H150/c4(R) which vanishes for t < 0 and a
measure b supported in Rt such that

Mxw=g+b, w>0, b>0, (w,b)=0.

PROOF. Define

T+1
N(T) = / l9(t)] dt + (T + 1 = Yglls-vss.

The construction of Lemma 4.5 and Corollary 4.6 shows that there exists a constant
C' such that
|We || 112 < CN(T).
Let us estimate the mass of (W¢)~ /e over a finite interval: by definition of p and
A1, we have
M xWE = px W,
but the distribution p can be described precisely since
pxp=203+ad
and therefore
p = p+ ap' in the sense of distributions.
We convolve with H the identity

p*WE=G+(VZ—) :

obtaining therefore

ey =1 (0 ),

As p is non negative and of integral 1, we know that 0 < H % u < 1; therefore for
any To > 0,

1/2
(G » s W) (T)] < (/0T°|Wf|2dt) " ST < e /T
On the other hand,
(3 W) = (WOV(w)/VT T o
and therefore p1 x W< belongs to H3/4(R), with the estimate
|t % WE| grasa < ClIWE || grse,
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and by Sobolev injections,
[l W[l poo < ClIWE||gsa-

Thus, we have obtained the estimate

To (We)~ i
| e <1 e (€4 VE) + 1610

< CN(T)(l + \/JTO)

We set up now a diagonal process; denote by g,, the function associated to T = n,
and by S, the corresponding number constructed at Lemma 4.5. The solution of
(4.5) is now called w¢. For each n, let (e,,)men be a sequence of positive numbers
decreasing to 0 as m tends to infinity. There exists a subset J of N such that as m
tends to infinity in J,

(4.9) (wW5m),, oy = tn in H'/*(R) weak,
and
(4.10) (wym)™ [em) ey = bn in MY (R) weak *.

Then, in the limit we have
AL * Wy = gn + by, in the sense of distributions.

It is plain that b, > 0. Condition (4.9) implies in particular that wim tends to wy,
uniformly on compact subsets of R; condition (4.10) implies that (w:m)~ tends to
0 strongly in L}, .(R) and therefore w, > 0. If w,(z) > 0, we can find v > 0 such

that for all large enough m, and all y such that |y — z| <,
1
Wi () > 5 wn(a),

and therefore, the support of (wé™)~ does not intersect (z — v,z + ); in the limit,
the support of b, does not intersect (x — 7,z + «y). Thus we have obtained

supp b, C {w, = 0}.

Take now (&,,)men to be any sequence decreasing to 0 which will be fixed henceforth.
We define J; C N as an infinite set such that (wi™),ecs, converges in the sense
(4.9), (4.10). Given J,, we take J,11 C J, such that (w;%})meJ,,, converges in
the sense (4.9), (4.10). Let J be the set made out of the first element of J;, the
second of .J5, the n-th of .J,, and so forth. Thanks to Remark 4.4, we have also for all
m € N, and all n, all p > n: wym 0,n] = WA |[07n]. As (wy™) ey converges to wp,

we see immediately that for all n and all p > n: wp|[0 ] = wn|[0 n]’ In particular,

we may define w by w| = w,, and therefore w is the desired solution. |
[0,n]

REMARK 4.9. We know nothing about uniqueness — alas!

5. Solutions whose support is included in a locally finite union of
intervals

If ¢ is a measure over R and h a function which is ¢-measurable, we shall write
either
[ = [ 1)

(¥, h)

or
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for the integral of h against . If h is ¢-measurable, for all interval I, the function
hlr is also -measurable, and its integral against 1) can be written

/ hlpp = /1 ha.

We shall keep the traditional notation dt for the Lebesgue measure, though it
is not entirely coherent with the above notation; nevertheless, the meaning of these
notations will always be clear from the context.

We denote by M the space of Radon measures on R and by M*(R) the space
of bounded measures on R with norm given by

[IMLaer = (AL, 1).
We assume from now on that there exists ¢ € M*(R) with support in Rt such that

We recall that a measure ¢ on R has a positive and a negative part, denoted
respectively by ¥T and 1 ~; the following identities hold:

¢+ = max(w,O), ¢7 = - min(¢70)7 ¢ = ¢+ - ,(pia |¢| = ¢+ + ¢7'

The first step is to prove an identity for which we need the function:

L(0,00) (%)
(0,00)
5.2 t) = —————.
(5.2 w(®) 7t + 1)Vt
Later, we shall need an integral of w:
t
2
(5.3) Qt) = / w(s)ds = ;l(g,m)(t) arctan v/t.
0

In the following proof and in the remainder of this section, the prime symbol
will never denote a derivative; the distributions u, p, g1, A, A1 have been defined
previously and the reader is referred to the Appendix for formulas.

LEMMA 5.1. Assume that g satisfies the hypothesis (5.1) and that w satisfies
the relation

(5.4) A xw=g+Db;

assume moreover that b is a measure belonging to M(R") and that there exist four
numbers o < T < o' < 7' for which w and b satisfy the support conditions:

(5.5a) suppw C [o, 7] U [0, 7],
(5.5b) suppb C [r,0']U [T, o0].
Then the following identities hold:

(5.6a) wligr ;= (H *v s @) o,

where ¢' is a measure given by

(56b) <ﬁll[a",oo) = ¢1[0’,oo)

. — . — I
+ 1[5/ 00) exp(— S)w( ; g ) 7{}(8) .
[T,a”] Q g — S8 g — S8
Proor. Thanks to the support condition (5.5a) and to equation (5.4), w sat-

isfies the relation

(5.7) Wlipoy = (H % v % )1,
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Relation (7.11) enables us to observe that ((H *v *¢)1}, o)) (t) can be decomposed

as
[/{U,T] (1 - exp(—T - S))qﬁ(S)
) el
+ /]T’t] (1 — exp (—t ; S>)¢(5)] Ljr00)-

But

(5.8) /[M] (1 —exp (— u - 8) ) $(s) = w(r)

which vanishes, and

[ (ee(-57) e (-5) Jo
— (1 —exp (_t ;7)> /[M] exp(—T ; S)d)(s);

(H xv* ¢)1]T’Oo)

= Hxvx* (5('—T)/[ ]eXP<_T;S)¢(5)+¢1]T,OO)>7

which implies that
(5.9) wly o) = (H % v x @) 115 1

— Havs (¢1W] _6(—1) /[M] exp (_T - 5) ¢(s)).

We infer from this identity that

therefore

blren == (p* (W) = 9) 100

d
= (p* % (wl[a,'r)) - g>1[r,o")a

and therefore
bl['r,o”) = - (/J/ * ¢) ]-[‘r,a')a
with v given by

Y = Pl(r,00) + 0(- — T) exp (-g) /[ ]eXp(§> B(s).

w' = w]-[a’,oo)a gl = (g — A * (w]-[o',r]))]-[a”,oo)a b = b]-[d’,oo)'

Then it is immediate that w' satisfies

Define now

M*xw' =g +b.
Our purpose now is to identify a measure ¢' such that
(/},1 % gl)l[a",‘r’] = (H X UV x ¢I)]-[<7’,'r’]-
If this identity holds and ¢' is supported in [o', 00), we must have over [o', 7'

pxg =Hxvxd,



68 5 A pseudodifferential linear complementarity problem

or in other words
¢I].[0.17TI] = (p * gl)]-[o-”-r’]'
We proceed now to calculate
p* gl =px* (1[0’,00) (g — A1 * (wl[a','r]))) 5
relation (5.9) implies
Lot ,00) (9 = A1 * (Wlo,r1)) = Lpor,00) (1 % ).
Therefore, we need the value of the expression
p* (]-[J’,oo) (/J/ * ’(ﬁ)) )

which is equal to p * p * pu % (L[5 o0y (1t % 9)), or in other words to

<1 +a %) (1% (Lipr 00y (1 % 0)))-

But, for ¢ > o', we have the formula

pr (o) = [ te=s) ( [ nta= () ) ds.

We exchange the order of the integrations and we write rVo' = max(r, ¢'), obtaining
thus

1% (Lo 00) (0 %)) () = /

[

R / u(t — $)us — ) ds.

Vo'

It is plain that

[ e syuts vy

1 t—r\[(mw . 2(rvao)—t—r
= — exp| — — —arcsin ——— |,
TQ a 2 t—r

we (e )0 = 5 [ ew(=57 o)

a

1 t—r\/[(m . 20" —t—r
+ — exp| — — —arcsin ———— | (r);
ar Jir o a 2 t—r

now, we have to prove that we can exchange differentiation with respect to ¢ and
integration with respect to the measure ¢(r). For o' €]r,t[, the function ¢t —
arcsin((20' — ¢t —r)/(t —r)) is analytic in ¢; moreover, its derivative with respect

to t is equal to
™ t—o'
_ w ,
o —r \o' —r

as can be immediately checked; it is a bounded function with respect to r when ¢
is bounded away from o¢'; therefore, we have the pointwise equality for ¢ > o’

d IGNES . 20 —t—r t—r
(5.10) <1+adt) /[T’U’) p (2 arcsin —— exp ”

/ (t—a’) (r) ( t—r)
— R — - exp| ——).
[r,0") g —-r/jo —r (6]

so that
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The right hand side of (5.10) is integrable with respect to Lebesgue measure on
every compact subinterval of [0/, 00): it is clearly measurable for ¢ > &', and,
exchanging the order of integrations, we have the following estimate

— I —
/ \ / w(t—”) v(r) exp(—t—")‘dts [ 1w
[o!,00] 1V [T,0] o —-rjo —r o [T,0")

since 2(+00) is equal to 1. Then a plain application of general theorems on the
differentiation of integral expressions shows indeed that the expression on the right
hand side of (5.6b) is a measure on [o’,7']. O

This identity can be made recursive:

COROLLARY 5.2. Assume that g satisfies assumption (5.1), that w, g and the
measure b are related by condition (5.4); assume moreover that there exist two
sequences (7j)jcy, (0;)jcs where J is a finite or infinite interval of N starting at
0, satisfying

(5.11) 0<op<m<01<11---,

such that w and b satisfy the following support conditions:

suppw C | Jloj, 73], suppb C | J[r5,0541]-
jeJ jeJ

Then, if we define
$o=¢
and for all j € J\ {max J}

T s
(512) ’Lﬁj = ¢j]‘[7’j,0'_7'+1) +(5( —Tj)exp(——]) / eXp<—)¢j,
a [Uj,Tj) a

(513) ¢j+1 = 1[0’j+1,00)¢j

L— 8 - — 041 ¢(3)
+ Lio;41,00) exp <— >W< - ) —,
[75,05+1) a Oj+1 =8/ 0j+1 —§

then w is given by
(5.14) Wl r) = (H % v % $5) 15, 1]-

Moreover, the expression for ¢; can be rewritten

(5.15) b5 = 1io;,00)%0

J
-— S +—0; wi,l(s)
1. — .
* [o3:00) Z:ZI x/[‘r,-_1,ai) exp( a )w<ai - 8) 0; — S

PRrOOF. The proof of this Corollary is a simple induction which is left to the
reader. d

Let us obtain now estimates on the negative part of the derivative w(t), as-
suming now that w is non negative. These estimates depend on some elementary
inequalities relative to Q and to w, which were defined at (5.2) and (5.3).

LEMMA 5.3. Let H and H; be defined for o > o' >0 and r > 0 by

H(r,o,0") =2 ‘a"' exp (-%’“) (Q(0) — (")),
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and

Then the following inequalities hold:

!

”)Hmmay

PROOF. We rewrite H; with the help of an integration by parts:

i = [t e (1) —exn (7))

Then the first inequality in (5.16) is equivalent to

6.17 [ o[ (e (-2) e (-12))

with K < 2. We choose K > 0 so that the factor of w in the above integral vanishes
at t = (0 + ¢')/2; hence

-1
_ o o—a"\
K=r(c—o )(aexp (r e ) a) ,

and clearly K < 2. The factor of w in (5.17) is decreasing function of ¢ which is
positive in the first half of the interval [0', 0] and negative in its second. As w is
a positive and decreasing function, it is clear that (5.17) holds. For the second
inequality in (5.16), we use the inequality exp(—rt/a) — exp(—rt/a) < ra= (o —
o') exp(—ro'/a) so that

o ' T
Hi(r,o,0') < -9 exp(—ri>/ w(t)dt
a a)l,

1
(5.16) §memqgmwmmqgap00

In consequence, we have the

COROLLARY 5.4. Let

(5.18) F(0,8,i,§) = é exp(_a;s) (Q(‘;—_GS) _ Q(?ii))

and

1 t—s t—o;
5.19 F; i,]) = ———— - Q dt
610 Ao = [ en(-07)0(0)

1 — I —
toma (o(75) e (7))o (520)
0 —0j (e o g; — S

Then for all i < j, all 0 € (0j,7;] and all s € [1;_1,0;), the following inequalities
hold:

1 — g
6200 §F@s00) < Filosid) <ew( T2 ) Flosii)
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PRrROOF. After multiplying them by

0; —8\0 —0jy
exp E—
[0 g; — S

the inequalities (5.20) are equivalent to
1 0—0; 0;—0j o—0; 0j—0j
—H(O’Z—S, z)M)S_Hi(o-i_s’ l)u)
2 g;—S8S 0;—S8 g;—S8 0;— S8

0 —0j o—0; 0j—0j
< exp LVH| 0; — s, , L.
(0% o;—8 0; —8

The conclusion is immediate. O

These inequalities will allow us to estimate the negative part of the left deriva-
tives w(o — 0), for o € (0}, 0] as is explained in next Lemma:

LEMMA 5.5. Assume that the condition of Corollary 5.2 are satisfied. For all
J € J, the following estimate holds if o belongs to (oj,7;] and w(o) > 0:

(5.21) (i(oc—0)) < é/[aj’a)|¢0(s)|
+Z/ﬂ . <2exp(a _aaj> — I)G(a,s,i,j)ipj_l(s),

conin= (0(522) (3 o

PRrOOF. In virtue of (5.14), for o € [0}, 7;], w(o) can be rewritten as

w(o) = /[) (1-ew(-752) Jnte)
U (e ()

=1

_exp(_a;s)>w(;—_‘7;> dt] ‘i‘z—l_(z)

We exchange the order of the integrations in the double integral, we divide by 0 —o;
and we get with the help of (5.19):
-5
) ) $o(s)

vl [ (1 e[~
g —0j [0]70)0'—0']

+ Z / (0,51, 1) i1 ().

[Ti- 170'1)

where

Under the assumption w(o) > 0, we obtain the following estimate:

(5.22) Z/T - 1(0,8,1,5)¢;_1(s) < Z/ (0, 8,4, )Y 1 (s)

1
+~/['0'j,<7) 0 —0j (1_exp(_ )>¢O(S)

According to (5.18), we consider the expression for w(o — 0), which is given by

dJ(U—O)Zé‘/[‘ )exp( >¢0 +Z/ F(o,s,i,5)Yi 1(s).
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We have now the inequality

(5.23) (w(o —0)) < Z/ F(0,8,1,j)¢;_1 ()

Tz 1,0'1

.. 1 o— 8§
—Z/ﬂ as,z,a)wr_l(s)—a/[aj,a)exp( )%()

We substitute the inequality (5.20) into the factors of ¢;_; in (5.23), and then,
thanks to (5.22), we get

(5.24) (i(oc—0)) < Z/ (2F1(0,5,4,7) — F(0,5,4,)) ;1 ()

[Ti- 1701)

+/[aj,a>(a—2ffj (1 ‘exp(‘ ;» - éexp( U_S>)¢0( ).

Since the value of the factor of ¢g in (5.24) is comprised between —1/a and 1/a
and according to inequality (5.20), we infer that

(o —0))” sl/[ 1606)

a

+Z/ﬂ o a,s,i,j)(zexp<“_"j) —1)¢?_1<s),

which is exactly relation (5.21). O

6. Construction of the approximate solution

The principle of the construction of an approximate solution is the following: we
do not know a priori whether for a given g satisfying (5.1), there is a solution of (5.4)
which has the locally finite structure determined by the conditions of Corollary 5.2,
and most probably there is no such solution; however, we shall choose a parameter
n > 1 and construct a slightly different ¢ and a solution w™ which has the
structure described at Corollary 5.2 and which approximates well a solution of
(5.4). The construction is recursive.

Let us start by a lemma which tells us that the lower bound of the support of
¢ can be taken equal to the lower bound of the support of w:

LEMMA 6.1. Let 7—1 be the lower bound of the support of ¢ and let w be a
solution of (5.4); assume that the lower bound of the support of the positive part of
Hxpx¢ isog > 71_1; define

60 o=t (o0 [ w0 )e(52) 2 )

then the functions

wo = wlisy 00), Jo =p*do, bo=Dblis, o)
solve the problem
(62) Arxwg =go+bo, 0<boLwy>0.

Moreover, the lower bound of the support of ¢o is equal to the lower bound o¢ of
the support of wo.
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PrOOF. Relation (6.2) holds as a corollary of the calculation performed at
Lemma 5.2. The definition of o¢ implies immediately that the lower bound of the
support of wy is indeed og. There remains to prove that the lower bound of the
support of ¢ is also o¢. Definition (6.1) implies that this lower bound of the support
of ¢g is at least equal to og. If the lower bound of the support of ¢g were strictly
larger than the lower bound of the support of wg, p * ¢g would vanish identically
on some interval [og, 01]. Then, wg would coincide on [0, 0] with H % p % by which
is strictly positive at every point of (o9, 01]. But wg could not be orthogonal to bg
unless it vanished on that interval, which is a contradiction. |

6.1. Initialization of the recursion. Let us describe now formally the con-
struction of the approximate solution. If 71 < og, we start with ¢ defined by
(6.1); the number oy is the lower bound of the support of (H*vx¢o)T. If 7_; = 09,
we let g = ¢. We let

5 = ¢o, 0y =0o.

Call 7§ the lower bound of the support of the negative part of H * v <;~56‘; if
7 > 0§, we let ¢f = ¢ and 7§ = 7.

If the lower bound of the support of the negative part of H % v * 5{} is equal to
o, this means that we can find, arbitrarily close to o, times ¢ for which H xv 5{;
is of either sign. In particular, we can find, arbitrarily close to o, times ¢ for which

(H v % ¢p) (t) vanishes, while (v % ¢f)(t — 0) is less than or equal to 0. We choose
any time ¢ in the interval (o8, off + 1/n] which satisfies all these conditions, we call
it 7§, we let

©:3) a=[ @) wdv=[ @)
le5.75) le5.75)
and we define
(6.4) ¢¢ = ad(- — og) —b6(- —7¢') + Bg 1} 00)-
It is plain that the lower bound of the support of the negative part of H x v * ¢y is

equal to 7', and that the respective mass of the positive and the negative parts of
g on [of,1d") coincide with their counterparts for ¢, in particular, b > 0.

6.2. The recursion. The construction will now be described inductively.
We start from a measure ¢7 such that

(6.5) inf supp ¢} = inf supp (H x v * ¢}’)+.
It is important to observe that if ¢ is a measure, with support bounded on the

left, H * v % ¢ is a continuous function. Let

77 = infsupp (H v x ¢7) .

If 7 = oo, the construction stops; we shall show later that 7" is always strictly
larger than o' for j > 1; it is already true by construction for j = 0.
With reference to (5.12), we define

~ Tn
©6) B =t} +5c-en(-2) [ eo(F)o,

Q
and
(6.7) 0}41 = inf supp (1;]")4_
We have two cases to consider.

Case 1: If 5;‘“ = 00, the construction stops.
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Case 2: If oo > 07, > 7], we choose any time o7 ; which does not carry
an atom of @b;’ and Wthh satisfies

1 1 1
(6.8) max( 01,7+ 2n) <o gmax( Of1sT) +2—> o

and we define

(6.9) VF = Lo (V7))
- 5( - U;L+1) /[Tf,0?+1) ('gb”) + 1 J+1’°°)¢

Since the lower bound of the support of (J;) is equal to 07, ;, the mass
of the atom of ¢} at o7\, is strictly positive.

The last step of the construction is the construction of ¢7,,; with reference to
(5.13), it is given by

(6.10) ¢y =1lpy,,c0¥]

=8 T 03 Y7 (s)
+ 1[ay+1,oo) exp (— )w( — J ) nJ .
[77:0741) @ Ojy1 =8/ 0541 =8

In order to validate this process, we have to prove the

LEMMA 6.2. For all j > 0, there exists a non empty interval (0‘;1+1,T;L+1) on
which H x v x ¢\ 1is strictly positive.

PROOF. Write for simplicity

T:T‘gna UI:U?—}-IJ '(p:"vb_;la

'V = -—a'\ ¥(s)
etemfor [ ool T

By construction, '¢|[ < 0, and % has a positive atom at ¢', whose measure will
be denoted by 8 > 0. We have the following identity for ¢t > o'

(Hxvx*¢)(t) = (l—exp(—t_aal))g
t—s
[ (e (252 e
e AWIETAN
+/[<7’7t)/[f,0’)exp<_ a )w(a'—T)U'—rdS
t—s s—r S—o’l w(T)
_/(‘T')f)exp(_ a >/[T,J’)exp(_ «a )w<0'—7‘>0'—’rd8.

We can find t; > ¢’ such that

B.
L, W<

then, for ¢t € [0',t1], we will have
_ !
< (1-en(-57))
o

Joolmew(-55) o

?

B.
1




6 Construction of the approximate solution 75

we cut the interval [r,¢") into two pieces, [T,0' —€) and [0’ — g, 0"), thus, we have

the estimate
_ _ ot
Lo (e (20)) [ (-2 ) (55) 5
[0’,t) [7.70/) (0% o —-rjo —r

a
<(t-eo(-0)) ([ per+ [ wo),

We choose € so small that

b

B.
L worsg

-mo- D), < (-oo(-5)

we fix € and we choose t5 € (o',t1] so small that

(1 _eXp(_tz ;a')) /[T,a,@"”(’")' g (1 _exp<_t2 ;UID%

then, for ¢t € (o', t2), (H*vx¢')(t) > (1—exp(—(t—0')/a))B/4 > 0 and the lemma
is proved. |

then

6.3. Mass and order properties of the measures ¢} and ¢7. The mea-
sures defined in this part have some important order properties, which are summa-
rized in next lemma:

LEMMA 6.3. The following inequalities hold:

(6.11) (@n)" < (¢”)+
(6.12) P < J+1,0°)¢J )

(6.13) J1gal < [ < / 671,
(6.14) /[ ,«f,+1>(¢") < /[ +

J ’01+1)

(6.15) (3:2)" < Uopy o (8) +8C—3) [ (o)

[75o741)

PRroOOF. For relation (6.11), we just take the definition (6.9) of Jy, observing

that the quantity
1 T
—eXP(—i>/ eXp( )%( )
@ @/ Sy

is simply equal to the velocity w(7]' —0) and hence less than or equal to 0. Relation
(6.12) can be read on formula (6.10) with upper indices n thrown in and the sign
condition ¢7 <0 over [7]',07, ;) coming from the construction. In order to obtain
estimate (6.13), we integrate

(6.16) / exp(—t_s>w(t_0?+l> 5 )
(77070 1) a 041 =8/ 041 =8




76 5 A pseudodifferential linear complementarity problem

over [a;‘+1, 00), we exchange the order of the integrations, we find that

AREREE YA
[U.;L-H ,00) [T}Lvo'?+1) a Uj+1 -8 Uj+1 -8

t— ol f=o0 " .
<J... “(f _S) wel=/ el
(77207 41) i+ t=oT,, [~

FRLE R}
where we have estimated exp(—(t — s)/a) by 1; the conclusion is clear. Relation
(6.14) is a consequence of (6.6) and of the relations (6.11) and (6.12) with an
induction on j; finally (6.15) is an immediate consequence of (6.9)-(6.11). O

6.4. The approximate problem. We define now
¢" =6+ (86 — 6)Ljop,mg)
6.17 n ot ~o
(617 +Z(5(‘ - j+1)/[ (07)" = g on, (¥7) )

§>0 T30741)

The above sum must be understood as extended to the set of indices for which the
recursion is defined: it is a finite sum if one of the 71 or o} is infinite. As the
length of the intervals [7]', 07, ;) is at least equal to 1/(2n), we know that this sum
is locally finite.

THEOREM 6.4. Let g" = pu x ¢". Then, the function w" given by

(6.18) w" =Y pn o (H *v % )
i>0

is continuous, non negative, and it is a solution of

(6.19a) AL xw™ =g+ b7,
(6.19b) w™ >0

(6.19¢) b >0

(6.19d) (w", b") = 0.

ProOF. The function w™ is non negative on the intervals [07, 7' by construc-
tion, i.e. (6.19b) holds.

The definition of ¢g" comes from the fact that we modify the data in each
interval [7]', 07, ), according to (6.9); in particular,

©200 W -d=0C=of) [ @) = e ()

[r750541)

therefore w™ satisfies (6.19a), with " given by

bt = — Z 1[1']'""’?+1)(H * wjn)’

J20

and we just have to check (6.19c¢): but it is a result of the construction performed
in Subsection 6.2 that the measure 9] is negative on [T}‘, a;lﬂ). Moreover, p * 1}
belongs to the space LI = for all p € [1,2), and therefore, the duality product
(w™, b™) makes sense locally as a Lebesgue integral of the product of two functions,

and therefore (6.19d) is true. O



6 Construction of the approximate solution Ky

6.5. Estimates on the approximation. We prove first a result on the con-
vergence of the measure ¢™:

LEMMA 6.5. The norm of the measure ¢™ is bounded by 3||¢||r1 and converges
weakly * to ¢ as n tends to infinity.

PROOF. We estimate the norm in M! of all the terms in (6.17): thanks to
(6.3) and (6.4), we have the estimate

”(d)g - ¢)1[06‘,T5')”M1 < 2||¢1[06‘,7'5‘)||M1'
Similarly thanks to (6.20)
n ~TL ~TL +
105 =P g oplan <2 [ (@)
[T ﬂo'J+1)
and in virtue of (6.11) and (6.15)
17 = T,y s < 2 /[ "
710

therefore, we find the inequality

(6.21) 16" llpar < 3lI¢llne-

Let h be a continuous function on R with compact support and let p be its
modulus of continuity: p is a continuous increasing function from RT to itself such
that

Vz,y €R, |h(z) —h(y)| < plz —yl;
moreover, p vanishes at 0. According to (6.9), we rewrite as follows the duality
product between h and ¢} — 7

n TL n ~TL +
(0} 0. h) = /[ (hlein) = hie) (515)
T, o™ 1
but we have the straightforward estimate

[ ) = k@) G

+1)

< p(omyy —3741) /{ (@r )

T30741)
thanks to the choice (6.8) of o7, ;, we know that

1

n ~n
Tj+1 ~ g1 S

and therefore in virtue of (6.9) and (6.14),

p
Y — Yt h)| < —/ ¢t
I <~ S

we have an analogous estimate for the initial term, and the lemma is proved. O

The next result gives an estimate of g™ — g:

LEMMA 6.6. For all p € [1,2), there exists a constant C such that the following
inequality holds:

1
lg™ — gllz» < Cn'/271/P exp( ) (/ o1 + / )
2an [0’6’,7’0 Z TJ a‘7'_7+1)

7>0
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PRrROOF. The difference g" — g a sum of terms of the form
(6.22) o (3= o) [ &= lp e ) ),

Tj T

and possibly of an initial term given by

(6.23) . (5(- o) /[USJ&L) 6t +3(-— 7) /

n

1)

¢ - ¢1[a3,r0">)-
[0g73")
Let us start by the terms of the form (6.22): they can be rewritten as

[ = ep) —ne =) 6"

r1)
Jj+1
which we estimate in L?(0,T) by appealing to Minkowski inequality for integrals:

T _ P 1/p

(LI we=ann-we-a) @e)*| a)
T T4
- +f [T P e

<[ @ (] - - ar)

70 7

But we observe the following inequality
[ lute= o) == o) di
(77,07 41)

’

(0F1 — Tjn)l_p/2 o o + 715

= Xp{\p———
(am)P/2(1 - p/2) a

We cut the interval [o7, ,T] into two pieces, one from o7, to 0}, ; + ¢ and the

second one on the remainder of the interval, and we will adjust € so as to obtain

the best possible result. On the first piece, we have the estimate

gis1te N P
[ =g - ute = o)

n
j+1

.?+1
oiy1te 51—1)/2
< t—o )| dt = :
[, el dt =
On the third piece, we use the derivative of y, this derivative is equal to —(1/(2t%/2
Vvar) + 1/(at'/?\/ar)) exp(—t/a) for t > 0, and we obtain the estimate
T
[ It~ ute- 9" at
oftite
<[ [enmae g
T Jopvel  200/am (t - ol )32 a
Since s € [1]',07, ), we estimate this integral by
(UJT-”+1 - Tj")p(a +2(T - a;fﬂ))p (P
g30/2-1(3p/2 — 1)(2a)? (am)P/2 '
We choose £ = 07, — 7', and we see that there is a constant C' such that for all n
and all j:
T » 1/p
([ lnte=op) - ute=s)p" )

1/p—1/2 Oy — 75
< C’(aﬁq — TJ") eXp(T .
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But 0}, — 7' is at most equal to 1/(2n), and we obtain finally the estimate
~ 1 ~
Pl < On oL [ ny+
i (5 = ¥7)llee < On exp| 5— [r;,a;+1)(¢])

Inequality (6.14) enables us to estimate the integral of (zp;‘)+ over [7]',07,], by
the integral of ¢ over the same interval. Let us pass now to estimates on (6.23).
Arguing as above, we observe that

1/p
1
* (g — ¢ pdt) SCn1/21/”exp(—)/ @|.
(/[az;,T] e (45 = 2 2an [as,ral]l |

The assertion of the lemma is proved. O
Let us obtain now some estimates on w™ and its derivatives:

LEMMA 6.7. The time derivative w™ belongs to L°(R) and the bound on w™
is independent of n; the measure b™ is a function which is locally integrable on RT,
with bound independent of n.

PrROOF. By the definition (6.18) of w™ on the interval [0}, 7]') we have the

J
estimate )
Le A Jlop,rr)

and thanks to (6.13), we obtain immediately the estimate

(624 ™l <~ 9llae

Since A1 = p, the convolution of (6.19a) with H yields the identity
(6.25) pxw™ =Hx(g"+b").

But p = p + aji, hence (6.25) can be rewritten

n
|
[0

(pxw™ 4+ apx™)(t+0) = / g"(s)ds + b"(s) ds.
[0,t] [0,t]
Relation (6.24) implies that the left hand side of the above relation is bounded by
(1 + ¢)|||| ag1 /v; similarly, we use (6.21) to find that the integral of g™ over [0, 7]
is bounded by 3||@||s¢:- This shows the desired estimate. O

7. Passage to the limit

We start by an easy convergence result:

LEMMA 7.1. There exists a subsequence, still denoted by w™ which has the

following convergence properties:

w™ converges to w uniformly on compact sets;

w" converges to w in L*°(0,T) weakly * for all positive t;
b"™ converges to b in M*(0,T) weakly * for all positive t.
Moreover, w and b satisfy (5.4).

ProOOF. The possibility of extracting a subsequence is an immediate conse-
quence of Lemma 6.7. It is clear that w and b are non negative; the duality product
(w™,b™) converges to its limit which is (w,b). Thus we have constructed a solution
of (3.5). O

We infer from this result an important information on the measure b:

LEMMA 7.2. The measure b has no atoms.
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PROOF. The derivative w is equal in the sense of distributions to v+ ¢+ puxb. As
¢ is a measure, v * ¢ is locally essentially bounded; since w is essentially bounded,
this means that p * b is essentially bounded. Denoting by b% its atomic part, we
infer from the positivity of b that p* b® is also essentially bounded; but this means
clearly that b* must vanish, which concludes the proof. O

Now comes the essential result of this article:

THEOREM 7.3. Let N be the set of atoms of ¢: 1nx¢ is a purely atomic measure
and (1 —1n)¢ is a diffuse measure. For any solution of (3.5) defined by the above
convergence process, let U be the open set

(7.1) U={teR:w() >0}
which is a countable union of connected components:
U= U (0kyTk)-
KEK

The set composed of all the points o, and T, is a countable set called Ny. Then for
allt ¢ NUN, UU, w is differentiable at t and its derivative vanishes.

PROOF. Assume thus that w(t) vanishes, that ¢ is not an end point o, or 7,
and that ¢ does not belong to N. We have to deal with derivatives on the left
and on the right, and we use different strategies for each of them. If there exist
respectively a non empty interval [t,t + €) or (t — ¢, t] included in the complement
of U, it is clear that the derivative on the right or on the left of w at ¢t vanishes.

Assume that there is no interval of the form [t,t+¢) included in the complement
of U. Since t is not an end point o, or 74, this means that there exists decreasing
subsequences 0 (,;,) and 7, () converging to t.

If it is not true that the right derivative of w at t vanishes, we can find a
subsequence t,,, decreasing to ¢t and a number 8 > 0 such that
(7.2) wltm) 5 550,

tm — 1
and in particular, for all m, w(t,,) is strictly positive. Possibly extracting sub-
sequences, we may assume that the following situation holds for all large enough
m:
Ok(m) <tm < Tr(m) < Ok(m—1)

For all m, there exists a number n(m) such that for all n > n(m), w™(t,,) is strictly
positive, thanks to the uniform convergence of w™ to its limit. Let (U;”(n) , Tj"(n)) be
the connected component of ¢,, in the open set

U" ={teR:w"(t) > 0}.
We infer from (5.14) the identity

tm — 8
w™ (tm) =/ (1 —exp (— i >) o (8).
[‘T?(nyt'In) a 3tn)

At this point, we observe that relation (6.15) implies

S < [ o
/[a;(,,),tm) o=, tm)

n
Ti(n)—1°

therefore, we have the estimate

(73) wn(tm) - w(t) < 1 / ¢+‘

tm — 1 T tm—t [

Timy—1tm)
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If the inferior limit of Tﬁn)_l as n tends to infinity is & < ¢, this means that there
exists a subsequence of w™, still denoted by w", such that for n large enough

Vse[(t+a)/2,tm], w™(s) >0,

and hence the support of b does not meet ((t + &)/2,tn); in particular, on this
interval, w is of bounded variation, and as ¢t does not carry an atom of ¢, w is
continuous at t; the sign condition implies then that w(t) vanishes. If the inferior
limit of Tjnin)71 is at least equal to t, then we estimate for n large enough the right

tm, t / —
( )
(t E,tm)

with € an arbitrary positive number. We pass to the limit in n and then in £ and
we obtain the inequality

(7.4) M S/[tt )¢+(3);

tm — 1

since t is not an atom of ¢, we may choose m so large that the right hand side of (7.4)
is less than or equal to 3/2, contradicting thus the assumption (7.2). Therefore,
the derivative of w on the right at ¢ exists and vanishes.

Let us turn now to the other side of the estimates. This is where estimate
(5.21) will prove useful. Assume then that there is no interval of the form (¢ — ¢, t]
included in the complement of U. Since t is not an end point o, or 7., this means
that there exists increasing subsequences o () and 7.(m,) converging to t.

If it is not true that the derivative on the left of w at ¢ vanishes, we can find a
number # > 0 and a sequence of times t,, increasing to ¢ such that

w(tm) — w(t)
t—tm
We assume also that for all m, b charges a neighborhood of o) and a neighbor-
hood of 7(y: if this were not true, we could always take a smaller o,(,;,) and a

larger 7(m)-
As t does not carry an atom of ¢, we may choose m and € > 0 such that

1 B
_/ |¢] < g
a [Jn(m)_EaTN(m)]

as above, we denote by (a;l(n) , Tjnin)) the connected component of ¢, in U"™; relation
(7.5) implies that for all large enough n,

(7.5) > p.

W tm) = 0" (7fl) 2 T (8 = tm),

and therefore
) N RN
w(tm) = w(7jn) 2 (= Tj);

therefore, there exists in [U;-l(n),Tjrzn)] a set M of positive measure on which the
derivative of w is negative enough:

w" (o) < —3?, Vo € M.

We apply inequality (5.21), observing that the terms ¢} are all non positive on

[ ,,0") and therefore
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1
a [o-n(m) _EvTrc(m)]

since a]”(n) tends to o, (m) under the assumption that b charges a neighborhood of
Ox(m)- Therefore, on the set M, we have the estimate

which is at most equal to

. -_B
n < =
(") <,
which is clearly a contradiction. |

We have another expression for the derivative of w in the sense of distributions:
w=pux(g+Db).
Under assumption (5.1), this relation can be rewritten
(7.6) W =v+*¢@+ pux*bin the sense of distributions.

Except at the atoms of ¢, v x ¢ is a continuous function. On the other hand, u x b
is defined everywhere on R, as proved in next Lemma:

LEMMA 7.4. If uxb is locally essentially bounded, the function u*b is defined
for all t € R, lower semi-continuous and locally bounded on R.

PrOOF. The function p(t — -) is continuous except at 0; therefore, it is b-mea-
surable, since b has no atoms, thanks to Lemma 7.2. Therefore, the expression

[ it = 91

is defined as an element of [0,00] and can be obtained as a limit of integral of
continuous functions with respect to the measure b. Take for instance

0 if 0 <t<h,
pu(t) =< (t—h)/h if h<t<2h,
1 if 2h < t;

then it is plain that

(1) (®) =t [ 1t = 9pn(t = )b(5).

Moreover, p * b is lower semi-continuous: if ¢, is a sequence converging to t, the
inferior limit of u(t, — -) is greater than or equal to u(t — -) and thanks to Fatou’s
lemma

lim inf / 1t — 5)b(s) > / u(t — 8)b(s).

Finally, the function g * b is locally bounded if it is locally essentially bounded:
suppose indeed that there exists a time ¢ such that

[ ut = 9)p(s) = .

Let M be the essential bound of pxb over [0,T]; for all M’ > M there exists € > 0
such that

t—e
| =) 2 01
0
Then, for all t € (¢t — ¢, t], and for all s € [0, — £] we have the inequality
u(t' —s) > p(t —s)
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which we integrate over [0, ¢ — €] with respect to b, obtaining thus

/[] u(t' — 5)b(s) > / u(t = 5)b(s),

[0,t—¢]

so that there is a set of measure £ on which p * b is at least equal to M’, which
contradicts the assumption on the essential bound of p * b over [0, T. O

We have now two expressions for the derivative of w, which are known to
coincide in the sense of distributions and therefore almost everywhere. We wish to
show that they coincide everywhere, except at a countable number of point; this
will be a consequence of next Lemma. Write ® = v * ¢ and observe that a priori,
thanks to the lower semi-continuity, we expect the inequality

W(t) 2 B(t) + (u*b) (1),
if we are able to prove that w is continuous at the points ¢ which are not atoms of

?.

LEMMA 7.5. At all the points where w is differentiable and ® continuous we
have the relation

w(t) = ®(t) + (u*b)(t).

PRrROOF. Let t be a point which is not an atom of ¢ and at which w is differ-
entiable. Let us examine the differentiation of H % pu * b at ¢t from either side. For
t+h >0 and t > 0, we use the identity

1 1) 1 Vith-Vi
(7.7) E(mﬁ+h—%ﬁ—h79__ NN

We decompose the expression used for defining the derivative as follows for A > 0 :

w(t + h) —w(t)
h

1 t+h
=5 [ h— ) = @)= ) = b= )00

— (ux b)(t) — @(t)

—I—%/ ((H*p)(t+h—s)— (H*p)(t—s) — hu(t — s))b(s)
0

+% ((H #v)(t — 5) — ho(t — 5)) 6(s)
[t,t4+A]

+% (H % v)(t + h — 5)b(s)-
[t,t+h]

Passing to the limit and using Lebesgue’s dominated convergence theorem we ob-
tain, thanks to (7.7)

[ = * — lim l * U — 8)b(s
(7.8) w(t+0) =2(t) + (u*b)(t) —lim el (H *v)(t + h — s)b(s)
lim + ((H xv)(t — 8) — hv(t — ) §(s).

hi0 B Jig 44 n)
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Similarly, for h < 0, we write

w — (uxb)(H) — (1)

1 t+h
:E/o (Hxv)(t+h—s)— (Hxv)(t—s)—hvt—s))o(s)

1 [tk
+E/ (H*p)(t+h—s)— (Hx*p)(t—s)—hu(t —s))b(s)
0
1t [
—lim t+h(H *v)(t —s)g(s) — lim - v(t — s)é(s)
1t -
~lim o Hh(H * ) (t — 5)b(s) — bim - p(t — s)b(s).

Using as above (7.7) and Lebesgue’s dominated convergence theorem, we see that

w(t — 0) =(2) + /0 u(t — 5)b(s)

t t

1 .
(7.9) i [ @)= 000 +lim [ vlt=s)ote
1t . ¢
+ 1;}?01 7 t+h(H * p)(t — 8)b(s) + lhlg)l o u(t — s)b(s).

Relation (7.8) implies that

w(t) > ®(t) + (u*d) (1),
and symmetrically, relation (7.9) implies that

w(t) < B(t) + (p*b)(t).

These two inequalities enable us to conclude the proof. O

We are able now to conclude the article by proving the last result:

PROPOSITION 7.6. Let w be the solution constructed at Lemma 7.1; then, for
all T > 0, we have the identity

T T
/ (p*w)u';dt:/ gw dt.
0 0

PRrROOF. The convolution £ * w is the sum of the measure b and the function
g; therefore, the duality product (1jo,17,g + b) is well defined; the function w(t) is
bounded, and it vanishes b-almost everywhere on the support of b; therefore, for all
T > 0, the integral fOT bw vanishes, which proves the proposition. O

Now, we can drop the requirement that ¢ be a bounded measure:

COROLLARY 7.7. Let ¢ be a Radon measure with support included in R ; then
there exists a function w such that (6.2) and hold.

ProOOF. For each m, the measure ¢ljg ,,) is bounded and we may construct
w™™(t) so that it coincides with w™¥(t) for ¢ < min(m, k)(¢). Therefore, a diagonal
process lets us extract a solution possessing the required properties. |



7 Appendix 85

Appendix
Define the following complex-valued functions:
~ 1
P(w) = 1+iaw’
1
pw) =Vr(w)= ——, Ru>0,
) = Vo) = ey Wi
~ 1 - ~
plw)=—==v1+iow, Rp>0,
fi(w)
A (w) = iwp(w) = iwv1 + iaw,
~ w
Aw) = iwp(w) = —m—,
(W) = wh) = e
~ o W)
M) = =iy
where we have used the notation
1 ) 1

— = lim —.
w—10 elow—ic
The inverse Fourier transform of ¥ is given by
—t
(7.10) u(t) = exp(aﬂ g (8).
Let H denote the Heaviside function. We observe that
(7.11) Hxv=(1-exp(—-/a))H.

The functions fi, p, p1 and /)\\1 are analytic in the upper half-plane, so that their
inverse Fourier transform, u, p and \; are supported in Rt .
We have an explicit expression of u:

LEMMA 7.8. The inverse Fourier transform of [i is

exp(t/a)
7.12 ) = L 10 (1),
E B
D C Q
Yo
F (@] A 3

FIGURE 1. The path I' in the complex plane.

PRrOOF. It is plain that fi is holomorphic in C\ i[1/a, +00); thanks to Paley-
Wiener-Schwartz theorem, the support of p is included in [0,400). In order to
calculate the inverse Fourier transform of i, choose the integration path I pictured
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at Figure 1; the part on the arcs of circle AB and EF converges to 0 as R tends to
infinity; thanks to Cauchy’s theorem and an obvious passage to the limit

~ o0 exp(—rt)
exp(twt)p dw = 2/ ————=dr.
/R (iot) 1/a Vor—1

The change of variable s = (r — 1/a)t yields the desired conclusion. O

The function p, is given in physical variables by

(7.13) i (t) = /0 pl)ds = | %ds.
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CHAPITRE 6

The damped wave equation with unilateral
boundary conditions in a half-space

Adrien Petrov and Michelle Schatzman

Abstract. Let o be a positive number. We consider a damped wave equation

ue — Au— alAuy = f, x € (—00,0] x R, t>0,
with unilateral boundary conditions
w(0,-) >0, (uz, + auz,)(0,-) >0, (u(um + auwlt))(oa ) =0,

and Cauchy initial data uo and wu1; we suppose that the initial position uo and the initial
velocity belong respectively to H?((—o0, 0] x ]Rdil) and H' ((—00,0] x Rdil), the density
of forces f belongs to L{,. ([0, 00); L*((—00,0] x R*"!)). A weak solution is obtained as
the limit of penalized problem, the functional properties of all the traces are precisely
identified which enables us to infer the existence of a strong solution.

1. Introduction and notations

The present article is a generalization to dimension d of results established in
dimension 1. Indeed, we have proved the existence of a solution on a half-line of
the damped wave equation:

Utt — Ugg — QUggt = fa T € (_0070] X Rd_la t> 0:
with Cauchy initial conditions and unilateral conditions at 1 = 0:
uw>0, (ug +augy) >0, ulug, +aug) =0.

We have proved in this case that the energy losses are purely viscous [3].

We treat the case of a damped wave equation as a preparation for the more
difficult case of full viscoelasticity. We are quite aware that this is an easier problem
than, the analogous problem for the full system of viscoelasticity. The main result
of this article is a characterization of the trace spaces, which enables us to prove
that the weak solution is indeed strong.

Define the following sets: Q2 = (—o0,0] x RI™1, 3 = {0} x R¥~! is the boundary
of Q and Qg = {:1: txp < 0,]2] < R} x [0, R]. Let u(z,t) be the displacement
at time t of the material point of spatial coordinate z = (z1,z') € Q at rest. Let
f denote a density of exterior forces, depending on space and time. We denote
by € = (&2,...,&€4)T and w respectively the dual variable to z' = (z3,...,24) and
t, u(0,&,w) is the Fourier transform of «(0,z',t). The convention for the Fourier
transform is

4(0,&,w) = / e~ #Ex" Tty (0, ' ) da' dt.
Rd
In this article, we consider a d-dimensional wave equation
(1.1) Uy — Au—aAuy = f, z€Q, t>0,

89



90 6 The damped wave equation

with Cauchy initial data

(1.2) u(,0) =up and wu(-,0) = uq,
and unilateral boundary conditions at x; = 0
(1.3) uw>0, (ug +augy) >0, ulug, +aug) =0.

The existence of a weak solution of this problem is easily established by the penalty
method, and was already known Jarusek et al [2] in the case of distributed con-
straints. The main result of this article is a characterization of the trace space,
which enables us to prove that the weak solution is indeed strong. We also get
an energy inequality; unfortunately, we have been unable to establish an energy
equality, and we know nothing about uniqueness.

We are given Cauchy initial data ug and u; we suppose that the initial position
ug belongs to the Sobolev space H%(f)) and satisfies the compatibility condition
up(0,+,+) > 0. The initial velocity u; belongs to H'(Q) and the density of forces
f belongs to L . ([0,00); L*(€2)). Here the choice of a function f is defined for all
time is justified by the use of a Fourier transform in the latter part of the article.
Let K be the convex set:

K ={v € H.(Qx[0,00)) : Vo € L{.([0,00); L*(2)), 1}|E > 0}.

This unusual convex set has been devised in order to write a weak formulation
of our problem. Since we expect to find a scalar product (Vug, Vw), we require
Vu; to be square integrable. Thus, the weak formulation (1.1)-(1.3) is obtained by
multiplying (1.1) by v — u, v € K and by integrating formally over 2 x (0,7), we
obtain therefore:

u € K and for all v € K and for every 7 € [0,T],

(1.4) /(ut(v—u d:v—/ /ut (vg — ug) do dt
//Vu—l—aVut (Vv — Vu) dwdt>/ /fv—u ) dz dt.

The equivalence between the weak formulation (1.4) and the strong formulation
(1.1)-(1.3) is not obvious; it depends on precise information on the trace of u,,; on
the boundary x; = 0.

Let us explain the plan of this paper.

In Section 2, we define a penalized problem related to (1.1)-(1.4b) for which we
prove the existence and uniqueness of a solution.

In Section 3 and 4, we infer the existence of a weak solution to problem (1.1)-
(1.4b) from a priori estimates.

We will establish a preliminary result in Section 2, which is needed in the
following Section. More precisely, if ug belongs to H?(Q2) and u; belongs to H'(Q),
if f and f; belong to L2 ([0,00); L%(Q)) and if @ is the solution of (1.1)-(1.3)
w1th Dirichlet boundary data on X, then the trace (4, + onlg“t)|E is bounded in
([0, 00); HV/2(5).

In Section 6, we reduce the penalized problem to a problem on the boundary
and thanks to energy estimates, we show that the trace u(0,-,-) belongs to the
Sobolev space H 5/4

(0, 00); LA(E)) N HLL ([0, 00), HY/?(%)) and Umt( -,-) belongs
to L2, ([0, 00); HY/2(R4L)).

loc

2. The penalized problem

We approximate (1.1)-(1.3) by the penalty method. This means that we replace
the rigid constraint (1.3) by a very stiff response: when the constraint is active, the
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response is linear, and it vanishes when the constraint is not active. More precisely,

letting r~ = — min(r,0), we replace u by u®, which satisfies
(2.1) ug — Au® —alAuf = f, z€Q, t>0,
with initial data

(2.2) u®(-,0) =up and ug(-,0) =uq,
and boundary condition

(2.3) (ug, +au ,)(0,-,-) = (u(0,-,-) /e

THEOREM 2.1. Define
Wioe = {u € Hj,.([0,00) x Q) : Vuy € LE ([0, 00); L*(Q)) }.

Assume that ug belongs to H'(Q), that uy belongs to H*(Q), and f belongs to
L% ([0,00); L2(R)) ; then for every e > 0 there exists a unique weak solution u® €
Wioc of the problem (2.1)-(2.3) such that

(2.4a) u® € Lig ([0, 00); H'(2)),
(2.4b) uf € Ligc ([0, 00); HY(92)),
(24C) uit € leoc ([Oa OO); L2 (Q)) )

and for every T € (0,T) and for all v € Wi, the following variational equality is
satisfied:

/((ufv)(-,T) (1) (- d:c—/ /utvtdwdt+/ /VuEVdedt

Q

+a/ /Vu Vvdwdt——/ / D dx' dt = / /fvdmdt.
0o Ja 0o Jo

PROOF. We drop the superscript € in this proof. Let us first prove the unique-
ness: let u, 4 be two solutions satisfying (2.4)-(2.5) and let w = u — u. Denote by
||| and (-,-) denote the norm and the scalar product in L?(Q). Then w(-,0) = 0,
we(-,0) = 0 and for every v € Wi,

/wt(-,r)v(-,r)dw—/ wpvgdedt + [ VwVodedt
Q

(2-6) 1 T QT
+a [ VwVvdzdt — E/ (™ =@ )v)(0,-)ds' dt = 0.
Qr I,

Taking v = w; as test function in (2.6), thanks to the inequality |yz| < y?/2y +
v2%/2, v > 0, we may infer that

;/(|wt( AP+ [Vl T d:c-i—a/ /|th|2da:dt

2’76/ /|w 92 da’! dt+—/ /|wt I|? dz' dt.

Let us observe that

/ /|z(0, J|? dz' dt < c/ /(|z|2+|Vz|2) dz dt,
0 b 0 Q

3 (et + ot 0Py o+ (a= ) [ [ |wu dsa

_/ /( (lwl* +Vel?) + §|wt|2) dx dt.

implies

2.7)
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If we choose « such that a > Cy/2e, then (2.7) is a Gronwall inequality for

=/ /(|wt|2+|Vw|2) dz dt;
0 Q

indeed, since 7 € [0, 7], we deduce from

T T t T
/ / Jwf? da dt < / ’ / e, )12 ds dt < T / e, )| ds,
0 Q 0 0 0

that x satisfies the differential inequality:

x(1) < % max(1/v,T?/v +7) x(7),

and the uniqueness is now clear.

The existence is proved by the Galerkin method. Let {wj}$2, is a complete
orthonormal sequence in L?()) whose elements belong to H?(Q). Let u*(z,t) =
Zle & (t)w; (x) satisfying the variational equality:

r

for all v(z,t) = ZQ e
) /(u v)dt+/ (Vut Vv)dt—i—a/ (Vik, Vo) dt
0

——/ / de' dt = /OT(f,U)dt

where 4* and ii* are respectively the first and the second time derivative of u*.
Therefore we deduce that for almost every ¢t € (0,T), the system (j = 1, 2,..., k)
of ordinary differential equations

k k
&+ &(Vwi, Vuy) + oY &(Vwi, Vuy)
(2.8) i=1 i=1
1

__/E((uk)‘wj)(o, Y de' = (f,w;5),

3

possesses a unique solution on [0,7] since the non linear term

k
(&)i<j<k — —é (; &jw; (0, ')) ;

is Lipschitz continuous. We multiply the j-th equation in (2.8) by é,-, we sum with
respect to j and we integrate over (0,7); thanks to the L2-orthonormality of the
wj, we get the energy identity:

/ Z@g, dt+/ Z &€& (Vwi, V) dt+a/ Z &€ (Vwi, Vw;) dt

i,7=1 i,j=1

__// 0,) da' dt = /O(f,uf)dt

2.9) implies that

(lluf G, DI + IVu* ¢, D)) +a/ Vg ||* dt

A time integration of

—~~

DN | =

(2100 |

+— ((uk(O,-,T)) ) dz' < 1/(|Vu0|2+|u1| dx+/ |f,ut |dt

252
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A classical Gronwall lemma enables us to infer that uf, Vu* are bounded in
L>(0,T;L*(2)), Vuf is bounded in L?(0,T;L*(R)), (u*(0,-)) /v is bounded
in L°(0,T; L2(%)).

We want to prove now an estimate on uf;; for this purpose we multiply the
j-th equation in (2.8) by Ej, we sum with respect to j and we integrate over (0, 7);
thanks to the L?-orthonormality of the w;, we get the identity:

-k
/ Z|é'j|2dt+/ Z &&j (Vwi, Vw;) + o (Vw;, Vw;)) dt

(2.11) 0 j=1 iyj=1

__// “uf)(0,) dz’ dt = /Or(f,uft)dt.

We observe that for all y4 > 0, we have the following inequality:

/ /| utt |dx dt
]. 2 ’71 Tk
k A ! e &2
< 2571/0 /E|(u 0,))" [ dz dt+26/0 j:z‘;|§]| dt.

Since (u*(0,-)) /v is bounded in L*>°(0,T; L*(X)), there exists M > 0 such that
we infer from (2.12) that

(2.13) %/0 /E|((u “ugy)(0,)] da’ dt<_T+71/ Z|§J|2dt

On the other hand, we integrate in time the second and the third term on the
left hand side of (2.11); we remark that the product |zy| can be estimated by
|212/27; +7ily|?/2, for i = 2,3 and we will choose different ;. Carrying (2.11) into
(2.13) and choosing +y; such that & — vy > 0 and 1 — 1 /2 — v3/2 > 0, we obtain

" 5 5 1 . )
_n_n < b _
(1-2-2) [1ublP dr+ @ =) IV DIP < 5 Va0

(2.12)

T 1 T
+ 2 1Yol + L Vu 2+/ w“dt+—+—/ 2 dt.
A e e L

Hence uf, is bounded in L2(0,T;L?(Q2)) and Vu} is bounded in L*°(0,T; L3(Q)).
So, there exists a subsequence, still denoted by u*, such that

ub = u weakly in Lg% ([0,00); H'()),

uf —u; weakly in Lfoc([O o0); H'( ),
uf, = uy  weakly in L ([0, Q)),
which proves the Theorem. O

3. A priori estimates

In this Section, we establish estimates up to the boundary and interior estimates
which, later, will enable us to infer the existence of a weak solution to (1.1)-(1.3).

LEMMA 3.1. Assume that f belongs to L2 ([0,00); L*(Q)), uo to H(Q) and

uy to L*(Q). Then independently of ¢ > 0 , u$, Vu® are bounded in the space

L2, ([0,00); L2(R)), Vu§ is bounded in Lloc([O,oo);LQ(Q)) and (uv(0,-,-))" /+/€ is
bounded in the space LS, ([0, 00); L*(X)).
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PRrROOF. These estimates are simply an application of Gronwall lemma, to the
energy identity. We multiply (2.1) by u and we integrate this expression over

Q x (0,7) to get
/ /uftuf dwdt—/ /Augui dz dt
0o Ja 0 Jo

—a/ /Auiufdwdtz/ /fuidmdt.
0o Jo o Ja

We integrate in time the first integral in the above relation and we use Green’s for-
mula for the second and the third one, and with the help of the boundary conditions
(2.3), we obtain

1 T
5/ (IU§(-7T)|2+|VUE(-,T)I2)d$+a/ /lVU§|2dwdt
Q 0 Q

1 /7 T 1
——/ /((us)_uf)(o,.,.) d:c'dt:/ /fufdxdt+—/ ([Vuo|? + |u1|?) du,
€Jo Js 0o Ja 2 Ja

which implies

1 ; T
5/(|u§(-,7')|2+|Vu5(-,7')|2)d:v+a/ /|Vu§|2dxdt
Q 0o Ja
1

90y T 1
4= ((UE(O,-,-))_)Z| d:c’:/ /fufd:cdt+—/(|Vu0|2+|u1|2)d:c
2e Jy 0 0o Ja 2 Ja
We may deduce from a classical Gronwall lemma that u;, Vu® are bounded in
L2, ([0,00); L2(R)), Vu§ is bounded in L} ([0, 00); L2(R2)) and (uf(0,-,-)) /v is
bounded in L2 ([0, 00); L*(X)). O

loc

REMARK 3.2. If we suppose that f vanishes for t large then, independently
of £ > 0, uf and Vu® are bounded in L>([0,00); L*()) and Vu§ is bounded in
L%([0,00); L?(2)). These properties can be proved using the arguments given in the
proof of lemma 3.1, with the origin of time moved to T if f(-,t) vanishes fort > T
since the integral involving f vanishes, the conclusion is clear.

LEMMA 3.3. Assume the hypotheses of Lemma 3.1. Then (u®(0,-,-))” /e is
bounded in the space of measures on ¥ x (0,T); more precisely, for all ¢ > 0,
@ € CYHRIL), for all T € 0,T),

/ / w0,) cpd:L"dt

1s bounded independently of e.

PROOF. Let ¢ belong to Ca(€2); we multiply (2.1) by ¢ and we integrate over
Q x (0, 7); thanks to the boundary conditions (2.3) and Green’s formula, we obtain

/qﬁut d;v+/ /V¢Vu dxdt+a/ /VqﬁVut do dt
__// )~ da’ dt = /0/Q¢fdmdt.

Since the product |zy| can be estimated by |z]2/2 + |y|*>/2, we get the following

inequality:
1
L[ [ rsds s 5 [ (uit. P + ) do+ [ jof do
2 Q Q

+/ /|V¢Vu5|dxdt+a/ /|V¢Vu§|d$dt+/ /|¢f|dxdt.
0o Ja 0o Jo 0o Jo

(3.1)
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The right hand side of (3.1) is bounded since f belongs to L2 ([0, 00); L2()), u1 to
L?(Q) and u§, Vu® and Vu§ belong to LIOC([O 00); L3(12)). Moreover (u (0, -, ))
is non negative; if the trace of ¢ over X is ¢ > 0, the conclusion is clear.

LEMMA 3.4. Assume the hypotheses of Lemma 3.1, and suppose moreover that
ug belongs to H2(Y). Then independently of € > 0, Au® is bounded in the space

loc([0 OO) LQ(Q))

PRrROOF. Once again we use energy techniques, but now we multiply relation
(2.1) by Au® and we integrate over the result Q x (0,7):

/ /uitAuEdmdt—/ /|Au5|2d:vdt
—a/ /Aquu dz dt = / /fAu dz dt.

We integrate by parts the first integral in (3.2) first in time, then in space; we use
Green’s formula several times, and since the third integral in the left hand side of
(3.2) contains a total time derivative we obtain

/((quu da:—/ / usus, ) -)d:c'dt+/ /quﬂ2 dz dt
/ /|Au5|2d:cdt——/|Au t)|? |0d:1:—/ /fAu dz dt.

According to the boundary condition (2.3), (3.3) becomes

/ /|Au‘5|2 de dt+ = /|Au ) de = - /|Au0|2dw
// dmdt——// ) dz' dt
2a5
+/(u§AuE)(-,T) da:—/ /fAudedt
Q 0o Ja
—/ulAugdx+/ /|Vu§|2d;cdt.
Q 0o Jo

In order to estimate the left hand side of (3.4), we organize the terms of its right
hand side into different groups. The initial data terms

g/|Au0|2 dxr and —/ulAuodm
2 Ja Q

(3.2)

(3.3)

(3.4)

are bounded thanks to our assumptions on ug and u;. The terms

// *da’dt and //|Vu§|2da:dt
2ae

are bounded independently of £ thanks to Lemma 3.1. We estimate the remaining
terms with the help of the inequality

vy <lzl*/2+ I/ (27),
for all v > 0 and all real x and y. Therefore,

/( SAWE) (-, T d<71/|Au |2dx+—/|t )% de

/ /fAu dmdt<—/ /|f|2d dt + — / /|Au5|2dwdt
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and we will choose ; and - later. The boundary term is estimated as

/ /|utuw1 0,-,-)| da’ dt<273/ /|ut , )| da’ dt
+—/ [, )P o' at
2 Jo Js

If w and w,, belong to L2(f2), we have the obvious estimate

/|w(0, P da' < C/ (Jw]* + |wa, |*) dz,

which we apply to the right hand side of (3.5), getting thus

| i, 0ot de < [ (0 ) da

s / / (05, P + [u5, 0, |?) dar dt.

We use now the ellipticity of A: there exists a constant C; such that for all w in
H*(9),

(3.5)

/|w$1$1|2 dz S Cl / (|w|2 + |Aw|2) dx
Q2 Q

Now, we see that inequality (3.4) implies:

/ /|Au5|2dmdt+ 9/|Au5(-,7)|2dm§00+ﬁ/lAus(-J)lzdw

27 /|ut nP do+ 5 / /|f|2d dt+ 22 / /|Au5|2dxdt
/ /|ut|2dxdt+—/ /|u$1t|2da:dt+073/ /| c fPdzdt
273
+—CC”3/ /|u€|2dxdt+—00”3/ /|Au5|2dmdt.
2 o Ja 2 0o Ja

We can choose now the +;’s: it suffice to have the inequalities
v <a and v/2+4+ CCiy3/2<1,

and the conclusion is clear. O

REMARK 3.5. If we suppose that f vanishes for t > T, then, independently of
€ > 0, we have the estimate

/ /|Au5|2d;cdt <C(+7).
0 Q

This property is proved by moving the origin of times to T, and by looking carefully
at (3.6) with the help of Remark 3.2.

Let us turn now to interior estimates.

LEMMA 3.6. Assume the hypotheses of 3.4. Then for all B > 0, uj, and Auf
are bounded in the space LE ([0, 00); L*((—o0, =) X X)), independently of £ > 0.

PRrROOF. The idea of the proof is twofold: first, we multiply u® by a truncation
function ¢ € C§°(R), and we define v° = pu®; we observe that w® = v§ satisfies
a heat equation, whose right hand side can be estimated thanks to the previous
lemmas. Let us go now into details. We multiply u by a truncation function

1 if z<-3,
(37) wl@) = {0 it z>-p/2



3 A priori estimates 97

which enables us to forget about the strongly non linear boundary conditions. De-
fine

(3.8) v = p(z1)u’.

The derivatives of v¢ are given by:

(3.92) U = Pl

(3.9b) Av® = AU + 204, VU + Yy 2, U5,
(3.9¢) Av; = @Au; + 205, VUi + Qg 2, .
Notice that thanks to relations (2.1) and (3.9), we have
(3.10) vg — Av® — alAv; =§°,
where

§ = 0f ~ 200, (21) (Vi + V) = pay, (@1) (u° + ).

Since f, uf, Vu®, Vu§ and uf are bounded in L ([0, 00); L*(2)), ¢° is bounded in
L} ([0,00); L%(£2)). Let us define

(3.11) w®=v; and g¢° =g°+ Av°.
Substituting (3.11) in (3.10), we obtain
(3.12) wi — aAw® = ¢°.

Let us prove now that w is bounded in Lloc([O, 00); LQ(Q)). For this purpose,
we multiply (3.12) by w§; we integrate this expression over 2,

/|wt|2da:— /Aw d:c—/g wi dx.

We use Green’s formula in the second term on the left hand side of the above
expression, getting thus the following inequality:

(3.13) /|w§|2da:+oz/ Vw; Vw® dmz/gswf dz.
Q ) )

We integrate (3.13) over (0,7) and we observe that the product |g°w§| can be
estimated by |g°|%/2 + |w§|?/2 and we obtain

/ /|w§|2d:vdt+oz/|sz(-,7')|2 dx
<a/|Vw |2dx+/ /|g | dz dt.

Since u; belongs to H!(Q) and ¢ belongs to C§°(R), Vwe(-,0) = ¢z, u1 + ¢Vuy is
bounded in L?({2). Moreover g is bounded in the space L _ ([0, 00); L?(£2)) because
Av® and g° are bounded in L ([0, 00); L(f2)). Therefore (3.8), (3.11) and (3.14)
enable us to deduce that u§, is bounded in L ([0, 00); L?((—00, —3) x £)). We use
analogous arguments to show that Auf is bounded in L2 ([0, 00); L?((—00, —f) x

¥)). We multiply (3.12) by Aw®, we integrate over 2 x (0,7) and thanks to Green’s
formula, we obtain

1 . T T
3.15 —= [ |Vuf|?|] dz — a Awf|? dz dt = 9% Aw® dz dt.
2 0
Q o Jo o Jo

Therefore the product |g° Aw®| can be estimated by |g°|>/2y + v|Aw®|?/2, and if
we choose v € (0,2a), we obtain the following inequality:

(3.16) (a——)/ /|Aw5|2d$dt< —/ /|g |*dzdt + = /|Vw 0)|? de.

(3.14)
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Since g° and Vw#(-,0) are respectively bounded in L2 . ([0,00); L%(2)) and L2(9),
according to (3.8), (3.11) and (3.16), we infer that Au§ is bounded in the space
loc([o OO) L2((_OOJ_IB) X E)) O

4. Existence of a weak solution

In this Section, we shall show that it is possible to pass to the limit in the
variational formulation of the penalized problem, and to obtain a weak solution of
(1.1)-(1.3). There is a small subtlety due to unboundedness of (2.

THEOREM 4.1. Assume the hypotheses of Lemma 3.4. Then there exists a
solution of the variational inequality (1.4); this solution can be obtained as a limit
of a subsequence of the penalty approzimation defined by (2.1)-(2.3).

PROOF. Let v belong to K, and let ¢ a function belonging to C§° (2 x [0, 00))
which takes its values in [0, 1]. Multiplying (2.1) by (v — u®)p and integrating over
(0,7) x Q and then observing that

! / ' / ((u) (0 — ) 0, ) do’ b
// 0,-,) de’ dt + ~ // o ydd! dt

is non negative, we may deduce the following inequality:

/utcp(v—u dm—/ /ut (v —u®)), dzdt

/ / (Vuf + aVui) V(e (v—uﬂ)dazdtZ/O /Qfgo(v—us)da:dt.

We infer from Lemmas 3.1, 3.3 and 3.4 that it is possible to extract a subsequence,
still denoted by u¢, such that

(4.2a) u* —=u in L{ ([0,00); L*()) weak =,

(4.2b) ui > up in L{S([0,00); L*()) weak x,
(4.2¢) Vu® = Vu in Li ([0,00); L*(?)) weak =,
(4.2d) Au® = Au in L2 ([0,00); L*()) weak *,

(4.2e) Vui = Vuy in LY ([0,00); L*(Q)) weak x.

Thanks to the classical compactness properties of injection of Sobolev spaces on
bounded open sets, we see for all R > 0, the restrictions of u® and Vu® to Qg
converge strongly to their respective hmlts in L?(QRr); therefore, we can pass to
the limit in all the terms of (4.1) except possibly the first two terms.

Let us prove that u; is continuous from [0,00) to L?(2) equipped with the
weak topology: we infer from the estimates of Lemma 3.6 that for all 8 > 0, ug;
restricted to z; < —f is bounded in L ([0, 00); L*((—o00, —] x X)); therefore it is
plain that u§ converges to a function w; whose restriction to 1 < —/ is continuous
from [0, 00) to L?((—o0,—f] x E). Let t; € [0,00) be a sequence converging to
too < 00; as u; belongs to LE ([0, 00); L?()), we may extract a subsequence, still
denoted by t;, such that

ui(-t;) =2 in L*(Q) weak.
But since for all 8 > 0,
uf(-,tj)l{zl<_5} — ut(-,too)l{$1<_5} in L2(Q) weak,

we see that z must coincide with wu;(-,ts), and that all the sequence converges
strongly to us(+,txo); this proves that u; is continuous from [0, 00) to L?(Q) weak.
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Let us prove now that u$(-,t) converges weakly to u(-,t) for all ¢ > 0: let
be an arbitrary positive number; let z belong to L?(f2); denote by C; is an upper

bound for |u§|Lm([0 T3:22(9) with T fixed. We choose 8 so small that

1/2 y
z|? dw) < —;
(/ﬁ<z1<0| | — 40,
then, for ¢t € [0,T

]
‘/Q(ui(ﬂf) —ut(.,t))z dz /z1<g(u§("t) —Ut(',t))zdm

1/2 ) 1/2
+ (/ |z|2dm> (/ |ug (-, ) — ue (-, 1) dx)
—f<z1<0 —B<z1<0

By definition of Cy, the second term on the right hand side of (4.3) is estimated by
C1v/4C1 =v/2. As u§|( is bounded in H' ((—co,—f) x £ x (0,T)),
we see that

<

—00,—B)xXx(0,T)

-8B -8B
/ / u;zdx converges to / / uz dz
—oo0 JX —oo J X

uniformly with respect to t € [0,T]. It suffices therefore to choose € so small that
the first term on the right hand side of (4.3) is estimated by /2. This proves that
the convergence of fQ uizdx to fQ uzz dx is uniform on compact sets in time. In
particular, as € tends to 0, it is plain that for all 7 > 0,

/ ujp(v —ut)dr — / up(v — u) de.
Q Q
Let us turn now to the term

/T/ uf (@i (v — u®) + (v — uf)) da dt.
0o Ja

It is plain that

//uf(gpt(v—uf)+<pvt)dxdt—>/ /ut(cpt(v—u)—}—cpvt)dmdt.
o Ja 0o Jo

There remains to prove the convergence

/ /|u§|2cpdxdt—>/ /|ut|2cpdxdt.
0o Jo 0o Ja
T 2
/ /|u§—ut| pdxdt
0o Ja

T T
< / / |u§—ut|2<pd:cdt+/ / |u§—ut|2g0d:cdt.
0 Jz1<-8 0 J—p<z:1<0

Let v be any positive number. We infer from the estimates over |u§ | L2(2x(0,1)) and

that there exists a constant C; independent from & such that

We observe that

|V |L2(Q><(0,-r))

|u5($1, Y ')|L2(2><(0,T)) <G

-
/ / |u§—ut|2tpdwdt§C’126.
0 J—-B<z1<0

We choose 3 so small that

Therefore,

CiB <v/2;
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then we know from the estimates of Lemmas 3.4 and 3.6 that the restriction of u®
to {z1 < —B} intersected with a ball containing the support of ¢ is bounded in H?
of that set; therefore, for € small enough,

T 2
/ /|u§—ut| pdrdt < 17
0o Ja 2

and the convergence of the first two terms of (4.1) is proved.

We observe now that since u, u;, Vu and Vu; belong to L2([0, 00); L*(12)), we
may replace ¢ by ¢g in the variational inequality where g is equal to 1 over the
set g and vanishes outside of ()r41. It is plain that as R — oo all the terms in
(4.1) converge to their limit; thus we have proved the existence of the desired weak
solution. O

REMARK 4.2. Nothing is known about uniqueness.

5. Auxiliary results on the damped wave equation with Dirichlet
boundary conditions

LEMMA 5.1. Assume ug belongs to H5/?(Q); then, there exists a function z €
o3 (Q X [O,oo)) with compact support in t such that the trace of z on Q x {0} is
equal to ug.

PROOF. We extend ug into a function belonging to H%/2(R?%): as the boundary
of ) is smooth, this is a consequence of classical results on Sobolev spaces. Then
there exists a function Z belonging to H3 (Rd x [0, oo)) whose trace is ug. It suffices

now to select a cutoff function ¢ € C* ([0, 00)) which is equal to 1 on [0, 1] and to
0 on [2,00), and to define z as the restriction of ¢Z to Q x [0, 00). O

LEMMA 5.2. Assume ug belongs to H5/?(Q), uy belongs to H' () and f belongs

to LE . ([0,00); L%()). Define z as in Lemma 5.1 and let @ be the solution of
ﬂtt—Aﬂ—OtAﬂt:f, zeN, t>0,
with the initial data
u(,0) =ug and u(-,0) = uy,
and boundary condition
E(OJ ) ) = Z(OJ Kl )

Then the trace § = —(Uy, + Qlig,t)(0,-,) is well defined and belongs to the space
L% ([0,00); L%(X)). Moreover, if f is compactly supported in time,

/OT 190+ )| T2
increases at most polynomially.

PRrOOF. The function { = u — z satisfies the equation
(5.1) Gt —AC—aAG=F, z€Q, t>0,
where F' = f — 2y + Az + aAz;, with the initial data

¢(-,0) =0 and {(-,0) = uyg,
and the boundary condition
(5.2) ¢(0,-,-)=0.

We multiply (5.1) by ¢; and integrate over Q x (0,7), if we suppose that f is
compactly supported in time, we remark that F' is also compactly supported in
time. Then (; and V( are bounded in L{Z, ([0, 00); L2()) and V(; is bounded in

loc
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L% . ([0,00); L2(£2)). In order to get more information, we multiply (5.1) by A¢;
we observe that

/T/ CttACtd.’Edt:/T/ thxltdx'dt—/r/ V¢V da dt,

and since the boundary term vanishes thanks to (5.2), we have

/0 /QgttACtdmdt /|v¢t 0)2 x——/wg A2 da.

Therefore, we have the identity

//|ACt|2dxdt+ /|A§ |2dz+/|VCt 7)* do
=/Q|VCt(-,0)|2dw—/0 /QFACtdwdt.

We infer from the inequality
F 2
Fac < dage+ IT

that A¢; is bounded in the space L2 ([0, 00); LZ(Q)) and A( and V(; are bounded
in the space L2 ([0,00); L*(Q)). In particular, if the support in time of F is
bounded, A(; is bounded in L?([0,00); L*(2)) and A¢ and V{(; are bounded in
L*>([0,00); L%()). Therefore (;,; belongs to L2, ([0, 00); H'/2()) and ¢, belongs
to LY, ([0, o0); H'/? (E)) , and if the support in time of f is bounded, the local feature
of these spaces may be removed. |

6. Regularity of the trace

We characterize the trace spaces using the Fourier analysis and we prove that
u is a strong solution of (1.1)-(1.3). Here, we mean by strong solution that all the
traces can be defined. Let v be a positive number. Denote by v° = exp(—vt)(u® —u)
a solution of

(6.1a) (l/+8/8t)2v5— (1+a(v+0/0t)Av° =0, z€Q, t>0,
(6.1b) (1 + a(u+ 6/815))11;1 0,-,-)=e g — (UE(O 3+ e a0, -, '))_/E,
(6.1c) v°(-,t) =0 and v;(-,t) =0.

We apply a partial Fourier transform in the tangential variable to (6.1a), calling
w the dual variable to ¢t and £ the dual variable to z'; we obtain the following
differential equation:

(6:2) o = (160 + ) o

1+ a(v +iw)
Define A to be the causal determination of the square root of |¢[2 + (v + iw)2/(1 +

a(v +iw)):
_(vt+iw)*
ga \/|§|2 1+(1U+lbd)

thus A is holomorphic in the lower half-plane $(w) < 0 and ®A > 0 for S(w) = 0.
The general solution of (6.2) is given by

(6.3) 0 (21, 6,w) = @ + e

since we performed a Fourier transform on v®, we assumed implicitly that v® and
v° are tempered respectively in (z',¢) and (§,w).
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The term b1 can be tempered only if b decays at infinity very fast, and
since this must be true for all x;, it implies that b° vanishes, the proof is similar as
this one given in [3], we get

0 (21,-,-) = @M.
In particular
(6-4) ((1+ (v +8/0))uz, JT0,6,0) = WD (0,6, ),
where \; = 1+ alv+ zw)):\\ Define

g(z',t) =e "g(x',t) and h(z',t) =e “ta(0,2',t)
If we let w®(z',t) be the trace v¢(0,2',t), (6.1) can be written now
(6.5) ALk w® =g+ (w® +h) /e,
where w® vanishes for all ¢ < 0.

REMARK 6.1. We observe that if X vanishes then S(w) > 0. Therefore it is

clear that \ is a holomorphic function in S(w) < 0 and next we may deduce that
A1 48 a causal distribution.

LEMMA 6.2. Let w® be the solution of (6.5). Then we may extract a subse-
quence, still denoted by w® such that

w® —=w weakly in H5/4([0,oo);L2(E))ﬁHl([O,oo);Hl/z(E)).

PROOF. Formally, we multiply (6.5) by a(vws + wf) + w®, and we estimate
the pseudodifferential term in the Fourier variable, we obtain

1 o B
W?R/Rd)\lw (1+ a(v + iw))@° dw d€

(6.6) _ # R [ G0+ +iw)o dods
Rd

—}—%/ / (w® +h) (1+a(v+0/0t))ws do' dt.
o Jra-1

Since (uf(0,-,-))~/+/ is bounded in the space L{S,([0,00); L*(%)), the absolute
value of the second integral in the right hand side of (6.6) is bounded and we infer

that
(6.7) afe/ M@ 2 (1 + a(v +iw)) dwdé < Oy + §R/ §(1+ a(v + iw)) @&° dw de.
R4 R4

On the other hand, it is plain that

Ptar) +(cltanw? oo 2wt aw(v? +u?)
|1+ a(v + iw)|? |1+ a(v +iw)|?

We may choose v such that va = 1, we get

RA? = [¢]? +

~ 2 ~  w(3+aw?)
6.8 RA2 = €2 + d SN =" 7.
(6:8) Iel”+ a?|2 + iaw|? and ¥ a2 + iaw|?

Therefore we infer that

~ 1 €112 + iaw|? + 2
arg\ = 2 arctan

aw(3 + a’w?)

According to (6.8), it is plain that arg A belongs to [0,7/4] and since X is never
equal to zero, we get for || + |w| > 1 the following inequality:

(6.9) RA > C(1+ €] + V]w)-
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Therefore, we obtain
C/ 12 + iaw|?* (1 + €] + V/|w]) |&°|* dw d€ < C4 +/ |2 + iaw]||g||@°| dw dE.
R4 R
We estimate the product |zy| by |22/(27) + v|y|?/2, v > 0, we see that

(c-1) /Rd|2+iaw|2(1 + €] + v/l |87 deo d

1 gI°

§01+—/ ———— dwd§.
27 Jra 1+ €] + /|w]

We choose 7 such that vy < 2C, since g belongs to L2([0,00); H'/2(R?"!)) then

the right hand side of (6.10) is bounded independently of £ and the conclusion is

clear. O

(6.10)

THEOREM 6.3. Let ue|E be the trace of u® which is the solution of (2.1)-(2.3).
Then we may extract a subsequence, still denoted by “E|>: such that

uE|E—\u|E weakly in Hf:)/c4([0,oo);L2(E)).

PROOF. Since w® is bounded in H%/4([0,00); L2(2)) NH' ([0, 00); H/*(X)), we
may deduce that v°(0, -, -) = wee~"* is bounded in the space H/* ([0,00); LA(X)) N

loc
HL ([0,00); H/2(X)). On the other hand, using the Lemma 5.2, we may deduce

that @ is bounded in H5/4([0,oo);L2(E)) because 4 = ( — z, z € H?(Q2 x [0, 00))

loc

and ¢(0,-,-) is bounded in Hli/c4([0,oo);L2(E)). Moreover it is clear that (uz, +

aug,¢)(0,, ) is bounded in H~/4([0, 00); L3()) N H! ([0, 00); H~Y/2(X)).
O

REMARK 6.4. Jiri JaruSek has treated a more general and complicated problem
in [1], since it includes possibly nonlinear constitutive laws in viscoelasticity, contact
and given friction at the boundary; however, his result do not define a trace (uz, +

augz,¢)(0,-, ).
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CHAPITRE 7

Viscoelastodynamic with Signorini conditions

Adrien Petrov and Michelle Schatzman

Abstract. In this paper, we consider the evolution of Kelvin-Voigt material:

pii; = Bjogj(u) + Bja,-lj(u) +fi, z€(—00,0]xR"=Q, t>0,
with boundary conditions
ola(u) +o1y(i) =0 and oY5(u) + ois(i) =0,
ur <0, oly(u) + o1 (@) 0, w0 (w) +on(d)) =0,

and the initial position and velocity are respectively uo € H%2(Q)% and vy € H*/2(Q)°.
A weak solution is obtained as the limit of penalized problem and the functional space of
the trace is precisely identified.

1. Introduction

In this article, we consider the evolution of a Kelvin-Voigt material [1] occupy-
ing a half-space, satisfying Signorini conditions at the boundary and Cauchy data
at t = 0, under the assumption of small deformations; we will show that there
exists a weak solution of this problem, and that under regularity assumptions on
the data, the solution we construct through the penalty approximation has traces
of large enough order to be a strong solution.

The mathematical model is written classically as follows: let u(x,t) € R® be
the displacement at time ¢ of the material point which was at x initially; We use
the notation 4 = Qu/ot, i = 0%u/0t?, Oju = Ou/dz;. The spatial domain is
Q = (—00,0) x R¥! and % = {0} x R, The spatial coordinate is z = (z1,2') €
[—00,0) x R=!. The strain tensor is &;;(u) = (diu; + Oju;)/2; we are given two
Hooke tensors, iy, n = 0,1, and we define the respective stress tensors ¢7’:

(1.1) o (u) = alsen (u);

here, we have used the summation convention on repeated indices.
The displacement field u satisfies the system

(1.2) pil; = ajO'?j(U) + 6‘70'11](’11) +fi, z€Q, t>0.
Initial data are given by
(1.3) u(+,0) =ug and au(-,0) = vg.

The components of the unit exterior normal are d,;, and a basis of tangential
vectors can be taken as 7; = dz; and 7; = d3;. Therefore, the boundary conditions
are written

(1.4a) 12 (u) + 01() =0,
(1.4b) 00, (u) + oy (1) = 0,
(1.4¢) 02w Lo? (y) 4ok, (i) < 0.
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108 7 Viscoelastodynamic with Signorini conditions

Here the orthogonality has the natural meaning: an appropriate duality product
between two terms of relation vanishes. It is in fact one of the main results of this
article to give a precise sense to (1.4c), and to justify the duality which is used in
this assertion.

In order to simplify the problem, we have considered a homogeneous and
isotropic material; then, the Hooke tensor A 1s defined with the help of Lamé
constants A" and p”:

aiip = A"0i0k + 2p" ik 051
for n = 0,1. Tt is convenient to define two elasticity operators A™ by
Aty = aja%klskl (u)

With these notations, (1.2)-(1.4) can be rewritten as

(1.5a) pii—Au —A'u=f, ze€Q, t>0,

(1.5b) oy(u) + 015(1) =0 and 0%5(u) + oy5(1) = 0 on T x [0, 00),
(1.5¢) 0> u1|zx[o,oo) L (09 (u) + o1, () |E><[0,oo) <0,

(1.5d) u(z,0) = uo(z), 4(z,0) =vo(z) for z € Q.

Let us describe now the functional hypotheses on the data; if X is a space
of scalar functions, the bold-face notation X denotes systematically the space X <.
for the final result, we require ug to belong to H?/2(Q), vy to H3/?(Q) and f
to HL ([0,00); L2(2)). The initial data must satisfy the compatibility condition

loc

(u0)1(0,2") <0 for all ' € X. Let K be the convex set defined by:
K ={veH'(Q2x (0,7)): Vv, € L*(0,T; L*(€)),v(0,-) < 0}.
We need the two bilinear forms defined by

ao(u,v)=/a?jkleij(u)skl(v) dr and al(u,v)=/a}jkl5,~j(u)ekl(v)dx.
Q Q

We obtain a weak formulation of the problem (1.5) as follows: we multiply (1.5a)
by v — u, v € K and we integrate formally the result over  x (0,7); we obtain
then the variational inequality:

u € K and for all v € K and for every 7 € [0, 7],
T . T 0
(1.6) /O/qu-(v—u)da:dt+/0 a (u,u—v)dt
+/ al(u,v—u)dtZ/ /f-(v—u)da:dt.
0 0 Jo

The equivalence between the weak formulation (1.6) and the strong formulation
(1.5) is not obvious; it depends on precise information on the trace of 0111 on the
boundary z; = 0. The main result of this article is that it is indeed possible to
obtain regularity results on the trace of the solution of (1.2), (1.1) and (1.3).

2. The penalized problem

We approximate (1.5) by the penality method. This means that we replace the
rigid constraint (1.5¢) by a very stiff response: when the constraint is active, the
response is linear, and it vanishes when the constraint is not active. More precisely,
letting v+ = max(r, 0), we replace u by u¢, which satisfies

(2.1) pit€ — A —Au =f, z€Q, t>0,
with initial data
(2.2) u(-,0) =uo and u°(-,0) = vp.
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and boundary conditions
(2.32)  a}yen(u) +ajyen (@) = —(uf)t /e,
(2.3b)  afaper (u) + atopen(0) =0 and  afayen (u) + atgpen (i) =0,

THEOREM 2.1. Let W = {u € H], ([0,00) x Q) : Vi € L ([0,00); L*(2)) }.
Then for each € > 0 there exists a unique weak solution u¢ € W of the problem
(2.1)-(2.3) such that

ut € Lix, ([0, 00); H'(92)),

u¢ € L, ([0,00); H'(2)),
i € L ([0, 00); L* (),
and for every T € (0,T) and for all v € W, the following variational equality is

satisfied:
/ / puf -vdxdt +/ (a®(uf,v) +a' (4,v)) dt
0o Jo 0

e\t T
+/@ vfdx'Z/ /f-vdwdt,
s € 0o JQ

PROOF. We leave the verification of this proof to the reader since we use an
analogous method to this one developed in [4]. O

(2.4)

3. Estimates on the penalized solution

LEMMA 3.1. Assume that f belongs to LY ([0, 00); L2(2)), uo to H (Q) and
vo to L?(Q). Then independently of € , u¢, Vu are bounded in L, ([0, 00); L2(1)),

loc
Vu§ is bounded in LE ([0, 00); L2(2)) and (u$(0,-,+)) T /+/€ is bounded in the space
loc([O OO) LQ(E))

PROOF. These estimates are simply an application of Gronwall lemma, to the
energy estimate. We multiply (2.1) by 4° and we integrate this expression over
Q x (0,7) to get

1 e
5/@(p|u |2+a?jk15w( Veri (u dar—l—/ / ,JME” 1°)er () dx dt
l Y\ T g0 _/ / o€
+2€ 2((u1) ) |0d$ =, Qf us dz dt.

According to the Korn inequality, it is possible to infer that there exist C; > 0 and
C5 > 0 such that

/a%klekl(z)eij(z) > Cl/|Vz|2 dx —C’2/|z|2 dz, n=0,1.
Q Q Q

Since f -4 can be estimated by |f|?/(27) + v|u€|?/2, v > 0, and using the above
inequality, we deduce from (3.1) that

;/( [4€* + C1|Vu|*)( d:c—l—C/ /|Vu |? dx dt

—/ d <—/| |2d;v+ C2+ / /|u|2dacdt
+—/ /|f\2dxdt+ /(p|v0|2+a?jklsij(u0)akl(u0)) dz.

A classical Gronwall lemma enables us to deduce that ¢, Vu® are bounded in the
space L2 ([0, 00); L2(Q2)), V4c is bounded in LY ([0, 00); L%()), (u$(0,-,-))"/+/€
is bounded in L{Z, ([0, 00); L2(X)). O

loc

(3.1)
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REMARK 3.2. If we suppose that f vanishes for large t then independently of
€>0,

T 1/2
ess sup |u(-,8)|; <C(1+T) and (/ |u€(-,t)|§pdt> <C(L+T).
0

0<t<T

These properties can be proved using the arguments given in the proof of lemma 3.1,
with the origin of time moved to T if f(-,t) vanishes for t > T'; since the integral
involving f vanishes, the conclusion is clear.

LEMMA 3.3. Assume that f belongs to L2 ([0,00); L2(2)), uo to H'(Q) and
u1 to L2(Q). Then independently of €, the trace (u$(0,-,-))~ /e is bounded in the
space of measures on X x (0,T).

PRrROOF. Define the cutoff function ¢; ¢ belongs to C!(R? 1) and is equal to
1 in the sphere of center 0 and radius R > 0 and vanishes outside of a sphere of
radius R + 1. We multiply (2.1) by ¢ and we integrate over 2 x (0, 7), thanks to
the boundary conditions (2.3), we obtain

r 1 T T
/pif-go|0 d:z:+—/ /(u§)+901 dx'dt+/ /a?j(ue)sij(cp)dxdt
Q €Jo Jx 0 JQ
+/ /a}j(ue)aij(go)d:cdt:/ /f-godwdt.
0o Jo 0o Jo
Since the product |zy| can be estimated by |z|>/2 + |y|?/2, we get the following
inequality:
1 T
E/ /( prdz’ dt < = /(|u(,7')| + |vo)? d;c+p/|cp| dz
0o Jx

+/0T/Q|(U?j(ue) +Uz'1j(ﬂé))€ij(s0)|dmdt+/0 /Q|f.¢| de dt.

We may deduce that the right hand side of (3.2) is bounded using the Lemma 3.1.
Since (u¢(0,-,-))" is non negative, the conclusion is clear. O

(3.2)

LEMMA 3.4. Assume that f belongs to L ([0, 00); L%(2)), uo to H2(), vo to
L2(Q). Then independently of € > 0, A% and A'u¢ are is bounded in the space
(10,000, 22().

loc

PROOF. Once again we use energy techniques, but now we multiply relation
(2.1) by Aluf; next we integrate over Q x (0,7);

1
2/|A1 ‘. )|2dm——/|A1u0|2dm+/ /pu (ALu) da dt
//Aof Alfdmdt—//f (Awe) da dt.

/ /(pif)-(AluE) dmdt:p/ ﬂﬁ-(Alue)B dz

0o Jo Q

—p/ /aia}j dm'dt+/ /a}jkleij(ue)skz(ﬂe)dxdt.
0o Jx 0o Ja

(3.3)

We observe that

(3.4)
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Carrying (3.4) into (3.3) and using the boundary conditions (2.3), we obtain

1/|Alu€(-,7)|2dx= 1/|Aluo|2da;—/ /(Aouf)-(Aluf)dxdt
//f Alﬁdxdt+p/ - (AMu)|] do + = //u1 Yt da! dt
+p/ /dia?j(uf)dx'dt+/ /a}jklaij(de)skl(uf)da:dt.
0 2 0 Q

On the other hand, we observe that

/ /|a§’j(uf)|2dx'dtg c (/ /|uf|2dmdt+/ /|A1uf|2dxdt>,
0 X 0 Q 0 Q

and for all v belonging to H!(Q) and Alv belonging to L?(Q), we get

(3.7) |4%] 20y < Clol 2y + [AM0] 12(q-
Define
(3.8) F(t) = / ALl (-, )2 da

Q

According to (3.6)-(3.8) and since @€ - (A'u¢) can be estimated by |u¢|>/(2y) +
A u€|? /2, v > 0, it is pos51b1e to infer from (3.5) the following inequality:

(%—%)F() 2+C/F t)dt + = //|f|2dxdt
_/|u |d:c+p/|vo Auoldx+// abiwei; (0) e () do dt

+2€ (us(-, 7)) " dx+1+0//|u\2dxdt+/ /|u|2d:cdt

If we choose v such that py < 1, we may infer using Lemma 3.1 and a classical
Gronwall inequality that F is bounded in Lloc([O, oo)) Therefore, we may deduce
the Lemma. |

REMARK 3.5. If we suppose that f vanishes for t large, then, independently
of €, A%u¢ and A'u¢ are almost polynomilly increasing. These properties can be
proved using the arguments given in Remark 3.2.

Let us turn now to interior estimates.

LEMMA 3.6. Assume that f belongs to L ([0, 00); L%(2)), uo to H2(), vo to
L2(Q). Then for all B > 0, i€, A'4¢ are bounded in L? ([0, 00); L*((—o00, —f) x X)),
independently of .

PROOF. We multiply «° by a truncation function
1 if z<-3,

which enables us to forget about the strongly non linear boundary conditions. De-
fine

(3.10) v = p(z1)u’.

The derivatives of v° are given by:

(3.11a) U = pi®,

(3.11b) 0jeri(pv®) = pOjer (uf) + 204, k1 (US) + Ppia, U,

(3.11c) Ojeri(p0°) = e (1) + 20z, 11 (W) + Py, Ug-
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Notice that thanks to relations (2.1) and (3.11), we have
(3.12) ¢ — A%° — Ay = g€,
where
g; = ¢fi — 20z, (G?jm&kl (u) + a}jklekl(ué)) — Priza (agjklui + azljkluic)'

Thanks to Lemma 3.1, we may deduce that §° is bounded in L2 ([0, 00); L*(12)).
Define

(3.13) w® =9 and g°=g°+ A%

We substitute (3.13) in (3.12), we obtain

(3.14) W — Alw® = g°.

We will prove that «¢ is bounded in L2 ([0, 00); L2(2)). For this purpose, we

multiply (3.14) by w®; we integrate this expression over {2 x (0,7), we obtain

//|w|da:dt—// w—//g - dz dt.
Since
1 T
(315) / / -wédxdt = 2‘/Qa%jkl€ij(wf)5kl(w€)|0 dl’;

we infer that
T 2 1 1
/0' /Qlwfl dx dt + 5 /Q aijklE,]( )Ekl |t r dx

1 T iy
= 5/ azjij(w)er (w)|,_, d$+/ /gf-w da dt.
Q 0 Q

According to the Korn inequality, we infer that there exists C; and Cs such that
(3.17) / a%jklaij(wf)skl(we) dr > C / |Vwe? dz — Cy / |w¢|? da.
Q Q Q

Carrying the above inequality into (3.16) and observing that g¢-4w* can be estimated
by |g*/2 + [w¢[?/2, we get

/ /|w |2da:dt+C’1/|Vw( )|2d$§/ﬂazljk15u( we)e (w |t o d
(3.18)

+C’2/|w ,T|2d$+/ /|g|2dwdt

Since ug belongs to H2(12), vo belongs to H! (£2), ¢ belongs to C§°(R), g° is bounded
inLZ ([0, 00); L?(R)), we infer that the right hand side of (3.18) is bounded. There-
fore using the identities (3.10) and (3.13), it is possible to deduce that 4 is bounded
in L, ([0, 00); L*((~00,—f) x £)).

We will show that Alu is bounded in L2 ([0, 00); L?((—00, —f) x ¥)) using
an analogous method as this one developed above. We multiply (3.14) by Alu¢, we
integrate over Q x (0,7), we obtain

(3.19) // - (Alw dwdt—/ /|A1w|2dxdt // ) dz dt.

Carrymg (3.15) and (3.17) into (3.19) and since g¢ - (A'w®) can be estimated by
lg¢|%/2 + |A'w¢|? /2, we obtain

| [ asat+ oy [ [vurn do < [ ahuess@)en(w), g do

+02/|w |2dm+/ /|g|2dmdt

(3.16)

(3.20)
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Thanks to (3.10) and (3.13), we may deduce from (3.20) that A'%¢ is bounded in
L?OC([O,OO);Lz((—OO,—ﬁ) X E)) U
4. Existence of a weak solution

In this Section, we prove that it is possible to pass to the limit in the variational
formulation of the penalized problem and therefore to deduce that there exists a
weak solution of (1.2)-(1.4). Since  is unbounded set, the proof shall be technical
but similar to this one developed in [4].

THEOREM 4.1. Assume that f belongs to LY ([0, 00); L*(Q)), uo to H(Q),
vo to L2(2). Then there exists a solution of the variational inequality (1.6); this

solution is a limit of a subsequence of the penalty approximation defined by (2.1)-
(2.3).

PROOF. Let ¢ € C§°(Q x [0,00)) be a function which takes its values between
0 and 1. We suppose here that v belongs to K. We multiply (2.1) by (v —u¢)p and
we integrate by parts, we obtain the identity

T T . O
/qu6 - (p(v — u)) |0 dzr — /0 /quE - a(gp(v —u)) dzdt
(4.21) +/0 /Q(a?jklﬁkl (u)esj(u) + azljklgkl (1) (u)) (v — us)) da dt

1 T
+—/ /(u§)+( p(vr —uf)) dz' dt = //f (v —uf)) dz dt.
€Jo Jx
We observe that
1 T
—/ /(ui)Jr(go(vl —uf)) da' dt
€Jo Jx

1 /7 1 /7
= ——/ /((u{)"‘)Q(pdx' dt + —/ /(ui)"'govl dz' dt,
€Jo Jz €Jo Jx

is negative. Therefore, (4.22) implies that

/pu (v —uf |0d:c—/ /pu (p(v —u)) dedt

(4.22) +/0 /Q(a?jklekl(ue)sij (uf) + azljk,ek,(ue)e,-,- (uf)) (cp(vz- - uf)) dzx dt

/ /f (v —uf )dwdt.

We may deduce from Lemmas 3.1 and 3.4 that there exists a subsequence, still
denoted by u¢, such that

(4.23a) u® —~u in Lj ([0,00); L*()) weak x,

(4.23b) uf =~ a in LY ([0,00); L*(2)) weak x,

(4.23¢) Vu® = Vu in L} ([0,00); L*()) weak x,

(4.23d) A = A"y in Lig,([0,00); L*()) weak *, n=0,1,
(4.23¢) Va® = Vu, in L, ([0,00); L*()) weak .

Thanks to the classical compactness properties of injection of Sobolev spaces on
bounded open sets, we see for all R > 0, the restrictions of u®, Vu® and afj, e (u),
n=0,1,t0 Qr = {z : 21 < 0,|z| < R} x[0, R] converge strongly to their respective
limits in L2(QR); therefore, we can pass to the limit in all the terms of (4.22) except
possibly the first two terms.



114 7 Viscoelastodynamic with Signorini conditions

Let us prove now that 4°(-,¢) converges weakly to u(-,t) for all ¢ > 0: let
be an arbitrary positive number; let z belong to L2(f2); denote by C; is an upper

bound for |1'L€|Lm([0 T3:22(2) with T fixed. We choose 8 so small that

1/2 -
z|? dw) < —;
(/ﬁ<z1<0| | — 40,
then, for t € [0,T]

[t —itn)-zae < |[ (@0 - in) - ds

1/2 , 1/2
+ (/ FE da:) (/ i (-, £) — -, )| da:) .
—B<z1<0 —B<z1<0

By definition of Cy, the second term on the right hand side of (4.24) is estimated by
C17/4C, = v/2. As “€|(_oo,_5>xzx(o,n is bounded in H' ((—o00, =) x £ x (0, T)),

we see that
-B -B
/ / uf - zdxr converges to / / - zdz
—o0 JX —oo JX

uniformly with respect to t € [0,T]. It suffices therefore to choose € so small that
the first term on the right hand side of (4.24) is estimated by /2. This proves that
the convergence of fQ u° - zdx to fQ 1 - z dz is uniform on compact sets in time. In
particular, as € tends to 0, it is plain that for all 7 > 0,

/Qu (v —uf) da:—)/ (v —u)) dz.

Let us turn now to the term

/ / o(v —u) + (b — u)) de dt.

(4.24)

It is plain that

/ / (v — u) + o) dxdt—)/ / (v — u) + o) dz dt.

There remains to prove the convergence

/ /|u€|2g0dxdt—)/ /|u|2g0dwdt.
0o Ja 0o Jo

,
//|u€—u|2godwdt
0o Ja
T 2 T 2
S/ / |uf—u| <pd:cdt+/ / |1'f—11| pdxdt.
0 Jz.:<-8 0 J—B<z1<0

Let « be any positive number. We infer from the estimates over |uf | L2(0x(0,1)) and

that there exists a constant C; independent from € such that

We observe that

|V |L2(9>< 0,7))
< (4.

u(@y, - |L2(2><(0 7)) =

-
/ / i€ — af*pde dt < C25.
0 J—pB<Lz1<0
We choose 3 so small that

Therefore,

CiB <v/2;
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then we know from the estimates of Lemmas 3.4 and 3.6 that the restriction of u¢
to {z1 < —B} intersected with a ball containing the support of ¢ is bounded in H?
of that set; therefore, for € small enough,

/T/|fd€—a|24pda:dt§ 1,
0o Ja 2

and the convergence of the first two terms of (4.1) is proved.

We observe now that since u, %, Vu and Vu belong to L2 ([0, 00); L2(2)), we
may replace ¢ by ¢g in the variational inequality where g is equal to 1 over the
set Kr = [-R,0] x {|ly| < R} x [0, R] and vanishes outside of Kgt1. It is plain
that as R — oo all the terms in (4.22) converge to their limit; thus we have proved
the existence of the desired weak solution. d

5. Preliminary results

LEMMA 5.1. Assume ug belongs to H5/2(Q); then, there exists a function z €
H3 (Q X [0,00)) with compact support in t such that the trace of z on Q x {0} is
equal to ug.

PROOF. We extend ug into a function belonging to H%/2(R?%): as the boundary
of Q is smooth, this is a consequence of classical results on Sobolev spaces. Then
there exists a function Z belonging to H*(R? x [0, c0)) whose trace is ug. It suffices
now to select a cutoff function ¢ € C°° ([0, 00)) which is equal to 1 on [0, 1] and to
0 on [2,00), and to define z as the restriction of ¢Z to Q x [0, 00). O

LEMMA 5.2. Assume ug belongs to H/2(Q), uy belongs to H'(Q) and f belongs
to L2 .([0,00); L%(2)). Define z as in Lemma 5.1 and let G be the solution of

loc
0%u ou
- AO_ —_ Al— = Q >
p o2 u ot f: T € i, t> Oa
with the initial data .
@(-,0) =uo and 6—1:(-,0) = v,

and boundary condition
4(0,-,-) = 2(0, -, -).
Then the trace § = —(ad; e r (@) +ai; ew (1)) |E><[0,oo) is well defined and belongs to
the space L ([0, 00); L*(X)). Moreover, there exists K such that e=%'g e L?(% x
[0,0)).
PRrROOF. It is convenient to define
F=f—-pi+ A2+ Az
The function ( = @ — z satisfies the equation
(5.1) pl— A% —AYC=F =ze€Q, t>0,
with the initial data )
¢(0)=0 and ((-,0) = vo,
and the boundary condition
(5.2) ¢(0,-,-) =0.

Multiplying (5.1) by ¢ and integrating over Q x (0,7), thanks to Korn inequality
we may deduce that )
¢ € Ly, ([0,00); L*()),

V¢ € LZ, ([0, 00); L*()),
V¢ € L, ([0, 00); L2 ().
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Let us observe that if f is compactly supported in time, F' is also compactly sup-
ported in time, and therefore it is plain that the above estimates hold in the spaces
L ([0, 00); L%(£2)) and L?([0, 00); L2(£2)) respectively. If we multiply (5.1) by Al(,
we may deduce that A°¢ and A'¢ are bounded in LS ([0, 00); L2(£2)), using the

loc
same method as the one developed in the Lemma 3.4. Multiplying (5.1) by Al
and integrating over Q x (0,7), we obtain

s [ [eo-wowas [ [ 10w

:/OT/Qg'-(Alg')dxdt—/oT/QF-(Alg)dxdt.

According to (5.2), it is clear that

| et =3 [ aheu@es @l ds.

Therefore, we get

. . T . 1 -
duenOey(Ol do+ [ [ 1R dvde+ 5 [ (400 - (410 do

- N /Q a}jklEkl(é)Eﬁ(é) |t:0 dv — /OT /Q " (AIC.) o

According to a Gronwall lemma, there exists K such that

T . X 5
/0 /Q|AIC|2 dedt < CeX™ (|F|2L2(O,T;L2(Q)) + 1€, 0)| g1 (q) + |£|iZ(O,T;L2(Q))) .

Therefore we deduce the Lemma. O

6. The trace spaces

The convention for the Fourier transform is
Z(&,w) = / e H&etwt) 5 (! §) da’ dt,
Rd

where £ = (&1, ...,€4_1)t. Denote by v¢ = u¢ — @ a solution of

(6.1a) pif — (X° + p®)8; div v — p’ Avf — (X! + ph)8; div o — pr Av = 0,
(6.1b) wu° (8105 + 0;05) + pa (G105 + 9j07) =0 for j=2,3,

(6.1c) (A dive® +2u°0rvf + At divo© + 261 0195) (0,-) = g — (= 8)0) 7
(6.1d) v°(-,0) =uo and ¥°(-,0) = vo.

Define v¢ = (v§, (v¢)'). We perform a Fourier transform in tangential variable

z' = (z2,...,14),t and a Laplace transform in z;. Denoting by £ and w the dual

variables of 2’ and ¢ and 7 the dual variable of z;, we are led to the system:

gt = (04 (L) (i€ + 06 - )
(6.2)
-\t +uh) ( Zf > (n, i€ )iwd® + pt (1€ — n?)iwd® = 0.
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The eigenvalues n; and eigenvectors ¢;, ¢ = 1,2, 3, of the equation (6.2) are given
by

2
2 _ ez PY (0
(6.3&) = |£| iw,ul +/1/0 and ¢; = ( ’Lfl ) )
2
2 _ g2 P ~ (1!
(6.3b) 2 = |£| iw,ul _+_'u0 and ¢ = ( 0 ) >
2
N pw ("
(6.3¢) 3 = (¢ iw(AL + 2p1) + X0 + 240 and ¢ ( i€ > )

where ¢ is obtained from ¢ by a rotation of 7/2. Here n;, i = 1,2,3, is the causal
determination of the square root of 7;; therefore n; is holomorphic in the lower
half-plane $(w) < 0 and Rn; > 0 for S(w) = 0. We may establish using the method
of [4] that the solution of (6.2) is given by

(6.4) 0°(x1,&,w) = C1(&w)h1™ + C2(§, w)hae™™ 4 C3(&, w)pze 1.

We determine now C;. We apply a partial Fourier transform in the tangential
variable to the boundary condition (6.1b), we obtain

(65) 61 (6€)I(OJ€7 (/J) = _7’665 (0767"‘))'
Carrying (6.4) into (6.5), we infer that at 21 = 0, we get
ZfJ'nzcl +i€nsCs = —i&(Cy + n3Cs3),

thus it is clear that C; = 0. We deduce also from the above equality that Cy =
—2n3C3. On the other hand, we infer from (6.4) that C3 = —v1(0,&,w)/ns. Then

(6.6) (21, &, w) = 201(0, €, w)poe™ ™t — 07 (0, w)p3e™ " /ns.
In particular, we observe that
(A0 div v + 2u°01vf + A divo© + 2u' 0195 110, €, w)
= (0 4 26° 4 iw(A +24)) 0,55 (0, ,) + (A + AV )i€T (0'(0, €, ).
Since
(%\é)’(oaga W) = _%Eﬁi (055; w)/n3 and 816; (0765(‘)) = (2772 - ”73)%\§(Oa€a W),
we may infer that
(A% div v + 2p°01vf + A div o + 2p' 91 95)10, €, w)
)\0 ; /\1 2
= (D (00 42 i+ 20) 2 = ) 250,60
3
Define o s
AY +iwA
00 i )i
3
If we let w® be the trace v¢(0,2',t), (6.1c) can be written now

(wi - ’17,1(0, K] )) *

Let Ve = e "tye, We = e “twe, g = e "' and h = e~ "*u(0,-,-). We deduce from
(6.7) that

b= A0+ 20 +iw (N +20")) (212 — 738).

(6.7) bxwf =g—

€ +
6.8) ,B*Wf:g_M ,

where
N CNyT (]2
5= A% + (v +iw)AL)|¢] T

n N+ 240 + (v +iw) (A +20)) (2m2 — 79).
3
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LEMMA 6.1. Let W€ be the solution of (6.8). Then we may extract a subse-
quence, still denoted by W{ such that

Wi = Wi weakly in H, 5/4

loc

(10, 00); Lipe (R™)) N Hie ([0, 00); Hygy (R*)).

loc

PROOF. Define ¢ = A9+ 20 + (A +2u) (v +8/8t) and ¢ = \° + 20 + (A +
2u") (v + iw). We multiply (6.8) by YWy, thanks to Plancherel identity, we get

1 T2 _ 1 AA—/\e
W%/Rd¢ﬂ|wll dfdw— —(27T)d§R/Rdg¢Wl d§dw

oo € _ +
_/ / M VW, da' dt.
0 Rd-1 €

Since (u§(0, - )) /+/€ is bounded in Lg2. ([0, 00); L2(X)), the absolute value of the

loc
second 1ntegra1 in the right hand side of the above inequality is bounded, we deduce

that there exists C7; > 0 such that
1 o~
(69) W%/mdwﬂ|wl|2d§dw<01+ %/ 9¢W1 d{dw

Define

—p(v + iw)? = A€ (0 + (v + iw)a!)
(v +iw)? — [E[2 (0 + 200 + (v + iw)(M + 2421))

e 2p(X0 + vAL)
07\ 4pATy £ ANl + (A1)2°

K=

We observe that
B= (A" + 210 + (v +iw)(A + 2u")) (272 — K13).

Therefore, it is sufficient to find a function h which depends on £ and w such that
R(2n2 + kn3) > |h|. It is possible to establish that

c
(6.10) K> <1+ T Hi<wo

If we suppose that |£|> > 2u°/(u')?, 12 can be approximate by 72 defined as follows:

~212 _ 2 O w?
it = (1 - i) + G

which implies that

w
(6.11) 71? > )2 +Cl¢|
On the other hand, we observe that

€1° ~ =55 2 VCIEP,

(

since |£|? > 2% (ut)?, we may deduce that C = 1/4. Therefore, we infer from (6.11)
that

1 1/4 .
(6.12)  Rnz > cos(m/4)[ne| > 7 (@ + e[ /4) " i (e > 20/ ("),
We suppose now that |£]? < 2u®/(u!)?, we see that

3u° pwl
2l < 2 and (om2] > —Pl
o] < T2 S| 2 T oy
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which imply that there exists C' > 0 such that

3l (W) + (u°)?) _ ¢
arccotn?| < < 2.
farccotmp] < TR < Tal

We deduce from the above inequality that

C
2/ < T
larg 3] < 5+ mR

thus, we get cosargns > 1/2, moreover |nz|? > C|w|, we get

1 .
(6.13) Bp > SV/lwl i 67 <2/ ().
Therefore we infer from (6.12) and (6.13) that
1 . 1/4
6.14 Ry > —= (W + 1€]*/4).
(6.19 m > = (1 4)

On the other hand, for || great enough, we get |n3| > |n2| and thanks to (6.14),
we get

~ 1 ~
(6.15) ﬁzV?MJ+KW®M-

Carrying (6.15) into (6.9), we obtain

- 174~ STTLE
016 C [ 108 (W +lelt/a) 0P dgdw < 0o+ [ al11G ) d do
We estimate the product zy by |2|?/(27) + v|y|?/2, v > 0, we see that

(c-2) /Rd|w|2 (w? + [¢[*/4) " @52 de duw

<Cl+_/ L
= 2y Jpa (w2+|£|4/4)1/4

We choose v such that v < 2C and since |g(+,t)| 1,2 < CeX?t, if we choose v > K
then the conclusion is clear. |
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MODELISATION MATHEMATIQUE DE PROCEDES D’USINAGE:

ABRASION ET MOUILLAGE

Ce travail de these est consacré a I’étude d’un modele viscoélastique avec des contraintes unilatérales,
modélisé comme un matériau de Kelvin-Voigt.

Le chapitre un est consacré au cas monodimensionnel: on approche la solution du probléme par
pénalisation, ce qui conduit & un théoréme d’existence d’une solution faible. Un résultat de régularité
des traces permet de montrer que la solution est forte.

Le chapitre deux comporte un schéma numérique dont on montre la convergence vers une solution
faible.

Les chapitres trois et quatre permettent de construire une solution forte dans un milieu monodimen-
sionnel semi-infini, pour laquelle on sait établir un bilan d’énergie: les pertes sont purement visqueuses.
Le probleme est réduit & une inégalité variationnelle au bord faisant intervenir un opérateur pseudod-
ifférentiel dont le terme principal est une dérivation d’ordre 3/2.

Les chapitres cinq et six comportent des théorémes de trace pour une équation des ondes amorties et
pour un opérateur de viscoélasticité dans un demi-espace, avec application aux solutions fortes.

MATHEMATICAL MODELISATION OF MACHINING PROCESS:

ABRASION AND WETTING

This PhD work is dedicated to a study of a viscoelastic model with unilateral constraints modeled as
a Kelvin-Voigt material.

The chapter one is dedicated to the monodimensional case: we approximate the solution of the problem
by penalization, which leads to a theorem of existence of a weak solution. A result of regularity of the
traces enables to show that the solution is strong.

The chapter two includes a numerical scheme, we prove the convergence of this scheme to a weak
solution.

The chapters three and four enable to construct a strong solution in a semi-infinite monodimensional
domain. We establish an energy relation for this solution: the only losses are purely viscous. The
problem is reduced to a variational inequality at the boundary involving a pseudodifferential operator
which principal term is a derivation of order 3/2.

The chapters five and six include the trace theorems for a damped waves equation and an operator
of viscoelasticity in a half-space, with application to strong solutions.



